n-Linear Algebras of type I, introduced
in this book, find applications in
Markov chains and

Leontief economic models.

n-linear algebra of type |
and its applications

Innovative scientists and engineers
can adopt this concept in

Fuzzy Finite Element analysis of
mechanical structures

with uncertain parameters.
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PREFACE

With the advent of computers one needs algebraic structures
that can simultaneously work with bulk data. One such
algebraic structure namely n-linear algebras of type I are
introduced in this book and its applications to n-Markov chains
and n-Leontief models are given. These structures can be
thought of as the generalization of bilinear algebras and bivector
spaces. Several interesting n-linear algebra properties are
proved.

This book has four chapters. The first chapter just
introduces n-group which is essential for the definition of n-
vector spaces and n-linear algebras of type 1. Chapter two gives
the notion of n-vector spaces and several related results which
are analogues of the classical linear algebra theorems. In case of
n-vector spaces we can define several types of linear
transformations.

The notion of n-best approximations can be used for error
correction in coding theory. The notion of n-eigen values can be
used in deterministic modal superposition principle for
undamped structures, which can find its applications in finite
element analysis of mechanical structures with uncertain
parameters. Further it is suggested that the concept of n-
matrices can be used in real world problems which adopts fuzzy
models like Fuzzy Cognitive Maps, Fuzzy Relational Equations
and Bidirectional Associative Memories. The applications of



these algebraic structures are given in Chapter 3. Chapter four
gives some problem to make the subject easily understandable.

The authors deeply acknowledge the unflinching support of
Dr.K.Kandasamy, Meena and Kama.

W.B.VASANTHA KANDASAMY
FLORENTIN SMARANDACHE



Chapter One

BASIC CONCEPTS

In this chapter we introduce the notion of n-field, n-groups (n >
2) and illustrate them by examples. Throughout this book F will
denote a field, Q the field of rationals, R the field of reals, C the
field of complex numbers and Z,, p a prime, the finite field of
characteristic p. The fields Q, R and C are fields of zero
characteristic.

Now we proceed on to define the concept of n-groups.

DEFINITION 1.1: Let G = G, v G, U ... UG, (n = 2) where
each (G, *, e;) is a group with *, the binary operation and e;
the identity element, such that G; = G, if i #j, 1 <j, i <n.
Further G; & Gjor G;  G; if i #j. Any element x € G would be
represented as x = x; Ux; U ...UX,, wherex; € G, i =1, 2, ...,
n. Now the operations on G is described so that G becomes a
group. Forx,y € G, wherex =x; Ux, U ...UXx,andy =y; Uy,
U... Uy withx, y; € Gy i=1, 2, ..., n

x*y = (xpUx;U.LLUX,) B Uy, Ul Uy

= (X[ *1 Y UXx; *2)/2 ... UXx, *nyn)-



Since each x; *; y; € Giwe seex ¥y = (p; Up, U ...Up,) where
x; ¥ yi=pifori=1 2, ..., n. Thus G is closed under the binary
operation *,
Now let e = (e; Ue, U ... Ue,) where e; € G; the identity of
G; with respect to the binary operation, *, i = 1, 2, ..., n we see
e*x=x*e=xforall x € G ewill be known as the identity
element of G under the operation *.
Further for every x = x; Ux, U ... UXx, € G; we have
x'ux'u.ux in G such that,
x*x=(xrUux,U..Ux) *(x T ux, T ULux, T
= x*x ux*tx,uLux * o x
= xl*x
(e; Uey U... Ue,) =e.
x'= xl’1 v xz’1 U...u xn’1
is known as the inverse of x = x; Ux, U ... UXx,. We define (G,
* e) to be the n-group (n = 2). When n = I we see it is the
group. n = 2 gives us the bigroup described in [37-38] when n
> 2 we have the n-group.

Now we illustrate this by examples before we proceed on to
recall more properties about them.

Example 1.1: Let G = G; U G, U G3 U G4 U Gs where G = S;
the symmetric group of degree 3 with

1 2 3
e = :
1 2 3
G, = (g | g° = e,), the cyclic group of order 6, G; = Zs, the group
under addition modulo 5 with e3 =0, G4, =Dg= {a, b | a?=bt=

1; bab = a}, the dihedral group of order 8, e, = 1 is the identity
element of G4 and Gs = A4 the alternating subgroup of S, with

1 2 3 4
e, = .
1 2 3 4



Clearly G=S; U G, U Zs U Dg U Ay is a n-group withn = 5.

Any x € G would be of the form

1 23 5 , (1 2 3 4
X = ug-udub v .
21 3 1 3 4 2

1 1 23 . s (1 2 3 4
X = vgtulubu .
2 1 3 1 4 2 3

The identity element of G is

1 2 3 1 2 3 4
Ue, U0UlU
1 2 3 1 2 3 4
=euUeuesues U es.

Thus G is a 5-group. Clearly the order of G is o(G;) x o(Gy) x
0(G3) x 0(Gy) x 0(Gs) =6 x 6 x 5 x 16 x 12 =34, 560.

We see o(G) < oo. Thus if in the n-group G; U G, U ... U
G,, every group G; is of finite order then G is of finite order; 1 <
1<n.

Example 1.2: Let G = G, U G, U G; where G| = Z,, the group
under addition modulo 10, G, = (g | g’ = 1), the cyclic group of
order 5 and G; = Z the set of integers under +.

Clearly G is a 3-group. We see G is an infinite group for
order of Gj is infinite.

Further it is interesting to observe that every group in the 3-
group G is abelian. Thus if G = G, U G, U ... U G,, is a n-
group (n > 2), we see G is an abelian n-group if each G; is an
abelian group; i=1, 2, ..., n. Even if one of the G; in G is a non
abelian group then we call G to be only a non abelian n-group.

Having seen an example of an abelian and non abelian group we
now proceed on to define the notion of n-subgroup. We need all



these concepts mainly to define the new notion of linear n-
algebra or n-linear algebra and n-vector spaces of type 1.

DEFINITION 1.2: Let G = G; U G, U ... UG, be a n-group, a
proper subset H — G of the form H=H;, VH, U ... UH, with
H; # G;or {e)} but ¢ #H;, c G, i =1, 2, ..., n, H; proper
subgroup of G; is defined to be the proper n-subgroup of the n-
group G. If some of the H; = G; or H; = {e;} or H; = ¢ for some
i, then H will not be called as proper n-subgroup but only as m-
subgroup of the n-group, m < n and m of the subgroups H; in G;
are only proper and the rest are either {e;} or ¢, 1 <j <n.

We illustrate both these situations by the following example.

Examples 1.3: Let G = G; U G, U G3 U Gy be a 4-group where
G, =S4, G; = Zy group under addition modulo 10, G; = Dy, the
dihedral group with order 12 given by the set {a,b|a*=b"=1,
bab = a} and G, = Z the set of positive and negative integers
with zero under +.

Consider H = H; v H, U Hs; U Hy where H; = A, the
alternating subgroup of S;, H, = {0, 2, 4, 6, 8} a subgroup of
order 5 under addition modulo 10. H; = {1, b, b, b’, b*, b’}; the
subgroup of D, and Hy = {2n | n € Z} a subgroup of Z. Clearly
H is a proper 4-subroup of the 4-group G.

Let K =K, UKZUK3UK4gGwhereK1=A4, K, = {O,
5}, K3 =Dy, and K4 = Z. Clearly K is not a proper 4-subgroup
of the 4-group G but only a improper 4-subgroup of G.

LetT=T1 UT2UT3UT4QGWher6T1 :A4, T2: {0},T3
=¢ and T4 = {2n | n € Z}; clearly T is only a 2-subgroup or
bisubgroup of the 4-group G.

We mainly need in this book n-groups which are only abelian.
Now in this section we define the notion of n-fields.
DEFINITION 1.3: Let F = F; UF, U ... UF, (n 2 2) be such

that each F;is a field and F; #F, if i #j and F; ¢ F; or F; ¢ F,
1 <i, j <n. Then we define (F, +, x) to be a n-field if (F, +) is a

10



n-group and F; \ {0} U F,\ {0} v ... UF,\ {0} is a n-group
under x.
Further

[(a; va, ... va,) + (b Ub, U... UDb,)]
x[(c; Ucy U... Uc,)]
=(a;+ b)) xc;U(a,+by) xc; U... U(a,+ b,) xc,

and

[(ci ey U... Uc)] x {(a; vay U... Ua,)]
+ [(b; Uby U... Ub,)]}

= ¢ x(a; Uby) Ucy x(a; Uby U ... Uc, x(a, Ub,)

foralla, b, c; e F,i=1,2, ..., n. Thus (F, +, x) is a n-field.

We illustrate this by the following example.

Example 1.4: Let F=F, UF, UF; UFy;where Fi=Q, F, =27,,
F;=Z;and F, = Z,;; F is a 4-field.

Example 1.5: Let F =F, U F, U F; U F,U Fs U F¢g where F| =
Zz, Fz = Z3, F3 = ZlS, F4 = Z7, F5 = Zlg and F6 = Z31, F is a 6-
field. Let F=F, U F, U ... U F,, be a n-field where each F; is a
field of characteristic zero, 1 <1< n, then F is called as a n-field
of characteristic zero.

LetF=F UF,u ... UF, (m2>2)be am-field if each field F;
1s of finite characteristic then we call F to be a m-field of finite
characteristic. Suppose F = F; U F, U ... U F,, n > 2 where
some F;’s are finite characteristic and some F;’s are zero
characteristic then alone we say F is a n-field of mixed
characteristic.

Example 1.6: LetF=F, UF, U ... UFswhere F; =Q, F, =7,

F; = Z,; and F, = Z,; and Fs = Z, be a 5-field. F 1s a 5-field of
mixed characteristic.

11



Example 1.7: LetF=F, UF, U ... UF,=7Z, URUZ;,UQuU
R U Z;,. Clearly F is not a 6 field as F, = F5. We need each field
F; to be distinct, 1 <i<n.

Note: Clearly Fi U F, UF;=Q U R U Z, is not a 3-field as Q
R. Because we need in this case also as in case of bistructures
non containment of one set in another set.

12



Chapter Two

N-VECTOR SPACES OF TYPE |
AND THEIR PROPERTIES

In this chapter we introduce the notion of n-vector spaces and
describe some of their important properties.

Here we define the concept of n-vector spaces over a field
which will be known as the type I n-vector spaces or n-vector
spaces of type 1. Several interesting properties about them are
derived in this chapter.

DEFINITION 2.1: A n-vector space or a n-linear space of type 1
(n 2 2) consists of the following:

1. afield F of scalars
2. asetV=V,UV,u.. UV, of objects called n-vectors
3. a rule (or operation) called vector addition; which
associates with each pair of n-vectors o. = o; U ay U ... U
o p=prupu..Up, eV=VulV,u.ouV,at+p
= (0[] U a; u...uan) + (ﬂ]Uﬂg ... Uﬂn) = ((Z] + ﬂ] Ua;
+ 5 U... Ua, T B,) € Vcalled the sum of o. and p in such
away
a. a+p=p+o; ie,additionis commutative (o, f € V).

13



b. a+ (B +y)=(o+p) +y, ie, addition is associative (o,
Byew.

c. There is a unique n-vector 0, = 0 U0 U ... U0 €V
such that o + 0, = o for all o € V, called the zero n-
vector of V.

d. For each n-vector a = o; Ua, U ... Ua, €V, there
exists a unique vector —o. = —o; U—a, U ... U—0o, €V
such that o, + (-a) = 0,

e. A rule (or operation) called scalar multiplication which
associates with each scalar c in F and a n-vector a.in V
=V, oV, u.. UV,an-vector co in V called the
product of ¢ and a in such a way that

1. lLa = L (gUayU.. Uay
lo,vuloa,v... Ula,
= oyUa,U... o,
= a
for every n-vector a in'V.

2. (c;. c)).a =cp(cra)forallc;,c; e Fanda €Vie. ifa; U
o, U... Uy, is the n-vector in V we have

(ci.ci.a = (cr.cy (o Ua,U...Uay)
crfe(og CVay U Uay)]
¢y [cop Ucyon UL Ucya,]
= c¢;[co].

3.cla+ p)=ca+cpforalla f €Vandforallc eFie.,if
ooy U... Va,and B; OB, U ... UPB, are n-vectors of V then
for any ¢ € F we have

c(a+p) cf(oa; oy U... voy) (P Uf .. UBY)]
= C[OC]+ﬁ1 o) +ﬂ2 .. va, +ﬁn]
(c(a; + B1) Ucloy + B2) U...uc(a, + B,)]

(co; Ucoy U...Ucay) + (cf; ey LBy
co + cp.

4. (c;tcy)a=ca+ca forallc,c, eFanda eV.

14



Just like a vector space which is a composite algebraic
structure containing the field a set of vectors which form a
group, the n-vector space of type I is a composite of set of n-
vectors or n-group and a field F of scalars. V is a linear n-
algebra or n-linear algebra if V has a multiplicative closed
binary operation “.” which is associative i.e.; ifa, €V, a.p €
V, thus if o = (a; Va, U ... Vay) and = (B, U, U... UB,) €
V then if

o.p = (U0 U..Uay). (Bufu.. UBY)
(OC].,B] L/(Xg.ﬂg (G2 L/OC,,.,B,,)E |14

then the linear n-vector space of type I becomes a linear n-
algebra of type-1.

Now we make an important mention that all linear n-algebras of
type-I are linear n-vector spaces of type-I; however a n-vector
space of type-1 over F in general need not be a n- linear algebra
of type I over F.

We now illustrate this by the following example.

Example 2.1: Let V=V, U V, U V; U Vywhere V| = Q[x] the
vector space of polynomials over Q. V, = Q x Q, the vector
space of dimension two over Q,

o { )

the vector space of all 2 x 2 matrices with entries from Q and

1 P

be the vector space of all 2 x 3 matrices with entries from R
over Q. Thus V is a linear 4-vector space over Q of type-l.
Clearly V is not a linear 4-algebra of type-I over Q.

a,b,c,deQ}

a,b,c,d,e,feR}

15



Now we give yet another example of a linear n-vector space of
type-1.

Example 2.2: Let V=V, U V,U V3 U V4U Vs be a 5-vector
space over Q of type-I, where V; = Q[x], the set of all
polynomials with coefficients from Q is a vector space over Q.
V,=Q xR x Q is a vector space over Q,

a b c
V;=4|d e f|la,b,cd,ef,ghicQ
g h

i

is a vector space over Q,

V4= a,b,c,d,eR

S O O e
o o o O
SO o0 O O
a0 o o O

is a vector space over Q and Vs = R is a vector space over Q.
Clearly V=V,;uU V,uU V;U V,U Vs is a linear 5-vector space
of type-I over Q. Also V is a linear 5-linear algebra over Q.
Thus we have seen from example 2.1 that every vector n-space
of type-I need not be a linear n-algebra of type-1. Also every
linear n-algebra of type-I is a linear n-vector space of type-I.

Now we can also define the notion of n-vector space of type-I in
a very different way.

DEFINITION 2.2: Let V=V, UV, U ... UV, (n >2) where each
Vi is a vector space over the same field F and V; # V;, if i # ]
and Vi zViand V; ¢ Vi ifi #j, 1 <i, j <n, then V is defined to
be a n-vector space of type-I over F.

If each of the V;’s are linear algebra over F then we call V
to be a linear n-algebra of type-I over F.

16



Now we proceed on to define the notion of n-subvector space of
the n-vector space of type-1.

DEFINITION 2.3: Let V=V, vV, U .. UV, (n 2 2) be a n-
vector space of type I over F. Suppose W =W, oW, U ... UW,
(n > 2) is a proper subset of V such that each W; is a proper
subspace of the vector space V;over F with W;# V,, Wi# ¢ or (0)
such that W; # Wyor Wy c Wyor W,z W; if i #j, 1 <i, j <n, then
we define W to be a n-subspace of type-1 over F.

We now illustrate it by the following example.

Example 2.3: Let V=V, U V, U Vs;where V;=R x R, a vector
space over R and V, = R[x] a vector space over R and

wole

a vector space over R i.e., V is a 3-vector space of type-I over
R. LetW:W1UW2UW3CV:V1 UVzUV3WhCI‘6

a,b,c,deR},

Wi=Rx {0} &V,

W2 — {ZEXZI
i=0
a 0
W3 =
o)
Clearly W is a 3 subspace of V of type-1. Suppose

T=Rx{0}uRu{a OJ
0 b

then T is not a 3-subspace of type-I as R x {0} and R are same
or Rc R x {0}.

rieR}cVZ,

a,beR}gV3.

a,beR}g V1 UVZ UV},

17



Now we proceed on to define the notion of n-linear dependence
and n-linear independence in the n-vector space V of type-I.

DEFINITION 2.4: Let V =V, vV, v ... vV, be a n-vector
space of type-1 over F. Any proper n-subset S < V would be of
the formS =S, US, U.. US, cV,uV,u ... UV, where ¢ +
S; contained in V,, 1 <i <n. S; a proper subset of V. If each of
the subsets S; < V; is a linearly independent set over F for i = 1,
2, ..., n then we define S to be a n-linearly independent subset of
V. Even if one of the subset Sy of Vy is not a linearly independent
subset of 'V for some 1 <k <n then we call the n-subset of V to

be a n-linearly dependent subset or a linearly dependent n-
subset of V.

Now we illustrate this situation by the following examples.

Example 2.4: Let V=V, U V, U V3 U V4 be a 4- vector space
over Q, where V; = Q[x], V. =Q x Q x Q; V3 = { the set of all 2
x 2 matrices with entries from Q} and V, = [the set of all 4 x 2
matrices with entries from Q, are all vector spaces over Q. Let S
=S, US,US;U S;be ad subsetof V,

Si={1, X2, XS, x7, 3x8},
SZ = {(75 Oa 2)> (03 51 1)}5

oo oG )

and
0 2(|{1 0]|0 O
1 0|0 2|0 O
S4 = ) ’
0 0|0 0|7 3
3 0/1(0 1(]0 1

Clearly we see every subset S; of V; is a linearly independent
subset, for i = 1, 2, 3, 4. Thus S is a 4- linearly independent
subset of V.

18



Example 2.5: Let V=V, U V, U V; be a 3-vector space over R
where V| = R[x], V, = {set of all 3 x 3 matrices with entries
from R} and V; = R x R x R x R. Clearly V, V, and V; are all
vector spaces over R. Let S=S, 0 S, U S;c ViuV,uV;=V
be a proper 3-subset of V; where

S, ={x’,3x +7,x°},

6 0 0)(0 1 =2

S,=</0 0 3|1 0 1
1 1 0/{0 7 0

and
S;={3100),0721),(5111),(0891),(2130)}.

We see S is a linearly dependent subset of V; over R and S, is a
linearly independent subset over R and S; is a linearly
dependent subset of V3 over R. Thus S is a 3-linearly dependent
subset of the 3-vector space V over R.

Now we proceed onto define the notion of n-basis of the n-
vector space V over a field F.

DEFINITION 2.5: Let V=V, UV, U ... UV, be a n-vector space
over a field F. A proper n-subset S = S; U S, U...u S, of V is
said to be n-basis of V if S is a n-linearly independent set and
each S; c V; generates V), i.e., S; is a basis of V), true for j = 1,
2, ..., n. Even if one of the S; is not a basis of V; for I <j <n
then S is not a n-basis of V.

As in case of vector spaces the n-vector spaces can also have
many basis but the number of base elements in each of the n
subsets is the same.

Now we illustrate this situation by the following example.
Example 2.6 : Let V=V, U V,U V35U V, be a 4-vector space

over Q. V, = {all polynomials of degree less than or equal to 5},

19



V,=0Q x Q x Q, V3 = {the set of all 2x2 matrices with entries
from Q} and V4, =Q x Q x Q x Q x Q are vector spaces over Q.
Now let
B = BIUB2UB3UB4

= {L,x,x5x,x,xu{100),010),021)}u

{(O O) (1 OJ (O OJ(O IJ}
: , U {00001),(000
1 0)lo o)lo 1)lo o

10),(00100),(01000),(10000)}
cViuV,uV;uV,=V.

B is a 4-basis of V as each B;is abasis of V;;1=1, 2, 3, 4.

Example 2.7: Let V=V, U V,U V3 U V4U Vs be a 5-vector
space over Q where Vi =R, V,=Q x Q, V;=Q[x], V;,=R xR
x R and Vs = {set of all 2x2 matrices with entries from Q}.
Clearly Vi, V,, V3, Vsand Vs are vector spaces over Q. We see
some of the vector spaces V;over Q are finite dimensional i.e.,
has finite basis and some of the vector spaces V; have infinite
number of elements in the basis set. We find means to define the
new notion of finite n-dimensional space and infinite n-
dimensional space. To be more specific in this example, V| is an
infinite dimensional vector space over Q, V, and V; are finite
dimensional vector spaces over Q. Vy is an infinite dimensional
vector space over Q and Vs is a finite dimensional vector space
over Q.

