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PREFACE

In this book we introduce, develop and study the new notion of
subset semilinear algebras. We use the subset semigroups over
the semifields to build semilinear algebras of both finite order
and infinite order. The concept of subset linear independence
and subset linear dependence leads to the dimension and basis
of subset semilinear algebras.

Next the concept of Smarandache special strong subset
semilinear algebras is defined over subset semirings. We study
the substructures of them. We give examples of subspaces of
these spaces. The concept of special semi linear transformation
is developed and described in this book.

We define the new notion of subset A in a subset
semivector space viz, the sum in A. If in the set A = (37, 12, 5,
8, 9) the subset sum of A denoted by Agas 37 +12+5+8+9
= 71. This notion is defined mainly to define the concept of
subset semi inner product on subset semivector spaces. This
concept is described and illustrated by examples.

This new concept helps the authors to define the notion of
subset semilinear functional. The concept of subset semilinear
operator and subset semiprojections are described and
developed. These concepts give many innovative ideas which



can find nice applications in all the places where semirings find
their applications.

Finally several problems are suggested some of which are at
research level.

We thank Dr. K.Kandasamy for proof reading and being
extremely supportive.

W.B.VASANTHA KANDASAMY
FLORENTIN SMARANDACHE



Chapter One

INTRODUCTION

In this book we introduce the notion of subset semilinear
algebras (subset semivector spaces) defined over a semifield.
This study is both interesting and innovative. We also introduce
the notion of subset semiinner product spaces. We need the
basic concept of subset semigroup to build subset semivector
spaces over a semifield.

Also the notion of subset semivector spaces over subset
semirings which are Smarandache subset semifields is described
and some new algebraic structures are developed.

It is pertinent to keep on record that finding subset basis of a
subset semivector space is also a difficult job. It is an open
question to find the number of subset basis of a subset
semivector space defined over a semifield.

We also leave this as an open problem, “Characterize those
subset semivector spaces which has only one subset basis” or
equivalently characterize those subset semivector spaces which
has more than one subset basis.
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Finally we wish to study under what conditions we can have
the classical spectral theorem to be true in case of subset
semivector spaces. When instead of the semifield Z" U {0} or
Q U {0}orR U {0} or(Z" U T)u {0} or (Q" U I) U {0} or
(R" U ) U {0} we use distributive lattices / chain lattices we
study all these problems / properties.

Study of the subset semivector spaces when the semifield is

1
[ 0
the Boolean algebra of order two is interesting.

If S is a subset semivector space defined over the chain
lattice C, study or find out whether there are chances of the
subset semivector space to have more than one subset semiinner
product defined on it?

Can those subset semivector spaces defined over C, have
subset semi unitary operator or subset semi normal operator to
be defined on it?

Further when is it possible to have Gram Schmidt
orthogonalization property to be true for the subset semivector
spaces defined over C,, a chain lattice with n elements? For
more about subset algebraic structures please refer [25-6].



Chapter Two

SUBSET SEMILINEAR ALGEBRAS

In this chapter we for the first time define the notion of subset
semi linear algebras defined over the semifield. We then
generalize this concept over S-semirings. We describe, develop
and define these new concepts.

DEFINITION 2.1: Let S = {Collection of all subsets of a
semigroup} be the subset semigroup. F be a semifield.

(i) Ifforalls eSanda € F; asand sa € S

(ii) {0})+s=s+{0}=sforalls €8.

(iii) s;+s,=s,+s; €eSforalls;, s; €S

(iv) {0} eSanda €F; {0} xa = {0}

(v) Foralla, b € Fands €S we have (ab)s = a(bs)
(vi) a(s;+sy) =as; +as;foralla € Fands,, s; € 8.
(vii) (a+b)s=as+bsforalla, b e Fands €8S.
(viii) 1.s =sforalls e Sand 1l €F.

Then we define S to be a subset semivector space over the
semifield F.
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We will illustrate this situation by an example.

Example 2.1: Let S = {Collection of all subsets from the
semigroup Z" U {0} } be the subset semigroup. F=Z"U {0} be
the semifield. S is a subset semivector space over the semifield

F.

IfA=1{3,4,5,7,0} and B= {10, 2,6, 12,1} € S.
We see for0 € F.
0.A=0x{3,4,5,7,0} =0.

Also for {0} € S we have {0} x a= {0}
foralla e Z" U {0}.

Consider 5 (A + B)

=5({3,4,5,7,0} +{10,2,6, 12, 1})

=5({13,14,15,17,10,5,6,9, 2,11, 16, 19, 12, 8, 1, 4})

= {65, 70, 75, 85, 50, 25, 30, 50, 10, 45, 55, 80, 60, 95,
40, 5, 20} 0

Consider 5A + 5B =

5({3,4,5,7,0})+({10,2,6, 12, 1})

= {15, 20, 25, 35, 0} + {50, 10, 30, 60, 5}

= {65, 70, 75, 85, 50, 25, 30, 35, 45, 10, 55, 80, 95, 60,
20, 40, 5} LI

I and II are equal hence 5 (A + B) =5A + 5B.

Other properties can be easily checked.

Clearly the number of elements in S is infinite.

We will later describe / define the linear independence,

dependence, basis etc of the subset semivector spaces.
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Example 2.2: Let S = {Collection of all subsets from the
semigroup Q" U {0}, under +} be the subset semigroup. S is a
subset semivector space defined over the semifield
F=2Z"uU {0}.

We see the subset semivector space in example 2.1 is
different from that of the one given in example 2.2. Infact the
subset semivector space in example 2.1 is contained in the
subset semivector space given in example 2.2.

It is also interesting to note that S the subset semivector
space given in example 2.2 will continue to be a subset
semivector space defined over the semifield Q" U {0} however
the subset semivector space defined in example 2.1 will not be a
subset semivector space over the semifield Q" U {0}. For if
A ={2,5,0} is in S of example 2.1 when we multiply by the
scalar 1/7 € Q" U {0} wesee 1/7 A=1/7{2,5,0} = {2/7, 5/7,
0} ¢ S in example 2.1.

Thus we see in general a subset semivector space defined
over a semifield may not continue to be a semivector space
defined over every other or any other semifield.

We see the subset semivector space given in example 2.1
defined over the semifield Z" U {0} is not a subset semivector
space defined over the semifield R" U {0}.

For if A = {0, 9/2, 1, 15/11} € S in example 2.1, we see if

\/ﬁ/\/ﬁ e R" U {0} then
V17/13 x A= V17/13 {0,912, 1511, 1}

017 1517
= {0, V17/13, ENERRENT

} isnotin S.

Hence the claim.
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Example 2.3: Let S; = {Collection of all subsets from the
semigroup (Z" U {0})[x], under +} be the subset semigroup. S,
is a subset semivector space over the semifield F =Z" U {0}.

For if A = {1 + 3x*> + 5x7, 9x’ + 2, 10x’ + 12} e S, take
10 € F we see 10A =10 x {1 + 3x*+ 5x°, 9x’ + 2, 10x’ + 12}
= {10 + 30x* + 50x°, 90x” + 20, 100x’ + 120} € S;.

However S; is not a subset semivector space over the
semifield Q" U {0} but S, is a subset semivector space over the
semifield (Z" U {0})[x].

Example 2.4: Let S, = {Collection of all subsets from the
semigroup (R* U {0})[x]} be the subst semigroup. S, is a
subset semivector space over the semifield Q" L {0}.

Example 2.5: Let S; = {Collection of all subsets from the
semigroup (Z© U {0})(g) where g* = 0 under, +} be a subset
semigroup. S is a subset semivector space over the semifield
F=2Z"u {0}.

Example 2.6: Let S, = {Collection of all subsets from the
semigroup P = [Z" U {0}][x1, X,] where x,, x, are
indeterminates and the semigroup P is taken under ‘+’} be the
subset semigroup.

S, is subset semivector space over the semifield Z" U {0}
(or over the semifield (Z" U {0})[x,] or over the semifield [Z"
U {0}][x,] or over the semifield Z" U {0}[xy, X,]).

Thus we see subset semivector spaces can be defined over
other semifields still the S, continues to be a subset semivector
space.

Example 2.7: Let Ss = {Collection of all subsets from the
semigroup, P = {[a;, a5, a3] | a; € Z" U {0}; 1 <i < 3} under
‘+’} be the subset semigroup. Ss is a subset semivector space
over the semifield F =Z" U {0}.
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Take
A=1{3,0,7),(9,2,0),(0,0,1),(1,1,5)} and
B={(8,1,1),(0,0,0),(1,5,0)} €Ss.

Wesee A+B={3,0,7),(9,2,0),(0,0,1),(,1,5} +
{8, 1,1),(0,0,0),(1,5,0)}

={(11,1,8),(17,3,1),(8, 1, 2),(13,2,6), (1, 1, 5),
(2,6,5),(3,0,7),(9,2,0),(0,0,1),(4,5,7), (10,7, 0),
(1,5, 1)} €Ss.

Now take 12 € Z" U {0} =Fand A € S.

12A=12{(3,0,7),(9,2,0),(0,0, 1), (1, 1, 5);
= {(36, 0, 84), (108, 24, 0), (0, 0, 12), (12, 12, 60)} € Ss.

This is the way operations on Ss are performed. Infact we
can call S; as the subset row matrix semivector space over the

semifield F.

Example 2.8: Let Sg = {Collection of all subsets from the
column matrix semigroup

Pi={la, || aeQ uU{0};1<i<5}

be the semigroup under addition} be the subset column matrix
semigroup. Sg is a subset semivector space over the semifield F
=Q v {0}.

S¢ is also known as the subset column matrix semivector space
over F.
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Let

(S Sé.

20,101,111,/ 4

and B

501,01,/ 01,] 2

S5LI0LI0],]2

A+B

13
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Take 5/3 € Q" U {0} =F we find

0

2
53 xA=53x45],

0

1

w - O O O
S L O N X
— O N O N

[0 ][ 0 |[40/3][10/3]
10/3|| 0 ||10/3 0
=23125/3|,l 0 |,|] 0 |[,|]10/3|t € S..
0 5/3(125/3(| 0
15/3)| 5] 0 |[5/3

Se is also a subset semivector space over Z" U {0}.

Example 2.9: Let S = {Collection of all subsets from the matrix

semiring
a, a
1 2
M=
a, a,

be a subset semigroup. Clearly S is a subset semivector space
over the semifield F =Z" U {0}.

a,e R"U {0};1<i<4}}

Example 2.10: Let S; = {Collection of all subsets from the
matrix semigroup

e Q U0} 1<i<14}}
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be the subset semigroup. Clearly S; is a subset semivector
space over F=Q" U {0}.

Example 2.11: Let S = {Collection of all subsets from the
matrix semigroup

a, a, .. a
P — |: 1 2 5 :|
ag a; .. a,
be the subset semigroup. S is a subset semivector space over
the semifield Q" L {0}.

aeQ U0} 1<i<10}}

For take
A 1 11 112 0 2 0 2][1 2 3 4 5
000 O0O[0O20720/l6 7 8910
and
0 2 0|1 2 01 2
s e S.
20 5} {5 0 7 0 0}}
A+B=
1 11 1 11[2 0 2 0 2][1 2 3 4 5 .
000 O0O0O20720/l67 8910
(9 4 0 2 0|1
100 2 0 5]'|5 0
{0513 111 4 2 2 2][10 6 3 6 5
1o 0 2 0 5100 2 2 2 5] 10 9 150

2 31 2 31[3 221 4][2 4 3 5 7 S
5 S
507 0 0|52 7 2 0/l11 7 15 9 10

—_—

v}
I
—
1
[« 3Ne}
S
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This is the way operations are performed on the subset
semivector space.

Take 1/11 e F=Q" U {0} and A € S.

11/1 x A
1111112020 2(|1 234375
=1/11x , ,
0000O0]|02020)|67 8910

[ 1 1 v v
0 0 0 0 0o |

2/11 0 2/11 0 2/11
0o 2/11 0 2/11 0 [

/11 2/11 3/11 4/11 5/11
6/11 7/11 8/11 9/11 10/11 ©

S is also a subset semivector space over the semifield
Z"U {0}.

Example 2.12: Let S; = {Collection of all subsets from the
matrix semigroup

a, a, a; a,
a a a a

p={7 " 7 Tl aeQ uU{ol<i<l6l)
a a a a

be the subset semigroup.
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=7"uU

S, is a subset semivector space over the semifield F

For take

(0.

S AN o <

:

—_ o — O

<t on O —

N — O

-_— N o <t

— N n O

o AN O O

— o O O

S O O O

and B

We see

— O on O

S AN O <

— O on O

S AN O <

—_ O O wn

S O on O

— N O O

—_ O — O

non O AN

N AN O

—_ O O on

S O — A

A+B

—_ o —~ O

<t n O —

N - O

— N — <t

— N n O

o aN o o

— o O O

S O o O
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02 8 7{|1 2 6 2||0 2 6 2
|0 0 4 6|]0 2 2 3|2 0 4 3
1 00 5//1 03 50030 8f
2 3 1 2{|{0 0 0 5/|4 0 4 0
1 3 6 4|2 3 4 2||1 3 4 2
31 5 31|13 3 3 05150
’ , GSI.
2 0 0 1|2 0 3 1||1 3 0 4
6 4 2 2|4 1 1 5||8 1 50
Also12 e Z" U {0}; 12 x A=
01 2 3|1 1 0 1({0 1 0 1
0 0 2 3({]0 2 00|20 20
12 x , ,
1 0 0 O0[|1 0 3 0|0 3 0 3
2 31 2(|0 00 5(|4 040

0 12 24 36|12 12 0 12][0 12 0 12
0 0 24 36|/|0 24 0 0|24 0 24 0
12 0 0 O0f[12 0 36 0[]0 36 0 36
24 36 12 24[|0 0 0 60||48 0 48 0

S Sl.

This is the way operations are performed on S; as a subset
semivector space.

Example 2.13: Let S = {Collection of all subsets from the
semigroup (Z" U I) U {0}} be the subset semigroup. S is a
subset semivector space over the semifield F =Z" U {0}.
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Let A= {31+2, 51, 10l + 1,20, 0, 1, 1+2I} and
B={71+8,10L 7} € S.

We see

A+B (31+2,5L, 101+ 1,20, 1,0, 1 +2I} +

(71+8,101, 7}

{101+ 10, 121+ 8, 171+ 9, 71 + 28, 71 + 9, 91 +
9,71+8, 131+ 2, 151, 201 + 1, 10 + 20, 101 +
1, 10L, 121 + 1, 31+9, 51+ 7, 101 + 8, 27, 8, 7,
8+2I} e S.

Suppose 12 € F=Z" U {0} then

12xA = 12 {31+2,51,10I + 1, 20,0, 1, 1+21}
{36 +24, 601, 1201 + 12, 240, 0, 12, 12 + 241}
e S.

This is the way operations are performed on S. S will also
be known as the subset neutrosophic semivector space.

We can use the neutrosophic semifields (Z" U I) U {0} to
construct subset neutrosophic semivector spaces.

We will give an example or a two before we proceed on to
develop substructure property of these structures.

Example 2.14: Let S = {Collection of all subsets from the

neutrosophic polynomial semigroup

P= {iaixi a € (Q" v {0} V) [x]}}

be the subset neutrosophic polynomial semigroup.

S is a subset neutrosophic semivector space over the
semifield Q" U {0}.
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If we consider S as a subset neutrosophic semivector space
over the neutrosophic semifield then we define S to be a subset
strong neutrosophic semivector space over the neutrosophic
semifield (Q" U I U {0})or (Z" UT U {0}).

Example 2.15: Let S = {Collection of all subsets from the
neutrosophic semigroup ((Q" U I) U {0} x(Z" U T) U {0} x (R"
v I) U {0})} be the subset neutrosophic semigroup. S is a
subset neutrosophic semivector space over Z' U {0} and S is a
strong neutrosophic subset semivector space over the
neutrosophic semifield (Z" U T {0}).

However S is not a subset neutrosophic semivector space
over Q" U {0} or R" U {0} and is not a strong subset
neutrosophic semivector space over (Q" U I U {0}) or (R" U
{0} L T).

Example 2.16: Let S = {Collection of all subsets from the
neutrosophic row matrix semigroup P = {(xi, X, ..., X9) | X; €
(Z" U1 U {0}), 1 <1i< 9} be the subset neutrosophic
semigroup.

S is a subset neutrosophic semivector space over the
semifield Z* U {0} and is a strong subset neutrosophic
semivector space over the neutrosophic semifield (Z" U 1 U

{03).

Example 2.17: Let S = {Collection of all subsets from the
neutrosophic 3 x 8 matrix semigroup

a, a, .. a
P=1<la, a, .. a,|l ae{Q Ulu{0l);1<i<24}}
a, a a

18 24

be the subset neutrosophic matrix semivector space over the
semifield Z" U {0} (or Q" U {0}).
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S can also be defined as a strong subset neutrosophic
semivector space over the neutrosophic semifield (Q" U I U
{0}) (or (Z" W T L {0})).

Example 2.18: Let S = {Collection of all subsets from the
column neutrosophic matrix semigroup

s lae RIUTU{0}); 1<i<12}}

be the subset neutrosophic semivector space over semifield
Q U {0} (orZ" U {0} or R" U {0}).

S will be a strong subset neutrosophic column matrix
semivector space over the neutrosophic semifield (Q" U I U
{0} (or (Z" U T U {0} or (R"UTU {0})).

Example 2.19: Let S = {Collection of all subsets from the 8 x 4
matrix neutrosophic semigroup

_ 5 6 7 8 + . .
M= , , , C e e(Q uIu{0});1<1<32}}

be the subset neutrosophic matrix semivector space over the
semifield Z" U {0} (or Q" U {0}). S will be a strong subset
neutrosophic matrix semivector space over the neutrosophic
semifield (Z" U T U {0}) (or (Q" U T U {0})).

Example 2.20: Let S = {Collection of all subsets from the 5 x 5
neutrosophic matrix semiring
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M= : : : : S llaeZulu {0});

1<i<25))

be the subset neutrosophic matrix semigroup. S is a subset
neutrosophic matrix semivector space over the semifield
Z" U {0} or S can be realized as the subset strong neutrosophic
matrix semivector space over the neutrosophic semifield
(Z"uTu {0}).

Example 2.21: Let S = {Collection of all subsets from the
group neutrosophic semigroup ((Z" U I U {0}))S; under the
operation ‘+’} be the subset neutrosophic semigroup. S is a
subset neutrosophic semivector space over the semifield
Z" U {0}. Further S is also a subset strong neutrosophic
semivector space over the neutrosophic semifield

(Z"OTu {0}).

Example 2.22: Let S = {Collection of all subsets from the
neutrosophic semigroup ((Q" U I U {0}))S(3)} under ‘+’} be
the subset neutrosophic semigroup. S is a subset neutrosophic
semivector space over the semifield Q" U {0} (or Z" U {0}). S
is also a strong subset neutrosophic semivector space over the
neutrosophic semifield (Q" U {0} U I) (or (Z" U T U {0})).

Now having seen examples of subset semivector spaces of
different types now we just give examples using subset super
matrix semigroups.

Example 2.23: Let S = {Collection of all subsets from the row
super matrix semigroup M = {(a; a a3 | a4 | as a | a7) | a; € Z" U
{0}; 1 <1< 7}} be the subset row super matrix semigroup under
+. S is the subset super row matrix semivector space over the
semifield Z" U {0}.
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LetA={(000]1]56/2),(111]0|21[5),(234|0]5
0]0),(123]11|66|2)}andB={(123[4|56|7)} €S.

We now find

A+B {000]1|56]2),(111[0[21]5),
(23410]501(0),(123|11]66]2)} +

{12314]156]|7)}

= ((123]5]10,12]9),(234(4]77]|12),
(357]4]10,6|7),(246[15]1112|9)} € S.

This is the way operations are performed on S. Suppose 30
e Z" U {0} we find

30xA = 30x{(000[1]56]2),(111[0[21]5),

(23410[50(0),(123]11|66]2)}
= {(000]30]150180]60),(303030|0|60 30

| 150), (60 90 1200|150 00), (30 60 90 |

330180 180 | 60)} < S.

Thus we have super matrix subset semivector spaces.

Example 2.24: Let S = {Collection of all subsets from the
super row matrix semigroup

J— + .
M=qla, a, |a,|a, a, a; a,|l aeQ U0}

1<i<21}}
be the subset super row matrix semigroup.

S is a subset super row matrix semivector space over the
semiifield Q" U {0} (or Z" U {0}).
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We develop these concepts, subset super semivector spaces
over semifields.

Example 2.25: Let S = {Collection of all subsets from the
super column matrix semigroup

P=1<] 7 |laeQ U0} 1<i<10}}

be the subset super column matrix semigroup.

S is a subset super column matrix semivector space over the
semifield Q" U {0} (or Z" U {0}).

Let A= and B = e S.

— O W RN O W Ol
S = W ol h WIND —~O

A W O AN N =N Ol

wn A O Ol N NI —=lO

SO N © UnNIO b~ WO NI
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We find first

I
_4_0 N|— N OO0 O
I
_0_1 NN F NS o
L_l
I
_2_0 Nl— © NI n
I
_0_1 SN AN VIS O©
T
_1_2 Slen v O lwn ©

A+B

oo n|a a2 T}
L ]
r 1
= e Nl N o
I - 1
nila At o o|D <
]

- 1

NIl— Vit < I —
. 1

ol | © T o )
L ]
I 1
—len ANIO 0 N o

We find for

8/7eQ U {0};8/7xA
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1
|
1
I
1
|

=8/7 x

— O W AN O =W Ol

DN A O Ol N DNDIO —~O

SO N O IO b WO N

T
L
T
L
I
L

F8/7 1] 0 |[16/7]
16/7 || 8/7 0

0 0 24/17
24/71|16/7 || 8/7
32/7||16/7 0

= s , e S.
0 48/7 || 16/7
40/7 0 32/7
0 0 40/7

48/7(|32/7(| 0
0 ||40/7]]8/7

It is easily verified S is a subset super column matrix
semivector space over the semifield Q" L {0}.

Example 2.26: Let S = {Collection of all subsets from the
super column matrix semiring
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a,  a,
a, as
a; Ay
4 Ay
a3 ay
M=4la, ay
a9 Ay
ay; an
ays Ay
Ayg Ay
[ 431 83

aeZ U{0};1<i<33}}

be the subset super column matrix semigroup. S is a subset
super column matrix semivector space over semifield Z* U {0}

(or Q" v {0}).

Example 2.27: Let S = {Collection of all subsets from the
super matrix semigroup under addition

a, a, | a; a, a; 35 | A,
ag 49 |3 4 A A3 | Ay
s A5 | A; Ay Ay Ay | Ay
P=qla, a, |ay ay a, a, |ay
Ay 83 | A3 A3z Az Azy | Ags
A3 A3y | A3z dyg Ay Ay |y
a, A, |a, A, A, ag|la

be the subset semigroup of super matrices.

ai e Q"U {0};

1<i<49}}

S is a subset super matrix semivector space over the

semifield Q" U {0}.
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Example 2.28: Let S = {Collection of all subsets from the super
matrix

a, a, 0)
a, a,
M= B fe M aeZ U {0};
a‘) aIO aIl a12
(0) al3 a'l4 alS al6
L a17 alS a19 a20

1<i<20}}
be the subset super matrix semigroup.

S is a subset super matrix semivector space over the
semifield F=Z" U {0}.

We see these subset super matrices are very much useful in
the study of semivector spaces.

We see this study can also be from the neutrosophic
semifields like (Q" L {0} U ), (Z" U {0} U ) and (R" U T U
{0}). Strong subset neutrosophic semivector spaces can be got
over neutrosophic semifields.

Next we proceed onto study the notion subset semilinear
algebra over the semifield.

We give examples of them.

Example 2.29: Let S = {Collection of all subsets from the
semigroup P = (Z" U {0})[x]} be the subset semigroup. S is a
subset semivector space over the semifield Z* U {0}, we can
give a operation product on P so that S becomes closed under
the product x, so S can be a subset semilinear algebra over the
semifield Z" U {0}.
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Forif A= {9x*+3x+1,6x +5x° +8,2x’ + 1, 8x’} and
B={10x* 11x+1,9x° +4} € S.

We see

A+B = {9xX*+3x+1,6x+5x°+8,2x° +1,8x'} +
{10x%, 11x +1,9x* + 4}

= {19x*+3x+1,6x° + 15x* + 8, 2x° + 10x* + 1,

8x” +10x% 9x> + 14x +2, 6x° + 5x° + 11x + 9,
23+ 11x+2, 8%+ 11x + 1, 9x* + 9x* + 3x +
5,15%° +5x*+ 12, 11x* + 5, 8x’ + 9x” + 4} e S.

We find

AxB = {9x*+3x+1,6X+5x*+8,2x + 1, 8x'} x

{10x%, 11x + 1, 9x> + 4}

= {90x*+30x’ + 10x%, 60x° + 50x* + 80x?, 20x° +
10x%, 80x°, 99x> + 33x> + 11x + 9x* + 3x + 1,
66x* + 55x° + 88x + 6x° + 5x* + 8, 22x* + 11x +
2x° + 1, 88x% + 8x7, 81x° + 27x* + 36x* + 9x° +
12x + 4, 54x° + 45%° + 72x> + 24x> + 20x> + 32,
72x"0+32x"+ 9x° + 4 + 18x° + 8x’} € 8.

Thus we have seen examples of subset semilinear algebra
over the semifield.

Example 2.30: Let
S = {Collection of all subsets from the semigroup Q" L {0}} be
the subset semigroup. S is a subset semivector space over the
semifield Z" U {0}.

We see Q" U {0} is also a semigroup under x also.

Let A = {3, 8/7, 10,43/2,2/11} and
B=10,2,7,1,23/5} €S

AxB = {3,8/7,10,43/2,2/11} x {0,2,7, 1, 23/5}
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= {0, 6,16/7,20,43,4/11, 21, 8, 70, 301/2,
14/11, 3, 8/7, 10, 43/2, 2/11, 69/5, 184/35, 46,
43 x 23/10, 46/55} < S.

It is easily verified S is a subset semilinear algebra over the
semifield.

Example 2.31: Let S = {Collection of all subsets from the
semigroup M = {(a, b) | a, b € Z" U {0}}} be the subset
semigroup. S is a subset semivector space over the semifield.

We see S can be made into a subset semilinear algebra over
the semifield Z" U {0}.

Let A = {(0,9), (6, 8), (11, 2), (3, 10)} and
B = {(14, 0), (2, 3), (1, 4), (5,2)} € S.

We find
AxB = {0,9),(6,8),(11,2),(3,10)} x {(14,0), (1, 4),
(2,3),(5,2)}

= {(0,0),(84,0), (154, 0), (42, 0), (0, 36), (6, 32),
(11, 8), (3, 40), (0, 27), (12, 24), (22, 6), (6, 30),
(0, 18), (30, 16), (55, 4), (15, 20)} € S.

S is a subset semilinear algebra over the semifield.

Example 2.32: Let S = {Collection of all subsets from the
column matrix semigroup

33eQ U{0};1<i<6}}
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be the subset semigroup. S is also a subset column matrix
semivector space over the semifield Q" L {0}.

