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Preface

This issue of the journal is devoted to the proceedings of the second
Northwest Number Theory and Smarandache Problems Conference held in
Yan’an during March 18-20, 2006. The organizers were myself and Professor
Jinbao Guo from Yan’an University. The conference was supported by Yan’an
University and Northwest University and there were more than 70 participants.
We had two foreign guests from Japan, Professor S. Kanemitsu of Kinki
University and Y. Tanigawa of Nagoya University who gave plenary talks “On
the role of the cotangent function in number theory” and “Some formulas for
the gamma functions”, respectively, and their papers are going to appear
elsewhere. Other participants include Professor Wenguang Zhai from
Shandong Normal University whose paper with Dr. Liu Huaning is included
in the volume. The conference was a great success and will give a strong
impact on the development of number theory in general and Smarandache
problems in particular. We hope this will become a tradition in our country
and will continue to grow. And indeed we are planning to organize the third
conference in coming March in Weinan.

In the volume we assemble not only those papers which were presented at
the conference but also those papers which were submitted later and are
concerned with the Smarandache type problems.

There are a few papers which are not directly related to but should fall
within the scope of Smarandache type problems. They are 1. L. Liu and W.
Zhou, On conjectures about the class number of binary quadratic forms; 2. W.
Liang, An identity for Stirling numbers of the second kind; 3. Y. Wang and Z.
Sheng, Two formulas for x”n in terms of Chebyshev polynomials.

Other papers are concerned with the number-theoretic Smarandache
problems and will enrich the already rich stock of results on them. Readers
can learn various techniques used in number theory and will get familiar with
the beautiful identities and sharp asymptotic formulas obtained in the volume.

Researchers can download books on the Smarandache notions from the
following open source Digital Library of Science:

www.gallup.unm.edu/~smarandache/eBooks-otherformats.htm.

Wenpeng Zhang
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On Algebraic Multi-Vector Spaces

Linfan Mao

Chinese Academy of Mathematics and System Science,
Beijing , P.R.China

Abstract A Smarandache multi-space is a union of n spaces A1, Aa,---, A, with some
additional conditions hold. Combining these Smarandache multi-spaces with linear vector
spaces in classical linear algebra, the conception of multi-vector spaces is introduced. Some

characteristics of multi-vector spaces are obtained in this paper.

Keywords Vector, multi-space, multi-vector space, dimension of a space.

§1. Introduction

These multi-spaces was introduced by Smarandache in [6] under his idea of hybrid mathe-
matics: combining different fields into a unifying field ([7]), which can be formally defined with
mathematical words by the next definition.

Definition 1.1.For any integer i,1 < i < n let A; be a set with ensemble of law L;, denoted
by (A;; L;). Then the union of (A;;L;),1<i<mn

n
A = |J L)
i=1

is called a multi-space. As it is well-known, a wvector space or linear space consists of the
following:

(i) a field F of scalars;

(7i) a set V of objects, called vectors;

(#i7) an operation, called vector addition, which associates with each pair of vectors a, b in
V a vector a+ b in V| called the sum of a and b, in such a way that

(1) addition is commutative, a+ b =b + a;

(2) addition is associative, (a+b)+c=a+ (b + c);

(3) there is a unique vector 0 in V, called the zero vector, such that a + 0 = a for all a in
V;

(4) for each vector a in Vthere is a unique vector —a in V such that a + (—a) = 0;

“ o»

(iv) an operation , called scalar multiplication, which associates with each scalar k in
F and a vector a in V a vector k- a in V, called the product of k with a, in such a way that
(1) 1-a=a for every a in V;
(2) (k1ka) -a = ki(ks - a);
B)k-(a+b)=Fk-a+k-b;
(4) (k1 +k2)-a=ki-a+ky-a
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We say that V' is a vector space over the field F, denoted by (V ;+,-).
Now combining these Smarandache multi-spaces with those of linear spaces, a new kind of
algebraic structure called multi-vector spaces is found, which is defined in the following:

_ k
Definition 1.2. Let V = |J V; be a complete multi-space with binary operation set
i=1

OWV)={(4i,) | 1<i<m}and F = ij F; a multi-filed space with double binary operation
i=1

set O(F) = {(+i, %) | 1 < i < k}. If for any integers i,7, 1 < i,j < k and Va,b,c € V,
ki, ko € F,

(i) (Vi;+i,-:) is a vector space on F; with vector additive +; and scalar multiplication -;;

(H) (a-i—ib)—FjC = a—@-i (b-i-jc);

(144) (k1+ik2)-ja = k1 +;(k2-ja); provided all these operation results exist, then V is called
a multi-vector space on the multi-filed space F with a binary operation set O(‘N/), denoted by
(‘7; 13) For subsets V; C V and F} C ﬁ, if (171; ﬁl) is also a multi-vector space, then we say
(Vi; F1) to be a multi-vector subspace of (V; F).

The main object of this paper is to find some characteristics of multi-vector spaces. For
terminology and notation not defined here can be seen in [1], [3] for linear algebra and [2], [4] —
[11] for multi-spaces and logics.

§2. Characteristics of a multi-vector space

First, we get a simple result for multi-vector subspaces of a multi-vector space.

Theorem 2.1. For a multi-vector space (V,ﬁ), VicVand Fy C F, (\Z,ﬁl) is a multi-
vector subspace of (V;F) if and only if for any vector additive “+” , scalar multiplication
“.” in (‘71;1?'1) and Va,b € V,Va € F,

a-a—i—b€‘~/1

provided all these operation results exist.

Proof. Denote by V = ij Vi, F = ij F;. Notice that V; = G (Vi N Vi). By definition, we
i=1 i=1 i=1

know that (V4; F}) is a multi-vector subspace of (V; F) if and only if for any integer i,1 < i < k,
(‘71 (\Vi;+i, ) is a vector subspace of (V;,+;,+;) and Fy is a multi-filed subspace of F or
ViNVi =0.

According to a criterion for linear subspaces of a linear space ([3]), we know that for
any integer 7,1 < ¢ < k, (‘71 N Vi; +i,+) is a vector subspace of (V;,+,;) if and only if for
Va,be Vi Vi, a € F;,

a-ia—l-ibef/lﬂVi.

i.e., for any vector additive +, scalar multiplication - in (171,131) and Va,b € 17, Va € F, if
o - a+b exists, then o - a+b € V4.

Corollary 2.1. Let ((7, ﬁl), (W, 132) be two multi-vector subspaces of a multi-vector space
(Vi F). Then (U (\W;Fy () F») is a multi-vector space.
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Similarly, we can also introduce independent multi-vectors in a multi-vector space. For a
multi-vector space (V; F), vectors a;,aq, - ,a, € V, if there are scalars ay,ag, -+, € F
such that

11 ait+iag g aste - Fp_10y, n a, =0,

where 0 € V is an unit under an operation “+” in V and +;,-; € O(V), then the vectors

aj,as, -+ ,a, are said to be linearly dependent. Otherwise, a;,as, - ,a, to be linearly inde-
pendent.
Notice that in a multi-vector space, there are two cases for linearly independent vectors
a1,a2, ", Qp, i'e'v
Case 1. for any scalars aj, g, -+ ,a, € F, if
o1 1 artiag g ayto - 10 o a, =0,
where 0 is a unit of V under an operation “+” in O(IN/), then ag =04, , 0 =04y, , 00y =

04+,, where 01,1 <7 <n are the units under the operation +; in F'
Case 2. the operation result of oy -1 aj 4109 -2 asF2 -+ - +n_10 -n Ay does not exist.
Now for a given subset Sc V', define its linearly spanning set <§ > to be

<§>:{a | a=aquo -1a1-i-1a2 .232—@-2... Ev,ai e§7ai Gﬁ,iz 1}.

Now for a multi-vector space (‘7, ﬁ), if there exists a subset §7 S C V such that V = <§>,

then we say that Sisa linearly spanning set of the multi-vector space V. If these vectors in a
linearly spanning set S of the multi-vector space V are linearly independent, then S is said to
be a basis of V.

Theorem 2.2. Any multi-vector space (V; F) has a basis.

~ k - k )
Proof. Assume V = (J V;,F = |J F; and the basis of each vector space (V;;-+;,-;) is

i=1 i=1
A; ={aj1,a;2, -+ ,a, }, 1 <i < k. Define
k
A = U A;.
i=1

Then A is a linearly spanning set for 1% by definition.

If vectors in A are linearly independent, then A is a basis of V. Otherwise, choose a vector
by € A and define A; = A\ {b,}.

If we have obtained the set 35, s > 1 and it is not a basis still, choose a vector bg11 € 35
and define 35+1 = 33 \ {bst1}

If these vectors in 354—1 are linearly independent, then As-‘,—l is a basis of V. Otherwise,
we can also define a set 33+2. Continue this process. Notice that for any integer i,1 < i < k,
these vectors in A; are linearly independent. Therefore, we can finally get a basis of V.

Now we consider these finite-dimensional multi-vector spaces. A multi-vector space V is
finite-dimensional if it has a finite basis. By Theorem 2.2, if for any integer 7,1 < i < k, the

vector space (V;;+;,+;) is finite-dimensional, then (17,? ) is finite-dimensional. On the other
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hand, if there is an integer ip,1 < i < k, such that the vector space (Vjy;+i,, ) 1S infinite-

dimensional, then (V;F) is infinite-dimensional. This result enables us to get the following
~ k - k

V=UV,F=UF. Then
i=1

< %

consequence
) S k, ( z’+1az) is finite-

Corollary 2.2. Let (V;F) be a multi-vector space with

(‘7,13 ) is finite-dimensional if and only if for any integer ¢, 1
dimensional.
Theorem 2.3. For a finite-dimensional multi-vector space (\7, f), any two bases have the

same number of vectors.
~ k ~ k
Proof Let V.= |J V; and F = |J F;. The proof is carried out by the induction on k. For

i=1 i=
k =1, the assertion is true by Theorem 4 of Chapter 2 in [3]
For the case of k = 2, notice that by a result in linearly vector space theory (see also

[3]), for two subspaces Wi, Ws of a finite-dimensional vector space, if the basis of Wi (W5 is

,a;}, then the basis of Wy | Ws is

{ar, a2,
: 7CdimW2}7

{317327 <o ,ag,bir1,biya, -, Pain , Crp1, Cogo,
© 5 At Ct41,Ctq2, 0 0 ,Cdimwz}

,at, i1, biia, -+, bainw, } is a basis of W and {ay, as,

where, {a;,az," -
a basis of Ws.
Whence, if V=W JW; and F=F (J F>, then the basis of V is also

yag, bir1,bigo, o+, Bainwy, Cry1, Crpa, e 7CdimW2}'

{ai, a2, -
Assume the assertion is true for £k = [, > 2. Now we consider the case of k =1+ 1. In

this case, since
1

!
v=UwUVi, F=(JF)JFu,
i=1 i=1

! !

i=1 i=1

by the induction assumption, we know that any two bases of the multi-vector space (|J Vi; U F)
Vi)(\Vit1 is {e1,eq, -+ ,e,}, then the
1

!
have the same number p of vectors. If the basis of (|J

basis of V is
{ela €3, ,€n, fn+17 fn+27 e 7fpa 8n+1,8n+2," " 7gdimVH_1}7
l l
where {e17e27" 7en7fn+1afn+27 : 7fp} lS&baSlSOf(U ‘/:Lv U F’L) and {91,92, *5C€ny Bntl, 8nt2,
=1 i=1
a basis of V1. Whence, the number of vectors in a basis of V is p + dimV;; — n for the case

n=101+1.
Therefore, by the induction principle, the assertion is true for any integer k.
The number of elements in a finite-dimensional multi-vector space V is called its dimenstion,

denoted by dimV.

: 7gdimVH_1}
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Theorem 2.4. ( dimensional formula) For a multi-vector space (V; F) with V = (J V;
i=1

~ k ~ ~
and F = J F;, the dimension dimV of V' is
i=1

k
dinV =3 (-1 > dim(Vir (| Via [+ Vao)-

{i1,i2, i} C{1,2,-- ,k}
Proof. The proof is by induction on k. For k = 1, the formula is the trivial case of
dimV = dimV;. for k = 2, the formula is

dimV = dimV; + dimVs — dim(V; () dimi2),

which is true by Theorem 6 of Chapter 2 in [3].
Now assume the formula is true for k¥ = n. Consider the case of k = n + 1. According to

the proof of Theorem 2.3, we know that

Vi) + dinV,, oy — din((( J Vi) [ Vasa)
z:l

dimV =

Q.

-

=]
=

~
Il
—

(

Il

Q.

[ R

=}
=
S

@
I
—

(I | Vi) +dimV,,41 — dim( U V; m Vit1))

=1

= dinVpr + Y (—1)71 3 dim(Vi [\ Viz[ )+ () Vi)

i=1 {i1,i2,- i1} C{1,2,--- ,n}
n

+ (-t > ain(Viy [\ Viz[ )+ (Vi [ Vas1)
i=1 {il,62,- 36} C{1,2,-- ,n}

B I SR A o i o BYle I3}
i=1 {i1,62, 3} C{1,2,--- ,k}

By the induction principle, we know this formula is true for any integer k.
From Theorem 2.4, we get the following additive formula for any two multi-vector spaces.

Corollary 2.3. (additive formula) For any two multi-vector spaces Vl, Vg,

dim(V; | JV2) = dimVi + dinV; — dim(V [ V).

83. Open problems for a multi-ring space

Notice that Theorem 2.3 has told us there is a similar linear theory for multi-vector spaces,
but the situation is really more complex. Here, we present some open problems for further
research.

Problem 3.1. Similar to linear spaces, define linear transformations on multi-vector
spaces. Can we establish a new matrix theory for linear transformations?

Problem 3.2. Whether a multi-vector space must be a linear space?

Conjecture A. There are non-linear multi-vector spaces in multi-vector spaces.
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Based on Conjecture A, there is a fundamental problem for multi-vector spaces.

Problem 3.3. Can we apply multi-vector spaces to non-linear spaces?
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2. Department of Mathematics, AnQing Teachers College
Anqging, P.R.China

Abstract Denote the binary primitive quadratic form az? + bzy + cy® by (a,b,¢), and
denote the equivalent class by [a,b,c]. Let H(D) = {[a,b, ] | b*> — 4ac = D, gcd(a,b,c) = 1}
and Ha(D) = {[a,b,c]* | [a,b,¢] € H(D)}, denote h(D) and ha(D) as the order of H(D)
and H4(D) respectively. Z.H.Sun[3] posed several conjectures, one is: if m,n,d € Z, s.t.
m? —dn® =4, and let j € {1,2},

Nj(m,n,d) = {[a, 2,¢] | b2 — ac = —8(n,d)? - d,a = (—1)’ (mod 4),
S (n, d) 2
oo (I )
a 4

then [No(m,n,d)| = £h(—46(n,d)?d), where 6(n,d) € {1,2,4,8} is given by table 4 of [3]
and (2) 4 is the quartic Jacobi symbol. In this paper, we make some numerical evidence to
support this conjecture, then pose a stronger version of it.

Keywords Quartic residue, quartic Jacobi symbol, binary quadratic form, class number.

81. Introduction

For a,b,c € Z denote the binary quadratic form az? + bxy + cy? by (a,b,c), and denote
the equivalent class by [a, b, c]. The discriminant of (a,b,c) is D = b*> — 4ac. If an integer n is
represented by (a,b, ¢), then n is also represented by the class [a, b, ¢]. So we may say that n is
represented by the class [a, b, c]. For D = 0,1 (mod 4), let H(D) be the form class group which
consists of primitive, integeral quadratic forms of discriminant D, and let h(D) = |H(D)| be
the corresponding class number. Let Hy(D) be the subgroup of H(D) consisting of the fourth
powers of the classes in H(D) , i.e., Hy(D) = {[a,b,c]* | b¥* — 4ac = D}, and let hy(D) be the
order of Hy(D).

Let d > 1 be a squarefree integer and 4 = (m + nv/d)/2 be the fundmental unit of the
quadratic field Q(v/d). Suppose that p is a prime such that (%) = 1, where (%) is the Legendre
symbol. When the norm N(g4) = (m? — dn?)/4 = —1, Sun [3] proposed that &4 is quadratic

1 This work is supported by the NSF of China Grant (10071001), the SF of Anhui Province Grant
(01046103) and the SF of the Education Department of Anhui Province Grant (2002KJ131).
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residue mod p if and only if p is represented by one class in the set

a

s(myn, d) = {[a,2b,c] | [a,2b, ] € H(—4kd), and a = 1(mod 4), (’m_k’m> - 1} ,
4

then he gave some examples for d € [2,53]. When the norm N(g4) = 1, Sun [3] got that &4 is

quartic residue mod p if and only if p is represented by one class in the set

‘ _bn 5(n,d)m7*2i
N; = {[a, 9%, c] | b2 — ac = D,a = (—1) (mod 4), (a,b) = 1, ( (nm=2) (nm=2) ) - 1} ,
a
4

where j € {0,1}, N; = N;(m,n,d), D = —4(n,d)?*d. Then he tabulated the set No(m,n,d) for
d € [3,47]. In the end, Z.H.Sun posed the following conjectures:

Conjecture 1. [3, Conjecture 8.1] If m,n,d € Z,m? — dn? = 4, if 2+ m and 2 — m are
nonsquare integers, then |No(m, n,d)| = h(—46(n, d)*d).

Conjecture 2. [3, Conjecture 8.2] Let p and ¢ be a prime of the form 8k + 1. Then
ha(—24p) = ha(—384pq) = h(—24p)/8.

Conjecture 3. [3, Conjecture 8.3] Let p and g be a prime of the form 24k + 1. Then
ha(—4pq) = ha(—64pq) = h(—4pq)/8.

Conjecture 4. [3, Conjecture 8.4] Let p and ¢ be primes of the form 4k + 1 such that
(2) = 1. Then ha(—4pq) = ha(—64pq) = h(—4pq)/8.

Conjecture 5. [3, Conjecture 8.5] Let p and ¢ be primes of the form 8k + 1. Then
Lh(—8pq) if (5) =1,
th(—8pq) if (g) =—1.

Conjecture 6.[3, Conjecture 8.6] Let d > 2 be a squarefree integer. If hy(—64d) is odd,
then hy(—64pq) = hy(—4pq).

In this paper, we make some numerical evidence to support conjecture 1. In section

ha(—8pq) = ha(—128pq) =

2 we recall and state some basic facts concerning quartic residue characters and qudratic
forms, which are necessary for computing the quartic Jacobi symbol. In section 3, using The-
orem 8.3 [3] we describe a procedure for searching d € [3,500] and tabulate the two sets
No(m,n,d) and Ny(m,n,d) for d € [51,105], then pose a stronger version of conjecture 1. At
last we search some numbers for the remaining conjectures of Sun [3] with no counterexample

found except conjecture 4.

§2. Preliminaries

Let Z the set of integers, i = /—1 and Z[i] = {a + bi | a,b € Z}. We recall that a + bi is
primary when a = 1 (mod 4), b = 0 (mod 4) or a = 3 (mod 4), b = 2 (mod 4). Let o, 8, 7 € Z]i],
if 7 is a nonunit such that if 7 | @8 then either 7w | @ or 7 | 8, then 7 is called irreducible.

