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A new refinement of the inequality

A 4R+r
2 sing <4 /55

Marius Dragant and Mihély Benczet

E-mail: benczemihaly@gmail.com

Abstract The purpose of this paper is to give a new provement to inequality > sin % <
41;;”, who are given in [1], to prove that this is the better inequality of type: > sin g <
aR;{ﬁ ~ when

aR+p0r _3
VTR S M

and to refine this inequality with an equality of type: “better of the type” :

Zsing < M7

R
when
aR+pBr _ 3
—_— < = 2
R -2 2)
or in an equivalent from:
2R+ (3 — 22
Zsingg\[ +(R \[)7’ (3)

We denote

Keywords Geometrical inequalities.
2010 Mathematics Subject Classification: 26D15, 26D15, 51M16.

§1. Main results

Lemma 1.1. In all triangle ABC holds:

\@R+(Z;2\@)r< /4};;@ @

Proof. The inequality (4) will be written as:

—2v/2 4 1
vap o2 e
x 2z
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and after squaring we shall obtain:

7—22\/§+6\/§—8<4x+1
X

1
2
+ T - 2

& 42%+34-24V2+ (12V2 - 16) 2 < 40”42
& (1T-12v2) (@ -2) = 0,
Theorem 1.1. In all triangle ABC holds:

A T R+d
A4 / ' -
ESIH2_R+d+ 7 (5)

Proof. The inequality (5) will be given in [2].

We shall give a new prove of this inequality. In [3] it was proved the following inequality:

p—a R—r+d \/R—d
< —_—
Z\/ a _\/ 2r +2 2R

We have:

(£

SOTRES.
_ Z(p_blﬁp_c)*prﬂpagf)(p”)Z\/p;a,

or in an equivalent form:
A —7‘ [r p—a
ZSIH; \/ Z
2R—r R—r+d R—d
<
- \J <\/ 2r +2\/ 2R )
\/ —r+d \/ (R—d)

(R+d)>=2R(R—r+d)(R—d)(R+d) =2Rr

and because

and
(R—r—d)(R—r+d)=r?

R+d+2R7T R+d+ 2r  |R+d
R 2R 2R R+d R

B r n R+d

- R+d V R

In the following we shall prove (1).

it shall result

Zsing

IN
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From inequality (5):

iné+in§—|—in€< M—k " <
Sy TR TS SVTR TRydS

because the inequality (5) is the better of the type: > sin % < f(R,r). It follows that:

/R—I—d+ 1 < aR+ﬁr<§
R R+d ™ R -2

N W

or
1 T+ d, \/ ar+p 3
< < -, Vx>2. 6
1+dm+\/ x r S e (6)
In the case of equilateral triangle we have x = 2. We shall obtain
2
4 - =09.
o+ 3
The inequality (6) may be written in the case of the isosceles triangle with sides: b—c =1,
a=0(R= %, r = 0) or putting  — oo in an equivalent from as: a > 2.

Because: (2a—4)z+4x+9—4a >2(2a—4)+ 42+ 9 — 4a = 42 + 1 it shall result:

\/ax+ﬁ>\/4x—|—1
T - 2¢

In the following will be sufficient to prove that:

T+ dy 1 4r +1
\/ <4/ . 7
T +ac—|—d$* 2x (7)

Theorem 1.2. In all triangle ABC holds

A 4
Zsin—g R—’_T.
2 2r

Proof. The inequality (7) may be written in an equivalent form as:

T+ dy 1 4r +1 1 4r +1 T+ dy
+ < & < -
T T +d, — 2\ T+d, — 2x T
4dr +1 T+ dy
& +
2x T

4r+1—2x —2d,
dy
(x + )( oy )
ds + 5z
2x

& dy +5z >\ 2x (4z + 1) + Vdz (z + dy).

IN
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After squaring we shall obtain:

2% — 20 4 252% + 102d, > 8x% + 2z + 42% + 4xd, + 4x\/2 (4o + 1) (x + d,)
1422 — 4z + 6xdr > 4x+/2 (4 + 1) (z + dy)

7x — 2+ 3d, > 2v/(8z +2) (x + d,)

4922 + 4 + 92% — 18z — 28z — 12d,, + 42xd,

3227 + 32zd, + 8z + 8d,

262% — 542 + 4 + 102zd, — 20d, >0

(132 — 1+ 5d,) (x — 2) > 0.

v g ¢

t ¢

In the following we shall determine «, 3 with the property (2).
According with the inequality (6) it follows that

/R+d+ r <aR+Br <§
R R+d— R -2

T+ d, 1 é
T

or in an equivalent form

+ <a+
x T +dx

<

N W

. (8)

In the case of equilateral triangle we shall obtain 2a + 5 = 3.
In the inequality (8) we shall consider x — oco. It follows that a > V2.

Because

(a—\/i)R—F(S—QOL)T‘Z (204—2\@4—3—204)7": (3—2\/§>r,

it follows that
aR+pr _ V2R+ (3-2V2)r
R - R '
In the following will be sufficient to prove the inequality (3).
Theorem 1.3. In all triangle ABC holds
A _V2R+(3-2V2)r

in— <
s1n2_ 7

Proof. From the inequality (5) it follows that in order to prove the inequality (3) it will

/R+d+ r_V2R=(3-2V2)r
R R+d ™~ R
or in an equivalent form:

\/m+ 1 _VZ+3-2/2
T T +dr — T

T+ dy < \/§x2—|—(3—2\/§)x+\/§mdm+(3—2\/§)dm—x
V =z = z(x+dy)

be sufficient to prove:
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T+ dy \fx + (2 = 2/x) = + V2xd, +(3 2\f)
x x(x+dy)

We denote

Uy = —.
T

The inequality (9) may be written in an equivalent form as:

o+ dy 22 [V22 42— 2V2 + v2d, + (3 — 2v2) ua]”
203 (x +dy — 1)
(2x 4+ 2d;) (x+dy — 1)

[ﬁx+2—2\/§+\/§dz+(3—2\/§)ux}

222 + 2xd, — 22 + 22d, + 222 — 4z — 22
222 +12 — 8v/2 + 222 — 4z + (17 - 12¢§> u?

(4\/5— 8) o+ dzd, + (6\/5 -~ 8) T + (4\/5— 8) d,

(28 - 20\/§> e + (4\/5 - 8) dy + (6\@ - 8) Uy
4xd, — 6x — 2d,

12— 8f+( 2) (17 12[) 4x+(4ﬁ—8)x
(6\[ . ) dy + dad, + (28 - 2()\/5) df
(4\/578>dz+(x72) (6[2—8)

422%d, — 622 — 2zd,

(12 8[) - (17 12[) 2V 3124V — 44

( 32— ) 22+ (G\f ) wd, + 42d, + (28 - 20[2) d,
(4\/5 ) zd, + (6f ) 22— (12\@ _ 16) x
[4952 % ( 8) x — 4z% — 28+ 20V/2 — (4\/5 - 8) x} d,

T

AT + + AT INT O IA

AT + +

¢ o+ o+

(6 44 4v32 -84 6V2— )

(12 8V2 417 —12v2 — 12\f+16)a; 34+ 2412
d, (2 6v2+8 — 4\f+8)x 28+2o\f}
<1of 14>x +(45 32\f)x 34 4 241/2
d,
(
d,
(
d,

AT+ A

¢

(14-10v2) 2 +20v2 - 25]
10V2 - 14) 2?4 (45— 32v2) o — 34 + 242
(14-10v2) 2+ 2012 — 2]
10V2 — 14) 2% + (45 - 32v2) o — 34 + 2413
(14-10v3) (2 - 2) < (¢ - 2) [(10v2 — 14) 2+ 17— 12/7)]

IN

i3

IN
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& (z-2) {(mﬁ— 14) o+ (10&— 14) dy +17 — 12\/5} > 0.

Corollary 1.1. In all triangle ABC holds

3S
Zcos—_ \fR+(3—2\f) )

B C A B c
Proof. Using the Chebyshev’s inequality to sm 5,8in 5, sin 5 and cos 5, cos 5,cos 5 we
get
1 A 1 A 1 A A
(3 Zsin 2) <3 Zcos 2) > (3 Zsin 5 cos 2)
o A A3
ZSin;ZCOSE > 5 ZsinA
or

3> sinA 3> sin AR B 39
2 cost2 2y sind ~ 2[VIR+ (3-2v2)r]  2(VER+ (3-2v2) 1)

Corollary 1.2. If A € (0,1], then in all triangle ABC holds:

() a2ty

Proof. Using the Jensen’s inequality we get:

S () ca(lgand) o (e

Corollary 1.3. If A > 1 then in all triangle ABC holds

2(=3) = (s tavmm)

Proof. From Jensen’s inequality we get:

Z(COSQ)A23(;COS§)A23(2(@3+(€,_2ﬂ)7~)> |

Corollary 1.4. In all triangle ABC holds

Zcosé> 25 +3V3R
2 = 4R

Proof. From Popoviciu’s inequality
r+y+z r+y
S s (TR 22y (50
applied to function f : (0,7) — R, f (z) = sinz we get:

A+ B
ZsinA+3sing <2 sin ;
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or

or
Zcosé . 25+ 3V3R
2~ 4R '

Corollary 1.5. In all triangle ABC' are true the following equality:

2chos§ (Z sing — 1) =5. (10)

Proof. We shall consider the triangle ABC obtained with the exterior bisectors of the
triangle ABC.

G,

A,

We denote with Sa, g, ¢, the semiperimeter of A;B;C; trianle.
We have: 2SA13101 = A]_Bl + BlCl + AlCl.
We shall calculate:

B:C; = AB;+ AC,
C B B
= 4Rsin5 cos 5 —|—4Rsin§ cos;
A
= 4R —
cos 5

and the others.
We shall obtain: Sa,p,c, = 2R cos 4.

We have:
Sapc, +SBca, +Sace, = Sapc +Sa,B,c,
and
. C B e C
254Bc, = 4Rsin 5 cos 5 + 4Rsin 5 cos 5

. C A
4Rsm§ Zcos oR
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It follows that

A\ . C A\ . B A\ . A A
2R(§ 0052)51112—1—21?(5 COS2>SIH2+2R<E c052>81n2:S’+2RE 0055
or A A
2R§ Cos2<§ sm21>—S.

Corollary 1.6. In all triangle ABC holds:

A S
R (R e T

Proof. Using the equality (10) and inequality (3) we shall obtain:

Z é — i;>i R
P9 T R Tsmd-17 2R (V2-1)R+ (3-2V2)r
s
2[(V2-1) R+ (3-2v2)r]

Corollary 1.7. If A > 1 then in all triangle ABC holds:

Z(COS;l)A Z?’(a((ﬂ_wi (3_m)r)> |

Proof. From Jensen’s inequality and inequality (11) we get:

Z(COS§>A23<;ZC05§>A23(6((W1)RS+(3Qﬁ)r)> '

Corollary 1.8. In all triangle ABC holds:

A _2S+3V3R 38
E cos — > > .
2 4R 2(V2R+ (3-2v2)r)
Proof. The first side of the inequality (12) i just Corollary 3.4.

The right side
25 +3V3R 38

R - 2(V2R+ (3—2v2)r)

will may be written in an equivalent form as:

[(6-2v2) R (6-4v2) 7| 8 <3V6R? + (9V3 - 616 Rr. (13)

From Blundon’s inequality S < 2R + (3\/§ — 4) r it follows that to demonstrate the in-
equality (13) it will be sufficient to prove that:

[(6-2v2) R~ (6-4v2) | [2R + (33— 4) r| <3VGR?+ (9v3 - 6V6) Rr

(3\/6+4\/§— 12) 22+ (36 93— 16\/5) 24 18V3 — 12v6 + 16V2 — 24 > —24z
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or

(x —2) [(3\/6+4\@—12)x+6¢6—8f—9\/§+12] >0,

But

(3V6 +4v2 — 24+ 6V6 — 8V2 — 9V3 + 12)
V6 4+ 8V2 — 24 4+ 66 — 8v/2 — 9v/3 + 12
12v6 — 9v3 —12 > 0,

v

who are true.

Corollary 1.9. In all triangle ABC holds:

g2 < 2R +7) (\/51:; (3—2\/5)7«)2.

Proof. From the identity:

A 4R +r
‘2—:
E cos” 5 5R (14)

Corollary 1.3 and

2
ZCOS2§ > % (Zcos?) ,

it shall result inequality of the statement.

Corollary 1.10. In all triangle ABC holds:

S <\6R(AR+r) Wi

2
Proof. Result from the identity (14), Jensen’s inequality

2
Zc0s2§23<;2cosgl>

and Corollary 1.4 we get:

1 (25+3V3R)”

3 16R?

After performing some calculation we shall obtain the inequality of the statement.
Corollary 1.11. In all triangle ABC holds:

o 6B-2V)(UR ) (Rt (V2-1)r)°
< 7 .

Proof. Result from inequality

2
ZCOS2§ > % (ZCOS?) ,

equality (14) and (12).
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On certain subclasses of analytic functions
Sukhwinder Singh Billing

Department of Applied Sciences, Baba Banda Singh Bahadur
Engineering College Fatehgarh Sahib, 140407, Punjab, India

E-mail: ssbilling@gmail.com

Abstract This paper is an application of a lemma due to Miller and Mocanu [1], using which

we study two certain subclasses of analytic functions and improve certain known results.

Keywords Analytic function, univalent function, differential subordination.

§1. Introduction and preliminaries

Let H be the class of functions analytic in the open unit disk E = {z : |2| < 1}. Let A
be the class of all functions f which are analytic in E and normalized by the conditions that
f(0) = f'(0) =1 =0. Thus, f € A, has the Taylor series expansion

fz)=2+ Z apz".
k=2

Let S denote the class of all analytic functions f € A which are univalent in E.

For two analytic functions f and ¢ in the unit disk E, we say that f is subordinate to g
in E and write as f < g if there exists a Schwarz function w analytic in E with w(0) = 0 and
|lw(z)| < 1, z € E such that f(z) = g(w(z)), z € E. In case the function g is univalent, the
above subordination is equivalent to : f(0) = ¢(0) and f(E) C g(E).

Let ¢ : C2 x E — C and let h be univalent in E. If p is analytic in E and satisfies the
differential subordination

¢(p(2), 2p'(2);2) < h(z), ¢(p(0),0;0) = h(0), (1)

then p is called a solution of the first order differential subordination (1). The univalent function
q is called a dominant of the differential subordination (1) if p(0) = ¢(0) and p < ¢ for all p
satisfying (1). A dominant ¢ that satisfies § < ¢ for all dominants ¢ of (1), is said to be the
best dominant of (1).

In 2005, Kyohei Ochiai (2! studied the classes M(a) and N () defined below: Let

fz) 1
zf'(z) 2«

M(a):{feA:

1
<,0<a<17zeE},
2«

and they defined the class N'(«) as f(z) € N(«a) if and only if zf’(z) € M(«a). They proved the
following results.
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Theorem 1.1. If f € A satisfies

(o)

for some o 1/4 < ov < 1/2), then

R 1’ <

therefore, f € M(a).
Theorem 1.2. If f € A satisfies

2f"(z)  2(2f"(2) + 2" (2)) 9
e (or om AR
for some o 1/4 < o < 1/2), then

‘ f'(2)
f'(z) +2f"(2)

1
—1’<—1,zeE,
2a

therefore, f € N(a).

To prove our main result, we shall use the following lemma of Miller and Mocanu [!.
2q'(2)
q(z)

analytic function p, p(z) # 0 in E, satisfies the differential subordination

Lemma 1.1. Let ¢, ¢(z) # 0 be univalent in E such that is starlike in E. If an

then

and q is the best dominant.

§2. Main results and applications

2q'(2)

q(z)

Theorem 2.1. Let ¢, ¢(z) # 0 be univalent in E such that

(= h(z)) is starlike in

If feA, /(z) # 0 for all z in E, satisfies

)
G (LGN
) <” ff(z))”“ ) Z€E,

then

ZJ}E?;) < alz) = exp {/oz @ dt] |

f(2)
2f'(2)

Proof. By setting p(z) = in Lemma 1.1, proof follows.
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!
Theorem 2.2. Let ¢, ¢g(z) # 0 be univalent in E such that Z;](S) (= h(z)) is starlike in
E.
If feA,
f'(2)
——— #0
P+
for all z in [E, satisfies
2f"(2)  2(2f"(2) + 21" (2))
ORI E S R
e 7 ()
z Z h(t
e < —ew | [ 1 a]
Proof. By setting p(z) = # in Lemma 1.1, proof follows.
f'(z) +2f'(2)
Remark 2.1. Consider the dominant
q(z):H(lli_%k)z, 0<ax<l, ze€E
—z

in above theorem, we have

R ) = (1 ) 2 e

zq'(2)

a(z)
Theorem 2.3. If f € A, Zégfi)
2f'(z) ([, 21"(2) 2(1 - a)z

f(Z) (1+ f/(z) ) =< (1—2)(14—(1—20[)2’),

for all 0 < o < 1. Therefore, is starlike in E and we immediately get the following result.

# 0 for all z in E, satisfies

then fz) 14(1-2a)2

zf’(z)< 1-2

, 0<a<l, z€E.

Theorem 2.4. Let f € A, f’(z)J:—(z)]”’(z) # 0 for all z in E, satisfy
2f"(z)  2(2f"(2) + 21" (2)) 2(1-a)z

P& PR+ =20+ -2a))

then £(2) 14 (1 - 2a)z

<
f'(2) + 2f"(2) 12z
Note that Theorem 2.3 is more general than the result of Kyohei Ochiai [? stated in

, 0<ax<l, z€E.

Theorem 1.1 and similarly Theorem 2.4 is the general form of Theorem 1.2.

s
1
1+Z) ,0<d6<1, z€E, we have
—z

R(1e O D) (102 Ly

¢(z)  q2) 1— 22

Remark 2.2. Selecting the dominant ¢(z) = (
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/
Therefore, Zq( 7;) is starlike in E and from Theorem 2.1 and Theorem 2.2, we obtain the
z
following results, respectively.
Theorem 2.5. Suppose that f € A, J}(If)) # 0 for all z in E, satisfies
z2f'(z
! " 26
SO (1 L) B
f(z) f'(2) 1
then s
1
/() =< te ,0<6<1, z€E.
zf'(z) 1—z2
Theorem 2.6. Let f € A, UG # 0 for all z in E, satisfy
f'(z) +2f"(2)

2f"(z) _ 22f"(=) + 2f"(2) 202
f'(2) f'(2) +2f"(2) 1—2%

f/(z) 14+ 2 0
&) +20(2) <1—z> , 0<o<l, z€E.
all —2)

then

Remark 2.3. When we select the dominant ¢(z) =
2.1 and Theorem 2.2. A little calculation yields

R Rl (e ey B

, a>1, z € Ein Theorem

7 4@ == Ta—z
2q'(z) . R .
Therefore, B is starlike in E and we get the following results.
q(z
Theorem 2.7. Suppose that a > 1 is a real number and if f € A, ff(,?)) # 0 for all z in
z2f'(z
E, satisfies
2f'(2) < Zf”(Z)) (1-a)z
—(1+ < :
f(z) f'(z) (1—2)(a—2)
then
f(z)  a(l-2)
E
2f'(2) f ez ' 7F
Theorem 2.8. Let a > 1 be a real number and let f € A, G- # 0 for all z in
f(z) +2f"(2)
E, satisfy
2f"(z) _ 22f"(=) +2f"(z) (A= a)z
f'(2) f'(z) +2f"(2) (1-2)(a—2z)’
then

1) o)
[ +2f"(z)  a-z
Remark 2.4. Consider the dominant ¢(z) = 1+ Az, 0 < A <1, z € E in Theorem 2.1

and Theorem 2.2, we have

R(14 208 2B R ()50 ek

, z € E.

7(z)  qz)
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/
for all 0 < A < 1. Therefore, Z;] iz) is starlike in E and we have the following results.
Theorem 2.9. Suppose f € A, fo(/fi) # 0 for all z in E, satisfies
SO (1 ) L e
f(2) f'(z) 1+ Az
then £(2)
z
-1 <1 E.
2702 ’<)\,0</\_,z€
Theorem 2.10. Suppose f € A, L #£ 0 for all z in E, satisfies
f'(2) + 2" (2)
() A2 AR e
i) e ) T

then .

e
f'(2) + 2f"(2)

Remark 2.5. We, now claim that Theorem 2.9 extends Theorem 1.1 in the sense that the

2f'(z) 2f"(2)
— 1 + y

f(2) f'(2)

the same extension for Theorem 1.2. We, now, compare the results by taking the following

<A 0< A<, z€E.

operator > , now, takes values in an extended and Theorem 2.10 gives

particular cases. Setting A = 1 in Theorem 2.9, we obtain:

Suppose f € A, ZJ;EZ) # 0 for all z in E, satisfies
2f'(2) zf"(2) z
-+ 5) < .
then £2)
z
pren —1’ <1, z€E.

For @ = 1/4, Theorem 1.1 reduces to the following result:

If f € A satisfies
2f'(z) _ (1+ Zf”@))‘ < 1 (3)
2’

f'(z) f'(z)
then
;}E’(Zi) - 1‘ <1, z€E,
According to the result stated in (3), the operator ZJJ:éS) - (1 + ZJJ:,/;(ZZ)) ) takes values
within the disk of radius 1/2 and centered at origin (as shown by the dark shaded portion in
Figure 2.1) to give the conclusion that Z‘;E?i) — 1| < 1, whereas in view of the result stated

above in (2), the same operator can take values in the entire shaded region (dark + light) in

Figure 2.1 to get the same conclusion. Thus the result stated in (2) extends the result stated

!/ 1
above in (3) in the sense that the region in which the operator ZJJ:((j) — (1 + ZJJ:,((?) takes
z z
values is extended. The claimed extension is given by the light shaded portion of Figure 1. In
the same fashion, the above explained extension also holds in comparison of results in Theorem

2.10 and Theorem 1.2.
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Figure 1
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81. Introduction and preliminaries

Definition 1.1. Floor and ceiling functions. In mathematics and computer science, the
floor and ceiling functions map a real number to the largest previous or the smallest following
integer, respectively. More precisely, floor(x) = |x] is the largest integer not greater than z
and ceiling(x) = [x] is the smallest integer not less than x. The floor function is also called
the greatest integer or entier (French for “integer” ) function, and its value at x is called the
integral part or integer part of x. In the following formulas, z and y are real numbers, k, m,
and n are integers, and Z is the set of integers (positive, negative, and zero). Floor and ceiling
may be defined by the set equations || = max{m € Z| m < z}, [z] = min{n € Z| n > z}.

Since there is exactly one integer in a half-open interval of length one, for any real = there
are unique integers m and n satisfyingx —1<m <z <n<z+1.

Then |z| =m and [z] = n may also be taken as the definition of floor and ceiling. These
formulas can be used to simplify expressions involving floors and ceilings.

|z] =m, if and only if, m <z <m+ 1.

[2] =n,if and only if, n — 1 < x < n.

|z] =m, if and only if, z — 1 <m < z.

[z] =n, if and only if, z <n <z + 1.

In the language of order theory, the floor function is a residuated mapping, that is, part of
a Galois connection: it is the upper adjoint of the function that embeds the integers into the
reals.

x < n, if and only if, |z] < n.

n < z, if and only if, n < [z].

x < n, if and only if, [z] < n.

n < z, if and only if, n < |z].



18 Salahuddin No. 4

These formulas show how adding integers to the arguments affect the functions:

2 +n] = |a] +n,

[x+n] =[z]+n.

The above are not necessarily true if n is not an integer, however:

lz] +lyl < lz+yl < =]+ [y + 1,

[z] + [yl =1 < [z +y] < [z] + [y].

Definition 1.2. Elliptic integral. In integral calculus, elliptic integrals originally arose
in connection with the problem of giving the arc length of an ellipse. They were first studied
by Giulio Fagnano and Leonhard Euler. Modern mathematics defines an “elliptic integral”
any function f which can be expressed in the form f(z f R(t \/7 ) dt, where R is a
rational function of its two arguments, P a polynomial of degree 3 or 4 with no repeated roots,
and c is a constant.

In general, elliptic integrals cannot be expressed in terms of elementary functions. Excep-
tions to this general rule are when P has repeated roots, or when R(z,y) contains no odd powers
of y. However, with the appropriate reduction formula, every elliptic integral can be brought
into a form that involves integrals over rational functions and the three Legendre canonical
forms (i.e. the elliptic integrals of the first, second and third kind).

Besides the Legendre form , the elliptic integrals may also be expressed in Carlson symmet-
ric form. Additional insight into the theory of the elliptic integral may be gained through the
study of the Schwarz-Christoffel mapping. Historically, elliptic functions were discovered as in-
verse functions of elliptic integrals. Incomplete elliptic integrals are functions of two arguments,
complete elliptic integrals are functions of a single argument.

Definition 1.3. The incomplete elliptic integral of the first kind F' is defined as

R0 = P 1) = Flomuin) = [ 2
— 1

This is the trigonometric form of the integral, substituting ¢ = sinf, x = sin), one obtains
Jacobi’s form

v dt
k)= /0 VA —12)(1 - k22)

Equivalently, in terms of the amplitude and modular angle one has:

P
F(¥\a) = Fbusine) = [ /T Gndsma)

In this notation, the use of a vertical bar as delimiter indicates that the argument following it is

the “parameter” (as defined above), while the backslash indicates that it is the modular angle.

The use of a semicolon implies that the argument preceding it is the sine of the amplitude:
F(i,sina) = F(3 | sin® o) = F(y\a) = F(sin1;sin ).
Definition 1.4. Incomplete elliptic integral of the second kind E is defined as

E(, k) = E(¢ | k?) = E(siny; k) = V1 — k2sin 0 df.
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Substituting ¢ = sin € and = = sin , one obtains Jacobi’s form:

Bl k) / \/1—k2t2

1—t2

Equivalently, in terms of the amplitude and modular angle:

P
E(Y\a) = E(¢,sina) = /o v/1— (sinfsina)? db.

Definition 1.5. Incomplete elliptic integral of the third kind II is defined as

P 1 do
II(n; =
(n; ¥\av) /0 1 —nsin?f 1 — (sinfsina)?
or iny
sin 1 dt
H(m@blm)—/o 1—nt2 (1—mt2)(1—12)

The number n is called the characteristic and can take on any value, independently of the
other arguments.

Definition 1.6. Incomplete elliptic integral of the third kind II is defined as

P 1 do
II(n; =
(n;Y\) /0 1—nsing 1— (sin @ sin v)?
or in 1
sin 1 dt
1I(n; = ’
(n;v | m) /0 1—nt?2 (1—mi2)(1—12)

The number n is called the characteristic and can take on any value, independently of the
other arguments.

Definition 1.7. Complete elliptic integral of the first kind is defined as Elliptic Integrals
are said to be complete when the amplitude

m
V=3

and therefore z=1. The complete elliptic integral of the first kind K may thus be defined as

K(k) = / df _ /1 dt
o V1-k2sin?20 Jo /(1 —13)(1 k22
or more compactly in terms of the incomplete integral of the first kind as
K(k) = F(g k) = F(L;k).
It can be expressed as a power series

K(k) = gi) [%] B2 = gi [Pzn(o)rk?",

n= n=0

where P, is the Legendre polynomial, which is equivalent to

1+(2> K2+ (; z) K* +{W}2k2n+ ...... ]

K(k) =3
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where n!! denotes the double factorial. In terms of the Gauss hypergeometric function, the

complete elliptic integral of the first kind can be expressed as
T 11

K(k) == oF (7,7;1;1@2).
() =3 2F1(3:3

The complete elliptic integral of the first kind is sometimes called the quarter period. It
can most efficiently be computed in terms of the arithmetic-geometric mean

[SIE

K(k) = agm(1—k,1+k)

Definition 1.8. Complete elliptic integral of the second kind is defined as The complete
elliptic integral of the second kind F is proportional to the circumference of the ellipse C'

C =4aE(e),

where a is the semi-major axis, and e is the eccentricity. E may be defined as

/\/Wdef/ vIZRE

1—t2

or more compactly in terms of the incomplete integral of the second kind as
m
E(k) = E(i, k:) = B(L;k).
It can be expressed as a power series

T~ (2n) 17 k2
Ek) =5 2 {2%(711)2} 1—2n

n=0

which is equivalent to

By =1 [1 ) e e ]

In terms of the Gauss hypergeometric function, the complete elliptic integral of the second kind

can be expressed as
us 1 1
E(k) =" ,F (7,—7;1;13).
(k) =3 2h1(5 -3
Definition 1.9. Complete elliptic integral of the third kind is defined as The complete
elliptic integral of the third kind IT can be defined as

3 do
H(n’k):/ — nsin )1 — kZsin? 6
0 (1—nsin“0)v/1—k?sin“60

Argument. In mathematics, arg is a function operating on complex numbers (visualised

as a flat plane). It gives the angle between the line joining the point to the origin and the
positive real axis, shown as v in figure 1 , known as an argument of the point (that is, the
angle between the half-lines of the position vector representing the number and the positive

real axis).
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Figure 1.

