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PREFACE

In this book the authors introduce the notion of set codes, set
bicodes and set n-codes. These are the most generalized notions
of semigroup n-codes and group n-codes. Several types of set n-
codes are defined. Several examples are given to enable the
reader to understand the concept. These new classes of codes
will find applications in cryptography, computer networking
(where fragmenting of codes is to be carried out) and data
storage (where confidentiality is to be maintained). We also
describe the error detection and error correction of these codes.
The authors feel that these codes would be appropriate to the
computer-dominated world.

This book has three chapters. Chapter One gives basic
concepts to make the book a self-contained one. In Chapter
Two, the notion of set codes is introduced. The set bicodes and
their generalization to set n-codes (n > 3) is carried out in
Chapter Three. This chapter also gives the applications of these
codes in the fields mentioned above. Illustrations of how these
codes are applied are also given. The authors deeply
acknowledge the unflinching support of Dr.K.Kandasamy,
Meena and Kama.

This book is dedicated to the memory of the first author’s
father Mr.W.Balasubramanian, on his 100" birth anniversary. A



prominent educationalist, who also severed in Ethiopia, he has
been a tremendous influence in her life and the primary reason
why she chose a career in mathematics.

W.B.VASANTHA KANDASAMY
FLORENTIN SMARANDACHE



Chapter One

BASIC CONCEPTS

This chapter has two sections. In section one we introduce basic
concepts about set vector spaces, semigroup vector space, group
vector spaces and set n-vector space. In section two we recall
the basic definition and properties about linear codes and other
special linear codes like Hamming codes, parity check codes,
repetition codes etc.

1.1 Definition of Linear Algebra and its Properties

In this section we just recall the definition of linear algebra and
enumerate some of its basic properties. We expect the reader to
be well versed with the concepts of groups, rings, fields and
matrices. For these concepts will not be recalled in this section.

Throughout this section, V will denote the vector space over
F where F is any field of characteristic zero.



DEFINITION 1.1.1: 4 vector space or a linear space consists of
the following:

i. afield F of scalars.

ii. asetVofobjects called vectors.

iii. a rule (or operation) called vector addition; which
associates with each pair of vectors o, f € V; a+ fin 'V,
called the sum of a and fin such a way that

a. addition is commutative o + = [+ .

b. addition is associative a + (f+ ¥ = (a+ p) + y.

c. there is a unique vector 0 in V, called the zero
vector, such that

a+tl=«a
forall xin'V.

d. for each vector ain V there is a unique vector — «

in V such that
a+ (—a) =0.

e. a rule (or operation), called scalar multiplication,
which associates with each scalar ¢ in F and a
vector « in V, a vector ¢ ® « in V, called the
product of ¢ and a, in such a way that

lea=aforevery ainV.
(C] 'c;)'a=c1 ’(Cz'a).
ce(a+f)=ceatcep
(01+02)‘a=01‘a+02‘a.

N~

fora, feVandc, c; €F.

It is important to note as the definition states that a vector space
is a composite object consisting of a field, a set of ‘vectors’ and
two operations with certain special properties. The same set of
vectors may be part of a number of distinct vectors.

We simply by default of notation just say V a vector space
over the field F and call elements of V as vectors only as matter
of convenience for the vectors in V may not bear much
resemblance to any pre-assigned concept of vector, which the
reader has.



Example 1.1.1: Let R be the field of reals. R[x] the ring of
polynomials. R[x] is a vector space over R. R[x] is also a vector
space over the field of rationals Q.

Example 1.1.2: Let Q[x] be the ring of polynomials over the
rational field Q. Q[x] is a vector space over Q, but Q[x] is
clearly not a vector space over the field of reals R or the
complex field C.

Example 1.1.3: Consider the set V=R x R x R. V is a vector
space over R. V is also a vector space over Q but V is not a

vector space over C.

Example 1.1.4: Let M, ., = {(aj) | ajj € Q} be the collection of
all m x n matrices with entries from Q. M, » , is a vector space

over Q but M, «, is not a vector space over R or C.
Example 1.1.5: Let

a13

Py3=4a, a, ay |[a;eQ1<i<3, 1<j<3

a31 a32 a33

P; .3 is a vector space over Q.

Example 1.1.6: Let Q be the field of rationals and G any group.
The group ring, QG is a vector space over Q.

Remark: All group rings KG of any group G over any field K
are vector spaces over the field K.

We just recall the notions of linear combination of vectors in a
vector space V over a field F. A vector  in V is said to be a
linear combination of vectors v;....,v, in V provided there exists
scalars ¢y ,..., ¢, in F such that



n
B=civit...+cpvy = Zci \7
i=1

Now we proceed on to recall the definition of subspace of a
vector space and illustrate it with examples.

DEFINITION 1.1.2: Let V be a vector space over the field F. A
subspace of V' is a subset W of V which is itself a vector space
over F with the operations of vector addition and scalar
multiplication on V.

DEFINITION 1.1.3: Let S be a set. V another set. We say V is a
set vector space over the set S if for all v € V and for all s € S;
vs and sv € V.

Example 1.1.7: Let V = {1, 2, ..., o} be the set of positive
integers. S = {2, 4, 6, ..., o} the set of positive even integers. V
is a set vector space over S. This is clear for sv =vs € V for all
seSandv e V.

It is interesting to note that any two sets in general may not be a
set vector space over the other. Further even if V is a set vector
space over S then S in general need not be a set vector space
over V.

For from the above example 2.1.1 we see V is a set vector
space over S but S is also a set vector space over V for we see
for every s € Sand v € V, v.s = s.v € S. Hence the above
example is both important and interesting as one set V is a set
vector space another set S and vice versa also hold good inspite
of the fact S # V.

Now we illustrate the situation when the set V is a set vector
space over the set S. We see V is a set vector space over the set
S and S is not a set vector space over V.

Example 1.1.8: Let V = {Q" the set of all positive rationals}

and S = {2, 4, 6, 8, ..., oo}, the set of all even integers. It is
easily verified that V is a set vector space over S but S is not a
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set vector space over V, for % e Vand 2 € S but ;2 ¢ S.

Hence the claim.

DEFINITION 1.1.4: Let V be a set with zero, which is non empty.
Let G be a group under addition. We call V to be a group vector
space over G if the following condition are true.

1. ForeveryveVandg e Ggvandvg €V.
2. 0.v=_0foreveryv €V, 0the additive identify of G.

We illustrate this by the following examples.

Example 1.1.9: Let V = {0, 1, 2, ..., 14} integers modulo 15. G
= {0, 5, 10} group under addition modulo 15. Clearly V is a
group vector space over G, for gv = v; (mod 15), for g € G and
v,vi € V.

Example 1.1.10: Let V={0,2,4, ..., 10} integers 12. Take G =
{0, 6}, G is a group under addition modulo 12. V is a group
vector space over G, for gv =v; (mod 12) forg € Gand v, v; €
V.

Example 1.1.11: Let

a, a a
1 2 3

M3 = [ J
a, a; ag

Take G = Z be the group under addition. M, 5 is a group vector
space over G = Z.

a, € {—o,..,—4, —2,0,2,4,...,00}} .

Example 1.1.12: LetV=7Zx7ZxZ={(a,b,c)/a,b,ce Z}. V
is a group vector space over Z.

Example 1.1.13: Let V = {0, 1} be the set. Take G = {0, 1} the
group under addition modulo two. V is a group vector space
over G.

11



Example 1.1.14: Let
i Ry Y A Y F A
o 0)lo o)1t o) (1 0)lo 1) {1 0)
0 0)(0 O
o 6 o)

be set. Take G = {0, 1} group under addition modulo 2. V is a
group vector space over G.

Example 1.1.15: Let
a, a, .. a (0 0 .. 0

V: b b

0 0 .. 0){0 0 .. 0

0 0 .. 0

b, b, .. b,

be the non empty set. Take G = Z the group of integers under
addition. V is the group vector space over Z.

a,,b, eZ;lSiSn}

Example 1.1.16: Let
V_alO...O 00 .. 0) (0O b 0 .. 0
a, 0 .. 0o 0 .. 0/10 Db, 0. 0)
0 0 .. ¢t
7o 0 Lt
be the set of 2 x n matrices of this special form. Let G = Z be

the group of integers under addition. V is a group vector space
over Z.

a,b,.,teZ 1<i< 2}

Example 1.1.17: Let

12



0 0) (0 O 7
, a;,a,,a,,a, €
O O 0 a4 1 2 3>%4
be the set. Z = G the group of integers V is a group vector space
over Z.

Now having seen examples of group vector spaces which
are only set defined over an additive group.

Example 1.1.18: Let V= {(0100),(111),(000),(0000),
(1100),(00000),(11001),(10110)} be the set. Take Z,
= G = {0, 1} group under addition modulo 2. V is a group
vector space over Z,.

Example 1.1.19: Let

a, a, a,) (b 0 0)(0 ¢ O ’
0 0 a
V= 0 O0|lb, 0 0[,/O ¢, O], Ol
0 0 al,
0 0)(b; 0 0)Jl0 ¢; O
0 00
0 00 )
0 0 Of, a,bc,eZ; a',a",eZ;1<i<3
0 00
0 00

be the set, Z = G the group under addition. V is just a set but V
is a group vector space over Z.

It is important and interesting to note that this group vector
spaces will be finding their applications in coding theory.

Now we proceed onto define the notion of substructures of
group vector spaces.

DEFINITION 1.1.5: Let V be the set which is a group vector
space over the group G. Let P < V be a proper subset of V. We
say P is a group vector subspace of V if P is itself a group
vector space over G.

13



DEFINITION 1.1.6: Let V =V, v ... UV, each V; is a distinct
setwith Vi & Vior V; & V;ifi #j; 1 <i, j <n. Let each V; be a
set vector space over the set S, i = 1, 2, ..., n, then we call V =
Vi UV, U... UV, to be the set n-vector space over the set S.

We illustrate this by the following examples.

Example 1.1.20: Let

V:

ViuV,uV3uVy
{(111),(000),(100),(010),(11),(00),(1 1 1 1),
(1000),(000)} U

s | A

U {Z; [x]}.

aegzwm}

V is a set 4 vector space over the set S = {0, 1}.

Example 1.1.21: Let

A%

= V1UV2UV3UV4UV5UV6
a a
a a

(a,a,a,a,a)|aecZ} U

a, a, a
1 2 3

U { j
a, a; ag

ace Z*} U{Z"'xZ" xZ" U {(a, a, a),

aeZ  U{Z'x]}

[

a, eZ*;lSiS6}

be the set 6-vector space over the set S =Z".

Example 1.1.22: Let

VvV =

ViuV,uU Vs,

14



= {Zs[X]} U {Zsx Zsx Zs} {(a : aj

a a a

anG}

be the set 3 vector space over the set S = {0, 2, 4}. We call this
also as set trivector space over the set S. Thus when n = 3 we
call the set n vector space as set trivector space.

We define set n-vector subspace of a set n-vector space V.

DEFINITION 1.1.7: Let V =V; U ... UV, be a set n-vector space
over the set S. If W =W, U .. UW, with W; #W; i #j, W; €
Wiand W, € W, 1 <i,j<nand W=W, UW, U .. UW,cV,

UV v UV, and W itself is a set n-vector space over the set
S then we call W to be the set n vector subspace of V over the
set S.

We illustrate this by a simple example.

Example 1.1.23: Let

v

ViuV,uVi;uVy

= {@aa), () aeZ}u {[; lj a,bef} O
a
{(Z'x]} uila||laeZ ¢,
a

V is a set 4-vector space over the set S = Z". Take

an*}u

A

W, uW,uW; U W,

{(a,a,a)|aeZ} U {(a aj
0 0

15



a
{all polynomial of even degree} U <| a ||a € 2Z"

a

c V1UV2UV3UV4 = V,

is a set 4-vector subspace of V over the set S =Z".
We can find several set 4-vector subspaces of V.

Now we proceed on to define the n-generating set of a set n-
vector space over the set S.

DEFINITION 1.1.8: Let V = V; v ... UV, be a set n-vector
space over set S. Let X =X; v ... UX, cV, vV, u... UV, =
V. If each set X; generates V; over the set S, i = 1, 2, ..., n then
we say the set n vector space V =V, U ... UV, is generated by
the n-set X = X; UX, U... UX, and X is called the n-generator
of V. If each of X; is of cardinality n;, i = 1, 2, ..., n then we say
the n-cardinality of the set n vector space V is given by |X;| U ...
VXl =X Xl Xl = (g, n, o)) If even one of
the X; is of infinite cardinality we say the n-cardinality of V is
infinite. Thus if all the sets X, ..., X, have finite cardinality then
we say the n-cardinality of V is finite.

1.2 Introduction to linear codes

In this section we give the definition and some basic properties
about linear codes. In this section we recall the basic concepts
about linear codes. Here we recall the definition of Repetition
code, Parity check code, Hamming code, cyclic code, dual code
and illustrate them with examples.

In this section we just recall the definition of linear code
and enumerate a few important properties about them. We begin
by describing a simple model of a communication transmission
system given by the figure 1.2.1.

16



SENDER CODING

RECEIVER DECODING

Figure 1.2.1

Messages go through the system starting from the source
(sender). We shall only consider senders with a finite number of
discrete signals (eg. Telegraph) in contrast to continuous
sources (eg. Radio). In most systems the signals emanating from
the source cannot be transmitted directly by the channel. For
instance, a binary channel cannot transmit words in the usual
Latin alphabet. Therefore an encoder performs the important
task of data reduction and suitably transforms the message into
usable form. Accordingly one distinguishes between source
encoding the channel encoding. The former reduces the message
to its essential(recognizable) parts, the latter adds redundant
information to enable detection and correction of possible errors
in the transmission. Similarly on the receiving end one
distinguishes between channel decoding and source decoding,
which invert the corresponding channel and source encoding
besides detecting and correcting errors.

One of the main aims of coding theory is to design methods
for transmitting messages error free cheap and as fast as
possible. There is of course the possibility of repeating the
message. However this is time consuming, inefficient and crude.
We also note that the possibility of errors increases with an
increase in the length of messages. We want to find efficient
algebraic methods (codes) to improve the reliability of the
transmission of messages. There are many types of algebraic
codes; here we give a few of them.

Throughout this book we assume that only finite fields
represent the underlying alphabet for coding. Coding consists of

17



transforming a block of k message symbols a, a,, ..., a; a; € Fy
into a code word X = X; X ... Xs; X; € Fq, where n > k. Here the
first k; symbols are the message symbols i.e., x; =a;; 1 <i<k;

the remaining n — k elements X+, Xg+, ..., X, are check symbols
or control symbols. Code words will be written in one of the
forms Xx; X1, Xo, ..., X, OF (X X3 ... Xy) OF X; X3 ... X,. The check

symbols can be obtained from the message symbols in such a
way that the code words x satisfy a system of linear equations;

Hx" = (0) where H is the given (n — k) X n matrix with elements
in Fg=7Zn(q =p"). A standard form for H is (A, I, ) with n — k

x k matrix and I, , the n — k x n — k identity matrix.
We illustrate this by the following example.

Example 1.2.1: Let us consider Z, = {0, 1}. Take n =7, k = 3.
The message a,; a, a; is encoded as the code word x = a; a, a; x4
X5 X¢ X7. Here the check symbols x4 X5 X¢ X7 are such that for this
given matrix

0101000
1 01 01 00O
H= =(A;I4);
001 0O0T1PO0
0010001
we have Hx" = (0) where
X = a1 ay a3 X4 X5 Xg X7.
a2+x4=0
al+a3+X5=0
a3+X6:0
a3+x7=0.

Thus the check symbols x4 X5 x4 X7 are determined by a; a, as.
The equation Hx' = (0) are also called check equations. If the
message a =1 0 0 then, x4 =0, X5 = 1, X¢ = 0 and x; = 0. The
code word xis 1 0 0 0 1 0 0. If the message a =1 1 0 then x4 =1,
x5 =1, X¢=1=x7. Thus the code wordx=1101100.

18



We will have altogether 2° code words given by

0000000 1101100
1000100 1010011
01011060 0111111
0010111 1111011

DEFINITION 1.2.1: Let H be an n — k x n matrix with elements
in Z,. The set of all n-dimensional vectors satisfying Hx" = (0)
over Z, is called a linear code(block code) C over Z, of block
length n. The matrix H is called the parity check matrix of the
code C. Cis also called a linear(n, k) code.

If H is of the form(A, I,.) then the k-symbols of the code
word x is called massage(or information) symbols and the last
n — k symbols in x are the check symbols. C is then also called a
systematic linear(n, k) code. If ¢ = 2, then C is a binary code.
k/n is called transmission (or information) rate.

The set C of solutions of x of Hx' = (0). i.e., the solution
space of this system of equations, forms a subspace of this

system of equations, forms a subspace of Z: of dimension k.

Since the code words form an additive group, C is also called a
group code. C can also be regarded as the null space of the
matrix H.

Example 1.2.2: (Repetition Code) If each codeword of a code
consists of only one message symbol a; € Z, and (n — 1) check
symbols x, = X3 = ... = X, are all equal to a; (a, is repeated n — 1
times) then we obtain a binary (n, 1) code with parity check
matrix

100
010 ..0
H=[0 0 0 0
1000 ... 1]

There are only two code words in this code namely 0 0 ... 0 and
11...1.

19



If is often impracticable, impossible or too expensive to
send the original message more than once. Especially in the
transmission of information from satellite or other spacecraft, it
is impossible to repeat such messages owing to severe time
limitations. One such cases is the photograph from spacecraft as
it is moving it may not be in a position to retrace its path. In
such cases it is impossible to send the original message more
than once. In repetition codes we can of course also consider
code words with more than one message symbol.

Example 1.2.3: (Parity-Check Code): This is a binary (n, n— 1)
code with parity-check matrix to be H= (11 ... 1). Each code
word has one check symbol and all code words are given by all
binary vectors of length n with an even number of ones. Thus if
sum of the ones of a code word which is received is odd then
atleast one error must have occurred in the transmission.

Such codes find its use in banking. The last digit of the
account number usually is a control digit.

DEFINITION 1.2.2: The matrix G = (I, —A") is called a
canonical generator matrix (or canonical basic matrix or

encoding matrix) of a linear (n, k) code with parity check matrix
H =(A, 1, ). In this case we have GH" = (0).

DEFINITION 1.2.3: The Hamming distance d(x, y) between two
Vectors X =X; X3 ... X, andy =y; vy ... y, in Fll” is the number of

coordinates in which x and y differ. The Hamming weight w(x)
of a vector x = x; X3 ... X, in Fq" is the number of non zero co

ordinates in Xx;. In short a(x) = d(x, 0).

We just illustrate this by a simple example.

Suppose x=[1011110]Jandy €[01 11101 ]belong to
F/ then D(x,y) = (x~y)=(1011110)~0111101)=
(1~0, 0~1, 1~1, 1~1, 1~1, 1~0,0~1)=(1 1 000 1 1) =4. Now
Hamming weight o of x is o(x) = d(x, 0) = 5 and o(y) = d(y, 0)
= 5.

20



DEFINITION 1.2.4: Let C be any linear code then the minimum
distance d,;, of a linear code C is given as

d.. = min d(u,v).
utv

For linear codes we have

du, v) =d(u—v, 0) = ao(u—v).

Thus it is easily seen minimum distance of C is equal to the
least weight of all non zero code words. A general code C of
length n with k message symbols is denoted by C(n, k) or by a
binary (n, k) code. Thus a parity check code is a binary (n,
n— 1) code and a repetition code is a binary (n, 1) code.

If H= (A, I,¢) be a parity check matrix in the standard form
then G = (I, —~A") is the canonical generator matrix of the linear
(n, k) code.

The check equations (A, I, ) X' = (0) yield

Xia1 X a,

X, X a

k2 2 2

_+ =—4 =—A4| .

X, Xi a;

Thus we obtain

X a,

X | || 4

: —All
xn ak

We transpose and denote this equation as
(Xl X2 ... Xn) = (a1 a ... ak) (Ik, —A7)
= (al a ... ak) G.
We have just seen that minimum distance
d_. =min d(u,v).

in
u,veC
u#v

If d is the minimum distance of a linear code C then the
linear code of length n, dimension k and minimum distance d is
called an (n, k, d) code.

21



Now having sent a message or vector X and if y is the
received message or vector a simple decoding rule is to find the
code word closest to x with respect to Hamming distance, i.e.,
one chooses an error vector e with the least weight. The
decoding method is called “nearest neighbour decoding” and
amounts to comparing y with all ¢“ code words and choosing
the closest among them. The nearest neighbour decoding is the
maximum likelihood decoding if the probability p for correct
transmission is > Y.

Obviously before, this procedure is impossible for large k
but with the advent of computers one can easily run a program
in few seconds and arrive at the result.

We recall the definition of sphere of radius r. The set S,(x) = {y

€ F(;l /d(x,y) <t} is called the sphere of radius r about x € F;’ .

In decoding we distinguish between the detection and the
correction of error. We can say a code can correct t errors and
can detect t + s, s > 0 errors, if the structure of the code makes it
possible to correct up to t errors and to detect t +j, 0 <j <'s
errors which occurred during transmission over a channel.

A mathematical criteria for this, given in the linear code is ;
A linear code C with minimum distance d,;;, can correct upto t
errors and can detect t + j, 0 <j <'s, errors if and only if zt + s <
diin Or equivalently we can say “A linear code C with minimum

distance d can correct t errors if and only if t= {(d—z_l)} . The

real problem of coding theory is not merely to minimize errors
but to do so without reducing the transmission rate
unnecessarily. Errors can be corrected by lengthening the code
blocks, but this reduces the number of message symbols that
can be sent per second. To maximize the transmission rate we
want code blocks which are numerous enough to encode a given
message alphabet, but at the same time no longer than is
necessary to achieve a given Hamming distance. One of the
main problems of coding theory is “Given block length n and
Hamming distance d, find the maximum number, A(n, d) of
binary blocks of length n which are at distances > d from each
other”.
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Letu=(up, uy, ..., uy) and v = (vy, vy, ..., V,) be vectors in
Fc'll and let u.v =uv; + upv, + ... + u,v, denote the dot product

of u and v over F‘; . If uv = 0 then u and v are called

orthogonal.

DEFINITION 1.2.5: Let C be a linear (n, k) code over F,. The
dual(or orthogonal)code C* = {u | uv =0 forall v € C}, u e

Fq". If C is a k-dimensional subspace of the n-dimensional

vector space F q" the orthogonal complement is of dimension n —

k and an (n, n — k) code. It can be shown that if the code C has a
generator matrix G and parity check matrix H then C* has
generator matrix H and parity check matrix G.

Orthogonality of two codes can be expressed by GHT = (0).

DEFINITION 1.2.6: For a € F we havea + C ={a + x/x €

C). Clearly each coset contains ¢* vectors. There is a partition
of F, of the form F=C via” +Cpufa? +Cp o uld

+Clfort=q" -1 Ifyisa received vector then y must be an
element of one of these cosets say a' + C. If the code word x"/
has been transmitted then the error vector

e =y—x(1) cad’ +C-xV=4a"+C

Now we give the decoding rule which is as follows.