DEFINITION 2.6: Let V=V, UV, U ... UV, be a n-vector space
of type-1 over F. If every vector space V; in V is finite
dimensional over F then we say the n-vector space is finite n-
dimensional over F. Even if one of the vector space V; in V is
infinite dimensional then we say V is infinite dimensional over
F. We denote the dimension of V by (n;, ny, ..., n,); n; dimension
of Vi,i=12, .., n

We illustrate the definition by some examples.

20



Example 2.8: Let V=V, U V,U V; be a 3-vector space over Q,
where V| = Q[x], V, = {set of all 2x2 matrices with entries from
Q} and V; = Q the one dimensional vector space over Q.
Clearly 3-dimension of the 3-vector space over Q is (o, 4, 1).
Thus V is an infinite 3-dimensional space over Q.

Example 2.9: Let V=V, UV, U V; U V,be a 4-vector space
of type-I over Q. Suppose V; = {set of all 2 x 2, matrices with
entries from Q}; Vo, = Q x Q x Q a vector space over Q,
V; = {All polynomials of degree less than or equal to 7 with
coefficients from Q} and V4, = {the collection of all 5 x 5,
matrices with entries from Q}, we see V|, V,, V; and V4 are
vector spaces over Q. The 4-dimension of V is (4, 3, 8, 25), so,
V is finite 4-dimension 4 vector space over Q of type-I.

Having seen sub n-spaces, n-basis and n-dimension of n-vector
spaces of type-I now we proceed on to define the notion of n-
transformation of n-vector space of type-I.

DEFINITION 2.7: Let V =V, vV, U ... UV, be a n-vector
space over a field F of type-l and W =W, oW, v ... UW,, be
another m-vector space over the same field F of type I, (n <m)
(m=22)and m=>2). Wecall Tan-map if T=T, vT, U ... U
T,: V= Wis definedas T;: Vi »> W, 1 <i <n, I <j <m for
every i. If each T; is a linear transformation from Vito W, i = 1,
2, ..., n, 1 <j <n then we call the n-map to be a n-linear
transformation from V to W or linear n-transformation from V
to W. No two V;’s are mapped on to the same W;, 1 <i <n, I <j
<m. Even if one of the T; is not a linear transformation from V;
to W; then T is not a n-linear transformation.

We will illustrate this by the simple example.

Example 2.10: Let V=V, U V, U V; be a 3-vector space over
Qand W =W, U W, U W; U W, be a 4-vector space over Q. V
is of finite (3, 2, 4) dimension and W is of finite (4, 3, 2, 4)
dimension. T: V — W be a 3-linear transformation defined by T
:Tl UTzUT3Z V1 UV2UV3—)W1UW2UW3UW48.S
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T;: Vi > W, given by
1 1 1 1 1 1 1 1 1 1 1
Ti(a,,a;,a;)=(a, +a,a),a; +a,,a, +a, +ay)

T,:V, = W; defined by
Tz(a},ai) = (312 + ag,af)

and T; : V3 > W, defined by
3 3 3 3 3 3 3 3 3
T3(al ’a2’a3’a4):(a23a45a49a1 +a;),

clearly T is a 3-linear transformation or linear 3-transformation
or linear 3 transformation of V to W; i.e. from 3-vector space V
to 4-vector space W.

It may so happen that we may have a n-vector space over a field
F and it would become essential for us to make a linear n-
transformation to a m-vector space over F where n>m. In such
situation we define a linear n-transformation which we call as
shrinking linear n-transformation which is as follows.

DEFINITION 2.8: Let V be a n-vector space over F and W a m-
vector space over F'n > m. The shrinking n-map T from V =V,
uV,u..UVato W=W;, UW, U... UW, is defined as a map
from Vito Was follows T=T, 0T, ... VT, withT; : Vi > W,
;1 <i<nandl <j <m with the condition T; : V; = W where j
may be equal to k. i.e. the range space as in case of linear n-
map may not be distinct.

Now if T; : V; = W; in addition a linear transformation then
wecal, T=T, T, U .. UT, the shrinking n-map to be a
shrinking linear n-transformation or a shrinking n-linear
transformation.

We illustrate this situation by the following example.

Example 2.11: Let V=V, U V,U V;U V,U Vs be a 5-vector
space defined over Q of 5-dimenion (3, 2, 5, 7, 6) and W = W,
U W, U W3 be a 3-vector space defined over Q of 3-dimension
5,3,6. T=TiuT,u..uUTs:V—> Wcan only be a
shrinking 5-linear transformation defined by
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T,: V> Wy

T,:V,—> Wl’

T;:V;—> Wz’

Ts:Vy— W
and

Ts:Vs—> W,
where

1 1 1y _ 1 1 1 1 1 1 1 1 1
T (X),X,,X3) = (X, + X5, X5, X,,X, +X3,X; +X3,X;)

1 1 1
where X,X,,X; €V,

2 2N 2 2 2 2 2 2 2
T, (x;,X5) =(X; +X5,X5,X; +X5,X,,X3),

2 .2
where x;,x; €V,

3.3 3 o3 o3y 3 3.3 3,3 3
T, (x],X;,X5,X,,X5) = (X] +X5,X, +X5,X; +X5)

3,3 3 3 3
where x|,X;,X3,X, and x; €V,,

4 4 4 4 4 4 4

T, (X, X5, X5, X, X5, X, X7)
_ o4 4 _4 4 _4 4 _4 4 _4 4 _4 4
= (X| +X5,X, +X3,X; +X,,X, +X,,Xs +Xg,Xg +X5)

for all x;,x3,...,x3 € V, and

5.5 5 05 o5 o5\ 5 .5 5 5 5.5
Ts(X1 ,Xz,X3,X4,X5,X6) - (Xl ,X2aX3 +X4,X5,X6)

5 5 5
for x7,x3,...,X, € V.
Clearly T is a shrinking linear 5 transformation.

Note: It may be sometimes essential for one to define a linear n-
transformation from a n-vector space V into a m-vector space
W, m > n where all the n spaces of the m-vector space may not
be used only a set of r vector spaces from W may be needed r <
n < m, in such cases we call the linear n-transformation as a
special shrinking linear n-transformation of V into W.

We illustrate this situation by the following example.
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Example 2.12: Let V=V, U V, U V; be a 3-vector space over
Qand W =W, U W, U W; U W,U W; be a 5-vector space over
Q. Suppose V is a finite 3-dimension (3, 5, 4) space and W be a
finite 5-dimension (3, 5, 4, 8, 2) space. Let T=T, U T,U T;: V
— W be defined by T;: Vi > Wy, To: Vo, > W3, T5: V3 > W as
follows;

T, (%1, X5, X3) = (%) + X3, X; +X5,X;)

11 1 .
for all x,,x,,Xx; € V};

2 2 .2 2 2 202 2, 2 2
T, (X7, X5, X5, X5, X5) = (X3, X, X5 +X5,X)

2 2 2 2 2
for all x,,x5,X3,X;,X5 €V,,

3,3 3 3\ 3 3.3 3,3 3
T, (x],X5,X5,X,) = (X] +X5,X, +X{,X; +X;)

for all x;,x},x; andx; in V.

Thus T:V — W is only a special shrinking linear 3-
transformation.

DEFINITION 2.9: Let V be a n-vector space over the field F and
W be a n-vector space over the same field F. T =T, oT, U ... U
T, is a linear one to one n transformation if each T; is a
transformation from V; to W; and for no Vi we have Ty.: Vi = W;
i.e. no two distinct domain space can have the same range
space. Then we call T to be a one to one vector space
preserving linear n-transformation.

We just show this by a simple example.

Example 2.13: Let V=V, U V, U V3 U V, be a 4- vector space
over Q and W = W; U W, U W3 U W, be another 4-vector
space over Q. Let V be of (3, 4, 5, 2) finite 4 dimensional space
and W a (2, 5, 6, 3) finite 4-dimensional space. Let T =T, U T,
UT3UT4ZV:V1UV2UV3UV4—)W1UW2UW3UW4
given by Tli V] e d Wz , Tzl Vz e d W3 , T}Z V3 d W4 and T4Z V4
— W, where T, T,, T; and T, are linear transformation. Clearly
T is a linear one to one 4-transformation.
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Note: In the definition 2.9 it is interesting and important to note
that all T;’s need not be 1-1 linear transformation with dim V;=
dim W; if T Vi — W; ie., Tis are not vector space
isomorphism fori =1, 2, ..., n. Now we give a new name for a
n-linear transformation T: V—> W where T=T, U T, U ... U
T, with each T; a vector space isomorphism or T; is 1-1 and onto
linear transformation from Vito Wj, 1 <i<n,1<j<n.

DEFINITION 2.10: Let V and W be n vector spaces defined over
a field F. We say V and W are of same n-dimension if and only
if n-dimension of V' is (ny, ..., n,) then the n-dimension of W is
Jjust a permutation of (n; , ny, ..., ny).

Example 2.14: Let V=V, U V, U V3 U V, U Vs be a 5-
dimension vector space over R of 5-dimension (7, 2, 3, 4, 5).
Suppose W = W, U W, U W3 U W4 U Ws is a 5-dimension
vector space over R of 5-dimension (2, 5, 4, 7, 3) then we say V
and W are of same 5-dimension. If X = X; U X, U X3 U Xy U
X5 1s a 5-vector space of 5-dimension (2, 7, 9, 3, 4) then clearly
X and V are not 5-vector spaces of same dimension. So for any
n-dimensional n-vector space V we have only |n number of n-

vector spaces of same dimension including V.
We just show this by an example.

Example 2.15: Let V=V, U V, U V; be a 3-vector space of 3-
dimension (7, 5, 3). Then W, X, Y, Z and S of 3-dimension (5,
7,3), 5,3, 7), (7, 3,5), (3,5 7) and (3, 7, 5) are of same
dimension.

In view of this we have the following interesting theorem.

THEOREM 2.1: Let V be a finite n-dimension n-vector space
over the field F of n-dimension (nj, ny, ..., n,), then their exist
|n finite n-dimension n-vector spaces of same dimension as that

of Vincluding V over F.
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Proof: Given V is a finite n-vector space of n-dimension (n;, n,,
..., y) 1.e. each 1 <n; < oo and 1 # j implies n; # n; we know two
n-vector spaces V and W are of same dimension if and only if
the n-dimension of one (say V) can be got from permuting the
n-dimension of W, or vice versa. Further from group theory we

know for a set (1, 2, ..., n) we have |n permutations of the set
(1,2, ...,n). Thus we have |n n-vector spaces of dimension (n;,
ny, ..., Ny).

Note: If we have a n-vector space of n-dimension (m;, m, ...,
m,) with some m; # nj, 1 <1i<n then we get another set of |£ n-
vector spaces of n-dimension (mj;, mp, ..., m,) and all its
permutations. Clearly this set of m-vector spaces with n-
dimension (nj, ny, ..., n,) are distinct from the n-vector spaces
of n-dimension (m;, my, ..., m,). From this one can conclude we
have infinite number of n-vector spaces of varying dimensions.
Only same n-dimension vector spaces can be n-isomorphic.

DEFINITION 2.11: Let V and W be n-vector spaces of same
dimension. Let n-dimension of V be (nj, n,, ..., n,) and that of W
be (ny, ny ny, ..., ns)ieletV=">v,oV,u..uV,and W=W,
uUWw,u ... UW,. A linear n-transformation T =T, 0T, U ... U
T, : V. — W is defined to be a n-vector space linear n-
isomorphism if and only if T; : V; = W; is such that dim V; =
dim Wy, 1 <i, j <n.

We illustrate this situation by an example.

Example 2.16: Let V=V, UV, U V3 U V,U Vsand W =W,
U W, U W; U W, U Ws be two S-vector spaces of same
dimension. Let the 5-dimension of V and W be (3, 2, 5, 4, 6)
and (4, 2, 5, 3, 6) respectively. Suppose T=T, U T, U T; U T,
v T5I VoW given by Tl(Vl) = W4, Tz(Vz) = Wz, T3(V3) = W3,
T4(Vy) = W, and Ts5(Vs) = Ws; then T is a one to one n-
isomorphic, n-linear transformation of V to W (n = 5). Suppose
P:V —> W where P =P, U P, U P; U Py U Ps given by P:V,
- Wz’ PV, > W3, P;: V; > W4’ Py Vy > W5, and Ps: Vs >
W, the linear transformation so that P is a 5-linear
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transformation from V to W. Clearly P is not the one to one
isomorphic 5-linear transformation of V. P is only a one to one
5-linear transformation of V.

Now having seen different types of linear n-transformation of a
n-vector space V to W, W a linear n-space we proceed on to
define the notion of n-kernel of T.

DEFINITION 2.12: Let V =V, vV, U ... vV, be a n-vector
space over the field F and W = W, o W, U ... U W,, be a m-
vector space over the field F. Let T =T, v T, U ... U T, be n-
linear transformation of T from V to W defined by T;: Vi — W),
1 <i <nand I<j <m such that no two domain spaces are
mapped on to the same range space. The n-kernel of T denoted
by ker T = ker T; UkerT, U ... UkerT, where
ker T;= (V' e V;| T(V) = (_)}, i=12 .., n
Thus
ker T = {(vl, v, V) eV uV,u.. UV, | T(vl, Voo V')
=T0) UTH) U... UTH) =0 U0 U... U0

It is easily verified that Ker T is a proper n-subgroup of V.
Further Ker T is a n-subspace of V.

We will illustrate this situation by the following example.

Example 2.17: Let V=V, U V, U V; be a 3-vector space over
Q of 3-dimension (3, 2, 4). Let W =W, U W, U WU W, be a
4-vector space over Q of 4-dimension (4, 3, 2, 5). Let T=T, U
T, U T3: V> W be a 3-linear transformation given by

T1§V1—)W4,
1 1 Iy _ 1 1 1 I 1 1
To(X,,X,,X3) = (X, + X,,X3,X,,X, +X;,X,

1 1 1
forall x;,x,,x; €V,
kerT, = {(x},x},x}) | T(x},x},x}) = (0)ie. x} =0, x} =0,

x5y =0 and x| +x}, =0and x| +x}=0}
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Thus ker T, = {(0, 0, 0)} is the trivial subspace of V|,
Ty Vo = Wi, T,(x1,X3) = (X] +X3,X})
for all x7,x3 eV,.

ker T, = {(xf,xg)\T(xf,xi)z(O)}

i.e. X, +x;=0and x; =0 which forces x3 =0. Thus ker T, =
{(00)}.
Now
T}Z V3 e d W1
given by
T (X7, X3, X3, X5) = (%] + X3, X3, X, %] +X;)
for all x;,x3,x,x; €V,.
Now ker T; gives
x;+x,=0,x;=0, x;=0, x; +x, =0.
This gives the condition x; =—x; and x; =x; =0. Thus
ker T;= {(x;,—x],0,0)}.
Thus a subspace of V3. Hence we see the 3-kernel of T is a 1-
susbspace of V i.e. ({(0 0 0 0) L (0 0) U (x;,-x;,0,0) }). We
can define kernel for any n-linear transformation T be it a usual
n-linear transformation or a one to one n-linear transformation.
It is easily verified that for any n-vector space V=V, U VU ...
U V, and any m-vector space W = W, U W, U ... U W, over
the same field F. Suppose T: V — W is any n-linear
transformation from V to W then ker T =ker T, U ker T, U ...
U ker T, would be always a t-subspace of V as each ker T; is a
subspace of V; i=1, 2, ..., n. It may so happen that some of the
ker T; may be the zero space in such case we will call the
subspace of V only as a t-subspace of V where 1 <t <n. If all

the subspaces given by ker T; is zero then we call ker T to be the
n zero subspace of V;1i=1,2, ..., n.

Now we proceed on to give some more results in case of n-
vector spaces and their related linear n-transformation.

DEFINITION 2.13: Let V =V, vV, U ... vV, be a n-vector
space over a field F of type-1. Let T=T, T, U .. vT,: V —>
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V be a linear n-transformation of 'V such that each T;: V; >V, i
=1, 2, .., n ie., each T; is a linear operator on V; then we
define T =T, T, U .. UT,to be a n-linear operator on V.
Clearly all n-linear transformations need not be n-linear
operator on V. Thus T is a n-linear operator on V if and only if
each T; is a linear operator from Vito V;, 1< i <n.

This is the marked difference between the linear operator on a
vector space and a n-linear operator on a n-vector space. All n-
linear transformations from the n-vector space V to the same n-
vector space V need not always be a n-linear operator.

We illustrate this situation by the following example.

Example 2.18 : Let V=V, U V,U V3 U V, be a 4-vector space
over Q of 4-dimension (5,4, 2,3). Let T=T, 0 T, U T; U Ty:
V — V be a 4-linear transformation given by T;: V| > V,, Ty
V, > V3, T5: V3 > Vyand Ty V4 — V. Clearly none of the
linear transformation T;’s are linear operators for they have
different domain and range spaces; i =1, 2, 3, 4. So T though is
on the same n-vector space V still T is a linear n-transformation
and not a linear n-operator on V, where n = 4.

Suppose we define a 4-linear transformation P = P, U P, U
P3 o P4 'V — V defined by Pll V] e Vl, Pz: V2 d Vz, P3I V3
— V3, and P4 V4 > V4, clearly the 4-linear transformation P is
a 4-linear operator of V.

The above example shows the reader that in general a n-linear
transformation of a n-vector space V need not in general be a n-
linear operator on V. But of course trivially every n-linear
operator on V is a n-linear transformation on V.

We have the following result in case of finite n-dimensional n-
vector spaces over the field F.

THEOREM 2.2: Let V=V, UV, U.. UV,and W =W, UW, U
. U W, be any two n-vector spaces over the field F. Let B =
{(a), 05,0, )V (@], 05 .00, ) V..U () a0y .o, )y be a
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n-basis of VUV, U ... UV, ie., (af,aé,...,a,; ) is a basis of V;
i=1,2 ..,n Let

C={(B, s BV BB e Be) D O (B By s B}
be any n-vector in W = W, v W, U ... U W, then there is

precisely only one linear n-transformation T =T, U T, U...U T,
from V on to W such that Ta"}. :,B;,j =12 .. n I<i<n.

Proof: To prove that there is some n-linear transformation T
with T(B) = C, it is enough if we show for the T=T, U T, U...

i _qi
U T, we have Ta; =p;,

i=1,2,..,nandj=1, 2, ..., n.
Given (ail,aiz,...,(xil‘ )in V; there is a unique n; tuple
(X}, X}, X, ) such that o =xjo, + X0, +...+ X, o, , for this
vector o' we define
i_ ipi ini i Qi

Tio' = x,B;, +x,B, +...+ xn‘B;‘
true foreachi;1=1,2, ..., n.
Clearly T;is a well defined rule for associating with each vector
o' in V; a vector T; o' in W;. From the definition it is clear that

Tioc;:B; for each j. To see that T; is linear; let pB' =
yiol +ysal +...+y ol bein V;and c; be any scalar.

T(Cioci +p) = (cx) + Yi B+t (CiX;, + Y;i )BL, :
On the other hand,

(T )+ TB) = ¢ XX+ Dy p,
= Zi(cix; +Y3)B3

and thus Ty( cio' + B') = c{(Tio) + T; ' true for each i;i =1, 2,
LonIfU=U uU,u...u U,is a linear n-transformation
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from V on to W with Uia; = [33 ,j=1,2,...,n; and true for each

ni . .
i;i=1, 2, ..., n. then for the vector a' = Zx}a} we have
j=1

Uioci =U, (Z x;a;)
j=1

true for each and every i; 1 =1, 2, .., n. Thus U; is exactly the
rule T; i=1, 2, ..., n hence U is exactly the rule T which we
have defined. This shows the n-linear transformation T = T; U
T, U ... U T,is unique.

Having defined n-kernel of a n-linear transformation T we now
proceed on to define the n-range of the n-linear transformation
T=TivuT,u...UT,.