In figure 1, The Argand diagram represents the complex numbers lying on a plane. For
each point on the plane, arg is the function which returns the angle 1. A complex number may
be represented as z = x + 1y = |z|e'? where |z| is a positive real number called the complex
modulus of z, and ¢ is a real number called the argument. The argument is sometimes also

known as the phase or, more rarely and more confusingly, the amplitude ["). The complex

argument can be computed as

arg(x + 1y) = tan™* (%)

§2. Main integrals

| i
(1 — x cosh 2y)

- +C
1 — z cosh 2y
B /7 cosh 2y — 1F(Ay %)exp<bﬂ_\‘arg(;:l) o arg(wcc;thy*l) + %J)

N Vx —14/1 — zcosh2y

+o. ()
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|y
1 — z sinh 2y)
L1/7bel1}125’x lF( (m— 4Ly)

V1 — xsinh 2y

=) o

 /ash2y = 1P (4 (7 — )| 22 )eap (i | 2ElGet) — mslesphin)) 1 ) oo
B V—i1x —14/1 — xsinh 2y '
| i
(1 — z tanh 2y)
tanh~1! (m) tanh~ ! (\/m)
Va1 Ner
[ — — e, ]\/ac tanh2y — 1
= C. 3
24/1 — ztanh 2y + 3)
=
(1 — 2 coth 2y)
tanh ™! (7m) tanh ™! (7\/m)
Voo ) Ve T —
_ Vila—1) V@D Hacoth2y —1) o
N 24/1 — z coth 2y
—1 (v/d(x coth2y—1)
B _L\/L(x —1)\/t(x coth2y — 1) tanh™! (%)
2(z — 1)y/1 — x coth 2y
— — 1 t(x coth 2y—1)>
_L\/ t(x +1)y/t(z coth 2y — 1) tanh (7\/m e ”

2(x + 1)y/1 — x coth 2y

/mdy
(x — L)ﬁ%E( (7r74Ly)‘ —)

= — C tant
V1 — zsinh 2y + Constan
\/WE( (m — 4Ly)‘—>e:cp( Frg(;;mfl) _ arg(e S?:nyl) + %J)
V—1x —14/1 — xsinh 2y
x/x sinh 2y — 1E(i(7r — 4Ly)‘%)escp(mtarg(_2f_l) arg(z “;7? y=1) 4 J)
B V—tx —14/1 — zsinh 2y
+C. (5)
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/ v/ 1 — x cosh 2ydy

v — 1)y Bt Cozh_Qly_lE(Ly 12_””1)

= + Constant
v/ 1 — z cosh 2y

1
= — —1 h2y —1
v 1 —xcosh QyL Vi \/x OS2y
2 -1 h2y —1 1
><E<Ly‘ * )exp(m{arg(m ) _ arg(wcosh2y )-i-*J) +C. (6)
rz—1 27 27 2

/\/1 — x tanh 2ydy
= ! H\/x —1 tanh™! (W>

2y/ztanh 2y — 1 v —1
(v h2y—1
—v—z —1tanh™! (x\t/a% \/1—xtanh2y—1 + C. (7)

/ v/ 1 — xcosech 2ydy

1
/2 — 1 cosech ysech y+/2 — zcosech ysech y

h2y — 1
X {2 sech 2y\/L(wCOSGC Y ) {x\/ 1+ ¢ cosech 2y(1 + 2¢sinh y cosh y)

Tr—1

1 2
><F(sin_1 (5\/2 — tcosech ysech y) ’ a: )

T —1
+ sinh 2y4/ coth? 2y+/1 — tcosech 2y
=1 1 2x
xII| 2;sin (5 /2 — wcosech ysech y) ’ +C. (8)

r—1

/ v/1 — x coth 2ydy

1

_ )[{\/Wtanh_:L( L(xcoth2y—1)>

2y/t(xcoth2y — 1 tx—1)

/i D) tanh ™! ( (zcoth2y - 1>) }m} oo

—u(x+1)

where C' denotes constant.

Derivations. By involving the method of [18] one can derived the integrals.
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Abstract In this paper, two types of self-inetgrability of functions and the underlying con-
ditions for each type was presented. Furthermore, the sum of self-integrable functions was

investigated.
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§1. Introduction and preliminaries

Graham Y shown that the polynomials of the form py(z) = z* + k—il has the property
that j;)l pr(z) de = pi(1) — pi(0). The said polynomial is self-integrating in the closed interval
[0,1].

Definition 1.1. A function f is said to be self-integrating on an interval [a,b] if and only
if

b
| 1@ do=10) - fla)

The following are the types of self-integrability:
Definition 1.2. Absolute self-integrability is the self-integrability everywhere in R.
Definition 1.3. Conditional self-integrability is the self-integrability in some interval [a,b].

Definition 1.4. A function f is said to be absolutely self-integrating if and only if

b
[ 1@ do=10) - 1@

for every [a,b].
Definition 1.5. A function f is said to be conditionally self-integrating if and only if

/ f(x) dz = f(b) - f(a)

for some [a,b].
The natural exponential function and the zero function are absolutely self-integrating while

any polynomial of the form py(z) = z* + kiﬂ is conditionally self-integrating.
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§2. Main results

Theorem 2.1. The sum of absolutely self-integrating functions is also absolutely (condi-
tionally) self-integrating.
Proof. Suppose fo(x), fi(z), ..., fn(x) are absolutely self-integrating functions. Taking

their sum and the definite integral for any closed interval [a,b] yields

n—1
> i)
k=0
and
pn—1
@ k=0
Since each function is absolutely self-integrating,
pn—1 n—1 n—1
[ payde=3 50 -3 fiw.

4 k=0 k=0 k=0
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Abstract The main aim of the present paper is to create a summation formula enmeshed

with contiguous relation and recurrence relation.
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§1. Introduction

Generalized Gaussian hypergeometric function of one variable is defined by

aFp | BT i (al)k(az)k'“(aA)kz:"
blaan"' 7bB; k=0 (bl)k(bQ)k(bB)kk
or
aa); - A_ ; 0 k
AFB ( A) z EAFB (a])Jil z|l = w, (1)
(bB); (b)E: = ((bp))Kk!
where the parameters by, bs,--- ,bp are neither zero nor negative integers and A, B are non-

negative integers.
Definition 1.1. Contiguous relation [ is defined as follows

a, b; a+1, b; a, b+1;
(a—b)2F1 z =a2F1 z —b2F1 zZ| . (2)

G ) G
Definition 1.2. Recurrence relation of gamma function is defined as follows

I'(z+1) = 2I'(2). (3)

3]

Definition 1.3. Legendre duplication formula '®! is defined as follows

VaD(22) = 22D (2) F(z + ;) (4)
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1 2@;&)F(Q)p(étl)
I'(=) = = 2 2 7.
(3)=v7 r) ®)

r(1> 2<“‘1>FF<51>)P<G;1>.

a,1 —a;

NONGY VAT ()

1
2F1 o c c2 —a\ . cta ctl—a\ "
e, 2| T(SHD(5e) 207 'T(F)0(579)

§2. Main results of summation formula

a, —a — 4T, 1 ~ /mI(c) | 425701577976730224859568406528000000

2F1 - c—a cta
2 9c+47 F(T)F( +2+47)

&

—785376788259613713414926483128320000a

D(5%) T (%)
469309812545814233523297494114304000a>

D(5%)T (=55
—123774601029572534832795487522406400a>

D(5%)T (5T
14625111924087816559179044743557120a*

D(5)T(=E5)
—438347898583893962516353068868608a° — 49630454268675248633616903942144a°
D(5)T(E5)

2766300904292230660420251943680a" + 104388583934621911402927088640a®
D(5%)T (55T
—5303825310692857409567798208a° — 1928958172075636646767088644a'°
D(S%)T (=5
3668538409366573790807760a'! + 211050196952959990276560a'2
D(5%)T (5T
837905143142210615472a'3 — 84641464185357484944a'* — 1502296773587316960a
D(5%)T (=54
183035906280480a'% 4 255280002782112a'7 + 2687135353056a'8 + 51740119204
D(5)T(5)
—82882800a2° — 570768a%! — 1104a?? + 1085343835598595516646319582085120000¢
P(5) T (F5)
—1491482929032954774732407696326656000ac
D(5%)T (5T
701254088172588544267735815207321600a>c¢

D520 (<H55)
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—145548369650716414551891626509025280a>c

+ c—a cTa
[(&5%)0 (R4
N 12581377898058409735747000147341312a%c — 49858371156931628953152632509440a°¢
[(552)r (<)
—49366796209373717025296170822656a°¢ + 1012110067293433426471405461760a7 ¢
+ r c—a r ct+a+47
(4 (=5=)
N 102659896561333470464292018176a%¢c — 1263722647268647716236766144a° ¢
[(S5%)T (<t
N —135058260191522509026204864a ¢ — 468112046434930359817680a' ¢
[(&5%)0(eE%HT)
N 84003652554123452158320a'2¢ + 1408150171351690301392a 3¢
INCOINCE
N —10650452865122096752a 4 — 498647901368205600a'5¢ — 4011014871347616a6¢
[(55%)I (<4t
N 18224511511008a' "¢ + 472341402720a'8c
D(54)T (5T
2500418800a'9¢ + 123780812 ¢ — 24816a2' ¢
" [(S2)T (S5
N —48a%2¢ + 1123283665968263134835403506319360000¢2
F(%)F( c+a2+47)
N —1217237979186914577980813832683520000ac?
[(55%)r(<Htn)
N 459637802733991276684591641631457280a2¢?
L(552)T (2555
N —75109343077380125960104624446357504a3 2
[(55%)r (<4
N 4495948758102126856436240850358272a ¢
F(%)F( c+a2+47 )
N 110820877622010145392305020830720a5 ¢
[(55%)D(eE%HT)
N —18505209015771704206625420019200a%¢? — 56121369521356923972695204352a ¢2
[(5%)0(E5H)
33391871637919457044328022528a8¢% + 263734954878940846239781440a ¢
+ c—a ct+a—+47
D540 (=55)
N —30231055096849118604799200a'°¢? — 553453527465638005212864a'! ¢2
D(S52)0 (%)
N 8832091759377462745312a2¢? + 327680417126938212480a 32
[(S5%)0(<E5HT)
N 1698663664169060160a'%c? — 42511893386751360a'°c? — 651264806677056a6¢2
INCCOINC
N —2173016514240a'7 ¢ + 169496641600 '8¢? + 148399680a'?¢? + 3157444202
[(55%)r(<Hetn)
N 661455647298162519950295067262976000¢3

D(e5*)0(<5HT)



Salah Uddin No. 4

—580963609797969401418991196472606720ac>
D(5%)T(F5)
177838301179274444647347786407018496a2c3
D(5) T (F5)
—22687073276696805838549604229365760a>c3
D(5)T(E5)
834679120693558255242880015208448ac3
D(5)T(E5)
55134888152931246143156341806080a°c® — 3533267801584327928213072842240a5 3
D(5%)T (5T
—87930473391433199561778719232a ¢® + 5077558759340074997396295168a8c>
D(5%)T (%)
131456649073110615976737600a°c® — 266810436405738008449161640¢3
D(5%)T (%)
—106969759007173753515968a ! c3 — 210790350662779993248a'2¢3
D(5%)T (=55
28745699644485366400a 3¢ + 364055841588845120a ¢ — 262125361829760a %3
D(5%)T (5T
—33950475434304a'%¢3 — 2226317808004 ¢® — 206217440a'8¢3 + 215072043
D(5%)T (%)
4576a2"c® + 255576890196404619366802510577664000c*
[(5%)T (5T
—184572885896216957973534717997744128ac*
D(5)T(=5)
45919445607132166131729284288544768a2c*
D(5)T(50)
—4492119292209392434518443504762880a>c*
D(5%)T (5T
71420905733397579565811848294400a*c*
D(S%)T (=5
12764859399187376072264398755840a° c*
D(S%)T (=555
—356512893613183129173773697024a5¢* — 20331314237692974164274662400a” ¢*
D(5)T(5)
350066261008398378442602240a8c* + 20583161809106285436727680a°c*
D(5%)T (=55
—5833658059341976992128a'°¢* — 9291024467830008583680a ! c*
D(5)T(=5)
—103860734789790218240a'2¢c* + 897998110208559360a'3c* + 23816930790132480a 4 c*

D520 (<E55)

117051731596800a'%c* — 5186916134404 '%¢* — 623278656007 ¢! — 1473472008 c*
D520 (<H5H)
70089163175122628558183721785622528¢>

D(5%)T (55T




Vol. 8 Creation of a summation formula enmeshed with contiguous relation 31
+ —41922184541690479012551814150619136ac”
F(%)F(C+a2+47)
8456755898874383206059513606635520a% ¢
i NCONERES
n —615129901082531819911363834675200a3c”
D(S59)T(<E55T)
" —2647376356551940301758915661824a*c® 4 1794521532945591781937363011584a°c>
D(S54)T(<E55T)
n —11993561039452441138517864448a5¢c> — 2458829738109436684070507520a7 ¢
(50 (<5555)
—1995348997366689088121088a%c® + 1687599926775970318919808a° ¢
+ c—a ct+a+47
IS0 (=5=)
n 18264351429909752911744a'°c> — 383300198083775132160a'! c®
D(554)T(<E5HT)
n —8239334206574062592a%¢> — 18231457591995648a'3c® + 666965775700224a 4 ¢
D50 (<55HT)
n 5605172052480a'0c® + 7689986304a'6c® — 54198144a'7c® — 128128a'8¢?
D520 (<5HT)
n 14329159303517648781796272142024704¢5
D(554)T(<E55T)
n —7118091568289703849052075256709120ac®
D(S59)T(<E55T)
1156582375156654482639067835596800a2 0
+ c—a ct+a+47
PS40 (=5=)
n —59332304115662378340202427154432a3 8
D(559)T(<E5HT)
n —1556665917774611161587824971776a*c5
D(S59)T(<E5T)
n 166118513127876475491303014400a°
NEDE=E
| 15B2BAT36TH66272466617620480a" — 180153547682729260869605376a"c”
F(5)T (2545
n —2426884513333370974211328a8¢5 + 76011904401847599144960a° 0
D(S54)T(<E5HT)
n 1657160946405167723520a'°c5 — 3148455651530821632a !
F(%)F(C+a2+47)
—307775278536101376a'2c® — 2141685186600960a'3c°
i D(55% T (5T
n 5207957314560a'4c® + 99724584960a'°c® + 265224960a6 0
D(554)T(<E5HT)
n 2257232977580864083344904993898496¢7 — 930849406880543735987990112501760ac”

D(5%)0(H5HT)



Salah Uddin No. 4

120493897888993003287902213963776a%c” — 3945114094442958069400440373248a3c”
D(5%)T (=54
—220568968786331855619994275840a*c” + 10261750967429421015080878080a°c”
D(5)T(=50)
262413376738778861358077952a8¢7 — 7981672614987604919113728a" ¢7
D(5)T(E5)
—217594114258827238403328a%¢” + 1396319064155602329600a°c”
D(5)T(E5)
73614319413250716672a'0c” + 388640981790437376a' ¢’ — 5447002767478272a'2c"
D(5%)T (=55
—62233922150400a3¢” — 116380492800a*c” 4 619407360a'°c” + 1647360a'%¢”
D(5%)T (5T
280395069486676039831288083906560c% — 95702482722893678256566606757888ac®
NeONEz=zg
9710667338780075319072298893312a2c® — 159367171451056817372217999360a°c3
D(5%)T (=552
—19048113053984233346782986240a*c® + 395273917109409163556290560a° c®
D(5)T(=50)
19715234734514177274544128a5¢® — 16928536291543317602304047 c®
D(5%)T (%)
—10451997267584838451200a%c® — 35530873173195079680a"
[(5%)T (55T
1806234158029357056a10¢8 4 18134716325806080a!!c® — 16934790512640a'2c®
D(5)T(=E5T)

—797796679680a'3c® — 2424913920a'4c® + 27923956875698715565669071454208¢"
D(5%)T (5T
—7846289665973203726908570730496ac® + 609792647333324865919533449216a2c°
D(5%) T (%)
—1017997640134841941170585600a3c® — 1141917579520224502976348160a* c”
D(S%)T (=55

5996148005680515131637760a°c” 4+ 930609698478895934799872a°¢?
D(5)T(5)
2396785715316114636800a7c? — 305090285389260800000a ¢’
[(S%)T (5T
—2902564333668679680a"c® + 20997021486465024a'%¢?
D(5%)T (=55
364885993472000a' ' ¢ 4 901447106560a'2c”
D(5)T(E5)
—3854090240a'3¢® — 11714560a'4c® + 2255758986028596303474850791424'°
D(5%)T (=55
—517853350273617644920284119040ac'® + 29808928568425890184314224640a>%c'0

D50 (55HT)




Vol. 8 Creation of a summation formula enmeshed with contiguous relation 33
N 365766072198804433374806016a3c'? — 49352990779393995689295872a* 0
F(%)F( c+a2+47 )
N —290716417841497401262080a°c'? + 29235622482670395883520a° ¢1°
[(5%)0(E5HT)
N 299167153591153655808a7 ¢ — 5189724758938976256a8¢'? — 81538011850014720a° 0
[(&5%)0(SH4HT)
N —35333151293440a'°c'0 + 3616678281216a' ¢! + 1282510028820
[(&5%)0(SH4HT)
N 149006928341289435076960976896¢c' 1 — 27667772070975693007324446720ac't
D(S5H)D(SH5HT)
1120772023535946324592558080a%c' + 29902413961051889784324096a° ¢!
+ c—a ct+a+47
D)0 (=5)
N —1538470042742644433616896a*c't — 23555846476659282739200a°c!!
D(&52)T (T
N 595931860955318091776a°c'! + 10435762086842007552a" ¢!t
D(S5%)T(“H5HT)
—35268905398272000a8 ! — 1229742091468800a" ¢!t
i [(S5%)T (2T
N 4001177829376a'0c'1 + 14295171072a' ¢! + 5069209642
P(&52)T (4T
N 8088577548291526838735339520c'2 — 1199210790065955697147772928ac!?
D(S54)0(<E55T)
N 31369429204744263070384128a2c'? + 1393485007686412735610880a> 12
D(&59)T (5T
N —33323996687891146997760a*c'? — 852515260346324090880a° c'?
[(&5%)0(SH4HT)
6701161737746251776a°c"> + 206328208054026240a" c'? 4 402101871575040a°c"?
+ c—a cta+47
D)0 (5)
N —9863668039680a”c'? — 41973055488a'%¢!? + 361616811268829936099524608¢"3
D(S5%)D(H5HT)
N —42115063183514318757953536ac'® + 597573966605696908656640a2 !>
[(&5%)0(SH4HT)
N 45025844167228194816000a>c™® — 439220239580485386240a* !>
F(%)F( c+a2+47)
N —19449223515157954560a°c'® + 1661681962450944a5¢'3 + 2458439535820800a" ¢*3
F(%)F( c+a2+47 )
10751091671040a%c'3 — 32988856320a°c® — 1403781124 '0c13
+ F(%)F(c+a2+47)
N 13308691344190246228066304c'* — 1192579250017188194549760ac™

D520 (<H55)



34

Salah Uddin No.

5164576925934330839040a%c* + 1056168947710033920000a>c!*

D(5)0(H5HT)

—1280465427993722880a*c!* — 294089056321536000a°c'* — 1182327161487360a5c!4

D (S59)T(<E55T)
16475577384960a7 14 + 87636049920ac1 + 401891521972325303975936¢15

(50 (H5HT)
—26980483737643699404800ac!® — 98342015404308692992a2c'd

D52 (<H5=)
18049530314345152512a%c!® + 76581137914527744a" ¢! — 2873436206530560a°c'

D520 (<H5H)
—17760398082048a5¢® + 47755296768a c*® + 254017536a°c!S

D(5%)T(=54HT)
9893310906743683809280c'6 — 480462118926856224768ac'®

D(5%)0(<E5H)

—4772191699420053504a2c'6 + 219800677892751360a>c'6

D540 (<5H1)

1693011636387840a*c1® — 16475577384960a° !0

D520 (<E55)

—116848066560a5c'6 + 196451621640022786048¢!” — 6580790922886250496ac'”

D(5%)0 (<55
—96742888427225088a%c7 + 1810417346150400a3c™ + 17609392128000ac!”

D(54)0 (55

—42137026560a°c'” — 298844160a°c17 + 3096726243643490304c'8

F(%)P(”“j“)

—66854662522798080ac'® — 1209872374824960a2c'® + 9045415034880a3c!'®

D(£5%)D(H5HT)
962278195200 c!8 + 37830514710675456¢1° — 474177077248000ac'®

D50 (55HT)
—9602450063360ac'? 4 20698890240a3c'? + 220200960a*c'? + 345110101360640c%°

()T (=E5)
—2094727692288ac*® — 44568674304a2c?° + 2211455172608¢2! — 4336910336ac*!

D(5%)T(=54HT)
—92274688a2c?! 4 8875147264 + 167772162

D(55%)0(<E5H)

—1819173952375258616506661764792320000a

F( cngrl )F( c+a2+48)

2075679752531341561389912590217216000a>

I‘(lz"rl )F(@rai;r%)
—841678294352834646438776694622310400a°

F( c—121+1 )F( c+a2+48)

149612076067745496148630854890388480a*

F( cfg,Jrl )F( c+a2+48)



Vol. 8 Creation of a summation formula enmeshed with contiguous relation 35
—9770080910985614349353288391245568a° — 293840026022695023557463681921600a°
+ F(cfa+1)r(c+a+48)
2 2
52509083125778100216332421637824a" + 214381848184003097097200360176a®
+ F(c—g—&-l )F(c+a2+48)
n —126556516858307796094026298128a° — 1178392756544407322825054060a'°
F( c—g-‘rl )F( c+a2+48)
n 160156731849898080887168964a'! + 3497556641962091429913841a'?
F( cngrl )F( c+a2+48)
n —70179821124295397770008a3 — 3187258922190359349170a'*
F( c—l21+1 )F( c+a2+48 )
n —20364611714397769236a'® + 704510224912815871a'% + 14467181376528672a7
1‘\( c—g-‘rl 1'\( c+a2+48 )
n 67712632610920a'® — 8359857677160 — 12326738369a2° — 53614968a! — 2090422
F( C7121+1 )F( c+a2+48 )
+ 564023 4 a** + 1819173952375284468523400649768960000c¢
F( C7121+1 )F( c+a2+48 )
n —5472342676303905278106325437382656000ac
1—\( c—g-{-l )1—\( c+a2+48 )
n 4030786701831978614645446224406118400a%¢
F( c—g-‘rl )F( c+a2+48)
n —1208979193142154632401115900630138880a3¢
F( C*%“rl )F( c+a2+48 )
n 157943190504630697055314002831310848a*c
1—\( c—(21+1 )1—\( c+a2+48 )
n —5634877332264977658930216156241920a°c
F( c—g-‘rl )F( c+a2+48)
n —5235671503868640013865969008988164a°¢
1-1( cngrl )F( c+a2+48 )
n 33309414786492759036114866273280a" ¢ + 1121097825154880632339932721152a8¢
F( C7121+1 )F( c+a2+48 )
—64586927872594461586620109824a"¢c — 219388742646528276196710566440' ¢
+ F(c—g+1)r(c+a2+48)
n 46184302897011515226744000a' ¢ + 2496697826569916589312576a'2¢
F( cfzzerl )F( c+a2+48 )
n 8749206695983105315392a'3¢ — 1022358942570156430272a ¢
F( 67(21+1 )F( c+a2+48 )
n —17856859986353646720a ¢ + 4798580730768000a'%c + 3072017195837568a' "¢
I‘(iz"'l)l"(c'*‘“i;“lg)
n 32177743065600a'8¢ + 614945443204 ¢ — 99585657642 ¢ — 684921642 ¢ — 13248a?¢c
F( c—g+1 )F( c+a2+48 )
n 3396662923772660255683065340231680000c>
F( cfg+1 )F( c+a2+48)
+ —5995763135033825977344288324845568000ac?
F( c—g—&-l )F( c+a2+48)
n 3251691801393182118127020038915358720a2c>

F( C_Z—H )F( (:+a2+48 )



36

Salah Uddin No.

—745535614406919945006848447171395584a>c?

F( C7¢21+1 )F( c+a2+48)

70456290412494835285980093251665920a* c2

P(c_;-H )P(c+a2+48)
—605469622715762658411047240466432a° ¢

F( c—62L+1 )F( c+a2+48)

—275184927500939293112075947222016a°c?

1-1( cftzerl )F( c+a2+48)

6566315534160108433060486937088a7 ¢ + 585479443454895457371011539968a% ¢

F( c—;—o—l )F( c+a2+48)

—8347537271628761720847987456a" ¢ — 794089788512302762711784256a'%¢2

1'\( c—g-‘rl )1'\( c+a2+48)
—2172243856327755605557344a' ¢? 4 5051716448758795201946564'2c>

F( cfg+1 )F( c+a2+48)

8276175446578024937952a'3¢? — 66077707509171191328a4c?

F( cfz2z+1 )F( c+a2+48)

—2990236222032776640a°c? — 23862278817807936a'%c? + 110682100976832a'7 ¢

F( c—a+1 )F( c+a+48)
2 2
2835283927168a'3¢? + 1498960848047 c? 4 7399392a20c? — 1488964a2'c? — 288a2%c?

F( cfg+l )F( c+a2+48 )

2806654727554841548987894861922304000¢>

F( cftzerl )F( c+a2+48)

—3576617725095301676076645072418897920ac?

1—\( c—(2z+1 )F( c+a2+48)

1502019245190770592871716138596696064a2

F( c—g-‘rl )F( c+a2+48)
—266134844440376940712579660711526400a>c>

F( cngrl )F( c+a2+48)

17371915895554619686161169643470848a* 3

F( c—L21+1 )F( c+a2+48 )

345750175970640380357257123614720a°c?

F( c—g—i—l )F( c+a2+48)

—T1127628355693579436763980527616a5c® — 668508232860569832292226027524a ¢

F( cfg+1 )F( c+a2+48)

130700723843459108358319039488a%¢® + 892408608741546117803162880a°c?

