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A new additive function and the

Smarandache divisor product sequences !

Weili Yao and Tieming Cao

College of Science, Shanghai University, Shanghai, P.R.China

Abstract For any positive integer n, we define the arithmetical function G(n) as G(1) = 0.
Ifn>1and n = pitps?---pp* be the prime power factorization of n, then G(n) = o+
g—j + -4 ‘;—)’; The main purpose of this paper is using the elementary method and the
prime distribution theory to study the mean value properties of G(n) in Smarandache divisor
product sequences {pa(n)} and {ga(n)}, and give two sharper asymptotic formulae for them.
Keywords Additive function, Smarandache divisor product sequences, mean value, elementa-

ry method, asymptotic formula.

§1. Introduction and results

In elementary number theory, we call an arithmetical function f(n) as an additive function,
if for any positive integers m, n with (m, n) = 1, we have f(mn) = f(m) + f(n). We call
f(n) as a complete additive function, if for any positive integers r and s, f(rs) = f(r) + f(s).
There are many arithmetical functions satisfying the additive properties. For example, if n =
1 py? - - pR* denotes the prime power factorization of n, then function Q(n) = oy +as+---+ay
and logarithmic function f(n) = Inn are two complete additive functions, w(n) = k is an
additive function, but not a complete additive function. About the properties of the additive
functions, there are many authors had studied it, and obtained a series interesting results, see
references [1], [2], [5] and [6].

In this paper, we define a new additive function G(n) as follows: G(1) = 0; If n > 1 and

n = p{'py? - pi* denotes the prime power factorization of n, then G(n) = e SRR el

It is clear that this function is a complete additive function. In fact if m = p{'p5?---pp*
and n = p?lpgz . -pg’“, then we have mn = p?1+ﬂ1 ~p§“2+52 . -pz’“'w’“. Therefore, G(mn) =
‘“Ttﬂl + O‘QTJ;& ++ D"‘Ti’g’“ = G(m) + G(n). So G(n) is a complete additive function. Now
we define the Smarandache divisor product sequences {ps(n)} and {gs(n)} as follows: pg(n)
denotes the product of all positive divisors of n; g4(n) denotes the product of all positive divisors

d of n but n. That is,

d(n)

d(n)
Pd(n):]:[d:n 25 qa(n) = H d=n"z "1
d|n

IThis work is supported by the Shanghai Innovation Fund (10-0101-07-410) and Young Teacher Scientific
Research Special Fund of Shanghai (37-0101-07-704).
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where d(n) denotes the Dirichlet divisor function.

The sequences {p4(n)} and {gq(n)} are introduced by Professor F.Smarandache in refer-
ences [3], [4] and [9], where he asked us to study the various properties of {p4(n)} and {qs(n)}.
About this problem, some authors had studied it, and proved some conclusions, see references
[7], [8], [10] and [11].

The main purpose of this paper is using the elementary method and the prime distribution
theory to study the mean value properties of G (p4(n)) and G (g4(n)), and give two sharper
asymptotic formulae for them. That is, we shall prove the following:

Theorem 1. For any real number z > 1, we have the asymptotic formula

ZG(pd(n)):B':z:~1nx+(2’y~BfD—B)~x+0(\/51n1n1:),

n<zx

1 In
where B = Z —., D= Z Tp, ~ is the Euler constant, and Z denotes the summation over
p P p P P
all primes.

Theorem 2. For any real number z > 1, we have the asymptotic formula

ZG(qd(n)):B-x~lnx+(2’y-B—QB—D)-x—l—O(\/JElnlnx),

n<zx

where B and D are defined as same as in Theorem 1.

§2. Two simple lemmas

In this section, we give two simple lemmas, which are necessary in the proof of the theorems.
First we have:
Lemma 1. For any real number x > 1, we have the asymptotic formula:

1 1
Z:lnlnm+A+O(>,
p<zp Inz

where A be a constant, Zp<x denotes the summation over all primes p < x.

Proof. See Theorem 4.12 of reference [6].

Lemma 2. For any real number x > 1, we have the asymptotic formulae:

Q8] ZG(n):B-x—i—O(lnlnx);
n<z
G(n) Inlnz
(II) ;n:B-lnx—i—C—kO( - >
1 - 1
where B = Z ]?’ C=~-B- Z %, v is the Euler constant, and Z denotes the summation
P P P

over all primes.
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Proof. For any positive integer n > 1, from the definition of G(n) we have
-
.
pln

So from this formula and Lemma 1 we have

NCOREED D) DEED DD DD TS DA

n<x n<z pln np<z p<z n< Z p<z
1
= x- Z Zf =B-z+0O(lnlnz),
p<x p<z p

1
where B = Z — be a constant. This proves (I) of Lemma 2.
p

Now we prove (II) of Lemma 2, note that the asymptotic formula

1 1
Zzlnx—l—’y—FO(),
n T

n<z

where v is the Euler constant. So from Lemma 1 and the definition of G(n) we also have

O oy Ry Loy Ly

n<lx n<x np<x p p<x n<z
= Z;;{lnxlnp+’y+0<i>]
_ Z Inx Z hlp Z Z 1
p<z p<a: p<a: p<m

I§ Inl
= B-lnx—zy-&-’y-B—l—O(nmnz)

p

Inl
= B-lnx—i—C—l—O(nnx),

x

Inp .

where C =+ - B — Z is a constant. This proves (II) of Lemma 2.

P

§3. Proof of the theorems

Now we use the above Lemmas to complete the proof of the theorems. First we prove
Theorem 1. Note that the complete additive properties of G(n) and the definition of pg(n),



WEeili Yao and Tieming Cao No.

from (II) of Lemma 2 and Theorem 3.17 of [6] we have

S G (pa(n) =

n<lz

Y@ (ng) = % Y d(n)G(n) = % Y G(mn)

2 (@m+em)= Y Gm)

Yod am+ D> Y Gm—| D> am || Y1
m<VEn< s n<Vam<E m<V@ n<V@
Z G(m) {%] + Z {Bn.fr—i-O(lnlnx)]

m<z n<yz

- [Vz+0Q1)] [B-Vz+O(nhz)|
x-Z%—FO ZG(m) +B~x-z%

m<Vx m<y/x@ n<yz
—-B-z4+0 (\/Elnlnx)

Inlnz

. BB.lnx-i-C-i-O( N ﬂ +B-x- {lnﬁ+7+0<\}5>}
~B-2+0 (Vzlnlnz)

B-z-lnz+(C++vB—-B)-z+ 0 (Vzhnlnz)
B-z-lnz+ (2yB—B—-D)-z+ 0 (yzlnlnz),

1 1
where B = Z — and D = Z H—Qp, ~ is the Euler constant. This proves Theorem 1.
D D

p

P

From Lemma 2, Theorem 1 and the definition of ¢4(n) we can also deduce that

3G (gu(n))

n<z

= Z G (n@%) = % Z d(n)G(n) — Z G(n)

n<zc n<zx n<z
B-z-lnz+ (2yB-—B-D) -z —B-2+0 (VzInlnz)
B-z-lnz+ (2yB-2B—-D)-z+0 (VzInlnz).

This completes the proof of Theorem 2.

84. Some notes

For any positive integer n and any fixed real number 3, we define the general arithmetical
function H(n) as H(1) =0. If n > 1 and n = p'p3? - -
n, then H(n) = oy -p’f +a ~p§ + oy -pf. It is clear that this function is a complete additive
function. If 8 = 0, then H(n) = Q(n). If 3 = —1, then H(n) = G(n). Using our method we

can also give some asymptotic formulae for the mean vale of H (ps(n)) and H (gq(n)).

-p* be the prime power factorization of
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The Merrifield —simmons index in
(n,n + 1)—graphs

Shengzhang Ren and Wansheng He

College of Mathematics, Tianshui Normal University, Tianshui, Gansu, 741000, China
E—mail: Renshengzhang1980@163.com

Abstract A (n,n + 1)—graph G is a connected simple graph with n vertices and n + 1
edges. In this paper, we determine the lower bound for the Merrifield—simmons index in
(n,n + 1)—graphs in terms of the order n, and characterize the (n,n + 1)—graph with the

smallest Merrifield—simmons index.

Keywords (n,n + 1)—graphs, o—index, Merrifield—Simmons index.

§1. Introduction

Let G = (V, E) be a simple connected graph with the vertex set V(G) and the edge set
E(G). For any v € V, Ng(v) = {u | uv € E(G)} denotes the neighbors of v, and dg(v) =|
Ng(v) | is the degree of v in G; Ng[v] = {v} U Ng(v). A leaf is a vertex of degree one and
a stem is a vertex adjacent to at least one leaf. Let E' C E(G), we denote by G — E' the
subgraph of G obtained by deleting the edges of E.WcC V(G), G — W denotes the subgraph
of G obtained by deleting the vertices of W and the edges incident with them. If a graph G has
components G1,Ga, - , G, then G is denoted by UleGi. P,, denotes the path on n vertices,
C,, is the cycle on n vertices, and .S, is the star consisting of one center vertex adjacent to n—1
leaves and T, is a tree on n vertices.

For a graph G = (V,E), a subset S C V is called independent if no two vertices of S
are adjacent in G. The set of independent sets in G is denoted by I(G). The empty set is
an independent set. The number of independent sets in GG, denoted by oc—index, is called the
Merrifield-Simmons index in theoretical chemistry.

The Merrifield-Simmons index [1 — 3] is one of the topogical indices whose mathematical
properties were studied in some detail [4 — 10] whereas its applicability for QSPR and QSAR
was examined to a much lesser extent; in [2] it was shown that o—index is correlated with the
boiling points.

In this paper, we investigate the Merrifield — Simmons index of (n,n + 1)—graphs, i.e.,
connected simply graphs with n vertices and n+ 1 edges. We characterize the (n,n+ 1)—graph
with the smallest Merrifield— Simmons index.

Let Q(Cp,v1, Cy,) be a graph obtained from two cycles Cj, and C,,, which have one common
vertex; Q(Ck,v1, P, u1,Cy,) is obtained from two cycles Cj and C,, which are connected by
one path P; Q(Py, P+ Az, Pe—21,— Azta) Obtained from two cycles which have one common
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path. We divide all (n,n+ 1)—graphs with two cycles C and C, of lengths k and m into three
classes.

(i) Q(Ck,v1,Cm;n) is the set with n vertices in which two cycles Cy and C,, have only
one common vertex.

(it) Q(Ck,v1, P,u1,Cp;n) is the set with n vertices in which two cycles Cy and C,,
connected by one path.

(#i1) Q(Py, Py+iw, Pe—21,—Axta;n) is the set with n vertices in which two cycles have

one common path.

§2. Some known results

We give with several important lemmas from [2 — 10] will be helpful to the proofs of our
main results, and also give three lemma which will increase the Merrifield-Simmons index.
Lemma 2.1. ([2]) Let G be a graph with k components G1,Gs, -+ ,Gg. Then

k
o(G) =[] o(G).
i=1

Lemma 2.2. ([4]) For any graph G with any v € V(G), we have
0(G) = o(G —v) + o(G — [v]), where [v] = Ng(v) |Jv.

Lemma 2.3. ([3]) Let T be a tree. Then F,, 2 < o(T) < 2" ! +1 and o(T) = F,42 if
and only if T2 P, and o(T) = 2"~ + 1 if and only if T = S,,.

Lemma 2.4. ([5]) Let n = 4m +i(i € {1,2,3,4}) and m > 2.Then
0((Pn,v2,T)) > 0((Ppn,v4,T)) > -+ > (P, V2m+2p, 1)) > -+ > 0((Prn, V2m41,T))
> o((Py,v3,T))> 0((Py,v1,T)), where p=01ifi=1,2and p=11if i = 3,4.

Lemma 2.5. Let G is obtained from G which attaches a tree 7,41 at vertex v and G is
obtained from G which attaches a tree P, at vertex v. Then o(G") < o(G") with the equality
if and only if G ~q.

Proof. If r = 1, the result is correct. We presume that the result is correct if r < k, if
r=k+1, then o(G') = 0(G — u) + o(G — [u]) = 0(G —u) + o(G — {u,v}) > o(G") with the
equality if and only if @ =~ G
The proof is completed.

Lemma 2.6[11]. Let G be any one of graphs ¥, then

o(Go — {u,v}) > 0(Go — {[u],v}) + 0(Go — {[u], [o]}).

Lemma 2.7. Let G be a graph obtained from G which attaches a path Psi; at vertex
u and a path P41 at vertex v; Ga,G3 are obtained from Gy which attaches a path Psy¢41 at
vertex u and v, Gg is any graph. Then

0(Gy) < 0(Gy) or o(G3) < o(Gr).

Proof. If u,v are adjacent in G, then
0(G1) = FyyoFi120(Go — {u,v}) + FepoFr10(Go — [v]) + Fey1Fri20(Go — [u])
0(G2) = Fot1420(Go — {u, v}) + Fqip20(Go — [v]) + Faquq10(Go — [u])
0(G3) = Fyyi420(Go — {u, v}) + Fapi20(Go — [u]) + Foqr10(Go — [v])

Let 0(G2) — 0(G3) = Fs140(Go — [v]) — Fs1+0(Go — [u]) > 0 and
o(Go — [v]) = 0(Go — [u]) + A(A > 0). Then
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o(G1) — o(G3)
= (FeroFryo—Fopiy2)o(Go—{u,v}) + (Fopo Frpr + Fopr Fryo = Foi13) 0 (Go— [u]) + (Foyo Fig —
Foyri1)D
> (FspoFiyo — Foprqo + FopoFyp1 + Fy 1 Fryo — Foyy43)0(Go — [u]) + (Foq2Fip1 — Foqpq1)
YLpss — (~1)*Le_ee1) > 0.
If 0(G2) — 0(G3) < 0, the proof is as the same as above. If u, v are not adjacent in Gy and u,v
are connected by one path, then
0(G1) = ForaFii20(Go — {u,v}) + FoaFig10(Go — {u, [v]})
+Foi1Fi420(Go — {[ul,v}) + Fap1 Fra0(Go — {[u], [v]})
0(G2) = Fyyi420(Go — {u, v}) + Fapiq20(Go — {u, [v]})
Fasi10(Go — ([l 0}) + Fuyer10(Go — {[u], []})
0(Gs) = Fayi20(Go — {u, v}) + Foyi420(Go — {[u], v})
+Fori010(Go — {u, [o]}) + Faprr10(Go — {[ul, [v]})
Let 0(G2) — 0(G3) = Fs110(Go — [v]) — Fs1+0(Go — [u]) > 0 and
o(Go — [v]) = 0(Go — [u]) + A(A > 0). Then
0(G1) = 0(G3) 2 FapaFr20(Go — {[u],v}) + FoqaFig20(Go — {[u], [v]})
(Fst1Fiq2 + FopoFiria)o(Go — {[u], v}) + Foy1Fii10(Go — {[ul, [v]}) + Fopa Frn A
~[Fott420(Go — {u, v}) + Foqaq30(Go — {[u], v}) + Foprn A
+Fypi010(Go — {[ul, o]}
= (Fsy2Fivo + Fsp1 By + FsoFiin — Fpiya)o(Go — {[u], v})
F(ForaFir — Foyr1) A + (FopaFigo — Forr Fign — Foyeq)o(Go — {[u], [v]})
= (FyaFons = Fayer)A + FyF(0(Go — {[ul o}) — o(Go — {[ul, []})) 2 0.
If u, v are not adjacent in Gy and u, v are connected by one tree, then
0(G1) — 0(G3)
= FFi(0(Go — {u,v}) — 0(Go — {[u],v}) — 0(Go — {[u], [v]})) + (Fss2Fiq1 — Fapep1) D
From lemma 2.6, we have 0(G1) — o(G3) > 0. The proof is completed.
From lemma 2.5 and lemma 2.7, we know all (n,n + 1)—graphs with the smallest o—index
belong to the follow three classes.
(1) Q(Ck,v1,Cp) and Py have one common vertex.
(i1) Q(Ck,v, P,,u1,Cp,) and Pp, have one common vertex.

(ii7) Q(Py, P, +Axy Pe—2i,—rzt+4) and Pj, have one common vertex.

§3. The (n,n+1)—graph with the smallest Merrifield-Simmons
index in Q(Cy,v1,Cp;n)

In this section, we will find the (n,n 4+ 1)—graph with the smallest Merrifield-Simmons
index in Q(C,v1, Cy;n). and give some good results on orders of o—index.

Definition 3.1. Let Q(Ck,v1,C,,) be a graph with two cycles Cy and C,, which have
common vertex v1 and Q(Cl,v1, C, vs, Pry1) be obtained from Q(Cj,v1,Cy,) and P,.y1 which

have one common vertex vy as shown Picture 3.1.
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Lemma 3.1. ([6]) Let o = 1+T‘/5 and 8 = # and by definition of Fiibonacci number F,
and Lucas number L,,, we know F,, = an\;gﬁn Ly =a™"+p8", F,-F,, = %(Ln_s_mf(fl)”Lm_n).
Lemma 3.2. Let m =45+ 14,1 € {1,2,3,4} and j > 2.Then
o(Q(Pm,v1,Ck)) < 0(Q(Prnsv3,Cr)) < -+ < 0(Q(Prm, v2541, Ck)) < 0(Q(Pin; v2j42p, Ck))
<o < 0(Q(Prm,yva, Ck)) < 0(Q(Pryv2,Ck)), where p=01ifi=1,2and p=11if i = 3,4.
Proof. Let 1 < s < fmTHW and from lemma 2.2 and lemma 2.3, we know
U(Q(Pﬂu Vs, Ck)) = Fs+1Fm—s+2Fk:+1 + FsFm—s-i-le—l-
From lemma 3.1, we know

1
o (Q(Ppn,vs,Cy)) = 5[(Lm+3 + (=1)*Lon—o9s+1) Frr1 + (Lingr + (=1 Ly 0 1) Fi—q]
1
= 5[(L’m+3Fk+1 + Lm+1Fk71) + (_1)8Lm725+1Fk,2],
From above, we know that the result is correct.

Theorem 3.1. Let vertex v, is any one of Cy_g,+1 which is one subgraph of
Q(Clysv1, Cl—ky 41, Vsy Po—g1) and k — k1 + 1 =4m +i(i € {1,2,3,4}) and m > 2, then
o(Q(Cry,v1, Chmky 41,15 Pr—ig1)) > 0(Q(Cry s v1, Cr—y 41, V3, Po—ks1))
> > 0(Q(Cly, V15 Crimiey +15 V2mt1, Pr—kg1)) > 0(Q(Clryy 01, Chmioy 41, Vam+2ps Pr—kt1))
> > 0(Q(Cryy 01, Chky 41, V4, Puoiy1)) > 0(Q(Chy s v1, Cr—py 11, V2, Prky1)),
where p=0ifi=1,2and p=1if i = 3,4.

Proof. o(cQ(Ck,,v1, Ck—k1+1,Vs, Prn—k+t1))

= Fppro(Fry 1 FsFy gy —si3 + Fry 1 Fs 1Pk, —s12)

+Fp g1t (Fry 1 Fo 1 Flo—py—sq2 + Fry -1 Fs 0 Fp— gy —s41)-
From lemma 2.2, lemma 2.3 and lemma 3.1, we know
o(0Q(Ch,,v1, Cr—ky+1,Vs, Pnk41))
= é{Fn7k+2[Fk1+l(Lk7k1+3 + (1)t Ly gy —2s48) + Froy—1 (Li— iy 1 + (—1)° Lg—py —254:3)]
A+ Fy g1 [Frey 41 (Li—ky 41 4+ (—1)* Ly —2643) + Fry—1 (Lk—ky —1 + (—1)* ' Ly g, —2543)] }-

= %{ank+1[Fk1+1(Lk7k1+3 + Li—py41) + Fry 1 (Li—ky 41 + Li—g,—1)]

A+ Fy i [Fry+1 (Li—ky+3 + (= 1) Ly, —2543) + Fry—1 (Lk—ky 41 + (—1)* Li—p, —2543)] }-

= g{[Fn7k+2(Fk1+1Lk7k1+3 + Fry 1 Li—py 1) + Fooprt (Bl 41 Le—py 41 + Froy—1 Lk, —1)]

+(—1)* " Ly g, —25+3Fk, }-
From above, we know that the result is correct.

Theorem 3.2. Let k = 4m + i(i € {1,2,3,4}) and m > 2, we have
0(Q(Cu,v1, Crys, V2, Pugi1)) > 0(Q(Co, v1, Crys, v2, Poogy1))
> > 0(Q(Come2p, V15 Cr—2m—2p+1, V2, Pr_i41)) > 0(Q(Com+1,v1, Ch—2m, V2, Pr—k41))
> > 0(Q(Cs,v1,Cr_4,v2, Pp_y1)) > 0(Q(Cs,v1, Cr2,v2, Pu_k41)),
where p=0ifi=1,2and p=1if ¢ = 3,4.

Proof. From theorem 3.1, we know Q(C,,v1,Ck—k,+1,Vs, Pn—g+1) with the smallest
o—index if s = 2 and
o(Q(Cry,v1, Ck—ky 41, V2, Pug11))

= Fopro(Fry 1 Fr—pyp1 + Froy-1Feiy) + Fao k1 Frey 1 Fre—ge, -

= é{ank+2[(Lk+2 + (—1)* Ly—og,) + (L1 + (=1)F Ly_op, 41)]

+Fy o1 (Ligr + (1) Lo, 1) }-
From above, we known that the result is correct.
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Theorem 3.3. Let k =4m+i(i € {1,2,3,4}) and m > 2, then
a(Q(Cs,v1,Ce,v2, Pr_5)) > 0(Q(C3,v1,Cs,v2, Pr_7))
> o> 0(Q(Cs, v1, Comt2p, V2, Pn_om—2p+1)) > 0(Q(Cs,v1, Comt1,v2, Po_om))
> > 0(Q(Cs,v1,Cs,v2, Pr_g)) > 0(Q(Cs,v1,C5,v2, P_4)),
where p=0ifi=1,2and p=1if i = 3,4.
Proof. o(Q(Cs,v1,Cr_2,v2, Ph_kt1))
=Py pyalFy 1 + Fy_ o Frs
= 5[(Ln+s + (1) Lo—arts) + (Ln—1 + (=1)* Ly—2k+45)]
= (Lnts + Ln-1) + (=1)* % 2% L, _op45].
From above, we know that the result is correct.
Corollary 1. If two cycles of (n,n + 1)—graphs have one common vertex,
Q(Cs,v1,C5,vg, P,_4) is a graph with the smallest c—index.

§4. The graph with the smallest Merrifield-Simmons index
in Q(Cka U1, Pl7 Uy, Cm7 TL)

In this section, we will find the (n,n + 1)— graphs with the smallest Merrifield-Simmons
index in Q(Ck,v1, P, u1, Cr;n).
Lemma 4.1. Let h > 0 and G be Q(Cy,v1, P, u1,Cy,) which attaches a path P41 at
vertex u and Gy is Q(Ck,v1, Pyp,u1,Cp,), where u is any vertex of P,. Then o(G) > o(G1).
Proof. From Lemma 2.2 and lemma 2.3, we know
0(G) = (FpyoFsi1Fi_s+ Fp1 FsFl g 1) Fri1Fnia
+(FreFsp1Flos—1 + Fp1 FoFi_s_o) F 1 Frny
F(FpyoFsFyos + Frop Fs 1 Fi g 1) Fr 1 Frnga
+(FrqoFsFios1 + Fp1 Fs 1 Fi_ g o) F_1Frpa
0(G1) = FisnFyi1Fmi1 + Fiyn—1Fop1Fe1 + Fign—1Fro1Fopi1 + Fion—oFr—1Fm—1
o(G) —o(Gy)
= (FhyoFst1Flos + For FsFi_s—1 — Fiyp) Frp1 Foga
+(FrnqoFsp1 Fils—1 + Fpp1 FsFi_s—o — Fiyp1) Frp1 Frny
+(FrnoFsFi—s + Fpn1 Fs 1 Fi_s 1 — Fiop—1)Fre1Fpnp
+(FnqeFsFi_s 1 + Frpn Fs 1 Fi_ g0 — Fiypn o) Fr_1Fn
=FpFo 2 F_ s oFp 1P + FpFs 1 Fi s 3Fp 1B + FpFs oF) g oFy_1F 4
+FpFs_oF s 3Fp _1Fy_1 > 0.
The proof is completed.
Lemma 4.2. Let k =4j+i(i € {1,2,3,4}) and j > 2, we have
o(Q(Ck,v1, P,u1,Cpyyv1, Pr)) > 0(Q(Ch,v1, P, u1, Cpn,yv3, Pr))
> o> 0(Q(Ck,v1, Pryur, Cony v2j41, Pr)) > 0(Q(Cr,v1, Py u, Cry, V25425, Pr))
> > 0(Q(Ck,v1, Pyuy, Cyyva, Pr)) > 0(Q(Ck,v1, Pryur, Co,va, Pr)),
where p=0ifi=1,2and p=1if i =3,4.
From lemma 2.2 and lemmaZ2.3, we know
o(Q(Ck,v1, P,u1, Cpy,yvs, Pr))
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= FhioFmi1 FiFy—si1Fs + FryoFrp1 Fia Fi— s Fs—1 + FryoFr 1 Fi1 Fi— 511 Fs
tEhpoF 1 oFy—sFs 1+ FppiFpa FiFe—sFs 1+ Fppa B Flo1 P51 Fs—2
tEh 1P Pl Fe s Fs 1+ Fppn B 1 FpoFy s 1Fs 2
=a+ (=1)*Tt x b x Ly_a441(where a, b are positive constant).
From above, we know that the result is correct.
Lemma 4.3. Let G is Q(Ck, v1, Piyn,u1,Cry) and G5 be obtained from

Q(Ck,v1, P,uy,Cp,) which attach a path P,41 at vertex where vy is a vertex of Cj, we have
0(Gs) < 0(G5).

Proof. From lemma 2.2 and lemma 2.3, we know
0(Gs) = FhyoFmi1Fish—1 + FrpoFr 1 Fiop—o+ Frp1 Fon 1 Foo 1 Fy + Frp1 Frn o1 Fio1 Fie— 1.
0(Gs) = Fyp1Fpp1 Fign + Frpr Fon1 Fryn—1 + Fro1 Frp1 Fign—1 + Fo1 Frp 1 Fipn—o.
0(Gs) — o(Ge)
= (FhnyoFiyn1 +F,  Fo 1 Fy = Frpa Fiyon — FreaFron1)Fnp
+(FrhieFiyn—2+ F  Foo1Fioy — Frp1 Frpney — Fr_1Fign—2)Fy
> (FhaoFiyk—1+ Frp1Fiok—2 — Frp1Fipps1) Fr—1,
= 5(Lh+l+k+1 + Lyi4k—1 — Lt + (1) " Ligp—g) Frne1 > 0,
The proof is completed.
Lemma 4.4. For Q(Cy,v1, Pn—g12,u1,Ck—k, ), we have
o(Cr,v1, Po—ky2,u1, Cr—i,)
=Fp g1 P 1 kot From iy 1 Py 1 Bkt Vo — iy 1 Bl 1 o1 ey 1 By -1 F— i
Proof. From lemma 2.1 and lemma 2.3, it is proved easily.
Lemma 4.5. For Q(C,v1, Pp—k+2,u1,Ck—g, ), we have

o(Q(Ck,v1, Pr—jy2,u1, Ch—iy))

1
= A(Poksa2Lisr + 2F0 i1 i+ FoLia) + (=)™ (FappaLiay,

+Fy k1 Lk—2k 42 + Fr—kt1Li—2k,—2 + Fn—kLi—2r, )] }-

Proof. From lemma 3.1 and Lemma 4.4, it is proved easily.
Theorem 4.1. Let |5| =4m +1i,i € {1,2,3,4} and m > 2, then
o((Cy,v1, Pr_py2,u1,Cr—g)) > 0((Cs,v1, Po—pt2,u1,Cr—s))
> ... > 0((Come2p, V1, Pu—iy2,u1, Crh—am+2p)) > 0((Comr, 01, Pr—is2, U1, Ch—2m—1))
> ... > 0((Cs,v1, Po—ky2,u1,Cres)) > 0((Cs,v1, Pp_gt2,u1, Ck—3)),
where p=0ifi=1,2and p=1ifi = 3,4.
Proof. By lemma 4.5, it is proved easily .
Corollary 1. (Cs3,v1, P,_4,u1,C3) be the (n,n+ 1)—graph with the smallest c—index in
Q(Ck,v1, Pyur, Cppin).
Proof. o((Cs,v1, Prn—gt2,u1,Cr—3))
=3F, oFy pyo+ FroFy 1 +3F_aFn g1 + Fr_aFp g
= %[3(Ln+2 + (=1 ' Ly—gk4a) + (Ln-1+ (=1)* ' Ly—gp43) + 3(Ln—s + (=1)* " Ly _ox45)
+(Lp—s + (—1)F L _gp14)],
From above, we know that the result is correct.
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§5. The graph with the smallest Merrifield-Simmons index
in Q(Fy,, Py yne, Pe-at,—narasn)

In this section, we will find the (n,n + 1)—graph with the smallest Merrifield-Simmons
index in Q(Py,, P, 4 Axy Pe—2t,—Axya;n).
Lemma 5.1. For Q(Q(P,, Pi,+ A, Pe—21,— Azt4), Vs, Pry1), we have
o(Q(Q(P,, P+ 2w, Pr—21,— Aaya)s Vs, Pry1))
=FlynaFyy (FsFrot,—po—si5Frio + Fs 1 Fp o1, po—syalrin)
v ne—1Fy 1 (Fso1Feot, - po—stsFria + Fs 2Fy o1, np—staFrin)
v ne—1F, 1 (FsFr—a1, —pe—stalrio + Fs 1 Fr 21, - pz—si3Fri1)
+Erne—2F o(Fs 1 Frat, - po—staFrypo + Fs 2 Fy o1, - po—si3Fri1).
Proof. By lemma 2.2 and lemma 2.3, it is proved easily.
Lemma 5.2. For Q(Q(Py,, Pl,+Ax, Pe—2i,—Az+4), Vs, Pry1), we have
o(Q(Q(P, P+ 2w, Pr—21,— Aaya)s Vs, Pry1))

= A{[Fly+22F, (Li—2t,—po+5 + Li—ot,—nwts + (1) Lo, — pu—2si5Fy)]
[l 4 ne—1F -1 (D21, — Awta + Li—21, —nzv2 + (—1)° Ly—21, - pn—2s+6F7)]
(=1)* M Li—ot,— pg—2s+4Fr)]
[ 4 px—2F —2(Lk—21, —pet3 + Lot —pav1 + (—1)° L1, - pz—2s45F7)].
Proof. By lemma 3.1 and lemma 5.1, it is proved easily.

+HFi 4 ao—1F1 —1(Lk—21, — Agya + Li—21, — Axt2 +

Theorem 5.1. Let v, is a vertex of Py_9;, — Arp44 which is a subgraph of
QQ(Py,, Py rey Pe—oty,—Awta), Vs, Pry1) and k — 20y — Az +4 = 4m +14, i € {1,2,3,4} and
m > 2, then
o(QQ(P,, Py rey Pre—at,—pzva), v1, Pri1))
> o(QQ(Py, Py A Pr—2t,— Azta), 03, Pry1))
> > 0(Q(QP, Pyt ra, Po—oty—Az+a), Vam+1, Pry1))
> o0(Q(Q(Py, Py Az Pr—21y—Awta)s Vamt2p, Pri1))
> > 0(Q(Q(Py, Py pzs P21, — Awta), V4, Pri1))
> 0(Q(Q(Py, Py ows P2ty —Awta), V2, Prit)).

Proof. From lemma 5.5, we know
d(QQ(Pry, P4 Azs Pr—21,— Azta), Vs, Pri1))

:g{[FllJrAmFll(Lk 20— Azt5 + Li—2t, —Azrs + (—1)°F
[l re—1F 1 (D21, — Awta + Li—21, —nzv2 + (—1)° Ly—21, — pn—2s+6F7)]
(=1)* Ly_ot, — pa—2s4+4F))]
(=1)°Ly—ot, — nz—2s45F7)].

Lk 2l17Am72s+5Fr)]

+HFyrae—1F, 1 (Le—2t, —Awta + L2t~ Axt2 +
+HFyyae—2F, —2(Li—21, —Aet3 + Li—a2t,—Axt1 +
= AlF+2:F, (Le—2t,— Aats + Lik—21,— Axt3)
4 nx—1F 1 (Lk—21, — Awts + Li—21, —Aet3)
4 nx—2F, 2 (Lk—21,—Awt3 + Li—21, — Awt1)
+(=1)5 Ly —ot, — pw—2s+5 7 (Fiy 4+ ne—1F1, —2 + Fiy 1 pe—2F1, —1) }-
From above, we know that the result is correct.
Lemma 5.3. Let Gs is Q(Py,, P, P, +h) and Gy is obtained from Q(P,,, P,,, P,,) which
attaches a path Py at vertex u of P, and h > 0; Then o(G7) > o(Gs).
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Proof. o(G7) = Fi,42F,42F 1, 4nt2 + Fio1 Flo1 Flypner + Fr 1 Flo1 Fly1 Frge
+F, F, B Frgo
0(Gg) = Fi,12Fi, 2 Fiyvng2 + Fiu 11 Fiy 1 Fiygngr + Fiy 1 Fly 1 Flgpngr + Fiu Fi Figgn
o(Gr) — o(Gs)
= F 4101 (Fhg2 1 — Flyqong1) + Fiy41 Flypr (Frg2 Fly — Fiaqn)
= Fl 11 Fly 1 (FhyeFia13 — Flyynio)
= F, b,y Pk > 0.
The proof is completed.
Lemma 5.4. For Q(P,,, P, + Az, Ph—21,— Axta), We have
o(Q(Py,, P+ ny P21, Awta))

= F 1 nal Frooty —Apta + 28 4 na—1 By 1 P2t —pav3 + Bl g no—2 B —20F 01, — Azt

Proof. By lemma 2.2 and 2.3, it is proved easily.
Lemma 5.5. For Q(P,, P, +Axs Pr—21,— Az+4), We have
If Iy > 4, then
o(Q(Pr,, Py v nay Pe—21,— Awta))

= (B Ly—ty44 + 25, 1Ly, 42 + Fiy —o Ly )+H(=1)" T2 Loy onaraF ).

