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Behaviour of ring ideal in neutrosophic and soft sense

Tuhin Bera!, Said Broumi? and Nirmal Kumar Mahapatra®
1 Department of Mathematics, Boror S. S. High School, Bagnan, Howrah-711312, WB, India. E-mail: tuhin78bera@ gmail.com
2 Administrator of Faculty of Arts and Humanities, Hassan Il Mohammedia University, Hay El Baraka Ben Msik Casablanca
B.P. 7951, Morocco, E-mail: broumisaid78 @ gmail.com

3 Department of Mathematics, Panskura Banamali College, Panskura RS-721152, WB, India. E-mail: nirmal_hridoy @yahoo.co.in

Abstract . This article enriches the idea of neutrosophic soft ideal (NSI). The notion of neutrosophic soft prime ideal
(NSPI) is also introduced here. The characteristics of both NSI and NSPT are investigated. Their relations are drawn
with the concept of ideal and prime ideal in crisp sense. Any neutrosophic soft set (Nss) can be made into NSI or NSPI
using the respective cut set under a situation. The homomorphic characters of ideal and prime ideal in this new class
are also drawn critically.

Keywords :  Neutrosophic soft ideal (NSI); Neutrosophic soft prime ideal (NSPI); Homomorphic image.

1 Introduction

In today’s world, the most of our routine activities are full of uncertainty and ambiguity. Whenever solving any
problem arisen in decision making, political affairs, medicine, management, industrial and many other different
real worlds, analysts suffer from a major confusion instead of directly moving towards a positive decision.
The situation can be nicely conducted by practice of Neutrosophic set (Ng) theory introduced by Smarandache
[7,8]. This theory represents an object by an additional value namely indeterministic function beside another
two characters seen in Attanasov’s theory [16]. So, Attanasov’s theory can not be a proper choice in uncertain
situation. Hence, the Ng theory is more reliable to an analyst, since an object is estimated here by three
independent characters namely true value, indeterminate value and false value. The analysis of uncertain fact is
possible in a more convenient way on the availability of adequate parameters. The soft set theory innovated by
Molodtsov [5] brought that opportunity to practice the different theories in uncertain atmosphere.

Researchers are trying to extend the various mathematical structures over fuzzy set, intuitionistic fuzzy set,
soft set from the very beginning. Some attempts [1,2,3,4,6,11,12,21,32,33,45] allied to group and ring theory
are pointed out. Maji [22] took a successful effort to combine the neutrosophic logic with soft set theory and
thus the Nss theory was brought forth. Later, modifying the different operations of Nss theory using ¢-norm
and s-norm, Deli and Broumi [13] gave this Nss theory a new look. Doing the habit of this modified formation,
Bera and Mahapatra [36] began to study the notion of NSI. From initiation, the authors are making attempt to
unite with the neutrosophic logic in different mathematical areas and in many real sectors. These [9,10,14,15,
17-20, 23-31, 34-44] are some accomplishments.

The present study investigates the characteristics of NSI. Section 2 states some necessary definitions to carry
on the main result. In Section 3, the structural characteristics of NSIs are investigated. Section 4 introduces and
develops the concept of NSPI. Section 5 describes the nature of homomorphic image of NSI and the conclusion
is given in Section 6.

T. Bera, S. Broumi and N. K. Mahapatra, Behaviour of ring ideal in neutrosophic and soft sense.
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2 Preliminaries

We shall remember some definitions here to make out the main thought.

2.1 Definition [38]

1. A continuous ¢-norm A maps [0, 1] x [0, 1] — [0, 1] and satisfies the followings.

(i) A is continuous and associative.

i)ymA qg=qgAm, Ym,q € [0,1].

GgiymA1l=1Am=m, Vm € [0, 1].

iVymAg<nAs if m<n,q¢<s with m,q,n,s e |[0,1].

m A q=mq,m A q=min{m,q},m A q=max{m + ¢ — 1,0} are some necessary continuous ¢-norms.
2. A continuous ¢ - conorm (s - norm) t7 maps [0, 1] x [0, 1] — [0, 1] and obeys the followings.

(i) 1/ is continuous and associative.

iwsyp=pvw, Yw,pe|0,1].

(i)wy0=0y w=w, Yw € [0,1].

vy wyp<ovwygq if w<ov, p<qg with w,v,p,q € [0,1].
wp=w+p—wp,wyyp=max{w,p},wy p=min{w + p, 1} are some useful continuous s-norms.

2.2 Definition [7]

An element u of a universal set X is described under an Ng H by three characters viz. truth-membership
Ty, indeterminacy-membership 7y and falsity-membership Fjy such that Ty (u), Iy (u), Fy(u) €]70,11[ and
0 < supTy(u) + sup Iy(u) + sup Fy(u) < 3", For 1T = 1 + ¢, 1 is the standard part and ¢ is the non-
standard part and so on for ~0 also. The non-standard subsets of |~0, 17 is practiced in philosophical ground
but in real atmosphere, only the standard subsets of 70,17 i.e., [0,1] is used. Thus the Ng H is put as :
{<u,(Ty(u), Iy(u), Fg(u)) >:u € X}.

2.3 Definition [5]

Suppose X be the universe of discourse and E be a parametric set. Then for B C E and (X ) being the set of
all subsets of X, a soft set is narrated by a pair (G, B) when G maps B — o(X).

2.4 Definition [22]

Suppose X be the universe of discourse and F be a parametric set. Then for B C F and Ng(X) being the set
of all Ngs over X, an Nss is narrated by a pair (G, B) when G maps B — Ng(X).

The Nss theory appeared in a new look by Deli and Broumi [13] as follows.

2.5 Definition [13]

Suppose X be the universe of discourse and I being a parametric set describes the elements of X. An Nss
D over (X, E) is put as : {(b,hp(b)) : b € E} where hp maps E — Ng(X) given by hp(b) = {<
Uy (Thp ) (W), Tnp o) (), Frpy(w)) > u € X} Thpey Inp ey Frpwy € [0, 1] are three characters of hp(b) as
mentioned in Definition [7] and they are connected by the relation 0 < T}, ) (w) + In ) (0) + Frpey(w) < 3.

T Bera, S. Broumi and N. K. Mahapatra, Behaviour of ring ideal in neutrosophic and soft sense.
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2.5.1 Definition [13]

Over (X, /), suppose P, () be two Nss. Vb € E and Vu € X, if T, 5y (1) < Thpm)(w)s Tnpey(u) > Tngw)(u),
Fhp@)(u) > Fhye)(u), then P is called a neutrosophic soft subset of () (denoted as P C Q)

2.6 Proposition [34]

A neutrosophic soft group (NSG) D is an Nss on (V) 0), a classical group, obeying the inequalities mentioned
below with respect to m A ¢ = min{m, ¢} and p 7 n = max{p, n}.

Thp ) (wov™) = Ty (1) A Ty (0), Ty (w00 ™) < Tnpy (1) 7 Thp((v) and

Fhpey(wov™) < Fy, o) (w) 7 Frpe) (), Yu,v € V,Vb € E.

2.7 Definition [36]

1. For a neutrosophic soft ring (NSR) D on a ring (S, +, -) in crisp sense if each hp(b) is a neutrosophic left
ideal for b € FE, then D is called a neutrosophic soft left ideal (NSLI) i.e.,

(i) hp(b) is a neutrosophic subgroup of (.S, +) for every b € E and

() Thp o) (2-y) 2 Thpe)(¥), Thp ) (9) < Tnpe)(y), Fape)(2:y) < Fupw)(y); forz,y € 5.
2. For an NSR D on (S,+,) if each hp(b) is a neutrosophic right ideal for b € F, then D is called a
neutrosophic soft right ideal (NSRI) i.e.,

(i) hp(b) is a neutrosophic subgroup of (S, +) for every b € E and

(i1) ThD(b)(fE-y) > ThD(b)(C(,’), IhD(b)(u.v) < ]hD(b)(x), th(b)(l‘-y) < FhD(b)(x); for x,y € S.
3. For an NSR D on (S, +, -) if each hp(b) is an NSLI as well as NSRI for b € E, then D is called an NSI i.e.,

(i) hp(b) is a neutrosophic subgroup of (S, +) for every b € E and

(1) Thp ) (2.y) = max{Th, 1) (2), Thp) (W) }s Inpy(2-y) < min{ly, @) (2), lhpe)(y)}  and

FhD(b)(ZL'.y) < min{FhD(b)((E),FhD(b)(y)}; for T,y € S.

2.8 Definition [35]

1. Let M be an Ng on the universe of discourse X. Then M, s is called (0,7, d)-cut of M and is described
asaset{u € X : Tys(u) > o, Iy (u) < n, Fy(u) < 6} where o,n,6 € [0,1]and 0 < o +n+ d < 3. This
Ms .5 is called (0,7, d)-level set or (o, 7, §)-cut set of the Ng M and clearly, M, 5 C X.

2. Let D be an Nss on (X, E). Then the soft set D, 5y = {(b, [hp(D)](o,n,6)) : b € E} is called (o,, 6)-level
soft set or (o,7,d)-cut soft set for o,n,0 € [0,1] with 0 < o +n + 6 < 3. Here each [hp(b)](sy,s) is an
(0,7, d)-level set of the Ng hp(b) over X.

In the main results, we shall restrict ourselves by the t-norm as m A ¢ = min{m, ¢} and s-norm as p 7 n =
max{p,n} and shall take b € E, a parametric set, as an arbitrary parameter.

3 Neutrosophic soft ideal

Some features of NSI are studied by developing a number of theorems here.
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3.1 Proposition

Let K be an NSLI (NSRI) on (S, E). If Og is the additive identity of the ring S, then
1) ThK(b)(u) < ThK(b)(OS)a IhK(b)(u) > IhK(b)(OS)y FhK( )( ) > FhK b)(OS) VYu € Rand Vb € E.
(i1) K(o,6) is a left (right) ideal for 0 < o < T, 1)(0s), The@)(0s) <1 <1, Fpw(0s) <6 <1

Proof. (i) Here, for every b € F, hy(b) is a neutrosophic subgroup of (S, +). Then Vu € Sand Vb € E,
T (0s) = Ty (u =) = Thyey () D Thye () () = Thye vy (w),

Ihe@)(0s) = Tngey(u—w) < Doy (W) 7 Do) (0) = T vy (w),
Frewy(0s) = Fhpy(u—u) < Fhp) (W) V7 Fhge o) (0) = Fiopev)(0);

(i) Let u,v € K56 and r € S. Then,

ThK(b)(u - U) > ThK b)(u) A ThK(b)(U) >ocANo= o,
Thewy(u —v) < Ty (W) V Iney(v) <y n =,
Fhewy(=v) < Fuyey () V Frey (0) <076 =5;

and T ) (1u) > Thyewy(w) 2> 0, Tngev) (1) < Tnewy(u) <0y Frepy(ru) < Fhee)(u) < 6.
Hence u — v, ru € K(4,,5) and so K, ) is a left ideal of S. Similarly, one right ideal of S is K, s) also.

3.2 Theorem

(i) @ be a non-empty ideal of crisp ring S if and only if 3 an NSI K on (S, E) where hx : E — Ng(S) is
given as, Vb € F,

D ifueq@ P ifue@ D ifue@
ThK(b)()_{ 1(<101)1fu§§62 I )(u)—{ 2(>p2)1fu¢Q e )()_{5§(>p3)ifu¢Q.

: _J (pip2p3)  whenuwe@
Briefly stated  hg(b)(u) = { (51, 52, 53) when u ¢ O,
where s1 < p1, 8o > po, s3> ps and p;, s; € [0,1] foralli = 1,2, 3.
(i) Specifically, () is a non empty ideal of a crisp ring S iff it’s characteristic function A\, is an NSI on (S, E)
where A\ : B — Ng(S) is given as, Vb € E,

oot =5 30 P ={1 GG R ={T GG

Proof.(i) First let () be a non empty ideal of .S in crisp sense and consider an Nss K on (.5, E'). We now take the
following cases.

Case 1 : When u,v € ), thenu — v € @, an ideal. So, Vb € F,

Thewy(u—2) = p1=p1 Apr=Thew(u) AT w(v)
Ihewy(u—v) = p2 =02V P2 = Ihev) (1) V Thiey(v)
FhK(b)<u_U) = pP3=p3VDP3 :FhK b)(u)thK(b)(/U)
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Case2:Ifue Qbutv ¢ Q,thenu —v ¢ Q. So, Vb € E,

Thewy(u—v) = s1=p1 Asi =Ty (u) A Ty (v)
Ihewy(u—v) = s9=paV 82 = Inpev) (W) 7 Tnge vy (v)
Fremy(u—v) = s3=p3V 3= Fnp)(u) V Fhew(v)

Case 3: Ifu,v ¢ Q, then Vb € E,

They(u—v) > st =351 D51 =Thyeqy(u) A Ty (v)
Iy (u—v) < 89=52 82 = Iy (5) (W) V Lnye () (v)
Frem(u—v) < s3=53V 53 = Fh)(t) V Fhen)(v)

Thus in any case Vu,v € Rand Vb € F,
Ty (w = 0) = Thyey (W) & Thye ) (V) Inevy (= v) < Ingevy(w) 7 Tngevy(v)  and
Fhyey(u = v) < Fioye) (W) V Frye ) (v)-

‘We shall now test the 2nd condition of the Definition [2.7].

Case 1 : When u € () then uv, vu € ), anideal on S, forv € S. So, Vb € F,

Thy(uv) = Thk(b)(vu)z ZThK()(U),
Dy (o) = Iney(vu) = pa = I (),
Fhw(uv) = FhK(b>(W)— 3 = Fhpe)(0);

Case 2 : If u ¢ @ then either uv € Q or uv ¢ () and so, Vb € E,

Ty (uv) > 51 = Thye) (), Thiew)(vu) > 51 = Them)(u),
]hK(b)(UU> < So = ‘[hK( )( ) ]hK(b)(’UU) < S9 = IhK (U),
FhK(b)(uv) < 53 = FhK(b)( ) FhK(b)(UU) < 53 = FhK b)(u)

This shows that K is NSLI and also NSRI on (S, E). Thus K is an NSI on (S, E).

Reversely, suppose K be an NSI on (S, F) in the specified form. We are to show Q(# ¢) is a crisp ideal of
S. Letu,v € (Qand a € S. Then ThK(b)(u) = ThK(b)(U) = p1, IhK(b)(u) = ]hK(b)(U) = pa, FhK(b)(u) =
FhK( )( ) = Ps. NOW

Thre)(w = 0) = Thpe ) () A The vy (V) = P15 Tngev) (w0 — 0) < Doy (4) 7 Ingey(v) = p2 - and

Frpe ey (v = 0) < Fhew) (1) 7 Fhy b)( v) = ps.

Further, as K is an NST over (.5, E) and as either 0g € Q) or 05 ¢ @,

Ty —0) < Thpey(0s) < 1y Ingey(w—0) > Iy (08) > pay Frpey(u—v) > Fryey(0s) > ps.
This implies T3, ) (u—v) = p1, Iny ) (u—0) = pa, Fiev)(u—v) = p3 and so by construction of K, u—v € Q.
Next, K is an NSLI over (5, F') and so,

Thyewy(au) > Thye ) (1) = p1, Ingpy(au) < Iy (u) = p2, Faew(au) < Free)(w) = ps.

Again K is an NSLI over (S, ) and as either Og € Q) or Os ¢ @,

Thiey (@) < Thye)(0s) < p1,y Tney(aw) > Inew)(0s) = p2, Fuewy(au) > Fr ) (0s) > ps.

This shows T}, ) (aw) = p1, Incw)(au) = pa, Frey(au) = ps. So, au € @ by structure of K. In a same
corner, ua € (). Therefore, () is a crisp ideal of .S.
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(ii) First suppose () be a non empty crisp ideal of S and on (5, E'), Ag be an Nss. Following cases are needed
to discuss.

Case 1 : When u,v € Q, thenu — v € @, an ideal. So, Vb € F,
Thomy(u—v) = 1=1AT1=T\u)(u) A Tiw ()
])\Q(b)(u—v) = O_OVO—I)\Q (U)VI)\Q (U)
Exom(u—v) = 0=0v0= Fy,)(u) 7 Fm)(v)

Case2:Ifue Qbutv ¢ Q,thenu —v ¢ Q). ThenVb € E,
Thom(u—v) = 0=1A0=T\u(u) A Tw )
Low(u—v) = 1=071=I,e)(w) V hyw)
F)\Q(b)(u—v) 1—0V1—F)\Q (U)VF)\Qb(’U)

Case 3 : If u,v ¢ ), then Vb € F,

Thowy(u—20) > 0=0A0="T,wm(u) A Tr,u(v)
]AQ(b)(u—v) < 1—1V1—I>\Q (u)V[AQb)Oj)
Fromu—v) < 1=1v1=F\u(u) v Fyev)

Thus in any case Vu,v € S and Vb € F,
T,\Q(b)(u — 1}) > T)\Q ( ) A T)\Q (U), I,\Q(b)(u — U) < [)\Q ( ) \V [AQ ( ) and
Fxoy(u—v) < Faxgm)(u) 7 Fagm) (v).

We shall now test the 2nd condition of Definition [2.7].

Case 1 : When u € (Q then uv, vu € (), an ideal of S, forv € S. So, Vb € F,
Do) (uv) = Thouy(vu) = 1= Tr,m)(w), Do (uv) = Dyey(vu) = 0= I\, u)(u) and
Fyg(uv) = Fygp)(vu) = 0= Fy,)(u)

Case 2 : If u ¢ @ then either uv € Q or uv ¢ @) and so Vb € E,

Thomy(uv) >0 =Tr,m)(u), Trge(vu) > 0=Ty,w)(u),
Dow(uv) <1 =1L,m(u), Dow(ve) <1=DILge(u),
Frowy(uv) < 1= Fyx,)(u), Frxom(vu) <1 = F,e(u);

This shows that Ay is NSLI and NSRI on (S, E). Thus Ag is NSIon (S, E).
Reversely, let A\ be an NSI over (S, E) in the prescribed form. We shall have to show ()(# ¢) is a crisp ideal
of S. Letu,v € (Q and a € S. Then T,\Q(b)(u) = T)\Q(b)(v) =1, I)\Q(b)(u) = [,\Q(b)(v) = 0, F)\Q(b)(u) =
FAQ( )( ) =0. NOW
Tro)(u—v) > Ty (w) A Tagmy(v) =1, Do (u—v) < Dow(w) V Dhoe(v) =0 and
Fygm(u—v) < Faxgp)(u) v Faxgp(v) = 0.
Further, as A\ is an NSI over (S, F) and as either Og € @ or Os ¢ Q,
Trom(u—v) < Thgm(0s) < 1, e (u—v) = Ligw)(0s) 2 0, Fxge)(u —v) =2 Figr)(0s) = 0.
This implies T, ) (u —v) = 1, I, (u —v) = 0, Fy,@4)(u —v) = 0 and so by construction of A\g, u —v € Q.
Next, \g is an NSLI over (S, E) and so,
Tow(aun) = Tgp(u) = 1, Do) (au) < g (1) = 0, Frge(au) < Fage(u) = 0.
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Again )\ is an NSLI over (S, E) and as either Og € @ or Og ¢ @,

Thowy(auw) < Thw)(0s) <1, Lywy(au) > I,w)(0s) > 0, Faxym(au) > Fy,@)(0s) > 0.
This shows Th, ) (au) = 1, Iy, (au) = 0, Fy,e)(au) = 0. So, au € Q by structure of A\g. By same logic,
ua € Q). Thus, () is a crisp ideal of S.

3.3 Theorem

Consider an NSLI (NSRI) @ over (S,E). Then, Qo = {u € S : Ty (v) = Thow)(0s), Ihgey(u) =
Tho)(0s), Fhg ) () = Fiy@)(0s)} is a crisp left (right) ideal of S for b € E.

Proof. Following the reverse part of Theorem [3.2], it will be as usual.

3.4 Theorem

Q. an Nss on (S, E), is an NSLI (NSRD) iff Q = {u € S : Thow(u) =1, Ingwy(u) = 0, Fryw(u) = 0} with
0g € @ is a crisp left (right) ideal of S.

Proof. We can put (), an Nss on (S, F), as given below, Vb € E,

(1,0,0) when u € Q

ho(®)(u) = { (s1,892,83) when u ¢ Q.

where 0 <571 < 1,0 < s <1,0< s3 <1. Assume @ be a crisp left ideal of S for () being an Nss on (S, E).
We shall now take the cases stated below.

Case 1 : When u,v € @ thenu —v € @ a crisp left ideal. So, Vb € E,

Thom(u—v) = 1=1A1=Th,wm)(u) A Thyw(v)
Low(u—v) = 0=0v0= I,w)(uw) V Ihye)(v)
FhQ(b)(U—U) = O—OVO—F}LQ b)(u)thQ(b)(U)

CaseZ:Iqu@butvgﬁ@,thenu—vgé@. Then Vb € E,

ThQ(b) (u — U) = 81 = 1 A S1 = ThQ(b) (u) A ThQ(b)<U)
Ingy(u—v) = 53 =05 82 = Inge) () V g (v)
FhQ(b)(U—U) = 83:0V83 FhQ (U)VFth(U)

Case3: Ifu,v ¢ CA), then Vb € F,

Thowy(u—v) > s1=51 081 =Thye (u) A Tho)(v)
Ihomy(u—v) < s9=52V 82 = Inge)(w) V Inge)(v)
Frhowy(u—v) < s3=153 83 = Fuy) (1) V Froe)(v)

Thus in any case Vu,v € S and Vb € F,
Thioo) (4 —v) 2 Thowy (W) A Thow)(v), Thge)(u—v) < Thgey(u) 7 Ingewy(v)  and
FhQ()(U_U) <FhQ ( )thQ(b( )

We are to test now the 2nd condition of Definition [2.7].
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Casel:Ifu e @ then vu € @, a crisp left ideal on .S, for v € S. So, Vb € F,
Thomy(vu) =1 = Thyw)(w), Thow(vu) =0 = Ih,m) (), Fuoe(vu) =0 = Fh,@m)(uw).
Case2:Ifu ¢ Q then either vu € Q or vu ¢ Q forv € RandsoVb € E,
Tho vy (vu) > 51 = Thoey(u), Tngm)(vu) < s2 = Inom)(w), Frge(vu) < s3= Fhoe)(u).
This shows that () is an NSLI over (S, E).
Conversely, let @ be an NSLI on (S, F) in the assumed structure. Let u, v € Qanda € S. Then T, ho) (W) =
Thow) (V) = 1, Tng@) (1) = Ing)(v) = 0, Fhgey () = Fig(v) = 0. Now,
Tho) (U —v) > Thowy(u) A Thowy (V) =1, g (v —v) < T (w) V Thow(v) =0  and
Fhg)(t =) < Fag)(w) V Frge(v) = 0.
Further, as () is an NSLI over (R, F) and as either Og € @ orOg ¢ @,
Tho)(u —v) < Thow)(0s) <1, Ty (u—v) > Loy (0s) > 0, Frpey(u—v) > Fhyw)(0s) > 0.
This implies Tp,,) (v — v) = 1, Ingo@)(u —v) = 0, Fjy)(u — v) = 0 and so by construction of @, u — v € Q.
Next, ) is an NSLI over (R, F) and so,
Thowy(aw) > Thowy(u) =1, Tnge(au) < Thoey(u) = 0, Fuyey(au) < Fhge(u) = 0.
Again Q is an NSLI over (R, E) and as either Oy € Q or O ¢ Q,
Thowy(au) < Thow)(0r) < 1, Ingey(au) > Inym)(0r) > 0, Fhye(au) > Fryw)(0r) > 0.
This shows Tj,, @) (au) = 1, I, (au) = 0, Fj,m)(au) = 0ie., au € Q. Therefore, Q is a crisp left ideal of S

and so is () over S similarly.

3.5 Theorem

Let K be an Nss over (S, E). Then K is an NSLI (NSRI) iff each nonempty cut set [hx(b)](s,.0) of the Ng
hi () is a crisp left (right) ideal of S for 6 € Im Ty, ), 1 € Im In, @), 0 € I F, (1)

Proof. Let K be an NSLI (NSRI) over (S, E) and w, v € [hg(b)]@s,0),7 € S. Then,

ThK(b)(U — U) > ThK(b) (u) YA ThK(b) (U) >0ANI=96

Tneoy(u = 0) < Ty (W) 7 Doy (0) <y =1
Frwy(u—v) < Fyoy(w) V Frey(v) <oy o =0 and

Thie) (1) = Thyevy(w) 2 0, Tnge () (1) < Dnjey(w) <0, Frge vy (ru) < Fhyeey(u) < o
Hence u — v, ru € [hk(b)](51,0) and so [hg ()] (s,,0) is a crisp left ideal of S. By same way, [hx (D)](s,,0) is @
right ideal of S.

Reversely, assume [h ()] (s,,,0) be a crisp left (right) ideal of S and u,v € S. If possible, let

Thie(by(w = 0) < Thye) () A Thye (5 (0); Tnge vy (0 = 0) > Tnge (v (1) 7 Lnge v (v) and

Fhge) (=) > Fhe)(4) 7 Fhe (o) (v)-
If Thevy(u) A Thyey(v) = s (say), then Tj, 5)(u) > s and Tj, 5)(v) > s. As cut set is a crisp left ideal,
$0 Th,vy(u —v) > s is natural. It shows a contradiction for 7}, (v — v) < s. Hence T}, )(u — v) >
T ) (1) A Th o () (v). Other two can be shown as usual.

Forr € S, let, ThK( )(TU) < ThK(b)(u), IhK(b)(TU) > IhK(b)(u) and FhK(b)(Tu) > FhK(b)(u).
If Ty, vy(u) = t, then T, »y(ru) < t. As cut set is a crisp left ideal, then T}, (;)(Tu) > t is obvious. It is
against our assumption. So, T}, (z)(ru) > Th, (z)(u). Other two can be set naturally. Thus K is an NSLI on
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(S, E). K can also be shown an NSRI over (.S, F) by same path and thus the theorem is ended.

4 Neutrosophic soft prime ideal

This section defines and illustrates NSPI along with the development of some theorems.

