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Abstract: This paper introduces the concept of n-refined neutrosophic module as a new
generalization of neutrosophic modules and refined neutrosophic modules respectively and as a
new algebraic application of n-refined neutrosophic set. It studies elementary properties of these
modules. Also, This work discusses some corresponding concepts such as weak/strong n-refined
neutrosophic modules, n-refined neutrosophic homomorphisms, and kernels.

Keywords: n-Refined weak neutrosophic module, n-Refined strong neutrosophic module,
n-Refined neutrosophic homomorphism.

1. Introduction

In 1980s the international movement called paradoxism, based on contradictions in science and
literature, was founded by Smarandache, who then extended it to neutrosophy, based on
contradictions and their neutrals. [30]

Neutrosophy as a new branch of philosophy studies origin, nature, and indeterminacies, it was
founded by F. Smarandache and became a useful tool in algebraic structures. Many neutrosophic
algebraic structures were defined and studied such as neutrosophic groups, neutrosophic rings,
neutrosophic vector spaces, and neutrosophic modules [1,2,3,4,5,6,7,8,9,10,11,12,13,14,15]. In 2013
Smarandache proposed a new idea, when he extended the neutrosophic set to refined [n-valued]
neutrosophic set, i.e. the truth value T is refined/split into types of sub-truths such as (T1, Tz,

...,) similarly indeterminacy I is refined/split into types of sub-indeterminacies (I, I, ...,) and the
falsehood F is refined/split into sub-falsehood (F1, F,..,) [17,18].

Recently, there are increasing efforts to study the neutrosophic generalized structures and spaces
such as refined neutrosophic modules, spaces, equations, and rings [5,14,21,22,23,24]. Smarandache
et.al introduced the concept of n-refined neutrosophic ring [20], and n-refined neutrosophic vector
space [19] by using n-refined neutrosophic set concept. Also, neutrosophic sets played an important
role in applied science such as health care, industry, and optimization [25,26,27,28].

In this paper we give a new concept based on n-refined neutrosophic set, where we define and study
the concept of n-refined neutrosophic modules, submodules, and homomorphisms as a
generalization of similar concepts in the case of neutrosophic and refined neutrosophic modules

[13,14]. Also, we discuss some elementary properties.
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For our purpose we use multiplication operation (defined in [20]) between indeterminacies

1051, as follows:

I .
mte Smin ey

All rings considered through this paper are commutative.

2. Preliminaries

Definition 2.1: [20]

Let (R+,%) be aring and [;:1 = & =#n be nindeterminacies. We define

B (D)={ey + ey + -+ 2,1, 1 a; € B} to be n-refined neutrosophic ring.

Definition 2.2: [20]

(a) Let R;(I) be an n-refined neutrosophic ring and P

where F; is a subset of R, we define P to be an AH-subring if F; is a subring of R for all .

AHS-subring is defined by the condition F; = F; forall ©.].

(b) P is an AH-ideal if ; is an two sides ideal of R for all i, the AHS-ideal is defined by the condition

F.=F forall i.j.

(c) The AH-ideal P is said to be null if F; =R or F; = {0} for all i.

Definition 2.3 :[10]

Let (V, +,.) be a vector space over the field K then ( V(I), +,. ) is called a weak neutrosophic vector
space over the field K, and it is called a strong neutrosophic vector space if it is a vector space over
the neutrosophic field K(I).

Definition 2.4: [13]

Let ( M,+,.) be a module over the ring R then (M(I),+,.) is called a weak neutrosophic module over the
ring R, and it is called a strong neutrosophic module if it is a module over the neutrosophic ring R(I).
Elements of M(I) have the form x + vI:x.v € M, i.e M(I) can be written as M(I} =M + MI.
Definition 2.5: [13]

Let M(I) be a strong neutrosophic module over the neutrosophic ring R(I) and W(I) be a non empty

set of M(I), then W(I) is called a strong neutrosophic submodule if W(I) itself is a strong neutrosophic
module.

Sankari, Abobala n-Refined Neutrosophic Modules
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Definition 2.6: [13]

Let U(I) and W(I) be two strong neutrosophic submodules of M(I) and let f:I{I} — W (I}, we say
that f is a neutrosophic vector space homomorphism if

(a) F) = 1.
(b) f is a module homomorphism.

3. Main concepts and results

Definition 3.1:
Let (M,+,.) be a module over the ring R, we say that

M) =M+ M+ + My =[xy + x4+ x,] x; € M) is a weak n-refined neutrosophic

module over the ring R. Elements of [, (I} are called n-refined neutrosophic vectors, elements of R
are called scalars.

If we take scalars from the n-refined neutrosophic ring &}, we say that M, (I} is a strong

n-refined neutrosophic module over the n-refined neutrosophic ring M, (/). Elements of M, (I} are

called n-refined neutrosophic scalars.
Remark 3.2:

If we take n=1 we get the classical neutrosophic module.
Addition on M, I} is defined as:

L%
r

- -
f=oll T 9; My

Multiplication by an n-refined neutrosophic scalar m = Zi_ym;I; € R, (I} is defined as:

E?:: my; I; E“ ol = EE’::{"“E" a; Wil;

Where o; € M.m; € BRI = T

Theorem 3.3 :

Sankari, Abobala n-Refined Neutrosophic Modules
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Let (M,+,.) be a module over the ring R. Then a weak n-refined neutrosophic module 1, (I isa
module over the ring R. A strong n-refined neutrosophic module is a module over the n-refined
neutrosophic ring &, (I).

Proof:
It is similar to that of Theorem 5 in [9].

Example 3.4:

Let M = Z. be the finite module of integers modulo 2 over itself, we have:
(a) The corresponding weak 2-refined neutrosophic module over the ring Z. is

MO =011 0L+ L1+ L+ 1,1 +1,,1 +1.),
Definition 3.5:

Let M,({I} be a weak n-refined neutrosophic module over the ring R, a nonempty subset W (I] is

called a weak n-refined neutrosophic module of M, (I if W, I} is a submodule of M, (I} itself.
Definition 3.6:

Let M.} bea strong n-refined neutrosophic module over the n-refined neutrosophic ring &, (I}, a
nonempty subset W (I} is called a strong n-refined neutrosophic submodule of 3, 0 if W, isa

submodule of M, (I} itself.
Theorem 3.7:

Let M, I} be a weak n-refined neutrosophic module over the ring R, W}, (I} be a nonempty subset
of M), Then W, is a weak n-refined neutrosophic submodule if and only if:

W, o x e WL forall x.y € WoI).m e R.

im

T+
Proof:
It holds directly from the fact that is i}, (I} is a submodule of M, (.

Theorem 3.8:

Let M, (I} be a strong n-refined neutrosophic module over the n-refined neutrosophic ring R, (],

WL, (11 be a nonempty subset of M (I}, Then W,(I) isa strong n-refined neutrosophic submodule if

and only if:
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v+ y e W, mox € W, (D) forall x.v € W1, m e R, (I
Proof:

It holds directly from the fact that is 1, (I} is a submodule of M (Il over the n-refined neutrosophic

ring R, (I},
Example 3.9:

M = R* is a module over the ring R, W == (0.1} = is a submodule of M,

- - . - o e oy - - — o . .
Ryl = {la.b) + (m, s}, + (k. tl;ia bom, 5. k. t € R} is the corresponding weak/strong 2-refined
neutrosophic module.

W) ={ay + a0 + a0, ={(0.x) + (0, y}, + (0. 2)1;:x, v,z € R} is a weak 2-refined neutrosophic
submodule of the weak 2-refined neutrosophic module Ri(I} over the ring R.

Wy ={ay + afy + 60,3 ={{0.x) + (0.3}, + (0.2)I;;x, 7.z € R} is a strong 2-refined
neutrosophic submodule of the strong 2-refined neutrosophic module R: (I} over the n-refined

neutrosophic ring R (I}.
Definition 3.10:

Let M. (I} be a weak n-refined neutrosophic module over the ring R, x be an arbitrary element of

M, (I, we say that x is a linear combination of {x;.x 7., ¥} = M, (I} is
X=Xy Fosx, o Qi oy € Hoxp e M (0.
Example 3.11:

Consider the weak 2-refined neutrosophic module in Example 3.11,

x=(02) + (1.3)1, € R% (I:',we have
x=2(0,1) + 1.(1.001, +3¢0.1)0,

i.e x is a linear combination of the set {{0,1},(1,0},.(0.1}1.] over the ring R.

Definition 3.12:

Sankari, Abobala n-Refined Neutrosophic Modules



Neutrosophic Sets and Systems, Vol. 36, 2020 6

Let M, (I} be astrong n-refined neutrosophic module over the n-refined neutrosophic ring #,{I}, x

be an arbitrary element of M, ([}, we say that x is a linear combination of {x.xz..... 2} = M, (I} is
T = x, Faax, b b e o € R (N x € M (T,
Example 3.12:

Consider the strong 2-refined neutrosophic module

Rzl ={la.bl + {m.sll, + k.t e, bom, 5. k. £ € R} over the 2-refined neutrosophic ring E;(I},

=(1 + 7,000,100, + 1,02.100, = (1,101, + (1,131, + (2.1}1, = x, hence x is a linear x = (3,21, + (1,1)1,
combination of the set

[(2,131,,01,11,)

over the 2-refined neutrosophic ring E;{I}.
Definition 3.15:

Let X ={x,....x} be a subset of a weak n-refined neutrosophic module M, (I} over the ring R, X is

a weak linearly independent set if L/Lya;x; = 0 implies a; = 0: a; € A,
Definition 3.16:

Let X = {x,....x;} be a subset of a strong n-refined neutrosophic module ¥,(I} over the n-refined
neutrosophic ring #,(I}, X is a weak linearly independent set if

Bl seix; = 0implies a; = 0; a; € R, ().

Definition 3.17:

Let M, (I0.W,(I1 be two strong n-refined neutrosophic modules over the n-refined neutrosophic

ring R, (I, let f:M, (I} = U,(I} be a well defined map. It is called a strong n-refined neutrosophic

homomorphism if:
flo.x+ byl =a flxy+ b flv) forall x.v e M, Nebe R, (1.

A weak n-refined neutrosophic homomorphism can be defined as the same.
Definition 3.18:

Let f:M, (It — U, (I} be a weak/strong n-refined neutrosophic homomorphism, we define:

(a) Ker(f) = {x e M,U); flx) =01,

Sankari, Abobala n-Refined Neutrosophic Modules
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T

. a A 4 O -
LU 3x e My UUland y = flx)].

im
=]

(b) Im(f) = {y
Theorem 3.19:

Let f:M, (It = U, (I} be a weak n-refined neutrosophic homomorphism. Then
(a) Ker(f} is a weak n-refined neutrosophic submodule of 3 (I).

(b) Imif) is a weak n-refined neutrosophic submodule of I, (I}.
Proof:

. . . A PR e PR
(a) f is amodule homomorphism since M, ). U, (I} are modules, hence Ker(f) is a submodule of

the module M, (I}, thus Ker(f} is a weak n-refined neutrosophic submodule of (.

(b) Holds by similar argument.
Theorem 3.20:

Let f:M, (It = U, (I} be a strong n-refined neutrosophic homomorphism. Then
(a) Ker(f] is a strong n-refined neutrosophic submodule of M, (I).

(b) 1 mif) isa strong n-refined neutrosophic submodule of I, (I}.
Proof:

(a) f is amodule homomorphism since M, {I1.U.(I1 are modules over the n-refined neutrosophic
ring R, (I}, hence Ker(f} is a submodule of the module M, ([}, thus Ker(f} is a strong n-refined

neutrosophic submodule of M, LI},

(b) Holds by similar argument.
Theorem 3.21:

Let f:M, (I1 — U, (I} be astrong n-refined neutrosophic homomorphism. Then

(a) Ker(f} is a strong n-refined neutrosophic submodule of M (I).

(b) Im(f) isa strong n-refined neutrosophic submodule of 7 {I}.

Proof:

Sankari, Abobala n-Refined Neutrosophic Modules
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T rr

. . . o A - . .
(a) f is amodule homomorphism since M, ). U, (I} are modules over the n-refined neutrosophic
ring R, (I}, hence Ker(f} is a submodule of the module M}, thus Ker(f} is a strong n-refined

neutrosophic submodule of M, (I},

(b) Holds by similar argument.
Example 3.22:

Let B3} = {xy+x s +x-0 xpxpx, € BYY R =Dy + 9 Lo+ w2120 v 1. v € BE] be two weak
. . . . al i T
2-refined neutrosophic modules over the ring of real numbers R. Consider f:#:l} — REIL1} where

Flla. b) + mond I, + (kos)l;] = (@, 0,00 + (m. 0001, + (k. 0.0)1;, f is a weak 2-refined neutrosophic
homomorphism over the ring R.

T o - . P "y P "y T P e
Ker(fl =00, b} + 0, n}], + 0,51 hn5 e R

Im(f) = {{a,0.0) + (m, 0.0}, + (k. 0.0} ;;a.m k € R}.

Example 3.23:
Let W, (1) =< (0.0,1)1, >= {q.(0.0.a)I,;a € R.q € R,(I}},
7,00 == (0.1,00], >={g.(0.a.0}],;a € R;q € R, (1)} be two strong 2-refined neutrosophic modules

of the strong 2-refined neutrosophic module RZ(I} over 2-refined neutrosophic ring A:(I). Define
Fwe ) - U, (D flg0.0.601,] = (0.0, 0),; g € R, (1.
f is a strong 2-refined neutrosophic homomorphism:

Let 4 = q,(0.0,all,.B = q.(0.0,5)1, € W, (I} g,.q; € B-(I}, we have

A+B=lg, +. )00 a+ b, . FlA+B) =g +g,0.00,a+5b01,=flal + FlB.

im

Let m = c+dl, +¢el; € R.(I} be a 2-refined neutrosophic scalar, we have

moA =c.q,00a)], +d.9,000 e),I, +e.q,00.0,a).], =q,(0.0,c.a+ d.a +e.all,

flm Al =gq,(0.cca +d.a+e.a0)l, =m f(4), hence f is a strong 2-refined neutrosophic
homomorphism.

Ker (F) = (0,0.0) + (0.0.001, + (0.0.001.
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Imif) = U, ()

P

5. Conclusion

In this paper, we continuo the efforts about defining and studying n-refined neutrosophic
algebraic structures, where we have introduced the concept of weak/strong n-refined neutrosophic
module. Also, some related concepts such as weak/strong n-refined neutrosophic submodule,
n-refined neutrosophic homomorphism have been presented and studied.

Future research
Authors hope that some corresponding notions will be studied in future such as weak/strong
n-refined neutrosophic basis of n-refined neutrosophic modules, and AH-submodules.
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Abstract: This research paper presents a neutrosophic mathematical representation of the elements of the digital
image by dividing the points of the digital picture matrix into neutrosophic sets (PNS - Picture Neutrosophic
Set), and studying the degree of connection between the points of the digital image for us to reach to the
connected neutrosophic sets. We have also introduced many mathematical theories and results to calculate the
difference and dissimilarity between the neutrosophic sets, which contributes practically in the comparison
between digital images and their different uses. Our results help mainly to upgrade and create new neutrosophic

algorithms for searching inside images and videos databases.

Keywords: Neutrosophic set; connected neutrosophic set; picture neutrosophic set (PNS); difference measure;

dissimilarity measure.

1. Introduction

The neutrosophic logic, which resulted in a revolution in the mathematical logic world, was first
introduced by Florentin in 1995 [1, 2]. It is a generalization of intuitionistic fuzzy logic. Several papers
have been published in this field by Florentin and Salama et al [3-15]. It is necessary to take advantage
of the features of this logic in various applied sciences.

Having studied researches related to digital image processing [16-18], we have noted that
applied sciences researchers are interested in the use of fuzzy logic, first introduced by Lotfi Zadeh
[19], for digital image processing because of its flexibility and appropriate features to deal with
different forms of digital images. Moreover, the neutrosophic logic is a generalization and extension
of fuzzy logic. It has provided many additional methods and tools, which we can be used to study
digital images with greater accuracy and comprehensiveness than before.

Digital image processing is mainly based on mathematical concepts [20-26], such as
mathematical logic, linear algebra (matrices), topology, statistics (especially Bayes' theory), Shannon
information theory, and Fourier transform in different representations along with neural networks.

Several researchers have performed studies specifying methods to measure the dissimilarity,
difference and distance between NSs. Salama, Smarandache, & Eisa, (2014) [27] have introduced image

processing via neutrosophic techniques. Mohana & Mohanasundari (2019) [28] have studied some
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similarity measures of single valued neutrosophic rough sets. Sinha & Majumdar (2019) [29] have
studied an approach to similarity measure between neutrosophic soft sets. Das, Samanta, Khan,
Naseem & De (2020) [30] also have a study on discrete mathematics: sum distance in neutrosophic
graphs with application.

We have organized this paper into 4 sections. In section 2, we discuss preliminaries about digital
images and the neutrosophic set. In section 3, we have introduced new neutrosophic concepts, such
as Ks(a) (the extent to which the series of points (a) belongs to the neutrosophic set S), and Cs(p, q)
(the connection strength between the points p, q € S), based on which we have deduced connected
neutrosophic sets. In addition, we have presented our vision in the field of distance and dissimilarity

measures in neutrosophic sets. In section 4, we have concluded our paper.
2. Preliminaries

2.1. Digital Image:[31] It is a representation of a two-dimensional image in the form of a matrix of
small squares, each image consists of thousands or millions of small squares, each of which is called
the elements of the image or pixels.

When the computer starts drawing the image, it divides the screen or printed page into a grid of
pixels. Then the computer uses the stored values of the digital image to give each pixel its color and
brightness. The images posted on websites or by mobile phone are examples of digital images. For

example, the small picture (Felix) can be represented in Figure 1:

Figure 1: Image of Cat Felix [31]
With an array (35 x 35), its elements are composed of numbers 0 and 1. Each element indicates
the color of the pixel. It takes the value (0) for the black pixel and the value (1) for the white pixel.

Note that digital images using two colors are called binary or Boolean images.
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Figure 2: Matrix representing the image of Cat Felix [31]
The grayscale images are represented by a matrix, each element of which specifies the

corresponding pixel intensity. For practical reasons, most of the current digital files use integers
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enclosed between zero-0 (for black pixels, very low color) and 255 (for the white pixel, the color is
super hard).

2.2. Neutrosophic Logic:[2] Was created by professor Florentin Smarandache in 1995. It is a
generalization of (fuzzy, intuitionistic, paraconsistent) logic. For any logical variable x in the
neutrosophic logic 4, itis described by (t,i, f), where:

t = Ty(x): Truth membership function: a degree of membership function, for any x in the
neutrosophic set 4, and its values range in the open interval non-standard, where:

T,(x): A - J07, 1]

i = I,(x): Indeterminacy membership function: a degree of indeterminacy, for any x in the
neutrosophic set 4, and its values range in the open interval non-standard, where:

Li(x): A - 107, 1%

f = F4(x): Falsity membership function: a degree of non-membership, for any x in the neutrosophic
set A, and its values range in the open interval non-standard, where:

Fu(x): A - 107,17

3. Neutrosophic Digital Image

Let M be the digital image matrix 4, so any pixel (point) of image A that is expressed by the
element p (x,y) of the matrix M has four horizontal and vertical adjacent points (x + 1,y) and
(x,y £ 1) and four diagonal adjacent points (x = 1,y % 1), so any point or pixel is surrounded by
eight adjacent points (8-adjacent), noting the cases where the point P is present on the border of the

matrix M.[18]
3.1. Connected Neutrosophic Sets:

Definition 3.1: Let S be a subset of M. For any p, q from S, they are connected in S if you find a
path of points from S that connects p with g as follows:

QP = Po,P1yP2s e+ Pty Pn = q -

Where p; is adjacentto p;_; (1 <i<n).

We denote the connection relationship between p,q by ppq.

Obviously, the relationship (p) represents an equivalence relationship:

Reflexive:[ppp] & Symmetric:[ppq = qpp] & Transitive:[ppq &qpz = ppz]

Remark 3.1: By introducing the concept of non- member function and the function of indeterminacy
to the neutrosophic logic, it has got more accuracy than fuzzy logic in different cases, such as an equal
degree of membership. Thus, we can introduce the order relation (<) between any two elements in

the neutrosophic set:

Definition 3.2: Vp,q € S, (S is neutrosophic set), then:

Ts(p) < Ts(q)
p<q e (or) Fs(p) Fs(q) ; Ts(p) = Ts(q)
(or) I(p) = Is(q) ; Ts(p) = Ts(q@),  Fs(p) = Fs(q)

v Vv
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Remark 3.2: The order relation (<) maintains its consistency with fuzzy logic in the case
of T¢(p) # Ts(q), and maintains consistency with intuitionistic fuzzy logic in the case of
Fs(p) # Fs(q) & Ts(p) = Ts(q).

Example 3.1: (0,1,1) < (0,0,0) , (1,1,1) < (1,0.51)
(0.9,1,0.8) £(1,0.3,0.1) , (0.7,0,0.4) £(0.7,1,0.3)

Definition 3.3: [2] Vp,q € S, then:[p < q] © [Ts(p) <Ts(q) , Is(p) = I,(q) and Fs(p) = Fs(q)]

p < (1I0!0) = 1N & ON = (0!1!1) < p]

[
Remark 3.3: Vp,g €S = [[p Z(100)=1, & 0y =(011) Z p]

&[p<sq = p<yq]

Definition 3.4: Let (a: p = pg, 1, P2, -----» Pn-1,Pn = q), series of adjacent points, between the points
,q 1 p; €S (S neutrosophic set). The extent to which the series of points (a) belongs to the
neutrosophic set S, denote by Ks():

Ks(a)=x ; (x€a) and(x £ p;;i=01,...,n)

= Ks(a) = minz(p;)

Definition 3.5: The connect strength between the points p,q € S (S neutrosophic set).
denote by Cs(p,q): Cs(p,q) = Ks(ﬁ) ; Ks(a;) < Ks(ﬁ) Va,B:p, ., q)
= Cs(p,q) = maxz(Ks(a;))

Theorem 3.1: S neutrosophic set and V p,q € S, then:

1: Cs(p,p) =p
2: Cs(p,q) = Cs(q,p)
Proof:

1: a; any path, from p to p =  K¢(a;) =minz(p;) £ p
On the other hand:
The point p alone represents a series with a length of 0 from p to p, then:
Ja;: Ks(a)=p
Thus: Cs(p, p) = maxz(Ks(a)) = p

2: Obviously. (by Definition 3.4)

Theorem 3.2: V p,q € S (S neutrosophic set), then:

Cs(p, q) < minz(p, q)
Proof:
a any path, from p to q: (a:p = po, D1, -+ » Pn-1,Pn = q), then:
Ks(a) = minz(p) < minz(po,p,) = minz(,q) ;i=0,...,n
= Cs(p,q) = maxz(Ks(a))) < minz(p,q)

Definition 3.6: Vp,q €S, p and q is connected in S iff: Cs(p,q) = minz(p, q).

Theorem 3.3: S neutrosophic set and V p,q € S, then:
p and q isconnectedin § & I a’:p =pe, P, Pn-1Pn=q : P, €S & P, = minz(p,q) (forall i)
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Proof:

Let a' pathfrom p to : P, €S & P; = minz(p, q), then:

Cs(p, @) = maxz(K(@)) = Kg(a') = ming(p) = minz(p,q)

And Cs(p,q) < minz(p,q) (Theorem 3.2)

Then: Cs(p,q) = minz(p,q) = p and q is connected in S

On the other hand: p and q is connected in , then:

3a’ path from p to q : Ks(a') = maxz(Ks(a)) = Cs(p, q) = minz(p, q)

Then for all P, on a’, we have: P; = K¢(a') = minz(p, q)

Corollary 3.1: From the above we note that the relationship of the connection between two points is
the relationship of: 1: reflexivity, 2: Symmetry, 3: not necessarily transitive.

Proof:
1: Cs(p,p) = p = minz(p, p)

2: ming(p, q) = Cs(p,q) = Cs(q,p) = Cs(p, q) = minz(p, q)

3: Let p,q,z three points from neutrosophic set S = [p,q,z] (Matrix 1 X 3):
q £ p = z, then:

Cs(,q) = Cs(q,2) = q and Cs(p,z) = q # minz(p,z), thus:

(p and q is connected in S) and (¢ and z is connected in S), but (p and z is not connected in S)
Definition 3.7: S neutrosophic set, S is connected iff: [V p,q € S] = [Cs(p, q) = minz(p, ¢)].
3.2. Operations on neutrosophic sets:

We will now in this section, we present our vision of distance and dissimilarity measures

between two neutrosophic sets.

Definition 3.8: Let U be the set of points of the matrix M, a representative of the digital image I.
denote by PNS(U) for set of all neutrosophic setsin U (PNS - Picture Neutrosophic Set).
For A,B € PNS(U):

Union: AUB = {u: (TAUB(u),IAUB(u), FAUB(u));u € U}, where:
Tyup (W) = max(T,(w), Tg(w))
Lyyp (W) = min(l, (), Iy (W)

Fyup(w) = min(F,(u), Fg(u))

Intersection: ANB ={u (TAnB W), g (W), F4np (u)); u € U}, where:
Tanp (W) = min(T, (w), T (w))
Innp (W) = max(ly(u), (W)

Fpnp(u) = max(Fy(u), Fp(u))
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Example 3.2: Let us consider the following neutrosophic sets A and B in
U = {uq,u,, us, uys}, where:

A ={ug: (0,1,1), uy: (1,0.2,0), us: (0.7,0.3,1), uy: (0.9,0.3,1)}

B = {u;: (0.2,1,0.2), uy:(1,0.5,0.3), us:(1,0.8,1), uy: (0.9,0.8,0.2)}

Then:

AUB = {u;:(0.2,1,0.2), u,: (1,0.2,0), us: (1,0.3,1), uy: (0.9,0.3,0.2)}

ANB = {u;:(0,1,1), uy: (1,0.5,0.3), us: (0.7,0.8,1), uy: (0.9,0.8,1)}

Theorem 3.4: Let A,B € PNS (U), then: (for all u € U)
ASCB o [T,(w) <Tz(w), Li(w) =1g(w) and F,(uw) = Fz(w)]
Proof:

ASB & AUB=B

max (T, (u), Ty (W) = Ts(u) Ty(w) < Tg(w)
= min(IA(u),IB(u)) =lu) < L =W
min(F,(w), Fz(w)) = Fz(w) Fy(w) = Fp(u)

Definition 3.9: An operator \: PNS(U) x PNS(U) » PNS(U)

Is the difference, if it satisfies for all A,B,C € PNS(U), follow properties:
DIF1: A\B € 4

DIF2: A\@ =4

DIF3: ACB < A\B=0

DIF4: if BSC = B\ACS(C\A

Theorem 3.5: The function \:PNS(U) x PNS(U) —» PNS(U) given by:
A\B = {u: (TA\B(u), IA\B(u),FA\B(u));u € U}, where:

Ta\s (w) = max(0, T, (u) — Tg(w))

[A\B(u) =min(1,1 + (I4(w) — Iz(w)))

FA\B(u) =min(1,1 + (Fy(u) — Fz(w)))
Is the difference between PNS(U) sets.

Proof:

DIF1: A\B € A

Ta\s (W) = max(0, T, (w) — T (W)
VueU = {las@) =min(11+ (L@ - W))
LFA\B(u) = min (1,1 + (F, ) - Fp(w)))

[0 < T,(w)] and [0<Tpw) = T, —Ts(w) < Tyw)]
Hence: Tyz(u) = max(O, To(u) —Tg (u)) < T,(u)

<1 = I+, <1+
[ = L, <1+ (IA(U) - IB(u))
Hence: I4\p(w) = min(1,1 + (I;(w) — Iz(w))) = I,(w)
Similarity: Fyp(u) = min(1,1 + (F4(w) — Fg(w))) = F4(w)
Thus: A\B €A (by Theorem 3.4)

Li(w) <1 and
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DIF2: A\@ =A
¢ =1{u:(0,1,1) ;YueU} =
Tao(w) = max(0,T,(w) —0) = T,(u)
VueU= {Ing@ =min(1,1+ W) —1)) = I,
Fpp(w) = min(1,1 4 (Fy(w) — 1)) = F,(w)
Then: A\® =4

DIF3: ACB < A\B=0

T,(w) <Ts(w) Tas(W) =0
ASB o (LW 2w o {Lsw=1 & A\B=¢
Fy(w) = Fp(u) Fppw) =1

DIF4: if BSC = B\ACSC\A

Tp(u) < Tc(w) Tp(w) — Ty(w) < Tc(w) — Ty (w)
BecC = {w =2lw) = Ig(u) — Li(w) = Ic(w) — I, (w)
Fg(u) = Fc(w) Fg(u) — Fy(u) = Fe(w) — F4(w)

Tp\a(W) < Teya(w)
= {paw) 2lpa(w) = B-AcC-A
Fpna(u) = Foy\a(w)

Example 3.3: Let U = {uy,u,,us}, and 4,B € PNS(U) :
A = {u,:(0.8,0.1,0.3), u,:(0.9,0.2,0), u3:(0.9,0.8,1)}

B = {u;:(0.2,1,0.2), u,:(1,0.5,0.3), us: (0.9,0.8,1)}
Then: A\B = {u;: (0.6,0.1,1),u,: (0,0.7,0.7),us: (0,1,1)}

Definition 3.10: An operator D: PNS(U) X PNS(U) — ]70,1%[

Is the distance measure, if it satisfies for all 4,B,C € PNS(U), follow properties:
DIS1: D(A,B)=0 < A=B

DIS2: D(A,B) = D(B, A)

DIS3: D(A,C) < D(A,B) +D(B,C)

F 2*(-0,0,1%)

Ha.00) | At f A@©.0.9)

# N ’
Byi-0r0y L / """ A7(030,0)
7 \

c D(0.1,0)

Figure 3: A three-dimension representation of a neutrosophic set [27]
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Theorem 3.6: The function D: PNS(U) x PNS(U) — ]70,1%[ given by: [27]

n

1
D(A,B) = EZ[(TA(U'L') = Tp(u))? + Ty (uy) — Ig(u))? + (F4(w;) — Fp(u))?]

i=1
Is the distance measure between PNS(U) sets.

Proof: Obviously: D(4, B) is generalization of the usually used to measure the distance of objects

in Euclidean geometry

Example 3.4: Let U = {u,,u,,u3}, and A,B € INS(U) :

A = {u;: (0.8,0.1,0.3), u,: (0.4,0.5,0), us: (0.7,0.8,1)}
B = {u,:(0.7,1,0.5), uy: (1,0.5,0.3), us:(0.9,0.8,0.7)}

Then: Dyz(4,B) = \E (0.86 + 0.45 + 0.13) = \[§1.44 =0.16 = 0.4

Definition 3.11: An operator DM: PNS(U) x PNS(U) — (DM, DM;, DM¢), where:
DMy denote the degree of dissimilarity. (70 < DM, < 1%)

DM;: denote the degree of indeterminate dissimilarity. ("0 < DM; < 1%)

DMj: denote the degree of non-dissimilarity. (70 < DM < 1%)

Is the dissimilarity measure, if it satisfies for all 4,B,C € PNS(U), follow properties:
DISM1: DM(4,A) = (0,1,1)

DISM2: DM(A, B) = DM(B, A)

DISM3: ACB<S C = DM(A,B) < DM(A,C) &DM(B,C) < DM(4,C)

Remark 3.4: Let A,B € PNS(U), then:
(A\B) U (B\4) = {u: (T’(u),I’(u), F’(u));u € U}, where:
T'(u) = max(max(O, Ty(u) — Tg (u)),max(O, Tg(u) — T4 (u))) = |T,(u) — Tg(u)|

I'(u) = min (min (1,1 + (IA(u) — IB(u))),min (1,1 + (IB(u) — IA(u)))) =1-—|I,(u) — Iz

F'(u) = min (min (1,1 + (FA(u) - FB(u))),min (1,1 + (FB(u) - FA(u)))) =1—|F,(uw) — Fg(u)|
Theorem 3.7: The function DM: PNS(U) X PNS(U) —» (DMy,DM;, DMg)
Givenby, VA, B € PNS(U):  DM(A,B) = (DM (A, B), DM,(A, B), DM (4, B)), where:

n

1
DM;(4,8) = = > [ITa(u) = T o))

i=1

n

1
DM;(4,B) = = > [1 = [L(u) = Is ()]

i=1

1 n
DM (4,B) = = > [1 = [Fa () = Fy )]

Is the dissimilarity measure between PNS(U) sets.
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Proof:

DISM1: DM(4,4) = (0,1,1)
n

DMy (4,4) = — anm Taul] =5 3 [0 =0

i=1

3|b—‘

DM, (4,4) = Z[l—uA(u) L@l =

n
Zl— 1=1
i=1

AN 1\
DMy (4,4) = = [1 = |Fau) = Fa@)l] = = ) [1-0] = 1

i=1

DISM2: DM (A, B) = DM(B, A)
n

1
DMy (4,B) =~ [ITy(u) = T ()] = Z[wg(ua T (uo)l] = DMy (B, 4)

i=1

DM,(4,B) = — 2[1—|1A(u) A Z[l—us(u) L] = DM, (B, A)

DM;(4,8) = Z[l—lFA(ul) Fa ] = Z[l—m(u) Fa(u)l] = DMy (B, 4)

DISM3: AcBcC = DM(4,B) < DM(A,C)&DM(B,C) < DM(4,C)
ACBc(C =T,(u) <Tg(w) <Tc(u)

= |Ta(w) = T + [Tz (W) = TeW)| = [Ty (w) — T (W]
= T, =T < |Ta(w) = TcW| & [Tz(w) = TcW)| < [Ty(w) — Te (W]
= DM (A, B) < DM (A,C) & DM4(B,C) < DM7(4,C)

ACBc(C =L =2Izw =1.(w)

= LW — |+ ;W) — L. = [,(w) — I (W]

= L) — Iz < (W) = Ic@] & [[z(w) = (W] < [[;(w) — I

=1-Lw -l 21— LW -IlW| &1-|w-IW[=21-[Lw -Iwl

= DM, (4, B) = DM,(4,C) & DM,(B,C) = DM,(4,C)

Similarity, DMy(A, B) = DM(A,C) & DM(B,C) = DM, (A, C).

Then: DM(A,B) < DM(A,C) & DM(B,C) < DM(4,C)
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Example 3.5: Let U = {u,,u,,us}, and A,B € PNS(U) :

A = {u;:(0.1,0.1,1), u,: (0,0.2,0.8), us: (1,1,0)}
B = {u;:(0.5,1,0.5), u,: (1,0.5,0.2), u;:(0,1,1)}
Then:

n

1 1 2.4
DMy (4,B) = ;Z[lTA(ui) ~Tyu)l] =504 +1+1) === =08

i=1

1w 1 1.8
DM, (4, B) = H2[1 ~ @) = @)l = 5(0.1+07 +1) = === 06

i=1

1w 1 0.9
DM, (4, B) = 52[1 ~ 1Fau) = Fy(u)l] = 5 (0.5 +04+0) = === 0.3

i=1

Thus: DM (A, B) = (0.8,0.6,0.3)
4. Conclusion

By combining the concepts of algebraic with the neutrosophic sets, we introduce the
neutrosophic order relation (2), the connected points, the connection strength between the points
inside the neutrosophic set and the connected neutrosophic sets. Thus, it became a new and
interesting research topic on which researchers can do further studies. In addition, in this paper, we
have defined the basic operations (union, intersection, difference) on the picture neutrosophic set
PNS(U). We have proposed a new method for dissimilarity measure between PNS(U) sets. These
measures and operations are used basically in image processing and comparison. In the future, we

will study the properties of these measures and their applications in practical problems.
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Abstract: Assignment problem (AP) is well- studied and important area in optimization. In this
research manuscript, an assignment problem in neutrosophic environment, called as neutrosophic
assignment problem (NAP), is introduced. The problem is proposed by using the interval-valued
trapezoidal neutrosophic numbers in the elements of cost matrix. As per the concept of score
function, the interval-valued trapezoidal neutrosophic assignment problem (IVINAP) is
transformed to the corresponding an interval-valued AP. To optimize the objective function in
interval form, we use the order relations. These relations are the representations of choices of
decision maker. The maximization (or minimization) model with objective function in interval form
is changed to multi- objective based on order relations introduced by the decision makers' preference
in case of interval profits (or costs). In the last, we solve a numerical example to support the

proposed solution methodology.

Keywords: Assignment problem; Interval-valued trapezoidal neutrosophic numbers; Score
function; Interval-valued assignment problem; Multi-objective assignment problem; Weighting

Tchebycheff program; Decision Making.

Glossary

AP: Assignment problem. LP : Linear programming.

DM: Decision makers. MOLP: Multi-objective linear programming
FN-LPP: Fuzzy neutrosophic LPP. MOAP: Multi-objective assignment problem

GAMS: General Algebraic Modeling System. | MOOP: Multi-objective optimization problem.

IVN : Interval-valued neutrosophic. NAP: Neutrosophic assignment problem.
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IVINAP: Interval- valued trapezoidal

neutrosophic assignment.

1. Introduction

In important real-life applications, an AP appears such as production planning,
telecommunication, resource scheduling, vehicle routing and distribution, economics,
plant location and flexible manufacturing systems, and attracts more and more
researchers' attention [10, 13, 37], where it deals with the question how to set n number of
people or machines to m number of works in such a way that an optimal assignment can
be obtained to minimize the cost (or maximize the profit).

Following these research objectives, the DM has to make an attempt for the
optimization of models starting from linear AP to nonlinear AP. In view of this, the linear
AP is a special kind of linear programming problem (LPP) where the people or machines
are being assigned to various works as one to one rule so that the assignment profit (or
cost) is optimized. An optimal assignee for the work is a good description of the AP,
where number of rows is equal to the number of columns as explained in Ehrgott et al.
[14]. A new approach was developed to study the assignment problem with several
objectives, by Bao et al. [4], which was followed with applications to determine the cost-
time AP problem as multiple criteria decision making problem by Geetha and Nair [16].

Few decades ago, a large number of authors and policy makers around the world have
investigated the basic idea of fuzzy sets. The theory of fuzzy sets was, first, originated by Zadeh [45],
which has been intensely applied to study several practical problems, including financial risk
management. Then the fuzzy concept is also represented by fuzzy constraints and / or fuzzy
quantities. Dubois and Prade [13] suggested the implementation of algebraic operations on crisp
numbers to fuzzy numbers with the help of fuzzification method. However, AP representing real-
life scenario consists of a set of parameters. The values of these parameters are set by decision
makers. DMs required fixing exact values to the parameters that in the conventional approach. In
that case, DMs do not precisely estimate the exact value of parameters, therefore the model
parameters are generally defined in an uncertain manner. Zimmermann [46] was the first solved LP
model having many objectives through suitable membership functions. Bellmann and Zadeh [6]
implemented fuzzy set notion to the decision-making problem consisting of imprecision as well as
uncertainty.

Sakawa and Yano [39] suggested the idea of fuzzy multiobjective linear programming (MOLP)
problems. Hamadameen [18] derived an approach for getting the optimal solution of fuzzy MOLP
model considering the coefficients of objective function as triangular fuzzy numbers. The fuzzy
MOLP problem was reduced to crisp MOLP with the help of ranking function as explained by Wang
[42]. Thereafter, the problem was solved with the help of the fuzzy programming method. Leberling
[28] solved vector maximum LP problem using a particular kind of nonlinear membership functions.
Bit et al. [7] applied fuzzy methodology for multiple objective transportation model. Belacela and

Boulasselb [5] studied a multiple criteria fuzzy AP. Lin and Wen [29] designed an algorithm for the
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solution of fuzzy AP problem. Kagade and Bajaj [22] discussed interval numbers cost coefficients
MOAP problem. Yang and Liu [44] developed a Tabu search method with the help of fuzzy
simulation to determine an optimal solution to the fuzzy AP. Moreover, De and Yadav [11]
proposed a solution approach to MOAP with the implementation of fuzzy goal programming
technique. Mukherjee and Basu [32] solved fuzzy cost AP problem using the ranking method
introduced by Yager [43]. Pramanik and Biswas [36] studied multi-objective AP with imprecise
costs, time and ineffectiveness. Haddad et al. [17] investigated some generalized AP models in
imprecise environment. Emrouznejad et al. An alternative development was suggested for the fuzzy
AP with fuzzy profits or fuzzy costs for all possible assignments as explained by Emrouznejad et al.
[15]. Kumar and Gupta [26] investigated a methodology to solve fuzzy AP as well as fuzzy travelling
salesman problem under various membership functions and ranking index introduced by Yager
[43]. Medvedeva and Medvedev [31] applied the concept of the primal and dual for getting the
optimal solution to a MOAP. Hamou and Mohamed [19] applied the branch & bound based method
to generate the set of each efficient solution to MOAP. Jayalakshmi and Sujatha [21] investigated a
novel procedure, referred as optimal flowing method providing the ideal and set of all efficient
solutions. Pandian and Anuradha [34] investigated a novel methodology to determine the optimal
solution of the problem consisting of zero-point method which was introduced by Pandian and
Natarajan [33].

Khalifa and Al- Shabi [23] studied the multi-objective assignment problem with trapezoidal fuzzy
numbers. They introduced an interactive approach for solving it and then determined the stability
set of the first kind corresponding the solution. Khalifa [25] introduced an approach based on the
Weighting Tchebycheff program to solve the multi- objective assignment problem in neutrosophic
environment.

The extension of intuitionistic fuzzy set is the neutrosophic set. The neutrosophic set consists of
three defining functions. These functions are the membership function, the non-membership
function, and the indeterminacy function. All these functions are entirely independent to each other.
A new solution approach for the FN-LPP was proposed with real life application by Abdel et al. [3].
Kumar et al. [27] investigated a novel solution procedure for the computation of fuzzy pythagorean
transportation problem, where they extended the interval basic feasible solution, then existing
optimality method to obtain the cost of transportation. Khalifa et al. [24] studied the complex
programming problem with neutrosophic concept. They applied the lexicographic order to
determine the optimal solution of neutrosophic complex programming. Vidhya et al. [41] studied
neutrosophic MOLP problem. Pramanik and Banerjee [35] proposed a goal programming
methodology to MOLP problem under neutrosophic numbers. Broumi and Smarandaache [8]
introduced some novel operations for interval neutrosophic sets in terms of arithmetic, geometrical,
and harmonic means. Rizk-Allah et al. [38] suggested a novel compromise approach for many
objective transportation problem, which was further studied by Zimmermann's fuzzy programming
approach as well as the neutrosophic set terminology. Abdel- Basset et al. [1] introduced a
plithogenic multi- criteria decision- making model based on neutrosophic analytic hierarchy process

in order of performance by similarity to the ideal solution of financial performance. Abdel- Basset et
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al. [2] evaluated a set of measurements for providing sustainable supply chain finance in the gas
industry in the uncertain environment. Abdel- Basset et al. [3] proposed an integrated method based
on neutrosophic set to evaluate innovation value for smart product- service systems.

In this paper, the assignment problem having interval- valued trapezoidal neutrosophic numbers
in all the parameters is introduced. This problem is converted into two objectives assignment
problem, then the Weighting Tchebycheff program with the ideal targets are applied for solving it.

The outlay of the proposed research article is organized as follows: In the next Section,
we present some sort of preliminaries, which is essential for the present study. Section 3
formulate interval-valued trapezoidal neutrosophic assignment problem. Section 4
proposes solution approach for the determination of preferred solution. A numerical
example is solved, in Section 5, to support the efficiency of the solution approach. In the
last, some concluding remarks as well as the further research directions are summarized

in Section 6.

2. Preliminaries

This section introduces some of basic concepts and results related to fuzzy numbers,

neutrosophic set, and their arithmetic operations.

Definition 1. A fuzzy set P defined on the set of real numbers R is called fuzzy number
when the membership function

ps(x): R — [0,1], have the following properties:
H5(x) is an upper semi-continuous membership function;
P is convex fuzzy set, i.e., pﬁ(b x+(1-0)y) = min{pﬁ(x), pﬁ(y) } forall X,y ER;0<0<1;
Pisnormal, i.e., 3 x, € R for which Hs(Xo) = 1;

Supp (P) = {x € R: p(x) > 0} is the support of P , and the closure cl(Supp(P)) is

L e

compact set.
Definition 2. (Ishibuchi and Tanaka [20). An interval on R is defined as
A =[alaR] ={a:;,a <a<aR a€ R}, where a" isleft limitand a® is right limit of A.
Definition 3. (Ishibuchi and Tanaka [20]).The interval is also defined by
A= (acay)={azac— aw<a<ac+ ay,a€ R}, where ac= %(aR+aL) is center and ay =

%(aR —ab) is width of A.

Definition 4. (Neutrosophic set, Wang et al. [42]). Let X be a nonempty set. Then a neutrosophic set

Py of nonempty set X is defined as

Py = {(5, T, I Fp, Jix € X},
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where Tg, I5,, Fp X —>10_,17[ define respectively the degree of membership function, the

degree of indeterminacy , and the degree of non-membership of element x € X to the set Py with

the condition:
0_< TEN + IEN + FEN < 3%, (1)

Definition 5. (Interval-valued neutrosophic set, Broumi and Smarandache [8]). Let X be a

nonempty set. Then an interval valued neutrosophic (IVN) set ﬁ;vv of X is defined as:
R = o [, 78, ][, .k P e

where [T%“N,TII,J ] [IPN 5 ], and [F%N,F%JN] c [0,1] foreach x€X .

Definition 6. (Broumi and Smarandache [8]). Let

By = {00 [tk 1Y | [ik 18 ][5 FY ] ):x € X} be IVNS, then

PN’ "Pn

=1V —
(i) Py isemptyif Ty =Ty =0,Ig =15 =1F =F; =1 forall x€Py,

(i) Let 0 =(x; 0,1,1),and 1 =(x; 1,0,0).
Definition 7. (Interval-valued trapezoidal neutrosophic number). Let ujsvs w;c [0,1],
and a;,ajasa, €R such that a; < a, < a3 < a,. Then an interval-valued trapezoidal
fuzzy neutrosophic number,
a= ((all dp,as, 34); [u]é‘l ug ]’ [VE!;’ Vg ]’ [WQL’ Wg ] )’

whose degrees of membership function, the degrees of indeterminacy, and the degrees

of non-membership are

X—a
Uy (ﬁ) fora; < x < a,,
27d1
us, fora, < x < aj,
SHOE
Uz (:), foraz; < x < a,,
4—d3
0, Otherwise,
a;—x+vz(x—aj)
——2—— fora; <x<a,,
az—ag
00—! eSS @
ST Aa R foras < X < ay,
ag—az
kl, Otherwise,
az—x+wz(x—aj)
———2—— fora; <x<a,,
az—ap
¢.(x) = W3, fora, < x < aj,
F - x—az+wx(az—x
atwa@i®) gra. < x < ay,
dg—as
1, Otherwise.

Where, ug vz and wz are the upper bound of membership degree, lower bound of

indeterminacy degree, and lower bound of non-membership degree, respectively.
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Definition 8. (Arithmetic operations). Let @ = ((a,a,a3,a,); [uf,uf |, [vE, v§ |, [wk, wl ] ), and

b = ((by, by, b3, by); [ug, ug | [vE, v¢ | [wg, wi ]) be two IVN numbers. Then,

a @ B = ((al + bl' az + bz, a3 + b3,a4 + b4):A, B, C),
2. a0b= ((@a; —by,az —bs,a3 —by,a, — by ):A B, C),
((albl, azbz, a3b3, a4b4):A, B, C), lfa4 > 0, b4 > 0,
3 51 @ B = ((a1b4, azb3, a3b2, a4b1):A, B, C), lfa4 < 0, b4 > 0 y
((asby,azbg,a,b,,a,b,): A, B, C),ifa, < 0,b, <O.

((ay/by,a,/bs,a3/b,,a,/by): A B,C),ifa, > 0,b, >0,
4. AQ@b=1((as/bs asz/bs a,/bya;/by):A B,C)ifa, <0,b, >0
((34/b1, a3/b2,az/b3,al/b4):A, B, C), lfa4 < 0,b4_ < 0.

5.k

an

_ {((kal,kaz.kag,ka4): [uf ud ] [vE Ve | [wh wi ])ifk>0
| ((kay kag, kay, ka,); [uf,u | [vE,vY ] [whw? ] )k <o0.

6. a1 =((1/a, 1/as,1/ay 1/ay); [ukud |, [vE VY | [wh wi ])a = 0.
Where, A = [min(u}, ug, ), min(uY, ug ], B = [max(v}, V]g, ), max(vy, VEU )], and
C = [max(wb, ) max(wt, wl )|
Definition 9. (Score function, Tharmaraiselvi and Santhi [40]). The score function for the IVN
number @ = ((a;,a5,a3,a,); [uk,uf |, [vE, vy ] [wh,w]) isdefined as

1
s@) = 1—6(a1 +aytaz+ a)x[9+(1- p)+d—9)]

3. Problem statement and solution concepts
3.1 Assumptions, Index and notation

3.1.1. Assumption

We assume that there are n number of jobs, which must be performed by and n
persons, where the costs are based on the specific assignments. Each job must be

assigned to exactly one person and each person has to perform exactly one job.

3.1.2. Index
i Persons.
j Jobs.

3.1.3. Notation
(Eij):: : Interval-valued trapezoidal neutrosophic cost of ith person assigned to jth job.

X;;: Number of jth jobs assigned to ith person.
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Consider the following interval-valued trapezoidal neutrosophic assignment problem (IVTNAP)

(IVINAP) Min Z¥ = S, B0, (&)h xg

Subject to
Yi=1X; =1,j=1,2,..,n (only one person would be assigned the jth job)
Yj=1%;=1,i=1,2,..,n (only one job selected by ith person)

x;; =0 orl.
It obvious that (Eij):: (i=j=1,23,..,m;;1,2,3,..,K) are interval-valued trapezoidal neutrosophic

numbers.
Based on score function defined in Definition 9, the IVTNAP in converted into the following

interval-valued assignment problem (IVAP)

(IVAP) Min zV =3, ¥, [ch, ] x;;
Subject to
x€X ={¥Lix;=1j=12..m; XL, x;=1i=1,2,..,n x; =0 ori}.

Definition 10. x € X is solution of problem IVAP if and only if there is no £ € X satisfies
Z(X) <1r Z(x),0r Z(X) <cw Z.
Or equivalently,
Definition 11. x € X is solution of problem IVAP if and only if there is no & € X' satisfies that
Z(R) <pc Z(»).
The solution set of problem IVAP  can be obtained as the efficient solution of the following MOAP:
Min (Z},Z%)
Subject to x€X. 3)
Using the Weighting Tchebycheff problem, the Problem (3) is described in the following form

Min ¥
Subject to
wy[ZR —ZR | <, (4)
w,[Z¢ - Z¢ | <,
x€X.

Where w;, w, = 0; ZR, and Z¢ are defined as the ideal targets.

4. Solution procedure

The steps of the solution procedure to solve the IVTNAP can be summarized as:
Step 1: Formulate the IVINAP
Step 2: Convert the IVTNAP using the score function (Definition 9) into the IVAP.
Step 3: Estimate the ideal points Z® and Z¢ for the IVAP from the following relation
7R = Min ZR,

Subject to x € X, and
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7¢ = Min Z€,

Subject to x € X
Step 4: Determine the value of individual maximum and minimum for every objective function
subject to given constraints.
Step 5: Compute the weights from the relation
Wy = ZR-ZR — ZC-ZC

o)) " T FepE) v

R —C
Here Z ,Z and ZR, Z¢ are the value of individual maximum and minimum of the ZR,

and Z¢, respectively.

Step 6: Applying the GAMS software to problem (5) to obtain the optimum compromise solution,
and hence the fuzzy cost.

Step 7: Stop.

The flowchart of the proposed method is presented in Figure 1, below.

Figure 1: Flowchart of the proposed method
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5. Numerical example

Consider the following IVTNAP

((14,17,21,28);[0.7,0.9],[0.1,0.3],[0.5, 0.7]) X4,
@ (((13,18,20,24));[0.5,0.7],[0.3,0.5], [0.4, 0.6]) x4,
@ ((20, 25, 30,35); [0.8,1.0], [0.2, 0.4], [0.1, 0.3]) x45
@ ((15,18,23,30);[0.7,1.0],[0.2,0.3], [0.2,0.5])x;

Min Z(x)N = @ ((6,10,13,15);[0.6,0.8],0.1,0.4], [0.2,0.6])x5,
@ ((15,18,23,30);[0.7,0.9],[ 0.1,0.4],[ 0.3, 0.5])x 3
((13,18,20,24);[0.3,0.7],[0.1,0.4], [0.3,0.7])x3;
@ ((13,18,20,24);[0.2,0.7],0.2,0.5],[0.3, 0.6])x3,
@ ((14,16,21,23);[0.6,0.8], [ 0.3,0.6], [0.2, 0.4])x35

Subject to

Z?:lxij = 1’ ] = 1; 2’ 3; Z?:lxij = 1: l= 152; 3/
Xj; =0 or 1.
Step 2:

[8.5,11.5]x,; + [6.5625,9.375]x,, + [14.4375, 18.5625]x5
MinZx)"V = [10.2125,13.975]x,; + [4.4, 6.875]x,; + [9.675,13.4375]x,5
[5.625,10.78125]x5, + [5.15625,10.3125]x5, + [7.4, 10.6375]x45

Subject to

Z?zlxij = 1, ] = 1, 2,3, Z}?-’:lxij = 1, i = 1,2,3,

Xi] =0 orl.

Step 4: We determine optimal solution for the following problems individually with respect to

the given constraints:

IR _ MinZR — <11.5x11 +9.375x,, + 18.5625x,5 + 13.975x,, + 6.875x22)

13.4375x,3 + 10.78125x5; + 10.3125x3, + 10.6375x3;

5C _ Min 7€ — <10x11 +7.96875x,, + 16.5x,5 + 12.09375x,, + 5.6375x22)

11.55625x,5 + 8.203125x5, + 7.734375x5, + 9.01875x55

Max ZR = <11.5x11 +9.375x,, + 18.5625x,5 + 13.975x,, + 6.875x22)

13.4375x,3 + 10.78125x5; + 10.3125x3, + 10.6375x35

10x,, + 7.96875x,, + 16.5x,5 + 12.09375x,, + 5.6375x22)

Max Z¢ = <
11.55625x,5 + 8.203125x5; + 7.734375x3, + 9.01875x4

Subject to

Yiixi=1j=123; Zlexij =11i=123,
X;; =0 orl.
ZR = MinZR =29.01,  Z¢ = MinZ® =24.66, MaxZR =42.85, MaxZ¢ = 36.33
Step 5: Calculate the weights

13.84 11.67

wp = 2515 = 0.542532, Wy = H = 0.45747
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Step6: Determine the optimal solution of the problem:
Min ¢
Subject to

( 11.5%,; + 9.375x,, + 18.5625x,5 + 13.975x,; + 6.875Xy,

13.4375x,5 + 10.78125x5; + 10.3125x5, + 10.6375x55 — 1.843214)) < 29.0L,

( 10x,, + 7.96875x,, + 16.5x,5 + 12.09375x,; + 5.6375X,,

11.55625X,5 + 8.203125x5, + 7.734375x5, + 9.01875x55 — 2.18595¢,> < 24.66,

x€eX.
The optimal compromise solutionis x;; = 1,X,, =1, X33 =1,
X1p = Xq3 = Xp1 = Xp3 = X317 = X3 = 0, and { = 0.0014.
So, the interval-valued trapezoidal neutrosophic optimum value is
7)Y = ((34,43,55,66); [0.6,0.8],[0.3,0.6], [0.5, 0.7]).
It is evident that the total minimum assigned cost will be greater than 34 and less than 66 . The
total minimum assigned cost lies in between 43 and 55, the overall satisfaction lies in between

60% and 80%. Then, for the remaining of total minimum assigned cost, the truthfulness degree is

( [0.6,0.8] (X‘“), for 34 < x < 43,

43-34

Sﬁ(x) X 100 — 4 [0.6, 0.8]1 coox fOr 43 S X S 55,
| 106,081 (%), for55 <x <66,
k 0, Otherwise,

Also, the indeterminacy and falsity degrees for the assigned cost are

23xH03061K738) ) 3g <y < 43

43-34
W () = V3, for 43 < x < 55,
a X—55+[0.3,0.6](66—X)' for 55 < x < 66,
66-55
1, Otherwise,

43-x+[0.5,0.7](x—34) for 34 < x < 43

43-34
0. (x) = Wiy, for43 <x <55,
a x—55+[0.5,0.7](66—x), for 55 < x < 66
6655
\ 1, Otherwise.

Thus, the DM concludes that the total interval-valued trapezoidal neutrosophic
assigned cost lies in between 34 and 66 with truth, indeterminacy, and falsity degrees
lies in between [0.6,0.8],[0.3,0.6],and [0.5,0.7], respectively, and also he is able to

schedule the assignment and constraints under budgetary.

6. Concluding remarks and further research directions
The present research article addressed a novel solution methodology to the assignment problem
with objective function coefficients characterized by interval-valued trapezoidal neutrosophic

numbers. The problem is transformed to the corresponding interval-valued problem, and hence
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into the multi-objective optimization problem (MOOP). Then, the so obtained MOOP is
undertaken for the solution by using the Weighting Tchebycheff problem beside the GAMS
software. The advantage of this approach is more flexible than the standard assignment problem,
where it allows the DM to choose the targets he is willing.

For further research, one may incorporate this concept in transportation model. Also, one may
consider the stochastic nature in assignment problem and develop the same methodology to
solve the problem. Additionally, one possible extension might be explored by considering the
fuzzy-random, fuzzy-stochastic, etc. In addition, the proposed solution methodology may be
applied in different branches (viz. management science, financial management and decision

science) where the assignment problems occur in neutrosophic environment.
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Abstract: In this paper, we first define the Neutrosophic tree using the concept of the strong cycle. We
then define a strong spanning Neutrosophic tree. In the following, we propose an algorithm for detecting
the maximum spanning tree in Neutrosophic graphs. Next, we discuss the Connectivity index and related
theorems for Neutrosophic trees.
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1. Introduction

In recent years, neutrosophic graphs as one of the new branches of graph theory has been welcomed
by many researchers and a lot of work has been done on the features and applications of this particular
type of graph [1, 2, 4-6, 17-25]. One of these is finding the spanning tree in neutrosophic graphs. In an article
by S.Broumi et al. [7], an algorithm for finding the minimum spanning tree is presented. Using the score
function, they calculated a rank for each edge, then constructed a minimum spanning tree based on the
lowest score. Other people, including [.Kandasamy [13], also provided algorithms for the minimum
spanning tree in the Double-Valued neutrosophic graph.

What we present here is an algorithm for finding the maximum spanning tree in neutrosophic graphs.
Our proposed algorithm is similar in appearance to the algorithm presented in [7] but differs from it. First,
the algorithm is presented for graphs that have weighted edges, while our algorithm includes the general
state of the neutrosophic graphs. The second difference is in how you choose to build the tree. In [7], the
score function is used and we use the strength function. The strength function has the advantage of having
amore realistic view of indeterminacy-membership (I). In fact, in this function, we have improved the effect
of effect indeterminacy-membership (I). In [7, 16], the effect of falsity-membership (F) and indeterminacy-
membership (I) was the same, which does not seem very appropriate due to the different nature of falsity-
membership (F) and indeterminacy-membership (I).

The definition of a neutrosophic tree used in this paper is similar in structure to the definition given
in [12]. The difference between the two definitions stems from the difference in the definition of the strength
of connectivity between the two vertices.

2. Preliminaries
In this section, some of the important and basic concepts required are given by mentioning the source.
Definition 1. [3] A single-valued neutrosophic graph on a nonempty V is a pair G = (N, M). Where N is
single-valued neutrosophic set in V and M single-valued neutrosophic relation on V such that
Ty (uv) < min{Ty (w), Ty ()},
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Iy (uv) < min{ly (w), Iy(v)},
Fy(uv) < max{Fy (), Fy(v)},

For all u,v € V. N is called single-valued neutrosophic vertex set of G and, M is called single-valued
neutrosophic edge set of G, respectively.

Definition 2. [12] A connected SVN-graph ¢ = (N, M) is said to be a SVN-tree if it has a SVN spanning
subgraph H = (N, B) which is a tree, where for all edges uv not in H satisfying

Ty (uv) < Tg° (uv), Iy (uv) > I3 (uv), Fy (uv) > Fg°(uv).
3. Neutrosophic tree

In this section, the types of edges are first classified and defined in terms of edge strength. Then we
will provide some other definitions depending on the type of edges. Based on the strength of connectivity
between the end vertices of an edge, edges of neutrosophic graphs can be divided into two categories as
given below.
Definition 3. An edge uv in a neutrosophic graph G = (N, M) is called

a. Aweak edgeif CONN_yp)(u,v) = CONNg(u,v) and CONNg(u,v) # M(uv),

b. A neutral edge if CONN(;_,,,)(u,v) = CONNg(u,v) and CONNg(u,v) = M(uv),

c. Al-strongedgeif CONN_yp)(u,v) < CONNg(u,v) and,
CONNg(w,v) = (Ty (uv), Iy (uv), Fy (wv)) = M(uv),

d. AIl-—strongedge if CONN_y,)(u,v) < CONNg(u,v) and, CONNg(u,v) # M(uv).

Example 1. Consider the neutrosophic graph ¢ = (N,M) onV = {a, b,c,d, e, f} as shown in figure 1.

a (0.2,03,0.5) b (0.3,04,07) c

Figure 1. A neutrosophic graph

Table 1. The strength of connectedness between each pair of vertices u and v.
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CONN;(u,v) CONNg_,(u,v) M(uv)
ab (0.3,0.3,0.5) (0.3,0.5,0.7) (0.2,0.3,0.5)
ad (0.3,0.3,0.5) (0.2,0.3,0.5) (0.3,0.5,0.7)
b,c (0.6, 0.4, 0.5) (0.6, 0.4, 0.5) (0.3,0.4,0.7)
b,d (0.5,0.3,0.5) (0.5,0.3,0.7) (0.3,0.7,0.5)
b,e (0.7,0.3, 0.5) (0.3,0.4,0.7) (0.7,0.3, 0.5)
b, f (0.8,0.2,0.1) (0.1, 0.6, 0.7) (0.8,0.2,0.1)
ce (0.6, 0.4, 0.5) (0.3,0.4,0.7) (0.6, 0.4, 0.5)
of (0.6, 0.4, 0.5) (0.6, 0.4, 0.5) (0.1, 0.6, 0.7)
de (0.5,0.3,0.5) (0.3,0.5,0.5) (0.5,0.3,0.7)

As can be seen in Table 1, edge bc and cf are weak, be, bf and ce are | — strong edges, and ac, ad, bd

and de are Il — strong edge.

Definition 4. A path in a neutrosophic graph is called a I — strong path if all its edges are I — strong and
called a Il — strong path if all its edges are Il — strong. Also is said to be a strong path if all its edges are
either I — strong edge or Il — strong edge.

Definition 5. Let G = (N, M) be a neutrosophic graph and C be a cycle in G. C called strong cycle if all its
edges are either | — strong edge or 1l — strong edge.

Definition 6. Let G = (N, M) be a neutrosophic graph. G called a neutrosophic tree if it has no strong cycle.

Example 1. Consider a neutrosophic graph ¢ = (N, M) and H = (4, B) as shown in figure 2.

(0.2,0.3,0.5) b

(0.3,04,0.7)

P
o
=

(0.5,03,0.7)

a.

G is not a neutrosophic tree
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a (0.3,03,0.5) b (02,05, 0.7 -

i
-?'-fl:

(05,03,04)

d £ f

b. H is a neutrosophic tree
Figure 2. a. G is not a neutrosophic tree and b. H is a neutrosophic tree

It is clear from fig 1 that G is not a neutrosophic tree. Since G contains strong neutrosophic cycles.
Cycles such as abda, abeda, abceda, ect. are strong neutrosophic cycles in G. But H is a neutrosophic
tree, H has no strong neutrosophic cycle.

Definition 7. Let G = (N, M) be a connected neutrosophic graph and T, is a neutrosophic spanning
subgraph of G that T spanned by the vertex set of ¢ and T is a tree. If the edges of T are selected from
G such that for each edge uv of T, uv is either I — strong edge or Il — strong edge. Then T called a
strong spanning tree and denoted by (SST).

Definition 8. Let G = (N, M) be a connected neutrosophic graph with at least one strong spanning
tree. Then the strength of strong spanning tree in ¢ is defined and denoted by

S(T) = z S(uv) = Z 4+ ZTM(uv) — 26FM(uv) - IM(u'U).

UveT UveT

Also, F called maximum spanning tree if S(F) = S(T) for any strong spanning tree T.

Theorem 1. Let G = (N, M) be a connected neutrosophic graph. Then G is a neutrosophic tree if and
only if the following conditions are equivalent for any u,v € V.

a. uvisal—strong edge

b. (CONNzg(w,v), CONN,G(u,v), CONNgg(u,v)) = (Tyy (wv), Ly (uv), Fyy (uv)).

Proof. This theorem can be easily proved by defining a strong edge.
O

Definition 9. Let G = (N, M) be the Neutrosophic Graph. The partial connectivity index of G is
defined as

PCI(G) = Z Ty ()T, (¥) CONN (1, v),

PCIL(G) = Z Iy (W) Iy (W) CONN,, (11, v),
PCIz(G) = Z Fy()Fy(v)CONNg, (u,v),

u,v EN
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Where CONNy (u,v) is the strength of truth, CONN, (u,v) is the strength of indeterminacy and
CONNp, (u,v) is the strength of falsity between two vertices u and v. we have

CONNy (u,v) = max{minTy(e) | e € P and P is a path between u and v},
CONN,.(u,v) = min{maxIy(e) | e € P and P is a path between u and v},
CONNg (u,v) = min{max Fy(e) | e € P and P is a path between u and v},

Also, the totally connectivity index of G is defined as

4 + 2PCI-(G) — 2PCIp(G) — PCL,(G)
c :

TCI(G) =

3.1. Maximum spanning tree
In this section, a version of the maximum spanning tree discussed on a graph by strength of edges.

In the following, we propose a neutrosophic maximum spanning tree algorithm, whose computing
4+42T py(uv)—2F pp (uv) — I pp (uv)
6

is used to

steps are described below. Note that the strength function S(uv) =
label here.

The algorithm for finding the maximum spanning tree (MST)
Here, the input is adjacency matrix M = [(Ty (wiw;), I (uiw;), Far (wiw; )] , of the neutrosophic

nx
graph G = (N, M), and output is a tree F with weighted edges.
Step 1. Input matrix M;
4+2TM(uiuj)—2FM(uiuj)—IM(uiuj)
6

Step 2. Using the strength function S(uw;)= , convert the

neutrosophic matrix into a strength matrix § = [§ (uiu]-)]nxn ;

Step 3. Iterate steps 4 and 5 until all n — 1 elements of S are either labeled to 0 or all the nonzero
elements of the matrix are labeled;

Step 4. Find the M either column or row to compute the unlabeled maximum element S(u;u;),
which is the value of the corresponding are e(u;w;) € M;

Step 5. If the corresponding edge e(u;u;) € M of chosen S produce a cycle whit the previous
labeled entries of the strength matrix S than set S(u;u;) = 0 else label S(w;u;);

Step 6. Design the tree F including only the labeled elements from the S which will be computed
MST of G;

Step 6. Stop (end algorithm).

Example 3. Consider a neutrosophic graph G = (N, M) onV = {uy, u,, u3, Uy, us, ug} as shown in Figure 3.
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uy = (0.4, 0.5, 0.6) ua = (0.8,0.2,0.3) ug = (0.4, 0.3,0.5)

(04,03,0.5)
(@5

(0.6,0.5,0.7)

uy = (0.6, 0.5,0.7) u, — (0.7,0.3,0.2) ug = (0.5, 0.4, 0.6)

Figure 3. a neutrosophic graph G on V = {uy, u, u, uy, Us, Ug}

And
[ 0 (0.4,0.5,0.6) 0 (0.4,0.5,0.7) 0 0
|(0.4,0.5,0.6) 0 (0.4,03,05) (0.60.5,0.7) (0.7,03,03) (0.5,0.4,0.6)|
= 0 (0.4,0.3,0.5) 0 0 (0.4,0.3,0.5) (0.4,0.4,0.6)
(0.4,0.5,0.7) (0.6,0.5,0.7) 0 0 (0.7,0.3,0.2) 0 '
I 0 (0.7,03,0.3) (04,03,0.5) (0.6,0.5,0.7) 0 0 I
l o (0.5,0.4,0.6) (0.4,0.4,0.6) 0 0 o |
Using the strength function S(uu;) = —— 1 (uiuj)_ZFg” @MY (e have
0 0517 0 0483 0 0
[0.517 0 0583 0550 0.750 0.567
| o o058 o 0 0583 0533
S(ui”f)‘|0.483 0550 0 0 0550 o0 [
0 0750 0583 0550 0 0 J
0 0567 0533 0 0 0
uy = (0.4, 0.5, 0.6) ug = (0.8 0.2, 03) uz = (0.4, 0.3, 0.5)

wg = (0.6, 0.5, 0.T) us = (0.7,0.3,0.2) ug = (0.5, 0.4, 0.6)

Figure 4. A neutrosophic graph G whit strength of edges
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Now search the matrix S to find the maximum value and select the edge corresponding to the row and
column of that element. The following figure edge u,u; is highlighted.

0 0517 0 0483 0 0
[0.517 0 0583 0550 0750 0.567
| o 058 o0 0 0583 0533
5(”i”f)_|0.483 0.550 0 0 0550 0 [
l 0 0750 0583 0550 0 0 J
0 0567 0533 0 0 0

wy = (0.4, 0.5, 0.6) ua = (0.8,0.2,0.3) ug = (0.4,0.3,0.5)

uy = (0.6, 0.5, 0.7) ug = (0.7,0.3,0.2) wug — (0.5,0.4, 0.6)
Figure 5. An edge u,us is highlighted
The next maximum element 0.583 is marked and corresponding edges u,u; and uzus, but the

simultaneous selection of these two edges causes the formation of a cycle, so we choose one of these two
edges arbitrarily and ignore the other.

0 0517 0 0483 0 0
[0.517 0 0583 0550 0.750 0.567
| o o058 o0 0 0583 0.533
S(ui”f)‘|0.483 0.550 0 0 0550 0 [
l 0 0750 0583 0550 0 0 J
0 0567 0533 0 0 0

uy = (04, 0.5, 0.6) ug = (0.8,0.2,0.3) ug = (L4, 0.3, 0.5)

uy = [0.6,0.5,0.7) u, = (0.7,0.3.0.2) ug — (0.5,0.4,0.6)

Figure 6. An edge u,uj3 is highlighted
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Continuing this process, edges u,us, u,u,, and u,u, are selected, respectively. The maximum
spanning tree is obtained as figure 8.

n4m3h,

.7} mg = [0.7,0.3,0.3) g = (.G, 0.4, 0LG)

Figure 7. The edges u,uq and u,u, are highlighted

uy = (0.4, 0.5, 0.6) ua = (0.8,0.2,0.3) ug = (0.4, 0.3, 0.5)

uy = (0.6, 0.5, 0.7) ug = (0.7,0.3,0.2) ug = (0.5, 0.4, 0.6)
Figure 8. Maximum spanning tree (MST)

As it was observed, the selection of the maximum spanning tree was not unique, so neutrosophic
graph G = (N, M) is not a neutrosophic tree, also G contains a strong neutrosophic cycle.

Note. Obviously, if G = (N, M) has a unique strong spanning tree, it will also have a unique maximum
spanning tree, but the conversely is not necessarily true.

3.2. Partial connectivity index in the neutrosophic tree
In this section, the results of examining the Partial connectivity index and totally connectivity index
on the neutrosophic trees are presented and proved.

Theorem 2. Let G = (N, M) be a neutrosophic graph. Then TCI(G — uv) = TCI(G) if and only if either uv is
a weak edge or neutral edge.

Proof. The proof of this theorem is clear using definition 8.
O

Corollary 1. Let G = (N, M) be a neutrosophic graph and, uv is an edge in G, uv is a bridge if and only if uv
is either I — strong edge or Il — strong edge.
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Corollary 2. Let G = (N, M) be a neutrosophic graph. Then for any uv, TCI(G — uv) # TCI(G) if G* is a tree.

Theorem 3. Let ¢ = (N, M) be a connected neutrosophic graph whit strong spanning tree (SST) T. for any
uv € M, where uv is an edge of T, then either
PCI; (G — uv) < PCI;(G)
or
[(PCI,(G — uv) > PCL(G))V (PCIy(G — uv) > PCIz(G))]
Hence we have TCI(G — uv) < TCI(G).

Proof. Suppose G = (N, M) be a connected neutrosophic graph whit strong spanning tree (SST) T. Since T
is SST then any edge of T is either I — strong edge or Il — strong edge. By Corollary 1, for each uv € M, uv
is a bridge. Then PCI;(G — uv) < PCI;(G) or [(PCI;(G —uv) > PCI;,(G)) vV (PCIz(G —uv) > PCI(G))].

|

Theorem 4. Let G = (N, M) be a connected neutrosophic tree and G* is not a tree. Then there exists at least
one edge uv € M* such that TCI(G — uv) = TCI(G).

Proof. Let G = (N, M) be a neutrosophic tree and G" is not a tree. Hence there is at least one cycle in G*. As
respects a tree is a connected forest, there exist uv € M~ so that at least one of the following

Ty (uv) < CONN7p(G—yy (U, 1),
Iy(uv) > CONNyG_yp)(u, v), Fy(uv) > CONNgG_y) (U, v))
Then
PCI;(G —uv) = PCI;(G) and PCI, (G —uv) = PCI;(G) and PCIlz(G —uv) = PCIx(G)
Therefore, TCI(G — uv) = TCI(G).
O

Theorem 5. Let G = (N, M) be a connected neutrosophic graph then G is a neutrosophic tree if and only if
G has a unique strong spanning tree.

Proof. Suppose G = (N, M) is a connected neutrosophic graph with only one strong spanning tree T. Then
G has no strong edges except the edges of T. hence G has no strong cycle. Therefore by definition 6, G is a
neutrosophic tree. Conversely, assume that G is a neutrosophic tree. Again according to definition 6, G lacks
a strong circle. Therefore, there is only one strong path between the two arbitrary vertices of G. then the
strong spanning tree of G is unique.

O

Theorem 6. Let G = (N, M) be a connected neutrosophic graph and T the corresponding SST of G. Then
TCI(T) = TCI(G) if and only if T is the unique strong spanning tree of G.

Proof. Suppose G = (N, M) is a connected neutrosophic graph and T the corresponding SST of G. And
TCI(T) = TCI(G). Now, shown that T is a unique strong spanning tree of G. Proof of this is easily possible
using Theorem 5. Conversely, assume that T is the unique strong spanning tree of G. It is clear that to obtain
the connectivity index of G, only the strong paths will be the same paths of T. then TCI(T) = TCI(G)

O

Corollary 3. Let G = (N, M) be a neutrosophic tree with the unique strong spanning tree (T) and the unique
maximum spanning tree (F). Then TCI(T) = TCI(G) = TCI(F).
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Theorem 7. Let G = (N, M) be a connected neutrosophic graph and uv € M*. Then TCI(G — uv) < TCI(G)
for any uv and (CONNyg(u, v), CONN,(u, v), CONNpg(u,v)) = (Tyy (wv), Ly (uv), Fy (uv)) if and only if G* is
a tree.

Proof. Suppose G = (N, M) is a connected neutrosophic graph and G* is a tree. It is clear TCI(G — uv) <
TCI(G). Since G* is a tree, for any uv € M*, G —uv is not connected. Also for any uv € G we have
(CONNTG (u,v), CONN,; (u, v), CONNg; (u, v)) = (Ty (uv), Iy (uv), Fyy(uv)). Conversely assume that for each
uv, TCI(G —uv) < TCI(G) and (CONN;(u,v), CONNG(u, v), CONNgg(u,v)) = (Ty (uv), Iy (wv), Fy (uv)),
then both uv is a neutrosophic bridge and a I — strong edge. By theorem 1, G is a tree. Since, for each uv,
TCI(G — uv) < TCI(G), G* is a tree.

O

Theorem 8. Let G = (N, M) be a connected neutrosophic graph such that ¢* is a star graph. If v, is the center
vertex and for any uv € M*,

Ty (uv) = min{Ty (W), Ty(v)}, Iy (v) = min{ly (), Iy(v)}, Fyuv) = max{Fy(), Fy(®)}.

AlsoVj=2,t; <t;,i; <i;jand f; = fj where t; = TN(vj), [ = IN(vj) and f; = FN(vj) forj =1,2,..,n Then
n-1 n

PCL(6) =tlztj Z te

j=1 k=j+1
n-1 n
j=1 k=j+1

PCIF(G)=f1n§f,- z fi

j=1 k=j+1

Proof. Let G = (N, M) be a neutrosophic graph such that G* is a star graph and v, is the center vertex.
Therefore for any vertex v;, we have

CONN7;(vy,v;) = Ty (v1v;) = min{Ty (v,), Ty (v;)} = Ty(vy),
CONN;(vy,v}) = Iy(vyv;) = min{ly (), Iy(v;))} = Iy(vy),
CON N, (vl,vj) = FM(vlvj) = max{FN(vl),FN(vj)} = Fy(vy).
Then

n

D Ty @) TuWICONN (v, 1) = Tu ()Y ) Tu(w) = 6 ) ¢,
k=2 k=2

k=2

Too for any j, k # 1, we have CONNy¢ (vj, vk) =Ty(v,) = t;. Hence
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PCI(G) = z Ty )Ty (v) CONNy (11, v)

u,v EN

Z Ty () Ty (V) CONNrg(vy,vg) + Z Ty () Ty (W) CONNpg (v, vy) + -
k=2 k=3
+ Ty (Vn-1)Ty (Vn)CONNTG n-1, Vn)

= (TN(171)) Z Ty(vg) + Ty (v1) Z Ty (W) Ty (Vi) + -+ + Ty (v) Ty (V1) Ty (V)

n

= (TN(V1)) Z Ty (vy) + TN(V1)Z TN(U]) Z Ty(vy) = t1z ¢ Z L.

k=j+1 j=1 k=j+1

Using a similar proof, we can show that PCI,(G) = iy X1} i; Xi_ 41 ik and PCIz(G) = f1 X121 f; Xk jun fie
O

Theorem 9. Let G = (N, M) be a connected neutrosophic graph such that ¢* = C,,. Then the following are
equivalent.

a. TCI(G —uv) =TCI(G) for any uv.

b. M is a constant function.

c. G has n strong spanning tree whit S(T) = y that y is a constant value.

Proof. Suppose G = (N, M) be a neutrosophic graph with ¢* =

a = b Assume that TCI(G —uv) = TCI(G) for any uv. This means that deleting each edge will not
change the value of the connectivity index. Therefore, the membership function will be the same for all
edges.

b — ¢ Assume that M is a constant function. Hence all the edges of G are I — strong edge. Since
removing each edge from the cycle will result a new tree of G. then the number of strong spanning trees of
G will be n and strength of any strong spanning tree is a constant value.

¢ — a Assume that G has n strong spanning tree whit S(T) = y that y is a constant value. It is clear for
each edge of G we have TCI(G —uv) = TCI(G).

O

4. Conclusion
In the paper, deals with a maximum spanning tree (MST) and a strong spanning tree (SST) problem
under the neutrosophic graphs. Also, the Partial connectivity index and totally connectivity index in
neutrosophic trees was presented here and some results obtained from the study of this index in trees were
presented and proved. It should be noted that the results obtained in this article can be generalized to
directed neutrosophic graphs, bipolar neutrosophic graphs and interval-valued neutrosophic graph, in
general.
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Abstract: This paper develops a general form of neutrosophic linear fractional programming (NLFP)
problem and proposed a novel model to solve it. In this method the NLFP problem is decomposed
into two neutrosophic linear programming (NLP) problem. Furthermore, the problem has been
solved by combination of dual simplex method and a special ranking function. In addition, the
model is compared with an existing method. An illustrative example is shown for better
understanding of the proposed method. The results show that the method is computationally very
simple and comprehensible.

Keywords: Triangular neutrosophic numbers; dual simplex method, ranking function, linear

fractional programming, linear programming

1. Introduction
Liner fractional programming (LFP) problem is a special type of linear programming(LP) problem
where the constraints are in linear form and the objective functions must be a ratio of two linear
functions. Last few years, many researchers have been developed various methods to solve LFP
problem in both classical logic and fuzzy logic [1-8]. These methods are interesting, however, in
daily life circumstances, due to ambiguous information supplied by decision makers, the
parameters are often illusory and it is very hard challenge for decision maker to make a decision. In
such a case, it is more appropriate to interpret the ambiguous coefficients and the vague aspirations

parameters by means of the fuzzy set theory.
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In this manuscript a real life problem was presented, having vague parameters. Perhaps the
best task given to mankind is to control the earth inside which they live. Anyway, some guidance’s
have been given and, limits have been set with the end goal that some law of nature ought not to be
abused. During the time spent controlling nature, humanity has developed extremely incredible
instruments that permit them to have control of some significant spots like the ocean, air, and
ground. For instance, and as a genuine circumstance, an infection called Covid-19 was recognized
first in the city of Wuhan China, which is the capital of Hubei territory on December 31, 2019. In the
wake of appearing the pneumonia without an unmistakable reason and for which the antibodies or
medicines were not found. Further, it is indicated that the transmission of the infection differs from
Human to Human. The case spread Wuhan city as well as to different urban areas of China.
Moreover, the disease spread to other area of the world, for example, Europe, North America, and
Asia. It is obscure to all whether the infection will be spread all world or constrained to some nation.
In this point, what is the amount of the affected related to the number of the individuals? It's
absolutely blind in regards to everybody and the information's are uncertain. Whether or not it was
impacted to each age social occasion or some specific get-together? Everything is questionable and
uncertain. Hence, from the above real-life conditions, the values are incomplete and ambiguous.
This type of problem can be handled by way of fuzzy sets.

The thought of fuzzy logic was setup by Zadeh [16] and from that point forward it has discovered
enormous applications in different fields. When applied the LFP problem with fuzzy numbers, it is
termed as fuzzy LFP (FLFP) problem. As yet, exceptional sorts of FLFP problem have already been
interpreted within many articles to resolve such kind of problems. Li and Chen [9] developed an
approach for solving FLFP problem via triangular fuzzy numbers, inspired by them, a

multi-objective LFP problem with the fuzzy strategy is viewed via Luhandjula [10]. Meher et al. [20]
proposed an idea to compute an (¢, ) optimal solution for finding FLFP problem. Subsequently,

Veeramani and Sumathi [15] examined a FLFP problem with triangular fuzzy number by way of
multi-objective LFP problem and changed into a single objective linear programming problem. A

goal programming approach used to be delivered to solve FLFP problem via Veeramani and
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Sumathi [6]. However, Das et al. [11] solved the FLFP problem using the concepts of simple ranking
approach between two triangular fuzzy numbers. Das and Mandal [14] introduced a ranking
method for solving the FLFP problem. A method was introduced by Pop and Minasian [2] for
solving fully FLFP (FFLFP) problem where the cost of objective, constraints and the variables are
triangular fuzzy numbers. Later on, some of the mathematicians [3-4,17-19,21-23] proposed a
different methods for solving FFLFP problem. A new method of lexicographic optimal solution
was proposed by Das et al. [12].

The drawback of fuzzy sets, whence its incapacity to successfully symbolize facts as its only take
into consideration the truth membership function. To conquer this trouble, Atanassov [24]presented
the concept of intuitionistic fuzzy sets (IFS) which is a hybrid of fuzzy sets, he took into
consideration both truth and falsity membership functions. However, in real-life situations it’s still
facing some difficulty in case of decision making. Therefore, new set theory was introduced which
dealt with incomplete, inconsistency and indeterminate informations called neutrosophic set (NS).

Neutrosophic logic was introduced by Smarandache [27] as a new generalization of fuzzy logic
and IFSs. Neutrosophic set may be characterized by three independent components i.e. (i)
truth-membership component (T), (ii) indeterminacy membership component (I), (iii) falsity
membership component (F).

The decision makers in neutrosophic set want to increase the degree of truth membership and
decrease the degree of both indeterminacy and falsity memberships. The truth membership function
is exactly the inverse or in the opposite side of the falsity membership function, while the
indeterminate membership function took some of its values from the truth membership function
and other values of indeterminacy are took from the falsity membership function, that is mean the
indeterminate membership is in the middle position between truth and falsity. For solving practical
problems, a single value neutrosophic set (SVNS) was introduced by Wang et al. [45]. Some authors
[46-48] considered the problem of SVNS in practical applications like educational sector, social
sector. The basic definitions and notions of neutrosophic number (NN) were set up by

Samarandache [37]. Recently, Abdel-Basset et al. [38] presented a novel technique for neutrosophic
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LP problem by considering trapezoidal neutrosophic numbers. Edalatpanah [34] proposed a direct
model for solving LP by considering triangular neutrosophic numbers. A new method to find the
optimal solution of LP problem in NNs environment was proposed by Ye et al. [43]. The field of
solving LP problem with single objective in NNs environment with the help of goal programming
introduced by Banerjee and Pramanik [42]. Again, Pramanik and Dey [41] have solved the problem
of linear bi-level-LP problem under NNs. Maiti et al. [39] introduced a strategy for multi-level
multi-objective LP problem with NNs. Huda E. Khalid [54] established a new branch in
neutrosophic theory named as neutrosophic geometric programming problems with their newly
algorithms , and novel definitions and theorems.

Here, we consider NLFP problem in which all the parameters, except crisp decision variables are
considered as triangular neutrosophic numbers. We emphasize that there are few manuscripts have
used triangular neutrosophic numbers in LFP problems. Recently, an interesting method was
proposed by Abdel-Basset et al. [28] for solving neutrosophic LFP (NLFP). The NLFP problem is
transformed into an equivalent crisp multi-objective linear fractional programming (MOLFP)
problem, where the authors have transformed the crisp MOLFP problem is reduced to a single
objective LP problem which can be solved easily by suitable LP technique. However, the above
mentioned method has a drawback where the solutions are obtained does not satisfy the
constraints, more constraints arise step by step.

In this paper, the NLFP problem is decomposed in two NLP problem. The NLP problem is
transformed into crisp LP problem by using ranking function. By using dual simplex method, the
crisp LP problem was solved. Consequently, the adequacy of the applied procedure is shown
through a numerical example.

The remain parts of this paper were orchestrated as follow: some basic definitions and
arithmetical operation with respect to the neutrosophic numbers are introduced in Section 2. The
strategy of the proposed technique was contained in Section 3. In section 4, the proposed system
applied with representation numerical guide to explain its appropriateness. The article reaches a

conclusion containing the finishing up comments introduced in Section 5.
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2. Preliminaries

In this section, we present the basic notations and definitions, which are used throughout this paper.
Definition 1. [28]

Assume X is a universal set and x€X. A neutrosophic set N may be defined via three membership

functions for truth, indeterminacy along with falsity and denoted by T N (X) i N (x) and F N (X)

- g+
.These are real standard or real nonstandard subsets of ]O ;1 [ That is

TN(x):X—)]_O,1+[,]N(x):X—)i|_0,1+|: and FN(x):X—)i|_0,1+|:. There is no restriction

on the sum of TN (X) , IN ()C) and FN (X) 500 < SUpTN (x) -I-SUPIN (X) -I-SUpFN (x) <3
Definition 2. [38]

A single-valued neutrosophic set (SVNS) N over X is an object having the form

N =ox, T N (x)/ I N ()C), F N (x)@ , where X be a space of discourse,
T, (x): X =>[01], I,,(x): X =[0,1] and F,(x): X =[0,1] with
0<T,(x)+1,(x)+F,(x) <3, VxeX .

Definition 3 [34]. A triangular neutrosophic number (TNNs) is signified via

N =<(d,d\,ad’);(q',q,,q) > is an extended version of the three membership functions for the

truth, indeterminacy, and falsity of X can be defined as follows:

s
((;1 _21)) a <x< aé,
2
nw=1{ X
G N
(aé—aé) a, £x<a,,
0 something else.
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(@) s
— a <x<a,,

(a2 ~ai)

1 X =a,,

L()=1

(x—a2> ! !

— a, £x<a,,
! !

(a5 -a2)

0 something else.

5)

I
_al)

a

(
0
Fy(x) =
(

!
(<
/

2
_ 4!

xX—a,
!
a, —

!
a,)

1

Where, 0 < Ty(x)+1y(x)+Fy,(x)<3,xe N Additionally, when q >0, N is called a non

! 1
a, <x<a,,

/
X =a,,

1 1
— a, £x<a,,

something else.

negative TNN. Similarly, when o' <0, N becomes a negative TNN.

Definition 4 [28].(Arithmetic Operations)

Suppose N, =< (!, d\, d’); (4, q,,45) > and N, =< (B!, b, BL); (#, r,, ) >be two TNNs. Then the

arithmetic relations are defined as:
@ON,®N, =< (all +b]1r alz +b12r als + bla)/' (qll N 7”1[/ 4NV 1y qé \4 ’%1) >

()N, — N, =< (all _blaf a[2 _blzf al3 _bl1); (‘h] A ’il/ 42NV 1y, qé Vv ’”3]) >

(iii))N,® N, =< (d'p',, a',b',,a' ') (g AR 4y v 55,65 A1) >, if dy >0, >0,

<(Ad'\, Ad'y, 2d )i (41,40 05) > if A>0

(iv)lle{ 1 1 1 1 1 .
<(Aay, Ady, Ad )i (4,90 4) > if A<0

2

N,
(V)Vl: <(_zr_ i AT,V T, 4, vr;>(al3

T

a a a

3 Qo Aq\ 1 1o /

(— Y )r%/\’i/qzvrzrq3v”3>(a3
1 U2 O3

Definition 5 [28].Suppose N,and N,be two TNNs. Then:

(i) N, < N, ifand only if SR(Nl) < ?R(Nz)

! li !
a a a
1 2 3\. o/ l ! ! ! !
( 7 1 7 l)/q1A’i;qzvrz,q3VI’é>(Cl3>O,b3>0)

<0,b',>0)

<0,b', <0)
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(ii) N,<N, if and only if m(N1)<m(N2)

Where $R(.) is a ranking function.

Definition 6  [32].The ranking function for triangular neutrosophic = number
N =< (011’ aé, aé); (qll, 95 qé) >is defined as:

l !
a +a,

; % (g + (1-g,) + 1—gl)).

3. Proposed Method

R(N) =

One of the main aims of this paper is to extend the linear fractional problem into neutrosophic linear
fractional programming problem.

The crisp LFP problem can be presented in the following way:

Max (or Min) z(x) = %

Subject to (1)

xes.
where N (x)and D(x) are linear functions and the set S is defined as S =ox/Ax<b,x > 0o.

Here A is afuzzy mxn matrix.
The problem (1) can be written as:

max (or min) z(x) N(x)
s.t. xeS§

. 2)
min (or max) z(x) D(x)

s.t. xeS

Now, we consider the neutrosophic linear fractional programming (NLFP) problem with m

constraints and 7 wvariables:

Max ( ')Z n®x+7 3)
ax (or min =
d" ®x+5
Subject to
A®x<b

x20,/=12,...n
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where 7' =[] d" = [JlxiT]lxn and rank (4, l;) =rank(A)=m . Fand § €[l are

xn *
constants.

Due to some challenges exists in the crisp methods, these methods cannot be tackling above

NLFP problem, and to overcome the challenges, another strategy is proposed. The means of the

proposed technique are described in the following algorithm:
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Step-Lisubstituting 71’ =[7,1,,,d" =[d ], A=[a;],.,, 7 =[F 11, § =[5 ], and b=[b],,
the above NLFP problem may be rewritten as :

n
Z nX;+7;

Max (or min) Z(x) = '/:1

D.dx;+5,
=
Subject to 4)
Zal.jxjs b,
i=1
X; >0,i=1,2,.m

Step-2:By considering the following triangular neutrosophic numbers:

flj = (lj/mj’nj); (/ujlvjr w; ), dj = (erdj/fj); (HarVarWa)s &U = (aij/bij/ cg/); (Uyr Var W,)s
’7,‘ = (rjl’ ViorVizs Mjrr Vs er)r ‘§j = (Sjlfst’Sj?); HisrViss st)and b, =(Pisqir 1;); (s Viyy W,)-

the NLFP problem may be written as :

n
Z(Zj,mj,nj;yj,vj,wj)xj (P Ty ias s Vs W5,)
. = =1
max (or min)  Z(x) = =

Z (Cj/ dj’ fj; HirVys Wa’)xj + (Sj1/Sj2/ Sz HigrVisr st)
=

subject to
n
Z(aij’ b,-j/ Cir My Vis W, )xj < (p,», i M His Vs Wj)
=

X, >0,i=L1L2,...,m.

Step-3. To determine the optimal value of the above problem, we take transform the objective

function into two neutrosophic linear programming problem and the problem may be written as

follows:
(E-1) max (or min) Z(x)= Z(lj,mj,nj;,uj,vj, WX, + (P Fiar Fias Vo W))
=)
subject to
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n

Z(aij’ b,-j/ CirHiyVis W, )xj < (p,», i M His Vs Wj)

=

X, >0,i=L1L2,..,m.

n
(E-2) min (or max) Z(x)= Z(cj,dj,fj;yj,vj,wj)xj (810,812,830 i Vi W)
=1
subject to
n
2@y by e 1,9, w)x, < (pi’qi’ri;lu./’vj’wj)
=

X, >0,i=1L2,..,m.

Step-4: Using arithmetic operations, defined in definition 5 and 7, the above NLP problems (E-1) and

(E-2) are converted into crisp linear programming problems, separately.
(E-3) max (or min) Z(x) = ‘R(i:‘ (Lm, n; v, WX+ (F T Vs B Vi W)
subject to
m(i(a@/'bwce‘/; Hir Vi W;)X; < (p,-, qirTis HjrVir W, ))
=
x;20,i=12,..,m
(E-4)  min (or max) Z(x) = ‘R(Z:: (Cid,) iV W)X+ (80,8 120830 s Vi W)
subject to
m(i(a@/'bwce‘/; Hyp Vi W)X, < (p,-, Qirlis HjrVir W, ))
=

X, 2 0,i=12,...,m.
Step-5: Now solve the above crisp LP problem (E-3) and (E-4) by using the dual simplex method.

Step-6: Find the optimal solution of X; by solving crisp LP problem obtained in Step-5.
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Step-7: Find the fuzzy optimal value by putting x;in both (E-3) and (E-4) and get crisp linear

fractional programming problem.

4. Numerical Example
Here, we select a case of [28] to represent the model alongside correlation of existing technique.
Example-1
In Jamshedpur City, India, A Wooden company is the producer of three kinds of products A, B and
C with profit around 8, 7 and 9 dollar per unit, respectively. However the cost for each one unit of
the above products is around 8, 9 and 6 dollars respectively. It is assume that a fixed cost of around
1.5 dollar is added to the cost function due to expected duration through the process of production.
Suppose the raw material needed for manufacturing product A, B and C is about 4, 3 and 5 units per
dollar respectively, the supply for this raw material is restricted to about 28 dollar. Man-hours per
unit for the product A is about 5 hour, product B is about 3 hour and C is about 3 hour per unit for
manufacturing but total Man-hour available is about 20 hour daily. Determine how many products

A, B and C should be manufactured in order to maximize the total profit.
Let X, Xy and X3 component be the measure of A, B and C, individually to be created.
Afterprediction of evaluated parameters, the above issue can be defined as the followingNLFPP:

8x,+7'x,+9'x,

Max Z = — - ; ;
8x+9x,+6'x,+1.5
®)
Subject to
4% +3x,+5x,<28
! / ! /
5x+3x,+3x,<20

X, %y, %, 2 0.

Here we consider,
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8 =(7,8,9;0.5,0.8,0.3),7' =(6,7,8;0.2,0.6,0.5),9' = (8,9,100.8,0.1,0.4),6' = (4,6,8;0.75,0.25,0.1),
1.5' =(1,1.5,2;0.75,0.5,0.25),4' = (3,4,5;0.4,0.6,0.5),3' =(2,3,4;1,0.25,0.3),5' = (4,5,6;0.3,0.4,0.8)
28’ =(25,28,30;0.4,0.25,0.6),20" = (18,20,22;0.9,0.2,0.6)

Presently the problem is modified as follows:
(7,8,9;0.5,0.8,0.3)x, +(6,7,8;0.2,0.6,0.5)x, +(8,9,10.8,0.1,0.4)x,
(7,8,9;0.5,0.8,0.3)x, +(8,9,10.8,0.1,0.4)x, +(4,6,8;0.75,0.25,0.1)x;, + (1, 1.5, 2;0.75, 0.5, 0.25)

Max Z =

Subject to
(3,4,5;0.4,0.6,0.5)x, +(2,3,4;1,0.25,0.3)x, + (4,5,6;0.3,0.4,0.8)x, < (25,28,30;0.4,0.25,0.6)
(4,5,6;0.3,0.4,0.8)x, +(2,3,4,1,0.25,0.3)x, +(2,3,4;1,0.25,0.3)x, < (18,20,22;0.9,0.2,0.6)

X, %y, X, 2 0.
Utilizing Step 2 the NFP problem can be transformed into two NLP problem as:

Max Z =(7,8,9;0.5,0.8,0.3)x, +(6,7,8;0.2,0.6,0.5)x, +(8,9,10.8,0.1,0.4)x,

(E-1) Subject to
(3,4,5;,0.4,0.6,0.5)x, +(2,3,4;1,0.25,0.3)x, + (4,5,6;0.3,0.4,0.8)x, < (25,28,30;0.4,0.25,0.6)
(4,5,6;0.3,0.4,0.8)x, +(2,3,4,1,0.25,0.3)x, +(2,3,4;1,0.25,0.3)x, < (18,20,22;0.9,0.2,0.6)

X, %y, %, 2 0.

Max Z =(7,8,9;0.5,0.8,0.3)x, +(8,9,10.8,0.1,0.4)x, + (4, 6,8;0.75,0.25,0.1)x, + (1,1.5,2;0.75,0.5,0.25)

(E-2) Subject to
(3,4,5;0.4,0.6,0.5)x, +(2,3,4;1,0.25,0.3)x, + (4,5,6;0.3,0.4,0.8)x, < (25,28,30;0.4,0.25,0.6)
(4,5,6;0.3,0.4,0.8)x, +(2,3,4;1,0.25,0.3)x, +(2,3,4;1,0.25,0.3)x, < (18,20,22;0.9,0.2,0.6)

X, %y, %, 2 0.

Using Step-3, the ranking function the problem (E-1) and (E-2) can be written as follows:
Max Z =3.73x, +2.56x, +6.9x,

(E-1) Subject to
1.73x, +2.45x, +1.83x, <14.29
1.83x, +2.45x, +2.45x, <14
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X, %y, %, 2 0.

Max Z =3.73x, +6.9x, +4.8x, +1

(E-2) Subject to
1.73x, +2.45x, +1.83x, <14.29
1.83x, +2.45x, +2.45x, <14

X, %y, %, 2 0.

Now solve the problem (E-1) by dual simplex method
Max Z =3.73x, +2.56x, +6.9x,

(E-3) Subject to
1.73x, +2.45x, +1.83x, <14.29
1.83x, +2.45x, +2.45x, <14

X, %y, %, 2 0.

Now the problem (E-3) is solved by dual simplex method and get the optimal solution is as:

x, =0,x, =0, x; =5.71and the objective solutionis z=39.42.

Max Z =3.73x, +6.9x, +4.8x, +1

(E-4) Subject to
1.73x, +2.45x, +1.83x, <14.29
1.83x, +2.45x, +2.45x, <14

X, %y, %, 2 0.

Now the problem (E-4) is solved by dual simplex method and get the optimal solution is as:

x, =0,x, =2.65,x; =3.05 and the objective solutionis z=33.92.

Finally, the optimum solution of crisp linear fractional programming problem is obtained.