DEFINITION 2.14: Let T =T, v T, U ... U T, be a n-linear
transformation from the n-vector space V=V, UV, U .. UV,
in to another m-vector space W, m > n. The range of T is called

the n-range of T denoted by R;, is a p-subspace of W p < m
thatis R, = {f = v p U .. UB, € W} such that f = T(a)
forsome a=o,va,U ... Ua,inV. Clearly if B, y € Ry and c
any scalar, then there are n-vectors o, o in V such that Ta =
and Tp =v. Since T is n-linear.
T(o+0 = cTa+To
= cpitp
which is in R; . Now V and W be any two n-vector space and m
vector space respectively defined over the field F and let T = T}

uT,u... UT, be a linear n-transformation from V into W. The
n-null space T is a n set of all n-vectors a in V such that
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Ta = Tla;Ca,U...Uay)

= (TyvhLu..uT,) (o, vaU... Uoy)

= T]O[] UTgO{zu...UTnan

= Oulu..ul.
If the n-vector space V is finite n-dimensional, the n-rank of T is
the n-dimension of the n-range of T and will vary depending on
the nature of the n-linear transformation like if T is a shrinking
n-linear transformation, it would be different and so on.

Now we can prove the most important theorem relating the n-
rank of T and n-nullity of T for a n-linear transformation only as
for other n-linear transformation like shrinking n-linear
transformation the result in general may not be true.

THEOREM 2.3: Let V and W be two n-vector space and m-
vector space over the field F, m > n and let T is be linear n-
transformation i.e. T=T, 0T, U ... UT, from V to W is such
that T;: Vi — W; and the W;’s are distinct spaces for each T, i.e.
no two subspaces of 'V are mapped on to the same subspace in
W. Suppose V is (n;, n,, ..., ny,) finite dimensional, then n rank T
+nnullity T=ndimV.

Proof: Given V=V, UV, U ...U V, is a n-vector space over F
and W=W,; U W, U ... U W, is a m-vector space over F (m >
n) of dimensions (n;, n,, ..., n,) and (m;, mp, ..., my)
respectively. T=T, U T, U ... U T, is a n-linear transformation
such that each T; is a linear transformation from V; to a unique
Wi, i.e. no two vector spaces V; and Vi can be mapped to same
W, ifi#k;1<i,k<nand 1 <j<m.Now n-rank T + n nullity
T=ndimW
i.e. n-rank (T, U T, U ... U Ty)) + nnullity of (TyU T, U ... U
Ty =ndim (VU VU ...U V)).
i.e. rank Ty U rank T, U ... U rank T, + nullity T, U nullity T, U
... unullity T, = (dim V;, dim V,, ..., dim V,)) = (n}, n,, ..., n,).
Suppose N = N; U Ny U... U N, be the p-null space of the
n-space V; 0 <p <n. Let

_ 1 1 1 2 2 2 n n n
o= {(ocl,ocz,...,ock‘ )u(oc1 ,(xz,...,ockz)u...u(ocl 20y ey Oy )}
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be a n-basis for N. Here 0 <k;<n;;i1=1, 2, ..., n. If k; = 0 then
the corresponding null space is the zero space. Now we show
the working for any i; Ti: Vi — W;. This result which we would
prove is true foralli=1, 2, ..., n.

Let {ocil,ociz,...,oci} be a basis for N;, the null space of T;. There

are vectors ocLi+1,...,aLi in V; such that {ail,aiz,...,(xill } is a basis
for V;; true for each i; 1 =1, 2, ..., n. We shall now prove that
{Tiockiﬂ,...,Tiani}is a basis for the range of T;. The vectors
Tal, Tol,..., T.a! certainly span the range of T; and since
Tioc; =0 forj <k; we see that Ta, ,,,..., T, span the range, to

see that these vectors are linearly independent, suppose we have
scalars c;’s such that

D ¢T(a)=0.
j=k;+1
This says that
T( 2 cjo)=0
jek;+1

and accordingly the vector

is in the null space of T;. Since o,,a,,...,o.. form a basis for N;

k; o
there must be scalars B;,pB,,....8" such that o' = ZB}OL; . Thus

nl

> B -~ > B =0

j=k;+1

=1

Since o;,a},...,o. are linearly independent we must have b, =
..=b, =c TS ¢, =0.Ifr; is the rank of T; the fact that

T; OL;K sy T; OL;» form a basis, for the range of T; tells us that

r;=n; — k;  Since k; is the nullity of T; and n; is the dimension of
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Vi, we get rank T; + nullity T; = dim. V;. This is true for each
and every i. That is
(rank T; + nullity T;) U (rank T, + nullity T,) U ... U (rank T,
+ nullity T,)

= dim((V,uV,u...uUV))
i.e., (rank Ty U rank T, U ... U rank T,) + (nullity T; W nullity
T, ... Unullity T,)

= dim(V,u VU ... UV, thatis
rank (T, T, U ... U Ty +nullity (T, VT, U ... UTY)

= (Hl’nz, ,nn).
nrank T +nnullity T=ndim V.

Now in the relation
nrank T + n nullity T =n dim (V) = (n,ny, ..., n,).

We assume the n-linear transformation is such that it is not
shrinking it is a n-linear transformation given in definition 2.12.
Also we see if nullity T;= 0 for some i in such cases we have
rank T;= dim V. Since a p-nullspace in general need not always
be a nontrivial subspace we may have the p-nullspace of the n-
vector space be such that p <n.

Now we proceed on to the algebra of n-linear transformations.
Let us assume V and W are two n-vector space and m-vector
space respectively defined over the field K.

THEOREM 2.4: Let V and W be any two n-vector space and m-
vector space respectively defined over the field F(m > n). Let T
and U be n-linear transformations as given in definition from V
into W. The n-function (T + U) defined by (T + U)a = Ta + Ua,
is a n-linear transformation from V into W, if c is any element
from F, the function cT defined by (cT)a = cTa is a n-linear
transformation from V into W.

The set of all n-linear transformations from V into W with
addition and scalar multiplication defined above is an n-vector
space over the field F.

Proof: Let V=V, U V, U ... U V,be a n-vector space over F

and W =W, u W, U ... U W, (m>n) a m-vector space over F.
T=T,uUT,u ... UT, an-linear transformation from V to W.
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IfU=U, uU,u...uU,is a n-linear transformation from V
into W; define the n-function (T + U) fora =0, U o, U ... U 0,
€ Vby (T+ U)a=Ta+ Ua then (T + U) is a n-linear
transformation of V into W.

(T +U) (ca+p)

= [(ThvThu..uT)+U uvlUu...ulUy][ca+p]

= [(Ti+U)u(Ta+Uy)u...u(T,+Uy)]
[clon Vo U...va)tBrupu... U]

= [(T\+UDuU (T +Uy)u...u (T, +Uy)]
[(ca; + By) U (cap+ Br) U ... U (co, + Bu)l

= [Ty + Uy (cou + B)] U [(T2 + Up) (con + Pl U ... U
[(Tn + Un) (con + Bo)].

Now using the properties of linear transformation on linear
vector space we get (T; + U;) (co; + Bi) = ¢ (T; + Up) (o) + (Ti +
U)) (By) foreachi=1,2,...,n.

Thus (T+U) (ca+B)={[c(T;+Upa,uc(Ta+U)apu...u
C(Tn + Un) an] + (Tl + Ul) Bl o (Tl + Ul) BZ ULV (Tn + Un)
Ba} = (T + U) a + (T + U)P, which shows (T + U) is a n-linear
transformation from V into W.

cT(da + B)

c(TyuvT,u...uTy [dlayvau...uaa)+ BV pu

U BW]

= C[T] UT2U UTn] [(d(ll +B1)U(dd2+ﬁ2)u LU
(day, + Bu)]

= ¢[Ti(doy + B1) U Ta(dop + Bo) U U Ty(dow + Ba)]

= Ti(e(day + B1)) U Ta(e(daz + B2)) U .. U Ta(c(don + Bi)
(since each cT; is a linear transformation)

= Tle(da+P)]

c[T(da + )]

= d[(cT)a] + (cT)B.

This shows cT is a n-linear transformation of V into W.
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THEOREM 2.5: Let V be a n-vector space of n-dimension (n;, n,,
v, 1y) over the field F, and let W be a m dimensional m-vector
space over the same field F with m-dimension (m;, my, ..., m,)
(m > n). Then L"(V,W) is the finite dimensional n-space over F

of n-dimension (milnl,miznz,...,ml. nn) where L"(V,W) denotes

the space of all n-linear transformations of V into W, 1 <iy, i,
e, Iy <.

Proof: Let

— 2 2 2
B= {(a},alz,...,ail])u (0,005,050 ) U ..U (0], 05,00 ) }
be a n-basis for V=V; U V,U ... UV, of the n-vector space of

n-dimension (ny, ny, ..., N,).

Let
C= { (B}:Blzaaﬁlnl) |\ (Bf:ﬁ;::ﬁfnz) U ... U(BT:B?::BEH ) }
be a m-basis of the m-vector space W = W; U W U ... U Wy,
of m-dimension (m;, my, ..., my).

Let L"(V, W) be the set of all n-linear transformation of V
into W. For every pair of integers (p, q), 1 <j<mand 1 <i<
n, 1 <p’<m;and 1 <q'<n;, we define a linear transformation

EP : 1<i<nand k; <m of V; into W, by

0if t=q'

E (o) =1 =8 Bl
@ {B; ift=g uP

i _ _] . . . . .
By the theorem (T;o; = B/) their is a unique linear transformation

from V; into W;. We claim that mjn; transformation EP" form a
basis for Li(Vi, Wj). This is true for eachi,i=1, 2, ..., n and the
appropriate j, 1< j < m with no two spaces V; of V mapped into
the same W;. Let T; be a linear transformation from V; into Wj, 1
<i<n, 1 <j<m. Foreachk;<k<n; Let Ay, ..., Aka be the

coordinates of the vector T, in the ordered basis
(B{,B},----By, ) the n-basis of W given in C.
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T aik:ZIApka) (1)
-
We wish to show that

T Y3 E @
p

J=1q'=1
Let U;be the linear transformation in the right hand member
of (2). Then for each k

Ul =X S A B ()

p=lg'=1

- ; ; Aqu‘ 8kq‘ Bij

0

— j
ZAkaB p’
p'=l1
— i,
- Tiak >

i
and consequently U; = T;.. Now from 2 we see E"** spans

Li(Vi,W;). We must only now show they form a linearly
independent set. This is very clear from the fact

o pq'
U=>>AE
p' g ‘
is the zero transformation, then U;a'y = 0 for each k, so that
J J _
Z AkaBpJ - 0
p’=l

and thus the independence of the Bij implies that Aplk= 0 for

every pJ and k. Since this is true of every i,i=1,2, ... , n. We
have

L'(V,W) = L (Vi, W, ) UL, (Va, W, ) U UL, (Ve W, );

where iy, 1, ..., I, are distinct elements from the set {1, 2, ...,m}
and m > n. Hence L"(V,W) is a n-space of dimension
(m; n;,m; n,,...,m; n )over the same field F. This n-space will
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be known as the n-space of n-linear transformation of the n-
vector space V=V, U V, U ... U V,of n-dimension (ny, ny, ...,
n,) into the m-vector space W = W; U W, U ... U W, of m-
dimension (mj, my, ..., m,), m > n.

Now having proved that the space of all n-linear transformations
of a n-vector space V into a m-vector space W forms a n-vector
space over the same field F, we prove another interesting
theorem.

THEOREM 2.6: Let V and W be two n-vector spaces of n-
dimensions (n;, ny, ..., n,) and (t;.t5, ..., t,) respectively defined
over the field F. Z be a m-vector space defined over the same
field F(m > n). Let T be a n-linear transformation of V into W
and U be a n linear transformation from W into Z. Then the
composed function UT defined by (UT)(a) = U(T(a)) is a n-
linear transformation from Vinto Z, o € V.

Proof: Given V=V, uUV,U...uUV,and W=W, U W,U ...
U W, are 2 n-vector spaces over F. Z=7,0 7, U ... U Z, is
given to be a m-vector space over F, m>n. T: V- W is a n-
linear transformation; thatis T=T, U T,uU ... UT,: V> W
with Ti: Vi = W; and no two vector spaces in V are mapped into
the same vector space Wj,1=1,2,...,nand 1 <j<n.

Now U=U, v v U; W —> Zis an-linear transformation
such that Uj: Wy — Z,j=1,2, ... ,nand I <k < m such that no
two subspaces of W are mapped into the same Z.

Now ' '
(U; Ty) (ca’ + B

Ui [Ti(ca' +B)

Uj[Ti(ca' ) + T (B)]
= Ujlc Ti(a) + T; (B)]
= Uj[co' +8']

(asTi:Vi—>Wj;wj,8jer) ' '

¢ Uj (') + U (')

= ca"+b5a" bk ez
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Thus U;jT; is a n-linear transformation from W; to Z;. Hence the
claim; for the result is true for each i and each j. Thus UT is a n-
linear transformation from W to Z.

So

UoT = (UulLu..ulUyo(TiuT,u...uT,)

UT vl T v  VUT

(i, iy, ... , 1,) is @ permutation of 1, 2, 3, ... , n. Now we for the
notational convenience recall that if V=V, U V,uU ... U V is a
n vector space over a field F then V;’s are called as component
subvector spaces of V. V; is also unknown as the component of
V.

Now we proceed on to define the notion of linear n-operator.

DEFINITION 2.15: Let V =V, vV, v ... UV, be a n-vector
space over F, a n-linear operator on V is a n-linear
transformation T from V to V, such that T=T, v T, U ... U T,
with T;:V; =V, for 1 <i <n. Thus in the above theorem not only
V=W=ZbutUandT are such that T;: V; > V;; U;: V; = V; so
that U and T are n-linear operators on the n space V, we see
composition UT is again a n-linear operator on V.

Thus the n-space L" (V, V) has a multiplication defined as
composition. In this case the operator TU is also defined. In
general TU # UT i.e., UT—TU # 0.

Now L" (V, V) would be only a n-vector space of dimension

(n},n3,...,n"), n-dimension of Vis (n;, ny, ..., ny).
ur = (UvU,v..oU)o (T v T,u..uTy)
= (U]T]UUZTQU.“UU,,T").
TU = (T]UTZL/...UTH)O(UIU U2UU Un)

= T]U] UTQUQU_" UT,,U,,.
HereT;:Vi—>ViandU;: Vi >V, i=1 2, ..., n.

Now only in this case T' = TT and in general T" = TT ... T: n

times forn =1, 2, ..., n. Wedefine T°=1, LU .. Ul,
identity n-function of V.=V, UV, U ... UV, It may so happen
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depending on each V; we will have different power of T; to be
approaching identity for varying linear transformation. i.e. if T
oL, u..ouT,onV=VUV,uU... UV, such that T;: V;
— Vi (only) fori =1, 2, ..., n since n-dimension of V is (n;, n,,

on).soToT=T=(T, v, ... UT) (T, v, U... UT,)
= (T7,T},..,T}). Like wise any power of T. I =1, UL, U ... U
1, is the identity function on V i.e. each I; : V; = V; is such that
L) = forall ' € Vi ;i =1 2 .. n Only under these
special conditions we define L" (V, V), elements of Ln(v, v) are
called special n-linear operators.

LEMMA 2.1: Let V =V, vV, U ... UV, be a n-vector space
over the field F; let U, T; and T, be n-linear operators on V; let
¢ be an element of F

a IU=Ul=Uwherel =1, v, U .. Ul,is the n-
identity transformation

b. U(T, +T,)=UT,+UI,
(T1+T2)U:T1U+T2U

c. CUT)=CUT =U(CT).

Proof: Given V=V, U V, U ... U V, be a n-vector space over
F, Fafield I =1, ul, u .. vl be the n-identity
transformation of V to V ie. I V; — Vj; is the identity
transformation of each Vj, j=1,2, ...,n. U=U, v U, U ... U
Uy V> Vssuch that Ui V; > Vi fori=1, 2, ..., n T; .
TUT,U..UT, : V- Vsuchthat T : V> V;;j=1,2, ...,n
andi=1, 2.
U= UulLu..ulUy)ivhu..ul)
= UoLuU,olL, Y U,I,
= Uvu..ul,.
Further
W= Lubhu..ulh)oUulU,u..ul)
= LoU VYLoUuloU,
= Uulyu...ul,.
Thus IU=UI
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U, +T,) = UT,+UT,
= [U1UU2UUUH] [(T11UT12U...UT1n)+
(Tor U T U ... U Tyl
= [Uu v ... v U] (T + Ta) U (Tia + Ta)
U oo U (Thn + Tan).

We know from the results in linear algebra U (T, + T,) = UT,; +
UT, for any U, Ty, T, € L(V; ; V) where V, is a vector space
and L(V,,V)) is the collection of all linear operators from V; to
V.

Now in U; (Ty; + Ty), U; Ty; and Ty; are linear operators
from V; to V; true for eachi=1, 2, ..., n. Thus U (T, + T,) =
UT] + UT2 and (T1 + Tz) U= TlU + TZU Further C(UT]) =
(CU) T, =U(CT)) forall U, T; € L"(V,V). Let U=U, U U, U

.U Uyand T) = (T/ UT, U..UT,) where U;: V; - V; for

each 1 and Ti' :Vi—> V;foreachi=1,2,...,n.

Cl(UyuUU ... UUNT UT, U...UT))]
= C[UT uU,T,u..0UT]
= (CU,T/uCUT, u..uCU,T)).

(CU,UCU,uU ... uCU) (THuThu...uT,) =(CUT,.
But

C(UT)= (CU,UCU,U...uCU)(THuTLu..uT))
= (Uyulu...uly(CT)
= (Uulu..ul,)(CTUCT, U..UCT))
=  U,(CT)UU,(CT,)u..uU, (CT))
= (U,ul,u...ul,) (CT UCT) U..uUCT))
=  U(CT)).

Let us denote the set of all n-linear transformation from V to V;

this will also include the set of all n-linear operator T =T, U T,
U...uT,withT;: V;> V;,1=1, 2, ..., n. Let us denote the n-
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linear transformation on V by L7 (V, V). Clearly L" (V, V) ¢

L (V, V). This is the marked difference between the usual
linear operator and n-linear operator. For a n-linear
transformation can be n-linear operator or n-linear
transformation. But every linear operator from V to V is always
a linear transformation.

Let V to W be two n-linear vector spaces of same
dimension say (ny, ny, ..., n,) and (nil 1S | nin) where (ij, 1o,

..., 1) is a permutation of (1, 2, ..., n).

Let T¢: V — W be a n-linear transformation where T,= T,
U T, u ... U Ty Ti: Vi > W; where W; is such that dim V; =
dim Wj, this is the way every V; is matched. This will certainly
happen because the n-dimension of both V and W are one and
the same. We call such n-linear transformation from same
dimensional space V into W satisfying the conditions mentioned
by each T;i=1, 2, ..., n. denoted by T, for this is a special n-
linear transformation.

Ifeach T;in Tg; 1=1, 2, ..., n is invertible; then we can find
a special n-linear transformation Us : W — V such that T,U; =
UTs and is the identity function on W. If T is invertible the
function Uy is unique and is denoted by Ts’l. Further more T is
1-1 that is Tyo = TP implies o = where a =0, U ap U ... U ay
and B =By U By U ... U B,. Ty is onto, that is the range of T is
all of W.

THEOREM 2.7: Let V and W be n-vector spaces over the field F
of same dimension (n;, ny, ..., n,) over the field F. If T; is a
special n-linear transformation from V into W and T is

invertible then the inverse function T.' is a special n-linear
transformation from W into V.

Proof: Let Ty = T, U T, U ... U T, be a special n-linear
transformation from the same n-dimensional spaces V into W,
where n-dimension of V is (n;, ny, ..., n,) and that of W is

(ni],niz,...,nin ); (i, 1z, ..., iy) @ permutation of (1, 2, 3, ..., n).
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e, T¢ V.- W; Ti: Vi > W; where dim V; = dim W,.
T.'=T,'UT,' U..UT," is the inverse of Tk.

Let B1, B2 be vectors in W let C € F. To show T (CB; +
B,) = CT ' By + T,' B, where B, = By UB, U...UB. and B, =

Bl UB L...UB.

T,' (CP1 +B2)

= T (CB} +PB; UCPy +P; U...UCB, +B7)

= (T, (CB+B}) VT, (CB +B3) w... U T, (CB, +B7))
=(CT, "B} + T, 'B)) U(CT, "By + T, 'B3) u...u(CT, B, + T.'B2)
= CT;I Bl + 'I:l BZ‘

Leto,=C Ts’l Bi; 1=1, 2, that is let a; be the unique n-vector in
the V such that To; = B;. Since T is n-linear;

TS(C(Xl + U.z) = CTsal +Tsop = CBI + BZ‘

Thus Ca, + a, is the unique n-vector in V which is sent by T;
into CB; + B, and so

T." (CBi+PB2)=Coy +a, =C(T.'B) + T.'B,

and T, is n-linear, the proof is similar to the earlier one using
Te=T, UT,U..uT, and T.' = T, UT,' U..UT," and o, =

ayual U...ual and B = B;UB, UL UBL.