Let m € Z[i], we may write m = 7y - - - 7, where m; is irreducible. For « € Z[i] such that
(a, ™) = 1, the quartic Jacobi symbol is defined by (%)4 = (%)4 . (7%)4, where (%)4 is

the quartic residue character of a modulo 74 (see [1], pp.122).
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For later convenience we define

(a—i—bz) =1 for all a,b € Z.
1 4

According to [1,pp.122-123,311], [4], [5, pp.242-247] the quartic Jacobi symbol has the
following properties :

(2.1) If & is irreducible and 7 { «, then (2)
{0,1,2,3}.

(2.2) If a + bi is primary, then

7 a24b2 1 1-a 1+1 La—b—b2_1
- =4 4 =17 2 and - =1 4 .
<a+bz)4 <a—|—bz)4

(2.3) If m,n € Z,2¢m and (m,n) =1, then (l)4 =L

m

; aB) _ (a B
(2.4) I 7t af, o, 0 € Z[i], then (ﬂ)4 (2), (W)4.
(2.5)[1] If @ + bi is primary and n = 1 (mod 4), then

<a_+1m')4 — (~1)"2 and (;)4 T

(2.6) [4, Lemma 2.1] Let p be a odd positive number, m,n € Z and (m? +n?,p) = 1, then

<m+ni>2 B (m2 +n2>
P /. p '

To state our procedure more concisely we introduce some definitions.

, = aW@=D/M = i (mod 7), where j €

Definition 2.1. A binary quadratic form f with discriminant 5% — 4ac is a function

a b T

flz,y) = ax? + 2bxy + cy? = ( r oy ) , which is denoted more briefly by
b ¢ Y
(a,2b,¢). Two quadratic forms are said to be equivalent if there exits an integeral matrix
ros
C= of determinant equal to 1(i.e., with ru — st = 1) such that
t u
a b T a; by x
Q(I,y):(az y)C’ c :(x y) ;
b ¢ Yy b1 o Yy
ros
denote more briefly as (a, 2b, ¢)C = (a, 2b, ¢) = (a1,2b1,c1), where a; = ar?+2brt +
t u

ct?,by = ars + b(ru + st) + ctu, c; = as? + 2bsu + cu®.
Definition 2.2. A primitive integeral quadratic form (a, b, c¢) is said to be smooth-reduced
ifa=1 (mod 2) and (a,b) = 1.

To state our results we need the following Lemmas.
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Lemma 2.1. Let (a,2b,c) € H(D) be a primitive quadratic form, then
(i) 21 (a,c¢) and (¢, —2b,a) ~ (a,2b,c).
(ii) If (a,b) # 1, then (a — 2b+ ¢,2(a — b),c) ~ (a,2b, ¢).

0 1
Proof. (i) Taking R = leads to (a,2b,¢)R = (¢, —2b,a)
-1 0
Since ged (a,2b,¢) = 1 we can find 21 (a, c).
1 1
(ii) Taking R = we get (a,2b,¢)R = (a —2b+¢,2(a —b),c).
-1 0

Lemma 2.2. [2, Proposition 5.3.3] In every class of binary quadratic forms with discrim-
inant D < 0 and a > 0 there exists exactly one reduced form. In particular h(D) is equal to
the number of primitive reduced forms of discriminant D.

For a squarefree negative integer D, we compute class number of discriminant D using
reduced forms (see[2, Algorithm 5.3.5 ]). According above lemmas one can change a quadratic
form into a smooth-reduced form.

Lemma 2.3. [3, Theorem 6.2] Suppose that p is an odd prime, d,m,n € Z, m? — dn? =
—4, and (_Td) = 1. Then (%M)(”_(%))/Q =1 (mod p) if and only if p can be represented

by one class in the set

s(m,n,d) = {[a,2b, d | [a,2b,¢] € H(—4k2d), and a = 1(mod 4), (b”_k””) = 1},
4

a

where k is given by
1 ifd=4(mod38);
k=4 2 if8|d, or2td;
4 ifd=2(mod4).

Table 1:

d d(n,d) | Corresponding conditions
d = 0( mod 8) 2 22 || d,2 || n
otherwise
d = 4( mod 8) 4 2{n
2 2|n

d=1( mod 4) 4
d = 2( mod 4) 4 22 | n
2 8| n
d = 3( mod 4) 8 2 n
4 8| n

Lemma 2.4. [3, Theorem 8.3] Let p be an odd prime, m,n,d € Z,m? — dn® = 4,p { dn,
and let 0(n,d) € {1,2,4, 8} be given by table 1(To more briefly, denote N;(m,n,d) = N;,D =
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—3(n,d)?d). Assume that (%d) = 1, Then (%M)(p_(%l))/‘l =1 (mod p) if and only if p is
represented by some class in the set N;, where j € {0,1} is given by p = (—1)7 (mod 4) and

Nj = {[a,Zb,c] | > —ac=D,a=(-1) (mod4)’(a7b)=1,<(""‘ 5 00D > =1
4

a

§3. Numerical Results

Let p be a prime of the form 4k + 1, then p = =7, w, 7 is irreducible and (7, 7) = 1. If
p =3 (mod 4) then p is irreducible in Z[] of [1]. As we all known (2), = a T (mod ), one
can compute (2), using (2.1) — (2.6).

Using Lemma 2.3 and doing some calculations we have

Theorem 3.1. Let p be a prime of the form 4k+1,d € {58, 61,65, 73, 74,82, 85,89,97,101}
and (%) = 1, tnen ¢4 is a quadratic residue (mod p) if and only if p is represented by one of the
corresponding quadratic forms in table 2.

Table 2:
€d Corresponding quadratic forms
55 = 99 + 13v/58 (1,0,928), (32,32,37)
g61 = 1(39 4+ 5v/61) (1,0,244), (13, +8,20)
g65 = 8+ /65 (1,0,260), (4,0,65), (8, £4,33)
e73 = 1068 + 1251/73 (1,0,292), (4,0,73), (8, +4,37)
e7a = 43+ 574 (1,0,1184), (33,4, 36), (25, +8, 48), (29, +22, 45)
(33,426, 41), (20, +12, 61), (32, 32, 45)
es2 = 9+ /82 (1,0,1312), (32,0,41), (29, +28, 52)
= 2(9+ /85) (1,0,340), (17,0,20)
89 = 500 + 53+/89 (1,0,356), (4,0,89), (5,+4,72), (20, +16,21)
g97 = 5604 + 569/97 (1,0,388), (4,0,97), (8,4, 49)
101 = 10 + v/101 (1,0,404), (5,42, 81), (33,410, 13), (21, 420, 24)

Now we are ready to decribe a procedure to compute No(m,n,d) and Ny(m,n,d).

Procedure.Computing N;(m,n,d)(i =0, 1);
{Input a squarefree integer d, Output two sets No(m,n,d) and Ny(m,n,d)}
Begin
For every e4 = (m +nVd)/2 Do

begin ng «— 0; ny «— 0; u «— —1=2

(n, m— 2)’ (n, ;—2);

(using table 1)Output §(n,d); D «— —46(n,d)*d;

Output all smooth-reduced quadratic forms (a, 2b, ¢) and the class number h of dis-

VUV —

criminant D

bv—d(n,d)ui | .
S ( a )4’
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If (J=1) and (a =1 (mod 4) ) then ny < ng + 1; Output (a,2b,c) € Ny(m,n,d);
If (J=1) and (a = 3 (mod 4) ) then ny «+— n; + 1; Output (a,2b,¢) € Ny(m,n,d);
If (ng # gh) or (ny # %h) then output 4
end
End.
Using Lemma 2.4 and doing some calculations we have
Theorem 3.2. Let p be an odd prime, d € {51,55,57,59,62,66,69,70,71,77,78,79,83,86,87,91,
93,94, 95,102,103,105}, If p = 1 mod 4 (resp. p = 3 mod 4) then ¢4 is a quatic residue mod
p if and only if p is reperented by one of the corresponding quadratic forms belonging to

No(m,n,d)(resp. Ni(m,n,d)) in table 4.

Table 3: Fundmental units for d € [51, 105]

es1 = 50 4+ 751

€55 = 89 + 12v/55

es7 = 151 + /57

e59 = 530 + 69/59

g62 = 63 4 862

€66 = 65 + 866

ce7 = 48842 + 5967/67
69 = 1(25 + 3v/69)

e70 = 251 + 304/70

e = 3480 + 413V/71
err = 2(94+VT7)

e7s = 53 + 6/78

e79 = 80 4+ 979

es3 = 824 9/83

eg6 = 10405 + 11221/86
eg7 = 28 4 3v/87

€91 = 1574 4 165v/91
£93 = %(29 + 3\/ 93)

€94 = 2143295 + 22106494

g95 = 39 + 44/95
£102 = 101 + 10+/102

€103 = 227528 + 22419103

€105 = 41 + 4\/ 105

We find |No(m,n,d)| = |[N1(m,n,d)| = h(—46(n, d)*d) by seeking d € [3,500]. There are
in total 184 such numbers for d € [106,500], 39 numbers of which are of the form 4k + 1; 64
numbers are of the form 4k + 2; 81 numbers are of the form 4k + 3. Is there an isomorphism
between the two sets No(m,n,d) and Nj(m,n,d)? So we pose a stronger version of conjecture
1 [3, conjecture 8.1]:

Conjecture. If m,n,d € Z,m? —dn? = 4,2 + m and 2 — m are nonsquare integers, then
|No(m,n,d)| = [N1(m,n,d)| = $h(—45(n, d)*d).

Remark: As to the remaining conjectures of Sun, we search primes in [17,2 x 10°], there
are 37116 primes satisfying conjecture 2, in [73,10°] there are 9732 primes satisfying conjectrue
3. Conjecture 4 is not true since we have found many counterexamples| see 6]. For prime
p € [1,1000] and ¢ € [1,10000] conjecture 5 is true. For conjecture 6 we seek nonsquare integers
d € [3,200000] with no counterexample found. So we suggest that d just need satisfy being
nonsquare integers and hy(—64d) is odd then hy(—64d) = hq(—4d).
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Abstract Let primp(z) denote the number of square-free primitive roots not exceeding
modulo p and let go(p) denote the smallest square-free primitive root modulo p. For large

real numbers z and y satisfying

max(p'/4te 2Pt <y <

= = %

we show that

_pelp—1) y

primo (@ +y) —primo (@) = PELZE -

which implies that g (p) < pi™e.

Keywords Primitive root, square-free number, character sum.

§1. Introduction

Let p be an odd prime. For any integer n with (n,p) = 1, let ind(n) denote the smallest
positive integer [ such that n! = 1(modp). If ind(n) = p — 1, then we say n is a primitive root
modulo p. This concept plays important roles in the number theory and hence attracts the
interests of many authors.

Let g(p) denote the smallest primitive root modulo p. Vinogradov [6] first proved that
g(p) < 2™p'/?log p, where m = w(p—1). In [9] he improved this result to g(p) < 2™p'/?loglog p.
Hua [5] proved that g(p) < 27F1p/2. Erdés [2] proved that g(p) < p'/?log'” p. Erdés and
Shapiro [3] proved g(p) < m®p'/?, where ¢; is an absolute positive constant. Burgess [1] and
Wang Yuan [10] proved independently that

g(p) < p!/**e. (1)
Burgess [1] also proved that in any interval [N, N+ H] with H > p'/**¢_ the number of primitive
roots modulo p is

2= 1+ 04, )

where § > 0 is a constant depending only on e.

IThis work is supported by National Natural Science Foundation of China(10301018).
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An integer n is called square-free if it is a product of different primes. Let Q(x) denote the

number of square-free numbers not exceeding x. Then it is well-known that

6 1/2 _—c2é(x
Q) = ~pr + O e20),

where ¢, is an absolute positive constant, and 6(z) = (logz)3/°(loglogx)~/5. At present we
can not improve the exponent 1/2 if we have no further knowledge of the distribution of the
zeros of the Riemann Zeta-function.

Many authors studied the distribution of square-free numbers in short intervals (see [4]
and references therein). The latest result in this direction is due to Filaseta and Trifonov [4],

who proved that the asymptotic formula
6
Qz +y) - Qz) = y(1 +o(1)), (3)

holds for y > 2/51og® z.

Now we consider the square-free primitive roots modulo p. Let primpg(xz) denote the
number of square-free primitive roots not exceeding x modulo p and let go(p) denote the
smallest square-free primitive root modulo p. From [8] we have

—1) 6
primo(e) = PEEZ B8 o@e0p a1 2 10g1 2 ), (4)
which implies go(p) < 2¢®~Yp'/2logp. In [7] Liu Huaning and Zhang Wenpeng proved that
the asymptotic formula

—-1) 6z . .
_ pe(p ) o +O(p9/44+ 21/2+ ) (5)

rimp(x
primo(z) p2—1 w2

holds uniformly for z and p, which implies immediately that go(p) < p°/??*t¢. We note that
the exponent 1/2 in the error term in (5) is sharp since we have to assume the Generalized
Riemann Hypothesis (or at least a weak form of it) if we want to improve it.

As a consequence of Burgess’s bound on character sums and the result of Filaseta and
Trifonov, we shall prove the following Theorem in this short note.

Theorem. Let x and y be large real numbers such that

max(p1/4+5,x1/5+8) < y <z,

then
prim(a +y) — primo(e) = PPy 0 4 a1 1og ) ()
-1 <2

where J is a positive constant depending only &.

Taking z = y = p'/**¢ we have

Corollary. The estimate go(p) < p*/**= holds.

Remark. Obviously (6) is a combination of (2) and (3). The result of the Corollary is an
analogue of (1).

Notations. Throughout this paper, € denotes a fixed sufficiently small positive constant,
u(n) is the Mobius function, ¢(n) is the Euler function, w(n) denotes the number of distinct

prime divisors of n.
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§2. Some preliminary Lemmas

We need the following Lemmas.
Lemma 2.1. Let p > 2 be a prime and
e(p—1) p(d)
fn)="""—={1+ — n)},
LA I DIRCL)

dl(p—1) Xd
d>1

the outer sum being over square-free integers d, and the inner sum being over all characters
Xd(modp) of order d. Then for any n coprime to p we have
1, if n is a primitive root (modp),
f(n) = _
0, otherwise.
Proof. This is Lemma 5 of Burgess [1].
Lemma 2.2. For € > 0, there exists a positive number § depending only on € such that
if x is a non-principal character to a (sufficiently large) prime modulus p, then for every N we

have
N+H

Z x(n) < Hp™°
n=N+1

if H > pl/4te,
Proof. This is Corollary of Burgess [1].
Lemma 2.3. Suppose z'/°+¢ <y < z, then
Z 1< yz™ "+ 2% log,

z<nm? <z+y
m>x"

where 77 > 0 and € > 0 are fixed small constants.
Proof. This estimate is contained in Filaseta and Trifonov [4].

Lemma 2.4. Suppose x is a character modulo p, x and y are large real numbers such that
max(p1/4+s,x1/5+5) <y<uz.
If x = xo, then we have
> lumlx(n) = = - ==+ Oyp™ +a'/loga). (7
z<n<z+y

If x # xo, then we have
D lum)x(n) < yp~’, (8)
z<n<z+y
where § > 0 is a constant depending only on e.
Proof. By the relation |u(n)| = Z p(d) we have

n=d?*m
S lumx(n) = Y u(d)x(d®m) 9)
r<n<z+y z<d?m<z+y
= > X*(d)u(d) > xm+o0| > 1
d§p52 x/d2<m§(r+y)/d2 z<d?m<zty

d>p52
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We first prove that
—e? 1/5
E l<yp™® +x/°loge. (10)

z<d?m<z+y
ul>p52

If p > x, then by Lemma 2.3 directly we get

Z 1 < Z 1<<y:v_52+x1/5logx

w<d?m<aty e<d?m<aty
d>p€2 d>$€2
<yp~® +2Y%logz.

If p < x, then we have

Yooro< > 1+ >

z<d?m<az+y z<d?m<z+4y z<d?m<z+y
d>p52 p€2<d§a:52 d>z<?
_ .2
< E (1+y/d*) +yz~c +z'/5loga
p52 <d§m52

< yp_‘g2 +21/5 log x,

where we used Lemma 2.3 again.
Now we consider the first sum in the right-hand side of (9). If x = xo, then for any
1 < N < M we have

Y owm= Y 1- Y 1=(-1pN+0), (11)

M<n<M+N M<n<M+N M<pn<M+N

which combining (9) and (10) gives

1 xo(d)u(d _
S o) =1-2)y Y %m@p 4 215 log )
z<n<z+y p d<p52
Z = d2 +0(yp™ + 2" loga)
d>1
1 1 —e? 1/5
=(1- E)y ITa- 7)+ 0™ +a'/loga)
q#p
752 1/5
p+1yH 17— +O(y +z/°logx)
__Pp Y —e? 1/5
—— =40 log
S p+1¢(2) (wp )
Now suppose x # Xo- Since ¢ is sufficiently small, from d < ps2 and z > p'/*te we get

x/d? > p'/*t¢/2. By Lemma 2.2 we get that the estimate

> x(n) < %p*‘s

z/d?<n<(z+y)/d?

holds for some § = §(¢) > 0, which combining (9) and (10) gives (8).
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§3. Proof of the theorem

In this section, we prove Theorem. Suppose max(p'/4*e, z'/5t¢) <y < z. By Lemma 2.1
and Lemma 2.4 we have

primg(z +y) — primo(z) = Y |u(n)|f(n)
=t

S I ST z“(jz S )

r<n<z+y Xd x<n<z+y
_ pe(p—1) Y + O(2w(p—1)yp—5 4 g1/5 log )
pP—1 (2
_pplp—=1)

—— + O(yp~ %2 + 2% log ),

-1 (2 (

where we used the fact that the number of characters mod p of order d is ¢(d) and that the
estimate

ow(P=1) ecw‘;l% <<p‘5/2

holds for some absolute constant C' > 0. This completes the proof of Theorem .
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Abstract The main purpose of this paper is using the elementary method to study the
LCM Sequence, and give an asymptotic formula about this sequence.
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§1. Introduction and results

For any positive integer n, we define L(n) is the Least Common Multiply (LCM) of the
natural number from 1 through n. That is

L(TL) = [172a"' 7”]'

The Smarandache Least Common Multiply Sequence is defined by:
SLS — L(1), L(2), L(3), ---, L(n), ---.
The first few numbers are: 1, 2, 6, 12, 60, 60,420, 840, 2520, 2520, --- .
About some simple arithmetical properties of L(n), there are many results in elementary

number theory text books. For example, for any positive integers a, b and ¢, we have

ab abe - (a, b, c)
b = —— d b = 7 7
=y S ke
where (a1, a9, - ,ar) denotes the Greatest Common Divisor of ay, as, -+, ax—1 and ag. But

about the deeply arithmetical properties of L(n), it seems that none had studied it before, but
it is a very important arithmetical function in elementary number theory. The main purpose of
this paper is using the elementary methods to study a limit problem involving L(n), and give
an interesting limit theorem for it. That is, we shall prove the following:

Theorem. For any positive integer n, we have the asymptotic formula

n

Ln?) | ol (Inn)s
Hp —e+0<ep< (lnlnn)é>>’

p<n?

where H denotes the production over all prime p < n?.
p<n?
From this Theorem we may immediately deduce the following:
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Corollary. Under the notations of above, we have

n

L 2
lim 7(71 ) =e,
n—oo p
p<n?
where L(n?) = [1,2,--- ,n?], p is a prime.