If a vector y is received then the possible error vectors e are
the vectors in the coset containing y. The most likely error is the
vector € with minimum weight in the coset of y. Thus y is
decoded as X = y—e . [23, 4]

Now we show how to find the coset of y and describe the
above method. The vector of minimum weight in a coset is
called the coset leader.

If there are several such vectors then we arbitrarily choose
one of them as coset leader. Let a? a? ... 4" be the coset
leaders. We first establish the following table
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k .
=0 | x®=0]...] x“2  codewordsinC

k
a® x| g1 x@ | ] g® 4y
: other cosets
k
a® x| a® x| ] g® 4y
coset
leaders

If a vector y is received then we have to find y in the table.
Let y = a”’ + x?: then the decoder decides that the error € is
the coset leader a”. Thus y is decoded as the code word
X=y—-e= x . The code word X occurs as the first element
in the column of y. The coset of y can be found by evaluating the
so called syndrome.

Let H be parity check matrix of a linear (n, k) code. Then
the vector S(y) = Hy" of length n—k is called syndrome of y.
Clearly S(y) = (0) if and only if y € C.

So™") =806?) if and only if yV + C=y? + C.

We have the decoding algorithm as follows:

If'y € F] is a received vector find S(y), and the coset

leader € with syndrome S(y). Then the most likely transmitted
code wordis X = y—e we have d(X,y).= min{d(x, y)/x € C}.

We illustrate this by the following example.

Example 1.2.4: Let C be a (5, 3) code where the parity check
matrix H is given by

1 01 1 0]
H{ 1

1 10 ]
and
1 0 1 1
G=|0 1 0 1
00 1 0

The code words of C are
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£00000),(10011),(01001),(00110),(11010),(10
101),(01111),(11100)}.

The corresponding coset table is

Message| 000 | 100 | 010 | 001 | 110 | 101 | O11 | 111
code 115000/10011/01001]00110]11010{1010101111[11100

words

10000{00011{11001{10110|01010j00101|11111{01100
01000{11011{00001{01110/10010{11101|00111{10100
00100{10111{01101{00010/11110{10001|01011{11000
coset
leaders

other
cosets

Ify=(11110)is received, then y is found in the coset with
the coset leader (0 0 1 0 0)
y+00100)=11110)+00100)=(11010)is the
corresponding message.

Now with the advent of computers it is easy to find the real
message or the sent word by using this decoding algorithm.

A binary code C,, of length n = 2" 1, m>2 withm x 2™ 1
parity check matrix H whose columns consists of all non zero
binary vectors of length m is called a binary Hamming code.

We give example of them.

Example 1.2.5: Let

101 11100T1O0T1T1TTQO0OO0O0
HleOllllOOlOOlOO
11101011001O0O0T10
111 10001T1TT1TU0O0UO0O01

which gives a C (15, 11, 4) Hamming code.
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Cyclic codes are codes which have been studied extensively.
Let us consider the vector space F over Fy. The mapping

Z:F — F
where Z is a linear mapping called a “cyclic shift” if Z(ay, a,
coes @0 1) = (01, A0, -0y A 2)

A = (Fy[x], +, ., .) is a linear algebra in a vector space over
Fy. We define a subspace V,, of this vector space by

Vo = {v e Fyx]/degree v<n}
Vot vix +vox> + ..+ v X" /vi e F;0<i<n-1}.

We see that V, = F; as both are vector spaces defined over the

same field F. Let I" be an isomorphism

T(Vo, Vi, «vvy V1) = {Vo+ ViX +voX> + ...+ vy x™ 1.
w: F' O Fg[x]/x"~1
ie, W (Vo, Vi, ooy Va) = Vo + ViX + .o F v x

Now we proceed onto define the notion of a cyclic code.

DEFINITION 1.2.7: 4 k-dimensional subspace C of F'is called

a cyclic code if Z(v) € C for all v € C thatis v = vy, vy, ..., Vi g
€ Cimplies (v, 1, Vo, ..., Vas) € Cforv e F:]".

We just give an example of a cyclic code.
Example 1.2.6: Let C C F be defined by the generator matrix
1 110100 g
G=|0 1 1 1 01 0|=g?].
0011 101 gt
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The code words generated by Gare {(0000000), (111010
0),(0111010),(0011101),(1001110),(1101001),
0100111),(101001 1)}.

Clearly one can check the collection of all code words in C
satisfies the rule if (ag ... as) € C then (as ag ... a4) € C i.e., the

codes are cyclic. Thus we get a cyclic code.

Now we see how the code words of the Hamming codes looks
like.

Example 1.2.7: Let

1 001 1 01
H=0 1 01 0 11
0010111

be the parity check matrix of the Hamming (7, 4) code.

Now we can obtain the elements of a Hamming(7,4) code.

We proceed on to define parity check matrix of a cyclic
code given by a polynomial matrix equation given by defining
the generator polynomial and the parity check polynomial.

DEFINITION 1.2.8: A4 linear code C in V, = {vp + vix + ... +
X v e F, 0 <i <n -1} is cyclic if and only if C is a
principal ideal generated by g € C.

The polynomial g in C can be assumed to be monic.
Suppose in addition that g / X" —1 then g is uniquely determined
and is called the generator polynomial of C. The elements of C
are called code words, code polynomials or code vectors.
Letg=gy+gx+..+tgx" €V, g/x"-1anddegg=m <n.
Let C be a linear (n, k) code, with k = n — m defined by the
generator matrix,
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& & - & 0 .. 0 g
0 gO e gmfl gm tet O Xg

0 0 g% & g, x“'g

Then C is cyclic. The rows of G are linearly independent and
rank G =k, the dimension of C.

Example 1.2.8: Let g = x* + x> + 1 be the generator polynomial
having a generator matrix of the cyclic(7,4) code with generator
matrix

1 011000
01 01100
G= .
001 01T1FPO0
0001011

The codes words associated with the generator matrix is
0000000, 1011000, 0101100, 0010110, 0001011, 1110100,

1001110, 1010011, 0111010, 0100111, 0011101, 1100010,
1111111, 1000101, 0110001, 1101001.

The parity check polynomial is defined to be

h:)(7—1
g
7
h=#=x4+x3+x2+l.
X +x°+1
Xl bt hx ot b
g

the parity check matrix H related with the generator polynomial
g is given by
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For the generator polynomial g = x> + x> +1 the parity check
matrix

where the parity check polynomial is given by x* +x* + x>+ 1 =

x! —
x> +x%+1

matrix gives the same set of cyclic codes.

. It is left for the reader to verify that the parity check

We now proceed on to give yet another new method of

decoding procedure using the method of best approximations.
We just recall this definition given by [4, 23, 39]. We just

give the basic concepts needed to define this notion. We know

that F]'is a finite dimensional vector space over Fy. If we take

Z, = (0, 1) the finite field of characteristic two. Z; =7, X7y X%

Z, x 7, x 7, is a 5 dimensional vector space over Z,. Infact {(1
0000),(01000),(00100),(00010),00001)}isa

basis of Z}. Z; has only 2° = 32 elements in it. Let F be a field
of real numbers and V a vector space over F. An inner product
on V is a function which assigns to each ordered pair of vectors

o, B in V ascalar (o /f ) in F in such a way that for all a, B, y in
V and for all scalars ¢ in F.

(@) (a+B/y)= (/) +{Bh)
(b) (ca /B) = c(a/B)

(©) (B/o) ={a/B)

(d) (/o) >0 if o 0.
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On V there is an inner product which we call the standard inner
product. Let o0 = (x1, X, ..., Xu) and B = (Y1, Y2, -+, ¥n)

(@ /B)= DXy,

This is called as the standard inner product. {o/a.) is defined as
norm and it is denoted by |ja. We have the Gram-Schmidt
orthogonalization process which states that if V is a vector
space endowed with an inner product and if By, B, ..., B, be any
set of linearly independent vectors in V; then one may construct
a set of orthogonal vectors o, a, ..., o, in V such that for each
k=1,2,...,nthe set {a, ..., oy} is a basis for the subspace
spanned by By, Bo, ..., Pk where o =B

0‘2:[32_<BI/OL;> 1
o |l
O‘3=B3_<B3/a;> a1_<B3/ai> 2
o i o i

and so on.

Further it is left as an exercise for the reader to verify that if
a vector [ is a linear combination of an orthogonal sequence of
non-zero vectors o, ..., Oy, then [ is the particular linear
combination, i.e.,

B= z‘":(W%)

pelll (0% ||

Oy -

In fact this property that will be made use of in the best
approximations.
We just proceed on to give an example.

Example 1.2.9: Let us consider the set of vectors ; = (2, 0, 3),

B, = (-1, 0, 5) and B; = (1, 9, 2) in the space R’ equipped with
the standard inner product.
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Define a; = (2, 0, 3)

((-1,0,5)/(2,0,3))
13

a,=(-1,0,5)- (2,0, 3)

= (_15 Oa 5)_%(27 Oa 3) = (_3, 05 2’)

((-1,9,2)/(2,0,3))
13

{@,9, 2)1(3—3, 0,2)) (£3.0.2)

8 1
= (1,9,2)-—(2,0,3) - —(-3,0,2
(1,9,2)-73(2,0,3)~ = ( )

:(15952)_ Ea Oaﬁ - iaoal
13 13 13 13

(1.9.2)— [16—3,0’ 24+2)
13 13

=(1,9,2)-(1,0,2)
= (0,9, 0).

o, =(1,9,2)— (2,0,3)

Clearly the set {(2, 0, 3), (-3, 0, 2), (0, 9, 0)} is an orthogonal
set of vectors.

Now we proceed on to define the notion of a best
approximation to a vector  in V by vectors of a subspace W
where B ¢ W. Suppose W is a subspace of an inner product
space V and let B be an arbitrary vector in V. The problem is to
find a best possible approximation to 3 by vectors in W. This
means we want to find a vector o for which || — o] is as small
as possible subject to the restriction that o should belong to W.
To be precisely in mathematical terms: A best approximation to
B by vectors in W is a vector o in W such that || — o || < || — 7]
for every vector y in W ; W a subspace of V.

By looking at this problem in R® or in R’ one sees
intuitively that a best approximation to by vectors in W ought
to be a vector o in W such that B — o is perpendicular
(orthogonal) to W and that there ought to be exactly one such a.
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These intuitive ideas are correct for some finite dimensional
subspaces, but not for all infinite dimensional subspaces.
We just enumerate some of the properties related with best
approximation.
Let W be a subspace of an inner product space V and let 3
be a vector in V.
(1) The vector o in W is a best approximation to 3 by
vectors in W if and only if B — a is orthogonal to
every vector in W,

(i1) If a best approximation to 3 by vectors in W exists,
it is unique.
(ii1) If W is finite-dimensional and {a,;, oy, ..., a,} 1
any orthonormal basis for W, then the vector
B/ o)

o= o, , where o is the (unique)best

o oy I

approximation to 3 by vectors in W.
Now this notion of best approximation for the first time is used
in coding theory to find the best approximated sent code after
receiving a message which is not in the set of codes used.
Further we use for coding theory only finite fields F,. i.e., |Fg| <
o . If Cis a code of length n; C is a vector space over F, and C

= F(;‘ c E, k the number of message symbols in the code, i.e.,

C is a C(n, k) code. While defining the notion of inner product
on vector spaces over finite fields we see all axiom of inner
product defined over fields as reals or complex in general is not
true. The main property which is not true is if 0 # x € V; the
inner product of x with itself i.e., (x / x) =(x, x) # 0 if x # 0 is
not true i.e., (x / x) = 0 does not imply x =0 .

To overcome this problem we define for the first time the
new notion of pseudo inner product in case of vector spaces
defined over finite characteristic fields.

DEFINITION 1.2.9: Let V be a vector space over a finite field F,,
of characteristic p, p a prime. Then the pseudo inner product on
Vis a map (), : V x V = F, satisfying the following
conditions.
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1. & x), 20 forall x € Vand (x, x), = 0 does not in
general imply x = 0.

2. xyh=Ox)forallx,y eV.
x+yzh=xz)ht W zhforalx y zel.
@ytzh=0&yht&z)hforalx y zeV.
(ox, y), = a &, y), and
&, By =p& y)yforallx,y, € Vand o, B €F,.

SN A

Let V be a vector space over a field F, of characteristic p, p is a
prime; then V is said to be a pseudo inner product space if there
is a pseudo inner product (), defined on V. We denote the
pseudo inner product space by (V, (,),).

Now using this pseudo inner product space (V, (,),) we proceed
on to define pseudo-best approximation.

DEFINITION 1.2.10: Let V be a vector space defined over the

finite field F, (or Z,). Let W be a subspace of V. For € V and

for a set of basis {a, ..., a} of the subspace W the pseudo best
k

approximation to f, if it exists is given by Z(ﬂ,og)pa,. If
i=1
k

Z{ﬂ,a»ﬂai = (), then we say the pseudo best approximation
i=1

does not exist for this set of basis {a;, o, ..., o). In this case
we choose another set of basis for W say {y, », ..., w} and

calculate i(ﬂ,}/&p% and i(ﬁ,]@)p]@ is called a pseudo best
i=1 i=1

approximation to f3.

Note: We need to see the difference even in defining our pseudo
best approximation with the definition of the best
approximation. Secondly as we aim to use it in coding theory
and most of our linear codes take only their values from the
field of characteristic two we do not need (x, x) or the norm to
be divided by the pseudo inner product in the summation of
finding the pseudo best approximation.

33



Now first we illustrate the pseudo inner product by an example.

Example 1.2.10: Let V =7, X Z, X Z, X Z, be a vector space
over Z,. Define (,), to be the standard pseudo inner product on
V;soifx=(1011)andy=(1111)arein V then the pseudo
inner product of

X yp=(1011),1111)),=1+0+1+1=1.
Now consider

X x)p=(1011),(1011)),=1+0+1+1=0
but

W yp=1111,1111),=1+1+1+1=0.

We see clearly y # 0, yet the pseudo inner product is zero.
Now having seen an example of the pseudo inner product we
proceed on to illustrate by an example the notion of pseudo best

approximation.

Example 1.2.11: Let

V=2Z=7, x Z, x...xZ,

8 times

be a vector space over Z,.

Now
W={00000000),(10001011),(01001100),(0010
0111),00011101),(11000010),(01101110),(0
0111010),(01010100),(10101100),(10010T11
0),11100101),(01110011),(11011111),(1011
0001),(11111000)}

be a subspace of V. Choose a basis of W as B = {a;, o, 03, 04}
where
a;=(01001001),
o0wu,=(11000010),
oz=(11100101)
and
o0;=(11111000).
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Suppose =(11111111)isavector in V using pseudo best
approximations find a vector in W close to 3. This is given by o
relative to the basis B of W where

a= Z(B’ak>pak

= ((11111111),(01001001)),0,+
((1111111),(11000010)),a,+
(1111111),11100101)), a3+
(1111111, 11111000)), as

= 1.(11+1.(12+1.0L3+1.(14.

= (01001001)+(11000010)+(11100101)+(11
111000)

= (10010110)eW.

Now having illustrated how the pseudo best approximation of a
vector P in V relative to a subspace W of V is determined, now
we illustrate how the approximately the nearest code word is
obtained.

Example 1.2.12: Let C = C(4, 2) be a code obtained from the

parity check matrix
1 01 0
H= .
1 1 01

The message symbols associated with the code C are {(0, 0), (1,
0), (1, 0), (1, 1)}. The code words associated with H are C = {(0
000),(1011),(0101),(1110)}. The chosen basis for C is
B = {ay, o} where o; =(01 0 1) and o, = (1 0 1 1). Suppose
the received message is B = (1 1 1 1), consider HB" = (0 1) # (0)
so B ¢ C. Let a be the pseudo best approximation to [ relative
to the basis B given as
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o= i(ﬁ,ak>pak = ((1111),(010 oy

k=1

(1 111),(101 1))00.
= (1011).
Thus the approximated code word is (1 0 1 1).

This method could be implemented in case of algebraic linear
bicodes and in general to algebraic linear n-codes; n > 3.

36



Chapter Two

NEw CLASS OF SET CODES
AND THEIR PROPERTIES

In this chapter we for the first time introduce a special class of
set codes and give a few properties enjoyed by them.
Throughout this chapter we assume the set codes are defined
over the set S = {0, 1} = Z,, i.e., all code words have only
binary symbols. We now proceed on to define the notion of set
codes.

DEFINITION 2.1 : Let C = {(x; ... X, ), (X7 ... X, ), oo (X1 ..o X, )}

be a set of (ry, ..., 1) tuples with entries from the set S = {0, 1}
where each ri-tuple (x;, ..., X, ) has some k; message symbols

and r; — k; check symbols 1 <i <n. We call C the set code if C is
a set vector space over the set S = {0, 1}.

The following will help the reader to understand more about
these set codes.
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l. ri=rjevenifi#j;1<1j<n
2. ki=kjevenifi#j;1<i,j<n
3. Atleastsomer;#r;wheni#t; 1 <i,t<n.

We first illustrate this by some examples before we proceed
onto give more properties about the set codes.

Example 2.1 : LetC={(1100),(0000),(11100),(0110
1),(00000),(111),(010),(000)}.C is aset code over the
set S= {0, 1}.

Example 2.2: LetC={(0110),(0001),(1101), (11111
1),(000000),(101010),(010101),(0000)}.Cisalso
a set code over the set S = {0, 1}.

We see the set codes will have code words of varying lengths.
We call the elements of the set code as set code words. In
general for any set code C we can have set code words of
varying lengths. As in case of usual binary codes we do not
demand the length of every code word to be of same length.

Further as in case of usual codes we do not demand the
elements of the set codes to form a subgroup i.c., they do not
form a group or a subspace of a finite dimensional vector space.
They are just collection of (ry, ..., ry) tuples with no proper usual
algebraic structure.

Example 2.3: LetC={(111),(000),(111111),(00000
0),1111111),(0000000)} be asetcode over the set S =

(0, 1}.

Now we give a special algebraic structure enjoyed by these set
codes.

DEFINITION 2.2: Let C = {(x; ... X, ), ..., (x; ...x, )} be a set

code over the set S = {0, 1} where x; € {0, 1}; 1 <i <r, ..., I'n.
We demand a set of matrices H = {H,, ..., H, | H; takes its
entries from the set {0,1}} and each set code word x € C is such
that there is some matrix H; € Hwith H;x' =0, 1 <i < t. We do
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not demand the same H; to satisfy this relation for every set code
word from C. Further the set H = {H,,..., H} will not form a set
vector space over the set {0,1}. This set H is defined as the set
parity check matrices for the set code C.

We illustrate this by an example.

Example 2.4: LetV={111000),(101101),(000000),
(011011),(1011),(0000),(1110)} be asetcode. The
set parity check matrix associated with V is given by

H={H; H,} =

01 1
MH=|1 0 1
110

H_1010}
110 1)"

The following facts are important to be recorded.

[
=
— o O

and

(D) As in case of the ordinary code we don’t use parity
check matrix to get all the code words using the
message symbols. Infact the set parity check matrix is
used only to find whether the received code word is
correct or error is present.

2) Clearly V, the set code does not contain in general all
the code words associated with the set parity check
matrix H.

3) The set codes are just set, it is not compatible even

under addition of code words. They are just codes as
they cannot be added for one set code word may be of
length r; and another of length rp; 1y # 1,.
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@) The set codes are handy when one intends to send
messages of varying lengths simultaneously.

Example 2.5: V=1{000000),(001110),(100011),(01
0101),(11001),(11100),(01011),(000000)}1isa
set code with set parity check matrix H = (H;, Hy).

Example 2.6: Let V={0000000),(1111111),(1111

1),(00000),(1111),(0000)} be aset code with set parity
check matrix

1100 00O0O0

10100000

1 001 0000O0
H=<1 0 0 0 1 0 0 0},

1 0000100

1 00 00O0T1O0

1 000 0O0O01

110000

101000

1 001 00O

1 00 010

1 000 01

and

1 1.0 00

1 01 00

1 0010

1 0 0011

Now having defined set codes we make the definition of special
classes of set codes.
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DEFINITION 2.3: Let V = {(v;,..., ¥, ), (x1,... x,)|yi=0,1<i

<ryxi=1,1<i<randt=1 2, ..., n} be a set code where
either each of the tuples are zeros or ones. The set parity check
matrix H = {H,, ..., H,} where H; is a (v; — 1) x r; matrix of the
form;

0
10 1 -0
1 0 0 1

where first column has only ones and the restis a (r;— 1) x (r;—
1) identity matrix; i = 1, 2, ..., n. We call this set code as the
repetition set code.

We illustrate this by some examples.
Example 2.7: LetV={0000),(1111),(111111),(000
000),(111111111),(000000000),(111111T1),(0

000000)} be a set code with set parity check matrix H = {H;,
H,, H;, Hy} where

H]Z

—_— = =
S O O =
S O = O
S — O O
- o O O

sz

—_— = = = e e
S O = O O O
oS = O O O O
—_ o O O O O

S O O o o =
S O o o = O
S O o = O O
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000O0O0O0OO0OO

1

1

0

00 0O0O0O0OTO O
1
1 000

1

0 00O0O0OTO O

1 00

00 0O0O
1

1

1 00 00O

0000

1

100 0O0O00O0

0 00

1

1 00000

0
0

1

0

1

1 000O0O0O0O0OO

100 0O0O0O0OO

H3:

and

000 0O0O
1

1 00

1

1

0

0 00 00O

1

0 0 0O

0 0 0}
1

100 00O

1

0 0 0

0

1

1 00 0O

0

1

1 000 00O

H4:

V is a repetition set code.

{H,, H,, H3 and H4},

(1111),(0000),(11111111),(00000000)} be aset

code with the set parity check matrix H

Example 2.8: Let V={000),(111),(11111),(00000),
where

00 00
1 000
1 0 0f,
1 0

1

1
1 0
1 00
1 000
1 00 0O

1

{

0
O ,HZ
1

S -~ O

— o O

1
1
1

.
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1 1.0 0 0

1 01 0O
H3 =

1 0010

1 0 0 0 1

and
1 1.0 0 0 0 0 0O
1 01 00 O0O0O0DO
1 001 00 00O
1 0001 00 00O
H4 = .

1 000 0T1O0TO0O
1 0000 O0T1TO0DO0
1 0000 O0O0T1UDO0
1 0000 0 O0O01

This set code V is again a repetition set code.

Now we proceed on to define the notion of parity check set
code.

DEFINITION 2.4: Let V = {Some set of code words from the
binary (n, n; — 1) code; i = 1, 2, ..., t} with set parity check
matrix

H = {H, .. H}
= (111 1), A1..1) .. (1. 1)

t set of some n; tuples with ones, i = 1, 2, ..., t. We call V the
parity check set code.

We illustrate this by some examples.

Example 2.9: LetV={1111),(1100),(1001),(11110),
(11000),01100),(111111),(110011),(011110),
(0000),(00000), (00000 0)} be set code with set parity
check matrix H = {H;, Hy, H3} where H;=(1111),H,=(111
1 1)and H;=(1 1111 1). Vis a parity check set code.
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We give yet another example.

