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A note on the Pseudo-Smarandache function

A.A K. Majumdar!

Department of Mathematics, Jahangirnagar University,
Savar, Dhaka 1342, Bangladesh

Abstract This paper gives some results and observations related to the Pseudo-Smarandache

function Z(n). Some explicit expressions of Z(n) for some particular cases of n are also given.

Keywords The Pseudo-Smarandache function, Smarandache perfect square, equivalent.

§1. Introduction

The Pseudo-Smarandache function Z(n), introduced by Kashihara [1], is as follows :
Definition 1.1. For any integer n > 1, Z(n) is the smallest positive integer m such that
1+2+--- 4 m is divisible by n. Thus,

1
Z(n):min{m:mEN:n|m(m2+)}. (1.1)
As has been pointed out by Ibstedt [2], an equivalent definition of Z(n) is
Definition 1.2.

Z(n) =min{k : k € N:v1+ 8kn is a perfect square}.

Kashihara [1] and Ibstedt [2] studied some of the properties satisfied by Z(n). Their
findings are summarized in the following lemmas:

Lemma 1.1. For any m € N, Z(n) > 1. Moreover, Z(n) = 1 if and only if n = 1, and
Z(n) =2 if and only if n = 3.

Lemma 1.2. For any prime p > 3, Z(p) =p — 1.

Lemma 1.3. For any prime p > 3 and any k € N, Z(p*) = p* — 1.

Lemma 1.4. For any k € N, Z(2F) = 2F+1 — 1.

Lemma 1.5. For any composite number n > 4, Z(n) > max{Z(N) : N | n}.

In this paper, we give some results related to the Pseudo-Smarandache function Z(n).

In §2, we present the main results of this paper. Simple explicit expressions for Z(n) are
available for particular cases of n. In Theorems 2.1 — 2.11, we give the expressions for Z(2p),
Z(3p), Z(2p?), Z(3p*), Z(2p*), Z(3p*), Z(4p), Z(5p), Z(6p), Z(7p) and Z(11p), where p is a
prime and k(> 3) is an integer. Ibstedt [2] gives an expression for Z(pq) where p and ¢ are
distinct primes. We give an alternative expressions for Z(pq), which is more efficient from the
computational point of view. This is given in Theorem 2.12, whose proof shows that the solution

of Z(pq) involves the solution of two Diophantine equations. Some particular cases of Theorem

1On Sabbatical leave from: Ritsumeikan Asia-Pacific University, 1-1 Jumonjibaru, Beppu-shi, Oita-ken, Japan.
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2.12 are given in Corollaries 2.1 — 2.16. We conclude this paper with some observations about

the properties of Z(n), given in four Remarks in the last §3.

§2. Main Results

We first state and prove the following results.

Lemma 2.1. Let n = w for some k € N. Then, Z(n) = k.

Proof. Noting that k(k + 1) = m(m + 1) if and only if & = m, the result follows. The
following lemma gives lower and upper bounds of Z(n).

Lemma 2.2. 3<n<2n—1 for all n > 4.

Proof. Letting f(m) = W,m € N, see that f(m) is strictly increasing in m with
f(2) = 3. Thus, Z(n) =2 if and only if n = 3. This, together with Lemma 1.1, gives the lower
bound of Z(n) for n > 4. Again, since n | f(2n — 1), it follows that Z(n) cannot be greater
than 2n — 1. Since Z(n) = 2n — 1 if n = 2k for some k € N, it follows that the upper bound
of Z(n) in Lemma 2.2 cannot be improved further. However, the lower bound of Z(n) can be
improved. For example, since f(4) = 10, it follows that Z(n) > 5 for all n > 11. A better lower
bound of Z(n) is given in Lemma 1.5 for the case when n is a composite number. In Theorems
2.1 — 2.4, we give expressions for Z(2p), Z(3p), Z(2p?) and Z(3p?) where p > 5 is a prime. To
prove the theorems, we need the following results.

Lemma 2.3. Let p be a prime. Let an integer n(> p) be divisible by p* for some integer
k(> 1). Then, p* does not divide n + 1 (and n — 1).

Lemma 2.4. 6 | n(n + 1)(n + 2) for any n € N. In particular, 6 | (p?> — 1) for any prime
p=>5.

Proof. The first part is a well-known result. In particular, for any prime p > 5, 6 |
(p—1)p(p+1). But since p(> 5) is not divisible by 6, it follows that 6 | (p — 1)(p + 1).

Theorem 2.1. If p > 5 is a prime, then

p_17 1f4|(p_1)a

Z(2p) =
(%) P, it4](p+1).

Proof.

Z(2p):min{m:2pm(mQ_Fl)}:min{m:p|m(m4_|_l)}. (1)

If p | m(m + 1), then p must divide either m or m + 1, but not both (by Lemma 2.3).
Thus, the minimum m in (1) may be taken as p — 1 or p depending on whether p — 1 or p+ 1
respectively is divisible by 4. We now consider the following two cases that may arise :

Case 1 : p is of the form p=4a+1 for some integer @ > 1. In this case, 4 | (p — 1), and
hence, Z(2p) =p — 1.

Case 2 : p is of the form p = 4a + 3 for some integer a > 1. Here, 4 | (p + 1) and hence,
Z(2p) = p.



Vol. 2 A note on the Pseudo-Smarandache function 3

Theorem 2.2. If p > 5 is a prime, then

p—1, if3](p—1);

Z(3p) =
(39) P, it 3] (p+1).

Proof.

Z(3p)min{m:3pW}min{m:p|m(m6+l)}. (2)

If p | m(m+1), then p must divide either m or m+1, but not both (by Lemma 2.3). Thus,
the minimum m in (2) may be taken as p — 1 or p according as p — 1 or p + 1 respectively is
divisible by 6. But, since both p — 1 and p + 1 are divisible by 2, it follows that the minimum
m in (2) may be taken as p — 1 or p according as p — 1 or p + 1 respectively is divisible by 3.

We now consider the following two possible cases that may arise :

Case 1 : p is of the form p = 3a 4 1 for some integer ¢ > 1. In this case, 3 | (p — 1), and
hence, Z(3p) =p — 1.

Case 2 : p is of the form p = 3a + 2 for some integer a > 1. Here, 3 | (p + 1), and hence,
Z(3p) = p.

Theorem 2.3. If p > 3 is a prime, then Z(2p?) = p? — 1.

Proof.

Z(2p2):min{m:2p2|m(m2+1)}:min{m:p2|m(m4+1)}. (3)

If p?|m(m + 1), then p? must divide either m or m + 1, but not both (by Lemma 2.3).
Thus, the minimum m in (3) may be taken as p® — 1 if p? — 1 is divisible by 4. But, since both
p—1and p+ 1 are divisible by 2, it follows that 4 | (p — 1)(p + 1). Hence, Z(2p?) = p* — 1.

Theorem 2.4. If p > 5 is a prime, then Z(3p?) = p? — 1.

Proof.

Z(3p2):min{m:3p2|m(mzm}:min{m:pﬂm(mg_l)}. (4)

If p?/m(m + 1), then p? must divide either m or m + 1, but not both (by Lemma 2.3).
Thus, the minimum m in (4) may be taken as p?1 if p? — 1 is divisible by 6. By Lemma 2.4,
6 | (p> — 1). Consequently, Z(2p?) = p? — 1.

Definition 2.1. A function ¢ : N — N is called multiplicative if and only if g(ning) =
g(n1)g(ng) for all ny,ny € N with (ny,ng) = 1.

Remark 2.1. From Lemma 1.2 and Theorem 2.1, we see that Z(2p) # 3(p—1) = Z(2)Z(p)
for any odd prime p. Moreover, Z(3p?) = p> — 1 # Z(2p?) + Z(p*). These show that Z(n) is
neither additive nor multiplicative, as has already been noted by Kashihara [1]. The expressions
for Z(2p*) and Z(3p*) for k > 3 are given in Theorem 2.5 and Theorem 2.6 respectively. For
the proofs, we need the following results:

Lemma 2.5.

(1) 4 divides 32k — 1 for any integer k > 1.

(2) 4 divides 32%*! + 1 for any integer k > 0.
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Proof.

(1) Writing 32% — 1 = (3k — 1)(3k + 1), the result follows immediately.

(2) The proof is by induction on k. The result is clearly true for k = 0. So, we assume
that the result is true for some integer k, so that 4 divides 32**1 + 1 for some k. Now, since
32k+3 11 = 9(32k+1 1 1) — 8, it follows that 4 divides 32%*3 4 1, completing the induction.

Lemma 2.6.

(1) 3 divides 22k — 1 for any integer k > 1.

(2) 3 divides 22k*! + 1 for any integer k > 0.

Proof.

(1) By Lemma 2.4, 3 divides (2k — 1)2k(2k +1). Since 3 does not divide 2k, 3 must divide
(2k —1)(2k+ 1) =22k — 1.

(2) The result is clearly true for £ = 0. To prove by induction, the induction hypothesis is
that 3 divides 22#*1 4 1 for some k. Now, since 22¥+3 4+ 1 = 4(32k+! 4 1) — 3, it follows that 3
divides 22#3 41, so that the result is true for k + 1 as well, completing the induction.

Theorem 2.5. If p > 3 is a prime and k£ > 3 is an integer, then

Z(2pt) = ¥ if 4] (p—1) and k is odd;
p*¥ —1, otherwise.
Proof.
1 1

If p¥|m(m+1), then p* must divide either m or m+1, but not both (by Lemma 2.3). Thus,
the minimum m in (5) may be taken as p¥ — 1 or p* according as p¥ — 1 or p¥ is respectively
divisible by 4. We now consider the following two possibilities:

Case 1 : p is of the form 4a + 1 for some integer a > 1. In this case, p* = (4a + 1)* =
(4a)* + C}(4a)*=' + .- + CF'(4a) + 1, showing that 4 | (pF — 1). Hence, in this case,
Z(2p%) =p* — 1.

Case 2 : p is of the form 4a + 3 for some integer a > 1. Here, p* = (4a + 3)k =
(4a)* + CL(4a)*=13 + - + CF = (4a)3k~1 4 3%,

(1) If & > 2 is even, then by Lemma 2.5, 4 | (3 — 1), so that 4 | (p*¥ — 1). Thus,
Z(2p%) = p* — 1.

(2) If k > 3 is odd, then by Lemma 2.5, 4 | (3+1), and so 4 | (p*+1). Hence, Z(2p*) = p*.
All these complete the proof of the theorem.

Theorem 2.6. If p > 3 is a prime and k£ > 3 is an integer, then

2(3p") = ", if 3| (p+1) and k is odd;
pk — 1, otherwise.

Proof.

2(p) = min {m s34 | PO i g D (6)
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If p¥|m(m+1), then p* must divide either m or m+ 1, but not both (by Lemma 2.3). Thus,
the minimum m in (6) may be taken as p¥ — 1 or p* according as p¥ — 1 or p¥ is respectively
divisible by 6. We now consider the following two possible cases:

Case 1 : p is of the form 3a + 1 for some integer a > 1. In this case, p* = (3a + 1)* =
(3a)* + CL(3a)*~' + - + CF7(3a) + 1, it follows that 3 | (p* — 1). Thus, in this case,
Z(3p*) =p* — 1.

Case 2 : p is of the form 3a + 2 for some integer a > 1. Here, p* = (3a + 2)k =
(3a)F + CL(3a)*=1(2) + -+ + CF 1 (3a)2F~1 + 2

(1) If & > 2 is even, then by Lemma 2.6, 3 | (28 — 1), so that 3 | (p¥ — 1). Thus,
Z(3p*) =p* - 1.

(2) If k > 3 is odd, then by Lemma 2.6, 3 | (2¥+1), and so 3 | (p* +1). Thus, Z(3p*) = p*.

In Theorem 2.7 - Theorem 2.9, we give the expressions for Z(4p), Z(5p) and Z(6p) respec-
tively, where p is a prime. Note that, each case involves 4 possibilities.

Theorem 2.7. If p > 5 is a prime, then

p_17 1f8|(p_1)a
2 if 81 (p+ 1);
Z(4p) = .
3p—1, if 8] (3p—1);
3p, if 8| (Bp+1).
Proof.
Z(4p):min{m:4pm(m;_l)}:min{m:p|m(m8+l)}. (7)

If plm(m + 1), then p must divide either m or m + 1, but not both (by Lemma 2.3), and
then 8 must divide either p — 1 or p+ 1, In the particular case when 8 divides p—1 or p+1, the
minimum m in (7) may be taken as p — 1 or p 4 1 respectively. We now consider the following
four cases may arise:

Case 1 : p is of the form p = 8a + 1 for some integer ¢ > 1. In this case, 8 | (p — 1), and
hence Z(4p) =p — 1.

Case 2 : p is of the form p = 8a + 7 for some integer a > 1. Here, 8 | (p + 1), and hence
Z(4p) =p

Case 3 : pis of the form p = 8a + 3 for some integer a > 1. In this case, 8 | (3p — 1), and
hence Z(4p) = 3p — 1.

Case 4 : p is of the form p = 8a + 5 for some integer a > 1. Here, 8 | (3p + 1), and hence
Z(4p) = 3p.

Theorem 2.8. If p > 7 is a prime, then

).
Z(5p) = P, HIOHP+?;
)

i

2p—1, if5|(2p—1
2p, if 5] (2p+1).
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Proof.

Z(5p):min{m:5pW}:min{m:pwn(wll(j_l)}. (8)

If plm(m + 1), then p must divide either m or m + 1, but not both (by Lemma 2.3), and
then 5 must divide either m — 1 or m + 1, In the particular case when 5 divides p—1 or p+ 1,
the minimum m in (8) may be taken as p — 1 or p + 1 respectively. We now consider the four
below that may arise:

Case 1 : pis a prime whose last digit is 1. In this case, 10 | (p—1), and hence Z(5p) = p—1.

Case 2 : p is a prime whose last digit is 9. In such a case, 10 | (p + 1), and so Z(5p) = p.

Case 3 : p is a prime whose last digit is 3. In this case, 5 | (2p — 1). Thus, the minimum
m in (9) may be taken as 2p — 1. Hence Z(5p) = 2p — 1.

Case 4 : p is a prime whose last digit is 7. Here, 5 | (2p + 1), and hence Z(5p) = 2p.

Theorem 2.9. If p > 5 is a prime, then

)
Z(6p) = P, ﬁlQHP+?
)

)

i

91, ifd|(3p+1
2p, if 4] (3p—1).

Proof.

Z(Gp):min{mzﬁpW}:min{m:p|m(wf;_l)}. 9)

If plm(m + 1), then p must divide either m or m + 1, but not both (by Lemma 2.3), and
then 12 must divide either m — 1 or m + 1, In the particular case when 12 divides p—1 or p+1,
the minimum m in (9) may be taken as p — 1 or p respectively. We now consider the four cases
that may arise:

Case 1 : p is of the form p = 12a + 1 for some integer a > 1. In this case, 12| (p — 1), and
hence Z(6p) =p — 1.

Case 2 : pis of the form p = 12a + 11 for some integer a > 1. Here, 12 | (p+ 1), and hence
Z(6p) = p.

Case 3 : pis of the form p = 12a + 5 for some integer a > 1. In this case, 4 | (3p+1). The
minimum m in (10) may be taken as 3p, and hence Z(6p) = 3p.

Case 4 : p is of the form p = 12a + 7 for some integer a > 1. Here, 4 | (3p — 1), and hence
Z(6p) =3p — 1.

It is possible to find explicit expressions for Z(7p) or Z(11p), where p is a prime, as are
given in Theorem 2.10 and Theorem 2.11 respectively, but it becomes more complicated. For
example, in finding the expression for Z(7p), we have to consider all the six possibilities, while

the expression for Z(11p) involves 10 alternatives.
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Theorem 2.10. If p > 11 is a prime, then

p_17 1f7|(p_1)a
2 if 7] (p+1);
2p—1, 7| (2p—1)
Z(7p) = _
2p, it 7| (2p+1);
3p—1, if 7| (3p—1);
3p, if 7| Bp+1).
Proof:
. m(m + 1 m—+ 1
Z(7p) = min{m : 7p|¥} min{m : p|¥} (10)

If p|m(m + 1), then p must divide either m or m + 1, but not both (by Lemma 2.3), and
then 7 must divide either m 4 1 or m respectively. In the particular case when 12 divides p — 1
or p+ 1, the minimum m in (10) may be taken as p — 1 or p respectively. We now consider the
following six cases that may arise:

Case 1: pis of the form p = 7Ta+1 for some integer a > 1. In this case, 7|(p—1). Therefore,
Z(Tp) =p— 1.

Case 2 : p is of the form p = 7a + 6 for some integer a > 1. Here, 7|(p + 1), and so,
Z(Tp) =

Case 3 : pis of the form p = Ta + 2 for some integer a > 1, so that 7|(3p+1). In this case,
the minimum m in (11) may be taken as 3p. That is, Z(7p) = 3p.

Case 4 : p is of the form p = Ta + 5 for some integer a > 1. Here, 7|(3p — 1), and hence,
Z(Tp) =3p — 1.

Case 5 : p is of the form p = 7a + 3 for some integer a > 1. In this case, 7|(2p + 1), and
hence, Z(7p) = 2p.

Case 6 : p is of the form p = Ta + 4 for some integer a > 1. Here, 7|(2p — 1), and hence,
Z(Tp) =2p — 1.

Theorem 2.11. For any prime p > 13,

p— 13 if 11 ‘ (p ),
P, if 11 ] (p+1);
2p—1, if11](2p—1);
2p, if 11| (2p+1);
Z(p) 3p—1, if 11| (3p—1);
p =
3p, if 11| (3p+ 1),
4p, if 11| (4dp+ 1),
5p—1, if 11| (5p —1);
5p, if 11| (5p+1).
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Proof:

Z(11p) = min{m : llp|w} = min{m p|%} (11)

If plm(m + 1), then p must divide either m or m + 1, but not both (by Lemma 2.3), and
then 11 must divide either m + 1 or m respectively. In the particular case when 11 divides p—1
or p+ 1, the minimum m in (11) may be taken as p — 1 or p respectively. We have to consider
the ten possible cases that may arise :

Case 1 : p is of the form p = 11a + 1 for some integer a > 1. In this case, 11|(p — 1), and
so, Z(11p) =p—1.

Case 2 : pis of the form p = 11a + 10 for some integer a > 1. Here, 11|(p + 1), and hence,
Z(11p) = p.

Case 3 : p is of the form p = 11a + 2 for some integer a > 1. In this case, 11|(5p+ 1), and
hence, Z(11p) = 5p.

Case 4 : pis of the form p = 11a + 9 for some integer a > 1. Here, 11|(5p — 1), and hence,
Z(11p) = 5p — 1.

Case 5 : p is of the form p = 11a + 3 for some integer a > 1. In this case, 11|(4p — 1), and
hence, Z(11p) = 4p — 1.

Case 6 : p is of the form p = 11a + 8 for some integer a > 1. Here, 11|(4p + 1), and hence,
Z(11p) = 4p.

Case 7 : p is of the form p = 11a + 4 for some integer a > 1. In this case, 11|(3p — 1), and
hence, Z(11p) = 3p — 1.

Case 8 : pis of the form p = 11a + 7 for some integer a > 1. Here, 11|(3p + 1), and hence,
Z(11p) = 3p.

Case 9 : p is of the form p = 11a + 5 for some integer a > 1. In this case, 11](2p + 1), and
hence, Z(11p) = 2p.

Case 10 : p is of the form p = 11a + 6 for some integer a > 1. Here, 11|(2p — 1), and hence,
Z(11p) =2p — 1.

In Theorem 2.12, we give an expression for Z(pq), where p and ¢ are two distinct primes.
In this connection, we state the following lemma. The proof of the lemma is similar to, for
example, Theorem 12.2 of Gioia [3], and is omitted here.

Lemma 2.7. Let p and ¢ be two distinct primes. Then, the Diophantine equation

qy—pr=1

has an infinite number of solutions. Moreover, if (xg,yo) is a solution of the Diophantine
equation, then any solution is of the form

T =+ qt,y = yo + pt,

where t > 0 is an integer.

Theorem 2.12. Let p and g be two primes with ¢ > p > 5. Then,

Z(pq) = min{qyo — 1,pxo — 1},
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where
yo =min{y : z,y € N, qy — px = 1},
xg =min{z : x,y € N,pr — qy = 1}.
Proof: Since

(m+1)

Z(pq) = min{m : pg| ==}, (12)

it follows that we have to consider the three cases below that may arise :
Case 1 : When p|m and ¢|(m+1). In this case, m = px for some integer x > 1, m+1 = qy

for some integer y > 1. From these two equations, we get the Diophantine equation
qy —pr =1
By Lemma 2.7, the above Diophantine equation has infinite number of solutions. Let
yo =min{y : z,y € N,qy —px = 1}.

For this yg, the corresponding x is given by the equation goy — pox = 1. Note that yy and xg

cannot be both odd or both even. Then, the minimum m in (12) is given by
m+1=qyo=m=qyo— 1.

Case 2 : When p|(m + 1) and ¢/m. Here, m + 1 = px for some integer > 1, m = gy for

some integer y > 1. These two equations lead to the Diophantine equation. px — qy = 1. Let
2o =min{x : z,y € N,px — qy = 1}.

For this x¢, the corresponding yo is given by yo = (pxo—1)/q. Here also, z¢ and yo both cannot
be odd or even simultaneously. The minimum m in (12) is given by

m+1=prg=m=pxry— 1.

Case 3 : When pg|(m+1). In this case, m = pg— 1. But then, by Case 1 and Case 2 above,
this does not give the minimum m. Thus, this case cannot occur. The proof of the theorem
now follows by virtue of Case 1 and Case 2.

Remark 2.2. Let p and ¢ be two primes with ¢ > p > 5. Let ¢ = kp + ¢ for some integers
kand ¢ with k> 1and 1 < ¢ <p—1. We now consider the two cases given in Theorem 2.12 :

Case 1 : When p|m and ¢|(m + 1). In this case, m = px for some integer z > 1, m+ 1 =
qy = (kp + £)y for some integer y > 1. From these two equations, we get

by—(x—kyp=1 (2.1).

Case 2 : When p|(m+1) and g/m. Here, m+1 = px for some integer > 1, m = (kp+4£)y

for some integer y > 1. These two equations lead to

(x—ky)p—ty=1 (2.2).
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In some particular cases, explicit expressions of Z(pg) may be found. These are given in the
following corollaries.

Corollary 2.1. Let p and g be two primes with ¢ > p > 5. Let ¢ = kp+ 1 for some integer
k > 2. Then, Z(pq) = q — 1.

Proof. From (2.1) with £ =1, we get y — (z — ky)p = 1, the minimum solution of which
isy =1, x = ky = k. Then, the minimum m in (12) is given by

m+l=qy=q=>m=q—1

Note that, from (2.2) with £ = 1, we have (z — ky)p — y = 1, with the least possible solution
y=p—1(and z —ky =1).

Corollary 2.2. Let p and g be two primes with ¢ > p > 5. Let ¢ = (k+ 1)p — 1 for some
integer k > 1.

Then, Z(pq) = q.

Proof. From (2.2) with £ = p— 1, we have, y — [(k+ 1)y — z]p = 1, the minimum solution
of whichisy =1, z = (k+ 1)y = k+ 1. Then, the minimum m in (12) is given by m = qy = q.
Note that, from (2.1) with £ = p — 1, we have [(k + 1)y — z]p — x = 1 with the least possible
solution y =p — 1 (and (k+ 1)y —x = 1).

Corollary 2.3. Let p and g be two primes with ¢ > p > 5. Let ¢ = kp+ 2 for some integer

k > 1. Then,

_qlp—1)
Z(pq) = -

Proof. From (2.2) with ¢ = 2, we have (z — ky)p — 2y = 1, with the minimum solution

y = 25 (and o — ky = 1). This gives m = qy = L1

as one possible solution of (12).

Now, (2.1) with ¢ = 2 gives 2y — (x — ky)p = 1, with the minimum solution y = % (and

— a(p+1)
2

x = ky+1). This gives m = qy — 1 — 1 as another possible solution of (12). Now,

since % —-1> %, it follows that

Z(pg) = Lp; 2

which we intended to prove.
Corollary 2.4. Let p and ¢ be two primes with ¢ > p > 5. Let ¢ = (k + 1)p — 2 for some

integer k > 1. Then,

Z(pg) = WY

Proof. By (2.1) with £ =p — 2, we get [(k+ 1)y — z]p — 2y = 1, whose minimum solution
1

isy="5-(and z = (k+1)y—1). This givesm =qy—1= @ —1 as one possible solution of

(12). Note that, (2.2) with £ = p— 2 gives 2y — [(k+ 1)y — z]p = 1, with the minimum solution

Y= % (and = (k+1)y —1). Corresponding to this case, we get m = qy = %

possible solution of (12). But since % > @ — 1, it follows that Z(pq) = @ -1,

-1

as another

establishing the theorem.
Corollary 2.5. Let p and g be two primes with ¢ > p > 7. Let ¢ = kp+ 3 for some integer
k > 1. Then,
-1 .
q(pg )7 if 3|(p - 1)7

Z(pq) =
k) 1 if 3|(p + 1).
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Proof. From (2.1) and (2.2) with ¢ = 3, we have respectively
3y — (¢ —ky)p =1, (13)

(x —ky)p—3y =1. (14)

We now consider the following two possible cases :

Case 1 : When 3 divides p — 1.

In this case, the minimum solution is obtained from (14), whichisy = %(and r—ky=1).
Also, p — 1 is divisible by 2 as well. Therefore, the minimum m in (12) is m = qy = %.

Case 2 : When 3 divides p + 1.