Thus,
=242 46
33.92

By comparing the results of objective solutions, we can conclude that our solution is more maximize

the cost.
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116 = Z (Proposed Method) = Z(Existing Method[28]) — 1

By comparing the results of the proposed method with existing method [28] based on ranking
function and ordering by using Definition 6, we can conclude that our

result is more effective, because:

0.208 = Z Proposed Method) = Z(Existing Method[28]) — 0.069 .

This example has been solved by the proposed method to show that one can overcome the
limitations of the existing method [28] by using the proposed method. Earlier this problem was also
solved by Abel-Basset [28]. Obtained result of the present method has been compared with the
results of existing method [28]. It is worth mentioning that one may check that the results obtained
by the existing method may not satisfy the constraints properly where the results obtained by the
present method satisfied those constraints exactly. Based on the ranking function the proposed
method is higher optimized the value as compare to the existing method. In the proposed
methodology the FFLP problem turns into a crisp linear programming problem and that problem is
solved by using LINGO Version 13.0.

Result Analysis:

In this segment, we give an outcome examination of the proposed strategy with existing technique.
In the above writing perusing, we infer that there is exceptionally less exploration paper for taking
care of neutrosophic LFP issue. In this manner, we consider the traditional LFP issue and fuzzy LFP

issue for correlation with our proposed strategy.

»  Our proposed outcomes are better than traditional LFP [22] and fluffy LFP [56] model. The
objective solution of our proposed technique is 1.16, anyway in the current strategy [22,56] the
objective solution is 1.09. Obviously our target arrangement is maximized.

» In real-life problem, the leaders faces numerous issue to take choice as truth, not truth and

bogus. In any case, in Das et al. [56] the fluffy model the leaders consider just truth work. This is the
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fundamental downside of Das et al. fluffy model. Taking these points of interest, we proposed new
technique.

»  Our model is applied in any genuine issue.

> In the above conversation, we reason that our model is another approach to deal with the
vulnerability and indeterminacy in genuine issue.

5. Conclusions

This paper introduced a novel method for solving NLFP problem where all the parameters are
triangular neutrosophic numbers except decision variables. In our proposed method, NLFP problem
is transformed into two equivalent NLP problems and the resultant problem is converted into crisp
LP problem by using ranking function. Dual simplex method is used for solving the crisp LP
problem. From the computational discussion, we conclude that with respect to the existing method
[28], proposed method has less computational steps and the optimum solution is maximize the
values. The proposed method NLFP problem has successfully overcome the drawbacks of the
existing work [28].  Finally, from the procured results, it might be derived that the model is capable

and supportive.
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Abstract: We define the concepts of neutrosophic R -interior ideal and neutrosophic
X —characteristic interior ideal structures of a semigroup. We infer different types of semigroups
using neutrosophic R-interior ideal structures. We also show that the intersection of neutrosophic
R-interior ideals and the union of neutrosophic R-interior ideals is also a neutrosophic R-interior
ideal.
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X —product.

1. Introduction

Nowadays, the theory of uncertainty plays a vital role to manage different issues relating to
modelling engineering problems, networking, real-life problem relating to decision making and so
on. In 1965, Zadeh[24] introduced the idea of fuzzy sets for modelling vague concepts in the globe.
In 1986, Atanassov [1] generalized fuzzy set and named as Intuitionistic fuzzy set. Also, from his
viewpoint, there are two degrees of freedom in the real world, one a degree of membership to a
vague subset and the other is a degree of non-membership to that given subset.

Smarandache generalized fuzzy set and intuitionistic fuzzy set, and named as neutrosophic set
(see [4, 7, 8, 14, 19, 22-23]). These sets are characterized by a truth membership function, an
indeterminacy membership function and a falsity membership function. These sets are applied to
many branches of mathematics to overcome the complexities arising from uncertain data. A
Neutrosophic set can distinguish between absolute membership and relative membership.
Smarandache used this in non-standard analysis such as the result of sports games
(winning/defeating/tie), decision making and control theory, etc. This area has been studied by
several authors (see [3, 11, 12, 16-18]).

For more details on neutrosophic set theory, the readers visit the website
http://fs.gallup.unm.edu/FlorentinSmarandache.htm

In [2], Abdel Basset et al. designed a framework to manage scheduling problems using

neutrosophic theory. As the concept of time-cost tradeoffs and deterministic project scheduling
disagree with the real situation, some data were changed during the implementation process. Here

fuzzy scheduling and time-cost tradeoffs models assumed only truth-membership functions dealing
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with uncertainties of the project and their activities duration which were unable to treat
indeterminacy and inconsistency.

In [6], Abdel Basset et al. evaluated the performance of smart disaster response systems under
uncertainty. In [5], Abdel Basset et al. introduced different hybrid neutrosophic multi-criteria
decision-making framework for professional selection that employed a collection of neutrosophic
analytical network process and order preference by similarity to the ideal solution under bipolar
neutrosophic numbers.

In [21], Prakasam Muralikrishnal et al. presented the characterization of MBJ — Neutrosophic
—Ideal of B — algebra. They analyzed homomorphic image, pre-image, cartesian product and related
results, and these concepts were explored to other substructures of a § — algebra. In [9], Chalapathi et
al. constructed certain Neutrosophic Boolean rings, introduced Neutrosophic complement elements
and mainly obtained some properties satisfied by the Neutrosophic complement elements of
Neutrosophic Boolean rings.

In [14], M. Khan et al. presented the notion of neutrosophic X-subsemigroup in semigroup and
explored several properties. In [11], Gulistan et al. have studied the idea of complex neutrosophic
subsemigroups and introduced the concept of the characteristic function of complex neutrosophic
sets, direct product of complex neutrosophic sets.

In [10], B. Elavarasan et al. introduced the notion of neutrosophic X-ideal in semigroup and
explored its properties. Also, the conditions for neutrosophic X-structure to be neutrosophic KX-ideal
are given, and discussed the idea of characteristic neutrosophic X-structure in semigroups and
obtained several properties. In [20], we have introduced and discussed several properties of
neutrosophic R-bi-ideal in the semigroup. We have proved that neutrosophic R-product and the
intersection of neutrosophic R-ideals were identical for regular semigroups. In this paper, we define
and discuss the concepts of neutrosophic R-interior ideal and neutrosophic X-characteristic interior
ideal structures of a semigroup.

Throughout this paper, X denotes a semigroup. Now, we present the important definitions of
semigroup that we need in sequel.

Recall that for any X;,X, € X, X,X, = {abla € X; and b € X,}, multiplication of X; and X,.

Let X be a semigroup and @ # X; € X. Then

(i) X, is known as subsemigroup if X;* € X;.
(i) A subsemigroup X; is known as left (resp., right) ideal if X;X S X;(resp., XX; € X;).
(iii) X; is known asideal if X; is both a left and a right ideal.
(iv) X is known as left (resp., right) regular if for each r € X, there exists i € X such
that r = ir?(resp., r = r%i) [13].
(v) X is known as regular if for each b; € X, there exists i € X such that b; = byib;
(vi) X is known as intra-regular if for each x; € X, there exist i,j € X such that x; =
ixzj [15].

2. Definitions of neutrosophic X - structures

We present definitions of neutrosophic X —structures namely neutrosophic X —subsemigroup,

neutrosophic X —ideal, neutrosophic R —interior ideal of a semigroup X
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The set of all the functions from X to [-1,0] is denoted by J(X,[—1,0]). We call that an
element of J(X,[—1,0]) is R —function on X. A R —structure means an ordered pair (X,g) of

X and an X —function g on X.

Definition 2.1.[14] A neutrosophic R — structure of X is defined to be the structure:

X r
Xy = = eX
M= o, I, Fap) {TM(n.m(r). o |7 b

where Ty, Iy and Fy are the negative truth, negative indeterminacy and negative falsity
membership function on X (X — functions).

Itis evident that —3 < Ty (r) + Iy(r) + Fy(r) <0 forall r € X.

Definition 2.2.[14] A neutrosophic & — structure Xy of X is called a neutrosophic
X —subsemigroup of X if the following assertion is valid:
Ty(gih;) < Tu(gy) v Tu(h))
(v gihj € X)| In(gih;) = 1u(g) A Iu(hy) |
FM(gihj) <Fylgdv FM(hj)
.Let Xy be a neutrosophic X —structure and y,d,€ € [-1,0] with =3 < y+ 6+ & < 0. Consider
the sets:
Ty = {ri € X|Ty(r) < v}
Iy = {r; € X|Iy(r) = 8}
m=1{ri € X|Fy(r) < &
The set Xy, 8,8 ={r; eX|Ty(r) <y Iy(r) =38, Fy(r)<e is known as
(v, 6, €)-level set of Xj. Itis easy to observe that Xy (y,d,¢) = T}'M n I,‘f, n F3.

Definition 2.3.[10] A neutrosophic X —structure X of X is called a neutrosophic X —left (resp.,
right) ideal of X if
Tu(gih;) < Tu(h;) (resp., Tyu(gih;) < Tu(g))
(Vguhj €X)| In(gihy) = In(h;) (resp., Iu(gih;) = Iu(g)
Fu(gihy) < Fu(h)) (resp., Fy(gih;) < Fu(g))
Xy is neutrosophic X —ideal of X if Xy is neutrosophic X —left and R —rightideal of X.

Definition 2.4. A neutrosophic X —subsemigroup Xy of X is known as neutrosophic X —interior
ideal if
Ty(xay) < Ty(a)
Wx,ayeX)| Iy(xay) = Iy(a)
Fy(xay) < Fy(a)
It is easy to observe that every neutrosophic X —ideal is neutrosophic X —interior ideal, but

neutrosophic X —interior ideal need not be a neutrosophic X — ideal, as shown by an example.

Example 2.5. Let X be the set of all non-negative integers except 1. Then X is a semigroup with
usual multiplication.

0 2 5 10 otherwise
(-0.9,-0.1,-0.7)" (-0.4 —0.6,—0.5)’ (-0.3,-0.8,-0.3) " (=0.3,—0.8,—0.1) ’ (—=0.7,—0.4,—0.6)

Let XM={ } Then Xy s

neutrosophic X —interior ideal, but not neutrosophic X — ideal with Ty(2.5) = —0.3 £ Ty(2).

Definition 2.6.[14] For any E € X, the characteristic neutrosophic X —structure is defined as
X
XeMm, xe(Dm, Xe(F)u)

Xe(Xy) =
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where
. —-1ifreE
xe(Muy: X= [-1,0], 7 > {0 otherwise,
. OifrekE
xeDy: X= [-1,0], > {—1 otherwise,
-1ifrekE

Xe(F)y: X=[-1,0], 7> {o otherwise

D. ¢

Definition 2.7.[14] Let Xy: = T
M M, 'M

X. Then
(i) Xy is called a neutrosophicX — substructure of Xy denote by Xy € Xy, if Tyu(r)=
Ty(r), Iy(r) < Iy(r), Fy(r) = Fy(r) forallr€ X.
(ii) If Xy € Xy and X € Xy, then we say that Xy = Xj,.
(iii) The neutrosophic X — product of Xy and Xy is defined to be a neutrosophic X —structure
of X,

and Xp:= be neutrosophic X —structures of

(Tn, IN, FN)

Xy O Xy i= X { h |h €x},

(Tnem, INoM, FNom) Tnom(h), Inom(h), Fyoym(h)
where

/\{TN(r) vTy(s)} if3r,s € Xsuchthath=rs

h=rs

(TN ° TM)(h) = TNoM(h) =
0 otherwise,

Uy o 1 )() = Iyosy () = h\zls{l,\,(r) Aly(s)} if 3u,v € Xsuchthath=rs

-1 otherwise,

/\{FN(r) vFy(s)} if3u,v € X suchthath =rs

h=rs

(Fyo Fy)(h) = Fy.y(h) =
0 otherwise.
, i . . .
For i € X, the element T o Fom @) is simply denoted by XyOXw)(3d) =
(TNOM(i)’ INOM(i)! FNOM(i))'
(iif) The union of Xy and X, aneutrosophic X —structure over X is defined as
Xy UXy = Xyum = (XF Tyum, Inum, FNUM)'

where
(Ty UTy)(hy) = Tyym(hy) = Ty(hy) A Ty(hy),
(Iy U Iy)(h) = Iyyu(hy) = Iy(hy) v Iy(hy),
(Fy U Fy)(h;) = Fygu(h)) = Fy(hy) A Fy(h;) Vh; € X.
(iv) The intersection of Xy and X, aneutrosophic & —structure over X is defined as
Xy N Xy = Xyom = (X Twom, Inom, Fyom),
where
(Ty NTy)(hy) = Tyam(hy) = Ty(hy) v Ty(hy),
Uy N 1Iy)(hy) = Iyau(hy) = Iy(hy) A Iy (hy),
(Fy N Fy)(hy) = Fyam(hy) = Fy(hy) v Fy(h) Vv h; € X.

3. Neutrosophic X —interior ideals

We study different properties of neutrosophic X —interior ideals of X. It is evident that
neutrosophic X — ideal is a neutrosophic X —interior ideal of X, but not the converse. Further, for
a regular and for an intra-regular semigroup, every neutrosophic X —interior ideal is neutrosophic
X —ideal.
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All throughout this part, we consider X, and Xy are neutrosophic X —structures of X.
Theorem 3.1. For any L € X, the equivalent assertions are:
(i) L is an interior ideal,
(ii) The characteristic neutrosophic X —structure X (Xy) is a neutrosophic X —interior ideal.
Proof: Suppose L is an interior ideal and let x,a,y € X.
If a€l, then xay €L, so y, (T)y(xay) = -1 = x,(T)y(a), x,(Dy(xay) =0 =y, (I)y(a) and
X (Fy(xay) = =1 =y, (F)y(a).
If a¢l, then X (TMy(xay) <0 =x,(TNy(a), x,(Dyxxay) =-1=x,U)y(@) and
X (F)y(xay) <0 =y, (F)y(a).
Therefore y,(Xy) is a neutrosophic X —interior ideal.
Conversely, assume that y;(Xy) is a neutrosophic X — interior ideal. Let u € L and x,y € X.
Then
X (MyGuy) < x,(My@w) = -1,
xe(DyGuy) = x,(Dy@) =0,
X (F)yCeuy) < x (F)y() = —-1.
So =xuy € L. o

Theorem 3.2. If X, and X, are neutrosophic X — interior ideals, then X,y is neutrosophic X —
interior ideal.
Proof: Let X),, and Xy be neutrosophic X — interior ideals. For any 7,s,t € X, we have
Tunn (rst) = Ty (rst)vTy(rst) < Ty (s)vIy(s) = Tyan(s),
Iyan (rst) = Iy (rst)aly (rst) = Iy (s)aly(s) = Iyan(s),
Fyan(rst) = Fy(rst)vFy(rst) < Fy(s)vFy(s) = Fyan (S).
Therefore X,y is neutrosophic X — interior ideal. o

Corollary 3.3. The arbitrary intersection of neutrosophic X — interior ideals is a neutrosophic X —

interior ideal.

Theorem 3.4. If X}, and Xy are neutrosophic X — interior ideals, then X,y is neutrosophic X —
interior ideal.
Proof: Let X),, and Xy be neutrosophic X — interior ideals. For any r,s,t € X, we have
Tyun (rst) = Ty (rst) ATy (rst) < Ty (s)ATy(s) = Tyun(s),
Lyun (rst) = Iy (rst)viy (rst) = Iy (s)viy(s) = Iyun(s),
Fyun(rst) = Fy(rst)aFy (rst) < Fy(s)aFy(s) = Fyun(s).
Therefore X,y is neutrosophic X — interior ideal. m]

Corollary 3.5. The arbitrary union of neutrosophic X — interior ideals is neutrosophic X — interior
ideal.

Theorem 3.6. Let X be a regular semigroup. If X}, is neutrosophic X — interior ideal, then X, is

neutrosophic X — ideal.
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Proof: Assume that X is an interior ideal, and let u,v € X. As X is regular and u € X, there
exists r € X such that u =uru. Now, Ty(uv) = Tywruv) < Ty@), Iywv) = I, (uruv) = I, (u)
and Fy(uv) = Fy(uruv) < Fy(u). Therefore X, is neutrosophic X — right ideal.
Similarly, we can show that X,, is neutrosophic X — left ideal and hence X,, is neutrosophic

X — ideal. O
Theorem 3.7. Let X be an intra-regular semigroup. If X, is neutrosophic X — interior ideal, then
Xy is neutrosophic X — ideal.
Proof: Suppose that X, is neutrosophic X — interior ideal, and let u,v € X. As X is intra regular
and u € X, there exist s,t € S such that u = su®t. Now,

Ty (uv) = Ty (su?tv) < Ty (w),

Iy (uv) = Iy (su?tv) = I, (w)

Fy(wv) = Fy (su?tv) < Fy(u).
Therefore X,, is neutrosophic X — right ideal. similarly, we can show that Xj, is neutrosophic X —

left ideal and hence X, is neutrosophic X — ideal. m

Definition 3.8. A semigroup X is left simple (resp., right simple) if it does not contain any proper left

ideal (resp., right ideal) of X. A semigroup X is simple if it does not contain any proper ideal of X.

Definition 3.9. A semigroup X is said to be neutrosophic X —simple if every neutrosophic X —
ideal is a constant function

i.e, for every neutrosophic X —ideal X, of X, we have Ty (i) = Ty (), I (@) = Iy() and
Fy (i) = Fy(j) forall i,j € X.

Notation 3.10. If X is a semigroup and s € X, we define a subset, denoted by I; as follows:
I={i€X| Ty@) < Ty(s), Iy(i) =Iy(s) and Fy(i) < Fy(s)}

Proposition 3.11. If X is neutrosophic X — right (resp., X — left, X — ideal) ideal, then I is right
(resp., left, ideal) ideal for every s € X.

Proof: Let s € X. Then it is clear that @#I,CX. Let u €Iy and x € X. Then ux € I;. Indeed;
Since Xy is neutrosophic X — right ideal and u,x € X, we get Ty(ux) < Ty(u), Iy(ux) = Iy(u)
and Fy(ux) < Fy(t). Since u € I, we get Ty(u) < Ty(s), Iy(u) = Iy(s) and Fy(u) < Fy(s) which
imply ux € I;. Therefore I is a right ideal for every s € X. O

Theorem 3.12.[4] For any L € X, the equivalent assertions are:
(i) L isleft (resp., right) ideal,
(if) Characteristic neutrosophic X —structure x;(Xy) is neutrosophic X —left (resp., right)
ideal.

Theorem 3.13. Let X be a semigroup. Then X is simple if and only if X is neutrosophic

X —simple.
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Proof: Suppose X is simple. Let X, be a neutrosophic X — ideal and u,v € X. Then by
Proposition 3.11, I, is an ideal of X.AsX is simple, we have [, = X. Since v €I, we have
Ty(W) < Ty(w), Iy(w) = I, (w) and Fy(v) < Fy(u).

Similarly, we can prove that Ty(u) <TyW), Iy@w) =Iyw) and Fyw) <Fy@). So
Ty) = TyW), Iy(W) =1y(w) and Fy(u) = Fy(v). Hence X is neutrosophic X — simple.

Conversely, assume that X is neutrosophic X — simple and I is an ideal of X. Then by
Theorem 3.12, x;(Xy) is a neutrosophic X — ideal. We now claim that X =I. Let w € X. Since X
is neutrosophic X — simple, we have x;(Xy) is a constant function and y;(Xy)(w) = x;(Xn)(y) for
every y € X. In particular, we have x(Ty)(w) = x;(Ty)(d) = -1, x(In)(w) = x;(Ix)(d) =0 and
xi(Fn) (W) = x(Fy)(d) = =1 for any d € I whichimplies w € I. Thus X €1 andhence X =1. ©

Lemma 3.14. Let X be a semigroup. Then X is simple if and only for every t € X, we have X =
XtX.
Proof: Suppose X is simple and let t € X. Then X(XtX) € XtX and (XtX)X € XtX imply that
XtX isanideal. Since X issimple, we have XtX = X.

Conversely, let P be an ideal and let a € P. Then X = XaX, XaX € XPX € P which implies
P = X. Therefore X issimple. m

Theorem 3.15. Suppose X is a semigroup. Then X is simple if and only every neutrosophic X —
interior ideal of X is a constant function.
Proof: Suppose X is simple and s,t € X. Let Xy be neutrosophic X — interior ideal. Then by
Lemma 3.14, we get X = XsX = XtX. As s € XsX, we have s =atb for a,b € X. Since Xy is
neutrosophic X — interior ideal, we have Ty(s) = Ty(ath) < Ty(t), Iy(s) =Iy(ath) = Iy(t) and
Fy(s) = Fy(atb) < Fy(t). Similarly, we can prove that Ty(t) < Ty(s), Iy(t) =1Iy(s) and Fy(t) <
Fy(s). So Xy is a constant function.

Conversely, suppose Xy is neutrosophic X — ideal. Then Xy is neutrosophic X — interior
ideal. By hypothesis, Xy is a constant function and so Xy is neutrosophic X —simple. By Theorem

3.13, X issimple. O

Theorem 3.16. Let X), be neutrosophic X — structure and let y,5,¢ € [-1,0] with-3 < y+d+e<
0. If X, is neutrosophic X —interior ideal, then (y, §, €)-level set of X}, is neutrosophic X —interior
ideal whenever Xy(y,8,¢) # @.

Proof: Suppose Xy (y,8,€) # @ for y,8,& € [-1,0] with -3 < y+6+&€<0.

Let X, be a neutrosophic X —interior ideal and let u,v,w € Xy(v,8,€). Then Ty(uvw) <
Ty@) <a Iyuvw)=1Iy[w)=p and Fy(uvw) < Fy(v) <y which imply uvw € Xy (a,B,v).
Therefore Xy (y, 4, €) is a neutrosophic X —interior ideal of X. o

Theorem 3.17. Let Xy be neutrosophic X — structure with «,f,y € [~1,0] such that -3 < a +
p+y <0.If Ty, 15 and F) are interior ideals, then Xy is neutrosophic X — interior ideal of X

whenever it is non-empty.

Proof: Suppose that for a,b,c € X with Ty(abc) > Ty(b). Then Ty(abc) > t, = Ty(b) for some
t,€[-1,0). So b e Tlt\‘,’(b) but abc ¢ T,t\‘,‘(b), a contradiction. Thus Ty(abc) < Ty (b).
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Suppose that for a,b,c € X with Iy(abc) < Iy(b). Then Iy(abc) < t, < Iy(b) for some t, €
[-1,0). So b € I;;" (b) but abc ¢ I;;" (b), a contradiction. Thus Iy(abc) = Iy(b).

Suppose that for a,b,c € X with Fy(abc) > Fy(b). Then Fy(abc) > t, = Fy(b) for some
t,€[-1,0). So b e Ff\‘,"(b) but abc ¢ Flt\‘,"(b), a contradiction. Thus Fy(abc) < Fy(b).

Thus Xy is neutrosophic X — interior ideal. m

Theorem 3.18. Let X, be neutrosophic X — structure over X. Then the equivalent assertions are:
(i) Xy is neutrosophic X —interior ideal,
(ii) XyO XyOXy S Xy for any neutrosophic R — structure Xy.
Proof: Suppose Xy is neutrosophic X — interior ideal. Let x € X. For any u,v,w € X such that
x=uvw. Then Ty(x)=Tyvw) <Ty®) < Ty(W)VTy(W)vTy(w) which implies Ty(x) <

Tyomon(x). Otherwise x # uvw. Then Ty(x) < 0 = Ty.y.n(x). Similarly, we can prove that
IM(x) > INOMON(x) and FM(x) < FNOMON(x)' Thus XNO XMOXN c XM

Conversely, assume that XyO X, OXy € X for any neutrosophic X —structure Xy.

Let u,v,w € X. If x = uvw, then

Ty(uvw) =Ty (x) < (Xx(T)y o Ty o xx(Ty ) (x) = /\ {Xx(MnyoTy) () v xx(T)y(W)}

X=Tw

= A\ t/\ oy @ v D @) v x @y}

X=rcCc r=uv

< xx(Dy@v (Mu@)v xx(MyWw) = Ty ),

Iy(uow) = Iy(x) < (Xx(Dy o Iy o xx(Dy)(x) = \/ Xx(Dy o Iy) () n xx(Dy(W)}

X=rw

= \/\/ ax @ 2@ @)} n w3}

X=rc r=uv

= xx(Dy@AD @A xx(Dy(w) = Dy (v),

and

Fy(uow) = Fy(x) < (xx(F)y ° Fy o xx(F)y ) (x) = /\ {Xx(F)y o Fy) (1) v xx(F)y(w)}

X=rw

= A\ \ ax®w @ v E @) v Enw))

X=rc r=uv

< xx(F)y)v (F)y@)v xx(F)y(w) = Fy ().
Therefore X, is neutrosophic X —interior ideal. O

Notation 3.19. Let X and Z be semigroups. A mapping g:X — Z is said to be a homomorphism if
guv) = g(w)g(w) for all u,v € X. Throughout this remaining section, we denote Aut(X), the set
of all automorphisms of X.

Definition 3.20. An interior ideal J of a semigroup X is called a characteristic interior ideal if
h(J) =] forall h € Aut(X).
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Definition 3.21. Let X be a semigroup. A neutrosophic X — interior ideal Xy is called
neutrosophic X — characteristic interior ideal if TN(h(u)) =Ty(w), IN(h(u)) =Iy(w) and
Fy(h(w)) = Fy(w) forall u € X and all h € Aut(X).

Theorem 3.22. For any L € X, the equivalent assertions are:

(i) Lis characteristic interior ideal,

(ii) The characteristic neutrosophic X —structure x.(Xy) is neutrosophic X — characteristic

interior ideal.

Proof: Suppose Lis characteristic interior ideal and let x € X. Then by Theorem 3.1, x;(Xy) is
neutrosophic X —interior ideal. If x € L, then y,(T)y(x) = -1, x,(Dyu(x) =0, and y,(F)y(x) =
—1. Now, for any h € Aut(X), h(x) € h(L) = L which implies y;(T)y(h(x)) = =1, x,(Dy(h(x)) =
0, and y,(F)y(h(x)) =-1. If x &L, then x, (T)y(x) =0,x,(Dyx) =-1, and x,(F)y(x) =0.
Now, for any h € Aut(X), h(x) € h(L) which implies y,(T)py(h(x)) =0, x,(I)y(h(x)) = —1, and
XL (F)y(h(x)) = 0. Thus XL (M h(x) = 2. (M (x), XDy h(x)) = x, Dy (), and
XL (F)y(h(x)) = x,(F)y(x) for all x € Xand hence x (Xy) is neutrosophic R — characteristic
interior ideal.

Conversely, assume that x;(Xm) is neutrosophic R —characteristic interior ideal. Then by
Theorem 3.1, Lis an interior ideal. Now, let h € Aut(X) and x € L. Then y,(T)y,(x) =
-1, x;(Dy(x) =0 and x,(F)y(x) = —1. Since x (Xym) is neutrosophic R —characteristic interior
ideal , we have ;,(T)y(h(x))=x, (M), x,(Duh(x)) = x,Du(x) and x, (F)y(h(x)) =
X (M (x) which imply h(x) € L. So h(L) €L for all h € Aut(X). Again, since h € Aut(X) and
x € L, there exists y € L such that h(y) = x.

Suppose that y &L Then x, (My(») =0 x,(Dy¥)=-1 and ), (F)u()=0.
Since x,(My(h() = x.(Mu @), xLDuh@)) = x.Du ) and x, (F)u(h®)) = x.(TMu(), we
get x,(Muh() =0, x,(Dy(h(y)) =-1 and x, (F)y(h(y)) =0 which imply h(y) €L, a
contradiction. So y €L ie., h(y)€L. Thus L<S h(L) for all h€ Aut(X) and hence L is

characteristic interior ideal. o

Theorem 3.23. For a semigroup X, the equivalent statements are:

(i) X isintra-regular,

(ii) For any neutrosophic X —interior ideal X,;, we have Xy (w) = X,;(w?) forall w € X.
Proof: (i) = (ii) Suppose X isintra-regular, and X,, is neutrosophic X — interior ideal and w € X.
Then there exist 7,s € X such that w = rw?s. Now Ty (w) = Ty, (rw?s) < Tyy(w?) < T);(w) and so
TyW) = T,y(W?), Lyw) =I,rw?s) = I,(w?) = I,(w) and so I,(w)=1I,(w?), and Fy(w) =
Fy(rw?s) < Fjy(w?) < Fyy(w) and so Fy(w) = Fyy(w?). Therefore X,;(w) = X;;(w?) forall w € X.
(ii) = (i) Let (ii) holds and s € X. Then I(s?) is an ideal of X. By Theorem 3.5 of [4], X1z (Xnm)
is neutrosophic X —ideal. By assumption, x;z)(Xy)(s) = )(,(Sz)(XM)(Sz). Since x;s2)(Tm (s?) =

=1 =) (F)u(s?) and ;2 (Dy(s?) =0, we get x;2)(My(s) = =1 = x;52)(F)u(s) and
Xis(Du(s?) = 0 which imply s € I(s?). Hence X is intra-regular. o

Theorem 3.24. For a semigroup X, the equivalent statements are:

(i) X is left (resp., right) regular,
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(ii) For any neutrosophic X —interior ideal X,;, we have X,,(w) = X,(w?) forall w € X.

Proof: (i) = (ii) Let X be left regular. Then there exists y € X such that w = yw?. Let X, be a
neutrosophic X —interior ideal. Then Ty (w) = Ty (yw?) < Ty, (w) and so Ty (w) = T)y(W?), [,(w) =
ILy(yw?) = Iy,(w) and so Iy(w)=1I,(w?), and F,(w) = F,(yw?) < F,(w) and so Fy(w) =
Fyy(w?). Therefore X, (w) = X, (w?) forall w € X.

(i) = (i) Suppose (ii) holds and let X, be neutrosophic & —interior ideal. Then for any w € X,
XL(WZ)(T)M(W) = XL(WZ)(T)M(WZ) =-1, XL(WZ)(I)M(W) = XL(WZ)([)M(WZ) =0 and XL(WZ)(F)M(W) =
Xiw?y(F)y(W?) = =1 which imply w € L(w?). Thus X is left regular. o

Conclusions

In this paper, we have introduced the concepts of neutrosophic X — interior ideals and
neutrosophic X — characteristic interior ideals in semigroups and studied their properties, and
characterized regular and intra-regular semigroups using neutrosophic R-interior ideal structures.
We have also shown that R is a characteristic interior ideal if and only if the characteristic
neutrosophic R —structure x,(Xy) is neutrosophic X —characteristic interior ideal. In future, we

will define neutrosophic X —prime ideals in semigroups and study their properties.
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Abstract: Connectivity is one of the most important concepts in graph theory. Since Neutrosophic Graphs
are a branch of graphs, connectivity will be very important in this branch as well. In this paper, we will
define the connectivity in Neutrosophic graphs using the strength of connectedness between each pair of
its vertices. Also in this article, we define two new concepts of Partial connectivity index and totally
connectivity index. We present several theorems related to these concepts and prove the theorems.

Keywords: neutrosophic graphs; partial connectivity index; totally connectivity index; m-barbell graph;
connected neutrosophic graph

1. Introduction

Neutrosophic graphs are a new branch of graphs that has been very popular among graph theorists
in recent decades. Neutrosophic graphs are a generalized form of fuzzy graph theory. One of the features
that have been considered in fuzzy graphs is connectivity and types of connectivity indices in fuzzy graphs
[7]. The connectivity index is a numerical quantity that can be used to calculate some of the properties of
the studied graph in more detail. Many researchers have pointed to different uses of neutrosophic Graphs,
such as the use of neutrosophic sets and graphs in medicine [3], social media [4], decision-making problem
[9], Economics Theorizing [11] and so on. In this article, after introducing the partial connectivity index
and totally connectivity index in neutrosophic graphs, we will point out some applications of it.

In our previous article [8], we also presented the correlation index in neutrosophic graphs and gave
an example of its applications. In the following works, we will compare and examine the strengths and
weaknesses of each.

2. Preliminaries
In this section, some of the important and basic concepts required are given by mentioning the source.

Definition 1. [4] A single-valued neutrosophic graph on a nonempty V is a pair G = (N, M). Where N is
single-valued neutrosophic set in V and M single-valued neutrosophic relation on V such that

Ty (uv) < min{Ty (W), Ty ()},

Iy (uv) < min{ly(w), Iy(v)},
Fy(uv) < max{Fy (u), Fy(v)},

For all u,v € V. N is called single-valued neutrosophic vertex set of G and, M is called single-valued
neutrosophic edge set of G, respectively.
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Definition 2. [4] Let G = (N, M) be the Neutrosophic Graph of G*. If H = (N',M’) is a neutrosophic graph
of G* such that

T'(u) < T(), I'(w) = I(w), F'(u) = F(u), Vu € X,
Ty (uv) < Ty (uv), Ly (uv) = Iy (uv), Fpr(uv) = Fy(uv), Vuv € E,

Then H is called a Neutrosophic subgraph of the Neutrosophic graph G.

Definition 3. [4] A neutrosophic graph G = (N, M) is called complete if the following conditions are
satisfied:

Ty (uv) = min{Ty (w), Ty ()},

Iy (uv) = min{ly (W), Iy(v)},

Fy(uv) = maX{FN(u):FN(v)}J
Forallu,v €V.

Definition 4. [4] A neutrosophic graph G; = (N;,M;) of the graph G; = (V3,E;) is isomorphic with
neutrosophic graph G, = (N,, M;) of the graph G5 = (V,, E,) if we have f where f:V; — V, is a bijection
and following relations are satisfied

Ty, W) = Ty, (f (W), In, @) = Iy, (f (W), Fy,(w) = Fy,(fw)),
For all u € V; and
Ty, W) = T, (f O f (v)), In, W) = Ly, (f)f (), Fy, ) = Fy, (f ) f(0)),

For all uv € E;.

Definition 5. [4] the m-barbell graph B, ) is the simple graph obtained by connecting two copies of a
complete graph K, by abridge.

3. Totally and Partial connectivity index
In this section, which is the main part of the article, we first define the connected neutrosophic graph
and connectivity index in the neutrosophic graphs. Note that definitions are provided for a connected
neutrosophic graph in some references [5, 6], but the definition we use here will be based on connectivity.
After providing some examples, the theorems related to the connectivity index are expressed and proved
in neutrosophic graphs.

3.1. Partial connectivity index in neutrosophic graphs
Here we first define the Partial and totally connectivity indices in neutrosophic graphs and provide
examples to better understand it. And then in the next part we will present the boundaries for the Partial

and totally connectivity indices in neutrosophic graphs.

Definition 6. Let G = (N, M) be the connected Neutrosophic Graph. The partial connectivity index of G is
defined as

PCI(G) = Z Ty ()T, (¥) CONN (1, v),

u,UEN

PCI,(G) = Z Iy (W) Iy (W) CONN,, (11, v),
u,UEN

PCIL(G) = Z Fy (u) Fy (¥) CONNp (11, v),
u,v eEN
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Where CONNr . (u,v) is the strength of truth, CONN,(u, v) the strength of indeterminacy and CONN_(u, v)
the strength of falsity between two vertices u and v. We have

CONNy (u,v) = max{minTy(e) | e € P and P is a path between u and v},
CONN,.(u,v) = min{maxIy(e) | e € P and P is a path between u and v},

CONNp(u,v) = min{max Fy(e) | e € P and P is a path between u and v}.

Also, the totally connectivity index of ¢ is defined as

4 + 2PCI;(G) — 2PCIx(G) — PCL(G)

TCI(G) = c

Definition 7. Let G = (N, M) be the Neutrosophic graph. G called a connected neutrosophic graph if for
any two vertices u,v € N, CONNr_(u,v) > 0, CONN;.(u,v) > 0, and CONNg(u,v) > 0.

Example 1. Consider the Neutrosophic graph ¢ = (N, M) with V = {a, b, ¢, d}, that shown in figure 1. As
can be seen, (Ty, Iy, Fy)(a) = (0.4,0.6,0.5), (Ty, Iy, Fy)(b) = (0.7,0.5,0.4), (Ty, Iy, Fy)(c) = (0.7,0.4,0.3), and
(Ty, I, Fy)(d) = (0.5,0.4,0.5), The edge set contains (Ty, Iy, Fyy)(a, b) = (0.4,0.5,0.5), (Ty, Iy, Fy)(b,c) =
(0.7,0.4,0.4), (Ty, Ly, Fy)(c,d) = (0.5,0.4,0.5), (Ty, Iy, Fi)(@,d) = (0.4,0.4,0.5) and (Ty, Ly, Fyy)(b,d) =
(0.3,0.5,0.7).

By direct calculations, we have

Table 1. The strength of connectedness between each pair of vertices u and v.

CONNy, (u,v) CONN, (u,v) CONNg, (u,v)
a,b 04 0.5 0.5
a,c 04 0.4 0.5
a,d 04 04 0.5
b,c 0.7 0.4 04
b,d 0.5 0.4 0.5
c,d 0.5 0.4 0.5

Then the partial connectivity index of G is,

PCI(G) = Z Ty ()T (v) CONNy (11, v)
T 04)(0.7)(0.4) + (04)(0.7)(04) + (04)(0.5)(0.4) + (0.7)(0.7)(0.7) + (0.7(0.5)(0.5)
+(0.7)(0.5)(0.5) = 0.112 + 0.112 + 0.080 + 0.147 + 0.245 + 0.245 = 0.941,

PCIL(G) = Z Iy (W) 1y (W) CONN, (i, v)
T (06)(0.5)(05) + (0.6)(0.4)(0.4) + (0.6)(0.4)(0.4) + (0.5)(0.4)(0.4) + (0.5)(0.4)(0.4)
+(0.4)(0.4)(0.4) = 0.180 + 0.096 + 0.096 -+ 0.080 + 0.080 + 0.064 = 0.596,

PCIL(G) = Z Fy () Fy (¥) CONNp (11, v)
e 0.5)(04)(05) + (05)(0.3)(0.5) + (0.5)(0.5)(0.5) + (0.4)(0.3)(04) + (04)(0.5)(0.5)
+(0.3)(0.5)(0.5) = 0.1 + 0.075 + 0.125 + 0.048 + 0.1 + 0.075 = 0.523.
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Also by definition 1, we have

4+ 2PCly(G) — 2PCIx(G) — PCL(G) _ 4 +2(0.941) — 2(0.523) — 0.596

= 0.707.
6 6

TCI(G) =

a— (0.4,0.6,0.5) @ b— (0.7,0.5, 0.4)

(0.4, 0.5, 0.5)

(04,04, 0.5 (0.7, 0.4, 0.4)

& = (0.7.04,03)

d=(0.5,04,0.35)

(05,04, 04)

Figure 1. A neutrosophic graph with V = {a, b, c, d}

Theorem 1. Let G = (N, M) be a connected neutrosophic graph and H = (N', M") is a partial neutrosophic

subgraph of G. then
PCI-(H) < PCI; (G),
PCI,(H) = PCI,(G),
PCIp(H) = PCIz(G),

Moreover, we have TCI(H) < TCI(G).

Proof. Let H= (N',M") is a partial neutrosophic subgraph of G, and T,/ (u) < Ty(u) for u € V. Since
Ty (uv) < Ty (uv) for uv, then CONNpy(u, v) < CONNpg(u,v) thus we get

PCI(H) = Z Ty Ty (V) CONNypy (1, v) < Z Ty (W) Ty (V) CONNypg (w, v) = PCI(G).

uv ex uvex
Using a similar proof, we can show that

PCL(H) = ) 1yl CONN 4w, v) = Y Iy@)ly () CONN;G(w,v) = PCI(G),
u,v eX u,v eX

And
PCI,(H) = Z Fyt (WF y1 (V) CONNpy (1, v) = Z Fyy (W) Fy(v) CONNypg (u, v) = PCI(G).

uv ex uv eX

Now, we show that
TCI(H) < TCI(G).

By definition totally connectivity index, and since PCI;(H) < PCI+(G), PCI;(H) = PCI,(G), PCIz(H) =
PCIz(G), we have

4 + 2PCI;(H) — 2PCIz(H) — PCI;,(H) _ 4+ 2PCI(G) — 2PCI.(H) — PCI,(H
TCICH) = r(H) r(H) (H) _ r(G) r(H) 1(H)

6
_ 4+2PCIy(6) = 2PCle(G) — PCL(G)

=TCI(G),
- ©
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And, hence TCI(H) < TCI(G).
O

Example 2. Consider the neutrosophic graph ¢ = (N, M) whit
N ={(a,0.7,0.3,0.4), (b, 0.5,0.2,0.3), (c, 0.7,0.3,0.6), (d, 0.4, 0.3,0.5)},
And
M = {(ab,0.5,0.2,0.4), (ac, 0.7,0.3,0.6), (bc, 0.5,0.2,0.6), (cd, 0.4, 0.3, 0.6)}.
Also, let H = (N',M") be a neutrosophic subgraph of G, whit
N' = {(a, 0.6,0.3,0.5),(b,0.4,0.2,0.4), (¢, 0.6,0.3,0.7), (d,0.3,0.3,0.6)},

And
M’ = {(ab,0.4,0.2,0.5), (ac, 0.5,0.3,0.7), (bc, 0.4, 0.2, 0.7), (cd, 0.3,0.3, 0.7)}.

b= (0.5,0203) @ a = (0.6,0.2,0.5) b= (050203 @

a= (07,03 04)

(05,02 04) (03, 02,0.4)

(0.5, 02 08 (0.5,0.2. 0.6)

&= (0.7,0.3, 0.6} RG] @ 4= (0.4,03,05) e = (0.7,0.3, 0.6) 010508 @ 4= (0.4, 0.3, 0.5)
Figure 2. The neutrosophic graph G and the neutrosophic subgraph of G
By direct calculations, we have
PCI-(G) = 0.997, PCI;(G) = 0.120, PCI-(G) = 0.690,
And
PCI-(H) = 0.516, PCI;(H) = 0.120, PCIz(H) = 1.213.
Moreover
4+ 2PCI;(G) — 2PCIp(G) — PCL, (G 4+ 2(0.997) — 2(0.690) — 0.120
O r(6) = 2PCIx(G) = PCLi(G) _ 4+ 2(0.997) — 2(0.690) oo
6 6
4+ 2PCIr(H) — 2PCIr(H) — PCI;(H 4+ 2(0.516) —2(1.213) — 0.120
TCICH) = r(H) ’ r(H) 1(H) _ (0.516) 6( ) _ 0622,

It is easy to see that TCI(H) = 0.622 < TCI(G) = 0.749.

Note 1. Note thatif H = (N, M") is a partial neutrosophic subgraph of G = (N, M) such that N' = N\{v} then
PCI(H) < PCI(G), PCI;(H) < PCI,(G), PCIz(H) < PCI(G).

Theorem 2. Let G; = (N;, M;) be isomorphic with G, = (N, M;). Then all of the following equation are
established.

PCl;(Gy) = PCIp(Gy),

PC1;(Gy) = PCI1(Gy),

PCIz(Gy) = PCIp(Gy),
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Also, we have TCI(G,) = TCI(G,).

Proof. Let G; = (N3, M;) be isomorphic with G, = (N, M;), and f:V; — V, be the bijection from V; to V,
such that

Ty, = Ty, (W), Iy, @) = Iy,(fW),  Fy,() = Fy,(f@W),

For all u € V;, and
Ty, wv) = Ty, (fFQOf ), Ty, wv) = Ly, (FWf (V) Fap, (wv) = Fy, (f () f (),

For all uv € E;. Since G, isomorphic with G,, the strength of any strongest path between u and v in G; is
equal to that between f(u) and f(v) in G,. Hence

CONNz, (u,v) = CONNTGZ(f(u), f), CONN,; (w,v) = CONN,GZ(f(u), f)),
CONNp; (w,v) = CONNg, (f (w), f(v)),

For u,v € N;. Therefore

PCI(G,) = PCI(Gy), PCI(Gy) = PCL;(Gy), PCIr(G,) = PCIr(Gy),
And

TCI =
CI(6) - -

a

= TCI(G,).

Theorem 3. Let G = (N, M) be a complete neutrosophic graph whit V = {v;,v,, ..., v,} such that t; < ¢, <
c Sty S < <iyand f; =f, = = f, where t; = TN(vj), i = IN(vj) and f; = FN(vj) for j =
1,2,...,n. Then

n-1 n

PCI;(G) = Z tf Z tr

j=1  k=j+1

n-1 n
PCL(G) =Zi,-2 Z ik,

j=1 k=j+1
n-1 n

PCL(G) = Y f? z f.
j:

1 k=j+1

Proof. Suppose v, is a vertex with the least Truth-membership value t;. In a complete neutrosophic graph,
CONNzg(u,v) = Ty(u,v) for all u,v €V. Therefore Ty(vivy) =t; for k=2,3,..,n and hence
Ty (W) Ty (v )CONNy¢ (v, vy) = t?t, for k = 2,3, ...,n. Then for v;, we have

n

n
z Ty (1) Ty (v )CONNpg (v, vy) = Z tity.

k=2 k=2
For v,, Ty (v,)Ty (v, )CONNy; (v,, v,) = tt, fork = 3,4, ...,n.

n

n
z Ty (W) Ty (V) CONNpg (v, vy) = Z tity,

k=3 k=3

For v,_p, Ty (Vp—2) Ty (0 )CONNyg (Vy_p, vy) = t2_ 5t fork =n—1,n.
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For vy,_1, Ty (V—1)Ty (W) CONNpg (vy_1, 1) = ti_4t; for k = n.

Thus, by summing over v;,j=123,..,n—1 weget

n—1 n
PCI(G) —Ztltk+2t2tk+ -+ Z 2tk+z Aoty = )t} Z tr.
k=n-1 j=1 k=j+1

Using the same argument, we can prove the other two cases.
O

Theorem 4. Let ¢ = (N,M) be a neutrosophic graph whit V = {v;,v,,...,v,} such that G* = (V,E) is a
complete Dbipartite graph and Ty, (uv) = min{Ty (W), Ty(v)}, Iy@v) = min{ly(w),Iy()}, Fy@uv)
max{Fy(w), Fy(v)} For all u,v €V. Also, V; = {vy,v,, ..., v}, and V, = {Vy11, Vo, -, U} Whit £ < 8, <

c Sty GBS < <ligand f; = f, = = f, where t; = TN(vj), i = IN(vj) and f; = FN(vj) for j =

1,2,..,n. Then
})CIT((;) = :E: :E: tk + tnl :E: :E: tk!

j=1 k=j+1 j= m+1 k= ]+1
m n
]=1 k= ]+1 j= m+1 k= j+1
m

PCIH(G) = ) f7 Z fi+ fn Z f Z fie
j=1 k=j+1 j=m+1 k=j+1

Proof. Let G = (N, M) be a neutrosophic graph whit V = {v,,v,,...,v,} and G¢* = K;;, ,,, such that t; <t, <
Sty S < <ipand fi=f, = 2 fi.

Here we prove PCIz(G), states PCI+(G) and PCI;(G) are similarly proved.

Using definition, we have

PCI-(G) = Z Fy(v;)Fy () CONNgg (v, 1)
vﬂvkEV
Too, for vy, v, €V, we have

CONNgg(vy,v,) = min {max{f;}, max{fi, f5}, ..., max{fy, f;n}} = min {f;, f, ... fi} = f1.
Accordingly for vy, v, €V

> @R @ICONN (v, v) = fifs ) fie
k=2

VEp#V1
VREV

Similarly, for v, €EVj =23,..,m

Z FN(Vj)FN(Uk)CONNFG(Uj,Uk) = fif; Z fe-

k=j+1 k=j+1

On the other hand, we have form < j <n

Z Fn(vj)Fy (W) CONNig (v, vi) = finf; Z fo

k=j+1 k=j+1
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Then

PCIz(G) = z Fy(vj)Ey (V) CONNgg (v), vi)

Vi VK€V

—flflsz+fzf22fk+ + Z fi+ fufms Z i+ o+ fnfacsf

Lok = k=m+1 k=m+2
=20 2 NI
= kS

j=m+1 k=j+1

O
Note 2. Clearly, in the above theorem it is enough to have
Vv eV, Vu€el, Tyw) <Tyw), Iyw)=2Iy(w), Fy@) =Fy@).
Then the case will be established. In the following example you can see the correctness of this claim.

Example 3. Consider the neutrosophic graph ¢ = (N, M) whit

N ={(a,0.2,0.6,0.7), (b, 0.4,0.6,0.5), (c,0.7,0.5,0.4), (d, 0.5,0.3,0.5), (¢, 0.6,0.4,0.5)},
And
M = {(ac,0.2,0.6,0.7), (ad, 0.2,0.6,0.7), (ae, 0.2,0.6,0.7),
(bc,0.4,0.6,0.5), (bd, 0.4,0.6,0.5), (be, 0.4,0.6,0.5)}.

a = {0.4,0.5,0.6)

b= (0.2,0.6,0.7)

(0.4.0.6,0.5) 0.2, 0.6, 0.7)

e = (0.6, 0.4, 0.5) e = (0.7,0.5,0.4)

Figure 3. A complete bipartite neutrosophic graph whit ¢* = K; 3

By direct calculation, we have

CONNy,(a,b) = CONNy,(a,c) = CONNy (a,d) = CONNy (a,e) = 0.2 = Ty(a),
CONNy, (b, c) = CONNy(b,d) = CONNy (b, e) = 0.4 = Ty(b),
CONNy,(c,d) = CONNy(c,e) = 0.4 = Ty(b),

CONNy (d,e) = 0.4 = Ty (b),
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PCI(G) = Z Ty ()T (v) CONNy, (11, v)
N (0.2)(0.4)(0.2) + (0.2)(0.7)(0.2) + (0.2)(0.5)(0.2) + (0.2)(0.6)(0.2) + (0.4)(0.4)(0.7)
+(0.4)(0.4)(0.5) + (0.4)(0.4)(0.6) + (0.7)(0.5)(0.4) + (0.7)(0.6)(0.4) + (0.5)(0.4)(0.6)

= 0.804,
Using Theorem 4,
m n n-1 n 2 5 4
PCI(G) =Z Z tn D G )t =th2 D trta )y Z b
j=1 k=j j=m+1 k=j+1 =1 k=j+1 3 k=j+1

(0 2)(0 2)(0.4+ 0.7 + 0.5 + 0. 6) + (0.4)(0.4)(0.7 + 0.5 + 0.6) + (0.4)(0.7)(0.5 + 0.6)
+ (0.4)(0.5)(0.6) = 0.804.

As observed, the value of truth- partial connectivity index PCI;(G) is obtained from both methods equally.

Theorem 5. Let G = (N, M) be a wheel neutrosophic graph whit V = {v;, v,, ..., v,} such that G* is a wheel
graph and for any uv € M~,

Ty (uv) = min{Ty (W), Ty(v)}, Iy(wv) = min{ly(w),Iy(v)}, Fyuv) = max{Fyu), Fy(v)}.

If tl < tz <. < tn, i1 < iz <. < in and f]_ = f2 > 2 fn where t} = TN(vj)t l] = IN(UJ) and f) = FN(vj)
forj =1,2,..,n and v, is the center vertex. Then

n-1 n

PCI-(G) =th2 Z ti
j=1  k=j+1
n—-1

n

PCL(G) =Zif z i
=j+
n

2, fe

j=1  k=j+1

PCI-(G)

Il
=

Proof. Let G = (N, M) be a wheel neutrosophic graph whit the conditions stated in the theorem. Here we
prove PCI;(G), states PCI;(G) and PCI;(G) are similarly proved. Then

Suppose v; is the center vertex. Using definition,

PCLG) = ) Iy @) CONN;g (1,23,
Vj,VkEV
Now, for v, v, € V we have

CONN,;(vq,v,) = min{max{i, }, max{i,, i, }, max{iy, i, i3}, ..., max{i, i,,}} = min{iy, i5, ..., i} = iy,
Hence

n
Z Iy )y () CONNg (01, v = iqigiy + iqiqis + - + igigin_q + igigiy = Z i2i,.
k=2 k=2
Similarly for vj, v €V j =2,3,..,n—1
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n n
CONN; (v, vy) = Z In(v)) Iy (W) CONN; (v, vy ) = Z P2y,
k=j+1 k=j+1

This shows that

PCL(G) = Z IN(vj)IN(vk)CONN,G(vj,vk) = lelk+ lelk+ -+ Z i Zi+ ot yqin_qin

v, Vg€V k=j+1

n
i2

j=1 k=j+1

I
~

d

Theorem 6. Let G = (N, M) be a complete neutrosophic graph of G* = (V, E), and By, is a m-barbell graph
of G.if t; <t <+ <ty iy 20 = Zizand f; = f, = = f, where ¢; = TN(vj), ij= IN(v]-) and f; =
FN(vj) for j=1,2,..,n. And uv is a I —strong edge whit M(uv) = (Ty(uv), I),(uv), Fy;(uv)), where
Ty(uv) < ty, Iy (uv) < iy, Fy(uv) = fi, and uv connecting two copies of complete neutrosophic graphs G.
Then

n n
PCI+(Bgnmy) = ZZt] z te + TM(uv)Zt,Ztk,
] 1 k= j+1 j=1 k=j
n n
PCL(Bgnmy) = ZZ i? Z i + IM(uU)ZlJZlk,
=1 k=j+1 j=1
—1 n n n
PCle(Bonmy) =2 ) 7 ) fit FM(uv)Zf,ka
j=1 k=j+1 j=1 k=j

Proof. Let G = (N,M) be a wheel neutrosophic graph whit the conditions stated in the theorem. By
definition 5, here we have two copies of the complete graph K,,. Also using Theorem 3, for a complete
neutrosophic graph

n-1 n

PCI(G) = z tf Z th

j=1  k=j+1
n

PCL(G) = ) i? Z ik,
]

=1  k=j+1

PCG) = Y 2 D f

j=1  k=j+1

Now it suffices to obtain the connectivity between two vertices from two copies of Ky,. Suppose vertex v;
is from one of the two copies of K,,, and vertex vy, is from another copy, in which case we have

CONNrg (vj,vk) = max{min{Ty (uv) A min{t, | t, € P(vj_vk)}} = Ty (uv),
Then
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PCl(Bonm) = . In(@)ly (@) CONN;g (v, )

n-1 n

t? Z tr + V101 Ty (uv) + V10, Ty (Uv) + -+ + v, Ty (uv)

j=1  k=j+1 j=1  k=j+1
n-1 n n n
=2 )t} ty + Ty (uv) Z t; Z ty
j=1  k=j+1 j=1  k=j
The proof will be the same for the other two cases.

d

Example 4. Consider the neutrosophic graph ¢ = K, = (N, M) whit
N ={(a,0.2,0.6,0.8), (b,0.3,0.5,0.7), (c, 0.3, 0.4,0.7), (d, 0.4, 0.4,0.5)},

And
M = {(ab,0.2,0.6,0.8), (ac,0.2,0.6,0.8), (ad, 0.2, 0.6, 0.8),

(bc,0.3,0.5,0.7), (bd, 0.3,0.4,0.7), (cd, 0.3,0.4,0.7)}.

Now suppose that the edge that connects the two complete graphs does not hold true. As shown in figure
4, for example, if we want to go from vertex b in the right graph to vertex a in the left graph, there are paths

with different connectivity.

a — (0.2 0.6,0.8) a = (0.2,0.6,0.8)

(0.2,0.6, 0.8) S (0.2, 0.6, 0.8) (0.2, 0.6, 0.8) (0.2, 0.6, 0.5)

(0.2, 0.6,0.8)

(0.3,0.5,0.7)

0.3.05.0M|= (0.3.04,0.T)

b= (0.3, 078, 0.7) i 4, 0.4, 0.5) b

(03,050 0.3, 04,07

(0.3,0.4,0.7)

= (03,04, 0.7)

Figure 4. A m-barbell neutrosophic graph whit G* = K,

3.2. Bounds for connectivity index
In this section, we discuss bunds for partial connectivity index (PCI) and totally connectivity index

(TCI). We show that, among all neutrosophic graphs whit a same support, the complete neutrosophic graph

will have maximum totally connectivity index.

Theorem 7. Let G = (N,M) be a neutrosophic graph whit |[N| =n, and G' = (N’,M") is the complete
neutrosophic graph spanned by the vertex set of G. Then,

0 < PCI;(G) < PCI(G"),
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0 < PCL(G) < PCL,(G"),
0 < PCI-(G) < PCI-(G").

Also if Iy (uv) = Iy (uv), and Fy(uv) = Fypr(uv), for alluv € E then 0 < TCI(G) < TCIz(G").

proof. Consider the neutrosophic graph ¢ = (N, M) whit |[N| = n. If [E| = 0 clearly, PCI;(G) = PCL,(G) =
PCI-(G) =TCI(G) = 0. Let [E]| >0 and G' = (N',M") is the complete neutrosophic graph whit |[N’'| = n.
Suppose (TN w), Iy (u),FN(u)) = (T (W), Iy (u), Fyr(u)) for all u € X. Since

Tyv) < Ty L) < Iy (uw); Fy(uv) < Fpp(uv); Vuv € E.
Therefore, we have CONNp;(u,v) < CONNpg/(u,v), CONNyg(u,v) < CONN;r(u,v) and CONNps(u,v) <
CONNg (u,v). Then
0 < PCI(G) = Z Ty (W) Ty (v) CONNypg (1, v) < z Tyt Ty (W)CONN g (w,v) = PCI(G").
uveX uveX
Using a similar proof we can show that
0 < PCI,(G) < PCL,(G"), and 0 < PCI(G) < PCI(G").

Also, according to definition TCI(G), if Iy (uv) = I,y (uv), and Fy(uv) = F)(uv), for alluv € E, then

4 +2PCI;(G) = 2PCly(G) — PCI(G) _ 4+ 2PCIy(G") — 2PCIp(G") — PCL,(G")

TCI(G) =
(@) 3 G

= TCI(G").
Note 3. Note that the above theorem for case TCI(G) < TCI(G") may not always be true.

4. Applications

Neutrosophic graphs are one of the most practical branches of graph theory. Different applications of
it have been studied to date [1-3, 12-20]. Here we will mention another application.

Behavioral sciences, which is one of the branches of humanities, is one of the most extensive sciences
in our time. Every day, many theorists in this field create new theories and cause them to expand more and
more. So every day they are faced with a lot of new data and information.

Mathematics has always been one of the best tools for modeling and categorizing this data and
information. Among these, graphic models are among the most appropriate models that come with the
help of behavioral sciences and with proper modeling, provide the conditions for a more accurate analysis
of these complex problems. What is very important in behavioral sciences is the existence of a relationship,
the relationship between individuals, groups, communities, organizations and institutions, and, so on.
Studying and discovering these relationships, categorizing them, and then examining and studying the
extent and impact of these relationships on each other is a complex task. Neutrosophic graph models can
help with these problems and help answer some of the questions. Questions such as: Which relationship is
most effective? Which relationship should end? Which person is more influential in a relationship? And
many other questions

Here we are dealing with the relationship between several families. Information related to this
problem is data from a real study obtained from a behavioral science study clinic. Of course, given the
limitations we had, we have provided a small sample of that data in this article.

In this problem, we studied 5 families that are related. First, each family was studied separately and
the behavior of each family member was studied by experts, and then we obtained an average of the
behaviors and traits studied in family members. These features were classified into three categories. Good
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qualities include the ability to communicate, cooperate, be honest, etc; Bad traits include jealousy,
misconceptions, lack of anger control, personal aggression, etc; Neutral behaviors include behaviors that
do not involve any behavioral actions. The experts then assigned a numerical value to each of these
behaviors, which we named T, F, and I, respectively. Experts then studied the relationships between
families and the extent of each family's impact on another family and the type of impact of each family. The
effect of each family on other families was evaluated using behavioral science criteria. The experts coded
these relationships into three categories: good, neutral, and bad, and obtained a numerical quantity for each
category based on the coding results.
Here we present a neutrosophic graph model related to 5 families from 137 families surveyed.

a = (0.5,0.2,0.3)

(05,035 sy~ — (0.6,0.2,0.2)

_l]_!”-l - __-___-:—::i’.

(0.4,0.2,0.3)

Figure 5. A neutrosophic graph model corresponding to 5 families

By direct calculations

Table 2. The strength of connectedness between each pair of vertices u and v.

CONNq, (u,v) CONN, (u,v) CONNg, (u,v)
a,b 0.45 0.35 0.2
a,c 0.35 04 0.2
a,d 0.45 0.3 0.2
a,e 0.45 0.35 0.2
b,c 0.35 04 0.2
b,d 0.55 0.35 0.1
b,e 0.5 0.35 0.1
c,d 0.35 04 0.2
c,e 0.35 04 0.2
d,e 0.5 0.35 0.1
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Then
PCI;(G) = Z TN(u)TN(v)CONNTG(u, v) = 1.3845,

u,v EN
PCL(G) = Z Iy@)Iy(V)CONN, , (u,v) = 0.519,
u,v EN
PCIz(G) = Z Fy(WFy(W)CONN, (u,v) = 0.118.
u,v EN
Also, we have

4+ 2PCI7(G) — 2PCIx(G) — PCI;(G) _ 4+ 2(1.3845) — 2(0.118) — 0.519

TCI(G) =
(@) 5 A

= 1.002.

The connectivity index is used as a numerical index in evaluating the interactions of these five families.
Note that the analysis of this problem will be done by behavioral science experts and the results will be
presented in detail in another article.

5. Conclusion
Connectivity is one of the major parameters associated with a neutrosophic network and a
neutrosophic graph. In this paper, two concepts of partial connectivity index and totally connectivity index
were studied. In a neutrosophic graph, according to the parameters of the problem, we can obtain the
partial connectivity index and totally connectivity for it. The higher the Truth-partial connectivity index
and the lower the Falsity-partial correlation index, the more complete our information is and the more
reliable the problem will be.
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Abstract: Topology is one of the classical subjects in Mathematics. A lot of researchers have
published their ideas.As a generalization of topological concepts many new kind of closed and open
sets are published continuously. Salama presented Neutrosophic topological spaces by using
Smarandache ‘s Neutrosophic sets. Many Researchers introduced so many closed sets in
Neutrosophic topological spaces. Purpose of this research paper is we introduce Neutrosophic
g*-Closed sets and Neutrosophicg*-open sets in Neutrosophic topological spaces. Also we study

about study about mappings of Neutrosophic g*-Closed sets

Keywords: Neutrosophic g-Closed sets Neutrosophic g*-Closed sets, Neutrosophicg*-open sets,

Neutrosophic g*-continuous.

1. Introduction

Smarandache [10,11] characterized the Neutrosophic set on three segment Neutrosophic sets(T
Truth, I-Indeterminacy, F-Falsehood). Neutrosophic topological spaces(NS-T-S) presented by
Salama [19,20]et al. Neutrosophic have wide scope of constant applications for the fields of Electrical
& Electronic, Artificial Intelligence, Mechanics, Computer Science, Information Systems, Applied
Mathematics , basic leadership. Prescription and Management Science and so on.

Neutrosophic semi closed, a- closed, pre closed and regular closed sets are introduced by 1.
Arokiarani[6] et al.,,R.Dhavaseelan[8] et al. introduced Neutrosophic g closed sets and ga closed sets
.Point of this paper is R .Dhavaseelan[9] and S.Jafari, are introduced Generalized Neutrosophic
Closed sets . D.Jayanthi [13]presented aG Closed Sets in Neutrosophic Topological Spaces,
V.K.Shanthi [22] developed Neutrosophic gs and sg closed set. C.Mahesawri[14,15] et al
introduced Neutrosophic gb closed sets.

Aim of this present paper is, we introduce and study the concepts of Neutrosophic g*-Closed sets
and Neutrosophic g*-open sets in Neutrosophic topological spaces. Also we study about mappings

of Neutrosophicg*-Closed sets
2. Preliminaries
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In this section, we recall required and necessary definition and results of Neutrosophic sets

Definition 2.1 [16,17] Let Nuy be a non-empty fixed set. A Neutrosophic set Wi is a object

having the form Wj = {<w, Hyys (W), ow; (w),yw,, (w) >:w € Nug},
1 1

Hy: (w)- membership function

ow; (W)- Indeterminacy function

Yw; (w)- Non-Membership function

Definition 2.2 [16,17]. Neutrosophic set W; = {< w, [V (w),awi(w),yw* (w) >:w € Nug}, on
1 1
Nuy and Vw € Nuy then complement of Wy is
«C .
WiC = (< W7, (), 1= 0y (W), oy (W) 2w € Nug)

Definition 2.3 [16,17]. Let Wy and W; are two Neutrosophic sets, Vw € Nug
Wi = {< W, 1. (W), 0wy (W), vy (W) >:w € Nug}
Wz = {< W, 1y (W), 0wy (W), vy (W) >:w € Nug}

Definition 2.4[16,17]. Let Nuy be a non-empty set, and Let Wyand W; be two Neutrosophic sets

are

Wy ={< w, Hy: (W),GW;(W),ywi (w) >:w € Nug}, Wy = {< w, Hys (W), ow; (w),ywz (w) >:w € Nug}

Then W;nW; ={< w, Hy: w)n Hys (W), ow; (W) N ows (w),yw,{ w)u Y (w) >:w € Nug}

WUW; ={< w, Mg w)u M (W), ow; (W) U o, (W)’Yw; w)n Yw; (w) >:w € Nug}
Definition 2.5 [19,20]. Let Nug be non-empty set and Nu, be the collection of Neutrosophic
subsets of Nugsatisfying the accompanying properties:
1.0nw Inu € Nu,
2.Nug, N Nup, € Nu, for any Nur,, Nup, € Nu,

3. UNur; € Nu, forevery {Nur:i€j} < Nu,

Then the space (Nug,Nu,),is called a Neutrosophic topological space(NS-T-S) The component of
Nu, are called Nu-OS (Neutrosophic open set)and its complement is Nu-CS(Neutrosophic closed
set)

6 6 5

Example 2.6. Let Nuy ={w} and Vw € Nuy ,W; = (w, 3’10’ To

5 7 9
) Wy = w2
6 7 5

5 6 9
’10’ 10’ 10

10’10’ 10

Wi =(w, Y Wy = (w, ) Then the collection Nu, = {Oy,, Wy, W5, W3, W;1y,} is called

a NS-T-S on Nug.
Definition 2.7.Let (Nug, Nu,), be a NS-T-S

and W ={< w, Hys (W), ow: (W)’Yw’{ (w) >:w € Nug} bea Neutrosophic set in Nuy. Then Wy is

said to be

A.Atkinswestley ,S.Chandrasekar, Neutrosophic g*-Closed sets and its maps
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[1] Neutrosophic a-closed set [6] (Nu — aCS in short) Nu-cl(Nu-in(Nu-cl(Wy)))E W,
[2]  Neutrosophic pre-closed set [22] (Nu-PCS in short) Nu -cl(Nu -in(Wy))E Wy,
[3] Neutrosophic regular closed set [6] (Nu -RCS in short) Nu-cl(Nu-in(Wy))=Wy,
[4] Neutrosophic semi closed set [7] (Nu-SCS in short) Nu -in(Nu-cl(Wy))E Wy,
[5] Neutrosophic generalized closed set [4] (Nu -GCS in short) Nu-cl(Wy & H whenever W] €
H and H isa Nu -OS, in Nug
[6] Neutrosophic a generalized closed set [13] (Nu- (aG)CS in short) Nuacl(W;)E H
whenever W € H And X isa Nu-OS, in Nug
[7] Neutrosophic generalized semi closed set [21]( Nu-GSCS in short) Nu-Scl(W; )& H
whenever W; € H and K isa Nu-OSin Nug
[8] Neutrosophic semi generalized closed set[21]( Nu-SGCS in short) if Nu scl(Wy) € H
whenever Wy € H and H isa Nu-SOSin Nuy ,
[9] Neutrosophic generalized alpha closed set[9]. (Nu-GaCS in short) if Nu-acl(Wj) € H
whenever W;C€ H and H isa Nu-aOSin Nug
[10] Neutrosophic generalized b closed set[14](Nu-GbCS in short) if Nu-bcl(W7) € H whenever
Wic€H and H isaNu-OSin Nuy
Definition 2.8.[13] An (NS)S Wy in an (NS)TS (Nug, Nu,), is said to be aNeutrosophic weakly
generalized closed set ((Nu-WG)CS) Nu-cl(Nu-in(Wj))E X whenever Wy € X, X is (Nu)OS in

Nug.
Definition 2.9. (Nug, Nu,), be a NS-T-Sand W) = {<w, Hyys (w), ow; (w),yw* (w) >:w € Nux} Nug.
1 1

Then Neutrosophic closure of Wy is Nu-Cl(Wj)= N {H:H isa Nu-CSin Nug and Wy € H }
Neutrosophic interior of Wy is Nu-Int(W;)=U{M:M isa Nu-OSin Nug and MES Wf}.

Definition 2.10.[2] Let (Nug, Nu,), be a NS-T-S and

Wy ={<w, ”w;(w)'gw’i (w),ywi(w) >:w € Nug}

Nu-Sint(Wy)=U{ H/H isa Nu-SOSin Nuy and H S Wy},

Nu -Scl(W;)=n{ K /K isa Nu -SCSin Nuy and Wj € X }.

Nu-aint(Wy)=U{ H /H isa Nu-aOSin Nuy and H S Wy},

Nu-acl(Wy)=n{ KX /XK isa Nu-aCSin Nuy and Wy € X }.

3. NEUTROSOPHIC G* CLOSED SETS

In this section we introduce Neutrosophic G*-Closed sets and studied some of its basic properties.
Definition 3.1: An NS Wy in (Nug, Nu,) is said to be a NeutrosophicGe-Closed set (Nu-G°CS in short) if
Nu-cl(Wy) € K whenever W € K and K is NwwGOS in (Nug, Nu;) .

The family of all Nu-G°CS’s of A NTS (Nuy, Nu,) is denoted by Nu-GeC(Nuy).

Example 3.2: Let Nuy © oew;,w, o and let Nu, oo0n, K, 1Inois NI on Nuy,where X =

(w (i > l) (4 )) .Then the NS Wl@(w( > 1) (6 )) is Nu-G°CS in (Nug, Nu;)

’\10’ 10’10 10’10’ 10 10’10’10 10’10’10

Theorem 3.3: Every Nu-CS is Nu-G*CS .

Proof: Let W, be aNu-CS in (Nug, Nu;) . Then Nu-cl(Wy) = W;. Let W€ K and K is Nu-GOS in
(Nug, Nu,) . Therefore Nu-cl(W;)= WS K. Thus Wy is Nu-G*CS inNuy.

Example 3.4: Let Nug={w;,w,} and let Nu,={Ony, ,Inu}is NT on Nug, where

= (w, (4 > i) (i = —))Then the NS Wy =(w, ( > 1) (7 )) is Nu-G*CS but not an

10’10’ 10 10’10’ 10 10’ 10 10 10’ 10 10
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Nu-CSin Nug.

Theorem 3.5: Every Nu-G*CS is Nu-GCS.

Proof: Let Wy be aNu-G*CS in (Nug, Nuy).Let W€ X and X is Nu-OSin (Nug, Nu.) . Since every
Nu-OS is Nu-GOS and since Wy is Nu-G*CS in Nuy. Therefore Nu-cl(W;)S X whenever W;C X ,
K is Nu-OSin Nug. Thus Wy is Nu-GCS in Nug.

Example 3.6: Let Nug={w;,w,, w3} and

let Nu={Ony, ¥, Inu}is NT on Nuy, where K = (w, (12—0,%,%),(%,%,%),(%,%,%)).
Then the NS W} =(w (E % %) (%,%,%) (13—0 To —)) is Nu-GCS but not an Nu-G*CS in Nug.

Theorem 3.7: Every Nu-G*CS is Nu-aGCS .

Proof: Let W; be aNu-GCS in (Nug, Nu;) . By Theorem 3.6 W; is Nu-GCS in Nuy. Since
Nua-cl(Wy) € Nu-cl(Wy) and Wy is a Nu-GCS in Nuy. Therefore Nua -cl(W;) € Nu-cl(W;)S K
whenever Wy € K , X is Nu-OS in Nug. Thus Wy is Nu-aGCS in Nug.

Example 3.8: Let Nuy ={w;, w,}and let Nu; ={Onuy, X, Inu}is NT on Nug,

where K (w(1 = 6) (4 )) Then the NS Wy —(w( = 4) (5 ii))

10’10’10/’ \10’ 10’ 10 10’10’10/’ \10” 10" 10
is Nu-aGCS but not an Nu-G*CS in Nug.
Theorem 3.9: Every Nu-RCS is Nu-G*CS .
Proof: Let W] be a Nu-RCS in (Nug, Nu;) . Then W; = Nu-cl(Nu-int(Wy)). Let WS K and X is
Nu-GOS in(Nuy, Nu.) .Therefore Nu-cl(Wj )ENu-cl(Nu-int( Wy )). This implies Nu-cl(W; )S
Wrc€ K. Thus Wy is Nu-G*CSin Nug.
Example 3.10: Let Nuy ={w;, w,}and let Nu; ={Onu, K, Inu}is NT on Nuy,Where

(w(3 > 6) (7 ))Then NS wy (W(7 > 3) (6 )) is Nu-G*CS but not an

10’10’10/’ \10’ 10" 10 10”10”10/’ \10’ 10" 10
Nu-RCS in Nug.

Diagram:I

Neu-g"CS —— Neu-g(S

Neu-CS ——p Nep-aCS ——pNeu-gaCS —»Neu-agCS — 3 Neu-Gb(CS

Neu-PCS XSCS—b Neu—SGCS—»Neu-GSCS/

Ned-bCS

Remark 3.11:
Nu-G*CS is independent from Nu-aCS, Nu-SCS, Nu-PCS, and Nu-bCS as seen from the following

example.
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Example 3.12: Let Nuy ={w,;, w,}and let Nu; = {Ony, K, Inu}is NT on Nug, where
K =w(5,=,2),(5,5,2)). Then NS Wi=(w,(2,=,2),(%,2 2))

10’ 10 10 10’ 10 10 10’ 10 10 1010 10

is NuSCS, Nu-bCS, but not an Nu-G*CS in Nug.
Example 3.13: Let Nuy = {w,;, w,}and let Nu; ={Ony, K, Inu}is NT on Nug, where
K (w( 2 2) (5 ))Then NS Wy= (w( 2 7) (i,i,i))

10’10’10/’ \10’10° 10 10’10’10/’ \10’ 10’ 10
is Nu-PCS, Nu-aCS, but not an Nu-G*CS in Nug.
Example 3.14: Let Nuy = {w;,w,} and let Nu,={Ony, X, Inu}is NT on Nug, where

% =w,(2,2,2),(2,2,2)) Thenthe NS Wi=(w,(£,2,2) (2,2 2))

10’10’ 10 10’10’ 10 10’10’10 10’10’ 10

is Nu-G*CS but not NuSCS, Nu-bCS Nug.
Example 3.15: Let Nuy = {w;,w,} and let Nu={0Onu, K, Inu}is NT on Nug, where

% =w,(Z,2,2),(2,2,2)) Thenthe NS Wy=(w, (2,2, 2),(2,2,2))
o) ) o) )

10’10’10 10’10’ 10 10’10’ 10 10’10’ 10

is Nu-G*CS but not NuaCS, Nu-PCS Nug.

Theorem 3.16: The union of two Nu-G*CS'’s is Nu-G*CS

Proof: Let W and W; be the two Nu-G*CS’s in Nuy and let WyUW; S K, where XK is a Nu-GOS
in Nug. Therefore Wy S K or W;S KX or both contained X. Since Wy and W; are Nu-G*CS,
Nu-cl(Wy)€ K and Nu-cl(W;) € K. Therefore Nu-cl(W;uW; )< K. Thus W;UW; is Nu-G*CS.
Remark 3.17: The intersection of any two Nu-G*CSs is not an Nu-G*CS in general as seen in the
following example.

Example 3.18: Let Nuy ={w;, w,}and let Nu,={Onu, X, Inu}is NT on Nug,

where K (w(5 > 1) (1 ii)).

10’10’10 10’10’10

Then NS's W (w( 5 5) (7 )> W} =(w (i,ili)'(i'i'l))

10’10’10/’ \10’ 10" 10 10”10”10/’ \10” 10’ 10

are Nu-G*CS’s in Nuyg but W;nW; is not a Nu-G*CS in Nug.

Theorem 3.19: If Wy is Nu-G*CS in (Nug,Nu,), such that W;SW;< Nu-cl(W;). Then W; is also a
Nu-G*CS of (Nug,Nu.)

Proof: Let 5 be a Nu-GOS in (Nug,Nu.) such that W;< X, Since Wy SW;, WS K and K be a
Nu-GOS. Also since Wy is Nu-G*CS, Nu-cl(Wy)E K. By hypothesis W;ENu-cl(Wy). This implies
Nu-cl(W3)ENu-cl(Nu-cl(Wy))E K. Therefore Nu-cl(W;)< K. Hence W, is Nu-G*CS of Nuy.
Theorem 3.20: If W, is both Nu-GOS and Nu-G*CS of (Nug,Nu,), then Wy is Nu-CSin Nuy.

Proof: Let Wi is Nu-GOS in Nug. Since Wy €Wy, by hypothesis Nu-cl(W;)EW;. But from the
Definition, W;SNu-cl(Wy). Therefore Nu-cl(W;)=W;. Hence W; is Nu-CS of Nuy.

Theorem 3.21: Let (Nug,Nu;) be a NTS. Then Nu-GO(Nug)=Nu-GC(Nuy) iff every NS in
(Nug, Nu,)is Nu-G*CSin Nug.

Proof:

Necessity: Suppose that Nu-GO(Nug)=Nu-GC(Nug). Let WS KX and K is Nu-GOS in Nug. This
implies Nu-cl(W;)ENu-cl(X). Since X is Nu-GOS in Nug. Since by hypothesis K is Nu-GCS in
Nuy, Nu-cl(¥)E K. This implies Nu-cl(Wy)E K. Therefore Wy is Nu-G*CSin Nug.

Sufficiency: Suppose that every NS in (Nug, Nug)is Nu-G*CSin Nug. Let X SNu-O(Nug), then
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K SNu-GO(Nug). Since X €K and K is Nu-OS in Nug, by hypothesis Nu-cl(¥)E X.
Le., K SNu-GC(Nuj). Hence Nu-GO(Nuk)SNu-GC(Nuj).Let W; €Nu-GC(Nuj) then W; € is

an Nu-GOS in Nuk. But Nu-GO(Nu)SNu-GC(Nu}). Therefore W;“SNu-GC(Nug). Le.,

W E€Nu-GO(Nuy). Hence Nu-GC(Nuy)SNu-GO(Nuy). Thus Nu-GO(Nug)ENu-GC(Nug).

Theorem 3.22: If W is Nu-OS and an Nu-G*CS in (Nug,Nu,), then

Wy is Nu-ROS in Nug

Wi is Nu-RCSin Nug

Proof: (i) Let Wy be a Nu-OS and a Nu-G*CS in Nug.Then Nu-cl(W;)SW;. Le, Nu
int(Nu-clWy))SWy.Since Wy is a Nu-OS, Wy is Nu-POS in Nuy. Hence W;S Nu-int(Nu-cl(Wy)).
Therefore W= Nu-int(Nu-cl(W;)). Hence W is Nu-ROS in Nuy.

(ii): Let Wy be a Nu-OS and an Nu-G*CS inNug. Then Nu-cl(W;)SWy'. L.e., Nu-cl(Nu-int(W;))SW;'.
Since W; is a Nu-OS, W; is Nu-OS in Nug. Hence W;SNu-cl(Nu-int(Wy)). Therefore Wy =
Nu-int(Nu-cl(W;)). Hence Wy is Nu-RCSin Nug.

4. NEUTROSOPHIC g*-OPEN SETS

In this section we introduce Neutrosophic g*-open sets and studied some of its properties.
Definition 4.1: An NS Wy is said to be a Neutrosophic g*-open set (Nu-G*OS in short) in (Nug,
Nu,) if the complement Wy ¢ is Nu-G*CS in Nug.The family of all Nu-G*OS’s of A NTS (Nug,
Nu,) is denoted by Nu-G*O(Nuy).

Theorem 4.2:A subset W; of (Nug, Nu.)is Nu-G*OS iff W;SNu-int(W;) whenever W; is Nu-GCS
in Nuy and W;< Wy.

Proof: Necessity: Let Wy is Nu-G*OS in Nug. Let W, be a Nu-GCS in Nuy and W;< W;. Then
W;¢ is Nu-GOS in Nuj such that W;¢< W;€. Since W;© is Nu-G*CS, we have Nu-cl(W;©)c
W; €. Hence Nu-int(W;))€S W; €. Therefore W;SNu-int(Wj).

Sufficiency: Let W; € Nu-int(W]) whenever W; is Nu-GCS in Nuy and W;< W;. Then Wy Cc
W;¢ and W;© is Nu-GOS. By hypothesis, (Nu-int(W;))cS W3, which implies Nu-cl(W;¢)c W;°.
Therefore W;© is Nu-G*CS of Nuj. Hence W; is Nu-G*OS in Nug.

Theorem 4.3: Every Nu-OS is Nu-G*OS .

Proof: Let W; be a Nu-OS. Then W;¢ is Nu-CS. By Theorem 3.3, every Nu-CS is Nu-G*CS.
Therefore W;¢ is Nu-G*CS. Hence W; is Nu-G*OS.

Example 4.4: Let Nuy = {w,;, w,} and let Nu={0Onu, ¥, Inu}is NT on Nug, where

K =w,(2,2,2), (5,2, 2). ThenNs Wy <w,(2,2,2), (2,2 %))

10’10’10/’ \10’ 10" 10 10’10’10/’ \10’ 10" 10
is Nu-G*OS but not an Nu-OS in Nug.
Theorem 4.5: Every Nu-ROS is Nu- G*OS .
Proof: Let W; be aNu-WS. Then W;° is Nu-RCS. By Theorem 3.15, every Nu-RCS is Nu-G*CS.
Therefore Wy ¢ is Nu-G*CS. Hence Wy is Nu-G*OS.
Example 4.6: Let Nuy = {w;, w,}and let Nu={Ony, XK, Inu}is NT on Nug, where

X =(w,(3 > 6),(7 > i)) Then NS Wj=(w, (i > 7),(i S i))is Nu-G*OS but not an

10’10’10/’ \10’ 10’ 10 10’10’10/’ \10’ 10’ 10
Nu-ROS in Nug.
Theorem 4.7: Every Nu-G*OS is Nu-GOS .

Proof: Let Wy be a Nu-G*OS in (Nug, Nu,) . Then Wy ¢ is Nu-G*CS. By Theorem 3.6, every
Nu-G*CS is Nu-GCS. Therefore W;¢ is Nu-GCS. Hence W; is Nu-GOS.
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Example 4.8: Let Nuy ={w;,w,} and let Nu; ={Oxy, X, Inu}is NT on Nuy, where

K =(w, ( 4) (2 )) Then NS W; =(w, ( 2 6) (2 ))15 Nu-GOS but not an

10’10’10/’ \10’ 10’ 10 10’10’10/’ \10” 10" 10
Nu-G*OS inNug.

Theorem 4.9: Every Nu-G*OS is Nu-aGOS .

Proof: Let Wy be aNu-G*OS in (Nuj,Nu.). Then W;¢ is Nu-G*CS. By Theorem 3.9, every
Nu-G*CS is Nu-aGCS. Therefore Wy ¢ is Nu-aGCS. Hence Wy is Nu-aGOS.

Example 4.10: Let Nux={w;,w,} and let Nu,={Ony X ,Inu}is NT on Nuy, where X =

(w, (i > i) (i o —))Then the NS Wj=(w, (6 > i) (i — —)) is Nu-aGOS but not an

"\10’ 10" 10 10’10 10 10’10’10/’ \10’ 10’ 10

Nu-G*OS in Nuy.
Theorem 4.11: The intersection of two Nu-G*OS’s is Nu-G*OS.
Proof: Let W; and W; be the two Nu-G*OS’s inNuf, W;¢ and W;¢ are Nu-G*CS. By
Theorem 3.28 W; UW;© is Nu-G*CS in Nug. Therefore (W;nW;)is Nu-G*CS. Thus W;nWj; is
Nu-G*OS in Nuy.
Theorem 4.12: Let (Nug, Nu;) be a NTS. If W is NS of Nuy. Then for every Wj €
Nu-G*O(Nuy) and every W; €(Nuy), Nu-int(W;)EW; € Wy implies W; € Nu-G*O(Nug).
Proof: By hypothesis Nu-int(W;)SW; € W;. Taking complement on both sides, we get W;©
W; “SNu-cl(W; ). Let W;°S X and X is Nu-GOS in Nuj. SinceW; ¢ € W; €, W;¢C K. Since W;©
is Nu-G*CS, Nu-cl(Wy C)Q K. Therefore Nu-cl(W; C)QNu—cl(Wl* C)Q K. Hence W, ¢ is Nu-G*CS in
Nug. Therefore W; is Nu-G*OS in Nug. Le., W; SNu-G*O(Nuy)
Definition: 4.13: For any Nu. set W] in any NSTS,

Nu-g*cl(Wy)=n{ U : U is Nu-g*CS Nu. setand W;ySU }

Nu-g*int (Wy)= U{ : PV isNu-g*OS and Wy 2 V |}
Theorem: 4.14:  In aIts (Nuy, Nu;) a Nu.set W} is Nu-g*- CSiff Wi =Nu-g* cl(W7).
Proof: Let W] be a Nu-g*CS Nu. set in NSTS  (Nug, Nug). Since W; € Wj and Wj is Nu-g*CS,
Wi €{K : X isaNu-g*CS Nu.setand WiS X }and WIS K = W; = n{ K: X is Nu-g*CS
and WiCS X |} thatis W] = Nu-g* cl(W7).
Conversely, suppose that W] = Nu-g*cl(W7),thatis Wi= n{ X: X is a Nu-g*- CS Nu. set and
WicS X }. This denotes that Wi €{ X: X isaNu-g*CS Nu.setand W;S KX }. From now Wj is
Nu-g*CS Nu. set.
Theorem: 4.15 In a NSTS Nuy the subsequent results hold for Nu-g* - closure.
1) Nu-g*cl (Onu) = Onu.
2) Nu-g*cl (W7) is Nu-g*CS Nu. set in Nuy.
3) Nu-g*cl (W7) ENu-g*cl (W;) if WiCSW;.
4) Nu-g* cl ( Nu-g*cl(W7)) = Nu-g* cl(W7).
5) Nu-g* cl (W] U W5)2Nu-g* cl(W7)UNu-g* cl(W5).
6) Nu-g* cl (W] N W3)SNu-g* cl(W7)NNu-g* cl(W5).
Proof: easy
Theorem: 4.16 In a NSTS Nuy, a Nu. set W] is Nu-g* OS iff W] = Nu-g*int (W7).
Proof: Let W] be Nu-g*OS Nu. setin Nug. Since W; € Wj and W] is Nu-g*OS and Wj €{
K: K isaNu-g*OS Nu.setand Wi 2 X }and W; 2 X = W] = U{ K: K is Nu-g*OS and
Wi 2 K }. Thatis Wi=Nu-g*int (W7).
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Conversely, suppose that W; = Nu-g*int (W7), thatis Wi=U(X: X is Nu-g*OSand Wj 2 X }.
This implies that W] €{X: K is Nu-g*OS and Wj 2 KX }.Hence Wj is Nu-g*OS Nu. set.
Theorem: 417 In a NSTS Nu, the following hold for Nu-g* -interior.

1) Nu-g¥int  (Onu) = Onu

2) Nu-g*int(W7) SNu-g*int (W3) if WiSW;.

3) Nu-g*int (W7) is Nu-g*OS in Nuy.

4) Nu-g*int (Nu-g*int (W7)) = Nu-g*int (W3).

5) Nu-g*int (W] U W5)2Nu-g*int(W;)UNu-g*int (W5).

6) Nu-g*int (W] N W3)SNu-g*int(W;)NNu-g*int (W5).

Proof: proof is as usual.

5. NEUTROSOPHIC g*- CONTINUOUS

In this section we introduce Neutrosophic g*-continuous and studied some properties of
neutrosophic g* - open map and closed map.

Definition:5.1 Let Nuy and Nuy be two NTS. A function f:Nuy — Nuy is said to be neutrosophic
g* - continuous (Nu-g* - continuous) if the inverse image of every neutrosophic open set in Nuy is
g* - openin Nuy.

Theorem:5.2 A function f:Nuyz — Nuy is Nu-g* - continuous iff the inverse image of every
Nu-closed setin Nuy is g* - closed set in Nuk.

Proof: Suppose the function f:Nuy — Nugis Nu-g* - continuous. Let F be Nu-closed set in Nuy.
Then F€ is Nu- open set in Nuy. Since f is Nu-g* - continuous, f “1(F°) is Nu- g* - open in Nug. But
fHFD)= (fFY(F))and so  f1(F)is Nu-g* - closed in Nug.

Conversely, assume that the inverse image of every Nu-closed set in Nuy is Nu-g* - closed in
Nuy. Let V be neutrosophic open set in Nuy. ThenV¢is Nu-closed in Nuy. By hypothesis, f~1(V¢) is
Nu-g*-closed set in Nuk. But f~'(V€) = (f~1(V))¢ and so f~'(V)is Nu-g* - open set in Nuj.
Hence f is Nu-g*-continuous.

Theorem:5.3 Every Nu- continuous function is Nu-g* - continuous.

Proof: Let f:Nuy — Nuybe Nu-continuous. Let F be Nu-closed setin Nuy. Then f~*(F) is Nu-closed
setin Nuy since f is neutrosophic continuous. And therefore f~*(F)is Nu-g* - closed in Nuy. Hence f
is Nu-g* - continuous.

Theorem:5.4Every Nug'-continuous function isNug-continuous.

Proof: Let f:Nuy — Nuy be Nug- continuous. Let F be a Nu-closed set inNuy. Since f is Nu-g* -
continuous, f~}(F) is Nug* - closed in Nuy. And therefore f~(F) is Nug - closed in Nuy as every
Nu-g*-closed set is Nug - closed. Hence f is Nu-g- continuous.

The converse of the above theorem need not be true as seen from the following example.
Theorem:5.5 If f:Nuy — Nuyis Nu-g* - continuous and Nug is neutrosophic —T"12 NTS. Then f is
neutrosophic -continuous.

Proof: Let f:Nuy — Nuybe Nu-g*- continuous . Let F be Nu-closed set in Nuy. Then f~(F)is
f~Y(F) Nu- g* - closed in Nug since f is Nu-g* - continuous. Also since Nuy is neutrosophic - T"p,
fY(F)is closccl in Nuy. Hence f is Nu-continuous.

Theorem:5.6 If f:Nuy — Nuyis Nu-g - continuous and Nuy is neutrosophic - T*12 NTS. Then f is
Nu-g* - continuous.

Proof: Let f:Nuy — Nuy be Nu-g - continuous. Let F be Nu-closed set in Nuy, then f~(F) is g-

closed in Nug. Since X is neutrosophic - T2, f~*(F)is Nu- g* - closed in Nug. Hence f is Nu-g* -
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continuous.

Theorem:5.7If f:Nuy — Nuyis Nu-g* - continuous and g: Nuy — Nuj is Nu-continuous then

gof: Nuy — Nuz is Nu-g * -continuous.

Proof: Let F be Nu-closed setin Nuj. Then g~1(F) is closed in Nuj since g is Nu-continuous.
And then f~'(g7*(F)) is Nu-g*- closed in Nug since f is Nu-g* - continuous.

Now(g e f)"Y(F) = f*(97*(F)) is Nu- g* - closed in Nu. Hence go f: Nuy — Nuj is Nu-g*
continuous.

Theorem:5.8 If f:Nuy — Nuyis Nu-g* - continuous and g : Nuy — Nujy is Nu-g* - continuous and
Nuy is neutrosophic —T*;, space. Then gof : Nuy — Nuy is Nu-g*- continuous.

Proof: Let F be Nu-closed set in Nuy. Then g *(F) is Nu-g*CS in Nuy since g is Nu-g*-
continuous. Since Nuy is neutrosophic T, g~ *(F) is Nu-closed in Nuy. And then f~*(g~*(F))
is Nu-g*CS in Nuy as f is Nu-g* - continuous. Now (go f)"(F) = f"1(g"*(F))is Nu-g*CS
in Nug. Hence g o f is Nu-g* - continuous.

Definition:5.9A map f:Nuy — Nuy is said to be neutrosophic g* - open if the image of every
neutrosophic open set in Nuy is Nu-g*-open set in Nuy.

Definition:5.10 A map f:Nuy — Nuyis said to be neutrosophic g* - closed if the image of every
Nu-closed setin Nuy is Nu-g*-closed setin Nuy.

Theorem: 5.11 Every neutrosophic open map is neutrosophic g* - open.

Proof: Let f:Nuy — Nuy be a neutrosophic open map let V be an neutrosophic open set in Nuy
then f (V)is Nu-open in Nuy since f is neutrosophic open map. And therefore f(V) is Nu-g* -
openin Nuy. Hence f isneutrosophic g* open map.

Theorem :5.12 If f:Nuiz — Nugis Nu-g*-open map and Nuy is neutrosophic —T*12, then f is a
Nu-open map.

Proof : Let f:Nuy — Nuyis neutrosophic g*- open map. Let V be neutrosophic open set in Nug.
Then f (V)is Nu-g*-openin Nuy. Since Nuy is neutrosophic-T*12, f(V)is neutrosophic open set
in Nuy. Hence f is Nu- open map.

Theorem:5.13 Every Nu-g* - open map is neutrosophic g - open.

Proof: Let f:Nuy — Nuy be a Nu-g*- open map. Let V be neutrosophic open set in Nui. Then f
(V) is Nu-g* - openin Nuy since f is Nu-g* - open map. And therefore f(V)is Nu-g- open setin
Nuy. Hence f is neutrosophic g - open map.

Theorem : 5.14If f:Nuy — Nuyis neutrosophic g - open and Nuy is neutrosophic - *T12 space, then f
in Nu-g* - open map.

Proof: Let V be neutrosophic open set in Nug. Then f(V) is Nu-g - open in Nuy. Since Nuy is
neutrosophic -*112 f (V) is Nu-g* - open in Nuj. And hence f is Nu-g* - open map.

Theorem : 5.15 Every Nu-closed map is Nu-g* - closed map.

Proof: Let f:Nuy — Nuy be Nu-closed map. Let ¥ be Nu-closed set in Nuy.Then f(F) is
closed in Nuy. And therefore f(F) is Nu- g* - closed in Nuy. And hence f is Nu-g* - closed map.
Theorem :5.16 If f:Nuy — Nuyis Nu-g* - closed and Nuj is neutrosophic -T*12. Then f is Nu-closed
map.

Proof: Let f:Nuy — Nuj be Nu-g*- closed map. Let F be Nu-closed set in Nuy.Then ™' (F)is
Nu- g* - closed in Nuy. Since Nuy is neutrosophic -T*12 , f(F) is Nu-closed in Nuy. Hence f is
neutrosophic closcd map.

Theorem: 517 A map f: Nuy — Nuyis Nu-g* - closed iff for each neutrosophic set § of Nuyand for
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each neutrosophic open set U such that f~1(S)S U there is a Nu-g*-open set V of Nuy such that
S§<S Vand f7}(V) € U.
Proof: Suppose f is Nu-g* - closed map. Let S be a neutrosophic set of Nuy and U be a
neutrosophic open set of Nug such that fHU)ES U. Then V = Nuy — f (U) isa Nu-g*-open set in
Nuj suchthat § € V and f'(V)S U.

Conversely, suppose that F is a Nu-closed set of Nuy. Then f7! (f(F©))c
FC€and FCis Nu-open. By hypothesis, there is a Nu-g*-open set V of Nuy such that f(F)°c V
and f (V)€ FC€ Therefore F C f_l(V)C. Hence V°S  f(F)S f(f 1(V)°)€ V¢ which implies
f(F)= Ve.Since Vs Nu-g* - closed, f(F)is Nu-g*CS and thus f is a Nu-g*- closed m ap.
Conclusion
In this paper, we have defined the neutrosophic g* closed sets and open sets.then discussed about
neutrosophic g* continuity Then,we have presented some properties of these operations. We have
also investigated neutrosophic topological structures of neutrosophic sets. Hence, we hope that the

findings in this paper will help researchers enhance and promote the further study on neutrosophic

topology.
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Abstract: Smarandache introduced and developed the new concept of Neutrosophic set from the
Intuitionistic fuzzy sets. A.A. Salama introduced Neutrosophic topological spaces by using the
Neutrosophic crisp sets. Aim of this paper is we introduce and study the concepts Neutrosophic b
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spaces and its Properties are discussed details.
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1. Introduction

Neutrosophic system plays important role in the fields of Information Systems, Computer
Science, Artificial Intelligence, Applied Mathematics, Mechanics, decision making, Medicine,
Management Science, and Electrical & Electronic, etc,. Topology is a classical subject, as a
generalization topological spaces many type of topological spaces introduced over the year. T Truth,
F -Falsehood, I- Indeterminacy are three component of Neutrosophic sets. Neutrosophic topological
spaces(N-T-S) introduced by Salama [22,23]etal., R.Dhavaseelan[10], Saied Jafari are introduced
Neutrosophic generalized closed sets. Neutrosophic b closed sets are introduced by
C.Maheswari[17] et al.Aim of this paper is we introduce and study about Neutrosophic b
generalized closed sets and Neutrosophic b generalized continuity in Neutrosophic topological
spaces and its properties and Characterization are discussed details.

2. Preliminaries

In this section, we recall needed basic definition and operation of Neutrosophic sets and its
fundamental Results
Definition 2.1 [13] Let X be a non-empty fixed set. A Neutrosophic set J; is a object having the

form
(7; = {< X, l‘lJ*l‘ (X)! O-J; (X)!YJ;(X) >:1x € x}'

Wz (X)-represents the degree of membership function
o7: (x)-represents degree indeterminacy and then

Yg; (x)-represents the degree of non-membership function
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Definition 2.2 [13] Neutrosophic set J; = {< x, My (x), og: (X)'YJ§ (x) >:x€ ¥}, onXand VxeEX

then complement of J; is J{‘C ={< %v5:(),1—-05: (), pg;(x) >:x € X}
Definition 2.3 [13]. Let J; and J, are two Neutrosophic sets, Vx € X

J=1{<x Hgi(x)'ogi(x):ygi(x) >:x € X}
95 = (< %1, 09,055 ()07, 00 i3 € )

Then J; € J, © uJ;(x) < HJ;(X),GJ*{ x) < GJZ(X)&YJ,{(X) > YJ;(X)}
Definition 2.4 [13]. Let X be a non-empty set, and Let J; and J, be two Neutrosophic sets are

J; =1{< x HJ;(X),GJ;(X),YJ;(X) >:x€X}, J,={< x, uJ;(X),GJ;(X),YJ;(X) >:x € X}Then
1. Jing;,={< x Hys ) n ugz(x),cgi(x) n GJE(X),YJ{(X) U YJE(X) >:x € X}

2. J1UJ, ={< x My x)u My (x),cgi xu og; (x),ygi(x) n ygz(x) >:x € X}

Definition 2.5 [23].Let ¥ be non-empty set and ty be the collection of Neutrosophic subsets of X
satisfying the following properties:

1.05, 1y € Ty

2T,NT, €ty forany Ty, T, € Ty

3. UT; € tyforevery {Tj:i €} € 1y

Then the space (¥, ty) is called a Neutrosophic topological space(N-T-S).