Example 2.10: Let V={(1111110),(1100011),(1000
001),(0000000),(111100000),(111111000), (0
00000000),(110011011),(111100),(110011),
(100001),(000000)} be the set code with set parity check
matrix H= {H; Hp, H;} where H;j=(1111111),H,=(111
I111111)andH; (11111 1).Visclearly a parity check set
code.

Now we proceed onto define the notion of Hamming distance in
set codes.

DEFINITION 2.5: Let V = {X}, ..., X,} be a set code. The set
Hamming distance between two vectors X; and X; in V is defined
if and only if both X; and X; have same number of entries and
d(X, X)) is the number of coordinates in which X; and X; differ.
The set Hamming weight o(X;) of a set vector X; is the
number of non zero coordinates in X;. In short o(X;) = d(X, 0).

Thus it is important to note that as in case of codes in set codes
we cannot find the distance between any set codes. The distance
between any two set code words is defined if and only if the
length of both the set codes is the same.

We first illustrate this situation by the following example.

Example 2.11: Let V={(11100),(00000),(11001),(11
11),0000),(1110),(0101),(00000000),(110011
00),(11011000)} be aset code. The set Hamming distance
between (1 110 0) and (0 1 0 1) cannot be defined as both of
them are of different lengths. Nowd {(1111),(0101)} =2,

d(11100),(11001)) = 2,
d{(11001100),(11011000)} = 2and
d((1111),(0000)) = 4; where as

d((11001100),(1111))
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is not defined. We see the set weight (1 100110 0) =4, o(1
I11)=4and (1 110)=3.

How to detect errors in set codes. The main function of set
parity check matrices is only to detect error and nothing more.
Thus if x is a transmitted set code word and y is the received set
code word then e = (y — x) is called the set error word or error
set word or error.

Thus if V is a set code with set parity check matrix H = {Hj,
..., Hi}. If y is a received message we say y has error if Hy' #
(0). If Hy"' = (0); we assume the received set code word is the
correct message.

Thus in set codes correcting error is little difficult so we
define certain special type of set codes with preassigned
weights.

Now we proceed on to define the notion of binary Hamming set
code.

DEFINITION 2.6: Let V = {X,, ..., X,} be a set code with set
parity check matrix H = {H,, ..., H,} where each H, is a m,
x (2" —=1) parity check matrix whose columns consists of all
non zero binary vectors of length m.. We don’t demand all code
words associated with each H, to be present in V, only a
choosen few alone are present in V; 1 <t <p. We call this V as
the binary Hamming set code.

We illustrate this by some simple examples.
Example 2.12: LetV={0000000),(1001100), (1111

111),00000000),(11111111),(10101010)}bea
set code with associated set parity matrix H = (H;, H,) where

H1:

—_- O O
S~ O
_— O

1 1
0 1
1 1

S O =
O = =

and
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1 11 1 1 111

00 O0T1TT1T1T1F®O
sz .

011 00T1T1DP0

1 01 01 0T1PO0

H is a binary Hamming set code.

Now we give yet another example of a binary Hamming set
code.

Example 2.13: Let V={(0000000),(1001101),(0101
011),(000000000000000),(10001001101011
1), (000100110101111)} be a set code with set parity
check matrix H = (H;, H,) where

1 001 10
H=/01 0 1 0
001011

and

o o o ~
o o = o
o = o o
- o o o
S O = =
o = ~ o
==
—_ O = =
oS = o =
—_ o = o
S = = =
—_ = = O
)
_— = O =
—_ o O -

Clearly V is a Hamming set code.

Now we proceed on to define the new class of codes called m —
weight set code (m > 2).

DEFINITION 2.7: Let V = {X, ..., X,} be a set code with a set
parity check matrix H = {H,, ..., H}; t < n. If the set Hamming
weight of each and every X; in Vis m, m < n and m is less than
the least length of set code words in V. i.e., a(X;) = m fori =1,
2, ..., nand X; #(0). Then we call V to be a m-weight set code.
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These set codes will be useful in cryptology, in computers and
in channels in which a minimum number of messages is to be
preserved.

We will illustrate them by some examples.

Example 2.14: Let V={(000000),(111100),(01111
0,(11110000),01111000),(11000011),(1110
001),0011110),(0000000),(1010101)} bea set
code with set parity check matrix H = {H; H,, H;}. This set
code is a 4 weight set code for we see every non zero code word
is of weight 4.

One of the advantages of m weight set code is that error
detection becomes very easy. So for these m weight set codes
even if set parity check matrix is not provided we can detect the
errors easily.

We give yet another example of a m-weight set code.

Example 2.15: LetV={(111101),(11111000),(0000
0000),(000000),(10101011),(11001110),(011
111),(111011),(1111100),(0011111),(000000
0)}. V is a set code which is a 5-weight set code.

Another usefulness of this m-weight set code is that these codes
are such that the error is very quickly detected; they can be used
in places where several time transmission is possible. In places
like passwords in e-mails, etc; these codes is best suited.

Now having defined m-weight set codes we now proceed on
to define cyclic set codes.

DEFINITION 2.8: Let V = {x,;, ..., x,} be n-set code word of
varying length, if x; = (x,,...,x, )€V then (x, ,x ,..x, ) €V

for 1 <i <n. Such set codes V are defined as cyclic set codes.
For cyclic set codes if H= {H,, ..., H}, t < n is the set
parity check matrix then we can also detect errors.
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Now if in a set cyclic code we have weight of each set code
word is m then we call such set codes as m weight cyclic set
codes.

We now illustrate this by the following example.

Example 2.16: LetV={101010),(010101),(00000
0),01110000),(00111000),(00011100),(0000
1110),00000111),(10000011),(11000001),(1
1100000),(00000000)}.Vis a3 weight cyclic set code.

We do not even need the set parity check matrix to find error
during transmission as the weight of the codes takes care of it.

Example 2.17: Let V={(0000000),(0010111),(0101
110),(1011100),(100100),(000000),(010010),
(00100 1)} be a set cyclic code with associated set parity
check matrix H = (H; H,) where

001 0111
H={0 1 0 1 11 0
1 01 1100
and
1 001 00
H,={0 1 0 0 1 0
0 01 0 01

Now we proceed on to define the notion of dual set code or
an orthogonal set code.

DEFINITION 2.9: Let V = {X;, ..., X} be a set code with
associated set parity check matrix H = {H,, ..., H, | t < n}. The

1
dual set code (or the orthogonal set code) V = {Y:/ Y. X; = (0)
for all those X; € V; such that both X; and Y; are of same length
inV}.
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Now it is important to see as in case of usual codes we can
define orthogonality only between two vectors of same length
alone.

We just illustrate this by an example.

Example 2.18: Let V={(00000),(11000),(10100), (11
1111),(000000),(111100),(011110)} be asetcode.
The dual set code V:={(00000),(11111),(11100),(00
011),11110),(11101),(011000),(001100),(010
1 0 0) and so on}.

For error detection in dual codes we need the set parity
check matrix.

We can over come the use of set parity check matrix H by
defining m-weight dual set codes.

DEFINITION 2.10: Let V = {X}, ..., X,} be a set code with a set
parity check matrix H = {H;, H,, ..., H | t < n}. We call a
proper subset S cV* for which the weight of each set code
word in S to be only m, as the m-weight dual set code of V. For
this set code for error detection we do not require the set parity
check matrix.

We illustrate this by some simple examples.

Example 2.19: Let V={(1100),(0000),(0011),(0101
0),(00000),(00011),(11000),(00110)} be aset code
over {0, 1}. Now V" the dual set code of V of weight 2 is given
by VF={00000),(0000),0011),(11000),0011
0)}.

We give yet another example.

Example 2.20: Let V={(00000),(11100),(00111),(11
1000),(000000),(000111),(010101)} be aset code.
The dual set code of weight 3 is given by V- = {(0 0 0 0 0),
000000),(01110),01101),(10101),(1010 1)}.
The advantage of using m-weight set code or m-weight dual set
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code is that they are set codes for which error can be detected
very easily.

Because these codes do not involve high abstract concepts,
they can be used by non-mathematicians. Further these codes
can be used when retransmission is not a problem as well as one
wants to do work at a very fast phase so that once a error is
detected retransmission is requested. These set codes are such
that only error detection is possible. Error correction is not easy
for all set codes, m-weight set codes are very simple class of set
codes for which error detection is very easy. For in this case one
need not even go to work with the set parity check matrix for
error detection.

Yet another important use of these set codes is these can be
used when one needs to use many different lengths of codes
with varying number of message symbols and check symbols.

These set codes are best suited for cryptologists for they can
easily mislead the intruder as well as each customer can have
different length of code words. So it is not easy for the
introducer to break the message for even gussing the very length
of the set code word is very difficult.

Thus these set codes can find their use in cryptology or in
places where extreme security is to be maintained or needed.

The only problem with these codes is error detection is
possible but correction is not possible and in channels where
retransmission is possible it is best suited. At a very short span
of time the error detection is made and retransmission is
requested.

Now we proceed on to define yet another new class of set codes
which we call as semigroup codes.

DEFINITION 2.11: Let V = {X,, ..., X,} be a set code over the
semigroup S = {0, 1}. If the set of codes of same length form
semigroups under addition with identity i.e., monoid, then V =
{S1, ... S)| r < n} is a semigroup code, here each S; is a
semigroup having elements as set code words of same length; 1
<i <r. The elements of V are called semigroup code words.

We illustrate this by some examples.
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Example 2.21: Let S={(0000),(1100),(0010),(1110),
(00000),(10000),(00001),(10001),(00100),(101
00),(10101),(00101)} be the semigroup code over the
semigroup Z, = {0, 1}. Clearly S = {S,;, S} where S;= {(00 0
0),(1100),(0010),(1110)}andS,={00000),(1000
0),00001),(10001),(00100),(10100),(1010T1),(0
0 1 0 1)} are semigroups with identity or monoids under
addition.

Example 2.22: 1etV={111111),(000000),(11000),
00000),00111),(11111),1111111),(000000
0),0011001),(1100110)} be asemigroup code over Z,
=1{0,1}. V={S},S,, S;} where S;={(111111), (00000
0},S={11000),(00000),(00111),(11111)} andS;
={(1111111),(0000000),(0011001),(110011
0)} are monoids under addition.

Example 2.23: Let V={(00000),(11111),(1111111),
(0000000),1111111111),(0000000000)} bea
set code over Z, = {0, 1}. V is a repetition set code. Infact V =
{S1. S5, S5} where $;={(00000),(11111)},S,={00000
00), (111111 1DH}andS;={1111111111),(000000
000 0)} are semigroups. Thus V is a semigroup code.

Now we prove the following.
THEOREM 2.1: Every set repetition code V is a semigroup code.

Proof: We know if C is any repetition code (ordinary), it has
only two elements viz(0 0 ... O)and (1 1 ... 1 1) i.e., a n tuple
with all its entries zeros or ones. Thus if V = {X, ... X,} is a set
repetition code it has only its elements to be zero tuples and one
tuples of different lengths. So V can be written as {S; ... Sy»}
where each S;is {(00...0), (11 ... 1)}; 1 £i<n/2. nis always
even if V is a set repetition code. Now each S; is a semigroup 1
<i1<n/2. Thus V is a semigroup code.
Hence every set repetition code is a semigroup code.
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We have the following result.

THEOREM 2.2: Every semigroup code is a set code and a set
code in general is not a semigroup code.

Proof: Suppose V = {X;, ..., X,} is a semigroup code then
clearly V is a set code. Conversely suppose V = {X, ..., X,} is
a set code it need not in general be a semigroup code. We prove
this by the following example.

Example 2.24: Let V={(11110),(00000),(11001),(10
001),(1111111),(0000000),(11000000),(0000
01 1)} be a set code over the set {0, 1}. Clearly V is not a
semigroup code for (11001),(10001) e Vbut(11001)+
(10001)=(01000) ¢ V. Hence the claim.

We can with a semigroup code V = {X, ..., X,}, associate
a set parity check matrix H = {H;, H,, ..., H; | r <n}. Here also
the set parity check matrix only serves the purpose for error
detection we do not use it to get all set code words for we do not
use the group of code words. We use only a section of them
which forms a semigroup.

Now as in case of set codes even in case of semigroup codes we
can define m-weight semigroup code.

DEFINITION 2.12: Let V = {X}, ..., X,} ={S;, ..., S, | r <n} bea
semigroup code if Hamming weight of each semigroup code is
just only m then we call V to be a m-weight semigroup code.

We illustrate this by some examples.

Example 2.25: LetV={(111000),(000000),(111000
0), 0000000),(10000011),(00000000)} be a
semigroup code. We see weight of each semigroup code word is

3 s0 V is a 3-weight semigroup code.

We have the following interesting result.
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THEOREM 2.3: Let V ={X;, ..., X,} ={S;, S ... S, | r <n} be
a semigroup code. If V is a semigroup repetition code then V is
not a m-weight semigroup code for any positive integer m.

Proof: Given V is a repetition semigroup code so every
semigroup S; in the semigroup code V has either weight 0 or
weight n; if n; is the weight of X;. So no two semigroup codes in
V can have same weight. Thus a repetition semigroup code can
never be a m-weight semigroup code.

Next we proceed to give the definition of semigroup parity
check code.

DEFINITION 2.13:  Let V ={X,, ..., X,} ={S;, ..., S, | r <n} be
a semigroup code where each S; is a semigroup of the parity
check binary (n;, n;— 1) code, i = 1, 2, ..., r. Then we call V to
be a semigroup parity check code and the set parity check
matrix H= {H,, ..., H.} is such that

Hi:(l 7 ... ]);i=1,2,...,r.

|y ———

We illustrate this by the following example.

Example 2.26: LetV={111111),(110000), 00111
1),(000000),(1100011),(1111000),(00000),(11
110),(11000),(00110)} =1{S; S, S3} where S;= {000
000),(111111),(110000),(001111)},S,={00000
00),(1111000),(0011011),(110001 1)} and S5={(0
0000),(11000),(111100),(00110)} is asemigroup
parity check code. The set parity check matrix associated with V
is{(11111),111111),(1111111)}={H; Hy, Hs}.

It is interesting to note that even a semigroup parity check code
need not in general be a m-weight semigroup code. The above
example is one such instance of a semigroup parity check code
which is not a m-weight semigroup code.
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As in case of set codes even in case of semigroup codes we
can define orthogonal semigroup code.

DEFINITION 2.14: Let S = {X}, ..., X} ={S., ..., S, |r<m}l bea
semigroup code over {0, 1}. The dual or orthogonal semigroup

code S* of S is defined by S* = {Sll, v S5 r<n} St ={s] s
s =0 forall s; €S}y 1 <i <r. The first fact to study about is
will $* also be a semigroup code. Clearly S* is a set code. If x, y
e Sf then x.s; = 0 for all s; € S; and y.s; = 0 for all s; € S:. To
prove (x +y)s; = 0ie., (x +y) € S;". At this point one cannot
always predict that the closure axiom will be satisfied by S}, 1
<i<r.

We first atleast study some examples.

Example 2.27: Let S={(0000),(0010),(0001),(001 1),
(00000),(00011),(00010),(00001),(10000),(100
11),(10010),(1000 1)} be a semigroup code. S = {S;. S;}
where S; = {(0000),(0010),0001),(001 1)} and S, =
{(00000),(00011),(00010),(00001),(10000),(10
011),(10010),(100001)}.

S-={(0000),(1000),(0100),(1100)}and
Sf=1{(00000),(01100),(01000),(00100)};

wesee SE={S",S:1=14(0000),(1000),(0100),(1100),

(00000),(01100),(01000),(00100)} is a semigroup
code called the orthogonal dual semigroup code.

Now we proceed on to define the notion of semigroup
cyclic code.

DEFINITION 2.15: Let S = {X, ..., X,} ={S;, ..., S, | r <n} be a
semigroup code if each of code words in S; are cyclic where S, is
a semigroup under addition with identity, for each i; 1 < i <vr,
then we call S to be a semigroup cyclic code.
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We now try to find some examples to show the class of
semigroup cyclic codes is non empty.

THEOREM 2.4: Let V = {X;, ..., X,} = {51, ..., SV
2

semigroup repetition code, V is a semigroup cyclic code.

} be the

Proof: Since any X; € V is either of the form (00 ... 0) or (1 1
... 1) so they happen to be cyclic. Hence the claim.

We leave it as an exercise for the reader to give examples of
semigroup cyclic codes other than the semigroup repetition
code.

Now we see this classes of semigroup codes form a sub
class of set codes i.e., set codes happen to be the most
generalized one with no algebraic operation on them. Now we
give some approximate error correcting means to these new
classes of codes. We know that for these set codes one can
easily detect the error. Now how to correct error in them.

This is carried out by the following procedure.

Let V= {Xi, ..., Xy} be a set code with set parity check matrix
H= {Hy, ..., H; | r <n}. Suppose Y; happens to be the received
message by finding H;Y;' = (0); no error, only Y; is the received
message. If H;Y;' # (0) then Y; is not the real message some
error has occurred during transmission. To find approximately
the correct message. Suppose Y; is of length n; then find the
Hamming distance between all set code words X; in V of length
n; and choose that X; which has least distance from Y; as the
approximately correct message. If more than one set code has
same minimal value then take that set code word which has least
value between the message symbol weights. For instance if Y; =
(111001 1) is the received set code word and Y; ¢ V. This Y;
has first four coordinates to be the message symbols and the last
three coordinates are the check symbols. Suppose X; = (110 1
100) and

Xi=(0111101)eV;
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d (Y, Xj)
d (Yi, X))

5
4,

we choose X to be the approximately correct word. Suppose X
=(1111100)eVandd(Y;,X)=4.

Now X; and X, are at the same distance from Y;, which is to
be choosen X, or X since the difference in the message symbols
between Y; and X; is 2 where as the difference between the
message symbols between Y; and X, is one we choose X to Y.
This is the way the choice is made without ambiguity as same
message symbol cannot be associated with two distinct check
symbols. Thus the approximately correct message is
determined.

This method is used in set codes which are not m-weight set
codes or m-weight semigroup codes.

Next we proceed on to define the new notion of group codes
over group under addition.

DEFINITION 2.16: Let V = {X,, ..., X} be a set code if V = {G,,
oy Gk | k < n} where each G; is a collection of code words
which forms a group under addition then we call V to be a
group code over the group Z, = {0,1}.

We illustrate this situation by the following examples.

Example 2.28: Let V.= {(00000),(11111),(000000), (1
11000),(111111),(000111),(11111111),(0000
0000),(11001100), 0011001 1)} ={G; G, G3}
where G;={(00000),(11111)},G,=4{000000),(000
111),(111000)}andG;={11111111),(0000000
0,(11001100), (0011001 1)} where G, G, and Gs are

group under addition. Clearly G, < Z;; G, Zg and G; Zi;
i.e., G are subgroups of the groups Z, (n =15, 6, 8). Thus we

can verify whether a received word X is in V or not using the
set parity check matrix.

We give yet another example.
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Example 2.29: LetV={1111111),(0000000),(1100
00),(100000),(010000),(000000),(11001),(001
10),(11111),(00000)} be a group code over Z,.

Clearly V= {G; Gy, G5} where G;={(1111111),(000
0000} Z].G,={(110000),(100000),(010000),
(000000)}c ZSandG;={(11111),(00000),(1100
1),(00110)} < Z; are groups and the respective subgroups of
Z], Z§ and Z] respectively.

This subgroup property helps the user to adopt coset leader

method to correct the errors. However the errors are detected
using set parity check matrices.

All group codes are semigroup codes and semigroup codes are
set codes.

But in general all the set codes need not be a semigroup
code or a group code. In view of this we prove the following
theorem.

THEOREM 2.5: Let V be a set code V in general need not be a
group code.

Proof: We prove this by a counter example. Take V= {(000 0
0),(11000),(00100),(111111),(000000),(01010
1),(1110000),(0011110),(0000000),(0101010),
(1100110)} to be aset code over Z, = {0, 1}.

Now take X=(11000)and Y=(00100) € V. Clearly
X+Y=(11100)isnotin V so V is not even closed under
addition hence V cannot be a group code over Z, = {0, 1}.

Next we prove every repetition set code is a group code.

THEOREM 2.6: Let V be a set repetition code then V is a group
code.

Proof: Given V = {X,, ..., X,} is a set repetition code. So if X
€ V then
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n; —tuples

or

n; —tuples

Thus V = {Gy, ..., Gy»} and the order of a set repetition
code is always even. Each G;j is a group under addition; 1 <1 <
/2. G;={00...0),(11... 1)} is a group. Thus V is a group
code. Every set repetition code is a group code.

We give some examples of these codes.

Example 2.30: LetV={111111),(000000),(11111),
(00000),(111111111),(000000000), (111111
1),(0000000)} be aset code. We see order of V is eight and
V ={G|, Gy, G;3, G4} where G;={(000000), (1 11111)},
G={11111)00000)},G;={000000000),(1111
11111)}andGy={(1111111),(0000000)} are groups.
So V is a group code.

We now define these codes as repetition code.

DEFINITION 2.17: Let V = {X,, ..., X,,} = {G,, ..., Gn/

2
is a set repetition code. Clearly V is a group code. We call V to
be the group repetition code.

} where V

The following facts are interesting about these group repetition
code.

1. Every set repetition code is a group repetition code.
Every group repetition code is of only even order.

3. The error detection and correction is very easily carried
out.

If X; € V is a length n;, if the number of ones in X is less than

n% then we accept X;=(00 ... 00).
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If the number of ones in X; is greater than n% then we

accept X; = (1 1 ... 1). Thus the easy way for both error
correction and error detection is possible.

Now we proceed on to describe group parity check code and
group Hamming code.

DEFINITION 2.18: Let V = {X,, ..., X} be a group code if H =
{H;, ..., H, | r < n} be the associated set parity check matrix
where each H; is of the form

(_]Ii)

1 <i<vrie,V={G,), .. G |r<n}andeach G;is a set of
code words of same length n; and forms a group under addition
modulo 2; then V is defined as the group parity check code.

We now illustrate this by the following example.

Example 2.31: Let V={X,,...,X;}={000000),(11000
0,001111),(111111),(1111000),(0000000), (1
1110,(11000),00110),00000)}=1{G;, Gy, G3}
where
Gi={000000),(110000),(00111 1)},
G,={(0000000),(1111000)}
and
G;={(11000),(00110),(00000)}

are groups. So V is a group code which is a parity check group
code.

The associated set parity check matrix is H = {H;, H,, H;}
where

H=011111),
H=(11111)
and
Hy=(1111111).
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We give yet another example of parity check group code.

Example 2.32: Let V={0000),(1100),(0011),(1111),
(11110000),(11000000),(00110000),(000000
00),(1110001),(0010001),(11000000), (00000
0 0)} = {G1. G, G3} where

Gi={0000),(1100),0011),(1111)},
G,={11110000),(11000000),(00110000),(000
00000)}

and
G;={(1110001),(0010001),(1100000)}

are groups and V is a parity check group code with set parity
check matrix H = {H; H,, H;} where
Hi=(1111),

H=(11111111)
and
Hy=(1111111).

Now we proceed on to define the new notion of binary
Hamming group code.