F( C7121+1 )F( c+a2+48)

—120831449300126314744395648a'°c® — 2139577063639436314553088a ! 3

F( c—;—&-l )F( c+a2+48)
36150638027459979484032a'2¢3 4 1303477848343243921920a'3¢c3

F( c—g-i—l )F( c+a2+48)

6604265434079089920a'%¢c3 — 170981195111400960a'5¢® — 2600902267501824a'6¢3

F( cft21+1 )F( c+a2+48)

—8642203764480a'"c? + 67916534400a'8¢3 + 593598720a%c® + 12629760203

1—\( c—g+1 )1—\( c+a2+48)
1384293040776686070100396020754022400¢*

1'\( c—¢21+1 )1’\( c+a2+48)



Vol. 8 Creation of a summation formula enmeshed with contiguous relation 37
+ —1366474980994844804281508917137113088ac*
F( C,(21+1 )F( c+a2+48 )
n 454629360004200636118878734436925440a%c*
F( c—;—&-l )F( c+a2+48)
n —62102730359360504555929787336736768a3¢*
F( c—g-‘rl )F( c+a2+48)
n 2520121621072332792566787791552512a*c*
F( C*L2l+1 )F( c+a2+48 )
" 147959946925080316983260095687680a°c*
F( c—g+1 )F( c+a2+48)
n —10467353228291159650277864894976a%c* — 239595072782593405721128128000a” ¢*
1'\( c—;-‘rl )1’\( c+a2+48 )
n 15242081001455555911503062784a8c* + 377563442187990238383602880a” c*
F( 67;4'1 )F( c+a2+48 )
" —81833573324715924273989444'%c* — 317057367310254287416128a' ! ¢*
F( 67(21+1 )F( c+a2+48 )
n —550244948184078855136a'2c* + 86416365480912255360a3c*
F( c—;-{—l )F( c+a2+48 )
n 1085492168723202240a'4c* — 842397455053440a°c* — 101928245445312a6¢*
F( 0734'1 )F( c+a2+48 )
n —667353360960a'"c* — 617371040a'8c* + 6452160a'c* + 13728a%0c*
F( cngrl )F( c+a2+48)
" 461818240617454079021436428724731904¢>
F( c—;+1 )F( c+a2+48)
n —364687461566971433236521958785417216ac®
F( c—;-‘rl )F( c+a2+48)
n 97067133975946621159469852629401600a2c°
F( cngrl )F( c+a2+48 )
n —10081851347342499716784301401047040a3c>
F( c—;—‘—l )F( c+a2+48)
n 188633176394890052754262155657216a*c®
F( c—;—&-l )F( c+a2+48)
n 28673437648319108943720232034304a°c® — 873101122360022063088947109888a°¢®
F( cngrl )F( c+a2+48)
+ —46646804078818104048438620160a” c® + 868466069177799368437604352a8¢?
F( cngrl )F( c+a2+48)
n 48484720433644233164794368a”c® — 33745076075610474871296a'°¢®
F( c—%—k—l )F( c+a2+48 )
n —22259258184022348769280a' 1 ¢® — 245573797382514112512a'2¢5
F( c—g-‘rl )F( c+a2+48 )
N 2180833139480067072a'3¢5 + 57097948295291904a4c® + 279727460812800a ' ¢
F( cftzerl )F( c+a2+48 )
N —1248042571776a'6c® — 14958687744a'"c® — 35363328a'8¢5

F( c—121+1 )F( c+a2+48)
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111665372948991354759264774496714752¢°
F( C*L21+1 )F( c+a2+48)
—71698367570652488373650548542406656ac’
F( c—g—&-l )F( c+a2+48)
15296793177131728249823697952833536a2c5
F( c—g+1 )F( c+a2+48 )
—1175187735370761282597381999624192a3 8
F( cfg+1 )F( c+a2+48)
—2338987791708296840566468395008a*c8 + 3446115407002052131211918905344a° 8
1—\( c—121+1 )1—\( c+a2+48>
—27552282459296713726038683648a5c® — 4805648378433354375190665216a7 c°
1'\( c—;-{-l )1’\( c+a2+48)
—980210671702040354774016a3c5 + 33553117217374027883850244° c8
F( cngrl )F( c+a2+48)
35500577092308075075328a'0¢c® — 771998478818397422592a'* ¢
F( cfg+1 )F( c+a2+48)
—16402304433367716864a'2c5 — 35592093514897920a 38 + 1335559500667392a4 8
F( c—g—&-l )F( c+a2+48)
11201672401920a°¢5 + 1535690956845 — 108396288476 — 2562564188
F( cfg+1 )F( c+a2+48)
20438575748507189419885677275774976¢7
F( cfgqtl )F( c+a2+48)
—10755449702082162425755714851962880ac”
F( c—g+1 )F( c+a2+48)
1832276745154273838363736834048000a2c”
F( c—g+1 )F( c+a2+48)
—99104410462596968647498024747008a>c”
F( cfg+1 )F( c+a2+48)
—2372013774925441718266004520960a*c” + 278403351525037406847381995520a°c”
F( c—g—&-l )F( c+a2+48)
2402904738298522124328689664a5¢” — 306076309018133014771458048a" "
F( c—g-{-l )F( c+a2+48)
—3994014305316102353814528a3¢” + 130860940480593127833600a°c”
F( cngrl )F( c+a2+48)

2811941752341682262016a'%¢” — 5686900404743061504a* ™ — 527341651939694592a12c”

F( cfg+1 )F( c+a2+48)

—3658695573012480a'3c” + 8966725447680a 4 c” + 170956431360a°c”

F( c—;—i—l )F( c+a2+48)
454671360a'%¢c” + 2916297206121527964486662711410688¢8

F( c—g-‘rl )F( c+a2+48)
—1261274316614632241410836119420928ac?
F( C7¢21+1 )F( c+a2+48)
170021199089390391312969287172096ac® — 5892609340858899006045414309888a3 3
1—\( c—g+1 )1—\( c+a2+48)
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+ —310652648197788857677242611712a%c® + 15279328053263244822157762560a°c®
F( cfg+1 )F( c+a2+48)
377006743030727474991645696a°c® — 12013249741780084010763264a"
+ F(c—c21+1)r(c+a2+48)
n —320907734198698317390720a8c® + 21464408091645390643204a° c®
F( c—g-‘rl )F( c+a2+48)
n 110042608994437836288a'0¢® + 576396826987677696a 1 c® — 8186718489261312a12¢8
F( C*%“rl )F( c+a2+48 )
N —93281509601280a'3¢® — 174359877120a'*c® + 929111040a'5¢® + 2471040a'0c®
1—\( c—121+l )1—\( c+a2+48 )
n 331158955025590963334578358452224¢° — 117608620780385459670696912224256a¢”
1'\( c—g-‘rl )1’\( c+a2+48)
n 12361008450555966136867142762496a2¢” — 219381900765404115745143521280a3¢”
F( cfg+1 )F( c+a2+48)
n —24420680233427054821567365120ac® + 532585379004534042333020160a°c°
F( c7;+1 )F( c+a2+48)
n 25704338125545841564188672a8¢® — 231633708585966064435200a7 ¢?
F( c—g+1 )F( c+a2+48 )
n —13832078532212039024640a8¢” — 45746775337016033280a°¢”
F( cngrl )F( c+a2+48)
N 2409005946030587904a%¢” + 24107288202117120a'!c® — 22836222689280a'?c?
F( cfg+1 )F( c+a2+48)
" —1063728906240a3¢® — 3233218560a¢c” + 30371872225953669402096840998912¢0
F( c—;+1 )F( c+a2+48)
n —8823481897254997127257701482496ac'° + 707334308986630959539026919424a2 0
F( c—;-‘rl )F( c+a2+48)
n —1861581507459558085229543424a3¢10 — 1336631292888781215756451840ac0
F( cfg+1 )F( c+a2+48 )
" 7705844225685652897923072a°c'? + 1103621959960993884995584a5 10
F( c—;—&-l )F( c+a2+48)
n 2647540028260494901248a" !0 — 365328124063365365760a8 0
F( c—g—i—l )F( c+a2+48 )
n —3456036083128172544a” 0 + 252843954886082564.'%¢10 + 4375486984028164¢ 10
F( cfg+1 )F( c+a2+48 )
N 1080621301760a'2¢0 — 4624908288a13c!0 — 14057472a4c10
F( cngrl )F( c+a2+48)
n 2273357894779801801712316973056¢!! — 536751437943572449742920089600ac!
F( c—c21+1 )F( c+a2+48 )
n 31768657786934934359085416448a%c!! + 366109285925362035789398016a3 ¢!
F( c—g+1 )F( c+a2+48 )
n —53040524703652333342949376a%c't — 296834472165559066951680a° ¢!

F( C*S‘Fl )F( c+a2+48)
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31731977455976603320320a°c*! + 321420686514924552192a7 ¢!t
F( cngrl )F( c+a2+48)
—5671123704429281280a8c!! — 88713830348881920a%¢c!! — 37537902624768a' ¢!
1—\( c—g+1 )1—\( c+n,2+48 )
3945467215872a' ' 4 139910184964 '2c!! + 139857331256058485737131081728¢!2
F( c—g-‘rl )F( c+a2+48)
—26589847073002795908326227968ac'? + 1105174217826109051762638848a% 2
F( cft21+1 )F( c+a2+48 )
28743206501642016464830464a3c2 — 1527001855899642171359232a*c!2
F( C—121+1 )F( c+a2+48 )
—23051996274313351987200a’c'? + 595877349310399676416a5c'2
F( c—c21+1 )1'\( c+a2+48)
10371873079034707968a" ¢'? — 35548271972548608a8¢!2 — 1228884381204480a”¢?
F( C7121+1 )F( c+a2+48 )
—3997527998464a'¢c!? + 14295171072a'c!? + 50692096a'?c!?
F( C*l21+1 )F( c+a2+48 )
7101414278024637441380450304¢3 — 1073946580422210336929611776ac'>
F( c—;-{-l )F( c+a2+48 )
28808077197829753232424960a% ¢! + 1256893217631764616314880a3 ¢!
F( cchH»l )F( c+a2+48 )
—30723434408356305960960a*c'3 — 778715586672273653760a° !>
F( cfgqtl )F( c+a2+48)
6218701309557080064a%¢'3 + 189995491267706880a7 '3 + 368717148979200a8¢!3
F( c—¢21+1 )F( c+a2+48)
—9104924344320a° '3 — 38744358912a'0¢!3 + 298086247618612932695293952¢14
F( c—g-{-l )F( c+a2+48 )
—35295459714468710077956096ac'* + 515064747841530925940736a2c**
F( cfg+1 )F( c+a2+48)
38053817612051388825600a3c'* — 378755168624679321600a*c!*
F( c—;+1 )F( c+a2+48)
—16584600041245900800a®c!* + 1956826267779072a%c!* + 2105801228943360a” ¢+
P( c—g—&-l )P( c+a2+48 )
9207600906240a8¢™ — 28276162560a°c'* — 12032409640
F( cfg+1 )F( c+a2+48 )
10333889048648720188440576¢'° — 938764891091090307809280ac!®
F( C*121+1 )F( c+a2+48 )
4282991557001670033408a2c'® + 837911869957594939392a3¢!®
F( c—g—i—l )F( c+a2+48 )
—1078438784098369536a*c'® — 234744026580910080a°c!® — 942122591059968a5¢'®
F( c—g+1 )F( c+a2+48 )
13180461907968a" c® + 70108839936ac!5 + 294790474412171605311488¢16
F( cftzerl )F( c+a2+48 )
—20012258919924737507328ac'® — 70480274486783115264a°c'C
1‘*( C—z21+1 )F( c+a2+48 )
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N 13475621626104250368a>c' + 56837432828166144ac!® — 2153644495994880a° 16
F( cfg+1 )F( c+a2+48)
—13310137860096a°¢'6 + 3581647257647 c*% 4+ 190513152a8c0
+ F(C_g-H )F(c+a2+48)
n 6872581542156492079104¢'7 — 336746306341768790016ac”
F( c—(21+1 )F( c+a2+48 )
" —3325121631583469568a2c'” + 154827784747745280ac”
F( cngrl )F( c+a2+48 )
n 1191602835947520a*c!” — 11629819330560a°c'”
F( c—g+1 )F( c+a2+48)
n —82480988160a8c!™ + 129534304263813988352¢'® — 4369183294982455296ac8
1'\( c—;-{-l )1’\( c+a2+48 )
n —64130537664544768ac'® + 1206158339604480a3¢!® + 11731227115520ac!®
F( cngrl )F( c+a2+48 )
N —28091351040a°c!'® — 199229440a°¢® + 1942041832011595776¢1°
F( C7121+1 )F( c+a2+48 )
—42140208275128320ac'® — 762347173969920a°c® + 5712893706240a>c?
+ F(C_;+1)F(C+a2+48)
n 60775464960a*c® + 22605469306585088¢%0 — 284324096114688ac>°
1-1( cfc2t+1 )F( c+a2+48 )
N —5757594501120ac?° + 12419334144a3c?° + 132120576a*c*° + 196815265726464c2
F( cngrl )F( c+a2+48 )
n —1196987252736ac*! — 25467813888ac?! + 1205476524032¢?2 — 2365587456a¢22
F( c—¢21+1 )F( c+a2+48)
i —50331648a2c?? + 463051161623 + 83886084 (8)

F( c—g—&-l )F( c+a2+48)

Derivation of result (8):

Putting

1
b=—a—47, z= -
a , 2 5

in established result (2), we get

a, —a — 47,
(2(1 + 47)2F1

+(a + 47)2F1

Now proceeding same parallel method which is applied in [6], we can prove the main

formula.
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Abstract In this paper, we decompose the symmetric crown, C;, ,,_; into distars, some suf-
ficient conditions are also given. Furthermore, we consider the problem of decomposing the

(Ppm o Ky)™ into distar S ;-decomposition.

§1. Introduction

A distar Sj; is the digraph obtained from the star Syy; by directing & of the edges out
of the center and [ of the edges into the center. A multiple star is a star with multiple edges
allowed. A directed multiple star is a digraph whose underlying graph is a multiple star recall
that for a digraph H and x € V(H), d(z) = d*(z) + d~ ().

The problem of isomorphic S} ;-decomposition of symmetric complete digraph K was
posed by Caetano and Heinrich [, and was solved by Colbourn in [3]. The problem of
decomposing the symmetric complete bipartite digraph K7, , into Si; was solved by Hung-
Chih Lee in [5]. For positive integers k < m, the crown C, j is the graph with vertex set
{a1, a2,...,an, b1, ba,...,b,} and the edge set {a; b;: 1<i<n, j=i+1, i+2,...,i+k(
mod n)}. For a graph G, G* denotes the symmetric digraph of G, that is, the digraph ob-
tained from G by replacing each of its edge by a symmetric pair of arcs. Definitions which
are not seen here can be found in [2]. Throughout this paper, we assume that k, [ > 1 and
n > 1 are integers, and let (X,Y’) be the bipartition of C; ,, _; where X = {x1,%s,...,2,} and
Y ={y1,y2,..-,yn}. The weak product of the graphs (resp. digraphs) G and H, denoted by
G o H, has vertex set V(G) x V(H) in which (g1, h1)(g2, h2) is an edge (resp. arc) whenever
(g1, 92) is an edge (resp. arc) in G and (hy, he) is an edge (resp. arc) in H. We use the following
results in the proof of the main theorem.

Lemma 1.1. Let k, [, ¢ be positive integers. Suppose H is a directed multiple star with
center w of in degree [t and out degree kt. Then H has an Sj ;-decomposition if and only if
e(w,z) <t for every end vertex x of H where e(w, 2) denotes the number of arcs joining w and

x.
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Lemma 1.2. {((p1,q1), (p2,92)s- - (Pm, @m)), ((81,t1), (s2,t2), ..., (Sn,tx))} is bipartite
digraphical if and only if {(p1, p2,. .., Pm), (t1,t2, ..., tn)} and {(q1, G2, .-, Gm), (51,52, .., Sn)}
are both bigraphical.

Theorem 1.1. The pair {(a1,az2,...,am),(b1,ba,...,b,)} of the non-negative integral
sequences with a; > az > ... > a,, is bigraphical if and only if Y, a; < Z;—;l min{b;,r} for
L<r<mand 3370 a; =37 bj.

Definition 1.1. Let (aj,as,...,am), (b1, ba,...,b,) be two sequences of non-negative in-
tegers. The pair {(a1,az,...,am), (b1,ba,...,b,)} is called bigraphical if there exists a bipartite
graph G with bipartition (M, N), where M = {z1,22,..., 2y} and N = {y1,92,...,yn} such
that for i = 1,2,...,m and j = 1,2,...,n. dg(z;) = a; and dg(y;) = b;. A simple di-
graph is a digraph in which each ordered pair of vertices occurs as an arc at most once. Let
((p1,q1), (P2,G2)5 - -+ s (P Gm))s (81, 1), (82,t2), .-+, (Sn, tn)) be two sequences of non-negative
integral ordered pair. The pair {((p1,¢1), (P2:92);- -, (Pmsqm)), ((51,¢1), (S2,t2), ..., (Sn,tn))}
is bipartite digraphical if there exists a simple bipartite digraph H with bipartition (M, N),
where M = {z1,22,...,2y} and N = {y1,y2,...,Yn} such that for i = 1, 2,...,m and

i=1,2,..ndy(x) = pi, dip (@) = @, dig(y;) = 55, df; (y;) = ;.

§2. Distar decompositions

Theorem 2.1. Suppose C,, ,,_; has an S ;-decomposition. Then
(i) Ifk+1<n-—1,then k=1and kjn — 1.
(i) Ifk+1<n-1, k=1, then kjn — 1.
(ii)) fk+1<n-—1, k#I then (k+1)|n(n—1) and H;—:_H < min{[ 2], |2}
(iv)Ifk+1=n—-1, k #1, then (k +)|n(n —1).
Proof. Let © be an Sy ;-decomposition of C}, , ;. Fori =1, 2,...,n, let p; and g; be
the number of Sj; in ® with centers at z; and y;, respectively.

First prove (i). Suppose k+1 <n — 1, then any distar Sy ; in © may have its center in M
orin N. Hence n — 1 =d ™ (z;) = lp;, n — 1 = d*(z;) = kp;.
Thus k =1 and k|n — 1. This completes (i).

Consider (ii). Suppose k +1 < n — 1. Let G be a sub digraph of C}; , ; such that
the arcs of G are those of Si; in © which are oriented to the centers. Then dg(z;) = Ip;,

d&(zi) =n—1—kp;, dg(y;) = lg; d5(y;) =n — 1 — kg;. Thus

D olpi = dg(ri) =Y db(y;) =Y (n—1—kgy),
i=1 i=1 j=1 j=1
Sigi =Y dg(y) = d(x) = (n—1—kpy).
j=1 j=1 i=1 i=1
Hence ., .
lZp,—n(n—l)—qu], (1)
=1 =1
n JTL
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Since k =1 (1) implies k(32 pi + 3°7_; ¢;) = n(n — 1) Thus k[n(n — 1). This completes
(ii).
Consider (iii). By assumption, k # [. Then (1) and (2) imply (I —k) >0, pi = (I — k) 37—, 4
= > i = 25— 45, Thus by (1),

Sopi= g =nln-Dlk+1 3

Jj=1

Thus (k + 1)|n(n —1).
Note that the number of distars in © with centers in M is n(n — 1)|(k + ) and so is the
number of distars in ® with centers in V. Thus there is a vertex x; in M which is the center
of atleast f’,z—jrﬂ distars.
Hence
n—1 n—1

< dg« i)=n-—1
p 1 Sde;, (@) =n—1[7"

1k<df. (zi)=n-1

n,n—1

[

This implies

) < minf ) 1B (1)

Similarly, (4) follows if there is a vertex y; in N which is also the center of atleast [477] distars.
This completes (iii). The proof of (iv) is obvious. Since gcd(n,n —1)=1and k+1=n— 1.

Theorem 2.2. If 2k <n — 1 and k|(n — 1), then C}; , | has an Sj x-decomposition.

Proof. By the assumption, n — 1 = tk for some integer ¢t > 2. For j =1,2,...,n, let H;
be the sub digraph of C}; ,_; induced by M U {y;}. Then Hj is a directed multiple star with
center y; and d}gj (yj) = dy,(y;) =n — 1=kt and ey, (y;,2:) =2 <t en, (y;,x;) =0 <t (for
every z; € M) and i # j. Thus, by Lemma 1.1, H; has an Sy, j-decomposition. Since C}; ,,_;
can be decomposed into Hy, Ha, ..., H,. C ;| has an S y-decomposition.

Corollary 2.1. Suppose k +1 < n — 1. Then C} , _; has an S ;-decomposition if and
only if k =1 and k|(n — 1).

Theorem 2.3. If k +1=n—1and k # [, then C}, ,_; has S ;-decomposition.

Proof. We consider C;; ,,_; as the symmetric digraph with vertex set {z1,z2,...,2,} U
{y1,92,- -, yn}. Let the distar Si; decomposition of Cy; ,,_; be as follows: For 1 < i < n,
Ti ={(yjr,2i) 1 < J < i+ 1=13U{(zs, yjp) 1 i+ 1 < j < it k) T = {(i 2541) 1 < j <
i+k—1}U{(zj4k,¥i) 1 i +1 < j <i+1} where the subscripts of « and y are taken modulo n.

As an example, the distar S3 2-decomposition of C§ 5 are given in Fig. 1.
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Fig. 1

Corollary 2.2. Suppose k +1=n —1and k # [, then C}, , _; has an Sy ;-decomposition
if and only if (k4 1)|n(n — 1).
Lemma 2.1. (7}, _; has an Sy ;-decomposition if and only if there exists a non-negative

*
n,n—1

integral function f defined on V(
that

(i) for every u € V(C;;,, 1), dg(u) = 1f(u) and df(u) = df. 1(u) — kf(u).

(ii) iff(u) = 1 and (v,u) € E(G) then (u,v) € E(G). o

Proof. (Necessity) Suppose D is an Sy j-decomposition of Cy;, ,, ;. For a vertex u, let f(u)

), and Cy; ,,_; contains a spanning sub digraph G such

be the number of distars in ® with center at w. Then f is a non-negative integral function defined
on V(Cy, ,,_1). Let G be the spanning sub digraph of C}; ,, _; of which the arcs are those of distars
in © which are oriented to their centers. Then dg(u) = I f(u) and df,(u) = da*mfl (u) — kf(u).
Suppose f(u) =1 and (v,u) € E(G). Then (v,u) is an arc of a distar in ® with center at v.
Thus (u,v) € E(G).

(Sufficiency) For each v € V(Cy; ,,_;), let H(u) be the directed multiple star with center
at u and arc set {(v,u) : (v,u) € E(G)} U {(u,w) : (u,w) ¢ E(G)}.

The center of H(u) has in degree I f(u) and out degree k f(u). If f(u) > 2, then ey (v, u) <
ecy . (v,u) =2 < f(u). If f(u) = 1, then (u,v) and (v,u) cannot both in H(u). Hence
ey (v,u) < 1 = f(u). Thus, by Lemma 1.1, H(u) has an S} ;-decomposition. Since
{H(u) :u e V(C;; ,,_1)} partitions E(C}; ,,_;), Cy; ,,_; has an S}, ;-decomposition.

Theorem 2.4. Suppose k, [, n are positive integers such that k +1 < n —1, k # [,
(k+Dn(n — 1), 2 < |%] and [%] < min{|%],[27]}. Then C, o1 has an Sy -

= L&+ kD
decomposition.
Proof. Let p = |%7] and n/ = "(,?;ll) — np. Note that n’ > 0. Define the numbers

ai, by, ¢, di (1 <i<n)asfollows: If ' =0,leta; =c; =plif 1 <i<m, byj=d;=n—1—pk
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ifl1<i<n. Ifn' >1,let

(p+ 1)1, if 1<4i<n/,
a; = C; =
pl, if n+1<i<n.
n—1—(p+ 1k, if 1<i<n/,
by =d; =
n — 1 — pk, if n+1<i<n.
Since L’,i;” > 2, p > 2. Now apply the sufficiency of Lemma 2.1. By suitably choos-
ing the non-negative integer function f, we can see that C} ,_; has an Sy ;-decomposition

if {((a1,b1), (az,b2),...,(an,bn)),((c1,d1),(ca,d2),...,(cn,dy))} is bipartite digraphical. By
Lemma 1.2, it suffices to show that {(ay, as,...,a,), (d1,ds,...,d,)} and {(b1, ba, ..., by,), (c1, ca,
..., Cpn)} are both bigraphical.

We first prove that {(a1,aq,...,ay),(d1,da,...,d,)} is bigraphical.

dai = (p+1)in’ +pl(n—n)
i=1
= pln' +In' + pln — pln’
= pln+In'
In(n—1)
— l / = —_——
(n" + np) E Tl
and
SNd = (-1 (DR (01— pk)(n )

= (n—1n" —(p+ 1)kn' + (n — 1)n + pkn’ — npk — (n — 1)n’
= —kn'+n(n-1)—npk
= nn—-1)—(np+n)k

_ n(n—l)l
kE+1

Thus Y0 a; =Y i, d;.

Next we show that Z;zl a; < Z?:l min{d;,r} for 1 < r < n. We distinguish three cases
depending on the relative position of r and the magnitudes of d; (i = 1,2,...,n). We first
evaluate >\, a;.

For the case (k +1)|(n — 1), we have p = %=} which implies

R
n — n(;:ll) —np =0 and a; = pl for all 1 < i < n. Hence
i, plr, if (k+D|(n—1),
Zai: (p+ Dir, it (k+0)f(n—1)andr <n’,
i=1

(p+ Dlr — (r—n)l, if  (k+Dt(n—1Dandn/ +1<r<n.
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Case (1): 7 > d; for all d;. Then for 1 < r < n, we have

n

z": min{d;,r} = Z d;
i=1

i=1

IV
]
E

This completes Case(1).

In the following, we define, for r = 1,2,...,n, A(G) = > min{d;,r} — >|_, a;. It
suffices to show each A(r) > 0.

Case (2): r <d; for all d;. Then Y "  min{d;,r} =1 r=nr.

(n —pl)r, it (k+Dl(n-1),
A(r)=4 (n—(p+1))r, if (k+0)1(n—=1)and r <n/,
(n—(p+1LOr+ (r—n')l, if (k+D)t(n—1)and n' <r <n.
Note that
-1 [ it (Dl 1),
E+D | pt, it (kD) (n—1).
By the assumption that f’,zjrﬂ < min{[ 2], [ 2]}, we have
n-1_[» it (kD) — 1),
R i (kD) (n—1).

Thusn—1—pl>0if (k+1)|(n—1),andn—1—(p+ 1)l >01if (k+1){ (n—1). This implies
A(r) > 0, which completes Case (2).

Case (3): Neither r > d; for all d; nor r < d; for all d;. Thenn—1—(p+1)k <r <n—1-pk,
and > min{d;,r} = (n —1— (p+ 1)k)n’ + (n — n')r. Let A(r) be defined as in Case(2).
Thus

(n=1-=(p+1kn + (n—n'—plr, if (k+D(n—1),
(n—1—(p+1k)n'+

A(r) =4 (n—n'—(p+1r, it (k+Dt(n—1)andr<n/,
(n—1-(p+1k)n'+
(n—n'"=((p+1)l)r+ (r—n')l, if (k+Dt(n—=1)and n' <r <mn.

Since r >n — 1 — (p+ 1)k, we have

(n—=1-(p+ 1)k)(n —pl), if (k+D|(n—1),
A(r) >4 (n=1—(p+1k)(n— (p+ 1)), if  (k+0)t(n—1)andr <n’,
(n—=1-=@+DE)(n—(p+1))+(r—n)l if (k+Dt(n—1)and n' <7 <n.
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Note that in this case n’ # 0. Thus (k+{)f (n—1) and p+1 = [%-‘ By the as-
sumption that [%=7] < min{ |22, |22 |}, we have n — 1]k > [%1] > p+ 1, which implies
(n—1)— (p+ 1)k > 0. Note that (3) also holds in Case (3). Thus A(r) > 0. This com-
pletes Case (3). By Theorem 1.1, {(a1,as2,...,ay),(d1,ds,...,dy)} is bigraphical. Similarly,
{(b1,b2,...,by),(c1,¢2,...,¢y)} is bigraphical. This completes the proof.

Theorem 2.5. If k =1 =n—1, then (P; o K,)* has Sy ;-decomposition.