§2. Proof of the theorem

In this section, we shall complete the proof of this theorem. First we need the following

simple Lemma.
Lemma. For x > 0, we have the asymptotic formula

0 z)zZlnp:I—FO (IGXP (afl(llzj));>>v

p<z

where ¢ > 0 is a constant, Z denotes the summation over all prime p < x.
p<z
Proof. In fact, this is the different form of the famous prime theorem. Its proof can be

found in reference [2].
Now we use this Lemma to prove our Theorem.
Let
L(n®) =1, 2, ---, n’] = p{'ps® - - p°, (1)

be the factorization of L(n?) into prime powers, then a; = a(p;) is the highest power of p; in

the factorization of 1, 2, 3, ---, n?. Since

L(n? 1. L(n? 1
(") = exp fln(i) =exp| — | InL(n lnH ,
H p H p " p<n?
p<n? p<n?
while
InL(n?) —In H p = In(pps?---poir)—1In H P
p<n? p<n?
= Y a(p)hp- Y Ip
p<n? p<n?
= Y (a(p)=1)lnp
p<n?
= Z(()—llnp+ Z p)—1)Inp
p<n3 nS <p<n

+ Z )—1)Inp. (2)

n<p<n?
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In (1), it is clear that if n < p; < n?, then a(p;) = 1. If n3 < pi < n, we have a(p;) = 2. (In
fact if a(p;) > 3, then pd > n. This contradiction with p; < n). If p; < n?, then a(p;) > 3. So

from these and above Lemma we have

> (alp)-Dlp= > @2-1hp= > Inp, (3)

2 2 2
n3 <p<n n3 <p<n n3 <p<n
> (ap)=lp= > (1-1)np=0, (4)
n<p<n? n<p<n?

2

Y (ap)-)p=0|I’n Y 1| =0 <1n2n17;3n> =0 (nfmn). (5)

2 2
p<n3 p<n3

Now combining (2), (3), (4) and (5) we may immediately get

lnL(nQ)flan = O(nglnn)Jr Z lnp

p<n? n%<p§n
= O(nglnn)—i—zmp— Z Inp
p<n pgng
—ellnn)?
= O(nglnn)JrnJrO nexp M
(Inlnn)s

o)

That is,

3=

2
L) = exp 1 In L(n?) —In I | D
I | n

p p<n?

- o[t o oo et
0 (o (222 )]
o= (G|
o (o (222 )]
= e+0 (exp (ﬁ::ﬁ)) '

il e

= exp

= e-exp

- &
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This completes the proof of Theorem.

The Corollary follows from Theorem with n — oo.

References

[1] Amarnth Murthy, Generalized Partitions and New Ideas On Number Theory and
Smarandache Sequences, Hexis, 2005, pp. 20-22.

[2] Pan Chengdong and Pan Chengbiao, The Foundation of Analytic number Theory,
Science Publication, 1999, pp. 204-205.

[3] Tom M.Apostol, Introduction to Analytic Number Theory, Springer-Verlag, New York,
1976.



Scientia Magna
Vol. 2 (2006), No. 2, 24-26

The Smarandache Perfect Numbers

Maohua Le

Department of Mathematics, Zhanjiang Normal College
Zhanjiang, Guangdong, P.R.China

Abstract In this paper we prove that 12 is the only Smarandache perfect number.
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§1. Introduction and result

Let N be the set of all positive integer. For any positive integer a, let S(a) denote the
Smarandache function of a. Let n be a postivie integer. If n satisfy

> S(d)=n+1+S(n), (1)
dln
then n is called a Smarandache perfect number. Recently, Ashbacher [1] showed that if n < 106,
then 12 is the only Smarandache perfect number. In this paper we completely determine all
Smarandache perfect number as follows:
Theorem. 12 is the only Smarandache perfect number.

§2. Proof of the theorem

The proof of our theorem depends on the following lemmas.

Lemma 1 ([2]). For any positive integer n with n > 1, if

71,72

n=py'py’ it (2)
is the factorization of n, then we have
S(n) = max (S(p1"), S(p?), - -+ S(py")) -

Lemma 2 ([2]). For any prime p and any positive integer r, we have S(p") < pr.
Lemma 3 ([3], Theorem 274). Let d(n) denote the divisor function of n. Then d(n)

is a multiplicative function. Namely, if (2) is the factorization of n, then
dn) = (r1+1)(ra + 1) (1, + 1).

Lemma 4. The inequality
n
—— < 2,n€N. 3
T <2 3)
1 This work is supported by the National Natural Science Foundation of China(No.10271104) and the Guangdong Provin-
cial Natural Science Foundation(No.04011425).
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has only the solutions n = 1,2, 3,4 and 6.

Proof. For any positive integer n, let

Since f(1) =1, f(2) =1, f(3) =3/2, f(4) = 4/3, and f(6) = 3/2, (3) has solutions n = 1,2, 3,4
and 6.

Let n be a solution of (3) with n #1,2,3,4 or 6. Since f(5) = % > 2, we have n > 6. Let
(2) be the factorization of n. If k =1 and ry =1, thenn=p; > 7and 2 > f(n) = & >
contradiction. If k = 1 and 71 = 2, then n = p?, where p; > 3. So we have 2 > f(n) =

% > 2, a contradiction. If kK = 2, since n > 6, then we get

% if py =2 and r; = 1,
Pyt Py .
2 > = . > —
f(n) il 1l 2 ifpyp=2andr; >1,
Lifpy > 2,
a contradiction. If k > 3, then
71 79 73 15
2> fn)= 21 __Pr _Ps 522

(ri+1)(ro+1)(r3+1) = 4~

a contradiction. To sum up, (3) has no solution n with n # 1,2, 3,4 or 6. The Lemma is proved.
Proof of Theorem. Let n be a Smarandache perfect number with n # 12. By [1] we
have n > 10%. By Lemma 1, if (2) is the factorization of n, Then

S(n) = S(p"), (4)
where
p=pj, T=Ty, 1<j<k (5)
From (2) and (5), we get
n=p'm, meN, gcdp,m)=1. (6)
For any positive integer n, let
g(n) = S(d). (7)
d|n

Then, by (1), the Smarandache perfect number n satisfies
gn)=n+1+S(n). (8)
We see from (4) that n|S(p")!. Therefore, for any divisor d of n, we have
S(d) < S(p"). (9)
Thus, if (8) holds, then from (7) and (9) we obtain

d(n)S(p") > n. (10)
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where d(n) is the divisor function of n. Further, by Lemma 3, we get from (4), (6) and (10)
that

r+1)S(p"

) "
If » = 1, since S(p) = p, then from (11) we get 2 > f(m). Hence, by Lemma 4, we obtain
m=1,2,3,4 or 6. When m = 1, we get from (8) that

g(n) =g(p) =S(1)+S(p)=1+p=p+1+5(p) =1+2p,
a contradiction. When m = 2, we have p > 2 and
g(n) =g(p) = 5(1) + 5(2) + S(p) + 5(2p) =3 +2p=3p + 1, (12)

whence we get p = 2, a contradiction. By the same method, we can prove that if r = 1 and
m = 3,4 or 6, then (8) is false.
If 7 = 2, since S(p?) = 2p, then from (11) we get
6
= > f(m). (13)
p
Since n > 10%, by (4) we have S(p?) = S(n) > 10 it implies that p > 5. Hence, by (13) we
get f(m) < g. Further, by Lemma 4 we get m < 6. Since n = p>m < 6p?, we obtain p > 7.
Therefore, by (13) it is impossible. By the same method, we can prove that if » = 3,4,5 or 6,
then (11) is false.
If r > 7, then we have S(p") < pr and

(r+1)r - (r+1)S(p")

> > 1, 14
T p f(m) = (14)

by (11). From (14), we get

r—1 r—1 r—1 r—1
(r+Dr>pt=27 > 2 ( )+ ( )+ ( )+ ( )|, (15)
0 1 2 3
whence we obtain

0>r2—6r+5=(—1)(r—5) >0, (16)

a contradiction. To sum up, there has no Smarandache perfect number n with n > 10%. Thus,

the theorem is proved.
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Abstract In this paper, we use the elementary method to study the solutions of an equation

involving the Smarandache dual function 5x(n), and give its all solutions.
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81. Introduction
For any positive integer n, the famous Smarandache function S(n) is defined by
S(n) = max{m : n | m!}.

For example, S(1) =1, S(2) =2, S(3) =3, S(4) =4, S(5) =5, 5(6) =3, S(7) =7, S(8) =4,
-++. About the arithmetical properties of S(n), many scholars have show their interest on it,
see [1], [2] and [3]. For example, Farris Mark and Mitchell Patrick [2] studied the bounding of
Smarandache function, and they gave an upper and lower bound for S(p®), i.e.

(p—Da+1<Sp%) <(p—1[a+1+log,a] + 1.
Wang Yongxing [3] studied the mean value of Z S(n) and obtained an asymptotic formula by

n<x
using the elementary methods. He proved that

7T2 I‘Q .’172

2
n<e In” x

Similarly, many scholars studied another function which have close relations with the Smaran-
dache function. It is called the Smarandache dual function S*(n) which defined by

S*(n) = max{m : m! | n}.
About this function, J. Sandor in [4] conjectured that
S*((2k —D)I2k+1)!) =q—1,

where k is a positive integer, ¢ is the first prime following 2k + 1. This conjecture was proved
by Le Maohua [5].
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Li Jie [6] studied the mean value property of Z S*(n) by using the elementary methods,
n<x

and obtained an interesting asymptotic formula:

Z S*(n) = ex + O (n* z(lnlnz)?).

n<z

In this paper, we introduce another Smarandache dual function 5;(n) which denotes the

greatest positive integer m such that m*|n, where n denotes any positive integer. That is,

5x(n) = max{m : mF|n}.

On the other hand, we let Q(n) denotes the number of the prime divisors of n, including multiple

numbers. If n = p'p3? - p&r denotes the factorization of n into prime powers, then
Qn)=a1 +ag-+ .
In this paper, we shall study the positive integer solutions of the equation
53(1) 4+ 53(2) + - - - + 53(n) = 3Q(n),
and give its all solutions. That is, we shall prove the following conclusions:
Theorem. For all positive integer n, the equation
53(1) +353(2) + - - - + 53(n) = 3Q(n)

has only three solutions. They are n = 3, 6, 8.
For general positive integer k > 3, whether there exists finite solutions for the equation

gk(l) + gk(2) +--- 4+ Ek(n) = kQ(?’L)

It is an unsolved problem. We believe that it is true.

§2. Proof of the theorem

In this section, we will complete the proof of Theorem. First we will separate all positive

integer into two cases.
1. If n <8, then from the definition of 5;(n) and Q(n), we have

So that we have
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53(1) + 53(2) 4 - - - 4 53(6) = 3Q(6);
53(1) + 53(2) + - - - + 53(8) = 3Q(8).

Hence n = 3, 6, 8 are the positive integer solutions of the equation.
2. If n > 8, then we have the following:

Lemma. For all positive integer n > 8, we have

53(1) 4+ 53(2) + - - - + 53(n) > 3Q(n).

Proof. Let n = p{'p3? --- p&r is the factorization of n into prime powers, then we have

53(1) +53(2)+---+353(n) >n if n>8.
From the definition of Q(n), we have

Qn)=a1 +ag-+ .

So to complete the proof of the lemma, we only prove the following inequality:

p?lpgz . p?T > 3(&1 _|_ a2 “ee + ar)'

Now we prove (1) by mathematical induction on r.
i) If r = 1, then n = pJ*.
a. If py = 2, then we have oy > 4, hence

24 >3.4, 2 > 3a.
b. If p; =3, 5 and 7, then we have «; > 2, hance
i*>3.2, i*">30, i=3,5T1.
c. If py > 11, then we have oy > 1, hence
Pt > 3a;.

This proved that Lemma holds for » = 1.

ii) Now we assume (1) holds for » (> 2), and prove that it is also holds for r + 1.

From the inductive hypothesis, we have
PYPS2 - plrpT > 3(an + g 4 ay) - poTit

Since p,41 is a prime, then

Q1

pr+1 > Oy +1

From above we obtain

prPSR e p s > 3o o on) - (g + 1),

Note that if a > 1, b > 1, then a-b > a + b, so we have

(Oé1+062"'—|—047~)~((l’r+1+1)2041+0&2"'+Oér+04r+1+1>a1+a2

et
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So
PPy D > 3(on +az o+ o+ o).

This completes the proof of the lemma.
Now we complete the proof of Theorem. From the lemma we know that the equation has

no positive solutions if n > 8. In other words, the equation
53(1) + 55(2) + - - - + 55(n) = 3Q(n)

has only three solutions. They are n = 3, 6, 8.
This completes the proof of Theorem.

References

[1] F. Smarandache, Only problems, not Solutions, Xiquan Publ. House, Chicago, 1993,
23.

[2] Farris Mark and Mitchell Patrick, Bounding the Smarandache function, Smarandache
Notions Journal, 13(2002), 37-42.

[3] Wang Yongxing, On the Smarandache function, Smarandache problems in number
theory (Vol.IT), Hexis, 2005, 103-106.

[4] J.Sandor, On certain generalizations of the Smarandache function, Smarandache No-
tions Journal, 11(2000), 202-212.

[5] Maohua Le, A conjecture concerning the Smarandache dual function, Smarandache
Notions Journal, 14(2004), 153-155.

[6] Li Jie, On Smarandache dual function, Scientia Magna, 2(2006), No.1, 111-113.



Scientia Magna
Vol. 2 (2006), No. 2, 31-34

Mean value of a Smarandache-Type Function

Jia Wang
Department of Mathematics, Shandong Normal University
Jinan, Shandong, P.R.China

Abstract In this paper, we use analytic method to study the mean value properties of
Smarandache-Type Multiplicative Functions K,,(n), and give its asymptotic formula . Finally,

the convolution method is used to improve the error term.
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§1. Introduction
Suppose m > 2 is a fixed positive integer. If n = p'ps?...pe*, we define

K (n) = p[flpéh...pfk, B = min(ay,m — 1),

which is a Smarandache-type multiplicative function . Yang Cundian and Li Chao proved in
[1] that

_ a? 1 x%+e
2 Kl =5 1 (l e 1>> TOERT),

n<z
In this paper, we shall use the convolution method to prove the following

Theorem. The asymptotic formula

2

n) = x ; pltm e—cod(x)
> Kn(n) 2<(m)1;[<1+ (pm—l)(p+1)> +0( )

n<z

holds, where ¢ is an absolute positive constant and &(z) = (log z)*/®(loglog ) /5.

§2. Proof of the theorem

In order to prove our Theorem, we need the following Lemma, which is Lemma 14.2 of [2].

Lemma. Let f(n) be an arithmetical function for which :

l

> fln) =)z Pjlogz) + O(z"),

n<x j=1

> 1 f(n) |= O(z" log" ),

n<x
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where ay > as > ... >a;>1/k>a>0,r >0,Pi(t), -+, P(t) are polynomials in t of degrees

not exceeding r, and k£ > 1 is a fixed integer. If

h(n) = 37 u(d) f(n/db),

dk|n
then l
Z h(n) = Zx“"Rj(logx) + E(z),
n<z j=1
where Ry(t),..., R;(t) are polynomials in t of degrees not exceeding r, and for some
D >0

E(z) < xl/kexp( — D(log z)*/*(log log x)’l/‘r’).

Now we prove our Theorem. Let

K
= Z s) > 2.
n=1
According to Euler’s product formula, we write
K, K, (p?
s =TIt ) K]
p p
L Ealp) | (Kn(p?)
- H s + 2s
p p
2 m—1 m—1 m—1
— P . p p p .
- H (1 + ps D 2s + p(mfl)s pms + p(m+1)s + )
P
1 1 pm—l pm—l
- H (1 == p2(—1) +eeet pm—1)(s—1) + pms + p(mt1)s o
P
1 SA(e=T m—1
:H<1 ( )+pms(+7s+ 23+“.)>
. ST P p
()
- ms 1
» 1-— —1 p 1 1?
1- pms—1 s—1_1q
=11 ( |1 e
pal (p* = D(p -1
-1
C(S ) R(S),
¢(m(s = 1))

where
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Let g, (n) denote the characteristic function of m-free numbers, then

oo 71 -
Z_: Ss—l Zq

Suppose

5) = Z r7(1n)
then

Z ll 117“ lQ

Obviously, when o > 1, R(s) absolutely converges, namely

S Ir() <2t (1)

<z

We can write g, (n) as the following form

d*|n
Now we apply the lemma on taking f(n) =1, [ =a; = 1,7 = a =0, then we have

Z gm(n) = ) (I;ecl‘s(“’))

n<z

for some absolute constant ¢; > 0.

By partial summation,

2

D am(n)n = oo+ O ) (2)

n<zx

holds for some absolute constant ¢, > 0. Let y = 2!~1/2™_ By hyperbolic summation ,

we write
Y Km(n) = > agm(l)hr(l) (3)
n<z 1<z
= > () Y am)h+ > gmll r(l2) = Y r(la) D am(l)h
12<y h<gg L<g 1Sﬁ l2<y L<$

= 2t

From (1) we get

+
Y, <D h( ) < B g ghtl/ame (4)

L<E

<z
Similarly
24¢€

X, < o et 5)
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Finally for 3, we have by (2)

Sk D B

l2<y l2<y

2

- s +0(a Y ) o (st o))

l2>y

- 2@:?;)3(2) + o(f”z;) 4 0<x1+fnecoé(m)>

2
R(2)+0 <m1+mecoé<w>),

X

2¢(m)

if we noticed that

l
IR A
la>y 2
which follows from (1) by partial summation.
Now our Theorem follows from (3)-(6).

References

[1] Cundian Yang and Chao Li, Asymptotion Formulae of Smarandache-Type Multiplica-
tive Functions, Hexis, 2004, pp. 139-142.
[2] A. Ivié, The Riemann zeta-function, Wiley, New York, 1985.



Scientia Magna
Vol. 2 (2006), No. 2, 35-39

On the mean value of the Near Pseudo
Smarandache Function

Hai Yang! and Ruigin Fu?

1. Research Center for Basic Science, Xi’an Jiaotong University
Xi’an, Shaanxi, P.R.China
2. School of Science, Department of Mathematics, Xi’an Shiyou University
Xi’an, Shaanxi, P.R.China

Abstract The main purpose of this paper is using the analytic method to study the asymp-
totic properties of the Near Pseudo Smarandache Function, and give two interesting asymp-

totic formulae for it.
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§1. Introduction

In reference [1], David Gorski defined the Pseudo Smarandache function Z(n) as: let n be
any positive integer, Z(n) is the smallest integer such that 14+2+3+ ...+ Z(n) is divisible by
n. In reference [2], A.W.Vyawahare defined a new function K (n) which is a slight modification
of Z(n) by adding a smallest natural number k, so this function is called “Near Pseudo

Smarandache Function” . It is defined as follows: let n be any positive integer, K(n) = m,
n

where m = >~ n+ k and k is the smallest natural number such that n divides m. About the
n=1
mean value properties of the smallest natural number & in Near Pseudo Smarandache function,

it seems that none had studied them before, at least we couldn’t find any reference about it.
In this paper, we use the analytic method to study the mean value properties of d(k) and ¢(k),
and give two interesting asymptotic formulae for it. That is, we shall prove the following:
Theorem 1. Let k is the smallest natural number such that n divides Near Pseudo
Smarandache function K(n), d(n) denotes Dirichlet divisor function. Then for any real number
x > 1, we have the asymptotic formula
> dk)y=> d (K(n) - "("2“)> = leogx + Az + O(z? log? z),

n<z n<zx
where A is a computable constant.
Theorem 2. For any real number x > 1, k is the smallest natural number such that n
divides Near Pseudo Smarandache function K(n), ¢(n) denotes the Euler’s totient function.