In this case, (13) gives the minimum solution, which is y = pgil(and x — ky = 1). Note
that, 2 divides p + 1. Therefore, the minimum m in (12) m=qy — 1 = % -1

Thus, the theorem is established.

Corollary 2.6. Let p and ¢ be two primes with ¢ > p > 7. Let ¢ = (k + 1)p — 3 for some
integer k£ > 1. Then,
A3 (p+ 1)

Z(pa) = i
) i 3|(p - 1).

Proof. From (2.1) and (2.2) with £ = p — 3, we have respectively
[(k+1)y—alp—3y =1, (15)

3y—[(k+ 1)y —alp=1. (16)

We now consider the following two cases :

Case 1 : When 3 divides p + 1.

In this case, the minimum solution, obtained from(14), is y = p—'gl(and z=(k+1y-—
1).Moreover, 2 divides p + 1. Therefore, the minimum m in (12) is m = qy = %.

Case 2 : When 3 divides p — 1.

In this case, the minimum solution, obtained from (13), is y = %(and z=(k+1y—1).
Moreover, 2 divides p — 1. Therefore, the minimum m in (12) is m = qy = @ —1.

Corollary 2.7. Let p and g be two primes with ¢ > p > 7. Let ¢ = kp+4 for some integer
k > 1. Then,
Wi - 1);

Z(pq) =
et 1 if 4)(p + 1),

Proof. From (2.1) and (2.2) with £ = 4, we have respectively
dy — (z —ky)p =1, (17)

(x —ky)p —4y = 1. (18)

Now, for any prime p > 7, exactly one of the following two cases can occur : Either p — 1 is
divisible by 4, or p+ 1 is divisible by 4. We thus consider the two possibilities separately below:
Case 1 : When 4 divides p — 1.
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In this case, the minimum solution is obtained from (18), is y = 2% (and @ = ky + 1).
a(p=1)

Therefore, the minimum m in (12) is is m = qy = £

Case 2 : When 4 divides p + 1.

In this case, (17) gives the minimum solution, which is y = pTH(and x = ky+1). Therefore,
the minimum m in (12) m=qy — 1= % -1

Corollary 2.8. Let p and ¢ be two primes with ¢ > p > 7. Let ¢ = (k + 1)p — 4 for some
integer k£ > 1. Then,

w4+ );

Z(pq) = i ,
e 1 if 4)(p—1).

Proof. From (2.1) and (2.2) with £ = p — 4, we have respectively
[(k+ Dy —zlp -4y =1, (19)

dy—[(k+ 1)y —zlp=1. (20)

We now consider the following two cases which are the only possibilities (as noted in the
proof of Corollary 2.7).

Case 1 : When 4 divides p + 1.

In this case, the minimum solution obtained from (20) is y = % (and z = (k+ 1)y —
1).Therefore, the minimum m in (12) is m = qy = %.

Case 2 : When 4 divides p — 1.

In this case, the minimum solution, obtained from (19),is y = %1 (and z = (k+ 1)y —
1).Therefore, the minimum m in (12) is m = qy = % —1.

Corollary 2.9 . Let p and g be two primes with ¢ > p > 11. Let ¢ = kp + 5 for some

integer k£ > 1. Then,

|1,

q(2a+1)—1, if p=>5a-+2;
Z(pq) = .

q(2a + 1), if p=>5a+3;

aetl) g if 5|(p + 1).

Proof. From (2.1) and (2.2) with ¢ = 5, we have respectively
Sy — (z —ky)p = 1, (21)

(x — ky)p — 5y = 1. (22)

Now, for any prime p > 7, exactly one of the following four cases occur:

Case 1 : When p is of the form p = 5a + 1 for some integer a > 2.

In this case, 5 divides p — 1. Then, the minimum solution is obtained from (22) which is
Y= p5;1 (and & — ky = 1). Therefore, the minimum m in (12) is m = qy = @.

Case 2 : When p is of the form p = 5a + 2 for some integer a > 2.

In this case, from (21) and (22), we get respectively

1 =5y — (v — ky)(5a + 2) = 5[y — (v — ky)a] — 2(x — ky), (23)
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1= (z—ky)(ba+2)—5y=2(x—ky)—5ly— (z — ky)a] (24)

Clearly, the minimum solution is obtained from (23), which is
y—(r—kyla=1, z—ky=2=y=2a+1 (and v =k(2a+ 1) + 2).
Hence, in this case, the minimum m in (12) ism =qy — 1 =¢q(2a + 1) — 1.
Case 3 : When p is of the form p = 5a + 3 for some integer a > 2. From (21) and (22), we
get
1 =5y —(z—ky)(5a+3) = 5[y — (z — ky)a] — 3(z — ky), (25)

1= (z—ky)(5a+3) — by =3(x — ky) — 5[y — (z — ky)al. (26)

The minimum solution is obtained from (27) as follows :

y—(x—kyla=1, z—ky=2=y=2a+1 (and x = k(2a + 1) + 2).

Hence, in this case, the minimum m in (12) is m = qy = ¢(2a + 1).

Case 4 : When p is of the form p = 5a + 4 for some integer a > 2.

In this case, 5 divides p + 1. Then, the minimum solution is obtained from (21), which is
y =2t (and = — ky = 1). Therefore, the minimum m in (12) is m =gy — 1 = @ —1.

Corollary 2.10. Let p and ¢ be two primes with ¢ > p > 11. Let ¢ = (k + 1)p — 5 for
some integer k > 1. Then,

Wl 1, B|(p - 1);
Z(pa) q(2a + 1), if p=5a+ 2;
pq) =
qg2a+1)—1, if p=5a+3;
et if 5/(p+1).

Proof. From (2.1) and (2.2) with £ = p — 5, we have respectively
[(k+ 1)y —zlp =5y = 1, (27)

S5y —[(k+ 1)y —z]p=1. (28)

As in the proof of Corollary 2.9, we consider the following four possibilities :
Case 1 : When p is of the form p = 5a + 1 for some integer a > 2.

In this case, 5 divides p — 1. Then, the minimum solution is obtained from (27), which is

y = 22t (and @ = (k+1)y—1). Therefore, the minimum m in (12) ism = gy—1 = @—1.
Case 2 : When p is of the form p = 5a + 2 for some integer a > 2.
In this case, from (27) and (28), we get respectively
1=[(k+1)y—=](ba+2) —by =2[(k+ 1)y — z] — 5ly — a(k + 1)y — ], (29)
1=5y—[(k+ 1)y —2]|(5a +2) = 5[y —alk + 1)y — a] = 2[(k + L)y — 2]. (30)

Clearly, the minimum solution is obtained from (30), which is
y—alk+l)y—z=1(k+1l)y—z=2=y=2a+1(and z = (k+1)(2a + 1) — 2).
Hence, in this case, the minimum m in (12) is m = qy = ¢(2a + 1).

Case 3 : When p is of the form p = 5a + 3 for some integer a > 2.
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In this case, from (27) and (28), we get respectively
1=[(k+1y—2z](ba+3)—5y=3[(k+1)y—2a] -5y —alk+ 1)y — ], (31)

1=5y—[(k+1)y—=z](ba+3) =5y —alk+ 1)y —z] —3[(k+ 1)y — x]. (32)

The minimum solution is obtained from (31) as follows :
y—alk+l)y—z=1(k+1l)y—z=2=y=2a+1(andz = (k+1)(2a + 1) — 2).
Hence, in this case, the minimum m in (12) ism=qy — 1 =¢q(2a + 1) — 1.

Case 4 : When p is of the form p = 5a + 4 for some integer a > 2.
In this case, 5 divides p + 1. Then, the minimum solution is obtained from (28), which is

Yy = % (and = = (k4 1)y — 1). Therefore, the minimum m in (12) is m = qy = @.
Corollary 2.11. Let p and g be two primes with ¢ > p > 13. Let ¢ = kp + 6 for some

integer k£ > 1. Then,

a(p—1) : —1)-

Z(pq) = 5 if 6[(p — 1);
Wwr) g if 6|(p+ 1)

6 ’ '

Proof. From (2.1) and (2.2) with £ = 6, we have respectively
6y — (z —ky)p =1, (33)

(x — ky)p — 6y = 1. (34)

Now, for any prime p > 13, exactly one of the following two cases can occur : Either p — 1
is divisible by 6, or p 4+ 1 is divisible by 6. We thus consider the two possibilities separately
below :

Case 1 : When 6 divides p — 1.

In this case, the minimum solution, obtained from (34), is y = % (and z = ky + 1).
Therefore, the minimum m in (12) is m = qy = %.

Case 2 : When 6 divides p + 1.

In this case, (33) gives the minimum solution, which is y = % (and x = ky+1). Therefore,
the minimum m in (12) ism=qy — 1= % —1.

Corollary 2.12. Let p and ¢ be two primes with ¢ > p > 13. Let ¢ = (k+ 1)p — 6 for
some integer k > 1. Then,

q(p+1) ; .

Z(pq) = 5 if 6/(p + 1);
W) g if 6|(p— 1)

6 ’ :

Proof. From (2.1) and (2.2) with £ = p — 6, we have respectively
[(k+ 1Dy —z]p -6y =1, (35)

6y —[(k+ 1y —zlp=1. (36)

We now consider the following two cases which are the only possibilities (as noted in the
proof of Corollary 2.11) :
Case 1 : When 6 divides p + 1.
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In this case, the minimum solution, obtained from (36), is y = 2+ (and = = (k+ 1)y — 1).

Therefore, the minimum m in (12) is m = qy = %.

Case 2 : When 6 divides p — 1.

Here, the minimum solution is obtained from (35), which is y = pT_l (and x = (k+1)y—1).
Therefore, the minimum m in (12) is m = qy = % — 1.

Corollary 2.13. Let p and ¢ be two primes with ¢ > p > 13. Let ¢ = kp + 7 for some
integer k > 1. Then,

o), if 7/(p — 1):

qBa+1)—1, if p="Ta+2;

qa+1)—1, ifp=Ta+3;
Z(pq) = .

q(2a + 1), if p="Ta+4;

q(3a+2), if p="Ta+5;

et g if 7|(p+ 1),

Proof. From (2.1) and (2.2) with ¢ = 7, we have respectively
Ty — (= ky)p =1, (37)

(x—ky)p—Ty=1. (38)

Now, for any prime p > 11, exactly one of the following six cases occur :
Case 1 : When p is of the form p = 7a + 1 for some integer a > 2.
In this case, 7 divides p — 1. Then, the minimum solution is obtained from (38), which is

y:% (and x — ky = 1).
Therefore, the minimum m in (12) is m = qy = q(pi;l).
Case 2 : When p is of the form p = 7a + 2 for some integer a > 2.

In this case, from (37) and (38), we get respectively
1=Ty—(z—ky)(Ta+2) =Ty — (z — ky)a] — 2(z — ky), (39)

1=(z—ky)(Ta+2)—Ty =2(x — ky) — Ty — (z — ky)al. (40)

Clearly, the minimum solution is obtained from (39), which is
y—(x—kyla=l,x—ky=3=y=3a+1 (and z = k(3a + 1) + 3).
Hence, in this case, the minimum m in (12) ism =gy — 1 =¢(3a+ 1) — 1.
Case 3 : When p is of the form p = 7a + 3 for some integer a > 2. Here, from (37) and
(38),
1="Ty—(z —ky)(Ta+3) = Tly — (z — ky)a] = 3(z — ky), (41)

1=(z—ky)(Ta+3)—Ty =3(x — ky) — Ty — (z — ky)al. (42)

The minimum solution is obtained from (41) as follows:
y—(r—kyla=1l,0—ky=2=y=2a+1(and = k(2a + 1) + 2).
Hence, in this case, the minimum m in (12) ism=qy —1=¢q(2a + 1) — 1.
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Case 4 : When p is of the form p = 7a + 4 for some integer a > 2. In this case, from (37)

and (38), we get respectively
1=Ty— (¢ —ky)(Ta+4) =Ty — (x — ky)a] — 4(z — ky), (43)

1=(x—ky)(Ta+4) — Ty =4(z — ky) — T[y — (x — ky)al. (44)

Clearly, the minimum solution is obtained from (44), which is
y—(r—kyla=1l,z—ky=2= y=2a+ 1(and z = k(2a + 1) + 2).
Hence, in this case, the minimum m in (12) ism=qy — 1 =q(2a + 1) + 1.
Case 5 : When p is of the form p = 7a + 5 for some integer a > 2. From (37) and (38), we
have
1=Ty—(z —ky)(Ta+5) =7y — (x — ky)a] - 5(z — ky), (45)

1= (z—ky)(Ta+5)—Ty=5(x —ky) — Ty — (z — ky)al. (46)

The minimum solution is obtained from (46), which is
y—(x—kyla=2,2 —ky=3=y =3a+2(and = k(3a + 2) + 3).
Hence, in this case, the minimum m in (12) is m = qy — 1 = ¢(3a + 2).
Case 6 : When p is of the form p = 7a 4 6 for some integer a > 2. In this case, 7 divides
p+ 1. Then, the minimum solution is obtained from (37), which is y = 2t (and z — ky = 1).
Therefore, the minimum m in (12) is m=qy — 1= q(p;'l) — 1.
Corollary 2.14. Let p and ¢ be two primes with ¢ > p > 13. Let ¢ = (k + 1)p — 7 for

some integer k > 1.

Then,
-l if 7|(p — 1);
q(3a+1), if p="Ta+2;
q(2a + 1), if p="Ta+3;
Z(pq) = .
q(2a+1)—1, if p="Ta+4;
q(3a+2) — if p="Ta+5;
et if 7|(p +1).

Proof. From (2.1) and (2.2) with ¢ = 7, we have respectively
[(k+1)y—a]p—Ty=1, (47)

Ty—[(k+1)y—zlp=1. (48)

We now consider the following six possibilities:

Case 1 : When p is of the form p = 7a 4+ 1 for some integer a > 2. In this case, 7 divides
p—1. Then, the minimum solution is obtained from (47), which is y = == L (andz = (k+1)y—1).
Therefore, the minimum m in (12) ism=qy — 1= q(p7 D1,

Case 2 : When p is of the form p = 7a + 2 for some integer a > 2.

In this case, from (47) and (48), we get respectively

=[(k+1y—2(Ta+2) =Ty =2[(k+ )y —a] - 7ly — a{(k + D)y — z}], (49)
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1=7y—[(k+ 1Dy —z|(Ta+2) =Ty —a{(k+ 1)y —x}] — 2[(k+ 1)y — z]. (50)

Clearly, the minimum solution is obtained from (50), which is
y—a{(k+ly—2}t=1(k+1l)y—z=3=y=3a+1(and 2 = (k+1)(3a + 1) — 3).
Hence, in this case, the minimum m in (12) is m = gy = ¢(3a + 1).
Case 3 : When p is of the form p = 7a + 3 for some integer a > 2.
Here, from (47) and (48),

1=[k+1Dy—2z)(Ta+3) -7y =3[(k+ 1)y —z] — Ty — a{(k + 1)y — x}], (51)

1=7y—[(k+ 1Dy —z](7Ta+3)=Tly—a{(k+ 1)y —x}] — 3[(k+ 1)y — z]. (52)

Then, (52) gives the minimum solution, which is:
y—a{(k+)y—z}=1(k+)y—rz=2=y=2a+1(and z = (k+1)(2a + 1) — 2).
Hence, in this case, the minimum m in (12) is m = qy = ¢(2a + 1).
Case 4 : When p is of the form p = 7a + 4 for some integer a > 2.
Here, from (47) and (48),

L=[(k+ Dy —al(Ta+4) =7y = 4[(k+ Dy — 2] = Ty — a{(k + 1)y — z}], (53)

1=Ty—[(k+1)y—2z](Ta+4) =Ty —a{(k+ 1)y — a}] — 4[(k + )y — x]. (54)

Clearly, the minimum solution is obtained from (53) as follows:
y—a{(k+l)y—z}=1(k+1l)y—z=2=y=2a+1(and z = (k+1)(2a + 1) — 2).
Hence, in this case, the minimum m in (12) ism=qy—1=¢(2a+1) — 1.
Case 5 : When p is of the form p = 7a + 5 for some integer a > 2.
In this case, from (47) and (48), we get respectively

1=[k+1Dy—2)(Ta+5) -7y =5[(k+ 1)y —z] — T[y — a{(k + 1)y — x}], (55)

1=Ty—[(k+1)y—2](Ta+5) =Ty —a{(k+ 1)y —a}] = 5[(k + 1)y — x]. (56)

Then, (55) gives the following minimum solution:

y—af{(k+)y—=z}=2,(k+1)y—o2=3=y=3a+2 (and z = (k+ 1)(3a + 2) — 3).
Hence, in this case, the minimum m in (12) is m =qy — 1 = ¢(3a +2) — 1.

Case 6 : When p is of the form p = 7a+6 for some integer a > 2. In this case, 7 divides p+1.
Then, the minimum solution is obtained from (48), which is y = # (and z = (k+ 1)y — 1).
Therefore, the minimum m in (12) is m = qy = @.

Corollary 2.15. Let p and g be two primes with ¢ > p > 13. Let ¢ = kp + 8 for some
integer k > 1.

Then,
W s,
q(3a+1), if p=28a+3;

q(3a+2)—1, if p=238a-+5;
aekl) 1 8|(p 4 1).
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Proof. From (2.1) and (2.2) with ¢ = 8, we have respectively
8y — (v —ky)p =1, (57)

(x —ky)p— 8y =1. (58)

Now, for any prim p > 13, exactly one of the following four cases occur:
Case 1 : When p is of the form p = 8a + 1 for some integer a > 2.
In this case, 8 divides p — 1. Then, the minimum solution is obtained from (58), which is
Y= % (andz — ky = 1).
Therefore, the minimum m in (12) is m = qy = %.
Case 2 : When p is of the form p = 8a + 3 for some integer a > 2.

In this case, from (57) and (58), we get respectively
1=8y—(z—ky)(Ba+3) =8y — (v — ky)a] — 3(z — ky), (59)

1= (z—ky)(8a+3) — 8y =3(x— ky) — 8y — (v — ky)al. (60)

Clearly, the minimum solution is obtained from (60), which is
y—(r—kyla=1l,z—ky=3=y=3a+1 (and z = k(3a + 1) + 3).
Hence, in this case, the minimum m in (12) is m = qy = ¢(3a + 1).
Case 3 : When p is of the form p = 8a + 5 for some integer a > 2.
From (57) and (58), We get

1=8y— (x — ky)(8a+5) =8y — (v — ky)a] — 5(x — ky), (61)

1= (x—ky)(8a+5)—8y=>5(x—ky)— 8y — (x — ky)al. (62)

The minimum solution is obtained from (61) as follows:
y—(r—kyla=2,2 —ky=3=y=3a+2 (and z = k(3a + 2) + 3).
Hence, in this case, the minimum m in (12) is m =qy — 1 = q¢(3a +2) — 1.
Case 4 : When p is of the form p = 8a + 7 for some integer a > 2.
In this case, 8 divides p — 1. Then, the minimum solution is obtained from (57), which is
y= p‘# (andz — ky = 1). Therefore, the minimum m in (12) ism=qy — 1= % —1.
Corollary 2.16. Let p and ¢ be two primes with ¢ > p > 13. Let ¢ = (k + 1)p — 8 for

some integer k > 1.

Then,
v Lt if 8(p—1);
q(Ba+1)—1, if p=238a+3;
Z(pq) = .
q(3a +2), if p = 8a + 5;
dlpdtl) if 8|(p+1).

Proof. From (2.1) and (2.2) with £ = p — 8, we have respectively
[(k+ 1Dy —zlp -8y =1, (63)

8y—[(k+1)y—alp=1. (64)
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We now consider the four possibilities that may arise:
Case 1 : When p is of the form p = 8a + 1 for some integer a > 2.
In this case, 8 divides p — 1. Then, the minimum solution is obtained from (63), which is
y= % (and « = (k+ 1)y — 1). Therefore, the minimum m in (12)ism=qy—1= @ -1
Case 2 : When p is of the form p = 8a + 3 for some integer a > 2.
In this case, from (63) and (64), we get respectively

L=[(k+ 1Dy —2](8a+3) -8y =2[(k+ 1)y — 2] = 8[y — a{(k + 1)y — z}], (65)

1=8y—[(k+1)y —z](8a+3) =8y —a{(k+ 1)y — x}] — 3[(k + 1)y — x]. (66)

Clearly, the minimum solution is obtained from (65), which is

y—a{(k+ly—2}t=1,(k+1)y—r=3=y=3a+1(andz = (k+1)(3a + 1) — 3).

Hence, in this case, the minimum m in (12) is m = qy = ¢(3a + 1) — 1.
Case 3 : When p is of the form p = 8a + 5 for some integer a > 1.
In this case, from (63) and (64), we get respectively

1=[k+1y—2](8a+5)—8y=>5[k+1)y—z] -8y —a{(k+ 1)y —x}], (67)

1=8y—[(k+1)y—=z](8a+5) =8y —a{(k+ 1)y — =z} —5[(k+ 1)y — z]. (68)

The minimum solution is obtained from (68) as follows:

y—a{(k+1)y—z}=2,(k+1)y —x=3=y=3a+2(andzx = (k + 1)(3a + 2) — 3).

Hence, in this case, the minimum m in (12) is m = qy = ¢(3a + 2).
Case 4 : When p is of the form p = 8a + 7 for some integer a > 2.
In this case, 8 divides p + 1. Then, the minimum solution is obtained from (64), which is
y= p%l (and = (k+ 1)y — 1). Therefore, the minimum m in (12) is m = qy = @.
We now consider the case when n is a composite number. Let
Z(n) = mg for some integer mg > 1. Then, n divides %
We now consider the following two cases that may arise :
Case 1 : myg is even (so that mg + 1 is odd).

(1) Let n be even. In this case, n does not divide %2, for otherwise,

n|mo n|mo(mg + 1)
2 2

(2) Let n be odd. In such a case, n does not divide my.
Case 2 : myg is odd (so that mg + 1 is even).

(1) Let n be even. Then, n does not divide my.

(2) Let n be odd. Here, n does not divide my, for

n|mo(mo — 1)

n|my = 5

= Z(n) < (mo —1).
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Thus, if n is a composite number, n does not divide my.
Now let

(e7RE] g

(e} (e} (677 s
n=py'py’ o D; Pis1 o Ps

be the representation of n in terms of its distinct prime factors p1,ps,- - - pi, Pit1,- - Ps, NOL

necessarily ordered. Then, one of my and mgy + 1 is of the form

20pple .l qfﬁl e gPe

for some 1 <14 < s; B; > «; for 1 < j < 7, and the other one is of the form

Yitl e Ys4+1 | Vun . .
pi+1 psg’rs-i-l Tu“% 2 a5

for i +1 < j < s; where ¢j41,---¢s and rg4q,--- 7, are all distinct primes, not necessarily

ordered.

§3. Some Observations

Some observations about the Pseudo-Smarandache Function are given below :
Remark 3.1. Kashihara raised the following questions (see Problem 7 in [1]) :
(1) Is there any integer n such that Z(n) > Z(n+1) > Z(n+2) > Z(n + 3)?

(2) Is there any integer n such that Z(n) < Z(n+1) < Z(n+2) < Z(n + 3)?

The following examples answer the questions in the affirmative:

(1) Z(256) = 511 > 256 = Z(257) > Z(258) = 128 > 111 = Z(259) > Z(260) = 39,

(2) Z(159) = 53 < 64 = Z(160) < Z(161) = 69 < 80 = Z(162) < Z(163) = 162.

These examples show that even five consecutive increasing or decreasing terms are available in

the sequence {Z(n)}.

Remark 3.2 Kashihara raises the following question (see Problem 5 in [1]) : Given any integer

mo > 1, how many n are there such that Z(n) = mg?

Given any integer mg\3, let
Z7H(mo) = {n:n € N,Z(n) = mo},

with
z7' 1) = {1}, Z271(2) = {3}

Thus, for example, Z~1(8) = {8,12,18, 36}.
By Lemma 2.1,

1
e = P20 ¢ 71 ).

(2.3)

(2.4)

This shows that the set Z71(mg) is non-empty; moreover, nma.x is the biggest element of
Z=Y(mo), so that Z~1(myg) is also bounded. Clearly, n € Z~!(my) only if n divides f(mg) =
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mo(mo + 1)/2. This is a necessary condition, but is not sufficient. For example, 4|36 = f(8)
but 4 ¢ Z~1(8). The reason is that Z(n) is not bijective. Let

zZ7 1= Z Z7 (m)

Let n € Z~1. Then, there is one and only one mo such that n € Z~1(myg), that is, there is one
and only one mo such that Z(n) = my.

However, we have the following result whose proof is almost trivial : n € Z71(mg)(n # 1,3) if
and only if the following two conditions are satisfied

(1) n divides mg(mo +1)/2,

(2) n does not divide m(m + 1)/2 for any m with 3 <m < mg — 1.

Since 4|28 = f(7), it therefore follows that 4 ¢ Z~1(8).

Given any integer mg > 1, let C(mg) be the number of integers n such that Z(n) = my, that

is, C(myp) denotes the number of elements of Z~!(mg). Then,
1 é C(m()) S d(W’L()(m() + 1)/2) -1 formo Z 3; C(].) = ]., 0(2) = 27

where, for any integer n, d(n) denotes the number of divisors of n including 1 and n. Now, let
p > 3 be a prime. Since, by Lemma 1.2, Z(p) = p — 1, we see that p € Z~1(p—1) for all p > 3.
Let n € Z=Y(p—1). Then, n divides p(p—1)/2. This shows that n must divide p, for otherwise

p—1 (p—1D(p—2)
=5~ =nl 5

contradicting the assumption. Thus, any element of Z~!(p—1) is a multiple of p. In particular,

n = Z(n) <p-2,

p is the minimum element of Z~!(p — 1). Thus, if p > 5 is a prime, then Z~!(p — 1) contains
at least two elements, namely, p and p(p — 1)/2. Next, let p be a prime factor of mq(mg+1)/2.
Since, by Lemma 1.2, Z(p) = p — 1, we see that p € Z~!(my) if and only if p — 1 > my, that
is, if and only if p > mg + 1.