THEOREM 2.8: Let T =T, v T, v ... v T, be a n-linear
transformation from V=V, oV, ... UV,and W= W; U W,
U ... U W, where dim V = (n;, ny, ..., n,) and dim W =

(ni],niz,...,nl.n) where i;, I, ..., I, is a permutation of (1, 2, ...,

n.). Then T is non singular if and only if T carries each n-
linearly independent n-subset of V into a n-linearly independent
n-subset of W.
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Proof: Suppose first we assume T; is non singular. Let S=S; U
S, U ... U S, be a n-linearly independent n-subset of V=V, U
V, U ... U V,ie. S; c V;is a linearly independent subset of V;,
1=1,2,...,n. Let
S= {(0(},002,...,0(}(1 )u(af,oci,...,ociz )u...u ((x{',(x‘;,...,cxﬂn ) }
=SiuSu...uS,cViuV,u ..UV, Given T, =T, U
T, v ... U T, Here Ti: V; > W;, (Ti(xi,Tiociz,...,Ti(xLi) are
linearly independent for each i for if

C(Toy) +...+ C (Toy ) =0,
then T; (Clo;+ ... + CLOLL) = 0 and since T; is non singular
(Clay+ ... + C oy ) = 0 from which it follows each C} =0, j =

1,2, ..., k;, because S; is an independent set. This is true of each
i,ie. S=S;US,U... US,is an independent n-set. This shows
the image of S under T; is independent. Suppose T carries
independent n-sets onto independent n sets. Let o = a; U oy U
... U a, be a non zero n vector of V.

Thenif S=S,US,U...US, = U0U... U, with §;
={a;}; 1 =1, 2, ..., n; is independent. The image n-set of S is
the n-row vector Tyo; U Tha, U ... U Tho, and this set is
independent. Hence Ty(a) = Ty W Toap U ... U Tha, # 0
because the set consisting of the zero n-vector alone is
dependent. Thus null space of T;is0 w0 U ... UO.

The following concept of non singular n-linear
transformation is little different.

DEFINITION 2.16: Let V and W be two same n-dimension spaces
over F ie. dimV = (n;, ny, ..., n,) and dim W = (nl.l,nl.z,...,nl.n)
where (ij, iy, ..., i,) is a permutation of ((I1, 2, 3, ..., n). If T =
T,0 T, U... UTy,is a special n-linear transformation of V into
Wie. if T;: Vi = W; then dim V; = dim W; = n; for every i. Then
T is n-non singular if each T; is non singular.

In view of this the reader is expected to prove the following
theorem.
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THEOREM 2.9: Let V and W be two n-vector spaces of same
dimension defined over the same field F. T is special n-linear
transformation from V into W. Then T is n-invertible if and only
if T is non-singular.

Note: We say the special n-linear transformation is n-invertible
if and only if each T; =T, U T, U ... U T, is invertible fori =1,
2,...,n.

Now we proceed on to define the n-representation of n-
transformations by n-matrices. (n > 2).

Let V be a n-vector space of n dimension (ny, ny, ... , n,) and W
be a m-vector space of m-dimension (m;, m,, ... , m,) defined
over the same field F. Let

— 1 1 1 2 2 2 n n n
B={(0,0,...,0, ) U(0,05,...,0, ) U ... U(0],0,..., 0 )}
be a n-ordered n-basis of V. We say the n-basis is an n-ordered
n-basis if each of the basis (o' a5, ..., o ) of V; is an ordered

basis fori=1,2,...,nand
B = {(B1,B5sesBr, ) U (B B35 Br, ) U o U (BB B )}

be a m-ordered m basis of W. If T is any n-linear transformation
fromVintoWie. T=T, U T, U ... UT,then each T;: V; >
Wy is determined by its action on the vector oc;; 1 <k<m;true

foreachi=1, 2, ..., nand i <j < n;. Each of the n; vector T;q; is
uniquely expressible as a linear combination

Tiol =Y AB (1)
i=1

I <k <m and Bf e Wy, the scalars Ajj, Ay, ..., Amkj being

coordinates of Tiaij in the m-ordered m-basis B'. Accordingly
the transformation Tj is determined by the myn; scalars; A;; via

equation (1). The m, x n; matrix A" defined by Aij is called

the submatrix relative to the n-linear transformation T=T; U T,
U ... UT; U UT, of the pair of ordered basis
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{(0,0y,... 0t ) 3 and { (By,B5-... By, )}
of V; and Wy respectively. This is true for eachiand k, 1 <i<n
and 1 <k <m i.e. the m-matrix of T is given by

ATTU ATE UL U AT

ny

= A (m, n) here (miI ,m ..,y

1

) c (my, my, ..., m, ). Clearly

A is only a n-linear transformation map V; - W; and no two
Vi’s are mapped onto same Wj, 1 <i<nand 1 <j<m. Thus if

o' is a vector in V; then o' =x,a, +...+ X, a, is a vector in V;

then
To' =T, (ixjo@}
=
= [:Z:‘x;].(Ta;)
:gxggAijB?

This is true for eachi,i=1,2, .. n. fFX=X'U XU ... UX"
1s the coordinate n-matrix of o in the n-basis B then the
computation above shows that

AX =(AP U AT UL UAT) XU XU LU XD s the

coordinate n-matrix of the n-vector Ta in the ordered basis B!
because the scalars

0y L) i

my | my, 2 m _n
E Ay'x; U E Aytxj ULV E Ay x;
j=I j=1 j=1

is the entry of the i n-row of the n-column matrix AX. Let us
observe that A is given by the m; x n;, n-matrices over the field
F, then

n; n, n,

1.1 2 .2 n, _n

Tl[ E xjocjj UT{E xjocjju uTn[ E Xjaij
j=1 j=1 j=1
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m;, n m;, n,
— m; 1 i mj, 2 i
= 2 2ATX BIU D AT (B UL
i=1 \_j=1 i=1 \_j=1
m

z[zlA;?"xij:n |

i|l
i=1

where (iy, 1y, ..., 1I,) < {1, 2, ..., m} taken in some order, defines
a n-linear transformation T from V into W, the n-matrix of A
relative to the n-basis B and m-basis B' which is stated by the
following theorem.

THEOREM 2.10: Let V =V, UV, U ... UV, be a finite n-
dimensional i.e., (n;, ny, ..., n,) n-vector space over the field F
and W =W, ouW,u ... UW,, an m-dimensional (m;, my, ...,
m,) vector space over the same field F, (m > n). For each n-
linear transformation T from V into W there is a n-mixed
rectangular matrices A of orders (m;xn;, myxn, , ..., m, x n,)
with entries in F such that [Ta, = A[o]p for every a € V. T —
A is a one to one correspondence between the set of all n-linear
transformations from V into W and the set of all m; x n;, mixed
rectangular n-matrices, i = 1, 2, ..., n over the field F. The

matrix A = A," O A" U ..U A" is the associated n-

matrix with T, the n-linear transformation of V into W relative
to the basis B and B’

Several interesting results true for the usual vector spaces can be
derived in case of n-vector spaces n > 2 with appropriate
modifications.

Now we give the definition of n-inner product on a n-vector
space V.

DEFINITION 2.17: Let F be a field of reals or complex numbers
and V=V, UV, U .. UV,an-vector space over F. An n-inner
product on V is a n-function which assigns to each ordered pair
of n-vectors o. = a; Uoy U... Va,andf=pF; VB U... UB,in
the n-vector space V a scalar n-tuple from F. (o | B) = (a; U a,

o V| fr U2 U OB = ((oul Bi), (@] B2)) s @l B),
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where (o;| f;) is a inner product on V; as o, f; € V,, this is true
foreachi, i=1,2, ..., n; satisfying the following conditions:

a @+p|y)=@|y)+ P|y)(whereo =0; Vo, U ... Va, B
=p,UByU... UByandy =y, Uy, U... Uy, where a;, B
yi € Viforeachi =1, 2, ..., n)=(@;|y) @z y2) ..., (@]
1) F Bl yi) Bal v2) oo Bl pn) = (@] 1)+ Brlyi) o
| y2)+ B2l v2) oo @n | 70) + Bul 7))

b. (Co|B)=Cal|B)=(Cia:s| B1) Co@z|B), ..., Cafon| Br))

c. PBla)= <a | p > the bar denoting the complex conjugation.
d @|a)>(0,0, ...,0) ifa#0ie, ((a;] ai) @2 az), ... (@)

0.) > (0,0, ...,0)0eacho; Z0ina=a; Vo, U... U, i=
1,2 .. n

OnF=F"vuF"™uU..UF" there is a n-inner product
which we call the n-standard inner product. It is defined on

a= (xll,x;,...,x,ll]) u(xlz,xi,...,xi) U U(X],X5 00X, )
and
B=(91:Yssees Yy ) (VY3 es Vi) U U P V50 n ) €P
by

@|B)= (2 x5y, D XY, s D X))
J= Jj=1 Jj=1
if Fis areal field. If F is the field of complex numbers then
" — ny — n, n_n
@1 B)= (X9, 20XV, e D XY,
j=1 j=1 j=l1
The reader is expected to work out the properties related with n-
inner products on the n-vector spaces over the field F.
Now we proceed on to define n-orthogonal sets.
DEFINITION 2.18: Let V =V, vV, v ... UV, be a n-vector

space over the field F. We say V is a n-inner product space if on
V is defined an n-inner product. Let a. = (0; CUa, U ... Ua,) and
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=0 vpu..UpB) eVwitha, pi eV, i=1 2, .., n We
say o is n-orthogonal to p if @|p) = (0, 0, ..., 0) = ((©0,|p1), ...,
(@,|B,) i.e. if each a; is orthogonal to ; € Vi i.e. (@if;) = 0 fori
=1, 2, ..., n. This equivalently implies f is n-orthogonal to o.
Hence we simply say o and f§ are orthogonal.

IfS=S,vSuv.usS, cv,ub,u.. uV,=V bean-set of
n-vectors in V. S is called an n-orthogonal set provided all pairs
of distinct n-vectors in S are orthogonal. An n-orthogonal set is
called an n-orthonormal set if ||o|| = (1, 1, ..., 1) for every a in
S=S,uSu.. US,.

We denote (a | ) also by (cf).

THEOREM 2.11: Let V =V; UV, U ... UV, be a n-vector space
which is a n-inner product space defined over the field. Let S =
S; U8, U... US, be an n-orthogonal set in V. The set of non
zero vectors in S are n-linearly independent.

Proof: Let V=V;U V,U ... U V, be a n-vector space over F.
LetS=S,uS,u...uS,cV=V,uV,u..uUV,bea
orthogonal n-set of V. To show the elements in the n-sets are n-

orthogonal. Let oci,ociz, oo e Sifori=1,2, .., n ie.

1 1 1 2 2 2
0y 0Ly veey Oy € Sip 0,05, ooy O € Sy and so on. a,q;,

my

n

<o O € Sy Let 04,05, ..., a,, be the distinct set of n-vectors

in S; and that B' = clo! + cla) + ...+ ¢' ol . Then
: . Ini . . .
(B en) = | 2ocio o
=1
= Y o))
j=I1

= o (o fay).

Since (o, [ay ) #0, ¢, #0.
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Thus when B' = 0 then each ¢, = 0 for each i. So each S; is an

independent set. Hence S = S, U S, U ... US, is a n-
independent set.

Several interesting results including Gram-Schmidt n-
orthogonalization process can be derived.

We now proceed onto define the notion of n-best
approximation to the n-vector B relative to a n-sub-vector space
W.

DEFINITION 2.19: Let V =V, vV, U ... UV, be a n-inner
product n-vector space over the field F. W =W, U W, U ... U
W, be a n-subspace of V. Let p = Bl U By U...0 B! €V the n-
best approximation to [ by n-vectors in W is a n-vector o =
alvalu..ua’ in Wsuch that || — a|| < ||B - y|| for every n-
vector y in Wie. || — o|| <|| B — yil| for every y; € W; and
this is true for each i; i = 1, 2, ..., n. We know if f =
BlUBU..UB and if B is a n-linear combination of an n-
orthogonal sequence of non zero-vectors a;, 0y, ..., O, Where
eacha; =a'; o'y U ... Udy, i=12,..., m, then

11\ o 2l 2\ 2 al on\ n

R (ﬂl‘ak)ak & (ﬂZ‘ak)ak Uiy (ﬁn ak)ak

p=|2 N e YT e
SN I N

The following theorem is left as an exercise for the reader to
prove.

THEOREM 2.12: Let W =W, U W, U ... U W, be a n-subspace
of an n-inner product space V.=V, oV, U .. UV, and p =
Bl U B V..U B be an-vector in V

1. The n-vector o = o Ua,U..ua’ in W is a n-best

approximation to 8 by the n-vector in W if and only if p-
o is n-orthogonal to every n-vector in W.

2. If a n-best approximation to B by n-vectors in W exists,
it is unique.
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3. If W is n-finite n-dimensional and {a| Vo) U...0a}
is any n-orthonormal n-basis for W then the n-vector

B VLAV VAR

eyl Al

Z (B, | &)
e I
is the unique n-best approximation to f by n-vector in W.

Now we proceed on to define the notion of n-orthogonal
complement.

DEFINITION 2.20: Let V be a n-inner product n-space and S any
n-set of n vectors in V. The n-orthogonal complement of S is the
n-set S* of all n-vectors in V which are n-orthogonal to every n-
vector in S; where S =S, S, ... uUS, cV=V, vV, .. U
V, and S* = S}USy U...US" < V. ie each S is the
orthogonal complement of S; for every i, i = 1, 2, ..., n. We call
o to be the n-orthogonal projection of p on W. If every n-vector
in V has an n-orthogonal projection on W, the n-mapping that
assigns to each n-vector in V its n-orthogonal projection on W
is called the n-orthogonal projection of V on W.

The reader is expected to prove the following theorems.

THEOREM 2.13: Let V =V, vV, U ... UV, be a n-inner
product n-vector space defined over the field F. W a finite
dimensional n-subspace of V and E the n-orthogonal projection
of V on W, Then the n-mapping f — (B — EpP) is the n-
orthogonal projection of V on W*.

THEOREM 2.14: Let W = W, U W, U ... U W, c V be a finite
dimensional n-subspace of the n inner product space V =V; U
V... UVyandlet E = E; VE, U ... UE, be the n-orthogonal
projection of V on W. Then E is an n-idempotent n-linear
transformation of V onto W and W is the n-null space of E and
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V=W@W ie if V=V, UV, U..UVyand W=W,UW, U
L UW,and W= W OW, O OW then V = (W @ W) =
W, @W) U(W,@W,) U .. U (W,EW}).

THEOREM 2.15: Under the conditions of the above theorems, I-
E is the n-orthogonal projection of V on W'. It is an n-
idempotent linear n-transformation of V onto W*, with null
space W.

THEOREM 2.16: Let {a Ua, U...ua!} be an orthogonal n-

set of non-zero vectors in an n-inner product space V. If B is any
vector in V then Yy (Bl et ) / || e ||° < ||BII° where p =

BUBU.UB eV

It is pertinent to mention here that the notion of linear functional
dual space or adjoints cannot be extended in an analogous way
in case of n-vector spaces of type L.

Now we proceed on to define the notion of n-unitary operators
on n-inner product n vector spaces V over the field F.

DEFINITION 2.21: Let V and W be n-inner product n-vector
space and m vector space over the same field F respectively. Let
T be a n-linear transformation from V into W. We say that T
preserves n inner products if (To. | TB) = (a | B) for all o, € V
ie ifV=v,uVyu..uViand W=W, oW, ... UW, and
T=T,vhLu..uTl,witha=a; Vo U... Ua,and = p; U
B ... U, € V. Ti: Vi = W, with no two V; mapped on to the
same W, then Ty, T;f; € W; and (Tia; | T;f;) = (i | By) for every i,
i=1, 2, .., n An n-isomorphism of V into W is a n-vector space
isomorphism T of V onto W which also preserves n-inner
products.

THEOREM 2.17: Let V and W be n-finite dimensional n-inner
vector spaces of same n-dimension i.e. dim V = (n;, ny, ..., n,)

and dim W = (ni],niz,...,nin)where (i, iy .., I,) is a
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permutation of (1, 2, ..., n) defined over the same field T. If T =
T, T, .. uT,is a n-linear transformation from V into W
the following are equivalent

1. T preserves inner products i.e., each T; in T preserves
inner producti.e. T;: Vi > W; 1 <i,j<n.

2. T is an n-inner product n- isomorphism

3. T carries every n-orthonormal n-basis for V onto an n-
orthogonal n-basis for W.

4. T carries some n-orthogonal n-basis for V onto an n-
orthonormal basis for W i.e. T; carries some orthogonal
basis of V; into an orthogonal basis for W.

The reader is expected to prove the following theorems.

THEOREM 2.18: Let V and W be n-dimensional finite inner
product n-spaces over the same field F. Then V=V, oV, U .
UV, is n-isomorphic with W=W; W, U ... UW,i.e. each T;:
Vi = W, is an isomorphism for i = 1, 2, ..., nif V.and W are of
same n-dimension.

THEOREM 2.19: Let V and W be two n-inner product spaces
over the same field F. Let T=T, v T, U ... UT, be a n-linear
transformation from V into W. Then T preserves n-inner product

if and only if ||To|| = |la|| ie (T, v T, v ... v T,)
(e vayu..ua’)|| =|ITi(e)) UTsy(c)) U ... oT(a)|| =
e |, 1|3l ..., ||al|]) for every o € Vi.e. for every a; €V,

i=12 .. n

We define the notion of n unitary operator of a n-vector space V
over the field F.

DEFINITION 2.22: A n-unitary operator on an n-inner product
space V' is a n-isomorphism of V onto itself.

DEFINITION 2.23: [f T is a n-linear operator on an n-inner
product space V=V, 0V, .. UV, thenwesay T=T, 0 T,
U ... U T, has an n-adjoint on V if there exists a n-linear

53



operator T*= T," UT, U..UT, on V such that (To. | p) = (a |
T*B) forall o = o Vel U...oa! ,f= B OB U.UB inV
=V, Vo ... UV,ie T(a|B) = (a|T*B!) for each i =
1,2 .. n

It is easily verified as in case of adjoints the n-adjoints of T not
only depends on T but also on the n-inner product on V.

Interesting results in this direction can be derived for any reader.
The following theorems are also left as an exercise for the
reader.

THEOREM 2.20: Let V =V, UV, U ... UV, be a finite n-
dimensional n-inner product n-space defined over the field F. If
T and U are n-linear operators on V and c is a scalar, then

1. (T+U)*=T*+U%ie ifT=T, VT, .. UT,and U
=U, vU, u... vU,thenin (T + U)* we have for each
T+ U)*=T +U ,i=12, .. n

2. (cI)*=cT*

3. (TU)* = T*U*, here also (TU)* = U, T, fori=1, 2,
..., n.le. (Tl])* = (T]U])* u(TZUQ)* ... U(T,,U,, * =
Ut vUT v..uU,T

4. (T*)* = T since (7;*)* =T, foreachi=1,2, ..., n.

THEOREM 2.21: Let U be a n-linear operator on an n-inner
product space V, defined over the field F. Then U is n-unitary if
and only the n-adjoint, U* of U exists and UU* = U*U = I.

THEOREM 2.22: Let V =V, UV, U ... UV, be a n-vector space
of a n-inner vector space of finite dimension and U be a n-linear
operator on V. Then U is n-unitary if and only if the n-matrix
related with U in some ordered n-orthonormal n-basis is also a
n-unitary matrix i.e. if A = A; UA, U ... UA, is the n-matrix
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each A; in A is unitary i.e. A;* A; = I for each i, ie. A * A =
A[*A[ UAZ*AQ ... UAn*A,, :[] ... U[n.

Several interesting results can be obtained using appropriate and
analogous proper modifications.

Now we proceed on to define the notion of n-normal
operator or normal n-operators on a n-vector space V. The
principle objective for doing this is we can obtain some
interesting properties about the n-orthonormal n-basis of V =V,
uV,u...uV,.