If I; = 2, then
o(Q(Prys Pyt rws Pe—2ty— Awt4))
= 0(Q(P2, Poyprwy Pi—nz))
= §[(Lrs2 +2Lk) + (=1)2"L—250-2].
If [y = 3, then
o(Q(Ps3, P34y pwy P na—2))
= é[(%zm +2Lj—1 + Li—3) + (=1 2" Ly _opp—s).

Proof. By lemma 2.2, lemma 2.3 and lemma 3.1, it is proved easily.

Theorem 5.2. For Q(P,,, P, + Az, Pn—21,—Aex+a) with n vertices and n — 311 +4 =4m +i

and i € {1,2,3,4}, we have

(1) If I > 4 and [y is even, then

o(Q(Py,, P11, Po2i,+3)) > 0(Q(Py,, P43, Pr_2i,41))

> 0(Q(Py, Pyyom+1, Puoaty—2m+2)) > 0(Q(P, Py 2m+3p: Pa—21y—2m—2p+4))
o(Q(Pry, Pry+2, Pa—2iy42)) > 0(Q(Py, Py, Pa—aiy +4))-

(2) If I; > 4 and [y is odd, then

o(Q(Py, Py, Paaiy14)) > 0(Q(Pyy, Pryy2, Pa21,12))

~ > 0(Q(Pry, Py vomy20s Pn2t,—2m—2p+4)) > 0(Q(P1,, Py yom+1, Puo2t, —2m+3))
o(Q(Pr s Pry+1, Po—21,43))-

(3) If I = 2, then

(Q(P2, Py, Po—2)) > 0(Q(P2, Fs, Po—1))

<> 0(Q(P2, Pamt2p+2, Pr—2m—2p)) > 0(Q(P2, Pormt3, Pu—am—1))

- > U(Q(P27P5v Pn—3)) > U(Q(P27P37Pn—1))'

(4) If Iy = 3, then

(Q(Ps, P3, Po_2)) > 0(Q(P, Ps, Pp—3))

> > 0(Q(Ps, Pamy2p+3, Pa—2m—2p—2)) > 0(Q(P2, Pamta, Po2m—2))

> > 0(Q(P3, Ps, Pos)) > o(Q(Ps, Py, Py—3)).

>
>

>
>

vV Vv Q

Q
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where p=0ifi=1,2and p=1if i = 3,4.
Proof. By lemma 5.4, it is proved easily.
By reckon, the follow unequality is correct.

o((Cs,v1, P 4,u1,C3)) =5F, .

o(Q(P, P3,P,_1)) =

0(Q(Py, Py, Pr—y)) = 3Fn 1+ F_3.
o(Q(Ps, Py, Pp_3)) = 3F, 1 + F_3.

o(Q(Ps, Ps, Pr—g)) = 64F,,_s + 50F,,_g + 9F,,_10.
O’(Q(P57 Py, P, )) =2F,_3+ 18F, _5.

Accordlng to theorem 5.2 and lemma 2.1 and lemma 3.1, the follow unequality is correct.
COTOllary 1. U(Q(Pll ) Pll—‘rAJ:a Pk—2l1—A$+4)) > G(Q(PQa Pg, P’n—l))

or o(Q(Py, Pt nw, Pzt —nava)) > 0(Q(Py, Py, Pooa) = 0(P3, Py, Py_3))
or 0(Q(Py,, Piyyrws Pe—aty—nava)) > 0(Q(Pry, Pyt P21, 13))
or o(Q(Pry, Py awy Pr—21,—rxta)) > 0(Q(Fs, Ps, Po—s)) and
o(Q(P2, P3, Pp1)) < 0(Q(Py, Py, Po—4)),0(Q(F2, Ps, Pr—1)) < 0(Q(Fs, Ps, Pr—s)) and
U(Q(P%P:sv -1)) <o (Q(Pry, Pry 1, P2, +3))-
Corollary 2. The (n,n+1)—graph with the smallest c— index is Q(Cs,v1, P4, u1,Cs).
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Abstract In this paper a failure model of the mixed Inverse Weibull distributions(MIWD)
is considered and its estimators for all unknown parameters based on type-II and type-I
censored data are obtained by means of EM-Algorithm. Some simulations suggest that EM

algorithm is effective to our model.

Keywords mixed Inverse Weibull distribution, failure model, EM-algorithm, censored data.

81. Introduction

Mixture models play a important role in many applicable fields, such as medicine, psychol-
ogy research, cluster analysis, life testing and reliability analysis and so on. Mixture distribu-
tions have been considered extensively by many authors, see Mclachlan and Peel (2000), Seidel,
Mosler and Alker (2000), Bauwens, Hafner and Rombouts (2007) and so on. Sultan, Ismail and
Al-Moisheer (2007) discussed the properties and parameters estimation of the mixture model
of two Inverse Weibull distributions. In this paper we discuss some properties and parameters
estimation of mixed Inverse Weibull distribution(MIWD) from censored data. The mixture of
Inverse Weibull distributions has its pdf as

f(xan) :Zpifi(m>ni)' (1)

The pdf of the (i)th component is given by
fi($7 771) = Aia,iAix_(Ai"Fl)e—(Ozix)iAi ;

where 7 = (p1, , Pm—1,Q1," ", Cmy A, 5 Am)s i = (i, A),0 < p; < 1,i =1, ,m —
1lpn,=1- Z;’;lpiai, A >00=1,2,--- ;m x>0, there are 3m — 1 parameters in all. The
remainder of this paper has the following organization. In section 2, we discuss some properties
of the MIWD given in (1). In section 3, we consider parameters estimation of the MIWD
given in (1) under censored data by mean of EM-Algorithm. In section 4, some simulations
are carried out to illustrate the estimation technique in section 3. In the last section, we draw

some conclusion about this paper.

IThe work of the author was supported by National Science Foundation of China (10671032)
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§2. Some important properties

Sultan, Ismail and Al-Moisheer (2007) discussed some properties of the mixture of Inverse
Weibull distributions with two components, such as expectation, variance and failure function

and so on. In following discussion, some properties of the MIWD with the finite components

are given.
If X follows the pdf of the MIWD given in (1),we have the following results:
(1) EXF =37 BT(1— ), k<min{\,--,An},

where T'(+) is the gamma function.
(2) The mode and the median of the model (1) are obtained by solving the following

nonlinear equation with respect to t

Zpi)\iai—Ait—(}xi-‘rQ)e—(ait)*’\i [_()\2 + 1) + )\iai—)\qzt—)\i] — 07
i=1

S pem @0 = 0.5,
=1

(3) The reliability function and the failure function are given by

R(t) =1 pie” @,
=1

M iAo it i) g (ait) T
’I"(t) — Zz:lp [ azm e_X ]
1->0 pie~(@it) ™M
(4) Sultan, Ismail and Al-Moisheer (2007) had proven the class of all finite mixing distri-
butions relative to the Inverse Weibull distributions is identifiable. In this paper, we suppose

A1 < -+ < A, as the identifying restriction of model(1).

§3. Parameters estimation via EM-Algorithm

The maximum likelihood estimation (MLE) of the failure model (1) for mixed Inverse
Weibull distribution is hard to obtain because of complexity of its likelihood function. EM-
Algorithm is to transform the computation of MLE to maximize a so-called @) function. Cen-
sored data has two censored mechanism including type-I samples and type-II samples. We only

discuss type-1I samples detailedly in the following paper.

§3.1 For the type-II censored samples

By carrying failure experiments using n independent samples from model (1) at the same
time till we obtain r type-II censored samples and their lives are denoted by xi - - - x, respec-
tively. Obviously, x1 - - - x,- are the complete observation data. The remaining n —r observations
denoted by x,41,--- ,x, are censored data and we have x,41 = -+ = x,, = ;.

Suppose X = (1,22, - ,&,) are n independent observations of model (1), and denote

n:(p17"' yPm—1,01, " aam7)\1a"' 7)\771)’
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= _ .
f”:)\zal)”x]( +1 (axj) f _Zplf1]7 = 7"'7ma]:1a"'7r7

—As
_ ;T z — A
Sij_l_e( 7 Sj _E pzslja - 7"'7m7.7_r+17"'7n7

where s, is survival function of life sample. if z; follows the pdf of model (1), a indicator vector of
xj is given by I; = (L1, I2j, -+ , I;m;), where I;; is dichotomous variable taking the value 1 if z;
comes from the (i)th mixture component, and 0 otherwise. In addition, I; = (115, 25, , Imj)
follows the multiple distribution. But we don’t know which component the observation z;
comes form in fact. Namely, I; is not observable, here we can deem it as the missing data in
EM algorithm. we denote I = (Iy,---,I,).

For the complete observation data x;, the joint density of «; and I; is given by g(x;, I;|n) =
[T, (pifij)'. Given z; and 7, the conditional density of I;; is

pifij
I

For the censored data z;, the joint density of z; and I; is given by g(z;,I;|n) =

P(l;; = 1|zj,n) = 1=1,2,---,m pmzlepl-.

[T, (pisij)’i. Given x; and n, the conditional density of I;; is

Disii .
J .
For given initial value 7(®) of the unknown parameter vector, we can obtain parameter
estimators of model (1) based on EM algorithm via the following two steps.
E step: Given the (t — 1)th iteration value n*= of 1, the Q function of the (t)th iteration is

Qnn™=") = Enu—l)[ (X, 1) ]
= cht l)lo.g pzfzj Z Zd(t 1)109 plslj)
j=11i=1 j=r+1i=1
where
W(t_l) — (pgt—1)7 .. mfﬁ:ll),agt_l), . 70[7(72—1)’)\?—1)7 .. ’)\gfl—l)),
157 = Fu AT = [0 s = sy ), Y = (0,
(t b _ (t 1)f(t 1) (t-1) _ (t 1)s(t 1) - 1)
t—1) _
Cij (t—1) 1 dij (t— 1) ( f=1- Zp
f; j

M step: We maximize numerically Q(n|n*~") with respect to 1 to update estimates of the

parameters, denoted by n*). First, we have the following results

r (t—1) c(tfl) n d(tfl) d(tfl)

Zc“ TR l=1m—1, (2)

6]?1 Pl 1->" 1pz i P 1—2 1p1

9Q _ ¢ LD A
«

kj [
dak =1 j=r+1

Ap—1
+ () ()~ 71 Z dt b Akm] (k)™ k=1, .,m,

e(ak?ﬂj) M
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r t—1 t—1) (arx; Melog(a ;
22 = ST el 5k~ logla)(1 — (g )]+ Xp,y dfy D i) SHen(an) (g
k=1, ,m

Form (2), we obtain

r n m—1 r n
pld e+ 3 d (D Y dl ) = ch I )
j=1

Jj=r+1 i=1 j=1 Jj=r+1 j=r+1
where [ = 1,--- ,m — 1. From the above equation, we know the the (t)th iteration value in
the M-step with respect to parameters p;,--- ,pm_1 is the solutions of the nonlinear equation

denoted by AP = b, where P, A b are given by
P= (p17p25 T apm—l)T7

r t—1 tl r tl tl
D e ey A e ) e dY Y] b=

A= (ats) Ats = -1 t 1 )
Zj:10§j )—I—Z] ra1 d ( ) t#s
t 1) t—1 t—1 t—1 t—1
(el 3 I S A S Y )
j=1 j=r+1 j=1 Jj=r+1 j=1 j=r+1

Because of Z; 1 g b —&-Zj i1 d (t RS 0, t =1,---,m — 1, we can obtain that

rank(A) = m — 1, namely, A is a rever51ble matrix. Thus, the only solution of parameter
vector P of the (t)th iteration in the M-step is given by
P = (pgt)vpé )’ o 7p'st) 1)T = A" (5)

Form (3), we have

]_1/)\k5 k= 1727"'

O = [ E

T (t 1)
Z] 1 k]

OV (t=1) :
Z; 1 Chj Z; ]”FZ?:?«H d; e

1—e(@r®j)

Form (4), we have
r C(t 1)
1"k
Ak = (t—1) >\7 ; (t—1) (agz) Mk k=12-,m. (7)
=1 Cnj log(arz;)-[1—(arz;)~ ’“]*Eg:r-ﬂ dy; log(akz_j)-m
—e

we can obtain the (t)th iteration value of aj and A\; denoted by a,(f) and )\g) for k =

1,2,--- ,m in the M-step if we choose A\ = A£t71)7ak = ozgfl) in formula (6) and X\, =
)\gfl),a = oz,(c) in formula (7), see Seidel, Mosler and Alker (2000).
We can update n(t=1 as n(t) = (pgt), ,pﬁfl) 1 ozgt), ol /\(lt)7 e /\7(72)) by repeating E

step and M step till [log(n™®) —log(n*=1)| < n-107%(a € N), see Sultan, Ismail 1 Al-Moisheer
(2007).

83.2 For the type-I censored samples

By carrying failure experiment using n independent samples from model (1), we obtain
r type-1 censored samples till given time T, and we can get parameters estimation by just

replacing x,41 = --- = x, = T in the place of the type-1I censored samples.
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§3.3 For the complete samples

By carrying failure experiment using n independent samples from model (1), we obtain n
complete observation data till all products become invalid, and we can get parameters estimation

by only letting r = n in the place of the type-II censored samples.

§4. Simulation

In this section, we calculate the estimates of unknown parameters of model (1) by using
EM algorithm in a Monte Carlo simulation. We only compare parameters estimates of the two
type-1I censored data with the complete data for a mixture of two Inverse Weibull distributions.
We carry out repeated experiments 1000 times under samples of sizes n = 25,50, 75 for each
of choice the vector of the unknown parameters. If we denote parameters estimates of the
(k)th experiment are n* = (p¥,a¥, ok, \¥, \5), the final means and mean square errors(mse)

of the estimates are respectively given by mean; = Wloo 2,1602010 n;?msej = ﬁ llg)lo(n;? —
meanj)z, for j = 1,2,---,m, where n; is the (j)th coordinate of the unknown parameters

vector 7. The computation results are presented in Tables 1, Tables 2, Tables 3 and Tables 4.

Table 1: Means of parameters estimation based on EM-Algorithm with two type-II

censored data

n=(p1,a1,02,A\1,A2) n mean

P ay cia A A2

(0.7,2.5,1,2,3) 25| 5.988FE —1 2672 1.095 2.729 3.572
50 | 6.320EF —1 2.609 1.084 2.368 3.186
75 | 6.446F —1 2.592 1.075 2.244 3.023

(0.3,1,2,2,3) 25 | 3.467E —1 1.038 2.036 3.442 4.133
50 | 3.199F —1 1.041 2.003 2.404 3.410
75 1 3.109E —1 1.065 1.993 2.199 3.232

Table 2: Mse of parameters estimation based on EM-Algorithm with two type-II

censored data

n = (p1,a1,02,A\1,A2) n mse
p1 ay ala by Xo
(0.7, 2.5,1,2, 3) 25 | 3.748FE — 2 6.860F —1 1.266F —1 2.366 3.346

50 | 1.497F —2 2135E -1 4.349FE -2 9414F -1 1.451
75| 1.014E -2 1324F —1 2424F -2 4.943E -1 7.064E —1
(0.3,1,2,2,3) 25 | 1.804F —2 9441E -2 1.851E—1 6.979 8.371
50 | 8.159F —3 3.768E —2 b5.772E —2 1.288 1.790
75| 5493FE -3 1.951FE -2 2.081E —2 1.126 9.985F — 1
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From Table 1 and 2, we see EM algorithm is effective to the estimation of the unknown
parameters of the model (1) under type-II censored data, and the mean square errors of most of
estimated parameters decrease as n increases. But we also find that the estimation algorithm

will be of no effect if there are too much censored data and few samples in our simulations.

Table 3: Means of parameters estimation based on EM-Algorithm under the complete

data
n=(p1,a1,a2,A1,A2) n mean
D1 ay %) X1 Ao
(0.7,2.5,1,2,3) 25 | 6.005E —1 2.674 1.094 2711 3.499
50 | 6.306E —1 2.615 1.080 2.367 3.157
75 1 6.428E —1 2.598 1.072 2.246 3.049
(0.3,1,2,2,3) 25 | 3551E —1 1.051 2.044 2945 4.373
50 | 3.253E —1 1.056 2.007 2.307 3.514
75 | 3.145E —1 1.056 1.997 2.177 3.267

Table 4: Mse of parameters estimation based on EM-Algorithm under the complete

data
n=(p1,a1,02,A1,A2) n mse
2 di s M Ao
(0.7,2.5,1,2,3) 25 | 3.155E —2 b5.653FEF -1 1.052E —1 2.205 2.850
50 | 1.459FE —2 2.094E —1 4.192F —2 8.366F —1 1.363
751 9.370F -3 1.154F —1 2169E —2 4.087TE—1 7.236E —1
(0.3,1,2,2,3) 25 | 1.983E -2 6912F -2 1.232FE—1 4.657 1.197E1
50 | 9.753E —3 3.375E -2 b5309E —2 7.824F —1 3.876
75| 5.760F —3 1.950F —2 2.175E —2 4.156FE —1 1.184

From Table 3 and 4, we see EM algorithm is very effective to the estimation of the unknown
parameters of the model (1) under the complete data, and the mean square errors(mse) of
most of estimated parameters decrease as n increases. In addition, we see that the estimation
algorithm has better effect from the view of mse than of the type-II censored data at the same
samples. Therefore, we should do the complete life observations in life experiment as much as
posssible.

§5. Conclusion

We discuss the estimation of the unknown parameters of the mixture of Inverse Weibull
distributions denoted by model (1) by mean of EM-Algorithm from the type-II censored data
and type-I censored data, and some Monte Carlo simulations are carried out to investigate the
performance of the estimation technique in this paper.
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Abstract This paper deals with the author’s initiation of signed domination functions in
Relative character Graphs (RC-graphs). Given any finite group G and a subgroup H, one can
construct a finite, simple, undirected graph I'(G, H). We introduce two canonical functions
f and f* from the vertex set V = IrrG into the set {—1,1} satisfying the neighborhood
condition. Then f or f* is called a signed domination function. Those RC-graphs for which
f or f*is a domination function is called an RC-signed dominated graph.

In this paper we prove that all abelian groups (and subgroups), groups giving rise to K, the
Frobenius groups with certain special properties are RC-signed dominated. We also study
those RC-graphs I' for which a comparison can be made between a minimum dominating RC-
graph number g (T") and the signed domination number vs(I') (In some cases these number
coincide). Finally certain bounds for are yr(I'(G, H)) + vr(T'(G, H)) obtained in line with
similar results for arbitrary graphs obtained by Haas and Wexler.

Keywords Irreducible characters, RC-graphs, signed domination function.

81. Introduction

Around the year 2000, T. Gnanaseelan, a Ph.D. scholar of Prof. A.V. Jeyakumar, M.K.
University constructed a finite, simple, undirected graph for any finite group G and any sub-
group H of G, and called it the Relative Character Graph (shortened as RC-graphs, later [1]).
Prof. S. Donkin of the Queen Mary College, London wrote in his communication to us that
“this construction is new and interesting”. Also many later students of Prof. A.V. Jeyakumar
obtained various other results and ramifications of the original construction.

Definition 1. The vertex set V of I'(G, H) is the set of all irreducible (complex) characters
of G and given any subgroup H of G, two vertices « and 3 are adjacent precisely when their
restrictions ooy and By to H contain atleast one common irreducible character of H. Evidently
I'(G, H) is a finite, simple undirected graph. (For details, see [4]).

During the year 2005, Prof. A.V. Jeyakumar presented some of these results with some
more additions on domination at the GDDSA, Yadava College, Madurai [5] and the author
some more works at the National Conference held at SRM University (2007) [7].

The present work is the author’s attempt to connect RC-graphs and the concept of 'signed
domination’. The background for this new venture is the famous three author book [2], the
paper of Haas and Wexler [3], and that of S.B. Rao [6].
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§2. Domination Functions in RC-Graphs

Before going into signed domination, we will first revisit Domination Theory of RC-graphs
in the framework of dominating functions. First recall the following for an arbitrary finite,
simple graph I' = (V| E).

Given any v € V, the closed neighbourhood N[v] of v is {u : uv € E} U {v}. A function
f:V —{0,1} is a dominating function if f[v] =3, cn(, f(z) 2 1forallve V.

The weight of f, denoted by f(T') is the sum ) i, f(v).

The domination number v(I") is the minimum weight of all dominating functions on I

From now let T'(G, H) denote the RC-graph of a finite group G and a subgroup H. We
shall associate a function F' : V' — [0,1] where V = IrrG as follows: Let ¢ € IrrG. Let
o = Xe;0;, e; > 0 then {0;} C IrrH. Define

0 if m(p) = Xe; is even

F(p) = . .
1 if m(p) = Xe; is odd

Note that this definition is canonical and the ’best possible’ (atleast for the moment) in the
framework of RC-graphs.
An easy example is the following: G = S3, H = ((12)).

1=(p1
I'G, H)= 9
?,

Now @1, = 1m, p2, = 1lu, @3, = 1g + 0, 0 the other non-trivial character of H.

Then m(p1) = 1, m(p2) = 1, m(ps) = 2. This in turn gives F(p1) = F(p2) = 1,
F(p3) =0. It is clear that F[v] > 1 for all v € V. Hence F is a dominating function.

We immediately encounter a problem. Given any RC-graph I'(G, H), does the function
F satisfy the basic condition F[v] > 1 for all v € V. The answer, to this question is No, in
general. The following example shows that there are groups and subgroups for which F' is not
a dominating function.

Let G be the dihedral group of order 2™ for a large m and H the (non-normal) subgroup
of order 2. There are only 4 linear characters and the rest are all irreducibles of degree 2; for
some ¢ > 0. T'(G, H) is connected, not a tree and we can always find a ¢ € V such that deg
@ =2" n >0 and is adjacent to some v; of degree 2¢, i > 0.

Since H is cyclic of order 2, all these ¢ and ; must break into linear characters which
shows that m(y) and m(v;) are even. Hence F (), proving that F is not a dominating function.

Definition 2. A group G is said to be RC-dominated if F' is a dominating function for
I'(G, H) and F is called RC-signed dominating function.

We shall now study pairs (G, H) such that F' is an RC-dominating function for T'(G, H).

Theorem 1. Let G be Abelian and H any subgroup of G. Then F is an RC-dominating
function for I'(G, H).
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Proof of Theorem 1. Let G be Abelian of order g and H, a subgroup of order k. then
we know that (see [1])

1. T'(G, H) is a graph with g vertices and has k connected components.

2. Each component is the complete graph K y.
Since every ¢ € IrrG has degree 1, m(p) = 1 for all ¢. Thus F(¢) = 1 and hence
F[p] > 1 for all p. Hence F is an RC-dominating function.

Theorem 2. If (G, H) is a pair such that I'(G, H) is complete, then F'is an RC-dominating
function.

Proof of Theorem 2. Since any two ¢, € V are adjacent, in particular, ¢ and 1g are
adjacent for all ¢ # 1g. Since F(1g) =1, clearly Flp] > 1 for all ¢ € V.

Hence F' is an RC-dominating function. The above situations can occur when
1. H=(1).
2. @ is simple and H is cyclic of order 2. (This follows from considering Eigenvalues of p(x) as
p runs through all the representations of G. for details, see [1]).
3. Some other situations like G = A5 and H is cyclic of order 3.

This example may be viewed in the linear groups perspective. If G = PSL(2,11) and
B is the Borel subgroup of order 55, we can prove I'(G, B) is RC-dominating. Also we can
consider G = PSL(2,13) and B the corresponding Boral subgroup of order 78. Again I'(G, B)
is RC-dominating. In all these cases the right action of G on G/H is doubly transitive.

Theorem 3. If (G, H) is a pair such that T'(G, H) is a tree, then F is RC-dominating
function.

Proof of Theorem 3. In this case the graph is a star and G = N H is Frobenius with IV,
elementary Abelian of order p™ for some m (p a prime) and O(H) = p™ — 1.

(Recall that G is Frobenius if there exists a non-trivial subgroup H such that HNH®* = (1)
forallz ¢ H. Then N = {G— xézJHHT} U{1} is a normal subgroup and G = N H is a semidirect

product).
We first recall the following properties for G:

1. Since N is Abelian, deg 6§ = 1 for all 0 € IrrH.

2. The irreducible characters of G can be partitioned as AUB where A = {¢ € IrrG|Kery D
N} and B={p € IrrG|Kerp p N}.

Every element ¢ of A comes as 'pull-backs’ of irreducibles 5 of H. Now since the graph is a
star, |B] = 1 and the single element 3 € B.

Let A= {1 =1g,p2,...,¢-} and B = {¢}. I'(G, H) is of the form

Then ¢;,, = By € IrrH and hence F(p;) = 1V 4. Since I'(G, H) is a star, Flp;] > 1
(whatever be F()) and also F[¢] > 1. Hence F is an RC-dominating function.

Theorem 4. If G is a non-abelian simple group and H is an abelian subgroup, then F is
an RC-dominating function.

Proof of Theorem 4. First note that for any ¢ incident with 1g, Flp] > 1 since
F(lg) =1.
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Since G is simple, CoreH = (1) and T'(G, H) is connected. By a criterion for connectivity
(see [1]), we know that ¢, belong to the some connected component if and only if ¢ C ¥x?®,
for some s > 1, where y = 1§, the character induced from 1z to G. Since H is Abelian, every
irreducible character of H is linear and hence m(p) = deg ¢ for any ¢ € IrrG. If deg ¢ = odd,
then F[p] > 1. Let deg ¢ = even. We proceed by induction. If s = 1, ¢ C ¢x. If deg ¢ is odd,
we are through. Let deg v be even. Assume by induction that wherever ¢ C ¢xs — 1 deg 9 is
even.

5=1 guch

Now suppose ¢ C ¥xs. Then ¢ C x*~! -y which implies there exists  C 1¥x
that n and 1 are adjacent. By induction assumption deg n is even; and ¢ C ¥x. Let deg ¥ be
even. We continue this process until we get the following result: every non-linear irreducible
character of G has even degree, ie., degree divisible by 2. By a result of Thomson, G has a
normal 2-complement, and in particular, G is not simple, contradiction.

Hence for any ¢, nonlinear, there exist ¢ € I(#) (the induced cover of 8) such that F(y) =1

(where g =r0+.... Thus F[p] > 1 and hence F is RC-dominating for T'(G, H)).

§3. Domination Numbers for RC-graphs

There are two numbers involved in any RC-graphs

1. the usual domination number (T') (which is the weight of a minimum dominating func-
tion)

2. the weight = Y F(¢) of the RC-dominating function F' we can denote the latter by the
notation v¢(T'(G, H)).

It is clear that, whenever F' is an RC-dominating function, then weight vz (I') > ~(T).
Supported by several available examples, we propose the following question:
Conjecture 1. For all pairs (G, H) for which F is an RC-dominating function, v¢(I'(G, H)) >
(G, H)).

8§4. Signed Domination for RC-graphs

We shall now turn over attention to the concept of signed domination for RC-graphs:

First recall that for any graph T', a function f : V — {—1,1} is a signed dominating
function if ) N[v] f(w) > 1 for all v € V. Any graph T" is signed dominated if we assign
f(v) =1 for all v € V. The minimum weight w(f) as f varies over all signed dominating
functions for T is called the signed dominating number of I' and is denoted by ~;(T").
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Now consider any RC-graph I'(G, H). We define two special functions f and f* from the
vertex set V of I'(G, H) into {—1,1} as follows:

1 if m(p) is even

fle)= —1 if m(p) is odd

where as before, m(p) = Xe; if oy = Xe;0;, ¢, >0 and 0, € IrrH.

—1 if m(yp) is even

o) = 1 if m(p)is odd

Definition 3. An RC-graph I'(G, H) is RC-signed dominated if either f[v] > 1 or f*[v] >
lforallveV.

We immediately see from the following simple example that not all graphs T'(G, H) are
RC-signed dominated.

Let G = S5 and H = {(1),(12)}. Then I'(G, H) is the following graph:

3

deg p1 = deg wo = 1, deg @3 = 2. If {61,02} = IrrH, then ¢1, = 1y, ¢2, = Oo,
G3 = 01 + 0.

Hence m(p1) = m(p2) = 1,m(ps3) = 2.

We see that neither of the assignments f nor f* gives an RC-signed domination.

The rest of this paper is devoted to the study of RC-signed dominated graphs I'(G, H).

Theorem 5. Let I'(G, H) be complete. Let » = number of ¢; of even degree and s =
number of ¢; with odd degree. Then if r # s, I'(G, H) is RC-signed dominated.

Proof of Theorem 5. Let p1(= 1), ¢2,. .., @, be the elements of V. Then m(p1p) =1,
and since the graph is complete f[p;] = f(0i) + f(p1) + -+ flpi=1) + f(piv1) + -+ flor).
Hence f[p;] is a constant for every 4, and the same is true for f* also.

If r > s, then flp;] =r — s for all ¢ and if r < s, f*[¢;] = s —r and both are > 1.

Hence, as long as r # s, is RC-signed dominated.

Remark 1. The condition r # s is necessary in fact, for G = PSL(2,11), |IrrG| = 8, the
parity of degree being equal.

For H = (1) and for any ¢, flp] = f*[¢] = 0. Therefore the graph is not RC-signed
dominated.

Theorem 6. Let G = NH be a Frobenius group such that H is abelian, of even order.
Let A and B denote respectively the irreducible characters of G whose kernels contain N and
whose kernels do not contain N. Put |A| = a and |B| = b. If b > a, then G is RC-signed
dominated.

Proof of Theorem 6. From the character theory of Frobenius groups, we know that
|A| = |IrrH| and |B| = t/h where t + 1 = [IrrN| and h = O(H).
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Since O(H) = [G : N] is even, it is known that N is also Abelian. Also a = |A| = [IrrH| =
O(H)=hand b= (O(N)—1)/h.

Now every (3; of IrrH can be ’pulled back’ to get an irreducible ¢; of G, deg ¢; = 1 for
all i and A = {¢} = 1g,¥2,...,¢r}; On the other hand every element ¢; € B, is of the form
Y; = Ind$0;, 0; € IrrN and deg ¢; = [G : N| deg 0; = O(H) (since deg o; = 1 for all j)

Therefore as we have seen already Respt; = Resy(Ind$6;), by Mackey’s subgroup the-
orem, and using deg ¢; = 1.

Since each irreducible §; of H occurs with multiplicity e; of 8; = deg v;, we have m(¢;) =
Ye; fixed. Also m(p;) =1 for all i.

Case 1: If m(v);) = Xe; (fixed) is odd, then f*[x] > 1 for all x € IrrG.
Here f*(p;) = +1 for all p; € A and f*(¢;) =1 for all ¢; € B.
Case 2: Let b > a (> 1). Let m(v);) = Ze; be even.
Now take f:V — {—1,1}. Then (since m(p;) =1, odd),
(p;) = —1 for all ¢; € A and
(1j) =1 for all ¢; € B. Since b > a, it follows that
[pil=—-1+b>1and
;] =b—a>1.
Hence I'(G, H) is RC-signed dominated.
Remark 2. The condition b > a is necessary, as may be seen by the following example:
G=Dyo=Cs-Cy =Ny -T(G,H) is

f
f
f
f

Here |A| =2 and |B| = 2.

Neither f nor f* is an RC-signed dominating function, because, m(p;) = 1 and m(¢;) = 2.

For f, fllg] = —1 and for f*, f*[¢1] = 0.

Conjecture 2. If G is a non-Abelian simple group and H is any subgroup of GG, then
I'(G, H) is RC-signed dominated.

§5. RC-Signed Domination Number for RC-graphs

For those graphs for which for which f or f* is as an RC-signed dominating function, we
define the sum as the RC-signed domination number.

Classically, the complement of a simple, undirected graph I' plays an important role in de-
termining certain upper bounds. We will first briefly recapitulate some results already obtained
on RC-graphs to facilitate our further study.

Proposition 1. [1] Let G = N H be a semidirect product with N normal. Then I'(G, H) =
T(G, N) if and only if G is Frobenius with kernal N and complement H.
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Proposition 2. [4] Let n and ¢ denote respectively the number of vertices and edges of
I'(G,H) . Suppose is not a tree and the right action of G on G/H is doubly transitive. If
further ¢ < n — 1Cs, then T'(G, H) is connected.

Proposition 3. [4] Let CoregH = CEQ@H"’” = (1) and the right action of G on G/H be

doubly transitive. Then I'(G, H) is connected if and only if diam T'(G, H) > 3.
Of course, it is easy to see that I'(G, H) need not be another RC-graph I'(G, K), K a
subgroup. This may be quickly seen from the following example:

(S, S3) T(S,.S3)
1 Xy X,

Ig

(The second graph, though identical with the first one graph - theoretically, is not I'(Sy, K)
for any subgroup K of Sy).

In this context we state the following result of Gnanaseelan and propose a problem.

Proposition 4. [1] Let G = N H be a semidirect product with N normal. Then T'(G, H) =
I'(G, N) if and only if G is Frobenius with kernal N and complement H.