The element of ty are called Ne.OS (Neutrosophic open set)

and its complement is Ne.CS(Neutrosophic closed set)

Example 2.6.Let X ={x} and Vx € X

6 5 7
A =(x2, 2,8, = x>, L2
1 ( " 10’ 0’10)/ 2 ( 710’10’ 10
7 5 6
Ay =(X—,— Ay =&—,—,—
3 (’10’10’10) 734 <10;10;10

Then the collection ty = {Oy, A, Ay, Az, Ay 1y} is called aN-T-Son X.
Definition 2.7.Let (X,ty)be aN-T-Sand J; = {< x, Mye (x), 05 (X)'yg’; (x) >:x € ¥} bea

Neutrosophic set in X. Then J; is said to be

1. Neutrosophic b closed set [17] (Ne.bCS) if Ne.cl(Ne.int(J;))nNe.int(Ne.cl(J}))E Ji,

2. Neutrosophic a-closed set [7] (Ne. aCS) if Ne.cl(Ne.int(Ne.cl(J})))< J;,

3. Neutrosophic pre-closed set [25] (Ne.Pre-CS) if Ne.cl(Ne.int(J}))<S J;,

4. Neutrosophic regular closed set [7] (Ne.RCS) if Ne.cl(Ne.int(J;)) = J;,

5. Neutrosophic semi closed set [7] (Ne.SCS) if Ne.int(Ne.cl(J;))E J1,

6. Neutrosophic generalized closed set [10] (Ne.GCS) if Ne.cl(J;)SH whenever J; €H and H

is aNe.OS,
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7. Neutrosophic generalized pre closed set [17] (Ne.GPCS in short) if Ne.Pcl(J;) € H whenever
J; € Hand His aNe.OS,
8. Neutrosophic a generalized closed set [15] (Ne. aGCS in short) if Neu a-cl(J;)SH whenever J;
CHand H isaNe.OS,
9. Neutrosophic generalized semi closed set [24](Ne.GSCS in short) if Ne.Scl(J;)SH whenever
J; €H and His a Ne.OS.
10. Neutrosophic generalized a closed set [11] (Ne. G a CS in short) if Neu a-cl(J;)SH whenever
J; E€Hand H is aNe. aOS.
11. Neutrosophic semi generalized closed set [24](Ne.SGCS in short) if Ne.Scl(J;)SH whenever
J; €H and H is a Ne.SOS.

Definition 2.8.[9] (X, ty)be aN-T-Sand J; = {< x, Iy (x), 05 (x),yg,{ (x) >:x € ¥} bea

Neutrosophic set in X.Then
Neutrosophic closure of J; is Ne.Cl(J;)=n{H:H is a Ne.CSin X and J; €H]}
Neutrosophic interior of J; is Ne.Int(J;)=U{M:M is a Ne.OS in ¥ and Mc J;}.

Definition 2.9. Let (X,ty)be aN-T-Sand J; = {< x, Hye (x), og: (X)'Y(ﬁ (x) >:x € X} bea

Neutrosophic set in X. Then the Neutrosophic b closure of J;( Ne.bcl(J;)in short) and
Neutrosophic b interior of J; (Ne.bint(J]) in short) are defined as

Ne.bint(J;)= U{ G/G is a Ne.bOS in X and GE J;},

Ne.bcl(J7)=N{K/KisaNe.bCSin ¥ and J; €K }.

Proposition 2.10. Let (¥,2V;) be any N-T-S. Let J; and J, be any two Neutrosophic sets in
(%, Ty).Then the Neutrosophic generalized b closure operator satisfy the following properties.
1. Ne.bcl(On)=0On and Ne.bcl(1n) = 1n,

2. J; ENebcl(J}),

3. Ne.bint(J})E Ji,

4.1f J; is a Ne.bCS then J;=Ne.bcl(Ne.bcl(J})),

5. J; € J, =Nebcl(J;) ENe.bcl(J,),

6. J; € J, =Ne.bint(J;)ENe.bint(J).

NEUTROSOPHIC b GENERALIZED CLOSED SETS

In this part we introduce neutrosophicb bG closed sets its properties are discussed.
Definition 3.1.

A Ne. set J; inan NSTS (¥, V;)is called Neutrosophic b generalized CS (briefly Ne.(bG)CS) iff
Ne.bCl(J;)EJ5, whenever J;7SJ; and J; is Ne. (b)OS in X.

Example 3.2.
Let X= {jl, jz}, N={0, J;, 1},isa N.T.on X where J; = (x, (110,130,1%),(1%,%,%0)).
Then the Neutrosophic set J; = (x, (1—70 %, %) , (16—0, %, %))is a Ne.bGCS in X.

Remark 3.3.

A Ne. set J; in a NSTS (X,)V;)is called Ne.(b)generalized open (briefly Ne.(bG)OS) if its
compliment J;“is Ne.(bG)CS.

Theorem 3.4.
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Every Ne.-CS in (¥, NV;)is Ne.(bG)CS.

Proof.

Let Jibe a Ne.CS in NSTS X. Let J;SJ,, where J; is Ne.(b)OS in X. Since J; is Ne.CS it is
Ne.(b)CS and so NeuCl(J;) =Ne.bCl(J;)=7; EJ;.Thus Ne.bCl(J;)=J;. Hence J; is Ne.(bG)CS.
Example 3.5

Let X= {j1' jz}, N={0, J;, 1},isa N.T.on X whereJ; = (X, (10 150 160) (120 o 10)) Then the
Neutrosophic set J; = (x, (10 150 140) (16—0,%,%)) is a Ne.bGCS but not a Ne.CSin X
Theorem 3.6.

Every Ne.(b)CS in (X, V;)is Ne.(bG)CS.

Proof.

Let Jibe a Ne.(b)CS in NSTS X. Let J;SJ;. whereJ;is Ne.(b)OS in ¥X. Since J;is Ne.(b)CS
Ne.bCl(J7) =J1 €J5. Thus Ne.bCl(J;)SJ;.Hence J;is Ne.(bG)CS.
Example 3.7. Let X= {j1’ jz}, N=1{0, J;,1},isaN.T.on ¥

where J; = (x, ( S 4) (8 )) Then the Neutrosophic set J; = (x, (8 > i) (9 > ))15 a

10’10’ 10 10’10’10 10’10’10 10’10’10

Ne.bGCS but not a Ne.bCS in X.

Remark 3.8.

(i).Every Ne. (bG)CS is Ne.(Gb)CS.

(ii). Every Ne.(sG)CS is Ne.(bG)CS.

(iii) Every Ne.(Ga)CS is Ne.(bG)CS.
Example 3.9.

Let X= {jl, jz}, N={0, J;,1},isaN.T.on ¥

where Jj,= (x, ( = 6) (6 )) Then the Neutrosophic set J; = (x, (5 = i) (i = i))

10’10’ 10 10’10’10 10’10’10/’ \10’ 10’ 10

is a Ne.GbCS but not Ne.(bG)CS in ¥
Example 3.10.

Let X={j,, j,}, %=10, J;, 1},isaN.T.on X where J; = (x (%, 2,2), (3,2, 1)),

10’10’10/’ \10’ 10" 10

Then the Neutrosophic set J; = (x, (i 2 l) (4 ))15 a Ne.bGCS in ¥ is not Ne.(sG)-CS

10’10’10 10’10’ 10

Diagram:1
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Ne-GaCS 5 Ne-aGCS

Ne-PCS » Ne-GPCS

Ne-CS ——pNe-aCS \t Ne-

bCS —» Ne-bGCS ——p Ne-GbCS

v

Ne-SCS ——»Ne-SGCS —» Ne

Theorem 3.11.

A Ne. set J; of aNSTS (%, V;)is called Ne.(bG)OSiffJ;SNe.bint (J;), whenever J; is Ne.(b)CS and
J:<31-

Proof.

Suppose Jjis Ne.(bG)OS in X. Then J;‘is Ne.(bG)CS in X.Let J; be a Ne.(b)CS in X such that
J3<J;. Then J;°€J,°,d, s Ne.(b)OS in X. Since J;“is Ne.(bG)CS, Ne.bCl(J;") €J,°,which implies
(Ne.bInt(J;) S, . Thus J;SNe.blnt(J;).

Conversely, assume that J; ENe.bint( J; ), whenever J; € J; and J; isNe.(b)CS in X. Then
(Ne.bInt(J;)¢SJ; SJ;, where J; is Ne.(b)OS in X. Hence Ne.bCl(J;“)EJ3, which implies J;“is
Ne.(bG)CS.Therefore J;is Ne.(bG)OS.

Theorem 3.12.

If g7 is Ne.(bG)CSin (¥, 2;) and J;<SJ;SNe.bCl(J;), then J; is Ne.(bG)CS in (¥, ;).

Proof.

LetJ; be Ne.(b)-OS in ¥such that J;<J;., then J;SJ;. Since J;iis a Ne.(bG)CS in %, it follows that
Ne.bCl(J;)€J;. Now J;ENe.bCl(J;) implies Ne.bCl(J;) ENe.bCl(Ne.bCl(J;7)) = Ne.bCl(J;). Thus
Ne.bCl(J;)EJ3. Hence J;is Ne.(bG)CS in X.

Theorem 3.13.

If J; is Ne.(bG)OS in (¥, N;)and Ne.bint(J;) €J;SJithen J; is Ne.(bG)-OS in (X, V).

Proof.

Let Ji be Ne.(bG)OS and J;be any Ne. set in ¥such that Ne.blnt(J;)EJ;EJ;. Then J;Cis
Ne.(bG)CS and J;°SJ;, SNe.bCl(J;°). Then J;°is Ne.(bG)CS.Hence J;is Ne.(bG)OS of X.
Theorem 3.14.

Finite intersection of Ne.(bG)CSs is a Ne.(bG)CS.

Proof.

LetJrand J;be Ne.(bG)CSsin X. Let FSJ; N J5, where Fis Ne.(b)CSin X. Then FSJyand
FEJ;.Since Jiand J;are Ne.(bG)CSs, FEJ;= Ne.blnt(J;) and FEJ>= Ne.bInt(J;), which implies
FS(Ne.bint(J;)N(Ne.bInt(J;)). Hence FSNe.bInt(J; N J;). Therefore J; N J;Ne.(bG)CS in X.
Theorem 3.15.

A finite union of Ne.(bG)OS is a Ne.(bG)OS.

Proof.
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Let Jjand J;be Ne.(bG)OS in X. Let J; U J,S &, where is Ne.(b)OS in X. Then J;<S For

J;€ &.Since Jrand Jsare Ne.(bG)OS,Ne.bCl(J7)=J;iE & or Ne.bCl(J3)=7;E &, which implies
Ne.bCl(J7)UNe.bCl(J;)<S §. Hence Ne.bCl(J; U J5)E &. Therefore J; U J;Ne.(bG)OS in X.
However, union of two Ne.(bG)CSs need not be a Ne.(bG)CSas shown in the following example.
Example 3.16.

Let X= {j1' jz}, N,={0, J;, 1},isaN.T.on X

Where J; = (x, (i 2 i) (E,i,i)).

10”10”10/ \10” 10" 10
: 9 8 5 2
Then Neutrosophic set J1 (x (10 o’ 10) (10’10‘ 10)>’
7
= (x, (; o 5) (E T E))IS aare Ne.bGCSs but J] U J, is nota Ne.bGCSin ¥,

Theorem 3.17.

If J; is Ne.(b)OSin (¥%,V;) and Ne.(bG)CS, then J; is Ne.(b)CSin (¥,MV;) .

Proof.

Let Jibe Ne.(b)OS and Ne.(bG)CS in X. For J;EJ;, by definition Ne.bCl(J;)EJ; .

But J;ENe.bCl(J7),which implies J;=Ne.bCl(J;).Hence J;iis Ne.(b)CSin X.

Definition 3.18.

A NSTS (¥%,V;) is called a Neutrosophic bT12 space (in short Ne.(b)T*12 space) if every Ne.(bG)CS in
X is Ne.-CS.

Definition 3.19.

A NSTS (%, V;)is called a Neutrosophic bT12 space (in short Ne.Tizspace ) if every Ne.(bG)CS in X
is Ne.(b)CS.

Theorem 3.20.

A NSTS (%, NV;)is Ne.(b)T12 space iff every Ne. set in (¥, V;)is both Ne.(b)OS and Ne.(bG)OS

Proof.

LetXbe Ne.(b)Tizspace and let Jjbe Ne.(bG)OS in X. Then J;“is Ne.(bG)CS X. By definition
allNe.(bG)CS in Xis Ne.(b)CS, so J;is Ne.(b)CS and hence Jjis Ne.(b)OS in X.

Conversely, letJ;be Ne.(bG)CS. Then J;‘is Ne.(bG)OS which implies J; isNe.(b)OS. Hence J;is
Ne.(b)CS. Every Ne.(bG)CS in Xis Ne.(b)CS.Therefore Xis Ne.(b)T12space.

Theorem 3.21.

A NSTS (%, ;)is Ne.(b)T12 space iff every Ne. setin (¥, NV;)is both Ne.OS and Ne.(bG)OS.

Remark 3.22.

ANSTS (X,M;) is

(i) Ne.(b)Tizspace if every Ne.(bG)OS in X is Ne.(b)OS.

(ii) Ne.(b)T*12space if VNe.(Gb)OSin ¥ is Ne-open.

Remark 3.23.

In a NSTS ((%, NV;)

(i) Every Ne.Tizspace is Ne.(b)Ti2

(ii) Every Ne.(b)Ti2 space is Ne.(Gb)Ti2

(iii) Every Ne.(b)T12 space is Ne.(Gb)T12
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4. Ne.(bG)-Continuous and Ne.(Gb)-closed mappings

In this section, Neutrosophic bg-CTS maps, Neutrosophic bg-irresolute maps, and Neutrosophic bg-
homeomorphism in Neutrosophic topological spaces are introduced and studied.

Definition 4.1.

A mapping 0:(X,V;) — (9,N;) is said to be Neutrosophic b generalized Continuous
(Ne.(bG)-CTS), if ¢7*(J;) is Ne.(bG)CS in X, for every Neutrosophic-CS J; in 9.

Theorem 4.2.

0: (X, ;) — (9, V,)isNe.(bG)-CTS iff the inverse image of each NSOS in ¥ is Ne.(bG)OS in X.
Proof.

Let J;be a Ne.(bG)OS in 9. Then J;Eis Ne.(bG)CS in 9. Since @ is Ne.(bG)-CTS o* (J;C) =
(07(J%) )¢is Ne.(bG)CS in X.Thus o '(J;) is Ne.(bG)OS in X.

Converse, is obvious.

Theorem 4.3.

Every Ne.-CTS map is Ne.(bG)-CTS.

Proof.

Let 0: (X, V,) — (9, N,) be Ne.-CTS function. Let J; be a Ne. OS in 9. Since ¢ is Ne.-CTS, o~ !

OS inX. Mean while each Ne.OS is Ne.(bG)OS, ¢! is Ne.(bG)OS in ¥.Therefore o is Ne.(bG)-CTS.
Example 4.4.

Let X= {j1' j2}= P, N=1{0, J;, 1},isa N.T.on ¥ N,={0, J5, 1} on 9,then Then the Neutrosophic sets

Gi=w(55n) Gen)
10’10’10 10’10’ 10/""

Js> = (%, ( 3) (6 ))1saNebGCSm%

10’ 10 10 10’10’ 10

Identity mapping o: (X, N;) — (9, N;) ois Ne.(Gb)-CTS but not Ne.-CTS

Definition 4.5

A mapping 0:(X,N;) — (9,NN;) is said to be Neutrosophic b-generalized irresolute (briefly
Ne.(bG)-irresolute), if 0~1(J;) is Ne.(bG)CS set in %, for each Ne.(bG) CS J; in 9.

Theorem 4.6.

Every Ne.(bG)-irresolute map is Ne.(bG)-CTS.

Proof.

Let 0:X — 9 be Ne.(bG)-irresolute and let Jybe Ne.-CS in 9. Since every Ne.-CS is Also
Ne.(bG)CS, J; is Ne.(bG)CS in 9. Since g:X — 9 is Ne.(bG)-irresolute, o~ (J;) is Ne.(bG)CS.
Thus inverse image of every Ne.CS in 9 is Ne.(bG)CS in X. Therefore the function g:X — 9 is
Ne.(bG)-CTS. The converse is not true.

Example 4.7.

Let X= {jl, ]2 P, N;={0, J;, 1},isaN.T.on X N,={0, J;, 1} on Y, then

Then the Neutrosophlc sets

Ji =, (E "10’ %) (10 10’ 10)) andg; = (10 150 130) (%'1_60'1_70)) )
Then Identity mapping o: (X, ;) — (9, N,,)

We have J; = (x, ( s 9) (i . —)) is a Ne.(bG)-CTS maps but not Ne.(bG)-irresolute maps.

10’10’ 10 10’10’ 10

Theorem 4.8.
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Every Ne.(bG)- CTS map is Ne.(Gb) -CTS.

Proof.

Clear from the fact that Ne.(bG)CS is Ne.(Gb)CS.

Theorem 4.9.

Let 0: X — 9, {:9 — 3be two mappings. Then

(i) Cep is Ne.(bG)-CTS, if g is Ne.(bG)-CTS and C is Ne.-CTS.

(ii) Cop is Ne.(bG)- irresolute, if ¢ and C are Ne.(bG)- irresolute.

(iii) Cop is Ne.(bG)-CTS if g is Ne.(bG)-irresolute and C is Ne.(bG)-CTS.

Proof.

(i)Let Js;be Ne.CSin 3. Since : 9 — 3is Neutrosophic CTS, by definition {~%(J;) is Ne.CS of 9.
Now g: X — 9is Ne.(bG)-CTS so 0~ 1(¢"(J3)) =T ° @)~*(J;) is Ne.(bG)CS in X. Hence (o@: ¥ — 3is
Ne.(bG)-CTS.

(ii) Let £:9 — 3be Ne.(bG)-irresolute and let J;be Ne.(bG)CS subset in 3. Since Cis
Ne.(bG)-irresolute by definition, {"!(J;) is Ne.(bG)CS in 9. Also o: ¥ — 9is Ne.(bG)-irresolute, so
0 (H(T3) =(T o @) 1(J3) is Ne.(bG)CS. Thus o g:X — 3is Ne.(bG)-irresolute.

(iii) Let J;be Ne.(b)-CS in 3. Since (:9 — 3is Ne.(bG)-CTS, ¢~ 1(J;) is Ne.(bG)CS in 9. Also ¢: ¥ —
9is Ne.(bG)-irresolute, so every Ne.(bG)CS in 9 is Ne.(bG)CS in X. Hence o ¢ (J3)) = (o
0)"}(H) is Ne.(bG)CS in X. Thus {° @: ¥ — 3 is Ne.(bG)-irresolute.

Theorem 4.11.

If o: (X, V;) — (9,%;) is Ne.(b)*-CTS and C:( 9, N;)— (3, Ny) is Ne.(bG)-CTS

then To o: (X,V;) —(3, Ny)is Ne.(bG)CTS if 9 is Ne.(b)T12-space.

Proof.

Suppose Jiis Ne.(b)-CS subset of 3. Since {:9) — 3 is Ne.(bG)CTS ¢ _1((7;) is Ne.(bG)CS subset of
9. Now since 9 is Ne.(b)Ti2-space, ~1(J3) is Ne.(b)-CS subset of 9. Also since g: X — 9 is
Ne.(b)*-CTS o *(¢"1(J3)) =(T o 0)"(J3) is Ne.(b)-CS. Thus Lo g : X — 3 is Ne.(bG)-CTS.

Theorem 4.12.

Let o: (X, ;) — (9, NV, )be Ne.(bG)-CTS. Then g is Ne.(b)-CTS if X is Ne.(b)T12space.

Proof.

Let J; be Ne.-CS in 9). Since ¢: ¥ — 9is Ne.(bG)CTS, ¢! (J5) is Ne.(bG)CS subset in X. Since X is
Ne.(b)T12space, by hypothesis every Ne.(bG)CS is Ne.(b)-CS . Hence @~* (J7) is Ne.(b)CS subset in
X. Therefore p: X — 9 is Ne.(b)-CTS.

Theorem 4.13.

Let 0: (X, ;) — (2, V) be onto Ne.(bG)-irresolute and Ne. b*CS. If X is Ne.(b)Ti2-space, then

(9, N;) is Ne.(b)T12-space.

Proof.

Let J; be a Ne.(bG)CS in 9. Since o: ¥ — 9is Ne.(bG)irresolute,0™* (J;) is Ne.(bG)CS in X. As X
is Ne.(b)Tiz-space, 0 *(J;) is Ne.(b)CS in X. Also o: ¥ — 9 is Ne. b*CS, o(™*(J;)) is Ne.(b)CS in
9). Since g: X — 9is onto, o0 *(J;)) =J;. Thus J;is Ne.(b)CS in 9. Hence(9), NV,)is also
Ne.(b)T12-space.

Theorem 4.14.
Let o: (X,V;) — (9, N,) be Ne.(bG)-CTS and C :(9, N,) —(3,N5) be Ne.g-CTS. Then (oo is
Ne.(bG)- CTS if 9 is Ne. T2 space.

Proof.
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Let J; be Ne.-CSin 3. Since C is Ne.g-CTS, (_1(J1*) is Ne.g-CSin 9. But 9is Ne.Ti2space and so
{"'(J7) is Ne.-CSin 9. Since g is Ne.(bG)-CTS ¢~ (¢"!(J7)) = (> @) 7' (J}) is Ne.(bG)CS in X. Hence
(oo Ne.(bG)-CTS.

Theorem 4.15.

If the bijective map g: (X, NV;) — (9, V,) is Ne.(b)*-open and Ne.(b)-irresolute, then o: (¥, N;) —
(9, N;) is Ne.(bG)-irresolute.

Proof.

Let J; be aNe.(bG)CSin 9 and let o~ 1(J;) SJswhere Jiis a Ne.(b)OS in X. Clearly, J;<o(J5).
Since g: X — 9is Ne.(b)*-open map, o(J,) is Ne.(b)-openin 9 and J; is Ne.(bG)CS in 9.Then
Ne.bCl(J;)So(J;), and thus o~ }(Ne.bCl(J;))SJ;. Also g: ¥ — 9 irresolute and Ne.bCl(J;) is a
Ne.(b)-CS in 9, then ¢~'(Ne.bCl(J;)) is Ne.(b)CS in . Thus Ne.bCl(e™" (J;))SNe.bCl(™'Ne.
bCl(J;)))SJ;. So @ 1(J;) is Ne.(bG)CS in ¥. Hence o: ¥ — 9is Ne.(bG)-irresolute map.

Definition 4.16.

A mapping o: (X, V;) — (2, NV )is said to be Neutrosophic bg-open (briefly Ne.(bG)OS) if the image
of every Ne.-OS in ¥%, is Ne.(bG)OS in ).

Definition 4.17.

A mapping o: (X, V;) — (2, NV;)is said to be Neutrosophic bg-CS (briefly Ne.(bG)CS) if the image of
every Ne.CS in X is Ne.(bG)CSin 9.

Definition 4.18.

A mapping o: (%, V;) — (9,N;) is said to be Neutrosophic bg*-open (briefly Ne.(bG)*-OS) if the
image of every Ne.(bG)OS in X is Ne.(bG)OSin 9.

Definition 4.19.

A mapping o: (¥, V;) — (9, N;)is said to be Neutrosophic bg-CS (briefly Ne.(bG)*-CS) if the image
of every Ne.(bG)CS in X is Ne.(bG)CSin 9.

Remark 4.20.

(i)Every Ne.(bG)*-CS mapping is Ne.(bG)CS.

(ii)Every Ne.(bG)*-CS mapping is Ne.(Gb)* -CS.

Theorem 4.23.

If o: (X, V) — (9,,)) is Ne.CS and C :(9, N,;) —(3,N5) is Ne.(bG)CS, then o o is Ne.(bG)CS.
Proof.

Let J; beaNe.CS in X. Then o(J;) is Ne.CSin 9. Since C :(9, NV,) —(3,N5)is Ne.(bG)CS, L(o(J7)) =
(C o 0)(J;7) is Ne.(bG)CS in 3. Therefore (o p is Ne.(bG)CS.

Theorem 4.24.

If o: (X,V;) — (9, ;) is a Ne.(bG)CS map and 9 is Ne.(b)T12 space, then g is a Ne.-CS.

Proof.

Let J; be aNe.CSin X. Then o(J7) is Ne.(Gb)-CS in 9,since gis Ne.(Gb)CS. Again since 9 is
Ne.(b)T1zspace, o(J7) is Ne.-CSin 9. Hence o: (X, V;) — (9, N, )is a o-CS.

Theorem 4.25.

If o: (X,V;) — (9, %) is a Ne.(bG)CS map and 9 is Ne.(b)Ti2space, then g is a Ne.(b)-CS map.
Theorem 4.26.

A mapping o: (X, V;) — (9, %;) is Ne.(bG)CS iff for each Ne. set J; in 9 and Ne.OS J; such that
0 1 (J;) €73, there is a Ne.(bG)OSJ; of 9 such that J;€Js and o *(J3)SJs.

Proof.
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Suppose ¢ is Ne.(bG)CS map. Let J; be a Ne. set of §,and J;be an Ne.OS of X, such that
0 HJH)ET;. Then J3=(J3%)¢is a Ne.(bG)OS in § such that J;SJsand o~ (J3)ST;.

Conversely, suppose that & is a Ne.CS ofX. Then o ' ((o (¥)°)cF’, and §°, is Ne.OS. By
hypothesis, there is a Ne.(bG)OS J; of 9 such that (o (F))°SJsand o '(J;) S&. Therefore

%Q(g_l(ﬂg))cHence Ji¢ QQ(J;)QQ(Q_l(J;))C € J;°, which implies o(¥) = J;°. Since J;is

Ne.(bG)CS, o( &) is Ne.(bG)CS and thus g is a Ne.(bG)CS map.

Theorem 4.27.

If o: (X, V,) — (9,N,) and C:(9, NU) —(3,Ns) are Ne.(bG)CS maps and 9 is Ne.(b)T12 space,
then (o g:X — 3 is Ne.(bG)CS.

Proof.Let J; be a Ne.-CSin X. Since o: (X,V;) — (9, N;)is Ne.(bG)CS, o(J;) is Ne.(bG)CS in §.
Now & is Ne.(b)Tizspace, so o(J1) is Ne.-CSin §. Also L: 9 — 3 is Ne.(bG)CS, C(o(J7)) = (G o
0)((J7) is Ne.(bG)CS in 3. Therefore {o g is Ne.(bG)CS.

Theorem 4.28.If J; is Ne.(bG)CSin X and ¢:X — 9 is bijective, Ne.(b)-irresolute and Ne.(bG)CS,
then o(J7) is Ne.(bG)CS in 9.

Proof.

Let o(J;)SJ; where Jiis Ne.(b)OS in . Since g is Ne.(b)irresolute, 0~ *(J3) is Ne.(b)OS containing
Ji. Hence Ne.bCl(J;)So ™ (J3) as Ji is Ne.(bG)CS. Since o is Ne.(bG)CS, o(Ne.bCl(J;)) is
Ne.(bG)CS contained in the Ne.(b)OS 75, which implies Ne.bCl(o(Ne.bCl(J;))) EJ>and hence
Ne.bCl(o(J7))ET5- So o(J;) is Ne.(bG)CS in §.

Theorem 4.29.

If o: (X, V) — (9,N,) is Ne.(bG)CS and ( :(9, V,) —(3,N)is Ne.(bG)*-CS, then o @ is Ne.(bG)
-CS.

Proof.Let J; be Ne.CSin X. Then o(J;) is Ne.(bG)CS in 9.Since C:(9,N,) —(3,2V5)is Ne.(bG)*-CS.
Thus C(e(J7)) = (T ° 0)(J7) is Ne.(bG)CS in 3. Therefore { o @ is Ne.(bG)CS.If o: (X, N;) —

(®, Ny)and C:(9, NV,) —(3,V) are Ne.(bG)*CS maps, then o o: X — 3 is Ne.(bG)* CS.
Theorem 4.30.

Let 0: (X, NV,) — (9, N,), {:(9, NV,) —(3,Ns)be two maps such that {0 g: ¥ — 3 is Ne.(bG)CS.
(i) If @ is Ne.-CTS and surjective, then C is Ne.(bG)CS.

(ii) If Cis Ne.(bG)-irresolute and injective, then g is Ne.(bG)CS.

Proof.

(i). Let § be Ne.CSin 9. Then o *(F)is Ne.CSin X,as pis Ne.-CTS. Since o g is Ne.(bG)CS map
and gis surjective,({° @)(0” (%)) = {(F) is Ne.(bG)CS in 3. Hence (9 — 3 is Ne.(bG)CS.

(ii).Let & be a Ne. CSin X. Then ({ ¢ @)( &) is Ne.(bG)CS in 3. Since C is Ne.(bG)-irresolute and
injective T o 0)(F) = 0o(F) is Ne.(bG)CS in 9. Hence g is a Ne.(bG)CS.

Theorem 4.31.

Let 0: (X, V,) — (9, N,), C:(D, Na) — (3, s)be two maps such that (oo : ¥ — 3 is Ne.(bG)*CS
map.

(i) If ¢ is Ne.(bG)-CTS and surjective, then C is Ne.(bG)CS.

(ii) If Cis Ne.(bG)-irresolute and injective, then g is Ne.(bG)*-CS.

Theorem 4.32.Let ¢: (X,V;) — (9, N,) then the following statements are equivalent

(i) o is Ne.(bG)-irresolute.

(ii) for every Ne.(bG)CS J; in 9,0~ '(J;) is Ne.(bG)CS in X.
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Proof.(i)= (ii)Obvious.

(ii)=(i) Let Jjis a Ne.(bG)CS in 9 which implies J;°, is Ne.(bG)OS in 9. 0 (J;°) is Ne.(bG)-open
in ¥ implies o~ '(J;)is Ne.(bG)CS in ¥.Hence g is Ne.(bG)-irresolute.
Neutrosophic bg- homeomorphism and Neutrosophic bg*-homeomorphism are defined as follows.
Definition 4.33.
A mapping o: (%, V;) — (9, N;)is called Neutrosophic bg-homeomorphism (briefly
Ne.(b)-homeomorphism) if ¢ and 0! are Ne.(bG)CTS.
Definition 4.34.
A mapping o: (X, V;) — (9, NV, )is called Neutrosophic bg*-homeomorphism (briefly
Ne.(bG)*-homeomorphism) if ¢ and o 'are Ne.(bG)irresolute.
Theorem 4.35.
Every Ne.-homeomorphismis Ne.(bG)-homeomorphism.
The converse of the above theorem need not be true as seen from the following example.
Example 4.36.
Let X={j,, j,1=9, V;={0, J;, 1}, isaN.T.on X N;={0, J;, 1} on 9,
Then Neutrosophic sets
9i = & (55r35730) (v 5730))

33 = & (5035035) Goriorsa)) - and 25 = 0 (5.55.55) - (o g )
Define mapping o: (X, V;) — (9, ;) by o(j,)=J, and e(j,) = j,
Then g is Ne.(bG)-homeomorphism but not Ne.-homeomorphism
Theorem 4.37.
Every Ne.(bG)*-homeomorphism is Ne.(bG)- homeomorphism.
Proof.
Let 0: (X,V;) — (9,,) be Ne.(Gb)*-homeomorphism. Then o and o' are Ne.(bG)-irresolute
mappings. By theorem 4.7 ¢ and o' are Ne.(bG)-CTS. Hence o:(X,N,) — (9,,) is
Ne.(bG)-homeomorphism.
Theorem 4.38.
If o: (%X, V) — (9, V,)is Ne.(bG)-homeomorphism and
C:(9,7,) —(3,N) is Ne.(bG)-homeomorphism and 9 is Ne.(b)Ti2 space,

then (o o: X — 3 is Ne.(bG)-homeomorphism.
Proof.
To show that {o@ and ({og@) 'are Ne.(bG)- CTS. Let Jibe a Ne.OS in 3. Since (: 9 — 3Jis
Ne.(bG)- CTS, {7*(J;) is Ne.(bG)open in 9. Then {~*(J;) is a Ne.-open in Yas 9 is Ne.(b)Ti2
space. Also since @ :¥ — 9 is Ne.(bG)- CTS, o~ ({"'(J;)) = {0 @)~ (J;) is Ne.(bG)-open in X.
Therefore (o g is Ne.(bG) CTS. Again, let J; be a Ne.OS in X. Since o™' 1 9 — X is Ne.(bG)- CTS,
(e™H7ID)) = o(Jy) is Ne.(bG)OS in 9. And so g(J;) is Ne.-open in 9 since 9 is Ne.(b)T12space.
Also since {":3 — 9 is Ne.(bG)-CTS, ({7)7*(a(J7)) = L(e(d1)) = (€ )(Ji) is Ne.(bG)-open in 3.
Therefore ((To ) ™) Y(J;) = (T 0)(J;) is Ne.(bG)OS in 3. Hence ({° @)~! is Ne.(bG) - CTS. Thus
(o g is Ne.(bG) - homeomorphism.
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Abstract: Neutrosophic graphs are employed as a mathematical key to hold an imprecise and
unspecified data. Vague sets gives more intuitive graphical notation of vague information, that
delicates crucially better analysis in data relationships, incompleteness and similarity measures. In
this paper, the neutrosophic vague line graphs are introduced. The necessary and sufficient
condition for a line graph to be neutrosophic vague line graph is provided. Further, homomorphism,
weak vertex and weak line isomorphism are discussed. The given results are illustrated with

suitable example.

Keywords: Neutrosophic vague line graph, Weak isomorphism of neutrosophic vague line graph,

Homomorphism.

1. Introduction

The line graph, L(G), of a graph G is the intersection graph of the set of lines of G. Hence
the vertices of L(G) are the lines of G with two vertices of L(G) adjacent whenever the
corresponding lines of G are adjacent [20]. Vague sets are denoted as a higher-order fuzzy sets
which develops the solution process are more complex to obtain the results more accurate than
fuzzy but not affecting the complexity on computation time/volume and memory space. Can we see
an example, suppose there are 10 patients to check a pandemic during testing. In which, there are
four patients having positive, five will have negative and one is undecided or yet to come. In the
view of neutrosophic concepts, the mathematical form is represented as x(0.4,0.1,0.5). Thus it is
clear that, the neutrosophic field arises to hold the indeterminacy data. It generalizes the fuzzy sets
and intuitionistic sets from the philosophical viewpoint. The single-valued neutrosophic set is the
generalisation of intuitionistic fuzzy sets and is used expediently to deal with real-world problems,
especially in decision support [1, 2, 3]. The computation of believe in that element (truth), the
disbelieve in that element (falsehood) and the indeterminacy part of that element with the sum of
these three components are strictly less than 1. The neutrosophic set is introduced by the author
Smarandache in order to use the inconsistent and indeterminate information, and has been studied
extensively (see [28]-[33]). In the definition of neutrosophic set, the indeterminacy value is quantified

explicitly and truth-membership, indeterminacy-membership and false-membership are defined
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completely independent with the sum of these values lies between 0 and 3. Neutrosophic set and
related notions paid attention by the researchers in many weird domains. The combination of
neutrosophic set and vague set are introduced by Alkhazaleh in 2015 [6]. Single valued neutrosophic
graph are established in [11, 12].

The neutrosophic graph is efficiently model the inconsistent information about any real-life
problem. Some types of neutrosophic graphs and co-neutrosophic graphs are discussed in [16].
Intuitionistic bipolar neutrosophic set and its application to graphs are established in [25]. Al-Quran
and Hassan in [5] introduced a combination of neutrosophic vague set and soft expert set to
improving the reason-ability of decision making in real life application. Neutrosophic vague graphs
are investigated in [24]. Comparative study of regular and (highly) irregular vague graphs with
applications are obtained in [13]. Furthermore, some properties of degree of vague graphs,
domination number and regularity properties of vague graphs are established by the author
Borzooei in [7, 8, 9]. Neutrosophic vague set theory was extensively studied in [6]. The concept of a
single-valued neutrosophic line graph of a single-valued neutrosophic graph is introduced by the
authors in [21]. In which, a necessary and sufficient condition for a single-valued neutrosophic graph
to be isomorphic to its corresponding single-valued neutrosophic line graph. Further, some
remarkable properties of strong neutrosophic vague graphs, complete neutrosophic vague graphs
and self-complementary neutrosophic vague graphs are investigated in [24]. Moreover, Cartesian
product, lexicographic product, cross product, strong product and composition of neutrosophic
vague graphs are investigated in [22]. As far, there exists no research work on the concept of
neutrosophic vague line graphs until now. In order to fill this gap in the literature and motivated by
papers [6, 21, 24], we put forward a new idea concerning the neutrosophic vague line graphs. The
main contributions of this paper are as follows:

* Neutrosophic Vague Line Graphs (NVLGs) are introduced and explained with an
example. The obtained neutrosophic vague line graph L(G) is a strong neutrosophic vague graph.

® The necessary and sufficient condition for a line graph to be NVLG is formulated with
supporting proofs.

* Furthermore, the results of homomorphism, weak vertex and weak line isomorphism
are developed.

The manuscript is organised as follows: The basic definitions and example which are
essential for the main results are given in Section 2. The necessary and sufficient condition of NVLG
are provided and also the definition of NVLGs, homomorphism and weak isomorphism are given in

Section 3. Finally, a conclusion is provided.

2 Preliminaries

In this section, basic definitions and example are given.
Definition 2.1 [34] A vague set A on a non empty set X is a pair (Ty, Fy), where Ty: X — [0,1] and
Fp: X > [0,1] are true membership and false membership functions, respectively, such that

0 <Ta(x)+ Fa(x) <1 forany x € X.
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Let X and Y be two non-empty sets. A vague relation R of X to Y is a vague set R on
X XY thatis R = (Tg, Fg), where Tr: X XY — [0,1], Fg: X X Y - [0,1] and satisfy the condition:
0 < Tr(x,y) + Fr(x,y) <1 forany x,y € X.

Definition 2.2 [7] Let G* = (V, E) be a graph. A pair G = (J, K) is called a vague graph on G*, where ] =
(T, Fy) is a vague set on 'V and K = (T, Fx) is a vague set on E S V X V such that for each xy € E,
Ty (xy) < min(Ty(x), Ty(»)) and Fy(xy) > max(Fj(x), ()
Definition 2.3 [28] A Neutrosophic set A is contained in another neutrosophic set B, (i.e) A S B if Vx €
X, Ty(x) < Tg(x), I4(x) = Ig(x)and Fy(x) = Fg(x).
Definition 2.4 [14, 28] Let X be a space of points (objects), with generic elements in X denoted by x. A
single wvalued neutrosophic set A in X is characterised by truth-membership function Ty (x),
indeterminacy-membership function I(x) and falsity-membership-function Fg(x),
For each point x in X, Ty(x), Fa(x),Ia(x) € [0,1]. Also A = {x, Ta(x), Fa(x),I4(x)} and
0 < Ta(x) +14(x) + Fa(x) < 3.
Definition 2.5 [4, 12] A neutrosophic graph is defined as a pair G* = (V,E) where
(i) V={vy,v,,..,v,} such that T;:V - [0,1], [;:V - [0,1] and F;:V = [0,1] denote the
degree of truth-membership function, indeterminacy-function and falsity-membership function,
respectively, and
0<Ti(W)+L(w)+F,(v) <3
(ii) E € VXV where T,:E - [0,1], I,:E - [0,1] and F,:E — [0,1] are such that
T, (uv) < min{T; (w), T; (v)},
L (wv) < min{l (W), 1 (v)},
Fy(uv) < max{F; (w), F;(v)},
and 0 < Ty (uv) + L (uv) + F,(uv) < 3, Yuv € E.
Definition 2.6 [6] A neutrosophic vague set Ayy (NVS in short) on the universe of discourse X be written as
Ay = {(x, Tapy (0, Inpy (%), Eay, (%)), x € X}, whose truth-membership, indeterminacy-membership
and falsity-membership function is defined as
Tapy () = [T, T* ()], fay, () = [I7(0), I* () ]andFyy, (x) = [F~(x), F* ()],
where TY*(x) =1—-F (x),Ff(x) =1-T"(x),and 0 < T (x)+ 1 (x)+ F (x) < 2.
Definition 2.7 [6] The complement of NVS Ayy is denoted by Agy, and it is given by
Tiny ) =[1=T*(),1 =T~ ()],
[y =[1-1"(0)1 - 1" (x)],
Finy () = [1 = F*(x),1 = F~(x)].
Definition 2.8 [6] Let Ayy and Byy be two NVSs of the universe U. If for all u; € U,
Tany W) < Ty, (W), Iay, (W) = Iy, (u), Fay, (W) = Fg,,, (),
then the NVS, Ay are included in By, denoted by Ay, € By, where 1 <i < n.
Definition 2.9 [6] The union of two NVSs Ayy and Byy is a NVSs, Cyy, written as Cyy = Ayy U Byy,
whose truth-membership function, indeterminacy-membership function and false-membership function are
related to those of Ayy and Byy by
Tepy (6) = [max(Tg,, (%), Ty, (), max(Tg,, (x), Tg,, ()]
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Teyy (%) = [min(lg,, (), Igy, (%)), min(z, (%), I5,, ()]

Fepy () = [min(Fgy, (), Fg, (), min(Fg, (), Fgy, ().
Definition 2.10 [6] The intersection of two NVSs, Ay and Byy is a NVSs Cyy, written as Cyy = Ayy N
Byy, whose truth-membership function, indeterminacy-membership function and false-membership function
are related to those of Ayy and Byy by

Ty () = [min(T,, (), Ty, GO, min(T,, (), Ty, ()]

Ty () = [max(Ij, (), Iy, (), max(If, (), Iy, ()]

Py () = [max(Fi, (), Fizyy, (), max(Fif, (), Fi, ()]
Definition 2.11 [24] Let G* = (R,S) be a graph. A pair G = (A, B) is called a neutrosophic vague graph
(NVG) on G* or a neutrosophic vague graph where A = (Ty, Iy, Fy) is a neutrosophic vague set on R and
B = (T, Iy, F) is a neutrosophic vague set S € R X R where

(1) R ={vy,v,,...,v,} such that T{:R - [0,1],I5: R = [0,1], F;: R — [0,1] which satisfies the
condition Fy = [1—T4]

Ta:R - [0,1],15: R - [0,1], Ff: R - [0,1] which satisfying the condition F§ = [1 —Tj4]
denotes the degree of truth membership function, indeterminacy membership and falsity
membership of the element v; € R, and

0<Ty) +Ix(w) +Fy(v) <2
0<Tf(w)+1i(w) +Fi(w) <2
(2) S € Rx R where
Ts:RxR - [0,1], Iz:Rx R - [0,1], F5: R x R - [0,1]
T RxR - [0,1], If:RxR - [0,1], Fi:Rx R - [0,1]
represents the degree of truth membership function, indeterminacy membership and falsity
membership of the element v;, v; € S, respectively and such that,
0 < Tg (vivj) + I (v;v)) + Fg (v;vj) < 2
0 < Ty (viv)) + I (vv)) + Fg (v;v)) < 2,
such that
Tg (vivy) < min{Ty (v;), Ty (v)}
Ig (vivy) < min{ly (vy), Iy (v))}
Fg (vivy) < max{Fy (v;), Fy (v;)},
and similarly
Tg (vivy) < min{Ty (v;), T4 (v))}
Ig (vivy) < min{Ig (vy), 14 (v))}
Fg (v;ivy) < max{F{ (v), Fy (v))}.
3 Neutrosophic Vague Line Graphs
In this section, the necessary and sufficient condition of NVLGs are provided. The
definition of NVLGs, homomorphism and weak isomorphism are given.
Definition 3.1 Let A(D) = (D, S) be an intersection graph G = (V,E) andlet G = (Hy, K;) bea NVG with
underlying set V. A NVG of A(D) is a pair (Hy,K;), where Hy = (Tyr,, If,, Fif,, Tir, I, Fir,) and K, =
(T,?Z, I,’gz, F,j’z, Tk, Ik, Fi,) are NVSs of D and S, respectively, such that
Tit, (D)) = T, (vi), I, (D)) = I, (vy), Fif, (D) = Fif, (vy),
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T, (Di) = Ty, (v, 1n,(Dy) = Iy, (v), Fy,(D;) = Fy, (vy),
for all D;, D; € D.
Tx,(DiDy) = Ty, (vivy), I, (D D) = I, (vivy), F, (D;D;) = F¢, (vivy),
Tk, (D;Dy) = Ty, (vivy), Ik, (DiDy) = I, (vivy), F, (DiD;) = Fg, (vivy)
for all D;D; € S.
That is, any NVG of intersection graph A(D) is also a neutrosophic vague intersection graph of G.
Definition 3.2 Let L(G) = (M, N) be a line graph of a graph G = (V,E). ANVLG of a NVG G = (Hy,K;)
(with underlying set V) is a pair L(G) = (Hy, K;), where Hy = (T, Ii,, Fif,, Tir, I, Fir,) and K, =
(TR, 1%, F&,» T, Ik,» Fi,) are NVSs of M and N, respectively such that,
Tii,(Dy) = Tg, (x) = T, (uxvy)
I, (Dy) = I, (%) = I, (uxvy)
Fii, (D) = F§, (x) = Fg, (uyvy)
Tit,(Dx) = Tie, (%) = T, (ux¥)
Iy, (Dy) = Iie, () = I, (uxvy)
Fir,(Dy) = Fi, (x) = Fig, (W V).
forall D, € M,u,v, €N.
T¢,(DxDy) = min{Ty, (x), T¢, ()}
I, (DxDy) = min{Ig, (x), I, ()}
Fg,(DxDy) = max{Fg, (x), F¢, ()}
Tic,(DxDy) = min{Ty, (x), Ty, ()}
Iie,(DyDy) = min{li, (x), I, ()}
Fyg,(DyDy) = max{Fy, (x), Fg,(y)} forall D,D, € N.
Example 3.3 Consider G = (V,E), where V ={by, by, b3, b} and E = {Q, = b1b,,Q; = byb3,Q5 =
bsb,, Q, = byb,}. Let G = (Hy, K;) bea NVG of G as shown in fiqure 1, defined by

(0404070306065 (0.5.0.5.0.6)(0.4.03.0.55
b b,

(03.02.06)(0302.05)

(0.2,0.2,0.5)*(0.2,0.3,0.4)
(0.4,0.3,0.3)'(0.3,0.2,0.5)

(0.4.02,03)(05,02,04)

b,
(0.6.03,0.4)(0.6,03,0.4)

3

Figure 1
Neutrosophic Vague Graph
consider a line graph L(G)= (M,N) where M = (Dg,,Dq,, Do,,Dp,) and N =
(Dg,Dg,:Dg,Dg, Do, Dg,, Do, Do,)- Let L(G) be the NVLG, as shown in figure 2.
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(03.02.0.61(03.02.057 (0.4.0.3.0.3)(0.3,0.2,0.5)”
- 21 D Q2
(0.3,02,0.6)(0.3,0.2,0.5)
o o
= <
of o
5, <
o o
= =
2 S
of o
S <
of =
D = (0.2.0.2,0.5)(0.2.0.2.0.4) =
g4 D 23
(0.2.02.0.5)(0.2.03.0.4)" (04.02.0305.02.04)
Figure 2

Neutrosophic Vague Line Graph
L(G)

Proposition 3.4 A NVLG is always a strong NVG.
Proof. It is obvious from the definition, therefore it is omitted.
Proposition 3.5 If L(G) is NVLG of NVG G. Then L(G) is the line graph of G.

Proof. Given G = (H;,K;) is NVLGof G and L(G) = (H,,K;) isaNVGof L(G)
T,(Dy) = T¢, (x)
If,(Dy) = I, (%)
Fi, (D) = F¢, (x)
Ti,(Dy) = T, (x)
I, (Dy) = I, (%)
Fi,(Dy) = Fy, (x),

Vx € E and so D, € M if and only if for x € E,
T, (D:Dy) = min{T, (x), T, ()
17,(D;Dy) = min{l{, (x), I, ()}
Fi,(D,Dy) = max{F{, (), F, ()}
Ti,,(D;Dy) = min{Tg, (), T, ()
Iz, (D,Dy) = min{lg, (), Ig, ()
Fi,(DxDy) = max{Fy, (x), F, ),

forall DD, € N, and so M = {D, D, |D, U D, # @,x,y € E,x # y}. Hence proved.

Proposition 3.6 Let L(G) = (H, K;) bea NVG of G. Then L(G) is a NVG of some NVG of G if and only
if

Ty, (DxDy) = min{Ty, (D,), T4, (Dy)}

T, (DxDy) = min{Ty, (Dy), Tir, (Dy)}

Ig,(DxDy) = min{l, (Dx), I, (Dy)}

Ix,(DxDy) = min{ly, (Dx), I, (Dy)}
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FI?Z (Dny) = maX{FI;—Z (Dx), FI}-Z (Dy)}

FIZZ (Dny) = maX{ng (Dx), F1;2 (Dy)}'
for all D,D, € N.

Proof. Suppose that T, (D, D,) = min{Ty, (D), Tsf, (D)},
I¢,(DyDy) = min{l}}, (D), I}, (Dy)}, Fg,(DyDy) = max{Fg, (D,), Fi;,(D,)} forall DD, € N.
Define, Ty, (Dy) = Tg, (x), Iij,(Dy) = I§,(x), Fif,(Dy) = F¢,(x) forall x € E, then
T,(D:D,) = min{T3, (D), T, (D)} = min{T, (), T, (1)},
I, (DxDy) = min{lf;, (Dy), I, (D)} = min{Ig, (x), I, (x)},
F,(D.D,) = max{Fi, (D,), Fi, (D)} = max(Fg, (), Fi, (0,
for all D,D,, € M.
We know that NVG H, yields the properties,

T, (uv) < min{Ty, (), T, (v))
I¢, (uv) < min{l (w), I, (v)}

F¢, (uv) < max{Fj, (w), Fj,(v)}.

In the similar way, we prove for the similar part also, The converse part of this theorem is obvious by
using the definition of L(G).
Theorem 3.7 L(G) is a NVLG if and only if L(G) is a line graph and

Ty, (uv) = min{T4, (w), T4, (v)}

Ig,(uv) = min{lj, (w), I,(v)}

Fi, (uv) = max{Fy, (), Fyi, (v)}

T, (wv) = min{Ty, (W), Ty, (v)}

I, (uv) = min{ly, (W), Iy, (v)}

Fg,(uv) = max{Fy, (u), Fi,(v)} VYuv € M.

Proof. The proof follows from the above Proposition 3.5 and Proposition 3.6.

Definition 3.8 A homomorphism x: G, = G, of two NVGs Gy = (Hy, K;) and G, = (H,, K,) is mapping
x: Vi =V, such that

(AT, (1) < T, (X (x1)), Ty, (1) < T, (X (1)),

I, (1) < I, (0 (x1)), Iy, (31) < Iy, (X (1),

Fi, (x1) < Fi, (x(x1)), Fa, (1) < Fg,(x(x1)),  Vx; € V3.

(B)Tg, (x1y1) < T, (x () x (1), T, (eayn) < T, X () x(v1))s
1;1(x1Y1) < 11?2()((%))(()’1))' I, (ay) < Iy, e (x)x (),
Fla(xﬂﬁ) < FI?Z()((xl)X()ﬁ))' FK_1(x1y1) < Fg, (x(x)x(1)), VYx1y1 € Ey.
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Definition 3.9 A (weak) vertex-isomorphism is a bijective homomorphism x: Gy — G, such that

(ATg, (x1) = Tir, (X (x1)),
Ti, (x1) = Ty, (X (x1)),
If+11 (x) = 11?2 (x(x1)),
Iy, (1) = Iy, (x(x1)),
Fljl(xﬂ = FI;—Z (X (x1)),
Fi, (1) = Fp, (X (%)), Vx; € V5.

A (weak) line-isomorphism is bijective homomorphism y:G; — G, such that
(B)T&rl(xﬂﬁ) = TI?Z Qe Ce)x)),
T, (1y1) = T, X (x) x (1)),
11J<rl(x1y1) = IIJ(rz(X(xl)X(}ﬁ)):
I, 1 y1) = L, X () x (1)),
F¢, Gaayr) = Fg, (e x (1),
Fy, (1 y1) = Fie, X (x)x (1)), Yx1y1 € E;.

If y:G; » G, is a weak-vertex isomorphism and a (weak) line-isomorphism, then y is called a

(weak) isomorphism.

Proposition 3.10 Let G = (Hy, K;) be a NVG with underlying set V. Then (H,, K;) is a NVG of A(D)
and (HI'KI) = (HZ'KZ)

Proposition 3.11 Let G and G’ be NVGs of G and G’ respectively, if x: G — G’ is a weak isomorphism
then x:G — G’ is an isomorphism.

Proof. Let x:G — G’ be a weak isomorphism, then u € V if and only if y(u) € V' and uv € E if and
only if y(u)x(v) € E’. Hence proved.

Conclusion

A neutrosophic graph is very useful to interpret the real-life situations and it is regarded as
a generalisation of intuitionistic fuzzy graph. Neutrosophic vague graphs are represented as a
context-dependent generalized fuzzy graphs which holds the indeterminate and inconsistent
information. This paper dealt with the necessary and sufficient condition for NVLG to be a line
graph are also derived. The properties of homomorphism, weak vertex and weak line isomorphism
are established. Further we are able to extend by investigating the regular and isomorphic properties
of the interval valued neutrosophic vague line graph.
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Abstract: Smarandache presented and built up the new idea of Neutrosophic set from the Intuition-
istic fuzzy sets. A.A. Salama presented Neutrosophic topological spaces by utilizing the Neutro-
sophic sets. M.L.Thivagar et al., created Nano topological spaces and Neutrosophic nano topologi-
cal spaces. Point of this paper is we present and study the properties of Neutrosophic Nano semi
frontier in Neutrosophic nano topological spaces and its portrayal are talked about subtleties.

Keywords: Neutrosophic Nano semi open set, Neutrosophic Nano semi closed set, Neutrosophic
Nano frontier, Neutrosophic Nano semi frontier, Neutrosophic nano topology.

1. Introduction

Nano topology explored by M.L.Thivagar [15]et.al can be communicated as an assortment
of nano approximations, Neutrosophic sets set up by F.Smarandache[14]. Neutrosophic set is illus-
trate by three functions: a membership, indeterminacy and nonmembership functions that are in-
dependently related. Neutrosophic set have wide scope of uses, all things considered. M.L.Thivagar
et al., created Neutrosophic nano topological spaces .Neutrosophic nano semi closed, neutrosophic
nano aclosed, neutrosophic nano pre closed, neutrosophic nano semi pre closed and neutrosophic
nano regular closed are presented by M.Parimala[17] et al. Point of the current paper is we learned
about properties of Neutrosophic Nano frontier, Neutrosophic Nano semi frontier in Neutrosophic
nano topological spaces

2. PRELIMINARIES
In this section, we recall needed basic definition and operation of Neutrosophic sets
Definition 2.1: [15]

Let U be a non-empty set and R be an equivalence relation on U. Let F be a neutrosophic set
in U with the membership function pr , the indeterminacy function o and the non-membership
functionvy . The neutrosophic nano lower,neutrosophic nano upper approximation and neutro-
sophic nano boundary of F in the approximation (U,R) denoted by N(F), N(F)and Bn(F)are respec-
tively defined as follows:

() NE) = {< w,pg(M) (W), og (M7) (W), vg(M1)(w) >/y € [u]g,u € U}

(i) N(F) = {< w,ug(M) (W), og(M7) (W), vg(M) (W) > /y € [u]g,u € U}.

(iii) Bn(F)=N (F) = N(F)

Definition 2.2 : [15]

Let U be an universe, R be an equivalence relation on U and F be a neutrosophic set in U and if the
collection Ny (t) ={0y,,, 1y, N(F) , N(F),Bx(F)}
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forms a topology then it is said to be a neutrosophic nano topology. We call (U, Ny (7)) as the neu-
trosophic nano topological space. The elements of Ny (7) are called neutrosophic nano open sets.
Definition 2.3 : [15]
Let U be a nonempty set and the Neutrosophic sets M; and M, in the
form Mi={<uuy; (W), oy; (W), vy; (W)> uel},
Mi={< wpp; (W), oz (W), vag;(w)> ueU}}.
Then the following statements hold:
(i) Oyy =1{<u, 0,0, 1> u€U} and 1y, ={<u, 1,1, 0> uel}.
(i) M € M3 56 { pyy; () S o (), 05 (1) < 0 (00), Vi () 2 V3 (), VUEU),
(iii) My = M, iff M; €M, and M;< Mj.
(iv) Mi© ={<u, vay; (W), 1 = op; (W), piar; (W) >:u € U}
(v) MinM3 ={u, par; Nz (W), op; WG 3 (W), vag; (W) Vv (W), YueU}
(i) MUM3 =11, fyg; (u)Vitar; (), 5 ()VO by (00), Vi ()N (), VUEU).
(vii) UM} ={(u,V,V,A\)
(viii) N M} =(u, A,A,V)
(ix) M; —M;=M; neM;©
Proposition 2.4 [15]
For any Neutrosophic Nano set My in (U, Ny(7))) we have
(1) NVCL ((M7)S) = (N"Int (M7))S,
(2) N¥Int (M;)9) =(NVCI (M;))C.
(3) M1 C M3 = NVInt (M;) € NVInt (M3),
(4) M;SM; = NNCI(M7) € NNCI(M3),
5) NNInt (NMInt (M7)) = NVInt(M7),
(6) NYC1 (NNCI (M7)) = NNC1 (M3),
(7) NVInt (M; n M3)) = NVInt (M}) 0 N¥Int (M3),
(8) NNCI (M7 u M3) = NNCI(M7) U NNCI(M3),
(9) N¥Int (0y,,) = Oy, ,
(10) N¥Int (1y,) = 1y, ,
(11) NNCI (Oy,) = Oy,
(12) NNCl (1y,) = 1n,,
(13) M; € M3 = (M3°c M;€,
(14) NNCI (M;nM3)SNNCl (M7) n NNCl (M3),
(15) N¥Int (M{uU M3)=2 NVInt (M7) U NNInt (M5).

3. NEUTROSOPHIC NANO FRONTIER
In this section, the concepts of the Neutrosophic Nano frontier in Neutrosophic Nano topological
space are introduced and also discussed their characterizations with some related examples.
Definition 3.1.
Let U be a N-N-T-S and let M @oNNS (U). Neutrosophic Nano frontier of M and is denoted by NFr
(M;).i.e.,, NNFr (M;) = NNCI(M3) neNNCI(M;)C.
Proposition 3.2. For each M; ©oNNS(U), M; UeNNFr (M;) € NNCI (My).
Proof : Let M] be the NNS in the N-N-T-S U. Using Definition 3.1.,
M; UeNNFr (M;) = M; U( NNCI (M}) neNNCI (M;©))
= (M; UeNNCI (M) ) ne( M; UeNNCI ((M;©))
CoNNCI (M?) NeNNCI (M;€)
CoNNCI (M)
Hence M; UoNNFr (M) CoNNCI (My).
Example 3.3.
Let U and A be two non-empty finite sets,
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where U is the universe and A the set of attributes

The members of U= {P1, P2, P3,Ps}are pressure patients

Let U/R ={{P1, P2, P3}, {P4}} be an equivalence relation
= {Salt food , colostreal food } are two attributes

W@ﬂm%%ﬂ

(10 10’ 10) (100 150 12)
Po= (X’(So ig 10) (10 10’ 10)
(5o o)

1
2 ) ( 2 10
10’ 10 10 10’ 10 10

NN(T) {Ony, 1wy, N(F), N(F),Bn(E)}
N(F) =& (@ 11% 11—0) 16 % ol
N(F) = (10 10’ 10) (E E E))

BN(F) = ((10 150 120) (E " 10’ E)
Ny @=Ony Ly 5 (5 55.5)- (5o 30 (5 30 50) ()

5105 102 \° 9105,105,10 2 5 9 0 2 10
(Gor2010) (G5 5730) <(E'E'E)'(E'E'E)>}
Here NVCI (Ps) = 1y, and NVCI ( P§) = ((— 23252
5

10’10’ 10/’
).

Using Definition 2.1, NYFr (M;) = ((10 "o %),(130,1—0,1—90)
Also Mi UsNVEr (M) = (2,22, 2),(2,2 2)yc 1y

10’10’ 10 10’ 10 10
Therefore NNCI (M7) = 1y, & ((150 3 110) (190,%,%)).
Theorem 3.5.

For a NNS M in the N-N-T-S U, NNFr (M;) =NNFr (M;©).
Proof : Let M be the NNS in the N-N-T-S U. Using Definition 3.1.,
NNFr (M;)=NNCI (M;) neNNCI (M;©)

= NNCI (M;%) neNNCI (M;)

= NNCI (M;€) neNNCI(M;€)"
Again by Definition 3.1,= NVFr (M;©)
Hence NNFr (M;) = NNFr (M;©).
Theorem 3.6.

If a NNS M; is a NCS, then NVFr (M;) CoM;.
Proof :

X,

Let M; be the NS in the Neutrosophic Nano topological space U. Using Definition 3.1.,

NNEr (M) = NNCI (M;) n NNCI (M;€) € NNCI (M3)
By Propositon (2.4) ,= My
Hence NYFr (M;) CoM;, if M; is NYCS in U.

The converse of the above theorem needs not be true as shown by the following example.

Theorem 3.7.

If a NNS M; is NVOS, then NNFr (M;) CooM;©.

Proof :

Let M; be the NNS in the N-N-T-S U. Using Definition 3.1,

M; is NYOS implies M;“is NYCS in U. By Theorem 3.6, NYFr (M;“) € M;“and by Theorem 3.5,

we get NVFr (M) € M;¢
Theorem 3.8.

For a NNS M; in the NVTS U, (NNFr (M;))= NVInt (M;) UoNNInt (M;€).

Proof :
Let Mj be the NNS in the N-N-T-S U. Using Definition 3.1.,
(NNEr (M}))©= (NVCL(M7) ) (NN CL (M;°)))
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By Propositon (2.4) = (NVCl (M7) )€ ue(N"Cl (Mfc)))c
By Propositon (2.4),= NN Int (M;®) UeN"Int (My)
Hence (NVFr (M))¢ = NVInt (M;) UoNNInt (M;©).
Theorem 3.9
Let M; CoM; and M; 0oN"C (U) ( resp.,M; #oNVO (U) ). Then NVFr (M7) SoM; ( resp., NVFr (M) €
(NNCL (M3))€), where NNC (U) ( resp., NVO (U) ) denotes the class of Neutrosophic Nano closed
( resp., Neutrosophic Nano open) sets in U.
Proof : Use Prop.,2.4 , M SoM; ,
NNCI (M7) SoNNCI (M3) ~=-----===nn-mmm=- D).
By Definition 3.1.,
NNFr (M;)=NNCI (M) neNNCI (M;©)
CoNNCI (M3) NeNNCI (M;©) by (1)
CoNNCI (M3) = M;
Hence NNFr (M7) SoM.
Theorem 3.10
Let M7 be the NNS in the N-N-T-S U. Then
NNFr (M7) = NNCI (M3) — NVInt (M5).
Proof : Let M; be the NNS in the N-N-T-S U. By Propositon (2.4),
((NNcl (M;C)))C = N Int (M;) and by Definition 3.1.,
NNFr (M;)=NNCI (M) neNNCI (M;©)
= N"CI(M7) - (NCI (M)
by using M; — M; = M; NeM;°
By Propositon (2.4),
= NNCI (M;7) — NNInt (M)
Hence N¥Fr (M7) = NNCI (M3) — NVInt (M5).
Theorem 3.11.
For a NNS M; in the NYTS U, NYFr (NNInt (M3)) SoNNFr (Mjy).
Proof :
Let M} be the NNS in the N-N-T-S U. Using Definition 3.1.,
NNFr (NNInt (M})) = NNCI (NNInt (M7)) n NNCI (NNInt (M})) )¢
By Propositon (2.4),
= NNCI (NNInt (M})) n NNCI (NNCI (M;€)))
By Propositon (2.4),
= NNCI (NNInt (M})) n NNCI (M;9))
. By Propositon (2.4), ,
CoNNCI (M2) n NNCI (M:©))
Again by Definition 3.1,
= NNFr (M;)
Hence NNFr (NNInt (M})) SoNNFr (M;).

Example 3.12.

Let U and A be two non-empty finite sets,

where U is the universe and A the set of attributes
The members of U= {Py, P2, P3,Psjare pressure patients
Let U/R ={{Py, P2, P3}, {P4}} be an equivalence relation
A = {Head ache, Temperature} are two attributes

5 6 7 10 9 4
pre e (555).(55.2)
x 10’10’10/’ 10’10’10)

3 9 2 4 1 6
SERE R
x 10’10’ 10/’ 10'10'10)
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i i 52
=& (10 10’ 10) (10'5'5))
NN(T) ={Ony, 1ny, N(F), N(F),Bn(F)}
N(F) = (10 }:0 1270) (11‘:?’})10'}}_60))
N(F) = (x, (10 10’ 10) (10'5'5)

4 3 6 9 4

W®‘<ﬁ§§HEEB>
Ny(0)= 0NN' Iy, x (10 "10’ E) (10 10’ 10)

),
(550 G (G

M*—((S 4 3)(6 9 4))
37 \10°10’10/°\10°10° 10

Therefore by Definition 3.1, NVFr (M3) = & N¥Fr (NN Int (M3)).

Theorem 3.13.

For a NNS M; in the N-N-T-S U, NVFr (NNCI (M7)) € NNFr (My).

Proof : Let M{ be the NNS in the N-N-T-S U. Using Definition 3.1.,

NNFr (NNCI (Mf))=NNCIL(NNCI(M7)) n NNCI ((NVCL (M7))) )¢ By Propositon (2.4),
= NNCI (M;) n NVCIL (NVInt (M;€))By Propositon (2.4),

c NVCI (M;) n NVCI (M;¢)Again by Definition 3.1.,

= NVEr (M))
Hence NYFr (NNCI (M;)) € NNFr (Mj).
Theorem 3.14.

Let M; be the NNS in the N-N-T-S U. Then N¥Int (M;) SoM; —
Proof : Let M be the NNS in the N-N-T-S U. Now by Definition 3.1.,
M; — NNFr (M;) = M; — (NNCIL (M}) neNNCI (M;©))

= (M; - NNCI (M;)) U(M; - N CI (M;))
= M; - NNCI (M;©)

NN Int (M;).

Hence NVInt (M;) € M; — NNFr (Mj).
Remark 3.15.

In general topology, the following conditions are hold :

NNFr (M) neNNInt (M) = 0N,
N¥Int (M7) UeNNFr (M;) = NNCI (M),

NNInt (M;) UoNNInt (M;€) UoNNFr (M7) = 1y,,.

Theorem 3.16.

Let M7 and M; be the two NNSs in the N-N-T-S.
Then NNFr (M; UeM;) CoNNFr (M;) UeNNFr (My).
Proof : Let M] and M; be the two NNSs in the N-N-T-S U.

Using Definition 3.1.,

NNFr (M; uoM;) = NNCI (M; ueM;) NeNNCI (M7 U M3)¢

. By Propositon (2.4),
= NNCI (M; UoM3) NeNNCI ( M;¢ neM;°)

Co(NNCI (M;) UaNNCI (M3)) No(NNCI (M;%) neNNCI(M;¢))
= [(NNCI (M) UeNNCI (M3)) neNNCI (M;€) ] ne[ (NNCI (M;) UeNNCI (M3) ) NeNNCI (M3€) ]

—~

3 6
10’10’

= [(NNCI (M) neNNCI (M:€))u (NNCI (M3) neNNCI(M:€))] neo[( NN CI (M) neNNCI (M3¢)) u

(NNCI(M3) noNNCI(M3))]
Again by Definition 3.1.,

= [NNFr (M;) Uo( NNCI (M3) neNNCI (M;€)) ] ne[ (NNCI (M;) NeNNCI (M3€) ) UeNNFr(M3) |
= (NNFr (M}) UosNNFr (M3)) ne[ (NNCI (M3) neNNCI (M;©))
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Ue( NNCI (M7) NneNNCI (M3€)) ]

CoNNFr (M;) UoNNFr (M3).

Hence NVFr (M; ueM;) CoNNFr (M;) UoN"NFr (M3).

Note 3.17.

NNFr (M; neM;) € NVFr (M;) neNNFr (M3) and

NNFr (M7) NneNNFr (M3) &€ NNFr (M7 NeMs3).

Theorem 3.18.

For any NNSs My and M; in the N-N-T-S U,

NNFr (M7 neM;) So( NNFr (M;) NneNNCI (M3) ) ue( NNFr (M) N NNCI (M7) ).

Proof : Let M{ and M; be the two NNSs in the N-N-T-S U.

Using Definition 3.1.,

NNFr (M; neM3) = NNCI (M; neM3) NneNNCI ((M; n M3)¢

Use Prop., 3.2 (1) [18],

= NNCI (M} neM3) NeNNCI M;¢ uoM;©)

. By Propositon (2.4),

Co(NNCI (M7) NeNNCI (M3)) Ne(NNCI (M;€) ueNNCI (M3€))

= [ (NNCI (M}) NneNNCI (M3) ) neNNCI (M;©) 1 ue[ (NN CI (M;) neNNCI (M3) ) NeNNCI (M3€) ]
Again by Definition 3.1.,

= (NNFr (M;) neNNCl (M3) ) uo( NNFr (M3) NeNNCI (M5) )

Hence NVFr (M; neM;) Co( NNFr (M;) neNNCI (M3) ) U

(NNFr (M3) neNNCI (M7) ).

Corollary 3.19.

For any NNSs M7 and M in the N-N-T-S U,

NNFr (M; neM;) SoNNFr (M7) UeNNFr (M3).

Proof :

Let Mj and M; be the two NNSs in the N-N-T-S U. Using Definition 3.1.,

NNFr (M; neM3) = NNCI (M; neM3) neNNCI (M n M3)¢

. By Propositon (2.4),,

= NNCI (M; neM3) NeNNCI ( M;€ uoM;°)

. By Propositon (2.4),,

Co(NNCI (M;) NeNNCI (M3)) No(NNCI (M;€) UeNNCI (M3€))

= (NNCI (M§) neNNCI (M3) neNNCI (M;€) ) ue( NNCI (M;) neNNCI (M3) NneNNCI (M;€))
Again by Definition 3.1,

= (NNFr (M;) neNNCI (M3) ) Ue( NNCI (M;) neNNFr (M3))

CoNNFr (M) UoNNFr (M3)

Hence NYFr (M; neM;) CoNNFr (M;) UoN"NFr (M3).

Theorem 3.20

For any NNS M7 in the N-N-T-S U,

(1) NNFr (NNFr (M7)) SoNNFr (My),

(2) NNFr (NNFr (NNFr (M3))) SoNNFr (NNFr (My)).

Proof : (1) Let M be the NNS in the Neutrosophic Nano topological space U. Using Definition 3.1.,
NNFr (NNFr (M7)) = NNCI (NYFr (M3)) NneNNCI ((NVFr (M7))¢ Again by Definition 3.1.,
= NVCI (NNCI (M;) neNNCI (M;€) ) n NNCL(((NVCL (M;) n NNCL(M;©) )C

By Propositon (2.4), and by By Propositon (2.4),

Co( NNCI (NNCI (M3)) neNNCI (NNCI (M;€)) ) ne NNCI (NN Int (M;©) UeNNInt (M;))
Use Prop., 1.18 (f) [18],

= (NNCI (M§) neNNCI (M;€) ) ne( NNCIL (NN Int (M;€ )) Ue NNCI (NNInt (M)
CoNNCI (M}) NeNNCI (M;©)

By Definition 3.1.,
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= NNFr (M3)
Therefore NNFr (NNFr (M7)) SoNNFr (My).
(2) By Definition 3.1.,

NNFr (NNEr (NVFr (M7))) = NNCI (NVEr (NVFr (MS))) 0 NYCI (NVFr (NVEr (M3)))C)

Use Prop., 1.18 (f) [18],

Co(NVEr (NVEr (M}))) neNNCI((NVFr (NVFr (M}))) )¢ SoNNEr (NVEFr (My)).

Hence NNFr (NNFr (NNFr (My))) SoNNFr (NN Fr (My)).

Example 3.21.

Let U and A be two non-empty finite sets,

where U is the universe and A the set of attributes

The members of U= {P1, P2, P3,Ps}are patients

Let U/R ={{P1, P2, P}, {P4}} be an equivalence relation
= {Head ache, Temperature} are two attributes

P1= (X (10 140 150) (140 1_60 1_70))
(10 10 10) (10 10 10)
Po= (X’( 10’ 10 10) (10 10 10)
<X'( 10’10’ 10) (10 10’ 10)
Ny (@) = {0yy, 1yy, N(F), N(F),Bn(F)}
N(F) =& (10 120 190) (%’14_0‘1_90))
N(F) = (x, (10 160 150) (1_70‘1_60‘110 )
BN(F) = (x, (10 160 140) (1_70’16_0’1% )
Ny (@)= Oy Luys (X9(106 1204 190) 7(1_106’1104’19_0) AT 5 \10" L
e 83(165104102)5—0'5'5)% wo3510) (67367500
10’10’10/’ (10’ 10’ 10

Then NNFr(M;)= (x( 2 4) (9 = i))

—~ <

10’ 10 10 10’10’10
N N 9 1.4 9
N¥Fr (N"Fr (M7)) = (x, (10 10’ 10) (10’10’10)>'

NVFr (M;) & NVFr (NYFr (M3))
III. NEUTROSOPHIC NANO SEMI-FRONTIER

((E 6 i) (l 6 i))
’”*\10’10’10/’\10’ 10" 10/”

In this section, we introduce the Neutrosophic Nano semi-frontier and their properties in N-N-T-S s.

Definition 4.1.

Let M7 be a NNS in the N-N-T-S U. Then the Neutrosophic Nano semi-frontier of M7 is defined as

NN(S)Fr (M;)=NN(S)CI (M;) n NV(S)CI(M;©).
ObviouslyN"(S)Fr (M7) is a NN(S)C set in U.
Theorem 4.2.

Let M7 be a NNS in the N-N-T-S U. Then the following conditions are holds :

(i) NV(S)Cl (M;)=M; UeN"NInt (NNCI (My)),
(i) NN(S)Int (M;)=M; neNNCI (NN Int (M})).
Proof : (i) Let M] be a NNS in U. Consider
NVInt (NNCI (M; UeNNInt (NNCI (M7))))
= NNInt (NNCL (M;) UoNNCI (NNInt (NNCL (M) ))
=NNInt (NNCI (M}))
CoM; UoNNInt (NNCI (M7))
It follows that M; UeN¥Int (NNCI (M;)) is a NN(S)C set in U.
Hence NV(S)Cl (M) CoM; UoNNInt (NNCI (M7)) ... (1)
Use PropN™(S)Cl (M7) is N¥(S)C set in
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U. We have N¥Int (NNCI (M;)) CoNNInt (NVCI (NN(S)CL (M7))) SeNN(S)CI (My).
Thus M; UeN¥Int (NNCI (M7)) SoNN(S)Cl (M) ... (2).
From (1) and (2), NY¥(S)CI (M{) = My UeN¥Int (NNCI (M})).
(ii) This can be proved in a similar manner as (i).
Theorem 4.3.
For a NNS M; in the N-N-T-S U, NN(S)Fr (M;) =N"(S)Fr (M;°).
Proof : Let M{ be the NNS in the N-N-T-S U. Using Definition 4.1,
NN(S)Fr (M;)=NN(S)Cl (M;) neN"(S)Cl (M;€)
=NN(S)Cl (M:%) neNN(S)Cl (M)
= NY(S)Cl (M;%) neNN(S)Cl (M;€)"
Again by Definition 4.1,
= NN(S)Fr (M;©)
Hence NV(S)Fr (M;) = NV(S)Fr (M;©).
Theorem 4.4.
If M; is NN(S)C set in U, thenN™(S)Fr (M;) CoM;.
Proof : Let M be the NNS in the N-N-T-S U. Using Definition 4.1,
NN(S)Er (M})=NN(S)CI (M;) neNVN(S)CI (M;€)
Co NN(S)CI(M7)= M;
Hence NV (S)Fr (M;) CoM;, if M is NN(S)C in U.
The converse of the above theorem is not true as shown by the following example.
Example 4.5.
Let U and A be two non-empty finite sets,
where U is the universe and A the set of attributes
U={F1,F2,Fs, Fs}are Fruits
Let U/R ={{ F1,F2,Fs}, { F4}} be an equivalence relation
A = {Proteins, minerals, vitamins} are three attributes ,its Neutrosphic values are given below

4 5 3 3 2 2 9 5 8
F=i(r) () (oieis)
2 4 5 1 1 2 6 5 8
FH(@@B)'(ro'ro'ro)'(ro'g'ﬁb
(3 5 3y (£ 2 2) (95 8
F?’_((10’10’10)’(10’10’10)’(10’10’10)>
(X L 5y (22 2\ (6 5 8
F4_<(1o’1o’1o)’(1o’10’10)’(10’10’10))
Ny (7) ={0y,, 1n,, N(M), N(M),Bn(M)}
N(F)—((Z 4 5) <1 1 2) <6 5 8)>
——~ " %10’10°10/’\10°10°10/’\10° 10’ 10
— < 5 5 3 4 2 2 9 5 8
NO= (5w Gormm) (oieis)
5 5 3 2 2 2 8 5 8
BN<F>-<(B'B'TO)'(TO'TO'SE)'(E'E'ro) 5
_ 2 4 5y (L1 2)(6 5 8
Ny (@)= {0ny, 1"’1\1’((10 ’ 10’ 10) ’ (10’ 10’ 10) ’ (10’ 10’ 1o)>’
((5 5 3)(4 2 2)(9 5 8)>
10°10°10/°\10°10°10/°\10°10° 10
((5 5 3)(2 2 2)(8 5 8))
10°10°10/°\10°10°10/°\10°10°10/"
((4 4 5)(2 2 2)(6 5 8))
10°10°10/°\10°10°10/°\10° 10’ 10 }

M3 (( 253 ) , ( 2 7 i), (L > i)), is Neutrosophic Nano semi-closed set

10’10’10/’ \10° 10’10/’ \10’ 10’ 10
Then NM(S)Fr (M;) € M;
Theorem 4.6.
If M is NNSO set in U, then NN(S)Fr (M?) € M:©
Proof : Let M] be the NNS in the N-N-T-S U. Using Proposition 4.3 [18] ,
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M; is NNSO set implies M;“is NN(S)C set in U. By Theorem 3.4, NN(S)Fr (M;¢) € M; and by
Theorem 3.3, we get NN(S)Fr (M) € M;©
Theorem 4.7.
Let M; SoM; and M; 0oN"(S)C (U) ( resp., M5 @N"SO (U) ). Then NV (S)Fr (M;) SoM; ( resp.,
NN(S)Fr (M;) SoM; ¢ where NV(S)C (U) (resp., N¥SO (U) ) denotes the class of Neutrosophic Nano
semi-closed ( resp.,Neutrosophic Nano semi-open) sets in U.
Proof : Use Prop., 6.3 (iv) [18] , M7 SoM; ,
NN(S)Cl (M7) SoNN(S)Cl (M3) ---------===--==-—- D).
By Definition 4.1,
NN(S)Fr (M;) = NV(S)CI(M;) NneNN(S)CI (M;€)
CoNN(S)CI(M3) NeNN(S)Cl (M;©) by (1)
CoN"(S)CI (M;)Use Prop., 6.3 (ii) [18] ,= M5

Hence NY(S)Fr (M;) CoM;.
Theorem 4.8.
Let M; be the NNS in the N-N-T-S U. Then (NN (S)Fr (M;) )¢= N¥(S)Int (M;) UoNN(S)Int (M;€).
Proof : Let Mj be the NNS in the N-N-T-S U. Using Definition 4.1,
(NN(S)Fr (M) = ((NV(S)CL (M7) n NN (S)CL (M;© )))CUse Prop., 3.2 (1) [18],

= (NN(S)Cl (M;))C Ue(NN(S)CI (M;€))Use Prop., 6.2 (ii) [18]

= NV(S)Int (M;€) UeNN(S)Int (M)
Hence (NY(S)Fr (M;) )¢ =NY(S)Int (M;) UeN"N(S)Int (M;°).
Theorem 4.9.
For a NNS M; in the N-N-T-S U, then N¥(S)Fr (M;) SoNNFr (M;).
Proof : Let M{ be the NNS in the N-N-T-S U. Using Proposition 6.4 [18],
NN(S)CI (M;) SoNNCI (M;) and NV(S)CI (M;¢) ceNVCI (M;“).Now by Definition 4.1,
NN(S)Fr (M;) = NN(S)Cl (M;) NneN™(S)Cl (M;¢) o NNCI (M;) neN™CI (M;“)By Definition 3.1.,
= NNFr (M7)
Hence NV (S)Fr (M;) SoNNFr (My).
Theorem 4.10.
For a NNS M; in the N-N-T-S U, then NV(S)Cl (N(S)Fr (M;)) € NNFr (My).
Proof : Let M be the NNS in the N-N-T-S U. Using Definition 4.1,
NN(S)CI (NN(S)Fr (M) =NN(S)CI (NN(S)CI (M;) neNN(S)Cl ((M;%)))
CoNN(S)CL (NN(S)CI (My)) neNN(S)Cl (NV(S)CI ((M;€)))Use Prop., 6.3 (iii) [18],
=NN(S)Cl (M7) neN™(S)Cl ((M;®))By Definition 4.1,
= NV(S)Fr (M;)By Theorem 3.10,
CoNNFr (My)
Hence NY(S)Cl (NN(S)Fr (M;)) SoNNFr (My).
Theorem 4.11
Let M; be a NS in the N-N-T-S U. Then NV (S)Fr (M;) = N¥(S)CI (M7) - NN(S)Int (Mj).
Proof :
Let M; be the NNS in the N-N-T-S U. Use Prop., 6.2 (ii) [18],
(NN(S)CL (M;€)))C=NN(S)Int (M;) and by Definition 4.1,
NN(S)Fr (M§)=NN(S)CI (M) n NV(S)Cl ((M;©))
=NN(S)Cl (M) — (NV($)CL (M;©))) by using M; — M = M; n(M;¢)Use Prop., 6.2 (ii) [18],
=NN(S)Cl (M;)—-NN(S)Int (M)
Hence NV(S)Fr (M7) = NN(S)Cl (M7) - NY(S)Int (My).
Theorem 4.12.
For a NNS M; in the N-N-T-S U, then NY(S)Fr (NN(S)Int (M;)) € N(S)Fr (My).
Proof : Let M{ be the NNS in the N-N-T-S U. Using Definition 4.1,
NN (S)Fr (NNInt (M7))= NN(S)Cl (NN Int(M7))n NN(S)CI ((NN(S)Int (M7))€) Use Prop., 6.2 (i) [18],

R. Vijayalakshmi , Mookambika.A.P, Neutrosophic Nano Semi-Frontier



Neutrosophic Sets and Systems, Vol. 36, 2020

140

=NN(S)CL (NN (S)Int (M;))n NV(S)CL (NN (S)CI (M;€)))Use Prop., 6.3 (iii) [18]

=NN(S)Cl (NN(S)Int (M7)) n NN(S)CI (M{‘C)Use Prop., 5.2 (ii) [18],
C NY(S)ClL (M) N N¥(S)CI ( M{C))By Definition 4.1,
= NN (S)Fr (M7)
Hence NY(S)Fr (NN (S)Int (M3)) € NY(S)Fr (My).
Example 4.13.
Let U and A be two non-empty finite sets,
where U is the universe and A the set of attributes
U={P1,P2,Is, Ps}are Patients
Let U/R ={{ P1,P2,Ps, P4}, { Ps}} be an equivalence relation
A = {Head ache, Temperature, Cold} are three attributes
its Neutrosphic values are given below
5 6 7 9 5 2
P={(5m) () ()
5 1 4 6 2 8 4 6
P ((10 10’ 10) (10 5 E) (E E E)>
(3 5 4 6 2
Ps _((10 10’ 10) (10 10 10) (10 10 10)
3 4
Pa= <(1_0 10’ 10) (1_0 _0 Eg (10 10 10)

5 6
Pi=((550) (o5 10) ()
Ny(@) = {0y, 1y, NOM), N(M),Bn(M)}

3 4 2\ /4 6 7\ /8 4 6

g (10 10 10) (106 10’ 10) (10 10’ E)>

N(F)= (E 103 10) 5( 10’ 10) (10 10’ 10)

BN(F) ((10 10’ 10) (3_0 1_0 10) EO 10’ 10) s 4 6 s s ) s 6 2 o 5 2

Ny @= 0 Ll (5-3635) (oo 30)- (i) (v 0) - (i 55)- (v i)

2 5 3\ /5 4 4\ /6 5 6 5 6 1\ /6 7 9 5 2

(<E’E’E)’<E’E'E> (10 10’ 10)> <(E’E’E)’(E’E 10) (10 10’10

M= 22, (2,25), (2,2, ) isaNNsSO

10’ 10 10 10710 10 10’ 10 10

Therefore NY(S)Fr (M;) € NN(S)Fr (NN (S)Int (My)).

| -

Theorem 4.14.

For a NNS M; in the N-N-T-S U, thenN"(S)Fr (NN(S)Cl (M;)) € NN(S)Fr (My).
Proof :

Let M; be the NVS in the N-N-T-S U. Using Definition 4.1,

NN(S)Fr(NN(S)CI (M7))= NN(S)CI (NN(S)CI (M7))n NN (S)CL((NN(S)CL (M)
Use Prop., 6.3 (iii) and Proposition 6.2 (ii) [18],

=NN(S)Cl (M}) n NY(S)CL (NN(S)Int (M;))Use Prop., 5.2 (i) [18],

< NV(S)CI (M7) n NY(S)Cl (M;°)By Definition 4.1,

= NN(S)Fr (My)

Hence NN(S)Fr (NN(S)CL (M3)) € NN(S)Fr (My).

Remark 4.15.

In general topology, the following conditions conditions are hold :

NN(S)Fr (M;) neNN(S)Int (M;)=0N,

NN(S)Int (M;) UeNN(S)Fr (M;)=NN(S)Cl (My),

NN(S)Int (M7) UeNN(S)Int (M;¢) UeNN(S)Fr (M;) = 1y,

Theorem 4.16.

Let M] and M; be NNSs in the N-N-T-S U.

Then NV (S)Fr (M; UeM;) CoNN(S)Fr (M;) UeN"(S)Fr (M3).

Proof : Let M and M; be NNSs in the N-N-T-S U. Using Definition 4.1,
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NN(S)Fr (M; UeM3) = NV(S)CI (M; UeM3) NeNY(S)CI (M; U M3)C . By Propositon (2.4),
=NY(S)Cl (Mj UeM;) NeN"(S)CI ( (M;°) ne(M;®) )Use Prop., 6.5 (i) and (ii) [18]
00Co(NN(S)CI (M;) UeNN(S)CI (M3)) n (NN (S)CI (M;©)n NN(S)CI (M;©))
= [ (NN(S)CI(M}) UoNN(S)Cl (M3) ) NeNN(S)CI ((M;°1n [ (NN(S)CL (M) UeNN(S)CI (M3) )
NeNN(S)Cl (M%) ]
= [(NN(S)CI (M7)n NN(S)CI (M;€)) u (NN(S)CI (M3)n NN(S)CI (M;€))]
N [(NV(S)CL (M7)n NN(S)CL (M36)) u (NN(S)CI (M3)n NV(S)CI (M3°))]By Definition 4.1,
= [NN(S)Fr (M) Uo( NN(S)CI (M3) NneNN(S)Cl (M;€))1n [ (NN(S)CI (M) neNN(S)CI (M;©))
UoNN(S)Fr(M;) |
= (NV(S)Fr (M;) UeN N (S)Fr (M3)) ne[ (NV(S)CI (M) n NN(S)Cl (M;€)) ue( N¥(S)CI (M;) NneN™(S)CI
M3°)) 1
CoNN(S)Fr (M7) UoNN(S)Fr (M3).
Hence NV (S)Fr (M; uoM;) CoNN(S)Fr (M) UoN¥(S)Fr (M3).
Example 4.17.
Let U and A be two non-empty finite sets,
where U is the universe and A the set of attributes
U={P1,P2,Ps, Ps}are Patients
Let U/R ={{ P1,P2,Ps3}, { P4}} be an equivalence relation
A = {Temperature} are one attributes
U/R = {P1}{ P2,P3, P4}

Pi= <(10 150 140))
P (( 5 7)>

10’ 10 10

Ps—((— 5 4))

10’10’ 10

P4—((— 5 s))

10’10’ 10

Then Ny(7) = {0y, 1yy, N(M) , N(M),Bxn(M))

N(F) <(10 10’ 10))

V(5135750
BN()= (50 0))

10’ 10 10

Nw (@) = {ONN’ 1NN (1: 10’ 10) (1:_0’§’1z_0) (113’132'112)’(%’5_0’1‘;0)}
W)= O L (55 35035) (55v53) - (i)
M = (140 150 10) M, = 1_0 1_0 14_0 are NN(S)C

m; ve; = (55.55.5)

NN(S)Fr (M; UeM;) CoNN(S)Fr (M) UeNN(S)Fr (M3).

Theorem 4.18.

For any NNSs M;j and M in the N-N-T-S U,

NN(S)Fr (M; neM;) Co( NN(S)Fr (M;) neNN(S)Cl (M3)) U ( NN(S)Fr (M3) neNN(S)CI (My) ).

Proof : Let M; and M; be NV Ss in the NVTS U. Using Definition 4.1,

NN (S)Fr (M7 neM3)=NN(S)Cl (M7 neM3) NneN"N(S)Cl (M; n M3)“Use Prop., 3.2 (1) [18],
=NN(S)Cl (M; neM3) NneN™(S)Cl ((M;®) ue(M;¢) ) Use Prop., 6.5 (ii) and (i) [18],

Co(NN(S)CI (M:)n NN(S)CI (M3)) n (NN(S)CI (M:E))u NN(S)CI (M3©)))

= [ (NM(S)CI (M) neNN(S)Cl (M3) ) neNN(S)Cl (M;€Tu [ (NN(S)Cl (M;) neNN(S)CI (M) )
NeNY(S)Cl (M3°)] By Definition 4.1,

= (NN(S)Fr (M;) neNN(S)Cl (M3)) Ue( NN(S)Fr (M3) n NN(S)CI (M;))

Hence NV(S)Fr (M; neM;) Co( NV(S)Fr (M;) NneN™(S)Cl (M3)) U ( NN(S)Fr (M3) neN™(S)Cl (M;)).
Corollary 4.19

For any NNSs My and M; in the N-N-T-S U,
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NN(S)Fr (M; neM;) CoNN(S)Fr (M) UoN"(S)Fr (M3).

Proof : Let M and M; be NNSs in the N-N-T-S U. Using Definition 4.1,

NN(S)Fr (M; neM;)=NV(S)Cl (M; neM;) NneN™(S)Cl (M; n M3;)¢ Use Prop., 3.2 (1) [18],

= NN(S)Cl (M} neM3) NeNN(S)Cl ( (M:%) ue(M;%)),

Co(NN(S)CI (MP)N NN(S)CI (M3)) n (NN(S)CI (M:€ UeNN(S)CI (M3%)))

= (NN(S)CI (M) NneNN(S)CI (M3) NeNN(S)CI (M;€) ue( NN(S)CI(M;) neNN(S)CI (M3) NneNN(S)CI
((M55)))

By Definition 4.1,

= (NN(S)Fr (M7) neNN(S)Cl (M) ) Ue( NN¥(S)Cl (M;) neNN(S)Fr (M3)) Co NN(S)Fr (M;) UeN™(S)Fr
(M3).

Hence NY(S)Fr (M; neM;) SoNN(S)Fr (M) UoN¥(S)Fr (M3).

Theorem 4.20

For any NNS M7 in the N-N-T-S U,

(1) NN(S)Fr (NN(S)Fr (M;)) SoNN(S)Fr (M3),

(2) NN(S)Fr (NN(S)Fr (NN(S)Fr (M3))) SoNN(S)Fr (NN (S)Fr (My)).

Proof : (1) Let M be the NNS in the N-N-T-S U. Using Definition 4.1,

NN(S)Er (NN(S)Fr (M3))= NN(S)CL (NN (S)Fr (M3)) NneN"N(S)CI ((NN(S)Fr (M;))¢ (NN(S)Fr (M;)))

By Definition 4.1,

= NN(S)CI (NV(S)CI (M7) neN"(S)CL (M;°)) n NN(S)CI (((NV(S)CL(M;) n NN (S)CL ((MIC)))C))
Use Prop., 6.3 (iii) and 6.2 (ii) [18],

Ceo( NN(S)CL (NN (S)CI (M;)) neNN(S)CL (NV(S)Cl ((M;°))) ) nNN(S)CL (NN (S)Int ((M;€))
UoNN(S)Int (M;) )Use Prop., 6.3 (iii) [18],

= (NN(S)CI (M) neNN(S)CI (M;€))) ne(NN(S)Cl (NN (S)Int (M;€)) ue NN(S)CL (NN(S)Int (M)
CoNN(S)Cl (M;) NeN™N(S)CL ( M;®)) By Definition 4.1,

= NN(S)Fr (M3)

Therefore NV (S)Fr (NN(S)Fr (M;)) SoN™(S)Fr (M;).(2) By Definition 4.1,

NN(S)Fr (NN(S)Fr (NN (S)Fr (M;))) = NN(S)CI (NN (S)Fr (NV(S)Fr (M;))) neN™(S)Cl ( (NN (S)Fr
(NN (S)Fr (M7)))

Use Prop., 6.3 (iii) [18],

Co(NN(S)Fr (NN(S)Fr (M;))) NneNN(S)Cl ((NN(S)Fr (NN (S)Fr (M})))) (NN(S)Fr (NN(S)Er (M;))))
CoNN(S)Fr (NN(S)Fr (My)).

Hence NV (S)Fr (NN (S)Fr (NN(S)Fr (M;))) SoN™(S)Fr (N (S)Fr (M3)).

Conclusion

This research article shared some fundmental properties of introduce the Neutrosophic
Nano semi-frontier .This concepts for further research will be on elaborating the structure of
Neutrosophic Nano topology to more new classes of weak and strong forms of nano-open sets, new
classes of generalized sets and new classes of continuous functions.There is further scope of
launching into wider applications of Neutrosophic nano topology in different branches of Sciences

and Humanities.
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Abstract: The various generalized associative laws can be considered as generalizations of
traditional symmetry. Based on the theories of CA-groupoid, TA-groupoid and neutrosophic
extended triplet (NET), this paper first proposes a new concept, which is type-2 cyclic associative
groupoid (shortly by T2CA-groupoid), and gives some examples and basic properties.
Furthermore, as a combination of neutrosophic extended triplet group (NETG) and T2CA-
groupoid, the notion of type-2 cyclic associative neutrosophic extended triplet groupoid (T2CA-
NET-groupoid) is introduced, and a decomposition theorem of T2CA-NET-groupoid is proved.
Finally, as a generalization of neutrosophic extended triplet group (NETG), the concept of quasi
neutrosophic extended triplet groupoid (QNET-groupoid) is introduced, and the relationships
among T2CA-QNET-groupoid, T2CA-NET-groupoid and CA-NET-groupoid are discussed.

Keywords: Semigroup; Type-2 cyclic associative groupoid (T2CA-groupoid); neutrosophic
extended triplet group (NETG); decomposition theorem; quasi neutrosophic extended triplet
groupoid (QNET-groupoid)

1. Introduction

Groups and semigroups ([1-5, 7]) are essential branches of algebra, with the development of
semigroup, the study of generalized semigroup has become an important topic. As far as we know
the term groupoid (also called a magma) consists of a set G equipped with a binary operation.
Despite the lack of further axioms, interesting results about groupoids exist [6].

The theory of non-associative algebras has seen new impetuous developments in recent years.
Starting from algebraic topology, geometry and physics, new non-associative structures have
emerged, such as triple systems, pairs, coalgebras and superalgebras. From a purely algebraic point
of view, these structures are interesting. They have produced innovative ideas and methods that
can help solve some algebraic problems. In fact, various generalized association identities are
studied in many branches, for examples, functional equations [8-9], non-associative algebras [10],
image processing [11] theory and networks [12].

The term “cyclic associative law” first appeared in the paper [13] published in 1954, which
means an equation in the axiomatic system of Boolean algebra obtained in the literature [14] in 1946,
namely (ab)c=(bc)a. Later, references [15-18] studied the relevant algebraic structures satisfying the
cyclic binding law, however, the cyclic associative law in these references is actually a dual form of
the cyclic associative law in [13-14], which is, x(yz)=z(xy). In [19], we introduce the notion of formal
cyclic associative groupoid (CA-groupoid), and systematically study its properties and the
relationship between CA-groupoid and neutrosophic extended triplet group (NETG).
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Moreover, in some literatures ([7-9, 20]), the cyclic associative law is also used to refer to the

following equation:

x(yz)=(zx)y.
This meaning first appeared in Hosszii's study of function equation [20]. In this way, the term
“cyclic associative law” has at least two different meanings in historical documents.

In order to avoid confusion, the equation x(yz)=(zx)y is called type-2 cyclic associative law in
this paper, and we focus on the basic properties and structures of the groupoid satisfying type-2
cyclic associative law, calling it type-2 cyclic associative groupoid.

In addition, Smarandache first proposed the new notion of neutrosophic extended triplet
group (NETG) in [21], and many other significant results on NETGs and related algebraic systems
can be found in [22-25]. In this paper, we analyze the structure of type-2 cyclic associative
neutrosophic extended triplet groupoid (T2CA-NET-Groupoid) and study the relationship with the
commutative regular semigroup.

This paper is organized as follows. In Section 2, we show some significant concepts and basic
properties of groupoid, CA-groupoid and neutrosophic extended triplet groupoid (NETG). In
Section 3, we put forward the concept of type-2 cyclic associative groupoid (T2CA-groupoid), and
show some typical examples. In Section 4, we discuss the basic properties of the T2CA-groupoid
and show some important results on cancellative T2CA-Groupoids. In Section 5, we introduce an
important class of T2CA-groupoids for the first time, and we call it a type-2 cyclic associative
neutrosophic extended triplet groupoid (T2CA-NET-groupoid). We first study its basic properties,
and then gets its decomposition theorem, and finally, we study the relationship between
T2CA-NET-groupoid and commutative regular semigroup. In Section 6, we introduce another
significant class of groupoids. We call it a quasi neutrosophic extended triplet groupoid
(QNET-groupoid) and further discuss the relationship between T2CA-QNET-groupoid, QNETG,
T2CA-NET-groupoid, and CA-NET-groupoid. In Section 7, we present the summary and plans for
future work.

2. Preliminaries

We give some notions and results about groupoids in this section.

A groupoid refers to an algebraic structure composed of non-empty sets, on which binary
operations * are acted. Traditionally, when the * operator is omitted, it will not be confused. Assume
(S, ¥) is a groupoid, we show some concepts as follows:

(1) An element x€S is called idempotent if x?=x.

(2) An element x€S is right cancellative (respectively left cancellative), if for all y, z€S, y*x = z*x
=y =z (x*y = x*z = y = z). If an element both right and left cancellative, then it is cancellative. S is
called right cancellative (left cancellative, cancellative), if each element of S is right cancellative (left
cancellative, cancellative).

(3) If for any x, y, z€S, x*(y*z)=(x*y)*z, S is called semigroup. A semigroup (S, *) is commutative,
if for all x, yeS, x*y=y*x.

(4) If VxeS, x?>=x, we call the semigroup (S, *) as a band.

Definition 1. ([18, 26]) Let (S, *) be a groupoid, for any x, y, z€S.

(1) If x*(y*z) = z*(x*y), then S is called a cyclic associative groupoid (or shortly CA-groupoid).
(2) If (x*y)*z = (z*y)*x, then S is called a CA-AG-groupoid.

Proposition 1. [19] If (S, *) is a CA-groupoid (V'7, s, t, u, v, we S), then:

(1) (r*s)*(Fu) = (u*r)*(t*s);

(2) (r*s)*((Fu)*(v*w)) = (u*r)*((t*s)*(v*w)).
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Definition 2. ([21,27]) Let S be a non-empty set, and * is a binary operation on S. S is called a
neutrosophic extended triplet set, if for each x €S, there is a neutral “x” (denote by neut(x)), and the

opposite of “x” (denote by anti(x)), such that x*neut(x) = neut(x)*x = x, x*anti(x) = anti(x)*x = neut(x).

The set of neut(a) and anti(a) is represented by the notations {neut(a)} and {anti(a)j; any certain
one of neut(a) and anti(a) is represented by us with neut(a) and anti(a).

Definition 3. ([21, 27]) Let (S, *) be a neutrosophic extended triplet set. If

(1) (S, *) is well-defined, i.e.,, x*yeS (V x, yeS).