Let the n-orthonormal n-basis of V be denoted by B =
(o), e, ) U (al,0),..a, )U .. U (a],d),..a, )}
where each ( af,aé,...,a,’;i ) is a orthogonal basis of V; for i = 1,
2, wonlLaT=T,0T, U.. UT, the n-linear operator on V
be defined by T,a;'_ = cja’]', forj=1 2, .., nandforeach T, i=

1, 2, ..., n This simply implies that the n-matrix of T
(consequently each matrix of T; in the ordered basis
(a),ai,....a. ) is a diagonal matrix with the diagonal entries

(¢1,¢55e05C, ) is a n-diagonal n matrix given by

c 0 cl 0
1 2
C, &
D= U
1 2
| 0 Cy | | 0 C, |
c 0
n
&)
U... U
0 c
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The n-adjoint operator T*=T*, o T* U ... UT*, of T=T, U
T, v ... T, is represented by the n-conjugate transpose n
matrix i.e. once again a n-diagonal n matrix with diagonal
entries ¢;',¢;' ¢, ;i =1, 2, ..., n. If V is a real n-vector

nl

space over the real field F then of course we have T = T*

DEFINITION 2.24: If V =V, UV, U ... UV, be a n-dimensional
n-inner product n-vector space and T a n-linear operator on V

be say T is n-normal if it commutes with its n-adjoint T* of T i.e.
IT* = T*T.

Now in order to define some more properties we now proceed
onto define the notion of n-characteristic values or n-eigen
values of a n-vector space V and so on.

DEFINITION 2.25: Let V =V, vV, U ... vV, be a n-vector
space over the field F of type I. Let T=T, T, U ... UT, be a
n-linear operator on V. A n-characteristic value (or
equivalently characteristic n-value) of T is a n-tuple of scalars
¢l U U...uc! such that their exists a non zero n vector a. =
ol vag u..ual in V owith Ta = ca. ie. (¢ uc,U...uc)
(U, U..va)) =ca Ula: U.. Uda =Tiag U
T, 0522 v o uT, al s If ¢ = cl1 uc§ U..Uc) is the n-
characteristic value of T then

a anyo=a Va U...0ua! such that Ta = ca is called
the n-characteristic n-vector of T associated with the n-
characteristic value c = ¢, Uc; U...Ucl.

b. The collection of all a = o Ua; U...ua! such that Ta

= ca is called the n-characteristic space associated
with c. n-characteristic values will also be known as n-
eigen values or n-spectral values.

If T is any n-linear operator on the n-vector space V and ¢ any n
scalar the set of n-vector oin V=V, UV, U ... U V,such that
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To = ca is a n-subspace of V. It is the n-null space of the n-
linear transformation (T — cl) = (T, v T, v ... v T,) —
(cducu..uc) (, vl .. Ul)) = (T —cl) (T, -
ci L) u... U (T,— c, 1,). We call c the n-characteristic value of
T and if this n-subspace is different from the zero subspace i.e.
if (T—cl) =(T)—c/ 1) &... U(T,— c!1,) fails to be one to one
i.e. each T; fci’- 1; fails to be one to one. If V is a finite n-
dimension n-vector space, (T — cl) fails to be one to one. Only
when the n determinant i.e. det(T — cl) = det(T; — ¢, I;) _ det(T,
—clh) U ... Ude(T, —c'l,) # (0 w0 .. U0 ie. each

det(T;— Cl.il,-) #0fori=12, .., n

This is made into the following nice theorem

THEOREM 2.23: Let T be a n-linear operator on a finite n-
dimensional n-vector space V. =V, oV, v ... U V,and ¢ =
¢l ucsU...uc! be an scalar then the following are equivalent

a. ¢=c uUc U...uc! is a n-characteristic value of T =
T, T, U... UT, ie. each ¢'; is a characteristic value
ofT;;i=12, .., n

b. The n-operator (T —cl) = (T; — ¢/ 1) U ... U (T, -
¢, 1) is non singular (i.e. non invertible) i.e. each (T; —
c, 1) is non invertible i.e. non singular for each n-vector
spaces,i=1, 2, ..., n.

c. de(T—cl)=(0 0. 0)ie det (T,—c1,)=0for
eachi=1 2, ..., n.

Now we give the analogous for n-matrix.
DEFINITION 2.26: Let A = A; U A, U ..U A, be a n-square
matrix where each matrix A; is n; xn; matrix i = 1, 2, ..., n; if i #

J then ni# nj;, 1 < i, j < n over the field F, a n-characteristic
value of A in F is an scalar C= C{ WC, U..0C"; CleF,i=
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1, 2, 3, ..., nsuch that the n-matrix (A — CI) = (4, —-C/1,) v
(4, -CL)Yu ... U(A4,-C!'l) is singular, i.e. C is a n-
characteristic value of A if and only if det (A—CI) =0 0 U ...
U 0 or equivalently det (CI — 4) = 0 v 0 v ... U0, ie. if
det (A4, —C!1.) = 0 for each and every i, i = 1, 2, ..., n we form
the matrix (xI — A) where x =x; Ux, U ... UX, with polynomial
entries and consider the n-polynomial f = det(xI — A) = det(x;l;
—A;)) vdet(x:, — Ay) U ... Udet(xl,—A,) =fi Ufr U... Uf,in
n variables x;, x5, ... , x,. Clearly the n-characteristic values of
A in F are just the n-tuple scalars C = C, WC; U...0C" in F
such that

1O

ouvou.. w0

[(CHU L(CHU..U L. (CH.

For this reason f'is called the n-characteristic n-polynomial
of A.

It is important to note that f is a n-monic polymonial which has
degree exactly (nj, ny, ..., n, ) is the n-degree of the n-monic
polynomial f=f, U f, U ... Uf,.

We can prove the following simple lemma.

LEMMA 2.2: Similar n-matrices have same n-characteristic
polynomial.

Proof: We just recall if A and B are the mixed square n-
matrices of dimension (ny, n,, ..., n, ) and (ny, ny, ..., n, ) i.c.
same dimension i.e. identity permutation of (n;, n,, ..., n, ) . We
say A is similar to B or B is similar to A if their exists a
invertible n matrix P of dimension (ny, n, ..., n, ) such that if A
=AlUAUVU...UA B=BuUB,u..UB,andP=P, UP,
U...UP,then B=P'APie. B=B,UB,U... UB,= P'A,

P, v sz1 APU .. U Pn’1 A, P,; i.e. each A; is similar B; for i

58



Suppose A and B are similar n-mixed square matrices of
identical dimension i.e. order A; = order B; fori=1, 2, ..., n
then B = P"AP the

n-det (xI-B) = n-det(xI—P"' AP)
= n-det (P"'(xI -A) P)
= n-det P det(xI — A) .det P
= detP ' det(x,], - A,)detP, U
detP;' det(x31, — A,)detP, U ... U
detP "' det(x"I_ — A, )detP,
= det(xI-B)
= det(x;], - B,) U det(x3], —B,) U ... Udet(x'I, - B,)
i.e. n-det (xI — B) =n-det (xI - A) .

DEFINITION 2.27: Let T =T, o T, U ... U T, be a special n-
linear operator on a finite dimension n-vector space V =V; v
V,v... UV, Wesay T is n diagonalizable if there is a n-basis
for V each n-vector of which is a n-characteristic n-vector of T.

The following two lemmas are left as an exercise to the reader.

LEMMA 2.3: Suppose To. = Ca where T =T; oT, U ... U T, a
=ag vaju..va and C= ClUC;U..0C! . IfF=F, U
F, ... UF,is any n-polynomial then f(T) o. = f(C) o i.e.,
LDy v f(La; v f(T)a, =
H(Chay v f,(Ca; v...L £,(Car,

LEMMA 24: Let T=T, v T, U... UT, be a n-linear operator

on a finite (ny, ny, ..., n, ) dimensional n-vector space V =V, U
Vo U o UV, Let {(C,G,,..,C,) U (CLC3,.,Cl) U U

(C!,C;,...,C; ) } be distinct n-characteristic values of T, U T,
v ... v T, and let Wll,VV';,...,VV,:I be the subspaces of V,
associated with characteristic values CII,C;,...,C,i1 respectively,

le,Wf,...,Wé be the subspaces of V, with associated
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characteristic values C’,C;,...,C ,fz respectively; and so on and
let. W', W,),..,W, be the subspaces of V, with associated
characteristic values C[',C;,...,C} and if

W =W +W, +..+W,

and if

W2 =W72 W)+ W, o, W =W+ W)+ + W]
and if W= whOW? ... OW" the n-dim W = (dimWI, dimW?,
ooy dimW ") with dim W' = dimW,/ + dimW, + ...+ dimW,/ for
eachj=1 2, ..., n andifBii is an ordered basis of wii=1,
2, ..., k; then (Bll,Bzz,...,B:) is the n-ordered n-basis of wiw?
LWk

Using these lemmas the reader is expected to prove the
following theorem.

THEOREM 2.24: Let T =T, v T, v ... v T, be a n-linear
operator of the finite n-dimensional n vector space V=V, UV,
U UV, Let {(C,Cy,...C ), (CLGYL.,CL) U U
(C/.C},....C} ) } be the distinct n-characteristic n-values of T

and let (W' OW’ U ... UW") be the null n-subspace of (T — CI)
i.e. W is a subspace of (T, —C'I) for i =1, 2, ..., n. Then the
following are equivalent

1. T is n-diagonalizable
2. The n-characteristic polynomial for T is

f = fi v f U o fo where fi =
(x, —Cf)d'i (x, —Cé)dé...(xi —C,; )dkf" foreveryi=1, 2, ..., n and
dim W' = d where d' =dli +d§ +...+d,fi foreveryi=1 2, ...,
n. dim W'+ dim W> + ... + dimW" = dim V = (n;, ny, ... n, ) ie.,
dim W' = dim W' + dim W) + ... + dim W,; =n, dimW’ =
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dimW? + dim W} + ... + dim Wkl2 =n,and so on and dimW" =

dimW" +dim W) + ... +dim W =n, .

The proof left as an exercise for the reader.

Now we proceed on to define the notion of n-annihilating
polynominals.

Let T=T, U T,u ... UT, be a n-linear operator on a n-
vector space V over the field F. If p(x) = pi(X) U po(X) U ... U
pa(X) be a n-polynominal in x with coefficients from F then p(T)
=pi(T)) U pi(Ty) U ... U pu(T,) is again a n-linear operator on
V. If q(x) = qi(xX) U q2(X) U ... U gu(x) is another n-polynomial
over F then

(p+q (T)=p(T) +q(T).
pa(T) = p(T) q(T)
=p1(T) qu(T) W po(T) go(T) U ... U pu(T) gu(T) .

Therefore the collection of n-polynomials p(x) which n-
annihilate T in the sense that p(T) = 0, is a n ideal in the n-
polynomial algebra F[x]. Clearly L" (V, V) is a n-linear space of
dimension (n;,n...,n ) where n; is the dimension of the vector
space V;in V=V, U V, U ... U V,. If we take in the n-linear
operator T=T; U T, U ... U T, for each T; a nf +1 power of

Tifori=1,2, .., nthen C)+CiT, +C,T +..+ C,, T =0 for
some scalars C; not all zero, 1 <j < n’.

So the n-ideal of polynomials which n-annihilate T contains
a non zero n-polynomial of n-degree (n’,n>,...,n>) or less.

Now we define the notion of n-minimal polynomial for T =
TiuT,u...uUT,.

DEFINITION 2.28: If T is a n-linear operator on a finite
dimensional n-vector space V over the field F. The n-minimal
polynomial for T =T, o T, U ... U T, is the unique n-monic
generator of the n-ideals of polynomial over F which n-
annihilate T, i.e., the n-monic generator of the n-ideals of
polynomials over F which annihilate each T; for i = 1, 2, ..., n.

61



The term n-minimal comes from the fact that the n-generator of
a polynomial n-ideal is characterized by being the n-monic
polynomials each of minimum degree that is every ideal in the
n-ideals; that is the n-minimal polynomial p = p; Up, U ... U
Dn for the n-linear operator T is uniquely determined by these
three properties. Inp = p; Up, U ... Up,, each p; is a monic
polynomial over the scalar field F, which we shortly call as the
n-monic polynomial over F. p(T) = 0 implies p/(T;) = 0 for each
L,i=12 ..,nie,p(T) UpyT;) U.. Up,(T,)=0C00C ..
0. No n-polynomial over F which n-annihilates T has smaller
degree than p, i.e., polynomial over F which annihilates T; has
smaller degree than p; for each i = 1, 2, ..., n. If A is a n-mixed
square matrix over Fie, A=A, UA; U ... UA, is a n-mixed
matrix where each A; is a n; x n; matrix over F, we define the n-
minimal polynomial for A in an analogous way as unique n-
monic generator ideal of all n-polynomials over F which n-
annihilate A or annihilates A; for each i,i =1, 2, ..., n.

Similar results which hold good in case of linear vector spaces
can be analogously extended to the case of n-vector spaces with

proper and appropriate modifications.

The proof of the following interesting theorem can be obtained
by any interested reader.

THEOREM 2.25: Let T =T, v T, v ... v T, be a n-linear

operator on a (n;, n,, ..., n,) finite dimensional n-vector space
[orlet A=A, VA, U ... UA, a n-mixed square matrix where
each A; is a n; x n; matrix, i = 1, 2, ..., n] then n-characteristic

and n-minimal polynomial for T[for A] have the same n-roots
except for multiplicities.

The Cayley-Hamilton theorem for n-linear operator T on the n-
vector space V is stated, the proof is also left as an exercise for
the reader.

THEOREM 2.26: (CAYLEY HAMILTON THEOREM FOR n-VECTOR
SPACES) Let T=T; v T, U ... UT, be a n-linear operator on a
finite (n;, ny, ..., n,) dimensional n-vector space V=V, UV, U
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. UV,over afield F.If f=f Uf, U.. Uf,is the n-
characteristic polynomial for T=T, 0T, U ... UT, then f(T) =
00 uU..Ulie., f((T) Uf(T,) U... Uf(T,) =00 U ...
U 0, in other words the n-minimal polynomial divides the n-
characteristic polynomial for T.

We just give an hint of the proof.

Hint:  Choose a n-ordered n-basis {(oy,0,...,00 ) U
(0,053,000 ) U ..U (a),05,..,00 )} for V=V,uV,0 ..
U V,and let A= AJUATU ... UA" be the n matrix which
represents T = T, U T, U ... U T, in the given n-basis. Then

To, = ZAgkag ; 1 <j < n;. This is true for each i; i.e., true for
=1

each T;. Thus p, = Z(Sika —A;Ik)a;‘ =0, this equation being
j=1

true fork=1,2, ... ,n,i.e, P=P, U P, U ... UP,. Suppose K
=K, U K, u ... UK, be a commutative n-ring with identity
consisting of all n polynomials in T=T;, U T, U ... U T,. Let
B' UB?U ... UB" be an element of
KVt =K K™ ™ g KM

with entries BE =8,;T, - Alj‘iIk ,k=1,2,...,n. We can show f(T)
=det B i.e., fi(T)) U f(Ty) U ... U fy(T,) = det B' U det B> U
... UdetB" .

Using this hint the interested reader can prove the result.

Now we proceed on to define the notion of a n-subspace W of V
to be n-invariant under T.

DEFINITION 2.29: Let V =V, vV, U ... UV, be a n-vector
space over F. T=T, U T, v ... UT, be a n-linear operator on
V.IfW=W, oUW, ... UW,is an-subspace of V, we say that
W is n-invariant under T if for each vector a =o' o U ... U
o' in W the vector T(a) is in W i.e., each T(d/) € Wi fori=1, 2,
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v, N Le., T(W) is contained in W or this is the same as T(W,)
is contained in Wi fori =1, 2, ..., n.

LEMMA 2.5: Let V be a finite (n;, ns, ..., n,) dimensional n-
vector space over the field F. Let T=T, T, U ... UT, be a n-
linear operator on V such that the n-minimal polynomial for T
is a product of linear n-factors p = p; Up, U ... Up, where p;
= (x=C)' . (x=C) )" :CleF I <j <k fori=1,2 .., m.
Let W=W'UW? U... UW" be a proper (W #V) subspace of
V where each W' =Wli +...+ Wk’ i=1 2 .., n whichis n-

invariant under T. There exists a vector a = o; U o, U ... U,
in V such that a is not in W;

(T-CI) aa=(T,-C'I}) oy NT,—CL)ay U ... U(T,—C'lL)a,

is in W for some m-characteristic values C' = (CII,C;..C,;), 1<

ki <n;; C? :(Cf,sz,...,C,fz) and so on.

The proof can be derived without much difficulty; infact very
straight forward, using the working for each T;: V; —»V; and
W =W +..+ Wll , 1 <ki < n;. When the result holds for every

component of V and T it is true for the n-vector space and its n-
linear operator T which is defined on V.

The following theorem on the n-diagonalizablily of the n-linear
operator T on V is given below.

THEOREM 2.27: Let V =V, UV, U ... UV, be a finite (n,;, n,,
.., Ny) dimensional n-vector space over the field F and let T =
T, v T, U.. UT, be a n-linear operator on V. Then T is n
diagonalizable if and only if the n-minimal polynomial for T has
the form,

p= {(x_Cll)...(x—Clz )} o
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{(x—Cf)(x—sz)...(x— C,fz )} ..U

{(x—Cl")(x—Cz")...(x—C,fn )}

where CJ’ are distinct elements of F (i.e., CII,C;,...,C,; , forms a
distinct set in F, Clz,sz,...,C,f2 forms a distinct set in F, so on

. C,,..C. forms a distinct set of F) .

Proof: We know if T=T, U T, U ... U T, is n-diagonalizable
its n-minimal polynomial is a n-product of distinct linear factors
i.e., each T;: V; = V; (where V; is a component of the n-vector
space V=V, U V, U ... U V, and T; is a linear operator of V;
and a component of T).

So we can say if p; = (X—Ci)(x—C;)...(X—CL) the
minimal polynomial associated with the diagonalizable operator
T; then the p; is a product of distinct linear factors. This is true
for each i; i = 1, 2, ..., n, Hence the claim. So to prove the
converse, let W = W' U W? U ... U W" be the n-subspace
spanned by all the n-characteristic n-vectors of T and suppose
W =V that is; each W = Vi fori=1, 2, ..., n.

This implies we have a n-vector o = o' U o U ... U a" not
in W (ie, each o' ¢ W' fori=1, 2, ..., n.) and a n-
characteristic value C = C' U C* U ... U C" of T such that the
vector = (T — CI) a lies in Wie., p=B' U p* U ... U p" then
B = (T1 —C;Ii )oci lies in W' (1 <j <k;) this is true for each i, 1=
1,2, ..., n. Since B’ €W’ we have B’ =p! + B} +...+[3Li (true for

eachi,i=1,2,...,n) where TR, =C;; 1 <j<kjandi=1,2,

oo n and hence the vector n W
h'(T)B' =h'(C)B, +...+h'(C, )B,  is in W; for every
polynomial h'; this is true for eachi,i=1,2, ..., n.

Now p; = (x—C;) gi for some polynomial q; also

q; —q;(C;)=x—(C)h’" (this is true for each i,i=1, 2, ..., n).
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We have q(T,)a' —q,(C))a’ =h'(T,)(T, -C{I)a’ =h'(T)B", 1
<i<n. But h'(T)p' is in W; (for each i) and since 0 = py(T;) o
= (Ti - C;Ii )qi (T,)a', the vector q(T,)a' is in W'.

Therefore q,(C)a’ is in W'. Since o' is not W' we have
q; (C;) =0 true for every i=1, 2, ..., n. This contradicts the fact

p; has distinct roots fori=1, 2, ..., n. Hence the claim.

How ever we give an illustration of this theorem so that the
reader can understand how it is applied in general.

Example 2.19: Let V=V, UV, U Vswhere Vi=Q x Q, V, =
QxQxQxQand V;=Q xQ xQi.e., V a3-vector space over
Q of finite dimension and 3-dimension (2, 4, 3) .Define T: V —
VbYT:T1UT2UT3 ZVl UVQUV3—)V1UV2UV3bYT1:
V,—V, defined by the related matrix

1 2
A, = .
0 2

T,:V,—V,; defined by the related matrix

A 0N = W

1
2
3
0

O O = =

and T3:V;—V; defined by the related matrix

5 -6 -6
A,=[-1 4 2
3 -6 —4

The 3-matrix associated with T is given by
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21 1 3
5 -6 -6

1 2 01 2 1
) ul-1 4 2

0 2 0 0 3 5
3 -6 4

0 0 0 4

that is 3-characterstic polynomial associated with T is given by

C = x-DE-2DuUE-2)x-1)x-3)x-4) Uux-2)
(x-1)
= C1UC2UC3.

The 3-minimal polynomial p is given by

P = pP1YpP2YUPs
= xX-DE-2DQuE-2))x-1HE-3)EE-dHuEx-1)
x-2).

