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An equation involving the Smarandache

function and its positive integer solutions'

Minhui Zhu

School of Science, Xi’an Polytechnic University, Xi’an, Shaanxi, P.R.China

Abstract For any positive integer n > 2, the Smarandache function S(n) is defined as the
smallest positive integer m such that n | m!. The main purpose of this paper is using the
elementary method to study the solvability of the equation S(x) = n, and give an exact

calculating formula for the number of all solutions of the equation.

Keywords Smarandache function, equation, positive integer solution.

§1. Introduction

For any positive integer n, the famous Smarandache function S(n) is defined as the smallest
positive integer m such that n | m!. That is, S(n) = min{m : n | m!, m € N}. From the
definition of S(n) one can easily deduce that if n = p{"*p3? - - - pi* be the factorization of n into
prime powers, then S(n) = 1r£1?<xk{5(p;“)} From this formula we can get S(1) =1, S(2) = 2,
S(3)=3,5(4) =4, S(5) =5, S(6) =3, S(7) =7, S(8) =4, S(9) =6, S(10) = 5, S(11) = 11,
S(12) = 4, S(13) = 13, S(14) = 7, S(15) = 5, S(16) = 6, ---. About the other elementary
properties of S(n), many people had studied it, and obtained a series important results, see
references [2], [3], [4] and [5]. For example, Dr. Xu Zhefeng [4] proved the following conclusion:
Let P(n) denotes the largest prime divisor of n, then for any real number z > 1, we have the

asymptotic formula:

2 (B2t [ o
S(n)—P(n))’="2"410| -
3500 - Py = 22 10 ().
where ((s) denotes the Riemann zeta-function.

Charles Ashbacher [5] studied the solvability of the equation s(m) = n!, and proved that

for any positive integer n and prime p with p < n, there are some integers k such that
S (pk) =nl

In this paper, we using the elementary method to study the solvability of the equation
S(p*¥) = n (where p be a prime), and give an exact calculating formula for the number of all

solutions of the equation. That is, we shall prove the following two conclusions:

IThis work is supported by the Shaanxi Provincial Education Department Foundation 07JK267.
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Theorem 1. Let n > 2 be a positive integer, p be any prime with p* || n. Then there are

exact « positive integers k such that the equation
S (pk ) =n,

where p® || n denotes that p® | n and p**! t n.
Theorem 2. Let n be a fixed integer with n > 2. A(k) denotes the number of all solutions

of the equation S(z) = k. Then we have the calculating formula

imzn(u%pﬂ_@p))

k=1 p<n

where H denotes the product over all primes p less than or equal to n, 8(n,p) denotes the
p<n
sum of the base p digits of n.

It is clear that from our Theorem 1 we may immediately deduce Charles Ashbacher’s result
in reference [5]. In fact, we can get following more accurate result:

Corollary. Let n be a positive integer, then for any prime p with p < n, there are exact

n— B(n7 p)
p—1
integers k such that the equation .S (pk) = n!, where B(n, p) is defined as in Theorem 2.
Of course, our Corollary is also holds if p > n. In this case, G(n,p) = n, so that
L(nl,p) = (0. Therefore, the equation S (pk) = n! has no positive integer solution.
p—

§2. Proof of the theorems

In this section, we shall use the elementary method to complete the proof of our Theorems.
First we prove Theorem 1. Let n > 2 be an integer, for any prime p with p* || n, if @« = 0,
then (p, n) = 1, and the equation S (pk) = n has no positive integer solution k. Otherwise,
p | n, this contradiction with (p, n) = 1. So the number of all positive integer solutions of the
equation S (pk) =nis @ = 0. That is means, Theorem 1 is true if & = 0. Now we assume that
a > 1, and let p*(™P) || nl. Then from the elementary number theory textbook (see [6], [7])
and reference [8] we know that

oo =3 [5] -5 »

where (n, p) denotes the sum of the base p digits of n. That is, if n = a1p* +a9p®2+- - -+asp™

S
with ag >as_1>->a;>0and 1 <a; <p—-1,i=1, 2, ---, s,thenﬁ(n,p):Zai.
i=1

Now for all positive integers k = a(n,p) — a + 1, a(n,p) —a+ 2, ---, a(n,p) — 1 and
a(n,p), we have S (pk) = n. Since this time, from (1) we know that p* | n!, but p* 1 (n — 1)!,
because p*(™P)=% || (n — 1)!. From the definition of the Smarandache function S(n) we know
that if & < a(n,p) — a, then p* | (n — 1)!, if k > a(n, p), then p¥ { n!. Therefore, the equation
S (pk) = n has exact « positive integer solutions. This proves Theorem 1.
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Now we prove Theorem 2. For any positive k > 2, if = satisfy the equation S(z) = k, then
x | k! and 2f(k — 1)!. So the number of all solutions of the equation S(z) = k is equal to

di— >0 1=d(k) —d((k- 1)),

dlk! d|(k—1)!

where d(m) is the Dirichlet divisor function. Therefore,

SAk) =AM+ Y AR =1+ > [d(k!) - d((k — 1) = d(n!).

k<n 2<k<n 2<k<n

Note that (1), from the definition and properties of d(n) we may immediately get

ST A®R) = dnt) = [ (1 + ”_ﬂ("’p)) ,

—1
k<n p<n p

where H denotes the product over all primes p less than or equal to n, 8(n,p) denotes the
p<n
sum of the base p digits of n.

This completes the proof of Theorem 2.
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On the Smarandache kn-digital subsequence

Cuncao Zhang' and Yanyan Liu?

1 The Primary School Attached to Northwest University, Xi’an, Shaanxi, P.R.China
I Department of Mathematics, Northwest University, Xi’an, Shaanxi, P.R.China

Abstract For any positive integer n and any fixed positive integer k > 2, the Smarandache
kn-digital subsequence {Sk(n)} is defined as the numbers Sy (n), which can be partitioned
into two groups such that the second is k times bigger than the first. The main purpose of
this paper is using the elementary method to study the convergent properties of the infinite
series involving the Smarandache kn-digital subsequence {Sk(n)} , and obtain some interesting
conclusions.

Keywords The Smarandache kn-digital sequence, infinite series, convergence.

§1. Introduction

For any positive integer n and any fixed positive integer k > 2, the Smarandache kn-digital
subsequence {Si(n)} is defined as the numbers Sy (n), which can be partitioned into two groups
such that the second is £k times bigger than the first. For example, the Smarandache 3n-digital
subsequence are: S3(1) = 13, S5(2) = 26, S3(3) = 39, S3(4) = 412, S5(5) = 515, S3(6) = 618,
S3(7) = 721, S5(8) = 824, S3(9) = 927, S5(10) = 1030, S3(11) = 1133, S3(12) = 1236,
S3(13) = 1339, S3(14) = 1442, S5(15) = 1545, S5(16) = 1648, S3(17) = 1751, S3(18) = 1854,
S3(19) = 1957, S3(20) = 2060, S3(21) = 2163, S3(22) = 2266, - --.

The Smarandache 4n-digital subsequence are: Si(1) = 14, S4(2) = 28, S4(3) = 312,
S4(4) = 416, S4(5) = 520, S4(6) = 624, S4(7) = 728, S4(8) = 832, S4(9) = 936, S4(10) = 1040,
S4(11) = 1144, S4(12) = 1248, S4(13) = 1352, S4(14) = 1456, S4(15) = 1560, - - -.

The Smarandache 5n-digital subsequence are: S5(1) = 15, S5(2) = 210, S5(3) = 315,
S5(4) = 420, S5(5) = 525, S5(6) = 630, S5(7) = 735, S5(8) = 840, S5(9) = 945, S5(10) = 1050,
S5(11) = 1155, S5(12) = 1260, S5(13) = 1365, S5(14) = 1470, S5(15) = 1575, - - -.

These subsequences are proposed by Professor F.Smarandache, he also asked us to study
the properties of these subsequences. About these problems, it seems that none had studied
them, at least we have not seen any related papers before. The main purpose of this paper
is using the elementary method to study the convergent properties of one kind infinite series
involving the Smarandache kn-digital subsequence, and prove the following conclusion:

Theorem. Let z be a real number. If z > ok then the infinite series

00 1
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is convergent; If z < 1, then the infinite series (1) is divergent.

In these Smarandache kn-digital subsequences, it is very hard to find a complete square
number. So we believe that the following conclusion is correct:

Conjecture. There does not exist any complete square number in the Smarandache
kn-digital subsequence, where k = 3, 4, 5. That is, for any positive integer m, m? ¢ {Sk(n)},
where k = 3, 4, 5.

§2. Proof of the theorem

In this section, we shall use the elementary method to complete the proof of our Theorem.
We just prove that the theorem is holds for Smarandache 3n-digital subsequence. Similarly, we
can deduce that the theorem is also holds for any other positive integer k£ > 4. For any element
Ss(a) in {S3(n)}, let 3a = bpbr—1 - - baby, where 1 < b, <9,0<b;,<9,i=1,2, ---, k—1.

Then from the definition of the Smarandache 3n-digital subsequence we have
S3(a) =a-10" +3-a=a- (10" +3). (2)

On the other hand, let a = asas_1---asa1, where 1 <a,<9,0<a; <9,i=1, 2, ---, s—1.
It is clear that if a < 33---33, then s = k; If a > 33--- 34, then s = k—1. So from the definition
——— —

of S3(a) and the relationship of s and k we have

=X 3 333 333 3333
3 =
169 - S-S st w st L w0 2 s
3 33 333 3333
1 1 1 1
= 2 Y mor T2 Foaeos T 2w oto00s T
i=1 i=4 =34 =334
+oo k1 +oo & too
3-10 10 1
= ;m—?’ Zmzk IRTEC IR ZW (3)

1
Now if z > =, then from (3) and the properties of the geometric progression we know that

f(z,3) is convergent.

If 2 < 3 then from (3) we also have

+oo 1 3 333 333 3333
3) = =
1&3) = 2 s ZS +Zsz +ZSZ +Zsz Sz
n=1 i=1 =334
3 333 3333
1 1 1 1
N Z -13# + Z 1% - 103 + Z 1 - 1003 + Z 1% - 100037 +
i=1 =34 =334
+00 k—1 +o0 k ~+00
3-10 10 1
=z kz 107(k—1) . 102(k+1) = Z 102k . 10%(k+2) =3 Z 10(2zk+22—k) (4)
=1

Then from the properties of the geometric progression and (4) we know that the series f(z,3)

1
is divergent if z < 3 This proves our theorem for k£ = 3.
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Similarly, we can deduce the other cases. For example, if k£ = 4, then we have

too 2 249 2499 24999
4) =
f(z.4) Sz (n) Z 5 +Z SZ + Z SZ Jr Z Sz Z (i) +
n=1 i=1 i=25 =250 1=2500
2 24 249 2499
1 1 1 1
- ;z'z-w +1= R TVEN Z i* - 1004 +i222;0i2~100042 A
+oo k— +o0 k +oo
225-10 10 1
= ; 10%(k=2) . 10%k — < 225 Z 107k - 102(k+2) — =225 Z 10~ (2z—1)+2= (5)
and
too 2 249 2499 24999
I9 = X e =2 +Z Tl Emmt LT
n=1 Si(n) i=1 S Sz S =250 S 72500
2 1 24 249 2499 1
= 2t e 104z * Z 100 = 2 mooE T
z:l 1= 1=250
+oo +oo k +00
2. 10% 10 1
Z P 10z(k 1) .10%k = =20 Z 107k . 107(k+1) =20 ’;) 10k-(2z—1)+= " (6)

From (5), (6) and the properties of the geometric progression we know that the theorem is holds
for the Smarandache 4n-digital subsequence.
This completes the proof of Theorem.
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Abstract For any positive integer n, Pseudo-Smarandache- Squarefree function Z,(n) is
defined as Zy,(n) = min{m : n|m™,m € N}. Smarandache function S(n) is defined as
S(n) = min{m : n|m!;m € N}. The main purpose of this paper is using the elementary
methods to study the mean value properties of the Pseudo-Smarandache-Squarefree function

and Smarandache function, and give two sharper asymptotic formulas for it.

Keywords Pseudo-Smarandache-Squarefree functionZ,,(n), Smarandache function S(n), me

an value, asymptotic formula.

§1. Introduction and result

For any positive integer n, the famous Smarandache function S(n) is defined as S(n) =
min{m : n|ml,m € N}, Pseudo-Smarandache-Squarefree function Z,(n) is defined as the

smallest positive integer m such that n | m™. That is,
Zy(n) = min{m : njm"™,m € N}.

For example Z,,(1) =1, Z,(2) =2, Z,,(3) =3, Zw(4) =2, Zy(5) =5, Zw(6) =6, Zw(7) =7,
Zw(8) = 2, Z,(9) = 3, Z,(10) = 10, ---. About the elementary properties of Z,(n), some
authors had studied it, and obtained some interesting results. For example, Felice Russo [1]
obtained some elementary properties of Z,(n) as follows:

Property 1. For any positive integer k£ > 1 and prime p, we have Z,,(p*) = p.

Property 2. For any positive integer n, we have Z,(n) < n.

Property 3. The function Z,,(n) is multiplicative. That is, it GC'D(m, n) = 1, then Z,,(m-
n) = Zy(m) - Zy(n).

The main purpose of this paper is using the elementary methods to study the mean value
properties of Z,,(S(n)) and S(n)-Z,(n), and give two sharper asymptotic formulas for it. That
is, we shall prove the following conclusions:

Theorem 1. Let k > 2 be any fixed positive integer. Then for any real number x > 2,
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we have the asymptotic formula

k
™ Ci- T x
ZZw(S(n)):ﬁ'mez 7 +O(lnk+1x)’

n<x =2

where ¢; (i =2,3---k) are computable constants.
Theorem 2. Let k > 2 be any fixed positive integer. Then for any real number x > 2,

we have the asymptotic formula
3 3

¢(2) - ¢(3) Ly o gead x
ZZw(n)~S(n)= 3¢(4) 1;[<1_p+133).1n:r+z In‘ x —i—O(lnkHﬂc)7

n<x =2

where ((n) is the Riemann zeta-function, H denotes the product over all primes, ¢; (i =

P
2,3---k) are computable constants.

§2. A simple lemma

To complete the proof of the theorem, we need the following :
Lemma. For any real number x > 2 and s > 2 , we have the asymptotic formula

Zw * - ]. 1 s
Y B ST T (1 ) o ()
s " 2(s=1) 4 p+p
Proof. Note that Property 1 and 3, by the Euler product formula (See Theorem 11.7 of

[2]), we have

I (e )
_ g@+§+£ﬁ-)
- 0+ 55 =)
e M- 55) g

From (1) we have

Zw(n) i Zy(n) 3 Zw(n) _ ((s)¢(s —1) 11 1 1-3
Z s = s - s = 1- S + Oz )
o — n s ™ ¢(2(s—1)) . < p+p ) ( )
Specially, if s = 3, then we have the asymptotic formula

BT ) o)

This completes the proof of Lemma.
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§3. Proof of the theorems

In this section, we shall use the elementary methods to complete the proof of the theorems.

First we prove Theorem 1. We separate all integer n in the interval [1, z] into two subsets
A and B as follows:

A:p|nandp > +/n, where pis a prime. B: other positive integer n such that n € [1,z]\ A.
From the definition of the subsets A and B we have

Z Zw(S(n)) = Z Zw(S(n)) + Z Zw(S(n)).

n<lx necA neB

(2)

From Property 1 and the definition of the function S(n) and the subset A we know that if
n € A, then we have

Z Zw(S(n)) = Z Zw(S(pn)) = Z Zw(p) = Z p= Z Z p. (3)
neA pn<z

pn<w pn<w n<y/x n<p<E
p>n p>n p>n Ve "

By the Abel’s summation formula (see Theorem 4.2 of [2]) and the Prime Theorem (see
Theorem 3.2 of [3]):

ﬂ'(x)-Zl—Zk:ai'x—FO(lnx)’

% k+1
v Pl In*z T

where a; (i =1,2,3--- k) are computable constants and a; = 1, we have

Z D %77(2) —nm(n) — /j m(t)dt

n<p<E
2 k 2 14t 2
T b;-xz%-In'n T
s n o), ;
2n2~lnx+; n?-In'x * n?-In*tl g )
where b; (i =2,3---k) are computable constants.
=1 T2 . In‘n
Note that — = — and i t for all i =1,2,--- , k. Combini 3
ote tha ngl o G o ; 5~ is convergent for all ¢ 2, ombining (3)

and (4) we have

2 k 2 1.0 2
T b;-xz%-In'n T
E:Z,,,(S(n)) = <2n2-lnm+ 2 1 +O< 2 | f ))
ey s — n°-ln'z n?In"" "z

where ¢; (i =2,3---k) are computable constants.

Now we estimate the error terms in set B. Let n = pJ'p5? - - - p%= be the factorization of n
into prime powers. If n € B, then we have

S(n) = max (S(p5)) < max (upy) < Vilan < n. (6)
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From (6) and Property 2 we have

> Zu(S) < D nt < a (7)

neB n<x

Combining (2), (5) and (7) we have

This proves Theorem 1.

Now we prove Theorem 2. From Property 1 and Property 3 we have

Z S(n) - Zy(n) = Z S(pn) - Zw(pn) = Z Z - Zu(n). (8)

neA pn<az n<x n<p<L

Z p? %7‘(‘(%) —n’m(n) — 2/:Lt~7r(t)dt

n<p<%

Il
w
:c,o
8
=)
8
+
-
&
8
w
1B
S
—
8
el
+
—-
8
~—
2

where d; (i =2,3---k) are computable constants.

—~In‘n-Z,
Note that the lemma and Z LS(TL) is convergent for all i = 1,2,--- , k. Combining

n
n=1

(8) and (9) we have

ZS(n) Zo(n) = 3 N b di-x3~lnin+o a3 Zu(n)
neA ! n<Va 3nd-Inx 4 n3 - In'z n3 . Inft g v

I

I
I b
pagias
INEA
B

S~—
/N

|
=
+ | =
S

w
N——
-
B‘&z
8

S
Tl s
Q
/N
tjk
Tl s
t
8
N——
—
=2

where e; (i = 2,3--- k) are computable constants.
If n € B, then we have

ZS(n)'Zw(n) <<Z\/ﬁlnn'n<<x%1nw. (11)

neB n<x
Combining (10) and (11) we have
3 k 3

> a5t = G (1) s+ X5 0l

3
n<lz p p+p =2

This proves Theorem 2.
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§1. Introduction and results

For any positive integer n, the Smarandache Prime-Digital Subsequence (SPD.S) is defined
as follows:

A positive integer n is an element of SPDS, if it satisfies the following properties:

a) m is a prime.

b) All of the digits of m are prime, i.e, they are all elements of the set {2, 3, 5, 7}.

For example, the first few values of SPDS' are:

2, 3, 5, 7, 23, 53, 73, 223, 227, 233, 257, 277, 377, 353, 373, 523, -- .

This sequence was introduced by professor F.Smarandache in reference [1], where he asked
us to studied its elementary properties. In reference [2], Charles Ashbacher had studied this
problem, and obtained some interesting results. At the same time, he also proposed the following
Conjecture and Unsolved problems.

Conjecture. Sequence SPDS is a infinite set.

Unsolved problem 1. How many prime are there of the form

111---111
—_—
E1s
where of course k is odd.
Unsolved problem 2.
. SPDSN(n)
lim ————= =0,
e w(n)

where SPDSN (n) represent the number of elements of SPDS that are less than or equal to

n, and 7(n) denotes the number of all primes not exceeding n.
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A short UBASIC program was run for all numbers up to 1,000,000, and the counts were
78498 primes < 1,000, 000; 587 members of SPDS < 1,000, 000.

But at present, we still can not prove that SPDS is a finite set, and we can not also solve

Problem 1. In this paper, we will use the elementary method and analytic method to study

Problem 2, and solved it completely. That is, we shall prove the following:
Theorem. Let SPDSN(n) denotes the number of all elements of SPDS that are less
than or equal to n, and m(n) denotes the number of all primes not exceeding n. Then we have

the limit
. SPDSN(n)
lim ——~

)

=0.

It is clear that our Theorem solved the problem 2.

§2. Proof of the theorem

To complete the proof of our theorem, we need a simple Lemma which stated as follows:

Lemma. For every integer n > 2, we have the estimate

1 n n

Proof. See reference [3].

Now we use this Lemma to prove our theorem. For any positive integer n, if digits of n in

decimal notation are Ayp_1, Ap_o, ---, Ay, Ap, then

n = Ak,110k71 + Ak7210k72 I A1101 + Aop.

where 1 < A; < 9.
It is clear that
10%t <n < 10

Therefore,
Ign<k<lgn+1

or

k=1gn+O(1).
Since A

SPDNS(n)= > 1<4'4+47 443+ 445 = 5(4’“ —1) < 4+
m<n
meSPDS

and )

n n
We have

SPDSN(n) _ 416 Inn  4lentOM) 6. Inp

m(n) - n
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Taking © — oo, we find that

o 4leetO() g ng . 4sr .. lng - L R
0 < lim < lm——"——=Im ————
T —00 €T T—00 xT T—00 T
In4 In4d
o e . 6-Ing . xmio-6-Inx
= Iim —n— = lim —m———
—00 x T—00 x
I 6-Ilnz i 6
= im ———— = lim
z—o00 p(1— lnn4) T—00 _ Ind\ .(1- :’4)
T In10 (1 1n10) T In10
= 0.

So from the properties of the limit we have

4lent+1+0(1) .6 . Inp
lim =
n—oo n
Therefore,
I SPDSN(n) _o

This completes the proof of Theorem.
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Abstract Let a(n) denote the number of nonisomorphic Abelian groups with n elements. In

this paper we shall study the mean value of > (n) by the convolution method.
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§1. Introduction and main results

Let a(n) denote the number of nonisomorphic Abelian groups with n elements. The mean
value of a(n) was first studied by P. Erdds and G. Szekeres[1], who proved that

> an) =iz + O0'/?). (1)

n<z
Kendall and Rankin[2] proved that
Z a(n) = 1z + coxt/? + 023 log ). (2)
n<zx
H. -E. Richert[7] proved
Z a(n) = c1z + cox/? + c3z'/? + 0(2*/1%10g”/ 1 2). (3)

n<a

Let A(x) := Y, . a(n) — c1z — cow?/? — czal/3.
The following is the list of the improvements to (3).
A(z) < z20/6910g2/3 5 [§]W. Schwarz; A(z) < 7/27log? z, [9]P. G. Schmidt
A(z) < 297/380 1og® 2 [4]G. Kolesnik; A(z) < z10/159+¢  [5]H. Q. Liu
A(z) < °9/199+¢  [5] H. Q. Liuw; A(z) < 25%/21918" = [10]Sargos and Wu;
A(z) < x'/4*¢ ] [6]Robert and Sargos.

In this paper, we shall prove a result about the mean value of a?(n). Our main result is
the following

Theorem. We have

Z a*(n) = cqx + cs2? log? z + cox? loga (4)
n<z

+C7(E1/2 + O(LL‘96/245+€),

I This work is supported by National Natural Science Foundation of China(Grant No. 10771127) and Math-
ematical Tianyuan Foundation of China(Grant No. 10826028).
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where ¢;(j = 4,5,6,7) are computable constants.

Notations. Throughout this paper, [t] denotes the integer part of ¢, ¥(t) =t — [¢] — 1/2,

€ > 0 denotes a small positive constant.

§2. Proof of the theorem

The proof of our theorem is closely related to the Piltz divisor problem. Let As(z) denotes

the error term in the asymptotic formula for Z ds(n), where ds(n) is the number of ways n

n<z
can be written as a product of 3 factors. We know that

Ds(z) = Z ds(n) = zHs(log z) + As(x),
n<z
where H3(u) is a polynomial of degree 2 in u.
For the upper bound of Agz(x), Kolesnik[3] proved that
As(z) < wdte,

We begin with the function d(1,2,2,2;n) = Z 1.
n:nlngng

By the hyperbolic summation method we have

>od1,2,2,2%n) = > ds(l)

2
ny

n<x mi2<z
x
= ds(l) 1+ > ds(l) - [?]Ds(y),
ERRNE N = e
where 1 < y < z'/2 is a parameter to be determined.
Inserting (5) into (7) and by some calculations, we obtain

Z d(1,2,2,2;n) = chx + dat/?log? o + cha'/?logx + chat/? + A(1,2,2,2; z)

n<lz
with

3
x x| 1 y x
AL2,2.20) = =D () + 3 Aal()) + 0 (logy)* + =),
<y m<o5

where ¢}(j = 0,1,2,3) are computable constants. Choosing y = 296/245 we get

A(]., 2,2,2; gj) < $96/245+5'

By the Euler product we get for Rs > 1 that

= 2 —s = a*(p) 1 4 3
doamn T =1+ pos ):H(1+];+p23+~~~):C(S)C (25)G(s),

1 3 1 4
whereG(s):1;[(1—p—s)(l—ﬁ)l}(l-q-l;_Fﬁ_k...)_

(5)
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Write G(s

(Rs > 1). Tt is easy to see that this infinite series is absolutely

1
convergent in the range o > 3’ which implies that
> lg(n)| = O(a3+e). (12)
n<x
From (11) we have the relation

a2(n) = 37 d(1,2,2,2;m)g(1). (13)

n=ml

By (10)-(13)we get

Soam) = g) Y. d(1,2,2,2m) = Zga)(ca(%) + el (7)/?108%(7)

n<x 1<z m<a:/l <z

)+03 1/2 +0 Zl 96/245-{-6)7

<z

+eol(— ] )1/2 log(~ ]

= c4x + C5$% log? z + ch% logz + cra'/? + O(x96/245+5).

This completes the proof of Theorem.
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§1. Introduction and result

The classical gamma function is usually defined for x > 0 by

[(z) = AOO t*tetdt, (1)

which is one of the most important special functions and has much extensive applications in
many branches, for example, statistics, physics, engineering, and other mathematical sciences.

The history and the development of this function are described in detail in [1]. The psi or
L'(z)

digamma function ¥ (x) = T the logarithmic derivative of the gamma function, and the
polygamma functions can be expressed for x > 0 and k =1,2,--- as
o] e—t _ e—xt
Y(z) =— +/ ﬁdt (2)
0
k) 1 [ e
@) = (- [, 3)
0

where v = 0.57721566490153286 - - - is the Euler-Mascheroni constant.

There exists a very extensive literature on these functions. In particular, inequalities,
monotonicity and complete monotonicity properties for these functions have been published.
Please refer to the papers [2-4] and the references therein. Recall that a function f is said to

be completely monotonic on an interval I if f has derivatives of all orders on I and
(=1)" " (z) > 0 (4)

for x € I and n > 0. Let C denote the set of completely monotonic functions. Some related ref-
erences and a detailed collection of the most important properties of the completely monotonic
functions can be found in [5] and [6, Chapter IV].
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A positive function f is said to be logarithmically completely monotonic on an interval I
if its logarithm In f satisfies
(—1)*n f(2)]™ >0 (5)

for k=1,2,--- on I. Let £ on (0, 00) stand for the set of logarithmically completely monotonic
functions.
A function f on (0, 00) is called a Stieltjes transform if it can be written in the form

fay=a+ [ 2L ()

where a is a nonnegative number and p a nonnegative measure on [0, 00) satisfying

<1
/0 1+sdu(s) < 0o0.

The set of Stieltjes transforms is denoted by S.

The notion “logarithmically completely monotonic function” was posed in [7] and a much
useful and meaningful relation £ C C between the completely monotonic functions and the
logarithmically completely monotonic functions was proved in [7]. In fact, the relation £ C C
is an old result and can be found in [8]. It is proved in [9] that S\ {0} C £ C C. The class of
logarithmically completely monotonic functions can be characterized as the infinitely divisible
completely monotonic functions which are established by Horn in [10, Theorem 4.4] and restated
in [9, Theorem 1.1].

When studying a problem on upper bound for permanents of (0, 1)—matrices, H. Minc and
L. Sathre [11] discovered several noteworthy inequalities involving (n!)}/™. One of them is the
following: If n is a positive integer, then

n

n < n!
n+1 "/ (n 4+ 1)!

Motivated by the left-hand inequality of (7), it was shown in [7] that the function M is

strictly logarithmically completely monotonic on (0,00). This extends a result of D. Kershaw

< 1. (7)

and A. Laforgia [12], who proved that the function z[I'(1+ 2)]* is strictly increasing on (0, 00),

which is equivalent to the function w being strictly decreasing on (0, c0).
Motivated by the right-hand inequality of (7), we establish the following result.

Theorem 1. Let » > 0,5 > 0 be two real numbers. The function

[[(z 4 s 4 1))/ (@+9)
[C(z+r+ 1)1/ (@+r)

frs(@) =

is strictly logarithmically completely monotonic on (0,c0) if and only if s > 7.

In 1997, G. D. Anderson and S.-L.Qiu [13] proved that the function InT'(z + 1)/(zInz) is
strictly increasing on (1,00), and then, used this result to show that the sequence Q'/(*107) (5 =
2,3,---) is strictly decreasing. Here, Q,, = 7"/2/I'(n/2 + 1) denotes the n-dimensional volume
of the unit ball in R™. In order to show the monotonicity of the function InI'(z + 1)/(z1Inz),

they investigated the function
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and they found the representation

fl@)=4'(z+1) + a2y (z +1). (8)

They proved, in a complicated way, that f(x) > 0 for x € [1,4). A. Elbert and A. Laforgia [14]
showed, in a simple way, that f(z) > 0 for x € (-1, c0).