4.1 Definition

A constant Nss K on (S, E) is one whose hx () is constant Vb € E. It means, for every b € E, the triplet
(Thev) (W), T vy (1), Frpe)(u)) always gives same value Vu € S.

If for every b € E, the triplet (7}, 5) (), In 5y (), Fry ) (u)) is at least of two different kinds Vu € S, then K
is called a nonconstant Nss.

4.2 Definition

Let C, D be two Nss on (S, E). Then CoD (= P, say) is also an Nss on (S, F). Vb € E and Yu € S, it is
defined as :

_ [ maxy—pe [T (@) (V) A Thpy () (2)]
T (u) = { 0 ifuis notputas u = vz.

_f ming— [Thg () (V) 7 T () (2)]
Inp (1) = { 1 ifuis notputas u = vz.

o minu:vz [ic(x) (/U) \V4 FhD (x) (Z)]
Fip(ey (1) = { 1 ifzis notputas u = vz.

4.3 Definition

AnNSI K over (S, E) is called an NSPI when (i) K is not constant NSI, (ii) for any two NSIs C, D over (S, E),
CoD C K implies either C C K or D C K.

4.3.1 Example

Consider the integer set Z and the parametric set £ = {b;, s, b3}. Take a division Z into 37 and Z — 3Z.
Consider an Nss K on (Z, E) given below.

Table 1 : Tabular form of Nss K
hi (b1) hi (bs) hi (bs)
37 (0.9,0.4,0.1) (0.4,0.3,0.4) (0.8,0.7,0.3)
Z—371(0.6,0.7,0.5) (0.1,0.6,0.5) (0.2,0.9,0.4)

Now the following several cases are taken into consideration.

Case 1 : Ifu,v € 3Z thenu — v,uv € 37.

Case2:lfu,ve Z—-3Zthenu—vedZorZ —3Zuv ez —32.
Case3:lfued3zZveZ—-3Zthenu—veZ—37Zanduv € 37.
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Obviously, K is an NSI on (Z, E). To make out that, consider Case 3 with respect to the parameter ;. Other
two are as usual.

Ty (w—2v) = 0.6 =min{0.9,0.6} = T, (b)(¥) A Thye(r)(v)
IhK(bl)(u — ’U) =0.7= maX{O 4 0. 7} = [hK b1) (u) \V4 IhK(b1 (U)
FhK(bl)(u — U) =0.5= maX{O 1 0. 5} FhK(bl (U) VvV FhK b1)<U)
ThK(bl)('U/U) =09 = maX{O.9, 06} = maX{ThK(bl ( ) ThK b1) (U)}
IhK(bl)(uv) =04 = min{0'4> 0'7} = min{]hKU’l)( ) I bl)( )}
FhK(bl)(uU) = 0.1 = min{0.1,0.5} = min{FhK(bl ( ) FhK b1)( )}

To prove K as NSPI, we now let another two NSIs C' (by Table 2) and D (by Table 3) on (Z, E). Table 4 refers
the operation C'oD.

Table 2 : Table for NSI C
he(b1) ho(bs) hc(bs)
37 (0.3,0.4,0.6) (0.7,0.2,0.5) (0.6,0.5,0.1)
Z—-371(0.1,0.5,0.8) (0.1,0.6,0.7) (0.3,0.8,0.2)

Table 3 : Table for NSI D
hp(br) hp(b2) hp(bs)
37 (0.6,0.4,0.5) (0.3,0.5,0.6) (0.4,0.8,0.4)
Z—-371(0.2,0.8,0.9) (0.1,0.7,0.8) (0.1,1.0,0.5)

Table 4 : Table for CoD = ()(say)
hq(b1) hq(b2) hq(bs)
37 (0.3,0.4,0.6) (0.3,0.5,0.6) (0.4,0.8,0.4)
Z—-371(0.1,0.8,0.9) (0.1,0.7,0.8) (0.1,1.0,0.5)

The discussion of h(b;) is provided to convince the Table 4.
When uv € 37, then either u,v € 37 or ue3Z,ve Z —-3Z or we Z —3Z,ve€34.
When uv € Z — 37, then u,v € Z — 37 only. Now for w = uv € 37,

Thy o) (w) = max{Th.,)(u) A Thpn,)(v)} = max{0.3 A 0.6,0.3A0.2,0.1 A 0.6} = 0.3

Thon (W) = rrgn{[hc(bl)(u) <V Ihpe)(v)} =min{0.470.4,0.4570.8,0.557 0.4} = 0.4

Froon(w) = Ian{ic(bl)(u) Y Fhpen(v)} = min{0.6 77 0.5,0.6 57 0.9,0.8 57 0.5} = 0.6
Next foru =wv € Z — 37,

Tho (1) (u) = mgx{Thc(bl)(u) ATy, (v)} =max{0.1 A0.2} =0.1
Tho (o) (1) = man{]hc(bl)(u) < Lhpn)(v)} = min{0.5 7 0.8} = 0.8
Fhqen) () = min{ Fho ey () 7 Fup ey (v)} = min{0.8 7 0.9} = 0.9

Table 1, Table 3, Table 4 execute that D C K and CoD C K. Therefore, K is an NSPIon (Z, F).

4.4 Theorem
Consider an NSPI K on (S, E'). Then Vb € E, hi(b) exactly attains two distinct values on S i.e., |hx (b)| = 2.
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Proof. As K is non-constant, hence |hx(b)| > 2, Vb € E. Let |hg(b)| > 2. Take x = glb{T}, )(u)}, vy =
lub{Ip, vy (u)}, 2 = lub{Fp vy (w)}. Then sy, p1, 52,02, 53, p3 such that v < sy < py < Thyev )(OS) Yy >S9 >
P2 > I v)(0s), 2 > s3> p3 > F . 1)(0g). Define two Nss C, D on (S, E) as :

Thowy) (W) = 2(s1 4+ p1), Ine) (W) = 2(s2 4+ p2)s Frop)(u) = 3(s3 +p3), Vu € S and
ThD(b)(U) =, [hD(b)(u) =Y, FhD ( ) z ifu ¢ K(p17p27p3)’

Thp®) (1) = Ty (05), I (o) (1) = Tnge ) (05)s Fhpo) (1) = Fhye)(0s) i 10 € Ky ps)-
Clearly, C'is an NSI on (S, E). We are to prove that D is an NSI over (S, F). Since K is an NSIon (.5, ) then
K, pops) s a crisp ideal of S. Let u,v € S. Following facts are considered.

Case 1: When u,v € K, p, ps) thenu — v € K, 1, 1) SO,

Thp)(t = v) = Thye)(05) = Thye)(05) A Thye ) (05) = Thpy(w) A Thpy vy (v)
Iy (= v) = I ) (0s) = Do) (05) V (1) (0s) = Tnpy ) () 7 Ty (V)
Frpe)(u—v) = Fipe)(0s) = Fre@)(05) V Frg)(0s) = Frpe) (1) 7 Frpe)(v)

Case 2 : When u € Ky, p, ps)> U & K(py pops) thenu — v & Ky, p, .y and so,

Thpy(u—y) =2 = Thew)(0s) &z = Thpp)(w) A Thye)(v)
Inpwy(u—v) =y = Lne)(05) VY = Tnp)(w) V Tnpn)(v)
Fhpmy(u—v) = 2= Fhe)(0s) V 2 = Frp) (1) V Fhpp) (v)

Case 3: When u,v ¢ K then,

(p1,p2,p3)

Thpwy(u—v) =2 =2 Az =Th,w)(u) A Th,w(v)
Liywy(w—0) <y=y7y=1T,w(uw) V Ihw )
Frywy(u—v) <z=272=F,,u)(u) 7 Fu,ev)

Thus in any case Vu,v € S and Vb € F,

Thp vy (=) = Ty () & Thp) (), Ty (w—v) < Ty (W) V Inpy(v)  and
Fhpoy (U =) < Frp) () V Frp ) (v)-

We are to test the 2nd condition of Definition [2.7].

Case 1 : When u € Ky, p, ) then uv, vu € K, , 1), a crisp ideal of S, for u,v € S. So,

Thpwy(uv) = Thyey(vu) = Thiew)(0s) = Thpe)(u)
Ihpwy(uv) = Inpey(vu) = Ine ) (0s) = Thpm)(w)
Frpwy(wv) = Frpe)(vu) = Few)(0s) = Fupm) (@)

Case2: Ifu ¢ Ky, p, ) then,
Thpy(wv) > x = Thymy(u), Thpe)(vu) >z = Th,e)(u)

Iy (uv) <y = Iipm(u), Inpe)(vu) <y = Inye)(u)
Fupy(uv) < 2 = Fuppy(u), Fupe)(vu) < 2= Fyym)(u)

This shows that D is both NSLI and NSRI over (.5, E). So, D is an NSI on (S, £'). We claim CoD C K. We
require following cases to analyse.
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Case 1 : Tell P = CoD. Foru = 0g,

Thpy(u) = max[Th. @) (v) A Thyey(w)] < %(51 +p1) A Thye 1) (0s)

uU=vw

< ThK (05) AThK (Os) [as S1 < p1 < ThK(b)(OS)] = ThK(b)(OS)

. 1
Lnpy(w) = min [The) (V) 7 Tapy (w)] 2 5(52+12) V Tie) (0s)
> Tne)(05) 7 Tngev)(0s) [as sz > po > L) (0s5)] = Tnev)(0s)
. 1
Fhpy(u) = min ey (V) 7 Frpey(w)] > 5(53 +p3) V Frew)(0s)
> Fhe)(08) V Frg)(0s) [as s3> p3 > Fh1)(0s)] = Fry)(0s)

Case 2 : Foru # Og but u € K, 1, ps)»

Thpy(u) = max(Th.@)(v) A Thym)(w)] <

uU=vw

(51 +p1) & The ) (05)

[\:JI)—l

1
= 5(51 +p1) [as s1 <p1 < Thyer)(05)]

< p1 [as st <p) < ThK(b)(U)

(82 +p2) V Inyev)(0s)

N | —

Ipwy(u) = min Lo w)(v) 7 Dnp ) (w)] >

uU=vw

1
= 5(82 +p2) [as Sg > po > [hK(b)(OS)]

> P2 [as to > mg} > [hK(b)(u)

Frpwy(u) = min[F ) (v) V Frpm(w)] >

U=vw

(53 +13) V Fhypew)(0s)

N | —

1
= 5(83 —I—pg) [as S3 > p3 > FhK(b)(OS)]

> p3 [as S3 > pg] Z FhK(b)(u)

Case 3 : When Og # u & Ky, po ps), for v,w € S such that u = vw, v € Ky, p, poy and w & Ky, 1, ps)»

1
Tipw(u) = max(Thow(0) AT (w)] =551 +p) Az =2 asz < s <pi] < Thye ()

uU=vw

1
Inppy(u) = min L) (0) 7 Inp ) (w)] = 5(32 +p)Vy=y [asy> s3> po] > Iey(u)

Frpy(u) = P}){})[ic b (V) V Frpy(w)] = 5(53 +p3)Vz=2 [as z> s3> p3] > Fhe(u)

—_

Therefore, CoD C K. Lastly, let v € S such that T}, )(v) = 51, lher)(v) = S2, Frewy(v) = ss.
Then, Ty (v) = 2(s1 +p1) > Thew(v). Then C € K. Again assume w € S for which 7). ) (w) =
P Dy (w) = p2, Fryey(w) = psie., w € K, pypy). Then Ty o) (w) = Thyer)(0s) > pr = Thyey(w)
imply D ¢ K. Hence, neither C' € K nor D ¢ K if CoD C K. Therefore, K is not an NSPI on (S, F) and it
is against the hypothesis. So, hx (b) exactly attains two distinct values on S for b € E i.e., |hg(b)| = 2.
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4.5 Theorem

If K isan NSPIon (5, E), then T}, 1)(0s) =1, I, 1)(0s) = 0, Fl,.1)(0s) =0, Vb € E.
Proof. For K being an NSPI on (S, E), |hg(b)] = 2,Vb € E. Assume T}, )(0s) < 1, In, ) (0s
0, Frew(0s) > 0. For K being nonconstant, 3u € S for which T}, 4)(u) < ThK(b)(Os) Ty (u

)

)
Ine)(08); Fruey(w) > Fuew)(0s). Let Thyy(u) = p1, Doy (0s) = ma, ey (u) = pzafhK 5 (0s)
ma, Fre@) () = p3, Fryey(0s) = mg. Take 51, 59,53 for that p; < my < 51 <1, pp > mg > 55 >0, p3
msz > s3 > 0. We assume two Nss C, D on (5, E) so that,

Thowy (W) = (01 +ma), Tneey(u) = 5(p2 + ma), Fuow(w) = 2(ps +ms), Yu € S and

VoIl VvV

Thpw) (W) =1, Inpwy (W) = Do, Frpmy(uw) =ps  foru ¢ Ko,

ThD(b)(u) = 81, [hD(b)(U) = So, FhD(b)(U) = S3 ifue KO

where Ko = {u € 5 Thyo () () = Thye(t)(05), Inge (0)(0) = Tnge(v) (05), Fhe(v) (1) = Fre()(05)}-
Clearly, C'is an NSI on (S, E). D is an NSI on (S, E) for K, being an ideal of S. We are now to show that
CoD C K. Following facts are needed to consider.

Case 1 : Take Q = CoD. For u = Og,

Tuo (1) = 10x(To(0) 2 T (0)) = max(5 pr + 1) &, 5 o1 +1) & 1)

uU=vw

1 1
= max/pi, 5(?1 +my)] = §(p1 +m1) < my = Th, ) (0s)
1
Ihoy(w) = Fi?uuhc 0) (V) V Inp ) (w)] = 5(172 +mgy) > my = I w)(0s)

From(u) = min[F.@)(v) v Fhpm)(w)] = %(p?, +m3) > mz = Fy)(0s)

uU=vw

Case 2 : When 05 # u = vw € K forv,w € Ky C S,

1 1
Thg)(w) = max(Ty4)(v) A Thp ) (w)] = 5(?1 +my) A sy = §(P1 +my) <my = Thyew)(0s) = Thye ) (u)
1 1
Ing(vy(u) = min ) (0) ¥ Inp) (w)] = 5 (P2 + m2) & 53 = 5 (02 +1m2) > ma = Ity (Os) = Tne(v)
. 1 1
Fhg(p(u) = 531}5}}[%@)(0) V Eup)(0)] = 5(ps +m3) & sy = 5(ps +mz) > my = Fhye) (Os) = Fhueiry (u)

Case 3: When Og # u = vw ¢ Ky forv,w € S — K,

(p1 +m1) Apy=p = ThK(b)(U)

[\J|>—t

Thov)(u) = max(Th, ) (v) A Thpy(w)] =

uU=vw

~

P2 +Ma) /P2 = P2 = IhK(b)<U)

Ing(wy(u) = min [T ) (0) 7 Ly (w)] = %

Frowy(u) = min [ic b)(V) V Frpey(w)] = = (ps +m3) 7 p3s = ps = Frye)(w)

l\')|'—‘

So including all, CoD C K. As T}, 4)(0s) = m1 < s1 = Th,)(0s), so D € K. Further 3u € S so that
Thewy(u) =p1 < %(pl +my) = Thyp)(u) impliy C' ¢ K. This means that K is not an NSPI which is against
the hypothesis. Therefore T}, (5)(0s) = 1, In, 5 (0s) = 0, Fp,.1)(0s) = 0, Vb € E.
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4.6 Theorem

For an Nss K on (S, E), let |hg(b)] = 2 and T}, 5)(0s) = 1, I )(0s) = 0, Fr)(0g) = 0,Vb € E. If

KO = {u €S ThK(b) (u) = ThK(b)(OS>’ IhK(b)(u) = IhK(b)(OS)a FhK(b)(u) = FhK(b)(OS>} is aprime ideal on S,
then K is an NSPI on (S, F).

Proof. By hypothesis, 3 one u € S with sy = T}, 5)(u) < 1,50 = I y(u) > 0,83 = Fpy(u) > 0. The
facts stated below are taken.

Case 1 : When u,v € Ky, thenu — v € K, an ideal. So Vb € F,
Thewy(u—0) = Thw(0)=1=1A1="Ty @)(u) A Thew(v)
Ihewy(u—=v) = D) (0) =0=00= Ty (w) 7 Tngevy(v)
Frewy(u—=2) = Inw(0)=0=0v0= Fy@p)(u) V Frew)

Case2: Ifu € Kygbutv ¢ Ky, thenu — v ¢ Ky. ThenVb € E,
Thewy(u—v) = s1=1As1 = Thepy(u) A Thyew(v)

]hK(b)(u_U) = SQZOVSQ _IhK (u)V]hK(b)<U)
Fhey(u—0v) = 53 =0 53 = Fioer) (1) V Fhgev)(v)

Case 3: Ifu,v ¢ Koy, thenVb € E,

Thiey(u—v) > 51 = The)(u) D Thye ) (v)
They(u—v) < 89 = Iny ) (w) V7 Tnge ) (v)
FhK(b) (U’ - U) S FhK (U) \V4 FhK (U>

Thus in any case Vu,v € S and Vb € F,

Thse vy (= v) 2 Thyev) (0) A The vy (V) Inge) (w0 = v) < Tnye v (W) V ey (v) - and
FhK(b)(u_v) <FhK ( )thK ( )

To verify the final item, we consider the following cases.

Case 1 : When u € Ky then uv, vu € Ky, an ideal over S, forv € s. SoVb € F,
Thicy(uv) = Thyey () = 1= Ty vy (), Tngey (uv) = ey (vu) = 0 = In ey (w),
Fhe)(u0) = Fre)(vw) = 0= Fhyer) (u).

Case 2 : If u ¢ K then,

ThK(b)(UU) 2 S1 — ThK(b)(U), ThK(b)(UU) Z S1 — ThK( )(U)
IhK(b)(uv) < S9 = ]hK( )( ) IhK(b)(vu) S S9 = IhK(b (u)
Fpoy(uwv) < s3= Fypemy(u), Fagw(vu) < s3= Fpom)(u)

This shows that K is NST over (S, E). Let CoD C K but C Z K, D ¢ K for C, D being two NSIs on (S, E).
So,Vu,v € Sand Vb € E,

Thowy () > Thyew) (), Inew) (1) < Tngew) (), Fheey(u) < Fhew(u)  and

Thp)(0) > Thie0)(0)s Tnp) (V) < Tne) (V) Frp)(0) < Fhey (V)
Clearly, these u,v ¢ K, otherwise Th. ) (u) > Thy)(u) = Thyw)(0s) = 1 and Ty ey (w) > Thew(u) =
Th.)(0g) = 1 which are impossible. Then v, urv ¢ Ko, a prime ideal of .S, for r € S. Thus,
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ThK(b)(UT?}) = 851 = ThK(b)(u) = ThK(b)(U); [hK(b)(UTU) = S9 = IhK(b)(u) = IhK(b)(U) and
Fhgey(urv) = s3 = Fpye ) (u) = Fiyye) (0).
Now, if () = C'oD then Vb € E and YVw € S,
Thow(w) = maX[Thc<b) () & Thyp)(2)] 2 Thow) () A Thpm)(rv) = The)(w) A Ty (v)
> Thyey(U) D Thyey(v) = 1A 81 = Thye ) (W)

Hence CoD ¢ K. Then either C C K or D C K implies K is an NSPI on (S, E).

4.7 Theorem

For an NSPI K on (S, E), Ky, = {U € R : ThK(b)(u) = ThK(b)(OS),IhK(b)(U) = ]hK(b)(OS);FhK(b)(U) =
Fyc)(0g)} is a crisp prime ideal of S.

Proof. Here, K is a crisp ideal of S by Theorem [3.3]. To prove K| being prime, let A, B be two crisp ideals
of Ky with AB C K,. Assume C, D as two Nss on (S, E) as given below, Vb € E,

Clearly C, D are two NSIs on (R, E') by Theorem [3.2]. We are to prove CoD C K. Consider the following
facts.

Casel:IfQ = CoD and u € K,

Thgey (1) = max[Ty.4) (V) A Thp)(2)] < Thiety(05) D Thie(v)(05) = The()(05) = The(ey (u)
Inge) () = min[Le ) (0) 7 Lhp0)(2)] 2 Tne()(0) 7 hie ) (05) = Tnse()(Os) = Tngey ()
Fhgy(u) = min[Fy ) (V) 7 Fhp)(2)] 2 Fie)(05) 7 Frge)(0s) = Fhie(v)(05) = Fgey (1)

Case2: If u ¢ K then for v,z € Rsuchthatu = vz, v ¢ Ky and z ¢ K,. Now,

Ty (w) = max(Te ) (v) A Ty (2)] = 0 < Thyey (w)
Ing@e) (1) = min[L ) (0) 7 Lhp o) (2)] = 1 2 Dnge(w)
Fhgy(u) = min[Fy ) (0) 7 Fhpe)(2)] = 1 2 Fayey (u)

Thus in either case CoD C K. Then either C' C K or D C K, an NSPI over (S, F). Suppose C' C K but
A g KO Then Ju € A such that u ¢ KO 1.€., ThK(b( ) # ThK(b (Os) IhK ( ) # IhK(b)(OS)thK(b)<u> #
FhK( ( ) Vx € E. This 1mphes ThK(b)< ) < ThK(b)<OS) IhK(b)( ) > IhK(b)(OS)thK(b)<u> > FhK(b)(OS)
by Proposition [3.11G). Thus Tho)(v) = The)(0s) > Thpey) (), Tney(w) = e (0s) < Ingey(u),
Frowy(u) = Fhpw(0s) < Fhye(uw) which is against the assumption C' C K. So, A C K. Identically,
D CK = B C Ky. Hence AB C Ky = either A C Kyor B C K, implies K| is a prime ideal.
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4.8 Theorem

(i) @ is a non empty crisp prime ideal of S if and only if 3 an NSPI M on (S, E) where hy; : E — Ng(S5) is
putas, Vb € F,

(1,0,0) when u € Q)
(plap2ap3) when u g Q

hat(b) = {

with 0 < pq,pa,ps < 1.

(i) Particularly, () is a non empty crisp prime ideal of S if and only if it’s characteristic function \¢ is an NSPI
on (S, E) when A\ : E — Ng(S)is putas, Vb € E,

(1,0,0) when u € Q
1,1

Ag(b)(u) = { ((1), ,1) when u ¢ Q.

Proof. (i) If Q) be a crisp prime ideal, then M is an NSI on (S, E) by Theorem [3.2]. Consider two NSIs C, D
on (S, E) with CoD C MbutC € M and D M. Foru,v € Sandb € E,

The ) (1) > Thy ) (W), Ihe(v)(w) < Ihp) (W), Fhoey(w) < Fipyey(w)  and

T ) (V) > Thay ) () () (V) < Tnpy ) (V) Frp()(v) < Frpyv) (V)
Obviously u,v ¢ Q otherwise Th,)(u) > 1, I m)(u) < 0, Frowy(u) < 0and T, 0y (v) > 1,1, 0)(v) <
0, F,»)(v) < 0 which are impossible. Then z = uv ¢ Qi.e., Ty, ) (2) = D1, Tny)(2) = P2, Fhyo)(2) = ps.
Now since C'oD C M, then

P = Thpy0)(2) 2 Theopv)(2) = maxemue[Thom) (W) D Thp ) (v)] > Ty (W) A Thyyv)(v) = p1 Apr = pr
So p; > p; makes a contradiction and thus C' € M and D € M are false. Hence CoD C M implies either
CCMorDC Mie., Misan NSPIon (S, E).
The ‘only if* part can be drawn from Theorem [4.7] by taking 7}, 5)(0s) = 1, Is,,)(0s) = 0, Fp,,)(0s) = 0.

(ii) Following the sense of 1st part, it can be easily proved.

4.9 Theorem

AnNss K on (S, F) with |hg (b)| = 2, Vb € E is an NSPI over (S, E) if and only if K = {fue S :Thym(u) =
L Inewy(u) =0, Fiw)(u) =0, Vb € E} with Og € K is a crisp prime ideal of S.

Proof. Combining Theorem [4.7] and Theorem [4.8], it can be proved.

4.10 Theorem
An Nss K on (5, E) is an NSPI iff each nonempty cut set [hx ()] (s,,0) Of hi(b), an Ng, is a crisp prime ideal
of S when § € [mThK(b), ne [thK(b), o€ IthK(b), Vb e FE.

Proof. Let K be an NSPI over (S, E). Then, by Theorem [3.5], [k (b)](51.0) is a crisp ideal of S. Consider
another two crisp ideals A, B of S so as AB C [hg(D)](s,,0)- On (S, E), define two Nss C, D as :

hopy— { (.00 ifued 0 [(50.0)  ifueB
T (0,n,0) otherwise . "V~ | (0,n,0) otherwise .

Then C, D are two NSIs over (R, E) and CoD C K. Since K is an NSPI over (R, F) then either C' C K
or D C K. Now if possible, suppose A Z [hg(b)](5n.0)- Then Ju € A such that u & [hg(D)](s4,0) i-€.s
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Thiey(w) <0, Ingey(u) > 1, Fhyw(u) > 0. Now foru € A,

Thc(b)(u) =0 > Th}((b)(u)a [hc(b)(u) =0<n< IhK(b)(u), ic(b)(u) =0<0< FhK(b)(u).
This shows C' € K. Also D ¢ K similarly. These are against the situation. Therefore A C [hx(b)](5,,0) means
[hic(b)](5,n,0) is @ crisp prime ideal of S.

Reversely, we need to clear that K is an NSPI over (S, E) if [hx (b)](5,9,0) is a crisp prime ideal of S. Take two
NSIs C, D on (S, E)soas CoD C K.Let C £ K, D ¢ K. Then Vu,v € S and Vb € E,

The) (W) > Thye@) (W), Tnee) (@) < Tng@y(w), Frew)(u) < Fhyew)(u) and
Thp)(V) > Thye)(V), Tnp@) (V) < Ty (V) Fape)(v) < Fhge) ().