Then we have the asymptotic formula

T (- S B o

2 2872

n<x

where € denotes any fized positive number.
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§2. Some lemmas

To complete the proof of the theorems, we need the following several simple Lemmas:

Lemma 1. Let n be any positive integer, then we have

@, if n is odd,

K(’ﬂ) = n(n+2)
2

, if n is even.

Proof. (See reference [2]).

Lemma 2. For any real number x > 1, we have
Z d(n) = zlogz + (2C — )z + O (Vz) ,
n<lz

where C is the Euler constant,

Z pk) = %xQ + O(xlog x).

n<lz

Proof. These results can be get immediately from [3].

Lemma 3. For any real number x > 1, we have

3 log2 3
Zd(?n) = 5gclogsc—l— ( OS — 2) x4+ 0 (m%long),

n<x

2 2 % €
Z¢(2n): 7<(2)x +O(z2T°).

n<x

Proof. Firstly, we shall prove the first formula of Lemma 3. Let s = o + it be a complex

number and f(s) = > @ Note that d(2n) < n¢, so it is clear that f(s) is a Dirichlet series

n=1

absolutely convergent for Re(s)> 1, by the Euler product formula [3] and the definition of d(n)

we get

o = [IX

p m=0

=L d(2mth) =L d(2p™)
-y oy

m=0 p>2m=0

S} d m o0 d 27n+1
(55 (£ 4)
p>2m=0 m=0

= 2C2(S) : )
s (d(Pm)>
p m=0 P
X d(2mtt
>
= 2(%(s) - mgoi)
d(2m
mz::O ;'T
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where ((s) is the Riemann zeta-function, and [] dentoes the product over all primes.
P
From (1) and the Perron’s formula [4], for b=1+¢,7 > 1 and > 1 we have

o (mH(Q;) 10ga:> . 2)

b4-iT s

3 d(2n) = 2;/ F5)Zds+0|=

; S
n<z b—iT

Taking a = % + €, we move the integral line in (2). Then

> d(2n) = Res(%(s) (2_215)33

S

S
n<x
a+iT b+iT s
1
o L e (o) T
27” b—iT a+1T 28 S
b xH (2z)log x
O|l=|+0|———
+ T + T )
where
b+iT 1
)(2 — —) ds <2
/b T /a+zT 28 T

atil 1 iES 1
/ C2(s)(2— —=)—ds < x2 log®T.
a—iT 227 s

Hence, we have

1. 2° T
d(2 —  Res(%(s)(2— —)=— O‘f
n§<z (2n) Res (°(s) (2~ 55)— + 0|7
b
} jog? z log
+ O(m log T)+O T + O |zH(2x) T ’
1, 2° T
— 2 _ o\ ad
= Rz T 407
1
+ 0 (x% log? T) +0 |zt Ojgf” (3)
Taking 7' = z=*¢ in (3), then
1 1
E d(2n) = 3§§C2(5)(2—§)x —1—0( ) +O(:ﬂlog2x>
n<lzx B
2 Ly 2 1, 2
= Res((s)|2— = —+O<x2log x) (4)
s=1 28 S
Now we can easily get the residue of the function (?(s) (2 — %) . % at second order pole point
s =1 with
1\z* 3 log2 3
2 L R _9
gzelsc (s) <2 23) . 2:clogx+( 5 2>x. (5)

Combining (4) and (5), we may immediately get

log 2
Zd(Qn) = %xlogx+ ( og - 2) z+0 (x%logzx)

n<z
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This completes the proof of the first formula of Lemma 3.

o0
Let h(s) = > “"ff). From Euler product formula [2] and the definition of ¢(n) we also
n=1

)

have

h(s) = H(

p pm
_ — (2™ (2
- <1 + Z 2TTLS H 1 + Z 77l6
m=1 p>2 m=1
1+ w?;’i’)) : (1 + 3 “’(2::1))
C(Sl),pl;l2< m2::1 P 21 2

¢(s) H<1+ > w(g:))

P

ooy (7575
¢s) (1+ > AD(Q’”))

((s—1) 2°
¢(s) 25 +3°

By Perron formula [4] and the method of proving the first formula of Lemma 3, we can

obtain the second formula of Lemma 3.

§3. Proof of the theorems

In this section, we will complete the proof of the Theorems. From the first formula of

Lemma 3 we can obtain

ZdQn fxlo x—(lOSQ—z)x—i—O(x%bg%c).

n<g

Let f(n) = K(n) — @ = k, then from Lemma 1 and the first formula of Lemma 2 we

have
> d(k) > d (K(n) - ”(”2“)>

n<x n<x
n
= ) Y
n<x n<x
2|n 2in
- S+ Y d - ¥ aten)
RS% n<z S%

_ §xlogw+Ax+O(% og?z),

where A is a computable constant.

This complets the proof of Theorem 1.
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Now we complete the proof of Theorem 2. Noting that ((2) = %2, from the second formula

of Lemma 3 we can obtain

3 5.
> p(2n) = 77T2x2+0(x2+ ).

=
n<g

Then from Lemma 1 and the second formula of Lemma 2 we have

£ (100 0)

(]

5

=
I

n<z n<lx
n
= D eZ)+ D el
n<x n<x
2|n 2fn
= D o)+ > en) = > 2n)
n<g n<x n<g
N 93 9 §+E>
= Bt TO ().

where € is any fixed positive number.

This complets the proof of Theorem 2.
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Abstract In this paper, we prove some identities. In particular, we determine the stirling
number of the second kind s2(n,4), when n > 4 is given. Then we discuss the generality

S2(n, k) using the same idea .

Keywords Partitions, combinations, stirling number of the second kind.

§1. Preliminary

Before we state the main result of the paper, we give some definitions and notations first.

Definition 1. The number of combinations of n distinct things taken m at a time,i s
denoted by C* or ().

Definition 2. The number of partitions of an n-elements set into  non-empty unordered
subsets is called the stirling number of the second kind, and denoted by Sa(n,r).

Definition 2. The stirling number of the second kind S3(n,r) can be taken from the

formula (1)

"t = Sa(n, r)(x), (1)
r=0
where (z)g =1, whenr > 1, (z), = z(x — 1)(x = 2)--- (x — r + 1).

Stirling numbers of the second kind and some problems about it are very interesting re-
search subjects as long, a lot of research results had apparented. [2-6] it plays a very important
roles in combination mathematics and number theory, which has comprehensive applications.
In this paper, we prove some identities. In particular, we determine the stirling number of the
second kind S2(n,4), when n > 4 is given. Then we discuss the generality Sa(n, k) using the

same idea .

§2. Main Result and Its Proof

Theorem 1. For n > 1,55(n,0) = 0,S52(n,1) = 1,59(n,2) = 21 — 1,5 (n,n —1) =
C2?,85(n,n) = 1.
The proofs of Theorem 1 can be found in [1] and [7].

, This work is supported by the NSF of China Grant 10071001, the SF of Anhui Province Grant (01046103)
and the SF of the Education Department of Anhui Province Grant (2002KJ131).
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Theorem 2. For n > 3,
1 n—1 n

The proofs of Theorem 2 can be found in [2].
Our main result is as follows:

Theorem 3. For n > 4,
1 n—1 n n—1
Sg(n,4):6(4 -3"+3-2 —1). (3)

Setting S is an n-elements set, anyway taking a element from S, is denoted by S, we can distin-

guish n — 3 cases.

Case 1. If S is regarded as a regular set and dividing the rest of n — 1 elements into three

non-empty subsets, the number of partitions is Sa(n, 3) and

1 1
Sa(n—1,3) = 5(3"—2 —2nl 1) = 502,1(3"—2 —2n=l ).

Case 2. Any element which is chosen among the rest of n — 1 elements is put together
with S as a whole set, we have C!_; ways of any taking a element from n — 1 elements. Then

dividing the rest of n — 2 elements into three non-empty subsets, the number of partitions is

1
6%7152(’[1 - 2,3) = 56'71171(3"—3 _ 2n—2 + 1)

Case 3. Any two elements which is chosen among the rest of n—1 elements is put together
with s as a whole set. Then dividing the rest of n — 3 elements into three non-empty subsets,the

number of partitions is

1
027152(71 -3,3) = 5(;'72171(3"—4 _gn—3 4 1.

Use the same way, case n — 3 any n — 4 elements which is chosen among the rest of n — 1
elements is put together with S as a whole set. Then dividing the rest of three elements into

three non-empty subsets, the number of partitions is
1 )
ChTi55(3,3) = ;CIT (37 - 2° + 1),

So from the principle of addition, dividing set S of n-elements into four non-empty subsets, the

number of partitions is
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1 1 1
52(7174) — 50271(371—2 _ 2n—1 + 1) 4 5071171(3’”_3 _ 2n—2 4 1) + 5Cv7371(:))7z—4 _ 2n—3 4 1)
1 , 1
+ . + 50’571(3n—k—2 _ 2n—k—1 + 1) + 502:]?(33 _ 24 + 1)
1
+§C;;:;*(32 -2 41)
1
= SUCLB" 2+ O3 4+ ORI+ CRT8%) — (G 27 4 Gy 27
4O LTI (OO 4+ CL OO
Because
CO L +C 4+ O3yl =(1+ 1)t =2n7t
So
0 +Ct vyt = vl o oon? oot
—1)(n—2
_ 2n71 o (Tl )2(77’ ) o (TL o 1) o 1
_ ogn-1_ (n—1)(n—2) .
2
and
CO oty jon 2ot ontied = o0 vt ol jon g onTiod
+Cn7392 p on29 4 onl — onTi9?
—Ccr2p ol
—1)(n—2
—2(n—1)—1
= 3"t 2(n—-1)(n—-2)—2n+1,
and
1
Con3" 24 G 3" P+ ORI CRT8? = (377 4+ CRTY8% + O
+CTI3 4+ CIT - OnT33E — oni3
—-Cny)
1 —1)(n—-2
—3(n—1) —1]
1 —1)(n—2 2
S e VU N

3 2 3
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Therefore
1,1 —1)(n—2 2
Sa(n,4) = §(§~4n_1—3%—7&%5—3”_1—#2@—1)(n—2)+2n—1
yogn1_ (=D —2) 1)
2

11 1

—_ 7.471717 n—1 2”*1,,
23 S 3)
1

= 6(4”*1f?,"+3-2”*1f1).

This completes the proof of our results.
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Abstract In this paper, we use the elementary methods to study the F.Smarandache LCM
ratio sequence, and obtain three interesting recurrence relations for it.

Keywords Elementary method, Smarandache LCM ratio sequences, recurrence relation.

81. Introduction

Let (x1,xa,...,2¢) and [z1,Z9,...,2¢] denote the greatest common divisor and the least
common multiple of any positive integers x1, xs, ..., T+ respectively. Let r be a positive integer
with » > 1. For any positive integer n, let

[ny,n+1,...,n+r—1]
(1,2,...,7] ’

T(r,n) =

then the sequences SLR(r) = T(r,n)s is called the F.Samarandache LCM ratio sequences of
degree r. In reference [1], Murthy asked us to find a reduction formula for T'(r,n). Maohua Le

[2] solved this open problem for r = 3 and 4. That is, he proved that

in(n+1)(n+2), if n is odd,

T(Em) = Lnn+1)(n+2), if n is even.
T(4,n) = snn+1)(n+2)(n+3), ifn 0 ( mod 3),
’ Lo+ 1)(n+2)(n+3), ifn =0 ( mod 3).

Furthermore, Wang Ting [3] and [4] computing the value of T'(5,n) and T(6,n). For example,
he obtained the identity

(n+3)(n+4), fn=0, 8 ( mod 12),
n+3 (

1)(n +2)(n + 3)
N (n+1)( )( Y(n+4), ifn =1, 7( mod 12),
T(5.m) = —sn(n+1)(n+2)(n+3)(n+4), ifn =2, 6 ( mod 12),
gan(n+1)(n+2)(n+3)(n+4), ifn=3,5 9, 11 ( mod 12),
wann+1)(n+2)(n+3)(n+4), ifn=4( mod 12),
an(n+1)(n+2)(n+3)(n+4), if n =10 ( mod 12).

In this paper, we study the recurrence relations between T'(r + 1,n) and T'(r,n), and get three
interesting recurrence formulas for it. That is, we shall prove the following conclusions:
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Theorem 1. For any natural number n and r, we have the recurrence formula:

n+r (,2,....r],r+1)
r+1 (n,n+1,.,n+r—1,n+r)

T(r+1,n)= -T(r,m).

Especially, if both  + 1 and n 4 r are primes, then we can get a simple formula

n—+r

T(r+1,n)= 1

T(r,n).

Theorem 2. For each natural number n and r, we also have another recurrence formula:

n+r (n,[n+1,....,n+7])

T 1) =
(ryn+1) n  ([n,n+1,..,n+r—1,n+r)

-T(r,n).

Especially, if both n and n + r are primes with r» < n, then we can also get a simple formula

T(r,n+1) = ntr.

T(r,n);
If both n and n + r are primes with r» > n, then we have
T(r,n+1)=(n+r) -T(r,n).

Theorem 3. For each natural number n and r, we have

n+r n+r+1 (1,2,..,r,r+1)
n r+1 (In+1,. ,n+r],n+r+1)
(n,in+1,...,n+r])

. .
(non+1,.on+r—1],n+r) (r,n)

T(r+1,n+1) =

§2. Some Lemmas

To complete the proof of the above theorems, we need the following several Lemmas.
Lemma 1. For any positive integers a and b, we have (a,b)[a,b] = ab.

Lemma 2. For any positive integers s and ¢ with s < ¢, we have

(1,22, oy i) = (@1, 0oy ), (Ts41, oo, Tt))

and

[1, T2y ooy ] = [[T1, ooy sy [Tst1y oons X2]]-

The proof of Lemma 1 and Lemma 2 can be found in [3].

§3. Proof of the theorems

In this section, we shall complete the proof of the theorems.
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First we prove Theorem 1. According to the definition of T'(r,n), Lemma 1 and Lemma 2,

we have:
[n,n+1,....,n+r]
T 1 =
(r+1,n) 1,2,...r+1]
_nn+ 1, n+r —1],n 4 1]
N [1,2,...,r],r+1]

(n+r)[n,n+1,...,n+r—1]
([nyn+1,...,n+r—1],n+r)

2rrr D)
_on+rhn+1.,n+r—1] (,2,....r],r+1)
Cor41 [1,2,...,7] .([n,n+1,...,n—|—r—l],n+r)
n4+r (1,2,....r],r+1)

= . T .
r+1 ([nyn+1,.,n+r—1,n+r) (r,n)

It is easily to get
n+r

T(r+1,n)= =

T(r,n)
if both 7 + 1 and n + r are primes. Because at this time
(1,2,..,r,r+1)=1

and
([nyn+1,.on+r—1],n+r)=1

This proves Theorem 1.

Now we prove Theorem 2. From the Lemmas and the definition of T'(r,n), we have

n+1,...,n47]
Plont+l) = =5
o+ 1 n+rlnn+1, ., n+7]) 1
B n [1,2,...,7]
~ (nyn+1,.,n+r]) o+l n+r—1)(n+r)
N n[l,2,...,7] ([lnyn+1,..sn+r—1),n+r)
_on+r (n,In+1,..,n+7]) [n,n+1,..,n+r—1]
N n (n,n+1,..,n+r—1,n+r) [1,2,..,7]
_ ntr (ny[n+1,...,n+7]) T(rn).

n  (nn+1,.,n+r—1,n+r)
If n and n 4+ r are primes with n < r, then we can also get a simple formula

n+r
n

T(r,n+1) = T(r,n);

If n and n + r are primes with n > 7, this time note that (n,[n + 1,...,n + r]) = n, we have

T(r,n+1)=nm+7r) - T(r,n).

This proves Theorem 2.
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The proof of Theorem 3. Applying Theorem 1 and Theorem 2 we can easily get identity

n+r+1 (1,2,..,r},r+1)

Tr+Ln+1)= r+1 ([nJr1,...,n+r],n+r+1)T(r’n+1)
) (L2erdrd) Gt leentd) o
(r+1)n (m+1,.on+r),n+r+1) (n,.on+r—1],n+r)" 77

This completes the proof of Theorem 3.
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Abstract A Smarandache multi-space is a union of n spaces Ai, Az, -, A, with some
additional conditions hold. Combining these Smarandache multi-spaces with rings in classical
ring theory, the conception of multi-ring spaces is introduced and some characteristics of

multi-ring spaces are obtained in this paper.
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81. Introduction

These multi-spaces is introduced by Smarandache in [6] under an idea of hybrid mathe-
matics: combining different fields into a unifying field ([7]), which can be formally defined with
mathematical words by the next definition.

Definition 1.1. For any integer ¢,1 < i < n let A; be a set with ensemble of law L;,
denoted by (A4;; L;). Then the union of (A;;L;),1 <i<n

AV = (Ai§Li)7

-

i=1
is called a multi-space.

As we known, a set R with two binary operation “+4” and “o” | denoted by (R ;+,0),
is said to be a ring if for Vo,y € R, x +y € R, x oy € R, the following conditions hold.

(7) (R ;+) is an abelian group;

(i7) (R ;o) is a semigroup;

(#it) For Va,y,z€ R,xo(y+z)=xoy+zozand (x+y)oz=x0z+yoz.

By combining these Smarandache multi-spaces with rings in classical mathematics, a new
kind of algebraic structure called multi-ring spaces is found, which are defined in the next
definition.

- m
Definition 1.2. Let R = |J R; be a complete multi-space with a double binary operation
i=1
set O(R) = {(+, X;),1 <i < m}. If for any integers 4, j, i # 5,1 < 4,5 < m, (R;;+i, X;) is a

ring and for Vx,y,z € R,

(x+iy)+jz=x+i (Y+;2), (xiy)x;z=ax; Yy x;2)

and

eX; (Y+j2) =Xyt e %2, (Y+;2) X =YX, T+j2X;
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provided all these operation results exist, then R is called a multi-ring space. If for any integer
1 <i<m, (R;+;, X;) is a field, then R is called a multi-field space.

For a multi-ring space R = G Ry, let S C R and O(S) C O(R), if S is also a multi-ring

i=1

space with a double binary operation set 0(5), then S is said a multi-ring subspace of R.

The main object of this paper is to find some characteristics of multi-ring spaces. For
terminology and notation not defined here can be seen in [1], [5], [12] for rings and [2], [6] — [11]
for multi-spaces and logics.

§2. Characteristics of multi-ring spaces

First, we get a simple criterions for multi-ring subspaces of a multi-ring space.

~ m ~ ~
Theorem 2.1. For a multi-ring space R = |J R;, a subset S C R with a double binary
i=1

operation set O(§) C O(E) is a multi-ring subspace of R if and only if for any integer k,1 <
k <m, (S Rk;+k, Xx) is a subring of (Ry;+x, Xx) or SR = 0.