The following Theorem 2 consider the complete monotonicity property of the function f
defined by (8).

Theorem 2. The function f, defined by (8), is strictly completely monotonic on (0, c0).

As direct consequence of Theorem 2, the following Theorem 3 is deduced immediately.

Theorem 3. The function g(z) = 229’ (z+1) — 29 (z+1)+InT(z+1) is strictly increasing
on (0,00). The function h(x) = z¢)'(x + 1) — InT'(z + 1) is positive and strictly increasing on
(0,00). The function h” is strictly completely monotonic on (0, 00).

As an application of Theorem 3, we provide an extension of the result given by Anderson
and Qiu [13].

Theorem 4. The function F(z) = T'(z + 1)/(xInz) is strictly increasing on (0, 0o).

§2. Proofs of the theorems

Proof of Theorem 1. Firstly, we show that the function x — f, ;(x) is strictly logarith-

mically completely monotonic on (0,00) for s > r. Define for 2 > 0,

In[l
oty = 900+ ]
Clearly,
(=1 (In frs (@)™ = (=1)"¢" (@ + 5) — g g(x + 7). (9)

For n > 1, we imply

n+1 n+1 n (n—k)

L =Sy S (1) (3) e n)®
k=0
nt1 —_1\2n! ol (=1
— ”Cn‘ (=)™ (;l)ﬂ InT(z+1)+ n—,(fn{)k+l PFE=D (2 + 1)
k=1

and
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Hence, h(z) < h(0) = 0 and
(~1)"g™M(z) <0 (x>0n=1,2,---). (10)

This implies ((—1)"g™ (z))’ > 0, and then, the function 2 — (—1)"g(™ (x) is strictly increasing
on (0,00), so that (9) implies (—1)"(In f, o(x))™ >0 for x >0 and n = 1,2, ---.

Next, we assume that the function  +— f, () is strictly logarithmically completely mono-
tonic on (0,00). Then we have for all real > 0,

(In frs(x)) =¢'(x+s)— g (z+7) <O0. (11)

By (10), it is easy to see that the function ¢’ is strictly decreasing on (0,00), and thus, we
conclude from (11) that s > r. The proof of Theorem 1 is complete.
Proof of Theorem 2. Using the representation (3), we imply for n > 0,

(<17 (@) = (-1 [w% w0+ (7) <x><k>¢<"—k+2><x>]
k=0

= (=" [o " @+ 1)+ (0 + DY ()]

[e'e] tn+2 oo thrl
= —x/ 7t67(m+1)tdt +(n+1) / e @ty
o l—e~ g l—et

(12)

- / St (n + 1) — atldt,

where
t

et —1°

It is easy to see that the function § is strictly decreasing on (0,00) with }irr(l) ¢(z) = 1 and

5(t) =

tlim ¢(z) = 0. Hence, we get from (12),

(n+1)/z
()" (z) = /0 S(t)t"e ™ [(n + 1) — wt]dt

+ / Sty e (n + 1) — atldt
(nt1)/z

(n+1)/x
>5<”+1>/ e [(n + 1) — wt]dt
0

x +5("+1)/(00 e [(n + 1) — wt]dt

T n+1l)/z

=46 <"+ 1) /Ooot”e“[(n+ 1) — zt]dt = 0.

X

At the last step, by applying the following representation

| (oo}
Jﬁz/ trem Wt (x> 0502 0,m=0,1,2,--).
x+a)m 0

The proof of Theorem 2 is complete.
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Proof of Theorem 3. Clearly,
g @) =y (x+1)+ 2" (x+1)=2f(z) >0 (z>0).

where f is defined by (8). Hence, the function g is strictly increasing on (0, 00).
It is easy to see that
B (z)=xzy'(x+1)>0 (z>0).

Hence, the function h is strictly increasing and h(z) > h(0) = 0 on (0, 00). Easy computation
reveals that

h'(x) = ¢ (x +1) + 29" (x + 1) = f(z),

By Theorem 2,
(=1)"(h"(2))™ = (=1)" [ (z) >0,

forx >0and n =0,1,2,---. The proof of Theorem 3 is complete.

In order to prove Theorem 4, we need the following lemma given in [15].

Lemma 1. Let u € C'(0,00) with u(1) = 0 and v € C*(0,00) such that v < 0 on (0, 1),
v>0on (1,00) and v > 0 on (0,00). If u//v’ is strictly increasing on (0, 00), then u/v is also
strictly increasing on (0, c0).

Proof of Theorem 4. Define for = > 0

u(x) = %lnf‘(z +1), ov(z)=Ilz.

Easy computation yields

, /
2 (Z/Eg) =22 (2 +1) —2¢(z+ 1)+ InT(z+ 1) = g(z).
By Theorem 3, we have g(x) > g(0) = 0 for > 0. This implies that u'/v’ is strictly increasing
on (0,00). From Lemma 1 we conclude that the function F' = u/v is also strictly increasing on
(0,00). The proof of Theorem 4 is complete.

We remark that Theorem 4 was first proved by H. Alzer [4], who showed that the function

g is strictly increasing on (0, c0) by using the convolution theorem for Laplace transformas.
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Abstract In this paper, a new class of generalized set-valued quasi variational inclusions in
Banach spaces are studied, which include many variational inclusions studied by others in
recent years. Using the resolvent operator technique, we establish the equivalence between
the generalized set-valued quasi variational inclusions in Banach spaces and the fixed point
problems, suggest and analyze a class of resolvent dynamical systems for quasi variational
inclusion in Banach spaces. We show that the trajectory of the solution of the dynamics
system converges globally exponentially to the unique solution of quasi variational inclusions
in Banach spaces. Our results can be considered as a significant extension of previously known

results.

Keywords Set-valued quasi variational inclusion, dynamical systems, Banach space.

§1. Introductions

In recent years, variational inequalities have been extended and generalized in different
directions by using novel and innovative techniques and ideas both for their own sake and for
their applications. An important and useful generalization is called the variational inclusion,
see [1-8] and references therein. But almost all discussions about variational inclusions are
limited in Hilbert spaces. In this paper, we introduce a new class of set-valued quasi-variational
inclusions in Banach spaces. In recent years, much attention has been given to consider and
analyze the projected dynamics systems associated with variational inequalities and nonlinear
programming problems, in which the righthand side of the ordinary differential equation is a
projection operator. Such types of projected dynamical systems were introduced and studied by
Dupuis and Nagurney [9]. Projected dynamical systems are characterized by a discontinuous
right-hand side. The discontinuity arises from the constraint governing the question. The
innovative and novel feature of a projected dynamical system is that its set of stationary points
corresponds to the set of solutions of the corresponding variational inequality problems. It has

been shown in [9-15] that the dynamical systems are useful in developing efficient and powerful

IThis research is supported by the natural foundation of Shaanxi province of China(Grant. No.: 2006A14)and
the natural foundation of Shaanxi educational department of China(Grant. No.:07JK421).
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numerical technique for solving variational inequalities and related optimization problems. Xia
and Wang [13], Zhang and Nagurner [15] and Nagurner and Zhang [9] have studied the globally
asymptotic stability of these projected dynamics systems. Noor [16,17] has also suggested
and analyzed similar resolvent dynamical systems for mixed variational inequalities and quasi
variational inclusions by extending and modifying there techniques. It is worth mentioning that
there is no such type of dynamical systems for quasi variational inclusions in Banach spaces. In
this paper, we suggest and analyze dynamical systems for quasi variational inclusions in Banach
spaces. Using the resolvent operator method, we establishes the equivalence between the quasi
variational inclusions in Banach spaces, resolvent equations and fixed-point problems. We use
this alternative formation to suggest a class of resolvent dynamical systems associated with
quasi variational inclusions in Banach spaces. We show that the trajectory of the solutions of
these dynamical systems converges globally exponentially to the unique solution of the related
quasi variational inclusions in Banach spaces. The analysis is in the spirit of Xia and Wang [14]
and Noor [16,17]. Since the quasi variational inequalities and nonlinear programming problems

as special cases, the results obtained in this paper continue to hold for these problems.

§2. Preliminary

Let E be a real Banach space, E* is the topological dual space of E, CB(FE) is the family
of all nonempty closed and bounded subsets of E, < -,- > is the dual pair between E and E*,
D(T) denotes the domain of T', and J : E — 2F " is the normalized duality mapping defined by

J(z) = {z* € E* :< x,2* >= ||z||* = |=*||*},z € E.

We now give the following well-known concepts and notions.
Definition 2.1. Let A: D(A) C E x E — 2F be a set-value mapping. P: E x E — E is
a projection mapping, that is P(z,y) = «, for any (z,y) € E x E.

(i) A is said to be accretive (k-strongly accretive) with respect to the first argument, if for
any z,y € D(A),u € Azx,v € Ay, there exist j(P(x —y)) € J(P(z — y)), such that

<u—v,j(Px—y)) >= 0(= kllu—vl*);

(ii) A is said to be an m-accretive mapping with respect to the first argument, if A is
accretive with respect to the first argument and (I + pA(u))(P(D(A)) = E, for every u €
E and p > 0 (equivalently , if A is accretive with respect to the first argument and (I +
A(u))(P(D(A))) =E, for all u € E ), where A(-,u) = A(u).

Remark 2.1. If A(u,v) = A(u), definition 2.1 is the very definition2.1 proposed by S.
S. Chang [2]. Furthermore, if E = E* = H is a Hilbert space, the definition of an accretive
mapping with respect to the first argument is in fact the definition of a monotone mapping
with respect to the first argument proposed by Noor [1].

Proposition 2.1. If E = H is a Hilbert space, an m-accretive mapping A with respect to

the first argument is a maximal monotone mapping with respect to the first argument.
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Proof. If we use the technique given in S. S. Chang [2], we can prove this proposition
immediately.

Definition 2.2. Let A : D(A) C E x E — 2F be an m-accretive mapping with respect to
the first argument, for any p > 0, the mapping defined by:

Raguy(u) = (I + pA(u)) ™ (u),

for any u € E, which is called the resolvent operator, where A(-,u) = A(u).

Problem 2.1. Let E be a real Banach space, T,V : E — CB(FE) set-valued mappings,
g : E — E a single-valued mapping, A(-,-) : E x E — 2F be an m-accretive mapping with
respect to the first argument, and N(-,-) : E x E — E be a nonlinear mapping, now let us to
consider the following problem of finding u € E,w € T(u),y € V(u) such that

0€ N(w,y) + A(g(u),u). (2.1)

Remark 2.2. For a suitable choice of the mappings N,T,V, A, g, and the space E, we
can obtain a number of known and new classes of variational inequalities, variational inclusions
and the corresponding optimization problems. Furthermore, these variational inclusions pro-
vide us with a general and unified framework for studying a wide class of problems arising in
mathematics, physics and engineering science [1-4].

Definition 2.3. [3] Let A : E — CB(E) be a set-valued mapping and H (-, -) be a hausdorff
metric on CB(E) , T is said to be &-Lipschitz continuous if, for any z,y € E,

H(Tz, Ty) < &llx —yl|,

where £ > 0 is a constant.
Definition 2.4. [17] The dynamical system is said to converge to the solution set K* of
(2.1), if, irrespective of the initial point, the trajectory of the dynamical system satisfies

lim dist(u(t), K*) =0,

t—o0

where
dist(u, K*) = infoer~||u — v||.

Definition 2.5. [17] The dynamical system is said to be globally exponentially stable with

degree n at u*, if , irrespective of the initial point, the trajectory of the system satisfies
[u(t) = uw*[| < pal[u(to) — u*llexp(—n(t —t0)), Vt = to,

where p1 and 7 are positive constants independent of the initial point. It is clear that globally
exponentially stability is necessarily globally asymptotically stable and the dynamical system
converges arbitrarily fast.

Lemma 2.1. [2,7] Let E is a real Banach space and J : E — 2F"is a normalized duality

mapping, then for any z,y € F,

lz+yl? < llz|®+2 <y, j@+y) > Vil@+y) € J(x+y).
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Lemma 2.2. [17] Let @ and ¢ be real-valued nonnegative continuous functions with domain
{t : t < to} and let a(t) = ag(|t — to|), where ag is a monotone increasing function. If, for
t> th
t
i< alt) +/ (s)0(s)ds,
to
then 4(s) < a(t)ea:p{ftto 0(s)ds}.

Assumption 2.1. For all u,v,w € E, the resolvent operator R, satisfying
”RA(u)w - RA(v)w” < VHU - v”v

where v > 0 is a constant.

§3. Main result

In this section, by using the technique of resolvent operator we establish the equivalence
between the variational inclusion (2.1) and the fixed point problem. This equivalence is used
to suggest a class of resolvent dynamical systems for the quasi variational inclusions (2.1). For
this purpose, we need the following well-known result.

Lemma 3.1. The following statements are equivalent:

(1) (u,w,y), where u € E,w € T(u),y € V(u) , is the solution of generalized set-valued
quasi-variational inclusion (2.1);

(2) (u,w,y) is the solution of resolvent equation

9(u) = Raqwlg(u) = pN(w,y)], 3.1

where p > 0 is a constant, and R () is a resolvent operator;

(3) (2, u,w,y) is the solution of implicit resolvent equation

z=g(u) = pN(w,y),g9(u) = Rag)(2). (3-2)

Proof. If we use the technique given in Noor [1],we can prove this lemma immediately.
From Lemma 3.1, we conclude that the set-valued quasi variational inclusion (2.1) is equiv-
alent to the fixed point problem (3.1). We use this equivalence to suggest a class of resolvent

dynamical system associated with quasi variational inclusion (2.1) as

% = MRa(u)lg(u) — pN(w,y)] — g(u)}, u(to) = uo € E, (3.3)
where A is a parameter. The system of type (3.3) is called the resolvent dynamical system
associated with quasi variational inclusion (2.1). Here the right-hand side is related to the
resolvent operator and is discontinuous on the boundary. It is clear from the definition that
the solution to (3.3) always stays in the constraint set. This implies that the qualitative results
such that the existence, uniqueness and continuous dependence of the solution to (3.3) can be
studied.

We now show that the trajectory of the solution of the resolvent dynamical system (3.3)
converges to the unique solution of quasi variational inclusion (2.1) by using the technique of
Xia and Wang [13,14] as extended by Noor [16,17].
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Theorem 3.1. Let E be a real Banach space, T,V : E — 2F be set-valued mappings,
g : E — F be a single valued mapping, A(-,-) : E x E — 2F be an m-accretive with respect
to the first argument, N(-,-) : E X E — E be nonlinear mappings satisfying the following
conditions :

(i) g is Lipschitz continuous with constants § and k-strongly accretive, where k is a constant;

(ii) A(-,-) : E x E — 2F is m-accretive with respect to the first argument;

(iii) T,V : E — CB(F) are Lipschitz continuous with respect to constants y, &;

(iv) for a given y € E, the mapping x — N(x,y) is 8 -Lipschitz continuous with respect
to the set-valued mapping T';

(v) for a given x € FE, the mapping y — N(x,y) is 1 -Lipschitz continuous with respect
to the set-valued mapping B;
if the Assumption 2.1 holds, then, for each ug € E,wy € Tug,yo € Vug, there exists a unique
continuous solution u(t) of dynamical system (3.3) with u(tg) = ug over [tg, 00).

Proof. Let

G(u) = MRawlg(w) = pN(w,y)] = g(w)},

where A > 0 is a constant,w € Tu,y € Vu. For all u,v € E,w € Tu,y € Vu,w' € Tv,y’ € Vu,

and using conditions (i),(iii),(iv),(v) and Assumption 2.1, we have
1G(u) = G)|| < MI[Rawlg(u) = pN(w,y)] = Rawlg(v) — pN(w',y)]]|

+llg(w) = g(v)lI}
< Mlg(u) = g(v)]]

A Raqlg(u) — pN(w,y)] = Raglg(v) — pN (0", 5 )]|
FARaqw[9(v) = pN(w',y')] = Raw)lg(v) — pN (', )]
< 2Mlg(u) = g(W)ll + vAlu = v[| + PN (w,y) — N(w',3/)]|
< M@0+ v)[lu = o]l + p(uB +¥E)llu — vl[}
= M20 + v+ p(uf + 7€) }H|u — v

This implies that operator G(u) is Lipschitz continuous in E. So, for each ug € E, there exists
a unique and continuous solution wu(t) of the dynamical system (3.3), defined in an interval
to < t < Ty with the initial condition u(tg) = wug. Let [to,T1] be its maximal interval of

existence. Then we have to show that T7 = co. Consider
G| = AR aw)lg(u) — pN(w,y)] — g(u)||
< MIIRawlg(w) — pN(w,y)] = Raw)lg(w)]|
HIRaw)9(w)] — Raun lg(w)]]|
HRawlg(w)] = Rage)[g(u)]]l + [[Raqu[g(u®)] — g(u)|}
< AN (w, y)[| + Avflu — || + 0llu — uw*|| + Al Ragu lg(uw)] = g(0)[| + Ad||ull

= AM20 + p(uf + 7€) + v)l[ull + Avfu*|| + M Ras lg(w)] = g(0)]],
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for any u € F, then

[u(@)]] < [luoll +/t |Gu(s)||ds < ([uoll + k1 (t = o)) + k2 [ [[uls)lds,

to
where k1 = vA[Ju*]| + A|Raq=)[g(u*)] — g(0)]| and ky = (20 + p(uf + 7€) + v). Hence by
invoking Lemma 2.2, we have

()| < lluoll + k1 (t — to) }e*2=1) ¢ € [to, Th).

This show that the solution is bounded on [tg,T1). So 11 = co.

Theorem 3.2. Let the operators N,T,V, A, g be as Theorem 3.1, if Assumption 2.1
holds, then the resolvent dynamical system (3.3) converges globally exponentially to the unique
solution of the quasi variational inclusion (2.1).

Proof. Since the operator N,T,V, A, g be as Theorem 3.1, it follows from Theorem 3.1
that the resolvent dynamical system (3.3) has a unique solution u(t) over [tg,T1) for any fixed
ug € E. Let u(t) = u(t,to : ug) be the initial value problem (3.3). For a given u* € E,w* €
Tu*,y* € Vu*, satisfying (2.1), consider the following Lyapunov function:

L(u) = A||Jlu — u*|,u € E. (3.4)

From (3.3) and (3.4), we have

% =2X < j(u(t) —u"), Raqueey l9(u(t)) — pN(w(t), y(t))] — g(u(t)) >
= 20 <j(u(t) —u®), g(u(t)) — g(u”) >
F2X <j(u(t) — "), Raqey l9(u(t) — pN(w(t), y(1))] — g(u”) >
< —2)kllu(t) — u*?
+2X < j(u(t) = u"), Raqueylg(u(t)) — pN(w(t), y(t))] — g(u”) >, (3.5)
where u*, w* € Tu*,y* € Vu* is the solution of the quasi variational inclusion (2.1), that is ,
9(W") = Rag=[g(u”) — pN(w™,y)].
Now using Assumption 2.1 and conditions (i), (iii),(iv)and (v), we have
[Raulg(u) = pN(w,y)] = Rau)[g(w”) — pN(w", y")]|
< [1Rawlg(w) = pN(w,y)] = Raqu)l9(u) — pN(w,y)]]|
FlRawslg(u) = pN(w, y)] = Ragusl9(w”) — pN(w®, y")]|
< vlfu—url| + [lg(u) = g(u®) = p(N(w,y) = N(w*,y"))||
S vllu—u'l| +8llu — u*l| + p(puf +7E)[lu — 7|

< W40+ p(pB +7E) v — v (3.6)
d
From (3.5) and (3.6), we have ﬁﬂu(t)—u*” < 20 ||u(t) —u*|, where a = v+ 5+ p(uB+~E) — k.
Thus, for A = —\q, where A\ is a positive constant, we have

lu(t) — | < [ulto) — w*[le” M0,

which shows that the trajectory of the solution of resolvent dynamical system (3.3) converges

globally exponentially to the unique solution of the quasi variational inclusion (2.1).
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Abstract Let a(n) denote the number of non-isomorphic finite abelian groups with n elements

and w(n) = (a * a*a)(n). In this paper we shall study the mean value Z w?(n)
n<x
Keywords Divisor problem, finite abelian groups

§1. Introduction

Let a(n) denote the number of non-isomorphic finite abelian groups with n elements. This
is a well-known multiplicative function, such that a(p®*) = P(«), where P(«) is the unrestricted
partition function. Define w(n) = (a * a * a)(n). H. Menzer [3] proved that

W(z) =Y wn) = zPy(logz) + 22 Qx(log x) + O(x75 log ), (1)

n<lx

where Py(u), Q2(u) are polynomials in u of degree 2 with explicit coefficients. W. Zhai [5]

improved the error term in (1.1) to O(z7i6¢) . J. Wu [4] improved Zhai’s exponent 25 to 5
C.Calderén[1] studied the sum Z w?(n) and proved that
nsx
Zw ) =xzPs(logz) + O(x 3+5), (2)
nlx
where Ps(u) is a polynomial in u of degree 8.
In this short note we first prove the following
Theorem 1. We have the asymptotic formula
Z w = 2Ps(logz) + O(x311¢). (3)

n<z

Numerically , we have 2/3 = 0.666 - -+ ,35/54 = 0.648 - - - .

The mean value of w?(n) is closely related to the general divisor problem. Let k > 2 be a
fixed integer, dj(n) denote the number of ways n can be written as a product of k factors. Define

)= Z di(n). The study of D(x) is an important problem in the analytic number theory.

n<z

I This work is supported by National Natural Science Foundation of China(Grant No. 10771127) and Math-
ematical Tianyuan Foundation of China(Grant No. 10826028).
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When k& = 2, it is the famous Dirichlet divisor problem. Usually Dy (z) has an asymptotic
formula of the type
Dy () = 2Qp—1 (log ) + O () (4)

for some 0 < 1, where Qx_1(u) is a polynomial in u of degree k — 1 and & denotes a sufficiently

small positive constant. It is believed that the following conjecture
5 = (k —1)/2k (5)

holds for any &k > 2. For more details of Dy(x), see Ivié[2].
Theorem 2. If the conjecture (5) is true, then we have the asymptotic formula

Z w = zPs(log z) + % Pss(log ) + O(x10551¢), (6)

n<lz

where Ps5(u) is a polynomial of degree 35 in u.
Numerically , we have 508/1053 = 0.482--- < 1/2.

§2. Proof of Theorems

In order to prove our theorems, we need the following Lemma, whose proof is contained in
Chapter 14 of Tvi¢[2].
Main Lemma. Suppose arithmetic functions f(n) and g(n) satisfy

Zf( ZanV logz) + O(x Z|g (7)

m<z j=1 <z
where oy > ag > -+ > ay >a > >0, V;(u)(j = 1,---,J) are polynomials in u. Let
= > f(m)g(l), then
n=ml
J

> h(n) => 2 U;(logz) + O(x*),

n<z j=1
where Uj(u)(j =1,---,J) are polynomials in u.

Proof of Theorem 1. By the Euler product we have for Rs > 1 that

. = 1
= CQ(S)H(l*p75)9{1+9p’5+81p*25...}
= ((5)¢%(25)G(s), (8)

1
where G(s) can be represented as a Dirichlet series, which converges absolutely for o > 3

From Theorem 13.2 of Ivi¢[2] we have that

Z do(n) = zQs(log ) + O(ac 54 +€)

n<lz
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where Qg(u) is a polynomial in u of degree 8. Write

b(n)

nS

B(s) = (°(25)G(s) = 3

n=1

)

it is easy to see that

Z |b(n)| < 27+

n<z

Now Theorem 1 follows from the Main Lemma by taking f(n) = dg(n), g(n) = b(n).

Proof of Theorem 2. For any k > 2, define Ag(x) := Dg(x) — 2Qr—1(logx). If the
conjecture (5) is true, we then have

Bo(x) = O(z#*), (9)
Asg(z) = O(z719). (10)

Let f(n) = Z dg(m)dss(l). By the hyperbolic summation method we can write

n=ml?2
Sty =) do(n)dss(m) (11)

D do(n) Y dsg(m)+ Y dss(m) Z dy(n)

1
n<y m<(2)2 m<z

= do(n) > dss(m)

n<y m<z

=51+ 52— 53,

say, where 7, z are parameters for which yz? = 2,1 < y < 2. We first compute S;. By (4) and
(10) we get

S = Y do(n) > dsg(m)

where
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Suppose Qs5(u Z cJuJ Then

S11 = x%ng n)n 220] log( 1

n<y

3\8

35

= a3 Z dg(n)rfE ch(l)j(logz —logn)?
2

n<y J 0

= x%zdg nyn~ 2ZCJ JZ( )(logx)jl(_l)l(logn)l
0

n<y =

where

Now compute the Si2;. We have

Siaq = [ t=2(logt)'dDy(t)
= [tz 2 (log ) dtQs(log t) + [ t=2 (logt) dAg(t)

= [Vt 2(logt)! (Qs(logt) + Q4(logt)) dt + [ t~3 (logt)!d A (t).

Suppose Qg(u Zd u®, then

8

(logt)! (Qs(logt) + Qs(logt)) =D f,(logt)*™,

s=0

where fs =ds+ (s + 1)dsyq for s =0,1,---,7, and fs = dg. Thus we have

Y 1
/7 t=2(logt) (Qs(logt) + Qk(logt)) dt
8 Y
_ Z —1/2 s+l
s=0 fs ~/1* t (log t) dt

s+1

8
=Y fo Y uy'?log'y
s=0

=0

with computable constants u;(i > 0).

By partial integration and (9) it is easy to show that

y 1
/ 1% (log )'dAe(t) = gi + O(y~/15%),

(13)
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where g; is a computable constant.
From (12)-(17) we get

s =x1/2y1/2§5:cj<§>ji(‘f)ﬂogwfl Zfssffuﬂogy 18
3=0 1=0
+xl/22 37> a(]) doga -
=\
+O(x 1/2+s y~1/18 4 g iate y%)

By similar arguments we can show that

s =3 (])2 @ (19)

s 36
2zt Z ds Z (j) (—2) (log )~ Z v; log' =
s=0  1=0 i=0

+O(x1/2+sy—1/18 —&—x%ﬁy%).
Inserting (18) and (19) into (11), choosing y = 2117 and then by some calculations we can
get that
Y f(n) = aVy(logz) + &'/ Vas(log ) + O(2**/10%5+<), (20)

n<zx

where Vg(u) is a polynomial in u of degree 8 and Vis(u) is a polynomial in w of degree 35,

respectively.
o0
Write G(s Z g(n)n~%. Then this infinite series is absolutely convergent for Rs > 1/3.
n=1
Thus we have
> lg(n)| < 2t/ (21)
n<zx

Now Theorem 2 follows from (20) and (21) with the help of the Main Lemma.

References

[1] C. Calder6n , Asymptotic estimates on finite abelian groups, Publications De L’institut
Mathematique, Nouvelle série, 74(2003), No.88, 57-70.

[2] A. Ivié, The Riemann Zeta-function, John Wiley & Sons, 1985.

[3] H. Menzer, On the average number of direct factors of a finite abelian group, J. Th.
Nombres Bordeaux, 7(1995), 155-164.

[4] Jie Wu, On the distribution of square-full and cube -full integers, Monatsh Math.,
126(1998), 353-367.

[6] W. Zhai, On the average number of direct factors of a finite abelian groups II, Acta
Arith.; 90(1999), 69-78.



Scientia Magna
Vol. 4 (2008), No. 4, 36-39

On the Smarandache sequences

Yanting Yang

Department of Mathematics, Northwest University, Xi’an, Shaanxi, P.R.China
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§1. Introduction and results

For any positive integer n, the Smarandache alternate consecutive and reverse Fibonacci
sequence a(n) is defined as follows: a(l) = 1, a(2) = 11, a(3) = 112, a(4) = 3211, a(5) =
11235, a(6) = 853211, a(7) = 11235813, a(8) = 2113853211, a(9) = 112358132134,---. The
Smarandache multiple sequence b(n) is defined as: b(1) = 1, b(2) = 24, b(3) = 369, b(4) =
481216, b(5) = 510152025, b(6) = 61218243036, b(7) = 7142128354249, b(8) = 816243240485664,
b(9) = 91827364554637281, - - - .

These two sequences were both proposed by professor F.Smarandache in reference [1],

where he asked us to study the properties of these two sequences.

About these problems, it seems that none had studied it, at least we have not seen any
related papers before. However, in reference [1] (See chapter III, problem 6 and problem 21),

professor Felice Russo asked us to study the convergence of

a(n) < b(n)
a(n+1)’ kh—{go; b(n+1)

and other properties.