DEFINITION 2.19: Let V = {X, ..., X,} = {Gy, ..., G. | r <n} be
a group code. If each G; is a Hamming code with parity check
matrix H, i = 1, 2, ..., r i.e., of the set parity check matrix H =
{H;, H,, ..., H.}, then we call V to be a group Hamming code or
Hamming group code.

We now illustrate this situation by few examples.

Example 2.33: Let V={0000000),(0001111),(0110

011),(0111100),(00000000),(11111111),(000

11110),(1110000 1)} ={G,, Gy} where

G, = {(0000000),(0001111),(0110011),(0111
100)}

and
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G, = {(00000000),(11111111),(00011110),(1
110000 1)}

is a Hamming group code with set parity check matrix H = (H;,
H,) where

0001111

H=|0 1 1 0 0 11

1 01 01 01

and
1 1111111
H, = 000T1T1T1T1FP0 .

011 00T1T1P0
1 01 01 010

H, is the parity check matrix of the (8, 4, 4) extended Hamming
code.

We give yet another example of a Hamming group code
before we proceed on to define group cyclic codes or cyclic
group codes.

Example 2.34: Let V={000000000000000),(1000
10011010111),(010011010111100),(1100060
1001101011),(0000000),(1001101),(010101
1),(1100110),(0010111),(0111100),(111000 1),
(101101 0)} bea Hamming group code with set parity check
matrix H= {H; H,} where

S O O =
(= )
o = O O
-0 O O
S O = =
S = = O
—_— - O O
— O = =
S = O =
- o = O
O = =
_ = = O
—_ = =
—_ = O =
—_ 0 O =

and
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sz

S O
S~ O
- o O

1 1 01
1 01 1].
01 11

Thus V = {G;, G,} where G, and G, are groups given by G| =
{(000000000000000),(100010011010111),(0
10011010111100),(11000100110101 1)} and
G,={0000000),(1001101),(0101011),(1100T11
0,0010111),0111100),(1110001),(101101

0)}.

Now having seen few examples of Hamming group code we
now proceed on to define cyclic group code or group cyclic
code.

DEFINITION 2.20: Let V = {X;, ..., X,} ={G;, G, ..., G, |t <n}
be a group code. If each of the G, is a cyclic code which forms a
subgroup of some cyclic code Cy; i = 1, 2, ..., t with set parity
check matrix H = {H;, ..., H}.Then we call V to be a group
cyclic code or cyclic group code.

It is important to mention that we need not take the
complete cyclic code C; got using the parity check matrix H;; i =
1,2,...,t

We illustrate this situation by a few examples before we
proceed on to give more properties about group codes.

Example 2.35: Let V={000000),(111111),(000000
00,(111111111),(00000),(1 111 1)} beacyclic
group code with V = {G;, G,, G3} where G;={(000 0 0 0), (1
11111)},G,={00000000),(11111111)}andG;=
{(00000),(1 111 1)} are group codes.

One of the important features about this code in this example
leads to the following result.
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THEOREM 2.7: Every group repetition code V = {X,, ..., X,} is
a cyclic group code with even number of code words in V.
However the converse i.e., every cyclic group code is a
repetition code is not true.

Proof: Consider the repetition group code V = {X;, ..., Xu};
clearly n is even for if X; = (0, ..., 0) is of length n; then their
exists a X; in V such that X; = (1 1, ..., 1) which is of length n;
and {Xj, Xj} forms a group. Thus V = {G, G,, ..., Gy»}, where
each G; is a repetition code and order of each G;j is two. Clearly
each G; is a cyclic code as every repetition code is a cyclic code.
Hence V is a cyclic group code with even number of elements
n 1t.

The proof of the converse is established using a counter
example. Consider the cyclic group code V.= {(000000), (00
1001),(010010),(011011),(100100),(101101),
(110110),(111111),(0000000),0010111),(010
1110),(1011100),(0111001),(1001011),(1100
101),(1110010)} ={Gy, Gy} where G;={(000000) (00
1001),010010),(011011),(100100),(101101),
(110110),(111111)} andG,={(0000000)(001011
H)O101110),(1011100),(0111001),(100101 1),
(1100101),(111001 0)} are the group codes. It is easily
observed both the codes are cyclic so V is a group cyclic code
however both the codes G; and G, are not repetition codes.
Hence the claim.

Now we proceed on to define the dual (orthogonal) group code.

DEFINITION 2.21: Let V = {X}, ..., X,} = {Gy, ..., G, | t <n} be
a group code. The dual (or orthogonal) code V* of V is defined
by G"={Y| Y. X; = 0 for every X; € G}, 1<i<t; where V* =

{G" .Gy, .., G}

A natural question would be will V* be a group code? We leave
the answer to this question as exercise. We now illustrate this by
some simple examples.
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Example 2.36: Let V={000000),(0000),(1011),(010
1),(1110),(111111)}={G, Gy} where G;={(0000), (1
011),(0101),(1110)} andG,=4{000000)(111111)}
be group codes so that V is a group code. To find V-={(00 00
00),(111111),(110000),(001100),(000011),(10
1000),(100100),(100010),(011000),(010100),
(010010),(010001),(001010),(001001),(00010
1),(000110),(111100),(011110),(001111),(110
110),(110011),(011011),(101101),(011101),(0
10111),111010),(111001),(010111),(100111),
(101110),101011)},{(0000),(1010),(1101),(01

1D} =(G/,G)).

We see the dual group code of a group code is also a group
code.

Now we describe how we can do the error correction and
error detection in group codes. Suppose V = {X, ..., X,} = {Gy,
..., G| r <n} be a group code with associated set parity check
matrix H = {H,, ..., H;}. Suppose Y is a received message
knowing the length of Y we find the appropriate parity check
matrix H; of H and find H;Y"; if H;Y' = (0) then the received
message is the correct one. If H;Y' # 0 then we say some error
has occured during transmission.

Now how to correct the error once we have detected it. The
error correction can be carried out in two ways.

Method I: In this method we obtain only approximately the
close word to the sent word, once error has been detected. If y
¢ V, by monitoring the length of y we can say the code word is
only from the group code say G;. Now y ¢ G; we want to find a
x € G; such that the Hamming distance between x and y is the
least. We calculate d (x, y) for every x in G;. If more than one x
has the minimal distance with y then we observe the Hamming
distance between those x and y only taking into account the
message symbols and accept the least of them. The least
distance code word in G; — V is taken as the approximately
correct message.
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Now we describe this by the following example so that the
reader can know how to detect and correct errors in group
codes.

Example 2.37: Let V = {Xy, ..., Xy} = {Gy, ..., G, | r<n} be a
group code. Suppose H = {H,, ..., H,} be the set parity check
matrix associated with V. Lety =(1 1 1 0 0 1) be the received
word. Supposey ¢ Gi={(000000)(001001),(01001
0,011011),(100100),(101101),(110110),(111
1 1 1)} with the associated parity check matrix H; € H where

1 001 0O
H=(0 1 0 0 1 0
001 001

Clearly Gj are codes with 3 message symbols and 3 check
symbols and length of the code words in G; is 6. We first find

1
1
100100
. 1
Hiy'=[0 10 0 1 0f 1=(1 1 0)#0.
001001
0
1

T
So we confirm an error has occurred as H; y* # 0.

Now how to find approximately a code word close to y. This we
do by using method I i.e., we find the Hamming distance
between y and every x € G;.

d(©001001),(111001)) = 2 — (1)
d((010010),(111001)) = 4
d(011011),(111001)) = 2 )
d((100100),(111001) = 4
d((101101),(111001)) = 2 —(3)
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d((110110),(111001))
d((111111),(111001))

4
2 -

Now we find the Hamming distance between the sent messages
and the codes given in (1) (2) (3) and (4). We see the difference
among message symbols in (1) is 2 where as in (2) it is one, in
(3) it is also one but the difference between the message
symbols given by 4 is zero. So we accept (1 1 1 1 1 1) to be the
approximately the correct message as d (message symbols of (1
1111 1)and message symbols of (1 1100 1)) is 0 as well as
the same code also gives the minimal number of differences.

Now we describe the method II. The way of finding correct
message or the method of correcting the error that has occurred
during the transmission.

Method IT This method i1s as in case of the coset leaders
described in chapter one of this book.

Suppose V = {X|, ..., Xy} is the group code, i.e., V = {X, ...,
Xat = {Gy, ..., G; | r < n}. Suppose y is the received message
from knowing the length of the code word we using the parity
check matrix from the set parity check matrix H = {Hy, ..., H;}
find whether the received word has an error or not by finding
the syndrome of y. If S(y) = 0 then we accept y to be the correct
word if S(y) # 0 we confirm that some error has occurred during
transmission. How to correct the error which has occurred
during transmission.

If

S — O
- o O
S O
S — O
-0 O

is the associated parity check matrix of the received code word
y and H; y" # (0). Now we use the coset leader method. Suppose
y=(111001) is the received word.
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The corresponding coset table is

Message
words

000

010

001

100

Code words

000000

010010

001001

100100

Other cosets

100000
010000
001000
110000
011000
100001
111000

110010
000010
011010
100010
001010
110011
101010

101001
011001
000001
111001
010001
101101
110001

000100
110100
101100
010100
111100
000101
011100

Message
words

110

011

101

111

Code words

110110

011011

101101

111111

Other cosets

010110
100110
111011
000110
101110
010111
001110

111011
001011
010011
101011
000011
111010
100011

001101
111101
100101
011101
110101
001100
010101

Now we see (1 1 1 00 1) has occurred with the coset leader 1 1
000 0 so the sent code wordis(001001)ie., 111001+1
10000=001001.

It is very important to note that the hamming difference
between the received code and the corrected message happens
to give a minimal difference ford(001001),(1 1100 1)) is
2. But however the difference between the message symbols are
very large. It is appropriate to use any method as per the wishes
of the designer who use these codes.

It is pertinent to mention here that as in case of usual codes
we can adopt in group codes the method of coset leader for error
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correction. The main feature is that in general codes we cannot
use codes of different length from the same channel. All codes
would be of same length n having only the same number of
check symbols say (n — k) and same number of message
symbols k such that the length of the code is n — k + k = n. But
in group codes we have codes of different length and also we
have different number of message symbols and check symbols
depending from which group code G; we are sending the
message. The advantage of these codes is that in the same
machine we can transform codes of different lengths different
sets of messages with different sets of check symbols. With the
advent of computer it is not very difficult to process the
correctness of the received message!
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Chapter Three

SET BICODES AND
THEIR GENERALIZATIONS

In this chapter we for the first time define the notion of set
bicodes, group bicodes and semigroup bicodes and generalize
them. We give or indicate the applications of these codes then
and there. This chapter has two sections.

3.1 Set bicodes and their properties

In this section we proceed on to define the new notion of set
bicodes and enumerate a few of their properties.

DEFINITION 3.1.1: Let C=C, U C,

_ 1 1 1 1 1 1

= () (e ) (et )
2 2 2 2 2 2

o {(x1 Xy )(x1 e Xy ),...,(xl e X )}
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be a biset of (rl,...,rnl) v (sl,...,snz) bituples with entries from

the set S = {0, 1} where each (rl.l,sjz) tuple (xll...xl) v

%y

(xlz...xz) has some (kl.ll,ki) message symbols and

(rl.1 —kl.f,sj2 —ka.z) bicheck symbols 1 <i;<r, 1 <j, <s;, 1 <1

<njand 1 <j; <n,.
We call C = C; v C; the set bicode if C is a set bivector
space over the set S = {0, 1}.

The following observations will throw more light about these
set bicodes.

(D) L =r1;,8, =s; even ifii#j; 1 <1, ji<n, t=1, 2.
1 2.1 _ 1,2 YN .. _
2) kil :kjl’kiz —kj2 evenifig#j; 1 <i,ji<n,t=1,2.
(3) At least some Lo#L when i; #t;; 1 < i, < ny,

s, =S, where j, # tp, 1 <jp, t, <ny.

4) C, ¢ G, C, ¢ Cyie., Cyand C, are distinct, however
C; N C, need not be empty.

We illustrate this situation by the following example.

Example 3.1.1: Let C=C,u C,={(111),(000),(110),(10
0),(010),(00000),(11100),(11000),(00001),(000
000),(111000),(011100),(001110),(101100), (1
0001 1)}uw{0110),(0000),(1010),(1111),(00000
00),(0001000),(1110001),(1100110),(101010
1),(00000),(11111)}.Cisa set bicode over the set S = {0,

1.

The main advantage of these set bicodes is that they have
two set codes of varying lengths. We call the elements of the set
bicodes as set bicode words. Any x € C = C; U C, is denoted by

— 1 1 2 2. 1 1 1
X = (xl,...,xq)u (xl,...,xsz),(xl,xz,...,xq) e C,

and
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2 2 2
(xl,xz,...,xsz) e C,.

Another advantage of these codes over the binary codes or
binary bicodes in which we have code words of same length in
C, and like wise the code words in C, are of same length though
the length of the code words in C; and C, need not be of the
same length in general where as the set codes and set bicodes
are such that the set code words in them can be of different
lengths. So in a set bicode we can send two messages of
different lengths which is not possible in case of ordinary
bicodes. Further we do not demand the set bicodes to form a
bigroup or subbigroup or a subbispace of any finite dimensional

vector bispace. They are just a collection of (rl,r2,...,rn])

) (sl,sz,...,snz)—bituples with no proper algebraic structure

defined on it.

Example 3.1.2: Let C=C,uC,={(1111),(0000),(1 111
1),(00000),(11000),(00011),(1111111),(00000
00),(1100000),(1110),(1100}w{(111),(000),(11
0),010),(111111),(000000),(110000),(00110
0),001010),(11111111),(00000000),(110011
00),(1011010 1)} is aset bicode over the set S = {0, 1}.

However these set bicodes submit to certain algebraic
conditions which is expressed in the form of a definition.

DEFINITION 3.1.2: Let

Cc = C[ L/Cg
— 1 1 1 1 1 1 1 1
= {(xl,xz,...,xr]), (xl,...,x,,z), (xl,xz,...,x,n1 )} v
2 2 2 1 2 2 2 2 2
{(x1 ,xz,...,xsl), (xl,xz,...,xsz), (xl P .. )}

be a set bicode over the set S = {0, 1} when each xl.l,x? € {0,
1}, 1 <i<(r;,r .., L, ), 1 <j<(s}, 823 ..., snz). We demand a

set of set bimatrices H = H; VH, = {Hll..‘Htll} v {le...Hé}
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such that for every set bicode word x = xl.1 o x‘f eC, G

there exists a unique bimatrix H,.1 qu eH UH, = H

satisfying the condition

HY'= (H' UH), (x uxl)

= H' xl UH; x; =0 U 0.

We call H the set parity check set bimatrices associated
with the set bicode C.

However it is very important to note that the set bicode does
not contain all x such that Hx" = (H} U HJ?) (x; U x? )y=0)v
(0), 1 <i<njand 1 £j < n,. The only criteria which is essential
is that the set bicodes x which is in C satisfies Hx' = (0) U (0)
and nothing more. That is if x = x; U X, is such that Hx" =
H, x; UH,x}, =000 it is not necessary x € C=C; U C,.

We will illustrate this by a simple example.

Example 3.1.3: Let
CcC = C1UC2

= {(1111),(0000),(1010),(111111),00000
0),(100100),(001001),(111111),(000000),000
0000),(1000100),(0100010)}U{(11111),(0000
0),111111),(000000),(010010),(100100),(111
1),(0000),(0101)}

= {c.a.c}ufc.c.cl

where

C,={(1111),(0000),(1010)},
C,={111111),000000),(100100),(00100 1)},
Ci={1111111),0000000),(1000100), (01000

10);,
Ci={11111),(00000),(10100)},
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C2={000000),(111111),(001001)} and
C2={(1111),(0000),(010 1)}

be a set bicode with an associated set bimatrix

H = {H1UH2}
{Hl,H}, Hy | U{H} H, H | =

1 001 0 0y(1 0001O0O
1 010
01 0 01 0,01 1 0 0 1 0
01 01
001 0O0T1T){0O0T1TT1FV0O01
1 01 0 01 001600
1 010
<01 01 0,01 0 0 1 O0f,
01 01
01 00 1){0 01 001

which is the set parity check bimatrix of C = C; U C,.

It is easily verified that all bicode words x = x; U x, such
that Hx" = (0 U 0) = H,x! UH,x} is not included in C = C,
Y Cz.

Further suppose x=(1010) v (001110)=x,UXx;is
any received bimessage. We now check the bimessage is the
correct one by finding
Hx' (HUH2) {(1010)u(001110)}
Oou(rn
(00)U(000).

Sox ¢ C=C,uC,.

In view of this we define the new notion of set bisyndrome
of a set bicode word. This is mainly used to detect the errors.
However for correction we need to adopt different methods by
resending the message or correcting the error using Hamming
bidistance. The main use of set parity check bimatrices is
mainly for error detection.

H
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DEFINITION 3.1.3: Let C = (C,C,...C) ) UG}, C5,...CL ) =
C; UG, be a set bicode over S = {0, 1} where C ; are set codes
ie., C}i consists of set of code words of same length but in
general C; #—Cj.’, ifi zt; 1 <j,ji<nyi=1, 2 s0 C;.i and C;.[
are code words of different lengths 1 <j, j, <ny; i =1, 2.
Suppose H = H; UH, ={H\,H,,...H) | U {H},H],....H |
be a set parity check bimatrix associated with the set bicode C
— _ . _ 1 2
=CuC.lety eCiuC,=Cie,y=y, Uy, . Wedefine
S0), = S (3;) US (v,) = Hi (v,)" w H (v])" 10 be the
set bisyndrome of the set bicode C = C; U C,.

The set bisyndrome helps one to detect the error in the
following way.

We find for any y = y; Uy, a set bicode word, the set
bisyndrome S(y) = S(y} ) U S(y; ); if S(y) = (0 L 0) then we

sayy € C=C;uU C,. If S(y) # 0 U 0 and even if one ofS(yi‘t);t
0; t =1 or 2 then also we understand that the error has occurred

and it is detected. Thus the error S(y) = e, Ue; is called as the

set bierror. This technique is useful only in set bierror detection.
We will illustrate this by a simple example.

Example 3.1.4: Let C = C, U C, be a set bicode over the set S =
{0, 1} where

C= {111111),000000),(110000),(011000),
(000011),(000110)},

C.= {(1110),(0111),(0000)}

Ci= {(1110100),(0111010),(1101001),(0000
000),(1111111)},
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Cl= {0001111),0110011),(1111111),(0000
000),(1010101),(1001100)},

Ci= {(1100),(0101),(0000)},

C:= {0010111),0101110),(1011100),(0000

000)} and
C:= {000000),(001110),(100011),(111000),
(01010 1)}.
Let the set parity check bimatrix
H:H1UH2
1 11100
| . 1 010
=<H=[(0 0 01 I 1|,H,= ,
01 01
I 11111
1110100
Hi=0 11101 0pu
1101 001
0 00 1
' , (1 1 .01
H,=|0 1 1 0 1 1H;= ,
0101
1 01 01 01
001 0111
Hi={0 1 0 1 11 0
1 01 1100
and
01 1100
H;=[1 01 0 1 0
1 1.0 0 01

We observe the following from this example.
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(1) Supposey=(111000)uw(1111100)=y,Uy,isthe
received set bicode word. To find out whether the received set
bicode word is correct we use the method of detecting the set bi
error using the set bisyndrome technique.

S(¥) = Sy S(y2)
= Hy, U Hy;
=
1111001
= 0001111
111111O
0
_O_
-
1
001 011 1)1
ul0 1 01 1 1 0ft1
1 01110 0J1
0
_O_

= (10D'u(10)
# 0UO.

Hence the received set bicode word has error. Thus we have
to adopt to some error correcting techniques to retrieve the
correct message.

(2) Further in a bicode C we can send only a bicode word of
length (n; n,) which is always fixed once a bicode C is choosen.
But in case of set bicodes we can send bicode words of different
lengths say if the set bicode has biset code words of length
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(n},nlz,...,ni )u(nf,ng,...,nf ) then a set bicode word can be of
1 2

t;, t, different lengths i.e., of length (nil,nf); 1<i<y 1)<,
The length of set bicode is called the set bilength denoted

generally by (ni,nlz,...,nll )u(nf,ni,...,ni ) t>tbort;<tort

=t,. Also somen; can be equal to n;.

Thus the use of these set bicodes is handy when one wants
to send set bicode words of different lengths varying from time
to time.

Thusx=(000011)uU(@O001111)isa set bicode word
of length (6, 7). x=(1110)uU (110 0) is a set bicode word of
length (4,4); x=(1110uU(010101)e C=C,UC,is set
bicode word of length (4, 6) and so on. The set bilength of the
given set bicode is (6,4, 7) U (7,4, 7, 6).

The only means to correct the errors in these set bicodes is
use the Hamming bidistance once we know error has been
detected. Suppose x = x; UX; and y = y; Uy, the Hamming
bidistance d, (%, y) = (d(x1, y1), d(Xz, y2)) where d(x;, y;) is the
usual Hamming distance between x; and y;; 1 <i<2. I[fy =y,
Uy, is the received set bicode word which has some error then
we find d(x, y), for all x = x; U x, where x; € C| and x, € C? .

The set bicode word x such that d(x, y), is minimum is taken as
the approximately correct set bicode word.

We shall illustrate this by a simple example.

Example 3.1.5: Let C = {C},C},C}}u{C].C3.C1.Ci} = G

U C; be a set bicode over the set S = {0, 1}. C; = {(1 111 1),

(11000),(00000),(000T1 1)} be a set code with the set
parity check matrix.

1
H =10
1

S o =
- o O
S —= O
S = O
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C.={111101),000000),(101000), (01000 1)} be

a set code with the set parity check matrix,

101010
H' =0 100 01
010101

C,=1{000000),(111000),(101101),(001110),(1
101 10)} be aset code with set parity check matrix;

H, =

- o O

1110
01 01
1 000

—_— O

C; ={000000),(100011),(011011),(111000)} be
a set code with set parity check matrix,

1

—_ o O

01 110
H>=[1 0 1 0 1
1 1.0 00
C>=4{0000000),(0110011),0001111),(10101

01),(0101010)} be aset bicode with set parity check matrix

1
H; = 1].
1

[ R

1
0
1

- o O
S = O
—_ = O
S O =

C; ={0000),(1011),(1110)} be a set bicode with set

parity check matrix,
5 1 010
H; = .
1 1 01
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C;={111111),(101101),(000000),(010010),(1
1011 0)} is a set bicode with set parity check matrix,

100100
H2=|{0 1 00 1 0.
001001

Thus C = C; UG, = {C}.C,.C}}U{C],C3,C.CY) s a set
bicode over S = {0, 1} with the set parity check bimatrix H = H,
UH, = {H}, Hy, H}} U {H;, H}, H}, H}} . Suppose y = (1 10

101)u (101011 1),is the received set bicode word, we first
check whether y € C; U C,. We find the set bisyndrome

Se(y) = Sy VS (y2)

Hyy; UH}y,

—_ O = O = =

[e)

[w)

[e)

p—
e = e = T
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1 1
= |0|ull
1 0
= (0)u (0).