Remark 3.3. Ibstedt[2] provides a table of values of Z(n) for 1 < n < 1000. A closer look
at these values reveal some facts about the values of Z(n). These observations are given in the
conjectures below, followed by discussions in each case.

Conjecture 1. Z(n) = 2n — 1 if and only if n = 2* for some integer k > 0.

Let, for some integer n > 1,
Z(n) = mg, where mg =2n — 1.

Note that the conjecture is true for n =1 (with & = 0). Also, note that n must be composite.
Now, since mo = 2n — 1, and since ”|Wv it follows that

motl: moreover, by virtue of the definition of Z(n), n does not
divide mg, and n|mT+1 forall 1 <m <mg— 1.

Let

n does not divide myg, and n|

Z(2n) = my.

We want to show that my = 2m, + 1. Since n|™% it follows that 2n| 2(m§+1) = (2m0-2+1)+1;

moreover, 2n does not divide
2m+1)  (2m+1)+1

2 2
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forall 1 <m < mg—1.
Thus,
my=2mo+1=22n—1)+1=2%n—1.

All these show that
Z(n)=2n—-1= Z(2n) =2*n - 1.

Continuing this argument, we see that
Z(n)=2n—1= Z(2%n) = 2" 1n — 1.

Since Z(1) = 1, it then follows that Z(2F) = 2k+1 — 1.
Conjecture 2. Z(n) = n—1 if and only if n = p* for some prime p > 3 and integer k > 1.

Let, for some integer n > 2,
Z(n) = mg, where mg =n — 1.

Then, 2|mg and n|(mg + 1); moreover, n does not divide m + 1 for any 1 < m < mg — 1.
Let
Z(n?) =my.

Since n|(mo + 1), it follows that
n?|(mo + 1)% = (m3 + 2my) + 1;

moreover, n? does not divide|(m + 1)? = (m? +2m) + 1 for all 1 <m < mg — 1.
Thus,
my =mg+2mo = (n—1)>+2(n—1) =n? -1,

so that(since 2|mg = 2|m;)
Z(n)=n—1= Z(n* =n*—-1.
Continuing this argument, we see that
Z(n)=n—1= Z(n*)=n?* 1.

Next, let
Z(n***+1) = my for some integer k > 1.

Since n|(mg + 1), it follows that
n2k+1|<m0 + 1)2k+1 — [(mo + 1)2k+1 _ 1] +1;

moreover,
n25t1 does not divide
m+ = [(m+ — 1]+
1 2k+1 1 2k+1 1 1

for all 1 <m < mg — 1. Thus,

my = (mg + 1)K+t — 1 = 2+t 1,
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so that (since 2|mgy = 2|ms)
Z(n) =n—1= Z(n*kT1) =np2k+1 1,

All these show that
Z(n)=n—-1= Z»") =n"-1.

Finally, since Z(p) = p — 1 for any prime p > 3, it follows that Z(p*) = p* — 1.
Conjecture 3. If n is not of the form 2* for some integer k& > 0, then Z(n) < n. First
note that, we can exclude the possibility that Z(n) = n, because

n(n+1) n(n —1)

n| 5 = n| 5

=Z(n)<n-1

So, let

Z(n) = mo with mg > n.

Note that, n must be a composite number, not of the form p* (p > 3 is prime, k > 0). Let
mg = an + b for some integers a > 1,1 < b < nl.

Then,
mo(mo + 1) = (an +b)(an + b+ 1) = n(a®n + 2ab + a) + b(b + 1).

Therefore,

n|lmo(mo + 1) if and only if b+ 1 = n.

But, by Conjecture 1, b+ 1 = n leads to the case when n is of the form 2*.

Remark 3.4. Kashihara proposes (see Problem 4(a) in [1]) to find all the values of n such
that Z(n) = Z(n+ 1). In this connection, we make the following conjecture :

Conjecture 4. For any integer n > 1, Z(n) # Z(n+ 1). Let

Z(n) =Z(n+ 1) =my for some n € N;mg > 1. (69)

Then, neither n nor n + 1 is a prime.

To prove this, let n = p, where p is a prime. Then, by Lemma 1.2, Z(n) = Z(p) = p — 1.

-1
n+1=p+ 1 does not divide pp— )

(p2 ) & Znt1) £p—1=Z(n).

Similarly, it can be shown that n + 1 is not a prime. Thus, both n and n 4+ 1 are composite
numbers.
From (68), we see that both n and n + 1 divide mg(mg + 1)/2. Let

mo(mo + 1)

5 = an for some integer a > 1.

Since n + 1 divides mg(mg + 1) and since n + 1 does not divide n, it follows that » + 1 must
divide a. So, let
a = b(n + 1) for some integer b > 1.
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Then,
1
%04') = abn(n + 1),
which shows that
1
n(n + 1) must divide %. (70)

From (69), we see that

Z(n(n+1)) < mo,
which, together with Lemma 1.5 (that Z(n(n + 1)) > Z(n)), gives

Z(n(n+ 1)) = myg. (71)

From (70), we see that

n+1)
2

mo + 1) N n(n + 1)|m0(m0 +1)
2 2 2

n(n + 1)L -z ) < mo.

Thus, by virtue of Lemma 2.1, Z(%) =n < mg = Z(n). It can easily be verified that
neither n nor n + 1 can be of the form 2k. Thus, if Conjecture 3 is true then Conjecture 4 is
also true.

Remark 3.5. An integer n > 0 is called f-perfect if

k
i=1

where dy = 1,ds,...,d; are the proper divisors of n, and f is an arithmetical function. In

particular, n is Pseudo-Smarandache perfect if

In [4], Ashbacher reports that the only Pseudo-Smarandache perfect numbers less than 1,000, 000
are n = 4,6,471544. However, since n = 471544 is of the form n = 8p with p = 58943, its only
perfect divisors are 1,2,4,8,p,2p and 4p. Since 8|(p + 1) = 58944, it follows from Lemma 1.2,
Theorem 2.1 and Theorem 2.7 that

Z(p)=p—1, Z(2p)=p, Z(4p)=p,

so that
k

n =471544 > " Z(d;),

i=1

so that n = 471544 is not Pseudo-Smarandache perfect.
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Introduction

The Smarandache Deconstructive sequence of integers [1] is constructed by sequentially
repeating the digits 1 to 9 as follows:

1, 23, 456, 7891, 23456, 789123, -----

Kashihara [2] asked: How many primes are there in the sequence. Ashbacher [3] explored
this question and raised some more questions, which were studied and answered by Henry
Ibstedt [4].

Let us call the sequence mentioned above as Smarandache Deconstructive sequence of the
first kind (SDS-I) because a similar Deconstructive sequence can be constructed by sequentially
repeating the digits 0 to 9 as follows [4].

0, 12, 345, 6789, 01234, 567890, -----

The Smarandache Deconstructive sequence of integers [1] is constructed by sequentially
repeating the digits 1 to 9 as follows:

1, 23, 456, 7891, 23456, 789123, -----

Kashihara [2] asked: How many primes are there in the sequence. Ashbacher [3] explored
this question and raised some more questions, which were studied and answered by Henry
Ibstedt [4].

Let us call the sequence mentioned above as Smarandache Deconstructive sequence of the
first kind (SDS-I) because a similar Deconstructive sequence can be constructed by sequentially
repeating the digits 0 to 9 as follows [4].

0, 12, 345, 6789, 01234, 567890, ----

This can be termed as the Smarandache deconstructive sequence of the second kind (SDS-
10).

In this paper, we report the primes found in both the sequence after checking the first
10000 terms of both these sequence.

This can be termed as the Smarandache deconstructive sequence of the second kind (SDS-
10).
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In this paper, we report the primes found in both the sequence after checking the first
10000 terms of both these sequence.

Primes in the Smarandache Deconstructive Sequence of first kind:

The following 13 primes in the Smarandache Deconstructive sequence of first kind have
been reported earlier [5] [6].

23, 4567891, 23456789, -----

These are 2, 7, 8, 10, 17, 20, 25, 28, 31, 38, 61, 62 and 355-th term of the sequence and

are given in Table-1 below:

Table 1
Term Prime

2 23

7 4567891

8 23456789

10 1234567891

17 23456789123456789

20 23456789123456789123

25 4567891234567891234567891

28 1234567891234567891234567891

31 7891234567891234567891234567891

38 23456'789123456789123456789123456789123

61 4567891234567891234567891234567891234567891234567891234567891
62 23456789123456789123456789123456789123456789123456789123456789
355 789(123456789)391

Note that (123456789)39 means 123456789 repeated 39 times. On further computation
up to 10000 terms of the sequence, we have noted following 3 more primes, namely the term
4690, 4772 and 8162 of the sequence. Since the primality of the term 4690, 4772 and 8162 have
not been certified, so these can be treated as probable primes. These are:

(123456789)501 1,
23456789(123456789)529123,
23456789(123456789)906-

It may be noted that though there are 12 primes in the first 62 terms of the sequence
but only 16 primes in the first 10000 terms of the sequence. So the percentage of primes is
reducing significantly which is in accordance with prime number theorem, according to which,
the probability that a random chosen number of size n is prime decreases as é (where d is the
number of digits of n).

Observations on the Smarandache Deconstructive Sequence of first kind:
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From the term of this sequence, it is seen that the trailing digit (units digit) repeats the
pattern.

1,3,6,1,6,3, 1,9, 9;------

Interestingly this sequence is the same as the sequence of digital root of triangular numbers.

Similarly initial digit of the element of SDS-I repeats the pattern

1,24, 7,2, 7, 4,2 L

Table-2 below gives the possible combination of initial and trailing digits of any element
of SDS-I.

Table 2
Trailing digits | Initial digits
1 1,4, 7
3 2,7
6 4,2
9 2,1

Since the trailing digits of the term of the SDS-I sequence can be 1, 3, 6 or 9, it is obvious
that for an element to be prime, the only possible trailing digits are 1, 3 or 9. If trailing digit
is 3, possible initial digits are 2 and 7, but if initial digit is 7 and trailing digit is 3, the number
is divisible by 3. Similarly if trailing digit is 9 and initial digit is 1, the number is divisible by
3. The possible combinations of trailing and initial digits for a prime in the sequence are given
in Table-3.

Table 3

Trailing digits | Initial digits

1 1,4,7
3 2
9 2

So there are 5 possibilities out of 9, as the pattern repeat for every 9 elements in the
sequence. Out of 13 primes found, 7 ends in 1, 3 ends in 3, 3 end in 9 and primes corresponding
to all 5 possibilities are found. The three probable primes found end in 1, 3 and 9 respectively.

It is thus clear that the term 3 4+ 9n, 5+ 9n, 6 + 9n, 9n of the sequence are obviously
composite and need not be checked for primality. Only the term 9n+1, In+2, In+4, In+7
and 9n + 8 need to be checked for primality.

Conjecture 1. Every prime except 5 divides some element of the sequence.

It is noted that none of the element of the sequence end in 0 or 5. So 5 cannot be a factor
of any terms of the sequence. It has been checked that every prime up to 3821 except 5 divides
some element of the sequence up to 10000 terms, so it is quite reasonable to conjecture that:

every prime except 5 divides some element of the sequence. Can this be proved?
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Primes in the Smarandache Deconstructive Sequence of second kind:

On computation up to 10000 terms of the sequence, we have noted only 2 primes, namely
the term 367 and 567 of the sequence. These are:
(1234567890)351234567,
(1234567890)551234567.

Observations on the Smarandache Deconstructive Sequence of second kind:

From the terms of this sequence, it is seen that the trailing digit (units digit) repeats the
pattern.

0,259, 4,0,7,5,4,4,5 7,0,4,9,5 20,9, 95------

Similarly initial digit of the element of SDS-II repeats the pattern

0,1,3,6,0,5,1,8 6,5,5,6,8 1,5 0,6, 3,1, 0;------

Table-4 below gives the possible combination of initial and trailing digits of any element
of SDS-IT

Table 4
Trailing digits | Initial digits
0 0,5,8,3
2 1,6
4 0,5,6,1
5 3,5,8,0
7 1,6
9 1,0,5,6

Since the trailing digits of the term of the SDS-II sequence can be 0, 2, 4, 5, 7 or 9, it is
obvious that for an element to be prime, the only possible trailing digits are 7 or 9. If trailing
digit is 7, possible initial digits are 1 or 6. Similarly if trailing digit is 9, possible initial digits
are 0, 1, 5 or 6. If initial digit is 0, 1 or 6 and trailing digit is 9, the number is divisible by 3.
So it cannot be prime. The possible combinations of trailing and initial digits for a prime in
the sequence are given in Table-5.

Table 5

Trailing digits | Initial digits
7 1,6
9 5

So there are 3 possibilities out of 20, as the pattern repeat for every 20 elements in the
sequence. Both the primes in first 10000 terms of the sequence end in 7 and initial digit in
both primes is 1. It remains to find a single prime corresponding to trailing digit 9 and also
corresponding to trailing digit 7 with initial digit 6. The only terms needs to be checked for
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primality are 7+ 20n, 12 + 20n and 15 + 20n. It is interesting to note that for every 20 terms
of the sequence, only 3 needs to be checked for possible primes, whereas in SDS-I, for every 9
terms of the sequence, 5 terms needs to be checked for possible primes. This gives an indication
that if there are n; possible primes in SDS-I, then in SDS-II, the number of possible primes
ng = ny * (4) * (2) = 0.27ny This explains why the number of primes found in SDS-II is fewer
as compared to number of primes found in SDS-I. The time required to search for primes in
SDS-I is also correspondingly higher than the time required to search for primes in SDS-II.

Conjecture 2. Every prime divides some element of the sequence. It has been checked
that every prime up to 2591 divides some element of the sequence up to 10000 terms, so it is
again quite reasonable to conjecture that: every prime divides some element of the sequence.
Can this be proved?
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§1. Introduction

It is well-known that the Riemann Zeta function defined by

()= o W) 1 )

=1

3

and Dirichlet series

D) =Y (_2:_1, R(s) > 1 @)

play very important roles in Analytic Number Theory, and so on.

In 1734, Euler gave sum of the following Bernoulli series

@)=Y =" )

The formula (3) has been studied by many mathematicians and many proofs have been pub-

lished, for example, see [2]. In 1748, Euler further gave the following general formula

oo _1)k—192k—1_2k
(R =3 4 =Y S B (4)

n=1

where Boi(k =1,2,...) denotes Bernoulli numbers, defined in [18,19] by

t 2tk
et—]_ :ZHB]C, |t| <27T
k=0
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For other proofs concerning formula (4), please refer to the references in this paper, for example,
[18] and [21]. In 1999, the paper [9] gave an elementary expression for ((2k): Let n € N, then

o0

1
> = A, (5)
n=1
where
1 1 _ 1 _ k
Av = g = gdeea b4 CD AL CDT gy
k—1
B k ( l)k i—1
= (1)1 = B S A—
(=1) (2k+1)! +; (2k —2i+ 1)! ! (6)

It is still an open problem to prove irrationality of ((2k + 1) for several centuries. Until
1978, R. Apéry, a French mathematician, proved that the number ((3) is irrational. But one
can not generalize his proof to other cases. So, many mathematicians keep much interest in the
evaluation of ((s) and sums of related series. For some examples, see [10,20,22].

The following formulae involving ((2k + 1) were given by Ramanujan, see [22], as follows:

1. If k>1and k €N,

o 2k—1 1 oo 2k—1
of [<<12k>+2 m_l] = (=p)" [2<<12k)+2 M_l], (7)

1|1 s 1
0= (4a)k [2<(2k+1)+;ml

1 1 = 1
- i [2< Gk 1)+ 712’”1(25—1)] ®)
%
J7T ]BQJBQk 2j+2 [ k—2j+1 _ 3Yk—2j+1
+Z K —2J 12 +=h) )

b

where B; is the j-th Bernoulli number, o > 0 and 8 > 0 satisfy a8 = 72, and Z means
that, when k is an odd number 2m — 1, the last term of the left hand side in (8) is taken as
(-1 B3,

(m!)?

In 1928, Hardy in [6] proved (7). In 1970, E. Grosswald in [3] proved (8). In 1970, E.
Grosswald in [4] gave another expression of ((2k + 1). In 1983, N.-Y. Zhang in [20] not only
proved Ramanujan formulae (7) and (8), but also gave an explicit expression of ((2k + 1) as

follows:

1. If k is odd, then we have

[k+1
C(2k +1) = —2¢_p(7) — (2m) 2K+ Z
7=0

J7T IBojBok—2j+2
2k —25+2)!
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2. if k is even,

7

2w (27T)2k+1 2 (—l)jﬂ'szglngk_gj_i_Q

C(2k 4+ 1) = —2¢_p(7) + ?w’,k(w) 7 k=2 12 (10)
j=0

oo
1
where ¥_i(a) = Z P (Zma — 1)’ and ¢’ , («) is the derivative of ¥ _j () with respect to

n=1
Q.

There are a lot of literature on calculating of {(s), for example, see [2,p.435] and [18,pp.144-
145; p.149; pp.150-151]. As a matter of fact, many other recent investigations and impor-
tant results on the subject of the Riemannian Zeta function ((s) can be found in the pa-
pers [11,12,13,14,15,16,17] by H. M. Srivastava, and others. Furthermore, Chapter 4 entitled
“Evaluations and Series Representations” of the book [15] contains a rather systematic pre-
sentation of much of these recent developments.
The aim of this paper is to obtain recursion formulae of sums for the Riemann Zeta function
and Dirchlet series through expanding some simple function on [—7, x] or [0, 27] by using the
Dirichlet theorem in Fourier series theory.

§2. Main results and proofs

Theorem 1. Let 0(s) = ni; ﬁ and o(s) = i; 27111”1)1 for s > 1. Then we have

for ke N
(2k) = (—1)’“+1(€12kk; 1)m2k +jz; (—1)’(“;:_1‘;?;!%_%«23-)7 (11)
- LS S
Do = +i <‘1>k+(;;14j2<j;)2k_2j<<2j>, (13
oleh+ 1) = L) (o) +]§2 e ;:1 (Z )2'“ 7@, (15)
(2k) = W + : (‘(;ﬁz ?f;fjazy'), (16)
otoh+ 1) = LU @)% ﬂi%—l);ﬂ;) (3)% e, an
glaky = CUTTCIP™ | S ()P (18)

(2k +2)! =~ (2k — 2j + 2)!
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Proof. Define the function f by
f@)="5=, e 2m),
Easy computation reveals the Fourier series of f on (0, 27):
= Z smnx’ z € (0, 2m). (19)
n=1 n
Integration term-by-term yields
z? T >\ cosnx
*ﬁ+?*C(2)—7; FURNE IE[O, 271'].
Clearly, if we integrate 2k — 1 times on each side of (19) from 0 to z, then we obtain
22k k—1 k 22k—2j
_ 27
2 (2k) 2 2k71 +z_; 2k—2j ¢(2))
~ i= (20)
cosnx
=(-1F> v € [0, 27,
n=1
Taking in (20) » = § and noticing that
nmw 0, n=2m—1;
cos — =
2 (=)™, n=2m,
we conclude that
k
( )k+1(4k _ 1 k+j+14]7.r2k 27 )
paw = T Ly ), (21)
i=1 7
Taking = 7 in (20) we conclude that
k . .
(_1>k+17r2k (_1)k+1+1ﬂ.2k—23 .
D2k)= —F—— 27). 22
(2F) 4k.(2k—2)!+; o2y o) (22)
Taking z = 2T in (20) and noticing that
 cos 32T (=Dt (=Rt
—1)k 2 = (—1)F! = D(2k
(030 T = (0 S e = D,
we conclude that
k
(—1)RHL(4k — 3)3%k— 152k k+g+14; (37r)2k 2 ‘
j=1
Integrating on each side of (20) from 0 to 27, we get
C1)RHL(9) — 1)22k—2,2k k-1 1)kt (97 2k—23 ’
o) = Y T ) == AL RV (24)

(2k+1)! (2k — 25 + 1)

j=1
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Integrating term-by-term on each side of (20) from 0 to z, we get

22k+1 k 22k—2j+1 .
2 (k1) +; Zk: 2]+1) ¢(2))
- (25)
sinnzx
= (—1)* Z ¥ € [0, 27].
n=1
Taking x = 7 a in (25) nd noticing that
. onm (—1)m_1, n =2m — 1;
sin — =
2 0, n = 2m,
we conclude that
(=D*(4k +1) 1)k (4k +1) 2k+1
2%k + 1 (%)
ok +1) =5 (2k;+1) 2
k k+] 2k—2j+1 0 (26)
+]; 2k—23+1) (2) ¢(29)-
Taking = 7 in (25) we conclude that
k—1 , ,
(—1)F+ o2k (—1)k+itig2k=2]
2k) = ————— 27). 27
N T BT +J:1 TS (27)
Taking « = 2T in (25) and noticing that
kX sin 257 1)k ! k+1
(D" i = Z (@n — e — ()T ek 1),
n=1
we conclude that
(—1)k+1(4k — 1)m2k+1 13\
2k+1) = =
o2k +1) 4-(2k + 1) 2
k ; 2k—2j+1 (28)
(—1)k+i+l 3T )
—_ | — 27).
+]Z=;(2k72j+1)! 2 ¢(2))
Integrating on each side of (25) from 0 to 27, we get
1Yk (272K k—1 _1)k+it+192k—2j+12k—2;) .
lawy = SRR 5 (29) (20)

2k + 2)! +j:1 2k —2j +2)!

The proof of Theorem 1 is complete.
Remark Form recurrence formula (14), or (16), or (18) we can obtain values of {(2k),

for examples,

i L " 10
(2)= 5 (W) = g5 €(0) = g €)= g €10) = g
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By using values of ((2k), we can conclude values of D(2k) from (11), or (12), or (13), for

examples,

2 3
= n 12
— (-t 7t
D(4) =
4) Z n4 720’
n=1
= (=1t 31x6
D(6) = = :
() ; nb 30240

By using values of ((2k), we can also conclude values of o(2k) from (15), or (17), for examples,

X 1\yn—1 T
o(1) = ZL =

Zaon—1 &

0 (_1)n—1 7.‘.3

3) = -~ 7 0
o(3) ;(27@*1)3 32’

- (=Dt e
o5 =2 (2n—1)° 1536

n=1
Theorem 2. For k € N, we have
z o
o(2k+1) = 222‘;1“1) (g)”““ +; s (3 e, e
(oK) = (—1)k+1z2k +i (_1)k+j+17r2k—2jD<2j). (33)

2R & (2k-2))!

Proof. Define the function g by

Easy computation reveals the Fourier series of f on (—m,7):

z=2 Z Sm”x, € (—m,m). (34)

n=1
Integration term-by-term yields

.’132

2.2l

) cos ne

Mg

x € [—m, 7.
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Clearly, if we integrate 2k — 1 times on each side of (34) from 0 to z, then we obtain

ka, 2k 23 n

n=1

Taking = 7/2 in (35) we conclude that

1 (_1)k+1ﬂ.2k k-1 (_1)k+j+14jﬂ.2k—2j '
D(2k) = D(2
@k =7 |2 @) ++; (2k — 27)! (27)

Integrating on each side of (35) from 0 to 7, we conclude that

k+1,2k —1 k+j+1 2k—2j
(-1

k
2. (2k + 1)! +JZ 2k—23+1)

=1

D(2k) =

D(25).

Integrating term-by-term on each side of (35) from 0 to z, we get

2k+1

k p2k—2j+1
D(25
T2k + 1 +; 2l<: 2]+1) (27)

Z (—=1)"*H sinnz

T ,x € [—m, 7.

Taking = /2 in (38) we conclude that

(—1)F N 2k+1 k (_1)k+j T\ 2k—25+1 )
ok +1) = 55 (3) +;(2k72j+1)! (3) D(2j).

Integrating on each side of (38) from 0 to m, we get

(_1)k+j+17r2k—2j
(2k — 24)!

D(2j).

The proof of Theorem 2 is complete.
Theorem 3. For k € N, we have

(_1)k 2%+1 K 1)k+i T\2k—2j+1
oCk+1) =5 om (3) +J§::1 2% — 2]+1) (3) 22)),

k—1
( 1)k+1 2k 1)k+]+1 2k—2j5 )

2k) = 2
02k = SR =) +Z > k=2 0%

s = g (3) S (3) e

k-1 (—1)ktit1n2k=2)
4-(2k)! = (2k =25+ 1)!

5(25).

k 00
i’ Lcosnz
+]z=; 2k 2! Z , x € [—m, .

(35)

(38)

(43)

(44)
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Proof. Define the function i by
h(z) =|z|, =€[-m, 7]

Easy computation reveals the Fourier series of f on [—m,7]:

cos(2n — 1)x
7—72 ,CCE[—W,W].

ol = (2n —1)2
Taking in (45) z = 0, we get
o 2
™
)= Z (2n—1 8
n=1
Thus we have from (45)
L > cos(2n — 1)z
1% Z @n_172 ,176[0,71’].
n=1
Integrating term-by-term, we have from (46)
T a2 > n(2n — 1)z
Z 27 Z 217,71 ,xE[O,Tr].