Hence T is a 3-diagonalizable operator and the 3-diagonal 3-
matrix associated with T is given by

2 0 00
1 0 0
1 0 01 00
= U ul0 2 0].
0 2 0 0 3 0
0 0 2
0 0 0 4

Now we proceed on to describe the n-linear operator which is n-
diagonalizable in the language of n-invariant direct sum
decomposition.

DEFINITION 2.30: Let V be a n-vector space over F, a n-
projection of V=1V; UV, U... UV, is a n-linear operator E =
E' UE U .. UE" on V such that E° = E ie, E° =

(E1 )2 U(E2 )2 u...u(E" )2. All  properties associated with

linear operators as projection can be analogously derived.
Clearly if V=V, vV, u.. UV,and V = (VW@...@W,;) v
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w? (—B...(—BW,;) U U W'®..OW])then for each space
W; ;1 <i<nand]l <j <k; we can define E]’ an operator on V;
such that if o € Vi is of the form o' =a] +a) +...+a,';i with
a; eW; define E(d) = a;, E. is a well defined rule; this is

true for each i and j so
E +Ey+..+E, =E',

E'+Ey +..+E, =E°, ..,
E'+E)+..+E =E";
E=E UE U... UE"

Now as in case of linear vector space we can in case of n-vector
spaces derive the properties of projections.

Theorem 2.28: Let V=V, UV, U ... UV, be a n-vector space
over the field F. Suppose each V; = W, (—B...@W,;for i=1 2,

wonie, V=@ . .0W)u W eW, ®. .0W) u..u
W' OW, ©..0OW,") then there exists (k; + k; + ... + k)
linear operators E,l,Eé,...,E,il, Ef,Ef,...,Efz, E{“,E;,...,E,fn

on the n-vector space V such that

1. Each E; is a projection, i = 1, 2, ..., n; 1<j; <k;

2 E;Ej’A =0ifj; i

3. I'=sE+.+E i=12.,nie I=1'UI’U..UI"
4. range of E; =Wj"f0r i=12 ..,n I<j<k

. 1 1 1 2 2 2 n n
Conversely if E|E,,...E,, ETE;,...E, , ..., E/,..E arek

+ k, + ... + k, linear operators on V which satisfy the condition
1, 2 and 3 and if we let WJ’ be the range of E; then V =

W e.ew)vW e.ew)u...uW' e..ew).
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Proof: Now to prove the converse statement we proceed as
follows; from the basic definition and properties the condition 1
to 4 are true, which can be easily verified.

Suppose we have E=E' U E* U ... U E" where each E' is a

E|,E.,..,E, k; number of linear operators of Vi, V; a

component of the n-vector space V=V; U V, U ... U V, and
what we prove for i, is true fori=1, 2, ... , n.
Given E satisfies all the three conditions given in (1) (2) and

(3) and if we let Wji to be range of E; then certainly V.=W' U
.U W" where W' =W, @...@Wkii by condition (3) we have

fora=a'UdluU...ud"
9

— 1.1 1 1 1
a=(Eao +Ea, +..+E a, ) U
2 .2 2 .2 2 2
(Ejo; +Ejo; +..+E o YU ... U

(Elo) +Eja; +...+E; o )

b

for each a. € V; where eachI;= E| +..+E, ,i=1,2, ... ,nand
E| Ej =0ifp=k I <j<kand o' =0 +..+0, truefori=
1,2, ..., n. This is true for each o € V; and hence for each o, €
V and Eja in W'. This expression for each o' is unique and

hence each a is unique, because if o = (o +..+0y ) U

(of +05 +.t0 ) U .. U (af +a) +..+0 ) is unique with
i i i i i _ ini

eacha' € W', i.e.,, a; € W;. Suppose o) = Ef; then from (1)

and (2) we have
Ejo' = ;Egajk

ki . . . . .
= 2 EEB; = (B)’B;
k=1

— it _ i
—Eij—aj.

69



This is true for everyi,i=1,2,...,nand every j,j=1, 2, ..., ki
This proves each V; is direct sum of W', hence V is a direct sum
Wioes W s, WL WL W, Hence the result.

Now we give a sketch of proof of the following theorem.
However reader is expected to prove the theorem.

THEOREM 2.29: Let T =T, o T, v ... v T, be a n-linear
operator on the n-space V=V, UV, U... UV, and let wi ..
W' and E', E°, ..., E" be as in the above theorem. Then a
necessary and sufficient condition that each n-subspace W' to

be n-invariant under T (i.e., each W,’ invariant under T)) is that

T commutes with each of the projections E' i.e., TE' = E'T for i
=1, 2, ..., m(ie., each T; commutes with Ei ie., T,E; = EJ’ T,

i=1,2 ..,nandj=12, .., k).

Proof: Suppose T commutes with each E; i.e.,, T; commutes
with E‘J forj=1, 2, ..., k. This is true for each T; also. Let a =
a' Ua?u ... U o with oc; eri, then E;ocg 20,3 and for
Ti(xj =T (Ejocg) = E;Tiocz (since T; commutes with Ej forj=1,
2,..,kiandi=1, 2, ..., n) .This shows that T; oc; is in the range
of E; ie., Wji is invariant under T;.
Assume now that each Wji is invariant under Tj, 1 <j <k;i=1,
2, ..., n; we shall show that T1E3 = E;Ti foreveryi, 1 <i<nand
j=1,2,..., k. Let
a' eV,
o = Eo' +...+EL‘OL

To' =TEjo +...+ TE, o'

i

Since E}oc' is in Wj1 which is invariant under T; we must have
i, iy inpi i

Ti(Eja') = E|B; for some ;.

Then ETE,a' = EE,B,
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{Oif k#j

EBlif k=]
ETa' = ET.Ea' +..+ETE, o
- Ep,
=TEa'.

This is true for each o' € V; so E;Ti = TiE; . This result is true
foreach1,1=1,2,...,n.

We now prove the main theorem which describes n-
diagonalization of a n-linear operator.

THEOREM 2.30: Let T =T, v T, v ... v T, be a n-linear
operator on a finite dimensional n-vector space V=V, UV, U
U V.. If T is n-diagonalizable and if (Cll,C;,...,C,;) v

(Cf,Cf,...,Ckzz) v..v (C],CY,...,C! ) are n-characteristic
values such that for each I, le ,Cé,...,C,i are distinct

characteristic values of T; for i = 1, 2, ..., n, then their exists n-
linear operators

(ELEy,.. By ), (E}ES,..E} ), ..., (EE},..E})
on V such that

I T=(CE+.+CE ) U(CE +.+CE.)U..U
(C'E +..+CE])

2. I=(E\+E,+..+E ) U.. U(E' +.+E ) =1, U ..

U,
3. E;E;= 0,j #k.

4 EE =
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5. The range of each E; is the characteristic space for T;

associated with C; .

Conversely if there exists (k;, ks, ..., k,) set of k; distinct n-
scalars C{,C;,...,C,i, i =1 2 .. n and k; distinct linear

operators Ef,E;',...,E}; ;i =1, 2, ..., nwhich satisfy conditions

(1), (2) and (3) then T; is diagonalizable; hence T = T; U T, U

v T, is n-diagonalizable. C| ,C;',...,C,; are distinct
characteristic values of T; for i = 1, 2, ..., n and conditions (4)
and (5) are satisfied.

Proof: Suppose that T is n-diagonalizable i.e., each T; of T is
diagonalizable with distinct characteristic values (C},C;,...,CL1 )

v (C,C,...Ch) U L U (CLG,L.,CL ), e, each set of
(C,,C,,...,C, ) are distinct. Let W, be the space of

characteristic vectors associated with the characteristic values
C; . As we have seen.

V=(W®.0W )U(We.0W )u..u
(Weo.owW )

where each V; = Wli @...@Wii fori=1,2,...,n.
Let E,E},..,E, be the projections associated with this
decomposition gilven in theorem. Then (2), (3), (4) and (5) are
satisfied. To verify (1) we proceed as follows for each a. = a' U
du...udtinV;a eV o= Eia+...+EL‘0L and so
T = TEd +..+TE o

— CEo'+..+C.E o
In other words T; = CIE| +...+ CLEL . Now suppose that we are

given a n-linear operator T = T; U T, U ... U T, along with
distinct n scalars C!' U C? U ... U C" = C with scalar C; and

non zero operator Ej satisfying (1), (2) and (3) . This is true for
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eachi=1,2,...,nandj=1,2, ..., k. Since E|.E, =0 when j #

k, we multiply both sides of
I = LuLu..uUl,
(Bj+Ey+..+E, YU (E]+E} +..+E; YU ..U

(Ef +EJ+..+E})

by E} UE? U...UE! and obtain immediately
ELE’,...El =(E))» U(E? )Y U ... U(E!')".

Multiplying

T = (CE+.+CE )uU...U(CE +..+C{ E})

by E} UE} U...UE! we have

TE, UT,E; U..UT,E] = CIE, UC/E; U...UC/E!
which shows that any n-vector in the n range of
E, UE}U..UE] is in the n-null space of (T — CI) =
(T, -ClI,)U...u(T, —CM',) where =1, UL, U ... U I,. Since
we have assumed E} UE’U..UE! #0 U 0 U ... U 0, this
proves that there is a nonzero n-vector in the n-null space of

(T-Ch= (T,-CI))U..u(T, -C',)

1.e., that Cit 1s a characteristic value of T; for each1,1=1, 2, ...,
n; for if C' is any scalar then (T; — C'T;) = (C;-C') E} + ...+
(C, —C") E, truefori=1,2,...,nso0if (T;— CT)a' = 0, we
must have (C, — (o)) Egoci = 0. If o’ must be the zero vector then
Ela' #0 for some j so that for this j we have C;—C'=0.

Certainly T; is diagonalizable since we have shown that
every non zero vector in the range of E is a characteristic value
of T; and the fact that I; = E|+..+ EL , shows that these

characteristic vectors span V;. This is true for eachi,i=1, 2, ...,
n. All that is to be shown is that the n-null space of (T — CI) =

(T,-CL) U (T,-CiL,) U ... U (T, -C/1, ) is exactly the n
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range of E, U...UE], but this is clear because Ta. = Ca i.c.,

Ti(li =C;0Li, foreachi1,1=1, 2, ..., n. Thus
k| ki . . . .
UD (Ci-CpEia' =0 ie,
e

kl kZ kn

D (Ci—CE' U (C]-CHE] o’ U...uD (C! - C})Ea”

j=1 j=1 j=1
=0u0u..u0.

Hence ((C;-C,)Ea' =0 for each j; and eachi=1,2, ..., n
and E;(Xi =0, k #j; foreachi,i =1, 2, ..., n. Since o =
Eo Jr...JrEi(ioci for each i1 and E;OLi =0 for j # k we have o' =
E

each 1 hence the claim.

;ai which proves that o' is the range of Ej This is true for

We give the statement of the primary decomposition theorem
for n-vector space V.

THEOREM 2.31: Let T =T, v T, v ... v T, be a n-linear
operator on the finite dimensional n-vector space V=V, UV,
U... UV, overthe field F. Let p = p' Up® U ... Up" where p'

= p/ pf...p,:‘f", i=12 .. nie.,
— i pn i U i i U.. U Won i,
P = PnPi-Pu Y PnPru-Pop, Y- Pri Pry Pk,
where p, are distinct irreducible monic polynomials over F' and
i .. . i T i
the r; are positive integers. Let W]' be the null space of p,'"”"

k=12 ...,k;i=1 2 .. nthen

LV = (we.ew) v (We.ew) v . u
(W ®...eW,)

2. each W'is invariant under Ty, i =1, 2, ..., n, 1 <r <k
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3. if Ty is the operator induced on W/’ by T; then the

minimal polynomial for T} is p;.” ,trueforj =1, 2, ..., k;
andi=1 2, ..., n.

Several interesting results can be found in this direction
analogously.

Now we define the notion of n-diagonalizable part and n-
nilpotent part of a n-linear operator T.

Given V=V, U V, U ... U V, is a n-vector space over the
field F. T=T, u T, U ... U T, a n-linear operator on V.
Suppose the n-minimal polynomial of T is the product of first
degree polynomials, i.e., the case in which each pj is of the

form x —C; . Now range of E; , for each T; in T is the null space

Wi

J

of ((T, —C;I:)rj . This is true for eachi,i=1, 2, ..., n. Put

D = DiuDyu...uD,
= (CE +CE, +..+C E, YU

(CGE}+CE +..+CL Ef YU ..U
(CIE} +CES +..+CLE] ).
Clearly D is n-diagonalizable operator which we define or

call as the n-diagonalizable part of T. Let as consider N =T — D.
Now

T = [TE+.+TE JU[TE +..+TE; Ju.. U
[TEl +..+ TE} ]

D = (CE +CE;+..+CE, U
(CE}+CE +..+CL Ef YU ..U
(CE/ +CE; +..+CL E} )

SO

Z
|

[(T, - CIDE, +(T, = CL)E, +..+(T, - C [, )E, ] L
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[(T, = CII)E} +(T, - GI)E; +...+(T, - G I; )E; ]
UL UL -CITDE +. 4+ (T, -CE ) ]
Clearly

N* = [(T,-C[I)’E! +..+(T,-C, L )’E, Ju
[(T,-CL)E} +..+(T,-C; I} YE; Ju ..U
[(T, -CIT})’E} +...+(T, - C{ I} )’E} ]

and in general we have

N = [(T-CL)E+.+(T-CL)E Ju.. U
[(T, -CL)E +..+(T, -C Iy )'E; ]

wherer> (', 1%, ..., ") ie,r>1,i=1, 2, ..., n ( by misuse of
notation) we have N' = 0 because the n-operator (T — CI)" will
be (00U ... U0)ie.,each (T;—CI,) r; =0 wherer> 1/ for

ji=L2,...kandi=1,2,...,n.
Now we define a nilpotent n-linear operator T.

DEFINITION 2.31: Let N be a n-linear operator on V =V; UV,
U ... UV, wesay N is n-nilpotent if there exists some positive
integerr, r>r;i=1,2, ..., nsuchthat N" = 0.

Note: If N =N; U N, U ... UN, then N;: V; > V; is of
dimension n;, n; # nj if 1 # j true for 1 = 1, 2, ..., n so we may

have Ni" =0,i=1,2,...,n We may not have =7, ifi #J;
hence the claim.

Now we give only a sketch of the proof however the reader is
expected to get the complete the proof using this sketch.

THEOREM 2.32: Let T =T, v T, v ... v T, be a n-linear
operator on a finite dimensional n-vector space V=V, UV, U

76



.. UV, over the field F. Suppose the n-minimal polynomial for
T decomposes over F in to product of n-linear polynomials, then
there is a n-diagonalizable n-operator D on V and a n-nilpotent
operator N on V such that

I T=D+N

II. DN = ND.
The n-diagonalizable operator D and the n-nilpotent operator N
are uniquely determined by (I) and (Il) and each of them is a n-
polynomial in T.

Proof: We give only a sketch of the proof. However the
interested reader can find a complete proof using this sketch.

Given V = V; U V, U ... U V, finite (n, ny, ..., ny)
dimensional a n-vector space. T =T, U T, U ... U T, a n-linear
operator on T such that T;: V; »> V;foreachi=1, 2, ..., n. We
can write each T; = D; + N;, a nilpotent part N; and a
diagonalizable part D;;i=1, 2, ..., n.

Thus
T = ThuuT,u..uUT,

= (Nj+D)UMN+Dy)u... UN,+Dy)
NJUNU...UNp)+(D;uDU ... uUDy)

e, T=N+Dwhere N=N;UN,uU ...uUN,and D=D; u D,
U ... U Dy. Since each D; and N; not only commute but are
polynomials in T; we see D and N commute and are n-
polynomials of T, as the result is true for eachi,i=1,2, ... ,n.
Suppose we have T=D'+N', i.e.,

T = TiuvT,u...UT,
(Dj+N) U (D, +N) U ...u (D, +N!)
D'+N!

where D' is the n-diagonalizable part of T i.e., each D! is the

diagonalizable part of T; for i = 1, 2, ..., n and N' the n-
nilpotent part of T i.e., each N; is the nilpotent part of T; for i =
1,2, ...,n.
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Since each D} and Ni commute fori=1, 2, ..., n we have D'
and N' also n-commute with any n-polynomial in T. Hence in
particular they commute with D and N.

Now we have D+ N=D'+N'ie,D-D'=N'-Nand
these four n-operator commute with each other. Since D and D'
are n-diagonalizable they commute and so D — D' is also n-
diagonalizable.

Since both N and N' are n-nilpotent they n-commute and
the operator N — N' is also n-nilpotent. Since N - N' =D — D'
and N — N' is n-nilpotent we have D — D' the n-diagonalizable
n-operator is also n-nilpotent.

Such an n-operator can only be a zero operator, for since it
is n-nilpotent, the n-minimal polynomial for this n-operator is of
the form x" Ux"® U..Ux" with x" =0 for appropriate m; > r;,
i=1, 2, ..., n. But since the n-operator is n-diagonalizable the
n-minimal polynomial cannot have repeated n-roots hence each
1; = 1 and the n-minimal polynomial is simple x U x U ... U X
which 1conﬁrms the operator is zero. Thus we have D = D' and
N=N.

The interested reader is expected to derive analogous results
when F is the field of complex numbers.

Now we proceed on to work with n-characteristic values n-
characteristic vectors of a special n-linear n-operator on V.

Given V is a n-vector space say of finite dimension, V =V,
U V, U ... UV, of dimension (ny, ny, ..., n,) defined over the
field F. Let T=T, U T, U ... U T, be a special n-linear operator
onV;ie., T;: Vi;— V;foreach1,i=1, 2, ..., n.

We say C = (C; U Gy U ... U C,) is a n-characteristic value
of T if some n-vector o = a,; U o, U ... U o, we have Ta. = Ca,
e, Ta=(TiuvT,u..uT) (o U...Ua)=(C,uC,
U..uC)(ayuvau...uayie, T, T=To uTou...
U Tho, = Cioy U Coo,p U ... U Cuay, 1.€., each Tio; = Cia; for 1
=1,2,...,n.

Here oo = oy U o, U ... U a4 is defined to be the n-
characteristic vector of T. The collection of all o such that Ta. =
Ca is called the n-characteristic space associated with C.
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We shall illustrate the working of the n characteristic
values, n-characteristic vectors associated with aT.

Example2.20: Let V=V, U V, U V; be 3 vector space over Q
where Vi=QxQxQ,V,=QxQand V;=Q xQ x Q x Q are
vector spaces over Q of dimensions 3, 2 and 4 respectively i.e.,
V is of (3, 2, 4) dimension. Define T: V — V where the 3-
matrix associated with T is given by

A= A1 U A2 U A3

1 0 2 1
30 2
1 2 0 2 50
=0 1 5|u U .
0 3 0o 0 3 7
o o0 7
0 0 0 4

Now we will determine the 3-characterstic values associated
with T. The n-characteristic polynomial

= x-3))x-DNE-NHNuEx-1HE-3)uEx-1)x-2)
x-3)(x—4).

Thus the 3- characteristic values of A =A; U A, U Aj are {3, 1,
7 v {1, 3} U {1, 2, 3, 4}. One can find the 3-characteristic
values as in case of usual vector spaces and their set theoretic
union will give 3-row mixed vector, which will be 48 in number
as we have 48 choices for the 3-characterstic values as {3} U
(1} U {1}, 3} U {1} U {2}, 3} U {l} U {3}, B} U {1} U
{4} soonand {7} U {3} U {4}.
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Now having seen the working of 3-characteristic values we
just recall in case of matrices A we say A is orthogonal if AA' =
L. Further A is anti orthogonal if AA'=—1.

Now we for the first time define the notion of n-orthogonal
matrices and n-anti orthogonal matrices.

DEFINITION 2.32: Let A = (A; UA, U ... UA,) be a n-matrix.
A=A, 0. U4) = A vl u..ud.
AA" = AA VA A 0. OA A

We say A is n-orthogonal if and only if AA' =1, UL, U ... U
I, where I, is the identity matrix, i.e., if A =A; VA, U... UA, is
m; xnm;matrixi=1,2, ..., n; then AA' =1, UL, U ... U1, is such
that I; is a m; x m; identity matrix, j = 1, 2, ..., n. We say A is
anti orthogonal if and only if AA" = (- 1)) U (-1,) U ... U(-1)
where I; is m; x m; identity matrix i.e., if

1 0 0 0
0 1 0 0
[ =
0 0 1 0
0 0 0 1
then
-1 0 0 0
0 -1 0 0
_I =
0o 0 -1 0
0o 0 0 -1

Now we say AA' is n-semi orthogonal if AA' = B; UB, U ... U
B, ; some of the B;’s are identity matrices and some are not
identity matrices on similar lines we define n-semi anti
orthogonal if in AA' = C; v C, U ... UC, some C;’s are —1; and
some are not — 1.