Infact S is a subset column matrix semilinear algebra over
Q" U {0} under natural product. Let A, B € S where

31177071 0174775
20121110 1{lo]]2
A= 5,3,2,2 and B = 2,10,1 are in S.
ol4loll0 ool o
1/[5]]0]]3 ollo]|]o
2]0]]0][0] 4] 7]]07]
(3771770717 [07[47[57
2((2]]1]]0 11]0/|2
Now A x. B = 5’3’2’2 an,lo,l
oll4lo]l0 ol o/lo
1{{5]]0]|3 ollo]]o
2] 0] 0] o] 14]17]17]
fol[ol[o][o] [12][4][0][ 4]
2((2]]1]]ol]o||oO 0
|10 ]6]||4]]4] |50]|30]]20]]20
o lollollol{ol|o]lo[lo][
olloflo]]o] [o]|]oflo]|]|oO
8 |[o]]o][o] [4]|of[o][0]
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(157 [51][0][5
4114]121]0
5013((2]12

s , R e S.
ollol’lo]'|o
ollollo]|]oO

[14]]0]|0] |0

Thus (S, +, x,) is a subset semilinear algebra over the
semifield Q" L {0}.

Example 2.33: Let S = {Collection of all subsets from the
matrix semigroup

M= {al a, a, a, a, }
a6 a7 a8 a9 alO
be the subset matrix semigroup. S is a subset matrix semivector

space which is also a subset matrix semilinear algebra under the
natural product x, over the semifield F =Z" U {0}.

aeZ U{0};1<i<10}}

Clearly S is a commutative subset semilinear algebra over F.

Let A, B € S where
A_20105 00 0 00O
0 407 0|1 23 0 4
1 11 2 2|1 2 0 0O
, and
[00000}{00021}}

B_120001111100000
01 20000000 OJ1 1 111

e S.
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201 0 5/[00 0 00
AXHB: b 2
{04070}{12304}

1 11 2 2][1 20 0 0

. X

000000 00?21
1 20 0 0][1 1 1 1 1][0 00 00
01 200000 O0O01 1 111

00 0[][0 OO0 0 O[[1 2000
000026 0 0][000O0O0]

4 0 0 0[[2 01 0 5[[00 0 0 O]

Il
—
1
S N
~ O

0000 O0|{OOO0OTO0OO S
) e S.
1 23 0 410 0 0 2 1
We see S is a subset matrix semilinear algebra over the

semifield Z" U {0}.

Example 2.34: Let S = {Collection of all subsets from the
matrix semigroup
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a, a, a; a,

M = 5 6 A7 A + . .

= € Q U {0};1<i<16}}
a11 a12

a13 a14 a15 al6

be the subset matrix semigroup. Clearly S is a subset matrix
semivector space over the semifield F =Z" U {0}.

We can define two products on S the natural product x, and
the usual product x on S. Both are different. Thus under x, S is
a non commutative subset matrix semilinear algebra over F and

however under x, S is a commutative subset matrix semilinear
algebra.

0 0 2 0|2 0 0 O0[|O0 0 0 4
01 0 21|{0 3 0 0|0 6 0 O
Let A= , , and
00 0 1//0 0 0 1({2 0 0 O
4 0 0 0|1 2 0 0|0 O O O
0 00 0|2 040
1 0 0 0|0 1 0 2
B= , e S.
0 01 0[]0 0 0 1
0 00 1(|]01 1 0
We find
0 02 0|2 0 0 0|0 O O 4
01 0 2|{0 3 0 0|{0 6 0 O
AxB= , , X
0 00 1|0 O O 1|{2 0 0 O
4 0 0 0|1 2 0 0}|0 O O O
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S AN — O

<t O O

S — O —

N O O O

S O O~

S O - O

S O O O

S — O O

S o — O
S O o O
S o o O

S n O A

AN AN O O

S a4 —

o d o o
+ © w o
<+ o o o

S O < O

< O o O
S O o O
S O O O

S O O O

S O O <
K O — <
S N — A

T © O A

S AN - O
<t © o —
O - O -

aN o o O

S O O —~
S O - O
S O O O

S — O O

BxA

<t © o O

S O O O

S O O O

S O A o

S O - O

S O o O

S n O A

N O O

S AN - O

N O O O

S — O O

S O O <



Subset Semilinear Algebras | 37

I

0 O O O
S O O O
S O O O

o O O A

<t O O
oS o O O
S -~ AN on

<t AN — O

<t AN O o
<t © o O
O - OO -

S 0 T O

Clearly A x B# B x A but both A x B and B x A are in S.
Thus (S, +, x) is a non commutative subset matrix semilinear

algebra over the semifield F.

We now find

S O O O

S O O O

S O©O A o

S o©O — O

S o o O

S n O A

N O O

S AN — O

N o O O

S - O O

S O O <

Ax,B

S AN — O

< O O o~

S —~ O —

aN o O O

S O O

S o —= O

S O o O

S — O O

S I — O

L O O O

S — O O

S O O O

oS o o O

S O O O

S O O O

:

S O o O

S O o O

S O O O

S O O O

S O - O

S O o O

S n O A

< O O O

Bx,A eS.

Ax, B
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We see {S, +, x,} is a subset commutative semilinear
algebra over the semifield F.

Example 2.35: Let S = {Collection of all subsets from the
semigroup (Z" U {0})D,s} be the subset semigroup under +. S
is also a subset semivector space over the semifield Z" U {0}.
We see (S, x) is a subset semilinear algebra which is non
commutative over the semifield Z" U {0}.

Let A = {3a+ 5b+ 6b’ + 7ab”, 5ab’ + ab} and
B = {4a, 3ab’, 6b°, ab’} € S.

We find both A x Band B x A.

Now

AxB

{3a+ 5b + 6b’ + 7ab’, 5ab* + ab} x
{4a, 6b°, 3ab’, ab*}

{12 + 20ba + 24b%a + 28ab’a, 20ab*a + 4aba,
18ab’ + 30b* + 36b + 42a, 30ab” + 6ab*, 9b* +
15bab® + 18b°ab” + 21ab” ab?, 15ab*ab” +
3abab’, 3b* + 5bab* + 6bab* + 7ab’ab* + 7b,
5ab‘ab* + abab*}

We now find

BxA

{4a, 3ab®, 6b°, ab*} x {3a + 5b + 6b° + 7ab?,
5ab* + ab}

{12 + 20ab + 24ab’ + 28b%, 9ab’a + 15ab’ + 18a
+ 21ab’ab?, 18b%a + 30b* + 36b + 42b%ab’,
3ab*a + 5ab’ + 6ab’ + 7ab*ab?, 20b* + 4b,
15ab”ab* + 3ab”ab, 30b’ab* + 6b’ab, 5ab*ab* +
abab}.

Itisclear AxB#B x Ain S.
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Thus {S, +, x} is a subset non commutative semilinear
algebra over the semifield.

Example 2.36: Let S = {Collection of all subsets from the
semigroup (Q" U {0})(D,3 x Ay)} be the subset semigroup.

S is a subset semivector space over the semifield F =
Q" U {0}. S is a non commutative subset semilinear algebra
over the semifield F.

Thus we see the concept of non commutativity arises only
in case of subset semilinear algebras.

In view of all this we have the following theorem.

THEOREM 2.1: Let S be the subset semivector space over a
semifield F. S is a non commutative semilinear algebra if and
only if the basic semigroup used in constructing S is non
commutative.

Proof follows from the fact that if
S = {Collection of all subsets from the additive semigroup P}
and if P is non commutative under product x so will be S under

x; so that S is non commutative subset semilinear algebra over
F.

Conversely if S is commutative then for {a}, {b} € S we
have {a} x {b} # {b} x {a} for some a, b € P so P is also non
commutative hence the claim.

We have seen both examples of commutative and non
commutative subset semilinear algebras defined over the
semifields.

Example 2.37: Let S = {Collection of all subsets from the
matrix semigroup M = {(a;, a5, a3) | a; € (Z" U {0})S;, 1 <i<
3}} be the subset semigroup.
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M is non commutative under product. S is a subset

semivector space over Z' U {0} = F, the semifield. Clearly M is

a non commutative subset semilinear algebra over the semifield
F.

Let

1 2 3 1 2 3
3 +4 ,
1 3 2 3 21
1 2 3 1 2 3
6+ +7 e S.
2 1 3 1 3 2

We now find

1 2 3 1 2 3
AxB = 3 +5 ,
2 31 3 21
1 2 3 1 2 3
4 +6,1+ X
21 3 31 2
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1 23 1 2 3
6 +7 +10,
{ (2 1 3} [2 3 lj
1 2 3 1 2 3 1 23 1 2 3
3 +4 , 6+ +7
1 3 2 3 21 2 1 3 1 3 2
1 2 3 1 2 3 1 2 3
=418 +21 +30 +
{( (1 3 2} (3 1 ZJ (2 3 J
1 2 3 1 2 3 1 2 3
30 +35 +50 ,
31 2 1 3 2 321
1 2 3 1 2 3 1 2 3 1 2 3
12 +16 +18 +24 ,
[3 1 2} [2 3 lj (1 3 2] [3 2 1]
1 2 3 1 2 3 1 2 3
6+ 6 +7 +6
21 3 1 3 2 31 2
1 2 3 1 2 3
+ +7 andsoon
[3 2 IJ (2 1 3] j}
1 2 3 1 2 3
= 53 +51 +
{ [1 3 ZJ [3 1 2]
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1 2 3 1 23
18 +24 R
1 3 2 3 21
1 2 3 1 2 3
6+8 +7
213 1 3 2
1 23 1 2 3
+6 + andsoon 1
31 2 321

Consider

1 2 3 1 2 3
BxA = 6 +7 +10,
2 1 3 2 31

1 2 3 1 2 3
3 +5 R
[2 3 IJ (3 2 lj
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1 2 3 1 2 3 1 2 3 1 2 3
35 +30 +50 12 +
2 1 3 2 31 3 21 2 31

1 2 3 1 2 3 1 2 3
18 +16 +24 ,
(1 3 2] (3 1 2) (3 2 IJ
1 2 3 1 2 3 1 2 3
6+6 + + andsoon
31 2 2 1 3 1 3 2

1 2 3 1 2 3
12 +18 +
1 3 2

1 2 3 1 2 3 1 2 3
6+6 + + andsoon |;.
31 2 2 1 3 1 3 2

Clearly it can be verified I and II are not equal, so (S, +, x)
is a non commutative subset semilinear algebra over the

semifield.

Example 2.38: Let S = {Collection of all subsets from the
column matrix semigroup
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M= a € (Q"U {0}) (Dy); 1 <i<4}}

be the subset column matrix semigroup. S is the subset matrix
semivector space over the semifield Z" U {0} =F.

Clearly (S, +, x,) is a subset matrix semilinear algebra
which is non commutative.

a+3b 7b% +a
2ab + 5b? ab’ .
A= b} and B= b? bein S.
a
8ab + 3ab’ a+3ab’
a+3b 7b% +a
2ab + 5b? ab’
We find A x, B= 75} Xn b2
a
8ab + 3ab’ a + 3ab?

a’ +3ba +7ab’ +21b’
2abab’ + Sb*ab’
7b’ab’
8aba + 3ab’a + 24abab’ + 9ab’ab’



Subset Semilinear Algebras | 45

1+21b’ +3ab® + 7ab’
2b” + 5ab
7ab®
17b° +3b* +24b

7b° +a a+3b
. ab’ 2ab + 5b’
Consider B x, A = Xn ,
ab’ 7b

a + 3ab? 8ab + 3ab’

7b%a+1+21b° +3ab
2ab’ab + 5ab’b’
7ab’
24ab’ab + 8b + 3b’ + 9ab’ab’

1+3ab+21b° + 7ab’
5ab’ +2b’
7ab’
17b +3b’ + 24ab’

Clearly A x B# B x A as I and II are distinct. We see (S, +,
x) is a subset non commutative semilinear algebra over the
semifield.

Example 2.39: Let S = {Collection of all subsets from the
matrix semigroup
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M=4la; a, a, a;, a, a; a,|laE€

a15 a16 a17 alS a19 a20 a21

(Z" U {0})(Aa x Dayp); 1 <i <211}

be the subset matrix semiring. S is a subset matrix semivector
space over the semifield Z" U {0}.

We see S is a non commutative subset matrix semilinear
algebra over the semifield F =Z" U {0}.

Example 2.40: Let S = {Collection of all subsets from the
matrix semigroup

P=<l 7 T T T e e (QTU{01)S(5); 1 <i<40}}

be the subset semigroup. S is a subset matrix semivector space
over the semifield F= Q" U {0}. S is a subset non commutative
matrix semilinear algebra over the semifield F = Q" L {0}.

Now having seen examples of subset semilinear algebras
which are non commutative. We now proceed onto describe the
notion of substructures in a subset semivector space.

Example 2.41: Let S = {Collection of all subsets from the
semigroup M = Z" U {0}} be the subset semivector space over
the semifield F = Z" U {0}.

W, = {Collection of all subsets from the subsemigroup
nZ U {0};n e Z \ {1}} < S is also a subset semivector
subspace of S over the semifield F =Z" U {0} forn € N\ {1}.
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Thus we see S has infinite number of subset semivector
subspaces over the semifield Z" U {0} =F.

Example 2.42: Let S = {Collection of all subsets from the
matrix semigroup M = {(a;, ay, ..., ag) |, € Z" U {0}; 1 <i<
6}} be the subset matrix semivector space over the semifield
F=27Z"u {0}.

Take W; = {Collection of all subsets from the matrix
subsemigroup P, = {(a;, 0, 0, ..., 0)| a; € Z" U {0}} = S be the
subset matrix semivector subspace of S over the semifield
F=2Z" U {0}. W, = {Collection of all subsets from the matrix
subsemigroup P, = {(0, 2,0, ...,0) Jae F=Z"U {0}} = S; be
the subset matrix semivector subspace of S over the semifield
F=2Z"uU {0}.

Let W3 = {Collection of all subsets from the matrix
subsemigroup P; = {(0, 0, 2,0, ...,0)|ae Z" U {0} =F}} S
be the subset matrix semivector subspace of S over the
semifield F=Z" U {0}.

W, = {Collection of all subsets from the subsemigroup
P,=1{(0,0,0,a,0,0)|]a e Z U {0}}} S be the subset matrix
semivector subspace of S over the semifield F =Z" U {0}.

W5 = {Collection of all subsets from the subsemigroup P5 =
{(0,0,0,0,a, 0)|ae Z U {0}}} be the subset semivector
subspace of S over the semifield F = Z" U {0}.

Finally W4 = {Collection of all subsets from the
subsemigroup Ps = {(0,0,0,0,0,2a) |a e Z" U {0}}} < S be the
subset semivector subspace of S over the semifield
F=2Z"u {0}.

We see Wi " W;=(0,0,0,0,0,0)ifi=j, 1<1i,j<6.

Further we see S = W, + W, + W5 + W, + W5 + W,
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Thus we see S is the direct sum of subset semivector
subspaces of S over the semifield F.
Suppose M,, = {Collection of all subsets from the semigroup
To={(a5 a,...,3) |asenZ" U{0}},neZ \ {1};1<i<6}}

< S be the collection of all subset semivector subspaces of S
over the semifield F.

Clearly M; " M; # {(0,0,0,0,0,0)} ifi#j;2<i,j<n<co.

Hence we cannot write S as a direct sum of subset
semivector subspaces; My, M, ..., My; n < oo,

Example 2.43: Let S = {Collection of all subsets from the
matrix semigroup

P=1]" 7N e ez U0y 1<i<60)

a57 aSS a59 a60

be the subset matrix semivector space over the semifield
F=Z"U {0}. S can we written as a direct sum of subset matrix
semivector subspaces.

We will just illustrate this.

Take W; = {Collection of all subsets from the
subsemigroup
a, 0 a, O
a, 0 a, . .
P, = : aeZ U{0};1<i<30}} S

and
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W, = {Collection of all subsets from the subsemigroup

0 a 0 a,
0 a, 0 a, . .
P=4l. 7 . L ||a€eZ u{0};1<i<30}} S

0 a; 0 a,

as two subset matrix semivector subspaces of S over the
semifield F=Z" U {0}.

00 00
0 0
Wesee W NnW,=<|. . . _|tand W, +W,=S.
00 00
Thus S is the direct sum further W;" = W, and W, = W,
for we see if A € W, and B € W, then

00
0
AxB= .
00 00
We can write S as a direct sum of two subspaces or three

subspaces and so on and the maximum we can write S as a
direct sum of 60 subspaces.

Example 2.44: Let S = {Collection of all subsets from the
semigroup
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al a2
M=1la, a,||aeZ U{0}1<i<6}}
as  dg

be the subset matrix semivector space over the semifield
F=2Z"uU {0}.

S =W, + W, where W; = {Collection of all subsets from
the subsemigroup

a, 0
Pi=<la, O|laeZ U{0};1<i<3}}cS
a; 0

and W, = {Collection of all subsets from the subsemigroup

0 a
P,=1:10 a,||aeZ U{0};1<i<3}}cS
0 a,

are subset matrix semivector subspaces of S over F and
W1+W2:S.

W, W,=

S O O
S O O

This is not unique for we can also take V; = {Collection of
all subsets from the subsemigroup

a, 0
Li=4{la, a,||aeZ u{0};1<i<4}} S
0 a,
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and V, = {Collection of all subsets from the subsemigroup

0 a,
L,=<0 0f|laeZ u{0};1<i<2}} S
a,

be subset matrix semivector subspaces of S over the semifield
F=2Z"uU {0}.

0 0
Clearly Vin'V, =40 0|y and S =V, @ V, and we see
0 0

for every A € V; we have for every B € V..

AxB=

oS O O
oS O O

Take B, = {Collection of all subsets from the subsemigroup

al a2
A=10 0llaezZ u{0}} cS
0 0

and

B, = {Collection of all subsets from the subsemigroup

Ay=1la, a,|laeZ U{0};1<i<4}} S
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be two subset matrix semivector subspaces of S over F =Z" U
{0}. Clearly B, + B, =S and B; n B, are such that

CxD= for every C € B, and D € B,.

oS O O
S O O

Let N; = {Collection of all subsets from the subsemigroup

a, 0
D=1/ 0 a,||a,aeZ U0}
0 0

be the subset matrix semivector subspace of S over the
semifield F = Z" U {0}. We see N, = {Collection of all subsets
from the subsemigroup

0 a,
D,=</0 0 al,azeZ+u{0}}gS
a, 0

be the subset matrix semivector subspace of S over the
semifield F = Z" U {0}. Let N3 = {Collection of all subsets
from the matrix subsemigroup

0 0
a, 0|l a,aeZ Ui{0}}}

a,

D3:

be the subset matrix semivector subspace of S over the
semifield F=Z" U {0}. Wesee D; + D, + D3 =S and
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DiﬂDj:

S O O

0
0|pifi=#j, 1<4,j<3.
0
Further we see for every X € D;and Y € D;.
0 0
XxY=4|0 0|p;izj, 1<i,j<3.
0 0

We can maximum write S as the direct sum of six subset

matrix semivector subspaces over F =Z" U {0}. However we
have infinite number of subset matrix semivector subspaces W;
of S but

00
Win W= 4]0 0]|p; ifi#j,2<1,j<n<oo.
00

Take W, = {Collection of all subsets from the subsemigroup

a4, a4
=3la, a,||aenZ'U{0};1<i<6,neZ \{1}}}cS
a, a

be the subset matrix semivector subspace of S over the
semifield F=Z" U {0}.

We see

00
WinWj= 4]0 0| ifi#],2<1,j<n<oo;
00
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so we have infinite collection of subset semivector subspaces of
S and these cannot be written as a direct sum.

Now we proceed onto describe the notion of orthogonality
of the elements in subset semivector spaces over a semifield.

Let S = {Collection of all subsets from a semigroup P} be a
subset semivector space over the semifield F.

We call a subset in S as a subset semivector in S. We say
two subset semivectors A and B are subset linearly independent
if A # aB for any a € F, the semifield.

We say A and B are subset linearly dependent if A = aB for
someb e S.

We will first illustrate this situation by an example.
Example 2.45: Let

S = {Collection of all subsets from the semigroup
Z" U {0}} be the subset semigroup. S is a subset semivector
space over the semifield F=Z" U {0}.

Let A= {3,9, 15, 30,93} and B = {1, 3, 5, 10, 31} € S.
We see A and B are subset linearly dependent as A = 3B.

But consider A= {2,5,0,7,8,9, 12, 14, 16} and
B =1{0, 4,17, 19, 13, 11, 23} € S. We say A and B subset
linearly independent in S for we do not have a € F such that
A=aBorB=aA. Let A= {17} and B= {23,4,5} € S. We
say A and B are subset linearly independent in S over Z" U {0}
=F.

LetA=1{2,4,6,8,10} and B= {1, 2, 3,4,5} € S. Wesay
A and B are subset linearly dependent for 2 € Z" U {0} is such
that A =2 x B.
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Now take A = {1} and B = {43, 27, §, 10} € S we say A
and B are subset linearly independent. However for A = {1}
and B={a},a e Z" U {0} \ {1} are subset linearly dependent
forB=a{l}asaeZ U {0}\{l1}.

Further if A= {a},a e Z" U {0} and B= {d, b}, d#b,d, b
€ Z" then A and B are not subset linearly dependent.

For if A = {7} and B = {3, 14} we see A and B are subset
linearly independent.

So one of the interesting problems is if A and B are subsets
in S and if the number of distinct elements in A is n and the
number of elements in B is m where m # n can we have the
subsets A and B to be subset linearly dependent?

Of course both A and B do not contain 0.

LetA={7,4,5,8,10} and B={14,8,2,9} € S. We see
A and B subset linearly independent over Z" U {0}. We see A
= {p} and B = {q}, p and q are distinct primes in Z*; then A and
B are subset linearly independent. For instance take A = {29}
and B= {7} € S. A and B are subset linearly independent over
the field Z" U {0}. But A and B subset linearly dependent over

Q" u {0}. FortakeAzé xBandB=ﬂ x A.
41 23

So the A and B subset linearly dependent over the semifield
Q" U {0} and R" U {0}, but A and B subset linearly
independent over the semifield Z" U {0}.

Thus the subset linear dependence or independence also
depends on the semifield over which they are defined. But
however to find the subset basis is a different from usual basis
of semivector spaces.

Before we define a subset basis of a subset semivector space
we just give examples of finite subset semivector spaces.
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Example 2.46: Let S = {Collection of all subsets from the
semigroup P, under ‘V’. P =

0/

be the subset semigroup of finite order.

S is a subset semivector space of finite order over the
semifield P =

S= {{0}5 {l}’ {al}a {32}9 EED) {35}’ {Oa 1}a {0, ai}a {ai, 1}: {0, l:
ai} {a;, aj, 1}, {a;, a;, 0}, {a;, a;, 1, 0}, {a;, aj, a}, ..., P} where
i=j,izk j#k, 1<1,j,k<5.

We just show if B = {0, 1, a,, a3} and A = {a,, as, a4, 0} €
S.

AUB= {ala as, a4, 05 15 A, a3}'

This is the way operation is performed on S.
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Ifay € Pthenas x A=a, x {a;, as, a4, 0} = {a;, a4, 0} € S.

Thus S is a subset semivector space of finite dimension over
P.

Example 2.47: Let S = {Collection of all subsets from the
semilattice (P, L) where

P=
\

1

a a
a3
2 >
as

ay a6

be the subset semigroup (semilattice).

S is a subset semivector space over the semifield F which is
as follows:
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Let A= {1, a5, a5, a4, as} and B= {0, a;, a3, a;} € S.

AUB = {1, a,aq a4,as} U {0, a7, a3, a,}
=11, a, a, a4, as, a3, a;} € S.

Letas € Fwe findas x A
=a4 x {1, ay, ag, as, as}

= {ay, a6, as} € S.

Example 2.48: Let S = {Collection of all subsets from the

semilattice (P, L)
1 A
a 4> as
de

a7

be the subset semigroup. S is a subset semivector space over
the semifield F.

Take A = {al, A, ¢, A7, Ag, 0} and B = {a3’ a4, as, Ao, a7} €Ss.
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We find

AUB = {a17 A, ¢, a7, Ag, 0} U {33, dy4, s, Ao, 37}
= {15 a1, a3, d4, as, de, 37}

Take a; € F, we now find a; x A = a; x {a;, a, ag, a7, ag, 0}
= {a;, a3, 0} € S.

This is the way operations are carried out on S.

Example 2.49: Let S = {Collection of all subsets from the
semilattice P under ‘U’ where P =

be the subset semigroup. S is a subset semivector space over the
semifield
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Let A = {ay, as, as, a7, a4, 210, a9 and
B= {O, 1, dg, s, a3, az} e S.

We find

A xB = {ay, as, ag, a7, a4, 210, a9} x {0, 1, ag, as, a3, ar}
= {325 a7, ag, A4, 03 az, aS} e S.

S is a finite subset semivector space over the semifield L.
Example 2.50: Let S = {Collection of all subsets from the

semilattice
1

0
be the subset semigroup under ‘U’.

S is a subset semivector space over the semifield L =

1

a

0
S = {{0}, {1}, {a}, {b}, {0, 1}, {0, a}, {0, b}, {a, 1}, {b,
1}, {a, b}, {0, a, b}, {0, a, 1}, {0, b, 1}, {1, a, b}, {0, 1, a, b},
¢} is a subset semivector space of order 16 over the semifield L.
LetA={0,1,a} and B={a, b} € S.
AuB=1{0,1,a} U {a,b} = {a, b, 1}.

LetacelL;axA=ax{0,1,a} ={0,a} € S.
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We have seen subset semivector spaces of finite order over
semifields.

We can as in case of subset semivector spaces of infinite
order define subset semilinear algebra.

We see only a few of the finite subset semivector spaces are
subset semilinear algebras.

It is important to note for the semilattice must be a lattice
and also in particular it must be a distributive lattice for one to
get the subset semilinear algebra.

We will give an example or two of the subset semilinear
algebra over a semifield.

Example 2.51: Let S = {Collection of all subsets from the
lattice L =

v
0
_—

be the subset semigroup under “U’.

S is a subset semivector space over the semifield F =

1
4

as
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S is a subset semilinear algebra over the semifield F of finite
order.

Let A= {1, aj, as, ag, a4} and B = {a,, 0, a5, a;, a3} € S.
AUB ={1,a,aj,as; a4} €8S.

ANnB = {1’ A, as, dg, 34} M {363 09 a, a1, a3}
= {24, 0, a3, a;, a3, as, a4} € S.

So S is a subset semilinear algebra over the semifield F.

Example 2.52: Let S = {Collection of all subsets from the
semilattice

as

>N
~

(S, L) is a subset semigroup.

However S is only a subset semivector space over the
semifield L =
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Clearly S is not a subset semilinear algebra as {S, U, N} is
not a subset semiring in the first place as U and N do not
distributive over each other.

Thus we have seen a subset semivector space over a
semifield of finite order which is not a subset semilinear algebra
over the semifield F.

In view of all these examples we have the following
theorem.

THEOREM 2.2: Let

S = {Collection of all subsets from the semigroup} be the subset
semivector space over a semifield F. S in general need not be a
subset semilinear algebra over the semifield F.

The proof is direct and hence left as an exercise to the
reader.

Example 2.53: Let
S = {Collection of all subsets from the lattice Cg} be the subset
semivector space over the chain lattice Cs.

S is a subset semilinear algebra over the chain lattice Cs.
Thus we see in general if S is a subset semilinear algebra
over a semifield then S is always a subset semivector space over

a semifield.

But however in general a subset semivector space is not
always a subset semilinear algebra over the semifield.

Example 2.54: Let S = {Collection of all subsets from the
semilattice (P, U) where P =
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be a subset semigroup under L.