Problem 1. Find all groups G which possess a pair of subgroups H and K such that
T(G,H) = T'(G, K). Therefore while attempting to study complements of graphs, which are
RC-signed dominated, we will not bother to check whether the complement graph is also an
RC-graph. The following facts are quite handy for RC-graphs, which depend, on the results of
Haas and Wexler [3].

Lemma 1. If T is a graph with v5(T") = n, then every vertex v € T is either isolated, an
end vertex or adjacent to an end vertex.

Theorem 7. For any graph I', v5(I') + vs(T') > —n — 2+ /8n + 1.

From Lemma 1, we immediately get the following proposition:

Proposition 4. Let T'(G, H) be connected which is RC-signed dominated and yg(T'(G, H) =
|[V|. Then I'(G, H) is a star.

Proof of Proposition 4. Since yr(I') = |V| = v5(T'), by lemma 1 every vertex is
isolated or an end vertex or adjacent to an end vertex. Hence G is Frobenius, with complement
H. Otherwise one can prove that the graph is either a triangle or of the form K, with vertices
sticking to every vertex of K. The first case gives I'(Ss, (1)) which is not RC-signed dominated.
The Second case leads only to a star.

Theorem 8. If I'(G, H) is complete and satisfies conditions of Theorem 5 then yr(I'(G, H)) =
|r — s|.

Proof of Theorem 8. From Theorem 5, we get T'(G, H) is RC-signed dominated.

Now yr(T'(G, H)) = positive number = |r — s|.

Theorem 9. Let G = N H be Froberius with N abelian. Then yr(I'(G, H)) = either b+a
or b —a.

Proof. Use notations and the proof of Theorem 5. The result follows immediately.
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Example 1. G = A4C5 Here yg(T') =b+a=1+3=4.

I'G,H)=

Example 2. G = Dqs.

Then I'(G, H) is the usual Frobenius Graph.

Here yg(I') =4 —-2=2.

In example 1, v5(T') = 4 and 74(T) = 4 as well so that (") +vs(T) = 8 > —6 + /33, the
upper bound of Hass et al.

In example 1, 7,(I') =2 > —1

In this case ygr(I') + vr(I') = 4 — 2 = 7,(T).

Conclusion

We raise the following questions
1. To know all groups G and subgroups H such that I'(G, H) is i) RC-dominated ii) RC-signed
dominated would be interesting.
2. Within the framework of RC-graph, are there functions which give parameters much closer
to v(T') and ~5(T") than the ones described above?
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81. Introduction

Smarandache theory is one of the new branches in mathematics that were first defined
and studied by Prof. F. Smarandache and W. B. Kandasamy. Study of algebraic structers
and Smarandache algebraic structers is one of the interesting problmes in Smarandache theory.
In this note, we will introduced Smarandache Mukti-Squares (SMS) which are non-associative
algebraic structures. Arun S. Muktibodh in [2] define and study Smarandache Mukti-Squares
(SMS) and gave some open problems. We will extend some SMS to Latin squares that satisfies
in problems propounded by Muktibodh [2]. First we recall some definitions and theorems.

Definition 1.1. An n X n array containing symbols from some alphabet of size m with
m > n is called a square of order n.

Definition 1.2. A Latin Square of order n is an n by n array containing symbols from
some alphabet of size n, arrenged so that each symbol appears exactly once in each row and
exactly once in each column.

Definition 1.3. If a Latin square L contains a Latin square S properly, then S is called a
Sub Latin square.

Definition 1.4. An square in which :

1. No element in the first row is repeated,

2. No element in the first column is repeated,

3. Elements in first row and first column have similar arrange,
is called a Mukti-Square.

Definition 1.5. If a square contains a Latin Square properly the square is called a Smaran-
dache Mukti-Square or SMS.

Example 1. The following are examples of Mukti-Squares of order 3 with alphabets
{0,1,2,3,4}.
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01 2

1 2 0

2 0 1
and

01 2

1 2 3

2 3 4
and

01 2

1 3 4

2 4 3

Also maybe in other rows or columns we have elemnts that repeated. for example:
01 2 3
1 2 0 3
2 0 2 3

is an Mukti-Square with element 3 that repeated in third column.

In this note we consider Mukti-Squares that have no repeated elements in rows and columns,
and therefore they have Latin squares structures. Hence we see that because of a latin square
is equvalent to an quasigroup and vise versa, in quasigroup language, we have only 6 Mukti-
Square for quasigroups with alphabet {0,1,2}. Also for quasigroups constructed by useing all
elements of alphabet {0,1,2,3} we have 96 such Mukti-Square.

§2. Orthogonal Smarandache Mukti-Squares

Two SMS are said to be orthogonal if the Latin squares contained in them are orthogonal.
Therefore for two SMS

1 2 3 4
21 4 3
3 4 21
4 3 1 2

and
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2 1 4 3
1 2 3 4
4 3 1 2
3 4 2 1

are orthogonal and we have

that is an SMS too.

83. Mukti-Squares of order 2

We investigate some SMS that have one element, without repeatetion, outside of his al-
phabet.
For SMS with alphabet A = {0, 1,2}, let we have

0 1
1 a

with a ¢ A, and only in one place. Then we can extend this SMS to:

— N QS

a 2 1 0

For SMS with two element outside the alphabet of SMS, for example:

a 2
2 b

with alphabet A, we can contruct the following SMS:
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For SMS with three element outside the alphabet of SMS:

we have:

Finally for SMS with four element outside of SMS alphabet:

we can extend to the following form:

> O = 2

St O =

= S NdO

1
0
b
d

a
1
0
b

S = oa o

(e R = \V]

It is obvius that for SMS with one element outside of alphabet that repeated in SMS, for example

construction of Latin square is simpler. Also this construction is simpler for two and more

element with repeatation.

§4. SMS of order 3

In this section at first we recall Theorem 3.3 of [2].

Theorem 4.1. A Latin square of order 3 does not posses an SMS.

proof. ( See [2], Theorem 3.3 ).
Now let
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2 1 0
1 0 2
0 2 1
be a Latin square. Therefore we see that
2 1
10
and
1 0
0 2
and
0 2
2 1

SMS’s that are in Latin squre.
Theorem 4.2. It is not possible to extend an SMS of order 3 to a Latin square if the Latin
square contained in the SMS has two elements outside the alphabet of the SMS.
proof. ( See [2], Theorem 4.3 ).
It has been practically tried out but could not construct the Latin square.
Contrexample:
Let in alphabet {0,1,2}

0 1
1 4
2 4 3

be an SMS with {3,4} outside of alphabet A. Then

W N = O
=~ W N = O
N O s W =
S = W RN
= ook O NDWw

is a Latin square. Also
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> == \* I\ ]
=~ W N o= O
N O e W
S = W RN
w NN R O

can be considered for this SMS.

§5. Answer to Problems and some open problems

In [2] we have some open problems, that we answer to them in this section.
1. Can we extend an SMS of order 3 when all the elements of the Latin square contained in
the SMS are outside the alphabet of the SMS?

Example 5.1. Let by alphabet A = {0, 1,2} we have an SMS, such that {3,4} ¢ A. Then
we have the following SMS:

0 1
1 3 4
2 4

Therefore we can construct the Latin square as:

4 01 2 3
01 3 4 2
1 2 4 30
2 3 01 4
3 4 2 01
Also we have the following Latin square:
301 2 4
21 3 40
0 2 4 3 1
4 3 01 2
1 4 2 0 3

that can be considered for this SMS.
Now, let we have an SMS of order 3 such that one element of the Latin square contained in
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SMS is outside of alphbet A = {0,1,2} of SMS. For example :
0 1 2
1 2 0
2 0 3

with 3 ¢ A. Then this SMS can be extended to the following Latin square of order 6 :

T = W N = O
= W ot O N =
= Ot e W O N
N = O = Ot W
(=R R S S GU TN

o N O~ R ot

In other case if 3 ¢ A appear in array ase of an SMS. That is

01 2
13 0
2 0 1

Then this SMS can be extended to the following Latin square of order 6:

01 2 3 4 5
13 05 2 4
2 01 4 5 3
356401 2
4 2 51 3 0
5 4 3 2 0 1.
Next, let we consider an SMS of the form

01 2

1 2 0

2 3 4

where 3,4 ¢ {0,1,2}. Then this SMS can be extended to the following Latin square:



Vol. 5 A Note on Smarandache Mukti-Squares 37

LA W N R O
=TS, SIS SR SCRR O
— W o A O
I NS IS S U
W N = O A

© N =W ot

4.

2. Can we extend an SMS of order 4 when one element of the Latin square contained in
the SMS is outside the alphabet of the SMS?
Let us consider the following SMS of order 4, with one element outside of alphabet {1,2,3,4} :

1 2 3
2 3 4 1
3 4 1
4 1 2

Then we can extend this SMS to the following Latin square:

1 2 3 4 a 5 6 7
2 3 416 7 a 5
341 2 7 a 5 6
41 2 a 5 6 7 3
a 6 7 5 1 2 3 4
5 7 a 6 2 3 4 1
6 ¢« 5 7 3 4 1 2
75 6 3 41 2 a

3. Can we extend an SMS of order 4 when two element of the latin square contained in
the SMS are out side the alphabet of SMS?

To answer this quastion we refree the reader to our last construction. It is easily constructable.

At the end we consider the following quastions for next works:
1. Can we construct an algorithm for caculate all SMS of order 3 with alphabet containing n
element?
2. Can we construct an algorithm for caculate all SMS of order 4 with alphabet containing n
element?
3. Can we write an computer programme for calculating all SMS of order 37
4. Can we write an computer programme for calculating all SMS of order 47
5. Can we found applications of SMS in cryptography?
6. Can we found application of SMS in Matroid Theory?
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7. what is the interpretation of SMS in geometry, probablity, combinatorial theory or other

sciences?
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§1. Introduction

Y. Imai and K. Iseki [3] introduced two classes of abstract algebras: BCK-algebras and
BC-algebras. It is known that the class of BC K-algebras is a proper subclass of the class of
BCTI-algebras. In [11], J. Neggers and H. S. Kim introduced the notion of B-algebras, which is a
generalization of BC' K-algebra. In [10], Y. B. Jun , E. H. Roh , and H. S. Kim introduced BH-
algebras, which are a generalization of BCK/BC1I/B-algebras. Recently, Andrzej Walendziak
defined a BF-algebra [14].

In 1980, P. M. Pu and Y. M. Liu [12], introduced the idea of quasi-coincidence of a fuzzy
point with a fuzzy set, which is used to generate some different types of fuzzy subgroups,
called («, 8)-fuzzy subgroups, introduced by Bhakat and Das [1]. In particular, {€, € V¢}-fuzzy
subgroup is an important and useful generalization of Rosenfeld’s fuzzy subgroup. In this note
we introduced the notion of («, §)-fuzzy BF-algebras. We state and prove some theorems
discussed in (o, §)-fuzzy BF-subalgebras and level subalgebras.

§2. Preliminary

Definition 2.1. [14] A BF-algebra is a non-empty set X with a consonant 0 and a binary
operation * satisfying the following axioms:

(I) z*xxz =0,

() 20 =z,

(II1) 0 * (z * y) = (y * ),

for all z,y € X.

Example 2.2. [14] (a) Let R be the set of real numbers and let A = (R;*,0) be the
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algebra with the operation * defined by

x ify=0,
TrYy=+ gy ifx=0,
0 otherwise

Then A is a BF-algebra.
(b) Let A = [0;00). Define the binary operation % on A as follows: z xy = |z — y|, for all
x,y € A. Then (A;x,0) is a BF-algebra.

Proposition 2.3. [14] Let X be a BF-algebra. Then for any  and y in X, the following
hold:

(a) 0% (0% x) = for all x € A

(b) if 0x 2z = 0xy, then x = y for any =,y € A;

(c) if zxy =0, then yxx =0 for any z,y € A.

Definition 2.4. [14] A non-empty subset S of a BF-algebra X is called a subalgebra of
Xifxxy e S forany z,y € S.

A mapping f : X — Y of BF-algebras is called a BF-homomorphism if f(z *y) =
f(z)* f(y) for all x,y € X.

We now review some fuzzy logic concept (see [15]).

We now review some fuzzy logic concepts (see [2] and [15]).

Let X be a set. A fuzzy set A on X is characterized by a membership function gy : X —
[0, 1].

Let f : X — Y be a function and BF a fuzzy set of Y with membership function ugp.
The inverse image of BF, denoted by f~!(B), is the fuzzy set of X with membership function
pr-1(py defined by ps-1(p)(x) = pp(f(x)) for all v € X.

Conversely, let A be a fuzzy set of X with membership function 4. Then the image of A,
denoted by f(A), is the fuzzy set of Y such that

sup pa(z) if f(y) #0
pray(y) = ='W
0 otherwise

A fuzzy set p of a set X of the form

t ify=ux,
0 otherwise
where t € (0,1] is called a fuzzy point with support z and value ¢ and is denoted by x;.

Consider a fuzzy point z;, a fuzzy set p on a set X and «a € {€,¢, € Vq, € Aq}, we define

xrap as follow:
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(i) z¢ € p (resp. z:qu) means that p(x) > ¢ (resp. p(x) +t > 1) and in this case we said
that x; belong to (resp. quasi-coincident with) fuzzy set u.
(i) @t € Vgu (resp. x¢ € Agu) means that xy € p or xyqu (resp. ¢ € p and Tqpu).

Definition 2.5. [2] Let u be a fuzzy set of a BF-algebra X. Then p is called a fuzzy
BF-algebra (subalgebra) of X if

pw(z *y) > min{p(x), u(y)

for all z,y € X.

Example 2.6. [2] Let X = {0,1,2} be a set with the following table:

« o 12
0 |0 1 2
1|1 0 o
2 |2 0 0

Then (X, *,0) is a BF-algebra, but is not a BCH/BC1I1/BCK-algebra.

Define a fuzzy set p: X — [0,1] by ©(0) = 0.7, u(1) = 0.1 and p(2) = 0.3. Then p is a
fuzzy BF-subalgebra of X.

Definition 2.7. [2] Let p be a fuzzy set of X. Then the upper level set U(u; ) of X is

defined as following :
U(ps A) ={z € X | p(x) = A},

Definition 2.8. Let f : X — Y be a function. A fuzzy set p of X is said to be f-
invariant, if f(z) = f(y) implies that u(x) = p(y), for all z,y € X.

§3. («, f)-fuzzy BF-algebras

From now on X is a BF-algebra and a, 8 € {€,¢, € Vq, € Aq} unless otherwise specified.

By z;ap we mean that x;apu does not hold.
Theorem 3.1. Let p be a fuzzy set of X. Then p is a fuzzy BF-algebra if and only if
Tty Yt, E U= (33‘ * y)min(tl,tz) € W, (1)

for all z,y € X and t1,t2 € [0, 1].
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Proof. Assume that p is a fuzzy BF-algebra. Let z,y € X and x4, y:, € i, for t1,t2 €
[0,1]. Then pu(x) > t; and p(y) > t2, by hypothesis we can conclude that

plz +y) = min(u(z), p(y)) > min(ty, t2).

Hence (2 * Y)min(t, ,t5) € K-
Conversely, Since x,,) € p and y,(,) € p for all 2,y € X, then (= * Y)min(u(2),u(y)) € M-

Therefore pu(x * y) > min(u(x), p(y)).

Note that if u is a fuzzy set of X defined by u(x) < 0.5 for all z € X, then the set
{z; | &1 € Nqu} is empty.

Definition 3.2. A fuzzy set p of X is said to be an (a, 3)-fuzzy subalgebra of X, where
a #€ Aq, if it satisfies the following condition:

Tty Oy Yo O = (ZL' * y)min(tl,tg)ﬁ,u’

for all ¢, t2 € (0,1].

Proposition 3.3. p is an (€, €)-fuzzy subalgebra of X if and only if for all ¢ € [0, 1], the

nonempty level set U(p;t) is a subalgebra of X.
Proof. The proof follows from Theorem 3.1.

Example 3.4. Let X = {0, 1,2,3} be a set with the following table:

* o 1 2 3
0 o 1 2 3
1 1 0 3 0
2 2 3 0 2
3 3 0 2 0

Then (X, ,0) is a BF-algebra. Let p be a fuzzy set in X defined p(0) = 0.2, p(1) = 0.7 and
#(2) = pu(3) = 0.3. Then p is an (€, € Vq)-fuzzy subalgebra of X. But
(1) p is not an (€, €)-fuzzy subalgebra of X since lpgs € p and logs € p, but (1 x*

1) min(0.62,0.66) = 00.62E /-
(2) pisnot a (g, € Vq)-fuzzy subalgebra of X since 1¢.41qp and 29 77qu, but (1%2)min(0.41,0.77) =

30.41€ Vqp.
(3) u is not an (€ Vg, € Vg)-fuzzy subalgebra of X since 1o5 € Vqu and 395 € Vqu, but
0.5

€ Vqu.

(1% 3)min(()‘570.8) =0

Theorem 3.5. Let o be a fuzzy set. Then the following diagram shows the relationship

between («, 8)-fuzzy subalgebras of X, where a, 8 are one of € and gq.
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(o, V )

LN
N

(a,a A )

and also we have
(€ Vg, € Vvq)

(e Vg, € Aq)

(e Vq,q) (e vg, €

Proposition 3.6. If i is a nonzero («, 3)-fuzzy subalgebra of X, then 1(0) > 0.

Proof. Assume that p(0) = 0. Since g is non-zero, then there exists x € X such that
p(x) =t > 0. Thus zap for a =€ or a =€ Vg, but (2 * 2)min,) = 0,8u. This is a contradic-
tion. Also zyau where o = g, since p(z) + 1 =1t +1> 1. But (2 * ) min1,1) = 0184, which is
a contradiction. Hence u(0) > 0.

For a fuzzy set p in X, we denote the support p by, Xo := {z € X | u(z) > 0}.

Proposition 3.7. If u is a nonzero (€, € Vg)-fuzzy subalgebra of X, then the set X is a
subalgebra of X.
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Proof. Let z,y € Xy. Then pu(xz) > 0 and pu(y) > 0. Suppose that u(x * y) = 0, then

Tuey € and () € 1, but p(wxy) = 0 < min(u(), py)) and pu( y) +min(u(e). ply)) < 1,
i.e (T * Y)min(u(a).u(y) € Y, which is a contradiction . Hence z * y € Xo. Therefore Xy is a

subalgebra of X.

Proposition 3.8. If y is a nonzero (q, € Vq)-fuzzy subalgebra of X, then the set Xj is a
subalgebra of X.

Proof. Let z,y € Xo. Then pu(x) > 0and p(y) > 0. Thus p(x)+1 > 1 and p(y)+1 > 1im-
ply that z1qp and yyqu. If p(axy) = 0, then p(z*y) < 1 = min(1,1) and p(z*y)+min(1,1) < 1.
Thus (2 *Y)min(1,1)€ Vqu, which is a contradiction. It follows that p(z*y) > 0 and so z*y € Xo.

Theorem 3.9. Let p be a nonempty («, 3)-fuzzy subalgebra, where o, 5 € {€,¢q, € Vg, €
Aq} and a #£€ Aq. Then Xj is a subalgebra of X.
Proof. The proof follows from Theorem 3.5 and Propositions 3.7 and 3.8.

Theorem 3.10. Any non-zero (g, q)-fuzzy subalgebra of X is constant on Xj.

Proof. Let i be a non-zero (g, q)-fuzzy subalgebra of X. On the contrary, assume that u
is not constant on Xg. Then there exists y € X such that ¢, = u(y) # ©(0) = to. Suppose
that ¢, < to and so 1 —ty < 1 —t, < 1. Thus there exists t1,t3 € (0,1) such that 1 — ¢y < ¢; <
1 —t, <ty <1. Then pu(0) +t; =to+t1 > 1and pu(y) +ta =ty +1t2 > 1. So 04, qu and y,qu.
Since

w(y *0) +min(t,t2) = p(y) +t1 =t, +t1 < 1,

we get that (y * 0)min(s,,t,)@H, Which is a contradiction. Now let ¢, > to and to # 1. Then
w(y) + (1 —to) =ty +1—1t9 > 1, ie yi_4,qu. Since

py*xy) + (1 —to) =p0)+1—tg=to+1—tg =1,

then we get that (y*¥y)min(1—ty,1—t,)qH, Which is a contradiction. Therefore p is constant on Xo.

Theorem 3.11. p is a non-zero (g, g)-fuzzy subalgebra if and only if there exists subalgebra
S of X such that
t if z€ 8
plx) = ,
0 otherwise
for some ¢ € (0, 1].

Proof. Let u be a non-zero (g, q)-fuzzy subalgebra. Then by Proposition 3.6 and Theorems
3.9 and 3.10 we have u(0) > 0, X, is a subalgebra of X and

1(0) if ze X
p(x) = _
0 otherwise

Conversely, let zy, qu and yg,qu, for t1,t2 € (0,1]. Then p(z) +t1 > 1 and p(y) + t2 > 1 imply
that u(x) # 0 and p(y) # 0. Thus z,y € S and so z *xy € S. Hence p(z * y) + min(ty,t2) =
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t + min(t1,t2) > 1. Therefore p is a (g, g)-fuzzy subalgebra of X.

Theorem 3.12. 4 is a non-zero (g, ¢)-fuzzy subalgebra of X if and only if U(y; £(0)) = Xo
and for all ¢ € [0, 1], the nonempty level set U(u;t) is a subalgebra of X.
Proof. Let u be a non-zero (g, q)-fuzzy subalgebra. Then by Theorem 3.11 we have

u(O) if xe Xy

plr) = .
0 otherwise

So it is easy to check that U(u; u(0)) = Xo. Let ,y € U(u;t), for t € [0,1]. Then p(x) > ¢ and

u(y) > t. If t =0, then it is clear that x xy € U(u;0). Now let t € (0,1]. Then x,y € X, and

so x xy € Xo. Hence p(z *y) = u(0) > t. Therefore U(u;t) is a subalgebra of X.

Conversely, since U(p; 1(0)) = Xo and 0 € U(y; (0)), then Xy is a subalgebra of X. Also

U(u; 1(0)) = Xo and X # () imply that p is non-zero. Now let © € Xy. Then u(z) > 1(0) and

wu(x) > 0. Since U(p; p(x)) # 0, so U(u; pu(x)) is a subalgebra of X. Then 0 € U(u; p(x)) imply

that 1(0) > p(x). Hence p(z) = p(0), for all z € X i.e

1(0) if ze X

p(x) = ,
0 otherwise

Therefore by Theorem 3.11 y is a (g, ¢)-fuzzy subalgebra of X.
The following example shows that the condition ” U(u; 1(0)) = Xo” is necessary.

Example 3.13. Let X = {0,1,2,3} be BF-algebra in Example 3.3. Define fuzzy set  on
X by
1(0) = 0.6, p(l) = pu(2) =p(3) =03
Then Xo = X, U(p; 1(0)) = {0} # X, and also
X if 0<t<0.3
U(pst) = ¢ {0} if 0.3<t<0.6
0 if t>0.6

is a subalgebra of X, while by Theorem 3.11, p is not a (g, g¢)-fuzzy subalgebra.

Theorem 3.14. Every (g, q)-fuzzy subalgebra is an (€, €)-fuzzy subalgebra.
Proof. The proof follows from Theorem 3.12 and Proposition 3.3.

Note that in Example 3.13 p is an (€, €)-fuzzy subalgebra, while it is not a (g, ¢)-fuzzy
subalgebra. So the converse of the above theorem is not true in general.

Theorem 3.15. If i is a non-zero fuzzy set of X. Then there exists subalgebra S of X
such that u = yg if and only if p is an («, 8)-fuzzy subalgebra of X, where («, 3) is one of the
following forms:
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() (€,9), (i) (€, € Ag),
(iii) (¢, €), (iv) (¢, € Na),
(v) (€ Vg, q), (vi) (€ Vg, € ),
(vii) (€ Vg, €)

Proof. Let u = xs. We show that u is (€, € Ag)-fuzzy subalgebra. Let x;, € p and
Xy, € p, for t1,t2 € (0,1]. Then w(z) > t; and p(y) > to imply that z,y € S. Thus
xxy € S, ie p(xrxy) = 1. Therefore p(z x y) > min(t1,t2) and p(z * y) + min(ty, ta) > 1,
i.e (T * Y)min(t,,ts) € Agu. Similar to above argument, we can see that u is an (a, 3)-fuzzy
subalgebra of X, where («, 3) is one of the above forms.

Conversely, we show that u = xx,. Suppose that there exists © € X, such that p(z) < 1.
Let o =€, choose t € (0,1] such that ¢t < min(1 — p(z), u(z), £(0)). Then z;ap and Orap
but (2 * 0)min(t,) = xf, where 3 = q or 3 =€ Aq. Which is a contradiction. If o = ¢, then
ryoq and Oy, while (2% 0)min1,1) = 71 8u where 8 =€ or 3 =€ Aq, which is a contradiction.
Now let @« =€ Vq and choose t € (0,1] such that z; € p but z;gu. Then z,ap and 01au
but (2 % 0)mine,1) = xfu for f = q or f =€ Agq, which is a contradiction. Finally we have
xp € Vgu and 01 € Vapu but (2%0)min(1,1) = £1€4, which is a contradiction. Therefore 1 = x x,.

Theorem 3.16. Let S be a subalgebra of X and let u be a fuzzy set of X such that

(a) p(z) =0 for all x € X\S,

(b) u(xz) > 0.5 for all x € S.

Then p is a (g, € Vq)-fuzzy subalgebra of X.

Proof. Let z,y € X and t1,t2 € (0,1] be such that z;,qu and y,qu. Then we get that
w(x) +1t1 > 1 and p(y) +t2 > 1. We can conclude that z xy € S, since in otherwise x € X\S
or y € X\S and therefore t; > 1 or to > 1 which is a contradiction. If min(¢1,¢3) > 0.5, then
p(xxy)+min(ty, t2) > 1 and 80 (L*Y)min(t, ) q4- 1f min(ty, t2) < 0.5, then p(x+y) > min(ty, t2)
and thus (T * Y)min(t,,t,) € #- Hence (T % Y)min(e t2) € VG-

Theorem 3.17. Let u be a (g, € Vq)-fuzzy subalgebra of X such that u is not constant
on the set Xy. Then there exists x € X such that p(x) > 0.5. Moreover, u(xz) > 0.5 for all
z € Xp.

Proof. Assume that pu(z) < 0.5 for all x € X. Since p is not constant on X, then
there exists x € X such that ¢, = pu(x) # p(0) = to. Let tg < tz. Choose § > 0.5 such
that top + 0 < 1 < t, +d. It follows that zsqu, p(z * x) = u(0) = tg < § = min(4,d) and
p(x ) +min(d,6) = pu(0) 4+ = to+0 < 1. Thus (z *2)min(s,5)€ Vqu, which is a contradiction.
Now, if t, < tg then we can choose § > 0.5 such that ¢, + 6 < 1 < tg + 9. Thus Osqu and
x1qu, but (2% 0)min(1,5) = Ts€ Vqu, because u(r) < 0.5 < § and p(x) + 9 = t, + 0 < 1, which
is a contradiction. Hence u(z) > 0.5 for some € X. Now we show that 1(0) > 0.5. On the
contrary, assume that p(0) = to < 0.5. Since there exists € X such that p(xz) = ¢, > 0.5, it
follows that tg < t,. Choose t; > tg such that to+t; < 1 < ¢, +t;. Then p(x)+t1 =t +61 > 1,
and so z;qu. Thus we can conclude that

M(Z‘ * JZ) + mil’l(tl,tl) = ,LL(O) +t1=tg+1t1 <1,
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and
w(x ) = pu(0) =ty < t; = min(ty, t1).

Therefore ( * &)min(¢,,,)€ Vqu, which is a contradiction. Thus x(0) > 0.5. Finally we prove
that p(z) > 0.5 for all € Xy. On the contrary, let © € Xy and t, = p(zr) < 0.5. Consider
0 <t < 0.5 such that ¢, +¢t < 0.5. Then pu(z)+1=1, +1>1and p(0)+ (0.5+1¢) > 1, imply
that x1qu and 09 51¢qu. But (2 * 0)min(1,0.54+¢) = T0.54+€ Vqu, since pu(z x0) = p(r) < 0.5 +1¢
and p(z)+0.5+t =1, +0.5+t <0.5+0.5 = 1. Which is a contradiction. Therefore p(x) > 0.5
for all z € Xj.

Theorem 3.18. Let u be a non-zero fuzzy set of X. Then p is a (q, € Vq)-fuzzy subalgebra
of X if and only if there exists subalgebra S of X such that

a if ze€8 > 0.5 if ze€8
w(z) = oor p(x) = .
0 otherwise 0 otherwise
for some a € (0,1]
Proof. Let u be a (q, € Vq)-fuzzy subalgebra of X. If u is constant on X, then

1(0) if xe X
p(z) = .
0 otherwise

If i is not constant on Xy, then by Theorem 3.17 we have

>0.5 if e Xy
w(x) = ,
0 otherwise

Conversely, the proof follows from Theorems 3.11, 3.5 and 3.16.

Theorem 3.19. Let u be a non-zero (g, € Vq)-fuzzy subalgebra of X. Then the nonempty
level set U(u;t) is a subalgebra of X, for all ¢ € [0,0.5].

Proof. If u is constant on Xy, then by Theorem 3.11, u is a (g, ¢)-fuzzy subalgebra. Thus
by Theorem 3.12 we have the nonempty level set U(u;t) is a subalgebra of X, for ¢ € [0,1].

. >0.5 it zeXo
If 11 is not constant on Xy, then by Theorem 3.17, we have u(z) = .
0 otherwise

Now we show that the nonempty level set U(y;t) is a subalgebra of X for ¢ € [0,0.5]. If t = 0,
then it is clear that U(u;t) is a subalgebra of X. Now let ¢t € (0,0.5] and x,y € U(u;t). Then
w(x), u(y) >t > 0 imply that x,y € Xo. Thus z xy € X and so u(z *xy) > 0.5 > t. Therefore
xxy € U(ust).

Theorem 3.20. Let u be a non-zero fuzzy set of X, U(u;0.5) = Xy and the nonempty
level set U(p;t) is a subalgebra of X, for all ¢ € [0,1]. Then p is a (q, € Vq)-fuzzy subalgebra
of X.

Proof. Since p # 0 we get that Xy # (). Thus by hypothesis we have U(u;0.5) # ) and
so Xy is a subalgebra of X. Also p(z) > 0.5, for all z € Xy and p(z) =0, if © ¢ Xo. Therefore
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by Theorem 3.16, p is a (g, € Vq)-fuzzy subalgebra of X.

Theorem 3.21. A fuzzy set p of X is an (€, € Vq)-fuzzy subalgebra of X if and only if
w(x +y) > min(p(z), u(y),0.5), for all z,y € X.

Proof. Let u be an (€, € Vq)-fuzzy subalgebra of X and z,y € X. If u(z) or u(y) =0,
then p(z *y) > min(p(x), 1u(y),0.5). Now let u(x) and p(y) # 0. If min(u(x), u(y)) < 0.5, then
w(x xy) > min(p(z), u(y)). Since, assume that p(z *y) < min(u(x), u(y)), then there exists
t > 0 such that p(z *y) <t < min(u(z),u(y)). Thus z; € p and y; € p but (2 * Y)minge,e) =
(x*y)+€ Vau, since p(r+y) < tand p(r*y)+t <1< 2t < 1, which is a contradiction. Hence if

min(p(z), u(y)) < 0.5, then p(x * y) > min(u(x), u(y)). If min(u(z), u(y)) > 0.5, then x5 € u
and yo.5 € . So we can get that

(% * Y)min(0.5,0.5) = (T * Y)o.5 € Vqu.

Then p(z xy) > 0.5. Consequently, p(z *y) > min(u(z), u(y),0.5). for all z,y € X.

Conversely, let z,y € X and t1,ts € (0,1] be such that z;, € p and yi, € p. So p(z) > 1
and u(y) > to. Then by hypothesis we have u(x *y) > min(u(x), u(y),0.5) > min(ty, te,0.5).
If min(tq,t2) < 0.5, then p(z * y) > min(u(z), u(y)). If min(ty,t2) > 0.5, then u(x *y) > 0.5.
Thus p(z *y) + min(ty, t2) > 1. Therefore (z * y)min(, t,) € VL.

Theorem 3.22. Let p be an (€, € Vq)-fuzzy subalgebra of X.

(1) If there exists © € X such that p(z) > 0.5, then p(0) > 0.5.

(ii) If p(0) < 0.5, then p is an (€, €)-fuzzy subalgebra of X.

Proof. (i) Let p(x) > 0.5. Then by hypothesis we have p(0) = p(z*x) > min(u(z), p(x),0.5) =
0.5.

