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A note on dual quaternions and matrices of
dual quaternions

M. A. Gungor! and M. Sarduvan?

Department of Mathematics, Sakarya University, Faculty of Arts and Science,
Sakarya 54187, Tiirkiye

E-mail: agungor@sakarya.edu.tr msarduvan@sakarya.edu.tr

Abstract In this paper, it is investigated eigenvalues and eigenvectors of the dual Hamilton
operators. Moreover, it is examined a special type dual quaternion equation using these

eigenvalues and eigenvectors. Finally, it is given the nth power of a dual quaternion.

Keywords Dual quaternion, dual matrix equation, normal matrix, eigenvalue, rank.

§1. Introduction and preliminaries

Quaternions were invented by Sir William Rowan Hamilton as an extension to the complex
numbers. Until the middle of the 20th century, the practical use of quaternions was minimal in
comparison with other methods. But, currently, this situation has changed. Today, quaternions
play a significant role in several areas of the physical science; namely, in differential geometry, in
analysis and synthesis of mechanism and machines, simulation of particle motion in molecular
physics, and quaternionic formulation of equation of motion in theory of relativity. Moreover,
quaternions are used especially in the area of computer vision, computer graphics, animation,
and to solve optimization problems involving the estimation of rigid body transformations (see,
for example, [1, 4, 6, 8, 19]).

Each element of the set

D={a=a+ea* :a,a*€R and €#0, & =0} ={a=(a,a") : a,a* €R}

is called a dual number. A dual number @ = a + €a* can be expressed in the form a =
Re(a) + eDu(a), where Re (@) = a and Du(a) = a*. The conjugate of @ = a + ea* is defined
as @ = a — ca*. Summation and multiplication of two dual numbers are defined as similar to
the complex numbers. However, it will not be forgotten that 2 = 0. Thus, D is a commutative
ring with a unit element 'Y, Clifford introduced dual numbers to form bi-quaternions (called

dual quaternions nowadays) for studying noneuclidean geometry !

. First applications of dual
numbers to mechanics was generalized by Kothelnikov '® and Study 2% in their principle of
transference. Recently, dual numbers have been applied to study the kinematics, dynamics, and
calibration of open-chain robot manipulators. Moreover, dual numbers are useful for analytical

treatment in kinematics and dynamics of spatial mechanisms (see, for example, [7, 16, 17, 18]).
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Furthermore, each element of the set
Cp = {z:aﬂn‘: a,bcD and i2 :71}

is called a dual complex number. A dual complex number Z = a + bi can be expressed in the
form 2 = Du () + iIm (%), where Du (%) = @ and Im (%) = b. The conjugate of 2 = a + bi
is defined as 2 = @ — bi. Summation and multiplication of any two dual complex numbers
2 =a+bi and © = ¢+ di are defined in the following ways,

2+w=(d+5)+(6+d)z’

and
zab = (a+bi) (¢+di) = (a2 - bd) + (ad +bc) i

The dual complex numbers defined as the dual quaternions were considered as a general-
ization of complex numbers by Ata and Yayli 1%,

In this paper, it is assumed that the reader is already familiar regular quaternions, otherwise
(see, for example, [10, 13, 22, 24]). The matrix representation of spatial displacements of rigid
bodies has an important role in kinematics and the mathematical description of displacements.
Veldkamp and Yang-Freudenstein investigated the use of dual numbers, dual numbers matrix,
and dual quaternions in instantaneous spatial kinematics in [21] and [23], respectively. Agrawal
(2l worked on Hamilton operators and dual quaternions in kinematics. In [2], the algebra of
dual quaternions is developed by using two Hamilton operators. Properties of these operators
are used to find some mathematical expressions for screw motion.

Each element of the set
Hp = {Q — fig - @16 + Ggj + Gak : Go, Gy, G, 8 € D}

is called a dual quaternion, where i, j, and k are special elements of Hp satisfying
and

A dual quaternion Q = Qg + a1t + asj + ask is pieced into two parts with real part
R (Q) := ag and imaginary part (Q) ‘= Q11 + a9j + agk. Summation and multiplication of
any two dual quaternions Q = ag + a1t + asj + ask and P= 50 + 512' + 52]’ + l~)3k are defined as
Q+P= (a0+l§0) + (dl+51)i+ (&2+62)j+ (a3+?)3)k
and

QP = (5050 — aiby — asbs — 5353) + (51150 + aobr — asbs + 6253> i

+ (azéo ¥ G3b1 + dobs — alég) j+ (a360 — by + drbs + aoég) k.
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Thus, with this multiplication operator, Hp is called dual quaternion algebra (2] The
conjugate of Q = Qg + a11 + a2j + ask is defined as Q = ag — a1% — aj — azk. For any two
quaternions Q and P we have 5 = 55

In this paper, it is employed a matrix oriented approach to the dual quaternions topic,
by representing dual quaternions as four-dimensional vectors and the multiplication of dual
quaternions as matrix-by-vector product, since this approach might be easier to grasp than the
traditional axiomatic point of view.

The purpose of this paper is mainly three fold: first to investigate eigenvalues and eigenvec-
tors of the dual Hamilton Operators, second to examine a special type dual quaternion equation

using these eigenvalues and eigenvectors, and finally to give the nth power of a dual quaternion.

§2. Basic properties of the dual fundamental matrices

It is nearby to identify a dual quaternion Q € Hp with a dual vector q € D*. It will be

]«

denoted such an identification by the symbo ie.,

Q = do + a1i + @2j + a3k = q = (do, @1, iz, d3)’
where the prime superscript stands for the transpose. Then addition in Hp becomes the
componentwise addition of vectors in D*, and multiplication can be represented by an ordinary
matrix-by-vector product

QP =Lgp or PQ = Rgp,

where the matrices Lg and Rg called Hamilton operators, are given by

ay —ay —az —as ap —a; —az —as
&1 &Q —&3 C~L2 aq 6~L0 ag _dQ
L= _ 3 . Rg=| _ L N (1)
as as ag —ax a2 —asg ag ay
az —az ap ap az az —aip Ao

Since these operators play a crucial role in the subsequent considerations, they will be
called as the left and right fundamental matrices, respectively. It will be discussed their main
features in this and next sections.

It can be written following identities as a direct consequence of the above fundamental

matrices.
Ll - Rl = I47

L; =E, L; =E;, Ly = Eg3,
R;=F1, R; =Fy, Ry =Fj,

where 1 is a 4 x 4 identity matrix. Note that the properties of E, and F,, (n = 1,2,3) are
identical to that of dual quaternionic units ¢, j, k. Since Lg and Rg are linear in their elements,
it follows that

Lg = doLy + a1L; + aoL; + dsLy, = dols + @By + a2Ey + asBs = Ly + L, (2)
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Rg = aoRy + a1 R; + aoRj + a3Ry = agls + a1 Fy + a2F2 + azF3 = Rq + cRg~, (3)

where q = (ag, a1,a2,a3), q* = (af,a}, a5, a}) € R
Using the definitions of the fundamental matrices, the multiplication of the two dual quater-

nions Q and P is given by

r = Lsp = Rpq. (4)

1 0
N 0 ~ i
R (Q) = ape€i, €] 1= ) R} <Q) = q+ ‘= _ )
0 az
0 iis
and
ao 1 0 0 0
- iy ) 0 -1 0 0
Q = q = B = Cq’ C =
—asg 0O 0 -1 0
—as 0 0 0 -1

In the sequel, it will be represented a dual number a by ae; whenever appropriate.

In the following theorem, some properties associated with the dual fundamental matrices
and some identities are presented.

Theorem 2.1. Let Q, P be dual quaternions, @, B be dual numbers, and L and R be the
dual fundamental matrices as defined in (1), then the following identities hold:

(i) Q=P & Li=Ls & Rg=Rp.

(i) Lsg.pp = GLa + OLp, Ryg, 55 = @Rg + ORp.

(iii) LgL'g = L'gLg, RgR'g = R'gRg, Lz= L'g, Rg=R';5.

(iv) det (Lg) = det (Rg) = [la]|*, La' = raEla Re' = rzzR’a, 0.# g € D* (where |||
denotes the Euclidean norm of a dual vector).

(v) tr (Lg) = tr (Rg) = 4ao.

(vi) Rg = CL/5C, Ly = CR/5C, C ' =C' =C, C? =1,.

i @@ =@ |ar[ = e[| a7 = Pa

(viii) LgLp = L1;5, RgRp = Rr,p, LgRs = RpLg-

Proof. The parts (i)-(vi) can be proved by the using (1)-(4) and simple matrix computa-

tion.
Using the identification with dual vectors in D, it is seen that

~ ~ p— ~2
Q0 =L4d = Rgi = lal*er = |Q| = a3 +a?+a3+a3,

or

’ 2




ot
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and

Q.

Lelll
1
NS

QP = C(Lgp) = (CLq) p = (R'5C) p = R’ (Cp) = R (CP) =R

q
which completes the part (vii).

Moreover, using the associative property of dual quaternion’s multiplication it is clear that
the following identities hold:

) (z:zp) _ QR) P = QRP.

In terms of the fundamental matrices, the above identities can be written as (5)(6)(7)

respectively.
(Lgp) T = L pT = q (LpT) = Lg (LT) = LgLpt, (5)
(Rgp) F = Rrypf = § (RpF) = Rg (RpF) = RgRpF, (6)
q (Rprf) = Lg (RpT) = LgRpT = (LgT) b = Rp (LgT) = RpLgT. (7)

Since the column T is arbitrary, (5), (6) and (7) relations employ the part (viii).

§3. Eigenvalues and eigenvectors of the fundamental ma-

trices

Theorem 3.1. For q = (ao, a1, as, Elg)/ € D%, the eigenvalues of the fundamental matrix
Lg are given by do £ 4/Q«|, where in case ||q.|| # 0 each eigenvalue occurs with algebraic
multiplicity 2, and otherwise the eigenvalue ay has algebraic multiplicity 4.

Proof. For § = (@, a1, dz,as) € D* consider the eigenvalue-eigenvector equation
Lgz = A2, 72 #0,

where A € Cp is an eigenvalue, and 0 # 2 € C}, is a corresponding eigenvector of Lg.

The matrix Lg can be written as Lg = aols + Lg,. Consequently, the eigenvalues of Lg
are obtained by adding ag to the eigenvalues of Lg, . If /i is an eigenvalue of Lg,, then fi? is an
cigenvalue of L . From

~ 2
Li = —lla. L,
we conclude that 42 = —||@.]|*>. Hence, the eigenvalues of Lg, can only be i = ¢||q.]|| or
ft = —i||Q«||. But the dual complex eigenvalues of the dual matrix Lg, occur in conjugate

pairs, so that Lg, has two eigenvalues i ||§.| and two eigenvalues —i ||@.||. So, the proof is
completed.
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Corollary 3.1. For q = (ag, a1, as, 63)/ € D4, the eigenvalues of the fundamental matrix
Ry are given by ao £ 7]|Q«||, where in case ||.|| # 0 cach eigenvalue occurs with algebraic
multiplicity 2, and otherwise the eigenvalue ag has algebraic multiplicity 4.

Proof. The eigenvalues of R = CL’gC coincide with the eigenvalues of L'g, which in
turn coincide with the eigenvalues of Lg. So, the proof is clear from Theorem 3.1.

Let us now turn our attention to the eigenvectors of Lg. From Theorem 2.1 (iii) Lg is
nondefective, which means that geometric and algebraic multiplicity of the eigenvalues of Lg
coincide. Therefore, in case ||Q.|| # 0 the eigenspaces associated with the eigenvalues ag+i || Q.||
and ag — ¢ ||@«|| both have dimension 2.

Theorem 3.2. Let ||q.| # 0 for @ = (do,dl,dg,dg)/ € D*. Then the eigenspaces of Lg

corresponding to ag + ¢ ||Q.|| and ag — i |Q.|| are:
{Lgy: 9§ €Ch} and {Lyy: y€ChH},

respectively, where & = i ||§.|| €1 + G. and h = —i ||G.|| €1 + G-

Proof. This can be verified by calculating LgLgy — (Go + ¢ [|q«||) Lgy and LgLyy —
(@o — i]|@x]|) Ly, which both yield the zero vector for any § € C},.

Observe that we admit dual complex entries in the matrices Lg and L;, as distinct from

our former procedure where only dual entries were considered.

§4. Application to the equation RQ = PR+ C

Two dual quaternions Q and P are called similar if there exists a nonzero dual quaternion
U such that
0 PO =G,
Similarity will be denoted by Q ~ P and it can be shown that “ ~ ” is an equivalence
relation on H.

Now, let us consider the dual quaternion equation

where Q, P,C € Hp are given.
Using matrix representation, it is seen that the above equation is equivalent to Rgr =
Lgr + ¢, which can be written as
(Rg—Lp)T=¢.

Lemma 4.1. The equation RQ = PR + C is uniquely solvable with respect to R if and
only if Q + P.

Proof. Transferring this notion to matrix notation with Q =~ q and P P, it is obtained
that

Q~P=30#£0eD: Lyt = Rgli & Ry — L is singular. (8)

Since the dual matrix equation (Rg — L) T = € is uniquely solvable if and only if Rg —Lj

is nonsingular. So the proof is complete.
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Lemma 4.2. Two dual quaternions Q and P are similar if and only if R (Q) =R (P)
i (@) = (7).

Proof. Since the two commuting normal matrices Rg and Lg can be simultaneously
unitarily diagonalizable [14, Theorem 2.5.4, 2.5.5], each eigenvalue of Rg — L is the difference
of an eigenvalue of Rg and an eigenvalue of Lg, i.e., the eigenvalues of the crucial matrix

Rg — Lp are given by
(a0 —Bo) % i (1@ = [B-1) and (@0 —bo ) =3 (]| + B.]) -

Moreover, a matrix is singular if and only if at least one of its eigenvalues is 0. So, the
proof is completed.

We will proceed by considering the solutions to the dual matrix equation (Rg — L)X =¢
and then collect our findings in terms of dual quaternions. Since Rg — Lp is normal, its rank

equals the number of its nonzero eigenvalues. Hence,
rank (Rg — Lp) € {0,2,4} . 9)

Theorem 4.1. Let Q,P7C’ € Hp.
(i) The equation RQ = PR+C'is uniquely solvable with respect to R if and only if Q b P,
in which case the solution is given by

h=n—(cq-p0), wm=2[r(P)-r(Q)]P+|a -|7"

(ii) If é — Q ~ P, a necessary and sufficient condition for solvability is C' = 0, in which
case any Re Hp is a solution.

(iii) If 6:2 # Q ~ P, a necessary and sufficient condition for solvability is C’C:) = PC, in
which case all solutions are given by

R= ey (PO-CQ) + 7 — 5 (P) 73 (Q)
|2 5

12(2)]
where Z € Hp is arbitrary.

Proof. A matrix has the same eigenvalues with its transpose. From Theorem 2.1 (iii),
the normal matrix Rz — Lg has the same eigenvalues as Rg — L and therefore the same rank.
From (8), @ + P if and only if rank (Rq —Lp) = 4 and so the unique solution is given by

r=Rg— Lf,)*1 ¢, where the matrix (Rg — Lf,)*1 may as well be expressed as

= [(Rg~Ls) (Rg —Lp)] ' (Rz—Ls
=Lz (Rg—Ls),

i =2 (b — ) B+ (1l — II°) L.
This completes the part (i). Hence, from (9) it remains to consider the cases rank (Rg — Lp) =
0or rank (Rg — L) = 2. Let’s consider rank (Rg — L) = 0, then it is obvious that (Rg — L) X =
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¢ is solvable if and only if € = 0, in which case any vector T € D? is a solution. So, the part (ii)
is completed.

Finally, let rank (Rq — Lg) = 2, then do = by and [|G.]| = ||P«] but ||§.] # 0, since
otherwise all eigenvalues of Rg — L would be 0. Now, the matrix difference Rg — Lg can be

expressed as
Rg —Ls = Rg, — Ls.,
where the commuting matrices Rg, and Ly, satisfy
Ry = Rg =~ [a"Rg and Lp = -Lg = —[d.| L.

Using these properties and noting that also Ry — Ly = Rz — Lp,, the following can be

a.
seen by exploiting simple matrix calculus.
If there exists a vector T such that (Rg —Lg)T = €, then € satisfies (Rq —Lp)€ = 0.

Conversely, if ¢ satisfies (Rg1 — Lf,) ¢ = 0, then it follows that

1
(RQ7Lf,)f':é for fi*ﬁ(Rﬁ*Lﬁ)é.
Alla. |l

Furthermore, every vector

1
F= (14 - ||~||2Lf,*l?bal*) W, w e D*,
qx«

satisfies (Rg — L) T = 0. On the other hand, if (Rg — Lg)T = 0, then

1 1
r=|1— ..2L13*RC~1*> 5T
( Q|| 2

So, the proof is complete.

§5. Powers of a dual quaternion

Let’s consider again the equation (Rg — L) T = 0 for the case rank (Rg — Lp) = 2 (which
implies ||@«|| # 0). Then the dimension of the space of all its solutions with respect to T, the

null space of R — L is 2. Hence, this space can be written as
{f : f:Xf«1+ﬁf~2,X,geD},
where 1 and Ty are two linearly independent nonzero vectors satisfying
(Rg —Lp)T1 = (Rqg — Lp) T2 = 0.
In case P # q this is true for the orthogonal vectors

f1 = ||a.°e;1 —Lp,G. and Ty = . + Pa.
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In other words, for two given quaternions 6:2 #+ Q~P #* 6:2, all quaternions R satisfying
RQ = PR are

r=il[s(Q) -3 (P)3(@)] +a[s(Q) +3(P)]. Aacn

As a direct consequence, all quaternions R which commute with a quaternion Q #+ Q are given
by

R:ﬁmg(c}),

where 4 and 8 are arbitrary numbers in D.
Theorem 5.1. For a dual quaternion (:2 cHp,leta=R (Q) +1 ’% (Q) ‘ Then the nth
power, n € N, of Q is given by

where )\, = Du (&™) and fi, = (1/‘% (Q) ’) Im (&™) in case Q +# é, while fi,, can be chosen
arbitrarily otherwise.

Proof. It is obvious that the nth power an of a dual quaternion Q commutes with Q,

2(@)]:

for some dual numbers \,, and [in, Where in the trivial case Q= 6:2 we have \, = (R (Q))n
and fi,, € D arbitrary.

where n € N and QO := 1. Hence, we can write

Qn::\n+ﬂn

For determining A, and i, in the nontrivial case Q =+ CZQ, it is seen from Q™! = QQ" and
the identification of Q™ with its corresponding real vector Aner + [nQ« for any n € N, that the

pairs (S\n, ,&n> obey the following system of linear homogeneous first-order difference equations
Mt = Andio = fin 187, Fingr = Gofin + An,
with initial values Ag = 1 and fig = 0. Observe that |G|l # 0 due to Q +# 6:2 The two equations

can be written as

) ) o —|a.’ ) A
Wnt1 = Aw,, A= . } W )
Qg Hn

From Theorem 3.1, the eigenvalues of the nonsingular matrix A are 61 = ao + @ ||q.| and
~ ~ )~ . . . A~ o~ I ~ -~ /
Go = ap — 1||@«|| with corresponding eigenvectors z; = (i||Q«||,1) and zo = (i]|Q«]|,—1)".

Using
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it follows from Theorem 5.10.1 in [9] that W,, = k (6721 + 6522) , k = 2\|Tii - Thus, we arrive
at

X Du [ (o +ia[*) ]

. = ~ - AN ’

fin (/0] T [ (G0 + i Gl1*) |

where for a number & = 4 i5 € Cp we use Du(a) = 3 and Im (&) = 7.
A further way of expressing the nth power of a quaternion is to directly exploit that the

quaternion Q is similar to &, namely
Q=UaU",
where in case Q #* 6:2 the dual quaternion U may be chosen as nonzero
o=Alls (@) -[s(@)f] +a[=(@)]i+ 2 ()]
with arbitrary X, i € D. Thus
Gon = Tant .
Writing & = Du (&™) + ¢Im (&™) and utilizing

it . ara

1 -
“5a @
2(@)]
one easily obtains the assertion of Theorem 5.1.
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81 Introduction

H. Weyl 29 examined the spectra of all compact perturbations of a hermitian operator
on Hilbert space and found in 1909 that their intersection consisted precisely of those points
of the spectrum which were not isolated eigenvalues of finite multiplicity. This Weyl’s theorem
has since been extended to hyponormal and to Toeplitz operators (Coburn [8]), to seminormal
and other operators (Berberian [2], [3]) and to Banach spaces operators (Istratescu [12], Oberai
[16]). Variants have been discussed by Harte and Lee '] and Rakocevic ['"), M. Berkani and
J. J. Koliha [¢!, In this note we show how generalized Weyl’s theorem follows from the equality
of the Drazin spectrum and a variant of the Weyl’s spectrum.

Recall that the Weyl’s spectrum of a bounded linear operator T" on a Banach space X is

the intersection of the spectra of its compact perturbations:
ou(T) = {o(T+ K): K € K(X)} . (1)

Equivalently A\ € 0,,(T) iff T — AI fails to be Fredholm of index zero. The Browder spectrum

is the intersection of the spectra of its commuting compact perturbations:
op(T) = {o(T+ K) : K € K(X) N comm(T)} . (2)

Equivalently A € o,(T) iff T'— AI fails to be Fredholm of finite ascent and descent. The Weyl’s
theorem holds for T iff
o(T)\ow(T) = moo(T) , (3)

where we write

moo(T) ={A €iso o(T): 0 <dimN(T — A) < oo} (4)
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for the isolated points of the spectrum which are eigenvalues of finite multiplicity. Harte and

Lee ' have discussed a variant of Weyl’s theorem: the Browder’s theorem holds for 7" iff
o(T) = 0, (T)Umeo(T) . (5)

What is missing is the disjointness between the Weyl spectrum and the isolated eigenvalues of
finite multiplicity: equivalently
ow(T) = op(T) . (6)

For a bounded linear operator T and a nonnegative integer n define Tj,,) to be the restriction
of T' to R(T") viewed as a map from R(T™) into R(T™) (in particular Tigy = T'). If for some
integer n the range space R(T™) is closed and Tj, is upper (resp. a lower) semi-Fredholm
operator, then T is called an upper (resp. lower) semi-B-Fredholm operator. Moreover if Tt is
a Fredholm (Weyl or Browder) operator, then T is called a B-Fredholm (B-Weyl or B-Browder)
operator. Similarly, we can define the upper semi-B-Fredholm, B-Fredholm, B-Weyl, and B-
Browder spectrums osr, (T'), opr(T), opw(T), opp(T). A semi-B-Fredholm operator is an
upper or a lower semi-B-Fredholm operator.

(See [13]) Let T' € B(X) and let

A(T) = {neN:V¥meN,m>n= [R(T")NN(T)] C [R(T™) N N(T)]}.

Then the degree of stable iteration dis(T) of T is defined as dis(T') = inf A (T).

Let T be a semi-B-Fredholm operator and let d be the degree of the stable iteration of T'.
It follows from [4, Proposition 2.1] that if T}4 is a semi-Fredholm operator, and ind(Tj,,)) =
ind(T}q) for each m > d. This enables us to define the index of a semi-B-Fredholm operator T’
as the index of the semi-Fredholm operator Tiy.

In the case of a normal operator T acting on a Hilbert space, Berkani [5, Theorem 4.5]

showed that
opw(T) = o(T)\E(T),

E(T) is the set of all eigenvalues of 7" which are isolated in the spectrum of 7. This result gives
a generalization of the classical Weyl’s theorem. We say T obeys generalized Weyl’s theorem if
opw(T) = o(T)\E(T) ([6, Definition 2.13]).

In this paper, first we describe Browder’s theorem and generalized Weyl’s theorem using
two new spectrum sets which we define in section 1; In section 2, we prove that Class A operators

satisfies the generalized Weyl’s theorem, hence Weyl’s theorem holds for Class A operators.

§2 Some known results

Using Corollary 4.9 in [10], we can say that ogp(T) = op(T), where op(T) = {A € o(T) : A
is not a pole of T' }. We call op(T') the Drazin spectrum of T. We can prove that the Drazin
spectrum satisfies the spectral mapping theorem, and the Drazin spectrum of a direct sum is
the union of the Drazin spectrum of the components.

In [19], We proved that the follow result is true:

Lemma 2.1. Browder’s theorem holds for T if and only if opw (T) = op(T).
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Lemma 2.2. If Browder’s theorem holds for T' € B(X) and S € B(X), and p is a

polynomial, then Browder’s theorem holds for

p (T) <= p (opw(T)) = opw(p (T));
To S — Ggw(TEB S) = O’Bw(T) Udgw(S).

Lemma 2.3. If T € B(X), then ind(T — Al)ind(T — pI) > 0 for each pair A, p € C\o(T)
if and only if p(epw(T)) = opw (p(T)) for each polynomial p.

Lemma 2.4. T € B(X) is isoloid and generalized Weyl’s theorem holds for 7" if and only
if 01(T) = op(T).

Lemma 2.5. Let suppose T, S € B(X) are all isoloid. If generalized Weyl’s theorem
holds for T and S and if p is a polynomial, then generalized Weyl’s theorem holds for

p (T) <= o1(p (T)) = p(or(T))

and
TaS 0‘1(T@S) = O’l(T) UO‘l(S).

Lemma 2.6. T € B(X), then ind(T — AI)ind(T — pI) > 0 for each pair A, p € C\oo(T) if
and only if f(o1(T)) C o1(f(T)) for any f € H(T).

For the converse, if there exist A, u € C\oe(T) for which ind(T — M) = - m <0 <k =
ind(T — pl), let f(T) = (T — M)¥(T — pI)™. Then 0 € f(oy(T)) but 0 is not in oy (f(7)). It
is a contradiction. The proof is completed.

Lemma 2.7. If T € B(X) is isoloid and generalized Weyl’s theorem holds for T', then the
following statements are equivalent:

(1) ind(T — M)ind(T — pI) > 0 for each pair A, u € C\o(T);

(2) oW (F(T)) = f(opw (T)) for every f € H(o(T));

(3) generalized Weyl’s theorem holds for f(T') for every f € H(o(T));

(4)

4) o1(f(T)) = f(o1(T)) for every f € H(o(T)).

83 Generalized Weyl’s theorem for Class A operators.

In the following, let X denote a complex Hilbert space. If for all x € X, ||Tz|]? < || T?z]|,
then we say that T is paranormal. It is well known that if T is paranormal, then ||T|| =
{IAl : A € o(T)}. We say that an operator T € B(X) belongs to the class A if |T?| > |T|?.

Class A operator was first introduced by Furuta-Ito-Yamazaki [°]

as a subclass of paranormal
operators which includes the classess of p-hyponormal and log-hyponormal operators. The
following Lemma is due to [?) and 9!

Lemma 3.1. (1) If T is a class A operator and M is an invariant subspace of T', then T'|;
is also a class A operator;

(2) If T belongs to the class A and o(T) = {0}, then T = 0;

(3) If T belongs to the class A, then T is isoloid;

(4) If T belongs to the class A and X is non-zero complex number, then (T' — M)z = 0

implies that (T'— AI)*z = 0.
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In [19], A. Uchiyama showed the following results:

Theorem 1. If T' belongs to the class A and KerT'|jpg) = {0}, then Weyl’s theorem holds
for T

Theorem 2. If T belongs to the class A and KerT'|i7x) = {0} and f is an analytic function
on an open neighborhood of o(T), then Weyl’s theorem holds for f(T).

In fact in these Theorems, the results are true without the condition KerT'|i7g) = {0}. In
the following we will show that for class A operator T', generalized Weyl’s theorem holds for
f(T) for any f € H(o(T)), hence Weyl’s theorem holds for f(T') for every f € H(o(T)). The
main theorem in this section is:

Theorem 3.2. If T belongs to the class A, then generalized Weyl’s theorem holds for 7'
Hence Weyl’s theorem holds for T

Proof. We need to prove o(T)\opw (T) = E(T).

