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Abstract Let n > 1 be an integer, P*(n) be the unitary analogue of the gcd-sum function.

In this paper, we consider the mean value of P*(n) over square-full numbers, that is

S P =Y P fn),

n<z n<x
n is square— full

where f2(n) is the characteristic function of square-full integers, i.e.

1, n is square-full,
f2(n) = ,
0, otherwise.

Keywords divisor problem, Dirichlet convolution method, mean value.
2010 Mathematics Subject Classification 11N37.

§1. Introduction and preliminaries

ai, a2

An integer n = pJ'ps® - - - p&r is called k — full number if all the exponents a; > k, az > k,
-+« ar > k. When k =2, n is called square — full integer.

American-Romanian number theorist Florentin Smarandache introduced hundreds of in-
teresting sequences and arithmetical functions. In 1991, he published a book named ‘Only
problems, Not solutions!” He presented 105 unsolved arithmetical problems and conjectures
about these functions and sequences in it. In the unsolved problem 32 (see [3]), Smarandache
introduced the irrational root sieve. We can get the irrational root sieve by taking off all k-
powers, k > 2, of all square free numbers from the set of natural numbers (except 0 and 1).
In fact, the complementary set of the irrational root sieve in the set of natural numbers (ex-

cept 0 and 1) is the set of square — full numbers. Let fa(n) be the characteristic function of
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square — full integers, i.e.

17
fa(n) =

0, otherwise.

n is square-full,

In 1982, M. V. Subbarao [4] gave the definition of the exponential divisor, i.e. n > 1 is
an integer and n = [[_, pf", d = [[;_, p{", if ¢; | @i, i = 1,2,--- ,r, then d is an exponential
divisor of n. We denote d |. n. Two integers n, m > 1 have common exponential divisors if
they have the same prime factors. For n = [[/_, p', m = [/, p*, a;, bi > 1(1 < i <), the

T
greatest common exponential divisor of n and m is (n,m). = [] pga“b"’). Here (1,1). = 1 by

convention and (1, m), does not exist for m > 1. -

The integers n, m > 1 are called exponentially coprime, if they have the same prime
factors and (a;,b;) = 1 for every 1 < ¢ < r, with the notation of above. In this case, one gets
(n,m). = Sy(n) = S,.(m). The function S,(n) = P; * --- x P. can be found in the unsolved

problem 63 (see [3]). 1 and m > 1 are not exponentially coprime. Let

P*(n) =Y (k,n).,
k=1
where (k,n), := max{d € IN : d|k,d||n}, which was introduced by Téth [5]. The function P*(n)
is also multiplicative and P*(p®) = 2p® — 1 for every prime power p® (a > 1).
Many authors have investigated the properties of the function P*(n), see [6] and [1]. Re-
cently, L. Té6th [6] proved the following result:

Z P*(n) = 240([2) z?logz + Bx? + O(z*/? log x),

n<z

where o = (1 = 1/(p +1)?) ~ 0.775883, «, 3 are constants.
The aim of this paper is to establish the following asymptotic formula for the mean value
of the function P*(n) over square-full numbers.

Theorem 1.1. We have the asymptotic formula

1 1
Z P*(n) = §x3/2R1’1 (log w)—i—ix‘l/?’RLg(log 2)+0(2°/* exp(—D(log x)*/° (log log z) ~1/%)),

n<z
n is square—full

where Ry ;(t), k = 1,2 are polynomials of degree 1 int, D > 0 is an absolute constant.
Notation. Throughout this paper, € always denotes a fixed but sufficiently small positive

constant.

§2. Some lemmas

Lemmas 2.1. Let
d(2,2,3,3;k) == > d(n)d(m),

k=n2m3

D(2,2,3,3;2) = Y d(2,2,3,3;k),

1<k<z
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such that
D(2,2,3,3;x) = 21/2P 1 (log ) + 21/3 Py 5(log ) + O(x19/80F€),

where Py 1(t), P12(t) are polynomials of degree 1 in t.
Proof. This is Lemma 6 of D. Zhang [7]. O

Lemmas 2.2. Let f(m), g(n) are arithmetical functions such that

J
> f(m) = % Py(logz) + O(z"),

m<x j=1

3" lgn)| = O(a”),

n<z

where a; > g > -+ >y > > 3> 0, Pj(t) are polynomials int. Ifh(n) =5, _ . f(m)g(d)
then

J
Z h(n) = Z % Q;(logz) + O(x*),

n<x Jj=1

where Q;(t) are polynomials int, (j=1,---J).
Proof. This is Theorem 14.1 of Ivié [2]. O
Lemmas 2.3. Let f(n) be an arithmetical function for which

l
> fn)=>_ 2 Pi(logx) + O(x"),

Y1) = 0@ (logz)"),

where a1 > ag > -+ > a; > 1/c>a >0, r >0, Pj(t) are polynomials in t of degrees mot
exceeding r, (j=1,---J), and ¢ > 1, b > 1 are fized integers. Suppose for Rs > 1 that

= pa(n) 1
2 T A

if
hn) = 3 uld) f(n/d),

de|n

then
l

> hin) =" a% Ry(loga) + Be(a),

n<x j=1

where R;(t) are polynomials in t of degrees not exceeding r, (j =1,---1), and for some D > 0,

Ee(x) < '/ exp(~D(log 2)*/* (loglog 2) ~/7).



4 Hualin Si, Xuejiao Liu and Dan Liu No. 2

Proof. See Theorem 14.2 of Ivié [2]. O

Lemmas 2.4. Let P'(n) = w, MRs > 1, we have

> P'(n 2(25)¢2(3s
$ 2o gencey,

n is square—full

where the Dirichlet series G(s) = 2% 2" is absolutely convergent for Rs > 1/5.

n=1 ns

Proof.

n=1 ne n=1 n?
n is square— full
P/ 2 2 P/ 3 3 Pl 4 4 P/ T T
~11 (1+ (p )2{2(29 ) P )3]3‘2(29 ) P )4{2(1) ) . P )sz(p ))
. P p p P

B 1 2 2 2 1 1 1
_1;[< +ﬁ+ﬁ+ﬁ_p2+2s_p3+3s_p4+4s+"'>

1 2 1 1
:C(QS)H(1+7+,7—W+W+"')
p

1 2 3
-ceace I (1= - - )
IRSCOISCY 2> 3

((4s) 1;[(1 P> p% )
_ CO9CG9) ,
EOR

where G(s) == Y7, 97(12) =11, (1 . e ), which is absolutely convergent for
MRs > 1/5, and

Z lg(n)| < xt/5Fe.

n<z
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8§3. Proof of Theorem 1.1

Let
C3(25)2(35)G(s) = S fif), Rs > 1,
202 (30) = 3 AB2EIN),
such that )
fln) = d(2,2,3,3;m)g(d). (1)

n=md
From Lemma 2.1 and the definition of d(2,2,3,3;m) we get
Z d(2,2,3,3;m) = z'/2P, 1 (log z) + /2 Py 5 (log x) + O(x1%/80F¢), (2)
m<x
where Pj ;(t) are polynomials of degree 1 in ¢, k =1,2.
In addition we have
S low)] = O(/7+). 3
n<x
Combining (1), (2) and (3), and applying Lemma 2.2, we have
> 1) = 2'2Qua(logx) + &3 Qu (log ) + O(w!/50+), (4)
n<z
where Q11(t), Q1,2(t) are polynomials of degrees 1 in ¢, then we can get

S 17(m)| < 22 log . (5)

n<x

Since @ =5 wn) Re > 1/4, from Lemma 2.4 and (1) we have the relation

P'(n)f2(n) = Y flm)u(d). (6)

n=md*
From (4), (5) and (6), in view of Lemma 2.3, we can get

> P'(n) = 2'/2Ry 1 (log ) + 2'/3 Ry »(log ) + O(z'/* exp(—D(log x)3/®(log log ) ~*/®). (7)

n<x
n is square— full

From the definition of P’(n) and Abel’s summation formula, we can easily get

> P*(n) = > P'(n)n

n<xz n<ax
n is square— full n is square— full

:/jtd( > Pm)

n<t
n is square— full

1 1
= §$3/2R1,1(10g x) + 1:54/3R1’2(10gx) + O(;r,5/4 exp(—D(log ;U)?’/s(log logx)_1/5)),

where R; x(t), k = 1,2 are polynomials of degree 1 in ¢, D > 0 is an absolute constant.

Then, we complete the proof of Theorem 1.1.
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Abstract Let n > 1 be an integer. The integer d = [];_, p?i is called an exponential divisor
of n =TI, p;*, if bila; for every i € {1,2,...,s}. Let #®(n) denote the number of divisors

d of n such that d and n have no common exponential divisors. In this paper, we study the

sum D(1,3,...,3;2) = >, .. d(1,3,...,3;n) and get the asymptotic formula for it, where
—— = ——
k k
d(1,3,...,3;m) = >, _.p3..53 1. We get the mean value for the exponential divisor function,
N—— -1 k

k
which improves the previous result.

Keywords Dirichlet convolution; asymptotic formula; exponential divisor function.
2010 Mathematics Subject Classification 11N37.

81. Introduction and preliminaries

Many scholars are interested in researching the divisor problem, and they have obtained
a large number of good results. However, there are many problems hasn’t been solved. For
example, F. Smarandache gave some unsolved problems in his book ONLY PROBLEMS, NOT
SOLUTIONS!, and one problem is that, a number n is called simple number if the product of its
proper divisors is less than or equal to n. Generally speaking, n = p, or n = p?, or n = p3, or pq,
where p and ¢ are distinct primes. The properties of this simple number sequence hasn’t been
studied yet. And other problems are introduced in this book, such as proper divisor products
sequence and the largest exponent (of power p) which divides n, where p > 2 is an integer.

In this paper, we study the exponential divisor function, which is a class of the divisor
problem. In 1982, Subbarao [3] firstly gave the definition of exponential divisor: suppose n > 1
is an integer, and n = Hf pit. If d = Hf pli“ satisfies b;|a;,4 = 1,2,--- ¢, then d is called an
exponential divisor of n, notation d|.n. By convention 1|.1.

For n=[[ip}" > 1, a; > 1(1 <i <), ¢'9)(n) denotes the number of integers [} p§* such
that 1 < ¢; < a;, and (cs,a;) = 1 for 1 < i <7, and let ¢(®)(1) = 1. Thus ¢®)(n) counts the

number of divisors d of n such that d and n are exponentially coprime.
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It is easy to see that ¢(¢) is a prime independent multiplicative function and for n > 1,

#O(n m (a:),

where ¢ is the Euler-function. Exponentially coprime integers and function ¢(¢) were introduced
by J.Sdndor [2]. He showed that
log () (n)loglogn  log4

li = . 1
N logn 5 (1)

In 2007, Téth [5] obtained the asymptotic formula for the r—th power of the function
o (n), where for every integer r > 1

> (@) = Bra+ 2Ry (log w) + O(a ), 2)
n<z
for every € > 0, where ¢, := 23:;;117 Ror_o(x) is a polynomial of degree 2" — 2 and

r ’l“ -1
H <1 + Z ¢ ¢ - )> . 3)
In the case r = 1, formula (1.2) was proved in [4] with a better error term, that is

Z ¢(e)(n) — Cix+ ngl/g + O(x1/5+6)’ (4)

n<z

for every € > 0, where C,Cy are constants given by

H<1+ZQ5 al)),
dla—1 a—3 a—4
i1+ £ 2=t mn o= o)

In this paper, we will study the asymptotic formula for the mean value of the r-th power

of the function ¢(¢) (n), where r > 1 is an integer, which improves Téth’s result.

Theorem 1.1. For every integer r > 1, then we have
> (¢ ()" = Bra + 23 Ryr _s(logz) + O(a"")+),
n<lz

for every e > 0, where b(r) := , ai 15 as defined in Lemma 2.2, the O — term is related

1
4—qor_q 7
to r, Ror_o(x) is a polynomial of degree 2" — 2 and

H<1+Z¢T ‘75’”‘1—1)).

Remark 1. Throughout this paper, the letter ¢ denotes a sufficiently small positive constant

but may not be the same at each occurrences. Divisor functions d(n) = ., _ ., 1, dx(n) =
Yonemymy Land d(1,3,....3in) = >0 _ s s 1. f(z) < g(z) or f(x) = O(g(w)) denotes
H/—/ 1%

k
that | f(z)| < Cg(zx), where C is a positive constant.
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§2. Some lemmas

In this section, we give some lemmas which will be used in the proof of our theorem.
Lemma 2.2 and 2.3 can be found in [1] and [6].
Lemma 2.1. Forr > 1, then we have

< (3 (n .
> @ et @svis)

where the infinite series V(s) := > 07 un) g absolutely convergent for Rs > L.

n=1 ns

Proof. Note that the function ¢(¢)(n) is multiplicative and for every prime power p®(a > 1), we
have ¢(¢)(p®) = é(a), where ¢ is the Euler-function. By Euler’s product formula, we can get

_ o)  97(2)  9"3) ¢4 ¢"()
n=1 - 1;[<1+ p e e g e >

11 2r or g
M+ =+ 5+ +m =+
p* - p*

p35 p4s p55

P
2N —1 4" =27
— (s <1 + + +o )
( )]; pgs p58
21 - 2T
P
= ((5)¢F T BV (9), ()
where the infinite series V(s) := Y 02, % is absolutely convergent for Rs > % O

Lemma 2.2. Suppose k > 2 is an integer. Then

k—1
2) =Y di(n) =2 c;(loga)’ + O(x™**e),
n<lz 7=0

where c; s a calculable constant, € is a sufficiently small positive constant, oy, is the infimum
of numbers ay, such that

x) = E dp(n) — xP,_1(logz) < 2% T¢, (6)
n<z
and
131 43
< — < —
=46 B
3k—4
< k<
(0773 4]4; ) = 78,
<P Lo T
9= Bp 10 S & T
k—2
< ——, 12< k<25,
A k+2 -~
k—1
< —— 26K k<50
ak_k+47 =~ = )
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31k — 98
1<k<
ag < ok 5 < 57,
Tk — 34
k>
A < 7k 5 _58

Lemma 2.3. Suppose f(m), g(n) are arithmetical functions such that

Zf( ZmaﬂP logz) + O(x Z|g 7,

m<x j=1 n<x

where ap > ap > -+ > oy > o > 3> 0, Pj(t) is a polynomial int. If h(n) =3, _ . f(m)g(d),
then

J
> h(n) =Y 2%Q;(logx) + O(a"),
n<x j=1

where Q;(t){j =1,...,J} is a polynomial in t.

§3. Estimate of D(1,3,...,3;2)
———
k
Theorem 3.1. Suppose k > 2 is an integer, then
D(L,3,....3;2) = > d(L,3,...,3;n) = (*(3)x + 2 Q_1(log z) + O(x ™ 1),
S—— N——

k nsaw k

where Qr—1 1is a polynomial of degree k — 1 in logx, oy, is defined in Lemma 2.2.

Proof. Recall that d(1,3,...,3,n) = Zn:ab?mbi 1, by hyperbolic summation formula, we have

k
D(1,3,...,3,2) = d(1 di(
— n; — mszz;z !
de(m) Z 1+Z de( de Z
m<y m3l<z 1<z m3i<zx m<y 1<z
= S;1+ 85— Sg, (7)

where y,z are parameters that will be determined later, and satisfy that y32z = 2,1 <y < x.
Now, we deal with Sy, S2 and S3, separately.

Sio= S dim) Y 1= di(m) [%}

m<y m3l<zx m<y
- Z dk(m)
m<y m<y
i dr(m R
= G@r-e Y B0 g 0

m>y
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Using Lemma 2.2 and partial summation formula, we have

> di(m) /Oo Ly > di(m) /Oo L tkf (logt)? + O(t*+%)
_ - _ [ 5
> m? yr ) yt — ©
m=>y m<t 7=0
k—1 o '
- 3 / L d (t(ogt)) + O(y~3+or+e)
P
= 1 -3 3 » 3
P Ocjy‘2 [Q(IOgy)J + 3ogy) ™t + 25 = 1(logy) 7 4+ g - 1)+ 1
-
+ Oy ronts),

Since y = {’/g, we have logy = %(logac —log z), inserting this into (8), we can get

Si = ¢F(3)x — Si1 — S12 + Oy e + ay~3Forte), 9)
where
1 1 2= ¢ i j—i i i
Sq1 = PEALE —jZCj(logx) (=1)*(log 2)*,
j=1 =0
3 1 2 = = ]' - S 1—S8 S s
Sip = Hatz? 1cj_ e > Ci(logz)'=*(~1)*(log 2)
J= 1= S=

By Lemma 2.2, we get

k—1 J akg+e
x x x
Sy = E 5 di(m) = E i’/?g ¢ <log i/?) +O<(§/;> >
1<z m< 3 Z 1<z 7=0
k—1 7
1 Cj i i—i i -1 i —3+ak+e
= 2 YIS Cllogay (=1)" ] 1 H (logl)! + O(ayHHerte), (10)
j=0 7" i=0 1<z

where

Zl—%(logl)iz/i ¢35 (log t)'d[t] :/Z t—%(logt)idt+/z 73 (log t)'dA(t). (11)

1<z -

We can easily get that A(t) = O(1). Using partial integral formula, we have

/ 75 (log ) dA(t) = w; + O(z7357°), (12)
where w; is a constant. We can also obtain that
2 . 3 5 3\ 2 , 3\
/ t~3(logt)'dt = 525(10g 2)" — (2) iz3 (log2) ™t 4 -+ 4 (=1)"H! (2> il. (13)

Combing (10)-(13), we have

SQ = x%@k_l(log Z‘) + Sgl + 522 + O(l‘y_3+ak+s), (14)



12 Kai Li and Yankun Sui No. 2

where

j=0 i=
S. 3%%]671%.]-01 Jj—t 1)¥(1 i
21 = 5TtE Y Y Ciloga)y ~'(~1)'(log2)’,
=0 " =0
312kilc‘j i1 S /3\"7% 4
S22 = JateA S0 23 Cltogay (1) -0 (3) Soog oy
7=0 =0 s=0
For S5, we have
k—1 ‘
53 = Z dk(m)z:[ = Zyzcj(IOgy)J +O(yak+sz) —&-O(yHE)
m<y 1<z j=0
k—1 ‘
= yzzcj(logy)] +O(yak+<€z+yl+€). (15)
=0

Inserting y = {/Z, and logy = (logz — log 2) into (15), then
S3 = S31 4+ O(y** ez +y'19), (16)

where
k —

—

W
('3

J
J j i
Pl E CjZ log z)7~*(—1)*(log 2)".

j= =0

1
531 = I3z

<.

Note that C]’: = W After some simplification we can easily get that S1; + S31 = So1,

S12 = Sao. Taking y = x‘**ak z = a:“ ok , then Theorem 3.1 is proved. O

84. Proof of Theorem 1.1

For » > 1, from Lemma 2.1, we have V(s) := Y | ”:L’j) is absolutely convergent for
Rs > %, and then

> ()| < 25t (17)
n<x
Let F(s) = ((s)¢¥ 71(3s) := Y00, fflf), where f(n) =d(1,3,...,3,n).
2r—1
From Theorem 3.1, we have
r 1~ 1 e
>ty =3 da ) = B)z + 23 Qar_z(logz) + O(x ™1 %), (18)

n<lz n<z 2T 1

where qug(log x) is a polynomial in logz of degree 2" — 2, «y is as defined in Lemma 2.2.
From Lemma 2.1, we have
(@ (n)" =D vk)f(1), (19)
n=kl
then, by Lemma 2.3 we can get the Theorem 1.1.
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§1. Introduction and preliminaries

The study of ideal topological space [®!

has been started from 1933 and till, it is developing
by several mathematicians. Generalized closed sets [ in topological space as well as in ideal
topological space [>!1 has been discussed at various research papers. We have introduced
the generalized closed sets in ideal generalized topological space (generalized topological space
(GTS) 3] with ideal), and characterized the same at different aspect. We also obtain the
relations with earlier generalized closed sets in topological space, generalized topological space
and ideal generalized topological space etc.

Definition 1.1.8] An ideal T on a topological space (X, 7) is a nonempty collection of
subsets of X which satisfies the following conditions:

(i) AT and B C A implies B € I;

(ii) A €T and B € T implies AUB € T.

Given a topological space (X, 7) with an ideal Z on X, if p(X) is the set of all subsets
of X, a set operator ()* : p(X) — p(X), is called a local function with respect to 7 and Z is
defined as follows: for A C X, (A)*(Z, 7)={x € X : UNA¢T for every U € 7(x) } where
r(x)={Ue€r:2cU} B,

A Kuratowski closure operator ¢l* for a topology 7*(Z, ), called the *-topology, finer than
7 is defined by cl*(A) = AU A*(Z,7) '6]. We will simply write A* for A*(Z, 7). If Z is an ideal
on X, then (X, 7,7) is called an ideal topological space.

Definition 1.2. Let (X, 7,Z) be an ideal topological space. A subset A of an ideal topo-
logical space (X, 7,T) is 7*-closed |7 (resp. *-dense in itself 61, *-perfect 1), if A* C A(resp.
A C A*, A= A*). Through the paper, we will use *-closed instead of T*-closed.
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Definition 1.3. Let (X, 7,Z) be an ideal topological space. A subset A of an ideal topolog-
ical space (X, 7,T) is I;-closed BBl if A* C U whenever U is open and A C U.

Definition 1.4. Let (X, 7) be a topological space. A subset A of a space (X, 7) is said to
be g-closed set 1% if cl(A) C U whenever A C U and U is open.

Remark 1.1.1°) Every g-closed set is an 14-closed but not vice versa.

Remark 1.2.1'9 Every closed set is g-closed.

Very interesting notion in literature has been introduced by Csaszéar M) in 1997. Using this
notion, topology has been constructed. The concept is:

A map v : exp (X) — exp (X) possessing the property monotony (i.e. such that A C B
implies y(A) C v(B)). We denote by I'(X) the collections of all mapping having this property.

One of the consequence of the above concept is generalized topological space (GT'S) (2,3]
its formal definition is:

Definition 1.5. Let X be a non-empty set, and p C exp(X). p is called a generalized
topology (GT) on X if ) € u and the union of elements of u belongs to p.

The member of u is called p-open set and the complement of p-open set is called u-closed
set. Again ¢, is the notation of y-closure 12314101,

Definition 1.6.['% Let (X, 1) be a generalized topological space. Then the generalized
kernel of A C X is denoted by g-ker(A) and defined as g-ker(A) = N{G € pn: AC G}.

Lemma 1.1.0" Let (X, 1) be a generalized topological space and A C X. Then g-ker(A)
={zeX: c,({z})NA#£0D}.

If 7 be an ideal on X, then (X, u,Z) is called an ideal generalized topological space.

§2. Ideal generalized topological space

Definition 2.1. Let (X, pu,Z) be an ideal generalized topological space. A mapping ()**:
exp X — exp X is defined as follows:

(A)*" = (A)*"(D)={z € X : ANU ¢ I}, where U € ¢(x) 2.

The mapping is called the Local function associated with the ideal 7 and generalized
topology .