Clearly, if we integrate 2k — 1 times on each side of (46) from 0 to z, then we obtain

o

(2n —1) 2’”1’

™
4 (2k)! +; 2k—2]+1) —

Taking in (47) z = 7/2 we conclude that

(1) %+1
oCk+1) =550 (3) +; 2% — 2j+1)

Integrating on each side of (47) from 0 to m, we conclude that

—1)kH1p2k k-1 (—1)k+it+l 22

5(2k) — é~(2k R D o I

Integrating term-by-term on each side of (47) from 0 to x, we obtain that

22k+1 k+1 (_1)jx2k—2j+2

1@k 2 @k 1) 2(2))

COS
_ (—1)kH Z M, e [0,q].

Taking = w/2 in (50), we conclude that

k-1 j 2k—2j
o - 5 G R e ()

22k 2k—2j+1 > n(2n — 1)z
Z " x € [0, ).

k+J <%>2k—2j+1 6(2j).

(46)

(47)

(48)

(49)

(50)

(51)
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Integrating on each side of (50) from 0 to 7, we conclude that

k—l k:+j+1 2k—2j
27). 2
+jz 2/€—2j+1) 2(2) (52)

=1

5(2k) _ ( 1)k+1 2k

The proof of Theorem 3 is complete.

Remark. Form recurrence formula (42), (43) or (44), we can obtain values of §(2k), for

examples,
> 1 2
5(2) = Z = 5
— (2n—-1) 8
> 1 7T4
4 =2 (2n—1)* — 96
n=1
> 1 70
56) = > 1 = om0
n=1
References

[1] Alfred van der Poorten, A proof missed by Euler, Shtixué Yilin (Translations of Math-
ematics) 2(1980), pp. 47-63. (Chinese)

[2] C. M. Bender and S. A. Orszag, Advanced Mathematical Methods for Scientists and
Engineers, McGraw-Hill, 1978.

[3] E. Grosswald, Comments on Some formulae of Ramnujan, Acta. Arith. 21(1972), pp
25-34.

[4] E. Grosswald, Die Werte der Riemannschen Zeta Function an ungeraden Argumen-
stellen, Gottingen Nachrichten, 1970, pp. 9-13.

[5] Group of Compilation, Shuxué Shouce, Handbook of Mathematics, Higher Education
Press, Beijing, China, 1990. (Chinese).

[6] G. H. Hardy, A formula of Ramanujan, J. London Math. Soc. 3 (1928), pp. 238-240.

[7] L.-G. Hua, Gaodéng Shiixué Yinlin, Introduction to Advanced Mathematics, Vol.1,
Fascicule 2, Science Press, Beijing, China, 1979. pp. 281-283 (Chinese).

[8] J.-Ch. Kuang, Changyong Budéngshi, Applied Inequalities, 2nd edition, Hunan Edu-
cation Press, Changsha City, Hunan Province, China 1993 (Chinese).

[9] J.-F. Lin, Elementary solvabilities of 2 n2m> Shuxué de Shijian yu Renshi, Math.
Practice Theory, 29(1999), No.3, pp. 14-18 (Chmese).

[10] G.-D. Liu, A class of evaluating formulae including Riemann Zeta, Kexué Tongbao,
Chinese Sci. Bull., 44(1999), No.2, pp. 146-148 (Chinese).

[11] H. M. Srivastava, Certain families of rapidly convergent series representations for
¢(2n+ 1), Math. Sci. Res. Hot-Line 1(1997), No.6, pp. 1-6.

[12] H. M. Srivastava, Further series representations for ¢(2n + 1), Appl. Math. Comput.
97(1998), pp. 1-15.

[13] H. M. Srivastava, Some rapidly converging series for ¢(2n + 1), Proc. Amer. Math.
Soc. 127(1999), pp. 385-396.



40 Suling Zhang and Chaoping Chen No. 3

[14] H. M. Srivastava, Some simple algorithms for the evaluations and representations of
the Riemann Zeta function at positive integer arguments, J. Math. Anal. Appl. 246(2000),
pp. 331-351.

[15] H. M. Srivastava and J. Choi, Series Associated with the Zeta and Related Functions,
Kluwer Academic Publishers, Dordrecht, Boston, and London, 2001.

[16] H. M. Srivastava, M. L. Glasser, and V. S. Adamchik, Some definite integrals associated
with the Riemann Zeta function, Z. Anal. Anwendungen 19(2000), pp. 831-846.

[17] H. M. Srivastava and H. Tsumura, A certain class of rapidly convergent series repre-
sentations for ¢(2n + 1), J. Comput. Appl. Math. 118(2000), pp. 323-335.

[18] Zh.-X. Wang and D.-R. Guo, Tesha Hansht Gailun Introduction to Special Function,
The Series of Advanced Physics of Peking University, Peking University Press, Beijing, China,
2000 (Chinese).

[19] L.-Zh. Xu (L. C. Hsu) and X.-H. Wang, Shiixué Fenxi Zhong de Fangfa hé Liti
Xuanjiang, Methods of Mathematical Analysis and Selected Examples, Revised Edition, Higher
Education Press, Beijing, China, 1983. pp. 281-283 (Chinese).

[20] N.-Y. Zhang, Values of Riemannjan formula and Riemann Zeta function at positive
odd numbers, Shuxué Jinzhan, Adv. Math.(China) 12(1983), No.1, pp. 61-71 (Chinese).

[21] Q.-T. Zhuang and N.-Y. Zhang, Fubian Hénshu, Complex Functions, Beijing Univer-
sity Press, Beijing, China, 1984. pp.10 and pp. 249 (Chinese).

[22] W.-P. Zhang, On identities of Riemann Zeta function, Kexué Tongbao, Chinese Sci.
Bull. 36(1991), No.4, pp. 250-253 (Chinese).



Scientia Magna
Vol. 2 (2006), No. 3, 41-43

Smarandache Semiquasi Near-rings'

Arun S. Muktibodh

Mohota Science College,
Umred Rd. Nagpur-440009, India

Abstract G. Pilz [1] has defined near-rings and semi-near-rings. In this paper we introduce

the concepts of quasi-near ring and semiquasi-near ring. We have also defined Smarandache
semiquasi-near-ring. Some examples are constructed. We have posed some open problems.
KeywonNear-ring, semi-near-ring, quasi-near-ring, semiquasi-near-ring, Smarandache semiquasi-near-

ring.

§1. Introduction

In the paper [2] W.B. Kandasamy has introduced a new concept of Smarandache semi-
near ring. These are associative rings. We have defined a new concepts of quasi-near ring and
Smarandache semiquasi-near-ring. These are non associative rings.

Definition 1.1. An algebraic structure (Q,+,-) is called a quasi-near-ring (or a right
quasi-near-ring) if it satisfies the following three conditions:

1.(Q,+) is a group (not necessarily abelian).

2.(Q, ) is a quasigroup.

3.(n1 + ng) - n3g = ny - ng + ng - ng for all ny,ng, ng € Q (right distributive law).

Example 1.1. Let @ = {1,2,3,4} and the two binary operations are defined on @ by the

following tables;

>l w |-+
W N =
— s W o
DN | W= =
=W NN
o N W

3
3
4
1
2

W [N | =

3
1 1
2 4
3 2
4 3

Definition 1.2. An algebraic system (S,+,-) is called a semiquasi-near-ring (or right
semiquasi-near-ring) if it satisfies the following three conditions:

1. (S,+) is a quasigroup (not necessarily abelian).

2. (S,-) is a quasigroup.

3. (n1 +n2) - n3 =n1-n3+ng - ng for all ny,ny,ng € S (right distributive law).

Example 1.2. Consider the algebraic system (S, +,-) where S = {1,2,3,4} defined by
the following tables;

I This work is supported by UGC under Minor project F. No. 23-245/06.
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B~ w | |-+
Wi ||~ +—
= N W N
N | W =&~ | W
N R RV S
=W N

N | WO | = | =
== W NN
W N ||~ |w
R N W |

Example 1.3. We know that integers Z with subtraction ( - ) forms a quasigroup. (Z,-)
is a quasigroup and subtraction of integers distributes over multiplication. Thus (Z, —, ") is a
semiquasi-near-ring.

Definition 1.3 We know that integers Z with subtraction ( - ) forms a quasigroup. (Z,-)
is a quasigroup and subtraction of integers distributes over multiplication. Thus (Z,—,-) is a
semiquasi-near-ring.

Example 1.4. Consider the semiquasi-near-ring (S, +, ) defined by the following tables;

+
1
2
3
4

W IIN | =~~~

ol N W N

N [ Q| = [ W

=W N e

OIS T IS NG e

ol N W N

W N || =W
> W N

=W N

one can easily verify that addition distributes over multiplication from right as well as S contains
N = {4} properly which is a quasi-near-ring.
Thus (5, +,-) is a Smarandache semiquasi-near-ring.

Example 1.5. Let R be the set of reals. We know that (R,+) is a group and hence a
quasigroup. Also, R w.r.t. division is a quasigroup, that is (R, <) is a quasigroup. More over,
addition distributes over division from right. Thus (R, +, +) is a semiquasi-near-ring.

Let @ be the set of non-zero rationals. Then (Q,+) is a group. Also, (@, =) is a quasi-
group. Addition distributes over division. Hence (@, +,+) is a quasi-near-ring.

We know that R D Q. Therefore, (R,+,~+) is a Smarandache semiquasi-near-ring. We now
show by an example that there do exist semiquasi-near -rings which are not Smarandache
semiquasi-near-rings.

Consider example 1.2 where we can not have a quasi-near-ring contained in S.

We give below the example of a smallest Smarandache semiquasi-near-ring which is not a near-

ring.

Example 1.6. Consider the semiquasi-near ring (S = {1, 2,3}, +, -) defined by the follow-
ing tables;
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+ (123 11213
111132 1131211
213121 211132
312|113 312113

One can easily verify that (S = {1,2,3},+,) is a semiquasi-near-ring. Moreover, N = {3} C S
and (N,+,-) is a quasi-near ring. Therefore (S = {1,2,3},+,) is a Smarandache semiquasi-
near-ring.

We now show by an example that there do exist semiquasi-near -rings which are not
Smarandache semiquasi-near-rings.
Consider example 1.2 where we can not have a quasi-near-ring contained in S.
We give below the example of a smallest Smarandache semiquasi-near-ring which is not a near-

ring.

Definition 1.4. N is said to be an Anti-Smarandache semiquasi-near-ring if N is a quasi-
near-ring and has a proper subset A such that A is a semiquasi-near-ring under the same
operations as of V.

Example 1.7. In example 1.5 (R, +, +) is also a quasi-near-ring which contains a semiquasi-
near-ring (@, +, +).

Thus we can say that (R,+,+) is an Anti-Smarandache semiquasi-near-ring.

We propose the following;:

Problem 1. Do there exist a finite Smarandache semiquasi-near-ring such that the order of
the quasi-near-ring contained in it is greater than 1 ?

Problem 2. How to construct finite Anti-Smarandache semiquasi-near-rings ?
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Abstract In this note there are introduced two new concepts of e-harmonic numbers, and

a new concept of e-perfect number. Their initial study is provided.

Keywords Exponential divisors, harmonic numbers, e-perfect numbers.

§1. Introduction

Let o(n) and d(n) denote the sum, resp. number of divisors of n. In 1948 O. Ore [12]

called a number n harmonic if

o(n)[nd(n) (1)

See e.g. G. L. Cohen and R. M. Sorli [2] for such numbers. If o;(n) denotes the sum of
k-th powers of divisors of n (k > 1 integer), then G. L. Cohen and D. Moujie [3] introduced
k-harmonic numbers by

or(n)|nd(n) (2)

A perfect number is always harmonic (see [12]), and Ore conjectured that all harmonic
numbers are even. This is a quite deep conjecture, since, if true, clearly would imply the
non-existence of odd perfect numbers.

A divisor d of n is called unitary divisor if (d, %) = 1. If 0*(n), d*(n) are the sum, resp.
number of unitary divisors of n, then n is called unitary harmonic if

" (n)|nd"(n), (3)

see K. Nageswara Rao [11], P. Hagis and G. Lord [5], Ch. Wall [19].
A divisor d of n is called a bi-unitary divisor, if the greatest common unitary divisor of d
and % is 1. If 0**(n), d**(n) are the sum, and number of bi-unitary divisors of n, recently we

have introduced (see [16]) bi-unitary harmonic numbers by
o (n)[nd™ (n) (4)

For infinitary harmonic numbers, related to the concept of an infinitary divisor, see P.
Hagis and G. L. Cohen [7].

Let n > 1 be a positive integer having the prime factorization n = p{*...p% . A divisor
d of n is called exponential divisor, if d = pll’1 .. .pl;* where by|ay, ..., b|a,. This notion is due
to E. G. Straus and M. V. Subbarao [17]. Let o.(n) and d.(n) be the sum and number of,
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exponential divisors of n. Let by convention o.(1) = d.(1) = 1. Straus and Subbarao have
introduced e-perfect numbers n by
oe(n) = 2n. (5)

They proved the non-existence of odd e-perfect numbers, with related other results. For
results on e-superperfect numbers (i.e. satisfying o.(o.(n)) = 2n), see [8]. For density problems,
e-perfect numbers not divisible by 3, or e-multiperfect numbers, see P. Hagis [6], L. Lucht [10],
J. Fabrykowski and M. V. Subbarao [4], W. Aiello et al. [1]. For results on d.(n), we quote J.
M. DeKoninck and A. Ivié [9]. For the exponential totient function y.(n), see J. Sandor [13].
For e-convolution and a survey connected to the M&bius function, see J. Sdndor and A. Bege

[14]. For multiplicatively e-perfect numbers, see J. Sandor [15].

§2. Exponential harmonic numbers

The aim of this note is study two notions of e-harmonic numbers. An integer n will be
called e-harmonic of type 1 if

oe(n)|nde(n) (6)

In all examples of section 1 the harmonic numbers notions were suggested by the consider-

ation of the harmonic means of the considered divisors. For example, if 1 =d; <ds < --- <

d,. = n are all divisors of n, then their harmonic mean is

H(n)zr/<;+---+i>.

Since
1 1 n 1 o(n
D B
we get (n)
nd(n

so a harmonic number n is a number such that H(n) is an integer. E.g. for H(n) = 2 we get
the so-called “balanced numbers” proposed by M. V. Subbarao [18], with single solution
n = 6.

Now, if we consider the harmonic mean H.(n) of the exponential divisors dge), . ,d&”,

then
r

1 b)
> Fol

where r = d.(n) denotes the number of exponential (or e-) divisors of n. Let p® be a prime

H.(n) =

power. Then the e-divisors of p® are p? with d|a, so

B
2T Tt

dz('e) dla
in this case. When n = p®¢® (p # q primes) one obtains similarly
Yoa= Y g | T (2

(e) di1 gd2 d1 da
d’L d1|a,d2\bp q d1|ap d2|bq
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_ 1 Sopean | [ S g

a b
PR\ i da b

In the general case, when n = pi'p3?...p% , one has

H.(0) = "), ®)
where
Se(n) = > pi (9)
i=1 \d;la;

We say that n is e-harmonic of type 2 if H.(n) is integer, i.e.
Se(n)|nde(n), (10)

where Sc(n) is given by (9).
Theorem 1. If n is squarefree, then it is e-harmonic of both types.

Proof. If n is squarefree, i.e. n = p1ps...p,, then clearly by definitions of o.(n) and

T

Se(n) one has o.(n) = p1ps...pr = n and Se(n) = H prdi =1, so (6) and (8) are
i=1 \d,|1
satisfied. We shall see later (see the Remark after Theorem 3), that there exist also numbers

with this property, which are not squarefree.

Theorem 2. Let n = p{*...p% be the prime factorization of n > 1. If n is e-perfect,
then n is e-harmonic of type 1 if and only if at least one of a1, ..., a, is not a perfect square.

Proof. If o.(n) = 2n, then (6) gives 2|d.(n). It is well-known that d.(n) = d(a1) ...d(a,),
so at least one of d(ay),...,d(a,) must be even. But, it is well-known that d(a) is even iff a is
not a perfect square, so the result follows.

Remark. 1) Since e.g. 22-33.52,23.32.52 24.33.52.112,26.33.52.72.132 27.32.52.72.132
are e-perfect numbers, by the above theorem, these are also e-harmonic numbers of type 1.

2) Similarly, if n is e — k perfect, ie. o.(n) = kn (k > 2 integer), see [?], then n is
e-harmonic of type 1 iff

kld(aq)d(az)...d(a,) (11)

In what follows we shall introduce another new notion. We say that n is modified e-
perfect number, if
Se(n)|n, (12)

where S.(n) is given by (9). Since Se(p) = 1, Se(p?) = p+ 1, Se(p®) = p* + 1, we have
Se(22-32) = 24+ 1)(3+1) =22-3, S.(22-32-52) = 2+ 1) +1)(5+1) =22.32.5
Se(22-32.5%) = (22 +1)(3+1)(5+1)=23-3-5, 50 2% - 32, 22 .33 .52 23.32.52 (which are
also e-perfect) are modified e-perfect numbers. Clearly n = 2*-3% 112 (which is e-perfect) is
not modified e-perfect, since by S, (p*) = 1 + p? + p?, we have S.(2%) = 1 +22 + 23 = 13.

Theorem 3. If n is modified e-perfect, then it is harmonic of type 2.

Proof. This follows at once from (12) and (8).

Remark. Thus 22 -33 .52 and 23 - 32 - 52 are e-harmonic numbers of both types (though
they are not squarefree).
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Abstract Every quasigroup (L,-) belongs to a set of 6 quasigroups, called parastrophes
denoted by (L,m;), i € {1,2,3,4,5,6}. It is shown that (L, ;) is a Smarandache quasigroup
with associative subquasigroup (S, m;) V¢ € {1,2,3,4,5,6} if and only if for any of some four
Jj € {1,2,3,4,5,6}, (S,7;) is an isotope of (S, m;) or (S,m) for one k € {1,2,3,4,5,6} such
that i # j # k. Hence, (L, ;) is a Smarandache quasigroup with associative subquasigroup
(S,m) Vi€ {1,2,3,4,5,6} if and only if any of the six Khalil conditions is true for any of

some four of (S, m;).

Keywords Parastrophes, Smarandache quasigroups, isotopic.

§1. Introduction

The study of the Smarandache concept in groupoids was initiated by W.B. Vasantha Kan-
dasamy in [18]. In her book [16] and first paper [17] on Smarandache concept in loops, she
defined a Smarandache loop as a loop with at least a subloop which forms a subgroup under
the binary operation of the loop. Here, the study of Smarandache quasigroups is continued
after their introduction in Muktibodh [9] and [10]. Let L be a non-empty set. Define a binary
operation (-)on L : ifx-y € LV x,y € L, (L,-) is called a groupoid. If the system of equations
;a-x =bandy-a=>bhave unique solutions for x and y respectively, then (L,-) is called a
quasigroup. Furthermore, if 3 a ! element e € L called the identity element such that V x € L,
x-e=e-x =uwx, (L) is called a loop. It can thus be seen clearly that quasigroups lie in
between groupoids and loops. So, the Smarandache concept needed to be introduced into them
and studied since it has been introduced and studied in groupoids and loops. Definitely, results
of the Smarandache concept in groupoids will be true in quasigroup that are Smarandache and
these together will be true in Smarandache loops.

It has been noted that every quasigroup (L,-) belongs to a set of 6 quasigroups, called
adjugates by Fisher and Yates [6], conjugates by Stein [15], [14] and Belousov [2] and paras-
trophes by Sade [12]. They have been studied by Artzy [1] and a detailed study on them can
be found in [11], [4] and [5]. So for a quasigroup (L, -), its parastrophes are denoted by (L, 7;),
1€ {1,2,3,4,5,6} hence one can take (L, ) = (L, 7). For more on quasigroup, loops and their
properties, readers should check [11], [3], [4], [5], [7] and [16]. Let (G,®) and (H,®) be two
distinct quasigroups. The triple (A, B, C) such that A, B,C : (G,®) — (H,®) are bijections

1On Doctorate Programme at the University of Agriculture Abeokuta, Nigeria.
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is said to be an isotopism if and only if tA®@ yB = (x @ y)C V z,y € G. Thus, H is called an
isotope of G and they are said to be isotopic.

In this paper, it will be shown that (L,7;) is a Smarandache quasigroup with associative
subquasigroup (S, ;) Vi € {1,2,3,4,5,6} if and only if for any of some four j € {1,2,3,4,5,6},
(S,m;) is an isotope of (S, ;) or (S, my) for one k € {1,2,3,4,5,6} such that i # j # k. Hence,
it can be concluded that (L, ;) is a Smarandache quasigroup with associative subquasigroup
(S,m) Vie{l,2,3,4,5,6} if and only if any of the six Khalil conditions is true for any of some
four of (S, ;).

§2. Preliminaries

Definition 2.1 Let (L,-) be a quasigroup. If there exists at least a non-trivial subset
S C L such that (S,-) is an associative subquasigroup in L, then L is called a Smarandache
quasigroup (SQ).

Definition 2.2 Let (L, 0) be a quasigroup. The 5 parastrophes or conjugates or adjugates
of (L,0) are quasigroups whose binary operations §* , 6=t =10 (6=1)* | (716)* defined on
L are given by :

(a) (L,0*%) : yp*a =z a20y=2V x,y,2z € L.

) (L,67Y) : 2072 =y 20y =2V 2,y,2 € L.

() (L,7Y9) : z Yy=ax e 20y=2Vx,y,2€ L.

(d) (L,(07H*) : 2(0 Y)Y 2 =y a0y=2V x,y,2€ L.

(e) (L,(710)*) : y("Y9)z=x e 20y=2V z,y,2 € L.

Definition 2.3 Let (L,0) be a loop.

(a) Ry and L, represent the left and right translation maps in (L,0) V z € L.

(L,0*)V x e L.

(c) R, and L, represent the left and right translation maps in (L,071) V x € L.

(d) R, and L represent the left and right translation maps in (L, ~10) V = € L.

(e) R: and L represent the left and right translation maps in (L, (0=*)*) V z € L.

(f) R and IL* represent the left and right translation maps in (L, (716)*) V x € L.
Remark 2.1 If (L,0) is a loop, (L,6*) is also a loop(and vice versa) while the other

(b) R: and L represent the left and right translation maps in

adjugates are quasigroups.

Lemma 2.1 If (L,0) is a quasigroup, then

I.R:=L,,L:=R,, Lo,=L;' R, =R;! R:i=L;' Li=R;'VazelL

2. L, =RV R, =LY Ri=R:'=L,, Li=L"'1=R,VaelL.

Proof. The proof of these follows by using Definition 2.2 and Definition 2.3.

(1) yo*x = z & 20y = z = y0*z = 26y = yR: = yL, = R = L,. Also, y0*z = z0y =
zLy =xzRy, = L, = Ry.
207z =y o 20y =2 = 20(x0712) = 2 = 202L, = 2 = 2L,L, = 2 = L, L, = I. Also,
207 Y (20y) =y = 20" 'yL, =y = yL, L, =y = L,L, = 1. Hence, L, = L'V z € L.
2(TW0)y =z & 20y = 2 = (20y)("0)y =2z = 2R, (T0)y =2 = 2RyR, =z = RyR, = .
Also, (2(7'0)y)0y = z = zR,0y = z = 2R R, = z = R, R, = I. Thence, R, = R, V z € L.
207 =y & 2y = 2, 50, 20(2(07)*2) = 2 = 202R: = 2 = 2R L, = 2 = R:L, = I.
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Also, (z0y)(0 )z =y = yL, (0~ )z =y=yL,R: =y = L,R; = 1. Whence, R} = L.
y(710)*z = x & xby = z, so, y("10)* (x0y) = x = y(T'0)*2R, = x = *RL} =z = RS =
I. Also, (y(710)*2)0y = z = 2Lpfy =z = 2Ly Ry =2z = Ly R, = I. Thus, L; = R;l.

(2) These ones follow from (1).

Lemma 2.2 Every quasigroup which is a Smarandache quasigroup has at least a subgroup.

Proof. If a quasigroup (L, -) is a SQ, then there exists a subquasigroup S C L such that
(S,+) is associative. According [8], every quasigroup satisfying the associativity law has an
identity hence it is a group. So, S is a subgroup of L.

Theorem 2.1 (Khalil Conditions [13]) A quasigroup is an isotope of a group if and only

if any one of some six identities are true in the quasigroup.

§3. Main Results

Theorem 3.1 (L,#) is a Smarandache quasigroup of with associative subquasigroup
(S,0) if and only if any of the following equivalent statements is true.

1. (S,0) is isotopic to (S, (871)*).

2. (S,6%) is isotopic to (S,671).

3. (S, 0)is isotopic to (S, (716)*).

4. (S, 0%) is isotopic to (S, ~10).

Proof. L isa SQ with associative subquasigroup S if and only if s10(s20s3) = (s10s2)0s3 <
Rs,Rs, = Rsy0s5 < Lsy0s, = Ls,Ls, ¥V 51,82,83 € S.

The proof of the equivalence of (1) and (2) is as follows. Ls,¢s, = Ls,Ls, < E;les2 =
Es_zlﬁs_ll S L,0s, = Lo, Ls, & (51082)0 183 = 52071 (51071 s3) & (51082)Rs, = 5207151 Rs, =
51Rs; (071) 52 & (51052)Rs, = 51Rs5(071)* 52 & (520%81)Rs; = 5207151 R, & (Rsy, [, Rsy) -
(8,0) — (S,(071)*) & (I,Rs;, Rs;) = (S,0%) — (S,071) < (S, 0) is isotopic to (S, (071)*) <
(S,6*) is isotopic to (S,671).