Let Ao € o(T)\opw (T), that is T — Aol is B-Weyl. Then there exists € > 0 such that

T — A is Weyl and N(T — AXI) C ﬂ R(T — A" if 0 < |A = Xo| < € ([7, Remark iii]). We

can take A # 0 if 0 < |\ — Ag| < €. Suppose that there exists A such that A € o(T) and
0 < |A— Xo| < e. By Lemma 3.1 (4), we have N(T' — AI) = N[(T — AI)*] and it is a reducing
subspace of T. Let E be the orthogonal projection onto N(T'— AI). Then T = AE & T(I — E)
on E(H) ® E(X)* and o(T) = {\} Ua(T(I — E)|p(x)+). Since E is a finite rank projection,
ind(T(I — E)— A — E)) = ind(T — M) = 0 and since [T'(I — E) — A(I — E)]| g(s)+ is one-one,
[T(I — E) — \I — E)]|g(m)~ is invertible. This implies that A is not in J(T(I E)|gmy+) and
A €isoo(T). Then T'— Al is Browder and hence N(T'—AI) = N(T'— AI)N ﬂ R[(T - )\I) =

{0}, which means that 7' — A is invertible. It is in contradiction to the fact that A € o(T).

Now we have proved that A\g € iso o(T'). Then A\g € E(T). Thus o(T)\opw (T) C E(T).
Conversely, suppose Ao € E(T), that is Ao € iso o(T") which is an eigenvalue of 7.

=L Jog, (T = M)~ Ld\, where

By is an open disk of center 0 which contains no other points of o(T), we can represent T as

Case 1 suppose A\g = 0. Using the spectral projection P =

the direct sum
T =T, &Ts, where o(T1) = {0} and o(T>) = o(T)\{0}.

Then T3 is invertible. By Lemma 3.1 (1) and (2), 71 = 0, then T'= 0 & T5. Thus T is B-Weyl.

Case 2 suppose \g # 0. By Lemma 3.1 (4), we have T' = Ao @& T2 on H = N(T — X\I)
[N(T — XoI)]* and the isolatedness of A\g € o(T) implies either Ao € iso o(Tz) or To — Ao/ is
invertible. Since T3 is a class A operator (hence Ty is isoloid ) with N(Ty — Agl) = {0}, then
Ao is not in iso o(T3), that is To — Ag[ is invertible. By T — Aol = 0@ (To — \oI), then T — o1
is B-Weyl.

From Case 1 and Case 2, we get that E(T) C o(T)\opw (T).

Now we have proved that generalized Weyl’s theorem holds for 7', hence Weyl’s theorem
holds for T

Corollary 3.1. If T belongs to the class A, then for any f € H(o(T)), generalized Weyl’s
theorem holds for f(T'). Hence for every f € H(o(T')), Weyl’s theorem holds for f(T).

Proof. From Lemma 2.7 and Theorem 3.2, we only need to T € A;(X), where 4;(X) =
{S € B(H) : ind(S — M )ind(S — ul) >0 for all A\ ue C\o.(S)}. If \g € C\oe(T), then
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T — M is Fredholm operator and ind(T — AI) = ind(T — Aol) if |\ — Xo| is sufficiently small.
We can suppose that A # 0. By Lemma 3.1 (4), we know that ind(T — AI) = dimN (T — X\I) —
dimN[(T — M)*] < 0, then ind(T — \oI) < 0, that is T € A;(X).

In [21], Xia proved that if T is semi-hyponormal, then o(T) = {\ : A € 0,(T*)}. In
[1, Corollary 3.5], A. Aluthge and Derming Wang proved that if 7" is w-hyponormal, then
o(T) — {0} = {\: X € 0,(T*)} — {0}. We know that if T' is w-hyponormal then T belongs to
class A. We extend [21, Corollary 3.5] to the following result:

Corollary 3.2. If T belongs to the class A, then o(T) = {\: X € 0o (T*)}.

Proof. We only need to prove that o(T) C {\: X € 0,(T*)}. Let A\g € o(T) but Ag is not
in o,(T*), that is T* — Aol is bounded form below. Then R(T — \¢I) = X. By perturbation
theorem of lower semi-Fredholm, then R(T — AI) = X if |A — Xg| is sufficiently small. Thus
N[(T—A)*] = [R(T — \I)]*+ = {0}. Lemma 3.1 (4) asserts that N(T — XI) = {0}, then T — \I
is invertible if |\ — Ag| is sufficiently small. Thus A\g € iso o(T'). [10, page 332, Theorem 10.5]
tells us that a(T — Xol) = B(T — MoI) = 0, that is T'— Ao is invertible. It is a contradiction.
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Abstract A set D C V(G) is said to be a dominating set if every vertex v € V(G) is either
in D or has an adjacency in D. The minimum cardinality among the dominating sets is
called the domination number of G and is denoted by v(G). In this paper, a new parameter,
called weakly convex domination number is being introduced and its basic properties are

analysed.
Keywords Domination number, connected domination number, wed set, weakly convex do

-mination number.

§1. Introduction and preliminaries

A dominating set D is said to be a connected dominating set if for every u,v € D, there
exists an u — v path in (D).

The cardinality of a minimum connected dominating set is called the connected domi-
nation number of G and is denoted by ~.(G).

A dominating set D is said to be a weakly convex dominating set (wcd set) if for every
u,v € D, either u and v are not connected or there exists a u — v shortest path (of G), in (D).

The cardinality of a minimum wcd set is called the weakly convex domination number
of G and is denoted by 7uc(G).

Y(G) < 7e(G) < Ywe(G). In this paper, graphs with 7(G) = 74c(G) and 7e(G) = Yue(G)
are characterized.

§2. Weakly convex domination in graphs

A dominating set D is said to be a weakly convex dominating set (wcd set) if for every
u,v € D, either u and v are not connected or there exists a u — v shortest path (of G), in (D).

The cardinality of a minimum wed set is called the weakly convex domination number of
G and is denoted by Yu,c(G).

Observation. For any graph G,

(i) %(G) < Ywe(G), where v(G) is the total domination number of G.
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(ii) Y(G) < Y(G) < Yuwe(G), where ¥(G) is the domination number and 7.(G) is the
connected domination number of G.

(i) Ywe(P2) =
(ii) Ywe(Pn) = n — 2 for any positive integer integer n > 3.
(iil) Ywe(Kp) =1 for any positive integer n.
(V) Ywe(Km,n) = 2 for any positive integer m and n.
(Vi) Ywe(Wy) = 1 for any positive integer n.
Notion. The length of a smallest cycle in G is called the girth of G and is denoted by
9(G).
Lemma. If G is a graph with §(G) > 2 and g(G) > 7 then 7,.(G) = n.
Proof. Let if possible there exist a proper wecd set D. Then V — D # ¢. Then for

every u € V — D there exists u; € D such that uvu; € E(G). 6(G) > 2 implies there exists
us(# uy) € N(u). Therefore, d(uy,us) < 2.

If us € D, then uy,us € D implies there exists uj ... us shortest path in D. This shortest
path (or geodesic) must have length at most two whence it follows that G has a cycle C, for
n € {3,4}, a contradiction to our hypothesis that g(G) > 7. Therefore, us ¢ D and hence
us € V—D.

Then N(uz) N D # ¢. Therefore us may be adjacent to u; or there exists ug(# uy) € D
such that uzus € E(G).

If uguy € E(G) then there will exist a 3 cycle.

If there exists uz(# u1) € D such that ugus € E(G), then d(uy,uz) < 3. ui,uz € D implies
there exists an uy ... us shortest path in (D).

If d(uq,us) = 1 then there will exist a 4 cycle.
If d(u1,ug) = 2 then there will exist a 5 cycle.
If d(uq,us) = 3 then there will exist a 6 cycle.

A contradiction. (since g(G) > 7) and therefore G cannot have a proper wed set. (i.e.)
Ywe(G) = n.

Corollary. If v,.(G) < n then either 6 <1 (or) g(G) < 6.

Remark. From Lemma 1 we can conclude that there exist infinitely many number of
graphs G with v,.(G) = n.

Observation. v,,.(C,) =n — 2 for any integer 3 < n < 6 and is equal to n for n > 7.

Proof. (i) If 3 < n < 6, then choose any u,v € V(C,,) with uv € E(G) and consider
D = V(C,) — {u,v}. Then D is a dominating set of C,,. For any x,y € D, if there exists
no z ...y shortest path in (D), then d(py(x,y) > d(z,u) + d(u,v) + d(v,y) > 3. Therefore
d<D> (ac,y) > 3. (ie) d<D> (x,y) > 4.
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D

V —-—D Ue—@YV

Then z..yvu..x is a cycle of length atleast 7, a contradiction. Hence, for any two xz,y € D
there exists an x ...y shortest path in D. (i.e.) D is a wed set. Therefore v,.(Cp)) < n — 2.
Ye(Cr) =n — er(G) where er(G) is the maximum number of pendant vertices in any spanning
tree Tg of G. (i.e.) n—2 = v.(Cp) < Ywe(Crn) < n—2. Hence v4c(Cr,) =n—2for n, 3 <n < 6.

(ii) If n > 7, by Lemma 1 we can conclude that ~,,.(Cy) = n.

Remark. From the above observation we can conclude that the following disconnected
graph has no proper wed set.

fig. 3(a)

Remark. If G is a disconnected graph and D; is a proper wed of a component Cy of G,
then (V(G) — V(C4)) U D is a proper wed set of G. And if no component of G has a proper
wed set, then G cannot have a proper wed set. (i.e.) A disconnected graph G has a proper
wed set if and only if there exists a component C; of G with proper wed set. Hence wed sets
in a disconnected graph can be analysed by studying the wcd sets of it’s components. For
this purpose first we make a complete study of wcd sets in connected graphs. In the following
discussion by a graph we always mean a connected graph.

Remark. From the Lemma 1 we can conclude that 1 < 7,,.(G) < n.

Remark. ~v,.(G) =1 if and only if G has a vertex of full degree.

Remark. Every graph with diam(G) < 2 has a proper wed set.

Proof. If diam(G) = 1 with n > 2 then G is K,,. Therefore D = {u} is a wcd set for any
u € V(G). If diam(G) = 2 then for any u € V(G) with degu = A, NJu] is a wed set. For if
x,y € N[u] either xy € E(G) (or) (x,u,y) is connected. Therefore N[u] is weakly convex. Let
v € V — N[u]. Then v must be adjacent to atleast one vy € N(u). For otherwise d(u,v) > 3.
Hence for every v € V — N/[u] there exists v; € N(u) such that vv; € E(G). Therefore N[u] is
a dominating set.

Remark. All graphs (with diam(G) > 2) need not have a proper wed set.

Example. C,, with n > 7 has no proper wed set.

Observation. For any tree T of order n, v,:(T) = n — ¢ where € denotes the number of
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pendant vertices of the given tree T'.

Proof. D = V(T) — A, where A is the set of all pendant vertices of T', is a wed set of T
Hence vye(T) < n —e. Therefore n — € = .(T) < ywe(T) <n —e. (ie.) Yue(T) =n — €.

Remark. ~v,.(T) =n — 2 if and only if T is a path.

Proof. Let v,.(T) =n — 2 for a tree.

Claim. T is a path. (i.e.) To prove that T has exactly two pendant vertices.

Let A be the set of all pendant vertices of 7. Then D = V(T) — A is a wed set and
hence V(1) < n — |A] < n — 2 (since |A| > 2 for any non trivial tree). If |A| > 2 then
n—2="v,(T) <n—]A] <n—2...a contradiction. Hence T is a tree with exactly two
pendant vertices. (i.e.) T is a path.

Conversely, if T is a path then 7,,.(T) =n — 2.

Notation. er(G) denote the number of pendant vertices of a spanning tree T (of a
connected graph) G with maximum number of pendant edges.

Observation. If G is a unicyclic graph then 7,,.(G) =n — er(G) (or) n —ep(G) + 1 (or)
n—er(G)+2.

Proof. If A is the set of all pendant vertices of a spanning tree Ty of G with maximum
number of pendant edges, then |A| = er(G). Let C, be the unique cycle of G where r denote
the length of the cycle C,. Let B = {u € V(C,)/N(u) N (V(G) - V(C,)) = ¢}.

case(i): B = ¢.

In this case for any r > 3, N(u)N(V(G)—V(Cr)) # ¢ for each u € V(C,.). Then ANB = ¢
and D = V(G) — A is a wed set. Therefore v,:.(G) < n — er(G). Hence n — er(G) = v.(G) <
Ywe(G) < n—er(G). (ie.) Ywe(G) =n —er(G).

Case(ii): B # ¢ and B is independent.

(a) r=3

B is an independent subset of a 3 cycle implies |B| = 1. Let B = {«} where 2 € V(C3) =
{z,y,z}. In this case G can be obtained by taking a C3 : zyzz and attaching one or more

nontrivial trees at two vertices y and z.

Therefore N(y) N (V(G) —V(C3)) # ¢, N(2) N (V(G) — V(C3) # ¢ and

fig. 4

N(z)Nn(V(G) =V (C5)) = ¢. (i.e.) x is a pendant vertex in any spanning tree of G. Therefore
x € A,and D = V(G) — A is a wed set. Therefore v,.(G) = n — er(G) as in case (i).

(b) r=4

B is an independent subset of a 4 cycle implies |B| < 2.
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5 i
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fig. 5 fig. 6

If |B| = 1, then let B = {z} where x € V(C4) = {,y, z,w}. In this case G can be obtained
by taking a 4 cycle Cy : zyzwx and attaching one or more nontrivial trees at three consecutive
vertices y, z, w. Then as in case (i) Yy (G) =n — er(G).

If |B| = 2, then let B = {x,z}. In this case G can be obtained by taking a 4 cycle
Cy : zyzwz and attaching one or more nontrivial trees at two non consecutive vertices y and

w. Then either = (or) z is in A. Both z and z cannot be in A. Since the possible spanning

X X
3, y W
w
Z Z

ﬁg. 7 ﬁg. 8

trees are:

Again as in case (1) Yupe(G) = n — ep(G).
(¢)r=5

B is an independent subset of a 5 cycle implies |B| < 2.

If |B| =1 let B = {z} where z € V(C5) = {z,y,z,v,w}. In this case G can be obtained
by taking a 5 cycle C5 : xyzvwz and attaching one or more nontrivial trees at four consecutive
vertices y, z,v, and w. N(z)N(V(G)—V(Cs)) = ¢. (i.e.) = is a pendant vertex in any spanning
tree of G and therefore x € A. But D = V(G) — A is not a wed set. (since d(py(y,w) =3 >
de(y,w) =2). But D' = (V(G) — A) U {x} is a wed set. Hence vue(G) =n — ep(G) + 1.

If |B| = 2, let B = {z,v}. In this case G can be obtained by taking Cs : zyzvwz and
attaching one or more nontrivial trees at y, z,w. Then either x or v is in A. Both z and v
cannot be in A. If x € A, then d(py(w,y) =3 > dg(w,y) = 2 and hence D = V(G) — A is not
a wed set. But D' = (V(G) — A) U {a} is a wed set. Similarly D' = (V(G) — A) U{y} is a wed
set. Therefore v,c(G) =n — er(G) + 1.
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(d)r=6
B is an independent subset of a 6 cycle implies |B| < 3.

Then the possible independent sets are: {z}, {z,w} and {z,z,v}. Arguing as in the
previous case we get

Ywe(G) =n —er(G) + 1

(e)r>7

B is independent subset of C,. with r > 7 implies |B| = [r/2] and |[ANB|=1. Ifz € ANB
and x1, 22 € N(z)NV(C,). r > 7 implies there exists no x; ...z shortest path in V(G) — {z}.
Therefore D = V(G) — A is not a wed set. But D' = (V(G) — A) U {z} is a wed set. Hence
Ywe(G) =n — ep(G) + 1.

Case(iii): B is not independent.

Then there exists u,v € B with uv € E(C,). Therefore N(u) N (V(G) — V(C})) = ¢ and
N(w) N (V(G) — V(C,)) = ¢. Therefore u,v are pendant vertices in any spanning tree of G.

(i.e.) u,v € A.

(iif) - (a): 3 <7 <6.
Then D = V(G) — A is a wed set of G and hence 7,.(G) =n — ep(G).
(iii) - (b): » > 7.

u
1 Us
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Then D = V(G) — A is not a wed set. (since d(py(u1,v1) = 4 > dg(u1,v1) = 3 where
u; € N(u) and v1 € N(v)). But D' = (V(G) — A) U {u,v} is a wed set. Therefore v,.(G) =
n —ep(GQ) + 2.

If G is a graph with §(G) = 1, then D = V(G) — {u} where deg v = § is a wed set of G
(i.e). G has a proper wcd set.

Lemma. If B is a block of a separable graph G with wed set B’ containing all cut vertices
belonging to B then (V — B) U B’ is a wed set of G.

Proof. Let D = (V—B)UB’. Then for eachu € V—D =V —[(V—-B)UB'] = B— B’ there
exists v € B’ such that wv € E(G) (since B’ is a wed set of B). Therefore D is a dominating
set of G.

Let z,y € (V- B)UB.

Case I: Every block of G is incident at the same cut vertex. (i.e.) G has exactly one cut

vertex, say w. As B’ contains all cut vertices belonging to B, w € B'.

fig. 9 fig. 10

I-(a): z,yeV —B.

First, we observe that every x — y shortest path (of G) in ((V — B) U {w}) has no vertex
from B — {w} and it may or may not contain w. (i.e.) there exists an x — y shortest path (of
G) in ((V — B) U {w}) not containing w or containing w. If this z — y shortest path does not
contain w then this path completely lies in (V — B). If it conains w then this path is contained
in (V-B)UB’).

I-(b): z€eV—-Bandye€ B

Then the x — w shortest path of G in ((V — B) U {w}) together with the w — y shortest
path in B’ gives an « — y shortest path of G in ((V — B) U B’).

Case II: G has at least two cut vertices.

IT - (a): If B is an end block then B has exactly one cut vertex, say w. Then arguing as

in the previous case we get the result.
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IT - (b): If B is not an end block then B may have more than one cut vertex. Let
{wi,wa,...,w,} be the set of cut vertices belonging to B. Then {wi,ws,...,w,.} C B’
As B’ is a wed set of B there exists a shortest path connecting any two cut vertices w;
and w; in (B'). Again, for any two z,y € (V — B), every x — y shortest path (of G) in
((V — B)U{wy,ws,...,w,}) has no vertex from B — {wy,ws,...,w,} and it may or may not
contain some or all of wy,wa, ..., w,. (i.e.) there exists an x — y shortest path (of G) in V — B
not containing any of the cut vertices wy,ws, ..., w, or containing some or all of wy, wa, ..., w,.

II- (b)- (i): z,y € (V- B).

If the  —y shortest path has no w; then the x —y shortest path completely lies in (V' — B).
If it contain some or all of w; then the & — y shortest path lies in ((V — B) U B’).

IT-(b)-(i): € (V—-B)andy € B

Then there exists an & — w; shortest path in ((V — B) U {w;}) for every i. w;,y € B’
implies there exists an w; — y shortest path in (B’). Hence « — w; — y is an & — y shortest path
in (V-B)UB).

In both cases I and II, if z,y € B’ then as B’ is a wcd set of B there exists an x —y shortest
path (of B) which is also an x — y shortest path of G is in B'.

Hence in all cases (V — B) U B’ is a wed set of G.

Notation. The length of a longest cycle in G is called the circumference of G and is
denoted by ¢(G).

Definition. In a separable graph G, a block with at most one cut vertex is called an end
block.

lemma. If G is a block with 3 < ¢(G) < 6, then v,,.(G) < n.
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Proof. Case (i): ¢(G) = 3.

Let C, be a cycle with r = 3. If G = C,., then obviously 7,.(G) < n. If G # C,. then
there exists an edge uv € F(G) such that u € V(C;) and v € V(G) — V(C,). Take any other
u' € V(C}). Then wo is an edge and «' is another vertex and G is a block implies there exists
a cycle containing uv and u’. But if there exists a cycle containing uvu’ then ¢(G) > 3 which
is not true. Therefore there cannot exist v € V(G) — V(C;). (i.e.) G =Cs and D = {u} is a
wed set. Hence 74,,.(G) =1 < n.

Case (ii): ¢(G) = 4.

G is a block with ¢(G) = 4 implies diam(G) < 2. If diam(G) = 1, then D = {u} is
a wed set of G for any v € V(G). If diam(G) = 2, then for any u € V(G), D = Nlu] is
a wed set. For if, v € V(G) — N[u] then v cannot be adjacent to u. Therefore v must be
adjacent to some v; € N(u). (otherwise d(v,u) > 2). (i.e.) D is a dominating set. For any
x,y € Nu] there exists x ...y shortest path in N[u] . (i.e.) D = N[u] is a wecd set. Therefore
Ywe(G) < degu + 1 < n.

Case (iii): ¢(G) = 5.

G is a block with ¢(G) = 5 implies diam(G) < 2. Then G has a proper wed set as in the
previous case. Therefore v,,.(G) < n.

Case (iv): ¢(G) = 6.

G is a block with ¢(G) = 6 implies diam(G) < 3. If diam(G) < 2, then G has a proper
wed set as in the previous cases. If diam(G) = 3, choose any z,y € V(G) with zy € E(G) and
consider D = V(G) — {z,y}. Then (D) is connected and D is a dominating set (since G is a
block). Therefore for any u,v € D there exists an u...v path in (D) Suppose there exists no

w...v shortest path in (D). Then every u...v shortest path must pass through z,y.

D u.«/_\."

Therefore d(py(u,v) > da(u, ) + da(z,y) + da(y,v) > 3. (ie) dipy(u,v) > 4. Hence
there will exist a cycle of length at least 7...a contradiction (since ¢(G) = 6). Therefore there
exists an u ... v shortest path in D. D is a wed set. Hence v,,.(G) < n

Lemma. If G is a separable graph with 6(G) > 2 and 3 < ¢(G) < 6, then 7,.(G) < n.

Proof. ¢(G) < 6 implies ¢(B) < 6 for any block B of G. Choose an end block B. Then B
has at most one cut vertex.

Case (i): ¢(B) = 3.

In this case B’ = {u} is a proper wed set of B for any u € V(B) (By the previous lemma).
Choose u to be a cut vertex belonging to B. As B can contain at most one cut vertex, B’ is
a proper wed set containing all cut vertices belonging to B. Therefore D = (V — B)U B’ is a
wed set of G. (i.e.) Yue(G) <n—|B— B'| <n.

Case (ii): ¢(B) = 4.
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Then diam(B) < 2. If diam(B) = 1, then B’ = {u} or B’ = Ngu] is a wed set for B for
any cut vertex u € B. (i.e) B’ is a wed set of B containing all cut vertices belonging to B.
Therefore D = (V — B) U B’ is a wed set of G. Hence v,.(G) < n—|B — B'| <n.

Case (iii): ¢(B) = 5.

Then diam(B) < 2. Then also B’ = {u} or B’ = Nglu] is a proper wed set for any cut
vertex u belonging to B. Hence 7v,.(G) < |D| <n — |B — B'| < n.

Case (iv): ¢(B) = 6.

Choose any two vertices z,y € V(B) with zy € E(B) and neither  nor y is a cut vertex.
Such an edge exists since B is an end block with 6(G) > 2. Let B’ = V(B) — {z,y}. Then B’
is a wed set of B containing the cut vertex belonging to B. Therefore D = (V — B)U B’ is a
wed set of G. Therefore v,,.(G) < |D| <n—|B— B'| <n.

Observation. If G is a block with g(G) = 3 and ¢(G) < 12 then 7,,.(G) < n.

Proof. Let C be a cycle of length 3 with V(C) = {u1, uz2,us}.

Case (i): N(u;)N(V(G)=V(C)) = ¢ for some u; € V(C),i=1,2,3, then D = V(G)—{u;}
is a wed set of G and hence 7,.(G) < n.

Case (ii): N(u;)N(V(G)=V(C)) # ¢ foreachi € {1,2,3}. Let v; € N(u1)N(V(G)-V(C)).

Uy

G is a block implies there exists a cycle C! containing ujv;(= e) and uy. Also N(u3) N
(V(G)—=V(C)) # ¢. Let va € N(u3)N(V(G) —V(C)). Then there exists a cycle C? containing
upvg and uz. ¢(G) < 12 implies [(C) (or) I(C?) is less than or equal to 6. If [(Cy) < 6 then
choose z,y € V(C?) with xy € E(C?) and z,y # {u1,u3}. Then D = V(G) — {z,y} is a wed
set. Hence 7,.(G) < n.

Observation. If G is a block with g(G) = 4 and ¢(G) < 13 then v,.(G) < n.

Proof. Let C be a cycle of length 4 with V(C) = {u1, uz2,us, ug}.

Case (i): N(u;) N (V(G) —V(C)) = ¢ for some u; € V(C).

Then D = V(G) — {u;} is a wed set of G and hence 7,,.(G) < n.

Case (ii): N(u;) N (V(G) —V(C)) # ¢ for each i € {1,2,3,4}. Let v1 € N(uy) N (V(G) —

V(C)). G is a block implies there exists a cycle C! containing e = ujv; and us.

’U’l Ug uy

X 2 ct
y

us U2

N(ug) N (V(G) = V(C)) # ¢ implies there exists v € N(ugq) N (V(G) — V(C)). Therefore
there exists a cycle C? containing u4v} and ugz. ¢(G) < 13 implies I(C!) or I(C?) < 6. Let
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[(C?) < 6. Then D = V(G) — {x,y} for any two z,y € V(C?) with zy € E(C?) and z,y ¢
{uq,us} is a wed set. Therefore vy, (G) < n.

Observation. If G is block with g(G) =5 and ¢(G) < 14, then v,.(G) < n.

Proof. Let C be a cycle of length 5 with V(C) = {uy,us, us, ug, us}.

Case (i): N(u)N(V(G) =V (C)) = ¢ and N(v)N(V(G) -V (C)) = ¢ for some u,v € V(C)
with wv € E(C) then, D = V(G) — {u,v} is a wed set. Therefore v,,.(G) < n.

Case (ii): N(u)N(V(G) =V (C)) = ¢ and N(v) N (V(G) — V(C)) = ¢ for no two adjacent
vertices u,v € V(C'). Let N(us) N (V(G) —V(C)) = ¢. Then N(u1)N(V(G) —V(C)) # ¢ and
N(ug) N (V(G) =V (C)) # ¢. Let v1 € N(up) N (V(G) — V(C)). G is a block implies there
exists a cycle C! containing e = uyv; and us. N(ug) N (V(G) — V(C)) # ¢ implies there exists
v] € N(ug) N (V(G) = V(C)).

Therefore there exists a cycle C? containing u4v] and uz. ¢(G) < 14 implies I[(C) or
1(C?) < 6. Let I(C?) < 6. Then D = V(G) — {x,y} for any two z,y € V(C?) with 2y € E(C?)
and z,y € {uq,us} is a wed set. Therefore v,.(G) < n.

Observation. If G is a block with g(G) = 6 and ¢(G) < 15 then v4,.(G) < n.

Proof. Let C be a cycle of length 6 with V(C) = {uy,us, us, ug, us, ug}

Case (i): N(u)N(V(G) -V (C)) = ¢ and N(v)N(V(G) -V (C)) = ¢ for some u,v € V(C)
with wv € E(C), then, D = V(G) — {u, v} is a wed set. Therefore v,.(G) < n.

Case (ii): N(u)N(V(G) =V (C)) = ¢ and N(v) N (V(G) — V(C)) = ¢ for no two adjacent
vertices u,v € V(C'). Let N(ug) N (V(G) —V(C)) = ¢. Then N(u1)N(V(G) —V(C)) # ¢ and
N(us) N (V(G) — V(C)) # 6.

Let v1 € N(up) N (V(G) — V(C)). G is a block implies there exists a cycle C* containing

e = uiv; and us.

Ug
us Uy
e o
Uy Uo
us

N(us) N (V(G) = V(C)) # ¢ implies there exists v € N(us) N (V(G) — V(C)). Therefore
there exists a cycle C? containing usv} and uy. ¢(G) < 14 implies I(Cy) or I(C?) < 6. Let
[(C?) < 6. Then D = V(G) — {z,y} for any two z,y € V(C?) with xy € E(C?) and z,y €
{u4,us} is a wed set. Therefore v,.(G) < n.

Definition.!”) A graph G is distance-hereditary if for all connected induced subgraphs F
of G, dp(u,v) = dg(u,v) for all u,v € V(F).
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Observation. For every distance hereditary graph G, v,c(G) < n.