Properties:

Theorem 2.1. Let (X, u,Z) be an ideal generalized topological space. Then

(1) (0)#= 0.

(2) for A;BC X and A C B, (A)** C (B)*~.

(3) (A)™ C cu(A).

(4) ((A))# S cu(A).

(5) (A)** is a p-closed set.

(6) ((A)) < (A).

(7) for IC Iy implies (A)**(Z1) C (A)**(T).

(8) for U e pu, UN(UNA CUN(A)*.

(9) forI € Z, (A\I)* = (A)* = (AU I)*".

Proof. (1) It is obvious from definition.
(2) It is done by the fact of ANV ¢ Z implies BNV ¢ T.
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(3) Obvious from [13].

(4) ((A))" € culen(A)) = u(A).2

(5) From [2], for G € p and € @G, there exists V' € ¢(x) such that V' C G. Now if
ANG €T then for ANV C ANG, ANV € Z. Tt follows that X \ (A)** is the union of p-open
sets. We know that the arbitrary union of p-open sets is an p-open set. So X \ (A)** is an
p-open set and hence (A)** is a p-closed set.

(6) From above, ((A)**)** C ¢, ((A)**) = (A)**, since (A)*" is a p-closed set.

(7) Obvious from the fact that ANV ¢ 7, implies ANV ¢ T.

(8) Since UN A C A, then (UN A)** C (A)**. SoUN (U NA)** CUN(A)**.

(9) Let © € (A)**. If possible suppose that = ¢ (A \ I)**. Then there is an V € (x),
VN(A\I) € Z. Therefore (VN(A\I)UI€Z,ie, IUANV)€Z Then VNAET, a
contradiction to the fact that « € (A)**. Hence (A \ I)** = (A)**.

Proof of 2nd part is similar. O

It is obvious from (2), ()** € T'(X) [

Definition 2.2. Let (X, u) be a generalized topological space with an ideal T on X.

The set operator ¢** is called a generalized *-closure and is defined as ¢*#(A) = AU (A)*H,
for A C X. We will denote by p*(u;Z) the generalized structure, generated by ¢*#, that is,
w(D)={UCX: MX\U)=(X\U)}. p*(1;7) is called *-generalized structure which is
finer than pu.

The element of u*(u; Z) are called p*-open and the complement of an p*-open is called
w*-closed.

Theorem 2.2. The set operator c** satisfy following conditions:

(a) AC c*(A), for AC X.

(b) ¢ (0) =0 and (X)) = X.

(c) c**(A) Cc**(B) if ACBCX.

(d) c**(A) U c**(B)) C ¢**(AU B).

(e) c** e I'(X).

Proof. Proof is obvious from Theorem 2.1. L

Although some results of the Theorem 2.1 and the Theorem 2.2 have been proved by A.
Csészér [4] in his paper ”Modification of generalized topologies via hereditary classes” published
in Acta Math. Hungar. in 2007 using Hereditary class.

Definition 2.3. Let (X, u) be a generalized topological space. A subset A of X is said to
be g,.-closed [10] 4f cu(A) € M whenever AC M and M € p.

Definition 2.4. A subset A of an ideal generalized topological space (X, u,T) is p*-dense
in itself (resp. p*-perfect) if A C (A)** (resp. (A)** = A).

Definition 2.5. A subset A of an ideal generalized topological space (X, p,T) is called p
-I-generalized closed (briefly, p-I4-closed) if (A)*" C U whenever U is p-open and A CU. A
subset A of an ideal generalized topological space (X, u,T) is called p -I-generalized open(briefly,
p-Ig-open) if X \ A is p-I-closed.

Theorem 2.3. Let (X, u,Z) be an ideal generalized topological space. Every g,,-closed set
is p-Ig-closed.
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Proof. Let U any p-open set containing A. Since A is g,-closed, then ¢, (A) C U. By Theorem
2.1 (3), we have (A)** C U. O

Remark 2.1. Let (X,7) be a topological space. If we take p = 7, then g,-closed sets
coincide with g-closed sets.

Proposition 2.1. Let (X, u,Z) be an ideal generalized topological space. Then

(a) Every p*-prefect set is p*-dense in itself.

(b) Every p*-perfect set is p*-closed.

Proof. The proof can be easily done. O

Remark 2.2. Let (X, 7) be a topological space and I be an ideal on X. If we take p =T,
then p-Ig-closed (resp. p*-closed, p*-dense in itself) sets coincide with I,-closed I (resp. *-
closed IV, *-dense in itself [ ).

Theorem 2.4. If (X, u,Z) is an ideal generalized topological space and A C X, then A is

p-Ig-closed if and only if c**(A) C U whenever A CU and U is p-open in X.

Proof. Since A is p-Ig-closed, we have (A)* C U whenever A C U and U is p-open in X.
¢ (A) = AU (A)** C U whenever A C U and U is p-open in X.

Converse part: Let A C U and U be p-open in X. By hypothesis ¢*#(A) C U. Since
cH(A) = AU (A)**, we have (A)** C U. O

Theorem 2.5. Let (X, u,Z) be an ideal generalized topological space and A C X. Then
the following are equivalent:

(a) A is p-I4-closed.

(b) ¢**(A) CU whenever AC U and U is p-open in X.

(c) c**(A) C g-ker(A).

(d) c*"(A) \ A contains no nonempty p-closed set.

(e) (A)**\ A contains no nonempty u-closed set.

Proof. (a) < (b) It follows from Theorem 2.4.

(b) = (c) Suppose z € ¢**(A) and x ¢ g-ker(A). Then ¢,({z}) N A = (. Implies that
A C X\ (cu({z})). Now from (b), ¢**(A) C X \ ¢,({z}). This implies ¢**(A) N{z} =0, a
contradiction. Hence the result.

(¢) = (d) Suppose F C (¢*"(A)) \ A4, F is p-closed and = € F. Since F C (c**(A)) \ A,
FNA=0. We have ¢,({z}) N A = 0 because F' is pu-closed and € F. From (c), this is a
contradiction.

(d) = (e) This is obvious from the definition of ¢**(A).

(e) = (a) Let U be an p-open subset containing A. Since (A)** is u-closed by means of
Theorem 2.1 (5). Now (A)** N (X \U) C (A)**\ A. Since intersection of two p-closed sets is
a p-closed set, then (A)** N (X \ U) is an p-closed set contained in (A)**\ A. By assumption,
(A)** N (X \ U) = 0. Hence, we have (A)** C U. O
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Remark 2.3. Let (X,7,Z) be an ideal generalized topological space. If y = 7 then the
above theorem coincides with Theorem 2.1 in [12].
Proposition 2.2. Let (X, u,Z) be an ideal generalized topological space. Every p*-closed

set is p-I4-closed.

Proof. Let A be a subset of X and A be p*-closed. Assume that A C U and U is p-open. Since
A is p*-closed, we have (A)** C A and so A is p-I4-closed. O

For the relationship related to several sets defined in the paper, we have the following

diagram:
p*-dense in itself <= u*-perfect = p*-closed = p-I,-closed <= g,-closed <= p-closed.

The following examples show that the converse implications of the diagram are not satisfied.

Example 2.1. (i) Let X = {a,b,c,d}, p={X,0,{a},{a,b},{b,c,d}}, Z={0,{c}, {b},
{b,c}} and A = {a,b}. It is obvious that the p-open sets containing A are X and {a,b}.
(A)** = {a} is also contained in X and {a,b}. Thus, A is p-I,-closed. But A is not g, -closed,
since ¢, (A) = X is not a subset of {a,b}.

(i1) In (i), let B = {a,c}. Note that the only p-open set containing A is X. ¢, (A) = X is
also contained in X. Therefore A is g,,-closed but not p-closed.

(iii) In (i), B is p*-closed but not p*-perfect.

(v) Let X = {a,b,c}, p = {X,0,{a},{a,b},{b,c}}, Z= {0,{b}} and A = {a,c}. Notice
that only p-open set containing A is X. (A)** = X also contained in X. Hence, A is p-I-closed
but not p*-closed.

(v) In (iv), A is p*-dense in itself but not pu*-perfect.

Definition 2.6.1" A space (X, u) is called p-Ty if any pair of distinct points x and y of
X, there exists a p-open set U of X containing x but noty and a u-open set V. of X containing
y but not x.

It is obvious from definition that every singleton set is u-closed if and only if the space is
w-T7.

Remark 2.4. Let (X, pu,7) be an ideal generalized topological space and A C X. If (X, u)
is a p-T1 space, then A is p*-closed if and only if A is p-I4-closed.

Theorem 2.6. Let (X, p,7) be an ideal generalized topological space and A C X. If A is
an p-I4-closed set, then the following are equivalent:

(a) A is a p*-closed set.

(b) c*H*(A)\ A is a p-closed set.

(c) (A)**\ A is a p-closed set.

Proof. (a)=(b) If A is p*-closed, then ¢**(A)\ A =0. ¢**(A)\ A is p-closed.

(b)=(c) Since ¢**(A) \ A = (A)**\ A, it is clear.

(c)=(a) If (A)**\ A is p-closed and A is p-I-closed, from Theorem 2.5 (e), (A)**\ A =0
and so A is p*-closed. O

Lemma 2.1. Let (X, u,Z) be an ideal generalized topological space and A C X. If A is
p*-dense in it self, then (A)** = c,((A)*™*) = c,(A) = c*H(A).
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Proof. Let A be p*-dense in itself. Then we have A C (A)** and hence ¢, (A) C ¢, ((A)**). W
know that (A)** = ¢, ((A)**) C c,(A) from Theorem 2.1 (3). In this case c,(A) = ¢, ((A)**) =
(A)**. Since (A)** = ¢, (A), we have c**(A) = ¢, (A). O

@

We obtained that every g,-closed set is u-I,-closed in Theorem 2.3 but not vice versa. For
p*-dense in itself sets, g,-closedness and p-I,-closedness are equivalent.

Theorem 2.7. Let (X, p,Z) be an ideal generalized topological space and A C X. If A is
w*-dense in itself and p-I4-closed, then A is g, -closed.

Proof. Assume A is p*-dense in itself and p-Ig-closed in X. If U is an p-open set containing
A, then we have (A)** C U. Since A is p*-dense it self, Lemma 2.1 implies ¢,(A) C U and so
A is g,-closed. O

Theorem 2.8. Let (X, u,T) be an ideal generalized topological space and A C X. If A is
p-I4-closed and p-open then A is p*-closed.

Proof. Let A be an p-open. Since A is p-Ig-closed, we have (A)** C A. Hence A is p*-
closed. 0O
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Abstract Let G = (V,E) be a given non trivial and connected simple (p, ¢)-graph, and
M be an arbitrary nonempty subset of an edge set E(G) of G. For each e € E(G), define
NMe] = {f € M : da(e, f) = j}, where dz(e, f) denotes the distances of f from the edge e.
B.D. Acharya, defined the M-eccentricity of f as the largest j for which N} [f] # 0, d2(G)
as the largest M-eccentricity of edges in G and the nonnegative integer g X (d2(G)-matrix
D3"(G) = (IN}'[es]]) as the ‘Edge-M-distance neighborhood pattern’ (or, Edge-M — dnp)
matrix of G. The associated (0, 1)-matrix D3 (G) is obtained from D2?(G) by replacing each
nonzero entry in it by 1. Let fa(e) = {j : N}M[e] # 0} for each e € E(G). If far : e — fur(e)
is an injective function, then the set M is a ‘Edge-M-distance-pattern distinguishing set’ ( or,
a “Edge-DPD-set” in short) of G and G is a ‘Edge-DPD-graph’. If fas(e)\ {0} is independent
of the choice of e in G then M is said to be a ‘Edge-open distance-pattern uniform’ (or,
‘Edge-ODPU’) set of G. A study of these sets is useful in a number of areas of application
such as facility location and design of indices of “quantitative structure activity relationships”
(QSAR) in chemistry. This paper is a study of Edge- M-dnp matrices of a Edge-dpd-graph
for a class of graphs.

Keywords distance(in graph), edge-to-edge-set distance-pattern distinguishing sets, edge-
distance neighborhood pattern matrix, edge-to-edge-set distance-pattern distinguishing graph.
2010 Mathematics Subject Classification 05C12, 05C50.

§1. Introduction

For all terminology which are not defined in this paper, we refer the reader to F.Harary
[5]. Unless mentioned otherwise, all the graphs considered in this paper are finite, connected,
simple non trivial. Distance between two elements( vertex to vertex, vertex to edge, edge to
vertex, and edge to edge) in graphs is already defined in the literature (refer [9]), but here
we are using Edge to edge-distance , and call it as Edge-distance. A formal definition is given

bellow.
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Definition 1.1. [9] For any connected graph G, the Edge-to-edge-distance da(e, f) (in short
Edge-distance) between two edge e and f is the number of edges between (e — f) path. For any
edge e in a connected graph G, the Edge-eccentricity ea(e) of e is ea(e) = mazx {d(e, f) : f € E(G)}.
Any edge e for which es(e) is minimum is called an Edge-central edge of G and the set of all
Edge-central edges of G is the Edge-center Coi of G. Edge-diameter dag = max {ez(e)} and
Edge-radius ra¢ = min{ez(e)}. Any edge f for which es(e) = da(e, f) = dag is called an
Edge-eccentric edge of e.

The Edge-to-edge-eccentricities (or Edge-eccentricity) of the Figure 1 is shown in the Table

1.
Ve
€g
U3 es Vs
€2
U1 €9
€3 €6 27
e
1 er
€4
U2 V4
Figure 1: A Graph of Edge-diameter dog = 2
e €1 €9 €3 €q €5 €g er es €9

eale) | 2 21|11 |1]2]2]2

Table 1: Showing an Edge-eccentricity of all the edges of Figure 1.

For an arbitrarily fixed edge e in G and for any nonnegative integer j, we let N;le] =
{f € E(G) : da(e, f) = j}, and N; = E(G) — E(£.) whenever j exceeds the eccentricity e(e) of
e in the component &, to which e belongs. Thus, if G is connected then, N;[e] = ¢ if and only
if j > e(e). If G is a connected graph then the vectors & = (| No[e]|, |[N1[e]|, [N2[e]], ..., [Ne(eyle]])
associated e € E(G) can be arranged as a ¢ X (dag + 1) nonnegative integer matrix Dy given by

[[Nolea]l  INi[er]] [Nelea]] - |Ney (en) lea]] 0 0 0
|Nolea]|  [Nifea]| [Nafea]| ... |Ney(ea)le2]| 0 0
L[Nolegll  [Nileg]]  [Naleg]| .. o [ Ney(eq)legll]

where do denotes the diameter of G; we call Dog edge-to-edge distance neighborhood pattern
(or, Edge—dnp-matriz) of G.
Example:

If we consider the above Figure 1 then the below matrix gives Edge-dnp-matrix
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[Nolea]| =4 [Niled]| =3 |[No[ea]| =2
[Nole2]| =4 [Nilea]| =4 [No[eo]| =1
[Noles]| =5 [Niles]| =4 |Na[es]| =0
[Nolea]| =5 [Nilea]| =4 |N2eq]| =0
Do = |[Noles]| =6 |[Nies]| =3 [Nafes]| =0
[Noles]| =6 [Nileg]| =3 [Na[e]] =0
[Noler]| =4 [Niler]| =4 [Naer][ =1
[Noles]| =4 [Niles]| =3 |Na[es]| =2
| [Noleo]| =5 [Nifeo]| =3 [Naleo]| = 1]

For a Edge-dnp-matrix the following observations are immediate.
Observation 1.2. FEntries in the first column of Do corresponds to the nonzero entries.
Observation 1.3. In each row of Dag, entry zero will be after the nonzero entries.
Proposition 1.4. For each e € E(G) of a non-trivial connected graph G, {N;[e] : N,|e]
#+ ¢,0 < j < dag} gives a partition of E(G).

Proof. If possible, let Njle] N Nile] = f, for some e, f € E(G) which implies da(e, f) = j and
da(e, f) = k, and hence j = k. Therefore,N;[e] N Nil[e] = ¢ for any (j,k) with j # k. Now,
clearly, Ujico Njle] € E(G). Also, for any f € E(G), since G is connected, da(e, f) = k, for
some k € {0,1,2,...,dag}. That is, f € Ngle] for some k € {0,1,2,...,dog} which implies

E(G) € U Njle]. Hence S Nle] = E(G). O

Corollary 1.5. Fach row of the Edge—dnp-matriz Dag of a graph G is the partition of
E(G). Hence, sum of the entries in each row of the Edge—dnp-matriz Dag of a graph G is equal
to the number of edges of G.

§2. M-distance Neighborhood Pattern Matrix of a Graph

Given an arbitrary nonempty subset M C E(G) of G and for each e, f € E(G), de-
fine NMle] = {f € M :de, f) = j}; clearly then NJE(G)[e] = Njle]. One can define the M-
eccentricity of e as the largest integer for which N ]M [e] # ¢ and the ¢ X (dag + 1) nonnegative
integer matrix DY, = (|N JM [e]]) is called the M-distance neighborhood pattern (or, M-Edge-
dnp) matrix D;g is obtained from D%; by replacing each nonzero entry by 1. B. D. Acarya
[1] defined Edge-dnp-matrix of any graph and in particular, M-Edge-dnp matrix of dpd-graph
as follows:

Definition 2.1. [4] Let G = (V, E) be a given non-trivial connected simple (p,q)-graph,
¢ # M C E(G) and e € E(G). Then the M-Edge—distance-pattern of e is the set fur(e) =
{da(e, f) : f € M}. Clearly, fr(e) = {j: NJM[e] # ¢}. Hence, in particular, if far : € —
far(e) is an injective function, then the set M is a Edge—distance-pattern distinguishing set (
or, a “Edge—dpd-set” is short) of G and if far(e) — {0} is independent of the choice of e in G
then M is an Edge—open distance-pattern uniform (or, Edge—odpu) set of G. A graph G with a
dpd-set(Edge—odpu-set) is called a Edge—dpd-(Edge—odpu)-graph.
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Following are some interesting results on M-Edge—-dnp matrix of connected non-trivial
graph G.

Observation 2.2. Both D% and D3 do not admit null rows.

Nle;l ife; e M
Proposition 2.3. For each ¢; € E(G), NM[e;] = led - if

Therefore, the entries in the first column of DX will either be O or 1.
€; zfez eM
Corollary 2.4. If G~ K, Py, K, then NM[e;] =
0 ifei¢g M

i.e For all graph of diameter dog = 1.
Remark 2.5. [t should note that Observation is not true in the case of D3} .
Lemma 2.6 is similar to Proposition 1.4.
Lemma 2.6. For each e € E(G) of a non-trivial connected graph G, {Nj[e] : Njle]
# 0,0 < j <dag} gives a partition of E(G).

Proof. If possible, let Njle] N Nyle] = f, for some e, f € E(G) which implies da(e, f) = j and
ds(e, f) = k, and hence j = k. Therefore,N;[e] N Nyle] = ¢ for any (j,k) with j # k. Now,
clearly, U;ii% Njle] C E(G). Also, for any f € E(G), since G is connected, dz(e, f) = k, for
some k € {0,1,2,...,da¢}. That is, f € Ngle] for some k € {0,1,2,...,dag} which implies

E(G) € U5 Njle]. Hence U2$ N;le] = E(G). O

Corollary 2.6. Each row of D% is a partition of |[M]|.
Corollary 2.7. Sum of the entries in each row of DSJG gives | M| and sum of the entries

in each row of D3 is less than or equal to |M)|.

§3. M-Edge—distance Neighborhood Pattern Matrix of a
distance Neighborhood Pattern Graph.

In this section we find out some results of D3 of a Edge-dpd-graph. From the definition
of D3M | we have the following observations.

Observation 3.1. In any graph G, a nonempty M C E(QG) is a Edge—dpd-set if and only
if no two rows of DY are identical.

Observation 3.2. If any graph of dog < 1 then, Dsg, D%, and D;évf are all constant
matriz. For Example G = K, <3 or Ky n_1.

Theorem 3.3. A Graph G 2 P, of size m > 2 admits a Edge—dpd-set if and only if
m > 5.

Proof. Case:1, Let G = P,, and m > 5.
Let P, = (v1,e1,v2,€9,03, €3, ..., €m, Uy, ) be a path on m edges.
Let M = {ey,ea,e5}. Then
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1 0 0 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0 0 0
D — 1 0 1 1 0 0 0 0 0 0 0 0
1 0 0 1 1 0 0 0 0 0 0 0
0 1 0 0 1 1 0 0 0 0 0 0
0 0 0 0 0 o - 1 0 0 1 1 0
| O 0 0 0 0 o --- 0 1 0 0 1 1 |

Now, we can partition D32 in to two sub matrices say, A and B where A is a 5 x (dag +1)

submatrix of the form

(10010000 000000O0 O]
10100000 00000O0GO0 O
11000000 00000O0GO0O0
11100000 00000O0GO0O
(10110000 0000000 O]

Again we can find the 5 x 4 sub-matrix A; of A which is of the form

e e
S = o= O O

= =)
_ o O O =

The remaining entries of 5 x (dag — 3) submatrix Ay of A has all the entries zero.

And the sub matrix B of order (m —5) x (dag +1) has entries 1 only in the(m)®, (m —1)t",
and (m — 4)*" columns. Clearly we can observe that the rows of A and B of D3} are not
identical, and hence {e1, eq, e5} form a Edge—dpd-set.

Therefore, for any graph G =2 P, of size m > 5 admits a Edge-dpd-set.

Now to complete the proof we need to show that the P, is not a Edge-dpd-graph for
m < 4.
Case: 2, Let G &£ P,, and m < 4.
Proof follows directly from Lemma 3.8. U

Theorem 3.4. A cycle G 2 C,, of order n admits a Edge—dpd-set if and only if n > 10
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Proof. Let C,, = (v1, 1,02, €2,03, €3, ..., €m, V1, ) be a cycle on n vertices.
Case 1: n, is an even integer and > 8
Let M = {e1,ea,e5}. Then

1 0 0 1 0 0 o 0 0 0 0 0]
1 0 1 0 0 0 O 0 0 0 0 0
1 1 0 0 0 0 O 0 0 0 0 0
1 1 1 0 0 0 0O 0 0 0 0 0
1 0 1 1 0 0 0O 0 0 0 0 0
o 1 0 0 1 1 O 0 0 0 0 0
O 0 0 0 0 0 1 0 0o 1 1 0

D= 0o o o o0 0 o0 o 1 o0 0 1 1
O 0 0 0 0 0 o 0 1 0 1 1
O 0 0 0 0 0 o 0 0 2 0 1
O 0 0 0 0 0 o 0 1 1 1 0
O 0 0 0 0 0 o 1 1 0 0 1
O 0 0 0 0 0 1 1 0 0 1 0
o 1 1 0 0 1 0 0 0
11 0 0 1 0 0 0 0 0 0 0|

Now, we can partition D3} in to four sub matrices say, A,B,C and D where A is a

5 X (d2g + 1) sub-matrix of the form

1001 00 00 0 0 O0O
101 0 0O 0000 O0O
110 0 00 0000 O0O
1110 00 00 0 0 O0O
|1 01 100 00000 0]

Again we can find the 5 x 4 sub-matrix A; in A which is of the form

e e e
[ i = ]

0 1
10
0 0
10
11
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Here the remaining entries of 4 x (deg — 3) sub-matrix Ay of A has all the entries zero

n—

The sub matrix B of order [(Tg)] X (dag + 1) of the form

0 1 0 0 1 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 1 1 0
0 0 0 0 0 0 0 1 0 0 1 1

In this matrix B the entry 1 appears only in (m)™*, (m — 1)t (m — 4)*" columns.