The main purpose of this paper is using the elementary method to study these problems,

and give some interesting conclusions. That is, we shall prove the following:

Theorem 1. For Smarandache alternate consecutive and reverse Fibonacci sequence

a(n)

a(n), we have nh_)ngo m =0.
: . == bn) .
Theorem 2. For Smarandache multiple sequence b(n), the series Z ———— is conver-
— b(n+1)

gent.
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§2. Proof of the theorems

In this section, we shall using elementary method to prove our Theorems. First we prove
Theorem 1. If n is an odd number, then from the definition of a(n) we know that a(n) can be
written in the form:

a(n)=F(1)F(2)---F(n) and a(n+1)=F(n+1)F(n)---F(1),

where F(n) be the Fibonacci sequence.
Let a,, denote the number of the digits of F'(n) in base 10, then

a(n) = F(n)+ F(n —1)-10% + F(n —2) - 10% T =1 4 ... 4 F(1) - 10%n T on-1tFoz
and

a(n+1) = F(1) + F(2) - 10 + F(3) - 10*'T* 4 ... + F(n 4 1) - 102 Fo2tFon,

So
a(n) < F(n)+ F(n—1)-10% +--- 4+ F(1) - 10%»Ton-1++az
aln+1) — F(n+1)-100taztan
F F(n—-1 F(1
) , _Flo-l) FQ)
_ 10@1++an 10Q1+-+an—1 10
B F(n+1) '

For 1 < k < n, since the number of the digits of F (k) in base 10 is ay, we can suppose
F(k)=a; - 1071 + a5 -10%72 + ... +a,,, 0 < a; <9 and 1 <i < ay. Therefore, we have

F(k) ap - 101 4 ay - 10972 4+ .- + a,,
Toei Tt Tar 0o TaztTan
9- (141071 + 1072 4 -+ 4 101~ *)
- 10041+042+"-+04k—1+1
10- (1 — 107)
10 t+as+-Fap_1+1
1 1
< .
- 101 tas+Foar_1 — 1Ok—1

Thus,

-1 -2 . 1-n
g0 14107410724 410 10
“aln+1) T F(n+1) 9F(n+1)

— 0, as n — oo.

That is to say,
a(n)

lim ———~—=0.
nl—{r;o aln+1)

If n be an even number, then we also have
a(n) = F(1) + F(2) - 10°* + F(3) - 10%*7%2 4 ...  F(n) - 10 T2 tan—
and

a(n+1) = F(n+1) + F(n) - 101 4+ F(n — 1) - 10% 1+ ... 4 F(1) . 10%n+1+ant oz
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We can use the similar methods to evaluate the value of M. And

aln+1)

a(n) _ F(1)+ F(2)-10° + F(3) - 107402 4 .. 4 F(n) - 101 F0at 4o
an+1) = [00aFas Fanm -

For every 1 < k < n, similarly, let F(k) = ay - 10%~! + a5 - 10%~2 4 ... + q,, , we have

F(k;) . 10(11+a2+-~+0¢k71 (al . 1004;@*1 + agy - 100%-*2 4 aak) . 10041+042+--4+ak,1

10azraetans T0erTast Fan
9(1 +107+10724+... + 10170%)
h 10%k+1 k2t F 41
1

< .
—  10@k+1taktettanpi—1

Therefore,
0 < a(n) < 1 1 1
- a(n + 1) -  10e2tasz+tangi—1 + 10as+aat-+any1—1 oot 10@n+1—1
< 4 -1 -2, . 1-n)
S (14+100" 4107 =+---+107")
1
< _ 100 — 0, asn — oo.
9 - 10¥n+1
. a(n) .
So lim = 0. This proves Theorem 1.

Now we prove Theorem 2. For the sequence b(n) = n(2n)(3n)---(n - n), let y(n) denote
the number of the digits of n? in base 10, then by observation, we can obtain v(2) = v(3) = 1,
~v(4) = 2,7v(10) = 3,~v(40) = 4,~(100) = 5,~(400) = 6,~v(1000) = 7,---. When n ranges from
4-10% to 10%t1, ~(n) increases. That is to say, (4 - 10%) = 2a + 2, and (10%"1) = 2 + 3,
where a =0,1,2,---.

For every positive integer n, it is obvious that k-n < k- (n+ 1), where 1 < k <n. So we

b(n)

1 N 7 S
can evaluate b(n n 1) as
b(n) _ n(2n)(3n)---(n-n)
bn+1)  (n+D2n+1)---(n-(n+1D)((n+1)-(n+1))
b(n) B 1
= b(n)- 107D 107 (D)
thus,
= b(n) = 1
R S - -
;::1 b(n+1) — ; 107(n+1)
If 4-10* < n < 10%7 — 1, then 2a + 2 < vy(n) < 2a + 3, where a = 0,1,2,3,---. In

addition, if 10°T! <n < 4-10°T! — 1, then 2a + 3 < v(n) < 2a + 4, where a = 0,1,2,3,---.
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Therefore, we can get

- 1 2 1 1 1 1
Lo ~ 00 e T e gt e
1 1
Tt Jgr@iony T T Jpaoeriony
1 1
Tigaoeey Tt jy@oeeioy T

2 1 1
m+2(mmm+“+mwwm>

= 1 1
+2_ \paem + F [
a=0

I = 6-100 N 3-100F

= 5 + 2:0 1020+2 + 2:0 1020+3
I < 6 — 3 3

-~ 5 +Z ooz T Z 1002 ~ 10

a=0 a=0
= bn) . .
So the series Z m is convergent. This completes the proof of Theorem 2.
n
n=1
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Abstract A Q(Px,Cs,,Cs,, -+ ,Cs, ) graphs be a graph abtained from P, whose every vertex
vi(i = 1,2,--- , k) attached one cycle C;(i = 1,2, - -+ , k). In this paper, we determine the lower
and the higher bound for the Merrifield—simmons index in Q(Px, Cs;,Cs,, - - ,Cs, ) graphs in
terms of the order k, and characterize the Q(Px, Cs,,Cs,, - ,Cs, ) graphs with the smallest

and the largest Merrifield-simmons index.

Keywords Q(Px,Cs,,Cs,,---,Cs, ) graphs, o-index or Merrifield-Simmons index.

81. Introduction

Let G = (V, E) be a simple connected graph with the vertex set V(G) and the edge set
E(G). For any v € V, Ng(v) = {u | uv € E(G)} denotes the neighbors of v, and dg(v) =|
Ng(v) | is the degree of v in G; Ng[v] = {v} U Ng(v). A leaf is a vertex of degree one and
a stem is a vertex adjacent to at least one leaf. Let E C E(G), we denote by G — E' the
subgraph of G obtained by deleting the edges of E.WC V(G), G — W denotes the subgraph
of G obtained by deleting the vertices of W and the edges incident with them. If a graph G has
components G1,Gs, -+, Gk, then G is denoted by 4@1 G;. P, denotes the path on n vertices,
C,, is the cycle on n vertices, and 5,, is the star cons;;cing of one center vertex adjacent ton —1
leaves and T, is a tree on n vertices.

For a graph G = (V,E), a subset S C V is called independent if no two vertices of S
are adjacent in G. The set of independent sets in G is denoted by I(G). The empty set is
an independent set. The number of independent sets in GG, denoted by o—index, is called the
Merrifield — Simmons index in theoratical chemistry. the Q(Py, Cs,, Cs,, -+ ,Cs, ) graphs is
abtained from Py, whose every vertex v;(i = 1,2,--- , k) attached one cycle Cs, (i =1,--- , k).

The Merrifield— Simmons index [1-3] is one of the topogical indices whose mathematical
properties were studied in some detail [4-12] whereas its applicability for QSPR and QSAR was
examined to a much lesser extent; in [2] it was shown that o—index is correlated with the
boiling points.

In this paper, we investigate the Merrifield — Simmons index on
Q(Px,Cs,,Csyy -+, Cs, ) graphs . We characterize the Q(Py, Cs,, Cs,, - -+ ,Cs, ) graphs with the
smallest and the largest Merrifield-Simmons index.
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§2. Some known results

We give with several important lemmas from [2-6] will be helpful to the proofs of our main
resuts, and also give three lemmas which will increase the Merrifield-Simmons index.
Lemma2.1l. Let G be a graph with k components Gy, Gs, - - - , Gy, then

k
o(G) = HO’(GJ

Lemma 2.24. For any graph G with any v € V(G), we have
0(G) = o(G —v) +0o(G - [v]),
where [v] = Ng(v) Jv.

Lemma 2.35). Let T be a tree, then

Foio<o(T)<2" 141
and
if and only if T 2 P, and o(T) =2"! + 1 if and only if T = S,,.

Lemma 2.401. Let n = 4m +i(i € {1,2,3,4}) and m > 2, then
o((Pn,v2,T)) > 0((Poy 04, T)) > -+ > 0((Poy 2m2p, T))
> > U((Pn7v2m+17T)) > U((Pn; 1}3,T)) > U((Pna UlvT))a

where p=0ifi=1,2and p=1ifi = 3,4.
1+56 1-56
2

Lemma 2.5, Let a = 5 and g =
F,, and Lucas number L,,, we know

o — 1
= Ln:an+ n’ Fnszan m _]-n'men~
— g L~ (1) L)

Lemma 2.6. Let G is Q(Ps,Cs,Cy, Cr—s—;) graphs with n vertices, then

and by definition of Fibonacci number

F, =

o(Q(Ps3,Cs,C1,Cps5-1)) = LsLn—s—1Fi1 + Fsy1 Fos141Fi-1.
Proof. From the lemmas 2.1, 2.2, we have
o(Q(Ps,Cs,C,Ch)) = LsLn—s 1 Fiy1 + Fo1 Frs 11 Fioa
Lemma 2.7. Let G are Q(Py,Cy4,Cy, - -+ ,Cy, Cp_y—1)) and Q(Py, C3,Cs, - - - ,C3,Cp_3(—1))
graphs with n vertices, then
0(Q(Pr,C4,Cy, - ,Cy, Cr_y(i—1)))
=F5Fy_ae—1)+10k—2 + F5Fn_qe—1)-1F5ak—3
+F3F5(Fy—a(h—1)4+10k—3 + Fr_ago—1)—1 F5ar_4)
0(Q(Py,C3,C3,---,C3,Cp_3(1-1)))
= FyF, _3(k—1)+1bk—2 + FuF, _3(—1)—1Fubr_3
+FyF, _g—1)410k—3 + FaFy_g(—1)—1F4br_4),

where a; = 0'(62(.PZ‘,C'4,C'47 L ,04)) and bz = U(Q(Pi,(;'g,Cg, tee ,Cg)),i =k—- 2,k‘ — 3,k — 4.
Proof. According to the lemmas 2.1, 2.2, it will be proved easily.
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§3. The graph with the largest Merrifield-Simmons index
in Q(Pka 0817 0527 e 705k) graphs

In this section, we will find the Q(Py, Cs,,Cs,, - ,Cs, ) graphs with the largest o-index

in Q(Py,Cs,,Cs,,- -+ ,Cs, ) graphs. and give some good results on orders of o-index.

Definition 3.1. Let Q(Py, Cs,,Cs,, -+ ,Cs, ) graphs be a graph abtained from Pj whose
every vertex v;(i = 1,2,--- k) attached one cycle C;(i = 1,2,--- , k).

Theorem 3.1. Let G be Q(Ps,Cs, Cy, Ci—s—;) graphs with n vertices, then
0(Q(P3,Cy,Cy,Cp_g)) > 0(Q(Ps,Cs, Cr, Cr_s_1))

and the equality is correct if only if Q(Ps,Cy4,Cy,Cr—35) = Q(Ps,Cs,C, Cro—s—1).

Proof. From Lemma 2.6, we have
U(Q(P?n Cs; Cl7 Cnfsfl)) = LsLnfsle‘l+1 + Fs+1ansfl+1F‘lfl-
From Lemma 2.5, we have

U(Q(S37 Csa Ola Cn—s—l—l))

1
= LsLn—s—lﬂ+1 + g(Ln—l—i-Q + (71)8Ln—2s—l)F‘l—l

1
= (Ln—l + (*l)sLn—2s—l)F‘l+1 + g(Ln—l—i-QFl—l + (*l)sLn—2s—lF‘l—1)
1
=L, Fiy1+ (—1)°Ly_os— 1 Fi41 + S(Ln—l+2ﬂ—l + (—1)°Ly_2s—1Fi—1)

= (Fugr + (=)' Fygp 1) 4+ (1) (Fpgss1 + (—1)' Fras_91-1)

1
+5[(Fn+1 + (=D'Fp_gi43) + (=) (Fp_os—1 + (=)' F_9s_2141)]
6 1 1
B EF"H + (1) (Fazir + an—2l+3) + (=1)*(Fr-2s4+1 + an—Qs—l)
1
Jr(*l)SJrl(Fn—Qs—Ql-&-l + an—25_21+1).

From above, we know that the result is correct.

Theorem 3.2. Let G be Q(Py,Cs,,Cs,,- - ,Cs,) graphs with n vertices, then

U(Q(Pka C47 04’ t 3047 Cn—4(k—1))) 2 O—(Q(Pka CSl’CS2? T 7CSk))a

and the equality is correct if only if Q(Py, Cy, Cy, - -+ , Cy, Cpo_yo—1)) = Q(Pr, Cs,, Csyy -+, Cs,).
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Proof. If K = 3, we have proofed that the result is correct. We presume that the result is
correct, if K <k — 1, then if K = k we have

o(Q(Py,Cy,, Csy, -+, Cs,))

=0(Q(P,Cs,,Csy, -+, Csy) =) + 0(Q(Pr, Cs, Coyy oo+, Oy ) — [v])

S Fo P s —ak—2)410k—2 + Fsp 1 Fy_s, —a—2)—1F5ak-3

+Fo 1 Fsy 1P —si 1 —a(k—3)+10k—3 + Fsy 1 Fsy 41 F0 g, —sp  —a(kh—3)—1F501_4

=Fs1Fn_s,—ae—2)+10k—2 + Fs 110 sy —ah—2)—1F505_3
1 S
+3Fsk—1(Ln—sk—4(k—3)+2 + (1) Ly —26,_, —4(k—3))Ak—3

1
+5E9k—1(Ln—sk—4(k—3) + (1) Ly gy —26,_y—a(k—3)—2) F5a8_4
=Fg1Fn s —ai—2)+10k—2 + Fo 11 F g, —ap—2)-1F501—3

1 S
+g[Fskfanfsk74(k:73)+2ak73 + (1) Foy 1Ly sy 25 —4(k—3)0k—3
+Fo 1Ly g, —age—3)Fsar_s+ (1) Fy 1Ly, 95, | —a(k—3)—2F5ax_4]

1
= g[(Lnf4(k72)+2 + (=1)** Ly o5, —a(k—2)0k—2)

+(Lp—ak—2) + (—=1)** Ly _og, —a(k—2)—2) F5ar—3
F(Fn—ak—3)41 + (1) Fy_og, —a(k—3)+3)0k—3
(=) (F sy —ak—3)—1 + (= 1) Fy o6, 25 —4(k—3)+1)0k—3
FH(Fr—ae—3)y—1 + (=1)** Fyy_og, —ak—3)41) F5ak-4

(=

+ )ék 1( n—2sp_1—4(k—=3)—3 + (=1)°* Fi_og, _og,  —a(k—3)—1)F5a1_4]
S FsFy _g—1y+10k—2 + F5F_y—1)—1F5ak—3
+F3F5(Fy—a(h—1)4+10k—3 + Fr_age—1)—1F5ar_4)

= 0(Q(Pr,Cy,C4, - ,Cy, Cr_ye—1y)),

where a; = O’(Q(R,C4,C4,"' ,C4)),i =k - Q,k' 73,]€ — 4.
From above, we know that the result is correct.

§4. The graph with the smallest Merrifield-Simmons index
in Q(Ska 0517 0527 e 7Osk) graphs

In this section, we will find the Q(Sk, Cs,, Cs,, - - - , Cs, ) graphs with the smallest Merrifield-
Simmons index.
Theorem 4.1. Let G be Q(Ps,Cs, Cy, Ci—s—;) graphs with n vertices, then

U(Q(P37 C3a C37 Cnfﬁ)) S U(Q(P37 Csa Cla Cnfsfl))

and the equality is correct if only if Q(Ps,C3,C3,Cyp—6) =2 Q(Ps3,Cs, Cp, Cp_s—1).
Proof. From Lemma 2.6, we have
U(Q(P?n 057 Cl7 Cn—s—l)) = LsLn—s—lﬂ+1 + Fs+1Fn—s—l+lFl—l-
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From Lemma 2.5, we have

U(Q(S37 Cs; Cla Cnfsflfl))

1
= LsLnfsfl-FlJrl + g(Lan»Q + (_]-)S-Lansfl)F‘lfl

X 1 X
=(Lp_1+ (—1)°Ly_2s—1)Fi41+ = (Ln—j42F—1 + (=1)°Lp_0s—1 F1—1)

5

1
=Ly 1Fiy1+ (-1)°Ly—0s1Fi41 + = (Lp—i42Fi—1 + (—1)°Lyy—os 1 F1_1)

5
= (Fog1+ (=)' Fpo 1) + (—1)*(Fr—as1 + (= 1) Fr_2s—21-1)

1
+g[(Fn+1 + (=)' Fp_oips) + (1) (Fp_os—1 4 (=)' Fp_os_2141)]
6 1 ’ 1
SF"H + (1) (Fa-zi-1 + anf2l+3) + (=1)*(Fp-2s+1 + anf2871)
1
+(_1)S+I(Fn72sf2l+1 + *Fn725,21+1).

5

From above, we know that the result is correct.
Theorem 4.2. Let G be Q(Py,Cs,,Cs,, - -+ ,Cs, ) graphs with n vertices, then

O'(Q(Pk, 037 C3a T 7037 C’n,73(k71))) S U(Q(Pk7 0517052’ e 7Csk))

and the equality is correct if only if Q(Py, C3,C3,- - ,C3,Cp_33—1)) = Q(Pr, Cs,, Csy, -+, Cs,).

Proof. If K = 3, we have proved that the result is correct. We presume that the result is
correct, if K < k — 1, then if K = k we have
o(Q(Pr, Cs,, Csyy -+, Csy)

=0(Q(Py, Cs,,Csyr v+, Csy) =) + 0(Q(Pr, Csy, Csyy -+, Csyy) — [0])

> Fo1Fn s, —3(k—2)+1bk—2 + Fo, 11 F s, —3(k—2)—1F1br_3

+Fo 1Fs  1(Fresy—sp 1 —3(k—3)+10k—3 + Frogy — s —3(k—3)—1F3bk—4)
= Fo 1 Fh—s,—3(k—2)4106—2 + Fsy 1P, —3(k—2)—1 Fabr—3

+é[FSk—1(Ln—sk—3(k:—3)+2 + (=1 Ly —26,_, —3(k—3))bk—3
+Fs—1(Ln—sy—3k—3) T (1) 1Ly g, a5, —3(k—3)—2) Fabr—_4]

= Fs 1 Fn_s, —3k—2)+1bk—2 + Fo, 1105, —3(k—2)—1Fabi—3
+%[Fskfanfsk73(k73)+2bk*3 + (_1>3k71Fsk*]-Ln*Sk725k—173(k73)bk73
FFo 1L sy—3h—3)Fabr—a 4+ (1) Fy, 1 Lp_s, 95, —3(k—3)—2F14br_4]

= —[(Ln—sr—2)42 + (=1)** Lp_og, _3(k—2)brx—2)
n—3(k—2) T (=1)% Ly _9, —3(k—2)—2) F30k—3

++cn~

(L
(Fnsk—3)+1 + (=1)* F 25, —3(k—3)13)bk—3
F(=1)* = (F—gy_y —3(k—3)—1 + (1) Fry_og, —26,_,—3(k—3)+1)0k—3
+H(Fr—3k—3)—1 + (=1)** Fyy_94, —3(k—3)+1) Fabr 4
F(=1) 1 (F—2s_y —3(k—3)—3 + (=1)% Fr_os, — 25, —3(k—3)—1) Fabp_4]
> FuFy, 3(k—1)41bk—2 + FuFy_3—1)—1F1b—3
+FyFy_3—1)+1bk—3 + FaFy_3(x—1)—1F1br_4)
=0(Q(Pr,C3,C3,--+ ,C3,Cp_31-1))),
where b; = 0(Q(F;,C3,C3,--- ,C3)),i =k —2,k— 3,k — 4.
From above, we know that the result is correct.
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Abstract In this paper, the natural partial order on semiabundant semigroups is firstly
defined. And then, some properties and two examples of semiabundant semigroups which
are not abundant semigroups are given. Finally one of the main resulsts is proved: if the
natural partial order on semiabundant semigroup is compatible with the multiplication, then

the semigroup is locally semiadequate.
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§1. Introduction

As we know, constructions and many properties on regular and abundant semigroups have
been described in terms of their natural partial orders (see [1]-[3]). The natural partial orders
on these two classes of semigroups were firstly investigated by Nampooripad and Lawson in
[1] and [2] respectively. Also, we know that the class of semiabundant semigroups contains
regular semigroups and abundant semigroups ([4]), naturally we will consider to study the
natural partial order on semiabundant semigroups in order to investigate some constructions
and properties of this class of semigroups.

In this paper, we firstly discuss some properties of Green’s ~ —relations, and then, define
a natural partial order on semiabundant semigroups. Finally, we give some properties of them
and prove that if the natural partial order on semiabundant semigroup S is compatible with
respective to the multiplication, then the semigroup S is locally semiadequate.

For the notations not mentioned in this paper, readers are referred to [5]-[7].

§2. Green’s ~ -relations

The notation E(S) denotes the set of all idempotent elements of a semigroup S.

IFoundation items : Natural Science Foundation of Guangdong Province(8151601501000002);Natural Science
Foundation of Huizhou University (C207 - 0202,C208 - 0403).
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First, we recall Green’s ~ — relations introduced in [8]: let S be an arbitrary semigroup.

L={(a,b) € SxS:(Vee€ E(S)) ae = a < be = b},

R ={(a,b) € Sx S : (Ve E(S)) ea =a < eb=b},
H=LNR,D=LVR.

Since results about £ there exists a dual result for R, in the following, we only need to
discuss the properties related to the £—relations.

Definition 114, A semigroup S is called a semiabundant semigroup if its each £—class
and each R—class contains at least one idempotent.

If U is a subset of S, we write E(S)NU as E(U). Also, for a € S, the equivalence relation
L—class (R—class) containing the element @ is denoted by L, (R,).

Definition 2. Let S be a semigroup. I is said to be a left (right) ~ — ideal of S if I is
a left (right) ideal of S and L, C I (R, C I) for any a € I. We call I a ~ — ideal of S if I is
both a left ~ — ideal and a right ~ — ideal.

Proposition 1. If {I, : @ € A} is a set of ~ — ideals (left ~ — ideals, right ~ — ideals)
of a semigroup S, then

(1) N{I, : « € A} is also a ~ — ideal (left ~ — ideal, right ~ — ideal);

(2) UW{Io : @ € A} is also a ~ — ideal (left ~ — ideal, right ~ — ideal).

Proof. It is easy to verify.

Now, let @ € S. In view of (1) of Proposition 1 and the fact S is a ~ — ideal of itself,
there exists a smallest ~ — ideal J(a) containing a, a smallest left ~ —ideal L(a) containing a
and a smallest right ~ —ideal R(a) containing a. We shall call .J(a) (L(a), R(a)) the principal
~ — ideal (principal left ~ —ideal, principal right ~ —ideal) generated by a. It is clear that
L(a) C J(a) and R(a) C J(a).

Next, we shall give some characterizations of these ~ — ideals.

Proposition 2. Let a be an element of a semigroup S. Then

(Hbe f/(a) if and only if there are elements ag, a1, ..., a, € S, 21, Z2, ...,z,, € S such that
a=ap,b=ay, and (a;,z,0;,—1) € Lfori=1,2,..,n.

(2) b € R(a) if and only if there are elements ag, a1, ..., an € S, 1,22, ..., z, € S* such that
a=ag,b=an, and (a;,a;_12;) € R for i =1,2,...,n.

3)be j(a) if and only if there are elements ag, a1, ..., G, € S, T1,T2,coy Ty Y1, Y2, ooy Yn €
St such that a = ag, b = a,, and (a;, v;a;_1Yy;) € Dfori=1,2,..n.

Proof. (1) Let I = {b € S : (3ag,a1,...,an € S,x1,72,....,2, € S*) a = ag,b = a,, and
(ai,zia;—1) € L£,i=1,2,....,n}. We only need to prove that I = L(a).

If b € I, then there exists elements ag,as,...,a, € S,21,22,...,2, € S' such that a =
ap,b = ay, and (a;, z;a;—1) € Lfori=1,2,..n Ifa;_; € f/(a), we have x;a;_1 € f/(a) since
L(a) is a left ideal, and so a; € L(a) by the fact that L(a) is a left ~ — ideal. Further, since
ap = a € L(a), we have a; € L(a) for i = 0,1, ...,n. Therefore, b = a, € L(a), and so I C L(a).

On the other hand, if b € I, we have elements ag,a1,....,an € S, T1,%2,...,2n € S! such
that @ = ag,b = ay, and (a;,z;a,-1) € L fori= 1,2,...,n. Since (sa,, sa,) € Landb=a, €I,
we immediately have that sb € I. Clearly, L, C I. Hence, I is a left ~ — ideal. By a € I, we
have L(a) = 1.
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Similarly, we can show that (2) and (3) hold.

Corollary 1. For elements a, b of a semigroup S, we have

(1) (a,b) € L if and only if L(a) = L(b);

(2) (a,b) € R if and only if R(a) = R(b).

Proof. We only need to prove (1), the proof of (2) is similar.

Firstly, if (a,b) € L, then clearly by Proposition 2, we have L(a) = L(b). Now, suppose that
L(a) = L(b), then we have b € L(a) and so by Proposition 2, there are elements ag, a1, ..., a, €
S,x1,72,...,x, € S! such that a = ag,b = a,, and (a;,z;a;_1) € L for i = 1,2,...,n. Let
e € E(S) satistying ae = a. If a;_1e = a;_1, then z;a;,_1€ = z;a,_1. Since (a;,z;a;,-1) € L, we
have a;e = a;. Since a = ag, it follows that be = b. Similarly, for any e € E(S), if be = b, then
we have ae = a. Hence, we have (a,b) € £. Therefore, (1) holds.

Let e be an idempotent in a semigroup S. For a € Se, we have a = ae. Then for any
be Ly, b=be € Se. It means that the left ideal Se is a left ~ — ideal. Thus, if @ is a regular
element in S, then (a,e) € £ for some e € E(S), we have Sa = Se = L(a) = L(e). So we
immediately have the following corollary :

Corollary 2. A semigroup S is semiabundant if and only if for any a € S, there are
idempotents e, f € E(S) such that L(a) = Se, R(a) = fS.

Proposition 3. Let S be a semiabundant semigroup and a € S. Then for any e € E(S),
(a,e) € L (R) if and only if a € Se (eS) and Se (Se) is contained in every idempotent-generated
left (right) ideal to which a belongs.

Proof. Let e € E(S) and a € S. If (a,e) € L, then L(a) = Se, and so a € Se. If a € Sf
for any idempotent f, then af = a and so ef = e. Hence, we have Se C Sf.

Conversely, suppose that a € Se and that for some idempotent f, a € Sf implies Se C Sf.
Then since Se is a left ~ —ideal, we have L(a) C Se. Since S is semiabundant, by Corollary 2,
we have L(a) = Sf. Hence Se = Sf, and so (a,e) € L.

Similarly, we can show its dual.

Finally, we define the Green’s relation J by analogy with the characterizations of £ and
R in Corollary 1. That is : (a,b) € J if and only if J(a) = J(b)

It is clear that £ C jand?ég j, and soﬁg J.

§3. Examples of semiabundant semigroups

In the following,we will give two examples of semiabundant semigroups which are not
abundant semigroups.

Example 1. Let S = {0,¢, f,a, g} be a semigroup, which multiplication is as follows:

0 e f a g
0(0o 0 0 0 O
0 e a a O
f10 a f 0 O
0 0 a 0 O
g0 0 0 0 g
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It is clear that E(S) = {0, e, f,g}. Also, we can check that the L-classes of S are {0},{e},
{a, f}, {g}, the R-classes of S are {0},{a,e},{f},{g}. Thus, S is semiabundant.

Alao, we can check that L} contains no idempotents, hence, S is not abundant.

From the above example, we can see that the class of semiabundant semigroups properly
contains the class of abundant semigroups. And also we can see that the semigroup in Example
1 is finite. Next, we will give another example which is infinite semiabundant semigroup but

not abundant one.

Example 2. Let a = (1) (1) , an, = 3"a and S = {e, f,9,h,u,v,a,a,}, where n =
1,2,3,---. The multiplication of S is as follows:

a an, e f g h u v
a a an e f g h u w
am | Gm  Gmyn € f g h u w
e e e e f g h u w
f f e e f g h u w
g |9 g g h u v e f
h h g g h u v e f
U U U u v e f g h
v v U u v e f g h

It is easy to check that the L-classes of S are {e,g,u},{f, h,v}, {a,a,}(n € N), the R-
classes of S are {e, f,g,h,u,v}, {a,a,} (n € N). Hence, S is a semiabundant semigroup. But
for every n € N, the R*—class of a,, in S contains no idempotents, thus, S is not abundant.

84. The natural partial order on semiabundant semigroups

In this section, we will firstly introduce the natural partial order on semiabundant semi-
groups, and then give some properties for the partial order. Finally, we will discuss a relation
between the natural partial order of semiabundant semigroups and locally semiadequate semi-
groups.

Now, we introduce a partial ordering on the L— and R— classes of a semigroup S. For
any a,b € S, we say that L, < Ly if and only if L(a) C L(b), where L(a) is the principal left
~ — ideal generated by a. Dually, we can define the partial ordering on the R— classes.

Lemma 1. For any elements a and x of S, we have Lyo < L.

Proof. We only need to prove that L(za) C L(a). Clearly, we have za € S'a, where
S'q is the smallest left ideal containing a. Since L(a) is a left ideal containing a, we have that
S'a C L(a). And then we have za € L(a). On the other hand, since L(za) is the smallest left
~ — ideal containing za and L(a) is a left ~ — ideal, we immediately have L(za) C L(a).