Thus the received set bicode word does not belong to C,
u C,. Now we find the approximately a close set bicode word to
y using the set Hamming bidistance. d(x, y) = d (x;,y1) U d(Xa,
y2) where x =x;Ux,=(111101)u@110011).dxy)=
(1, 3) we choose x;=(1 111 0 1) to be the approximately close
to the code word (1 10 1 0 1). Now we find d (X, y)
where

x = xu@0001111)
with
X1 = (111101
d(x, y) = (1,3)

d(x,y) wherex=x;U (101010 1)=(1, 1).

Thus we take (1 01 0 1 0 1) to be the received probable set
code word in the place of the received set code word (1010 1
1 1). Thus the nearest set bicode wordisy;=(111101)u (1
010111).

Now we proceed on to define the notion of special types of
set bicodes.

DEFINITION 3.1.4: Let

C= C] UCQ
= {(y:...yél),(x;...xél )/yl1 =0,1<i<y, x| =LI<i<r ;4=
{12 ... n)}}

vy xtxl )yl =0,1<i<r ,x} =1,1<i<r, an
Aot Lo ) o 01505, . and

t =1, 2, ..., ny! be a set bicode where either each of the tuples
are zeros or ones. The set parity check bimatrix H = H; UH,
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I{HII,H;,...,H,III}u{Hf,sz,...,H,i} where H! isa (ri— 1) x

r; matrix of the form

1 10 0 0
1 0 1 0
1 00 1

where first column has only ones and the restis a (vi— 1) x (r; —
1) identity matrix, i = 1, 2, ..., njand sz. isa(s;—1) x(s;—1)

matrix of the form

11 0
1 0 1 0
1 00 1

where first column has only ones and the rest is a (s;— 1) x (s;—
1) identity matrix; j = 1, 2, ..., n,. We call this the set bicode C
= C; UG, as the repetition set bicode.

We shall illustrate this by an example.

Example 3.1.6: Let C=C,uC,={(0000),(1111),(0000
0, 11111),000),(111),1111111),0000000)}
vu{0000),(1111),(000000),(111111),(0000000
0),(11111111),(00000),(1 111 1)} be the repetition set
bicode

C=CiuC,=C;={0000),(1111)},
C,={00000),(11111)},
{1111111),(0000000)} = C,

C, ={000),(111)}and C' ={0000),(1111)},
C;={000000),(111111)},
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{00000),(11111)}

0000000),(11111111)}

2
4

C

2
3

C
H, U H,

with the associated set parity check bimatrix

and
H

S — O

— o O

— e

00 00O
1

1 00

0
0

1
0 00O
1 000
1 00 01
1
1 00 0001

0
1 00 0O

S O~

S — O

— o O
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110000
101000
H;={/1 0 0 1 0 O,
1000T10
100001
11000000
10100000
10010000
H;={10 0 0 1 0 0 0
1000O0T1O0O
1000O0O0T1O
100000O0O0°1
11000
H2:10100
Ot o010
10001

Thus we can send any repetition set bicode of varying or desired
length. This is the advantage of the repetition bicodes.

Now we proceed on to define the notion of set parity check
bicode.

DEFINITION 3.1.5: Let

C=CuC={C.G.....C u{c.a....Cl )
be a set bicode over S = {0, 1} with set parity check bimatrices
H, VUH, = {Hl' =(1..1), H; =(1..1), .., H,'11= (111

... 1), vectors of lengths say (r1, 1, ..., 1, ) respectively} U { H}
=(1..1),H =(1..), .., HL = (11 ...1)} be vectors of
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length say {s; ss, ..., s, } respectively. We call C = C; U C; to
be a set parity check bicode.

We illustrate this by an example.

Example 3.1.7: Let C=C,uC,={(11000),(01100),(00
000),(11011),10001),(1111),(1100),(0000), (11
11110),(1010000),(0100010),(1100011),(001
1110)}u{(111111),(110000),(000011),(00111
00),000000),(11111111),11110000),(11001
100),(11100111),(00000000)} be a set bicode with

the parity check set bimatrix H=H, UH, ={(1 1 1 1 1) = Hj},
Q11 H=H, 111111 H)=H}u{111111)=H],
H = (1111111 1)}.Clearly C is a parity check set bicode.

Next we proceed on to define the notion of binary Hamming set
bicode.

DEFINITION 3.1.6: Let
C=CuG={C.G....C,1u{C.C.....CL
be a set bicode with a set parity check bimatrix

H=H UH,= {H,H},...H, } O{H] H,...H |

where each Ht’ isa m; ><(2m’i" —1) parity check matrix i = 1, 2;

1 < t; < ny whose columns consists of all non zero binary
vectors of length m; ;1 <t;<n,i=1, 2. We first state each Cf

is a set of code words associated with H[’ but we do not
demand Ct’ to contain all x such that H,’ x' = (0), only Ct’ is a
subset of all the code words associated with H ; sl <t;<n; 1<
i <2. We call this C = C; UC; to be a binary Hamming set
bicode.

We illustrate this by a simple example.
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Example 3.1.8: Let C=C,uC,={0000000), (100110
0,(1111111),(00000000),(11111111),(10101
010)}v {(0000000),(1001101),(0101011),(000
000000000000),(100010011010111),(00010
011010111 1)} be asetbicode associated with a set parity
check bimatrix

H=H, U H,= {H,H}} U{H], H}}

where
0001 111
H=0 11200 11|,
1 0101 0°1
1 1111111
H1200011110
*1o1 100110
10101010
1 001 0 1
H' =0 01011
0 0 1 11
and
100010011071 0T1T11
H22010011010111100
*loo1 001101011110}
00010071 1010711711

Clearly C = C, U C, is a Hamming set bicode.
Now we proceed on to define two types of weight m set
bicodes.

DEFINITION 3.1.7: Let
v=_{. o

m
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be a set bicode with the set parity check bimatrix.

H=H UH,= {H,H},...H, } O{H} H,...H |
where V/’ are set codes with associated set parity check matrix
H;, 1 <j<n,andi=1, 2. Ifthe set Hamming biweight of each
and every bicode word C! UCJZ. inV=V,UVyis (m, m), m <
length of code word C! and Cf in V! and ij respectively; 1 <

j<nyand 1 <i <n; Then we call V="V, UV, to be a (m, m),
biweight set bicode.

These types of codes will be more useful in cryptography
and computers in which minimum number of bits is fixed.

We first illustrate this by a simple example.

Example 3.1.9: Let V=V,UV,={V/ ={000000),(111
100,001111),111011),(011110),(01011 1)},
V,={1111000),(0000000),(1110100),(10101
01,(1101100),(0011110),(1100011)};V, =411
11),0000)}}U{{Vi=(00000000),(11110000),
(11001100),(00011110),(11000011),(101010
10),(11011000),(01101010)}, V; ={1111000),
(1100110),(0000000),(1011010),(0110101)},
Vi={11110),00000),01111),(11011)}} bea set

bicode with 4 biweight. Every non zero bicode is of 4 weight
viz. (4, 4) or (0, 4) or (4, 0). One of the main advantages of the
set bicode of set biweight (4, 4); the error detection is easy.

We show yet another example of a set bicode of same
biweight (m, m).

Example 3.1.10: Let V=V, UV, ={{V/ ={11111100
0,(111110100),(000111111),(000000000), (0
10101111),(101111010),(110110110)},V, =

{(111111),(000000)}, V! ={O0111111), (111011
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1), 0000000),(1111011DH,1101111),(111110
DY, Vi={11110011),00111111),(01111110),
(11100111),(00000000),(11011110),(011110
1D} U{V,=(1111110000),(0000000000), (1
110000111),(1100111100),(0000111111),(11
10011100),(1100001111)}, V;={1111110),(0
111111),0000000),(1110111),(111101 1)},
Vi={111111),(000000)}} be a set bicode of (6, 6)
biweight over the set S = {0, 1}.

Now we proceed on to define a (m, n) biweight set bicode
or a set bicode of (m, n) biweight m # n.

DEFINITION 3.1.8: Let

v=viov = o
be a set bicode over the set S = {0, 1}. Suppose V,is a set code
of m-weight or m-weighted set code and V, is a n-weighted set

code (or a set code of n weight) m =n. Then we call V=V, UV,
to be a (m, n), biweight set bicode.

We illustrate this by an example.

Example 3.1.11: Let V=V,UV,={V' ={00111),(0000
0),(11010),(11100),(01110)}, V:!={111000),(00
0000),(000111),(110100),(100110),(001110),
(010101)}, V! ={(1110000),(0000000),(011100
0),(0011100),(0001110),(1010100),(0101010),
(1100001)}} U{V>={0000),(1110),(0111),(10
11),(1101)}, V2={(11100),(00000),(11010),(001
11),(10110),(01110)}, V>’={00000111), (00000
000),(11100000),(10000110)}, V2={111000),

(000000),(110100),(001110),(101010),(01010
1)}} is a (3, 3) biweighted set bicode over the set (0, 1) =S.
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These bicodes which are biweighted is very useful for by
the sheer observation one can detect the errors.

Next we give an example of a (m, n) biweighted set bicode
(m #n).

Example 3.1.12: Let V=V, U V,={V' = {(111100),(000
000),(110011),(011110)}, V! ={1111),(0000)}
V! ={0001111),(0000000),(1110100), (01111
00)}U{V>={111000),000111),(000000),(11
0001),(011010),(011100),(101010)}, VZ={000
0),(1110),0111),(1101)}, V2={1100T1),(00000),

(11100),(01110),(00111)}, V2={000001111),

(11000001),(00000000),(01110000),(101000
10),(10001001)}} be a (4, 3) biweighted set bicode over

{0, 1}.
Now we proceed on to define set cyclic bicode.

DEFINITION 3.1.9: Let V = V; U V>, if each of the V;’s is a set
code such that every code word is cyclic of varying lengths,; 1<i
<2, then we call V=V, UV, to be a set cyclic bicode.

We denote this by a simple example.

Example 3.1.13: Let V=V, U V, where V,= { V! = {(0 0 0 0 0),
A111D)},V,=4{110110),(011011),(101101),(0

00000), (111111}, V! ={11111000),(0111110

0,00111110),00011111),(10001111),(1100
0111),(11100011),(11110001),(00000000)}} is

a cyclic set code and V, = {V/ = {(111111),(000000)},
V; ={00000),(11110),01111),(10111),(1101

1),(11101)}, V’={(1111000),(0000000), (01111
00),(0011110),0001111),(1100011),(111000
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1)}} is again a cyclic set code. Thus V =V, U V, is a cyclic set
bicode.

Now we define the notion of cyclic set bicode of (m, m),
biweight.

DEFINITION 3.1.10: Let V = V; U V; be a cyclic set bicode over
the set S. If V is also a (m, m) biweighted set bicode then we call
V to be a cyclic set biweighted bicode over the set S.

We illustrate this by some examples.

Example 3.1.14: Let V=V,U V,={V' ={(000000), (111
100),(011110),001111),(100111),(110011),(1
11001)}, V! ={0101011),(0000000), (101010
1, (1101010),(0110101),(1011010),(0101101),
(1010110)}, V! ={(11000011),(00000000), (111
00001),(11110000),(01111000),(00111100),
(00011110),00001111),(10000111)}}u{V>=

{(1111000),(0000000),(0111100),(0011110),
(0001111),(1000111),(1100011),(111000 1)},

VZ={101011),(110101),(111010),(011101),(1
01110),010111),(000000)}, VZ={0000),(111

D}, V. ={10101010),01010101),(0000000
0)}} is a (4, 4) beweighted set cyclic bicode.

Note: If V=V, U V, is a (m, n) biweighted set bicode which is
also cyclic then we call V to be a cyclic biweighted set bicode.

We illustrate this also by an example.

Example 3.1.15: Let V=V, 0 V,={V' ={00000),(1110

0),(01110),(00111),(10011),(11001)}, V! ={011
0001),(1011000),(0101100),(0010110),(0001
011),(1000101),(1100010),(0000000)}, V! ={(I
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01010),(010101),(000000)}} U{V>={1101),(
110),(0111),(1011),0000)}, V2 ={10101),(1101

0),(01101),(10110),(01011),(00000)}, V2 ={(101
0100),(0101010),(0010101),(1001010),(0100
101),(1010010),(0101001),(0000000)}, V2 ={(1

10001),(111000),(011100),(001110),(00011 1),
(100011),(000000)}} is again a (3, 3) beweighted cyclic
set bicode.

Example 3.1.16: Let V=V, U V,={{(1110001),(11110
00),0111100),(0011110),(0001111),(100011

1),(1100011),(0000000)}=V', V. ={011101),(1
01110),010111),(101011),(110101),(111010),
(000000)}, V! ={(1010101),(1101010),(011010
1),(1011010),0101101),(1010110),(010101 1),
(0000000)}} U{V>={1010100),(0101010),(001
0101),(1001010),(0100101),(1010010),(010]1
001),(0000000)}, V2={(1110000),(0111000), (0
011100),(0001110),0000111),(1000011),(11
00001),(0000000)}, V2={101010),(010101),(0
00000)}, VZ={11100),(01110),(00111),(10071

1),(11001),(00000)}}. V=V,uUV,isa (4, 3) weighted
cyclic set bicode.

The main advantage of these codes is that both error detection is

very easy. Now we proceed on to define the notion of dual set
bicode.

DEFINITION 3.1.11: Let
C=CuC={C.G,.....C u{c.a,...Cl
be a set bicode. The dual set bicode of C or the perpendicular

set bicode of C denoted by
Ct= (C, UCz)l = (C1l UCzl)

_ {(cg)l,...,(c,; )L}u{(cf)i,(czz)l,...,(ci )L}
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o\l . . . . .
where (C,’) ={x’/x’ -y, =(0) for desired y, € Ct’} true for

I1<t; <ny i =1, 2. The desired needed code words may depend
on weight or cyclic nature etc.

We illustrate this first by an example.

Example 3.1.17: Let C=C,uC,= {C, ={(11100), (1111
1),(00000),(10101)},C, ={(111111),(000000), (1
10011)},C,={0000000),(1100001),(001110
0,0100101)}}U{CI={11001),(01100),(0000
0,01111)},C;=4{000000),(111000),(11001 1),

(001101}, C2={111111),(0000000)}, C>={(11

100000),(00000000),(00100111),(11000110),
(11000111)}} be aset bicode over the set S = {0, 1}.

The dual set bicode of C denoted by C* = (C; * U Cy') =
" ={(00000),(10100)}, (C}) ={000000),(11
C :

1111),(110011),(001100),(111100),(001111),
(011110),(100010),(010001),(010010),(10000

D}, (C1) = 4(0000000),(0100001),(0011000)}}
U{(C2) = {00000, (01111), (11100}, (C2) =1{00

0000),(110000)}, (cg)L={(000000),(111111),(11

0000),(001111),(111100),(001100),(10000 1),
(011110),(101011),(101000),(101011),(101071

DY, (Cﬁ)L={(OOOOOOOO),(11000000),(0000011
0),(11000110)}.

Thus we see C* = (Cy LU CZL), is the set dual bicode of the
given set code C = (C, U C,), .

Note: We have just given a set such that CC" = (C, n C,;") U
(C, "nCH=0u0.
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The error detection and correction would be easy if we use
the set dual codes.

Now we give a new class of set bicodes called complementing
set bicodes.

DEFINITION 3.1.11: Let C = (C; U C, %), be a set bicode i.e., if
C = {C.Ch....CL U{C,C.C2) then (CP)=(C)) e

C = {c;,c;,...,c;]}u((c;)ﬂ(c;)l,...,(c;l )L) is called the

complementing set bicodes.

Note: Tt is important to note that in C = (C, U C;") we don’t
take all the set codes which are dual with C;

We illustrate this by the following example.

Example 3.1.18: Let C=(C,u C; )= {{C' = {(00000), (11
000),(10001),(00110)},C,={000000),(11111

1)}, Ci={0000000),(0111111),(0011110)}, C, =
{00000000),(11011011),(11011000),(000000

11),(11000000)}}u{(C})L:{(OOOOO),(OOl10),(11

001),(00110)}, (c;)l ={00000),(110000),(0110
00),(001100),(000011),(111100),(111111),(11
1100),(11001 1)}, (c;)L ={0000000),(0111111),
(0011110),(0110000),(0000110),(0111111)},
(cg)L={(00000000),(11011011),(00000011),(1

1000000),(00011000),(11011000), (0000011
1),(00011111)}} is the complementing set bicode.

It is pertinent to mention here that for a given set code C,
the complementing set bicode got as C,~ may be finitely many
i.e., it is not unique in general.
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We give yet another complementing part of C; given in the
above example.

Example 3.1.19: Let C = (C, U C,") where {C,= {CI=1{000
00),(11000),(10001),(00110)},C,=4{000000),(1
111110}, C,={0000000),0111111),(001111
0)}, C, ={(00000000),(11011011),(11011000),

(0000001nmllooooomnqucﬁL={mooooxa
IOODL(C”L=K00000®JIIOOOQJOOIIIUAI
1111u400110mL(CQL={wooooooxw01100

QAOOOIIOQAOOOOIIQL(CDL={@OOOOOOOL
(11000011),(00011000)}}

C = (C, U CY) is also a complementing set bicode. Clearly
C = (C; U Ch) given in example 3.1.18 is different from the
complementing set bicode given here.

The main advantage of these classes of bicodes is that they
are very much useful in error correction and error detection.
Now to have more advantage than these bicodes we define (m,
m), weighted complementary set bicodes and (m, n), (m # n),
weighted complementary set bicodes.

DEFINITION 3.1.12: Let
V=mu%=pﬂwwjﬂuﬂwfiwfwxﬁf}
be a complementary set bicode were the weight of each code
word in every le and (le )l arem; 1 <j <n. Then we call V to

be a (m, m) weighted complementary set bicode.
The main advantage of these new classes of codes is that

they are useful for error detection and error correction; further
these codes can be used by cryptologists so that it cannot be
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easily broken by an intruder. These also can be used in channels
with varying lengths but with same weight.

Now we illustrate this new classes of codes by the following
examples.

Example 3.1.20: Let
V=V,u V= {VII,V;,V;,VJ}U{(VI')L,(VZI)L,(V;)l,(Vj)L}
where V/'={(000000),(1101100),(111100),(1100

11),(011110)}, V! ={0000000),(1010101),(110
0110),0110011),(1111000),(0111100),(1110
001),(0001111),(0011110)}, VI={©00000),(111

10),01111),(11011)}and V! ={11110000),(011
11000),(00000000),(00111100), (1100001 1),

(110011000}, (V) ={000000),(11001 1)}, (V!)
={0000000),(1100110)}, (V;)L={(00000)},

(Vi) ={(00000000), (0011001 1)}. WeseeVisa (4,

4) weighted complementary set bicode.

These codes can be used in cryptography as well as in
channels were retransmission is not possible as the corrected
bicode word can easily be obtained based on both weight and
duality.

Now we proceed on to define (m, n) weighted complementary
set bicodes.

DEFINITION 3.1.13: Let V =V, UV~ be a complementary set
bicode given by V=V, UV, = {Vll,...,V:}u{(Vll)l,...,(an)l}
where weight of each code word in each V' in V,is of weight m,

€1
m #n;, 1 <i <n and that is each code word in (Vl) is of

weight n (m #n), 1 <i <n. Then we call this new set bicode as
(m, n) weighted complementary set bicode.
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We illustrate this by a simple example.

Example 3.1.21: Let V=V U V, " where {V],V},V},V,} with

V/={00111),(11100),(00000)}, V,={000111),

011100),001110),(000000)}, V! ={0111000),
0011100),(0000000),0000111),(1100010)},
and V,={(00000111),(00000000),(00111000),
(1100000 1)} are codes in V; of weight 3. Now we wish to
take codes in V;* to be of weight 4 which is as follows; V" =

(V) (Vi) (V) (Vi) ] where (V) = 1000 0.0), 1 1
011, (VZ‘)L ={000000),(011011),(110110),(10

110 1)}~,(V;)L ={0000000),(0110110)}and (v;)L =

{(00000000),(11110000),(00011110),(110110
00),(001101 10)}.Clearly V=V, U V" is a (3, 4) weighted
complimentary set bicode.

The main advantage of these codes are easy error detection
and error correction and difficult to be hacked by an intruder
when any message is transmitted for it is not easy to guess, the
real code which carries the message; only the receiver at the
other end and the sender exactly know which of the code that
carries the message. Another advantage is the user need not be
very well versed in coding theory. Further these codes can be
used when one need different lengths of messages to be sent
across with varying number of check symbols.

Error detection is easy after error detection error correction
or guessing can be easily made when we use (m, n) or (m, m)
weighted complementary set bicodes.

Next we proceed on to define yet another new notion
namely semigroup bicodes.
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DEFINITION 3.1.14: Let V =V, UV, = {X;, X;, ..., an} vy
Y5, ..., Y, } be set bicode over the semigroup S = {0, 1}. If each

of the codes of the same length of the set codes in V; and V,
form a semigroup under addition i.e., a monoid under addition

ie, V= {Sll,...,Srll}u{(Slz),...,(sz )} such thatr; < n;and r; <

n, then we call V to be a semigroup bicode. The elements of V
are called semigroup bicode words.

We illustrate this situation by some examples.

Example 3.1.22: Let S= {V,U V,} = {V/ ={00000), (11
010),01011),(10001)}, V,=(000000),(111000),
000111),A11111)},V;={1100011),(001110
0,(1111111),(0000000)}, V,={1111),(0000),(1
000), 0111} U{V={000000),(110011),(0011
00,(111100),(000011),001T11),(111111),(11
0000)}, V;, ={(00000000),(11001100),(110011

00),(00110011),(11110000),(00001111),(00]1
11100, (11111111}, V2={1110000),000000

0,©0001110),(1111110)}}.Clearly V=V,uUV,isa
semigroup bicode.

Example 3.1.23: Let

V=V,uVy={V .V}, Vi, Vi O{V]. V], V] V)
where V/ = {(1111111),(0000000),(1100110),(00
11001)}, Vi ={(11111),(00000),(11001),(0011
0)}, Vi={(111111),(000000)}, V;, ={11111111),
(11000000),(00111000),(00000111), (111110
00),(00111111),(00000000)}, V'={11111),(00

000),(11100),(10000),(01100),(10011), (0111
1), (0001 1)}, V2 ={000000),(101010),010101),
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(111111)}, V2={0000000),(1100000),(000001

1),(110001 1)}. It is easily verified V is a semigroup bicode.
We proceed onto prove the following theorem.

THEOREM 3.1.1: Every set repetition bicode is a semigroup
bicode.

Proof: Let C=C,u G, = {C},C},+++,C, JU{C,C},+,C] | be
a set repetition bicode; clearly each Citi is a repetition code, ie
C, ={(00...0),(111...0}51<t<n;;i=1,2. Clearly
each Citl is a semigroup code for every i. Hence C = C, U C; is

a semigroup bicode.

THEOREM 3.1.2: Every semigroup bicode is a set bicode but a
set bicode in general is not a semigroup bicode.