And we choose sub matrix C of order (n — 5 — ("758) — [258]) x (dag + 1) of the form

0 000 0O 000011
0 000 0O 00 01 01
0 000 0O 001110

Finally we can choose a submatrix D as ([252]) x (dag + 1) of the form and its exactly

reverse matrix of B

o o o o0 0 O o 1 1 0 0 1

o o o o0 0 o 11 0 0 1 0

o 1 1 0 0 1 o o0 o o0 0 0
|1 1 0 0 1 0 0 0 0 0 0 0 |

Clearly we can observe that the rows of A,B,C' and D of D;g are not identical.
Therefore, for any graph G = C,, of order n > 10 admits a Edge—dpd-set.

Case 2: n, an odd integer and > 11

Let M = {ey,ea,e5}. Then
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1 0 0 1 0 0 o 0 0 0 0 0]
1 0 1 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0 0 o0
1 0 1 1 0 0 0 0 0 0 0 0
o 1 0 o0 1 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 1 1 0

D=0 0o 0 0 0 0 o 1 0 o0 1 1
0 0 0 0 0 0 0o 0 1 0 1 1
0 0 0 0 0 0 o 0 0 2 0 1
0 0 0 0 0 0 0 0 1 1 1 o0
0 0 0 0 0 0 0o 1 1 0 0 1
O 0 0 0 0 0 1 1 0 0 1 0
0o 1 1 0 0 1 0 0 0
11 0 0 1 0 00 0 0 0 0|

Now, we can partition D3} in to four sub matrices say, 4,B,C and D where A is a
5 X (d2g + 1) sub-matrix of the form

10 01 00 00 0 O0O0O
101 0 00 0 00 O0O0O
110 0 00 00 0 0 O0O
111000 00 0 O0O0O
|1 01 100 00000 0|

Again we can find the 5 x 4 sub-matrix A; in A which is of the form

[ = T S =
S = = O O

0 1
1 0
0 0
10
11

Here the remaining entries of 5 X (dag — 3) sub-matrix Az of A has all the entries zero
The sub matrix B of order [@] X (dag + 1) of the form



Vol. 11 Edge-distance pattern distinguishing graph 29

0 1 0 0 1 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 1 1 0
0 0 0 0 0 0 0 1 0 0 1 1

In this matrix B the entry 1 appears only in (m)™, (m — 1)**, (m — 4)*" columns.

And we choose sub matrix C of order (n — 5 — ng) — [252]) x (dag + 1) of the form

o O O O

0 0 0 00O 0 0 1
00 0 0O 0 0 0
0 0 0 0O 0 01
0 00 0O 0 0 0

= o= = O

0
1
0
1

= O =

Finally we can choose a submatrix D as ([252]) x (dag + 1) of the form and its exactly

reverse matrix of B

0o 0o o o 0o O - 0 1 1 0 0 1|
o 0o 0 0 0 0 - 1 1 0 0 1 0
o 1 1 0 0 1 -~ 0 0 0 0 0 0

1 1 0 0 1 0 -~ 0 0 0 0 0 0|

Clearly we can observe that the rows of A,B,C' and D of D;‘g[ are not identical.
Therefore, for any graph G = C,, of order n > 11 admits a Edge—dpd-set. O

Theorem 3.6. For any graph G = (V,G) there exists no Edge—dpd-set M of cardinality
2.

Proof. Suppose there exists a Edge-dpd-graph with |M| = 2, say e and f.

If these e and f are adjacent then da(e, f) = 0 = da(f, e), then D3 contains a sub matrix
[2 x (d2g + 1)] so that the rows of submatrix represents the M-Edge—dnp of the edges e and f
in DY that is entry 1 is at the first column of submatrix and the rows are as shown in below

If these two edges are independent edges then the rows of the submatrix D;‘gf is as shown below
and here the entry 1 appears only at the first and (da(e, f) + 1)** columns, and the rows will
be of the following form

Hence, D3 contains identical rows and so M is not a Edge-dpd-set. O
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Lemma 3.6. If G = P, of size m > 2 admits a Edge—dpd set then 3 < |M| < m — 2.
Proof. we need to prove that the result is not true for [M| =2 and | M| >m — 1

Case;-1. If |M| = 2 the proof fallows from theorem
Case;-2.1, If |M| = m, consider path on size 3 and let M = {e1, ea,e3} = m, then

s« M __
DQG*

W N
T

It is clear that two rows are identical.

Case;-2.2, If [M| = m — 1 consider path on size 4 and for any choice of |M|=3=m —1,
let My = {ey,ea,e3}, Mo = {e1,ea,e4}, M3z = {ea,e3,e4}, My = {e1, e3,e4} Edge—dnp-matrix
D;gf shown bellow respectively,

110 1 01
1 01 1 10

D3 - D3
110 110
111 111
1 11 1 11

Do Lo Dt 110
110 1 00
1 01 110

It is observe that two of its rows are identical for any choice of |[M| =m — 1. O

Theorem 3.7. IfG is a Edge—dpd-graph with |M| = 3 then the edges should be at distinct

distances from each other.

Proof. Let G be a Edge-dpd-graph with Edge-dpd-set |M| = {e1, e, e3}. Consider da(e1,es) =
k1,ds(es,e3) = ka,da(e1,e3) = k3.
Case:-1-

If do(e1,e2) = da(ea, e3) = da(er, e3) = k.
The sub matrices 3 x (da + 1) represented by edges e1, e2 and e3 respectively of D;gf will have
the entry 1 at first and (k + 1)th column,

ie

1
D= 1
1

o o O

o o O

— = =

o o O
o
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It is observe that D;‘g contains identical rows and hence M is not Edge—dpd-set
Case:-2- If ky # ko = k3 Here also the submatrix (2 X dag + 1) represented by e; and e
respectively have the entry 1 at the first, (k; + 1)th and (ks + 1)th column, then

Case:-3- If kl # kQ # k3
The sub matrices 3 x (dag + 1) represented by edges e, e5 and es respectively in D;g have
the entry 1 at first, and (k; 4+ 1)th, (k2 4+ 1)th, and (k3 + 1)th columns,

1 0 01 0 0 0 O-- 01 0 0
D =110 010 01 0-- 000 0
10 0 00 01 0--- 01 0 0
It is possible to form a Edge—-dpd-set M with |M| = 3. O

Here these is not a sufficient condition for M to be a Edge—dpd-set.
For Example Consider path on size 5 i.e {v1e1veeavze3v4eqv5e506} and M = {e1,eq,e4}.
Lemma 3.8. If G of size m > 2 admits a Edge—dpd set then 3 < |M| <m — 2.

Proof. we need to prove that the result is not true for |M|=2 and |M|>m —1

Case;-1. If |M| = 2.

The proof fallows from Theorem 3.5.

Case;-2. If |[M| > m — 1.

We know that for any graph G of size m > 2 has at least two diametral edge, then for any
choice of [M| > m — 1 in D3} the sub matrix of these diametral edges have the same entry in

each column. Because Ny(e) > 2. O
Theorem For any graph E(G) is a Edge—dpd set if and only if G = K.

Proof. If G = K, then Edge-dpd-set of k2 = e; and e(kz) = {e}.
For Converse. If M = E(G) in D3} is a square matrix its row and column have same

element and G has exactly one row and column hence G = K. O

Corollary The complete graph K,, posses a Edge—dpd set if and only if n = 2.
Corollary Complete bipartite graph K, ,, posses a Edge—dpd-set if and only if m =n = 1.
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Abstract The present paper deals with the class K of entire functions represented by Dirich-

let series in two variables si, s2 for which
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is bounded. Various results on Division Algebra, Topological Zero Divisor and Continuous
linear Functional are then established for the set K.
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§1. Introduction and preliminaries

Let -
f(81782) - Z Qm,n G(Am’ler#"SQ), (Sj =0y +itj, j = 1,2) (1)

m,n=1
be a Dirichlet series of two complex variables s; and s;. Let E be a commutative Banach

Algebra such that an, ,’s € E. Also \y,'s, p,'s € R satisfying

O< A< XA<...< )\, —00asm— o0

and O0<p <po<...<py—00asn— oo.

If
) log(m + n)
limsup ——— =L < 2
m+n—>£o )\m + ﬂn ( )
and 1
lim sup 108 [|am.n | = —00 (3)

m4+n—oo >\m + ,Ufn
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Then from [2], the series (1) represents an entire function. Let K be a class of entire functions

represented by series (1) for which
()\m+/ln)01(>\m+un) ele2(mtn)—ci}(Am+pn) |G|

is bounded where c1,co > 0 and c1,ce are simultaneously not zero. It is also clear that K
defines a linear space over C2. Let

E AmS1t+in
f(51a52 amne( s1thns2)

m,n=1

and  ¢g(s1,s82) E bmne()‘ mS1Ffin52)

m,n=1

then the binary operations in K are defined as follows

f(s1,82) + g(s1,52) = Z (@ + by ) €A1 Fhns2)
m,n=1
o0
§.f(s1,82) = Z (&.am,n) eAmsitinsz)
m,n=1

f(s1,82).9(s1, $2) Z {m + pin) O trn) lea(mtn)—ei}Qmtin) g p L e(Amsitunsz),

m,n=1

The norm in K is defined as

o0
£ = D" O ) Potten) - elealmim=en Qo) g, | (4)

m,n=1

During the last two decades a lot of research has been done in the field of Dirichlet series
and many important results have been proved wherein a result showed that every entire function
can be represented in the form of Dirichlet series but this representation is not unique. Daoud
in his papers [2]- [3] considered a function of two variables represented by Dirichlet series and
proved results which could be easily extended to finite number of variables. Kamthan in [5]
considered different classes of entire functions represented by Dirichlet series in several variables
and gave different characterizations of continuous linear functionals.

Hussein and Srivastava in their paper [4] discussed bornological properties of the space of
entire functions of several complex variables. Behnam and Srivastava in [1] equipped the space
of several complex variables with natural locally convex topology and proved it to be Frechet
space. Also they gave different representations of continuous linear functionals.

So far many authors considered set of entire functions with weighted norms and studied
results on it. Kumar and Manocha in [6] generalized the condition of weighted norm for a
Dirichlet series of one variable and thus established some results. Present work is an extension
of [6] to a Dirichlet series of two complex variables defined by (1). The purpose of this paper is

to give a broader view to the study of Dirichlet series in two variables.
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§2. Main Results

In this section main results are proved. For the definitions of terms used refer [7]- [8].

Theorem 2.1. K is a commutative Banach algebra with identity.

Proof. In order to prove this theorem we need to show that K is complete under the norm
defined in (4). Let {f,, } be any cauchy sequence in K where

oo
— r AmS1+pins
fri(s1,82) = > aln) ePmsrtuns)
m,n=1

Then for a given € > 0 we can find a constant » > 1 such that

”fn _frzH <eV r,re>r

that is
oo
Z ()\m +,un)c1()\m+un) e{cz(m+n)fc1}(/\m+un) ||a£7:}% _ a%?%” <eVN ri,re >
m,n=1

This shows that {as,?)l} forms a cauchy sequence in a Banach space FE for all values of m,n > 1.
Hence

3 (Tl) —
7Hllinoo Ayl = Qo ¥V myn > 1.

Letting ro — o0,
o0
Z ()\m+un)c1()\m+p«n) e{cz(m+n)701}(/\m+un) ||a£;}7)L *am,n” <eV ri>r
m,n=1
Thus f,, — f as r; — oo. Also

Z (Am + Mn)cl(/\m‘HJn)e{C2 (m‘Hl)*Cl}(/\m‘Hlfn)

m,n=1

am,n” <

Z ()\m _|_‘un>c1(Aer#n)8{62(m+n)*01}()\m+ﬂn)||a£;}2b _ am,n” +
m,n=1

Z (>\m + Iun)cl (A ptn) 6{62(m+n)701}()\m+;4”)

m,n=1

laiiall < oo

The identity element in K is
o0
e(s1,s2) = Z emn(Am Jrun)fq()\mﬂm) eler—ca(m+n)}Am+pn) o(Amsitinsa)
m,n=1

Now if f,g € K then

— - c1(Am+un) j{ca(m+n)—ci }(Am+in)
I £gll (Am + fin) e :

m,n=1

”(/\m + llfn)cl(Am—HLn)e{cz(m+n)_01}(>\m+#n)@m,n bm,nH < ”f””g”

This proves the theorem. O
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Theorem 2.2. The function f(s1,s2) = Z A ePAms1tuns2) o invertible in K if and
m,n=1
only if
{Hdm N ()\m + Mn)—cl(km-s-un) e{cl—cz(m+n)}(km+un)||}

is a bounded sequence where d, ,, s the inverse of am n.
o0
Proof. Let f(s1,$2) € K be invertible and g(s1,s2) = Z bm.n eAms1tins2) ho jts inverse.
m,n=1

Then f(s1,$2).9(s1,52) = €(s1, $2). Therefore

()\m‘i’ﬂn)m ()\m+/tn)e{c2(m+n)fc1}()mer/tn) A b = €m n(/\m+un)7cl()\m+”")6{cl762(m+n)}()‘m+p'")

which implies

()\m+un)01(Am+#n)e{02(m+”)—cl}()\m-i-#n)bm n=€m n{(/\m+un)01()\m-th)6{02(m+n)—61}(>\m+un)am n}—l.

This further implies
()\m + Mn)01(Am—i-p,n)e{CQ(m-‘rn)—m}(>\m+un) Hbm,n” =
[€mn{(hm i) Ol eslmsm=en} i), 1|
which is equivalent to

lldum (A + Mn)—m(/\m+un)e{m—02(m+n)}(/\m+un) |

and is a bounded sequence since g(si,s2) € K.
Conversely suppose {||dm.n (A 4 iy ) 0t Amthn) eler=ez(mtn)}Am+1n) |11 he a bounded se-
quence. Define g(s1, s2) such that

g(s1,82) = Z emm(Am + un)72C1(Am+un)e{2C17262(m+n)}(>\m+un)a:n1n eAms1+ins2)

5
m,n=1

Clearly g(s1,s2) € K. Further

e}

f(s1,52).9(s1,82) = Z {(@mnmn (A + fan) 26 Omtrin) {2e1=2e2(m4m)}Qomtpin) g1y

m,n=1
(Am + Mn)Cl(/\m+un)e{02(m+n)—61}(Am+un)}e(/\msl+un32) = e(s1, 52)
Hence the theorem. O

Theorem 2.3. A necessary and a sufficient condition that an element f(s1,52) € K be a

topological zero divisor is

lim ()\m +un)cl(>\m+ﬂn) 6{02(m+n)_cl}()\m+ﬂn) ||amnH =0.

m,n— oo
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Proof. Let the given condition holds. Construct a sequence {g, »} such that

[ee)

(s1,82) = Z (Am + ’un)*cl(Aer#n) elei—ca(m+n)}Am+pn) c(Amsi+uns2)

Im.n

m,n=1

Thus for all m,n > 1, gmn € K and ||gm.n|| = 1. Now

f(slst)‘gm,n(Slst) = 9m,n(31752)'f(31752)
o0
_ Z - ne(km81+un82)
m,n=1
Therefore
o0
1 f-Gmnll = llgmmn-fll = Z (Am + fi) Omttin) glea(man)=—er}Qmtun) g, |
m,n=1

As m,n — oo,
I f-gmnll = llgmn-fIl — 0
Thus f(s1,s2) is a topological zero divisor.
Conversely suppose the given condition is not true that is

Hm (A o+ i) O rn) glez(mtm)—er}mtin) 11— B> 0

m,n— 00

Then given v with 0 < v < 3 we can find integers ng > 1, mg > 1 such that for all n > ng ,
m > myg
A +Mn)cl(>\m+ﬂn) elez(mtn)—ci}(Am+un) lamnll = 8-

hold true. Also since f(s1,s2) is a topological zero divisor therefore there exists an arbitrary
sequence {gn, n, } of elements in K with unit norm such that for all
h1,hs > 1 one has

o0
A
ghl,h2(51,52) — Z bhl,hg 6( hy 81+ hy52)
hi,ha=1
which implies
o0
A co(h14-h2)—c1 }(A _
Z (An, +Mh2)cl( nitong) glea(hithe)—ci}(Ang +any) 68y ol = 1.
hl,hzzl

Next, for € such that 0 < € < 1 there exists integers Np, n,, Mp, n, and subsequences {n;} of

sequence of indices {n} and {m;} of sequence of indices {m} such that
(O + un)01()\m+;u'n) 6{52(m+n)*c1}()\m+#n)||bm} |l >1—¢€
19T ho
forall n =n; > Ny, p,, m=m; > Mp, p,-
This implies

()\m + Mn)cl(km"rﬂn)6{02(m+")_cl}(Am+Nn){(Am + Mn)cl(Am,+#n,)e{c2(m+n)_cl}()‘m“l‘#n)}.
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||am7n.bmh17nh2 || > ¢ > 0 forall n; > Nhl,hza m; > Mhl,hg'

Therefore
Hf(slv52)'gh1,h2(31752)” - 0

which is a contradiction. Hence the theorem. O
Theorem 2.4. K is not a Division Algebra.

Proof. Let
h(s1,s2) Z {(m+n)~ ( " +Mn)761(Am+un) eler—ca(m4n)}Am+pn) o(Amsitins2)
m,n=1
Clearly h(s1,s2) € K and does not possess inverse in K. Let if possible
81, 82 Z Zm.m € (>\7n51+ﬂns2)
m,n=1

be its inverse. Hence h(s1, $2).2'(s1, $2) = e(s1, s2). This implies
Zmon = €mn (M4 1) (A + un)fcl(k’"*“") elar—c2(m+n)}(Am+un) qoes not belong to K.
This completes the proof of the theorem. O
Theorem 2.5. FEvery continuous linear functional 0 : K — E is of the form

g(f) — Z am,n lm,n ()\m+‘LLn)Cl()\m+M") 6{62("7’4’”)751}()‘"14’#71)

m,n=1
where

51352 § amne()\ 51+/»bn52)

m,n=1

and {lpmn} is a bounded sequence in E.

Proof. Let us first assume that § : K — FE be a continuous linear functional. Since 6 is

continuous,
_ (M,N)
0(f) = o(, lim _fOrN)
where
M,N
f(MyN) (817 52) = Z Am,n e(AMS1+#nsz)-
m,n=1

Let us define a sequence {fm n} C K as

fm n(sla 32) — ()\7” + Mn)fcl()‘M‘H"n) 6{01702(m+n)}()‘m+l“n)e()‘msl+l‘n52)

Therefore

M,N

0) = 0,1 D7 Gy (e + )2 O o) eleatmimen} O )
’ m,n=1
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M,N
= lim E o ()\m + Nn)c1(kr,rL+M1L) e{CQ(ern) c1 (A ,,L+M,L (fm n)
M,N—oco 1 ’
m,n=

Since 6 is a linear functional therefore

O(frmn) = lmn-
This implies
M,N
0(f) =, tm m;l o b A i) 2 O Hin) g {ea(metm) =er} O -+im)

We now show that {l,, } is a bounded sequence in E.

1l = 10 ma)l < 7l fmnll

and || fm,n|| = 1 which further implies
[lmnl < 7.

Thus {l;,.»} is a bounded sequence in E.

Conversely let {l,, »} be a bounded sequence in E satisfying

e(f) = Z Am.n lm n (>\m + ,Ufn)CI()\erHn) 6{62(m+n)761}()\m+#n)-
m,n=1
Then, 6 is well defined and linear. Now

oo

Z ||amnlmn||( m+ﬂ )Cl( mtin) 6{02(m+n) c1H(Amtin)

m,n=1

16CA)l

oo
S D amanll Mol (o ) O3] glezmmend i)

m,n=1

< 7lfll

Thus @ is a continuous linear functional which proves the theorem.
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81. Introduction

Let f(z) be a primitive holomorphic cusp form of even integral weight &k > 2 for the full

modular group SL(2,Z). The Fourier series expansion of f(z) at infinity is

Zaf n'T enz)

for Rs > 0. Moreover, we assume that f(z) is a normalized Hecke eigenform such that a¢(1) = 1.

It is known that af(n) satisfies the Ramanujan-Petersson conjecture, proved by Deligne [2]:

laj(n)| < d(n),

where d(n) is the divisor function. If f(z) is a Maass cusp form for SL(2,7Z) with Laplace

eigenvalue % + 72, then its Fourier expansion at infinity is

—2\[2 af 7,7‘ 27T|n|y) ( )

n#0
where Kj;, denotes the K-Bessel function and af(1) = 1. In contrast with holomorphic cusp
form, the Ramanujan-Petersson conjecture for Maass cusp form, has not been proved yet. The
best record till now is af(n) < nsite which is due to Kim and Sarnak [7].
For o = $s > 1, let L(f, s) be the corresponding Hecke L-function associated to f(z), then

= apmn™ =J(0 - as(p)p™) (1= Brlp)p*) ", (1.1)

p
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where a¢(p) and Gf(p) are local roots at p, and

ap(p) + Br(p) = ap(p),  af(p)Bs(p) =1.

Taking logarithmic differentiation in (1.1), we have

L= A e

n=1

where

(ap(p®) + B (")) logp, n=p*;

0, otherwise.

A(n, f) =
With an additive character e(ay/n), a > 0, we have

Sp@)= 3 A(n, fe(avi),

rz<n<2zx

where x > 2. Note that

St(x) = Z a¢(p)logp e(a\/ﬁ)—l—O(a:%logac).

r<p<l2x

It should be mentioned that Lao [8] has studied the exponential sums over primes connected

with the coefficients of holomorphic cusp forms. She showed that

Sp(@) = Y Al fe(ayn) < zi*e.

r<n<2zx

In this paper we want to study the mean value estimate for the coefficients of Maass cusp
forms in exponential sums over primes.
Another reason we study the problem is from Vinogradov’s exponential sums over primes.

Vinogradov [13] is the first person to study the following sum

S@)= 3 Al)e(avh),

r<n<2zc

where A(n) refers to the Mangoldt function. And it was shown that
S(x) < wste.
Later, Iwaniec and Kowalski [6] obtained a better result
S(r) < zote.
Ren [9] made a further study with a new method and found that
S(x) < z5Fe.

The main aim of this paper is to prove
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Theorem 1.1. Let f(z) be a Maass cusp form for the group SL(2,7Z), and assume that it
satisfies the Ramanujan-Petersson conjecture. For any a > 0 and any sufficiently small € > 0,
we have

Sp(x)= > A, fle(ayvn) < z8F%,
r<n<2x

where the implied constant depends on « and f(z).