Clearly Ty p)(u) # 1, Iney(w) # 0, Frewy(u) # 0 and Ty 4)(v) # 1, Inepy(v) # 0, Fryepy(v) # 0.
Let Ty (1) = Thyew )( v) = p, Inew )( u) = Ine)(v) = ¢, Frepy(u) = Frew(v) = 7. Then Thc(b)( u) >
p, Ihc(b)(u) < q, ic(b)(u) < r and ThD(b)(U) > p, Ihp(b)(”) < q, FhD( )( ) <7r ie. . U € [hc(b)](nqm) and
v € [hp(D)](p,g,r)- Now since CoD C K,

Thiewy(2) 2 max(Tye ) (w) & T e (V)] > Ty (u) D Thp ) (0) > p

Tnge)(2) < minfLe ) () 7 Tnp ) (0)] < o) (0) 7 Tnp(e)(v) < ¢
Fhe(v)(2) < min[Fhe ) (w) 7 Fhp ) (0)] < Fhew) (@) 7 Fhpy (v) <7

Thus z = wv € [hg(D)|pgr i€ [ha(D)] e hD(0)par S [hK(D)](pqr), a crisp prime ideal of S. Then

either [hC(b)](p,q,r) Q. [k (0)] gy OF [hD(O)](pgry S [ ()](pqr If [hc()]pgr S [hx(b)]p.gr. then
u € [he(b)](pqry implies u € [hg(b)](pqr. This means Tj ) (u ) >p = Thew )( u) > p, Inopy(u) < q¢ =

(b)
Iy (w) < ¢, Fhopy(u) <7 = Fhew)(u) < ries Trew) () = Theey (W), ey () < Tneey(w), Fhep)(w) <
Fh.vy(w). It is against the assumption. Therefore, C' C K or D g and the proof is reached.

5 Homomorphic image of NSI and NSPI

The homomorphic image of NSI and NSPI are analysed here. We let R;, %5 as two crisp rings and 7 : Ry —
R, being a ring homomorphism throughout this section.

5.1 Definition

If C, D be two Nss on (Ry, E), (Ry, E) respectively, then w(C), 7~!(D) are also Nss over (Ry, E), (R, F)
respectively and these are described as :

(@) 7T(0> (U) = {(Thw(c)(b) (’U), Ihw(c)(b)(v)v Fhw(c)(b) (U)) tbe E}7 Vv € Ry where

)= { i) € 0, 1 ) £
’T(C> 0 if 77Yv) = ¢.
{ min{ 7z, @) (v) : v € 71 (v)}, if 71 (v) # ¢
Ty v 1 if 7(v) = ¢.
{ min{ Fy, ) (u) 1 u € 7 v)}, if 7 (v) # ¢
’T(C> if 771v)=¢

(ii) W_I(D)<u) = {<Th,r71(D)(b) (u), [h,r71(D)(b) (u), Fhwfl(p)(b)(u)) b e E}, Yu € R; where
Th, sy (W) = Thpwlm ()]s In o) () = Inplr(u)] and Fy )y (w) = Fhplr(w)).
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5.2 Proposition

Let C' and D be two NSLIs (NSRIs) on (Ry, E') and (R», E) respectively. Then,
(i) 7(C) is an NSLIs (NSRIs) over (R», E) if 7 is epimorphism.
(i) 7~1(D) is an NSLIs (NSRIs) over (R, E).

PI’OOf. (1) Let vl) UQ; S € RQ. If 7T71(/U1) g ¢ or 7-(-*1(1)2) = gb’ the proof is usual. SO, let 3“17 UQ, re Rl SO as
m(uy) = vi, m(uz) = ve,m(r) = 5. Now,

Th, ey (V1 —v2) = max {Thc(b)(b)} > Thowy(ur — ug) > The ) (u1) A Thepy (u2),

m(u)=v1—v
Th, o0y (801) = max {Thc (W)} = Thewy(rur) = Thew) ()

As all the inequalities are carried Yuy, ug, 7 € Ry obeying m(uy) = vy, m(us) = vq, m(r) = s hence,

Thw(C)(b) (v1 —v2) > ( max {Tho(b) (u1)}) A ( max {Thc(b (u2)}) = Thn(C)(b) (v1) & Thﬂ(C)(b) (v2),

m(u1)=v1 7(uz)=v
Thye vy (s01) 2 max {Thow)(u1)} = Th, oyp)(v 1)-Next,

Inyoym(r —v2) = min {L, ) (w)} < Ino)(ur — u2) < Ing)(u1) V e (u2),

m(u)=v1—v2

Iy (801) = ﬂ(g)lizgvl {Tnowy(w)} < Tnoey(rur) < Ingwy(ua).

As all the inequalities are carried Yuy, ug, 7 € Ry obeying m(u1) = y1, m(uz) = vq, m(r) = s hence,
NG (v1 —va) < (W(gll;n {Unewy(w1)}) v (W({LI;;HUQ {Ihe)(u2)}) = Ty o y(v1) v Ty ) (v2),

Ihﬂc)(b)(svl) < W(L?;Em {]hc(b (u1)} = ]h7r<c)(b)( v1).

Similarly, we can show that

Fh oy (v —wg) < Fhw(c)(b)@)l) ¥V Fhioy ) (v2), Fhw(c)(b)(SUl) < Fhioy(0) (v1).
This brings the 1st result.
(i1) For uy, us € Ry, we have,

Thr ) ®) (ur —uz) = Thpwlr(un —u2)] = Thpelr(ua) — m(us)]
> Thpm(u)] & Tapym(u2)] = Ty (1) A Th 0 (u2),
T,y (run) = Thpwy[m(run)] = Thpelm(r)m(ui)] = Thp @ [s7(ur)]
> Thpwm(w)] =Th -, , 0 (u1)
Ths () ®) (ur —uz) = Inpplm(un = u2)] = Iy [w(ur) — m(uz)]
< Thpy[m(u)] 7 Iyl (u2)] = Iy ) (ua) V7 Iy 0 (u2),
Ty 01) = T [(run)] = Ty () m(un)] = Tyl ()]
< Inpwym(ua)] = In 4 ()

In a similar fashion,
Fo o —u2) < Fy o) (un) V Fu 2y (), Fa oy o (run) < B ()
This brings the 2nd result.

T Bera, S. Broumi and N. K. Mahapatra, Behaviour of ring ideal in neutrosophic and soft sense.



Neutrosophic Sets and Systems,Vol. 25, 2019 19

5.3 Proposition

Take two NSLIs (NSRIs) C, D over (Ry, E) and (Rs, F), respectively. If 01, 0, are the additive identities of
Ry, Ry respectively, then (i) 7(C)(05) = C(0;) (i) 7 1(D)(0,) = D(0y)
Proof. (i) Here W(C)(Og) = {(Thﬁ(@(b)(OQ); ]hﬂ(c>(b)(02), Fh,,<c>(b)(02)) (b e E} and
C(01) = {(The®)(01), Ino@) (01), Frow(01)) : b € E}; - Now,

Thﬁ(c)(b)(OQ) = max {Thc(b)(u) U € 7T71(02)} > Thc(b)(Ol) [as 7(01) = 02]
Since C is an NSLIs over (R;, E), soVu € Rand Vb € E,

Thc(b)(u) < Thc(b)(ol) = max {Thc(b)(u) TS 771(02)} < Thc(b)(Ol) = Thﬂ_(c)(b)(OQ) < Thc(b)(ol)
Thus Thﬂ(c>(b) (02) = Thc(b) (01) NCXt,

ey )(02) = min { Ty () s u € 771(02)} < Loy (01)  [as 7(01) = 0o
Since C'is an NSLIs over (Ry, E), soVu € Rand Vb € E,

Iney(4) > Tn)(01) = min { T my(u) s u € 771 (02)} > Tney(01) = Tn, oy 1) (02) > Theey(01)-
Thus I, o, )(02) = Inew)(01). Similarly, Fy,_ . )(02) = Fi.)(01) and this follows the 1st result.
(i1) Here, we have

T, 1y ®(01) = T [(00)] = T (5 (02), In__ 1y, 4)(01) = Lnp () [7(01)] = Iyt (02) and
FhFl(D)(b)(Ol) = Fypw)[7(01)] = Fip)(02). This follows the 2nd result.

5.4 Definition

Consider two nonempty sets X, I/ and a lattice [0,1]. Then K = {(Th,c), Thiv)s Frhu)|b € E} : X —
[0,1] x [0,1] x [0, 1] attains the sup property when T}, 5)(X) = {Th,»)(x) : © € X} (the image of T}, (1))
admits a maximal element and each of I, ) (X) = {Ih ) (x) : v € X}, Fip)(X) = {Fhew)() 2 € X}
(the image of I, . (1), I}, (v) respectively) admits a minimal element Vb € E.

5.5 Proposition

For two NSLIs (NSRIs) K, L on (Ry, E) and (R», E), respectively, followings hold.

(i) m(Kp) C (w(K))o (Theorem [3.3] describes Kj).

(i) m(Ko) = (w(K))o when K attains sup property.

(iii) 71 (Lo) = (7~ Y(L))o.

Proof. (i) If v € 7(Ky) signifies v = 7(u) for u € Ko C Ry 50 as Ty 5)(1) = Thyev)(01), Thpy(u) =
IhK(b)(Ol), FhK(b)(u) = FhK(b)(Ol)- Now,

T y(v) = max{Th,0)(u) s uen ' (v)} = max {Th,e4)(01)} = Ty 1)(01) = Th, e 1) (02)
I, oy (v) = min{lp, p)(u) :u € 7 '(v)} = min Unie)(01)} = Tnge)(01) = In_ e, ) (02)

Similarly, Fy,_ . 1)(v) = Fh_ ., 0)(02). It signifies v € (7(K))o when v € 7(Kp) ie., m(Ko) C (7(K))o.
(ii)Take u € Ry soasv =m(u) € (7(K))o C Ry. Then Vb € E,
Th.,r(K)(b)(OQ) = Thﬁ(m(b)(v) = ThK(b)(Ol) = Imax {ThK(b) (t) ot - Wﬁl(v)} = ThK(b)<t)
fort € Ry soast € m'(v). Further,
ooy (02) = T ey ) (V) = Tnge (v (01) = min {Zp,e 1) (1) : T € 71 (0)} = Do) (1)
fort € Rysoast € 7 '(v).
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Identical picture is drawn for F' and thus t € Ky ie., 7(t) € n(Ky) = v = w(u) € 7(Ky). Therefore
(m(K))o C w(Kyp). Then 7(Ky) = (7(K))o using (i).

(iii) ue€n Ly C Ry
< Thyw)lm(w)] = The)(02) = Thy@)[7(01)]; Loy ) [T (w)] = Iny0)(02) = Inym)[7(01)] and
FhL(b [m(w)] = FhL )(02) = Fiop o[ (01)];
& T o) =Ty o000, In ey (W) = In 2y o) (01), Fh (W) = Fu @) (O1);
e uc (L))o

Therefore, 7 *(Lg) = (71 (L))o.

5.6 Definition

Take a classical function 7 : Ry — R, and an Nss K (u) = {(The@)(w), Ingw)(w), Faew(u)) 1 b € E},
u € R;. Then K is said to be 7- invariant if 7(u) = 7(v) = K(u) = K(v) foru,v € R;. K(u) = K(v) hold
if Thie ) (1) = Thgev) (V) Inge(v) () = I () (V)5 Fnye vy (0) = Fheey (v), b € E.

5.7 Theorem

Let 7 : Ry — R be an epimorphism and K be a 7- invariant NSI on ( Ry, F). Then the followings hold.
(i) If K attains sup property, then (7(K))o is a crisp prime ideal of R, when K| is a prime ideal of R;.
(ii) If K(Ry) is finite and K is prime ideal of Ry, then 7(K) is so of Ry and w(Ky) = (7 (K))o.

(iii) If K is an NSPI over (Ry, E), then 7w(K) is also an NSPI over (R, F).

Proof. (i) By Theorem [5.5], 7(Ky) = (7(K))o obviously. Let y, 2z € Ry such that yz € 7(Ky) = (7(K))o.
Then there exists u,v € Ry so as 7(u) =y, n(v) = z and w(wv) = 7(u)7w(v) = yz € (7(K))o. Then Vb € F,

Th iy (0 @[T (uv)] = Th iy () (02) = max {Th, ) (t) : t € T (yz)} = Thev)(01),
I ey 0 w[m(uw)] =1, 0 (02) = min {Inew(t) : t € 7 Hyz)} = Iy 0y (01),
Eh 0y (0) [7(uw)] = Eh ey (6 y(02) = min {Fj, . (t) : t € T y2)} = Fype)(01).

For w € 771 (yz2) i.e., for m(w) = yz
Thie (W) = Thye () (01), ey (w )=
But as K is w-invariant, so K (w) = K(u Then Vb e E,
Thie o) (wv) = Thye () (01), ey (wv) = Inye(v)(01)s Fryev)(uv) = Fhe () (01).
Therefore, uv € Ky. As K is a crisp prime ideal of Ry, so u € Ky orv € K. It refers w(u) € 7(Ky) or
7(v) € m(Ky). This furnishes the proof.

7(uv), sup property tells,
Inie)(01), Fhey(w) = Fhyey (O1)-
v).

(i) Combining the Ist part and Theorem [5.5], the proof is onward.

(iii) By Proposition [5.2](1), 7(K) is an NSI over (R», F). Since K is an NSPI over (R, E), then |hx(b)| =
2, [hg()](01) = (1,0,0), Vb € E and using Theorems [4.4, 4.5, 4.7], K is a prime ideal. But [h(x)(b)](02) =
[hi(0)](01) = (1,0,0), ¥b € E and by 1st part, (7(K))o is a prime ideal of Rs. As |hx(b)| = 2, Ju € R; so
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as [hr(b)](u) = (p1, p2, ps3) for b € E. Then,

ThTr(K)(b) (W(U)) - maX{ThK(b) (u) tu e W_l(ﬂ(u»} =D
I, oo (m(w) = min{I, g (u) - uen ' (m(w)} = p,
Fh,goe(m(w) = min{Fy, e (u) :uen(r(u)} = ps

S0, [ha)(0)](m(u)) = (p1,p2,p3) = [hic(D)](u) for b € E. Then [hx(b)](R1) = [ha(s) (b
epimorphism and u is arbitrary. Now consider two NSIs L, M over (Rs, E) such that LoM

L& n(K)and M ¢ 7(K). Then forall y, z € Ry,
T )W) > Thoio ) (®)s Tnp)(¥) < Tnp sy ) )y Frp)(¥) < Fhy ey (y) and
ThM(b)(Z) > Thﬁ(K)(b)(Z)’ [hM(b)(Z) < [hw(K)( ( ) thu b)(’z) < Fhw(K) )(Z)
Fory,z € Ry — (W(K))O’ consider Thn(}()(b)( ) W(K) b)(z) = D1, W(K)(b)<y) = Ihﬂ(K)(b)(Z) = p2 and
Fh, o) = Fa e (2) = ps. Then,
Thywy(y) > 15 Inyv)(¥) < P2, Frpey(y) <ps and iy )(2) > pry Dngyw)(2) < D2y Frop)(2) < ps.
Clearly, yz ¢ (7(K))oasy, z ¢ (m(K))o, a prime ideal of Rs.
Then, Th_ ) (Y2) = D15 In o, 0)(Y2) = D2, Fh o0 (Y2) = p3.
Now, p; = Thw(K)(b)(yz> 2 Thpou(o )( z) = Thy o ( ) & Thav (2 (2)>pApr=p
The opposition p; > p; ensures L C w(K), M C 7(K) and this furnishes the 1st part.

)](R2) as  is
C 7(K) but

5.8 Theorem

Let () be an NSI over (R», F') and 7 is onto homomorphism. Then,
(i) (771(Q))o is a crisp prime ideal on R; when Q) is so over Rj.
(i) 7 1(Q) is NSPl on (R;, E) when @ is an NSPI over (Ry, F).
Proof. (i) We have by Theorem [5.5], 7 1(Q) = (771(Q))o. Let u,v € Ry so as uv € 7 (Qp). Then
m(uv) = m(u)m(v) € Qo. Again w(u) € Q or m(v) € Qp as () is a prime ideal.
ﬂ(u) € QO = ThQ(b) [W(u)] = ThQ(b)<02) = Thﬂ—l(Q)(b) (u) = Thw_1(Q)(b)(01) = U € (7‘(‘71(@))0.
Identically, v € (7~ 1(Q))o when 7(v) € Q. Therefore, uv € (774(Q))o refers u € (771(Q))o or v €
(771(Q))o. Hence, the 1st part follows.
(ii) By Theorem [5.2], 7~ 1(Q) is an NSI over (R, E) and by Theorem [5.3], 71 (Q)(0;) = Q(0,). Also since
@ is an NSPI over (Ry, E), then |hg(b)| = 2, [hg(b)](02) = (1,0,0) and Qo is a crisp prime ideal of Rs
respectively by Theorem [4.4], Theorem [4.5] and Theorem [4.7]. Then, by 1st result, (7?‘1(@))0 1s a crisp
prime ideal of R; and [h.-1(4)(0)](01) = (1,0,0). Construct [hg(b)](R2) = {(1,0,0) U (g1, ¢2, q3)} for a fixed
b e E with (1,0,0) # (¢1, g2, q3)- Let [ho(b)](v) = (¢1,¢2, ¢3) for v € Ry. Then Ju € Ry for which 7(u) = v
and [hr-1(0)(b)](u) = [ho(b)](v) = (q1, 2, g3). Therefore, [171(Q)](R1) = Q(R:) as b € E is arbitrary and 7
is epimorphism.
For two NSIs A, Bon (Ry, E), let AoB C 7 1(Q) with A € 771(Q) and B € 7~ *(Q). Then Vu,v € Ry,
Thawy(w) > Ty o (W), Tnay(w) < Iy o (W), gy (u) < Fi _y , @(u) and
Thpw)(v) > Th s o ) (V) Dipy)(v) < Ty o ) (V) Fhpey(v) < Fio (V)
For u,v € Ry — (77 (Q))o, let Ty _, , )W) =Th _, o 0(v) = @1s Tn s o 0(w) = In s o (V) = @2
and Fh,rq(Q)(b) (u) = Fhﬂ,l(@(b)(U) = (3. Then,
Thay(w) > qu; Ty (0) < G2, Fhyey(u) < g3 and T e)(v) > q1, Tng) (0) < g2, Fhpy (0) < gs.
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It indicates uv ¢ (771(Q))o as u, v & (771(Q))o, a prime ideal of R;.
Then, Thﬂ,l(@(b)(UU) =q, Ihﬂ,l(@(b)(lw) = G2, Fn__y
0, 1 ="Th _, o ®)(W0) = Thyp)(u0) = Ty (W) A Thpey(v) > 1 A =g

The opposition ¢; > ¢ ensures A C 7 1(Q), B C 7~ !(Q) and this leads the 2nd part.

@ (uv) = g3 and

6 Conclusion

This effort is made to extend the notion of ideal and prime ideal of a classical ring in the parlance of Ng
theory and soft set theory. Their structural behaviours are innovated by developing a number of properties
and theorems. Using neutrosophic cut set, it is shown how an Nss will be an NSI or NSPI. The nature of
homomorphic image of NSI and NSPI are also studied in different aspect. This theoretical attempt will help to
cultivate the Ng theory in several mode in future, we think.
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Abstract. The main idea of this research isto define a new neutrosophic crisp points in neutrosophic crisp
topological space namely [NCPy] the concept of neutrosophic crisp limit point was defind using [NCPy],with
some of its properties, the separation axioms [N-Tj-space,i= 0,1,2] were constructed in neutrosophic crisp
topological space using [NCPy] and examine the relationship between them in details,
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Introduction

Smarandache [1,2,3] introduced the notions of neutrosophic theory and introduced the neutrosophic.
components (T F) which represent the membership , indeterminacy , and non membership values resp-
ectively, where]—0,1'[ is a non standard unit interval . In [4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19
,20] many scientists presented the concepts of the neutrosophic set theory in their works. Salama et al.
[21,22] provided natural foundations to put mathematical treatments for the neutrosophic pervasively
phenomena in our real world and for building new branches of neutrosophic mathematics .

Salama et al [23,24] put some basic concepts of the neutrosophic crisp set and their operations,
and because of their wide applications and their grate flexibility to solve the problem, we used
these concepts to define new types of neutrosophic points, that we called neutrosophic crisp
points [NCPy] .

Fainally ,we used these points [NCPy] to define the concept of neutrosophic crisp limit point, with
some of its properties and constructe the separation axioms[N-T';-space,i=0,1,2] in neutrosophic crisp
topological and examine the relationship between them in details.

Throughout this paper,(NCTS) means a neutrosophic crisp topological space. Also, simply we
denote neighborhood by (nhd).

1 Basic Concepts
1.1 Definition [25]

Let X' be a non-empty fixed set. A neutrosophic crisp set [ NCS for short | B is an object having the
form B =<B,, B,, B> where B, B, and B; are subsets of X .
1.2 Definition [25]

The object having the form B=<B;, B,, B3> is called :

1. A neutrosophic crisp set of Typel [ NCS/Typel] if satisfying

B] ﬁBz ZQ),B] M B3 ZQaHdBZ M B3 =®.

2. A neutrosophic crisp set of Type2 [ NCS/Type2] if satisfying

B| mBz :(Z),Bl ﬁB; =@ and Bz ﬁB; :Q),BIUBQ U B3 =X.
3. A neutrosophic crisp set of Type3 [ NCS/Type3] if satisfying
B] mBz 083 :Q),BlUBZ U B3 :X

1.3 Definition [25]

Types of NCSs @y & Xy in X as follows :

1. @y may be defined in many ways as a NCS as follows:
l. Typel :0n=>¢,¢, X <
2. Type2:fy=>¢, X, X <
3. Type3:0n=>¢,X,p<
4. Typed: Oy =>¢, ¢, ¢ <

2. Xy may be defined in many ways as a NCS as follows:
1. Typel: Xn=>X,p ,p <
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2. Type2: Xn=>X,X,p <
3. Type3: Xn=>X,¢p,X <
4. Typed: Xn=>X,X ,X <
1.4 Definition [25]
Let X be a non-empty set and the NCSs C & D in the form C = <C4,C,,C3>, D = <D4,D,,D3>
then we may consider two possible definitions for subsets C S D, may be defined in two ways :

1. C&€ebD&eC<cEDb;,CEDyandD; € Gy
2. CcDeCG,ED;,D,€CandD; € G
1.5 Definition [25]
Let X be a non-empty set and the NCSs C & D in the form C = <C,,C;,C3>, D = <D4,D,,D3>
then :

1. CND may bedefined in two ways as a NCS as follows :
e CND=[C,ND;],[CUD,],[CUDs]
e CND=[CGND;],[CND,;],[CsUDs]
2. CU D may be defined in two ways as a NCS as follows:
e CUD=[C;UD;],[CUD,;],[CGND;]
e CUD=[C,UD;],[C,ND,],[CN D3]
1.6 Definition [25]
A neutrosophic crisp topology (NCT) on a non-empty set x° isafamily g of neutrosophic crisp
subsets in X satisfying the following axioms :
I. Oy, XNET
2. CNDeT ,forany C,DEe T
3. The union of any number of sets in I belongs to T
The pair (X,T) is said to be a neutrosophic crisp topological space (NCTS) in X. Moreover The
elements in T are said to be neutrosophic crisp open sets (NCOS), a neutrosophic crisp set F is
closed (NCCS ) iff its complement F¢ is an open neutrosophic crisp set.
1.7 Definition [25]
Let X be a non-empty set and the NCS D in the form D = <D;,D,,D3> .Then D¢ may be
defined in three ways as a NCS as follows::
D¢=<D{, D§, DS> , D€ =< Ds,D,,D;> or D€=<D;D§,D;>
1.8 Definition [25]
Let ( X,T) be neutrosophic crisp topological space (NCTS ). A be neutrosophic crisp set then:
The intersection of any neutrosophic crisp closed sets contained A is called neutrosophic crisp closure
of A ( NC-CI(A) for short ).