Proof. For any integer k,1 < k < m, if (S Rk; +k, Xx) is a subring of (Rg;+x, Xg) or
SN Ry = 0, then since S = G (SN Rs), we know that S is a multi-ring subspace by definition
of multi-ring spaces. =

Now if § = | S,
j=1

; is a multi-ring subspace of R with a double binary operation set

O(g) = {(+ij7 X’ij)u 1
any integer j,1 < 5 <
SN S = 0.

Applying a criterion for subrings of a ring, we get the following result.

< j < s}, then (S;;; +;, X4, ) is a subring of (R;,; +;,, X4,). Therefore, for
S, ij

Si; = Ry, N S. But for other integer [ € {i;1 < i <m}\{i;;1<j <s},

Theorem 2.2. For a multi-ring space R= U R;, a subset S C R with a double binary

i=1

operation set O(S) C O(R) is a multi-ring subspace of R if and only if for any double binary
operations (45, X;) € 0(5), (gﬂRj; +;) < (Rj;+;) and (S; X ;) is complete.

Proof. According to Theorem 2.1, we know that Sisa multi-ring subspace if and only
if for any integer 7,1 < i < m, (§ﬂRi;—|—i, x;) is a subring of (R;;+;, X;) or §ﬂR, = 0.
By a well known criterion for subrings of a ring (see also [5]), we know that (S () Ry;+4, X;)
is a subring of (R;;+;, x;) if and only if for any double binary operations (+;, x;) € O(g),
(5N Rj;+;) < (Rj;+;) and (S; x ;) is a complete set. This completes the proof.

We use these ideal subspace chains of a multi-ring space to characteristic its structure

properties. An ideal subspace Tofa multi-ring space R= U R; with a double binary operation
i=1

set O(E) is a multi-ring subspace of R satisfying the following conditions:

(i) 1 is a multi-group subspace with an operation set {+| (+, x) € O(I)};

(ii) for any r € R,a € I and (4,%x) € O(I), r x a € I and a x r € I provided these
operation results exist.

Theorem 2.3. A subset I with O(I), O(I) C O(R) of a multi-ring space R = |J R; with a
i=1
double binary operation set O(R) = {(+;, X;)| 1 <i < m} is a multi-ideal subspace if and only
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if for any integer 7,1 < i < m, (fﬂ R;,+i, x;) is an ideal of the ring (R;, 4, X;) or fﬂ R, =0.
Proof. By definition of an ideal subspace, the necessity of conditions is obvious.
For the sufficiency, denote by R(+, x) the set of elements in R with binary operations
“4” and “x” . If there exists an integer i such that I(\R; # 0 and (I Ri, 44, %;) is an
ideal of (R;,+i, X;), then for Va € :fﬂ R;, Vr; € R;, we know that

T xiaefﬂRi; axiriefﬂRi.

Notice that E(+i, x;) = R;. Therefore, we get that for Vr € E,

rxiaefﬂRi; andaxirefﬂRi

provided these operation results exist. Whence, I is an ideal subspace of R.
An ideal subspace I of a multi-ring space R is maximal if for any ideal subspace I’, if
RDOI'D T, then I’ = R or I’ = I. For any order of these double binary operations in O(ﬁ)

- m
of a multi-ring space R = |J R;, not loss of generality, assume it being (+1, X1) > (42, X2) >
i=1
-+« > (+m, Xm), We can construct an ideal subspace chain of R by the following programming.
(i) Construct an ideal subspace chain

EDEHDEQD"'DElsl

under the double binary operation (41, X1), where Ri1 is a maximal ideal subspace of R and
in general, for any integer i, 1 <i <m — 1, El(z’-&-l) is a maximal ideal subspace of ﬁli.
(1) If the ideal subspace

EDEllDélgD"'Délsl3"'Déi13"'DEisi

has been constructed for (41, X1) > (42, X2) = -+ = (44, X;), 1 <4 < m — 1, then construct
an ideal subspace chain of R;s,

Eisi > ﬁ(i—o—l)l o ﬁ(i+1)2 DD ﬁ(i—}-l)sl

under the operations (441, X;+1), where é(iﬂ)l is a maximal ideal subspace of ézs and in
general, R(;y1)(i+1) 18 a maximal ideal subspace of R(;y1); for any integer j,1 < j < s; — 1.
Define an ideal subspace chain of R under (+1, x1) > (42, X2) > -+ > (4441, X;+1) being

RORi1 D DRig, D* DRy DD Ris, D Riyiy1 O+ D Riayyy

Sig1”

Similar to a multi-group space ([3]), we get the following result for ideal subspace chains

of multi-ring spaces.
m

Theorem 2.4. For a multi-ring space R= U R;, its ideal subspace chain only has finite
i=1
terms if and only if for any integer i,1 < ¢ < m, the ideal chain of the ring (R;;+;, X;) has
finite terms, i.e., each ring (R;; +;, X;) is an Artin ring.
— ~
Proof. Let the order of double operations in O(R) be
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(+17 Xl) > (+27 X2) Il (+m7 Xm)

and a maximal ideal chain in the ring (R1;+1, X1) is

R1>-R11>-"'>-R1t1.

Calculation shows that

Ryy = R\ {R1\ Ru} = Ru | J( )R,

i=2
Rip = Riy \ {R11\ Ri2} = Ru» U(U)Ri7
i=2
Ripy, = Rio, \ {Ru,-1) \ Ru } = B, [J(U)Rec
=2

According to Theorem 3.10, we know that

ﬁDEllDﬁlgD"'DEul

is a maximal ideal subspace chain of R under the double binary operation (+1, X1). In general,

for any integer 7,1 < i < m — 1, assume

Ry = Rij1 =+ > Ry,
is a maximal ideal chain in the ring (R;_1ys,_,;+4i, X;). Calculate

R = R | J( | VB[ Ri
=it

Then we know that

E(Fl)ti,1 SRy DRipD-- D Eiti

is a maximal ideal subspace chain of R(Fl)ti,l under the double operation (+;, x;) by Theorem
2.3. Whence, if for any integer i,1 < i < m, the ideal chain of the ring (R;;+;, X;) has finite
terms, then the ideal subspace chain of the multi-ring space R only has finite terms. On the
other hand, if there exists one integer ig such that the ideal chain of the ring (R;,, +i,, X4,) has
infinite terms, then there must be infinite terms in the ideal subspace chain of the multi-ring
space R.

A multi-ring space is called an Artin multi-ring space if each ideal subspace chain only has

finite terms. We have consequence by Theorem 3.11.
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~ m ~
Corollary 2.1. A multi-ring space R = |J with a double binary operation set O(R) =
i=1
{(+4, %3)| 1 <4 <m} is an Artin multi-ring space if and only if for any integer 7,1 < i < m,
the ring (R;; 44, X;) is an Artin ring.

~ m ~
For a multi-ring space R = |J with a double binary operation set O(R) = {(+;, X;)| 1 <
i=1
i <m}, an element e is an idempotent element if %2 = e x e = e for a double binary operation

(+,x) € O(E) We define the directed sum I of two ideal subspaces I, and I as follows:

(i) I = h UL o

(it) 1 (12 = {04}, or I1 () Iz = 0, where 04 denotes an unit element under the operation
+.

Denote the directed sum of .71 and TQ by

T-L D5
If for any fl,fg, I= E@INQ implies that I~1 =7 or INQ = IN7 then I is said to be non-

reducible. We get the following result for these Artin multi-ring spaces, which is similar to a

well-known result for these Artin rings (see [12]).

- m
Theorem 2.5. Any Artin multi-ring space R = |J R; with a double binary operation set
i=1
O(R) = {(+i, x4)| 1 <i < m} is a directed sum of finite non-reducible ideal subspaces, and if
for any integer i,1 < i < m, (R;;+;, X;) has unit 1, then

R:

mo s
(B (R xi ei) | J(eis xi Ra)),
i=1 j=1
where e;;,1 < j < s; are orthogonal idempotent elements of the ring R;.

Proof. Denote by M the set of ideal subspaces which can not be represented by a directed
sum of finite ideal subspaces in R. According to Theorem 2.4, there is a minimal ideal subspace
fo in M. Tt is obvious that E) is reducible.

Assume that fo = fl + fg Then fl ¢ M and fg ¢ M. Therefore, fl and ng can be
represented by directed sums of finite ideal subspaces. Whence, INO can be also represented by
a directed sum of finite ideal subspaces. Contradicts that .70 € M.

Now let

R=T.
=1

where each E, 1 < i < s, is non-reducible. Notice that for a double operation (4, x), each

non-reducible ideal subspace of R has the form

(e x R(x)) | J(R(x) x¢), e€ R(x).

Whence, we know that there is a set 1" C R such that

R= P (exR))J®R(x) xe).

e€T, x€O(R)
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For any operation x € O(R) and a unit 1., assume that

Iy =e1®ex® - De, €T, 1 <i< s,

Then

e X1y =(e;xe1)D(e; Xex) DD (e; X ep).

Therefore, we get that

ei:eixei:e% and e; x e; =0; for i#j.

That is, ;,1 < i < [, are orthogonal idempotent elements of R(x). Notice that R(x) = Ry,
for some integer h. We know that e;, 1 <+ <[ are orthogonal idempotent elements of the ring
(Rh, +h, Xn). Denote by ep; for ej, 1 < j <. Consider all units in ﬁ, we get that

R =

This completes the proof.
Corollary 2.2.([12]) Any Artin ring (R ;+, X) is a directed sum of finite ideals, and if
(R ;+, x) has unit 14, then

R = é Riei,
i=1

where ¢;,1 <14 < s are orthogonal idempotent elements of the ring (R; 4+, x).

§3. Open problems for a multi-ring space

Similar to Artin multi-ring spaces, we can also define Noether multi-ring spaces, simple
multi-ring spaces, half-simple multi-ring spaces, - - - , etc.. Open problems for these new algebraic
structures are as follows.

Problem 3.1. Call a ring R a Noether ring if its every ideal chain only has finite terms.
Similarly, for a multi-ring space E, if its every ideal multi-ring subspace chain only has finite
terms, it is called a Noether multi-ring space. Whether can we find its structures similar to
Corollary 2.2 and Theorem 2.57

Problem 3.2. Similar to ring theory, define a Jacobson or Brown-McCoy radical for

multi-ring spaces and determine their contribution to multi-ring spaces.
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On the Product of the Square-free Divisor of a
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Abstract In this paper we study the product of the square-free divisor of a natural number
Psa(n) = ][] d. According to the Dirichlet divisor problem, we turn to study the asymptotic

dln
n(d)#0

formula of > log Psq¢(n). This article uses the hyperbolic summation and the convolution
n<x

method to obtain a better error term.

Keywords Square-free number, Dirichlet divisor problem, hyperbolic summation, convolution.

§1. Introduction and main results

F.Smarandache introduced the function Py(n) := [] d in Problem 25M). Now we define a
d|n
similar function Pgg(n), which denotes the product of all square-free divisors of n, i.e.,

Pua(n):= [] @
dln
p(d)#0
In the present paper, we shall prove the following Theorem.

Theorem. We have the asymptotic formula

Z log Pog(n) = Ayzlog® x + Aszlogx + Azx + O(x%exp(—D(log x)%(log log x)*%),

n<lz

where A, As, Az are constants, D > 0 is an absolute constant.

Notations. [z] = mazkez{k < a}p(t) =t —[t] — 1,01 (t) = fg Y(u)du. p(n) is the
Mobius function. & denotes a fixed small positive constant which may be different at each
occurence. 7y is the Euler constant. By, Bs, B3, C1, Cs , D1, Dy, D3, D4 are constants.

§2. Some preliminary lemmas

We need the following results:

Lemma 1. Let f(n) be an arithmetical function for which

l
> fln) =) 2% P;(logz) + O(z"),

n<x j=1
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> 1f(n)] = Oz log" x),

n<x

where a; > ag > -+ > a; > % >a>0,7>0, Pi(t), -, P/(t) are polynomials in ¢ of degrees

not exceeding r , and k > 1 is a fixed integer. If

ZMZ n/dk i1>1

d*|n
then l
> h(n) =" a%R;(logz) + i(x),
n<a j=1
where Ry (t),--- , Ri(t) are polynomials in ¢ of degrees not exceeding r. and for some D > 0

§(z) < x* exp (—D(logz)* (loglog z) 7).
Proof. See Theorem 14.2 of A. IviéBl when I = 1 and the similar proof is used when I > 1

Lemma 2. Suppose that f(u) € C3[uy,uz], then

w = [ ftan— v 5] 7 + vrts

ul <n<u2

Lemma 3. We have

1 1
Z =10gy+w—w(y)+0<2>,y>1.
m Yy

1<m<y

Lemma 4. We have

1(y 1
> logm =ylogy —y — ¥(y) ] (2),y21.
1<m<y Y Yy

Lemma 5. We have

I 1 1 I
Z Ogm:—ogy—+D3+O(Og2y),y21.
Yy Yy

2
m
1<m<y 4

Lemma 6. We have

log? log? 21 2 log?
> EE--d Ogy—y+D4+0<ogy>,y>1.

2
m
1<m<y y 4

Lemma 7. We have

> " d(n) = ylogy + (2y — 1)y + O(y?).
n<y
Lemma 8. We have

Z d(n)n™2 =2y? logy + (4y — 4)y? — 2y +3+ Oy~ s).

n<y



Vol. 2 On the Product of the Square-free Divisor of a Natural Number 57

Lemma 9. We have

Z d(n)n’% logn = 2y? log®y + (4v — 8)y% logy + (16 — S'y)y% +8y—16+ O(y*é logy).

n<y

Lemma 2 is the Euler-Maclaurin summation formula (see [2]). Lemma 3, 4, 5, 6 follow from
Lemma 2 directly. Lemma 7 is a classical result about the Dirichlet divisor problem. Lemma
8, 9 can be easily obtained by Lemma 2 and Lemma 7.

83. Proof of the theorem

It is easily seen that

log Pg(n) = Z log d,
n=dl,u(d)#0

which implies that (o > 1)

=" =1 d=1
—((s SORY - (s ! s !
C6) (o) = €I (6) gy + 226C (25) s
= Z hi(n)n™° +2 Z ha(n)n™*
n=1 n=1
where
=Y wdfi(n/d®), fi(n) =) logm;
d?|n m|n
=Y w@hn/d), f)= Y dk)lgm, pu(d)= Y wduk).
d?|n n=m?2k n=dk

Our Theorem follows from the following Proposition 1 and Proposition 2.
Proposition 1. We have

3
5

Z hi(n) = Byxlog® x + Boxlogx + Bz + O(w%exp(—D(log x)®

n<xz

(log log x)_%).

Proposition 2. We have

Z ha(n) = Cizlogz + Cox + O(x%exp(—D(log x)% (loglog x)*%).

n<zx

We only proof Proposition 2. The proof of Proposition 1 is similar and easier. We have

ng(n)zz Z d(k)logm = Z d(n)logm

n<x n<x m2k=n m2n<z
=S b X+ X d) X ogm X e X
m<:t3 n< ) n<x% m<( )2 m<m3 n<x%

=51 +5,— 853
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By Lemma 7, 5, 6
x x x T \3
mgx%
logm log®m 1 logm
= (zlogx + (2y — 1)z) Zl 3 — 2z Zl 2 +0 | z3 Zl 3
m<xz3 m<x3 m<x3
glogx >

1
(zlogz + (2y — 1)) (—3x_3 logz — 2”3 + Dy + O (x_

1 2
—2x (ac;» log® x — gx*% log x — 2273 + Dy+ O

By Lemma 4, 8, 9

> i (<ii>%og:i—<z>5+D1+o<logz>>

n<13
1 1
(793% logx—x% Z d(n nr— 7% z? Z d(n)

n<lz 3

So

+Dy Y d(n)+0 [logz Y d(n)

]. 1 1 2 1 1
( x?logx—x2> <3x610gx—|—(47—4)x6—27—1—3—1—0(:5 18))

1
é( 2% log” x + (4778)x%10gx+(1678'y):17%+87716+O(m 18 logx)>

1
—=
2

+D1 Y dn) +0 (237)

1
n<lz3

By Lemma 4 and Lemma 7,
S Z d(n < :1:310g33—1:3+D1+O(10gx)>

n<zd
= éx% log Z d(n) — 23 Z d(n) + Dy Z d(n)
n<a® n<a® n<z3
+0 | logx E:cﬂm
n<e3d
1 1 1 1
= <3z3ngx3> (x3ng+@7nx340(x9>)

+0 (ﬁﬂ) +Dy > d(n)

1

n<xz3
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Combining the above estimates we get

-2
Z fa(n) = Dsxlogx + ((2y — 1)D3 — 2Dy4) x + 3 5 Vb logz + (5 — 27):1:% +0 (ngFE) ,

n<z

which gives Proposition 2 immediately by using Lemma 1 .
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Abstract The main purpose of this paper is to calculate the value of the series

+oo
(="
Z ﬁ(n)’

@,
n=1"" ay

where ay(n) is the k-power complement number of any positive number n, and «, 8 are two

complex numbers with Re(a) > 1, Re(8) > 1. Several interesting identities are given.

Keywords k-power complement number, identities, Riemann zeta-function.

§1. Introduction

For any given natural number k > 2 and any positive integer n, we call ai(n) as a k-
power complement number if ai(n) denotes the smallest positive integer such that n - ax(n) is
a perfect k-power. Especially, we call az(n),as(n),as(n) as the square complement number,
cubic complement number, quartic complement number respectively. In reference [1], Professor
F.Smarandache asked us to study the properties of the k-power complement number sequence.
About this problem, there are many authors had studied it, and obtained many results. For
example, in reference [2], Professor Wenpeng Zhang calculated the value of the series

+o0 1

2 (n - a(n))*’

n=1

where s is a complex number with Re(a) > 1, k=2, 3, 4. Maohua Le [3] discussed the conver-

gence of the series

400 1
S1 =
2

and N
o0
="
2= )
n=2 ag(n)
where m < 1 is a positive number, and proved that they are both divergence.
But about the properties of the k-power complement number, we still know very little at

present. This paper, as a note of [2], we shall give a general calculate formula for

+oo _1)»
y C

et 1 a4y (n)
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That is, we shall prove the following:

Theorem 1. For any complex numbers «, 3 with Re(a) > 1, Re(3) > 1, we have

L) | ([
_t _ (ka 7
1 af(n) p perEi —1

where ((«) is the Riemann zeta-function, H denotes the product over all prime p.
P

Theorem 2. For any complex numbers «,  with Re(a) > 1, Re(8) > 1, we have

too _1\n ko _ a+(k+1)3 _ 1-— %
(1) 2(2ke — 1)(2 1) e e
S ——=(1 Cha) [T {1+ ey el B

= na ) (n) T Dt (h—1)B _ ga—(k—1)°8 '

Note that {(2) = %2, ¢4) = g—é and ((8) = %. From our Theorems we may immediately

obtain the following two corollaries:

Corollary 1. Taking a = (3, k = 2 in above Theorems, then we have

= 1 ~ (3(2a)

,,; (n-as(n))®  ((4a)’
“+o0 1 _ €2(2a) . 4o _ 1'
7; (n-as(n))>  ((4a) 4o +1’
2in
+oo
(—l)n B C2(2a) . 3 _ 4o
;(”'@(n))a T () 1r4e

Corollary 2. Taking a = =1, 2, k = 2 in Corollary 1, we have

I S N
nzln-ag(n)_27 —~ (n-az(n))? 6
*2’0 13 *i:’o 1 35
— n-az(n) -2’ — (n-ax(n))* 34’
2tn 2tn

=X (=1 JR A (R L 91
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§2. Proof of the theorem

In this section, we will complete the proof of the theorems. For any positive integer n, we
can write it as n = mF¥ - [, where [ is a k-free number, then from the definition of ay(n) we have

+oo ) oo too dzklzlﬂ(d)
D RSP L
IO
= (k)Y

=1

1 1 1

= C(k‘a)H <1+pa+(1€_1)5 +p2(0¢+(k—1)ﬁ) ++p(k_1)(a+(k_1)ﬁ))

p
= ((ka) H 1+ 1 1- m

” por‘r(kfl)ﬁ 1— m

1- m

= ((ka) H 1+ s ey 7

P

where p(n) denotes the Mobius function. This completes the proof of Theorem 1.