Clearly P is not a distributive lattice so is not a semiring. S
is a subset semivector space over the semifield L =

However S is not a subset semilinear algebra over L.
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Example 2.55: Let S = {Collection of all subsets from the
semilattice (P, L) where P =

o
=)
£
——

a7

ag ap

’ J

be a subset semigroup and L. S is a subset semivector space
over the semifield L =

However S is not a subset semilinear algebra over L.
Inview of all these we have the following theorem.

THEOREM 2.3: Let

S = {Collection of all subsets from a semilattice {P, _}} be the
subset semivecor space over a semifield F (F < P).
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(i) If (P, n, U) is a not a distributive lattice then S is
not a subset semilinear algebra over F.

(ii) S is a subset semilinear algebra over F if and
only if (P, U, ) is a distributive lattice.

The proof follows from the simple fact if (P, U, M) is a
distributive lattice then S the subsets of P will be a semiring so
that S can be a subset semilinear algebra over F < P (F a
distributive sublattice of P).

Conversely if S is a subset semilinear algebra then
necessarily P must be a distributive lattice. We have seen
examples of them.

It is pertinent to recall here that finding a basis for a
semivector space itself was a difficult problem and we have
shown [14]. Several semivector spaces had only a unique basis.
Now how to find a basis of a subset semivector spaces. We
have already shown that the subset linear dependence or subset
linear independence is dependent on the semifield over which
the subset semivector space is defined.

Suppose we have in the basic set {1}, {0, 1} using ‘+’ we
get all subsets and with these subsets we also create subsets in
which we include zero for instance 7{1} + 12 {0, 1} = {7, 19}
and now {7, 19} + {0, 4} = {7, 11, 19, 23} and so on now we
include sets like {0, 7, 19} and {0, 7, 11, 23} also with the
generated sets by {1} and {0,1}.

This is the case when semifields like Z" U {0}, Q" U {0} or
R" U {0} are used.

However if we have S = {Collection of all subsets from the
semigroup R U {0} under addition} be a subset semigroup
under + and if S is a subset semivector space over the semifield
Z" U {0} the earlier mentioned method will fail for subset

elements like {0, J7 } and {\/7 , J5 , V2 } cannot be
generated by {1} and {0, 1}.
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So we say in that case S is infinite dimensional subset
semivector space. However if S is defined over R" U {0} then
we say it is finite dimensional for adjoining 0 with every set is
taken as a finite operation. So only dimension two and the
subset base elements are {1} and {0,1}.

We have to work differently in case the semifield is a
distributive chain lattice.

Example 2.56: Let S = {Collection of all subsets from the

semilattice (L, W) 3
1

d

0 )

B

be the subset semilattice under ‘U’.
space over the lattice L =

S is a subset semivector

The basis of S are {0,1} and {1}. Forif B = {{1}, {0,1}} we
see {a}, {b}, {d}, {0} can be got using B. Further also {0,a},
{0,b}, {0,d} can be got using B.

{a,1}, {b,1}, {d,a}, {1, d}, {1,d,b}; etc. can be got however
we have to add {0,1,a}, {0,1,b} and so on.

Thus B = {{1}, {0, 1}} generates S over L.
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Example 2.57: Let S = {Collection of all subsets from the
lattice

1

e the subset semigroup under ‘U’. S is a subset semivector
space over the lattice

Now § = {{0, {a}, {b}, {1}, 10,1}, 10.a}, {0,b}, {1.a},
{a,b}, {Lb}, {0,a,b}, {0,a,1}, {0, 1, b}, {1a,b}, {0,1,a,b}, d}.

Can B = {{1}, {0,1}} be a subset basis of S over the lattice

{aj =a{l}, {0} = 0{1}, {a, 0} =a {0,1}.

{0,1} U {a} = {a,1}, {0,1,a} by our rule of addition of zero.
We can get only seven elements.

So B cannot be a subset basis of S over L.

Suppose we take B, = {{1}, {0,1}, {b}, {0,b}, {1, b, 0}} <
S; can B, can a subset basis of S over L.

B, = {{b}, {1}, {0,1}, {0, b}}
a{b} ={0},a{l} =a, a{0,1} = {0, a}
{0,b} U {0,a} = {a, b, 0,1}.

So {0, 1, a, b} is got. {0, b} U {0, 1} = {0, 1, b}
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{0,a} U {0,1}=1{0, 1, a}
{1,a,0} U {0,1,b} = {0, 1, a, b}
{0,a} U {0,b} = {0, a, b}.

However B; also does not generate the whole of S. Thus
we see it is not easy to find a subset basis in case the subset
semivector space is defined over a sublattice of the lattice used.

Now we proceed on to describe other non commutative
finite subset semilinear algebras.

Example 2.58: Let S = {Collection of all subsets from the
lattice group LS; where L is the lattice

\
1
a; a
as >
s
as ae
’ )
be the subset semigroup under ‘U’ = ‘+’. S is a subset

semivector space over the semifield F =

Clearly S is a subset semilinear algebra over the semifield F.
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Let A=

{aop1 + asps + agps + 1, azps, ar} and

B = {ps, a3, asp; + a;p2} € S where

ol

1
Ps= >

123y (123 (123
13 227 s 2 1P 21 3)

2 3 1 2 3 1 2 3
,ps= and e = =1.
31 31 2 1 2 3

We find A + B = {a;p; + asps + asps + 1, asps, az} + {ps, a3,
asp; + ap2} (Here + is the union L).

{a;p1 + asps + agps + 1 + ps, asps + ps, @ + ps, ap; +
asps +agps + 1 + a3, asps + a3, ap + a3, ap; +agps +
agps + 1 +asp; + aypy, asps + asp; + axpy, a, +agp; +

a)p}

{axp) + asps + 1+ ps, a3ps + ps + aytps, 1 +ap; +
a4Ps T aPs, a3tasps, @, 1 + axp; + asps + agps + axp»
+aspi + asps, a + ap, +aspi} € S.

Now we find A x B=
ANB = {ap; +aspstagps+ 1, asps, ar} x {ps, a3, asp; +

a)p}

= {apy T a4+ agps + Ps, asp1, aPs, asp; + asps +
agps T a3, a3p3, a3, a4 T APy T agpr + agps t azps
+ asps + agp1 T aP2, AsPs T a3pa, AsP1 + Ap2}

= {ps T agps + ayp> + a4, a3p1, aPs, a3 + asp; + asps
+ agps, asps, a3, a4 t agp; + aypy + agps + azps,
as Ps T a3Ps, 4P T a2p2} U |

Consider

BxA

= {Ps,» a3, &P T aPa} X {@xp) + asps +agps + 1,
azps, az}
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= {ayps +ps+asps + a4, a3ps, aPps, azp; + azps +
agps 1 as, azps, as, a4 T a4p3 + agpr + agp; + azps
+ asp + Py + agPs, a4P1 T ap2, a4Ps + a3ps}

= {ag+ aps + ps + aPs, a3pa, APs, a3 + aspy + asps
+ agps, a3P3, A3, A4 T A4P3 T Ap2 + APy + APy,
asp1 + axpa, asps + asps} |

Clearly I and II are differentbut AN B=A xBand Bn A
=B x Aarein Sbut Ax B =B x A. Thus S is a finite non
commutative subset semilinear algebra over the semifield.

Thus we can also have finite non commutative subset
semilinear algebras defined over the semifields. Infact in the
example 2.58 if we take a different semifield say

1 1

1 or g¢a; Or a
IO a4 dg
0 0

we get different subset semilinear algebras but all of them are
non commutative and of finite order.

However the major difference between them would be seen
when the subset basis are constructed over different semifield

but for the same S.

Example 2.59: Let S = {Collection of all subsets from the
lattice group LG = LD, s where L =

1

a] b,
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be the subset semigroup under ‘+’ (i.e., U) and S is a subset
semivector space over the semifield F =

1
a4

0

and S is a subset semilinear algebra of finite order over the
semifield F. Clearly S is a non commutative subset semilinear
algebra over F. For take A = {1 + a;b> + ajab + b, abz, a1b3, a,
b*+ b} and B = {b, b;b’ + a;ab + b’} € S.

WefindA+B=AuUuB={1+ a;b? + ajab + blabz, a1b3, a,
b* + by} x {b, b;b> + ajab + b’}

= {1 +b+ab’+aab+bab’, ab’ +b,a+b, b*+ b, +b,
1 +b? + a,ab + bjab®> + b, b;b*> + a;ab + b’, a + b;b* + ajab + b,
b, +bb* +aab+b’+b*} €8S.

We now find A x B=A nBand B x A=B N A and show
AxB#BxA.

Consider A x B = {1 + a;b” + ajab + bjab*, a,b’, a, b* + by}
x {b, bb*> +aab + b3}

= {b+ a;b’ + ajab® + bjab’, a;b*, ab, 1 + b;b, b;b” + bjab* +
ajab + a; b%ab +a; + b’ + a;ab* + bja, a;b’ab + a;b, bjab® + a;b +
ab’, byb + a;b* ab + b* + b;b” + b;b*}

Consider B x A = {b, b;b> + ajab + b’} x {1 + a,b>+ ajab +
biab?, ab’, a, b* + b}

= {b + a;b’ + a;bab + b;bab’, a;b*, ba, 1+b;b, b;b* + b,b’ab’
+ ajab + ajab’ + a; + b> + a, + a;b’ab + b,b’ ab’, aab* + ajb,
bb%a+ajaba+b'a,bjb+ab+b+b'b*+ b1b3}
i
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It is easily verified that I and II are distinct thus we see S is
a non commutative semilinear algebra over a semifield
F= ¢l is of finite order.
a

0

Example 2.60: Let S = {Collection of all subsets from the
lattice group L (S (4) x As) where

k- 1 \
a
A
s as >
e
a7
© )

be the subset semigroup under U (i.e.,*) and S is also a subset
semivector space over the semifield L.

S is a subset semilinear algebra over L infact S is a finite
non commutative subset semilinear algebra over the semifield
L.

We can define subset linear transformation of subset
semivector spaces S; and S over a semifield F if and only if both
S and S, are defined over the same semifield F.

Otherwise the subset linear transformation of S and S;
cannot be defined.
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We will just illustrate this by a few examples.
Example 2.61: Let S = {Collection of all subsets from the
matrix semigroup M = {(a, a; a3 a4) |a; € Z" U {0}, 1 <i<4}}

be the subset semivector space over the semifield F = Z" U {0}.
Let S| = {Collection of all subsets from the matrix semigroup

a, a,

be the subset semivector space over the semifield F = Z" U {0}.

aeZ U{0};1<i<4}}

We can define a subset linear transformation T, from S to S;
as follows.

For every A = {(a, a, a3, a4)} € S and

a; 4,
A= € S, by
a, a,

al a2
Ts(A) =T, ({(ar1 ay a3 ag)} = {L }} =A

3 9y

It is easily verified Ts is a subset semilinear transformation
of Sto S;.

Let A;=1{(4,0,2,1), (5,8,9,20),(0,1,0,2),(8,9, 11, 0)}
e S.

Ts(A1)=Ts ({(4,0,2, 1), (5,8,9, 20), (0, 1,0, 2),
(8,9,11, 0)}

i R N S
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Infact Ty is a one to one subset map from S to S;.

Example 2.62: Let S = {Collection of all subsets from the
semigroup (Z* U {0})g where g* = g} be the subset semivector
space over the semifield F=Z" U {0}.

S; = {Collection of all subsets from the semigroup
Z" U {0}} be the subset semivector space over the semifield
F=2Z"uU {0}.

Define Ts: S — S, by
Ts ({a+bg}) = {a} foreverya,b e Z" U {0}.

Clearly Tg is a subset semilinear transformation from S to
Si.

Example 2.63: Let S = {Collection of all subsets from the
semigroup R* U {0}} be the subset semivector space over
Q" U {0}. Let S; = {Collection of all subsets from the
semigroup Q"U{0}} be subset semivector space over Q" U {0}.

Let Tg: S — S be such that if

L) - {{a} i.faeQiu{O} + .
{0} ifaeR" U{0N\Q" U0}

It is easily verified that Tg is a semilinear transformation of
S to Sl.

We can as in case of usual semivector define the notion of
subset semilinear operators. We give examples of subset
semilinear operator of a subset semivector space.

Example 2.64: Let S = {Collection of all subsets from the
semigroup
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aI a2
_ a3 a4 + . .
M= a,eZ U{0};1<i<8}}
aS a’é
a, ag

a'1 a2 al a2
o ol 1las a, 0 0
Let T : S — S where Tg = ;
a; ag a, a,
a, a 0 0

it is easily verified T is a subset semilinear operator on S.

We see ker T is not the zero of S.

Example 2.65: Let S = {Collection of all subsets from the
semigroup

a a .. a
M 1 2 10
|: :|
a, a4, .. a,

be a subset semivector space over the semifield Z" U {0}.

aeZ U{0};1<i<20}}

Let T : S — S, T{ is a subset semilinear operator.

Define



Subset Semilinear Algebras | 77

— a1 aZ a3 a'4 a’S a’6 a7 aS a’9 a10
6 0 0 0 00 0 0 0 O
It is easily verified T¢ is a subset semilinear operator from

StoS. kerTy # {(0)} of S.

Example 2.66: Let S = {Collection of all subsets from the
lattice group LD, s where L is a lattice

a a
XX
dg aq
a7 >
ag
dg ajo

be the subset semivector space over the semifield

F= 1

Clearly S is a subset semilinear algebra over the semifield
F.
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We can define Ty : S — S so that T is a subset semilinear

operator of the S. Suppose we have two subset semilinear
operators say T' and T* where

T':S—>Sand T?: S — S we can define T' + T2, T' o T?
and T> o T' and all these will again be a subset semilinear
operators of S.

We have defined subset semivector space using only
semigroups over semifields. However we can use groups and
rings and still define the notion of subset semivector spaces.
We call such structures as generalized subset semivector spaces.

We will just develop and describe them.

Let S = {Collection of all subsets from the group (Z, +)} be
the subset semigroup under +. S is a subset semivector space
over the semifield F = Z" U {0}. We call S to be the
generalized subset semivector space over the semifield F.

We first give examples of them.

Example 2.67: Let
S = {Collection of all subsets from the group (R, +)} be the

subset generalized semivector space over the semifield
F=R"U {0} (orQ" U {0} or Z" U {0}).

Take A = {0, 543, 748 +9, 531 +1, _%/7}

andB={1,ﬁ,—\57 .85} es.

We now show how A + B is got

A+B=10,53,78 +9,531 +1-8, _%ﬁ”
(1,3, 3/ 8453



Subset Semilinear Algebras | 79

={1,3,3/7,8//5,1+ 53,10+ 748,
531+2,-7, 53 + 845, (=3//7 + 85),
(-8 + 8J/5), 78 + 8J/5+9, (531 +1+85),
—8-+/3/7,1-3/\7, 63, 7/8 + /3 +9,
SB1+3+1,-8+ /3, =3/J7 + /3,

T8+ 9-+/3/7, 53 =317, (=317 =3/47)

NERNNC]

Let — € F;, — x A
5 5

£x{05\/_ 78 +9,531+1,-8, —%/-}

9W3+7V24 34593 83 3f

=10, 3, s , eS.

5 ssf

Thus S is a generalized subset semivector space over the
semifield F=R" U {0}.

Example 2.68: Let

S = {Collection of all subsets from the group (C, +)} be the
subset semigroup under +. S is a generalized subset semivector
space over the semifield Z" U {0}.

Example 2.69: Let

S = {Collection of all subsets from the group (RS;, +)} be the
subset semigroup under ‘+’. S is a generalized subset
semivector space over the semifield F = Q" U {0}.

We can for these generalized subset semivector spaces also
define the notion of substructures subset linear dependence
subset linear independence, subset linear transformations and
subset linear operators.
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All these are considered as a matter of routine and hence
left as an exercise to the reader. However we prove the
following theorem which relates the subset semivector spaces
and generalized subset semivector spaces.

THEOREM 2.4: Let

S = {Collection of all subsets from a group (G, +)} be the
subset semigroup. S be a generalized subset semivector space
over a semifield F (F,; related to G). Then S is a subset
semivector spaces. However a subset semivector space in
general is not a generalized subset semivector space.

Proof. We know from the very definition that a generalized
subset semivector space is a subset semivector space; but a
subset semivector space in general is not generalized subset
semivector space.

For consider S = {Collection of all subsets from the
semigroup Z~ U {0} under +} be the subset semigroup. S is a
subset semivector space over the semifield F=Z" U {0}.

It is clear that Z" U {0} can never be a group under ‘+’ so S
can never be a generalized subset semivector space over the
semifield Z" v {0}.

Now having related both we can define the notion of
generalized subset semilinear algebras.

Let S = {Collection of subsets from the group (G, +)} be the
generalized subset semivector space over a semifield. If on S
we can define a product so that S under that product is a subset
semigroup then we define S to be a subset semilinear algebra.
So to define a subset semilnear algebra we need G to have
product so that (G, x) is a semigroup without which we cannot
define the notion of subset semilinear algebra over the
semifield.

We will illustrate this situation by a few examples.
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Example 2.70: Let

S = {Collection of all subsets from the ring RS;} be the
generalized ring RS;} be the generalized subset semilinear
algebra over the semifield Z" U {0}. Clearly S is a non

commutative subset semilinear algebra over the semifield
Z U {0}.

1 2 3 1 23
Take A= {-5 +9 + 10,
31 2 1 3 2

1 2 3 1 2 3
-8 +19, 4 3.
21 3 2 31
and

1 2 3 123 1 2 3
B= {3 +7 ~5,-10 :
2 31 13 2 31 2
1 2 3
9 +5) eS.
21 3

We define

1 2 3 12 3 1 2 3
A+B= {-5 +9 +10, -8 +
31 2 13 2 213
1 2 3 1 2 3 12 3
19, 4 v+ 43 +7 ~s,
2 31 2 3 1 13 2
12 3) (1 23
10 ,9 +5)
31 2)(21 3
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1 23 1 2 3 1 23
={-5 + 16 +5+3 ,
31 2 1 3 2 2 31
1 23 1 2 3 1 23
-15 +9 +10,15+9 +
(3 1 2} (1 3 2) [2 1 3)
1 23 1 2 3 1 2 3 1 2 3
9 -5 ,19-8 -10 ,
1 3 2 31 2 2 13 31 2
1 2 3 1 23 1 23
-8 +15+7 +3 +5+
21 3 1 3 2 2 31
1 2 3 1 2 3 1 23 1 2 3
4 +9 , 7 +7 -5,
2 31 21 3 2 31 1 3 2
1 23 1 23 1 23
19 -8 - 10 ,+4
[2 1 3} (3 1 2} [2 3 1]
1 23 1 23
-10 ,24 + } eS.
31 2 213

This is the way ‘+’ operation is performed on S.

Now we find

1 2 3 1 23 1 23
AxB= {5 +9 +10, -8
31 2 1 3 2 2 1 3
1 2 3 1 2 3 1 2 3
+19,4 }x <43 +7 -5,
2 31 2 31 1 3 2



Subset Semilinear Algebras | 83

12 3) (1 23
-10 ,9 +5)
31 27121 3

1 23 1 23 1 2 3
30 +70 -50, 50
2 31 1 3 2 2 31

123 1 2 3 123
190 ,20 +36 L)
321 2 31 13 2

It is left for the reader to prove A x B # B x A.
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Example 2.71: Let

S = {Collection of all subsets from the ring CS;} be the subset
semigroup under +. S is a generalized subset semilinear algebra
over the semifield R" U {0}. S is clearly non commutative.

Example 2.72: Let

S = {Collection of all subsets from the ring (C U I }(S; x D»7)}
be the subset semigroup under ‘+’. S is a subset generalized
semilinear algebra over the semifield F =(Z" U1 U {0}).

Example 2.73: Let

S = {Collection of all subsets from the ring Z(S; x As x Dy 11)}
be the subset semigroup under +. S is a subset generalized over
the semifield F =Z" U {0}.

Now we next develop results about subset Smarandache
semivector spaces and subset special Smarandache semivector
spaces.

Example 2.74: Let
S = {Collection of all subsets from the group (Z, +)} be the
subset semivector space over the semifield F = Z" U {0}.

Clearly S is a Smarandache subset semivector space over the
semifield F.

Example 2.75: Let
S = {Collection of all subsets from the group (Q U I)} be the
subset semivector space over the semifield F = (Q" U I U {0}).

S is clearly a Smarandache subset semivector space over the
semifield F.

For P = {{a} | a € (Q U I)} is a group under + so S is a
Smarandache subset semigroup.

Just we wish to recall that if P is a Smarandache semigroup
then the subset semigroup S of P is a Smarandache subset
semigroup.

Example 2.76: Let S = {Collection of all subsets from the
semigroup Z~ U {0} x Z} be the subset semivector space over
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the semifield F = Z" U {0}. S is a Smarandache semivector
space over the semifield F =Z" U {0}.

Example 2.77: Let S = {Collection of all subsets from the
semigroup Z* U {0} x Q x R} be the subset semivector space
over the semifield F = Z" U {0}. S is a Smarandache
semivector space over the semifield F =Z" U {0}.

Example 2.78: Let S = {Collection of all subsets from the
semigroup P = (Z x Q x Z" U {0})S3} be the subset semivector
space over the semifield Z° U {0} = F. Clearly S is a
Smarandache subset semivector space over F.

Example 2.79: Let S = {Collection of all subsets from the
semigroup (Q x Z x R" U {0})} be the subset semivector space
over the semifield F = Z" U {0}. S is a Smarandache subset
semivector space over the semifield F.

We have seen examples of subset Smarandahe semivector
spaces other properties related with S can be derived as a matter
of routine without any difficulty so this is left as an exercise for
the reader.

Now we proceed onto describe the notion of quasi
Smarandache subset semivector space over a Smarandache
semiring.

Example 2.80: Let S = {Collection of substes from the
semigroup (Z" U {0} x Q)S;} be the quasi Smarandache subset
semivector space over the Smarandache semiring (Z* U {0})Ss.

Example 2.81: Let S = {Collection of all subsets from the
semigroup P = (Q" U {0} x Z x R)S(5)} be the quasi
Smarandache subset semivector space over the Smarandache
semiring (Z" U {0}) S(5).

Example 2.82: Let S = {Collection of all subsets from the
semigroup (Z x Q" U {0})(S; x Dyg)} be the quasi subset
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Smarandache semivector space over the Smarandache semiring
F=(Z"0 {0})(S7 x {1}).

Example 2.83: Let S = {Collection of all subsets from the
semigroup (Q" U {0} x R)(S(5) x Aj)} be the subset quasi
Smarandache semivector space over the Smarandache semiring

(Q U {0}) (S(5) x {1}).

Example 2.84: Let S = {Collection of all subsets from the
semigroup (Z x Q" U {0} x R" U {0})S(10)} be the quasi
Smarandache subset semivector space over the Smarandache
semiring (Z" U {0})S,.

Having seen examples of quasi Smarandache subset
semivector spaces of infinite order we now proceed onto
describe finite order Smarandache quasi semivector spaces over
S-semirings.

Example 2.85: Let S = {Collection of all subsets from the
semigroup LS; where L is the lattice

a
a
a3
ay as >
e
a7
ag ag
. J

be the quasi subset Smarandache semivector space over the S-
semiring PS; where P =
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Example 2.86: Let S = {Collection of all subsets from the
semigroup L; (S3 x A;) where L, =

1 A
a 5l
az >
as
as
e
J

0

be the quasi Smarandache subset semivector space over the
Smarandache semiring L(S; x {1}). This S is a finite
semivector space and S is non commutative.

S has substructures and we can define semilinear operator
on S.

Example 2.87: Let S = {Collection of all subsets from the
semigroup L(S(5) x D,7)} be the quasi Smarandache subset
semivector space over the S-semiring L({1} x D,;) where L =
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Example 2.88: Let S = {Collection of all subsets from the
semigroup L(D,; x A4) where L =

C )

%)

a

e ar

a9 ao

a3 a4
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be the quasi Smarandache subset semivector space over the S—
semiring L(D,7; x Ay4). S is also a quasi Smarandache subset
semilinear algebra over L(D,7 x Ay).

Example 2.89: Let S = {Collection of all subsets from the
semigroup LD, where L =

J

be the Smarandache subset semivector space over the S-
semiring PD, 9 where P =

Clearly S is of finite order and S is non commutative quasi
Smarandache subset semilinear algebra over PD, .

We suggest the following problems for this chapter.



90 | Subset Semilinear Algebras

Problems

1.

Give some special and interesting features enjoyed by
subset semivector spaces.

Let S = {Collection of all subsets from the semigroup
Z" U {0}} be the subset semivector space over the
semifield F=Z" U {0}.

(i) Prove S has infinite number of subset semivector
subspaces.
(i) Find subset semilinear operator T{ on S so that

kernel of Ty # {0}.

(iii)) Can S be written as a direct sum of subset
subspaces?

(iv) Is S a Smarandache subset semivector spaces?

(v) What is the algebraic structure enjoyed by
{Collection all subset semilinear operators on S}?

(vi) Is S a subset semilinear algebra over F?

(vii) Find a subset basis of S over F.

Let S = {Collection of all subsets from the matrix
semigroup m = {(a;, a, a3, ..., a) |2 € Z" U {0}, 1 <i<
9}} be a subset semivector space over the semifield
F=Z"u {0}.

Study questions (i) to (vii) of problem 2 for this S.

Let S = {Collection of all subsets from the matrix

a a
semigroup N=1{ * > "°|lae(Q U0}

a13 aI4 a15

1 £1<15}} be the subset semivector space over
F=Q u {0}.
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Study problems (i) to (vii) of problem 2 for this S.

If Q" U {0} is replaced by Z" U {0} what can be said
about their subset basis?

Compare them, with S is over Q" U {0} when S is over
Z" U {0},

Let S = {Collection of all subsets from the semigroup

P=<: ¢ i i ilaeR U{0);

a21 a22 a23 324 a25

1 <1<25}} be the subset semivector space over
Z U {0},

Study questions (i) to (vii) of problem 2 for this S.
Let S = {Collection of all subsets from the semigroup
al

a
W= :2 ae Z"U {0}; 1 <1<9}} be the subset

semivector space over the semifield Z" U {0}.
Study questions (i) to (vii) of problem 2 for this S.

What are the special features enjoyed by subset semilinear
algebra?

When will the subset basis be larger for the same S, when
realized as a subset semivector space or as a subset
semilinear algebra ?
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10.

11.

Let S = {Collection of all subsets from the semigroup
P=1{(aa|asas|as)|aeZ U{0}1<i<5)) the
subset semivector space over the semifield Z" U {0}.

Study question (i) to (vii) of problem 2 for this S.

Let S = {Collection of all subsets from the semigroup

2le p e

<
I
o

3eQ U{0};1<i<9}}

[

mlm
o

o
oo

be the subset semivector space over the semifield

Q" U {0}.

Study questions (i) to (vii) of problem 2 for this S.

Let S = {Collection of all subsets from the semigroup

a, |a, a, a, as; |a, a,|a; a

P= a'10 11 12 13 14 15 16 17 18

Qg | yy  cer e e | e e | e Ay
a28

€ Q U {0}; 1 <i<36}} be the subset semivector space
over the semifield F = Q" U {0}.
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Study questions (i) to (vii) of problem 2 for this S.

12.  Let S = {Collection of all subsets from the semigroup

4 8 3y Ay
a a a a :

W= Bt T e g e QTuU o) 1 <i<32))
a, a, a, a

be the subset semivector space over the semifield
F=Q u {0}.

Study questions (i) to (vii) of problem 2 for this S.