Proof: Let C = C; UC, be a semigroup bicode as every
semigroup is a set we see C = C; U C, is a set bicode. On the
other hand every set bicode need not in general be a semigroup
bicode. We prove this by a counter example. Consider a set

bicode C = C, U C; = {C],C},C1}U{C].C3,C3.C}} where C,
={(1110000),(0011001),(0010101),(0111010),
(1011101),(0000000)}, C, ={00000),(11000),
(00010),(11111)},C.={000000),(110110),(01]1
101),(010110),(100101)},C>={000000), (1111
11),(110011),(011100)}, C2={0000000),(1100
110,(1011110),0011110)},C2={00000000),

(11001100),(00111100),(11001111)}and C; =
{A1111),(11011),(11100),(10101),(00000)}.

It is easily verified that the set codes CL ;1 <1<2 are not
all semigroup codes. Thus C is a set bicode which is not a
semigroup bicode.
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Now we proceed on to define (m, m) weight semigroup
bicode.

DEFINITION 3.1.15: Let
v=riov,={r o,

be a semigroup bicode. If every bicode word X = X; U X; of V' is
such that Hamming weight of X, is equal Hamming weight of X,
equal to m then we call V to be a (m, m) weighted semigroup
bicode.

We illustrate this by an example.

Example 3.1.24: Let
V=ViuVy= (V. Vv, vi} u{V,V;}
be a semigroup bicode were
V! ={000000),(000111)},
V,={00000),(01110)},
V;={0000000),(1110000)},

V:={000000),(101010)}
and
V; ={0000000),(0101010)}.
Clearly V is a (3, 3) weighted semigroup bicode.

We give yet another example.

Example 3.1.25: Let
V=V,uVy={V. .V} U{V}, V] Vi)
be a semigroup bicode over the set S = {0, 1} where V| = {(00

0000),(110011),0011011),111100)}, V!={00
000000),(11011000),(00011110),(11000711
0)}, V2={00000),(11110)}, V2={0000000),(11

01100),0001111),(1100011)}, VZ=1{000000),
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O01111),(110011),(111100)}.Visa(4,4)weighted
semigroup bicode.

We have the following interesting theorem.

THEOREM 3.1.3: Let
V=V,0UV,= {Vll,---,Vll}U{VIZ,VIZ,---,Vé}

n

be a repetition semigroup bicode, V is not a (m, m) weight
semigroup bicode.

Proof: Clearly each code in V; = {Vl1 Vi,V

n

} is a repetition

code and each must of different length. Similarly each code in
V, is a repetition code of distinct length. Since in any repetition
code the weight of every non zero code word is the same as its
length.

We see no two codes in V; have same length i = 1, 2. Hence
a repetition semigroup bicode is never a (m, m), weight
semigroup bicode.

We have the converse also to be true for we have a (m, m),
weight semigroup bicode is never a repetition semigroup
bicode.

The proof is left as an exercise for the reader to prove.

We just at this juncture give an example of a repetition
semigroup bicode.

Example 3.1.26: Let
V=ViuVy={V V, VI, Vi} U {V7, V), V) V) Vi

be a repetition semigroup bicode where V! = {(1 111 1), (00
000)}, V,={(111111),(000000)}, Vi={000000
0,(111111D}, V,;={1111),(0000)}, VV/=(111111
11),00000000)}, VJ={11111),(00000)}, Vi =
{000,111}, V;={111111111),(000000000
0)}and V. ={(111111),(000000)}. We see the weights
of V| =5, V,=6,V, =7, V, =4, V}=8, V=5, V; =9, and
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VZ= 6. Thus it can never be a (m, m), weighted semigroup
bicode.

Now we proceed on to define the notion of (m, n) (m#n),
weighted semigroup bicode.

DEFINITION 3.1.16: Let
C=CuC={C.G,.Chu{c.c.Cl

be a semigroup bicode. If every code word in the code Cl in C;

is of same weight m for every j = 1, 2, ..., n; and every code

word in the code C. in C, is of the same weight n for every k =

1, 2, ..., ny, then we call C to be a (m, n) weight semigroup
bicode.

We illustrate this by some simple examples.

Example 3.1.27: Let

C=Cu G ={C},C,.CLC u{C],C.C)
where C; = {(00000000),(111000)}, C, ={000000
00),(11000001)},Cy={0000),(1110)},C,={000
0000),(1110000)},C; =(110011),(000000),(111
100),(001111)},C>={00000000),(11110000),

(00110011),(11000011)}and C2={11110000),

(00000000),(00111100),(11001100)}1isa(3,4)
weighted semigroup bicode.

These bicodes can be used in cryptography as it can mislead
the intruder. Secondly these bicodes are such that error is
detected easily and error correction is also possible as it holds
the condition of being a semigroup. Infact the semigroup
bicodess C = C;, UC, can also be defined or called as
bisemigroup codes for C = C, U C, is clearly a bisemigroup.

Now we proceed on to define the new notion of orthogonal
semigroup bicode.
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DEFINITION 3.1.17: Let
C=CuC={C.G,.Chu{c.c.Cl

be a semigroup bicode over the set {0, 1}. The orthogonal
semigroup bicode of dual semigroup bicode of C denoted by

{(C/UC) = Cuc

_ ((C;)L,(c;)i...,(c; )L)u ((cf)r,(cf)i...,(cfz )L)

. L
is the dual code of each C, where (Ct’) ={x|xy=0forally
e C!, such that the collection forms a semigroup under

addition}, true for I<t; <n;, i =1, 2.
We illustrate this by a simple example.

Example 3.1.28: Let

C=Cu G ={C.C.Clufc.cl.clc)
where C!' = {(00000),(11100),(11111),(0001 1)},
C,={000000),(110000),(111100),(001100),(0

00011),(111111)},C,={0000000),(1110000),
(0001100),(0000011),(1110011),(0001111),(1
111100)}, C2={00000),(10101),(11100),(000 1

1),(01001),(10110),(11111),(01010)}, C>={000
000),(111111)}, C2={0000000),(1111000),(11

111111),0000111)}and C2={00000000),(110

01100),(00110011),(11110000),(11111111),
(00111100),(0000111 1)} beasemigroup bicode.

Cl=C-uCH={{(00000),(01100),(00011),(011
11n:(cwlb(cgl={moooooxa10000;01110
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0),(001100)}, (cg)L:{(oooooom,(l 100000),(000
0011),(1100011)}}U{(C}) ={00000),(10100)},
(Cj)L:{(OOOOOO),(l10000),(001100),(1 11100),
(110011),001111),(111111)}, (cg)l={(oooooo

0),(1100000),(0011000),(1111000)}, (ci)i{(oo

000000),(11111111),11110000), 0000111
Dy Ct= C; UC; is the dual semigroup bicode.

We see we can always restrain ourselves to obtain dual
bicode of a dual semigroup bicode to be a semigroup bicode.

Now we just see any message X in C = C; U C, would be of
the form

X= (X1, X5 X ) U (XXX

where X;i eCl; 1<j;<ni=1,2.

We illustrate this by the following example.

Example 3.1.29: Let

C=Cu G ={C}.Ch.Clufc.cl.cl.c)

be a semigroup bicode where

C'= {00000),(00110)(11001)},
C.= {000000),(000110),(110110),(110000)},
Cil= {0000000),(1101000),0010111), (1111

111},
C= {00000000),(11110000),00001111),(I

1000011),(00110011),(00111100),(111
1111 1)},

C2= {000000),(111111),(111000),(00011 1)},

102



wQ)
I

£00000),(11000),(00111) and
£0000000000),(1111100000), (000001

1100),(1111111100)(0000000011),(111
1111111),(0000011111)}

Q
I

be a bisemigroup code (or a semigroup bicode) over the set S =
{0, 1}. Any element X=X, U X,={(11001),(110000),(1
111111} u{00111100),(000111),(11000),(00
00011111)} eCuC,.

That is they can send at a time by a single transmission 7 set
of messages of length (5, 6, 7) U (8, 6,5, 1 0).

If due to some condition some of the receivers are not
available then they can send message Y =Y, UY,={(1100
D,(110110)}u{11000011), 0011, 1111111
100)} i.e., 5 set of messages of lengths (5, 6) U (8,5,10).

The sender can also send only 2 messages of Z=272,0 Z, =
{110110)}u{(11111111T1 1)} oreven a single
messageas {(11 1111 1D)}udordu {(1111111100)}.

Thus the flexibility of the use of channels and the number of
messages sent at time makes this semigroup bicodes
advantageous over other codes. This is true even in case of set
bicodes.

We illustrate the typical communication system.

The channel would be a multichannel which can receive and
transmit at a time a maximum of n; + n, simultaneously i.e., a n;
+ 1, channel.

According to need a few channel need not transmit remain
in the off state. Such sort of transmission coding and decoding
is possible due to the advent of supercomputer and proper
programming.

Thus these multichannel in time of need can also function as
a single channel. The advantage of these codes is they cannot be
hacked easily while transmitting secret messages they will
transmit n; + n, code words but only a few of them will be really
carrying the messages rest will be misleading codes. So at the
receiving end the receiver will only decode the codes which
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carry the messages and ignore the misleading codes totally. By
this method of transmission it is impossible for the intruder to
easily hack the message or even guess which codes really carry
the messages!

Apart from cryptography these codes are best suited for
multichannel transmission that too when the lengths of the
messages are different.

When we use the notion of (m, n), weighted semigroup
bicodes the error detection and correction can also be carried
out easily.

These codes can be used in computers, televisions and also in
counter when several different sets of messages are to be
transmitted simultaneously.

Now we proceed on to describe the new notion of
semigroup cyclic bicode.

DEFINITION 3.1.18: Let
Cc=(C...c,)u(c....C)

be a semigroup bicode, if each ij is a cyclic code for 1 <t; <

n; 1 <i <2 then we call S to be a cyclic semigroup bicode or
semigroup cyclic bicode.

THEOREM 3.1.4: Every repetition semigroup bicode is a cyclic
semigroup bicode.

Proof: Given
C=CuG=(C},..C, )u(C...Cl )

is a repetition semigroup bicode. Thus each C; ={00...0),

(11...D)},1<5;<n,1<1<2;is acyclic code, hence C is a
cyclic semigroup bicode.

Further the class of set bicodes contains the class of
semigroup bicodes.

We can as in case of semigroup codes use the method of
approximation described in chapter one to find the correct
message. We define group bicode and illustrate it by examples.
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DEFINITION 3.1.19: Let
C=CuC=1{C.G.C, ulc.c.Cl )

where each Cf is the collection of code words which forms a

group under addition; 1 <t; <n, i = 1, 2; we call C to be a
group bicode or special bigroup code, i.e., C is a group bicode
if each C;is a group code.

We illustrate this by some simple examples.

Example 3.1.30: Let
C=CuG={C],C),CL,Cl,CLu{C],C.

where

Cl = {(00000)(11111)(10011)(01100)(00111)

(11000)(01011)(10010)}
C. = {0000)(1011)(0101)(1110)}

C.= {000000)(001001)(100100)(010010)(0
11011111 1)(110110)(101101)}
C.l= {0000000)(1101000)(©0110100)(00110

10)(0001101)(1011100)(1110010)(010
1110)(1000110)(©0100011)(100101 1)(1
010101)(1111001)(©010111)(1100101)
(0111001)}

Cl= {1000101)(0100111)(©0010110)(00010

11)(1100010)(0110001)(0011101)(100
1110)(1010011)(©0101100)(1110100)(1
101011)(1011000)(0111010)(000000
O)1111111)}

C= {000000)(100100)(010010)(001001)(l
10110)(011011)(111111)(101101)}
C2 = {0000000)(1110100)(0111010)(00111

01)(1001110)(1101001)(O100111)(101
0011)}and

C2 = {(00000)(11100)(00110)(111111)(1101
0)(00101)(00011)(11001)}
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is a group bicode. We see each code C! is a usual code for 1 < t;

< n; i =1, 2. Now we make the following interesting

observation.

1. All group bicodes are set bicodes as well as semigroup
bicodes.

2. A set bicode in general is not a group bicode.

3. A semigroup bicode need not be a group bicode.

4. When we use group bicode the main advantage being that
both error detection and error correction can be done in a
easy way.

The advantage of set bicode over group bicode is that we can in
the set bicode

C=CuG={C.C,....C, }u{C].C....C}

take one of the Cit‘ ’s to be a usual code (general linear binary

code) and use these codes in cryptography or in defence
department for the sender and the receiver knows very well that
the code which carries the messages in C = C; U C, and can
code and decode the message for all other codes sent are just to
mislead the intruder.

We call these bicodes in which one or more codes C, are

usual codes as set bicodes only.
We shall illustrate this by a simple example, how these
codes can preserve confidentiality.

Example 3.1.31: Let
C=CuG=(C,C.C) v (C],0.0.C )

C = {000000)(1100100)(101111)(101010)}
C, = {00000)(11111)(11001)11001)(©110

D}
C, = {0000000)(1110100)(0111010)(00111

0D)(1001110)(1101001)(O0100111)(101
0011)}
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C2= {0000000)(0111010)(1110100)(0100]1
IDA111111)}

C2= {000000)(001001)(010010)(011011)(1
00101)(101101)(110110)(111111)}

Cl= {00000)(11000)(10001)(11111)}and

C:= {00000000)(11000110)(10101011)(11
110011)(11001111)}
be a set bicode in which the messages are carried only by C|

and C and all other codes are just to mislead the intruder.

Any message X sent across would be like X ={(1 1010
0,(11111),001110DH}u{(1110100),(110110),
(11111),(11001 11 1)}.Clearly both the sender and the
receiver knows only the code words (001110 1)and (1101
1 0 0) carry the messages and all other symbols are just to
mislead the intruder. So with the usual coding technique he
would only work with (001 1101)u (11011 0)and would
ignore all other messages.

The advantages of these codes are

(1) When these bicodes are used it is impossible for the
intruder to guess which codes carry the real message
their by the security while transmission is preserved so
best suited for cryptography.

(2)  Further these codes can be used in defence department

so that only one or two defence personals alone knows
where the secret informations are stored hence no traitor
can easily guess the secrets.
Even if invaded by the enemy nation it may not be easy
for them to get the true information. Thus these set
bicodes can be used as storage codes in defence
departments.

(3) These codes are suited to the present situation, i.e., the
computer world were mode of transmission is not very
difficult. These codes can be used in communication in
computers were secrecy of the identity is to be
maintained.
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It is pertinent to mention that even only one code in the set
bicode be a usual code i.e., a group or a subspace of the vector
space of dimension 2" and all the other codes are just sets which
are used only for misleading purposes.By making the number n;

+ my of the set bicode C = C, UG, = (C},C}.....C) )

U (Cf,C;,...,CﬁZ) arbitrarily large we see it is difficult for any

intruder to break the code or hack the message; for only one
code in these n; + n, codes will carry the message the rest of the
n; + n, — 1 code words are just misleading one which may be
even identical with the code word which carries the message.

We illustrate this by a simple example.

Example 3.1.32: Let

V=V, Vo= (VL V) VL VLV U (V2L V5V V) )
where V, alone is a code which carries the messages all other
code words in the set bicode V = V| U V, are only misleading
code words or false code words. V=V, U V,=
V= {111111)000000)(110011)(001100)(1

11010)}

Vy, = {(00000)(100110)(01110)(11111)}

V! = {(0000000)(1000101)(©0100111)(0010]1

10)(0001011)(1100010)(0110001)(001
1101)(1001110)(1010011)(0101100)(1
110100)(0111010)(1101001)(1011000)
(1111111)}

V! = {(10001101)(00000000)(11000110)(10
1010100)}

V! = {000000000)(111100000)(000111000)
(111111000)(001111100)}

VZ= {1111111)(0000000)(0111010)(11111
10)(0011111)(1011000)}

VZ = {(11000)(00000)(01001)(011000)}

Vi = {(000000)(111010)(001100)(11001 1)}
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V2 = {00000000)(11111111)11110000)(110
01111)(10101010)(01010101)(111000
1)}

is a set bicode in which only the code V, is the (7, 4) code
which is cyclic. Thus if X=X, U X, eV=V,UV,={1110
10)(01110)(0100111)(10001101)(11111100
0)}u{0111010)(01001)(111010)(11001111)}.

The receiver knows the messages are only in the code (0 1 0
011 1) and its other code words got by cyclic shift of (0 1 00 1
11)ie{(1010011),(1101001),(1110100),(0111
010),0011101)and(1001110)} thus only these 7 code
words carry the messages. So the sender instead of sending
these 7 code words sends the bicode word X; U X; and (01 00
1 1 1) carries the hint for the receiver to know the messages as
the key is already known to him.

Such set bicodes when used in cryptography, it is near
impossibility for the intruder in the first place to find the code
words which carries the message from these n; + n, code words
and secondly to guess it is the totally of all cyclic shift’s of that
word which carry the message. These codes can be used in
defence department with complete confidence.

We give yet another unbreakable set bicodes.

Example 3.1.33: Let
C=CuG= (C],C,.C,CLLCu (C].C.CLC)

where

Cl = {000000)(110010)(111111)(011010)(1
01010)}

Cl = {(0000000)(1010101)(1110001)(10110
11)(0011110)}

Cl = {00000)(11110)(11100)(01111)(01010)
(1101 1)}

Cl = {(11110000)(11011000)(00000000)(11
011111)}

Cl = {1111)(0000)(0101)(1010)}
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C = {11100001)(00000000)(01110001)(00
111110)(11000110)}

C2 = {0000000)(1101000)(0110100)(00110
10)(0001101)(1011100)(0101110)(00]1
0111)(1110010)(0111001)(1100101)(1
000110)0100011)(1010001)(1111111)
(100101 1)}

C2= {000000)(110110)(001110)(101010)(0

10101)}
C = {(11111)(00000)(11010)(©00101)}.

The receiver knows that only the message is carried by the code
C’in Gy Thus if X=X, UX,={(111111)(1010101)(1
1110)11011111H)O010DH}U{(11100001)(0O0T11
010)(101010)(00101)}is sent as a message the receiver
knows only those code words orthogonal to the code word (0 0
1 10 1 0) carries the information and all other code words are
just to mislead everyone, thus he works with all code words y of
length 7 which are orthogonal to (001101 0);i.e (001101
0)y =0. Clearly y=(0 0 0 0 0 0 0) but this is ignored. y = {(1 1
00101),(1100000),(1111000),(1000001),(100
0101),(0011101)and(0010010)} and so on will carry
the message.

To this end we define the notion of codes orthogonal to a
given code words.

DEFINITION 3.1.20: Let C be a (n, k) code. Suppose x = (x,, x,
ey X)) Where x; € {0, 1}; 1 <i <n. Now the codes orthogonal to
xisgivenbyx' ={y e {SxSxSxSxSxSxS} where S = {0,
1} such that x.y = (0)}. x" is a set which is always non empty for
000 ...0)e x*

Now we shall illustrate by a simple example.
Example 3.1.34: LetC={(01111)(10000)(01010)(00

000)} be asetcode. Takex=(01010)e C.x*={0000
0)01010)(10100)(10101)(00101)(10000)(001
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0o)ooon(d1110)(1000DH)(ITTITIH(O1I1I1ID)(11
011)01110)(11010)(010T1 1)}

Certainly the elements of x" are not orthogonal with every
element of given set code C.

Now we will indicate how the working can carried out by a
cryptologist in cryptology. When a set bicode

X=X1UXo= (XX}, X, ) U (X7, XE)

1s transmitted the sender knows out of these n; + n, code words
the particular Xi‘ , 1 £t;<n;, 1= 1, 2 which carries the message.
That message may not be direct, once the receiver spots that
code he has to supply a password or confidential code to the
sender only on sending the correct one the message would be
sent as the message is in one or more of the orthogonal codes to
X which he has to get correctly by identifying the weight or by
the finding the syndrome of it for already it is said the sender

and receiver will make one of the X} to be a normal code with

the supplied parity check matrix or the orthogonal parity check
matrix. So the receiver decodes the message using the parity
check matrix. This sort of set bicodes when used it is not easy
for the intruder to hack the information easily.

We can prove the following.
THEOREM 3.1.5: All set repetition bicodes are group bicodes.

Proof is left as an exercise for the reader.
However we give an example of it.

Example 3.1.35: Let

V=V,uVy= (V. V. VU (V. V.V, V)
where V! ={(00000)(1111 1)}, VI={1111111)(00
00000)},V! ={(00000000) (11111111}, V:={(11
1111)(000000)}, V2={1111)(0000)}, VZ={111

111111)000000000) and V2 ={1111111)(000

0 0 0)} is a repetition set bicode which is also a group bicode as
every code in Vi, 1 =1, 2 is a repetition code.
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However a set bicode in general is not a group bicode. Now we
proceed on to define the notion of group parity check bicode
and group weak parity check bicode.

DEFINITION 3.1.21: Let

C=CuG=(C.G....C, ) v (C.....Cl)
be a group bicode if each of the codes C,’; LI <t;<m,i=12is
such that it is associated with a parity check matrix Hj of the
form (11 ...1), 1 <j;<n;i=1, 2 then we call C to be a group

parity check bicode. If the group bicode
C=CuG=(C,G,....C, ) u(Cl.....Cl)

1 2 .
where some of the C; and C; are parity check code then we

call C to be a group weak parity check bicode, 1 <j; <n; and 1
<j; <n,.That is not all the codes C; are parity check codes only

a few of them are parity check codes.
We will illustrate these definitions by some examples.

Example 3.1.36: Let
V=Viu Vo= (V.V,... Vi Ju (Vo V] )
where n; =4 and n, = 3 with
V! = {000000)(110000)(001111)(111111)}
V= {00000)(11000)(00110)(10100)(11110)
0001 1)(10001)(01100)}
V= {0000000)(1111000)(0001111)(11000

11)(110110)(0111100)(0001100)(1111
110)(0111111)(1110010)}

Vi= {(1111)0000)(1100)0011)(1001)(0110)
(1010)}

Vi= {(111111)010100)(101011)(111100)(0
01100)(001111)}
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S
Il

{(11111111)(11001100)00110011)(11

110000)(00001111)(11111100)(00111
111)}

£00000)(11110)(01111)(©01010)(10100)
(11011)(11101)}

\'A

with the group parity check matrices H=H, UH, = {H; = {(1
11111, Hy={11111),H=1111111),H,=(111
DVWWH ={111111),H;={11111111),H; =011
1 1)}. Clearly V is a group parity check bicode.

Now we proceed on to give examples of weak group parity
check bicode.

Example 3.1.37: Let
C=CuG= {C.C,.C.Cu{cl.c.c.c.cll

where C| is generated by the generator matrix

[0
oot o)
C; is generated by the matrix
1

000 1
G.=[01 010
01 1 1

O = =

0
0
C} associated with the parity check matrix

Hi=(1111111),
C, associated with the parity check matrix

H,=(11111111),
C; generated by
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1 1100
Gi=(0 0110
11111
100100
G:=|0 1 00 10
001001

generates the code C; and Ci, C; has the associated parity
check matrix

H;=(11111),
C; is generated by

1 T.01 00O
o1 10100
G4: )
0011010
000 1 1 01

and C: has the associated parity check matrix
H:=(11111111).