In particular, for the regular elements of S, the partial ordering is just the one which is

given in [1].
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Lemma 2. Let S be a semigroup and let a,b be regular element of S. Then L, < Ly if
and only if L, < L.

Proof. Suppose that L, < L, and let a’,b" be the inverses of a,b respectively. Then
we have (a,a’a) € £ and (b,b'b) € £. And then by Corollary 2 we have L(a) = Sa’a and
L(b) = Sb'b. By the assumption, we have Sa’a C Sb'b, and so a € (Sb')b C Sb. Hence L, < Ly.

Conversely, if L, < Ly, then we have a € S'b. Thus, there exists some element € S*
such that a = zb. By Lemma 1, we immediately have that Lo = Loy < L.

Proposition 4. Let S be a semiabundant semigroup. Define two relations on S as follows:
for all z,y € S,

v <y e Ly <Lyand (3e € L, N E(S)) © = ye;
t <, y &R, <R,and 3f € R, NE(S)) = = fy.

Then <; (<,.) is a partial order on S which coincides with w on E(S), where ewf if and only if
ef = fe=e.

Proof. We only need to show that <; is a partial order. The proof can be done by the
following steps :

(i) The reflexivity of <; is clear, it follows from that S is a semiabundant semigroup.

(ii) <; is anti-symmetric. In fact, if we let  <; y <; z, then L, = f/y and there exists
f € L, such that z = yf, and this implies that z = v.

(iii) <; is transitive. Suppose that ¢ <; y <; z for z,y,z € S. Then L, < L, and there
exists f € L, and g € iy such that z = yf, y = z¢g. And it follows that f/f < f/g. By
Lemma 2, we have Ly < L, and then gf € E(S), gfwg and (gf, f) € L. But = z(gf) and
gf € E(Lf) = E(L,). This means that <; is transitive.

Similarly, we can show that <, is a partial order. The proof of which <; (<,) coincides
with w on E(S) is not hard to verify.

Now, we define the natural partial order to be <=<; N <,similar with the ones of the
natural partial order of regular or abundant semigroups.

Proposition 5. Let S be a semiabundant semigroup. Then

(1) if z <y e (z <, €) where e € E(S), then z € E(S);

(2) if b <; a (b <, a) where a is regular, then b is regular;

(3) if z,y € S with (z,y) € £ ((z,y) € R) and x <; y (z <, y), then z = y.

Proof. In the following, we only prove the results in the case of <;, and the dual can be
similarly verified.

(1) Assume that 2 <; e. Then L, < L., and also there exists f € L, N E(S) such that
x = ef. So we can get ﬂf = L, < L.. By Lemma 2, we have Ly < L, and then fe = f, so
x = ef is an idempotent.

(2) Assume that b <; a and a € Reg(S). Then Ly <; L, and also there exists f € Ly
such that b = af. Let @’ € V(a). Then we have ba’b = af - a’ - af = a(f - a’a)f. However,
(a’a,a) € L, and we have Ef =Ly < Ly = Lyq. By Lemma 2, we have Ly < Lgq. And then
f-d'a= f. Applying the above, ba’b=a(f -d’a)f =a- f- f = af =b. Hence, b is regular.

(3) Assume that (z,y) € £ and z <; y. Then L, < L,, and also there exists an idempotent
e € L, such that z = ye. By assumption, we have (e,y) € L, and then we have y = ye = z.
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Recall that a subset A of a semigroup S is said to be an order ideal if for each element a
of A and any x with x < a, then x belongs to A. Also, we say a partial order < on a semigroup
S is compatible with the multiplication if whenever a < b and ¢ < d, then ac < bd.

Remark. In Proposition 5, properties (1) and (2) may be paraphrased by saying that
(E(S),<;) and (Reg(S), <;) are order ideals of (S, <;).

Proposition 6. Let z,y be elements of a semiabundant semigroup S. Then = <; y(z <, y)
if and only if for each idempotent y* € L,(yt € R,), there exists an idempotent 2* € L,(z* €
R,) such that z*wy*(ztwy™) and © = ya*(z = x7y).

Proof. We will prove the results in the case of <;, and the dual can be similarly verified.

Suppose that « <; y, then L, < iy and there exists an idempotent e € L, such that
x = ye. Let f € f}y. Then L, = L, < fly = if, by Lemma 2, L. < Ly. Then we have
eLe, = fewf and ye; = yfe = ye = x.

Conversely, suppose that © = ye, where e is an idempotent in L, and ew f for some
idempotent f € iy Then e = ef. By Lemma 1, we have L, = f/ef < f/f, and then x <; y.

Proposition 7. The order <; and <, coincide on Reg(5).

Proof. Let a,b € Reg(S) with a <, b. Pick an idempotent f with fRb. By Proposition 6,
there exists an idempotent e € R,, ewf and a = eb. Choose an idempotent g with g£b. Since
b € Reg(S), we have g£b. But then fDb and D, is a regular D— class, and so there exists
v € V(b) with ¥’b = g. Further, by bb'Rb we have bb’Rb. By Proposition 6 again, there exists
an idempotent e with eRa, and such that ewbb’ and a = eb. Put e; = b'eb. Then e, La. In fact,
if eyh = ey for any h € E(S), then b'ebh = b'eb, bb'ebh = bb'eb = eb, i.e., e;h = a, also, we can
easily check that e;wb’db = g and be; = (bb')eb = eb = a. And so we have a <; b.

In the following, we call a non-zero element of a semiabundant semigroup S primitive if
it is minimal amongst the non-zero elements of S with respect to <. Since the restriction of
< to E(S) is w, the definition coincides with the usual definition when it is applied to the
idempotents.

Proposition 8. A semiabundant semigroup is primitive with respect to w if and only if
it is primitive with respect to <.

Proof. =) Suppose that every non-zero idempotent is minimal in the set of non-zero
idempotents, and let x, y be two non-zero elements of S with < y . Then for each idempotent
f, with f € I~/y, by Proposition 6, there exists an idempotent e with e € Ly, ewf and = = ye.
But by the primitivity of the idempotents, ewf implies that e = f. Hence x = ye = yf = y.

<) It is clear.

Now, by Proposition 8, we can immediately obtain the following corollary:

Corollary 3. A semiabundant semigroup without zero is primitive if and only if the
natural partial order is the identity relation.

Lemma 3. Let U be a semiabundant subsemigroup of semigroup S such that the idem-
potents of U form an order ideal of S. Then

LU) = L(S)N (U x U),R(U) = R(S) N (U x V).

Proof. We only prove that £(U) = [,~( )N (U x U), the dual can be similarly verified.
Firstly, it is clear that £(U) 2 £(S) N (U x U). Next, we will show that £(U) C £(S) N
(U xTU).
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Let a € U. Since U and S are semiabundant, there are idempotents e,g in U and S
respectively with al(U)e, aL(S)g. Since ae = a = ag, we have ge = g. Hence eg is an
idempotent and eg < e so that eg € U. But egLg, so that egL(S)a, and from above, this gives
egﬁ(U)a. And then,we have egLe. Now, if a,b € U and aE(U)b, then for some idempotent
eecU, a,bare L— related in U and hence are £— related in S to e. Thus, af(S’)b as required.

Proposition 9. Let S be a semiabundant semigroup and let U be a semiabundant sub-
semigroup with F(U) an order ideal of E(S). Then

(i) forx,y e U, if z <y in U, then z < y in S;

(i) for x,y e U, if x <y in S, then x <y in U.

Proof. (i) It is clear.

(44) By Lemma 3, U has the property of that £L(U) = L(S)N(U xU), R(U) = R(S)N(UxU).
Suppose that xz,y € U with x <y in S. Then by Proposition 6, for each idempotent y* € Ey,
there exists an idempotent z* € L, such that *wy* and x = yx*. Since U is semiabundant,
there is an idempotent f in U with fEN(U )y. By the property above, this means that we may
take y* = f in S with z*wf and 2 = yz* for some idempotent z* in L,. This means in
particular that z* actually belongs to U. Notice that £(U) = £(S) N (U x U), we immediately
have that x*ﬁ(U)m Hence, we have shown that if x <; y in S, then z <; y in U. Similarly, we
can show that if z <, y in S, then z <, y in U. Hence, (ii) holds.

Proposition 10. Let S be a semiabundant semigroup and let U be a semiabundant
subsemigroup. Then E(U) is an order ideal of E(S) if and only if U is an order ideal of S with
respect to the natural partial order.

Proof. <) It is clear.

=) Suppose that E(U) is an order ideal of E(S). Let y be an element of U and let = be
an element of S with # < 5. Choose an idempotent f in U with f£(U)y. By Lemma 3, we
have f£(S)y. Consequently, there exists an idempotent e with e£(S)z, ewf and z = ye. But
e € E(U) and E(U) is an order ideal of E(S), we have that x = ye € U. Therefore, U is an
order ideal of S with respect to the natural partial order.

Proposition 11. Let S be semiabundant with La right congruence and R a left congru-
ence. Then for elements x and y of S, x < y if and only if there are idempotents e and f of S
such that x = ey =y f.

Proof. =) It is clear.

<) Suppose that z = ey = yf. By « = ey and Lemma 1, we have L, < Ey. Choose an
idempotent z* € L, such that z = za* = yfz*. By 2 = ey, we also have 2f = z, and then we
can get *f = x*. This means that x* f is an idempotent. Since Lis a right congruence, we
deduce that z*f € L,. Hence, # <; y. Similarly, we can show that z <, y by the fact of that
R is a left congruence. And so we have z < y.

Finally, we shall establish a necessary condition for the natural partial order <=<; N <,. to
be compatible with the multiplication on a semiabundant semigroup S. The following notations
are useful.

Definition 3. A semiabundant semigroup S is called semiadequate if all of its idempotents
E(S) forms a semilattice.

In a semiadequate semigroup S, because F(S) forms a semilattice, we can get each L—
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class and each R— class only contains a unique idempotent.

Recall that in a semigroup S, subsemigroups of the form eSe where e is an idempotent are
called local submonoids. In particular, if each local submonoid is semiadequate, then S is said
to be locally semiadequate.

Lemma 410, If U is a regular subsemigroup of a semigroup S and a,b € U, then
(a,b) € L(U) if and only if (a,b) € L(S).

In the above Lemma, £ may be replaced by L since a, b are regular elements.

Theorem 1. Let S be a semigroup and 7T the set of regular elements in S. Then the
following conditions are equivalent :

(1) S is semiadequate;

(2) T is an inverse subsemigroup of S and F(S) has non-empty intersection with each £—
class and each R— class of S;

(3) T is an inverse subsemigroup of S and T has non-empty intersection with each £—
class and each R— class of S;

(4) each L— class and each R— class of S contains a unique idempotent and the subsemi-
group generated by F(S) is regular.

Proof. (1) = (2) If (1) holds, then by the definition of semiadequate semigroup, we have
each £— class and each R— class of S contains an idempotent. Since E(S) is a subsemilattice
of T and by Section 7.1 Exercise 1 in [9], we obtain that T is an inverse subsemigroup of S.

(2) = (3) It is clear, since E(S) C T.

(3) = (4) If (3) holds, then E(S) is a semilattice.If L is an £— class of S and a € LN T,

1 is the inverse of a.

then in T and by Lemma 4, in S also, a is £L— related to a~!a where a~
Thus, each £— class of S contains an idempotent. Similarly, we can show that each R— class
of S contains an idempotent. The uniqueness follows from Lemma 4 and the fact that 7T is
inverse.

(4) = (1) If (4) holds, to prove (1) we only need to show that E(S) is a semilattice. In
fact, since the subsemigroup < E(S) > generated by E(S) is regular, by Lemma 4, we have
each L£— class and each R— class of < F > contains a unique idempotent. Thus, < F > is an
inverse semigroup so that E(< E(S) >) = E(S), and then F(S) is a semilattice.

Proposition 12. Let S be semiabundant.Then each local submonoid of .S is semiabundant.

Proof. Let a be an element of the local submonoid eSe and let f be an idempotent of S
with fﬁ(S)a. Clearly, we have ae = a, and then fe = f. Hence, ef € E(S5), efwe and efLf.
At this time, it is not hard to check that E(eSe) is an order ideal of E(S) and the element ef
belongs to E(eSe). Since efL(S)a, we have efL(eSe)a. This implies that each element of eSe
is L—related to an idempotent in eSe likewise belonging to eSe. Similarly, we can show that
each R— class of eSe contains an idempotent. Hence, eSe is semiabundant.

By Proposition 12, each local submonoid of the semiabundant semigroup S is semiabun-
dant. Now we set about to give a necessary condition for the natural partial order <=<; N <,
to be compatible with the multiplication on a semiabundant semigroup S. In other words, we
begin to give a sufficiency for the submonoid of a semiabundant semigroup S to be semiade-
quate.

Theorem 2. If the natural partial order on semiabundant semigroup S is compatible with
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the multiplication, then the semigroup S is locally semiadequate.
Proof. Let e, f,h € E(S) with f < e and h < e. By the assumption that < is compatible
with the multiplication, we have fh < €2

e. According to Proposition 5 (1), the element
fh is therefore an idempotent and so fhwe. This shows that the idempotents of each local
submonoid form a band.

Let u, v be any two idempotents in the local submonoid eSe. And suppose that in addition,
ulv in eSe. From the fact that uwe and vwe, we have both u < e and v < e. Since idempotents
are regular, uLv, we can also get uv = u,vu = v. But then applying the compatibility of <,
we have u = uwv < ev = v and v = vu < eu = u. Hence, u = v. And we have shown that
each local submonoid is a semiabundant semigroup in which each L— class and each R— class
contains a unique idempotent. Also, we can show that < E(eSe) >= E(eSe). In fact, if we let
g = uv €< E(eSe) >, where u,v € E(eSe), then u < e and v < e, applying the compatibility
of <, we have uwv < e, by Proposition 5, we immediately have that ¢ = uv € E(eSe). Hence,
by Theorem 1, the local submonoid is semiadequate. Our proof is completed.

Acknowledgement. The authors would like to thank Professor Xianzhong Zhao for his
useful comments and suggestions contributed to this paper.
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§1. Introduction

For a fixed positive integer k and any positive integer n, the Smarandache ceil function
Sk(n) is defined as
{Sk(n) = minm € N : n|mF}.

This function was introduced by Professor Smarandache. About this function, many scholars
studied its properties. Ibstedt [2] presented the following property: (Va,b € N)(a,b) =1 =
Sk(ab) = Sk(a)Sk(b). It is easy to see that if (a,b) = 1, then (Sk(a), Sk(b)) = 1.

In her thesis, Ren Dongmei [4] proved the asymptotic formular

Zd(Sk.(n)) = cyzlog x + cox + O(z'/2+°), (1)

n<z

where ¢; and ce are computable constants, and ¢ is any fixed positive number.
The aim of this short note is to prove the following
Theorem. Let ds(n) denote the Piltz divisor function of dimensional 3, then for any real

number x > 2, we have

Y ds(Sk(n)) = aPyp(logz) + O 2e”), (2)

n<x

where P, j(logx) is a polynomial of degree 2 in logz , d(x) := 1og% z(loglogz)~5, ¢ > 0 is an
absolute constant.
Remark. The estimate O(x'/2%€) in (1) can also be improved to O(z'/2e=%(®)) by a

similar approach.

I This work is supported by National Natural Science Foundation of China(Grant No. 10771127) and Math-
ematical Tianyuan Foundation of China(Grant No. 10826028).
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§2. Proof of the theorem

In order to prove our theorem, we need the following two lemmas .
Lemma 1. Let f(n) be an arithmetical function for which

l

> fn) =Y % Pi(logz) + O(x"), > | f(n) 2 log” ),

n<lzx Jj=1 n<x

wherea; > as >--->a;>1/c>a>0,r>0,Pi(t), -, P(t) are polynomials in ¢ of degrees
not exceeding r, and ¢ > 1 and b > 1 are fixed integers. Suppose for s > 1 that

o~ ap(n) 1
2 ns Ch(s)

n=

—

If h(n Z up(d) f(n/d°), then

de|n

l

Z h(n) = Zx‘” Rj(logz) + E.(z), (3)

n<x Jj=1
where Ry (t)--- R;(t) are polynomials in ¢ of degrees not exceeding r, and for some D > 0
E.(z) < z'/exp(—D(log z)*/*(loglog z) ~'/%). (4)

Proof. If b = 1, Lemma 1 is Theorem 14.2 of Ivi¢[3]. When b > 2, Lemma 1 can be proved
by the same approach.
Lemma 2. Let f(m), g(n) be arithmetical functions such that

J
> fm)=> 2% Pi(logz) + O(x*), Y lg(n)|=0(z?),

m<x j=1 n<x
where oy > as > -+ > ay > a > [ > 0, where Pj(t) is polynomial in t. If h(n) =
Y f(m)g(d), then

n=md

J
Z h(n) = Zx"‘ij(logx) + O(z%), (5)

n<x j=1

where Q;(t)(j =1,---,J) are polynomials in ¢.

Now we prove our theorem, which is closely related to the Piltz divisor problem. Let As(x)

denotes the error term in the asymptotic formula for Z ds(n). We know that

n<zx

ng, —a?Hg 10g$)+A3( ) (6)
n<x
where H3(u) is a polynomial of degree 2 in u. For the upper bound of Az(z), Kolesnik[1] proved
that
Ag(z) < wdte. (7)
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o~ d3(S
Let f(s) = Z d5(Sk(n)) (Res > 1). By the Euler product formula we get for s > 1

that "
fe =0+ d3(512(p)) N dg(SIZ(sz)))ds(Szggp?’)) g (8)
- p p p
3 3 3
:1;[(1+E+p25 +ow +0)
3 3 9
= ];[(1 + }; + JIoE + i )Gl,k(s)
I+ 5+ 50+ 26u)
=(1=p )1 =p2)°(A = p7*)°G(s)
=1 —p*) (1= p~>)°Gu(s)
3 S
B c<3<(25)) Gl

It is easy to prove that Gy (s) is absolutely convergent for Res > 1/3.

Let ¢3(s) i

(Rs >1). By Lemma 2 and (2.4) we can get

> filn) = aMz(log z) + O (x5 +), (9)

n<z

where M;3(u) is a polynomial of degree 2 in w. Then we can get

> 1fr(n)] < zlog® . (10)

n<z

We konw Z (Rs > 1). From (8) we have the relation

> fr(m)ps(d). (11)

n=md?

Now Theorem follows from (9)-(11) with the help of Lemma 1.
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Abstract This paper first introduces the fuzzy number valued Choquet integral on crisp
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81. Introduction

After the formulation of fuzzy integral by Sugeno, various generalizations of fuzzy integral
were introduced and investigated. Fuzzy number fuzzy integral (FNFI) were defined by various
authors in [3 ], [5] and [6].

Zhang Guang-Quan [5] used the concept of Sugeno’s fuzzy integral as A-cuts to define the
fuzzy number valued fuzzy integral. He defined it as

Jrdp = \J Al sup (@Aplxe, NA)Y), swp (aAp(xe, NA)Y) ]

A A€[0,1] a€l0,00) a€0,00]

Leechay Jang et al [3], defined fuzzy number valued fuzzy Choquet integral as the Choquet
integral of fuzzy number valued function. But the concepts in [3] are all based on the interval-
valued Choquet integrals.

We in this paper define the fuzzy number valued Choquet integral that is neither based on
interval-valued Choquet integrals nor fuzzy valued functions. The properties are then investi-
gated. Fuzzy number valued Choquet integral has many applications as indicated in [3]. For

the basic definitions that are relevant to fuzzy number, the reader may refer [2].

§2. Definition and properties

Definition 2.1. Let ( X, Q )be a measurable space where 2 is a non-empty class of
subsets of X. A fuzzy number valued fuzzy measure (FNFM) g on X is a set function u: Q
— F/+ where F/+ is the class of all fuzzy numbers in R(T with the following properties.

(1) po = 0;

(2) AABeQ,AC B= uA<uB.
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Definition 2.2. A FNFM p is said to be contlnuous above if for E; (i = 1,2,---) € Q
with £y C Ey--- and U E, €Q,limuE, = u( U E,) . Similarly A FNFM g is said to be
n=1

continuous below if for E; (i = 1,2,---) € Q with Ey D Ey--- and () E, € Q with u(E;) is

n=1
o0
finite , lim pE, = pu( ) En) -
n=1
A FNFM which is both continuous above and continuous below is called continuous.
Definition 2.3. (Let ( X, ©, 1) be a fuzzy number valued fuzzy measure space where p is
continuous. The fuzzy number valued Choquet integral of a measurable function f with respect
to p on a crisp subset A of X is defined as

©) [ fdu= |J Al[ w(FanA)yda, [ p(Fon A)fdal
o= U N0, fatr 0

where F,, = {z : f(x) > a} and the integrals on the right side represent Lebesgue integrals.
Proposition 2.1.
)If,uAfOthen )ffdu:(jforanyf.

ii ffd,u =0 then w(For NA)=0.
111) If fi < f2 then (C) [ fidu < (C) [ fodp.
A A

iv f fdu=(C) [ fxadp where x 4 is the characteristic function of A.
X

vi) If A C B then ( )ffdu< C) [ fdp.
vii) (C )f(flva)du> /{ﬁdﬁ@{hdu.
viii) (C )f(fl/\fz)du< OV Aidun (€ [ fad
1)( ) f Fau = (©)f FauV (€) ] fa

(i
(ii)
(
(iv)
(v) ( ) 1{ ady = ap(A) for any constant a € [0, 00).
(
(
(
(
(x) ( f fdu < ( ){fdu A (C)gfdu.

Proof.
(i) If A =0 then u(F, N A) = 0 because of monotonicity of .
Hence - -
C)/fd,u: /Oda,/Oda ] =0.
xef0,1] 0
(i) Let ( ffd =0= [ doz—qu N A)Yda =0 for any A € [0,1]

0
> 0. As F1 NnA / Fy N A, by continuity from below of u,
C.

Hence by theorem 2.2 of [5 ] there exists a Ag € [0, 1] such

Suppose M(FOJr NA) =¢
(P)tim (5 0 A) = p(Fo 1 4) =

that lim pu(F1 N A) = c, > 0. Hence there exists a ng such that p(F. NA)\ > c%
n no

oo o0 oo

o
= /M(FaﬂA);da,/u(FaﬂA);\rda > /,u(Fi NA)yda > /%da> 0
0

0 0 0
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C) [ fdu # 0, a contradiction. Hence the result.
A

(iii) Let Fy = {2 : fi(z) > o} and F,, = {z : fo(z) > a}
As f1 < fo,F, C F(; for all a € [0, 0.
Hence pu(F, N A) < u(F., N A) and hence u(F, N A)y < pu(F,NA); and

W(Fa A < u(F, 0 A
= [wF,NnA)yda < [p(F,NnA)yda and [ pu(F,NA)fda< [ u(F,NnA)da

0 0 0

[}

from which the result follows.

(iv) Let Fy = {z: f(z) > a} and J, ={z: f(z)xa(z) > a}
When «a € [0,00),z € Jo, f(x)xa(z) >a= f(z) >a=2z €F,
Therefore F, N A = J, and hence pu(F, ﬂ A) = p(Jo) = p(Jo N X)

(C) [ fdu= U AL w(FanA)yda, | p(FonA)yda] =
A A€[0,1] o/ 0/

U A a0 X)5da.

X€f0,1]

(v) As F,, = {z: (33)

©) fadp= | /\[/ da—l—/Oda/ +da+/0da]

1(Jo N X)) dal= ffodu

|v°\g

at, Fy, iszhena>a andlsqzﬁ when a < a,

A A€l01]
U Map(A)y, ap(A)Y] = au(A).
A€[0,1]

( i) As F, N A C F, N B, we have

o0 oo

w(Fy N A) < u(F, N B) ffdu— /MF NA)Y da/ (FanA)fdal
X€f0,1] 0

< M [ w(FanB)yda, | p(Fyn B)fda] = fdp.
N 0/ ]
(vii) Let My ={z: (f1V f2)(z) > a}

F; ={z: fi(z) > a}

F?2 ={z: folx) > a}
Clearly M, = F,, U F2

Therefore fu(MaﬂA)_daszF’ N A)5da andfMM NA)tda > [ pf F N A)fda
= (C )f(fl\/de,u> ffldu

A
Similarly (C )f (f1V fa)du > ( f f2dp.

Hence the result

[}

(viii) By setting mq, = {x : (f1 A f2)(z) > a},the proof of the result is made analogously
to that of (vii).
(ix) As u(FonA), u(FNB) < p(F,N(AU B)), we have (C)AfB fdu > (C)Affdu, (C)gfdu
U
and hence (C) [ fdu> (C) [ fduV (C) [ fdu.
AUB A B

(x) The proof is analogous to that of (ix).
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Definition 2.3. Let (X,Q,u) be a fuzzy number valued fuzzy measure space. Suppose
that f: X — [0,00) and h : X — [0,1] is a fuzzy set on X. If h is measurable, then the fuzzy
number valued Choquet integral of f on the fuzzy set h is defined as

/ fdp = / (hf)du

The following results are immediate.
Proposition 2.2.
) (C )fad,u:a(C’)fhduforaEO.
h

(i

(i) I £ - X — [0, 1] is measurable then (C )XfA fan=(C) ] fdp.
(iii) If =y < o then ( f fdu < () [ fdp.

(iv) If f1 < f2 then ffldu <( )fhzfzdu-
(v)(
(vi)
(
(

v) C)f(f1 V f2)du ffldﬂ\/ )}{fzdu-
vi ( )f(fl/\fz) p< ffldu/\(C){fzdu
vii) hl{hz fdp > ( f fdp v ( )gfdu-
viii) (C)hl{}w fdp < (C)}{ fdu A(C)h{ fdp.

By (ii) of above proposition it is clear that the definition 2.3 is well defined.
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§1. Introduction and results

The Smarandache bisymmetric arithmetic determinant sequence (SBADS), introduced by
Murthy [1], is defined as follows.

Definition 1. The Smarandache bisymmetric arithmetic determinant sequence, {SBADS(n)},
is

a a+d a+2d
a a+d
ay v la+d a+2d a+d|, -
a+d a
a+2d a+d a
The following result is due to Majumdar [2].
Theorem 1. Let a, be the n — th term of the Smarandache bisymmetric arithmetic

determinant sequence. Then,

a a+d a+2d o a+(n=3d a+(n—-2)d a+(n—1)d
a+d a+2d a+ 3d o a+(n—=2)d a+(n—-1d a+(n—2)d
n = a+2d a+3d a+ 4d o a+(n-1d a+(n—-2)d a+ (n—3)d
a+(n—-3)d a+(n—-2d a+(n-1d --- a+4d a+3d a+2d
a+n—-2)d a+(n—-1)d a+n-2)d --- a+3d a+2d a+d
a+(n—-1)d a+(n—-2)d a+(n-3)d --- a+2d a+d a

= (- @+ 251a) 2a.
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Let {S,,} be the sequence of n — th partial sums of the sequence {a,}, so that

n
Sn = Z ag,mn > 1.
k=1
This paper gives explicit expressions for the sequence {S,}. This is given in Theorem 3.1
in Section 3. In Section 2, we give some preliminary results that would be necessary for the
proof of the theorem. We conclude this paper with some remarks in the final section, Section
4.

§2. Some preliminary results

In this section, we derive some preliminary results that would be necessary in deriving the
expressions of {S,} in the next section. These are given in the following two lemmas.
Lemma 1. For any integer m > 1,

Z (2d)2(k71) _ (2d)4m -1

PR
k=1,3,--,(2m—1) (2d)t -1

Proof. Since the series

Z (2d)2(k_1) =14+ (2d)4 + (2d)8 4+ e 4+ (2d)4(m—1)
k=1,3,--,(2m—1)

is a geometric series with common ratio (2d)?, the result follows.
Lemma 2. For any integer m > 1,
2m o (D™ 1)

14+3y+5y°+ -+ +(2m—1)y™ ' = —
y + 5y ( )y 1Y 1)

Proof. Let
s=1+3y+5y>+ -+ (2m—1)y™ " (1)
Multiplying throughout by y, we get
ys=y+3y + - +C2m—-3)y™ 1+ (2m — 1)y™. (2)

Now, subtracting (1) from (2), we have

(1-y)s = 1+2(1+y+y*+ - +y™ ) —(2m—1)y™
= 2(l+y+y*+ - +y™H-1-2m—1)y™
Y A S R
y—1
D™ -1
_ w+D )72mym
y—1

which now gives the desired result after dividing throughout by y — 1.
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§3. Main results

In this section, we derive the explicit expressions of the n — th partial sums, S,,, of the
Smarandache bisymmetric arithmetic determinant sequence.

From Theorem 1, we see that, for any integer k£ > 1,

Ak + A2k+1 = (—1)k [a(Qd +1)— g +d(2d + l)k] (Qd)2k—1,

d
opio + agpys = (—1)FF! [a(2d +1) + 5(4cz +1) +d(2d + 1)1@} (2d)?k+1,
so that

gk + Q241 + A2p43 + G2kta (3)
= (—1)*d [2a(2d + 1)(4d® — 1) + d(16d° + 4d° + 1) + 2d(2d + 1)(4d> — 1)k] (2d)>*~1).

Let S, be the sum of the first n terms of the sequence, that is, let

Sp=a1+as+ -+ ay.
We have the following result.