13. Let S = {Collection of all subsets from the semigroup

a, (0) (0) 1
) |a, a, (0) (0)

0) | (0) 4 ay Ay 0)

(0) | (0) (0) By By By Ay

aZ7 aZS a29 a30 J

a € Q U {0}; 1 <i<30}} be the subset semivector
space over the semifield F = Q" U {0}.
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14.

15.

16.

17.

18.

19.

20.

21.

22.

Study questions (i) to (vii) of problem 2 for this S.
Study when Q" U {0} is replaced by Z" U {0}.

Let S = {Collection of all subsets from the semigroup
(Z" U {0})S;} be the subset semivector space over the
semifield F=Z" U {0}.

(i)  Prove S is non commutative.
(i1))  Study questions (i) to (vii) of problem 2 for this S.

Evolve a method to find a subset basis of subset
semivector space.

Give an example of a subset semivector space which has
only a finite number of elements in the subset basis.

Give an example of a subset semivector space which has
an infinite number of elements in the subset basis.

Do the elements of a subset basis of a subset semivector
space, subset linearly dependent or subset linearly
independent?

Prove the number of elements in a subset basis depends
on the semifield over which the space is defined.

Give some stricking differences between the subset
semivector spaces and usual semivector spaces.

Can a subset semivector space S have more than one
subset basis?

Is it possible to have a subset semvector space which has
more than one subset basis?



23.

24.

25.

26.
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Let S be a subset semivector space. Vg = {Collection of

all subsets semilinear operators on S}. Does V{ enjoy
any nice algebraic structure?

Let S and S; be two subset semivector spaces over the
same semifield F. Wy = {Collection of all subset
semilinear transformations of S to S;}.

What is the algebraic structure enjoyed by W?

Let S = {Collection of all subsets from the semigroup

M = {iaixi

ai € Q" U {0}}} be the subset semivector
i=0

space over the semifield Q" U {0}.
Study questions (i) to (vii) of problem 2 for this S.

Let S = {Collection of all subsets from the semigroup L
where L

NV
0
-

0 J

be the subset semivector space over the semifield F =

1
a

as
0

(i)  Find o(S).
(i1)) Find a subset basis for S.
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27.

28.

29.

(i) Is S a subset semilinear algebra?
(iv) Find all subset subsemivector subspaces of S.

(v) Find Vg = {all subset semilinear operators on S}.
(vi) Can S have more than one subset basis?

Let S = {Collection of all subsets from the lattice L = C;,}
be the subset semivector space over Cyj.

Study questions (i) to (vi) of problem 26 for this S.

(i) IfLisreplaced by

a4

a

Study questions (i) to (vi) of problem 26 for this S.

Let S = {Collection of all subsets from the lattice group
LS4 where S is a Boolean algebra of order 16} be a subset
semivector space over

Study questions (i) to (vi) of problem 26 for this S.

Let S = {Collection of all subsets from the smeigroup
LS(3) where L =
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\

be the subset semivector space over the semifield P =

I
[ X8}
¢d3
¢ ds
L Xo1
¢ A7
e ag
® a9
P A

L 0

Study questions (i) to (vii) of problem 26 for this S.
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30.

31.

32.

33.

Let S = {Collection of all subsets from the semigroup
M = (Z" U {0} (S; x S(7))} be the subset semivector
space over the semifield Z* U {0}.

(1)
(i)
(iii)
(iv)
(v)

(vi)
(vii)

S as a semilinear algebra is non commutative prove.
Find a subset basis of S.

Can S have more than one subset basis?

Find all subset semivector subspaces of S.

Let Vg = {Collection of all subsets semilinear
operators on S}.

Find the algebraic structure enjoyed Vg .

Is S a Smarandache semivector space?

Can S be written as a direct sum of subset
semivector subspaces?

Let S = {Collection of all subsets from the semiring (Z x
Q" U {0})D,o} be the subset semivector space over the
semifield Z" U {0}.

(i)
(i)

(iii)

Study questions (i) to (vii) of problem 30 for this S.
Is S a quasi Smarandache subset semivector space
over (Z" U {0}) D,y?

Is S a Smarandache subset semivector space over
(Z" U {0}) of finite subset dimension?

Let S = {Collection of all subsets from the semiring
Q x Z" U {0} be the subset semivector space over the
semifield Z" U {0}.

Study questions (i) to (vii) of problem 30 for this S.

Let S = {Collection of all subsets from the lattice group
L(S; x S(5)) where L =



34.
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1 A

a )

a3
A as

ag >
ar ag

g

0 J
be the quasi S-subset semivector space over the
S-semiring F = L(S; x {1})

(i)  Find the o(S).
(ii)) Find all subset semivector subspaces of S.

(iii) Can S be written as a direct sum of subset
semivector subspaces?

(iv) Find a subset basis of S.
(v)  Can S have more subset basis?

(vi) Can S be a S-subset semilinear algebra over
F=L1(S; x {1})?

(vii) S as a S-subset semilinear algebra have a basis
different from B mentioned in iv.

Let S = {Collection of all subsets from the group lattice
LG =LA, where L =
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1
a as
a3
ay
as
de
ar ag
g
0

be the quasi subset semivector space over the S—semiring
LA,.

Study questions (i) to (vii) of problem 31 for this S.

35. Let S = {Collection of all subsets from the semigroup

2 a,]
a; a,

M=1la, a, |l ae(Z U{0})S;1<i<10}} bethe
a; a4
|39 g

subset semivector space over the semifield F = Z" U {0}
and S, = {Collection of all subsets from the semigroup
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P= a,e Z U {0} (Dyox S3); 1 <i<10}}

be the subset semivector space over the semifield
F=(Z"u{0})

(i) Find Ts: S — S, so that Ts is one to one and onto
subset semilinear transformation.

(ii)) If Wg = {Collection of all subset semilinear
transformations from S to S;} find the algebraic
structure enjoyed by Wi,

(i) Find Vi and V. Is Vs = V;as algebraic
structures?

(iv) If both S and S, are realized as S—quasi semivector
spaces over the S-semiring F = (Z" U {0})S; =
Z"U {0} ({1} x Sy)

(v) Find W{ and WS? as a S-quasi semivector spaces.

Find V¢ and Vg as S-quasi semivector spaces.
(vi) Compare (i) W' with W,
(i) Wy with W
(iii) Vs with Vg and
(iv) Vg with Vg .
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36.

37.

38.

39.

Enumerate some special features enjoyed by
Smarandache subset semivector spaces.

Enumerate all the special properties associated with
Smarandache quasi subset semivector spaces over S-
semiring.

Compare S-subset semivector spaces and S-quasi subset
semivector space where S is the subset from the same
semiring only the semifield is contained in the S-semiring
for the later structure.

Let S = {Collection of all subsets from the semigroup

a, a, .. 4
1 e Qg a; € (Z+ U {0}) [Sg X A4]}
al‘) aZO a27

and

S; = {Collection of all subsets from the semigroup

a; | (0) (0)

0) 0) Ay Ay Ay Ay Ay |

a; € (ZJr U {0})[83 X A4]}



40.

41.

42.
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be the S-quasi subset semivector space over the
S-semiring F = (Z" U {0}) (Ss x A4)}.

Study questions (i) to (vi) of problem 35 for this S and S;.

Let S = {Collection of all subsets from (Z" U {0}) (S; x
D, 7 x A4)} and S; = {Collection of all subsets from VARV
{0}) (A; x Da7 x Sy)} be the S-quasi subset semivector
spaces over the S-semiring (Z" U {0}) (A; x D17 x Ay).

Study questions (i) to (vi) of problem 35 for this S and S;.

Let S = {Collection of all subsets from the semiring (Z" U
{0}) (S; x D,g)} be the subset semilinear algebra over the
semifield F=Z" U {0}.

(i) Find a subset basis of S over F.

(ii)) Can S have more than one basis over F?

(iii)) Is S finite subset dimensional over F?

(iv) Let Vi : {T{ : S — S}; what is the algebraic
structure enjoyed by V,?

(v) Can S be written as a finite direct sum of subset
semivector subspaces of S?

(vi) Does S contain infinite number of subset
subsemivector spaces?

(vii) Can S be realized as a subset semilinear algebra?

(viii) Is S a Smarandache subset semilinear algebra over
F?

(ix) Find a subset basis relative to S as a subset
semilinear algebra over F.

Let S = {Collection of all subsets from the matrix

a, a, .. a
semigroupM = 1| a, a, .. a,||ae(Z U{0})

a3 Ay ... Ap
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43.

44,

D,11; 1 £1<18}} be the subset semivector space over the
semifield F=Z" U {0}.

(@)
(i)

(iii)

Study questions (i) to (ix) for problem 41 for this S.

Prove S can be written as a direct sum of n-subset
semivector spacesn =2, 3, ..., 18.

Prove S has infinite number of subset semivector
subspaces which cannot be written as a sum of
subset semivector subspaces.

Let S = {Collection of all subsets from the matrix

semigroup M= {| a, a, a, || ae(Z U{0})As;

1 <1< 15}} be the subset semilinear algebra over the
semifield F=Z" U {0}.

(@)
(i)

(iii)

Study question (i) to (ix) of problem 41 for this S.

Write S as a n-direct sum of subset semilinear
algebras,n=1, 2,3, ..., 15.

Find subset basis of S and compare it in case S is
only realized as a subset semivector space over F.

Let S = {Collection of all subsets from the super matrix



45.

semigroup M =
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a € (Q U {0})(A4 x

S(3)), 1 £1<30}} be the subset semilinear algebra over

the semifield Q" U {0}.

(i)  Study questions (i) to (ix) for problem 41 for this S.
(ii)) Write S as a n-direct sum of subset semivector
subspaces over F; n=2, ..., 30.

Let S = {Collection of all subsets from the super matrix

semigroup M =

a’l aZ a’} a4 aS a’é
a7 a8 a9 aIO al 1 a12
al} a'l4 a’15 a'16 al7 alS
a; €
a19 a20 a21 a22 a23 a24
a25 a26 a27 a28 a29 a30
a’31 a’32 a33 a34 a35 a'36

(Z"U {0} x Q" U {0})S4; 1 <1i< 36} be the subset
semilinear algebra over the semifield F = Z" U {0}.

(i)  Study questions (i) to (ix) for problem 41 for this S.
(ii)) Write S as a n-direct sum of subset semilinear
algebras over F; n=2, 3, ..., 36.
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46.

47.

Let S = {Collection of all subsets from the super matrix

a, a, |a, .. ag|a, a,
a'll a'12 a13 alS a19 aZO
semigroup M = q1a,;, a,, |8y ... Ay |8y 8y || 8
a31 a32 a33 a38 a39 a40
1841 Q4 | Ay Ay | Ay s |

€ Z U {0}Syx Q" U {0} S(7); 1 <i<50}} be the subset
semilinear algebra over the semifield F =Z" U {0}.

(1)  Study questions (i) to (ix) for problem 41 for this S.

(il)) Write S as a n-direct sum of subset semilinear
algebras,n=2, 3, ..., 50.

(iii) Prove S is non commutative subst semilinear
algebra over F=Z" U {0}.

Let S = {Collection of all subsets from the semigroup

a’l aZ aS
a a ... a

M=4 ] e e (RMU{OHSG): 1<i<
a21 a22 a25

25}} be the subset semilinear algebra over the semifield
F=R"u {0}.

(i)  Study question (i) to (ix) of problem 41 for this S.

(i) Write S as a n-direct sum of subset semilinear
algebras,n=2, 3, ..., 25.

(iii) Prove S is non commutative.

(iv) Find a subset basis of S over F.
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Let S = {Collection of all subsets from the semigroup (R
U I) under ‘“+’} be the S-subset semivector space over the
semifield (R" U {0} U I).

(1)  Study question (i) to (ix) of problem 41 for this S.

(ii)) Prove S has a S-subsemigroup S.

(iii)) Suppose S is realized as semivector space say S;
over Z" U {0}. Study the related problems.

(iv) Does this change for (R" U {0} U I)to Z" U {0}
make any difference on the subset basis?

Let S = {Collection of all subsets from the group R" U
{0} x Z" U {0}} be the subset semilinear algebra over the
semifield Z" U {0}.

(1)  Study question (i) to (ix) of problem 41 for this S.

(il)) Does there exist a subset semivector subspace W of
S so that S = W + W*? (W' orthogonal complement
of W).

(iii) Prove S is only a commutative subset semilinear
algebra.

Let S = {Collection of all subsets from the lattice group
LG =LA;s where L =

a

XX

e Ay

0 J

be the generalized subset semivector space over the
semifield
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51,

52.

53.

54.

F= ol
a

de

(i)  Find o(S).

(i1))  Find the subset basis of S over F.

(iii) Can S have more than one subset basis?

(iv) Can S be written as a direct sum of generalized
subset semivector subspaces over F?

Study the special features enjoyed by generalized subset
semilinear algebras over semifields.

Let S = {Collection of all subsets from the group RS;} be
the generalized subset semivector space over the
semifield R U {0}.

Study question (ii) to (iv) of problem 50 for this S.

Let S = {Collection of all subsets from the group
G = {(a}, a5, a3, a4, a5, ag) | a; € ZSs; 1 <1< 6}} be the
generalized subset semivector space over the semifield
R"U {0}.

Study question (i) to (iv) of problem 50 for this S.

Let S = Collection of all subsets from the group

a,

G=1|"2 || a e Q(S:xS@3); 1<i<9}}
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be the generalized subset semilinear algebra under natural
product over the semifield F = Q" U {0}.

(i)  Find a subset basis of S over F.

(i1)) Can S have more than one subset basis?

(i) Is S finite subset dimensional?

(iv) If Q" u {0} is replaced by Z" U {0} will S be of
finite dimension?

(v) Can S be represented as direct sum of generalized
semilinear subalgebras?

(vi) Show S = {W + W is possible where W is a
generalized subset semilinear algebra over
Q" U {0} and W is the orthogonal complement of
W.

(vil) Find Vg = {Collection of all subsets semilinear

operators on S}.
What is the algebraic structure enjoyed by S?

Let S = {Collection of all subsets from the group

a2 ]
a; a,
as A
G=1la, ag||aecQ(S;3xDyy);1<1<14}}
a‘9 a10
all a12
_a'13 al4_

be the generalized subset semilinear algebra over the
semifield Z" U {0}.

(i)  Show S is non commutative.
(i)  Study questions (i) to (vii) of problem 54 for this S.
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56.

57.

Let S = {Collection of all subsets from the ring

a, .. a,
M=<la, a, .. a,||ae€Z(DyxS;xAy);

Adys Ay ... Agg

1 <1< 36}} be subset generalized semivector space over
the semifield F = Z" U {0}.

Study questions (i) to (vii) of problem 54 for this S.

Let S = {Collection of all subsets from the lattice
grouplattice LG where G = As and L is a lattice which is
as follows: L =

a [eh}
a3
Ay
as >
ag a7
ag
g
J
0

be the quasi subset semivector space over the S-semiring
LG.

(1)  Find o(S).
(i1)  Find subset basis of S over LG.
(iii) Can S have more than one subset basis over LG?
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(iv) Find atleast four subsets which are subset linearly
independent.

(v) Find at least 5 subsets which are subset linearly
dependent.

(vi) Will the subset linearly independent elements
generate a subset semivector subspace over
7" {0}?

Let S = {Collection of all subsets from the group lattice
LD, ; where L is the lattice

a;

a7

» ag

4 a9

1o .

be the quasi subset semivector space of the S—semiring.
Study questions (i) to (vi) of problem 59 for this S.

Let S = {Collection of all subsets from the semigroup
lattice LS(4) where L =
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60.

61.

a; a

a3
ay as

ae >
a; ag

dg
ajo ap

J
0

be the S-quasi subset semivector space over the S-
semiring LG = LS(4).

Study questions (i) to (vi) of problem 57 for this S.

If S is a S-quasi subset semilinear algebra over a
S-semiring F.

What is the algebraic structure enjoyed by
V¢ = {Collection of all subset semilinear operators on S}?

Let S; and S, be any two S-quasi subset semilinear
algebras over the same S-semiring F.

What is the algebraic structure enjoyed by
W¢ = {Collection of all quasi semilinear transformation
from S; to S,}?
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Let S = {Collection of all subsets from the matrix group

P= 72 7] a € LG =L(Dyo x As);

1<i<30}}

be the S-quasi subset semilinear algebra over the S-
semiring L(D;9 x {1}) where L =

1

a ap
a3

ay as
Ao

a7 ag
g

ao a
ap
a3

0

Study questions (i) to (vi) of problem 57 for this S.
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63. Let S = {Collection of all subsets from the group lattice

super matrix M = a;€LSy;1<1<10andL isas

follows;

ag

RSN

a3 a

0 )

be the S-quasi subset semilinear algebra over the S-
semiring LS,.

Study questions (i) to (vi) problem 57 for this S.



Chapter Three

SPECIAL STRONG SUBSET SEMILINEAR
ALGEBRAS

In this chapter we for the first time define, develop and
describe the new notion of Smarandache special strong subset
semivector spaces and Smarandache special strong subset semi
linear algebras.

All these strong special subset semilinear algebras
(semivector spaces) contain as a substructure the subset
semilinear algebra over the appropriate semifield of the subset
semiring over which the basic structure is defined.

DEFINITION 3.1: Let S = {Collection of all subsets from a
semigroup (or a group or a semilattice under ()} be a subset
semigroup. Suppose P be the collection of all subsets of a ring
or a semiring, that is P is a subset semiring such that

(i) Ifforalls € Sandp € P, sp and ps € S.
(i1) p(s1+s2) =ps; +ps;
(iii) ~ (p1+p2)s=pis+pos
(iv)  {0}p={0}
v) S{0} = {0}
forall s, s, s € Sandp, p;, pr €P.
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We define S to be a Smarandache special strong subset
semivector space over the subset semiring P.

If in addition an operation product is defined on S we define
S to be a Smarandache special strong subset semilinear algebra
over the subset semiring P.

We use the term Smarandache strong special subset
semivector space as P in most cases is only a Smarandache
subset semiring and not a semifield.

We will first illustrate this situation by some examples.

Example 3.1: Let S = {Collection of all subsets from the
semigroup B = (Z" U {0} x Z" U {0}) under addition} be a
subset semigroup of B.

P = {Collection of all subsets from the semifield Z" U {0}}
be the subset semiring. P is a Smarandache subset semiring.

We see S is a Smarandache special strong subset semivector
space over the S-subset semiring P.

For if A = {(3, 2), (5, 0), (0, 0), (7, 8), (0, 6), (11, 2)} and
B={(1,1),(2,0),(5,7),(8,0)} €8.

We see
A+B

{(3,2),(5,0),(0,0), (7,8),(0,6), (11,2)} +
{(1,1),(2,0),(5,7), (8, 0)}

1(4,3), 5, 1), (1, 1), (8, 9), (1, 7), (5, 2), (7, 0),
(2,0), 9, 8), (2,6), (8,9), (10, 7), (5, 7), (12,
15), (5,13), (12, 3), (13, 2), (19, 11), (11, 2),
(13,0), (8,0), (15, 8), (8, 6), (19,2)} € S.

LetM={3,0,5,9, 12, 15} e P.

MxA = {3,0,5,9, 12,15} x {(3, 2), (5, 0), (0, 0),
(7,8), (0, 6), (11, 2)}
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= {(9,6), (15,0), (0,0), (21,24), (0,18), (33,6),
(15,10), (25,0), (35,40), (0,30), (55,10), (27,18),
(45,0), (63,72), (0,54), (99,18), (36,24), (60,0),
(72,96), (0,72), (132,24), (45,30), (75,0),
(105,120), (0,90), (165,30)} € S.

This is the way operations are performed on S.

Example 3.2: Let S = {Collection of all subsets from the

semigroup R* U {0} under the addition ‘+’} be the subset
semigroup.

Let P = {Collection of all subsets from the semifield
Z" U {0}} be the Smarandache subset semiring.

S is defined as a Smarandache strong subset semivector
space over the S-subset semiring P.

Take A = {/5, \/3/2, V17 /5, 1/4/11, 0, 25, 9} and

B= {19, /31,10,11,12} € Sand
M=1{0,1,2,5,7, 10, 6} e P.

(V5. 312, V1775, 17411, 0,25, 9} +
(19, 431, 10,11, 12}

= (5 +19,V5 +B1,10+45, 11+4/5,
12+ 5, 32+ V19,372 + /31,
10 ++/3/2, 11+/3 72, 12+ 3 12,
17754019, J17 /5 + 31, 17 /5 + 10,
N17/5+11, 17/5+12, 1/11 + 419,
1NIT + 31, /11 + 10, /411 + 11,
VA1 +12, V19, V31,10, 11, 12,
25+ /19,25 ++/31, 35, 36, 37, 19, 20,

J19+9, 431 +91 e S.

A+B
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Now consider

MxA= {0,1,2,5710,6} x{~/5, V372, V17 /5, /11,
0,25, 9}

= {0, V17/5, 1/\11, 45, \3/2,25,9,2/5, 3,
21775, 2/411, 50, 18, 5+/5, 53 72, 17 /45,
5/, 125,45, 75,73 72, 7417 /5, 77411, 175,
63, 250, 90, 10~/5, 5+/3 /2, 10/\/17, 2/\17 ,6 /5,
33,6417 /5, 6/4/11, 150, 54} € S.

This is the way operations are performed on S.

Example 3.3: Let S = {Collection of all subsets from the matrix
semigroup

B=1la, || ae(Z U {0})S; 1<i<5}}

be the subset semigroup under ‘+’.

P = {Collection of all subsets from the semifield Z" U {0}}
be the subset semiring which is a Smarandache subset semiring.

Let A=

S N = O W
— o o s o
'—‘l\)\.Ol\)l\)
'—‘O\'\IO\]
S — o o w
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e S.

1,]61],11,]0

and B

A+B
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9115]112(] 9 11
S1171]18]|12] |10
13,61, 21, 61,
T118]12]]2
LTSI L2]13]) L
T
6
51,
5
_5__

LetM = {0,5,6,7,9,2} e P.

MxA ={0,5,6,7,9,2} x

S DD = O W

(151 o ][10][35] [
20((10|]0
2501 0 |,[35],
10[{10[][10|]0

Il
o o o © ©
W

B 0 = O A

—_ N W R~ O
S = O N W
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(18] [211[ 0] [14][49] [21][27]]0][18][63]
120101(]28]14]| 0] |14|]0[|36][18]]0
0,7 10/350]01]49(,] 0191|445 01]|63],
6 [|14|[14]|14|| 0] |7 |]|18]|[18]]18]]|0
0007171 7]135]l0]l9]]|9

[271[6][0][4][14]] 6
18||0||8||4]]|0]]|4
0 [,/2|10},/0]|14] 0 |t €S.
9O [4]]4]|]|4]|0]]2
145]10])[2][2][2]][10]

This is the way operations are performed on S.

Example 3.4 Let S = {Collection of all subsets from the
semigroup

M=1la, a, a,|laeZ U{0}1<i<9}}

be the Smarandache subset special strong semivector space over
the S subset semiring;

P = {Collection of all subsets from the semifield Z" U {0}}.

We have for
30 1(|2 2 Of|1 1 0|3 0 O
A=<1 2 3,1 1 2,0 1 2,0 1 O
4 5 0|0 O 3{(0 O 1({|]0 O 5

and
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— o O

S A o

S O on

— n O

N O O

S O

— N O

S AN~

~ O —

n
— w
— AN r RN
— v n
S en — — O n
- AN~ O o on o
101
I — |
= @ e @ cn O on
— = [
— <t — b
1
- &= = — & o
-— N
on o~ O N =)
OO v
I — |
- _109_ AN — N
I 1 - I — |
— <t o | E—— -
— o —_— O -
AN N —
< o~ O —_ o o
AN O —~
I — |
~ _219_ — O o
I 1 - I —
AN n O 1 _|a_
A oo O N o o
S < O
N x N o <+ =
S —
_ o o O N o=~
—_— 1 1 [ ]

Consider for M = {0, 2, 7, 10, 20, 9} € P.
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MxA=1{0,2,7,10,20,9} x

30 17[2 2 o]t 1 0][3 0 0
1 2 301 1 2jo 1 2jo 1 0
4 5 0[lo o 3[|0o 0 1][|0 0 5
00 0l[6 0 4 4 0]
=0 0 oll2 4 6|2 2 4,
0 0[[8 10 0||0 0 6

S N

0 0 0]|21 0 7
0 2 44,0 0,7 14 21|,
0 0 2]|0 10]128 35 0 |
14 14 0

30 0 10]|20 20 O ]|10 10 O
10 20 30}, 200, 0 10 201,
40 50 O 30{{]0 O 10

30 0 0(|60 O 20|40 40 O
0 10 01,20 40 60(,20 20 40|,
0 0 50||8 100 O 0 0 60
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[20 20 0][60 O 0 ][27 O 9
0 20 40,0 20 0 [,] 9 18 27|,
0 0 20{|0 0 100]({36 45 O

(18 18 0 1[9 9 0][27 0 O
9 9 18,0 9 18, 0 9 O |, €8S.
0 0 27110 0 9 0 0 45

Example 3.5: Let S = {Collection of all subsets from the matrix
semigroup

M=1la, a; a, | aeQ U{0};1<i<I15}}

be the Smarandache subset special strong semivector space over
the S-subset semiring P where

P = {Collection of all subsets from the semifield Q" U {0}}.

2 0 17[1 6 2][2 2 4
0 3 3[|2 0 4[|9 2 2
LetA=1l0 1 1[/0 5 0[0 0 0Off and
1 0 1{|0 6 6[|6 0 5
0o 1 2]|7 7 2][1 2 3]
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e S.

0

0

0

+
| L
+ | o N e e
ala o N — <
alo o - e =
| -1
Nt © ~ e|e
ol|o
©lo n ~
olo
—la o ~
I = 1
— N - (@\]
S |n - —
Nl o =)

A+B

2 6|

(11

10 3 3

5

0

3

11 0 3|[10 6 4

4

0

3

10 2 2
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Let M = {7/2, 8/5,3,6,0,1/2} P.

M x P ={7/2,8/5,3,6,0, 1/2} x

2 0 1][1 6 2][2 2 4
0 3 3([2 0 4[|9 2 2
0 1 1,0 5 0[]0 00
1 0 1|0 6 6/|6 0 5
0 1 2|7 7 2][1 2 3
7 o 7/20[7/2 21 7]
0 21/2 21/2 7 0 14
=3 0 7/2 7/210, 0 35/2 0
7/2 0 7/2 0 21 21
L0 7/2 7 ||49/2 49/2 7
7 7 7/270[4/5 0  8/5]
63/2 7 17 0 24/5 24/5
0O 0 0 || 0 8/5 8/5
21 0 35/2||8/5 0 8/5
| 7/2 7 21/2|| 0 8/5 16/5]

[8/5 48/5 16/5]

[16/5 16/5 30/5]

16/5
0

0 32/5
8 0 |,

72/5 16/5 16/5
0 0 0

0 48/5 48/5
156/5 56/5 16/5

48/5 0 8

8/5 16/5 24/5]
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- 31T -
9

S WO Ol
W O W Vo
S oo oo
S oo oo
o olo ol o

(12 0o 6][1 0 1/2][3
0 18 18|| 0 3/2 3/2||6
0 6 6|0 1/2 1/2|,J]0 15 0[]0 30 0|
6 0 6[[1/2 0 1/2|/|0 18 18]| 0 36 36
10 6 12][ 0 1/2 1 ||21 21 6|42 42 12

(172 3 1][6 6 12][12 12 24][ 1 1 2
1 0 2[[27 6 6|54 12 12[|9/2 1 1
0 5/2 0,0 0 0of[;o 0 ofjo0o 0o o
0 3 3[[18 0 15/[36 0 30|| 3 0 5/2

7/2 7/2 1|3 6 9|6 12 18][1/2 1 1/2]

e S.