(ii) Let u(0) < 0.5. Then by (i) p(x) < 0.5, for all z € X. Now let x4, € p and y, € u,
for t1,t2 € (0,1]. Then p(z) > t; and p(y) > to. Thus p(z *y) > min(u(x), p(y),0.5) >
min(ty,t2,0.5) = min(t1,t2). Therefore (z * y)min(t, ) € K-

Lemma 3.23. Let x be a non-zero (€, € Vq) fuzzy subalgebra of X. Let z,y € X such
that pu(z) < pu(y). Then

p(x) if p(y) <05 or p(x) <0.5 < p(y)

w(xxy) =
>0.5 if p(z)>05

Proof. Let u(y) < 0.5. Then we have u(x *y) > min(u(z), u(y),0.5) = p(x). Also
w(z) = p((z *y) * (0xy)) > min{p(z * y), p(0*y),0.5} (1)
Now we show that p(0+y) > u(y). Since u(y) < 0.5, then u(0) = p(y*y) > min{pu(y), u(y), 0.5} =
w(y). Thus u(0 x y) > min{wu(0), u(y),0.5} = p(y). Hence (1) and hypothesis imply that
w(x) > min{p(x*y), u(y)}. Since p(r) < u(y), then u(x) > p(z*xy). Therefore p(z*y) = u(x).
Now let pu(z) < 0.5 < p(y). Then similar to above argument u(x * y) > p(z) and p(z) >
min{u(z * y), (0 * y),0.5}. Since p(y) > 0.5, then by Theorem 3.22(i), 1(0) > 0.5. Thus
1(0 % y) > min{p(0), u(y),0.5} = 0.5. So by hypothesis we get that p(z) > min{u(x xy),0.5}.
Thus pu(x) < 0.5 imply that p(z) > p(z *y). Therefore u(x xy) = p(z). Let p(x) > 0.5. Then
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u(z *y) = min(p(x), u(y),0.5) = 0.5.

Theorem 3.24. Let u be an (€, € Vq)-fuzzy subalgebra of X. Then for all ¢ € [0,0.5],
the nonempty level set U(u;t) is a subalgebra of X. Conversely, if the nonempty level set u is
a subalgebra of X, for all ¢ € [0, 1], then u is an (€, € Vq)-fuzzy subalgebra of X.

Proof. Let u be an (€, € Vq)-fuzzy subalgebra of X. If ¢ = 0, then U(p;t) is a subalgebra
of X. Now let U(p;t) # 0,0 <t < 0.5 and z,y € U(p;t). Then p(x),u(y) > t. Thus by
hypothesis we have p(x * y) > min(u(x), u(y),0.5) > min(t,0.5) > t. Therefore U(p;t) is a
subalgebra of X.

Conversely, let x,y € X. Then we have

(), p(y) = min(u(z), u(y), 0.5) = to

Hence x,y € U(u;ty), for tg € [0,1] and so z xy € U(u;tg). Therefore p(x * y) > tg =
min(u(x), u(y),0.5), i.e p is an (€, € Vq)-fuzzy subalgebra of X.

Theorem 3.25. Let S be a subset of X. The characteristic function xg of S is an
(€, € Vq)-fuzzy subalgebra of X if and only if S is a subalgebra of X.

Proof. Let Xg be an (€, € Vq)-fuzzy subalgebra of X and z,y € S. Then xs(z) =1 =
Xs(y), and so 21 € xs and y1 € xs. Hence (x*y)1 = (T *Y)min(1,1) € VX5, Which implies that
Xs(z *y) > 0. Thus  xy € S. Therefore S is a subalgebra of X.

Conversely, if S is a subalgebra of X, then xg is an (€, €)-fuzzy subalgebra of X. So by
Theorem 3.5 we get that u is an (€, € Vq)-fuzzy subalgebra of X.OJ

Lemma 3.26. Let f: X — Y be a BF-homomorphism and G be a fuzzy set of ¥ with
membership function pug. Then ziaps-—1(q) < f(7)iaug, for all a € {€,q, € Vg, € Ag}.
Proof. Let a« =€. Then

Tiapp-1c) < pi-1c)(T) 2t pe(f(e) 2t (f(@)aue

The proof of the other cases is similar to above argument.

Theorem 3.27. Let f: X — Y be a BF-homomorphism and G be a fuzzy set of Y with
membership function pg.

(i) If G is an (o, 3)-fuzzy subalgebra of Y, then f~1(G) is an (a, 3)-fuzzy subalgebra of X,

(ii) Let f be epimorphism. If f~!(G) is an (o, 3)-fuzzy subalgebra of X, then G is an
(a, B)-fuzzy subalgebra of Y.

Proof. (i) Let ziaps-1(q) and yraps-1(g), for t,r € (0,1]. Then by Lemma 3.26, we
get that (f(z))iapc and (f(y))rapg. Hence by hypothesis (f(x) * f(y))min(t,rBpc. Then
(f(z * Y))min(t,r) B and 80 (T * Y)min(t,r) Blrs-1(c)- o / /

(ii) Let ¢,y € Y. Then by hypothesis there exist  ,y € X such that f(z ) =z and f(y ) =
y. Assume that zioug and yroug, then (f(z)))iopg and (f(y))rapg. Thus x;a,uffl(g) and
y;oz,ufq(g) and therefore (a:/ * yl)min(t,r)ﬁ,ufq(g). So

(f(xl * y/))min(t,r)B/fLG = (f(l‘/) * f(yl))min(t,r)ﬁ/J/G = (Jf * y)min(t,r)ﬁ/-j/G-
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Theorem 3.28. Let f: X — Y be a BF-homomorphism and H be an (€, € Vq)-fuzzy
subalgebra of X with membership function pg. If pgy is an f-invariant, then f(H) is an
(€, € Vq)-fuzzy subalgebra of Y.
Proof. Lety, andy, € Y. If f~'(y1) or f~"(y2) = 0, then p(rr) (yr+y2) > minug(ay (1), s (y2), 0.5).
Now let f~1(y;) and f~!(y2) # 0. Then there exist z1,22 € X such that f(z;) = y; and
f(x2) = y2. Thus by hypothesis we have

ppey (Y1 x y2) = sup  pu(t)
tef=1(y1+y2)

= sup  pp(t)
tef=1(f(z1*z2))

= pp (T * 2) since pyy is an f-invariant
> min(pp (1), p (22),0.5)

=min( sup pg(t), sup wpg(t),0.5)
tef~1(y1) tef~1(y2)

= min(uf(H)(y1)7 Hy(H) (y2),0.5)

So by Theorem 3.21, f(H) is an (€, € Vq)-fuzzy subalgebra of Y.

Theorem 3.29. Let f: X — Y be a BF-homomorphism.

(i) If S is a subalgebra of X, then f(S) is a subalgebra of Y,

(ii) If S" is a subalgebra of Y, then f~1(S") is a subalgebra of X.
Proof. The proof is easy.

Theorem 3.30. Let f : X — Y be a BF-homomorphism. If H is a non-zero (g, ¢)-fuzzy
subalgebra of X with membership function pg, then f(H) is a non-zero (g, q)-fuzzy subalgebra
of Y.

Proof. Let H be a non-zero (q, q)-fuzzy subalgebra of X. Then by Theorem 3.10, we have

pu(z) = ]
0 otherwise

pa(0) if y € f(Xo)
0 otherwise
Let y € Y. If y € f(Xo), then there exist 2 € Xo such that f(z) = y. Thus psm)(y) =

sup  pu(t) = p(0). If y & f(Xo), then it is clear that pys)(y) = 0. Since X is subal-
tef~(y)
gebra of X, then f(Xj) is a subalgebra of Y. Therefore by Theorem 3.11, f(H) is a non-zero

Now we show that p¢s)(y) =
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(q, q)-fuzzy subalgebra of Y.

Theorem 3.31. Let f: X — Y be a BF-homomorphism. If H is an («, 3)-fuzzy subal-
gebra of X with membership function g, then f(H) is an («, §)-fuzzy subalgebra of Y, where

(a, B) is one of the following form

(i) (€ 9), (ii) (€, € Ag),
(iii) (g, €), (iv) (g, € Aq),

(v) (€ Vg, 9), (vi) (€ Vg, € Ag),
(vii) (€ Vg, €), (viii) (g, € Vq).

Proof. The proof is similar to the proof of Theorem 3.30, by using of Theorems 3.15 and
3.18.

Theorem 3.32. Let f : X — Y be a BF-homomorphism and H be an (€, €)-fuzzy
subalgebra of X with membership function pg. If pgy is an f-invariant, then f(H) is an
(€, €)-fuzzy subalgebra of Y.

Proof. Let z; € pypy and y, € pycy, where t,r € (0,1]. Then pygy(2) > t and
prcery(y) = r. Thus f1(2), f~1(y) # 0 imply that there exists x1, 2o € X such that f(z;) = 2
and f(x2) = y. since pug is an f-invariant, then ppgy(2) > t and ppgy(y) > r imply that
pwr(z1) >t and ppg(ze) > r. So by hypothesis we have

pry(zxy) = sup  pp(t)
tef=—1(zxy)

= sup pr ()
tef=1(f(z1*z2))
= UH (1‘1 * 1‘2)
> min(t, r)
Therefore (2 * Y)min(t,r) € tr(m), i-e f(H) is an (€, €)-fuzzy subalgebra of Y.
Theorem 3.33. Let {p; | i € A} be a family of (€, € Vg)-fuzzy subalgebra of X. Then
W= ﬂ w; is an (€, € Vq)-fuzzy subalgebra of X.
i€EA
Proof. By Theorem 3.21 we have, for all i € A
pi(z o+ y) = min(p (), pi(y), 0.5)

Therefore e +y) = inf pi(e+y) > inf min(p; (), pi(y), 0.5)
3 2

= min(inf ui(z), inf 4;(y), 0.5)
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= min(p(z), u(y),0.5)

Therefore by Theorem 3.21, p is an (€, € Vq)-fuzzy subalgebra.

Theorem 3.34. Let {u; | ¢ € A} be a family of (€, €)-fuzzy subalgebra of X. Then
W= ﬂ w;i is an (€, €)-fuzzy subalgebra of X.

ieA

Proof. Let z; € p and y, € p, t,r € (0,1]. Then p(z) > t and p(y) > r. Thus for all
i €A, pi(x) >tand p;(y) > r imply that p;(z *y) > min(¢,r). Therefore p(x * y) > min(¢, )

Le (ZE * y)min(tﬂ‘) € p.

Theorem 3.35. Let {u; | i € A} be a family of (a, §)-fuzzy subalgebra of X. Then
Wi= ﬂ wi is an (o, 8)-fuzzy subalgebra of X, where («, ) is one of the following form

€A

() (€,9), (i) (€,1q),
(iii) (g, €),(iv) (¢, € Ag),
(v) (€ Vg, q), (vi) (€ Vg, € Ag),
(vii) (€ Vg, €), (viii) (g, € Vq),
(ix) (¢, 9).

Proof. We prove theorem for (g, q)-fuzzy subalgebra. The proof of the other cases is
similar, by using Theorems 3.15 and 3.18.
If there exists ¢ € A such that p; = 0, then = 0. So p is a (g, ¢)-fuzzy subalgebra. Let p; # 0

i (0) if zeX§

for all ¢ € A. Then by Theorem 3.10 we have p;(x) = , for all 4 € A.
0 otherwise

p(0) if ze () Xg

So it is clear that u(z) = ieA
0 otherwise

Since m X{ is a subalgebra of X, then by Theorem 3.11 y is a (g, q)-fuzzy subalgebra of X.
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Abstract A set D C V of vertices in a graph G is a dominating set if every vertex v in
V — D is adjacent to a vertex in D. The minimum cardinality of a dominating set of G is
called the domination number of G and is denoted by v(G). A decomposition of a graph G is
a collection ¥ of edge disjoint subgraphs G1,Ga2, -+ , G, of G such that every edge of G is in
exactly one G;. If v(G;) = 1 for each ¢, then ¥ is called an 1-equidomination cover of a graph
G. The minimum cardinality of an 1-equidomination cover of G is called the 1-equidomination
covering number of a graph G and is denoted by 'yél) (G). In this paper we initiate a study on
this parameter.

Keywords 1-equidomination cover, 1-equidomination covering number,

minimum 1l-equidomination cover.

§1. Introduction

By a graph, we mean a finite, undirected, non-trivial, connected graph without loops

and multiple edges. For terms not defined here we refer to Harary [5].

The theory of domination is one of the fastest growing areas in Graph theory, which has
been investigated by Berge [1], Cockayne and Hedetniemi [4], and Walikar et al [10]. A set
D C V of vertices in a graph G is a dominating set if every vertex v in V — D is adjacent to
a vertex in D. The minimum cardinality of a dominating set of G is called the domination

number of G and is denoted by v(G). A comprehensive study of domination is given in [7,8].

Another important area in Graph theory is decomposition of graphs. A decomposition of
a graph G is a collection ¥ of edge disjoint subgraphs G1,G3,--- ,G, of G such that every
edge of G is in exactly one G;. If each G; is isomorphic to a subgraph H of G, then V¥ is called
a H-decomposition. Various types of decompositions have been studied by several authors by
imposing conditions on G; in the decomposition. Some such decompositions are path covering

[6], line clique covering [3] and star decomposition [9].

Using these two concepts, we introduce the concept of 1-equidomination cover of a graph

which is motivated by the concepts of line clique cover and star decomposition of a graph. The
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concepts of line clique cover and line clique covering number were introduced by S. A. Choudum
et al [3]. A line clique cover of a graph G is a collection of cliques in G that cover all the edges
of G and the minimum cardinality of a line clique cover is called the line clique covering number
01(G). The concepts of star decomposition and star number were introduced by V. R. Kulli et
al [9]. A star decomposition of a graph G is a collection of stars in G that cover all the edges

of G and the minimum cardinality of a star decomposition is called the star number s(G).

We observe that the domination number of clique and star is one and so each of line
clique cover and star decomposition of a graph is a decomposition of G' in which every mem-
ber has domination number one. This motivates us to define the more general concept of
l-equidomination cover of a graph which is a decomposition of G in which every member has
domination number one and the minimum cardinality of such a decomposition is called an
l-equidomination covering number of a graph G.

In this paper we initiate a study on this parameter. We need the following definition and
theorems.

Definition 1.1. A k-factor of G is a k-regular spanning subgraph of G, and G is k-
factorable if there are edge disjoint k-factors G1,Ga, - - , Gy, such that G = G1UGLU, - -+ [ UG,,.
Theorem 1.2.[5] Every regular bipartite graph is 1-factorable.
Theorem 1.3.[5] If G is bipartite then 51 (G) = ap(G).
Theorem 1.4.[5] A graph G has a 1-factor if and only if 8;(G) = p/2.
]

Theorem 1.5.[2] For any connected graph G, if ¢ is even, then G has a Ps-decomposition.

Theorem 1.6.[9] The star numbers of some graphs are given as follows.

(iii) $(Kpm,n) = n if m > n, where [z] denotes the smallest integer greater than or equal
to x.

§2. Main Results

Definition 2.1. An l-equidomination cover of a graph G is a collection ¥ = {G1,Ga, -+ , Gy}

of subgraphs of G such that

(i) Each G; is connected

(ii) Every edge of G is in exactly one G; and
(iii) v(Gi)=1,1<i<n.

It is clear that for any graph G, ¥ = E(G) is an 1-equidomination cover of G.
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Definition 2.2. The minimum cardinality of an 1-equidomination cover of G is called the
1-equidomination covering number of G and is denoted by vél)(G). An l-equidomination cover
¥ of G such that |¥| = fyél)(G) is called a minimum 1-equidomination cover of G.

We now proceed to obtain some bounds for 'yél)(G).

Theorem 2.3. For any connected graph G, we have 1 < Wél)(G) < q. Further 'yél)(G) =1
if and only if v(G) =1 and ’yél)(G) = q if and only if G = Kj.

Proof. The inequalities are trivial. Obviously 'yél)(G) = 1if and only if v(G) = 1.

Suppose Wél)(G) = q. Now, if G # K, then G has a path P on three vertices, because
G is connected. Hence ¥ = {P} U{E(G) — E(P)} is an l-equidomination cover of G so that
’yél)(G) < |¥| = ¢ — 1, which is a contradiction. Thus G = K. Also clearly ’yél)(Kg) =1=gq.
This completes the proof.

Corollary 2.4.

(i) For the complete graph K, 'yél)(Kp) =1.
(ii) For the wheel W, on p vertices, we have yél)(Wp) =1.

Proof. Follows from Theorem 2.3.

Theorem 2.5. For any connected graph G, we have mgl)(G) < [q/2].

Proof. If ¢ is even, then it follows from Theorem 1.5 that G has a Ps- decomposition. Since
a P3-decomposition is an 1-equidomination cover of G, we have vél)(G) <gq/2. Suppose ¢
is odd. If there exists an edge e which is not a bridge, let H = G — e. If not, then G is a tree.
Now, let H = G — v, where v is a pendant vertex and let e be the edge incident at v.

Now, in either of the cases, H is connected with even number of edges and hence by
Theorem 1.5, H has a P3-decomposition, say . Hence ¥ U {e} is an 1-equidomination cover of
G so that fyél)(G) < |¢| = q—;l + 1= [g¢/2]. This completes the proof.

Remark 2.6. The bound given in Theorem 2.5 is sharp. For the cycle C,, fyél)(Cp) =
[p/2] = lq/2].

In the following theorem we establish a relation between v(G) and 'yél)(G).

Theorem 2.7. For any connected graph G, we have v(G) < 'yél)(G). Further, if a and
b are two positive integers with 1 < a < b, then there exists a connected graph G such that
~v(G) = a and ’yél)(G) =b.

Proof. Let ¥ = {G1,Gs,--- ,G,} be a minimum 1l-equidomination cover of G. Let v,
1 < i < n, be the vertex which dominates all the vertices in G;. Then {v1,va, - ,v,} is a
dominating set of G so that v(G) < n = ’yél)(G).

Now, suppose a and b are two integers with 1 < @ < b. We now construct a graph G
as follows. Consider a path P = (vq,vs, -+ ,v,). Attach b — a + 1 pendant vertices, say
T1,%2,  ,Tp—q4+1 at v1, attach b—a+1 pendant vertices, say y1,y2, - , Yp—a+1 at v2 and then
attach at least one pendant vertex at each v; where 3 < ¢ < a. Now join the vertices x; and
y;j by an edge for all j, where 1 < j < b—a+1. Then 7(G) = a. We now prove that Wél)(G) =b.
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V2 U3

Ps &

Yv—a+1

Let Gz = (Ul,l‘i,yi)71 SZS b7a+1
Gp—q+2 = (N [v2]) and

H; = (N [vi12]) — Vit1vi42,1 <i<a—2.

Then ¥ = {G1,G2, -+ ,Gp—at2, H1, Ha, -+ , Hy_2} is an 1-equidomination cover of G and
hence fyél)(G’) < || = b. Now let ¢ be any minimum l-equidomination cover of G. Now it is
clear that no two of the edges in {z;y; : 1 <i < b—a+ 1} U{v1v2} lie on the same member of
1. Also any two non-adjacent pendant edges of G lie on the different members of . Hence it
follows that |¢)| > b—a+ 2+ a — 2 so that ’y(gl)(G) > b. Thus ’yg(,l)(G) = b. This completes the
proof.

Theorem 2.8. If vél)(G) = v(G), then every member of any minimum 1-equidomination
cover 1 contains at least one vertex which does not lie on any other member of .

Proof. Suppose yél)(G) =v(G). Let ¥ = {G1,G2, -+ , Gy} be a minimum 1-equidomination
cover of G and let v; be a vertex in (G; which dominates all the vertices of G;. We now claim
that each G; has a vertex u; such that u; ¢ G, for j # i. Suppose not. Assume without loss of
generality that every vertex of Gy lies in some G; where ¢ > 1. Then S = {va,vs, -+ ,v,} is a
dominating set of G, which is a contradiction. Hence each G; has a vertex u; such that u; ¢ G
for j # . This completes the proof.

Remark 2.9. The converse of Theorem 2.8 is not true. For the cycle Cg, every member
of any minimum 1-equidomination cover 1 contains at least one vertex which does not lie in
any other member of 1. However, ’y.gl)(C'ﬁ) =3 and v(Cg) = 2.

The following theorem gives a relation between ’yél)(G) and ap(G).

Theorem 2.10. For a graph G, Vél)(G) < ap(@), where ay(G) is the vertex covering
number of G.

Proof. Let S = {vy,v2, -+ ,vq,} be a minimum vertex cover of G. Let G; be the subgraph
of G consisting of the vertex v; and the edges incident with v;. Having defined G;, let G;41 be
the subgraph of G consisting of the vertex v;y; together with the edges incident at v;41 and
edge disjoint from Gy, Ga, - - ,G;. Then ¢ = {G1,Ga, -+ ,Gq,} is an l-equidomination cover
of G and hence ygl)(G) < ap(G). This completes the proof.

Corollary 2.11. If GG is a graph having no triangles, then 'yél)(G) = ap(G).

Proof. Let ¥ = {G1,Gs, -+ ,Gy} be a minimum 1l-equidomination cover of G. Let v,
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1 < i < n, be the vertex which dominates all the vertices in G;. Then {v1,vs, - ,v,} is a
vertex cover of G so that ag(G) < n = 'yél)(G). Hence it follows from Theorem 2.10 that
'yél)(G) = ap(G). This completes the proof.

As a consequence of Theorem 1.3 and Corollary 2.11, we have

Corollary 2.12. If G is bipartite, then 'yél)(G) = ao(G) = B1(G).

Corollary 2.13. If G is a bipartite graph of order p having a 1-factor, then ’yél)(G) =p/2.

Proof. Follows from Theorem 1.4 and Corollary 2.12.

The n-cube @Q,, is the graph whose vertices are the ordered n-tuples of 0’s and 1’s, two
points being joined if and only if they differ in exactly one coordinate. Then @), is a bipartite
graph with 2" vertices. Further, @),, has a 1-factor and hence as a consequence of Corollary
2.13, we have

Corollary 2.14. fyél)(Qn) =on—1

Now, the following problem naturally arises.

Problem 2.15. Characterize graphs for which vél)(G) =p/2.

In the following Theorems, we relate the 1-equidomination number with the star number
and the line clique covering number of a graph.

Theorem 2.16. For any connected graph G, ’yél)(G) < s(G), where s(G) is the star
number of G. Further equality holds for triangle-free graphs.

Proof. As every star decomposition of a graph G is an 1-equidomination cover of G, we
have 'yél)(G) < s(G).

Now, suppose G is a triangle-free graph. Let ¥ = {G1, G2, - , G, } be any 1-equidomination
cover of GG. since 'yél)(Gi) =1 for each i, 1 < i < n and G has no triangles, it follows that
G, is a star and hence every 1-equidomination cover of G is a star decomposition of GG so that
'yél)(G) > s(G). Thus 'yél)(G) = s(G). This completes the proof.

Corollary 2.17.

i) vV () = [252] p > 2.
(i) () = [B] .p 2 4.
(i)Y (Kpm) = 0 if m > n.

Proof. Follows from the Theorem 2.16 and Theorem 1.6.
Thus there is an infinite family of graphs for which vél)(G) = $(G). This leads to the

following problem.

Problem 2.18. Characterize graphs for which vél)(G) = s(Q).

Theorem 2.19. For any connected graph G, we have fyél)(G) < 61(G). Further equality
holds if and only if G = K.

Proof. Since every line clique cover of a graph G is an l-equidomination cover of G, it
follows that Wél)(G) < 61(G). Now suppose 'yél)(G) =0:1(G). Let ¥ = {G1,Ga, -+ ,G,} be a
minimum line clique cover of G. Now, if G is not complete then n > 1 and there exists a vertex
v such that v € V(G1) U V(G2) and hence {G; U Ga, - ,G,} is an 1-equidomination cover of
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G, which is a contradiction. Thus G is complete. The converse is obvious. This completes the
proof.

Conclusion

We conclude this paper by posing the following problems for further investigation.
[(1)] Characterize graphs for which fyél)(G) = [q/2].

[(ii)] Characterize graphs for which ’yél)(G) =v(G).
[(iii)] Characterize graphs for which 'y.gl)(G) = ap(G).

Further the concept of 1-equidomination cover of a graph can be generalized to the concept
of k-equidomination cover of G which is defined to be a decomposition of G in which every

member has domination number k£ and we shall present this in the subsequent papers.
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Abstract In this paper, we mainly discuss the Smarandache relation on U-semiabundant

semigroups.
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§1. Introduction

In generalizing regular semigroups, a generalized Green relation LY was introduced by M.
V. Lawson [6] on a semigroup S as follows: Let E be the set of all idempotents of S and U be
a subset of E. For any a,b € S, define

(a,b) € £V ifandonlyif (VeeU) (ac=a<be=b);

(a,b) e RY ifandonlyif (VeecU) (ea=a<eb=bh).

It is clear that £L C L* C LV and R CR*C RU.

It is easy to verify that if S is an abundant semigroup and U = E(S) then £* = CNU,
R* = ﬁU; if S is a regular semigroup and U = E(S) then £ = ENU, R =7RY.

Recall that a semigroup S is called U-semiabundant if each LU-class and each RU-class
contains an element from U. It is clear that regular semigroups and abundant semigroups are
all U-semiabundant semigroups.

The natural partial order on a regular semigroup was first studied by Nambooripad [9]
in 1980. Later on, M. V. Lawson [7] in 1987 first introduced the natural partial order on an
abundant semigroup. The partial orders on various kinds of semigroups have been investigated
by many authors, for example, H. Mitsch [4], Sussman [10], Abian [1] and Burgess[2]. In [3],
we have introduced the natural partial order on U-semiabundant semigroups and described the
properties of such semigroups by using the natural partial order. In this paper, we will mainly
discuss the Smarandache relation between Green~ relation and Natural partial orders.

We first cite some basic notions which will be used in this paper. Suppose that e, f are

elements of E(S). The preorders w” and w' are defined as follows:

ew'fe fe=e and ew'f e ef=e.

IThe research is supported by Young Teachers Research Foundation of Xi’an SiYuan University.
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In addition, w = w” N W', the usual ordering on E(S).

We use Dg to denote the relation (w” Uw') U (w” Uw')~!. Assume that (S,U) is an U-
semiabundant semigroup. It will be said that U is closed under basic products if e, f € U and
(e,f) € Dy then ef € U.

Recall in [8] that an U-semiabundant semigroup S(U) is called reduced if w™ = w' on U.
A reduced U-semiabundant semigroup S(U) is idempotent connected(IC) if it satisfies the two
equations

IC): For any f € w(a*)NU, zf = (zf)Tx;

IC,: For any e € w(zT)NU, ex = z(ex)*.

For terminologies and notations not given in this paper, the reader is referred to Howie [5].

8§2. Green~ relations and the natural partial orders

It is well-known that the Green~ relations play an important role in the study of U-
semiabundant semigroups, similar to that of Green’s relations for regular semigroups. It is
natural to find the similar properties of Green~ relations as Green’s relations. This is the main
aim of this section. To begin with, we verify the following fact which enables the study to get
under way.

Lemma 2.1. Let S be a semigroup and a,b € S. Then:

()6 b € RY(a) if and only if there exist ag,- - -, a, € S* and 1, - -, @, € S such that
a=agp,b=a, H(a;,a;_113;) € RY, fori=1,2,-n.

(i) b € LY(a) if and only if there exist ag, - - -,a, € S* and z1,- - -, 2, € S such that
a=ag,b=a, H(a;,va;_1) € LU fori=1,2, - n.

(iii) b € jU(a) if and only if there exist ag, - -,an, € S* and 1, -+, Tpn, Y1, -, Yn € S* such
that a = ap,b = a,, and (a;, x;a;—1y;) € 5U, fori=1,2,---n.

Proof. The proof of (i) and (ii) can refer to[6]. We only need to proof (iii).

Construct set
I = {x € S|there exsitzy, - -, Zn, Y1, - -, Yn € S'such thata = ag,z = a,

and(a;, z;a;_1y;) € DV i =1,2,- - n}.

<: By assumption we know b € I. This means that there exist ag,- - -,a, € S and
X1, Ty Y1, Yn € ST osuch that a = ag,b=a, and (a;,7;a;_1y;) € ZSU, fori=1,2,--n.
So, there exist s1, -+, 8y, t1, -, t, € S such that a/iZUS:L,]’éUtlEUSQﬁUtQ . -~sn7€UtnEUxiai_1yi.
Because JV (a) is a U-admissible ideal and ag = a € JY (a), we have z1agy: € JY (a), a1 € JY (a)
Similarly, we can reduce that as,as, - - -, an € JU (a). Therefore, b = a,, € jU(a).

=-: We need to proof that JU (a) C I. For this purpose, only need to proof that I is a U-
admissible ideal including element a. Clearly, a € I. Next we will verify that [ is a U-admissible
ideal. If b € I, then for all s € S,bs € I. In fact there exist ap = b,a; =bsand x1 = 1,y; = s
such that (bs,1-b-s) € DU, Similarly, sb € I. On the other hand, if b € I, then El[)f C I. Since
for all x € ﬁg, (z,1-b-1) € RU C 15U, that is, € I. Similarly, Z,,U clI

Corollary 2.1. Let S be a semigroup and a,b € S. Then:

(i) (a,b) € LV if and only if LY (a) = LY (b);
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(i) (a,b) € RY if and only if RV (a) = RV (b).

Lemma 2.2. Let S(U) be a U-semiabundant semigroup, U is closed under basic products,
RU is a left congruence. If a<,b for all a,b € S, then for all z € ﬁg, there exists y € 1723 such
that y<,z.

Proof. Suppose that a<,b. Then, by Theorem 2.68%], there exists at € Rf{ N U such
that a*wb™ and @ = a™b. For all z € Eij, it is easy to see that (z,b7) € RU. Because
RU is a left congruence, we have that (atz,a™b™) = (a*z,a*) € RY. On the other hand,
égﬂc = égﬂ = §g+a+ < Eéﬁ = E;f By Theorem 2.48], we can get that ate<, .

Lemma 2.3. Let S(U) be a U-semiabundant semigroup, U is closed under basic products,
RV is a left congruence. If (a,bx) € RU for all a,b,x € S, then there exists ¢ € Eg’ such that
cirb.

Proof. Assume that (a,bz) € RV. Then, for all b+ € EbU N U, Since bTbx = bx, we
know that b*a = a. b*at = at, that is (a*,b%) € w” C DE. Because U is closed under
basic products, we have that a™b™ € U. It is easy to verify that (a*b™,b") € w. By Theorem
2.413 we can get that aTbt<,bT. Obviously, (aTbt,a™) € R. By Corollary 2.33! we know that
(a*b*,at) € RV. So (a*bT,a) € RY. By Lemma 2.2, for b € RY, , there exists c € RV, ,, = RV
such that cirb.

Basing on these lemmas above, we now give a characterization for the principle U-admissible
right ideal:

Theorem 2.1. Let S(U) be a U-semiabundant semigroup, U is closed under basic prod-
ucts, RU is a left congruence on S(U). Then for all a,b € S, the following statements are
equivalent:

(i) a € RY(b);

(i) There exists ¢ € RY such that ¢<,.b.

Proof. (i)= (ii): Let a € RV (b). By Lemma 2.1, we know that there are ag,- - -, a, € S*

and 1, - -, ¥, € S such that b = ag,a = a, (a;,a;_12;) € RY, for i = 1,2,---n. So, by
Lemma 2.3, there exists ¢; € Eg such that ¢;<,a;_1. By Lemma 2.2, there exists (S fzg(fzg)
such that céircl,cgﬂirc;,i = 2,3,---,n — 1. Hence, there exists ¢/, € EaUn = Ef{ such that
ey 1Ky S h <1 <,0a0 = b.

(i)= (i): If there exists ¢ € RU such that ¢<.b. By Theorem 2.43! RV < ﬁfﬂ that is,
RY(¢) C RY(b). By Corollary 2.1(ii), we know that RV (a) = RY(c). So we have that a € RY (b).

The dual result for the principle U-admissible left ideal may be similarly proved.

Corollary 2.2. Let S(U) be a U-semiabundant semigroup, U is closed under basic prod-
ucts, RY is a left congruence. The following statements are equivalent:

() RY = (RY 0 Z,) N (5 o RV);

(i) LV = (LY 0 <) N (1= 0 LY).

Proof. We need only proof (i). Similarly, we can proof (ii).

For all a,b € S(U), let (a,b) € RY. By Corollary 2.1(ii) we can get that RU(a) =
RU(b). So a € RY(b) and b € RY(a). By Theorem 2.1 we know that (a,b) € RY o <, and
(b,a) € RV 0 <,, that is, (a,b) €, >0 RV. Hence (a,b) € (RV 0 <,.) N (,= o RY). Therefore,
RV C(RVo<,)N (=0 RY).

Conversely, let (a,b) € (RVo<,)N(,=0RY). then (a,b) € RVo<, and (a,b) € ,>oRV. By
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Theorem 2.1 we know that a € RV (b) and b € R (a). So RV (a) € RV (b) and RV (b) C RV (a).
This means that RY(a) = RY(b). By Corollary 2.1 we can get that (a,b) € RY. Therefore,
(RVo<,)N(,>oRYV)CRY.

Lemma 2.4. Let S(U) be a reduced IC U-semiabundant semigroup, U is closed under
basic products and S(U) satisfies congruence condition. If b<a for all a,b € S(U), then there
exists y € IN)g such that yix for all x € ﬁf{

Proof. By the conditions and Lemma 3.113] we know that iT = il = <. Let a,be S(U),
b<a. By z € l~)g we can obtain that , there exist 1,29, - -, 2, and y1,y2, - -, yn € S(U)
such that a = z1,x = y,, and xlﬁUylljUzg’féUyg e EanﬁUyn. By Lemma 2.2, there exists
Yy € Eg such that y/liyl So, By the dual of Lemma 2.2 we known that, there exists xf € E;fi
such that z4<zo. Repeatedly this argument, there exist z%,- - -, 2}, and y5,- - -y, € S(U) such
that bRy LUz, RVy4LY 2 - - - LV2) RV y <yn = x. we have proved that for all z € DY,
there exists y/, € DY such that y/,<z.

Lemma 2.5. Let S(U) be a reduced IC U-semiabundant semigroup, U is closed under
basic products and S(U) satisfies congruence condition. If (a,zby) € DY for all a,b € S(U),
and z,y € S(U)!, then there exists ¢ € DU such that ¢<b.