Thus C = C, U C, is a weak parity check group bicode.

Now we proceed on to define the notion of Hamming group
bicode.

DEFINITION 3.1.22: Let
C=CuC=(C.0.....C,) u(C.C.....Ch)

be a group bicode where each of the codes C;

is a Hamming
code fori <j,<m;i=1 2 Wesay C=C, UC, to be a group
Hamming bicode. If in the group bicode C = C;, vC,

=(C11,C;,---,Cll) u(Cf,sz,---,sz) atleast some of the Cj K

n

are Hamming codes then we call C to be a weak Hamming
group bicode or weak group Hamming bicode.
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We will illustrate these by simple examples.

Example 3.1.38: Let

C=CiuG= {C,C,.C,.C,.CulC.Cl.C.Cl)
where
C'={000000)(111000)(000111)(111111)},

C! is generated by the matrix
) 188 y

1000101
01001 1 1]
00101 10| 9
0001011

C} is associated with the parity check matrix

—_— = = e e e
S O = O O O
S = O O O O
—_ o O O O O

S O O o o =
S O O O = O
S O o = O O

the generator matrix associated with C} is

1 1100
G,={0 0110
11111

and
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110000O0O0
1 0100O0O0O
1001 00O0O0O0
Hi={1 0 0 0 1 0 00
1 000O01O0O0
1 00 0O0O0T1TO0
1 0000 O0O0°1

is the parity check matrix associated with the code C}.
C;={11111111)(00000000)}.

C; generated by the generator matrix

100100
Gl=[0 100 1 0]
001001

C; is associated with the parity check matrix

1100000

1 01 0000

5 1001000
H; =

1000100

1000010

1 00 00 01

and C; is associated with the parity check matrix
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110 000O0O0
101 00O0O0O0
1 001 0O0O0O
H;=[1 00 0 1 0 0 0f.
1 000O01O0O0
1 00 0O0O0T1O0
1 000 0 O0O01

Clearly this a group bicode which is a weak group Hamming
bicode (weak group Hamming bicode).

DEFINITION 3.1.23: Let
C=CuC=(C.C.....C,) v (C.C.....CL)

be a group bicode, if each code C; 1 <j<n;i=1 2are

cyclic codes then we call C to be a group cyclic bicode.

In the group bicode atleast a few of them are cyclic codes
and the rest codes which form a group under addition then we
call C to be a weak group cyclic bicode.

We shall illustrate these definitions by some examples.

Example 3.1.39: Let
C=CuG={C}.C,.C u{c.C.0.C)

where C!' ={(00000)(11000),(00111),(11111)},C,
={(000000)(110101)(111010)(011101)(10111
0)(010111)(101011)(110101)}.Clearly C. isa
cyclic code, C, ={(0000000)(1100000)(0011000)
(0000111),(1100111)0011111)},C>={00000
0)(110000)(110011)(000011)(001100)(11110
0)(001111)(111111)and C2={1101011),(0000

000)(1110101)(1111010)(O111101),(101111
0)©0101111)(1010111)}isacyclic code.
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Let C: be generated by the generator matrix

1 0001 00O

5 1 000O01O0O0
G; =

1 00 00O0T1O0

1 000 0 O0O01

C; be the cyclic code generated by the generator matrix

1110100
Gi=/0 111010
0011101

Clearly C = C, U C, is a weak cyclic group bicode.

Now we proceed onto give an example of a group cyclic
bicode.

Example 3.1.40: Let
C=CuG={C}.C,.CLC u{Ct,C.c)
where each Cih isacycliccode; 1 <tj<4or3;i=1,2. C is

generated by the generator matrix.

100100
G=(01001 0],
001001
1 110100
Gy=/0 1 1 1010
0011101

is the generator matrix of the code C} .
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(10111
G, =
01 010
is the generator matrix of the C} code. C, = {(111000110)

(011100011)(101110001)(110111000)(0110
11100)001101110)(000110111)(100011071
1)(110001101)(000000000)}.

1 0001 10
010001 1|
001000 1| '
00 O0T1TT1T1'1
is the parity check matrix of the code C;. C; is a code

associated with the parity check matrix

)
[\S]
Il
e e e e T e
S O O = O O O O
S O = O O O O O
S = O O O O O O
—_ o O O O O o O

S O O O O o o =
S O O O o o ~= O
S O O o o = O O
S O O o = O O O

C; is the cyclic group given by {(00000000)(1011101)
(11101110)(01110111)(10111011)(1101110
1)(11101110)}. C; is the code generated by the matrix

100100
G:i=|/0100 1 0.
001001
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Clearly the group bicode is a weak group cyclic bicode.

Example 3.1.41: Let
C=CuG={C}.C,.CLC u{Ct,C.3)

be a group bicode where C11 is the cyclic code generated by the
generator matrix

1101000
o1t 10100
Gl =

0011010

0001101

C, is the cyclic code generated by the generator matrix

100100
G,=/0 100 1 0.
001001

C} is the cyclic code generated by the generator matrix

and C| is the cyclic code generated by the generator matrix

Gl =

S o O =
S O = O
S = O O
- o O O
O = =
—_——= = O
—_ O =
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Now C; ={(110101)(111010)(011101)(101110)

(010111)(101011)(000000)} is a cyclic code. C; be
a cyclic code generated by the matrix

1 0001 0°1
X 01 001 11
G; = .
0010110
0001 0T 1
C; is a cyclic code generated by
1 001 00
Gi=|/0100 1 0.
001 001

Thus C = C, U C, is a group cyclic bicode.

Now we proceed on to define the orthogonal code of a group
code.

DEFINITION 3.1.24: Let
C=CuC=(C.C.....C,) v (C.CG.....C)
be a group bicode, the dual group bicode of C denoted by
ct=(Crucy)=

((c:)i(c;)i...,(c; )i) u((Cﬁ)i,(cj)l,...,(Cjz)L);
i.e., for each C;, in C, C* contains (C‘; )L for 1<j, <m;i=12.
If for C = C; U C; we have

¢~ (€ Chenct) ofer(cr) enfr) )
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RN
with only some of the (Cj) are in C'" and other codes are just

Cj ;1 <j,js <ny;i=1 2; then we call C'to be the weak dual
group code of C.

We will illustrate this by some examples.

Example 3.1.42: Let

C=CiuC={C},C), Ciju{ct, G, ¢, i}
where C! = {(000000)(110011)(©001100)(11111
1)}, CL ={(0000000)(1010101)(0101010)(1111
111)},C.={000000)001001)(010010)(01101
1),(100100)(101101)(110110),(111111)},C? =

{0000)(1011)(1110)(0101)},C2={0000000)(1
110100)(0111010)(0011101)(1001110)(1101
001)(0100111)(1010011)}, C2={000000)(100
100)(011011)(010010)(101101)(110110)(111
111)}and C2={000000)(1000101)(0100111)(0

010110)(0001011)(1100010)(0110001)(0011
101)(1010011)(0101100)(1001110)(111010
00111010 (1101000)(1011000)(1111111)}
is the group bicode.

1
C'=CuC, ={(C]) =(000000)(110011)(©0110
0O@11111)(1111000(0000110,00111 1)},
(c;)l={(0000000)(1010101),(1010000)(0001

0 1)}, (c;)L ={(000000)(001001)(100100)(1101
10)(010010)(011011)}}u{(cf)l ={0000)(101
0)(0111)(1101)},(c§)l={(0000000)(1110100)},
(cg)L={(000000)(100100)(011011)(111111)}

(ci)L ={0000000)}! is the dual group bicode of C.
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Now we proceed on to give an example of a weak dual
group bicode.

Example 3.1.43: Let C = C, UG, = (C],C},C})u (C1.C3)

where C' = {(000000),(001001)(010010)(0110]1

1)(100100)(101101)(110110)(111111)},CL=
{0000000)(1110100)(0111010)(0011101)(10
01110)(0100111)(1101001)(1010011)}, C, =

{00000)01111)(10010) (11101}, C2={1110
0)(00110)(11111)(11010)(00101)(11001)(000
11)(00000)}and C2={(1110)(0110)(0011)(1000)

0101)(1101)(1011)(0000)}. Now the weak dual group
bicode of C denoted by

C - ((c})l,c‘z,(c;)L) U ((cf)ﬂc;)
={(c})l ={(000000)(111111)(100100)(010010)
001001)(011011)(101101)(110110)}, CL,
(cg)L={(00000),(01001),(01100),(00101)}}u

{(cf)L ={11000)(00000)}, C2}.C is a weak dual

group bicode. One can have several dual group bicodes for a
given group bicode.

Now we proceed on to define the new notion of whole group
bicode.

DEFINITION 3.1.25: Let
c=quct = (c.Cl...C)u ((CI')L,(CQ)L,...,(Ci)l)

be a group bicode such that not all (Cl.1 )L = (Cl.l) fori=1,2,

wor, 0. Then we call C to be a whole group bicode.

We illustrate this by some examples.
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Example 3.1.44: Let
(chaeiel) (@) () (c) ()]

where C! = {(0000)(1011)(0101)(1110)}, (c{)L = {(0
000)(1010)(1101)(0111)},CL={000000)(0010
01)(0100100(011011)(100100)(101101)(110
1100111111, (c;)i:{(000000)(001001)(010
010)(011011)(100100)(101101)(110110)(111
111)},CL=400000)(01111)(10010)(11101)},
(c;)i ={00000)(011000)(01001)(001010(101
10)(10011)(11111)}, C,={0000000)(000111
1H@©110011)(1010101)(0111100)(1011010)(1
100110)(1101001)}and(Cf‘)L={(0000000)(000

1111)(0110011)(1010101)(0111100)(101101
0)(1100110)(11010010(11111110,(1110000),
(1000011)(0100101)(1001100)(0101010)(00

11001)(©010110)}. Thus C=C, UC; is a whole group
bicode.

Now we proceed on to define the new notion of weighted
group bicode.

DEFINITION 3.1.26: Let
C=CuC=(C.C.....C,) v (C.C.....C)

be a group bicode such that each C; is of weight m, 1 <j, <n, i
=1, 2; then we call the group bicode C = C; U C, to be (m, m)
weighted group bicode.

Example 3.1.45: Let C = C,U G, = (C},C),Cy)u (C7,C3,CF)
where C; ={(0000),(1111)},C,={000000)(11110
0)(110011)O01111)},Cy=4{00000000)(11000
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0011)(11110000)(00110011)},C>={00000)(1
1110)}, C2={011110)(000000)(101101)(1100

1 1)and C: ={(1010101)(0©000000)}isa (4 4)
weighted group bicode.

The main advantage of this bicode is that both error
detection and error correction is easy. Also in channels were
retransmission is not very easy these codes can be used.

Now we proceed on to define the new notion of mixed
weighted group bicode.

DEFINITION 3.1.27: Let
C=CuC=(C.0.....C,) v (C.CG.....CL)
be a group bicode if each code le. in Cyis of weight n, 1 <j <n,;

and each code C. in C, is of weight m, 1 <k <n; then we call
the group bicode to be a (m, n) weighted group bicode.

We illustrate this by an example.

Example 3.1.46: Let

C=CuG={C.C.G} v {C.c.c.cl
be a group bicode where C} = {(000000)(111100)(00 1
111H@A10011)},C,={11110000)00111100)(0
0000000)(11001100)}, Ciy={0000)(1111)};thus

Ci = {C},C'z, C;} is a weighted m group code here m = 4.
Take C; = {C},C3,C3,C}} where C; = {(111111)(000

000)},C2={11111100)(00000000)}, C; ={(111
1110000)(0000000000)(0001111110)(11100
01110)},C:={000000111111)(00000000000

0)(000111111000)(00011100011 1)}.
Clearly C, is a group code which is a 6 weighted thus C =
C,u C,is a (4, 6) weighted group bicode.
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3.2 Set n-codes and their applications

Now having seen the notions of several types of bicodes we
now proceed on to define different types of n-codes n > 3 when
n =3 we can also call them as tricodes.

DEFINITION 3.2.1: Let C=C, v C, U ... U C, (n =3) be such
that each C; = (C{,Cé,.‘.,C,‘;I_) isasetcodei=1, 2, ..., n. Then
we call C to be a set n-code; when n = 3 we call C to be a set tri
code.

We will illustrate this by the following example.

Example 3.2.1: Let
C=CiuCGu CGuCiuC(Cs
={c.c.alu{c.clufc.q.c.cif
u{c).ci.ciulc.cl

where C! = {(11111)(00000)(11000)(10101)(010
10)}, CL={000000)(111100)(011110)(00111
D(110011)}, C.={0000000)(1110011)(01101
10)(0101010)}, C2={000000)(101010)(01010

HD(A11000)©00111)(110011)A11011)}, C2=

{(00000000)(11001100)(11110000)(0000111
1)(11000011)(11100111)(01101110)(111110

00)(00011111)(00111100)}, CC={0100)(0000)
(1010)(1101)}, C3={000000)(101011)(10111

011101 1)A01111)(110010)}, C2={00000)(I
100D (11100)(01110)(00110)00111)(1100
0)}, CC={(1111111)(0000000)(1100011)(0011
100)(1010110)(0101111)},CH={00000000)(1
1110011)(00110011)(00001111)(11111100)
O0111111)(11100111)}, Ci={111111111)(0

00000000)}, C:={11111)(00000)}, C:={0000
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00)(100010)(011001)(011101)(100110)}and
C;={00000000)(11000111)(00111000)(110
11001)(00100110)}isasetn-coden=>5.

Example 3.2.2: Let
C= C1 U C2 Y C3 =
{c.c..cilui{c.c.c.cluic.cl

C'= {(111000)(000111)(000111)(000000)(I
01010)(101100)(0O10110)(011010)},

C.= {00000)(11000)(00111)(11110)(©111
D},

C.l= {0000000)(1110001)(©0001110)(11111
00)(101101 1)1 111111)},

CC= {111111)(000000)},

Co= {1111DH@O101)(1011)(0000)},

Cl= {(00000000)(11100000)(11011100)(11
1111111101101 1)(11101110)},
C2= {111100001)(000000000)(000011110)

(111000111)(000111000)(111110001)
(011101110)(111111000)?,

C= {(1111111)(0000000)(1100011)(©011]1
00)(1010101)} and

Cl= {(111111)(O11101)(011011)(101010)(0
10101)(000000)!.

Thus C is a set tri code.
Now we proceed on to define repetition set n-code.

DEFINITION 3.2.2: Let C = C;, v C, U ... U C, where each C;
is a repetition set code fori =1, 2, ..., n then we call C to be a

set repetition n-code (n=>3).

We illustrate this by a few examples.
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Example 3.2.3: Let C = C, U C, U C; U Cyq U Cs U Cg where
Ci={C, ={00000)(11111)},C,={0000)(1111)},
C;={000000)(111111)},C,={0000000)(1111

111)}}
C,={CI={111111)(000000)},C;={(11111111)

(00000000)}, C; ={00000)(11111)}}

C;={C ={1111)(0000)},C,={11111)(00000)},
C;={000000000)(111111111)}}
C,={C/={11111)(00000)},C; ={0000000000)
A11111111D)},Ci={111111)(000000)}}
Cs={C ={000000000)(111111111)},C,=4{11
111)00000)}, C;={111111)(000000)}}
Ce={C’={111111)(000000)}, Cs={00000000)
A1111111)},C{={000000000)(111111111)},

CS={0000000)(1111111)},C{={000000000
0)(1111111111)}}

is a set repetition 6-code.

The main advantage in using these set repetition n-code is
that both error detection and error correction is very easy.
Further these n-codes can be used in cryptography by using
several of the codes as misleading codes and only the receiver
and the sender alone know the code words which carry the
message so it is very difficult for the intruder to break the key.

The main use of set n-codes is that when we want to
mislead the intruder it is best suited. Out of these set of n-codes

Ci, ..., C, we can use one or two codes say some C; for some i

in {1, 2, ..., n} to be a message transmitter the rest being to
mislead for in this case we do not want the codes to be
semigroups or groups it is sufficient if they are a proper subset
of a code which forms a group under addition. It is left as an
experiment for the interested to use these codes in cryptography.
We will just illustrate this situation by an example.
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Example 3.2.4: Let

C:C1UC2U C3UC4

={c.a.alufc.c.a.clu{c.clufc.c.cl

be a set 4-code where

£00000)(11111)(11000)(10101)}
{000000)(111100)(110011)(001111)}
{(1110)(0111)(0101)(0000)}

{000000)(101010)(010101)(110001)(1
11001)}
£00000000)(11001101)O1101101)(11
110001)(10001110)}
{0000000)(1110100)(0111010)(00111

01)(1001110)(1100111)0101011)(101
001 1)}

{111100000)(111000111)(000111001)
(000000000)(10101010 1)}
£0000000)(1101000)(0110100)(00110

10)(0001101)(1011100)(0101110)(00]1
0111)(1100101)(1110010)(0111001)(1
000110)(0100011)(1010001)(1111111)
(100101 1)}

£000000)(110100)(100110)(101010)(0
10101)(011010),(011100)}
{(111111)(000000)(111100)(110011)(1
01100)011110)(001111)(111001)}
£000000)(001001)(100100)(010010)(0
1101 D)(111111)(110110)(101101)}and
{(11111111)(00000000)(11011011)(01

111001)01100011)(00111111)(10101
010)(01010101)}.

Now C=C,UC, U C3uUCCyis a set 4-code we see in the
codes C:, C; and C; are usual codes that is they are closed
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with respect to addition and form a group. Further they are
subspaces of a vector space.

Now any message x € C=C,u C, U C; U Cy would be of
the formx={(11000)(111100)(1110)}u{(110001)
(11110001)(0111010 (101010101} w{01101
00)O011010}u{(110011)(001T00DH)(ATT11T111
1)} only the code words (001 1101),(0110100)and (11
0 01 1) alone need to be decoded for all other code words are
just to mislead. The receiver and the sender know these facts.
But a general intruder will not know these facts and it is a
remote impossiblility he guesses this.

Now if we take set codes of same weight we call them to m-
weighted set codes. We will define this situation and then
illustrate it by an example.

The main use of such weighted set n-codes is that it is easy
to detect errors. These codes can be thought of an easy error
detectable codes.

DEFINITION 3.2.3: Let
C=C,uC,u..C,

={c.c....clu{c.a.clu..u{g.c.c
be a set n-code if the weight of each code word in each C; in C;

is of weight m for 1 <j; <r, i =1, 2, ..., nthen we call C to be a
m-weighted set n-code.

Example 3.2.5: Let C=C,uU C, U C; U Cy U Cs where

Ci= {Ci,Clz,C;} where

C'= {11100)(01110)00000)(10101)(11001)
(10110)}

Cl= {111000)(011100)(101100)(01010T1)(1
01010)(000000)}

Cl= {00010011)(11100000)(00000000)(10

101000)(10010001)(00111000)(01011
000)(00000111)}.
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I

where

G, ={C}.C3}
(1101101 1)(1110)(0111)(0000)}

£110001)(110010)(110100)(011010)(01
1001)(001101)(000000)}

G ={C}.C.CLC

101010)(010101)(000000),(101100)(0
10110)(110100)}
{0000000)(1110000)(0111000)(0011]1
00)(0001110)(000011 1)}
£00000000)(11100000)(©00001110)(00
00011 1)}and
£000000111)(000000000)(000001110)

(000011100)(000111000)©01110000)
(011100000)(111000000)}.

Ci={C.C3.C}

{(1100001)(1100010)(0000000)(11000

100)(1101000)(0110100)(0011010)(00
01101)(1000011)(0100011)(0001011)
(1000110)(1011000)}
{(11000001)(10110000)(11000010)(11
000100)(11001000)(11010000)(10011
000)(10001100)(10000110)(1000001 1)
(01000011)(00100011)(00010011)(000
01011)(01101000)(01100100)(©011000
10)(01100001)(00000000)} and
{111000)(000000)(011100)(001110)(0

00111)(101010)(010101)}.

Cs={C}.C3}
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C’= {00000111)(10101000)(01010100)(00
101001)(00010101)(00000000)(11100
000)(01110000)(00111000)(00011100)
(00001110) and

C3= {0000000)(1010100)(0101010)(00101

01)(1001010)(0100101)(1010010)(010
1001)}.

Clearly C is 3 weighted 5-code. This code can also be used in
cryptography.

These codes are best suited in networking in computer as
well as fragmenting for the set n-code, C=C,uC, U ...uU C,
can be fragmented at any C; according to need. Also these codes
are of different lengths it will find its use in networking. Thus it
is left for the computer scientists to use these set n-codes. Also
they can use these set n-codes in places were the intruder should
not easily hack the privacy.

Now we proceed on to define the notion of group n-codes
for when we make use of the binary symbols i.e., {0, 1} the
notion of semigroup and group coincide under addition.

We proceed on to define group n-codes.

DEFINITION 3.2.4: Let
C= C] UCZ ... Cn
={c.G,....qhu..u{c.q..q
(n > 3) where each is a group code, 1 <j, < ryi=1, 2, .., n
We call C the set group n-code.

When n = 2 we get the group bicode. When n = 3 we get the
group tricode.

We will illustrate this by some examples.

Example 3.2.6: Let
C:C1UC2U C3UC4UC5
={C].C,.Ciu{c.c.ci.ciulc.clu

{cf.ci.cilu{c.a.c.c)
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where
C =
Cl =

{00000)(11111)}

{(0000000)(1000101)(0100111)(00101

10)(0001011),(1100010)(1010011)(100
1110)(0110001)(0101100)(0011101)(1
110100)(0111010)(1101000)(1011000)
(O111010)(1111111)}

£0000)(1011)(O101)(1110)

£000000)(001001)(010010)©11011)(1
11111)(110110)(101101)(100100)}
{(00000000)(1111111)}

{00000)(01111)(10010)(11101)}

0001111)(0110011)(1010101)(00000

00)(0111100)(1100110)(1011010)(110
1001)}

{00000000) (11111111}
{0000)(1110)(0110)(0011)(1000)(010T1)
(1101)(1011)}

f(111111)(000000)}
£0000)(1011)O111)(1001)(1100)(0010)
(1110)(0101)}
£00000)(01001)(00101)(10011)(01100)
(10110)(11010)(11111)}

0000000y (1111111)}

{00000),(11111)}

{0001111),(0110011)(1010101)(00000

00),0111100)(1100110)(1011010)(110
100 1)}

£0000)(1011)(0101)(1110)}

is a set group 5-code any typical group 5 code word X € C =X
=XiuXu XU XU Xs

={11111H)ao00010H)(O01IDHU{OOTIO00) (1111
Ir1npalrtron@ooltrInHrufd1r1I1111),(011

133



0)} U{000000)(1011)OI00U{IITITI111)(1
1111),(0001111)(010 1)}

These codes can be used in computer networking when
fragmenting of codes is to be carried out these codes can be best
suited as at the union the codes can be fragmented further these
codes are of varied lengths which is also an added advantage to
the user.

Let us now define different types of group n-codes.

DEFINITION 3.2.5: Let
C= C] UCZ ... Cn

={c.c....qlu{c.q....clu.vfq.q...c |
be a group n-code (n 2 3) if each of the codes C ; are repetition

codes, 1<j; <r, i =1, 2, ..., n; then we call C to be a repetition
group n-code.