2 Neutrosophic crisp limit point :
In this section, we will introduce the neutrosophic crisp limit points with some of its properties.
This work contains an adjustment for the above-mentioned definitions 1.4 & 1.5, this was necessary to

homogeneous suitable results for the upgrade of this research.
2.1 Definition

Let X be a non-empty set and the NCSs C & D in the form C = <Cy,C,,C3>, D =<D4,D,,D3>
then the additional new ways for the intersection , union and inclusion between C & D are

CND=[CGND;],[CND,],[CNDs]
cub=[¢GUD;],[CUD,],[CUDs]
CEbeCceEDb,GE DyandC; € Ds
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2.2 Definition
For all x,y, z belonging to a non-empty set X. Then the neutrosophic crisp points related to x, y, z
are defined as follows:
. Xy, = <{x},0,0 >, is called a neutrosophic crisp point (NCPy,) in X.
o yn,= <0@.{y}.0 >, is called a neutrosophic crisp point (NCPy,) in X.
. zy,=<0,0,{z} >, is called a neutrosophic crisp point (NCPy,) in X.
The set of all neutrosophic crisp points (NCPy,, NCPy,, NCPy,) is denoted by NCPy.
2.3 Definition
Let X be to a non-empty set and x,y, z €X. Then the neutrosophic crisp point:
. Xy, 1s belonging to the neutrosophiccrisp set B=<B,,B,,B;>, denoted by xy, €B, if x€
By, wherein xy, does not belong to the neutrosophic crisp set B denoted by xy, € B, if x € B;.
. yn, is belonging to the neutrosophic crisp set B=<B,,B,,B5>, denoted by yy, € B, if y € B. In
contrast yy, does not belong to the neutrosophic crisp set B, denoted by y, € B, if y € B,.
. Zy, is belonging to the neutrosophic crisp set B=<B,,B,,Bs>, denoted by zy, € B, if z € B3. In
contrast zy, does not belong to the neutrosophic crisp set B ,denoted by zy, € B, if z ¢ Bj.
2.4 Remark
If B=<B,,B,;,B3> isa NCS in a non-empty set X then:
B\xy, =< B;\{x}, B, B3 >. B\xy, means that the component B doesn't contain Xy, .
B\yn, =< By, B;\{y}, B3 > . B\yn, means that the component B doesn't contain yy,.
B\zy, =< By, B;, B3\{z} > . B\zy, means that the component B doesn't contain zy,.
2.5 Example
If B= <{a, b},{c, b},{c, a}> isanNCSin X ={a, b, c}, then:
Blay, =<{ b}, {c, b}, {c, a}>
B\by, =<{a, b}, {c}, {c, a} >
B\cy, =<{a, b}, {c, b}, { b}>
2.6 Remark
If B=<By,B,,Bs> isa NCS in a non-empty set X then:
B=(U{xn,:xn, EB}) U U{yn,:¥yn, €EBHU(N{ 2y, 2n, EB )
=(U{<{x},0,0>:xexXHU U<, {y}, 0>:yeXHUMN{KD, 0, {z}>:2€X})
or B=(U{xy,;:xy, €EB}HUU{yn,:yn, EBHU U {2zy,:2y, EB})
=(U{<{x}, 0,0>:xeXHUU{<d, {y}, 0>:yeX HUWU{<D, 0,{z}>:z€X}).
2.7 Definition
Let (X,T) be NCTS,P € NCPy in X, a neutrosophic crisp set B = <B;,B,,Bs> € T is called
neutrosophic crisp open nhd of Pin (X,T) if PEB.
2.8 Definition
Let ( X,T)be NCTS,P € NCPy in X, a neutrosophic crisp set B=<B;, B,, B3> €T is called
neutrosophic crisp nhd of P in (X, T"), if there is neutrosophic crisp open set A =< A;, A,, A3 >
containing P such that A € B.
2.9 Note
Every neutrosophic crisp open nhd of any point P € NCPy in X is neutrosophic crisp nhd of P, but
in general the inverse is not true , the following example illustrates this fact.
2.10 Example
IfX ={xyz},T ={Xy,0x, A, B, C},
A=< {x},0,0>,B=<{y},0.0>,G=<{x, y},0,0>
IfwetakeU=<{x, y},{z}, 0>
Then G =<{x,y},@,0 > is an open set containing P = xy,=< {x },@,0 > and G € U. That is
U is a neutrosophic crisp nhd of P in ( X', T), while it is not a neutrosophic crisp open nhd of P .
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2.11 Definition
Let ( X,7) be NCTS and B =<B;, B, , B3 > be NCS of X. A neutrosophic crisp point P €

NCPy in X is called a neutrosophic crisp limit point of B = < B;,B, ,B3 > iff every neutrosophic crisp
open set containing P must contains at least one neutrosophic crisp point of B different from P . It is
easy to say that the point P is not neutrosophic crisp limit point of B if there is a neutrosophic crisp
open set G of Pand B N (G\ P) = @y.

2.12 Definition
The set of all neutrosophic crisp limit points of a neutrosophic crisp set B is called neutrosophic crisp
derived set of B, denoted by NCD(B ).
2.13 Example
If X ={xyz},T={Xy,0y, A, B, C}, A=< {x},0,0>,B=<{y},0,0>,G=<{x,
v},0,0> . If we take D =<{ x,y },0,0>, Then P= Zy =<{Z},0,0> is the only neutrosophic crisp
limit point of D. i.e. NCD(D) ={Zy, }
2.14 Remarks
e Let B be any neutrosophic crisp set of X, If P=<{x },0,0> € T in any NCT space (X, T), then
P € NCD(B).
e Let B be any neutrosophic crisp set of X, the following facts is true:
NCD(B) ¢« B, B ¢ NCD(B) , and sometimes NCD(B) N B = @y or NCD(B) N B # 0y.
e Inany NCT space (X,T), we have NCD(@) = @y .
2.15 Theorem

Let (X,7) be NCTS and B =< B;,B, ,Bs > be a neutrosophic crisp set of X,then B is
neutrosophic crisp closed set (NCCS for short) iff NCD(B ) € B
Proof

Let B be NCCS, then (X'\B) is neutrosophic crisp open set (NCOS for short ) this implies that for
each neutrosophic crisp point P € NCPy in (X'\B), P & B, there is a neutrosophic crisp open set G
of Pand G < (X\ B).

Since BN (X\B) = @y, then P is not neutrosophic crisp limit point of B, thus G N B = @, ,which
implies that P € NCD(B).Hence NCD(B) € B
Conversely, assume that P ¢ NCD(B), implis that P is not neutrosophic crisp limit point of B, hence,
there is a neutrosophic crisp open set G of P and G N B = @, which means that G € (X'\B) and
since (X'\B) is a neutrosophic crisp open set . Hence B is neutrosophic crisp closed set. .
2.16 Theorem

Let (X,T)be NCTS, B, G be a neutrosophic crisp sets of X', then the following properties hold:
(1) NCD(@y) = @y
(2) IfB € G, then NCD(B) € NCD(G)
(3) NCD(B N G) € NCD(B) n NCD(G)
(4) NCD(B U G) = NCD(B) U NCD(G)
Proof (1) the proof is, directly.
Proof (2)

Assume that NCD(B) be a neutrosophic crisp set containing a neutrosophic crisp point P € NCPy,
then by definition 2.11, for each neutrosophic crisp open set V of P, we have BN V\P # @y,but B C
G, hence G N V\P # @, this means that P € NCD(G). Hence , NCD(B) € NCD(G)

Proof (3)

Since BN G € B, then by (2) NCD(B N G) € NCD(B) (D
BN G C G, implies NCD(B N G) € NCD(G) )
From (1) & (2) NCD(B N G) € NCD(B) n NCD(G)
Proof (4)

Let P € NCPy such that P ¢ NCD(B) U NCD(G) , then either P € NCD(B) and P ¢ NCD(G),then
there is a neutrosophic crisp open set K of P and B N K\P = @y and G N K\P = @, this implies that
(BUG)NK\P =@, ,ieP &NCD(BUG),hence NCD(BU G) < NCD(B) U NCD(G) 3)
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Conversely, since B S BU G ,G € B U G ,then by property (2) NCD(B) € NCD(B U G) and NCD(G) <

NCD(BUG) , thus NCD(B U G) 2 NCD(B) U NCD(G) 4)
from (3) and (4) we have NCD(B U G) = NCD(B) U NCD(G).
2.17 Remark

In general, the inverse of property 2 & 3 in Th.(2.16) is not true. The following examples act as an
evidence to this claim.
2.18 Example

X ={xyz},T ={XN,0n B}, B=<0,{x},0>.Ifwe take A=<0,{x },0>G=<0,{y },0>
Notes that; NCD(A)=<@,{ v,z },0 >, NCD(G) =< @,{ y, z},0 > and NCD(A) € NCD(G), but
A¢G.
2.19 Example

X ={xyz},T = {Xy,0n, B}, B=<0{x},0> . If we take A =<0, {x},0>, G =<0, {y},0> .
Notes that; NCD(B N G) » NCD(B) n NCD(G).
2.20 Theorem

For any neutrosophic crisp set B over the universe X, then NC-CI(B) = B U NCD(B)
Proof

Let us first prove that B U NCD(B) is a neutrosophic crisp closed set that is
XN\( B U NCD( B)) = (Xn\B) N (XN \NCD( B)) is a neutrosophic crisp open set .
Now for a neutrosophic crisp point P € (XN\( B)) n (XN\NCD( B)) ,then P€ (Xy\ (B))andP €
Xn \NCD( B), thus P ¢ B and P € NCD( B). So by definition 2.12, there is a neutrosophic crisp set R
of P S.t RN B = @y, hence R € X\\B.
Now for each P; €R, then P, € NCD(B), then RN NCD(B) = @y, this implies that R S X\
NCD(B) [i.e R < ( Xy\ B) n ( Xx\ NCD( B))] .Thus ( Xy\ B) n ( Xx\NCD(B)) is a neutrosophic
crisp nhd of all its elements and hence (Xy\B) N (Xy\NCD(B)) is a neutrosophic crisp open set and
thus B U NCD(B) is a neutrosophic crisp closed set containing B, therefore NC-CI(B) < B U NCD(B).
S ince NC-CI(B) is a neutrosophic crisp closed set (see definition 2.12) and NC-CI(B) contains all its
neutrosophic crisp limits points .Thus NCD(B) € NC-CI(B) and B £ NC-CI(B), hence NC-CI(B)
=B UNCD(B) .

3 Separation Axioms In a neutrosophic Crisp Topological Space
3.1 Definition
A neutrosophic crisp topological space ( X, T) is called:

e N;-T,-space if V xy,# yn, €X' 3 a neutrosophic crisp open set G in X containing one of them but
not the other.

e N,-T,-space if V xy,# yn, €X 3 a neutrosophic crisp open set G in X containing one of them but
not the other .

e N;-To-space if V xy,# yn, €X 3 a neutrosophic crisp open set G in X containing one of them but
not the other .

e N;-Ti-spaceif V xy, # yn, €X 3 a neutrosophic crisp open sets G1, Gz in X such that xy, € G1
YN, € G1 and XN, & G2, ¥, € G2

e N,-Ti-space if V xy, # yn, €X 3 a neutrosophic crisp open sets Gi1, G2 in X such that xy,€ G1
YN, € G1 and Xy, & G2,¥n, € G2

e N;-Ti-spaceif V xy, # yn, €X 3 a neutrosophic crisp open sets G1, Gz in X such that xy, e G1
YN, € Grand xy, € Gz2,yn, € G2

e N;-Tp-space if V xy, # yn, €X 3 a neutrosophic crisp open sets Gi, Gz in X such that xy, € G1
,¥n, € G and xy, € Gz2,yN, € Gywith GiNG,= 0.

e N,-T»-space if V xy, # yn, €X 3 aneutrosophic crisp open sets Gi1, Gz in X such that xy, e G1
,¥n, € Grand xy, € Gz2,yn, € Gy with GiNG,= @.
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e N;-Tp-space if V Xy, # yn, €X 3 aneutrosophic crisp open sets Gi1, Gz in X such that xy, € G1
, VN, € Grand xy, € Gz2,yn, € Gy withGNG, = @.
3.2 Definition
A neutrosophic crisp topological space ( X, T) is called:
e N-T,-spaceif (X,T ) is N;-T,-space , N,-T,-space and N3-T ,-space
e N-T)-space if (X,T) is N;-T';-space , N,-T;-space and N;-T';-space
e N-T,-space if (X,T) is N;-T,-space , N,-T»-space and N3-T',-space
3.3 Remark
For a neutrosophic, crisp topological space (X, T)
e  Every N-T,-space is N;-T',-space
e  Every N-Ty- space is N,-T¢-space
e  Every N-T- space is N5-T-space
Proof  the proof is directly from definition 3.2 .

The inverse of remark 3.3 is not true, the following example explain this state.

3.4 Example
IfX ={xy}, N = {nOnAY. T2 = {Xn, 08B LT3 = {Xn, On, G LA =<{x},0,0>,B =<0, {y},0>,
G =<0,0,{x}>, Then (X,7;) is N;-T',-space but it is not N-T',-space, (X,7T3) is N,-T,-space but it is not
N-T,-space, (X,73) is N3-T -space but it is not N-T,-space.
3.5 Remark
For a neutrosophic crisp topological space (X, T")
e  Every N-Ty-space is N;-T'j-space
e  Every N-T- space is N,-T'|-space
e Every N-T-space is N;-Tj-space
Proof the proof is directly from definition 3.2 .
The inverse of remark (3.5) is not true as it is shown in the following example,

3.6 Example

IfX ={xy}.Ji ={Xn,0n,AB}, T2 = {Xyn, On, G, F }, A=<{x}.,{y},0>, B =<{y},{x},0>,
G =<0,0,{x}>, F =<@,0,{y}>, Then (X,T;)is N;-T;-space but it is not N-T;-space. (X,77) is N,-T-
space but it is not N-T';-space. (X,T5) is N3-T'-space but it is not N-T';-space

3.7 Remark
For a neutrosophic_ crisp topological space (X, T)
e Every N-T',-space is N;-T,-space
e Every N-T,-space is N,-T,-space
e Every N-T,-space is N3-T-space
Proof the proof is directly from definition 3.2 .
The inverse of remark (3.7) is not true as it is shown in the example (3.6).

3.8 Remark
For a neutrosophic. crisp topological space (X, T")
e Every N-T-space is N-T-space
e Every N-T',-space is N-T'|-space
Proof  the proof is directly.
The inverse of remark (3.8) is not true as it is shown in the following example :

3.9 Example

If ={x,y},7={XN, 0y, A, B, G}
A=<{x},0,0>,B=<0,{y},0>,G=<0,0,{x}>,
Then ( X,T) is N-T,-space but not N-T';-space
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Conclusion

. We defined a new neutrosophic crisp points in neutrosophic crisp topological space

. We introduced the concept of neutrosophic crisp limit point, with some of its properties

. We constructed the separation axioms [N-T';-space , i= 0,1,2] in neutrosophic crisp topological
and examine the relationship between them in details,

Acknowledgment

Deep thanks and kindly gratefully goes for Dr.Huda E.Khalid and Eng.Ahmed K.Essa/ the advisor of
neutrosophic science international association NSIA/ Iraqi branch, for their advice, worthy comments
to improve this work, they revised this work scientifically, and being in touch with us to upgrade our
article to get merit for publishing in the NSS journal.

References

[17 F. Smarandache. Neutrosophy and Neutrosophic Logic, First International Conference on Neutrosophy,
Neutro sophic Logic, Set, Probability, and Statistics, University of New Mexico, NM 87301, USA (2002)

[2] F. Smarandache. A Unifying Field in Logics: Neutrosophic Logic. Neutrosophy, Neutrosophic Set,
Neutrosophic Probability, American Re- search Press, Rehoboth, NM, (1999)

[3] F. Smarandache. An introduction to the Neutrosophy probability applied in Quantum Physics,
International Conference on introduction Neutrosophic Physics, Neutrosophic Logic, Set, Probability, and
Statistics, University of New Mexico, Gallup, NM 87301, USA2-4 December (2011)

[4] A. A. Salama. Basic Structure of Some Classes of Neutrosophic Crisp Nearly Open Sets and Possible
Application to GIS Topology. Neutrosophic Sets and Systems, Vol.(7),(2015),18-22.

[51 W. Al-Omeri, Neutrosophic crisp Sets via Neutrosophic crisp Topological Spaces NCTS, Neutrosophic
Sets and Systems, Vol.13, 2016, pp.96-104

[6] A. A. Salama and F. Smarandache. Filters via Neutrosophic Crisp Sets, Neutrosophic Sets and Systems,
Vol. 1, Issue 1, (2013), 34-38.

[7T A. A. Salama and H. Elagamy. Neutrosophic Filters. International Journal of Computer Science
Engineering and Information Technology Research (IJCSEITR), Vol.3, Issue 1, (2013), 307-312.

[8] A. A. Salama and S.A. Alblowi. Intuitionistic Fuzzy Ideals Topological Spaces. Advances in Fuzzy
Mathematics, Vol.(7), Issue 1, (2012), 51- 60

[97 A. A. Salama and S. A. Alblowi. Neutrosophic set and neutrosophic topological space. ISORIJ,
Mathematics, Vol. (3), Issue 4, ( 2012), 31-35

[10] D. Sarker. Fuzzy ideal theory, Fuzzy local function and generated fuzzy topology. Fuzzy Sets and Systems
87,(1997), 117-123

[11] H. E. Khalid, “An Original Notion to Find Maximal Solution in the Fuzzy Neutrosophic Relation
Equations (FNRE) with Geometric Programming (GP)”,Neutrosophic Sets and Systems,vol.7,2015,pp.3-7.

[12] I. Hanafy, A. A. Salama and K. Mahfouz. Correlation of neutrosophic data, International Refereed Journal
of Engineering and Science (IRJES), Vol.(1), Issue 2, (2012), 39-43.

[13] S. A. Alblowi, A. A. Salama and Mohmed Eisa. New concepts of neutrosophic sets. International Journal
of Mathematics and Computer Applications Research (IIMCAR), Vol. (4), Issue 1, (2014), 59-66.

[14] A. A. Salama, 1.M.Hanafy, Hewayda Elghawalby, M.S.Dabash. Neutrosophic Crisp Closed Region and
Neutrosophic Crisp Continuous Functions. In F. Smarandache, & S. Pramanik (Eds.), New trends in
neutrosophic theory and applications (pp. 403-412). Brussels: Pons Editions (2016).

[15] M. Abdel-Basset, M. Saleh, A. Gamal, F.Smarandache An approach of TOPSIS technique for developing
supplier selection with group decision making under type-2 neutrosophic number, Applied Soft Computing,
Volume 77, April 2019, Pages 438-452

[16] M. Abdel-Basset, G. Manogaran, A. Gamal, F. Smarandach, A Group Decision Making Framework
Based on Neutrosophic TOPSIS Approach for Smart Medical Device Selection. J. Medical Systems 43(2):
(2019), 38:1-38:13 .

[17] M. Abdel Basset, V. Chang, A. Gamal, F. Smarandache, Anintegrated neutrosophic ANP and VIKOR
method for achieving sustainable supplier selection: A case study in importing field. Computers in
Industry, 106: (2019), 94-110 .

[18] M. Parimala, M. Karthika, S. Jafari , F. Smarandache 4, R.Udhayakumar5 . Neutrosophic Nano ideal
topological structure, Neutrosophic Sets and Systems, Vol. 24, (2019), 70-76

[19] S. Saranya and M.Vigneshwaran., Neutrosophic b_g -Closed Sets, Neutrosophic Sets and Systems, Vol.
24, (2019), 90-99

[20] A. B. AL-Nafee, R. D. Ali. On Idea of Controlling Soft Gem-Set in Soft Topological Space, Jour of Adv
Research in Dynamical & Control Systems, Vol. 10, 13-Special Issue, (2018) , 606-615

Ahmed B. AL-Nafee, .Riad K. Al-Hamido & Florentin Smarandache "Separation Axioms In Neutrosophic
Crisp Topological Spaces”


https://www.sciencedirect.com/science/article/pii/S1568494619300419#!
https://www.sciencedirect.com/science/article/pii/S1568494619300419#!
https://www.sciencedirect.com/science/article/pii/S1568494619300419#!
https://www.sciencedirect.com/science/article/pii/S1568494619300419#!
https://www.sciencedirect.com/science/journal/15684946/77/supp/C

32 Neutrosophic Sets and Systems, Vol. 25, 2019

http:/jardcs.org/backissues/abstract.php?archiveid=6022

[21] A. A. Salama and S. A. Alblowi. Generalized Neutrosophic Set and Generalized Neutrosophic Topological
Spaces, Journal computer Sci. Engineering, Vol. (2) , Issue 7, (2012), 29-32.

[22] A. A. Salama and S. A. Alblowi. Intuitionistic Fuzzy Ideals Topological Spaces, Advances in Fuzzy
Mathematics, Vol.(7), Issue 1, (2012), 51- 60

[23] I. M. Hanafy, A. A. Salama and K.M. Mahfouz. Neutrosophic crisp events and its probability.
International Journal of Mathematics and Computer Applications Research (IIMCAR), Vol.(3), Issue 1,
(2013), 171-178.

[24] A. A. Salama. Neutrosophic Crisp Points and Neutrosophic Crisp Ideals. Neutrosophic Sets and Systems,
Vol.1, Issue 1, (2013), 50-54.

[25] A. A. Salama, F. Smarandache and Valeri Kroumov. Neutrosophic Crisp Sets and Neutrosophic Crisp
Topological Spaces, Neutrosophic Sets and Systems, Vol. (2), (2014), 25-30.

[26] A. B. Al-Nafee, L.A. Al-Swidi,. "Separation Axioms Using Soft Turing Point of a Soft Ideal in Soft
Topological Space". Journal of New Theory (2018): 29-37

[27] A. AL-Nafee, “On *Soft Turing Point with Separation Axioms”,JUBPAS, vol. 26, no. 7, 2018, pp. 200 —
209.

Received: December 11, 2018. Accepted: January 14, 2019

Ahmed B. AL-Nafee, .Riad K. Al-Hamido & Florentin Smarandache "Separation Axioms In Neutrosophic
Crisp Topological Spaces”


http://jardcs.org/backissues/abstract.php?archiveid=6022&fbclid=IwAR3QIpgTFtjWV6TQY0Tqk06OHgUNrn-HtWU4QBHi7YC5-6ueRGFblw6U42Y

33 Neutrosophic Sets and Systems, Vol. 25, 2019

University of New Mexico

Some operators with IVGSVTrN-numbers and their
applications to multiple criteria group decision making

[rfan Deli!
IMuallim Rifat Faculty of Education, 7 Aralik University, 79000 Kilis, Turkey.

E-mail: irfandeli @kilis.edu.tr

Abstract: Interval valued generalized single valued neutrosophic trapezoidal number (IVGSVTrN-number), which
permits the membership degrees of an element to a set expressed with intervals rather than exact numbers, is con-
sidered to be very useful to describe uncertain information for analyzing multiple criteria decision making (MCDM)
problems. In this paper, we firstly introduced the concept of IVGSVTrN-number with some operations based on neu-
trosophic number. Then, we presented some aggregation and geometric operators. Finally, we developed a approaches
for multiple criteria group decision making problems based on the proposed operators and we applied the method to
a numerical example to illustrate proposed approach.

Keywords: Neutrosophic set, interval eutrosophic set, neutrosophic numbers, IVGSVTrN-numbers, aggregation and
geometric operators, multiple criteria group decision making.

1 Introduction

Since the nature of real world and limited knowledge and perception capability of human beings, their real life
contain different styles of vagueness, inexact and imprecise information. To handle and analyze various kinds
of vagueness, inexact and imprecise information a number of methods and theories have been developed. For
example; in 1965, fuzzy set theory [53] has gradually become the mainstream in the field of representing and
handling vagueness, inexact and imprecise information in decision-making, pattern recognition, game theory
and so on. After fuzzy set theory, various classes of extensions have been defined and extended successively
such as; intuitionistic fuzzy sets introduced Atanassov([3], neutrosophic sets by proposed by Smarandache[43],
interval neutrosophic sets by developed by Wang et al. [44]. Recently, some studies on the sets have been
researched by many authors (e.g. [7, 8, 9, 10, 16, 21, 22, 36, 41, 42, 50, 54]).

In recent years, many researchers have realized the need for a set that has the ability to accurately model and
represent intuitionistic information in [48]. As a theory to model different styles of uncertainty, intuitionistic
fuzzy set is usually employed to analyze uncertain MCDM problems through intuitionistic fuzzy number. As
an important representation of fuzzy numbers, intuitionistic trapezoidal fuzzy numbers in [33]. Some of the
recent research done on the MCDM of intuitionistic fuzzy number were presented in [28, 37].

In some real problems, a information can be modelling with intervals rather than exact numbers. Therefore,
Wan [46] presented interval-valued intuitionistic trapezoidal fuzzy numbers which is its membership function
and non-membership function are intervals rather than exact numbers. After Wan [46] some authors studied
on the interval-valued intuitionistic trapezoidal fuzzy numbers in [4, 12, 27, 34, 38, 39]. Then, Wei [47]
introduced some aggregating oprators and gave an illustrative example.
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To modelling an ill-known quantity some decision making problems Deli and Subas [23, 24] defined sin-
gle valued neutrosophic numbers. Some of the recent researchs done on the MCDM of neutrosophic num-
bers such as; on triangular neutrosophic numbers [1, 5, 18, 35] and on trapezoidal neutrosophic numbers
[6,13,15,17,19, 26,30, 31, 32,40,49, 51, 52]. Although single valued neutrosophic numbers can characterize
possible membership degrees of x into the set A in a exact number way, it may lose some original information.
For this, interval valued single valued neutrosophic trapezoidal numbers studied in [2, 11, 14, 25, 29]. This pa-
per is organized as follows; in section 2, we presented a literature review that presents papers about fuzzy sets,
intuitionistic fuzzy sets, neutrosophic sets, single valued neutrosophic sets and single valued neutrosophic num-
bers. In section 3, we gave the concept of interval valued generalized single valued neutrosophic trapezoidal
number(IVGSVTrN-number) which is a generalization of fuzzy number, intuitionistic fuzzy number, neutro-
sophic number, and so on. In section 4, we presented some aggregation is called IVGSVTrN ordered weighted
aggregation operator, IVGSVTrN ordered hybrid weighted aggregation operator. In section 5 proposed some
geometric operators is called IVGSVTrN ordered weighted geometric operator, IVGSVTrN ordered hybrid
weighted geometric operator. In section 6, we developed a approaches for multiple criteria decision making
problems based on the operator and we applied the method to a numerical example to illustrate the practicality
and effectiveness of the proposed approach. In section 7, we concluded the research and determines the future
directions of the work.

2 Preliminary

In this section, we recall some of the necessary notions related to fuzzy sets, neutrosophic sets, single valued
neutrosophic sets and single valued neutrosophic numbers.

From now on we use I,, = {1,2,....,n} and I,, = {1,2,...,m} as an index set forn € N and m € N,
respectively.

Definition 2.1. [53] Let E be a universe. Then a fuzzy set X over E is defined by

X =A{(px(x)/z): 2z € E}

where p1x is called membership function of X and defined by px : E — [0.1]. For each x € F, the value
ix () represents the degree of x belonging to the fuzzy set X.