§2. Preliminaries

First we recall some basic notations and knowledge. We use L(f,s) to denote any nor-
malized L-function. It is well-known that when o = Rs > 1, all its nontrivial zeros are in the
critical strip 0 < o = Rs < 1. However the Grand Riemann Hypothesis asserts that they all lie
on the critical line s = %

In the absence of a proof of the Grand Riemann Hypothesis, it is natural to ask how many

zeros of a given L-function can lie off the critical line o = % Therefore we define
NL(T) :==4{p=B+iv: Llp,f) =0,y < T} (2.1)

Np(o,T):=#{p=0+iv: L(p,f) =0,0 <B<1,|y| <T} (2.2)
where % <o <landT > 3. As we all know, zero-density theorems for L-functions to the right
of the critical line are objects of intensive studies in analytic number theory. These results have
been established by many mathematicians for various L-functions.

For the Riemann zeta-function ((s), Ingham [5] showed that

3(1—o)
2—0o

Ne(o,T)< T (log T)®,

this result was further refined as

12(1—0)

Ne(o,T) < T~ 5 (logT)*.

See [3] for details.
For the Dirichlet L-function, Bombieri [1] stated that when T' < Q,

33 N0, T) < TR (10 Q)™

q<Q X

*
where Y means that the sum is over primitive characters.

X
If f(2) is a holomorphic cusp form, we quote Ivic’s result [4], which stated that

o 1 3

Ni(o,T) < T2+ for f<o<d
2—20 3

Ni(o,T) < T = *¢ for Zgogl

If f(2) is a primitive Maass cusp form for SL(2,7Z) with Laplace eigenvalue % +7r2, we have

known that )

Np(o,T) < TlogT, for g T"

1
<o<o+ (2.3)

N =
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Sankaranarayanan and Sengupta [10] obtained a result for Maass cusp form for SL(2,Z),
which showed that

Ni(o,T) < T559% jor 141 5< (2.4)
LA ’ 2 logT — — 7 '

Later, Xu [14] improved the previous result (2.4) when o € [2,1),

(1—0)(80—5)

Ni(0,T) < T —277+60-3 +6’ for <o <1 (2.5)

=] w

On the basis of Xu, Tang [12] obtained a better estimate for N (o,T),

3
for 1 <o<1-—c¢gp, (2.6)

Np(0,T) < T 7"t

for arbitrarily small ¢y > 0.
In order to get the results we want, we assume f(z) satisfies the Ramanujan-Petersson

conjecture. Derive (using Perron’s formula) the following approximate expansion

D= AmfH=-3 L4 RT1), 2.7)

n<a <t P

where R(z,T) = O(% log? z) and p = 3 + iy runs over the zeros of L(f,s) in the critical strip
of height up to T, with 1 < T < z, and the implied constant is absolute. See [6] for details.

We also need the following result.

Lemma 2.1. Let F(x) and G(z) be real functions in [a,b] with G(x) and 1/F'(x) mono-
tonic. Suppose that |G(z)| < M.

WIf F'(x) >u>0or F'(z) < —u <0, then

/ G(z ))dz < % (2.8)

) If F"(x) >v>0o0r F'(z) < —v <0, then

M
— 2.
/ Gla)e(P(a))ds < . (2.9)
See [11] for details.

83. Proof of Theorem 1.1.

Integrating by parts, we have

> At Pelavi = [ elavad 3 A )

r<n<2x n<u

then applying the explicit formula in (2.7), we get

2x
Z/I uf™t ozf)du—!—/ e(avu)dR(u,T). (3.1)

[vI<T
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The error term above is bounded by
2z
/ e(avu)dR(u,T) < (1 + 7T‘Ot|$%)% log? z.
x
On taking
T = (1+ 7|a|z?)z?, (3.2)
we find that the error term in (3.1) is O(z% log? #), which is obviously acceptable.
To prove the Theorem, it suffices to show that
2z s
Z / ufre(ay/u)du < x6TE, (3.3)
lv<T %
Making change of variable v/u = v in (3.3), we have
2z ] (21:)% v lOg v
/ WP e (an/u)du = 2/1 v te(aw + )dwv.
T 2 ™
By Lemma 2.1, the last integral satisfies
1 1
ﬂ .
< x” min{1, - ,
{ , min |y + Tl 1/M}
2 <v<(2z)2
1 1
—, |7 < 27|a|(2x)z;
< 2P { (+lalz2)2 h | 1|( )
S omfala)t < pl<T
Thus,
2x
Z / ufLe(av/u)du (3.4)
lvI<T %
Yo SO DD DR =
- - T T
(1+|afz?)? . ; 1+l
|72l (22) 2 2mla|(22) 2 <|y|<T
=51+ 5s.

Now, we define a new function

L,
F(u,8) =

By (2.1), we have

B
Z i Z(logw/ xdu+1)

0
[v]<t [v[<t

1
= Np(t) +logz Z / x*F(u, B)du.
0

[v[<t

From the definitions of F'(u, ) and Np,(u,t), we have

Z F(uvﬁ) = NL(uvt)'

[vI<t



46 Cui Yao and Huixue Lao No.

Therefore we get

1

Z 2P = Np(t) +10gx/ 2" Ny, (u, t)du
lv|<t 0

1 1
:NL(t)—Hoga:/ x"NL(u,t)du+loga:/ 2" Ny, (u, t)du

0 1
1 1 2
< xftlogt—i—log:v/ "Ny, (u, t)du,

1

2

where we have used the fact that, for 0 < u < %,
Np(u,t) < Np(t) < tlogt.

From (2.5) and (2.6), we can get

3
Np(u,t) < ¢5(1-wte for 1 <u<l1l-—egg; (3.5)
Np(u,t) < t3-w+e, for 1—eg<u<l, (3.6)
for arbitrarily small ¢y > 0.
Using (2.3), (2.4), (3.5) and (3.6), we find that
1, 1 3
3 1 2 Tlogt w 1 u M.{.g
Zm <<x2tlogt+logx/ T tlogtdu+logz/ 32w T du
|’Y|§t % %+101gt
1—eo o 1
+ logx/ s wteqy 4 logx/ 3wt gy
% 1—50

1—80

l’ut43(,71*_2::) +€du + logx/ xut%(lfu}#isdu

4

3

< x%+$tlogt + logx/

1 1
§+logt

1
+ 1ogar/ -t gy
1

—eo

14 1 4 —w) 8(1—
< z2teeitlogt +logx  max  x%t s T° 4 logxr  max atts(mwte
s+ Sust fSusi-e

uy3(1—u)+e
+logx17?012>5<1x t . (3.7)

Now we estimate S;. Taking ¢ = 2r|a|(22)2 in (3.7), we have

51:;1 Z 2P

(14 |o|z2)z
o] ly|<2r|al(22) %

3 2(1—w) 1
<21 flogxr  max  a"TEz TiTE flogax  max
3+ gy Su<? 2<u<l—go

ut3(1—u)—t+e

qur%(lfu)fiJre

+logz max =
1—epo<u<l

Note that

max (u4+ ——— =
4y <u<? 3—2u 4 6
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S
—
ot

max (u+-(l—u)—=)=-
3 <u<l—gg 3

3
U i Tt RS

Taking g9 = %, which is obviously acceptable, then we obtain

S1 < $%+E.
Now we estimate Sy, we have
zP _ 3
Z TH < logx max t Z xP.
"Y L
2nlal(22)d <ly|<T Arlel@o)E<IST -yl
Using the same method, we obtain
B
x
So =
; L+ |y
2m|a|(22) 2 <|y|<T
4(1—w)
< 22t loga max max ¥t s-ze 1t

1 1 1 3
27|a|(22) 2 <t<T §+logt§uSZ
8(17u)_
+ logx max , max Ut 3 lte
on|al(22) 2 <t<T 1Sus1—co

+ logx max max gU3-w-lte,
2rla|(22)3 <t<T 1E0Su<l
According to
4(1—w) 1 1 3.
Booa LS00 gt Sus
M—1<07 3<u<1l—ep
3(1—u)—1<0, 1—gy<u<l,
we have 5
x
Sy =
Z: 1+
2mla] (22) % <|y|<T
2(1—u) (=)
< gote +logxz  max  z'" o o te +logx max B
I+ <u<? i<usi—go
+logxr max guta(l-uw)—gte,
1—ep<u<l
Note that
21—wu) 1. 7
max (u+—>—-)=—,
bropsusi 3-2u 20 12
1 7
max (u+s(1—-u)—2)=-—,
%gugpeo( 3( ) 2) 12
3 1 1 €0
M) )y=-2+20
pmax (udsl-u=3)=5+3
Taking ¢ = %, then we obtain

Sy < xT72+E.

From (3.4), (3.8) and (3.9), we complete the proof of Theorem 1.1.
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§1. Introduction and preliminaries

Lucas polynomials

The sequence of Lucas polynomials is a sequence of polynomials defined by the recurrence

relation

220 =2 , ifn=0
Ln(z) =4 la't =z , ifn=1 (1.1)
2 L, (2) + 2L, _o(x) , if n>2

The first few Lucas polynomials are:

Lo(l') =2
Li(x) ==
Ly(x) = 2?42

Lz(z) = 2® + 3z
Ly(z) = 2* + 42 + 2

The ordinary generating function of the Lucas polynomials is

Clrnon ()= 3 Lafat” = = (1.2)

n=0
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Polylogarithm

The polylogarithm is a special function Lis(z) that is defined by the infinite sum, or power

series:

oo Zk
Lis(z) =Y = (1.3)
k=1

It is in general not an elementary function, unlike the related logarithm function. The above
definition is valid for all complex values of the order s and the argument z where| z |< 1. The
polylogarithm is defined over a larger range of z than the above definition allows by the process
of analytic continuation.

The special case s = 1 involves the ordinary natural logarithm (Li;(z) = —In(l — 2)) while
the special cases s = 2 and s = 3 are called the dilogarithm (also referred to as Spence’s
function) and trilogarithm respectively. The name of the function comes from the fact that it

may alternatively be defined as the repeated integral of itself, namely that

Lisy1(2) = /0 Lis(t) dt (1.4)

t

Thus the dilogarithm is an integral of the logarithm, and so on. For nonpositive integer orders
s, the polylogarithm is a rational function.

The polylogarithm also arises in the closed form of the integral of the Fermi-Derac distribu-
tion and the Bose-Einstein distribution and is sometimes known as the Fermi-Derac integral or
Bose-Einstein integral. Polylogarithms should not be confused with polylogarithmic functions

nor with the offset logarithmic integral which has a similar notation.
Generalized Hypergeometric Functtions

A generalized hypergeometric function ,Fy(as,...ap; b1, ...bg; 2) is a function which can be
defined in the form of a hypergeometric series, i.e., a series for which the ratio of successive

terms can be written

Chi1 _ P(k) _ (k+a1)(k+az)...(k + ap) B (15)
Ck Q(k)  (k+b1)(K +ba)...(k+bg)(k+1) '

Where k + 1 in the denominator is present for historical reasons of notation, and the resulting

generalized hypergeometric function is written

e (a)sla)s - (a2t
a a e la z
oFy 2| =) AR P’“' (1.6)
blab2a"'7bq 3

or
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where the parameters by, bs,--- ,b, are neither zero nor negative integers and p, ¢ are non-
negative integers.

The ,F, series converges for all finite z if p < ¢, converges for | z |< 1 if p # ¢ + 1, diverges for
allz , z#0ifp > q+ 1.

The ,F, series absolutely converges for | z |= 1 if R({) < 0, conditionally converges for
2 q
|z]=1,2#£0if 0 < R(¢) < 1, divergesfor | z|=1,if 1 <R(C), (= > a;— Y, b;.
i=1 i=0

The function 2 F}(a,b;c; z) corresponding to p = 2,¢ = 1, is the first hypergeometric function
to be studied (and, in general, arises the most frequently in physical problems), and so is fre-
quently known as ”the” hypergeometric equation or, more explicitly, Gauss’s hypergeometric
function (Gauss 1812, Barnes 1908). To confuse matters even more, the term ”hypergeometric
function” is less commonly used to mean closed form, and ”"hypergeometric series” is sometimes
used to mean hypergeometric function.
The hypergeometric functions are solutions of Gaussian hypergeometric linear differential equa-
tion of second order

2(1=2)y" +[c—(a+b+1)z]y —aby=0 (1.8)

The solution of this equation is

ab ala+1)b(b+1) ,
_a.h aer POT 2. 1.
Y 0{ T T ety } (1.9)
This is the so-called regular solution,denoted
ab ala+1)bb+1) , = (a)g (b)gzF
F bie:2) = |1 i S R H = — 1.1
2 1((1, e Z) [ + 1! CZ+ 21 C(C+ 1) s :| Z (C)kk" ( 0)

which converges if ¢ is not a negative integer for all of | z |< 1 and on the unit circle | z |= 1 if
R(c—a—1b)>0.

It is known as Gauss hypergeometric function in terms of Pochhammer symbol (a)j or

generalized factorial function.

Many of the common mathematical functions can be expressed in terms of the hypergeo-

metric function, or as limiting cases of it. Some typical examples are

(1-2)"%=2z9F(1,1;2;—2) (1.11)
113
.1 2
- .= 1.12
sin 2—22F1(2,2,2,z) ( )

The special case of (1.3.4) when a = c and b = 1, or a = 1 and b = ¢, yields the elementary

geometric series
o0

doAt=ltr 44 (1.13)
n=0
Hence the term “Hypergeometric” is given. The term hypergeometric was first used by Wallis

in his work “Arithmetrica Infinitorum”. Hypergeometric series or more precisely Gauss series
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is due to Carl Friedrich Gauss(1777-1855) who in year 1812 introduced and studied this series
in his thesis presented at Gottingen and gave the F-notation for it. Here z is a real or complex
variable. If ¢ is zero or negative integer, the series (1.10) does not exist and hence the function
oF1(a,b; ¢; z) is not defined unless one of the parameters a or b is also a negative integer such
that —c < —a. If either of the parameters a or b is a negative integer, say —m then in this case

(1.10) reduce to the hypergeometric polynomial defined as

o1 (—m,b; ¢; 2) = i Emn(b)n 2" (1.14)

|
— ()an

Hypergeometric Function of Second Kind

a, b

) X o z | +

Tla—c+1)T(b—c+1)

G(a,b; ¢; ) =
c 5
l4a—c, 14+b—c ;

I'(c—1)2z(1=9)
(c—1)z « o Fy - (1.15)

['(a)T(b) , '

where ¢ # 0,+1,£2,. ..
Gla,b; ¢; 2) =20"9GU4+a—c,14+b—c¢ 2—¢; 2) (1.16)

Each of the following functions is a solution of differential equation (1.8). A system of two

linearly independent solutions of differential equation (1.8) in

the vicinity of the singular point z = 0,1 and oo are given by

a, b
wi” (2) = 2 Fy z
c k)
a, b H
wi (2) = 2 Fy 1—2z (1.17)
l+a+b—c ;

l4+a—c, 1+b—c ;

ng) (Z) — Z(lfc) 2F1 o

wi (z) = (1 - 2)70 7, 7y 1—z (1.18)
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The equation (1.8) is also denoted by

It is convergent for |z| < 1.

Note:

a,l4+a—c ;
wi™ (z) = (=2) ™" 2 F} 1
| 1+a-0 ;
I 1+b—¢c, b ;
wi™ (2) = (=2) "2 P 1
| 1+b—a H
where ¢ # 0,£1,+2,...; (c—a —b) and (a — b) are not integers.
mh =, (@)
) (D), 2™
F; = —_—
B |3
c 5
:1+abz+a(a+1)b(b+1)z2
c c(e+1)2!
ala+1)(a+2)b(b+1)(b+2)23 _
...+ ad inf.
+ clct1)(ct2)3! Fooadm
a, b ; [ 0,0 3
2 I 0 | =2 z | =1
c H L € 5
= () B
o a)r 2" ,
e Y <
L —

Generalized Ordinary Hypergeometric Function of One Variable

(1.19)

(1.20)

(1.21)

(1.22)

The generalized Gaussian hypergeometric function of one variable is defined as follows

aFp

ai, az, ag,...,a4 3

_ X (@1),, (a2),, (as), -+ (aa),, 2"
: *,; (b1),, (b2),, (b),, -~ (bp),, n!
bhbg,bg,...,bB 5
(aA) ’
. | oso (@a), 2
o 2 (ol

(1.23)

(1.24)
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where for the sake of convenience (in the contracted notation), (a4) denotes thearray of “A”
number of parameters given by aq, as, as, ..., aa. The denominatorparameters are neither
zero nor negative integers. The numerator parameters may be zero and negative integers. A

and B are positive integers or zero. Empty sum is to be interpreted as zero and empty product

as unity.
b b
Z and H are empty if b < a.
(-1
ap)lopn = —~——— 1.25
A A
I'(am +n)
[(aa)ln = (a1)n(az)n(as)n - (aa)n = H (am)n = H W (1.26)
m=1 m=1 m
where a4, as, as, ..., aa; b1, ba, b3, ..., bp and z may be real and complex numbers.
a,b, 1 ; ( )
c—1
F =—
352 T e-nb-nz
¢, 2 ;
a—1,b—1
X{zFl z —1} (1.27)
c—1 H

The convergence conditions of 4 Fp are given below

Suppose that numerator parameters are neither zero nor negative integers (otherwise ques-

tion of convergence will not arise).

(i) If A < B, then series 4 Fg is always convergent for all finite values of z(real or complex)
ie., |z] < o0.

(ii) If A= B +1 and |z| < 1, then series 4Fp is convergent.
(iii) If A= B+ 1 and |z| > 1, then series 4Fp is divergent.
(iv) If A= B+ 1 and |z| = 1, then series 4 F'p is absolutely convergent, when

B A
Re{ me—Zan} >0
m=1

n=1

(v) If A= B+ 1 and z = 1, then series 4 Fp is convergent, when
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B A
Re{ me—Zan} >0
m=1

n=1

(vi) If A= B+ 1 and z = 1, then series 4 Fp is divergent, when

(vii) If A= B+ 1 and z = —1, then series 4Fg is convergent, when

B A

Re{ ) mean} >
m=1 n=1

(viii) If A= B +1 and |z| = 1, but z # 1, then series 4 Fp is conditionally

convergent, when

B A
—1<Re{me—Zan}<0
m=1

n=1

(ix) If A > B+ 1, then series 4 Fp is convergent, when z = 0.
(x) If A= B+ 1 and |z| > 1, then it is defined as an analytic continuation
of this series.
(xi) If A= B+ 1 and |z| = 1, then series 4 Fp is divergent, when
B A
Re{ S by Zan} <1
m=1 n=1
(xii) If A > B+ 1, then a meaningful independent attempts were made to define
MacRobert’s E-function, Meijer’s G-function, Fox’s H-function and its
related functions.
(xiii) If one or more of the numerator parameters are zero or negative integers,

then series 4 Fp terminates for all finite values of z i.e., 4 Fg will be a hypergeometric
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polynomial and the question of convergence does not enter the discussion.

§2. Main Indefinite Integrals

coshx Ly (z)

dx =
v1—cosx
1 8 61 1 1 1 1
Y i DA Gt b L [22xF( e —= 1= _ L!L’)
./17_(:0”(25 25) ] e S i B R R
1 1 3 3 1 1
+26”"3F2<§ + ¢, 3 +1,1; 3 +¢, 3 + ¢ e””) — (2= )ze*yFy ( —5= 6 1; 776 ew)Jr
1 3
+(2 = v)ze®o Fy (2 +¢,1; = + L e”) + (2 = 1)ze®® — 2629’:] + Constant (2.1)
/smhaj Li(x) d
SR Y gy =
v1—cosz
1 8 6¢ 1 1 1 1
S ( 1-%)x 7|:2 F( R Lat)_
s/l—cosx(25 25) sing [2esha{ gty g Ty e
1 1 3 3 1 1
—26”3F2<§ +¢, B +,1; B + ¢, 3 + 4 e“”) —-(2- L)xethl( 5 b 1; 376 e“”)—
Lx 1 3 LT 2z 2z
—(2 —v)ze Ty Fy (5 +¢,1; B +e ) +(2—1)xe®™ —2e ] + Constant (2.2)

cosx La(x)

v1—cosx vlfcosx

2% log(l—e?)— leog(1+e%)+2x2cosg—sting—Hcosg—i—Zlog(tan

[4L$L22( %) — diwLis(eF) — 8Lis(—eF) + 8Liz(eF )+

)} +Constant (2.3)

8

cosz Lq(x) dx 2
v1—cosx \/1—cosx

{2LL12( e )—2Liy(e? )+xlog(l—e?)—xzlog(l+e? )—

—4S1n§ + 2x cos 5} + Constant (2.4)
cosz Lq(x) 1 _ 1 1 3 3
—dx = ——————¢" " (e" -1 {67& F (*7L,77L,1;*7L,*7L;6x)+
v1—coshz 254y/1 — cosh x ( | JoF% 2 2 2 2
1 1 1
+(6+8L)62LI3F2(§+L7 §+L, 1; quL, ;+L; cosh:z:Jrsinhx) +5x{(1+2L)2F1 (§—L, 1; gfl,; ez)+
1
+(1 = 20)e? %, < +,1; = 5 +L coshx+smhx> H + Constant (2.5)
sinz Lq(x) 1 _ 1 1 3 3
dx = e e -1 {— 8+46¢)3F: (*—L,*—L,l;*—b,*—b;(ff)—
v1—coshz 25y/1 — coshx ( )|~ Jo o 2 2 2 2
1 1 3 3 1 3
—(8—6L)62“3F2(§+L, §—|-L, 1; 5—!—/,, §+L;coshx—|—sinhx) —|—5x{( —1)oF (2 L, 1; 374 em>+
1 3
+(2+ 1)y Fy (5 +1,1; 3 + v;coshx + sinhx) }] + Constant (2.6)
cosx La(x)

— dx =
v1—-coshz
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) 11
6(7L+§)$ sinh g [(2+]_]_L)62L1{ —(8—4L)SU 3F2(§+L, §+L, 1; §+L §+L7 ew)_

2
1251 — coshx 2 "2

1 1 1 3 3 3 3
—8L4F3<§-|-L,§+L,§+L,1;§+L7§+L,§+L;6I) (4430) (22 +2) 2F1< +1¢,1; 2+L;ew)}—
1 3

1 3,
—(11+2L){(4—8L)£L' SFQ(*—L,§ —L71,§—L,§—L,€ )—

1 1 1 3 3 3 3
-8 4F3(§—L,i—b,g—b,l;§—L,§—L,§—L e )+(3+4L)(m —|—2)2F1<2 71,§—L;e”) H +Constant
(2.7)
sinx Ls(x) 1 x . x 3 9 ) 3 s
dx = 14+ (cosf—smf){—l 4{—6La: +1)Le (— -1 462)+
VT sy T imamg o Oeosg msing ) |0 = Gt DER( = (1)

L L L

+6L(x2+1)m2((—1)%6%)+24zm'3(—(—1)36%)—241;/:1'3((-1)%7‘)+48LL1'4(—(—1)%@7‘)—
—48LL2'4((—1)%6%> + xg( —log (1 — (—1)26%)) + x3(log (1 + (_1)26%))_