(2) (S, ¥) is associative, i.e., (x *y) *z=x* (y * z) (V x, y, z€S).

Then, (S, *) is called a neutrosophic extended triplet group (NETG). If x*y=y*x (V x, y€S), S is called a
commutative NETG.

Proposition 2. ([23, 24]) If (S, *) is a NETG, then (VxeS) neut(x) is unique.

Theorem 1. ([19]) Let (S, *) be a TA-NET-groupoid. Denote the set of all different neutral element in
Sby N(S). Put S(e) = {xeS| neut(x) = e} (VeeN(S)), then S(e) is a subgroup of S.

Theorem 2. ([28]) Assume that (S, *) is a CA-groupoid, the following statements are equivalent:
(1) Sis a CA-NET-groupoid;

(2) Sis a CA- (r, )-NET-groupoid;

(3) Sis a CA- (r, r)-NET-groupoid;

(4) Sis a CA- (1, r)-NET-groupoid;

(5) Sis a CA- (1, 1)-NET-groupoid;

(6) S is a commutative regular semigroup.

3. Type-2 Cyclic Associative Groupoids (T2CA-Groupoids)
Definition 4. Let (S, *) be a groupoid, for any #, s, teS. If
r*(s*t) = (t*r)*s,
then (S, *) is called a type-2 cyclic associative groupoid (shortly, T2CA-groupoid).

The following example shows that there is T2CA-groupoid, which is not a CA-groupoid, not a
semigroup, not an AG-groupoid. Obviously, it is not a CA-AG-groupoid.

Example 1. Put S={1, 2, 3, 4, 5, 6, 7,8}, and define the operations * on S as shown in Table 1. Then (S,
*) is a T2CA-groupoid. We can verify that (S, *) is not a semigroup, due to the fact that (6*7)*7 =2 #1
= 6*(7*7); (5, *) is not a CA-groupoid, because 6*(6*7) = 1 # 2 = 7*(6*6); (S, *) is not an AG-groupoid,
since (6*7)*7 =2 # 1 = (7*7)* 6. Obviously, (S, *) is not a CA-AG-groupoid.

Table 1. The operation * on S

* 1 2 3 4 5 6 7 8
1 1 1 1 1 1 1 1 1
2 1 1 1 1 1 1 1 1
3 1 1 1 2 1 1 2 1
4 1 1 1 1 1 1 1 1
5 1 1 1 1 1 2 2 1
6 1 1 5 1 1 4 5 1
7 1 1 2 2 1 4 2 2
8 1 1 2 1 1 1 2 2

From the following example, we know that there is T2CA-groupoid which is a semigroup but
not commutative.
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Example 2. Table 2 shows the non-commutative T2CA-groupoid of order 6, and (S, *) is a
semigroup.

Table 2. Cayley table on S={r, s, t, u, v, w}

¥

B N T S Y
- -~ 3%%®n
R T S WS S S
SN v N N o« o=+ (R
v v N R =+ =+ |Q

w
t
t
r
S
r
r

€ @ R +~»v =

Proposition 3. (1) Each commutative semigroup is a T2CA-groupoid. (2) Let (S, *) be a T2CA-
groupoid. If S is commutative, then S is a commutative semigroup.

Proof. By Definition 4, this is obvious. O

Definition 5. Let (S, *) is a T2CA-groupoid, then an element ¢ in S is called the quasi left identity
element if for all ain S, e*a =a (a #e); and it is called the quasi right identity element for all a in S, a*e
=q (a #e). If e is both quasi left and right identity element, it is called quasi identity element.

Example 3. As shown in Table 3, put S = {f, g, , j, k}, and define the operations * on S. Then we can
verify through MATLAB that (S, *) is a T2CA-groupoid, and fis the quasi identity element in S, due
to the fact that f*g=g¢*f=g, f*h=h*f=h f*j=j*f=j f*k=k*f=k

Table 3. The operation * on S

¥ f g h ] k
f G q h j k
g G g h j k
h H h g j k
j ] j ] j j
k k k k j k

Theorem 3. Let (S, *) be a T2CA-groupoid with quasi identity element ¢, that is VxS, e*x =x% =x (x
#e¢). Then S is commutative.

Proof. For any x, ye S, when x =y, obviously x*y = y*x. Suppose x #y, we have:

(1) Assume that y = ¢, due to x #y, then x # e. Therefore, e*x = x = x*e. That is, x*y = y*x.

(2) Suppose x # ¢, and y # ¢, there are:

Case 1, if x*y # ¢, by Definition 4, we can get that x*y = e*(x*y) = (y*e)*x = y*x.

Case 2, if x*y =, we have y*x = e. Otherwise, suppose y*x # ¢, by Definition 4 we have y*x = e*(y*x)
= (x*e)*y = x*y = e. This contradicts y*x #e.

Hence, S is commutative. O

Theorem 4. Let (S, *) be a T2CA-groupoid, e &S.

(1) If e is the quasi left identity element of S, that is, VxS, e*x = x (x #¢), then e is the quasi right
identity element.

(2) If e is the quasi right identity element of S, that is, Vxe§5, x*e=x (x # ¢), then ¢ is the quasi left
identity element.

Proof. (1) If ¢ is the quasi left identity element of S. For each xS, e*x = x (x # ¢), we have x*e = (¢*x) *e
=x*(e*e), and
x = e*x = e*(e*x) = (x*e)*e = (x*(e*e))*e = (e*e)*(e*x) = (e¥e)*x = e*(x*e).
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Case 1, when x*e # ¢, from x = e*(x*e) and definition of quasi left identity element, we can get that
x=x"e.
Case 2, when x*e = ¢, x = e*(x*e) = e*¢, then e*e # e. Otherwise, if e*e = ¢, we have x = e*e =¢. This
contradicts x # e. Due to that e is the quasi left identity element of S, therefore, e*(e*e) = e*e. And,
x*e = x*(e*e) = x*(e*(e*e)) = (e*e)*(x"e) = (e¥e)*e = e*(e*e) = e*e = x.

Hence, e is the quasi right identity element.

(2) Suppose that ¢ is the quasi right identity element of S. For any x€S, x*e = x (x # ¢), we have ex

=e*(x*e) = (e*e)*x, and
x =x"e = (x"e)*e = e*(e*x) = e*((e*e)*x) = (x*e)*(e*e) = x*(e*e) = (e*x)"e.

Case 1, when e*x #¢, from definition of quasi right identity element, we can get that (e*x)*x = e*x,
so x = (e*x)%e = e*x.

Case 2, when e*x = ¢, x = (¢*x)*e = e*¢, then e*e # e. Otherwise, if e*e = ¢, we have x = e*e =¢. This
contradicts x # e. Due to that e is the quasi right identity element of S, therefore, e*(e*e) = e*e.
Moreover,

e*x =(e*e)*x =x*x (Applying x =e*e)
=x*(e*e) = x.
Hence, e is the quasi left identity element. o

4. Some Properties of Type-2 Cyclic Associative Groupoids (T2CA-Groupoids)

Proposition 4. Let (S, *) be a T2CA-groupoid. Then,
(1) ¥Va, b, c deS, (a*b)*(c*d) = (b*a)*(d*c);
(2) Va, b, c d, e feS, (ab)*[(c*d)*(e*)] = [(b*)*(c*a)]*(e*d).

Proof. (1) Suppose (S, *) is a T2CA-groupoid, then for any 4, b, ¢, d, e, f€S, by Definition 4 we have
(a*b)*(c*d) = [d*(a*b)]*c = [(b*d)*a]*c = a*[c*(b*d)] = a*[(d*c)*b] = (b*a)*(d*c).

(2) Forany a, b, ¢, d, e, feS, by Definition 4 we have

(a*b)*[(c*d)*(e*f)] = (a*b)*[(d*c)*(Fe)l (By (a*b)*(c*d) = (b*a)*(d*c))
=b*[((d*c)*(f*e))*al = b*[(f*e)*(a*(d*c))] = b*[(fe)*((c*a)*d)]
=b*[(d*(f'e))*(c*a)]l = [(c*a)*b]*(d*(f *e)) = [a*(b*c)]*((e*d)*f)
= [f(a*(b*c)]*(e*d) = [f((c*a)*b)]*(e*d) = [(b*)*(c*a)]*(e*d). O

Theorem 5. Suppose (S, *) is a T2CA-groupoid.

(1) If VkeS, 3 e €S such that e*k = k, that is, S have a left identity element, then S is a commutative
semigroup.

(2) IfVkeS, Je €S such that k*e = k, that is, S have a right identity element, then S is a commutative
semigroup.

(3) If e €S is aleft identity element, then ¢ is an identity element.

(4) Ife €S is aright identity element, then e is an identity element.

Proof. (1) Suppose (S, *) is a T2CA-groupoid. Vk, w €S, we have
k*w = [e*(e*k)]*w = [(k*e)*e]*w = e*[w*(k¥e)] = e*[(e*w)*k] = e*(w*k) = w*k.
Therefore, (S, *) is a commutative T2CA-groupoid. Applying Proposition 3 (2), we get that (S, *) is a
commutative semigroup.
(2) Suppose (S, *) is a T2CA-groupoid. V k, w €S, there are:

k*w = [e*(e*k)]*w = k*[(w*e)*e] = (e*k)*(w*e)
= (k*e)*(e*w) (By Proposition 4 (1))
= [w*(k*e)]"e = (w*k)*e = wk.
Therefore, (S, *) is a commutative T2CA-groupoid. Applying Proposition 3 (2), we get that (S, *) is a
commutative semigroup.
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(3) If e is a left identity element in S. V k €5, applying Proposition 4 (1) there are:
k =e*k = e*(e*k) = (k*e)*e = (k*e)*(e*e) = (e*k)*(e*e) = k™e.
Thus, e €5 is an identity element.
(4) If e is a right identity element in S, V k €S, applying Proposition 4 (1) we get
k= k*e = (k*e)*e = e*(e*k) = (e*e)*(e*k) = (e*e)*(k™e) = e*k.
Therefore, e €5 is an identity element. o

Definition 6. Suppose S is a T2CA-groupoid. S is called a left cancellative (right cancellative,

cancellative) T2CA-groupoid, if each element of S is left cancellative (right cancellative, cancellative).

Theorem 6. Suppose (S, *) is a T2CA-groupoid, Vp, g€S:
1) if p is right cancellative or left cancellative, then p is cancellative;
2) if p is right cancellative and g is left cancellative, then p*g is cancellative;
4
5

(

(2)

(3) if p*qis right cancellative, then p*g = g*p;

(4) if p*qis cancellative, then p and g are cancellative;
®)

if p and p*g are right cancellative, then p*g is cancellative.
Proof. Let (S, *) be a T2CA-groupoid, p, g€ S.

(1) If p is a right cancellative element, p*k = p*w (V k, weS), using type-2 cyclic association:
(k*p)*p = p*(p*k) = p*(p*w) = (w*p)*p.
Applying right cancellation property of p two times, then k = w. Therefore, peS is a left cancellative
element, so p is a cancellative element in S.
Similarly, if p is a left cancellative element, k*p = w*p (Vk, weS), using type-2 cyclic association:
p*(p*k) = (k*p)*p = (w*p)*p = p*(p*w).
Using left cancellation property of p two times, then k = w. Therefore, peS is a right cancellative

element, so p is a cancellative element in S.

(2) If p is right cancellative, g is left cancellative, k*(p*q) = w*(p*q) (Vk, weS), using type-2 cyclic
association:
(q°K)%p = k*(p™q) = k*(p™q) = w¥(p*q) = w*(p*q) = (g"w)"p.
Since p is right cancellative, g is left cancellative, we get k = w. Therefore, p*g is a right cancellative.
Moreover, if (p*g)*k = (p*q)*w (Vk, weS), we have:
q*(k*p) = (p*q)k = (p*q)*k = (p™q)*w = q*(wp).
Since p is right cancellative, g is left cancellative, we get k = w. Therefore, p*g is a left cancellative.

Hence, p*q is cancellative.

(3) Suppose p*q is right cancellative. By Proposition 4 (2), we have:
[(p*q)*(q*p)] * (p*q) = (*p)*[(p*q)*(p*q)] = [(p*q)*(p*q)I*(p*q).
Since p*q is right cancellative, then (p*q)*(q*p) = (p*q)*(p*q). Applying Proposition 4 (1), we get that
(q*p)*(p*q) = (p*q)*(p*q) Moreover, since p*q is right cancellative, then g*p = p*g.

(4) Suppose p*q is cancellative. If g%k = g*w (Vk, weS), there are:
k*(p*q) = (4°%)"p = (g"w)"p = w¥(p*q).
Since p*q is cancellative, so k=w. This means that g is left cancellative. According to (1), we know g is

cancellative.
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And, since p*q is cancellative, then p*q is right cancellative, according to (5) we get g*p = p*g. So,

q*p is cancellative, p is cancellative. Therefore, if p*g is cancellative, then p and q are cancellative.

(5) Assume that p and p*g are right cancellative. If (p*g) * k = (p*q) * w (Vk, w €5), using type-2
cyclic association:
(k*p)*(p*q) = p*((p*q)*k) = p*((p*q)*w) = (W p)*(p*q).
Since p*g is right cancellative, so k*p = w*p. Moreover, p is right cancellative, so k = w. Thus, p*7 is left

cancellative, according to (1), we know p*g is cancellative. o

According to Theorem 6, we have the following corollary.

Corollary 1. Suppose (S, *) is a T2CA-groupoid, then the following asserts are equivalent:
(i) Sis a left cancellative T2CA-groupoid;
(ii) S is aright cancellative T2CA-groupoid;

(iii) S is a cancellative and commutative semigroup;

Proof. (i) = (ii): Follow Theorem 6 (1).

(ii) = (iii): Assume that S is right cancellative, by using Theorem 6 (1), we get S is cancellative.
For any p, g€S, according to Theorem 6 (3), we have p*g = g*p, then S is commutative. When applying
Proposition 3 (2), we get that S is a commutative semigroup. Therefore, S is a cancellative and
commutative semigroup.

(iii) = (i): Obviously. o

Corollary 2. Let (S, *) be a T2CA-groupoid. If there exists a cancellative element in S, then the set M =
{p S: p is cancellative} is a sub T2CA-groupoid of S.

Proof. Through the existence of a condition for cancellative elements in S, we get that M is not
empty. Vp, g €M, p and g are right and left cancellative. By Theorem 6 (2), we get p*q is cancellative.
Thus p*ge M. Therefore, M is a sub T2CA-groupoid of S. o

Corollary 3. Let (S, *) be a T2CA-groupoid. If there exists a non-cancellative element in S, then the set
N = {p eS: p is non-cancellative} is a sub T2CA-groupoid of S.

Proof. Obviously, N is non-empty. V p, geN, p and g are non-cancellative. Through Theorem 6 (4),
we know that p*g is non-cancellative. Thus, p*qeN. Therefore, N is a sub T2CA-groupoid of S.0

Theorem 7. Suppose (S, *) is a T2CA-groupoid, #, s, t €S. Define on S the relation ~ as:
r ~s & rand s are both cancellative or non—cancellative.

Then ~ is an equivalence relation.

Proof. Obviously, ~ is reflexive and symmetric.

Next, Assume r~s and s~t. If r and s are non-cancellative, from s~f we get t is non-cancellative,
thus r and t are non-cancellative, i.e., r~t; if ¥ and s are cancellative, from s~f we get ¢ is cancellative,
thus r and t are cancellative, i.e., r~t. Thus ~ is transitive.

Therefore, ~ is an equivalence relation. o

Definition 7. Let (S, *1), (S2, *2) be two T2CA-groupoids, 5:x5S, ={(p, q) |p € S1, € S,}. Define binary
operation * on S;xS; as following:
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(p1, p2) * (q1, q2) = (p1™1 q1, p2"2q2), for any (p1, p2), (q1, g2) € 51%5n.

S;and S; are called the direct factors of 5;xS,, and (5:x5,, *) is called the direct product of (51, *1) and
(S2, *2).

Theorem 8. Let (S1, *1), (S2, *2) be two T2CA-groupoids. Then the direct product (5:x5,, *) is a T2CA-
groupoid.

Proof. Let (1, 12), (s1, $2), (1, t2) € S1%S,. We have:

(r1, 12) * ((51, 52) * (11, £2)) = (11, 12) * (5171 £y, S2*212)
= (11 %1 (51 %1 t), 12*2(52%212)) = (11 *1 11) *1 51), (F2%212) *252))
=(t 111, 2%212) * (51, 52) = (11, t2) * (11, 12)) * (51, S2).

Hence, (S1x5, *) is a T2CA-groupoid. o

Theorem 9. Let 51, S2 are T2CA-groupoids, if a and b are cancellative, then (p, g) € S1 xSz is cancellative

(peSi, qgeso).

Proof. Applying Theorem 8, we know Six Sz is a T2CA-groupoid. Assume p and g are cancellative
(pe S, qeS2), for any (x1, x2), (Y1, y2)€S1% S2, (p, 9)*(x1, x2) = (p, )*(y1, y2). Then

(px1, gx2) = (py1, qy2); px1=py1, qx2 = qya.
And, according to p and g are cancellative, we get that x1 =y1, x2 =12 That is (x1, x2) = (y1, y2). Hence, (p,

q) is cancellative. O
5. Type-2 Cyclic Associative Neutrosophic Extended Triplet Groupoids (T2CA-NET-Groupoids)

In this section, we first proposed an important class of T2CA-groupoids, namely T2CA-NET-
groupoids. After giving the basic definitions and properties, this section focuses on the structure of
T2CA-NET-groupoids, and the relationship between T2CA-NET-groupoids and commutative
regular semigroups. Fortunately, we got very exciting results.

Definition 8. Let (S, *) be a neutrosophic extended triplet set. (S, *) is called a type-2 cyclic
associative neutrosophic extended triplet groupoid (shortly, T2CA-NET-groupoid), if the following
conditions are satisfied:

(1) (S, *) is well-defined, i.e., Va, beS, one has a*beS.

(2) (S, ) is type-2 cyclic associative, i.e., a*(b*c) = (c*a)*b, Va, b, c€S.

S is called a commutative T2CA-NET-groupoid if a*b = b*a, Va, beS.

Theorem 10. Let (S, *) be a T2CA-NET-groupoid, Vx €5, then neut(x) is unique.

Proof. We assume that local unit element neut(x) is not unique in S. Then, there is s, t€{neut(x)} such
that (p, g€5)
x*s=s*x=xand x*p=p*x =5 x*t=t"x =xand x*g=g*x = t.
(1) To prove s = s*t. Due to the fact
s=p*x=p*(t'x) = (x*p)*t =s*t
(2) To prove t = t*s. Due to the fact
t=g*x = q*(s*x) = (x*q)*s = t*s.
(3) To prove s =s*s. Due to the fact
s =p*x = p*(s*x) = (x*p)*s = s™s.
(4) To prove t*s =s*t. Due to the fact
t*s = (t*s)*s = s*(s*t) = s*s = s = 5™t
Hence s = t, and neut(x) is unique in S. 0
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Remark 1. In a T2CA-NET-groupoid (S, *), we know from Example 4 that anti(x) may be not
unique.

Example 4. Let S ={g, k, u, v, w}. The operate * on S is defined as Table 4. Then, (S, *) is T2CA-NET-
groupoid. Moreover, neut(g) = g, and {anti(g)} = {g, k, u, v, w}.

Table 4. The operation * on S

*

S Q@ v x0q
0Q 0q 0Q 09 OQ OQ
& Qg = =0
I 8 =R oo (R
= 8 = Q0o |Q
== o 2o |8

Proposition 5. Suppose (S, *) is a T2ZCA-NET-groupoid. Then, for any te S,
(1) neut(t)*neut(t) = neut(t);
(2) neut(neut(t)) = neut(t);
(3) anti(neut(t))*t = t.
Proof. (1) Using anti(t)*t = t*anti(t) = neut(t), we get
neut(t)*neut(t) = neut(t)*[anti(t)*t] = [Fneut(t) [*anti(t) = Fanti(t) = neut(t).
(2) According to the definition of neut(neut(t)) we can get:
neut(t)*neut(neut(t)) = neut(neut(t))*neut(t) = neut(t).
By the definition of anti(neut(t)) we can get:
neut(t)*anti(neut(t)) = anti(neut(t))*neut(t) = neut(neut(t)).
Applying (1) and Theorem 10, we get neut(neut(t)) = neut(t).

(3) By Definition 4, Definition 8 and Proposition 5 (2), there are:
anti(neut(t))*t = anti(neut(t))*[t*neut(t)] = [neut(t)*anti(neut(t))]*t
= neut(neut(t))*t = neut(t)*t = t.
Therefore, anti(neut(t))*t=t. o

Remark 2. In a T2CA-NET-groupoid (S, *), we know from Example 5 that neut(anti(t)) may be not
equal to neut(t).

Example 5. Let S = {g, u, v, w}. The operate * on S is defined as Table 5. Then, (S, *) is T2CA-NET-groupoid.
And,

neut(g) = g, neut(u) = u, {anti(g) = {g, u, v, w}.
While anti(g) = u, neut(anti(g)) # neut(g), because neut(anti(g)) = neut(u) = u # g = neut(g).

Table 5. The operation * on S

* g u v w
G 8 8 8 8
u g u g w
v 8 8 v 8
w g w g u

Theorem 11. Suppose (S, *) is a T2CA-NET-groupoid, then its idempotents are commutative.

Proof. If k, w an idempotent in S, then
(k*w)*(k*w) = (w*k)*(w*k) (Using Proposition 4 (1))
= [(w*k)*w]*k = [k*(w*w)]*k = (w*w)*(k*k) = w*k.

Moreover,
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(k*w)*(k*w) = [w*(k*w)]*k = [(w*w)*k[*k = (w*k)*k
= k*(k*w) = (neut(k)*k)*(k*w)
= (k*neut(k))*(w*k) (Using Proposition 4 (1))
= k*(w*k) = (kK*k)*w = k*w.

Hence, we get k*w = w*k. That is, in a T2CA-NET-groupoid, its idempotents are commutative. o
Corollary 4. Every T2CA-NET-groupoid is commutative.

Proof. Suppose (S, *) is a T2CA-NET-groupoid. Applying Theorem 11, neut(x) (VxeS) is idempotent.
Y k, weS, we have
neut(k) * neut(w) = neut(w) * neut(k).

Further, for any k, w € S, we have:

k*w = [kK*neut(k)]*[w*neut(w)] = [neut(w)*(k*neut(k))]*w

= [(neut(k)*neut(w))*k]*w = k*[w*(neut(k)*neut(w))]

= k*[(neut(w)*w)*neut(k)] = k*[w*neut(k)]

= [neut(k)*k]*[w*neut(k)] = k*[(w*neut(k)) neut(k)]

= k*[neut(k)*(neut(k)*w)] = [(neut(k)*w)*kl*neut(k)

= [w*(k*neut(k))]*neut(k) = (w*k)* neut(k)

= (w*k)*[neut(k)*neut(k)]

= (k*w)*[neut(k)*neut(k)] (Applying Proposition 4 (1))
= (k*w)*neut(k) (Applying Proposition 5 (1))
= w*[neut(k)*k] = w*k.

Hence, every T2CA-NET-groupoid is commutative. o

Example 6. T2CA-NET-groupoid of order 5, given in Table 6, and
neut(a) = a, {anti(a)} = {a, e}; neut(b) =b, {anti(b)} ={a, b, ¢, d, e};
neut(c) = ¢, {anti(c)} = {c, e}; neut(d) = d, {anti(d)} = {a, ¢, d, e}; neut(e) = e, anti(e) = e.
Obviously, (S, ¥) is a commutative.

Table 6. Cayley table on S=1{a, b, ¢, d, e/.

* a b c d e
a a b d d a
b b b b b b
c d b c d c
d d b d d d
e a b c d e

Proposition 6. Let (S, *) be a T2CA-NET-groupoid. Then for any k €S, for all ¢, uefanti(k)},
(1) t*neut(k) = u*neut(k);

(2) neut(u)*neut(k) = neut(k)*neut(u) = neut(k).

(3) u*neut(k) e {anti(k)};

(4) u*neut(k) = (neut(k)*u)*neut(k);

(5) u*neut(k) = neut(k)*u;

(6) neut(u*neut(k)) = neut(k).

Proof. (1) Vt, uefanti(k)}, by the definition of opposite and neutral element, using Theorem 10, we
get
k*t = t*k = neut(k), k*u = u*k =neut (k).
tneut(k) = t*(u*k) = (k*t)*u = neut(k)*u = (K*u)*u = u*(u*k) = u*neut(k).

(2) Yu efanti(k)}, by k*u = u*k = neut(k), we have
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neut(u)*neut(k) = neut(u)*(k*u) = [u*neut(u)]*k = u*k = neut(k);
neut(k)*neut(u) = (u*k)*neut(u) = k*[neut(u)*u] = k*u = neut(k).
That is, neut(u)*neut(k) = neut(k)*neut(u) = neut(k) is true for all k €S.

(3) VkeS and uelanti(k)}, u*k=k*u=neut(k). Then, by Definition 4 and Proposition 5 (1), we have
kK Tu*neut(k)] = [neut(k)*k]*u = k*u = neut(k);
[u*neut(k)]*k = neut(k)*(k*u) = neut(k)neut(k) = neut(k).
This means that u*neut(k) e {anti(k)}.

(4) VkeS and u efanti(k)}, u*k = k*u = neut(k). Applying (1) and (3), we get
u*neut(k) = (u*neut(k))*neut(k).
On the other hand, by using Proposition 4 (1) and Proposition 5 (1), we get
[u*neut(k)[*neut(k) = [u*neut(k)]*[neut(k)*neut(k)]
= [neut(k)*ul*[neut(k)*neut(k)]= [neut(k)*u]*neut(k).
Combining two equations above, we get u*neut(k) = [neut(k)*ul*neut(k).

(5) Assume that ue{anti(k)}, then k*u = u*k = neut(k), and u*neut(u) = neut(u)*u = u. By Proposition
5 (1) and (2), applying (2) and (3), there are

neut(k)*u = [neut(k)*neut(k)*[u*neut(u)] = [neut(u)*(neut(k)*neut(k))I*u
= [(neut(k)*neut(u))*neut(k)*u = neut(k)*[u*(neut(k)*neut(u))]
= neut(k)*[u*(neut(u)*neut(k))] = neut(k)*[(neut(k)*u)*neut(u)]
= [neut(u)*neut(k)]*[neut(k)*u] = neut(k)*[neut(k)*u]

= [u*neut(k)*neut(k)
= [neut(k)*ul*neut(k) (By (3), [u*neut(k)I*neut(k) = [neut(k)*u]*neut(k))
= u*neut(k). (By (3), u*neut(k) = [neut(k)*u]*neut(k))

(6) Assume ue{anti(k)}, denote d = u*neut(k). We prove the following equations:
d*neut(k) = neut(k)*d = d; d*k = k*d = neut(k).
By Proposition 4 (1), Proposition 5 (1), and above (5), we get
d*neut(k) = [u*neut(k)[*neut(k) = [u*neut(k)]*[neut(k)*neut(k)]
= [neut(k)*ul*[neut(k)*neut(k)] = [neut(k)*ul*neut(k)
= u*[neut(k)*neut(k)] = u*neut(k) = d.
Using Definition 4 and (5), we have
neut(k)*d = neut(k)*[u*neut(k)] = neut(k)*[neut(k)*ul = [u*neut(k)*neut(k) = d*neut(k) = d.
Moreover, using Proposition 5 (1), Definition 4, there are:
A%k = [u*neut(k)[*k = neut(k)*(k*u) = neut(k)*neut(k) = neut(k).
k*d = K*[u*neut(k)] = [neut(k)*k]*u = k*u = neut(k).
Thus,
d*neut(k) = neut(k)*d = d; d*k = k*d = neut(k).
According to the definition of neutral element and Theorem 10, we get neut(k) is the neutral
element of d = u*neut(k). Hence, neut(u*neut(k)) = neut(k). o

Theorem 12. Let (S, *) be a T2CA-NET-groupoid. Put the set of all different neutral elements in S by
N(S), and S(n) = {aeS| neut(a) = n} (VneN(S)). Then:
(1) S(n)is a subgroup of S;
(2) for any ni1, n2eN(S), ni1# n2= S(n1) N S(n2) = J;
3) S = EniN(S)S(n).
Proof. (1) For every keS(n), neut(k) = n, we get that n is an identity element in S(n). Applying
Proposition 5 (1), there are n*n = n.
Assume k, w €S(n), then neut(k) = neut(w) = n. Next, we are going to prove that neut(k*w) = n.
Applying Definition 4, and Corollary 4, we have
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(kK*w)*n = y*(n*k) = wk = k*w;
n*(k*w) = (wn)*k = w*k = k*w.
Moreover, for any anti(k)e{anti(k)}, anti(w)e{anti(w)}. By using Definition 4 and Definition 8, we
have
(K*w)*[anti(k)*anti(w)] = w*[(anti(k)*anti(w))*k] = w*[anti(w)*(k*anti(k))]
= w*(anti(w)*neut(k)) = [neut(k)*wl*anti(w) = (n*w)*anti(w)
= w*lanti(w)*n] = w¥anti(w) = neut(w) = n.

[anti(k)*anti(w)]*(k*w) = anti(w)*[(k*w)*anti(k)] = anti(w)*[w*(anti(k)*k)]
= anti(w)*[w*neut(k)] = anti(w)*(w*n) = anti(w)*w
= neut(w) = n.

Thus, according to Theorem 10 and the definition of neutral elements, we get that neut(k*w) = n.
Therefore, k*weS(n), that is, S(n) is closed under operation *.

Furthermore, VkeS(n), 3ueS such that uefanti(k)}. Using Proposition 6(3), u*neut(k)e{anti(k)};
and applying Proposition 6 (6), neut(u*neut(k)) = neut(k).

Put d = u*neut(k), we have
d = u*neut(k)e{anti(k)}, neut(d) = neut(u*neut(k)) = neut(k) = n.
Thus de{anti(k)}, neut(d) =n, i.e., deS(n) and d is the inverse element of k in S(n).

Hence, (S(n), *) is a subgroup of S.

(2) Suppose keS(n1)nS(n2) and n1, n2e N(S). There are neut(k)=n1, neut(k)=nz. Applying Theorem
10, we get n1=n2. Hence, ni1# n2= S(ni)nS(nz) = <.

(3) VkeS, Aneut(k)eS. Put n=neut(k), then ke S(n), neN(S). This means thatS = E Sn).o

AN (S)
Example 7. T2CA-NET-groupoid of order 5, given in Table 7, and
neut(a) = a, anti(a) = a; neut(s) = a, anti(s) =s;
neut(d) = d, anti(d) = {a, d, g}; neut(f) = d, anti(f) = {s, fl; neut(g) = g, anti(g) = g.
Denote S; ={a, s}, S.=1{d, f}, S3={g}, then S;, S; and Ss are subgroup of S, and 5=5;U S, U S3, 51N S= O,
S51NS:=0, 52N S3=0.

Table 7. Cayley table on S={4, s, d, f, g/.

* a s d f g
a a s d f d
s s a f d f
d d f d f d
f f d f d f
8 d f d f 8

Theorem 13. Suppose (S, *) is a groupoid, then S is a T2CA-NET-groupoid if and only if it is a
commutative regular semigroup.

Proof. If S is a T2CA-NET-groupoid. By Corollary 4 and Proposition 3 (2), we know that S is a
commutative semigroup. By Definition 8, there are:
k*anti(k)*k = neut(k)*k = k. (VkeS)

Therefore, element k is a regular element and S is a commutative regular semigroup.

Next, if S is a commutative regular semigroup. Applying Proposition 3 (1), we get S is a T2CA-
groupoid. VkeS, 3weS we have

K (w*k) = k.
Also,
(w*k)*k = (w*k)*[K*(w*k)] = [(W*k)*(w*k)[*k = [(K*(w*k))*w]*k = (kK*w)*k = k.

Xiaohong Zhang, Wangtao Yuan and Mingming Chen, A Kind of Non-associative Groupoids and Quasi Neutrosophic
Extended Triplet Groupoids (ONET-Groupoids)



Neutrosophic Sets and Systems, Vol. 36, 2020 156

Therefore, there exists (w*k)eS, such that kK*(w*k) = (w*k)*k = k.

Moreover, since

w'k = w*[k*(w*k)] = [(w*k)*w]*k = K*[(w*k)*w].

Then,
[(w*k)*w]*k
= [(w*k)*w]*[K*(w*k)] = [(w*k)*(w*k)*w)]*k
= [(w*k)*(w*(w*k)) I*k = [((w*k)*(w*k))*w]*k
=[(w*k) *w] *k (by (w*k)*(w*k) = (w*k))
= w*k*(w*k)] = w*k.

Thus, there exists [(w*k)*w]eS, such that K*[(w*k)*w] = [(w*k)*w]*k = w*k. Then S is a T2CA-
NET-groupoid. o

Example 8. T2CA-NET-groupoid of order 5, given in Table 8, and
neut(a)=a, {anti(a)} = {a, w, v, t}; neut(q) = a, anti(q) = g;
neut(w) = r, anti(w) = w; neut(r) =r, anti(r) = r; neut(t) = t, anti(t) = t.
Also (S, *) is a regular semigroup, due to the fact that a = a*a*a, g = *q*q, w = w*w*w, r =r*r*r, t = t*t*.
Obviously, (S, *) is a commutative.

Table 8. Cayley table on S ={a, q, w, 1, t}.

* q w

QN NS DX
Q2 g 9 2N
+~ X VD D |~

a
q
w
r
t

= @ @ S
Q & =9

Definition 9. Let (S, *) be a T2CA-groupoid. (1) If V ke S, 3 5, teS such that k*s =k, and t*k=s. Then, S
is called a T2CA-(r, 1)-NET-groupoid.

(2)If VkeS, 3 s, teS such that k*s =k, and k*t =s. Then, S is called a T2CA-(r, r)-NET-groupoid.

(@) If V keS, 35, teS such that s*k =k, and k*t = s. Then, S is called a T2CA-(], r)-NET-groupoid.

(4)If VY ke S, 35, teS such that s*k =k, and t*k = s. Then, S is called a T2CA-(1, 1)-NET-groupoid.

Theorem 14. Suppose (S, ¥) is a groupoid, then S is a T2CA- (1, 1)-NET-groupoid if and only if it is a
commutative regular semigroup.

Proof. If S is a T2CA-(r, 1)-NET-groupoid. V k€S, by Definition 8, Definition 9 (1) there are:
k*neut(k) = k, anti(k)*k = neut(k).
Moreover, we have
k*anti(k) = [kK*neut(k)]*anti(k) = [anti(k)*k]*neut(k) = neut(k)*neut(k),
neut(k)*k = (anti(k)*k)*k = k*(k*anti(k)) = k*[(k*neut(k))*anti(k)]
= (anti(k)*k)*(k*neut(k)) = neut(k)*(k*neut(k)) = [neut(k)*neut(k)I*k

= (k*anti(k))*k (By k*anti(k) = neut(k)*neut(k))
= anti(k)*(k*k) = anti(k)*[(kK*neut(k))*k] = (k*anti(k))*(k*neut(k))
= (anti(k)*k)*(neut(k)*k) (Using Proposition 4 (1))

= neut(k)*(neut(k)*k) = (k*neut(k))*neut(k)
= k*neut(k) = k.
Thus, neut(k)*k = k*neut(k) = k.
Further, we have
k*anti(k) = neut(k)*neut(k) = (anti(k)*k)*(anti(k)*k)
= (k*anti(k))*(k*anti(k)) (Using Proposition 4 (1))
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= anti(k)*[(k*anti(k))*k] = anti(k)*[anti(k)*(k*k)]
= anti(k)*[neut(k)*k] (By anti(k)*(k*k) = neut(k)*k)
= [k*anti(k)[*neut(k) = anti(k)*[neut(k)*k]
= anti(k)*k = neut(k).
Thus, anti(k)*k = k*anti(k) = neut(k).
Therefore, we prove that S is a T2CA-NET-groupoid. By Theorem 13, we get that T2CA-(z, I)-
NET-groupoid is equivalent to commutative regular semigroup. o

Theorem 15. Suppose (S, *) is a groupoid, then S is a T2CA- (r, r)-NET-groupoid if and only if it is a
commutative regular semigroup.

Proof. If S is a T2CA-(r, r)-NET-groupoid. VkeS, by Definition 8, Definition 9 (2) there are:
k * neut(k) =k, k * anti(k) = neut(k).
Moreover, we have
neut(k)*k = [k*anti(k)[*k = anti(k)*(k*k) = anti(k)*[k*(k*neut(k))]
= [(k*neut(k))*anti(k)]*k = [neut(k)*(anti(k)*k)]*k
= (anti(k)*k)*(k*neut(k)) = (anti(k)*k)*k = k*(k*anti(k))
= k*neut(k) = k.
Thus, neut(k)*k = k*neut(k) = k.
Further, we have
anti(k)*k = anti(k)*(neut(k)*k) = anti(k)*[neut(k)*(k*neut(k))]
= anti(k)*[(neut(k)*neut(k))*k] = (k*anti(k))*[neut(k)*neut(k)]
= neut(k)*[neut(k)*neut(k)] = neut(k)*[(k*anti(k))*neut(k)]
= neut(k)*[anti(k)*(neut(k)*k)] = neut(k)*[anti(k)*k]
= [k*neut(k)*anti(k)
= k*anti(k) = neut(k).
That is, anti(k)*k = k*anti(k) = neut(k).
Therefore, we prove that S is a T2CA-NET-groupoid. By Theorem 13, we get that T2CA-(z, r)-
NET-groupoid is equivalent to commutative regular semigroup. o

Theorem 16. Suppose (S, *) is a groupoid, then S is a T2CA-(], r)-NET-groupoid if and only if it is a
commutative regular semigroup.

Proof. If S is a T2CA-(], r)-NET-groupoid. VkeS, by Definition 8, Definition 9(3) we have
neut(k)*k = k, k*anti(k) = neut(k).
Moreover,
anti(k)*k = anti(k)*(neut(k)*k) = (k*anti(k))*neut(k) = neut(k)*neut(k)
= neut(k)*[k*anti(k)] = [anti(k)*neut(k)]*k = [anti(k)*(k*anti(k))]*k
= [(anti(k)*anti(k))*k]*k = kK*[k*(anti(k)*anti(k))]
= k*[(anti(k)*k)*anti(k)] = [anti(k)*k]*[anti(k)*k].

neut(k)*neut(k) = [neut(k)*neut(k)I*[neut(k)*neut(k)]
= [anti(k)*k]*[neut(k)*neut(k)] (By anti(k)*k = neut(k)*neut(k))
= k*[(neut(k)*neut(k))*anti(k)] = k*[neut(k)*(anti(k)*neut(k))]
= [(anti(k)*neut(k))*k]*neut(k) = [neut(k)*(k*anti(k))]*neut(k)
= [neut(k)*neut(k)*neut(k).
Then,
k*neut(k) = k*(k*anti(k)) = [anti(k)*k]*k
= [neut(k)*neut(k)]*k (By anti(k)*k = neut(k)*neut(k))
= [(neut(k)*neut(k))*neut(k)]*k
(By [neut(k)*neut(k)]*neut(k)=neut(k)*neut(k))
= [neut(k)*(neut(k)*neut(k))I*k = [neut(k)*neut(k)[*[k*neut(k)]
= neut(k)*[(kK*neut(k))*neut(k)] = neut(k)*[neut(k)*(neut(k)*k)]
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= neut(k)*[neut(k)*k] = neut(k)*k = k.
Thus, neut(k)*k = k*neut(k) = k.
Further, we have
[neut(k)*neut(k)*neut(k)= neut(k)*[neut(k)*neut(k)]
= neut(k)*[anti(k)*k] (By anti(k)*k = neut(k)*neut(k))
= [k*neut(k)]*anti(k)
= k*anti(k) = neut(k).
Thus, [neut(k)*neut(k)]*neut(k) = neut(k)*neut(k) = anti(k)*k = neut(k) = k*anti(k).
Therefore, we prove that S is a T2CA-NET-groupoid. By Theorem 13, we get that T2CA-(], r)
-NET-groupoid is equivalent to commutative regular semigroup. o

Theorem 17. Suppose (S, *) is a groupoid, then S is a T2CA-(l, 1)-NET-groupoid if and only if it is a
commutative regular semigroup.

Proof. If S is a T2CA-(l, 1)-NET-groupoid. VkeS, by Definition 8, Definition 9 (4) we have neut(k)*k =
k, anti(k)*k = neut(k). Moreover,
k*neut(k) = k*[anti(k)*k]
= (k*k)*anti(k) = [(neut(k)*k)*k]*anti(k)
= [(k*(k*neut(k)))*anti(k) = [K*neut(k)]*[anti(k)*k]
= [k*neut(k)*neut(k) = neut(k)*[neut(k)*k]
= neut(k)*k = k.
Thus, k*neut(k) = neut(k)*k = k.
Further, we have
k*anti(k)
= [k*neut(k)*anti(k) = neut(k)*[anti(k)*k] = neut(k)* neut(k)
= [anti(k)*k]*neut(k) = k*[neut(k)*anti(k)] = k*[(anti(k)*k)*anti(k)]
= k*[k*(anti(k)*anti(k))] = [(anti(k)*anti(k))*k]*k = [anti(k)*(k*anti(k))]*k
= [k*anti(k)[*[k*anti(k)] = anti(k)*[(kK*anti(k))*k] = anti(k)*[anti(k)*(k*k)]
= [(k*k)*anti(k)]*anti(k) = [k*(anti(k)*k)*anti(k) = [K*neut(k)]*anti(k)
= [neut(k)*k]*anti(k) = k*[anti(k)*neut(k)] = k*[anti(k)*(anti(k)*k)]
= k*[(k*anti(k))*anti(k)] = [anti(k)*k]*[k*anti(k)] = neut(k)*(k*anti(k))

= neut(k)*(neut(k)*neut(k)) (By neut(k)*neut(k)= k*anti(k))
= [neut(k)*neut(k)*neut(k))
= [k*anti(k)[*neut(k) (By neut(k)*neut(k)= k*anti(k))

= anti(k)*[neut(k)*k] = anti(k)*k = neut(k).
Thus, anti(k)*k = k*anti(k) = neut(k).
Therefore, we prove that S is a T2CA-NET-groupoid. By Theorem 13, we get that T2CA-(l, 1)-
NET-groupoid is equivalent to commutative regular semigroup. o

Example 9. T2CA-(r, 1)-NET-groupoid of order 4, given in Table 9, and
neute, n(c) = ¢, {antie, n(c)} = {c, v, b, n}; neute, () = n, {antie, n(@W)} =v;
neute, n(b) = b, antie, n(b) = b; neute, pm) = n, antie, n(n) = n.
It is easy to verify that (S, *) is also a T2CA-(r, r)-NET-groupoid, T2CA-(], r)-NET-groupoid, T2CA-
(1, 1)-NET-groupoid. Moreover, (S, ¥) is a regular semigroup, due to the fact that c =c*c*c, v=v*v * 7,
b=b*b*b n=n*n*n. Obviously, (5, *) is a commutative.

Table 9. Cayley table on S ={c, v, b, n}.

*

c v b n
c c c c c
v c n c v
b c c b c
n c v c n
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6. Quasi Neutrosophic Extended Triplet (QNET) Groupoids and T2CA-QNET-Groupoids

Definition 10. Let (S, *) be a groupoid. If for any x € S, there exists y, ze S such that

(x*y=x, ory*x =x), and (z*x =y or x*z =y).
then (S, *) is called a quasi neutrosophic extended triplet groupoid (shortly, QNET-groupoid).
Suppose (S, *) is a semigroup and QNET-groupoid, then (S, *) is called a quasi neutrosophic triplet
group (shortly, QNETG). Suppose (S, *) is a T2CA-groupoid and QNET-groupoid, then (S, *) is
called a T2CA-QNET-groupoid.

Let (S, *) be a QNET-groupoid and x € S. We introduce the following concepts:
1)If Fy,z€ S, s.t. x “y=x and x *z =y, then x is called an QNET-element with (r-r)- property;
2)If 3y, zeS, s.t. x *y=x and z *x =y, then x is called an QNET-element with (r-1)- property;
3)If 7y, zeS, s.t.y *x=x and z * x =y, then x is called an QNET-element with (I-1)- property;
4)If Jy, zeS, s.t. y *x=x and x *z =y, then x is called an QNET-element with (I-r)- property;

1)

(2)

3)

(4)

G)If Fy, ze S, s.t. x *y=y *x=x and z* x=y, then x is called an QNET-element with (Ir-1)-property;
6)If 7y, ze S, s.t. x *y=y *x=x and x* z=y, then x is called an QNET-element with (Ir-r)-property;
(7)If Fy, ze S, s.t.y *x=x and x * z= z* x =y, then x is called an QNET-element with (I-Ir)-property;
(8)If 7y, ze S, s.t. x *y=x and x *z=z *x =y, then x is called an QNET-element with (r-Ir)-property;
Q) If Fy, zeS, st. x*y=y *x=xand x *z=2z *x =y, then x is called an QNET-element with

(Ir-Ir)-property.

Easy to verify: (i) if x is an QNET-element with (r-Ir)-property, then x is an QNET-element with
(r-r)-property and (r-1)-property; if x is an QNET-element with (Ir-r)-property, then x is an QNET-
element with (l-r)-property and (r-r)-property; and soon; (ii) if * is commutative, then the above
properties coincide.

Example 10. Denote S = {1, 2, 3, 4}, define the operation * on S in Table 10. Then (S, *) is QNET-
groupoid, and 1 is an QNET-element with (Ir-Ir)-property; 2 is an QNET-element with (Ir-r)-
property; 3 is an QNET-element with (r-r)-property; and 4 is an QNET-element with (1-Ir)-property.
Obviously, (S, *) is not a NET-groupoid.

Table 10. The operation *on S

* 1 2 3 4
1 1 1 1 4
2 3 1 2 3
3 3 2 4 1
4 1 4 2 1

Example 11. Denote S = {1, 2, 3, 4, 5}, define the operation * on S in Table 11. Then (S, *) is QNETG,
and 1 is an QNET-element with (Ir-Ir)-property; 2 is an QNET-element with (lr-Ir)-property; 3 is an
QONET-element with (Ir-lr)-property; 4 is an QNET-element with (Ir-r)-property; and 5 is an
QNET-element with (lr-r)-property. Obviously, (S, *) is not a NETG. Moreover, since 5 * (5* 4) =5 #
1=(4%*5)*5, (S, *)is not a T2CA-groupoid.

Table 11. The operation *on S

* 1 2 3 4 5
1 1 1 1 1 1
2 1 2 1 4 1
3 1 1 3 1 5
4 1 4 1 1 2
5 1 1 5 3 1
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Theorem 18. Suppose (S, *) is a groupoid, then S is a T2CA-QNET-groupoid if and only if it is a
T2CA-NET-groupoid.

Proof. Let (S, *) be a T2CA-QNET-groupoid. In particular, we consider the local unit element of each
element. By Definition 10, we know that for any g, b € S, there are four cases of their local unit.

Case 1: There exists y, ze S, such that a*y =a, b*z = b. Then a is an QNET-element with (r-1, or r-1,
or r-Ir)-property, b is an QNET-element with (1-1, or r-r, or r-Ir)-property. We have

a*b = (a*y)*b = y*(b*a) = y*[b*(a*y)] = y*[(y*b)*al

= (a*y)*(y*b) = a*(y*b) = (b*a)*y = [(b*z)*al*y

= [z%a*b)]*y = (a*b)*(y*z)

= (b*a)*(z*y) (Applying Proposition 4 (1))
= [y*(b*a)]*z = [(a*y)*b]*z = (a*b)*z = b*(z*a)

=z2*[(z*a)*b] = z*[a*(b*z)] = z*(a*b) = (b*z)*a

=b*a.

Case 2: There exists y, ze S, such that y*a =4, z*b = b. Then a is an QNET-element with (l-1, or I-r,
or l-Ir)-property, b is an QNET-element with (I-], or I-r, or I-Ir)-property. According to case 1, we can
similarly get

a*b = (y*a)*(z*b) = (a*y)*(b*z) = b*a.

Case 3: There exists y, ze S, such that y*a =a, b*z = b. Then a is an QNET-element with (l-1, or I-r,

or I-Ir)-property, b is an QNET-element with (r-1, or r-r, or r-lr)-property. We have

z*a=z*(y*a) = z*[y*(y*a)] = [(y*a)*z]*y
= [a*(z*y)]*y = (2*y)*(y*a)

= (z*y)*a;
b*a = b*(y*a) = (a*b)*y = [(y*a)*b]*y = [a*(b*y)]*y = (b*y)*(y*a)
=(b*y)*a=y*(a*b) (By a*b = a*(b*y))
=y*[a*(b*y)] = [(b*y)*y]*a = [y*(y*b)]*a = (y*b)*(a*y)
= (b*y)*(y*a) (Applying Proposition 4 (1))
= (b*y)*a
=y*(a*b);
a*b =a*(b*z) = (z%a)*b = [(z*y)*al*b (By z*a = (z*y)*a)
=a*[b*(z*y)] = a*[(y*b)*z]
=(z*a)*(y*b) = (a*2)*(b*y) (Applying Proposition 4 (1))
=z*[(b*y)*a] = z*[y*(a*b)]
=z*(b*a). (By y*(a*b) = b*a)
Moreover,
b=0%z = (b*2)*z = z4(z*b) = 2*[z*(b*2)] = [(b*z)*z]*z = [z*(z*b)]*z
= (2*b)*(z*z) = (b*2)*(z*z) (Applying Proposition 4 (1))
=b*(z*z).
Thus,
a*b = a*(b*z) = a*[b*(z*z)] (By b*z =b*(z*z))
= [(z*z)*a]*b = [z*(a*2)]*b= (a*2)*(b*z)
= (z*a)*(z*b) (Applying Proposition 4 (1))

= [b*(z*a)]*z = [(a*b)*z]*z

= (b*a)*z = [(b*a)*z]*z= z*[z*(b%a)]

=z*(a*b) (By a*b = z*(b*a))
= (b*z)*a =b"a.

Case 4: There exists y, ze S, such that a*y = a, z*b =b. Then a is an QNET-element with (r-1, or r-r,
or r-Ir)-property, b is an QNET-element with (I-], or 1-r, or I-Ir)-property. According to case 3, we can
similarly get a*b = (a*y)*(z*b) = (y*a)*(b*z) = b*a.
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From Case 1, Case2, Case 3, and Case 4, we know that S is a commutative T2CA-QNET-
groupoid. Then, for any x €S, there exists y, ze S such that x*y = x, y*x =x, and z*x =y, x*z = y.
Therefore, we prove that S is a T2CA-NET-groupoid.

Conversely, it is obvious. O
Corollary 5. Assume (S, *) is a T2CA-QNET-groupoid, then (S, *) is a QNETG.

Proof. Assume that S is a T2CA-QNET-groupoid. By Theorem 18 and 13, we get that S is a
commutative regular semigroup. According to the Definition 10, we get that S is a QNETG. o

The inverse of Corollary 5 is not true, see Example 11.

Corollary 6. Let (S, *) be a T2CA-groupoid. Then, the following statements are equivalent:
(i) S is a T2CA-QNET-groupoid;

(ii) S is a T2CA-NET-groupoid;

(iii) S is a CA-NET-groupoid;

(iv) S is a commutative regular semigroup.

Proof. (i) P (ii). Suppose that S is a T2CA-QNET-groupoid. Applying Theorem 18, we get that S is a
T2CA-NET-groupoid.

(ii)P (iii). Suppose that S is a T2CA-NET-groupoid. Applying Theorem 13, we get that S is a
commutative regular semigroup. Then by Theorem 2 (1) and (6), we get S is a CA-NET-groupoid.

(iii)P (iv). Suppose that S is a CA-NET-groupoid. Applying Theorem 2 (1) and (6), we get that
S is a commutative regular semigroup.

(iv)P (i). Suppose that S is a commutative regular semigroup. Applying Theorem 13, we get S
is a T2CA-NET-groupoid. Then by Theorem 18, S is a T2CA-QNET-groupoid. o

7. Conclusions

In the paper, we introduced the new concepts of T2CA-groupoid, T2CA-NET-groupoid, and
QNET-groupoid for the first time. We precisely discussed some fundamental characteristics of
T2CA-groupoids and T2CA-NET-groupoids, then a decomposition theorem of T2CA-NET-
groupoid is proved (see Theorem 8), and the relationship between T2CA-NET-groupoids and
commutative regular semigroups is strictly proved. Furthermore, we investigated relationships
among T2CA-QNET-groupoid, T2CA-NET-groupoid, CA-NET-groupoid and commutative regular
semigroup. The results show that T2CA-groupoids, as a non-associative algebraic structure, are
typically representative and closely related to a variety of algebraic structures.

For future research directions, we will discuss the integration of the related topics (such as
algebraic systems related fuzzy logics and non-associative groupoids, see [29-34]).
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Abstract: In this paper, we will define a new set called fuzzy neutrosophic strongly alpha
generalized closed set, so we will prove some theorems related to this concept. After that, we will
give some interesting properties were investigated and referred to some results related to the new
definitions by theorems, propositions to get some relationships among fuzzy neutrosophic
strongly alpha generalized closed sets, fuzzy neutrosophic closed sets, fuzzy neutrosophic regular
closed sets, fuzzy neutrosophic alpha closed sets, fuzzy neutrosophic alpha generalized closed sets
and fuzzy neutrosophic pre closed sets which are compaied with necessary examples based of fuzzy

neutrosophic topological spaces.

Keywords: Fuzzy neutrosophic set, fuzzy neutrosophic topological space, fuzzy neutrosophic
strongly alphageneralized closed set.

1. Introduction

The concept of fuzzy set '"FS''was introduced by Lotfi Zadeh in 1965 [1], then Chang
depended the fuzzy set to introduce the concept of fuzzy topological space "FI'S" in 1968 [7]. After
that the concept of fuzzy set was developed into the concept of intutionistic fuzzy set "IFS" by
Atanassov in 1983 [4-6], the intutionistic fuzzy set gives a degree of membership and a degree of non-
membership functions. Cokor in 1997 [7] relied on intutionistic fuzzy set to introduced the concept of
intutionistic fuzzy topological space."IFTS". In 2005 Smaradache [23] study the concept of
neutrosophic set. "NS". After thatand & developed the term of neutrosophic set, Salama has studied
neutrosophic topological space "NTS"and many of its appications [18-21]. In 2013 Arockiarani
Sumathi and Martina Jency [2] introduced the concept of fuzzy neutrosophic set as generalizes the
concept of fuzzy set and intutionistic fuzzy set. where each element had three associated defining
functions on the universe of discourse X, namely the membership function (T), indeterminacy
function (I), the non-membership function (F) that is added an indeterminacy degree between the
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degree of membership and the degree of non- membership. In 2012 Salama and Alblowi defined
fuzzy neutrosophic topological space [18].

In the present work, we will generalized the concept of strongly alpha generalized closed set
in fuzzy neutrosophic topological spaces which was studied by Santhi and Sakthivel in 2011 [22] via
intuitinistic topological spaces and generalizing our works in 2018 [ 9,10 ], the new set will called
fuzzy neutrosophic strongly alpha generalized closed set in fuzzy neutrosophic topological spaces.

Finally, there are many applcation of neutrosophic sets in many fields so we can enhamce our
work, we will try in the future to applied this work in different fields such as many authors
applcations see [11] and [13-17].

2. Preliminaries:
In this section, we will define some basic definitions and some operations which are useful in

our present study.

Definition 2.1 [18]: Let X be a non-empty fixed set. The fuzzy neutrosophic set (FNS, for short), ny
is an object having the form ny = {< X, N (X), GyN (X), Vv (X) >: xe X } where the functions Ly,
onns Vin: X — [0, 1] denote  the degree of membership function (namely p.n (x)), the degree of
indeterminacy function (namely o,n (x )) and the degree of non-membership (namely v,y (x))
respectively of each elementxe X to the set iy  and 0 < pn (X) + oy (X) + Vi () < 3, for each
xe X.

Remark 2.2 [18]: FNS nn = {< X, tyn (X), oy (X), Vi (X) >: X € X} can be identified to an ordered

triple <X, fN, Oy, Vin > in [0, 1] on X,

Definition 2.3 [18]: Let X be anon-empty set and the FNSs ny andyy be in the form:
MIN=A{<X, x> Oyn s Vv >:X € X} and vy ={<X, Uyn, Oy, VN > X EX} on X then:
i WWwEWIff pn<pn,on<on andv,n=Vvy.

il. My=vyniff Ny € Yy and Yy € N,

i, In-my ={<X, VN, 1 — oo gy >1X EXY,

iv. my U yn = {<x, Max(un, py ), Max(on, oy, Min(vyn, vy ) >: X € X},

Vo My N yn ={<x, Min( pn 5 pyn ), Min(on, on), Max(vin, vin ) >0 x € X},

vii Oy=<x,0,0,1>and Iy=<x,1,1,0>.

Definition 2.4 [18]: "Fuzzy neutrosophic topology (FNT, for shoit) on a non-empty set X is a
family 7y of fuzzy neutrosophic subsets in X satisfying the following axioms.

i. ON,INETN,
ii. Nt N Mz € Ty for any 1wy, Mnz € T,
iii. U Mni € Tn, V{ TNie i€ J} c TN."
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In this case the pair (X, 7y) is called fuzzy neutrosophic topological space (FNTS, for short).
The elements of Ty are called fuzzy neutrosophic open set (FNOS, for short). The complement of
FNOS in the FNTS (X, 7y) is called fuzzy neutrosophic closed set (FNCS, for short).

Definition 2.5 [18]: Let (X, 7y) be FNTS and nx = < X, ty, O4ns Van > be FNS in X. Then the
fuzzy neutrosophic closure of mny (FNCL, for short) and fuzzy neutrosophic interior of 1y
(FNIn, for short) are defined by:
FNCL(nn) =N {Cy: Cyis FNCS in X and Ny € Cn },
FNIn (ny) = U {Op: Oy is FNOS in X and Oy € ny }.
We know, FNCL(ny) is FNCS and FNIn (ny) is FNOS in X. Futther,
i. mMyis FNCS in X iff FNCL (1) = 1w,
ii. Ny is FNOS in X iff FNIn (M) = 1.

Proposition 2.6 [25]: Let (X, tv) is FNTS and 1y, yn are FNSs in X. Then the following properties
hold:

i. FNIn (nn) € nny and ny € FNCL(1y),

ii. nn S yn = FNIn (ny) S FNIn (yx) and ny € yn = FNCL(nn) S FNCL(Y),

iii. FNIn (FNIn (my)) = FNIn (nn) and FNCL(FNCL(nn)) = FNCL(),

iv.  FNIn (Mx N yx) = FNIn (nx) N FNIn (yx) and FNCL(1x U 7x) = FNCL(11x) UFNCL(yy),

v. FNIn (1y) =1y and FNCL(1x) = 1y,

vi. FNIn (0y) = Oy and ENCL(0y) = Ox.

Definition 2.7 [9]: FNS nyin FNTS (X, ty) is called:
i. Fuzzy neutrosophic regular closed set (FNRCS, for short) if Ny = FNCL(FNIn (1v)).
ii. Fuzzy neutrosophic pre closed set (FNPCS, for short) if FNCL(FNIn (1)) S 1.
iii. Fuzzy neutrosophic a closed set (FNaCS, for short) if FNCL(FNIn(FNCL(1n))) € 1.

Definition 2.8 [10]: Let (X, 7x) be FNTS and nn = <X, tyn, 0yn, Vin > be FNS in X, Then the fuzzy
neutrosophic alpha closure of nn (FNoCL, for short) and fuzzy neutrosophic alpha interior of nn
(FNolIn,

for short) are defined by:
FNoCL(ny) = N {Cu: Cy is FNaCS in X and Ny € Cw },
FNoln (My) = U {On: Oy is FNaOS in X and Qv € na}.
We know, FNoCL(ny) is FNoaCLS and FNuln (1y) is FNoOS in X. Fuither,
i. mnis FNaCS in X iff FNoaCL(1n) =1,
ii. Ny is FNoOS in X iff FNoaln (nn) = 1w

Definition 2.9 [9,10]: Fuzzy neutrosophic sub set ny of FNTS (X, ty) is called:
i. fuzzy neutrosophic generalized closed set (FNGCS, for short ) if FNCL(ny) € Uy
wherever, Ny € Uy and Uy is FNOS in X. And 1y is said to be fuzzy neutrosophic
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generalized open set (FNGOS, for short) if the complement 1x- ny is FNGCS set in
(X, ).

ii. fuzzy neutrosophic alphageneralized closed set (FNaGCS, for short ) if FNaCL(1y) S
Ux wherever, ny € Uy and Uy is FNOS in X. And 1y is said to be fuzzy neutrosophic
alpha generalized open set (FNaGOS, for short) if the complement 1nx- n is FNaGCS

setin (X, T).

3. Fuzzy Neutrosophic Strongly Alpha Generalized Closed Sets in Fuzzy Neutrosophic
Topological Spaces.

Now, we will introduce the concept of fuzzy neutrosophic strongly alpha generalized

closed set in fuzzy neutrosophic topological spaces.

Definition 3.1: Fuzzy neutrosophic subset ny of FNTS (X, 1y) is called fuzzy neutrosophic strongly
alphageneralized closed set (FNSaGCS, for short ) if FNaCL (ny) € Uy wherever, ny € Uy and Uy is
FNGOS in X.

Example 3.2: Let X= {a, b} define FNS ny in X as follows:

NN =<X, (0.2, 0.31)), (0.5, 0.5@)), (0.8,),0.7 1)) >, where the family Ty ={0x, In, nn }-

If we take, yx = <X, (0.8, 0.7())s (0.5¢), 0.54)), (0.1(2),00)) >.

And, Uy = 1y where Uy is FNGOS such that, yy € Uy. Then, FNaCL(yy) = 1. So, FNaCL(yx) S
Un.

Hence, yy is FNSaGCS.

Theorem 3.3: Forany FNSs, the following statements are true in general:
i. Every FNOS is FNGOS.
ii. Every FNCS is FNoCS.
iii. Every FNCS is FNSaGCS.
iv. Every FNRCS is FNSaGCS.
v. Every FNoCS is FNSaGCS.
vi. Every FNaGCS is FNSaGCS.
vii. Every FNRCS is FNCS.
viii. Every FNoCS is FNaGCS.
Proof:.
i. Let Ny = <X, LN, 0N Vin > be FNOS in the FNTS (X, 1y).
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Then by Definition 2.5 ii we get, FNIn (1n) = 1.
Now, let Uy is FNCS such that, Uy € nn. Therfore, FNIn (ny) =nn 2 Ux.
Hence, ny is FNGOS in (X,Tv) .

ii. Let Ny = <X, lyN, O, Vin > be FNCLS in the FNTS (X, ).
Then by Definition 2.5 (i) we get, FNCL(1n) =1x...... (D).
And by Proposition 2.6 i we get, FNIn (ny) € 1~

So by 1 we get, FNIn (FNCL(1~)) S nn

This implies FNCL(FNIn (FNCL(1y))) € FNCL(1y).

So by (1) we get, FNCL(FNIn (FNCL(1n))) € 1.

Hence, Ny is FNoCS in (X, ).

iii. Let ny= <X, lyN, Oy, Vin > be FNCS in FNTS (X,ty).

Then by Definition 2.5 (i) we get, FNCL(1y) = nx. Now, let Uy be FNGOS such that, ny
C Ux.

Since, FNaCL(1x) SFNCL(nx) by Definition 2.5 and Definition 2.8.

So we get, FNoaCL(nx) € FNCL(1n) = Mx € Un.

Hence, Ny is FNSaGCS in (X,Tn) -

iv. Letnn = <x, tlyn, Oqns Vin > be FNRCS in the FNTS (X, ).
Then, FINCL(FNIn (1)) = 1x.---- .. D).
This implies, FNCL(FNIn (y)) = FNCL(1y)....... 2).
Now, let Uy be FNGOS such that, ny € Ux.
From(1) and (2) we get, FNCL(1n) = Nn.
That ny is FNCS in X.
So by iii we get, FNoCL(1y) € FNCL(1N) = 1x € Un.
Hence, Ny is FNSaGCS in (X,Tn) -

v. Letnn = <X, gy Onns Vin > be FNaCLOS in the FNTS (X, tv).
Then by Definition 2.8 i we get, FNo.CL (nx) = 1Mn.
Now, let Uy be FNGOS such that, ny S Un. So, FNaCL (x) =1x € Ux.
Hence, ny 1s FNSaGCS in (X, tv).

vi. Letnny= <X, lyN, Onn, Vin > be FNaGCS in the FNTS (X, ).
Then, FNoCL (1x) € Uy, Ny € Un and Uy be FNOS, so by i we get , FNOS be
FNGOS in (X, ).
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Therefore, FNo.CL (1n) S Un, Ny € Uy and Uy be FNGOS. Hence, Ny is FNSaGCS
in (X, TN).

vii. Letny= <x, tyN, 0nn, Vin > be FNaCS in the FNTS (X, tv). Then, FNaCL (nn) = 1.
Now, let Uy be FNOS such that ny € Uy, so, FNaCL (1y) = 1n € Un.
Hence, ny  is FNaGCS in (X, tv).

Remark 3.4: The convers of Theorem 3.3 is not true and this can be clarified in the following

examples.
Example 3.5:
i. LetX= {a, b} define FNS ny in X as follows:

N = <X, (0.5, 0.7)s (0.5, 0.50), (0.50,0.2) >.

The family Ty = {On, 1n, N~ } be FNT.

If we take, yx = <x, (0.1, 0.6), (0.5, 0.50,), (0.9,0.3 ) >.

And let, Uy = Oy, where Uy be FNCS such that, Uy S .

Then, FNIn (yn) = <X, (0, 0)); (0 0))s (1 Lvy) > S <X, (0.1(a), 0.6)), (0-5a)5
0.50)s (0.9,0.30) >  such that, (0, 0p) < (0.1, 0.6,), (Oayy Op) < (0.5, 0.50,)
and (Lw»le) = (0.94,0.3p) = Ox. So, FNIn (yy) 2 Uy. Hence, yy is FNGOS but,
not FNOS.

Since yn € 7Tn.

ii. LetX={a } define the FNSs nn andyy in X as follows:
N = <X, (0.5@), (0.4@), (0.7w) >, W=<X, (0.4@), (0.1), (0.8) >.
The family 7y ={0n, In, N, Y~ } be FNT.
If we take, yn = <X, (0.8(,), (0.6(x), (0.5w) >
Then, FNCL(yy) = <x, (0.8(5), (0.9(), (0.4(,) >. And, FNIn (FNCL(yy)) = <x, (0.54)),
(0.4@), (0.7@w) >. So, FNCL(FNIn (FNCL(y))) = <X, (0.7@), (0.6), (0.5w) >
Therefore, <x, (0.7)), (0.6(), (0.5) > S wn.
Hence, vy is FNaCS but not FNCS. Since yy & 1n-Tn.

iii. Take Example 3.2. Then, yy is FNSaGCS but, not FNCS.

Since, yxy & 1In- Tn.

iv. Take Example 3.2. Then yy is FNSaGCS but, not FNRCS.
Since, FNIn (\VN) = <X, (0.2(3), 0.3([,)), (O.S(a), O.S(b)), (0.8(3),0.7“,)) > and
FNCL(FNIH (\|IN)) =<x, (0.8(3), 0.7([,)), (0.5(3), O.S(b)), (0.2(3),0.3([,)) > #* YNe
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vi.

vii.

viii.

LetX={a, b } define the FNSs ny andyy in X as follows:
N~ = <X, (0.4(), 0.2()), (0.5@), 0.5@)), (0.6(,),0.7 1)) >,
YN=<X, (0.8, 0.81)), (0.50), 0.50)), (0.2(2),0.2)) >.

The family Ty ={0n, In, Nn, Y~ } be FNT.

Now if, yn = <x, (0.6, 0.7)), (0.5¢), 0.51)) (0.4(2,0.31)) >.
By Theorem 3.3 i. If Uy is FNOS then is FNGOS.

So, Uy = vy where, Uy be FNGOS such that, yy € Uy,
By Theorem 3.3 ii. Every FNCS is FNaCS.

Then, FNaCL(yx) = 1x- Nn. Therefore FNaCL(yx) € Un.
Hence, yy is FNSaGCS but, not FNaCS.

Since, FNCL(yx) = Ix- Nny FNIn (FNCL(yN)) = mn and
FNCL(FNIn (FNCL(yy))) = Ix-x € -

LetX={a} define the FNSs 1y andyy in X as follows:

NN = <X, (0.5@), (0.3@), (0-5@) >, YN=<X, (0.5@), (0 ), (1) >-
The family 7y ={0n, In, N, Y~ } be FNT.

Now if, yn = <X, (0.6,)), (0.6(5)), (0.6 >.

Let Uy = <x, (1), (1)), (0.4(»)) > be FNGOS such that, yy € Un.
Then, FNaCL(yx) = 1x- Yn. So FNoCL(yy) € Un.

Hence, yy is FNSaGCS but, not FNaGCS.

Since, Uy is FNGOS but not FNOS.

LetX={a } define the FNSs ny andyy in X as follows:

N = <X, (0.5@), (0.5@), (0.7@) >,  Yn=<X, (0.4@), (0 @), (1) >.
The family tn ={0n, I, N, Yn } be FNT.

Now if, yn = <x, (1), (1), (0.4(») >.

Then, yyis FNCS. Since yy € 1n- 7y but, not FNRCS.

Since FNIn (yn) = <x, (0.54), (0.54), (0.7,)) > and

FNCL(FNIn (yn)) = <x, (0.7@), (0.5), (0.54) > # yn.

LetX={a} define the FNSs 1y andyy in X as follows:

N =<X, (0.5@), (0.5@), (0.6@) >, YN=<X, (0.5@), (0 @), (1) >
The family 7y ={0n, In, N, Y~ } be FNT.

Now if, yn = <X, (0.6,)), (0.6(5)), (0.6)) >.
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Let, Uy = 1y be FNOS such that, yy € Ux.

Then, FNCL(yx) = <x, (1), (1), (0.5) > and FNCL(yy) S Ux.

Hence, yy is FNaGCS but, not FNaCS.

Since, FNCL(yn) = <x, (1@), (1), (0-5@) >, FNIn (FNCL(yn)) = <x, (0.5), (0.5),
(0.6,) > and

FNCL(FNIn (FNCL(y))) = <X, (0.6(), (0.5(), (0.5@) > & w.

Remark 3.6: i. The relation between FNPCS and FNSaGCS is independent and this can be
clarified in the next example.
ii. The intersection of two FNSaGCS is not FNSaGCS in general and weexplained it in

the next example.

Example 3.7:

i. (1) Let X= {a, b} define FNS 1y in X as follows:

NN = <X, (0.5, 0.5@p)), (0.5, 0.50)), (0.4),0.5 1) >.

The family 7y = {On, 1n, N~ } be FNT.

Now if, yn = <x, (0.50), 0.41)), (0.5, 0.5@)), (0.6(2,0.5)) >.

Then, FNIn (yn) = Oy and ENCL(FNIn (yy)) = On. So, FNCL(FNIn (yn)) € yn.

Hence, vy is FNPCS but, not FNSaGCS. Since

Let, Uy = nn, where Uy be FNGOS such that, yw € Uy. Then, FNaCL(yy) = 1x. So FNaCL(yy) €
Ux.

(2) Let X={a, b} define the FNSs 1y andyy in X as follows:

NN = <X, (0.5a), 0.24)), (0.5w), 0.5¢), (0.5,0.7@)) >,

YN=<X, (0.8, 0.81), (0.5, 0.51)), (0.22,0.20) >

The family Ty ={0x, In, Nn, Y~ }be FNT.

Now if, yn = <x, (0.5w), 0.7¢)), (0.5, 0.5, (0.5¢,0.3¢)) >.

Let, Uy = yn, where Uy be FNGOS such that, yy € Ux.

Then, FNaCL(yx) = <x, (0.5, 0.71)), (0.5@), 0.54)), (0.54),0.21) > S Ux.

Hence, yy is FNSaGCS but, not FNPCS.

Since, FNIn (yy) = Ny and FNCL(FNIn (yx)) = <x, (0.5@), 0.7)), (0.5¢), 0.5@)), (0.5(2),0.2() >.
So, FNCL(FNIn (yx)) € Y.

ii. Let X= {a, b} define FNS NN in X as follows: NN = <X, (0.5(3), O(b)), (0.5(3), O.S(b)), (0.1(3),1([,)) >,
The family N~ {ON, lN, NN } be FNT.
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Now if, yni = <X, (0.2(), 1n)s (L 1n)s (0.70,0 1) > and yna = <X, (0.6(a), 0))s (1a)s 1))5 (0-3 (a1 )
> are FNSaGCS. But, yniN ynz = <x, (0.2, 0))s (L 1w))s (0.7 (a1 1))>-

Now let, Ux = 1n, where Uy be FNGOS such that, yniN ynz € Un. Then, FNaCL(yniN W) = In &€
Ux.

Hence, yn1N wn; is not FNSaGCS.

Remark 3.8: The next diagram explains the relationships among different sets in the FNTS and the

convers is not true in general.

E——
FNRCS —— FNCS / FNo(S
FNSaGCS I
“ FNaGCS
FNPCS
Diagram 3.1

5. Conclusions

In this present paper, we have defined new class of neutrosophic generalized closed sets called,
fuzzy neutrosophic strongly alpha generalized closed set in fuzzy neutrosophic topological spaces.
Many results have been discussed with some properties. Further, we giving some theorems,
propositions andprovided some useful examples where such properties failed to be preserved in order
to get the relations between fuzzy neutrosophic strongly alpha generalized closed set and existing
fuzzy neutrosophic closed sets in fuzzy neutrosophic topological spaces . We think, our studied class
of sets belongs to the new class of fuzzy neutrosophic sets which is useful not only in the deepening
of our understanding of some special features of the well-known notions of fuzzy neutrosophic
topology butalso useful in neutrosophic control theory.
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Abstract: The neutrosophic sets were known since 1999, and because of their wide applications and their
great flexibility to solve the problems, we used these the concepts to define a new types of neutrosophic
crisp closed sets and limit points in neutrosophic crisp topological space, namly [neutrosophic crisp
Gem sets and neutrosophic crisp Turig points ] respactvely, we stady their properties in details and
join it with topological concepts. Finally we used [neutrosophic crisp Gem sets and neutrosophic
crisp Turig points] to introduce of topological concepts as : neutrosophic crisp closed (open) sets,
neutrosophic crisp closure, neutrosophic crisp interior, neutrosophic crisp extrior and neutrosophic
crisp boundary which are fundamental for further reserch on neutrosophic crisp topology and will
setrengthen the foundations of theory of neutrosophic topological spaces.

Keywords: Neutrosophic crisp set, Neutrosophic crisp topology, Neutrosophic crisp closed set,

1. Introduction

In 1999, Smarandache firstly proposed the theory of neutrosophicset [1] which is the generalization
of the class sets, conventional fuzz set [2] and intuitionistic set fuzzy [3]. After Smarandache,
neutrosophic sets have been successfully applied to many fields such as; topology, control theory,
databases, medical diagnosis problem, decision making problem and so on, [4-37] .

A.A. Salama, et, al.[38] proposed a new mathematical model called " Neutrosophic crisp sets and
Neutrosophic crisp topological spaces " .

The idea of "Gem-Set", which is a characterization of the concept of closure is introduced by
AL-Nafee ,Al-Swidi [39] . After AL-Nafee, the idea of "Gem-Set has been successfully using to many
topological concepts such as; interior, exterior, boundary ,separation axioms, continuous functions ,
bitopological spaces, compactness, soft topological spaces, and so on, [40,41,42,43,44,45,46,47 48].

The idea of "controlling soft Gem-Set" and join it with topological concepts in soft topological space
is introduced by [49]. The concept of the soft Turing point and used it with separation axioms in soft
topological space is introduced by [50,51].

The goal of this research is to combine the concept of "Gem-Set" and Turing point with
neutrosophic crisp set to define a new types of neutrosophic crisp closed sets and limit points in
neutrosophic crisp topological space, namly [neutrosophic crisp Gem sets and neutrosophic crisp
Turig points ] respactvely, we stady their properties in details and we also use it to introduce the
some of topological concepts as : neutrosophiccrisp closed (open) sets , neutrosophic crisp closure,
neutrosophic crisp interior, neutrosophic crisp extrior and neutrosophic crisp boundary which are
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fundamental for further reserch on neutrosophic crisp topology and will setrengthen the
foundations of theory of neutrosophic topological spaces.

The paper is structured as follows; In section 2, we first recall the necessary background on
neutrosophic and neutrosophic crisp points [NCPn for short]. In section 3, a neutrosophic crisp
Turing points properties are introduced with their properties. In section 4, the concept of
neutrosophic crisp Gem sets are introduced and studied their properties.

Throughout this paper, NCTS means a neutrosophic crisp topological space , also we write (H) by
H (for short),the collection of all neutrosophic crisp sets on H will be denoted by N(H) .

2. Preliminaries

2.1. Definition [52]
Let H be a non-empty fixed set, a neutrosophic crisp set (for short NCS) D is an object having the
form D =>D1,D2,Ds> where D1,D2 and Ds are .subsets of H .

We will exhibit the basic neutrosophic operations defnitions (union, intersection and
complement) . Since there are different definitions of neutrosophic operations , we will organize
the existing definitions into two types in each type these operations will be consistent and
functional . In this work we will use one Type of neutrosophic crisp sets operations .

2.2. Definition [52]

A neutrosophic crisp topology (NCTS) on anon-empty set H is a family T of neutrosophic crisp
susets in H satisfying the following conditions ;
On, Hn € T.
CnDeT, forC,.D €T
The union of any number of setin T belongsto T .
The pair ( H,T) is said to be a neutrosophic crisp topological space(NCTS) in H . Moreover the
elements in T are said to be neutrosophic crisp open sets. A neutrosophiccrisp set F is closed iff its
complement (FC) is an open neutrosophic crisp set .

2.3. Definition [52]
Let NI be a non-null collection of neutrosophiccrisp sets over a universe H . Then NI is called
neutrosophic crisp ideal on Hif ;
¢ CeNlandDeNIthenCUDe€eNI .
. CeNlandD<cCthenDeNI.

2.4. Definition [52]
Let (H,) be NCTS ,A be a neutrosophiccrisp set then: The intersection of any neutrosophic crisp
closed sets contained A is called neutrosophic crisp clusuer of A (for short NC-CL(A)) .

2.5. Definition [52]
((neutrosophic crisp sets operations of Type.I))

Let H be a non-empty set and C=> Ci, C2, Cs <, D=> D1, D2, Ds < be two neutrosophic crisp
sets, where D1, C1,D2,C2and Ds Ci are subsets of H ,such that (DinND2)=0 , (DinND3)=@, (D2n
D3)=0 , (CiNC2)=0 , (CinGC3)=0 , (C2n C3)=0 then:

e On=>0,0,H< (Neutrosophicempty set) .
e Hn=>H,0,0< (Neutrosophic universal set) .
e CND=[GND1],[C2NDz2]and [CsU D3] .
e CUD=[CiUD1],[C2UDz2]and [CsN Ds5] .
° CecDe Gc Di1,C2€D2 andDs€Cs .
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e The complement of a NCS (D ) may be definedas: D=>Ds, D2, D1 < .
e C=DeCcD,DcC.
2.6. Definition [53]
((neutrosophic crisp sets operations of Type.2))
Let Hbe anon-emptysetand C=> Ci, C2, C3 <, D=> D1, D2, D3 < be two neutrosophic crisp
sets, where D1, Ci, D2,C2and D3 ,C1 are subsets of H then:
e  On=>0,0, < (Neutrosophic empty set).
° Hx=>H,H,H< (Neutrosophic universal set) .
e CND=[GND:i],[CNDz2]and [CsN Ds].
e CUD=[CGUDi[CUD:2]and [C3U Ds].
° CeDeC €D1,C €Dand Cs €Ds .
e The complement of a NCS (D ) may be defined as: D€ =>D1c, D2, Dse< .
e (C=De CcD,DccC.
2.7. Definition [53]
For all a,b,c € H .Then the neutrosophic crisp points related to a,b,c are defined as follows ;
e ay=>{a,p,p<onH .
e by,=>0,{b},6<onH .
e cy, =0,0,{c}>onH .
(The set of all neutrosophic crisp points (ay,, by,, ¢y, ) is denoted by NCPN) .

3. Neutrosophic crisp turing point
In this work, we will use Type.2 of neutrosophic crisp sets operations , this was necessary to
homogeneous suitable results for the upgrade of this research .

3.1. Definition

Let (H,T) be NCTS ,P € NCPNin H, we define a neutrosophiccrisp ideal NI with respect to a
neutrosophic crisp point P, as follows :

NI(P)={(D € T:P € (D)}

3.2. Definition

Let (H,T) be NCTS,P € NCPN in (H,T), Yc H, we define a neutrosophic crisp ideal YNI(P) respect
to subspace (Y, Ty), as follows:

YNI(P) ={De Tx:P € (H\D)} .

3.3. Remark

Let (H,T) be NCTS, YcH, for each D# @y and P € NCPNinY , then ;

YNI(P)={D € Ty:P € (H\D)}={D € Ty :P €(Y\D)} .
Proof
YNI(P) = {De Ty:P € (H\D)} ={ D € Ty: P ¢D,for each PeY}={ D€ Ty: P €(Y\D), for each PeY} .

3.4. Remark

Let (H,T) be NCTS,Yc H, for each D# @y and P € NCPN in H,then ;

YNI(P)={ D € Ty :P € (H\D)}={DNY:for each D# @y < NI(P)}.

3.5. Example

Let (H,T) be NCTS, such that H={1} ,

T={ Oy Hy, A,B,C,D,E,EG}, P =<@.{1},0 > , such that;
A=<{1},0,0>B=<0,{1},0 >, C =<{1},{1}, 0> ,D=< {1}, 0, {1} > ,
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E=<9,{1},{1} >, F=<9,0,{1} >, G=< {1}, {1}, {1} >.
Then, NI(P,) ={@y , AD,F}.
3.6. Definition

Let (H,T) be NCTS ,P € NCPNin H and NI be a neutrosophic crisp ideal on (H, T), we say that p
is a neutrosophiccrisp turing point of NI if DceNIdfor each DeTr ,Tr is collection of all
neutrosophic crisp open set of neutrosophic crisp point p.

3.7. Remark
Let (H,T) be NCTS,P € NCPNinH and NI(P) ={D € T: P € (D)} be aneutrosophiccrisp ideal
on(H,T) .
Then, p is a neutrosophic crisp turing point of NI(P) .
3.8. Example

Let (H,T) be NCTS, such that H={1},

T={ oy, Hy, A,B,C,D,E,FG}, P, =<0,{1},0 >, P, =<{1},0, ® > , such that;
A=<{1},00>,B=<0,{1},0>,C=<{1},{1},0 > ,D=<{1},0,{1} >,
E=<9,{1},{1}>,F=<0,0,{1} > ,G=< {1}, {1}, {1} >.

Then, P; is a neutrosophic crisp turing point of neutrosophic crisp ideal NI(P;) ,but not P, .
3.9. Theorem

Let (H,T) be NCTS,ay, # by, € NCPNin H, then, < {b},®, @ > is a neutrosophic crisp closed set

if and only if ay, is not a aneutrosophic crisp turing point of NI(by, ).
Proof

Let ay, # by, € NCPNinH. Assume that< {b},®, @ > is a neutrosophiccrisp closed set ,so
that < {b},8,0 > = cl (< {b},d, @ >). But ay, # by, get that ay, & cl (< {b},d, @ >). Therefore,
there exists a neutrosophic crisp open set U such that, ay,€ U, Un< {b},®, ® > =@y . So that
an,€ U, U¢ Nl(by,) ,because if U€ Nl(by,), then< {b},8,® > €U ,that means Un< {b},d, @ >
#@y ,this a contradiction!. Hence ay, is not a neutrosophic crisp turing point of NI(by, ).
Conversely,

Let ay, # by, € NCPNin H. Since ay, is not a neutrosophiccrisp turing point of NI(by, ), then
there exists a neutrosophiccrisp open set U such that, ay,€ U, U¢ Nl(by,), so <{b},0, @ >
€U.Thus ay, € U, Un< {b},®, @ > =@y implies ay, ¢cl(< {b},d, @ >).

Hence < {b},0, @ >=cl(< {b}, 0, @ >), thus < {b}, @, @ > is a neutrosophiccrisp closed set in H.
Proof by the same proof of 2.10. Theorem .

4. Neutrosophic crisp Gem set

4.1. Definition

Let (H, T) be NCTS,P € NCPN in H ,NI(P) be aneutrosophic crisp ideal on (H, T) and D c(H, T),

we defined the neutrosophic crisp set ND'F with respect to space (H,T) as follows:

NDT ={P; € NCPNin H; FnD ¢ NI(P), for each FeTp ,Tp is collection of all neutrosophic crisp open
set of neutrosophiccrisp point P;.The neutrosophiccrisp set ND™ is called neutrosophiccrisp
Gem-Set .

4.2. Example

Let (H,T) be NCTS, such that H={1,2,3},
T={0_N,HNA,BCDEFG},P=<91{1},0 >D=< 9{13},0 >, such that;
A=< 0i1},0 >B=<0,{2},0 >C=<0,{3},0 > D=<0,12,0 >.

Ahmed B. AL-Nafee, Florentin Smarandache, A. A. Salama, New Types of Neutrosophic Crisp Closed Sets



179

E=<0,{13},0,0 > F=<0,{23,0 >,G=<0,{1,23,0 >.
Then, NI(P)={@,N, B,C ,F} and ND?=<{1},0, 9 >.

4.3. Theorem
Let (H,T) be NCTS,P € NCPN in H, and let D,C be subsets of (H,T).Then
1. Oy =0y

2. HyP=Hy, whenever NI(P) = @y .

3. C<c D - NCPcND™.

4. For any points P;,P, € NCPNinH ,with NI(P,)2 NI(P;) then ND*fz < ND*F1.
5. PeDif and only if Pe ND™.

6. If P €D, then (ND?T)=ND?.

7. If P, €D,P, € C with P, #,P,, DNC= @y, then ND**1~NC*Pz = @y.

8. If ay,, by, € NCPN in Hwith ay, #by,, then by, e(ay,)<implies ay, #(an,)by, and
by, (by,)ay, -

4.4 . Remark
The equality of theorem part (3),(4) does not necessarily hold as shown :
Let (H,T) be NCTS, suchthat H={1,2}, D =< 0,{2},0 >, C =< 0,{1},0 >,
T={ On, H\, A,B, G}, P, =<0,{2},0 >, P, =< 0,{1},0 >,
A=<0{1},0> B=<0,{2},0 > G =< 0,{1,2},0 >,
Then,NI(P, )= {@y, A}, NI(P, ) = {@y, B}and ND*F1 =< @,{2}, @ >, ND*Pz = ¢y ,NC*P1 = @y
Note that,
1) ND*Pz2 € ND*Pr but NI(P,) 2 NI(P,).
2) NC'P1 € ND*Pr but CZD.

4.5 .Theorem
Let(H, T) be NCTS, P, € NCPN in H and D,C be subsets of (H, T).Then ND*P1 U NC*P1 = N(D U C)*P1.
Proof
It is obviously known that D c (DuUC) and C c (DuUC), then from theorem 3.3 part(3) we get,
ND*P1 « N(D u C)*Prand ND*F* < N(A U C)*P1, for any P; € NCPN in H. Hence
ND*P1 U NC*P1 e N(D U C)*F1 (1)
For reverse inclusion, let P,  ND*P1.Then there exists neutrosophic crisp open set U containing p
,with DnUe NI( P, ).Similarly, if P, ¢ NC*1 then there exists neutrosophiccrisp open set V
containing P,with CnVE€ NI(P;) .Then by hereditary property of neutrosophic crisp ideal, we get ,
DnUnVe NI(P;) and CnUnVe NI(P;). Again by the finite additivity condition of neutrosophic crisp
ideal, we get (DUC)NUNVE NI(P,).Hence P,& N(D U C)*F1.So,
N(D U C)*P1 ¢ ND*P1 UNC™P1 ——(2).
From (1) and (2) we get, ND*P1 U NC**1 = N(D u C)*F1 .
4.6 .Theorem
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Let (H.T) be NCTS, P, € NCPN in H and D,C be subsets of (H, T).Then N(D n C)**1c ND*P» n NC*P1,
Proof

It is known that DNCcD and DnCcC, then from theorem part (3), N(D n C)**1c ND*P* and
N(D n C)*Prc NC*P1.Hence N(D N C)*P1c ND*P1 n ND*P1,for any P, € NCPN in H.

4.7 .Theorem

Let (H,T) be NCTS,ay, € NCPN in H, for each neutrosophic crisp open set U containingay,, then
(an,)an, < U.
proof

Let by, 2U ,s0 ay,#by, ,then we get that Un(by,)= @y € NI((ay,).That means (by, ¢(ay,)"an,
Thus{(ay,)ay, < U.

4.8 .Theorem
Let (H,T) be NCTS, P, € NCPN in H and D be subsets of (H, T).Then
D*P1={®N ifPleD}
()  ifP, €D
Proof
Case(1)

IfP, € D,To proveD*f1 = @y.Let D*P1 # @y, then there exists least one element.say P, € D*F1 (by
definition of D**1), we have Cp, N D & NI(P,). HenceP, € DN Cp, So P, € D which contradiction!,
then D'F1 = @y.

Case (2)

If P, €D, to prove D**1 =cI(P,). Let P, € D**1 implies P, €DN Vp, for each Vp, € Tp, implies
that P; € Vp, for each Vp, € Tp, it follows P, € cl(P;) then D*P1 ¢ cl(P,) for each D be subsets of
(H.T). Let P, € cl(P,) and P, & D*P1 then there exists neutrosophic crisp open set Vp, containing
P, such that DN Vp, € NI(P;), which implies that P, DN Vp then P, ¢ D or P; € Vp,which means
that P, € D or P, ¢ cl(P,) which contradiction! in two case. Hence P, € D*F1 implies thatcl(P;) €
D*P1. Therefore, D*F1 = cl(P,).if P, € D.

4.9. Definition
Let (H,T), (Y,8) be NCTS. Then, the mapping f:(H, T)—(Y, 6) is called NI'- map ,if and only if,
for every subset D of (H,T), P, € NCPN in H, f(D*P1) =(f (D))**P, .
4.10. Example
Let (H,T), (Y, 8) be NCTS, such that H={1,2,3}, Y={a,b,c},
T={ @y, Hy, A,B}, 8={ Oy, Yn, G}, suchthat.
A< {1},0,0 >B=<{23,0,0 >G =< {a},0,0 >.
Define f(2)=f(1)=c and f(3)=a, Put D={3} subset of (H,T) .
Then D** =B= < {2,3},8,0 >, so f{(D*3)=(f (D))"®== (< {a,c},®, @ >)*a =< {a,b,c}, 0,0 >.
4.11. Definition

Let (H,T), (Y,8) be NCTS.Then, the mapping f:(H,T) — (Y,8) is called NI"-map if and only if,
for every subset D of (Y,8),p € NCPNinY, f(D*f) =(f~1 (D))'f* ® .

4.12. Example

Let (H,T),(Y,8) be NCTS, such that H={a,b,c}, Y={1,2,3}

T={ @n, Hn, A, B}, 8={ On, Yn, G}, such that.
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A=<{a},0,0 >, B=<{bc}, 0,0 >, G=<{1},0,0 >.
Define f(b)=f(a)=3 and f(c)=1.Put D={3} subset of (Y,§) .
Then D' =B =< {23},0,0 > , sof! (D) =(f (D)<= (< {ba},® @ >)c=<{bc}, 00 >

Conclusion

We defined a new types of neutrosophic crisp closed sets and limit points in neutrosophic crisp
topological space namly [neutrosophic crisp Gem sets and neutrosophic crisp Turig points]
respactvely , we stady their properties in details and we also use it to introduce the some of
topological concepts as : neutrosophic crisp closed (open) sets, neutrosophic crisp closure,
neutrosophic crisp interior , neutrosophic crisp extrior and neutrosophic crisp boundary which are
fundamental for further reserch on neutrosophic crisp topology and will setrengthen the

foundations of theory of neutrosophic topological spaces .

We expect, this paper will promote the future study on neutrosophic crisp topological spaces and

many other general frameworks .
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Abstract: The main objective of this paper is to propose a new type of set which we call

pentapartitioned neutrosophic set. We also prove some of its basic properties.
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1. Introduction:

Smarandache [1] defined Neutrosophic Set (NS) to deal with uncertainty, indeterminacy and
inconsistency involved in mathematical objects. It generalizes fuzzy set [2] and intuitionistic fuzzy
set [3] by incorporating degrees of indeterminacy and rejection (falsity or non-membership) as
independent components. Wang et al. [4] defined Single Valued Neutrosophic Set (SVNS) in 2010.
Chatterjee et al. [5] defined Quadripartitioned SVNS (QSVNS) that involves truth, falsity, unknown
and contradiction based on four valued logics [6, 7].

Smarandache [7] split indeterminacy into unknown, contradiction, ignorance and proposed
Five Symbol Valued Neutrosophic Logic (FSVNL). In this paper we utilize FSVNL and propose
pentapartitioned neutrosophic set. We also establish some basic properties of the proposed set. The
proposed structure is generalization of existing theories of SVNS and QSVNS.

The organization of the paper is as follows: Section 1 provides a brief introduction; Section 2 is
dedicated to recalling some preliminary results; Section 3 introduces the concept of a
pentapartitioned neutrosophic set. Section 4 deals with some basic set-theoretic operations over

pentapartitioned neutrosophic sets. Section 5 concludes the paper stating future scope of research.

1. Preliminary:

Definition 1: An NS [1] N on the universe of discourse Q is defined as:

N=0<q,T,(q),1y(q),Fy(q)>qeQowhereT,[,F:0—] 0,1'[ and "0<7,(q)+1,(q)+Fy(q)<3"-

2. Single Valued Pentapartitioned Neutrosophic Sets:
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Based on Smarandache FSVNL [7], we define the concept of Pentapartitioned Neutrosophic Set
(PNS). The term “pentapartitioned” means something that divided into five characteristic features.
The indeterminacy is split into three parts signifying contradiction, ignorance and unknown
respectively. We now defined a PNS as follows:

Definition 3: Let P be a non-empty set. A PNS A over P characterizes each element p in P by a
truth-membership function 7, , a contradiction membership function C, , an ignorance

membership function G,, unknown membership function U, and a falsity membership function

F, such that for each peP, r,C,G,U, F,[0]] and
0<7,(p)+C,(P)+G,(p)+U,(p)+F,(p)<5-

Example: Consider the statement: “Is Facebook good for society?”.

Suppose, this statement is posed in front of a group of five people, say, P=op,, p,, p;p,, ps® (which
constitute the universe under consideration) and they are requested to express their opinion
regarding this statement. Now it may so happen that the opinion of the people may vary among the
following possible options: “a degree of agreement with the statement”, “a degree of both agreement
as well as disagreement regarding the statement “a degree of neither agreement nor disagreement
regarding the statement”, “a degree of ignore agreement and disagreement” and “a degree of
disagreement with respect to the statement”. According to the response of the people, the available

information can be represented in terms of a PNS as follows:
From the above PNS, it is seen that the person p, is to great extent, in agreement with the statement

whereas, p, mostly disagrees with the statement while p, opines that the statement is both true as
well as false, p,is mainly in ignorance regarding the truth of the statement and p, totally ignores
the truth and false of the statement.

It is to be noted that when Indeterminacy (I) is refined into I1, 12, I3, and together T, I1, 12, I3, F form a
pentapartitioned neutrosophic set. It is a special case of the n- valued refined neutrosophic set, introduced by
Smarandache [7] in2013.

Definition 4: A PNS A is said to be absolute PNS if and only if its truth-membership, contradiction
membership, ignorance membership, unknown membership and falsity membership function

values are defined as follow,
7,(p)=1C,(r)=1G,(p)=0U,(r)=0F,(r)=0.