Proof. Consider any spanning tree T of Tiz. Then (V(Tg) — A) where A is the set of
all pendant vertices of T¢ is distance preserving. (i.e.) div(rg)—ay(7,y) = da(x,y) for all
z,y € V(Tg) — A. Therefore for every x,y € V(Tg) — A there exists an z ...y shortest path in
(V(Tg) — A). Also V(Tg) — A is a dominating set. Hence 7y,,.(G) < n

CHARACTERIZATIONS

We use the following notations throught the remaining discussion.

Notation. Ty denote any spanning tree of G.

A - denote the set of all pendant vertices in T¢.

T, denote the subtree obtained by deleting all pendant vertices from Tg. (ie.) TS =
Ta — A.

T¢ denote the subtree obtained by deleting a proper subset A’ C A from Tg. (ie.)
Th=Tc— A

(V(T},)) denote the subgraph of G induced by V (T}).

(V(T{)) denote the subgraph induced by V(T{).

Definition. A subset V(H) of V(G) is said to be distance preserving if dy sy (z,y) =
dg(z,y) for all z,y € V(H).

Remark. If G has a wed set D, then for every z,y € D there exists an ...y shortest
path in (D). d(py(z,y) = dg(z,y) for all z,y € D and hence D is distance preserving.

Example.

Tt -

Here A = {3,8,10,9,4,6} dr,, (v,y) = dg(z,y) for all z,y € V(T¢).

Example.
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dr.,(2,7) = 2 # dg(2,7) = 1. Therefore dry, (v,y) # dg(z,y) for all z,y € V(Ig). But
d<V(Té)>(a:,y) = dg(z,y) for all z,y € (V(T)) and hence (V(T};)) is a distance preserving

subgraph. , ”
G: Ta g Ta
1 1 1 1
2
5
7
5 2
4
8
10 g 10 4
Example.

Here A = {3,8,9,10,11,6}. dr., (x,y) # dg(z,y) for all x,y € V(1) (since dr.,(4,7) =3
and dg(4,7) =2). A" ={3,9,11,6} then A’ C A. T/ is not distance preserving. But (V (7))
is distance preserving.

Observation. If §(G) = 1 then v,.(G) < nas D = V(G) — {u € V(G)/degu =1} is a
wed set.

Observation. If G is a graph with 6(G) > 2, then 7,.(G) < n if and only if G is a tree
or G has a spanning tree T satisfying one of the following three conditions:

(i) T has a subtree Ty, such that dr, (z,y) = dg(z,y) for all z,y € V(T).

(i) T has a subtree T¢, such that (V(Tf;)) is distance preserving.

(iii) T has a subtree T/ such that (V(T/)) is distance preserving.

Proof. 7,.(G) < n implies that there exists a proper wed set D. Then D is a dominating
set with (D) is connected and distance preserving. (D) is connected implies (D) has a spanning
tree Tpy. Hence D = V(T py) and each vertex in V' — D is adjacent to some vertex in V(T{py).
Deleting the edges in (V — D) we get a spanning tree T of G. (i.e.) there exists a spanning
tree T of G such that D = V(Tg) — A’ where A’ C A and (D) = (V(Tg) — A’) is distance
preserving.

Case (I): (D) = (V(Tg — A")) = T{, with T/, is distance preserving and A = A’.

I-(i): (A) is independent.

If uw € A then there exists u; € D = V(T},) such that vu; € E(G). §(G) > 2 implies there
exists ug(# u1) € V(G) such that ug € N(u). A is independent implies uq,us € D = V(T},).
Therefore there exists an ;g ...ug shortest path in (D) = T,. (i.e.) there exists an uy...ug
shortest path in the subtree T},.

Therefore if u,v € A then |[N(u) NV(T})| > 1 and |[N(v) NV (T{)| > 1. Hence if u; €
IN(u) N V(T})| > 1 and v1 € |[N(v) NV(T)| > 1 then there exists an uy ... v; shortest path in
T¢.. (i.e) every shortest path connecting u snd v should pass through the points of T{, and T}, is
a distance preserving subtree. Therefore dr, (u,v) = dg(u,v) for all u,v € A. T¢, is a distance
preserving subtree implies dr, (z,y) = dg(x,y) for all z,y € V(1¢;). Hence dr (z,y) = da(z,y)
for all z,y € V(G). (i.e.) T is a distance preserving spanning tree of G. Hence no two pendant
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vertices of T are adjacent in G (since if u, v are pendant vertices in T with uv € E(G) then
1 =dg(u,v) < drg(u,v)). T is distance preserving implies no two pendant vertices of T¢, are
adjacent in G. Similarly no two pendant vertices in the tree obtained by removing the pendant
vertices of T(, are adjacent. Proceeding like this we get G as an acyclic connected graph. Hence
G is a tree.

I- (ii): (A) is not independent.

(A) is not independent implies there exist at least two adjacent vertices u,v in (A). Then
drg (u,v) > dg(u,v) = 1. (i.e.) T¢ is not distance preserving. But T¢, is distance preserving.
Hence G has a spanning tree Tz with distance preserving subtree Tf,. Hence condition (ii) is
satisfied.

Case (II): D = V(T(,) and T¢, is not distance preserving. A’ may or may not be independent
and A=A

(D) = (V(Tg) — A) = (V(Tg)) is distance preserving. (i.e.) G has a spanning tree T
with a subtree T/, such that the subgraph induced by V(Tf,) is distance preserving. Hence
condition (iii) is satisfied.

Case (III): T/, is not distance preserving and A’ C A and A’ may or may not be independent.

Then (D) = (V(TIg) — A’) is distance preserving. (i.e) (V(T{)) is distance preserving.
(i.e.) G has a spanning tree T with subtree T/ such that (V(T/)) is distance preserving.
Hence condition (iv) is satisfied.

Conversely, suppose G is a tree or G has a spanning tree T satisfying one of the conditions
(i) to (iii).

If G is a tree then D = V(G) — A where A is the set of all pendant vertices of G is a wed
set of G.

If G has a spanning tree T satisfying condition (i) or (ii) then D = V(Tg) — A is a wed
set of G.

If G has a spanning tree T satisfying condition (iii) then D = V(Tg) — A’ is a wed set of
G.

Hence 7,(G) < n in all cases.
CONSTRUCTION OF A GRAPH G WITH 7,,.(G) < n.

Observation. v,.(G) < n if and only if G can be constructed as follows:

Take any connected graph H.

(i) Attach one or more pendant vertices at each (or at some) vertices of H.

(ii) Identify an edge of a 3 cycle at each (or some) edges of H.

(iii) Identify two consecutive edges of a 4 cycle at each (or some) paths of length 2 in H.

(iv) Do any one or both of the two operations (i) and (ii) at each (or some) vertices of H
and do operation.

(iii) At each (or at some) paths of length 2 in H.

(v) Attach one or more triangles at each (or at some) vertices of V(H).
(vi) Identify an edge of a 4 cycle at each (or some) edge of H.
(

vii) Identify two consecutive edges of a 5 cycle at each (or some) paths of length 2 in H.
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(viii) Identify three consecutive edges of a 6 cycle at each (or some) paths of length 3 in
H.

(ix) Do any one of the operations (v) to (viii) at each (or some) vertex, edge, paths of
length 2 or 3.

(x) Do all (or some) of the operations (i) to (ix) at each (or some) vertex, edge, paths of
length 2, paths of length 3.

(xi) Take any two connected graphs H and H' with V(H) = {u1,us,...,u,} and V(H') =
{v1,v2,...,vs}. First join v1 to u;. Join each v; € Npys(v1) to uy or to all or some vertices
which are at distance atmost 3 from u; in H. (i.e.) each v; € Ny/(v1) can be joined to uy or
to all or some u; with dg(u1,u;) < 3. Do the same operation for each v; € N(v;) and repeat
this process until each v; is joined to some u;.

(xii) Take any connected graph H and any number of connected graphs { H/} and perform
the operation (xi) to each H/.

Proof. Let v,.(G) < n and let D be a 7y, set of G. Then (D) is connected and distance
preserving.

Case (i): 6(G) =1 and (V — D) is independent.

Hence in this case G can be obtained by taking H = (D) and attaching one or more
pendant vertices at each or some vertices of H.

Case (ii): 6(G) > 2 and (V — D) is independent.

0(G) > 2 and (V — D) is independent implies for every u € V — D, |[N(u) N D| > 2. Let
up,ug € N(u) N D. Then d(ui,uz) < 2. (D) is a wed set implies there exists an ug ... us
shortest path of length < 2 in (D).

U1 U2
vavdl VAV,
u

Therefore, G can be obtained by taking a connected graph (D) and performing one of the
operations (ii) to (iv).

Case (ii): The components of (V — D) are K> alone.

For any two u,v € V — D with uwv € E(G) both of them may be adjacent to a same vertex
or adjacent to two different vertices in D. If each pair of adjacent vertices in V' — D are adjacent
to the same vertex in D then in this case G can be obtained by taking H = (D) and performing
the operation (v). If there exists u,v € V — D with wv € E(G) and adjacent to two different
vertices u; and vy respectively in D, then d(uj,v1) < 3. D is a wed set implies there exists an
uy ... v shortest path of length < 3 in (D).

AT

1 (%1 Uq 1 Uy vy

u
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Therefore, G can be obtained by taking a connected graph H = (D) and performing one
of the operations (v) to (ix).

Case (iii): The components of (V' — D) are isolates and Kss.

In this case G can be obtained by taking H = (D) and performing the operation (ix).

Case (iv): (V — D) is connected.

In this case, G' can be obtained by taking H = (D) and performing one of the operations
(x).

Case (v): (V — D) is disconnected and has more than one connected components.

In this case, G can be obtained by taking H = (D) and performing operation (xi) to each
connected graph H/.

Lemma. If G is any simple graph with n > 3 and 6(G) > n/2 then v,.(G) < n.

Proof. For any vertex u of degree ¢ consider D = N[u]. Then any v € V — D must
be adjacent to some u; € N(u), since v is not adjacent to u. Otherwise §(G) < deg v <
n—1—|Nu)=n—-1-6<n-1-n/2 <n/2...a contradiction to the fact that § > n/2.
Therefore, each v € V — D is adjacent to some u; € N(u) and hence D is a dominating set.
And D = Nu] implies d(py(z,y) = dicy(z,y) for all z,y € D. (i.e.) D is a wed set and hence
Ywe(G) < n.

Corollary. If v,.(G) = n then §(G) < n/2.

Proof. For if §(G) > n/2 then by the previous lemma 7,.(G) < n... a contradiction
(since Ve (G) = n).

Lemma. If §(G) > n/2, then v,.(G) < J+ 1 or vue(G) = 2.

Proof. §(G) > n/2 implies G is Hamiltonian 6. And m = 1/23 deg u = n?/4. Therefore,
G is pancyclic (or) G is Ky /2./2 6], If G is pancyclic, then D = Nu] is a wed set with deg
u = 0. Therefore, yue(G) <5+ 1. If G is Ky, /9 52 then 7,.(G) = 2.

Observation. 7,.(G) = n if and only if G is not a tree and for every spanning tree T
and for every subset A’ C A there exists at least one pair of points z,y € V(Tg) — A’ such that
dv(re)—an(T,y) > da(,y).

Proof. Let v,.(G) =n. Then G cannot be a tree. If there exists a spanning tree T and
a set of pendant vertices A" C A such that for every x,y € V(Tg) — A', dyv(rg)—an(z,y) <
de(z,y) then D = V(Tg) — A’ is a proper wed set of G ... a contradiction.

Conversely, suppose G is not a tree and for every spanning tree T and for every subset
A’ C A there exists at least one pair of points z,y € V(Tg) — A’ such that diy(rg)—an(z,y) >
da(z,y). Let if possible v,,.(G) < n. Then G is a tree (or) has a spanning tree Tz with a set of
pendant vertices A’ C A such that for every pair of points z,y € V(Tg)—A’, diy (rg)—ary (2, y) =
da(x,y) (by observation (12)... a contradiction).

Observation. v(G) = 7,.(G) if and only if G is a caterpillar (or) G has a spanning tree
T with maximum number of pendant edges er(G) satisfying one of the two conditions (a) or
(b) and both the coditions (c) and (d).

(a) T has a distance preserving subtree T¢,.

(b) T has a subtree T¢, with (V(TY;)) is distance preserving.

(¢) Each u € V(G) is either a support or a pendant vertex in Tg.

(

d) The domination number of G is the number of supports in Tg.
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Proof. Let v(G) = 74c(G) and let D be a v, set. Then D is a connected dominating
set. Therefore, 7.(G) < Yuwc(G) = Y(G). But v(G) < 7.(G) < Yuwe(G). Therefore, 7.(G) =
Ywe(G) = Y(G). 7(G) = n — er(G) where er(G) M is the number of pendant vertices in a
spanning tree of G with maximum number of pendant edges. Therefore, n — er(G) = 7.(G) =
el G) = 4(G) ...

(i) G has a proper wed set. Therefore, G is a tree or has a spanning tree T satisfying one
of the three conditions of observation 12. (i.e.) G is a tree or there exists a spanning tree Tg
such that D = V(T) — A’ for some A’ C A with (V(Tg) — A’) is distance preserving.

(ii) |D] = Ywe(G) = v(G) implies N(u) N (V — D) # ¢ for each u € D (since D is a
minimum dominating set and G is connected).

(iii) By (i) and (ii) n — ex(G) = |D| = |V(Tg) — A’|. Therefore |A'| = er(G). (i.e)
er(G) = |A'| < |A| < ep. Hence er(G) = |A'| = |A|. (i.e.) G is a tree or has a spanning
tree T with maximum number of pendant edges equal to |A’| and (D) = (V(Tg) — A’) =
(V(Tg) — A) is distance preserving. Hence by (iii) each u € D = V(Tg) — A is a support and
each u € V — D = A is a pendant vertex in Tg. (i.e.) G is a tree or G has a spanning tree Tg
with distance preserving subtree T(, (or) has a subtree T¢, with (V(T},)) is distance preserving.
(ie) G is a tree (or) satisfies one of the two conditions (a) and (b).

If u € V(G) then either u € D (or) u € V. — D. (i.e.) either u is a support (or) a pendant
vertex in G (or) T. Hence, if G is a tree then G is a caterplillar. If G is not a tree then Tg
satisfy condition (c). v(G) = ywe(G) = |D| = number of supports in T. Hence condition (d)
is satisfied.

Conversely, suppose G is a tree or has a spanning tree satisfying one of the two conditions
(a) or (b) and both the coditions (¢) and (d).

If G is a tree and satisfying conditions (c) and (d), then D = V(G) — A where A is the set
of all pendant vertices is a wed set and hence 7,,.(G) < |D|. G satisfies conditions (c) and (d)
implies each u € D = V(G) — A is a support and y(G) = |D|. Hence vy.(G) < |D| = ~(G).
(i) 1(G) = ().

If G satisfies conditions (a), (c¢) and (d), then (D) = (V(Tg) — A) = T¢, is a distance
preserving subtree of T with A as the set of all pendant vertices of T (i.€) D is a wed set and
hence v4,.(G) < |D|. That T¢ satisfies condition (¢) and (d) implies each u € D =V (Tg) — A
is a support and v(G) = |D|. Hence v,c(G) < |D| = v(G). (i-e.) Y(G) = Yuwe(G).

If G satisfy conditions (b), (c) and (d), then (D) = (V(Tg) — A) = (V(T},)) is distance
preserving. (i.e) D is a wed set and hence v,,.(G) < |D|. Tg satisty conditions (¢) and (d)
implies each u € D = V(Tg) — A is a support and v(G) = |D|. Hence 7u,.(G) < |D| = ~(G).
(i) 1(G) = 1uelG).

CONSTRUCTION OF GRAPHS WITH +(G) = Yy (G).

Observation. 7(G) = v,.(G) if and only if G is a caterpillar (or) G can be obtained as
follows:

Take any connected graph which is not a path H and consider a spanning tree Ty of H with
maximum number of pendant edges. Let {uy,us,...,u,} be the set of pendant vertices of T .
Attach one or more pendant vertices at each u € V(G) —{u1,ug, ..., u,} and let {v1, va, ..., vs}

be the set of pendant vertices thus attached and T be the resulting tree.
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If w € N(v;) NV(H) then v; can be joined to each or some v € V(H) with dg(u,v) < 2.
Any two v;s can be joined if both of them are adjacent to a same vertex in H. Join v; and v;
if dp(u,v) <3 where u € N(v;) NV(H) and v € N(v;) N V(H).

Proof. Let v(G) = Ywc(G). Then, by the previous observation, G is a caterpillar (or) G
has a spanning tree T satisfying conditions (a) (or) (b) and both the conditions (c) and (d).
Let H = (V(T},)) - the set of pendant vertices of T{;. Then H satisfy the required conditions.

Conversely, if G is constructed by the above method then let D = V(H) — {u1,ug, ..., u,}.
Then T¢ is a spanning tree of G with maximum number of pendant edges and D is a wed set.
Hence vyc(G) < |D| =n — ep. Therefore v,.(G) =n —er < v(G). (i-e.) Y(GQ) = Yuwe(G).

Observation. v.(G) = vuc(G) if and only if G is a tree or has a spanning tree T with
maximum number er of pendant edges satisfying one of the following two conditions:

(i) T has a distance preserving subtree Tt.

(ii) T has a subtree T¢, such that (V(TY;)) is distance preserving.

Proof. Let 7.(G) = Yuwe(G). If D is a vy, set then G satisfy one of the four conditions
of observation 12. (i.e.) G is a tree (or) (D) = (V(Tg) — A’) where A C A and (D) is
distance preserving. n — er = V.(G) = Yuwe(G) = |D| = |V(Tg) — A’| = n — |A’| which implies
er = |A'| < |A] < ep. Therefore ey = |A'| = |A|. (i.e.) T is a spanning tree of G with
maximum number of pendant edges. Hence G has a spanning tree Tgwith maximum number
of pendant vertices satisfying one of the two conditions.

Conversely, if G is a tree then 7.(G) = Yuc(G).

If G has a spanning tree with maximum number of pendant edges satisfying one of the
two conditions then D = V(Tg) — A is a wed set with |A| = er and hence v,.(G) < |D| =
V(To) — Al = n— |A] = n— ep = 7.(G). Hence 1.(G) = 7ue(C).

CONSTRUCTION OF A GRAPH WITH 7.(G) = 7ue(G).

Ye(G) = Ywe(G) if and only if G is either Gy (or) G2 which are obtained as follows:

Take any connected graph H and consider a spanning tree Ty with maximum number of
pendant edges and let B = {uq,ua,...,u,} be the set of pendant vertices of Tp. Attach one or
more pendant vertices at each u;, 1 <4 <r. Let A = {v1,vs,...,vs} with s > r be that set of
pendant vertices thus attached. Let G; be the resulting graph.

In G connect v; € N(u;) and v; € N(u;) by a path such that d(u;,u;) < d(vs,v;) and let
G5 be the resulting graph.

Proof. Let v.(G) = Yuc(G). Then by the previous observation G is a tree or G has a
spanning tree satisfying the two conditions.

If G is a tree then G is of the form G1.

If G has a spanning tree T with maximum number of pendant edges and a distance
preserving subtree T}, then (D) = (V(Tg) — A) = T,. Let A = {v1,ve,...,v5}. Now let
B = {u1,us,...,u,} be the set of pendant vertices of Tf,. In this case (A) is not independent.
Therefore G can be obtained by taking a tree and attaching one or more triangles at each wu;,
1 <i<r. (ie.) G is of the form Gs.

If G has a spanning tree T with maximum number of pendant edges and a subtree T¢,,
with (V(T},)) is distance preserving. Then (D) = (V(Tg) — A) = T/. Let A = {v1,v2,...,vs}
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and let B = {uq,us,...,u,} be the set of pendant vertices of T/,. Then T}, is a spanning tree
of (D) with maximum number of pendant edges. For if there exists any other spanning tree
T{ppy of (D) with ¢ number of pendant vertices and ¢ > r. Each v; is adjacent to some vertex in
T<' py t>7 implies there exists a spanning tree T1¢ of G with more number of pendant vertices
than the number of pendant vertices in Tz which is a contradiction to the fact that T is a
spanning tree with maximum number of pendant vertices.

Now let (D) = H. If v; € N(u;) then d(u;,u;) < d(v;,v;) (since D is a wed set).

If (V — D) is independent then G is of the form Gj.

If (V — D) is not independent then G is of the form Gbs.

Conversely, suppose G is of the form G; or Gs.

Then let D = V(H). By construction v.(G) =n —er(G) = |V(H)| = |D| and D is a wed
set. Therefore v,,c(G) < |D| = v.(G). Hence 7.(G) = Yue(G).

Definition. For any connected graph G we define,

€maz = Maz {|A'| JA' C A, div1e)—an(z,y) = da(z,y),Vo,y € V(Tg) — A'}, where A is
the set of all pendant vertices in a spanning tree Tg of G.

Observation. ,.(G) < n — émax-

Observation. If G is a block with proper wed set then v,,.(G) = n — €naz-

Proof. If D is a 7y set of G, then D = V(Tg) — A" with A’ C A. Therefore v,.(G) =
|ID| = |[V(Tg) — A’| > n — €max (since |A'| < €maz). Therefore by the previous observation
Ywe(G) =1 — €maz-
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Abstract The most significant feature of diagnostic medical images is to reduce speckle noise
which is commonly found in ultrasound medical images and make better image quality. In
recent years, technological development has improved significantly in analyzing medical imaging.
This paper proposes different hybrid filtering techniques for the removal of speckle noise, from
ultrasound medical images, by topological approach. The filters are treated in terms of a finite
set of certain estimation and neighborhood building operations. A set of such operations is
suggested on the base of the analysis of a wide variety of nonlinear filters described in the
literature. The quality of the enhanced images is measured by the statistical quantity measures:
Root Mean Square Error (RMSE) and Peak Signal-to-Noise Ratio (PSNR).

Keywords Digital topological neighborhood, ultrasound image, speckle noise, RMSE, PSNR.

§1. Introduction

Ultrasound imaging is widely used in the field of medicine. It is used for imaging soft tis-
sues in organs like liver, kidney, spleen, uterus, heart, brain etc. Ultrasound or ultrasonography
is a medical imaging technique that uses high frequency sound waves and their echoes. It allows
one to visualize and therefore examine a part of the human anatomy in medicine. It is a widely
used medical imaging procedure because it is economical, comparatively safe, transferable, and
adaptable. A major disadvantage with ultrasound imaging is the presence of noise, which per-
turbs feature location and creates artifacts. The acquired image is corrupted by a random
granular pattern, called speckle, which delays the interpretation of the image content. The ex-
istence of speckle is unattractive because of its disgrace image quality and it affects the tasks of
individual interpretation and diagnosis. Accordingly, speckle filtering is a central preprocessing
step for feature extraction, analysis, and recognition of medical imagery measurements. Previ-
ously, a number of schemes have been proposed for speckle mitigation. Median filter has been
introduced by Tukey ) in 1970. It is a special case of non-linear filters used for smoothing

signals. Median filter now is broadly used in reducing noise and smoothing the images. Hakan
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et al.l4 have used Topological Median filter to improve conventional Median filter. The better
performance of the Topological Median filters over conventional Median filters is in maintaining
edge sharpness. Yanchun et al.['6] proposed an algorithm for image denoising based on Aver-
age filter with maximization and minimization for the smoothness of the region, unidirectional
Median filter for edge region and Median filter for the indefinite region. It was discovered that
when the image is corrupted by both Gaussian and impulse noises, neither Average filter nor
Median filter algorithm will obtain a result good enough to filter the noises because of their
algorithm. Sudha et al.l'?l recommend a novel thresholding algorithm for denoising speckle in
ultrasound with wavelets. An improved adaptive median filtering method for denoising impulse
noise reduction was carried out by Mamta Juneja et al.!l An adaptive median filter (AMF)
is the best filter to remove salt and pepper noise of image sensing was shown by Salem Saleh
Al-amri et al.l'%. Thangavel et al.'®l showed that the M3-filter performed better than mean
filter, median filter, max filter, min filter and various other filters. The objective of this study
was to develop new hybrid speckle reduction techniques and investigate their performance on
Ultrasound images.

This work is organized as follows: Section 2 discusses types of noises involved in medical
imaging. In Section 3 basic definitions are introduced. Section 4 discusses the various existing
filtering techniques for de-noising the speckle noise in the ultrasound medical image. Section 5
deals with proposed hybrid filtering techniques for de-noising the speckle noise in the ultrasound
medical images. In Section 6, both quantitative (RMSE & PSNR) and qualitative comparisons
have been provided. Section 7 puts forward the conclusion drawn by this paper.

§2. Types of noises

§2.1. Salt and pepper noise

Salt and pepper noise is a form of noise typically seen on images. It represents itself as
randomly occurring white and black pixels. A spike or impulse noise drives the intensity values
of random pixels to either their maximum or minimum values. The resulting black and white
flecks in the image resemble salt and pepper. This type of noise is also caused by errors in data

transmission.

§2.2. Speckle noise

Speckle noise affects all inherent characteristics of coherent imaging, including medical
ultra sound imaging. It is caused by coherent processing of backscattered signals from multiple
distributed targets. Speckle noise is caused by signals from elementary scatterers. In medical
literature, speckle noise is referred to as texture and may possibly contain useful diagnostic
information. For visual interpretation, smoothing the texture may be less desirable. Physicians
generally have a preference for the original noisy images, more willingly, than the smoothed
versions because the filter, even if they are more sophisticated, can destroy some relevant image
details. Thus it is essential to develop noise filters which can preserve the features that are of

interest to the physician. Several different methods are used to eliminate speckle noise, based
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upon different mathematical models of the phenomenon. In our work, we recommend hybrid
filtering techniques for removing speckle noise in ultrasound images. The speckle noise model
has the following form (‘> denotes multiplication). For each image pixel with intensity value
fij @ <i<m,1<j <nforan m x n image), the corresponding pixel of the noisy image g;;
is given by,

Gij = fij+ fij-niy- (1)

Where each noise value n is drawn from uniform distribution with mean 0 and variance

§2.3. Gaussian noise

Gaussian noise is a statistical noise that has a probability density function (abbreviated
pdf) of the normal distribution (also known as Gaussian distribution). In other words, the values
that the noise can take on are Gaussian-distributed. Gaussian noise is properly defined as the
noise with a Gaussian amplitude distribution. Noise is modeled as additive white Gaussian noise
(AWGN), where all the image pixels deviate from their original values following the Gaussian
curve. That is, for each image pixel with intensity value f;; (1 <i<m,1 <j<nforanmxn

image), the corresponding pixel of the noisy image g;; is given by,
9i,j = fij + nij, (2)

where each noise value n is drawn from a zero-mean Gaussian distribution.

§3. Basic definitions

This section presents some general definitions and digital topological results, which will be
used along the development of this paper.

Definition 3.1.[ A digital image is a function f : Z x Z — [0,1,..., N — 1] in which
N —1 is a positive whole number belonging to the natural interval [1,256]. The functional value
of ‘f” at any point p(x,y) is called the intensity or gray level of the image at that point and it
is denoted by f(p).

Definition 3.2.° A neighborhood of a point p € X is a subset of X which contains an
open set containing p. It is denoted by N(p).

Definition 3.3.10 The 4-neighbours of a point p(z,%) are its four horizontal and vertical
neighbours (z F1,y) and (z,y £ 1). It is denoted by N4 (p).
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Definition 3.4.1°) The 8-neighbours of a point p(z,y) consist of its 4-neighbours together
with its four diagonal neighbours (z + 1,y F1) and (z — 1,y F 1). It is denoted by Ng(p).
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Definition 3.5. The cross neighbours of a point p(z,y) consists of the neighbours (z +
L,y F 1) and (z — 1,y F1). It is denoted by Cy(p).
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Definition 3.6. The LT neighbours of a point p(z,y) consists of the neighbours (z —
l,y—1)and (x + 1,y + 1). It is denoted by L3(p).
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Definition 3.7. The RT neighbours of a point p(x,y) consists of the neighbours (z —
L,y+1)and (x + 1,y — 1). It is denoted by R3(p).
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Definition 3.8. The R neighbours of a point p(z,y) consists of its RT neighbours
together with the neighbours (z + 1,y), (x + 1,y + 1) and (x,y + 1). It is denoted by Ry, (p).
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Definition 3.9. The Ry neighbours of a point p(z,y) consists of its RT neighbours
together with the neighbours (z,y — 1), (x — 1,y — 1) and (x — 1, y). It is denoted by Ry, (p).
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Definition 3.10. The Ly neighbours of a point p(z,y) consists of its LT neighbours
together with the neighbours (z — 1,y), (x — 1,y + 1) and (x,y + 1). It is denoted by Ly, (p).
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Definition 3.11. The L neighbours of a point p(z,y) consists of its LT neighbours
together with the neighbours (z,y — 1), (x + 1,y — 1) and (x + 1, y). It is denoted by L, (p).
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84. Some existing filtering techniques

In this section, we provide the definitions of some existing filters. The image processing
function in a spatial domain can be expressed as

g(p) = v(f(p))- (3)

where v is the transformation function, f(p) is the pixel value (intensity value or gray level

value) of the point p(x,y) of input image and g(p) is the pixel value of the corresponding point
of the processed image.