L

67>> +3x<log (1 + (- 1)%(3?))} — (1 =) (2% — 622 —21x+42)sing+

+(—=1 4 ¢)(2® + 62 — 212 — 42) cos 5} + Constant (2.8)
sina Lo(x) d
2 2\ gy =
V1 —coshzx
2 1 x 1 1 3 3
:—(_L+§)x'h7[2—11 {4—8 F(f— R P f—-“)—
e sin L L)z L, L, 1; L L€
125v/1 — cosh z 21 1 Jrafalg =03 2 2
1 1 1 3 3 3 3 .
—84Fg(§—L,§—L7§—L,1;§—L,§+L,§—Le) (34 41)(x? +2)2F1( ,1;§—L;e")}+
2t 3 3 x
+(2+ 11v)e {(4—|—8L)x3F2(§+L,§+L,1;§+L,§+L;€)—
1 1 1 3 3 3 1 3
—8,4F3 (§—|—L, 5—!—/,, §—|-L, 1; §+L, §—|—L, §—|-L; em)+(3—4b)(a:2—|—2)2F1 <§+L, 1; §—|-L; ef”) H +Constant
(2.9)
coshx La(x) d
SR E 2 dx =
v1—-coszx
1 4 22¢ 1 1 1 1
Y T Rttt PR GV ST 7|:4 8 T F(fff 1= 77,wc)
\/l—cosx(125+125)6 Drsing [(4480ae™ s~ g g kg g et )+
m 1 1 3 3 o
+(4+ 8)zxe 3FQ(§+L,§+L,1,§+L,§+L,€ )
1 1 1 1 1 1
—8L€2$4F3(—5—L,—i—L,—i—L,l;i—L,i—L,i—L,;eL‘T)-l-
1 1 1 3 3 3
+8ee'” 4F3(2+L, L7§+L,1;§+L7§+L,§+L,;€m)—
2 2x 1 1 LT 2 x 1 3 Lz
—(4+43u)z%e 2F1( 3 L,1,§—L;e )+(4+3L)a:e 2F1(§+L,1;§+L;e )—
1 1 LT LT 1 3 LT
—(8 4 61)e** 2F1( 3 L,l,a—b;e )+(8+6L)e 2F1<§+L,1;§+L;6 )—i—

+(4 + 30)z%e*™ — (44 8)xe*™ + (8 + 14L)62z:| + Constant (2.10)
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sinhz La(z) d
S 2V dx =

v1—cosx
1 4 22¢ 1 1 1 1
- - (= e(-i—3)z 7{ 448 F<777 S w)
‘/1_cosx(125+125) sin g | ~(4480)2e™ 3Py (—5—t —g -t Lig—t g e )+
1 1 3 3
2 _ _ .2 e . LT
+(4 + 8u)ze 3F2(2+L,2+L,1,2+L72—|—L,€ )—i—
1 1 1 1 1 1
2z %3
F(_f_ YT YT 5 71;7_ e N 2 )
+8e”* 4 F3 5 L 3 L 5 L 5 L 5 L 5 Ly et 4
Y 111 3 3 3
+8ee 4F3(2+L, L,§+L,1,§+L,§+L,§+L,,€ )+
2 2x 1 1 L 2 T 1 3 L
+(4+ 3u)x%e 2F1( 3 L,l,i—L;e )+(4+3L)xe 2F1(§+L,1;§+L;€ )—
1 1 LT 3 LT
+(8 + 61)e*” gFl( 3 L,l,i—b;e >+(8+6L) 2F1< +L,1, + e )—l—

+(—4 — 30)x%e*™ 4+ (4 + 81)we®™ — (8 + 141)e f} + Constant (2.11)

sinz Ly(x) d
2E A dx =

v1—sinx

! (1+ L)(cosg — sin g) [(—1)%{4&52&'3( - (—1)%6%) - 48$2Li3<(_1)

- V1 —sinz
—8u(z? + Z)ILig( - (—1)%6%) + 8u(x? 2)93L12<( )%e%> + 192LxLi4< - (—1)%6%)—
—192Lxm4((—1)%e%) + 32L13( Dies 32L13< )%e%’) - 384Li5< - (—1)%6%)+

NI

e%)f4x2 log (17(*1)%67>+

m‘;

)+ ( log( %e%)>+x log (lJr(fl)

+384Li5((71)%e
T} (-0~ 82— 442 + 1760+ 354) sin T+

+422 log (1 + (*1)%6%) +4rtan™! ((*1)%6
(=1 4 o) (2 + 823 — 442°

/ cosx Ls(x) dx =
v1—cosz B

12m Sy {1920”3 Lis(e™F) = 19200% Lig ( - e ) +2400(a® + 3)2* Lia (e~ ¥ ) -
e Li4( _%) 1520w LZ4< 2?C)+240L(3§4+3902"'1)Li2<_e%>"'2880:1UL1‘3(€_%)_
_2880xLi3( - e%> — 46080z Lis (e‘%) + 460803;Li5( _ e%) 9400 Liy (e%> B
~sm60uLiy (e ) = 5760 Lis (— e'F ) + 920600Lig (=% ) + 921600 Lig — ¢ ) +

+20z% + 242° log (1 — e_%) — 2425 log (1 + e%) + 4825 cos g + 150" — 4802 sin g—l—

2

— 1762 4 354) cos 5} + Constant (2.12)

+1204° log (1—5%) ~1204° log (1+e%) 36002 cos g+21600x2 sin g—|—120x log (1 —e%) -

~120z log (1 + e*) — 173280 sing + 86640 cosg — 64ur® — 120m4} + Constant  (2.13)
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§3.Derivation of the Integrals

Applying the method which is used in ref[11] , one can derive the integrals.

Conclusion

In our work we have established certain indefinite integrals involving Lucas Polynomials

and Hypergeometric function. However, one can establish such type of integrals which are

very useful for different field of engineering and sciences by involving these integrals. Thus we

can only hope that the development presented in this work will stimulate further interest and

research in this important area of classical special functions.
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§1. Introduction and preliminaries

Elliptical Integral

IIn integral calculus, elliptic integrals originally arose in connection with the problem of
giving the arc length of an ellipse. They were first studied by Giulio Fagnano and Leonhard
FEuler. Modern mathematics defines an "elliptic integral” as any function f which can be

expressed in the form
f(z) = / R(t, \/P(t))dt (1.1)

where R is a rational function of its two arguments, P is a polynomial of degree 3 or 4 with no
repeated roots, and c is a constant.

In general, elliptic integrals cannot be expressed in terms of elementary functions. Excep-
tions to this general rule are when P has repeated roots, or when R(z,y) contains no odd powers
of y. However, with the appropriate reduction formula, every elliptic integral can be brought
into a form that involves integrals over rational functions and the three Legendre canonical
forms (i.e. the elliptic integrals of the first, second and third kind).

Besides the Legendre form , the elliptic integrals may also be expressed in Carlson sym-
metric form. Additional insight into the theory of the elliptic integral may be gained through
the study of the Schwarz-Christoffel mapping. Historically, elliptic functions were discovered
as inverse functions of elliptic integrals.

Incomplete elliptic integrals are functions of two arguments; complete elliptic integrals are
functions of a single argument.

The incomplete elliptic integral of the first kind F is defined as

¥ 9
P8 = P | 1) = Flainvik) = [ o (1.2)
— 1n

This is the trigonometric form of the integral; substituting ¢ = sinf,x = sin,one obtains

Jacobi’s form:

z dt
Flask) = /0 oA Re) (13)
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Equivalently, in terms of the amplitude and modular angle one has:

F(\a) = F (1.4)

b
(W,sina) = /0 /1 — (sinfsin«)?

In this notation, the use of a vertical bar as delimiter indicates that the argument following it is
the ”parameter” (as defined above), while the backslash indicates that it is the modular angle.

The use of a semicolon implies that the argument preceding it is the sine of the amplitude:
F(i,sina) = F( | sin?a) = F(y)\a) = F(sin;sin ) (1.5)
Incomplete elliptic integral of the second kind F is defined as
E(, k) = E(¢ | k?) = E(sinth; k) = V1 — k2sin260 do (1.6)

Substituting ¢ = sin € and = = sin , one obtains Jacobi’s form:

Bla: k) / vl—kzt2

1—t2

Equivalently, in terms of the amplitude and modular angle:

P
E(Y\a) = E(¢,sina) = /0 V1 — (sinfsina)? db (1.8)

Incomplete elliptic integral of the third kind II is defined as

P
T(n; Y\a) = / L 5 (19)

1—nsin?@ 1 — (sinfsina)?

or

| dt
H(”;”"m):/o =02 I—m)(1- ) (1.10)

The number n is called the characteristic and can take on any value, independently of the other
arguments.
Complete elliptic integral of the first kind is defined as

Elliptic Integrals are said to be ’complete’ when the amplitude ¢ = 7 and therefore z=1.
The complete elliptic integral of the first kind K may thus be defined as

z 1
K(k)=/2 v :/ at (1.11)
0o V1-—#k2sin20 Jo /(1—2)(1—k%2)
or more compactly in terms of the incomplete integral of the first kind as
K(k) = F(g k) — F(1;k) (1.12)

It can be expressed as a power series

o0 oo

K(k) = gz [22(3(72,')2} n g 3 [Pzn(o)rk% (1.13)

n=0 n=0
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where P, is the Legendre polynomial, which is equivalent to

1+ <;)2k2 + (;:i>2k4 SR + {W}QW” + e ] (1.14)

where n!! denotes the double factorial. In terms of the Gauss hypergeometric function, the

K(k) =3

complete elliptic integral of the first kind can be expressed as

K(k) = 2F1( ,1,k2) (1.15)

2 272

The complete elliptic integral of the first kind is sometimes called the quarter period. It can

most efficiently be computed in terms of the arithmetic-geometric mean:

— 2
K(k) = agm(l —k,1+ k)

(1.16)

Complete elliptic integral of the second kind is defined as
The complete elliptic integral of the second kind E' is proportional to the circumference of
the ellipse C:
C =4aE(e)

where a is the semi-major axis, and e is the eccentricity.

E may be defined as

/ V1= K2sin?0 do — / viZRE (1.17)

1—252

or more compactly in terms of the incomplete integral of the second kind as
E(k) = E(g k) = E(1;k) (1.18)

It can be expressed as a power series

1\3\:1

el 2 k2n
1.1
Z {22” nl)? } 1-2n (1.19)

n=0

which is equivalent to

E(k) = g [1 - (;)Qkf - (;2)2]?: R - {(2?2;)!1!)”}22:2111 — ] (1.20)

In terms of the Gauss hypergeometric function, the complete elliptic integral of the second kind

can be expressed as

T 1 1

T ,F (f —7-1-1@2) 1.21
2 2471 27 27 ) ( )

Complete elliptic integral of the third kind is defined as

BE(k) =

The complete elliptic integral of the third kind II can be defined as

do

II(n, k) :/5
0 (1-mnsin®?6)v/1 —k2sin?6

(1.22)
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Generalized Hypergeometric Functions
A generalized hypergeometric function ,Fy(ay, ...ap; b1, ...bg; 2) is a function which can be
defined in the form of a hypergeometric series, i.e., a series for which the ratio of successive

terms can be written

cer _ P(k) _ (kta)(ktag).(kt+a) (1.23)
Ck Q(k) (k+b1)(K +ba)...(k +bg)(k+1) ’

Where k + 1 in the denominator is present for historical reasons of notation, and the resulting

generalized hypergeometric function is written

1,02, ,0p 3

F, 2| =y Lokl (a”)kzk (1.24)

or
(ap) 3 (%)g:l 3 00 (@)
a kZ
F =,F = ~ B 1.25
p-q z p-q < ; ((bq))kk' ( )
(bg) 3 (bj)?:l 5
where the parameters by, by, -+, b, are neither zero nor negative integers and p, ¢ are non-

negative integers.
The , F, series converges for all finite z if p < ¢, converges for | z |< 1 if p # ¢+ 1, diverges
forall z, z#0if p > q+ 1.

The ,F, series absolutely converges for | z |= 1 if R(¢) < 0, conditionally converges for
P q
|z]=1,2#0if 0 < R(¢) < 1, diverges for | z |=1 ,if 1 < R(() , (= > a; — > b;.
i=1 i=0
The function oF;(a,b;c;z) corresponding to p = 2,q = 1, is the first hypergeometric

function to be studied (and, in general, arises the most frequently in physical problems), and so is
frequently known as ”the” hypergeometric equation or, more explicitly, Gauss’s hypergeometric
function (Gauss 1812, Barnes 1908). To confuse matters even more, the term ”hypergeometric
function” is less commonly used to mean closed form, and ”hypergeometric series” is sometimes
used to mean hypergeometric function.

The hypergeometric functions are solutions of Gaussian hypergeometric linear differential

equation of second order
2(1—=2)y" +[c—(a+b+1)z2]y —aby =0 (1.26)

The solution of this equation is

ab ala+1)bb+1) ,
— Anl1+ == St S Ao T 1.2
Y O{ +1! cZ+ 2l e(e+1) e ] (1.27)
This is the so-called regular solution,denoted
ab ala+1)b(b+1) , = (a)g (b)g2F
Filabez) = |14 2, 2T T ) 2, ... = ~E AR 1.2
2 1(0‘7 36 Z) [ + 10 CZ+ ol C(C+ 1) z7 4+ :| Z (C)kk/" ( 8)
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which converges if ¢ is not a negative integer for all of | z |< 1 and on the unit circle | z |=1 if
R(c—a—1b)>0.
It is known as Gauss hypergeometric function in terms of Pochhammer symbol (a); or

generalized factorial function.

§2. Main Integrals

nT gFl(%, L. "’1'—56’”) — 2z VT +1

n’> n ’

n—2

+ Constant (2.1)

/\/1—}—33—” dx =

If n = 38 then the integral(2.1) becomes

x38)
- 20] + Constant  (2.2)

/\/1+x—38 dle\/1+$_38$[

360

— 11} + Constant  (2.3)

- 6} + Constant (2.4)

/\/1 +an dx = + Constant (2.5)
n+2
If n = 3 then the integral(2.5) becomes
1 114 ]
V1423 da::g T 32F1(§,§;§;—x ) + 2V 1+ 23| + Constant (2.6)

If n = 5 then the integral(2.5) becomes

1T 11 1
/\/1—|—m5 dz = - 5 oF) (5’ X g; —x5> +2+/1+ 2%| + Constant (2.7)

If n = 6 then the integral(2.5) becomes

/\/l—i—xﬁ do =

3.4 2 24 22 1 [ 1=(=14vB)2? | |1

31 ("2 +1)\/[(1+¢§>12+112F<C05 (W 1(24+V3)
w47m2+1

[(1+V3)z2+1]2

= + Constant (2.8
8rvab +1 (28)

2(z5 + 1)z +
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If n =7 then the integral(2.5) becomes
1 118 .
V1+27de = g% 72F1(?,§;?;—x ) + 21+ 27| + Constant
If n = 17 then the integral(2.5) becomes

1 1 11
/\/1+m17 de = — x[l? 2F1( 18 x”) + 2\/1+x17} + Constant

19 17°2717

1 11 n+1
———dx =z o F (1 —; ;—x”) + Constant
/ V1+an 2w
If n = 3 then the integral(2.10) becomes
=k
= dr =
1423

:mQ \7?1\/—3/?1 (x+(—1)§)\/(—1)%x2+\?/j1m+1 X

X F(sinl( _(_1\;2($+1)>

If n = 11 then the integral(2.10) becomes

v —1) + Constant

1 B 1112,

/\/ﬁ dr == 2F1 (ﬁ’ 5, ﬁ,_l' ) +Con8tant
If n = 14 then the integral(2.10) becomes

1 B 1115 o,

/ﬁ dr =x QF]_ <ﬂ, 5, ﬁ7—$ ) + Constant
1 1 1 n-1

————dr =1z o} (7,——; ;—xfn) + Constant
V1t 2> n n

If n = 8 then the integral(2.14) becomes
. e VI8 2F (3,35 —a)
dr =
/\/1—|—x—8 5vV14+a-8
If n = 16 then the integral(2.14) becomes
/ 1 d (EmgFl(%,%;%g;—l'lG)
= dr=
Vita 10 9Vita 10

+ Constant

+ Constant
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§1. Introduction and preliminaries

Let A denote the class of functions of the form:
flz)= z—l—Zakzk, (1)
k=2

which are analytic in the open unit disc i = {z : z € C|z| < 1}. DY, the operator introduced
by authors [3] and is given by
DY f(2) = (1= N f(2) + Azf'(2) = Daf(2), A2 0
Dy f(2) = (1= N)zf'(2) + Az(2f'(2)),
17(:) = Dy (O ey = nuo)

n!
If the function f is given by (1), then we write

V() =24 > [+ Ak = D50, ka2
k=2
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where
k—2
. ) [1G+n)
+n— -
5(n, k) = =22 k>
n (k—1)!
The hadamard product(or convolution) of two functions f(z) given by (1) and
g(z) =z + Z apz”
k=2
is defined by
(f*g)(z) =2+ Zakbkzk~
k=2
The class
z
Sy(z) = 1=z (zel; 0<v<1),
is the well-known extremal function for S*(v). Setting
k
[[(n—2v)
n=2
=— (k 1; N:=1,2,3,..
Ck(’Y) (k—l)! ) ( EN\ ) N ) 737 )7
S+ (z) can be written in the form:
Sy (z)=z+ Z cr ()",
k=2
Then we can see that ¢k () is an decreasing function in v (0 <~ < 1) and that
00, (v<3),
klggo a(=9 1L (r=3),
0, (v>1).
Let Spn,,~ () the subclass of A consisting of function f which satisfy the inequality
DY (f * 54(2))
RG(H >a, (z€U)
D3 (f * S4(2))
for some 0 < a <1, meN, neNg.
§2. Coefficient Estimate
Theorem 2.1. Let f(z) € A satisfies
D blmn kA a)er(y)|ax] < 2(1 - a). (2)

k=2
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where

¢(m7 n, k, >\’ Oé)Ck("}/) = [1 + )‘(k - 1)]016(7)

3
x {|0(m, k) — (1 + a)d(n, k)| + [0(m, k) + (1 — a)d(n, k)]} )

for some o (0 < a<1), meN, neNy, then f(2) € Spna().

Proof. Suppose (2) is true for o (0 < a < 1), m € N, n € Ny, and A > 0. For f(z) € A defined
the function F(z) by

It is sufficient to show that

F(z) —
F(z)+1‘<1 (zel). (4)
Note that
DY 8
‘F<z> - 1’ ERERIEENE)
Fo+1 ~ | Drse) L
DY (f = Sy(2))
DR 5,(2) — (L+ a)DR(f * 5,(2))
DY (f #54(2)) = (1 = a) DX(f = S(2))
Therefore
‘F(z) — 1‘
F(z)+1

a+ S I+ Ak = D]ex()[3m. k) — (1 + a)d(n, k)apz* !
k=2

(2= a) = > [1+ Ak = D]ex(y)[6(m. k) + (1 = a)é(n, k)]ar="""!
k=2

oo

a+ Y |1+ Ak = Dle(y)[6(m, k) — (1 + a)d(n, k)]||ax||2* |
o k=2
(2=0a) =Y _[1+ Ak = D]ex(y)[6(m, k) + (1 = a)d(n, k)]||ax][z" "]
k=2
a+ > |1+ Ak = Der(M)[6(m, k) = (1 + @)5(n, k)] |ax|
k=2

(2= ) = [ D_[1+ Ak = D]ex(1)[6(m, k) + (1 = @)3(n, k)]||ax]
k=2
This expression is bounded above by 1, using (4)

o0

a+ Y |[1+ Ak = Der(1)[6(m. k) = (1 + a)d(n, k)]||ax]
k=2

< (2= a) = | 11+ Ak — D]ex()[6m, k) + (1 — a)o(n, k)]l|a].
k=2
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which is equivalent to condition (2).

This completes the proof of Theorem 2.1. L

Now derive the coefficient of inequalities for f(z) belonging to the class Sy, n a4 ().
Theorem 2.2. If f(2) € Sy (), then for k > 2,

21— 0) S+ AG — k — ey s (1)6(n. — k) lay il
k=1

laj| < 1+ AG — De;()[6(m, 5) — 6(n, j)]

Proof. Define the function ¢(z) by

_ L (DRSS L Nk
¢(z) =1 <D§(f*57(z))> _H_;Ck

Since ¢(z) is Caratheodory function,
O <2, (k=1,2,3,...)
The definition of ¢(z) implies that

L (DR * 8,(2)) — DY(F #5,(2))) = DYF(2) (1 - chzk)
k=1

We have
(D] * 5,(2)) — aDR(f + 5,(2)
(14N [CQ(W)‘S(’”’ 2)1 :‘;‘S(”’ 2)} 027
+(142)) {03(7)6(771’3)1_(;6(”’3)} 0573 (5)
+ ...
FL4AG—1)] {cj(v)(;(m’j)l_aaé(n’j)} a;2 + ...
. Also

DY (f = 5,(2)) (1 + Z C’kzk>
k=1

= (z + Z[l + Mk — 1)]ck(’y)akzk> (14 C1z+Co2® + ...+ Cj27 +..)
k=1

(6)
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From (5) and (6)

m,2) — ad(n,2)
-«

m,3) — ozé(n,?:)]
1-a

§(m, j) — ad(n, j)

11—«

+(1+ ) {5(

+(142)) {5(

+[1+)\(j—1)]{
:<Z+

Consider coefficient of 27/ of both sides in the above equality, then

Stmg) = o]

IMe

[+ AGk — D]ex()d(m, k)akz’“>

X (1+Crz+ Coz® + ...+ Cjz7 +...)

14 G — Dles(7) [

11—«
ST AG — b Doy (1)0(n.j — K)ay4C
k=1
That is
142G = Dley) [ D=0 00,y
= ST AG — k= D (13, — K)a_kCi
k=1
Therefore
la;| = l-a y
3= G = Dl MIB0m 1) — 00w ]
j—1
Y [+ MG =k = Dejk(1)8(n, j — k)a; kCx
k=1
j—1
(1-a Z + A =k = Dlej—x(7)d(n, j — k)|a;j—x||Ck|
= L+ AG — e (D180 7) — 6(m, )]
ie. i
21— ) ST+ AG — = e ()3, j — k) |aj_i]
laj| < =

L+ AG = Dlej(Mé(m, 3) = 6(n, j)]

Corollary 2.1. If the function f(z) is in the class Sm.n x~(c) then

2(1 — )
Y(m,n,k, A a)er(y)

ap <

=1+ A0 = Dles(n)d(n, 5)a;
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The result (9) is sharp for the function f(z) of the form

2(1 — ) J
w(m,n,k,\ a)ep(y)

where Y(m,n, k, A\, a)ci(y) given in equation (3).