Proof. Let V(P3) = {x1, 22,23} and V(K,,) = {y1,¥2,.--yn}. Then V((P3 0 K,)*) =
U {z; x V(Kp)} = ViUVaUV; and V; = Ui 1{xj} 1 < ¢ < 3, where :rj stands for
(xi,yj). The distar Sy ;-decomposition of (P3 o K,)* is given as follows: For 1 < k < n,
Ty = {(«,25,23) : 1 <j<mnandj+#k}and T} = {(«},25,2]): 1 < j <nand j #k}.

Theorem 2.6. Suppose (P50 K,,)* has an Sy j-decomposition and if n < k+1 < 2(n—1),
then k =1 and k|2(n — 1).

Proof. Let © be an Sy - decomposition of (P50 K,,)*. Let V((Ps0 K,)*) =XUZUY.
Fori=1, 2,...,n, let 7; be the number of distars Sj; in ® with centers z;. Sincen <k+1 <
2(n — 1), any distar Si; in ® must have its center in Z. Hence 2(n — 1) = d™(2z;) = Iry,
2(n — 1) =d*(z) = kr; Thus k =1 and k|2(n — 1).

Corollary 2.3. Suppose n < k+1 < 2(n —1). Then (P; o K,)* has Si ;-decomposition if
and only if k =1=n—1 and k|2(n — 1).

Theorem 2.7. (P, o K,,)* has S ;-decomposition if any one of the following conditions
hold
DIfk+1<n—1 k=1and kln— 1.

i) Ifk+l=n—1and k #1.

) fk+i<n—-1,k#l (k+Dnn—-1),2< I—k-&-lj and [,H_l] < min{[ 2], [271]}
iv)Ifk=1=n—1 and m is odd.
Proof. For (i), (ii) and (iii), we have C}:

n,n—1

o~ o~ o~ o~

has S}, ;-decomposition. Also we know that

(Pm o Kn)* = Cr*z,nfl D C’Z,nfl S...08 C’r*L,nfl .

(m—1)times

Thus (P,, o K,,)* has Sy ;-decomposition. Similarly, if condition (iv) holds then (P30 K,,)*

has Sy ;-decomposition. Also

(ProK,) =(P3oK,)" @...® (P3oKy)*.

1.
M= times

Hence (P, o K,,)* has S, ;-decomposition for this case also. Thus the result follows.
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Abstract In this paper we introduce the classes of gai sequences of fuzzy numbers using
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§1. Introduction

The concept of fuzzy sets and fuzzy set operations were first introduced Zadeh '8l and
subsequently several authors have discussed various aspects of the theory and applications
of fuzzy sets such as fuzzy topological spaces, similarity relations and fuzzy orderings, fuzzy
measures of fuzzy events, fuzzy mathematical programming.

In this paper we introduce and examine the concepts of Orlicz space of entire sequence of
fuzzy numbers generated by infinite matrices.

Let C'(R") = {A C R™: A compact and convex}. The space C' (R™) has linear structure
induced by the operations A+ B ={a+b:ac€ A,bc B} and NA={la:a€ A} for A, B €
C (R™) and A € R. The Hausdorff distance between A and B of C' (R") is defined as

doo (A, B) = max {sup,e 4 infoep [ — b ; supye p infaea fla —bf|} .

It is well known that (C (R™),d) is a complete metric space.

The fuzzy number is a function X from R™ to [0,1] which is normal, fuzzy convex, upper
semi-continuous and the closure of {x € R™ : X(x) > 0} is compact. These properties imply
that for each 0 < a < 1, the a-level set [X]* = {x € R" : X(x) > o} is a nonempty compact
convex subset of R", with support X¢ = {x € R”: X(x) > 0}. Let L(R") denote the set
of all fuzzy numbers. The linear structure of L (R™) induces the addition X + Y and scalar
multiplication AX, A € R, in terms of a-level sets, by | X + Y|* = | X | +|Y|%, A X|* = M| X|“
for each 0 < a < 1. Define, for each 1 < ¢ < o0,
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1/
4y (X,) = (J; 60 (X°,Y)" do) " and dag = SUPg< ey o (X, Y,

where 0o is the Hausdorff metric. Clearly do (X,Y) = limy_oo dy (X,Y) with dy < d,, if
g < r ', Throughout the paper, d will denote dy with 1 < g < o0.

The additive identity in L (R") is denoted by 0. For simplicity in notation, we shall write
throughout d instead of dg with 1 < ¢ < 0.

A metric on L (R") is said to be translation invariant if d(X + Z,Y + Z) = d(X,Y) for
al X, Y, Ze€ L(R")

A sequence X = (X}) of fuzzy numbers is a function X from the set N of natural numbers
into L (R™) . The fuzzy number X}, denotes the value of the function at k € N. We denotes by
W (F) the set of all sequences X = (X}) of fuzzy numbers.

A complex sequence, whose k' terms is zj is denoted by {z}} or simply x. Let ¢ be the
set of all finite sequences. Let /., ¢, ¢y be the sequence spaces of bounded, convergent and
null sequences x = (xy) respectively. In respect of £, ¢, ¢o we have ||x|| = supy |zx|, where
x = (x5) € cg C ¢ C loo. A sequence z = {z}} is said to be analytic if sup, |xk|1/k < oo.
The vector space of all analytic sequences will be denoted by A. A sequence x is called entire
sequence if limg_, o |xk|1/ ¥ = 0. The vector space of all entire sequences will be denoted by
I. A sequence z is called gai sequence if limg_ o (k! |xk|)1/ ¥ = 0. The vector space of all
gai sequences will be denoted by y. Orlicz 1261 used the idea of Orlicz function to construct
the space (L™). Lindenstrauss and Tzafriri (27 investigated Orlicz sequence spaces in more
detail, and they proved that every Orlicz sequence space £j; contains a subspace isomorphic
to £, (1 < p < 00). Subsequently different classes of sequence spaces defined by Parashar and
Choudhary 28 Mursaleen [2%1, Bektas and Altin [, Tripathy B!, Rao and subramanian (32
and many others. The Orlicz sequence spaces are the special cases of Orlicz spaces studied in
Ref [33],

Recall [26:33] an Orlicz function is a function M : [0,00) — [0,00) which is continuous,
non-decreasing and convex with M(0) = 0, M(z) > 0, for z > 0 and M(z) — oo as z — o0.
If convexity of Orlicz function M is replaced by M(z + y) < M(z) + M (y) then this function
is called modulus function, introduced by Nakano 4 and further discussed by Ruckle [*5 and
Maddox 9 and many others.

An Orlicz function M is said to satisfy As-condition for all values of wu, if there exists
a constant K > 0, such that M(2u) < KM (u) (u > 0). The As-condition is equivalent to
M (¢u) < KM (u), for all values of u and for ¢ > 1. Lindenstrauss and Tzafriri 27} used the
idea of Orlicz function to construct Orlicz sequence space

KM:{J;Ew:ZM(@><oo,forsomep>0}. (1)

The space £;; with the norm

i S (1l
|z| = f{p@.éM(p)g}, (2)

becomes a Banach space which is called an Orlicz sequence space. For M(¢) = t,1 < p < oo,

the space £); coincide with the classical sequence space ¢,- Given a sequence x = {x} its nth
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section is the sequence (™) = {1, s, ...,1,,0,0,..}, § = (0,0,...,1,0,0,...), 1 in the n'"

place and zero’s else where.

§2. Remark

An Orlicz function M satisfies the inequality M (Ax) < AM () for all A with 0 < A < 1.

Let m € N be fixed, then the generalized difference operation
A™ W (F) - W (F)
is defined by

AX, =X, — Xk+1 and A™X, = A (Am_le) (m > 2) for all £ € N.

§3. Definitions and preliminaries

Let P, denotes the class of subsets of N, the natural numbers, those do not contain more
than s elements. Throughout (¢,,) represents a non-decreasing sequence of real numbers such
that ng,4+1 < (n+1) ¢, for all n € N.

The sequence x (¢) for real numbers is defined as follows
X (¢) = {(Xk) L (kXYY 0ask, s —ooforkeoe Ps}.

The generalized sequence space x (A, ¢) of the sequence space x (¢) for real numbers is defined

as follows
X (A, d) = {(Xk) ;L (RAX)YY  0ask, s —ooforkeoe PS},

where A, Xy = Xy — Xg4p for £ € N and fixed n € N.
In this article we introduce the following classes of sequences of fuzzy numbers.
Let M be an Orlicz function, then

Ay (A™)
a((jamx''*),0)
= (Xk) e W(F):supM < 0o, for some p >0
k p
Xz (A™)

a((kH1amxi))* o)
P

(Xp) €W (F): M

— 0 as k — oo, for some p >0

Ty (A™)
o (3).0)
p

(Xp) e W(F): M — 0 as k — oo, for some p >0
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X]F\/[(Am’(b)
1 (d(mamx)t o)
= (Xk)eW(F):qTM 5 —0ask, s— o0, forkeoe P,
T (A™, )
L (a(uamxa*, o)
= (Xp)eW(F): —M —0ask, s— o0, for k€oe Ps

b5 p

84. Main results

In this section we prove some results involving the classes of sequences of fuzzy numbers
Xhr (A™,6), xiy (A™) and Af; (A™).
Theorem 4.1. If d is a translation invariant metric, then x%, (A™, ¢) are closed under
the operations of addition and scalar multiplication.
Proof. Since d is a translation invariant metric implies that
d ((k! (A™ X, + A™Y;))VE 6) <d ((k! (A" X)) ,(‘)) +d ((k! (A™Y;)E 6) (3)
and
a (k1 (AmAX0))*,0) < NFa (kA7 X)) F D)) (4)
Y S 1 Let X = (Xk) and Y = (Vi) € x4, (A™, ¢). Then there
exist positive numbers p; and ps such that

where )\ is a scalar and |\

m 1/k 7
éM (d((k!A :ik‘) O)> —0as k,s = o0, for k€ o € P,.

m N/k §
éM (d((k!A ;ik\) 70)> —0ask,s— oo, forkcoeP,.

Let ps = max (2p1,2p2) . By the equation (3) and since M is non-decreasing convex func-

tion, we have

d ((k! IA™ X, + AP ) 6)

P
d ((k1amxi)'7*0)\  (a(k]amvi))'* 0)
< M +
P3 P3
1 (a(wamx) o)\ fa(miamy)t o)
< -M +-M
2 P1 2 P2
1 (d(am X+ Ay e o)
= —M
¢s P3
d ((k|A™ X)) ", 0 d ((kt|AmYi)*, 0
o [ N, (o )

¢s P1 (bs P2
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for k € o € Ps, Hence X +Y € x4, (A™,¢). Now, let X = (Xj) € x&; (A™,¢) and A € R with
0< |/\|1/k < 1. By the condition (4) and Remark, we have

d ((k! IATAX)YE 6)

M
p
AR (R Am X)) " D)
P
| m 1/k §
BT a (k1 |AX,))'/* 0)

P

Therefore AX € x&, (A™, ¢). This completes the proof.
Theorem 4.2. The space x4; (A™, ¢) is a complete metric space with the metric by

g(X)Y) = d ((k-l X, — Yk‘)l/k)

4 (1 (1A X — AmYi)F)

1
+ infdp>0: sup — (M <1

keoeP, Ps p

Proof. Let (Xi) be a cauchy sequence in x4, (A™, ¢). Then for each € > 0, there exists
a positive integer ng such that g (Xi, Yj) < € for i, j > ng, then =

e d(k(|amxi—amyd|)/k
d<(k! ) >+inf{P>0:SUPkegep‘§¢ls<M< ( ( kp ) ))>§1}<e,

for all i, 7 > ng
, N1/k
d((k!‘x,g—y,g‘) ><e

m _A™Mm 1/k
for all 4, j > ng and inf {p > 0:SUPgeyep, q% (M (d(k!(m X —ATVe]) )>) < 1} < ¢ for all

X, = vy

P
i7 .7 > ng.
} N 1/k
By (5), d <<k' ‘X,; - X,gD ) <eforalli, j>ngand k=1, 2, 3,...,m. It follows that
(X,i) is a cauchy sequence in L (R) for k =1, 2, 3,...,m. Since L (R) is complete, then (X}c) is
convergent in L (R) . Let lim; oo X! = X} for k=1, 2,...,m. Now (6) for a given € > 0, there
exists some p. (0 < p. < €) such that

d(k(|amxi—amxi[/F
SUPresep, i <M( ( (‘ kps, - )>) <1l

Thus
, N1/k
) d (k! (|amx; - amxi)) )
sup — | M <1
keoeP, Ps p
_ N1/k
. d (k! (Jamxi - amxi|) )
< sup — | M <1{,
keoeP, Ps Pe
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we have d <(k! amxi - Amxg’)l/k) < e and the fact that
d(@ﬂx@wfnqﬁme) < d(@WAmxg—AmxﬁfM)

? d(@ﬂx@nqbuv

+ T d ((k! ’XIi-H - XZHDMC)

m , ,, 1/k
NN d((k!‘X}Hml _Xzé+m—1‘) ) :
m—1

. O\ 1/k ,
So, we have d((k! ’X}c —X,iD ) < € for each &k € N. Therefore (Xl) is a cauchy

sequence in L (R) . Since L (R) . is complete, then it is convergent in L (R) . Let lim; o, X} = Xj,
say, for each k € N. Since (Xz) is a cauchy sequence, for each € > 0, there exists ng = ng (€)
such that g (X% X7) < e for all 4, j > ng. So we have

) ; N 1/k . 'k
i ( (ki g)) ") = (Gt - ) <«
and "

lim d ((k;' )AmX,i — AngD ) =d ((k;' ‘Alei _ Aka’)l/k> e

j—o0
for all 4, j > ng. This implies that g (Xi,X) < e for all i > ng. That is X* — X as i — oo,
where X = (X}) . Since

d ((k' |Aka *X0|)1/k) <d ((k' |AmX]?0 _ XO‘)l/k) +d ((k' ‘AmX]?O _ AkaDl/k) ’

we obtain X = (Xj) € X]I\‘;[. Therefore X]}CI (A™, ¢) is complete metric space. This completes
the proof.
Proposition 4.1. The space AL, (A™) is a complete metric space with the metric by

my _Am 1/k
h(X,Y):inf{p>0:sup,c (M (d((lA sl pA Yil) )>) <1}.

Theorem 4.3. If (f;—) — as s — oo then x1, (A™, ¢) C x&, (A™, )

Proof. Let (Z’}—) — 0as s — oo and X = (Xx) € xk; (A™, ¢). Then, for some p > 0,

1 (a(wamxgE o)
bs p

1 o d((k!|Aka|)1/k’()) ) ((bs) 1 y d((k!mkaDuk’G)

:>% P T\ s

—0ask, s— o0, forkeoce P

bs p
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Therefore X = (Xi) € x4, (A™,9). Hence x4; (A™,¢) C x4, (A™,4). This completes the

proof.
(j;:) and (;ﬁ:) — 0 as s — oo,

Xar (A™,6) = xiy (A™, ).
Theorem 4.4. x¥, (A™) C '], (A™, ¢).
Proof. Let X = (Xx) € x4, (A™). Then we have

M (d((k!|Aka|)1/k,(_J)

Proposition 4.2. If

then

- )—>Oask—>ooforsomep>0.

Since (¢,,) is monotonic increasing, so we have

d(@uAmXHﬂ“,Q

1

—M

s p

1 (a(mamxd)t o)
< —M

¢1 P

1 (d(mamx)t o)
< —M

s P

[herefore
m 1/k [
1 d ((k:' |A™ X|) / , O)

bs p

for k € 0 € P,. Hence

—0ask, s—

1 (d(amxi)t* o)
— —0ask, s — o

?s P

for k € o0 € P; and (k!)l/k — 1. Thus
X = (Xp) €T3y (A™,9).

Therefore
Xar (A™) C Ty (A™, ¢).

This completes the proof.
Theorem 4.5. Let M; and My be Orlicz functions satisfying As-condition. Then

Xifg (A™,¢) C X§410M2 (A™, ).

Proof. Let X = (Xj) € Fﬂz (A™, @) . Then there exists p > 0 such that
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m 1/k &
ﬁM2 (d((k!m fkl) ’0)> —0ask, s—ooforkeoeP;.

Let 0 < e <1 and § with 0 < § < 1 such that M; (¢t) < e for 0 <1 < ¢. Let

m 1/k 3
yr = My (d(“M Xul) ,0)) for all k € N.
Now, let
M (yx) = My (yx) + Mi (yr) (5)

where the equation (7) RHS of the first term is over y, < ¢ and the equation of (7) RHS of

the second term is over y, > . By the Remark, we have
My (yr) < My (1) yr + My (2) yp. (6)

For y; > 9,

Yk Yk
< <142
Yk 5 = 5

Since M is non-decreasing and convex, so

1 1. (2
M (yi) < M, (1 n %’“) < 3M1(2) + 5 My (?“) .

Since M satisfies As-condition, so

1 ye 1 Yk
My (ye) < KM (2) =5 + S KM (2) 5
Hence the equation (7) in RHS of second terms is
M (yx) < max (1, K& My (2)) Y- (7)

By equation (8) and (9), we have

X = (Xk) € Xhr,ons, (A™,0).

Thus,
F m F m
XM2 (A 7¢) C XM10M2 (A 7¢) .

This completes the proof.
Propositon 4.3. Let M be an Orlicz function which satisfies As-condition. Then

X (A™,¢) C xjy (A™, ¢)
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§1. Introduction and preliminaries

Let A be the class of analytic functions of the form
o0
flz)= Z+Zakzk (1)
k=2

in the unit disc £ = {z | z |[< 1}.
Let S be the class of functions f(z) € A and univalent in E.
Let M(«) (0 < o < 1) be the class of functions f(z) € A which satisfy the condition

2f (2) + a2 f" (2)
fie { (- a)f(2) +azf (3

}>O,z€E. (2)

This class was introduced by Singh [13] and Fekete-Szeg inequality for functions of this
class was establihed by him. Obviously M («) is the subclass of the class of a-convex functions
introduced by Mocanu [, In particular M (0) = S*, the class of starlike functions and M (1) =
K, the class of convex functions.

In 1976, Noonan and Thomas 1% stated the ¢*"* Hankel determinant for ¢ > 1 and n > 1

as
27 Ap41 --v Onig—1
anJrl
Hy(n) =
Gp4q—1 cee Ap42g—2

This determinant has also been considered by several authors. For example, Noor [

determined the rate of growth of H,(n) as n — oo for functions given by Eq. (1) with bounded
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boundary. Ehrenborg [!! studied the Hankel determinant of exponential polynomials and the
Hankel transform of an integer sequence is defined and some of its properties discussed by
Layman [°l. Also Hankel determinant for various classes was studied by several authors including

(3]

Hayman [/, Pommerenke ['2 and recently by Mehrok and Singh [®].

Easily, one can observe that the Fekete-Szegd functional is Ho(1). Fekete and Szegd 2
then further generalised the estimate of |ag — ua3| where y is real and f € S. For our discussion

in this paper, we consider the Hankel determinant in the case of ¢ = 2 and n = 2,

az as

asz a4

In this paper, we seek upper bound of the functional |azas — a3| for functions belonging to

the above defined class.

§2. Main result

Let P be the family of all functions p analytic in E for which Re(p(z)) > 0 and

p(2) =1+ pi(2) +po2® + ... (3)
for z € E.
Lemma 2.1. If p € P, then |pg| <2(k=1,2,3,...).

This result is due to Pommerenke 12].

Lemma 2.2. If p € P, then
2p2 = pi + (4 - pi)z,

dps = pi 4+ 2p1(4 — pH)z — p1(4 — p})a® +2(4 — p}) (1 — |z[*)2

for some z and z satisfying |z] <1, |z| <1 and p; € [0, 2].
This result was proved by Libera and Zlotkiewiez [6:7].
Theorem 2.1. If f € M(«), then

1
2
_ <
|asay a3|_(1 1 +30)

Proof. As f € M(a), so from (2)

2f (2) + a22f (2)
(1 -a)f(z) +azf'(2)

= p(2). (5)

On expanding and equating the coefficients of z, 22 and z? in (5), we obtain

P1
= 6
a2 1+a7 ( )

D2 p% (7)

2(1+2a) | 2(1+2a)

az =
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and

P3 p1p2 ps ®)

“ T 31 +3a) " 2(1+3a) " 6(1+3a)

Using (6), (7) and (8), it yields

o, 1 4(1 4 2a)*p1ps + 6((1 + 20)% — (1 + a)(1 + 3a))pips
T Clo) | 1201+ 200 — 3(1+ a)(1 4 3))pt — 3(1 + a)(1 + 3a)pd]

where C(a) = 12(1 + a)(1 + 3a)(1 + 2a)%.
Using Lemma 2.1 and Lemma 2.2 in (9), we obtain
—[~4(1 +2a)? — 120* + 4(1 + da + o?) + 3(1 + ) (1 + 3a)]p]
1 +8(1+20)% + 1202 — 6(1 + ) (1 + 3)]p? (4 — p?)z
4C(a) | —[(4(1 + 2a)% = 3(1 + ) (1 + 3a))p? + 12(1 + a)(1 + 3a)] (4 — p?)a?|
+8(1 +20)?p1(4 = p)(1 — |2[*)z

asay — a3| =

Assume that p; = p and p € [0, 2], using triangular inequality and |z| < 1, we have

[—4(1 + 20)% — 1202 + 4(1 + 4a + a?) + 3(1 + a)(1 + 3a)p*
) +8(1 4 2a)? 4+ 12a% — 6(1 + ) (1 + 3a)]p*(4 — p?)|z|
0TS 500) [ 1401+ 2007 80+ o)1+ 30))p? 1201+ @)1+ 30))(4 — p)a?
+8(1 4 20)?p(4 — p*) (1 — [[*)
[—4(1 + 2a)? — 1202 + 4(1 + 4a + a?) + 3(1 + @) (1 + 3a)]p*+
1 8(1 + 2a)*p(4 — p?) + [8(1 + 22)* + 1202 — 6(1 + ) (1 + 3a)]
4C(a) P4 —p»)o+ [(4(1 + 2a)% = 3(1 + a)(1 + 3a))p?
—8(1 + 2a)%p + 12(1 + @) (1 + 3a)] (4 — p*)5?

asay — a3 <

Therefore

1
asas — ai| = 4C(a)F(5)’
where § = |z| <1 and
F©) = [-4(1+22)*—12a°% +4(1 +4a+a?) +3(1 + a)(1 + 3a)]p*

+8(1 + 2a)?p(4 — p?) + [8(1 + 22)* + 1202 — 6(1 + ) (1 + 3a)]p*(4 — p?)s
+[(4(1 4 2a)? = 3(1 + a)(1 4 3a))p® — 8(1 + 2a)%p + 12(1 + a)(1 + 3a)](4 — p*)d>
is an increasing function.

Therefore MaxF'(6) = F(1).
Consequently

Aoy — a§| <

1
< 0@ 0 (10)

where G(p) = F(1). So

G(p) = —A()p* + B(a)p® + 48(1 + a)(1 + 3a),
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where
Aa) = 4802
and
B(a) = 9602
Now
G (p) = —4A(a)p® + 2B(a)p
and

"

G (p) = —124A(a)p* + 2B(a).

/

G (p) = 0 gives
pRA()? — B(a) =0.

G" (p) is negative at

So MaxG(p) = G(1).

Hence from (10), we obtain (4).

The result is sharp for p; = 1, ps = p? — 2 and p3 = p1(p? — 3).

For o = 0 and a = 1 respectively, we obtain the following results due to Janteng 4.
Corollary 2.1. If f(z) € S*, then

lagay — a3| < 1.

Corollary 2.2. If f(z) € K, then

| =

|azay — a3| <

References

[1] R. Ehrenborg, The Hankel determinant of exponential polynomials, American Mathe-
matical Monthly, 107(2000), 557-560.

[2] M. Fekete and G. Szegd, Eine Bemerkung iiber ungerade schlichte Funktionen, J. London
Math. Soc., 8(1933), 85-89.

[3] W. K. Hayman, Multivalent functions, Cambridge Tracts in Math. and Math. Phys.,
No. 48, Cambridge University Press, Cambridge, 1958.

[4] Aini Janteng, Suzeini Abdul Halim and Maslina Darus, Hankel determinant for starlike
and convex functions, Int. J. Math. Anal., 1(2007), No. 13, 619-625.

[5] J. W. Layman, The Hankel transform and some of its properties, J. of Integer Sequences,
4(2001), 1-11.

[6] R. J. Libera and E-J. Zlotkiewiez, Early coefficients of the inverse of a regular convex
function, Proc. Amer. Math. Soc., 85(1982), 225-230.

[7] R. J. Libera and E-J. Zlotkiewiez, Coefficient bounds for the inverse of a function with
derivative in P, Proc. Amer. Math. Soc., 87(1983), 251-257.



Vol.8 Hankel determinant for a new subclass of analytic functions 65

[8] B. S. Mehrok and Gagandeep Singh, Estimate of second Hankel determinant for certain
classes of analytic functions, Scientia Magna, 8(2012), No. 3, 85-94.

[9] P. T. Mocanu, ” Une propriete’de convexite’ généralisée dans la théorie de la représentation
conforme”, Mathematica(CLUJ), 11(1969), No. 34, 127-133.

[10] J. W. Noonan and D.K.Thomas, On the second Hankel determinant of a really mean
p-valent functions, Trans. Amer. Math. Soc., 223(1976), No. 2, 337-346.

[11] K. I. Noor, Hankel determinant problem for the class of functions with bounded bound-
ary rotation, Rev. Roum. Math. Pures Et Appl., 28(1983), No. 8, 731-739.

[12] Ch. Pommerenke, Univalent functions, Gottingen: Vandenhoeck and Ruprecht., 1975.

[13] Gagandeep Singh, Fekete-Szegd coefficient functional for certain classes of analytic

functions, To appear.



Scientia Magna
Vol. 8 (2012), No. 4, 66-74

On non-unit speed
curves in Minkowski 3-space

Yasin Unliitiick? and Umit Ziya Savert

1 Department of Mathematics Kirklareli University, 39100, Kirklareli-Turkey
I Department of Mathematics Karabiik University, 78050, Karabiik-Turkey

E-mail: yasinunluturk@kirklareli.edu.tr zsavci@hotmail.com

Abstract In this work, by means of the method used to obtain Frenet apparatus and Darboux
frame for non-unit speed curve in E? in [3], we present Frenet apparatus for non-unit speed

curves in E3. Also, Darboux frame for non-unit speed curves and surface pair is given in E3.

Keywords Non-unit speed curve, spacelike non-unit speed curve, timelike non-unit speed c
-urve, Darboux frame on non-unit speed curve-surface pair.
2000 Mathematics Subject Classification: 53A05, 53B25, 53B30.

§1. Introduction

Suffice it to say that the many important results in the theory of the curves in E? were
initiated by G. Monge and the moving frames idea was due to G. Darboux. In the classical
differential geometry of curves in E3, the unit speed curve which is obtained by using the norm
of the curve, is a well known concept. In the light of this idea, there are many studies on the
unit speed curve in Minkowski space. Frenet apparatus for non-unit speed curve E3 has been
studied by Sabuncuoglu in [3]. Also he has studied Darboux frame and its derivative formulas
for non-unit speed curves and surface pair in E? [3].

In this work, by means of the method used to obtain Frenet apparatus and Darboux frame
for non-unit speed curves in E? in [3], we present Frenet apparatus for non-unit speed curves
and Darboux frame and its derivative formulas for non-unit speed curves and surface pairs in

Minkowski 3-space [E3.