§4.1. Mean filter (MNF)

Mean Filter 2 is a simple linear filter, intuitive and easy to implement method of smoothing
images, i.e., reducing the amount of intensity variation between one pixel and the next. It is
often used to reduce noise in images. In mean filter the pixel value of a point p is replaced by

the mean of pixel value of 8-neighborhood of a point ‘p’. The operation of this filter can be
expressed as:

g(p) = mean{f(p), where p € Ng(p)}. (4)



Vol. 7 New hybrid filtering techniques for removal of speckle noise from ultrasound medical images 43

§4.2. Median filter (MF)

The best-known order-statistic filter in digital image processing is the median filter. It is

a useful tool for reducing salt-and- pepper noise in an image. The median filter 4]

plays a key
role in image processing and vision. In median filter, the pixel value of a point p is replaced by
the median of pixel value of 8-neighborhood of a point ‘p’. The operation of this filter can be
expressed as:

9(p) = median{ f(p), where p € Ng(p)}. (5)

The median filter is popular because of its demonstrated ability to reduce random impulsive
noise without blurring edges as much as a comparable linear lowpass filter. However, it often
fails to perform as well as linear filters in providing sufficient smoothing of nonimpulsive noise
components such as additive Gaussian noise. One of the main disadvantages of the basic
median filter is that it is location-invariant in nature, and thus also tends to alter the pixels

not disturbed by noise.

§4.3. M3 filter

The M3 filter % is hybridization of mean and median filter. This replaces the central pixel
by the maximum value of mean and median for 8-neighborhood of central pixel. It is expressed
as M3-filter, the intensity values are reduced in the adjacent pixel and it preserves the high

frequency components in image. This filter is defined as

mean{ f(p),p € Ns(p)},
= mazx 6
9(p) median{f(p),p € Ns(p)}. “

§4.4. Hybrid median filter (HMF)

Hybrid Median filter 9! is of nonlinear class that easily removes impulse noise while pre-
serving edges. The hybrid median filter plays a key role in image processing and vision. In
comparison with basic version of the median filter hybrid one has better corner preserving

characteristics. This filter is defined as

median{ f(p),p € Ns(p)},
g(p) = median § median{f(p),p € Ca(p)}, (7)

f(p).

A hybrid median filter preserves edges much better than a median filter. In hybrid me-
dian filter the pixel value of a point p is replaced by the median of median pixel value of

)

4-neighborhood of a point ‘p’, median pixel value of cross neighbours of a point ‘p’ and pixel

value of ‘p

§4.5. Hybrid mean filter (HMNF)

Hybrid Mean Filter 1®! is a simple non linear filter. It is intuitive and easy to implement

method of smoothing images. In hybrid mean filter, the pixel value of a point p is replaced by
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the mean of the mean pixel value of 4-neighborhood of a point ‘p’, mean pixel value of cross

neighbours of a point ‘p’ and pixel value of ‘p’. The operation of this filter can be expressed as:

mean{ f(p),p € Na(p)},
9(p) = mean ¢ mean{ f(p),p € Ca(p)}, (8)
f(p).

§5. Proposed hybrid filtering techniques

In this section, we will provide the definition of proposed hybrid filters. These filters are
not yet applied by researchers to remove the speckle noise in the ultrasound medical images.

§5.1. Hybrid cross median filter (H;F)

The hybrid cross median filter is a nonlinear filtering technique for image enhancement. It

is proposed for speckle noise removal from the ultrasound medical image. It is expressed as:

median{ f(p),p € L3(p)},
9(p) = median § median{f(p),p € R3(p)}, 9)

f(p).

In hybrid cross median filter, the pixel value of a point p is replaced by the median of
median pixel value of LT neighbours of a point ‘p’, median pixel value of RT neighbours of a

point ‘p’ and pixel value of ‘p’.

§5.2. Hybrid min filter (HyF)

Hybrid min filter plays a significant role in image processing and vision. Hybrid min filter
is not a usual min filter. Min filter [2! recognizes the darkest pixels gray value and retains it by
performing min operation. In min filter each output pixel value can be calculated by selecting
minimum gray level value of the Ng(p). HoF filter is also used for removing the salt noise from
the image. Salt noise has very high values in images. It is proposed for speckle noise removal
from the ultrasound medical image. It is expressed as:

median{ f(p),p € L3(p)},
g(p) =min median{f(p),p € Rs(p)}, (10)
f(p).

In hybrid min filter, the pixel value of a point p is replaced by the minimum of median
pixel value of LT neighbours of a point ‘p’, median pixel value of RT neighbours of a point ‘p’

and pixel value of ‘p’.
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§5.3. Hybrid max filter (H3F')

Hybrid max filter is not a usual max filter. Hybrid max filter plays a key role in image
processing and vision. The brightest pixel gray level values are identified by max filter. In max
filter 2! each output pixel value can be calculated by selecting maximum gray level value of the
Ns(p). HsF filter is also used for removing the pepper noise from the image. It is proposed for
speckle noise removal from the ultrasound medical image. It is expressed as:

median{ f(p),p € Ls3(p)},
9(p) = max § median{f(p),p € Rz(p)}, (11)

f(p).

In hybrid max filter, the pixel value of a point p is replaced by the maximum of median

),
);

pixel value of LT neighbours of a point ‘p’, median pixel value of RT neighbours of a point ‘p’

and pixel value of ‘p’.

§5.4. Hybrid TMN filter (H,F)

The hybrid tmn filter is a nonlinear filtering technique for image enhancement. It is

proposed for speckle noise removal from the ultrasound medical image. It is expressed as:

»)}
median{f(p),p € Rr;(p)},

) )

) )

),p € Lig(p)}, (12)
), )

(

median{ f(p),p € Ry,(
(
g(p) = median ¢ median{f(p (
median{ f(p),p € Lu,(p)},
f(p).

In hybrid tmn filter, the pixel value of a point p is replaced by the median of median pixel

value of Ry neighbours of a point ‘p’, median pixel value of Ry, neighbours of a point ‘p’, median
pixel value of L neighbours of a point ‘p’, median pixel value of Ly neighbours of a point ‘p’
and pixel value of ‘p’.

§5.5. Hybrid TM filter (H;F)

The hybrid tm filter is a nonlinear filtering technique for image enhancement. It is proposed
for speckle noise removal from the ultrasound medical image. It is expressed as:

mean{ f(p),p € Ry, (p)},

mean{f(p),p € Rrs(p)},

g(p) = mean ¢ mean{f(p), (p)} (13)
(p), ()},

p),p € L,
mean{f(p),p € Ly,

f(p).

In hybrid tm filter, the pixel value of a point p is replaced by the mean of mean pixel value

of Ry neighbours of a point ‘p’, mean pixel value of Ry, neighbours of a point ‘p’, mean pixel



46 Gnanambal Ilango and R. Marudhachalam No. 1

value of L, neighbours of a point ‘p’, mean pixel value of Ly neighbours of a point ‘p’ and pixel
value of ‘p’.

§5.6. Maximum of hybrid median and hybrid mean filter (HgF")

The maximum of hybrid median and hybrid mean filter is a nonlinear filtering technique
for image enhancement. It plays a significant role in image processing and vision. It is proposed

for speckle noise removal from the ultrasound medical image. It is expressed as:

median{f(p),p € Na(p)},
)7

median §  median{f(p),p € Cs(p)}, ¢
f(p)

= max 14
o) mean{7(p),p € N}, "
mean ¢ mean{f(p),p € Cs(p)},

f(p).

In HgF filter, each output pixel value is calculated by the maximum of output pixel value

of hybrid median filter and hybrid mean filter.

§5.7. Average of hybrid median and hybrid mean filter (H;F)

The average of hybrid median and hybrid mean filter is an another nonlinear filtering
technique for image enhancement. It is proposed for speckle noise removal from the ultrasound
medical image. It is expressed as:

median{f(p),p € N4(p)},
median § median{f(p),p € Cs(p)}, ¢+
1 f(p)
_1 15
9(p) 2 mean{f(p),p € Ns(p)}, 1
mean 8 mean{f(p),p € Cs(p)},
f().

In H7F filter, each output pixel value is calculated by the average of output pixel value of
hybrid median filter and hybrid mean filter.

§6. Experimental result analysis and discussion

The proposed hybrid filtering techniques have been implemented using MATLAB 7.0. The
performance of various hybrid filtering techniques is analyzed and discussed. The measurement
of ultrasound image enhancement is difficult and there is no unique algorithm available to
measure enhancement of ultrasound image. We use statistical tool to measure the enhancement
of ultrasound images. The Root Mean Square Error (RMSE) and Peak Signal-to-Noise Ratio
(PSNR) are used to evaluate the enhancement of ultrasound images.
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RMSE — \/E(f(m) —9(0,9)? (16)

mn

255

PSNR
Here f(4,7) is the original ultrasound image, ¢(7, j) is enhanced ultrasound image and m
and n are the total number of pixels in the horizontal and the vertical dimensions of the image.
If the value of RMSE is low and value of PSNR is high then the enhancement approach is
better. The original ultrasound image and filtered ultrasound image of liver tumor obtained
by various hybrid filtering techniques are shown figure 1. Table 1 shows the proposed hybrid
filtering techniques, that are compared with some existing filtering techniques namely, H M F’,
HMNF, M3F, MF, MNF, with regard to ultrasound medical images for liver tumor.

Filters H1F HoF Hgz F HyF Hy F HgF Hr7 F HMF HMNF M3F MF MNF
RMSE 2.885 4.9457 1.362 3.8874 4.1455 2.8849 4.2599 3.2134 3.5241 4.2674 4.5939 4.7789
PSNR 38.9284 34.2466 45.4475 36.3381 35.7797 38.9288 35.5432 37.9919 37.1902 35.5279 34.8876 34.5447
Table 1: RMSE and PSNR values for original image.
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Chart 1: Analysis of RMSE & PSNR values of Ultrasound liver tumor image
The figure 2 shows denoising of ultrasound images corrupted by speckle noise of variance
0.07. The table 2 shows the comparison of RMSE & PSNR values of different denoising filters
for ultrasound liver tumor images corrupted by speckle noise of variance 0.07.
Filters | HiF HyF H3F HyF HsF HGF H7 F HMF | HMNF | M3F MF MNF
RMSE | 4.1662 | 7.4766 | 1.3455 | 6.1125 | 6.1835 | 4.3792 | 5.6785 | 5.1226 | 5.6369 | 6.4303 | 6.828 6.824
31.4453 | 31.4505

PSNR 35.7365 | 30.6572 | 45.554 | 32.4069 | 32.3066 | 34.6172 | 33.0466 | 33.9415 33.1104 31.9666

Table 2: RMSE and PSNR values for noisy image of variance 0.07.
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RMSE & PSNR CHART FOR MOISY IMAGE
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Chart 2: Analysis of RMSE & PSNR values of Ultrasound liver tumor images
corrupted by speckle noise of variance 0.07.

Filters HF HyF HsF HyF HsF HgF H7F HMF HMNF M3F MF MNF
RMSE 1.776 2.4993 0.0846 1.2985 0.7449 0.9924 1.0525 1.6103 1.0099 0.6103 0.8438 0.6862
PSNR | 43.1424 | 40.1749 | 69.5814 | 45.8626 | 50.6896 | 48.198 | 47.6871 | 43.9931 48.046 52.4199 | 49.6065 | 51.4019

Table 3: RMSE and PSNR values for noisy image of variance 0.07, after 9** iteration.
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Chart 3: Analysis of RMSE & PSNR values of Ultrasound liver tumor images
corrupted by speckle noise of variance 0.07, after 9** iteration.

The table 4 shows the comparison of RMSE & PSNR values of different denoising filters

for ultrasound liver tumor images corrupted by speckle noise.
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Variance, o2

Filters 0.02 0.03 0.04 0.05 0.06 0.07

RMSE PSNR RMSE PSNR RMSE PSNR RMSE PSNR RMSE PSNR RMSE PSNR

HF 3.5586 37.1057 3.7266 36.705 3.8571 36.406 3.9817 36.1299 4.0631 35.9542 4.1662 35.737
HyF 6.3061 32.136 6.666 31.6539 6.9287 31.3182 7.1688 31.0223 7.3408 30.8164 7.4766 30.657
HzF 1.3682 45.408 1.3659 | 45.423 1.3587 | 45.469 1.3502 | 45.5237 | 1.3442 | 45.5619 1.3455 | 45.554
HyF 5.0432 34.0772 5.3421 33.577 5.5976 33.1711 5.8221 32.8296 5.9919 32.5799 6.1125 32.407
HsF 5.1083 33.9657 5.4141 33.4607 5.6598 33.0752 5.8498 32.7884 6.0264 32.5301 6.1835 32.307
HgF 3.8546 36.4117 4.1421 35.7869 4.3235 35.4145 4.497 35.0727 4.6296 34.8204 4.7392 34.617
H:F 4.9308 34.2729 5.1596 33.8789 5.3122 33.6257 5.439 33.4208 5.5866 33.1883 5.6785 33.047
HMF 4.2884 35.4853 4.5411 34.9881 4.7383 34.6188 4.8887 34.3474 5.0248 34.1089 5.1226 33.942
HMNF 4.5041 35.0592 4.8193 34.4715 5.0842 34.0067 5.2996 33.6464 5.4865 33.3453 5.6369 33.11
M3F 5.4277 33.439 5.7095 32.9992 5.9594 32.6271 6.1453 32.3604 6.3147 32.1242 6.4303 31.967
MF 5.7884 32.88 6.1149 32.4034 6.3529 32.0717 6.5308 31.8319 6.6941 31.6174 6.828 31.445
MNF 5.7857 32.884 6.0835 32.4482 6.3112 32.1289 6.501 31.8716 6.6745 31.6429 6.824 31.451

Table 4: Comparison of RMSE & PSNR values of different denoising filters for Ultrasound liver

tumor images corrupted by speckle noise.

Conclusion

In this work, we have introduced various hybrid filtering techniques for removal of speckle
noise from ultrasound medical images. To demonstrate the performance of the proposed tech-
niques, the experiments have been conducted on ultrasound image with liver tumor to compare
our methods with many other well known techniques. The performance of speckle noise re-
moving hybrid filtering techniques is measured using quantitative performance measures such
as RMSE and PSNR. The experimental results indicate that one of the proposed hybrid filters,
Hybrid Max Filter performs significantly better than many other existing techniques and it
gives best the results after successive iterations. The proposed method is simple and easy to

implement.

References

[1] L. Busse, T. R. Crimmins and J. R. Fienup, A model based approach to improve the per-
formance of the Geometric filtering speckle reduction algorithm, IEEE Ultrasonic Symposium,
1995, 1353-1356.

[2] R. Gonzalez and R. Woods, Digital Image Processing, Adison-Wesley, New York, 1992.

[3] H. Hu and G. de Haan, Classification-based hybrid filters for image processing, Proc.
SPIE, Visual Communications and Image Processing, 6077(2006), 607711.1-607711.10.

[4] Hakan Giiray Senel, Richard Alan Peters and Benoit Dawant, Topological Median Filter,
IEEE Trans On Image Processing, 11(2002), No. 2, 89-104.

[5] http://www.librow.com/articles/article-8.

[6] Mamta Juneja and Rajni Mohana, An Improved Adaptive Median Filtering Method for
Impulse Noise Detection, International Journal of Recent Trends in Engineering, 1(2009), No.
1, 274-278.




50 Gnanambal Ilango and R. Marudhachalam No. 1

[7] S. Peng and L. Lucke, A hybrid filter for image enhancement, Proc. of International
Conference on Image Processing (ICIP), 1(1995), 163-166.

[8] T. Ratha, Jeyalakshmi and K. Ramar, A Modified Method for Speckle Noise Removal
in Ultrasound Medical Images, International Journal of Computer and Electrical Engineering,
2(2010), No. 1, 54-58.

[9] A. Rosenfeld, Digital topology, Amer. Math. Monthly, 86(1979), 621-630.

[10] Salem Saleh Al-amri, N. V. Kalyankar and S. D. Khamitkar, A Comparative Study of
Removal Noise from Remote Sensing Image, International Journal of Comp. Science, No. 1,
7(2010), 32-36.

[11] Su Cheol Kang and Seung Hong, A Speckle Reduction Filter using Wavelet-Based
Methods for Medical Imaging Application, Journal of Digital Signal Processing, No. 2, 18(2002),
1169-1172.

[12] S. Sudha, G. R. Suresh and R. Sukanesh, Speckle Noise Reduction in Ultrasound
Images by Wavelet Thresholding based on Weighted Variance, International Journal of Comp.
Theory and Engg, No. 1, 1(2009), 7-12.

[13] K. Thangavel, R. Manavalan and I. Laurence Aroquiaraj, Removal of Speckle Noise
from Ultrasound Medical Image based on Special Filters: Comparative Study, International
Conference on Graphics, Vision and Image Processing, 9(2009), 25-32.

[14] J. W. Tukey, Nonlinear (nonsuperposable) methods for smoothing data, Proc. Congr.
Rec. EASCOM 74, 1974, 673-681.

[15] Xin Wang, Optimal Edge-Preserving Hybrid Filters, IEEE Transactions on Image
Processing, No. 6, 3(1994), 862-865.

[16] Yanchun Wang, Dequn Liang, Heng Ma and Yan Wang, An Algorithm for Image

6th

Denoising Based on Mixed Filter, Proceedings of the World Congress on Intelligent Control

and Automation, June 21-23, 2006, 9690-9693.



Vol. 7 New hybrid filtering techniques for removal of speckle noise from ultrasound medical images 51

HgF

HMF

HMNF

M3F

MF

MNF

Figure 1: Denoising of Ultrasound liver tumor image.
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Figure 2: Denoising of Ultrasound liver tumor image corrupted by speckle noise of variance of

0.07.
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Figure 3: Denoising of Ultrasound liver tumor image corrupted by speckle noise of variance of

0.07, after 9" iteration.
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Abstract RC-graphs are special type of graphs. This paper deals with the Eigen values of
adjacency matrices and other related matrices of RC-graphs. Many interesting results on
eigen values apart from eigen values of general graphs are obtained for RC-graphs. Several
directions are initiated towards possible future study.

Keywords Relative character graph, adjacency matrix, Frobenious group, Borel subgroup,

Dihedral group.

§1. Introduction

In this paper, we consider the adjacency matrix for RC-graphs and the eigen values are
taken into account and a handful of results are obtained. An RC-graph is a finite simple graph
I'(G, H) whose vertices are the complex irreducible characters of G and any two vertices ¢
and ¢ are adjacent if and only if their restriction ¢4 and 1y contain at least one irreducible
character 6 of H in common. The definition of adjacency matrix for RC-graphs is defined as

follows.

§2. Definition of RC-graphs and main results

Let G denote any finite group and Irr(G) denote the set of distinct complex irreducible
characters of G. Let H be any subgroup of G. Then the Relative Character graph I'(G, H)
(RC-graph) is defined as follows:

The vertex set V' is IrrG. Two vertices and are adjacent if and only if their restrictions
and to H contain at least one irreducible (complex) character of H is common (note that and
need not be irreducible, but break into a direct sum of H-irreducibles). We refer to [5] for

character theory of groups an [4] for graph theory.
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§3. Basic properties of RC-graphs

3.1 , H) is the null - graph if and only if H = G.

3.2

) D(G, H)
) I'(G, (1)) is complete. However, the converse is not true.
) I'(G, H) is regular if and only if it is complete.

(

(
(3.3
(3.4) T'(G, H) is connected if and only if CoregH = (1), where CoregH is the largest
normal subgroup of G contained in H.

(3.5) The connected components of I'(G, H) are completely studied. Two vertices ¢, lie
in the same component if and only if ¢ C ¥1)® for some s > 1, where 1) = the induced character
11,

(3.6) A group G is Frobenius if there is a nontrivial proper subgroup H such that HNH?* =
(1) forall x ¢ H (H®* = xHx™1).

Then there exists a normal subgraph N such that G is the semidirect product NH. N is
called the (unique) Frobenius kennel and H is called the (unique, upto contingency) Frobenius
complement.

(3.7) I'(G, H) is a tree if and only if G = N H is Frobenius and N is elementary abelian of
order p™ and O(H) = p™ — 1.

(3.8) T'(G, H) is always triangulated.

(3.9) I'(G, H) is a naturally (edge) signed graph.

84. The eigen value problem for RC-graphs

The adjacency matrix
For any finite, simple, undirected graph I' = I'(V, E), the adjacency matrix A = (a;;) is
defined as follows:

0, if v; and v; are not adjacent,
e 1, if v; and v; are not adjacent.

It is well known that since A is a real symmetric matrix all its eigen values must be real.
Order the eigen values as A\; > Ag > -+ > A\, where |V| =n.

Before seeing where we digress for these special RC-graphs, we shall start from where the
original results coincide for RC-graphs.

Recall from (3.2) that when (1) denote the trivial subgroup of G, then I'(G, (1)) is the
complete graph K.

Theorem 4.1. The eigen values of I'(G, (1)) are - 1 (repeated n — 1 times), n — 1. (Notice
that the sum must be 0 since this sum equals the sum of diagonal entries of A which is trivially
0.)

Theorem 4.2. Let G be an abelian group of order G and let H be a subgroup of order
h. Then the distinct eigen values of I'(G, H) are —1 and (g/h) — 1 where —1 is repeated g — h
times and (g/h) — 1 is repeated h times.
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Proof. First note that by Lagrange’s theorem g/h is an integer. It is known that (i)
(G, H) is a graph with g vertices and h connected components and (ii) each component is the
complete graph K, (see eg. [3]).

We can rearrange the vertices of V' such that the matrix A breaks into h blocks, where the
it" block is the g/h x g/h adjacency matrix of the i** component K; and the other block are
0s, 1 <i<h.

Clearly the eigen values of I'(G, H) are those of K, repeated h times. Since the eigen
values of K/j, are —1,—1,...,—1, (g/h) —1 (-1 repeated (g/h)—1 times), overall, -1 is repeated
h(g/h —1) = g — h times and (g/h) — 1 is repeated h times.

Hence the theorem.

§5. The case when G is non-abelian

When H is the trivial subgroup, then I'(G, H) is complete and this case is already taken
care of. Hence we can assume that H is non-trivial.

There are two approaches. First, to settle with reasonable bounds for the eigen values for
arbitrary pair (G, H). Second is to take special groups and subgroups and actually compute
the eigen values. We shall take up the second route in this paper.

The Frobenius groups
Let G = NH be a Frobenius group. That means, H is a (non-normal) subgroup such that
HNH”* = (1) and N is normal defined by

N={G-|JH"}u{1}.

¢ H

As examples we have S3, Ay, the dihedral group Ds,,, m odd. For properties and character
theory of G, we refer to [4].

The set IrrG is the disjoin union A U B, when

A= {¢|Ker¢ O N},

B = {g|Ker  N}.

Theorem 5.1.1% (i) The graph I'(G, H) is connected, |V| = a +b where a = |A| = |IrrH|
and b= |B| =t/h(t+1) = |IrrH| and |H| = h.

(ii) T'(G, H) contains K as a complete subgraph and the remaining a vertices are such
that each one is adjacent to every vertex in Kp.

(iii) None of these a vertices (which include I) are adjacent among themselves.

Theorem 5.2. Let G = NH be Frobenius, such that |B| > 1. Then the eigen values of
the adjacency matrix of I'(G, H) constitute the set: {0 (repeater) a -1 times) -1 (repeated b
times) and b}.

Proof. The vertices can be arranged in such a way that the first a vertices are taken from
A (in some order) and the next b vertices are taken from B (in some order).

Then the adjacency matrix A is of the form:

(1) The top left corner has a x a zero matrix block.
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(2) The remaining diagonal entries are 0’s.

(3) All other entries are 1’s.

By simple matrix manipulations, the eigen values, as stated in the theorem, can be easily
found.

Example 5.3. Let G = D19 = C5 - Cs, where Dy is the Dihedral group of 10 elements,
C5 and are cyclic subgroups of orders 2 and 5 respectively, with normal (Frobenius Kernel) and
non-normal (Frobenius complement). We take H = Cs.

Then is the following graph: A = {V1,V2}, B = {V5,V4}.

Y3
Y2
Vi
M
00 11
00 11
The matrix A =
1 1 0 1
1110
The eigen values are {0,—1,—1,2}. There are some special Frobenius groups for which

I'(G, H) become trees.

Theorem 5.4. Let G = NH be Frobenius so that |B| = 1. Then I'(G, H) is a star and
the eigen values of A are : {0 (repeated a - 1 times and ++/d where d is the degree of the middle
vertex}.

Proof. In this case, all rows of A, except the last have 0’s everywhere except 1 at the
last column. The last row has 1’s everywhere, except a 0 at the last place. Then |\ — A| =
X~1(A% — d). Thus the eigen values are: 0 (repeated a -1 times and 7v/d).

Example 5.5. Let G = Ay = V4 - C3, where V is the Klein-four groups. Take H = Cj.
Then I'(G, H) is the following star.

A= {Ul,vg,vg}, B = {124}.
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Here v1v5 and vs have character degrees 1 and vy has character degree 3. The eigen values
are {0,0,+/3}.

It is remarkable that the only RC-graphs which are trees are stars!

It is indeed a difficult job to fix the eigen values for arbitrary I'(G, H).

However we get some reasonable bounds for a well-known class of groups and subgroups.

Lemma 5.6. Let G be an arbitrary group and H, a nontrivial subgroup. Let the right
action of G on G/H be doubly transitive. Then

(i) T(G, H) consists of a subgraph T together with the trivial character adjacent to a unique
vertex ¢ € T.

(ii) The eigen values I'(G, H) are caught up in the following inequalities:

Proof. The first part of the statement is already well known (see eg. [3]). For (ii) we use
the corresponding result in [7].
Theorem 5.7. Let G = PSLC(2,q), ¢ = p", p a prime, H = Borel subgroup B of order
q(q — 1). Then we get the following bounds for the eigen values of the adjacency matrix A of
I'G,H),
AM2>2n—12Xx > -1,

A3 22 1 =1, Ay =1

Proof. The graph I'(G, H) consists of the complete subgraph K, _; together with the
vertex 15 adjacent to a unique vertex of K, _1.
Then taking v as the vertex corresponding to 1¢ and using the result of [8], and Lemma

5.6, we immediately get our results.

§6. Laplace graphs

The Laplace Graph L = D — A, where D is the diagonal matrix whose (4,7)" entry is the
vertex degree d;.

Theorem 6.1. The cofactors of L have a common value k which also equals the number
of spanning trees of L (this is the famous Matrix - Tree Theorem).

From this result, we can also derive the following results.

Corollary 6.2.

(i) nk = pipo ... p—1 where pg > pig > +-+ > u, = 0 are the eigen values of L.

(ii) L is connected if and only if p,—1 > 0.

There is a special case where in our I'(G, H) graph, the graph degree of each vertex is equal
to the degree of that vertex as an irreducible character. This occurs for instance when I'(G, H)
is a tree (star), with an additional property on H.

Theorem 6.3. Let G = NH be a Frobenius group such that

(i) N is elementary abelian of order p™.

(i) O(H) = p™ — 1.
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(iii) H is abelian. Then for every vertex of I'(G, H), the character degree is the same as
the graph degree.

Proof. First recall that the graph is a star and hence-except the middle vertex, all order
vertices have graph degree one. But since H is abelian and hence every irreducible character ¢;
has degree one, by the property of Frobenius groups, all these ¢; can be ‘lifted’ as irreducible
characters of G as well. Hence the character degree of each pendent vertex v; = graph degree
of v;. Finally let 1) denote the middle vertex of T'(G, H). Then, graph degree ¢ = number of
pendant vertices = order of H = character degree of 1. Hence the theorem.