This is the way the operations are performed on S.
Example 3.6: Let S = {Collection of all subsets from the

semigroup

a, e R"U {0}}

M= {i aixi
i=0

be the subset semigroup. P = {Collection of all subsets from
the semifield Q" U {0}} be the S-subset semiring.

We see S is a Smarandache special strong subset semivector
space over the S-subset semiring.
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Let A= {8x’ +7x +1,3x’ +4/7 5x* + 8x + 3/2,
10x° + 2x + 9/2}

and
B={x"+3x+1,3x"+17x +1,x’ +3x’ + 8} € S.

A+B={8+7x+1,3x +4/7 55 + 8x + 3/2,
10X° +2x +9/2} + {xX° +3x + 1, 3x + 17x + 1, X’ + 3x’ + 8}

= {x’+8x° + 10x + 2, 3x" + x>+ 3x + 11/7, 55 + x° + 11x
+5/2, 11x° + 5x + 11/2, 3x"°, 8x> + 24x + 2, 3x” + 3x"° + 17x +
11/7,3x° +5x% + 25x + 5/2, x° + 19x + 11/2x” + 11x* + 9 + 7x,
4x7 + 60/7 + 3x%, x" +3x> + 5x% + 8x + 19/2, x” +
10x° + 3x* +2x + 25/2} € S.

Consider M = {7/2, 3/5, 0, 2/5,6/7, 1,2} € P.

Mx A= {7/2,3/50,2/5,6/7,1,2} x{8 + 7x +1,3x" +
4/7 5x* + 8x + 3/2, 10x’ + 2x + 9/2}

= {0, 4x> + 49/2x + 7/2, 21/2 x" + 2, 35x*/2 + 28x + 21/4,
35%° + 7x + 63/4, 35x° + Tx + 63/4, 24/5x> + 21/5 + 3/5, 9/5x +
12/35, 3x* + 24/5x + 9/10, 6x° + 6/5x + 3/10, 16/5x> + 14/5 x +
2/5, 6/5x" + 8/35, 2x> + 16/5x + 3/5, 4x> + 4/5x + 9/5, 42x7/7 +
6x + 6/7 18/7 x” + 24/49, 30/7x> + 30/7x> + 48/7x + 9/7, 60/7x°
+12/7x +27/7, 8x> + Tx + 1, 3x + 4/7, 5x* + 8x + 3/2,
10x° +2x +9/2, 16x° + 14x + 2, 6x + 8/7, 10x> + 16x + 3,
20x° +4x+9} € S.

This is the way operations are performed on S.

Example 3.7: Let S = {Collection of all subsets from the
semigroup (Z" U {0})D,5s} be the subset semigroup.

P = {Collection of all subsets from the semifield Z" w {0}} be
the subset semiring. P is a Smarandache subset semiring.

S is a Smarandache special strong subset semivector space
over P.
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Let A = {3a + 5ab + 1, 8ab’ + b® + b, 5ab* + 5ab + 3, 10ab’
+b*+ 3ab} and B = {3ab + 5ab” + 5b° + 10a + 3b,
Sa+2b+ab+1} €S.

We find A + B = {3a + 5ab + 1, 8ab’ + b® + b, 5ab” + 5ab +
3, 10ab’ + b* + 3ab} + {3ab + 5ab” + 5b’ + 10a + 3b,
Sa+2b+ab+1}

= {8ab + 3a + 5ab* + 3a + 15b°, 13a+ 3b + 5ab + 1,
8a + 2b + 6ab + 2, 8ab® + 5ab’ + 15b° + b* + b, 10a + 4b + b* +
8ab’, 5a + 3b + b* + ab + 8ab’ + 1, 10ab® + 8ab + 15b° + 3,
5ab’ + 5ab + 10a + 3b + 3, 5a + 6ab + 2b + 4 + 5ab’,
10ab® + b* + 6ab + 5ab*> + 15ab® + 10ab’ + 10a + 3b + b* + 3ab
+10ab’ +b* +4ab+b*+5a+2b+1}} € S.

Now let M= {0, 1,2, 3, 4,5} eP.

We find M xA = {0, 1,2, 3,4, 5} x {3a+ 5ab+ 1, 8ab’ +
b* + b, 5ab> + 5ab + 3, 10ab® + b* + 3ab}

= {0, 3a + Sab + 1, 8ab’ + b* + b, 5ab”> + 5ab + 3, 10ab’ + b*
+ 3ab, 6a + 10ab + 2, 16ab’ + 2b* + 2b, 10ab® + 10ab + 6, 20ab’
+2b* + 6ab, 9a + 15ab + 3, 24ab’ + 3b* + 3b, 15ab*> + 15ab + 9,
30ab’ + 3b* + 9ab, 12a + 20ab + 4, 32ab’ + 4b* + 4b, 20ab* +
20ab + 12, 40ab’ + 4b* + 12ab , 15a + 25ab + 5, 40ab’ + 5b +
5b%, 25ab”> + 25ab + 15, 50ab’ + 5b* + 15ab} € S.

This is the way operations are performed on S.
Now we proceed to study the notion of S subset strong

semilinear algebra over the S-semiring.

Example 3.8: Let S = {Collection of all subsets from the matrix
semigroup
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M = aeQ U0} 1<i<8

be the subset semigroup. Let P = {Collection of all subsets
from the semigroup Q" U {0}} be the S-subset semiring.

S is the S-subset special strong semilinear algebra over the
S-subset semiring P.

We just show the product is the natural product x, on S.

3 01 1((2 O
1 21(0 2|1 3
For take A = , , and
3 6/(0 00 1
0O 1|1 5|5 2
1 219 2]
3 41|15 1
B= R e S.
5 6|10 1
9 0]|4 2]
3 0/[1 112 0
1 2((0 2|1 3
We now find A x, B = , , X
3 6/(0 00 1
0O I][1 5[5 2

S N B~
A O O O
N = =N
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3 0][27 of[1 2][9 2][2 o0][18 0
3 815 2/|0 8|0 4|3 12/|5 3
{16 360 6|0 o|o o]0 6[]0 1

0 0|0 2|9 0][4 10]|45 0[20 4

e S.

It is easily verified A x, B = B x, A. So the S-special
strong subset semilinear algebra is commutative.

Example 3.9: Let S = {Collection of all subsets from the matrix
semigroup

4 a4,
_]las a4 + . .
M= aie(Z U{O})Dzﬁ,lﬁlﬁg}}
as  ag
a;, ag

be the S-special strong subset semilinear algebra over the
S-subset semiring

P = {Collection of all subsets from the semifield Z" U {0}}.

S is a S-special strong subset semilinear algebra under the
natural product x,. We show A x, B#B x, A for A,B € S.

3a+5b ab
2ab+1 a
Let A= 5 3 and
Sab“ + 3ab b
7a 8b° +3a
Sab+a b’a
3
B= S5ab’ +3 b cs.
3ab + 6ab’ a

9b+1 6a+7b
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3a+5b ab
2ab+1 a
Ax,B= 5 3 Xn
5ab” + 3ab b
7a 8b’ +3a
Sab+a ba
5ab’ +3 b
3ab + 6ab’ a
9b+1 6a+7b
15b+3+5ba+25b b i
10abab’ + 3 + 6ab + 5ab’ ab
= 15ab*ab + 30ab’ab’ b
a
+9ab’ab+18
i 63ab + 7a 48b’a +18+56b" +21ab |
Consider
5ab+a b’'a
3
Bx A= 5ab’ +3 b o
3ab + 6ab’ a
9b+1 6a+7b
3a+5b ab
2ab+1 a

5ab’ + 3ab’ b

Ta

8b’ +3a
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[ 15aba + 25ab> + 5ab +3 b*
5ab® + 3+ 6ab +10ab’ab ba
= 15abab? + 9abab®
ab
+30ab’ab* +18
63ba +7a 48ab’ +18+21a +54b* |

Itisclear A x, B#B x, A.

Thus S is a non commutative Smarandache special strong
semilinear algebra over P.

Example 3.10: Let S = {Collection of all subsets from the
matrix semigroup M = {(a; a; a; a4 as) | a; € VARV {0})D,7, 1 <
1 <5} be the S-subset special strong linear algebra over the S-
subset semiring.

P = {Collection of all subsets from the semifield Z" U {0}}.
We see S is a non commutative S-special strong subset

semilinear algebra which is non commutative.

Let A = {(3a, 5b, 3a+ b, 2ab, 10ab)} and
B = {(b, 3a, 2a + 7b, 5ab’, ab*)} € S.

We find A x, B = {(3a, 5b, 3a + b, 2ab, 10ab’)} x, {(b, 3a,
2a + 7b, 5ab’, ab*)}

= {(3ab, 15ba, 6 + 2ba + 21ab + 7b* 10abab’, 10ab’ab)}

= {(3ab, 15ab°, 7b* + 2ab° + 21ab + 6, 10b%, 10b)}
1

Consider B x, A = {(b, 3a, 2a + 7b, 5ab’, ab")} xn {(3a, 5b,
3a+b, 2ab, 10ab®)}

= {(3ba, 15ab, 6 + 21ba + 2ab + 7b’, 10ab’ ab, 10ab*ab®)}
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= {(3ab®, 15ab, 6 + 7b*> + 2ab + 21ab°, 10b°, 10b°)}
LI

Clearly I and II are distinct. Thus A %, B # B x, A.

Hence S is a S-strong special non commutative semilinear
algebra over P.

Example 3.11: Let S = {Collection of all subsets from the
semipolynomial ring

M= {iaixi

aeZ U0}

i=0

be the S-special strong subset semilinear algebra over the S-
subset semiring. S is a commutative semilinear algebra over P.

Example 3.12: Let S = {Collection of all subsets from the
semiring

M= {iaixi a; € (Z"U {0}) Dyy}

i=0

be the S-strong special subset semilinear algebra over the S-
subset semiring

P = {Collection of all subsets from the semifield Z" U {0}}.
Clearly S is on commutative S-strong special semilinear algebra
over P.

For take A = {5abx’ + 3bx’ + 8ax + 3a} and
B = {6b+ 7ax’} € S.

A x, B = {5abx’ + 3bx’ + 8ax + 3a} x, {6b + 7ax’}

= <{3Sabax10 + 21bax® + 21x% + 56x* + 30ab,x” + 18b,x> +
48abx + 18ab} ... 1
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Consider B x, A = {6b + 7ax’} x, {5abx’ + 3bx’ + 8ax + 3a}

= {30bx’ + 18b,x’ + 48absx + 18abs + 35bx'® + 21abx® + 56x* +
21x%} LI

Clearly I and II are distinct so A x, B# B x, A. Hence S is
a S-special strong subset non commutative semilinear algebra.

Example 3.13: Let S = {Collection of all subsets from the
semiring

a e (Q"UTu {0})}

i=0

M= {iaixi

be the S-special strong semilinear algebra over the S-subset
semiring. P = {Collection of all subsets from the neutrosophic
semifield (Q" W I U {0})}. Cleary S is commutative.

Example 3.14: Let S = {Collection of all subsets from the
semiring LS; where L =

a;

XX

ag a4
a7
ag
g
aio
arg ap



136 | Subset Semilinear Algebras

be the subset semiring P = {Collection of all subsets from the
semiring L} be the S-semiring. For M = {{1}, {a;}, {as}, {as},

{ag}, {ao}, {aw}, {an}, {0}} under the operation ‘U’ and ‘"’ is
a subset semifield which is isomorphic with

1
a
a4

a7

S is a Smarandache special subset strong semilinear algebra
over the S-semiring P.

Infact S is a non commutative S-strong special semilinear
algebra over the S-semiring.

For if A = {a|p; + asp; + agp4} and

B= fapl <Swh 12 3 1 2 3
= {a € S where p; = , P2 = ,
P2 PImly 3 o) P05 2

(123 (123 (12 3)
By 3P 3 )P s o)™
123
e= then
123
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A xB = {ajp; +asps T agps} x {ap2}

= {as;ps + asps + asps} U |
Now
B xA = {aspa} x {aip; +asps + agpaf
= {a7ps + asps + azp1} U ||

Clearly I and II are different hence S is a S-special strong
subset non commutative semi-linear algebra over P.

Example 3.15: Let S = {Collection of all subsets from the
group lattice LA, where L =

J

be the Smarandache subset special strong semilinear algebra
over the S-subset semiring.

S is a non commutative subset semilinear algebra over P.
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Take A = {a{

+a1(

(1 2
B={al

1
We find AxB= {az(z

1 2 3 4
21 43

1 2 3 4
2J+1}and

1 3 4

3 4 1 2 3 4
+a4
1 2 4 3 21

1 23
2 4 3

1 2 3 4
+a5
2 31 4

4J S
1}6.

j+

|

1 2 3 4 1 2 3 4 1 2 3 4
341 2 4 2 1 3 4 1 3 2
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1 2 3 4 1 2 3 4
ay + as +
3 2 4 1 4 3 2 1

1 2 3 4 1 2 3 4 1 2 3 4
a +a; + }
31 2 4 4 2 1 3 2 31 4

1 2 3 4 1 2 3 4
B x A= {a + ay +
341 2 4 3 21

+
jov)
By
7N\
N
—_ N
NS N
N—

o
)
VR
—_
W N
W
[N N
N——
+
[
)
7~ N\
W =
E NI\
—_ W
N
—
R
7~ N
[0S
[\S RN NS
W
—_
N——
-

L
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I and II are distinct and S is a S-special strong subset non
commutative semilinear algebra over P.

Example 3.16: Let S = {Collection of all subsets from the
lattice group L (S5 x D, ;) where L =

\

A

as

ajo

be the S-subset special strong semilinear algebra over the
Smarandache subset semiring P = {Collection of all subsets
from the semiring L}.

P is a S-subset semiring as D = {{1}, {a}, {as}, {as}, {as},

{as}, {ag}, {ao}, {ai}, {ann}, {0}} < P is a subset semiring
isomorphic to the semifield B =
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X
» A3
¢ Ay
® a
2,

¢ dg

» A1
an

Lo

So P a subset semifield; hence P is a S-subset semiring. It is

easily verified S is a S-strong special subset semilinear algebra
which is non commutative.

Example 3.17: Let S = {Collection of all subsets from the group
lattice (L; x L,) (S; x As) where L, =

1

and L, is a Boolean algebra of order 16} be the S-subset special
strong semilinear algebra over the S-subset semiring
P = {Collection of all subsets from the lattice P x {1} where P =
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Clearly P contains the subset T = {{(0, 1)}, {(az, 1)}, {(as, 1)},

{(a7, 1)}, {as, 1)}, {(ay, 1), {(1, 1)}} is a subset semifield
isomorphic with the semifield

J

However S is a non commutative subset strong special
semilinear algebra over the S-subset semiring P.

Now having seen finite order, infinite order, commutative
and non commutative S- special strong subset semilinear
algebras we now proceed onto give examples of the notion of S-
strong special substructure in them.

Example 3.18: Let S = {Collection of all subsets from the
semigroup B=Z" U {0} x Z" U {0}} be the subset semigroup.
P = {Collection of all subsets from the semifield F =Z" U {0}}
be the Smarandache subset semiring.
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S is a Smarandache subset special strong semivector space
over the S-subset semiring P.

Now consider M; = {Collection of all subsets from the
subsemigroup T; = (Z" U {0} x {0})} be the Smarandache
strong special subset semivector subspace of S over the S-subset
semiring P.

Take N, = {Collection of all subsets from the subsemigroup
L={0}xtZ" u{0}cZ U {0} xZ U {0}} = S; N,is again a
S-strong special subset semivector subspace of S over the S-
subset semiring.

Infact as 2 < t < oo we have infinite number of S-subset
strong special subsemivector subspaces. If we take
N; = {Collection of all subsets from the subsemigroup
L= {(tZ" U {0} x {0})} = (Z" U {0}) x {Z' U {0}} = S. Niis
a S-strong special subset semivector subspace of S over the
S-subset semiring P.

We see S has infinite number of S-subset strong special
semivector subspaces (2 <t < o).

Now consider N; = {Collection of all subsets from the

subsemigroup tZ" U {0} x g Z" U {0};2<t,q <o} < S be the
S-subset special strong semivector subspaces of S over the S-
subset semiring.

Hence we can associate with this S-strong special subset
semivector subspace which are infinite in number. However we
can write S also as a direct sum of S-strong special subset
semivector subspaces over the S-subset semiring P.

Take M, = {Collection of all subsets from the subsemigroup
T={({0} xZ" U {0)c{Z U {0} xZ U {0}}} =S, M,yisa
S-subset special strong semivector subspace of S over the S-
subset semiring.
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It is easily verified S = M; © M,. Further M, is the
orthogonal complement of M, and vice versa, thus for every A
€ M, and for every B € My; is such that A x B = {0} so

M; =M, and M, = M; .

We have no other way of represent this S as a direct sum.

Example 3.19: Let S = {Collection of all subsets from the

matrix semigroup M = {(a), a3, ..., a) |2 € Z" U {0}; 1 <i<
6}} be the S-subset special strong semivector space over the S-
subset semiring; P = {Collection of all subsets from the

semifield F=Z" U {0}}.

S has infinite number of S-subset special strong semivector
subspaces given by L; = {Collection of all subsets from the
matrix subsemigroup; B, = {(a}, @, ..., a¢) |2 € t Z" U {0}; 1 <
1<6,2 <t<ow}} be the S-strong special subset semivector
subspaces of S for varying t over the S-subset semiring.

Now S can also be written as a n-direct sum of S-strong
special subset semivector subspaces of S over the S-subset
semiring P when 2 <n < 6.

We will just show if we take M; = {Collection of all subsets
from the subsemigroup N; = {(a;, a5, 0, 0, 0, 0) | a;, ap €
Z" U {0})}} be the S-strong special subset semivector subspace
of S over the S-subset semiring P.

Let M, = {Collection of all subsets from the subsemigroup
N, = {(0, 0, a;, a5, 0, 0) | a;, a, € Z" U {0}}} be the S-strong
special subset semivector subspace of S over the S-subset
semiring P. Let M3 = {Collection of all substes from the
subsemigroup N3 = {(0, 0, 0, 0, a;, a,) | a;, a, € Z" U {0}} <
M}} < S be the S-strong special subset semivector subspace of
S over the S-subset semiring P.

Wesee S=M; + My + M, and M, " M; = {0} ifi#j, 1 <1,
j <3 where {0} = {(0, 0,0, 0,0, 0)}. Also M; is orthogonal to
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M, but S # M, + M,. Further M; is also orthogonal with M; but
S # M, + M, and M, is orthogonal with M; and S # M, + M;.

Thus S is the 3-direct sum of S-strong special subset
semivector subspaces of S over the S-subset semiring P.

Now if C; = {Collection of all subsets from the
subsemigroup L; = {(0, a;, 0, a, 0, 0} | a;, a, € Z" U {0}}
M} < S be the S-subset special strong semivector subspace of S
over the S-subset semiring P.

C, = {Collection of all subset from the subsemigroup
L,={(a,0,0,0,0,a,)|a;,a €Z U{0}} <M} cS be the S-
subset strong special semivector subspace of S over the S-
semiring P. Let C; = {Collection of all subsets form the
subsemigroup L; = {(0, 0, a, 0, a5, 0) | a, a, € Z" U {0}} <
M}} < S be the S-subset strong special semivector subspace of
S over the S-subset semiring P.

We see C; + C, + C; = S and infact C; is orthogonal to both
C, and C;. However C; +C, #S,C;+C3#Sand C3 +C, # S
but GG C={000000)} ifi=j, 1<1ij<3. So we see
S = C; + C, + Cs is the 3-direct sum of S-special strong subset
semivector subspaces of S over the S-subset semiring P.

Now consider V; = {Collection of all subsets from the
subsemigroup W, = {(0, a;, 0, a, 0, a3) | a;, a3, a3 € Z" U {0}}
< M}} be the S-strong special subset semivctor subspace of S
over the S-subset semiring P.

Let V, = {Collection of all subsets from the subsemigroup
W, = {(a), 0, a0, a3,0) |2, a,, a3 € Z" U {0} = M}} be the S-
strong special subset semivector subspace of S over the S-subset
semiring P. We see W, + W, =S.

Infact W, is the orthogonal complement of W, and vice
versa for Wi nW,={(000000)}.



146 | Subset Semilinear Algebras

Example 3.20: Let S = {Collection of all subsets from the
matrix semigroup

M=1"2|lacQ uU{0};1<i<10}}

be the S-subset special strong semivector space over the S-
subset semiring P = {Collection of all subsets from the
semifield Q" U {0}}.

We see S has infinite number of S-subset special strong
semivector space of S over the S-subset semiring P.

We see S can be written as a direct sum of S-subset special
strong semivector subspaces of S in many ways 2 <n < 10.

We will just indicate it by writing S as a 4-direct sum of S-
subset special direct semivector subspaces.

Let Ty = {Collection of all subsets from the subsemigroup

a4

o
LS}

P, = a, e Q U{0l}cM}cS

S O O O O O O o O
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be the S-strong subset special semivector subspace of S over the
S-subset semiring P.

Let T, = {Collection of all subsets from the subsemigroup

P, = a, e Q U{0}}cM}cS

be the S-subset strong special semivector subspace of S over the
S-subset semiring P.

Let T5 = {Collection of all subsets from the subsemigroup

S O o O

o

a, € Q U{0}}cM}cS

-
%)
Il
o
[S]

S O o o O
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be the S- strong subset special semivector subspace of S over

the S-subset semiring P.

Let T4 = {Collection of all subsets from the subsemigroup

P4:

S O O O O o o O

a,ana3e Q U{0}} =M} S

be the S- subset special strong semivector subspace of S over

the S-subset semiring.

Wesee TiNT;=

S O O O O O o o o <o

ifizj, 1<i,j<4.
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Further S = Ty + T, + T3 + T4 is the 4-direct sum of the S-
special strong subset semivector subspaces.
Infact S can be made into a S-strong special subset

semivector subspace as direct summand.

Example 3.21: Let S = {Collection of all subsets from the
matrix semigroup

a, a, .. ag
M=<la, a; .. a,|lae(Z Ulu{0});1<i<18}}
a3 Ay - A

be the S-strong subset special semivector space over the S-
subset semiring P = {Collection of all subsets from the
semifield (Z" U T U {0})}}.

S can be written as a n-direct sum of S-subset special strong
semivector subspaces 2 <n < 18.

Apart from these S-special strong subset semivector
subspaces we have an infinite number a S-special strong subset

semivector subspaces.

Example 3.22: Let S = {Collection of all subsets from the
matrix semigroup

al a2 a3
a

M=< "0 7 T laeZ"U {0} 1<i<30)}
30

be the S-special strong subset semivector space over the S-
subset semiring; P = {Collection of all subsets from the
semifield Z" U {0}}.
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S has infinite number of S subset special strong semivector
subspaces over P.

S has n-S-strong special subset semivector subspaces of S
over the S-subset semiring P, 2 <n <30 and S can be written as
a n-direct sum of S-subset special strong semivector subspaces
over P.

Example 3.23: Let S = {Collection of all subsets from the
super matrix semigroup

M=<las |l ae(Z U{0})S;1<i<9}}

be the S-subset special strong semivector space over
P = {Collection of all subsets from the semifield Z" U {0}}.

S has infinite number of S-subset special strong semivector
subspaces and S can be written as a n-direct sum S-subset
special strong semivector subspaces of S over P, 2 <n <9,

Example 3.24: Let S = {Collection of all subsets from the
super matrix semigroup M = {(a; | a, a3 a4 | as ag ay ag) | a; € z"
w {0}, 1 <1< 8}} be the subset special strong semivector space
over the S-subset semiring. P = {Collection of all subsets from
the semifield Z" U {0}}}.
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Clearly S is a non commutative S-subset special strong
semilinear algebra over P.

Infact S has infinite number of S-strong special subset
semilinear subalgebras some of which are commutative and
some which are non commutative.

S can also be written as a n-direct sum (2 < n < 8) of S-
subset special strong semivector subspaces (semilinear
subalgebras) over P.

Example 3.25: Let S = {Collection of all subsets from the
semigroup

2 o]
a3 a4y
as A
M=<la, 2 ||ae(Z U{0)Dy;1<i<14}}
49 3y
a5 Aap
|33 A |

be the subset strong special semivector space over the S-subset
semiring;
P = {Collection of all subsets from the semifield F =Z" U {0}}.

S is a non commutative S-special strong semilinear algebra
under the natural product x, over P.
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S

ab 2a
4a  5b+1
7 8b
Let A= 4ab and
5 2ab+3
ab’
7b 9a
[ 3a+5b 0 |
7b+a a+ab
3a+2ab 5b
B= 5ab 6a+3ab’ |\ 8.
7ab+b® b’ +5ab’
3ab’ 5ab
0 2ab+a
We show A x, B # B x, A.

[ab 22 | [ 3a+5b 0
4a  5b+1 7b+a a+ab
7 8b 3a+2ab  5b

Take Ax,B=4{| a  4ab X, S5ab  6a+3ab’
5 2ab+3 7ab+b’ b’ +5ab’
b ab’ 3ab’ Sab
7b 9a 0 2ab+a




Special Strong Subset Semilinear Algebras | 153

[ 3ab + 5ab> 0
4 + 28ab 5ba +a +ab + Sbab
21a+14ab 40b*
= 5b 24b + 4abab’
35ab+5b’ 3b’ +15ab” + 2ab* +10abab’
3ab* 5ab’ab
0 9+18b
[ 3ab + 5ab> 0 i
4+ 28ab 6a +ab + 5ab'”
21a +14ab 40b*
= 5b 24b + 4b° o1
35ab+5b° 3b’ +15ab’ + 2ab* +10b
3ab* 5b'°
0 9+18b
Now we find
[ 3a+5b 0 |
7b+a a+ab
3a +2ab 5b
Bx, A= 5ab  6a+3ab’ |\ x,
7ab+b® b’ +5ab’
3ab’ 5ab
0 2ab+a
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ab 2a
4a  Sb+1
7 8b
a 4ab
5 2ab+3
b ab’
7b 9a
[ 3ab+5a 0 i
4 +28ab" a +ab + 5ab + 5ab’
21a+14ab 40b*
= Saba 24a’b +4ab’ab
35ab+5b’  3b’ +15ab’ +2b’ab +10ab’ab
3ab’b Sabab’
0 9 +18aba
[ 3ab+5a 0
4+28ab" 6ab +a + Sab’
21a+14ab 40b*
= 5b" 24b + 4b’° I
35ab+5b° 15ab’ +3b’ +2b%a +10ab"’
3ab* 5b
0 9+18ab"

Clearly I and II are distinct, hence A x, B # B x, A.

Thus S is a non commutative S-subset special strong
semilinear algebra over P.

Example 3.26: Let S = {Collection of all subsets from the
super matrix semigroup
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a e (Q U {0HA; 1<i<10}}

be the S-strong special subset semivector space over the S-
subset semiring
P = {Collection of all subsets from the semifield Q" U {0} }.

S is non commutative S-special subset strong semilinear
algebra over P.

Inview of all these examples we can say the following.

THEOREM 3.1: Let

S = {Collection of all subsets from a semigroup M} be a §-
special strong subset semilinear algebra over the S-subset
semiring. S is a non commutative S-subset special strong
semilinear algebra if and only if the semigroup M is a non
commutative semiring under Xx.