§2. Preliminaries

Let E3 be the three-dimensional Minkowski space, that is, the three-dimensional real vector
space E2 with the metric
< dx,dx >=dx} + dzj — dx3,

where (71,72, 23) denotes the canonical coordinates in E®. An arbitrary vector x of [E$ is said to
be spacelike if < x,x >>0 or x = 0, timelike if < x,x ><0 and lightlike or null if < x,x >=0
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and x= 0. A timelike or light-like vector in E? is said to be causal. For x €E$, the norm is
defined by ||x|| = v/|< x,x >|, then the vector x is called a spacelike unit vector if < x,x >=1
and a timelike unit vector if < x,x >= —1. Similarly, a regular curve in E3 can locally be
spacelike, timelike or null (lightlike), if all of its velocity vectors are spacelike, timelike or null
(lightlike), respectively [2]. For any two vectors x = (x1,22,73) and y = (y1,%2,y3) of E3,
the inner product is the real number < x,y >= x1y; + T2y2 — T3y3 and the vector product is
defined by x x y = ((z2ys — z3y2), (¥3y1 — 21y3), —(T1y2 — T291)).
The unit Lorentzian and hyperbolic spheres in E? are defined by

H? ={x€E?} |2} + 23 — 23 = -1, 23 > 1},

S? ={x€E} |22+ 23 — 23 =1}

(1)

Let {T,n,b} be the moving Frenet frame along the curve o with arc-length parameter s.

For a spacelike curve a, the Frenet Serret equations are

T’ 0 k 0 T
N | =] —ex 0 7 N |, (2)
B’ 0 7 0 B

where (I, T) =1, (N,N) =e = =1, (B,B) = —¢, (T,N) = (T, B) = (N, B) = 0. Furthermore,

for a timelike non-unit speed curve « in 3, the following Frenet formulae are given in as follows,

T’ 0 & O T
N | =k 0 7 N |, (3)
B’ 0O —7 0 B

where (T, T) = —1, (N,N) = (B,B) =1, (T,N) = (T, B) = (N, B) = 0 [,

Let M be an oriented surface in three-dimensional Minkowski space E$ and let consider a
non-null curve a(t) lying on M fully. Since the curve a(t) is also in space, there exists Frenet
frame {T, N, B} at each points of the curve where T is unit tangent vector, N is principal
normal vector and B is binormal vector, respectively. Since the curve a(t) lies on the surface
M there exists another frame of the curve «(t) which is called Darboux frame and denoted by
{T,b,n}. In this frame T is the unit tangent of the curve, n is the unit normal of the surface
M and b is a unit vector given by b = n x T. Since the unit tangent 7' is common in both
Frenet frame and Darboux frame, the vectors N, B, b and n lie on the same plane. Then, if
the surface M is an oriented timelike surface, the relations between these frames can be given
as follows.

(i) If the surface M is a timelike surface, then the curve a(t) lying on M can be a spacelike

or a timelike curve. Thus, the derivative formulae of the Darboux frame of «/(t) is given by

T’ 0 Ky —cky T
V| =] kg O €Ty b |, (4)

n' Kn Ty 0 n
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where (T',T) = ¢ = %1, (b,b) = —¢, (n,n) = 1.
(ii) If the surface M is a spacelike surface, then the curve a(t) lying on M is a spacelike

curve. Thus, the derivative formulae of the Darboux frame of «(t) is given by

T 0 Ky FKn T
bV | =] —kg 0 74 b |, (5)
n kn T4 O n

where (T, T) =1, (b,b) =1, (n,n) = —1 1,

In these formulae at (4) and (5) , the functions k., k4 and 7, are called the geodesic curva-
ture, the normal curvature and the geodesic torsion, respectively. Here and in the following, we
use “dot” to denote the derivative with respect to the arc length parameter of a curve. Here,

we have the following properties of o characterized by the conditions of x4, k, and 7 :

o is a geodesic curve if and only if kg = 0.
« is a asymptotic curve if and only if x,, = 0.

a is line of curvature if and only if 7, = 0.

(see [2]).

§3. Some properties of non-unit speed curves in E3

Let a(t) be an arbitrary curve with speed

v=la@|=%
t
Theoretically we may reparametrize a to get a unit speed curve @(s(t)), so, we define curvature
and torsion of « in terms of its arclength reparametrization @(s(t)). Moreover, the tangent
vector o/(t) is in the direction of the unit tangent 7'(s) of the reparametrization, so T'(s(t)) =
a/(t)/|a/(t)] . This says that we should define a non-unit speed curve’s invariants in terms of
its unit speed reparametrization’s invariants.
Definition 3.1. Let a be any non unit speed curve in Minkowski 3-space E3, so

) The unit tangent of «(t) is defined to be T'(¢) = T(s(t)).

€

(1

(2) The curvature of «(t) is defined to be x(t) def R(s(t)).

(3) If k > 0, then the principal normal of a(t) is defined to be N(t) def N(s(t)).
(

(

4) If k > 0, then the binormal of «(t) is defined to be B(t) = B(s(t)).
5

) If kK > 0, then the torsion of «(t) is defined to be 7(t) = 7(s(t)).
Theorem 3.1. If the curve a : I — E3 is a regular non-unit speed curve in E$, then there
is a parameter map h: I — J so that ||[(aoh)'|| =1 for all s € J.
Proof. Let the arc-length function of the curve a be f. It is known that f' = ||&/||. The
function f’ has values differed from zero since « is a regular curve. Hence f is a one to one

function because it is an increasing function. Let’s say f(I) = J. Consequently, f becomes
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regular and bijective function. So has get the inverse, let h be the inverse of f and ao h = (.

So if we show that 3 : J — E3 is a unit speed curve, the proof is completed as follows:
18 = (o h)'|| = [|W (o’ o h)|| = |1'|[|a’ o A,

and
1 1 1 1

"(g) = —1/52 — — —
M= U= TG T TG~ T e RET - T o b

Theorem 3.2. (The Frenet formulas for non-unit speed curves in E3)

()-

For a regular curve a with speed
ds
v=—
dt’
and curvature k > 0,

(i) if « is a spacelike non-unit speed curve, then the derivative formula of Frenet frame is

as follows:
T = wvkN,
N' = wv(—exT +71B),
B'" = ovTN.
(ii) if « is a timelike non-unit speed curve, then the derivative formula of Frenet frame is
as follows:
T = wkN,
N' = w(kT +7B),
B' = wTN.

Proof. (i) For non-unit speed spacelike curve, the unit tangent T'(¢) is T'(s) by the defini-
tion 3.1. Now T"(¢) denotes differentiation with respect of ¢, so we must use the chain rule on

the righthand side to determine £ and 7. From the definition 3.1,
T(t) =T(s(t)). (6)

If we differentiate (6), the expression is obtained as

dT(t)  dT(s(t)ds _ . .
= g = FEN(s)o = KON (). (7)

From (7), we get
T" = k(t)uN(t).

So the first formula of (i) is proved. For the second and third,

_dN(s)ds  _ — =D
= D _ ()T + 7 Bls)w.

by the unit speed Frenet formulas, we have

N'(t)

N'(t) = —k()vT(t) + 7(t)vB(t).

And we get
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(ii) For non-unit speed timelike curve, if the computations are made as follows:
by the definition 3.1,

T(t) = T(s(t)). (8)

If we differentiate (8), the expression is found as

dT(t)  dT(s(t))ds dT(s(t))
T T L ONO) (9)

From (9), we obtain
T' = k(t)uN(t).

So the first formula of (ii) for non-unit speed timelike curve is proved. For the second and third,

we get o
N'(t) = C”Zis) % = (R(s)T(s) +7(s)B(s))v = (x(T(t) + 7(£) B(t))v
and finally B
B(t) = dif) % — #(s)N(s)v = r()uN(t).

Lemma 3.1. For a non-unit speed curve « in E3,
o =vT and o = LT + kv’ N.

Proof. Since a(t) = @(s(t)), the first calculation is

a(t) = @’(s)% = v (s) = vT(s) = vT,

while the second is
dv _ dv

a’(t) = aT(t) +o(®)T'(t) = ET(t) + k()2 ()N (1).

§4. Non-unit speed curve and surface pair in E}

In this part, we will define the curvatures of curve-surface pair («, M) while « is a non-unit
speed curve in E3. Let’s consider the non-unit speed curve o : I — M. Previously, we proved
that there is a parameter map h : J — I so that «oh : J — M is a unit speed curve. The
function h is the inverse of f(¢) = fti llo/(r)|| dr. Let’s say aoh = 3. 3 is a unit speed curve.
Let’s the unit tangent vector field of 3 be denoted by T. The set {T,b,n o 3} is the frame of
curve-surface pair (3, M), where b = (no ) x T. Let s € J, h(s) = t. s = f(t) because of
h(s) = f~1(s). So B(s) = a(h(s)) = a(t).

Definition 4.1. Let 3 be the unit speed curve obtained from the non-unit speed curve
a: I — M in E3. While the frame of curve-surface pair (3, M) is {T, b,no3}, the set {T’,b, noa’}
defined by

T()=T(f(t),  bt)=b(f(t), n(a(t)) =n(B(f(1)))
is called Darboux frame of curve-surface pair (o, M) in E$. Also, while the curvatures of curve-

surface pair (8, M) are R, Ry, T4, the curvatures of curve-surface pair («, M) are as follows:

kn(t) = Bn(f(1)), Kg(t) = Fg(f(1)), T4(t) =T4(f(1)).
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Theorem 4.1. Given the non-unit speed curve a : I — M, the curvatures kg, K, and 7,

of curve-surface pair (o, M) in E$ are as follows:
Ky, = U% (@' \noa)y, kg= 1%2 (@’ by, T4= L {((noa)’,b).
Proof. Let f(t) = s, by definition 4.1, we get

kin(t) = Fn(s) = (8"(s), (n o B)(s)) -

Let’s calculate the components of (10),

If we differentiate (12), we get

o (t) = ' (t)(B8 o f)(t) + v (t) [ (DB (F(t) = v'()B(s) + (v(1))*B"(s).

By differentiating (11) and using (13), we get

B(s) =
By using (14) in (10),

kn(t) = (B"(s), (noB)(s))

By using (14) in (15), we get

holt) = <21 <a"<t>v’<t>ﬂ'<s>>,b<s>>
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Finally, let’s see the equation of 74(t). So

7y(t) = 74(s) = — ((n0 B (5),b(s)) = — ((n0 BY(5),b(1) . (16)
Also we get
(noa)(t) = (nofo f)(t) = f(t)no B (F(t) = v(t)(no BY(s)
i (o B)(s) = ——(n o a)(t) (17)
0 '

By using (17) in (16), we get
7(0) = = { (o @) O.00)) = 1 ((n0a).0) 0

Theorem 4.2. Given non-unit speed curve o : I — M,
(i) If (o, M) is timelike or spacelike curves on timelike surface pair, the derivative formula

of Darboux frame {7, b,n o a} is as follows:

T'(t) = v(t)[rg (1)b(t) — ern(t)(n o a)(?)],
b'(t) = v(t) kg ()T (1) + e7y(t) (n 0 )(1)],
(noa)(t) = v(t)[kn(t)T(t) + 74 ()b(t)],

for curve-surface pair (o, M) in E$.
(ii) If (o, M) is spacelike curve on spacelike surface pair, the derivative formula of Darboux

frame {T,b,n o a} is as follows:

T'(t) = v(t)[rg (H)b(t) + rn(t)(n 0 @)(t)];
b'(t) = v(t)[=rg ()T (t) + 74(t)(n 0 @) (t)];
(noa)(t) = v(t)[kn(t)T(t) + 74(£)0(¢)],

for curve-surface pair (o, M) in E$.

Proof. (i) For timelike surface:

T(t)=T(f(t) = (To f)t). (18)
By differentiating (18), we get
T'(t) = (Tof)(t)
= f'OT (ft)
= v(t)[Ry(5)b(s) — eRn(s)(n 0 B)(5)]
= 0(t)[kg(1)b(t) — erin(t)(n o a)(t)]

and

b(t) = b(f(t)) = (bo f)(t). (19)
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By differentiating (19), we get

b(t) =

For the third formula of (i),

By differentiating (10), we get

(noa)(t) = (nofof)(t)

(i) For spacelike surface:

By differentiating (11), we get

T'(t) = (T o

and

By differentiating (12), we get

V() = (Bof)(t

For the third formula of (ii),

By differentiating (13), we get

(noa)(t) = (nofof)(t)

(11)
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Corollary 4.1. Given non-unit speed curve « : I — M, the curvatures of curve-surface
pair (a, M) in E$ as follows:
(i) If (o, M) is timelike or spacelike curves on timelike surface pair, then

g

9 9
n=——(T, Ry =——(Tb), 1=V, :
Fn=—(T';noa), ky=-=(T',b), 7,=-(noa)

(ii) If (o, M) is spacelike curve on spacelike surface pair, then
L (7 noa) L1, b) ~ (1, n o a)
kp=—T"noa)y, kg=~—-T"b), T7g=—=(V,noa).
v 7w g v

Proof. The direct result of Theorem 4.3.
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Abstract In this paper, a condition for self-integrability of a polynomial in two variables on
a rectangular region R was obtained.
Keywords Double integral, polynomial in two variables, rectangular region, self-integrability,

self-integrable.

§1. Introduction and preliminaries

Graham [ shown that the polynomials of the form py(z) = z* + k—il has the property
that fol pr(z) dz = pr(1) — pi(0). The said polynomial is self-integrating in the closed interval

[0,1].
Definition 1.1. A polynomial P in z and y with degree m, n is given by

m,n
P(.’,E,y) = Z aiijyJ7
1=0,j=0

where a;; € R.
Definition 1.2. A function f is said to be self-integrable in the rectangular region R

bounded the lines x = Iy, y = ls, * = u; and y = uy if and only if the double integral given by
U Ul = —u
[ [ sy = sl
2 1

Definition 1.3. We introduce the following terms for simplifying the double integrals and
equations.
Lower limit integration vector : L = (1, 1s),
Upper limit integration vector : U= (I1,12),

Variable vector : V' = (z,y),
Integration vector : dv = dzdy.

Definition 1.4. B
Uo uy U
| [ sty = [ piav

Definition 1.5.
Fa )z iz = F0)N%.
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§2. Preliminary results

Lemma 2.1.

F(V)dV = aii(ur"! — ) (g™ — 13T
I L= ((+1)(G+1) ’

where f(V) = P(z,y) = ZZ‘V:'(;Z‘:O a;x'y’.
Lemma 2.2.

where f(V) = P(z,y) = Z;:’O_Z:o a;;x'y’.

§3. Main results

Theorem 3.1. The function
f(V)=P(z,y) = Z ai;z'y’
i=0,j=0
is self-integrable in the rectangular region R bounded the lines x = [, y = lo, * = uy and

y = uso if and only if the coefficients satisfy the homogeneous equation given by

m—+n
ago(ur —h)(uz =)+ Y lag(ui™ =1 @y =157 = (4 1)(G + 1) (uf — 1) (uh — 13)] = 0.
1=0,7=0

Corollary 3.1. The function

m+n
f(V)=P(z,y) = Z ai;z'y’
i=0,j=0
is self-integrable in the rectangular region R bounded the lines =0, y =0, c=1and y =1

if and only if the coefficients satisfy the homogeneous equation given by

m-+n

ao+ Y ayll—(i+1)(G+1)]=0.

i=0,j=0

Theorem 3.2. The sum of self-integrable polynomials in the rectangular region R is also
self-integrable in the region R where R is the region bounded by the lines x =11, y =13, © = w3

and y = us.

References

[1] J. Graham, Self-Integrating Polynomials, The College Mathematics Journal, 36(2005),
No.4, 318-320.



Scientia Magna
Vol. 8 (2012), No. 4, T7-87

Signed product cordial graphs
in the context of arbitrary supersubdivision

P.Lawrence Rozario Raj’ and R. Lawrence Joseph Manoharan®

Department of Mathematics, St. Joseph’s College
Trichirappalli, 620002, Tamil Nadu, India
E-mail: lawraj2006Q@Qyahoo.co.in

Abstract In this paper we discuss signed product cordial labeling in the context of arbitrary
supersubdivision of some special graphs. We prove that the graph obtained by arbitrary
supersubdivision of (P, x P,,) ® Ps is signed product cordial. We also prove that the tadpole
T, is signed product cordial except m; (1 < ¢ < n) are odd, m; (n+1 < i < n+1) are
even and n is odd and C,, ® Pp, is signed product cordial except m; (1 < i < n) are odd, m;
(n+1<4i<mnm) are even and n is odd.

Keywords Signed product cordial labeling, signed product cordial graph, tadpole, arbitrary

supersubdivision.

§1. Introduction and preliminaries

We begin with simple, finite, connected and undirected graph G = (V(G), E(G)) with p
vertices and ¢ edges. For all other terminology and notations we follow Harary [2/. Given below
are some definitions useful for the present investigations.

Sethuraman [ introduced a new method of construction called supersubdivision of graph.

Definition 1.1. Let G be a graph with ¢ edges. A graph H is called a supersubdivision
of G if H is obtained from G by replacing every edge e; of G by a complete bipartite graph
Ky, for some m;, 1 <4 < ¢ in such a way that the end vertices of each e; are identified with
the two vertices of 2-vertices part of K, after removing the edge e; from graph G. If m; is
varying arbitrarily for each edge e; then supersubdivision is called arbitrary supersubdivision
of G.

In the same paper Sethuraman proved that arbitrary supersubdivision of any path and
cycle C), are graceful. Kathiresan (4 proved that arbitrary supersubdivision of any star are
graceful.

Definition 1.2. The assignment of values subject to certain conditions to the vertices of
a graph is known as graph labeling.

Definition 1.3. Let G = (V, E) be a graph. A mapping f : V(G) — {0,1} is called
binary vertex labeling of G and f (v) is called the label of the vertex v of G under f. For an
edge e = uw, the induced edge labeling f* : E(G) — {0, 1} is given by f* (e) = |f(u) — f(v)].
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Let vf(0), vg(1) be the number of vertices of G having labels 0 and 1 respectively under f and
let €£(0), ef(1) be the number of edges having labels 0 and 1 respectively under f*.
Definition 1.4. A binary vertex labeling of a graph G is called a cordial labeling of G if
|vg(0) —vp(1)|< 1 and |ef(0) — ef(1)] <1. A graph G is cordial if it admits cordial labeling.
The concept of cordial labeling was introduced by Cahit [2!. Vaidya [®] proved that arbitrary
supersubdivision of any path, star and cycle C,, except when n and all m; are simultaneously

(7] proved that arbitrary supersubdivision of any tree, grid

odd numbers are cordial. Vaidya
graph, complete bipartite graph star and C), ® P,, except when n and all m; are simultaneously
odd numbers are cordial.

The concept of signed product cordial labeling was introduced by Baskar Babujee [1].

Definition 1.5. A vertex labeling of graph G, f : V(G) — {—1,1} with induced edge
labeling f* : E(G) — {—1,1} defined by f*(uv) = f(u)f(v) is called a signed product cordial
labeling if | vy(—1) —v;(1) | <1 and | ef(—1) —ep(1) | < 1, where vs(—1) is the number of
vertices labeled with —1, vy(1) is the number of vertices labeled with 1, ef(—1) is the number
of edges labeled with —1 and ef(1) is the number of edges labeled with 1. A graph G is signed
product cordial if it admits signed product cordial labeling.

In the same paper Baskar Babujee proved that the path graph, cycle graph, star, and bistar
are signed product cordial and some general results on signed product cordial labeling are also
studied.

Lawrence Rozario [5 proved that arbitrary supersubdivision of tree, complete bipartite
graph, grid graph and cycle (), except when n and all m; are simultaneously odd numbers are
signed product cordial.

Vaidya [ proved that arbitrary supersubdivision path, cycle, star and tadpole graph are
strongly multiplicative.

Definition 1.6. Tadpole T}, ; is a graph in which path F; is attached by an edge to any
one vertex of cycle C,,. T, ; has n + [ vertices and edges.

Here we prove that the graphs obtained by arbitrary supersubdivision of (P, x P,,) ® P
is signed product cordial. We also prove that the tadpole T}, ; is signed product cordial except
m; (1 <i<n)areodd, m; (n+1<4i<mn+1) are even and n is odd and C,,®P,, is signed

product cordial except m; (1 < i <mn) are odd, m; (n+1 <4 < nm) are even and n is odd.

§2. Signed product cordial labeling of arbitrary supersub-

division of graphs

Theorem 2.1. Arbitrary supersubdivision of grid graph (P, x P,,) ® P is signed product
cordial.

Proof. Let v;; be the vertices of (P, X Pp,), where 1 < i < nand 1 < j < m. Let
vfj (1<i<n,1<j<mand?2<k<s) be the vertices of paths. Arbitrary supersubdivision
of (P, x P,,) ® Ps is obtained by replacing every edge of (P, X P,,,) ® Py with Ks,,, and we
denote the resultant graph by G.
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Let

mn(s+1)—m—n

o = E my;.

1
Let u; be the vertices which are used for arbitrary supersubdivision, where 1 < j < a. Here
| V(G) | = a+smn, | E(G) | = 2a. We define vertex labeling f : V(G) — {—1,1} as follows.

f(vi;) = -1, ifiandj are odd or i and j are even, 1<i¢<nand
= 1, if i is even and j is odd or ¢ is odd and j is even. 1<5<m.
1<t <n,
f(vfj) = 1, if ¢ and j are odd or ¢ and j are even,
’ 1<j<m
= —1, ifiiseven and j is odd or i is odd and j is even.
and k is even.
1<i<n,
f(vfj) = -1, if ¢ and j are odd or 7 and j are even,
’ 1<j<m
= 1, if i is even and j is odd or ¢ is odd and j is even.
and £ is odd.
u;) = —1, ifj iseven,
f( J) J 1<i<a.
= 1, if j is odd.

In view of the above defined function f, the graph G satisfies the following conditions.
When

(i) @ and mn are even and s is odd/even,

(ii) @ and s are even and mn is odd,

(iii) @ and mn are odd and s is odd, then

o+ smn

o (1) = vy(1) = T ep(-1) = (1) =

When
(i) @ and mn are odd and s is even,

(ii) « is odd, mn is even and s is odd/even, then

a+smn+1
= ——m-—-— e
2 b)

(iii) When « is even and mn and s are odd, then

a+smn+1

vp(—1) =vp(l)+1= 5

cep(=1) =ef(l) = o

That is, f is a signed product cordial labeling for G. Hence the result.

Illustration 2.1 Consider the arbitrary supersubdivision of graph (P x P3) ® P3;. Here
n=2 m=3 m =3, me=2 m3=2, my=2, ms=2, mg=2, my=2, mg=2, mg=3,
mio =1, mi1 =1, mip =2, miz3 =2, myy =2, mys =2, mg =1, mir =1, mg =2, myg =
2 and a = 36. The signed product cordial labeling of the arbitrary supersubdivision of graph
(P2 x P3) ® P3 as shown in Figure 1.
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Figure 1: Signed product cordial labeling of the arbitrary supersubdivision of (P x P3) ® Ps

Theorem 2.2. Arbitrary supersubdivision of any tadpole T}, ; is a signed cordial product
graph except m; (1 <i<n)areodd, m; (n+1<i<n-+1) are even and n is odd.

Proof. Let v1, vy, vs,...,v, be the vertices of C), and vy, 41, Upt2, Vnts, ..., Vnt1 be the
vertices of path Fj. Arbitrary supersubdivision of T}, ; is obtained by replacing every edge of
Ty, with Ky ,,, and we denote this graph by G. Let a = ;LH m,; and u; be the vertices
which are used for arbitrary supersubdivision, where 1 < j < a. Here | V(G) [= a+n +1,
| E(G) |= 2c. To define binary vertex labeling f: V(G) — {-1,1}.

We consider following cases.

Case 1: For n even.

v;) = —1, if iis odd,
flws) 1<i<n+1L
= 1, if i is even.
u;) = —1, ifj is even,
f( J) J 1<j<a.
= 1, if j is odd.

In view of the case, the graph G satisfies the following conditions. When
(i) n, ! and « are even,

(ii) n is even, [ and « are odd, then

n+l+a
vr(=1) = v (1) 5 =) =e(l) =a
When n and [ are even, « is odd, then
n+l4+a+1
vf(—l)—l—l:vf(l) 5 R f(—l):ef(l):a
When n and « are even, [ is odd, then
n+l4+a+1
o (1) =) +1= AT () = (1) =

That is, f is a signed product cordial labeling for G and consequently G is a signed product
cordial graph.
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Case 2: For n odd.

Subcase 2.1 : m; (1 <i <mn) are even.

v;) = =1, ifiis odd,
fwi) 1<i<n+l.
= 1, if ¢ is even.
u;) = —1, if jis even,
f( j) J Vv 1<j<a.
= 1, if 7 is odd.

In view of the above case, the graph G satisfies the following conditions. When
(i) n and [ are odd, « is even,

(ii) » and « are odd, ! is odd, then

n+l+a«a
o (1) = up(1) = " (1) = (1) =
When n is odd, | and « are even, then
n+l+a+1
Uf(—l) = ’Uf(l) +1= B S— f(—l) = ef(l) =«
When n, [ and « are odd, then
n+l+a+1
o (1) 1=y () = AL ) = 1) = a

That is, f is a signed product cordial labeling for G and consequently G is a signed product
cordial graph.

Subcase 2.2: At least one m; (1 < i <n) is even. m; is even for some %, where 1 <14 < n.
In this case at least one m; must be even so label all the vertices v;+1, Vit2,..., Vs, v1,

ceey UG
alternately by using —1 and 1 starting with —1.

Subcase 2.2 (a): m; is even for some i, where 1 <4 <n and i is even or i = n.
flv;)) = =1, ifiisodd,

n+1<i<n+l.
1

, if 7 is even.

fuy) —1, if 7 is even,
= 1, if j is odd.

In view of the above case, the graph G satisfies the following conditions. When
(i) n and [ are odd, « is even,

ii) n and « are odd, [ is even, then vp(—1) = vp(1) = 22 e (—1) = e(1) = o. When
f f 2 f f

(i) n is odd, [ and « are even,

(i

1<j<a

ii) n, { and « are odd, then vy(—1) = vp(1) + 1= 2HEAEL o (1) = e4(1) = a.

That is, f is a signed product cordial labeling for G and consequently G is a signed product
cordial graph.

Subcase 2.2 (b): m; is even for some 4, where 1 < i < n, i is odd and [ is even.

flv;)) = =1, ifiis even, )
n+l1<i<n+l.
1, if ¢ is odd.
fuy) —1, if 7 is even,

1<j<a
= 1, if j is odd.



82 P. Lawrence Rozario Raj and R. Lawrence Joseph Manoharan No. 4

In view of the above case, the graph G satisfies the following conditions. When n is odd, [

and « is even, then

n+l+a+1
vp(=1) =ve(1) +1= 5 cer(=1) =ef(l) =
When n and « are odd, [ is even, then
n+l+a
o (1) = 0p(1) = TS (-1 = ep(1) =

That is, f is a signed product cordial labeling for G and consequently G is a signed product

cordial graph.
Subcase 2.2 (c): m; is even for some ¢, where 1 < i <n, i and [ are odd.

f(v;i) = =1, ifiis even, )
n+l1<i<n+l
= 1, if ¢ is odd.
u;) = —1, ifj is even,
f( ]) J 1<j<a-2
= 1, if j is odd.

fluj) =1,for j=a—1, a.
In view of the above two cases graph G satisfies the following conditions. When n and [

are odd, « is even, then

n+l+a«
o (1) =) = " o) = es(1) = a
When n, [ and « are odd, then
n+l+a+1
o (1) 1= up() = "Ly =) =

That is, f is a signed product cordial labeling for G and consequently G is a signed product

cordial graph.
Case 3: If n is odd and m; (1 <@ <n+1) are odd.
Subcase 3.1: For n odd and n + [ is even.

flo;)) = =1, ifis odd, .
1<i<n+4+Il-1.
= 1, if ¢ is even.
f(ongr) =1
u;) = —1, ifjiseven,
I j) J 1<i<a—mp4 —2.
= 1, if 7 is odd.

f(uj) = 17fOI‘j = o — mn+l _ 17 o — mn+l-

u;) = —1, ifj is even,
f( ]) 7 v a—ma4+1<j<a
= 1, if j is odd.
Subcase 3.2: For n odd and n + [ is odd.
flo;)) = =1, ifis odd,

1<i<n+l-1.
= 1, if ¢ is even.

fnp) = 1.
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u;) = —1, ifj iseven,
fuy) J 1<j<a
= 1, if j is odd.
In view of above two cases, the graph G satisfies the following condition.
n+l+a
o (1) = 0p(1) = TS (-1 = (1) = o

That is, f is a signed product cordial labeling for G and consequently G is a signed product
cordial graph.