We will illustrate this situation by some examples.

Example 3.2.7: Let
C=CuCGu Gu(C=
{c.c..cilufc.cilulc.c.a.clu{c.c.c)

where C; ={(00000)(11111)},C, ={1111)(0000)},
C,={000000000)(111111111},C={11111
1)(000000)}, C;={0000)(1111)},C, ={000000)
111111}, C={0000000)(1111111)},CI=4{11
111)(00000)},C;={1111111111)(0©00000000
0)}, Cl={1111)(0000)},C; ={00000000)(1111
1111)}and C; ={(1111111)(0000000)}.

It is easily verified that C is a repetition group 4 code.

We give yet another example of a repetition group tricode.
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Example 3.2.8: Let C=C, U C, U C;

= {cl.c..c.cju{c.clu{c.c.cl
where C; ={(0000)(1111)},C,={000000)(11111
D}, C,={11111111)(00000000)}, C,=1{00000)
Q111D C={000000)(111111)},C>={1111
11111)(000000000)}, C; ={000000)(111111)}

and C2={(1111111111)(0000000000)}.Cisa

repetition group tricode.

These codes can be used when it is not possible to
retransmit message or the cost is high; also these codes can
carry at a time several messages unlike the repetition code or the
repetition bicode. With the advent of computers these group n-
codes can be transmitted with space crafts or satellites.

Now we proceed on to define the group parity check n-
matrix and the group generator n-matrix associated with a group
n-code and illustrate them by examples.

DEFINITION 3.2.6: Let
cC=C,uC,u..uC,

={c.c....qlulc.c,...clu..u{q.c....c

be a group n-code. We call
H={H\,H,,..H | V{H} ,H,...H} | U..0{H,H},...H |
where each H ; is the parity check matrix of the code C ; ;1<
<r;i=1 2, .., nto bethe group parity check n-code. If

G={G.G...GI|U{G.G;.....G} }u..L{G.GS....G |
is such that G.j',» is the generator matrix of the code C;.i A< <
riy i =1, 2, ..., nthen we call G to be the group generator n-
matrix of the group n-code C.

Let us illustrate this by an example.

Example 3.2.9: Let
C:C1UC2UC3UC4
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={c.c.alu{c.clufc.q.c.clulcc.cl

be a group 4 code associated with the group parity check 4-
matrix

H=H,UH, UH; UH;=

—_— = =
S O O =
S O = O
S~ O O
- o O O
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is the group parity check n-matrix.

The elements of a group n-code will be known as the group
n-code word. Suppose

_ 1 1 1 2 2 3 3 3 3 4 4 4
X = (xl,xz,x3) U (xl,xz) U (xl,xz,x3,x4) U (xl,xz,x3)

is a group n-code word. Then we say x € C if and only if
= (1) (x]) i (x4) SR (x1) ) © (12 () 13 (x2)')
o (1 (x) 1 (<) H (<) H(x) )
O (1 (1) 2 (xd) o (x3) )

=£(0000)(000)(000)} U {(000)(©00) U {(000)©00
00)(000)(0000000)} U {00000 0)(0)(000),

which will be known as the group zero n-code word.

Now we use the properties of group parity check n-matrix
for error detection, for which we define the notion of group n-
syndrome of a group n-code.

DEFINITION 3.2.7: Let
C=C,uCu..uC,
={c.c....qlu{c.q....clu.ufq.q...c |
be a group n-code with the associated group parity check n-

matrix,
H=H,VUH uv.. UH,

= {H.H,,.. .HV O{H H . H) VOO H YL H

Foranyy e C = C; vC, U... v C, we define the group n-
syndrome of y to be
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GS() = {S(y;),s(y;),...,s(yj] )}u

{S(ylz),S(yzz),...,S(yé)} U... U{S(yl"),S(yz"),---S(yr"n)}.

IfGS (y) =0 u... U0 then we accept y € Cif GS(y) =(0 ... 0)

then we say y & C we have detected error and we have to
correct it.

As in case of usual codes we make use of the coset leader
properties to correct the error or in other words find the
approximately correct n-code word or the most likely
transmitted n-code word.

Now for this we recall the notion of group n-vector space

Vv=V,uV,u..uUV,
= (V. VLV o v v v oo v L v

where each V: is a vector space over the group F, = {0, 1}

under addition modulo 2;i<jij<rjandi=1,2, ..., n.

For a group n vector space V=V, UV, U.. UV, let C
U C, U ... U C, be a proper n-subset of V ie. each C; is a proper
subset of V;, 1 <i<ni.e., each Cj is a proper subset of VJ‘ and

further if each Cgi is a subspace of VJl ;1< <;i=1,2,...,n

then we call C to be a group n-subspace of V.
The n factor space V/C consists of n cosets a + ¢ =

aatcgUatceU...Ua,te,
= (a} +¢p,a, +Cy U Uay +ci}) U
2 2 .2 2 2 2
(a1 +ep,a; +ey Unrua, +cr2) UV

n n _n n n n\.
(a1 +cp,a; +o, Uva) +Crn)’
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: i i i _ i i i i :
Le.,, for each c; a} + ¢, = {aji +X; ‘xj‘ ecji} for arbitrary
al eF';1<j<r,i=1,2, ..., n. where p; is the length of the

code words in c} .

This is a partition of
(FP*,FP‘Z, L FT )u (pr,Fpg, F"fz)

n n p?"
U u (PP L)
of the form F, U F, U ... UF,

_fa 1 1 t 1y .1 2 2
=ic,Ula, +c)u...Ula) +¢ ),c,Ula; +¢c; Ju...U
t 1 1 2 2
(al2 +cz),...,c u(a1 +cz)...
th 1 1 1 1
U (ap +e, ), .0 Ula, o UL
t Lyt
U (al“ +c;)|ti1=2“‘ k'—l}u...

V) {cf u(ai1 +c{1)u...u(a{‘ +c{‘),
{c’z’ u(a‘z1 +c‘2‘)u...u(a‘22 +c'2‘),
n 1 1
s CF u(af +c! )u...u(aﬁf +c;)|t? =2 —1}

i.e., each code ci is of length n;i with k;i message symbols of

c; isa(n;i, k;‘)codetrueforls Jjifr.i=1,2,...,n

Clearly if y is any received group n-code then y must be an
element of one of these n-cosets say

t{+1112+1 tq+lu
a' +¢,a7 +¢,,..., ' +¢,

t? 2 8 2 n 2
(al1 +¢,a7 +¢5,...,a, +cr2) )
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! n _th n 1:1 n
U(a,' +C| ,a +C2, ey arn +Cr").

If the code word x has been transmitted then the error n
vectoreis givenase=y—-x e [—x=11.e.,

feleb el JUe
(v oyl Ty

1
bl

2 2 2 n _n n| _
15€5s s erz}u...u{el,ez, e ern}—
2 2 2 n n n
l’YZ’ ceey yrE}U...U{yl,yz, ceey Yr"}_
1 1 2 2 2 n n n
{XI’XZ’ ey X }U{XI’XZ’ ceey sz}u...u{xl,xz,..., Xrn}

el-x=1L

We have the decoding rule for each vector y" to find the coset

to which it belongs. The minimum weigtht in a coset is called
the coset leader. If we have several vector we choose one of
them as the coset leader thus in case of group n-code we have n
sets of coset leaders.

We will give a simple illustration for a code C;i ; the coset

table this can be applied for 1 <j;<n;.1=1,2,...,n.

Example 3.2.10: Let
C:C1U CZUC3UC4
= {Cl.Ciju{cl.cl.clufc),cfu{c!.ci,c)
where
(H=(11111)

=
|
[ R
S = O
_— o O
oS O =
S = O
O O
C

(HI =(11111111),
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110100
011101 0|=H;,
101001
1 00 0 0
H;=|0 1 0 1 0fu
001001

{(111111)=H],

0010111
010111 0/=H}u
1011100

{(111111)=H/,

11000
10100:H4
10010 >
10001
01 1 0 0

Hi=[1 01010
110 0 1

is the group parity 4 check matrix associated with C.
Suppose
y = NiY 2VUysUys
= {(11011)(110100)}
U{(11011011)(1110101)(111110)}
U{(110000)(1101110)}
U{(101011),11110)(111101)}
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be a received group 4 code word.
What is the procedure used to detect the error first?

We calculate the group 4 syndrome

1
1 (10010
GS(y)=4(1 1 1 1 1)[0],|0 1 0 0 1
1floo100
_1_
-
1
0
u(11111111)i,
0
1
_1_
-
1
111010 0[1[(1 0010
01 1 101 00,01 0011
110100 1)[1[lo0o 100
0
_1_
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o 1]
1
| 1
0 001 011 1)]0
vyl 11111 [,jo1 011 1 0ffl
0
01 110 0)[1
0
1
0
L _O_
o
0
u(111111)l
07
1
_1_
o 1]
1
110 00 1
11 (0 1 100
101 00 1
1,/1 01 01 0
10010 1
1] (1 0 0 01
100 01 0
_O_ 1

={0)(010)} v {(0)(001) (01} v {0) (01} v {0)(©
00 1) (10 1)} #{(0)(000)} U {(0)(000)(000)} U {(0) (O
00)} U {(0)(0000)(000)}. So the received message has an
error.

Now we use n-coset leader method to correct the codes.
First we see the error during transmission. We see error has

occurred in the code C},C3C3,C3,C; and Cj.

However C can be corrected as (1 1 1 1 1) for a repetition
code has (0000 0)or (1111 1). Thus we have to correct the
code words from C},C;,C3,C; and C; only.
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We give the procedure how it is corrected using coset
leaders.

Message
words

Code words | 000000 |010010{001001{100100

000 010 001 100

100000(110010{101001{000100
010000|000010(011001(110100
001000{011010(000001(101100
Other cosets | 110000 |100010|111001{010100
011000(001010(010001(111100
100001(110011{101101{000101
111000(101010{110001{011100

Message
words

Codewords | 110110 (0110114101101 |111111

110 011 101 111

010110(111011{001101{011
10011000101 1(111101(101
111011|010011|100101{1160
Othercosets | 000110 [101011|011101]001
101110|000011|110101{1060
010111(111010{001100{011
001110(100011|010101{0060

The correct message is (1 0 0 1 0 0) from the code C), and not

(110100). Themessage (1 11010 1) isnot a correct one, to
the correct once we again use the coset leader method, which is
as follows:
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1
1
1

0 00
0 00

1

0

0

1 00
1
0 0

0

1
00 0 0 01
000
0 00

1
1

1
1

0

0 00O

0 00 0 0 O0 O0f1

1

0000 O0O00O0O0OTO

0 00 0 O0]1
1

1

0

0 0 0 011
1
0 00O

0

0 0 0|1

1

0 0O

0 0f1

1

0

1

0 00 0O

0 00 0O0OO

1

1{0 O

00
1
1
1
1

0

110 0

00 0

1{0 O

0

110 0

message

code words

1

0 0 1

0

I 1
1

1

0 00O

1
1

1
0
1

1

0 0 0

1

1
1

0 0
0 0

0
0

0({0 O

1
1
1

1 000
1 000
0 000

0

1

0

1 00 0 0O

1

1
1

1

0 00

1
1

0 00
0 00

0 1

00

1

00 0O0O

1
1
1

0 00
0 00
0 00

1

0

0 0

1
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The received word is (1 1 1 0 1 0 1) the correct set word must
be(1110100) from C;.

Now the received word (1 1 1 1 1 0) is not a code word of
C; to find the correct word we make use of the coset leader
method. For this we make use of the coset representation of the
code C}. We find this word (1 1 1 1 1 0) occurs with the word

(11011 0)so the correct message is (1 1 0 1 1 0) and this
occurs with the coset leader (001 000)so(001000)+ (11
1110)=(110110).

Now the received message (1 1 0 1 1 1 0) is not a correct

code word. To find the approximately proper word using the
method of coset leaders
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We know (1 1 011 10) is the a received word clearly (1 101 1
1 0) is not a correct word. The coset leader is (1 0 0 0 0 0 0) the
correct wordis (1000000)+(1101110)=0101110).

Clearly (1 1 11 0) is a received word which is not a correct
word as a code is a repetition code, so (1 1 1 1 1) is the correct
word.

Now we consider the received code word (1 1 1 1 0 1);
clearly some error as occurred during transmission.

To find the correct message using the technique of coset
leaders.

The message

000 1 00 0 0 1

000O0OO0OO0O100OO0O1T1{]001T1T1FO0
1 000O0O0OO0OO0OO0OO0OT1TI1I|1O01T1T1F 0
01 000O0O|l TOO1T1I]011T1T1FP0
0010001 01 01T1{]0001T1FP0
00010010011 T1{001010
0000101 000O0OTI1{001T1TO0TFO0
0000O0OT1|2 00010j001T1T1°1
1001001 O0O0O11T1]101O0T1F0
010 1 01 011

010101/l1701T1T0T1]01T1O0T11
1101010011011 11011
06000101 111101{0010T11
0601r1101{100101{0100T11
06010001101 0010111T11
601o0111/1011O0T1100O00O0TI]1
0101001 01100j011O01P0
1100010010011 11111

151



S === = = O ==
I T S S S N S TS SN
— = ok O = | =
— o o = o o o|o
o o —~ o o o o|o
o —- o o o o olo
R = e
e e =N B B
o o o o —~ o o|lo|o

S = O O O O olo

O = kO = e m|
— = O = = |

The coset leader is (0 1 0 0 0 0) and the received word is (1 1 1
1 0 1). Hence the correct word is (received word) t coset leader
=(111101)+(@©10000)=(101101)is the corrected
code word.

Thus we have elaborately described the method of both
error detection and error correction using the coset leaders. Do
we have any other method of finding the correct n-code code?
We give the pseudo best group n approximations.

DEFINITION 3.2.8: Let G = (G; v G, U ... UG, (n = 3) where
G; = (c,....c), I <i <nwith ¢ codes i.e. c, is a subspace of
a vector space Z;’;’, q! is the length of the code c,’ with j

number of message symbols, 1 <j <ry i =1, 2, ..., n, be a
group n-code. If we have pseudo inner product on each
cl’; which we denote by (,)t s I<t;,<ryi=1 2 .., n

Thus we have on G, r; + ry +... + r, number of pseudo inner

products.
A group n-space endowed with the r; + ... + r, pseudo inner
product will be known as a (r; + ... + r,)-pseudo n-inner

product space.
Go(z ..z yu(ze .. 250, .uzd .2
will also be a (r; + ... + r,)-pseudo inner product subspace.
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We will illustrate this by some example.

Example 3.2.11: Let
V:(V1UV2UV3UV4)
= {(VI,Vo, VUV, V) UV, VS,V VL OV, V)

=Ly X Ly X Loy Ly X Ly X Ly X Ly Ly X Ly X Ly X Ly X 7y X 7}
U{ZZXZZXZZXZZ,ZZXZZXZZXZZXZZXZZ}U{ZZXZZX
Loy Lo X 7o, Ly X 2y X Lo, 2y X Ly X Ly X Ly X Ly X Ly X 2y X 1}
U{ZZXZZX22XZZXZZXZZXZQ,ZZXZZXZZXZZXZZ}bC
a group vector 4-space over Z,. Define a group 4 inner product

Oy = {00 OO O{OR OO0 O O3,03)

U {( );‘,< )‘2‘} on V where each <,>3 is the standard pseudo

inner product on Vji; 1<i<4,1<j<33o0r2or4.
Thus the group vector 4-space is endowed with a standard
pseudo 4-inner product.

Now we proceed onto define the notion of group pseudo
best n-approximation.

DEFINITION 3.2.9: Let
cC=C,uC,u..uC,
=(C.C,....C) U (LG, Cl) U U (CLCL 0 C)
be a group n-code. Clearly each C j is a vector subspace of Z,'
suppose
Y=y Uy U U,
= DoY) Va0 U U 00 0))
be a received code. Suppose y £ C, then we find
x = {xll,xé,...,x;) v {x,z,xj,...,xfz) U U {xl”,x;’,...,xr’:)
in C which is such that

ly=xll<lly-7Il @)
for every yin C i.e. the group best n-approximation to y by
group n-vectors in C is a n-vector x in C such that (I) is
satisfied.

W =xIl=dlyi=x:ll Cly2 =% Voo Oy =20 |)
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1 1
s =% |-

- (-

=)o (o =

2 2 2 2 n n
Hy2 =Xy || seees [V —x,,ZH)u...u( »w=x'|,
n n n n < 1 1 1 1
Yo =X e\ Ve, =X ) S\ =20 s | V2 =72 -
1 1 2 2 2 2 2 2
YV =V )U(Hyl N ||a”y2_72 ”a-"a ‘yrz =7, )UU
n n n
(Hyl vl B a2y B ‘ym_ym )
. i i i i . S
ie. Hyj,_ - X || < “yj[ -7l 1<ji<ryi=12 .. n

Thus
— _ 1 1 1 n n n
X=x,UX U... UX, = (xl,xz,...,xrl) U... U(x ,xz,...,xr”) eC

is the group pseudo best n-approximation to y.

For more literature please refer [39] we illustrate this by a
simple example so that the reader can easily understand how to
find the group best n-approximation to y; i.e. ify =y, U ... Uy,
is the received n-code word and y is not in the group n-code C =
Ciu..uC,c (Zg} LZ8YULLU (Zgln Zg ) . The group n- best
approximation x to y with respect to group n-code C (which is a
group n-subspace of (Z; U ... U Z,) gives the approximately
correct group n-code word which is in C. i.e. x € C and x is
such that || y — x|| £ || y — 0| for every a in C.

We shall illustrate this in a group 3-code.

Example 3.2.12: Let V = {Z3,7,3 U{Z},Z5 U{Z5,Z} = V, U
V, U V; be the group 3-vector space. Let C=C, U C, U C; =
{c1,ch}uich,caudcl,cil be a group code with the code words
given by the group 3 parity check matrices

H= (HI,HL} U {H? H) U (H H)

ffro 10
110 1)
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01 1100
{(10010}
1 o101 0fbu
01 10 1
1 100 01
1 01 100Y(1 1100
1 1101 0/1 0010
01 1001)0100°1

be the 3-group code associated with the 3 parity check matrix H.
Let us assume we have the standard inner product defined on
the group 3 vector space V.

Now the group 3 code associated with H is given by C = C,
UCuC={{0000),(1011),0101),(1110)},{0000
0),(10100),(01011),11111)}}u{{(00000),(1001
0)01001),00101),11011HA0111)O1100)(11
110)},{(000000),(100011)010101),(001110),
(110110)011011),101101),(111000)}} v {{0O0
0000),(100110),(010011)OO01111)(110101)(0
11100)(101001)(111010)},{00000),(10110)(0
1101)(1 101 1)}}. Suppose the received group 3-code word
isy=yiuyuy;={1111),(11011)} u{(01010),(11
101 DH}U{(111110),(11110)}.]Itis easily verified using
the group 3-parity check matrix y ¢ C. Now to find the group 3-
best approximation to y relative to C the vector subspace of V.
Clearly y e Vandy ¢ C. To find x € Csuch that || y — x ||
|ly — a || for all o € C. We use the standard pseudo group n-inner
product on V.

Choose a group 3-orthonormal basis B for C. B = {{(1 0 1
D,010D},{(10100),01011)}u{{(10010),(0100
1), 001001}, {(100011),(010101),(001110)}} v
{{(100110),010011),(001111)},{(10110),(011
01)}}.
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x= XYy ootk

x={1111D),01011))A011H+¢1111),(0101))010
DL {((11011),10100))(10100)+¢(11011),(0101
HxO0101DH}U{01010),((10010))(10010)+(01
010),01001)»@O1001)+(01010),(00101))(0010
DLKM11011),(100011)(100011H)+{((111011),
010101))(010101)+(111011),(001110))*x(00
1110)}Uu{(111110),100110)x(100110)+((11
1110,010011)@O10011)+{(111110),00111
DHOO1T11 D)}, {(11110),10110)(10110)+((111
10, 01101)@O110D)}={101D,A111DHyu{1
011),(100011H)}u{(101001),(10100)} eC. Thusx
is the best 3-approximated group 3-codeword of'y.

We mention a few of its applications.

1. In image compression and in the image coding these
codes can do multifold job at a time. These codes would
be much more welcome with the use of computers and
processing would also be fast and economic.

2. These new codes can also be used in Block truncation
coding.
3. Since not much of algebraic operations are used these

codes can be readily made use of by cryptologists,
computer scientist and electrical scientist.

These codes can be used as a storage device in computers.
When sets of n-informations are to passed in channels where all
the sets of n-informations are to be passed simultaneously need
not be distinct repetition in each of the sets is also permitted.
These codes can also be used in networking of computers when
in the work place when some m of them work on different sets
of n; datas i = 1, 2, ..., m. These group n-codes can be used as
storage were security is needed. To keep the secret in tact we
use misleading codes to be present, so that the intruder cannot
easily find out which, are true messages and which are false. For
if
C=CuCGu..uC(,
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= (C1,C},., CHU(CLCE,..,CE) UL (C],CE,.,CT)

is the group n-code. In this we can have 60% of the codes to be
real data storage one while the rest are just to mislead the
intruder. Certainly it is not an easy task for any one to determine
the real code which, carry the stored data and those misleading
codes for one cannot find any difference between them. Further
only one or two officers know the real codes in which the data is
stored. Thus these codes will be very useful in defence
departments.

Another way of using these codes is for transmissions. In
that case if M is a message from a group n-code

C=CuCGu..uC(,
(C},C;,...,C;) ) (Cf,C;,...,sz)u...u (C.C;,...C)

where
M=MuM,uU ...UM,
= (M,M},...M ) UM}, M3,...M} ) U...u(M],M3,...M} )

is the message to transmitted here only a stipulated percentage
of the codewords M} carry the message, the rest are only added

to mislead the eavesdropper, 1 <j <r; 1 <1< n. In such cases
also the eavesdropper cannot easily get the real message. Thus
these group n-codes have high security.

Further these can also be used by a group. It is further
important to note every one in the group need not know the
complete algorithm. Only the chief of the group knows the
complete algorithm and its implementations. Each one in the
group will only know the algorithm and the implementation of a

few codes from C; = (Cf,Ci,...,Cﬂj ). Also in these a few of the

codes C! will be misleading codes. Thus the major merit of

these group codes is that even if one accidentally reveals the
secret every one need not change their algorithm. If the affected
one changes it; it is sufficient. Thus the key will be made use of
only on the codes which carry the messages and not on the
misleading codes. The key space will be a group n-space. As in
case of other algorithms the security is based on the key n-
space. It does not mater even if the intruder (or eavesdropper)
knows the algorithm for he cannot know the particular key for
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the key is different for each group member and it is very much
far fetched for anyone to find every key. For if one member in
the group is hacked nothing happens to the rest for each one has
a different key infact a different type of code.

These group n-codes can be used by a n set of groups with
varying set of members. Even each group can have a leader who
alone knows the algorithms. Thus these codes happen to be
more secure and more appropriate with the computerized world.
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