Proof follows from the fact if on (M, +) the additive semigroup
we have a product x defined on M such that (M, x) is a non
commutative semigroup.

To this end we have seen several examples.

Example 3.27: Let S = {Collection of all subsets from the
super matrix semigroup

a,; | (0) 0)
a4 aj
Lo J@la a ] ©
ag A, A
0) | (0) a9 Ay Ay
L dp A3 Ay

e (20 0}) (S x Doy 1 <15 14}
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be the S-strong special subset semivector space over the S-
subset semiring P where P = {Collection of all subsets from the
semifield Z" U {0} }.

S is a S-subset strong special semilinear algebra over P
which is non commutative.

All these S-subset strong special semilinear algebras
happens to be of infinite order.

Now we proceed onto give examples of S-subset special
strong semilinear algebras over the S-subset semiring P.

Example 3.28: Let S = {Collection of all subsets from the
semigroup LS; where L is the lattices

a;

X

ae a4

o

ag

g

ao a

be a S-strong special subset semilinear algebra over the S-subset
semiring, P = {Collection of all subsets from the lattice L}.

P is a S-subset semiring as
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a0

where T < L. We see o(S) < w. S is a non commutative S-
subset special strong semilinear algebra over P.

Example 3.29: Let S = {Collection of all subsets from the
lattice group LD, ; where L is a lattice given by

)
A

—

ag
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be the S-subset special strong semilinear algebra over the S-
subset semiring. P = {Collection of all subsets from the lattice
L}}. Pisa S-subset semiring has the semifield T =

Tl
pd|
p A3
¢ dy
< a7
% ajo
p a1

¢ a3

» 0

S is a S-subset special strong semilinear algebra over S.

Example 3.30: Let S = {Collection of all subsets from the
semigroup

M= <las || as € LDy 1 <1<9}}
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where L =
a| Ay

a3

a
as < as
ajo ag

a

0

be the S-strong special subset semilinear algebra of finite order
over the subset semiring P = {Collection of all subsets from the
semifield L}}. S is a non commutative S subset special strong
semilinear algebra over P.

Example 3.31: Let S = {Collection of all subsets from the
semigroup LS, where L is a Boolean algebra of order 64} be the
S-strong subset special semilinear algebra over the S-subset
semifield P.

Clearly o(S) < « and S is a non commutative S-subset
special strong semilinear algebra over P, where P = {Collection
of all subsets from the S-semiring L a Boolean algebra of order
64}.

Example 3.32: Let S = {Collection of all subsets from the
group lattice LA; where L is a lattice which is as follows:
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be the S-subset special strong semilinear algebra over the S-
subset semiring
P = {Collection of all subsets from the lattice L} }.

P is a S-subset semiring for it contains the semifield
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p A1
p A3
p Ay
® 4
T a0
X0
¢ a2
p dg
p A5

p dj6

o 0

S is a finite S-subset special strong semilinear algebra which is
non commutative.

Example 3.33: Let S = {Collection of all subsets from the
group lattice L(S; x Dyy)} be the S-subset strong special

semilinear algebra over the S-subset semiring

P = {Collection of all subsets from the lattice L where L is
as follows:
1 \

RO

ae ay >
a7
ag
dg

aio a
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L contains a semifield T =

o(S) < o and S is a non commutative S-subset special strong
semilinear algebra over P.

Example 3.34: Let S = {Collection of all subsets from the
group lattice (L; x L) (S; x S4) where L, =

0
ap ay
a3
as
as
de
az ag
ajo apn
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and L, =

be the S-strong special subset semilinear algebra over the S-

subset semiring P = {Collection of all subsets from the
semifield {1} x T, where T, is as follows:

o(S) < o and S is a non commutative S-subset strong special
semilinear algebra over P.

Now having seen examples of S-subset strong special
semilinear algebra.
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We now proceed onto describe strong subset linear
dependence and strong subset linear independence and strong
subset basis.

Let S = {Collection of all subsets from the semigroup Z" U
{0} x Z" U {0}} be the S-subset strong special semivector
space over P = {Collection of all subsets from the semifield
Z" U {0} =F} be the S-subset semiring.

Take A = {(3, 2), (1, 5), (7, 1), (0, 2), (5, 5)} and B = {(6,
4), (0, 4), (10, 10), (2, 10), (14, 2)} € S.

Clearly {2} A = B so A and B are strong subset linearly
dependent in S. Let A = {(8, 4), (5, 6), (7, 3), (2, 5), (4, 0), (1,
1), (9, 10), (11, 0)} and B = {(5, 6), (8, 0), (4, 4), (5, 2), (3, 7),
4,9), (12, 15), (14,9), (0, 0), (1, 0)} e S.

We see A and B strong subset linearly dependent. Given
two elements A, B € S; they may be strong subset dependent or
strong subset independent.

So finding strong subset basis is a difficult task and left as
an exercise to the reader.

Now we use rings in the construction of S-strong special
subset semivector spaces (semilinear algebras). We first analyse
the special properties associated with them.

Example 3.35: Let S = {Collection of all subsets from the ring
Z x Z x Z} be the S-strong special subset semivector space over
P = {Collection of subsets from the semifield Z" U {0} =F}. S
has infinite number of S-strong special subset semivector
subspaces and S is the 3 direct sum of S-strong special subset
semivector spaces over P.

Example 3.36: Let S = {Collection of all subsets from the ring
C} be the S-strong special subset semivector space over the S-
subset semiring P = {Collection of all subsets from the
semifield Z" U {0}}. S has infinite number of S subset special



Special Strong Subset Semilinear Algebras | 165

strong semivector spaces and S is not the direct sum of finite
number of S-subset strong special semivector subspaces of S.

Example 3.37: Let

S = {Collection of all subsets from the ring RS;} be the S-strong
special subset semivector space over the S-subset semiring;
P = {Collection of all subsets from the semifield R" U {0} }.

Example 3.38: Let

S = {Collection of all subsets from the ring Z;, S(5)} be the S-
special super strong subset semivector space over the subset
semiring; P = {Collection of all subsets from the semiring Z,.
We call S the S-special super strong semivector space if P is a
subset semiring which has a proper subset T such that T is a
ring.

Example 3.39: Let

S = {Collection of all subsets of the ring Z;;As} be the S-super
special super strong semivector space over P = {Collection of
all subsets from the field Z;,}; the special subset semiring as P
contains a proper subset A which is isomorphic to Z;;.

S is a semilinear algebra of the S-super special super strong
type. Infact S is of finite order.

We may not be in a position to inter relate these structures
but basically all of them are built over S.

Example 3.40: Let

S = {Collection of all subsets from the ring Z4 (S; x D,7)} be
the S-special super strong subset semilinear algebra over the
subset semiring; P = {Collection of all subsets from the ring

Z40}.

Infact we can define S over the subset semiring
P, = {Collection of all subsets from the ring {0, 10, 20, 30} <
Z4} < P also; or for that matter over any proper subring of Zy.
Thus this gives us the lineancy to build several such S-special
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super strong semilinear algebras all of which are of finite order
but non commutative.

However if weuse Qor ZorRorCor{(QuU I)or(Zul)or
(R U Iy or (C U I) we can have S-subset semirings as all these
rings contains a subset which is a semifield.

Example 3.41: Let S = {Collection of all subsets from the
group ring (Zo x Z;5)S;} be the S-strong super special subset
semilinear algebra over the subset semiring; P = {Collection of
all subsets from the ring Zo x Z;s}.

Clearly S is non commutative and is of finite order.

Example 3.42: Let S = {Collection of all subsets from the
group ring C(S; x Dy0)} be the S-super special super strong
subset semilinear algebra of infinite order over the subset
semiring, P = {Collection of all subsets from the field C}.
Clearly S is non commutative.

Example 3.43: Let S = {Collection of all subsets from the
matrix ring M = {(a;, a3, ..., a7) | a; € Z;5, | <1< 7}} be the S-
super special strong subset semivector space over the subset
semiring, P = {Collection of all subsets from the ring Z;s}.

Clearly o(S) is finite, S is commutative and S can be written
as a direct sum.

Example 3.44: Let

S = {Collection of all subsets from the ring Z;9(S; x Dy7)} be
the S-special super strong semivector space over the S-subset
semiring, P = {Collection of all subsets from the field Z,o}.

We see o(S) < oo and S a S-subset super strong special
semilinear algebra. S is non commutative over P.

Example 3.45: Let S = {Collection of all subsets from the ring
Zy; (S; x S; x Dyyg)} be the S-strong super special subset
semilinear algebra over the subset semiring, P = {Collection of
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all subsets from the field Z,;}. o(S) < . S is a non
commutative semilinear algebra.

Example 3.46: Let S = {Collection of all subsets from the ring
(Zs x Z») (S(3) x Dy12 x Ag)} be the S-special super strong
subset semilinear algebra over the subset semiring.
P = {Collection of all subsets from the ring Zs x Z,;}. Sis a
non commutative semilinear algebra.

Example 3.47: Let

S = {Collection of all subsets from the ring Z,9S(5)} be the S-
special super strong subset semilinear algebra over the S-subset
semiring. S is also a non commutative S-special strong super
subset semilinear algebra of finite order.

S has only finite number of S-subset super strong special
semilinear subalgebras.

Example 3.48: Let
S = {Collection of all subsets from the ring RS;} be the S-strong
super special subset semilinear algebra over the S-subset
semiring;

P = {Collection of all subsets from the ring Q}. o(S) =
and S is a non commutative S-special super strong subset
semilinear algebra over P.

It is pertinent to keep on record that we can have the subset
semiring that contain a subset semifield or a subset field or a
subset ring we call the later two as Smarandache super subset
semiring.  If this is not mentioned explicitely, one can
understand from the very context.

Example 3.49: Let
S = {Collection of all subsets from the ring Z4;{S; x S(4)}} be
the S-strong super special subset semilinear algebra over the S-

strong super subset semiring P = {Collection of all subsets from
the field Z43}.
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0(S) < oo and S is a non commutative, S-subset strong super
special semilinear algebra over P.

Example 3.50: Let S = {Collection of all subsets from the
lattice group LG where L is the lattice given in the following;

\

J

be the S-strong special semivector space of finite order over the
S-subset semiring P.

Now having seen examples of these new structures we
proceed onto give a few examples of the notion of S-strong
semilinear operator and S-strong semilinear transformations of
S-strong special subset semivector spaces over S-subset
semirings.

Example 3.51: Let

S; = {Collection of all subsets from the ring Z(S;)} and

S, = {Collection of all subsets from the ring QS(3))} be the S-
strong special subset semivector spaces over the S-subset
semiring.

P = {Collection of all subsets from the ring Z}.



Special Strong Subset Semilinear Algebras | 169

We have Ts : S; —> S, such that Ts is a S-subset special
strong semilinear transformation.

Ts(A) = A.

Ts({ao + aip; + azp, + asps + asps + asps})
= {ap +aip; + ap> + azps + asps + asps}

Thus Ts is a embedding on S, onto S,.

Suppose we wan Tg : S, — S; we can define
Tg (A) = Tg (ap+ais; + ... + a2686);
(si € S(3): 1<i<26)
={apt2a Tg (s)}
where Tg (s) =1ifs; € S(3)\Ss.
and T (s)=s;if s; € S35, 1 <1<26.

Now it is easily verified T; is also a S-strong super special
subset semilinear transformation of S, to S;.

Example 3.52: Let S; = {Collection of all subsets from the
matrix ring

a, a, a; a
M 1 2 3 4
as ag a, ag

2, €Q;1<i<8}}

M, =4la, a; a,||lacQ;1<i<9}}
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are S-subset super special strong semivector spaces (semilinear
algebras) over the S-subset semiring (Super S-subset semiring).
P = {Collection of all subsets from the ring Q}.

Define Ts: S — S, by

a, a, a, a,
Ts (A)=Ts HL a, a a}}}

It is easily verified Ts is a S-special super strong subset
semilinear transformation of S; to S,.

345 0|1 2 0 0|7 45 2
IfA= s R €S
2 01 1]]/]0 1 0 6(|0 1 8 6

then
34 5 0|1 2 0 0|7 45 2
T(A)=T , ,
201 1110 1 0 6|0 1 8 6
3 4 5(|1 2 0|7 4 5
=310 2 0L,|lO0O O 1[,|]2 0 1]} €8S,
1 1 0[|0 6 0|8 6 0

Suppose one is interested in defining a S-subset super
special strong semilinear transformation from S, to S; say T ;

T; : S, — S is defined as follows:
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T (A)=T; y|a, a5 ag

That is if
3 4 5|12 0 1]]10 1 5 -3 2 0
A=41 2 0,4 5 0|,]7 O 5110 -9 11
3 7 8|1 1 7 6 2 8 14 16
ESz.
We now find
T (A) =
34 5112 0 1|10 1 5 -3 2 0
Tg 1 2 0,4 5 0,7 0 5,0 -9 11
37 8|1 1 7 6 -2 8 14 16

35 23][2151][t0500][-30-9 8
4107004011 7562 011 14
eSl.

This is the way S-strong super special subset semilinear
transformation are defined.

Example 3.53: Let S = {Collection of all subsets from the
matrix ring
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M=<—=|laeZ 1<iL6}}

be the S-special subset super strong semivector space over the
S-subset semiring.

P = {Collection of all subsets from the ring Z}.

Let S, = {Collection of all subsets from the matrix ring

4 a4 4
M=4la, as; aq||aeZ 1<i<9}}
a; ag a,

be the S-subset special strong semivector space over the S-
subset semiring P = {Collection of all subsets from the ring Z}.

We now define Ts : S — S, by

a
a
? 0 a a,
a
T2 |H={la, 0 a,|}isinS,
il a; a; O
as
[ %6
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31122 8 -9
2010 ||-7 0 6
Forif A= (—),i,i,_—“,i € S then
1{]0 0 ]|-13]]1
5 |=7]|1]|2
S]1-8]1L9 L 2 ][7]
(391 2121 8 ]
21161 0 1|=-7] O
SR} (4 R RN BT
1110 0 -13
125 ||-7] 1
1SIL7J-8][9] 2 ]
0 3 2{|0 2 0|0 =2 -7
=40 O 1,1 0 0,J]2 0 0],
1 5 0||5 8 0f(-7 9 0
0 8 0 0 -9 6
-11 0 -13|,|8 0 1 € S,,
1 2 0 2 7 0

It is easily verified Tg is a S-special strong super subset
semilinear transformation form S; to S,.

Consider Tg : S, — S, defined by
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1
3 S Sz.
3

S A o

(ST

S — on

S 0o <F

N O <

We now find
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O[] 2(]7]|9]]|3
4 1 O|[0]|1
3(111](3]]|8(]6

= Sl A 1S T ] A € Sl~
3010 (3|13
0| 6|[0|(4]]0
1|2 l6]|7]]3]

Thus Tg is a S-subset super strong subset special semilinear

transformation of S-strong special subset semivector spaces
over P.

Example 3.54: Let S; = {Collection of all subsets from the
matrix ring

M, = 2,€Q;1<i<16}}

a3 ay A5 A

be the special strong super subset semivector space over the S-
subset semiring P = {Collection of all subsets from the ring Q}.

Let S, = {Collection of all subsets from the ring M, = {(a, |
A azay|asag|asag)|a e Q,1<1i<8}} be the S-strong super
special subset semivector space over the S-subset semiring P.

Define Ts: S; — S, by

Ts
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= {(atay]azta; astag aytag|agt+a ag+ap|a;s
+au a;stae)l.

Clearly Ts is a S-special subset super strong semilinear
transformation of S; to S,

Let

o
o O Wnh O
—

|

(OS]

(9,

(@)Y

~

o
AW N~
AW NN =
AW NN =

-5 3118 7 5 6

S S].

b O N O
O W O
wn O N O
A~ O W O
W 00 00 W
W o0 W oo
oo W 0o W
oo W W oo

We now find
Ts (A)

1 4 1 2 3 4
-4 -3 -2 -1
1 315 6 7 8
-5 3 8 7 5 6

2

oo O Wnh O
S
~J

A W oo =

AW N =

AW N =

B W oo =
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whn O N O
A O LW O
wn O N O
~ O W O
W 0 o0 W
W 0 W oo
o0 W o0 W
o0 W W o0

= {(2|557]174|1-2),(3|7-7-3|1115]15 11),
(21244(6688),(0[055[00]99),
(1111 11 11]16 6|6 16)} € S,.

We see Ts : S| — S; so defined is a S-strong special super
subset semilinear transformation.

Now define Tg: S, — S; is defined as follows:

o
a4
a, a, 0 a; 0
, |a a, 0 a, 0
T =D=9 o .
as a;, 0 a, 0
a6 a, 0 a, O
a;
| 3s
forif A = , e S,.

S AAlWn AW NN~ O
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0|9
20(1
1|2
then T (A) =T, E,E
6|4
7115
8|6
_1__0_
006 0/[9 040
207 0|1 050
= , e S;.
1 08 0|2 0 6 0
501 0][3 000

Thus T is a S-semi linear transformation of S, to S;.

Now we proceed onto describe using examples how the
Smarandache special super strong subset semilinear operators
are defined on Smarandache special super strong subset
semivector spaces.

Example 3.55: Let S = {Collection of all subsets from the
matrix ring

4 a4
a; a,
as  ag .
M= a€Q;1<1<12}}
a, ag
49 ay
La11 32
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be the S-subset special super strong semivector space over the
S-super subset semiring,

P = {Collection of all subsets from the ring Q}.

Let T : S — S defined by

[a, a, | [a, 0]
a; a, 0 a,
. as  ag a; 0 _
TS (§ N= 1 15 we see if
a, ag 0 a,
a9 3y as; 0
. Ay | _0 a¢ |
1 2713 0|[-7 6][-1 4]
3 4 1 1 6 -1(]0 2
5 6 -2 2 1 -1||5 6
A: b b b
7 8 3 0 2 3 7 -8
9 1 -4 4 3 9 -1
10 2] 5 6]|-1 110 11
e S.
1 2103 o0][-7 6][-1 4]
3 4 1 1 6 11|10 2
. . 5 6|2 2 1 -1||5 6
TS (A): Ts b 9 )
7 8 3 0 2 3 7 -8
9 1 -4 4 3 6 9 -1
10 2|5 6]|-1 8]0 ~11]
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1 0][3 o][-7 o][-1 O
0 3 0 1{|0 —-1||0 2
5 0|2 01 Of|5 O
= , , , e S.
0 8 0 0|0 3]0 -8
9 0|4 0|3 0|9 O
10 -2]]10 6/][0 8|0 -11}

It is easily verified Ty is a S-special strong super subset

semilinear operator on S.

Example 3.56: Let S ={Collection of all subsets from the
matrix ring

a, a, .. ay
M=4la;, a;, .. a,||aeQ;1<i<30}}
4 Ay a30

be the S-subset special super strong semivector space over the
S-super subset semiring.

P = {Collection of all subsets from the ring Q}.

Ts: S — S can be defined by

4 A a9
Ts({|a; a; ay [ 1)
a1 Ay a3
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Ts is a S-subset special super strong semilinear operator on
S.

Example 3.57: Let S = {Collection of all subsets from the
matrix

a
M=% 50 T T e (Culy; 1 <i<64})

be the S-subset super special strong semivector space over the S
super subset semiring;
P = {Collection of all subsets from the ring (C U I)}.

We can have several S-subset special super strong
semilinear operators on S.

Example 3.58: Let

S = {Collection of all subsets from the ring Z;sS;} be the S-
subset super special strong semivector space over the S-super
subset semiring P. We see o(S) < oo hence the number of S-
subset special super strong semilinear operators on S is finite in
number.

Example 3.59: Let

S = {Collection of all subsets from the ring (Z U [)D,;} be the
S-subset special strong semivector space over the S-super subset
semiring; P = {Collection of all subsets from the ring (ZUI)}. S
is also a S-subset super special strong semilinear algebra over P.

Example 3.60: Let S = {Collection of all subsets from the ring

a }
ap

a, a, as
a; € Z(S4 x Dy7);

a9 35 Ay

1<i<12))
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be the S-subset super special strong semilinear algebra over the
S-super subset semiring;
P = {Collection of all subsets from the ring Z}.

We can define Tg: S — S by

|
B [0 a
lag 0

Ty is a S-subset special super strong semilinear operator
from S to S.

Example 3.61: Let S = {Collection of all subsets from the ring
(Z U 1)) [S; x D7 x Ag]} be a S-special subset super strong
semivector space over the S-super subset semiring
P = {Collection of all subsets from the ring (Z U I)}. We can
find S-subset super special strong semilinear operators on S.

Example 3.62: Let S = {Collection of all subsets from the ring

a, a, a;|(0) 0)
a; a5 ag
0) a; ag 0)
a9 3y

0 0) A5 A5 A A

a €(ZUI)(SsxAg)}}
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be a S-semigroup of the S-subset super special semilinear
algebra over the S-subset super semiring;

P = {Collection of all subsets from the ring (Z U [)}.

Find a few S-subset strong special semilinear operators on
S.

Example 3.63: Let S = {Collection of all subsets from the
matrix ring

a, a, a; a,
a
M= a; € C(Z7)Ss; 1 <i<16}}

a3 ay A5 A

be a S-strong special super subset semilinear algebra of finite
order over the S-complex subset semiring; P = {Collection of all
subsets from the complex finite modulo integer ring C(Z;)}.
S has only a finite number of S-subset special strong semilinear
operators.

Example 3.64: Let S = {Collection of all subsets from the ring

Zii(g1, . g3) where g/=0, g; =g and g; = —g5; gig = gigi =
0,1#]j,1<1 j< 3} be the S-special super strong subset
semilinear algebra over the S-super subset semiring;
P = {Collection of all subsets from the ring Z;,}. Clearly o(S) <
oo and S is a commutative S-special strong subset semilinear
algebra which is commutative.

Example 3.65: Let S = {Collection of all subsets from the ring
(Zyp v T) (S5 x Ap)} be the S-special super strong subset
semilinear algebra over the S-super subset semiring;
P = {Collection of all subsets from the neutrosophic ring
(Zyp U D)}, We see o(S) < o but S is a non commutative
semilinear semilinear algebra over P.
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We have only finite number of S-subset special super strong
semilinear operators on S.

Now having seen the usual subset substructures, subset
operators and subset transformations on S we now proceed onto
describe new types of substructures on S the S-strong special
super subset semilinear algebras (semivector spaces).

Let S = {Collection of all subsets from the ring (Zs W I) S7}
be the S-strong special super subset semivector space over a S-
super subset semiring
P = {Collection of all subsets from the ring (Z5 U I)}.

Consider B = {Collection of all subsets from the subring
(Z1gs W YA} < S, B is a S-special strong super subset semilinear
subalgebra of S over P.

However B is also a S-special strong super subset
semilinear algebra over
P, = {Collection of all subsets from Z,g} < P, the S-super subset
subsemiring of P.

We define B to be the quasi subsemiring S-special super
strong subset semilinear subalgebra of S over the S-super subset
subsemiring P, of P.

Infact S has several such quasi subsemiring, S-special super
strong subset semilinear subalgebras of S over P; a S-subset
super subsemiring of P, i < oo.

We will give more examples of the above described
situation.

Example 3.66: Let

S = {Collection of all subsets from the ring ((Z4) U I) S5} be
the S-strong special super subset semilinear algebra over the S-
super subset semiring

P = {Collection of all subsets from the ring C(Z,4)}.
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Now consider M; = {Collection of all subsets from the
subring (C(Zy4) W I)As} be the S-strong special super subset
semilinear algebra over the S-super subset subsemiring.
P, = {Collection of all subsets from the subring C(Z,4)} we call
M, the quasi subsemiring S-special strong subset semilinear
subalgebra of S over the S-subset subsemiring P;.

We can have several such S-strong super subset
subsemilinear subalgebras over different super S-subset
subsemirings.

Example 3.67: Let

S = {Collection of all subsets from the ring C(Z12) (S7 x D, 4)}
be the quasi super subset S-strong super special semilinear
algebra over the super S-subset semiring; P = {Collection of all
subsets of from the semiring C(Z,)}.

Let M; = {Collection of all subsets from the subring C(Z,)
(S; x {1})} be the S-subsemiring quasi super subset special
strong subsemilinear algebra over the super S-subset
subsemiring
Py = {Collection of all subsets from the subsemiring Zi,}.

Let M, = {Collection of all subsets from the subring
C(Z12)({1} x D,4)} be the quasi super subset S-strong special
semilinear subalgebra over the super subset S-strong special
semilinear subalgebra over the S-super subset subsemiring P, =
{Collection of all subsets from the subring {2, 0, 4, 6, 8, 10} <
VATIR

We have more such quasi super subset S-strong special
semilinear subalgebras over S-super subset subsemirings.

Example 3.68: Let S = {Collection of all subsets from the ring
(Q U I) (S5 x Dys)} be the quasi S-special strong super subset
semilinear algebra over the S-super subset semiring
P = {Collection of all subsets from the ring (Q U I)}.
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Consider S; = {Collection of all subsets from the subring
(Qu D) (S; x {1})} be the subsemiring S-super special strong
subset semilinear subalgebra of S over the S-super subset
subsemiring, P; = {Collection of all subsets from the subring
(Z v I)}. Consider S, = {Collection of all subsets from the
subring (Q U I)({1} x D,5)} be the subsemiring S-quasi special
strong super subset semilinear subalgebra over the S-super
subset semiring P, = {Collection of all subsets from the subring
Z} and so on.

Infact S has infinite number of S-quasi special strong super
subset semilinear subalgebra over the S-super subset
subsemiring.

Example 3.69: Let

S = {Collection of all subsets from the ring Z;;S;} be the S-
quasi special strong subset semilinear algebra over the S-super
subset semiring, P = {Collection of all subsets from Z,;}. We
see Z;; has no proper subrings but P has proper subsets A which
is a ring that is A = {{0}, {1}, {2}, ..., {10}} < P is a ring
called a subset ring. Now any appropriate subset of S can also
be a S-super special strong subset semivector space over A. We
call that subsemivector space as subset ring quasi S-super strong
special semivector subspace of S over the subset ring in P. Take
W = {Collection of all subsets from the subring Z;A3} < S. W
is a subset ring quasi S-super strong special semivector
subspace of S over A.

Example 3.70: Let S = {Collection of all subsets from the ring
Z19G where G = {g | g° = 1} be the strong special super subset
semivector space over the S-super subset semiring
P = {Collection of all subsets from the field Z;9}. Clearly Z;9
has no proper subring but A = {{0}, {1}, ..., {18}} < PisaS-
subset super subsemiring which is a subset ring of P.

Take M={n(1+g+g+g)|n=0,1,2,...,18} = S;a
subset semivector space over A which we call as quasi subset
semiring S-super subset semivector subspace of S over A.
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Now we proceed onto describe some results from these
observations.

THEOREM 3.2: Let S = {Collection of all subsets from the
group ring Z,G; |G| < oo} be the S-special super strong subset
semivector space over the S-super subset semiring P =
{Collection of all subsets from Z,}; Z, has no subrings (as p is
a prime).
So
(i) S has quasi subset subsemiring S-special super
strong semivector subspace of S over the S-super
subset subsemiring A = {{0}, {1}, ..., {p—1}} < P.
(ii) If |G| = q, q a prime than we see T = {{n (I + g +
g ) In=01 2 .. p-1}} cSis the quasi
subset subsemiring S-super strong special
semivector subspace of S over A.

The proof is direct and hence left as an exercise to the
reader.

It is pertinent to keep on record that if Z, is replaced by Z,
in the theorem; n a composite number we have subrings of Z,
giving way to more and more subspaces.