Proof. By the conditions and Lemma 3.18!, we know that ir = il = <. By Lemma
2.1(i), zby € RY(xb). By Theorem 2.1, there exists u € Egby such that u<,zb. So u<zb. On
the other hand, By Lemma 2.1(ii), we can obtain that zb € LY (b). By the dual of Theorem
2.1 we know that there exists v € fgb such that v<;b. So v<b. By applying the dual of Lemma
2.2 to the fact uixb we can get that there exists w € Z{{ such that wiv. Hence w%b. In fact,
wLUuRY zby. So, (w,xby) € DY. Since (a,zby) € DY, we have that (w,a) € DV. We have
proved that there exists w € f)f{ such that w<b.

Now we arrive at the structure of the principle U-admissible ideal of the reduced IC
U —semiabundant semigroup:

Theorem 2.2. Let S(U) be a reduced IC U-semiabundant semigroup, U is closed under
basic products and S(U) satisfies congruence condition. Then for all a,b € S(U), the following
statements are equivalent:

(i) a € JV(b);

(i) There exists ¢ € DY such that ¢<b.

Proof. By Lemma 2.1(iii), (ii)=-(i) is obvious. We need only prove (i)=-(ii).

Suppose that a € jU(b). Then by Lemma 2.1(iii), there exist ag, a1, -, a, € S(U),z1, xa,
e x, and y1,Y2,- - yn € SY(U) such that b = ag,a = a, and (a;,v;a;_1y;) € 25U,i =
1,2,---,n. By Lemma 2.5, we know that there exists ¢; € f)f{ such that ciiai,l,i =1,2,---,n.
Therefore, by Lemma 2.4, there exists ¢, € ﬁg(f)(i) such that ¢y<c,c/<c,_,,i = 3,4, - -, n.
So, ¢, <dc, 1< - <ch<ei<ag = b.Alsoc, € 153" = DU. This means that there exists ¢/, € DU
such that cgib.

Proposition 2.1. Let S(U) be areduced IC U-semiabundant semigroup, U is closed under
basic products and S(U) satisfies congruence condition. Then JU = (DY 0 <) N (= o DY).

Proof. Let a,b € S(U), and (a,b) € JY. Then by the definition of 7V we can get that
JY(a) = JY(b). By Theorem 2.2 we can casily see that (a,b) € (DY o <) N (=0 DY).

Conversely, if (a,b) € (DY o <) N (=0 DY). then (a,b) € DV o < and (a,b) € > o DY.
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By Theorem 2.2 we know that a € JU(b) and b € JU(a). Therefore, JY(a) C JY(b) and
JU(b) C JY(a), that is, JY(a) = JY(b). By the definition of U we know that (a,b) € JU. It
follows that (DY o <) N (>0 DY) C JV.

It is well-known that in a general semigroup DUV # JV. Naturally, it is interesting to
consider that in what semigroup PV = JU? In the next proposition we give the necessary

condition for the case.

Proposition 2.2. Let S(U) be a reduced IC U-semiabundant semigroup, U is closed
under basic products and S(U) satisfies congruence condition. If DY # JU for all a € S(U),

then in 52] there exist infinite elements aq, as, - - - such that a>a;>as> - --.

Proof. Let DV # JU. Then there exists b € JU such that b ¢ DY. Obviously, b € JU (a).
By Theorem 2.2, there exists ¢; € lNDg such that ¢1<a. We may claim that a # ¢;. Otherwise,
a=c € Dl(,] and b ¢ Dg a contradiction! So, a>c;. Since ¢; € Déj C Jlf] = Jg, we have
that a € JY(c1). By Theorem 2.2, there exists a; € DY such that a1<cy. So, a>a;. In fact,
55{1 #* jaUl Repeating the proceeding above, we may obtain that there exists ¢y € jaUl such
that cp<ai. Since a; € jU(CQ), by Lemma 2.5 we know that ay € ﬁf{l (f)f{) such that ax<cs.
So a>a1>as. Repeating the proceeding above, we may obtain infinite elements as, ay, - - - in Bg
such that a>a;>a9> - - - .

If S(U) is IC-abundant semigroup satisfying U = E(S), then £* = LU, R* = RY. We can
obtain the following conclusion:

Corollary 2.3 "] Let S be an IC abundant semigroup. If D} # J* for all a € S, then
there exist infinite elements a1, as,- - - in D} such that a > a1 > ay > - - -

Especially, for regular S(U), if U = E(S), L = LU, R = RY, then we have that:

Corollary 2.4 '] Let S be a regular. If D, # J, for all a € S, then there exist infinite

elements aq,as,- - - in D, such that a > a; > as > - - -

Now, recall a definition in reference [5]. A semigroup S is called to satisfy the condition

miny, or ming, if the partial order set S/L or S/R satisfies the minimal condition.

Proposition 2.3. Let S(U) be a reduced IC U-semiabundant semigroup, U is closed
under basic products and S(U) satisfies congruence condition. If S(U) satisfies miny, or ming,
then DV = JU.

Proof. We need only prove the case for miny. Similarly, we can prove that ming.

Assume that DV # JV. Then there exists a € S(U) such that DY # JU. By Proposition
2.2, there exist infinite elements aq,as,- - - in EaU such that a>a;>as> - - - . In fact, if xiy,
then there exist e, f € U such that v = ey = yf. Therefore, L, = L¢y < Ly. Denote ag = a,
we have that L,, , > L,,,i = 1,2,- - -. Now we will prove that L,, , # Lo,. If Lo, , = Lg,,
then (a;—1,a;) € L C L*. So (aj—1,a;) € <NLY = Ls(wy. This contradicts a;_1>a;! Hence,
Ly > Lo, > Lay > -+ > Lg, > ---. This contradicts the hypothesis! Thus DY = JV.

As an immediate consequence of Proposition 2.3, we have:

Corollary 2.5. Let S(U) be a reduced IC U-semiabundant semigroup, U is closed under
basic products and S(U) satisfies congruence condition. Then DU = gV,
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Abstract In this paper, the chaotic characteristic of the Sprott N system with parameter is
studied in theoretical analysis and numerical simulations, and abundant dynamical behavior
is presented. When the parameter 8 = 1.9, the system exist chaotic attractor. The abun-
dance dynamical behavior of the system is presented by the global bifurcation graph and
the Lyapunov exponent. In order to realize the full state hybrid projective synchronization
(FSHPS) of the system, Smarandache controller is design. Numerical simulations show that
the controller works well.

Keywords Chaos, Bifurcation, The Sprott N system with parameter, FSHPS.

81. Introduction

Since synchronization of chaotic systems was first introduced by Fujisaka and Yamada [1]
and Pecora and Carroll [2]. Due to the importance and applications of coupled systems, ranging
from chemical oscillators, coupled neurons, coupled circuits to mechanical oscillators, various
synchronization schemes have been proposed by many scientists from different research fields
[3-10]. Recently, a new type of chaotic synchronization-full state hybrid projective synchroniza-
tion(FSHPS) in continuous-time chaotic and hyper-chaotic systems based on the Lyapunov’s
direct method is presented and investigated by wen[11],many notable results and a series of
important applications to security communication regarding FSHPS has been presented in Refs
[12-14].

We organize this paper as follows. In Section 2, the chaotic characteristic of the Sprott N
autonomous system with parameter is studied by theoretical analysis and numerical simulation.
In section 3, the scheme of full state hybrid projective synchronization(FSHPS) is given.A proper
Smarandache controller is designed and the synchronization of the system is achieved under it.

1This work is supported by the Gansu Provincial Education Department Foundation 0808-04 and Scientific
Research Foundations of Tianshui Normal University of China T'SB0818.
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Fig. 1. The chaotic attractor in three-dimensional phase space

§2. Dynamical behavior

A series of three dimensional autonomous systems is presented by J.C.Sprott in 1994 [15],
in this paper, the N system of those is taken as example. The governing equations of the Sprott

N system are:

T =—2y
z=1+y— 2z,

The equilibrium of the system (1) is P(-0.25,0.0.5).The Lyapunov exponents of the system are
LEs=(0.076,0,-2.076),which shows the system is chaotic. In order to get abundance dynamical
behavior of the system, the parameter 3 is leaded to the system. The governing equations of
the Sprott N system with parameter 3 can be described as

.’Ell = —21‘2
Ty = 21 + T3 (2)

3 =1+ x2 — fu3,

where © = (21, x2, x3) is the state variable. The initial conditions are (x1(0), 22(0), z3(0))=(1,5,2),
when the parameter §=1.9, the system exits a chaotic attractor. The chaotic attractor in three-

dimensional phase space is illustrated in Fig 1.

For this system, bifurcation can easily be detected by examining graphs of abs(z)versus
the control parameter 5. The dynamical behavior of the system (2) can be characterized with
its Lyapunov exponents which are computed numerically. The bifurcation diagram and the

Lyapunov exponents spectrum are showed in Fig 2.
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Fig. 2. The nonlinear dynamic behavior of system (2)

§3. Chaos synchronization base on FSHPS

We recall a class of automomous chaotic flows in the form of
i(t) = F(z), (3)

x = (w1,22, -+ ,2,)T is the state vector, and F(x) = (Fy(x), Fa(x), -, F,(z))? is continuous
nonlinear vector function.

We take (3) as the drive system and the response system is given by
y(t) = F(y) +u, (4)

y = (y1,y2, " ,yn)T is the state vector, and F(y) = (Fi(y), F2(y), -, Fn(y))T is continuous
nonlinear vector function.u = u(x,y) = (ui(z,y), ua(x,y), - ,un(x,y))T is the controller to be
determined for the purpose of full state hybrid projective synchronization.Let the vector error
state be e(t) = y(t) — ax(t).Thus, the error dynamical system between the drive system (3) and
the response system (4) is

é(t) = y(t) — ax(t) = F(z,y) +u, (5)
where F(z,y) = F(y) — aF(z) = (FL(y) — o1 Fi(z), F2(y) — agFa(x), -, Fo(y) — anFp(2))T.
In the following, we will give a simple principle to select suitable feedback controller u such

that the two chaotic or hyper-chaotic systems are FSHPS. If the Lyapunov function candidate
V is take as:

1
V= 5eTPe, (6)

where P is a positive definite constant matrix,obviously, V' is positive define. One way choose as

the corresponding identity matrix in most case. The time derivative of V along the trajectory
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of the error dynnmical system is as follows

V=e"Pu+F), (7)

Suppose that we can select an appropriate controller u such that V is negative definite. Then,
based on the Lyapunov’s direct method, the FSHPS of chaotic or hyper-chaotic flows is syn-
chronization under nonlinear controller u .

In order to observe the FSHPS of system (2), we define the response system of (2) as
follows

Y1 = —2y2 +
Yo = y1 + Y35 + us (8)
Ys = 1+y2 — Bys + us,

where u = (uy,us,u3)” is the nonlinear controller to be designed for FSHPS of two Sprott N

chaotic systems with two significantly different initial conditions.
Define the FSHPS error signal as e(t) = y(t) — ax(t),i.e.,

e1(t) =y1 —aqm
ea(t) = y2 — aoxs 9)
e3(t) = y3 — azws,

where o = diag(ay, s, as),and a1, ay and agare different desired in advance scaling factors for

FSHPS. The error dynamical system can be written as

6'1 (t) =e9 + (012 — 051)1‘2 —+ uq
€2(t) = —e1 + eses + azxzes + aaxoes + (a2 — 1)z + (20 — ag)ax3 + U (10)
€3(t) = 1 — az — €3 — 2a9m9es + (a3 — a2)3 + U3,

The goal of control is to find a controller u = (uy,uz,us)” for system (10) such that system (2)

and (8) are in FSHPS. We now choose the control functions uy,us and uz as follows

Uy = 7262 — (Oég — al)xg
Uy = —eges — azTzes — anraes — (a2 — a1)ry — (apas — az)zams (11)

uz = az — 1+ €3 + 2azwaes — (a3 — az)x3 — €3,

If the Lyapunov function candidate is taken as:

1
V= 5(6%%—6%4—6%), (12)

The time derivative of V along the trajectory of the error dynnmical system (10) is as follows
V =—(e2 4 €2 +éd), (13)

Since V is a positive definite function and V is a negative definite function, according to

the Lyapunov’s direct method, the error variables become zero as time tends to infinity, i.e.,
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Fig. 3. The time evolution of the errors with the scaling factors a1 = 1,2 = —1.8, a3 = 3

lim; oo || ¥i — @iz ||= 0,4 = 1,2,3.This means that the two Sprott A systems are in FSHPS
under the controller (11).

For the numerical simulations, fourth-order Runge-Kutta method is used to solve the sys-
tems of differential equations (2) and (8). The initial states of the drive system and response
system are (z1(0),22(0),z3(0) = (1,5,2) and (y1(0), y2(0),y3(0) = (11, 15,12) The state errors
between two Sprott systems are shown in Fig.3. Obviously, the synchronization errors converge

asymptotically to zero and two systems are indeed achieved chaos synchronization.

84. Conclusion and discussion

In the paper, the problem synchronization of the Sprott N system with parameter is in-
vestigated. An effective full state hybrid projective synchronization (FSHPS) controller and
analytic expression of the controller for the system are designed. Because of the complete
synchronization, anti-synchronization, projective synchronization are all included in FSHPS,
our results contain and extend most existing works. But there are exist many interesting and
difficult problems left our for in-depth study about this new type of synchronization behavior,
therefore, further research into FSHPS and its application is still important and insightful,

although it is not in the category of generalized synchronization.
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Abstract We show that the convergence of modified Mann iteration, modified Mann iteration
with errors, modified Ishikawa iteration, modified Ishikawa iteration with errors, modified Noor
iteration, modified Noor iteration with errors, modified Smarandacheian multistep iteration
and Smarandacheian multistep iteration with errors are equivalent for uniformly Lipschitzian
strongly successively pseudocontractive maps in an arbitrary real Banach space. The results
generalise and extend the results of several authors, including Rhoades and Soltuz [20, 21]
and Rafiq [19].

Keywords modified Mann-Ishikawa iterations (with errors), modified Noor- multistep iteration

(with errors), uniformly Lipschitzian maps, strongly successively pseudocontractive maps.

§1. Introduction

Let X be a real Banach space, and K a non-empty subset of X, T" a self mapping of K and
F(T), D(T) and I are the set of fixed points, domain of 7" and identity operator respectively.
Let J denote the normalised duality mapping from X to 2X" defined by

J(z) = {f € X" :<a, f>=|z|* If| = |z} Vo € X

where X* denotes the dual space of X and < -,- > denotes the generalised duality pairing.

A map T : K — K is said to be strongly succesively pseudocontractive if there exists
k € (0,1) and n € NT such that

le—yll <llz —y+r[(I =T" —kDz— (I =T" = kl)y| (1.1)
Vz,y € K and r > 0.
Equivalently, T is strongly successively pseudocontractive if there exists k € (0,1) such

that
<T'z—T y, j(z —y) >< (1 - k)| — y|*,

forallz, y€ K,ne Nt and j(z —y) € J(x —y) (see [4]).
T is said to be strongly pseudocontractive if T™ is replaced by T in (1.1). An example of a
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successively strongly pseudocontractive map that is not strongly pseudocontractive is in [12,
Example 1.2].

T is said to be Uniformly Lipschitzian if there exists some constant L > 0 such that
[Tz —T"y|| < Lz — yll (1.2)

Vr,y € K andnc NT.
If T" is replaced by T in (1.2), then T is said to be a Lipschitzian map.
T is said to be strongly accretive if there exists k € (0,1), such that

<Tax—Ty,j(x—y) >>klz —y| (1.3)

Vz,y € K and jzx—y) € J(z—1y)
T is said to be accretive if there exists j(x — y) € J(z — y) such that

<Tx—-Ty,jx—y)>>0 (1.4)
Vz,y € K and j(x —y) € J(xz—y)

It is well known that a map T is strongly pseudocontractive map if and only if (1 — 7)) is

a strongly accretive map.

The procedures of approximating the fixed points of pseudocontractive maps include Mann
[13], Ishikawa [8], Noor [17] and multistep iteration process [24]. Also see ([1-25]).

The Mann iteration scheme was introduced in 1953 [13] to obtain a fixed point for many
functions for which Banach principle fails. In 1974, Ishikawa [8], introduced another iteration
scheme sometimes referred to as two-step iteration scheme. Noor [17] introduced a three-step
iterative scheme and used it to approximate solution of variational problems in Hilbert spaces.
Noor, Rassias and Huang [18] extend the procedure to solving non-linear equations in Banach
spaces. Golwinski and Le Tallec [5] used the scheme to approximate solutions of the elastovis-

coplasticity problem, liquid crystal theory and eigen computation.

The modified Mann iteration with errors is defined as

r1 € K
Tpp1 = (1=bp)wp +b,T, +cn(sn —xn), n>1 (1.5)

where {s,} is a bounded sequence in K and {a,}, {b,} and {a,} are sequences in [0, 1) such
that a, +b, +¢c, =1Vn € N
Observe that (1.5) is equivalent to
Tntl = GnTp +0,T"Tn +Cnsp, n>1

Remark 1.
1. If T™ is replaced by T in (1.5), we obtain the modified Mann iteration with errors in the
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sense of Xu [25]. If in addition, ¢, = 1, then (1.5) is called the Mann iteration with errors in
the sense of Liu [10].
2. If T™ is replaced by T in (1.5), and ¢, = 0, then (1.5) is called the Mann iteration.

In 2004, Rhoades and Soltuz [21] introduced the modified multistep iteration as follows,

u € K
U1 = (1= bp)u, + b, T}
v = (1= b )uy + BT =1, p—2
ot = (1= 0 Y + 0 T, p > 2 (1.6)

where the sequences {b,}, {b%},(i =1,....,p— 1) in (0, 1) satisfying certain conditions.

Remark 2.

1. If T™ is replaced by T, the modified multistep iteration (1.6) is referred to as a multistep
iteration.

2. If p =3, (1.6) becomes the modified Noor or three step iteration procedure and if in addition,
T™ is replaced by T, it is called Noor or three step iteration.

3. If p =2, (1.6) becomes the modified Ishikawa iteration procedure and if in addition, 7™ is
replaced by T, it is called Ishikawa iteration.

The modified multistep iteration with errors introduced by Liu and Kang [11] is defined

by
u € K
U1 = (1= bp)u, + b, T} 4w,
o= (1 =b)u, + 0T )l i=1,.,p -2
™l = (1= Yy, + 0P T, - wP T, p > 2 (1.7)

where the sequences {b,}, {0}, (i = 1,...,p—1) are in [0, 1) and the sequences {wy}, {w?}, (i =
1,...,p — 1) are convergent sequences in K, all satisfy certain conditions.

Remark 3.

If T" is replaced by T, the modified multistep iteration with errors (1.8) reduces to the
Noor and the Ishikawa iteration with errors respectively when p = 3 and 2. If in addition,
wy, =w!, =0,(i =1,2,...), Yn € N, then (1.8) reduces to Noor and Ishikawa iterations (with-
out errors) respectively.

The Ishikawa and Mann iteration with errors of (1.7) was introduced by Liu [11]. Several
papers have been written using this version of iteration procedure with errors. For example,
see [6, 7, 9, 14, 15].
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However, it should be noted that the iteration process with errors (1.7) is not satisfactory.
The errors can occur in a random way. The condition then imposed on the error terms which
say that they tend to zero as n tends to infinity are therefore unreasonable (see [3]). This

informed the introduction of a better modified iterative processes with errors by Xu [23].

The Xu’s modified multistep with errors is defined as follows:

uy € K
U1 = (1= bp)uy + b, Tk + cp(wy — un),
vl = (1= )u, + 0T 4 (wh — )i =1,..,p—2
ot = (B T T e (W ), p 22, (1.8)

Respectively, where the sequences {w,}, {wi}, (i = 1,....,p — 1) are bounded sequences and
{bn}, {1}, (i =1,....,p—1) in [0, 1) satisfy certain conditions n € N.

Observe that the modified multistep iteration with errors (1.8) is equivalent to

uy € K
Upy1 = Gy + bnT”v}L + cpwn,
vl = alu, F 0T ot wl i =1, .., p — 2
Pt = P, T T, T p> 20> 1

where the sequences {w,, }, {w}, (i = 1,...,p—1) are bounded sequences in K, and {a,}, {a,}*,
{b,}, {68}, (i =1,....,p— 1) are in [0, 1) satisfying
Un +bp+cp=al, +b +c =1,i=1,2,...p— 1.

Rhoades and Soltuz ([20-21]) proved the equivalence of (modified) Mann- Ishikawa and
multistep iteration for the strongly (successively) pseudocontractive maps (both Liptchitzian
and non-Liptschitzian) with the assumption that K is bounded in a real Banach space. In [6],
Huang et al. recently generalise the results of [20-21] to multistep iteration with errors in the
sense of Liu (1.7).

In this paper, we show that the modified Mann, Ishikawa, Noor and Smarandacheian mul-
tistep iteration with errors (1.8) (using the more satisfactory definition of Xu [23] and that these
iterations without errors are all equivalent for (uniformly) Lipchitzian strongly (successively)
pseudocontractive maps in an arbitrary real Banach space without assuming boundedness of T'

in any form.

The results generalise and extend the results of several authors, including those in [5-6],
[9-16] and [18-25].

The following Lemma is needed for our results.
Lemma [9]. If X is a real Banach space and {«, } a non-negative sequence which satisfies
the following inequality,
ant1 < (1= Ap)ay + 6, + 7



76 J. O. Olaleru and M. O. Odumosu No. 2

where A\, € (0,1),y >0V n € N, > A =00, Yooy < 00 and &, = o(\,). Then

lim,, o a, = 0.

§2. Main results

Theorem 1. Let X be an arbitrary Banach space, K a non-empty closed convex subset of
X and T a strongly successively pseudo contractive and uniformly Lipschitzian self map of K
with constant L > 1. Suppose that T has a fixed point z* € F(T). Let 1, u; € K and define
{zn} and {u,} by (1.5) and (1.8) with {b,}, {c,}, {0} and {c}},i=1,...,p—1,Vn € N as
sequences in [0,1) satisfying

and

z by, =00, lim ¢, =0,¢, = o(by) (2.1)
n=0

Then the following are equivalent:

(i) The modified Mann iteration with errors (1.5) converges strongly to «* € F(T).

(ii) The modified Smarandacheian multi-step iteration with errors (1.8) converges strongly to
x* € F(T).

Proof. The existence of a fixed point z* follows from ([4, corollary 1]) which holds in an
arbitrary Banach space and the uniqueness follows since T is a strongly successively pseudo
contractive and uniformly Lipschitzian map.

(i) implies (i): It is obvious by setting b, =0 = ¢, in (1.8), (i =1,..,p— 1),V n € N.
(i) implies (ii): From (1.8), we have

Up = Upt1 + bty — bnT"v}L — cn(wp — uy)

= Upt1 + 2bpunt1 — 2bpUny1 — 0T Upy1 + DT  Up g1
—bpktn g1 + bpktin 1 4 bty — b T™0) — ¢ (W — uy)

= (I4+by)upe1 +o,(I —T" — kDupi1 — (2 — k)b, [(1 — bp)unp
+by (T U1 — T"0L) + bptty, — Cn (W — uy)

= (14b)ups1 + b, (I —=T" — kDups1 — (2 — k)bpuni1
b, T 0L + cp (W — up)] + bp (T U1 — T™0})
+bpty, — Cp(wy, — uy,)

= (14b)upt1 +b,(I =T" — kDups1 — (1 — k)byuy,
+(2 = k)02 (wy — T™0}) + b (T™ U1 — T™0))
—cnll 4 (2 — k)b (wy, — uy) (2.2)
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From (1.5), we have
Ty = Tpy1+bpxn — b T xn — cn(Sn — @n)
= ZTpt1t 2bn$n+1 - 2bnxn+1 + bnTnanrl
7bnTn£L'n+1 — kbn$n+1
+kbn33n+1 +bpry, — b T2, — Cn(sn - xn)
= (1 + bn)mn+1 + bn(I —-T" — kI).’En+1 — (2 — k)bnl‘n+1 + bn(Tnl‘n+1
—T"x,) + by — cn(Sn — )
—(2=k)b,[(1 = bp)xy + 0, T 2y + cn(sn — z1)]
+bn &y + 0n (T @ pp1 — T xy) — cn(Sn — Tn)
= (I4+by)xne1 +o,(I=T" —kDzpy1 — (1 — k)b,
+(2- k:)bi(xn —T"x,) — (L4 (2 = k)by)(sn — xn)
+b,(T"xpy1 — T"xy,) (2.3)
Subtracting (2.2) from (2.3), we have
Tp—Up = (140bn)(@pg1 — tng1) + 0, [T =T" — kD)zpia
—(I=T" = kDupy1] — (1 — k)bp (2 — up)
+(2 = B2 (2 — tp — T"xyp + T™0})
—cn(1+ (2= K)by)[sn — Tn — wy + uy)
Fb [T g1 — T2y — T Uy + T 0} (2.4)
Rewriting (2.4), we have
(1 + bn)(zn-&-l — Un+1) + bn[(I —Tm — kl)xn+1 — (I —T" — k])un_,_ﬂ
= (Tp—up)+ (1 —k)b, (2, — uy)
—(2 = k)b2 (2 — up — T2y, + T"0})
+en (14 (2= k)by)[Sn — T — wa + Uy
[T 1 — T T — T U1 + T"0}] (2.5)
But
(1 + bn)($n+1 — ’U,n+1)bn((1 — Tn — kI).TnJrl — (I — Tn — ]fI)’U,n+1)
bn m n
= (]_ + bn)[(.’EnJrl — ’LLn+1) + 10 ((I -T" — k[)l’n+1 — (I - T" — k_[)un+1)} (26)

Suppose & = xp41 and ¥y = up41 in (1.1) and using (2.6), we obtain
(1 +bp)||Zng1 — Unya]]
< (40 [|zn41—unt1] ""1517%" ((I=T"=kD)zpi1—(I=T"=kl)upi1)]

(2.7)
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In view of (2.6) and (2.7), (2.5) becomes
(1 +bn)l[Tnt1 — upta]]
< (1 (1= B)bn)lln — tnll + (2 = B)E2 0 — T
+ (2= B} [[un — Tl + 0n [T 2 pi1 — T || + ba [T up g1 — Ty |
+en(14 (2= k)bp)|lsn — n| + cn(1 4 (2 = k)by) ||wn — uy||
< (14 (1= k)bn) ++(2 — k)b2||zy, — Ty
+ (2 = B)bp lup — T™op || + Lbp|[@ns1 — @all + bnLlfting1 — vy
+en(14 (2= k)bp)|lsn — n|| + cn(1 4 (2 = k)by) ||wp — uy|| (2.8)

We now evaluate ||[u, — T"0L||, ||nt1 — 2n|| and ||upi1 — v}

|zn1 —anll = [|(1 = bp)2n + 0T Tn + cn(sn — Tn) — T4l|
< bpllen — T || + cnllSn — 2l (2.9)
|Jun — Urle = l(un—(1- b;)un - b}zTn”rzz - C:z(wvlz — un)|
< bpllun = T3 || + epllwy, — wnll (2.10)
Similarly,
lun —vpll < b llun — T 0| + € lw;, — | (2.11)
lun =271 < 00 Jun = Tl ||+ 7w ™ = ua| (2.12)
lunsr = vpll = |I(1 = ba)un +bu T vy, + cn(wn = un) — vy
< ||un—v711||+bn|\un—T"v,ll||+cn||wn—un||
< b;”un—T”'Ui”—|—bn|\un—T"v}lH—l—an'wn—unH
+ehllwy, — unl| (2.13)
lunsr = vpll = |I(1 = ba)un + baT" vy, + cn(wn — un) — g
< ||un_UTQL”+bn|‘un_Tnvrlz||+cn||wn_un||
< bi”“ﬂ_TUZH""bn”un_Tnvrlz||+cn||wn_un||
2 |Jwk — uyl| (2.14)
|[tny1 — U;H = [|(1 = bn)un + bnTnvvlz + en(wp — up) — U;H
< ||“n_vfz||+bn|‘un_Tnvrle“‘cn”wn_“nH
< biLHun_Tnvzj_lH+bn||un_TnU71L||+anwn_“nH
+cb |Jwh, — uyl| (2.15)
lun = T™0pll < lzn = unll + |20 = T"zn|| + L||zn — vy (2.16)
lun =T o]l < lon = wnll + lJon = T"@nl| + Ll|zn — vy || (2.17)
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In view of (2.16) and (2.17), we have

[ln = T" v

IN

IN

IN

IN

IN

[t — T + 2 — T2y + T" — T 01|

[un — zu|| + |20 — T" 20| + Ll|2n — Urlz”

[un = @n|| + ||z — T 20|

L0 = (1= by )un — by T — g (wy, — uy)||

(14 L)||n — unl| + |20 — T xp|| + 05 L||2n — T2,
by Ly, — x| + by, L2||2n — 03 || + e L(wy, — uy)||

(1+ L+ bL0)|xn — un|| + (1 4+ 0L L) |20 — T 20|
05, L2 | — (1= b3 )un — b2 T 0 — ¢ (w)h — uy )|
+ep Ll jwy, = uy||

(1+ L4 b L4+ b L%)||n — unl|

+(1+ bLL)||zn — T @y || + by b2 L2 |Juy, — T™03 |

+ep L(wy, — )|+ bych L?|[wh — ||

(14 L+ by L+ b, L?)||zn, — up|| + (1 + by, L)||zn, — T" 2|
FOL02 L2 |2y — up|| + bEOE L2 |2y — T 2y ||

oy b5 L[, — op || + e L |wy, = wn || + bych L] [w): — uy|
(14 L+ bL L 4 262 L?)| |z, — wn|]

+(1+bL L+ b}LL2)||xn — T x|

+bn L2 |n = vp ||+ ep Llfwy, — || + ¢; L2[Jw); — wn||
(1+ L+ 3b,L2)||2n — | + (L4 265 L) ||z — Ty || +

b L2 wn — vpll + en Llfwy = unl| + c L2[[w; —unl| - (218)

Continuing in this way, we have

[lun = T" vy

But, from (1.8),

llzn — o8|

and

[[un — T uy||

<

<

1+ L+ (0= 1)bp L77?)||zn — unl|
+H(L+ (p = 20, LP7?)|Jzn — T" ||

p—2
o LP M|z — ob 7|+ D e L [w), — ug| (2.19)
i=1

[|Tn — unl| +bf;1||un = T"up||

W = | (2.20)

|20 — unl|| + |20 — T"@p|| + L||2n — unl|

(L4 D)llzn — || + (|0 — T n|l (2.21)
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Substituting (2.21) in (2.20), we obtain

llzn = oh 7|

[lun — T" vy

IA

(1402 + 02 L) || — ]

F+ WP — ||+ BT |, — Ty, (2.22)
= (1+L+(p—1)b L7 ?)|[zn — uy|

H(L+ (p = 2)by LP?) [, — T

FOL P A+ 0P 0P| | — |

FBL AT LI b — |+ BE LT [ — T |
p—2

+ b Lw), — unl|
i=1

(14 L+ (p+ 2)by, L) |2y, — uy]|

+(14 (p — DL LP Y|z, — T2, |
p—2
D ch Ll = wall + 7 L uh ™ — |
=1
= (14 L+ (p+2)b-LP)||z, — unl|

+(14(p— 1))6711Lp71|\xn — T x|

IN

p—1
+> e L w), — uy| (2.23)
=1

Similarly, using (1.8), we have

[|wn,

IN

+

+

N+ + IN+ +

- -

T < Nlun = ol + 20 — T nl| + Ll — v*||
(L4 L)l|zn = unll + [0 — T2 || + L [Jup — 24
Lb?z”mn = T" x| + LQbinn - U?z” + LCini — U |
(1+ L+ Lb?)||lzn — un || + (14 Lb2)||z — T x|
L2} ||z — v || + Lej [|w)h — un |

(14 L4 L) |20 — wn|| + (14 LU2) |20 — T 2, ||
Lzbi‘lxn -1~ bi)un - biTnv;lz - Ci(wi — ) ||
Leg||wp, — ug |

(14 L4 L2 + L202) ||z — wn| + (1 + Lb2) ||z, — T™x ||
L0202 |Jup — 2 + 20 — T2y + T2y — T"vi”
L2 e |[wy, — un| + Lep [wh; — un||

(1+ L+ Lb2 4+ 2L%02) ||z — un |

(1420203 )|z, — T ap || + b L ||n — vy

Leg |lwyy = wnll + L2 [w5; — wnll
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(1+ L4220 + 2 L3 + 02 L)||xn — un ||
(14202 L% + b2 L3)||xp — T x|

O L2 un — Ty || + L2¢p Jwy, — unl| + L2 wy — ua|

L+ L+ (p+ Db LP™Hlwn — unll + (1 + 305 L) n — T4

nll+ Licpllwn — unl| + L2} |wy, — un]

<

+

+

+ Leglwy, — unll
<

+ V2L3 2, — v
+ Lepllwy = unll

Generalising (2.24), we have

(2.24)

Jun =T 02| < (L+ L+ (p— VLY ) ||zn — un
+ (1+(p- 3)bin_3||a:n =Tz, |

p—2

+ L —oh T DL, —unll (P 23)  (2:25)

Using (2.22), (2.25) becomes

lun = T |

<
+
+
+

+

IA

i=1

(A+L+(p— DL ||lzn — un |
(14 (p = 35 L3 |zn — T |
V2LP 31+ 02 + b2 L) |2 — |
b2 LP30P |2y, — T |
p—2
by L0 wh ™t — ||+ el L |wh, — un |
=1
(A+L+(p+2)b2LP %) ||lzn — un |
(14 (p = 203 LP ) |lzn — T |
p—2
AT LI b = |+l L |wh, — |
=2
L+ L+ (p+2)bp L772) [z — un |
(14 (p = 20, LP?) |lzn — T |

p—1
ZcﬁlUHw; — Up | (2.26)
i=2

Substituting (2.23) and (2.26) in (2.13), we obtain

unt1 — ’U}L” < bvlz[l +L+(p+ Q)bgzLIFQ]”mn — U |

+ b4 (p = 2)WELP 2|2y — T |
p—1

+ cn L |wy, — |
1=2
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+ bu[l+ L+ (p+2)by L[|y — |
+ b1+ (p— 1))b}LLp_l]||xn = T"xy|

p—1
+ Zc;LZHw; — Up | (2.27)
i=1

Substituting (2.9), (2.23) and (2.27) in (2.8), we have

(1+ bn)Hanrl - Un+1H

N

||xn+1_“n+1H = 1+b,

-

+

<

+

+

_|_

_|_

1+ (1= k)ballzn — unll + (2 = k)OS |20 — T"a||
(2= ka1 + L+ (p+ 2)by LP] 20 — |
(2= kB[ + (p — Dby LP ™ [lwn — T |

p—1
(2= k)05 Y e L [lw, — un |
i=1

Lb2 || @n — T | + Lbpcpl|sn — ||
bbbl L1+ L+ (p+ 1)b2LP 2|2 — wn

bubL L1+ L+ (p — 2)b2LP 2] ||z — T2 |
p—1

anZC;Lin; — Un||
=2

(bn)?L[L + L + (p + 2)by, LP]||2n, — un|

(b)?LL+ (p = DBLLP 2 — T, |
p—1

bl ) ey Lt |Jwy, — un|

i=1

1=

en(L+ (2 = B)bu)5n — 20
Cn(l + (2 - k)bn)”wn - un”

1+ (1= k)b, + (2 — Kk)by(1+ L+ (p+2)bLLP

bnL(2+ 2L + (p+ V2 LP™2 + (p + 2)b) LP] ||z — uy |
[(2 = k)bn(2+ (p— 1)pbLP~Y + b, L[2 4+ (p — 2)b2LP~2

p—1

(p = Do LY llwn — Tl + (2= k)B; +buL) D ¢, Ly, — uall]

i=1

+ balen(1+ (2= K)(IIsn — znll + lwn — un) (2.28)

Note that (1+b,)"t =1—b, + b2.