Definition 2.2. [54] t-norm a function such that ¢ : [0, 1] x [0, 1] — [0, 1]
1. £(0,0) = 0and t(ux, (x),1) = t(1, ux, (x)) = pux,(x), v € £

2. If 12:¢} (I) < Hxs ('T) and M, (I) < :uX4<x>’ then
t(MX1 (x)7l/’X2($)) < t(MXS(ZE),MX4(JZ))

3. t(px, (@), iy (7)) = tpx, (@), px, ()
4. t(,qu <I>>t(:uX2 (x)a NX3(I)>> = t<t(MX1 (x)nUJXz)(xL HXs (ZE))

Definition 2.3. [54] s-norm a function such that s : [0, 1] x [0, 1] — [0, 1] with the following conditions:

1. s(1,1) =1 and s(ux,(x),0) = s(0, ux,(z)) = px,(x),x € E
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2. 1f,uX1<x> S KX (.1') and ,UX2<:U> < 125 4(.’£) then
s(px, (), 1y (1)) < s, (2), pex, (2)
3. s(px, (@), px, (7)) = s(px, (7), pix, (7))
4. (MX1<I>>S(MX2(J:) :qu( ))) ( (MX1( ) MX2)($)7NX3(x))

t-norm and ¢-conorm are related in a sense of lojical duality as;

tpx, (2); 1, (7)) = 1= (1 = s (), 1 = px, ()

Some t-norm and ¢-conorm are given as;

1. Drastic product:

tdmﬂ)u&@»:{gmmﬁuwuﬂ%7Z%ﬁﬁfM&@Hzl

2. Drastic sum:

sulp o) o) = { el el i (D)) =0

1, otherwise

3. Bounded product:
t(px, (2), px, (1) = maz{0, px, (x) + px, () — 1}

4. Bounded sum:
S1 (NX1 (LL'), 195:¢) ($)) = mm{l, Hx, (l’) + HXxy (m)}

5. Einstein product:

KXy (x)':uX2(x>
2 - [IU/XI (l‘) + /LXz(x) — Hxy (m)':qu (SC)]

tis(px, (), px, () =

6. Einstein sum:
Hxq (ZL“) + Hx, (JZ)

1+ KX, <x>‘:uX2 (CL’)

s1s(px, (7), px, (7)) =
7. Algebraic product:
ta(px, (), ix, (%)) = pix, (7). px, (2)

8. Algebraic sum:
S2(px, (), pxa (7)) = pix, (%) + px, (@) — pox, (@) -px, ()

9. Hamacher product:

fix, () - px, ()
Hxy (:L‘) + HXs, (‘/E) — Hxy (m)':u)@ (JZ)

t2.5(/’LX1 (I), 125°¢} (I)) =
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10. Hamacher sum:

_ K, (1’) + X, (‘T) — 2'IUX1 <w>':uX2 (.’L‘)
1 - :uxl(x)':uXQ(x)

s2.5(px, (), px, ()

11. Minumum:
t3(NJX1 ($)7 HXxs (ZL’)) = min{:qu (I)a KXy (l’)}

12. Maximum:
S3(HX1 (l’), Hx, (IL')) = max{uxl (1’), 1250 (m)}

Definition 2.4. [45] Let £ be a universe. An single valued neutrosophic set (SVN-set) over £ defined by
TAZE—>[0,1], [AZE—)[O,H7 FAE—>[O,1]

such that 0 < Ty (z) + Ia(x) + Fa(z) < 3.

Definition 2.5. [44] Let U be a universe. Then, an interval value neutrosophic set (IVN-sets) A in U is given
as;

A={{Ta(u), 1a(u), Fa(uw))/u:ue U}

In here, (Ta(u), Ia(u), Fa(uw)) = ([infTa(u), supTa(u)], [infla(u), supla(u)]], [infFa(u), supFa(u)])
is called interval value neutrosophic number for all © € U and all interval value neutrosophic numbers over U
will be denoted by IV N (U).

%begindefinition[24]

3 Interval valued generalized SVIrN -numbers

In this section, we give definitions of interval valued generalized SVTrN-numbers with operations. Some of it
is quoted from application in [2, 11, 23, 24, 25].

Definition 3.1. [2, 11, 25, 29] A interval valued generalized single valued trapezoidal neutrosophic number
(IVGSVTrN-number)
a= <(a17blvclad1); [T“_ T+]v [I*_ Ij—]? [Fd_v Fc“j_])

a’ra a’ta

is a special neutrosophic set on the set of real numbers R, whose truth-membership, indeterminacy-membership
and falsity-membership functions are respectively defined by

( (ZE — al)Ta_/(bl — CL1> (a1 <z < b1>
—n_J Ta (b <o <)
To@ =9 (@ = )T J(dr— 1)) (o <z<d)
L 0 otherwise,
( (ZE — CL1)T;_/<b1 — CL1> (a1 <z< bl>
Tj_ (bl <z< Cl)
+ _ a = =~
TE@ =N (= )T d — ) (1 < 2 < dy)
. 0 otherwise,
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( (bl—x—i-lg(x—al))/(bl—al) (a1§x<b1)
I~_(33) _ ]&_ - (bl S xXr S Cl)
a (x—c+ 17 (di—2))/(dy — 1) (a1 <x<dy)
! otherwise
(b —z+F(z—a)/(bh—a1) (a1 <z <by)
Ij_(.fﬁ) _ I(;r (bl S T S Cl)
a (x—c1+ 11 (dy —2)/(dy — 1) (a1 << dy)
! otherwise
(b — 2+ F; (x—ay))/(by —a1) (a1 <z <by)
F~_($) _ F[; (bl S T S Cl)
a (I—Cl—}-F&_(dl—I))/(dl—Cl) (Cl<$§d1>
! otherwise
and
( (bl—x—kF;(x—al))/(bl—al) (a1§$<b1)
FHz) = Ff (by <z <)
a (x—c1+ Fi(dy —2)/(di — 1) (e1 <x<dy)
1 otherwise

\

If a; > 0 and at least d; > 0, then a = ((ay, by, c1,dy); [Ts , T, (I3, I, [F5 , Fifl), is called a positive
IVGSVTIN, denoted by @ > 0. Likewise, if d; < 0 and atleasta; < 0,thena = ((ay, by, ¢y, dy); [T5 , Ta ], (15, I ],
[FZ, Fi]), is called a negative IVGSVTIN, denoted by a < 0.

Note that the set of all IVGSVTrN-number on R will be denoted by (2.

[2, 11, 25, 29] give some operations based algebraic sum-product norms on interval valued generalized
SVTrN -numbers . We now give alternative operations based maximum-minimum norms on interval valued
generalized SVTrN -numbers as;

Definition 3.2. Letd = ((a1, by, v dy); (15, T3, (1 1) [Fy B 1), b = ((ag, by e, do): [T, T3], (1, 1),

a’ta b'7b

(£} FbJr ]) € Qand 2 # 0 be any real number. Then,

1. sum of a and 5, denoted by a + Z~), defined as;

a+b= ((ay + ag,by + ba, c1 + o, dy + da);
[min{T; ,T; }, mm{T;,TB’L}], [maz{l; v I}, max{I;, Igr ], (3.1)
[max{F;, FB_}’ max{Fs, F;}D
2. )
a—b= <<Cl1 — dg,bl — Co,C1 — bg,dl — CLQ);
(min{ Ty, T; Y, min{ 157, T;}], [max{ I v I}, max{I;, I"}], (3.2)

[max{F({,FB’},max{F&*, F;}])
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3.
[ {((ara2, biby, c1ca, didy);  [min{T;, T}, min{ T, T.° Y, [max{I; V I}, max {1}, I }],
[max{ F} ,F~ }maz{Fy, F; })(dy > 0,dy > 0)
aE ((arda, bica, 1y, drag);  [min{T; | T; }, mm{Tj,T; |, [maz{Il; v I}, maz{I;, I'}],
(maz{Fy , F; },max{F;", F;"}])(d; < 0,dy > 0)
((dida, crc2,biby, ara);  [min{T; ,T; }, mm{TJ’,Tb+ |, [maz{Il; v I}, maz{I;, I }],
\ (max{F; F }maz{Fy, F; ) (dy < 0,dy < 0)
3.3)
4.
( {(ay/da,b1/ca, c1 /by, dy/as); [min{T}, T}, min{ T, T.7 Y, [max{I; V I}, max {17, I}
(max{F;, F;"}, max{ ", F5" 1)) (di > 0,dy > 0)
afb = ((dy/dg,c1/ca, by /ba,ar/as); [min{Ty ’TB 1, mzn{Tj,T;r |, [max {1y v I}, maz {1, IF
(max{F; ", F;"}, max{ ", F5" 1)) (dy < 0,dy > 0)
((di/az, c1/by, b /ey, ar/do);  [min{T;, T, }, min{T} ,T*}] [maz{Iz v I; '}, max{I;, I}
\ [max{F; F b, max{F; ,F*}])(dl < 0,dy <0)
3.4)
5.
&:{ ((vay, ybr,ver, ydo); [Ty, T3] U5 I3 ) [Fa  FR'D) - (v > 0) (3.5)
<<7d17701’7b177a1);[Td_7T ]’[]aalc-:_]ﬂ[F_ F;_D (/7<0) .
6.
o [ @B T T L F B (>0 6
(&3, b, a5 [T T L I (Fr D) (v < 0)
7.
a <(1/d171/6171/b171/a1> [ a 7T;r] [Lz?LjL[FL a ]> (a;éO) (3.7)

Definition 3.3. Leta = ((a,b,c,d); [T5 , T. ], I3, IF], [F5 , Fif]) € Q. Then, we defined a method to normal-
ize a as;

) T T G ) (e B D)

a’ a

ULl O

Y

SRS,

a
<(37
such that d # 0.

Definition 3.4. Leta = ((a,b,c,d); [T , Ty ], [I7, I ], [Fs , Fi]) € Q, then

1
S(a) = 1—6[a+ b+ce+d x4+ (T, —I; — F))+ (Tf — I — F7)] (3.8)
and
1
Aa) = 16[a+b+c—|—d] A+ (T —I; + F)+ (T4 — IF + F)) (3.9)

is called the score and accuracy degrees of a, respectively.
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Example 3.5. Let a = ((0.3,0.4,0.8,0.9);[0.5,0.7], 0.4, 0.6], [0.3,0.7]) be a IVGSVTrN-number then, based
on Equation 3.8 and 3.9, S(a) and A(a) is computed as;

S(3) = 03404408+ 09] x [4+ (05— 04— 03) + (0.7 — 0.6 — 0.7)] = 0.533

16

Aa) = %[0.3 +0.4+4+0.840.9] x [4+(0.5—-0.4+0.3)+ (0.7 — 0.6 + 0.7)] = 0.866
Definition 3.6. Let @, a» € (). Then,
1. If S(a1) < S(az) = a1 < as
2. If S(ay) > S(az) = a; > as

3. If S(d1) = S(dz);

(a) If A(dl) < A(&Q) = a1 < ay
b) If A(dr) > A(ds) = a1 > as
(C) If A(&l) = A( 2) = a1 = Gy

4 Aggregation operators on IVGSVTrN-numbers

In this section, three IVGSVTrN weighted aggregation operator of IVGSVTrN-numbers is given. Some of it
is quoted from application in [2, 11, 23, 24, 25].

Definition 4.1. Let a; = ((a;,b;,¢;.dy); [Ty T ][I If), [Fo Fif]) € Q(j € I,). Then IVGSVTIN

a’a

weighted aggregation operator, denoted by K, aos 18 defined as;
Ko : Q"= Q, Ky, a,...,a szaz 4.1
where, w = (wq,ws, ..., wn)T is a weight vector associated with the K, operator, for every j € I, such that,

€0, and X1, w; = 1.

Theorem 4.2. Let a; = ((a;,bj, cj, dy); [T, To ), [Tz I3 ] [Fo FR ) € Q (€ 1), w = (wi,wa, s wn)  be a

aj;’ " aj
weight vector of aj, for every j € I,, such that wj € [0 1] and Z?Zl w;j = 1. Then, their aggregated value by
using K,, operator is also a IVGSVTrN-number and

Koo, Gz, ..., Gn) = <(Z? Wi, Y i wiby, > wies, YT Wjdj>;[miﬂlggn{Taj}amiﬂlﬁjgn{Ti}],
(maxi<j<n{ls, ) maxi<j<n {1y}, [maxi<jcn {F5 }, maxicj<n{ F5 }]
“4.2)

Proof: The proof can be made by using mathematical induction on n as; Assume that,

a1 = ((a1, by, c1,dv); [T, T30, (1, I3 [ Fay, Fial D)

T ar ai’ tay ay?
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and
s = ((ag, ba, co,do); [Ts , Tt ], 15, I1 ], [Fs, Farl)

az’ ~az a2’ " ag az’ "~ ag

be two IVGSVTrN-numbers then, for n = 2, we have

w11 + Waliy = < ( S Wi, Yoy Wibj, D Wi, Yy Wjdj> ; [min<j <o {75}, mini<j<o {73 }],

[max; <j<o {17, }, maxi<j<o{I; }], [maxi ;<o { 7}, maX1<j<2{Fat}]>

4.3)
If holds for n = k, that is

wldl + CUQ&Q +- 4 Wkgbk = < (Z?l w;ag, Z;C:l w]‘bj, Z?:l Ww;Cy, Zj::l (A)jdj X
ming <; < {75} ming << {75}, [maxi<j < {15} maxi; {7 }],  (4.4)

(maxi<j<x { . }, maxi<j<r{ F7 }
then, when n = k£ 4 1, by the operational laws in Definition 3.2, I have
- - - k k k k ,
wWia] + Walg + *++ + Wit10k4+1 = Zj:l w;ja;, Zj:l w;b;, Zj:l w;Cj, Zj:l wjd; |

(ming<j<x {75}, mini<; < {75 }], [maxi<j<i {17}, maxi<j<e{ 3},

(max; << { Fy, } maxi << {Fy }] )+
< (wk+1 A1, Wht1 bkt 1, Wk1Ckt1, wk+1dk+1) ;
Ta T Ui T ) P )
= S wiag, YN wiby, YN wies, Y %’dj) ;
(mini<jep {75} mini<jcrs {75, s [maxi<j<prn Iy, maxi<jcpi {15},

[maxlgjgk-i-l {Fa_J }7 maxlﬁjﬁk'f‘l{Fg; }]

4.5)
Finally, based on Equation 4.3, 4.4 and 4.5, the proof is valid.

Example 4.3. Let
a; = ((0.125,0.439,0.754, 0.847); (0.5, 0.6], (0.4, 0.7], [0.6, 0.9]),

as = ((0.326,0.427,0.648, 0.726); (0.8, 0.9], (0.2, 0.5], (0.4, 0.8]),
iz = ((0.427,0.524,0.578,0.683); [0.4,0.6], [0.3,0,8], [0, 5,0.7))
be three IVGSVTrN-numbers, and w = (0.4, 0.3, 0.3)” be the weight vector of d;(j = 1,2, 3). Then, based on
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Equation 4.2,
Koo(ay,as, ..., a,) = <(0.276, 0.461,0.669,0.762); [0.4, 0.6], [0.4, 0.8], [0.6, 0.9]>

and, based on Equation 3.8, their score is 0.312.

Definition 4.4. Let a; = ((a;,b5,¢;,d;); (15, T35 ], Iz I3 ), [P FiE]) € Q(j € 1,).Then IVGSVTN or-

a’a a’a

dered weighted aggregation operator( K ,,,) 18 "defined as;

Koao - " = Q, Kogo(@n, iz, ... Gin) = > _ wiby (4.6)

where by = ((ag, b, e, di); [T, T ], (15, I ], [Fy, F57]) is the k-th largest of the n [IVGSVTrN-numbers

ag’ ~ag ag’ ~ag ag’ " ag

a; (j € 1,,) based on Equation 3.6.
Their aggregated value by using K, operator is also a IVGSVTrN-number and computed as;

Koao(aly aQu ) dn) - < ( ZZ:I Wrag, Z::l wkblm ZZ=1 WECk Ezzl Wkdk> y

[minlsjgn Té, minlgjgn T;;], [maxlgjgn I&_] R maxlgjgn ]2;_], (47)

- +
[maxi<j<, Fy , maxi<j<n F7 ]

Definition 4.5. Let a; = ((a;,b;,¢;,d;); [T, To ], [Io I3 ), [Fo  Fi]) € Q (j € I,). Then, IVGSVTYN

aj;? a1’

ordered hybrid weighted averaging operator denoted by Ko 18 defined as;denoted K4,
Knao : V" = Q, Kpaoln, g, .., n) = Zw,ﬁk (4.8)

where w = (wy,ws, ..., w,)T is a weight vector associated with the mapping K}, such that wy, € [0, 1] and
S wk = 1, a; € Q weighted with ncw;(j € I,,) is denoted by A;, i.e., A; = nw;a,, here n is regarded as
a balance factor; @ = (w1, @s, ..., @,)" is a weight vector of the a; € (] € I,)n such that w; € [0,1] and
2?11 w; =1, Bk is the k-th largest of the n IVGSVTrN-number Aj € Q(j € I,,) based on Equation 3.6.

Their aggregated value by using K,, operator is also a IVGSVTrN-number and computed as

Koo (1, G2, oy ) = < (z;;l B S T N wkdk> ,

{minlgjgn T[:_, minlSan TCZ_], [maxlgjgn I&; s HlaX1§j§n IE:;]v (49)
(max<j<, I, maxi<j<, Fy ]
Example 4.6. Let
a; = ((0.123,0.278,0.347,0.426); (0.7, 0.8], [0.4,0.7], 0.1, 0.6] ),

iy = ((0.133,0.268,0.357,0.416); [0.1,0.6], [0.7,0.8], [0.4,0.7))
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and
as = <(O.143, 0.258,0.367,0.406); [0.4,0.7], (0.1, 0.6], [0.7, O.8}>

be three IVGSVTrN-numbers. Assume that w = (0.2,0.3,0.5)7 be a weight vector and w = (0.5,0.3,0.2)"
be a position weight vector.Then evaluation of the three numbers by using the Equation 4.9 is given as;

Solving
Ay =3x02x%xa = <(0.074,0.167,0.208,0.256); [0.7,0.8],10.4,0.7],[0.1, 0.6]>
Likewise, we obtain:
Ay =3x03xay= <(O.1607 0.322,0.428,0.499); (0.1, 0.6], [0.7,0.8], [0.4, 0.7]>

1213 =3x0.5xas= <(O.2867 0.516,0.734,0.812); [0.4,0.7],[0.1,0.6], [0.7, 0.8]>
we obtain the scores of the IVGSVTrN-numbers flj(j=1,2,3), based on Equation 3.8, as follows:

|

S(Ar) = 75[0.074 4 0.167 + 0.208 + 0.256] x (4 + (0.7 — 0.4 — 0.1) 4 (0.8 — 0.7 — 0.6)) = 0.163
|

S(Az) = 1£[0-160 +0.322 + 0.428 + 0.499] x (4 + (0.1 = 0.7 — 0.4) + (0.6 — 0.8 — 0.7)) = 0.185
|

S(As) = 75[0-286 4 0.516 + 0.734 + 0.812] x (4 + (04 = 0.1 = 0.7) 4 (0.7 — 0.6 — 0.8)) = 0.426

respectively. Obviously, S(As) > S(A;) > S(A;). Thereby, according to the Equation 3.6, we have
by = A3 = ((0.143,0.258,0.367,0.406); [0.4,0.7], [0.1,0.6], [0.7, 0.8])

by = Ay = ((0.133,0.268,0.357,0.416); [0.1,0.6], [0.7,0.8], [0.4,0.7))
by = A, = ((0.123,0.278,0.347,0.426); [0.7,0.8], [0.4,0.7], [0.1,0.6])

It follows from Equation 4.9 that

Khaol@r, a2, a3) = ((0.143 x 0.5 4 0.133 x 0.3 + 0.123 x 0.2,
0.258 x 0.5+ 0.268 x 0.3 +0.278 x 0.2,
0.367 x 0.5+ 0.357 x 0.3 + 0.347 x 0.2,
0.406 x 0.5+ 0.416 x 0.3 + 0.326 x 0.2);[0.1,0.6], [0.7,0.8],[0.7,0.8] )
= ((0.1360,0.2650, 0.3600, 0.4130); [0.1, 0.6], [0.7,0.8],[0.7, 0.8])

5 Geometric operators of the IVGSVTrN-number

In this section, we give three IVGSVTrN weighted geometric operator of IVGSVTrN-numbers. Some of it is
quoted from application in [2, 11, 24, 33].

Definition 5.1. Let a; = ((a;.b;.¢;,d;): (15, Ty ][I, 1], [Fy Fy]) € Q(j € I,). Then IVGSVTEN

a;? —aj a;’ Taj
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weighted geometric operator, denoted by L,,, is defined as;
Lyo: ' = Q,  Lyo(an, aa, ... a,) = [ [ & (5.1)

where, w = (w1, wo, ..., wn)T is a weight vector associated with the L, operator, for every j € I,, such that,
€ [0,1] and Z?:l wj = 1.

Their aggregated value by using L, operator is also a IVGSVTrN-number and computed as;

Ly (G, iz, ) = <<H;;1a;%, " T ¢ T ld”’)
[mini<j<, {7y} mini<jcn {75}, [maxi<jen{lz, }, maxicj<n{ s 1, (5.2)

[maxlgjgn{Ff;}, maXlSJSH{ng_‘}]

Example 5.2. Let
a; = <(0.125, 0.439,0.754,0.847); [0.5, 0.6], [0.4, 0.7], [0.6, O.9]>,

as = ((0.326,0.427,0.648,0.726); [0.8,0.9], 0.2, 0.5],[0.4, 0.8]),
= ((0.427,0.524,0.578,0.683); [0.4,0.6], [0.3,0, 8], [0, 5,0.7])

be four IVGSVTrN-numbers, and w = (0.4, 0.3,0.3)” be the weight vector of @;(j = 1,2, 3). Then, based on
Equation 5.2,

Lyo(ay, az, ..., an) = <(0.241, 0.459,0.665,0.758); (0.4, 0.6], [0.4, 0.8], [0.6, O.9]>
and, based on Equation 3.8, their score is 0.305.

Definition 5.3. Let a; = ((aj,b;,¢;,d)); [T, T3 ), Iz I ), [F, F3]) € Q(j € In). Then IVGSVTIN

a;’ = a a;’~a

ordered weighted geometric operator denoted by Logo, is defined as;
Logo : Q" = Q, Logo(an, g, ..., Gn) = HE;‘”@ (5.3)

where wy, € [0,1], Y3  wi = 13 by = ((ar, be, ey di); [Ty, , Tt ], [z I3 ), [Fi, Fit]) is the k-th largest of

ag’ ~ag ag’ ~ag ag’?

the n neutrosophic sets @; (j € I,,) based on Equation 3.6.
Their aggregated value by using L, operator is also a IVGSVTrN-number and computed as;
Logo : 1" =, Logo(ar, ag, ..., an) =
(HZ vagt e 0" Tioy e T dqlfk>>
[min, <<, {75}, miny<j<o {75}, [maxi << {15 }, maxi << {17},

5.4)

(maxi<j<n{ Fy }, maxi<j<n{Fy }]
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Definition 5.4. Let a; = ((a;, b5, ¢;,d)); [T, T3], [, I3 ], [F, Fi'l) € Q(j € I,). Then IVGSVTiN

a;? "~ a; a;’ra

ordered hybrid weighted geometric operator denoted by tho, is defined as;

Ligo : 0" = Q, Lngo(an, da, ... an) = [ ] b* (5.5)

where w = (w1, W, ..., wn)". w; € [0,1] and 377, w; = 1 is a weight vector associated with the mapping
Lpgo, a; € (2 aweight with nw( j € I,) is denoted by A ie., A = nwa], here n is regarded as a balance factor

w = (@1, @2, - w,)! is a weight vector of the a; € Q(j € I,); by, is the k-th largest of the n IVGSVTrN-
numbers A; € Q2 (j € I,,) based on Equation 3.6.

Their aggregated value by using L, operator is also a IVGSVTrN-number and computed as

tho QY — Q, tho(&l,&g, dn) =
(HZ L @ >Hk 1b;cuk7Hk 1€ kHZ:1d$k>v

- - - +
[mini<j<, Ty, mini<jcn T3], (maxi<j<n I, maxi<jen I ],

(5.6)

+
[max1<J<n F~ , MaX1<j<n F&j]

6 IVGSVTrN-multi-criteria decision-making method

In this section, we define a multi-criteria decision making method as follows. Some of it is quoted from
application in [2, 11, 23, 24, 25].

Definition 6.1. Let X = (21, x9, ..., T,,,) be a set of alternatives, U = (uq, us, ..., u, ) be the set of attributes. If
&ij: <<ai]’,bi]’,Ci]’,d ) [T T+] [I_ I+] [F F+]> EQ, then

Q57 ~ Q4 i’ " Qg Qg
ul u2 o« o e uTL
x1 a11 a2 A1n
. To | Qa1 Gz -+ G2y
[Gijlmxn = . : : . . (6.1)
Tm am1 Am2 T Amn

is called an IVGSVTrN-multi-criteria decision-making matrix of the decision maker.

Now, we can give an algorithm of the IVGSVTrN-multi-criteria decision-making method as follows;
Algorithm:

Step 1. Construct the decision-making matrix [a;;]mx» for decision based on Equation 6.1;

Step 2. Compute the [VGSVTrN-numbers flij = nw;a;; (i € I,,,; j € I,,) and write the decision-making matrix
[Aij]mxn;

Step 3. Obtain the scores of the IVGSVTrN-numbers flij (1 € In; j € I,,) based on Equation 3.8;
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Step 4. Rank all IVGSVTrN-numbers A;(i € I,,,; j € 1, ») by using the ranking method of IVGSVTrN-numbers
and determine the IVGSVTrN-numbers [b;]1x, = bzk(z € In; k € 1,,) where by, is k-th largest of Aw for
j € I,, based on Equation 3.6 ;

Step 5. Give the decision matrix [b;]1x, fori =1,2,3,4;
Step 6. Compute K hao(?)ﬂ, big, ..., Bm) for i € I,,, based on Equation 4.9;
Step 7. Compute tho(l;ﬂ, big, ..., Em) for i € I,,, based on Equation 5.6;

Step 8. Rank all alternatives x; by using the Equation 3.6 and determine the best alternative.

Example 6.2. Let us consider the decision-making problem adapted from [24, 52]. There is an investment
company, which wants to invest a sum of money in the best option. There is a panel with the set of the
four alternatives is denoted by X = {x;= car company, xs=food company, xs=computer company, x,=arms
company } to invest the money. The investment company must take a decision according to the set of the four
attributes is denoted by U = {uy = risk, us = growth, us = environmental impact,us = per formance}.
Then, the weight vector of the attributes is @ = (0.2,0.3,0.2,0.3)7 and the position weight vector is w =
(0.3,0.2,0.3,0.2)T by using the weight determination based on the normal distribution. For the evaluation
of an alternative x; (i = 1,2,3,4) with respect to a criterion u; (j = 1,2,3,4), it is obtained from the
questionnaire of a domain expert. Then, the four possible alternatives are to be evaluated under the above three
criteria by corresponding to linguistic values of IVGSVTrN-numbers for linguistic terms (adapted from [24]),
as shown in Table 1.