Now we come to prove Theorem 2. First we shall prove the following identity

+oo +oo ZM

“+o0

1 dk |l
Z a = Z Z kajo](k—
n=1"T af(n) m=1 [= lm ! Z( Y
2fn 2fmkl1

D ud)
= Z mka Z ldaJ‘:(k 1)

2J(m 2{' l

1
_ oka _ q . C(ka)@a-ﬁ-(k—l)ﬁ _ 1) H <1 . 1 pi—Dat+(k—1)23 >

oka 2a+(k—1)8 _ 9(k—1)(a+(k—1)B) thJr(kfl)ﬁ -1
p

U k)@ - pEettng) 1 e
T o(k+la+(k—1)8 _ 9a—(k—1)28 + pa+(k71)ﬁ -1 :
p

Then use this identity and Theorem 1 we have

+00 n
>
n=1 ne - af(n)
400

- Yy

a a
n=1 n ak IRL ak
2’(71

1
_ (1 2<2koz _ )(2a+(k 16 _ ) ) H < p(k—l)a+(k—1)25>
Skt Dat(k—1)8 _ 9(k—1)2 pot (DB _ 1 :
p
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This completes the proof of Theorem 2.

References

[1] F.Smarandache, Only problems, Not solutions, Xiquan Publishing House, Chicago,
1993.

[2] Zhang Wengpeng, Research on Smarandache Problems in Number Theory, Hexis, 2004,
60-64.

[3] Maohua Le, Some Problems Concerning the Smarandache Square Complementary Func-
tion, Smarandache Notions Journal, 14(2004), 220-222.



Scientia Magna
Vol. 2 (2006), No. 2, 64-69

Two Formulas for z" being Represented by
Chebyshev Polynomials!

Yuanheng Wang' and Zongsheng Sheng?

1. Department of Mathematics, Zhejiang Normal University
Jinhua, Zhejiang, P.R.China
2. Department of Mathematics, Nanyang Institute of Technology
Nanyang, Henan, P.R.China

Abstract Some very simple formulas to show how z" (n = 1,2,...) is represented by
Chebyshev polynomials Ty (z) and Ug(z)(k = 0,1,...) and their an application are given in
this paper.
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81. Introduction

The first type Chebyshev polynomials Ty (z):
1 k k
Ti(e) = 5 [(m+\/x2—1) n (x—\/ﬁ) ] k=0,1,...
and the second type Chebyshev polynomials Uy (x):

[(as+\/x2—1)k+1— (m— mQ—I)kH} Jk=0,1,...

) = sy

have widely applications in many fields!'=*, contact closely with Fibonacci numbers, Lucas
numbers®—% and so on. It is a general method that each ™ (n=1,2,...) is represented by

Chebyshev polynomials Ty (z) and Ug(z) (k=0,1,...,n). But so far it is regretted that one
can only use some recurrence relations(”, recurrence formulas

Tiy2(2) = 20Tk 1 (z) — Ti(2), Upgo(z) = 22Up41(x) — Uk(z),k =0,1,...
where Ty(x) = 1, Ti(z) = z, Uy = 1, Uy = 2z, or some tablel>~3:

1 1 1
1=Ty, z=T, z°= 5(T0 +Ty), 2°= 1(3T1 +Ty), 2*= g(3T0 + 4T, +Ty),
5 1 6 1
xr° = T6(10T1 + 573 +T5), T = 33(10T0 + 1575 + 6T} +T6),

1 1
T_ (35T 1T T 8 _ 1
o= BT A AT T+ 1), 2% = g

IThis work is supported by the Education Department Foundation of Zhejiang Province (200208689)

3570 + 5615 + 28T, + 8T + Ts), .. -
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It is obviously that the bigger n is, the more difficult the problem is. In this paper, we shall
give the very simple formulas to solve the problem thoroughly, and give some perfect related

results of trigonometric formulas.

“'7’ “”7’

IMlustration: is the factorial sign and is the double factorial sign through this

paper. For examples,

N=9%x8x7x6x5x4x3%x2x%1, IM=9x7x5x3x1, 8l =8x6x4x2.

§2. Main Result

Theorem 1. Let
" = fanoTo )+ Z ank T (x (1)

Then if K > n+1, anx, = 0; If k£ < n, k and n are of opposite parity, then a,, =0; If £ < n, k
and n are of same parity, then
2n!
ok = = ) (n + k)

Proof. Multipy T;,,(z)/v1 — 22 (m =0,1,...) to the two sides of (1) and definite integral
from —1 to 1. Because of the orthogonal property!?®! of the first type Chebyshev polynomials,

we can get
i )

Y Ty (2) T (2) = ' Ty(2) T ()
= R dr Y ank | e da

1

—a

2 "o —1 val —z2 =1 —1 \/1—332
T

2

™
— Ay, = §ank(where k=m)

der =

2 ! ank(.r)
Apk = — —_—
K T™J_1vV1— 2

Let x = cost and use the formulal®!

dx

" (p— DM ‘
by, = / cos? tdt = fmwhen p is even; b, = 0,when p is odd.
0 p::

We have

™

2 T
ank = f/ cos™ t cos ktdt
0

2 (7 2 [
— / cos" T tcos(k — 1)tdt — 7/ cos” tsintsin(k — 1)tdt
™ Jo T Jo

2 1 . 2 k-1 .
= G(nt1)(k-1) T g cos" ! tsin (k — 1)t[7 — gl / cos™ ! tcos(k — 1)tdt
k— n—Fk+2
= Anynyk-1) +0— —ry 1a(n+1)(k D= T M-
n—k+2 n—k+4

T 42 ng2 (0T
n—k+2 n—k+4 n—k+2i n—k+ 2k
n+1 n+2 7 n+i T n+k

QA (n+k)(0)-
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So when n + k is odd, or n and k are of opposite parity (whether k& > n or k < n), anx =0
for an4ko = %anrk = 0; when k > n, n and k are of the same parity, or k = n+ 2i (i > 0),
ank =0 for n — k+2¢ =0; when kK <n+ 1, n and k are of same parity, or n + k is even, then

(ntk)!
(n—k)n 2
Unk = Cogpr ;bn-l—k
n!
_ GEr 2 (k- D 2!
CwE k) (=R R
Theorem 2. Let
" = bpoUs(x) + Z bk Ug (). (2)
k=1

Then if £ > n+1, by, = 0; If £ < n, k and n are opposite parity, then b, = 0; If £ <n, k and

n are of the same parity, then

2(k+ 1)n!
n—kMW(n+k+2)!

bnk: =
(

Proof. Multiply Uy, (z)v1 — 22 (m = 0,1,...) to the two sides of (2) and definite integral

(3,8]

from —1 to 1. Because of the orthogonal property!'>®! of the second type Chebyshev polynomials,

we can get

-1 -1
/ 2" Up(2)V1 — a?2de = bnO/ 2" Up(2)Up ()1 — 22dx
1 1
o0 -1
#3 bt [ 5 U@ U () VT P
k=1 1

™

= gbnk(where k=m),

2 71
bk = 7/ 2"Uk(z)v 1 — a?dx.
1

™

Let x = cost and we have

A 2/” cos"tsin(‘k—i—l)tsintdt
T Jo sint
2 -1 2k+1 [T
= ficosn+ltsin(k+1)t|g+fi/ cos™ 1 tcos(k + 1)tdt
mn+1 mn+1J,
kE+1

= n+1a(n+1)(k+1)-

So we can get the result of Theorem 2 from Theorem 1. By using theorem 1,2, changing n to

2n or 2n + 1, we can get very simple formulas:
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Theorem 3.

o (2n)! 2(2n)! & 1
x 4n(n|)2 O(l‘) 4n —~ (n—k)'(n+k)' 2k(x)
(2n)! & 2k +1 (@)
T = -k
n=0,1,2,...,
_— (2n +1)! 1
v An kZ:O(n—k)!(n—f—k:—i-l)! 2e1(7)
o @2n+ ) k+1
- 4n ];) (n—k)(n+k+ 2)!U2k+1($)’
n=0,1,2,....

(4)

Therom 3 is very convenient for us and it is suggested to be written in the books. For example,

we can immediately get that
9! 1 1 1 1 1
o = 47(?5! 1(z) + %TB(@ + ﬁTS(@ + T&Tﬂm) + gTs)(ff))
63 2

| 9 9 |
_ % o on 2 1
Tog L1 (@) + gy T(@) + @ To (@) + 5e Tr(w) + 5c To (@),

50
100 100! 100! 1

-
v 30 (5012 101) + 559 22 (50 — k)!(50 + k)

!T2k(95)-

8§3. Some Formulas of Trigonometric Function

Although there are many formulas of trigonometric function, we can still get some new

ones.

Theorem 4. For many positive integer n, we have

n

on (2n)! 2(2n)! 1
= 2
TP T 2R+ R cos(2k),
R ¢ S DI 1 okt 1
cos r = " E (nfk)!(nquJrl)!COS( kE+1)x.

k=0
Proof. Making cos™ x Fourier cosine expansion, we get
b)

1 o0
cos™ x = gamo + E Ak COS kX,
k=1

2 ™
Amk = - cos™ x cos kxdx.
0

Changing m to 2n or 2n + 1, we can complete the proof of Theorem 4 from Theorem 1.
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Theorem 5. Let n be an integer,
Gk = /cos” x cos kxdz,
H,, = /cos" x sin kadx,
I, = /sin" x cos kxdzx,

Jnk = /sin” x sin kxdx.

Then,
1 . n—=Fk+2
Gpr = ] sin"™ zsin(k — 1)z + THG(TLH)U@—U»
-1 n—k+2
_ n+1 :
H,. = o cos xsin(k — 1)a + WH(njtl)(kfl%
1 n—=k-+2
_ . n+1
I, = —— sin" " xcos(k — 1)z — ni_'_lt](n+1)(k71)a
1 n—k+2
on+1l e
Tk rm sin"™ zsin(k — 1)z + ni_’_ll(nJrl)(kfl)- (6)

Proof. The proof can be completed just using elementary formulas
coskx = cosxcos(k — 1)z — sinxsin(k — 1)z,
sin kx = sinz cos(k — 1)z + cosz sin(k — 1)z,

and the method of integration by parts.
Theorem 6. For any positive integer n, we have

Con () 202n) & (—1)*
ST e T T ;(n—k‘)!(n—i—k)!ms@k)x’

s 2n+1 _ (2n+1)' . (_1)k .
sin?"tly = D kz:;) CEICE TS sin(2k + 1)z. (7)

Proof. Making sin™ x Fourier cosine expansion, we get

1 o0
sin”z = 5 @m0 + Z(amk cos kx + by sin k),
k=1
1 (" . .
Amk = — sin" x cos kxdx,
T Jo
I
bk = f/ sin™ x sin kxdx.
T Jo
Changing mto 2n or 2n + 1, we can complete the proof of Theorem 6 from Theorem 5 and
Theorem 1.
In formula (5) and formula (7), it is interested that the absolute values of the coefficients of

corresponding terms are equal. Those formulas seem wonderful.
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Two Problems About 2-Power Free Numbers
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Abstract For any positive integer n, let a,, denote the nth 2-power free number. In this

paper we probve that a, < 1.8n.

Keywords 2-power free number, upper bound, Mobius inversion formula.

§1. Introduction and results

Let a be a positive integer. If a has no square divisor greater than 1, then a is called a
2-power free number (see [1]). Recently, Mladen and Krassimir [3] showed that

1
an < [4(712 +3n+4)] ,

where [z] is the integral part of . Simultaneously, they proposed the following two problems.
Problem 1. Does there exist a constant C' > 1 such that a,, < Cn ?
Problem 2. IsC <27
In this paper, we completely solve the above mentioned problems as follows:

Theorem. For any position integer n, we have a,, < 1.8n.

§2. Proof of the theorem

Now we complete the proof of the theorem.
Clearly, the theorem holds for n < 10%. We now suppose that

an > 1.8n (1)

for a positive integer n with n > 10%. For any real number = with > 1, let f(x) denote the

number of 2-power free number a with a < z. We find from (1) that
f(n) < 0.56n (2)

for a positive integer n with n > 10°.
Notice that every positive integer a can be expressed as a = b?d, where b is a positive

integer and d is 2-power free number. Hence, we have

n:[n}zif(%), (3)
k=1

1 Supported by the National Natural Science Foundation of China (No0.10271104) and the Guangdong
Provincial Natural Science Foundation(No.04011425).
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where r = [\/n]. By the Mobius inversion formula (see [2, Theorem 268]), we get from (3) that

f(n) = ﬁjm ()

where p(4) is the Mobius function.
Since |u(k)| < 1, we obtain from (4) that

f) >3 (4 ~1) 2 n f‘@,‘j)_ﬁ:n@i@_z H)_ﬁ

i=1 i=1

—1 2 — (i)
et LT
i=1 i=1
It is easy to check that
roq 1000
2 > 7l > 1.6071.
i=1 i=1

sincey/n < g5 if n > 109, substitute (6) and (7) into (5), we get
f(n) > 0.56n,

which is a contradiction with (2). Thus, the theorem is proved.
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Abstract Let Py(n) = [] d,1 <1 <gq, wherel,q are fixed numbers. This paper uses
dln,d=l(q)
the hyperbolic summation method and the exponential pair theory to obtain the asymptotic

formula of Y log Pia(n).

n<z

Keywords Exponential sum, hyperbolic summation method, exponent pair.

81. Introduction

F. Smarandache introduced the function Py(n) := [] d in Problem 25 of [1]. In this paper
d|n
we shall define a similar function and study its property. Let 1 <1 < ¢ be fixed integers. Now

we define a function P4(n) by

Pan):= [ @
d|n

d=l(modq)

In the present paper, we shall prove the following:

Theorem. For any real number = > 1, we have

v—1

1
> log Paa(n) = 5 wlog”x + - —wrlogr +ex +0((g™'a)#7°),

n<z

where ¢ is a constant which depends on ¢ and [, y is the Euler constant.

Notations. For any real t, [t] is the integer part of ¢, (t) =t — [t] — 1 and e(t) = ™.
U < V means |U| < CV for some unspecified positive constant C. We also use the Landau
notation U = O(V); this is equivalent to U < CV. f ~ g means c1g < f < cog with
some positive, unspecified constants ¢y, co. Throughout this paper, c1, ¢2, c3 are constants which
may depend on ¢,l. € denotes a fixed small positive constant which may be different at each

occurence.

8§2. Some Lemmas

We need the following Lemmas.
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n<x

Lemma 1. Suppose that f(u) has two continuous derivatives on [ug, us]. Then

/ b (u

Proof. This is (2.2.8) of [3] (I = 2), i.e. Euler-MacLaurin summation formula.

u

/ fw)du — p(u) fw)| "+ (u

ul

Ul <77,<’I,L2

Lemma 2. For y > 1, we have
l 1
> log(l+mg) =ylogqy—y—v (y— = |loggy+e1+0 |~ ).
L q Yy
0<m<y—1L
l

Proof. This follows from Lemma 1, take f(n) =log(l +nq), u1 =0, us =y — 7

Lemma 3. For y > 1, we have

1 1
Z =logy+7—¢(y)+0<2).
15ty P Y 4

Proof. This is Lemma 4.4. of [2].

Lemma 4. For y > 1, we have

logk 1 1
Z o8 :10g2y+62—w(y)10gy+0(2>.
k Y y

2
1<k<y

Proof. This follows from Lemma 1, take f(n) = log" Jup = 1us = .

Lemma 5. For y > 1, we have

Z log(L +ma) _ —log qy-i—c—quyz/}( l>+0(12>.

l 2q
o<mey-t LTM4 q y

Proof. This follows from Lemma 1, take f(n) = bﬂ#, up = 0,uy =y — é.

Lemma 6. Suppose f(n) is a real valued function on the interval [V, N7], where 2 < N <
Ny <2N. If [fO)(n)| ~ \\N~7t1(j = 1,2,3,4,5,6), then

3 G(f(n) < AFTNER AT

N<n<Ni

where (k, A) is any exponent pair.
Proof. This follows from Lemma 4.3. of [2].

§3. Proof of the theorem

In this section, we always assume (k, A) is an exponent pair.

Y logPu(n)= Y logd= ) = log(l+mq).

n<zx dk<z,d=l(q) (I+mq)k<z
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By hyperbolic summation method, we have

Z log P,4(n) = Z Z log(l +mq)

ne 1§k§(§)% 0<m< & —1L
X
log(l
’ Zl L}mﬂ} og(l +mq)
0<m<(2)2-L
3
_ [(‘Z) 1 Z log(l + mq)
0<m<(2)3—1L

where

x T 1
<l+mq —¥ <l+mq> B 2) log(l +mq).

(@ (@) )z e

M MM
I

where

1 1
Z = 3x10g2x+(7——0gq>xlogw—51
1 q q
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n<x
By Lemma 5, we get
1 1 log?
22: &]xlogzx—kc;g(;]xlogx—l—(c?,—k quq)x
1 1

1 2 2]

6 () e
2 \¢q q q
1

3 2 loall+me) =8 +0), (3)

0<m<(2)2 -1

where

where

Now we estimate S7 and Sy, where

S

[l
<
7 N

| =

|
=
o
0]
e

Sa

I
<
0

+
&
3
2
N——
<}
=
4
3
=2

We only estimate S7, the estimate of Sy is similar to S;. First we estimate

T {
S = Z (0 ( - > .
N<n<2N - q

By Lemma 6, we get

Si < (eq 'NTHFENTE g 'N?
< (g HFFE N 4 gz N2, (6)
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Then

)= 2,500

23 1<j<Jnel;
q

# Y 0y 3 g
1<5<J 1<5<J

Then by partial summation, we get

S1 < (g7 ) B (7)
Now, Theorem follows from (5) and (7).
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Abstract The main purpose of this paper is to study the distribution properties of the

k-power free numbers, and give an interesting asymptotic formula for it.

Keywords k-power free number, mean value, asymptotic formula

§1. Introduction

A natural number n is called a k-power free number if it can not be divided by any p*,
where p is a prime. One can obtain all k-power free number by the following method: From
the set of natural numbers ( except 0 and 1 ).

—take off all multiples of 2%, (i.e 2% 2k+1 2k+2 ),

—take off all multiples of 3*.