Case 4: If n is odd and m; (1 <i < n) are odd, m; (n+1 <1i <n+1) are even. Consider
v; and v; are adjacent. If f(v;) and f(v;) have different values and assign any value to f(u;),
then induce edge labeling of the adjacent edges have different values, i.e., if m; is either even
or odd, then ef(—1) = ef(1) = a. If f(v;) and f(v;) have same value and assign any value to
f(u;), then induce edge labeling of the adjacent edges have same value. i.e., if m; is even, then
ef(—1) =ef(1) = a and if m; is odd, then ef(—1) = ef(1)+2 or ef(—1)+2 = es(1). Here n is
odd and all m; (1 <4 < n) are odd in cycle C,,. Then there exist atleast one pair of adjacent
vertices v; and v; of cycle C), have f(v;) and f(v;) are same. Therefore, assign any value to
f(u;), then induce edge labeling of the adjacent edges have same value and ef(—1) = ef(1) +2
or ef(—1) +2 =ef(1). But m; (n+1 < i < n+1) are even. Therefore, assign any value to
f(uj), then induce edge labeling of the adjacent edges have different values. Here n is odd, m;
(1 <i<n)areodd and m; (n+1 <14 < n+1) are even, then either e;(—1) = es(1) + 2 or
ef(—1) +2 = ey(1). Therefore, G is not signed product cordial.

INlustration 2.2 Consider the arbitrary supersubdivision of Ty 3. Here n = 4, I = 3,
mp =2, me =2 m3=2 my=2, ms=1, mg=2, my =3 and a = 14. The signed product

cordial labeling of the arbitrary supersubdivision of T4 3 as shown in Figure 2.

Figure 2: Signed product cordial labeling of the arbitrary supersubdivision of 7} 3

Theorem 2.3: Arbitrary supersubdivision of C,, ® P, is signed product cordial except
m; (1 <i<n)areodd, m; (n+1<i<mnm)are even and n is odd.

Proof. Let v, va, vs,..., v, be the vertices of C,, and v;; (1 < ¢ < n, 2 < j < m) be the
vertices of paths. Arbitrary supersubdivision of C,, ® P,, is obtained by replacing every edge
of C;, ® Py, with Ks,,, and we denote this graph by G.

Let a = 1" m; and u; be the vertices which are used for arbitrary supersubdivision,
where 1 < j < a. Here | V(G) |= a+mn, | E(G) |= 2a. To define binary vertex labeling
f:V(G) — {-1,1}. We consider following cases.
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Case 1: For n even.

flo;)) = =1, ifiisodd,
1, if 7 iseven , 1 <i<nand
f(vi;) = -1, ifiandj are odd or ¢ and j are even, 2<j<m.
= 1, if 7 is even and j is odd or 7 is odd and j is even.
u;) = —1, ifj iseven,
f( j) J 1<j<a.
= 1, ifjis odd.
In view of the above case, the graph G satisfies the following conditions. When a 4+ mn is
even, then
o+ mn
vi(=) =vp(l) = —5—, es(=1) =¢s(1) = .
When « is odd and mn is even, then
a+mn+1
vi(—1)+1=vs(1) = —s ef(—1) =ef(l) =«

That is, f is a signed product cordial labeling for G and consequently G is a signed product
cordial graph.
Case 2: For n odd and at least one m; (1 < ¢ < n) is even. Without loss of generality we

assume that m; is even.

f(v1) =-1.
flu;)) = =1, ifiis even,
= 1, if ¢ is odd,
f(vi;) = -1, ifjisodd, 2<i<nand
= 1, if j is even, 2<j53<m.
f(vi;) = -1, ifiiseven and jis odd or 7 is odd and j is even,
= 1, if 7 and j are odd or 7 and j are even.
fluj) = -1, if1 <5<
= L, if 5 +1<j<m, 1<j<a.
flug) = -1, ifmy+1<j<[ehm]
= 1, if[eEm]<j<a.
In view of the above case, the graph G satisfies the following conditions. When a 4+ mn is
even, then
o (1) =op(1) = T (1) = ep(1) =
When « is odd and mn is even, then
o (1) +1 = 0g1) = L 1) = es(1) = a
When « is even and mn is odd, then
a+mn+1

op(=1) = vy(1) + 1=
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That is, f is a signed product cordial labeling for G and consequently G is a signed product
cordial graph.
Case 3: If n is odd and m; (1 <i < nm) are odd.

Subcase 3.1: For n odd and nm is even.

u;) = —1, ifj is odd,
f( ]) J <j<m.
= 1, if j is even.
f(uj) = —]_7 lf mq =+ 1 S j S mi + 7a7mn2mfm17

= L ifmg 4 SR A LS < o M,

f(u]) = -1, ifa—mnm+1§jga_mnm+|'m§,m-|,

— 1, ifa—mym+ "= +1<j<a

flon) = -1,

f(vy) = —1, if4is even,
= 1, if ¢ is odd,

f(vi;) = -1, ifjisodd,

2<i<mnand

= 1, if j is even,

2<j<m.
f(vij) = —1, if iiseven and j is odd or i is odd
and j is even and i # n and j # m,

= 1, if ¢ and 5 are odd or ¢ and j are even,

fUnm) = 1.

In view of above, the graph G satisfies the following condition. Here ae + mn is even, then

o+ mn

vi(=l) =vs(1) = —5— er(-1) =es(1) = a.

That is, f is a signed product cordial labeling for G and consequently G is a signed product
cordial graph.

Subcase 3.2: For n odd and nm is odd. Here 8 = my+ma+...+mp+mMpp1 4o +Mpy (m—2),

flo) = -1,
fvy) = -1, ifiis even,
= 1, if 7 is odd,
f(vi;) = -1, ifjisoddandj # m, 2<i<nand
1, if j is even, 2<3<m.
f(vij) = -1, ifiisevenand jisodd or i is odd and j is even,
= 1, if 7 and j are odd or 7 and j are even,
floim) = L
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fluj) = —1, if 1 <5 <[5,
= L if[]+1<j<my,
fluy) = -1, ifmg+1<j<m+ 252,
= 1, ifm+ [E]+1<5<8,
flu;)) = -1, fB+1<j< B+ [Fotlm=tl], 1<j<a.
= 1, ifﬁ"”[%}"_lgjgﬂ"_mn—&-(m—l)a
f(uj) = -1, if ﬁ + Myt (m—1) +1< ] < ﬁ'i‘ My (m—1)
+%7
= 1, jf6+mn+(m_1)+%+1§j§a'

In view of above, the graph G satisfies the following condition. Here a + mn is even, then

o+ mn

07 (1) = (1) = S, (1) = e (1) =

i.e., f is a signed product cordial labeling for G and consequently G is a signed product cordial

graph.

Case 4: If n is odd and m; (1 <1i < n) are odd, m; (n+1 < i < nm) are even. Here n is
odd and all m; (1 <14 < n) are odd in cycle C,,. Then there exist at least one pair of adjacent
vertices v; and v; of cycle C,, have f(v;) and f(v;) are same. Therefore, assign any value to
f(u;), then induce edge labeling of the adjacent edges have same value and ef(—1) = ef(1) +2
or ef(—1) +2 = ef(1). But m; (n+1 < i < nm) are even. Therefore, assign any value to
f(u;), then induce edge labeling of the adjacent edges have different values. Here n is odd, m;
(1 <i < n)areodd and m; (n+1 < i < nm) are even, then either ef(—1) = ef(1) + 2 or
ef(—1) +2 = ey(1). Therefore, G is not signed product cordial.

Illustration 2.3 : Consider the arbitrary supersubdivision of C4® P3. Here n =4, m = 3,
my =2, mg =2 mg=2 myg=2 ms=1 mg=1 my =2 mg=2 mg =2 my=
2, my; = 1, mig = 1 and o = 20. The signed product cordial labeling of the arbitrary

supersubdivision of graph Cy ® P3 as shown in Figure 3.

Figure 3: Signed product cordial labeling of the arbitrary supersubdivision of Cy ® Ps
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Abstract In this paper, the concept of Smarandache cyclic geometric determinant sequence
was introduced and a formula for its n** term was obtained using the concept of right and
left circulant matrices.
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§1. Introduction and preliminaries

Majumdar ) gave the formula for n*" term of the following sequences: Smarandache cyclic
natural determinant sequence, Smarandache cyclic arithmetic determinant sequence, Smaran-
dache bisymmetric natural determinant sequence and Smarandache bisymmetric arithmetic
determinant sequence.

Definition 1.1. A Smarandache cyclic geometric determinant sequence {SCGDS(n)} is

a sequence of the form

a ar
{SCGDS(n)} =< |al, | ar ar? a |,
ar a

Definition 1.2. A matrix RCIRC,,(¢) € M,.,(R) is said to be a right circulant matrix

if it is of the form

Co C1 C2 Cn—2 Cp—1
Cp—1 Co €1 ... Cp—3 Cp—2
Cp—2 Cp—-1 Co Cp—4 Cp—3
RCIRCn(0) = | S : s
C2 C3 Cyq Co C1
C1 Co c3 ... Cp-—1 Co

where &= (cp, ¢1,¢2, ...; Cn—2,Cn—1) is the circulant vector.
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Definition 1.3. A matrix LCIRC,,(¢) € My, (R) is said to be a leftt circulant matrix if

it is of the form

Co C1 C2 Ch—2 Cp—1
C1 Co C3 ... Cp—1 co
Co C3 Cyq Co C1
Lemre, @@= T T T T
Cp—2 Cp—-1 Co Cn—4 Cp-—3
Cpn—1 Co €1 .. Cn-4 Cp-2

where &= (cop, ¢1,¢2, ..., Cn—2,Cn—1) is the circulant vector.

Definition 1.4. A right circulant matrix RCIRC,,(§) with geometric sequence is a matrix

of the form
a ar ar? ... ar™? g
arn1 a ar .. ar™ 3% a2
ar™2 qrn—1 a e ar™t g3
RCIRC,(9) =
ar? ard  art .. a ar
ar ar’  ar® .. ar™! a.

Definition 1.5. A left circulant matrix LCIRC,, (g) with geometric sequence is a matrix

of the form
a ar ar? ar"2 qrn!
ar ar?  ar® ... ar™! a
ar? ar®  art .. a ar
LCIRC,(§) =
ar™? gl g v ar™?t g3
ar™1 a ar ... ar"* a2

The right and left circulant matrices has the following relationship:

LCIRC, (&) = IRCIRC,(?).

0 0 0 1
0 0 10
I O I . .o
where II = B with I, = s 1,0, =000 ..0) and
02 Infl
0 1 0 0
1 0 0 0

0, =07,
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Clearly, the terms of {SCGDS(n)} are just the determinants of LCTRC,,(g). Now, for the

rest of this paper, let |A| be the notation for the determinant of a matrix A. Hence

{SCGDS(n)} = {|LCIRCY(J)|,|LCIRCs(3)|,|[LCIRCH()|, ...} .

§2. Preliminary results

Lemma 2.1.
|RCIRC,(§)| =a"™(1 - r”)"_l.

Proof.

a ar ar? ar™? grnt
ar”1 a ar .. ar™ 3 qrn2
ar"2 qgrn—1 a e ar™t g3

RCIRC,(9) =

ar? ard ar® a ar
ar ar? ar3 ar™! a

1 r 7‘2 Tn—2 ,'nn—l
7,n—l 1 r ,,,n—3 ,rn—Z
,r,n72 ,rnfl 1 Tn74 ,r,nfs

= a
r2 73 rt 1 r
r r2 3 =l ]

1 r r2 rn—2 pn—l

0 —(r"—=1) —r(m—1) ... —r" 30" —-1) —r"72(r" —-1)

0 0 (1) .. 1) —nS(n 1)
RCIRC,(5) ~ a

0 0 0 —(r"—=1) —r(r* —1)

0 0 0 0 —(r — 1)

Since |cA| = ¢™|A| and its row equivalent matrix is a lower traingular matrix it follows that
|[RCIRC,,(3)| = a™(1 — r™)n 1.
Lemma 2.2.

) = (-],

where |z is the floor function.
Proof. Case 1: n=1,2,
] = 1] = 1.
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Case 2: niseven and n > 2 If n is even then there will be n — 2 rows to be inverted because

n—2

5- inversions to bring back II to

there are two 1’s in the main diagonal. Hence there will be
I,, so it follows that

n—2

= (=1)"=

Case 3: n is odd and and n > 2 If n is odd then there will be n — 1 rows to be inverted
because of the 1 in the main diagonal of the frist row. Hence there will be ”Tfl inversions to
bring back II to I,, so it follows that

n—1

] = (1)

But L"T_lJ = L"gQJ , so the lemma follows.

§3. Main results

Theorem 3.1. The nt" term of {SCGDS(n)} is given by

n—1

SCGDS(n) = (~1)L* = an(1 — rmyn—?

via the previous lemmas.
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81. Introduction and preliminaries

We denote by J the normalized duality mapping from X into 2%~ by

J(@) ={f € X" (a0, f) = |l=lI* = I/},

where X* denotes the dual space of real normed linear space X and (., .) denotes the generalized
duality pairing between elements of X and X*. We first recall and define some concepts as
follows (see, [7]).

Let C' be a nonempty subset of real normed linear space X.

Definition 1.1. A mapping T : C — X is called strongly pseudocontractive if for all
x, y € C, there exist j(z —y) € J(x —y) and a constant k € (0, 1) such that

(Tz =Ty, j(x —y)) < (1 -k)llz —y]*.

A mapping T is called strongly ¢-pseudocontractive if for all z, y € C, there exist j(z—y) €
J(x —y) and a strictly increasing function ¢ : [0, 00) — [0, 00) with ¢(0) = 0 such that

(Tz —Ty,j(x —y)) <z —yl* = d(llz = yl)lz — yl

and is called generalized strongly ®-pseudocontractive if for all z, y € C, there exist j(z —y) €
J(x —y) and a strictly increasing function @ : [0, 00) — [0, 00) with ®(0) = 0 such that

(Tz =Ty, j(x —y)) < |z -yl = (| - yl).
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Every strongly ¢-pseudocontractive operator is a generalized strongly ®-pseudo contractive op-
erator with ® : [0, 00) — [0, 00) defined by ®(s) = ¢(s)s, and every strongly pseudocontractive
operator is strongly ¢-pseudocontractive operator where ¢ is defined by ¢(s) = ks for k € (0,1)
while the converses need not be true. An example by Hirano and Huang 6 showed that a
strongly ¢-pseudocontractive operator T is not always a strongly pseudocontractive operator.

A mapping T is called generalized ®-hemicontractive if F(T) = {z € C : z = Ta} # 0
and for all z € C and z* € F(T), there exist j(z — 2*) € J(x — z*) and a strictly increasing
function @ : [0, 00) — [0, 00) with ®(0) = 0 such that

(Tz —Ta*, j(z — a")) < |z — 2" = @(||z — 27|)).

Definition 1.2. A mapping 7' : C' — (' is called asymptotically generalized ®-pseudocontractive
with sequence {k,} if for each n € N and z, y € C, there exist constant k, > 1 with
lim,, o0 by, = 1, strictly increasing function @ : [0, 00) — [0, 00) with ®(0) = 0 such that

(T"z =Ty, j(x —y)) < kallz —ylI* = 2(|lz — ),

and is called asymptotically generalized ®-hemicontractive with sequence {k,} if F(T) # () and
foreachn € N and z € C, z* € F(T), there exist constant k,, > 1 with lim,,_, k, = 1, strictly
increasing function @ : [0,00) — [0, 00) with ®(0) = 0 such that

(T"w —T"", j(x — a")) < knlle — 2*|* = (|2 — 27)).

Clearly, the class of asymptotically generalized ®-hemicontractive mappings is the most
general among those defined above. (see, [2]).

Definition 1.3. A mapping T : C — X is called Lipschitzian if there exists a constant
L > 0 such that

[Tz — Tyl < Lz -yl

for all z, y € C and is called generalized Lipschitzian if there exists a constant L > 0 such that
[Tz =Tyl < L(lz —yl + 1)

for all z, y € C.
A mapping T : C — C'is called uniformly L-Lipschitzian if for each n € N, there exists a
constant L > 0 such that
IT"% — Ty)| < Lije -y

for all z, y € C.
It is obvious that the class of generalized Lipschitzian map includes the class of Lipschitz
map. Moreover, every mapping with a bounded range is a generalized Lipschitzian mapping.
Sahu 1 introduced the following new class of nonlinear mappings which is more general
than the class of generalized Lipschitzian mappings and the class of uniformly L-Lipschitzian
mappings.

Fix a sequence {r,} in [0, oo] with r,, — 0.
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Definition 1.4. A mapping 7' : C — C is called nearly Lipschitzian with respect to {r,}

if for each n € N, there exists a constant k,, > 0 such that
[Tz = T"y|| < kn(llz =yl +74)

for all z, y € C.

A nearly Lipschitzian mapping T with sequence {r,} is said to be nearly uniformly L-
Lipschitzian if k, = L for all n € N.

Observe that the class of nearly uniformly L-Lipschitzian mapping is more general than
the class of uniformly L-Lipschitzian mappings.

In recent years, many authors have given much attention to iterative methods for approx-
imating fixed points of Lipschitz type pseudocontractive type nonlinear mappings (see, [1-4, 7,
9-14]). Ofoedu ! used the modified Mann iteration process introduced by Schu ['?!

Tnt1 = (1 —ap)zy + Tz, n >0 (1)

to obtain a strong convergence theorem for uniformly Lipschitzian asymptotically pseudo-
contractive mapping in real Banach space setting. This result itself is a generalization of many
of the previous results (see [9] and the references therein).

Recently, Chang Bl proved a strong convergence theorem for a pair of L-Lipschitzian map-
pings instead of a single map used in [9]. In fact, they proved the following theorem.

Theorem 1.1.0] Let E be a real Banach space, K be a nonempty closed convex subset of
E, T;: K — K, (i = 1,2) be two uniformly L;-Lipschitzian mappings with F'(T1)NF (1) # ¢,
where F(T;) is the set of fixed points of T; in K and p be a point in F(Ty) N F(T3). Let
kn C [1,00) be a sequence with &k, — 1. Let {a,,}2; and {5,}22; be two sequences in [0, 1]
satisfying the following conditions:

(i) fo:l Qp = 00,

(ii) Yopey af < oo,

(i) 352, B < oo,

(iv) Y02 an(kn — 1) < cc.

For any z1 € K, let {z,}52, be the iterative sequence defined by

Tnt1 = (1 — an)xn + T Yn.

If there exists a strictly increasing function ® : [0,00) — [0, 00) with ®(0) = 0 such that
< TP = 2§ (50— p) > < hinlln — pl> = ®(|12n — pl])

for all j(x — p) € J(x — p) and x € K, (i = 1, 2), then {z,}°, converges strongly to p.

The result above extends and improves the corresponding results of [9] from one uniformly
Lipschitzian asymptotically pseudocontractive mapping to two uniformly Lipschitzian asymp-
totically pseudocontractive mappings. In fact, if the iteration parameter {3,}52, in Theorem

1.1 above is equal to zero for all n and Ty = T = T then, we have the main result of Ofoedu
(9]
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Very recently, Kim, Sahu and Nam [7! used the notion of nearly uniformly L-Lipschitzian
to established a strong convergence result for asymptotically generalized ®-hemicontractive
mappings in a general Banach space. This result itself is a generalization of many of the
previous results. (see, [7]). Indeed, they proved the following:

Theorem 1.2.[7) Let C be a nonempty closed convex subset of a real Banach space X and
T : C — C anearly uniformly L-Lipschitzian mappings with sequence {r,} and asymptotically
generalized ®—hemicontractive mapping with sequence {k,} and F(T) # 0. Let {a,} be a
sequence in [0, 1] satisfying the conditions:

(i) {5} is bounded,

(i) Yoy = oo,

(iii) Y07 a2 <ocand Y 07, an(k, — 1) < occ.

Then the sequence {z,}52; in C defined by (1) converges to a unique fixed point of 7.

Remark 1.1. Although Theorem 1.2 is a generalization of many of the previous results
but, we observed that, the proof process of Theorem 1.2 in [7] can be extend and improve upon.

In this paper, we employed a simple analytical approach to prove the convergence of the
modified Mann iteration with errors for fixed points of uniformly L-Lipschitzian asymptotically
generalized ®-hemicontractive mapping and improve the results of Kim, Sahu and Nam (7. For
this, we need the following Lemmas.

Lemma 1.1.5] Let X be a real Banach space and let J : X — 2X be a normalized duality
mapping. For all z, y € X and for all j(z +y) € J(x + y). Then

lz+yl* < llel® +2 <y, jla+y) >.
Lemma 1.2.% Let @ : [0,00) — [0,00) be an increasing function with ®(z) =0 < z =0

and let {b,}22, be a positive real sequence satisfying

o0
an =400 and lim b, =0.
n—oo
n=0
Suppose that {a, }52 is a nonnegative real sequence. If there exists an integer Ny > 0 satisfying

a2,y < a2 +o(b,) — bp®(ans1), ¥n > No,

where

then lim,, .. a, = 0.

§2. Main results

Theorem 2.1. Let C be a nonempty closed convex subset of a real Banach space X and T :
C — C a nearly uniformly L-Lipschitzian mapping with sequence {r,}. Let {a,}52,,{bn}22,
and {c,}22; be real sequences in [0, 1] satisfying

(i) an + by +cn =1,

(ii) bi” is bounded,
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(i) 350 bn = 00,

(iv) en = o(bn),

(v) limy,— o b, = 0.

Let T be asymptotically generalized ®-hemicontractive mapping with sequence k,, C [1, 00),
kn, — 1 such that p € F(T) = {z € C : Tz = 2} and {z,}52; be the sequence generated for
x1 € C by

Tntl = QnTp + 0T Ty + Crn, n > 1. (3)

Then the sequence {z,}52; in C defined by (3) converges to a unique fixed point of 7.
Proof. Since T is a nearly uniformly L-Lipschitzian, asymptotically generalized ®-hemicontractive
mapping, then there exists a strictly increasing continuous function ® : [0,00) — [0, 00) with
®(0) = 0 such that
1T"zn —T"pll < L(lzn — pll +70)

and
(T2 = T"p, j(n — p)) < knllzn — plI* = 2(||lzn — pll) (4)
for x € C, p € F(T). Equation (3) reduces to
Tpe1 = (1= bp)xn + 0, T @y + cp(un — x,), n > 1. (5)

Step 1. We first show that {z,,}2%, is a bounded sequence. For this, if z,, = Tap,,
n > 1 then it clearly holds. So, let if possible, there exists a positive integer x,, € C' such that
Tpy # Ty, , thus set x,, = 29 and ag = ||xg — T"x||||z0 — p|| + (kn — 1)||z0 — p||?. Thus by (4),

(T"xo —T"p, j(z — p)) < knllzo — pl|* — @(lzo — o)), (6)

so that, on simplifying
lzo — pll < @7 (ao). (7)

Now, we claim that ||z, — p|| < 2@ 1(ag), n > 0. Clearly, inview of (7), the claim holds
for n = 0. We next assume that ||z,, — p|| < 207 (ag), for some n and we shall prove that
|70t — pll < 207 1(ag). Suppose this is not true, i.e. ||x 11 — p|| > 2@ (ag).

Since {r,} € [0, 00] with r,, — 0, é and {u,} are bounded sequences, set My = sup{r,, :
ne N} Ms= sup{bin :n € N} and My = sup{u, : n € N}. Denote

o = mint, 220 @)
0 3V 18(0 " (ag))?

2(2(2"* (ao)))
6(1+ L)[2(2+ L)@~ (ag) + 2M, L + My + M1ML](p—1(gy))’

(+L)
I (8)

©(2(2" (a0))) 30" (ao)
—1(a0)(M2 + 2(13_1(@0))’ 2(2 + L)(I)_l(ao) + M]_L + M2

Since lim,, .0 by, ¢, = 0, and ¢,, = o(b,,), without loss of generality, let 0 < b,,, ¢, kp—1 <

To, Cn < bpTo for any m > 1. Then we have the following estimates from (3).



Vol. 8 Some convergence results for asymptotically generalized ®-hemicontractive mappings 97
[#n =T zn| < llon —pll + (|72 — pl|
< len = pll + L(llzn — pll + 2)
< A+ LD)fzn —pll + 1L
< 2014 L)® (ag) + M, L.
[un —@nll = [[(un —p+p—anl
< lun = pll + llzn = pll)
< My + 20 ag)).
[ = ol < (X = bn)xpn + bpT" @y + cn(un — ) — pll;
< lzn = pll + 0ulT @0 — @all + cnllun — 2l
< 207 Yag) + bu[2(1 + L) (ag) + ML)
+cn[My + 207 (ag)))
< 207 (ag) + 10[2(2 + L)D (ag) + ML + M)
< 3@_1(a0).
|Zn — Tng1ll < 70[2(2+ L)® (ag) + 2M1 L + Ms).
= |[on(T"2n — 20n) + cn(un — )|l
< bnllT" 20 — 2l + cnllun — 4|
< bp[2(1 4+ L)® Y (ag) + ML) + cu[My + 20~ (ag))]
< 722+ L)@ Y (ag) + My L + My). (9)

Using Lemma 1.1 and the above estimates, we have

lnr1 = plI?

<

IN

IN

IN

lzn — sz —2b, <xp —T"p, j(Tpe1 — p) >

+2cn < Up — xnaj(xn-i-l - p) >

2 = plI? + 2by < T 2y i1 = p,j (@01 — p) >

—2b, < Tpg1 — P, §(Tny1 — p) > 20, < T xy, — T" 41, j(@ps1 — p) >

+2b, < Tpg1 — xnaj(xn+1 - /J') > +2¢, < Up — xnvj(zn—&-l - p) >

20 — plI? + 260 (knllzni1 — pll* = @(|z0s1 — pll))
—2bp [|Tp41 — 10”2 + 2bp L([|Zn+1 — ol + 70) [ Zns1 — Pl

+2by[|zn41 — Zallllznsr — pll + 2enllun — znllllznt1 — ol
[2n — plI? + 265 (kn — Dllzng1 — plI> = 200 @(| 041 — pl))
+2bn{(1 + L)||Tps1 — 2n| + MIL}||33n+1 =l

+2en (Mz + [lzn — pl)l|en+1 — ol

20 = plI* = 26, @(2(® " (ag)) + 18by (kn — 1)(@ " (a0))?
+6b, @ (ag){(1 + L)79(2(2 + L)® *(ap)

+M L+ M) + ML} 4 6b,® *(ag)(Ms + 20 (ag)) 1o
[ — pll* = 2b,®(2(® " (ao)) + 18b,70(®*(a0))*
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460, @ (ag) (1 + L)10{2(2 + L)® *(ao)

ML _
T o} On® () (M + 207 o))

22 = pl|* = 2b,@(2(2 " (a0)) + 18b,70(®*(a0))?
460, @ (ag) (1 + L)1{2(2 + L)@ *(ao)

M, L
m} + 6b, @ (a) (Ms + 20~ (ao)) 70,

= |lzn = plI* = 20,2(2(2 " (a0)) + 180,70 (@ (a0))?
460, @ (agp) (1 + L)10{2(2 + L)@ *(ao)
+Mralz, — pH2 — bn<I>(2(<I>_1(a0))

+M L+ My +

IN

+M L+ My +

IN

lz — plI?

< (227 (a0)))?, (10)

which is a contradiction. Hence {x,,}22 ; is a bounded sequence.