Remark 6.4. There are other cases where these two degrees precisely coincide. For in-
stand let G = S4 and H = S; (sitting inside Sy). Then I'(G, H), is the following graph.

Now the vertex degree of I'(G, H) are {1, 1,2, 3,3}. It is remarkable that the corresponding
character degrees are also 1, 1, 2, 3 and 3.
Theorem 6.5. For all the above cases, we can replace the graph degrees in L by the

corresponding character degrees and still maintain the same properties and get the same results.

§7. Future directions

We propose the following directions in which this study of eigen value problem for RC-
graphs can be extended.

1. Put L* = D* — A where D* is the diagonal matrix when (i,7)"-entry is equal to the
character degree of the vertex v; (corresponding to the 7** irreducible character ¢;); study the
eigen value problem for L*.

2. The group G acts on the set IrrG by conjugation (If ¢ € IrrG, ¢ € IrrG where
¢9(x) = ¢(g x g~1)). This action also preserves the adjacency property: ¢ is adjacent to 1 if
and only if ¢¢ is adjacent to ¥9. In this sense, our RC-graph becomes a pseudo-homogenous
graphs, generalizing the classical definition of homogeneous graphs. One can initiate a study of
eigen value problem in the context of (Pseudo-homogenous) RC-graphs, following the works of
F. R. K. Chang [1], [2] and others.

3. One can use QR-Factorization to obtain deeper and finer bounds for the eigen values of

general RC-graphs, in particular, when G is non-abelian simple.
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Abstract The main aim of this paper is to show a refinement of Young’s inequality. We
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inequalities: Bernoulli’s inequality, Holder’s inequality, Cauchy’s inequality and Minkowski’s
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81. Introduction

A series of the inequalities played an important role in various fields of mathematics.
Among these we found the famous Young inequality

a4+ (1= X)b>a*bt =, (1)

for nonnegative real numbers a,b and A € [0, 1].
The Young inequality was refined by F. Kittaneh and Y. Manasrah in [6], thus:

Aa+ (1=Nb>a'b' ™ +r(va—Vb)?, (2)

where r = min{\, 1 — A}.
This inequality was generalized by S. Furuichi in [4], thus

ST R £ S | C ®

i=1
for ai,...,an > 0and py,...,p, > 0 with p; + - + p, = 1, where pmin = min{p1,...,pn}.
Another generalizations can be found by J. M. Aldaz in [1] and [2].

In [9], M. Tominaga, showed the reverse inequality for Young’s inequality, using Specth’s

ratio, thus
AN Ap1-x
Z > _
S(b)ab > Xa+ (1 - )b, (4)
where the Specht’s ratio 18! was defined by
AT
Sy = " (A1)

B eloghﬁ
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for a positive real number h.
S. Furuichi, in [5] given another type of the improvement of the classical Young inequality
by Specht’s ratios, thus
A+ (1-Nb>S ((%)) b1, (5)

In fact Young’s inequality is a special case of the Jensen inequality. Therefore, we seek
some improvements of this inequality in many papers and books.

(3]

A main result given by S. Dragomir [*!, in general form, is studied by F. C. Mitroi [l in a

particular case, thus

IN

Zaif(:ci) —f (Z az)
1 & 1 &
NPmax (TL Z f(xz) - f <n Z‘r’b>> (6)

IN

n
where f is a convex function, p; > 0 for all i = 1,...,n and Zpi =1
i=1

§2. Main results

Theorem 2.1. For a,b > 0 and X € (0, 1), we have

2r 2(1-r)
Azl—)\ a+b) A1A<a+b>
a™b — <AXa+(1-=Xb<a’d —_— , 7
(2\/% 1= 2v/ab @)
where r = min{\,1 — A}.
Proof. In inequality (6) for n =2, py = A, po = 1— A, with A € (0,1), 1 = a, x5 =
b, f(z) = —logz and taking account that 1 —r = max{A,1 — A} when r = min{\, 1 — A}, we
deduce the inequality of the statement.

Remark 2.1.
a+b

a+b

2vab

a) Because > Vab, it follows that > 1 and using inequality (7) we obtain the

Young inequality.
b) In relation (7) we have equality if only if a = b.
Theorem 2.2. For z > —1 and A € (0, 1), we have the inequality

(1 1) {(m+1)2+1

(z+1)2 417077
2(x+1) ’

]2T§)\Q:+1§(:c+1))‘[ 2wt D)

where r = min{\,1 — A}.

Proof. If we take % =t in inequality (7), then we have the following inequality

t2 + 1 2r t2 + 1 2(1—7‘)
| — <MAA=-N<t| —= )
<2t>_+< >_(2t) )

But, making the substitution ¢ = z + 1 in relation (9) we have inequality (8).



Vol. 7 A result about Young’s inequality and several applications 63

(z+1)2+1
2(x+1)
(8) is an improvement of the Bernoulli inequality (in the case A € (0,1)). The equality holds

Remark 2.2. Taking into account that > 1, it is easy to see that inequality

when x = 1.

1 1
Theorem 2.3. Let p,q > 1 be real numbers satisfying — + — = 1. If a;,b; > 0 for all
p q

i =1,...,n then there is the inequality
n n Yp s n /g n
m?" ) aibi < (Z af) (Z b?) < M2 0, (10)
i=1 i=1 i=1 i=1

n n
p a_ 14 p
a; E b + b; E a;
= =1 =1 _ m= min A4; and M = max A;.

n n 1<i<n 1<i<n

2 afbg Z af Z b?
i=1 =1

1 1
Proof. In Theorem 2.1 we take A\ = —, which implies 1 — A = — and a =
q

11
where r = min{,}, A;
P q

a?

?

n
p
4
i=1

)

q
b= ——, thus we obtain

S
=1

b .
m TN e i S T N
i=1 i—1 i—1 i=1
a? bl
S nz + 'n/t
pY_al gy b
i=1 i=1
a;b; 2(1—r)
S n 1/p n 1/q 1
i=1 i=1
< M2(17r) a;b; (11)

Making the sum for i = 1,...,n we deduce inequality (10).

Remark 2.3.

a) It is easy to see that m > 1 and using inequality (10) we have a refinement of Holder’s
inequality.

b) In relation (10) the equality holds when a; = --- = a,, and by = --- = b,,.

¢) For p = ¢ = 2 in inequality (10), we obtain a refinement of Cauchy’s inequality

n 2 n 2 n n n 2
i=1 i=1 i=1 i=1 i=1
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n

a? b?—l—bQZa
i=1

where A; = — m = min A; and M = max A;.

n ’ 1<i<n 1<i<n
(£ (59
=1

Theorem 2.4. For any real numbers a;, b; > 0, for all = 1,...,n and p > 0, we have

n 1/1’ n l/p n l/p n 1/17
m2 lZ(ai + ;)P < (Z af) + (Z bf) < M2 [Z(ai +b;)P (13)

i=1 i=1 i=1 i=1

1 1

where r = min{7 1-— } ,
p p
al > (a; +bi)? + (a; +b)P > _al
Ay = i=1 i=1

s (55 (S o]

m n

b} Z(ai + ;)P + (a; + b;)? Z bP
_ i—1 P
=1

m = min {All,Alg} and M = max {Azl,Azg}

1<i<
Proof. To prove this 1nequahty7 we will use the improvement of Holder’s inequality from

relation (10). We write
(ai + bl)p = ai(ai + bi)p_l + bl(az + bi)p_l

SO
Z(ai + b)) = Zai(ai +b)P 7+ Zbi(ai +b,)P!
i=1 i=1 i=1

Right now we apply inequality (10), in the following way,

" n 1/p n 1/q
(,min Ain)*" Z ai(a; +b;)P~1 < (Z af) (Z(ai + bi)(p_l)q>
<i<n | o i=1
< \2(1—7) . A\p—1
< (1I£?§Xn Air) Z a;(a; + b;) ) (14)

A

n n 1/p n 1/(1
(min Ag;)® > bi(a; +b)P" < (Z bg;) (Z(ai + bi)@—l)q)
- i i=1

i=1

IN

(max Ay)*= Y Thi(ai + bi)P (15)
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1 1
But (p — 1)qg = p, because — —|— — = 1. Adding relations (14) and (15), and taking into

account that m = 11f<nm {41, Azg} and M = 1max {A;1, Aia}, we deduce the inequality
7/ n

1/q

A

n n 1/p » 1/p n
e < [(34) o (E) ] [Frwenr

i=1 i=1

n

< M2 Z(az + b;)P (16)

i=1

Dividing by Z(ai + b;)? in relation (14), we obtain the inequality required.

i=1
Remark 2.4.

a) Since m > 1, we have an improvement of Minkowski’s inequality.
b) The equality holds in relation (13) for ay = -+ = a, and by = --- = b,,. The integral
versions of these inequality can be formulated as follows.

1 1
Theorem 2.5. Let p > 1 and — 4+ — = 1. If f and g are real functions f, g # 0 defined on

[a, ] such that |f|P and |g|P are integrable functions on [a, b], then

< / e |dw> ( / b|f<x>pdx>l/p ( / b|g<x>|qdm>
M20=7) ( / e |dx>, a7

1/q

IN

IN

ik
where r = min< —, —
P q

)P / l9()|“dz + |g(2)|? / fla |pda:

\/f )Plg (e /lf Ipd:c/ lg(z |qu

m = min A(z) and M = max A(z).
z€[a,b] z€[a,b]

Equality holds iff |f(x)|P = |g(z)]9.

Proof. We consider in Theorem 2.1 that A = 1 and a = b\f(x)|p , b= b|g(x)|q .
/ (@) Pdx / lg(a)|7dz
Therefore, we obtain ‘ ‘
1 (@)g(@) < F(@)g(@)] - 47 (2)
1/p b /g = b 1/p b 1/q
( / e |pdx> ( / |g<m>|%lx) ( / If(x)lpdx> ( / |g<a:>|%ix>
f@)P lg(@)]? a)sta)] - 42000

(/ e pda:) (/ 9(a |qu>1/ (/ e |pdx> (/ |g<x>qdm>l/q
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Lf(x)g ()] L2

( / If(:v)lpdw) ( / |g<x>|de)

By integrates from a to b in above inequality and by simple calculations, we deduce the

inequality of statement. For |f(x)|P = |g(x)|? it is obvious that the equality holds.

Remark 2.5.

a) Because m > 1 and according to inequality (17), we find a refinement for the integrated
version of the Holder inequality.

b) For p = g = 2, we deduce a refinement for the integral version of the Cauchy inequality
can be formulated as follows:

(/ I |dx> < (/ e |dx>
< ( / fQ(w)dx> ( / 92<x>dx>
< ( / e |dx> , (18)

b b
@ [ e @) [P
, m= min A(z), M = max A(z) and

2|f(x \// 2 (x)dx - / 2(2)dz =€lab] z€[a,b]

f(z), gz )#Oforanyme a,bl.
Theorem 2.6. Let p > 1 and f, g # 0, two real functions defined on [a, b] such that |f|P
and |g|P are integrable functions on [a, b], then

where A(z) =

b 1/p b 1/p b 1/p
" ( / f(x)+g(x)l”dx> < ( / If(x)lpdw> +< / g(w)|pdm>
b
[ 5@+ lg@Dli@) + gla) e
< M2(1—7‘) a 7(19)

=

b
( / @)+ g(m)l”dw>

. 1
Whererfmln{p,lfi},
fla I”/If )+ g(@)Pdz + | f(z) + g(x |p/ f(@)Pdz

\/ F@)(F(@) + 9@ / ()P / PR

|p/|f )+ 0@ + 170 + 9@ [ o

\/|g 2) +g(a |p/| 2) + gla |pdx/|g )Pda
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m = m[in]{Al(x), As(z)} and M = zrél[%?é]{Al (), Az(x)}.

x€E|a,

Proof. Since the Holder inequality is used to prove the Minkowski inequality, then we use

Theorem 2.5, which is refinement of Holder’s inequality, for to prove inequality (19). Therefore

(@) + g@)P < |f@)If (@) + g(@)[P~" + lg(@)] - |f () + g(x)P~,

it follows that
b b b
[ 8@ +g@Pds < [ @@ +g@P e+ [ o)) + g@)Pd.

We apply Theorem 2.5 in the following way:

b p b
([ wars ([ coonr)

9 b
U ( [ 5@l 15 +g<x>|p-1dx> . (20)

1/q

IN

b
my" ( [f(@)] - |f(z) + g(w)lp‘ldJJ)

IN

where m; = min A;(z), M; = max Ay(z) and r = min{2, 1}.
z€la,b] z€la,b] pra

In analogous way, we have

1/q

IN

b b 1/p b
my" ([ lg(@)]-[f(x) + g(a)["~ " dx) (/ Ig<x>pdx> (/ |f<x>+g<x><“>qu>

IN

2(1 b
My < / l9(2)|If (2) +g<x>f’1dz> , (21)

where mg = min As(z) and My = max As(x).
z€[a,b] z€la,b]

But (p — 1)¢ = p. Therefore, adding inequalities (20) and (21), and taking into account
that m = m[inb]{Al(x),Ag(x)}, M= Hl[a)i]{Al(.’L‘),AQ(Z‘)} we deduce
x€E|a, r€|a,

m? (J71f(2) + g(w)Pdx)

b 1/p b 1/p b 1/q
[( / If(x)l”dm> +< / |g<m>|pdx> ]( / If(x)+g(x)lpdm>

b
e / (@) +lg(@)) (1F (@) + g(a)P~)da. (22)

IN

IN

b 1/q
Dividing the above inequality by ( / |f(z) + g(x)|pda:> , we obtain the inequality de-
a

sired.
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§1. Introduction

Let B(H) be the Banach Algebra of all bounded linear operators on a non-zero complex
Hilbert space H. By an operator, we mean an element from B(H). If T lies in B(H), then T*
denotes the adjoint of T'in B(H). For 0 < p < 1, an operator T is said to be p-hyponormal if
(T*T)? > (TT*)?. If p=1, T is called hyponormal. If p = %, T is called semi-hyponormal. An
operator T is called paranormal, if ||Tz|* < |T%z|| |z||, for every z € H. In general, hyponor-
mal = p-hyponormal =paranormal = k-paranormal. Composition operators on hyponormal
operators are studied by Alan Lambert [!]. Paranormal composition operators are studied by
(10]

T. Veluchamy and S. Panayappan "“!. In this paper we characterise k-paranormal composition

operators.

§2. Preliminaries

Let (X, X, A) be a sigma-finite measure space. The relation of being almost everywhere,
denoted by a.e, is an equivalence relation in L?(X, 3, \) and this equivalence relation splits
L?(X, ¥, \) into equivalence classes. Let T' be a measurable transformation from X into itself.
L3(X, %, ) is denoted as L%(\). The equation Crf = foT, f € L*()\) defines a composition
transformation on L?()\). T induces a composition operator Cr on L?()\) if (i) the measure
AoT~! is absolutely continuous with respect to A and (ii) the Radon-Nikodym derivative %{1)
is essentially bounded (Nordgren). Harrington and Whitley have shown that if Cr € B(L?())),
then C4Crf = fof and CrCif = (fooT)Pf for all f € L?()\) where P denotes the projection
of L?(\) onto ran(Cr). Thus it follows that C7 has dense range if and only if CrC7 is the
dOT~h)

-

operator of multiplication by fy o T, where fy denotes Every essentially bounded
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complex valued measurable function fy induces a bounded operator My, on L?(\), which is

defined by My, f = fof, for every f € L?(\). Further C:Cp = My, and C:2Cr? = My, Let
us denote d(%)\_l) by h, i.e. fo by h and d(%;k) by hi, where k is a positive integer greater
than or equal to one. Then C;Cr = M), and C}QCT2 = Mp,. In general, C}kCTk = My,,
where M, is the multiplication operator on L?()\) induced by the complex valued measurable

function hy.

§3. k-paranormal composition operators

Definition 3.1. An operator T is called k-paranormal if || 7" || |z|/* > | T2, for

some positive integer £ > 1 and for every x € H. Equivalently, T is called k-paranormal if
| T+ || > |Tx|/**" for some integer k > 1 and for every unit vector # € H. A paranormal
operator is simply a 1-paranormal operator. Also a paranormal operator is k-paranormal, for
every k > 1.

Ando [ has characterized paranormal operators as follows:

Theorem 3.2. An operator T € B(H) is paranormal if and only if T*?T2—2kT*T+k? > 0,
for every k € R.

Generalising this, Yuan and Gao (1] has characterised k-paranormal operators as follows:

Theorem 3.3. For each positive integer k, an operator T' € B(H) is k-paranormal if and
only if T*'FFTIHk _ (1 4 k)b T*T + kp't%1 > 0, for every p > 0.

Using this theorem, we characterize the composition operators induced by k-paranormal
operators.

Theorem 3.4. For each positive integer k, Cr € B(L?(\)) is k-paranormal if and only if
hitr — (1 4+ E)pFh + kptt®k > 0 a.e, for every p > 0.

Proof. By Theorem 3.3, Cr is k-paranormal if and only if

CEMROIR — (1 4+ k)P CECr + kp TR T > 0, for every > 0.
This is true if and only if for every f € L?()\) and p > 0,

(Mp, o f, F) = U+ k)P (My f f) + k'™ (f, f) >0,

if and only if
(hasnf, f) = L+ k)" (Bf f) +ku' T (f, f) 20,
if and only if
(Pirxes xB) — (1+E)u" (hxe xe) + k'™ (xe, xB) >0,
for every characteristic function yg of E in X,
if and only if
/13(h1+k — (1 + k)" h + k') dX\ > 0, for every E in ¥,

if and only if
hivre — (L +E)uPh + kp* ™ > 0 a.e, for every u > 0.
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Corollary 3.5. For each positive integer k, Cr € B(L?())) is k-paranormal if and only if
hivk > h1+k, a. e.

Example 3.6. Let X = N the set of all natural numbers and A be the counting measure
onit. Define T: N — N by T(1) =T(2) = 1,T73) =2, T(dn+m—1) =n+2, for m =
1,2,3,4 and n € N. Then for each k > 3,

hiik(n) > h'TF(n), for every n € N.

Hence T is k-paranormal, for each k = 3,4,5,....

IN

Theorem 3.7. For each positive integer k, C. is k-paranormal if and only if h*** o TPy
(hipr o TR P4 k), a. e, where P/s are the projections of L?(\) onto ran(C%L).
Proof. By Theorem 3.3, C}. is k-paranormal if and only if

<(CT1+kc;1+k — (1 + k) CrCh + kutth)g, g> >0, forallge L3()\),
if and only if
hitk © TH'kPHk -1+ k)ukh oTP + k;,uH'k >0, a. e, forall >0,

if and only if
PR o TP < (hiyr o TV FPLy), a. e.

Corollary 3.8. If Cr € B(L?*(\)) has dense range, then C4 is k-paranormal if and only
if hl-l—k o T1+k’ Z h1+k 9 T, a. €.

84. Weighted composition operators and Aluthge transfor-

mation of k-paranormal operators

A weighted composition operator induced by T is defined as W f = w(f oT), is a complex
valued function ¥ measurable function. Let wj, denote w(w o T)(w o T?)---(w o T*~1). Then
W*f = wp(foT)* ). To examine the weighted composition operators effectively Alan Lambert
(1 associated conditional expectation operator E with T as E(-/T~'%) = E(-). E(f) is defined
for each non-negative measurable function f € LP(p > 1) and is uniquely determined by the
conditions

1. E(f) is T~'¥ measurable,

2. if B is any T~'Y measurable set for which [, fdA converges, we have [, fd\ =
S5 E(f)dX.

As an operator on LP, E is the projection onto the closure of range of T' and FE is the
identity operator on LP if and only if 77!% = ¥. Detailed discussion of E is found in [5], [7],
[8].

The following proposition due to Campbell and Jamison is well-known.

Proposition 4.1.5! For w > 0,

1. W*W f = h[E(w?)]oT™1f.

2. WW*f =w(hoT)E(wf).
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Since W* f = wy,(foT*) and W** f = hy. E(wy f)oT—*, we have W**W* = hy, E(w})oT* f,
for f e L3(\).

Now we are ready to characterize k-paranormal weighted composition operators.

Theorem 4.2. Let W € B(L?()\)). Then W is k-paranormal if and only if hyy1 E(w? )0
T=0+) — (1 4+ E)M* foE(w?) o T~ + ku't*k > 0, a. e, for every p > 0.

Proof. Since W is k-paranormal ,
WHIthpy itk (1 + k)" W*W + ku' ™ 1 >0, for everyu > 0.

Hence

i E(wiyy) o T~ — (1+ k)pFhE(w®) o T~ + kp'tEd A > 0,
E

for every E € 3 and so
hip1E(wiy ) o T=FD — (14 k)P hE(w?) o T + kp!t* > 0, a. e. for every p > 0.

Corollary 4.3. Let 77!'X = X. Then W is k-paranormal if and only if hk+1w,%+1 o
T=F+D) — (14 E)pPhw? o T~ + kp't* > 0, a. e. for every p > 0.

The Alugthe transformation of T is the operator T given by T = |T\1/2 U|T\1/2 was
introduced by Alugthe [2I. More generally we may form the family of operators T, : 0 < r < 1
where T}, = |T|" U \T|17T (2. For a composition operator C, the polar decomposition is given by
C = U |C| where |C| = Vhf and Uf = —~=hoT. Lambert (6] has given a more general Alugthe

VhoT
. " _ 2 ,
transformation for composition operators as C,. = [C|" U |C|'™" as C,f = (hZT)T/ foT.i. e.
C, is weighted composition with weight = = (hgT)T/2 .

Corollary 4.4. Let C,. € B(L?*()\)). Then C, is of k-paranormal if and only if

b1 E(mi, ) 0 T=F+) — (1 4+ k)P hE(7?) o T + kp* ' > 0, a. e. for every u > 0.
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Abstract The objective of this paper is to present several inequalities between the angles of

2

a triangle and the sides based on Jordan’s inequality, il <sinz < z, for every = € (0, g)
x
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§1. Introduction

In this paper, we will study the inequalities of type
f(a’ b7c7 A7B’ O? T’ S’ R7 A) 2 07

in an acute triangle ABC, where a,b, c are the lenghts of sides BC,CA, AB; A, B,C are the
measures of the angles BAC, ABC, BC' A calculated in radians, r is the radius of incircle; s is
the semi-perimeter; R is the radius of circumcircle and A is the area.

(3,4]

In many books of the Mathematical Analysis can be found the following inequality of

Jordan )
Y < sing < x, (1)
T

for all & € (0, g)

We will apply this inequality in the triangle ABC' in different forms.

§2. Main results

Theorem 1. In any acute triangle, there are the following

2 < % <, 2)
s +r*+4Rr 72 (s% + 12 4+ 4Rr)
———— < AB+B A
1R2 < +BC+CA< 672 , (3)
3
o ABC < 20 (4)

2R? 16R2’
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52 —r(4R +3) 9 9 o  m(s2—r(4R+1))

and
s(s? — 3r2 — 6Rr) 3 3 5 ms(s?> —3r? —6Rr)
Ve <A+ B +C° < POViE . (6)
Proof. In inequality (1) for « € {A, B,C} we obtain

2A 2B 2C
— <sinA< A, — <sinB< B, — <sinC <C. (7)
T ™ 7T

Adding the above inequalities we deduce inequality (2). Multiplying two by two and taking
their sum, we give over inequality (3). Multiplying the inequalities from (7) we obtain inequality
(4). Squaring the inequalities from (7) and making their sum implies inequality (5). Using the
inequalities from (7) thus

3
<2> A% <sin® A < A3, <2> B? < sin® B < B3,
™ T

(%)3 C? < sin®C < C® and adding them we find inequality (6). We also use the following
equalities (see [1,2]):

s+ 12+ 4Rr
in Asin B —
m};[ic sin A sin —um
sr
in Asin BsinC = 7
sin A sin B sin SRZ’
2
.9 s*—r(4R+r)
A = =
g . sin 572
cyclic

and

2372 - 6Rr)
i A — s(s
> s v

cyclic

Theorem 2. In any acute triangle, there are the following inequalities

_r 2 2 2 _r
2(2 R)<A +B24C <7r<2 R), (8)
s+ 712 —2Rr s +1r2 —2Rr
4<R2—3> < A2B? 4 B2C? + C?A% < 72 (R2—3> (9)
and 2 2 2 2
3s” +or° 22 2 3 (38" +or"
8<4R2 3) <A*B*C* < iR 3. (10)

Proof. From inequality (1), we have

LS~ a2 o ! nd
;Z —Z/O?x<2/osmxx

cyclic cyclic cyclic

A
=3 - ZcosAzQ—%< Z/o xdx:% ZAQ,

cyclic cyclic cyclic
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so, we deduce inequality (8).

Using double integrals in relation (1), we obtain

1 22 4 B 4wy
E-ZAB:Z/O/O?dxdy

cyclic cyclic

A B
< Z/o /0 sinz sin ydzdy = Z(lfcosA)(lfcosB)

cyclic cyclic

s>+ 712 —2Rr A B 1 9 12
ZT—3<Z/O /0 xydmdyzZZAB,

cyclic cyclic

so it follows inequality (9).

Now, using triple integrals, we have

A2B2(C? A B
73:/ / / xgzda:dydz
@ o Jo Jo T
A B ,C
§/ / / sinxsinysinzdmdydz:n(lfcosA)
o Jo Jo

352 + 512 A rBore A2B2C?
=——3 drdydz = ——
AR </0 /0 /0 rYyzdrdyaz 3 R

thus, the proof of inequality (10) is complete.

Theorem 3. In any acute triangle ABC, there are the following inequalities:

2
S 2 2 2 m S
R < - —
77(77 R)<A + B+ C 2( )

2 R
and
s>+ r2+4Rr 99 9 9 5 o S2+1r*+4Rr 12ABC
T SrABC < AP 4 BRC a2 < TR T 2T

Proof. By replacing x with g — z in inequality (1) we find the relation
2z T
1—-— <cosz < - —ux,
U 2

0
where z € (07 5)

By integrating, in relation (13) we obtain

Z/{)A<127f>dx< Z/OAcos:rdx< Z/OA(gx)dx,

cyclic cyclic cyclic

SO

N | =

1 9 . S m 2
W—;ZA<ZSIHA=E<7— ZA,

cyclic cyclic cyclic
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which means that we proved inequality (11).

Using double integrals, we have

Z/ / (1—> (1—>da:dy < Z/ / cos z cos ydzdy

cyclic cyclic

< Z// —fa: ffy>dxdy

cyclic

which implies inequality (12).
Theorem 4. In any acute triangle ABC), there are the following inequalities

2r Vamr

— < AB _— 14

7 < C< 5 R (14)
s A As
— A — 1
7 Z cos 5 <\[TR (15)

cyclic

T A T

Proof. From inequality (1), by integrating, we deduce

and

A2 A2

— <1—cosA < —

™ 2
which means that

A2 <9 5 A - A2

— sin? = < —

T 2 2

Therefore, we have
A < si A < A (17)
—— <sin— < —.
V2T 2 2
Writing and similar inequalities, by multiplying, we find the inequality
ABC A B C ABC

< sin — sin —sin — < ——

27r\/7 2 2 8
C

A B
But, we know that sinE SinESiHE = é, from [1,2], which means that inequality (14) is
proved.

Multiplying in inequality (17) by cos 4, we obtain

A 1 A A
cos — < —sin A < — cos —,

A
Vor 202 2“7

which is equivalent to
2 A s A
\/; Z Acos§ < = < Z Acos§
cyclic cyclic

from where, we find inequality (15).
Making the cyclic sum in relation (17), we have inequality (16).
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Theorem 5. In any acute triangle ABC, we have the inequality

(3—;)T<A3+B3+C3<4(:_2)(7r—;>. (18)

Proof. In [5] is proved the following inequality

2 2x — 423 2 -2
LT e =4 T (m2x — 42%) (19)
7r 3 ™ w3

which implies, working the sum for « € {A, B, C'}, the inequality of the statement.
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Abstract Let G be a graph of size n, and let A1, A2,..., A, be its eigenvalues. The Estrada
index of G is defined as FE(G) = Y./, e*. In this paper, we establish almost sure results
on FEE(G(n,p)) of Erdés-Rényi random graph G(n,p) in the superconnectivity regime.
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§1. Introduction

Generally, a simple graph G = (V, E) is defined by its vertex set V and edge set E C V x V.
Let n be the number of vertices of G. The eigenvalues of the adjacency matrix A are called
the eigenvalues of G and form the spectrum ¥ of G. Since A is a real symmetric matrix, its
eigenvalues are real number. We then order the eigenvalues of G in a non-increasing manner as
A1 > A9 > -+ > \,. Some basic properties of graph are reviewed in [4].