Theorem 2. For any integer m > 0,

[d?(4d® — 4d — 1 2d — 1)
* _d <(Zd2+f)2 = aidgt 1)_ ’ ,
. .
([t ),
(ili) Samts = 7%(%)4@“) _d {21225:11) d(16d3(1d121f —1:28d + 3)] (2d) P+
[d?(4d® — 4d — 1 2d — 1)
+ : ((Zd2+f)2 - aidglJr 1)_ ’
(iv)Sam+a = —771(d2;l7_;11)(Qd)‘*mJr5 + [aﬁg; i) d(12d3(;d;ldj ;F)Sd — 2)} (Qd)4(m+1)
2(4d? — 4d — 1 2d — 1
: ((Zd2+f)2 - aingr 1) '

Proof. To prove the theorem, we make use of Lemmas 1 and 2, as well as Theorem 1

(1) Since Sym+1 can be written as

Sim41 =a1 +az+ -+ Gmi1 = a1 + E (ask + G211 + G2kt2 + A2k43),
k=1,3,-,(2m—1)

by virtue of (3), Lemma 1 and Lemma 2 (with y = (2d)*), we get

Sum+1 = a+d[2a(2d + 1)(4d* — 1) + d(16d°> + 4d* + 1)] > (—=1)FF1(2q)2(k=1)
k=1,3,---,(2m—1)
+2d%(2d + 1)(4d? — 1) > (—=1)*+1E(2d)2k—D

k=13, ,(2m—1)
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=a+d[2a(2d + 1)(4d* — 1) + d(16d° + 4d* + 1)] %

2m (2d)* +1

+2d*(2d + 1)(4d* — 1) {(2604_1(2@4"1 - W[(Qd)‘*m — 1}}

_ 2a(2d+1)  d(16d® +4d* +1)] m(2d+1) . smio
_a—d|: 1 2di—1 :| A2 11 (2d)*m+
2a(2d +1) = d(16d> + 4d? + 1) im 2d?[(2d)* + 1] im
d [ 4d? + 1 (2d)* — 1 ] (2d)™" = (2d — 1)(4d% +1)2 [(2d)™ = 1]

4m

In the above expression, collecting together the coefficients of (2d)*™ as well as the constant

terms, we see that coefficient of (2d)*™ is

{m(zd +1)  d(16d3 +4d* + 1) 2d(16d* + 1) }

4d? + 1 (2d)" —1 (2d — 1)(4d2 + 1)?

B [2a(2d +1)  d(4d® — 4d — 1)}
4d? +1 (4d? +1)2 ’
constant term is
2ad(2d +1)  d?(16d% + 4d> + 1) 2d%(16d* + 1)
o 4dz+1 (2d)* — 1 (2d — 1)(4d% +1)?

d*(4d® —4d—1) a(2d—1)
(4d? +1)2 Ad2 1

Hence, finally, we get the desired expression for Sy,11.-

(ii) Since Sym+2 = Sam+1 + Aamt2, by virtue Theorem 1,

Simss = Simat + @impa = Simpr — (a+ L gy gymer,
Now, using part (i), and noting that coefficient of m(2d)*™+2 is
2041 -1
4d? +1 4d? + 17
coefficient of (2d)*™ is
2
e o] e

_ a(2d—1)  d(4d®+3d — 1)
N 4d? + 1 (4d2 +1)2 |’
we get the desired expression for Sy, 2.
4 2
(111) Since S4m+3 = S4m+2 + A4m+3 = S4m+2 - ((L + mt d) (2d)4m+2,
2d — 1 2d + 1
using part (ii), and noting that coefficient of m(2d)*™+3 is gl dﬁ, coef-

ficient of (2d)4™*2 is

a(2d—1)  d(4d® +3d — 1)
_[4d2+1 e ]_(a+d)
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~ [2a(2d +1)  d(16d° + 4d® +8d + 3)

B a1 (4d2 +1)2 ’
we get the desired expression for Sy,,3.
. . 4m + 3 dma3
(iv) Since Symta = Sam+3 + Gam+a = Sam+s + (@ + d)(2d) ,
using part (iii), and noting that coefficient of m(2d)*™*+* is
2d+1 . 2d(2d—1)
4d2 41 C 4d2 417

coefficient of (2d)*™*2 is

B [2a(2d +1) = d(16d® + 4d? + 8d + 3)

3
A2+ 1 (4d> + 1) ] +latgd2d

)

g |ed=1) d(12d* — 4d* 4 5d — 2)
B 4d% +1 (4d2 4 1)2

we get the desired expression for Sy, t4.
To complete the proof, note that, corresponding to m = 0, the expressions for S, So, S3

and Sy are given as follows :

S —d {2a(2d+ 1) d(4d® —4d— 1)] [612(4(12 —4d—1) a(2d— 1)} _
4d* +1 (4 +1)2 A +12 Al y1] "
S, = [a@d— D d(4d® +3d — 1)} [d2(4d2 —4d—1) a(2d - 1)}
4d® +1 (4d® +1)2 (4d® +1)2 4d® +1
_ 8d® —4d®> +2d—1  ,16d* +8d* +1
4d% + 1 (4d2 +1)2
= —a(2d—1)—d?
S = —d {2a(2d +1)  d(16d° +4d® +8d + 3)} {d2(4d2 —4d-1) a(2d- 1)}
4d® +1 (4d® +1)2 (4d® +1)2 4d® +1

_ 7@16d4 + 83 4+2d — 1 7d264d5 +16d* + 32d> + 8d? + 4d + 1

4d® +1 (4d® +1)2
= —a(4d®* +2d — 1) — d*(4d + 1),

S, — [a(2d—1) d(12d3—4d2+5d—2)} [d2(4d2—4d—1) a(zd_m]

4d® +1 (4d® +1)2 (4d® +1)2 4d® +1
2d — 1 a? ,
= me — 1)+ ————(192d° — 64d° + 80d* — 32d> + 4d®> — 4d — 1)
4d® +1 (4d® +1)?

= a(8d® —4d*> —2d + 1) + d*(12d* — 4d — 1).

All these complete the proof of the theorem.
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84. Remarks

A particular case of the Smarandache bisymmetric arithmetic determinant sequence (SBADS)
is the Smarandache bisymmetric determinant natural sequence (SBDNS), and can be obtained
from the former by setting a = 1 = d. In an earlier paper, Majumdar [3] has derived the
expression for the first n terms of the SBDNS.

The Smarandache cyclic determinant natural sequence is

1 2 3
1 2
1, L2 3 1], ..
2 1

31 2
The first few terms of the sequence are

1,-3,—18,160, 1875, - - -

and in general, the n — th term of the sequence is (see Majumdar [2])

(-2l (” ;L 1) el

Open Problem To find a formula for the sum of the first n terms of the Smarandache

cyclic determinant natural sequence.
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Abstract Let d(n) denote the Dirichlet divisor function and a(n) denote the number of
nonisomorphic abelian groups with n elements , [ > 1 is a fixed integer. In this paper we shall
study the hybrid mean value Z d(n) and obtain its asymptotic formula.

a(n)=1l
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§1. Introduction

Let a(n) denote the number of non-isomorphic abelian groups with n elements. This is a
well-known multiplicative function such that for any prime p we have a(p®) = P(«), where P(«)
is the unrestricted partition function. Let [ > 1 be a fixed integer. The asymptotic behavior of
Ai(x) = Z 1 was first investigated by Ivié[3] who obtained the result

n<x
a(n)=l

Ay(w) = Croz + O(a? log ), (1)
which was improved to
Aj(z) = Cpox + O(x% log™* 2 loglog ) (2)

by Krétzel[4], where Cj, is a constant. Note that when | = 1, A;(x) is just the counting
function of the square-free numbers.

The well-known Dirichlet divisor problem is to study the asymptotic behavior of the sum
Z d(n), where d(n) is the Dirichlet divisor function. Dirichlet first proved

n<z

Z din) =z(logx +2y—1) + O(x%). (3)

n<x
The error term O(z'/?) was improved by many authors. The latest result reads

Z d(n) = z(logz + 2y — 1) + O(2131/416 g 29047/8320 ;) (4)

nsz

I This work is supported by National Natural Science Foundation of China(Grant No. 10771127) and Math-
ematical Tianyuan Foundation of China(Grant No. 10826028).
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which was proved by Huxley [1].
In this paper we shall study the asymptotic behavior of the hybrid mean value Z d(n).

a(n)=l

We shall prove the following
Theorem. Let [ > 1 be any fixed integer. We then have the asymptotic formula

> d(n) = Ay wlogz + Ay ya + O(27F°), (5)

n<ax
a(n)=1

where Ay ;, A are computable constants .

§2. Some lemmas

Lemma 2.1. [? (Eular product) If f(n) is a multiplicative function of n , and the Dirichlet
o0

series Z f(n)n™? is absolutely convergent on some half plane s > oy for some real oy, then
n=1

we have

fo:) :H(HZﬂi’j)), Rs > op. (6)

p p

Lemma 2.2. Suppose A is an infinite subset of N, ¢(m) satisfies ¢(m) < m® and F(t) <

t1/2, where F(t) = Z ¢(m), then the infinite series Z c(m) converges, and
meA e
c(m) _ o~ ¢(m) -3
—r = ——~ 4+ 0(z72). 7
Z: - Z: =+ 0 (7)
meA meA

Proof. Suppose T' > 2 is any real number. Then

c(m) T qFR(t)
> dm. [T

T<m<2T T
meA

F(t) 2T ar F(t) —-1/2
= T T + tTdt «T )
T

which implies Lemma 2.2 immediately.

§3. Proof of theorem

Consider the equation
a(n) =1,neN. (8)

If I = 1, then the solutions of (8) are just all square-free numbers. So later we always suppose

[ > 2. If n > 1 has a factorization n = nopllpg2 - pPs where ng is square-free , py,--- ,p, are
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distinct primes such that (ng,p;) =1(j =1,---,s) and 3; > 2(j = 1,--- , s), then the equation
(8) becomes

a(n) = H a(p’) = H PB;) =1 (9)

Namely | must have a factorization of the form I = P(f;)---P(8s). Conversely, if ay >
2 ...

)

,aqg > 2 are a group of fixed integers such that | = P(a1)P(ag) - -+ P(ayg), then all numbers
in the set

N(ou, - aq) = {nln =mnep" - pg*,pi #pj, L <i# j<d,pjfne(j =1, .d),u(no) # 0}
are solutions of the equation (8). Furthermore if [ has two different factorizations

= P(an)P(ag) - Plaa) = P(B1)P(B2) - - - P(Bs), (10)
Q; 22(3:13 7d)aﬁj ZQ(]:L 35)3

then we must have
N(a, - aq) (\N(Bs--- B) = 0. (11)

From the above analysis we see that all solutions of (8) are just all elements of the set

U N(a, - aqg).

l:P(al)mP((xd)

Thus we have

Z d(n) = Z Z d(n). (12)

n<a I=P(ay)-Plag) n<a
a(n)=l a;j>2,j=1,-,d nEN(a1,-aq)

If n =nop(* ---p* € N(aq,---aq), then
d(n) = d(nopi™ -+ - pg*) = d(no)|pu(no)|(1 + a1) -+ (1 + aq). (13)

Thus we get

S dm=(ta)(Ita) Y S dmo)lulno).  (14)

n<a

X1 % < < @1 . %d
REN(a1,ag) Py g @Se moSa/pypy

e @ @
Pi#Pj (”0”’11"'7’dd):1

The problem becomes to evaluate sums of the type(m € N)

Dy(x):= Y d(n)lu(n)|.

n<z
(n,m)=1
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By Lemma 1, we have(for $s > 1)

=, d(n n
3 (n)|p(n)|

_ ("ﬁ=l (1+§: d(pa)li(p"“)l)
(pm)=1  a=1

= I o+
(pm)=1

_ 1;[(1+2S)H(1+p28)1

- <2<s>G<s>1|I<1+pi>-1,

where G(s) can be written as an infinite Dirichlet series, which is absolutely convergent for
1

o> -
From the Perron’s formula, we have

D, (z) = cl(m)mlogx—i—CQ(m)x—i—O(x%ﬁmE), (15)

where ¢1(m) < m®, ca(m) < me.
Now the Theorem follows from (12), (14) and (15) with the help of Lemma 2.
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Abstract This paper gives the expression of quintic supported spline wavelets and then
discusses the expansion of the integrand with the quintic supported spline-wavelet. As the
main result a new useful numerical integration formula is obtained by our analyzing and

proving. Furthermore, a numerical example is given at the end of this paper.
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§1. Introduction of the quintic supported spline wavelets

In 1992, C. K. Chui and J. Z. Wang have constructed the supported spline wavelets with B-
spline as scaling function, and this kind of wavelets can be used in many areas(the reference[1]).
Because of the spline wavelets have much advantages, such as the quintic supported spline
wavelets, which use the quintic B-spline Ng(z) as the scaling function, let ¢s(z) be the quintic

supported spline wavelets. The properties of the quintic supported spline wavelets

10 10
V() = 1 SN+ NG 22— ) =Y ga - No(22 —n). (1)
3=0 n=0
are as follows:

(1)Symmetry: 6(11/2 + z) = 6(11/2 — z);

(2)Simple of orthogonality: < Ng(x — p), vg(x — p) >= 0, where p,q € Z;

(3)Vanishing: fj;: 2Ipg(x)dr =0, 0 < j < 5;

(4)Continuous differentiability: the fourth derivative of 5(z) is continuous.

6
_1)»
Where ¢, = ( 25) Z (?) Nia(n — 7 + 1), Ng(z) is quintic spline polynomial, ¢g(x)is
§=0
piecewise polynomial, the interval of ¢g(z) is half of Ng(z)’s , and suppts(z) = [0,11]. Then,

let () is the basis function, the figures of zbéi) (i=0,---,4) are following ( Figure 1, 2).

§2. Interpolation of the quintic supported spline wavelets

The translation of {s(z)}necz can compose a basis of wavelet space. let g(x) = 1g(x +

11/2), thus the quintic supported spline wavelet 1g(x) translate on the left 11/2 unites, we can

IThis research is supported by Tianshui Normal University grant(TSB0809)
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Figure 2: figure of ¢, é4)

obtain suppts(z) = [—11/2,11/2], when suppts(z) = [0, 11]. Then, we take partition on [a, b],
we have

(E_l/g <a=x9< xl/z <0< xN—l/Q <IN = b < $N+1/2,
where x_; /5 and 21/, are prolongation points out of [a, b],

b—
x]/2:a'+.jh/27.72071a72N7h: Na (2)

Then f(z) is expanded by the linear of supported spline wavelet g(z) on |a,b],
. 2N +4 e E o
Se(x) = JZ(:) C’j—z%(%)’ (3)

where ¥g(x) = ¥g(x+11/2), from [1] we know that ¥g(x) is symmetric with respect to x = 11/2,
that is suppys(z) = [—11/2,11/2] , and s(x) is even function.
Thus

Yij2 = f(mz/2)7y6 = f/(a)ayﬁ\/' = f/(b)uyg = f”(a)7y3</' = f//(b)ai = Oa 1727 e 52N
are satisfy 2N + 5 interpolation conditions,

Sg(x:) =yl i=0,N.
:9v6($j/2) =y;2, J=0,1,2,--- 2N. (4)
S (x1) = vy, k=0,N.

Theorem 1.1 Interpolation problem (4) has a unique solution.
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§3. Numerical integral formula

With the quintic supported spline-wavelets, we give the interpolation function E‘;(x) of
f(z), which is a integrand function in fab f(z)dz

2N+4 2/
f( Z C] 2 6 hj )a (5)
where c_o, c_1, -+, can42 can be obtained from (4). Therefore

2N+4

/f dx~/56 dx—ZCJ Q/Nw_x;j 2)/2) dz. (6)

Let
T — T(j-2)/2
P e S
h 9
then we obtain with (6)
2N +4 (B-i)/2
/ f(z)dz ~ Z Cj_ zh/ Ve (t)dt, (7)
2-5)/2
due to suppts(z) = [-11/2,11/2],we have
INt2Z__ 3323523607 @N+1)/ 51590351
Ye(t)dt = —o tdt = ——
) 306561024000’ y 4790016000
N - 1/2 51590351
t)dt =0 Mt
/0 Yo(t) : / = 4790016000
N-L 3323523607 =3/ 2 10985063
Ye(t)dt = — o e(t)dt = ——
. 306561024000’ 2395008000
N=2 21579329 -5, 2 429967
Ye(t)dt = ——— o(t)dt = —— oL
y 38320128000’ 2395008000
/N3 Tlat = 11044637 /< 7>/2 Bt = 20573
IS 204374016000’ 9580032000’
[Tt e
IR N 229920768000 28740096000’
N-5 ___
t)dt = dat = 0.
/, 5 Yo(t) 1839366144000 / 11/2 Jold)

For 14 < j < 2N — 0,

(aN—j+2)/2 ___
Cj_Qh/ Ye(t)dt = 0.
(2-7)/2
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For 2N —8 < j <2N +14,

5 o 1 9/2 o 31
Hdt = ——— Hdt = ——————
5_Nw6() 1839366144000’ /(9_2N)/21/’6() 28740096000
4 7/2
— 5849 — 29573
t = t)dt -
4_N%() 229920768000’ /(7_2N)/21/’6() 9580032000’
3 5/2
— 11044637 — 429967
Ye(t)dt = ———— / Ye(t)dt = — o
s N 204374016000 (5-2N)/2 2395008000
2~ 21579329 3/2 — 10985063
7/)6() = —— Ye(t)dt = o
38320128000’ (3—2N)/2 2395008000
/ Tt = 3323523607 /1/2 Tt = 51590351
O T 3065610240007 Sy anye o 4790016000
—1/2 — 51590351
/ Gelb)dt = 0, / Jolat = -t
-N (—1-2N)/2
-t 3323523607
Ye(t)dt = L
N 306561024000
Then formula (7) can be rewritten as
b 2N 14 T2 — o — s
[t ~ 3o [T REE
@ =0 T(2-4)/2
3323523607 51590351
- (C_,+C h—2t0 L (0 4+ C ittt
(Cz + Cona) 306561024000 (Cor+ Conga) 4790016000
51590351 3323523607
Oy 4+ Con_ ) Vh— 200 (O + Oy g )heeoe 222
(G + Cona) 4790016000 (G2 + Con—2) 306561024000
10985063 21579329
O3 4+ Con-3)h o2 (O + Copg) e 227 8
+(Cs + Con—s)hgagcingong — (C4 + Cov—1)hgeao i os000 (8)
429967 11044637
_ _ hi _ hi
(Cs + Con—s)hoagenosoon + (C6 + Con—6) g iai016000
29573 5849
_ _ hif _ hi
(Cr + Con—r)hgio32000 ~ (€8 T Con—8) 555000768000
31 1

C)h——
H(Co + Con—o) 28740096000

— (Cio+ Can—10)h

The above formula is a new numerical formula, where the coefficients c_o, c_1, - - -

1839366144000
y C2N 42

can be obtained uniquely from (4). Hence applying its to (8) we can get the approximate value.

84. Numerical example

Example. The exact value of fol e*dx is e — 1, Now we use the formula (8) to get

approximate value of fol e”dx . Let N = 20, from Theorem 1, we know that the interpolation

problem (4) has a unique solution.

St(x:) =, i = 0,20.
So(xj/0) = yjjo, i=0,1,2,---,40. (9)
SUxp) =y,  k=0,20.

then, we obtain an algebraic system(see[6]), the approximate value 1.5974 can be easily obtained

by solving this system. So the formula is efficient, since the error is 0.120879,
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Abstract In this note the basic notion of rough set theory will be given. We shall introduce
the notion of rough ideal and rough subalgebras of Hilbert algebra, which is a generalization
of ideal and subalgebra in Hilbert algebra and we shall give some properties of the lower and

upper approximation in Hilbert algebra. Finally we study fuzzy rough sets in Hilbert algebras.
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81. Introduction

The notion of a Hilbert algebra was introduced in early 50-ties by L. Henkin and T. Skolem
for some investigations of implicative in intuitionistic and other non-classical logics. In 60-ties,
these algebras were studied especially by A. Horn and A. Diego from algebraic point of view. I.
Chajda and R. Halas [2] and W. A. Dudek [3] introduce and study deductive systems (ideals)
and congruence relations in Hilbert algebra.

The concept of rough set was originally proposed by Pawlak [8] as a formal tool for mod-
eling and processing incomplete information in formation system. Since then the subject has
been investigated in many papers (see[9, 10]) the theory of rough set is an extension of set
theory, in which a subset a universe is described by a pair of ordinary sets called the lower
and upper approximation. A key notion in Pawlak rough set model is an equivalence relation.
The equivalence classes are the building blocks for the construction of the lower and upper
approximation. The lower approximation of a given set is the union of the equivalence classes
which are subsets of the set, and upper approximation is the union of all equivalence classes
which have a non-empty intersection with the sets. Some authors, for example, Iwinski [5] and
Pomykala [10] studied algebraic properties of rough sets. The lattice theoretical approach has
been suggested by Iwinski [5]. Pomykala and Pomykala [10] showed that the set of rough sets
forms a Stone algebra. Kuroki in [7], introduced the notion of a rough ideal in a semigroups.
Jun applied the rough set theory to BC' K-algebras [6]. Dubois and Prade [4] began to investi-
gate the problem of fuzzification of a rough set. Fuzzy rough sets are a notion introduced as a
further extension of the idea of rough sets. Now, we propose a more general approach to this
issue. In this paper basic notion of the Hilbert algebras and rough set theory will be given. In
fact, the paper concerns a relationship between rough sets and Hilbert algebra theory. We shall

12000 Mathematics Subject Classification: 06F35, 03G25.
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introduce the notion of rough sub Hilbert algebra (resp. ideal) which is an extended notion of
a sub Hilbert algebra (resp. ideal) in a Hilbert algebra, and we shall give some properties of

the upper approximation in a Hilbert algebra.

§2. Preliminaries

Definition 2.1. [3] A Hilbert algebra is an algebra (H, *,1) where H is a nonempty
set, % is a binary operation and 1 is a constant such that the following axioms hold for each
x,y,z € H: To complete the proof of the theorem, we need the following :

(H1) zx (y*z) =1,

(H2) (xx(y*2)) * (zxy)*(xx2)) =1,

(H3) zxy=1and y*xx =1 imply = = y.

Lemma 2.2. [3] In each Hilbert algebra H, the following relations hold for all x,y, z € H:

(D) zxx=1,

B)xx1l=1,

(4) zx(yxz)=yx*(zx*2).

It is easily checked that in a Hilbert algebra H the relation < defined by

r<ysrxy=1

is a partial order on H with 1 as the largest element.

Definition 2.3. [2] A nonempty subset I of a Hilbert algebra H is called an ideal of H if

(H1lel,

(2) zxyelforallz e Hyyel,

(3) (y2*(y1*xz))xxelforall z e Huy,ys €1

Definition 2.4. [3] A deductive system of a Hilbert algebra H is a nonempty set D C H
such that

(1) 1 e D,

(2)xe D and xxy € D imply y € D.

Theorem 2.5. [3] A nonempty subset A of a Hilbert algebra H is an ideal if and only if
it is a deductive system of H.

Theorem 2.6. [3] If D is a deductive system of a Hilbert algebra H, then the relation
Op defined by

(a,b) e ®p < axbeDand bxae€ D
is a congruence relation on H.

Suppose that U is a non-empty set. A classification of U is a family P of non-empty subsets
of U such that each element of U is contained in exactly one element of P.

The following notation will be used.

By P(U) we will denote the power-set of U. If 6 is an equivalence relation on U then for
every x € U, [z]p denotes the equivalence class of 6 determined by x. For any X C U, we write

X¢ to denote the complementation of X in U.
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Definition 2.7. A pair (U, 0 ) where U # () and 6 is an equivalence relation on U, is called
an approximation space.

Definition 2.8. For an approximation space (U, ), by a rough approximation in (U, 6)
we mean a mapping Apr : P (U) — P (U) x P (U) defined by Apr(X) = (Apr(X), Apr(X)),
where Apr(X) ={z € X | [z]p C X}, Apr(X) = {z € X | [z]p N X # 0}. Apr(X) is called a
lower rough approximation of X in (U, ), and Apr(X) is called upper rough approximation of
X in (U, 0).

Denote H-positive region of X by POS(X) = Apr(X), H-negative region of X by
NEG(X) = U \ Apr(X) and H-borderline region of X by BN(X) = Apr(X) \ Apr(X). The
positive region POS(X) or Apr(X) is the collection of those objects which can be classified with
full certainty as member of the set X, using the knowledge H. The negative region NEG(X) is
the collection of object which can be determined without any ambiguity, employing knowledge
H, that they do not belong to the set X; that is, they belong to the complement =X of X. The
borderline region is, in a sense, the undecidable area of the universe, i.e., none of the objects
belonging to the borderline region can be classified with certainty into X or it’s complement
- X as far as knowledge H is concerned.

Definition 2.9. A subset X of U is called definable if Apr(X) = Apr(X). if X C U is
given by a predicate P and x € U, then

1. z € Apr(X) mean that x certainly has property P,

2. x € Apr@ mean that possibly P,

3. z € Apr(X) mean that x definitely does not have property P.

Definition 2.10. Let Apr(A) = (Apr(A), Apr(A)) and Apr(B) = (Apr(B), Apr(B)) be
any two rough sets in the approximation space (U, 6). Then

(i) Apr(4) U Apr(B) = (Apr(A) U Apr(B), Apr(A) U Apr(B)),

(ii) Apr(A) N Apr(B) = (Apr(A) N Apr(B), Apr(4) N Apr(B)),

(iii) Apr(A) C Apr(B) < Apr(A) N Apr(B) = Apr(A). when Apr(A) C Apr(B), we say
that Apr(A) is a rough subset of Apr(B). Thus in the case of rough sets Apr(A) and Apr(B),

Apr(A) C Apr(B) if and only if Apr(A) C Apr(B) and Apr(A) C Apr(B).

This property of rough inclusion has all the properties of set inclusion. The rough comple-
ment of Apr(A) we denote it by Apr¢(A) is defined by Apr¢(A) = (U \ Apr(A),U \ Apr(A)).

Also, we can define Apr(A)\ Apr(B) as follows:

Apr(A)\ Apr(B) = Apr(A) N Apr®(B) = (Apr(A) \ Apr(B), Apr(A) \ Apr(B)).

83. Rough ideals

From now on let H be a Hilbert algebra, I be an ideal of H and X be a nonempty subset
of H.

For a,b € H we say a is congruent to b mod I, written as a = b(modI) if and only if
axbel and bxa € I. It easy to see that the relation a = b(modI) is an equivalence relation.
Therefore, when U = H and 6 is the above equivalence relation, then we use the pair (H,T)

instead of approximation space (U, #), and denote lower rough approximation and upper rough



80 A. Borumand Saeid and M. Haveshki No. 4

approximation of X in (H,T), by Apr ; (X) and Apr;(X) respectively. Sometimes we remove [
for shortness.

Proposition 3.1. For every approximation space (H,I) and every subset A, B C H, we

have:
(1) Apr(A) € A C Apr(A);
(2) Apr(0) =0 = Apr(0);
(3) Apr(H) = H = Apr(H);
(4) If A C B then Apr A) C @(B) and Apr(A) C Apr;B);
(5) Apr(Apr(A)) = Apr(A);
(6) Apr(Apr(A)) = Apr(A);
(7) Apr(Apr(A)) = Apr(A);
(8) Apr(Apr(A)) = Apr(A);
(9) Apr(A) = (Apr(A%))%;
(10) Apr(A) = (Apr(A%))%;
(11) Apr(An B) = Apr(A) N Apr(B);
(12) Apr(An B) € Apr(A) N Apr(B);
(13) Apr(AU B) 2 Apr(A) U Apr(B);
(14) Apr(AU B) = Apr(A) U Apr(B);
(15) Apr([z]) = Apr([z]).

Proof. We prove some of them and the others are similar.

(5). By (1) we have Apr(A) C A, then by (4) Apr(Apr(A)) C Apr(A). Now, if x € Apr(A)
then [z]p € A. If z € [a]y then [z]y = [2]p thus [2]p C A hence z € Apr(A), therefore
[2]o C Apr(A) so Apr(4) C Apr(Apr(A)).

(7). By part (4), we have Apr(A) C A r(Apr(A)). Let z € Apr(Apr(A)) then [z] N
Apr(A) # 0 thus there exists z € [z] N Apr(A). So [z] = [z] and [2] C A which means that
[z] C A, hence x € Apr(A).

(10). Let x € Apr(A) then [z] N A # 0 thus [z] € A° so € Apr(A°). Which means that
x € (Apr(A°)©.

Conversely, z € (Apr(A©))° so [z] C A°, hence [x] N A # () therefore x € Apr(A).

Corollary 3.2. For every approximation space (H, D),

(i) for every A C H, Apr(A) and Apr(A) are definable sets,

(9) for every x € H, [z] is definable set.

Proposition 3.3. Let A, B non-empty subsets of H. Then Apr(A)*Apr(B) C Apr(AxB).

Proof. = € Apr(A) x Apr(B) then 2 = z * y where 2 € Apr(A) and y € Apr(B) we
must show = € Apr(A * B). By hypothesis we have [y] N B # () and [2] N A # 0 then there
exist z1 € [2]N A and y; € [y] N B, so [z] = [z1], [y] = [y1] and z1 *y; € A * B. Consider
[z] = [z * y] = [21 * y1] = [21] * [y1], on other hand we have [21] N A # () and [y1] N B # 0, thus
([z1] * [y1]) N A B # () therefore [x] N A x B # () hence = € Apr(A = B).