—take off all multiples of 5*.

... and so on ( take off all multiples of all k-power primes ).

When k = 3, the k—power free number sequence is 2, 3, 4, 5, 6, 7, 9, 10, 11, 12, 13, 14,
15, 17,---. In reference [1], Professor F. Smarandache asked us to study the properties of the
k—power free number sequence. About this problem, Zhang Tianping had given an asymptotic

formula in reference [3].That is, he proved that

Z w?(n) = x(lél(lkn)x) + O(z(Innx)),

n<lx
neB
where w(n) denotes the number of prime divisors of n, {(k) is the Riemann zeta-function.
This paper as a note of [3], we use the analytic method to obtain a more accurate asymptotic
formula for it. That is, we shall prove the following:
Theorem. Let k be a positive integer with k > 2, B denotes the set of all k-power free
number. Then we have the asymptotic formula

Z w?(n) = ﬁ (a?(lnlnx)2 + Cizlnlnz + C’zx) +0 (mlnlnx> ,

Inx

n<zx
neB

where (k) is the Riemann zeta—function, C; and Cs are both constants.

§2. Some Lemmas

To complete the proof of the theorem, we need following several Lemmas.
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Lemma 1. For any real number x > 2, we have the asymptotic formula

Z w(n) = zlnlnx + Az + O (ﬁ) ,

n<z

Zw lnlnm) +azlnlnm+bz+0(

n<z

zln Inx
Inz /)’

1 1
where A = v+ Z (ln (1 — ) + >, a and b are two computable constants.
p p

Proof. See reference [2].

Lemma 2. Let u(n) be the Mobius function, then for any real number 2 > 2, we have the

pw(n) 1 1
T <<s>§s

following identity

p*—1
Proof. See reference [3].
Lemma 3. Let k£ > 2 be a fixed integer, then for any real number x > 2, we have the
asymptotic formula
1
(k)

S wHmud) =

dkm<z

Inl
(m(lnlna:)2 + axlnlnz + bm) +0 (1: - nx) .
Inz

Proof. From Lemma 1 we have

dEm<zx dgz% mfdik
o x T o T T z d%lnlndk
d<z k
1(d) klnd\ \ > pld), | x
= =z Zl S (lnlnx—!—l <1_1n:r + ax 1 d—klnlnd—k
d<zk d<z %
u(d) zln Inz
szjdk+o<lm . (1)
d<z®
The first term on the right hand side of (1) is
w(d) kind \ \ >
T Zl 7 (lnln +1In (1 -
d<z®
mm ju(d)| n*d
= z(Inlnz)? W ‘nlnz | +0
z(Inlnx) Z e . o dk In%z
dS:L’k dg:vk d<z®

_ z(Inlnz)? 1 9 zlnlnz ER
_Aﬁwﬁf+o@mmm@)+o ) O
_ x(Inlnz)? L0 (mlnlnm) .

Inx
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The second term on the right hand side of (1) is

D E o D) g+ an Z <1 - klnd)

dk d dk Inz
d<z k % d<z k 2 d<z k ;
_ azxln lnx |,u |u(d)] Ind
= r 2 DD
d>x * d<z *

azxlnInx ( T )
C(k) '
The third term on the right hand side of (1) is

1(d) O(u 1) bz 1

d<zk d>xk

Inz

From the calculations above we get the asymptotic formula
1
(k)

S WPnuld) =

dFm<z

Inl
(x(lnlnx)2 + azlnlnz + b:c) +0 (I - n;z:) .

Inx

This proves Lemma 3.

Lemma 4. Let any real number x > 2, we have the asymptotic formula

Z WHd)p(d) = Ay + O (x%(lnlnx)z) ,

dFm<zx

oC
where A = > % is a calculable constant.
d=1

Proof. Note that the series > . w?(d)u(d) is convergent, so we have

> D) = Y Hdud) Y 1= Y wXdu(d)| 5|
d*m<z A<zt m< & d<at
xX 0_}2 w2
= o) (?k”(d) +0 |2 Z (dfl‘:‘(d)' +0 W (d)|u()|

1
Tk
= Aiz+0 (mi (Inlnz) 2) (m% lnlnxk)z)
= Aixz+0 (x% (Inlnx) 2)

This proves Lemma 4.

Lemma 5. For any real number x > 2, we have the asymptotic formula

ST @A m)u(d) = Asw+ 0 (o),

dFm<z
w2 U S
@y Sy )
u|d g|i

where Ay = is a calculable constant.
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Proof. Assume that (u,v) is the greatest common divisor of u and v, then we have

Yo Pldmpd) =Y w@Yy Y W)

dkm<z dgm% uld m< (ﬁc

ulm, (2, 4)=1

a<at
= 2 uld) 5 () S u(s)

sk G li
- Ll 3 S

d<at  uld aSgE N
) dgk %w SZ;“ 7
— g:k %w > (- + o)

<o )y L‘)iimz*‘(ss) ‘Z Z |u8 5|
_ QC; uld . o4 o xz e . T

+O | D @)D @) |uls)

d<zF uld 5|4

= Ax+0O (:13%“) ,

where ¢ is any positive number. This proves Lemma 5.
Same as the method used in the above Lemmas, we can easily get the following three
asymptotic formulas:

Lemma 6. For any real number x > 2, we have

3 w(d)w((d,m))u(d) = Asz + O (x%ln lna:) ,

dFm<z

Inx

Z w(m)w((d,m))p(d) = Agzlnlnz + O (

dFm<z

zln lnaj)

> wdw(m)u(d) = C (zlnlnz + Az) + O (””ln lnx) ,

Inx
dkm<z

1 1
where C = ——— Z et As and A4 are constants.

(k) <= p
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§3. Proof of the theorem

In this section, we shall complete the proof of Theorem. From Lemmas above, we have

S ) =Y w0 Y ud = Y WAdm)u(d)

n<x n<z dk|n dkm<zx
neB
= ) (w(d)+wm) —w((d,m))*u(d)
dFm<z
= Y Wmud + Y )+ Y W((dm)u(d)
dFm<z dFm<z dFm<z

2 Y w@emu@ ] -2 3 wdw(dm)ud)

dFm<z dFm<z

=2 > wimw((d,m))u(d)
dFm<z
= ﬁ (a:(ln lnx)2 + Cizlnlnz + C’Qa:) + 0 (

This completes the proof of Theorem.

zln Inz
Inz '
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Abstract Let a # 0 be any given real number. If the variables z1, 2, -, z, satisfy
T1x2 -+ Tn = 1, the equation

1 4 1 o, 1

—a + —a 4.4+ —a"™ =na

T1 T2 Tn
has one and only one nonnegative real number solution 1 = 2 = --- = z, = 1. This
generalized the problem of Smarandache in book [1].

Keywords Equation of Smarandache, real number solutions.

81. Introduction

Let @ denotes the set of all rational numbers, @ € @ \ {—1,0,1}. In problem 50 of book

[1], Professor F. Smarandache asked us to solve the equation

1
zar + —ad® = 2a. (1)
x
Professor Zhang [2] has proved that the equation has one and only one real number solution

2 = 1. In this paper, we generalize the equation (1) to

1 1 1
—a" + —a"™ + .-+ —a"" = na, (2)
T T2 L
and use the elementary method and analysis method to prove the following conclusion:
Theorem. For any given real number a # 0, if the variables x1,xs, -+ , T, Ssatisfy

T1xo - T, = 1, then the equation

1 1 1
7aw1+7a$2+...+7amn:na
X1 T2 Ip

has one and only one nonnegative real number solution r1 = x9 =+ =z, = 1.

§2. Proof of the theorem

In this section, we discuss it in two cases a > 0 and a < 0.
1) For the case a > 0, we let

1 1
f(:IZl,ZL'Q, cee ,xn_l,:cn) = —a™ 4+ —a" 4+ -+ a® ' + —a"r — na,
T T2 Tn—1 Ty
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If we take z,, as the function of the variables z1,zs, - ,Z,_1, we have

1 x1 1 T2 Tn—1 1’1w2“1‘r 1
flzr, 20,y Tpo1,@n) = —a™ + —a™ 4+ - + a®"t + X1 Tp_1Q n—1 —ngq.
T L2 Tn—1

Then the partial differential of f for every z; (i =1,2,---,n—1)is

0 1 1 1 —
f = —ag" (loga — > + —a™1m2 -1 (pyxg - - Ty—1 — loga)
ox; xT; ; T

1 , 1 1
= — (aml <loga— ) +a® ( —loga>) .
x; X In

1 1
g(x1,22, + Tp_1,Zpn) = a™* (loga — ) +a® ( - loga) , (3)

Z; LTn

Let

the partial differential quotient of g is

1 1 En
8.9 = q% <10g2a _ oga T a (zi 10g2a — Tn loga + 1))

2
ox; T; TP Ty

o z;lo a—1 2+§ + ar zp lo a—1 2—!—§ >0
2\ o) Ty ) T, \\R Ty ) Ty o

It’s easy to prove that the function u(z) = a*(loga — %) is increasing for the variable x when

x > 0. From (3) we have:

i) if ¢; > xp, g > 0, aaTi > 0, and f is increasing for the variable x;;

i) if @; < xp, g <0, % < 0, and f is decreasing for the variable z;;
of

i) if ; = x,, g =0, 52- =0, and we get the minimum value of f.

We have

f Z f:m:mn Z fm1::m:mn 2 2 f11:m2:"':frn 2 fI1:m2:"':frn:1 = 07

and we prove that the equation (2) has only one integer solution 1 =z =--- =z, = 1.

2) For the case a < 0, the equation (2) can be written as

1 1 1
— (=D |a]** + —(=1)*2|a|** +-- - + —(=1)*|a|™ = —nla 4
—(=)™ e + —(=1)7a — (1) |af" = —nlal @)
so we know that x; (i =1,2,---,n) is not an irrational number.
Let x; = % (¢; is coprime to p;), then p; must be an odd number because negative number
has no real square root. From xizs---2, = 1, we have p1ps- - pn = q1q2 - qn, 80 q; is odd
number and (—1)* = —1 (¢ = 1,2, -+ ,n). In this case, the equation (4) become the following

equation:
1 1 1
—lal" + —al™* ++ -+ —a|" = nlal.
I T2 In

From the conclusion of case 1) we know that the theorem is also holds. This completes the

proof of the theorem.
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Abstract For any positive integer n, let SL(n) denotes the least positive integer k such
that L(k) = 0 (mod n), where L(k) denotes the Least Common Multiple of all integers from
1 to k. The main purpose of this paper is to study the properties of the Smarandache LCM

function SL(n), and give an asymptotic formula for its mean value.
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81. Introduction

For any positive integer n, we define SL(n) as the least positive integer k such that L(k) =0
( mod n). That is, SL(n) = min{k : n | [1,2,3,--- ,k]}. For example, SL(1) =1, SL(2) = 2,
SL(3) =3, SL(4) =4, SL(5) =5, SL(6) =3, SL(7) =7, SL(8) =4, ---, SL(997) = 997,
SL(998) = 499, SL(999) = 37, SL(1000) = 15, ---. The arithmetical function SL(n) is called
the Smarandache LCM function. About its elementary properties, there are some people studied
it, and obtained many interesting results. For example, in reference [1], Murthy showed that if
n is a prime, then SL(n) = S(n) = n. Simultaneously, he proposed the following problem,

SL(n) =S(n), S(n)#n? (1)

Maohua Le [2] solved this problem completely, and proved that every positive integer n satisfying

(1) can be expressed as

n=12 or n=p"ps* - -p¥p,

where p1, po, -+, pr, p are distinct primes, and ay, as, -+, o, are positive integers satisfying
p>piiti=1,2,-, 1.

But about the deeply arithmetical properties of SL(n), it seems that none had studied it
before, at least we have not seen such a result at present. It is clear that the value of SL(n) is
not regular, but we found that the mean value of SL(n) has good value distribution properties.
In this paper, we want to show this point. That is, we shall prove the following conclusion:

Theorem. For any real number z > 1, we have the asymptotic formula

2 IE2

x? T z2
SL(n) = Az’ 4 c;— 4+ co—5— + - +c +O( >,
Z (n) Yno 21n2x klnkx Ikt .

n<lz
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1 1
where A = 52 pomE k is any fixed positive integer, and c¢1, co, --+, ¢ are calculable
p2 —
P
constants.

§2. Proof of the theorem

In this section, we shall complete the proof of Theorem. First we need the following two
simple lemmas.

Lemma 1. Let n = p{"p5? - - pi'* be the factorization of n into prime power, then
SL(n) = max (p*, p3?, -+ pit).

Proof. This Lemma can be deduce by the definition of SL(n), see reference [1].
Lemma 2. For any arithmetical function a(n), let A(z) = Z a(n), where A(z) = 0 if

n<zx
x < 1. Assume f(z) has a continuous derivative on the interval [y, z], where 0 < y < z. Then

we have

y<n<z

Proof. This is the famous Abel’s identity, its proof see Theorem 4.2 of [2].

Now we complete the proof of our Theorem. We will discuss it in two cases. Let p be the
greatest prime divisor of n,

(a) if n=p-1, p>1, then use Lemma 1 we obtain SL(n) = p.

(b) If n=p-1, p <, then we will discuss it in three cases.

(7) If n is complete power of prime, that is n = p®, o > 2, then SL(n) < n, but the number
of this kind n is not exceed v/n. Thus Z SL(n) =0 (;E%)

n<lz
n=p%
a>2
(i4) If n is not complete power of prime, that is n = [ - p*, and | < p*, I < /n, then

SL(n) = p*. Thus

>, SL() 2. 22

e 2<a< e ISV POST
n=L-p
I<p>

In :
2<a< 15

= > | X

1
L
2cactnz \i<yz 0 (7)"

1ta
- 2 leoz;lam+0<x2 )

2<a<liz \1<yz 07
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Because a > 2, so &=

(#i7) If n is not complete power of prime, that isn =1-p

then SL(n) ={. Thus

> SL(n)

n<z
n=I-p>
I>p>

1
lsa<ii

where

T 2 X

ISa<2g p<z2a %a

L < % We obtain

> SL(n)

n<zx
n=I[.p>
I<pe

Inx
2<a< i3

2. 2 !

1<a<iiz pe/zl<&

PP

oo 1
1fa<iis p<z2a

=0 (x% lnx) .

2 1
> %Zﬁ*O

1 1
1<a<iss p<zZa

Y x4
- 2 p2a
1<a<izz \ P
5 1— —L _

In z)

x ]- p2[1112
- YIS
p p?

., and [ > p©

> i

1
p<z2e

-2

1

1
p2o

p>x2a

E x2.x_ 20

1<O‘<1 2 p>x bre

Inx
In2

z? 1
= — 0
72t
1<a<
= TAz>+0 Z o5
1§a<{ﬁ—§
Using the same method, we deduce that
ol ¥ ¥ 2]-om
1<a<iy vy p<x 20 e
Because a > 1, so L < % Thus
> SL(n)=A2’+0

n<x
n=l-p>
[>pe

1<a<ifis

2 2 m

2a—1

,a>1,p

<V,
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1 1
where A = 5 Ep: in_l
Combining the above two cases, we may immediately get following equation
Y SLn) = > p+ > SL(n) (2)
n<x n<x n<lx
p>l p<l
p>/n
= Z Z p—&-Ax?—l—O(x%lnx).
1<z I<p<E

Let a(n) denote the characteristic function of the prime. That is

1, if n is prime;

9

a(n) =
0, otherwise.

> aln) =) 1=m(x).

Then we have A(z) =

1<n<z p<x
Thus by Lemma 2
x %
Z p= aln)yn=m (7) 7 Ot — /l 7(t)dt,

I<p<7F I<n< %
+Aiprs HAopss + o Ay + 0 (ﬁ), A; are calculable constants

where 7(z) =
i=1,2,...,n

Then
ZS: - Py <7r <7) Y —/l w(t)dt)

~8
N
8
[V
o[
S
1Y
Jr
@)
/N
=3
3
s
~l8
~_—

where
T T t
t)dt = —dt+ / —dt+ 0O / ——dt | .
/l m(t) /l Z Hl ( ; I >

Integration by parts give us
/lf ﬁdt B 2123:11? " 4z231612129; " 412313237 o (m“lex) ’
/l? lntztdt B 2123112127 " 252Tj37 " 4123£z§ Tt (mfjla) ’
t z? na? n(n+ 1)z’ _.,+O< - )
812In"*? 2 2" g

%
dt =
/l In" ¢ 202In" 7 * 472 In™ ! z
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Combining above formulas, and take them in (3), we obtain

l’2 IE2 1’2 0 IL'2 4
B B ...+ B,
2 2 2 Pz T ErE T e T <1n”+1x) @

1<z l<p<T 1<z
2
B 22 | B ( 1 >+ Bs ( 1 ) -
- E: 72 Inl 2 Inl
v 2 |lnz \1-— e In“z — s

n n+1
B, 1 o 1 1
e \1- oL e \1-
1

z? 1 Inl In?{
= B —+— 4+ 4+... 40
Z 12 [ ' (lnx+ln2x+ln3x+ * (111”:0))

I<Jz

1 Inl  In?l
+Bz<+r; + 40

Inz  Inz In°z

1 Inl In%l
+B3(—+ —5—+—5—+-+0
3<1D$ %z W’z

x
B 1 n Inl n In?1 n L0 1
b Inz  In’z Iz In" z

where B; are constants, i =1,2,...,n.

> In* 1
We know that Z R

=1

nFl I In* In*
¥ sy o (),

I<Vw =1 >z

= ¢, thus

22
In* x

In (4) every coefficient of is calculable, where k is any fixed positive integer.

So we obtain that

> > U A
p 11n$ 21n2x k nf*e /)’

k
1<z l<p< T In" z

Combining this formula with (2), we obtain

st = Y Y o+ det+0(athno)

n<zx <z l<p<F

x? x? x? x?
= Ax? i 4 40—,
* +Cllnx+021n2x+ +Cklnka7+ (lnkﬂﬂi)
1 1 . e
where A = 52 Py k is any fixed positive integer, and cq, co, ---, ¢ are calculable
P2 —
P

constants.

This completes the proof of the theorem.
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Abstract In this paper, we use the elementary methods to study the properties of the con-
structive set S, and obtain some interesting properties for it.
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§1. Introduction and Results

The generalized constructive set S is defined as: numbers formed by digits dy,ds, - ,dp,
only, all d; being different each other, 1 < m < 9. That is to say,

(1) dy, da, -+ ,dy, belongs to S;

(2) If a, b belong to S, then ab belongs to S too;

(3) Only elements obtained by rules (1) and (2) applied a finite number of times belongs
to S.

For example, the constructive set (of digits 1, 2) is: 1,2,11,12,21,22,111,112, 121,122,211,
212,221,222 1111,1112,1121 - - -. And the constructive set (of digits 1, 2, 3) is: 1,2,3,11,12, 13,21,
22,23,31,32,33,111,112,113,121,122,123,131, 132,133, 211, 212, 213, 221, 222, 223, 231, 232, 233,
311,312,313, 321, 322,323,331, 332,333, 1111, ---. In problem 6, 7 and 8 of reference [1], Pro-
fessor F.Smarandache asked us to study the properties of this sequence. In [2], Gou Su had
studied the convergent properties of the series

+oo

1
o)
{ dn

n=

and proved that the series is convergent if a@ > logm, and divergent if o < logm, where {a,}
denotes the sequence of the constructive set S, formed by digits dy,ds, - - - , d,, only, all d; being
different each other, 1 < m < 9.

n
In this paper, we shall use the elementary methods to study the summation Z S and

k=1
n

Z Ty, where Si denotes the summation of all k£ digits numbers in S, T}, denotes the summation
k=1
of each digits of all k£ digits numbers in S.