A recently introduced *8! spectrum-based graph invariant is

EE(G) = Z e, (1)

which is called the Estrada index of G. The Estrada index has found numerous applications

5,6,9] [7,8,13

in biochemistry | , physics and complex networks I. Some lower and upper bounds for

EE(G) of fixed graphs are deduced in [2,10,12].

An intriguing question is the random graph setting. Let G = G(n,p) denote, as usual, the
Erdés-Rényi random graph ¥l with n vertices and edge probability p. In this brief paper, by
using spectral theory we obtain the Estrada index EE(G(n,p)) in the regime that G(n,p) is
almost surely connected.

§2. Estimating FE(G(n,p))

Our main contribution in this section is the following concise result.
Theorem 2.1. For random graph G(n,p) with

Inn Inn
—<p<l——, (2)
n n
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the Estrada index is
EE(G(n,p)) = (1+0(1))e™, (3)

almost surely, as n — oo.

A key technique in the proof is a spectral density representation of random graph G(n, p).
It is shown [ that the largest eigenvalue \; of G(n,p) is almost surely (1 + o(1))np provided
that np > Inn. Furthermore, Wigner’s semicircular law 15! says that the spectral density of

G(n,p) converges to the semicircular distribution

2vr2—\2 I\ <7
p(A) = e - (4)
0, |A| > 7,
as n — 0o, where r = 2y/np(1 — p) is the radius of the bulk part of the spectrum.
For p > (Inn)/n and n — oo, by continuous approximation for EE(G) in (1), the Estrada

index of G(n,p) can be reformulated in the spectral density form

EE(G r M
n r n
eP
= 1 _
Y1) +
_e np(1)
= L) )
where (t) is the moment generating function of density p(A) and
T 2/r? — N2 2 [T
P(1) :/ VA AN = 7/ e" 0% sin% 9dg. (6)
—_r wr v 0

The following lemma can be proved by involving a modified Bessel function .
Lemma 2.2.1'% The function

olp) =m0/ oy 2T )

is monotonically decreasing for (Inn)/n < p <1 — (Inn)/n as n — oo, where (1) is given by
(6) and r is defined in (4).

Now we are on the stage to prove our main result.
Proof of Theorem 2.1. Let p = p. = (Inn)/n. Therefore, 1 —p. — 1 as n — oo, and
r ~ 2v/Inn from the definition in (4). By (7) we get

267« npe 2\/F Inn
T r3/2 \/; 2\/1nin 3/2
—Inn+2vInn e2Vinn

- 2\/5. (Inn)3/4 2\/%(11171)3/47 ®)

which approaches 0 as n — oo.
By Lemma 2.2, for p. < p <1 —p,, we obtain g(p) < g(p.) — 0 as n — co. Combining
this with (5) and (7), we then conclude the proof of Theorem 2.1.
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Abstract The pair (Gg, -) is called a special loop if (G, -) is a loop with an arbitrary subloop
(H,-) called its special subloop. A special loop (Gu,-) is called a second Smarandache Bol
loop (Syna BL) if and only if it obeys the second Smarandache Bol identity (zs-z)s = z(sz-s)
for all z,z in G and s in H. The popularly known and well studied class of loops called Bol
loops fall into this class and so Syna BLs generalize Bol loops. The Smarandache isotopy of
SonaBLs is introduced and studied for the first time. It is shown that every Smarandache
isotope (S — isotope) of a special loop is Smarandache isomorphic (S — isomorphic) to a
S-principal isotope of the special loop. It is established that every special loop that is S-
isotopic to a Sona BL is itself a Sona BL. A special loop is called a Smarandache G-special loop
(SGS — loop) if and only if every special loop that is S-isotopic to it is S-isomorphic to it. A
Sona BL is shown to be a SGS-loop if and only if each element of its special subloop is a Syst
companion for a S;st pseudo-automorphism of the Syna BL. The results in this work generalize
the results on the isotopy of Bol loops as can be found in the Ph. D. thesis of D. A. Robinson.
Keywords Special loop, second Smarandache Bol loop, Smarandache princiapl isotope, Sm

-arandache isotopy.

§1. Introduction

The study of the Smarandache concept in groupoids was initiated by W. B. Vasantha
Kandasamy in [24]. In her book [22] and first paper [23] on Smarandache concept in loops,
she defined a Smarandache loop (S — loop) as a loop with at least a subloop which forms a
subgroup under the binary operation of the loop. The present author has contributed to the
study of S-quasigroups and S-loops in [5]-[12] by introducing some new concepts immediately
after the works of Muktibodh [15]-[16]. His recent monograph [14] gives inter-relationships and
connections between and among the various Smarandache concepts and notions that have been
developed in the aforementioned papers.

But in the quest of developing the concept of Smarandache quasigroups and loops into a
theory of its own just as in quasigroups and loop theory (see [1]-[4], [17], [22]), there is the need
to introduce identities for types and varieties of Smarandache quasigroups and loops. This led
Jafyéold [13] to the introduction of second Smarandache Bol loop (S;:aBL) described by the
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second Smarandache Bol identity (zs-z)s = z(sz - s) for all 2,z in G and s in H where the
pair (Gg,-) is called a special loop if (G,-) is a loop with an arbitrary subloop (H,:). For
now, a Smarandache loop or Smarandache quasigroup will be called a first Smarandache loop
(S1st — loop) or first Smarandache quasigroup (Sisc — quasigroup).

Let L be a non-empty set. Define a binary operation (-) on L: if z -y € L for all z,y € L,
(L,-) is called a groupoid. If the equations; a -2 = b and y - a = b have unique solutions
for x and y respectively, then (L,-) is called a quasigroup. For each x € L, the elements
P =xJ,, 2 = 2Jy € L such that za” = e” and 2z = e are called the right, left inverses of 2
respectively. Furthermore, if there exists a unique element e = e, = ey in L called the identity
element such that for all zin L, z-e =e-z =z, (L,-) is called a loop. We write zy instead of
x -y, and stipulate that - has lower priority than juxtaposition among factors to be multiplied.
For instance, z - yz stands for z(yz). A loop is called a right Bol loop (Bol loop in short) if and
only if it obeys the identity

(zy-2)y = 2(yz - y).

This class of loops was the first to catch the attention of loop theorists and the first compre-
hensive study of this class of loops was carried out by Robinson [19].

The popularly known and well studied class of loops called Bol loops fall into the class of
Sona BLs and so Sona BLs generalize Bol loops. The aim of this work is to introduce and study
for the first time, the Smarandache isotopy of SonaBLs. It is shown that every Smarandache
isotope (S-isotope) of a special loop is Smarandache isomorphic (S-isomorphic) to a S-principal
isotope of the special loop. It is established that every special loop that is S-isotopic to a
Sona BL is itself a Sona BL. A Syna BL is shown to be a Smarandache G-special loop if and only
if each element of its special subloop is a Sist companion for a Sis¢ pseudo-automorphism of
the SynaBL. The results in this work generalize the results on the isotopy of Bol loops as can
be found in the Ph. D. thesis of D. A. Robinson.

§2. Preliminaries

Definition 1. Let (G,-) be a quasigroup with an arbitrary non-trivial subquasigroup
(H,-). Then, (Gpy,-) is called a special quasigroup with special subquasigroup (H,-). If (G,-)
is a loop with an arbitrary non-trivial subloop (H,-). Then, (Gpy,-) is called a special loop
with special subloop (H,-). If (H,-) is of exponent 2, then (G, -) is called a special loop of
Smarandache exponent 2.

A special quasigroup (G, -) is called a second Smarandache right Bol quasigroup (Sgna-
right Bol quasigroup) or simply a second Smarandache Bol quasigroup (S,na-Bol quasigroup)
and abbreviated Sona RBQ or Sona BQ if and only if it obeys the second Smarandache Bol identity
(Sgna-Bol identity) i.e SpnaBI

(xs-z)s=x(sz-s) forall z,z € G and s € H. (1)

Hence, if (G g, -) is a special loop, and it obeys the Syna BI, it is called a second Smarandache
Bol loop(Ssna-Bol loop) and abbreviated Sona BL.
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Remark 1. A Smarandache Bol loop (i.e a loop with at least a non-trivial subloop that
is a Bol loop) will now be called a first Smarandache Bol loop (Sist:-Bol loop). It is easy to see
that a SonaBL is a S1s«BL. But the converse is not generally true. So SqnaBLs are particular
types of S5t BL. Their study can be used to generalise existing results in the theory of Bol loops
by simply forcing H to be equal to G.

Definition 2. Let (G,-) be a quasigroup (loop). It is called a right inverse property
quasigroup (loop) [RIPQ (RIPL)] if and only if it obeys the right inverse property (RIP) yx-af =
y for all z,y € G. Similarly, it is called a left inverse property quasigroup (loop) [LIPQ (LIPL)]
if and only if it obeys the left inverse property (LIP) 2* - 2y = y for all z,y € G. Hence, it is
called an inverse property quasigroup (loop) [IPQ (IPL)] if and only if it obeys both the RIP
and LIP.

(G, ) is called a right alternative property quasigroup (loop) [RAPQ (RAPL)] if and only
if it obeys the right alternative property (RAP) y - zx = yx - x for all z,y € G. Similarly, it is
called a left alternative property quasigroup (loop) [LAPQ (LAPL)] if and only if it obeys the
left alternative property (LAP) zz -y = x-zy for all z,y € G. Hence, it is called an alternative
property quasigroup (loop) [APQ (APL)] if and only if it obeys both the RAP and LAP.

The bijection L, : G — G defined as yL, = x -y for all z,y € G is called a left translation
(multiplication) of G while the bijection R, : G — G defined as yR, = y -z for all z,y € G is
called a right translation (multiplication) of G. Let

x\y =yL, ' =y, and x/y = ngjl =zR,,

and note that
Ny=z<=uz-z=y and rjy=z<=z-y=u.

The operations \ and / are called the left and right divisions respectively. We stipulate that
/ and \ have higher priority than - among factors to be multiplied. For instance, x - y/z and
z - y\z stand for z(y/z) and z - (y\z) respectively.

(G, -) is said to be a right power alternative property loop (RPAPL) if and only if it obeys
the right power alternative property (RPAP)

ry" = (((zy)y)y)y -y ie Ry = Ry forall z,y € G and n € Z.
[ —

n-times

The right nucleus of G denoted by N,(G, ) = N,(G) ={a € G:y-za=yz-aV z,y € G}.

Let (Gn,-) be a special quasigroup (loop). It is called a second Smarandache right inverse
property quasigroup (loop) [Sgna RIPQ (Sona RIPL)] if and only if it obeys the second Smaran-
dache right inverse property (SonaRIP) ys-s? = y for all y € G and s € H. Similarly, it is
called a second Smarandache left inverse property quasigroup (loop) [Sgua LIPQ (SgnaLIPL)] if
and only if it obeys the second Smarandache left inverse property (SynaLIP) s* - sy = y for all
y € G and s € H. Hence, it is called a second Smarandache inverse property quasigroup (loop)
[SonaIPQ (SonaIPL)] if and only if it obeys both the Sona RIP and Sona LIP.

(Gp,-) is called a third Smarandache right inverse property quasigroup (loop) [Ss3:a RIPQ
(S3:aRIPL)] if and only if it obeys the third Smarandache right inverse property (Ss.aRIP)
sy-y? =sforallye Gand s € H.
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(G,-) is called a second Smarandache right alternative property quasigroup (loop) [SonaRA
PQ(S2:aRAPL)] if and only if it obeys the second Smarandache right alternative property
(SonaRAP) y - ss = ys- s for all y € G and s € H. Similarly, it is called a second Smarandache
left alternative property quasigroup (loop) [Sona LAPQ (Sona LAPL)] if and only if it obeys the
second Smarandache left alternative property (SonaLAP) ss-y =s-sy forally € G and s € H.
Hence, it is called an second Smarandache alternative property quasigroup (loop) [Sona APQ
(Sona APL)] if and only if it obeys both the Sona RAP and Sona LAP.

(GH,-) is said to be a Smarandache right power alternative property loop (SRPAPL) if
and only if it obeys the Smarandache right power alternative property (SRPAP)

zs" = (((xs)s)s)s---s i.e. Rgn = R} forallz € G, s € H and n € Z.
—_—
n-times

The Smarandache right nucleus of G denoted by SN, (G, ) = SN,(Gux) = N,(G) N H.
Gy is called a Smarandache right nuclear square special loop if and only if s2 € SN,(Gg) for
all s € H.

Remark 2. A Smarandache; RIPQ or LIPQ or IPQ (i.e a loop with at least a non-trivial
subquasigroup that is a RIPQ or LIPQ or IPQ) will now be called a first Smarandache; RIPQ
or LIPQ or IPQ (S;=RIPQ or S;=LIPQ or S;sIPQ). It is easy to see that a SynaRIPQ or
Sona LIPQ or SonaIPQ is a S1st RIPQ or S1s« LIPQ or S1s:IPQ respectively. But the converse is
not generally true.

Definition 3. Let (G,-) be a quasigroup (loop). The set SYM(G,:) = SYM(G) of
all bijections in G forms a group called the permutation (symmetric) group of G. The triple
(U, V,W) such that U, V,WW € SYM(G,-) is called an autotopism of G if and only if

2U - yV =(x-y)WVayecd.

The group of autotopisms of G is denoted by AUT(G, ) = AUT(G).

Let (Gp,-) be a special quasigroup (loop). The set SSY M (Gg,-) = SSYM(Gg) of all
Smarandache bijections (S-bijections) in Gy i.e A € SYM(Gpy) such that A : H — H
forms a group called the Smarandache permutation (symmetric) group [S-permutation group]
of Gg. The triple (U,V,W) such that U, V,W € SSY M (Gpy,-) is called a first Smarandache

autotopism (S autotopism) of Gy if and only if
2U-yV =(x-y)WVayeGy.

If their set forms a group under componentwise multiplication, it is called the first Smaran-
dache autotopism group (Sist autotopism group) of Gy and is denoted by S1st AUT(Gp,-) =
S1:t AUT(G ).

The triple (U,V,W) such that U W € SYM(G,:) and V € SSYM(Gpg,-) is called a

second right Smarandache autotopism (Sgna right autotopism) of Gy if and only if
2U-sV=(x-s)WVaeGandsecH.

If their set forms a group under componentwise multiplication, it is called the second right
Smarandache autotopism group (Sgna right autotopism group) of G and is denoted by Sona RAU
T(GH,) = Soma RAUT(Gg).
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The triple (U, V, W) such that VW € SYM (G, ) and U € SSY M (G, ) is called a second

left Smarandache autotopism (Sona left autotopism) of G if and only if
sU-yV=(s-yWVyeGandseH.

If their set forms a group under componentwise multiplication, it is called the second left
Smarandache autotopism group (Sgma left autotopism group) of Gy and is denoted by Sona LAUT
(Gu,:) =Soma LAUT(Gp).

Let (Gy,-) be a special quasigroup (loop) with identity element e. A mapping T €
SSYM(Gpg) is called a first Smarandache semi-automorphism (Sist semi-automorphism) if

and only if eT" = e and
(ry - 2)T = (xT - yT)2T for all x,y € G.

A mapping T € SSYM(Gpg) is called a second Smarandache semi-automorphism (Sona

semi-automorphism) if and only if eT" = e and
(sy-s)T = (sT -yT)sT for all y € G and all s € H.

A special loop (G, -) is called a first Smarandache semi-automorphic inverse property loop
(S1:tSAIPL) if and only if J, is a S;s semi-automorphism.

A special loop (G, -) is called a second Smarandache semi-automorphic inverse property
loop (SnaSAIPL) if and only if J, is a Syna semi-automorphism. Let (Gg,-) be a special
quasigroup (loop). A mapping A € SSYM(Gg) is a

1. First Smarandache pseudo-automorphism (Sist pseudo-automorphism) of G if and only
if there exists a ¢ € H such that (A, AR., AR.) € Sy« AUT(G ). c is reffered to as the
first Smarandache companion (Syst companion) of A. The set of such A’s is denoted by
S1se PAUT (G, -) = S1s« PAUT (Gpp).

2. Second right Smarandache pseudo-automorphism (Sgna right pseudo-automorphism) of
Gp if and only if there exists a ¢ € H such that (A, AR, AR.) € Sona RAUT(Gpr). ¢ is
reffered to as the second right Smarandache companion (Syna right companion) of A. The
set of such A’s is denoted by Sona RPAUT(GH, ) = Sena RPAUT (G ).

3. Second left Smarandache pseudo-automorphism (Soua left pseudo-automorphism) of Gy if
and only if there exists a ¢ € H such that (A, AR., AR.) € Syna LAUT (Gg). c is reffered
to as the second left Smarandache companion (Sgna left companion) of A. The set of such
A’s is denoted by Sona LPAUT (G, -) = Soua LPAUT (Ggr).

Let (Gp,-) be a special loop. A mapping A € SSYM(Gg) is a

1. First Smarandache automorphism (Sys« automorphism) of G if and only if A € S1s« PAUT
(Gpr) such that ¢ = e. Their set is denoted by S1ss AUM (Gg,-) = S1« AUM (Gpp).

2. Second right Smarandache automorphism (Sona right automorphism) of Gy if and only
if A€ Syna RPAUT(Gy) such that ¢ = e. Their set is denoted by Sona RAUM (G, ) =
Sona RAUM (Gg).
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3. Second left Smarandache automorphism (Sgna left automorphism) of Gg if and only if
A € Soua LPAUT(Gpg) such that ¢ = e. Their set is denoted by Sona LAUM (Gp,-) =
Sona LAUM (Gpy).

A special loop (Gpg,-) is called a first Smarandache automorphism inverse property loop
(St AIPL) if and only if (J,, J,, J,) € AUT(H,-).

A special loop (Gg,-) is called a second Smarandache right automorphic inverse property
loop (S2uaRAIPL) if and only if J, is a Sgua right automorphism.

A special loop (Gg,-) is called a second Smarandache left automorphic inverse property
loop (Sgua LAIPL) if and only if J, is a Soua left automorphism.

Definition 4. Let (G,-) and (L, o) be quasigroups (loops). The triple (U, V, W) such that
U, VW : G — L are bijections is called an isotopism of G onto L if and only if

2UoyV = (z-y)WVayeG. (2)

Let (Gp,-) and (Lar,0) be special groupoids. Gy and Ljs are Smarandache isotopic
(S-isotopic) [and we say (Las,0) is a Smarandache isotope of (Gp,-)] if and only if there
exist bijections U, V,W : H — M such that the triple (U,V,W) : (Gg, ) — (Las,o) is an
isotopism. In addition, if U = V = W, then (Gg,-) and (L, o) are said to be Smarandache
isomorphic (S-isomorphic) [and we say (L, o) is a Smarandache isomorph of (G, -) and thus
write (Gu,-) 7 (L, 0).].

(GH,-) is called a Smarandache G-special loop (SGS-loop) if and only if every special loop
that is S-isotopic to (G, -) is S-isomorphic to (G, -).

Theorem 1. (Jaiyéola [13]) Let the special loop (Gp,-) be a SgnaBL. Then it is both a
Sona RIPL and a S;na RAPL.

Theorem 2. (Jaiyéola [13]) Let (G,-) be a special loop. (Gg,-) is a SynaBL if and only
if (R;Y,LsRs, Rs) € S1:AUT (G, ).

§3. Main results

Lemma 1. Let (Gg,-) be a special quasigroup and let s,t € H. For all z,y € G, let

roy=aR; ' -yL7t (3)

S

Then, (Gu, o) is a special loop and so (Gg, ) and (Gg, o) are S-isotopic.

Proof. It is easy to show that (Gg, o) is a quasigroup with a subquasigroup (H, o) since
(G,-) is a special quasigroup. So, (Gg,o) is a special quasigroup. It is also easy to see that
s+t € H is the identity element of (Gg,0). Thus, (Gg,0) is a special loop. With U = Ry,
V =Ls and W = I, the triple (U,V,W) : (Gg, ) — (Gg,o) is an S-isotopism.

Remark 3. (Gp,o) will be called a Smarandache principal isotopism (S-principal iso-
topism) of (G, ).

Theorem 3. If the special quasigroup (Gp,-) and special loop (Lps,o0) are S-isotopic,
then (Lpy,0) is S-isomorphic to a S-principal isotope of (G, ).
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Proof. Let e be the identity element of the special loop (Lps,0). Let U, V and W be 1-1
S-mappings of Gy onto Lj; such that

2UoyV = (z-y)yWVaz,ye€Gy.
Let t = eV ! and s = eU"!. Define x x y for all z,y € Gy by
Txy = (W oyW)W L. (4)
From (2), with x and y replaced by WU~ and yWV ~! respectively, we get
(zW o yW)YW L =aWU - yWV !V 2,y € Gy. (5)

In (5), with £ = eW ™1, we get WV~! = L;! and with y = eW ™!, we get WU~! = R, *.
Hence, from (4) and (5),

rxy=xR; ' -yL;' and (zxy)W =aW oyW V 2,y € Gy.

That is, (Gg, *) is a S-principal isotope of (G, ) and is S-isomorphic to (L, o).

Theorem 4. Let (Gp,-) be a SonaRIPL. Let f,g € H and let (Gg,0) be a S-principal
isotope of (Gp,-). (Gu,o) is a Sy RIPL if and only if a(f,9) = (Rg, LyR; 'Ly, R!) €
Sona RAUT (G, -) for all f,g € H.

Proof. Let (Gg,-) be a special loop that has the S,uaRIP and let f,g € H. For all
z,y € G, define zoy = ng_l . yLJ?1 as in (3). Recall that f - g is the identity in (G, o), so
zoxf = f-g where rJ, = 2*" i.e the right identity element of z in (G, o). Then, for all z € G,
zozf = zR;! ~9:J;LJ71 = f-g and by the SyuaRIP of (G, -), since sR; " - sJ;Lfl = f.gfor
all s € H, then sR;' = (f - g) - (SJ;L;l)Jp because (H,-) has the RIP. Thus,

sRy' = sJ)L; Ly, = sJ, = sRy 'Ly L J\Ly. (6)

(Gm, o) has the Sona RIP iff (zos)osJ, = sforalls € H, » € Gy iff (ng_1~sL;1)R!;1-sJI’)L;1 =
z, for all s € H, v € Gy. Replace z by z-g and s by f-s, then (m~s)R§1~(f-s)J;)LJ71 =x-qg
iff (z-s)R;' = (z-9)- (f- S)J;ijljp for all s € H, x € Gy since (Gg,-) has the SonaRIP.
Using (6),

(x-s)R;' = xRy (f-s)R;'L;. & (x-s)R;' = xRy - sLyR;'Ly! &

a(f,9) = (Rg, LR, 'Ly o, RyY) € Sona RAUT (G, -) for all f, g € H.
Theorem 5. If a special loop (G, ) is a SgnaBL, then any of its S-isotopes is a Sona RIPL.

Proof. By virtue of theorem 3, we need only to concern ourselves with the S-principal
isotopes of (Gg,-). (Gp,-) is a SgnaBL iff it obeys the S,naBI iff (zs - 2)s = x(sz - s) for all
r,z€ Gand s € Hiff L,sRs = LyRL, forallz € Gand s € H iff R;1L;} = L;'R;7IL;! for
allz € G and s € H iff

RI'L;'=L,R;'L;} forall z € G and s € H. (7)
Assume that (Gg,-) is a Sgna BL. Then, by theorem 2,

(R;', LyRs, R,) € S10 AUT (G, -) = (R; Y, LyRs, Ry) € Sona RAUT (G, -) =
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(R;Y, LyRs,R,) ™ = (Rs, R;'L;Y RY) € Spua RAUT (G, -).
By (7), a(z,s) = (Rs, Ly R; ' L;}, R;1) € S9ua RAUT (G, -) for all f,g € H. But (Gp,-) has

s

the SgnaRIP by theorem 1. So, following theorem 4, all special loops that are S-isotopic to
(GH,-) are Soua RIPLs.

Theorem 6. Suppose that each special loop that is S-isotopic to (Gp,-) is a SgnaRIPL,
then the identities:

L (fo\f = (zg)\z;
2. g\(sg™") = (fo\[(f5)g™"]

are satisfied for all f,g,s € H and = € G.
Proof. In particular, (G, -) has the SynaRIP. Then by theorem 3, a(f,g) = (Ry, Ly R,
L;1 R;') € Spa RAUT (G, ) for all f,g € H. Let

I
Y =L;R;'L;). (8)
Then,
xg-sY = (xs)Rgl. 9)
Put s = g in (9), then zg-gY = (zg)R," = z. But, g¥ = gLnglLJT_}J = (fo\[(fg)g~1] =

(f\f- So, zg- (fo\f =z = (fo\f = (zg)\z.

Put z = e in (9), then sYL, = sR;' = sY = sR;'L;". So, combining this with (8),
sR,Lyt = sLyR;M Ly, = g\(sg™') = (fo)\[(f5)g "]

Theorem 7. Every special loop that is S-isotopic to a SqnaBL is itself a Syna BL.

Proof. Let (Gp,0) be a special loop that is S-isotopic to an Sgna BL (G, ). Assume that
-y = xaoyf where o, : H — H. Then the Sgna BI can be written in terms of (o) as follows.
(xs-z)s=x(sz-s) forall z,z € Gand s € H.

[(za o sB)ao zflaosf =xzao[(saozf)a o sf]. (10)
Replace za by T, s8 by 5 and 20 by Z, then
[(Zo3)aoZlaos=To[(38 'aoZ)aoss. (11)

If T = e, then
(GaoZ)aos = [(38 taoZ)ao3|s. (12)

Substituting (12) into the RHS of (11) and replacing 7, 5 and Z by z, s and z respectively, we
have

[(zos)aozlaos=xo[(saoz)aos]. (13)

With s = e, (za o 2)a =z o (eao z)a. Let (eao z)a = 28, where 6 € SSY M (Gg). Then,
(zao z)a =z o 20. (14)
Applying (14), then (13) to the expression [(z o s) o zd] o s, that is

[(xos)ozdlos=[(ros)aozlaos=xo[(saoz)aos]=zo[(sozd)os].
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implies

[(xos)ozdos=mzo[(sozd)os].

Replace z6§ by z, then

[(xos)oz]os=xzo[(s0z)o0s].

Theorem 8. Let (Gy,-) be a SynaBL. Each special loop that is S-isotopic to (G, -) is
S-isomorphic to a S-principal isotope (Gg,o0) where z oy = xRy - yLJT1 for all x,y € G and
some f € H.

Proof. Let e be the identity element of (Gg,-). Let (Gg,*) be any S-principal isotope
of (Gu,-) say z+y = xR, - yL,* for all z,y € G and some u,v € H. Let ¢’ be the identity
element of (Gg,*). That is, ¢/ = u - v. Now, define = * y by

oy = [(xe) x (ye')]e~! for all 2,y € G.