Proposition 3.4. Let A, B are non-empty subsets of H. Then Apr(A) x Apr(B) C
Apr(Ax B). -

Proof. = € Apr(A) + Apr(B) then x = z x y where z € Apr(A) and y € Apr(B) we must
show x € Apr(A x B). By hypothesis we have [y] C B and [2] € A. Consider [z] = [z x y] =
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[2] * [y] € A x B hence x € Apr(A = B).
The following example shows that the converse of above propositions is not correct
Example 3.5. Let B = {0,a,b,¢c,1}. Define x as follow:

* 0 a b c 1
0 1 1 1 1 1
a 0 1 1 1 1
b 0 a 1 c 1
c 0 a b 1 1
1 0 a b c 1

Than H is a Hilbert algebra. Consider I = {1,b}, we get that

[J={yeH|yx1l1xyel}={1}

la] ={y e H |y*a,axy €I} ={a}

bl={ye H|y*xbbxyecl}={1b}

[d={yeH|y*ccxyecl}={c}

[0)={yeH|yx0,0xyecl}={0}

Let A= {a,b} and B = {1,c}. Then AxB = {1,c} so Apr(A*B) = {1,c}, Apr(A) = {a},
Apr(B) = {1,¢} and Apr(A) + Apr(B) = {1}.

Similarly, we have Apr(A) = {a,b}, Apr(B) = {1,b,c} thus Apr(A) x Apr(B) = {1,c} but
Apr(A* B) = {1,b,c}.

Proposition 3.6. Let D, E are two ideals of H such that D C F and let A be a non-empty
subset of H. Then
(i) Apr (4) D Apr,(A),
(i) Apr . (4) 2 Aprp(A).

Proof. (i) Let x € Apr (A), then [z]p C A. Let y € [z]p soyxx € D and x xy € D by
hypothesis y xz € F and 2 *y € E. Therefore y € [z]g so y € A, hence = € @D(A).

(ii) Let € Aprp(A), then [z]p N A # 0, then there exists y € [z]p N A so y*z € D and
x %y € D by hypothesis y * x € E and x * y € E. Therefore y € [z]z N A, hence x € Apr(A).

The following corollary follows from above proposition

Corollary 3.7. Let D, E are two ideals of H and A a non-empty subset of H, then

(Z) @D(A) N ME(A) < @(DNE)(A)’

(i) Apr(pngy © Aprp(A) 0 Aprg(A).

Proposition 3.8. Let D, E are two ideals of H such that D C FE, then:

(i) Apr , (E)

(i) Aprp(E)
are ideals of H.

Proof. (i) Suppose y € [1]p then 1 = 1%y € D and y*1 € D, since D is an ideal of H
then y € D we get that y € E so [1]p C E therefore 1 € Apr (E).

Let x and x xy € Apr  (E), we must show that y € Apr (E). Since Apr (E) C E then
we get that z and z xy € F soy € E. Now, let z € [y|p thus z*y € D and y* 2z € D. By
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hypothesis we get that y x 2z € E and since y € E hence we conclude that z € E, therefore
y € Apr (E).

(ii) Let y € [1]p, then y* 1 € D and y = 1 xy € D we get that y € D, so y € E, therefore
1€ Aprp(E).

Let z and z xy € Aprp(E), we must show that y € Aprp(E). So [z]p N E # 0 and
[xxy]pNE # (. Now, let z € [z]4NE then zxx € D and z € E thus zx2 € E and z € E imply
that € E. There exists t € [z*y|p N E then t* (x*y) € D and t € E thus t* (rxy) € E and
t € E since D is an ideal we get that z *y € E. From x *xy € E and z € E we can conclude
that y € E, thus [y]p N E # () hence y € Aprp(E).

Similarly, if D is an ideal and E is a sub-algebra of H, then Apr (E) and Aprp(E) are
sub-algebras of H.

Definition 3.9. Let I be an ideal of H and Apr(A) = (Apr, Apr) a rough set in the
approximation space (H,I). If Apr and Apr are ideals (resp. sub-Hilbert algebra) of H, then
we call Apr(A) a rough ideal (resp. sub-Hilbert algebra). Note that a rough sub-Hilbert algebra
also is called a rough Hilbert algebra.

Corollary 3.10. Let I, J are two ideals of H such that I C J, then Apr;(J) and Apr;(I)
are rough ideals.

Theorem 3.11. Let H and H be two Hilbert algebra and f a homomorphism from H to
H . IfAisa non-empty subset of H, then

() (AT p(A) = £(4),

(ii) Let f be an injective then f(@kerf(fl)) = f(A).

Proof. (i) It is clear that A C Apry,,;(A), therefore f(A) C f(Aprye,.;(A)).

Conversely, let y € f(Apry,,;(A)). Then there exists an element 2 € Apry,, ;(A) such
that f(z) =y, 80 [&]kerr N A # 0, then there exists a € [z|gerf N A S0 a*xz,xxa € kerf, thus
f(a)* f(x) =1 and f(z) * f(a) = 1, by (H3) we get that f(a) = f(z). Since y = f(z) = f(a)
then y € f(A) hence f(Aprye,;(4)) € f(A).

(ii) We show that in this case @kem‘. (A) = A. By Proposition 3.1, we have @kerf.(A) -
A. Now, let z € [a]gerf then zxx,xx2 € kerf so f(a)* f(z) =1 and f(2)* f(a) =1, by (H3) we

get that f(a) = f(z). By hypothesis we have a = z, hence [a] = {a} C A then a € @kerf(/l).

84. Fuzzy Rough sets

Dubois and Prade [4] introduced the notion of fuzzy rough sets, here we review some of
them

Let (U,©) be an approximation space and Apr(X) a rough set in (U, 0). A fuzzy rough
set Apr(X) = (Apr(A), Apr(A)) in Apr(X) is characterized by a pair of maps:

Hapr(a) © Apr(X) — [0,1]

and

Hapr(a) s Apr(X) — [0, 1]
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where papr(a)(2) < figgr 4 (2) for all z € Apr(X).

For any two fuzzy rough sets Apr(A) = (Apr(A), Apr(A)) and Apr(B) = (Apr(B), Apr(B))
in Apr(X), we define: -

(1) Apr(A) = Apr(B) if and only if:

Hapr(A) (@) = papr(p)(z) for all 2 € Apr(X).

Hapr(a)(T) = Bapr(p (@) for all z € Apr(X).

(2) Apr(A) C Apr(B) if and only if:
NApr(A)(:L') Apr(B)( ) for all x € @(X)
M pr(A (ac) 1 (B) ( ) for all x € Apr(X).

lﬁ |ﬂ|

(3) Apr(C) = Apr(A) U Apr(B) if and only if:
MAPT(C)(;E) max{ftapr(a)(z), pApr(B)(z)} for all z € Apr(X).
Hapr(c (a:) = aX{uApT(A)( x), ,LLATW(B)(QU)} for all x € Apr(X).

(4) Apr(D) = Apr(A) N Apr(B) if and only if:
fapr(p) () = min{papr(a)(2), pApr(B)(x)} for all z € Apr(X).
M apr(D (ac) in{uAT",(A)(x), NAT»«(B)(“’")} for all z € Apr(X).

(5) The completion of Apr(A) is Apr¢(A) = (@C(A),TWC(A)) with the membership
function:
— [t apr(a)(z) for all z € Apr(X).

g (a)(®) = 1 = e 4y (@) for all @ € Apr(X).

Let Apr(A4) = (Apr(A),Apr(A)) be a fuzzy rough set of Apr(X), we define iy, (4 :
Apr(X) — [0, 1] as follows:

Hapre(a)(T) =

— —

Hapr(a)(T) if z € Apr(X),
0 if € BN(X).

Fapr(a)(®) =

Definition 4.1. Let Apr(X) be a rough Hilbert algebra. An interval-valued fuzzy subset
A is given by:

A = {(@, Foape(a) (@) o) @)] | @ € Apr(X)}

where (Apr(A), Apr(A)) is a fuzzy rough set of Apr(X).
Denote 114(z) = [Hapra)(@); bapr(a)(@)] for all z € Apr(X), and denote D([0,1]) the
family of all closed sub-intervals of [0, 1].

If Tapr(a)(z) = H g ( A) () = ¢ where 0 < ¢ < 1, then we have pa(z) = [¢,¢]. Thus
pa(z) € D([0,1]) for all x € Apr(X).
Definition 4.2. Let Dy = [aq, b1], D2 = [az, b2] be elements of D([0, 1]) then we define

rmaa:(Dl, Dg) = [a1 vV as, bl V bg}
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rmin(Dl, Dg) = [a1 Aag, by A bQ]

and D; < Ds if and only if a; < ag and by < bs.
Definition 4.3. Let Apr(X) be a rough Hilbert algebra and Apr(A) = (Apr(A), Apr(A))
a fuzzy rough set of Apr(X). Define:

A = {z € Apr(X) | papra)(z) > t}

Ay = {z € Apr(X) | prapr(ay(2) > t}

(A,, A;) is called a level rough set.
Recall that a fuzzy set A in H is called a fuzzy subalgebra of H, if

pa(zxy) >min{pa(z), pa(y)}

for all z,y € R.

Definition 4.4. Let Apr(X) be a rough Hilbert algebra. A fuzzy rough set Apr(A) =
(@(A),Aipr(/l)) in Apr(X) is called a fuzzy rough sub algebra if for all x,y € Apr(X), we
have

pra(@ s y) = rmin{pa(z), pa(y)}-

In the definition above, if X be a definable set, i.e., Apr (X) = Apr;(X) = X, then X is a

Hilbert algebra. Suppose 14 = [papr(a)(®), tapra)(@)]- I trapr(a) (@) = pigpy 4y (x) = ¢, then
pa = [c,c] = c. Therefore if we have Apr(A) = Apr(A), then above definition is definition of

fuzzy sub algebra of Hilbert algebra, and so a non empty subset A of X is a sub algebra of X
if and only if the characteristic function of A is a fuzzy sub algebra of X.

Lemma 4.5. Let Apr(X) be a rough Hilbert algebra. If Apr(A) = (Apr(A), Apr(A)) and
Apr(B) = (Apr(B), Apr(B)) are two fuzzy rough sub algebra of Apr(X) then AN B is a fuzzy
rough sub algebra of Apr(X).

Proof. The proof is straightforward.

Theorem 4.6. Let Apr(X) be a rough Hilbert algebra and Apr(A) = (Apr(A), Apr(A))
a fuzzy rough set of Apr(X). Then Apr(A) is a fuzzy rough sub algebra of Apﬁ) if and only
if for every t € Impapr(a) N Impgsrays (A,, A;) is a rough sub algebra of Apr(X).

Proof. Suppose for every 0 < t < 1, (A;, A:) is a rough sub algebra of Apr(X). Let
rmindTa(2), (1)} = [fo, ta], then

min{7ap, () () Bapr(ay ()} =to,  min{pzyza) (), ke a) (W)} = t1.
We have z,y € A;,. then z xy € A;,. On the other hand if + € BN(X) or y € BN(X),
then tg = 0 and s0 iy, a)(x*y) > 0 =to. lf x ¢ BN(X) or y ¢ BN(X) then Lis,,.a)(z) =

tapr(a)(®) and fap.a)(y) = fapr(a)(y). So to = min{papr(a)(), tapr(a)(y)}. Therefore
v €A, y€ A, hence v xy € A, which implies 77 4, ) (7 * y) > to. Thus
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fra(@ = y) = [fapra) (@ = Y)s bapray (@ * y)] = [to, ta].
Therefore
fia(@ xy) = rmin{pa(z), fa(y)}-
Hence Apr(A) is a fuzzy rough sub algebra of Apr(X).
Conversely, assume that Apr(A) = (Apr(A), Apr(A)) is a fuzzy rough sub algebra of
Apr(X). We prove that for every 0 <t < 1, A, and A; are sub algebras. For every z,y € A,,
we conclude that 1 a,,(a)(z) >t and pay,ay(y) > t, so

rmin{fia(@), pa(y)}y = [t min{pgz 4 (@), wapra) (W)} = [8min{papea) (2); papra) (9) -

Then fa(z+y) > [t, min{papra)(®), papra)(y)}]. Since z,y € Apr(X) we have zxy € Apr(X)

and 50 fapy(a) (@ *y) > t. Hence z xy € A,. Let x,y € A, then we have Hapr(A) (z) > t and

Hapr(a)(y) = ¢, then rmin{fia(z), ta(y)} = [0,t], therefore fia(z*y) = [0,¢], hence z*y € Ay
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Abstract In this paper we discuss new separation axioms using v— open sets.

Keywords v —T;—,v — R;— and v — C;— spaces

§1. Introduction

Norman Levine [6] introduced the concept of semi open sets in topological spaces. After
the introduction of semi open sets by Norman Levine [6] various authors have turned their
attentions to this concept and it becomes the primary aim of many mathematicians to examine
and explore how far the basic concepts and theorem remain true if one replaces open sets by
semi open set. Replacing open sets by regularly open sets in the definition of semi open sets,
due to Kuratowski, Cameron defined regularly semi open sets and V. K. Sharma renamed these
sets as v—open sets and studied the basic properties, characterizations and of v—open sets.
Also V. K. Sharma studied v — T; axioms for ¢ = 0,1, 2. in his papers [7-8].

As a generalization of regular closed sets, v—closed sets are introduced and studied by V.
K. Sharma. He also defined and studied basic properties of v—continuous and v—irresolute
functions. In the present paper we tried further to study separation axioms, its properties and
characterizations using v—open sets. Also we studied the interrelation with other separation
axioms.

Throughout the paper a space X means a topological space (z,7). The class of v—open
sets, regularly open sets and semi-open sets are denoted by v — O(X),RO(X) and SO(X)
respectively. For any subset A of X its complement, interior, closure, v—interior, v—closure are
denoted respectively by the symbols A€, int(A), cl(A), sint(A4), scl(A4), v—int(A) and v—cl(A).
cl(Y)4) represents the closure in the subspace Y in X with relativized topology 7,y

§2. Preliminaries

Definition 2.1. A subset A of a topological space (X, 7) is said to be
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(i) regularly open if A = int(cl(A))

(ii) semi open(regularly semi open or v—open) if there exists an open(regularly open) set
O such that O C A C cl(O)

(iii) v—closed if its complement is v—open

(iv)y—closed if A =v —cl(A).

Note 1. Clearly every regularly open set is v—open and every v—open set is semi-open
but the reverse implications do not holds good. that is, RO(X) Cr—0O(X)CSO(X).

Definition 2.2. The intersection of all v—closed sets containing A is called v—closure of
A and is denoted by v — cl(A). The class of all v—closed sets are denoted by v — CL(X, 7).
The union of all v—open sets contained in A is called the v—interior of A, denoted by v—int(A)

Definition 2.3. A function f: (X,7) — (Y, o) is said to be

(i) v—continuous if the inverse image of any open|closed]set in Y is a v—open[v—closed]set
in X.

(ii)v—irresolute if the inverse image of any v—open[v—closed]set in Y is a v—open[v—closed]
set in X.

(iil)y—open[v—closed] if the image of every v—open[v—closed]set is v—open[r—closed].

(iv)yv—homeomorphism if f is bijective, v—irresolute and v—open.

Definition 2.4. Let 2 be a point of (X,7) and V be a subset of X, then V is said to be
v—neighbourhood of z if there exists a v—open set U of X such that z €e U C V.

Definition 2.5. Let A be a subset of (X, 7). A point z € A is said to be v—limit point of
A iff for each v—open set U containing x, U N (A — {z}) # ¢.

Definition 2.6. The set of all v—limit points of A is called v—derived set of A and is
denoted by D, _(A).

Theorem 2.1. If z is a v—limit point of any subset A of the topological space (X,7),
then every v—neighbourhood of = contains infinitely many distinct points.

Proof. Let x by any v—limit point of a subset A of (X, 7). Let U be any v—neighbourhood
of x and let V.=AN U — {z}). If V is finite, then X — V is a v—neighborhood of z. Evi-
dently this neighborhood contains no point of A, except possibly x, contradicting that z is an
v—accumulation point of A. So V is infinite, showing that every r—neighborhood of x contains
infinitely many points of A.

Theorem 2.2. Let f:(X,7)—(Y,0)is v—irresolute.

(i) If  is v—limit point of the subset A of X then f(x) is the v—limit point of f(A).
(i))If  is y—limit point of A C X then there exists (z,) in A such that (z,) — = iff f(z,) —
7).

Theorem 2.3. A C X is v—open iff there exists a regularly open set F' such that int(F) C
A C F iff int(cl(A))C cl(int(A). iff A is semi open and semi closed in X. iff A = scl(sint(A))
and A = sint(scl(A)).

Theorem 2.4. union and intersection of any two v—open sets is not v—open.
Intersection of a regular open set and a v—open set is v—open.

If B C X such that A CBCcl(A) then B is v—open iff A is v—open.
If A and R are regularly open and S is v—open such that R CSC ¢l(R). Then ANR = ¢ =
ANS = ¢.
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Theorem 2.5. If A is v—open then
(i) int(cl(A) = int(A)
(ii) cIR = clA where A is r-open such that R C A C cl(R).
Theorem 2.6.
(i) v — open set is r — open if A C int(cl(A)).
(ii)s — open set is v — open if int(cl(A) C A.
(iii)s — closed set is v — open if A C cl(int(A)).
Lemma 2.1. RO(X,7) = intv — O(X, 7).
Theorem 2.7. In a semi regular space, intv — O(X, 7) generates topology.
Theorem 2.8. (i) Let A CY C X and Y is regularly open subspace of X then A is
v—open in X iff A is v—open in 7/y.
(ii) Let Y € X and A € v — O(Y,7/y) then A€ v — O(X, 1) iff Y is v—open in X.
(iii) Let Y € X and A is a v—neighborhood of = in Y. Then A is a v—neighborhood of x
inY iff Y is v—open in X.
Theorem 2.9. An almost continuous and almost open map is v—irresolute.

Example 1. Identity map is v—irresolute

83. v — T} space

In this section we define new separation axioms using r—open sets, their properties and
characterizations are verified.

Before doing this let we start with an example:

Example 3.1. Let X = {a,b,¢,d} and 7 = {¢, {a}, {b}, {d}, {a, b}, {a,d}, {b,d}, {a,b, c}, {a,b,d}, X}
then
SO(X) = {&, {a}, {0}, {d},{a,b},{a,c}, {a,d}, {b.c}, (b, d}, {c,d}, {a,b,c}, {a,b,d}, {b,c.d}, X}
v—0(X) ={¢,{a},{b},{d},{a,b},{a,c},{a,d}, {b,c},{b,d},{a,b,c},{b,c,d}, X} and
RO(X) ={¢,{a},{b},{d},{a, b} {a,d},{b,d},{a,b,c}, X}

From the above example one can see that {c,d} and {a,b,d} are semi open but neither
r-open nor v—open. {a,c} is semi-open and v—open but not r-open. {b,c} is v—open but not
r-open.

Definition 3.1. A space (X, 7) is said to be v — Ty space if for each pair of distinct points
x, y of X there exists a v—open set G containing either of the point x or y.

Example 3.2.
1. Let X ={a,b,c,d} and 7 = {¢, {b}, {a,b},{b,c},{a,b,c}, X}. then X is v — T
2. Let X ={a,b,c} and 7 = {9, {a}, {b,c}, X} then X is v — Tj.
3. Let X ={a,b,¢,d} and 7 = {9, {a},{a,b}, {c,d},{a,c,d}, X}. then X is not v — Tp.

Note. Since every v—open set is semi-open, v — T space is semi-Ty but the converse is
not true in general, given by the following example.
Example 3.3. Let X = {a,b,c} and 7 = {¢, {a}, X} then X is semi-Tj but not v — Tp.
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Note. Since every r-open set is v—open, r — Ty space is v — Ty. but the converse is not
true in general, given by the following example.

Example 3.4. Let X = {a,b,c} and 7 = {¢, {a}, {b}, {a,b}, X} then X is v — Ty but not
r—"Tp.

Theorem 3.1.

(i) Every regular open subspace of v — T} space is v — Tp.

(ii) The product of v — Tj spaces is again v — Tj

Proof.

(i)Let Y be an regular open subspace of a v — Ty space X and let z,y be two distinct points
of Y, which in turn are the distinct points X, then there exists a v—open set U containing x
or y say,  but not y. By theorem (2.8), U NY is v—open containing x but not y. Hence Y is
v —"Ty.

(ii) Let X and Y be v —Tj spaces and let z,y € X XY, z #£y. Let x = (a,b),y = (¢, d). Without
loss of generality suppose that a # ¢ and b # d . Since a and ¢ are distinct points of X, there
exist v—open set U in X containing a or ¢, say a € U, ¢ ¢ U. Similarly for b and d are distinct
points of Y, there exist v—open set G in Y containing b or d, say b € G, d ¢ G. Then(U x G)
is v—open in X x Y containing x but not y. Hence X x Y is v — Tj.

Theorem 3.2. A space is v — T} iff disjoint points of X has disjoint v—closures.

Proof. Assume X is v — Ty and let x,y be two distinct points of X. suppose U is a v—
open set containing x but not y, then y € v — cl{y} € X — U and so « ¢ v — cl{y}. Hence
v—cl{x}# v — cl{y}.

Conversely, let z,y be any two points in X such that v — cl{z} # v — cl{y}. Now for
v—c{z} #v—c{y} implies v — cl{z} C X —v — cl{y} = U(say) a v—open set in X. This is
true for every v — cl{z}. Thus Nv — cl{z} C U where v € Nv — cl{z} C U € v — O(7) which in
turn implies Nv — cl{x} C U where z € U € v — O(7). Hence X is v — Tj.

Theorem 3.3. A space is v—Ty iff For every x € X, there exists a v—open set U containing
x such that the subspace U is v — T.

Theorem 3.5.

If f: (X, 7) — (Y,0) is v—irresolute and Y is v — Ty then X is v — Tj.

Proof. omitted.

Remark 3.1. v — T;) and Ty are mutually independent.

Example 3.5.
1. Let X ={a,b,c} and 7 = {¢, {a}, {a, b}, X} then X is Ty but not v — Tp.
2. Let X ={a,b,c,d} and 7 = {¢, {a}, {b},{a,b}, X} then X is v — T but not Tp.

Remark 3.2. v — T and T are mutually independent.
Example 3.6.

1. Let X be any countable set and 7 = cofinite topology then X is 77 but not v — Tj.

2. Let X = {a,b,c,d} and 7 = {¢,{a},{b},{d},{a,b},{a,d}, {b,d},{a,b,c},{a,b,d}, X}
then X is v — Ty but not T7.
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84. v — T space

Definition 4.1. A space (X, 7) is said to be v — T} space if for each pair of distinct points
x, y of X there exists a v—open set G containing x but not y and a v—open set H containing
y but not x.

Example 4.1.

1. Let X ={a,b,c,d} and 7 = {¢, {a}, {a,b},{c,d},{a,c,d}, X}. then X is not v — T}.
2. Let X ={a,b,c} and 7 = {¢,{a}, X} then X is not v — T.
3. Let X ={a,b,c} and 7 = {¢,{a},{b,c}, X} then X is v — T7.

Note. Every v — Ty space is v — T, but converse is not true by the following example.

Example 4.2. Let X = {a,b,¢,d} and 7 = {¢, {b}, {a, b}, {b,c},{a,b,c}, X}. then X is
v — Ty but not v — Tj.

Theorem 4.1. A topological space is v — T} iff each singleton set is v—closed.

Proof. X isv —1T;

& for each pair of points x # y there exists v—open sets G and H such that x € G — H and
ye H-G

& the point v € X — H

< the point x € {z} CX — H

< x is in the complement of v—open set H

< {z} is v—closed

& each singleton set is ¥—closed in X.

Theorem 4.2.

(i) Every regular open subspace of v — T space is v — T1;

(ii)The product of v — Ty spaces is again v — T}.

Proof.

(i)Let Y be an regular open subspace of a v — T; space X and let = € Y. Since X is
v—T1,X —{a} is v—open in X. Now Y being regular open, By theorem (2.8) [X —{z}]NY =
Y — {z} is v—open in Y, consequently {z} is v—closed in Y. Hence by theorem (4.1), Y is
v—"1T].

(ii)Let X and Y be v — Ty spaces and let z,y € X XY, 2 # y. Let = (a,b),y = (¢, d).
Without loss of generality suppose that a # ¢ and b # d. Since a and ¢ are distinct points of
X, there exist v—open sets U and V in X such that a € U, c¢ U and c € V, a ¢ V. Similarly
for b and d are distinct points of Y, there exist v—open sets G and H in Y such that b € G,
d¢ Gandde H,b¢ H. Then (U x G) and (VxH) are v—open in X x Y containing = and y
respectively. Also (U xG)N (V x H) =({UNV)x(GNH)=¢. Hence X xY is v —T}.

Theorem 4.3. A space is v — T} iff disjoint points of X has disjoint v—closures.

Proof. Obvious from theorems (4.1), (4.2) and (3.2).

Theorem 4.4. Suppose z is a v—limit point of a subset of A of a v — T} space X. Then
every neighborhood of x contains infinitely many points of A.

Proof. Let U be a v—neighborhood of z and let V.= AN (U — {z}). If V is finite then
X — V is a v—open set containing x and so U N (X — V) is a v—neighborhood of x, which is a
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contradiction for x is a v—limit point of A. Hence V is infinite. Thus every neighborhood of z

contains infinitely many points of A.

85. v — T, space

Definition 5.1. A space (X, 7) is said to be v — T space if for each pair of distinct points
x,y of X there exists disjoint v—open sets G and H such that G containing x but not y and H
containing y but not x.

Example 5.1.
1. Let X = {a,b,c,d} and 7 = {¢, {a}, {a, b}, {c,d},{a,c,d}, X}. Then X is not v — T5.
2. Let X ={a,b,c} and 7 = {¢,{a}, X} then X is not v — Ts.
3. Let X ={a,b,c} and 7 = {¢, {a}, {b,c}, X} then X is v — T5.

Note. Every v — Ty space is v — 17, but converse is not true in general.

Theorem 5.1.

(i) Every regular open subspace of v — Ty space is v — T5.

(ii) The product of v — Ty spaces is again v — T5.

Proof. (i)Let Y be an regular open subspace of a v —Ts space X and let  # y € Y. Since
X is v — Ty, there exist disjoint v—open sets U and V in X such that z € U, y ¢ U and y € V,
x ¢ V. Now Y being regular open, By theorem (2.8), U NY is v—open containing x but not y
and V' NY is v—open containing y but not  in Y. Hence by theorem (4.1) Y is v — T3.

(ii)Let X and Y be v — Ty spaces and let x,y € X XY,z # y. Let x = (a,b), y = (¢, d).
Without loss of generality suppose that a # ¢ and b # d. Since a and c are distinct points of
X, there exist disjoint v—open sets Uy and V in X such that a € U, ¢ € V. Similarly for b
and d are distinct points of Y, there exist disjoint v—open sets G and H in Y such that b € G,
d € H, then (U x G) and (V x H) are v—open in X X Y containing = and y respectively. Also
(UxGNVxH) = (UnV)x (GNH) = ¢. Hence X XY is v — T5.

Theorem 5.2. For any topological space,
i) (X,7)isv—Ty = (ii) (X,7)isv—Ty = (iii) (X,7) is v — Tp.

Proof. Obvious from the definitions and hence omitted.

Theorem 5.3. A space X is v — T iff the intersection of all v—closed, v—neighbourhoods
of each point of the space is reduced to that point.

Proof. Let X be v — Ty and x € X, then for each y #x in X, there exists v—open sets
U and V such that € U, y € Vand UNV = ¢. Since x € U —V, hence X —V is a
v—closed, v—neighbourhood of x to which y does not belong. Consequently, the intersection of

all v—closed, v—neighbourhoods of z is reduced to {z}.

Conversely let z,y € X, such that y # xinX, then by hypothesis there exists a v—closed,
v—neighbourhood U of = such that y ¢ U. Now there exists a v—open set G such that 2 € G C U.

Thus G and X — U are disjoint v—open sets containing x and y respectively. Hence X is v —T5.
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Theorem 5.4. If to each point x of a topological space X, there exists a v—closed, v—open
subset of X containing x and which is also a v — T5 subspace of X, then X is v — T5.

Proof. Let z € X, U a v—closed, v—open subset of X containing x and which is also
a v — Ty subspace of X, then the intersection of all v—closed, v—neighbourhoods of x € U is
reduced to z. U being v—closed, v—open, these are the v—closed, v—neighbourhoods of z in
X. Thus the intersection of all v—closed, v—neighbourhoods of x is reduced to {z}. Hence, by
theorem (5.3) X is v — Tb.

Theorem 5.5. If X is v — T3 then the diagonal AinX x X is v—closed.

Proof. Suppose (z,y) € X x X — A. As (z,y) ¢ A and = # y. Since X is v — Ty there
exists v—open sets U and V in X such that x e U, y e Vand UNV = ¢. UNV = ¢ implies
that (U x V) N'A = ¢ and therefore (U x V) C X x X — A. Further (z,y) € (U x V) and
(U x V) is v—open in X x X (theorem 9.13,[2]). Hence X x X is v—open. Thus A is v—closed.