[Zn41 — Unsall < Anllzn — unll + Bollzn — T @0l + (2.29)
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where
Ap = 140 =E)b)[(1 = by 4+ b2] +bu[(2 — k)1 + L+ (p+ 2)bLLP
+ by L2+ 2L+ (p+ 1)P2LP 2 4 (p + 2)b, LP]
B, = ba[2=k)2+ (- by LP "+ 2L+ (p—2)bp LP > + (p — 1)b, LP71)]
p—1
Yo = ((2=k)b} +b,L) Zc;ffllw; = U] + bn(en(l + (2 = k)))[Jwn — un|
=1
+bn(cn(1 + (2 - k))Hsn - an
Note that

[14+ (1= k)b,](1 = b, +b2) 1 — kb, + kb2 + (1 — k)b?
1 — kb, + kb2 + (1 — k)b2

1 — kb, + b2

IN

Therefore, A, <1 — kb, + b, (M; + My + M3) where
My=2-k)(1+L+ (p+2)bLLP), My =2+42L+ (p+ 1)b2LP~2, M3 = (p+ 2)bL LP

Since by assumption, b, b. — 0, there exists an integer N such that
b (M1 + Mo+ Ms) < k(l—k)Vn>N

Thus,
A, <1 —kb, + k(1 —k)b, =1—k?,
Hence, A\, = k%b,, C (0,1) Substituting 4,, in (2.29), we have
[Znt1 = Un1ll < (1 = k20n) |20 — unll + Bullzn — T @nll + vn
By assumption, we have lim,, ., ||z, —2*|| = 0 (z* € F(T)). Since T is uniformly Lipschitzian,
we have
0 < g =Tzl < T"n — T2 || + ||lzn — 2|

< (14 D)|e, —2*] - 0asn—

So we have limy,—co||Tn — T"xyn|| =0
Hence, all the assumptions of our Lemma are satisfied. Hence, we have lim,, o ||y, —uy|| = 0.

Then [jup, — &*|| < [[£n = un|[ + 2 — 27| = 0,(n — o0)

Corollary 1. Let X, K, L, T, {a,},{bn}, {cn}, {a&}, {b: Hci}, {wn}, {wh},
t=1,...,p—1(p > 2), be as in Theorem 1, then for any initial points u;,z; € K, the following
statements are equivalent: 1. (Modified) Mann iteration with errors (1.5) converges strongly
to the unique fixed point of T
2. (Modified) Ishikawa iteration with errors (if p = 2 in (1.8)), converges strongly to the unique
fixed point of T
3. (Modified) Noor iteration with errors (if p = 3 in (1.8)), converges strongly to the unique
fixed point of T.

4. (Modified) Smarandacheian multi-step iteration with errors (1.8) converges strongly to the
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unique fixed point of T

Corollary 2. Let X, K, L, T,{a,},{bn}, {cn}, {a’}, {bi }ci},, {w,}, {wi},
t=1,...,p—1(p > 2), be as in Theorem 1, then for any initial points u1,z; € K, the following
statements are equivalent:

1. (Modified) Mann iteration converges strongly to the unique fixed point of T'.

2. (Modified) Ishikawa iteration converges strongly to the unique fixed point of T'.

3. (Modified) Noor iteration converges strongly to the unique fixed point of 7'

4. (Modified) Smarandacheian multi-step Noor iteration converges strongly to the unique fixed
point of T'

. Proof. If s, = w, = w! =0 for each i = 1,...,p — 1 in Corollary 1, the result follows.

In view of Corollary 1 and Corollary 2, we have the following theorem.

Theorem 2. Let X be an arbitrary Banach space, K a non-empty closed convex subset
of X and T a strongly successively pseudocontractive and uniformly Lipschitzian self map of K
with constant L > 1. Suppose that T has a fixed point z* € F(T). Let x1,u; € K and define
{zn} and {u,} by (1.7) and (1.6) respectively, with {s,}, {w,}, {w?}, i =1,...,p — 1 bounded
sequences in K and {b,}, {b%},i=1,....,p—1Vn € N as sequences in [0, 1) satisfying
limy, o0 by = 0 = lim,, o b;,i =1,..,p—1,n>0
and Y7 by, =00, > 0 ycn = 0,¢h = o(bl,.
Then, the following are equivalent:
1. The (modified) Mann iteration converges strongly to «* € F(T).
The (modified) Mann iteration with errors converges strongly to «* € F(T).
The (modified)
)
)

(

( Ishikawa iteration converges strongly to z* € F(T).
The (modified

(

(

Ishikawa iteration with errors converges strongly to x* € F(T).
The (modified) Noor iteration converges strongly to z* € F(T).

The (modified) Noor iteration with errors converges strongly to z* € F(T).

R e

The (modified) Smarandacheian multi-step iteration with errors converges strongly to
x* e F(T).

8. The (modified) Smarandacheian multi-step iteration converges strongly to z* € F(T).

Remark 5.
Our results generalise and extend the results of [1-25] in the following way:
1. Theorem 5 of [21] and Theorem 4 of [20] are special cases of our Theorems 1 and 2. in that
error terms are not considered in [21] and [20].
3. Our results extend the equivalence of convergence of modified Mann and Ishikawa, and Noor
iteration to the more generalised (modified) Smarandacheian multi-step iterations with errors
for the uniformly Lipschitzian strongly (successively) pseudocontractive operators in arbitrary
real Banach space. The assumption of boundedness of subset K in X or boundedness of range
of the operator T' is not necessary.
4. Our results generalises the results of [6] and [7] in the sense that we used a more general and

acceptable iterations with errors in the sense of Xu [23], of which the iteration with errors due
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to Liu [10] used in [6] and [7] are special cases.
Consequently, our theorems and corollaries improves and generalise all the recent results in [18,
26] and their references.
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Abstract In this paper Smarandache v—connectedness and Smarandache locally
v—connectedness in topological space are introduced, obtained some of its basic properties

and interrelations are verified with other types of connectedness.

Keywords Smarandache v—connected and Smarandache locally v—connected spaces

§1. Introduction

After the introduction of semi open sets by Norman Levine various authors have turned
their attentions to this concept and it becomes the primary aim of many mathematicians to
examine and explore how far the basic concepts and theorems remain true if one replaces
open set by semi open set. The concept of semi connectedness and locally semi connectedness
are introduced by Das and J. P. Sarkar and H. Dasgupta in their papers. Keeping this in
mind we here introduce the concepts of connectedness using v—open sets in topological spaces.
Throughout the paper a space X means a topological space (X, 7). The class of v—open sets is
denoted by v —O(X, 7) respectively. The interior, closure, v—interior, v—closure are defined by
A° A~ vA° vA~ respectively. In section 2 we discuss the basic definitions and results used in
this paper. In section 3 we discuss about Smarandache v—connectedness and v—components
and in section 4 we discuss locally Smarandache v—connectedness in the topological space and

obtain their basic properties.

§2. Preliminaries

A subset A of a topological space (X, 7) is said to be regularly open if A = ((A)7)°, semi
open(regularly semi open or v—open) if there exists an open(regularly open) set O such that
O C A C (0O)~ and v—closed if its complement is v—open. The intersection of all v—closed
sets containing A is called v—closure of A, denoted by v(A)~. The class of all v—closed sets are
denoted by v—CL(X, 7). The union of all v—open sets contained in A is called the v—interior
of A, denoted by v(A)°. A function f: (X,7) — (Y, o) is said to be v—continuous if the inverse
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image of any open set in Y is a v—open set in X; said to be v—irresolute if the inverse image of
any v—open set in Y is a v—open set in X and is said to be v—open if the image of every v—open
set is v—open. f is said to be v—homeomorphism if f is bijective, v—irresolute and v—open.
Let x be a point of (X, 7) and V be a subset of X, then V is said to be v—neighbourhood of
if there exists a v—open set U of X such that z € U C V. x € X is said to be v—limit point
of U iff for each v—open set V containing x, VN (U — {z}) # ¢. The set of all v—limit points
of U is called v—derived set of U and is denoted by D, (U). union and intersection of v—open
sets is not open whereas union of regular and v—open set is v—open.

Note 1. Clearly every regularly open set is v—open and every v—open set is semi-open
but the reverse implications do not holds good. that is, RO(X)C v — O(X) cSO(X).

Theorem 2.1. (i)If B CX such that A C B C (A)~ then B is v—open iff A is v—open.
(ii)If A and R are regularly open and S is v—open such that R C S C (R)~. Then ANR = ¢
= ANS = ¢.

Theorem 2.2. (i) Let A CY C X and Y is regularly open subspace of X then A is
v—open in X iff A is v—open in 7/y.
(ii)Let Y € X and A€ v — O(Y,7)y) then A € v — O(X,7) iff Y is v—open in X.

Theorem 2.3. An almost continuous and almost open map is v—irresolute.

Example 1. Identity map is v—irresolute.

§3.v—Connectedness.

Definition 3.01. A topological space is said to be Smarandache v—connected if it cannot

be represented by the union of two non-empty disjoint v—open sets.

Note 2. Every Smarandache v—connected space is connected but the converse is not true

in general is shown by the following example.

Example 2. Let X = {a,b,c} and 7 = {¢,{a}, X}; then (X, 7) is connected but not

v—connected

Note 3. Every Smarandache v—connected space is r-connected but the converse is not

true in general is shown by the following example.

Example 3. Let X = {a,b,c} and 7 = {¢, {a}, {b},{a,b}, X} then (X, ) is r-connected
but not Smarandache v—connected

similary one can show that every semi connected space is Smarandache v—connected but

the converse is not true in general.
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Theorem 3.01. Let (X,7) and (Y,0) be two topological spaces. If f: (X,7) — (Y,0)
is a v—open and v—continuous mapping, then the inverse image of each v—open set in Y is

v—open in X

Corollary 3. Let (X, 7) and (Y, o) be two topological spaces. If f: (X,7) — (Y, 0) is an r-

open and r-continuous mapping, then the inverse image of each v—open set in Y is v—open in X

Theorem 3.02. If f: (X,7) — (Y,0) is a v—continuous mapping, and (X, 7) is Smaran-

dache v—connected space, then (Y, o) is also v—connected.

Corollary 4. If f: (X,7) — (Y, 0) is a r-continuous mapping, and (X, 7) is Smarandache
v—connected space, then (Y, o) is also Smarandache v—connected.

Theorem 3.03. Let (X, 7) be a topological space and
(i) A be v—open. Then A is Smarandache v—connected if and only if (A, 7/A) is Smarandache
v—connected
(ii) A be r-open. Then A is Smarandache v—connected if and only if (A4, 7/A) is Smarandache

v—connected

Lemma 3.01.If A and B are two subsets of a topological space (X, 7) such that A C B
then v(A)~ C v(B)~

Lemma 3.02. If A is v—connected and A C C'U D where C and D are v—separated, then
either AC Cor AC D.

Proof. Write A = (ANC)U (AN D). Then by lemma 3.01, we have (AN C) N
w(A)- nv(D)") c Cnuv(D)~. Since C and D are v—separated, C N v(D)~ = ¢ and so
(AnC)Nn (v(A)~ Nv(D)~) = ¢. Similar argument shows that (v(A)” Nv(C)")N(AND) = ¢.
So if both (AN C) # ¢ and (AN D) # ¢, then A is not Smarandache v—connected, which is a
contradiction for A is Smarandache v—connected. Therefore either (ANC) = ¢ or (AND) = ¢,
which in turn implies that either A C C or A C D.

Lemma 3.03. The union of any family of Smarandache v—connected sets having non-
empty intersection is a Smarandache v—connected set.

Proof. If £ = UE,, is not v—connected where each E, is Smarandache v—connected, then
E = AU B, where A and B are v—separated sets. Let € NE, be any point, then x € E,, for
each E, and so z € E which implies that x € AU B in turn implies that either x € A or x € B.

Without loss of generality assume z € A. Since x € E,, AN E, # ¢ for every a. By
lemma 3.02, either each E, C A or each E, C B. Since A and B are disjoint we must have
each E, C A and hence each F C A which gives that B = ¢.

Lemma 3.4. If A is Smarandache v—connected and A C B C v(A)~, then B is Smaran-
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dache v—connected set.

Proof. If E is not v—connected, then £ = A U B, where A and B are v—separated
sets. By lemma 3.02 either E C A or E C B. If E C A, then v(E)~ C v(A)” and so
v(E)"NB Cv(A)” NB = ¢. On the other hand B C E C v(E)~ and so v(E)~ N B. Thus we
have B = ¢, which is a contradiction. Hence the Lemma.

Corollary 5. If A is Smarandache v—connected and A C B C (A)~, then B is Smaran-
dache v—connected set.

Lemma 3.5. If f: (X,7) — (Y, 0) is v—open and v—continuous, A C X is v—open. Then
if A is v—connected, f(A) is also Smarandache v—connected.

Proof. Let f: (X,7) — (Y,0) is open and v—continuous, A C X be open. Since A
is v—connected and open in (X,7), then (A4,7,4) is also v—connected (by Th. 3.03). Now
fra (A,774) — (f{A),04a)) is onto and v—continuous and so by theorem 3.02 f{A) is also
v—connected in (f(A), oy). Now for f is open, f(A) is open in (Y, o) and so by theorem 3.03,

f(A) is Smarandache v—connected in (Y, o)
We have the following corollaries from the above theorem

Corollary 6. If f: (X,7) — (Y, 0) is r-open and r-continuous, A C X is r-open. Then if

A is v—connected, then f(A) is also Smarandache v—connected.

Corollary 7. If f: (X,7) — (Y, 0) is v—open and v—continuous, A C X is r-open. Then

if A is connected, then f(A) is also Smarandache v—connected.

Definition 3.02. Let (X,7) be a topological space and € X. The v—component of z,
denoted by v C(x), is the union of Smarandache v—connected subsets of X containing x.

Further if £ C X and if € E, then the union of all v—connected set containing x and
contained in F is called the v—component of E corresponding to z. By the term that C is a

v—component of F, we mean that C' is v—component of E corresponding to some point of E.

Lemma 3.06. Show that vC(z) is Smarandache v—connected for any z € X
Proof. As the union of any family of Smarandache v—connected sets having a non-
empty intersection is a Smarandache v—connected set, it follows that vC(z) is Smarandache

v—connected

Theorem 3.04. In a Topological space (X, 1),
(i) Each v—component v(x) is a maximal Smarandache v—connected set in X.
(
v(z) is v—closed in X

Proof. (i) follows from the definition 3.02

ii) The set of all distinct ¥—components of points of X form a partition of X and (iii) Each
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(ii) Let  and y be any two distinct points and vC(x) and vC(y) be two r-components of
and y respectively. If vC(z) NvC(y) # ¢, then by lemma 3.03, vC(x) UrC(y) is Smarandache
v—connected. But vC(z) C vC(z) UwvC(y) which contradicts the maximality of vC(x).

Let z € X be any point, then z € vC(z) implies U{z} C UrC(x) for all + € X which
implies X C UvC(z) C X. Therefore UvC'(z) = X

(iii) Let € X be any point, then (vC(z))~ is a v—connected set containing x. But vC(x) is
the maximal Smarandache v—connected set containing x, therefore (vC(z))~ C vC(z). Hence
vC(x) is v—closed in X.

84. Locally v—connectedness

Definition 4.01. A topological space (X, 1) is called
(i) Smarandache locally v—connected at x € X iff for every v—open set U containing z, there
exists a Smarandache v—connected open set C such that x € C C U.

(ii) Smarandache locally v—connected iff it is Smarandache locally v—connected at each z € X.

Remark 3. Every Smarandache locally v—connected topological space is Smarandache
locally connected but converse is not true in general.

Remark 4. Smarandache local v—connectedness does not imply Smarand-

ache v—connectedness as shown by the following example.

Example 4. X = {a, b, ¢} and 7 = {¢, {a}, {c},{a,b},{a,c}, X} then (X, 7) is Smaran-
dache locally v—connected but not Smarandache v—connected.

Remark 5. Smarandache v—connectedness does not imply Smarand-

ache local v—connectedness in general.

Theorem 4.01. A topological space (X,7) is Smarandache locally v—connected iff the

v—components of v—open sets are open sets.

Theorem 4.02. If f: (X,7) — (Y,0) is a v—continuous open and onto mapping, and
(X, 7) is Smarandache locally v—connected space, then (Y,o) is also locally Smarandache
v—connected.

Proof. Let U be any v—open subset of Y and C be any v—component of U, then f~1(U)
is v—open in X. Let A be any v—component of f~1(U). Since X is locally v—connected and
f~Y(U) is v—open, A is open by theorem 4.01. Also f(A) is v—connected subset of Y and since
C is v—component of U, it follows that either f(A) C C or (U)NC = ¢. Thus f~1(C) is the
union of collection of v—components of f~1(U) and so f~1(C) is open. As f is open and onto,
C = fo fl(C) is open in Y. Thus any v—component of v—open set in Y is open in Y and
hence by above theorem Y is Smarandache locally v—connected.
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Corollary 8. If f: (X,7) — (Y, 0) is a r-continuous r-open and onto mapping, and (X, 7) is
Smarandache locally v—connected space, then (Y, o) is also Smarandache locally v—connected.

Proof. Immediate consequence of the above theorem.

Note 4. semi connectedness need not imply and implied by locally semi connectedness.
Similarly a Smarandache v—connected space need not imply and implied by Smarandache lo-
cally v—connected in general.

Theorem 4.03. A topological space (X, 7) is Smarandache locally v—connected iff given
any x € X and a v—open set U containing x, there exists an open set C' containing = such that
C is contained in a single v—component of U.

Proof. Let X be Smarandache locally v—connected, x € X and U be a v—open set
containing x. Let A be a v— component of U containing z. Since X is Smarandache locally
v—connected and U is v—open, there is a Smarandache v—connected set C such that z € C C
U. By theorem 3.01, A is the maximal Smarandache v—connected set containing x and so
x € C C ACU. Since v—components are disjoint sets, it follows that C' is not contained in
any other v—component of U.

Conversely, suppose that given any point z € X and any v—open set U containing x, there
exists an open set C' containing x which is contained in a single v—component F' of U. Then
r e C CF CU. Let y € F, then y € U. Thus there is an open set O such that y € O
and O is contained in a single v—component of U. As the vr—components are disjoint sets
and y € Fly € O C F. Thus F is open. Thus for every x € X and for every v—open set
U containing x, there exists a Smarandache v—connected open set F' such that x € F C U.
Thus (X, 7) is Smarandache locally v—connected at x. Since x € X is arbitrary, (X, 7) is

Smarandache locally v—connected.

Remark 6.
Connected < semi-connected
I3 I3

r-Connected <« v—Connected.

none is reversible

Example 5. FOR X = {a, b, ¢, d}; 71 = {¢, {b}, {a, b}, {b, c}, {a, b, c}, X}
T2 = {d)v {a}v {b}a {av b}v X} and 73 = {d)a {a’}a {b}v {d}a {av b}v {a7 d}» {bv d}a {av b, C}v {av ba d}v X}
(X, 71) is both r-connected and Smarandache v—connected; (X, 72) is r-connected but not

Smarandache v—connected and (X, 73) is neither r-connected and nor Smarandache v—connected

Conclusion.

In this paper we defined new type of connectedness using v—open sets and studied their
interrelations with other connectedness.
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Abstract The aim of this paper is to study Smarandache #-rpp semigroups whose idem-
potents satisfy permutation identities. After some properties are obtained, the weak spined

product structure of such semigroups is established.
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§1. Introduction

Similar to rpp rings, a semigroup S is called an rpp semigroup if for any a € S, a.S! regarded
as a right S! system is projective. In the study of the structure of rpp semigroups, Fountain[1]
considered a Green-like right congruence relation £* on a semigroup S defined by (a,b € S)aL*b
if and only if ax = ay < bxr = by for all z,y € S'. Dually, we can define the left congruence
relation R* on a semigroup S. It can be observed that for a,b € S,aL*b if and only if aLb
when S is a regular semigroup. Also, we can easily see that a semigroup S is an rpp semigroup
if and only if each L£*-class of S contains at least one idempotent. Later on, Fountain[2]called
a semigroup S an abundant semigroup if each L£*-class and each R*-class of contain at least
one idempotent. An important subclass of the class of rpp semigroups is the class of C-rpp
semigroups. We call an rpp semigroup S a C-rpp semigroup if the idempotents of S are central.
It is well known that a semigroup S is a C-rpp semigroup if and only if S is a strong semilattice
of left cancellative monoids (see [1]). Because a Clifford semigroup can always be expressed as
a strong semilattice of groups, we see immediately that the concept of C-rpp semigroups is a
proper generalization of Clifford semigroups. Guo-Shum-Zhu [3] called an rpp semigroup S a
strongly rpp semigroup if every L* contains a unique idempotent a* € L* N E(S) such that
aTa = a holds, where E(S) is the set of all idempotents of S. They then called a strongly
rpp semigroup S a left C-rpp semigroup if £* is a congruence on S and eS C Se holds for any
e € E(S. It is noticed that the set E(S) of idempotents of a left C-rpp semigroup S forms a
left regular band, that is,ef = efe for e, f € E(S). Because of this crucial observation, we can
describe the left C-rpp semigroup by using the left regular band and the C-rpp semigroup.The
structure of left C- rpp semigroups and abundant semigroups has been investigated by many
authors (see[4-12], In particular, it was proved in [3] that if S is a strongly rpp semigroup whose
set of idempotents F(S) forms a left regular band, then S is a left C-rpp semigroup if and only
if S is a semilattice of direct products of a left zero band and a left cancellative monoid, that
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is, the left C-rpp semigroup S is expressible as a semilattice of left cancellative strips.

Let S be a semigroup, A a subset of S and let

1 2 - n
o(1) o(2) -+ o(n)

a non-identity permutation on n objects. Then a semigroup A is said to satisfy the permutation
identity determined by o (in short, to satisfy a permutation identity if there is no ambiguity )
If (Vay,29, & € A)x122 -+ - T = To(1)To(2) " To(n) » Where x1z3 -+ 2, is the product of
Z1,&o, &, in S, If A =S5, then S is called a PI- semigruop. Guo[13] investigated abun-
dant semigroups whose idempotents satisfy permutation identities,and the quasi-spined prod-
uct structure of such semigroups was established. In particular, the structure of PI-abundant
semigroups was obtained. Later,Guo[14] again discussed strongly rpp semigroups whose idem-
potents satisfy permutation identities,Du-He[l5]obtained the structure of eventually strongly
rpp semigroups whose idempotents satisfy permutation identities.

By modifying Green’s star relations, Kong-Shum|[16] have introduced a new set of Green’s
#-relations on a semigroup and by using these new Green’s relations, they were able to give a
description for a wider class of abundant semigroups, namely, the class of #- abundant semi-
groups(see[16]). As a generalization of rpp semigroups whose idempotents satisfy permutation
identities, the aim of this paper is to investigate Smarandache #-rpp semigroups whose idem-
potents satisfy permutation identities,that is,PI- #-rpp.

For terminology and notations not give in this paper, the reader is referred to refer-
ences[17,18].

§2.Preliminaries
We first recall that the Green’s #- relations defined in [16].

aL#b if and only if for all e, f € E(S'),ae = af < be = bf,
aR*b if and only if for all e, f € E(S'),ea = fa < eb = fb.

We easily check that the relations £# and R# are equivalent relation. However, £# is not a
right compatible (that is,right congruence),R# is not a left compatible (that is,left congruence),
and £LC L* C L#¥ R CR* CR#¥. A semigroup S is right #-abundant if each L#- class of S
contains at least one idempotent,write as #- rpp. we can define left # -abundant semigroups du-
ally, write as #-1pp. A semigroup S is called #-abundant if it is both right # -abundant and left
#- abundant. Abundant semigroups S is proper subclass of #-abundant semigroups(see[16]),
and if a, b are regular elements of S , then aL#b if and only if aLb (see[16]).

If there is no special indication of £# relation on S, we always suppose £L# is a right congru-
ence on S, and always suppose that S is a Smarandache #-rpp semigroup whose idempotents
satisfy permutation identities,that is,PI- #-rpp.

Lemma 2.1. [16] For any e € E(S),a € S, the following conditions are equivalent:
(1)(e,a) € LH#;

(2)a = ae and ag = ah < eg = eh(Vg, h € E(S1)).
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A band B is that a semigroup in which every element is an idempotent. We call a band B
a [left,right|normal band if B satisfies the identity (abc = acbh, abc = bac)abed = acbd.

Lemma 2.2. [14] The following statements are equivalent for a band B:

(1)B is normal;

(2)B is a strong semilattice of rectangular bands;

(3)L and R are a left normal band congruence and a right normal band congruence on, respec-
tively.

It is well known that any band is a semilattice of rectangular bands. If B = U,cy B, is the
semilattice decomposition of a band B into rectangular bands B, with a € Y, then we shall
write B, = E(e) for e € B, and B, > Bz when o > 3 on the indexed semilattice Y. Next, we
always assume that S is a Smarandache #-rpp semigroup satisfying the permutation identity:
T1T2 Ty = To(1)To(2) "+ To(n)- We denote idempotents in the L#- class of a by a# for every
a€s.

Lemma 2.3. [17] E(S) is a normal band.

Lemma 2.4. Let a € S,e, f € E(S). Then
(Defa = efa” ;

(2)eaf = eaef.

Proof. Suppose that 4 is the minimum positive number such that o (i) # i. Obviously
i <o(i).

()Take z; = e when 1 < j < i,z; = f,if 1 < j <i,z; = f,i <j<o(i),ot) =a
otherwise o(i) = a?. Then e(z12z9---2,)a” = efa. On the other hand, by Lemma 2.4,
e(To(1)Zo(2) " Tom)) = eafa®, and hence, efa = eafa®.

(2)Now, assume that z; = e when 1 < j < 0(i),r,(;) = a otherwise x; = f, then
e(r1z2 - x,)f = eaf, and ee(To1)To(2) " Tom))f = eaef or eafef. Hence, by Lemma 2.3,
we can infer that eafef = eaa® fef = eaa*eff = eaef. Thus, we get eaf = eaef

Now suppose that E(S) = [Y, E,, U, g] is the strong semilattice of rectangular bands E,.
If e € E,, we will write the rectangular band E, by E(e). Also if E,Eg C Eg, then we can
write Eg < E,.

Lemma 2.5. For every a,b € S and f € E(S). If a = bf then E(a?) < E(f).

Proof. If a = bf, then a = af. By the definition of £L#, we have a# = a* f, and so
E(a#) < E(f).

83.The structure of Smarandache #-rpp semigroups satis-

fying permutation identities

In this section, we will give the concept of weak spined product of semigroups, and the
structure of Smarandache #-rpp semigroups satisfying permutation identities is obtained.

We now define a relation € on S as follows:
aeb if and only if for some f € E(b¥),a = bf,

where a,b € S.
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Lemma 3.1.(1) ¢ is a congruence on S preserving L#-class;
(2)e N L# =15 (the identical mapping on S ).

Proof. First of all,we prove that ¢ is an equivalence relation. Obviously, aca since a = aa™
for all @ € S. Hence ¢ is reflexive.

Let a,b € S with aeb. Then for some f € E(b#),a = bf. By Lemma 2.5,E(a¥) < E(f) =
E(b#). It follows that a#b* € E(a™), and acb means that E(b#) < E(b¥). Since

a(b#o?) = ab® = bfo* = bb* foF = bb* =b.

We have bea, and hence ¢ satisfies the symmetric relation. On the other hand, by the above
proof, bea means that E(b%) < E(a*). Therefore, E(b*) = E(a®).

Next,we show that ¢ is transitive. We let a, b, c € S with aeb, bec. Then we have E(a?) =
E(b#) = E(c*). By the definition of ¢, there exist e, f € E(c*) such that a = be,b = cf. Thus,
a = efe. Notice that fe € E(c*) ,we get acc. So ¢ is indeed an equivalence relation on S.

Following we show that ¢ is both left and right compatible. Now let a,b,c € S and aeb.
Then there exists f € F(b*) such that a = bf .Obviously,ca = cbf = cb(cb)* f. By Lemma2.5,
E(ca”) < E((ca)?) and E((ca)¥) < E(f) , and hence (ca)*b* € E((ca)*) but a = bf, this
implies that b = ab®. We have cb = cab” = ca(ca)#b*. Hence cacchb. By lemma 2.4, we have

ac = bfc=bb¥ fe = bb#cfe = be(fc?) = be(be)” fc#.

We can deduce thatE((ac)#) < E((bc)#) and E((ac)#) < E(fc#) by lemma 2.5. A similar
argument for b = ab™, we can infer that E((bc)#) < E((ac)?). Hence E((ac)?) = E((bc)?).
This means that (be)# fc# € E((bc)#). Therefore,acebe, and hence € is a congruence on S.

Finally, we prove that e preserves £L#- class. We need to prove that if aL#b then (ag)e =
(ah)e implies (bg)e = (bh)e , where g,h € E(S') and ge,he € (S/e)!. Since (ag)e(ah), by
the definition of ¢, we have ah = agf for some f € E((ag)?”). Therefore, we obtain bh = bgf
since al?b. Since L# is a right congruence on S, we have agL#bg for g € E(S!) so that
E((ag)™) = E((bg)") and thereby f € E((ag)?) = E((bg)*). Thus, by the definition of ¢,
bh = bgf allows (bg,bh) € €, that is, (bg)e = (bh)e. According to this result and its dual and
the definition of £#, we conclude that asL#(5/9)be.

(2) Let (a,b) € eNL#. Then a = bf for some f € E(b¥). Since aL#b,we get a™ L#b#. So
a = ab® = bfb* = bb¥ fb# = bb# = b. Hence e N L# = 15.

Lemma 3.2. E(S/¢) is a left normal band.

Proof. Since S is a PI-semigroup, we easily check that S/e is a PI-semigroup. Notice that
ac € E(S/e) implies a € E(S) and e N (E(S) x E(S)) = R. So E(S/e) = E/R. Thus E(S/e)
is a left normal band.

Lemma 3.3. If E(S) is a left normal band, then S satisfies the identity abc = acb.

Proof. Let i have the same neaning as that in the proof of lemma 2.4. For every a,b,c € 5,
take x; = b, 7,(;) = cand z; = a” otherwise then a (v1z5 - - - 7, )¢ = a*ba¥ ca™c?, a”bea™ c*
a#ba¥c or a*be . By hypothesis and Lemma 2.4,we have

aba” ca? * = a*ba¥c = a¥bbT a¥ ¢ = o bb* ¥ b7 ¢ = aTbaT b7 ¢ = a¥bb¥ ¢ = a?bec? = a¥be.
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Thus, we obtain that a#<.’171$2 cexy)e? = a?caba ¢ a¥ cba® c* or a*cbc”. In other word,
we have

aca”be? = a¥ca®ba® ¢ = a¥ cc®aFba” ¢ = a¥ cca” cha™ ¢
= a¥c’ac®ba® ¢ = a” cc®ba” ¢ = a¥ cba™
= a¥cbc” = a¥ e b(b F o) = a¥ e b b
= a”ec®bb? = a¥ ch.

Hence a#(xg(l))xg(g) CTg(n) = a*ca ,ba” c*,a” cba®c* or a*cbc”. So we obtain a¥bc =
a#cb, and hence we have abe = aa®bc = aa¥cb = ach.