Then R,/ is an S-isomorphism of (Gpg,0) onto (Gg,*). Observe that e is also the identity
element for (Gg, o) and since (Gg, ) is & SyuaBL,

(pe')(e1q-€71) =pg e~ for all p,q € G. (15)
So, using (15),
voy=[(ze)x (ye)]e ' = [xRsR,' - yRo L, 1e ' =2RoR;'Rer - yRo/ L, L1 R
implies that
roy=aA-yB, A= RuR;'Re and B= Ro L, Ly-1Ro1. (16)

Let f = eA. then, y = ecoy =eA-yB = f-yB forall y € G. So, B = L;l. In fact,

eB=ff=f"1 Then,x =z0e=xA-eB=2xA-f ! forall z € G implies xf = (zA- f~1)f

implies f = £A (S22 RIP) implies A = Ry. Now, (16) becomes x oy = xRy - yL}l.
Theorem 9. Let (Gg, ) be a Sona BL with the Sona RAIP or Syna LAIP, let f € H and let

roy=xRy -yLJ?1 for all 2,y € G. Then (Gg,o) is a S1s« AIPL if and only if f € Ny(H, ).
Proof. Since (Gp,-) is a SgnaBL, J = Jy = J, in (H,-). Using (6) with g = f~1,

SJ;) = SRfJLf. (17)
(Gm, o) is a S AIPL iff (z 0 y)J, = xJ, 0yJ, for all z,y € H iff
(xRy-yL;")J, = xJ Ry - yJ, L} (18)

Let x = uR;l and y = vLy and use (16), then (18) becomes (uwv)RsJLy = uJLyRy-vLyRyJ
iff @ = (JLyRs, L;RsJ,RyJLy) € AUT(H,"). Since (Gy,-) is a S1«AIPL, so (J,J,J) €
AUT(H,-). So, « € AUT(H,") & B = o(J,J, J)(R; L, Ly-1 Ry, Rp1) € AUT(H,-). Since
(GH, ) is a SQHdBL,

xLfRfLy1 Ry = [f~'(fx- HIf ' = [(f7'f-2)f]f" =z for all z € G. That is,
LiRyL;-1Rs-1» = I in (Gy,-). Also, since J € AUM(H,-), then RyJ = JR;-1 and LyJ =
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JL; in (H,-). So,

6 = (JLyRyJR\, LyR;J? Ly Ryv, RyJLyJRy1)
(JLyJRg-+ R, LgReLg 1Ry, RLy-1Ry1)

(L1, I,RfLy-1Ry1).

Hence, (Gg,o) is a S1=«AIPL iff 8 € AUT(H, ).

Now, assume that 3 € AUT(H,-). Then, 2L;- -y = (zvy)RgLs-1 Ry for all z,y € H.
Fory =e, L1 = RyLy 1Ry in (H,-). so, 8 = (Ly1,1,Ly1) € AUT(H,-) = f~te
Nx(H,-)= f € N\(H,-).

On the other hand, if f € Nx(H,-), then, v = (Ly,I,Ly) € AUT(H,-). But f €
Nx(H,-) = L;' =Ly = RyLy-1 Ry in (H, ). Hence, 3 =~ and 3 € AUT(H, ).

Corollary 1. Let (Gp,-) be a SgnaBL and a Syst ATPL. Then, for any special loop (G, o)
that is S-isotopic to (Gm,-), (Gg,0) is a Sy AIPL iff (Gp,-) is a Syst-loop and a Syst commu-
tative loop.

Proof. Suppose every special loop that is S-isotopic to (Gp,-) is a Syst AIPL. Then,
f € Nx(H,-) for all f € H by theorem 9. So, (G, -) is a Sysc-loop. Then, y~tz=1 = (zy)~! =
a1y~ for all x,y € H. So, (Gg,-) is a Sy« commutative loop.

The proof of the converse is as follows. If (Gg,-) is a Sysc-loop and a Sps¢ commutative
loop, then for all z,y € H such that x oy = xRy -yL;l,

(xoy)oz=(xRy-yLy )Ry -2L7' = (af - fly)f - f 12

zo(yoz)=axRy (yRy 2Ly )Ly =af - fTHyf - f12).

So, (xoy)oz=u=mxo (yoz). Thus, (H,o) is a group. Furthermore,
zoy=aRs yLy' =af fly=c-y=y-a=yf fla=you

So, (H, o) is commutative and so has the AIP. Therefore, (Gp,0) is a Syt AIPL.

Lemma 2. Let (Gpy,-) be a SynaBL. Then, every special loop that is S-isotopic to (Gg, -) is
S-isomorphic to (G, -) if and only if (G, -) obeys the identity (z-fg)g~ f\(y-fg) = (zy)-(fg)
for all z,y € Gy and f,g € H.

Proof. Let (Gp,o) be an arbitrary S-principal isotope of (Gp,-). It is claimed that
R g
(Gi.) % (Guyo) iff aRyy 0 yRyy = (- y)Ryy iff (2 )Ry - (y- fo)L;t = (x-y)Ryy iff
(@ f9)g=" - f\y- fg) = (xy) - (fg) for all 2,y € Gy and f,g € H.

Theorem 10. Let (Gy,-) be a SyuaBL, let f € H, and let x oy = xRy - yL;1 for all
z,y € G. Then, (Gg,-) 7 (Gu,o) if and only if there exists a Sis+ pseudo-automorphism of
(G, +) with Sys¢ companion f.

Proof. (Gp,-) zZ (Gu,o) if and only if there exists T' € SSY M (G, -) such that T oyT =
(x-y)T for all z,y € G iff TRy -yTLJ?1 = (z-y)T for all z,y € G iff a = (TRf,TLJTI,T) €
S1ss AUT (G ).
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Recall that by theorem 2, (Gp,-) is a Sona BL iff (R;l,LfRf,Rf) € S1s« AUT(Gp,-) for
each f € H. So,

a € 81w AUT(Gy) < = o(R; ', LyRy, Ry) =
(T, TRf,TRf) € $15t AUT(Gp,-) & T € S1«PAUT (Gg)

with Sist companion f.

Corollary 2. Let (Gg,-) be a SouaBL, let f € H and let z oy = xRy - yLJ?1 for all
xz,y € Gy. If f € N,(H,"), then, (Gu,-) Z (Gu,0).

Proof. Following theorem 10, f € N,(H,-) = TS;:« PAUT(Gy) with Sy« companion f.

Corollary 3. Let (Gp,-) be a SynaBL. Then, every special loop that is S-isotopic to
(Gy,-) is S-isomorphic to (Gg,-) if and only if each element of H is a Sist companion for a Syst
pseudo-automorphism of (Gg, ).

Proof. This follows from theorem 8 and theorem 10.

Corollary 4. Let (Gy,-) be a SynaBL. Then, (Gg,-) is a SGS-loop if and only if each
element of H is a Syst companion for a Syst pseudo-automorphism of (G, -).

Proof. This is an immediate consequence of corollary 4.

Remark 4. Every Bol loop is a SonaBL. Most of the results on isotopy of Bol loops in
chapter 3 of [19] can easily be deduced from the results in this paper by simply forcing H to
be equal to G.
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Abstract In this paper, we define the notion of implicative filters in pocrims. We give several
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81. Introduction

Bounded pocrims form a class of algebras containing as proper subclasses, among others,
the class of algebras of some logics, e.g, the class of BL-algebras, i.e., algebras of the basic fuzzy
logic 1 (and consequently the class of MV-algebras, i.e., algebras of the Lukasiewicz infinite
valued logic), as well as the class of Heyting algebras, i.e., algebras of intuitionistic logic. Filters

[1,3],

in pocrims are defined In this paper we define the notion of implicative filter. We show

that {1} is an implicative filter of pocrim A iff A is Brouwerian semilattice.

§2. Periliminiaries

Definition 2.1.["3 A pocrim (partially ordered commutative integral residuated monoid)
is a algebra (A, %, —,1) with binary operations x, — and a constant 1 such that:

(a) (A, *,<) is a partially ordered commutative monoid with a greatest element 1 where
r<yifand only if x — y=1.

(b) * and — are residuated, i.e., the following adjointness condition holds on A:
z<zx—yif and only if zxx <y.

If (A, <) has a least element 0, a pocrim is called bounded.
A pocrim is called:

2

(1) Brouwerian semilattice if 22 = z, for all z € A, where 2% = x * x.

(2) Generalized Boolean algebra if (x — y) — x =z, for all z,y € A.

It is worth noticing that pocrims are closely related to BC' K-algebras introduced by Iséki
[ as an algebraic semantics of BCK-implicational calculus. Namely, pocrims are just BCK-
algebras satisfying the condition (P), i.e., BCK-algebras expanded by a binary oparation
which satisfies the identity (x *y) — z = ¢ — (y — z). On the other hand there are BCK-

algebras which do not admit such a multiplication.
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Lemma 2.2.13 In any pocrim A, the following relations hold for all z,y, z € A:

Nloz=z,z2—>z=2—1=1.

Definition 2.3.[1:3] A filter of a pocrim A is a nonempty subset F of A such that for all
a,b € A, we have

(1) axbe F,forall a,be F.

(2)a<banda € Fimply be F.

Definition 2.4.[%:3] A nonempty subset D of pocrim A is called a deductive system of A
if

(1)1 e D.

(2) Ifx € Dand z — y € D, then y € D.

Proposition 2.5.'/ A nonempty subset F of pocrim A is a deductive system if and only
if is a filter.

Theorem 2.6.[13] Let F be filter of a pocrim A. Define

r=pyifandonlyif x - yeFandy —»xeF.

Then =p is a congruence relation on A. The set of all congruence class is denoted by A/F,
ie, A/JF ={[z] |z € A}}, where [z] = {y € A | y =F z}. Define * and — on A/F as follow:

[z] * [y] = [z *y], [z] = [y] = [z — y]

and (A/F,,—,[1]) is a pocrim which is called the quotient pocrim with respect to F'.

§3. Implicative filters in pocrim

From now on (A, *, —, 1) or simply A is a pocrim.

Definition 3.1. A non-empty subset F' of A is called an implicative filter of A if it satisfies:
(1)1 e F;

2rz—(y—z)eFander—yecFimplyz —z€F.

Theorem 3.2. Any implicative filter of A is a filter but the converse is not true.

Proof. Let F' be an implicative filter and z,x — y € F. By Lemma 2.2,

l-(z—y)=cz—yeF and 1 5x=x€F.

Hence y =1 — y € F. Therefore F is a filter.
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Example 3.3. Let B ={0,a,b,1}. Define *x and — as follows:

— 0 a b 1
0 1 1 1 1
a a 1 1 1
b 0 a 1 1
1 0 a b 1
* 0 a b 1
0 0 0 0 0
a 0 0 a a
b 0 a b b
1 0 a b 1

Then (B, *,—,1) is a pocrim and it is clear that F = {b,1}, is a filter, while it is not an
implicative filter since ¢ — (¢ - 0) € Fanda a € F buta — 0 ¢ F.
Example 3.4. Let B = {0,a,b,¢,1}. Define * and — as follows:

* 1 0 a b c
1 1 0 a b c
0 0 0 0 0 0
a a 0 a a a
b b 0 a b a
c c 0 a a c
— 1 0 a b c
1 1 0 a b c
0 1 1 1 1 1
a 1 0 1 1 1
b 1 0 c 1 c
c 1 0 b b 1

Easily we check that (B, *,—, 1) is a pocrim. Consider the filter F' = {b,1}. Then F is an
implicative filter.

Theorem 3.5. Let F' be a filter of A, then F' is an implicative filter if and only if for any
ac€A A, ={x€A|a—xec F}is afilter of A.

Proof. Let F be an implicative filter and a € A. Sincea — 1 =1¢€ F, 1€ A,. If
x, 2 — y € A, thena — x € F and a — (x — y) € F. Since F is an implicative filter,
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a—y € F and so y € A,. Therefore A, is a filter. Conversely, let for any a € A, A, is a filter
of Aandx — (y > 2) e Fandz -y € F. Theny — 2z € A, and y € A,. Since A, is filter
we get z € A, andsox — z € F.

Hence F' is an implicative filter.

Theorem 3.6. Given a non-empty subset F' of A, the following conditions are equivalent:
(a) F'is an implicative filter.
(b) F is a filter and y — (y — x) € F implies y — = € F, for all z,y € A.
(¢) Fis afilter and z — (y — z) € F implies (z —» y) — (z —» z) € F, for all z,y,z € A.
d1eF,z—(y—(y—z))€Fandze Fimplyy — x € F.

(e) z — 2% € F, for all z € A.

Proof. (a = b): Let F be an implicative filter, by Theorem 3.2, F is a filter. If y — (y —
x) € F, since y — y = 1 by hypothesis we get y — © € F.

(b= c¢): Let 2 — (y — x) € F, by Lemma 2.2, we have

===y —a) =22 ((E—y) - (—2) 22— (y—a)

Since F' is filter and z — (y — x) € F, we get z — (z — ((z — y) — z)) € F. By
hypothesis we conclude that z — (z — (y — x)) € F and so (z > y) — (¢ = z) € F.

(c=d): Let 2,z = (y = (y — z)) € F, since F is afilter, 1 € Fandy — (y — z) € F.
Hence by hypothesis we get (y — y) — (y — z) € F. On the other hand,

y—r=1-(y—z)=Hy—y — (y—2).

Therefore, y — x € F.
(d=a): Let z >y € Fand z — (y — x) € F. By Lemma 2.2, we have,

= Y—2)=y—(Eo2)<(z=y) = (2= (2—2).

Since F' is filter and z — (y > z) € F, we get (z —y) — (2 = (z = x)). z >y € F and
(d) imply z — x € F.
(a = e): Let € A, hence, by Lemma 2.2,

r—(r—a2?)=2>—=2°=1landx -x=1¢€F.

Since F is implicative filter, we get z — z2 € F.

(e = a): Let z,y,2z € A be such that x — (y — 2) € F and ¢ — y € F'. By Lemma 2.2,

(x—=(y—2)x(@—y)xa®=(zx(@—(y—2))*(@x(@—y)<(y—2)xy<z

Then (z — (y — 2)) * (x — y) < 2% — 2. Since z — (y — 2) € F and 2 — y € F we get
(= (y—=2)x(@—yeF

and so 22 — 2z € F. By Lemma 2.2, x — 22 < (22 — z) — (z — 2). On the other hand
22 > z€Fand x — 22 € F, then © — 2z € F. Hence F is an implicative filter.

Theorem 3.7. In any pocrim A, the following conditions are equivalent:
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(a) A is Brouwerian semilattice.

(b) Any filter of A is an implicative filter of A.

(c) {1} is an implicative filter of A.

Proof. (a = b): Let A be Brouwerian semilattice and F be an arbitrary filter of A then

2? = x, for all z € A. To show that F is an implicative filter we use (e) of Theorem 3.6. Since

22 =z then x — 22 =1 € F and F is an implicative filter.
(b = ¢): is clear.
(c = a): Since {1} is implicative filter by Theorem 3.6, we get * — x2 = 1, for all x € A.

2 = g. Therefore A is Brouwerian semilattice.

Hence z < 2. By Lemma 2.2, 22 < 2 and so

Theorem 3.8. Suppose F' and G are filters of A and F' C G. If F' is an implicative filter
then G is an implicative filter.

Proof. Let F and G are filters of A, F C G, F an implicative filter and « € A. Since
F is implicative filter, by Theorem 3.6 we get x — 22 € F, for all x € A and since F C G,
x — x2 € G, for all x € A. Therefore F is implicative filter.

Theorem 3.9. Let F be a filter of A. Then F is an implicative filter if and only if A/F
is Brouwerian semilattice.

Proof. Let F be a implicative filter of A and [z] € A/F. By Theorem 3.6, x — 2% € F.
Hence [z] — [2%] = [ — 2?] = [1] and so [z] < [#?] = [z]?. On the other hand by Lemma 2.2,
[]? < [z]. Then [z] = [z]?, for all x € A. Therefore A/F is Brouwerian semilattice. Conversely,
suppose that A/F be Brouwerian semilattice and € A. Then

[ — 2% = [¢] = [+%] = 2] — [o]? = [1

and so  — 2 € F. Therefore by Theorem 3.6, F is implicative filter.
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§1. Introduction

By a graph, we mean a finite simple and undirected graph. The vertex set and edge set of
a graph G denoted are by V(G) and E(G) respectively. C, is a crown, C,, ® P, is a Dragon
and Cp, ® P, is a Armed Crown. Terms and notations not used here are as in [3].

§2. Preliminaries

Let G = {V, E} be a graph with p vertices and ¢ edges. A graphoidal cover ¥ of G is a
collection of (open) paths such that

[1] Every edge is in exactly one path of 1.

[2] Every vertex is an interval vertex of atmost one path in ).

We define v(G) = IJ)IGHCI ||, where ( is the collection of graphoidal covers i of G and -y is

graphoidal covering number of G.

Let 9 be a graphoidal cover of G. Then we say that G admits ¥-magic graphoidal total
labeling of G if there exists a bijection f: VUE — {1,2,...,p + ¢} such that for every path
P = (vov1va...vy,) in 9, then, f*(P) = f(vo) + f(vn) + Zn: f(vi—1v;) = k, a constant, where f*
is the induced labeling of 1. A graph G is called magic 1glraphoidal if there exists a minimum

graphoidal cover ¥ of G such that G admits - magic graphoidal total labeling. In this paper,
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we proved that Crown C.,I, Dragan C,, ® P, and Armed grown C,, ® P, is graph in which a
path of length n is joined at every vertex of the cycle C), are magic graphoidal.

Result 2.1.['"Y Let G = (p, q) be a simple graph. If every vertex of G is an internal vertex
in ¢ then v(G) = q — p.

Result 2.2.11" If every vertex v of a simple graph G, where degree is more than one
ie d(v) > 1, is an internal vertex of ¢ is minimum graphoidal cover of G and v(G) = ¢—p+n
where n is the number of vertices having degree one.

Result 2.3.['" Let G be (p, ¢) a simple graph then v(G) = ¢ — p+t where t is the number
of vertices which are not internal.

Result 2.4.["'] For any tree G, v(G) = A where A is the maximum degree of a vertex in
G.

Result 2.5.1"1 For any k-regular graph G, k>3, 7(G) = ¢ — p.

Result 2.6."] For any graph G with § > 3, v(G) = q — p.

Result 2.7.'"] Let G be a connected unicyclic graph with n vertices of degree 1, Z be its

unique cycle and let m be the number of vertices of degree at least 3 on Z. Then

1 if m =0;
@) n+1 if m =1 and d(v) = 3 where v is the unique vertex of
’}/ =

degree > 3 on z;

otherwise

§3. Magic graphoidal on special type of unicyclic graphs

Theorem 3.1. Crown C,I is magic graphoidal.

Proof. Let V(C,}) = {us,v; : 1 <i < n},

ECF) = {[(ujuiy1) : 1 < i <n—1]U (uguy) U (uv;) : 1 < i < n}.
Define f: VUE — {1,2,3,...,p+q} by

Let ¢ = {[(witiz1vi41) : 1 < i <n—1]U (upuqvy1)}. Clearly, ¢ is a minimum graphoidal

cover.

[ l(unurvy)] = f(un) + f(v1) + f(unur) + f(uivr)
=n+3n+1+2n+1+2n
=8n+2. (1)
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For1<i<n-1,
Frl(wivip1vign)] = fug) + f(vigr) + f(uivizr) + f(wip1vig)
=i4+4dn+1—i+3In+1—i+n+1
= 8n +2. 2)

From (1) and (2), we conclude that 1) is minimum magic graphoidal cover. Hence, Crown C,
is magic graphoidal. For example, the magic graphoidal cover of Cz' is shown in Figure 1.

15 % v3
6
4 7 4 10
L 3
Ugq U3
V4
9 11
uy U 5 16
1 ®
12 2 Vs
8
13 U1

Figure 1. C

¥ = {(u1ugv2), (uz2u3vs), (usugvy), (uguivr)}, v =4, K = 34.
Theorem 3.2. Dragan C),, ® P,, (n -even) is magic graphoidal.
Proof. Let G = C,, ® Pn.

Let V(G) =
E(G) =

{{us,v; : 1 <i<n—1],upk;
{[(usuig1) : 1 <i<n—1U (urun) U (unvp—1)
U [(vivi+1) 01 S 7 S n — 2]}

Define f: VUE — {1,2,3,...,p+q} by

) An—4-2(-1) fi=1mod2, 1<i<uy
dn—5-2(1—2) ifi=0mod 2, 1 <i<n;
2

) 4n—=3-2(i—-1) ifi=1mod2, 1<i<n
dn—6—2(1 —2) ifi=0mod 2, 1 <i<n, with v, = u,.
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Let ¢ = {(ujus ... up), (V102 ... vp_1unuy)}. Clearly, v(G) = 2.

n—1

[rl(urug . oup)] = flur) + f(un) + Z fuiuiyr)

:4n—2+2n—1+:Z:3{(4n_4)_4(i;1>}
Efemo- ()
- )

Fr i o vngugun)] = f(vn) + fun) + D fowig) + flunun)
i=1

n—1

:1+4n—2+2n—3+i;3{(4”—3)_4<i;1)}
5 0152
ot dn o

From (3) and (4), we conclude that ¢ is minimum magic graphoidal cover. Hence, C,, ® P,,

(n-even) is magic graphoidal. For example, the magic graphoidal cover of Cg ® Py is shown in
Figure 2.

\]
—
Ne)
[ Nep)

20 22
U1

<
I¥)

us

16 9

Us ug) 13 5 14 4 17318 2 21 1

co® =
iy
[ ]

15 10 12 11 Vs Vg U3 Vg U1

Figure 2. Cg ® Py

¥ = {(ujususzuqusug), (V1V2V3V4V5ugu ),y = 2, K = 115.
Theorem 3.3. Dragan C,, ® P,,, (n-odd) is magic graphoidal cover.
Proof. Let G=C,, ® P,.

Let V(G) = {us,v;: 1 <i<n—1u,};
E(G) = {[(uiui+1) : 1 <i<n—1]U (urun) U (unvn—1)

U [('Ui'Ui—H) 01 S 1 S n— 2]}
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Define f: VUE — {1,2,3,...,p+q} by

flui)=1i, 1<i<n-—1;
flur) =4n — 2;
flu)=n+3GE—-2), 2<i<mn;
flun) = fvn) =2n —1;

dn—4—-2(i—1) ifi=1mod 2, 1 <i<n;
f(uiuigr) =
dn—5-2(1—2) ifi=0mod 2, 1 <i<n;
2

dn—-3—-2(1—1) ifi=1mod?2, 1 <i<n;
dn—6—-2(1 —2) ifi=0mod 2, 1<i<n, with v, = u,.

Let ¥ = {(wqug ... un), (V1vg ... vp_1unug)}. Clearly, v(G) = 2.

P lunts . un)] = Fur) + Flun) + 3 Flusuisn)

=1
n—2

=4dn—2+2n -1+ Y {(dn—4) - 23— 1)}
i=1,3

+ i {(4n —5) — 2(i — 2)}

i=2,4

— (6n—3) (”‘2”); (5)

n—1

Frlwrvs - cvpoaupun)] = flur) + f(un) + fugun) + ) (vivier)

i=1

= f(ur) + f(un) + f(upur)
+ > fowi) + Y floivin)

i=1,3 i=2,4

n—2

=1+4n-2+2n-24+ > {(4n-3)-2(i—1)}
i=1,3

n—1
+ > {(dn—6)—2(i—2)}

i=2,4
:mn_m("gl). (6)

From (5) and (6), we conclude that ¢ is minimum magic graphoidal cover. Hence, C,, ® P,
(n-odd) is magic graphoidal. For example, the magic graphoidal cover of C5 ® Ps is shown in

Figure 3.
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5 16 18

910 4 13 3 14 2 17 1

U2 U1

6 12 7

Figure 3. C5 ©® P;s

1 = {(uugusugus), (v1v2v3v4v5u1) },y = 2, K = 81.
Theorem 3.4. Armed grown C,, P, is magic graphoidal.
Proof. Let G =C,, ® P,.

Let V(G) =
E(G) =

{vi:1<i<myu;;:1<i<m,1<j<n}
{[(vivit1) 1 1 <i<m—1]U (v10y,)

U(Uijuij+1)21§i§m,1 S]Sn—l}

Let v1 = um1,v; = ug—1)1,2 <@ < m.

Let ¢ = {(vivip1uiotz . . Uin), 1 <4 <m — 1U (Um01UmaUm3 - - - Umn) -
Case (i) n is even.

Define f: VUE — {1,2,...,p+q} by

(G+1)m+i, j=1mod2, 1<i<m,1<j<n-1;
flujuije) =G +2)m+1—i, j=0mod 2, 1<i<m, 1<j<n-—2;
(n+2)m+1—-4, 1<i<m;
= f(vm) + [(Vmn) + f(omv1) + f(V1Um2)

+ f(Um2tm3) + - + f(Umntmn)
=m+m+2m+1l—m+m-+1

n—1 n—2

+ 3 {G+DmAmp+ > {G+2)m+1—m}

Jj=13 J=2,4

:nm+2m+1+g+nm(g+l).

For1<i<m-—1,

Frl(vivigrtiouss . . win)] = f(vi) + f(win) + f(0i0i41) + f(Vig1 = Uit, Us2)
+ fupuiz) + - - + f(UinWint1)
=i+n+2m+1—i+2m+1—1

n—2

+ z_:{(j+1)m+z'}+ S +2m+1 -1}

j=1,3 j=2,4
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:nm+2m+l+g+nm<g+l>. (8)

From (7) and (8), we conclude that ¢ is minimum magic graphoidal cover. Hence, C,, ® P,
(n-even) is magic graphoidal. For example, the magic graphoidal cover of Cy ® P, is shown in
Figure 4.

22 19 14 11 uz1(va) g (vs) g . 15 18 23

u;,4 U?ss U;,z 4 6 3 U2 u'23 u;4
5 7

Ug4 U43 u:u 1 82 Uiz ui?’ U714

20 13 1 9 16 17 o

21 ugy(v1) w1 (v2)

Figure 4. C4 © Py

1 = {(v1vaur2u13U14), (V2U3U22U23U24), (V3V4US2US3US4), (VaV1 UsoUs3Uaa) },y =4, K =T5
Case (ii) n is odd.

fluguiji) =G +2)m+i—1, j=0mod 2, 1 <i<m, 2<j<n-—1;
fluguij) = (G+3)m—i, j=1mod 2, 1<i<m, 3<j<n-—2
flum)=Mm+3)m—14, 1 <i<m;

)
)
) =2
flusun) =4m+1—2i, 1 <i<m;
)
)
)
]

= f(vm) + f(umn) + f(vmv1) + f(Umitme)
=m+n+3m—m+2m+4m+1—2m

+ z_: {G+2m+m—1}+ z_: {(G +3)m —m}
j=2,4 7=3,5

n—1
:nm+12m—|—1—(2)+2m(6+8—|—-~-+n+1). (9)

f*[(vmvlum2um3 CIEaE umn)

For1<i<m-—1,

[ (vivigrtiouis - . win)] = f(vi) + f(tin) + f(vivig1) + fuinwiz) + f(uinuiz)
ot f(tintiin)
=i+ n+3)m—i+m+i+dm+1—2i

+ z_:{(j+2)m+m71}+ z_:{(j+3)mfm}
j=24 7=3,5

n—1

:nm+12m+1—< >+2m(6+8+~-~+n+1). (10)
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From (9) and (10), we conclude that ¢ is minimum magic graphoidal cover. Hence, C,, ® P,
(n-odd) is magic graphoidal. For example, the magic graphoidal cover of C3 ® Ps is shown in
Figure 5.

uz21 (v3) U22 U23 Uy Uss

Figure 5. C5Ps

P = {(v1vauaauazaatias), (VaU3U32U33UZ4Uss ), (V3V1UI2UI3UI4U15) }, Y = 3, K = 86.
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Abstract All lightlike hypersurfaces of a semi-Euclidean space that can locally be written as
the sum of functions of one variable are parametrized and showed that they are hyperplanes.
Also the only minimal translation lightlike hypersurfaces (zero mean curvature in all points)

are hyperplanes.

Keywords Minimal, translation hypersurfaces, lightlike surfaces.

§1. Introduction and preliminaries

Semi-Riemannian geometry is the study of smooth manifolds with non-degenerate metric.
The special cases are Riemannian geometry, with a positive definite metric and Lorentz ge-
ometry, the mathematical theory used in general relativity. Moreover, for any semi-Euclidean
manifold there is a natural existence of null (lightlike) subspaces. The growing importance
of lightlike hypersurfaces in mathematical physics, in particular their extensive use in relativ-
ity and very limited information available on the general theory of lightlike submanifolds, has
attracted interest of many mathematicians (21

Minimal surfaces are one of the most important surface classes in differential geometry. In
previous studies, minimal surfaces have been studied in 3-dimensional and in higher dimensional
Euclidean (or semi Euclidean) space by a number of differential geometricians. For instance,
the minimal surfaces of revolution, ruled, translation and homothetical surfaces in the R} are
completely determined in [1,4,5,8,9,10,11]. Moreover the minimal surfaces of translation of a
higher dimensional Euclidean space are obtained in [13] and of a semi-Euclidean space are
investigated in [12]. In particular Lopez [6] proved that the only minimal translation surfaces
in hyperbolic space are totally geodesic planes.