Theorem 5.6. In v — T,-space, v—limits of sequences, if exists, are unique.

Proof. Let (x,) be a sequence in v — Ty-space X and if (z,) — x; (x,) — y as n — oo.
If © # y then, for X is v — Ty there exists disjoint v—open sets U;V in X such that x € U,
y €V and UNV = ¢. Then there exists N1, No € N such that z,, € U for all n > Ny, and
T, € V for all n > Ns. Let m be an integer greater than both Ny and Ny. Then z,,, € UNV
contradicting the fact U NV = ¢. So x = y and thus the v—limits are unique.

Theorem 5.7. Show that in a v —T5 space, a point and disjoint ¥—compact subspace can
be separated by disjoint v—open sets.

Proof. Let X be a v —T5 space, z a point in X and C the disjoint v—compact subspace
of X not containing x. Let y be a point in C' then for z # y in X and X is v — Tb, there
exist disjoint v—neighborhoods G, and H,. Allowing this for each y in C, we obtain a class of

Is . . . . .
H, whose union covers C; and since C' is v—compact, some finite subclass, which we denote

N
by H;,i =1 to n covers C, say C' C 'U1 H;,. If G;;i =1 to n are the v—neighborhoods of =
i=

corresponding to the H;S, we put G = igl G;and H = 1:61 H;, satisfying the required properties.

Corollary 5.1.

(i) Show that in an r — T3 space, a point and disjoint r-compact subspace can be separated
by disjoint v—open sets.

(ii) Show that in an r — T4 space, a point and disjoint r-compact subspace can be separated
by disjoint semi-open sets.

(iii)Show that in a v — T3 space, a point and disjoint ¥—compact subspace can be separated
by disjoint semi-open sets.

(iv) Show that in a v — Ty space, a point and disjoint semi-compact subspace can be
separated by disjoint semi-open sets.

Proof. Omitted.

Theorem 5.8. Every v—compact subspace of a v — T, space is v—closed.

Proof. Let C be v—compact subspace of v — Ty space. If x by any point in C°, by above
theorem x has a v—neighborhood G such that x € G C C¢. This shows that C¢ is the union of
v—open sets and therefore C¢ is v—open. Thus C is v— closed.

Corollary 5.2.

(i) Every v—compact subspace of a v — Ty space is semi-closed.
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(ii) Every r-compact subspace of a r — Ty space is v—closed.
(iii) Every r-compact subspace of a r — Ty space is semi-closed.
Proof. Obvious from note 1.

Theorem 5.9. Every v—irresolute map from a v—compact space into a v — Ty space is
v—closed.

Proof. Suppose f: X — Y is v—irresolute where X is v—compact and Y is v — T5. Let C
be any v—closed subset of X. Then C'is v—compact and so f(C') is v—compact. But thenf(C')is
v—closed in Y. Hence the image of any v—closed set in X is v—closed set in Y. Thus f(C) is
v—closed.

Theorem 5.10. Any v—continuous bijection from a v—compact space onto a v —T5 space

is a v—homeomorphism.

Proof. Let f: X — Y be a v—continuous bijection from a v—compact space onto a v — T,
space. Let G be an v—open subset of X. Then X — G is v—closed and hence (X — G)is
v—closed. Since fis bijective X — G) =Y — f(G). Therefore f(G) is v—open in Y implies fis
v—open. Hence fis bijective v—irresolute and v—open. Thus fis v—homeomorphism.

Theorem 5.11. Let (X, 7) be a topological space. Then the following are equivalent:

(i) (X,7)is v —Ts.

(ii) For each pair x,y € X such that x # y, there exists a v—open, v—closed set V' such
that x € V and y ¢ V, and

(iii) For each pair xz,y € X such that x # y, there exists a v—continuous function f :
(X,7) — (0,1] such that f{z) =0 and f(C) = 1.

Theorem 5.12. Let X be a topological space and Y be a Ty space. If f: (X,7) — (Y, 0)

be one-one and r-continuous. Then X is v — T5.

Proof. Let x and y be any two distinct points of X. since fis one-one x # y implies
fx) # f(y). Therefore there exists disjoint open sets U and V in Y such that flx) € U, fly) €
V, then f~'(U) and f (V) are r—open sets in X, which in turn v—open sets in X, such that
refNU), ye YV and FHU)N (V) = ¢. Hence X is v — Tb.

Corollary 5.3. Let X be a topological space and Y be a r — Ty space. If f: (X, 7)—
(Y, o) be one-one and r-continuous. Then X is v — T5.

Proof. Since every regular open set is v—open, the proof follows from the above theorem.

Corollary 5.4. Let X be a topological space and Y be a v — Ty space. If f: (X,7) —

(Y, 0) be one-one and r-irresolute. Then X is v — T5.

Corollary 5.5. Let X be a topological space and Y be a v — T space. If f: (X,7)—
(Y, o) be one-one and v—irresolute. Then X is v — T5.

Proof. Straight forward and so omitted.

Problem. If X be any topological space, Y a v — Ty space and A be any subspace of X.
If f:(A,7/4) — (Y,0) is v— continuous. Is there exists any extension F:(X,7) — (Y,0).

Remark 5.1. v — T, = v — T} = v — T none is reversible.
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To < T, < T

I I !

semi-Ty <« semi-T] < semi-Ty
Remark 5.2. ¢ 0 0 111

v—1Ty < v—1T) < v—"1Ty

1) 1) 1)

r—"Ty < r—1T, < r— 15

§6. v — T3 space

Definition 6.1. A space (X, 7) is said to be

(i) v—regular (v—T5)space at a point « € X if for every closed subset F' of X not containing
x, there exists disjoint v—open sets G and H such that FF C G and = € H.

(ii)v — T3 space if for a closed set F' and a point ¢ F, there exists disjoint v—open sets
G and H such that F C G and = € H.

Theorem 6.1. (i)Every regular open subspace of v — T5 space is v — T5.

(ii)The product of v — T3 spaces is again v — Tj.

Theorem 6.2. For a topological space X the following conditions are equivalent
(i) X is v—regular
(ii) For any = € X and any v—open set G containing x there exists a v—open set H containing
x such that v—cl(H)CG.

(iii) The family of all v—closed neighborhoods of any point of X forms a local base at that
point.

Proof. (i) = (ii)X is v—regular. Let G be a v—open set containing z € X, then X — G

is v—closed set not containing x. So by v—regularity, there exists disjoint v—open sets U and
V such that t € U, X — G C V. Then U C X — G and hence v — cl(U) C X — V, since X —V
is v—closed. But X —V C G and thus v — ¢l(U) C G which implies v — cl(H) C G for U = H.
(ii) = (iii)Let N be a v—neighborhood of z € X. Let G = v — int(N) C X then G be a
v—open set containing x and so by (ii), there exist a v—open set H containing x such that
v—cl(H)C G. Then v—cl(H) is a v—closed neighborhood of = contained in N. Hence the family
of all v—closed neighborhoods of z is a local base at x.
(iii) = (i) Let B be a v—closed subset of X not containing « € X, then X — B is a neighborhood
of x. So by (iii) there exists a v—closed neighborhood M of z such that M C X — B. Let
U=v—int(M) and V =X — M, then U and V are mutually disjoint v—open sets such that
x €U and B C V. Hence X is v—regular.

Theorem 6.3. Every v—compact, v — T, space is a v — T3 space.

Proof. Let X be a v—compact, v — Ty space. Then every v—closed subset of X is
v—compact and so any point and disjoint r—compact subspace of X can be separated by
disjoint v—open sets (by Theorem 5.7). Hence the space X is v — T5.

Theorem 6.4. Let X be v — T3, C a v—closed subset of X and F' a v—compact subset
of X disjoint from C, then there exists disjoint v—open sets U and V such that C C U and F
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cV.

Proof. Analogous to Theorem (5.7) and so omitted.

§7. Almost v— regular space

Definition 7.1. A space (X, 7) is said to be Almost-regular space if for an z € X and for
each regular open set U containing x there exists an open set V such that x € V' C (V) CU.
Definition 7.2. A space (X, 7) is said to be Almost v—regular space if for an z € X and
for each v—open set U containing z there exists an open set V' such that x € V C (V) C U.
Theorem. Every almost regular space is almost v—regular.

Proof. Since every regular open set is v—open, the result follows from the definitions.

88. v — T, space

Definition 8.1. A space (X, 7) is said to be v — T} space if for a pair of disjoint closed
sets F1 and Fy, there exists disjoint v—open sets G and H such that F} C G and F>, C H.

Lemma.

(i) Show that the v—closed subspace of a v — Ty space is v — Ty.

(ii) Show that the regular closed subspace of a v — Ty space is v — Tj.

(iii) Product of v — T} spaces is not a v — T space.

Theorem 8.1. For a topological space X the following conditions are equivalent

(i) X is v—Normal.

(ii) For any v—closed set C' and any v—open set G containing C, there exists an v—open
set H such that CCH and cl(H)CG.

(iii) For any v—closed set C and any v—open set G containing C, there exists an v—open
set H and a v—closed set K such that C CHCKC G.

Theorem 8.2. Every v—compact, v — Ts-space is v—Normal.

Proof. Let X be v—compact and v —T5 space. Let A and B be any disjoint closed subsets
of X. Since X is v—compact, A and B are disjoint v—compact subspaces of X. Let x be a
point of A. By theorem (5.7) and X is v — T, x and B have disjoint ¥—neighborhoods G,
and Hp. Allowing x to vary over A, we obtain a class of G;S whose union contains A; and
since A is v—compact, some finite subclass G; i = 1 to n covers A. If H;* i = 1 to n are the
v—neighborhoods of B corresponding to G;S it is clear that G = igl G, and H = ﬁl H;, are
disjoint v—neighborhoods of A and B. Thus X is v—Normal.

Theorem 8.3. Every v—compact, v — T3 space is a v — T space. Weakening finite cover
to countable cover we have the following results.

Corollary. (i) Every v— Lindeloff, v — T3 space is a v — Ty space.
(ii)Every v—regular, second countable space is v—Normal.

Theorem 8.4. Every v—closed subspace of a v—Normal space is v— Normal.

Theorem 8.5. Let X be v —T7. Show that X is v—Normal iff each v—neighborhood of
a v—closed set F' contains the closure of some v—neighborhood of F.
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Proof. same as that of Theorem(8.1).

Theorem 8.6. Let (X, 7) be a topological space. Then

(1) (X, 7)is v—regular iff for each v—closed set C and each z ¢ C, there exists a v—continuous
function f: (X,7) — [0, 1] such that f(x) = 0 and f(C) = 1.

(ii) (X, 7)is v—normal iff for each pair of disjoint v— closed sets A and B, there exists a
v—continuous function f: (X, 7)— [0, 1] such that f(A) = 0 and f(B) = 1.

§9. Lightly v— normal

Definition 9.1. A subset A of a topological space (X, 7) is said to be v—zero set of X if
there exists a v—continuous function f: X — R such that A=z € X : flz) =0.

Its complement is called co—v—zero set of X.

Definition 9.2. A space (X, 7) is said to be lightly r-Normal if for a pair of disjoint closed
set A and a r—zero set B, there exists disjoint r—open sets G and H such that A C G and
B CH.

Definition 9.3. A space (X, 7) is said to be lightly v—Normal if for a pair of disjoint
closed set A and a v—zero set B, there exists disjoint v—open sets G and H such that A C G
and B C H.

The following theorem characterizes lightly v—normal spaces.

Theorem 9.1. For a topological space X the following conditions are equivalent:

(i) X is lightly v—Normal.

(ii) For every v—closed set A and every co-v—zero set G containing A, there exists an
v—open set H such that A C H C v—cl(H)C G.

(iii) For every v—zero set A and every v—open set G containing A, there exists an v—open
set H such that A C V C v—cl(V)C G.

(iv) For each pair of disjoint closed set A and a zero set B, there exists disjoint ¥—open
sets U and V such that A C U and B C V and v—clUnv—clV = ¢.

Theorem 9.2. Every lightly r-Normal space is lightly v—Normal.

Theorem 9.3. Every r-closed subspace of a lightly v—Normal is lightly v—Normal. The
following interrelations exists

Lightly Normal = Lightly semi-Normal
Remark. | i

Lightly r-Normal = Lightly v—Normal

§10. v — () space

Definition 10.1. A space (X, 7)is said to be v — Cy space if for each pair of distinct points
x, y of X there exists a v—open set G whose closure contains either of the point x or y.

Example.
1. Let X = {a,b,c,d} and 7 = {9, {a}, {a,b},{c,d},{a,c,d}, X }.then X is not v — Cj.

2. Let X ={a,b,c} and 7 = {¢, {a}, X} then X is v — Cj.
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3. Let X ={a,b,c} and 7 = {¢, {a}, {b,c}, X} then X is v — Cp.

Theorem 10.1.

(i) Every subspace of v — Cj space is v — Cj.

(ii) Every v — Tj spaces is v — Cp.

(iii) Product of v — Cj spaces are v — Cp.

Theorem 10.2. Let (X,7) be any v — Cy space and A be any non empty subset of X
then Ais v — Cy iff (4,7/4) is v — Co.

§11. v — () space

Definition 11.1. A space (X, 7) is said to be v —C} space if for each pair of distinct points
x,y of X there exists a v—open set G whose closure containing z but not y and a v—open set
H whose closure containing y but not x.

Example 11.1. Let X = {a,b,c} and 7 = {¢, {a}, {b,c}, X} then X is v — C}.

Note. Every v — Cy space is v — Cp, but converse need not be true in general as shown
by the following example.

Example 11.2. Let X = {a,b,c} and 7 = {¢, {a}, X} then X is v — Cj but not v — Cj.

Theorem 11.1.

(i) Every subspace of v — C space is v — (.

(ii) Every v — T} spaces is v — C}.

(iii) Product of v — C spaces are v — Cf.

Theorem 11.2.Let (X, 7) be any v — C; space and A be any non empty subset of X then
Aisv —Cyiff (A, 7/4) is v —Ch.

Theorem 11.3. Every v — C space is v — Cy.

Theorem 11.4.

(i) If (X, 7) is v — C1 then each singleton set is v—closed.

(ii)In a v — C space disjoint points of X has disjoint v— closures.

§12. v — (5 space

Definition 12.1. A space (X, 7) is said to be v — Cy space if for each pair of distinct
points z,y of X there exists disjoint v—open sets G and H such that G containing x but not y
and H containing y but not x.

Example 12.1. Let X = {a,b,c} and 7 = {¢, {a}, {b,¢}, X} then X is v — Cs.

Note. Every v — (5 space is v — Cp, but converse need not be true in general as shown
by the following example.

Example 12.2. Let X = {a,b,c} and 7 = {4, {a}, X} then X is v — Cj but not v — Cs.

Theorem 12.1. (i) Every subspace of v — Cy space is v — Cs.

(ii) Every v — T spaces is v — Cs.
(iii) Product of v — Cy spaces are v — Cs.

Theorem 12.2. Let (X, 7) be any v — C5 space and A be any non empty subset of X
then Ais v — Cy iff (A,7/4) is v — Co.
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Theorem 12.3. Every v — Cs space is v — Cj.
Remark 12.1. v — Cy = v — C7 = v — C{ none is reversible

Cy = Ci = Co

I I 4

semi-Cy = semi-C; = semi-Cj
Remark 12.2. 1 0 0

v—0Cy = v—C = v—C

1) 1) T

r-Cy = r-C; = r-Co

§13. v — R, space

w

W

v —

Definition 13.1. A topological space X is said to be

(i) v — Ry if and only if v — cl{z} C G whenever x € G € v — O(7).
(i) weakly v — Ry iff Nw — cl{z} = ¢.

Example 13.1.

. Let X = {a,b,c,d} and = = {¢, {a}, {a,b}, {c, d}, {a,c,d}, X}.
. Let X = {a,b,c,d} and 7 = {¢, {a}, {b}, {a,b}, X}.

. Let X = {a,b,c} and 7 = {¢, {a}, X}.

. Let X = {a,b,c} and = = {¢, {a}, {b,c}, X}.

All the above examples are both v — Ry and weakly v — Ry.

Definition 13.2. Let X be a topological space and x € X. Then

(i) v—kernel of z is denoted and defined by v — ker{z} =N{U : U € v — O(X)} and z € U.
(ii) v—Kernel of F =n{U : U € v — O(X) and F C U}

Lemma. Let A be any subset of a topological space X, Then v — ker{z} = {z € X :
cd{z}NnA=¢.}

Proof. x ¢ v—ker{A} impliesz ¢ N{U : U € v — O(X) and A C U}, so there is a v—open

set U such that A C U and x ¢ U. Therefore, v — cl{x} NU = ¢ and v — cl{z} N A = ¢. Now,

v —

cd{z}NA=¢,s0 G=X —[v—cl{z}] is a v—open set such that A C G. Also, x does not

belong to the intersection of all v—open neighborhoods of A, so x ¢ v — ker{A}.

Theorem 13.1.

(i)Every Ry space is v — Ry and every r — Ry space is v — Ry.

(ii) Every weakly-Rq space is weakly v — Ry and every weakly-Rg space is weakly v — Ry.
(iii) Every v — Ry space is weakly v — Ry.

Proof. Straight forward from the definitions and so omitted.

Converse of the above theorem is not true in general by the following examples.
Example 13.2.
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1. Let X ={a,b,c,d} and 7 = {9, {b},{a,b}, {b,c}, {a,b,c}, X}. Clearly, the space (X, 7) is
weakly v — Ry. Since v — cl{z} = ¢. But it is not v — Ry, for {b} € X is v—open and
v—cl{b} =X ¢ {a,b}.

2. Let X = {a,b,c} and 7 = {¢, {b,c}, X}. Clearly, the space (X, 7) is not v — Ry and not
Ry.

3. Let X = {a,b,c} and 7 = {¢, {a}, X}. Clearly Ncl{z} = b,c # ¢ and Nv — cl{z} = ¢.
Thus the space is weakly v — Ry, but not weakly-Rj.

Theorem 13.2. A topological space is v — Ry iff given two distinct points of X their
v—closures are distinct.

Proof. Assume X is v — Ry and let x, y be two distinct points of X. suppose U is a
v—open set containing x but not y, then y € v — cl{y} € X — U and so = ¢ v — cl{y}. Hence

v—cl{z} #v—c{y}.

Conversely, let x, y be any two points in X such that v — cl{z} # v — cl{y}. Now for
v—cd{x} # v —cl{y} implies v — cl{z} C X — v — cl{y} = U(say) a v—open set in X. This is
true for every v — cl{x}. Thus Nv — cl{x} C U where z € v — cl{z} C U € v — O(7), which in
turn implies Nv — cl{z} C U where z € U € v — O(7). Hence X is v — Ry.

Theorem 13.3. A topological space X is weakly v — Ry iff v—ker{x}# X for any = € X.

Proof. Let xg € X be such that v—ker{zp} = X. This means that z( is not contained
in any proper v—open subset of X. Thus x( belongs to the v—closure of every singleton set.

Hence z¢g € N v — cl{z}, a contradiction.

Conversely assume that v—ker{x}# X for any x € X. If there is a point zy € X such
that zop € N v — cl{z}, then every v—open set containing xy must contain every point of X.
Therefore, the unique v—open set containing zy is X. Hence v—ker{zo} = X, which is a
contradiction. Thus X is weakly v — Ry.

Theorem 13.4. The following statements are equivalent:

(i) (X,7) is v — Ry space.

(ii) For each x € X, v—cl{x}C v — ker{z}.

(iii) For any v—closed set F' and a point 2 ¢ F', there exists a v—open set U such that
x¢Uand FCU.

(iv) Each v—closed set F' can be expressed as F' = N{G : Gisv—open and F C G}.

(v) Each v—open set G can be expressed as the union of v—closed sets A contained in G.

(vi) For each v—closed set F, x ¢ F implies v — cl{x} N F = ¢.

Proof. (i) = (ii) For any z € X, we have v — ker{z} =n{U : U e v — O(X) and z € U}.

Since Xis v— Ry, each v—open set containing x contains v—cl{z}. Hence v—cl{z} C v—ker{z}.

(ii) = (iii) Let F' be any v—closed set and z a point in X such that « ¢ F. Then for any
yeF, v—cl{y} C Fandsoz ¢ v—cl{y} =y ¢v—cl{zr}1302 that is there exists a v—open
set Uy such that y € Uy and x ¢ U, forally € F. Let U = U{U,, : U, is v—open,y € U, andx ¢
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Uy}. Then U is v—open such that ¢ U and F' C U.

(iii) =(iv) Let F be any v—closed set and N = N{G : Gisv — open and F' C G}. Then
F C N — (1) Let « ¢ F, then by (iii) there exists a v—open set G such that * ¢ G and
F C G, hence * ¢ N which implies x € N = z € F. Hence N C F — (2). Therefore from
(1)&(2), each v—closed set F' can be expressed as F' = N{G : Gisv —open and F' C G}

(iv) = (v) obvious.

(v) = (vi) Let F be any v—closed set and z ¢ F. Then X — F = G is a v—open set
containing x. Then by (v), G can be expressed as the union of v—closed sets A contained in
G, and so there is a v—closed set M such that + € M C G; and hence v — cl{z} C G which
implies v — cl{z} N F = ¢.

(vi) = (i) Let G be any v—open set and x € G. Then x ¢ X — G, which is a v—closed
set. Therefore by (vi) v — cl{z} N X — G = ¢, which implies that v — cl{z} C G. Thus (X, 1)
is v — Ry space.

Theorem 13.5. Let f:X — Y be a v—closed one-one function. If X is weakly v — Ry,
then so is Y.

Theorem 13.6. If a space X is weakly v — Ry, then for every space Y, X x Y is also
weakly v — Ry.

Proof. we have Nv — cl{(z,y)} C N{v —cl{x} x v — cl{y}}
= N[y = cl{z}] x [v — cl{y}]
CoxY
= 6.
Hence X xY is v — Ry.

Corollary.

(i)If the spaces X and Y are weakly v — Ry, then X x Y is also weakly v — Ry.

(ii) If the spaces X and Y are (weakly-) Ry, then X x Y is also weakly v — Ry.

(iii) If the spaces Xand Y are v — Ry, then X x Y is also weakly v — Ry.

(iv) If X is v — Ry and Y are weakly Ry, then X x Y is also weakly v — Ry.

Proof. Obvious from theorem (13.1).

Following diagram indicates the interrelation among the separations axioms studied in this
section:
Ry = weakly — Ry

Remark. | [}
v— Ry = weakly —v — Ry
§14. v — R; space

Definition14.1. A topological space X is said to be v — R; if and only if for z,y € X
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such that v — cl{z} # v — cl{y} there exists v—open sets U and V such that v —cl{z} C U and
v—cl{y} CV.
Example 14.1. Let X = {a,b,c,d} and 7 = {¢, {a}, {b}, {a,b}, X}, then X is v — Ry.
Example 14.2.
Note. Every v — R; space is v — Ry, but converse is not true by the following examples.
Example 14.3.

1. Let X = {a,b,c,d} and 7 = {¢,{a},{a,b},{c,d},{a,c,d}, X} .then X is v — Ry and but
not v — Ry.

2. Let X ={a,b,c} and 7 = {¢, {a}, X} then X is v — Ry but not v — R;.
3. Let X = {a,b,c} and 7 = {¢, {a},{b,c}, X} then X is v — Ry but not v — Ry.

Theorem 14.1.

(i) Every R space is v — Ry.

(ii) Every v — Ry space is v — Ry.

(iii) Every subspace of v — R; space is again v — Rj.

(iv) Product of any two v — R; spaces is again v — R;.

Proof. straight forward from the definitions.

Converse of the above theorem need not be true in general.

Theorem 14.2. A topological space is v — Ry iff given two distinct points of X their
v—closures are distinct.

Proof. omitted.

Theorem 14.3. (X, 1) is v — Ry iff for every pair of points z,y of X such that v —cl{z} #
v — cl{y} there exists v—open sets U and V such that v — cl{z} C U and v — cl{y} C V.

Proof. Let (X, 7) is v — Ry space. Let x,y be points of X such that v —cl{z} # v —cl{y}.
Then there exists v—open sets U and V such that x € U, y € V. Since v — R; is v — Ry,
therefore € U implies v — cl{z} C U and y € V implies v — cl{y} C V. Hence the part. The
converse part is obvious.

Theorem 14.4. Every v — T space is v — R;.

Proof. obvious.

The converse is not true. However, we have the following result.

Theorem 14.5. Every v — T, v — Ry space is v — T5.

Proof. Let (X,7) is v — T} and v — Ry space. Let x,y be disjoint points of X. Since
(X,7)is v =Ty, {z} is v—closed set and {y} is v—closed set such that v — cl{x} # v — cl{y}.
Since (X, 7) is v — Ry, there exists disjoint v—open sets U and V such that x € U, y € V. Hence
(X,7)is v —Ts.

Corollary. (X,7)isv —Ty iff it is v — Ry and v — T7.

Theorem 14.6. In any topological space the following are equivalent

(1)(X,7)is v — Ry.

(i) v = c{z} = {z}.

(iii) For every x € X, intersection of all v—neighborhoods of z is {z}.

Proof. (i) = (ii) Let z € X and y € v — cl{z}, where y # x. since X is v — Ry, therefore
there is a v—open set U such that y e U, x ¢ U or z € U, y ¢ U. In either case y ¢ v — cl{z}.
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Hence Nv — cl{z} = {z}.

(ii) = (iii) If z,y € X where y # x, then x¢ N v — cl{y}, so there is a v—open set contain-
ing  but not y. Therefore y does not belong to the intersection of all v—neighborhoods of =x.
Hence intersection of all v—neighborhoods of = is {z}.

(iii) = (i) Let =,y € X where y # x. by hypothesis, y does not belong to the intersection of
all v—neighborhoods of x. therefore there exists a v—open set containing x but not y. Therefore
y does not belong to the intersection of all v—neighborhoods of x. Hence intersection of all
v—neighborhoods of x is {x}.

Theorem 14.7. Let (X, 7) be a topological space. Then the following are equivalent:

(i) (X,7)is v — Ry.

(ii) For each pair z,y € X such that v—cl{x}# v — cl{y}, there exists a v—open, v—closed
set V such that x € V and y ¢ V, and

(iii) For each pair x,y € X such that v—cl{x}# v—cl{y}, there exists a v—continuous
function
f: (X,7) — [0,1] such that f(z) = 0andf(C) = 1.

Proof. (i) = (ii) Let z,y € X such that v — cl{x} # v — cl{y}, then there exists disjoint
v—open sets U and W such that v — cl{z} C U and v — cl{y} C Wand V = v — cl{U} is
v—open and v—closed such that € V and y ¢ V.

(ii) = (iii) Let z,y € X such that v—cl{z} # v—cl{y}, and let V be v—open and v—closed
such that z € V and y ¢ V. Then f: (X,7) — [0, 1] defined by f(z) = 0if z € V and f(z) = 1if
z ¢ V satisfied the desired properties.

(iii) = (i) Let 2,y € X such that v — cl{z} # v — cl{y}, let f: (X,7) = [0,1] such that f
is v—continuous, f(z) = 0 and f(y) = 1. Then U = f ([0, 3)) and V = fl((%, 1]) are disjoint

v—open and v—closed sets in X, such that v — cl{z} C U and v — cl{y} C V.

Following diagram indicates the interrelation among the separations axioms studied in this

section
Ry < Ry = weakly — Ry = weakly — Ry
3 I 3 4
v— Ry = v— R = weakly —v — Ry = weakly — v — Ry
Remark. 1 0 0 0
r— Ry = r— R = weakly —r — Ry = weakly —r — Ry
f f fr f

semi — Ry = semi— Ry = weakly — semi — Ry = weakly — semi — Ry
Conclusion. In this paper we defined new separation axioms using a new variety of open
sets called v—open sets and studied their interrelations with other separation axioms.
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Abstract Vyawahare and Purohit [1] introduced the near pseudo Smarandache function,
K(n). In this paper, we derive some more recurrence formulas satisfied by K(n). We also

derive some new series, and give an expression for the sum of the first n terms of the sequence
{K(n)}.
Keywords The near pseudo Smarandache function, recurrence formulas, the sum of the first n

terms.

81. Introduction

Vyawahare and Purohit [1] introduced a new function, called the near pseudo Smarandache
function, and denoted by K (n), is defined as follows.
Definition 1.1. The near pseudo Smarandache function, K : N — N, is

K(n) =Y _i+k(n),
i=1

where k(n) = min{k :k e N,n| Zz+k}
i=1
The following theorem, due to Vyawahare and Purohit [1], gives explicit expressions for
k(n) and K(n).
Theorem 1.1. For any n € N ,

n, if n is odd,

kn)=<4n . .
—, if n is even.
2
with 5
M1 E3) s odd,
K(n) = nn+2) .. .
— if n is even.

In [1], Vyawahare and Purohit give a wide range of results related to the near pseudo
Smarandache function. Some of them are given in the following lemmas.
Lemma 1.1. K(2n+ 1) — K(2n) = 3n + 2, for any integer n € N.
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Lemma 1.2. K(2n+1) — K(2n — 1) = 4n + 3, for any integer n € N.

This paper gives some recurrence relations satisfied by the near pseudo Smarandache func-
tion K(n). These are given in Section 2. In Section 3, we give some series involving the
functions K(n) and k(n). We also give an explicit expression for the sum of the first n terms
of the sequences {K(n)} —, and{k(n)} —,. We conclude this paper with some remarks in the
final Section 4.