) =2+

§3. Extreme Point

In view of Theorem 2.1, we now introduce the subclass Sm,n,)w(a) C Smnr~(a) which

consist of function

f(z)=z+ Zakzk, (ar > 0)
k=1

whose Taylor-Maclaurin coefficients satisfy inequality (2). Determining extreme points of the
class Spnx ().
Theorem 4.1. Let fi(z) =z and

2(1 — a)
wim,n, k,\, a)cg(y)

where p(m,n, k, \, a)ck(7y) is given by (3). Then f(2) € Smar~(), if and only if f(z) can be
expressed in the form,

fe(z) =2+ 2F fork=2,3...,

F(2) = mefu(2),
k=1

where

me >0 forneN=1,23,.. and an -1
k=1

Proof. Suppose that,

- 00 B e 2(1 — ) k
f(z) = ;nkfk(z) —E ,;2 D,k N a)er(y) "
Then,
fe%e) 2(1 - Oé) = 3
,;w(m,n, k, A, O‘)C’“”)w(m,n, k)™ 2= kzﬁnk

2(1—a)(1—m)
2(1 — ).

IN

which shows that f satisfies condition (2) and therefore, f(z) € Sy nr~ ().
Conversely, suppose that f(z) € Syna~(a). Thus

L < 2(1 — )
B g(myn, kh @)er(7)”
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We may set
qu(m? n? k’ A’ a)ck(’Y)
2(1 — )

M = af

and

o0
m :1*2%
h—2

Then we obtain

F2) = meful(2),
k=2

which completes the proof of Theorem 4.1

§4. Closure Theorem

Theorem 4.1. Let f;(z) be defined as,
filz) = Z+Zak7jzk, ag; >0, j=1,2,3...m
k=2

belong to the class Sm,n’)w(a). Then the function,
h(z) = Eij(z) =z+ EZ > ap; |z
j=1 k=2 \j=1

15 also belongs to the class Sm’n,Aﬁ(a).

Proof. Since fj(z) € Spmn,r~(a), in view of Theorem 2.1, we have,

i <15 =1,2,3...m.

ki:z 1/}(m7 n, ka )‘7 O‘)Ck(’)/)

2(1 — )
Now
1 m 1 m oo oo
= — k_ ., _
meJ(Z) z mZ(Zak>z z Zekz,
7j=1 j=1 \k=2 n=2
where
1 m
k= S<1
m ;aku

Notice that,

5 [1h(m, r;,(llc,:\,ao;)czﬂ(v)] % > ar; <1, using(12).
k=2 =1

Thus h(z) € Spmonaq(Q).
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85. Growth and Distortion Theorem

Theorem 5.1. If the function f(z) defined by (1) is in the class Spypaq(a), 0 <y <
1, 0<a<1and eitherOSyS% or |z] < % then,

F(2)] > maz {07 o]~ ¢<m,n,(21,§,i))<1 — |z|2}

and (1 )
—a )
< .
TEI= It 2 x a1 =)
The bounds are sharp.
Proof. By virtue of the theorem , we note that
2(1 — a) k
> 0,2 —
F=) = max{ 12 nerg?{il} vim,n, k, A a)cg(y) 12 }

and

2(1 —
FE) <2+ max (l-0) b feseu

ne€N—{1} w(ma n, kv >‘, CV)Ck(W’)

Hence it suffices to deduce that

2(1 70&) ‘Z|k

glm.n ks Ao 2l) = e e n )

is a decreasing function of k, (k > 2). Since

k+1—2y
ce1(7) = T%(’Y)-

We can see that, for |z| # 0,
g(mvna kv A7 «, |Z|) 2 g(m) n, k + 17 Aa «, |Z|)
if and only if
H(v, k,lz) = (k+1)(k+1—2y) —k*|2| > 0.

It is easy to see that H(~,k, |z|) is a decreasing function of v for fixed |z|. Consequently it
follows that 5 1
Hy: ko [2]) = H(G ks 120) = kK2 (1 —2]) + 3(k=2) 20,

forOS’yﬁ%, zeU and k > 2.

Further, since H (v, k, |z|) is decreasing in |z| and increasing in k, we obtain that

3
H(y by 2]) > H(L K 2]) 2 H(L,2, ),

for 0 <y <1, \z|§%andk22.Thus

max G(m,n,k,\ a, |z]|)
neN—{1}

is attained at k = 2, and the proof is complete.

Finally, since the function fi(z), (k > 0) defined in theorem are the extreme points of the
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class ‘SN'm,m,\ﬁ(a), we can see that the bound of the theorem are attained by the function fa(z)
is

(1-a) 52
w(man727>‘7a)(1 77) .

fa(2) =2+ (13)

O

Corollary 5.1 Let the function f(z) defined by (1) be in the class Sy ~(a), with
0<y <L % and 0 < B < 1. Then f(z) is included in a disk with its center at the origin and

radius v given by
(1-a)

r=lt 1/)(m,n72a)\704)(1 _’7)

Remark 5.1 The extremal function f(z) given by (13) is equal to zero when

(1 =yt(m,n,2,\ «a)

e 1—a)

Letting z — 17, it follows that

170‘+w(man727>‘7a)
N

w(m7n72a)‘aa)
We thus have a )
— )
> — .
7= = 1 P(m,n, 2, A, a)(1 —7) i
for all z € U if and only if
0<a< 1—a+¥(m,n,2,\a)

/(/)(m7 n? 27 )\7 a)
Theorem 5.2. If the function f(z) defined by (1) is in the class Sppa(@), 0 <y <
1, 0<a<1and eitherogvg% or |z| < % then,

(1-a)
Yim,n, 2, A, a)(1 —7)

The bounds are sharp.

(1-o)

1= ¢(man727>\aa)(1 _7)

2l < |f () <1+ 2|

Proof. By virtue of the theorem , we note that

2(1—a) k-1
/ >1—
[F)l 21— max P(m,n, k, X, a)cx(y) .
and 2(1 — o)
"(z)] <1 oW o
FEI<1+ max oS e
Hence it suffices to deduce that
2(1 -« -
gl(man7k7)‘7a7‘z|) = ( ) |Z|k 1

¢(m7 n, Ky A, Ck)Ck(’y)
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is a decreasing function of k, (k > 2). Since

E+1-2
eri1(y) = ———— (7).

We can see that, for |z| # 0,
gl(mana k7 >\u «, |Z|) Z gl(m7n7 k + 17 >\7 «, |Z|)

if and only if

Since Hi (v, k, |2|) is a decreasing function in |z|. It follows that

1
Hi(v, k,|z]) > Hi(v,n,1) =1—-2a >0, for 0 <y < >
Further, since Hi (7, k, |2]) is decreasing in «, we have
1 1
Hl(’%ka |Z|) > Hl(lvka |Z|) =k—-1-k |Z| > H1(17k7 5) > Hl(laza 5) = 07

for |z| < % Finally, the bound of the theorem are attained by the function f(z) given by

(13). O

§6. Convolution Theorem

Theorem 6.1. Let the function f(z) and g(z) defined by,

f2) =2+ arz (14)

k=2

and -
9(2) =2+ Y brz (15)

h=2

belong to the class Smnr~(a) with0 <X <1, —1 < a < 1. Then (f*g)(2) € Spm.n(€) where,

3 4(1 — a)2[1 + Ak = D)][6(m, k) — d(n, k)]
¢=1 P2, ko, a)ea(7) ’

and the result is sharp for,

2(1 — «) &

fz) =z~ v(m,n, k, A, a)ck(’y)z

Proof. f(z) and g(z) € Spmn,r~(a) and so we have,

e o
k=2
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By applying Cauchy-Schwarz inequity to (16) and (17), we have

We need to find smallest number £ such that
—~ 5)
Thus from (18) and (19)
2(1—¢) apby < 51 —a) Vaby (20)
That is (1— ) ko a)
- m,n,r, A,
WS (T a)p(m.n kAL E) 2y
From (18)
— 2(1 — )
arbe < w(m,n, k,\ a)ep(v) (22)
Therefore in view of (21) and (22)
2(1 —Oé) < (1 _§)¢(m7nvkaAaa)
w(ma n, ky )\7 Ol)Ck(’Y) N (]‘ - 04)1/1(77% n, k7 )‘v g)
which simplifies to
cor_ 2(1 = )?[1 + Ak — DJex(2)8(m, k) + 6(m, k)
T (myns kA aer(y) + 2(1 = a)?[1 4+ Ak — Dex(v)d(n, k) + 6(n, k)
Since )
A(k) = 1— 2(1 — a)?[1 + Ak — D]ex(7)8(m, k) + §(m, k) (23)

P2 (m,n, kA a)e () +2(1 = @)2[1 + Ak — D)]ek(7)8(n, k) +8(n, k)
is an increasing function of n (n > 1) for 0 < v < %, 0 < a <1, letting k = 2 in (23), we

obtain

o 41— 0)2[1 4 N1 1)3(m.2) + 25(m.2)
AR =1 iz )1 1) T 40— e+ NI~ 7). 2) § 6wy Y

This completes the proof. O

§7. Inclusion Properties

Theorem 7.1. Let the function f(z) and g(z) defined by (14) and (15) be in the class
Smna~(@). Then the function h(z) defined by,

z)=z+ Z(ai +b2)2% is the class Spn ()
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where,

(1 = )1 + A(k = D]er(7)d(m, k) + 6(m, k)

P S0 ko h @)en() — (- )L+ A~ D)o k) o)
Proof. Now, f(z) and g(2) € Sp.nx~(a) and thus we have
5 [ptmn _A,;))ckm lz b helesy) k] SR
k=2t
and )
> _1/)(”%”7]@, /\70‘)616(7)_ ? 2 S w(mvn7k’)‘7a)ck(7)
kZ:Q i 2(1— a) = L_2 2(1— a) b"'] =1 (27)
Adding (26) and (27), we get,
=1 m,n,k, \,a)c 2 9 19
;2{ 1_@)) ’“(7)} (a2 +b2) < 1. (28)
We must show that h € Sy, x4 (a), that is,
i P(m,n, k, )\p/;)Ck(V) (2 +82) < 1. (20)
k=2
In view of (28) and (29),
T {2 i a) }
Simplifying, we get
b1 2(1 —a){d(m, k) + [1 + Mk — D]ex(0)[6(m, k) — 26(n, k)]}
- 7/)(”% n, k, A, a)ck(7) + 2(1 - o‘)[é(nv k) - [1 + )‘(k - 1)]016(7)5(”7 k)} .
U

§8. Integral Means Inequalities for Fractional Derivative

We will make use of the following definitions of fractional derivatives by Owa [8] and
Srivastava and Owa [13,14].
Definition 8.1 The fractional derivative of order X is defined, for a function f(z), by

I S A (9
D?f(z)—m_A)$A i (0=2<) (30)

where the function f(z) is analytic in a simply-connected region of the complex z-plane con-

1

taining the origin and the multiplicity of (z — ()~ is removed by requiring log(z — () to be real

when z — ¢ > 0.
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Definition 8.2 Under the hypothesis of Definition (8.1), the fractional derivative of order
p+ X is defined, for a function f(z), b

DT“f@)fzg;DAf@)U)§A<<l,pEF%zzNUm. (31)

1t readily follows from (30) in Definition that

Lk+1)

D)\k
Tk—A+1)"

A0 <A< ). (32)

We need the concept of subordination between analytic functions and a subordination
theorem of Littlewood [5] in our investigation.

Definition 8.3 For two functions f and g analytic in U, we say that the function f is
subordinate to g inU, denoted by f < g, if their exist a Schwarz function w(z), analytic inU with
w(0) =0 and |w(z)| < |z] < 1(z € U) , such that f(z) = g(w(2))(z € U). In particular, if the
function g is univalent inld, the above subordination is equivalent to f(0) = ¢g(0), f(U) = g(U).
The Littlewood’s subordination theorem which we will use in our investigation to obtain the
integral mean inequality.

Lemma 8.1 If the functions f(z) and g(z) are analytic in U, with f(z) < g(z) or f(z) <
9(z), then

27 2
| tsenido < [ lgtreyan (33)
0 0
where p > 0,z = re' and 0 < r < 1. Strict inequality holds for 0 < r < 1 unless f is constant

orw(z) =az,|al =1
Theorem 8.1. Let f(z) € Spna () and suppose that

- 21— a)l(k+1)I'(3 -6 —
2k =Py < e W T (34
for some k>p, 0<0 <1 and (k—p)p—1 denote the Pochhammer symbol defined by
(k—p)pt1=(k—pk—p—1.k.
Also let the function
fele)m o — A=) ks (35)

Y(m,n, k, X, p)cg(y)

If their exist an analytic function w(z) given by

(w(z))k—l — zb(m,n, k7 >\a p)ck( ) (k +1- d— p i k— p p+1 k p)akz -1
k=2

21 —a)l(k+1) j+1—-0-p)’

(k >p). Then for z=re"? and 0 <r <1

2 2
/ DPHE F(2)Rdf < / \DPHO f ()10, (0< 5 <1, p>0). (36)
0 0
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Proof. By virtue of the fractional derivative formula (32) and definition , we find from (1) that

v B Zl=o-p T (2—-6—p)T(k+1)
DIf(z) = F(2+<5—p){1+kz2 T(k+1-0—p) }

zh“p{1+§jn2—a—m&+4uﬂ¢me”4}

I'2—-46—p) P
where Ik —p)
—-p
== —-———— < 1 > .
o) = gy s (00 < 1L k2
Since ¢(k) is a decreasing function of j, we have
I'2—-p
0 < o(k) <o(2) = IM-

Similarly, from (31) and (34), we get

por iy 2(1— a)T'(2 =6 — p)T'(k + 1)2F!
DI (z) = T(2-0-p) {H w(mm»kd,p)c/c(v)F(’Hl—5—19)}'

For z = re'?, 0 < r < 1, we must show that

2m
~/0
27
S /
0

Thus by applying Littlewood’s subordination theorem, it would be suffice to show that

m

14> T(2=6—p)(k—p)pr1g(k)a;z"""| do

k=2

m

20 -L2=d-plk+ D "

b T/J(Wl, n, ka )\7p)Ck(’y)F(k +1- 6 — p)

2(1 —a)T(2 =6 — p)T'(k + 1)zF1
w(ma n, ka >‘7 p)ck(’Y)F(k + 1- 5 - p) )

14> T(@2=06-p)(k—p)pao(k)a;z" " <1+

k=2
By setting
14+ 3 02— 6 - p)(k — plp1d(K)a;25"
- (1-a)l2-6—p)l(k+1)z" .
B 20l —a)'(2—-6—p + 1)z~ w(z))F-1
= Sk A gL+ - —p) )
(w(z))kfl — ’L/)(m, n, kv /\7 p)ck(V)r(k +1-— §— p) i(k _ p)p+1¢(k)akzk71.

2(1 — a)D(k + 1) 2

which readily yields w(0) = 0. Further, we prove that the analytic function w(z) satisfies
|lw(z)| < 1,z € U. We know that

_ v(m,n, k, \, p)ek(y Fk—|—1—<5 D) > _
k:2
P(m,n, k,\, p)c E+1—06-p)

< 2(1p)— Z() )(lc<+1 2_ (k= phprad(anl]
k=2
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IN

w(mvnaka)‘ap)ck( ) (k+1_6 p -
12 20 — )Tk + 1) I;k Plp+10(k)ax

IN

lz] <1

By means of the hypothesis (2) of Theorem.

As special case p = 0, Theorem 8.1 readily yields. O

Corollary 8.1 Let f(z) € Spna~(@) and suppose that

a)T(k+ 1)T(3 - 3)
Z’““ _wmnk)\p)ck( )(k+1-20)

For some j >0, 0 <0 < 1. Also let the function

2(k — )
w(mv n, k’ )‘7 p)ck(f)/)

fe(z)=2z+ & k>2.

If their exist an analytic function w(z) given by

-1 _ ’l/)(m7n7 ka Avp)ck(r)/)r(k +1- 6) S F(k +p)akzk71
(w(z)*" = 201 — a)D(k + 1) kzz T(k+1-90)

Then for z =re? and 0 <r < 1

2 2T
/ D2 f(2))d6 < / D f(2)|d6, (0<6 <1, ji>0).
0 0
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§1. Introduction and preliminaries

Continuous functions stands among the most fundamental point in the whole of the Math-
ematical Science. Many different forms of stronger and weaker forms of functions have been
introduced over the years. As a generalization of closed sets, Levine [9] introduced the concept
of generalized closed (briefly g-closed) sets which are weaker than closed sets in topological
spaces. Balachandran et. al. [1] introduced the concept of generalized continuous maps and
generalized irresolute maps in topological spaces and Benchalli et. al. [2], [3], [5] introduced
and studied the concepts of wa-closed sets, wa-continuous maps and gwa-continuous maps in
topological spaces. Recently Patil et. al. [15], [16] introduced the concept of generalized star
wa-closed (briefly g*wa-closed) sets and generalized star wa-spaces (briefly g*wa-spaces) in
topological spaces.

In this paper, we introduce the concepts of generalized star wa-continuous (briefly g*wa-
continuous) functions and generalized star wa-irresolute (briefly g*wa-irresolute) maps in topo-
logical spaces. Further, we also introduce g*wa-closed maps, g*wa-open maps and g*wa-closed
graphs in topological spaces.

Throughout this paper spaces (X, 7) and (Y, o) (or simply X and Y) always denote topo-
logical spaces on which no separation axioms are assumed unless explicitly stated.

Definition 1.1. A subset A of a topological space X is called a
(i) semi-open [8] if ACcl(int(A)) and semi-closed if int(cl(A))CA.

(iii) a-open [14] if ACint(cl(int(A))) and a-closed if cl(int(cl(A)))CA.
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Definition 1.2. A subset A of a topological space X is called a
(i) Ty+wa-space [16] if every g*wa-closed set is closed.
(1) g+waT-space [16] if every g*wa-closed set is w-closed.
(111) gwaTgwa-space [16] if every gwa-closed set is g*wa-closed.
(iv) T,,-space [17] if every w-closed set is closed.

Definition 1.3. A subset A of X is said to be a
(i) g-closed [9] (respectively ag-closed [6]) if cl(A) C U (respectively acl(A) C U) whenever A
C U and U is open in X.
(#i1) w-closed [17] if cl(A) C U whenever A C U and U is semi-open in X.
(v) wa-closed [2] (resp. gwa-closed [4]) if acl(A) C U whenever A C U and U is w-open (resp.
wa-open ) in X.
(v) g*wa-closed [15] if cl(A) C U whenever A C U and U is wa-open in X.

Definition 1.4. A function f : X — Y is called a
(i) g-continuous [1] (resp. a-continuous [13], w-continuous [17], ag-continuous [6], gp-continuous
[11]) if f1(G) is g-closed (resp. a-closed, w-closed, ag-closed, gp-closed) set in X for every
closed set G of Y.
(ii) g-closed [12] (resp. w-closed [17], ag-closed [7]) if f(G) is g-closed (resp. w-closed, ag-
closed) in Y for every closed set G in X.
(iii) wa-closed [3] (resp. gwa-closed [5]) if f(G) is wa-closed (resp. gwa-closed) for every closed
set G in X.
(iv) gwa-continuous [5] if f1(G) is gwa-closed in X for every closed set G of Y.
(v) w-irresolute [17] (resp. wa-irresolute [3]) if f~1(G) is w-closed (resp. wa-closed) in X for
each w-closed (resp. wa-closed) set G of Y.

Definition 1.5. [16] The intersection of all g*wa-closed sets containing a subset A of X
is called g*wa-closure of A and is denoted by g*wa-cl(A).
If A is g*wa-closed then g*wa-cl(A)= A.

Definition 1.6. [16] The union of all g*wa-open sets contained in a subset A of X is
called g*wa-interior of A and is denoted by g*wa-int(A).
If A is g*wa-open then g*wa-int(A) = A.

Definition 1.7. [10] Let f : X — Y be a function. Then
(i) the subset { (z, f(x)) : x € X } of the product space X x Y is called the graph of f and is
denoted by G(f).
(ii) a closed graph, if its graph G(f) is closed set in the product space X x Y. A.

Definition 1.8. [10] A function f : X — Y has a closed graph if for each (z, y) € (X X
Y)\ G(f) there exist U e O(X, z) and V € O(Y, y) such that f(U) NV = ¢.

Definition 1.9. Let z € X and V C X, then V is called g*wa-neighborhood of © in X if
there exists g*wa-open set U of X such that z € U C V.

Theorem 1.10 Let A be a subset of X. Then x € g*wa-cl(A) if and only if for any
g*wa-nbd N, of x in X such that NN A # ¢.

Proof. Let us assume that there is a g*wa-nbd N of x in X such that N N A = ¢. There exists
a g*wa-open set G of X such that x € G C N. Therefore we have G N A = ¢ and so x € X-G.
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Then g*wa-cl(A) € X-G and therefore x ¢ g*wa-cl(A), which is contradiction to the hypothesis
x € g*wa-cl(A). Therefore N N A # ¢.

Conversely, suppose x € g*wa-cl(A). Then there exist a g*wa-closed set G of X such that
A CGandx#G. 0

§2. g*wa-continuous functions in topological spaces

In this section, we introduce the concept of generalized star wa-continuous (briefly g*wa-
continuous) functions in topological spaces and study their properties.

Definition 2.1. A function f: X — Y is called g*wa-continuous if the inverse image of
every closed set in Y is g*wa-closed in X.

Theorem 2.1. FEvery continuous function is g*wa-continuous function.
However the converse of the above Theorem need not be true as seen from the following example.

Example 2.1. X =Y ={qa, b, c},7={X, ¢,{a},{a c}ttando ={Y, ¢, {q,
b}t Let f: X — Y be the identity function. Then f is g*wa-continuous but not continuous,
since for the closed set A ={ ¢} in Y, f1(c) ={ ¢} is not closed in X.

Reamrk 2.1. The converse of the Theorem 2.1 holds if X is Ty«,0 space.

Theorem 2.2. FEvery g*wa-continuous function is gwa-continuous, ag-continuous and

gp-continuous.

Proof. Let f: X — Y be a function. Let V be an open set in Y. Since f is g*wa-continuous,
f~1(V) is g*wa-open in X. Then by Theorem 3.2 [15], f~}(V) is gwa-open in X and from [4]
every gwa-closed set is ag-closed and gp-closed. Therefore f is gwa-continuous, ag-continuous
and gp-continuous.

The converse of the above theorem need not be true as seen from the following example. [

Example 2.2. X =Y ={a, b, c},7={X,¢,{a}}ando ={Y,¢,{a},{a b}}
The identity function f: X — Y is gwa-continuous, ag-continuous and gp-continuous but not
g*wa-continuous, since for the closed set A ={ c}inY, f1({c})={c} isnot gfwa-closed
n X.

Remark 2.2. The concept of g*wa-continuous function is independent with wa-continuous.

Example 2.3. X =Y ={a, b,c},7={ X, ¢,{a}}ando ={Y, ¢, {a}, {0}, {
a, b }}. Define a function f: X — Y by f(a)=b, f(b)=a and f(c)=c. Then fis wa-continuous
but not g*wa-continuous, since for the closed set A = { b, c}in Y, f1({b c})=1{a, c}is
not g*wa-closed in X.

Example 2.4. X =Y ={a, b, c},7={X, ¢, {a},{bc}tando={Y, ¢, {a
}}. Define a function f: X — Y by f(a)=b, f(b)=a and f(c)=c. Then fis g*wa-continuous but
not wa-continuous, since for the closed set A = { b, c}in Y, f1({b, ¢c}) ={a, c} isnot
wa-closed in X.