Definition 5: A PNS is said to be null & PNS if and only if its truth-membership, contradiction
membership, ignorance membership, unknown membership and falsity membership function

values are respectively defined as follows:

T,(p)=0,C,(p)=0,G,(p)=1U,(p)=LF,(p)=1.
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3. Basic properties:
Definition 6: Consider two PNS R, and R, over P, R, issaid to be contained in R,, denoted
by RcR, iff T, (p)<T, (p)Cy(p)<Cy (P) Gy (p)2Gy (p), Uy () 2U, (p)andF, (p) = Fy, (p)

where peP.
Definition 7: The complement of PNS R, is denoted by R and is defined as:

Rlc :@(FRl (p)ll]}e1 (p),l—GRl (p), CRl (p)/TRl (p))op € Pe ie. TR] (p) = FR] (p)r CR] (p) = UR] (17);

Gy (P) =1=Gy (p), Uy (p) = Gy (p)and Fy (p) =T, (p), p € P

Definition 8: The union and intersection of any two PNSs R, and R, is denoted by R UR, and

R MR, is defined as:

R VR, =o(max(T, (), Ty, (), maxX(Cy, (), Cp, (P)), min(Gy, (), Gy, (), (U, (p), U, (p)), m0in(FY, (p), £y, (P)) op € Po
=o(T (P), Cr (P), Gy (P), Uy (), Fr (P)V (T, (P), Cr, (P), G, (P), Uy, (P), Fy, (P)) @p € Po

R MR, =o(min(T;, (p), T, (p)), min(Cy (p), Cy (), max(Gy (p), G, (p)), max(Uy (p), Uy, (p)), max(Fy (p), Iy, (p)) ep € Pe
=T, (p), Cy (P), Gi (P), Uy (P), Fy (D) ATy, (P), Cr, (P), G, (P), Uy, (P), Fy, (P)) @p € Po

Example: Consider any two PNSs defined over P, presented as:

E=(06,04,03,02,03)/5+(0.5,03,04,05,04)/r, +(0.3,0.7,0.5,0.2,0.4)
F=(07,0.2,0.4,03,05)/5,+(0.7,04,03,04,05)/r, +(0.6,0.5,0.6,0.4,0.3) /

Then we have,

E€=(0.3,02,0.7,0.4,0.6)/; +(0.4,0.5,0.6,0.3,0.5) / r, +(0.4,0.2,0.5,0.7,0.3) /
EUF =(0.7,04,04,0.3,05) /7 +(0.7,0.4,0.4,0.5,0.5)/ r, +(0.6,0.7,0.6,0.4,0.4) / r,
ENF=(06,02,03,0.2,03)/r+(0.50.3,0.3,0.4,0.4)/r,+(0.3,0.5,0.5,0.2,0.3) /1,

Proposition 1: PNSs satisfy the following properties under the aforementioned set theoretic

operations:

i. Commutative law
()R, VR, =R, UR,
O)RNR, =R, "R

ii.  Associative law
(C)Rl o (Rz UR3) = (R1 URz) UR,
(d)Rl m(Rz mRs) = (Rl ﬂRz)('\R3

iii. Distributive law
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(@R V(RN Ry)=(R UR,) N (R UR;)
(R N(R, UR) =(R "R V(R NRy)

iv.  Absorption law

(R, V(R NR) =R,
(h)R1 N (Rl URz) =R,

v. Involution law

vi. Law of contradiction

(R NRS =0

vii. De Morgan’s law

(k)(R1 v R2 )C = R1C N ch
(l)(Rl ﬂR2 )C = Rlc Y ch

Proof:
(@) RUR, =R, UR,
We know that,

R UR, = @(max(TRl (p), TRZ (P), rna-X(CR1 (p), CR2 (P), rnin(le (p), GRZ (P), nﬁn(Ukl (p), UR2 (P), min(FRl (p), FRZ (p))eop € Po
=o(T;, (p), Cr (P), Gy, (D), Up (P), Fi (P)V (T3, (P), Cr, (P), G, (), U, (P), £y, (P)) @p € Po

Let,x, e R, UR,
== x, eomax(Ty , T, ), max(Cy , Cp ), min(Gy , G ), min(U, , U, ), min(F, , Fy, )o
== x, eomax(Ty, , T ), max(Cy , Cy ), min(Gy , Gy ), min(U, , U, ), min(F, , Fy )o

=~x, eR,UR

=R UR, cR,UR @
Let,y, e R, UR,
==y, eomax(Ty , Ty ), max(Cy , Cp ), min(G, , Gy ), min(U,, , Uy ), min(F , F, )o
==y, eo(max(Ty , Ty, ), max(Cy , Cp ), Min(Gy , Gy, ), min(U, , U, ), min(Fy, , £y )e
==y, €RUR,
=R UR CcR UR, (2)
Therefore, from (1) and (2) we obtain,
R UR, =R, UR,
(b)  Similarly, we can prove that
RNR,=R,NR
© RURVUR)=(RVUR)UR,
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Assumthat,x, € R, U (R, UR,)

= x eR U <max(TRZ ,T;,)max(C, , Cp ), min(Gy, , Gy, ), min(U,, , U, ), min(F, , . ))

= x, € (max(T,, , Ty, T, ), max(Cy,, Cy , Gy ), min(Gy,, Gy, Gy ), min(U, U U, ), min(Fy , F, Fy))
= x, € (max(T, , Ty, ), max(Cy,, Cy, ), min(Gy,, Gy, ), min(U,, , U, ), min(Fy,, Fy, )) U R,

=>~x, €(R UR,)UR,

RUR,UR) (R UR,)UR, 3)

Assumthat,y, € (R, UR,)UR,

=y, € (max(T,,, T, ), max(C, , C,, ), min(G,, , Gy, ), min(U,, , U, ), min(F, , Fy, )) UR

=y, & (max (T}, Ty, Ty, ), max(Cy,, Cy,, Cp ), min(G,y , Gy, Gy ), min(U, Uy, U,y ), min(Fy , Fr, Fy )
=y, € R u(max(T,, , Ty, ), max(C,, , Cy, ), min(G, , Gy, ), min(U, , U, ), min(F, , F, ))

==y, € R U(R,UR))

(RYR)UR, c R U(R, UR,) 4)

From (3) and (4) we conclude that,

RUR,UR)=(R UR)UR,

(d) Similarly, we can prove that

RNR,NR)=(R NR)NR,

@ RVUMRNR)=(RVR)N(R UR,)

Assumethat,x, € R, U (R, " R,)

=3, € R, u(min(T,,, Ty, ), min(C, , C,, ), max(Gy, , G ), mex(U,, , U, ) max(F,, F )

e <m’i><(TR, in(T, , Ty ), max(C, min(C , C ), min( G, , max(Gy, , Gy, )),>
C\min(Uy , max(Uy,, Uy, )), min(F, , max(F, , Fy, )

= x, & (max(Ty,, T, ), max(Cy,, Cy, ), min(G, , Gy, ), min(U,, , Uy, ), min(F, F )

A (max (T, , T, ), max(Cy, , Cy ), min(Gy, , Gy, ), min(U,, , U, ), min(F , F )}

=X, €(RUVR)N(RUR,) )

Assumethat,y, € (R, UR,)N (R UR,)

=y, € (max(T;,, T, ), max(C,,, C,. ), min(Gy,, G, ), min(U,, , U, ), min(Fy, , F ) )

A (max(T,, , T, ), max(Cy, , Cy ), min(G, , Gy, ), min(U,, U, ), min(F , F ))

oy e <max(TR1/min(TRerR3 ), max(Cy , min(C, , C ), min(G, , max(Gy, , Gy, ))/>
" \min(U,, , max(U,,, Uy, ), min(F, , max(F,, Fy,)

=y, €< Ty, Cy, Gy Uy Fyy > 0(min(T,,, T,,),min(Cy, , Cy ), max(Gy, Gy, ), max(U, Uy, ymax(Fy,, Fy, )

=y, € R u(min(T, , T, ), min(C, , C, ), max(Gy, , Gy ), max(U,, , U, ) max(F , F, ))

==y, €eRUR,NR,) (6)

From (5) and (6), we conclude that

RUMR,NR)=(R VR,)N(R UR)

(&) RVU(RNR)=R
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Assumethat,x, € R, U (R, N R,)

= x, € R, W(min(T,, T, ), min(C,,, C;, ), max(G,, , Gy, ), max(U,, U, Y max(Fy,, Fy, ) )

e <maX(T g MU(Ty , T ), max(Cy , min(Cy , Cp ), min(Gy , max(Gy , Gy, )),>
Co\min(U, , max(Uy , Uy, ), min(Fy , max(F , Fy, )

== x, €< TRI’CRllGRl’URl’FRl >

==X R

=R U[R NR)CR @)

Assumethat, x; € R,
=>=x, €<T,Cp, Gy, Uy , Fp >

==X, € <max(TR1,rnin(TRl,TRZ ), max(Cy , min(Cy, , Cy ), min(Gy, , max(Gy , Gy ), min(U,, , max(U, , Uy )), min(£, , max(Fy , £y, ))>
= x, € Ry u(min(T,, T, ), min(C,,, C,, ), max(G,, , Gy, ), max(U,, , U, ) max(Fy , Fy, )

==x, e R U(R NR,)

=R cRU(RNR,) 8)

From (6) and (8), we conclude that

RURNR)=R

(h) Similarly, we can prove that

R m(Rl URz) =R

Assum that,x, € (R°)¢

=~ x €(F, Uy 1-G,,C,. T, )

=-x, € (T, Cy, Gp Uy , Fy)

==X, eR

= (R°)" cR, )
Assum that,y, € R,

==y, €T, Cy Gy Uy F)

=~y € (FRI,URI,l—GRI,CRI,TRI )C

==y, €(R°)

== R c(R")" (10)
From (9) and (10), we obtain

(R =R

(]) R (_\Rlc =0
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Assum that,x, € R, lec

==x, € (Ty,Cr, Gy Uy, Fo ) O (Fy Uy 1-Gy ,Co Ty

== x, e< min(T, , F, ), min(C,,, Uy, ), max(G, 1-G,, ), max (U, , C,, ), max(F, , Ty, ) >
=>x 6

=R NR O (11)

Assum that,y, € 0

==y, e<min(T},, F;, ), min(C, , Uy, ), max(G 1= Gy, ), max (U, €y, ), max(Fy, Ty, ) >
==Y, € (T, Cr, G Uy Fp )N (Fy Uy 1=-Gy , G T )

==y, e R NR"

==60cRNR" 12)

From (11) and (12), we obtain

RANRS =0

(k) (R1 URz)C = R1C mch

Assumthat,x, € (R, U R,)"

=rx, € (max(Ty , T, ), max(Cy , Cy ), min(G, , Gy ), min(U  , U, ), min(Fp , F, )
= x, & (min(F,, F,, ), min(U, , U, ),1-min(G, , G ), max(C, , C,, ), max(T, , T, ))
== x, € (Fy, Uy 1=G,, Cy , Ty )A\(Fy, Uy 1-G, ,C, T, )

=>X € Rlc ﬁRZC

== (R, UR)" <R NRS (13)

Again, Assumthat,y, € RS "R

==y, €(Fy Uy 1= Gy, Cy Ty, )O(F Uy 1-Gy ,Cy T, )

==y, €(min(F,, F,, ), min(U, U, ),1-min(G, , Gy, ), max(Cy , Cy, ), max(Ty, , Ty, ))
=y, € (max(Ty,, Ty, ), max(Cy, , Cy ), min(Gy, , Gy, ), min(U  , U ), min(Fy , Fy, )
==y (R uRZ)c

=R NRS (R UR) (14)

From (13) and (14), we conclude that

(R VR, )C = R1C A R2C

) (Rl mRz)c = Rlc UR2C

Assumthat,x, € (R, " R,)¢

== x, € (min(Ty,, T ), min(C, , Cp ), max(Gy,, Gy ), max (U, Uy, ), max(Fy, Fy )
= x, € (max(F,,, Fy, ), max (U, Uy, ), 1-max(Gy , Gy, ), min(Cy,, Cp ), min(T,, T, ))
=-x, €(Fy,, Uy 1=G,,, Co T VO (Fy Uy 1-Gy , Gy Ty )

- c c
==X, €R UR,
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== (R NR,)" <R URS (15)

Again, Assumthat,y, € R UR,C

==, €(F Uy 1-G,,, Cy T, Y U(F, U )1=G, , Cy Ty, )

=y, e (max(F,, Fy ), max(U,, , U, ) 1-max(Gy,, G, ), min(Cy,, C,, ), min(T,,, T, )
==y, € (min(Ty,, ), min(C, , Cp, ), max(Gy , Gy, ), max (U, , Uy, ), max(Fy , Fy, )
==y, e(R NR,)"

=R URS c (R NR,) (16)

From (15) and (16) we conclude that,

(Rl M Rz )C = Rlc o ch
4. Conclusion:

In this article we have develop pentapartitioned neutrosophic set. The pentapartitioned
neutrosophic set is extension of SVNS and QSVNS. The concept of complement law, inclusion law,
union law, intersection law, commutative law, etc. have been defined on pentapartitioned
neutrosophic sets. Future works may comprise of the study of different types of operators on
pentapartitioned neutrosophic sets dealing with actual problems and implementing them in

decision-making problems [8-13].
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Abstract. The primary goal of this article is to establish and investigate the idea of interval-valued neutrosophic
soft subring. Again, we have introduced function under interval-valued neutrosophic soft environment and
investigated some of its homomorphic attributes. Additionally, we have established product of two interval-
valued neutrosophic soft subrings and analyzed some of its fundamental attributes. Furthermore, we have
presented the notion of interval-valued neutrosophic normal soft subring and investigated some of its algebraic

properties and homomorphic attributes.

Keywords: Neutrosophic set; Interval-valued neutrosophic soft set; Interval-valued neutrosophic soft subring;

Interval-valued neutrosophic normal soft subring

ABBREVIATIONS

TN indicates “T-norm”.

SN indicates “S-norm”.

IVTN indicates “Interval-valued T-norm”.
IVSN indicates “Interval-valued S-norm”.
CS indicates “Crisp set”.

US indicates “Universal set”.

F'S indicates “Fuzzy set”.

IF'S indicates “Intuitionistic fuzzy set”.
NS indicates “Neutrosophic set”.

PS indicates “Plithogenic set”.

SS indicates “Soft set”.
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IVEFES indicates “Interval-valued fuzzy set”.

IVIFS indicates “Interval-valued intuitionistic fuzzy set”.
IVNS indicates “Interval-valued neutrosophic set”.

NSSR indicates “Neutrosophic soft subring”.

NNSSR indicates “Neutrosophic normal soft subring”.
IVNSR indicates “Interval-valued neutrosophic subring”.
IVINSSR indicates “Interval-valued neutrosophic soft subring”.
IVNNSSR indicates “Interval-valued neutrosophic normal soft subring”.
DMP indicates “Decision making problem”.

¢(F) indicates “Power set of .

K indicates “The set [0, 1]”.

1. Introduction

Uncertainty plays a huge part in different economical, sociological, biological, as well as
other scientific fields. It is not always possible to tackle ambiguous data using CS theory.
To cope with its limitations Zadeh introduced the groundbreaking concept of FS [1] theory.
Which was further generalized by Atanassov as IFS [2] theory. Later on, Smarandache ex-
tended these notions by introducing NS [3] theory, which became more reasonable for managing
indeterminate situations. From the beginning, NS theory became very popular among various
researchers. Nowadays, it is heavily utilized in numerous research domains. PS [4] theory is
another innovative concept introduced by Smarandache, which is more general than all the
previously mentioned notions. In NS and PS theory some of Smarandache’s remarkable contri-
butions are the notions of neutrosophic robotics |5, neutrosophic psychology [6], neutrosophic
measure |7], neutrosophic calculus [8], neutrosophic statistics |9], neutrosophic probability |10],
neutrosophic triplet group [11], plithogenic logic, probability |12], plithogenic subgroup [13],
plithogenic aggregation operators |14], plithogenic hypersoft set [15], plithogenic fuzzy whole
hypersoft set [16], plithogenic hypersoft subgroup [17], etc. Moreover, NS and PS theory
has several contributions in various other scientific fields, for instance, in selection of suppli-
ers 18], professional selection [19], fog and mobile-edge computing [20], fractional program-
ming |21], linear programming [22], shortest path problem [23-30], supply chain problem [31],
DMP [32-37], healthcare [38,39], etc.

Interval-valued versions of FS [40], IFS [41], and NS [42] are further generalizations of their
previously discussed counterparts. Since the beginning, various researchers have carried out
this concepts and explored them in different research domains. For instance, nowadays in
logic [42], abstract algebra [43(46], graph theory [47,/48], DMPs [49-51], etc., these concepts

are widely used.
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Another set theory of utmost importance is SS [52] theory. It was introduced by Molodtsov
to deal with uncertainty more conveniently and easily. At present, it is extensively used in
different scientific areas, like in DMPs [53H57], abstract algebra [58H61], stock treading [62], etc.
Furthermore, to achieve higher uncertainty handling potentials researchers have implemented
SS theory in different interval-valued environments. The following Table [I] comprises some

momentous aspects of different interval-valued soft notions.

TABLE 1. Significance of different interval-valued soft notions in various fields.

Author & references Year Contributions in various fields

Yang et al. [63] 2009 Introduced soft IVFS and defined complement,
“and” and “or” operations on them.

Jiang et al. [64] 2010 Proposed soft IVIFS and defined complement,

“and”, “or”, union, intersection, necessity, and pos-
sibility operations on them.

Feng et al. [65] 2010 Introduced soft reduct fuzzy sets of soft IVFS and
utilizing soft versions of reduct fuzzy sets and level

sets, proposed flexible strategy for DMP.

Broumi et al. [66] 2014 Presented generalized soft IVNS, analyzed some set
operations and further, applied it in DMP.

Mukherje et al. [67] 2014 Proposed relation on soft IVIFSs and presented a
solution to a DMP.

Broumi et al. [68] 2014 Proposed relation on soft IVNSs and studied reflex-

ivity, symmetry, transitivity of it.
Mukherje and Sarkar |[69] 2015 Defined Euclidean and Hamming distances between
two soft IVNSs and presented similarity measures

according to distances within them.

Deli |70] 2017 Defined soft IVNS and introduced some operations.
Further, implemented this in DMP.
Garg and Arora [71] 2018 Solved DMP with soft IVIFS information.

Group theory and ring theory are essential parts of abstract algebra, which have various
applications in different research domains. But these were initially introduced under the crisp
environment, which has certain limitations. From the year 1971, various mathematicians
started implementing uncertainty theories to generalize these notions. Some noteworthy con-
tributions in the field of group theory under uncertainty can be found on [72H76|. In ring theory
under uncertainty, the following articles [77-80] are some important developments. Again, sev-
eral researchers introduced these notions under soft environments. For instance, researchers

have introduced the concepts of ring theory under soft fuzzy [81], soft intuitionistic fuzzy [82],
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and soft neutrosophic [83] environments. Also, some more articles which can be helpful to
different researchers are [84-91], etc. Now, by mixing interval-valued environment with soft
neutrosophic environment, we can introduce a more general version of NSSR, which will be
called IVNSSR. Also, their homomorphic attributes can be studied. Again, their product and
normal versions can be introduced and studied. Based on these perceptions, the followings are
our primary objectives for this article:

e Introducing the concept of IVNSSR and a analyzing its homomorphic attributes.

e Introducing the product of IVNSSRs.
Introducing subring of a IVNSSR.
e Introducing the concept of IVNNSSR and a analyzing its homomorphic properties.

The arrangement our article is: in Section |2, some desk researches of IVIN, IVSN, NS,
IVNS, IVNSS, NSR, NSSR, etc., are discussed. In Section [3] the concept of IVNSSR has
been introduced and some fundamental theories are provided. Also, their product and nor-
mal versions are defined and some theories are given to understand their different algebraic
characteristics. Lastly, in Section [} mentioning some future scopes, the concluding segment

is given.

2. Literature Review

Definition 2.1. [92] A function T': K — K is known as a TN iff Vg, n, z € K, the followings

can be concluded

(1) T(97 1) =9

Definition 2.2. [93] A function T : ¢(K) x ¢(K) — ¢(K) defined as T(g,n) =
[T(g~,n"),T(g",n")] (T is a TN) is known as an IVTN.

Definition 2.3. [92] A function S : K — K is known as SN iff Vg, n, z € K, the followings

can be concluded

Definition 2.4. [93] The function S : ¢(K) x ¢(K) — ¢(K) defined as S(g,n) =
[S(g7,n7),S(g",nT)] (S is a SN) is called an IVSN.

S. Gayen; F. Smarandache; S. Jha; M. K. Singh; S. Broumi; and R. Kumar. Soft Subring Theory Under
Interval-valued Neutrosophic Environment



Neutrosophic Sets and Systems, Vol. 36, 2020 197

Definition 2.5. [3] A NS o of a CS @ is denoted as o = {(g,to(g),ig(g),fg(g)) 1g € Q}.
Here Vg € Q, t,(9),i,(g), and f;(g) are known as degree of truth, indeterminacy, and falsity
which satisfy the inequality ~0 < t,(g) + i,(9) + fo(g) < 3.

The set of all NSs of @) will be expressed as NS(Q).

Definition 2.6. [52] Let @ be a US and A be a set of parameters. Also, let L C A. Then
the ordered pair (f, L) is called a SS over @, where f : L — ¢(Q) is a function.

Definition 2.7. [94] Let @ be a US and A be a set of parameters. Also, let M C A. Then a
NSS over @ is denoted as (f, M) where f: M — NS(Q) is a function.

The following Definition is a redefined version of NSS, which we have adopted in this

article.

Definition 2.8. [56] Let @ be a US and A be a set of parameters. Then a NSS § of @ is
denoted as 6 = {(r,ls5(r)) : r € A} where l5 : A — NS(Q) is a function which is also known
as an approximate function of NSS & and Is5(r) = {(g, %1, (9), 1,()(9), fi;)(9)) 9 € @}
Here, Vg € Q, t154:1(9)s d15()(9), and fi5)(g ) [0,1] and they satisfy the inequality 3 >
tis(ry(9) + i15 () (9) + fisry (9) = 0.

The set of all NSSs of a set @ will be expressed as NSS(Q).

Definition 2.9. [42] An IVNS of @ is defined as the mapping 7 : Q — ¢(K) x ¢(K)

where 5(9) = {(9,%5(9),%5(9), f(9)) : g € Q}, where Vg € Q, t5(9), i5(g), and f5(g) C [

0,1].
The set of all IVNSs of a set @ will be expressed as IVNS(Q).

Definition 2.10. [70] Let @ be a US and A be a set of parameters. Then a IVNSS ¥ of @ is
denoted as ¥ = {(r,ly(r)) : r € A}, where ly : A — IVNS(Q) is a function which is also known
as an approximate function of IVNSS ¥ and lg (r) = {(g,flq}(r) (9), 71, ) (9); flq, y(9) ) 1g € Q}.

Here, Vg € Q, Elq,(r)(g)v glq,(r)(g)v and flq,(r)(g) - [Oa 1}
The set of all IVNSSs of a set @ will be expressed as IVNSS(Q).

Definition 2.11. [70] Uy = {(r,ly,(r)) : r € A} and Uy = {(r,lw,(r)) : 7 € A} be two
IVNSSs of Q. Then ¥ = ¥; U Uy = {(7“, lq;(’l“)) ‘e A} is defined as

ty(ry = [max {7, npmax{t b ]

Ly, (r)’ l\p
by (r) = [min{lz (r)’ Zlq, (r) } min {Zl ZzJ; (r )H
[min{leq,l(r)’flq,Q(r)}’mln{flq,l(r)’flq,z(r)}]

t1g (r)
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Definition 2.12. [70] W1 = {(r,ly,(r)) : 7 € A} and ¥y = {(r,ly,(r)) : 7 € A} be two
IVNSSs of Q. Then ¥ =¥, NV¥y = {(r, l\p(r)) ‘T e A} is defined as
tig(r) = [min {EZ—\pl( ) } mln{t t;\;2( )}]

by (r) = [ max {El_q,l(r)’ Zlq,2(r)}’ max {%1(1»)’ ZZQ(T)}]

[ max {JEI(W ﬁ;z(r) }, max {fz:l(r)v fz:z(r) 1]

t1g (r)

2.1. Neutrosophic subring

Definition 2.13. [30] Let (Q, +, ) be a crisp ring. A NS o = {(g,t5(9),i5(9), f(9)) : g € Q}
is called a NSR of F, iff Vg,n € Q,
(i) ta(g+n) > T(to(9): te(n)), io(g +n) > I(is(9),ic(n)), folg+n) < F(fo(9), fo(n))
(i) to(—g) = to(9), io(—g) Zic(9), fo(=9) < folg)
(iii) to(g-n) > T(ts(9),ts(n)), io(g-n) > I(is(9),is(n)), folg-n) < S(fol(9); fo(n)).
Here, T and I are two TNs and S is a SN.

The set of all NSR of a crisp ring (@, +,-) will be expressed as NSR(Q).

Proposition 2.1. [80/ A NS o = {(g,to(g),ia(g),fa(g)) 1g € Q} is called a NSR of Q, iff
Yg,n € Q,
(i) ta(g_n) Z T(ta(g)ata(n))a ia(g_n) > I(ZO'( ) 0’( )) fa( ) (fcf( ) fU( ))
(ii) to(g-n) > T(ta(g),to-(n)), is(g-n) > I(zg(g) ir(n )) folg-n) < S( )
Here, T and I are two TNs and S is a SN.

Proposition 2.2. [80] Let 01,09 € NSR(Q). Then o1 Noy € NSR(Q).

Theorem 2.3. [80] Let (Q,+,-) and (Y,+,-) be two crisp rings. Also, let h: Q —Y be a
homomorphism. If o is a NSR of Q then h(c) is a NSR of Y.

Theorem 2.4. [80] Let (Q,+,-) and (Y,+,-) be two crisp rings. Also, let h: Q —Y be a
homomorphism. If o' is a NSR of Y then h™'(c") is a NSR of Q.

Definition 2.14. [80] Let o = {(g9,t+(9),i0(9), f+(9)) : 9 € Q} be a NSR of Q. Then
Vs € [0,1] the s-level sets of @ are defined as

(i) (td)s = {g €Q: ta(g) > 8}7
(1) (i0)s = {9 € Q :in(g) > 5}, and
(iil) (fo)*={9€Q: fo(g) < s}

Proposition 2.5. [80] A NS o = {(g,t5(9),is(9), f+(9)) : g € Q} of a crisp ring (Q,+,") is
a NSR of Q iff Vs € [0,1] the s-level sets of Q, i.e. (t5)s, (is)s, and (f5)° are crisp rings of
Q.
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2.2. Neutrosophic soft subring

Definition 2.15. [83] Let (@, +,-) be a crisp ring and A be a set of parameters. Then a NSS
§={(r,15(r)) : r € A} with ls: A — NS(Q) is called a NSSR if Vr € A, l5(r) € NSR(Q).

The set of all NSSR of a crisp ring (@, +, - ) will be expressed as NSSR(Q).
Proposition 2.6. [83] A NSS 6 = {(r, {(9:ti5 (@) 11507 (9): frs(9) 9 € Q}) S A}
over a crisp ring (Q,+,-) is called a NSSR iff the following conditions hold:

(i) t150) (g —1) = T (t1,09(9)s tig () (), 1y (9 — 1) = I (i1 (9)s G5y (1) 5 frsr) (g — 1) <
(f15 ( )s flé(r) n)) and

(i) ty (g - n) = T(tiy)(9) tiy () (1) sy (9 - 1) > I(ing()(9)s iy () ()5 fis(ry(g - 1) <
S(fis)(9)s fis(r (”))

Proposition 2.7. [85] Let 61,02 € NSSR(Q). Then 61 Nd2 € NSSR(Q).

Theorem 2.8. [83] Let (Q,+,-) and (Y,+,-) be two crisp rings. Also, let h: Q —Y be an
isomorphism. If 6 is a NSSR of Q then h(d) is a NSSR of Y.

Theorem 2.9. [85] Let (Q,+,-) and (Y,+,-) be two crisp rings. Also, let h: Q — Y be a
homomorphism. If ' is a NSSR of Y then h=1(8") is a NSSR of Q.

Theorem 2.10. ; € NSSR(Q) and 62 € NSSR(Y'), then their cartesian product 61 X do €
NSSR(Q xY).

Definition 2.16. [83] A NSSR § = {(r,l5(r)) : v € A} of a crisp ring (Q, +,) is known as a
NNSSR of Q iff 5y (g-1) = ti5() (0 9), 15 (r) (9-1) = 15y (00 g), and figy(g-n) = fiyr)(n-9).

The set of all NNSSR of @ will be expressed as NNSSR(Q).
Proposition 2.11. /85] Let 61,02 € NNSSR(Q). Then 61 Ndy € NNSSR(Q).

Theorem 2.12. [85] Let (Q,+,-) and (Y,+,-) be two crisp rings. Also, let h: Q =Y be an
isomorphism. If § is a NNSSR of Q then h(d) is a NNSSR of Y.

Theorem 2.13. [85/ Let (Q,+,) and (Y,+,-) be two crisp rings. Also, let h: Q —Y be a
ring homomorphism. If &' is a NNSSR of Y then h=1(d") is a NNSSR of Q.

3. Proposed notion of interval-valued neutrosophic soft subring

Definition 3.1. Let (Q,+, ) be a crisp ring and A be a set of parameters. An IVNSS

U= {(r, {(9, 10,7 (9): 11y, () (9): Fro ) (9)) 29 € Q}) r € A} is called an IVNSSR of (Q, +, )
if Vg,n € Q, and Vr € A, the followings can be concluded:
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)
(111) Uy (r) qg- 7’L) < f(glw (r) (g)?gl\p(’!‘) (n))7
)

The set of all IVNSSR of a crisp ring (@, +, - ) will be expressed as IVNSSR(Q).

Example 3.2. Let (Z,+,-) be the ring and N be a set of parameters. Also, let ¥ =

{(r, {(g,t_lq}(r)(g),flq,(r)(g),ﬁ\p(r)(g)) i g € Z}) e € N} be an IVNSS of Z, where
lg : N — IVNS(Q) and Vg € Z, Vr € N corresponding memberships are

- [1 l}ifQGZZ

tiy(ry(9) = r+llr ,
[0, 0] if g €22 +1
) [0, 0] it g €22
iy (r)(9) = 11 , and
— — | if 27+ 1
{27“—0—2’27“]196 +
7 [0, 0] it g €27
flxp(r)(g): r—1 T :
{ " ,T+1]1fg€22+1

Here, considering minimum TN and maximum SNs Vr € N, U € IVNSSR(Z).

Example 3.3. Let (Z4,+,-) be the ring of integers modulo 4 and A = {ry,r9,73} be a set
of parameters. Also, let ¥ = {(7”7 {(r, by ()(9) iy (1) (9) flq,(r)(g)) tg € Z4}> ir € A} be an
IVNSS of Z4, where lg : A — IVNS(Q). Again, let the membership values of the elements
belonging to ¥ are specified in Table and

TABLE 2. Membership values of elements with respect to parameter rq

U(r1) | tig () Uy (1) Fia(ry)
0 | [0.64,0.66] | [0.33,0.35] | [0.13,0.14]
1 | [0.7,0.72] | [0.21,0.23] | [0.77,0.79]
5 | [0.74,0.76] | [0.24,0.26] | [0.51,0.53]
3 |0.66,0.68] | [0.31,0.33] | [0.28,0.3]
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TABLE 3. Membership values of elements with respect to parameter 9

P(ra) t_l\p(T’Q) gl\11(7‘2) fl\p(m)
0 [0.68,0.7] | [0.3,0.32] |[0.31,0.33]
1 [0.61,0.63] | [0.31,0.33] | [0.41,0.43]
2 [0.57,0.59] | [0.4,0.42] | [0.65,0.67]
3 [0.7,0.72] | [0.26,0.28] | [0.52,0.54]

TABLE 4. Membership values of elements with respect to parameter r3

\II(T3) El\p(rs) Yy (rs) JFZ\I/(TB)
0 [0.71,0.73] | [0.2,0.23] | [0.15,0.17]
1 [0.83,0.85] | [0.15,0.17] | [0.24, 0.26]
2 [0.68,0.7] | [0.3,0.32] | [0.38,0.4]
3 [0.78,0.8] | [0.18,0.2] | [0.4,0.43]

Here, considering the Lukasiewicz TN (7'(g,n) = max{0,g + n — 1}) and bounded sum SNs
(S(g,n) = min{g +n,1}), Vr € A, ¥ € IVNSSR(Z,).

Proposition 3.1. An I[VNSS ¥ = {(r, {(g,flq/(r)( )ity (r)(9), fl\p (9)) g€ Q}) ‘T € A}
of a crisp ring (Q,+,-) is an IVNSSR iff the following conditions hold (considering idempotent
IVTN and IVSNs):

(i) f1y () (9 — 1) = Tty (9):
n) < F(fiy0)(9): frg () n))

(ii) Ly (g-n) > T(tlg(r)(g)vflw( )( n)), i@ (g-n)
F(fra()(9); figm ().

Proof. Let ¥ € IVNSSR(Q®). Then

( ) i) (9 = 1) < I(i1g()(9): i1y () ()5 frem (9 —

< ity (1)(9): Ty (1)) Jrg(ry (9 1) <

n) > T (t,(9), tiy () (—n)) [by Definition
T(t_l\p(’r‘) (g), El\p(r) (n)) [by Definition

tig () (9 —

Y

Similary, we will have
i1y (9 — 1) < I(ig)(9), i1y (n)), and
Jro@ (9 =) < F(fiy)(9) fry (1),

Again, (ii) follows immediately from condition (iii) of Definition
Conversely, let conditions (i) and (ii) of Proposition hold. Assuming 6 as the additive
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neutral member of (Q,+,-), we have
t1y () (0Q) = iy (9 — 9)
= t14(r)(9) (3.1)
Similaly,
i1 (r) (0Q) < i1y (1) (9) (3.2)
Jra()(00) < fiym(9) (3.3)
Now,
ty () (—9) =ty () (g — 9)
> Tty (1) (0Q): tiy (1) (9))
> T (f1y(r) (9): Ty () (9)) [by [B-1]
=11, () (g) [since T'is idempotent] (3.4)
Similarly,
i1y, (—9) <1y (r)(g) [since I is idempotent] (3.5)
Jio(=9) < fiy()(g) [since F' is idempotent] (3.6)
Hence,
> T (t1y,(r)(9), (r)(_n))
> T (f14,()(9): fry vy () [y 4] (3.7)
Similarly,
i1 () (9 + 1) < Tl (1)(9): ity (1) (n)) [by [B-5] (3.8)
Fro(9+ 1) < F(fiy)(9): Fiyry(n)) [by B-6] (3.9)

Hence, Equations and prove part (i) of Proposition Again, part (ii) of

Proposition [3.1] is similar to condition (iii) of Definition So, ¥ € IVNSSR(Q). ¢

Theorem 3.2. Let (Q,+,-) be a crisp ring. If W1, Uy € TVNSSR(Q), then ¥1 N ¥y €

IVNSSR(Q) (considering idempotent IVTN and IVSNs).
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Proof. Let ¥ = ¥ NW¥y. Now, Vg,n € Q and Vr € A

ty () (9 + 1) =T (g, () (9 + )iy, (g + 7))
> T(T(frg, () (9) Ty, ) () T (g 1) (9): By ()
- T(T(}Wlm g, () (), Tty 1) (), g, 1) (9 ))) [as T is commutative]
= T<T(_x1/1 (9), 2?l%(r) (9))7T(51q,1(r) (n), t_l\p2(7’) (”))) [as T is associative]

= T(t14 () (9): L1y (1) (1)) (3.10)

and

> T (t1g,(r)(9): tig, ()(9)) [by Definition B.1]

= t14(r)(9) (3.11)

Similarly, we can show
i1y () (9 + 1) < T (i1y(r)(9): 1y (r) (1) (3.12)

and

Also, we can show that
by () (9 - 1) = T (1 (9), tiy () (), (3.16)
i1y (9 1) <1 (igy () (9) i1y () (1)), and (3.17)
Jra)(9-1) < F(fiy)(9) fry oy () (3.18)

So, from Equations ¥ € IVNSSR(Q).

Remark 3.3. In general, if U1, Vg € IVNSSR(Q), then ¥1U¥y may not always be an IVNSSR
Of (Q> +, )

The following Example [3.4] will prove Remark

Example 3.4. Let (Z,+,-) be the ring of integers and N be a set of parameters. Again,
let ¥ = {(r,{(g,flq,l(r)()zlwl ()flq;l(r( 9) + g € Z}) or € N} and ¥y =
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{(r, {(g,ﬁWQ(T)(g),ZlWZ(T)(g), ﬁTQ(T)(g)) 1g € Z}) :r € N\ {1}} be two IVNSSs of Z, where

ly, : N — IVNSS(Q) be defined as

[ L 1}ifgezz

ty, (@)= T Lr ,
[0,0] if g €27 + 1
[0, 0] if g € 27
i1y, (r(9) = 11 , and
r r
0, 0] if g € 27
Fra (9) =4 rr — :
wy () [r 17 :_1} ifgc2z 41
ror
and ly, : N\ {1} — IVNSS(Q) be defined as
1 1
7 (9) [;’r 1} if g €37
tig, (r(9) = - )
i [0,0] if g €37 +1
[0, 0] if g €32
iy, (@ =911 1 , and
[0,0] if g €32
le r (g): — — .
wqy () [7’ 277” 1} ifgesz+1
r—1

Here, considering minimum TN and maximum SNs Uy, Uy € IVNSSR(Z). Let ¥ = ¥ U U,.

Now considering » = 3 we will have

. Fgl}ﬁgGQZ

th,l(3)(g) =443 and
0,0] ifge2z+1
11

) Pg§}ﬁg€3Z

by, (3) (9) =4 1'3

0,0] ifge3Z+1

Now, taking g = 10 and n = 15, we will have

tig(3)(g + 1) = t1,,3)(10 + 15)
= 11,,(3)(25)
= maX{t_lqjl (3) (25), fl%(s) (25)}
= max{[0, 0], [0, 0]}
=1[0,0]
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Again, if ¥ € IVNSSR(Q) then Vg,n € Q, t1g(3) (g + n) > mln{tl 1(9); tig(3y(n)}. But, here

f1,(3(10 + 15). So, W g IVNSSR(Q).

Corollary 3.4. If Uy, Vs € IVNSSR(Q), then W1 U Wy € IVNSSR(Q) iff one is a subset of

other.

Definition 3.5. let ¥ = {(r,{(g,t_l\y(?q)(g) i14(r)(9), [y r)( 1 g € Z4}) tr € A} be an
IVNSS of a crisp ring (Q,+,-). Also, let [g1,n1], [g2,n2], and [g3,n3] € ¢(K). Then the CS
\I'([gl’n1]7[g2’n2]7[g3’n3]) is called a level set of IVNSSR W, where for any g € \I'([gl’n1]7[g2:n2]7[g3’n3])
the following inequalities will hold: #;,((g9) > [g1,71], il\p( y(9) < lg2,m2], and fi1,(9) <

g3, n3).

Theorem 3.5. Let (Q,+,:) be a crisp ring. Then ¥ € IVNSSR(Q) iff
v[glvn1]7[92vn2]7[937n3] S ¢(K) with t_l\p(r)(HQ> > [91777’1]7 El\p(r‘)(eQ) < [927n2]7 and

f <
fl\Il(T)(HQ) — [93’n3]7 \IJ([gl,nl},[QQ,n2L[93,n3}
potent IVTN and IVSNs).

) is a crisp subring of (Q,+,-) (considering idem-

Proof. Since, Ty, (y(0q) > [g1,m], i1,0)(0Q) < [g2,m2], and fi,(m(0) < lgs,ns], g €
) is non-empty. Now, let ¥ € IVNSSR(Q) and

, Le.,

v ([91 n1l,lg2,m2].g3 ,ns]) ([91 ;n1l.[g2,m2],[g3,m3]

g,n € \If([glmﬂ’[g%nz}’[g&ng}). To show that, (g —n) and g-n € \I/([glm]’[g%n?]’[g?”ng]). Here,
tiy (1) (9 — 1) 2 T(t1,()(9), 1y (r)(n)) [by Proposition B.1]
o7
= T([Qlu”l]? [glunl]) |:8,S g,n € \II([gl’n1]7[927n2]7[93’n3])j|
> [g1,m1] [as T is idempotent] (3.19)
Again,
by (9 1) > T(f1,(1(9): tiy () (n)) [by Proposition B1]
> F
> T([ghm], [91,711]) [as g,n € ‘If([ghm}’[g%nﬂ’[g&n?)})]
> [g1,n1] [as T is idempotent] (3.20)
Similarly, as I and F are idempotent, we can prove that
i1y (ry (9 — 1) < [g2,n2], (3.21)
lep(r (g n) < [927n2]7 (3‘22)
fiyry(g —n) < [g3,n3], and (3:23)
Jro (g - 1) < [g3,n3]. (3.24)
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So, from Equations|3.19H3.24{(¢g—n) and g-n € ¥

ie.,

(lg1.m1].[g2:m2).l93.m5])’ (lg1.m1).[g2.:m2] g5 )

is a crisp subring of (@, +, -).
Conversely, let ¥ ( is a crisp subring of (Q,+,-). To show that, ¥ €
IVNSSR(Q).

Let g,n € @, then there exists [g1,n1] € ¢(K) such that T (¢, (9), bty (n) = [g1,n4]-

[91,m1],g2,m2],[93 ,ns])

Wherefrom &, (,1(9) > [91,71] and 1,y (n) > [g1,11]. Also, let there exist [g2,n2], [g3,n3] €

¢(K) such that I (i, )(9), i1y (1) = [g2,n2) and F(fi,)(9): fry (1)) = [g3,ns]. Then

g,n cw ([gl7n1}’[927n2}’[937n3}) .

Now, as \Il( is a crisp subring, g —n € ¥ and g -n €

lg1.n1].[g2.n2],[g3.,m3]) (lg2,m1),lg2,m2],[g3,m5] )

mmw¢WMWWM'
Hence,

tig(r)(g —n) > [k, 51]

= T(t14(r)(9): liy () (n)) and (3.25)
tig(r)(g - m) = [k1, 51]
=T (t1y, (1) (9); tig (r) (1)) (3.26)

Similarly, we can prove that

i1y (9 —n) < [k, 59

=1 (i1, () (9) 14 () (1), (3.27)

i1y (9 - 1) < [k, 52
= T (i1 () (9), g (1) (M), (3.28)

Frary(g —n) < [k3, 53]
= F(fiy)(9): fru(ry(n)), and (3.29)

Jro ) (g - 1) < [ks, s3]
= F(f1,)(9); fiym(n)) (3.30)

Hence, from Equations [3.25H3.30| U € IVNSSR(Q).

Definition 3.6. Let ¥ and ¥’ be two IVNSSs of two CSs @ and Y, respectively. Also, let
h:Q — Y be a function. Then

(i) image of ¥ under h will be
h(\P) = {(’F, {(nvEh(lq,(?"))(”)?gh(lq,(r))(n)v f_h(lq;(T’))(n)) ‘ne Y}) T e A}7

where Ty, () (n) = A (n)flq,(r)(s)a iy () (1) = A (n)glq,(r)(s)v and fyy () (v) =
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seh
Zh(lq,(r))(n) = 1 () (R (1)), Frt(r)) () = frory (R ().
(i) preimage of ¥’ under h will be

flq, y(s).  Wherefrom, if h is injective then tji,))(n) = &0 (7' (n)),

(W) = {(7“7 {9 109,60 (9)s in-1(14, () (9)> 104,01 (9)) = 9 € Q}) € A},

where -1, ) (9) = Ty ) (M9)), 10,619 = Ty o) (R(9))s Fa-1ayr
iy (M(9)).-

nig) =

Theorem 3.6. Let (Q,+,-) and (Y,+,-) be two crisp rings. Also, let h : Q@ — Y be an

isomorphism. If U is an IVNSSR of Q then h(V) is an IVNSSR of Y.

Proof. Let n1 = h(g1) and na = h(g2), where g1, 92 € Q and ny,ny € Y. Now,

thiag () (n1 — n2) =ty (R (n1 — n2)) [as b is injective]

=11y (r) (h_l(nl) - h_l(ng)) [as ! is a homomorphism]
= Elq,(r) (91 — g2)

> T (1 (r)(91)> try (1) (92))

= T(%(r) (A= (1)) tug ) (B (n2))>

=T (tn(tg () (1) Erg () (72))

Again,

thity () (N1 n2) =, (R (1 - m2)) [as h is injective]
= t14(r) (h'(n1) - h™*(n2)) [as h™! is a homomorphism]
= t14(r) (91 - 92)

T (14, ) (91): 1y () (92))

(1 ) (71 001)), Trg () (B (m2)) )

= T (En(1 () (1) Ty (1)) (72))

v

Il
~

Similarly,

ih(ly(r) (M1 — N2)

IN
~|

(ih(ta () (71) in(1g () (72))
(in( i )

) ) Lo (1) (1) (1 (1)) (P2)
(n1 —n2) < F(fhiy ) (71), friy () (02
) )

)
Th(ly (r
)

IN
~i

)(nl N9
Tro ) (01 -12) < F(fay o)) (1), Frge () (n2

So, from Equations h(¥) is an IVNSSR of Y.

(3.31)

(3.32)

~ o~ o~
w w
S} >~

S~— S~— N— N—
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Theorem 3.7. Let (Q,+,-) and (Y,4+,-) be two crisp rings. Also, let h : @ — Y be a
homomorphism. If W' is an IVNSSR of Y then h=Y(¥) is an IVNSSR of Q. (Note that, h™*

may not be an inverse function but h=1(¥') is an inverse image of ¥’ ).

Proof. Let n1 = h(g1) and ny = h(ga), where g1, g2 € @Q and ny,n2 € Y. Now,

7?hfl(l\l,,(r))(gl —g2) = t_l\l,/(r) (h(gl - 92))
=1y, () (h(g1) — h(g2)) [as h is a homomorphism]

> T (t,(r) (71)s By () (72))
T (Elwl(r) (h(91)) tiy ) (h(92)))

=T (th-1(13, () (91)s Th101, (1)) (92)) (3.37)
Again,
Eh—l(lq,/(r))(gl " g2) = Elq,/(r)(h(gl '92))
= t_lq/,(,n) (h(gl) . h(gg)) [as h is a homomorphism]
=t (N1 - n2)
> T(t,(ry(n1), tiy, (1) (n2))
=T (%,(,«) (7(91)) tig ) (h(gz)))
= T (th-1(1y, () (91)> th-101, (1)) (92)) (3.38)
Similarly,
in-1(1g, () (91 = 92) < T(ip-104,6))(91), In-1(14, () (92)) (3.39)
in-1(1g, () (91 - 92) < T(ip-104,0r))(91), in-1(14, () (92)) (3.40)
Ty (91 = 92) < F(Fr-104, ) (90, Fr-140 () (92)) (3.41)
Fnrag,69)(91 - 92) < F(Fry,00)(91)s Fr-1ay, ) (92)) (3.42)

So, from Equations h=1(¥') is an IVNSSR of Q. g

Definition 3.7. Let (Q, +, ) be a crisp ring and ¥ € IVNSSR(Q). Again, let & = [a, ], 7 =
[v1,2], X = [x1, x2] € ¢(K). Then
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(i) W is called a (&, v, x)—identity IVNSSR over @, if Vg € @

B o it g=10g
tl r (g) = )
v [0,0] if g # 0g
B v it g=10¢
iy (r)(9) = , and
[1,1] if g # g
_ X ifg=10q
fl\p(r)(g) -

[1,1] if g £ 6o

where ¢ is the additive zero element of Q.

(ii) W is called a (@, 7, x) —absolute IVNSSR over Q, if Vg € Q, {1, ()(9) = &, i1,y (9) = 7,

and fi, ) (9) = X.

Theorem 3.8. Let (Q,+,-) and (Y, +,-) be two crisp rings and ¥V €IVNSSR (Q). Again, let

h:Q —Y be a homomorphism. Then
(i) h(W) will be a (a, v, x)—identity IVNSSR overY, if Vg € Q

- a ifge Ker(h)
frutr)(9) = {[0,0} otherwise 7

_ v ifge Ker(h)

() 9) = [1,1] otherwise ond
ﬁqj(ﬂ(g) _ X if g € Ker(h) |

[1,1] otherwise

(ii) (W) will be a (&, v, x)—absolute IVNSSR overY , if ¥ is a (&, v, x)—absolute IVNSSR

over Q.

Proof. (i) Clearly, by Theorem h(¥) € IVNSSR(Y'). Let g € Ker(h), then h(g) = 0y.

So,
Enaa () (O¥) = Ty () (B (8Y)
=t1,()(9)
=a
Similarly,

iy (r))(By) = 7, and

The () (By) =X

(3.43)

(3.44)
(3.45)
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Again, let g € @\ Ker(h) and h(g) = n. Then

En(ie () (1) = L1y () (R (n))

= t1,(m(9)
=10, 0] (3.46)
Similarly,
In(ig(r))(n) = [1,1] and (3.47)
fh(lw(r))(n) = [1,1] (3.48)
So, from the Equations [3.43] -—- 8 (U (a, v, x)—identity IVNSSR over Y.

(ii) Let h(g ):n,forgeQandneY. Then

En(1y () (0) = Tig @y (R (1))

=11,(r)(9)
=a (3.49)
Similarly,
i1y (ry)(n) = 7 and (3.50)
Frry(n) = X (3.51)

So, from the Equations h(¥) is a (&, 7, Y)—absolute IVNSSR over Y.

3.1. Product of interval-valued neutrosophic subrings

Definition 3.8. Let (Q,+,-) and (Y, +,-) be two crisp rings. Again, let ¥; € IVNSSR(Q)
and Wy € IVNSSR(Y), where W1 = { (r1, {(9, iy, ) (9): ity, ) (9): fiw, 0)(9)) © 9 € Q}) -
ry € A} and Uy = {(7“2, {(v,fl%(m)(n)ﬁl%(m)(n),fl%(m)(n)) in € Y}) irg € A}. Then

cartesian product of ¥ and Wy will be
U = \Ifl X \Ifg
= {((r1,72),lw, xw,(r1,72)) : (r1,72) € A x A}

where the approximate function ly, xw, : A X A — IVNS(Q x Y') is defined as

’ﬂ |

=T (t1g, () (9): Ty, (r2) (M)

(i iy, (1) (9); qu, (rs)(n)), and

tl\pl x Wy (T1,72) (9,

Zqulquz (7"1,7"2)(

f_lq;lx\I/Q (7’1,7’2)(97 n) = F(f_lq;l (rl)(g)a flq,2(7‘2)(n)

~

,n) =

Similarly, product of 3 or more IVNSSRs can be defined.
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Theorem 3.9. Let (Q,+,-) and (Y,+,-) be two crisp rings with W1 € IVNSSR(Q) and Vs €
IVNSSR(Y ). Then W, x Wy € IVNSSR(Q x Y).

Proof. Let ¥ = ¥ x Uy and (g1,n1), (g2,n2) € @ X R. Then

t_lq;(rl,r‘g) ((917 nl) - (927 nQ))

= ElW1XW2 (r1,r2) ((gl —g2,n1 — n2))

T(El\pl (7’1)(91 - 92)? Equz (Tz)(nl - n2))
(T(Elml (r1) (gl)v Equl (r1) (92)) ) T(Elq,Q(rz) (n1)> Elq;Q (r2) (n2))>

(T(t_l‘lfl (r1) (91)7 flq,Q (r2) (nl)) ) T(t_lq,l (r1) (92)7 t_lq,2 (r2) (n2)))

[as T is associative]

v
N

Il
N~

T(El\p(hn) (g1, m1), 7“?l\lf(7’177’2)(92’ n2)) (3.52)

Again,

tig () ((91,701) - (92, 12))

=iy uy (r1.r0) (91 - 92,701 - 112))

=T (t1g, (1) (91 92)s Ly, (r) (01 - 112))
(T ) (01): Ty 00 (92)- T gy 1) (10). g 1 (12)))
(T (1, () (91)s Ty () (01)), T (Frg (0 (92): B () (nz))>

[as T is associative]

IV
N

I
N

=T (t1g (ry,r9) (91, 11) Ty (4 2) (925 12)) (3.53)
Similary,

Ty (r1,r0) ((91,71) = (92,12)) < T (g (ryr) (915 1), Ty (gm0 (92, 122)) (3.54)
i (r1r2) (91, 11) + (92,12)) < T (i1 (r170) (915 1), Ty (r1,r) (92, 122) )+ (3.55)
Sig (1) ((91,11) = (92,12)) < F(fig(r1,00) (91 11)5 fig (r1,7) (92, 12) ), and (3.56)
Jro i) ((g1:m1) - (92,12)) < F(fiy (r1,r2) (91 11)5 frg (1,00 (92, 12)) (3.57)

So, by Proposition (3.1 and from Equations Uy x Uy € IVNSSR(Q x Y).
Corollary 3.10. Let Vi € {1,2,...,n}, (Qi,+, ) are crisp rings and V; € IVNSSR(Q;). Then

Uy X Wy X---x W, is a IVNSSR 0fQ1><Q2><'--XQn, where n € N.
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3.2. Subring of a interval-valued meutrosophic soft subgring

Definition 3.9. Let (Q,+,:) be a crisp ring and ¥;,¥y € IVNSSR(Q), where
U = {(T,{(97fzq,l(r)(g)ﬁz%(r)(g)vfz%(r)(g)) g € Qf) or € A} and Wy =
{(7‘,{(g,t_l%(r)(g),fl%(r)(g),flqlz(r)(g)) i g € Q}) ir € A}. Then ¥, is called a subring
of U if Vg € Q, ty (r)(9) < iy, (1)(9): 1y, (1) (9) = i1g,(r)(9), and fiy ()(9) = fig, () (9)-

Theorem 3.11. Let (Q,+,) be a crisp ring and ¥ € IVNSSR(Q). Again, let V1 and Vo be
two subrings of W. Then W1 NWsy is also a subring of V, considering all the IVTN and IVSNs

as idempotent.

Proof. Here, Vg € Q

Al
S
-
]
S
N
—~
3
~
—~
S
~—
N
—~
<t
S
-
—~
3
~
—~
S
~—
Sl
-~
S
N
—~
3
~
—
S
~—
~—r

=11, () (9) [as T is idempotent] (3.58)

Similarly, since I and F are idempotent we have,

Uy oy (1) (9) = 1y () (9) and (3.59)
ooy (@) = Frym(9) (3.60)

So, from Equations [3.58 Ui N Wy is a subring of ¥.

Theorem 3.12. Let (Q,+,:) be a crisp ring and V1,V € IVNSSR(Q) such that ¥, is a
subring of Wa. Let (Y, +,-) is another crisp ring and h : Q — 'Y be an isomorphism. Then

(i) A(¥1) and h(V3) are two IVNSSRs over Y and
(i) h(¥q) is a subring of h(¥3).

Proof. (i) can be proved by using Theorem
(ii) Let n = h(g), where g € Q and n € Y. Then

t_l\pl(r) (9) < t_l%(r) (9) [as Wy is a subring of Wy

=1y, () (h1 (1) < iy, (R (0))

=h(iy, (1)) (M) < th(ig, () () (3.61)

Similarly,
iy, (1) (1) = ih(ly, () (n) and (3.62)
P, ) () 2 Fria, () () (3.63)

So, from Equations h(¥1) is a subring of h(¥2).
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3.3. Interval-valued neutrosophic normal soft subrings

Definition 3.10. Let (Q,+,:) be a crisp ring and ¥ is an IVNSS of @, where ¥ =

{(r,{(g,t_lq,(T)(g),flq,(r)(g),fl\p(r)(g)) i g € Q}) r € A}. Then ¥ is called an IVNNSSR
over @ if

(i) ¥ is an IVNSSR of @ and
(ii) g1 € Q, tiy(r)(9 - 1) =ty (- 9)s 1y (i) (9 1) = iy (n - g), and fiy (g - n) =
Jig@y (- g).
The set of all IVNNSSR of (Q,+,-) will be expressed as IVNNSSR(Q).

Example 3.11. Let (Z,+,-) be the ring and N be the set of parameters. Also, let ¥ =

{('r, {(g,ﬂq,(r)(g),glw(r)(g),fl\p(r)(g)) 1g € Z}) NS N} be an IVNSS of Z, where ly(r) : N —
IVNSS(Q) and Vg € Z, Vr € N corresponding membership values are

o [ LI }ﬁgEZZ

By (9) = r+1"r—1 :
[0,0] if g€ 2Z+1

) [0,0] if g € 2Z

ilq,(r)(g) = 1 1 , and

if 27, + 1

br+2?r—2}lge +

) [0,0] if g € 27

fum@=9rmr—2 + 7. :
[r—l’r—l—l} ifge2z+1

Here, considering minimum TN and maximum SNs Vr € N; & € IVNNSSR(Z).

Theorem 3.13. Let (Q,+,) be a crisp ring. If V1,¥y € IVNNSSR(Q), then W1 NPy €
IVNNSSR(Q).

Proof. As Uy, Uy € IVNSSR(Q) by Theorem U NPy € IVNSSR(Q). Again,

by g (9 1) =T (g, (9 1) Ty, () (g 1))
=T (t1y, (0" 9)stig, () (- 9)) [as U1, Ty € IVNNSSR(Q)]

- t_\Iflﬂ‘l’Q (n : g) (364)

Similarly,
gl\plm\pQ (7’) (g : TL) = gl\plm\pQ (7’) (TL ' g) (365)
flqzlm\p2 (T‘) (.g ' n) = le\I’ﬂ‘l‘IQ (7”) (n : g) (366)

Hence, ¥; N ¥y € IVNNSSR(Q).
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Remark 3.14. In general, if V1, ¥y € IVNNSSR(Q), then ¥ U ¥y may not always be an
IVNNSSR of (Q,+,-).

Remark can be shown by Example

Theorem 3.15. Let (Q,+,:) be a crisp ring. Then ¥ € IVNNSSR(Q) iff
Vig1,nil, (g2, nal, g3, ma] € O(K) with t,49(0Q) > [g1,m], iyr)(0Q) < lg2,m2], and

f_.l\ll(r)(eQ) S [g37n3]7 \II([917,”1],[927”2]7[937”3])
idempotent IVTN and IVSNs).

is a crisp normal subring of (Q,+,-) (considering

Proof. This can be proved using Theorem 0

Theorem 3.16. Let (Q,+,) and (Y,+,-) be two crisp rings. Also, let h: Q — 'Y be a ring
isomorphism. If ¥ is an IVNNSSR of Q then h(¥) is an IVNNSSR of Y.

Proof. As W is an IVNSSR of @, by Theorem h(¥) is an IVNSSR of Y. Let h(g1) = m1
and h(g2) = ng, where g1, g2 € @Q and nq,ne € Y. Then

th(tg(ry) (M1 - n2) = th, h=t(ny - ny )) [as h is injective]

)
)

hH( h!(n2)) [as h~! is a homomorphism]

=ty (K (n2) - ™1 (1))

= Ty (R (n2 - 11))

= Th(g ) (n2 - 1) (3.67)
Similarly,

gh(lwm)(nl ‘ng) = fh(lq,(,n))(nQ -ny) and (3.68)

Tna @) (01 -12) = fr@y ey (n2 - n1) (3.69)

So, from Equations h(¥) is an IVNNSSR of Y.

4. Conclusions

Interval-valued neutrosophic field is a dynamic research domain. Under soft environment,
it becomes more general and productive. For this reason, we have adopted this mixed envi-
ronment and defined the notions of interval-valued neutrosophic soft subring along with its
normal version. Also, we have studied several homomorphic attributes of these newly intro-

duced notions. Again, we have introduced the product of two interval-valued neutrosophic
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soft subrings. Furthermore, we have given several fundamental theories to understand some

of

its algebraic characteristics. These newly introduced notions have the potentials to become

fruitful research domains. In future, for generalizing this concepts one can introduce them

under the hypersoft set environment.
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Abstract. The main purpose of this article is to develop and study the notion of interval-valued neutrosophic
subring. Also, we have studied some homomorphic characteristics of interval-valued neutrosophic subring.
Again, we have defined the concept of product of two interval-valued neutrosophic subrings and analyzed some
of its important properties. Furthermore, we have developed the notion of interval-valued neutrosophic normal

subring and studied some of its basic characteristics and homomorphic properties.
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valued neutrosophic normal subring

ABBREVIATIONS

TN signifies “T-norm”.

SN signifies “S-norm”.

IVTN signifies “interval-valued T-norm”.
IVSN signifies “interval-valued S-norm”.
CS signifies “crisp set”.

F'S signifies “fuzzy set”.

IF'S signifies “intuitionistic fuzzy set”.
NS signifies “neutrosophic set”.

PS signifies “plithogenic set”.

FSG signifies “fuzzy subgroup”.

IFSG signifies “intuitionistic fuzzy subgroup”.
NSG signifies “neutrosophic subgroup”.
CR signifies “crisp ring”.

FSR signifies “fuzzy subring”.

IFSR signifies “intuitionistic fuzzy subring”.
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NSR signifies “neutrosophic subring”.

IVFSR signifies “interval-valued fuzzy subring”.

IVIFSR signifies “interval-valued intuitionistic fuzzy subring”.
IVINSR signifies “interval-valued neutrosophic subring”.
IVINNSR signifies “interval-valued neutrosophic normal subring”.
DMP signifies “decision making problem”.

1 (P) signifies “power set of P”.

L signifies “the set [0,1]”.

1. Introduction

Zadeh’s vision behind introducing the revolutionary concept of FS [1] theory was to tackle
uncertainty in a better way than CS theory, which has certain drawbacks. Later on, following
his vision Atanassov introduced a more general version of it, which is known as IFS [2] theory.
These IFSs are a little step ahead in managing ambiguities and hence are welcomed by numer-
ous researchers. Furthermore, following their footsteps Smarandache introduced NS [3] theory,
which is more capable of handling vague situations. It is a significant generalization over CS,
FS, and IFS theories. Smarandache has also initiated the concept of PS [4] theory which has
broader aspects than those previously discussed concepts. In NS and PS theory, he has also
developed the notions of neutrosophic calculus [5], neutrosophic probability 6], neutrosophic
statistics [7], integral, measure [8], neutrosophic psychology [9], neutrosophic robotics [10],
neutrosophic triplet group [11], plithogenic hypersoft set [12], plithogenic fuzzy whole hyper-
soft set [13], plithogenic logic, probability [14], plithogenic subgroup [15], plithogenic hypersoft
subgroup [16], etc. Again, NS theory has various other contributions in different scientific re-
searches, like in linear programming [17-20], decision making [21-27], healthcare [28]29], short-
est path problem [30-37|, neutrosophic forecasting |38|, resource leveling [39], transportation
problem [40,/41], project scheduling [42], brain processing [43], etc.

Gradually, interval-valued versions of FS [44], IFS [45], and NS [46] were introduced, which
are further generalizations of their CS, FS, IFS, and NS counterparts. Presently, these set
theories are extensively used in different scientific domains. From the very start, various
researchers have carried out this concepts and explored them in different dimensions. In the

subsequent Table [1| we have referred some significant aspects of these notions.

TABLE 1. Importance of interval-valued notions in different domains.

Author & references Year Contributions in various fields
Biswas [47] 1994 Introduced interval-valued FSG.

continued ...
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Author & references Year Contributions in various fields

Atanassov [45] 1999 Studied basic definition and some properties of
IVFS.

Mondal & Samanta [48] 2001 Defined and studied topology of IVIFSs.

Wang et al. [46] 2005 Proposed and studied IVNS and interval-valued
neutrosophic logic.

Ye [49] 2009 Worked on multi-criteria DMP under IVIFSs.

Kang & Hur [50] 2010 Introduced and studied the notion of IVFSR.

Akram & Dudek [51] 2011 Defined some basic operations on interval-valued

fuzzy graphs and studied some of their properties.

Aygiinoglu et al. [52] 2012 Introduced interval-valued IFSG and studied some
homomorphic properties of it.

Moorthy & Arjunan [53] 2014 Introduced and studied some properties of IVIFSR.

Aiwu et al. [54] 2015 Worked on multi-attribute DMP under IVNSs.

Broumi et al. [56] 2016 Worked on interval-valued neutrosophic graph the-
ory.

Deli [55] 2017 Applied soft version of IVNS in DMP.

Broumi et al. [56] 2019 Studied some properties of interval-valued neutro-

sophic graphs.

Group theory and ring theory are fundamental building blocks of abstract algebra, which
are utilized in different scientific domains. But, initially, these concepts were introduced upon
crisp environment. Gradually, from 1971 on-wards researchers started introducing these con-
cepts under various uncertain environments. Some significant developments of these notions
under uncertainty are the concepts of FSG [57], IFSG [5§], NSG [59], FSR [60,61], IFSR [62],
NSR [63], etc. Again some researchers have introduced these concepts under interval-valued
environments and initiated the notions of interval-valued FSG [47], interval-valued IFSG [52],
interval-valued NSG [64], interval-valued FSR [50], interval-valued IFSR [53], etc. Some more
articles which can be helpful to different researchers are [65H71], etc. But, still, the notion
of interval-valued NSR is undefined. Hence, by mixing interval-valued environment with neu-
trosophic environment, we can introduce a more general version of NSR, which will be called
IVNSR. Also, their homomorphic properties can be studied. Again, their product and normal
forms can be developed and analyzed. Based on these observations, the followings are some

of our main objectives for this article:

e Introducing the notion of IVNSR and a analyzing its homomorphic properties.
e Introducing the product of IVNSRs.
e Introducing subring of a IVNSR.
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e Introducing the notion of IVNNSR and a analyzing its homomorphic attributes.

The subsequent arrangement of this article is: in Section [2| some desk researches of FS,
IFS, NS, IVFS, IVIFS, IVNS, FSR, IFSR, NSR, IVFSR, IVIFSR, etc., are discussed. In
Section [3], the idea of IVNSR has been introduced and some basic theories are provided. Also,
their product and normal versions are defined. Also, some theories are given to understand
their algebraic attributes. Lastly, in Section {4l the concluding segment is given and also some

opportunities for further studies are mentioned.

2. Literature Review
Definition 2.1. [1] A FS of a CS P is defined as the function v : P — L.

Definition 2.2. [2] An IFS p of a CS P is defined as p = {(r,t,(r), f1(r)) : 7 € P}, where
Vr € P, t,(r) and f,(r) known as the degree of membership and non-membership which satisfy
the inequality 0 < t,(r) + fo(r) < 1

Definition 2.3. [3] A NS k of a CS P is defined as & = {(r,t.(r),ix(r), fu(r)) : r € P},
where Vr € P, t.(r),ix(r), and f.(r) are known as degree of truth, indeterminacy, and falsity
which satisfy the inequality ~0 < t,(r) + ix(r) + fo(r) < 37.

Definition 2.4. [52] An interval number of L = [0,1] is denoted as k = [k~, k"], where
1>kt >k >0.

Definition 2.5. [44] An IVFS of P is defined as the mapping v : P — ¢(L).

Definition 2.6. [45] An IVIFS of P is defined as the mapping p : P — ¢(L) x ¢ (L), It is
denoted as p = {(r,t5(r), f5(r)) : r € P}, where t5(r), f5(r) C [0,1].

Definition 2.7. [46] An IVNS of P is defined as the mapping & : P — (L) x (L) x (L), It
is denoted as & = {(r,1z(r),iz(r), fz(r)) : r € P} where Vr € P, tz(r), iz(r), and fz(r) C L.

Definition 2.8. [46] Let &y = {(rtq(r),ie(r), fe(r)) : r € P} and Ky =
{(r,te(r),ig(r), fm(r)) : 7 € P} be two IVNSs of P. Then union of 1 and £ is defined as
baum = |max {t; ¢, } max {;f {1 }]

El{lU@ - [mln {Zm’ Hz} min {Zm’ :2 }

ZiﬁU@ = [mln {fm?fﬁz} mln{ K1) }]
Then intersection of K1 and K3 is defined as

Elﬁﬁ@ = [mln {tmp m} min {t;:l’t:2 }]

T + =+ ]

leinm = [max {Zm’ Hz} max {1517 1753

t_f{1mf{2 = [max{f/glaf;%}7ma‘x{f/{17fl{z}]
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Definition 2.9. [72] A function T': L — L is called a TN iff Vr, v,z € L, the followings can

be concluded

(i) T(r,1)=r

(ii) T'(r,v) = T(v,7r)

(iii) T(r,v) < T(z,v) ifr <z
(iv) T(r,T(v, 2)) = T(T(r,v), 2)

Definition 2.10. [73] A function T : (L) x (L) — (L) defined as T(k,w) =
[T(k~,w™), T(k*,w")], where T is a TN is known as an IVTN.

Definition 2.11. [72] A function S : L — L is called a SN iff Vr,v, z € L, the followings can

be concluded

Definition 2.12. [73] The function S : (L) x (L) — (L) defined as S(k,w) =
[S(k~,w™),S(k*,w")], where S is a SN is called an TVSN.

2.1. Puzzy, Intuitionistic fuzzy € Neutrosophic subrings

Definition 2.13. [60] Let (P, +,-) be a crisp ring. A FS X is called a FSR of P, iff Vr,v € P,
(i) Alr —v) = min{A(r), A(v)},
(ii) A(r-v) > min{A(r), A(v)}

The set of all FSR of a crisp ring (P, +,-) will be denoted as FSR(P).

Theorem 2.1. [61] Any FS X of a ring (P,+,-) is a FSR of P iff the level sets As (A\(6p) >

s > 0) are crisp subrings of P, where Op is the zero element of P.

Definition 2.14. [61] Let A be a FSR of (P, +,-) and A(fp) > s > 0, where p is the zero
element of P. Then A; is called a level subring of A.

Proposition 2.2. [61)] Let A1, \a € FSR(P). Then \1 N A2 € FSR(P).

Theorem 2.3. [61)] Let (P,+,-) and (R,+,-) be two crisp rings. Also, let | : P — R be a
homomorphism. If X is a FSR of P then l(\) is a FSR of R.

Theorem 2.4. [61)] Let (P,+,-) and (R,+,-) be two crisp rings. Also, let | : P — R be a
homomorphism. If X' is a FSR of R then [=*(X) is a FSR of P.
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Definition 2.15. [62] Let (P, +,-) be a crisp ring. An IFS v = {(r,t,(r), fy(r)) : r € P} is
called an IFSR of P, iff Vr,v € P,
(i) ty(r+v) > T(tv(r),tv(v)), fy(r+v) < S(f,y(r),i,y(v))
(i) ty(=7) = ty(r), fy(=r) < fy(7)
(i) £ v) > T(t (1)1, (), (7 0) < S(f, (), (0).
Here, T is a TN and S is a SN.

The set of all IFSR of a crisp ring (P, +, - ) will be denoted as IFSR(P).

Proposition 2.5. [62] Let v € IFSR(P). Then the followings will hold

(i) ty(=7r) =ty(r), fy(=r) = fy(r) and

(ii) t4(0p) > ty(r), fy(0p) < fy(r), where Op is the zero element of P.
Proposition 2.6. [62] An IFS v = {(r,t,(r), fy(r)) : r € P} is called an IFSR of P, iff
Vr,v € P,

()twr—v > T(ty(r), t,(v)), fr(r—v) < S(fy(r), £,(v))

(ii) ¢ 'y V) =2 ( o r)at’y U))a fv(r'v) < S(fw( )af'y(v))

Proposition 2.7. [62] Let v1,v2 € IFSR(P). Then v1 N~y € IFSR(P).

Theorem 2.8. [62] Let (P,+,-) and (R,+,") be two crisp rings. Also, letl: P — R be a
homomorphism. If v is an IFSR of P then () is an IFSR of R.

Theorem 2.9. [62] Let (P,+,-) and (R,+,-) be two crisp rings. Also, let | : P — R be a
homomorphism. If v' is an IFSR of R then I=(v') is an IFSR of P.

Definition 2.16. [63] Let (P, +,) be a crisp ring. A NS w = {(r,t(r), i (r), fu(r)) : v € P}
is called a NSR of P, iff Vr,v € P,
(i) tw(r +v) > T(tw(r), tw(v)), iw(r+v) > 1(iy(r),iu(v)), fulr+v) < F(fo(r), fu(v))
(i) tw(=r) 2 tu(r), iw(=7) = iw(r), fu(-r) < fulr)
(iii) tw(r-v) = T (tw(r), tw(v)), iu(r-v) = I(iu(r),iu(v)), fo(r-v) < S(fu(r), fu(v)).
Here, T and I are two TNs and S is a SN.

The set of all NSR of a crisp ring (P, +,-) will be denoted as NSR(P).
Proposition 2.10. [65] A NSw = {(r,tu(r),iu(r), fu(r)) : v € P} is called a NSR of P, iff
Vr,v € P,

(i) tw(r —v) = T(tw(r),tu(v)), iw(r —v) 2 I(iu(r),iu(v)), folr—ov) < (fw( ) fu(v))
(ii) tw(r-v) > T(tw(r),tw(v)), Gw(r-v) > I(iw(r),iw( )) fu(r-v) < S( )
Here, T and I are two TNs and S is a SN.
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Proposition 2.11. [63] Let wi,ws € NSR(P). Then wi Nwy € NSR(P).

Theorem 2.12. [65] Let (P,+,-) and (R,+,-) be two crisp rings. Also, letl: P — R be a
homomorphism. If w is a NSR of P then l(w) is a NSR of R.

Theorem 2.13. [63] Let (P,+,-) and (R,+,-) be two crisp rings. Also, letl: P — R be a
homomorphism. If w' is a NSR of R then I=1(w') is a NSR of P.

Definition 2.17. [63] Let w = {(r,tu(r),iu(r), fu(r)) : ¥ € P} be a NSR of P. Then
Vs € [0, 1] the s-level sets of P are defined as
(1) (tw)s ={r € P:ty(r) > s},
(ii) (iw)s = {r € P :iy(r) > s}, and
(i) (f.)° = {r € P+ fulr) < s}.

Proposition 2.14. [63] A NS w = {(r,tw(r),iu(r), fu(r)) : 7 € P} of a crisp ring (P, +,")
is a NSR of P iff Vs € [0,1] the s-level sets of P, i.e. (ty)s, (iw)s, and (f,)* are crisp rings of
P.

2.2. Interval-valued Fuzzy and intuitionistic fuzzy subrings

Definition 2.18. [50] Let (P, +,) be a crisp ring. An IVFS A = {(r,#s(r)) : r € P} is called
an IVFSR of (P, +,-) with respect to IVIN T if Vr,v € P, the followings can be concluded:
(i) ta(r +v) > T(ta(r), ta(v)),
(ii) ta(—7r) > A(r), and
(iii) ta(r-v) = T(¢a(r), ta(v)),

The set of all IVFSR of a crisp ring (P, +, - ) with respect to an IVTN T will be denoted as
IVESR(P,T).

Proposition 2.15. [50] Let \ = {(r, t,\('r)) ‘T e P} be a FSR of (P,+,-). Then A = [ty,t)]
is an IVFSR of P.

Proposition 2.16. [50] Let A = {(r,ta(r)) : v € P} be an IVFSR of (P,+,). Then
A~ ={(r,t(r)) :r € P} and AT = {(r,t{(r)) : r € P} are FSRs of P.

Definition 2.19. [53] Let (P, +,-) be a crisp ring. An IVIFS T = {(r,tr(r), fr(r)) : r € P}
is called an IVIFSR of (P, +,-) if Vr,v € P, the followings can be concluded:

(i) tp(r+v) > T(fp(r),fp(v)), fr(r4+v) < F(fp(r),fp(v)),
(i) fr(—r) > fr(r), fr(—r) < Ji(r), and

(iii) tp(r-v) > T(tr(r),tr(v)), fr(r-v) < F(fr(r), fr(v)).

The set of all IVIFSR of a crisp ring (P, +, ) will be denoted as IVIFSR(P).
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Theorem 2.17. [53] If T = {(r,tr(r), fr(r)) : 7 € P} € IVIFSR(P), then tr(r) < tr(6p)
and fr(r) > fr(0p).

Theorem 2.18. [55] If Ty and Ty € IVIFSR(P), then Ty NTy € IVIFSR(P).

Theorem 2.19. (53] Let I' = {(r,tp(r), fr(r)) : v € P} € IVIFSR(P), then ¥Yr,v € P
(i) tr(r —v) = tr(0p) implies that tr(r) = tr(v).
(ii) fr(r —v) = fr(0p) implies that fr(r) = fr(v).

3. Proposed notion of interval-valued neutrosophic subring

Definition 3.1. Let (P,+,-) be a crisp ring. An IVNS Q = {(r,{o(r),ia(r), fo(r)) : 7 € P}
is called an IVNSR of (P, +,) if Vr,v € P, the followings can be concluded:
((ta(r +v) T (ta(r), ta(v)),

(iii) io(r - v) §f(fg(r),gg(v)),
fa(r-v) <F(fa(r), fa(v)),
where T is an IVTN, I and F are two IVSNG.

The set of all IVNSR of a crisp ring (P, +,-) will be denoted as IVNSR(P).

Example 3.2. Let (Z,+,-) be the ring of integers with respect to usual addition and multi-
plication. Let = {(r, ta(r),iq(r), fg(r)) (T e Z} be an IVNS of Z, where Vr € Z

[0.2,0.25] if 7 € 2Z

0,0 ifre2Z+1

[0, 0] if r € 27

1o(r) = , and

[0.1,0.12] if r € 2Z + 1

[0, 0] ifre2Z

0.75,0.8] if r € 2Z +1

Now, if we consider minimum TN and maximum SNs, then 2 € IVNSR(Z).
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Example 3.3. Let (Z4,+,-) be the ring of integers modulo 4 with usual addition and multi-
plication. Let Q = {(r,%o(r),in(r), fo(r)) : 7 € Z4s} be an IVNS of Z4, where interval-valued

memberships of elements belonging to €2 are mentioned in Table

TABLE 2. Membership values of elements belonging to 2

Q to i fa

0| [0.6,0.7] |[0.33,0.35] | [0.2,0.3]
1| [0.7,0.8 |[0.21,0.23] | [0.5,0.6]
2 | 0.75,0.85] | [0.24,0.26] | [0.3,0.7]
3| [0.75,0.9] | [0.31,0.33] | [0.5,0.7]

Now, if we consider the Lukasiewicz T-norm (7'(r,v) = max{0,r + v — 1}) and bounded sum
S-norms (S(r,v) = min{r + v, 1}), then Q € IVNSR(Z4).

Proposition 3.1. An IVNS Q = {(r,ta(r),ia(r), fa(r)) : 7 € P} of a crisp ring (P,+,")
is an IVNSR iff the followings can be concluded (assuming that all the IVTN and IVSNs are
idempotent):

(i) { io

(ii) < iq

Proof. Let 2 € IVNSR(P). Then we have

to(r —v) > T(ta(r),ta(—v)) [by condition (i) of Definition

(ta(r),ta(v)) [by condition (ii) of Definition

'V
N

Similary, we will have

io(r —v) SI(EQ(T’), ig(v)), and
fa(r —v) <F(fa(r), fa(v)),
which proves (i).

Again, (ii) follows immediately from condition (iii) of Definition
Conversely, let (i) and (ii) of Proposition [3.1] hold. Also, let fp be the additive neutral element
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in (P,+,-). Then
tQ(HP) = _Q(T — 7”)
> T(EQ(T),{Q(T))
=tq(r) (3.1)
Similaly, we can show that
iq(0p) <iq(r) (3.2)
fa(p) < fa(r) (3.3)
Now,
tQ(—T) = _9(913 — 7”)
> T(EQ(QP),t_Q(T))
> T(ta(r), ta(r)) [by
= tq(r) [since T is idempotent] (3.4)
Similarly, we can prove
iq(—r) <ig(r) [since I is idempotent] (3.5)
fa(=r) < fa(r) [since F is idempotent] (3.6)
Hence,
fg(r +v) = 'EQ(T — (—v))
> T(ta(r), to(—v))
> T(fa(r), fa()) [by (3.7)
Similarly,
ia(r +v) < I(fa(r). fa(v)) by B (3.5)
fa(r +v) < F(ta(r),ta(v)) [by (3.9)

So, by Equations and condition (i) of Proposition has been proved. Also,
condition (ii) of Proposition is same as condition (iii) of Definition Hence, Q) €

IVNSR(P). g

Theorem 3.2. Let (P,+,-) be a crisp ring. If Q1,Q9 € IVNSR(P), then Q1NQy € IVNSR(P)

(assuming all the IVTN and IVSNs are idempotent).
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Proof. Let Q = Q1 N Q. Now, Vr,v € P
to(r +v) =T (ta, (r +v),to,(r +v))
> T(T(Fay (1) Fo, (v), T (o, (1), E, (v) )
- T(T(*Ql(r), fo, (v), T (Fa, (v), By (r))) [as T is commutative]
- T(T(‘Ql(r), T, (1)), T (Ea, (v), o, (v))) las T is associative]
=T (fa(r),la(v)) (3.10)
Similarly, as both I and S are commutative as well as associative, we will have
io(r +v) < I(ia(r),ia(v)) (3.11)
fa(r +v) < F(fa(r), fa(v)) (3.12)
Again,
fo(r) = T(fn, (~1), fo (1))
> T (ta, (r), ta,(r)) [by Definition [3:1]
= #o(r) (3.13)
Also,
ia(—r) <ig(r) (3.14)
fa(=r) < fa(r) (3.15)
Similarly, we can show that
fa(r-v) > T(fa(r), fa(v)), (3.16)
iq(r-v) < I(ia(r),ig(v)), and (3.17)
fa(r-v) < F(fa(r), fa(v)) (3.18)

Hence, by Equations Q=0Q;NQ € IVNSR(P).

Remark 3.3. In general, if Q1,Q9 € IVNSR(P), then Q1 U Qo may not always be an IVNSR

Of (Pa+7 )

The following Example [3.4] will prove our claim.

Example 3.4. Let (Z,+,-) be the ring of integers with respect to usual addition and multi-
plication. Let Q; = {(7“, ta, (1), i0, (1), fo, (7")) ir € Z} and Qy = {(r, ta, (1), 10, (1), fao, (7“)) :
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r e Z} be two IVNSs of Z, where Vr € Z

~ [0.25,0.4] if r € 2Z

toy, (7") = )
[0, 0] fre2z+1

~ [0, 0] ifre2Zz

i, (r) = , and
0.17,0.2] if r € 2Z + 1

~ [0, 0] ifr e 2Z

fou (r) = . :
[0.33,0.4] if r € 2Z + 1

and

[0.5,0.67] if r € 3Z

tQ2(7") = )
[0, 0] fre3z+1

~ [0, 0] ifr e 3Z

i, (r) = , and
0.2,0.25] if r € 3Z + 1

~ [0, 0] if r € 3Z

sz(r) =

0.33,05] if r €3Z+1

Now, if we consider minimum TN and maximum SNs, then Q;,Qy € IVNSR(Z).
Now let Q = Q7 UQy. Then for r =4 and v =9

to(r +v) = ta(4+9)
= 1(13)
= max{to, (13), 10, (13)}
= max{|0, 0], [0,0]}
= [0,0]
Again, if Q € IVNSR(P), then Vr,v € P, to(r +v) > min{tq(r),to(v)}. But, here for r = 4

and v = 9, min{fn(4),f(9)} = min{[0.25,0.4], [0.5,0.67]} = [0.25,0.4] £ [0,0] = £o(4 + 9).
Hence, 2 ¢ IVNSR(P).

Corollary 3.4. If Q1,09 € IVNSR(P), then Q3 U Qo € IVNSR(P) iff one is contained in

other.

Definition 3.5. Let Q = {(r,1q(r), ia(r), fo(r)) : 7 € P} be an IVNS of a crisp ring (P, +, -).
Also, let [k1, s1], [k2,s2] and [k3, s3] € W(L). Then the crisp set Q(
a level set of IVNSR 2, where for any r € Q(

[k1751]7[k2,52],[k37s3]) is called

[kl,sl},[k2752],[k3,53}) the following inequalities will

hold: fo(r) > [k1, s1], ia(r) < [k2, s2], and fo(r) < [ks, s3].
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Theorem 3.5. Let (P,+, ) be a crisp ring. Then Q € IVNSR(P) iff V[k1, s1], [k2, s2], [ks, s3] €
\I/(L) with EQ(QP) Z [k’l, 81], %Q(ep) S [k?g, 52], and fg(ep) S [k‘g, 83], Q([kl s1], k2,52, k3 33})
crisp subring of (P,+,-) (assuming all the IVTN and IVSNs are idempotent).

5 a

Proof. Since, tq(0p) > [k1,s1], io(@p) < [ko,s2], and fo(fp) < [ks,s3], Op €

ie., Q( ) is non-empty.

Q([kl581]7[k2,82},[k3,83]) ’ k1,51, [k2,52], ks, 3]
Now, let Q@ € IVNSR(P) and r,v € Q(

r-v e

ot 1) o sel faosal) To show that, (r — v) and

([kl ’81]7[k2752]’[k3,83]) : Herev

to(r —v) > T(ta(r), ta(v)) [by Proposition 3]
> T([k1, 51], [k1, 51]) [as ACHS Q([k1,sl},[k2,32],[k3,33})]

> [k1, s1] [as T is idempotent] (3.19)

Again,

to(r-v) > T (ta(r),ta(v)) [by Proposition [3.1]
> T ([k1,51], [k1, 51]) [as T,V € Q([kl751]7[,62782]7%3753])}

> [k1, s1] [as T is idempotent] (3.20)

Similarly, we can show that

io(r —v) < [ka, s2], (3.21)
ia(r-v) < [k, s2], (3.22)
fa(r —v) < [ks, s3], and (3.23)
fa(r-v) < [ks, s3] (3.24)

Hence, by Equations|3.1943.24| (r —v) and r-v € Q(

1 51), [k, 92, ks 55]) Le., {2 [k 511, [k2,52), [, 53] )

is a crisp subring of (P, +, ).
Conversely, let Q(
IVNSR(P).

Let r,v € P, then there exists [ki,s1] € V(L) such that T(fo(r),to(v)) = [ki,s1]. So,
ta(r) > [k1,s1] and to(v) > [k1,s1]. Also, let there exist [k, so], [k3, s3] € W(L) such that

I(iq(r),ia(v)) = [k2, s2] and F(fa(r), fo(v)) = [ks,ss). Then r,v € Q(
Again, as Q(

[khsl]’[k%sﬂ’[k&sg]) is a crisp subgroup of (P,+,-). To show that, Q €

[t 1], [z 2], [k3,s3])
[kl’sﬂ’[k%sﬂ’[k&%]) is a crisp subring, r — v € Q([kl,sl],[kg,52],[k3,53]) and r - v €

([kl,81]7[192,82},[163,83]) '
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Hence,

to(r —v) > [k1, 1]
=T (ta(r),ta(v)) and (3.25)
to(r-v) > [k1, s1]

=T (ta(r), ta(v)) (3.26)

Similarly, we can prove that

= I(ia(r),ia(v)), (3.27)

io(r-v) < [ke, so]
= I(ia(r),ia(v)), (3.28)

fa(r —v) < [ks, s3]
= F(fa(r), fa(v)), and (3.29)

fa(r-v) < [ks, s3]
= F(fa(r), fa(v)) (3.30)

So, Equations 3.30| imply that €2 follows Proposition ie, Q € IVNSR(P).

Definition 3.6. Let © and Q' be two IVNSs of two CSs P and R, respectively. Also, let
l: P— R be a function. Then

(i) image of Q under [ will be ((Q) = {(v,fyq)(v ) i) (v), fya)(v)) : v € R}, where
tioy(v) = Sayl(v)tg_(s) o)(v _) li\l(v)_g( s), f Ev) Eli\l(v)_fg(s). Wh_erefrom, if
I is injective then &) (v) = to(I7'(v)), i) (v) = ia(I71(v)), fia)(v) = fa(l7(v)),
and

(i) preimage of Q' under I will be 11 (QY') = { (7, {-1 () (r), -1 () (r), fr-1(n) (7)) : 7 € R},
where -1 (1) = tor (1(r)), G100y (1) = i (1)), frr(ay(r) = for (1(r)).

Theorem 3.6. Let (P,+,:) and (R,+,-) be two crisp rings. Also, let l : P — R be a ring
isomorphism. If Q is an IVNSR of P then [(Q) is an IVNSR of R.
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Proof. Let vy = I(r1) and vy = [(r3), where r1,72 € P and vy,v2 € R. Now,

Iy ny 1

tiqy(v1 — v2) =T (I7 " (v1 — v2)) [as [ is injective]

=to(I" (v1) =17 (v2)) [as 7! is a homomorphism]
=tq(r; —r2)
> T(ta(r1), ta(rz))
:T(’ (7 (01) Ea (7 (2))
=Tty (v1), Ty (v2)) (3.31)
Again,
tiay(v1 - v2) =T (17 (v1 - v2)) [as is injective]
=t (I (v1) - 1" (v2)) [as 7! is a homomorphism]
=ta(r1-r2)
> T (ta(r1), ta(rs))
= T(fa (7 (o) (1 () )
= T (tye) (v1): by (v2)) (3.32)
Similarly,
iy (01— v2) < (i) (1), o) (v2)), (3.33)
i) (01 - v2) < I (i) (v1), o) (v2)), (3.34)
Jiey (w1 —v2) < F(fi)(v1), f)(v2)), and (3.35)
Juy (w1 - v2) < F(fyay(v1), fya(va)) (3.36)

Hence, Equations imply that {(2) follows Proposition ie., [(Q2) is an IVNSR of
R.

Theorem 3.7. Let (P,+,-) and (R,+,-) be two crisp rings. Also, let | : P — R be a ring
homomorphism. If ' is an IVNSR of R then I=1(Y') is an IVNSR of P (Note that, I=! may

not be an inverse mapping but 171 (Q') is an inverse image of ).
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Proof. Let vy = I(r1) and vy = [(r3), where r1,72 € P and vy,v2 € R. Now,

El—l(Q’)(rl — 7“2) = EQ/ (l(?"l — 1"2))
(

:T(f (Q/)(T‘l) tl 1(Q/)(’I“2)) (337)
Again,
-1y (r1 - r2) = o (I(r1 - 72) )
= 1, /(l ) as [ is a homomorphism)|
= E (’Ul . UQ)
Z T(f ’ ’l)1 t_Q/(U ))
= T (fer (1), T (1(r2)) )
:T t_ ( )( ) tl 1(9/)(?“2)) (338)
Similarly,
glfl(Q’)O’l — 7'2) S f(glfl(ﬂ/)( 7,1 1 Q) ) (339)
gl—l(Q/) (7‘1 . 7‘2) S I_(El (Q/)( 7’1 1 Q/ ) (340)
Ji=1@n (r1 = r2) < F(fi-10)(r1), fi-1n) (r2)) (3.41)
fi=1n (r1 - 12) < F(fim10 (1), fier oy (r2)) (3.42)

Hence, Equations [3.37 imply that [71(€)') follows Proposition ie., 1) is an
IVNSR of P. g

Definition 3.7. Let (P, +, ) be a crisp ring and Q € IVNSR(P). Again, let 6 = [01, 03], 7 =
[71,72],8 = [61,02] € U(L). Then
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(i) Q is called a (7, 7,8)—identity IVNSR over P, if Vr € P

o ifr=20p

ta(r) = ;
[0,0] if r # Op

B T ifr=20p

io(r) = , and
[1,1] if ©+#0p

_ g if7’=9p

fQ(T) = . )
[1,1] if r # 0p

where 0p is the zero element of P.

(ii) Q is called a (7,7,d)—absolute IVNSR over P, if Vr € P, to(r) = 7, ig(r) = 7, and
fa(r) =6.
Theorem 3.8. Let (P,+,-) and (R,+,-) be two crisp rings and Q@ €IVNSR (P). Again, let
l: P — R be a ring homomorphism. Then
(i) 1(Q) will be a (7,7,0)—identity IVNSR over R, if ¥r € P
o ifre Ker(l)
[0,0] otherwise
T ifre Ker(l)
io(r) = , and
[1,1] otherwise
5 ifre Ker(l)

falr) = , ;
[1,1] otherwise

(ii) 1(Q) will be a (&,7,8)—absolute IVNSR over R, if Q is a (&,7,8)—absolute IVNSR

over P.

Proof. (i) Clearly, by Theorem [3.6{1(f2) € IVNSR(R). Let r € Ker(l), then I(r) = 0p.
So,

i) (Or) =ta(l"'(0R))
=tq(r)
=5 (3.43)
Similarly, we can show that
El(Q)(QR) =7, and (3.44)
fiey(Or) =6 (3.45)
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Again, let r € P\ Ker(l) and I(r) = v. Then

tiay(v) =ta (7' (v))

=tq(r)
=0,0] (3.46)
Similarly, we can show that
iy)(v) = [1,1] and (3.47)
fuy(v) = [1,1] (3.48)

Hence, by the Equations 1(Q) is a (7,7, 6)—identity IVNSR over R.
(ii) Let {(r) = v, for r € P and v € R. Then

tiay(v) = ta (17" (v))

=tqa(r)
=0 (3.49)
Similarly, we can show that
i) (v) = 7 and (3.50)
fiy(w) =46 (3.51)

Hence, by the Equations 1(Q) is a (,7,d)—absolute IVNSR over R.

3.1. Product of interval-valued neutrosophic subrings

Definition 3.8. Let (P,+,:) and (R,+,:) be two crisp rings. Again, let Q; =

{(r.ta,(r),iq,(r), fo,(r)) : 7 € P} and Qo = {(v,t0,(v), i0,(v), fo,(v)) : v € R} are IVNSRs
of P and R respectively. Then Cartesian product of 2; and €y will be

Q:Ql><QQ

= {((r,0), T (E, (1), B0, () T iy (1), s (0)), F (Fou (1), o (v) ) : (r,0) € P x R}
Similarly, product of 3 or more IVNSRs can be defined.

Theorem 3.9. Let (P,+,-) and (R,+,-) be two crisp rings with QO € IVNSR(P) and Qg €
IVNSR(R). Then Q1 x Qg is a IVNSR of P x R.
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Proof. Let Q = Q1 x Qg and (r1,v1), (r2,v2) € P X R. Then

to((ri,v1) — (r2,v2)) = ta,xq, ((r1 — r2,v1 — v2))
= T(fgl (r1 —r2), ta,(v1 — 1)2)) [by Definition
> T(T o, (1), ta, rg)) T(EQQ(vl),fQQ(vg))) [by Proposition [3.1]
= T(T ta, (r1), T, (v1)), T (o, (r2), ta, (vg))) [as T is associative]
T (ta(r1,v1), ta(rz, v2)) (3.52)

Again,

to((ri,v1) - (r2,v2)) = ta,xa, ((r1 - 72,01 - v2))
T(fgl(rl “19), ta, (v1 - vg)) [by Definition

(T ta, (r1),to, 7“2)) T(fgz(vl),fQQ (’Ug))) [by Proposition [3.1]

T (ta(r1,v1),ta(rs, v2)) (3.53)

IV Il

T (ta, (1), ta, (v1)), T (ta, (r2), ta, (m))) [as T is associative]

Similary, the followings can be shown

ia((r1,v1) = (r2,v2)) < I(i(r1,v1),i0(r2, v2)), (3.54)
io((r1,v1) - (r2,v2)) < I(ia(ry, v1), io(rz, va2)), (3.55)
fa((ri,v1) = (r2,v2)) < F(fa(r1,v1), fa(ra,v2)), and (3.56)

fa((ri,v1) - (r2,v2)) < F(fa(ri,v1), falra, v2)) (3.57)

Hence, using Proposition [3.1| and by Equations Q) x Q9 € IVNSR(P x R).

Corollary 3.10. Let Vi € {1,2,...,n}, (P;,+,-) are crisp rings and Q; € IVNSR(P;). Then
Q1 X Qo X+ xQyisaIVNSR of PL X Py X --- X P,, where n € N.

3.2. Subring of a interval-valued neutrosophic subgring

Definition 3.9. Let (P,+,-) be a crisp ring and Q1,09 € IVNSR(P), where Q; =
{(r,ta,(r),iq,(r), fo,(r)) : 7 € P} and Qo = {(r,%0,(r),i0,(r), fa,(r)) : ¥ € P}. Then

Q) is called a subring of Qg if Vr € P, tq, (r) < tq,(r), i, (r) > iq,(r), and fq,(r) > fo, (7).

Theorem 3.11. Let (P, +,-) be a crisp ring and Q € IVNSR(P). Again, let Q1 and Q2 be two
subrings of Q. Then 1 N Qs is also a subring of 2, assuming that all the IVTN and IVSNs

are idempotent.
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Proof. Here, Vr € P

t_QlﬂQz (T) = T(tﬂl (7’), tQ, (T))
T(fg(r), fg(r))
ta(r) [as T is idempotent] (3.58)

IN

Similarly, as I and F are idempotent we can show that,
0,00, (1) > ig(r) and (3.59)
fﬂlﬁQQ (7") 2 fQ(T) (360)

Hence, by Equations [3.58{3.60] €21 N €2 is a subring of Q.

Theorem 3.12. Let (P, +,-) be a crisp ring and 1, € IVNSR(P) such that Q is a subring
of Qa. Let (R,+,-) is another crisp ring and | : P — R be a ring isomorphism. Then

(1) 1(21) and I(Q22) are two IVNSRs over R and

(ii) 1(Q1) is a subring of [(Q2).

Proof. (i) can be proved by using Theorem [3.6]
(ii) Let v = l(r), where r € P and v € R. Then

ta, (r) < ta,(r) [as Qp is a subring of ]
=to, (17! (v )) <, (17 (v))
=1(0,)(v) < Tya,) (V) (3.61)

Similarly, we can prove that

il((h)(v) Z 51(92)(1]) and (362)
Jion (V) = fiay) () (3.63)

Hence, by Equations [(€21) is a subring of [(Q2).

3.3. Interval-valued neutrosophic normal subrings

Definition 3.10. Let (P,+,-) be a crisp ring and  is an IVNS of P, where Q =
{(r,ta(r),ia(r), fa(r)) : r € P}. Then Q is called an IVNNSR over P if

(i) © is an IVNSR of P and

(ii) Vr,v € P, tq(r-v) =ta(v-r), ig(r-v) = ig(v-r), and fo(r-v) = fo(v-r).

The set of all IVNNSR of a crisp ring (P, +, - ) will be denoted as IVNNSR(P).
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Example 3.11. Let (Z,+,-) be the ring of integers with respect to usual addition and mul-
tiplication. Let Q = {(r,tq(r),iq(r), fo(r)) : 7 € Z} be an IVNS of Z, where Vr € Z

[0.67,1] if r € 22

0,0 ifre2Z+1

[0,0] if r e 2Z

1o(r) = , and

[0.33,0.5] if € 27 + 1

0,0] ifre2z

0,0.33] if r € 2Z +1

Now, if we consider minimum TN and maximum SNs, then 2 € IVNNSR(Z).

Theorem 3.13. Let (P,+,-) be a crisp ring. If Q1,Q € IVNNSR(P), then Q1 NQq €
IVNNSR(P).

Proof. As 41,Q9 € IVNSR(P) by Theorem Q1 N Qe € IVNSR(P). Again,

ta,na, (1 v) = T(tgl(r ), ta, (1 - v))

=T (tq,(v-7),to,(v- 7)) [as 2, Qs € IVNNSR(P)]

= EQIQQ2 (v-r) (3.64)

Similarly,
10,00, (1 V) = ig,n0, (v - 7) (3.65)
fﬁlmQQ (T : U) = fQ1ﬂQQ (1) : 7") (366)

Hence, 21 N Qy € IVNNSR(P).

Remark 3.14. In general, if Q1,Q9 € IVNNSR(P), then Q1 U Qo may not always be an
IVNNSR of (P,+,").

Remark [3.14] can be proved by Example [3.4]

Theorem 3.15. Let (P,+,:) be a crisp ring. Then € IVNNSR(P) iff
V[k1, s1], [ka, s2], [ks, s3] € W(L) with ta(0p) > [k1, s1], ia(0p) < [k2, s2], and fo(0p) < [ks, s3],
Q([kl781]7[162782}’[163783]) is a crisp normal subring of (P,+,-) (assuming all the IVTN and IVSNs
are idempotent).

Proof. This can be proved using Theorem [3.5] g
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Theorem 3.16. Let (P,+,) and (R,+,-) be two crisp rings. Also, let | : P — R be a ring
isomorphism. If Q is an IVNNSR of P then I[(Q2) is an IVNNSR of R.

Proof. As Q is an IVNSR of P by Theorem 1(©2) is an IVNSR of R. Let I(r1) = v1 and

l(r2) = va, where 1,72 € P and v1,vs € R. Then

i)y (v1 - v2) = o (l_l(vl -v)) [as [ is injective]

(U7 (v1) - 17 (v)) [as i7" is a homomorphism]

I
ol
__ —

I
~

a(r1-m2)

I
~

a(re - r1) [as 2 is an IVNNSR of P]

=to(I" (v2) - 17 (1))
=1tq (l Yy -y )
= EZ(Q) (v2 - v1) (3.67)
Similarly,
fl(g) (v -v9) = fl(g) (vg - v1) and (3.68)
Jiy(v1 - v2) = fyay(va - v1) (3.69)

Hence, by Equations [(2) is an IVNNSR of R.

4. Conclusions

As interval-valued neutrosophic environment is more general than regular one, we have
adopted it and defined the notions of interval-valued neutrosophic subring and its normal
version. Also, we have analyzed some homomorphic properties of these newly defined notions.
Again, we have studied product of two interval-valued neutrosophic subrings. Furthermore,
we have provided some essential theories to study some of their algebraic structures. These
newly introduced notions have potentials to become fruitful research areas. For instance, soft
set theory can be implemented and the notion of interval-valued neutrosophic soft subring can
be defined.
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Abstract. We answer the following question: Are neutrosophic p-compactness and neutrosophic p-countably
compactness equivalent? which posted in [10]. Since every neutrosophic topology is neutrosophic u-topology,
we answer the question for neutrosophic topological spaces, more precisely, we give an example of neutrosophic

topology which is neutrosophic countably comapact but not neutrosophic compact
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countably compact space

1. Introduction

Neutrosophic sets first introduced in [25,27] as a generalization of intuitionistic fuzzy
sets |14], where each element € X has a degree of indeterminacy with the degree of mem-
bership and the degree of non-membership . Operations on neutrosophic sets are investigated
after that. Neutrosophic topological spaces are studied by Smarandache [27], Lupianez [19}20]
and Salama [23|. The interior , closure, exterior and boundary of neutrosophic sets can be
found in [26]. Neutrosophic sets applied to generalize many notaions about soft topology and
applications [18], [22], |15], generalized open and closed sets 28] , fixed point theorems [18] ,
graph theory [17]and rough topology and applications [21]. Neutrosophy has many applications
specially in decision making, for more details about new trends of neutrosophic applications
one can consult [1]- 7).

Generalized topology and continuity introduced in 2002 in [13], where many generalized open
sets in general topology become examples in generalized topological spaces, and it become one
of the most important generalization in topology which has different properties than general
topology, see for example [9], |[11] and [12]. There are a lot of studies about neutrosophic

topological spaces that shows the importance of studying neutrosophic topology where it has
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possible applications, see for example [24], Neutrosophic u-topological spaces first introduced
in |10], and since Neutrosophic p-topological space is a generalization of neutrosophic topo-
logical space it guarantees generalized results that are still true for neutrosophic topological
spaces, see for example Theorem 2.30 in [10] which shows that neutrosophic p-compactness and
neutrosophic p-countably compactness are equivalent, and this is not true in crisp topology,
but it becomes true for neutrosophic topological spaces since every neutrosophic p-topological
space is neutrosophic topological space, another thing about the importance of neutrosophic
p-topological space is that some existing notations about neutrosophic topology can be con-
sidered as examples of neurosophic u-topological spaces, see for example Theorem 2.9 in [10]
which shows the relationship between p-topological space and previous studies where we can
consider all neutrosophic a-open sets over (X; 7 ) and all neutrosophic pre-closed sets in (X;
7 ) (introduced in [8]) as examples of strong neutrosophic p-topology over X. The following

question appeared in [10].