The proof of the equivalence of (3) and (4) is as follows. Ry, Rs, = Rs,0s, < R'R =
R;JQSB & R, Rs, = Ryyps, < (517 1053) 1080 = 51710(s20s3) & (s20s3)Ls, = s3Ls, “10sy =
52(710)*s3Ls, & (s20s3)Ls, = s2(710)*s3ls, & (530%s2)Ls, = s3Ls, 1052 & (I,Lg,,Ls,) -
(S,0) — (S, (710)*) & (Lg,, I, Lg,) = (S,0%) — (S,710) & (S,0) is isotopic to (S, (710)*) &
(S, 0*) is isotopic to (S, ~10).

Remark 3.1 In the proof of Theorem 3.1, it can be observed that the isotopisms are
triples of the forms (A,I, A) and (I, B, B). All weak associative identities such as the Bol,
Moufang and extra identities have been found to be isotopic invariant in loops for any triple
of the form (A, B, C) while the central identities have been found to be isotopic invariant only
under triples of the forms (A, B, A) and (A, B, B). Since associativity obeys all the Bol-Moufang
identities, the observation in the theorem agrees with the latter stated facts.

Corollary 3.1 (L,0) is a Smarandache quasigroup with associative subquasigroup (.5, 6)
if and only if any of the six Khalil conditions is true for some four parastrophes of (.5, 8).

Proof. Let (L,0) be the quasigroup in consideration. By Lemma 2.2, (5,6) is a group.
Notice that Rs, Rs, = Rs,0s5 & L7, = L, L, Hence, (S,0%) is also a group. In Theorem

3.1, two of the parastrophes are isotopes of (S, 6) while the other two are isotopes of (S, 6*).
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Since the Khalil conditions are neccessary and sufficient conditions for a quasigroup to be an
isotope of a group, then they must be necessarily and sufficiently true in the four quasigroup
parastrophes of (.5, 6).

Lemma 3.1 (L, #*) is a Smarandache quasigroup with associative subquasigroup (.S, 6*)
if and only if any of the following equivalent statements is true.

1. (S,0*) is isotopic to (S, ~10).

2. (S, 0) is isotopic to (S, (716)*).

3. (S, 0*) is isotopic to (S,071).

4. (S,0) is isotopic to (S, (0=1)%).

Proof. Replace (L,0) with (L,60*) in Theorem 3.1.

Corollary 3.2 (L, 0*) is a Smarandache quasigroup with associative subquasigroup (S, 6*)
if and only if any of the six Khalil conditions is true for some four parastrophes of (S, 6).

Proof. Replace (L,0) with (L,6*) in Corollary 3.1.

Lemma 3.2 (L,07!) is a Smarandache quasigroup with associative subquasigroup
(S,671) if and only if any of the following equivalent statements is true.
. (S,071) is isotopic to (S,0%) .
. (S, (6~1)*) is isotopic to (S, ).
. (8,071 is isotopic to (S, ~16).
(S, (6~1)*) is isotopic to (S, (710)*).
Proof. Replace (L, ) with (L,6~!) in Theorem 3.1.

Corollary 3.3 (L,0!) is a Smarandache quasigroup with associative subquasigroup

=~ w N

(S,0~1) if and only if any of the six Khalil conditions is true for some four parastrophes of
(S,0).

Proof. Replace (L,6) with (L,0~') in Corollary 3.1.

Lemma 3.3 (L, '0) is a Smarandache quasigroup with associative subquasigroup
(S, 710) if and only if any of the following equivalent statements is true.

1. (S, ~19) is isotopic to (S,671).

2. (S, (710)*) is isotopic to (S, (071)*).

3. (S, 710) is isotopic to (S, 0*).

4. (S, (716)*) is isotopic to (S, 0).

Proof. Replace (L, ) with (L, ~'6) in Theorem 3.1.

Corollary 3.4 (L, ') is a Smarandache quasigroup with associative subquasigroup
(S, 710) if and only if any of the six Khalil conditions is true for some four parastrophes of
(S,0).

Proof. Replace (L,6) with (L, 1) in Corollary 3.1.

Lemma 3.4 (L,(67!)*) is a Smarandache quasigroup with associative subquasigroup
(S, (6=1)*) if and only if any of the following equivalent statements is true.
(S, (671)*) is isotopic to (S, (716)*) .
. (S,071) is isotopic to (S, ~16).
(S, (0~1)*) is isotopic to (9, 6).
. (8,671)) is isotopic to (S, 0%).
Proof. Replace (L, ) with (L, (#~1)*) in Theorem 3.1.

- W e
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Corollary 3.5 (L, (671)*) is a Smarandache quasigroup with associative subquasigroup
(S, (671)*) if and only if any of the six Khalil conditions is true for some four parastrophes of
(S,0).

Proof. Replace (L, ) with (L, (6=1)*) in Corollary 3.1.

Lemma 3.5 (L,(7'6)*) is a Smarandache quasigroup with associative subquasigroup
(S, (716)*) if and only if any of the following equivalent statements is true.
. (S, (710)*) is isotopic to (9, 6).
(S, 710) is isotopic to (S, 6*).
(S, (710)*) is isotopic to (S, (671)*).
(S, 710) is isotopic to (S,071).
Proof. Replace (L, ) with (L, (7'0)*) in Theorem 3.1.
Corollary 3.6 (L, (7'6)*) is a Smarandache quasigroup with associative subquasigroup

=W N

(S, (716)*) if and only if any of the six Khalil conditions is true for some four parastrophes of
(S,0).

Proof. Replace (L,6) with (L, (7'6)*) in Corollary 3.1.

Theorem 3.2 (L, ;) is a Smarandache quasigroup with associative subquasigroup (.5, ;)
Vie{1,2,3,4,5,6} if and only if for any of some four j € {1,2,3,4,5,6}, (S,7;) is an isotope
of (S,m;) or (S,my) for one k € {1,2,3,4,5,6} such that i # j # k.

Proof. This is simply the summary of Theorem 3.1, Lemma 3.1, Lemma 3.2, Lemma 3.3,
Lemma 3.4 and Lemma 3.5.

Corollary 3.7 (L,w;) is a Smarandache quasigroup with associative subquasigroup
(Sv 7Ti)

Vie{1,2,3,4,5,6} if and only if any of the six Khalil conditions is true for any of some four
of (S,m;).

Proof. This can be deduced from Theorem 3.2 and the Khalil conditions or by combining

Corollary 3.1, Corollary 3.2, Corollary 3.3, Corollary 3.4, Corollary 3.5 and Corollary 3.6.
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Abstract In [1] I studied the concept of Smarandache n-expressions, for example I proposed
formulas, found solutions, proposed open questions, and conjectured, but all for the fixed 3,
and 2 numbers, but what will happen if these equations have different fixed numbers such as

77 This paper will answer this question.

Keywords Perfect powers in Smarandache N-Expressions, perfect squares, identity.

§1. Introduction

In [4] M. Perez and E. Burton, documented that J. Castillo [5], asked how many primes

are there in the Smarandache n-expressions:
x Tz
.’L'12 +x26+”'+x;ﬂzl7

where n > 1, z1,29, -+ ,x, > 1, and (21,22, - x,) = L.
In this paper, with only slight modification of the above equation we got the following
equation namely:
a4 a4 4 a,

where a > 1, z1, 9, ,x, > 1, and (a,21,29, -+ ,z,) = 1.

§2.Main results and proofs

I will study the following cases of above equation.

Case 1. The solution of equation (1) is given by
TP AT T T =k, (1)

where p=2m, qg=2m+ 1, r=2m+2, s=2m+ 3, and k =20 -7™.
Proof. Assume k = 20- 7™, then k2 = 400 - 7°m, i.e.

k2 — 400 . 72'm. _ (1 T 7 4 49 + 343)72717. — 72m + 72m+1 + 72m+2 + 72m.+3.

Hence p=2m, q=2m+1,r=2m+ 2, and s = 2m + 3.
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The first 11th solution of (1) is given in Table 1 below:

Table 1
m | TPATIT T k?
0| T4+7 4747 207
1| PP 1407
2 T+ T4 T 9802
3| AT T4 68602
4| BT T4 T 480202
5 | 710 4 711 4 712 4 713 3361402
6 | 7124713 L 714 L 715 935908()2
7| 714 4715 4716 L 71T 164708602
8 | 716 L 717 4 718 L 719 1159960202
9 | 718 4719 4 720 4 721 870721402
10 | 720 4+ 721 4722 1 723 5649504982

The first terms and the m-th terms of the sequence (the last column on Table 1 are:)

400, 9600, 960400, 4705900, ---,20-2-7°™ ... . (2)

20, 140, 980, 68600, ---,20-72™ ... (3)

I have noticed there is no prime numbers in geometric series (3), (excluding the prime 7).
The

im Cpom _ 107" = 1)
. 3 ’

10(7™
3

and there is no limit, since —Y hecomes large as m approach infinity. The sequence has

no limit, therefore it is divergent, but the summation of reciprocal convergent.

Equation (1) has the following important properties, i.e.

LTI T 47 = b= - == - hP =ik (4)
_ j2—l2202—t2:u2—v2:w2—x2.
The solution of (4) are
a=25-7""1 b=15-7""1 ¢=100-7"""2 41,
d=100-7"""2—1, e=50-7"""2+2, f=50-7""72-2,
g=4-T""2425 h=4-7""2-25 i=10-7""""+10,
k=10-7""1—10, j=50-7"""1420, 1=50.7""1—20,

o=7""14100, t=7*"""1-100, u=2-7""1 450,
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v=2-7""1_50, w=25-7T""144, z=25-72""1_4,
For example, let n =2 (m = 1), then we always have n = m + 1.

1752 — 1052 = 49012 — 48992 = 24522 — 24482 = 2212 — 171% = 500% — 4807
= 92652 — 2252 = 149% — 512 = 1482 — 482 = 1229 — 12212
= U’ =7>+7+7+7.

Conjecture 1. If p, g, 7, s are distinct prime numbers, then the equation
TP T T 4T =k,
will has no solution, (otherwise we have solutions in prime numbers, such as
747?47 =142,

and
4T T+ 7P =287

Case 2. The solution of equation (5) is given by

AT T T =K

wherep=q¢=2m,r=s=2m+1,and k =4-7".
Proof. Assume k = 4-7™, then k? = 16 - 7%m, i.e.

k2 =16 - 72m _ (1 S R, 7)72m _ 72m + 72m + 72’m+1 + 72m+1.

Hence p=q=2m,r=s=2m+ 1.
The first 11th solution of (5) is given in Table 2 below:

Table 2
m | TPHTIHT 4TS k?
0| T+704+7 +7 42
1| P74 28°
2 | TAHTH T 4T 196
3| T+ TT T 1372
4 L+ 470 96042
5 | 710 4 710 4 711 4 711 672282
6 | 7124712 4 713 4 713 4705962
7| 71714 715 L 715 39941792
8 | 716 4 716 4 717 L 71T 930592042
9 | 718 4 718 4 719 L 719 16147144982
10 | 720 4 720 4 721 4 721 119299009962
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Equation (5) has the following important properties, i.e.
TP+ T+ T = - = —d* = — fP=g% - I, (6)
where the solution of (6) are
a=5-7"1 b=3-7T", c¢=4-7""241, d=4-7""72-1,
e=2-T""242 f=2.7""2_2 g=T""244 h=T"""—4
For example, let n =2 (m = 1), then we have

352 —212 = 1972 — 1952 = 100% — 962 = 53% — 452
= 282 =72472 47347

Case 3. The solution of equation (7) is given by
TP AT T T = k2, (7)

where p=q=2m,r=s=2m+ 2, and k =10-7".
Proof. Assume k = 10- 7™, then k? = 100 - 7?m, i.e.

k% =100 - 7™ = (14 1 + 49 4 49)7%™ = 72m 4 72m 4 72m+2 4 72m+2,

Hence p=q=2m, r=s=2m+ 2.
The first 11th solution of (7) is given in Table 3 below:

Table 3
m| TP T k?
0| T+70+72+7 107
1| P+7+7+7 70°
2 | TH4T 70470 490
3| 76476478478 34307
4 | BT 4704720 24010°
5 | T4+ 70472472 168070°
6 | 72472477 11764902
7 | TM g 7ML 716 4 716 89354302
8 | 704710 4 718 4718 576480102
9 | 718 4718 4 720 4 720 4035360702
10 | 720 4720 4 722 4 722 98947524902

Equation (7) has the following important properties, i.e.
LTI =k = a® b, (8)

where the solution of (8) are
a=8-7"1 p=6-7"1
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For example, let n = 2 (m = 1), then we have
7?47+ 7+ 7 =567 4 427 = 707,
Case 4. The solution of equation (9) is given by
TP T T 4T = k2, (9)

where p=q=r=s=2m,and k=2-7™.
Proof. Assume k= 2-7™, then k? =4 - 7%*m, i.e.

k2:4'72m:(1+1+1+1)72m:72m+72m+72m+2+72m+2'

Hence p=qg=1r=s5=2m.
The first 11th solution of (9) is given in Table 4 below:

Table 4
m| TPHTILT 4T k?
0| T4+704+7047° 22
1| P47+ 47 142
2 | T T 98?
3| T+ +7470 636>
4 T+ 7478 48022
5 | T4 70 47104710 336142
6 | 7124 712 4 712 4 712 2352982
7ol W L4 L4 714 16470682
8 | 76 4 716 4 716 4 716 115296022
9 | 718 718 4 718 4 718 87072142
10 | 720 4 720 4 720 4 720 5640504982

Equation (7) has the following important properties, i.e.

T T T T = k24 R = a® +a?. (10)

3

where k; =2-7™ and a = 10 - 7™.

Examples of equation (10):

1) 22 4+ 42 = 10% + 102, (divided both sides by 2 given 1% + 7% = 52 + 52)

2) 142 4 98% = 70% + 702, (divided both sides by 14 given 1% + 72 = 52 + 52)

3) 982 + 6862 = 4902 + 4902. (divided both sides by 98 given 12 + 72 = 52 + 52)

These examples suggested a formula that gives three perfect squares which are in the
arithmetic progression. So for the positive m and n with m > n, put

= 2mn —m? +n?,

y =m®+n?,
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z:2mn+m2—n2,

such as
v y? =22 4 a?,
So if m =2, n =1, then we will have
12 4+ 7% = 5% + 5%
Case 5. The solution of equation (11) is given by
TP T T 4T =24 527 (11)

where p=2m+1,¢g=2m+ 2, r=2m+ 3, and s = 2m + 4.
Proof. Assume 2452 .72+ s the sum of equation (11), then

24 . 52 . 72m+1 — (1 + 7 + 49 + 343)72m+1 — 72m+1 + 72m+2 + 72m+3 + 72m+4'

Hencep=2m+1,g=2m+2, r=2m+3, s =2m + 4.
The first 7th solution is given in Table 5 below:
Table 5

m | 7PAHTI4TT 4TS 24.52. 7P
0 VAR IR G o 24.52.71
1 347475 47 24.52.73
2 4T+ T8 24.52.7°
3
4
5
6

7T 478 4 79 4 710 94 .52 .77
79 4 710 4 711 4 712 94 52 79
711 L 712 4 713 4 714 o4 52 71l
713 4714 | 715 4 716 o4 52 713

The first terms and the m-th terms of the sequence (the last column on Table 5 are:)
24.52.717 24.52.737 24.52.75’ . 24.52.727"-5-1’... , (12)
where the square roots are
2072, 20732, 20-7%/2, 20.-77/2, ... 20.7*mFVZ ..., (13)

Notice that there is no prime numbers in geometric series (13).
The

iQo L 72i1/2 10 - 71/2 . 72m+l _q
, 3 ,

71/2 52m41 . .
% becomes large as m approach infinity. The sequence

and there is no limit, since
has no limit, therefore it is divergent, but the summation of reciprocal convergent.

Conjecture 2. If p, g, 7, s are distinct prime numbers, then the equation

P77 478 =24 52 7P,
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has no solution.
Case 6. The solution of equation (11) is given by
TP TI T 4T =20 7P (14)
where p=q¢=2m+1,r=s=2m+ 2.
Proof. Assume 2% - 72m*1 is the sum of equation (14), then
24 . 72'm+1 _ (1 4 1 + 7 4 7)72m+1 _ 72'm+1 + 727n+1 4 72m+2 4 72m+2'
Hencep=q=2m+1,r=s=2m+ 2.
The first 11th solution is given in Table 6 below:
Table 6
m TP+TI+ T+ T 24. 7P
0| 7T+ +7T4+7 207
1 P+ T 24.73
2 | T4+ 76 0 2.7
3| 7T T T 20T
4| P+ 470470 207
5 711 + 711 + 712 + 712 24 A 711
6 713 + 713 + 714 + 714 24 . 713
7 715 + 715 + 716 + 716 24 . 715
8 | 77 4717 4 718 4 718 94 717
9 719 + 719 + 720 + 720 24 . 719
10 721 + 721 + 722 4 722 24 . 721
If we look deeply in equation (11), (14), we can find the following relation
20* — 2% = 97% — 952 = 507 — 46% = 28% — 20°.
Case 7. The solution of equation (15) is given by
TP T LT T =257 7P, (15)

where p=qg=2m+1,r=s=2m+ 3.

Proof. Assume 22 -52.72m+1 s the sum of equation (15), then

22 . 52 . 72m+1 _ (1 4 1 + 49 + 49)7277'7,-‘,-1 _ 72m+1 + 72177,-‘,—1 + 72’m+3 + 72m+3.

Hencep=q=2m+1,r=s=2m+ 2.

The first 11th solution of (15) is given in Table 7 below:

Table 7
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m | TPHTIHT 4TS 22.52.7P
0 VAR CE R G & 22.52.71
1 B+ T+ 22.52.73
2 T+ + T+ 77 22.52.75
3| TT+T 4+ 22.52.77
4 79 479 L7l oyl 92.52.79
5 | 711 471l L7138 4 713 92 52 711
6 | 718 4718 L 715 4 715 92 .52 713
7 715_|_715+717+717 92 .52, 715
] 71T T 719 L 719 92 52 417
9 | 719 4719 L 721 L 721 92 52 719
10 | 721 4721 4723 L 723 92 .52 . 721

case 8. The solution of equation (16) is given by
TP 74T 478 = 120122 .52 . 7P,

where p =2m, ¢ =2m+ 2, r =2m + 4, s = 2m + 6.
Proof. Assume 1201 -22-5%. 72"+ s the sum of equation (16), then

1201 - 22 .52 72+ — (1 4 49 4 2401 4 117649)72™ = 72m 4 72m+2 4 72mtd 4 72m46

Hence p=2m, q=2m+2,r=2m+4, s =2m+6.
The first 11th solution of (16) is given in Table 8 below:

Table 8
m | TPHTIHT 4T 1201-22.52. 7P
0 4+ 72474476 1201 -22.52.79
1 (CIE G G 1201 -22 .52 . 72
2 74476 4 78 4 710 1201 -22 .52 .74
3| 474704712 1201-22.52.76
4 | B4TO4 72474 1201-22.52. 78
5 710 + 712 + 714 + 716 1201 - 22 . 52 . 710
6 712 + 714 + 716 + 718 1201 - 22 . 52 . 712
7| TH 4T 4718 47200 120122 .52 714
8 | 76 4 718 4 720 4 722 1901 .22 .52 . 716
9 718 + 720 + 722 + 724 1201 - 22 . 52 . 718
10 | 720 + 72 4+ 724 4726 1201-22.52.7%0

Case 9. The solution of equation (17) is given by

TP T4 TT 478 = 1201 - 22 .52 7P,
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where p=2m+1,q=2m+3, r=2m+5,s=2m+ 7.

Proof. Assume 1201 -22-5%. 72"+ is the sum of equation (17), then
1201 - 22 - 52 . 72 HL — (1 4 49 4 2401 4 117649) 72+ = 72mF1 4 72m+3 4 72m+5 4 72m+7,

Hence p=2m+1,¢g=2m+3,r=2m+5,s=2m+ 7.
The first 11th solution of (17) is given in Table 9 below:
Table 9

m | TPHTI4T 47 1201-2% .57 7P
0 T+ T 1201-2%.5%. 7
1| B4P474+7 120122527
2| 4T+ 4T 120122527
3] TTHT T+ 1201225277
4 | TP+ T8 475 1201225270
5| 7477 7T 12012252 71
6 | TP+ TP LTIT4T9 12012252718
7T+ T4 7O4 720 12012252710
] 717 4719 4721 4 728 1901 .92.52. 717
9 | T LT L7 1201-2%.52 .71
10 | 721478 4725 4727 12012257 7%

Case 10. The solution of equation (18) is given by
TP T T T AT T T T + 77 = 120125 - 5% 7P, (18)

where p=m,q=m+1, r=m+2,s=m+3,t=m+4,u=m+5 w=m+6,z=m+7.

Proof. Assume 1201 -22-5%. 72"+ s the sum of equation (18), then
1201 - 22 - 52 . 72 HL — (1 4 49 4 2401 4 117649) 72+ = 72mFL 4 72m+3 4 72m+5 4 72mA4T,

Hencep=m,qg=m+1L,r=m+2,s=m+3,t=m+4,u=m+5w=m+6,z=m+7.
The first 11th solution of (18) is given in Table 10 below:
Table 10
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m TP+ T+ T+ 75+ T8+ T4+ TV 4 77 1201-2%.5%. 7P
0 T+ PB4 10477 1201 -25-52.70
1 N4+ 4+ B4+ 4+ 474+ 77478 1201 -25.52. 71
2 L e G S o (S S 1201 - 25 - 52 . 72
3 BT+ B+ 477+ 70 4710 1201-25-52%.73
4 TP+ 7T 707t 1201 -2° .52 .74
5 I e e A S e S A S 1201 -25.52.75
6 O+ 7T 770 4 70 7 712 718 1201 -25 . 52.76
7 77+78+79+710+711+712+713+714 1201255277
8 78+79+710+711+712+713+714+715 1201255278
9 | T4 7O 47 2473 7 75 716 120125 .52 79
10 710+711+712+713+714+715+716+717 12012552710

Case 11. The solution of equation (19) is given by
TP AT T T T T T T 4T = kS,

wherep=q=r=s=t=u=w=2=3m.
Proof. Assume k = 2-7™, then k3 =23 .73 ie.

k? 8- 7 =(1+1+14+1+1+14+1+1)7™

_ 73m + 73m + 73m + 73m + 73m + 73m + 73m 4 73m.

Hencep=q=r=s=t=u=w=2z2=3m.
The first 11th solution of (19) is given in Table 11 below:

Table 11
m TP T AT+ T T T T2 k3 =23 .73m
0 4+ +7+ 704704704704 7° 23
1 PP+ + TP+ + TP+ 47 143
2 T+ T+ T+ 70+ 70470 98*
3 LA e e e A N A S 6362
4 712 + 712 + 712 + 712 + 712 + 712 + 712 + 712 48023
I I e e e e A S A o e B 336143
6 | 74T LTS LTS LT L TIS LTI 718 2352088
7 721 + 721 + 721 + 721 + 721 + 721 + 721 + 721 16470683
8 | T4 TH LT LT L L 7 L7472 115296023
9 | TTHTT A TT LTI TT R TT LTI TPT 807072148
10 | 730 4730 4730 4730 - 730 - 730 1 730 1730 5649504987

I find interesting identity like this:
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1) 143 — 23 = 6852 — 6832 = 344% — 340% = 175 — 1672,
2) 983 — 143 = 234613% — 2346112 = 117308% — 117304 = 58657% — 586492, and so on.

83. Open questions

The following equations have infinitely many solutions, find them.
1) =7 + 79 — 7" 4+ 75 =3.22.52. 7P (has two different solutions),
2) TP+ 71=23.7P,

3) P+ T71=2-52.7P.
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Abstract The idea of left(right) palindromic permutations(LPPs, RPPs) and left(right) gen-
eralized Smarandache palindromic permutations(LGSPPs, RGSPPs) are introduced in sym-
metric groups S, of degree n. It is shown that in Sy, there exist a LPP and a RPP and they
are unique(this fact is demonstrated using S and S3). The dihedral group D, is shown to
be generated by a RGSPP and a LGSPP(this is observed to be true in S3) but the geometric
interpretations of a RGSPP and a LGSPP are found not to be rotation and reflection respec-
tively. In Ss, each permutation is at least a RGSPP or a LGSPP. There are 4 RGSPPs and
4 LGSPPs in S3, while 2 permutations are both RGSPPs and LGSPPs. A permutation in
Sp is shown to be a LPP or RPP(LGSPP or RGSPP) if and only if its inverse is a LPP or
RPP(LGSPP or RGSPP) respectively. Problems for future studies are raised.

Keywords Permutation, symmetric groups, palindromic permutations, generalized

Smarandache palindromic permutations.

§1. Introduction

According to Ashbacher and Neirynck [1], an integer is said to be a palindrome if it reads
the same forwards and backwards. For example, 12321 is a palindromic number. They also
stated that it is easy to prove that the density of the palindromes is zero in the set of positive
integers and they went ahead to answer the question on the density of generalized Smarandache
palindromes (GSPs) by showing that the density of GSPs in the positive integers is approxi-
mately 0.11. Gregory [2], Smarandache [8] and Ramsharan [7] defined generalized Smarandache
palindrome (GSP) as any integer or number of the form

a1a20a3 - - ApQp -+ - a3a2a1 Or A10203 * - Ap—10ndp—1 - - A30201

where all a1, a2, as, -+, a, € N having one or more digits. On the other hand, Hu [3]
calls any integer or number of this form a Smarandache generalized palindrome (SGP). His
naming will not be used here the first naming will be adopted. Numbers of this form have
also been considered by Khoshnevisan [4], [5] and [6]. For the sake of clari ~ cation, it must
be mentioned that the possibility of the trivial case of enclosing the entire number is excluded.
For example, 12345 can be written as (12345). In this case, the number is simply said to be
a palindrome or a palindromic number as it was mentioned earlier on. So, every number is
a GSP. But this possibility is eliminated by requiring that each number be split into at least
two segments if it is not a regular palindrome. Trivially, since each regular palindrome is also

1On Doctorate Programme at the University of Agriculture Abeokuta, Nigeria.
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a GSP and there are GSPs that are not regular palindromes, there are more GSPs than there
are regular palindromes. As mentioned by Gregory [2], very interesting GSPs are formed from

smarandacheian sequences. For an illustration he cited the smarandacheian sequence
11,1221,123321, .. .,123456789987654321, 1234567891010987654321,

12345678910111110987654321, . ..

and observed that all terms are all GSPs. He also mentioned that it has been proved that the
GSP 1234567891010987654321 is a prime and concluded his work by possing the question of
How many primes are in the GSP sequence above?