It is not a very difficult task for the reader can easily get
examples of these 4 types of n-matrices.
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Chapter Three

APPLICATIONS OF
N-LINEAR ALGEBRA OF TYPE |

In this chapter we just introduce the applications of the n-linear
algebras of type I. We just recall the notion of Markov bichains
and indicate the applications of vector bispaces and linear
bialgebras in Markov bioprocess. For this we have to first
define the notion of Markov biprocess and its implications to
linear bialgebra / bivector spaces. We may call it as Markov
biprocess or Markov bichains.

Suppose a physical or mathematical system is such that at
any moment it occupies two of the finite number of states
(Incase of one of the finite number of states we apply Markov
chains or the Markov process). For example say about a
individuals emotional states like happy, sad etc., suppose a
system move with time from two states or a pair of states to
another pair of states; let us construct a schedule of observation
times and a record of states of the system at these times. If we
find the transition from one pair of state to another pair of state
is not predetermined but rather can only be specified in terms of
certain probabilities depending on the previous history of the
system then the biprocess is called a stochastic biprocess. If in
addition these transition probabilities depend only on the
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immediate history of the system; that is if the state of the system
at any observation is dependent only on its state at the
immediately proceeding observations then the process is called
Markov biprocess or Markov bichain.

The bitransition probability p; = pil1 i Y piz2j2 G,j=1,2,...,

k) is the probabilities that if the system is in state j = (jy, j2) at
any observation, it will be in state i = (i, i) at the next
observation. A transition matrix

P=[pi] = [Pi,h] Y [pizzjj

is any square bimatrix with non negative entries for which the
bicolumn sum is 1 U 1. A probability bivector is a column
bivector with non negative entries whose sumis 1 U 1.

The probability bivectors are said to be the state bivectors of
the Markov biprocess. If P = P; U P, is the transition bimatrix

of the Markov biprocess and x" = x]' UX} is the state bivector at

the n observation then x™" = P x™ and thus x{"*" U x{™" =

P x{™ U P, x{". Thus Markov bichains find all its applications
in bivector spaces and linear bialgebras.

Now we proceed onto define the new notion of Markov n-chain
n > 2. Suppose a physical or a mathematical system is such that
at any time it can occupy a finite number of states; when we
view them as stochastic biprocess or Markov bichains when we
make an assumption that the system moves with time from one
state to another so that a schedule of observation times keeps the
states of the system at these times. But when we tackle real
world problems, say even for simplicity; emotions of a person
may be very unpredictable depending largely on the situation
and the mood of the person and its relation with another so such
study cannot come under Markov chains. Even more is the
complicated situation when the mood of a boss with
subordinates; where mood of a person with a n number of
persons and with varying emotions at a time and in such cases
more than one emotion is experienced by a person and such
states cannot be included and given as a next set of observation.
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These changes and several feelings say at least n at a time (n >
2) will largely affect the transition n-matrix

P=P,U...UP, =[p}ljl}u---u[p?ﬂ“]

with non negative entries which we will explain shortly. We
indicate how n-vector spaces and n-linear algebras are used in
Markov n-process (n > 2), when n = 2 the study is termed as
Markov bioprocess. We first define Markov n-process and its
implications to linear n-algebra and n-vector spaces; which we
may call as Markov n-process and Markov n-chains.

Suppose a physical or a mathematical system is such that at
any moment it occupies two or more finite number of states (in
case of one of the finite number of states we apply Markov
chains or the Markov process; in case of two of the finite
number of state we apply Markov bichains or Markov
biprocess). For example individual emotional states; happy, sad,
cold, angry etc. suppose a system move with time from n states
or a n tuple of states to another n-tuple of states; let us construct
a schedule of observation times and a record of states of the
system at these times. If we find the transition from n-tuple of
states to another n-tuple of states not predetermined but rather
can only be specified in terms of certain probabilities depending
on the previous history of the system then the n-process is
called a stochastic n-process. If in addition these transition
probabilities depend only on the immediate history of the
system that is if the state of the system at any observation is
dependent only on its state at immediately proceeding
observations then the process is called Markov n-process or
Markov n-chain.

The n-transition probability

pij = pilljl v pizzjz Y.V p;‘:jn
1,j=1,2, ..., Kis the probabilities that if the system is in state j

= (1, j2» ---» Jn) at any observation it will be in state i = (i}, 1, ...,
i) at the next observation.

A transition matrix associated with it is
P=[p;]= [pilljl] V...J [pi:j“ ]
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is a square n-matrix with non negative entries for all of which n-
column sumis (1 U ... U 1). A probability n-vector is a column
n-vector with non negative entries whose sumis 1 U ... U 1.

The probability n-vectors are said to be the state n-vectors
of the Markov n-process. If P =P, U ... U P, is the transition n-
matrix of the Markov n-process and x™ = x" U... U X, is the
state n-vector at the m™ observation then x™" = Px™ and thus

m+1

Mo ux™ =P x™)u...UPx™. Thus Markov n-

chains find all its applications in n-vector spaces and linear n-
algebras. (n-linear algebras).

Example 3.1: (Random Walk): A random walk by n persons on
the real lines i.e. lines parallel to x axis is a Markov n-chain

such that p;k] U...upy, =00 . u0ifk=ji—Tlorj+1,t

=1, 2, ..., n. Transition is possible only to neighbouring states
from j to j— 1 and j + 1. Here state n-spaceis S=S; U ... U S,
where S;={...-3-2-10123...};i=1,2,...,n.

The following theorem is direct.

THEOREM 3.1: The Markov n-chain {X,;m 20} U .. U
{X,, ;m,20} is completely determined by the transition n-
matrix P = P; v ... U P, and the initial n-distribution
{P;I} U...U{F } defined as
P[X)= K]U..UP[X] = K,]
=pg V... Upe 200 U0

and

z Dy Y Y z p. =1lu.. UL
K eS; K,€S, !

The proof is similar to Markov chain.

The n vector u = (u; ...uLl)u...u(u'l1 ...uy ) is called a

probability n-vector if the components are non negative and
their sum is one.
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The square n-matrix P=P; U ...U P, :(p;h) U...u(pi;)
is called a stochastic n-matrix if each of the n-row probability n-
vector i.e. each element of P; is non negative and the sum of the
elements in each row of P;is one fori=1, 2, ..., n.

We illustrate this by a simple example.

Example 3.2: Let

o

_
ANE NN

1 0 O O%_
Pz%%%u;fu Og
AR % S w

be a stochastic 3-matrix.

—
—

The transition n-matrix P of a Markov n-chain (m-n-C) is a
stochastic n-matrix. A stochastic n-matrix A = A; U ... U A, 18
said to be n-regular if all the entries of some power of each A;
i.e. Al is positive, m;’s positive integer for every i,i=1,2 ...,
n;ie (my, ..., my) > (1,1, .., 1) A" =A" U...UA™; m=
(my, ..., my) with A™ >0 for each i so that we state A™ > (0 U

. U 0). It is easily verified that if P =P, U ... U P, is a
stochastic n-matrix then P™ is also a stochastic n-matrix for all
m > (1, 1, ..., 1). Is P a stochastic n-matrix if P" is a stochastic
n-matrix?

Prove (1, ..., 1) is a n-eigen value of a stochastic n-matrix
iLe.ifA=AU...UA; Al-A|=00U...0U0=>A=(, .., 1)
if ML —Aju...UML—A=000uU ... U0UO0, implies A
= Ay ..., M) = (1, ..., 1). We define n-independent trials
analogous to independent trials if

P=P,u...UP,
and
P"=P=P"U...UP"
=Pbu...UP,
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forallm>(1, ..., 1) where pitljl =p;l fort=1, 2, ..., nie. all

the rows of each P is the same then we say P is an n-
independent trial.

We can also define the notion of Bernoulli n trials. We just
depict n-random walk with absorbing barriers. Let the possible
n-states be (Eg, B, ...,E, ) U...U (E(,E},..,E} ).

Consider the n-matrix of transition n-possibilities

P=P, U...UP/

Lih

1 0 0 .. 0 1 0 0 .. O
q9 0 p ... O q, 0 p, ... O
=0 q 0 p O] .U |0 q 0 p, °:
0 q, 0 0 q,
10 ... 0 1 .« 10 ... 0 T«

From each of the interior n states
{E| ,...Ex }U..U{E],..., Ex },
n-transmission are possible to the right and left neighbour with
Piin =P P =qt=12,..,n
However no n-transition 1is possible from either
E, =(E, u... UE}) and E, =[E} U... UE}] to any other n-

state.
This n-system may move from one n-state to another but

once Eq or Eg is reached the n-system stays there permanently.

Now we describe random walk with reflecting barriers.

Let P = Pi: i, Y- WP bean-matrix with
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q p O 0 0 O
qg 0 p 0 0 0
P=/0 q 0 p 0 0 0
0 0 0 qg 0 p
0 0 0 0 q p]
[q" p" o0 0 0 0]
q 0 p" ... 0 0 O
U..ul0 g 0 p" 0 0 0
0 0 o0 qg" 0 p"
10 0 0 0 q" p"]
p'andq fort=1,2, ..., nis defined by
p'if j, =i, +1

Py =P (X, =] [X,=i)=9q" if j =0

n -1
0 otherwise
true fort=1, 2, ..., n.

. ¢ &) (@
It may be possible that p;; =0, pi“jl =0but p,; >0. We

say the state j, is accessible from state i if Pi:(j:) >0 for some n >

0.

In notation i, — j, i.e. i; leads to j,. If i; — j; and j; — i; then i,
and j; communicate and we denote it by i; <> j;, if this happens
we say they n-communicate. If only some of them communicate
and others do not communicate we say the n-system semi
communicates.

Here

q'p"" for j,=0,1,2,...,i,+n, -1
()

Tide

= jt pj‘ for jt = jt +n,
0 otherwise.

The state i, is essential if iy — j; implies i; < j; i.e. if any state j;
1s accessible from i, then i; is accessible from that state, true for t
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=1,2,...,n Let 3 =3, U ... U3, denote the set of all
essential n state i.e. each 3, denotes the set of all essential states,
t=1, 2, ..., n. States that not n-essential are called n-inessential.
We have semi essential if a few of the J,’s are essential. We
have semi essential state as m-essential state where m < n and
only m out of the n states are essential rest inessential or n — m
inessential state.

A Markov n-chain is called n-irreducible (or n-ergodic) if
there is only one n communicating class i.e. all states n-
communicate with each other or every n-state can be reached
from every other n-state.

An-subsetc=c,U...uc,of S=S, U ... US,is said to
be closed (or n-transient) if it is impossible to leave ¢ in one step

Le.pj=0uU...U0,1ie. p:u‘l U..up; =0u...u0foralli

ecie. (i, ...,1y) € ¢; U ... Ucyand all (jy, ..., jn) ¢ ¢ for all i;
ecandalljigcst=1,2,...,n

We say an-subsetc=c, U...uUc,0of S=S, U ... US,is
semi n-closed (or semi n-transient) if it is impossible to leave
(only m of the) ¢;’s, 1 < t<n, m <n in one state; i.e. p}‘h =0

for all i; € ¢, and for all j; € ¢. We call this also m-closed (m <
n) or m-transient, m=1,2, ..., n—1. f m=n -1 we call ¢ to be
hyper n-closed (or hyper n-transient).

A Markov n-chain is n-irreducible if the only n-closed set in
S is S itself 1.e., there is no n-closed set other than the set all of
n states.

We say a Markov n-chain is semi irreducible or m-
irreducible (m < n) if the closed sets in S=S; U ... U S, are m
in number from the n-states {S;, ..., Sy}, m <n. If m=n -1
then we say the Markov n-chain is hyper n irreducible.

A single n-state {K,, ..., K,} forming a closed n-set is
called n-absorbing (n-trapping) i.e., a n-state such that the n-
system remains in that state once it enters there. Thus a n-state
{Ki, ..., K,} is n absorbing if the {K",..., K"} rows of the

transition n-matrix P = P, U ... U P, has 1 on the main n-
diagonal and 0 else where.
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=P, U ... U P4 be a transition 4 matrix

Example 3.3: Let P

given by

0 <

Clearly the n-absorbing state is (4, 3, 1, 6).

89



Several interesting results true in case of M C can be proved for
M —n — C with appropriate changes and suitable modifications.

Now we briefly describe the method for spectral m-
decomposition (m > 2). Let P=P, U ... U P, bea N x N m-
matrix with m set of latent roots

Moo Ay s A A s ALY all distinet and - simple e
each set of latent roots {A,...A } are all distinct and simple for

t=1,2, ..., m; then
(P-2 [)U; U...UP, -A"L[HU! =0U ... U0
for the n-column latent n-vector Uill U...uU" and
Vi@ -A DU oV (P -AD=0U ... U0

for the row latent n-vector Vl]l U...uV".

Al U.LUA! =U; Viu.our v
are called m latent or m-spectral m-matrix associated with
Moo AN 1= 1,2, ., Nyt =1,2, ..., m.

The following properties of A}l U...U A" are well known

(i) A, U...UA" ’sare m-idempotent i.c.
(A U...UA"Y=A U..UAT
i.e. each (Ai‘[ )2 = A ,t=1,2,...,m
(i) They are n-orthogonal i.e.
A}I.A;‘ =0,1,#j, ;t=1,2,...,m

(iii) They give a spectral n-decomposition
Nl Nm
— 1 1 m A m
P,U..UP, = Z}lilAil U...U ZkimAim :
L= In=

It follows from (i) to (iii), that

P*=P% U...UPL =
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N, K, N, K,
(ZXL Al J u...u(Zk: Al J

ij=l i, =1

Nl Nm
_ K 1 Kn Am
= E MUA VLU E AL
iy=1

in=l

NI Nm
K 1 I K, !
:Eki'UiVi u...uzkiMUi‘“V{“.
‘ 1 1 1 m m m
i=1

i, =1

Also we know that
P* =UD* U =U'D{" (U)'u...uU™DE (U™)!
where U = {Ui,...,ULl} u...u {ur, .., U“N‘m} and

D = DuDbDu..uD,
A 0 .0 AY0 .0
0 A, ... 0 0 Ay ... 0
- : : . e Y . : .
O 0 - ;\;] 0 0 - A

Since the n-latent n-vectors are determined uniquely only upto a
multiplicative constant, we have chosen them such that

UiV, u..uU"V, =(lu..ul).
One can work for any m-power of P to know A; ’s and A] ’s; t

=1, 2, ..., m. Now even if we say P* =P U ...UPS we
work for K = (K4, ..., K;) and when the working with any P is
over that t" component remains as it is and calculations are
performed for the rest of the components of P. With the advent
of the appropriate programming using computers simultaneous
working is easy; also one needs to know in the present
technologically advanced age one cannot think of computing
one by one and also things do not occur like that in many
situations. So under these circumstances only the adaptation of
n-matrices plays a vital role by saving both time and economy.
Also stage by stage comparison of the simultaneous occurrence
of n-events is possible.
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Matrix theory has been very successful in describing the
interrelations between prices, outputs and demands in an
economic model. Here we just discuss some simple models
based on the ideals of the Nobel-laureate Wassily Leontief. Two
types of models discussed are the closed or input-output model
and the open or production model each of which assumes some
economic parameter which describe the inter relations between
the industries in the economy under considerations. Using
matrix theory we evaluate certain parameters.

The basic equations of the input-output model are the
following:

ay ap Ay, P: P,
Ay Ay Ay, Py |_ | P2
anl an2 e ann pn pn

each column sum of the coefficient matrix is one

. p20,i=1,2,...,n
i, a;>0,i,j=1,2,...,n.
11i. ajj + Ayj +...+ Apj = 1

forj=1,2,...,n.
P
_ | P2
P=1 .
p.,
are the price vector. A = (a;) is called the input-output matrix
Ap=pthatis, I-A)p=0.
Thus A is an exchange matrix, then Ap = p always has a

nontrivial solution p whose entries are nonnegative. Let A be an
exchange matrix such that for some positive integer m, all of the
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entries of A™ are positive. Then there is exactly only one
linearly independent solution of (I — A) p = 0 and it may be
chosen such that all of its entries are positive in Leontief open
production model.

In contrast with the closed model in which the outputs of k
industries are distributed only among themselves, the open
model attempts to satisfy an outside demand for the outputs.
Portions of these outputs may still be distributed among the
industries themselves to keep them operating, but there is to be
some excess some net production with which to satisfy the
outside demand. In some closed model, the outputs of the
industries were fixed and our objective was to determine the
prices for these outputs so that the equilibrium condition that
expenditures equal incomes was satisfied.

X; = monetary value of the total output of the i" industry.

d; = monetary value of the output of the i™ industry needed to
satisfy the outside demand.

c;; = monetary value of the output of the i"™ industry needed by
the j™ industry to produce one unit of monetary value of its own

output.

With these qualities we define the production vector.

the demand vector

93



and the consumption matrix,

G Op G
o o o
21 2 2%k
C= :
G O Ok

By their nature we have
x>0,d>0and C >0.

From the definition of ;; and X; it can be seen that the quantity
Gi1 X; + O Xp +...+ ik Xk

is the value of the output of the i industry needed by all k
industries to produce a total output specified by the production
vector X.

Since this quantity is simply the i entry of the column vector
Cx, we can further say that the i" entry of the column vector x —
Cx is the value of the excess output of the i™ industry available
to satisfy the outside demand. The value of the outside demand
for the output of the i" industry is the i™ entry of the demand
vector d; consequently; we are led to the following equation:

x—Cx=dor
I-C)x=d

for the demand to be exactly met without any surpluses or
shortages. Thus, given C and d, our objective is to find a
production vector x > 0 which satisfies the equation (I — C)x =
d.

A consumption matrix C is said to be productive if (1 — C)'
exists and (1 —C)™"' > 0.

A consumption matrix C is productive if and only if there is
some production vector x > 0 such that x > Cx.

A consumption matrix is productive if each of its row sums
is less than one. A consumption matrix is productive if each of
its column sums is less than one.
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Now we will formulate the Smarandache analogue for this,
at the outset we will justify why we need an analogue for those
two models.

Clearly, in the Leontief closed Input — Output model,
pi = price charged by the i" industry for its total output in reality
need not be always a positive quantity for due to competition to
capture the market the price may be fixed at a loss or the
demand for that product might have fallen down so badly so
that the industry may try to charge very less than its real value
just to market it.

Similarly a; > 0 may not be always be true. Thus in the
Smarandache Leontief closed (Input — Output) model (S-
Leontief closed (Input-Output) model) we do not demand p; > 0,
pi can be negative; also in the matrix A = (a;),

aj; + a; +...+akj #1

so that we permit ajj's to be both positive and negative, the only
adjustment will be we may not have (I — A) p = 0, to have only
one linearly independent solution, we may have more than one
and we will have to choose only the best solution.

As in this complicated real world problems we may not
have in practicality such nice situation. So we work only for the
best solution.

On similar lines we formulate the Smarandache Leontief
open model (S-Leontief open model) by permitting that x >0, d
>0 and C = 0 will be allowed to take x <O0ord<0and or C<0
. For in the opinion of the author we may not in reality have the
monetary total output to be always a positive quality for all
industries and similar arguments for di's and Cjj's.

When we permit negative values the corresponding production
vector will be redefined as Smarandache production vector (S-
production vector) the demand vector as Smarandache demand
vector (S-demand vector) and the consumption matrix as the
Smarandache consumption matrix (S-consumption matrix). So
when we work out under these assumptions we may have
different sets of conditions
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We say productive if (1 — C)' > 0, and non-productive or
not up to satisfaction if (1 — C)' < 0.

The reader is expected to construct real models by taking
data's from several industries. Thus one can develop several
other properties in case of different models.

Matrix theory has been very successful in describing the
interrelations between prices outputs and demands.

Now when we use n-matrices in the input — output model
we can under the same set up study the price vectors of all the
goods manufactured by that industry simultaneously. For in the
present modernized world no industry thrives only in the
production one goods. For instance take the Godrej industries it
manufacturers several goods from simple locks to bureau. So if
they want to study input output model to each and every goods
it has to work several times with the exchange matrix; but with
the introduction of n-mixed matrices we can use the n-matrix as
the input output n-model to study interrelations between the
prices outputs and demands of each and every goods
manufactured by that industry. Suppose the industry
manufactures n-goods, n > 2.