Remark 2.3. The concept of g*wa-continuous function is independent with a-continuous.
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Example 2.5. Let X =Y ={a b c},7={X, ¢, {a},{ab}}ando={Y, ¢, {
at}. Let f: X — Y be the identity function. Then f is a-continuous but not g*wa-continuous,
since for the closed set A ={ c}in Y, f1({{ c}) =1 c} is not gfwa-closed in X.

Example 2.6. Let X =Y ={a b c}, 7={X, ¢,{a},{bc}}ando={Y, ¢,{a
L{b}, {a bl}}. The identity function f : X — Y is g*wa-continuous but not a-continuous,
since for the closed set A ={ a, c}in Y, f1({ a, c})=1{a, b} is not a-closed in X.

Theorem 2.3. A function f : X — Y is g*wa-continuous if and only if f1(V) is

g wa-open set in X for every open set V in Y.
Proof. The proof is obvious. O

Remark 2.4. The composition of g*wa-continuous functions need not be g*wa-continuous
as seen from the following example.

Example 2.7. X =Y =Z={a, b, c},7={X,¢,{a}t,{ab}},o={Y, ¢,{a b
YWandn ={Z ¢, { a}}. Let f: X — Y be the identity function and the function g : ¥ —
Z is defined by g(a)=b, g(b)=a and g(c)=c. Then f and g are g*wa-continuous functions but
gof : X — Zis not g*wa-continuous, since for the closed set { b, ¢ } in Z, (gof)"*({ b, ¢ }) =
Yo td b, c}y) = a c})=1{a, c} isnot gwa-closed set in X.

Theorem 2.4. Letf: X — Yand g: Y — Z are any two functions then gof : X — Z

is g*wa- continuous if g is continuous and f is g*wa-continuous.

Proof. Let f: X — Y is g*wa-continuous and g : Y — Z is continuous. Let F be any closed
set in Z. Since g is continuous, g~!(F) is closed in Y. Since f is g*wa-continuous f~!(g71(F)) =
(gof)1(F) is g*wa-closed in X. Hence (gof) ™! is g*wa-closed in X. Thus gof is g*wa-continuous.

O

The characterization of g*wa-continuous functions.
Theorem 2.5. Following statements are equivalent for the function f: X — Y :
(i) fis g*wa-continuous.
(i) the inverse image of each open set in Y is g*wa-open in X.
(iii) the inverse image of each closed set in Y is g*wa-closed in X.
(iv) for each z in X, the inverse image of every neighborhood of f(xz) is a g*wa-neighborhood of
Z.
(v) for each x in X and each neighborhood N of f(x) there is a g*wa-neighborhood W of x such
that f(W) C N.
(vi) for each subset A of X, f(g*wacl(A)) C cl(f(A)).
(vii) for each subset B of Y, g*wacl(f~*(B)) C f*(cl(B)).

Proof. (i) — (ii) Follows from the Theorem 2.3.

(ii) — (iil) Follows from the Definition 2.1.

(ii) — (iv) Let x € X and let N be a neighborhood of f(x). Then there exists an open set V in
Y such that f(x) € V C N. Consequently (V) is g*wa-open in X and x € f~}(V)C f~}(N).
Thus f~1(N) is g*wa neighborhood of f(x).

(iv) — (v) Let x € X and let N be a neighborhood of f(x). Then by assumption W = f~(N)
is a g*wa neighborhood of x and f(W) = f(f~*(N)) C N.
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(v) — (vi) Let y € f(g*wa-cl(A)) and let N be any neighborhood of y. Then there exists x €
X and a g*wa neighborhood W of x such that f(x) =y, x € W. Hence x € g*wa-cl(A) and
f(W) C N. By Theorem 1.10, W N A # ¢ and hence f(A) N N # ¢. Hence y € f(x) € cl(f(A)).
Therefore f(g*wa-cl(A)) C cl(f(A)).

(vi) — (vii) Let B be any subset of Y. Then replacing A by f~1(B) in (vi), we obtain f(g*wa-
c(f~1(B)) C cl(f(f"1(B))) C cl(B). That is g*wa-cl(f 1 (B)) C f~1(cI(B)).

(vii) — (i) Let G be an open set in Y, then Y-G is closed in Y. Therefore, f~1(Y-G) = f~1(cl(Y-
G)) C grwa-cl(f 1(Y-G)) = X - (g*wa-int(f~1(G)). This implies that g*wa-int(f"1(G)) C X
- £7YY-G)) = f71(G). Thus, g*wa-int(f~1(G)) C f1(G). But {7 1(G) C grwa-int(f1(G)) is
always true. Therefore f~1(G) = g*wa-int(f~1(G)). This implies f~1(G) is g*wa-open set.

Therefore f is g*wa-continuous. O

83. g*wa-irresolute maps in topological spaces

This section gives the concept of generalized star wa-irresolute (briefly g*wa-irresolute)
maps and their properties in topological spaces.

Definition 3.1. A map f: X — Y is called g*wa-irresolute if f1(V) is g*wa-closed in
X for every g*wa-closed set 'V in Y.

Theorem 3.1. A map f: X — Y is g*wa-irresolute if and only if for every g*wa-open
set Ain Y, f1(A) is g*wa-open in X.

Proof. The proof is obvious. O

Theorem 3.2. Iff: X — Yis g*fwa-irresolute then for every subset A of X, f(g*wa-cl(A))
C d(f(A)).

Proof. If A C X, then cl(f(A)) which is also g*wa-closed in Y. As f is g*wa-irresolute, f~1(cl(f(A)))
is g*wa-closed in X. Furthermore, A C f~1(f(A)) C f~1(cl(f(A))). Therefore by g*wa-closure,
g*wa-cl(A) C f71(cl(f(A))). Consequently, f(g*wa-cl(A)) C f(f~1(cl(f(A)))) C cl(f(A)). O

Theorem 3.3. FEvery gwa-irresolute map is g*wa-continuous.

Proof. Let f: X — Y be a g*wa-irresolute map and V be a closed set in Y. Then from [15], V
is g*wa-closed in Y. Since f is g*wa-irresolute map, f~(V) is g*wa-closed in Y. Therefore f is
g*wa-continuous.

The converse of the above theorem need not be true as seen from the following example. O

Example 3.1. X =Y ={a, b, c},7={X, ¢, {a},{ac}ttando ={Y, ¢, {q,
b }}. Define a function f: X — Y by f(a)=a, f(b)=c and f(c)=b. Then f is g*wa-continuous
but not g*wa-irresolute, since for the g*wa-closed set A ={ a, ¢}y in Y, f*({ a, c}) ={ q,
b} is not g*wa-closed in X.

Theorem 3.4. Let f: X — Y be a closed surjective and g*wa-irresolute map. If X is

Ty« wa-space then Y is also Ty=,q-space.
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Proof. Let A be g*wa-closed in Y. Then f~!(A) is g*wa-closed in X as f is g*wa-irresolute.
Since X is Ty+wa-space, then f71(A) is closed in X. Since f is closed and surjective then A =
f(f71(A)) is closed in Y. Hence Y is also Ty« q-space. O

Theorem 3.5. Iff: X — Y is bijective closed and wa-irresolute then the inverse map

f1:Y— Xis gfwa-irresolute.

Proof. Let G be a g*wa-closed set in X. Let (f~1)7}(G) = f(G) C U where U is wa-open in
Y.Then G C f1(U) holds. Since f~1(U) is wa-open in X and G is g*wa-closed in X, cl(G) C
f~1(U) and hence f(cl(G)) C U. Since f is closed and cl(G) is closed in X, f(cl(G)) is closed in
Y. So f(cl(G)) is g*wa-closed in Y. Therefore cl(f(cl(G)))) C U, so that cl(f(G)) C U. Thus {(G)
is g*wa-closed in Y. Hence f~! is g*wa-irresolute. O

Theorem 3.6. Letf: X — Yand g: Y — Z be two functions. If f is g*wa-continuous

and g is g'wa-irresolute and Y is Ty« -space then gof : X — Zis g*wa-irresolute.

84. g*wa-closed maps in topological spaces

The concept of g*wa-closed maps are introduced and their properties are discussed in this
section.

Definition 4.1. A map f: X — Y is called generalized star wa-closed (briefly g*wa-closed)
map if for each closed set F of X, f(F) is g*wa-closed in Y.

Remark 4.1. From the Definition 4.1, every closed map is a g*wa-closed map but not
conversely.

Example 4.1. X =Y ={qa, b, c}, 7 ={ X, ¢,{a}}tando ={Y, ¢, {a}, {0 c
+}. Let f: X — Y be a map defined as f(a)=b, f(b)=c and f(c)=a. Then f is g"wa-closed map
but not closed, since the set A = { b, ¢ } is g*wa-closed in X but f({ b, ¢ }) ={ a, ¢ } is not
closed in Y.

Remark 4.2. The converse of the Remark 4.1 is true if Y is Ty, Space.

Theorem 4.1: A map f: X — Y is g*wa-closed if and only if for any subset S of Y and
for an open set U containing f~*(S) there exists g*wa-open set K of Y containing S such that

(K € S.

Proof. Suppose f: X — Y is g*wa-closed. Let S be a subset of Y and U be an open set of X
containing f~1(S). Then K =Y - f(X - U) is g*wa-open set containing S such that f~1(K) C F.

Conversely, suppose F is closed in X. Then f~1(Y- f(F)) C X - f~}(f(F)) C X-F and X - F
is open. Then by hypothesis, there exists g*wa-open set K of Y such that Y - {(F) C K and
f~1(K) € X - F. Therefore F C X - f1(K). Hence Y - K C f(F) C f(X - f"}(K)) C Y - K, which
implies f(F) C Y - K. Since Y - K is g*wa-closed, {(F) is g*wa-closed and thus f is g*wa-closed
map. U

Theorem 4.2. Iff: X — Y is g*wa-closed and A is a closed subset of X then flA : A
— Y is gwa-closed.
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Proof. Let B C A be a closed set in X. Then f(B) is g*wa-closed in Y as f is g*wa-closed in Y.
But {(B) = (f | A)(B), so (f | A)(B) is g*wa-closed in Y. Therefore f | A is g*wa-closed. O

Theorem 4.3. Letf: X — Yand g : Y — Z are any two maps such that gof : X — Z
is g*wa-closed map:
(i) if f is g*wa-continuous and surjective then g is g*wa-closed map.

(ii) if g is g*wa-irresolute and injective then f is g*wa-closed map.

Proof. (i) Let F be closed set of Y. Then f~1(F) is closed set of X as f is continuous. Since gof
is g*wa-closed map, (gof)(f~1(F)) = g(F) is g*wa-closed in Z. Hence g : Y — Z is g*wa-closed

map.
(ii) Let F be closed set in X. Then (gof)(F) is g*wa-closed in Z and so g~!(gof)(F) = f(F) is
g*wa-closed in Y, since g is g*wa-irresolute and injective. Hence f is g*wa-closed map. O

Theorem 4.4. If A is g*wa-closed in X and f: X — Y is bijective wa-irresolute and
g wa-closed then f(A) is g*wa-closed in Y.

Proof. Let cl(A) C G where G is wa-open in Y. Since f is wa-irresolute, f~1(G) is wa-open set
containing A. Hence cl(A) C f~1(G) as A is g*wa-closed. Again, since f is g*wa-closed, f(cl(A))
is g*wa-closed contained in the set G, which implies cl(f(cl(A))) € G and hence cl(f(A)) C G.
So f(A) is g*wa-closed in Y. O

Remark 4.3. Composition of g*wa-closed maps need not be a g*wa-closed map.

Example 4.2. X =Y =Z={a, b, c}, 7={X, ¢,{a}t},c={Y, 6 {b}} andn =
{Z,¢{a},{a b}, {a c}}. Letf: X — Y be the identity map and define a function g : Y
— Z as g(a)=b, g(b)=a and g(c)=c. Then f and g are g*wa-closed maps but their composition
gof is not g*wa-closed map, since for the set A ={ b, ¢} of Z, (gof)({ b, ¢ }) = g(f({ b, ¢ }))
=g({ b c})={a, c} isnotagwa-closed in Y.

Theorem 4.5. Iff: X — Yand g: Y — Z are closed and g*wa-closed maps respectively
then their composition gof : X — Z is g*wa-closed.

Theorem 4.6. Iff: X — Y is w-closed and Y is T,-space [17] then f : X — Y is

g wa-closed map.

Proof. Let F be closed set in X. Then f(F) is w-closed in Y as f is w-closed. Since Y is T\,-space,

we have f(F) is closed in Y and hence g*wa-closed in Y. Thus f is g*wa-closed map. O

Theorem 4.7. Iff: X — Y is gfwa-closed map and g : 'Y — Z is wa-irresolute and

closed then gof is g*wa-closed map.

Proof. Let A be a closed set in X. Then f(A) is g*wa-closed set in Y as f is g*wa-closed map.
Since g : Y — Z is wa-irresolute and closed map, by Theorem 4.5, we have g(f(A)) = (gof)(A)

is g*wa-closed in Z. Thus gof is g*wa-closed map. O

Theorem 4.8. Iff: X — Y is g*wa-closed map then g*wa-cl(f(A)) C f(cl(A)) for every
subset A of X.
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Proof. Suppose f is g*wa-closed and A C X. Then cl(A) is closed in X and f(cl(A)) is g*wa-
closed in Y. We have f(A) C f(cl(A)). But g*wa-cl(f(A)) C g*wa-cl(f(cl(A))). Since f(cl(A))
is g*wa-closed in Y, g*wa-cl(f(cl(A)))) = f(cl(A)). Hence g*wa-cl(f(A)) C f(cl(A)) for every
subset A of X. O

Remark 4.4.The converse of the above theorem need not be true in general as seen from
the following example.

Example 4.3. X =Y ={a, b, c}, 7={ X, 0, {a},{a b}, {a c}}ando ={
Y,p, {a}, {a b}}. Let f: X — Y be the identity map. Then grwa-cl(f(A)) C f(cl(A)) for
subset A of X but fis not g*wa-closed, since f({ b}) ={ b} is not g*wa-closed in Y.

Theorem 4.9. Let f: X — Y be an open continuous g*wa-closed and surjective and X

is reqular then Y is also regular.

Proof. Let U be an open set in Y and p € U. Since f is surjective there exist a point x € X
such that f(x) = p. Since X is regular and f is continuous, there is an open set V in X such
that x € V. C cl(V) C f~1(U). Hence p € f(V) C f(cl(V)) C U. Since f is g*wa-closed, f(cl(V)) is
g*wa-closed set contained in the open set U. By hypothesis cl(f(cl(V))) = f(cl(V)) and cl(f(V))
= cl(f(cl(V))). Therefore, p € f(V) C cl(f(V)) € U and f(V) is open as f is open. Hence Y is

regular. O

Theorem 4.10. If A is g*wa-closed set of X and f: X — Y is gwa-closed and wa-

irresolute then f(A) is g*wa-closed in Y.

Proof. Let A be a g*wa-closed in X and G be an wa-open in Y such that f(A) C G. Then
f~1(G) is wa-open in X such that A C f~1(G). Hence cl(A) C f~1(G), since A is g*wa-closed
and f~1(G) is wa-open. Again since f is g*wa-closed, f(cl(A)) is g*wa-closed set contained in
the wa-open set G. Therefore cl(f(cl(A))) = f(cl(A)) € G. This implies cl(f(A)) € G. Hence
f(A) is g*wa-closed in Y. O

Theorem 4.11. If A is g*wa-closed subset of Y and f : X — Y is bijective g*wa-

continuous and wa-open then f~1(A) is g*wa-closed in X.

Proof. Let U be an wa-open set in X such that f~1(A) C U. Then A C f(U). Since A is g*wa-
closed in Y, cl(A) C f(U). Since f is bijective and g*wa-continuous, f~1(cl(A)) C f~1(f(U)) =
U. Therefore f~1(cl(A)) C U. Now cl(f71(A)) C cl(f~1(cl(A))) = f1(cl(A)) C U. This implies
cl(f~1(A)) C U. Hence f~1(A) is g*wa-closed in X. O

Theorem 4.12. If f: X — Y is continuous g*wa-closed map from a normal space X on

to a space Y then Y is also normal.

Proof. Let A and B are disjoint closed sets of Y then f=1(A) and f~!(B) are disjoint closed sets
in X. Then there exist disjoint open sets U and V of X such that f~*(A) C U and f~1(B) C V.
Since f is g*wa-closed, then by Theorem 4.1, there exist disjoint g*wa-open sets G and H in Y
such that A C G, B C Hand f~1(G) C U, f~1(H) C V. That is f 1(G) N f~1(H) = ¢ and hence
G N H = ¢. Since A is closed and G is wa-open, A C G and by Theorem 4.2 [15], A C int(G)
and B C int(H). Therefore int(G) N int(H) = ¢. Hence Y is normal. O
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Definition 4.2. A map f: X — Y is called g*wa-open map if for each open set U of X,
f(U) is g*wa-open set in Y.

Theorem 4.13. If a map f: X — Y is g*wa-open then f~!(g*wa-cl(A)) C cl(f *(A))
for each subset A of Y.

Proof. Suppose f is g*wa-open then for any A C Y, f~1(A) C cl(f"(A)). By Theorem 4.1 there
exist g*wa-closed set K of Y such that A C K and f~1(K) C cl(f~1(A)). Since K is g*wa-closed
set, {1 (g*wa-cl(A)) C 1K) C cl(f~1(A)). Hence f~!(g*wa-cl(A)) C cl(f~1(A)).

Following example shows that the converse of the above theorem need not be true in general. [

Example 44. X =Y ={a, b, c},7={ X, ¢,{a},{b},{a, b}}ando ={Y, ¢,
{a}}. Let f: X — Y be the identity function. Then for each subset A of Y, conclusion of the
above theorem holds but f is not g*wa-open map, since for the open set A = { a, b } of X, f({
a, b})={a, b} is not g-wa-open in X.

Theorem 4.14. If a map f: X — Y is g*wa-open, then for each neighborhood U of x in
X there exists a g*wa-neighborhood W of f(x) in Y such that W C f(U).

Proof. Let f: X — Y be g*wa-open map. Let x € X and U be an arbitrary neighborhood of
x in X. Then there exists an open set G in X such that x € G C U. Now f(x) € {(G) C {(U)
and f(G) is g*wa-open set in Y, as f is g*wa-open map. Then {(G) is g*wa-nbd of each of its
points. Taking f(G) = W, W is g*wa-nbd of f(x) in Y such that W C {(U). O

Theorem 4.15. For any function f : X — Y the following statements are equivalent:
(i) f is g*wa-open map
(ii) f(int(A)) C g*wa-int(f(A)) for any subset A in X
(iii) for every x € X and for every open set U in X containing x, there exists a g*wa-open set
W in Y containing f(x) such that W C f(U).

Proof. (i) — (ii) Let A be any subset of X. Then g*wa-int(A) is open in X and g*wa-int(A)
C A. By hypothesis, f(g*wa-int(A)) C f(A). Then g*wa-int(f(A)) is the largest g*wa-open set
contained in f(A). Therefore f(g*wa-int(A)) C g*wa-int(f(A)).

(if) — (iii) Let x € X and U be an g*wa-open set in X containing x. Then there exists g*wa-
open set V in X such that x € V C U. By hypothesis, {(V) = {(g*wa-int(V)) C g*wa-int(f(V)).
Then (V) is g*wa-open in Y containing f(x) such that f(V) C f(U). Take W = f(V) then W
satisfies our requirement.

(iii) — (i) Let U be an g*wa-open set in X and y be any point in f(U). By hypothesis there
exists g*wa-open set W, in Y containing y such that W, C {(U). Therefore f(U) = U{ W, : ¥
€ f(U) }. Therefore f(U) is g*wa-open set in Y. O

Theorem 4.16. A surjective map f : X — Y is g*wa-open if and only if f1 : Y — X

is g*wa-continuous.

Proof. Necessity: Let U be an open set in X then by hypothesis (f~1)~}(U) = f(U) is g*wa-open
in Y. Hence ' : Y — X is g*wa-continuous.

Sufficiency: Let U be an open set in X. Then by hypothesis f(U) = (f~1)~1(U) is g*wa-open in
Y. Hence f: X — Y is g*wa-open. O
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Proposition 4.17. For any bijective function f : X — Y the following statements are
equivalent:
(i) f1: Y — Xis g-fwa-continuous
(i) f is g*wa-open map

(i) f is g*wa-closed map.

85. g*wa-homeomorphism in topological spaces

In this section the concept and characterizations of g*wa-homeomorphism in topological
spaces are introduced and discussed.

Definition 5.1. A function f: X — Y is called g*wa-homeomorphism if f and f~' are
g wa-continuous.

Remark 5.1. From the Definition 5.1 it is clear that every homeomorphism is g*wa-
homeomorphism but not conversely.

Example 5.1. Let X =Y ={a, b, c}, 7={ X, ¢, {a b}t ando ={Y, ¢, {a}{
b}, {a b}}. Let f: X — Y be an identity function. Then fis g*wa-homeomorphism but not
homeomorphism, as f is not continuous, since for the open set A ={ a} inV, f({a})={
a } is not open in X.

Theorem 5.1. Let f: X — Y be a bijective function. Then the following statements are
equivalent:

(i) f is g*wa-homeomorphism.
(ii) fis g*wa-continuous and g*wa-open map.

(#i) [ is g*wa-continuous and g*wa-closed map.
Proof. Follows from the definitions. O

Theorem 5.2. Iff: X — Yand g : Y — Z are gwa-homeomorphism and Y is

Ty+wa-space then gof : X — Z is g*wa-homeomorphism.

Proof. Let A be an open set in Z. Since g is g*wa-continuous, g~ 1(A) is g*wa-open in Y. Then
g 1(A) is open in Y as Y is T+, qa-space. Also, since f is g*wa-continuous, f~1(g71(A)) =
(gof)~1(A) is g*wa-open in X. Therefore gof is g*wa-continuous.

Again, let A be an open set in X. Since f~1 is g*wa-continuous, (f~1)~! = f(A) is g*wa-open
Y and so f(A) is open in Y as Y is Ty« yq-space. Also, g~! is g*wa-continuous then, (g=1)~1f(A)
= g(f(A)) = (gof)(A) is g*wa-open in Z. Therefore ((gof)™)~1(A) = (gof)(A) is g*wa-open
set in Z. Hence (gof)™! is g*wa-continuous. Thus gof is g*wa-homeomorphism. O

Definition 5.2. A bijective function f: X — Y is said to be strongly g*wa-homeomorphism
if both f and f~! are g*wa-irresolute.
We say that spaces X and Y are strongly g*wa-homeomorphic if there exists a g*wa-homeomorphism
from X on to Y.
We denote the family of all strongly ¢*wa-homeomorphism of a topological space X on to itself
by strongly g*wa-hX.

Theorem 5.3. FEvery strongly g*wa-homeomorphism is g*wa-homeomorphism.
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Proof. Follows from Theorem 3.3. O

Remark 5.2. Composition of two strongly g*wa-homeomorphism is a strongly g*wa-
homeomorphism.