Special mappings such as morphisms(homomorphisms, endomorphisms, automorphisms,
isomorphisms e.t.c) have been useful in the study of the properties of most algebraic struc-
tures(e.g groupoids, quasigroups, loops, semigroups, groups e.tc.). In this work, the notion of
palindromic permutations and generalized Smarandache palindromic permutations are intro-
duced and studied using the symmetric group on the set N and this can now be viewed as the
study of some palindromes and generalized Smarandache palindromes of numbers.

The idea of left(right) palindromic permutations(LPPs, RPPs) and left(right) general-
ized Smarandache palindromic permutations(LGSPPs, RGSPPs) are introduced in symmetric
groups S, of degree n. It is shown that in S, there exist a LPP and a RPP and they are
unique. The dihedral group D,, is shown to be generated by a RGSPP and a LGSPP but the
geometric interpretations of a RGSPP and a LGSPP are found not to be rotation and reflection
respectively. In S3, each permutation is at least a RGSPP or a LGSPP. There are 4 RGSPPs
and 4 LGSPPs in S3, while 2 permutations are both RGSPPs and LGSPPs. A permutation
in S, is shown to be a LPP or RPP(LGSPP or RGSPP) if and only if its inverse is a LPP or
RPP(LGSPP or RGSPP) respectively. Some of these results are demonstrated with Sy and Ss.
Problems for future studies are raised.

But before then, some definitions and basic results on symmetric groups in classical group
theory which shall be employed and used are highlighted first.

§2. Preliminaries

Definition 2.1 Let X be a non-empty set. The group of all permutations of X under
composition of mappings is called the symmetric group on X and is denoted by Sx. A subgroup
of Sx is called a permutation group on X.

It is easily seen that a bijection X ~ Yinduces in a natural way an isomorphism Sx = Sy.
If | X| = n, Sx is denoted by S,, and called the symmetric group of degree n.

A permutation o € S,, can be exhibited in the form

1 2 n
o(l) o(2) a(n)
consisting of two rows of integers; the top row has integers 1,2,...,n, usually (but not nec-

essarily) in their natural order, and the bottom row has o (i) below ¢ for each i = 1,2,... n.
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This is called a two-row notation for a permutation. There is a simpler, one-row notation for a
special kind of permutation called cycle.

Definition 2.2 Let ¢ € S,,. If there exists a list of distinct integers z1,...,x, € N such
that
o(x;) = iy, 1=1,....,7r—1,
U(xr) = T,

olx)=cifx ¢ {x1, -,z },

then o is called a cycle of length r and denoted by (7 ...x,).

Remark 2.1 A cycle of length 2 is called a transposition. In other words , a cycle (z7 ... x,)
moves the integers (z7 ...z,) one step around a circle and leaves every other integer in N. If
o(z) = x, we say o does not move z. Trivially, any cycle of length 1 is the identity mapping I
or e. Note that the one-row notation for a cycle does not indicate the degree n, which has to
be understood from the context.

Definition 2.3 Let X be a set of points in space, so that the distance d(z,y) between
points z and y is given for all z,y € X. A permutation o of X is called a symmetry of X if

d(o(z),0(y)) = d(z,y) V z,y € X.

Let X be the set of points on the vertices of a regular polygon which are labelled 1,2,--- |n
e X ={1,2,--- ,n}.

The group of symmetries of a regular polygon P,, of n sides is called the dihedral group of
degree n and denoted D,,.

Remark 2.2 It must be noted that D, is a subgroup of S,, i.e D,, < S,,.

Definition 2.4 Let S,, be a symmetric group of degree n. If ¢ € S,, such that

1 2 n
g =
o(l) a(2) a(n)
then
1. the number Ny(o) = 12...no(n)...o(1) is called the left palindromic value(LPV') of
o.
2. the number N,(c) = 12...n0(1)...0(n) is called the right palindromic value(RPV') of
o.
Definition 2.5 Let o € Sx such that
X1 T2 e T
g =
o(z1) o(xa) -+ ofza)
If X =N, then
1. o is called a left palindromic permutation(LPP) if and only if the number Ny (o) is a
palindrome.

PP\(Sx)={o€Sx:0isalLPP}
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2. o is called a right palindromic permutation(RPP) if and only if the number N,(o) is a
palindrome.

PP,(Sx)={c€ Sx:0isaRPP }

3. o is called a palindromic permutation(PP) if and only if it is both a LPP and a RPP.

PP(Sx)={c € Sx :0isalLPP and a RPP} = PP\(Sx) N PP,(Sx)
Definition 2.6 Let 0 € Sx such that
xr1 X2 . e Tn
o(x1) o(xa) -+ o(zn)

If X =N, then
1. o is called a left generalized Smarandache palindromic permutation(LGSPP) if and
only if the number Ny is a GSP.

GSPP\(Sx) ={0 € Sx :0isa LGSPP}

2. o is called a right generalized Smarandache palindromic permutation(RGSPP) if and
only if the number IV, is a GSP.

GSPP,(Sx) = {0 € Sx : 0 is a RGSPP}

3. o is called a generalized Smarandache palindromic permutation(GSPP) if and only if
it is both a LGSPP and a RGSPP.

GSPP(Sx)={0 € Sx : 0 is a LGSPP and a RGSPP} = GSPP\(Sx) NGSPP,(Sx)

Theorem 2.1 (Cayley Theorem) Every group is isomorphic to a permutation group.
Theorem 2.2 The dihedral group D, is a group of order 2n generated by two elements

o, T satisfying 0" = e = 72 and 70 = 0" ' 7, where

and

§3. Main Results

Theorem 3.1 In any symmetric group 5, of degree n, there exists
1. a LPP and it is unique.

2. a RPP and it is unique.

But there does not exist a PP.

Proof Let o € S, then
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1. When

then the number
Ny(o)=12---no(n)---0(2)o(l) =12---nn---21
is a palindrome which implies 0 € PP)(S,,). So there exist a LPP. The uniqueness is as follows.

Observe that
1 2 ... n

=1

Q
I

Since S,, is a group for all n € N and I is the identity element (mapping), then it must be

unique.
2. When

then the number
Ny(o)=12---no(1)---o(n —1)o(n) =12---nn---21

is a palindrome which implies o € PP,S,,. So there exist a RPP. The uniqueness is as follows.

If there exist two of such, say o1 and o2 in S, then

o1 = and o9 =
o1(1) 01(2) -+ oi(n) o1(1) o1(2) -+ o1(n)
such that

Np(Ul) = 12"'710'1(1)"'01(77/— 1)01(77/)

and

Np(O'Q) =12-- '7’LO’2(1) c -Ug(n — 1)02(77/)

are palindromes which implies

o1(l)=n,012)=n—-1,--- ,01(n—1)=2,01(n) =1,

and

o2(l) =n,02(2)=n—1,--- ;oa(n—1) = 2,02(n) = 1.

So, 01 = 09, thus o is unique.
The proof of the last part is as follows. Let us assume by contradiction that there exists a
PP o € S,,. Then if
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o(l) o(2) -+ o(n)
Ny(o)=12---no(n)---o(2)o(1)

and

N,(o) =12---no(1)---o(n —1)o(n)
are palindromes. So that o € S, is a PP. Consequently,
n=ocn)=1l,n—1=0cn—-1)=2,---,1=0(1) =n,

so that o is not a bijection which means o ¢ S,,. This is a contradiction. Hence, no PP
exist.
Example 3.1 Let us consider the symmetric group Sy of degree 2. There are two permu-

tations of the set {1,2} given by

1 2
I = ,
1 2
and
1 2
6:
2 1

N,(I) = 1212 = (12)(12), No(I) = 1221 or Ny (I) = 1(22)1,

N,(6) = 1221 or N, (8) = (12)(21) and Nx(6) = 1212 = (12)(12).

So, I and § are both RGSPPs and LGSPPs which implies I and ¢ are GSPPs i.e I,§ €
GSPP,(S2) and I, € GSPP,(S2) = I,0 € GSPP(S>). Therefore, GSPP(S3) = S». Fur-
thermore, it can be seen that the result in Theorem 3.1 is true for S because only I is a LPP
and only J is a RPP. There is no PP as the theorem says.

Example 3.2 Let us consider the symmetric group S3 of degree 3. There are six permu-
tations of the set {1,2,3} given by

1 2 3
6:[: )
1 2 3
1 2 3
01 = )
2 31
1 2 3
02 = )
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1 2 3
e:[: )
1 2 3
1 2 3
1 = )
1 3 2
1 2 3
T2 = )
3 2 1
and
1 2 3
T3 =
2 1 3

As claimed in Theorem 3.1, the unique LPP in S5 is I while the unique RPP in S3 is 7.
There is no PP as the theorem says.
Lemma 3.1 In S5, the following are true.
1. At least 0 € GSPP,(S3) or 0 € GSPP,\(S3) Vo € Ss.
2. |GSPP,(S3)| =4, |GSPPx\(S3)| =4 and |GSPP(Ss)| = 2.
Proof Observe the following:
Ny\(I) = 123321, N,(I) = 123123 = (123)(123).
Nx(o1) = 123132, N,(01) = 123231 = 1(23)(23)1.
Ni(o2) = 123213, N,(02) = 123312 = (12)(33)(12).
Nx(m) =123231 = 1(23)(23)1, N,(m1) = 123132.
Ni(m2) = 123123 = (123)(123), N,(12) = 123321.
Ni(13) = 123312 = (12)(33)(12), N,(13) = 123213.

So, GSPP,\(S3) ={I,71,72,m3} and GSPP,(S3) = {I,01,02,7}. Thus, 1. is true .There-
fore, |GSPP,(S3)| =4, |GSPP\(Ss)| = 4 and |GSPP(Ss)| = |GSPP,(S3) () GSPP,\(Ss)| = 2.
So, 2. is true.

Lemma 3.2 S5 is generated by a RGSPP and a LGSPP.

Proof Recall from Example 3.2 that

Sz ={I,e,01,02,71,T2, T3}
If 0 = 07 and 7 = 7, then it is easy to verify that
2 3

0?2 =09,0° =€, 72 =e,07 = 13,0°T = 75 = 70 hence,

S3 = {e, o, o 1 oT, 027'3} = S3 = {0,7).
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From the proof Lemma 3.1, ¢ is a RGSPP and 7 is a LGSPP. This justifies the claim.

Remark 3.1 In Lemma 3.2, S35 is generated by a RGSPP and a LGSPP. Could this
statement be true for all S,, of degree n? Or could it be true for some subgroups of S,,? Also,
it is interesting to know the geometric meaning of a RGSPP and a LGSPP. So two questions
are possed and the two are answered.

Question 3.1 1. Is the symmetric group S,, of degree n generated by a RGSPP and a
LGSPP? If not, what permutation group (s) is generated by a RGSPP and a LGSPP?

2. Are the geometric interpretations of a RGSPP and a LGSPP rotation and reflection
respectively?

Theorem 3.2 The dihedral group D,, is generated by a RGSPP and a LGSPP i.e D,, =
(o,7) where 0 € GSPP,(S,) and 7 € GSPP)\(Sy).

Proof Recall from Theorem 2.2 that the dihedral group D,, = (o, 7) where

1 2 n
02(12 n)=
2 3 1
and
1 2 n
T =
1 n 2

Observe that
N,(o) =123---n23---n1 =1(23---n)(23---n)1, Nx(c) =123---nln---32.

N,(r)=12---nln---2, Nx(1) =12---n2---n1 = 1(2---n)(2---n)1.

So, 0 € GSPP,(S,) and 7 € GSPP\(S,,). Therefore, the dihedral group D,, is generated
by a RGSPP and a LGSPP.

Remark 3.2 In Lemma 3.2, it was shown that S3 is generated by a RGSPP and a LGSPP.
Considering Theorem 3.2 when n = 3, it can be deduced that D3 will be generated by a RGSPP
and a LGSPP. Recall that |D3| =2 x 3 = 6, so S3 = D3. Thus Theorem 3.2 generalizes Lemma
3.2.

Rotations and Reflections Geometrically, in Theorem 3.2, ¢ is a rotation of the regular
polygon P,, through an angle %’T in its own plane, and 7 is a reflection (or a turning over) in the
diameter through the vertex 1. It looks like a RGSPP and a LGSPP are formed by rotation and
reflection respectively. But there is a contradiction in S4 which can be traced from a subgroup
of Sy particularly the Klein four-group. The Klein four-group is the group of symmetries of a

four sided non-regular polygon(rectangle). The elements are:
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1 2 3 4
52 = )
2 1 4 3
and
1 2 3 4
03 =
4 3 2

Observe the following:
N,(61) = 12343412 = (12)(34)(34)(12), Nx(d1) = 12342143.

N,(6) = 12342143, Ny (85) = 12343412 = (12)(34)(34)(12).
N,(65) = 12344321 = 123(44)321, Ny (03) = 12341234 = (1234)(1234).

So, 41 is a RGSPP while 05 is a LGSPP and 03 is a GSPP. Geometrically, d; is a rotation through
an angle of 7 while d5 and d3 are reflections in the axes of symmetry parallel to the sides. Thus
03 which is a GSPP is both a reflection and a rotation, which is impossible. Therefore, the
geometric meaning of a RGSPP and a LGSPP are not rotation and reflection respectively. It is
difficult to really ascertain the geometric meaning of a RGSPP and a LGSPP if at all it exist.

How beautiful will it be if GSPP,(Sy), PP,(Sn), GSPP\(Sy), PPx(Sy), GSPP(S,) and
PP(S,,) form algebraic structures under the operation of map composition.

Theorem 3.3 Let S,, be a symmetric group of degree n. If ¢ € S,,, then

1.0 € PP)\(SH) s le PP)\(Sn)

2. 0 € PP,(S,) & o' € PP,(Sy).

3. I € PP\(Sp).

Proof 1. 0 € PPy(S,) implies

Na(e) = 12--no(n) - 0(2)o(1)
is a palindrome. Consequently,
on)=n,on—1)=n—-1,---,0(2)=2, (1) = 1.
So
Na(e™) =a(1)o(2)---o(n)n---21 =12---nn---21 = o=+ € PPy(S,).

The converse is similarly proved by carrying out the reverse of the procedure above.
2. 0 € PP,(S,) implies

N,(o0)=12---no(1)---o(n —1)o(n)
is palindrome. Consequently,

cl)y=n,02)=n-1,---,0(n—-1)=2, o(n) = 1.

)
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So
Ny(e ™) =0(1)o(2)---0(n—1)o(n)12--n=mn---2112---n ="' € PP,(S,).

The converse is similarly proved by carrying out the reverse of the procedure above.
3.

I =

NA(I)=12---nn---21 = I € PPy(S,).

Theorem 3.4  Let S, be a symmetric group of degree n. If o € S, then
l.o € GSPP\(S,) < o1 € GSPP\(S,).

2.0 € GSPP,(S,) <= o0~ € GSPP,(S,).

3.1 € GSPP(S,).

ProofIf o € S, then

B 1 2 n

o 0@ - o)
So

Na(o) =12+ na(n) -+ 0(2)o (1)
and

Ny(o)=12---no(1)---o(n —1)o(n)

are numbers with even number of digits whether n is an even or odd number. Thus, N,(o) and
N (o) are GSPs defined by
a1a203 -+ Qpap -+ a3a2a1
and not
a1a2a3 - ap—1Anap—1 - A30201

where all a1, as,as, - ,a, € N having one or more digits because the first has even number of
digits (or grouped digits) while the second has odd number of digits (or grouped digits). The

following grouping notations will be used:

(a:)iy = a1a2a3 - - ap

and
[ai)ie) = anan_10n_2 - - - azaza;.

Let 0 € S,, such that

x1 Zo e a

o(xy) o(xz) - o(zn)
where z; € N,V i € N.
1. So 0 € GSPP\(S,) implies

Mn—1

Ni(o) = (xi1)21:1(xi2)Zzz(nl+1)(xi3);133:(n2+1) T (xin—l)in,lz(nn,ﬁl)(Iin)?nn:(nn,1+1)
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Nn—1

[U(QCin)]Z?:(nn,l-i-l)[U(xin—l)]in,lz(nn,zﬂ) e lo(@iy )]?33:(”24_1)[U(xiz)];f:(nl.,.l)[g(xh )]?11:1

is a GSP, where x;; € N, Vi; € N, j € N and n, = n. The interval of integers [1,n] is
partitioned into

[1,n]=[1,n]U[ni+1,no)U---Ulnp—o+ 1,041 U[nn_1,n4).

The length of each grouping ()ZJ or []Z] is determined by the corresponding interval of integers

[n; + 1,m41] and it is a matter of choice in other to make the number Ny (o) a GSP.
Now that Ny (o) is a GSP, the following are true:

(i, )?nn:(nn71+1) = [o(z;, )]?le:(nn71+1) A [xin];":l:(nnflﬁ»l) = (U(xin))in:(nn,1+l)

(wi7171)221711:(nn72+1) = [U("Einfl)]:lnn:;:(nnfz_»,_l) A [xi71—1]:lnn7711:(nn72+1) = (O'(xinfl)):’lnniillz(nniz-‘,-l)

(961'2)}?:(711“) = [0(951'2)]22:(7114.1) Ang [xiz]ZQ:(nl+1) = (U($i2))g2:(nl+1)
(@iy)ij=1 = lo(zi)lij=1 & [z ]imy = (o))

Therefore, since

U . xl “ e xll “ e :L‘nl e xnn71+1 .« .. x]k “ e xnn
- )
o(@) - o@y) - olwn) o o(@n, 1) o olxy) o o(za,)
then
1 o) - o) - ol@n) o o(@n, 1) o olxy) o o(wa,)
- )
xl ... xll “ e xnl .« .. xnn71+1 ... :L‘Jk .« .. xnn
SO

MNn—1

Na(e™) = (@) (@) sy @) -~ (@@ D)y

Mn—1

(U(min))?nn:(nn,ﬁl) [xin]?::(nn,ﬁl) [xin—l]in,lz(nn,z-f-n T [mia]ggz(n2+1)[miz}?;:(nl.kn[thl:1
is a GSP. Hence, 0=t € GSPPy(S,).

The converse can be proved in a similar way since (¢71)~! = 0.
2. Also, 0 € GSPP,(S,) implies

MNn—1

Np(0) = (@i )iy 1 (@i )iy =y 1) in ) ig o) @i )i o) (@i )i 1 41)

MNn—1

(o4, ))ZIZI(U(xi2))ZZZ(n1+1)(O—(xi3))?33:(n2+1) T (U(xin—l))in,lz(nn,2+1)(J(xin))?::(nn,l-s-l)
is a GSP, where z;;, € N, Vi; € N, j € N and n,, = n. The interval [1,n] is partitioned into
[L,n]=[1,n1]U[n1 + L,na]U--Ulnu-o+ 1, np_1] U[nn_1,nn]

The length of each grouping ()ZJ is determined by the corresponding interval of integers [n; +

1,m;41] and it is a matter of choice in other to make the number N,(o) a GSP.
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Now that N,(c) is a GSP, the following are true:

(i, )?nn:(nn71+1) = (o(zs, ))lel

Mn—1

(@i, s )i%l:(nnﬂ.;.l) = (o(z, ))Z2Z(n1+1)

(Ii2)?22:(n1+1) = (U(Iinfl))?nn:llz(nn,2+1)
(@i )iy =1 = (0(@6,)); 141y

Therefore, since

U . 'rl “ e le “ e Inl “ e xnn71+1 .. xjk; “ e :Z:‘nn
- )
o(@) - o@y) - olzn) o o(@n, 1) o olwy) o o(za,)
then
ol o(x) - o@y) o ol@n) 0 0(Tn,a41) o o(@y) oo o(Ta,)
xl .« .. :I;ll “ e xnl ... l‘nn71+1 .« .. x]k ... xnn
So

NP(Uil) = (U(xil ))?11:1(0'(1}1‘2 ))22:(7114_1)(U(xiB))Zgz(n2+1) e (O'(xinfl ))?::llz(nnfz.yl)

(U(xin ));Lnn:(nn71+1) (xil )lel (xiz )?22:(”14_1) (xig )Zgz(n2+1) e (xin—l )Zln:ll:(nn,g—i-l) (xin )?::(nn,l-&-l)

is a GSP. Hence, 0= € GSPP,(S,,).

The converse can be proved in a similar way since (071)~! = 0.

I =

Nyx(I)=12---nn---21=12---(nn)---21 = I € GSPP,\(S,) and
N,(I)=(12---n)(12---n) = I € GSPP,(S,)

thus I € GSPP(S,).

84. Conclusion and Future studies

By Theorem 3.1, it is certainly true in every symmetric group S, of degree n there exist at
least a RGSPP and a LGSPP(although they are actually RPP and LPP). Following Example
3.1, there are 2 RGSPPs, 2 LGSPPs and 2 GSPPs in Sy while from Lemma 3.1, there are 4
RGSPPs, 4 LGSPPs and 2 GSPPs in S3. Also, it can be observed that

|GSPP,(S2)| + [GSPPA(S2)| = |GSPP(Ss)| = 2! = |5y
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and
|GSPP,(S3)| + [GSPPA(S3)| — |GSPP(S3)| = 3! = |S3].

The following problems are open for further studies.

Problem 4.1 1. How many RGSPPs, LGSPPs and GSPPs are in S,
2. Does there exist functions f1, f2, f3 : N — N, such that |GSPP,(S,)| = fi(n), |GSPPx(Sy,)|
fa(n) and |GSPP(S,)| = fs(n) ?

3. In general, does the formula

|GSPP,(Sn)| + [GSPPA(Sn)| — [GSPP(S,)| = n! = [Sn|?

hold. If not, for what other n > 3 is it true?

The GAP package or any other appropriate mathematical package could be helpful in
investigating the solutions to them.

If the first question is answered, then the number of palindromes that can be formed from
the set {1,2,---,n} can be known since in the elements of .S;,, the bottom row gives all possible
permutation of the integers 1,2,--- ,n.

The Cayley Theorem(Theorem 2.1) can also be used to make a further study on generalized
Smarandache palindromic permutations. In this work, N was the focus and it does not contain
the integer zero. This weakness can be strengthened by considering the set Z,, = {0,1,2,--- ,;n—
1},¥ n € N. Recall that (Z,,+) is a group and so by Theorem 2.1 (Z,,, +) is isomorphic to a

permutation group particularly, one can consider a subgroup of the symmetric group Sz, .
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Abstract Let S(n) be the Smarandache function defined by S(n) = min{m > 1: n|m!}.
The aim of this note is to prove that for each k > 2 there are infinitely many positive integers
ma,...,mg and ni,...,ng such that S(mi+ma+---+mg) < S(m1)+ S(m2)+-- -+ S(me),
and S(n1 +n2+ - +nk) > S(n) + S(n2) + -+ + S(nk).

Keywords Vinogradov’s three-primes theorem, inequalities.

§1. Introduction
For any positive integer n, the famous Smarandache function is defined by

S(n) =min{m >1: n|m!}

For many properties, problems, generalizations and extensions of this function see e.g. Smaran-
dache’s well-known book [5], or the author’s book [3].
Recently, Lu Yaming [6] has proved that for each positive integer k, the equation

S(JEl + xo +"'+$k-) = S(Il) +S($2) +"'+S(Ik)

has infinitely many positive integer solutions x1,...,z,. In what follows, we shall prove that
both of inequalities S(a +b) < S(a) + S(b) and S(c+ d) > S(c) + S(d) have infinitely many
positive integer solutions a, b, ¢, d; and more generally the same is true for S(mj + -+ myg) <
S(my)+---+ S(myg), and S(ny + -+ +ng) > S(ny) + -+ + S(nk), for each k > 2.

§2. Proof of the theorem

The fact that S(a +b) < S(a) + S(b) has infinitely many solutions, follows from well
known inequalities. For example, a = n! and b = (n 4 1)! are solutions. Indeed, as a +b =
nl+ (n+ 1! = nl(n +2), and n!(n + 2) dividing (n + 2)!, one has clearly S(a +b) <n+2 <
2n+1= 8+ S((n+1)!), as S(n!) = n, etc. For another solutions, put a = p!+1,b=pl—1,
where p > 2 is a prime. Then, it is known that (see e.g. [2], [3]) S(p!'+ 1) > p, S(p! — 1) > p,
so we get S(p!+ 1)+ S(p! —1) > 2p > S(2p!), as S(2p!) < 25(p!) = 2p, by the inequality
S(mn) < nS(m), see [1], [3].



Vol. 2 On certain inequalities involving the Smarandache function 79

Let now ¢, d be positive integers such that c+d is a prime, and ¢ > 4, d > 4. Then c and d
cannot be both primes, since then c+d would be even (> 4). Then S(c+d) = c¢+d > S(c)+5(d),
by the well-known fact (see e.g. [3], [5]) that S(n) < n, with equality only for n =4, and n =
prime.