Thus A = A; U ... U A, is an exchange n-matrix where
each A;is an; X n; matrix i = 1, 2, ..., n. The basic n-equations
of the input — output model is the following

1 1 1
a; A, ... A, 1
a' 8.2 3.1 pl
21 2 e 2n .
! U
: : : 1
1 1 1 pﬂ.
n 1 n2 nn,
2 2 2
ay A ...ag, 5
2 2 2 Pi
ay Ay ... A, .
: U... U
. . pz
2 2 2 ny
.y A, ... A
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a1I a12 aln n
b,
n n n
a; Ay s, .
n
Pu
n n n 1
annl an“2 annn
1 2 n
b b P
Slul ULyl
1 1 n
Py, Pu, Pn,

each n column sum of the coefficient n-matrix is (1 U ... U 1)

(i) p;=0; t=1,2,...,n.
(i) aj; 20; i,ji=1,2,...,nand t=1,2, ..., n.

(iii) ai‘j] -l—a‘zj‘ +...+al‘m.‘ =1forj=1,2,...,nandt=1,2, ..., n.

P, p; p;

1 2 n

_ P> P> 5
P=piU...Ups =| S |Ul ] u.Lul
Py, P, po

are the price n-vector of the n-goods.
A=AV UA, = (a)V...U(@]))
is called the input-output n-matrix.
Ap=pthatis(I-A)p=0uU...U0
te. (I,-A)p,v...u(, -A)p,=0uU... UO.

Thus A is an exchange n-matrix then Ap = p always has a

nontrivial n-solution p = p; U ... U p,, whose entries are
nonnegative. Let A be the exchange n-matrix such that for some
n-positive integers (m;, ..., m,) all the entries of

A" =AM U...UA™ are positive. Then there is exactly only
one linearly n-independent solution of I - A)p=0uU ... U 0
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and that it may be chosen such that all of its entries are positive
in Leontief open production n-model.

Thus the model provides at a time i.e. simultaneously the
price n-vector i.e. the price vector of each of the n-goods. When
n = 1 we see the structure corresponds to the Leontief open
model. When n = 2 we get the Leontief economic bi models.
This n-model is useful when the industry manufactures more
than one goods and it not only saves time and economy but it
renders itself stage by stage comparison of the price n-vector
which is given by p=p; U ... U p.

Now we proceed onto describe the S-Leontief open n-model
using n-matrices.

In reality we may not always have the exchange n-matrix A
=AU ... UA, = (a;)U...U(a]; ), a;, >0. For it can also be
both positive or negative. Thus in S-Leontief closed (input -
output) n-model we do not demand pfl >0, p?l can be negative

also in the n-matrix A = A; U ... U A, = (a;;)U...U(a] ;)

where ai‘j +...+al
't

ki %1 forevery t=1, 2, ..., n. i.e. we permit

af‘ i, to be both positive and negative, the only adjustment will

be, we may not have (I — A)p=0u ... U 0 to have only one n-
linearly independent solution, we may have more than one and
we will have to choose only the best solution which will be
helpful to the economy of the nation. The best by no means
should favour in the interrelation high prices but a medium price
with most satisfactory outputs and best catering to the demands
as it is an economic n-model.

So n-matrices will be highly helpful and out of one set of
solution which will have n-components associated with the
exchange n-matrix A = A; U ... U A,, we have to pick up from
the nontrivial solution p; = p; U ... U p, the best suited p;’s and

once again find a p’' =p; U ... Up, with the estimated p;’s from
the earlier p remain as zero and choose the best p| for the

solution p’ and so on. The final p = p; U ... U p, will be filled
with the best p;’s and p;’s and so on.
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Thus the solution would be the best suited solution of the
economic model.

The difference between Leontief closed or input output n-
model and the S-Leontief closed or input output economic n-
model is that in the Leontief model there is only one
independent solution where as in the S-Leontief closed input
output economic n model we can choose the best solution from
the set of solutions so that best solution also may vary from
person to person for what is best for one may not be best for the
other that too when it describes the interrelations between
prices, outputs and demands in an economic n-model.

Now we briefly describe the Leontief open production n-
model. In contrast with Leontief closed n-model here the n-set
of or n-tuple of industries say (K, ..., K,) where output of K;
industries are distributed only among themselves the open n
model attempts to satisfy an outside demand for the n-outputs,
true for i = 1, 2, ..., n. Portions of these n-outputs may still be
distributed among the (K, ..., K;) set of industries themselves
to keep them operating, but there is to be some excess some net
production with which to satisfy the outside demand.

In the closed n-model the n-outputs of the industries were
fixed and the objective was to determine the n-prices for these
n-outputs so that the equilibrium condition that expenditures
equal income was satisfied.

x' = monetary value of the i;" industry from the t unit i.e.

ll
we have
K, = industries in the first unit denoted by c;
K, = industries in the second unit denoted by c,

K= industries in the t" unit denoted by ¢
and so on
K, — industries in the n™ unit denoted by c,.

di“ — monetary value of the output of the i/" industry need

to satisfy the outside demand.
. — monetary value of the output of the i" industry

i
needed by the j" industry to produce one unit of monetary value
of its own profit.

(&)

99



This is true for every t; t = 1, 2, ..., n. With these qualities
we define the n-production vector which is a n-vector.

X, X; x|
X=X U..UX=]| : |ul| : Ju...u| @ |,
1 2 n
Xk, XK, Xk,
the n-demand vector which is a n-vector,
d! d;
1 1
d=diu..ud,|  |U...U]| ¢
1 n
dKl dKn
and the n-consumption matrix which is a n matrix
c=ciU...UC
1 1 1 n n n
Ou  Op -+ Ok Oy Op - Ok,
1 1 1 n n n
c c ... © c o} c
21 22 2K,
=| ; Sluu Y 2 2Kn
1 1 1 n n n
Ok, Okg2 -+ Ok, Ok Ok -+ Okx

Wehavex>0uU ...ul0iex=xU...Ux,20U0uU ... U0,
d>0u...ulie.d=du..ud,20uU...ulandc=0uv
..uUliec=crucu...uc20uU...U0.

From the definition of oj; and x| it can be seen that the

quantity o} X; + G} ,X;+...4+0}, is the value of the i

industry of the t" unit needed for all K, industries to produce a
total output specified by the production component vector

x' =X, U...x, of the n-vector. X =X; U X, U ... U X,. This is
t

true for each t; t = 1, 2, ..., n. Since the quantity is simply the
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i, entry of the t™ unit column n vector cx' we can further say

that the ith entry of the column vector x' — cx' is the value of the

excess output of the ith industry available to satisfy the outside

demand for t = 1, 2, ..., n. Thus the excess n-output of the (i,
.., 1) industry is given by the n-column vector

X —cx =x' —¢,x'U...Ux" —c x". The value of the outside
demand for the n output (i,,...,i,) is the (c,,...,c, )" entry of
the demand vector d =d, U ... U d, . Consequently, we are led
to the following equation.

x—cx =x'—¢,x' U...ux" —¢, x"=d,U...ud,
(I-c)x=d
L-c)x'U..u Li—c)x"=d; U ... Ud,

for the demand to be exactly met without any surplus or
shortages. Thus given ¢ and d our objective is to find a
production n-vector X = x; U ... U X, =2 0 U ... U 0 which
satisfies the n-equation (I —c)x=d (I; —c)) x; U ... U (I, — ¢cp)
X, =dyuU...ud,

The consumption n-matrix ¢ = ¢; U ... U ¢, is said to be n-
productive if (1 —¢)'=(1—¢))' U ... Ul —¢,) " exists and (1
- c)’1 >0u ... U0. A consumption n-matrix c=c¢; U ... U ¢, is
productive if and only if there is some production n-vector x =
XU ...UX, 20U ...uUO0suchthat x >cx; X1 U ... UX, > Xy
U ... U CpXp.

A consumption n-matrix is productive if each of the n-row
sums is less than one. A consumption n-matrix is n-productive
if each of its column sum is less than one.

Now we will formulate the Smarandache analogue for this,
at the outset we will justify why we need an analogue for the
open or production n-model.

In the Leontief open n-model we may assume also x < 0, or
d £0 and or ¢c £ 0. For in the opinion of the author we may not
in reality have the monetary total output to be always a positive

101



quantity for all industries and similar arguments for d;’s and
c;s.

When we permit negative values the corresponding
production n-vector will be redefined as S-production n-vector
the demand n-vector as S-demand n-vector and the consumption
n-matrix as S-consumption n-matrix. Under these assumptions
we may have different sets of conditions.

We say n-productive if (1 — ¢)" > 0 and non n-productive or
not upto satisfaction if (1 —c)” < 0.

Now we have given some application of these n-matrices to
industrial problems.

Finally it has become pertinent here to mention that in the
consumption n matrices a particular industry or many industries
can be used in several or more than one consumption matrix. So
in this situation only the open Leontief n-model will serve it
purpose. Also we can study the performance such industries
which is in several groups i.e. in several c;’s. One can also
simultaneously study the group in which an industry has the
best performance also the group in which it has the worst
performance. In such situation only this model is handy.
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Chapter Four

SUGGESTED PROBLEMS

In this chapter we suggest some problems for the readers.
Solving these problems will be a great help to understand the
notions given in this book.

L.

Find all p-subspaces of the n-vector space V = V; UV,
U V3 U V, where n =4 and p < 4 over Q.

vi=1[* ® Cllibedefeq
= a,7C7’eﬂe b
: c d f

V2=(QxQxQxQ)overQ,
V; = {QI[x] contains only polynomials of degree less than or
equal to 6 with coefficients from Q} and

v a b c¢c d b heQ
= a,b,..,g.heQ;.
! e f g h g

What is the 4-dimension of V? Find a 4 basis of V.

LetV=V1 UV2UV3 andW=W1 UWzUW3UW4bC3
vector space and 4 vector space over the field Q of 3
dimension (3, 2, 4) and 4 dimension (5, 3, 4, 2) respectively.
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Find a 3 linear transformation from V to W. Also find a
shrinking 3 linear transformation from V into W.

LetV=V,UV,uUVz;and W =W, U W, U W; be 3-vector
spaces of dimensions (4, 2, 3) and (3, 5, 4) respectively
defined over Q. Find the 3 linear transformation from V to
W. What is the 3 dimension of the 3-vector space of all 3
linear transformation from V into W?

Let V=V, UV, UV; UV, be a 4-vector space defined
over Q of dimension (3, 4, 2, 1). Give a 4 linear operator T
on V.

Verify: 4 rank T + 4 nullity T=ndim V=(3, 4, 2, 1).

Define T: V. — W be a 4 linear operator where V=V, U V,
UV3 UV4 and W = W1 UWZ UW3 UW4 with 4-
dimension (3, 2, 4, 5) and (4, 3, 5, 2) respectively, such that
4 kerT is a 4-dimensional subspace of V. Verify 4 rank T +
4nullily T=4dim V=3, 2,4,5).

Explicitly describe the n-vector space of n-linear
transformations L" (V,W) of V=V, UV, U V; into W =
W, U W, uUW; U W, over Q of 3-dimension (3, 2, 4) and
4-dimension (4, 3, 2, 5) respectively.

What is n-dimension of L" (V,W) given in the problem 6?

For T = Ty T, UT; defined for V and W given in
problem 6; T, : Vi > W;, T, (xyz)=(Xx+vy,y+ z) for all
X,Y¥,z € Vi, Ty : V, > W, defined by T, (x4, y1) = (X1 + y1,
2yy, yy) for all x4, yy, € V, and Ts : V3 > W, defined by T;
(a,b,c,d)=(a+b,b+c,ct+d,d+a,at+tb+d)foralla,b,
¢, d € V;. Prove 3 rank T + 3 nullity T =dim V= (3, 2, 4).

Let V=V, UV, UV; UV, be a4 vector space over Q,

where Vi=Q xQ xQ, V,=QxQ xQxQ, V;=Q xQ,
Vi=QxQxQxQxQ, T=TUTJUT/UT): V>V
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

T:Vi>V;i=1,2,3,4.

Define two distinct 4 transformations T' and T and find T'
oT?and T*0 T'.

Give an example of a special linear 6-transformation T = T,
UT, U..UTs of Vinto W where V and W are 6 vector
space of same 6 dimension.

Let T : V> W where 3-dim V = (3, 7, 8) and 3-dim W =
(8, 3, 7). Give an example of T and find T"'. Define T only

as a 3 linear transformation for which T™! cannot be found.

Derive for a n-vector space the Gram-Schmidt n-
orthogonalization process.

Prove every finite n-dimensional inner product n-space has
an n-orthonormal basis.

Give an example of a 4-orthogonal matrix.
Give an example of a 5-anitorthogonal matrix.

Give an example of a 7-semi orthogonal matrix.

Give an example of a 5-semi antiorthogonal matrix.
3 1 8]
310 2 1 111 0 0 1 1
1 1 6 1 200 2 1 1 01
IsA= U U a
0 2 01 01 2 3 4 0 1 4
1 050 5 6 7 0 12 -1 0 1
|1 1 0]

3-semi orthogonal 3 matrix?

Find the 4-eigen values, 4-eigen vectors of A = A} U A,
Y A3 Y A4 =
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20.

21.

22.

23.

24.

25.

01 2 3 6
3010
3 01 0210 2
0 4 1 3 51
ulo 1 4|u ulo o 2 1 1
0 501 01
0 0 5 001 00
1 210
00 0 0 5

Find the 4-minimal polynomial and the 4-characteristic
polynomial associated with A. Is A a diagonalizable
transformation? Justify your claim.

Give an example of 5-linear transformation on V=V, U V,
U ... U Vs which is not a 5-linear operator on V.

Let V=V, UV, U V; be a 3-vector space over the field Q
of finite (5, 3, 2) dimension over Q. Give a special 3 linear
operator on V. Give a 3 linear transformation on V which is
not a special linear operator on V.

Define a 3-innerproduct on V given in the above problem
and construct a normal 3 linear operator T on V such that
T*T =TT*.

Let V=V, UV, U V;uU V, be a 4-vector space of (3, 5, 2,
4) dimension over Q. Find a 4-linear operator T on V so that
the 4-minimal polynomial of T is the same as 4-
characteristic polynomial of T. Give a 4-linear operator U
on V so that the 4-minimal polynomial is different from the
4-characteristic polynomial.

Let V=V, UV, uUV;uUV,uUV;sbe a 5-vector space over
Q of (2, 3, 4, 5, 6) dimension over Q. Construct a linear
operator T on V so that T is 5-diagonalizable.

Let V=V, UV, UV; UV, be a 4-vector space over Q.

Define a suitable T and find the n-monic generator of the 4-
ideals of the polynomials over Q which 4-annihilate T.
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26.

27.

28.

29.

30.

Prove or disprove every 4-linear operator T on V need not
4-annihulate T.

State and prove the Cayley Hamilton theorem for n-linear
operator on a n-vector space V.

Let V=V, UV,uUV;uUV,uU Vs be a 5-vector space over
Qof (2,4, 6, 3, 5) dimension over Q. Give a 5-basis of V so
that Cayley Hamilton Theorem is true. Is Cayley Hamilton
Theorem true for every set of 5-basis of V? Justify your
claim.

Given V=V, U V, U V; U V, is a 4-vector space over Q of
dimension (3, 7, 4, 2). Construct a T, a 4 linear operator on
V so that V has a 4-subspace 4-invariat under T. Does V
have any 4-linear operator T and a non-trivial 4-subspace W
so that W is 4-invariant under T? Justify your answer.

Let V=V, U VU V; U V,U Vs be a 5-vector space of (2,
4,5, 3, 7) dimension over Q. Construct a 5-linear operator
V on T so that the 5-minimal polynomial associated with T
is linearly factorizable. Find a T on V so that the 5-minimal
polynomial does not factor linearly over Q.

Let V=V, UV, UV; be a 3-vector space of (2, 4, 3)
dimension over Q. Find L* (V, V) the set of all 3-linear
transformations on V. Suppose L (V,V)is the set of all

special 3-linear transformations on V.

Prove L} (V, V) c L’(V, V).

What is the 3-dimension of L* (V, V)?

What is the 3-dimension of L (V, V)?

Find a set of 3-orthogonal 3 basis for L} (V, V).

Find a set of 3-orthonormal 3-basis for L* (V, V)
FindaT:V — V, T only a 3-linear transformation
which has a nontrivial 3-null space.

g. Find the 3-rank T of that is given in (6)

Mmoo oA o oo
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1.
J-

Can any T € L (V, V) have nontrivial 3-null space?
Justify your answer.

Define a 3-unitary operator on V.

Define a 3-normal operator on V which not 3-unitary.

31. Let V and W be two 6-inner product spaces of same
dimension (W # V) defined over the same field F. Define a
T linear operator from V into W which preserves inner
products by taking (3, 4, 6, 2, 1, 5) to be the dimension of V
and (6, 5, 4, 2, 3, 1) is the dimension of W.
Does every T e L° (V, W) preserve inner product? Justify
your claim.

32. Given V=V, UV, U V;isa (4,5, 3) dimensional 3-vector
space over Q. Give an example of a 3-linear operator T on
V which is 3-diagonalizable. Does their exist a 3-linear
operator T' on V such that T'is not 3 diagonalizable?
Justify your answer.

33.Let V=V, UV, UV; UV, UVsbea (3 45, 2, 0)
dimension 5-vector space over Q. Define a 5 linear operator
T on V and decompose it into the 5-nilpotent operator and
5-diagonal operator.

a.

Does there exist a 5-linear operator T on V such that
the 5-diagonal part is zero, i.e., the operator T is
nilpotent?

Does there exist a 5-linear operator P on V such that it
is completely 5-diagonal and the 5-nilpotent part of it
is zero.

Give examples of the above mentioned 5-operator in
(1) and (2)

What is the form of the 5-minimal polynomial in case
of (1) and (2)?

34. Define for a n-vector space V over a field F the notion of n-
independent n-subspaces of V. Give an example when n =

4.
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35.

36.

37.

38.

39.

40.

Let V=V, UV, uU.. UV be a 6-vector space over Q.
Define a 6-linear operator E on V such that E* = E.

Let V=V, UV, uUV;uUV,be a4-vector space over Q of
(3, 4, 5, 2) dimension. Suppose V = (Wl1 @ Wzl)

(Wow,ew;)u(Wew,ew;)u(w' ew,),
Define 4-linear operators, E: UE? uEi uEfn; i=1,2;j=1,
2,3; k=1, 2, 3 and m = 1, 2 such that each E; 1S a

projection, i=1, 2, 3, 4 and
{= Oifp=j

EE ¢ .
=E, if p=].

P

Prove if T is any 4-linear operator on V then TE; = E;T

fori=1,2,34.j=1,20r1,2,3 0or 1, 2, for the V given in
the problem 36.

Given V=V, UV, U V; U V4 U Vs to be a 5-vector space
over Q of (2, 3, 4, 5, 6) dimension. Define T a linear
operator on V and find the 5 minimal polynomial for T. Is
every S-subspace of V related with the 5-minimal
polynomials i.e. the 5-null space of the minimal
polynomials invariant under T?

Obtain the 5-nilpotent and 5-diagonalizable operator N and
D respectively so that T = N+D.

Verify ND = DN for the same N and D of T.

If T is a 7-linear operator on V =V, UV, U ... U V; of (3,
2,5, 1, 6,4, 7) dimension over Q. Is the generalized Cayley
Hamilton Theorem true for T?

Prove for a 3-vector spaces V=V, UV, UV;o0f (3,4, 2)
dimension over Q and W = W; U W, U W3 of dimension
(4, 5, 3) over Q if T is any 3 linear transformation find the 3
matrix associated with T. Find the 3-adjoint of T.
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41.

42.

43.

44,

45.

For any n-linear transformation T of a n vector space V =
Vi UV, u..uUV, of dimension (n, ny, ..., n,) into a m-
vector space W (m>n) of dimension (m;, my, ..., my,) over
Q. Prove there exists a n-matrix A = (A} VA, U...UA))
which is related to T. Prove L" (V, W) = {set of all n-
matrices A; U A, U ...UA, where each A; is a n; x m;
matrix with entries from Q}.

If V=V, UV,uU..uUV,is an-vector space over the field
F of (n;, ny,..., n,) dimension. If T : V — V is such that T; :
Vi—>Vi;i=1,2,...,n Show L} (V,V) = {All n-mixed
square matrices A = (A; U A, U ... U A,) where A; is a n; x
n; matrix with entries from F}.

Define n-norm on V an inner product space and is it
possible to prove the Cauchy Schwarz inequality?

Derive Gram-Schmidt orthogonalization process for a n-
vector space V with an inner product for a n-set of n-
independent vectors in V.

Let V be a n-inner product space over F. W a finite
dimensional n-subspace of V. Suppose E is a n orthogonal
projection of V on W, with E an n-idempotent n-linear
transformation of V onto W. W+ the n-null space of E.
Prove V=W @ W".
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