That is, we shall prove the following
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Theorem 1. For the generalized constructive set S of digits d1, da, -+ ,dm (1 <m <9),

- di+do+ - +dn 10m)" — 1 n_1
Zsk: 1+ do + + <10><( m) _m )7
Pt 9 10m —1 m—1

we have

where Si denotes the summation of all k£ digits numbers in S.
Taking m =2, dy =1 and ds = 2 in Theorem 1, we may immediately get

Corollary 1. For the generalized constructive set S of digits 1 and 2, we have

n
1 20" — 1
Sp = = (10 _ong1).
;’“ 3( T +)

Taking m = 3, dy = 1, do = 2 and d3 = 3 in Theorem 1, we may immediately get the

following:
Corollary 2. For the generalized constructive set S of digits 1,2 and 3, we have

= 2 30" -1 3" 1
Se=2(10 S D).
kz::l’“ 3( * 9 2+2)

Theorem 2. For the generalized constructive set S of digits d1, da, -+ ,dm (1 <m <9),

we have
nm"t — (n+1)m" +1
(m—1)? ’

D Ti=(di+dy+ - +dpm)
k=1

where T}, denotes the summation of each digits of all k digits numbers in S.
Taking m = 2, d; = 1 and do = 2 in Theorem 2, we may immediately get the following:

Corollary 3. For the the generalized constructive set S of digits 1 and 2, we have

> T =3n-2"" —3(n+1)2" + 3.
k=1

Taking m = 3, d; =1, d2 =2 and d3 = 3 in Theorem 2, we may immediately get

Corollary 4. For the the generalized constructive set S of digits 1,2 and 3, we have

= 3 3 3
T — 2. 371,—‘1-1 _ Y 1 37l =z
; & 2n 2(n+ ) + 9

§2. Proof of the theorems

In this section, we shall complete the proof of the theorems. First we prove Theorem 1.
Let Sy denotes the summation of all k£ digits numbers in the generalized constructive set S.
Note that for k = 1,2,3,---, there are m”* numbers of k digits in S. So we have

Sp = 10" m* " (dy +dy + - 4+ dy) + MSk_1. (1)
Meanwhile, we have

Sk_1 = 1Ok_2mk_2(d1 +dy+ - -+ dm) + mSk_a. (2)
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Combining (1) and (2), we can get the following recurrence equation
Sk — 11mSk_1 + 10m>Sj,_5 = 0.

Its characteristic equation
2? — 1lmz + 10m* =0

have two different real solutions

r =m, 10m.

So we let

Sy =A-m" + B - (10m)".
Note that

So=0, Si=di+da+ - +dn,
we can get
gttt bdn o dibdyt

9Im Im

So dy+dy+-+d
S = — 29m = ((10m)* —m*).

Then

5 _

u dy+do+ - +dp 1om)* =1 m" -1
Sy = 10 .
2 Si ( “TTom-1  m-1

k=1
This completes the proof of Theorem 1.
Now we come to prove Theorem 2. Let T} is denotes the summation of each digits of all &k
digits numbers in the generalized constructive set S.

Similarly, note that for k = 1,2,3,---, there are m* numbers of k digits in S, so we have
T, = mFNdi +da+- +dp) + mThy (3)

Meanwhile, we have
Ti—y =mF72(dy + dy + -+ + dp) + mT—2 (4)

Combining (3) and (4), we can get the following recurrence equation
Ty — 2mT g1 +m2Tj_o = 0,
its characteristic equation
2?2 —2mx+m?=0
have two solutions
1 = T2 =M.
So we let
T, =A-mF+k-B-mF.

Note that
To=0, Th =di +dy+ -+ dp.
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We may immediately deduce that

o ditdat - +dy

A=0, B
m
So
Tk = (d1+d2++dm) kmk71
Then
ZTk = (d1+d2+--~+dm)2k~mk71
k=1 k=1
n /
= (dy+dy+-+dp) mk>
k=1
nm"t — (n+1)m" +1

= (d1+d2+...+dm).

This completes the proof of Theorem 2.
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81. Introduction

Let n be an positive integer, the famous Smarandache function S(n) is defined as following;:

S(n) = min{m : m € N,n|m!}.

About this function and many other Smarandache type function, many scholars have studied

its properties, see [1], [2], [3] and [4]. Let p(n) denotes the greatest prime divisor of n, it is clear
that S(n) > p(n). In fact, S(n) = p(n) for all most n, as noted by Erdés [5]. This means that
the number of n < z for which S(n) # p(n), denoted by N(x), is o(x). It is easily to show that
S(p) = p and S(n) < n except for the case n = 4,n = p. So there have a closely relationship

between S(n) and 7(z):

=143 [2)],

where 7(2) denotes the number of primes up to x, and [z] denotes the greatest integer less than

or equal to z. For two integer m and n, can you say S(mn) = S(m)+ S(n) is true or false? It

is difficult to say. For some m an n, it is true, but for some other numbers it is false. In this

paper, we studied this problem, and proved the following:

Theorem 1. Let k& > 2 be any integer. Then for any positive integer my,mo, - - -

we have the inequality

Theorem 2. For any integer k > 2, we can find infinite group numbers my,msy, - - -

such that:
k k
i=1 i=1

IThis work is supported by the N.S.F. (60472068) of P.R.China.

y M,

y Mk
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§2. Proof of the theorems

In this section, we will complete the proof of the theorems. First we prove Theorem 1.
From the definition of S(n), we know that m | S(m)!, n | S(n)! . So from this we can easily
obtain:

mn | S(m)IS(n)! | (S(m) + S(n))L

Noting that S(n)! is the smallest positive integer divisible by n and mn | S(mn)!, so we may
immediately get
S(mn) < S(m) + S(n).

Now the theorem 1 follows from the mathematical induction.

Next we prove Theorem 2. For any integer n and prime p, if p%*||n!, then we have

-2

Let n; are positive integers such that n; # n;, if ¢ # j, where 1 <4,5 <k, k > 2 is any positive

integer. Since

oo n.; T

K P 7’—1
Z{p ]:p7”_1+p"’2+---+1=p :
r=1

P p—1
For convenient, we let u; = ;:11 So we have
S(p*t) =p™, i=1,2,--- k. (1)
In general, we also have
k

—1 pr i=1 p—= 1 i=1
So
k
S (pu1+u2+'“+u5) — an'i, (2)
=1

Combining (1) and (2) we may immediately obtain

k k
S (Hp“) =S,

Let m; = p*¢, noting that the randomicity of p and n;, we can easily get Theorem 2.
This complete the proofs of the theorems.
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§1. Introduction

For any positive integer n, the F.Smarandache function S(n) is defined as the smallest
m € N7, such that n | m!. For a fixed prime p, the Smarandache simple function S,(n) is
defined as the smallest m € N, such that p™ | m!. In reference [1], Jozsef Sandor introduced

the additive analogue of the Smarandache simple function p(z) as follows:
p(z) = min{m € N* : p* <ml}

and
pi(z) = max{m € Nt : m! < p”},

they are defined on a subset of real numbers. It is obvious that p(z) = m, if (m—1)! < p® < ml!
for > 1. About the properties of p(z), many people had studied it before (see [1], [2]). But
for the mean value of d(p(x)), it seems that no one have studied it before, where d(n) is the
Dirichlet divisor function. The main purpose of this paper is using the analytic method to study
the asymptotic properties of the mean value of d(p(z)), and give some interesting asymptotic
formulas for it. That is, we shall prove the following:

Theorem 1. Let p be a fixed prime, then for any real number x > 1, we have the

asymptotic formula
Z dip(n)) =z (lnx —2Inlnz) + O (zlnp).

n<lx
Theorem 2. Let p be a fixed prime, then for any real numbers x > 1, we also have the
asymptotic formula
Z d(ps(n)) =z (lnz —2Inlnz) + O (zlnp).

n<lx

§2. Proof of the theorems

In this section, we shall complete the proof of the theorems. Firstly, we need two simple

Lemmas which statement as following:
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Lemma 1. For all real number z > 1, we have

Z din)=zlnz+ (2c— 1z + 0 (Vz),
n<z
where ¢ is the Euler’s constant.
Lemma 2. For any real number m > 2, we have
T .
1 1 1
2 =-Inz+A4+0 <nx> ,
. 1 2 T
=1
where A is a constant.
The proof of Lemma 1 and Lemma 2 can be found in references [3].

Now we use these two Lemmas to prove our theorems directly. From the definitions of d(n)
and p(n) we know that

Sodpm) =Y. > dm).

n<x n<z In(m—1)! In(m)!
= =Y = a <n< -

In(m—1)! In(m)!
Inp 7 Inp

Since p(n) = m whenever n € (

(ln({ﬁ;l)! , %] is less than or equal to xz. That is % < z. So we can get In(m)! < zlnp.

From the Euler’s summation formula, we obtain the main term of Inm! is mInm and mInm <

|, and n < z, the biggest number in the interval

zlnp.

zlnp
Inz *

Ifm > f;ﬁlf, then Inm is asymptotic to Inxz, we get m <
From the discussion above, we have

Do) = > > d(m)

— 1 1
n<zx n<z ln(;n 1)! <n< In(m)!
np >"Tnp

- X |52+ 0m)

= — Z Inun + O (z1np)

un<zlnp
SThas

= % Z Inu Z 1+ 0 (xz1np)

z1np zlnp
uS T NS iTns

_ 2 Z Inu [xinp} + O (zlnp)

Inp = ulnzx
uS e

= 22 Z 1niu—i-O(:zclnp)
u

2 1
= ﬁ <2 (lnx—|—ln1np—lnln:1:)2) + O (z1np)

= z(lnz—-2lnlnz)+ O (zlnp).
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This completes the proof of Theorem 1.
By using the same method we can also prove Theorem 2.
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Abstract The main purpose of this paper is using the elementary method to study the
calculating problem of one kind infinite series involving the k-th power complements, and

obtain several interesting identities.
Keywords k-th power complements; Identities; Riemann-zeta function.

§1. Introduction and Results

For any given natural number k& > 2 and any positive integer n, we call ai(n) as a k-th
power complements, if ax(n) is the smallest positive integer such that n-ag(n) is a perfect k-th

power. That is,

ar(n) = min{m : mn = u*,u € N}.

Especially, we call as(n),as(n),as(n) as the square complement number, cubic comple-
ment number, and the quartic complement number, respectively. In reference [1], Professor
F.Smarandache asked us to study the properties of the k-th power complement number se-
quence. About this problem, there are many people have studied it, see references [4], [5], and
[6]. For example, Lou Yuanbing [7] gave an asymptotic formula involving the square complement

number az(n). Let real number z > 3, he proved that

Z d(az(n)) = cixlnz + cox + O(x%+6)7

n<lx

where d(n) is the divisor function, € > 0 be any fixed real number, ¢; and c¢o are defined as

WQH(l p+1) )

6 2(2p+ 1) Inp
21}( p+1 )(Z(p—l)(p+1)(p+2)+2vl>’

p

following:

~v is the Euler’s constant, [] denotes the product over all primes.
2

IThis work is supported by the N.S.F. (60472068) of P.R.China.
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In reference [8], Yao Weili obtained an asymptotic formula involving k-th power comple-

ment number ai(n). That is, for any real number x > 1, we have

Z d(nap(n)) = z(AgIn"z + A " o4+ 4+ Ap) + O(:L'%JFE),
n<z
where Ag, Ay, -+ , A are computable constant, ¢ is any fixed positive number.
In reference [4], Zhang Wenpeng obtained some identities involving the k-th power com-

plements. Those are, for any complex numbers s with Re(s) > 1, we have

=1 C%(2s)
; (naz(n))* — ((4s)’

X1 (B3 1
2 (nas(n))* — ((6s) 1;[ (1 i 1) ’

n=1

z (na41(n))s - ng((gf)) 1;[ (1 + p41+1> (1 + p451+ 2) ;

where ((s) is the Riemann zeta-function.

On the other hand, F.Russo [9] proposed 21 unsolved problems, the problem 19 asked us

evaluate the infinite series
+oo

n=1

But is problem very easy. In fact, as(4n?) = 1 for all positive integer n. So we have
2 1

: 4n
nhjlm(_l) a2(4n2) =1 7& 0

+oo
That is, the infinite series » (—1)"——
2
In this paper, we shall use the elementary method to study the calculating problem of the

dos not convergent.

infinite series

+oo _
(_1)71 1
;::1 nax(n) ’

and obtain several interesting identities for it. That is, we shall prove the following:

Theorem. For any given positive integer k > 2, we have the identity

+oo —
(—)m ' b k1 k—1
; nay(n) _2k+k—1<(k)1;[(1+ PP )

where ((s) is the Riemann-zeta function, and H denotes the product over all different primes.
P
Taking k = 2 in our theorem, and note that the fact {(2) = %, ¢(4) = == and

16-5)-N6-2)m0-2) 55

p p p
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we may immediately obtain the following;:

Corollary 1. For the square complement number as(n), we have the identity

“+oo _
(_1)n 1 B 1
nzzl nag(n) 2

Corollary 2. For the cubic complement number as(n), we have the identity

too (_1)71,—1 _ 2 3
; e 5((3)1;[ (1 - p3> .

§2. Proof of the theorem

In this section, we shall complete the proof of the theorem. For all positive integers n, we
separate n into three parts: 21n; 2 | n and 2% { n; 2¥ | n. Then from the definition of a(n) we

have:
“+o00 (_1)n—1 “+o00 o k—1 oo
Dty T maln 22 2 G e zawn)
n=1 n=1 a=0p=1n= 1
2tn 2tn
ii 1
- k k
= = (2% n)ar(2%%n)
2tn
9] 1 oo k—1 1 9] 1 [e%S) 1 o) 1
o 7;1 nay(n) o;og 2(at+1)k — nag(n) O; ak ngl nay(n)
2in 2tn 2in
2Pk i 1
28 —1 = nag(n)
2tn
1
It is clear that the infinite series Z is absolutely convergent, so from the Euler
nak( )

2Tn
product formula (see Theorem 11.6 of [2]) we know that the infinite series can be expressed as

an absolutely convergent infinite product. That is,

n=1 p
2in p#£2
- IX .
i pla(p)
p#2
oo k—1 9] 1

= JI{>X> ak+[5ak ak+ﬂ)+ZW

p \a=0p8=1
PF#2
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co k—1 00
1

1
= XX w2
a=0

P a=0 =1

pF#2
B Hpk+k—1

p pkil

p#2
_ 1+p;’f1 L= 5
B 1;[1—# 14 552

So we have

This completes the proof of the theorem.
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Abstract For any positive integer n, let S,(n) denotes the smallest positive integer such that
Sp(n)!is divisible by p™. The main purpose of this paper is using the elementary methods to

study the solutions of the equation Z Sp(d) = 2pn, where p be a prime, and give some part
din

results about the solutions of this equation.

Keywords Equation, solutions, Mersenne prime, perfect number.

§1. Introduction and Results

Let p be a prime, n be any positive integer. Then we define the primitive numbers of
power p (p be a prime) S,(n) as the smallest positive integer m such that m! is divisible by
p™. For example, S5(1) =3, S3(2) =6, S3(3) = S53(4) =9, ------ . In problem 49 of book [1],
Professor F.Smarandache asked us to study the properties of the sequence {S,(n)}. About this
problem, Zhang Wenpeng and Liu Duansen [3] had studied the asymptotic properties of S,(n),
and obtained an interesting asymptotic formula for it. That is, for any fixed prime p and any
positive integer n, they proved that

Sy(n) =(p—1)n+0 <lnpp lnn) .

Yi Yuan [4] had studied the mean value distribution property of |S,(n + 1) — S,(n)|, and

obtained the following asymptotic formula: For any real number z > 2, let p be a prime and n

Inz
Inp /-

Xu Zhefeng [5] had studied the relationship between the Riemann zeta-function and an

be any positive integer, then

1 1
S XI5yt 1) - syl = (1-1) +0

n<z

infinite series involving S, (n), and obtained some interesting identities and asymptotic formulae

for S,(n). That is, for any prime p and complex number s with Re s > 1, we have the identity:

— 1 (s
;S;(n)ips—l’

where ((s) is the Riemann zeta-function.
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And, let p be any fixed prime, then for any real number x > 1,

> 1 1 plnp) 1

= ——(lnz+y+—= | +0(x 29,
% 5wl p1) PO
Sp(n)<a

where + is the Euler constant, € denotes any fixed positive number.
In this paper, we shall use the elementary methods to study the solutions of an equation

involving the function S,(n):

Z Sp(d) = 2pn,
d|n

and obtain some interesting results. For convenience, we first introduce two kinds of special
numbers: Perfect number and Mersenne number. A positive integer n is called as a perfect
number if it is equal to the sum of all its proper divisors; A Mersenne number is a number of
the form M, = 2™ — 1, where n is an integer. If 2" — 1 is a prime, it is said to be a Mersenne
prime.
Now we can state our result as follows:
Theorem. Let p be a fixed prime. Then for any positive integer n with n < p, the
equation
Z Sp(d) =2pn
d|n
holds if and only if n be a perfect number. If n be an even perfect number, then n = 2"~1(2"—1),

r > 2, where 2" — 1 is a Mersenne prime.

§2. Proof of Theorem

In this section, we shall complete the proof of Theorem. In fact, if n < p, we have

Z Sp(d) = Zpd = po(n) = 2pn.

d|n d|n
That is,
o(n) = 2n.

According to the definition of the perfect number, n is a perfect number.
Since 2" — 1 is a prime, then (2771, 2" — 1) = 1. It is clear that o(n) is a multiplicative

function and o(p) = p+ 1 = 2", so we have
on) =02 He2"-1)=(2" -1 (2" - 1)+1)=2"(2" - 1) = 2n.

This shows that n is a perfect number.
Conversely, suppose n is any even perfect number and write n as n = 2"~ 'k, where k is an

odd integer and k > 2. Again o(n) is multiplicative, then we may get

2"k =2n=o0(n) =02 k) =02 Ha(k) = (2" — 1)o(k).
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Because (27, 2" — 1) =1, in order to 2"k = (2" — 1)o(k) holds, k¥ must include the divisor
2" — 1, so assume k = (2" — 1)q, then we have

olk)=2"g=k+q.

This means that k£ has only two divisors k and ¢q. That is, ¢ =1,s0 k=2"—1,and k is a
prime.

In fact, if for some positive r, 2" — 1 is prime, then so is 7. We can prove this conclusion
very easily. Let a and b be two positive integers, then

xab 1= (xa _ 1) (xa(b—l) +xa(b—2) 4. —l—.’I}b + 1) )

So if n is composite (say ab with 1 < b < n), then 2" — 1 is also composite.

This completes the proof of Theorem.

Note:

(1) It is not known whether there exists an odd perfect number, but if there is one, it must
be very large. This is probably the oldest unsolved problem in all mathematics.

(2) Are there infinitely many even perfect numbers? The answer is probably yes.
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