Definition 1.1. [25]: A set A is said neutrosophic on X if A = {(z,pa(x),04(x),va(z));z €
X} pyov: X —]70,17[and 0 < p(z) + o(z) + v(z) < 37.

The class of all neutrosophic set on the universe X is by N(X). We will exhibit the
basic neutrosophic operations definitions (union, intersection and complement. Since there
are different definitions of neutrosophic operations, we will organize the existing definitions

into two types, in each type these operation will be consistent and functional.

Definition 1.2. [24][Neutrosophic sets operations] Let A, Ao, B € N(X) such that o € A.
Then we define the neutrsophic:
(1) (Inclusion): AC B If pa(z) < up(x), oa(z) > op(x) and va(x) > vp(x).

2) (Equality): A=B < AC BABLC A
3) (Intersection) aI;IAAa(:v) = {<x,aé\A,uAa (x), agAaA(w),agAuA(x)>; re X},
4) (Union) aIEIAAa(:c) = {<x’a¥A'uA“ (x),aé\AaA(x),aéAuA(a:»; re X}
5) (Complement) A = {(z,va(x),1 —oa(z), pa(x));x € X}
6) (

) (

7

Universal set) 1x = {(x,1,0,0); x € X }; will be called the neutrosophic universal set.

(
(
(
(
(
(7) (Empty set) 0x = {(x,0,1,1);x € X}; will be called the neutrosophic empty set.

Proposition 1.3. [2/] For A, A, € N(X) for every a € A we have:

a€A acA
@) 40 (DA = 0 (AU

Definition 1.4. [24] [Neutrosophic Topology] 7 C N'(X) is called a neutrosophic topology for
X if
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(1) 0x,1x €.

(2) If A, € 7 for every a € A, then I_IAAa er,
ac

(3) For every A, B € 7, we have A, B € 7.

The ordered pair (X, 7) will be said a neutrosophic space over X. The elements of 7 will be
called neutrosophic open sets. For any A € N(X), If A° € 7, then we say A is neutrosophic

closed.

2. Neutrosophic Countably Compact Spaces

Definition 2.1. [10] Let X be nonempty, 0 < a,8,7 < 1. Then A € N(X) is said a
neutrosophic point if f there exists x € X such that A = {(z,a,5,7)} U {(£,0,1,1); % # x}.
Neutrosophic points will be denoted by z 3.

Definition 2.2. [10] We say z, 3, in the neutrosophic set A -in symbols x5, € A- if f

a < pa(x),B >oca(x) and v > va(z).

Lemma 2.3. [10] Let A € N(X) and suppose that for every x,p~ € A there exists
B(zap,) € N(X) such that zo5 € B(xa,p,) E A. Then A =U{B(Za,8,); Ta,p,y € A}

Corollary 2.4. [10] A € N(X) is neutrosophic open in (X,T) if f for every xqp~ € A there
exists a neutrosophic set B(xa,p~) € T; Ta gy € B(xapy) E A.

Definition 2.5. [10] Let (X, 7) be a neutrosophic topology on X. A sub-collection B C 7 is
called a neutrosophic base for 7 if for any U € 7 there exists B C B such that U = LU{B; B € B}.

Definition 2.6. [10] Consider the neutrosophic space (X, 7) . We say the collection ¢ from
T is a neutrosophic open cover of X, if 1x = L{U;U € U}.

Definition 2.7. [10] Consider the space (X,7) and the neutrosophic open cover U of X.
Then we say the sub-collection ¢ C N(X) is a neutrosophic subcover of X from U, if U is

neutrosophic covers X and Ucu.
The following is an immediate result of Corollary2.4}

Corollary 2.8. [10] A sub-collection U from the neutrosophic space (X,T) is an open cover

of X if f for every xo g, in X there exists U € U such that x4 5~ € U.

Theorem 2.9. Consider the collection B of neutrosophic sets on the universe X. Then B is
a neutrosophic base for some neutrosophic topology on X if f

(1) For every U € T and every x4, € U there exists B € B such that o5, € BEU.
(2) For every A, B € B we have AT B is a union of elements from B.
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Proof. —) Obvious!

<) Suppose B satisfies the two conditions in the theorem. Let 7(B) be all possible neutrosophic
unions of elements from B with Ox. It suffices to show that 7(B) is a neutrosophic topology
on X. From the first condition and the construction of 7(B) we have 0x,1x € 7(B). Now let
H,K € 7(B). Then H = UH; and K = UK, where H;, K; € B for every 4, j. So we have (by
parts (3) and (4) of Propolsitio ’

H K = (UH) 1H(UK) = U((UH) 1K) = UL (H; 1K)

Since H;, KE ;€B foi" every ’LJ, g, ZWe have H M I]( ZE 7(B). The proof that the union of elements

from 7(B) is an element from 7(B) is easy! And we done.

7(B) will be called the neutrosophic topology generated by the neutrosophic base B on X .

Definition 2.10. [10] (X, 7) is said to be neutrosophic compact if each neutrosophic open

(in 7) cover of X has a finite neutrosophic subcover.

Theorem 2.11. [10/ Consider the space (X, T), and let B be a neutrosophic base for . Then
(X, 7) is a neutrosophic compact space if f every neutrosophic open cover of X from B has a

finite neutrosophic subcover.

Definition 2.12. [10] A neutrosophic space (X, 7) is said:

(1) A neutrosophic Lindeldf space if each neutrosophic open cover of X from 7 has a
countable neutrosophic subcover of X.
(2) A neutrosophic countably compact space if each neutrosophic open countable cover of

X from 7 has a finite neutrosophic subcover of X.

The following thee results have proofs similar to their correspondings about neutrosophic

p-topological spaces in [10].

Theorem 2.13. Fvery neutrosophic space with a countable neutrosophic base is neutrosophic
Lindelof .

Theorem 2.14. Every neutrosophic Lindelof and countably compact space is compact.

Corollary 2.15. Every neutrosophic countably compact space with a neutrosophic countable

base is neutrosophic compact.

The following example show that neutrosophic Lindels f spaces are not neutrosophic count-

ably compact.

Example 2.16. Let Y = {a,b} and let B = {4,;n = 1,2,3,...} where A, = {{y,1 —
Lo L 1 )iy € X}. We will show that B is a base for some neutrosophic topology on Y ;

2n’2n’ 2n
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i.e. we want to show B satisfies (1) and (2) in Theorem2.9|

First condtion: B neutrosophic covers Y, actually:

UB = U{4;n =1,2,3,..} = {{y,V§°1 — 5=, A5, AP )5y € Y} = {(y,1,0,0);y € Y} =
ly.

Second condition: The neutrosophic intersection of two elements from B is the neutrosophic
union of elements from B, but is clear that for any A, and A,, in B we have A, M A,, = A;
where ¢ = max{n, m} which an element of B, so that B is a neutrosophic base form some
neutrosophic topology 7(B) on Y. Since 7(B) has a countable base, 7(B) is neutrosophic
Lindelof. Now, we will show that 7(B) is not neutrosophic countably paracompact (which im-
plies it is not neutrosophic compact). By contrapositive, suppose Y is neutrosophic countably
paracompact. Then &/ = B is a countable neutrosophic open cover of Y. But Y is a neutro-
sophic countably paracompact space, so that we have I/ has a neutrosophic finite subcover,
say U* = {An1, Apa, .., Apg . But App U Apo UL U Ay = Ay where t = max{ny,no, ...,nx},
and A, = {(y,1— %, %, %), y € Y} # 1y, a contradiction. So Y is not neutrosophic countably
paracompact and hence it is not neutrosophic compact.

The following theorem shows that neutrosophic compact spaces and neutrusophic countably
compact spaces are equivalent if the universe of discourse is countable, which is not true for

topological spaces.

Theorem 2.17. For every countable neutrosophic topological space Y , the following two state-

ments are equivalent :

(1) Y is neutrosophic compact.

(2) Y is neutrosophic countably compact.

Proof. =) Obvious!
<) Suppose that Y is a countable neutrosophic countably compact space, and let U be a
neutrosophic open cover of Y. For every y € Y we define the following three subsets of [0, 1].

(1) Dji = {paly); A e u}.

(2) Dg ={oa(y); A eU}.

(3) Dy ={va(y); A eU}.
Let DY, DY and D be three countable dense subsets of D},, D§ and D} respectively in the
usual sense (the usual topology on the unit interval). Since U is a neutrosophic p-open cover
of Y, we have supD{ = sup Dy, = 1 ,inf D§ = inf DY = 0 and inf D§ = inf Dy = 0. Let
U(y) = {A e U;paly) € DY,oa(y) € DY or va(y) € D}. It is clear that U(y) is countable.
Let U* = U{U(y);y € Y'}. Since Y is countable, U* is a countable sub-collection from Y. We
will show that U* is a neutrosophic cover of Y. Set B = LIU*. For every y € Y we have:

(1) ps(y) = V{pa(y); A € B} > V{pa(y); A € Di} =sup D{ = 1.
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(2) oB(y) = Moa(y); A € B} > Moa(y); A € Di} = inf Dy = 0.
(3) vB(y) = NM{ra(y); A€ B} > AM{Va(y); A € D{} = inf D = 0.
Which implies that B = 1y and U* is a neutrosophic countable open cover. Since Y is a

neutrosophic p-countably compact space, U* has a finite subcover , that is Y is compact.

The following example shows that neutrosophic compactness and neutrosophic countably

compactness are not equivalent.

Example 2.18. Consider the set of all countable ordinals W, with the usual ordering. Let
B ={[s,t),s,t < wi(the first uncountable ordinal)}. We know that /3 is a base for some topol-
ogy 7 on Y = Wy. For every [s,t) € 8 define the neutrosophic set

Als) =
(y,0,1,1) ify ¢ [s,t)

Set B = {As);[s,t) € B}. We will show that £ is a base for some neutrosophic topology on Y.
First we show it is a neutrosophic cover for Y. Let A = LIS ; it suffices to show that A = 1y.
But for every y € Y, we have y € [s,y) for some s < y, so that pa(y) = V{uc(y):C € } >
Bisy) = 1, oa(y) = Moc(y); C € By < Osy) = 0, and va(y) = NMre(y); C € By < Vis,y) = 0,
that means A = 1y and 8 covers Y. Now, we will show that the intersection of any two
elements from 8 is empty or an element of 3. Let A, ;) and A, 4,) be two neutrosophic
sets in B and set C' = Ay ;) 1 A, 1), if [51,21) N [s2,t2) = (), then for every y € Y we have
y & [s1,t1) or y & [s2,t2), which implies pic = fifs) 1) A Hisy1p) = 0, 00 = Oy 41) V Ofspty) = 1
and Vo = Vg, 1) V Visyt,) = 1 and that means Afg, ) M A, 1) = Oy. Now, suppose that
[s1,t1) N [s2,t2) # 0. Then for every y < max{s1, s2} or y > min{¢;, to} we have y ¢ [s1,t1) or
y & [s2,t2), which means uc =0, oc = 1 and vo = 1, and if max{s;, so} < y < min{ty, 2},
then y € [s1,t1) and y € [s2,t2), that is uc = 1, o¢ = 0 and v = 0, so that we have

A[Slﬂfl) M A[S2,t2) = A[Syt) = €p

(y,0,1,1) ify ¢ [s,¢t)
where s = max{sj, so} and ¢t = max{t;,t2}. Let 7(5) be the neutrosophic topology gen-
erated on Y by . Then 7(8) is a neutrosophic countably compact space: We will prove
this by showing 7(3) has no countable cover form 5. Let C = {A,, = [sp,tn);n = 1,2,3,...}
be any countable subset from §, it suffices to show that C does not cover Y’; by contaposi-

tive, suppose C covers Y, then D = LUC = .OCIDIAH = ly. So that for every y € Y we have
=
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wo = ;\71;1,4“ = 1; since pa, =1 or O for every n = 1,2, 3, ..., there exist ¢ such that p4, =1,
that is y € A; = [si,t;), which implies Y = if_jl [$n,tn), a contradiction, since Y is uncountable
and ;le[sn, t,) is countable, so § has no countable cover for Y, and so Y is neutrosophic count-
ably compact. Now, to show that Y is not neutrosophic compact. But g is a neutrosophic

open cover of Y and has no countable, and hence no finite, subcover, that means Y is not

neutrosophic compact.

Corollary 2.19. There is a neutrosophic p—topological spaces which is neutrosophic countably

compact but not neutrosophic compact.

Proof. Since every neutrosophic space is p—topological space, we have Exampl@ is an
example of a neutrosophic p—topological spaces which is neutrosophic countably compact but

not neutrosophic compact.

The approach we used in Exampld2.18| can be generalized to get more counterexample for

neutrosophic topological spaces as follows.

Theorem 2.20. Let (X, 7) be a topological space and for every U € T set

(2,1,0,0) ifz €U
(#,0,1,1) ifx¢U

Ay =

and let Neut(t) = {Ay; U € 7}. Then (X, Neut(r)) is a neutrosophic topological space.

Proof. Since 0, X € 7, we have Ay, Ax € Neut(r), but

(2,1,0,0) ifzx e (z,1,0,0) ifxel

(2,0,1,1) ifz ¢ 0 (,0,1,1) ifzeX
(2,1,0,0) ifzxe X (2,1,0,0) ifzxe X
(2,0,1,1) ifzx ¢ X (2,0,1,1) ifz e

So we have Ox,1x € Neut(r). Now, let H = Ay M Ay where Ay, Ay € Neut(r). Then

1 ifzxelU 1 ifzeV 1 ifzeUNnV
pr () = A = = HAwav)@)
0 ifz¢U 0 ifzxgV 0 ifzgUNV
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0 ifzeU 0 ifzeV 0 ifzeUNV

og(z) = \Y = :aA(UmV)(x)
1 ifz¢U 1 ifxgV 1 ifxgUNV
0 ifzeU 0 ifzeV 0 ifreUNV

vi(x) = . v _ = _ = VA, (T)
1 ifxgU 1 ifzg¢gV 1 ifz¢UNV

So we have AyMAy = Aynm) € Neut(r). Similarly we show that I_IAAQ € Neut(T) whenever
ae
Aq € Neut(r) for every a € A.

3. Applications and further studies

This paper is a completion part of |10] and gives an answer for the following question: Are
neutrosophic p-compactness and neutrosophic p-countably compactness equivalent? which
posted in [10]. We give an example to show that the answer is no! the approach is used to
give such example can be generalized to give many counter examples in neutrosophic topology
using those existing in general topology. This paper, also, studied more advanced notations
about neutrosophic topology such as neutrosophic comapactness and neutrosophic Lindeldf,
which opens doors for more studies about neutrosophic topology, such as neutrosophic para-

compactness, and other covering properties

Funding: This Project was supported by the Deanship of Scientific research at Prince
Sattam Bin Abdulaziz University under the research project f 2019/01/9633.
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Abstract. Hyperstructure theory, an 86 years old theory, has been of great interest for many algebraists where
their researches were divided in to two categories: theory and applications. On the other hand, neutrosophic
theory which is the study of neutralities, was introduced and developed by F. Smarandache in 1995 as an
extension of dialectics. The purpose of this paper is to study some connections between the two theories:
Neutrosophy and hyperstructures. In this regard, we define neutrosophic quadruple H,-rings, neutrosophic

quadruple H,-subrings, and neutrosophic quadruple homomorphism and study their various properties.

Keywords: H,-ring; neutrosophic quadruple number; neutrosophic quadruple H,-ring; neutrosophic homo-

morphism.

1. Introduction

The concept of neutrosophic quadruple numbers was introduced by Smarandache [14] in
2015. Where he defined and presented some arithmetic operations of these numbers such as
addition, subtraction, multiplication, and scalar multiplication. Later in 2017, Akinleye et
al. [2] considered the set of neutrosophic quadruple numbers and defined some operations on it
and discussed neutrosophic quadruple algebraic structures. A generalization of the latter work
was done in 2016 where Agboola et al. [1] considered the set of neutrosophic quadruple numbers
and defined some hyperoperations on it and discussed neutrosophic quadruple hyperstructures.
For more details about neutrosophy and its applications, we refer to [3-7,10,13, 15, 16].

A generalization of hyperstructures, known as H,-structures was introduced by T. Vou-
giouklis [19,20]. We refer to [19,20] for basic definitions and results on H,-rings. Al Tahan
and Davvaz in [3] discussed neutrosophic H,-groups and studied their properties. In this work,

we extend the results to H,-rings and it is constructed as follows: after an Introduction, in

M. Al-Tahan and B. Davvaz, On Some Properties of Neutrosophic Quadruple H,-rings



Neutrosophic Sets and Systems, Vol. 36, 2020 257

Section 2, we present some basic definitions about hyperstructures that are used throughout
the paper. In Section 3, we define neutrosophic quadruple H,-rings and provide some examples
on it. In Section 4, we define neutrosophic quadruple H,-subrings and neutrosophic quadruple

homomorphism and study their properties.

2. Basic definitions about algebraic hyperstructures

In this section, we present some definitions and theorems related to hyperstructure theory

that are used throughout the paper. (See [8,9,19].)

Let H be a non-empty set and P*(H) the set of all non-empty subsets of H. Then, a
mapping o : H x H — P*(H) is called a binary hyperoperation on H. The couple (H,o) is
called a hypergroupoid. In this definition, if X and Y are two non-empty subsets of H and
h € H, then we define:

XoY=J zoy, hoX ={h}oX and X oh =X o {h}.
zeX
yey

Definition 2.1. A hypergroupoid (H, o) is called a:

(1) semihypergroup if for every x,y,z € H, we have z o (yo z) = (xoy) o z;
(2) quasi-hypergroup if for every x € H, xo H = H = H ox (The latter condition is called
the reproduction axiom);

(3) hypergroup if it is a semihypergroup and a quasi-hypergroup.

T. Vougiouklis [19,20] introduced H,-structures as a generalization of the well-known al-
gebraic hyperstructures. The equality in some axioms of classical algebraic hyperstructures
is replaced by non-empty intersection in H,-structures. The majority of H,-structures are

applied in representation theory.

Definition 2.2. A hypergroupoid (H,o) is called an H,-semigroup if the weak associative
axiom is satisfied. i.e., (zo (yoz))N((xoy)oz)#0 for all z,y,z € H.

An element 0 € H is called an identity if x € 0o hN hoO for all h € H and it is called a
scalar identity if h =0oh = hoO for all h € H. A scalar identity (if it exists) is unique. A
hypergroupoid (H, o) is called an H,-group if it is a quasi-hypergroup and an H,-semigroup. A
non-empty subset M of an H,-group (H, o) is called H,-subgroup of H if (M, o) is an H,-group.

Definition 2.3. Let R be a non-empty set and “+”, “” be hyperoperations. Then (R, +, )
is a hyperring if the following conditions hold. (1) (R,+) is a hypergroup; (2) (R,-) is is a
semihypergroup; (3) - is distributive with respect to +. And it is an H,-ring if (1) (R, +) is
an H,-group; (2) (R,-) is is an H,-semigroup; (3) - is weak distributive with respect to +.
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(R,+,-) is said to be commutative if z +y =y +x and x -y = y -« for all z,y € R. An

element 1 € R is called a unitif x € 1-xNx -1 for all x € R and it is called a scalar unit if
x=1-x=ux-1for all z € R. If the scalar unit exists then it is unique. A subset M of an
H,-ring (R, +,) is called an H,-subring if (M,+,-) is an H,-ring. To prove that (M, +,") is
an H,-subring of (M,+, ), it suffices to show that m + M = M +m = M and M - M C M
for all m € M.
Let (R,+,*) and (R',+',%*) be two H,-rings. Then f : R — R’ is said to be H,-ring ho-
momorphism if f(r+s) = f(r)+' f(s) and f(rxs) = f(r)* f(s) for all r,s € R. (R,+,*)
and (S, +',+') are called isomorphic H,-rings, and written as R = S, if there exists a bijective
homomorphism f: R — S.

The concept of very thin hyperstructures was introduced and studied by Vougioklis [17,18].

An H,-structure is called a very thin H,-structure, denoted as VT-H,-structure, if all hy-
peroperations are operations except one which has all hyperproducts singletons except only
one. For example an H,-ring (H,*,0) is said to be a VT-H,-ring if there exists only one

(z,y) € H? with the property |z xy| > 1 or |z oy| > 1.

3. Construction of neutrosophic quadruple H,-rings

Symbolic (or Literal) neutrosophic theory is referring to the use of abstract symbols (i.e.
the letters T', I, F, representing the neutrosophic components: truth, indeterminacy, and
falsehood) in neutrosophics.

In [1,2], Agboola et al. and Akinleye et al. respectively based their study of neutrosophic
quadruple algebraic structures (hyperstructures) on quadruple numbers based on the set of real
numbers. In this section, we consider neutrosophic quadruple numbers based on a set instead

of real or complex numbers and we use them to define neutrosophic quadruple H,-rings.

Definition 3.1. [11] Let X be a nonempty set. A neutrosophic quadruple X-number is an
ordered quadruple (a,bT, cl,dF") where a,b,c,d € X and T, I, F' have their usual neutrosophic
logical meanings.

The set of all neutrosophic quadruple X-numbers is denoted by NQ(X), that is,
NQ(X) ={(a,bT,cl,dF) : a,b,c,d € X}.

With respect to the preference law T' < I < F, we define the Absorbance Law for the
multiplications of 7', I, and F', in the sense that the bigger one absorbs the smaller one (or
the big fish eats the small fish); for example:

FT =TF = F (because F is bigger), TT =T (T absorbs itself), Tl = IT = I (because I is
bigger), (because F' is bigger), and F'[ = IF = I (because F is bigger).
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Let (R,+,-) be an H,-ring with zero “0” and unit “1”and define “®” and “®” on NQ(R)
as follows:
(21, 22T, 23], 24 F) & (y1, y2T' y31, ysaF)
={(a,bT,cl,dF): a €1+ y1,b € xa+y2,c € T3+ ys3,d € T4 + Ysa}.

and
(z1, 22T, 231,24 F) © (y1,y2T, y31, ys F)
={(a,bT,cl,dF): a €z -yi1,b €z -y2Uxa -y Uxy- Yo,
cexy-ysUwxg-ysUxz-y1 Uxz-y2 Uxs-ys,
de€xy yasUmo - yaUrs - yaUrg - y1 Uzg Yo Uzy ysUzg-ya}.
Throughout this section, T' < I < F and (R, +,-) is an H,-ring with identity “0”, unit “1”,
0+0=0,1-1=1landx-0=0-2 =0 for all x € R (i.e, 0 is an absorbing element).

Theorem 3.2. [3] Let R be a set with 0 € R. Then (NQ(R),®) is an Hy-group (called
neutrosophic H,-group) with identity 0 = (0,0T,0I,0F) if and only if (R,+) is an H,-group
with identity “0” and 0+ 0 = 0.

Theorem 3.3. [3/ Let R be a set with 0 € R. Then (NQ(R),®) is a hypergroup (called
neutrosophic hypergroup) with identity 0 = (0,0T,01,0F) if and only if (R, +) is a hypergroup
with identity “0” and 0+ 0 = 0.

In [1], Agboola et al. gave an example on a hypergroup of order 3 (Example 2.4) and
said that it is a neutrosophic hypergroup which is an impossible case. We illustrate it by the

following remark.

Remark 3.4. A neutrosophic H,-group (hypergroup) NQ(R) = {(a,bT,cl,dF) : a,b,c,d €
R} is either infinite or of order |R|* where |R| is the number of elements in R in case R is

finite. This is clear by using Theorem 3.2 and Theorem 3.3 respectively.

Theorem 3.5. [3] Let R be a set with 0 € R. Then (NQ(R),®) is a commutative H,-group
with identity 0 = (0,07,01,0F) if and only if (R, +) is a commutative H,-group with identity
0”7 and 04+ 0 = 0.

Proposition 3.6. Let R be a set containing 0”7 and “1”7 with a hyperoperation “”. Then
(NQ(R),®) is a quadruple H,-semigroup with unit 1 if and only if (R,-) is an H,-semigroup
with unit 1 = (1,07,01,0F).

Proof. Let (NQ(R),®) be a quadruple H,-semigroup and let a,b,c € R. Having z =
(a,0T,01,0F) € NQ(R), y = (b,0T,0I,0F) € NQ(R), z = (¢,0T,0I,0F) € NQ(R) and
(O (y©2))N((x®y) ® z) # 0 implies that (a-(b-¢))N((a-b)-c)# 0.

Let (R,-) be an H,-semigroup and let x,y,z € NQ(R). Then there exist x;,y;,2; € R
with ¢ = 1,2,3,4 such that * = (x1,2T, 231, 24F), v = (y1,y2T,ysl,ysF) and z =
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(21, 29T, 231, 24 F). We have (z;- (y;-2;)) N (w;-y;) - 2;) # 0 for i = 1,2,3,4. Applying the latter
with some computations on z®(y®z) and on (zOY)©z, we get (2O (y©2))N((xOY)©2) # 0.q

Proposition 3.7. R be a set containing “O” and “1”7 with a hyperoperation “”. Then
(NQ(R),®) is a quadruple semihypergroup with 1 = (1,0T,01,0F) as unit if and only if

(R,-) is a semihypergroup with 1 as unit.

Proof. The proof is the same as that of Proposition 3.6 but instead of nonempty intersection,

we have equality.

Proposition 3.8. Let (NQ(R),®,®) be an H,-ring with zero “0” and unit “1”. Then for all
a,b,c € R, we have:

(a-(b+c)N((a-b)+ (a-c)) #0.

Proof. Let a,b,c € R. Then = = (a,07,0I,0F),y = (b,07,01,0F),z = (¢,07,01,0F) €
NQ(R). Since (zO(y®2))N((zOy)®(x®2)) # 0, it follows that (a-(b+c))N((a-b)+(a-c)) # 0.

Proposition 3.9. Let (R,+,-) be an H,-ring with identity “0” and unit “1”. Then for all
x,y,z € NQ(R), we have:

(zo@Wo))N(z0y) ®(yoz) #0.

Proof. Let © = (x1, 2T, w3l x4F),y = (y1,y2T,ysl, ysF'),z = (21,227, 231, 24F) € NQ(R).
We have:

rO(y®2) ={(t,ta, t3,ta) 11 €21+ (Y1 +21), 2 €21 (Y2 +22) Uza - (1 +21) Uz~ (Y2 + 22),
ts€xy-(ys+23) Uz (ys+23)Uzxs - (y1 + 21) Uxs - (y2 + 22) Uzs - (y3 + 23),

ta € m1-(yat24)Ur2 (Yat24)Uz3 (yat24)Uzs- (Y1 +21)Uzs- (Y2 +22)Una- (Y3+23)Uzs- (yat+24) -

On the other hand, we have:

(x oy ®(x©z) = {s = (s1,827T,s3],54F) : ¢ = (q1,2T,q3l,q4F) € = © y,r =
(ri,moT,r3l, 1y F) € x ® z,8; € q; + 1 for i = 1,2,3,4}.

Having ¢ = (q1,0T,q3l,quF) € = -y and r = (r1,reT,r3l,r4F) € x - z implies that
G ETL Y1, q2 €T -YpUT2-y1 U2 Y2, q3 € x1-y3Ux2-y3Ux3-y1 Uws-y2Uws-ys,
qa € 1-YaUx2-yaUx3-ys Uy -y1UT4-Y2ULs - y3UT4 Y4, 71 € T1-21, 12 € T1-22Ux2-21UT2-22, 13 €
x1-23Uxo-23Ux3-21Uxs-20Uxs 23 and 14 € x1-24Uxo-24Uxs-24Uxy 21Uy 20U 4 23U 4-24. Since
xi-(yi+zi)N(x;-yi+xi-2;) # O fori = 1,2, 3,4, it follows that (zO(y®2))N((zOy)B(y©2)) # 0.q

Proposition 3.10. Let (NQ(R),®,®) be an hyperring with zero “0” and unit “1”7. Then for
all a,b,c € R, we have:

(a-(b+c)) = ((a-b)+ (a-c)).
M. Al-Tahan and B. Davvaz, On Some Properties of Neutrosophic Quadruple H,-rings




Neutrosophic Sets and Systems, Vol. 36, 2020 261

Proof. The proof is the same as that of Proposition 3.8 but instead of nonempty intersection,

we have equality.

Proposition 3.11. Let (R,+,-) be a hyperring with identity “0” and unit “1”. Then for all
x,y,z € NQ(R), we have:
zO(y®2) C(z0y) & (yoa2).

Proof. The proof is straightforward.

Remark 3.12. The equality in Proposition 3.11 may not hold. We illustrate it by the following

example.

Example 3.13. Let R = Zs be the ring of integers under standard addition and multiplication
modulo 2 and let x = (1,17,0I,0F), y = (0,17,01,0F) and z = (1,07,0I,0F). Having
rO(y®z) = (1,17,01,0F) and (x ©y) & (z © z) = {(1,07,0I,0F), (1,17",01,0F)} implies
that 1O (yd2) # (2O y) d (y © 2).

In the proof of Theorem 2.11, [1], the proof of distributivity contains a gap. Our example,

Example 3.13 can be used as an illustration.

Notation 1. Let (R,+,-) be an H,-ring with “0” and “1” as zero and unit respectively satis-
fying04+0=0,1-1=1and0-2=2-0=0 for allz € R. Then (NQ(R),®,®) is called

neutrosophic quadruple H,-ring.

Notation 2. Let (NQ(R),®,®) be a hyperring. Then we call it a neutrosophic quadruple
hyperring.

Remark 3.14. Let (R, +, ) be a hyperring. Then (NQ(R), ®,®) may fail to be a hyperring.
One can easily see that (NQ(R), ®, ®) in Example 3.13 is not a hyperring (as the distributivity
law does not hold.).

Theorem 3.15. Let R be any set with two hyperoperations “+” and “”. Then (NQ(R),®,®)
is a neutrosophic H,-ring with zero and unit 0 = (0,07,01,0F) and 1 = (1,07,0I,0F) respec-
tiwely if and only if (R,+,-) is an H,-ring with zero and unit 0”7 and “1” respectively.

Proof. The proof follows from Theorem 3.2, Proposition 3.6, Proposition 3.8 and Proposition
3.9.

Corollary 3.16. Let (R,+,-) be an Hy-ring containing an identity and absorbing element 0
and a unit 1 with the property that 04+0 =0, 1-1 = 1. Then we can construct infinite number

of neutrosophic quadruple H,-rings.
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Proof. Theorem 3.15 asserts that (NQ(R),®,®) is an H,-ring with zero and unit 0 =
(0,07,0I,0F) and 1 = (1,07, 0I,0F) respectively. Applying Theorem 3.15 on (NQ(R), &, ®),
we get NQ(NQ(R)) is a quadruple H,-ring. Continuing on this pattern, we can construct
infinite number of quadruple H,-rings. Particularly, we have NQ(NQ(... NQ(...(R))...) is
a quadruple H,-ring. g

Proposition 3.17. Let (R, +,-) be any ring with unit. Then (NQ(R),®,®) is a neutrosophic
H,-ring. Moreover, (NQ(R),®,®) is not a ring.

Proof. We can consider the ring (R,+,-) as an H,-ring with zero and unit. Theorem 3.15
asserts that (NQ(R),®,®) is a neutrosophic H,-ring.

Having = = (1,07,01,0F),y = (1,T,0I,0F) € NQ(R) implies that  ®y C NQ(R). It is
clear that (1,07,0I,0F), (1,7,0I,0F) € x ®y. Thus, [zt ®y| > 1. g

Example 3.18. Let Ry = {0,1} and define (Ry,+1,-1) as follows:

Then (NQ(R1),@®,®) is a quadruple H,-ring with 16 elements.
By setting

1=(1,07,0I,0F), ag=(0,0T,1,F), a; =(1,0T,01,F),
as = (0,T,0I,0F), ay=(0,T,1I,0F), ai = (1,T,0I,F),
as = (0,07, 1,0F), as=(0,T,0I,F), as=(1,0T,1I,F),
as = (0,0T,0I,F), ag=(1,T,0I,0F), a4 = (1,T,I,0F),
as = (0,T,1,F), ajo=(1,0T,1,0F), a5=(1,T,1,F),

A~~~ I~ I/~
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we present some of the results for a; ® a; = a; ® a;, ¢, = 1,2,...,15 in the following table.
0@z ={z} for all z € NQ(Ry) 1e1={1}
1®ap = {ag} az ® a5 = {as, a6}
az @ ay = {ag} 1@ a3 = {ai}
as @ as = {0,1, az, a4, as, as, az, as, aio} as ® ag = {as,ar,as}
1®ay ={an1} as ® a7 = {a4, a5, ag, ag}

as ® ag = {as, as, ar,aio}

1® as = {a15}

as ® ag = {a13, a14,a15}

as D ap = {a5, as}

1@ ag = {a13}

as ® ayy = {a4,a15}

as & aip = {a13,a14, a15}

I®ar= {a14}

as & a3 = {ag, a12,a14, a15}

as ® ayjq = {ai1,a13,a15}

1®ag = {ai2}

as ® ajs = {a1s}

as D ays = {014, a15}

1® ag = {az, a9}

a4 @ a14 = {1, as,as, ar, ag, ag, aia}

a1s @ a5 = {au, as, as, as, ai1, a13, ais}

I1®aj= {as, a0}

ais + a5 = NQ(R1)

ais @ az = {a12,a15}

I®an = {a4,a10}

and we present some of the results for a; © a; = a; ©® a;, 7,5 = 1,2,...,15 in the following
table.
0®a={0}for all z € NQ(Ry) 1o01={1}
1®az ={0,a2} 1®a3z ={0,a3}
TQ a4 = {67 a/4} TQ as = {67 a‘27a‘37a‘47a‘57a67a7aa8}

1®a¢ ={0,a3,a4,a6}

TQ ar = {67 az, as, CL7}

1®ag ={0,az,a4,as}

10 ag = {T, ag}

1®app= {1 aio}

1oa; = {1 a11}

10an = {T, ag,aii, a2}

1® a3 = {1, a10,a11, 013}

10 a4 = {1, a9, a0, a14}

1 © ais = {17 a9, aiop, a1, a12,a13, a14, a‘l5}

ag © az = {67 as}

a3 © az = {0, a3}

It is clear that (NQ(R1),®,®) is a commutative quadruple H,-ring.

Proposition 3.19. Let (R, +,-) be an Hy,-ring. Then “17 is the scalar unit of (R, +,-) if and
only if 1 = (1,07,01,0F) is the scalar unit of (NQ(R),®,®).

Proof. The proof is straightforward by applying the uniqueness of the scalar unit. g

Proposition 3.20. Let (R,+,-) be an Hy,-ring. Then (R,+,-) is a commutative H,-ring if
and only if (NQ(R),®,®) is a commutative H,-ring.
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Proof. Theorem 3.5 asserts that (NQ(R), @) is a commutative H,-group if and only if (R, +) is
a commutative H,-group. We need to show that (NQ(R),®) is a commutative H,-semigroup
if and only if (R,-) is a commutative H,-semigroup. Suppose that (R,-) is a commutative
H,-semigroup and let x = (x1, 22T, x31,x4F),y = (y1, 2T, y3l,ysF') € NQ(R). Easy compu-
tations show that © ® y = y ©® . Thus, (NQ(R),®) is a commutative H,-semigroup.
Conversely, let (NQ(R),®) be a commutative H,-group and a,b € R. Having =z =
(a,07,01,0F),y = (b,T,0I,0F) € NQ(R) implies that z ©® y = (a - b,0T,0I,0F) =y Oz =
(b-a,0T,0I,0F). Thus, a-b=b-a. Therefore, (R,-) is a commutative H,-semigroup.

Proposition 3.21. If (R,+,) is a VT-Hy-ring then (NQ(R),®,®) is not a VT-H,-ring.

Proof. Suppose that (R,+) is a VT-H,-ring. Then there exist a,b € R with either |a + b > 1
or |a-b| > 1.

e Case |a + b| > 1. Having 0 4+ 0 = 0 implies that either a # 0 or b # 0 (or both are not
equal to zero). Without loss of generality, we take b # 0. Let x = (a,al,0T,0F),y =
(b,01,0T,0F),z = (0,bT,bI,bF) € NQ(R). It is clear that y # z, [t ®y| > 1 and that
|z @ z| > 1.

e Case |a-b| > 1. Having 1-1 = 1 implies that either a # 1 or b # 1 (or both are not
equal to 1). Without loss of generality, we take b # 1. Let z = (a,0I,0T,0F),y =
(b,01,0T,0F),z = (0,0T,01,0F) € NQ(R). It is clear that y # z, [z ©y| > 1 and that
|z ® z| > 1.

Therefore, (NQ(R),®,®) is not a VT-H,-ring.

4. Neutrosophic quadruple H,-subrings and neutrosophic homomorphisms

In this section, we define neutrosophic quadruple H,-subrings and neutrosophic homo-

morphisms and investigate some of their properties.

Definition 4.1. Let (NQ(R),®,®) be a neutrosophic quadruple H,-ring and T' be a non-
empty subset of NQ(R). Then (T,®,©) is called a neutrosophic quadruple H,-subring of
NQ(R) if (T, ®,®) is a neutrosophic quadruple H,-ring.

Remark 4.2. Neutrosophic H,-rings have no proper neutrosophic H,-ideals. This is clear as if
NQ(J) is a neutrosophiv H,-ideal of NQ(R) then (1,07,0I,0F) € NQ(J). The latter implies
that (a,bT,cl,dF) = (a,bT,cl,dF)®(1,0T,0I,0F) € NQ(J) for all (a,bT,cl,dF) € NQ(R).

Theorem 4.3. [3] Let (R,+) be an H,-group with identity 0”7, S C R and 0 € S. Then
(NQ(S),®) is an H,-subgroup of (NQ(R), ®) if and only if (S,+) is an Hy-subgroup of (R, +).
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Theorem 4.4. Let (R,+,-) be an H,-ring with identity “0” and unit 1, S C R and 0,1 € S.
Then (NQ(S),®, ®) is an H,-subring of (NQ(R), ®, ®) if and only if (S, +, ) is an Hy-subring
of (R,+,").

Proof. Theorem 4.3 asserts that (NQ(S),®) is an H,-subgroup of (NQ(R),®) if and only if
(S,4) is an H,-subgroup of (R, +). We need to show that (NQ(S), ®) is an H,-subsemigroup
of (NQ(R),®) if and only if (S,-) is an H,-subsemigroup of (R,-). Suppose that (5,-) is an
H ,-subsemigroup of (R,-). We need to show that z ® NQ(S) U NQ(S) ®x C NQ(S) for all
x = (x1,22T, 231, 24F) € NQ(S) which is clear.

Let (NQ(S),®) be an H,-subsemigroup of (NQ(R),®) and let 1 € S. We need to show
that z; - SUS-x7 € S. For all y; € S, we have x = (21,07,0I,0F),y = (y1,07,01,0F) €
NQ(S). Since x ©y C NQ(S5), it follows that z1 -y; C S. g

Example 4.5. Since (Rj,+1,+1) in Example 3.18 has only one H,-subring (R;) containing
0 and 1, it follows by applying Theorem 4.4 that (NQ(R;),®,®) has only one neutrosophic
H,-subring: (NQ(R1),®,0) .

Example 4.6. Let Ry = {0,1,2} and define (R, +2,2) as follows:

+2 0 1 2
0 0 {0,1} | {0,2}
1 1{0,1} 1 {1,2}
2 1{0,2} | {1,2} 2

9|0 1 2
0l0| 0 0
1{ol 1 |{1,2}
210]{1,2}| 2

It is clear that (Rga,42,-2) is a commutative H,-ring that has exactly two non-isomorphic
H,-subrings containing 0 and 1: {0, 1} and Ry. We can deduce that (NQ(Rz2),®,®) is a com-
mutative neutrosophic quadruple H,-ring and has two non-isomorphic neutrosophic quadruple

H,-subrings: NQ({0,1}) = {0,1} and NQ(Rz).

Proposition 4.7. Let n > 2 be a natural number and (Zy,+,-) be the ring of integers under
standard addition and multiplication modulo n. Then (NQ(Zy,),®,®) has no proper neutro-

sophic H,-subrings.
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Proof. Proposition 3.17 asserts that (NQ(Z
subring of Z,. Then there exist d | n with 1 < d < n such that S = dZ,. Since 1 € S if and
only if d =1 and (1,07,01,0F) € NQ(S5), it follows that NQ(S) = NQ(Z,). g

n), ®,®) is a neutrosophic H,-ring. Let S be a

Proposition 4.8. Let (S,+,-) be an Hy-subring of (R,+,-). Then NQ(S)®NQ(S)
and NQ(S) © NQ(S) C NQ(S).

= NQ(9)

Proof. The proof is straightforward.

Definition 4.9. Let (NQ(R),®1,®1) and (NQ(J), @2, ®2) be neutrosophic quadruple H,-

rings. A function ¢ : NQ(R) — NQ(J) is called neutosophic homomorphism if
(1) ¢(0r, 0T, 0rI,0rF) = (04,0,T,0,1,0,F);
(2) é(1g,0rT, 051, 05F) = (17,0,T,0,1,0,F);
(3) ¢(Op, 1rT,05I,0rF) = (0,1,T,051,0,F);
(4) ¢(0r, ORT, 11, 0rF) = (04,057, 1,1,0,F);
(5) #(0g,08T,0RI,1gF) = (05,0,T,0;1,1;F);
(6) ¢(z ®1y) = ¢(z) B2 ¢(y) for all z,y € NQ(R);
(7) ¢(z ©1y) = ¢(z) ©2 ¢(y) for all z,y € NQ(R).

If ¢ is a neutrosophic homomorphism and bijective then it is called neutrosophic isomorphism

and we write NQ(R) = NQ(J).

Example 4.10. Let (R, +,-) be an H,-ring. Then f: NQ(R) — NQ(R) is an isomorphism,
where f(x) =z for all x € NQ(R).

Proposition 4.11. Let (R,+1,-1) and (J,+2,2
phism f : R — J with f(0g) = 05 and f(1g) = 1, then there exist a homomorphism from

(NQ(R),®1,®1) to (NQ(J), D2, ®2).

) be Hy-rings. If there exist a homomor-

Proof. Suppose that f : R — J is a homomorphism. We define ¢ : NQ(R) — NQ(J) as

follows: For x = (x1, zoT, 231, 24F) € NQ(R)

(w1, 22T, 231, 24 F)) = (f(21), f(22)T, f(x3)1, f(24)F).

It is clear that ¢ is well defined and that conditions 1. to 5. of Definition 4.9 are satisfied. Let
z = (z1, 22T, w3l x4 F),y = (y1,y2T, y3I,yaF") € NQ(R). Since f(z;i+1y;) = f(xi)+2.f(yi) for
i =1,2,3,4, it follows that ¢(z®1y) = ¢(x)D2¢(y). Moreover, having f(z;1y:) = f(xi)-2.f(vi)
for i = 1,2,3,4 implies that ¢(z ©1y) = ¢(x) @2 ¢(y). g
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Proposition 4.12. Let (R,+1,-1) and (J,+2,-2) be isomorphic Hy-rings, Or,1p € R with
Or+0r =0g, lg-1p =1, Op -2 =0g for allz € R and [ : (R,+1,1) — (J,+2,-2) be an
isomorphism. Then f(0g) =0y and f(1g) = 1.

Proof. let f(Og) = a, f(1g) = b. Since a = f(Or) = f(Or +10r) = a+2a and a 42y =
fOr +12) > f(z) =y for all y € J, it follows that a is a zero of J satisfying a +2 a = a.
Moreover, having b = f(1g-11r) =b-2band boy = f(1g-1x) D f(x) =y for all y € J implies
that b is a unit of J satisfying 15215 =1;.

Corollary 4.13. Let (R,+1,-1) and (J,+2,-2) be isomorphic H,-rings. Then
(NQ(R), ®1,01) = (NQ(J), B2, ©2).

Proof. The proof is straightforward by using Proposition 4.11 and Proposition 4.12.

Corollary 4.14. Let (R,+1,-1) and (J,42,-2) be Hy-rings and let Hom(R,J) = {f : R —
J i f is homomorphism, f(Or) =0y and f(1g) = 1;}. If |[Hom(R, J)| < oo then

|Hom(R, J)| < |Hom(NQ(R), NQ(J)|.

Proof. The proof is straightforward using Proposition 4.11.

Let (R,+) be a commutative H,-ring with identity “0” and unit “1” and S C R be an
H,-subring of R. Then (R/S,+',") is an H,-ring with: S as a zero, “1 + S” as a unit and
S +'S =_5. Here “+"” and “"” are defined as follows: For all z,y € R,

(x+ S+ (y+9)=(@+y)+Sand (z+5)' (y+S)=x-y+ 5.

Proposition 4.15. Let (S,+,-) be an Hy-subring of a commutative H,-ring (R,+,-). Then
(NQ(R/S),®,®) is an H,-ring.

Proof. Since (R, +,-) is commutative, it follows that “+'” and “” are well defined. The proof
follows from having (R/S,+',"") an H,-ring with S as zero, 1 + S as unit, S (x + 5) =
(x+S)/S =S and from Theorem 3.15.

Proposition 4.16. Let (S, +,) be an H,-subring of a commutative H,-ring (R,+,-). Then
(NQ(R/S),®,0) = (NQ(R)/NQ(S),d', ).
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Proof. Let g: NQ(R)/NQ(S) — NQ(R/S) be defined as follows:

g((x1,xoT 23, x4 F) ® NQ(S)) = (z1 + S, (x2 + S)T, (x5 + S)I, (x4 + S)F).

We claim that g is a neutrosophic isomorphism, that is, g is well defined, one-to-one, onto and

neutrosophic homomorphism.

(1)

(4)

g is well defined. Let z @ NQ(S) =y & NQ(S) € NQ(R)/NQ(S). Then there exist
i,y € R, i =1,2,3,4 such that z = (z1, 22T, 23, 24F),y = (y1,y2T,y3l,ysF). We
need to show that x; +5 = y; + 5 for i = 1,2,3,4, that is ; + 5 C y; + 5 and
yi+ S Ca;+Sfori=1,2,3,4. We show that ; + S Cy; +Sand y; + S C x; + .5 is
done in a similar manner. Since z ® NQ(S) =y ® NQ(S5), it follows that z € @ 2 C
y® NQ(S) for all z = (21, 227, 231, z4F) € NQ(S). The latter implies that there exist
s = (81,827, s31,s4F) € NQ(S) such that x®z € yds. We get x;+2; € yi+s; C y;+S
for i = 1,2,3,4. The latter implies that z; + S Cy; + S for i = 1,2, 3,4.

g is onto. The proof is straightforward.

g is one-to-one. Let z @ NQ(S) = (x1,zoT,x3l,24F) & NQ(S),y ® NQ(S) =
(1, 55T, 45T, 34F) © NQ(S) € NQ(R)/NQ(S) with h(z ® NQ(S)) = h(y ® NQ(S)).
We need to show that x & NQ(S) = y ® NQ(S), that is, x ® NQ(S) C y ® NQ(S)
and y ® NQ(S) C 2 ® NQ(S). We prove z® NQ(S) C y® NQ(S) and y ® NQ(S) C
x @ NQ(S) is done in a similar manner.

Having h(z @ NQ(S)) = h(y® NQ(S)) implies that (z1+ S, (z2+ S)T, (x3+S)I, (x4 +
SYF) = (y1+ S, (y2+5)T, (y3+ S)I, (ya+S)F). The latter implies that x;+S = y; + S
for i = 1,2,3,4. Let z = (21,297, 231, 24F) € NQ(S). Having x; + S = y; + S for
i = 1,2,3,4 implies that there exist s;, i = 1,2,3,4, such that x; + z; C y; + s; for
i =1,2,3,4. The latter implies that z® NQ(S) Cy P s Cyd NQ(S).

g is neutrosophic homomorphism.

e ¢(0,0T,0I,0F) = (S, ST, SI,SF),

e ¢(1,07,01,0F) = (1 + S, ST, SI, SF),

e 9(0,17,01,0F) = (S, (1 + S)T, SI, SF),
e ¢(0,07,11,0F) = (S,ST,(1+ S)I,SF),
e ¢(0,07,01,1F) = (S,ST,SI,(1+ S)F),

e We have g((x1, 22T, 231, 24 F) D NQ(S) & (y1,y2T, ysI,ys F) ® NQ(S)) = g((x1 +
1, (22 +1y2)T, (w3 +y3) ], (2a+ya) F)ONQ(S)) = (x1+y1+ 5, (22 +y2+5)T, (w3 +
ys + S)I, (x4 + y4 + S)F). On the other hand, we have g((z1,x2T, 231,24 F) &
NQ(S)) @ g((y1, y2T' ysI, yaF) ® NQ(S)) = (1 + 5, (w2 + )T, (w3 + S)I, (x4 +
S)F) & (y1 + S, (y2 + S)T' (y3 + )1, (ya + S F).
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e We have:(x1, 20T, 231, 24F) & NQ(S) @ (y1,9T,ysl,ysF) & NQ(S) =
(1, 22T, 23, 24F) © (y1,92T,ysl,ysF) ® NQ(S) and g((x1, 22T, x3l, x4F) @
NQ(9)) © g((y1, 2T, ysI,yaF) ® NQ(S)) = (1 + S, (x2 + S)T, (3 + S)I, (x4 +
S)F) ® (y1 + S, (y2 + )T, (y3s + S)I,(ys + S)F). Simple computations im-
ply that g((v1, 227,231, 24F) © NQ(S) & (y1,92T,ysl,ysF) © NQ(S)) =
9((x1, 22T, 231,24 F) @ NQ(S)) © g((y1, y2T, y31, yaF) ® NQ(S)).

Therefore, (NQ(R/S),®,®) = (NQ(R)/NQ(S), &', d'). o

Example 4.17. Let Ry = {0,1,2} and S = {0,1} in Example 4.6. Then NQ(R2/S)

1

NQ(Ry)/NQ(S).

5. Conclusion

This paper contributed to the study of neutrosophic hyperstructures by introducing neu-

trosophic quadruple H,-rings and studying their properties. For future work, it will be inter-

esting to introduce and study other neutrosophic quadruple H,-structures such as neutrosophic

H,-modules and neutrosophic H,-vectorspaces.
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Abstract: Multi-criteria decision making (MCDM) is concerned about coordinating as well as
looking after selection as well as planning problems which included multi-criteria. The neutrosophic
soft set cannot handle the environment which involved more than one attribute. To overcome those
hurdles neutrosophic hypersoft set (NHSS) is defined. In this paper, we proposed the generalized
aggregate operators on NHSS such as extended union, extended intersection, OR-operation, AND-
operation, etc. with their properties. Finally, the necessity and possibility operations on NHSS with
suitable examples and properties are presented in the following research.

Keywords: Soft set; Neutrosophic Set; Neutrosophic soft set; Hypersoft set; Neutrosophic hypersoft set.

1. Introduction

Zadeh developed the notion of fuzzy sets [1] to solve those problems which contain uncertainty
and vagueness. It is observed that in some cases circumstances cannot be handled by fuzzy sets, to
overcome such types of situations Turksen [2] gave the idea of interval-valued fuzzy set. In some
cases, we must deliberate membership unbiassed as the non- membership values for the suitable
representation of an object in uncertain and indeterminate conditions that could not be handled by
fuzzy sets nor interval-valued fuzzy sets. To overcome these difficulties Atanassov presented the
notion of Intuitionistic fuzzy sets in [3]. The theory which was presented by Atanassov only deals the
insufficient data considering both the membership and non-membership values, but the intuitionistic
fuzzy set theory cannot handle the incompatible and imprecise information. To deal with such
incompatible and imprecise data the idea of the neutrosophic set (NS) was developed by
Smarandache [4].

A general mathematical tool was proposed by Molodtsov [5] to deal with indeterminate, fuzzy,
and not clearly defined substances known as a soft set (SS). Maji et al. [6] extended the work on SS
and defined some operations and their properties. In [7], they also used the SS theory for decision
making. Ali et al. [8] revised the Maji approach to SS and developed some new operations with their
properties. De Morgan’s Law on SS theory was proved in [9] by using different operators. Cagman
and Enginoglu [10] developed the concept of soft matrices with operations and discussed their
properties, they also introduced a decision-making method to resolve those problems which contain
uncertainty. In [11], they revised the operations proposed by Molodtsov’s SS. In [12], the author’s
proposed some new operations on soft matrices such as soft difference product, soft restricted
difference product, soft extended difference product, and soft weak-extended difference product
with their properties.

Maji [13] offered the idea of a neutrosophic soft set (NSS) with necessary operations and
properties. The idea of the possibility NSS was developed by Karaaslan [14] and introduced a
possibility of neutrosophic soft decision-making method to solve those problems which contain
uncertainty based on And-product. Broumi [15] developed the generalized NSS with some
operations and properties and used the proposed concept for decision making. To solve MCDM
problems with single-valued Neutrosophic numbers presented by Deli and Subas in [16], they
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constructed the concept of cut sets of single-valued Neutrosophic numbers. On the base of the
correlation of intuitionistic fuzzy sets, the term correlation coefficient of SVNSs [17] was introduced.
In [18], the idea of simplified NSs introduced with some operational laws and aggregation operators
such as real-life Neutrosophic weighted arithmetic average operator and weighted geometric average
operator. They constructed an MCDM method on the base of proposed aggregation operators.

Smarandache [19] generalized the SS to hypersoft set (HSS) by converting the function to a multi-
attribute function to deal with uncertainty. Saqlain et al. [20] developed the generalization of TOPSIS
for the NHSS, by using the accuracy function they transformed the fuzzy neutrosophic numbers to
crisp form. In [21],s the author’s proposed the fuzzy plithogenic hypersoft set in matrix form with
some basic operations and properties. Martin and Smarandache developed the plithogenic hypersoft
set by combining the plithogenic sets and hypersoft set in [22]. Saqlain et al. [23] proposed the
aggregate operators and similarity measure [24] on NHSS. In [25], Abdel basset et al. applied TODIM
and TOPSIS methods based on the best-worst method to increase the accuracy of evaluation under
uncertainty according to the neutrosophic set. They also used the plithogenic set theory to solve the
uncertain information and evaluate the financial performance of manufacturing industries, they used
the AHP method to find the weight vector of the financial ratios to achieve this goal after that they
used the VIKOR and TOPSIS methods to utilized the companies ranking in [26].

In the following paragraph, we explain some positive impacts of this research. The main focus
of this study is too generalized the aggregate operators of the neutrosophic hypersoft set. We will use
the proposed aggregate operators to solve multi-criteria decision-making problems after developing
distance-based similarity measures. Saqlain et al. [23], developed the aggregate operators on NHSS
but in some cases, we face some limitations such as in union and intersection. To overcome these
limitations we develop the generalized version of aggregate operators on NHSS.

The following research is organized as follows: In section 2, we recall some basic definitions used
in the following research such as SS, NS, NSS, HSS, and NHSS. We develop the generalized aggregate
operators on NHSS such as extended union, extended intersection, And-operation, etc. in section 3
with properties. In section 4, the necessity and possibility of operations are presented with examples
and properties.

2. Preliminaries

In this section, we recall some basic definitions such as SS, NSS, and NHSS which use in the following
sequel.

Definition 2.1 [5] Soft Set

The soft set is a pair (F, A) over G if and only if F: A — P(l)isa mapping. That is the parameterized
family of subsets of U known as a SS.

Definition 2.2 [4] Neutrosophic Set

Let U be a universe and A be an NS on U is defined as A = {< u, Ty(uw), I, (w), FA(u) >:u € G}, where T,
LF:0 - 107, 1*[and 0~ < T,(w) + L,(w) + Fy(u) < 3*.

Definition 2.3 [13] Neutrosophic Soft Set

Let U and E are universal set and set of attributes respectively. Let P(0) be the set of Neutrosophic
values of fand AC E. A pair (F, A) is called an NSS over 0 and its mapping is given as

F: A — P(0)

Definition 2.4 [19] Hypersoft Set

Let U be a universal set and P(fJ ) be a power set of U and for n > 1, there are n distinct attributes such
as ki, ky, ks, ..., ky and K;, K,, K;, ..., K, are sets for corresponding values attributes respectively
with following conditions such as K; N K; =@ (i #j) and i, j € {1,2,3 ... n}. Then the pair (F, K; x K,
x K3x ... x K,) is said to be Hypersoft set over 0 where Fis a mapping from K; x K, x Kzx ... x K,
to P(0).
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Definition 2.5 [22] Neutrosophic Hypersoft Set (NHSS)
Let U be a universal set and P(fJ ) be a power set of U and for n > 1, there are n distinct attributes such
as kq, ky, ks, ..., k, and Ky, K,, Ks, ..., K, are sets for corresponding values attributes respectively
with following conditions such as K; N K; =@ (i #j) and i, j € {1,2,3 ... n}. Then the pair (F, A) is said
to be NHSS over U if there exists a relation K; x K, x Kzx ... x K, =A. Fisa mapping from K; x
K, x Kyx ... x K, to P(0) and F(K; x K, x Ksx ... x Kp)= {< u, Ty(w), [,(w), F;(w) > :u € 0} where
T, I, F are membership values for truthness, indeterminacy, and falsity respectively such that T, I, F:
0 - 107, 1*[and 0 < Ty(u) + I,(u) + Fy(uw) < 3*.
Example 2.6 Assume that a person examines the attractiveness of a living house. Let 0 be a universe
which consists of three choices U = {us, uy}and E={¢;, €,, €3} be a set of decision parameters. Then,
the NHSS is given as

Fy, ={<uy,(¢,{0.4,0.7,0.5},¢,{0.8,0.5,0.3}, £;3{0.6,0.5,0.9}) >

< uy, (£,{0.1,0.5,0.7}, £,{0.5, 0.6, 0.2}, £5{0.7, 0.4, 0.6}) >}

3. Generalized Aggregate Operators on Neutrosophic Hypersoft Set and Properties

In this section, we present the generalized aggregate operations on NHSS with examples. We prove
commutative and associative laws by using proposed aggregate operators in the following section.
Definition 3.1
Let F, € NHSS, then its complement, is written as (F)¢ = F¢(A) and defined as
F(A) = {<u,T(F°(A),I(F¢(A), F(F°(A)) > :u € U} such that
T(FE(A) =1- Ty(w),
IFE(A) = 1- [y(w),
F(FS(A)) = 1- Fy(uw).
Example 3.2 Reconsider example 2.6
FE(A) = {< uy, (£,{0.6,0.3,0.5}, £,{0.2,0.5,0.7}, £5{0.4,0.5,0.1}) >
< uyp, (£,{0.9,0.5,0.3},£,{0.5,0.4,0.8}, €3{0.3,0.6, 0.4}) >}
Proposition 3.3
If F, € NHSS, then (F°(A))° = Fy.
Proof
By using definition 3.1, we have
Fe(A)  ={<uTFN)IF),FFAN)>:u € U}
= {<wul—TF),1-I(F),1— F(F)>:u € U},
Thus
(F@) ={<wl - A=TFEIL1 - A= I(F)),1- 1A~ F(F))>:u € U},
(FE(A)E = {<u,T(Fp),I(Fy),F(F)) >:u € U} = Fy.
Which completes the proof.
Definition 3.4 Extended Union of Two Neutrosophic Hypersoft Set

Let Fy,, Fa, € NHSS, then their extended union is
T(FAl) ifu E Al - A2
T (FAl U FAZ): T(FAZ) lfu E AZ - Al
Max (T(FAl),T(FAZ)) ifu € A N A,
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I(Fy,) ifu €A — A

I (Fy, U Fyy)= 1 [(Faz) ifu € Ap— Ay
Min (1(Fy,), 1(Fy,)) ifu € A n A,

F(Fy,) ifu € A — A,

F (Fy, U Fy,)= 1 F(Faz) ifu € Ay — Ay

Min (F(Fy,),F(Fy,))  ifu € A0 A
Example 3.5 Let U = {u;, u,, u;, u,} be a universal set and E = {¢,, £,, &5, €,} be a set of decision
parameters and Fy, ={u;, us}and Fy, ={uy, uy}
Fp, ={<uy,(4{0.4,0.7,0.5}, £,{0.8,0.5,0.3}, £3{0.6,0.5,0.9},£,{0.3,0.7,0.2}) >
< uy, (£,{0.4,0.7,0.2}, ,{0.6,0.5,0.3}, £,{0.8, 0.4, 0.7}, £,{0.6, 0.4, 0.3}) >}
Fp, ={<uy(£{0.7,0.4,0.6},£,{0.4,0.6,0.9},£;{0.7, 0.4, 0.6}, £,{0.7,0.6,0.3}) >
< uy, (£:{0.6,0.2,0.7},¢,{0.5,0.7,0.3}, £3{0.4, 0.8, 0.5}, £,{0.5, 0.6, 0.4}) >}
Fp, U F, ={<uy,(£,{0.4,0.7,0.5},£,{0.8,0.5,0.3},£;{0.6,0.5,0.9},£,{0.3,0.7,0.2)) >
< uy, (£,{0.7,0.4,0.6},£,{0.4,0.6,0.9},£;{0.7,0.4, 0.6}, £,{0.7, 0.6, 0.3}) >
< uy, (£,{0.6,0.7,0.7}, £,{0.6,0.7,0.3}, £,{0.8, 0.8, 0.7}, £,{0.6, 0.6, 0.4}) >}
Proposition 3.6
Let Fy,, Fa, and Fj, are NHSSs than
1. (FA1 u FAz) = (FA2 U FA1) (Commutative law)
2. (Fa, U Fp,) U Fy, = F, U (Fy, U Fy,) (Associative law)
Proof 1. In the following proof first two cases are trivial, we consider only the third case in this
proposition
(Fo, U Fy,) = {<u,(max {T(Fy,), T(Fs,)}, min {I1(Fy,), 1(Fa,)}, min{F (Fy,), F(Fa,)}) >}
= {< u, (max{T(Fy,), T(Fy,)}, min {I(Fy,), 1(Fa,)}, min{F (Fs,), F(Fa,)}) >}
= (Fa, U Fy,)
Proof 2: Let Fy,, Fy, and F,, are NHSSs than
Fo, U Fy, = {<u,(Max{T(Fy,), T(Fp,)}, Min {I(Fy,), 1(Fa,)}, Min{F (Fy,), F (Fa,)}) >}
(Fay U Fp,) U Fpy =
{< u,max {max{T(F,,), T (Fa,)}, T(Fas)}, min {min{ I(Fy,),1(Fa,)}, 1(Fa,)}, min {min {F(Fy,), F(Fs,)}, F(Fa,)} >}

= {< wmax {T(Fy,), T(Fy,), T(Fny)} min {{1(Fa, ), 1(Fn, )} 1 (Fag)} min {{F(Fa,), F (o)} F(Fay)} >

= {< wmax {T(F,,), max {T(Fy,), T(Fy,)}} min {I(Fo,),min {I(Fy,), 1(Fy,)}} min {F(Fy, ), min (F(F,), F(Fa,)}} >}
= Fp, U (Fa, U Fp,)

Definition 3.7 Extended Intersection of Two Neutrosophic Hypersoft Set

Let F,, Fp, € NHSS, then their extended intersection is

T(Fy,) ifu € A — A,

T (B, 0 Fpy)={ TFny) ifuen,— A
Min (T(FAl),T(FAZ)) ifu € A,n A,

I(Fy,) ifu € Ay — A,

I (Ey, 0 Fyy)= 4 1Frg) ifu €, — A

Max (I(FAI),I(FAZ)) ifu € A N A,
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F(Fy,) ifueh — A,
F (Fy, 0 Fyy) = FF) ifueh,— A
Max (F(Fy,) F(Fy,))  ifu € Ay A,

Proposition 3.8 Let F,,, Fy, and Fj, are NHSSs than
1. Fy, N Fy, =F,

, N Fy, (Commutative law)

2. (FA1 n FAz) N Fy, =Fy N (FA2 n FA3) (Associative law)
Proof 1. Similar to Proposition 3.6.
Proposition 3.9 Let F,,, Fy, are NHSSs then

1. (Fy, U Fy,)° = FS(Ay) N FE(A,)
FE(A)) U FE(Ay)

2. (Fy, N Fy)S

Proof 1. Let Fy, and F,, € NHSS, such as follows
Fry = {< w{T(Fy,) 1(Fy,), F(Fay)} >} and Fy, = {< w{T(Fa,) 1(Fa,) F(Fay )} >}

(Fay U Fap)® = {< u (max(T(Fa,), T(Fy,)} min {1(Fa,), 1(Fy,)}, min{F (Fy, ), F(Fy,)) >}c

={<u, (min{l —T(Fy,), 1 = T(Fy,)} max {1 = I(Fy,),1 = I(Fy,)}, max{1 — F(Fy,),1— F(FA2)) >}

{<u, (min{T (FC(A)), T(F€(A2))}, max {I1(F€ (A1), I (F€(Az))}, max{F (F¢ (A1), F(F€(Az))}) >}
FE(A) N FE(AR)

Proof 2. Similarly, we can prove 2.

Definition 3.10 OR-Operation of Two Neutrosophic Hypersoft Set

Let Fy,, Fy, € NHSS. Consider kq, k;, ks, ..., k, for n = 1, be n well-defined attributes, whose
corresponding attributive values are respectively the set K;, K,, K3, ..., K, with K; n K; =@, for i #

jand i, je{1,2,3 ... n} and their relation K; x K, x K3x...x K, = A, then Fy, v Fy, = F5, x,,, then
T (FA1 ><A2) = Max (T(FA1)'T(FA2))'
I (FA1 ><A2) = Min (I(FA1)'I(FA2))'

F (Fa,xa) = Min (F(Fy,), F(Fy)).

Example 3.11 Reconsider example 3.5
Fay v Fay = Folxa,
= {< (uy, uy), (,{0.7,0.4,0.5}, £,{0.8,0.5,0.3}, £5{0.7, 0.4, 0.6}, £,{0.7, 0.6, 0.2}) >

< (uq,uy), (¢:{0.6,0.2,0.5},€,{0.8,0.5, 0.3}, ¢5{0.6,0.5, 0.5}, £,{0.5, 0.6, 0.2}) >

< (uy,uy), (¢,{0.7,0.4,0.2},¢,{0.6,0.5,0.3},£;{0.8,0.4, 0.6}, £,{0.7,0.4,0.3}) >

< (ug,uy), (¢,{0.6,0.2,0.2},¢,{0.6,0.5,0.3}, £5{0.8, 0.4, 0.5}, £,{0.6,0.4,0.3}) >}
Definition 3.12 AND-Operation of Two Neutrosophic Hypersoft Set
Let Fy,, Fp, € NHSS. Consider ky, k;, k3, ..., k,, for n =1, be n well-defined attributes, whose
corresponding attributive values are respectively the set K;, K,, K3, ..., K, with K; n K; ==, for i

#jand i, je{1,2,3 ... n} and their relation K; x K, x K3x...x K, = A then Fy, A Fp, = Fp x5, then
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T (Fayxa,) = Min (T(Fp,), T(Fyy)),

I (Fy, xa,) = Max (I(FAl),I(FAZ)),

F (Fp, xp,) = Max (F(FA1)' F(FAZ))'

Proposition 3.13 Let Fy,, F,, are NHSSs then

1. (Fy, vFy,) = FE(A) A FE(A)

2. (Fa A Fp,)" = FS(Ay) v FE(Ay)
Proof 1. Let Fy, and F,, € NHSS, such as follows
Fa, = {< i {T(Fa,), 1(Fa,), F(Fa,)} >: w; € U} and Fy, = {<w;,{T(Fa,),1(Fp,), F(Fp,)} >: u; € U}
By using definition 3.10 we get
Fp, v Fr, = {< (w,u;), [e, max{T(F,,), T(Fy,)}, min{I(F,, ), 1(Fa,)}, min{F (F,, ), F(F,)}] >}
(Fay v FAZ)C = {< (w,w),[e,1 = max{T(Fy, ), T(F,)}, 1 — min{I(Fy,),1(F,)},1 — min{F(Fy,),1 — F(Fy,)}] >}
(Fay v Fag)" = {< (o), [e;min{1 = T(Fy,), 1 = T(Fy)} max(1 = 1(Fa, ), 1 = 1(Fa,)}, max(1 = F(Fa,), 1 = F(Fy))] >}
(Fay v Fap)” = {< (w ), [e, min{T(F (A1), T(FE(A2))}, max{I (F<(A)), I(FE ()}, max{F (F(Ay), F(FE(A2))}] >}
Since
FE(Ay) = (< uy {T(FE(A)), I(FE(A)), F(FS(A))} >: u; € U3 and
FE(Ay) = {< w AT(FE(A)), I(FE (M), F(FE(A)} >: u; € U}
By using definition 3.12, we get
FE(A) A FE(A) = {< (u ), [e,min{T(F(A,)), T(F€(A2))}, max{I(F¢(A1), I(F(A))}, max{F (F(A,)), F(F¢(4;))}] >}
So
(Fa, v Fr,)" = FE(AD) A FE(A,).
Similarly, we can prove 2.
4. Necessity and Possibility Operations
The necessity and possibility operations on NHSS with some properties are presented in the
following section.
Definition 4.1 Necessity operation
Let F, € NHSS, then necessity operation on NHSS represented by @ F, and defined as follows
@ F, = {<u{T(F,I(F),1—T(Fy} >} forall u € U.
Example 4.2 Reconsider example 2.6

@ F) ={<uy,(£,{0.4,0.7,0.6},£,{0.8,0.5,0.2}, £;3{0.6,0.5,0.4}) >
< Uy, (£,{0.1,0.5,0.9}, £,{0.5, 0.6, 0.5}, £,{0.7, 0.4, 0.3}) >}

Proposition 4.3

1. @ (F\, UFy,)=@ F\, U® Fy,

2. @ (Fa, NFp)) =@ Fr, N @ Fa,
Proof 1. Let Fy, U Fy, = F,, then

T(Fy,) ifu € A — A,
T (Fa,) = T(Fa,) ifueh,— M
Max{T(Fy,),T(Fa,)} ifu € AN A,
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I(FAl) lfu E Al - A2
I (FA3)= I(FAz) "fu' € AZ - Al
Min{I(Fy,),1(Fa,)} ifu € AN A,
F(FAI) ifu E Al - AZ
F (Fp;) = F(F,) ifuef— M
Min{F(F,,),F(Fa,)} ifu € AN A,

By using the definition of necessity operation
OF, = {<u{® T(Fr,).® I(Fp,).® F(Fr,)} >:u € U}, where

T (Fy,) ifu € Ay — A,

@T (FA3)= T(FAz) lfu € AZ - Al
Max{T(Fy,),T(Fp,)} ifu € AN A,
I(FAl) lfu € Al - A2

DI (Fy,)={ 1(Fap) ifu€hy— A
Min{I(F,,),1(F,)} ifu € AN A,
1—T(Fy,) ifu € A — A,

DF (Fyy)=4 1 TE,) ifue€h— A
1 — Max{T(F,,), T(Fa,)} ifu € A;N A,

Assume

©F, = {<u {T(FAl)’I(FAl); 1- T(FA1)} >:u € U}
OFy, = {<w{T(Fn,) I1(Fa,). 1= T(F,)} >:u € U}
@DF,, U @®F,, = Fs, where

Fs = {<u,{T(Fs),1(Fs),F(Fs)} >:u € U}, such that

T(Fa,) ifu € Ay — Ay

T (Fs)={T(Fa,) ifu€hy— M
Max{T(Fy,), T(Fa,)} ifu € Ajn A,
I(Fa,) ifu € Ay — A,

I (F5)={1(F,) ifue€eh,— A
Min{I(Fy,),1(Fa,)} ifu € Ayn A,
1—T(Fa,) ifu € A, — A,

F (F5)=31—-T(F,,) ifu € A,— A; OR
Min{1 —T(F,,),1 —T(F,)} ifu € AN A,
1—-T(Fy,) ifu € A, — A,

F (F5)=<1—-T(F,,) ifu € Ay— Ay
1—Max{T(F,,),T(Fy,)} ifu € AN A,

Consequently F,, and Fs are same. So
@ (FA1 U FAZ) =@ F,, U@ F,.
Similarly, we can prove 2.
Definition 4.4 Possibility operation
Let Fy, € NHSS, then possibility operation on NHSS represented by & F, and defined as follows
® Fy = {<u,{1—F(Fy),I(Fy),F(F)\)}>} forall u € U.
Example 4.5 Reconsider the example 2.6
® F, ={<uy,({0.5,0.7,0.5},,{0.7,0.5,0.3}, £5{0.1,0.5,0.9}) >
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< uy, (£,{0.3,0.5,0.7},€,{0.8,0.6,0.2}, £3{0.4, 0.4, 0.6}) >}
Proposition 4.6

1. ® (FA1 U FAZ) = ® FAZ U ® FAl
2. ® (FA1 n FAZ) = ® FAZ n ® FAl
Proof 1. Let FA1 U FAZ = FA3/ then

T(Fy,) ifu € A — A,
T (FA3)= T(FAz) "fu' € AZ - Al
Max{T(Fy,),T(Fa,)} ifu € ApN A,
I(FAI) ifu E Al - AZ
I (Fpy) = I(Fay) ifu€hy— A
Min{I(Fy,),1(Fa,)} ifu € ApN A,
F(Fp,) ifu € Ap— A,
F (Fp,) = F(Fy,) ifue€f,— M
Min{F(F,,),F(Fa,)} ifu € ApN A,

By using the definition of necessity operation

® Fuy = {< u{® T(Fa,).® I(F,),® F(Fa,)} >:u € U}, where

1—F(Fp,) ifu € Ay — A,
® T (Fp,) = 1= F(F,) ifueh,—MN
1 — Max{F(Fy,),F(Fa,)} ifu € AN A,
1—F(Fy,) ifu € Ay — A,
= | 1-F(Fy,) ifu € Ay — Ay
Min{1 — F(Fy,),1—F(F,)} ifu € AjN A,
I(FAl) lfu E A1 - Az
® I (Fp,) = 1(Fap) ifu€hy— A
Min{I(Fy,),1(Fa,)} ifu € AjN A,
F(Fp,) ifu € Ay — A,
® F (Fpy) = { F(Fap) ifu€y— A
Min{F (Fy,),F (Fp,)} ifu € AjN A,

Assume

® Fr, = {<w {1 = F(Fy,) [(Fy,), F(Fa,)} >:u €U}
® Fr, = {<w {1 = F(Fa,) 1(Fa,) F(Fa,)} >:u € U}
® Fy, U ©F,, = Fs, where

Fs = {<u,{T(Fs),I(Fs),F(Fs)} >:u € U}, such that

1—F(Fy,) ifu € Ay — A,

Q T (F5)=131—F(Fy,) ifuef— M
1 — Max{F(F,,),F(Fy,)} ifu € AjN A,
I1(Fy,) ifu € Ay — A,

® I (F5)={ 1(Fa,) ifu€ ;=N
Min{I(Fy,), 1(Fa,)} ifu € A;N A,
F(Fy,) ifu € A, — A,

® F (F5)={ F(Fa,) ifu€hy— A
Min{F (Fy,), F (Fy,)} ifu € AjN A,
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Consequently ® F,, and Fs are same. So
® (Fo, UFy,) = Q Fp, UQ® Fy,
Similarly, we can prove 2.
Proposition 4.7 Let F,, and F,, € NHSS, than we have the following
1. @®(Fa, AFr,) =@®Fy, n BF,,
2. @(F, vFy,) =®F, v ®F,,
3. ®(Fa,nFp,)=Q®Fy rn ®F,,
4. ®(FoyvFy,)=Q®Fy, v ®F,
Proof 1. Assume Fy, A Fp, = Fy, xp,, where (u;,u;) € Ay X A
Fa, xa, = {< (wpw), [e min{T(F,,), T(Fy,)}, max{I(Fy,),1(Fs,)}, max{F(F,,), F (F,)}] >}
By using definition 4.1, we have
®(Fa, A Fay) = {< (uiw), [e, min{T(Fy,), T(Fa,)}, max{I(Fy, ), I(Fa,)}, 1 — min{T(F,,), T(Fs,)}] >}
Since
® Fy, = {<u{T(Fs,).1(Fy,), 1 = T(Fy,)} >} and
® Fy, = {<w{T(Fs,). I(Fs,), 1 — T(Fy,)} >}, then by using AND-operation, we get
(<5} Fpy A &) Fp, =
{< (usw), [e, min{T(Fy,), T(Fa,)}, max{I(Fy, ), I[(Fp,)}, max{1 — T(Fy,), 1 — T(Fy,)}] >}
= {< (uswj), [e, min{T(Fy, ), T(Fa,)}, max{I(Fy, ), I(Fy,)}, 1 — min{T(Fy,), T(Fs,)}| >}
= 69(1:/\1 A FAz)
Proof 2. Similar to Assertion 1.
Proof 3. Assume Fy, A Fp, = Fy, x5, where (u;,u;) € Ay X A,
Fa, xa, = {< (wpw), [e min{T(Fy,), T(Fy,)}, max{I(Fy,),1(Fy,)}, max{F(F,,), F (F,)}] >}
By using definition 4.4, we have
® (Fa, A Fay) = {< (wiw), [e,1 — max{F(F,,), F (F,)}, max{I(Fy, ), I(Fp,)}, max{F(Fy, ), F (Fs,)}] >}
Since
® Fy, = {<u {1 —F(Fy,) 1(Fp,),F(Fs,)} >}, and
® Fa, = {<u{1— F(Fy,),1(Fy,),F(Fs,)} >} then by using AND-operation, we get
X Fpy A &b Fp, =
{< (uyw),[e,min{1 = F(F,,),1 — F(Fy,)}, max{I(Fy,),1(Fy,)}, max{F(F,,), F (Fs,)}] >}
= {< (w,w;), [e,1 — max{F (Fy, ), F(Fp,)}, max{I(Fy,),1(Fy,)}, max{F(F,,), F (Fs,)}] >}
=Q® (FA1 A F/\z)
Proof 4. Assume Fy, v Fy, = Fjy, x 1, where (u;u;) € Ay X A,
Fa, xa, = {< (wiw;), [e, max{T(F,,), T(Fy,)}, min{I(F,,),1(Fy,)}, min{F (Fy,), F(Fy,)}] >}
By using definition 4.4, we have
® (Fa, v Fay) = {< (wiw),[e,1 — min{F(Fy,), F(Fy,)}, min{I(Fy, ), I(Fp,)}, min{F (F,,), F (Fs,)}] >}
Since
® Fa, = {<u {1 —F(Fy,), 1(Fp,),F(Fs,)} >}, and
® Fu, = {<u{1— F(Fy,),1(Fs,), F(Fy,)} >}, then by using OR-operation, we get
Q Fp,v @D Fy, =
{< (usw), e, max{1 — F(Fy,), 1 — F(Fy,)}, min{I(Fy, ), I(Fa,)}, min{F (F,,), F (Fs,)}] >}
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= {< (u,w;), [e,1 — min{F (Fy, ), F(Fa,)}, min{I(Fy,),1(Fs,)}, min{F (Fy, ), F(Fp,)}] >}
= @ (Fay A Fay)

5. Conclusion

In this paper, we study neutrosophic hypersoft set with some basic definition. We proposed the
generalized aggregate operators on neutrosophic hypersoft sets such as complement, extended
union, extended intersection, And-operation, and Or-operation with their properties and proved the
commutative and associative laws on NHSS by using extended union and extended intersection.
Finally, the concept of necessity and possibility operations on NHSS with suitable numerical
examples and properties are presented. For future trends, we can develop the distance-based
similarity measure and will be used for decision making, medical diagnoses, pattern recognition, etc.
We also develop the neutrosophic hypersoft matrices with its operations and properties by using
proposed operations and use for decision making.
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Abstract. The idea behind the neutrosophic set is we can connect the concept by dynamics of opposite interacts
and its neutral that are uncertain and get common parts. Automata theory is beneficial to solve computational
complexity problem and also it is an influential mathematical modeling tool in computer science. Inspired by
the concepts of neutrosophic sets and automata theory, here, we are introducing and discussing the algebraic
concept of neutrosophic finite automata based on the paper [10]. Generally, composite machines can be achieved
by the output of the one machine that will be used as input for another machines. This paper introduced the
concept of composite automata under the environment of the neutrosophic set and also examined the box
function between the composite neutrosophic finite automata.

Keywords: automata theory, stable, composite, box function, neutrosophic set

1. Introduction

Smarandache [27,128] has proposed an idea of neutrosophic sets which was extending from
fuzzy sets. Neutrosophic sets have membership values lies in ]J0~, 17|, the nonstandard unit
interval [23] which includes the degree of truth, indeterminacy, and falsity. It is a device for
handling the computational complexity of real-life and scientific problems whereas the fuzzy
set has limited sources to depict it. The neutrosophic sets are different from intuitionistic fuzzy
sets, it is because the neutrosophic set degree of indeterminacy can be defined independently

since it is quantified explicitly. Aftermath, there are lots of research works done in various fields
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such as algebraic structures [5,21129], topological structures [8}/20,24], control theory [17,18.36],
decision-making [2}|3}/14,22}34], medical [1,25:35] and smart product-service system [4].

Generally, computational complexity problems are solved by the automata theory. It has a
wide application in computer science and discrete mathematics which is also used to study the
behavior of dynamical discrete systems. Fuzzy automata emerge from the inclusion of fuzzy
logic into automata theory. Fuzzy finite automata are beneficial to model uncertainties which
inherent in many applications [6]. Wee [33] and Santos |26] first introduced the theory of
fuzzy finite automata to deal with the notions frequently encountered in the study of natural
languages such as vagueness and imprecision. Malik et al [16] introduced a considerably simpler
notion of a fuzzy finite state machine that is almost identical to fuzzy finite automatons and
greatly contributed to the algebraic study of the fuzzy automaton and fuzzy languages. In
addition, several researchers contributed to the development of the theory of fuzzy automata
(|11]). Fuzzy finite automata with output offer further inclination in providing output compare
to one without outputs. For each assigning input, the machine will generate output and its
value is a function of the current state and the current input. Verma and Tiwari [32] recently
introduced and studied the concepts of state distinguishability, input-distinguishability, and
output completeness of states of a crisp deterministic fuzzy automaton with output function
based on [7].

In recent years neutrosophic sets and systems have become an area of interest for many
researchers in different areas because it can provide a practical way to address real-world prob-
lems more efficiently along with indeterminacy naturally especially in the realm of decision-
making. Neutrosophic automata is a newer model, which is extended from a fuzzy automata
theory. The neutrosophic set idea was incorporated in automata theory by many researchers
in different forms such as finite state machine and its switchboard machine was introduced by
under the concept of interval neutrosophic sets [30] and single-valued neutrosophic sets [31].
Further, the finite automata theory has been extended by the concept of general fuzzy au-
tomata under the environment of neutrosophic sets, which is called as neutrosophic general
finite automata [12]. In addition, the concept of distinguishability and inverse of neutrosophic
finite automata was introduced by Kavikumar et al. in |[10]. However, still, there are many
algebraic structures of neutrosophic automata theory that haven’t been studied yet especially
automaton with output. Hence, it is important to study more algebraic structures on neutro-
sophic automata theory with outputs. Therefore, our motive is to study and introduce the
concept of composite neutrosophic finite automata which we can obtain by using the outputs

of one automaton as inputs to another automaton.
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2. Preliminaries

Definition 2.1. Let X be a universe of discourse. The neutrosophic set is an object having the
form A = {< z,01(x), 62(x), d3(z) = |Vx € X} where the functions can be defined by 91, d2, 03 :
X —]0,1] and d; is the degree of membership or truth, ds is the degree of indeterminancy and
03 is the degree of non-membership or false of the element z € X to the set A with the
condition 61 (x) + da2(x) + d3(z) < 3.

Let X be a universe of discourse and A is a neutrosophic subset of X. A map A : X — L,

where L is a lattice-ordered monoid. The definition of lattice-ordered monoid is as follows:

Definition 2.2. An algebra L = (L, <, A, V,e,0,1) is called a lattice-ordered monoid if

(1) L=(L,<,A,V,0,1) is a lattice with the least element 0 and the element element 1.
(2) (L,e,1) is a monoid with 1 identity 1 € L such that a,b,c € L.

(a) ae0=0ea=0,

(by a<b=aexr<bebVxc L,

(c) ae(bVec)=(aeb)V(bec)and (bVc)ea= (bea)V (cea).

Throughout, we work with a lattice-ordered monoid L so that the monoid (L, e, 1) satisfies
the left cancellation law. A neutrosophic finite automaton with outputs (in short; neutrosophic
finite automata (NFA)) has considered with neutrosophic transition function and neutrosophic

output function.

Definition 2.3. A NFA is a five-tuple M = (@, %, Z,0,0), where @ is a finite non-empty
set of states, > is a finite set of input alphabet, Z is a finite set of output alphabet, § is a
neutrosophic subset of @) x ¥ x @) which represents neutrosophic transition function, and o is

a neutrosophic subset of () x ¥ x Z which represents neutrosophic output function.

Definition 2.4. Let M = (Q, X, Z,§,0) be a NFA.

(1) @ ={q1,q2,-..,aqn}, is a finite set of states,

(2) ¥ ={z1,22,...,2,}, is a finite set of input symbols,

(3) Z ={y1,92,.-.,Yn}, is a finite set of output symbols,

(4) Let 6 =< 41,09, 03 > is a neutrosophic subset of @ x ¥ x @ such that the neutrosophic
transition function 6 : A x ¥ x ) — L x L x L is defined as follows: Vg;,q; € @ and

T1,x2 € X,
1 if ¢ =gq;
81(qi, A, q5) o
0 ifg#qj
0 if g =gq;
82(gi, A, q5) Y
1 if g #qj
0 ifg =gq;
03(qi A, ¢j) o
1 ifg #gqj
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and
01(qi, w12, ¢) = \/ {01(qs, 1, 7) A O1(r, 22, 45)}

reqQ

82(qi»m172,q5) = \ {02(gi, 21,7) V S2(r, 72, ¢5) }
reqQ

03(qi»v172,q5) = /\ {0s(qi, x1,7) V 83(r, 22, ¢5) }
reqQ

(5) Let 0 =< 01, 09,03 > is a neutrosophic subset of @ x X x Z such that the neutrosophic

output function o : Q x X x Z — L x L x L is defined as follows: Vg;,q; € Q,x1,22 € X

and y1,y2 € Z,
B 1 ifxy=y1=A
71 6) = { 0 ifzy=Ay#Aorz # Ay =A
B 0 ifz;=y1=A
oa(qi; 71, 45) = { 1 ifey=Ayp#FANorzy #Ay1 =A
0 ifxy=y1=A

03(q;,*1,q5) =
i 6) {1 i 21 = Ayt £ A or 1 # Ay = A

and

o1(gi, T1a2, y1y2) = o1(gi, 21,51) ® \/ {61(gi, 21,7) A o1 (7, 22,2)}

reQ

o(qi> 2122, y192) = 02(gi, 11, 31) ® \ {0a(gi, w1,7) V 0a(r, 29, 4) }
reqQ

03(qi, 2122, 192) = 03(¢i, 11,91) ® \ {0s(qi, 21,7) V 03(r, 29, 4)}
reQ

3. Composite Neutrosophic Finite Automata

This section is interested in the concept of composite finite automata under the environment

of neutrosophic sets.

Definition 3.1. For i < n, let M; = (Q;, %, Z;, 0%, 0%) be NFA’s. Let My = M; — My —
-+ — M,, be a composite NFA, where (q1,¢2,...,q,) = gr € Qr and each ¢; € Q; if
(1) Z; € 3j4q, fori <n —1.
(2) let {(z7 € By = 71 € 1)(yr € Z7 = yn € Zyn)|oi(q, 27, 91) > 0,03(q1, 27,91) <
1,03(q1, z7,y1) < 1, for i = 1} then define
T ., N 5i(qr,71,¢)) >0 fori=1,
) o e ) 2 { 5 a4 i ) ) for > 1.

5%(Q17x17qi) <1 fori:l,
5%(4127 (Ué(QZuyZ—lvyl)%qg) for i > 1.
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51(Q175€17q/)<1 fori:l,
5; [(QI7q27"-7QH)>1’T7((]/1,(]£,...,q;)] = ? ; 1 . '
53(Qi) (03((11',3/1‘—17%))7%) for i > 1.

and

r( ) ) 1 ifer=y,=A
o 5 g e ey n,x yIN =
1 {41, G2 n)> 2T, Y 0 if either 7 # A and y, = A or x7 = A and y, # A

0 ifer=y,=A

T
g ) ”"’n?x)n =
2 (@1, @) #T Yn) {1 if either x7 # A and y, = A or x7 = A and y,, # A

0 ifer=y,=A
Ug—‘((a] Bl qQa ] q’n,)w xT’ 7/77) - I yn

1(0.7,0.15,0.2)/0(0.7,0.1,0.25)

0(0.6,0.25,0.3)/% /\ /\/_\

0(0.6,0.25,0.3)/0(0.35,0.37,0.45)
1(0.7,0.15,0.2)/0(0.7,0.1,0.25)

1(0.8,0.2:014)/1(0.4,0.1,0.2)

0(0.6,0.3,0.5)/1(0.3,0.4,0.5)

1(0.8,0.4,0.5){0(0.9,0.4,0.5)

(0.35,0.4,0.3)

0(0.8,0.0,0.1)/1(0.9,0.1,0.2)

1(0.2,0.3,0.6)/1(0.4,0.4,0.5)

Then the output for input zp = 1001 is y7 = 0010.

J. Kavikumar; D. Nagarajan; S.P. Tiwari; S. Broumi; F. Smarandache. Composite Neutrosophic Finite
Automata



Neutrosophic Sets and Systems, Vol. 36, 2020 287

Definition 3.3. Let Ml = (Q, X, Z,0,0) be a NFA. A non-empty set of states Q4 C M is said
to be stable if

01(q,z,p) > 0,d2(q,z,p) < 1,03(q,z,p) < 1,
for all ¢,p € Q4 and x € X.

Definition 3.4. Two NFA’'s M; = (Q1,%1,71,0%0!) and My = (Q2,%9, 2,02, 02)
are said to be homomorphism if « [61(q,a:,p)] = 6%(a(q), B(x),a(p)) and ol(q,z,y) <

UQ(Oé(q),ﬂ(CC),’y(y)), V(Lp € le T € 21 and Yy € Zl) where the mapplng (O Ql — Q27
B Y1 — Y9 and v : Z1 — Z5 are monoid homomorphisms. Moreover, two NFA’s are said to

be isomorphism when the mapping «, 8 and v are bijective.

Lemma 3.5. Let M1 = (Ql,zl,Zl,(Sl,O'l), MQ = (QQ,EQ,ZQ,(;Q,O'Q) and Mg =
(Q3,%3, Z3,6%,0%) be NFA’s. Then My — (My — M3) and (M1 — M) — M3 are isomorphic.

Proof. Since one neutrosophic finite automaton outputs are used as the another neutrosophic
finite automaton inputs and omit the parentheses as follows M; — My — M. Now, we have
an initial inputs for M; and its outputs will become an input of Ms. Then, the outputs of
My will be an input of Ms. In this manner, M; — (My — Mj3) and (M; — My) — Mj are

isomorphic.
Remark 3.6. Lemma[3.5] can be easily extend to four or more NFA’s.

Lemma 3.7. Let M; = (Q;, %, Z;, 6%, 0"), where i = 1,2,...,n, be NFA’s. If M; — My —
- = M, is a composite NFA if and only if M, is a NFA.

Proof. Assume that Ml; — My — -+ — M, is a composite NFA. Then, by lemma [3.5] it is
clear that M, is a NFA. Conversely, since M, is a NFA, the input of M, is a output of the

M,,_1, so in this manner, M; — My — --- — M, is a composite NFA.
Definition 3.8. A NFA M = (@, %, Z, 4, 0) is called free if Vg; € Q, = € ¥ 3 y € Z such that
o1(gi,x,y) >0, o2(gi,z,y) <1, and o3(g,z,y) <1.

Theorem 3.9. For each positive integer i < n, let M; is a free NFA, then Ml; — My — -+ —
M, is a composite NFA.

Proof. Suppose Ml;, i =1,2,...,nisa NFA. Let ¢,p € @1 and z; € X1 and y; € Z;. We prove
the theorem by induction on |i| = n.
If n =1, then M is a free NFA. Now, we have

ot(q,z1,91) >0, o3(q,z1,1) <1, and oj(qar,y) < 1,

since 63(q1,x1,p1) > 0,63(q1,71,p1) < 1 and 63(qy,x1,p1) < 1. This implies that M is a

composite NFA. Hence, the theorem is true for n = 1.
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Suppose the result is true for all x; € ¥; and y; € Z; such that |[i| =n — 1. Let Z; C ;44
for i <n—1,n > 1, so that M,,_; is a free NFA. Now, we have,
O{L—l(qnflaxnflaynfl) > 07 US_I(anlaxnflaynfl) < 17 and O’g_l(%fl,an,ynfl) < 1.

Then by Definition we have

0T (qn, Yn—1,Pn) >0, 05(qnsYn—1,Pn) <1 and 5(qn, Yn—1,pn) < 1.

By the induction hypothesis and consider ¥,,_1 = x,, then we have

5?(Qn7xmpn) > 0, 63(men>pn) <1 and 5?(Qnaxmpn) <1

This implies that, for z,, € 3, there exists y, € Z, such that

O{L(Qnal'nayn) > 0, O-S(Qnaxmyn) <1, and UQ(Qnyxnayn) <1

Hence, the theorem is true for induction.

Remark 3.10. The converse of Theorem is not true since the outputs of composite NFA
need not be satisfy the condition of free NFA.

Definition 3.11. Let M; = (Q1,%1, 71,6, 0') and My = (Q2, X2, Z2,6%,02) be NFA’s. A
box function 8 of (M, My) is satisfy the following conditions, where (5 : @1 — Q2 such that
(1) ¥y C Z
(2) for all ¢,p € Q1 and x € ¥; there exists y € Z; such that

B64(q, x,p)] =6 [B(q), o' (g2, y), B(p)] -

Definition 3.12. Let M; = (Q;, %, Z;, 0%, 0%), i=1,2,...,n, be NFA’s. To each box functions
Bi of (M, M;41) for 1 < i < n — 1, there is a corresponding sub NFA N(31, fB2,...,B,—1) of
My =M; - My — --- — M,,.

Proposition 3.13. Let My = (Qr,%7,Zr,07,07) be a composite NFA and N =

(QN72N7ZN)6N70N) g My where QN - {(QL(]% cee ,Qn)|Q1 S M and q; = ,Bi—l(Qi—l) fOT?: >
1}. If Qr is stable, then N is a compositie NFA.

Proof. Let ¢ = (q1,---,qn),q¢ = (d},...,4,) € Qn,xr € X7 and y; € Zp. Then, by definition
B and y;—1 = ;. Since Qn C Qr, it is enough to prove that Qny is stable, for each ¢ > 1.
Then
5%(%,:%612) = 5% [/61'—1(%'—1); (Ui_l(Qi—l,yi—2,yi—l)),ﬂz‘—l(%_l)}
=Bi_1 [5i_l(qi_1,xi_1, qi_1)] ,since B;_1 is a box function of (M;_1, M),
=07 [Bi1(gi1), wio1, Bim1(d)_1)]
This implies that ¢! [Bi—1(gi—1), zi—1, Bi—1(g/_1)] is stable, since 67N qisy, i1, q,_) is sta-
ble. Hence, @y is stable. Therefore, N is a composite NFA.
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Theorem 3.14. Let My = (Q1,%1, 21,6, 0') and My = (Qa, %2, Z2,6%,02%) be two NFA’s
and let H be a NFA with inputs X g which generating inputs set for 31. Suppose Z1 C Yo
and for all p,qg € Q1, v1 € Xy, the map B : Q1 — Qo such that B[6*(q,xz1,p)] =
5218(q), o (q,x1,v1), B(p)]. Then B is a box function of (My,My).

Proof. We will prove the result by mathematical induction on the generated set of inputs .
For n =1, let #1 € ¥y the result follows from [3.11]
For n =2, let 1,22 € ¥ and ¢q,p € @1, then

B[6' @ miz2p)] =8 |V,eq, {30, 01.7) A6 (r,a2.p)}
= V,eo, 186" (¢, x1,7)) A B8 (r, 22,)) }
= Ve (2(8(@), (@, 21,31), B0) A 2(B(), 0 (g 72,12), 60)) }
= 6% [B(q), oM (g, x1,51) @ 0 (¢, 22,2), B(p)]
= 6% [B(q), o (q, m122, 1192), B(p)]

If the induction continues for any finite sequence of inputs such as n > 2 for each z; € X,

the results follows by induction. Hence /3 is a box function of (M, My).

4. Conclusions

The main focus of this paper is to study the algebraic automata theory based on the concept
of neutrosophic sets. Thus, this investigation contributes a small portion to algebraic automata
theory such as composite neutrosophic finite automata which is established by outputs of one
automaton as the inputs of another automaton. The future study will be concerned with
similar concepts but the approaches are based on the combination of N-fuzzy structures [9,13]

and type-2 fuzzy structures [15,|19] under the environment of neutrosophic sets [27}28].
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1. Introduction

Mathematical modeling of the real life space X requires that all the possible laws that can be defined
on X as well as all the possible axioms that can be defined on X should all be considered. In order to be
very close to reality, the laws as well as axioms on X should not be rigidly defined. The laws on X should
be so flexibly defined to make provisions for both totally inner-defined, totally outer-defined, partially-
defined and indeterminately-defined cases. Also, the axioms on X should be such that provisions
are made for both totally inner-defined, totally outer-defined, partially-defined and indeterminately-
defined cases. When the laws and axioms on X are totally inner-defined, they are called and referred
to as ClassicalLaws and Classical Axioms respectively. When the laws and axioms on X are partially-
defined, they are called and referred to as NeutroLaws and NeutroAxioms respectively. When the laws
and axioms on X are totally outer-defined, they are called and referred to as AntiLaws and AntiAxioms
respectively. Naturally, we have the neutrosophic triplets (Law, NeutroLaw, AntiLaw) and (Axiom,
NeutroAxiom, AntiAxiom) where NonLaw = NeutroLaw U AntiLaw, NonAxiom = NeutroAxiom U

AntiAxiom, NeutroLaw N AntiLaw = () and NeutroAxiom N AntiAxiom = (. These concepts have
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several applications in sciences, engineering, technology, soft computing, social sciences, psychology,
politics, sociology and humanities in general. For details on NeutroSociology the readers should see |14]
and [7H11},/19] for more details on neutrosophy and applications.

Smarandache in [15H18] introduced and studied extensively the concepts of Neutro-Algebraic Struc-
tures and Anti-Algebraic Structures. Rezaei and Smarandache in |12] presented and studied Neutro-BE
Algebras and Anti-BE Algebras. Agboola et al. in [4] studied NeutroAlgebras and AntiAlgebras, in |5
and [6], Agboola studied NeutroGroups and NeutroRings respectively. In [3], Agboola further studied
NeutroGroups, in 2], he studied AntiGroups and in [1], he further studied NeutroRings. In the present
paper, the concept of AntiRings is introduced. Several examples of AntiRings are presented. Specifi-
cally, certain types of AntiRings and their substructures are studied. It is shown that nonempty subsets
of an AntiRing can be AntiRings with algebraic properties different from the algebraic properties of the
parent AntiRing under the same binary operations. Antildeals, AntiQuotientRings and AntiRingHo-
momorphisms are studied with several examples. It is shown that the quotient of an AntiRing factored

by an Antildeal can exhibit algebraic properties different from the algebraic properties of the AntiRing.

2. Preliminaries

In this section, some definitions and results that will be used later in the paper are presented.

Definition 2.1. [15]

A classical operation is an operation well defined for all the set’s elements. A NeutroOperation is an
operation partially well defined, partially indeterminate, and partially outer defined on the given set
while an AntiOperation is an operation that is outer defined for all set’s elements.