Theorem 3.4. Let S be a Smarandache #-rpp semigroup with set E(S) of idempotents.
Denote by A\, the inner left translation of determined by a € S. Then the following statements
are equivalent:

(1) S satisfies permutation identities;

(2) S satisfies the identity ;

(3) For all e € E(S5),eSe is a commutative semigroup and ). is a homomorphism;
(4) For all e € E(S),eS satisfies the identity:abc = bac and A, is a homomorphism.

Proof. (1) = (2). Let S be a PI-Smarandache #-rpp semigroup. For every a,b,¢,d € S, by
Lemma 3.1-3.3,(aded)e = (acbd)e. Then for some f € E((acbd)#),abed = acbdf . Furthermore,

we also have

abed = abedd™ acbdfd* = acbd(achd)™ fd#
acbd(achd)¥ f(acbd)™ d*
acbd(achd)#d* = acbd.

by Lemma 2.3.

(2) = (3). Assume that (2) holds. Let e € E(S). Then for every a,b € eSe. we have
a =ea =aeand b = eb = be . Hence ab = eabe = ebae = eab. This means that eSe is a
commutative semigroup. On the other hand, since \.(a)\.(b) = eaeb = eeab = eab = A\ (ab) is
a homomorphism of into itself. Therefore (3) holds.

(3) = (4). Suppose that (3) holds. It remains to prove the first part. For all a,b,c € eS,

we get @ = ea, b = eb and ¢ = ec. Since A, is a homomorphism, We have
abc = eaebec = (eae)(ebe)c = (ebe)(eae)(ebe)c = (eb)(ea)(ec) = bac.
(4) = (2). Let a,b,c,d € S. Then
abed = a(a®bed) = a(a™b)(a¥ ¢)(a¥ d) = a(a” c)(a¥b)(a™d) = a(a™cbd) = acbd.

(2) = (1). This part is trivial.

Let S be a Smarandache #-rpp semigroup whose idempotents form a subsemigroup E(.S).
Let Y be the structure semilattice of F(S) such that E(S) = Uacy E, is structure decomposition
of E(S). Now let B be a right normal band and B = U,cy B, is a semilattice composition
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of the right zero band B,. For a € S , if ¥ € E, we denote a® = a. Take M = {(a,s) €
S x Blx € Bys. Define a multiplication "o ” on M as follows:

(a,z) o (b,y) = (ab, yppe (ap)2), i.e. = (ab, zy),

when z € B(ab)®. Notice that ab = abb¥, we have (ab)# = (ab)#b#. It follows that (ab)* =
(ab)®b®. This means that (ab)® < b*(”A 7 is the natural order). Accordingly, y@ps (ap)s €
Bapys- So M is well defined and with respect to 7o 7, M is closed.

Lemma 3.5. M is a semigroup.

Proof. Because with respect to 7o ”, M is closed. We only need to show that "o 7 satisfies
the associative law. Let (a,z), (b,v), (¢,2z) € M. Then by the above statement, we can show
that (abc)® < (be)® < c®. Thus

((a,z) o (b,y)) o (c,2) = (ab, yppa (apye) © (¢, 2) = (abe, 2pco (abeys)
= (a,x) o (bc7 Z‘pcA,(bc)A) = (a‘7$) ° ((bv y) o (Ca Z))

So ” o” is associative. Hence M is indeed a semigroup.

Definition 3.6. We call (M, o) above the weak-spined product of S and B , and denote
it by WS(S, B).

Lemma 3.7. If S satisfies the identity abc = ach, the W.S(S, B) satisfies the identity
abcd = acbd.

Proof. Let (a.i), (b,j), (¢, k), (d,l) € WS(S, B). Then

(CLZ) © (ba ]) © (Cv k) © (da l) = (CLde, l(pdA 7(abcd)A) = (adea lgodA 7(acbd)A) = (al) o (Cﬂ k) © (ba j) © (d7 l)

Hence WS(S, B) satisfies the identity.

Theorem 3.8. A Smarandache #-rpp semigroup is a PI-Smarandache #-rpp semigroup
if and only if it is isomorphic to the weak spined product of a Smarandache #-rpp semigroup
satisfying the identity abc = acb and a right normal band.

Proof. By Lemma 3.7, it suffices to prove the “only if ”part. Suppose that S is a PI-
Smarandache #-rpp semigroup with normal band E(S). Then by Lemma 3.2 and Lemma
3.3, S/e is a Smarandache #-rpp semigroup satisfying the identity abc = aeb. Let Y be the
structure decomposition of E(S). By Lemma 2.2, we have E(S)/L = Uyey Eq/L that is a right
normal band. Notice that e is idempotent pure and £ N (E(S) x E(S)) = R, we can easily
know that E(S/e) = E(S)/R = Uaey Eo/R. Thus we can consider the weak spined product
WS(S/e, E(S)/L).

Define

0:8 — WS(S/e, E(S)/L),a— (ae,a®),

where a# is the £ - class of containing a*. In order to prove the theorem, we need only to show
that 6 is an isomorphism. By Lemma 3.1, 0 is well defined and injective. Take any element
(x,8) € WS(S/e, E(S)/L)(e € E(S)), since x € S/e, there exists s € S such that x = se. By
the definition of WS(S/e, E(S)/L),s#*DFa. This means that @ is onto. For all s,t € S, since
st = (st)t#, by the definition of £#, we have (st)# = (st)#t#. Furthermore, by Lemma 3.1, we
can get (st)# € B((st)e)®. Then 0(st) = ((st)e, (st)#) = ((st)e, (st)#t#) = (se,5%)(te, t#) =
0(s)0(t). To sum up,d is an isomorphism of S onto WS(S/e, E(S)/L). The proof is completed.
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Abstract In this paper, Smarandache U-liberal semigroup structure is given. It is shown that
a semigroup S is Smarandache U-liberal semigroup if and only if it is a strong semilattice of
some rectangular monoids. Consequently, some corresponding results on normal orthocryptou

semigroups and normal orthocryptogroups are generalized and extended.
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§1. Introduction and preliminaries

In order to generalize regular semigroups, new Green’s relations, namely, the Green’s *-

relations on a semigroup S have been introduced in [1] and [2] as follows:
L*={(a,b) € Sx S : (Vo,y € SYar = ay & br = by},

R* ={(a,b) € S x S : (Va,y € S")xa = ya < xb = yb},
H*=L"NR*, D"=L"VR".

In [3], Fountain investigated a class of semigroups called abundant semigroups in which each
L*—class and each R*—class of S contain at least an idempotent. Actually, the class of regular
semigroups are properly contained in the class of abundant semigroups.

In 1980, El-Qallali generalized the Green’s *- relations to the Green’s ~ —relations on a

semigroup S in [4] as follows:

L={(a,b) € SxS: (Ve € E(Y)) ae = a < be = b},

R ={(a,b) € Sx S: (Ve € E(S)) ea =a < eb= b},
H=LNR, D=LVR.
In his thesis, El-Qallali obtained and studied a much bigger class of semigroups, called semi-
abundant semigroup.

After that, many authors study this class of semigroups, and obtain a lot of interesting

conclusions and results(see [5],[6],[7] etc.).
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In recent years, some scholars have observed that one can pay special attention to a subset
U of E(S) instead of the whole set E(S) of a semiabundant semigroup S. In particular, Lawson
in [8] noticed that if U is a subset of E(S) of a semiabundant semigroup S then U is perhaps
good enough to provide sufficient information for the whole semigroup S. The semigroup S is
usually denoted by S(U) and the equivalence relations on S(U) with respect to U C E(S) can
be given by
— {(a,b) € S x ST = U7},

{(avb) €85 x S|Uzlz = Ué}a
HY =LY nRY,
QY = {(a,b) € S x S|U, = Uy},

where Ul = {u € Ulua = a} , Ul = {u € Ulau = a} and U, = U, NU! = {u € Ulua = a = au}
for any a € S.

EU
7~QU

A semigroup S(U) is said to be a U— semiabundant semigroup if every LY and every RV -
class of S(U) contain at least one element of U respectively. A semigroup S(U) is said to be a
U— semi-superabundant semigroup if every HY of S(U) contains at least one element of U. In
this case, the unique element in 7:(3 NU is denoted by af;. On the other hand, a semigroup S(U)
is called by He in [7] a U— liberal semigroup if every QU — class of S contains an element of U.
It is routine to check that a QU— class contains at most one element of U. Denote the unique
element in QaU NU, if it exists, by af; . The structure of Smarandache U— liberal semigroups
has also been recently investigated by He in [7].

For a Smarandache U— liberal semigroup S(U), we call the following condition the Ehres-

mann type condition, in brevity, the ET-condition:
(Va,b € S)(ab); D(U)ag; b,

where

DU)={(e,f) e U xU|(3g € U)eRgLSf}.

A Smarandache U— liberal semigroup S(U) is called an orthodox U— liberal semigroup if U is
a subsemigroup of S(U) and the ET-condition holds on S(U).

In general, unlike the usual Green’s relations on a semigroup .5, LY is not necessarily a
right congruence on S and RV is not necessarily a left congruence on S (see [8]).

We say that a semigroup S(U) satisfies the (CR) condition if LU is a right congruence on
S and that S(U) satisfies the (CL) condition if RV is a left congruence on S. If the semigroup
S(U) satisfies both the (CR) and (CL) condition, then we say S(U) satisfies the (C) condition.

The studies on the structures of semigroups play an important role in the research of
the algebraic theories of semigroups. From [7], it is known that a U—semi-superabundant
semigroup S(U) is an orthodox U—liberal semigroup for some U C E(S) if and only if it is a
semilattice of some rectangular monoids, i.e., S = [Y; S, (U, )|, where S, (U,) is a rectangular
monoid for every o € Y and U = U,ey U, is a subsemigroup of S. Meanwhile, notice that a
normal band is a strong semilattice of some rectangular bands. Naturally, we will quote such a
question: whether will a normal orthodox U-liberal semigroup S(U) be a strong semilattice of

some rectangular monoids?
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In this paper, we will consider the question quoted above. Consequently, we show that a
semigroup S(U) is a normal orthodox Smarandache U—liberal semigroup if and only if it is a
strong semilattice of some rectangular monoids, i.e., S = [Y; Sa(Ua); o 5], where S, (Uy) is a
rectangular monoid for every a € Y and U = U,y U, is a normal band of S(U). Consequently,
some corresponding results on normal orthocryptou semigroups and normal orthocryptogroups
are generalized and extended.

For notations and terminologies not mentioned in this paper, the reader is referred to
[7),[9],[10].

§2. Normal Orthodox U-—liberal Semigroups

In this section, we will give a construction of normal orthodox U —liberal semigroups.

Firstly, we recall the following lemmas.

Lemma 2.1. [7] Let F be one of Green’s relations £, R or H and FU the corresponding
Green ~ — relations on the semigroup S. Then, for any a,b € S, we have

(i) F € FVand for a,b € Regy(S), a,b € FU if and only if a,b € F, where Regy(S) =
{a € S|(3e, f e U)eLaRf};

(ii)?'N(U C QU and QaU contains at most one element in U;

(iii) If S(U) is a U— semi-superabundant semigroup, then S(U) is a Smarandache U—
liberal semigroup with QU =HY.

Lemma 2.2. [7] The following statements are equivalent for a semigroup S:

(i) S(U) is a Smarandache U— liberal semigroup for some U C E(S) and U itself is a
rectangular band;

(if) S(U) is an orthodox U— liberal semigroup such that U is a rectangular band;

(iii) S is isomorphic to a rectangular monoid.

Lemma 2.3. [7] The following statements are equivalent for a semigroup S:

(i) S(U) is an orthodox U-liberal semigroup for some U C E(S);

(ii) S = [Y;Sa(Us)], where So(Uy) is a rectangular monoid for every o € ¥ and U =
Uaey U, is a subsemigroup of .S

(iii)S(U) is a U-semi-superabundant semigroup satisfying the (C) condition for some U C
E(S) and U is a subsemigroup of S.

Now, we will give our main theorem.

Theorem 2.4. The following statements are equivalent for a semigroup S:

(i) S(U) is a normal orthodox U-liberal semigroup for some normal band U C E(S);

(ii) S(U) is a strong semilattice of some rectangular monoids, i.e., S = [Y;54(Us); Pu 4],
where S, (U, ) is a rectangular monoid for every a € Y and U = U,ey U, is a normal band of
S;

(iii)S(U) is a U-semi-superabundant semigroup satisfying the (C) condition for some U C
E(S) and U is a normal band of S.

Proof. (i) = (ii)
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Assume that S(U) is a normal orthodaox U-—liberal semigroup for some normal band
U C E(S). Note that U C E(S) is a normal band, we will have U = [Y;U,, fo,8] or U =
Y1, x Aa?‘Pa,ﬁawaﬁ]a where (ivj)fa,ﬂ = (i@a,ﬂvjl/)a,ﬂ)v (i,7) € Lo X Ay

For any o € Y, we form the set S, = {z € S|z}, € U,}. Since S(U) satisfies the ET-
condition, for all z € S, y € Sg, we have (zy)},D(U)zdyY. This leads to zy € S,s and hence
S(U) = [Y;Sa(Ua)]-

Notice that every semigroup S, (U,) is a Smarandache U,— liberal semigroup and U,
is a rectangular band. By Lemma 2.2, S, (U,) is isomorphic to a rectangular monoid. For
convenience, we denote S, (Uy) = I x Ty, X Ag.

Now, define a mapping,

Da,5 1 Sa(Ua) — Sp(Up),
(fas Ua, Aa) = ((aPa,8: LUz AaWa,8) (fas Ua, Aa) = (laPa,flas LUslas Aaa,pAa)-
In the following, we will prove that S is a strong semilattice of So(Uy), 1.€., S = [Y; 54 (Ua); o g]-

Firstly, ®, g is a homomorphism.

For any = = (ia, Uas Aa)y Y = (Ja, Vo, fha) € Sa(Va > 38),

(Iy)‘ba,ﬁ (Zavuom )(ja,va,ﬂa)]©a7[3

LaJa, baVas /\aﬂa)(ba,ﬁ

[

(i

(Z uavaaua)(ba,ﬁ

(la@a Blom lUﬁua’Uom Na"/}a ﬁ/lfa)v

2P0 gYPas = (ia)Uas Aa)Pa,8(Jas Vas o) Pa,p

(iaPa,pla; lusua, Aata,6Aa) (JaPa,plas lysva, PoVa,BHa)
(ia@a,ﬂiajaSﬁaﬁjm 1Ugua1U5'Uou )\ad)a,ﬁ)\aﬂawaﬁﬂa)
(ia¥a,piar lUsUaVas fhaWa,plta)  ( since Uy, is normal).
Thus, (zy)Pa,g = 2P0 syPa.s.

Secondly, @, is an identity mapping.

For any = = (iq, Ua, Aa) € Sa, 2Pa.0 = (laPa.alas 1U, bas Aa¥a,ara) = (o, Ua, Aa) = T.
Hence, ®,  is an identity mapping.

Thirdly, notice that for any & = (i, ly,, Aa) € E(Sa) = Ia X 1y, X Ao, y = (i, lu,, Ag) €
E(Sg) = Igx1y, xAg, xy € E(Sap) = lap X 1u,; X Aag, we can get 1y, 1y, = 1y, ;. Especially,
when a > 3, we have 1y, 1y, = ly,, = ly,. Now, for any o, 3,7 € Y(a > 8 > ) and any
T = (las Ua, Aa) € Sa(Uy), we will have

(2P0,5)Pp,y = (ia) Uas Aa)Pa,sPsy = (IaPa,flias LUsUas Aala,8Xa) P s,y
((ia‘Pa,Bia)‘Pa,ﬁ(iawaﬂia)v lUﬂ, (1Ug Uq), (/\oz¢aﬁ/\a)w6,'y (Aawa,ﬁAa))

(((iapa,p)(ia®a,pia))Pa.p(iaPa.pia) 1u, (1Usta), (Aata,srata,8ra) P8y (Aatha,sAa))
= (ia‘Poz’B‘Pﬁn/(ia@a,ﬁia)@ﬁﬁ(iasaa,ﬁia)’ lu, (1Uﬁua)v (Aa¢a,ﬁAa¢a,ﬁAa)¢ﬁ,v()‘awmﬁ)‘a))

(iaPay(taPa,pia) s (iaPa,s)ia; 1y, (1U5u04)7 (Aata,6AaVa,8Aa) V8, (Aaa,pAa))

(iaPaias 1U, Uas AatarAa)  (since I, is a left zero band)

= 2P,
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Finally, for any o, 5 €Y, aq € S, and bg € S, since anbg € Sap = S, we have
aabﬁ = Zouuom )(iﬁvuﬂa)‘ﬂ)
lalg, UaUB, AaAg)

iaPayias LU, Uas AaWarAa) (i608.~18, LU, us, Ag¥p A Ag)

(i
(
= (laPayiaigPsyis: lu,ualu, ug, AatayAa st As)
(
( a’y)(bﬁ(ﬁﬁv)

Thus, summing up the above discussions, S(U) is isomorphic to a strong semilattice of
rectangular monoids Sy (Uy ), that is, S(U) = [Y; Sa(Ua); Pa,sl-

(#4) = (4i1) The proof is similar with the corresponding (ii) = (#4¢) of Lemma 2.3.

For any a € Y, assume that S,(U,) = Iy X Ty X A,. Then, it is not hard to see that for
any (4,x,A) € Sa,(J,y, 1) € Sa, (i,x,)\)[:U(j,y,u) ifand only if « = fand A = p € A,. On the
other hand, if (7, z, )\)EU(j,y7 A) for some X € A,, then for all (k,z,v) € Sy(v € Y), we have

(i’ ]‘Ta’ )\)(k,z,y) = (klvzlvl/)(g SOt’Y)v
(i,l},)\)(k,, 1Tm,7’/) - (ilax/aA/)a

(ja Y, )‘)(klv 1Tan, ) I/) = (jlv ylv )‘//)7

Consequently, by using the above relations, we derive that

(i, 2, \)(k, z,v) = (4,2, A\) (i, 11, \) (K, 2,v) = (i, 2, \)(K', 2", V) = (4,2, \) (K, 17, V') (K, 2", v)
=2\ )k, 2 V)=, 2’2 N

G N (s 2,0) = Gt NG T N, 2,0) = G N 207) = G N, L, ) (R, 2, 0)'
= (g N 2 )= ().

Thereby, we obtain that (i, 2, \)(k, z,v)LY (j,y, A)(k, z,v) so that £V is a right congruence on
S.

Similarly, we can show that (i, 2, \)RY (j,y, \) if and only if i = j € I,, for some a € Y, and
so RV is a left congruence on S.

Hence, together with Lemma 2.3, S(U) is a U-semi-superabundant semigroup satisfying
the (C) condition for some U C E(S). Note that U is a normal band of S, (i4¢) holds.

(#91) = (i) The proof is similar with the corresponding (#i7) = (i) of Lemma 2.3.

Assume that (i7é)holds. Then, by Lemma 2.1, S(U) is Smarandache U— liberal semigroup
and for all a € S(U), af, = af;. Since S(U) satisfies the (C) condition, we have, for all
a,be S(U),

(ab)RY abRY aby, RY (abl))g LY by LY af by

This leads to (ab)gRY (ab$)$ LV ag,b¢. By Lemma 2.1 (i), we will get (ab)$R(ab$)$ Lad by
Consequently, (ab)p, = (ab); DaOUbU = ag;by, holds. This shows that S(U) satisfies the ET-
condition. Note that U is a normal band of S, (i) holds.
Now, if we let U = E(S) in Theorem 2.4, then we immediately have the following corollary.
Corollary 2.5. The following statements are equivalent for a semigroup S:

(i) S(U) is a normal orthodox E(S)-liberal semigroup;
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(ii) S(U) is a strong semilattice of some rectangular monoids, i.e., S = [Y;S,(F(Sa));
®,, g], where S, (E(S,)) is a rectangular monoid for every o € Y and E(S) is a normal band
of S.

(iii)S(U) is a semi-superabundant semigroup satisfying the (C) condition, and E(S) is a
normal band of S.

In the above corollary, if we restrict the semigroup S to the abundant or regular semigroups,
then it is not hard for us to get

Corollary 2.6. The following statements are equivalent for a semigroup S:

(i) S is a normal orthocrypto semigroup;

(ii)S is a strong semilattice of rectangular cancellative monoids, i.e., S = [Y;S4; P4 g,
where S, = I, X T, x Ay, and I, is a left zero band, A, is a right zero band, T, is a
cancellative monoid for every a € Y.

Corollary 2.7. The following statements are equivalent for a semigroup S:

(i) S is a normal orthocryptogroup;

(ii)S is a strong semilattice of rectangular groups.

Hence, our main result generalizes and extends some corresponding results on normal

orthocryptou semigroups and normal orthocryptogroups.
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Abstract In a traffic network with fixed demands, to obtain the system optimum flow
pattern, the flow need to be regulated, but usually the regulation cost is expensive and it
is difficult to implement an optimal assignment of routes. The efficient optimal regulation
has to be connected with all characteristics of the studied networks, including the link
latency functions and network configurations. For the simple traffic network with cut-edges,
a strategy to sperate the traffic network for the fraction regulation is given, and the complex
degree for the proposed strategy is also analyzed. For the simple traffic network with no
cut-edge, the definition of the priority regulation coefficient is given, then based on this
definition, a strategy to sperate the traffic network for the fraction regulation is given,
finally, the regulation effectiveness ratio for the proposed strategy is analyzed. For the traffic
network with loops and no cut-edge, based on the characters of link latency functions in the
loops, a strategy to sperate the traffic network for the fraction regulation is given, and the
regulation effectiveness ratio for the proposed strategy is also analyzed, we call this strategy

Smarandache strategy.

Keywords system optimum, optimal regulation, traffic network.

§1. Introduction

A fundamental problem arising in the management of large-scale traffic and communication
networks is that of routing traffic to optimize network performance. Omne problem of this
type is the following: given the rate of traffic between each pair of nodes in a network, find
an assignment of traffic to paths so that the sum of all travel times (the total latency) is
minimized(called as system optimum). However, in the absence of network regulation, uses act
in a purely selfish manner. In this case, network uses are free to act according to their own
interests, without regard to overall network performance, and the routes chosen by uses form a
Nash equilibrium (called as user equilibrium). To discuss optimizing network performance, the

two fundamental questions are deserved to be considered. The first question is how much does

IThis work was supported by the National Science Fund for Distinguished Young Scholars of China (No.
70525004), the National Natural Science Foundation of China (No. 60736027), and China Postdoctoral Science
Foundation (No. 20090451377).
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network performance suffer from this lack of regulation in the absence of network regulation?
The second question is how to regulate the network flow to optimize network performance?
For the first question, there have been many results in recent years (see for example [2]-[10]).
For the second question, it is difficult to impose optimal or near-optimal routing strategies on
the traffic in a network. The efficient optimal regulation has to be connected with all character-
istics of the studied networks, including the link latency functions and network configurations.
Roughgarden[l] shows that if a fraction of the network traffic is centrally controlled and is
carefully routed by a network manager, then the corresponding induced equilibrium is less in-
efficient then a flow at Nash equilibrium. However, only the restricted setting of networks of
parallel links is considered in Roughgarden[1]. Recently, the feasibility and efficiency of fraction
optimal regulation according to networks configuration are analyzed by Xu and Shi[7].
Motivated by the recent results in this field, in this paper, we discuss the stratedge to
sperate traffic networks for the fraction regulation. For the simple traffic network with cut-
edges, a strategy to sperate the traffic network for the fraction regulation is given, and the
complex degree for the proposed strategy is also analyzed. For the simple traffic network with
no cut-edge, the definition of the priority regulation coefficient is given, then based on this
definition, a strategy to sperate the traffic network for the fraction regulation is given, finally,
the regulation effectiveness ratio for the proposed strategy is analyzed. For the traffic network
with loops and no cut-edge, based on the character of link latency functions in the loops, a
strategy to sperate the traffic network for the fraction regulation is given, and the regulation
effectiveness ratio for the proposed strategy is also analyzed, we call this strategy Smarandache

strategy.

82. Preliminaries

We counsider a traffic network G = (N, A) with vertex set N, edge set A, and source-
destination vertex pairs {r,s}. We denote the r — s path by k, the demand amount from r
to s by d,s, the flow amount in the edge a by v,, the travel time (or latency) in the edge a
by 7a(va), the flow amount between (r,s) by frs. We denote the vector d = (..., dys,...)T, the
vector v = (..., Vg, ...)T. Let 875 =1, if a in the path k between (r, s), otherwise, 675 = 0.

The system optimum feasible flow in a network is a special case of the following non-linear

program (denoted by SO, see [10])
minC(v) = Z Vata(Va)

veQ oA

Z i =drs (Vr,s)
k

w2 >0 (Vk,r,s)

va=Y_ Y > fiou (Va) (2.1)
r s k

where (2 is the feasible set.
Based on the definition of cut-edge in graph theory (see [6]), we give the following defini-

tion:
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Definition 2.1. For a connected traffic network G = (N, A), if the edge is deleted which

leads the number of connection parts to increase, then we called this edge as a cut-edge.

§3. The simple traffic network with cut-edges

Lemma 3.1 [6]. In a simple network with no loop, a € A is a cut-edge if and only if a

does'nt belong to any simple round path in the network.

Strategy 3.1.
Step 1 Set the adjacent matrix M for the traffic network G. Let j =1,k = 1.
Step 2 i=1.
Step 3 If m(4,5) = 1, then m(i,5) = 0; m(4,7) = 0; r(k) = j;5 =i
form =1,2,--- ,k — 1, if r(k) = r(m) and m > 1, then M (r(2)
Lo M(r(m),r(m—1)) =1 M(r(m—1),r(m)) =1; j =7
to Step 3, otherwise, k = k + 1; go to Step 2.
Step 4 If i < n, then i =4+ 1; go to step 3,

)

,r(1) = 1; M(r(1),7(2)) =
(m); i=j+1; k=1;g0

Otherwise, for i = 1,2,--- ,m, if j = r(i) and i > 1,

theni=j+1; j=r(i—1); k=1;go tostep 3,

else j =j+1; k=1;go to Step 2.

Step 5 If M = 0, then G is a simple traffic network with no cut-edge. Otherwise, any m(i,j) =0
means the edge from the vertex a; to the vertex a; is a cut-edge of G.

Step 6 By the cut-edge set A = {a1, a2, ,an}, sperate the traffic network, i. e.,

G=0G; UGz U T UGm—H U{al}U{a2}U"'U{am}7

where G; (G, =0, i#j.

Remark 3.1. Based on the results in Xu and Shi[7], we can easily know the efficiency and
feasibility of Strategy 3.1.

Theorem 3.1. Given the traffic network G, the complex degree for the strategy 3.1 is at
most O(n?), where n is the number of vertexes in N.
Proof. From the strategy 3.1, we know the following three points.
1. Search a possible round path for any vertex x — x, this procedure at most repeat n times;
2. At most search n vertexes to look for any round path;
3. At most search n vertexes to look for the next vertex in the round path.
From the above-mentioned three points, we can conclude that the complex degree for the strat-
egy 3.1 is O(n?).

Example 3.1. In the traffic network (see fig. 3.1), how to sperate it for the fraction

regulation?



How to sperate traffic networks for the fraction regulation 109

Vol. 5

fig 3.1
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From the last adjacent matrix , we know the cut-edge set is {cd}. Finally, according the step
5 in strategy 3.1, by cd, we can sperate the traffic network(see fig 4.1) to two parts for the

fraction regulation.

Strategy 3.2.
(1)For any vertex x in the network G, set d(z) =0, Q = ¢,T = ¢,C = g.
(2)Choose any vertex v, add v to the rear of Q.
(3)If Q = g,then quit.
(4)Take the front vertex z in Q, Q = Q — .
(5)If L(x) = @, then go to (3).
(6)Take the vertex y in L(z), L(z) = L(x) — y.
(NIf d(y) = 0, then begin
add (z,y) to T;f(y) = x;d(y) = d(x) 4+ 1; add y to the rear of Q; go to (5);
end
(8)If d(z) < d(y), then
begin
add (z,y) to T; f(y) = z; go to (5);
end
(9) Add (z,y) to C, go to (5).
(10) Set i = 0.
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(11) Set TN[i] = ¢,CV = .

(12) For k =1,2,--- ,m, if d(vg) = i, then TN[i] = TN[i] + vg. If i <n, then i =i+ 1, go to
(11).

(13) For k =1,2,--- ,n, if TNk] has only a vertex = and there exists a unique vertex y, such
that f(y) = «, then (z,y) is a cut-edge, and CV = CV +uz, else if TN [k] have more than a vertex
and for any two adjacent vertexes x,y € TN|[k], there exists a unique edge (,y) € T, then for
x € TNJ[k], if there exists a vertex y € TNk + 1], such that (z,y) € T, then CV = CV + z,
else if for x € TN[k],y € TN[k + 1], there exists a path which is connected by the edges in C
and T, then for any x € TN[k], if there exists a vertex y € T N[k + 1], such that (z,y) € T,
then CV =CV + z.

(14) For any x,y € CV, if there exists a unique edge (z,y), which connects the vertexes x and
y, then (z,y) is a cut-edge.

(15)By the cut-edge set A = {a1, a9, - ,an}, sperate the traffic network, i. e.,

G:GlUGQU"'UGmHU{al}U{GQ}U"'U{am}’

where G; (G, =0, i#j.

Lemma 3.1. [8] In a simple network with no loop, if TN[i] = {v}, then the vertex v is

a cut-vertex in the network.

Remark 3.2. From the Lemma 3.1, we can easily know the efficiency and feasibility of
Strategy 3.2.

8§4. The simple traffic network with no cut-edge

Definition 4.1. s, = T“(f‘i‘})f“ is called as the priority regulation coefficient, where

V = {4|a € A} is the system optimal flow distribution.

Obviously, if the priority regulation coefficient of a is larger than other edges, then the
regulation on a should be done first. Let ¢; be the admissible total regulation cost, ¢(a;) be the

regulation cost for the edge a;, RA be the regulated edge set.

Strategy 4.1.
Step 1 Set A = {a1,a2, - ,a,}. Compute the system optimum flow distribution YN/, and
the the priority regulation coefficients for all edges. Rearrange the elements in A such that
Sa; 2 Say = Sa,-
Step 2 Seti=1,c=0, RA =10.
Step 3 Set ¢ = ¢+ ¢(a;). If ¢ < ¢, then take corresponding measures to regulate edge a;, and
RA = RA+{a;}.
Step 4 If ¢ < ¢; and i < n, then i =7+ 1, go to step 3. Otherwise, output RA.
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Theorem 4.1. Supposed that all the link latency functions are linear, for the strategy

4.1, the regulation effectiveness ratio

4—(s1+s2+--+5m)

k< , 4.1
< ] (41)
where m is the number of regulated edges.
Proof. m o N

k= Zi:l Ta; (vai)vai + ZG.EA—{Gl,aQ,-" Jam } Ta(va)va

ZaeA Ta(Va)Va
72 Ta; gaz‘ 5111 + acA—{a1,a2, - ,a Ta(Va)Va
— 2171 ( ) Z cA—{ai,a2, ,am} ( ) , (42)

Z:l1 Ta; (Eai)/ﬁai + ZaeA—{a17a27--- am} Ta (Va)Vaq

where V, V is the flow distribution of user equilibrium and system optimum, respectively.

From Theorem 4.5 in Roughgarden [1], we have

Z Ta (Ea)@a < Z Ta (511)511 (4'3)

a€A—{a1,az2, ,am} a€A—{ar,az, ,am}

Q|

From (4.2) and (4.3), we have

Z;il Ta; (5“71)5‘% + % ZaeA—{al,az,“' o } Ta(ﬁa)ﬁa

k< ™ — = —— (4.4)
Zi:l Ta; (Uai)vai + ZaeA—{al,aQ,m Jam } Ta (UG)UG
From the definition 3.1, we have
m m
Z Ta;(Va,)Va; = (s1+ 82+ + Sm)(z Ta; (Va,)Va; + Z Ta(Va)Va) (4.5)
i=1 i=1 a€A—{a1,az2, ,am}
From (4.5), we have
m o S1+ 82+ -+ Sm aCA—Tar sy Ta(Va)Vq
5 i () = ) Lch-(onan o) 7o) (4.6)
P 1—(s1+s2+ -+ 5m)

From (4.4) and (4.6), we have

The proof is completed.
If some link latency functions are nonlinear, then Theorem 4.1 can not be used, we can use

the following theorem.

Theorem 4.2. Supposed the constant o > 1 satisfy

27, (x) < 04/0z 7o (t)dt

for all edges a and all positive real number z. Then for the strategy 4.1, the regulation effec-
tiveness ratio
E<a+(1—a)(s1+s2+ -+ sm), (4.7)
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where m is the number of regulated edges.
Proof. From Corollary 2.7 in the Roughgarden [1], we have

Z Ta (ﬁa)ﬁa <« Z Ta (511)5(1 (48)

a€A—{a1,az2,,am} a€A—{ar,az, - am}

From (4.2) and (4.8), we have

Z?;l Ta;(Va; )Va, + ZaeA—{al,a2,~~~ Jam} Ta(Va)Va

k< — —— =
> ie1 Ta; (Va,)Va, + ZaeA—{al,a2,--- @} Ta(Va)Va

From (4.6) and (4.9), we have
E<a+(1—a)(si+s2+- -+ sm).

The proof is completed.

Example 4.1. In the traffic network(see fig. 4.1), supposed 74(v) = v, Tac(v) =

a

fig 4.1

20, Tpe(v) = 4v,dge = 7,04 = 4 and ¢; = 18.
From Lemma 2.4 in Roughgarden [1], we know the system optimum flow distribution 1% satisfy

%/ab + 4:61)0 = 2%/110
;[}/ab = fﬁbc
5ab + :[}Iac =1
Thus, we obtain
5{11} = 27 :Eac = 57 :ch =2.