The last part of the above proof may be easily extended to the case of kK numbers. Namely,
let n1,n9,...,ni, be positive integers, not all of which are primes, so that n; +ns+---+ng is a
prime. (It is easy to see the possibility of constructing such numbers). Then S(ni +---+ng) =
ny+---+ng >SN+ -+ 5(ng), as above.

For the extension of the first part to arbitrary k, however, we need another argument. As in
[6], we need Vinogradov’s three-primes theorem, as stated in Lemma 1, and its generalization,
as stated in Lemma 2:

Lemma 1. There exists a constant K > 0, such that each odd integer n > K can be
written as n = p; + pa + p3, where p;(i = 1,3) are odd primes.

Lemma 2. If £ > 3 is an odd integer, then any sufficiently large odd integer n can be

written as a sum of k odd primes
n=p1+p2+t--+ Pk

This follows immediately from Lemma 1, by induction see [6].
Let now k > 3 be odd. Then the odd integer n = 4° — 1 for sufficiently large s > sg may
be written as

4 —1=pi+- +p.
On the other hand, S(4° — 1) < 4° — 1, as 4° — 1 = 0 (mod 3), so 4° — 1 # prime, # 4.
This implies
Spr+-+pk) =54 1) <pr+-+pr=S(p1) + -+ Spx).
If £ > 4 is even, then for sufficiently large s, 3° — 2 may be written as
3 —=2=pi+-+pr1
implying
3 =24+pi+-+pr-1,

ie. S(3°)=SQ2+pi+---+pp-1) <3 =24p1+--+pr, =52)+SP1) +- -+ S(Pr-1), 3°
not being a prime.
This finishes the proof of the theorem.

Remark. The arithmetical function occurring in the first part of the proof, namely
F(n) =min{m > 0: n|m!(m +2)}

(where 0! = 1) has a close analogy with the Smarandache function. We have called it in [4], as
the modification of the Smarandache function. In [4] we have proved that F(p) = p — 1 for all
primes p; F(k!) =k + 1 for k > 3; F(1!) = F(2!) = 1; and that S(n) < F(n) or S(m) > F(m)
both have infinitely many solutions n, m.
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Abstract Shyam Sunder Gupta [3] has defined Smarandache consecutive and reversed
Smarandache sequences of triangular numbers. Delfim F.M.Torres and Viorica Teca [1] have
further investigated these sequences and defined mirror and symmetric Smarandache sequences
of triangular numbers making use of Maple system. Working on the same lines we have de-
fined and investigated consecutive, reversed, mirror and symmetric Smarandache sequences
of pentagonal numbers of dimension 2 using the Maple system .

Keywords Figurate number, Smarandache consecutive sequence, Smarandache mirror

sequence.

§1. Introduction

Figurate number is a number which can be represented by a regular geometrical arrange-
ment of equally spaced points. If the arrangement forms a regular polygon the number is called
a polygonal number. Different figurate sequences are formed depending upon the dimension
we consider. Each dimension gives rise to a system of figurate sequences which are infinite in
number.

In this paper we consider a figurate sequence of pentagonal numbers of dimension 2. Hence-
forth, unless and otherwise stated, “pentagonal numbers” will mean pentagonal numbers of
dimension 2.

The n-th pentagonal number ¢,,,n € N of dimension 2 is defined by ¢,, = 2n+gn(n71) —n?2.

We can obtain the first k& terms of Pentagonal numbers in Maple as:

> t:= n->2*%n + (5\2)*n*(n-1)-n"{2}:

> first := k -> seq(t(n), n=1...20);
For example first 20 terms are:

> first(20);

1, 5, 12, 22, 35, 51, 70, 92, 117, 145, 176, 210, 247, 287, 330,
376, 425, 477, 532, 590

For constructing Smarandache sequence of pentagonal numbers we require the operation

of concatenation on the terms of above sequence which is defined in Maple as;

I This work is supported by UGC under Minor project F. No. 23-245/06.
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> conc :=(n,m) -> n*10"length(m)+m:

We define Smarandache consecutive sequence {scs, } for pentagonal numbers recursively as

S§CS1 = Uy,

s¢8y, = conc(8Csp—1,Un)

Using Maple We have obtained first 20 terms of Smarandache consecutive sequence of pentag-

onal numbers;

> conc :=(n,m)-> n*10"length(m)+m:

> scs_n := (u,n)-> if n = 1 then u(l1)else conc(scs_n(u,n-1),u(n)) fi:
> scs := (u,n)-> seq (scs_n(u,i),i=1...n):

> scs(t,20);

1, 15, 1512, 151222, 15122235, 1512223551, 151222355170,
15122235517092, 15122235517092117, 15122235517092117145,
15122235517092117145176, 15122235517092117145176210,
15122235517092117145176210247,
15122235517092117145176210247287,
15122235517092117145176210247287330,
15122235517092117145176210247287330376,
15122235517092117145176210247287330376425,
15122235517092117145176210247287330376425477,
15122235517092117145176210247287330376425477532,
15122235517092117145176210247287330376425477532590

Same sequence can be displayed in “triangular form” as;

> show := L -> map(i ->print(i),L):
> show([scs(t,20)1);

1
15
1512
151222
15122235
1512223551
151222355170
15122235517092
15122235517092117
15122235517092117145
15122235517092117145176
15122235517092117145176210
15122235517092117145176210247
15122235517092117145176210247287
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15122235517092117145176210247287330
15122235517092117145176210247287330376
15122235517092117145176210247287330376425
15122235517092117145176210247287330376425477
15122235517092117145176210247287330376425477532
15122235517092117145176210247287330376425477532590

The reversed Smarandache sequence (rss)associated with a given sequence {u,},n € N is de-

fined recursively as;

rss1 = uq,

788y = conc(Uy, r88p—1)-

In Maple we use the following program;

> rss_n :=(u,n) -> if n=1 then u(l) else conc(u(n),rss_n(u,n-1)) fi:

> rss := (u,n) -> seq(rss_n(u,i),i=1..n):
We get the first 20 terms of reversed Smarandache sequence of pentagonal numbers;

> rss(t,20);

1, 51, 1251, 221251, 35221251, 5135221251, 705135221251,
92705135221251, 11792705135221251, 14511792705135221251,
17614511792705135221251, 21017614511792705135221251,
24721017614511792705135221251,
28724721017614511792705135221251,
33028724721017614511792705135221251,
37633028724721017614511792705135221251,
42537633028724721017614511792705135221251,
47742537633028724721017614511792705135221251,
53247742537633028724721017614511792705135221251,
59053247742537633028724721017614511792705135221251

Smarandache Mirror Sequence (sms)is defined as follows:

S$MmMs1 = Uy,

smsy, = conc(conc(uy, sSmsp—1), Uy).

The following program gives first 20 terms of Smarandache Mirror sequence of pentagonal

numbers.

> sms_n := (u,n) -> if n=1 then



84 Arun S. Muktibodh No. ¢

> u(1)

> else

> conc(conc(u(n),sms_n(u,n-1)),uln))

> fi:

> sms :=(u,n) ->seq(sms_n(u,i), i=1..n):
> sms(t,20);

1, 515, 1251512, 22125151222, 352212515122235, 5135221251512223551,
705135622125151222355170, 927051352212515122235517092,
117927051352212515122235517092117,
1451179270513562212515122235517092117145,
176145117927051352212515122235517092117145176,
210176145117927051352212515122235517092117145176210,
247210176145117927051352212515122235517092117145176210247,
2872472101761451179270513522125151222355170921171451762102\
47287, 3302872472101761451179270513522125151222355170921171\
45176210247287330, 3763302872472101761451179270513522125151\
22235517092117145176210247287330376, 4253763302872472101761\
4511792705135221251512223551709211714517621024728733037642\
5, 47742537633028724721017614511792705135221251512223551709\
2117145176210247287330376425477, 53247742537633028724721017\
6145117927051352212515122235517092117145176210247287330376\
425477532, 590532477425376330287247210176145117927051352212\
515122235517092117145176210247287330376425477532590.

Finally Smarandache Symmetric sequence (sss) is defined as:
$88an—1 = conc(bld(scsan—1),T8S2n—1),

888on = conc(scsap, rSSa,),n € N.

where the function “bld” (But Last Digit) is defined in Maple as:
> bld := n->iquo(n,10):
First 20 terms of Smarandache Symmetric sequence are obtained in Maple as:

> bld :=n-> iquo(n,10):

> conc := (n,m)-> n*10"length(m)+m:

> sss_n := (u,n) -> if type(n,odd) then

> conc(bld(scs_n(u, (n+1)/2)) ,rss_n(u, (n+1)/2))
> else

> conc(scs_n(u,n/2),rss_n(u,n/2))

> fi:

> sss := (u,n) -> seq(sss_n(u,i), i=1..n):

> sss(t,20);
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1, 11, 151, 15561, 1511251, 15121251, 15122221251, 151222221251,
151222335221251, 1512223535221251, 1512223555135221251,
15122235515135221251, 15122235517705135221251,
1512223551707056135221251, 151222355170992705135221251,
1512223551709292705135221251,
151222355170921111792705135221251,
1512223551709211711792705135221251,
151222355170921171414511792705135221251,
1512223551709211714514511792705135221251.

We find out primes from a large number (first 500 terms) of various Smarandache sequences
defined so far. We have used Maple 6 on Pentium 3 with 256 Mb RAM. We first collect the lists
of first 500 terms of the consecutive, reversed, mirror and symmetric sequences of Pentagonal

numbers:

> st :=time(): Lscs500:=[scs(t,500)]: printf("%a seconds",round(time()-st));
16 seconds
> st :=time(): Lrssb500:=[rss(t,500)]: printf("/a seconds",round(time()-st));

18 seconds
> st :=time(): Lsms500:=[sms(t,500)]: printf("%a seconds",round(time()-st));
50 seconds
> st :=time(): Lsssb500:=[sss(t,500)]: printf("/a seconds",round(time()-st));
11 seconds

Further we find the number of digits in the 500th term of each sequence:
> length(Lscs500[500]),length(Lrss500[500]);
2626, 2626

> length(Lsms500[500]) ,length(Lsss500[500]) ;

5251, 2268

There exist no prime in the first 500 terms of Smarandache consecutive sequence of pen-

tagonal numbers.

>st:= time() :select(isprime,Lscs500);
> printf("%a minutes",round((time()-st)/60));

(N
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11 minutes

There are only two primes in the first 500 terms of reversed Smarandache sequence of

pentagonal numbers.

>st:= time() :select(isprime,Lrss500) ;

[221251,
10049299717989459817697410966479588795130943769362592877921329139
09065189915891828845287725870018628085562848478413583426827208201
78131780620799267923578547778627718076501758257515274482738157315
172490718327117770525698766923068587679476731066676660456541764792
641706355162935623226171261105605015990059302587075811557526569405
635755777552005462654055534875292252360518015124550692501424959549
051485104797247437469054637645850453274480744290437764326542757422
524175041251407554026239772392853880138320378423736736895364263596
0354973503734580341263367533227327823234031901314653103230602301752
9751293302891228497280852767627270268672646726070256762528524897245
1224130237512337523002226322226521901215402118220827204752012619780
1943719097187601842618095177671744217120168011648516172158621555515
2511495014652143571406513776134901320712927126501237612105118371157
2113101105110795105421029210045980195609322908788558626840081777957
7740752673157107690267006501630561125922573555515370519250174845467
6451043474187403038763725357734323290315130152882275226252501238022
6221472035192618201717161715201426133512471162108010019258527827156
5159053247742537633028724721017614511792705135221251]

> printf("%a minutes",round((time()-st)/60));
45 minutes

There is no prime in the first 500 terms of Smarandache mirror sequence.
>st:= time() :select(isprime,Lsms500) ;
> printf("%a minutes",round((time()-st)/60));

L]

312 minutes

There are 4 primes in first 500 terms of Smarandache symmetric sequence of pentagonal
numbers.

> st:= time():
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> select(isprime,Lsss500);
> printf("%a minutes",round((time()-st)/60));

[11, 151, 1512223551709211714514511792705135221251, 1512223551709\
2117145176210247287330376425477532590651715782852925100100\
1925852782715651590532477425376330287247210176145117927051\
35221251]

50 minutes

There are some results which can be obtained by the readers as; How many pentagonal
numbers are there in Smarandache consecutive , mirror and symmetric sequences of pentagonal

numbers ?
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Abstract The main purpose of this paper is using the analytic method to study the conver-

gent properties of the Jozse Sandor’s function, and obtain some interesting results.
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§1. Introduction and conclusions

For any positive integer n, the function Z,(n) and Z(n) will be defined as

Z*(n)max{mGN:m(m;rl)gn},

and

Z(n):min{meN:ngm(mm}.

2

That is, Z.(n) denotes the greatest positive integer m such that m(#ﬂ) < mn, and Z(n)

denotes the smallest positive integer m such that n < w
For example: Z,(1) =1, Z,(2) =1, Z,(3) =2, Z.(4) = 2, Z.(5) = 2, Z.(6) = 3, Z.(7) = 3,
Z.8) =3, Z.(9) = 3,--- and Z(1) =1, Z(2) = 2, Z(3) = 2, Z(4) = 3, Z(5) = 3, Z(6) = 3,

Recently, Jozsef Sandor had studied the properties of these functions, and proved some

interesting conclusions, one of them is

>z
= (Z.(n))°
is convergent for s > 2, and divergent for s < 2.

In this paper, we shall use the elementary methods to study the convergent properties
of some series involving the Jozsef Sandor’s functions, and obtain some interesting identities.
That is, we shall prove the following several theorems:

Theorem 1. For any complex number s, the infinite series
5 o

(Z.(n))*’

n=1
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and

NgE
N
S|z
\-m/ 3

n=1
are convergent if s > 0, and divergent if s < 0.
Theorem 2. For any complex number s with Re s > 2, we have the identities

— 1
ZW =((s = 1) +((s),

n=1

and
oo

1
ZW_C(S_D’

n=1
where ((s) denotes the Riemann zeta-function.
Theorem 3. For any positive integer n and complex number s with Re s > 1, we have
— (=" 2 1
(Z*(’I”L))S - 454(8) QSC(S)a

n=1

ni_o:l <(Z_<7lz))> - (1 B ;) ((s) ~ € (57 i) |

where ((s, a) denotes the Hurwitz zeta-function.

and

From Theorem 3 we may immediately deduce the following:
Corollary. Let Z,(n) defined as the above, then we have

2

— (- =
2 Zwmy 1

§2. Proof of the theorems

In this section, we shall complete the proof of Theorems.

First we prove Theorem 1.

If
m(m+ 1) <n< (m+1)(m+2)’
2 2
then Z.(n) = m repeated

(m+1)(m+2) mm+1) _
5 — 3 =m-+1

times, so we have

S §h CUmy
= (Z.n)y = me
Zi(n)=m
If m is an odd, every term is concealed by positive and negative addition.

If m is an even, only one term will be retained in every repeated term, so we can obtain

o~ (=Dt 1 1 1 (—=n" 1(1 11 >

) R N O ™ R T & TR T TR
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Using the same method, we can also obtain

o~y ot o111 (Y
;(Z(n))s_ + + =+ + +e

Now Theorem 1 follows from the Leibniz convergent criterion.
If

m(m2+1) <n< (m+1)2(m+2)’

then Z,(n) repeated

(m+1)(m+2) mm+1)

times.

Hence, we have

— 1 = m+l
Z(Z*(n))s - Z msS

n=1

Using the same method, we can also obtain

oo m(m+1)  (m—1)m
2 2

> 1
Z (Z(n))a - Z ms

m=1

= ((s—1).

This completes the proof of Theorem 2.

Now we come to prove Theorem 3. From the method of proving Theorem 1 and Theorem
2, we can easily get

i (-~ 1 N 11 . (—1)" N

— (Z(n)* 284 60 (2n)s
Y (- I B
B 25 65 108 (4n — 2)s

T (I
FERFE (4n)*

1 1 1 1
_(S++...+ +)

25 \15 ' 3¢ (2n —1)°
L P
2s s 4s (zn)s

2 1
— () = 5:(5),
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and
— (-~ 1 1 1 1 (—1)"
; Zoy — vz e tn Tttt e
S I . S
\1s 3 5 (2n —1)s
oy (AR L —
1s ' 58 (4n — 3)s

|
S
=
|

B2 =
N~~~
I
—
®»

-
|

AN
Ca
7N
»

S| =
N~

where we have used the identities

>~ (-3)©

n=1
and
1 1 1 > 1 1 — 1 1 1
1*5**%—@*2%42%4%4)

This completes the proof of Theorem 3.

References

[1] Jozsef Sandor, On additive analogues of certain arithmetic function, Samarandache
Notions Journal, 14(2004), pp. 128-134.

[2] Jian Zhao and Chao Li, On the mean value of new arithmetical function, Research on
Smarandache Problems in Number Theory, Hexis., 2005, pp. 6-40.



Scientia Magna
Vol. 2 (2006), No. 3, 92-95

On the primitive numbers of power p
Weiyi Zhu

College of Mathematics, Physics and Information Engineer
Zhejiang Normal University, Jinhua, Zhejiang, P.R.China

Abstract For any positive integer n and prime p, let Sp(n) denotes the smallest positive
integer m such that m! is divisible by p™. The main purpose of this paper is using the

elementary method to study the properties of the summation Z Sp(d), and give an exact
d|n
calculating formula for it.
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§1. Introduction and Results

Let p be a prime and n be any positive integer. Then we define the primitive number
function S,(n) of power p as the smallest positive integer m such that m! is divisible by p".
For example, S3(1) = 3, S3(2) = 6, S5(3) = S5(4) =9, ------ . In problem 49 of book [1],
Professor F.Smarandache asked us to study the properties of the sequence {S,(n)}. About this
problem, Zhang Wenpeng and Liu Duansen [3] had studied the asymptotic properties of S,(n),
and obtained an interesting asymptotic formula for it. That is, for any fixed prime p and any

positive integer n, they proved that

Sy(n) = (p—1)n+0 (hlpplnn) .

Yi Yuan [4] had studied the asymptotic property of S,(n) in the form
1
=Y [Sp(n+1) = Sp(n)],
p n<x
and obtained the following conclusion: For any real number x > 2, we have
1 1 Inz
— Sp(n+1) = S,(n =x<1—>—|—0<>.
p 2 15+ )= 5,0 o

Xu Zhefeng [5] had studied the relationship between the Riemann zeta-function and an
infinite series involving S, (n), and obtained some interesting identities and asymptotic formulae
for S,(n). That is, for any prime p and complex number s with Res > 1, we have the identity:

— 1 ()
;Sz(n)_pé‘fl’
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where ((s) is the Riemann zeta-function.

And, let p be a fixed prime, then for any real number z > 1,

- 1 1

Z (lnx+ +2 np) +O(x_%+5),
— (n) pfl —1
n)<z

where 7 is the Euler constant, € denotes any fixed positive number.

Chen Guohui [7] had studied the calculating problem of the special value of the Smaran-
dache function S(n) = min{m : m € N, n|m!}. That is, let p be a prime and k an integer with
1 <k < p. Then for polynomials f(x) = o™ +a™-1+... 42" withng > ng_1 > - >n; > 1,
we have:

S = (p—1)f(p) + pf(1).

And, let p be a prime and k an integer with 1 < k < p. Then for any positive integer n,

S (p’“”") =k <¢(p”) + ,1) P,

where ¢(n) is the Euler function. All these conclusions also hold for primitive function S,(n)

we have:

of power p.
In this paper, we shall use the elementary method to study the calculating problem of the
summation

> Sp(d)
d|n

and give some interesting calculating formulas for it. That is, we shall prove the following

conclusions:
Theorem.  For any prime p, we have the calculating formulas
ZS =po(n), if 1 <n < p;
dn

Z Sp(d) = po(n) — (n—1)p, if p<n < 2p, where o(n) denotes the summation over
d|n
all divisors of n.

For general positive integer n > 2p, whether there exists a calculating formula for Z Sp(d)

d|n
is an open problem.

§2. Proof of Theorem

To complete the proof of the theorem, we need a simple lemma which stated as following:

Lemma. For any prime p, we have:

(1) Sp(d) =dp,if 1 <d < p;

(2) Sp(d)=(d—-k+1)p, if (k—1)p+k—2<d<kp.

Proof. First we prove the case (1). From the definition of S,(n) = min{m : p"|m!} we
know that to prove the case (1) of Lemma, we only to prove that p?||(dp)!. That is, p?|(dp)! and
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— [d
p?*1 1 (dp)!. According to Theorem 1.7.2 of reference [6], we only to prove that Z [f] =d
p

j=1
In fact, if 1 < d < p, note that [Ci] =0(j=1,2, ------ ), we have
D
= [d d d
3 [’7} —d+ H + {2} o= d
=y pl  Lp

d,
That is means S,(d) = dp. If d = p, then Z {f
p
d|n

from the definition of S,(n) we have S,(p) = p? = dp. This proves the case (1) of Lemma.

} =d+1, but p? 1 (p?> — 1)! and pP[p?!. So

Now we prove the case (2) of Lemma. Using the same method of proving the case (1)

d—1 d—1
of Lemma we can also deduce that if p < d < 2p, then [pJ} =1, [pi] =0,(j

2,3, coeene ), we have

R N

2
Jj=1 p

That is means that S,(d) = (d — 1)p. From Theorem 1.7.2 of reference [6] we know that if
p < d < 2p, then p?||((d — 1)p)!. That is, S,(d) = (d — 1)p. This proves the lemma.
Now we use this Lemma to complete the proof of the theorem.

First we prove the case (1) of Theorem. From the case (1) of Lemma we know that if

1 <n < p, then
> Spld)=> dp=p> d=po(n).
d|n d|n

d|n

Now we prove the case (2) of Theorem. We find that if p < n < 2p and d|n, then there is only
one divisor d(> p) of n, i.e. d = n, the reason is that if d > p and d|n, then n = d, 2d, 3d, ---,

but 2d > 2p, ---. So we may immediately deduce the following conclusion: if p < n < 2p, then
S5 = Y S+ Y S@=p Y d+Sn) =poln)+ (0 p.
d| d|n d|n d|n
1<d<p p<d<2p 1<d<p

This completes the proof of Theorem.
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Introduction This paper deals with the sums of products of first n natural numbers,
taken r at a time. Many interesting results about the summations are obtained. Mr. Rama-
subramanian [1] has already made some work in this direction. This paper is an extension of
his work.

In next part, the sums of odd and even natural numbers are discussed, and also of natural
numbers, not necessarily beginning with one. After that, properties of sequences, arising out
of these sums are obtained. Interestingly, the numbers thus obtained are Stirlings numbers.

1.1 Definition. The Smarandache sum of products is denoted by S(n,r), and is defined
as sum of products of first n natural numbers, taken r at a time, without repeatition, r < n.

For example:

S(4,1) =142+3+4 =10,

S(4,2)=1-2+1-3+1-44+2-34+2-4+3-4=235,

S5(4,3)=1-2-341-2-441-3-4+2-3-4=50,

S(4,4)=1-2-3-4=24.

We assume that S(n,0) =1

1.2 Following are some elementary properties of S(n,r):

1. S(n,n) =Ln =factorial n = nS(n —1,n — 1),

2. S(n,1) =n(n+1)/2 ; these are triangular numbers,

3. (p+D)(+2)(@+3)...(p+n) = S(n,0)p" + S(n, 1)p" ' + S(n,2)p" >+ S(n,3)p" > +

-+ + S(n,n—1)p+ S(n,n),

4. S(n,0)+ S(n,1)+S(n,2)+---+ S(n,n)=Sn+1,n+1)=L(n+1),

5. Number of terms in S(n,r) =" Cr.

The 4th property can be obtained by putting p = 1 in the 3-rd property.

Verification of 4th property for n = 5.

S(5,0) =

S(5 )—1+2+3+4+5:15
)=1-24+1-3+1-441-5+2-3+2-442-54+3-4+3-5+4-5=285,
)=1.2-341-2-441-2.5+1-3-44+1-3-5+2:3-442-3-5+3-4-5+2-4-542-4.5 = 225,
) =
)

wn

)

(5,
(5
S(5,
(5
(5

nn

1-2.3-441-2-3-54+1-3-4-54+2-3-4-5+1-2-4-5=274,
1-2-3-4-5=120.

9

2
3
4
S(5,5

9
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Hence, left side is
1415+ 85+ 225+ 274 4 120 = 720,

right side is
S(6,6)=1-2-3-4-5-6="720.

1.3 We have,

(p-Dp-2)p—3)...(p-n) = S(n,0)— S(n, )p" + S(n,2)p" " — S(n, 3"
+...+8n,n—-1)p+(-1)"S(n,n).

Put p=1,

S(n,0) = S(n,1) +S(n,2) —S(n,3)+---+ S(n,n—1)+ (-1)"S(n,n) = 0.

If n is even, then
S(n,0)+S(n,2)+S(n,4)+...+S(n,n)=85mn,1)+5n,3)+Sn,5)+...+S(n,n—1),
for odd n,
S(n,0)+S(n,2)+ S(n,4)+...+S(n,n—1)=S(n,1)+ S(n,3)+ S(n,5) +...+ S(n,n).

1.4 To verify S(n,r) =S(n—1,r)+nS(n—1,r—1),r <n.
Put r = 1, then, the left side is

S(n,1) =n(n+1)/2.
Right side is
Sn—1,1)+nS(n—-1,00=(n—-1)n/24+n-1=n-(n+1)/2.

2.1 Reduction formula (I) for S(n,r).
Here we use the result of 1.4 repeatedly.
We have,
S(n,r)=8n—-1,r)+nSn—1,r—1),

Sn—1,r)=SMn—-2,r)+(n—-1)Sn—-2,r—1),
Sn—2,r)=5mn-3,r)+(n—2)S(n—-3,r—1),
Sn—=3,r)=Sn—-4,r)+(n—-1)Sn—4,r—1),

S(r+1,r)=Srr)+ (r+1)S(r,r—1).