Step 2. We want to prove ||z, — p|| — oco. Since b,, ¢, — 0 as n — oo and {z,}52, is
bounded. From (9), we observed that lim, .o [|Zn+1 — Tn|| = 0, limy oo |[T"Tn — T Tpt1]| =
0, limy_o0(kn, — 1) = 0. So from (10), we have

IA

241 — pl1? [z = pll* = 2by < @ — T"@n, j (241 — p) >

+2¢, < Up — T, J(XTpp1 — p) >

= lzn = pl* + 200 < T @ny1 — P, j(Tns1 — p) >

—2bp, < Tpy1 — P, J(Tny1 — p) >

+2b, < T"xp — T xpi1,j(Tpe1 — p) >

+2b, < Tpt1 — T, J(@Tng1 — p) >

+2¢, < Up — T, J(Xpyp1 — p) >

2 = ol + 200 (kn = Dl|znt1 = pll* = 262 @(|nt1 — pl])

2bp (| Znt1 — Tal |20t — pl|

IN

+2¢n | un — ol |Tns1 — pll

= lan = oI = 260 @(llzns1 — ) + 0(bn),

where

20y (kp — 1)|| 241 — PH2 +2bp || Znt1 — Tall|Tns1 — ol
+20, | T" wpy1 — T"wp || |20 g1 — ol + 2¢n|lun — zoll|Tns1 — ol
= o(by). (11)

By Lemma 1.2, we obtain that
lim ||z, — p|| = 0.

This completes the proof.
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Corollary 2.1. Let C' be a nonempty closed convex subset of a real Banach space X
and T : C' — C a nearly uniformly L-Lipschitzian mapping with {r,}. Let {a,}32; be a real
sequence in [0, 1] satisfying:

(1)0% is bounded,

(ii)znzo Qp = 00,

(iil) limy,— o0 ay = 0.

Let T be asymptotically generalized ®—hemicontractive mapping with sequence k, C
[1,00), kn — 1 such that p € F(T) = {z € C : Tx = z} and {z,}52, be the sequence
generated for x1 € C by

Tn+1 = (1 - an)xn + anTnxnv n > 1a (12)

Then the sequence {z,,}22; in C defined by (12) converges to a unique fixed point of 7.

Remark 2.1. Our Corollary removes the conditions in Theorem 2.1 of [7], (i.e. Y o0, a2 <
00, Y07 ay(ky, — 1) < 00) by replacing them with a weaker condition lim,,_, a;, = 0. There-
fore our result extends and improves the very recent results of Kim 7} which in turn is a

correction, improvement and generalization of several results.
Application 2.1. Let X = R, C =[0,1] and T : C — C be a map defined by

X
Toe=2
T

Clearly, T is nearly uniformly Lipschitzian (r, = %) with F(T) = 0.
Define ® : [0,+00) — [0,400) by

then @ is a strictly increasing function with ®(0) = 0. For all x € C, p € F(T), we get

x’ﬂ

<Tlz—T"p,j(x—p)> = <4770,j(x70)>
= <Z—n—0,x>
SL’”+1
=
2
x
< 2o
= T 4
< 2% — ®(x).

Obviously, T is asymptotically generalized ®-hemicontractive mapping with sequence {k, } =

1. If we take
1 1

ntl T 1)

n =

for all n > 1. For arbitrary x; € C, the sequence {z,,}22; C C defined by (3) converges strongly
to the unique fixed point p € T.
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81. Introduction

Throughout w, x and A denote the classes of all, gai and analytic scalar valued single
sequences, respectively. We write w? for the set of all complex sequences (7, ), where m, n € N,

2 is a linear space under the coordinate wise addition and

the set of positive integers. Then, w
scalar multiplication.

Some initial work on double sequence spaces is found in Bromwich [#. Later on, they
were investigated by Hardy 1°/, Moricz [°!, Moricz and Rhoades "% Basarir and Solankan 2,
Tripathy '7, Turkmenoglu !, and many others.

Let us define the following sets of double sequences:

M, (t) == {(mmn) € w? 1 sup,, ey |Zmn | < oo} ,
Cp (t) = {(xmn) e w2 p— hmmm—»oo |xmn _ l‘tmn =1 for some l € (C}’
Cop (t) := {(xmn) € w?:p—limy, noo |mmn|tmn _ 1} ’

Lo () = {(;pmn) Ew? i T % |z < oo},
Cop (t) := Cp (1) N M (t) and Copp (t) = Cop (1) (1 M ();

where t = (tun) is the sequence of strictly positive reals t,,, for all m, n € N and p —
lim,, n—oc denotes the limit in the Pringsheim’s sense. In the case t,,, = 1 for all m, n €
N, My (t), Cp(t), Cop(t), Lu(t), Cpp(t) and Copp (t) reduce to the sets M., Cp, Cop, Lu, Cop
and Copp, respectively. Now, we may summarize the knowledge given in some document re-
lated to the double sequence spaces. Gokhan and Colak 2122 have proved that M, (t) and
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Cp (t), Cyp (t) are complete paranormed spaces of double sequences and gave the a-, 8-, y-duals
of the spaces M, (t) and Cy, (t). Quite recently, in her PhD thesis, Zelter 123 has essentially
studied both the theory of topological double sequence spaces and the theory of summability
of double sequences. Mursaleen and Edely [24] have recently introduced the statistical conver-
gence and Cauchy for double sequences and given the relation between statistical convergent
and strongly Cesaro summable double sequences. Nextly, Mursaleen 2% and Mursaleen and
Edely [26] have defined the almost strong regularity of matrices for double sequences and ap-
plied these matrices to establish a core theorem and introduced the M-core for double sequences
and determined those four dimensional matrices transforming every bounded double sequences
x = () into one whose core is a subset of the M-core of x. More recently, Altay and Basar
(7] have defined the spaces BS, BS (t), CSp, CSpp, CS, and BY of double sequences consisting
of all double series whose sequence of partial sums are in the spaces M,,, M, (t), Cp, Cpp, Cr
and L,, respectively, and also have examined some properties of those sequence spaces and
determined the a-duals of the spaces BS, BY, CSy, and the 3 (¢)-duals of the spaces CSy, and
CS, of double series. Quite recently Basar and Sever [28] have introduced the Banach space
L, of double sequences corresponding to the well-known space ¢, of single sequences and have
examined some properties of the space £,. Quite recently Subramanian and Misra 29 have
studied the space x2%; (p, ¢, u) of double sequences and have given some inclusion relations.

Spaces are strongly summable sequences was discussed by Kuttner 3!, Maddox 2!, and
others. The class of sequences which are strongly Cesaro summable with respect to a modulus
was introduced by Maddox [ as an extension of the definition of strongly Cesaro summable
sequences. Connor 33 further extended this definition to a definition of strong A-summability
with respect to a modulus where A = (a, 1) is a nonnegative regular matrix and established
some connections between strong A-summability, strong A-summability with respect to a mod-
ulus, and A-statistical convergence. In [34] the notion of convergence of double sequences was
presented by A. Pringsheim. Also, in [35]-[38], and [39] the four dimensional matrix transfor-
mation (Az), , = Y07 Y07 Ay Ty was studied extensively by Robison and Hamilton. In
their work and throughout this paper, the four dimensional matrices and double sequences have
real-valued entries unless specified otherwise. In this paper we extend a few results known in
the literature for ordinary (single) sequence spaces to multiply sequence spaces.

We need the following inequality in the sequel of the paper. For a, b > 0 and 0 < p < 1,

we have
(a+b)P <aP +0". (1)

The double series anom:l ZTmn 18 called convergent if and only if the double sequence (8,,)
is convergent, where s,,, = >_;"7" ) i;(m,n € N) (see [1]).

1/m+n

A sequence z = (x,5,)is said to be double analytic if sup,,,, |Zmn| < 00. The vector

space of all double analytic sequences will be denoted by A%, A sequence x = () is called

1/m+n

double gai sequence if ((m + n)! [Zmn|) — 0 as m, n — oco. The double gai sequences will

be denoted by x2. Let ¢ = {all finite sequences}.
Consider a double sequence z = (z;;). The (m, n)"" section zI™ " of the sequence is defined

by zlmnl =37 le’ioxij%ij for all m, n € N, where 3;; denotes the double sequence whose only

; in the (i,j)th place for each i, j € N.

non zero term is a —
(i+7)
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An FK-space (or a metric space) X is said to have AK property if (Syrn) is a Schauder
basis for X. Or equivalently z[™" — 2.

An FDK-space is a double sequence space endowed with a complete metrizable, locally
convex topology under which the coordinate mappings = (xg) — (Zmn) (m,n € N) are also
continuous.

If X is a sequence space, we give the following definitions:

i) X = the continuous dual of X,
i) X* = {a = (amn) : 255 net [@mnZmn| < 00, for each z € X},
iii) X% = {a = (@mn) : D2 n=10@mnTmn is convergent, for each x € X} ,

(

(

(

(iv) X7 = {a = (Qmpn) : SUP,,, > 1 ‘Zm el QmnZmn| < 00, for each x € X} ,
(

(

v) LetXbe an FK-space D ¢, then X/ = {f(\smn) :fe X,},

vi) X {a = (@mn) : SUPyp |amnxmn|1/m+” < 0o, for each x € X} .

Xo XA X7 are called a- (or Kothe-Toeplitz) dual of X, - (or generalized-Kothe-
Toeplitz) dual of X, 7-dual of X, d§-dual of X respectively. X< is defined by Gupta and
Kamptan 29, Tt is clear that 2® ¢ X# and X® C X7, but X? C X7 does not hold, since the
sequence of partial sums of a double convergent series need not to be bounded.

The notion of difference sequence spaces (for single sequences) was introduced by Kizmaz
391 as follows

Z(A)={z=(z) cw: (Azy) € Z},

for Z = ¢, ¢g and l, where Axy = xp, — x4 for all kK € N.

Here ¢, ¢y and /., denote the classes of convergent,null and bounded sclar valued single se-
quences respectively. The difference space bv,, of the classical space ¢, is introduced and studied
in the case 1 < p < oo by BaSar and Altay in [42] and in the case 0 < p < 1 by Altay and
BaSar in [43]. The spaces c(A), co (A), o (A) and bu, are Banach spaces normed by

1
e = lorl + supysy [Aai] and [y, = (52, fexl”)”, (1< p < 00).

Later on the notion was further investigated by many others. We now introduce the

following difference double sequence spaces defined by
Z(A) = {z = (Tmn) € W?: (Azmn) € Z},

2 2
where Z = A » X and A-Tmn = (xmn - xmn+l) - (zm+1n - xm+ln+1) = Tmn — Tmn+1 —
Tmt1n + Tmaint1 for all m; n € N.

§2. Definitions and preliminaries

Definition 2.1. A sequence X is v-invariant if X,, = X where X, = { = (¥mn) : (VmnTmn) € X},
where X = A% and y2.
Definition 2.2. We say that a sequence space A? (X) is v-invariant if A2 (X) = A? (X).
Definition 2.3. Let A = (aﬁ?) denotes a four dimensional summability method that
maps the complex double sequences x into the double sequence Ax where the k, ¢-th term to

Ax is as follows:
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(Ax),, = Z;;zozl Eﬁil A" Tmn s

such transformation is said to be nonnegative if a});" is nonnegative.

The notion of regularity for two dimensional matrix transformations was presented by
Silverman 9 and Toeplitz Y. Following Silverman and Toeplitz, Robison and Hamilton
presented the following four dimensional analog of regularity for double sequences in which they
both added an adiditional assumption of boundedness. This assumption was made because a

double sequence which is P-convergent is not necessarily bounded.

§3. Main results

1 . .
Lemma 3.1. sup,,,,, |Zmn — Tmnt1 — Tmtint1 + Tmainril /mEn 50 if and only if

(i)
1/m+n

sup (mn)_l - < 00,

(i)

SUP |Zn — (mn) (mn 4+ 1) Zpnat
mn

—(mn) (m+1n) """ Zoma1n + (mn) (m + 1n4+ 1) 2 |V

< o0.

If we consider Lemma (3.1), then we have the following result.

Corollary 3.1.

v v
sup | (mn) 2% — (mn 4 1) 2244
mn Wmn Wmn+1
v v
—(m+ 1n) —mtln (m+1n+1) ZmAlntl \1/mtn 0,
Wm+1n Wm+41n+1
if and only if
(i)
v 1/m+n
sup | —= < 00,
mn wmn

(ii)
1/m+n
Umn _ Umn+1 N Um+1n + Um+41n+1 < co.

sup (mn)
mn

Theorem 3.1. AZ (A?) C AZ (A?) if and only if the matrix A = (af}") maps A? into A?

where

Wmn Wmn+1 Wm+1n Wm+1n+1

Vit1j+1 + Vit15 + Vij41 — Vij,
Vit1j+1 ; — ;
TR if m, n=i+1, j+1,

mn __ Vit14 . . .

Ape = ﬁ7 if m, n=i+1, Js (2)

Vij 1 . .
7wijj+17 if m, ni, j+1,
0, if m, n >i+2, j+2.

Proof. Let y € A%. Define

. . 1
Z:n:l ZzL:l |ymn| /m+n

xij = —
Wpq
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Then WijTij — Wij+1Ti5+41 — Wit1jTi+15 T Wit1j+1Ti+15+1 € A?. Hence A?U.’B S A2, so by as-
sumption A,z € A% It follows that Ay € A% This shows that A = (a") maps A? into A%
Let z € Aw (AZ) y hence (wijxij — Wij41T4541 — Wit15Ti415 + wi+1j+1xi+1j+1) S A2. Then also
Y = (Wim1j—1%i—1j—1 — Wi—1Ti—1j — Wij—1Tij—1 + WijTij) € A% where w_; = z_; = 0. By
assumption we have Ay € A2. Hence v € A2 (AQ) . This completes the proof.

Theorem 3.2. Let X and Y be sequence spaces and assume that X is such that a sequence

r11 T2 T13-° ZTin 0
To1  Toz  Ta3zccc  Ta, O
belongs to X if and only if the sequence
Tm1 Tm2 Tm3- - Tmn 0
0 0 0 0 0
To1  Toz T3z Ta, O
T31 T32 T33++ T3, O
Tm1 Tm2 Tm3- - Tmn 0
0 0 0--- 0 0

Then we have A2 (X) C A2 (Y) if and only if the matrix A = (a7%") maps X into Y, where
A = (a}y") is defined by equation (2).

The proof is very similar to that of Theorem (3.3).

Corollary 3.2. We have AZ (A?) C A2 (A?) if and only if

1/m+n
< 00.

Umn Umn+1 _ Um+1n Um+1n+1

—mn+1 m+1In——4+m+1n+1
Wmn wanrl merln wm+1n+1

sup
mn

mn

Proof. This follows from Theorem 3.3, the well known characterization of matrices map-
ping A% into A2 and corollary 3.2.
Corollary 3.3. We have A2 (X2) C A2

v

(X2) if and only if

v 1 Um+1 Um+1n+1
—mn—l—l mn—+ _m+1n 7n+n+m+1n+1 m—+1n+

mn wmn+1 wm+1n wm+1n+1
— 0 asm, n — oo.

v
| mn 1/m+n
((m—l—n).‘mnw )

Proof. This follows from Theorem 3.5, the well-known characterization of matrices map-
ping x? into x? and corollary 3.2.

If we consider corollary 3.5 and corollary 3.6, then we have necessary and sufficient condi-
tions for the v-invariant of A2 (Az) and A? (XQ) .
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§1. Introduction

Fuzzy set (F'S) as proposed by Zadeh (18] in 1965, is a framework to encounter uncertainty,
vagueness and partial truth and it represents a degree of membership for each member of the
universe of discourse to a subset of it. After the introduction of fuzzy topology by Chang [°]
in 1968, there have been several generalizations of notions of fuzzy sets and fuzzy topology.
By adding the degree of non-membership to F.S, Atanassov ! proposed intuitionistic fuzzy
set (IFS) in 1986 which looks more accurate to uncertainty quantification and provides the
opportunity to precisely model the problem based on the existing knowledge and observations.
In 1997, Coker [ introduced the concept of intuitionistic fuzzy topological space. In this pa-
per, we introduce a new class of intuitionistic fuzzy topological space called weakly generalized
compact space, almost weakly generalized compact space using intuitionistic fuzzy weakly gen-
eralized open sets and nearly weakly generalized compact space using intuitionistic fuzzy weakly

generalized closed sets and study some of their properties.
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§2. Preliminaries

Definition 2.1.[Y) Let X be a non empty fixed set. An intuitionistic fuzzy set (IFS in
short) A in X is an object having the form A = {{(z, pa(x),va(z)) : x € X} where the functions
pa(z) : X —[0,1] and va(z) : X — [0,1] denote the degree of membership (namely pa(x)) and
the degree of non-membership (namely v4(x)) of each element x € X to the set A, respectively,
and 0 < pa(z) +va(z) <1 for each z € X.

Definition 2.2.1) Let A and B be IFSs of the forms A = {(x, pa(z),va(z)): 2 € X}
and B = {(z, pp(z),vp(z)) : x € X}. Then

(i) AC Bif and ounly if pa(z) < pp(x) and va(z) > vp(x) for all z € X.

iil) A=Bifand only if A C B and B C A.

iii) A° = {{z,va(z), pa(x)) :z € X}.

iv) AN B = {(z,pa(z) A pup(x),valz) Vvp(z)) 1z € X}.

v) AUB = {{z,pa(x) Vup(x),va(z) ANvp(x)) :z € X}.

For the sake of simplicity, the notation A = (x,pu4,v4) shall be used instead of A =

(
(
(
(

{{z,pa(x),va(x)): x € X}. Also for the sake of simplicity, we shall use the notation A =
(x,(a,puB), (va,vp)) instead of A = (x,(A/pa, B/ug),(A/va, B/vg)).

The intuitionistic fuzzy sets 0. = {(z,0,1) : z € X} and 1. = {{x,1,0) : € X} are the
empty set and the whole set of X, respectively.

Definition 2.3.[4 An intuitionistic fuzzy topology (IFT in short) on a non empty set X
is a family 7 of IF'Ss in X satisfying the following axioms:

(i) 0,10 € 7.

(il) G1 NGy € 7 for any G1,G3 € 7.

(iii) UG; € 7 for any arbitrary family {G; :i € J} C 7.

In this case, the pair (X,7) is called an intuitionistic fuzzy topological space (IFTS in
short) and any IF'S in 7 is known as an intuitionistic fuzzy open set (IFOS in short) in X.

The complement A¢ of an IFOSA in an IFTS (X, 7) is called an intuitionistic fuzzy closed
set (IFCS in short) in X.

Definition 2.4.14) Let (X, 7) be an IFTS and A = (x,ua,v4) be an IFS in X. Then the

intuitionistic fuzzy interior and an intuitionistic fuzzy closure are defined by
int(A) =U{G/G is an IFOS in X and G C A},

c(A)=nN{K/K isan IFCSin X and AC K}.

Note that for any IFS A in (X, 7), we have cl(A°) = (int(A))¢ and int(A°) = (cl(A))°.

Definition 2.5.00 An TFS A = {(z, ua(x),va(x)) : x € X} in an IFTS (X, 7) is said to
be an intuitionistic fuzzy weakly generalized closed set (I FWGCS in short) if cl(int(A)) C U
whenever A C U and U is an IFOS in X.

The family of all IFWGCSs of an IFTS (X, ) is denoted by IFWGC(X).

Definition 2.6.51 An IFS A = {(x, ua(x),va(x)) : 2 € X} is said to be an intuitionistic
fuzzy weakly generalized open set (IFWGOS in short) in (X, 7) if the complement A€ is an
IFWGCS in (X, 7).

The family of all ITFWGOS's of an IFTS (X, 1) is denoted by IFWGO(X).
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Result 2.1.° Every IFCS, IFaCS, IFGCS, IFRCS, IFPCS, IFaGCSisan IFWGCS
but the converses need not be true in general.

Definition 2.7.06 Let (X,7) be an IFTS and A = (x,pia,v4) be an IFS in X. Then the
intuitionistic fuzzy weakly generalized interior and an intuitionistic fuzzy weakly generalized

closure are defined by
wgint(A) = U{G/G is an IFWGOS in X and G C A},

wgcl(A) =N{K/K isan IFWGCSin X and AC K}.

Definition 2.8. Let f : (X,7) — (Y, 0) be a mapping from an IFTS (X, ) into an IFTS
(Y,0). Then f is said to be

(i) Intuitionistic fuzzy weakly generalized continuous [} (IFWG continuous in short) if
fYB) is an IFWGOS in X for every IFOS B in Y.

(ii) Intuitionistic fuzzy quasi weakly generalized continuous [8] (IF quasi WG continuous
in short) if f=*(B) is an IFOS in X for every IFWGOS Bin Y.

(iif) Intuitionistic fuzzy weakly generalized iresolute ¢ (IFWG irresolute in short) if
fYB) is an IFWGOS in X for every IFWGOS BinY.

(iv) Intuitionistic fuzzy perfectly weakly genralized continuous continuous (10] (IF per-
fectly WG continuous in short) if f~1(B) is an intuitionistic fuzzy clopen set in X for every
IFWGCS BinY.

(v) Intuitionistic fuzzy weakly generalized * open mapping [¥ (IFWG*OM in short) if
f(B)is an IFWGOS in Y for every IFWGOS B in X.

(vi) Intuitionistic fuzzy contra weakly generalized continuous ' (IF contra WG contin-
uous in short) if f=(B) is an IFWGCS in X for every IFOS Bin Y.

(vii) Intuitionistic fuzzy contra weakly generalized irresolute ['2 (IF contra WG irresolute
in short) if f~%(B) is an IFWGCS in X for every IFWGOS B inY.

Definition 2.9.1% Let (X,7) be an IFTS. A family {(x, ugi,vai) :i € I} of IFOSs in
X satisfying the condition 1. = U{{x, ugs,vqi) : i € I} is called an intuitionistic fuzzy open
cover of X.

Definition 2.10.[2) A finite sub family of an intuitionistic fuzzy open cover {z, pai,vas) 1 i
€ I} of X which is also an intuitionistic fuzzy open cover of X is called a finite sub cover of
{{z,pgi,va:) i € I}

Definition 2.11.2l An IFTS (X,7) is called intuitionistic fuzzy compact if every intu-
itionistic fuzzy open cover of X has a finite sub cover.

Definition 2.12.12/ An TFTS (X, ) is called intuitionistic fuzzy Lindelof if each intuition-
istic fuzzy open cover of X has a countable sub cover for X.

Definition 2.13.2l An IFTS (X,7) is called intuitionistic fuzzy countable compact if
each countable intuitionistic fuzzy open cover of X has a finite sub cover for X.

Definition 2.14. An IFTS (X, 1) is said to be

(i) Intuitionistic fuzzy S-closed 2! if each intuitionistic fuzzy regular closed cover of X has
a finite sub cover for X.

(ii) Intuitionistic fuzzy S-Lindelof [? if each intuitionistic fuzzy regular closed cover of X

has a countable sub cover for X.
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(i) Intuitionistic fuzzy countable S-closed (! if each countable intuitionistic fuzzy regular
closed cover of X has a finite sub cover for X.

Definition 2.15. An IFTS (X, 1) is said to be

(i) Intuitionistic fuzzy strongly S-closed [?! if each intuitionistic fuzzy closed cover of X
has a finite sub cover for X.

2] if each intuitionistic fuzzy closed cover of X

(ii) Intuitionistic fuzzy strongly S-Lindelof
has a countable sub cover for X.

(iil) Intuitionistic fuzzy countable strongly S-closed (2] if each countable intuitionistic fuzzy
closed cover of X has a finite sub cover for X.

Definition 2.16. An IFTS (X, 1) is sad to be

(i) Intuitionistic fuzzy almost compact [?! if each intuitionistic fuzzy open cover of X has
a finite sub cover the closure of whose members cover X.

(ii) Intuitionistic fuzzy almost Lindelof (2! if each intuitionistic fuzzy open cover of X has
a countable sub cover the closure of whose members cover X.

(iil) Intuitionistic fuzzy countable almost compact [?! if each countable intuitionistic fuzzy
open cover of X has a finite sub cover the closure of whose members cover X.

§3. Intuitionistic fuzzy weakly generalized compact spaces

In this section, we introduce a new class of intuitionistic fuzzy topological spaces called
weakly generalized compact spaces, almost weakly generalized compact spaces using intuition-
istic fuzzy weakly generalized open sets and nearly weakly generalized compact spaces using
intuitionistic fuzzy weakly generalized closed sets and study some of their properties.

Definition 3.1. Let (X, 7) be an IFTS. A family {(x, ugs,vgi) : 4 € I} of IFWGOSs in
X satistying the condition 1. = U {{(x, ugi, vgq) : @ € I} is called an intuitionistic fuzzy weakly
generalized open cover of X.

Definition 3.2. A finite sub family of an intuitionistic fuzzy weakly generalized open
cover {(z, i, Vi) = @ € I} of X which is also an intuitionistic fuzzy weakly generalized open
cover of X is called a finite sub cover of {(z, ugi,va:) : i € I}.

Definition 3.3. An intuitionistic fuzzy set A of an IFTS(X, 7) is said to be intuitionistic
fuzzy weakly generalized compact relative to X if every collection {A; : i € I} of intuitionistic
fuzzy weakly generalized open subset of X such that A C U{A; :i € I}, there exists a finite
subset Iy of I such that A C U{A;:i€ Iy}.

Definition 3.4. Let (X, 7) be an IFTS. A family {(x, ugi,vgi) 14 € I} of IFWGCSs in
X satisfying the condition 1. = U{(z, pgi,Va:) : @ € I} is called an intuitionistic fuzzy weakly
generalized closed cover of X.

Definition 3.5. An IFTS (X,7) is said to be intuitionistic fuzzy weakly generalized
compact if every intuitionistic fuzzy weakly generalized open cover of X has a finite sub cover.

Definition 3.6. An [FTS (X,7) is said to be intuitionistic fuzzy weakly generalized
Lindelof if each intuitionistic fuzzy weakly generalized open cover of X has a countable sub

cover for X.
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Definition 3.7. An IFTS (X, 7) is said to be intuitionistic fuzzy countable weakly gen-
eralized compact if each countable intuitionistic fuzzy weakly generalized open cover of X has
a finite sub cover for X.

Definition 3.8. An IFTS (X, 7) is said to be intuitionistic fuzzy nearly weakly generalized

compact if each intuitionistic fuzzy weakly generalized closed cover of X has a finite sub cover.

Definition 3.9. An IFTS (X, 7) is said to be intuitionistic fuzzy nearly weakly generalized
Lindelof if each intuitionistic fuzzy weakly generalized closed cover of X has a countable sub

cover for X.

Definition 3.10. An IFT'S (X, 7) is said to be intuitionistic fuzzy nearly countable weakly
generalized compact if each countable intuitionistic fuzzy weakly generalized closed cover of X

has a finite sub cover for X.

Definition 3.11. An IFTS (X, 7) is said to be intuitionistic fuzzy almost weakly gener-
alized compact if each intuitionistic fuzzy weakly generalized open cover of X has a finite sub

cover the closure of whose members cover X.

Definition 3.12. An IFTS (X, ) is said to be intuitionistic fuzzy almost weakly gener-
alized Lindelof if each intuitionistic fuzzy weakly generalized open cover of X has a countable

sub cover the closure of whose members cover X.

Definition 3.13. An IFTS (X,7) is said to be intuitionistic fuzzy almost countable
weakly generalized compact if each countable intuitionistic fuzzy weakly generalized open cover

of X has a finite sub cover the closure of whose members cover X.

Definition 3.14. A crisp subset B of an IFTS (X,7) is said to be intuitionistic fuzzy
weakly generalized compact if B is intuitionistic fuzzy weakly generalized compact as intuition-

istic fuzzy subspace of X.

Theorem 3.1. An intuitionistic fuzzy weakly generalized closed crisp subset of an in-
tuitionistic fuzzy weakly generalized compact space is intuitionistic fuzzy weakly generalized

compact relative to X.