Then

)

Sab =2/35, Sac=05/T, Spc=8/35.

Since 50 — 32 = 18, only the edge ac should be regulated.
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85. The traffic network with loops and no cut-edge
Let L ={Ly,Lo, -, Ly} be the loop sets. In this section, we assume

Ng +MaVe, a€A— (L1 UL - ULm),

Ta(Va) =
Tas a€L1UL2U---ULm.

Obviously, for small and middle-scale cities, loop roads satisfy this assumption.
Lemma 5.1. If V is the system optimal flow, then for any i € {1,2,--- ,;m}, any r,s € L;,

and any path k from vertex s to vertex t, we have
> (70 (Ba)a)’ = Trs. (5.1)
ack

where 7,4 is the total latency from r to s in loop L;.
Proof. From Lemma 2.4 in Roughgarden|[1], we have

Z(Ta(fﬁa)ga)/ = Z(Ta(fﬁa)aa)/a (5.2)

ack ack’

where k' is a path in the L; from r to s.
Considering the links latency functions in loops are all constant numbers, which is only related

to the length of the edge, we have
> (7a(¥a)Ta) = 7o (5.3)
ack’

From (5.2) and (5.3), we have
Z(Ta(ﬂaﬁa)’ = Trs.

ack

The proof is completed.
Strategy 5.1.
Step 1. Solve the linear equation system
BT Bv = B"b, (5.4)

where

b= - ’TTS_Z%’...ﬂ

a€k

Step 2. According to the solution of (5.4), regulate the flow of the edge in the region

between two adjacent loops.
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Remark 5.1. Since 7,(vq) = nq+maVq, thus (0,74 (ve)) = Ta(Va) F0aTh (Ve) = Ng+2mMa0,.
From Lemma 5.1, we know that in order to obtain the system optimal flow, it is necessary to
solve the linear equation system Bv = b. However, it is difficult to know whether B is singular
or not. But BT B is obviously singular, so there exists a solution V* for the linear equation

system BT Bv = BTb, which is called the linear least square solution for the Bv = b.

Theorem 5.1. For the Strategy 4.1, the regulation effectiveness ratio

ZG,GA*(Ll UL2U-ULm) VaTa(vy) + 2111 ZaGLi Tala
e(V)

k=

where V is the system optimum flow, v, is the flow amount in edge a of loop L;.
Proof. From the strategy 5.1 and the link latency functions character in the loops, we can

prove this theorem immediately.

§6. Conclusion

In this paper, some strategy to sperate the traffic network for fraction regulation to obtain
the network system optimum are discussed, which can be used to do the fraction optimal
regulation of traffic networks. Furthermore, the effectiveness of the proposed strategies are also
analyzed for the linear latency functions. However, for more complicated latency functions, the

effectiveness of the proposed strategies and some new strategies are to be further studied.
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Abstract Given generalized reflection matrices R, S, i.e., R* =R, R2=1,8* =8, 5% =1,
a complex matrix A is said to be generalized reflexive (or anti-reflexive), if RAS = A (or
RAS = —A). In this paper, Smarandache iterative algorithm is proposed to solve matrix
equation AXB + CYD = F with generalized reflexive matrix dual (X,Y). For any initial
iterative matrix pair (X1, Y1), we show that a solution of this equation can be obtained within
finite iteration steps in the absence of roundoff errors. Some numerical examples illustrate the
feasibility and efficiency of this algorithm.

Keywords Matrix equation, generalized reflexive matrices, Smarandache iterative algorith-

m, least-norm solution, optimal approximation.

§1. Introduction

Let C;"*™ be the set of all m x n complex matrices with rank k, and UC™*" the set of
all unitary matrices in C™*". A* Z(A) and tr(A) denote the conjugate transpose, column
space and trace of A, respectively. For matrices A = (aj,as,...,a,), where a; € C™, and
B e C™*" let vec(A) = (af,a3,...,ak)*, and A ® B be the Kronecker product of A and B.

Moreover, define (A, B) = tr(B*A) as the inner product of matrices A and B, which generates
the Frobenius norm, i.e., |A|| = < A, A > = /tr(A*A).

Definition 1.1. Let R € C™*™ S € C™ ™ be generalized reflection matrices, i.e.,
R* = R,R? =1, §* = 5,52 = I, then a matrix A € C™*" is said to be generalized re-
flexive (or anti-reflexive) matrix, if RAS = A (or RAS = —A).

The set of all m x n generalized reflexive (or anti-reflexive ) matrices with respect to matrix
dual (R, S) is denoted by GRC™*™ (GARC™*™).

Remark 1.1. (a) In this paper, let R, S be generalized reflection matrices as in Definition

ISupported by the Science Foundation Project of Education Department of Gansu Province (No.0808-04),
and the Science Foundation Project of Tianshui Normal University (No.TSB0819)
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1.1. (b) For E € GRC™*" F € GARC™*™, then tr(F*FE) = 0, we say matrices E and F are

orthogonal each other.

The following lemma derived from [1] (also [2]), indicates the special structure properties

of generalized reflection matrices.

Lemma 1.1. For given generalized reflection matrices R, S, if

I+ R I+5
=S Q=S e,

then there exist unitary matrices U € UC™*™ V € UC™*" such that

Plt

I 0 I 0
R=U u*, S=V V. (1)
0 _Im—r 0 _In—s
Based on the characteristics of generalized reflection matrices, we have

Lemma 1.2. Assume matrices R, S as in (1), then A € GRC™*™ if and only if

A 0
A=U ! V* VA € O™, Ay € C(m=r)x(n=s) (2)
0 A,
- . . . Ain A o
Proof. Partition U*AV relative to (1) as U*AV = , where Aj; € C"%5. It
Ao Agp
follows from Definition 1.1 that
L0 A A I, 0 . A A
0 -1, Axp Ap 0 —Inh_s Agr Agp

Comparing the two sides with blocks, we get (2) holds.

From Lemma 1.2, we can easily get a generalized reflexive matrix by choosing different A;
(1 =1,2) for given R and S.

In this paper, we consider the following two problems:
Problem I. Given generalized reflection matrices R € C™*™ S € C™"*" and A, C €

CP*m B D e CnXe F e CPX4, find X, Y € GRC™ ™, such that
AXB+CYD =F. (3)

Denote Sp = {(X,Y)|AXB+CYD=F, X,Y € GRC™""}.
Problem II. Assume Sg is nonempty. For given matrices Xo, Yy € C™*"™, find ()A(7 f/) c
SE such that

IX = Xol? + IV = Yol = _min  {|X — Xol®+[|Y — Yo|*}.
(X,Y)€ESE

The matrix equation (3) is the generalized Sylvester equation, which has been widely
investigated. Such as, the special form of that AX —Y B = C, has been studied in [3, 4], and
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the necessary and sufficient conditions for its consistency and general solution, were given by
g-inverse. For the matrix equation (3), the solvability conditions and general solution have been
derived in [5-9] by applying singular value decomposition (SVD), generalized SVD (GSVD) or
canonical correlation decomposition (CCD), respectively. Especially, the symmetric solution
of matrix equation AX AT + BY BT = C has been represented in [10] by GSVD. In addition,
motivated by the Classical Conjugate Gradient, Peng [11] has established an iterative algorithm
(similar algorithms see [12-17]). Comparing with the matrix equation decomposition methods,
the iterative algorithm is more convenient in practical applications.

However, for matrix equation (3) with generalized reflexive X, Y, it is very difficult to meet.
Therefore, motivated by the iterative method mentioned in [11], in this paper, we try to find
the generalized reflexive solution of this matrix equation by constructing iterative algorithm.

Problem II is the optimal approximation problem, which occurs frequently in experimental
design!'®l. Here, the given matrices X, Yy may be obtained from experiments, but they are not
necessary to be needed forms, and may not satisfy minimum residual requirements. But the
nearness matrices X, Y satisfy the needed forms and the minimum residual restrictions (see,
e.g, [8-17]).

This paper is organized as follows: In section 2, an algorithm will be constructed for solving
Problem I, we call it Smarandache iterative algorithm, and the feasibility of this algorithm will
be proved. In section 3, we will show that the solution of Problem II can be obtained by
the least-norm solution of matrix equation AXB 4+ CYD = F. In section 4, some numerical

examples will be given to illustrate our results.

§2. The iterative method for Problem 1

In this section, we will first introduce the iterative method of Problem I, after that give

the analysis of the feasibility about this method in the form of lemmas.
The iterative algorithm of Problem I can be expressed as follows:
Algorithm 2.1.

Step 1: Input matrices R € C™*™ S € C"*" and A, C € CP*™ B, D € C"*1 F € CP*14,
Choosing arbitrary X;,Y; € GRC™*™.

Step 2: Compute

Ry =F — AX,B - CY, D,
P, = A*RB*, Q, =
Jp =C*RiD*, L, =
k:=1.

Step 3: Compute
X1 =X + %Qk;

Yigr = Vi + Bl
w1 = Yo ¥ e Le
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Step 4: Compute
Ris1 = F — AXj1 B — CYiyr D

_ Il Rl

= R — g (AQk B + CLi D),
Piy1 = A*Rp1 B, Jpy1 = C* Ry 1 D,

tr(Pyy, Qr)+tr(Jy 1 Li)
Qi1 = 5(Pos1 + RPy1S) — = Ein o i Oy

tr(Pyy1 Qi) +tr(Jr i L)
Liy1 = %(‘]’H‘l + RJy+15) — kr\ré?k\lll-i-l\Lle;l “2 L.

Step 5: If Ry = 0, stop; otherwise go to step 3.
From Algorithm 2.1, we can see that X;, Y;, @Q;, L, € GRC™*™ (i =1,2,---).

Lemma 2.1. For R;, P;, Q;, J;, L; (i =1,2,...), generated by Algorithm 2.1, we have

. . aals . .
tr(R Ra) = tr(R; Ry) — W[tr(Qi Py) +tr(L;Jy)], (4)
when 7 > 1,
|| Rill>

tT(R;-kJrle) = tT(R:‘Rj) — W

IRl tr(PrQi—) +tr(J7Li—)

[tr(Q; Q) + tr(LiL;)]

[tr(Q;Q;—1) +tr(L;L;_1)]. (5)

AT 1Qj-1l* + 1L 1]l
Proof. From Algorithm 2.1, noting that RQ;S = Q;, RL;S = L;, we obtain
172 .
tr(Rf 1 R;) =tr(RIR;) — ——5———tr[(AQ;B + CL;D)*R;
( +1 ]) ( ]) ||QLH2+HLZH2 [( ) ])}
= tT(R*R) — %tr(Q*A*RB* +L%C*R’D*)
QP L2 Y
=tr(RfR;) — &tr(Q*P + L J;) (6)
QR+ L T T

Letting j = 1 in (6) implies that (4) holds.

Furthermore, when 5 > 1,

| P, — RP,
r(@ip, + L) = tr (@S ar (i =T
+tr <L:‘JJ+QRJJS) +tr (L:JJ_;{JJS>

tr(PrQj—1) + tr(J3Lj1)
1Qj—1l1> + [ Lj-1]?
tr(Pj*Qj_l) + tr(J;‘Lj_l)
1Qj—11* + [[Lj-1?
=tr(Q; Q) + tr(L;L;)
tr(P;Qj—1) +tr(JiLj—1)
1Qj—1l1> + ([ Lj—1]?

= tr(Q7Q;) +

tr(Q7Qj-1)

“V‘tT(L:LJ) + t?"(L:Ljfl)

[tr(Q;Qj—1) +tr(L;iLj—_1)]. (7)
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Submitting (7) into (6), which deduce (5). The proof is completed.
Lemma 2.2. The sequences {R;}, {Q;}, {L;} in Algorithm 2.1, satisfy that

tr(RfR;) =0, tr(QfQ;) +tr(LiL;) =0, 4,7 =1,2,--- k(k>2),i#j. (8)
Proof. We prove the conclusions by induction when ¢ > j, the others are analogous.

When k = 2, from Lemma 2.1 and the proof of equality (7), we have

R 2
(R ) = (BT R) ~ ot (@) + (L )]
iprn IR . .
- tr(RlRl) ||Q1||2 ¥+ ||L1||2 [tr(QlQl) + tr(LlLl)]
R 2
— IRl = e (1l + I2al)
=0,
and
; . 1 N tr(PyQ1) + tr(J5Lq) .
tr(Q2Q1) +t7“(L2L1): itr[(PQ + RPQS) Ql] - : HZQl”lQ + ||;1“22 - tT(QlQl)
1 . tr(P3Q1) +tr(J3Ly),  op
gt + RIS) L) = TS ()
_ * * tr(PQ*Ql) +tT(J;L1) 2 2
- tT(PZ Ql) +tT(J2L1) - ||Q1||2 n HL1||2 (”Ql” + HL1|| )
~0. )

Assume (8) holds for k = ¢, that is, tr(RfR;) = 0, tr(Q;Q;) + tr(L;L;) = 0, j =
1,2,---,t — 1. Similar to the proof of (9), we get by Lemma 2.1 that tr(R; R;) = 0,
tr(Q71 Q1) + tr(Li 1 L) = 0.

Next, we prove that tr(Rf, 1 R;) = 0, tr(Q;1Q;) + tr(Li 1 L;) = 0 hold. In fact, when
j =1, noting that (4) and the proof of (7), then

R 2
Ry ) = r(RER) — b (@ P + (L)
;@) + tr(Li L)
TP @i e

=0.
Connecting with (9) and the assumptions, yields to

tr(Qi1Q1) +tr(Ly L)= tr(PFQq) + tr(J; L)

tr(Pr Q) +tr(Jf L) § .
B Q1% + || Le||? [tr(Q; Q1) + tr(L; L1)]

t’l”(Pt*Ql) + t’]"(Jt*Ll)
= tr(R;AQ,B) + tr(R;CL, D)

_ 1@l + [ L4
1R ]2

triR; (R — Ry)]
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— 0. (10)

Moreover, when 2 < j <t — 1, Lemma 2.1 and the assumptions imply that tr(Rf,R;) =0
Similar to the proof of (10), we get tr(Q;,,Q;) + tr(Li,;L;) = 0. Hence, we complete the
proof.

Remark 2.1. From Lemma 2.2, we know that, R; (i = 1,2, -+ ,pg) can be regarded
as an orthogonal basis of matrix space RP*9 for their orthogonality each other. If R; # 0,
(i = 1,2,---,pq), we can compute R,q1, then there must be tr(R; 1 R;) = 0, that is,
(Xpg+1, Ypg+1) consists of a solution pair of Problem I, Hence, if matrix equation (3) is con-
sistent, then any solution of which can be obtained by Algorithm 2.1 at most pg + 1 iteration
steps.

Lemma 2.3. Suppose that (X, Y) is an arbitrary solution pair of matrix equation (3),
then Ry, Xk, Y, Qk, L generated by the iterative algorithm satisfy that

tr[(X — Xp)*Qp] + tr[(Y — Yi)*Li) = |Re||>, k= 1,2,---. (11)

Proof. We prove it by induction. If & = 1, from Algorithm 2.1 and Lemma 2.2, noting
that R(X — X;)S = X — X;, we get

tr[(X — X1)*Q1] + tr[(Y — Y1)*L4]
- l{tr[(x ~ X0)*(Py + RPS)] + tr[(V — Y3)*(J1 + RJLS)]}

tr|

(X = X1)*Pr] + tr[(Y — Y1) Ji]
tr((X
(
(

X1)*A* Ry B*] + tr[(Y — Y1)*C* R, D*]

tr[(A(X — X1)B)*Ry] + tr[(C(Y — Y1) D)*Ry]

tr[(F — AX,B — CY1D)*Ry]

= ||R4]%. (12)
Assume (11) holds for k = ¢, then

tr[(X = Xe1) Qe] + tr[(Y — Yir1)* L]

_ Y * _ HRtH2 *
- t’l“[(X Xt) Qt] ||Qt||2 + ||Lt||2tr(Qt Qt)

vV * _ HRtHZ *
AR o7 e TR
_ 2 _ HRtHQ * *
= IRl g (@0 B
=0,

which deduces that
tr[(X — Xo11)* Q] + tr[(Y = Yig1)*Liga]

= 3 {tr[(X = Xe31)*(Peg1 + RP1 )] + tr[(Y — Yig1)*(Jeg1 + R4 S)] }
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B tT(Pt*+1Qt) + tT(Jf+1Lt)
1Qell* + [1Le]?

— tr[(X — Xp41)* A" Ry 1 B] + tr[(V — Yi41)*CT Resy D¥]

tr((X = Xe41)" Qe + (Y = Vi) " Ly

= || Rt |-
That is, the equality (11) holds for any positive integers.

Remark 2.2. Lemma 2.3 reveals that the matrix equation (3) is consistent, i.e.,R; = 0,
if and only if @Q; = 0, L; = 0. In other words, if there exist a positive number ¢ such that
R; # 0 but Q: =0, L; = 0, then matrix equation (3) is inconsistent. Therefore, the solvability
of Problem I can be determined automatically by Algorithm 2.1.

Based on the previous analysis, we have the following conclusion, whose proof is omitted.

Theorem 2.1. Suppose that Problem I is consistent, for any initial matrices X1, Y7 €
GRC™*"™ the solution of equation (3) can be obtained within finite iteration steps in the ab-

sence of roundoff errors.

The following lemma recited from [11] is essential for gaining the least-norm solution of
Problem 1.

Lemma 2.4. If the consistent linear equations My = b has a solution § € R(M*), then g

is the unique least-norm solution.

Theorem 2.2. Suppose that Problem I is consistent. If choose initial iterative matrices
X, = A*HB* + RA*HB*S, and Y, = C*HD* + RC*HD*S, where arbitrary H € CP*4, or
especially, X7, Y7 = 0, then the solution generated by Algorithm 2.1 is the unique least-norm
solution of Problem I.

Proof. Algorithm 2.1 and Theorem 2.1 imply that, if let X; = A*HB* + RA*HB*S,
Y, = C*HD* + RC*HD*S, where arbitrary H € C?*9, we can obtain a solution pair (X, Y)
of Problem I, which have the forms of X* = A*GB* + RA*GB*S, Y* = C*GD* + RC*GD*S.

So it is enough to show that (X, Y) is the least-norm solution pair of matrix equation (3).
Considering the following matrix equations

AXB+CYD = F,
ARXSB+ CRYSD = F.

(13)

It is clear that the solvability of (13) is equivalent to that of matrix equation (3). What’s more,

the two equations have same solutions in GRC™*™.

Denote vece(X) = Z, vee(Y) = g, vee(X) = z, vee(Y) =y, vec(F) = f, vec(G) = g, then

the matrix equations (13) can be changed equivalently into

B*®A D*®C z |\ [ f (14)
(B*S) ® (AR) (D*S)® (CR) v | \ )

In addition, the iterative solution pair (X, Y') can be rewritten as
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| [ Be®A" (SB)®(RA") g
7 D®C* (SD)® (RC*) g
B*® A D*®C
€EZ
(B*S)® (AR) (D*S)® (CR)
It follows from Lemma 2.4 that ﬂf is the least-norm solution of the linear systems (14).
Y

Making use of the property of vec operator, (X , }7) is the least-norm solution pair of matrix

equations (13), which means that it is also the least-norm solution of Problem I.

§3. The solution of Problem II

When matrix equation (3) is consistent, i.e., its solution set Sg is nonempty. It is easy to
verify that Sg is a closed convex set in matrix inner product space GRC™*™, resorting to the
optimal approximation theorem, we know that the optimal approximation solution of Problem
IT is unique.

Without loss of generality, we can assume the given matrices Xo, Yy € GRC™*™, in
Problem II, because of the orthogonality between generalized reflexive matrices and generalized
anti-reflexive matrices. In fact, for X, Y € GRC™*™, we have

I = Xl + 1 = Yl = X = 584205 Samfas |y |y Yoo _ 2mpiics

= |3 - ok Py || HompaS | By |y — Yok By | Yamgres |

Writing X = X — X0, Y =Y =Yy, F = F— AXoB — CY,D, then Problem II is equivalent

to find the least-norm solution (X’,Y”) € Sg of the following matrix equation
AXB+CYD=F. (15)

Theorem 2.2 implies that, if let initial iteration matrices X; = A*HB*+ RA*HB*S, Y, =
C*HD* + RC*HD*S, where arbitrary H € C?*4, or especially, let X, Y; = 0, we can obtain
the unique least-norm solution (X', Y”) of matrix equation (15) by Algorithm 2.1. Furthermore,
the optimal approximation solution pair (X, Y) can be obtained by (X,Y) = (X'+ X, Y'+Y}).

84. Numerical examples

In this section, we make some numerical tests in real field to verify our conclusions. All
these work will be finished by MATLAB software. However, because of the roundoff errors,
R; (i=1,2,---) will unequal to zero in the iterative process. Therefore, for arbitrary positive
number ¢ small enough, e.g., ¢ = 1.0e — 010, the iteration stops whenever ||Rg| < e, and
(Xk, Y) is regarded as a solution pair of the matrix equation.

Example 4.1. Input matrices A, B,C, D, F, R, S as follows:
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5 -3
0 —4
-6 0
A=| o 5
4 -7
-1 0
0 -3
-3 5
0 4
s_| 6 -1
-2 4
-1 -6
0 -9
1 0 0
01 0
00 1
R=|0 0 0
00 0
00 0
00 0

= O O O ©

(1). The solutions of Problem I

If given initial iterative matrices

4 4
-4 -4
-4 -8
X1 = 0 0
0 0
0 0
8 4

= kR O O O

—82
—136
—466

188

562

82

907

= O O O o o o

o o o O = O

2 8
0 -4
3 1
o 3 |.C
-8 -3
9 0
0o 1
—12
-6
O
5
2
2
—523  —81
—44 520
583 —153
—187  —913
—677 297
—298 422
—1781  —617
1
0
;8= ’
0
0
0
0
0
0
8|, W
—4
12
0

4 -5 -4 1
-1 2 1
3 -4 =3 0
0 3 0 -2
-5 1 5 —4
o -2 0 -7
-7 1 7T -4
-2 2 -1 14
-5 5 0 12
0 0 -2 8
-8 8 -4 14
1 -1 7 =10
-8 8 5 0
—1213 —459 845
648 —-201 —-951
—187 653 178
—473 386 —649
129 —755 618
-89 —402  —408
—633 —1875 1664
0 O 0 0
0 O 0 0
1 0 0 0
0O -1 0 0
0o 0 -1 0
0 O 0 -1
-4 8 0
8§ -8 4 0
-8 4 -4 0
0 0 0 -8
0 0 0 8
0 0 0 4
-4 -4 8 0

S 0 s ke O O O

S 00 0 A~ O O O

Then, by Algorithm 2.1 and iteration 145 steps, we obtain a solution pair of Problem I:
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—5.0000 —4.0000  6.0000 0 0 0

7.5451 2.5191  —4.8199 0 0 0

—6.0000 —8.0000  3.0000 0 0 0
Xias = 0 0 0 —7.7347  1.0241  3.2550
0 0 0 8.0000  —9.0000 2.0000
0 0 0 3.0000 —3.0000 4.0000

—2.0000 —8.0000 —4.0000 0 0 0

—8&8.0000  1.5000 5.0000 0 0 0

—2.0000 —4.0000 6.0000 0 0 0

—4.0000 10.5000 —1.0000 0 0 0
Yiss = 0 0 0 3.0000  —5.0000 7.0000
0 0 0 —2.0000 6.0000  5.0000
0 0 0 4.0000  —3.0000 8.0000

—4.0000 —6.0000  3.0000 0 0 0

and HR145H = 8.44406 — 011 < g, and H(X145,Y145)H = 48.6449.

Especially, choosing X1 = 0, Y1 = 0, from Theorem 2.2, the least-norm solution pair is

Xi43 =

Y143 =

—5.0000
7.2734
—6.0000
0
0
0
—2.0000

—2.0000
—2.0000
2.0000
0
0
0
—4.0000

—4.0000
2.7588
—8.0000
0
0
0
—8.0000

—4.5000
—4.0000
4.5000
0
0
0
—6.0000

6.0000 0 0
—4.9097 0 0
3.0000 0 0
0 —7.3685  0.0150
0 8.0000  —9.0000
0 3.0000  —3.0000
—4.0000 0 0
3.0000 0 0
6.0000 0 0
—3.0000 0 0
0 3.0000  —5.0000
0 —2.0000  6.0000
0 4.0000  —3.0000
3.0000 0 0

and ||Ria3]] = 8.7803¢ — 011 < ¢, and ||(X143, Y143)|| = 45.1825.

(2). The solution of Problem II
Suppose that the given matrices

0

0

0
4.1249
2.0000
4.0000

0

7.0000

5.0000

8.0000
0
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5 4 -6 0 0 O -9 -3 4 0 0 O
-7 -3 5 0O 0 O -7 -4 6 0 0
6 8§ —4 0 0 O -5 6 =2 0 0 O
Xo = 0 0 0 7 6 -5 [,Yo= 0 0 0 -5 =5 7 |,
0 0 0 -8 9 =2 0 0 0 2 6 5
0 0 0 -3 3 -4 0 0 0 4 -3 8
2 8§ =9 0 0 O -8 —6 9 0 0 O

Compute F = AXoB + CYoD, let initial iterative matrices X; = Y1 = 0, then we can obtain the
least-norm solution (X', Y') of the new matrix equation (15). Hence, the unique solution (X, Y) of
Problem II is

—5.0000 —4.0000  6.0000 0 0 0
8.2161  1.9271 —4.5982 0 0 0
—6.0000 —8.0000  3.0000 0 0 0
X=X"+Xo= 0 0 0 —8.6390 3.5152 1.1073 |,
0 0 0 8.0000  —9.0000 2.0000
0 0 0 3.0000 —3.0000 4.0000
—2.0000 —8.0000 —4.0000 0 0 0
-9 -3 4 0 0 0
-2 -4 6 0 0 0
-5 6 -2 0 0 0
V=Y"+Yo=| 0 0 0 3 -5 7
0 0 0 -2 6 5
0 0 0 4 -3 8
-4 =6 3 0 0 0

and ||Russ|| = 8.0904e — 011 < ¢, [|(X,Y)]| = 61.7436.

Example 4.2. Given matrices A, B,C, D, F, R, S as following,

3 -3 0 9 2 -2 0 6
-9 0 3 -3
A= -3 -9 —-12 12 |, B= ,C=| -2 -6 -8 8 |,
0 -6 12 3
9 3 12 6 6 2 8 4
3 -6 3 3
4 -2 0 2 1 0 0 0 01 0 O
-6 0 2 -2 0 0 0 -1 1 0 0 O
D= 5 R = 5 S = )
0 -4 8 2 0 0 1 0 0 0 -1 0
2 -4 2 2 0 -1 0 0 0 0 0 1

100 15 —110 10
F= 120 120 -360 30
80 —90 140 -—10
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By the iterative algorithm in this paper, we discuss the solvability of Problem I. Just as the
statements in Example 4.1, for any positive number &, however small enough, e.g., ¢ = 1.0e — 005,
whenever ||Ry|| < € or ||Rx|| > ¢, ||Qx|| <e¢, and ||Lx|| < €, stop the iteration.

Let X1, Y1 =0 € R** by Algorithm 2.1, we obtain

|Rs|| = 1.0574e 4+ 004 > ¢, ||Qs|| = 2.6216e — 007 < ¢, || L = 1.1548¢ — 007 < e.

Therefore, from Theorem 2.2, we know that matrix equation AXB + CY D = F is inconsistent.

§5. Conclusions

In this paper, we have established an iterative algorithm, i.e., Algorithm 2.1, for solving the
matrix equation AXB 4+ CY D = F over generalized reflexive matrix dual (X, Y). By this algorithm,
the consistence of the equation can be determined automatically. In particular, we can also obtain its
least-norm solution by choosing special initial iterative matrices, which appears in Theorem 2.2. In
addition, the optimal approximation solution of problem II can be gained by the least-norm solution
of a new (but similar to (3)) matrix equation, which is included in section 3. Finally, some numerical
examples show that the iterative algorithm is efficient. Certainly, if we make only some trivial changes,
for instance, Q1 = %(Pl — RP.S), L1 = %(Jl — RJ1S), then the generalized anti-reflexive solution
of matrix equation (3) can be obtained. Moreover, if let R = S in Algorithm 2.1, then the iterative

solution is the generalized centrosymmetric solution.
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Abstract Let n be any positive integer, Py(n) denotes the product of all positive divisors
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§1. Introduction

For any positive integer n, the famous F.Smarandache function S(n) is defined as the
smallest positive integer m such that n divide m!. That is, S(n) = min{m : m € N, n|m!}.
And the Smarandache divisor product sequences {P;(n)} is defined as the product of all positive

d(n)
divisors of n. That is, Py(n) = Hd =mn 2 | where d(n) is the Dirichlet divisor function.
d|n

For examples, Py(1l) = 1,P4(2) = 2,P4(3) = 3,P4(4) = 8,---. In problem 25 of reference
[1], Professor F.Smarandache asked us to study the properties of the function S(n) and the
sequence {Py(n)}. About these problems, many scholars had studied them, and obtained a
series interesting results, see references [2], [3], [4], [5] and [6]. But at present, none had studied
the mean value properties of the composite function S (P;(n)), at least we have not seen any
related papers before. In this paper, we shall use the elementary methods to study the mean
value properties of S(Py(n)), and give an interesting asymptotic formula for it. That is, we
shall prove the following conclusion:

Theorem. For any fixed positive integer k and any real number x > 1, we have the
asymptotic formula

2

7T4 1'2 b 1'2 x
Z S( d(n)) 72 lnzx + ;bl lnll‘ + o (lnk+1 (E) )

n<z

where b; (i =2, 3, ---, k) are computable constants.
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§2. Some simple lemmas

To complete the proof of the theorem, we need the following several simple lemmas. First
we have
Lemma 1. For any positive integer o, we have the estimate

S(p®) < ap.

Especially, when a < p, we have S(p®) = ap, where p is a prime.
Proof. See reference [3].
Lemma 2. For any positive integer n, let n = p{"p5? - - - pi* denotes the factorization

of n into prime powers, then we have

Lemma 3. Let P(n) denotes the greatest prime divisor of n, if P(n) > y/n, then we
have S(n) = P(n).
Proof. The proof of Lemma 2 and Lemma 3 can be found in reference [4].

8§3. Proof of the theorem

In this section , we shall use the above lemmas to complete the proof of our theorem. For

any positive integer n, it is clear that from the definition of P;(n) we have

>t

Pim)=(]]r |- Hg —prin = )

rln r|n

. . (n . .
So we have the identity P;(n) = "5, Let n = Pt py? - - pe* denotes the factorization of n

into prime powers. First we separate all integers n in the interval [1, z] into two subsets A and
B as follows:
A={n: n<xz, P(n)<+vn}, B={n: n<uz, P(n)>n}

If n € A, then from Lemma 1 and Lemma 2, and note that P;(n) = n“ we have

d(n) ard(n) asd(n) ard(n)

Pun)=n 2 =p 2 p, 2 .op 2
Therefore,
ard(n) asd(n) ard(n) a;d(n)
S(FPam) = S|p 2 pp 2 op 2| =max (S5 [p 2

AN
=
@
B
—
8
=
S
S
——
IN
=
Vs
5
=3
S
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From reference [10] we know that

Z d(n) =zInz + O(x).

n<x
So we have the estimate
d
ZS(Pd(n)) < Zﬂ\/ﬁlnn<< Zd(n)ﬁlnx«zghﬂx. (1)
neA neA 2 n<x

If n € B, let n = nyp, where ny < /n < p. It is clear that d(ny1) < /n < p and
d(n) = 2d(ny). So from Lemma 3 we have

d(n1p) d(nip)
Y S(Pun)) = > S|(mup) 2 =Y. S{r 2
nEB nip<zx ni1p<w
= Y Y dp= Y dn) Y p
n<T n<p<E n<Vz n<p< x
= Y dn) Y p+o Zd(n)'%
n<\z p< E n<yx
= Y dmn) Y p+0(). (2)
n<yz o< L

From the Abel’s summation formula (see Theorem 4.2 of [10]) and the Prime Theorem (see
Theorem 3.2 of [11]) we have

i
= In' x

k
a; - T
W(x):z JrO(lnkﬂaﬁ) ’

where a; (i =1, 2, ---, k) are computable constants and a; = 1. We have

x

Svo= ar ()= s
p< —

n
2 k

T ¢;-x2In'n x?
= — § =2 - 40— 3
2n21nx+i:2 + ( k+1x>7 ®)

n2In’z n?In

where ¢; (i =2, 3, ---, k) are computable constants.

Note that
o0 1 2

T
25 %

n=1

and

= d(n =1 ’ 4
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from (2), (3) and (4) we obtain

x? d(n k ci~x2dnlnin T
Y SEm) = 5— £2+>§:§:()+O<mHHJ

2 1.7
neB nevE ney =2 n?ln'x
4 .2 k 2 2
™ x T x
- T b —— 40O 5
721nx+; ¢ ln’er <1nk+1x)’ (5)
where b; (i =2, 3, ---, k) are computable constants.

Now combining (1) and (5) we may immediately get the asymptotic formula

D S(Pu(n)) = D S(Pa(n))+ Y S (Pa(n))

n<x neA neB
4 2 k 2 2
™ x x
= .= by - — of——
72 lner; ¢ 1nl$+ <1nk+1x)’
where b; (i =2, 3, ---, k) are computable constants. This completes the proof of Theorem.
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