Linguistic terms Linguistic values of IVGSVTrN-numbers

Absolutely low  ((0.1,0.2,0.3,0.4); [0.1,0.2],[0.8,0.9], [0.8,0.9])
Low ((0.1,0.3,0.4,0.7); [0.2,0.4], [0.7, 0. 8], [o 6,0.8])
Fairly low ((0.1,0.4,0.5,0.7); 0.3,0.5], (0.6, 0.7], [0.5,0.7] )
Medium (0.2,0.4,0.5,0.8); [0.5,0.6], [0.5,0.6], [0.4, 0.5]

Fairly high (0.4,0.5,0.6,0.8); [0.6,0.7], 0.4, 0.5], [0.3, 0 5]

High ((0.5,0.6,0.7,0.9);[0.7,0.8], [0.3,0.4], [0.2,0.3])
Absolutely high  ((0.6,0.7,0.8,0.9);[0.8,0.9],[0.1,0.2], [0.1,0.2])

Table 1: IVGSVTrN-numbers for linguistic terms

Step 1. The decision maker construct the decision matrix [a;;]4,4 based on Equation 6.1 as follows:

((0.2,0.4,0.5,0.8); [0.5,0.6], [0.5,0.6],[0.4,0.5])  ((0.1,0.4,0.5,0.7);[0.3,0.5], [0.6, 0.7],[0.5,0.7])
((0.1,0.3,0.4,0.7);[0.2,0.4], [0.7,0.8],[0.6,0.8] ) ((0.1,0.2,0.3,0.4); [0.1,0.2], [0.8,0.9], [0.8,0.9])
(0.6,0.7,0.8,0.9); [0.8,0.9],[0.1,0.2],[0.1,0.2])  ((0.4,0.5,0.6,0.8);[0.6,0.7], [0.4, 0.5], [0.3, 0.5]
§(0.5, 0.6,0.7,0.9);[0.7,0.8],[0.3,0.4], [0.2, 0.3]§ ((0.2,0.4,0.5,0.8);[0.5,0.6],0.5,0.6], [0.4, 0.5]2
((0.1,0.4,0.5,0.7);[0.3,0.5], [0.6,0.7],[0.5,0.7])  ((0.1,0.3,0.4,0.7); [0.2,0.4], [0.7,0.8], [0.6,0.8])
((0.2,0.4,0.5,0.8); [0.5, 0 6], [0.5,0.6],[0.4,0.5]) ((0.6,0.7,0.8,0.9);[0.8,0.9],[0.1,0.2], [0.1,0.2])
(0.6,0.7,0.8,0.9); [0.8,0.9],[0.1,0.2],[0.1,0.2])  ((0.1,0.2,0.3,0.4); [0.1, 0.2],[0.8,0.9],[0.8,0.9])
é(o 1,0.2,0.3,0.4);[0.1,0.2],[0.8,0.9], [0.&0.9}; ((0.5,0.6,0.7,0.9);[0.7,0.8],[0.3,0.4], [0.2,0.3])
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Step 2. Compute flij =nw;a;; (1 =1,2,3,4; j =1,2,3,4) as follows:

A= 4x0.2x((0.2,0.4,0.5,0.8); [0.5,0.6], [0.5, 0. ],[0405]>
= ((0.16,0.32,0.40, 0.64); [0.5,0.6], 0.5, 0.6], [0.4, 0.5])

Likewise, we can obtain other IVGSVTrN-numbers flij = nw;a; (1 =1,2,3,4; j = 1,2,3,4) which
are given by the IVGSVTrN-decision matrix [Aij]4x4 as follows:

(0.16,0.32,0.40,0.64); [0.5,0.6], [0.5,0.6], [0.4,0.5])  {(0.12,0.48,0.60,0.84); [0.3,0.5],[0.6,0.7], [0.5,0.7]
2(0.08, 0.24,0.32,0.56); [0.2,0.4], 0.7, 0.8], [0.6,0.8]) §(0.127 0.24,0.36,0.48); [0.1,0.2],[0.8,0.9], [0.8, 0. 9]2
((0.48,0.56,0.64,0.72); [0.8,0.9], [0.1,0.2],[0.1,0.2])  ((0.48,0.60,0.72,0.96); [0.6,0.7], [0.4,0.5], [0.3,0.5])
{(0.40,0.48,0.56,0.72); [0.7,0.8],[0.3,0.4],[0.2,0.3])  {(0.24,0.48,0.60, 0.96); [0.5, 0.6], [0.5,0.6], [0.4,0.5])

((0.08,0.32,0.40,0.56); [0.3,0.5], [0.6,0.7],[0.5,0.7))  ((0.12,0.36,0.48,0.84); [0.2,0.4], [0.7,0.8], [0.6,0.8])
(0.16,0.32,0.40,0.64); [0.5,0.6], [0.5,0.6], [0.4,0.5])  {(0.72,0.84,0.96, 1.08); [0.8,0.9], [0.1,0.2], [0.1,0.2]
(0.08,0.16,0.24,0.32); [0.1,0.2], [0.8,0.9], [0.8,0.9])  {(0.12,0.24, 0.36,0.48); [0.1,0.2], [0.8,0.9], [0.8, 0.9]
(0.48,0.56,0.64,0.72); [0.8,0.9], [0.1,0.2], [0.1,0.2])  {(0.60,0.72, 0.84, 1.08); [0.7,0.8], [0.3,0.4], [0.2, 0.3]

Step 3. We can obtain the scores of the [IVGSVTrN-numbers flij of the alternatives z; (j = 1,2, 3, 4) on the four
attributes u; (i = 1,2, 3, 4) based on Equation 3.8 as follows:

S(A;) =0.295 S(App) =0.293 S(A3) =0.196 S(Ay) =0.191
S(Ag) =0.128 S(Ap) =0.068 S(Ay) =0.295 S(Ay) =1.148
S(Ag1) = 0.765 S(As) = 0.621 S(As3) =0.045 S(Asq) = 0.068
S(Agy) = 0.581 S(Ag) = 0.442 S(Ags) = 0.765 S(Ayy) = 0.871

respectively.

Step 4. The ranking order of all IVGSVTrN-numbers flij(z’ =1,2,3,4; j = 1,2,3,4) based on Equation 3.6 as
follows;

Ay > A > Ay > Ay
Ay > Agy > Ay > Apy
Agp > Ay > Agq > Ass
Ay > Ay > Ay > Ay

Thus, we have:

lN)ll = 121117 612 = AlQ; Z;13 = Al?n 614 = A14
621 - 121247 522 - A237 623 = A217 [;24 = A22
631 = A?)la 632 = A327 633 = 121347 634 = AS?)
641 = 121447 642 = 121437 643 = 121417 544 = A42

Step 5. The decision matrix [b;]1x,, for i = 1,2, 3, 4 are given by;
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((0.16,0.32,0.40,0.64); [0.5,0.6], [0.5, 0.6], [0.4, 0.5]), {(0.12,0.48, 0.60, 0.84); [0.3, 0.5], [0.6,0.7], [0.5, 0.7,
08,0.32, 0.40, 0.56); [0.3, 0.5], [0.6, 0.7, [0.5,0.7]), {(0.12,0.36,0.48, 0.84); [0.2, 0.4], [0.7, 0.8], [0.6, 0.8] )

(0.

((0.72,0.84,0.96, 1.08); [0.8,0.9], [0.1,0.2], [0.1,0.2]), {(0.16, 0.32,0.40, 0.64); [0.5, 0.6], [0.5, 0.6], [0.4, 0.
(0.08,0.24,0.32,0.56); [0.2,0.4], [0.7,0.8], [0.6,0.8]), ((0.12,0.24, 0.36, 0.48); [0.1,0.2], 0.8, 0.9], [0.8, 0.9])
(0.

b

12,0.24,0.36,0.48); (0.1, 0.2], (0.8, 0.9], [0.8,0.9] ), ((0.08,0.16, 0.24, 0.32); [0.1,0.2], [0.8,0.9], [0.8,0.9] )

b

<
<

by = (
(
<< (0.60,0.72,0.84,1.08); [0.7,0.8], [0.3,0.4], [0.2,0.3]), ((0.48,0.56, 0.64, 0.72); [0.8,0.9], [0.1,0.2], [0.1, 0.
(( (

5])
((0.48,0.56,0.64,0.72); [0.8,0.9], [0.1,0.2], [0.1,0.2]), { (0.48,0.60, 0.72,0.96); [0.6,0.7], [0.4,0.5], [0.3, 0.5] ),
2])
0.40,0.48,0.56, 0.72); [0.7,0.8], 0.3, 0.4], [0.2,0.3]), { (0.24, 0.48, 0.60, 0.96); [0.5, 0.6], [0.5, 0.6], [0.4, 0.5]) )

Step 6. We can calculate the IVGSVTrN-numbers based on Equation 4.9 Kj,,,(b;) = K, hao(gily bio, biz, BM) for
1 =1,2,3,4 as follows:

Khao(bl) = Khao(blh b12, b13, b14)
= ((0.16 x 0.3+ 0.72 x 0.2 + 0.48 x 0.3 + 0.60 x 0.2,
0.32 x 0.3+ 0.84 x 0.2+ 0.56 x 0.3 +0.72 x 0.2,
0.40 x 0.340.96 x 0.2 4 0.64 x 0.3 4+ 0.84 x 0.2,
0.64 x 0.3 + 1.08 x 0.2 + 0.72 x 0.3 + 1.08 x 0.2);[0.5,0.6], [0.5,0.6], (0.4, 0.5])
= ((0.456,0.576,0.672, 0.840); [0.5,0.6], [0.5, 0.6], [0.4, 0.5] )

Khao(b2> = Khao(b217 522, b23, b24)
= ((0.12x0.340.16 x 0.2+ 0.48 x 0.3 + 0.48 x 0.2,
0.48 x 0.3 4+ 0.32 x 0.2 + 0.60 x 0.3 + 0.56 x 0.2,
0.60 x 0.3 4 0.40 x 0.2+ 0.72 x 0.3 + 0.64 x 0.2,
0.84 x 0.3+ 0.64 x 0.2 4 0.96 x 0.3 +0.72 x 0.2);[0.3,0.5], [0.6,0.7], [0.7,0.8] )
= ((0.308,0.500,0.604, 0.812); [0.3,0.5], [0.6, 0.7], 0.7, 0.8] )

Khao(b3> = Khao(b317 b32, b33, b34)
= ((0.08 x0.340.08 x 0.2+ 0.12 x 0.3 + 0.40 x 0.2,
0.32 x 0.3+ 0.24 x 0.2+ 0.24 x 0.3 + 0.48 x 0.2,
0.40 x 0.3 4 0.32 x 0.2+ 0.36 x 0.3+ 0.56 x 0.2,
0.56 x 0.3+ 0.56 x 0.2 4 0.48 x 0.3+ 0.72 x 0.2);[0.1,0.2], [0.8,0.9], [0.8,0.9])
= ((0.156,0.312,0.404, 0.568); [0.1,0.2], [0.8,0.9], [0.8,0.9])
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and

Khao(b4) = Khao(b417 542, b43, b44)
= ((0.12x0.340.12 x 0.2+ 0.08 x 0.3 + 0.24 x 0.2,
0.36 x 0.3 4 0.24 x 0.2+ 0.16 x 0.3 + 0.48 x 0.2,
0.48 x 0.3 4+ 0.36 x 0.2+ 0.24 x 0.3 + 0.60 x 0.2,
0.84 x 0.3 4 0.48 x 0.2+ 0.32 x 0.3+ 0.96 x 0.2);[0.1,0.2], 0.8, 0.9], [0.8,0.9])
= ((0.132,0.300,0.408, 0.636); [0.1,0.2], [0.8,0.9], [0.8,0.9])

Step 7. We can calculate the IVGSVTrN-numbers Ly ,(b;) = tho(gﬂ, bi2, bis, l;i4) fori = 1,2,3,4 based on
Equation 5.6 as follows:

Lhao(b1> = Lhao(bllu b127 b13; b14)
= ((0.16"% +0.72°% 4 0.48°3 + 0.60°2,
0.32%3 +0.84%2 + 0.56%3 4 0.72°2,
0.40%3 4 0.96%2 4 0.64%3 4 0.84%2,
0.64%3 + 1.08%2 + 0.72°% 4 1.08°2); (0.5, 0.6], [0.5, 0.6], [0.4, 0.5] )
= ((0.391,0.540,0.636,0.817); [0.5,0.6], [0.5,0.6], (0.4, 0.5])

Lhao(b2> = Lhao<b217 b227 b23; b24)
= ((0.12°% 4 0.16"% + 0.48%% + 0.48°2,
0.48%3 4 0.32%% + 0.60%* + 0.56%2,
0.60%3 4 0.40%2 + 0.72°3 + 0.64°2,
0.84%3 4 0.64%% 4 0.96"* + 0.72°2);[0.3,0.5],[0.6,0.7],{0.7,0.8])
= ((0.254,0.488,0.592,0.803); [0.3,0.5], [0.6,0.7], [0.7,0.8])

Lhao(b?)) = Lhao<b317 b327 b33> b34)
= ((0.08" +0.08"% 4 0.12°3 + 0.40°2,
0.320% +0.24%2 4+ 0.24°3 4 0.48%2
0.40°3 4 0.32°2 + 0.36%3 + 0.56%2,
0.56%3 + 0.56%2 + 0.48%% 4 0.72°2); 0.1, 0.2], [0.8,0.9], [0.8, 0.9] )
= ((0.125,0.301,0.396, 0.562); [0.1,0.2], [0.8,0.9], [0.8,0.9])

and o
Lhao(b4> == Lhao(b41a b42, b437 b44)
— <(01203 4 0.1202 4 0.0803 4 0.240.2,
0.36%3 + 0.24%2 4 0.16%3 4 0.48%2,
0.48%3 +0.36%2 + 0.24°% 4 0.60%2,
0.84%3 + 0.48%2 + 0.32°% 4 0.96°2); (0.1, 0.2], [0.8,0.9], [0.8,0.9] )
((0.122,0.276, 0.385,0.577);[0.1, 0.2], [0.8,0.9], [0.8, 0.9])

Step 8. The scores of K, hao(l;i) for: =1, 2, 3, 4 can be obtained based on Equation 3.8 as follows:

S(Khao(b1)) = 0.493
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S(Knao(b2)) = 0.320

S(Khao(b3)) = 0.081

S(Khao(b4)> = 0.083

respectively. It is obvious based on Equation 3.6 that
Khao(b1) > Khao(b2) > Khao(bs) > Kpao(b3)
Therefore, the ranking order of the alternatives z; (j = 1,2, 3,4) is generated as follows:
Ty > Tg > Ty > T3

The best supplier for the enterprise is ;.

Similarly, the scores of Ly, (b;) for i = 1,2, 3, 4 can be obtained based on Equation 3.8 as follows:

S(Lngo(b1)) = 0.462

S(Lingo(b2)) = 0.307

S(Lngo(bs)) = 0.078

S(Lgo(bs)) = 0.077

respectively. It is obvious that

tho(bl) > tho(bQ) > tho(b?)) > tho(b4>

Therefore, the ranking order of the alternatives z; (j = 1,2, 3,4) is generated based on Equation 3.6 as
follows:
X1 7= To ™ T3 ™ T4

The best supplier for the enterprise is x.

7 Conclusion

The paper gave the concept of interval valued generalized single valued neutrosophic trapezoidal number
(IVGSVTrN-number) which is a generalization of fuzzy number, intuitionistic fuzzy number, neutrosophic
number, and so on. An IVGSVTrN-number is a special interval neutrosophic set on the set of real numbers R.
To aggregating the information with IVGSVTrN-numbers, we give some operations on IVGSVTrN-numbers.
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Also, we presented some aggregation and geometric operators is called IVGSVTIN weighted aggregation
operator, IVGSVTrN ordered weighted aggregation operator, IVGSVTrN ordered hybrid weighted aggrega-
tion operator, IVGSVTrN weighted geometric operator, IVGSVTrN ordered weighted geometric operator,
IVGSVTiN ordered hybrid weighted geometric operator. Furtermore, for these operators, we examined some
desirable properties and special cases. Finally, we developed a approach for multiple criteria decision making
problems based on the operator and we applied the method to a numerical example to demonstrate its practi-
cality and effectiveness. In the future, we shall focus on the multiple criteria group decision making problems
problems with IVGSVTrNs in which the information of attributes weights is partially unknown in advance.

References

[1] S.I. A. Aal, M. M. A. A. Ellatif, M. M. Hassan, Two Ranking Methods of Single Valued Triangular Neu-
trosophic Numbers to Rank and Evaluate Information Systems Quality, Neutrosophic Sets and Systems,
19 (2018) 132-141.

[2] M. C. J. Anand and J. Bharatraj, Interval-Valued Neutrosophic Numbers with WASPAS, Fuzzy Multi-
criteria Decision Making Using Neutrosophic Sets, Studies in Fuzziness and Soft Computing 369 (2019)
Springer Nature Switzerland AG.

[3] K. T. Atanassov, Intuitionistic Fuzzy Sets, Pysica-Verlag A Springer-Verlag Company, (1999) New York.

[4] A. 1. Ban, and D. A. Tuse, Trapezoidal/triangular intuitionistic fuzzy numbers versus interval-valued
trapezoidal/triangular fuzzy numbers and applications to multicriteria decision making methods . 18th
Int. Conf. on IFSs, Sofia, 1011 May 2014, Notes on Intuitionistic Fuzzy Sets 20(2) 2(014) 43-51.

[5S] M. A. Basset, M. Mohamed, A. N. Hussien, A.K. Sangaiah, A novel group decision-making model based
on triangular neutrosophic numbers, Soft Comput., 22 (2018) 6629-6643.

[6] M. A. Basset, M. Mohamed, A. K. Sangaiah, Neutrosophic AHP-Delphi Group decision making model
based on trapezoidal neutrosophic numbers, J. Ambient Intell. Human Comput., 9 (2018) 1427-1443.

[7] M. A. Baset, V. Chang, A. Gamal, F. Smarandache, An integrated neutrosophic ANP and VIKOR method
for achieving sustainable supplier selection: A case study in importing field, Computers in Industry, 106
(2019) 94-110.

[8] M. A. Baset, M. Saleh, A. Gamal, F. Smarandache, An approach of TOPSIS technique for developing
supplier selection with group decision making under type-2 neutrosophic number, Applied Soft Comput-
ing, 77 (2019)438-452.

[9] M. A. Baset, G. Manogaran, A. Gamal, F. Smarandache, A Group Decision Making Framework Based
on Neutrosophic TOPSIS Approach for Smart Medical Device Selection, Journal of Medical Systems,
43(2) (2019) 38.

[10] M. A. Baset, G. Manogaran, A. Gamal, F. Smarandache, A hybrid approach of neutrosophic sets and DE-
MATEL method for developing supplier selection criteria, Design Automation for Embedded Systems,
22/3 (2018) 257278.

Irfan Deli, Some operators with IVGSVTrN-numbers and their applications to multiple criteria group
decision making.



51 Neutrosophic Sets and Systems, Vol. 25, 2019

[11] P. Biswas, S. Pramanik, and B. C. Giri, Distance Measure Based MADM Strategy with Interval Trape-
zoidal Neutrosophic Numbers, Neutrosophic Sets and Systems, 19 (2018) 40—46.

[12] P. Biswas, S. Pramanik, B. C. Giri, Multi-attribute Group decision Making Based on Expected Value

of Neutrosophic Trapezoidal Numbers, New Trends in Neutrosophic Theory and Applications, 2 (2018)
105-124.

[13] P. Biswas, S. Pramanik, B. C. Giri, Cosine Similarity Measure Based Multi-attribute Decision-making
with Trapezoidal Fuzzy Neutrosophic Numbers, Neutrosophic Sets and Systems, 8 (2014) 46-56.

[14] P. Biswas, S. Pramanik, B. C. Giri, TOPSIS strategy for MADM with trapezoidal neutrosophic numbers,
Neutrosophic Sets and Systems, 19 (2018) 29-39.

[15] P.Biswas, S. Pramanik, and B. C. Giri, Value and ambiguity index based ranking method of single-valued
trapezoidal neutrosophic numbers and its application to multi-attribute decision making, Neutrosophic
Sets and Systems, 12 (2016) 127-138.

[16] S. Broumi and F. Smarandache, Single valued neutrosophic trapezoid linguistic aggregation operators
based multi-attribute decision making, Bulletin of Pure and Applied Sciences Mathematics and Statistics,
33(2) (2014) 135-155.

[17] S. Broumi, M. Talea,, A. Bakali, F. Smarandache and S. K. Patro, Minimum Spanning Tree Problem
with Single- Valued Trapezoidal Neutrosophic Numbers, Studies in Fuzziness and Soft Computing, Soft
Comput., 22 (2019) Springer Nature Switzerland AG.

[18] S. Broumi, M. Talea, A. Bakali, F. Smarandache,Shortest Path Problem Under Triangular Fuzzy Neutro-

sophic Information, 10th International Conference on Software, Knowledge, Information Managemen-
tand Applications (SKIMA) (2016).

[19] S. Broumi, M. Talea, A. Bakali, F. Smarandache, Computation of Shortest Path Problem in a Network
with SV-Trapezoidal Neutrosophic Numbers, Proceedings of the 2016 International Conference on Ad-
vanced Mechatronic Systems, Melbourne, (2016) Australia.

[20] T. Chen, Multiple criteria group decision-making with generalized interval-valued fuzzy numbers based
on signed distances and incomplete weights. Applied Mathematical Modelling, 36 (7) (2012) 3029-3052.

[21] I. Deli and S. Broumi, Neutrosophic Soft Matrices and NSM-decision Making, Journal of Intelligent and
Fuzzy Systems, 28 (5) (2015) 2233-2241.

[22] L. Deli, and N. Cagman, Intuitionistic fuzzy parameterized soft set theory and its decision making, Ap-
plied Soft Computing 28 (2014) 109-113.

[23] I. Deli, Y. Subas, A ranking method of single valued neutrosophic numbers and its applications to multi-
attribute decision making problems, International Journal of Machine Learning and Cybernetics, 8 (2017)
1309-1322.

[24] 1. Deli, Y. SUBAS, Some weighted geometric operators with SVTrN-numbers and their application to
multi-criteria decision making problems, Journal of Intelligent and Fuzzy Systems, 32(1) (2017) 291-
301.

Irfan Deli, Some operators with IVGSVTrN-numbers and their applications to multiple criteria group
decision making.



Neutrosophic Sets and Systems, Vol. 25, 2019 52

[25] L. Deli, Y. SUBAS, and N. Cagman, Single valued interval valued trapezoidal neutrosophic numbers and
SVIVTN mult attribute decision making method, International Conference on Mathematics and Mathe-
matics Education ICMME-2016) May 19-20, (2016) Elazig.

[26] I. Deli, Operators on Single Valued Trapezoidal Neutrosophic Numbers and SVTN-Group Decision Mak-
ing, Neutrosophic Sets and Systems, 22 (2018) 130-150.

[27] P. P. Dey, S. Pramanik, B.C. Giri, TOPSIS for Single Valued Neutrosophic Soft Expert Set Based Multi-
Attribute Decision Making Problems, Neutrosophic Sets and Systems, 10 (2015) 88-95.

[28] B. Farhadinia, A. I. Ban, Developing new similarity measures of generalized intuitionistic fuzzy numbers
and generalized interval-valued fuzzy numbers from similarity measures of generalized fuzzy numbers.
Mathematical and Computer Modelling 57 (2013) 812-825.

[29] B. C. Giri, M. U. Molla, P. Biswas, TOPSIS Method for MADM based on Interval Trapezoidal Neutro-
sophic Number, Neutrosophic Sets and Systems, 22 (2018) 151-167.

[30] R. X. Liang, J. Q. Wang and L. Li, Multi-criteria group decision-making method based on interdependent
inputs of single-valued trapezoidal neutrosophic information, Neural Comput. and Applic., 30 (2018)
241-260.

[31] R. X. Liang, J. Q. Wang, H. Y. Zhang, A multi-criteria decision-making method based on single-valued
trapezoidal neutrosophic preference relations with complete weight information, Neural Comput. and
Applic., 30 (2018) 3383-3398.

[32] P. Liu, X.H. Zhang, Some Maclaurin Symmetric Mean Operators for Single-Valued Trapezoidal Neu-
trosophic Numbers and Their Applications to Group Decision Making, Int. J. Fuzzy Syst., 20(1) (2018)
45-61.

[33] D.F. Li, Decision and Game Theory in Management With Intuitionistic Fuzzy Sets. Studies in Fuzziness
and Soft Computing Volume 308, (2014) springer.

[34] J. Li, W. Zeng and P. Guo, Interval-valued Intuitionistic Trapezoidal Fuzzy Number and its Application.
2014 IEEE International Conference on Systems, Man, and Cybernetics October 5-8, (2014), San Diego,
CA, USA 734-737.

[35] M. Mohamed, Y. Q. Zhou, M. A. Baset, F. Smarandache, A Critical Path Problem Using Triangular
Neutrosophic Number, Neutrosophic Operational Research I, section X, (2017) Pons Brussels.

[36] F. Karaaslan, Gaussian single-valued neutrosophic numbers and its application in multi-attribute decision
making, Neutrosophic Sets and Systems, 22 (2018) 101-117.

[37] G. S. Mahapatra and T. K. Roy, Intuitionistic Fuzzy Number and Its Arithmetic Operation with Applica-
tion on System Failure. Journal of Uncertain Systems 7(2) (2013) 92-107.

[38] S. Pramanik, P. P. Dey, B. C. Giri, F. Smarandache, An extended TOPSIS for multi-attribute decision
making problems with neutrosophic cubic information, Neutrosophic Sets and Systems, 17 (2017) 20-
28.

Irfan Deli, Some operators with IVGSVTrN-numbers and their applications to multiple criteria group
decision making.



53 Neutrosophic Sets and Systems, Vol. 25, 2019

[39] S. Pramanik, P. Biswas, B. C. Giri, Hybrid vector similarity measures and their applications to multi-
attribute decision making under neutrosophic environment. Neural Computing and Applications, 28 (5)
(2017) 1163-1176.