Proof. Let A be an intuitionistic fuzzy weakly generalized closed crisp subset of an intu-
itionistic fuzzy weakly generalized compact space (X, 7). Then A€ is an [FWGOS in X. Let S
be a cover of A by IFWGOS in X. Then, the family {5, A} is an intuitionistic fuzzy weakly
generalized open cover of X. Since X is an intuitionistic fuzzy weakly generalized compact
space, it has finite sub cover say {G1,Gs...G,} . If this sub cover contains A€, we discard it.
Otherwise leave the sub cover as it is. Thus we obtained a finite intuitionistic fuzzy weakly
generalized open sub cover of A. Therefore A is intuitionistic fuzzy weakly generalized compact

relative to X.

Theorem 3.2. Let f: (X,7) — (Y,0) be an IFWG continuous mapping from an IFTS
(X,7) onto an IFTS (Y,o). If (X, 7) is intuitionistic fuzzy weakly generalized compact, then
(Y, o) is intuitionistic fuzzy compact.

Proof. Let {A; : i € I} be an intuitionistic fuzzy open cover of (Y, o). Then 1. = U;er A;.
From the relation, 1. = f~! (U;er A;) follows that 1. = Ujerf~1 (4;), so {f’l (4;):i¢€ I} is
an intuitionistic fuzzy weakly generalized open cover of (X, 7). Since (X, 7) is intuitionistic fuzzy

weakly generalized compact, there exists a finite sub cover say, { f~1(A1), f1(42),... f71(4,)}.
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Therefore 1. = J_, f~' (4;) Hence

lo=f (U ! (A») =Ur @) =
i=1 i=1 i=1
That is, {41, As,...A,} is a finite sub cover of (Y,o). Hence (Y, o) is intuitionistic fuzzy
compact.

Corollary 3.1. Let f: (X,7) — (Y,0) be an IFWG continuous mapping from an IFTS
(X,7) onto an IFTS (Y,o0). If (X,7) is intuitionistic fuzzy weakly generalized Lindelof, then
(Y, o) is intuitionistic fuzzy Lindelof.

Proof. Obvious.

Theorem 3.3. Let f : (X,7) — (Y,0) be an IF quasi WG continuous mapping from
an IFTS (X,7) onto an IFTS (Y,0). If (X, 7) is intuitionistic fuzzy compact, then (Y, o) is
intuitionistic fuzzy weakly generalized compact.

Proof. Let {A; : ¢ € I'} be an intuitionistic fuzzy weakly generalized open cover of (Y, o).
Then 1. = U;erA;. From the relation, 1. = f=1 (U;er4;) follows that 1. = Ujerf~! (4;), so
{f7'(4;) :i €I} is an intuitionistic fuzzy open cover of (X,7). Since (X, 7) is intuitionistic
fuzzy compact, there exists a finite sub cover say, {f~! (A1), f~! (A2),... f~* (A,)} . Therefore
1. =U, f'(A). Hence

lo=f (U 7 (A») =Urr ) =Ja
i=1 i=1 i=1
That is, {A1, Ag, ... A, } is a finite sub cover of (Y, o). Hence (Y, 0) is intuitionistic fuzzy weakly
generalized compact.

Corollary 3.2. Let f: (X,7) — (Y,0) be an I'F perfectly WG continuous mapping from
an IFTS (X,7) onto an IFTS (Y,0). If (X, 7) is intuitionistic fuzzy compact, then (Y, o) is
intuitionistic fuzzy weakly generalized compact.

Proof. Obvious.

Theorem 3.4. If f : (X,7) — (Y, 0) is an [ FW G irrresolute mapping and an intuitionistic
fuzzy subset B of an TFTS (X, 7) is intuitionistic fuzzy weakly generalized compact relative
to an IFTS (X,7), then the image f(B) is intuitionistic fuzzy weakly generalized compact
relative to (Y, o).

Proof. Let {A; : i € I} be any collection IFWGOSs of (Y, o) such that f(B) C U{A;: i€ I}.
Since f is IFWG irresolute, B C U{f™(4;):i € I} where f~!(A;) is intuitionistic fuzzy
weakly generalized open cover in (X,7) for each i. Since B is intuitionistic fuzzy weakly
generalized compact relative to (X, 7), there exists a finite subset Iy of I such that B C
U{f'(4;):i€Io}. Therefore f(B) € U{A;:I¢€ Iy}. Hence f(B) is intuitionistic fuzzy
weakly generalized compact relative to (Y, o).

Theorem 3.5. Let [ : (X,7) — (Y,0) be an IFWG irresolute mapping from an IFTS
(X,7)onto an IFTS (Y, o). If (X, 7) is intuitionistic fuzzy nearly weakly generalized compact,
then (Y, o) is intuitionistic fuzzy nearly weakly generalized compact.

Proof. Let {A; : i € I} be an intuitionistic fuzzy weakly generalized closed cover of (Y, 0).
Then 1. = U;erA;. From the relation, 1. = f~!(U;erA;) follows that 1. = Userf™! (4;),
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SO { LA iel } is an intuitionistic fuzzy weakly generalized closed cover of (X, 7). Since
(X, 7) is intuitionistic fuzzy nearly weakly generalized compact, there exists a finite sub cover
say, {7 (A1), f1(A2),... 1 (A,)}. Therefore 1. = J;_, f~* (A;). Hence

lo=f (U 7 (A») =Ur @) =
i=1 i=1 i=1
That is, {41, Ag, ... A, } is a finite sub cover of (Y, o). Hence (Y, o) is intuitionistic fuzzy nearly
weakly generalized compact.

Corollary 3.3. Let f: (X,7) — (Y,0) be an IFWG irresolute mapping from an IFTS
(X,7) onto an IFTS (Y,0). Then the following statements hold.

(i) If (X, 7) is intuitionistic fuzzy weakly generalized compact, then (Y, o) is intuitionistic
fuzzy weakly generalized compact.

(i) If (X, 7) is intuitionistic fuzzy countable weakly generalized compact, then (Y, o) is
intuitionistic fuzzy countable weakly generalized compact.

(iii) If (X, 7) is intuitionistic fuzzy weakly generalized Lindelof, then (Y, o) is intuitionistic
fuzzy weakly generalized Lindelof.

(iv) If (X,7) is intuitionistic fuzzy nearly countable weakly generalized compact, then
(Y, o) is intuitionistic fuzzy nearly countable weakly generalized compact.

(v) If (X, 7) is intuitionistic fuzzy nearly weakly generalized Lindelof, then (Y, o) is intu-
itionistic fuzzy nearly weakly generalized Lindelof.

Proof. Obvious.

Theorem 3.6. Let f: (X,7) — (Y,0) be an IF contra WG continuous mapping from an
IFTS (X,7) onto an IFTS (Y,o). If (X, 7) is intuitionistic fuzzy nearly weakly generalized
compact, then (Y, o) is intuitionistic fuzzy compact.

Proof. Let {4; : i € I} be an intuitionistic fuzzy open cover of (Y, o). Then 1. = U;er4;.
From the relation, 1. = f~! (U;er A;) follows that 1. = Ujerf~1 (4i), so {f‘1 (4;): i€ I} is
an intuitionistic fuzzy weakly generalized closed cover of (X, 7). Since (X, 7) is intuitionistic
fuzzy nearly weakly generalized compact, there exists a finite sub cover say, {f =1 (A1), f~1 (42),
.. f71(A,)}. Therefore 1. = J_, f~' (A;). Hence

lo=f (U ! <Ai>) =Urr @) =Y
i=1 i=1 i=1
That is, {A;, Aa,...A,} is a finite sub cover of (Y,o). Hence (Y, o) is intuitionistic fuzzy
compact.

Corollary 3.4. Let f: (X,7) — (Y,0) be an IF contra WG continuous mapping from
an IFTS (X, 7) onto an IFTS (Y,o). If (X, ) is intuitionistic fuzzy nearly weakly generalized
Lindelof, then (Y, o) is intuitionistic fuzzy Lindelof.

Proof. Obvious.

Theorem 3.7. Let f: (X,7) — (Y,0) be an IF contra WG continuous mapping from an
IFTS (X,7) onto an IFTS (Y,o). If (X, 7) is intuitionistic fuzzy weakly generalized compact,
then (Y, o) is intuitionistic fuzzy strongly S-closed.

Proof. Let {A; : i € I} be an intuitionistic fuzzy closed cover of (Y, o). Then 1. = U A;.
From the relation, 1. = f~! (U;erA;) follows that 1. = Userf~1 (4;), so {f‘l (4;):i € I} is
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an intuitionistic fuzzy weakly generalized open cover of (X, 7). Since(X, 7) is intuitionistic fuzzy
weakly generalized compact, there exists a finite sub cover say, { f~1(A1), f 1 (A42),... f71(4,)}.
Therefore 1. = [J;_, f~*(4;). Hence

That is, {A1,As,... A,} is a finite sub cover of (Y,o). Hence (Y,0) is intuitionistic fuzzy
strongly S-closed.

Corollary 3.5. Let f: (X,7) — (Y,0) be an IF contra WG continuous mapping from
an IFTS (X,7) onto an IFTS (Y,0). Then the following statements hold.

(i) If (X, 7) is intuitionistic fuzzy weakly generalized Lindelof, then (Y, o) is intuitionistic
fuzzy strongly S-Lindelof.

(ii) If (X, 7) is intuitionistic fuzzy countable weakly generalized compact, then (Y, o) is
intuitionistic fuzzy countable strongly S-Closed.

Proof. Obvious.

Theorem 3.8. Let f: (X,7) — (Y,0) be an I'F contra WG continuous mapping from
an IFTS (X,7) onto an IFTS (Y,0). If (X, 7) is intuitionistic fuzzy weakly generalized com-
pact (respectively, intuitionistic fuzzy weakly generalized Lindelof, intuitionistic fuzzy countable
weakly generalized compact), then (Y, o) is intuitionistic fuzzy S-closed (respectively, intuition-
istic fuzzy S-Lindelof, intuitionistic fuzzy countable S-closed).

Proof. It follows from the statement that each ITFRCS is an IFCS.

Theorem 3.9. Let f : (X,7) — (Y,0) be an I'F contra WG continuous mapping from an
IFTS (X,7) onto an IFTS (Y,0). If (X, 7) is intuitionistic fuzzy nearly weakly generalized
compact, then (Y, o) is intuitionistic fuzzy almost compact.

Proof. Let {4; : i € I'} be an intuitionistic fuzzy open cover of (Y, o). Then 1. = U;esA;.
It follows that 1. = U;escl(A;). From the relation, 1. = f~1(Ujescl(4;)) follows that 1. =
Userftel(A;), so {f~1cl(A;) =i € I} is an intuitionistic fuzzy weakly generalized closed cover
of (X, 7). Since (X,7) is intuitionistic fuzzy nearly weakly generalized compact, there exists
a finite sub cover say, {f~'cl(A1), ftcl(As),... f71cl(Ay)}. Therefore 1. = i, f~'cl(4;).

Hence
n

Lo = f(|J £ el(A) = | F(F 7 el(Ar) = | el(A).
i=1 i=1

i=1

Hence (Y, o) is intuitionistic fuzzy almost compact.

Corollary 3.6. Let f: (X,7) — (Y,0) be an I'F contra WG continuous mapping from an
IFTS (X,7) onto an IFTS (Y,0). Then the following statements hold.

(i) If (X, 7) is intuitionistic fuzzy nearly weakly generalized Lindelof, then (Y, o) is intu-
itionistic fuzzy almost Lindelof.

(ii) If (X, 7) is intuitionistic fuzzy nearly countable weakly generalized compact, then (Y, o)
is intuitionistic fuzzy countable almost compact.

Proof. Obvious.

Theorem 3.10. Let f: (X,7) — (Y,0) be an IFWG* open bijective mapping from an
IFTS (X,7) onto an IFTS (Y,0). If (Y, 0) is intuitionistic fuzzy weakly generalized compact,
then (X, 7) is intuitionistic fuzzy weakly generalized compact.
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Proof. Let {A; : i € I} be an intuitionistic fuzzy weakly generalized open cover of (X, 7).
Then 1. = U;erA;. From the relation, 1. = f (U;er4;) follows that 1. = Userf (A4;), so
{f (A;) : i € I} is an intuitionistic fuzzy weakly generalized open cover of (Y, o). Since (Y,0) is
intuitionistic fuzzy weakly generalized compact, there exists a finite sub cover say, {f (A1), f(42),
..f(Ay)}. Therefore 1. =, f (A;). Hence

1o=f" (U f (A») =UJrtu@) =4
i=1 i=1 i=1
That is, {A1, Aa,... A, } is a finite sub cover of (X, 7). Hence (X,7) is intuitionistic fuzzy
compact.

Theorem 3.11. Let f : (X,7) — (Y,0) be an IF contra WG irresolute mapping from an
IFTS (X,7) onto an IFTS (Y,o). If (X, ) is intuitionistic fuzzy nearly weakly generalized
compact, then (Y, o) is intuitionistic fuzzy weakly generalized compact.

Proof. Let {A; : ¢ € I'} be an intuitionistic fuzzy weakly generalized open cover of (Y, o).
Then 1. = U;erA;. From the relation, 1. = f~1(U;cs4;) follows that 1. = U;erf~1(A;), so
{f~Y(A;) : i € I} is an intuitionistic fuzzy weakly generalized closed cover of (X, 7). Since
(X, 7) is intuitionistic fuzzy nearly weakly generalized compact, there exists a finite sub cover
say, {f1(A1), f1(A2),... f1(An)}. Therefore 1. = J;_, f~*(4;). Hence

That is, {A;, Aa, ... A, } is a finite sub cover of (Y, o). Hence (Y, o) is intuitionistic fuzzy weakly
generalized compact.

Corollary 3.7. Let f: (X,7) — (Y,0) be an IF contra W@ irresolute mapping from an
IFTS (X,7) onto an IFTS (Y,0). Then the following statements hold.

(i) If (X, 7) is intuitionistic fuzzy nearly weakly generalized Lindelof, then (Y, o) is intu-
itionistic fuzzy weakly generalized Lindelof.

(ii) If (X, 7) is intuitionistic fuzzy nearly countable weakly generalized compact, then (Y, o)
is intuitionistic fuzzy countable weakly generalized compact.

(iii) If (X, 7) is intuitionistic fuzzy weakly generalized compact, then (Y, o) is intuitionistic
fuzzy nearly weakly generalized compact.

(iv) If (X, 7) is intuitionistic fuzzy weakly generalized Lindelof, then (Y, o) is intuitionistic
fuzzy nearly weakly generalized Lindelof.

(v) If (X, 7) is intuitionistic fuzzy countable weakly generalized compact, then (Y, o) is
intuitionistic fuzzy nearly countable weakly generalized compact.

Proof. Obvious.

Theorem 3.12. Let f: (X,7) — (Y,0) be an IF contra WG irresolute mapping from an
IFTS (X,7) onto an ITFTS (Y,o). If (X, 7) is intuitionistic fuzzy nearly weakly generalized
compact, then (Y, o) is intuitionistic fuzzy almost weakly generalized compact.

Proof. Let {A; : ¢ € I'} be an intuitionistic fuzzy weakly generalized open cover of (Y, o).
Then 1. = UjerA;. Tt follows that 1. = Userel(4;). From the relation, 1. = f~1 (U;ercl(A;))
follows that 1. = Ujer f~'cl (A;), so { ftcl (4;) : i € I} is an intuitionistic fuzzy weakly gen-
eralized closed cover of (X, 7). Since (X, 7) is intuitionistic fuzzy nearly weakly generalized



Vol. 8 Weakly generalized compactness in intuitionistic fuzzy topological spaces 117

compact, there exists a finite sub cover say, {f‘lcl (A1), flel (Ag), ... f el (An)} . There-
fore 1. = U, f~tcl (A;) . Hence

1.=Ff <U el (Ai)> = U F(F e (Ay) = U cl(Ay).

Hence (Y, 0) is intuitionistic fuzzy almost weakly generalized compact.

Corollary 3.8. Let f: (X,7) — (Y,0) be an IF contra WG irresolute mapping from an
IFTS (X,7) onto an IFTS (Y,0). Then the following statements hold.

(i) If (X, 7) is intuitionistic fuzzy nearly weakly generalized Lindelof, then (Y, o) is intu-
itionistic fuzzy almost weakly generalized Lindelof.

(ii) If (X, 7) is intuitionistic fuzzy nearly countable weakly generalized compact, then (Y, o)
is intuitionistic fuzzy almost countable weakly generalized compact.

Proof. Obvious.
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Abstract We further study the fantastic filter and normal filter of BL-algebras. By studying
the equivalent condition of fantastic filter, we reveal the relation between fantastic filter and
normal filter of BL-algebras and we solve two open problems that “Under what suitable
condition a normal filter becomes a fantastic filter? ” and “(Extension property for a normal

”

filter) Under what suitable condition extension property for normal filter holds?

Keywords Non-classical logics, B L-algebras, filter, fantastic filter, normal filter.

§1. Introduction

The origin of BL-algebras is in Mathematical Logic. Hajek introduced BL-algebras as
algebraic structures for his Basic Logic in order to investigate many-valued logic by algebraic
means 9. They play the role of Lindenbaum algebras from classical propositional calculus.
The main example of a BL-algebra is the interval [0,1] endowed with the structure induced by
a continuous t-norm. MV -algebras, Gédel algebras and Product algebras are the most known
classes of BL-algebras [4.

In studying of algebras, filters theory plays an important role. From logical point of
view, various filters correspond to various sets of provable formulae!*!l. Tn [4], [5] and [8], the
notions of prime filter, Boolean filter, implicative filters, normal filters, fantastic filters and
positive implicative filters in BL-algebras were proposed, and the properties of the filters were
investigated. In [2], several different filters of residuated lattices and triangle algebras were
defined and their mutual dependencies and connections were examined. In [1], [6] and [12],
filters of pseudo MV -algebras, pseudo BL-algebras, pseudo effect algebras and pseudo hoops

were further studied. We found that filters are a useful tool to obtain results of BL-algebras.

OCorresponding author is Wei Wang
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In Section 2, we present some basic definitions and results on filters and B L-algebras, then
we introduce the some kinds of filters in BL-algebras.

In [8], Saeid and Motamed proposed two open problems that “Under what suitable condi-
tion a normal filter becomes a fantastic filter? ” and “(Extension property for a normal filter)
Under what suitable condition extension property for normal filter holds? ” in BL-algebras. In
Section 3, by studying the equivalent condition of fantastic filter, we reveal the relation between
fantastic filter and normal filter of BL-algebras and we solve the open problems.

§2. Main results of summation formula

Here we recall some definitions and results which will be needed.

Definition 2.1.) A BL-algebra is an algebra (A4,V,A,®,—,0,1) of type (2,2,2,2,0,0)
such that (A, V, A, 0, 1) is a bounded lattice, (A, ®, 1) is a commutative monoid and the following
conditions hold for all z, y, z € A,

(AYzoy<zifz<y— z

(A2) z Ay =20 (z —y),

(A3) (@ —y)V(y—a)=1

Proposition 2.1.[8] In a BL-algebras A, the following properties hold for all z, y, z € A,

9) 2 < (- y)—y.

Definition 2.2.3] A filter of a BL-algebra A is a nonempty subset F' of A such that for
all z, y € A,

(Fl)ifz, ye F,thenz®y € F,

(F2)if x € F and = <y, then y € F.

It is easy to prove the following equivalent conditions of filter in a BL-algebra.

Proposition 2.2.0% Let F' be a nonempty subset of a BL-algebra A. Then F is a filter of
A if and only if the following conditions hold

(1)1 eF,

(2) z,x — y € F implies y € F.

A filter F' of a BL-algebra A is proper if F' # A.

Definition 2.3.18 Let A be a BL-algebra. A filter F' of A is called normal if for any
z,y, 2€A, z— ((y—z) —z) € Fand z € F imply (x - y) >y € F.

Definition 2.4.18] Let F be a nonempty subset of a BL-algebra A. Then F is called a
fantastic filter of A if for all x, y, z € A, the following conditions hold

(1)1 eF,
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(2) z— (y—x) €F, z€ Fimplies ((x — y) —y) >z € F.

Definition 2.5.[8! Let F be a nonempty subset of a BL-algebra A. Then F is called an
implicative filter of A if for all x, y, z € A, the following conditions hold

(1)1 eF,

2z—(y—z)eF,z—yecFimplyx —z€F.

Definition 2.6.18! Let F be a nonempty subset of a BL-algebra A. Then F is called a
positive implicative filter of A if for all x, y, z € A, the following conditions hold

(1)1 eF,

2x—(y—2) —y eF,ze Fimplyye F.

Definition 2.7.[1% Let F be a filter of A. F is called an ultra filter of A if it satisfies z € F
or z— € F for all x € A.

Definition 2.8.1'% Let F be a filter of A. F is called an obstinate filter of A if it satisfies
x ¢ Fandyé¢ F impliesx —y € F forall z, y € A.

Definition 2.9.0% A filter F of A is called Boolean if 2V 2~ € F for any x € A.

Definition 2.10.8] A proper filter F' of A is prime if for all z, y € A, x Vy € F implies
reForyekF.

Theorem 2.1.['% Let F be a filter of A. Then the following conditions are equivalent

(1) F is an obstinate filter of A,

(2) F is an ultra filter of A,

(3) F is a Boolean and prime filter of A.

§3. The relation among the filters of BL-algebras

On the relation between fantastic filter and normal filter of a BL-algebra, by far we have

Theorem 3.1.08 Let F be a fantastic filter of A. Then F is a normal filter of A.

It is easy to find that the converse of the theorem is not true. In [8], there are two open
problems that “Under what suitable condition a normal filter becomes a fantastic filter? ” and

“(Extension property for a normal filter) Under what suitable condition extension property

for normal filter holds? ” In this section, we investigate the relation between fantastic filter
and normal filter in a BL-algebras. After giving the equivalent conditions of fantastic filter, we
present the relation between the two filters in a B L-algebra and solve the open problems.

Theorem 3.2.18 Let F' be an implicative filter of a BL-algebra A. Then F is a normal
filter if and only if (x — y) — « € F implies « € F for any z, y € A.

Theorem 3.3.08 Let F be a filter of a BL-algebra A. Then F is a normal filter if only if
(y — ) — x € Fimplies (x - y) —y € F for all z, y € A.

Theorem 3.4.[8] Let F be a filter of a BL-algebra A, if (x — y) — = € F implies z € F
for any z, y € A, then F is a normal filter.

Theorem 3.5.18 Let F be a filter of a BL-algebra A, if = — x € F implies z € F for
any ¢ € A, then F is a normal filter.

Theorem 3.6.% Let F be a filter of a BL-algebra A, if (x~ — ) — 2 € F for any = € A,
then F' is a normal filter.
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Theorem 3.7.8 Let F be a filter of a BL-algebra A. Then F is a normal filter if only if
~ € F implies x € F for all z € A.

Theorem 3.8.18] Every normal and implicative filter of a BL-algebra is a positive implica-
tive filter.

Corollary 3.1. Every implicative filter satisfying (y — z) — = € F implies (z — y) —
y € F for all z, y € A of a BL-algebra A is a positive implicative filter.

Theorem 3.9. Let f be a fuzzy filter of a BL-algebra A. Then the followings are equivalent

(1) F is a fantastic filter,

(2) y — x € F implies ((z —» y) > y) —»x € F for any z, y € A,

B)a=~ —mzeFforalazeA,

4 z—z€F, y— z€ Fimplies ((x > y) —»y) »z€ Fforall z, y, z € A.

Proof. (1) = (2). Let F be a fantastic filter of A, and y - z € F. Then 1 — (y — z) =
y—x€Fand1leF, hence (x —y) —y) >z €F.

(2) = (1). Let a filter F satisfy the condition and let z — (y — x) € F and z € F. Then
y — z € F, therefore also ((z - y) - y) —xz € F.

(2) = (3). Let y =0in (2).

(3) = (4). Similar to the proof of Theorem 4.4 [7].

(4) = (2). Obvious when z = z.

Corollary 3.2.8] Each fantastic filter of A is a normal filter.

By Theorem 3.9, we can give an answer to the first open problem presented in [8] in the
following theorem.

Theorem 3.10. Every normal and implicative filter of a BL-algebra is a fantastic filter.

Proof. Suppose y — x € F. We have z < ((z — y) — y) — x, thus (((z = y) — y) —
z) =y < x —y. Further, (zy —y) —y) = 2) =y = ((z -y =y —z)=(x—
o (@—y) =y —a)=(—y) —y) — (z—y) —2) >y—a Sincey — € F,
hence also ((((z —y) —y) — ) = y) — (((x = y) = y) — z) € F. By Theorem 3.2, we get
((x = y) —y) — x € F, and hence F is a fantastic filter by Theorem 3.10.

Theorem 3.11.[7 Let F be a filter of a BL-algebra A. Then the followings are equivalent

(1) F is an implicative filter,

(2) y — (y — «) implies y — x € F for any z, y € A,

(3) z — (y — z) implies (z —» y) — (2 = x) € F for any z, y, z € A,

4)z— (y— (y—x)) € Fand z € F impliesy — x € F for any z, y, z € A,

(5)x —xOxeF forall x € A.

Theorem 3.12.[7 Let F be a filter of a BL-algebra A. Then the followings are equivalent

(1) F is a positive implicative filter,

(2) (x = y) — x € F implies x € F for any z, y € A,

(3) (x7 —x) m»x € F for any z € A.

Theorem 3.13. Every positive implicative filter of A is a fantastic filter.

Proof. Suppose F' is a positive implicative filter and for any =, vy € A, y — = € F.
We have z < ((z — y) — y) — =z, thus (r - y) = y) —» z) - y <z — y. Further,
((z—=y)—y) —m2)=y) > (—-y) -y —z)2@—y) - (@—y) -y —2)=
((x —y) —-y)— ((r = y) —»a) >y — x Sincey — = € F, hence also ((((zx — y) = y) —
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) —=y)— (((—y) —y) —x) € F. Thus we get ((x — y) —» y) — x € F, and hence F is a
fantastic filter.

Corollary 3.3. Let F' be an implicative filter of a BL-algebra A. Then F' is a normal
filter if only if F' is a positive implicative filter of A.

Corollary 3.4. Let F be a positive implicative filter of A. Then F' is a normal filter.

Theorem 3.14. Every normal and obstinate filter of a BL-algebra is a fantastic filter.

Proof. Suppose F' is a normal and obstinate filter of a BL-algebra A, then for any x € A,
if 7~ € F, then ¢ € F since F is a normal filter, by 77 — = > z, thus 27~ — x € F.
Further, if © ¢ F, then 2=~ ¢ F, since F is an obstinate filter, then =~ — a € F, and hence
F is a fantastic filter.

By Theorem 2.1, we have:

Theorem 3.15. Every normal and ultra filter of a BL-algebra is a fantastic filter.

Theorem 3.16. Every normal, Boolean and prime filter of a BL-algebra is a fantastic
filter.

Combining all the above results, we can give answers to the first open problem presented
in [8] respectively.

Theorem 3.17. (1) Every normal filter of a MV-algebra is equivalent to a fantastic filter.

(2) Every normal and implicative filter of a BL-algebra is a fantastic filter.

(3) Every normal and obstinate filter of a BL-algebra is a fantastic filter.

(4) Every normal and ultra filter of a BL-algebra is a fantastic filter,

(5) Every normal, Boolean and prime filter of a BL-algebra is a fantastic filter.

For the second open problem presented in [8], since the extension property for a fantastic
filter holds [7), and further by the above results, we have the following theorem.

Theorem 3.18. (Extension property for a normal filter) Under one of the following
conditions extension property for normal filter holds

(1) If A is a MV-algebra.
(2) F is a normal and implicative filter of A.
(3) F is a normal and obstinate filter of A.
(4) F is a normal and ultra filter of A,
(5)

5) F' is a normal, Boolean and prime filter of A.

§4. Conclusion

By studying the equivalent condition of fantastic filter, we reveal the relation between
fantastic filter and normal filter of BL-algebras and we solve an open problem that “Under

”»

what suitable condition a normal filter becomes a fantastic filter? ” and “(Extension property
for a normal filter) Under what suitable condition extension property for normal filter holds?
” . In the future, we will extend the corresponding filter theory and study the congruence

relations induced by the filters.
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