A classical law/axiom defined on a nonempty set is a law/axiom that is totally true (i.e. true for all
set’s elements). A NeutroLaw/NeutroAxiom (or Neutrosophic Law/Neutrosophic Axiom) defined on a
nonempty set is a law/axiom that is true for some set’s elements [degree of truth (T)], indeterminate
for other set’s elements [degree of indeterminacy (I)], or false for the other set’s elements [degree of
falsehood (F)], where T\ I, F € [0, 1], with (T, I,F) # (1,0,0) that represents the classical axiom, and
(T,I,F) # (0,0,1) that represents the AntiAxiom while an AntiLaw/AntiAxiom defined on a nonempty
set is a law/axiom that is false for all set’s elements.

A PartialOperation on a set is an operation that is well defined for some elements of the set and
undefined for all the other elements of the set. A PartialAlgebra is an algebra that has at least one
PartialOperation, and all its axioms are classical.

A NeutroAlgebra is an algebra that has at least one NeutroOperation or one NeutroAxiom (axiom
that is true for some elements, indeterminate for other elements, and false for other elements), and no
AntiOperation or AntiAxiom while an AntiAlgebra is an algebra endowed with at least one AntiOper-
ation or at least one AntiAxiom. When a NeutroAlgebra has no NeutroAxiom, then it coincides with

the PartialAlgebra.
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Theorem 2.2. [15] The NeutroAlgebra is a generalization of PartialAlgebra.

Theorem 2.3. [12] Let U be a nonempty finite or infinite universe of discourse and let S be a finite
or infinite subset of U. If n classical operations (laws and azioms) are defined on S where n > 1, then

there will be (2™ — 1) NeutroAlgebras and (3™ — 2™) AntiAlgebras.

Definition 2.4. [Classical ring] [13]

Let R be a nonempty set and let 4+,. : R Xx R — R be binary operations of the usual addition and
multiplication respectively defined on R. The triple (R,+,.) is called a classical ring if the following
conditions (R1 — R9) hold:

(R1) 4y € R Vx,y € R [closure law of addition].

(R2) 2+ (y+2) = (x+y) + 2z Va,y, 2 € R [axiom of associativity].

(R3) There exists e € R such that z +e =e+x =z Vz € R [axiom of existence of neutral element].

(R4) There exists —z € R such that x + (—z) = (—z) + = e Vz € G [axiom of existence of inverse
element)

(R5) z+y=y+ 2z Vz,y € R [axiom of commutativity].

(R6) 2.y € R Vz,y € R [closure law of multiplication].

(R7) z.(y.z) = (z.y).2 YVa,y,z € R [axiom of associativity].

(R8) =

(R9) (y+2).xz = (y.z) + (2.z) Va,y,z € R [axiom of right distributivity].

(y+2)=(zy)+ (v.2) Vz,y, 2z € R [axiom of left distributivity].

If in addition we have,
(R10) z.y = y.x Vz,y € R [axiom of commutativity],

then (R, +,.) is called a commutative ring.

Definition 2.5. |[1|[NeutroSophication of the laws and axioms of the classical ring]

(NR1) There exist at least three duplets (x,y), (u,v), (p,¢) € R such that +y € R (inner-defined with
degree of truth T) and [u + v = indeterminate (with degree of indeterminacy I) or p+q ¢ R
(outer-defined /falsehood with degree of falsehood F)] [NeutroClosure law of addition].

(NR2) There exist at least three triplets (z,v, 2), (p, ¢,7), (u,v,w) € R such that z+(y+2) = (x+y)+=
(inner-defned with degree of truth T) and [[p + (¢ + r)]or[(p + ¢) + 7] = indeterminate (with
degree of indeterminacy I) or u + (v + w) # (u + v) + w (outer-defined/falsehood with degree
of falsehood F)] [NeutroAxiom of associativity (NeutroAssociativity)].

(NR3) There exists an element e € R such that  + e = z + e = z (inner-defined with degree of truth
T) and [[x + e]or[e + z] = indeterminate (with degree of indeterminate I) or z+e# z # e+
(outer-defined /falsehood with degree of falsehood F)] for at least one € R [NeutroAxiom of
existence of neutral element (NeutroNeutralElement)].

(NR4) There exists —x € R such that z + (—z) = (—x) + * = e (inner-defined with degree of
truth T) and [[—z + z]or[z 4+ (—z)] = indeterminate (with the degree of indeterminate I) or
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(NR5)

(NR6)

(NR7)

(NR8)

(NR9)

(NR10)

—z+a # e # x+ (—x) (outer-defined /falsehood with degree of falsehood F)] for at least one
x € R [NeutroAxiom of existence of inverse element (NeutrolnverseElement)].

There exist at least three duplets (z,y), (u,v), (p,q) € R such that x +y = y+ = (inner-defined
with degree of truth T) and [[p + ¢lor[¢ + p] = indeterminate (with degree of indeterminacy
I) or u+ v # v+ u (outer-defined/falsehood with degree of falsehood F)] [NeutroAxiom of
commutativity (NeutroCommutativity)].

There exist at least three duplets (z,v), (p,q), (u,v) € R such that x.y € R (inner-defined
with degree of truth T) and [u.v = indeterminate (with degree of indeterminacy I) or p.q € R
(outer-defined /falsehood with degree of falsehood F')] NeutroClosure law of multiplication].
There exist at least three triplets (z,y, 2), (p,q,7), (u,v,w) € R such that z.(y.z) = (z.y).z
(inner-defined with degree of truth T) and [[p.(¢g.r)]or[(p.q).r] = indeterminate (with degree of
indeterminacy I) or u.(v.w) # (u.v).w (outer-defined/falsehood with degree of falsehood F)]
[NeutroAxiom of associativity (NeutroAssociativity)].

There exist at least three triplets (x,y, 2), (p, ¢, 7), (u,v,w) € R such that z.(y + z) = (z.y) +
(.z) (inner-defined with degree of truth T) and [[p.(q¢ + 7)]or[(p.q) + (p.r)] = indeterminate
(with degree of indeterminacy I) or u.(v + w) # (u.v) + (u.w) (outer-defined/falsehood with
degree of falsehood F)] [NeutroAxiom of left distributivity (NeutroLeftDistributivity)].

There exist at least three triplets (x,y, 2), (p,¢,7), (u,v,w) € R such that (y + z).x = (y.z) +
(z.2) (inner-defined with degree of truth T) and [[(v + w).u]or[(v.u) + (w.u)] = indeterminate
(with degree of indeterminacy I) or (v + w).u # (v.u) + (w.u) (outer-defined/falsehood with
degree of falsehood F)] [NeutroAxiom of right distributivity (NeutroRightDistributivity)].
There exist at least three duplets (z,y), (p,q), (u,v) € R such that z.y = y.x (inner-defined
with degree of truth T) and [[p.gJor[¢.p] = indeterminate (with degree of indeterminacy I) or
u.v # v.u (outer-defined /falsehood with degree of falsehood F)] [NeutroAxiom of commutativity
(NeutroCommutativity)].

Definition 2.6. [1|[AntiSophication of the laws and axioms of the classical ring]

(AR1)
(AR2)

(AR3)

(AR4)

(AR5)
(AR6)

For all the duplets (z,y) € R, x +y ¢ R [AntiClosure law of addition].

For all the triplets (z,y,2) € R, x+ (y + 2z) # (z +y) + z [AntiAxiom of associativity (AntiAs-
sociativity)].

There doest not exist an element e € R such that z +e = x + e = 2 Vz € R [AntiAxiom of
existence of neutral element (AntiNeutralElement)].

There does not exist —z € R such that ¢ + (—z) = (—z) + z = e Vo € R [AntiAxiom of
existence of inverse element (AntilnverseElement)].

For all the duplets (z,y) € R, x+y # y+z [AntiAxiom of commutativity (AntiCommutativity)].
For all the duplets (z,y) € R, z.y € R [AntiClosure law of multiplication)].
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(AR7) For all the triplets (z,y,2) € R, z.(y.z) # (x.y).z [AntiAxiom of associativity (AntiAssociativ-
ity)].
(ARR) For all the triplets (z,y,2) € R, x.(y + 2) # (z.y) + (z.z) [AntiAxiom of left distributivity
(AntiLeftDistributivity)].
(AR9) For all the triplets (z,y,2) € R, (y + 2).x # (y.z) + (z.x) [AntiAxiom of right distributivity
(AntiRightDistributivity)].
(AR10) For all the duplets (z,y) € R, z.y # y.x [AntiAxiom of commutativity (AntiCommutativity)].

Definition 2.7. [1][NeutroRing]
A NeutroRing NR is an alternative to the classical ring R that has at least one NeutroLaw or at least

one of {NR1, NR2, NR3, NR4, NR5, NR6, NR7, NR8, NR9} with no AntiLaw or AntiAxiom.

Definition 2.8. [ |1]][AntiRing]
An AntiRing AR is an alternative to the classical ring R that has at least one AntiLaw or at least one

of {AR1, AR2, AR3, ARA, AR5, AR6, ART, ARS8, AR9}.

Definition 2.9. [1][NeutroCommutativeRing]
A NeutroCommutativeRing N R is an alternative to the classical commutative ring R that has at least
one NeutroLaw or at least one of {NR1, NR2, NR3, NR4, NR5, NR6, NR7, NR8, NR9} and NR10

with no AntiLaw or AntiAxiom.

Definition 2.10. [I][AntiCommutativeRing]
An AntiCommutativeRing AR is an alternative to the classical commutative ring R that has at least

one AntiLaw or at least one of {AR1, AR2, AR3, AR4, AR5, ARG, AR7, ARS8, AR9} and ARI10.

Theorem 2.11. [1] Let (R,+,.) be a finite or infinite classical ring. Then:
(i) There are 511 types of NeutroRings.
(ii) There are 19171 types of AntiRings.
Theorem 2.12. [1] Let (R,+,.) be a finite or infinite classical commutative ring. Then:
(i) There are 1023 types of NeutroCommutativeRings.
(ii) There are 58025 types of AntiCommutativeRings.
Example 2.13. [1] Let NR = Z5 = {0,1,2,3,4} and let & and ® be two binary operations defined
on NR by

rdy=x+y—1, x0Oy=z+zxyVayc NR.

Then, (NR,®,®) is a NeutroCommutativeRing.
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Example 2.14. [1] Let NR = {a,b,c,d} and let "+” and ”.” be binary operations defined on NR as

shown in the Cayley tables below:

+la|blc|d alblc|d
ala|b|lcld alal|b|c|d
blblcld|a bla|c|b]|c
clc|d|albd cleld|c|d
d|d|a c did|al|d]|a

Then, (NR,+,.) is a NeutroCommutativeRing.

Example 2.15. Let AR =7 and let ® and ® be two binary operations defined on AR such that & is
the usual addition of integers and Vz,y € AR, ® is defined by

x@y:$2+x2y+2.

Then (AR, ®,®) is an AntiRing. To see this, we first note that @ is well defined for all z,y € AR and
that R1 — R5 are totally true. Hence, (AR, ®) is an abelian group.

It is also noted that © is well defined for all z,y € AR that is, R6 is totally true Vz,y € AR. Now
let z,y,z € AR. Then

rO@yoz) = 22 +2%y? + 2%y + 227 + 2,
(oY) 0z = x4 2ty +2ty? + 4% + 42y
+aty + 20tyz + 2ty 2 + 422 + 42yz + 42 + 6.

L 20yoz) £ (z0y) ©zVry,z€ AR.

It has just been shown that for all the elements of AR, ® is AntiAssociative over AR. Thus, AR7 is
satisfied.

Also for all x,y,z € AR, we have

TOYdz) = 20 (y+2)
= x2+m2y+x22+2,
oy e(oz) = (oY) +(02)

= 2% 2%y + a2+ 4

L0 ydz) £ (20y)d(xOy) Vr,y,z € AR.

It has again been shown that over AR, ©® is not left distributive over @ for all x,y, 2z € AR. Hence ARS8

is satisfied.
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Lastly for all z,y, 2z € AR, we have

(yoz)0z = (y+2)0x
= >+ 22+ 2z + ay? + 2zyz + 22?2 + 2,
Wore(zor) = (yo)+(zo0x)
= P+ 22+ %0+ e+ 4
L y®2) o0 # (yozu)d (yow) Vr,y,z € AR.

This also shows that over AR, ® is not right distributive over @ for all xz,y,z € AR. Hence, AR9 is
satisfied. It can easily be shown that @ is NeutroCommutative over AR. Accordingly by Definition
(AR,®,®) is an AntiRing.

Example 2.16. (i) Let AR = My xn [R] be the set of all n X n matrices with real entries and let
@ and @ be two binary operations defined on AR such that @ is the usual addition of matrices
and VXY € AR, ® is defined by

XoY=X%24+X%Y +2I

where I is the n X n unit matrix. Then, (AR, ®,®) is an AntiRing.

(ii) Let M be an additive abelian group and let AR = End(M) be the set of all endomorphisms of
M into itself. Let & and ® be two binary operations defined on AR such that & is the usual
addition of mappings and Vf,g € AR, © is defined by

(f © g)(x) = f2(x) + f*(2)g(x) + 2i(z)

where 4 is the identity mapping. Then, (AR, ®,®) is an AntiRing.

3. A Study of Certain Types of AntiRings

In this section, we are going to study certain types of AntiRings. Many examples and basic results
will be presented. Since there are many types of AntiRings, then AntiRings in this section will be
classified and named type-AR][,] according to which of AR1 — AR10 is(are) satisfied. If only ARI is
satisfied, the AntiRing will be called of type-AR[1], type-AR[3,4] if only AR3 and AR4 are satisfied
and so on. AntiRings of type-AR[1,2,3,4-9] or of type-AR[1,2,3,4-10] will be called trivial AntiRings or

trivial AntiCommutativeRings respectively.

Definition 3.1. Let (AR, +,.) be an AntiRing.
(i) AR is called a finite AntiRing of order n if the cardinality of AR is n that is o(AR) = n.
Otherwise, AR is called an infinite AntiRing and we write o(AR) = oco.
(ii) AR is called an AntiRing with unity if there exists a multiplicative unit element u € AR such

that ur = zu = x for at least one z € R.
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(iii) If there exists a least positive integer n such that nxz = e for at least one x € AR, then AR is
called an AntiRing of characteristic n. If no such n exists, then AR is called an AntiRing of
characteristic zero.

(iv) An element x € AR is called an idempotent element if 2% = z.

(v) An element z € AR is called a nilpotent element if for the least positive integer n, we have
" =e.

(vi) An element e # x € AR is called a zero divisor element if there exists an element e # y € AR
such that xy = e or yx =e.

(vii) An element x € AR is called a multiplicative inverse element if there exists at least one y € AR

such that xy = yr = u where u is the multiplicative unity element in AR.

Definition 3.2. Let (AR, +,.) be an AntiCommutativeRing with unity. Then

(i) AR is called an AntilntegralDomain if all the elements of AR are zero divisors.

(ii) AR is called an AntiField if all the elements of AR have no multiplicative inverse elements.

Definition 3.3. Let (AR, +,.) be an AntiRing. A nonempty subset AS of AR is called an AntiSubring
of AR if (AS,+,.) is also an AntiRing of the same type as AR.

Definition 3.4. Let (AR, +,.) be an AntiRing. A nonempty subset AS of AR is called a QuasiAntiSub-
ring of AR if (AS,+,.) is also an AntiRing not of the same type as AR.

Definition 3.5. Let (AR, +,.) be an AntiRing. A nonempty subset Al of AR is called a left Antildeal
of AR if the following conditions hold:

(i) AI is an AntiSubring of AR of the same type as AR.

(ii) = € AI and r € AR imply that xr ¢ AI for all r € AR.

Definition 3.6. Let (AR, +,.) be an AntiRing. A nonempty subset AI of AR is called a right Antildeal
of AR if the following conditions hold:

(i) AI is an AntiSubring of AR of the same type as AR.

(ii) = € AI and r € AR imply that ro ¢ AI for all r € NR.

Definition 3.7. Let (AR, +,.) be an AntiRing. A nonempty subset Al of NR is called a two-sided
Antildeal of AR if the following conditions hold:

(i) AI is an AntiSubring of AR of the same type as AR.

(ii) x € AT and r € AR imply that xr ¢ AI and ra ¢ AI for all r € AR.

Definition 3.8. Let (AR, +,.) be an AntiRing. A nonempty subset Al of AR is called a left QuasiAnti-
Ideal of AR if the following conditions hold:

(i) AI is a QuasiAntiSubring of AR.

(ii) = € AI and r € AR imply that zr ¢ AI for all r € AR.
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Definition 3.9. Let (AR,+,.) be an AntiRing. A nonempty subset Al of AR is called a right
QuasiAntildeal of AR if the following conditions hold:

(i) AI is a QuasiAntiSubring of AR.
(ii) « € AI and r € AR imply that rz & AI for all r € NR.

Definition 3.10. Let (AR, +,.) be an AntiRing. A nonempty subset Al of NR is called a two-sided
QuasiAntildeal of AR if the following conditions hold:

(i) AI is a QuasiAntiSubring of AR.
(ii) = € AI and r € AR imply that zr ¢ AI and rx ¢ AT for all r € AR.

Definition 3.11. Let (AR, +,.) be an AntiRing. A nonempty subset AT of AR is called a left Pseu-
doAntildeal of AR if the following conditions hold:

(i) AI is an AntiSubring or a QuasiAntiSubring of AR.
(ii) For at least one x € AI, ar ¢ Al for all r € AR.

Definition 3.12. Let (AR,+,.) be an AntiRing. A nonempty subset AI of AR is called a right
PseudoAntildeal of AR if the following conditions hold:

(i) AI is an AntiSubring or a QuasiAntiSubring of AR.
(ii) For at least one z € AI, ra ¢ AI for all r € AR.

Definition 3.13. Let (AR, +,.) be an AntiRing. A nonempty subset AI of NR is called a two-sided
PseudoAntildeal of AR if the following conditions hold:

(i) AI is an AntiSubring or a QuasiAntiSubring of AR.

(ii) For at least one x € AI, xr ¢ AI and rz ¢ Al for all r € AR.

Example 3.14. Let AR = {a,b} and let "+ and ”.” be two binary operations defined on AR as

shown in the Cayley tables below.

+lal|b .lalb
alalb albl|bd
a blal|a

Since z+y, 2y € ARVx,y € AR and (AR, +) is an abelian group, it follows that R1 — R6 of Definition
[2:6) are totally true for all the elements of AR. Now consider the following:

(AR7) a(aa) = b,(aa)a = a # b, a(ab) = b,(aa)b = a # b, a(ba) = b,(ab)a = a # b, blaa) =
a, (ba)a = b # a,a(bb) = b, (ab)b = a # b, b(ab) = a, (ba)b = b # a, b(ba) = a, (bb)a = b # a,
b(bb) = a, (bb)b = b # a. These show that the binary operation ”.” is totally AntiAssociative
in AR.

(ARS) a(a + a) = b while aa + aa = a # b. Also, b(b+ b) = a while bb + bb = a. These show that the

binary operation "”.” is NeutroLeftDistributive over the binary operation ”+".
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(AR9) (a+a)a =baa+aa=a#b, (a+a)b=>bab+ab=a#b, (a+b)a=a,aa+ba="># a,
(b+a)a =a,ba+aa =b+# a, (a+b)b =a,ab+bb=0b+# a, (b+ a)b =a,bb+ ab =1b # a,
(b+b)a=0b,ba+ba =a#b, (b+b)b=>b,bb+bb=a #b. These show that the binary operation
" is AntiRightDistributive over the binary operation ”+".

(AR10) aa = b,bb = a but ab = b,ba = a # b. These show that the binary operation ”.” is NeutroCom-

mutative in AR.

Since AR7 and AR9 are totally true for all the elements of AR, it follows from Definition [2.8] that
(AR,+,.) is an AntiRing which we call an AntiRing of type-AR[7,9].

Example 3.15. Let (AR, +,.) be the AntiRing of Example It is clear that e = a is the additive

" is totally AntiAssociative, it

identity element. The element b is idempotent since bb = a. Since
follows that AR has no nilpotent elements. AR has no unity and consequently, none of the elements
of AR is invertible. Since AR is not an AntiCommutativeRing, it follows that AR is neither an

AntilntegralDomain nor an AntiField.

Example 3.16. Let AR = Z¢ = {0,1,2,3,4,5}. Let % and o be two binary operations defined such
that  is the usual addition modulo 6 and for all z,y € AR, o is defined by

roy=xa+axy+2.

It is clear that zxy,zoy € AR Vx,y € AR. This shows that R1 — R6 of Definition [2.6] are totally true

for all the elements of AR. Now consider the following:

(AR7) zo(yoz)=3zx+zy+ayz+2and (xoy)oz=ux+xy+ xz+ 22+ zyz + 4. Equating the two
expressions we obtain 2z = xz 4+ 2z + 2 from which we have that the triplet (2,y,2) € AR can
verify the associativity of o in AR. Thus, o is NeutroAssociative in AR.

(AR8) zo(y*z) =z +ay+axz+2 and (xoy)* (voz) = 2x+ xy + xz + 4. Equating the two
expressions we have x = —2 = 4 modulo 6. Hence, only the triplets (4,y,2) € AR can verify
the left distributivity of o over % in AR. Thus, o is NeutroLeftDistributive in AR.

(R9) (yxz)ox =y+z+axy+az+2and (yox)*(zo0x) =y+z+ay+xz+4. Since 2 # 4 modulo 6,
it follows that o is not right distributive over * for all the triplets (z,y,z) € AR. Hence o is
totally AntiRightDistributive over * in AR.

(R10) zoy =z + 2y +2 and yox = y + yz + 2. Equating the two expressions we have z = y
showing that only the duplets (z,2) € AR can verify the commutativity of o. Hence, o is

NeutroCommutative in AR.

According to Definition we have that (AR, *,0) is an AntiRing of type-ARJ[9].
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Example 3.17. Let AS = {0, 3} be a subset of AR where (AR, x,0) is the AntiRing of Example

Consider the compositions of the elements of AS as shown in the Cayley tables below.

R1 — R5 are totally true since for all z,y € AS, zxy € AS and (AS, %) is an abelian group. Also for
all the elements of AS, R6 — R10 are totally false. Accordingly, (AS, *,0) is an AntiRing of the type-
ARJ6,7,8,9,10] which is different from the class of the parent AntiRing. Hence, AS is a QuasiAntiSubring
of AR.

Example 3.18. Let AT = {0,2,4} be a subset of AR where (AR, *,0) is the AntiRing of Example
Consider the compositions of the elements of AT as shown in the Cayley tables below.

* 1024 ol01]2]4
010]2]|4 01222
2121410 2141210
414102 410]2|4

R1 — R6 are totally true since for all z,y € AS, x*xy,zoy € AT and (AT, x) is an abelian group. Now

consider the following:

(AR7) 20(402)=(204)02=2but 20(004) =2,(200) 04 =4 # 2. These show that the binary
operation o is NeutroAssociative over AT.

(AR8) 40 (2%4) =(402)*(404) =0but 20(4%0) =0,(204) % (200) = 4 # 0. These show that the
binary operation o is NeutroLeftDistributive over % in AT

(AR9) For all the triplets (z,y,z) € AS, we have (y x z) ox # (y o z) * (z o ). This shows that the
binary operation o is AntiRightDistributive over * in AT.

(AR10) Since 000 =2,202=2404=4but 002 =2,200=4#2204=0,402=2%#0,400 =

0,004 =2#£0, it follows that the binary operation o is NeutroCommutative over AT.

Accordingly, (AT, #,0) is an AntiRing of the type-AR[9] which is the same as the class of the parent
AntiRing. Hence, AT is an AntiSubring of AR.

Example 3.19. Let AR =7% = {1,2,3,4,---,} and let AS =2Z* = {2,4,6,8,---,}, AT =3Z" =
{3,6,9,12,--- ,}. Suppose that * and o are binary operations respectively of the usual addition and
multiplication of integers defined on AR, AS and AT. It can easily be shown that (AR, *,0), (AS,*,0)
and (AT, *,0) are AntiRings of type-AR[3,4] since R1, R2 and R5 — R10 are totally true but R3 and
R4 are totally false. Since AS and AT are subsets of AR, it follows that AS and AT are AntiSubrings
of AR. In general, (nZ™,*,0) are AntiSubrings of the AntiRing (ZT, x,0) for n =2,3,4,5,---.
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Remark 3.20. It is evident from Example [3:17) that an AntiRing of a particular type can have
nonempty subsets which are AntiRings of types different from the type of the parent AntiRing un-

der the same binary operations.

Example 3.21. Let AR be an AntiRing of Example [3.16) and let AS and AT be its QuasiAntiSubring
and AntiSubring of Examples and respectively. Then ASU AT = {0,2,3,4} and ASN AT =
{0}. Tt is clear that AS N AT is neither an AntiSubring nor a QuasiAntiSubring of AR. However, it
can be shown that (AS U AT, *,0) is an AntiRing of type-AR[9]. Hence, AS U AT is an AntiSubring of
AR.

Example 3.22. Let AR be the AntiRing of Example and let AS and AT be its AntiSubrings.
Then ASU AT = {2,3,4,6,8,9,10,12,14, 15,16, 18,20, - } and AS N AT = {6,12,18,24, -} = 6Z+.
It can be shown that AS U AT is a QuasiAntiSubring of AR and AS N AT is an AntiSubring of AR.

Remark 3.23. The union of two AntiSubrings of an AntiRing can produce a QuasiAntiSubring of the
AntiRing.

Example 3.24. Let AR be an AntiRing of Example and let AS be its QuasiAntiSubring of
Example 317 Then [000=001=002=003=004=005=2300=302=5301=305=
2,303=1,304=4] ¢ AS. These show that AS is a left QuasiAntildeal of AR.

However, [000=2,200=4,300=5,500=1,003=2,203=4,303=1,503 =4] & AS but
[100=3,400=103=403=0] € AS. These show that AS is a right PseudoAntildeal of AR.

Example 3.25. Let AR be an AntiRing of Example [3.16] and let AT be its AntiSubring of Example
Then [000=001=002=003=004=005=2,200=203=4,201=204=0,202=
205=2,400=403=0,401=404=4,402=405=2] € AT. These show that AT is neither a
left QuasiAntildeal nor a left PseudoAntildeal of AR.

Also, [000=002=202=402=004=2,200=102=304=404=4,400=204=0] € AT
but [Ic0=504=3,300=302=502=50500=104=1] ¢ AT. These show that AT is a right
PseudoAntildeal of AR.

Example 3.26. Let AR be the AntiRing of Example [3.19 and let AS and AT be its AntiSubrings.
Then AS and AT are two-sided PseudoAntildeals of AR. To see this, let x € AS and r € AR. Then
a€ ASifr=2,4,6,8,---
ror=rox=
bg AS ifr=1,3,5,7,---
Also,

ce AT if r=3,6,9,12,---
xor=rox=
dg AT ifr=1,2,4,8, -
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Definition 3.27. Let (AR, +,.) be an AntiRing and let AI be a left(right)(two-sided) Antildeal or
a left(right)(two-sided) QuasiAntildeal or a left(right)(two-sided) PseudoAntildeal of AR. The set
AR/AI is defined by

ARJAI = {x + Al : v € AR}.

For all z + AI,y + AI € AR/AI, let ® and ® be two binary operations on AR/AT defined as follows:
(x+AD @ (y+ AI) = (xxy)+ Al
(x+Al)® (y+AI) = (zoy)+ Al

If (AR/AI, &,®) is an AntiRing, then AR/AI is called an AntiQuotientRing.

Example 3.28. Let AR be an AntiRing of Example and let AS be its left QuasiAntildeal of

Example|3.24] Then
ARJ/AS = {AS,1+ AS,2+ AS}.

Let @ and ® be two binary operations defined on AR/AS as shown in the Cayley tables below.

D AS 1+AS |2+ AS © AS 1+AS |2+ AS
AS AS 1+ AS |24+ AS AS 2+AS |2+ AS |2+ AS
1+AS |1+AS |24+ AS| AS 1+ AS AS 1+ AS |24 AS
24+ AS |24+ AS AS 1+ AS 24+ AS |1+ AS AS 2+ AS

It can easily be shown that R1 — R6 are totally true, R7, RS and R10 are partially true and partially
false and R9 is totally false. Hence, (AR/AS, ®,®) is an AntiRing of type-ARJ[9].

Example 3.29. Let AR be an AntiRing of Example and let AT be its right PseudoAntildeal of

Example Then
AR/JAT = {AT,1+ AT}.

Let ® and ® be two binary operations defined on AR/AT as shown in the Cayley tables below.

2] AT 1+ AT © AT 1+ AT
AT AT 1+ AT AT AT AT
1+ AT | 1+ AT AT 14+ AT | 1+ AT AT

It can easily be shown that R1 — R6 and R9 are totally true, R7, R8 and R10 are partially true and
partially false. Hence, (AR/AT, ®,®) is a NeutroRing.

Example 3.30. Let AR be the AntiRing of Example and let AS be its PseudoAntildeal of

Example Then
ARJ/AS = {1+ AS,2+ AS,3+ AS, 4+ AS,---}

If ® and ® are two binary operations on AR/AS such that
(x+AS)® (y+ AS) = (zx*y)+ AS,

(x+AS)© (y+ AS) = (zoy)+ AS,
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It can be shown that (AR/AS,®,®) is an AntiRing of type-AR][3,4].

Remark 3.31. If (AR,+,.) is an AntiRing and AI is a left(right)(two-sided) Antildeal or a
left(right) (two-sided) QuasiAntildeal or a left(right)(two-sided) PseudoAntildeal of AR, then an An-
tiQuotientRing AR/AI can have algebraic properties different from the algebraic properties of AR.

Definition 3.32. Let (AR, +,.) and (AS,+’,.) be any two AntiRings of the same type/class. The
mapping ¢ : AR — AS is called an AntiRingHomomorphism if ¢ anti-preserves the binary operations
of AR and AS that is if for all the duplets (z,y) € AR, we have:

dx+y) # o)+ oy),
d(xy) # o) o).
The kernel of ¢ denoted by Ker¢ is defined as
Ker¢ ={z: ¢(x) = ear}.
The image of ¢ denoted by I'm¢ is defined as
Im¢ ={y € AS : y = ¢(x) for at least one y € AS}.

If in addition ¢ is an AntiBijection, then ¢ is called an AntiRinglsomorphism. AntiRingEpimorphism,
AntiRingMonomorphism, AntiRingEndomorphism and AntiRingAutomorphism are similarly defined.

Example 3.33. Let AR be the AntiRing of Example and let AR/AS be the AntiQuotientRing
of Example m Then ¢ : AR — AR/AS defined by

¢(r) =z+ ASVx € AR

is a classical homomorphism and not an AntiRingHomomorphism. To see this, for all m,n € AR, we

have ¢(m) =m + AS and ¢(n) = n+ AS so that

¢(m) + ¢(n) (m + AS) & (n + AS)

= (m+n)+ AS

= ¢(m+n).

¢p(m)p(n) = (m+AS)© (n+ AS)
= (mn)+ AS
= ¢(mn).
Ker¢ = 0.
Imé = {1+AS,2+AS,3+AS,4+AS, -} = AR/AS.

Remark 3.34. It is evident from Example that the fundamental theorem of homomorphisms of

the classical rings cannot hold in the classes of AntiRings.
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4. Conclusions

We have in this paper introduced the concept of AntiRings with several examples. Specifically, cer-
tain types of AntiRings and their substructures were studied. It was shown that nonempty subsets of
an AntiRing can be AntiRings with algebraic properties different from the parent AntiRing under the
same binary operations. Also, we studied with several examples the concepts of Antildeals, AntiQuo-
tientRings and AntiRingHomomorphisms. It was shown that an AntiQuotientRing of an AntiRing
factored by an Antildeal can exhibit algebraic properties different from the algebraic properties of the
AntiRing. We hope to study morphisms and AntiMorphisms of AntiSubrings and QuasiAntiSubrings
of AntiRings and present further properties of different types of AntiRings in our future papers.
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Abstract. In this article, we present fixed and common fixed point results for Banach and Edelstein contraction
theorems in neutrosophic metric spaces. Then some properties and examples are given for neutrosophic metric
spaces. Thus, we added a new path in neutrosophic theory to obtain fixed point results. we investigate and

prove some contraction theorems that are extended to neutrosophic metric space with the assistance of Grabiec.

Keywords: Fixed point; Neutrosophic Metric Space; Banach Contraction; Edelstein Contraction.

1. Introduction

Fuzzy Sets was presented by Zadeh [20] as a class of elements with a grade of membership.
Kramosil and Michalek [9] defined new notion called Fuzzy Metric Space (FMS). Later, many
authors have examined the concept of fuzzy metric in various aspects. In 1984 Kaleva and
Seikkala [§] have characterized the FMS, where separation between any two points to be posi-
tive number. In particular, George and Veeramani [4,5] redefined the concept of fuzzy metric
space with the assistance of continuous t-norm, and continuous t-co norm. FMS has utilized in
applied science fields such as fixed point theory, decision making, medical imaging and signal
processing. Heilpern [7] defined fuzzy contraction for Fixed point theorem. Park [14] de-
fined Intuitionistic Fuzzy Metric Space (IFMS) from the concept of FMS and given some fixed
point results. Fixed point theorems related to FMS and IFMS given by Alaca et al [2] and

nemerous researchers [13,19].In 1998, Smarandache [16] characterized the new concept called
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neutrosophic logic and neutrosophic set. In the idea of neutrosophic sets, there is T degree
of membership, I degree of indeterminacy and F degree of non-membership. A neutrosophic
value is appeared by (T, I, F). Hence, neutrosophic logic and neutrosophic set assists us to
brief many uncertainties in our lives. In addition, several researchers have made significant
development on this theory [26-30]. Recently, Baset et al. [22}25] explored the neutrosophic
applications in different fields such as model for sustainable supply chain risk management,
resource levelling problem in construction projects, Decision Making and financial performance
evaluation of manufacturing industries. In fact, the idea of fuzzy sets deals with only a degree
of membership. In addition, the concept of intuitionistic fuzzy set established while adding
degree of non - membership with degree of membership. But these degrees are characterized
relatively one another. Therefore, neutrosophic set is a generalized state of fuzzy and intu-
itionistic fuzzy set by incorporating degree of indeterminacy. In 2019, Kirisci et al [10}/11]
defined neutrosophic metric space as a generalization of IFMS and brings about fixed point
theorems in complete neutrosophic metric space.

In this paper, we investigate and prove some contraction theorems that are extended to neu-

trosophic metric space with the assistance of Grabiec [6].

2. Preliminaries

Definition 2.1 [17] Let ¥ be a non-empty fixed set. A Neutrosophic Set (NS for short) N
in ¥ is an object having the form N = {(a,&n(a), on(a),vn(a)) : a € X} where the functions
én(a), on(a) and vy (a) represent the degree of membership, degree of indeterminacy and the
degree of non-membership respectively of each element a € N to the set 3.

A neutrosophic set N = {{a,&n(a), on(a),vn(a)) : a € X} is expressed as an ordered triple
N = {a,éx(a), ox(a), vx(a)) in 3.
In NS, there is no restriction on ({x(a), on(a),vn(a)) other than they are subsets of |~0,17[

Remark 2.2 |10] Neutrosophic Set N is included in another Neutrosophic set I' ( N C T")
if and only if

inf ¢n(a) <infér(a)  sup En(a) < sup &r(a)
inf on(a) = infor(a)  sup on(a) > sup er(a)
inf vn(a) Zinfrr(a)  sup vy(a) = sup vr(a)

Triangular Norms (TNs) were initiated by menger. Triangular co norms(TCs) knowns as
dual operations of triangular norms (TNs).

Definition 2.3 [4] A binary operation « : [0, 1] x [0,1] — [0, 1] is called continuous t - norm
(CTN) if it satisfies the following conditions;

For all £1,e9,e3,24 € [0, 1]

(i) e1 x0 = eq;
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(ii) If 1 < e3 and €3 < €4 then g1 xeg < e3 % y;
(iii) * is continuous;
(iv) % is commutative and associative.
Definition 2.4 [4] A binary operation ¢ : [0,1] x [0,1] — [0,1] is called continuous t - co
norm (CTC) if it satisfies the following conditions;
For all £1,e9,e3,24 € [0, 1]
(i) e1 00 =eq;
(ii) If 1 < e3 and €3 < €4 then 1 0 g9 < e30¢ey;
(iii) © is continuous;
(iv) © is commutative and associative.
Remark 2.5 From the definitions of CTN and CTC, we note that if we take 0 < 1,69 < 1
for €1 < g9 then there exist 0 < €3,e4 < 1 such that €1 xe3 > g9 and &1 > g9 0 e4.
Further we choose €5 € (0,1) then there exists g¢,e7 € (0,1) such that g5 x e > &5 and
geroer < egs.
Definition 2.6 [13] A Sequence {t,} is called s - non-decreasing sequence if there exists

mg € N such that t,, <t for all m > my.

3. Neutrosophic Metric Space

In this section, we apply neutrosophic theory to generalize the Intuitionistic fuzzy metric
space. we also discuss some properties and examples in it.
Definition 3.1 A 6 - tuple (2,2, 0, T, %, ¢)is called Neutrosophic Metric Space(NMS), if ¥ is
an arbitrary non empty set, x is a neutrosophic CTN and ¢ is a neutrosophic CTC and =, 0,7
are neutrosophic sets on 22 x R* satisfying the following conditions:

For all {,n,w € ¥,\ € RT
(i) 0<E(CnA) <L 0<0((n,A) <1; 0<T((,n,A) <1

(i) (¢, \) +O(CmA) + (¢ A) < 3;
(iii) E(¢,n,A\) =1 if and only if { =7 ;

(iv) Z2(¢,m,A) =Z2(n, ¢, A) for A > 0;

(V) E(Cm A) *En, ¢ ) < E(Cw, A+ p), for all A, > 0;
(vi) 2(¢,n,.) : [0,00) — [0, 1] is neutrosophic continuous ;
(vil) limy—o0o=(¢,m, A) =1 for all X > 0;

(viii) ©(¢,n,A) =0 if and only if { =7 ;

(ix) ©(¢,n,A) = O(n, ¢, A) for A > 0;

(x) O, A) 0O, w, 1) > O, w, A+ p), for all X\, u > 0;
(xi) ©(¢,n,.) : [0,00) — [0, 1] is neutrosophic continuous ;
(xii) limy—00©O(¢,n,A) =0 for all A > 0;

(xiii) Y(¢,m, A) =0 if and only if ¢ = n;
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(xiv)

Y(C,n,A) =7T(n,( A\ for A > 0;

(xv) Y((,m,A) 0 Y(Cw,p) > Y(C,w, A+ ), for all A, u > 0;

(xvi) T

(xvil) limx—o0oX(¢,m,A) =0 for all A > 0;
)

(xviii) If A > 0 then Z((,n,\) =0,0(¢,n,A\) =1, Y((,n,\) = 1.

(¢,n,.) : [0,00) — [0, 1] is neutrosophic continuous ;

Then (Z,0,T) is called Neutrosophic Metric on 3. The functons Z,0 and T denote degree of
closedness, neturalness and non - closedness between ¢ and 7 with respect to A respectively.

Example 3.2 Let (3, d) be a metric space. Define (xn = min{(,n} and {on = maz{{,n},
and Z,0,7 : X2 x RT — [0, 1] defined by , we define

A (¢, (¢,
2N = i OGN = gt Ty = 152

for all ¢(,n € ¥ and A > 0. Then (X,Z,0, T, *,¢) is called neutrosophic metric space induced
by a metric d the standard neutrosophic metric.

Example 3.3 If we take ¥ = N, consider the CTN, CTC are ( x n = min{(,n} and
Con=max{(,n}, Z,0,Y : %2 x Rt — [0,1] defined by

¢ <
=cn={n s
Tif m=¢
BLif (<
oCmA =41
e if n<(
_ ; <
VRS KR
C—m if n<¢

for all (,n € ¥ and A > 0. Then Z,0,T : ¥2 x Rt — [0,1] is a NMS.

Remark 3.4 In Neutrosophic Metric space Z is non - decreasing , © is a non - increasing , T
is decreasing for all {,n € X.

Definition 3.5 Let (X, =, 0, Y, x,¢) be neutrosophic metric space . Then

(a) a sequence {(,} in ¥ is converging to a point ¢ € 3 if for each A > 0
llmA—)ooE'(<7 m, )‘) =1 lzm/\—)oo@(<> m, A) =0; lzm)\—morr(C: m, )‘) =0.

(b) a sequence ¢, in X is said to be Cauchy if for each € > 0 and A > 0 there exist N € N
such that Z((n, Gy A) > 1 — €5 O(Cny Gy A) < €5 Y(Cny Gmy A) < € for all n, m < N.

(c) (£,E,0,7,%,0) is said to be complete neutrosophic metric space if every Cauchy
sequence is convergent.

(d) (X,Z,0,7T,x,0) is called compact neutrosophic metric space if every sequence contains

convergent sub sequence.
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4. Main Results

Theorem 4.1 (Neutrosophic Banach Contraction Theorem) Let (X,2,0,T,x,¢) be a

complete neutrosophic metric space. Let f : ¥ — X be a function satisfying
E(FCENA) 2 E(CnA); O(F G A) <O A); T(FGEA) < T(Cn,A)  (41.1)

for all (,n € 3. 0 <k < 1. Then F has unique fixed point.
Proof: Let ¢ € ¥ and {(,} = F "(a) (n € N). By Mathematical induction, we obtain

A A A
E(Cnvgn—i-la)‘) > E(Ca(la ﬁ)7 @(CTMCTH-l?)\) < @(C7C17 ﬁ)7 T(Cﬂm(ﬂ—‘rlv )‘) < T(C? Cla kin) (412)

for all n > 0 and A > 0. Thus for any non-negative integer p, we have

= = A —times = A
:(CnuCn-i-pv)\) Z :<<a4n+175)*"'(p t ) "'*:<<n+p—17Cn+p7§)
—_ A —times = A
Z :<<7<17W)*'”(p ! )“.*‘:(C?Chpkn-i-p—l)
A (p—times) A
G(Cna C?H—pv )‘) S @<<7 C?H-l? 5) S Y @(Cn+p—17 C’Vl-f—[% ;)
A —times A
S@<<7<17W)0”'(p ! )O®(C7C17W)
A (p—times) A
T(C’na C?H—pv )‘) S T(Ca C?H-lv 5) S Y T(C?’L-l-p—la <n+p7 ;)
A —times A
ST(C,CMW)Q'”(;D ! )OT(C7C17W)

by (4.1.2) and the definition of NMS conditions, we get

limn—moE(Cnu Cn-‘,—pv )\) >1x-- (p—times) *1=1
llmn%oog(gna Cnera )\) <0o¢-- (p—times) . ©0=0

limn%oo’r(Cm Cnera )\) <0o¢-- (p—times) 0=0.

Therefore, {(,} is Cauchy sequence and it is convergent to a limit, let the limit point is 7.

Thus, we get
A

- - AL
Z(Fﬁﬂ%t) Z ‘:(an FCna 5) *:(Cnﬂﬂ% 5)

>

(1]

AL A
(77>CTL7 ﬁ) *:‘(CTL+1777> 5) —1x1=1.

A A
G(Fna m, )‘) < G(an FCnv 5) < @(Cm—lﬂ% 5)

A A
S @(7]7 Cna %) o @(Cn—l—lﬂ]; 5) —0¢0=0.

A A
T(Fnun’ )‘) < T(an FC’I’H 5) OT(CTL-‘rlvna 5))

A A
< T(na Cna ﬁ) o T(CnJrl?nv 5) —000=0.
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Since we see that

E(GmA) =1 iff ¢=n OG0\ =0 iff ¢=n Y({nA)=0iff (=n

we get [ = n, which is the fixed point of Neutrosophic metric space.

To show the uniqueness, let us assume that Fw = w for some w € X

- - _ A _ A _ A
12:(C7w7>‘) :‘:'(FTLFWa)‘) Z:'(C’CWE) ::(FWF?%E) Z:‘(guwap)
Z---EE(C,w,k—t)ﬁlasn%oo
A A A
OSG(CawvA) :@(FnaFwaa)‘) SQ(C,W,%) :@(FU,F%%) S@(Ca("%ﬁ)
S---S@(C,w,k%)%()asn%oo
A A A
OST<C7W7)‘) :T(FT],FLU,)\) ST(C7W7%):T(FU7FW7E) ST(ngap)

A
§-~§T(C,w,k—n)—>0asn—>oo.

From the definition of NMS, We get n = w. Therefor, f has a unique fixed point.

Lemma 4.2 (a) If limy, 00, = ¢ and limy—0omn = 7, then

E(C, A — 6) <limpooinf E(Cna Tin, )\)
O, m A —€) = limp_soosup O(Cny My A)
Y(C,n, A —€) > limp_oosup L(Cny My A)

(b) If limy—00Cn = ¢ and limy—s0ony = 1, then

E(C, A+ €) > limpsoosup Z(Cny My A)
@(Ca 77’ )‘ + 6) S llmn—)ooznf @(Cna 7771’ )‘)
T(C, m, A+ 6) < limnﬁooinf T(Cna Tns >\)
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forall A >0 and 0 < e < A.
Proof for(a): By the definition of NMS, conditions (v),(x) and (xv)

= (G s A) 2 (G G 5) #E(C A = €)% 000, 3)
litg—ooinnf Z(Cns s A) = 1xE(C, A —€) 1
Hence, limy_ooinf Z(Cu, ny A) > E(Cn, A —€)
OGn: s N) < O(Cr €. 5) 0O A =€) 0 O, 71, 3)
limp—o08up O (Gny Mny A) <00 O((,1m,A —€) 00
Hence, limp—oosup O(CnysMns A) < O(C,n, A —€)
TGt A) < TG G 5) 0 X (G A= ) 0 X1, )
limpo0sup T (Cny 1y A) < 00 X(C,1m,A —€) 00
Hence, limy,—oosup Y(Cn,mny A) < O(C 1, A —€)

Proof for (b):By the definition of NMS, conditions (v),(x) and (xv)

€

Z(CmA+©) 2 E(CGar ) % Z(Casy€) # Z (0,1, 5)
Hence, Z((,n,A 4+ €) > limy—o0SupZE(Cn, M, €)

O(C.m A+ €) < E(C.Car ) © OGahnr€) © O, 3)
Hence, O((,n, A+ €) < limpy—oinfO(Cn, M, €)

T(C0A+) < TG G 5) 0 T (Gus s €) © T, 3)

™( )

Hence, ¢, A+ €) < limpooinfY(Cn, M, €)

Corollary 4.3 If lim,_c0Cn = a and lim,_con = 1, then
(a) E(C7 7, /\) < limpo0inf E(Cna Tin, /\);
O(¢,m, A) > limp—so05up ©(Cns N, A);

(¢, n,A) > limp—oosup Y(Cny Mny A)-...(4.3.1)

(b) E(CJ]: ) > llmn—)oosup (Cnannv )
@(C7777 >\) < limn%ooinf @(Cmnna >‘)
YT(C,n,A) < limpooinf Yln,nn, A)....(4.3.2)

forall A >0and 0 <e < A.
Theorem 4.4 (Neutrosophic Edelstein Contraction Theorem) Let (X, 2,0, T, x,0) be

compact neutrosophic metric space. Let F : ¥ — X be a function satisfying

E(FGFn,) > E(CGn, ;08¢ Fn, ) <O, ); T(FCEn,) <T(Cn,.). - (4.4.1)
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Then F has fixed point.
Proof: Let a € ¥ and a, = F"¢ (n € N). Assume (,, # (u41 for each n (If not F ¢, = ()
consequently a, # an4+1 (n # m), For otherwise we get

E(Gns Gnt1s-) = E(Gmy Gmt1-) > E(Gm—15Gms -) >+ > E(Gns Gnt,-)

O(Cns Gut1:-) = O(Gms Gmt1s ) < O(Gn—1, G ) <+ < O(Gny Gt )

TG Grtt; ) = TGy Gt o) < TGt ) <o < LG G )

where m > n , which is a contradiction. Since ¥ is compact set, {(,} has convergent sub
sequence {(p, }. Let n = lim;_00Cy,;, Also we assume that n such that Fn € {(,,;7 € N}.

According to the above assumption, we may now write,

E(FCnir F15-) > E(Gnimy )i OF Gugs F1,2) < O(Gniymy-)s - Y(F Gy F1,-) < TGy, )
for all i € N. Then by equation (4.3.1) we obtain
lim infZ(F Cn;y F 1y A) > lim E(Cpyymy A) = E(n,m, A) = 1
lim sup©(F Cn;y F 1, A) < lim ©(Cp,sm A) = O(n,m,A) =0
lim supY(F Cn,, F 0, A) < lim (o m, A) = T(0,m,A) =0

for each A > 0. Hence
lim F(p, = Fn....(4.4.2)

Simillarly
lim F2Cp, = limF *n...(4.4.3)

(we recall that lim F (,, = F n for all (i € N)), Now observe that,

E(Cnss F Gy A) < E(F Gy F 20 A) < -

<E( TLZ’F<T7/27 )
< E(F Cngy F2ns, A) <o <

< E( E(F Cniprs F 2 Cnigs A
S E(F G F 2o A) < < 1
O(Cnis F Cngr A) = OF Gy F2Cnin A) = -+ = O Gy F Gy N)
> O(F Gugo F2Cnn A) =+ = O(F Gy F 2y N)
> O(F Cng oy F 2Cng 1y A) > - > 0.
Y (s F Cnir A) = T g F 2Cnin A) = -+ = V(g F Gnr N)
> Y(F oo F2Cns A) = o 2 C(F Gy F 2y N)
> Y(F Cngas F 2Cnins ) >+ > 0.
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for all A > 0. Thus {E(Cuis F Cags M)} 1O (G F G VI AT (G F Gy N} and {(F Gy F %Gy )}
(A > 0) are convergent to a common limit point . So by equations (4.3.1) , (4.3.2) and (4.4.1)

and we get,
E(n, Fn,\) > lim sup Z(Cnyy F Cnyy ) = Lim sup (F Coyy F2Cnys N)
> lim infE(F Gy F 2 Cnys A)
>Z(Fn, F?n, \)
O(n, F 0, A) < lim inf ©(Cn,, F Cnyy A) = lim inf O(F Cu,, F2Cny A)
< lim supO(F G,y F2Cn;, \)
< O(Fn,F*n,N)
(0, £, A) < liminf C(Gng, F Gngy A) = liminf C(F Gags F2Cnis A)
< lim supY (FCF Cuyy F2Cnyy A)
< Y(Fn, F2n,0)
for all A > 0. Suppose b # F 1, By equation (4.4.1)
E(n, Fn,.) <E(Fn.Fn,.); O, Fn,.) > 0(Fn, FPn,.); X Fn..) > Y(Fn, Fn,.).

which is a contradiction , because all the above functions are left continuous , non -decreasing
and right continuous , non - increasing respectively. Hence nn = F n is a fixed point.
To prove the uniqueness of the fixed point, let us consider f (¢) = w for some ¢ € 3.

Then

A A A
1 ZE(C;‘*‘}?)‘) :E(FH,FW,)\) 25(47“}7%) :E(FWaFM%) 2 ZE(C7w7k7)
A A A
OS@(C?‘U?)‘) :@(FH,FW,)\) SG)(CWU?%):@(F???FC‘%E) S SG)(C;C‘%kT)
OST(C’U}?)‘) :T(FU,FW,)\) ST(<7W,%):T(FW,FW,%) S ST(C,W,%)

Now , we easily verify that {1?);1} is an s - increasing sequence, then by assumption for a given

e € (0,1), there exists ny € N such that

A A A
= —)>1—c¢ —) <e€ —) <e.
(C’CL)? kn) — 1 6’ @(C7w’ kn) —_ 67 T(C? w? kn) —_ €
Clearly
. _ A ) A . A
lzmn—wo‘:'(é_ywa kin) = 1; llmn—mo@(Caw? kin) = 0; lzmn_moT(C,w, kin) =0.

Hence E((,w,\)=1; O((,w,\) =0; YT(¢,w,A\) =0. Thus n = w. Hence proved.
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Conclusion: In this study, we have investigated the concept of Neutrosophic Metric Space

and its properties. We have proved fixed point results for contraction theorems in the setting

of neutrosophic metric Space. There is a scope to establish many fixed point results in the

areas such as fuzzy metric, generalized fuzzy metric, bipolar and partial fuzzy metric spaces

by using the concept of Neutrosophic Set.
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Abstract: In this study a decision making model through Neutrosophic Q-fuzzy set has been
designed. During Covid-19 — Pandemic situation, education sector is stabilizing its work
through online mode. Information Communication Technology (ICT) platforms offer many
opportunities for the academicians and Learners. This study intends to analyse the selection of
best ICT tool by fixing important criteria. The selection of optimal ICT tool is scrutinized in this

study using Significant Score of a Neutrosophic fuzzy number.

Keywords: Information Communication Technology, Neutrosophic Set, Neutrosophic Q- fuzzy
set, Neutrosophic Q- fuzzy decision set, Neutrosophic fuzzy number, Significant Score of a

NEN

1. Introduction

Education Sector plays a vital role in the digital transformation and embraces the changes
during Covid-19 Pandemic situation. In the 21 century, education sector slowly moves to the
online education. Many educationists apply ICTs application in online education. Especially
during lock down period, ICTs help the Academicians and Learners to balance the teaching —
learning process. Yusuf M.O. [25] analyzed about the policy implications in Nigerian
education system. The system offered maximum use of ICT potential in the schooling system

itself. Neeti Roy [17] analyzed the ICT act as student centered - learning settings. It adopted
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the general component in teaching and learning process. It helps to enhance the quality
and accessibility of education. It aims to learning motivation. Sivakumar Ramaraj [19] explored
role of ICT has strong impact on teaching learning in 21% Century. Vibha Thakur et al. [24]
studied about transmission of ICT in the field of teaching and learning system by
implementing e-learning, virtual learning, e-meeting and e-collaboration. ICT tools integrate,
enhance and interact with wide coverage of learning and teaching. It helps the learners to gain

the knowledge in the wider range though they are in distant mode.

Many ICT platforms and research are developed and emerged into the market. The tools
support the educators to transfer the ideas into implications. During this pandemic situation,
the tools act as a bridge between the learners and teachers. It is inevitable to note the
application of tools in the education sector effectively. For this purpose, the researchers intend
to analyze the different characteristics of ICT tools which are very commonly used in the
Academic platform. To identify the optimal ICT tool, this study wants to apply Neutrosophic
Q-fuzzy set. Various properties enhance the education system using ICT. The major criteria
have been selected for ICT tool which shows the higher ability of it. The Criteria helps to make
decision on the application of ICT tools in teaching — learning process. To improve the
accuracy in decision making, several types of fuzzy sets are applied in different situations.
Muthumeenakshi et al.[15,16] applied the notions fuzzy soft set and bipolar valued Q-fuzzy set
to design some multi criteria decision making models. Zhikang Lu[28] used intuitionistic fuzzy
values for decision-making method. Smarandache[20.21] generalized the intuitionistic fuzzy
set into Neutrosophic Set. After the invention of Neutrosophic settings, the notion is explored
by the authors of [7,8,9,12,14,23 ]| in various decision making problems. Later Mohseni et
al.[11] introduced MBJ — Neutrosophic structure and applied it in BCK/BCI algebras. As an
initiation, Surya et al.[22] applied MBJ — Neutrosophic structure in (-algebra. Recently in
[10,13,18] also the concept of Neutrosophic set is applied to evaluate the management of
internal control, applications to Multi-Criteria Decision-Making, solving the Fully

Neutrosophic Linear Programming Problems.
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With all these motivations, this paper incorporates the application of Neutrosophic Q- fuzzy

set for the ideal selection of ICT tool in the education sector.

2. Preliminaries

This section discussed the essential notations for the construction of the model in this study.

2.1 Definition: [26, 27] A fuzzy set in an nonempty set ¥ is a mapping, w : ¥ — [0,1] for each
x in ¥, w(x) is called the membership value of x .

2.2 Definition: [6] An intuitionistic fuzzy set in an non — empty set ¥ is defined by the
structure A = { < x,wy(x),24(x) > | x € ¥}, where w, : ¥ — [0,1] is a membership function of
Aand A, : ¥ - [0,1] is a non — membership function of A with 0 < w, + 4, < 1.

2.3 Definition: [20, 21] The term Neutrosophic Fuzzy Set N on a nonempty set @ is is the
structure of the form N = {<x, {y(x), {y(x), nn(x) > | x € @} characterized by a truth -
membership function {y , an indeterminacy membership function ¢y, and a falsity —
membership function ny, where {y, &y, ny @ @ — [0,1].

2.4 Definition: [16] A Q -fuzzy subset p in a non-empty set X is a function u:X x Q@ — [0,1],
where Q is any non-empty set.

2.5 Definition: [16] A Q-fuzzy decision (QFD) set of X denoted by QFf and is defined by

QFp ={ Horp (%) | xeX } which is a fuzzy set over X and its membership function Horp is

defined by Hopp: X — [0,1] , where Horp (x) = ﬁzyﬂ yX(x, q}-). Here g; € Q and K is number

of characteristics which influences the particular population.

3. Neutrosophic Q -Fuzzy Decision Set

3.1 Definition: A Neutrosophic-Q-Fuzzy Set (NQFS) (, in a non-empty set I' is defined as an
object of the form Q= {< g, dalng) Sa(xq), na(x,q) > | (x,q) ETXQ} ,
where (g, {q, Nq: ' X Q — [0,1] represents the truth membership function, intermediate

membership function and false membership function of ) respectively.
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3.2 Definition: For the Neutrosophic Set N = {< x, {y(x), én(x), nn(x) > | x € @} in &, the
triple ({n, én, 1) is called Neutrosophic Fuzzy Number(NFN) and is denoted by N,.

3.3 Definition: The Significant Score of a NFN, N, =({y, &y, nn) is defined as

2
SS(N,) = (ZNX — N, t (ﬁ;—x» (1 - ((Nx — v, t (51;'—")) ) This SS is used to identify an ideal
solution from the various likewise objects of the given population.

3.4 Definition: A Neutrosophic Q-Fuzzy Decision (NQFD) set of I' is defined by
NQFP ={ ( (NQFIP (%), €NQFIP (x) JTINQRP (x)) | x € F} which is a Neutrosophic fuzzy set over T,
where (NQFIP : T — [0,1], fNQFlP : T — [0,1] and NQRD I' - [0,1] are the truth membership
function, intermediate membership function and false membership function and respectively
with O = w S i@ ) 5 e = g Zeadne(x ) and mygpe() =
|_]1<|Z?=177Nr(x' qj). Here g; € Q and K is number of characteristics which influences the

particular population.

4. Ideal selection using Neutrosophic Q-Fuzzy Decision set

In this section, the responses from the Academicians and Learners are analyzed. The optimal
selection of the ICT tool will be decided using Neutrosophic Q-Fuzzy Decision (NQFD) set.
Based on the Experts” advice five major Criteria have been fixed for the ICT tool in E- Learning
Process. The criteria are named as F1, F2, F3, F4 and F5 which are taken as the factor and the
five different types of ICT tools are compared; E1, E2, E3, E4, E5. The commonly used ICT tools
are selected based on the experts” opinion. These tools have different application strategy with
wide range coverage. Here, the factors to be considered for the optimal selection process are
Easy Access (F1), Advanced Features (F2), Consumption of Bytes (E3), Less Interruption (F4),
and Allowable Participants (F5). For each factor, four questions were asked to the respondents.
Totally twenty items were analyzed with the application of NQFD set. These twenty items
directly or indirectly collate the opinion of the respondents in the education sector about the

ICT application. The items are designed with the three point Likert Scale.
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The Scales are Satisfied, Neutral and Dissatisfied. Satisfied referred to Truth membership
value, Neutral denotes Intermediate membership value and Dissatisfied denotes False
membership value.
The following procedure has been introduced for the purpose of selection.

1. Construct NQFS over X.

2. Build NQFP.

3. Find SS (NQFP) .

4. Interpretation.

Here T = {E1,E2,E3,E4,E5} and Q = {F1,F2, F3, F4,F5}

Step 1: To apply NQFS for the selection of ICT tool in E-Learning process, the universal set I’
and the non-empty set Q of characteristics are designed as follows.

The responses are applied in the algorithm and values are calculated accordingly. Each
characteristic is analyzed with four items in the form of statements. The google form has been
structured and distributed to hundred respondents. The respondents are Academicians and
Learners. The total satisfactory responses from the respondents for each statement are divided
with number of respondents, i.e. 100. Likewise the total dissatisfactory and neutral responses

are considered for the analysis.

Step 2: Truth, Intermediate and False Membership values have been assigned based on Step 1
Procedure. The following table shows the respective membership values for the optimal

selection of ICT in E-Learning.
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Table 1: Neutrosophic membership values

r—

01 E: E: Es E4 Es
F1 (0.43,0.23,0.34) | (0.36,0.32,0.32) | (0.57,0.21,0.22) | (0.70, 0.14, 0.16) | (0.63, 0.21, 0.16)
F2 (0.45,0.30,0.25) | (0.47,0.32,0.21) | (0.52,0.29,0.19) | (0.61,0.21,0.18) | (0.53, 0.23, 0.24)
Fs (0.36,0.42,0.22) | (0.41,0.20,0.39) | (0.49, 0.24,0.27) | (0.69, 0.21, 0.10) | (0.30, 0.50, 0.20)
Fa (0.38,0.32,0.30) | (0.40,0.21,0.39) | (0.60, 0.20,0.20) | (0.72,0.21, 0.07) | (0.50, 0.32, 0.18)
Fs (0.34,0.31,0.35) | (0.31,0.32,0.37) | (0.43,0.32,0.25) | (0.82,0.12,0.06) | (0.62,0.21,0.17)

Step 3: The NQFP has been attained using the definition 3.4.

NQFP={(0.392,0.316,0.292)/ E; ,(0.390,0.274,0.336)/ E,,

(0.522,0.252,0.226)/ E5,(0.708,0.178,0.114)/ E,

(0.516,0.294,0.190)/ Es }

Step 4: The Significant Score for all Ei’s are identified as using the definition 3.3.

SS(E1) = 0.2376

SS(E2) = 0.1840

SS(Es) = 0.3468

SS(Es) = 0.3644

SS(Es) = 0.3672

5. Conclusion

In Education Sector, ICT plays a vital role especially during Covid19 situation. Many ICT tools

are in the education arena. Each ICT tool gives benefits with some unique characteristics. The

very important and common usages of characters are considered as the criteria for the analysis.

For the optimal selection of ICT tool, the Academicians and Learners are using different
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strategies in the Technology. In this study, Neutrosophic Q-Fuzzy Decision set has been used
by considering the positive, intermediate and negative values of the responses from the
Academicians and Learners opinions. The values are taken in the relative measures and
applied in the Neutrosophic Q-Fuzzy Decision set. The result of the analysis revealed that the
ICT (E5) is the best option which includes all the important characters of Tech tool for teaching
and learning at the optimal level. This application enhances the opinion results and helps in
decision making in the ICT tool selection and it can be explored in other such decision making

scenarios.
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Abstract. Recently, the concept of NeutroAlgebraic and AntiAlgebraic Structures were introduced and analyzed by
Florentin Smarandache. His new approach to the study of Neutrosophic Structures presents a more robust tool needed
for managing uncertainty, incompleteness, indeterminate and imprecise information. In this paper, we introduce for the
first time the concept of NeutroVectorSpaces. Specifically, we study a particular class of the NeutroVectorSpaces called
of type 45 and their elementarily properties are presented. It is shown that the NeutroVectorSpaces of type 45 may con-
tain NeutroSubspaces of other types and that the intersections of NeutroSubspaces of type 4S are not NeutroSubspaces.
Also, it is shown that if NV is a NeutroVector Space of a particular type and NW is a NeutroSubspace of NV, the
NeutroQuotientSpace NV/NW does not necessarily belong to the same type as NV.

Keywords: Neutrosophy; Vector Space; NeutroField; weak NeutroVectorSpace; strong NeutroVectorSpace; weak An-

tiVectorSpace; strong AntiVectorSpace; NeutroSubspace; weak NeutroQuotientSpace; strong NeutroQuotientSpace.

1. Introduction

As an extension of his work in [15], Florentine Smarandache in [12] introduced a new way of handling
uncertainty, incompleteness, indeterminate and imprecise information. He studied and presented the
concept of NeutroAlgebraicStructures and AntiAlgebraicStructures, which can be generated from a
classical algebraic structure by a process called neutro-sophication and anti-sophication respectively.
The emergence of these processes has given birth to a new field of research in the theory of neutrosophic
algebraic structures. More details on neutrosophic algebraic structures can be found in [4]- [10].

Smarandache in [13] recalled, improved and extended several definitions and properties of NeutroAl-
gebras and AntiAlgebras given in [12]. This new concept was examined by Agboola et al. in [1]
viz-a-viz the classical number systems N, Z, Q, R and C . In [2], Agboola formally presented the notion
of NeutroGroups by considering three NeutroAxioms (NeutroAssociativity, existence of NeutroNeutral

element and existence of Neutrolnverse element). In addition, he showed that generally, Langrange’s
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theorem and 1st isomorphism theorem of the classical groups do not hold in the class of NeutroGroups
considered. Also in [3], Agboola studied NeutroRing, NeutroSubring, Neutroldeal, NeutroQuotien-
tRings and he showed that the 1st isomorphism theorem of the classical rings holds in this class of
NeutroRing. Recently, Rezaei and Smarandache [11] introduced the concept of Neutro-BE-algebras
and Anti-BE-algebras and they showed that given any classical algebra S with n operations (laws and
axioms) where n > 1 we can generate (2" — 1) NeutroStructures and (3" — 2™) AntiStructures. For
comprehensive review of new trends in neutrosophic theory readers should see [4-6,,8-10].

The present paper will be concerned with the introduction of NeutroVectorSpaces. Specifically in
the paper, we will introduce and study a class of NeutroVectorSpaces called NeutroVectorSpaces of
type 4S5 (i.e., 4 of its scalar multiplication axioms are NeutroAxioms) and we will present some of
their elementarily properties. It will be shown that the NeutroVectorSpaces of type 45 may contain
NeutroSubspaces of other types and that the intersections of NeutroSubspaces of type 45 are not Neu-
troSubspaces. Also, it will be shown that if NV is a NeutroVectorSpace of a particular type and NW
is a NeutroSubspace of NV, then the NeutroQuotientSpace NV/NW does not necessarily belong to
the same type as NV.

2. Preliminaries

In this section, we will give some definitions, examples and results that will be used in the sequel.

Definition 2.1. [14]

(i) A ClassicalOperation is an operation well-defined for all the set’s elements while a Neutro-
Operation is an operation partially well-defined, partially indeterminate, and partially outer
defined on the given set. An AntiOperation is an operation that is outer defined for all the
set’s elements.

(ii) A classicalLaw/Axiom defined on a nonempty set is a law/axiom that is totally true for all
the set’s elements while a NeutroLaw/Axiom defined on a nonempty set is a law/axiom that is
true for some set’s element, indeterminate for other set’s elements, or false for the other set’s
elements. An AntiLaw/Axiom defined on a nonempty set is a law/axiom that is false for all
set’s elements.

(iii) A NeutroAlgebra is an algebra that has at least one NeutroOperation or one NeutroAxiom
(axiom that is true for some elements, indeterminate for other elements, and false for other
elements), and no AntiOperation or AntiAxiom while an AntiAlgebra is an algebra endowed

with at least one AntiOperation or at least one AntiAxiom.

Theorem 2.2. [11] Let U be a nonempty finite or infinite universe of discourse and let S be a finite
or infinite subset of U. If n classical operations (laws and axioms) are defined on S where n > 1, then

there will be (2™ — 1) NeutroAlgebraicStructures and (3™ — 2™) AntiAlgebraicStructures.
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Definition 2.3. [Classical group]

Let G be a nonempty set and let x : G x G — G be a binary operation on G. The couple (G, *) is

called a classical group if the following conditions hold:

(G1)
(G2)
(G3)
(G4)

(G5)

xxy € G Vz,y € G [closure law].
xx(y*xz)=(z*xy)*zVr,y,z € G [axiom of associativity].
There exists e € G such that z xe = exz = z Vo € G [axiom of existence of neutral element].
There exists y € G such that x xy = y* x = e Vo € G [axiom of existence of inverse element)
where e is the neutral element of G.

If in addition Vz,y € G, we have

x*y =y *x, then (G, *) is called an abelian group.

Definition 2.4. [NeutroSophication of the law and axioms of the classical group]

(NG1)

(NG2)

(NG3)

(NG4)

(NG5)

There exist at least three duplets (z,y), (u,v), (p,q), € G such that x xy € G (inner-defined
with degree of truth T) and [u*v = indeterminate (with degree of indeterminacy I) or pxq & G
(outer-defined /falsehood with degree of falsehood F)] [NeutroClosureLaw].

There exist at least three triplets (x, vy, 2), (p, ¢,7), (u,v,w) € G such that z* (y*2) = (z*xy)*z
(inner-defined with degree of truth T) and [[p * (q * 7)]or [(p * q) * ] = indeterminate (with
degree of indeterminacy I) or w * (v * w) # (u * v) *x w (outer-defined /falsehood with degree of
falsehood F)] [NeutroAxiom of associativity (NeutroAssociativity)].

There exists an element e € G such that x x e = e x x = z (inner-defined with degree of truth
T) and [[x * e]or[e * x] = indeterminate (with degree of indeterminacy I) or zxe # z # ex*x
(outer-defined /falsehood with degree of falsehood F)] for at least one # € G [NeutroAxiom of
existence of neutral element (NeutroNeutralElement)].

There exists an element u € G such that © * u = u x x = e (inner-defined with degree of truth
T) and [[x * u]or[u * )] = indeterminate (with degree of indeterminacy I) or z % u # e # u*x
(outer-defined /falsehood with degre of falsehood F)] for at least one x € G [NeutroAxiom of
existence of inverse element (NeutrolnverseElement)] where e is a NeutroNeutralElement in G.
There exist at least three duplets (x,y), (u,v), (p,q) € G such that = x y = y * x (inner-defined
with degree of truth T) and [[u * v]or[v * u] = indeterminate (with degree of indeterminacy
I) or p* q # ¢ *p (outer-defined/falsehood with degree of falsehood F)] [NeutroAxiom of

commutativity (NeutroCommutativity)].

Definition 2.5. A NeutroGroup NG is an alternative to the classical group G that has at least one
NeutroLaw or at least one of {NG1, NG2, NG3, NG4} with no AntiLaw or AntiAxiom.

Definition 2.6. A NeutroAbelianGroup NG is an alternative to the classical abelian group G that
has at least one NeutroLaw or at least one of {NG1, NG2, NG3, NG4} and NG5 with no AntiLaw or

AntiAxiom.
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Example 2.7. Let NG =N=1{1,2,3,4---,}. Then (NG,.) is a finite NeutroGroup where ".” is the

binary operation of ordinary multiplication.

Definition 2.8. [Classical ring] Let R be a nonempty set and let +,.: R x R — R be binary operations
of the usual addition and multiplication respectively defined on R. The triple (R, +,.) is called a classical
ring if the following conditions (R1 — R9) hold:

(R1) 4y € R Vx,y € R [closure law of addition].

(R2) z+ (y+2) = (z+y)+ 2z Vz,y, 2 € R [axiom of associativity].

(R3) There exists e € R such that z +e = e+ =z Vz € R [axiom of existence of neutral element].

(R4) There exists —x € R such that x + (—z) = (—z) + x = e Vz € G [axiom of existence of inverse
element)

R5) z+y=y+ 2 Vz,y € R [axiom of commutativity].

R6) z.y € R Vz,y € R [closure law of multiplication].

R8
R9

(R5)

(R6)

(R7) z.(y.2) = (z.y).2z Va,y, z € R [axiom of associativity].

(R8) z.(y + 2) = (x.y) + (z.2) Va,y,z € R [axiom of left distributivity].
(R9)

(y+ 2).x = (y.x) + (z.2) Va,y,z € R [axiom of right distributivity].
If in addition we have,
(R10) z.y = y.x Vz,y € R [axiom of commutativity],

then (R, +,.) is called a commutative ring.

Definition 2.9. [NeutroSophication of the laws and axioms of the classical ring]

(NR1) There exist at least three duplets (z,y), (u,v), (p,q) € R such that z+y € R (inner-defined with
degree of truth T) and [u 4+ v = indeterminate (with degree of indeterminacy I) or p+¢q & R
(outer-defined /falsehood with degree of falsehood F)] [NeutroClosure law of addition].

(NR2) There exist at least three triplets (x,y, ), (p, ¢, 7), (u, v, w) € R such that x4 (y+2) = (z+y)+=2
(inner-defned with degree of truth T) and [[p + (¢ + r)]or[(p + ¢) + 7] = indeterminate (with
degree of indeterminacy I) or u + (v + w) # (u + v) + w (outer-defined /falsehood with degree
of falsehood F)] [NeutroAxiom of associativity (NeutroAssociativity)].

(NR3) There exists an element e € R such that  + e = x4+ e = x (inner-defined with degree of truth
T) and [[x + e]or[e + 2] = indeterminate (with degree of indeterminate I) or x + e # z # e+ x
(outer-defined /falsehood with degree of falsehood F)] for at least one x € R [NeutroAxiom of
existence of neutral element (NeutroNeutralElement)].

(NR4) There exists —x € R such that z + (—z) = (—x) + * = e (inner-defined with degree of
truth T) and [[—z + z]or[z + (—z)] = indeterminate (with the degree of indeterminate I) or
—x 4z # e # x+ (—x) (outer-defined /falsehood with degree of falsehood F)] for at least one

x € R [NeutroAxiom of existence of inverse element (NeutrolnverseElement)].
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(NR5) There exist at least three duplets (x,y), (u,v), (p,q) € R such that  +y = y+ z (inner-defined
with degree of truth T) and [[p + ¢lor[¢ + p] = indeterminate (with degree of indeterminacy
I) or u + v # v+ u (outer-defined/falsehood with degree of falschood F)] [NeutroAxiom of
commutativity (NeutroCommutativity)].

(NR6) There exist at least three duplets (z,v), (p,q), (u,v) € R such that z.y € R (inner-defined
with degree of truth T) and [u.v = indeterminate (with degree of indeterminacy I) or p.g € R
(outer-defined /falsehood with degree of falsehood F)] NeutroClosure law of multiplication].

(NR7) There exist at least three triplets (z,vy, 2), (p,q,7), (u,v,w) € R such that z.(y.z2) = (2.y).2
(inner-defined with degree of truth T) and [[p.(¢q.r)]or[(p.q).r] = indeterminate (with degree of
indeterminacy I) or u.(v.w) # (u.v).w (outer-defined/falsehood with degree of falsehood F)]
[NeutroAxiom of associativity (NeutroAssociativity)].

(NR8) There exist at least three triplets (x,y, z), (p, ¢,7), (u,v,w) € R such that z.(y + 2) = (z.y) +
(2.z) (inner-defined with degree of truth T) and [[p.(q + 7)]or[(p.¢) + (p.r)] = indeterminate
(with degree of indeterminacy I) or u.(v + w) # (u.v) + (u.w) (outer-defined/falsehood with
degree of falsehood F)] [NeutroAxiom of left distributivity (NeutroLeftDistributivity)].

(NR9) There exist at least three triplets (x,y, 2), (p, ¢,7), (u,v,w) € R such that (y + z).x = (y.x) +
(z.x) (inner-defined with degree of truth T) and [[(v + w).u]or[(v.u) + (w.u)] = indeterminate
(with degree of indeterminacy I) or (v + w).u # (v.u) + (w.u) (outer-defined/falsehood with
degree of falsehood F)] [NeutroAxiom of right distributivity (NeutroRightDistributivity)].

(NR10) There exist at least three duplets (z,v), (p,q), (u,v) € R such that z.y = y.« (inner-defined
with degree of truth T) and [[p.q]or[¢.p] = indeterminate (with degree of indeterminacy I) or
u.v # v.u (outer-defined /falsehood with degree of falsehood F)] [NeutroAxiom of commutativity

(NeutroCommutativity)].

Definition 2.10. A NeutroRing NR is an alternative to the classical ring R that has at least one
NeutroLaw or at least one of {NR1, NR2, NR3, NR4, NR5, NR6, NR7, NR8, NR9} with no AntiLaw

or AntiAxiom.

Definition 2.11. A NeutroNoncommutativeRing N R is an alternative to the classical noncommu-
tative ring R that has at least
one NeutroLaw or at least one of {NR1, NR2, NR3, NR4, NR5, NR6, NR7, NR8, NR9} and NRI10

with no AntiLaw or AntiAxiom.

Example 2.12. (i) Let NR =Z and let @ be a binary operation of ordinary addition and for all
z,y € NR, let ® be a binary operation defined on NR as + ®y = \/zy. Then (NR,®,0) is a
NeutroRing.

(ii) Let NR = Q and let @ be a binary operation of ordinary addition and for all x,y € NR, let ®
be a binary operation defined on NR as x ©® y = x/y. Then (NR,®,®) is a NeutroRing.

Author(s), Paper’s title



Neutrosophic Sets and Systems, Vol. 36, 2020 333 I:l

3. Formulation of NeutroVectorSpaces

In this section, we present the concept of NeutroVectorSpaces and study their elementary properties.

Definition 3.1. [7] [Classical Vector Space]

A vector space consists of a nonempty set V' of objects (called vectors) that can be added, that can be
multiplied by a real or complex number (called a scalar in this context), and for which the following
laws and axioms hold:

The Law and Axioms for vector addition

Al
A2

If w and v are in V, then v + v is in V.
+(v+w)=(u+v)+w for all u,v, and w in V.

(A1)

(A2) u

(A3) An element 0 in V exist such that v + 0= v =0+ v for every v in V.

(A4) For each v in V, an element —v in V' exist such that —v +v =0 and v + (—v) = 0.
(A5)

AS) u+v=v+uforall wand vin V.

The Law and Axioms for scalar multiplication

S1
52

(S1) If v is in V, then av is in V for all @ in R.

(52)

(S3) (a+b)v=av+bv forallvin V and all @ and b € R.
(54)

(S5)

a(v+w) = av + aw for all v and w in V and all a € R.

S4) a(bv) = (ab)v for all v in V and all a and b in R.
S5) lv=wv for all vin V.
Definition 3.2. [NeutroSophication of the law and axioms of the classical vector space]

NeutroSophication of the law and axioms for vector addition

(NA1) There exist at least three duplets (u,v), (w,z), (y,2z) € V such that u + v € V (inner-defined
with degree of truth T) and [w+x = indeterminate (with degree of indeterminacy I) or y+2z ¢ V
(outer-defined /falsehood with degree of falsehood F)].

(NA2) There exist at least three triplets (u, v, w), (z, v, 2), (p,q,7) € V such that u+(v+w) = (u+v)+w
(inner-defined with degree of truth T) and [[z + (y + z)]or[(z + y) + 2] = indeterminate (with
degree of indeterminacy I) or p+ (¢ + ) # (p + q) + r (outer-defined /falsehood with degree of
falsehood F)].

(NA3) There exists an element e € V such that v + e = e + v = v (inner-defined with degree of truth
T) and [[v + e]or[e + v] = indeterminate (with degree of indeterminacy I) or v+e# v #e+wv
(outer-defined /falsehood with degree of falsehood F)] for at least one v € V.

(NA4) There exists —v € V such that v+ (—v) = (—v) + v = e (inner-defined with degree of truth T)
and [[—v 4 v]or[v + (—v)] = indeterminate (with degree of indeterminacy I) or [—v 4+ v # e #
v+ (—v) (outer-defined /falsehood with degree of falsehood F)]
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(NA5)

There exist at least three duplets (u,v), (x,y), (w, z) € V such that u+v = v+ u (inner-defined
with degree of truth T) and [[z + ylor[y + 2] = indeterminate (with degree of indeterminacy I)
or w+ z # z + w (outer-defined /falsehood with degree of falsehood F)].

NeutroSophication of the law and axioms for scalar multiplication

(NS1)

(NS2)

(NS3)

(NS4)

(NS5)

There exist at least three duplets (a,v), (b,u), (¢,z) with a,b,¢c € K and v,u,x € V such
that av € V (inner-defined with degree of truth T) and [bu = indeterminate (with degree of
indeterminacy I) or cz ¢ V (degree of falsehood F)].

There exist at least three triplets (k,z,y),(m,u,v),(n,w,z) with k,m,n € K and
x,y,u,v,w,z € X such that k(z + y) = kx + ky (inner-defined with degree of truth T) and
[[m(u+v)]or[mu+mv] = indeterminate (with degree of indeterminacy I) or n(w-+z2) # nw+nz
(outer-defined /falsehood with degree of falsehood F)].

There exist at least three triplets (k, m, z),(p,q,y),(r,8,z) with k,m,p,q,r,s € K and z,y,z € X
such that (k+m)z = kx+ma (inner-defined with degree of truth T) and [[(p+q)y]or[py+qy] =
indeterminate (with degree of indeterminacy I) or (r + s)z # rz + sz (outer-defined /falsehood
with degree of falsehood F)].

There exist at least three triplets (k,m,x),(p,q,y),(r,s,2) with k,m,p,q,7,s € K and
x,y,z € X such that k(mz) = (km)x = (mk)z (inner-defined with degree of truth T) and
[[p(qy)]or[q(py)]or[(pq)y] = indeterminate (with degree of indeterminacy I) or r(sz) # (rs)z
(outer-defined /falsehood with degree of falsehood F)].

There exists an element & € K such that kv = v (inner-defined with degree of truth T) and
[kv = indeterminate (with degree of indeterminacy I) or kv # v (outer-defined /falsehood with

degree of falsehood F)] for at least one v € V.

Definition 3.3. [AntiSophication of the law and axioms of the classical vector space]

AntiSophication of the law and axioms for vector addition

(AA1)
(AA2)
(AA3)
(AA4)

(AA5)

For all the duplets (u,v) € V, u+v ¢ V.

For all the triplets (u,v,w) € V, u+ (v + w) # (u +v) + w.

There does not exist an element e in V such that v + e = v = e + v for every v in V.

There does not exist —v in V' such that v + (—v) = (—v) + v = e for all v € V where e is a
AntiNeutralElement in V.

For all the duplets (u,v) € V, u+v # v+ u.

AntiSophication of the law and axioms for scalar multiplication

(AS1)
(AS2)
(AS3)
(AS4)

ForallveV anda € R, av € V.

For all u,v € V and a € R, a(u + v) # au + av.
For all v € V and a,b € R, (a + b)v # av + bu.
For all v € V and a,b € R, a(bv) # (ab)v.
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(AS5) For allv e V, 1v # v.

Definition 3.4. Let (K, +, ) be a field. A NeutroField (NK,+, ) is an alternative to the classical field

(K, +,-) that has at least one NeutroLaw or at least one NeutroAxiom with no Antilaw or AntiAxiom.

Definition 3.5. Let (K, +,-) be a field. An AntiField (AK,+,-) is an alternative to the classical field
(K, +,-) that has at least one AntiLaw or at least one AntiAxiom.

Definition 3.6. Let ” +” be addition of vectors, ” - ” be multiplication of vector by scalars and let
K be a Neutro/classical field. A NeutroVectorSpace (NV,+,-) is an alternative to the classical vector
space (V,+,-) that has at least one NeutroLaw or at least one of {NAl — NS5} with no Antilaw or

AntiAxiom.

If K is a classical field, then the quadruple (NV,+,-, K) is called a weak NeutroVectorSpace over
K. And the quadruple (NV,+, -, K) is called a strong NeutroVectorSpace if K is a NeutroField (i.e.,
K = NK).

Definition 3.7. Let ” +7 be addition of vectors, ” -” be multiplication of vectors by scalars and let K
be a Anti/classical field. An AntiVectorSpace (AV,+,-) is an alternative to the classical vector space

(V,+,-) that has at least one AntiLaw or at least one of {AA1 — AS5}.

If K is a classical field, then the quadruple (AV,+,-, K) is called a weak AntiVectorSpace over K.
And the quadruple (AV,+, -, K) is called a strong AntiVectorSpace if K is a AntiField (i.e., K = AK).

Theorem 3.8. Let (V,+,-) be a classical vector space over a field K. Then,

(1) there are 1023 classes of NeutroVector Spaces.
(2) there are 58025 classes of AntiVector Spaces.

Proof. The proof follows easily from Theorem 0

Theorem shows that there are many classes of NeutroVector Spaces. The trivial cases from the
1023 classes are the cases where N A1 — NS5 hold. Examples of weak and strong NeutroVectorSpaces

for the trivial cases are given in Example [3.9]

Example 3.9. Let V = Z15 and K = R. Define addition and scalar multiplication by

22+ 3y

rDy and k ® a = ka®

where @ is addition modulo 12. Then (V,®,®) is a weak NeutroVectorSpace over a field K.

To see this:
(1) We will show that (V,®) is a NeutroAbelianGroup.
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(2)

(a) There exist at least xz,y € V such that @ y € V and at least a,b € V such that
a®b ¢ V. For instance, if we take (z,y) = (1,2) and (a,b) = (2,1), we will see that NV'1
holds. Therefore & is NeutroClosed.

(b) Let z,y,z € V. Then
r®(ydz) = W and (z@y)dz = W, equating these we have
4z + 6y + 9z = 4x + 6y + 6z which gives 9z = 6z,

.. 3z = 0 this implies that z = 0,4 and 8.
Thus, only the triplets (z,y,0), (z,y,4), and (z,y,8) can verify the associativity of & and
therefore, @ is NeutroAssociative.

(c) Let e € V such that z @ e = 223¢ =g and e o = 2432 = g,

Then % = @ from which we obtain e = x.
The elements of V' that satisfy x & x = = are 0,8. This shows that V' has NeutroNeutral
element.

(d) Considering each NeutroNeutral element in (b) we can show that V has NeutroInverse
element.

(e) Let z,y e V,a Dy = @ and y®x = W

If "@" is commutative, we will have @

= W from which we obtain x = y. This
shows that only the duplet (z,x) can verify commutativity of &.
Thus, @ is NeutroCommutative. Hence, (V,®) is a NeutroAbelianGroup.
We wish to find at least a triplet (k,m,u) with v € V and k,m € K, such that k ® (m © u) =
(km) © u.
Now, consider (km) ®u = (km)u? = kmu? and k® (m ©u) = k© (mu?) = k(mu?)? = km?u*.

Equating these we have

which gives

Since we need at least a triplet, take m = 1, then elements of V that will satisfy mu? = 1 are
5,7,11.

So, k® (m©u) = (km) © u for at least the triplets (k,1,5), (k,1,7) and (k,1,11).

We want to show that, there exist at least a triplet (k,m,u) with v € V and k,m € K, such
that (k+m)Qu=k0udmoeu.

Consider, (k+m) ®u = (k +m)u? = ku? + mu? and

Eoudmou=ku?>®mu? = w

Equating these we have

bi® + mu® — 2ku? —g3mu27
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which gives

mu?=0 = u2=0
c.u =0 and 6.

This shows that only the triplets (k, m,0) and (k,m,6) can verify
(k+m)Ou=kCudmou.

(4) We want to show that there exists at least a triplet (k,u,v) with u,v € V and k € K, such that
EOo(udv)=kQudkow.

. 2 2 2 2 2
NOW, consider k o) (u ® ’U) —k ® (2uJ2r3v) _ k(ZuJZ?)v) _ 4ku +12lzuv+9k:v _ 4ku 1914:'0 and k ®

u®koOv=ku?dkv? = w
Equating these we have
4ku® + 9kv? = 4ku? + 6kv?,
which gives
9%kv? = 6kv?
3kv? =0 = v* =0.
So,
v =0,6.
This shows that only the triplets (k, u,0) and (k,u,6) can verify k ® (u®v) =k Qud k O v.
(5) We want to show that there exists at least a u € V such that 1 ® u = w.
We have that the only elements of V' that satisfy 1 ® u = u? = u are 4 and 9.

Accordingly, (V,®,®) is a weak NeutroVectorSpace over a field K = R.

Example 3.10. Let X = {a,b,c,d, e} be a universe of discourse and let K = {a, b, c,d}.
Let & and ® be the binary operations defined on K as shown in the Cayley tables below.

TABLE 1. (a) Cayley table for the binary operation ”"@®” and (b) Cayley table for the

binary operation " ®"

&) a b c d ©) a b ¢ d
a a c a c a a c a c
b b d b d b b d b d
¢ c a ¢ a ¢ a ¢ a c
d d b d bord b d b d

(1) (K,®,®) is a trivial NeutroField.
(2) (K,®,®) taken over itself is a strong NeutroVector Space.
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(1) To show that (K, ®,®) is a trivial NeutroField we proceed as follows:
(a) (K, @) is a NeutroAbelianGroup. It is clear from the table that;
(i) dod= Dbord.
So, the composition d®d is indeterminate with 6.25% degree of indeterminacy and all
other compositions are true with 93.75% degree of truth. Hence ”&" is NeutroClosed.
(i) dB (cha)=(dPc)Ba=d,
a® (c®dd)=a,but (a ®c)®d=c+# a. Hence "@®" is NeutroAssociative.

(iii) Since only the duplet (z,x) € K verify commutativity, for = a, b, c € K.
Hence "@®" is NeutroCommutative.
(iv) Let N, and I, represent additive neutral and inverse element respectively with re-
spect to any element = € K.
Then N, = a, N. = ¢ and Ny, Ng do not exist.
I, =a, I.=cand I, I; do not exist.
Hence, (K, ®) is a NeutroAbelianGroup.
(b) (K,®) is a NeutroAbelianGroup. It is clear from the table that;
(i) (a0b)©d=a0(bod) =c,
bec)od=dbut b® (c®d) =b# d. Hence "©" is NeutroAssociative.
(i) a®c=cOa=aq,
a®b=cbut b®a=0. Hence, ® is NeutroCommutative.
(iii) Let U, and I, represent multiplicative neutral and inverse element(s) respectively
with respect to any element x € K.
Then, U, = a and c. U; = b and d. U, and U, do not exist.
I,=aand c. I;j=>band d. I. and I, do not exist.
Hence, (K, ®) is a NeutroAbelianGroup.
(¢) Now, we show that @ is distributive over @. It is clear from the table that ;
(i) a®@(b®c)=a@bBabdec=c,
bO(a®db)=b,but bOa®dbOb=d#b. So,"®" is left NeutroDistributive over
gy
(i) (b®c)Oa=b0a®cOa=0b,
(cdb)Od=c,but cOdD®bOd=a # c. So,"®" is right NeutroDistributive over
"®". Hence, "®" is NeutroDistributive over ""®".
Accordingly, (K, ®,®) is a trivial NeutroField.
(2) That (K, ®,®) is a strong NeutroVector Space over itself, follows easily from all the properties

established in solution of 1 above.

Proposition 3.11. FEvery NeutroField taken over itself is a strong NeutroVectorSpace.
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Proof. The proof follows from Example 3.10]. o

4. A Study of a Class of NeutroVectorSpaces

In this section, we shall consider a particular class of NeutroVectorSpaces (NV, +,-) where
(1) (NV,+) is a classical abelian group.
(2) S1 is totally true for all v € V and a € K.
(3) S52,53,54 and S5 are either partially true or partially indeterminate or partially false for some
elements of V and K.
We shall refer to this class of NeutroVectorSpace as NeutroVectorSpace of type 45 (i.e., 4 of its scalar

multiplication axioms are NeutroAxioms).

Example 4.1. Let K = Z,, (where p is prime) and NV = Zg. Define & and © by
a®b=a+band k©®a=d®+ka.

Where "+ is addition modulo 8 .
Then (NV,®,®) is a weak NeutroVectorSpace of type 45 over the field K = Z,.

It is easy to show that (NV,®) is an abelian group. Also, it is easy to see that S1 holds.
Now it remains to show that NS2, NS3, NS4 and NS5 hold.
(1) We want to show that there exists at least a triplet (k,z,y) with k¥ € K and x,y € NV such
that
ko(ay) =k0zaokoy.
Now, kO (z®y) =k (z+y) = (z+y)> + k(z +y) = 2 + y* + 2zy + kz + ky.
Andkozokoy= (22 +kr)® (y* + ky) = 2% + y> + kx + ky.
syt 2ey ke ky =22+  + kx4 ky
== 2y =0.
Hence x =0 or y =0, (z,y) = (2,4), (z,y) = (4,2), (z,y) = (4,6) and (x,y) = (6,4).
This shows that only the triplets (k,z,0), (k,0,v), (k,2,4), (k,4,2),(k,4,6) and (k,6,4) can
verify N.S2.
(2) We want to show that there exists at least a triplet (k,m,u) with k,m € K and u € NV such
that
(k+m)Ou=kOu+mou.
(k+m)ou=u*~+(k+m)u=u?>~+ku+muand k©Gudmoeu=2u?+ku+ mu.
Then, we have
u? + ku 4+ mu = 2u® + ku + mu

— u? =0.
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cou =0 and 4.

Hence, only the triplet (k,m,0) and (k,m,4) can verify NS3.

(3) We want to show that there exists at least a triplet (k,m,u) with w € NV and k,m € K, such

that £k © (m ©u) = (km) © u.

Now, consider (km) ® u = u? + (km)u = u? + kmu and

Eo(mou) =ko (u?+mu) = (u? +mu)? + k(u? +mu) = u + 2mu® + m*u? + ku® 4 kmau.

Equating these we have

w4 2mu+m?+k=1.

Since we need at least a triplet, take k = 1, then we have u? + 2um + m? = 0 and this gives

u=—m.
Hence, at least the triplet (1, m, —m) satisfies NS4.
(4) We want to show that there exists at least v € NV such that 1 ® v = v.

From definition of ® we have that the only elements of NV that satisfy
1Ou=1v*+v=uvare 0 and 4.

Hence (NV,@®,®) is a weak NeutroVectorSpace of type 45 over the field K = Z,,.

Example 4.2. Let X = {a,b,¢,d, e} be a universe of discourse. Let K = {a,b, ¢, d} be the Neutrofield

defined in Example and let NV = {v1 =2,v2 = g,”Ug =S,v4 = g} .
Define on NV the binary operation + as in the table below and scalar multiplication * by

a®x

axv = ,

€

here ® is the multiplication in K defined in Table [1] (b) for all elements in K.

TABLE 2. Cayley table for the binary operation +’

+/ V1 V2 V3 V4
V1 V1 V2 v3 V4
V2 V2 V3 V4 V1
V3 V3 V4 V1 V2
V4 V4 U1 V2 V3

Then (NV,+',%) is a strong NeutroVectorSpace of type 45 over K.

It is clear from Table |2 that (NV,+') is an abelian group. Also, it is easy to see that S1 holds.
Now it remains to show that NS2, NS3, NS4 and NS5 hold.

It can be seen from Table|l| (a), Table [1| (b) and Table [2[ that ;
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(1)

for ¢ € K and vy,v3 € NV,

cx(va+'v3) = cx(va+ v3) L
cxvg + ckv
¢ x vy from Table Pl 2 s

c™d
e

_ g ce®d= c, from Table (b)

= Us.

= cx (va + v3) = cxvg + cx vz = v3,
and for b € K and v3,v4 € NV,
bx (v3+" vg) = vy but bxvz +' bxvy = v # vy

This shows that N.S2 holds.

for a,c € K and vo € NV,
(a®c)*xvg =axvy+' cxvg = v3,
and for a,b € K and vy € NV,
(a ®b)*xvy = v3 but a*vy +' bxvy = vy # v3.

This shows that N.S3 holds.
for a,b € K and vy € NV,

(a®@b)xvy =ax(bxvy) = vs,
and for b,c € K and vy € NV
(b®c)*xvy =vg but bx (cxvy) = Vg # vy.

This shows that NS4 holds.

(e}

®b cOc

e +/ e
€ +/2 from Tabldl] (b)
vg +' g

V3.

We know from Table |1| that NeutroUnityElements in K are U, = a,c and U; = b, d.

Now, suppose we consider the NeutroUnityElement Uy = b only.
We have that bx vy = v4 and b* vz = vy # v3.

This shows that NS5 holds.

Hence, we have that (NV, 4’ %) is a strong NeutroVectorSpace of type 45 over the NeutroField K.

From now on, every weak(strong) NeutroVectorSpaces of type 45 over K(NK) will simply be called a

weak(strong) NeutroVectorSpace over K(NK).

Proposition 4.3. Let (NV,+,x1) and (NH,+5,%2) be two weak NeutroVectorSpace over the field K

and let

NV x NH = {(v,h) :v € NV and h € NH},

for x = (v1,h1), y = (v2,ha) € NV x NH and k € K define :

r®y = ((v1 4] v2), (h1 +5 ha),
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k@l‘:(k*l ’Ul,k*gl}g).

Then (NV x NH,®,®) is a weak NeutroVectorSpace over the field K.

Proof. Since (NV,+]) and (NH,+}%) are classical abelian groups, then it can be shown that (NV x
NH,®) is a classical abelian group. Also, it is easy to see that S1 is true in (NV x NH).
Now, it remains to show that NS2 — NS5 hold in NV x NH.

(1) There exists at least a triplet (k, (v1, k1), (ve, ha)) with (vi, k1), (v2,he) € NVXNH and k € K,
such that

E® ((v1,h1) @ (va, h2)) = kO (v1 +) va, hi 45 ha)
= (kx1 (v1 +) va), kxo (hy +5 ho))
= (k%1 vy 4} k*yva, kky hy+h k*y hy) - NS2 holds in NVand NH.
= (kx1vi,k*2 h1) ® (k*1 va,k %2 ha)
= kO (v,h)® kO (v2,ha).

Also, there exists at least a triplet (m, (a1,b1), (az,b2)) with (a1,b1), (a2,b2) € NV x NH and
m € K, such that

m© ((a1,01) © (ag,b2)) = mO (a1 +7 az, b1 +5 ba)
= (m*l (al +/1 ag), m xo (bl —‘1-/2 bg))
# (m*yay +) m*y az, mkg by +5m*s by) - NS2 holds in NVand NH.
= (m*lal,m*gbl)G} (m*lag,m*ng)
= m®o(a1,b1)® mO (az,be).
Hence, NS2 holds in NV x NH.
(2) There exists at least a triplet (k, m, (v, h)) with k,m € K and (v,h) € NV x NH such that
(k+m)o (v,h) = (E+m)*x1v, (k+m)*h)
= ((kxiv+,m*v), (kxa h+5mx*g h)) .- NS3 holds in NVand NH.
((k*l v, ]f*g h) D (m*l UV, M *9 h))
= ko @Ww,h)®mao (v, h).
Also, there exists at least a triplet (p, g, (a,b)) with p,q € K and (a,b) € NV x NH such that

P+9)©(a,b) = ((P+a)*1a, (p+q)*b)
# ((px1a+igx1a), (pr2b+5Lqg*2b)) - NS3 holds in NVand NH.
((p*1a, prab) ® (¢*1 a,qx2 b))
= pO®(a,b)®q0 (a,b).
Hence, NS3 holds in NV x NH.
(3) There exists at least a triplet (k, m, (v, h)) with k,m € K and (v,h) € NV x NH such that

(km) ® (v,h) = ((km)*1 v, (km) 2 h)
= (kx1 (m*1v),k*2 (m*2h)) - NS4 holdsin NVand NH.
= kO ((m*1v),(mxh))
= ko (mo (v, h)).
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Also, there exists at least a triplet (p, g, (a,b)) with p,q € K and (a,b) € NV x NH such that
(pg) © (a;0) = ((pg) *1 a, (pq) *2 b)
# (p*1(g*1a),p*a (g*2b)) > NS4 holds in NVand NH.
= pO((g*1a),(p*2b))
PO (g (v,h)).
Hence, NS4 holds in NV x NH.
(4) There exists (v,h) € NV x NH such that

1o (v,h) = (1xv,1xh)
= (v,h). "~ NS5 holds in NVand NH.

Also, there exists (a,b) € NV x NH such that

1®(a,b) = (1*1 a,l*gb)
£ (a,b). "~ NS5 holds in NVand NH.

Accordingly, (NV x NH,®,®) is a weak NeutroVectorSpace over the field K.

Proposition 4.4. Let (NV,+],%1) be a weak NeutroVectorSpace over the field K and let (H,+,-) be

a classical vector space over the same field K and let
NV x H={(v,h):ve NV and h € H}
and for x = (v1,h1), y = (va,ha) € NV X H and k € K define :
x®y= (v +]v2), (h1 +ha) and k © z = (kxv1, k- vg).