[40] S. Pramanik and R. Mallick, VIKOR based MAGDM Strategy with Trapezoidal Neutrosophic Numbers,
Neutrosophic Sets and Systems, 22 (2018) 118-129.

[41] A. A. Salama, and S. A. Alblowi, Neutrosophic Set and Neutrosophic Topological Spaces. IOSR Journal
of Mathematics, 3(4) (2012) 31-35.

[42] F. Smarandache, Neutrosophy and Neutrosophic Logic , First International Conference on Neutroso-
phy, Neutrosophic Logic, Set, Probability, and Statistics University of New Mexico, (2002) Gallup, NM
87301, USA.

[43] F. Smarandache, A Unifying Field in Logics. Neutrosophy: Neutrosophic Probability, Set and Logic”.
Rehoboth (1998) American Research Press.

[44] H. Wang, F. Smarandache, Y. Q. Zhang and R. Sunderraman, Interval Neutrosophic Sets and Logic:
Theory and Applications in Computing, Hexis, (2005) Phoenix, AZ.

[45] H. Wang, F. Smarandache, F. Q. Zhang and R. Sunderraman, Single valued neutrosophic sets. Multispace
and Multistructure, 4 (2010) 410-413.

[46] S. P. Wan, Multi-attribute decision making method based on interval-valued intuitionistic trapezoidal
fuzzy number, Control and Decision, 26 (2011) 857-860.

[47] G. W. Wei, X. F. Zhao, and H. J. Wang, An approach to multiple attribute group decision making with
interval intuitionistic trapezoidal fuzzy information. Technological and Economic Development of Econ-
omy, 8 (2012) 317-330.

[48] J. Wu,and Y. Liu, An approach for multiple attribute group decision making problems with interval-valued
intuitionistic trapezoidal fuzzy numbers. Computers and Industrial Engineering 66 (2013) 311-324.

[49] X. Wu, J. Qian, J. J. Peng and C.C. Xue,(2018). A Multi-Criteria Group Decision-Making Method with
Possibility Degree and Power Aggregation Operators of Single Trapezoidal Neutrosophic Numbers, Sym-
metry, 10(590) (2018) 1-21.

[50] Z. S. Xu, Intuitionistic fuzzy aggregation operators, IEEE Trans. Fuzzy Syst., 15 (6) (2007) 1179-1187.

[51] J. Ye, Some weighted aggregation operators of trapezoidal neutrosophic numbers and their multiple at-
tribute decision making method, Informatica, 28(2) (2017) 387—402.

[52] J. Ye, Trapezoidal neutrosophic set and its application to multiple attribute decision making, Neural
Computing and Applications, 26(5) (2015) 1157-1166

[53] L.A. Zadeh, Fuzzy Sets, Information and Control, 8 (1965) 338-353.

[54] H.J. Zimmermann, Fuzzy Set Theory and its applications. Kluwer Academic, 2th edition, (1999) Dor-
drecht.

Received: December 26, 2018. Accepted: March 21, 2019.

Irfan Deli, Some operators with IVGSVTrN-numbers and their applications to multiple criteria group
decision making.



Neutrosophic Sets and Systems, Vol. 25, 2018 54
University of New Mexico

SINGLE VALUED (2N+1) SIDED POLYGONAL
NEUTROSOPHIC NUMBERS AND SINGLE VALUED (2N)
SIDED POLYGONAL NEUTROSOPHIC NUMBERS

Said Broumi', Mullai Murugappan’?, Mohamed Talea’, Assia Bakali®, Florentin Smarandache*, Prem
Kumar Singh®, Arindam Dey®
! Laboratory of Information Processing, Faculty of Science Ben M’Sik, University Hassan 11, B.P 7955,
Sidi Othman, Casablanca, Morocco. E-mail: broumisaid78@gmail.com; taleamohamed@yahoo.fr
2Department of Mathematics, Alagappa University, Tamilnadu, India. mullaialu25@gmail.com
3 Ecole Royale Navale, Boulevard Sour Jdid, B.P 16303 Casablanca, Morocco. E-mail: assiabakali@yahoo.fr
“Department of Mathematics, University of New Mexico, 705 Gurley Avenue, Gallup, NM 87301, USA. E-
mail:smarand@unm.edu
5 Amity Institute of Information Technology, Amity University- Sector 125, Noida-Uttar Pradesh, India. E-mail:
premsingh.csjm@gmail.com
®Department of Computer Science and Engineering, Saroj Mohan Institute of Technology, Hooghly 712512,
West Bengal, India. arindam84nit@gmail.com

Abstract. This paper introduces a single valued (2n as well as 2n+1) sided polygonal neutrosophic numbers in
continuation with other defined single valued neutrosophic numbers. The paper provides basic algebra like addi-
tion, subtraction and multiplication of a single valued (2n as well as 2n+1) sided polygonal neutrosophic numbers
with examples. In addition, the paper introduces matrix for single valued (2n as well as 2n+1) sided polygonal
neutrosophic matrix and its properties.

Keywords: Fuzzy numbers, Intuitionistic fuzzy numbers, Single valued trapezoidal neutrosophic numbers, Single
valued triangular neutrosophic numbers, Neutrosophic matrix.

1 Introduction

In the real world problems, uncertainty occurs in many situations which cannot be handled precisely via crisp set
theory. To approximate those uncertainties exists in the given linguistics words the fuzzy set theory is introduced
by Zadeh [10]. After that, Dubois and Prade [2] defined the fuzzy number as a generalization of real number. In
continuation, many authors [5-8, 11-23] introduced various types of fuzzy numbers such as triangular, trapezoi-
dal, pentagonal, hexagonal fuzzy numbers etc. with their membership functions. Atanassov [1] introduced the
concept of intuitionistic fuzzy sets that provides precise solutions to the problems in uncertain situations than
fuzzy sets with membership and non-membership functions. After developing intuitionistic fuzzy sets, authors in
[4, 6, 10, 19] defined various types of intuitionistic fuzzy numbers and different types of operations on intuition-
istic fuzzy sets are also established by suitable examples. Smarandache [9] introduced the generalization of both
fuzzy and intuitionistic fuzzy sets and named it as neutrosophic set. The Single valued neutrosophic number and
its applications are described in [3]. The results of the problems using neutrosophic sets are more accurate than
the results given by fuzzy and intuitionistic fuzzy sets [11-20]. Due to which it is applied in various fields for
multi-decision tasks [20-32]. The applications of n-valued neutrosophic set [24-26] in data analytics research
fields given a thrust to study the neutrosophic numbers. This paper focuses on introducing mathematical opera-
tion of 2n and 2n+1 sided polygonal neutrosophic numbers and its matrices with examples.

The rest of the paper is organized as follows: The section 2 contains preliminaries. Section 3 explains single
valued 2n+1 polygonal neutrosophic numbers whereas the Section 4 demonstrates Single valued 2n side polygo-
nal neutrosophic numbers. Section 5 provides conclusions followed by acknowledgements and references.
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2. Preliminaries

Definition 1 (Fuzzy Number)[4]: A fuzzy number is nothing but an extension of a regular number in the sense
that it does not refer to one single value but rather to a connected set of possible values, where each
of the possible value has its own weight between 0 and 1. This weight is called the membership function. The
complex fuzzy set for a given fuzzy number A can be defined as pz(x) is non-decreasing for x < x, and non-
increasing for = x, . Similarly other properties can be defined.

Definition 2 (Triangular fuzzy number [4]): A fuzzy number A= {a, b, ¢ } is said to be a triangular fuzzy
number if its membership function is given by, wherea < b < ¢

(-
(b-a)

fora<x<bh
”ﬁ(x)z{(c%x; for b<x<c

k(c b
0 otherwise

Definition 3 (Trapezoidal fuzzy number [4])
A Trapezoidal fuzzy number (TrEN) denoted by A, is defined as (a, b, ¢, d), where the membership function

( forx<a
ixa) fora<x<b
Mz, ()= { for b<x<c
EZ:; for c<x<d
k 0 forx>=d

d—
Or, 3, (0)= max (min (=2, 1, (572) 0

Definition 4 (Generalized Trapezoidal Fuzzy Number) (GTrFNs)
A Generalized Fuzzy Number (a, b, c, d, w), is called a Generalized Trapezoidal Fuzzy Number
bership function is given by

“ 2

if its mem-

0 forx<a
(x-a)
|(b oW fora<x<bh
= w for b<x<c
(d-x)
|(dc)w for c<x<d
0 forx=>d
x-9 (d-x)
Or, H'le(x)= (b-a)’ w,w (d—c)) ,0)

Definition 5 (Pentagonal fuzzy number [4])
A pentagonal fuzzy number (PFN) of a fuzzy set Ap= {a, b, ¢, d, e} and its membership function is given by,

0 forx<a

x-9)
o) fora<x<bhb

(x=b)
b for b<x <c

ua, 0= 1 x=c

(d-x)
o for c<x<d
(e=x%)
) ford<x<e

0 forx>d
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Definition 6 (Hexagonal fuzzy number [4])
A Hexagonal fuzzy number (HFN) of a fuzzy set Ap= {a, b, ¢, d, e, f} and its membership function is given by,
0 forx<a

1 x-a
E(E) fOT' a<x<bh
1 1 x-b
E+E(E) for b<x<c
B, ()=1 1 c<x<d
1 x-d
I—E(a) fOT'CSXSd
1 f-x
E()Te) fordeSe
0 forx>d

Definition 7 (Octagonal fuzzy number [4])
A Octagonal fuzzy number (OFN) of a fuzzy set Ap= {a,,a,,ay,a,,as,a,,a,,a,} and its membership
function is given by,

/k_x—a1

a, —a

a, <x<a,

b

k, a, <x<a,

X—a,

k+(1-k)———, a;<x<a,
a, —a,
My = I, a, <x<a;
6 — X <x<
k+(1-k) , as <x<a
g —ds
k, ai <x<a,
ag — X
8
k , a; Sx<a,
as —a,

Q Otherwise

Where k=max{a, ,a,,a,,a,,as,0,,0,,d4}

Definition 8 (A triangular intuitionistic fuzzy number)[4]

A triangular intuitionistic fuzzy number & . a=((a,b,c),(a',b',c"),

'<a<b<b’<c<c’
is denoted as <as<bsb'<c<

a
where

with the following membership function Hg (X) and non-membership function va (%)

Fx—a
, a <b
b—a
< CcC—X
Mo (X) = , b <c
c—b
0, otherwise
.
rh_
b x, a <b
b—a'
x—b
v,(x)= < ——, b/(
c'-b
1, otherwise
.
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Definition 9 (Trapezoidal Intuitionistic fuzzy number)

(x—a) (b—x+ug(x—a)) f
I(b_a) fora<x<b |—(b_a) ora<x<b
Hs(x)= { forb<x<c ,vd(x)—4 Ug forb<x<c
|(dX) forc<x<d |Gt ual@®) g < x < d
k(d c) k (d—c)
otherwise 1 otherwise

Definition 10 (Single valued triangular neutrosophic number [3]):

A triangular neutrosophic number =< (a, b,c) ;wg, Uz,Y5z> 1is a special neutrosophic set on the real number set
R, whose truth-membership, indeterminacy— membership and falsity-membership functions are defined as fol-
lows:

(x—a)

(L=x+ ug(x=2))

wy; fora<x<b fora<x<b

(b-a) 4 | (b a)
W5 for x=Db for x=D>b
Pa ()= 7 ()= 4
wwﬁ forb<x<c |(X b+u“(c D forb<x<c
(c-b) k (c-b)
0 otherwise 1 otherwise

bxtyak-a) oo <b

(b-a)
e Va for x=>b
Aa®) Gbryale)  p p<x<c
(c-b) -
1 otherwise

A triangular neutrosophic number d =< (a, b,c) ;wg, ugz,y5> may express an ill-known quantity about b which
is approximately equal to b.

Definition 11 (Single valued trapezoidal neutrosophic number [3]):

A triangular neutrosophic number @=< (a, b,c, d) ;w4, uz,yz> is a special neutrosophic set on the real number
set R, whose truth-membership, indeterminacy— membership and falsity-membership function are defined as fol-
lows:

(boxt ugx-a)
(b a)

((X—a)

| (b-a)
_) wy forb<x<c
k(d_c)wgl or c<x<
0 otherwise

wy fora<x<b fora<x<b
forb<x<c

forc<x<d

(d-o)

|
) {I(x c+ ua(d X))
k 1 otherwise

((b—x+ vg(x—a))
| (b-a)
Va forb<x<c
Goetyal@) g c<x<d
k (d-0)
1 otherwise
The single valued trapezoidal neutrosophic numbers are a generalization of the intuitionistic trapezoidal fuzzy
numbers, Thus, the neutrosophic number may express more uncertainty than the intuitionstic fuzzy number.

fora<x<b

Aa(0)=

3. Single valued 2n+1 polygonal neutrosophic numbers

Definition 12 (Single valued 2n+1 polygonal neutrosophic number):

A single valued 2n+1 sided polygonal neutrosophic number d=< (a,,a, ,....,ap,--Aan>Aans1) Wa» Ug-Va™ 1S
special neutrosophic set on the real number set R, whose truth-membership, indeterminacy— membership and
falsity-membership functions are defined as follows:
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T,(x) =

F,(x) =

X—a
1
—W;, 4 < a,
a, —a,
X—a
2
Wi, a4, Sa,
a; —a,
X—a,
Waa an - an+l
an+1 - an
Wa X=4a,, IA(X) =
a —X
n+2
Wiy @,y S4,,
an+2 - an+1
a —X
n+3
WE’ an+2 < an+3
an+3 an+2
a —X
2n+1
Wy, Gy, S0y,
a2n+l - a2n
\0, Otherwise
a,—x+y;(x—a,) <
, a4y =4,
a, —a,
a, —x+y;(x—a,) <
, Gy =d3
as; —a,
a,,—x+y;(x-a,) <
> n — an+l
an+l - an
yﬁ H X = an+l
‘x_an+1 +y5(an+2_x) <
> an+l _an+2
an+2 - an+1
x—=a,,+y;(a,,—x) <
s an+2 - an+3
an+3 - an+2

X—a,, +y;(a,,, —X)
b

Ay — 4y,

a,, < a,,,

\ 1, Otherwise

/ a, —x+u;(x—a,)
a, —a, ’

a,—x+uz(x—a,)

b

a, —da,

a,,—x+u;(x—a,)

a,,—4a, ’
uE ° X = an+l
X—d,, tu; (an+2 — X)
Apy —Apy
X—a,, tu; (an+3 — X)
A3 — Ay

xX—a,, +uz(a,,, —x)
b

Ayl — 4oy

\ 1, Otherwise

a, <a,

2 — 3

an < an+l

> an+1 S an+2

s an+2 < an+3

a,, < a,,,
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Example:1 If w; =0.2 ,u; =0.4 y; =0.3 and n=4, then we have an nanogonal neutrosophic number & and it
is taken as @ =< (3,6,8,10,11,21,43,44,56) >. Figure 1 demonstrates the Example 1.

Figure: 1
Example: 2
If w;=02 ,u;=0.4y;=0.3 andn=4, then we have an nanogonal neutrosophic number @ and it is taken as
a =< (3,6,8,10,1,2,4,7,5) >. Figure 2 demonstrates the Example 2 and its neutrosophic membership.

Figure: 2

Note
The single valued triangular neutrosophic number can be generalized to a single valued 2n+1 polygonal neutro-
sophic number, where n=1,2,3,...,n

A=< (A1,05 - Qps--A2n,02n41) Wa, Ug,Va>, Whered may express an ill —known quantity about a, which is
gradually equal to a,,.

We mean that a,approximatesa,,, a;approximatesa,, a littel better thana,,................... a, _,approximatesa,, a
litte better than all previous a,, a,,...a,,
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Remark
If0< wy, uz,ys <1, 0S wz+ uz+ys; <1, y;= 0 and the single valued 2n+1 sided polygonal neutrosophic num-
ber reduced to the case single valued 2n+1 sided polygonal fuzzy number.

3.1. Operations of single valued 2n+1 sided polygonal neutrosophic numbers

Following are the three operations that can be performed on single valued 2n+1 polygonal neutrosophic numbers
suppose Apyy=< (@1,03 5 c0s@pseres@onsArni1)5 Was Ug»Ya™> and Bpyy=< (by,by3 s..ccsbpseesbrpsboniq) sW5,
ug,yj >are two single valued 2n+1 polygonal neutrosophic numbers then

(i) Addition:
Apyy + Bpyy= < (a1+by, ay+b,, ..., a,+b,, ..., @y, +by,, Az 1+byy 1) WatWs-wg - Wi, ug
UpYa ' Yo~

(ii) Subtraction:
Apyn - Bpuy = < (@4-bq, Q3-by, ..., Qy-by, .. Qyn-byy, G2y 41-b2ni1);  Watwp-wg-wi, U -

UpYa Y5~
Multiplication:
Apyn*Bpyy = < (@1 b1,0; " by ooty by sy Qo " D2y sQ30 11 Donia) 3Wa Wi UG + Up- Ug - Up, Y5 +
Yo~ Ya Y5~
Remark
Ifw;=1 ,u; =0y5;=0 then single valued 2n+1 sided polygonal neutrosophic number Apyy=< (a;,a,
geeenslpyeees@ons@anit) sWa U,V reduced to the case of single valued 2n+1 sided polygonal fuzzy num-
berApFN=< (al,az ,....,an,...,azn,a2n+1)>, n=1 ,2,3,. LI
Remark
If 0< wg, ug,yq <1, 0< wat ugtys; <3, and n=1, the single valued 2n+1 -sided polygonal neutrosophic num-
ber reduced to the case of the single valued triangular neutrosophic numberdpyy=< (a;,a5,a3);Wg, Uz,Ys>[3].
Example 3: Letw; = 1,u; =0,y; =0and n=1
If wz=1,u;=0,y;=0and n=2, then we have an Pentagonal fuzzy number [5]:
Let A=(1,2,3,4,5) and B=(2, 3,4,5,6) be two Pentagonal fuzzy numbers, then

i. A+B=(3,517,911)

il. A-B=(-1,-1,-1,-1,-1)

iil. 2A=(2,4,6,8,10)

iv. A.B=(2,6, 12,20, 30)
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Figure: 3

Figure 3 demonstrates operation given in Example 3. The single valued 2n+1 polygonal neutrosophic number

are generalization of the Pentagonal fuzzy number numbers [5] , and single valued triangular neutrosophic num-
ber [3]

4. Single valued 2n-sided polygonal neutrosophic numbers
Definition 13: The single valued trapezoidal neutrosophic number can be extended to a single valued 2n sided

polygonal neutrosophic number =< (a,,a, ,....,ay,An415 ---»A2n—1,A2n); Was UgsYg> Where n=1,2.3,....n,
whose truth-membership, indeterminacy— membership and falsity-membership functions are defined as follows:

X—da
1
[k—wa, a, <x<a,

a, —aq
X—a
k+(1-k)—2w., a, <x<a,
a, —a,
X—a,_
k +(1—mk) “Lw., a,, <x<a,
n~ Y-l
TA(‘x) = WE’ an nganﬂ
X
n+2
k +(1—mk) w,, a,,<x<a,,
an+2_ n+l
ket (1— k)2 =X <x<
( ) Wis Qoppy =X =0y, ,
Aypy ~ Aoy
a X
2n
k—"——w,, a,,, <x<a,,

Ay =y
0, Otherwise
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a, —Xx
k+(—-mk)———u_, a, <x<a,
a, —a
a, — X
k+(l—(m—1)k)3—ua, a, <x<a,
a, —a,
fo+ (1= k) 2ot <x<
+(-k) Uz, a, , sx>4a,
an—l _aan
a —X
k—= u,, a,, <x<a,
an _anfl
]A (x) = 07 an Sx= an+1
X—a
n+l
k u;, a,,<x<a,,
an+2 _an+1
X—a +2
k+(1-k) T —u.,a,,<x<a,,
n+3 ~ “%n+2
x—a2 i)
k+(1-(m-1)k) —Ug, Ay, , <XZa,,,
2n-1 T a0
X—dy,
k+(1—mk) ——u., a, <x<a,,
a2n a2n—l

1, Otherwise
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ﬂc+(l—mk)uy;, a, <x<a,

a, —a
a, — X
3
k+(1-(m-)k)——y.,a, <x<a,
as; —a,
fe+(1— k)2 <x<a
YVarp X304,
an—l_ n-2
a —X
k - yﬁ’ n—lS‘x<an
an_anfl
F,(x) = 0, a, <x<a,,
X—a
1
k———y:, a,,<x<a,,
an+2_an+1

n+2 —

xX—a
k+(1_k)—a n+2 Var A,y SX=a,,,

n+3 an+2

X—a
k+(1—(m—1)k)——22 Yas Gy p SX=a,,
Arpy =y

TS P

1, Otherwise
where d may represent an ill-known quantity of range, which is gradually approximately equal to the interval
[ana an+1]~
We mean that (a,, a,,_; ) approximates [a,,, @, +1],
(a, ayn—, ) approximates [a,, a,,,] a little better than (a,, Gyp_1 )y «oevveveeenenenennn.. (ap, ap41 ) approximates
[a,, ap4q] alittle better than all previous intervals.
Remark
0 wy, ug,ya <1, 0 wat ugtys <1, y; =0 and the single valued 2n -sided polygonal neutrosophic number
reduced to the case of single valued 2n-sided polygonal fuzzy number.

\k+<l—mk)mya, a,,, <x<a,

4.1 Single valued 2n-sided polygonal neutrosophic number

Following are the three operations that can be performed on single valued 2n-sided polygonal neutrosophic

numbers suppose Apyny=< (A1,05 ,...,0p,An41> ---s02n-1-A2n )i Was Ug>Ya> and Bpyny=<(b1,b; ,.....b5,bp 41,
e sDon_1,b21); W5, Ug,Yp>are two2n-sided polygonal neutrosophic number.
@) Addition:  ApyytBpyn=(a, + by,a; + by,....a, + by,@piq + bygise-0opn_q + bop_1,05, +
ban);WatWg-Wa " W , Up * Up,Ya " Y5>
(ii) Subtraction:Apyy-Bpyn=<(a; — b37,02 — bop_1,---0n — bp,0p 1 — bp_v1,-- 031 — by,05, —
by);watwp-wg " Wi , Up - Up,Y5 * V5>
(iii) Multiplication:Apyy*Bpyy =<(aq * b1,a3 * byy... sy " byy@pit * gty - Qon—1 " Dan—1,0n
ban);Wa * Wi sUg + Up-Ug " Up,Ya + Y5 — Ya' V5~
Remark
Ifw;=1 ,u;=0y;=0 then single valued 2nsidedpolygonal neutrosophic number Apyy=<(a;,a,
yeeesOnsOpats -+ 52n—1,021)3Was Ug»Yz> reduced to the case of single valued 2n- sided polygonal fuzzy
numberAppy=<(a;,a; ,-..,0p,0n 41> ---Aan—1,02,) for n=1,2.3... . n.
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Remark
If0< wy, ug,ys <1, 0< wat uz+ty,; <3, and n=2, the single valued 2n-sided polygonal neutrosophic number
reduced to the case of single valued trapezoidal neutrosophic number Apyy=< (ay,a2,a3 , A4);Wg, Uz,YVz>IX].

Example 4: ifw; =1 ,u; =0y; =0 and n= 3 then we have an Hexagonal fuzzy number [7-8]:
Let A=(1,2,3,5,6) and B=(2, 4,6,8,10,12) be two Hexagonal fuzzy numbers then
A+B=(3,6,9, 13,16,19)

Figure: 4
Figure 4 demonstrates operation given in Example 4.
The single valued 2n-sided polygonal neutrosophic number are generalization of the hexagonal fuzzy numbers
[8] ,intuitionistic trapezoidal fuzzy numbers[x] and single valued trapezoidal neutrosophic number [3] with its
application [12-23] for multi-decision process [24-26].

5. Conclusion:

This paper introduces single valued (2n and 2n+1) sided polygonal neutrosophic numbers its addition, subtrac-
tion, multiplication as well as polygonal neutrosophic matrix with an illustrative example. In near future our fo-
cus will be on applications of single-valued 2n sided polygonal neutrosophic numbers and its other mathematical
algebra.
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Abstract.

Recently, vague sets and neutrosophic sets have received great attention among the scholars and have been applied in many
applications. But, the actual theoretical impacts of the combination of these two sets in dealing uncertainties are still not fully
explored until now. In this paper, a new generalized mathematical model called interval neutrosophic vague sets is proposed,
which is a combination of vague sets and interval neutrosophic sets and a generalization of interval neutrosophic vague sets.
Some definitions of interval neutrosophic vague set such as union, complement and intersection are presented. Furthermore,
the basic operations, the derivation of its properties and related example are included.

Keywords: neutrosophic set, vague set, interval neutrsophic vague set.

1 Introduction

Many attempts that used classical mathematics to model uncertain data may not be successful. This is due to
the concept of uncertainty which is too complicated and not clearly defined. Therefore, many different theories
were developed to solve uncertainty and vagueness including the fuzzy set theory [1], intuitionistic fuzzy set [2],
rough sets theory [3], soft set [4], vague sets [5], soft expert set [6] and some other mathematical tools. There are
many real applications were solved using these theories related to the uncertainty of these applications [7], [8],
[9], [10] . However, these theories cannot deals with indeterminacy and consistent information. Furthermore, all
these theories have their inherent difficulties and weakness. Therefore, neutrosophic set is developed by
Smarandache in 1998 which is generalization of probability set, fuzzy set and intuitionistic fuzzy set [11]. The
neutrosophic set contains three independent membership functions. Unlike fuzzy and intuitionistic fuzzy sets, the
memberships in neutrosophic sets are truth, indeterminacy and falsity. The neutrosophic set has received more
and more attention since its appearance. Hybrid neutrosophic set were introduced by many researchers [12], [13],
[14], [15], [16]. In line with these developments, these extensions have been used in multi criteria decision
making problem such as ANP, VIKOR, TOPSIS and DEMATEL with different application [17]-[20].