A hypersurface M™ in (n+1)-dimensional Euclidean (or semi-Euclidean) space determined
by the transformation

o= (1, T2,...,Tm, F)

is called translation, if the function F' is the sum of the smooth functions fi, fa,..., fin of one

variable such that

F(l‘l, To, ... ,JZm) = fl(xl) + fg(a?g) —+ -+ fm(l‘m) [12],
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We assume that f; vanishes nowhere (i = 1,2,...,n). Otherwise M™ is a hyperplane.
In this paper, we determine parametrization of the translation lightlike (degenerate) hyper-
surfaces of the semi-Euclidean space and show that they are hyperplanes. Also the translation

lightlike (degenerate) hypersurfaces are minimal.

§2. Lightlike hypersurfaces of semi-riemannian manifolds

Let M be a hypersurface of a (m + 2)-dimensional semi-Riemannian manifold M of index
q€{l,...,m+1}, m > 0. Let g be the semi-Riemannian metric on M. g induces on M a
symmetric tensor field g of type (0,2).

The radical (null) space of T, M is

RadT,M = {&, € T,M : gy(&u, X) =0, VX, € T,M}.

Since
T M+ ={V, eT,M: G,(V,,W,) =0,VW, € T,M},

we have
RadT M =T,M N T, M.

In this section, which follows almost entirely 2.

Definition 2.1. Let M be a hypersurface of an (m + 2)-dimensional semi-Riemannian
manifold M, m > 0. If Rad T, M # {0} for any u € M, M is called a lightlike (degenerate)
hypersurface of M.

If M is a lightlike hypersurface of M, T, M+ is a one-dimensional vector subspace of
the tangent space. Each m-dimensional subspace in T, M that does not contain the subspace
T, M+ is orthogonal to T, M~ and called a screen space at point u. The vector bundle that
is constituted by choosing a screen space each point of M is said to be a screen distribution
on M, denoted by S(TM). Thus we have

TM = S(TM) LTM*.

TM ) is a vector bundle that has M as base space and assigns T, M to each point u of M. g,
is non-degenerate on S(T, M). If a subspace is non-degenerate, its complementary orthogonal
subspace is also non-degenerate and is uniquely determined. Thus, the vector bundle that is
determined by the complementary orthogonal subspace is called the orthogonal complemen-
tary vector bundle to S(T'M) in TM , s, denoted by S(TM)*. Also we have

TM ,pr = S(TM) L S(TM)* .

Theorem 2.2. Let (M, g, S(TM)) be a lightlike hypersurface of a semi-Riemannian
manifold (M, g). Then there exists a unique vector bundle tr(TM) of rank 1 over M, such
that for any non-zero £ € I'(T M) on a coordinate neighbourhood U € M, there exists a unique
section N of tr(T'M) on U with the following properties:

g(N, &) =1,
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and
G(N,N) = g(N.W) = 0, YW € T(S(TM) 11,).

The space that is the union of subspaces spanned by the vector N, at each point u € M
is a lightlike vector bundle and is called the lightlike transversal vector bundle of M with
respect to S(T'M). It is denoted by tr(TM). tr(T'M), is the subspace spanned by the vector
N,,. Hence we have

TM /o = S(TM) L(TM* @ tr(TM)) = TM @ tr(TM).

Definition 2.3.0Y Let (M, g, S(TM)) be a lightlike hypersurface of a (m+2)— dimensional
semi-Riemannian manifold (M, §) and V be the Levi-Civita connection on M with respect to
g. f XY € [(TM), then VxY € I'(TM). Using the decomposition TM , py = TM & tr(TM),
we obtain the formulas

VXY: VXY-i-h(X,Y) (2.1)

and
VxV =—-Ay X + ViV, (2.2)

for any X,Y € T'(TM) and V € T'(¢tr(TM)), where VxY and Ay X belong to I'(T'M) while
h(X,Y) and ViV belong to I'(¢tr(TM)). It is easy to check that V is a torsion-free linear
form on M, h is a symmetric F(M)-bilinear form on I'(TM), which has range T'(tr(TM))
and Ay is a F(M)-linear operator on I'(T'M) and V! is a linear connection on the lightlike
transversal vector bundle tr(T'M). We call V and V* the induced connections on M and
tr(T M) respectively. Consistent with the classical of Riemannian hypersurfaces we call h and
Ay the second fundamental form and the shape operator respectively, of the lightlike
immersion of M in M. Also, we name (2.1) and (2.2) the Gauss and Weingarten formulae,
respectively.

Definition 2.4. Let (M, g, S(T'M)) be a lightlike hypersurface of a (m + 2)-dimensional
semi-Riemannian manifold (M, g). Next, if P denotes the projection morphism of TM on
S(TM) with respect to the decomposition TM = S(TM) LTM~ we obtain

VxPY = VxPY + h(X, PY) (2.3)
and .
va =-Ay X+ VU, (2.4)

* * * xt
where Vx PY and Ay X belong to I'(S(T'M)) while h(X, PY) and V U belong to T(TM>1). Tt
t

* *

follows that V and V are linear connections on vector bundles S(7M) and T M+ respectively,
hisa [(TM+)-valued F(M)-bilinear form on T'(T M) x'(S(TM)) and IZU is T'(S(T'M))-valued
F(M)-linear operator on I'(T'M). We call ;L and }klU the second fundamental form and
the shape operator of the screen distribution S(T'M), respectively. Also, equations (2.3) and
(2.4) are the Gauss and Weingarten equations for the screen distribution S(T'M).
Proposition 2.5. On any lightlike Monge hypersurfaces M of R;’H‘Z, the shape operators

Ay and A¢ of M and of the naturel screen distribution are related by

1=
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Definition 2.6. Let £ be a normal null section. The trace of —A, is called the lightlike

mean curvature He on M associated with £. Then

* *

H¢ = trace(—Ag¢) = —trace(Ag).

One of the good properties of the lightlike mean curvature is that it does not depend on

the screen distribution chosen, but only of the local normal null section & 3.

§3. Mimimal translation lightlike (degenerate) hypersur-

faces of semi-euclidean spaces

Let 4o, Y1, ..., Ymr1 be coordinate functions in R™*2 and z1, za,. .., Zmi1 be coordinate
Yo, Y1, y Ym+ ) ) ) -+

functions in R™*1. If the coordinate axes are embedded in R™*2, then we have

yk(07 ay, ag, ..., a?n-‘rl) - xk:(ala ag, ..., anL-i—l)a

where 1 < k < m + 1. Hence yk/{O}XRm+1 =Tk.
Let M be a lightlike Monge hypersurface determined by the function ¢ = (F, z1, Z2, ..., Tmt1),
where F a smooth function F : D — R and D is an open subset of R™*1. We have

0 0
Onop=Fy,-—o0p+—o0¢p, I<a<sm+1
Yo Ya
where 01, O, ..., Omy1 are coordinate frame fields on M. Since g(94 0 ¢, &) = 0 for each «, we

have
m—+1

fop=—o0p— Z %a 090+Z

where £ is the normal vector field on M.

Vector field N determined by equation

0 1

N=—
satisfies the conditions of Theorem 2.2. and spans vector bundle tr(T'M). N defined here, is
named the natural lightlike transversal vector bundle of M [,

Theorem 3.1.2] The hypersurface ¢ = (F,z1, 22, ..., Zmy1) is lightlike if and only if

m—+1

q—1
1+Y F2 =) Fl. (3.2)
Jj=1 a=q

Theorem 3.2.1") Given an open subset D C R”™t! and a smooth transformation F :
D — R. Let M be the lightlike Monge hypersurface determined by ¢ = (F,z1,Za,...,Tmi1)-
The matrix that corresponds to the shape operator of the lightlike hypersurface M in the
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semi-Euclidean space R(T” is

F:vlzl Fm1$q71 lezq FI1Iq+1 FI1$m+1
ngwl szwq,l sziq Fw2$(1+1 F:EQJ;’!YL+1
Fxsxl e Fxqu—l Fﬂt’sﬂfq anﬁfq+1 Fﬂfaxm+1
Aﬁ = 9 qu—lrl T Ffﬂq—lmq—l qu—lzq FIq—1$q+1 T qu—lzm+l
_F:qurl e _quzq,l _quzq _quIqul e _quzm+1
_quﬂwl _Fﬂﬂq+1wq—1 _F14+193<1 —qu+1zq+1 _Fl’q+1€ﬂm+1
_Fﬂcm+13?1 _Fxm,+lxq—1 _Fxm+1wq _Fxm+1$q+1 _Fxm+1$m+1

Proposition 3.3.[") In the semi-Euclidean space RT“ the lightlike mean curvature of the
lightlike hypersurface represented by ¢ = (F,x1,%2,-..,%Tmt+1) respect to normal section £ is

determined by the following equation

q—1 m—+1

He = *ZFM%‘ + Z Frpza
a=q

j=1
Corollary 3.4.[7 In the semi-Euclidean space R72, the lightlike hypersurface M deter-
mined by the transformation ¢ = (F, x1, 2, ..., Tmye1) is minimal if and only if

—1 m+1
szxj = E Fmaza .
a=q

Q

=1

<
Il

Remark 3.5. Let M be a translation hypersurface of R;’“ﬂ. Then M can locally always
be seen as the graph of a function F : R™*! — R. In what follows, we will assume that
F is a function of the coordinates z1,x3,...,Zm4+1. This can easily be achieved possibly by

rearranging the coordinates of RZI"*Q. So M is locally given by
ro = F(x1,22,...,Zmy1) = fi(z1) + fa(x2) + - + o1 (Tmg1)-

o 0 -1, j=1,.q—1
Lete; =g(z—, ) = / 1
dy; Oy; +1, j=¢q,.m+1
Theorem 3.6. In the semi Euclidean space R;”‘“Z, the (m + 1)— dimensional translation

hypersurface given by
m—+1

Y = (Z f]a $17l'2,.--,33m+1)
=1

is lightlike if and only if

(F # 0 in any point).
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m—+1
Proof. Substitute F = ) f; in the equation (3.2).
i=1
Theorem 3.6. In the semi-Euclidean space RZ]"+2, if the (m+1)— dimensional translation

hypersurface given by
m—+1

Y= (Z fj7 T1,X2,. .. 7(Em+l)
j=1

is lightlike, then

m—+1 m—+1

Y= (Z a;xj +b, x1,%2,...,Tmy1) with Z eja? =1,
j=1 j=1

on the corresponding domain where f; is not constant and a;,b is some constant.

Proof. Derivative of the equation (3.3) with respect to z; for j =1,...,m+1:

o

fj fj =0
Since fj/ = (0 on an interval, then
fj =0
We twice integrate this equation
fi = ajz; + b,
m—+1
where Y ;a3 =1, ie. (0,a1,0az,...amy1) €SP
j=1

Corollary 3.7. In the semi-Euclidean space Rg‘“, every translation lightlike hypersurface
is minimal.

Remark 3.8. The minimality condition of translation lightlike hypersurface M given by
m—+1

e=(> fj, x1,22,...,Tmy1) can be developed as
j=1

Clearly, every translation lightlike hypersurface is minimal.
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Abstract In this paper, we study the notion of a generalized f-derivation for a lattice and
investigate some related properties. We give some necessary and sufficient conditions under
which a generalized f-derivation is an order-preserving for lattice with a greatest element,

modular lattice, and distributive lattice.
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§1. Introduction

The concept of derivation for BCI-algebra was introduced by Y. B. Jun and X. L. Xin [l
Further, in 2009, C. Prabprayak and U. Leerawat [7) also studied the derivation of BCC-algebra.
In 2005, J. Zhan and Y. L. Liut [ introduced the concept of a f-derivation for BCI-algebra
and obtained some related properties. In 2008, L. X. Xin, T. Y. Li and J. H. Lu [9 studied
derivation of lattice and investigated some of its properties. In 2010, N. O. Alshehri introduced
the concept of a generalized derivation and investigated some of its properties. In 2011, S.
Harmaitree and U. Leerawat studied the f-derivation of lattice and investigated some of its
properties. The purpose of this paper, we applied the notion of a generalized f-derivation for

a lattice and investigate some related properties.

§2. Preliminaries

We first recall some definitions and results which are essential in the development of this
paper.

Definition 2.1.50 An (algebraic) lattice (L,A,V) is a nonempty set L with two binary
operation “A”and “V”(read “join”and “meet”, respectively) on L which satisfy the following

condition for all z,y, z € L:

(i)zAhz ==z, xVa=u;

(i) x ANy =y Az, xVy=yVux;

(i) xAlyAz)=(xAy)ANz, xV(yVz)=(@xVyVz;
(iv)z=zA(xVy), r=xV(zAy).

We often abbreviate L is a lattice to (L, A, V) is an algebraic lattice.
Definition 2.2.1°l A poset (L, <) is a lattice ordered if and only if for every pair z,y of
elements of L both the sup{x,y} and the inf{z,y} exist.
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Theorem 2.3.0! In a lattice ordered set (L, <) the following statements are equivalent for
all z,y € L:

(a) z < y; (b) sup{z,y} = y; (c) inf{z,y} = =.

Definition 2.4.8) Let L be a lattice. A binary relation “<”is defined by z < ¥ if and only
ifxAy=zandzVy=y.

Lemma 2.5. Let L be a lattice. Then x Ay =z if and only if z Vy =y for all x,y € L.

Proof. Let z,y € L and assume x Ay = z. Then zVy = (z Ay) Vy =y. Conversely, let
zVy=y.SoxAy=xA(xVy) =x.

Corollary 2.6. Let L be a lattice. Then z < y if and only if either t Ay =x or xVy = y.

Lemma 2.7.18 Let L be a lattice. Define the binary relation “<”as Definition 2.3. Then
(L, <) is a poset and for any x,y € L, x Ay is the inf{z,y} and = V y the sup{z, y}.

Theorem 2.8.1° Let L be a lattice. If we define z < y if and only if 2 Ay = z then (L, <)
is a lattice ordered set.

Definition 2.9.0! If a lattice L contains a least (greatest) element with respect to < then
this uniquely determined element is called the zero element (one element), denoted by 0 (by 1).

Lemma 2.10.05] Let L be a lattice. If y<z,thenzAy<zAzandxVy<zVzforall
z,y,2 € L.

Definition 2.11.050 A nonempty subset S of a lattice L is called sublattice of L if S is a
lattice with respect to the restriction of A and V of L onto S.

Definition 2.12.50 A lattice L is called modular if for any x,y,z € L if © < z, then
xV(yAz)=(xVy)Az

Definition 2.13.1°] A lattice L is called distributive if either of the following condition
hold for all z,y,zin L: xA(yVz)=(zAy)V(zxAz)orzV(yAz)=(xVy) A(zVz).

Corollary 2.14.1° Every distributive lattice is a modular lattice.

Definition 2.15.1%) Let f : L — M be a function from a lattice L to a lattice M.

(i) f is called a join-homomorphism if f(z Vy) = f(z) V f(y) for all z,y € L.

(ii) f is called a meet-homomorphism if f(z Ay) = f(z) A f(y) for all z,y € L.

(iii) f is called a lattice-homomorphism if f are both a join-homomorphism and a meet-
homomorphism.

(iv) f is called an order-preserving if x < y implies f(x) < f(y) for all 2,y € L.

Lemma 2.16.1° Let f : L — M be a function from a lattice L to a lattice M. If f is
a join-homomorphism (or a meet-homomorphism , or a lattice-homomorphism), then f is an
order-preserving.

Definition 2.17.5] An ideal is a nonempty subset I of a lattice L with the properties:

(i)ifz <yandy €I, then z €I for all z,y € L;

(ii) if z,y € I, then z Vy € I.

Definition 2.18.0! Let L be a lattice and f : L — L be a function. A function d: L — L
is called a f-derivation on L if for any z,y € L, d(x Ay) = (dz A f(y)) V (f(z) A dy).

Proposition 2.19.5 Let L be a lattice and d be a f-derivation on L where f : L — L is
a function. Then the following conditions hold : for any element x,y € L,

(1) do < f(@);

(2) de Ady < d(z Ay) < dxV dy;



116 Sureeporn Harmaitree and Utsanee Leerawat No. 1

(3) If L has a least element 0, then f(0) = 0 implies d 0 = 0.

§3. The generalized f-derivations of lattices

The following definitions introduces the notion of a generalized f-derivation for lattices.

Definition 3.1. Let L be a lattice and f : L — L be a function. A function D : L — L
is called a generalized f-derivation on L if there exists a f-derivation d : L — L such that
Diw Ay) = (D@) A f(y) V (f(z) Ad(y)) for all z,y € L.

We often abbreviate d(z) to dz and Dz to D(x).

Remark. If D =d, then D is a f-derivation.

Now we give some examples and show some properties for a generalized f-derivation in
lattices.

Example 3.2. Consider the lattice given by the following diagram of Fig. 1.

S

o

S
0——0—0—>0

Fig. 1

Define, respectively, a function d, a function D and a function f by

0, if x=1;
a, if x=0,a,1; a, if x=0,a;
de=1< b, if x=b; Dz = f(z) =
b, if x=h. b, if x=1,b.
a, if x=0,a.

Then it is easily checked that d is a f-derivation and D is a generalized f-derivation.

Example 3.3. Consider the lattice as show in Fig. 2.

1
/r"Q‘z
a O ////// 5 b
0
Fig. 2

Define, respectively, a function d, a function D and a function f by

0, if x=0,b,1; 0, if x=0,b; xz if x=1,3a;
doe = Dz = f(z) =
a, if x=a. a, if x=a,l. b if x=0,b.
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Then it is easily checked that d is a f-derivation and D is a generalized f-derivation.

Proposition 3.4. Let L be a lattice and D be a generalized f-derivation on L where
f: L — Lis a function. Then the following hold: for any element z,y € L,

(1) dz < Dz < f(x);

(2) DeADy < D(x Ay) < Dz V Dy.

Proof.(1) For all € L, we have Dx = D(z Ax) = (Dx A f(x)) V (f(x) Adz) = (Dx A
f(z)) Vdz. Then Dx Adx = ((Dz A f(x)) V dx) Adx = do and so de < Dz. Also we get
Dz Vv f(x) = ((Dx A f(z)) Vdxr) V f(z) = (Dx A f(z)) V f(z) = f(z). So Dz < f(z).

(2) Let z,y € L, we have D(z Ay) = (Dx A f(y)) V (f(z) ANdy) > Dx A f(y) > Dx A Dy.
Moreover, we get D(z Ay) = (Dz A f(y)) V (f(x) Ady) < DxVdy < Dz V Dy.

Proposition 3.5. Let L be a lattice and D be a generalized f-derivation on L where
f: L — L is an order-preserving. Suppose z,y € L be such that y < z. If Dz = f(x), then
Dy = f(y).

Proof. Since f is an order-preserving, f(y) < f(x). Thus Dy = D(x Ay) = (Dx A f(y)) V
(fl@)ndy) = (f(@) A f(y) v (f(@) Ady) = fy) Vdy = fy).

Proposition 3.6. Let L be a lattice with a least element 0 and D be a generalized
f-derivation on L where f: L — L is a function. Then

(1) if f(0) =0, then DO = 0;

(2) if DO =0, then Dz A f(0) =0 for all x € L.

Proof. (1) By Proposition 3.4(1).

(2) Let « € L. It is easily show that d0 = 0. Then

0=D0=D(z A0) = (Dz A £(0)) V (f(z) A dO) = Dz A £(0).

The following result is immediately from Proposition 3.7(2).

Corollary 3.7. Let L be a lattice with a least element 0 and D be a generalized f-
derivation on L where f: L — L is a function such that DO = 0. Then we have,

(1) Dz < f(0) if and only if Dz =0 for all x € L;

(2) f(0) < Dz for all x € L if and only if f(0) = 0;

(3) if f(0) # 0 and there exist € L such that Dz # 0, then (L, <) is not a chain.

Proposition 3.8. Let L be a lattice with a greatest element 1 and D be a generalized
f-derivation on L where f : L — L is a function. Then

(1) if D1 =1, then f(1) = 1;

(2) if f(1) =1, then Dz = (D1 A f(x)) Vdx for all z € L.

Proof. (1) By Proposition 3.4(1).

(2) Note that Dz = D(1 A z) = (D1 A f(z)) V(f(1) Adz) = (D1 A f(z)) V(1 Adx) =
(D1 A f(x)) V dz.

Corollary 3.9. Let L be a lattice with a greatest element 1 and D be a generalized
f-derivation on L where f : L — L is a function such that f(1) = 1. Then we have, for all
r €L,

(1) D1 < f(x) if and only if D1 < Duz;

(2) if D1 < f(z) and D is an order-preserving, then Dax = D1;

(3) f(z) < D1 if and only if Dx = f(z);
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(4) D1 =1 if and only if Dz = f(x).

Proposition 3.10. Let L be a lattice and D be a generalized f-derivation on L where f :
L — L is a join-homomorphism. Then D = f if and only if D(xVy) = (DzV f(y)) A(f(z)V Dy)
for all z,y € L.

Proof. (=) Let z,y € L. Then D(zVy) = f(zVy) = flaVy)A f(xVy) = (f(x)V fly)) A
(f(2)V £()) = Dz V f(3)) A (F(x) V Dy).

(«=) Assume that D(zVy) = (DzV f(y))A(f(z)VDy). By putting y = x in the assumption,
we get Dx = f(x) for all z € L.

Proposition 3.11. Let L be a lattice and D be a generalized f-derivation on L where
f: L — L is an order-preserving. Then Dz = (D(x Vy) A f(x)) V dz for all z,y € L.

Proof. Let x,y € L. Then dz < f(z) < f(zVy). So Dz =D((x Vy) Az) = (D(xVy) A
f@) Vv (fzVy) ndz) = (D@ Vy) A f(z)Vde.

Proposition 3.12. Let L be a lattice and D be a generalized f-derivation on L where
f: L — Lisa function. If D is an order-preserving, then Dz = D(z V y) A f(z) for all x € L.

Proof. Let z,y € L. Then de < Dax < D(zVy) < f(xVy). So Dz =D((zxVy)Az)=
(D(xVy)Af@)V(flxVy)Adx) = (D(xVy)A f(x)) Vdz. Since de < D(zVy) and dz < f(x),
dx < D(xVy)A f(x). Hence Dx = D(x V y) A f(x).

Theorem 3.1.3 Let L be a lattice and D be a generalized f-derivation on L where f :
L — L is a function. Then the following conditions are equivalent:

(1) D is an order-preserving;

(2) DxV Dy < D(x Vy) for all 2,y € L;

(3) D(z ANy) = Dx A Dy for all z,y € L.

Proof. (1) = (2) Let z,y € L. Then Dz < D(z V y) and Dy < D(z V y). Therefore
Dz Vv Dy < D(zVy).

(2) = (1): Assume that (2) holds. Let x,y € L be such that x < y. Then Dy = D(zVy) >
Dz VvV Dy but we have Dy < Dz V Dy. So Dy = Dz V Dy, it follow that Dx < Dy.

(1) = (3): Let x,y € L. Then D(x Ay) < Dx and D(z Ay) < Dy. Therefore D(x Ay) <
Dz A Dy. By Proposition 3.4(2), we have D(x Ay) > Dz A Dy. Hence D(x Ay) = Dx A Dy.

(3) = (1): Assume that (3) holds. Let x,y € L be such that z < y. Then Dax = D(xAy) =
Dx A Dy, it follow that Dz < Dy.

Theorem 3.14. Let L be a lattice with a greatest element 1 and D be a generalized
f-derivation on L where f : L — L is a meet-homomorphism such that f(1) = 1. Then the
following conditions are equivalent:

(1) D is an order-preserving;

(2) Dx = f(z) A D1 for all © € L;

(3) D(z Ay) = Dz A Dy for all z,y € L;

(4) Dz v Dy < D(z Vy) for all z,y € L.

Proof. By Theorem 3.13, we get the conditions (1) and (4) are equivalent.

(1)=(2): Assume that (1) holds. Let z € L. Since x < 1, Dx < D1. We have Dz < f(x).
So we get Dz < f(x) A D1. By Proposition 3.8(2), we have Dz = dx V (f(z) A D1). Thus
Dz = f(z) A D1.
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(2)=(3): Assume that (2) holds. Then Dz A Dy = (f(z) ADL)A(f(y) AD1) = f(x Ay) A
= D(z Ny).

(3)=(1): Assume that (3) holds. Let z,y € L such that z < y. By (3), we get Dz =
D(xz Ay) = Dx A Dy, it follows that Dx < Dy.

Theorem 3.15. Let L be a distributive lattice and D be a generalized f-derivation on L

D1

where f: L — L is a join-homomorphism. Then the following conditions are equivalent:

(1) D is an order-preserving;

(2) D(z ANy) = Dz A Dy for all z,y € L;

(3) D(zVy) =Dz V Dy for all x,y € L.

Proof. By Theorem 3.13, we get the conditions (1) and (2) are equivalent.

(1)=(3): Assume that (1) holds and let =,y € L. Then dz < Dz < D(zVy) < f(z Vy).
By Proposition 3.11, we have Dz = dz V (f(x) A D(z V y)). Then Dz = (dz V f(z)) A
(de VvV D(z Vy)) = f(z) AND(z Vy). Similarly, we can prove Dy = f(y) A D(z V y) . Thus
DaVvdy = (f(x) ND(xVy)V(f(y) ND(xVy)) = fl@Vy) AD@Vy)=DxVy).

(3)=(1): Assume that (3) holds and let =,y € L be such that < y. Then Dy = D(zVy) =
Dz V Dy by (3). It follows that Dz < Dy, this shows that D is an order-preseving.

Theorem 3.16. Let L be a modular lattice and D be a generalized f-derivation on L
where f: L — L is a join-homomorphism. If there exist a € L such that Da = f(a), then D is
an order-preserving implies D(z V a) = Dz V Da for all z € L.

Proof. Let x € L. Suppose that there exist a € L such that Da = f(a) and D is an
order-preserving. Then Da < D(z V a). By Proposition 3.12, we get Dx = D(x V y) A f(x).
So DxV Da= (D(xVa)A f(x))VDa=D(xVa)A(DaV f(x)) = D(xVa)A(f(a)V f(x)) =
D(xzVa)A f(xVa)=D(xVa).

Let L be a lattice and D be a generalized f-derivation on L where f : L — L is a function.
Denote Fizp(L) = {x € L|Dx = f(x)}.

In the following results, we assume that Fizp(L) is a nonempty proper subset of L.

Theorem 3.17. Let L be a lattice and D be a generalized f-derivation on L where
f: L — L is alattice-homomorphism. If D is an order-preserving, then Fizp(L) is a sublattice
of L.

Proof. Let =,y € Fizp(L). Then Dz = f(z) and Dy = f(y). Then f(z Ay) =
f(@)ANf(y) = DeADy < D(xAy). So D(xAy) = f(xzAy), that is z Ay € Fixp(L). Moreover,
we get f(zVy) = f(x)V f(y) = DxV Dy < D(xVy) by Theorem 3.13. So D(xVy) = f(zVy),
this shows that = Vy € Fixp(L).

Theorem 3.18. Let L be a lattice and D be a generalized f-derivation on L where
f: L — L is a lattice-homomorphism. If D is an order-serving, then Fizp(L) is an ideal of L.

Proof. The proof is by Proposition 3.5 and Theorem 3.17.

Let L be a lattice and D be a generalized f-derivation on L where f : L — L is a function.
Denote kerD = {x € L|Dx = 0}.

In the following results, we assume that kerD is a nonempty proper subset of L.

Theorem 3.19. Let L be a distributive lattice and D be a generalized f-derivation on
L where f : L — L is a lattice-homomorphism. If D is an order-preserving, then kerD is a
sublattice of L.
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Proof. The proof is by Theorem 3.15.

Definition 3.20. Let L be a lattice and f : L — L be a function. A nonempty subset I of
L is said to be a f-invariant if f(I) C I where denote f(I) = {y € L|y = f(z) for some z € T}.

Theorem 3.21. Let L be a lattice and D be a generalized f-derivation on L where
f : L — L is a function. Let I be an ideal of L such that I is a f-invariant. Then [ is a
D-invariant.

Proof. Let y € DI. Then there exist z € I such that y = Dx. Since I is a f-invariant,
f(z) € I. We have y = Dz < f(z). Since I is an ideal and f(z) € I, y € I. Thus dI C I.
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