Likewise if Z, is replaced by the ring (Z, U I) or (Z, U I) or
C(Z,) or{Z U I),(QuI)orZorQorR or C(Z,) or C(Z, U I))
or C({(Z, v I)); we have more number of subset subsemiring
semivector subspaces.

Example 3.71: Let S = {Collection of all subsets from the ring
Z19G and G = S;} be the S-subset super strong special
semivector space over the S-super subset semiring
P = {Collection of all subsets from Zo}.

Now A = {{0}, {1}, ..., {18}} < S is a S-subset super
subsemiring of P.

B = {{0}, {0, 1, 2, ..., 19}} < A is also a S-subset super
subsemiring of P.
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Thus we have several types of subset subsemivector spaces
(subset semivector subspaces). These concepts are interesting
and infact the notion of subset semivector spaces always
contains an isomorphic copy of semivector spaces, so we see
these new concepts are the more generalized one for all other
types of subset semivector spaces find an isomorphic copy of
this structure.

Thus the study of these notions is not only innovative and
interesting but are very significant.

Indue course of time certainly these new structures will find
several applications. = However as claimed these subset
semivector spaces (subset semilinear algebras) contain an
isomorphic copy of the basic semivector space (semilinear
algebra) we can rightfully claim all the applications of
semivector spaces can also be extended in case of the subset
semivector spaces, S-subset semivector spaces, S-subset special
semivector spaces and S-subset special strong semivector
spaces.

The analysis and further applications would soon be found
as these algebraic subset semivector spaces become more
familiar with researchers.

Finally as necessarily one needs the concept of lattices to
build finite subset semivector spaces one can easily claim that
applications of lattices can also be extended to these new
structures.

Finally we use matrices, polynomials in these constructions
so these structures can also imbibe the applications of them in
these subset semivector spaces.

Further we see these structure can be non commutative as
subset semilinear algebras and the product of two subsets
happens to be non commutative if the basic structures used in
building them happens to be non commutative.
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We suggest the following problems.
Problems:

1.  Find all special features enjoyed by the S-special strong
subset semivector spaces which are not S-special subset
semivector spaces defined over S-subset semirings.

2. Let S = {Collection of all subsets from the ring ZS;} be
the S-special strong subset semivector spaces defined
over P = {Collection of all subsets from the ring Z} the S-
subset semiring.

(1)  Find all S-special strong subset semivector spaces.

(ii)) Prove S is non commutative.

(iii)) If we define a product on S prove S is a S-special
subset strong semilinear algebra.

(iv) Find a S-subset basis of S.

(v) Find a set of subset elements in S which are S-
subset linearly independent.

3. Let S = {Collection of all subsets from the ring Z(g)S;
with g = 0} be the special subset strong semivector space
over P, S-subset semiring.

Study questions (i) to (v) of problem 2 for this S.

4.  Let S = {Collection of all subsets from the ring C(Z,)S7}
be the S-subset super special strong semivector space over
the S-subset semiring P = {Collection of all subsets from
the complex modulo integer ring C(Z1,)}.

(i)  Find o(S).

(i) Find all S-subset strong special semivector
subspaces of S over P.

(iii) Prove S is a S-subset strong special semilinear
algebra over P which is non commutative.

(iv) Find all S-subset special strong semilinear operators
on S.
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(v) Do the collection of (iv) have any algebraic
structure?

(vi) If C(Zy,) in P is replaced by Z;, study questions (i)
to (v).

5. Let S = {Collection of all subsets from the ring C(Zs)S3 x
C(Z,5)A4}be the S-subset special super strong semivector
space over the S-subset semiring P = {Collection of all
subsets from the ring C(Z¢) x C(Z15)}.

(i)  Study questions (i) to (v) of problem 4 for this S.

(i) If in this P; C(Zs) x C(Z;s) is replaced by Zs x Z;s
or C(Zg) x Zys or Zg x C(Z;5), study questions (i) to
(v) of problem 4 for this S.

6.  Let S = {Collection of all subsets from the matrix ring

a, a, .. a
M=<la, ag; .. a,|laeCZy),l<i<18}}
a3 8y .. A

be the S-subset super special strong semivector space over
P = Collection of all subsets from the complex modulo
integer modulo integer ring C(Z1;)}.

(i)  Study questions (i) to (v) of problem 4 for this S.
(i1)  Write S as a direct sum of subspaces.

7.  Does there exist a S-subset special strong semivector
space with finite number of elements which cannot be
written as a direct sum of subspaces?

8. Is it possible to write every S-subset special strong
semivector space of infinite cardinality as a direct sum of
subspaces?



10.

11.
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Let S = {Collection of all subsets from the ring

[a, a, (0) 0) (0) |
a, a,
0) 0) 0) 0)
B=

0) 0) ay 0)

app A3 Ay A
0) 0) 0)|a, ay; ag ap
L Ay Ay Ay dp

a; € C(Z5)S(3); 1 £1<23}} be the S-special strong subset
semivector space over P = {Collection of all subsets from
the complex modulo integer ring C(Z5)?

Study questions (i) to (v) of problem 4 for this S.

Let S be a S-strong special subset semilinear algebra over
a S-subset semiring P of finite order. Find the algebraic
structure enjoyed by the collection of all S-special strong
subset semilinear algebra over a S-subset semiring P of
finite order.

Find the algebraic structure enjoyed by the collection of
all S-special strong subset semilinear operators on S.

Find any of the special and distinct features enjoyed by S-
strong special subset semilinear algebras which are non
commutative and of finite order.



192 | Subset Semilinear Algebras

12.

13.

Let S = {Collection of all subsets from the ring M =

ai € C(Z5) (S7xS(5)); 1 <1< 8}}

be the S-subset special super strong semivector space over
the S-subset semiring
P = {Collection of all subsets from the ring C(Z;s)}.

(i)  Study questions (i) to (v) of problem 4 for this S.

(i) Find T : S — S such that ker (Tg ) = {0} =

S O oOlo olo olo

Let S = {Collection of all subsets from the ring M = {(a;
A |as|asgas)|a € C(Zo) x C(Z11) x C(Zg3); 1 <1< 5} be
the S-subset special strong semilinear algebra over the S-
subset semiring; P = {Collection of all subsets from the
ring C(Zy) x C(Z11) x C(Z43)}.

Study questions (i) to (v) of problem 4 for this S.
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14. Let S = {Collection of all subsets from the group lattice
LG =LS(4) where L is a lattice given below

! \

a; a

s as

ag >
a7

aio a; ap

a3
K

P A5

' J

0

(i)  Study questions (i) to (v) of problem 4 for this S.
(ii)) IfL; clwhere L, is a sublattice given by

ol
pd|
p A3

¢ dy

pdj2
¢ a3
p dig

p 15
o 0
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15.

16.

17.

(iii))  Study questions (i) to (v) of problem 4 for this S if
L, is taken instead of L.
(iv) IfLin S is replaced by

1
Lo
Study questions (i) to (v) of problem 4 for this S.

Let S = {Collection of all subsets from the ring

M = a; €Z15(SxS(3)); 1 <i<24}}

be a S-subset special super strong semilinear algebra over
the S-subset semiring
P = {Collection of all subsets from Z,s}.

Study questions (i) to (v) of problem 4 for this S
If in the above problem Z ;5 is replaced by C(Z;s).
Study questions (i) to (v) of problem 4 for this S.

Let S = {Collection of all subsets from the ring RS;} be
the S-special subset super strong semilinear algebra over
the S-subset semiring

P = {Collection of all subsets from the ring R}.

(i) Find at least four distinct S-special strong super
subset semivector subspaces over P.

(i) Can S be written n direct sum of S-special super
strong subset semivector subspaces over P (n < o0)?



18.

19.
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(iii)Find T{ : S — S, a S-subset strong super special
semilinear operator whose null space is non zero.

(iv) Let V = {Collection of S-strong subset super special
semilinear operators of S};
Study the algebraic structure enjoyed by V..

(v) Does there exist a S-special super strong subset
semivector subspace over P, which is not a S-strong
special super subset semilinear subalgebra over P.

Let S = {Collection of all subsets from the ring

a a
M = [ 1 10}
ap Ay
be the S-subset strong super special semilinear algebra

over the S-super subset semiring
P = {Collection of all subsets from the ring (C U I )}.

a,

a e (CUT);1<i<20)

ay

Study questions (i) to (v) of problem 17 for this S.

Let S = {Collection of all subsets from the matrix ring

M= 2, e (RUI); 1<i<24}}

be a S-subset super strong special semivector space
(semilinear algebra) over the S-super subset semiring
P = {Collection of all subsets from the ring (R U I)}.
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Study questions (i) to (v) of problem 17 for this S.
20. Let S = {Collection of all subsets from the matrix ring
a
M= 1| 2 || & e C U Ay xS(T); 1 <i<20})
as

be the S-subset strong super special semilinear algebra
over S.

Study questions (i) to (v) of problem 17 for this S.

21. Let S = {Collection of all subsets from the matrix ring

M=4la; ag a; ag ||ae(ZUl)(S;xDy7xS(5));

1 <1 < 12}} be the S-subset strong super special
semilinear algebra over the S-super subset semiring.
P = {Collection of all subsets from Z;, U I}.

Study questions (i) to (v) of problem 17 for this S.

22.  Let S = {Collection of all subsets from the matrix ring

a, a, a; a,
a. a, a, a
_ 5 6 7 8
M= a; € R(g1, g2, g3, &4)
a9 dp a3y

a3 Ay A5 A
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where g7 =0, g2 =0, gi =gsand g; =g, with gig; =
gigi=0ifi1#]),1<1,j<4}} be the S-subset super special
semivector space over the S-super subset semiring

P = {Collection of all subsets from the ring R}.

(i)  Study questions (i) to (v) of problem 17 for this S.
(ii)) Does S contain as subset super special strong semi
vector subspaces W; such that we have a W; with

W' =Wjand W, =W, (i #]) and W; + W; = S?

Let S = {Collection of all subsets from the group lattice
LG where G = S5 x D,;7 and L is as follows:

J

be a S-subset semivector space over the S-subset semiring
P = {Collection of all subsets from the lattice L}

(i)  Find o(S).
(il)) Find all S-subset semivector subspaces of S over P.
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24.

(iii)
(iv)
(v)

(vi)

(vii)

(viii)
(ix)
(x)

Does S contain a S-subset semivector subspace W
such that there exists a W' with W + W = S?

Find a S-subset basis of S.

Find a set of subset linearly dependent elements.
Find o( V') where V' = {Collection of all S-subset
semilinear operators on S}.

What is the algebraic structure enjoyed by Vg .

Prove S is non commutative as a S-subset
semilinear algebra.

Can S have a S-subset semivector space which is
not a S-subset semilinear algebra over P?

Can S be written as n-direct sum of subspaces?
What is the bound on n < 00?

Let S = {Collection of all subsets from the semiring

\
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26.
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be the S-subset semivector space over the S-subset
semiring P = {Collection of all subsets from the lattice
(semiring) L}.

Study questions (i) to (x) of problem 23 for this S.

Let S = {Collection of all subsets from the group lattice
LG where L =
")

a; a
a3

ay as
de

a7 ag >
a9

ajo a
ap

a3 a4

o)
be the S-subset semivector space over the S-subset
semiring
P = {Collection of all subsets from the lattice L}.

Study questions (i) to (x) of problem 23 for this S.
Let S = {Collection of all subsets from the semiring

L(S; x D,s) where L is a Boolean algebra of order 32} be
the S-subset semivector space over the S-subset semiring
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27.

28.

P = {Collection of all subsets from the Boolean algebra L
of order 32}.

Study questions (i) to (x) of problem 23 for this S.

Let S = {Collection of all subsets from the semigroup
lattice LS(4) where L is the lattice given in the following.

%)

"

ao

be the S-subset semivector space over the S-subset
semiring
P = {Collection of all subsets from the lattice L}.

Study questions (i) to (x) of problem 23 for this S.

Let S = {Collection of all subsets from the group lattice
(Ll X Lz) S3 X A7 where
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and L, = 1

be the S-subset semivector space over the S-subset
semiring
P = {Collection of all subsets from the semiring L, x L,}.

Study questions (i) to (x) of problem 23 for this S.

Let S = {Collection of all subsets from the semiring
L(S; x Dy 5) where L is a lattice given in the following L =
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be the S-subset semivector space over the S-subset
semiring.

P = {Collection of all subsets from the semiring L} be the
S-subset semivector space over the S-subset semiring P.

Study questions (i) to (x) of problem 23 for this S.

30. Let S = {Collection of all subsets from the semiring LS(7)
where L =
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)

aj )
a3
s
as A >
a7
ag dg
ajo

0 J

be the S-subset semivector space over the S-subset
semiring
P = {Collection of all subsets from the lattice L}.

Study questions (i) to (x) of problem 23 for this S.

31. Let S = {Collection of all subsets from the semiring
(Ly x Ly) (S5 x Ay x Dy7)} be the S-subset semivector
space over the S-subset semiring
P = {Collection of all subsets from the semiring L; x L,}.

Study questions (i) to (x) of problem 23 for this S.

32. Let A = {Collection of all subsets of the ring Z,} (p a
prime) be the S-super subset semiring.

(i)  Find all S-super subset subsemiring of A.
(ii)) Can A have more than two subset subsemiring?

33. Let S = {Collection of all subsets of the ring Z,4} be S-
super subset semiring.
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34.

35.

36.

37.

(i)  Find all S-super subset subsemirings of S.

Let S = {Collection of all subsets from the ring C(Zs¢)} be
the S-super subset semiring.

(i)  Find all S-subset super subset subsemirings.

(ii)) If n is the number of S-subset super subset
subsemirings and m = number of S-subset super
subsemirings of the S-subset super semiring using
Z36. Compare them.

(iii) Isn>m?

Let S = {Collection of all subsets from the ring (Z,s U )}
be the S-subset super semiring.

Study questions (i) to (iii) of problem 34 for this S.

If (Z5 UI) is replaced by C(Zs U I).

Study questions (i) to (iii) of problem 34 for this S.

Let

S = {Collection of all subsets from the ring C((Z,; U 1))}
be the S-subset super semiring.

Study questions (i) to (iii) of problem 34 for this S.

Let S = {Collection of all subsets from the ring C({(Z,4 U

D) (g12) | 8= g1, & = g, g% = g = 0} be the
S- super subset semiring.

Study questions (i) to (iii) of problem 34 for this S.

Prove C({(Z,4 U 1)) (g122) has more number of subrings
than C((Z4 U 1)), Zoa, C(Z4), (Z24 U 1.
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39.

40.

41.

42.
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Let S = {Collection of all subsets of the ring C({(Zy; U 1))
S0 x D13} be the S-subset super semiring.

(i)  Study questions (i) to (iii) of problem 34 for this S.

(i) Prove T = C({Z4 U I)) Syo x D53 has more number
subring and this ring T is non commutative.

Find some applications of S-strong super special subset
semilinear algebras which are non commutative.

Let S = {Collection of all subsets from the ring C(Z¢)Si¢}
be the S-special super strong subset semilinear algebra
over the S-super subset semiring P = {Collection of all
subsets from the ring C(Zs)}.

(i)  Find a subset basis of S.

(i)  Find o(S).

(iii) Prove S is non commutative.

(iv) Can S have more than one subset basis?

(v) Find all subset subsemirings S-special super strong
subset semilinear algebra over the S-subset super
subsemiring in P.

Let S = {Collection of all subsets from the ring ZS;} be

the S-subset strong super special semivector space over

the S-super subset semiring

P = {Collection of all subsets from the ring Z}.

Study questions (i) to (v) of problem 40 for this S.

Let S = {Collection of all subsets from the ring
(Z7 x Z31) (S7 x D,5)} be the S-subset strong super special
semivector space (semilinear algebra over the S-super
subset semiring
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43.

44,

45.

46.

P = {Collection of all subsets from the ring
(Z7xZ31) S;xZy 5}

(i)  Study questions (i) to (v) of problem 40 for this S.
(i1) Find all S-subset super subsemirings in P.

Let S = {Collection of all subsets from the ring
(C U DSy} be the S-super strong special semilinear
algebra over the S-super subset semiring

P = {Collection of all subsets from the ring (C U I)}.

(i)  Study questions (i) to (v) of problem 40 for this S.

(i) Prove P has infinite number of S-super subset
subsemiring.

(iii) Related to each of the S-super subset subsemiring
find the subsemiring quasi S-super special strong
semilinear subalgebra of S.

Give an example of a subset semilinear algebra with more
than one subset basis.

Can any S-subset semilinear algebra have infinite number
of subset basis?

Does there exists a S-special super strong subset
semilinear algebra defined over a S-super subset semiring
which has more than one subset basis.



Chapter Four

PROPERTIES OF SUBSET SEMILINEAR
ALGEBRAS

In this chapter we just study some of the properties of subset
semilinear algebras. We have introduced, developed and studied
several types of subset semilinear algebras in chapter II and III
of this book. We study more about their properties in this
chapter.

We know if S = {Collection of subsets of a semigroup P}
and F any semifield such that S is a semivector space over F
then we call S to be a subset semivector space over the
semifield F.

For more please refer chapter two of this book.

We have defined two subsets A and B are orthogonal if
A x B = {0}. For instance if A = {[a;, 0], [a,, 0], [a3, 0], [a4, O],
[as, 0]} and B = {[0, by], [0, b,], [0, bs], [0, bs], [0, bs]} € S; we
see A x B={[0, 0]}.
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Let A= {(ala Oa 0, 07 0)9 (a27 as, 07 0) 0)9 (0, aa, O, 09 O)} and
B= {(07 07 ai, dy, 33), (07 Oa as, 0’ 0), (09 Oa O’ O’ 33), (09 O’ O’ aa,
0), (0, 0, ay, a5, 0), (0, 0, 0, a;, as), (0, 0, a5, 0, a3)} € S.

Wesee AxB={(0,0,0,0,0)}.

We have used this concept for orthogonality of two subsets
in S, S a subset semivector space over a subset semiring.

However we want to define the notion of subset semilinear
product on a subset semivector space.

DEFINITION 4.1: Let

S = {Collection of all subsets form the semiring P} be a subset
semivector space over the semifield F. We define sum in a
subset A (sum of a subset A ) in S to be sum of the elements in
A (as A contains only elements under ‘+’ the operation on the
semigroup P used to build S).

The sum in A is denoted A; = X a;, a; € A is a singleton set
inS.

We will illustrate this situation by the following examples.

Example 4.1: Let S = {Collection of all subsets from the
semigroup 3Z" U {0} under ‘+’} be the subset semivector space
over the semifield T=Z" U {0}.

Let A= {3, 6, 18,27,45,90,0} € S.

Now As={3+6+18+27+45+90+0} = {189} € S
is the sum of A.

Let A= {3,24,18, 15} € S.
As= {3+24+18+15) = {60} € S.

Example 4.2: Let S = {Collection of all subsets from the
semigroup P = {(a;, a;) | a, a, € Z" U {0}}} be the subset
semivector space over the semifield F = Z" U {0}.



Properties of Subset Semilinear Algebras | 209

LetA =1{@3,2),(6,0),(7,9),(1,2),(5,5),(2,4)} €8S.
As ={(3,2)+(6,0)+(7,9) +(1,2) +(5,5) + (2, 4)}
= {(24, 22)} € S is the sum of the subset A.

LetB ={(0,9),(2,0),(6,0),(7,0),(0,0), (0, 2)}
Bs ={(0,9) +(2,0)+(6,0)+(7,0) +(0,0) + (0, 2)}

= {(15, 11)} € S is the sum of the subset B.
Ag and Bg are the sum of the subset A and B respectively.

Example 4.3: Let S = {Collection of all subsets from the
column matrix semigroup

P=1la,||laeQ U{0};1<i<5})}

3((41(18(]6]]7
O0[[6]8]]0]]1

Take A= <2 ,|5,|21],|61],|7]|r €S.
11{0(]2]]0]]|1
S]] [0)16]]7]

3] [4] [8] [6] [7]

0 6 8 0 1

We find Ag= |2 |+|5|+]|2|+|6|+]|7

1 0 2 0 1

5] 1) 0] [6] [7]




210 | Subset Semilinear Algebras

o
15

= 4|22 | € Sis the sum of the set A.
4
19

Example 4.4: Let S = {Collection of all subsets from the
semigroup of 3 x 4 matrices

a, a, a,
M=<la, a, a, a,|laeR U{0};1<i<12}}

a9 alO all a12

be the subset semivector space over the semifield F =R U {0}.

Let
5 0 27/4lo000 5 32 0 O
A=!3 0 0 0 [,J201 o0l|3 0 0 2
0 72 J5(l09 0510 32 0
5 0 27/4 000 5 0 O
A={V3 0 0 0 |+]20 n 0 V2
0 V72 5 090\/_ ﬁo
8 2 2 27/4

=J23+2 0 1 2 b es
0  B+V7+9 2442 245

1s the sum in the subset A or sum of the subset A.

We use this concept in defining the subset semiinner
product.
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DEFINITION 4.2: Let F be a semifield. S a subset semivector
space over the semifield F.

A subset semiinner product on S is a function which assigns
to each ordered pair of subset vectors A, B € S; a scalar (A | B);
in F in such a way,

() (4| B)s = (As | By)s = ({As x Bs});
(ii) (A| 4)s > 0if 4 #{0};

(where Ags and By are the subset sums of the subset A and B
of S respectively).

(A | B)S :Zai Xb,' (a,» EAs, b,’ EBs).
Then we define (| )s is the subset semiinner product on S.
We will first illustrate this situation by some examples.

Example 4.5: Let S = {Collection of all subsets from the
semigroup P = {(a;, a, a3) where a; € Z" U {0}; 1 <i<3}} be
the subset semiring.

Let A, B € S where A = {(3, 0, 1), (5, 5, 3), (0, 0, 6), (0, 6,
2),(7,7,2)} and B = {(4,0, 4), (2,2,2),(7,7, 1), (1,1, 1)} eS.

As = {(3,0, 1)+ (5,5,3)+(0,0,6)+ (0, 6,2) + (7,7, 2)}
= {(15, 18, 14)} and

Bs = {(4,0,4)+(2,2,2)+ (7,7, )+ (1, 1, 1)}
= (14,10, 8)} € S.

3
(A | B)s = (AS | BS)S = Zajbi
i=1

= (15, 18, 14) | (14, 10, 8))
—15x14+18x 10+ 14 x 8
—210+ 180+ 112
=402 € Z" U {0},
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This is the way subset semiinner product is defined on S.

Example 4.6: Let S = {Collection of all subsets from the
semigroup

a, a, a, a, a
1 2 3 4 5
M= [ j
a; a, ag a, a,

be the subset semivector space over the semifield F.

aeZ U{0};1<i<10}}

Let (| )s be the subset semiinner product, that is
(A|B),:S—>Z" U {0}.

Let
A_301012100011101
0204000001 2/l22202
and
B_1500011111
0005 122 2 2 20
000 3 1][1 2500
310000151000
30101l [21000] 11101
Ag= + +
02040/ /00012| (22202

6 2 2 0 2
= eSS
{{2 4 2 5 4}}

and
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1 5000 11111
Bs= + +
0 00 51 2.2 2 2 2
0 00 31 N 1 25 00
31000 51 000
3 8 6 4 2
= e S.
10 4 2 2 2
10
(A|B);=(As|Bs) = > ab,
i=1

=18+16+12+0+4+20+16+4+10+8
=108 € Z" U {0}.

Example 4.7: Let = {Collection of all subsets from the column
matrix semigroup

M = a e (Q UIU{0);1<i<6}}

be the subset semivector space over the neutrosophic semifield
F=(Z"Ulu {0}).

Let (| )s = (Z" Ul U {0}) be the subset semiinner product
on S.

Let A, B € S where
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(34211 O J[2+1 ][ 1+1]
0 6+1 1 2+1
A 3 0 4+1 0
0+51| 6 [|3+2I||3+4I
3+41||0+21 2 4
o0 || 6 ||l O |[ 0 |

and

(441 O [ 1+1]
0 8+3I|| 2+1

4+21 0 I+3
0o || 8 1
4 0 1
0 |[8+1][1+4l

(A |B);where A,Be Sand(|)s:S— (Z"U {0} UI).

[3+21] [ © (241 [1+1]
0 6+1 1 2+1
3 0 4+1 0

Ag= + + +

0+5I 6 3+21 3+41

3+41 0+21 2 4

L O J L6 | | 0 || 0 |

[ 6+41 ]
9+21
7+1
= and
12+111
9+6I1
. 6 -
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[4+1 ] [ 0 | [1+1] [ 5+21 ]
0 8+31 2+1 10+ 41
4+21 0 I+3 7+ 31
Bs= + + =
0 8 1 9
4 0 1 5
L 0 ] _8+I_ _1+4I_ _9+51_

are in S.
6
(A|B),=(As|Bs)s= D ab,
i=1

= (6+4D (5 +2D)+(9+2D) (10+4D)+(7+1)
(7 +30) + (12 + 11I) 9 + (9+61)5 + 6 (9+51)

= 30+81+321+90+8[+561+49+31+28]+ 108
+ 991 + 45 + 301 + 54 + 301

= 376+294l e (Z" UTU {0}).

Example 4.8: Let S = {Collection of all subsets from the
semigroup

aeZ U {0}}

M= {i aixi
i=0

be the subset semiring over the semifield F =Z" U {0}.

If Ag = {5x’ +2x’ + 5x + 1} and Bg = {10x* + 5x* + 3x + 4}
then (As | Bs)s that is productis 10 x 0 +5x0+2x0+0x 5+
5x3+4x1=19€Z U {0}.

If A = {3x* + 2x + 1} and Bs = {5x’ + 4x"} then
(As|Bg)=0e Z" U {0}.
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So we see the subset semiinner product also behave in
certain ways like the usual inner products.
Suppose we have subset semivector space on which is
defined a subset semiinner product then we define S to be a
subset semiinner product space over the semifield.

We define the semiinner product as sum of the products.

Example 4.9: Let S = {Collection of all subsets from the

semigroup
al a’2 a3
M=<la, a, a,||laeZ U{0};1<i<9}}
a, a; a,

be the subset semivector space over the semifield F = Z" U {0}.

We can define subset semiinner product which is as follows.

a, a, a, b, b, b,
IfAs=|a, a; a,|andBs=|b, b, b, | €S then
a, a;, a b, b, b

7 8 9 7

(A B)s = (As | Bs)s

= iaibi eF.
i=1

Example 4.10: Let S = {Collection of all subsets from the 3 x
10 matrix semigroup
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al a2 alO
M=<la, a, a, || a€eQ U0} 1<i<30}}
ay Ay a3

be the subset semiring over the semifield F=Z" U {0}.
Let(])s:S—Z" U {0}.
Let A,B e S, Ag, Bs € S;
30
(A|B)=(As|Bs)=> ab, € Z"U {0}.
i=1
This is the way the subset semiinner product is defined.

Further S is a subset semiinner product space.

We can define on any subset semiinner product space more
than one subset semiinner product.

For in this case we can define

(As | Bs)s = ajo big + axbyy + azbz € Z" U {0} is also a
subset semiinner product.

Likewise (As | Bs)s = a; by + azb; + ... + a9 byg 0dd sum and
SO on.

Example 4.11: Let S = {Collection of all subsets from the
polynomial semigroup under

aeZ U0}

M= {i ax'
i=0

be the subset semivector space over the semifield F = Z" U {0}.
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Take A = {3x*+4x+1,2x+1,7x+3} € S.
As = {3x* +4x+1+2x+1+7x+3}
= {3x>+ 13x + 5}.