Theorem 5.4. The set strongly g*wa-hX is group under the composition of maps.

Proof. Define a binary operation * : strongly g*wa-hX — strongly g*wa-hX by f*g = gof for
all f, g € strongly g*wa-hX and so o is the usual operation of composition of maps. Then by
Remark 5.2, gof € strongly g*wa-hX. We know that the composition of maps is associative and
identity map I : X — X belonging to strongly g*wa-hX serves as the identity element. If f €
strongly g*wa-hX, then f~! € strongly g*wa-hX such that fof~! = f~lof = I and so inverse
exists for each element of strongly g*wa-hX. Therefore (strongly g*wa-hX, o ) is a group under

the operation of composition of maps. O

Theorem 5.5. Let f: X — Y be strongly g*wa-homeomorphism. Then f induces an

isomorphism from the group strongly g*wa-hX onto the group strongly g*wa-hY.

Proof. Using the map f, we define a map 7y : strongly g*wa-hX — strongly g*wa-hY by ns(h)
= fohof ™! for every h € strongly g*wa-hX. Then 7y is a bijection. Further for all hy and hs €
strongly g*wa-hX, n; (hjohs) = fo(hjohs)of ™! = (fohjof ') o (fohgof ™) = ny¢(hy) o ny(hs).
Therefore 1y is homeomorphism and so it is an isomorphism induced by f. O

Theorem 5.6. Strongly g*wa-homeomorphism is an equivalence relation in the collection

of all topological spaces.

Proof. Reflexivity and Symmetry are immediate and Transitivity follows from the Remark
5.2. O

Corollary 5.1. If A C B then g*wa-cl(A) C g*wa-cl(B).
Theorem 5.7. If f: X — Y is strongly g*wa-homeomorphism then g*wa-cl(f~*(B)) =
fY(g*wa-cl(B)) for every B C Y.

Proof. Since f is strongly g*wa-homeomorphism, f is g*wa-irresolute. Since g*wa-cl(f(B)) is
g*wa-closed set in Y, f~1(g*wa-cl(f(B))) is g*wa-closed in X. Now f~1(B) C f~!(g*wa-cl(B)))
and so by Corollary 5.1, g*wa-cl(f~}(B)) C ! (g*wa-cl(B))).

Again, since f is strongly g*wa-homeomorphism, f~! is g*wa-irresolute. Since g*wa-cl(f~1(B)) is
g*wa-closed in X, (f~ 1)~ (g*wa-cl(f1(B))) = f(g*wa-cl(f1(B))) is g*wa-closed in Y. Now, B C
EH= (7 1(B))) € (Y (g*wa-cl(f1(B))) = f(g*wa-cl(f1(B))) and so g*wa-cl(B) C f(g*wa-
cl(f~1(B))). Therefore 1 (g*wa-cl(B)) C {1 (f(g*wa-cl(f~1(B)))) C g*wa-cl(f~1(B)) and hence
the equality holds. O

Corollary 5.2. If f: X — Y is strongly g*wa-homeomorphism then g*wa-cl(f(B)) =
flg*wa-cl(B)) for all subset B of X.

Proof. Since f: X — Y is strongly g*wa-homeomorphism, f~! : Y — X is also strongly g*wa-
homeomorphism. Therefore by the Theorem 5.7, g*wa-cl((f71)71(B)) = (f~!)~!(g*wa-cl(B))
for all B C X, that is g*wa-cl(f{(B)) = f(g*wa-cl(B)). O
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Corollary 5.3. Iff: X — Y is strongly g*wa-homeomorphism then f(g*wa-int(B)) =
g wa-int(f(B)) for all B C X.

Proof. For any subset B C X, g*wa-int(B) = g*wa-cl(B¢))¢. Thus by using Corollary 5.2, we
obtain f(g*wa-int(B)) = {((g*wa-cl(B°))¢ = (f(g*wa-cl(B9)))¢ = (g*wa-cl({(B9)))¢ = (g*wa-
cl((f(B))9))¢ = g*wa-int(f(B)). O

86. g*wa-closed graphs in topological spaces

In this section we discussed the properties of g*wa-closed graphs.

Definition 6.1. A topological space X is said to be a
(i) g*wa-Ti-space if for each pair of distinct points © and y of X there exist disjoint g*wa-open
sets U containing x but not y and V containing y but not x.
(ii) g*wa-Ty-space if for each pair of distinct points x and y of X there exist disjoint g*wa-open
sets U and V such that v € U and y € V.

Definition 6.2. A function f : X — Y has g*wa-closed graph if for each (x, y) € (X %
Y)\ G(f) there exist U € G*waO(X, ) and V € O(Y, y) such that (U x cl(V)) N G(f) = ¢

Theorem 6.1. Let f: X — Y be a function. Then the following properties are equivalent:
(i) f is g*wa-closed graph.
(i) for each (x, y) € (X x Y)\ G(f) there exist U € G*waO(X, ) and V € O(Y, y) such that
J(U) A (V) = ¢
(iii) for each (x, y) € (X x Y)\ G(f) there exist U € G*waO(X, z) and V € G*waO(Y, y)
such that (U x g*wa-cl(V)) N G(f) = ¢
(i) for each (x, y) € (X x Y)\ G(f) there exist U € G*waO(X, z) and V € G*waO(Y, y)
such that f(U) N g*wa-cl(V) = ¢

(X x Y) \ G(f) there exist U € G*waO(X
= ¢ Thus, for each x € X, U is g*wa-open
(U) N cl(V) = ¢. Thus (b) holds.

Proof. (i) — (ii): Suppose (i) holds. Then (x, y) €
x) and V € O(Y, y) such that (U x cl(V)) N G(f)
set in X containing x, implies f(x) # y. Therefore f(U
(ii) — (i): By (ii) there exist U € G*waO(X, x) and V € O(Y, y) such that {(U) N cl(V) =
That is U is a g*wa-open set in X containing x and f(x) # y. Thus (U x cl(V)) \ G(f) = (;5
(i) — (iii) From (iii) there exist U € G*waO(X, x) and V € O(Y, y) such that (U x cl(V)) N
G(f) = ¢. Therefore (U x g*wa-cl(V)) N G(f) = ¢. Thus (iii) holds.

(ii) — (iv): Suppose (ii) holds, that is (x, y) € (X x Y) \ G(f) there exist U € G*waO(X, x) and
V € O(Y, y) such that f(U) N cl(V) = ¢. Since every open set is g*wa-open [15], g*wa-cl(V)
C cl(V), implies f(U) N g*wa-cl(V) = ¢. Thus (iv) holds.

(i) — (iv): It follows from (ii). O

Theorem 6.2. If f: X — Y is surjective g*wa-closed graph then Y is a T1-space.

Proof. Let y1, y2 € Y with y1 # ya. Let z¢g € X. Since f is surjective f(z¢) = y2. Therefore
(xo, y1) € (X x Y) \ G(f). Since f is g*wa-closed graph there exist U; € G*waO(X, zy) and
V1 € O(Y, y1) such that f(Uy) N cl(V1) = ¢. Since 29 € Uy and f(zg) = y1 € f(Uy) and £(Uy)
N cl(V1) = ¢, implies y ¢ V7.
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Let x1 € X. Since f is surjective f(x1) = y;. Therefore (x1, y2) € (X x Y) \ G(f). Since f is
g*wa-closed graph there exist Uz € G*waO(X, z1) and V2 € O(Y, y2) such that {(Usz) N cl(V3)
= ¢. Since z1 € Uy and f(x1) = y2 € {(Uz) and {(Usz) N cl(Va) = ¢, implies y; ¢ Va. Therefore,
for each y1, y2 € Y there exist an open sets Vi and V5 such that y; € Vi, yo ¢ Vi and 4y ¢ V5,
ys € V5. Hence Y is Ti-space. O

Corollary 6.1. Iff: X — Y is surjective g*wa-closed graph then Y is g*wa-Th-space.
Theorem 6.3. If f: X — Y is injective g*wa-closed graph then X is g*wa-T7-space.

Proof. Let x1, 9 € X with x1 # xo. Since f is injective, f(z1) # f(z2), implies (z1, f(xs2)) €
(X xY) \ G(f). Since f is g*wa-closed graph there exist U; € G*waO(X, z1) and V7 € O(Y,
f(x2)) such that f(Uy) N cl(V1) = ¢. Since z1 € Uy, implies f(z1) € {(U;), so f(x2) ¢ f(U1) and
xTo ¢ U1 .

Let us consider, (x3, f(z1)) € (X x Y) \ G(f). Since f is g*wa-closed graph there exist Us €
G*waO(X, z2) and Vo € O(Y, f(x1)) such that f(Uz) N cl(V2) = ¢. Since zo € Uz, implies
f(x2) € f(Us), so f(xz1) ¢ f(Usz) and x; ¢ Us. Therefore, for each z1, x5 € X, there exists
g*wa-open sets Uy and Us in X such that 2y € Uy, o ¢ Uy and x1 ¢ Us, 25 € Us. Hence X is
g*wa-Ti-space. O

Corollary 6.2. Let f: X — Y be bijective with g*wa-closed then both X and Y are
g wa-T -spaces.

Theorem 6.4. Let f: X — Y be surjective g*wa-closed graph then Y is Th-space.

Proof. Let y1, y2 € Y with y1 # yo. Since f is surjective, for each z; € X, f(z1) = y1. Now
(21, y2) € (X x Y) \ G(f). Since f is g*wa-closed graph there exist U € G*waO(X, z1), V €
O(Y, y2), such that f(U) N cl(V) = ¢. Now 21 € U, implies f(z1) = y1 € f(U). So y1 # cl(V)
as f(U) N cl(V) = ¢. Therefore there exists W € O(Y, y1) such that W NV = ¢. Hence, Y is
Ts-space. O

Corollary 6.3. Let f: X — Y be surjective g*wa-closed graph, then Y is g*wa-Ts-space.
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Abstract Let G be a graph with vertex set V(G) = {v1,v2,...,vn}. Let A(G) be the
adjacency matrix of a graph G. The rows of A(G) corresponding to a vertex v of G, denoted
by s(v) is the string. The Hamming index of a graph G is the sum of the Hamming distances
between all pairs of vertices of G. In this paper we obtain Hamming index generated by

adjacency matrix of some thorn graphs.
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§1. Introduction

In information theory, the Hamming distance between two strings of equal length is the
number of positions at which the corresponding symbols are different. In another way, it
measures the minimum number of substitutions required to change one string into the other,
or the minimum number of errors that could have transformed one string into the other.

The Hamming distance is named after Richard Hamming, who introduced it in his funda-
mental paper on Hamming codes Error detecting and error correcting codes in 1950 [4]. It is
used in telecommunication to count the number of flipped bits in a fixed-length binary word
as an estimate of error, and therefore is sometimes called the signal distance. Hamming weight
analysis of bits is used in several disciplines including information theory, coding theory, and
cryptography. However, for comparing strings of different lengths, or strings where not just
substitutions but also insertions or deletions have to be expected. For g-array strings over an
alphabet of size ¢ > 2. The Hamming distance is applied in case of orthogonal modulation and
is also used in systematics as a measure of genetic distance.

Let Zy = {0,1}. The set Zs is a group under binary operation & with addition modulo 2.
Therefore for any positive integer n, Z% = Zg X Za X -+ X Zo (n factors) is a group under the
operation @ defined by

(1,22, .., 2Zn) B (Y1,Y25 -, Un) = (1 + Y1, 22 + Y2, ., Tn + Yn)-

Element of Z% is an n-tuple (z1, o, ...,z,) written as © = 124 ...x,, where every z; is
either 0 or 1 and is called a string or word. The number of 1’s in = 122 ... %, is called the
weight of x and is denoted by wt(x).
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Let © = z129...2, and y = y1y2 ...y, be the elements of Z5. Then the sum x @ y is
computed by adding the corresponding components of z and y under addition modulo 2. That
is,x;+y; =0ife; =y, and oy +y; =1if o, £y, 0 =1,2,...,n.

The Hamming distance Hy(x,y) between the strings © = z12... 2, and y = y1ya ... Yy is
the number of ¢’s such that z; # y;, 1 <i < n.

Thus Hy(x,y) = Number of positions in which = and y differ = wi(z @ y).

Example: Let x = 01001 and y = 11010. Therefore x ® y = 10011. Hence Hy(z,y) =
wt(z ®y) = 3.

A graph G with vertex set V(G) is called a Hamming graph [1, 4 - 7] if each vertex
v € V(G) can be labeled by a string s(v) of a fixed length such that Hy(s(u), s(v)) = dg(u,v)
for all u,v € V(G), where dg(u,v) is the length of shortest path joining u and v in G. Here we
denote Hy(s(u;), s(vy)) = Hda(ui,vj).

§2. Preliminaries

Let G be a simple, undirected graph with n vertices and m edges. Let V(G) = {v1,v2,...,0n}
be the vertex set of G and F(G) = {ey,ea,..., e} be the edge set of G.

The distance between two vertices u© and v in G is the length of shortest path joining u
and v and is denoted by dg(u, v). The adjacency matriz of G is a matrix A(G) = [a;;] of order
n, in which a;; = 1 if the vertex v; is adjacent to the vertex v; and a;; = 0, otherwise. Denote
by s(v), the row of the adjacency matrix corresponding to the vertex v. It is a string in the set
Z7% of all n-tuples over the field of order two.

Sum of Hamming distances [3,9] between all pairs of strings generated by the adjacency
matrix of a graph G is denoted by H4(G). Thus,

Hao(G)= Y Hdg(vi,vj).

1<i<j<n
V1
V2
U3 (2

Figure 1: Graph G

For a graph G of Figure 1, the adjacency matrix is

U1 V2 U3 U4

V1 01 00

AG) = v |1 0 1 1
vs |01 0 1]
v |01 10
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and the strings are s(vy) = 0100, s(ve) = 1011, s(vs) = 0101, s(vq) = 0110.

HdG('Ul,'UQ) = 47 HdG(/UlJ’U3) = 17 HdG(U17U4) = 17
Hdg(vg,vg) = 3, Hd(;(vg,v4) = 37 Hdg(’l)3,v4) = 2.
Therefore Ho(G) =4+1+1+34+3+2=14.

§3. Hamming distance between pair of vertices

The vertices which are adjacent to both u and v are called the common neighbours of «
and v. The vertices which are neither adjacent to u nor adjacent to v are called non-common
neighbours of v and v.

Theorem 3.1. [3] Let G be a graph with n vertices. Let the vertices u and v of G have k
common neighbours and I mon common neighbours.

(i) If uw and v are adjacent vertices, then
Hdg(u,v) =n—Fk—1.
(ii) If uw and v are nonadjacent vertices, then

Hdg(u,v)=n—k—1-2.

Theorem 3.2. Let G be a graph with n vertices. Let the vertices u and v of G have k
common neighbours and | non common neighbours. Let w be another vertex of G.

(i) If u and v are non adjacent vertices in G and G’ is a graph obtained from G by joining
u and v, then

Hdg (u,v) = Hdg(u,v) + 2.

(i) If w is vertex adjacent to both u and v in G, then
Hdg/(u,w)=n—k—1-1.
(ii) If w is vertex non adjacent to both u and v in G, then
Hdg/(u,w)=n—k—-1-2+1.
() If w is vertex adjacent to u but not v(vice-versa) in G, then

Hdg/(u,w)=n—k—-1-2—1.

Proof. (i) If w and v are non adjacent in G, then from Theorem 3.1 (ii),
Hdg(u,v) =n—k—1-2. (1)
G isa graph obtained from G by joining u and v, then from Theorem 3.1 (i),

Hdg (u,v) =n—k—1. (2)
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Therefore, from Eq. (1) and Eq. (2), we get
Hdg (u,v) = Hdg(u,v) + 2.
(ii) If w is vertex adjacent to both u and v, then from Theorem 3.1 (i),
Hdg(u,v) =n—k—1. (3)

Since w is vertex adjacent to both v and v, then the number of common neighbour in G
is (k + 1). Therefore Eq. (3) becomes,

Hdg (u,w) =n—k—1-1.
(iii) If w is vertex non-adjacent to both v and v, then from Theorem 3.1 (ii),
Hdg(u,v)=n—k—-1-2. (4)

Since w is vertex not-adjacent to both v and v, then the number of non common neighbour
in G is (I —1). Hence Eq. (4) becomes

Hdg/(u,w)=n—k—-1-2+1.
(iv) If w is vertex adjacent to u but not v (vice-versa), then from Theorem 3.1 (i),
Hdg(u,v)=n—k—1-2. (5)

Since w is adjacent to w but not v, then the number of common neighbours is (k + 1) and
hence Eq. (5) becomes
Hdg (u,w)=n—k—-1-2—1.

8§4. Hamming index of some thorn graphs

Definition. [2] The thorn graph of a graph G denoted by GT* is the graph obtained from
G by attaching k pendent vertices to each vertex of G.

Figure 2: G and G12
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Theorem 4.1. Let C,, be a cycle on n vertices. Then Hamming index of C;t* is given by

HA(CHoYy = Ha(Cp) + 2k (Z) (14 k) + [k*n? — 4nk + 3n2k].

Proof. Let C,, be a cycle on n vertices. Then adjecency matrix of C}* is

where A(C},)is the adjacency matrix of C,, and I is the identity matrix of order n and O is the

null matrix.

Ha(CF) = > Hda(u;,v))
1<i<j<(k+1)n
n (k+1)n
Z HdG(’LLZ‘,’Uj)-i- Z HdG(Ui,’Uj)-l-Z Z HdG(Ul','Uj)
1<i<j<n n+1<i<j<(k+1)n i=1 j=n+1
n (k+1)n
> 2k+ Hdg(u,v) + > Hdg(ui,v;) + > Y Hde(ui,v;). (6)

(u,v)eCy, n+1<i<j<(k+1)n i=1 j=n+1

(i) 3y Hdg(u;, v;) 2k? (Z) . (7)
n+1<i<j<(k+1)n

n (k4+1)n n (k+1)n
(i) Z Z Hdg(ui,vj) = Z Z Hdg(u;,vj)for a pair of (u;,v;) adjacent pairs
i=1 j=n-+1 i=1 j=n-+1
n (k+1)n
+ Z Z Hdg(u;,v;)for a pair of (u;,v;) non-adjacent pairs.
i=1 j=n+1

n (k+1)n
Z Z Hdg(u;,v;) = Hamming distance between kn adjacent pairs = k(k + 3)n. (8)
i=1 j=n+1
n (k4+1)n
Z Z Hdg(u;,vj) = Hamming distance between k(n? — n) non-adjacent pairs
i=1 j=n+1
= Hamming distance between 2nk pairs with common neighbour

+ Hamming distance between [k(n?

common neighbour = (k + 1)(2nk) + (k + 3)(kn? — 3nk). 9)

—n) — 2nk] pairs with non

Substituting Eq. (7), Eq. (8) and Eq. (9) in Eq. (6), we get

n

Ha(C") = Ha(Cy) + 2k<2

)(1 + k) + [k*n? — dnk + 3kn?).
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O

Theorem 4.2. Let K, be a complete graph on n vertices. Then Hamming index of K"

is given by

Ho(KF) = Ha(K,) + 2k (Z) (1+k)+kn(n+k)+[(n— 1)+ (k — 1)]k(n* —n).

Proof. Let K, be a complete graph on n vertices. Then adjecency matrix of k¥ is

where A(K,) is the adjacency matrix of K, I is the identity matrix of order n and O is the

null matrix.

Ha(KFY) = > Hdg(ui,v))
1<i<j<(k+1)n
n (k+1)n

= Z HdG(Ui,vj)+ Z HdG(Ui,Uj)-l-Z Z HdG('U/l','Uj)

1<i<j<n n+1<i<j<(k+1)n i=1 j=n+1
= > 2k+Hdg(u,v)+ > Hde(ui,vj) +
(u,v)EK, n+1<i<j<(k+1)n
n (k+1)n

Z Z Hdg(ui,?)j). (10)

i=1 j=n+1

i) 3 Hdg(ui,v;) = 2k <Z> (11)

n+l<=i<j<=(k+1)n

n (k+1)n n (k+1)n
1) Z Z Hdg(u;,v;) = Z Z Hdg(u,,v;)for apair of (uj,v;) adjacent pairs
i=1 j=n+1 i=1 j=n+1
n (k+1)n
Z Z Hdg(u;,v;) = Hamming distance between kn adjacent pairs = kn(k + n).(12)
i=1 j=n+1
n (k+1)n
Z Z Hdg(u;,v;) = Hamming distance between k(n? —n) non — adjacent pairs
i=1 j=n+1

= [(n—1)+ (k—1)]k(n*—n). (13)
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Substituting Eq. (11), Eq. (12) and Eq. (13) in Eq. (10), we get
Hi(KF) = Ha(K,) + 2k (Z) (1+k) +kn(n+k)+[(n—1)+ (k= 1)]k(n* —n).

O

Theorem 4.3. Let P, be a path on n vertices. Then Hamming index of P;* is given by
HA(PF) = Hy(Py) + 2k <Z> (1+ k) + k[n(3+ k) — 2] + 2k* + (n — 2)[2k(k + 1)]

+h(n — 2)[n(k +3) — k — 5],

Proof. Let P, be a path on n vertices. Then adjecency matrix of P* is

AP,) I I
AP = : ;
I O--- O
where A(P,)is the adjacency matrix of P,, I is the identity matrix of order n and O is the null
matrix.
Ha(Pyh) = > Hdg(ui,vy)
1<i<j<(k+1)n
= Z Hdg(ui,vj)+ Z Hdg(ui,vj)—FZ Z Hd(;(ui,vj)
1<i<j<n nt1<i<j<(k+1)n i=1 j=n+1
= Z 2k + Hdg(u,v) + Z Hdg(ui,vj)
(u,v)EP, n+1<i<j<(k+1)n
+ Z Z Hdg(ui,vj). (14)
i=1 j=n+1
O Y datue) = 22(}). (15)
nH+1<i<j<(k+1)n
n (k+1)n n (k+1)n
(i) Z Z Hdg(u;,v;) = Z Z Hdg(u;, v;)for apair of (u;,v;)adjacent pairs
i=1 j=n+1 i=1 j=n+1
n (k+1)n
+ Z Z Hdg(u;,vj)for pair of (u;,vj)non adjacent pairs.
i=1 j=n+1
n (k+1)n
Z Z Hdg(u;,vj) = Hamming distance between kn adjacent pairs = k[n(k + 3) — 2]. (16)

i=1 j=n+1
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n (k+1)n
Z Z Hdg(u;,v;) = Hamming distance between k(n? —n) non-adjacent pairs
i=1 j=n-+1
= Hamming distance between 2(n — 1)k pairs with common neighbour
+ Hamming distance between [k(n? —n) — 2(n — 1)k] pairs with

non-common neighbour = (n — 2)k[n(k + 3) — k — 5]. (17)

Substituting Eq. (15), Eq. (16), and Eq. (17) in Eq. (14), we get
Hy(PHY) = Hy(P,) + 2k <Z> (1+k) + k[n(3+ k) — 2] + 2k + (n — 2)[2k(k + 1)]

+k(n —2)[n(k +3) — k —5].
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