Then (NV x H,®,-) is a weak NeutroVectorSpace over the field K.

Proof. The proof is similar to the proof of Proposition f.3]. g

Proposition 4.5. Let (NV, 4/, *x1) and (NH,+},%3) be two strong Neutro VectorSpaces over the Neu-
troF'ield NK and let

NV x NH = {(v,h) :v € NV and h € NH}

and for x = (v1,h1), y = (v2,h2) € NV x NH and k € NK define :
r®y=((v1 +]v2),(h1 +5ha) and k ® x = (k*1 v1, k %2 va).

Then (NV x NH,®,®) is a strong NeutroVectorSpace over the NeutroField NK.

Proof. The proof follows similar approach as the proof of Proposition 0

Definition 4.6. Let NV be a NeutroVectorSpace. Then NW is a NeutroSubspace of NV if and only
if NW is a subset of NV, and NW is itself a NeutroVectorSpace with the same operations as in NV.
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Example 4.7. Let (NV,®,®) be a weak NeutroVectorSpace of Example and let NW = 2Zg be
a subset of NV. Following the approach in Example it can be shown that (NW,®, ®) is a weak
NeutroVectorSpace over the field Z,. Hence NW is a weak NeutroSubspace of NV.

Example 4.8. Let (NV,+',x) be the strong NeutroVectorSpace of Example , NV is the only
strong NeutroSubspace of NV.

Remark 4.9. It should be noted that a NeutroVectorSpace NV of a particular class may contain a

NeutroSubspace NW which belongs to another class.
We will illustrate Remark [£.9] with Example .

Example 4.10. Let (NV,4',%) be the strong NeutroVectorSpace of Example and let NW =
{v1,v3} be a subset of NV. Then (NW,+', ) is a NeutroVectorSpace of a class other than the class of
NV.

We can see from Table [2| that (NW, +') is an abelian group. Now, it can be seen from Table [1] (a),
Table [1| (b) and Table [2] that ;

(1) S1 fails to hold. Since « is not true for all a € K and v € NW.
For instance, take b € K and v € NW, then

b- b
b*’l)gz—c:—zvg¢‘/3.
& (&

But if we take a € K then for all v € NW we will have that axv € NW.
Hence, NS1 holds in NW.
(2) for a,b € K and vy,v3 € NW, we have

ax(v1+ v3) =a*xv + axvz =y,

and bx (v1 +' v3) = vo but bx vy + bx vz = vg # va.
This shows that NS2 holds in NW.
(3) for a,c € K and v3 € NW,

(a®c)xv3 =axvs+ cxvz =,
and for a,b € K and v € NW,
(a®b)*xv3 =v1 but axvs +' bxvs = vz # vy.

This shows that N.S3 holds.
(4) for a,c € K and vz € NW,

(a®@c)xvy =ax(cxvs) = vy,
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and for a,b € K and v3 € NW,
(a ®b) xv3 =v1 but ax (bxvs) = vy # v1.

This shows that N.S4 holds.

(5) We know from Table [I| that NeutroUnityElements in K are U, = a,c and Uy = b, d.
Now, suppose we consider the NeutroUnityElement U, = ¢ only.
We have that ¢ xv; = v1 and c* v = v1 # vs.

This shows that N.S5 holds.

Hence, we have that (NW,+',%) is a strong NeutroSubpace of type 55 over the NeutroField K. This
implies that the NeutroSubspace NW does not belong to the same class as NV.

Example 4.11. Let NV = Z;3 and K = Z,,. Define © and © for all u,v € V and k € K by
u®v=u+vand k®Ov=10%+kv.

Where ”+" is addition mod 12.

Following the approach of Example it can be shown that (NV,®,®) is a weak NeutroVectorSpace
of type 45 over the field K.

Let NW = 2Z15 and NH = 3Zj15 be two subsets of NV. Also, by following similar approach as in
Example it can be shown that (NW,®,®) and (NH, ®,®) are weak NeutroSubspaces of NV.

Now consider the following :
(1) NW+ NH ={0,1,2,--- ,11} = NV.
(2) NWUNH ={0,2,3,4,6,8,9,10}.
(3) NWNNH ={0,6}.

These show that NW + N H is a NeutroSubspace of NV but NW UNH and NW N NH are not
NeutroSubspaces of NV.

These observations are recorded in Proposition [4.12] .

Proposition 4.12. Let NW and NH be any two weak NeutroSubspaces of a NeutroVectorSpace NV
over a field K. Then

(1) NW+NH = J{(w+h) :we NW and h € NU} is a NeutroSubspace of NV.
(2) NW N NU is not necessarily a NeutroSubspace of NV.
(3) NW UNU is not necessarily a NeutroSubspace of NV.

Definition 4.13. Let NW be a weak(strong) NeutroSubspace of a weak(strong) NeutroVectorSpace
NV over a field (NeutroField) K(NK). The quotient NV/NW is defined by the set

{v+ NW:ve NV}
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Proposition 4.14. Let (NV,+',x) be a weak NeutroVectorSpace and (NW,+' %) be a weak Neutro-
Subspace of NV. The quotient NV/NW is a weak NeutroVectorSpace over a field K if addition and
multiplication are defined for alli =u+ NW, 6 =v+ NW € NV/NW and k € K as follows:

Tdv=(u+NW)® (w+NW)=(u+"v)+NW,

and
aQi=a0 (u+NW)=(a*xu)+ NW.

This weak NeutroVectorSpace (NV/NW,®,®) over a field K is called a weak NeutroQuotientSpace.

Proof. We can easily show that & and © are well defined.
The proof that (NV/NW,®) is an abelian group follows similar approach as the proof in classical case.
Now it remains to show that N.S2, NS3, NS4 and NS5 all hold.

(1) Since NS2holds in NV, then there exist at least the triplets (k, u,v) and (m, a,b) with u, v, a,b €
NV and k,m € K such that kx (u+'v) =kxu+ kxvand mx(a+'b) #mxa+ mxb.
Let @,7,a,b € NV/NW and k,m € K(NK). Then

ko(weo) = ko (vt v)+NW)

= kx(u+'v)+ NW

= (kxu+'kxv)+ NW

= (kxu)+ NW @ (kxv)+ NW
E©u+NW)eko (v+NW)
= kQudkow.

So, it implies k © (2 ) =k O ud k © 0.
And also,

m® (a®b)

mo ((a+'b) + NW)
mx(a+'b)+ NW
(m*a+"mxb)+ NW
= (mxa)+ NW® (mxb)+ NW
= mO(e+NW)emo (b+ NW)
= meEaOGmMOb.
This implies m ® (a ®b) # m ®a®m ©® b. Hence, we can conclude that NS2 holds in NV/NW.

RN

(2) Since NS3 holds in NV, then there exist at least the triplets (k,m,u) and (p,q,v) with u,v €
NV and k,m,p,q € K such that (k+m)xu=kxu+"mxuand (p+q)*xv#prxv+ gxv.
Let u,o € NV/NW and k,m,p,q € K(NK). Then

(k+m)ou = (k+m)O (u+ NW)
(k+m)xu+ NW
(kxu+"mxu)+ NW
(kxu)+ NW @ (mxu)+ NW
= kOUW+NW)dmo (u+ NW)

= kOudmoa.
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So, it implies (k+m)©Ou=k0OudmO u.
And also,
P+eov = (p+q9 O+ NW)
= (p+@* v+ NW
# (pxv+4 g*xv)+ NW
= (pxv)+ NW @ (g*xv) + NW
= pOW+NW)®qO (v+ NW)
= pOUVBgOU.
So, it implies (p+q) OV #pO VB qO .
Hence, we can conclude that N.S3 holds in NV/NW.
(3) Since NS4 holds in NV, then there exist at least the triplets (k,m,u) and (p,q,v) with u,v €
NV and k,m,p,q € K such that (km)xu =k (mxu) and (pg) x v # p* (g *v).
Let @, € NV/NW and k,m,p,q € K(NK). Then

(km) ©w (km) © (u+ NW)

(m*u)+ NW)
mo (u+ NW))
mo ).

—~ o~

So, it implies (km) © 4 =k © (m © ).
And also,
(pg) 00 = (pg

N
=
*

=
*

=
_|_
=
=

= PO

= pO(qO (v+NW))

= pO(
So, it implies that (pg) © ¥ # p ® (¢ © D).
Hence, we can conclude that NS4 holds in NV/NW.

(4) In NV we have at least v and v such that 1 xu =wu and 1 xv # v.
So, in NV/NW there exist @ and @ such that

10a=10w+NW)=(1%u)+ NW =u+NW =a
and
10=10w+NW)=(1*xv)+ NW #v+ NW =10.

So, it implies 1 ®u =4 and 1 © v = v.
Hence, we can conclude that NS5 holds in NV/NW.

Accordingly, (NV/NW,®,®) is a weak NeutroVectorSpace over the field K.
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Remark 4.15. Let NV be weak(strong) NeutroVectorSpace of type 45 over a field(NeutroField)
K(NK) and let NW be a NeutroSubspace of NV. Then, the weak(strong) NeutroQuotient Space
NV/NW over K(NK) is not necessarily of type 45.

We illustrate Remark by Example .

Example 4.16. Let (NV = Zi2,+', %) be a weak NeutroVectorSpace of type 45 over K = Z,, and let
(NW = 2Z12,+', %) be a NeutroSubspace of NV. Where +’ is addition mod 12 and « is defined as

kxv =102+ kv

for allv € NV and k € K.
Then for all @, € NV/NW and k € K define the operation ¢ and ® by

T®v=(u+"v)+ NW

and

k©u=(k*u)+ NW.

Then (NV/NW,®,®) is a weak NeutroVectorSpace over K of type other than 45.

We know that NV ={0,1,2,---,11} and NW = {0,2,4,6,8,10} then we have

NV/NW = {NW,1+ NW}.

TABLE 3. Cayley table for the binary operation @&

S NW 1+NW
NW NW 1+NW
14+ NW 1+ NW NW

From Table [3|it is clear that (NV/NW, @) is an abelian group.

Now,

(1) NS2 fails to hold since for any triplet (k, @, ¥) we pick, with k € K and 4,0 € NV/NW,
kO U@ =koudkoD
is always satisfied. This implies that S2 is totally true in NV/NW.
(2) There exists at least a triplet (k, m,?) with k,m € K and v € NV/NW such that
(k+m)© @) =kOudmo .

Now,
(k+m)® (0) = ((k+m)*v) + NW = (v* +' kv 4+ mv) + NW
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and
Eotemov=(kxv)+ NW)® ((mxv) + NW) = (20* +' ku +' mv) + NW.

Equating these we have that v2 + NW = NW which implies v> € NW.
So, only the triple (k,m, NW) satisfies (k+m)® (0) =k 1S m O .
Hence, NS3 holds in NV/NW.
(3) There exists at least a triplet (k,m,?) with k,m € K and v € NV/NW such that

(km) ® () =k © (m e ).

Now
(km) ® (0) = ((km) % v) + NW = (v® +' kmv) + NW

and
EO(mov) =ko((m*xv)+ NW) = (kx(v2 4+ mv)) + NW = (v* +" 203m +' m*v® + kv? +' kmov) + NW.

Equating these we have that (v* +' 2v3m +' m2v? + kv?) + NW = v + NW which implies
(W24 2om+ m? +' k) + NW =1+ NW.
Since we needed at least a triplet, take k = 1, then we have
(v 4+ 2vom+' m? + 1) + NW = 1+ NW which gives (v? +' 2vm +' m?) + NW = NW. So, we
have that (v +'2vm+'m?) € NW. Then, at least the triplet (1, m, NW) satisfies (km) ® (v) =
k® (m ®v). Hence, NS4 holds in NV/NW.

(4) We can easily see that 1 © NW = NW and

101+ NW)=(1x1)+ NW =24+ NW =NW #1+ NW.

Hence, NS5 holds in NV/NW.

Accordingly, we have that (NV/NW,®,®) is a weak NeutroVectorSpace of type 35 over K.
This implies that the NeutroQuotient Space (NV/NW, @, ®) does not belong to the class of Neutro-
VectorSpace NV.

5. Conclusions

In this paper, we have for the first time introduced the concept of NeutroVectorSpaces. Specifically, a
class of NeutroVectorSpaces called of type 4.5 was investigated and some of their elementary properties
and examples were presented. It was shown that NeutroVectorSpaces of type 45 contained Neutro-
Subspaces of other types and that the intersections of NeutroSubspaces of type 45 are not necessarily
NeutroSubspaces. Also, it was shown that if NV is a NeutroVectorSpace of a particular type and NW
is a NeutroSubspace of NV, the NeutroQuotientSpace NV/NW does not necessarily belong to the
same type as NV. We hope to continue this work in our next paper to be titled “NeutroVectorSpaces
1.
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Abstract. The main motivation of this article is to introduce the theme of Neutrosophic triplet(NT) H,-
LA-Groups. This inspiration is recieved from the structure of weak non-associative Neutrosophic triplet(NT)
structures. For it, firstly, we define that each element = have left neut(z) and left anti(z), which may or may
not unique. We further introduce the notion of neutrosophic triplet Hv-LA-subgroups and neutrosophic weak
homomorphism on NT H,-LA-Group. Secondly, presented NT H,-LA-Group and develop two Mathematica
Packages which help to check the left invertive law, weak left invertive law and reproductive axiom. Finally

established a numerical example to validate the proposed approach in chemistry using redox reactions.

Keywords: H, LA-groups, NT sets, Neutro weak homomorphism, Mathematica Packages, Chemical applica-

tions,

1. Introduction

Neutrosophic logic: Neutrosophy is the new branch of philosophy that studies the origin
and scope of neutralities, as well as their interaction with different ideational spectra. Smaran-
dache used the idea of neutrosophic set. He defined the theme of t-membership, i- membership
and f-membership, so neutrosophic logic generalize all previous versions, see [1], [2], [3]. Many
researchers have studied neutrosophic cubic set, complex neutrosophic cubic set, N-cubic set
and their applications in real life problems, see [52-55]. Further Abdel-Basset et. al., use

neutrosophic set in different direction and discuss their use in real life probems [56-60] More
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about the neutrosophic algebraic structures we refer the reader [4H6] and [7H12]. For the NT
groups see [13-1§].

Hyperstructures theory: In 1934, Marty [19] introduced the theme of hyperstructures.

More about the hyperstructures we refer the reader [20-22]. The idea of weak structure, which
is known as H,-structure is introduced by Vougiouklis [23], see also [24-31]. In 2007 Davvaz
and Fotea mainly dedicated to the study of hyperring theory [32]. Davvaz and Vougiouklis
[33], published recently a new book having title ” A walk through weak hyperstructures, Hv-
Structures” with some interesting applications of hyperstructures.
Left Invertive Structures: Kazim and Naseerudin [34] laid the idea of left almost semigroup
(denoted by LA-semigroup). Afterwards, Mushtaq [35] and some other researcher, further
worked in detail on the structure of LA-semigroup, see papers [3642]. Hila and Dine [43] in
2011, furnished the idea of L A-semihypergroup. More detail can be seen in [44], [45], [46], [47],
[48], [49], [50], [51].

Our Approach: This paper is the continuation of our published paper [18] and it consists
of 6 sections. We arrange this work as: In section 2, we collected some of the relevant material
after the introduction. In section 3, we give a new class of algebraic hyperstructure known
as NT H,-LA-Group, which is the main theme of LA-Group, LA-hypergroup, H,-LA-Group.
In NT H,-LA-Group each element k have left neut(k) and left anti(k), which may or may
not unique. We also define the neutro weak homomorphism on NT H,-LA-Group. Moreover,
we discuss many interesting properties of NT H,-LA-Groups. In section 4, we provide the
construction of NT H,-LA-Groups with the two Mathematica Packages which help to check
the left invertive law, weak left invertive law and reproductive axiom. In section 5, we present
the application of propose structure in chemical reactions. In section 6, we end with the

concluding remarks.

2. Preliminaries
In this section, we added some basic definition and result, which helped to prove the result

of our proposed structure.

Definition 2.1. [44] ” A hypergroupoid (X, o) is called LA-semihypergroup, if it satisfies the

following law

(bl o |72) obg = (bg o bg) o by for all bl,bg, bg €N,

Example 2.2. [44] "Let X = Z if we define by o by = by — by + 3Z, where by,bs € Z. Then
(X, 0) become LA-semih ypergroup.”
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Definition 2.3. [24] "The hyperoperation  : X x X — P*(XN) is called weakly associative
hyperoperation (abbreviated as WASS) if for any by, ba,b3 € N

(b1 % bg) kb3 M by x (by xb3) # &

Definition 2.4. [24] ”The hyperoperation is weakly commutative (abbreviated as COW) if
for any by,by € N

bl*bgﬁbz*b1#¢

Definition 2.5. [47] "Let X be non-empty set and * be hyperoperation on R. Then (X, ) is

called an N,-LA-semigroup, if it satisfies the weak left invertive law for all by, bo,b3 € N

(bl*b2)*b3m(b3*b2)*bl7é¢

Example 2.6. [47] "Let X = (0, 00) we define by x by = {blbil’ E—i} where bq,by € N. Then for
all by,bg,bg € . Then for all by, bo,bg € N satisfies (b1 xba) x b3 N (bg xbg) x by # ¢. Hence (N, x)

is an H,-LA-semigroup.”

3. Neutrosophic Triplet(NT) H,-LA-Groups

In this section, we define a new class of hyper algebraic structure known as NT H,-LA-group

and discuss some results on NT H,-LA-group.

Definition 3.1. Let (X, ) be a left (resp., right, pure left, pure right) NT set. Then N is called
left (resp., right, pure left , pure right) NT H,-LA-group, if it satisfies the following axioms,

(1) (N, %) is well defined,

(2) (N, x) satisfies the weak left invertive law, i.e, (b1 % bg) * b3 N (b3 x ba) x by # ¢ for all
b1,b9,b3 € N,

(3) Nxby =N =Nxby for all by € N.

Example 3.2. Let X = {bq,bs,b3} be a finite set. The hyperoperation * is defined in Table-1

% | by | ba b3

b1 | b1 | {b1,b2} | {b1,bs}
bo | b3 | {N} {b1,b2}
b3 | b2 | {b1,b3} | {X}

Table-1, neutrosophic triplet H -LA-group
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Here all elements of N satisfy the weak left invertive law. Also left invertive law is not hold in
N, i.e.

N = (by xbg) x b3 # (bg xb2) x by = {b1,ba}.
Alike, associative law is not hold in N i.e.
N = (bg *b3) *x by # b3 * (bg xb1) = {b1,b3}.
Even, weak associative law is not valid here
{ba} = (baxb1) *x by Nby x (by xb1) = {b3} = ¢.
Here (b1,b1,b1), (b2,b1,b2), (b3,b1,b3) are left NT sets. Hence (R, %) is a NT H,-LA-group.

Proposition 3.3. Let (X, *) be a pure right NT H,-LA-group. Then neut (b1)*bs = neut (by)x*
bs if anti (b1) * by = anti(b1) * b3 for all by,ba,bg € N.

Proof. Suppose (X, x) is a pure right NT H,-LA-group and anti (b1) * by = anti(by) * b3 for
b1,b2,b3 € N. Multiply by to the left side of (b1 x anti (b1) x by = (b1 * anti(by)) * b,

(b1 * anti (b1)) * by = (b1 *x anti(by)) * b3

neut (b1) * bg = neut (b1) * b3 (because neut(by) = by * anti (by) ).

Therefore, neut (b1) * by = neut (b1) * bs.

Theorem 3.4. Let (N,x) be a pure right NT H,-LA-group. Then neut(by) * neut (b1) =
neut (by).

Proof. Consider neut(b1) * neut (b1) = neut (b1) . Multiply first with by to the right, i.e.,

(b1 * (neut(by)) * neut (b1) = by *x neut (by)
(b1 * neut (b1)) * neut(b1)) = by
b1 * neut (b1) = by

b1 =b1.

This shows that neut(b1) * neut (b1) = neut (b1) . g

Theorem 3.5. Let (N,*) be a pure right NT H,-LA-group. Then neut(b1) * anti(b1) =
anti (b1) .
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Proof. Let (X, %) be a pure right NT H,-LA-group. Multiply by to the left of both side neut(bq)x*
anti (b1) = anti (b1), i.e

(b1 * (neut(b1)) = anti (by) = by * anti (o)
b1 % anti (by) = neut(b1)
neut(v) = neut ()
neut (b1) = neut (o)

This shows that neut(by) * anti (b1) = anti (b1). g

Theorem 3.6. Let (N, x) be a pure left NT H,-LA-group. Then neut (anti (b1)) = neut (b1).
Proof. Let neut (anti (1)) = neut (b1) . If we put anti (b1) = bo, then

neut (b2) = neut (b) . Post multiply by bs
neut (b2) * by = neut (b1) * b

by = neut (by) * by
(

anti(b1) = neut (b1) * anti(by), as by = anti (b1)

anti (b1) = anti (b1), By Theorem [3.5] neut (b1) * anti(b1) = anti(by).

Hence neut (anti (b1)) = neut (b1) . g

Definition 3.7. A non-empty subset B of a left NT H,-LA-group (X,x) is called a left NT
H,-LA-subgroup of X, if B itself form NT H,-LA-group under same hyperoperation defined in
N.

Example 3.8. Let X = {bq,b9,b3,bs} and the hyperoperation is defined in the Table-2

* | by | bg b3 ba
b1 | b1 | by b3 b4
by | b3 | {b1,03} | {b2,b3} | bs
b3 | by | {b1,03} | {b1,03} | bs
by | by | by by {b1,b2,b3}

Table-2, neutrosophic triplet H -LA-group

Here (b1,b1,b1), (b2,b1,b2), (b3,bo,b2) and (bg,bs,bs) are NT sets. As all elements of N satisfy

the weak left invertive law but N do not satisfies the left invertive law, associative law and
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weak associative law i.e.

{b1,03} = (ba * b2) *b3 # (b3 * b2) * bo = {b1,b2,b3}
and {bl,bg} = (bz * bg) * bg ?é bg * (bg * bg) = {bl,bg,bg} .
Also {bo} = (b2 % b1) b1 Nbg s (b xb1) = {bs} = ¢.

So (N, %) is a NT H,-LA-group. Here b = {by,bs,b3} is a NT H,-LA-subgroup of X.

Lemma 3.9. If (X, %) is a NT H,-LA group, then

(b1 % b2) * (b3 % bg) M (b1 *b3) * (b2 *by) # ¢,
hold for all |71, bg, bg, by € N.

Proof. Let

(bl * bg) * (I?3 * b4)
% g, where g = (b3 * by)
% g N (g *bg)*by by the weak left invertive law

% g N (g *bg)*by by the weak-left invertive law

% (bg *xbg) N{((b3 *by) *xba) xb1}, where g = (bg x by)
* (bg * b4) N {{((bg * b4) * bg) N (bg * b4) * bg} * bl}

(01 %)
(01 %)
(b1 %)
= (by #p2) % g N {(g*D2) xb1} by the weak-left invertive law
(01 %)
(b1 %)
(b1 % ba) % (b3 ba) N {((b3 * ba) *ba) % b1} N {((b2 % ba) * bg) % b1 }}

- * by) % * b
b = s m{m{((bg*bn*bg)*bm(bl*b3>*<b2*b4>}

(63 % ba) *ba) b1 (1 (53 % ba) * (b3 *ba)} } L
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Now

(b1 *bg) * (bg % by)
* g, where g = (b * by)
* g N (g *b3)*by by the weak left invertive law

% g N (g *b3)*by by the weak-left invertive law

% (bo xbg) N {((bg xbg) xb3) xb1}, where g = (bg *by)
* (I?Q * b4) N {{((bQ * |74) * I?3) N (bg * b4) * bg} * bl}

(01 %)
(01 %b3)
(01 % b3)
= (by % b3) * g N {(g*D3) *b1} by the weak-left invertive law
(01 %b3)
(01 %b3)
= (b1 % b3) * (b2 % ba) N {((ba * ba) *b3) % b1} N {((b3 *ba) % b2) % b1}}

Z(bl*bg)*(bg*b4)m{ ((bg * bg) *b3) % by N (by *b3) * (ba % by)} }_}(2)

N{((b3 *by) *ba) x by N (by *ba) * (b3 *xby)}
From (1) and (2) we have (b1 * ba)x(bg % bg) N (b1 * bg)*(by x by) # ¢, hold for all by, ba, bg, by € V.

This law is known as weak medial law.

Proposition 3.10. Let (N,0) be a NT H,-LA-group with left identity e and ¢ # A C N. If
(Ao (Aoby))oban (Ao (Aoby))oby # ¢ Vbi,be € X and we define a hyperoperation A% on N
as blA%bg = (b1 oby) o A, then (X, A%) become a NT H,-LA-group.

Proof. Let by,bo,b3 € N, we have

(01 ASDy) ASbs = (b1 0 b2) 0 A)AShg
= (((b1ob2) 0 A)obs) o A
((b30 A) o (byohy))o A
=(4
by o

o (Aobg))o(baob1)
o((Ao(Aobz))oby)

and on the other hand

(h3A%h2) ASh1 = ((b3 0 by) 0 A)ASh,
= (((bgob2) 0 A)obsg) 0 A
= ((byoA)o(bgohy))o A
= (Ao (Aoby))o (hyobh3)
=byo ((Ao(Aoby))obs)
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but
by o ((Ao(Aobs))oby)Nbyo((Ao(Aoby))obs)# ¢
for all by, g, b3 € N. Tt follows that
(b1 ASb2) AShs N (b3 ADb2) AShy # .
Next, we have
I ASR = (b1 oR) 0 A = N also HASh; = (Roby)o A =N,

Hence (X, A%) become an H,-LA-group.

Definition 3.11. Let (X,0) and (Rg, ) be two NT H,-LA-groups. The map f: 8y — Ny is
called neutro homomorphism, if for all b1, by € Ry, the following conditions hold,

L f(broba) N fb1) * f(b2) # ¢,

2. f(neut (b1)) Nneut (f (b1)) # &,

3. f(anti(b1)) Nanti(f (b1)) # .

Example 3.12. Let 8y = {v;,v9,v3} and Ny = {by,ba,b3} are two finite sets, where (N, %)
and (Ry o) are NT H,-LA-groups, the hyperoperation is defined in following tables 3,4:

* | v V9 U3

vr | {v1} | {v2} {vs}

vg | {vs} | {v1,v2} | {2}

vg | {va} | {vs} {vs, v1}

Table-3, neutrosophic triplet H -LA-group

and

o | by | be b3

b1 | b1 | {b1,b2} | {b1,bs}
bo | b3 | {N} {b1,b2}
b3 | ba | {b1,b3} | {N}

Table-4, neutrosophic triplet H -LA-group

The mapping f : Xy — Ry is defined by f(vi) =by , f(v2) = b2, f(v3) = bs. Then clearly f

is a neutro homomorphism.
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4. Construction Of Neutrosophic triplet(NT) H,-LA-groups

In this section we provide the construction of NT H,-LA-groups and develop two Math-
ematica Packages which help us to check the left invertive law, weak left invertive law and
reproductive axiom.

Consider a finite set X, such that |X| > 2. Define the hyperoperation o on N as follows

bj fori=1
b ob b, for j = land b =2 — i mod |N|
iob; =
! N fori=7j,i#1,j#1

b; otherwise, for i < j ori > j

and if neut (b;) and anti (b;) exist in N. Then X under the hyperoperation o forms a NT H,-
LA-group.

The above construction can be explained with the help of an example.

Example 4.1. Let X = {b1by,b3} under the binary hyperoperation o defined in Table-5

o | by |ba]bs
b1 | b1 | b2 |bs
Do | b3 | N | by
b3 | ba | b3 | N

Table-5, neutrosophic triplet H -LA-group

Here (b1,b1,b1), (b2,b1,b2) and (b3,b1,b3) are NT set. One can see that o satisfy the weak left

invertive law, also o is non-left invertive and non-associative i.e.

N = (b3 0b3) 0by # (b2 0b3) 0bg =bo
andN:(bQObQ)Obl#bQO(bQObl):bQ‘

Also it is not WASS(b2 0b1) oby Nbg o (bg 0oby) = ¢. Hence (X, 0) is a NT H,-LA-group. The

result of table can easily be generalized to n elements.

Remark 4.2. In NT H,-LA-group, the property of H,-LA-group can be checked
by wusing the mathematica packages. The mathematica package(A) used to check
the left invertive property and mathematica package(B) is wused to check the

weak non associative hypergroups. We paste the mathematica packages as under:

Shah Nawaz, Muhammad Gulistan, and Salma Khan. Weak LA-hypergroups; Neutrosophy,
Enumeration and Redox Reaction



Neutrosophic Sets and Systems, Vol. 36, 2020 361

BeginPackage ["LeftAlmostHyperGroupTest'"];
Clear ["LeftAlmostHyperGroupTest'+"];
Begin["'Private'"]; Clear["LeftAlmostHyperGroupTest'Private's"];
LeftAlmostHyperGroupTest [LookUpTable_List] :=
Table [If[ReproductivityTest[LookUpTable[[j]]],
If [LeftInvertiveTest[LookUpTable[[j]]], True, False],
False], {j, 1, Length[LookUpTable]}];
LeftInvertiveTest[LookUpTablel List] := Module[{i, j, k, len, test}, i = 1;
j=1;
k=1;
test = True;
len = Length [LookUpTablel] ;
While[test && i < len, test = Union[Flatten[Union [Extract[LoockUpTablel,
Distribute[ {LookUpTablel[[i, j]], {k}}, List]]]]] == Union[Flatten[Union|[
Extract[LookUpTablel, Distribute[{LookUpTablel[ [k, 311, {1i}}, List]]]1];
k=k+1l; If[k>1len, k=1; j=3+1;
If[j>len,i=1+1; 3j=1];31:1;
Return[test]];
ReproductivityTest [LookUpTablel List] :=
Union [Apply[Union, LookUpTablel, 1]] = {Range[l, Length[LockUpTablel] ]} &&
Union [Apply [Union, Transpose[LookUpTablel], 1]] == {Range[1l, Length[LookUpTablel]]};
End[];
EndPackage[];

Mathematica Package (A)
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and
BeginPackage ["WeakLeftAlmostHyperGroupTest'"];
Clear [ "WeakLeftAlmostHyperGroupTest ' +"];
Begin[""Private'"]; Clear["WeaklLeftAlmostHyperGroupTest'Private ' ="];
leaklLeftAlmostHyperGroupTest [LookUpTable List] :=
Table [If [ReproductivityTest[LookUpTable[[j]]].,
If [WeakLeftInvertiveTest[LookUpTable[[j]]], True, False],
False], {j, 1, Length[LookUpTable] }];
WeaklLeftInvertiveTest[LookUpTablel List] := Module[{i, j, k, ler, test, §}, i =1;
i=1; k=1;
test = True;
len = Length [LockUpTablel] ;
® = NullSet;
While[test && i < len,
test = Union[Flatten [Union [Extract[LookUpTablel, Distribute[ {LoockUpTablel[[4i, j]],
{k}}, Lis£]111]1 NUnion[Flatten [Union [Extract[LookUpTablel,
Distribute[{LookUpTablel[ [k, j]]1, {i}}, List]]]11] # {};
k=k+1l; If[k>1len, k=1; j=3+1;
If[j>len,i=41i+1; j=1]31;1;
Return[test]];
ReproductivityTest [LookUpTablel List] :=
Union [Apply [Union, LookUpTablel, 1]] == {Range[1l, Length[LookUpTablel] ]} &&
Union [Apply [Union, Transpose [LookUpTablel], 1]] == {Range[l, Length[LookUpTablel]]};
End[];
EndPackage[];

WeaklLeftAlmostHyperGroupTest.m;

Mathematica Package (B)

5. Application of Our proposed Structure

In the universe, the femininity, masculinity and neutrality exist. If we take the small particle,
the small particle is an atom. The atom consists of three particle electrons, proton and neutron.
So, from the above idea of the universe gave the concept of NT set. (Masculine, Neutral,
feminine) and (Proton, Neutron, Electron) are the example of NT set.

There are three workers working in a factory. All three workers are disabled. The first
worker has the right hand and no left hand. Factory made such a machine on which he can
work with his right hand. The second worker has left hand but no right hand. Such a machine
is made for him, on which he worked with his left hand. The third worker has an issue working

with both of his hand. Such a machine is made for him, he works with his legs. All of these
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three worker’s working performance is shown by the following Table-6.

®|L|R| N
L|R|N|{L N}
R|N|L|{R N}
N|{L|R| N

Table-6, neutrosophic triplet H -LA-group

In this table L represents the performance the worker, who work with his left hand. R
represents the performance of the worker, who work with his right hand and N represents the
performance of the worker, whose both hand are not functioning properly. Let F' = {L, R, N}
be a finite set the hyperoperation is defined in the above table, and (L, N, R), (R, N, L) and
(N,L, L) are left NT set. (F,®) is a NT Hv-LA group.

5.1. Chemical example of Neutrosophic Triplet(NT) H,-LA- group

The best example of NT H,-LA-group in chemical reaction is a redox reaction.

Redox reaction: The chemical reaction in which one specie loss the electron and other
specie gain the electron. Oxidation mean loss of electron. Reduction mean gain of electron.
The redox reaction is a vital for biochemical reaction and industrial process. The electron
transfer in cell and oxidation of glucose in the human body are the example of redox reaction.

The reaction between hydrogen and fluorine is an example of redox reaction i.e.
Ny — 2R 4 2¢7( Oxidation)
Fy +2¢~ — 2F (Reduction)
Each half reaction has standard reduction potential (EO) which is equal to the potential
difference at equilibrium under the standard condition of an electrochemical cell in which the

cathode reaction is half reaction considered and anode is a standard hydrogen electrode (SHE).

For the redox reaction, the potential of cell is defined as
E°cell = Eocathode - annode

where E°.qthode 1S the standard potential at the anode and E°.4ih04e is the standard potential
at the cathode as given in the table of standard electrode potential. Now consider the redox
reaction of Mn

Mn® +2Mn™ +2Mnt? — 3MnT? 4 2Mn

Mn® — Mn™2 + Mnt +2¢= +2Mn™3 + 2Mnte,
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Manganese having a variable oxidation state of 0,+1,+42,43,+4,+5,+6,+7. If we take

Mn®, Mn™*, Mnt3, Mnt? together we will get pure redox reaction. The flow chart is given

as

Mn°

2Mn™3

-2es”

e

Mn*?

Flow chart

]e- Y
-

;

Mn+4

Mn™

Mn species with different oxidation state react with themselves. All possible reactions are

presented in the following Table-7

® Mn® Mnt! Mnt? Mn*3 Mnt4

Mn® | Mn° {MnO,Mn‘H} {MnO,Mn+2} {MnojMnJr?’} {MnO,Mn+4}
Mot {Mn® Mn ™} | {Mn°, Mn*?} | {Mn°, Mnt3} | {Mn*?} {Mn*, Mn**}
Mnt? | Mntt {Mn® Mn*3} | {Mnt, M3} | {Mnt!, Mntt} | {Mn2, Mntt}
Mnt3 | {Mn° Mn*™3} | {Mn™, Mn*3} | {Mn™2, Mn*3} | Mn™3 {Mn*3 Mn™}
Mn™ | {Mn0 Mn*} | {Mn™, Mnt4} | {Mn™2, Mnt} | {Mn™3, Mt} | Mn™

Table-7, All possible reactions

The standard reduction potentials (EO) for conversion of each oxidation state to another are

If we replace

Mno = blan+1 = b2,Mﬂ+2 = b3,M7’L+3 = b4,M7’L+4 = b57
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then we obtain the following Table-8

@ | by by b3 by b5

by | {b1} {b1,b2} | {b1,b3} | {b1,ba} | {P1,b5}
b | {b1,b2} | {b1,b3} | {P1,0a} | {P3} {ba,bs5}
b3 | {b1,b3} | {b1,ba} | {b2,ba} | {b2,b5} | {P3,b5}
by | {b1,ba} | {b2,0a} | {P3,0a} | {Pa} {ba,b5}
b5 | {b1,b5} | {b2,b5} | {b3,05} | {Pa,b5} | {b5}

Table-8, NT H, -LA-group

As all elements of N satisfy the weak left invertive law but X do not satisfy the left invertive

law, associative law and weak associative law

{bl,bg} = (bg D bQ) @ by 7'5 (bl D b2) Dby = {bla b27b3}7
{b1,b2,03,04} = (b2 @ b2) B b3 # bo ® (b2 @ b3) = {b1,b2,b3},
and (ba @ ba) @by = {b2,b5} Nbg=b2® (ba®by) = ¢

Here (b1,b1,b1), (b2,b4,b3), (b3,b4a,b2), (ba,bs5,b3) and (bs,bs,bs) are NT sets. Hence (X, ®) is a
NT H,-LA-group.

Remark 5.1. NT set, which helps the chemist to take the state of M,, which react or not react
easily with other state or themselves. M, plays the role of neuta with different oxidation
state and themselves. If the M,, have the same neuta and anti, it means that Mn having equal

chances of loss or gain of electron.

6. Difference between the proposed work and existing methods

Our proposed structure has two main purpose,
1) This structure generalize the structure of groups, LA-groups, semigroups, LA-semigroup
and as well as the hyper versions of above mentioned structures.
2) As NT set has the abelity to capture indeterminacy in a much better way so our proposed
stricture of NT LA-semigroups can handle the uncertanity in a better way as we have seen in

the Redox reaction.

7. Conclusions

In this article, we have studied and introduced NT H, LA- groups. We presented some
result on NT H,, LA-groups and construction of NT H,-LA groups. We defined the neutro
homomorphism on NT H, LA groups. Also, we use the Mathematica packages to check the
properties of left invertive and weak left invertive. Our defined structure have an interesting

application in chemistry redox reaction.
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1. Introduction

The concept of fuzzy sets was introduced by Zadeh [21] in 1965 to overcome the uncertain-
ties in various problems in environment, economics, engineering etc. As an extension of it,
Atanassov [7] introduced intuitionistic fuzzy set in 1986, where a degree of non-membership
was considered besides the degree of membership of each element with (membership value +
non-membership value) < 1.

After that several generalizations such as, rough sets, vague sets, interval-valued sets etc. are
considered as mathematical tools for dealing with uncertainties. In 2005, F. Smarandache
introduced Neutrosophic set [19] in which he introduced the indeterminacy to intuitionistic
fuzzy sets. So, the resultant can be taken as a tri-component logic which can be applied to
non-standard analysis such as decision making (for example, result of games (win/tie/defeat),
votes, from no/yes/NA), control theory etc.. Since then several researchers has applied this
concept in many practical fields such as multi-criteria decision making, signal processing, dis-
aster management etc.. Some of its recent applications can be found in [1-5,9}(18}20].

In 2011, Majumder [13] introduced and studied the concept of Q-fuzzifcation of ideals of I'-
semigroup. Akram et al [6], Lekkoksung [11,/12], Mandal |14], Qamar et al [15,16] extended
this concept in case of I'-semigroup, ordered semigroups [10], ordered I'-semiring, soft fields,
group theory and investigated some important properties.

Motivated by this idea and combining the concept with neutrosophic set, in the paper we
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have studied the ideal theory of semirings since it has several applications in graph theory,

automata theory, mathematical modelling etc. [8].

2. Preliminaries

At first let us remember some definitions which will be used in the discussion of the paper.

Definition 2.1. A semiring is a nonempty set S on which two operations + and - have been

defined such that (S, +) and (S, -) form monoid where - distributes over + from any side.

Definition 2.2. A nonempty subset X (# S) of semiring S is said to be an ideal if for all
z,ye Xandpe S, x+y € X, pr € X. Similarly we can define a right ideal also. An ideal
of S is a nonempty subset which satisfies both properties of left ideal and right ideal.

Definition 2.3. A neutrosophic set N on the universe U is defined as N = {<
u, AT (u), Al (u), A¥ (u) >,u € U}, where AT, AT, AP : U —]70,1F[and —0 < AT (u) + Al (u) +
AF(u) < 3% . For practical purposes, it is difficult to consider ]=0,1%[. So, for studying

neutrosophic set we consider the set which takes the value from the subset of [0, 1].

Definition 2.4. For a non-empty set @), a mapping v : S x @ — [0, 1] is said to be a Q-fuzzy
subset of S and v; = {(s,q) € S x Q|v(s,q) > I} where [ € [0, 1] is its level subset.

3. Main Results

Definition 3.1. Let v = (v, !, ") be a non empty neutrosophic subset of a semiring S.
Then v is called a Q-neutrosophic left ideal of S if
(1) VT(SI + S2ap) > min{l/T(sl,p),yT(sz,p)}, VT(Sl'SQap) > VT(827p)
I I
(i) vi(s1 + s9,p) > LRI 520 (Sl’p);ﬂ' (s2.0) vl(s189,p) > v!(s2,p)
(iit) v* (51 + s2,p) < max{vF(s1,p), v (s2,p)}, vF (5152, p) < V¥ (52,p)-

for all s1,s89 € S and p € Q.

Theorem 3.2. Any Q-neutrosophic set v of a semiring S is a left ideal iff its level subsets

vl = {(z,p) € SxQ : vl (z,p) > 1, 1 €[0,1], p € Q}, v} == {(x,p) € S xQ : v(z,p) >
I, 1 €[0,1]} and v} := {(z,p) € S x Q : vF'(x,p) <1, 1 €[0,1]} are left ideals of S x Q.

Proof. Suppose v of S is a Q-neutrosophic left ideal of S. Then anyone of v*, v or ¥ is not

equal to zero for some (s,p) € S x Q. Without loss of generality we consider, all of them are

not equal to zero.
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Suppose a,b € v, = (v, v{, vI'), s € S and p € Q. Then

vl (a+b,p) > min{v!(a,p),vT(b,p)} > min{l,1} =1
yl(a+b’p) > w > % —1
V¥ (0 +b,p) < max{F(a,p), vF (b, p)} < max{l, [} =1

which implies (a + b,p) € 1], VlI, vl ie., (a+b,p) € 1. Also

vT(sa,p) > v (a,p)
v (sa,p) > ' (a,p) >
vE(sa,p) < vf(a,p) <1

Hence (sa,p) € y;.

Therefore v; is a left ideal of S.

Conversely, let v;(# ¢) is a left ideal of S x @ and v is not a Q-neutrosophic left ideal of S.

Then for a,b € S and p € Q) anyone of the following inequality will hold.

v (a+b,p) < min{v"(a,p),v" (b,p)}

vi(a+b,p) < w

v (a+b,p) > max{v"(a,p),v" (b,p)}
For the first inequality, choose [y = 3[vT (a+b, p)+min{v” (a,p), v* (b,p)}]. Then v (a+b,p) <
I < min{v"(a,p),v"(b,p)} = (a,p), (b,p) € v]. but (a+b,p) € v - contradiction.
For the second inequality, choose to = 3[v(a + b,p) + min{v/(a,p),v (b, p)}]. Then v!(a +
b,p) <ls < w = (a,p), (b,p) € 1/112. But (a +b,p) & 1/{2 - contradiction.
For the third inequality, choose t3 = §[v¥(a + b, p) + max{v*(a, p), " (b,p)}]. Then v¥'(a +
b,p) > I3 > max{vf(a,p), v (b,p)} = (a,p), (b,p) € Vf; but (a + b,p) & 1/;; - contradiction.

Hence the theorem.

Definition 3.3. For two @-neutrosophic subsets v and o of S x @), define their intersection
by
(" no®)(a,p) = min{v’(a,p),o" (a,p)}
(' no’)(a,p) = min{v'(a,p), o' (a,p)}
W' no)(a,p) = max{v’(a,p),o" (a,p)}

foralla € S and p € Q.

Proposition 3.4. Intersection of any number of Q-neutrosophic left ideals of S is also a

Q-neutrosophic left ideal.
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Proof. Assume that {v; : ¢ € C'} be a collection of @-neutrosophic left ideals of S and a,b € S,
p € Q. Then

(CQCVCT)(a +b,p) =inf vl(a+b,p) > inf {min{vT(ajp% vl (b,p)}}
= min{icxéfcl/cT(a,p) 1nf vI(b,p)}
= min{(CQCVcT)(av )7 (CEC c )(b,p)}

( mCl/CI)((L b,p) lIlfU (a+bp)>1nf%
ce
lgg vi(a a.p)+inf ve (b, p)

2
N vl N vl
D ve (a,p)+C€CVL( p)
2

(O pP)a+b,p) =sup vF(a-+bp) < sup {max{v? (a,p), v (b,p)}}

ceC ceC
= max{sup v (a,p),sup v2(b,p)}
ceC ceC

- max{(cgouf)(a,p), (cgcyf)(b’p)}

(029)(ab.p) = inf v (ab,p) > inf 7 (b.) = ( 0001,
(0 ve)(ab,p) = inf v (ab,p) > inf v (b,p) = ( 0 ve)(b,p).

(.0 ve)(ab,p) = sup v, Fab,p) < sup ; :(b,p) = (0¥ )(b,p).

Therefore ﬂcuc is a Q—neutrosophlc left ideal of S.
ce

Definition 3.5. For two ()-neutrosophic subsets v and ¢ of S, define their cartesian product
by
(" x 0")((a,b),p) = min{v" (a,p), " (b,p)}

I 1
o x o)(a,b),p) = LT TGP

(" x a")((a,b),p) = max{v" ((a,p),o" (b,p)}

Ya,be S, p € Q.

Theorem 3.6. For two Q-neutrosophic left ideals v and o of S, v X o is a Q-neutrosophic
left ideal of S x S.

Proof. Let (a1,az2),(b1,b2) € S x S and p € Q. Now

(W x a")((ar,a2) + (b1,b2),p) = (W' x a")((a1 + b1, a2 + ba), p)
= min{v" (a1 + b1,p), 0" (az + ba, p)}
> min{min{v” (a1, p), v* (b1, p)}, min{c’ (az, p), o’ (b2, p)}}
= min{min{v? (a1, p), o’ (az,p)}, min{v? (b1, p), o’ (b2, p)}}
— min{(" x 07)((ar,a2), p), (7 x 0T)((b1,b2), p)}-
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(! x o) ((a1 + br,az + b2),p)
VI(a1+bl7p)+O'I(a2+b2,p)
2

(v! x o!)((ar, az) + (b1,b2), p)

l{ vl (a1,p)+v7(b1,p) + o!(az,p)+o’(b2,p)
2 2 2

v

%{Vj(ahp);rﬂl(az,p) + Vl(bl,P);rUI(b%p)}

= ! xal)((ar,a2),p) + (V1 x ") ((b1,b2),p)}.

(" x o")((a1,a2) + (b1,b2),p) = (" x o")((a1 + b1, a2 + b2), p)

max{v’ (a1 4 b1, p), v* (az + b, p)}

max{max{v’ (a1, p), v’ (b1, p)}, max{ct (a2, p), o (b2,p)}}
= max{max{v* (a1,p), 0" (a2, p)}, max{v" (b1, p), o (b2, p)}}
max{(v"" x ") ((a1,a2),p), (" x ") ((b1,b2),p)}-

IN

(T x aT)((a1,a2)(b1,b2),p) = (v1 x aT)((a1b1,azbs),p) = min{v? (a1by,p), o’ (asbs,p)}
> min{v” (b1, p), 0" (b2, p)} = (W x a)((b1,b2),p).

I/I a UI a
(" x ") ((a1,a2)(b1,b2),p) = (W1 x 1) ((arby, ashy), p) = L-(abup)to (asbap)

> w = (v x ol)((b1,b2),p).

(" x o) (a1, a2) (b1, b2),p) = (V" x o) ((a1by, azba), p) = max{v" (a1by, p), 0" (azb2, p)}
< max{v" (b1, p), " (b2, p)} = (V" x 7) (b1, b2, p).

Therefore v x ¢ is a Q-neutrosophic left ideal of S x S.

Theorem 3.7. A Q-neutrosophic set v of S is a @Q-neutrosophic left ideal iff v X v is a
Q-neutrosophic left ideal of S x S.

Proof. If a @-neutrosophic subset v of S is a Q-neutrosophic left ideal then by Theorem |3.6
v X v is a -neutrosophic left ideal of S x §.

Conversely, suppose v X v is a (Q-neutrosophic left ideal of S x S and a1,as2,b1,b2 € S, p € Q.
Then

min{v? (a1 + b1, p), v (a2 + b, p)} = (W7 x vT)((ay + by, as + b2),p)
= (v xv")((a1, a2) + (b1, b2), p)
> min{(v" x v7)((a1, a2),p), (v" x v7)((b1,02),p)}
= min{min{v” (a1, p), v" (ag, p)}, min{v" (b1, p),v" (b2, p)} }.

I I
v (a1+b1,p)42ru (a2+b2,p) —_ (VI % VI)((al + b17a2 + bz),p)

= (! x v))((a1,a2) + (b1, b2),p)
(! x!)(o1,02) )40 0!V b))

v

vi(a1,p)+v!(as, vl(by,p)+v! (ba,
= (a1p)2 (a2.p) | (11))2 (217)]‘
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max{v" (a1 + b1, p), v (a2 + b2, p)} = (v x vF)((a1 + b1, a2 + ba), p)
= W xvF)((a1,a2) + (b1, b2),p)
< maX{(VF X VF)((a17a2)7p)7 (VF X VF)((bhb?)?p)}
= min{max{v* (a1, p), v" (az, p)}, max{v* (b1, p), v* (b2, p)}}.
Now, putting a; = a,as = 0,b; = b and bs = 0, in the above inequalities and noting that
vT(0) > vT(x), v1(0) = 0 and v¥'(0) < vF'(z) for all @ € S we obtain
v"(a +b,p) > min{v" (a,p), v" (b,p)}
vi(a,p)+v! (b,
vi(a+b,p) > ( p)2 (b,p)
v (a+b,p) < max{v"(a,p), " (b,p)}.
Next, we have
min{l/T(albl),uT(agbg)} = (UT X Z/T)(albl,agbg) = (VT X I/T)((al,ag)(bl,bg))
> (T x vT)(by, be) = min{v7 (b1), 7 (b2)}.

VI a VI a
( 1b17¢1)‘5 (a2b2,9) — (l/I « V])((a1,a2)(b1,b2),q)

> (VI X V])((bla b?)a Q)
_ vbLa) vl (b2,9)
5 .

max{v" (a1b1, q), v" (azbs, q)} = (" x v)((a1b1, azb2), q) = (V" x v7)((a1, a2) (b1, b2), @)
< (W x vT)((b1,b2), q) = max{v" (b1, q),v" (b2, 9) }.
Taking a; = a,b; = b and by = 0, we obtain
vT(ab,p) > T (b, p)
v!(ab,p) > v (b,p)
vE(ab,p) < v (b, p).

Hence v becomes a Q-neutrosophic left ideal of S.

Definition 3.8. For two (J-neutrosophic sets v and ¢ of a semiring S, define their composition
by

vooT(a.p) = sup  {min{v"(ac,p),0” (be,p)}}
m
-,
c=1
= 0, otherwise
VIOO'I(a7p) = Sup ZZL:l w
m
- e,
c=1

= 0, otherwise
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vFoot (a,p) = inf  {max{v' (ac,p),o" (b, p)}}
a= Z acbc
c=1

= 0, otherwise

where p € Q, a,a.,b. € S, m € N-the set of natural number.

Theorem 3.9. For two Q-neutrosophic left ideals v and o of S, voo also forms a Q-

neutrosophic left ideal of S.

Proof. Consider two Q-neutrosophic left ideals v, o of S with a,b € S, p € Q. If (a + b,p) has
the expression (.., acbe,p), where ac,b. € S and p € Q, then the proof is immediate from

the definition. So, assume that a + b can be expressed in the said form. Then

(vTooT)(a + b, p)
= sup {mcin{uT(ac,p),UT(bmp)}}

m
atb= E acbe
c=1

> SUp{mgn{VT(cc,p), o(de,p) " (ec, p), o7 (fe, 0)}}

a= i Cele, b = i ecfe
c=1 c=1

= min{ sup{min{ v (cc, p), o7 (de, p)}}, sup{min{ v* (ec, p), 0" (fe,; p)} }}

m m
e Y
c=1 c=1

= min{(v"oo")(a,p), (vTooT) (b, p)}

(vloa!)(a + b,p)
m v!(ac.p)t+o’ (be.p)

= sup Doy S
m
a+b= Z acbe
c=1
m VI(Ccyp)+O'I(dc,p)+lll(€c,p)+0'l (fczp)
m m
a= Z Cele, b = Z ecfe
c=1 c=1
1 m  v!(ce,p)+ol(de,p) m  vi(ee,p)+ol(fe.p)
= 5[ sup Zc:l 2m ’ sup Zc:l 2m ]

m m
a= Z Ced,. b= Z ecfe
c=1 c=1

_ (or)ap) 0 or)(0p)
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(vFoc)(a + b, p)
= inf {m?X{VF(aup),UF(bc,p)}}

{max{v"(ce, p), 0" (de, p), V" (ec, ), 0" (fe, p)}}

A
E.
=

:ma;{;nf{méax{VCF(lcc,p),UF(dcp>}},inf{mcax{y (ec:p)so " (fe2)}}}
= max{(v" oo )(a p), (vFoo")(b,p)} -

(vTooT)(ab,p) = sup {mcin{VT(ac,p), ol (be,p)}}

ab= E acbc
=1

> s {min{o (e p). o (fop)}}

m
ab= Z aecfe
=1

> i (e, ), 0" (o)} = (00T (b,p)

m
b= Z ecfc
c=1

me

(Z/IOO'I)((Ib,p) = Sr’%p c=1 2m
ab= Z acbc
c=1 s ;
c;sp)+0” (fe,
> sup S W

m
ab= Z aecfe
c=1

> sup Y leerpollen) - (ool (b, p)

m

ZZecfc
c=1
(FooP)abp) = il {max{v*(ac.p).oF (besp)}}

ab= Z acbc
c=1
< 7innf {m?X{I/F(aeC,p), UF(fC,p)}}
ab= Z aecfe
c=1
< inf  {max{vF(ec,p), 0" (fo:p)}} = (WFor")(b,p)

= Zecfc

c=1
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Therefore voo is a ()-neutrosophic left ideal of S.

Conclusion: In this paper, we have defined @Q-neutrosophic ideals of a semiring and studied

some its elementary properties. Here also we obtain its characterizations by label subset

criteria, cartesian product and composition of two @-neutrosophic ideals. Our next aim to

extend the idea in case of Q-neutrosophic bi-ideals, Q-neutrosophic quasi-ideals and investigate

some properties of regular semirings.

Acknowledgement: The author is thankful to the referees for their valuable comments to

improve the paper.
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Abstract. This paper is an introduction of neutrosophic minimal structure space and addresses properties of
neutrosophic minimal structure space. Neutrosophic set has plenty of applications. This motivates us to present
the concept of neutrosophic minimal structure space. We defined neutrosophic minimal structure space, closure
and interior of a set, subspace. Some properties of neutrosophic minimal structure space are also studied.

Finally, Decision making problem solved using score function.

Keywords: Neutrosophic minimal structure; Ny,-closure; Np,-interior; N,,-connectedness.

1. Introduction

Zadeh’s |23] Fuzzy set laid the foundation of many theories such as intuitionistic fuzzy set
and neutrosophic set, rough sets etc. Later, researchers developed K. T. Atanassov’s [4] in-
tuitionistic fuzzy set theory in many fields such as differential equations, topology, computer
science and so on. F. Smarandache [20,121] found that some objects have indeterminacy or
neutral other than membership and non-membership. So he coined the notion of neutrosophy.
Researchers [12}/15-18] applied the concept of neutrosophy when object has inconsistent, in-
complete information. The universal set X and () forms a topology (Munkrer [11]). Popa [14]
introduced minimal structures and defined separation axioms using minimal structure. M. Al-
imohammady, M. Roohi [5] introduced fuzzy minimal structure in lowen sense. S.Bhattacharya

(Halder) [6] presented the concept of intuitionistic fuzzy minimal space.
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1.1. Motivation and Objective

In general topology, the whole set and empty set forms a space with minimal structure.
Supra topological space is also a space with neutrosophic minimal structure. These are all
the generalization of topological spaces. Our objective is to introduce neutrosophic universal
set and neutrosophic null set with neutrosophic minimal structure. It is a generalization of
neutrosophic topological space. This paper consisting of basic definitions such as interior,

closure, open, closed, subspace with minimal structure and its properties.

1.2. Limitations

Neutrosophic topological space, neutrosophic supra topological space are space with neu-
trosophic minimal structure. The converse is not true that is space with neutrosophic minimal
structure is not a neutrosophic supra topological space or neutrosophic topological space.

In section 1, the basic definitions are presented which are useful for our paper and in section
2, the basic definitions of neutrosophic minimal structure space are presented. In further sec-
tions some properties of neutrosophic minimal structure space are also investigated. Finally,
we introduced an algorithm to solve some applications of neutrosophic minimal structure
space. Note that neutrosophic topological space, neutrosophic supra topological space are

neutrosophic minimal structure space but converse is not true.

2. Preliminaries

In this section, we presented the basic definitions developed by [15,19-21].
Definition 2.1. [20,21] A neutrosophic set(in short NS) U on a set X # () is defined by

U = {{a,Ty(a),Iy(a), Fy(a)) : a € X} where Ty : X — [0,1], Iy : X — [0,1] and
Fy : X — [0, 1] denotes the membership of an object, indeterminacy and non-membership of
an object, for each a € X to U, respectively and 0 < Ty(a) + Iy(a) + Fy(a) < 3 for each
a€ X.

Definition 2.2. [19] Let U = {(a, Ty/(a), [y (a), Fy(a)) : a € X} be a neutrosophic set.

(i) A neutrosophic set U is an empty set i.e., U = 0. if 0 is membership of an object
and 1 is an indeterminacy and non-membership of an object respectively. i.e., 0. =
{z,(0,1,1) : x € X'}

(ii) A neutrosophic set U is a universal set i.e., U = 1. if 1 is membership of an object and
0 is an indeterminacy and non-membership of an object respectively. 1. = {z,(1,0,0) :
re X}

(iii) U300 = {a, maz{Ty, (a), Ty, (a)}, min{ly, (a), Iy, (a)}, min{ Fy, (a), Fy,(a)} :a € X}
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(iv) Uy N Uz = {a,min{Ty, (a), Ty,(a)}, maz{ly, (a), Iy, (a)}, max{Fy, (a), Fy,(a)} : a €
X}
(v) U ={a, Fy(a),1 — Iy(a), Ty(a) :a € X}
Definition 2.3. [19] A neutrosophic topology (NT) in Salama’s sense on a nonempty set X

is a family 7 of NSs in X satisfying three axioms:

(1) Empty set ( 0~) and universal set( 1.) are members of 7.
(2) Uy NU;y € 7 where Uy, Us € 7.
(3) U2, Ui € T where each U; € 7.

Each neutrosophic sets in neutrosophic topological spaces are called neutrosophic open sets.

Its complements are called neutrosophic closed sets.

Definition 2.4. [19] Let NS U in NTS X. Then a neutrosophic interior of U and a neu-
trosophic closure of U are defined by

n-int(U) = max {F : Fis an Neutrosophicopen setin X and F' < U} and

n-cl(U) = min {F : F'isan Neutrosophicclosed setinX and F' > U} respectively.

Definition 2.5. [15] A neutrosophic supra topology (in short, NST) on a nonempty set X is

a family 7 of NSs in X satisfying the following axioms:

(1) Empty set ( 0~) and universal set( 1.) are members of 7.
(2) U2, Ui € T where each U; € 7.

3. Neutrosophic Minimal Structure Spaces

Neutrosophic minimal structure space is defined and studied its properties in this section.

Definition 3.1. Let the neutrosophic minimal structure space over a universal set X be
denoted by N,,. Ny, is said to be neutrosophic minimal structure space (in short, NMS) over
X if it satisfying following the axiom:
(1) O~, 10 € Ny,

A family of neutrosophic minimal structure space is denoted by (X, N, x)
Note that neutrosophic empty set and neutrosophic universal set can form a topology and it
is known as neutrosophic minimal structure space.

Each neutrosophic set in neutrosophic minimal structure space is neutrosophic minimal
open set.

The complement of neutrosophic minimal open set is neutrosophic minimal closed set.
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Remark 3.2. Each neutrosophic set in neutrosophic minimal structure space is neutrosophic
minimal open set.
The complement of neutrosophic minimal open set is neutrosophic minimal closed set.

In this paper, we refer definition 2.2 for basic operations.

Example 3.3. We know that 0. = {z,(0,1,1)} & 1. = {z,(1,0,0)} are neutrosophic mini-
mal open sets. Lets find out their complements.
0¢ = {2,(1,0,0)} = 1. and 1¢ = {,(0,1,1)} = 0~. This clears that 0. and 1. are both

neutrosophic minimal open and closed set.

Remark 3.4. From Definition 3.1. the following are obvious

(1) Neutrosophic supra topological spaces are neutrosophic minimal structure space but
converse not true.
(2) Similarly, Neutrosophic topological spaces are neutrosophic minimal structure space

but converse is not true.

The following Example 3.5 proves the above Remark 3.4.

Example 3.5. Let A = {< 0.6,0.4,0.3 >: a}, B = {< 0.6,0.5,0.1 >: a} are neutro-
sophic sets over the universal set X = {a}. Then the neutrosophic minimal structure space
is N, = {0,1, A, B}. But N,, is not a neutrosophic topological space and not a neutrosophic

supra topological space, since arbitrary union and finite intersection doesn’t hold in Ny,.

Definintion 3.6. A is N,,-closed if and only if N,,cl(A) = A.
Similarly, A is a Np,-open if and only if N,,int(A) = A.

Definintion 3.7. Let N, be any neutrosophic minimal structure space and A be any neu-
trosophic set. Then
(1) Every A € Ny, is open and its complement is closed.
(2) Np-closure of A = min{F : F is a neutrosophic minimal closed set and F > A}
and its denoted by N,,cl(A).
(3) Np-interior of A = max{F : F is a neutrosophic minimal open set and F' < A} and
it is denoted by Ny,int(A).
In general Ny,int(A) is subset of A and A is a subset of Np,cl(A).

Proposition 3.8. Suppose A and B are any neutrosophic set of neutrosophic minimal struc-

ture space N,, over X. Then
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i. N¢ ={0,1, Alc} where Aic is a complement of neutrosophic set A;.

ii. X — Npint(B) = Ny,cl(X — B).

ili. X — Npcl(B) = Npint(X — B) .

iv. Npcl(AC) = (Npcl(A)C = Nyint(A).

v. Ny, closure of an empty set is an empty set and N, closure of a universal set is a
universal set. Similarly, IV, interior of an empty set and universal set respectively an
empty and a universal set.

vi. If B is a subset of A then N,,cl(B) < Ny, cl(A) and Npint(B) < Npint(A).

vii. Nppcl(Npcl(A)) = Nppcl(A) and Nppint(Np,int(A)) = Npint(A).
viii. Nppcl(AV B) = Nycl(A) V Np,cl(B)
ix. Nppcl(ANB) = Npcl(A) N Npcl(B)

Proof. (i) We know that A® = X — A. Then N,,cl(X — A) = Npcl(AY) = (Npcl(A)C =
Npint(A), from (iv).

Similarly for (ii).

(vi) Let B < A. We know that B < Np,cl(B) and A < N,,,cl(B). So B < Npcl(B) < A<
Npcl(A). Therefore N,,cl(B) < Np,cl(A).

Proof of (vii) is straight forward.

(viii) We know that A < AV B and B < AV B. Npcl(A) < Npycl(A Vv B) and
Npcl(B) < Npyel(AV B) this implies Ny, cl(A) V Npypcl(B) < Npcl(AV B).— (*)

Also A < Npcl(A) and B < Ny cl(B) = AV B < Npcl(A) V Npypel(B). Npcl(AV B) <
N el (Nppcl(A) V Nppel(B)) = Nppcl(A) V Nyl (B) — (k).

From (*) and (**), we have N,,cl(AV B) = Npcl(A) V Nycl(B).

Example 3.9. Consider Example 3.5, the complement of N, is {O,l,Ac,BC} where
A® = {<1-06,1-041-03> /a:a€ X} ={<04,06,07 > /a:a € X} and
B¢ ={<1-06,1-051-01>/a:a€ X}={<04,0509>/a:a€c X}.

Definintion 3.10. A function f : (X, Ny,x) — (Y, Npy)) is called neutrosophic minimal

continuous function if and only if f~1(V) € N,,,x whenever V € N,y .
Definintion 3.11. Boundary of a neutrosophic set A (in short Bd(A)) of neutrosophic mini-
mal structure (X, N, x) is the intersection of N,,closure of the set A and N, closure of X — A.

i.e., Bd(A) = Npel(A) N Npcl(X — A)

Theorem 3.12. If (X, N,,,x) and (Y, N;,,y) are neutrosophic minimal structure space . Then
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(1) Identity map from (X, Npx) to (Y, N,,y) is a neutrosophic minimal continuous func-
tion.
(2) Any constant function which maps from (X, Ny, x) to (Y, Ny,y) is a neutrosophic

minimal continuous function.

Proof. The proof is obvious.

Theorem 3.13. Let the map f from neutrosophic minimal structure space (X, N,,x) to

neutrosophic minimal structure space (Y, N,,y). Then the following are equivalent,

(1) The map f is a neutrosophic minimal continuous function.
(2) f~Y(V) is a neutrosophic minimal closed set for each neutrosophic minimal closed set
V € Nny.

(3) Npncl(f72(V)) < f=YNmcl(V)), for each V € Ny .

(4) Npcl(f(A4)) > f( cl(A)), for each A € Ny, x.

(5) Npint(f~1(V)) > fH(Npint(V)), for each V € N, x.
Proof. (1) = (2): Let A be a Ny,-closed in Y. Then f~1(A)¢ = f~1(A%) € N, x.
(2) = (3): Npcl(f~%(A) = A{D : f71(A) < D,D® € Npx} < AM{f71(D): A< D,DY ¢
Npy}=fY{D: A< D€ Npy}) = f 1 Nmel(A)).
(3) = (4): Since A < f1(f(A)), then Npcl(A) < Npclf H(f(A) < fF7HNpcl(f(A))).
Therefore f(Ny,cl(A)) < Npycl(f(A)).
4 = 6 fWaint(fH(A)) = f(Nmc(fTH(A))9) = f(Nmcl(f(A)))
Npcl(f(f7HAY))) < Npcl(AY) = (Npint(A))C. This implies that Nint(f~1(B))¢
fH (Nmint(A))© = (f 1 (Nmint(A))).
Taking complement on both sides, f~!(N,,int(A)) < Npyint(f~1(B)).

IN A

Definition 3.14. Let (X, N,,,x) be neutrosophic minimal structure space.

i. Arbitrary union of neutrosophic minimal open sets in (X, N, x) is neutrosophic mini-
mal open. (Union Property)
ii. Finite intersection of neutrosophic minimal open sets in (X, N,,x) is neutrosophic

minimal open. (intersection Property)

4. Neutrosophic Minimal Subspace

In this section, we introduced the neutrosophic minimal subspace and investigate some
properties of subspace.
Definition 4.1. Let A be a neutrosophic set in neutrosophic minimal structure space
(X, Npmx). Then Y is said to be neutrosophic minimal subspace if (Y, Np,y) = {ANU :
Ué€ Npy}.
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Lemma 4.2. If neutrosophic set b in the basis B for neutrosophic minimal structure space
X. Then the collection By = {bNY : Y C X} is a basis for neutrosophic minimal subspace
onY.

Proof. Given a neutrosophic set A in X and C is a neutrosophic set in both A and subset Y
of X. Consider a basis element b of B such that Cin b and in Y. Then C € BNY CcUNY.

Hence By is a basis for the neutrosophic minimal subspace on the set Y.

Lemma 4.3. Let (Y, N,,y) be a subspace of (X, N,,x). If A is a neutrosophic set in Y
and Y C X. Then A is in (X, Nppx).

Proof. Given that neutrosophic set A in (Y, N,,y). A = Y N B for some neutrosophic set
B € X. Since Y and B in X. Then A is in X.

Proposition 4.4. Suppose (Y, N,,y) is a neutrosophic minimal subspace of (X, 7x).

(1) If the neutrosophic minimal structure space (X, N,,x) has the union property, then
the subspace (Y, N;,,y') also has union property.
(2) If the neutrosophic minimal structure space (X, N,,x) has the intersection property,

then the subspace (Y, N,,y) also has union property.

Proof. Suppose the family of open set {V; : i € Y'} in neutrosophic minimal subspace(Y, N,,,y)
then there exist a family of open sets {U; : j € X} in neutrosophic minimal structure space
(X, Ninx) such that V; = U; N A, Vi € Y where A € Niy. Ugey) Vi = Ujex)(U; N A4) =
U(iEY) Uj N A. Since (X, Ny, x) has union property then (Y, N,,y) also has union property.
The proof of (ii) is similarly to (i).

Definition 4.5. Suppose (B, N,,5) and (C, N,,¢) are neutrosophic minimal subspaces of
neutrosophic minimal structure spaces (Y, Np,y) and (Z, N, z) respectively. Also, suppose
that f is a mapping from (Y, N,,y) to (Z, Ny, z) is a mapping. We say that f is a mapping
from (B, Ny, ) into (C, Np,¢) if the image of B under f is a subset of C.

Definition 4.6. Suppose (A4, N;,4) and (B, Ny, p) are neutrosophic minimal subspaces of
neutrosophic minimal structure spaces (Y, N,,y) and (Z, N, z) respectively. The mapping f
from (A, Ny a) into (B, Ny, p) is called a

(1) comparative neutrosophic minimal continuous, if f}(W) A A € N,, 4 for every neutro-
sophic minimal structure set W in B,

(2) comparative neutrosophic minimal open, if f(V) € N,,p for every fuzzy set V€ N, 4.
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X/E cl Co c3 | ... | Cp
ap | dig | dig | dig | ... | dip
ag | doy | dog | da3 | ... | dop
am | dm1 | dm2 | dn3 | oo | din

TABLE 1. Attributes and Alternative

5. Applications

The application of neutrosophic minimal structure space is based on the minimal element
and maximal element. In neutrosophic minimal structure space, O~ is the minimal element
and 1. is the maximal element. The application of neutrosophic minimal structure space
used in consumer theory where the customer has only two objective. In consumer theory,
the customer has either minimize purchase cost and maximize the quantity or maximize the
durability.

The following steps are proposed to take better decision.
Step 1.

Input m Attributes and n alternatives (See TABLE 1).

Step 2. Construct the neutrosophic minimal structure from the data. 7, = {0~, 1~,Ux} where
Uy = {dik, dok....dme }

Step 3. compute the neutrosophic score function (in short, NF) using the following simple
formula, NF(Uy) = 5[ 7124+ T; — I; — F]]

Step 4. Arrange the score function Uy, which we calculated in step 3 in ascending order. Choose
the largest score value Uy for better decision.

Lets consider the following example. Let the set of variety of cars be X = {C1,Co,C5} and
the parameter set E = {a = cost of the car,b = safety,c = maintenance}. A customer will
assign minimum value of 0. to bad features,maximum 1. to the best feature of the product.
Membership, indeterminacy and non-membership values taken from customer’s review rating.
Membership referred to cost of the car is worth to the model, safe and low maintenance cost.
Non-membership referred to cost of the car is not worth to the model, not safe due to break
failure or some other reason and high maintenance cost. Indeterminacy referred to neutrality
of cost of the car, safe if drive safe and maintenance is neutral. Let us assume TABLE 2.
values are taken from customer review rating for the models Cy,Co and Cs with parameters
a, b and c.

Step 2. The neutrosophic minimal structure

71 = {0~, 1, U1} where U; = {(0.6,0.2,0.4),(0.7,0.3,0.4), (0.6,0.3,0.4) }

Similarly, 7o = {0~, 1~,Us} where Uy = {(0.6,0.3,0.4),(0.6,0.3,0.4), (0.5,0.2,0.4) }
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X/E Ch Co Cs
a |(0.6,0.2,0.4) | (0.6,0.3,0.4) | (0.7,0.3,0.4)
(0.7,0.3,0.4) | (0.6,0.3,0.4) | (0.8,0.2,0.2)
¢ |[(0.6,0.3,0.4) | (0.5,0.2,0.4) | (0.6,0.2,0.3)
TABLE 2. Input matrix

73 = {0~, 1., Us} where Us = {(0.7,0.3,0.4), (0.8,0.2,0.2), (0.6,0.2,0.3)}

Step 3. Neutrosophic score functions are

NS(Uy) = 0.6556

NS(Uy) = 0.6333

NS(Us) = 0.7222
Step 4. The neutrosophic score functions are arranged in ascending order as follows Us <
U, < Us. Based on score function, Us is the largest score function. Ujs related to the model
Cs. Hence Model Cj is best to buy.
Comparison Analysis: The existing and proposed notion of neutrosophic minimal structure

space is compared in the below table.

Spaces Uncertainty | Truth value | Uncertainty | False value

of parameter | of parameter | of parame-

ter.

Minimal - - - -
structure

space

Fuzzy min- | Present Present - -
imal struc-

ture space

Intuitionistic| Present Present Present -
Minimal
structure

space

Neutrosophid Present Present Present present

minimal

structure

space

TABLE 3. Comparison Table
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6. Conclusions

In this paper, Neutrosophic minimal structure space is introduced and some of its prop-

erties investigated along with this. Neutrosophic minimal continuous and subspace are also

investigated with few properties. Finally, application of neutrosophic minimal structure space

is discussed. Future work of this paper is to investigate and study various open sets and sep-

aration axioms in neutrosophic minimal structure space. Also the application part discussed

in this work leads to analyze in weak structure.

References

(1]

2]

[10]
[11]
[12]
[13]
[14]
[15]
[16]

[17]

Abdel-Basset, M.; Gamal, A.; Son, L.H.; Smarandache, F. A Bipolar Neutrosophic Multi Criteria Decision
Making Framework for Professional Selection. Appl. Sci.(2020), 10, 1202.

Abdel-Basset, M.; Mohamed, R.; Zaied, A. E. N. H.; Gamal, A.; & Smarandache, F. Solving the supply
chain problem using the best-worst method based on a novel Plithogenic model. In Optimization Theory
Based on Neutrosophic and Plithogenic Sets,(2020), (pp. 1-19). Academic Press.

Abdel-Basst, M.; Mohamed, R.; & Elhoseny, M. A novel framework to evaluate innovation value
proposition for smart product-service systems. Environmental Technology & Innovation, (2020), DOL:
10.1016/j.€t1.2020.101036

Atanassov, K.T. Intuitionstic fuzzy sets. Fuzzy sets and systems, (1986), 20, 87-96.

Alimohammady, M.; Roohi, M. Fixed point in minimal spaces. Nonlinear Anal.Model. Control,
(2005),10,305-314.

Battacharya. S(Halder). Some results on IF generalized minimal closed set. Int. Journal of Math. Analysis,
(2010), 4(32), 1577 - 1589.

Banu priya, V.; Chandrasekar, S. Neutrosophic a gs Continuity and Neutrosophic ags Irresolute Maps.
Neutrosophic Sets and Systems, (2019), 28, 162-170. DOIL: 10.5281/zenodo.3382531

Coker, D. An introduction to fuzzy topological spaces. Fuzzy sets and systems (1997), 88, 81-89.
Dhavaseelan, R.; Narmada Devi, R.; Jafari, S and Qays Hatem Imran. Neutrosophic alpha-m-continuity.
Neutrosophic Sets and Systems, (2019), 27, 171-179. DOI: 10.5281/zenodo.3275578

Dhavaseelan, R.; Parimala, M.; Jafari, S.; Smarandache, F. On neutrosophic semi-supra open set and
neutrosophic semi-supra continuous functions. Neutrosophic Sets and Systems, (2017), 16 ,39-43.

James Munkres, Topology. pearson, (2000).

Karthika, M.; Parimala, M.; Jafari, S.; Smarandache, F.; Mohammad Alshumrani,; Cenap Ozel and Ud-
hayakumar. R. Neutrosophic complex a) connectedness in neutrosophic complex topological spaces. Neu-
trosophic sets and systems, (2019), 29, 158-164.

Kuratowski. K, Topology Vol. II. Academic Press: New York, (1966).

Popa, V.; Noiri, T. On M-continuous functions. Anal. Univ. Dunarea de Jos Galati, Ser. Mat. Fiz. Mec.
Teor. Fasc. II, (2000), 18 (23), 31-41.

Parimala, M.; Karthika, M.; Dhavaseelan, R.; Jafari, S. On neutrosophic supra pre-continuous functions in
neutrosophic topological spaces. New Trends in Neutrosophic Theory and Applications, (2017), 2, 371-383.
Parimala, M.; Karthika, M.; Jafari, S.; Smarandache, F.; Udhayakumar, R. Decision-Making via Neutro-
sophic Support Soft Topological Spaces. Symmetry, (2018), 10(6), 217, 1-10.

Parimala, M.; Karthika,M.; Jafari, S.; Smarandache, F.; El-Atik,A.A. Neutrosophic aw-connectedness.
Journal of Intelligent & Fuzzy Systems, (2020), 38, 853 - 857.

M. Karthika, M. Parimala, F. Smarandache, An introduction to neutrosophic minimal
structure space



Neutrosophic Sets and Systems, Vol. 36, 2020 388

[18] Parimala, M.; Karthika, M.; Jafari, S.; Smarandache, F. and Udhayakumar, R. Neutrosophic nano ideal
topological structures. Neutrosophic sets and systems, (2019), 24, 70-77.

[19] Salama, A.A.; Alblowi, S.A. Neutrosophic Set and Neutrosophic Topological Spaces. IOSR J. Math. (2012),
3, 31-35.

[20] Smarandache, F. Neutrosophy and Neutrosophic Logic. First International Conference on Neutrosophy,
Neutrosophic Logic Set, Probability and Statistics, University of New Mexico, Gallup, NM, USA, (2002).

[21] Smarandache. F. A Unifying Field in Logics: Neutrosophic Logic. Neutrosophy, Neutrosophic Set, Neutro-
sophic Probability, American Research Press: Rehoboth, NM, USA, (1999).

[22] Smarandache, F.; Mumtaz Ali. Neutrosophic Triplet Group (revisited). Neutrosophic Sets and Systems,
26,(2019), 1-11.

[23] Zadeh, L.A. Fuzzy Sets. Information and Control, (1965), 18, 338-353.

Received: Jul 29, 2020 / Accepted: Sep 30, 2020

M. Karthika, M. Parimala, F. Smarandache, An introduction to neutrosophic minimal
structure space



NSS Neutrosophic Sets and Systems, Vol. 36, 2020

University of New Mexico

gV
N1 a

Interval Valued, m-Polar and m-Polar Interval Valued
Neutrosophic Hypersoft Sets

Muhammad Saqlain!, Xiao Long Xin"
1 School of Mathematics, Northwest University Xi’an, China. E-mail: msgondal0@gmail.com

¥ Correspondence: E-mail: xIxin@nwu.edu.cn

Abstract: Decision making is a complex issue due to vague, imprecise and indeterminate
environment specially, when attributes are more than one, and further bifurcated. To solve such type
of problems, concept of neutrosophic hypersoft set (NHSS) was proposed [1]. The purpose of this
paper is to provide the extension of NHSS into: Interval Valued, m-Polar and m-Polar interval valued
Neutrosophic Hypersoft sets. The definitions of proposed extensions and mathematical operations
are discussed in detail with suitable examples. Finally, concluded the present work with the future

direction.

Keywords: MCDM, Uncertainty, Soft set (SS), Neutrosophic Soft set (NS’s), Hypersoft set (HS's),
Neutrosophic Hypersoft set (NHSS)

1. Introduction

The concept of membership was initiated by Zadeh [2] known as fuzzy set (F’s). This, concept was
extended by Atanassov [3] and known as intuitionistic fuzzy set (IF’s) and this concept was extended
by Smarandache [4] who proposed the theory of neutrosophic set (N’s) with the addition of
indeterminacy value along with membership, and non-membership values. The Hybrid within
neutrosophic theory was suggested by [5], the hybrids consists of; single-valued neutrosophic set
(SVNS), Interval-valued neutrosophic set (IVNS) [6], multi-valued neutrosophic set (MVNS) [7].
After these generalizations many researches related to SVNS have been conducted [8-17]. Broumi et
al. [18] merged the concept of N’s and multi-valued and proposed the new idea; knowns as; multi-
valued interval neutrosophic set (MVINS). Many other developments within this structure has been
discussed by [19-21]. One of the most important development in the field of fuzzy was made by
Molodtsov [22] who provided the idea of soft set (SS), that is very useful to deal with uncertain and
vague information. In recent years, the SS theory is extended to many other theories Firstly, Fuzzy
soft set theory and its properties was developed by Cagman et al. [23]. The key role in these theories
was made by Maji [24] who extended the theory of NS by combining with soft set, named as
neutrosophic soft set (NSS). Within this set [25] introduced some basic definitions, operations, and
decision-making approaches called as IVNSS. After this, these hybrids were extended to multi-
valued neutrosophic soft set (MVNSS) by [26]. Some definitions, operations and applications of
MCDM approach-based problems using MVNSS was introduced [27]. Utilizing this idea a few
mathematicians have proposed their examination work in various scientific fields [28-37] and this

idea is likewise utilized in advancing decision-making calculations [38-42].
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Smarandache [43] generalized the concept of soft set (SS) to hypersoft set (HSS) by converting
the function into multi-attribute function to deal with uncertainty along with all the hybrids like crisp,
fuzzy, intuitionistic and neutrosophic. Saqlain et al. [44] proposed the aggregate operators and
similarity measure [45] on NHSS. Also, Saqlain et al. [46] developed the generalization of TOPSIS for
the NHSS, by using accuracy function they transformed the fuzzy neutrosophic numbers to crisp
form.

The purpose of this paper is to overcome the uncertainty problem in more precise way by
combing Interval-Valued Neutrosophic set IVNSS, m-Polar Neutrosophic set mpand m-Polar

Interval-Valued Neutrosophic set with Hypersoft set.

The paper presentation is as follows. Section 2, provides the basic definitions and major relation with
the extension Interval-Valued, multi-polar and multi-polar Interval-valued from NHSS are
presented. Section 3, proposes the basic definitions along with: subset, null set and Universal set of

each type. Finally, conclusion and future direction is presented in section 4.

1.1 Motivation

From the literature, it is found that Interval Valued, m-Polar and m-Polar Interval Valued
Neutrosophic Hypersoft Set respectively has not yet been studied so far. This leads us to the present
study.
2.Preliminaries
Definition 2.1: IVNSS [6]
Consider Uand E be universal and set of attributes respectively and consider A € E . The mapping
(F, A)is called an IVNSS over U and is given as;

F:A > P(U) and (F,A) ={<u T(FA)),I(F(A)),F(F(A)) > ue U}

Where ']I’(F (A)) c [0,1], H(F (A\.)) c [0,1] and [F(F (A\.)) C [0,1] are the intervals with side conditions
0< sup']l’(F(A\.)) + sup H(F(A)) + sup [F(F(A\)) < 3. The terms ’II‘(F(AX)), H(?(A)), IF(F(A)) represent

the truthiness, indeterminacy and falsity of u to A respectively. For our convenience,
we assume that A =<[T(F(A))  ,T(FA)'], [1(F@)™  1(F@)"], [F(F@)) " F(ra))"] >
where;

T(F(A)) = [T(F(A))_,T(F (A))+] c [0,1], 1(F(A)) = [H (F@),1(8 (Ak))+] c [0,1] and

F(F(A)) = [IF(F(A) )", F (F (A))+] c [0,1].

Definition 2.2: m-Polar Neutrosophic Soft Set [26]
Consider Uand E be universal and set of attributes respectively and consider A € E . The mapping
(F, A)is called an MVNSS over U and is given as;

<T*(F(A)), 1Y (F(A)),FZ(F(A))> u
u )

F:A > P(U) and (F,A) ={ etu}

Where T(F(A)) < [0,1], 1(F(A)) < [0,1] and F(F(A)) < [0,1] are the multi-valued numbers and they
are given as;
T*(F(A)) = TY(F(A)), T?(F(A)) ... T*(F(A)),
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IY(F(A)) = IN(FA)),I2(F(Q)) ... I7(F(A)),

FZ(F(A)) = FY(F(A)), F*(F(A)) ... FZ(F(A)).
'I[‘(F (A\.)), H(F (A)), IF(F (A)) represent the truthiness, indeterminacy and falsity of u to A respectively.
Definition 2.3: MVINSS [18]
Consider Uand E be universal and set of attributes respectively and consider A € E . The mapping
(F, A)is called an MVINSS over U and is given as;

<T*(F(A)),1” (F(A)) FZ(F(A))> u
u )

F:A > P(U) and (F,A) ={ euJ}

Where ']I‘(F (A)) c [0,1], H(F (A\.)) c [0,1] and IF(F (A\.)) € [0,1] are the multi-valued numbers and they

are given as;

T*(F@) = [T'(F), T (FA) '] L [T2(F@) ", T2(F@) | . [T*(F@)) ", T (B(W)
PE@) = [I(F@) 1 EW) | [PE@W) 2E@)].. [PE@) P E@)’]

FZ(E(A)) = [Fi(F(A))_,lFl(F(A)Y] ,[IF3(F(A))_,[F3(F(A))+] [IFZ(F(A))_,IFZ(F(A))+].

'I[‘(F (A\.)), H(F (A)), IF(F (A)) represent the truthiness, indeterminacy and falsity of u to A respectively.
Definition 2.4: Neutrosophic Hypersoft Set [44]
Let U = {u',u? .. u*} and P(U) be the universal set and power set of universal set respectively, also
consider L;,L,,.. L, for & =1, & well defined attributes, and corresponding attributive values
are the set L4, L5, ... L7 and their relation L{ X L2 x .. L7 where a,b,c,...z =12, ..n then the pair
(F, LY X L5 x ... L%) issaid to be Neutrosophic Hypersoft set over U where F: (L x L} x ... LZ) -
P(U) and it is define as
F: (LY X L} X ... LZ) - P(U) and

F: (L¢ X L8 x ... L3) = {< u, Tp(u), [,(w), Fp(u) >u € U, L€ (L X LE x .. L3)}  where T,IF
represent the truthiness, indeterminacy and falsity of u to A respectively such that T, I, F: U - [0,1]
also 0 < T,(u) + I,(w) + Fp(w) <3.

3. Calculations
In this section, NHSS is extended into the following:

Notions: Following abbreviation will be used throughout the article,

e Interval-valued Neutrosophic Hypersoft Set (IVNHSS)
e m-Polar Neutrosophic Hypersoft Set (m-Polar NHSS)
e m-Polar Interval-valued Neutrosophic Hypersoft Set (m-Polar IVNHSS)

Example 1: (Following formulation and assumptions will be considered throughout as an example)
Let U be the set of different schools nominated for best school given as;
U= {S$*,$%,$3, 8% S%)

also consider the set of attributes as;
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Assumptions:
A, = Teaching standards, A, = Organization, A; = Ongoing Evaluation, A, = Goals
And their respective attributes are given as
Af = Teaching standards = {high, mediocre, low}
AL = Organization = {good, average, poor}
A = Ongoing Evaluation = {yes,no}
A% = Goals = {ef fective, commited, upto date}
Formulation:
F:Af x A x AS x A? - P(U)

Let's assume F(high,average,yes, ef fective) = {S,S°}
Then one of, Neutrosophic Hypersoft set NHSS of above assumed relation is

F(high ,average, yes, ef fective)

= {S!, (high {0.9,0.3,0.1}, average {0.8,0.2, 0.4}, yes {0.4,0.9,0.6}, ef fective {0.6,0.4,0.5}) >,

< $5(high {0.5,0.3,0.8}, average {0.6,0.1,0.2}, yes {0.6,0.4,0.7}, ef fective {0.4,0.5,0.3}) >}
In this Example,
Case 1: Substituting attributive values as; interval values in the form of neutrosophic, call it, IVNHSS.
Case 2: Substituting attributive values as; m-neutrosophic values, call it, m-polar NHSS.

Case 3: Substituting attributive values as; m-neutrosophic interval values, call it, IVNHSS.

3.1 Interval-valued Neutrosophic Hypersoft Set (IVNHSS)
Definition 3.1.1 IVNHSS

Let U = {u",u? .. u*} and P(U) be the universal set and power set of universal set respectively, also
consider L;,L,,.. L, for & =1, & well defined attributes, and corresponding attributive values
are the set L4, L5, ... L7 and their relation L{ X L2 x .. L7 where a,b,c,...z =12, ..n then the pair
(F, LY X L x .. L%) is said to be Interval-Valued Neutrosophic Hypersoft set IVNHSS, over U
where F: (L§ x L} X ... LZ) - P(U) and it is define as
F: (L¢ X L2 X ... LZ) - P(U)

And, F:(L§ X L3 x ... L3) = {< u, T,(w), 1,(w), F,(w) >u € U, € (L X L3 X ... L3)}

Where T,(u) € [0,1],1,(u) € [0,1] and F,(u) < [0,1] are the interval numbers and 0 < supT,(u) +
sup I,(u) + sup F,(u) < 3. The intervals T,(u), I,(u), F,(u) represent the truthiness, indeterminacy

and falsity of u to A respectively. For convenience, we assume that:

A =< [(Te@) ", (Te@)"], [(1:a) 7, (1) ], [(Fe) ™, (Fo@))"] > where
To@) = [(T.@)", (T,@)"| € 10,11, L) = [(1.), (1w)"] € [0,1] and

Fo(u) = [(Fe@) ™, (F,)"] € [0,11.

Example:
F:A? X AL x AS x A —» P(U)
Let's assume F(high,average,yes, ef fective) = {S,S°}

Then Interval-Valued Neutrosophic Hypersoft set of above assumed relation is
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high < [0.4,0.9],[0.3,0.5],[0.1,0.7] >,
average < [0.3,0.7],[0.3,0.4],[0.01,0.17] >, S
yes < [0.41,0.49],[0.03,0.15],[0.18,0.28] >, ’
ef fective < [0.12,0.54],[0.23,0.75],[0.51,0.81] >

F(high ,average, yes, ef fective) = {< S?,

high < [0.6,0.86],[0.53,0.65], [0.71,0.89] >,
/average < [0.3,0.4],[0.31,0.55],[0.01, 0.03] >,\ }
yes < [0.83,0.9],[0.23,0.59], [0.05,0.09] >, /

(high ,average, yes, ef fective) = {< S5,
\effective < [0.23,0.58],[0.03,0.3],[0.01,0.1] >

Definition 3.1.2 Subset of IVNHSS

Let ¥, w, € IVNHSS(U). Then, ¥, for all x € ¥ is an IVNHSS subset of w, , denoted by ¥, € w,.If
P, (x) € w,(x) forall x € F.

Definition 3.1.3 Empty IVNHSS

Let ¥, € IVNHSS(U). If ¢, = ¢ forall x € ¥ then N is called an empty IVNHSS, denoted by ¢.
Definition 3.1.4 Universal Set of IVNHSS

Let ¥, € IVNHSS(U). If ¢, = £ forall x € F then N is called universal set of [IVNHSS, denoted by
K.

3.2 m-Polar Neutrosophic Hypersoft Set (m-Polar NHSS)
Definition 3.2.1 m-Polar NHSS

Let U = {u!,u?, .. u*} and P(U) be the universal set and power set of universal set respectively, also
consider L;,L,,.. L, for & =1, & well defined attributes, and corresponding attributive values
are the set 1L¢,13, ... LZ and their relation L{ x L} X ... LZ where a,b,c,..z=1,2,..n then the pair
(F, LY X L8 x .. L) is said to be m-Polar Neutrosophic Hypersoft set m-Polar NHSS, over U
where F: (L§ x L} X ... LZ) - P(U) and it is define as

F: (LY X L3 X ... LZ) - P(U)
And,

i j k a b z) .
F: (L x L x ... L) = {< u, Te'(w), 1/ (w), Fe"(w) > u € U, € € (L x L3 X ... L3) } Also

ijk=123,..

14 q r
oszmi(u)g, osZH,f(u)sL OSZIF/‘(u) <1
i=1 =1 k=1

Where T,'(u) € [0,1],1,/(w) € [0,1] and F,*(u) < [0,1] are the numbers and

4 q r
0< Z T, (w) +Z 1) () +Z Fw) <3
i—1 =1 k=1

For our convenience, we assume that

T, (u) = Ty (W), T2 * (W), Ty (W), ..., Typ” (w)
I/ (W) = Lyt W), 1,52 (W), Lps® (), ..., Lg? ()
FXW) = Fu' (W), Fp? (W), Fes W), .., Fp, " ().
Example:
F:Af x A x AS x A} > P(U)
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Let's assume F(high,average, yes,ef fective) = {St,S°}

Then in Neutrosophic Hypersoft set of above assumed relation is,

F(high ,average, yes, ef fective)

( high < (0.01,0.003,0.1,0.023,0.07), (0.092,0.073,0.08,0.2,0.4), (0.2,0.017,0.06,0.13,0.3) >,
_ i< st average < (0.2,0.1,0.5,0.019,0.051), (0.21,0.14,0.27,0.009,0.1), (0.113,0.35,0.25,0.12,0.03) >, >}
’ yes < (0.12,0.13,0.14,0.15,0.39), (0.17,0.20,0.24,0.15,0.1), (0.2,0.1,0.5,0.019,0.051) >,
ef fective < (0.2,0.017,0.06,0.13,0.3),(0.12,0.025,0.07,0.22,0.074), (0.01,0.003,0.1,0.023,0.07) >

F(high,average, yes, ef fective)

high < (0.09,0.08,0.7,0.0260.05), (0.04,0.03,0.02,0.1,0.09), (0.32,0.51,0.06,0.03,0.12) >,
_loss / average < (0.12,0.13,0.14,0.15,0.39), (0.17,0.20,0.24,0.15,0.1), (0.2,0.1,0.5,0.019,0.051) >, \>
' yes < (0.09,0.08,0.7,0.0260.05), (0.04,0.03,0.02,0.1,0.09), (0.32,0.51,0.06,0.03,0.12) >, /
effective < (0.12,0.13,0.14,0.15,0.39), (0.12,0.025,0.07,0.22,0.074), (0.12,0.025,0.07,0.22,0.4) >

Definition 3.2.2 Subset of m-Polar NHSS

Let {,,8, € m — Polar NHSS(U). Then, {, V x € F is an m-Polar NHSS subset of 6, , represented
by {, € 6,.If {,(x) € 6,(x) forall x € F.

Definition 3.2.3 Empty m-Polar NHSS

Let {, € m — Polar NHSS(U).If {,=¢ V x € F then N is said to be an empty m-polar NHSS,
represented by ¢.

Definition 3.2.4 Universal Set of m-Polar NHSS

Let {, € m — Polar NHSS(U).If {,=F V x € F then N is called universal set of m-Polar NHSS,
represented by @.

3.3 m-Polar Interval-Valued Neutrosophic Hypersoft Set (m-Polar IVNHSS)

Definition 3.3.1: m-Polar IVNHSS)

Let U = {u!,u?, .. u*} and P(U) be the universal set and power set of universal set respectively, also
consider L;,L,,.. Ly for & =1, & well defined attributes, and corresponding attributive values
are the set 19,13, ... LZ and their relation L{ x L} X ... LZ where a,b,c, ..z =1,2,..n then the pair
(F, LY X L x .. L%) is said to be Interval-Valued Neutrosophic Hypersoft set IVNHSS, over U
where F: (L x L5 x ... LZ2) » P(U) and it is define as
F: (LY X L3 X ... LZ) - P(U)
F e {< w, T (w), 1, (W), F*(w) >u€ U, £ e (LE X LE x ... L) :}
x,y,z=1273,..

Where,
T, (W) = [(TF W), (T, @) ] < [04]
1" () = [(1, )", (17 @) ] < [04]
Fo* () = [(F” )", (Fo* (W) "] < [0.]
Also
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s t v
0< ) Sup{T/*(w)}<1, 0< ) Sup{l,k(w)}<1, 0<) {F,°(w)}<1

And,

0< xZSup (T (W)} +y2=15up{nﬂ(u)} +ZZI{IF/(u)} <3

For our convenience, we assume that:

@ =< [(1iw) (i) | (Tew) L (TEw) | - [(Te ) (Tew) ] >
1w =<|(w), (Lw)] [(1Pw) (1rw)],.|(erw) (w)]>

R =<|(Fi@) (R w) | [(Fe@) . (Few) |, [(Fea)” (R @) '] >

Example:
F:Af x A x AS x A? » P(U)
Let's assume F(high,average, yes, ef fective) = {St,S°}
Then m-Polar Interval-Valued Neutrosophic Hypersoft set of above assumed relation is
F(high ,average, yes, ef fective)
( high < ([0.01,0.03], [0.1,0.23], [0.07,0.5]), ([0.072,0.073], [0.08,0.2], [0.14,0.32]), ([0.12,0.017], [0.06,0.13], [0.3,0.4]) >, \
_ i< 5t ( average < ([0.2,0.21],[0.15,0.19], [0.02,0.03]), ([0.11,0.14], [0.27,0.39], [0.1,0.11]), ([0.113,0.35], [0.11,0.12], [0, 0.3) >, ) f

yes < ([0.12,0.13],[0.14,0.15], [0.39,0.4]), ([0.17,0.20], [0.14,0.15], [0.1,0.2]), ([0.1,0.11], [0.15,0.19], [0.01,0.09]) >,
effective < ([0.15,0.17],[0.06,0.13], [0.3,0.31]), ([0.12,0.25], [0.07,0.22], [0.07,0.09]), ([0.01,0.03], [0.1,0.23], [0.17,0.19]) >
F(high ,average,yes, ef fective)

high < ([0.01,0.03],[0.1,0.23], [0.07,0.5]), ([0.072,0.073], [0.08,0.2], [0.14,0.32]), ([0.12,0.017],[0.06,0.13], [0.3,0.4]) >,
_)_gs [ average < ([0.20.21],0.150.19], [0.02,0.03]), ([0.11,0.14],[0.27,0.39], [0.1,0.11]), ([0-113,0.35],[0.11,0.12], [0,0.3) >,
AR yes < ([0.12,0.13],[0.14,0.15], [0.39,0.4]), ([0.17,0.20], [0.14,0.15], [0.1,0.2]), ([0.1,0.11], [0.15,0.19], [0.01,0.09]) >,
effective < ([0.15,0.17],[0.06,0.13], [0.3,0.31]), ([0.12,0.25],[0.07,0.22], [0.07,0.09]), ([0.01,0.03], [0.1,0.23], [0.17,0.19]) >
Definition 3.3.2 Subset of m-Polar IVNHSS

Let @, B, € m — Polar IVNHSS(U). Then, @, V x € ¥ is an m-Polar IVNHSS subset of S, ,
represented by w, € B,.If w,(x) € B,(x) forall x € F.

Definition 3.3.3 Empty IVNHSS

Let @w, € m — Polar IVNHSS(U).If w, = ¢ V x €Ff then N issaid to be an empty m-Polar
IVNHSS, represented by ¢.

Definition 3.3.4 Universal Set of IVNHSS

Let @, € m — Polar IVNHSS(U).If w, = F Vx € F then N is called universal set of m-Polar
IVNHSS, represented by Q.

4. Conclusions

In this paper, the concept of Interval Valued NHSS, m-Polar NHSS and m-Polar interval-valued
NHSS are proposed. The proposed sets have several significant features. Firstly, they emphasize the

hesitant, indeterminate and uncertainty and can be used more practical to solve decision-making
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problem. Secondly, some basic types of the proposed sets such as; universal set, empty set and subset

of each type is defined.

Since this study has not yet been studied yet, comparative study cannot be done with the
existing methods.

Further, this proposed can be applied immensely in various fields of research. In future, the
present work may be extended to other special types of neutrosophic set like neutrosophic
rough set etc.

The sets which are proposed in this paper can be applied in solving supply chain, time series forecasting
and decision-making problem such as partner selection, wastewater treatment selection and renewable
energy selection, by defining the following:

the aggregate operators,

distance measures,

matrix theory and

Algorithms.
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