Adding, we get,

S(n,r) = Srr)+n)Sh-1,r—1)+n-1)Sn—-2,r—1)+(n—2)S(n—-3,r—1)
+.. 4+ (r+1)S(rr—1)

Verification:
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Put n =5, r = 2, the left side is
S(5,2) = 85,
right side is
S(2,2) +55(4,1) +45(3,1) +35(2,1) =2+ 50+ 244+ 9 = 85,

2.2 Reduction formula (II) for S(n,r).
We have,

(p+1Dp+2)p+3)...(p+n)p+n+1)
= Sn+1,0p"" +S(n+1,1)p" +S(n+1,2)p" " + S(n+1,3)p" >
+... .+ S+ r+)p" " +...+Sn+1,n+1). (1)

Left side of (1) is
Hp+1+D)p+1+2)...(p+1+n—-1)(p+1+n)}

1
D{S(n,0)(p+ )"+ S, Dp+1)" " +...+ Sn,7)(p+1)"""...+ S(n,n)}
= S0+ +Sn,Dp+1)"+...4+8Sn,r)(p+1)""" 4 ...+ S(n,n).

(p+
(r+

Expanding each of

P+ L+ (p+ D) (p+ )T
by binomial theorem, we get the left side of (1) is

S(n,0)[C(n+1,0p" ™ +Cn+1,1)p" +...+ Cn+1L,r+ 1)p" " ...+ C(n+1,n+1)]
(n, D{C(n,0)p" + C(n, 1)p" ' + ...+ C(n,r)p" " ...+ C(n,n)}
(n,2){C(n—1,0)p" '+ ...+ Cn—1,r = 1)p""...+C(n+1,n+1)} +...

+S(n,r){Cn—r+1,1)p" " +...}

( )

+ ...+ S(n,n)(p+1), (2)

where C'(n,r) =combinations of n things, taken r at a time (=" C,.).

Now, comparing the coefficients of p”~" from right side of (1), and that from (2), we get,

Sn+1,r+1) Cn+1,7r+1)S(n,0) +C(n,r)S(n,1) +C(n— 1,7 —1)S(n,2)

+...+4Cn—r+1,1)S(n,r)+...+S(n+1,7).

because C'(n — r,0) = 1.
Now

)

Sn+1L,r+1)=Smn,r+1)+ (n+1)S(n,r),

from (1.4) above. Hence,

Sn,r+1)+ (n+1)Sn,r) = Cn+1,r+1)Sn,0)+C(n,r)S(n,1)+C(n—1,r—1)
Sn,2)+...+C(n—r+1,1)S(n,r)+...+S(n+1,r),
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or
n+1)S(n,r)—Cn—r+1,1)S(n,r) = Cn+1,r+1)Sn,0)+C(n,r)S(n,1)+ ...+
Cn—1,r—=1)S(n,2)+...+C(n—1+2,2)
S(n,r—l),
or
S(n,r)[(n+1)—(n—r+1)] = Ch+1,r+1)Sn,0)+C(n,r)Sn,1)+...+
Cn—1,r—=1)8Smn,2)+...+C(n—r+2,2)S(n,r—1),
that is
r-Sn,r) = Cn+1,r+1)Sn,0)+C(n,r)Sn,1)+C(n—1,r—1)S(n,2)+
o+ Cn—r+2,2)S(n,r—1).
This is the required result.
Verification:
Put r =2,
S(n,2) = Cn+13)-5Mn,0+C(n,2)-Sn,1)
= (n+1)nn-1)/6+nn—-1)-n-(n+1)/2,
or
S(n,2)=(n—-1)-n-(n+1)-(3n+2)/24.
For n =5,

S(5,2) =4-5-6-17/24 = 85,

which is true.
For n =4,
S(4,2)=3-4-5-14/24 = 35,

which is also true.
2.3 Reduction formula for S(n,2).

We have,
S(n,r)=Sn—-1,r)+nSnh—1,r—1), r <n.

Put r =2,
S(n,2)=S(n—-1,2)+nS(n—-1,1),

Sn—1,2)=5mn—-2,2)+(n—1)S(n —2,1),
S(n—2,2)=5(n-3,2)+ (n—2)S(n—3,1),

S(3,2) = 5(2,2) + 35(2, 1),
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5(2,2) = 0+ 25(1,1).

Now, S(1,1) = 1. Hence adding these results,
n
S(n,2) = 2+ pS(p—1,1)/2
3
= 2+ plp—1)p/2
3

= 2+ zn:(p?’ —p?)/2 = (1/2)[(1° +2°) — (1* + 2%)]
= 24+n%(n+1)?/8—n(n+1)(2n+1)/12 — (9 — 5)/2
= (n—1n(n+1)(3n+2)/24.

This results is already obtain.

2.4 Similarly,
S(n,3)=C(n+1,4)3n(n +1)/64,

S(n,4) = C(n+1,5)(15n> 4+ 15n — 10n + 8) /48,
S(n,5) = C(n+1,6)(3n* + 2n> — 7Tn? — 6n)/16.

3.1 Definition.

E(n,r) is sum of products of first n even natural numbers, taken r at a time.
O(n,r) is sum of products of first n odd natural numbers, taken r at a time.
We have,

(p+2)-(p+4)-(p+6) = p>+12p* +44p+48+4 ...
= E(3,0)p° + E3,1)p* + E(3,2)p+ E(3,3),

where,

=

Y

(3,0)
E(3,1)
(3,2)

1,

24+44+6=12,
2.4+2-6+4-6=44,
E(3,3)=2-4-6=48.

Now, put p =1 in (3),

Left side is

&

)

3.5.-7=0(3,3).

Hence,
0(3,3) = E(3,0)+ E(3,1) + E(3,2) + E(3,3) = 105,

0(5,5) = E(4,0) + E(4,1) + E(4,2) + E(4,3) + E(4,4) = 945.
Similarly, we have,
E(3,3) =0(3,0)+ 0O(3,1) + O(3,2) + O(3,3) = 48.

Therefore, in general, it can be conjectured that ,

(3)
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and

3.2 Now we extend the definition of summation for a set of natural numbers, not neces-
sarily beginning from 1.

Sl(p+ 1,p 4+ n),r] is sum of products of n natural numbers, beginning from a natural
number p + 1, taken 7 at a time.

We state,
S((p+1,p+n),0l + S[(p+1,p+n), 1] + S[(p + 1,p +n),2]
+...+S[(p+1L,p+n)r]+...+S[(p+1,p+n),n
= Sllp+Lp+n+1),r].... (4)
Verification:
Put p=n=3.
To verify:

S[(3,6),0] + S[(3,6),1] + S[(3,6),2] + S[(3,6),3] + S[(3,6),4] = S[(4,7),4].
Left side is

1+(3+4+54+6)+(3-44+3-5+3-6+4-5+4-6+5-6)
+(3-4-5+3-4-64+4-5-6+4-5-6)+(3-4-5-6)

= 1418+ 119+ 342 + 360

= 840.

Right side is
4-5-6-7=840.

Hence verified. Hence the result (4) is true.

Similar results are true for odd and even integers,as
0[(2,7),01 + O[(2,7),1] + O[(2,7),2] + O[(2,7),3] + O[(2,7), 4] = E[(3,8), 4],

and
E[(2,7),0] + E[(2,7),1] + E[(2,7),2] + E[(2,7),3] + E[(2,7),4] = O[(3,8),4].

The verification of these results are simple.
3.3 To prove:
1. S(n—1,1) =nS(n,1) —n,
2. S(n—1,2) = S(n,2) —nS(n,1) +n?,
3. S(n—1,3) = S(n,3) —nS(n,2) +n%S(n,1) — n3,
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4. S(n—1,7) = S(n,r) —nS(n,r — 1) +n2S(n,r —2) —n3S(n,r —3) +...
Proof. We have

(p+Dp+2)(p+3)...(p+n—-1)(p+n)
= S(n,0)p" + S(n, 1)p" ' + S(n,2)p" "2 + S(n,3)p" 3 + ...,

divide both sides by (p + n),

p+Dp+2)(p+3)...(p+n—1)

= [S(n,0)p" + S(n,1)p" L + S(n,2)p" 2+ S(n,3)p" > +...]/(p+n).

Now using result (5), the left side of (6) is
S(n—1,0)p" t +S(n—1,1)p" 2+ S(n —1,2)p" 3 + S(n — 1,3)p"*

By actual division, the right side of (6) is
p" Tt p" 2 [S(n, 1) —n] +p" 3 [S(n,2) —n - S(n, 1) +n]+....

Equating the coefficients of like powers of p from (7) and (8),
we have,
Sn—1,1)=n-S(n,1) —n,
S(n—1,2)=5mn,2) —n-Sn,1)+n
S(n—1,3)=5(n,3) —n-S(n,2)+n?-S(n,1)—n---
)=

S(n—1,7)=Sn,r)—n-Sn,r—1)+n2S(n,r —2) —n3-S(n,r—3)+---.

<

Verification :
For n =5, and r = 3,
right side is
S(4,3) = 50,

also, left side is

5(5,3) —5-5(5,2) + 52 §(5,1) — 53 = 225 — 5(85) + 25(15) = 50.

We have,
S(n,r)=Sn—-1,7r)+n-Snh—-1,r—1),r <n.

Also

Sn—1,r)=Sn-2,1)+(n—-1)-S(nh—2,r—1).
Adding,

S(n,r)=Sn-2,1)+(n—-1)-S(n—2,7r—1)+n-Snh—-1,r—1).
Again,
Sn—1,r—1)=Sn—-2,r—1)4n—-1-S(n—2,r—2),

hence,

S(ny,r)y=Sn-=2,1)+n—-1-Sn—-2,r—=1)4+n-Sth—2,r=1)+n-(n—1)S(n—2,r—2),
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S(n,r)y=Sn—=-2,r)+2n—-1)-S(n—=2,r—1)+n-(n—1)-S(nh—2,r—2).

Verification:
Put n =5 and r = 3, the left side is

S(5,3) = 225,

right side is
S(3,3)+(9)-5(3,2)+5-4-5(3,1) =6 +9.11 + 5.4.6 = 225,

hence verified.
4.1 Interestingly, the set of numbers S(n,r), forms a sequence when r is fixed.
For,
5(2,2) =2,5(3,2) = 11, 5(4,2) = 35,5(5,2) = 85, 5(6,2) = 175.. ..
The numbers

{2,11,35,85, 175, 322, 546, 870, 1320, 1925, 2717,3731, . .., }

are the Stirling numbers of first kind.
These numbers are the numbers of edges of a complete k-partite graph of order S(k,1),
that is of order k(k + 1)/2.

The n-th term of this sequence is given by
ap, =an-1+Mnn+1)2/2,n>2,

and a; = 2.

4.2 A similar sequence for S(n,3) is
{6, 50,225, 1960, 4536, 9450, 18150, 32670, ...}

with similar properties , thus the sequences generated by S(n,r) create additional good results.

These are also Stirling numbers.
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Abstract In this paper, we use the elementary method to study the positive integer solutions

of an equation involving the Smarandache dual function 3x(n), and give its all solutions.
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§1. Introduction
For any positive integer n, the famous Smarandache function S(n) is defined by
S(n) =min{m € N : n | m!}.

For example, S(1) = 1, S(2) = 2, S(3) = 3, S(4) =4, S(5) =5, S(6) =3, S(7) =7,
S(8) =4, ---. This function was introduced by American-Romanian number theorist professor
F.Smarandache, see reference [1]. About the arithmetical properties of S(n), many scholars
had studied it, and obtained some interesting conclusions, see references [2] and [3].

At the same time, many scholars also studied another function which have close relations
with the Smarandache function. It is called the Smarandache ceil function Si(n), we define

this arithmetic function as follows:
sp(n) = min{m € N : n | m"*}.

For example, if kK = 3, we have the sequence {s3(n)} (n =1,2,3,---) as following: s3(1) =
1, s3(2) = 2, s3(3) = 3, s3(4) = 2, s3(5) = 5, s3(6) = 6, s3(7) =7, s3(8) = 2, ---. This
arithmetical function is a multiplicative function, and has many interesting properties, so it
had be studied by many people, see references [4] and [5].

Similarly, we will introduce the Smarandache dual function 5(n) which denotes the great-

est positive integer m such that m¥|n, where n denotes any positive integer. That is,

5p(n) = max{m € N : mF|n}.

It is easy to calculating that 53(1) = 1, 33(2) = 1, 83(3) = 1, 535(4) = 1, 53(5) = 1,
53(6) = 1,535(7) = 1, 83(8) = 2, - - -. About this function, Lu Yaming [6] studied the asymptotic
properties of the summation Z d(8k(n)) by using the elementary methods, and obtained an

n<z
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interesting asymptotic formula:

}:dwﬂm)zgwn+<<;>xi+0th).

n<zc

Ding Liping [7] also studied the mean value properties of the summation Z S2(a(n)), and give

n<x
a sharper mean value theorem:
2t 1 3
= _ 2+
;;mmm_3w|J@+w+ﬁ>+o@zﬂ’

where a(n) denotes the cubic complements of n, ((s) is the Riemann zeta-function.

On the other hand, we let 2(n) denotes the number of the prime divisors of n, including

multiple numbers. If n = p{*p5? - - - p@~ denotes the factorization of n into prime powers, then

Qn)=a1 +ag- -+ a,

we have (1) =0,Q(2) =1,23)=1,Q4)=2,Q5)=1,Q2(6)=2, Q7)) =1,2(8) =3, ---
In [8], the author studied the positive integer solutions of the equation

53(1) 4+ 53(2) + - - - + 33(n) = 3Q(n),

and proved that this equation has three solutions n = 3, 6 and 8.

This paper, as a note of [8], we shall prove a general conclusion for the equation
5k(1) +5,(2) + - - - + 5k(n) = kQ(n).

That is, we shall prove the following:

Theorem. For all positive integer n, the equation
k(1) + 8(2) + - + Sk(n) = kQ(n)

has no solution if k = 1. If £ > 2, then the equation has at least one positive integer solution.
They are

)n=2if k=2

ii)n=3,6,8,if k =3;

iii) If £ > 4 and n < 2%, then the equation has solution if and only if n = kQ(n). Especially, if

k = p be any prime, then n = p and 2p are two solutions of the equation.

§2. Some lemmas

To complete the proof of the theorem, we need the following lemmas:

Lemma 1. For all positive integer n, the equation

51(1) + §1(2) R §1(7’l) = Q(n),
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has no positive integer solution.

Proof. For any positive integer n, if £ = 1, then we have

s1(n) =mn,

n
and then Zsl(z) > n.

i=1
If n = 1, then 51(1) = 1 and Q(1) = 0, this time we know that the equation has no positive
integer solution; If n > 2 n = p'p3? - - p&r and p; is a prime, then

(o3 (e} (e 79
n:p11p22...pr' >a1.a2....ar.

Note that if a > 1, b > 1, then a - b > a + b, so we have

Zsl(z) >apagccar>atast o+ ar = Qn).

i=1
So for all positive integer n, from the above formula we know that the equation §; (1) +51(2) +
<-4+ 51(n) = Q(n) has no positive integer solution.
This proved Lemma 1.

Lemma 2. For all positive integer n, the equation
52(1) + 52(2) + -+ 52(71) = 29(7},)

has one solution n = 2;
The equation
53(1) + 55(2) + - - - + 55(n) = 3Q(n)

has three solutions, n = 3, 6, 8.

Proof. The second result can be deduced directly from reference [8]. By the same way we can
also get the first result of Lemma 2.

Lemma 3. For all integers k > 4, we have 2¥*1 > k(k + 1).

Proof. Now we prove this inequality by mathematical induction on k.

For k = 4, it holds trivially.

Suppose, then, that the formula holds for all integers < k. That is, for all integers m < k, we
have 2™t > m(m + 1).

Note that 2m(m + 1) > (m + 1)(m + 2), from the inductive hypothesis we have

2m L S om(m + 1) > (m+1)(m +2).

That is means, the inequality also holds for m + 1.
This proved Lemma 3.
Lemma 4. If k > 4, then for all positive integer n > 2%, we have

§k(1) + gk(2) + -+ §k(n) > kQ(n)
Proof. Let n = p"'p3? - - p&r be the factorization of n into prime powers, then we have

5p(1) + 51(2) + -+ 5p(n) >n if n> 2"
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From the definition of Q(n), we have
Qn)=a1 +as- -+ .
So to complete the proof of the lemma, we only to prove the following inequality:
Pripg? - ptt > k(ag + ag -+ ). (1)

Now we prove (1) by mathematical induction on r.

i) If r = 1, then n = p{*.

a. If p; = 2, since 281 > 2% then we have a; > k+1, and Lemma 3 tell us 2**% > k(k+1).
Hence

291 > kag.

b. If p; > 3, then p¥ > 2*. So we have oy > k. If k = 4, we have p* > 42, and if k > 4, we
have p¥ > 4% > k2. So we know

Py >k-k.

Hence

p‘fl > ka.

This proved that the lemma 4 holds for » = 1.
ii) Now we assume that the (1) holds for » (> 2), we shall prove that it is also holds for
T+ 1.

From the inductive hypothesis, we have
Py prpei > k(an + a4 ay) - parit

Since p,41 is a prime, then

Q1

pr+1 > Oy +1

From above we obtain

a1, Q2 Q1

prpe? -y > k(o oo+ o) - (pgr + 1),
Note that if @ > 1, b > 1, then a - b > a + b, so we have
(ar+az-Fo) - (arppt+l)2artar+ - +artopt+l>artar+ - +ar+ o

So

PIpS ot > k(o + a2 4 -+ + ).

This completes the proof of Lemma 4.
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§3. Proof of the theorem

In this section, we shall complete the proof of the theorem. According to the definition of
Sx(n) and the results of Lemma 1 and Lemma 2, we only to prove the following case: when
k > 4, whether there exists finite solutions for the equation

5k(1) +55(2) + - - - + 5k(n) = kEQ(n).

First we separate all positive integer into two cases:
1. If n < 2%, then from the definition of 5;(n) and Q(n), we have 5,(n) = 1, so the equation
S5e(1) + 5k(2) + - - - + 8x(n) = kQ2(n) become the form n = kQ(n). Hence if n = p'p3? - por,
then n = k(a1 + ag + - - - + ;) are the positive integer solutions of the equation.
2. If n > 2% then from Lemma 4 we know that the equation has no positive integer solutions.
Combining all the above cases we have the following conclusion:
The equation
gk(l) + §k(2) + -+ §k(n) = kQ(n)

has no solution if £ = 1. If k > 2, then the equation has positive integer solutions. They are
)n=2if k=2;
ii)n=3,6,8,if k =3;
iii) If £ > 4 and n < 2¥, then the equation has solution if and only if n = kQ(n).
Note: It is clear that if K = p be a prime, then n = p or 2p are two solutions of the equation.

This completes the proof of Theorem.
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Abstract For any positive integer n, the Smarandache power function SP(n) is defined as
the smallest positive integer m such that n|m™, where m and n have the same prime divisors.
The main purpose of this paper is using the elementary methods to study the convergent
properties of an infinite series involving the Smarandache power function SP(n), and give

some interesting identities.

Keywords Smarandache power function, infinite series, the Riemann zeta-function.

§1. Introduction and Results

For any positive integer n, we define the Smarandache power function SP(n) as the smallest

positive integer m such that n|m™, where n and m have the same prime divisors. That is,

SP(n) = min m:n|mm,m€N,Hp: Hp

pln plm
If n runs through all natural numbers, then we can get the Smarandache power function
sequence {SP(n)}: 1,2, 3,2,5,6, 7,4, 3,10, 11, 6, 13, 14, 15, 4, 17, 6, 19, 10, - - -.
In reference [1], Professor F.Smarandache asked us to study the properties of the sequence
{SP(n)}. From the definition of SP(n) we can easily get the following conclusions:

If n = p®, where p be a prime, then we have
p, fl<a<p

p?, ifp+1<a<2p%
SP(n)=1q p?, if 2p* +1 < a < 3p?;

p*, if (a—1Dp*+1<a<ap™

)

Let n = p{*p5? - - - p& denotes the factorization of n into prime powers. If o; < p; for all
a; (i=1,2,---,r), then we have SP(n) = U(n), where U(n) = Hp, H denotes the product

pln pln
over all different prime divisors of n. It is clear that SP(n) is not a multiplicative function. For

example, SP(8) =4, SP(3) =3, SP(24) =6 # SP(3) x SP(8). But for almost m and n with
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(m,n) =1, we have SP(mn) = SP(m) - SP(n). In reference [2], Dr. Zhefeng Xu had studied
the mean value properties of SP(n), and obtained some sharper asymptotic formulas, one of

them as follows:

50341 (1~ ) +0 ().

n<zx

where € denotes any fixed positive number, and H denotes the product over all primes.

In this paper, we shall use the elementary mpethods to study the convergent properties of
an infinite series involving the Smarandache power function SP(n), and give some interesting
identities. That is, we shall prove the following:

Theorem. For any complex number s with Re(s) > 1, we have the identities

2°41 1 . )
o0 7L 1 251 C(S)’ lf k — ].,27
2: p(n) —J 241 1 21 £ k=3
SP (nk))® 2°—1¢(s) 4= )
n=1 2°41 1 2°21 | 3°—1 e
25—1 C(s) T + 95 if k= 4, 5.

where p(n) denotes the Mébius function and ((s) denotes the Riemann zeta-function.
Note that ((2) = %2, ((4) = 45, taking s = 2 and 4 in our Theorem we may immediately

deduce the following identities:

o0 -1 %’ 1fk‘:1727
ZM _ ] 10_ 3 if k=3
(SP(n’“))Z 72 16> -
n=1 10 3 8 : _
19348 k=45
and
e} 1 171(')742’ itk = 1’2;
ZM: 102 15 if k= 3:
= (SP(n*) o s

80
7T4_f6+65617 1fk—45

Note: For general integer k£ > 6, using our method we can also give a calculating formula

— (=1)"'p(n) N o .
for Z —————*_but in this case, the conclusion is more complicate.

(SP(n*))"

n=1

§2. Proof of the theorem

In this section, we shall prove our Theorem directly. Note that u(2m) = 0 if m be an even

number. If m be a odd number, then p(2m) = —u(m). So we have
= (D" tu(n) s pm—1) & p(2m)
7; (SP(nk))® Z_:l (SP((2m — 1)F))° mE:‘l (SP((2m)*))”

= fu(2m —1)
-+ 2 Graem-vyy Y
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If k =1 or 2, then S';((n)k is a multiplicative function. In fact for any positive integers m
n

and n with (m,n) = 1, if y(mn) = 0, then p(m) =0 or p(n) =0, i.e. u(m)u(n) =0. So

p(mn) — p(m)  p(n)  p(m) pn)
SP(mknk) — SP(m*) SP(n*)  m n

If u(mn) # 0, then p(m) # 0, u(n) # 0, and more SP(mFn*) = SP(m*)SP(n*) = mn. Thus,
p(n) _ pn)

SP(nk)

Now if k =1 or 2, note that the identity (see Theorem 11.7 of [3])

is a multiplicative function, if £k =1 or 2.

= pu(n) < 1) 1
= ]_ _ = —,
2o~ 5) =@
where ((s) is the Riemann zeta-function, then from (1), the Euler product formula (see Theorem
11.6 of [3]) and the multiplicative properties of (SJIL;EZ’)“))S we have
— (—1)"~! . 2m — 1 . 2m — 1
> Cermy = X G T X SR T
— SP (nk))s = (SP((2m—1)F))" 2= (SP(2¥(2m —1)¥))
1 1 1
()i )
p#2 p P#2 p
2541 28 1 25 +1 <= p(n)
- 1 — ) =
22 +1 1
2 1((s)
This proves the first formula of our Theorem.
1 1 2m —1 2m —1
Ik = 3, note that SP(2%) = 4,50 1) L g pm=1) _ p@m=1)

(SP(23))s 48’ (SP(23(2m —1)3))s  25(2m — 1)®
for all m > 1. Then from (1) and the method of proving the first part of our Theorem we have

— ()" un) & w2m

2 (SP(n®) Z(SP((Qm
(
(

1) >, w(2m —1)
R Zl SP( 23 2m — 1)%))°
O w(2m —1) 11 & um—1)
= 2 (SP((2m — 1)3))° T 4= 25(2m — 1)

2°4+1 1 25 —1
25 —1¢(s) 45
This proves the second formula of Theorem.

Now we prove the third formula of our Theorem.
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: 1) [ C)
For k = 4 or 5, note that SP(2F) = 4, SP(3) = 9, i.e., 1L _ _ —
or or 5, note tha (2%) , (3%) , i.e., GPEI); & (SPEIT
1 w(2m —1) p(2m —1) w(2m —1) w(2m —1)
95" M ISP @m — R 2Em 1) T S SP(em - D)F) | (2m — 1)
for all m > 2. So from the Euler product formula and (1) we have
= )=t () = w(2m — 1) = w(2m — 1)
Z Ry C s+ :
— (5P(n = (SP((2m—1)k)" = (SP( 2’C 2m — 1)k))
11 K p(2m—1) w(2m —1)
B 9$+33+m2=1(2m—1)5+45 28+Z232m—1
1 1 1 2% —1 1 1
= —S+S+H(1—s)— : +SH(1—S)
9 3 pF#2 p 4 2 pF2 p

2541 2° 1 22-1 3 -1
= 1—-— ) —
28 28 — 1 g( pS) 43 + 9S

This completes the proof of our Theorem.
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