§2. More recurrence relations

In this section, we derive some new recurrence relations that are satisfied by the near
pseudo Smarandache function K (n).

Lemma 2.1. For any integer n € N,
K@2n)—K2n—-1)=n+1

Proof. Writing K (2n) — K(2n — 1) in the following form, and then using Lemma 1.2 and
Lemma 1.1 (in this order), we get

K@2n)—K2n—-1)=[K2n+1)—K(2n—-1)] - [K(2n+1) — K(2n)]

=(M4n+3)—(3n+2),

which now gives the desired result.

We now have the following result.

Corollary 2.1. K(n) is strictly increasing in n.

Proof. From Theorem 1.1, we see that both the subsequences {K(2n —1)} _, and
{K(2n)} 7, are strictly increasing. This, together with Lemma 1.1 and Lemma 2.1, shows
that{K (n)},~, is strictly increasing.

Lemma 2.2. For any integer n € N,

K(2n+2)— K(2n) =4(n+1).

Proof. Using Theorem 1.1, we get

K(2n+2) - K(2n) (2n+2)2(2n+4) B (2n)(22n+2) —d(n+1),

after some algebraic simplifications.

Lemma 1.2 shows that the subsequence {K(2n — 1)} 7, is strictly convex in the sense that

K2n+3)-K@2n+1)=4n+7>4n+3=K(@2n+1) - K(2n—1).
From Lemma 2.2, we see that the subsequence {K(2n)} 7, is also strictly convex, since

K@2n+4)—K2n+2)=4(n+2)>4(n+1)=K(©2n+2) — K(2n).
However, the sequence {K (n)},_, is not convex, since

K2n+2)—K2n+1)=n+2<3n+2=K2n+1)— K(2n).
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Note that
K@2n+1)—K@2n)=3n+2>n+1=K(2n)— K(2n—1).

Corollary 2.2. K(n+ 1) = K(n) has no solution.

Proof. If n is odd, say, n = 2m — 1 for some integer m > 1, then from Lemma 2.1,
K@2m)—K@2m—-1)=m+1>0,
and if n is even, say, n = 2m for some integer m > 1, then from Lemma 1.1,
K@2m+1)—K(2m)=3m+2 > 0.

These two inequalities establish the result.
Corollary 2.3. K(n + 2) = K(n) has no solution.

Proof. If n is odd, say, n = 2m — 1 for some integer m > 1, then from Lemma 1.2,
K@2m+1)—K2m—-1)=4m+3 >0,
and if n is even, say, n = 2m for some integer m > 1, then from Lemma 2.2,
K(2m+2)— K(2m)=4(m+1) > 0.

Thus, the result is established.
Lemma 2.3. For any integers m,n € N with m > n,
(1) K2m—-1)—K2n—-1)=(m—n)(2m + 2n + 1),
(2) K(2m) — K(2n) =2(m —n)(m+n+1).
Proof. For any integers m and n with m > n > 1, from Theorem 1.1,
(MK@2m—-1)—K2n—-1)=2m—-1)(m+1)— 2n—1)(n+2)
=2(m? —n?) + (m —n)
=(m—n)2m+2n+1),
(2) K(2m) — K(2n) =2m(m +1) — 2n(n + 2)
=2(m? —n?) +2(m —n)
=2(m —n)(m+n+1),
which we intended to prove.
Corollary 2.4. For any integers m,n € N with m > n,
(1) K@m—1) - K(2n—1) = %K(Qm +2n+1),
m-—n
(2) K(2m) — K(2n) = mK@m + 2n).
Proof. Let n and m be any two integers with n > m > 1.
(1) Since

K@2m+2n+1)=(m+n+2)2m+2n+1),

we get the result by virtue of part (1) of Lemma 2.3 above.
(2) Note that
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K(@2m+2n)=2(m+n)(m+n+1).

This, together with part (2) of Lemma 2.3, gives the desired result.

It may be mentioned here that, Lemma 1.2 is a particular case of part (1) of Corollary
2.4(when m = n + 1) and Lemma 2.2 is a particular case of part (2) of Corollary 2.4 (when
m=mn+1).

§3. Series involving the functions K(n) and k(n)

In this section, we derive some results in series involving K (n) and k(n). We also give
explicit expressions of the n — th partial sums in both the cases.

Lemma 3.1. For any integer n € N,

(1) 3 [K(2m) ~ K(om 1] = "3,
m=1

n(n +3) _n_n(3n—|—7)
2 B 2

(2) > [K(2m+1)— K(2m)] =3
m=1
Proof. (1) From Lemma 2.1,
K(2m) — K(2m — 1) =m + 1 for any integer m > 1.
Now, summing over m from 1 to n, we get

which is the result desired.

(2) From Lemma 1.1,

K(2m+1) — K(2m) + 1= 3(m + 1) for any integer m > 1.
Therefore, summing over m from 1 to n, we get

i K(2m +1) K(?m)+1]—3i(m+1)—3{w+n} zgw’

m=1 m=1

that is,

z": K@2m+1)—K@2m)]+n=3

m=1

n(n + 3)
2

from which the desired result follows immediately.

Corollary 3.1. If n is an odd integer, then
(1) X [K(2m) - K(2m —1)] = K(n),

m=1
(2) > [K(2m+1)—K(2m)] =3K(n) —
m=1
Proof. Both the results follow immediately by virtue of Theorem 1.1 and Lemma 3.1.

Let {S,} be the sequence of n — th partial sums of the sequence {K(n)} —,, so that

Sp = iK(m) n >
m=1

n=1’
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and likewise, let {s,,} be the sequence of n — th partial sums of {k(n)} ;.
Then, we have the following result.
Lemma 3.2. For any integer n > 1,

(1) Sop = %(873 +21n +7),

1
(2) Soni1 = 6(8n3 + 330 + 37n + 12).
Proof. From Theorem 1.1, for any integer m > 1,

K@2m—1)+K(2m)=2m—1)(m+1) +2m(m +1) = 4m?® + 3m — 1.
(1) Since Sa,, can be written as

Som = K1)+ K(2)+ -+ K(2n) = zn: [K(2m — 1) + K (2m)],

m=1
we get,

Sop = zn:(4m2+3m—1)=4zn:m2+3zn:m—n
m=1 m=1

m=1

:4{n(n—|—1)(2n+1)} +3{n(n+1)}_n

6 2
which now gives the desired result after some algebraic simplifications.
(2) Since  Sopy1 = Son + K(2n+1)
from part (1) above, together with Theorem 1.1, we get

Somir = %(8712 +2In+7)+ (2n+1)(2n + 3),

which gives the desired expression for Ss, 41 after algebraic manipulations.
From Definition 1.1, we see that

k(2n —1) =2n —1 = k(2(2n — 1)) for any integer n > 1.

It then follows that the n — th term of the subsequence {k(2n — 1)} 7, is 2n — 1, while the
n — th term of the subsequence {k(2n)} —, is n.

Lemma 3.3. For any integer n > 1,

(1) 520 = 5(3n+1),

1
(2) s2n41 = 5(?m? + 50+ 2).
Proof. We first note that, for any integer m > 1,

E@2m—1)+k(2m)=2m—1+m =3m — 1.

(1) We get the result from the following expression for sa, :

n

Son = k(1) + k(2) + - + k(2n) :Z (2m —1) + k@2m)] = > (3m —1).
=1 m=1

(2) Using part (1) above, we get

n
Sont1 = Son + E(2n+ 1) = 5(3n +1)+(2n+1),
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which gives the result after some algebraic simplifications.

Lemma 3.4. For any integer n > 0,

1at =1, ., .
n 5 ﬁ(a +3a+4), if a is odd
POENCIDER S e
m=0 5 [CZM(@”+1 + 2a + 3) + ].:| y if a is even

Proof. We consider the two cases separately.
(1) When a is odd.
In this case,

n

ZK<am>:zW:;<za2m+3zam>.
m=0 m=0

m=0 m=0

Now, the first series on the right is a geometric series with common ratio a2, while the second

one is geometric with common ratio a. Therefore,

n 1 a2(n+1) -1 anJrl -1
K(a™) = -
> K@) 2< -1 e )

m=0

which gives the desired result after some algebraic simplifications.
(2) When a is even.
In this case,

m=0 m=1 m=0 m=0
1 a2(n+1) -1 an+1 -1
2 a? -1 a—1

Now, simplifying the above, we get the result desired.
It can be shown that (see Yongfeng Zhang [2]) the series >
n=1
1

b
(K (n)]

- is convergent for any

1 00
real number s > 2 and Y, ————— is convergent for any real number s > 1 (Yu Wang [3])
n=1

=1 [K(n))®
with

- 1 1
n; o C(s)(2— 5),

where ((s) is the Riemann zeta function.

§4. Some remarks

Since
n(n +3) n(n + 2)
>n,
2 2

> n for any integer n > 1,

it follows that K(n) > n for any integer n > 1. A consequence of this is that, the equation

K (n) = n has no solution.
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Let T, be the m — th triangular number, that is

m+1)

Tm:m<2 ’mzl.

Then, T,, satisfies the following recurrence relation :
Toy1=Tm+m+1,m2>1.

Now, by Definition 1.1,

K(m)—k(m) =Ty,,m>1,

so that
K(m)—[k(m)—=m]+1=T,+(m+1)=Th41.

Now, if m is odd, say, m = 2n — 1 (for some integer n > 1), then k(m) —m = 0, so that

K@n—1)+1="Ty,

is a triangular number.
Again, since

K(m) — {k(m) — %} + % +1="Tni1,

it follows that, when m is even, say, m = 2n (for some integer n > 1), then
K(QTL— 1) +TL—|—1 :T2n+1

is a triangular number.
In a recent paper, [2] introduced a new function, which may be called the near pseudo
Smarandache function of order ¢, where t > 1 is a fixed integer, and is defined as

Ki(n) = Zit + ki(n), for any n € N
i=1

where
ki(n) = min{k ke N,n|Zit —|—k} .
i=1
Then, the function introduced by Vyawahare and Purohit [1] is the near pseudo Smarandache

function of order 1, that is,

K(n) = Ki(n) with k(n) =ki(n),n € N.

In [3], Yu Wang has given the explicit expressions for ka(n) and kz(n), including the
convergence of two infinite series involving these two functions. But the properties of Ky(n)
and k;(n) still remain to be investigated. The following two lemmas give the expressions for
ka(n) and k3(n), due to Yu Wang [3].

Lemma 4.1. For any integer n > 1,
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)
ng, if n =6m
— if n = 3(2 1
o) = 3 if n (2m+1)
n, ifn=6m+1lorn=6m+5
% if n=2(3m+1) orn=2(3m+2)

Lemma 4.2. For any integer n > 1,

n

—,ifn=22m+1
ks(n) =< 2 ( )
n, otherwise

Using the above two lemmas, we get the expressions for Ky(n) and K3(n), given below.
Lemma 4.3. For any integer n > 1,

%(n2+3n+6), if n==6m

Kofn) = %(n2 +3n+3), ifn=32m-+1)
%(nz—l—?m—i—?), ifn=6m+1lorn=6m+5
%(n2+3n+4), if n=2(3m+1) or n=2(3m+2)

Lemma 4.4. For any integer n > 1,

1
) ~n(n+2)(n*+1), if n=2(2m+1)
Kg n)=
Zn(n?’ +2n% 4 n +4), otherwise
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Abstract The demand of resources in emergency systems often is uncertain and multiple.
It has an important practical significance for research on the scheduling decision in multi-
resource emergency systems. For the certain resource demand, the rich research results have
achieved. The uncertain demand of single resource is discussed [7]. In this paper, for the
uncertain demand of multi-resource, a weight coefficient is defined and a corresponding mem-
bership function is established for each resource by the policy-maker. A fuzzy mathematical
programming model is established and an algorithm is proposed, which we find the maximum
satisfactory degree of time restraint under the lowest satisfactory degree of resource demand.
An example illustrates that the model is reasonable and the obtained algorithm is effective.

Keywords Emergency systems,fuzzy number,satisfactory degree,scheduling decision in mu-

lti-resource

81. Introduction

The scheduling problem of resources in emergency systems has become a hot topic. For the
emergency-time is a certain number or interval number and the different type of the resource
consumption are discussed [4-5]. The fewest of retrieval depots as the objective function in the
multi-resource problem is proposed [6]. The concept of the connection number is used to study
scheduling problem in continuous consumption multi-resource [8]. The two-layer optimization
model which make the fewest of retrieval depots is established [9-10]. Either the single resource
or the multi-resource, the number of retrieval depots should be as few as possible on the base
of the earliest emergency time. But there are many uncertain factors in the actual emergency
systems.The emergency resources often are uncertain and multiple. The scheduling problem
of the single resource in fuzzy emergency systems is studied [7]. In this paper, the scheduling
decision of fuzzy multi-resource in emergency systems is presented on the base of [7].

On the one hand, from the point of the resources demand, a satisfactory degree of resource
demand restraint is defined for any decision of each resource, and the scheduling decision should
make the satisfactory degree as great as possible. On the other hand, the emergency-start-time

should be as early as possible. Thus, a fuzzy optimization model which compute the maximum

IThis work is supported by the science and technology programming of shaanxi province (2007k08-06) and
the science and technology programming of xi ’an (YF07203)
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satisfactory degree of time restraint under the lowest satisfactory degree of resource demand

restraint is established. An algorithm is proposed and an optimal decision is obtained.

§2. Establishment and solution to the fuzzy optimization

model

2.1. Formulation of the problem

Consider an emergency systems having n retrieval depots Ay, As,---, A,, m kinds of de-
manded emergency resources, a emergency depot A. The supply quantity of emergency re-
sources is fuzzy number Z1,Z9, - ,T,,. Let x;j be the stores quantity of the jth emergency
resource of A;. The ¢;(t; > 0) represents the time from A; to A. Assume t; < to < -+ < ¢,,.
It is requested a scheduling decision that should determine the type and the quantity of each
resource. Base on the lowest satisfactory degree of resource demand restraint, the emergency-
start-time should be as early as possible. What’s more, from the point of expense, the number
of retrieval depots should be the fewest.

We describe an emergency scheduling decision f in matrix form:

11 T2 o Tim
f = Ti1 Zi2 Tim
Tnl Tp2 " Tnm

’

Where, 0 < z;; < T,

jth resource supplied from A;. Row i is all quantity of resources from A; and column j is the

1 =1,2,---,n,j5 =1,2,---,m. Let x;; be the quantity of the

quantity of the jth resource from each retrieval depot.

The jth column of f is the emergency decision of the jth resource, noted as ¢;:

(rbj = {(Ahxlj)a (A23$2j), to a(An’xnj)}

Let z(¢;) be the quantity of resource of the ¢;, x(¢;) = Zmija 7=12- m.
i=1

T'(¢;) represents the emergency-start-time of the jth resource for ¢;. Because of the dispos-

able consumption emergency systems, it is obviously that T'(¢;) = o

t;- stands for the emergency time from A; to A when select the decision ¢;.
2.2. Establishment of model

Before the emergency activity starts, the policy-maker usually gives the value a;, b;, c;,d, e

i ) — PR
z'agxntj’(j =1,2,---,m).

of fuzzy set according to the actual situation of the emergency depot.
Suppose Z; be the supply quantity of the jth resource, Z; is the triangle fuzzy number. Its
membership function is as following:



114 Shasha Wang, Li Bai, Shuping Gao and Zejun Shao No. 4

— aj < x; < by,
j J
1 Zj b],
Ha; (l‘J) = Tj—Cj
b —c, ISTSG
j J
0, other

The satisfactory degree

¢
The supply quantity x of the fth resource
Fig.! The satisfactory degree of the jth resource demand resfraint
Tj—aj . . . . Tj —Cj . .
# is an increasing function and bjij decreasing function.
;@ i~ €

When the supply quantity of the jth resource is equal to b;, the satisfactory degree is 1.
However, when the supply quantity is too few or excessively more, it will cause the resources
insufficiency or waste, the degree will reduce. The p, (2(¢;)) represents the satisfactory degree
of the jth resource demand restraint.

Suppose that the emergency time of the jth resource is t; which is the triangle fuzzy

number. Its membership function is defined as following:

In Fig.1, we know that

1 0<t; <d,
e—t;
pe(t) = — d<t;<e,
e —
0 tj 2 e.
The satisfactory degree
1
|
|
|
|
!
F] 2

The emergency-start-time ¢ of the jth resource

Fig2 The satisfactory degree of the Jth resource time restraint
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e—1;
é is a decreasing function. When the emergency time of the jth resource is

In Fig.2,
less than or eqeual to d, the satisfactory degree is 1. However, when it is greater than d, the
satisfactory degree reduces. It is showed that the earlier the emergency-start-time, the greater
the satisfactory degree. The iz (T'(¢;)) stands for the satisfactory degree of the jth resource
time restraint.

According to the importance of each resource for the emergency depot, the policy-maker
m

defines a weight coefficient sj(z g; = 1) for each resource. The z(f) stands for the quantity
j=1
of all resources for scheduling decision f. Thus, the satisfactory degree of the demand restraint

in all resources pz(x(f)) is defined as following:

pa(x(f)) = ZEj iz, (2(5))-

Meanwhile, p;(T(f)) stands for the satisfactory degree of the time restraint for scheduling

decision f.

pi(T() =D _ei - 1z, (T(5))-
j=1

Considering the actual situation of the emergency depot, the demand restraint and the
time restraint, the policy-maker gives the lowest satisfactory degree for demand restraint o.
When pz(z(f)) > «, we find the greatest satisfactory degree of the time restraint, which is the
optimal scheduling decision.

Therefore, based on the condition of the satisfactory degree of resource demand restraint
wz(x(f)) is greater than or be equal to «, the emergency-time should start as early as possible,
and the number of retrieval depots should be fewer, the fuzzy optimization model is established:

max (1 (T(f))
uz(2(f)) = o,

n
> @i <bjj=12-,m.
=1

s.t.

§3. Solution to model

First of all, by the method of single resource [7], we can find all possible decisions of each
resource. Then decisions are selected from each resource to form a matrix f, which is a feasible
decision for all resources. The satisfactory degree of resource demand restraint pz(x(f)) which
greater than or be equal to a are selected. The greatest satisfactory degree of time restraint is
an optimal decision. Especially, if the quantity of the jth(j = 1,2,--- ,m) emergency resource
from the ith retrieval depot of matrix f, is less than the sum of the no emergency resource
before ith, and the all emergency resources on the ith retrieval depot satisfy such condition,
the quantity of emergency resources on the ith retrieval depot will be distributed to the other

retrieval depots before ith. Therefore, one retrieval depot can be saved.
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The fuzzy algorithm based on the satisfactory degree:
Step 1. For the jth resource, let ¢ = 1;

Step 2. If ¢ > n, turn to Step4; otherwise, arrange z';,z5;, - ,%,; the order, then we
q

getx;ﬂj > xﬁvzj >0 > x%qj. If Zm%qj < aj, ¢ =¢+1, turn to Step2; otherwise, turn to

q=1
Step3;
Step 3. The critical subscript p; of sequence } ;@) ;- ,x;%j for b; is solved. If exist
pj» then
p;—1
07 = {(Akys 7} ) (Aky, 2y ) oo (Akg by = D 7k ),
qg=1
turn to Stepd, otherwise, let ¢; = {(Ag,, 2} ), (Aks Thpi)s (Akq,xfgqj), g=q+1, tun
to Step2;

Step 4. A decision ¢; from the decisions of the jth resource is selected. These selected
decisions constitute a matrix f. Finding all combinations that form matrix f and calculating
the satisfactory degree of resource demand restraint. Then the decisions satisfied pz(z(f)) > «
are obtained;

Step 5. Calculating and comparing the satisfactory degree of time restraint pz(7'(f)) that
obtained from Step4. Then, the greatest satisfactory degree of time restraint is optimal decision;

Step 6. To each column of the matrix f, the row which the last retrieval depot represents
r;. Calculating @); which is the quantity of all no emergency resources corresponding to the zero
element which before the r;th row on the jth column. Marking the non-zero element which less
than @; on the jth column. If all non-zero elements on certain row are marked, the quantity
of the resource corresponding to these non-zero elements is distributed to the location of the
zero element, a retrieval depot will be saved. Turn to Step5, until there is no row 7;. Thus, the
optimal decision is obtained.

84. Numerical example

Now, we applied the above algorithm to compute an example.

There are 8 retrieval depots, 1 emergency depot and 3 emergency resources Xi, Xo, X3 in
an emergency system. The weight coefficient of importance for each resource is

€1 =0.2,e0 = 0.3,e3 = 0.5, respectively.

The quantity of each resource as follows:

Table 1: The quantity of resources on retrieval depots
A1 Ay Ay Ay A5 Ag Ar Ag
t; 2 4 8§ 14 18 20 22 28
3 2 5 4 3 12 11 6
xly 14 12 8 20 16 38 30 8
by 6 8 4 10 16 10 12 18
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The policy-maker gives the value of aj,0b;,c;,d, e, which corresponding to each resource
and time. The membership functions are defined as follows, respectively.

1‘172

18 2 S T S 207
(60) 1 z = 20,
Mz \(T(P1)) = —
' 21735 90 <4y < 35,
15
0 other.
Xro -8
< <
) 8 < x5 < 90,
() =4 w2 =9,
piz, (2(P2)) = -1
’ 22 =150 g0 1 < 150,
—60
0 other.
xr3 — 3
3 < 24 <30
27 =T3890
(wés) = | 7o =30,
Mz (Z(P3)) = 3 — 50
< <
0 30 < x5 < 50,
0 other.
1 0<t; <16,
32—t
ug, (T(0;)) = % 216 <t; <32,
0 t; > 32.

1) When the policy-maker requests the satisfactory degree of resource demand restraint
a = 0.85.
Applying the obtained algorithm based on MATLAB 7.0 platform, the optimal decision is

solved.

T
3 2 5 4 3

00 0
f=114 12 8 20 16 0 0 0
6 8 4 10 0 0 0 0

By calculating 1 = 5,79 = 5,r3 = 4,Q1 = Q2 = Q3 = 0, so this decision is optimal. The
satisfactory degree of resource demand restraint uz(x(f)) = 0.859 and the satisfactory degree
of time restraint p;(T'(f)) = 0.938. The optimal decision needs 5 retrieval depots.

2) When the policy-maker requests the satisfactory degree of resource demand restraint
a = 0.95.

Applying the obtained algorithm based on MATLAB 7.0 platform, the optimal decision is

solved.

T
0 05 3 0 12 0 O

f=114 2 0 20 16 38 0 0
6 8 4 10 0 0 0 0
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By calculating r1 = 6,79 = 6,73 = 4,Q1 = 8,Q2 = 18,@3 = 0, Marking the non-zero

elements which is less than @); on the jth column, then it is stated as follows:

0 0@ @ 0 1200}
f={i42) 0 20 (6 38 0 0

6 84100 00D

We can see all of the non-zero elements are marked on the 5th row. So the quantity of
resource 16 on the 5th row can be distributed to the 2ed row and the 3rd row. The Step6 is

carried and a retrieval depot is saved.

T
0 0 5 3 0 12 0 O

=114 12 6 20 0 38 0 0
6 8 4 10 0 0 O O

The optimal decision is obtained. The satisfactory degree of resource demand restraint
uz(x(f)) = 0.965 and the satisfactory degree of time restraint p;(7T(f)) = 0.875. Only 5
retrieval depots are needed.

§5. Conclusions

The fuzzy multi-resource scheduling problem in emergency systems is discussed in this
paper. The fuzzy optimization model based on the satisfactory degree of resource demand and
time restraint is established. It has a high value in actual problems. The policy-maker gives
the suitable satisfactory degree and presents the reasonable scheduling decision according to
the actual situation of emergency systems. This enables the emergency systems to have a very
strong flexibility. However, there is an uncertainty of the vehicle routing in emergency systems.
Therefore, the scheduling problem of the uncertain demand for the vehicle routing in emergency

systems is waiting for the further research.
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Abstract The sequence {a,} = {13, 26, 39,412, 515, 618, 721, 824,---} is called the
Smarandache 3n-digital sequence. That is, the numbers that can be partitioned into two
groups such that the second is three times bigger than the first. The main purpose of this
paper is using the elementary method to study the properties of the Smarandache 3n-digital

sequence, and partly solved a conjecture proposed by Professor Zhang Wenpeng.

Keywords The Smarandache 3n-digital sequence, elementary method, conjecture.

§1. Introduction and results

For any positive integer n, the famous Smarandache 3n-digital sequence is defined as
{an} = {13, 26, 39,412, 515, 618, 721, 824,---,}. That is, the numbers that can be parti-
tioned into two groups such that the second is three times bigger than the first. For example,
a1p = 1030, a2 = 2163, azs = 3296, ajgo = 100300, --- . This sequence is proposed by pro-
fessor F.Smarandache, he also asked us to study its properties. About this problem, it seems
that none had studied it yet, at least we have not seen any related papers before. Recently,
Professor Zhang Wenpeng proposed the following:

Conjecture. There does not exist any complete square number in the Smarandache 3n-
digital sequence {a,}. That is, the equation a,, = m? has no positive integer solution.

I think that this conjecture is interesting, because if it is true, then we shall obtain a deeply
properties of the Smarandache 3n-digital sequence. In this paper, we using the elementary
method to study this problem, and prove that the Zhang’s conjecture is correct for some special
positive integers. That is, we shall prove the following three conclusions:

Theorem 1. If positive integer n is a square-free number (That is, for any prime p, if
p | n, then p?  n), then a,, is not a complete square number.

Theorem 2. If positive integer n is a complete square number, then a,, is not a complete
square number.

Theorem 3. If a,, be a complete square number, then we must have
n = 22&1 . 32&2 . 52043 3 112&4 S

where (n1, 330) = 1.
From our theorems we know that a, is not a complete square number for some special
positive integers n, such as complete square numbers and square-free numbers. For general

positive integer n, whether Zhang’s conjecture is correct is an open problem.
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§2. Proof of the theorems

In this section, we shall use the elementary method to complete the proof of our theorems.
First we prove Theorem 1. For any square-free number n, let 3n = apag_1 ---aza1, where
1<a,<9,0<a;<9,79=1, 2, ---, k—1. Then from the definition of a,, we know that

an =n - (10F 4+ 3). If n is a square-free number, and there exists a positive integer m such that
an =n-(10% +3) = m?. (1)

Then from (1) and the definition of square-free number we know that n | m. Let m = u - n,
then (1) become

105 43 =u? - n. (2)
In formula (2), it is not possible if u = 1, since 10¥ +3 > 99---- .. 9> arar_1---aza; = 3n > n.

If w = 2, then (2) is impossible. In fact, if (2) holds, th:n 10* + 3 = 4 - n, since 10F + 3 is
an odd number, and 4 - n is an even number, this contradiction with 10¥ +3 =4 - n.

If w = 3, then (2) does not hold. Because this time, we have the congruence 10* 4+ 3 =1
mod 3, but u?-n=9-n=0 mod 3, so (2) is not possible.

If u = 4, then 10* + 3 is an odd number, but u? - n = 42 - n is an even number, so (2) is
not also possible.

If v = 5, then we have the congruence 10¥ +3 =3 mod 5, u?> - n =5%-n =0 mod 5, so
(2) is impossible.

If w = 6, then 10* + 3 is an odd number, and u? - n = 62 - n is an even number, so (2) is
not correct.
ok—1

If w > 7, then note that 3n = agagr_1---asa; > 1 , we have the inequality

W en>7n=49n>10-4n4+9>10 10" +9 > 10F + 3,

so formula (2) does not hold.

From the above we know that there does not exist any positive integer v such that formula
(2). This proves Theorem 1.

Now we prove Theorem 2. Let n = u? be a complete square number, if there exists a
positive integer m such that

n- (108 +3) = u?- (10" + 3) = m?, (3)

then from (3) we deduce that u | m, let m = u - r, then formula (3) become
10" +3 =72 (4)
It is clear that (4) is not possible, since 10 +3 = 1 mod 3, but 72 = 0 or 1 mod 3. This

proves Theorem 2.

To prove Theorem 3, we note that for any positive integer k, (10* +3, 2-3-5-11) =
(10 +3, 330) = 1. In fact we have 10¥ +3=(-1)*+3=2o0r4 mod 11, 10* +3 =1 mod 2,
10" +3 =1 mod 3, 10 + 3 = 3 mod 5, so we have (10* +3, 2-3-5.11) = 1. Thus, if

n- (10 +3) =m? and p | n ( where p =2, 3, 5, 11. ), then p? | n. That is, the power of p in
the factorization of n is an even number. This completes the proof of Theorem 3.
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§3. Some notes

Similar to the definition of the Smarandache 3n-digital sequence, now we defined the
Smarandache 4n-digital sequence as {b,} = {14, 28, 312,416, 520, 624, 728, 832,---,}.
That is, the numbers that can be partitioned into two groups such that the second is four times
bigger than the first. The Smarandache 5n-digital sequence as {c, } = { 15, 210, 315,420, 525,
630, 735, 840, - - - , }. The numbers that can be partitioned into two groups such that the second
is five times bigger than the first. For these sequence, Professor Zhang Wenpeng also proposed
the following:

Conjecture. There does not exist any complete square number in the Smarandache 4n-
digital sequence {b,} and the Smarandache 5n-digital sequence {c,}.

It is clear that using our method we can also deal with the Smarandache 4n-digital sequence

and the Smarandache 5n-digital sequence, and obtain some similar conclusions.
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