Suppose B = {Zx3 +7x+1,5x+8, 8x4} € S then By = {gx“
+2x7 + 12x + 9}

Now (A | B)s = (As | Bs)s

= sum of the coefficient of the even power of x in (Ag | Bg)s.
=24+40+26+27+ 156

=173 € 2" U {0}.

This is the way this subset semiinner product is defined. It
can be defined in other ways also.

For instance (A | B); = Sum of the coefficient of odd terms
and so on.

Example 4.12: Let S = {Collection of all subsets from the
semigroup
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under the operation ‘U’} be the subset semivector space over
the semifield

(]):S—>F
Let A = {ay, a3, as, a7, ag}
and
B = {as, a6, a10, a11};
As= {1} and Bs= {a,} € S.
(A|B)s=(As|Bs)s=(1 xa)=a, € F.
Thus ( | )s is the subset semiinner product on S.

Example 4.13: Let S = {Collection of all subsets from the semi
lattice L under U and L is as follows:
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ay )
a3
ag as
do
ar ag
a9
ajo
ai]
an a3

be the subset semivector space over the lattice (semifield) F =

ol
p d|
p A3

¢ Ay

¢ A1
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Let A = {ag, a4, a3, a9, aj0, 413, a3} and B = {ay, as, as, a9, 412}
e S.

Now Ag = {a;} and Bs = {a,} and (A | B); = (As | Bs)s
=ayxa,=az €F.
Thus (| ) is the subset semiinner product on S.

Example 4.14: Let S = {Collection of all subsets from the
semilattice L under ‘U’ where L =

1
aj } I < a3
e Ay
a7
ag dg
0

be the subset semivector space over the semifield

e
a7

A9
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Let A = {as, a5, ag, a9, a5} and B = {ay, a3,0, 1} € S.
As={a;} and Bs= {1} € S.
(A|B)s=(As|Bs)s=a; x1=a; € S.

Hence ( | ) is the subset semiinner product on S.

Example 4.15: Let S = {Collection of all subsets from the
semigroup LS; where L =

be the subset semivector space over the semifield

L= 1

Define a subset semiinner product ( | )s: S — L by
(A | B)s = (As | Bs)s = sum of the coefficients of S.

Let A = {ajp; +ayp3 + ps, p» +asps + 1} and
B={pi+asaps+tps} €8S

(A | B)s = (As | Bs)s
(where Ag = {1 +ayp; + asps + a;ps + ps + p2})
and Bs = {p; + a3 + a;ps + ps})
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= sum of coefficient of {p, + a3 + ajp; + ps + a; + azp; + a;p;
+ a1p2 + as + 35p5 + as + 35p4 + azp3 + a3p3 + a2p2 + a2p1 + azp5 +
asps + apa t+ ap; + pips T azpa + aips + 1+ ps + asp2 + ajps +
paps )

=1elL.

Thus ( | )s is a subset semilinear inner product on S.

It is pertinent to keep on record that commutativity or non
commutative of the structure does not depend on this defined

subset semiinner product on S.

Example 4.16: Let S = {Collection of all subsets from the

semigroup
aS aé :|
all a12

be the subset semivector space over the semifield Z* U {0}.

a a a
R aeZ U{0);

a10

1<i<12}}

We define the subset semiinner product
(] )s:S—>F=2Z"0U {0} as (A | B), = (As | Bs); where Ag and

12
Bs matrix sum and (A | B), gives the Z:alibi where

i=1

Ag = |:al a, a; a, | a; ag } and
a; |ag ag Q| a; ap
[bl b, b, b, | by b, }
BS =
b, [ by by by, |b, b,
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Take

120

A_1200140 1 510
201 6 3/0 17}5|/0 1 0|0 2|2

112 3 4|5 6][1]1 1
and B = ,

{[0‘111‘0 2}_0‘01
112 0 0|1 3][2]0 3 4]0
0[2 4 4]0 0o'l1|l0 4 0]6

112 00|1 4 0[1 2 0]1 5] [o
A= + +
{[2‘1 63‘0 1} {5‘0 1 0‘0 2} |12
1 4 9
= and
(P
112 3 4
Bs:
o1 1 1
120013+2
012 4 4]0 0 1

]

5 3 1
4 11 7

+
0 2| [0

5 6] 1)1 11
010

0 3 4
0 4 0

21120
34 4)4 5

111
0{0 0f

211

20
344[|45

1 1
+
00

|

5 7 9|7 11
eSS
310 5|6 2



Properties of Subset Semilinear Algebras | 225

(A | B)s = (As | Bs)s

= 15+55+37+19+47+9.11+9.1+43+
11.10 +7.5+4.6+8.2

= 5+25+214+9+28+99+9+ 12+ 110+ 35
+24+16

= 393eF=Z U {0}

Example 4.17: Let M = a; € L = a Boolean order 8

be the subset semivector space over the semifield

F=

1

a
f
0
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Let A= and B = e S.

olc &l o o

ol oo o & O

(A|B)s=0.a+af+be+cd+fc+ea+db+0d
=f+0+d+f+e+d+0
=1eF.

Now having seen examples of subset semiinner product
spaces we can define subset orthogonal semivectors of a subset
semiinner product space.

We say A, B € S, S a subset semiinner product space (A |
B); to be orthogonal if (A | B)s=0

Let As={(00100)}
and Bs={(11000)} €S

(A|B)s = (As | Bs),= 0.

If we are using distributive lattices in whicha n"b# 0 ifa #
0 and b # 0 or semifield Z" U {0} or Q" U {0} or R" U {0} or
(R"U DU {0},Q Ulyu {0} or (Z" U Iy U {0}, we can
define orthogonal spaces.

We define (A | A)s by ||A|ls as the subset seminorm of the
subset A € S, S a subset semiinner product space.
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We can as in case of usual vector spaces define in case of
subset semivector spaces also the concept orthogonal
complement.

Example 4.18: Let S = {Collection of all subsets from the
semigroup B = (a; a, a3 a3 as ag a7) |a; € Z' U {0}, 1 <i< 7}
be the subset semivector space over the semifield Z" U {0}.

Let W, = {Collection of all subsets from the subsemigroup
B ={(000a,a,as,a)a e Z U {0} 1<i<4} S bethe
subset semivector subspace of S.

We see under the subset semiinner product W, =

{Collection of all subsets from the subsemigroup. B, = {(a;, a,,
a3, 0,0, 0,0)} where a; € YARY) {0};1<i1<3} S,

Wesee (A |B);=0if A € S;and Be W,". Thatis W;" is
the subset orthogonal complement of W, and S =W, = W;" .

LetM={(000a,000),(0000a,00)]|a e 52" U {0},
1<i<2 cS.

We see M* = {(a; a, a3 0 0 a4 as) where a; € Z" U {0}, 1 <i
<5} = S we see M* is orthogonal to every element in M.

However M + M+ = S.

Take A= {(5,000001),(6000000),(0000001)} e
S.

Now {(Collection of all subsets from At = {(0, a;, a,, a3, ay,
as,0)|a; € Z" U {0},1<i<5) cS.

Clearly A" is a subset semivector subspace of S however A
is not a subset semivector subspace only a subset from S.
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Example 4.19: Let S = {Collection of all subsets from the
interval semigroup under ‘+’. P= {[a,b]|a,b e Z" U {0}}} be
the subset semivector space over the semifield F=Z" U {0}.

Let A= {[3, 7], [5, 0], [0, 9], [2, 1], [4, 4]} and
B={[1, 3], [4, 5], [9, 9], [7, 3], [0, 5], [0, 1]} € S

As={[3,7]+[5,0]+[0,9]+[2,1]+[4, 4]} = {[14, 21]}
and

Bs = {[1, 3]+ [4, 5] + [9, 9] + [7, 3] + [0, 5] + [0, 1]} =
{[21, 26]} € S.

(Az B)s = (AS7 BS)S

= Z:aibi
i=1

=14x21+21x26
=840 € Z" U {0}.

(,)s:S—F=2Z"U {0} is a subset semilinear product in S.

Example 4.20: Let S = {Collection of all subsets from the
interval matrix semigroup

[ b,]
[a,,b,]
P=1<|[a,,b,]||aaeZ U{0};1<i<5}}
[a,,b,]
| [as,bs] ]|

be the subset semivector space over the semifield F =Z" U {0}.

Letus define ( | );: S — Fby (A|B)s=(As | Bs)s
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5
=Zaia{ where
i=1
[a,b,]
b
NS [LESR]
[asbs]
[abi]
Ibl
B L dabal b e 200 o,
[asbs]
[0,1]] 18,07
[2,5] (1,5]
Let As= 4| [1,9] | and Bs = <|[7,2]
[7.2] [9.1]
[[4,4]] 110,2] ]

(A|B);=(As|Bs);=8x0+2x1+1x7+7x9+4x0
=2+7+63
=72 eZ U {0}.

Thus ( | )s is the subset semiinner product on S.

Example 4.21: Let S = {Collection of all subsets from the
semigroup

aibi € Z+U {O}}

P= {i[aibi]xi

be the subset semivector space over the semifield F =Z" U {0}.
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Define (A | B); = (As| Bs))s = Zai xa; with

i=l1

Ag= {i[aibi]xi} and

B = {i[a;b:]xi}

where n =t or s which ever is the greatest.
a,b,a ,b €eZ U{0},0<i<ts.
( | )s s the subset semiinner product on S.

Now having seen examples of subset semiinner product
spaces we now proceed onto define subset semilinear
functionals and describe them.

Let
S = {Collection of all subsets from the semigroup P under +} be
a subset semivector space over a semifield F.

Let S be a finite dimensional subset semiinner product
space over the semifield F.

A semilinear functional f; on S is of the form.

fi(A) = (A | B); for some fixed subset semivector B in S.

We can define some of the properties of semivector spaces
in case of subset semivector spaces with some appropriate
modifications.

We will give one to two examples of this concept before we

proceed onto describe other properties related with subset
semivector spaces.



Properties of Subset Semilinear Algebras | 231

Example 4.22: Let S = {Collection of all subsets from the
semigroup M = {(a;, a5, ..., a9) | e F=Z" U {0}; 1 <i<
10} } be the subset semivector space over F the semifield.

Let S be a subset innerproduct space under the inner product
10
(A|B),=(As|Bs)s = D x,y;, where

i=1

As= {(x1, X2, ..., X10)} and
Bs={(y1, ¥2 .-.» Y10)} € S.

Xi, ¥j € F; 1 <1, <10.

Let B € S be a fixed subset semivector in S.
Let f: S — F be defined by
f(A)  =(A|B)s
= (As| Bs)s
10

= inyi eF.
i=1
B the given fixed subset semivector in S.

Example 4.23: Let S = {Collection of all subsets from the
semigroup

a, a, .. a,
M=<la, a, .. ay||laeQ U{0}}}
Ay Ay a3

be the subset semivector space over the semifield F = Q" U {0}.

30
(A | B)S = (AS | BS)S :Zaibi
i=1
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al aZ alO
where a; € As=4|a,, a,, .. a, |p and
a21 a22 a30
b, b, .. by
bje Bs=4|b, b, .. by |p,1<i<30
b, b b

and B is the fixed subset semivector of S where B, = Sum of B.

Now having seen the concept of subset semilinear
functionals we now proceed onto define the notion of Ts
preserves subset semiinner products.

Let S and S; be two subset (semivector) semiinner product
spaces over the same semifield F and let Ts : S — S, be a subset
semilinear transformation. We say that Ts preserves subset
semiinner products if (Ta | TB)s = (o | B)s for all a, B € S.

Clearly a subset semilinear isomorphism of the subset
semivector spaces also preserves subset semiinner product.

We can prove that if S = {Collection of all subsets of a
semigroup ‘+* P = {(a, b) | a, b € Z" U {0}}} be the subset
semivector space over the semifield F = Z" U {0} and if
V={(ab)|abeZ U {0} is a semivector space over F then
we have B = {{(a, b)} | a, b € Z" U {0}} < S is a subset
semivector subspace of S and B = V (B is isomorphic with V as
semivector spaces).

Thus almost all the properties enjoyed by V will also be
enjoyed by S with some simple and appropriate modifications.

Now we see we cannot in case of subset semivector spaces
arrive at the concept of complex structures. However that is
possible if we take subset semivector spaces of type L.
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Let S = {Collection of all subsets from the group Z} be the
subset semivector space over the semifield Z" U {0} =F.

We see for this S it is not easy to define subset semiinner
product on S. However we do not say it is not possible we can

always define subset semiinner product space.

We define for

(A[B)s=(As|Bs) = ‘Zaibi eF=27Z"U {0}.

If the mod is removed we see the subset semiinner product
is not defined.

Let S = {Collection of all subsets from the group G = C} be
the subset semivector space over the semifield R" U {0}.

We see (A | B)s = complex number o
=| Real part of a |;

then ( | )s: S — R" U {0} is a subset semiinner product on
S.

S = {Collection of all subset from the group (a, b) where
a, b € C} be the subset semivector space over the semifield
F=27Z"u {0}.

(A|B);:S—>R"U {0}.

(A | B)s = (As : Bg)s = integral part and real part of a;b; +

azbz.

Let S = {Collection of all subsets from group
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a, a, a, a
1 2 3 4

G= { }
a; a, a, ag

be the subset semivector space over the semifield Z" U {0}.

2,€C; 1<i<8}}

(1)s:S —Z" U {0} is defined such that

(A | B)s = (As | Bs)s

b, b, b, b
(HereAI[al ’ aﬂ,B:{ b 4} e G).
a; a, a, a b, b, b, b

8
= integral positive part of Zaibi
i=l1

a a

2

We can have several such examples.
This task is left as an exercise to the reader.

We can also have the concept of subset semiinner product in
case of S-subset semivector space over a S-semiring. This is
considered as a matter of routine.

Other properties related with subset semivector spaces can
be extended. However one of the problems is that they can have
a unique basis so some times it is advantageous in certain
situation and disadvantageous in situations when one needs
more than one basis.

We can define subset semifunctional and derive their related
properties.

However as in case of usual vector spaces (semivector
spaces) we can for the case of subset semivector spaces also
define the notion of subset projection. This will have more
applications as we project subsets on the subsets.
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Let S = {Collection of all subsets from the semigroup P
under ‘+’} be the subset semivector space over the semivector
space.

Suppose T is a subset semilinear operation on S and
S =W, + ... + W\ where the sum is a direct decompositions. T;
induces subset a semilinear operator. T, on each W; by
restriction.

The k subset semilinear operators E},E:,...,E§ on S is such

that Ej is a subset projection.

We can show several of the properties are inherited in case
of subset semiprojections also.

We will illustrate them by examples before we prove
theorems in this direction.

Example 4.24: Let S = {Collection of all subsets from the
matrix semigroup M = {(a;, a3, ..., a) |2 € Z" U {0}; 1 <i<
6}} be the subset semivector space over the semifield
F=2Z"uU {0}.

Let W, ={(a;20000)|aeZ U{0};1<i<2}cM
and V; = {Collection of all subsets of the subsemigroup W, of
M}t < S; Vo = {Collection of all subsets from the
subsemigroup W, = {(0, 0, a;, a5, 0, 0) |a; € Z" U {0}; 1 <i<
2}t < S and V3 = {Collection of all subsets from the
subsemigroup W3 = {(0000a, a)) |a; € Z" U {0}; 1 <i<2}}
< S be the three subset semivector subspaces of S over the
semifield Z" U {0}. Clearly S =V, + V, + V3 is the direct sum
and VinV;=1{(000000)} ifi=j, 1<1,j<3.

Now define a subset semilinear operator E; : S — S by
EI(A) = ({(ala A2, A3, A4, As, a6)}) = {(ala A, 05 05 09 0)} for all A
€ S. Thatis if



236 | Subset Semilinear Algebras

A=1{2,501,23),(4,5,6,7,8,9), (10, 11,0, 8, 4, 3),
(9,2,1,0,1,9)} € S.

Ei (A)=E; ({(2,5,0,1,2,3),(4,5,6,7,8,9),(10,11,0,8,
4,3),(9,2,1,0,1,9)3)

=1{(2,5,0,0,0,0),4,5,0,0,0,0), (10, 11, 0, 0, 0, 0), (9,
2,0,0,0,0)} e V,cS.

We see E; is a subset semilinear projection operation.
Further (E] [0) E]) = E].
We define E, : S > S by

E2 (B) = Ez({(ala ap, az, as, as, aﬁ)}) = {(0, O, az, as, 09 0)}
where a; € Z" U {0} and A € S; 1 <i<6. E, is also a subset
semilinear projection operator for E; o E, = E,.

Take A = {(2,3,4,5,6,7),(1,2,3,4,5,6), (4, 5,0, 1, 2,
3),(0,2,9,6,9,8)} €S.

(E,0E,) (A)=E, 0B, ({(2,3,4,5,6,7),(1,2,3,4,5,6),
(4,5,0,1,2,3),(0,2,9,6,9, 8)})

E> = ({(0,0,4,5,0,0),(0,0,3,4,0,0), (0,0,0, 1, 0, 0, (0,
0,9,6,0,0)})

= {(0’ 0’ 4’ 5, 05 O)’ (05 0’ 39 45 0’ 0)’ (05 05 O, 15 0’ 0)3 (0’ 03
9,6,0,0)})

= E2 (A) Thus Ez (6] E2 = Ez.

We can define
E; : S > S by E; {(a, ay, a3, a4, as, a6)} = {(0, 0, 0, 0, as, as)}
and if
A=1{4,2,0,0,6,8),(9,4,6,8,0,0), (11,0, 12, 14, 5, 0), (8,
25,48, 56,0, 90), (91, 48, 0, 9, 25, 126)} € S.
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Es(A) = E; (1(4, 2,0, 0, 6, 8), (9, 4, 6, 8, 0, 0), (11, 0, 12,
14, 5,0), (8, 25, 48, 56, 0, 90), (91, 48, 0, 9, 25, 126)}.

=1(0,0,0,0,6,38),(0,0,0,0,0,0), (0,0,0,0,5,0), (0, 0,
0,0, 0, 90), (0,0, 0, 0, 25, 126)} € V5 S.

We see E; is also a subset semilinear projection of S on W3,
Thus each E; is a subset semilinear projection of Son W;,i=1,
2, 3.

We see E; + E, + E; = I5 the identity subset semilinear
identity operator on S. Thatis Is : S — S is such that Ig(A) = A
for all A € S.

Thatis Is : S — S is the identity semilinear operator on S.

We can also define for an element X in a subset semivector
space S over a semifield F the notion of the subset orthogonal to
X in S.

We denote this by X° and X° is a subset semivector
subspace of S even if X is not a subset semivector subspace of
X.

Let S = {Collection of all subsets from the semigroup M =
{(a; ay a3 a5) | a3 € Z" U {0}; 1 < i< 4}} be the subset
semivector space over the semifield Z" U {0} =F.

Take X = {(3’ 03 0, O)’ (03 53 05 0)’ (05 7’ 03 0)7 (1’ 25 0’ 0)
(17,5, 0,0), (10,0, 0,0)} € S.

We see X is just an element in S and X is not a subset
semivector subspace of S.

Consider X° the orthogonal complement of X. X° =
{Collection of all subsets from the subsemigroup P, = {(0, 0, a;,
0), (0,0, 0, ay), (0,0,d;,dy) | dj, a5 € Z" U {0}; 1 <i<2} c M}

cS.
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It is easily verified X° is a subset semivector subspace of X
and X°+ X #S.

However it is easily verified if the subset X in S is replaced
by a subset semivector subspace say W then W° the orthogonal
subset semivector subspace of W is such that W + W° =S,

We can develop almost all the properties associated
semivector spaces in case of subset semivector spaces defined
over a semifield. This is considered as a matter of routine and
left as an exercise to the reader.

However it is also important to mention that these subset
semivector spaces also find applications in all the places where

semivector spaces find their applications.

Apart from this also these new structures can find more
applications. This task is also left as an exercise to the reader.

We suggest the following problems.
Problems:

1.  Obtain some nice and special features enjoyed by subset
semiinner product spaces.

2. Given a finite dimensional subset semivector space how
many subset semiinner products can be defined on it?

3. Let S = {Collection of all subsets from the semigroup

a, a, a
P — 1 2 3
a, a; a,

be the subset semivector space over the semifield F = Z" U

{05.

aeZ U{0};1<i<6}}
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Find all possible subset semiinner products that can be
defined on S.

Let S = {Collection of all subsets from the semigroup

o a
a, a,
aS a6

p= | & e cQ U0 1<ici6)
a9 Ay
all alZ
al3 a'14
_a15 al6_

be the subset semivector space defined over the semifield
F=Q" U {0}.

(i) Find all subset semiinner products that can be
defined in S over Q" U {0}.

(ii)) IfQ" U {0} is replaced by Z" U {0} can you define
subset semiinner products on S?

(iii) If yes for question (ii) how many such subset
semiinner products can be defined?

Define orthogonality in subset semiinner product spaces
and define some special features using it.

Can orthonormality be defined on subset semiinner
product spaces?

Give some interesting and special features enjoyed by
subset semilinear functionals.

Let S = {Collection of all subsets from the semigroup
M = {[a, ay, ..., aj0] a; € F, F a semifield} be the subset
semivector space over the semifield F.
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10.

(i)
(i)

(iii)
(iv)

)
(vi)

Define a subset semiinner product on S.

How many subset semiinner products can be
defined on S?

Write S as a n-direct sum of subset semivector
subspaces and prove we can find Ts, E; ... E, such
that Ts=o, E; +... Tt o, En, i € S; 1 <i<n.
Define a normal semilinear operator on S.

Define a semilinear functional on S.

Prove S has as many semilinear functionals as that
semilinear operators defined on it.

Let S = {Collection of all subsets from the semigroup

[a, a, |
a, a,
as A
={la;, a;|laeZ U{0};1<i<14}}
a5y
a;, ap
|35 B |

be the subset semivector space defined over the semifield
F=2Z"uU {0}.

Study questions (i) to (vi) of problem 8 for this S.

Let S = {Collection of all subsets from the matrix
semigroup
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where L= d, d2; 1<i<15))

d
d

d5 d6

d;
ds
do

be the subset semivector space over the semifield L.

(i)  Study questions (i) to (vi) of problem 8 for this S.
(i)  Find o(S).

11. Let S = {Collection of all subsets from the semigroup
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12.

13.

14.

15.

16.

be the subset semivector space over the semifield L.

(i)  Study questions (i) to (vi) of problem (8) for this S.

(i)  Find oS).

(iii)) How many semilinear functionals can be defined on
this S?

(iv) In how many ways can S be written as a subset
semidirect sum of subset semivector subspaces of
S?

Is it possible to build the spectral theorem for subset
semiinner product spaces?

Give an example of a subset semiinner product space so
that

(i)  Tsis normal.
(i) T, 1is unitary.
(iii) T, satisfies the spectral theorem.

Give an example of a subset unitary operator of a subset
semivector space over a semifield F.

Give some of the special features associated with subset
semiinner product spaces of finite order.

Let S; = {Collection of all subsets from the group

al az a3
a

G=<* 7 CllaezZ u{0}1<i<12}}
a, ag a,

a12

be the subset semivector space over F and S, =
{Collection of all subsets from the group
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18.
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Gy=< * 7 CllaeF=2Z"U{0};1<i<12}}

be the subset semivector space over F.

(i)  Define a subset semilinear transformation
TS] : S| — S, so that

(a) Ty preserves subset semiinner products.
(b) Ty is a subset semivector space isomorphism.
(c) T carries subset semiorthogonal basis for S; on

to subset semi orthogonal basis of S,.

(il)) Define TSZ 1S, — S, so that

(a) to (c) of (1) is true.
IsTg =T, or Ty = T ?

Let S = {Collection of all subsets from semigroup

M = {iaixi

a, € Z" U {0}}} be the subset semiring

i=0

over the semifield Z" U {0} =F.

(i) Isitpossible to write S as a n-direct summand?

(i1)) Define semiinner product on S.

(iii)) How many subset semiinner product can be defined
on S?

(iv) Can we have subset seminormal operator on S?

(v) Define on S subset semilinear functionals.

Can we always define on S a subset semivector space
over a semifield S a subset semiunitary operator on S?
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19.

20.

21.

Is it always possible to define on S (the subset semivector
space) a subset semilinear normal operator?

Prove if S is a subset inner product space defined over a
semifield.

IfA e Sisasubsetof S. sA"={x e S|(x|A)=(0)} a
subset semivector subspace of S?

Let S = {Collection of all subsets of the matrix semigroup

a
M=+ Pl ae ZTU{0};1<i<30}}

Ay 8y Ay

be a subset semivector space over the semifield
F=Z"uU {0}.

(i)  Find a subset basis B of S.

(ii)) IfT=(o; ... a,) are a subset linearly independent
set in S. Find a corresponding orthogonal subset of
T.

(iii) Can T be made into a orthonormal subset linearly
independent set?

(iv) How many subset semiinner products can be
defined on S?
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Let S = {Collection of all subsets from the semigroup

ol
a a .. a
P 1 2 9
|: j|
a9 1o Agg

d
ae L= 'dl;lsig30}}

p U2
p d3
¢ d,
¢ ds
p ds
¢ ds
¢ ds
o 0

o

be semivector space over the semifield F = L.
Study questions (i) to (iv) of problem 21 for this S.

Let S = {Collection of all subsets from the semigroup

2 a,]
a, a,

G=1a, a, ||lae QU{0LI<i<I0}}
a, ag
L9 3y

be the subset semivector space over the semifield Q" U
{0} =F.

Study questions (i) to (iv) of problem 21 for this S.

Let S = {Collection of all subsets from the matrix
semigroup
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25.

26.

|: |
M
11

M=< 7 ° ae RRU{0};1<i<16}}

be the subset semivector space over the semifield
F=R"U {0}.

Study questions (i) to (iv) of problem 21 for this S.
Can we define a subset seminormal operator and subset

semi unitary operator on the subset semivector space
S = {Collection of all subsets from the semigroup

a, a,|a, as; ag

a; A A alo}

al7 alS a19 aZO

alZ al} al4 alS a16

a,e Z U {0}; 1<1i<20}} be the subset semivector
space over the semifield F=Z" U {0}?

Let S = {Collection of all subsets from the semigroup
a, a;, a

P={|"% 7 "llae ZU{0};1<i<15}}

15

be the subset semivector space over the semifield
F=Z" U {0}.

Can we have on S the notion of subset seminormal
operator and subset seminormal operator and subset
semiunitary operator.
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Does there exist a subset semivector space over a
semifield such that we do not have on S for a particular
subset semiinner product defined on S the notion of
subset seminormal operator and subset semiunitary
operator?

Let S = {Collection of all subsets from the semigroup

P= {Zaixi a; € Q" U {0}}} be the subset semivector

i=0

space over the semi field F = Q" U {0}.

Find all subset seminormal operators and subset
semiunitary operators on S?

Can we have a subset semivector space S on which it is
impossible to define the notion of subset semiinner
product?

Justify your claim.

Does there exist a subset semivector space S on which we
cannot define the notion of subset semilinear functional?

Let S = {Collection of all subsets from the semigroup

M= {Z a.x'| a; € Boolean algebra of order 64} }

i=0

over the semifield

F=[1
0

(i) Can we define on S a subset semiinner product?

(i1)) Can we define on S a subset semilinear functional?

(iii) Is it possible to have on S a subset semi unitary
operator?
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(iv) Is it possible to have on S a subset seminormal
operator?

32. Let S = {Collection of all subsets from the semigroup

be the subset semivector space over the semifield L.

Can we define on S the notion of subset seminormal
operator and subset semiunitary operator?
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