Vague sets have been introduced by Gau and Buehrar in 1993 as an extension of fuzzy set theory [5]. Vague
sets is considered as an effective tool to deal with uncertainty since it provides more information as compared to
fuzzy sets [21]. Several studies have revealed that, many researchers have combined vague sets with others
theories. Xu et al. proposed vague soft sets and examined its properties [22]. Later, Hassan [23] have combined
vague set with soft expert set and its operations were introduced. In addition, others hybrid theories such as
complex vague soft set [24], interval valued vague soft set [25], generalized interval valued vague set [26] and
possibility vague soft set [27] were presented to solve uncertainty problem in decision making. Recently,
Al- Quran and Hassan [28] proposed new hybrid of neutrosophic vague such as [29], [30], [31] and [32].

Until now, there has been no study on interval neutrosophic vague set (INVS) and its combination
particularly with vague sets. Therefore, the objective of this paper is to develop a mathematical tool to solve
uncertainty problem, namely INVS which is a combination of vague sets and interval neutrosophic set and as a
generalization of interval neutrosophic vague set. This set theory provides an interval-based membership
structure to handle the neutrosophic vague data. This feature allows users to record their hesitancy in assigning
membership values which in turn better capture the vagueness and uncertainties of these data.

This paper is structured in the following manner. Section 2 presents some basic mathematical concepts to
enhance the understanding of INVS. Section 3 describes definitions IVNS and its properties together with
example. Finally, conclusion of INVS is stated in section 4.
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2 Preliminaries

Some basic concepts associated to neutrosophic sets and interval neutrosophic set are presented in this section.

2.1 Vague Set

Definition 2.1 [5]

Let e be a vague value, e = [t_e,l—fe]where 7,el01], £, e[01]and0<7, <1-7,<1.1f 7, =1 and 7, =0 then
e is named a unit vague value so ase= [1,1] . Meanwhile if 7, =0and f, =1, hence e is named a zero vague

value such that e =[0,0].

Definition 2.1.1 [5]

Let eand f be two vague values, where e:[t'e,l—fe]andf:[t_f,l—.}_”f]. Ifi,=t, and f, = ff, then vague
values eand f are named equal (i.e.[t_e,l—fe]: [ff,l—ff]).

Definition 2.1.2 [5]
Let pbe a vague set of the universe £ . If Ve, €E, 1, (en): land £, (en): 0, then pis named a unit vague set

where 1<n<m.If tp(en):O and tp(en)zl hence p named a zero vague set where I<n<m.

2.2 Neutrosophic Set

Definition 2.2 [11]
A neutrosophic set ein E is described by three functions: truth membership function V), (e), indeterminacy-

membership function ¥, (e) and falsity-membership function X, (e) as p= {< e:V,(e),Ww, (e), X,(e),ecE }

where V,W,X:E— 01" and ~0<sup¥,(e)+sup,(e)+sup X ,(e)<3"

2.3 Interval Neutrosophic Set

Definition 2.3 [12]
Let £ be a universe. An interval neutrosophic set denoted as (INS) can be defined as follows:

p={<HeL vl e w? (@)} x:(e) XY (e))> |e € E} where for each pointe £, we have ¥, (e) < [0.1].

w,(e) [o1], X,(e)e[0,1] and ~0<sup¥,(e)+sup ¥, (e)+sup X ,(e)<3".

2.4 Neutrosophic Vague Set

Definition 2.4 [28]
A neutrosophic vague set pin E denoted (NVS) as an object of the form

Pv = i< eV, L @Wyy, (€)X, yy (e)>fee E} and

PNV (e):lXi’)ﬁJ

VPNV(e):[V’,VJrl w, ()= X,

where

Vr=1-X,X"=1-V"and 0V +W +X <2".

Definition 2.4.1 [28]
Let &« beaNVSin £ . Then « is called a unit NVS where 1<n<m

Ve @ =1L, W, (0)=[0.0], X, (e)=[0.0]

Definition 2.4.2 [28]
Let § beaNVSinE . Then fis called a zero NVS where 1 <n <m.

Ve @=[00], W, (e=[L1], X, (e)=[1]]
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For two NVS
Pny :i< (e) PNV( )Xp v (e)>|eeE} and
qNV:i< (e) qNV( ) qNV(e)>|eeE;

The relations of NVS is presented as follows:

(1) pyy =qyypifand only if V (e) VqNV (e), WpNV (e)= WqNV (e) and XpNV (e)= quvV (e).
(i1) puy < qup if and only if V (e) VqNV (e), WPNV (e)= I_qNV (e) and XPNV (e)= XqNV (e).

(iii) The union of pand g is denoted by Ryy = pyr Y gy is defined by;
VRNV( ) |:maX(VPNV Vanve )maX(V;NV ’V‘;]-\/Ve ﬂ
- + +
WRNV( ) l:mln(WPNV Wove jrmn(WPNV Wonve ﬂ’

- + +
XRNV() |:mln(XPNVe X‘INV jmn(XPNVe X‘INVe ):|

(iv) The intersection of pand g is denoted by Sy, = pyy Nquy is defined by;
- +
VSNV( ) |:mln(VPNVe ’VqNVe jmm(V PNVe ’V‘INVe ﬂ
- - + +
Wsy (e):‘:maX(WPNVe W anve j’max(WPNVe W anve ﬂ’

XSNV( ) |:maX(XPNV ’X‘;NVe ) max(X;NV ’X;Nl/e H
(v) The complement of a NVS p,,, is denoted by p©and is defined by
pNV(e) h-vea-r|
we (@) =-wri-w]

PNV(e) ll XTl-X J

3 Interval Neutrosophic Vague Sets
The formal definition of an INVS and its basic operations of complement, union and intersection are introduced.

Related properties and suitable examples are presented in this section.

Definition 3.1
An interval valued neutrosophic vague set A4, also known as INVS in the universe of discourse £ . An INVS

is characterized by truth membership, indeterminacy membership and fasilty-membership functions is defined
as:

Apy :{83[1721,‘( ) HWA WA ( )H)?j(e),)?%(e)JﬂeeE}

o
1
S

l\
%
|__|
2
A q
—_
[N
N—

I
1
I

-]
|
|
c
T
| I

where

v oo xE xE v vV =1 xY T xUT =11V and
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o<yt o4vYoawt o aw? o+ xt 4 xY <4t
S0<VE Vet aw VT e x P x U <4
An INVS 4,,,, when E is continuous is presented as follows:

AZ“W@WMW@W@M@%%_

ee

e
E

and when F is discrete an INVS 4,,, can be presented as follows:

%ﬁXWMﬁMWMWMM@ﬂ%wd

é:
i=1 !

0<sup I7A (e)+supVI~/A (e)+sup)N(A(e)S3

Example 3.1
Let E = {el,ez,e3 }. Then

({0.2,0.5}[0.2,0.3]} {[0.1,0.6?[0.3,0.6]}, {0.5,0.8}[0.7,0.8]})’
({l0.4,0.5}[0.1,0.7]} {[0.5,0.5(]3,2[0.1,0.3]}, {l0.5,0.6}[0.3,0.9]})
({0.6,0.9}[0.2,0.5]}, {[0.3,0.7613[0.4,0.6]}, {l0.1,0.4][0.5,0.8]})
is an INVS subset of E .

Apy =

Consider Example 3.1 .Then we check the INVS for e; by Definition 3.1 as follows:
LT C1-xtT —05+05=1, Xt —1-vL —08+02=1

yUT c1-xV 203+07=1, XY =1-7Y —08+02=1

Using condition ~0<Vt +vY +wht +w¥ +xt +xV <4t

therefore we have 0.2+0.2+0.1+0.3+0.5+0.7=2 and

_ + + + + + +
o<vE 4V awl awY 1 x5 4+ XY <47 therefore we have

0.5+03+0.6+0.6+0.8+0.8=3.6

The calculations for INVS in Example 3.2, Example 3.3 are calculated similarly.

Definition 3.2
Consider @, be an INVS of the universe £ whereVe, € E,

Vapy (€)= [L1], Vg, (o) =11,
Wy (€)=[0.0] g, (e)=[0.0],

Xy ()=100], X5, (e)=[0.0]

Therefore, ®, is defined a unit INVS where 1<n<m
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Consider &,y be a INVS of the universe £ where Ve, € E
I75§NV (e) = [0=0] > I7(511/NV (e) = [an] )
Wiy (€)= [L1] Wi, (e)=[L1],

X (€)=, X5, ()= [11]

Therefore, &,y is defined a zero INVS where 1<n<m
Definition 3.3

Let A5y, is defined as complemnet of INVS

0[] e[ ar]
iy = ow ] =[],
(2 =[x -t | (@ )-r-x x|

Example 3.2

Considering Example 3.1, by using Definition 3.3, we have
({0.5,0.8][0.7,0.8], {[0.4,0.9?[0.4,0.7]}, {0.2,0.5][0.2,0.3]})"

Ay = ({{0.5,0.6}[0.3,0.9]} {[0.5,0.5(]3,2[0.7,0.9]}, {0.4,0.51[0.1,0.7]})
({0.1,0.4] [0.3,0.8], {[0.3,0.7?[0.4,0.6]}, {0.6,0.9][0.2,0.7]})

Definition 3.5

Let A4,,, and B, be two INVS of the universe. If Ve, € E,

Vile)=Vgle,) . Vi (e,)=V5 e,) . Wile,)= Wi e,), Wi (e,) =W (e,), Xile,)=Xj(e,) and
Xile,)= X5 (e,)

Then the INVS 4,,,, and B, are equal, where 1<n<m

Definition 3.6
Let A, and B, betwo INVS of the universe. If Ve, € E,

Vile,)<V;(e,) and Vil (e,)< V5 (e,),

Wile,)= Wy (e, )and Wi (e,)> W5 (e,),

Xile,)> X5(e,) and X{(e,)= X (e, )

Then the INVS  A4,,, are included by By,  denoted by 4,,,, < B, » wherel<n<m.
Definition 3.7

The union of two INVS  4,,,, and By, isa INVS C,,, , written as Cjy;, = Ay U By 1s defined as follows:
Vi(e)= {max(Vj,V;),max(Vf,Vfﬂ and VY (e)= [max(Vj/,Vg),max(Vjﬁ,Vg+ﬂ :
Wj(e):[nﬁn(Wj,WBLj,min(Wf,WBﬁ),} and W;f(e):[mm(wg,ng,m(wg*,wg*j,}

~ R ~ - - U
Xﬁ(e):[min()(ﬁ L XE j,min(xj*,)(g* ﬂ and XY (e)z[min()(ﬁ{ XY j,min(XT,Xg +ﬂ
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Definition 3.8
The intersection of two INVS 4,,,, and B, is a INVS C,, , written as D,,,, = A;y;, N By » 18 defined as

below:

7Ee)= [min(Vj,V;),nﬁn(Vj*,V;*H and 7V (e)= [min(ij 3 ’),min(Vj’ vy +ﬂ ,
VIN/AL(e):[max(W/f,W;),max(Wfr,Wé‘Jr),} and W;f(e):[max[wg,Wg),max(wg*,wg*ﬂ,
SL)_ L= v Lt I SU(\ U- U™ Ut Ut
Xh(e)=| max| X4, x5 |max| X5, X5 || and XY (e)=| max| XY X5 | max| XY, X5

Example 3.3
Consider that there are two INVS 4,,, and By, consist of £ ={e,,e,,e; }defined as follows:

({0.2,0.5}[0.2,0.3]} {[0.1,0.6?[0.3,0.6]}, {l0.5,0.8}[0.7,0.8]})’

Ay = <{[0.4,0.5],[0.1,0.7]},{[0.5,0.512[0.1,0.3]},{[0.5,0.6],[0.3,0.9]}>

€

({0.6,0.9][0.2,0.5]},{{0.3,0.7][0.4,0.6 ]}, {0.1,0.4}[0.5,0.8]})

({{0.2,0.6}[0.4,0.9], {[0.5,0.511[0.3,0.6]}, {0.4,0.8] [0.1,0.6]})
B = ({0.2,0.6}[0.2,0.3]}, {[0.2,0.61,8[35,0.5]}, {{0.4,0.0.8][0.7,0.8]})

({{0.4,0.9] [0.2,0.5]}, {[o. 1,0.8?[0.2,0.6]}, {l0.1,0.6][0.5,0.8]})

By using Definition 3.7, then we obtain INV union, Cjy; = 4,y U By, presented as follows:

({{0.2,0.6} [0.4,0.9]; {[0.1,0.5?[0.3,0.6]}, {0.4,0.8][0.1,0.6]})’
Ciwv = <{[0.4,0.6],[0.2,0.7]},{[0.2,0.56],2[0.1,0.3]},{[0.5,0.6],[0.3,0.8]}>

({0.6,0.9][0.2,0.5]}, {0.1,0.7}[0.2,0.6 ]}, {0.1,0.4} [0.5,0.8]})

Moreover, by using Definition 3.8, we obtained INV intersection, D,y;, = 4,5, N B,y as follows:

{{{0.2,0.5}[0.2,0.3]}, {[0.5,0.6?[0.3,0.6]}, {0.5,0.8][0.7,0.8]})

({0.2,0.5}[0.1,0.3]}, {[0.5,0.612[0.5,0.5]}, {l0.5,0.8][0.7,0.9])

Dy =

({{0.4,0.9] [0.2,0.5], {[0.3,0.813[0.4,0.6]}, {l0.1,0.6].[0.5,0.8]})
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Proposition 3.1 Let 4,y and By be two INVS in X . Then
() Ay DAy = Ay

(1) Ay N Ay = Ay

(i) Apyy W Byy = By Y Ay

(V) Ay OBy = Bivy N Ay

Proof (i):
If x is any arbitrary element in Ay U Apy = Apyy by definition of union, we have x € Ay orx e Apyy .

Hence x € Ay . Therefore Ap; U Ay < Apyy - Conversely, If x is any arbitrary element

in A[NV |\ A]]VV = A[NV , then x e AINV andx e A]NV . Therefore,

Ay YAy €Ay Ay YANy = Ay

Proof (ii): similar to the proof of (i).

Proof (iii):
Let x is any arbitrary element in A, UB,, =B, Y4, » then by definition of union,

x € Ajypyandx € Byyy - But, if xisin 4, and By, , thenitisin By, or 4;,, ,and by definition of union,
this means x € By, U Ay, - Therefore, 4, W By < By Y Ay -

The other inclusion is identical: if x is any element B, U4,y . Therefore, then we know
x € By orxe Ay . But, x € By, or x € Apyy implies that x is in A4, or By ; hence, x € 4,y OBy -

Therefore, By, U Ay < Ay W By - Hence Ay U By = By Y Ay -

Proof (iv): same to the proof (iii)

Proposition 3.2 Let A, , B,y and Cyy, be three INVS over the common universe X . Then,
() Ay Y (Biyy O Ciyy )= (A U Bpy )0 Cryy

(i) Ay (B N Cor)=(Apy O Bpay ) Cry

(iii) 415y U (By O Cry )= (A 9 By ) (A O i)

(iv) Apyr O (BINV VU Chyy ) = (AINV N By ) o (AINV M CINV)

Proof (i):
First, let x be any element in 4,y;, U (B,y; U Cpyy ). This means that x € A,y orx € (B, UCpy ). If

x € Apyy then x € (B U Cpyy ); hence, x € Ay U (B U Cpyy )- On the other side, if x € 4,y , then

x (B UCpyy ). This means x € By, or x € Cpyy - If, x € By, then

x € Apy U By = xe(Apy OBy ) Coy If x € Chyy, Then, x € (Apyy U By )L Cpyr Hence,

Apy Y (Biyy O Cryy )= (Aiyy O Bpay )U Copy -

For the reverse inclusion, let x be any element of (4,y; U Bjy; )W Cpyy -Then, x € (4 U Bpyy )or x € Cryy -
If xe(dyy UBpy) » we know xedy, or xeByy, . If xedy, , then xe Ay, U(Bpy UChy) -
If x € By sthen x (B UCpyy ) - Hence x € Apyy U(Bpy WChyyr) - On the other side, if xeCpyp »
hencexe(B,NV uC,NV) ,and so, Ay, u(B,NV uC,NV).

Therefore, 4y U (Bpy W Cryy )< (Ainy Y By ) Ciyy -

Thus, Apyy OBy U Co )= (A OBy )O Cryy -

Proof (ii): associativity of intersections is similar to the proof (i)
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Proof (iii): Distributive Laws are satisfied for INVS
Let x € Apy OBy N Coyir )- If x € Apyyr (B N Cpyyy) then xis either in 4,y or in (B N Cryyr )-

This means that x € 4y, or x € (B r\C,NV).
If x€ Ay, or {xeBpy and xeCpyy | -
Then, {x € 4}y, or x € By, } and {x € A, or x € Cppy |-

So we have,

x € Ay or By, and x € Apy, or Cppyy

x e (A4, OBy ) and x (A U By )

xe(Apy By ) Ay Y Bivy )

Hence, Ay (B N Cryr )= (A O By ) (dpyy W Cpy)

Therefore,

Ay V(B 0 Cryr) < (A O By ) (A U Cip)

Let x e (A4 UBpy )N (A O C ) - I x € (Apy U By ) Ay O Cpy ) then x s in (Apy, or By )
and x (4, or Cpyy ).

So we have,

x € (A or By )and x € (4, or Cpyyr)

{xeAINV or x € By, jand {xeAINV or x € Cpyy |

X € Apyy OF {xeBINV andxeCHW}

x € Apy Ulx e (B and Cryy )}

x e Ay Vix e By N Cpy )}

x € Apy V(Bpy N Crry)

x € (dpy Y By )\ (A W Cryy )= x € Ay O (Bpyy 0 Cryy)
Therefore,

(A OBy ) (A VU Crnyr) € Ay O (B N Cipy)

w Ay Y By N Ciny) = (g © By ) (A U Cip)

Proof (iv): similar to the prove of (iii)

Proposition 3.3:

(1) (AINV Y By )c =Ajyy N By

(ii) (AINV N By )c =Ajyy Y By

(iii) (AICNV U By Y Chyy ): (AINV N By N Ciyy )c

(iv) (AICNV N By N Clyy ): (AINV VB W Cy )c

Proof (i):

Let x e (dpy U By f
=x& Ay VB
=x¢& Apyy and x & By,

= x € Ajy, and x € By,
Since for all x € (4,5, U B,y ) such that x e ASy, MBSy,

Therefore, (A, U By ) < Asvy O By

Proof (ii): similar to the prove of (i)
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Proof (ii):

Let x € (45 U Boy UCSy )
=xe djy, Uxe By, UxeChy
=>x¢Apy Ux & By, Ux g Cryy
=>x¢ (AINV mB,NV)m Civy

= x&\Apy N By NChrypr

= XE (AINV NBpy N C[NV)C
Since for all x e (AfNV U By Y CfNV) such that x € (A v OBy O C oy

Therefore, (AICNV By Y Chy )Q (A OBy N Coy I

Proof (iv): similar to the prove of (iv)

4 Conclusion

In this paper, the concept of interval neutrosophic vague was successfully established. The idea of this concept
was taken from the theory of vague sets and interval neutrosophic. Neutrosophic set theory is mainly concerned
with indeterminate and inconsistent information. However, interval nutrosophic vague sets were developed to
improvise results in decision making problem. Meanwhile, vague set capturing vagueness of data. It is clear that,
interval neutrosophic vague sets, can be utilize in solving decision making problems that inherited uncertainties.
The basic operations involving union, complement, intersection for interval neutrosophic vague set was well
defined. Subsequently, the basic properties of these operations related to interval neutrosophic vague set were
given and mathematically proven. Finally, some examples are presented. In future, this new extension will
broaden the knowledge of existing set theories and subsequently, can be used in practical decision making
problem.
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Abstract. Many real time problems are based on uncertainity and chaotic environment. To demonstrate this ambiguous suitua-
tion more precisely we intend to amalgamate the ideas of chaos theory and neutrosophy. Neutrosophy is a flourishing arena
which conceptualizes the notions of true, falsity and indeterminacy attributes of an event. Chaos theory is another branch
which brings out the concepts of periodic point, orbit and sensitive of a set. Hence in this paper we focus on the introducing the
idea of chaotic periodic points, orbit sets, sensitive functions under neutrosophic settings. We start with defining a neutrosoph-
ic chaotic space and enlist its properties, As a futher extension we coin neutrosophic chaotic continuous functions and discuss
its charaterizations and their interrelationships. We have also illustrated the above said concepts with suitable examples.

Keywords: Neutrosophic periodic points, neutrosophic orbit sets, neutrosophic chaotic sets, neutrosophic sensitive functions,
neutrosophic orbit extremally disconnected spaces.

1 Introduction

The introduction of the idea of fuzzy set was introduced in the year 1965 by Zadeh[16]. He proposed that each
element in a fuzzy set has a degree of membership. Following this concept K.Atanassov[1,2,3] in 1983
introduced the idea of intuitionistic fuzzy set on a universe X as a generalization of fuzzy set. Here besides the
degree of membership a degree of non-membership for each element is also defined. Smarandache[11,12]
originally gave the definition of a neutrosophic set and neutrosophic logic. The neutrosophic logic is a formal
frame trying to measure the truth, indeterminacy and falsehood. The significance of neutrosophy is that it finds
and indispensible place in decision making. Several authors[7, 8, 9, 10] have done remarkable achievements in
this area. One of the prime discoveries of the 20™ century which has been widely investigated with significant
progress and achievements is the theory of Chaos and fractals.It has become an exciting emerging
interdisciplinary area in which a broad spectrum of technologies and methodologies have emerged to deal with
large-scale, complex and dynamical systems and problems. In 1989, R.L. Deveney[4] defined chaotic function in
general metric space. A breakthrough in the conventional general topology was intiated by T. Thrivikraman and
P.B. Vinod Kumar[15] by defining Chaos and fractals in general topological spaces. M. Kousalyaparasakthi, E.
Roja, M.K. Uma[6] introduced the above said idea to intuitionistic chaotic continuous functions. Tethering
around this concept we introduce neutrosophic periodic points, neutrosophic orbit sets, neutrosophic sensitive
functions, neutrosophic clopen chaotic sets and neutrossophic chaos spaces. The concepts of neutrosophic
chaotic continuous functions, neutrosophic chaotic” continuous functions, neutrosophic chaotic™™ continuous
functions, neutrosophic chaotic” continuous functions are introduced and studied. Some interrelation are
discussed with suitable examples. Also the concept of neutrosophic orbit extremally disconnected spaces,
neutrosophic chaotic extremally disconnected spaces, neutrosophic orbit irresolute function are discussed.

2 Preliminaries
2.1 Definition [12]

Let X be a non empty set. A neutrosophic set (NS for short) V is an object having the form V = <x, V', V*,
V*> where V', V2, V° represent the degree of membership, the degree of indeterminacy and the degree of non-
membership respectively of each element x € X to the set V.

2.2 Definition [12]

Let X be a non empty set, U = <x, U', U%, U*>and V = <x, Vl, V2, V> be neutrosophic sets on X, and let {V;: i
€ I} be an arbitrary family of neutrosophic sets in X, where V' = <x, V', V2, V>
(HUcSV e Ulcev U’ 2Vand U’ 2V’
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({i)U=V < UCSVandVCU.

(i) ¥ =<x, V3, V3, V'>
(ivylUnv=<x, U'NV', U*uV% U*uv*>
(v) UuV=<x, U'uV!, UnV%, U’NV*>
(vi) UV, =<x, UV, NV, N>

(Vll) ﬂVl = <X, ﬂVil, UViz, UVi3>

viU-v=unr.
(1ix) on = <x, ¢, X, X>; Xy =<x, X, 0, ¢ >.

2.3 Definition [14]

A neutrosophic topology (NT for short) on a nonempty set X is a family T of neutrosophic set in X satisfying the
following axioms:

(l) (NS XN € 1.

(i) TINT,€tforany T\, T, € 1.

(iii) UT; € 1 for any arbitrary family {T;: i€J} C 7.

In this case the pair (X, 1) is called a neutrosophic topological space (NTS for short) and any neutrosophic set in
T is called a neutrosophic open set (NOS for short) in X. The complement V of a neutrosophic open set V is
called a neutrosophic closed set (NCS for short) in X.

2.4 Definition [14]

Let (X, 1) be a neutrosophic topological space and V = <X, Vi, V,, V3> be a set in X. Then the closure and inte-
rior of V are defined by

Ncl(V) = N{M : M is a neutrosophic closed set in X and V € M},

Nint(V) = U{N : N is a neutrosophic open set in X and N € V}.

It can be also shown that Ncl(V) is a neutrosophic closed set and Nint(V) is a neutrosophic open set in X, and V
is a neutrosophic closed set in X iff Ncl(V) = V; and V is a neutrosophic open set in X iff Nint(V) = V.

Where Ncl - neutrosophic closure and Nint — neutrosophic interior

2.5 Definition [5]

(a) If V = <y,V', V% V*> is a neutrosophic set in Y , then the preimage of V under f, denoted by f™'(V), is the neu-
trosophic set in X defined by (V) = <x,f'(V"),f ' (V?),f (V’)>.

(b) If U = <x,U',U%,U’> is a neutrosophic set in X, then the image of U under f, denoted by f(U), is the neutro-
sophic set in Y defined by f(U) = <y,f(U"),f(U%),Y-f(X-U*)> where

N L T VAR COR
0 otherwise
2 Y . =1
RU= sup i r )#4¢
0 otherwise

\ {infxsm)vz A COR
Y-f(X-U)= :

1 otherwise

2.6 Definition [13]

Let (X, 1) and (Y,0) be any two neutrosophic topological spaces and let f: X — Y be a function. Then f is said to
be continuous if and only if the preimage of each neutrosophic set in ¢ is a neutrosophic set in t.

2.7 Definition [13]

Let (X, 1) and (Y,0) be two neutrosophic topological spaces and let f: (X, 1) — (Y,0) be a function. Then f is
said to be open iff the image of each neutrosophic set in t is a neutrosophic set in c.

2.8 Definition [4]

Orbit of a point x in X under the mapping fis Og(x)={x, f(x), f *(x),...}

2.9 Definition [4]

x in X is called a periodic point of fif f'(x) =x, for some n € Z". Smallest of these n is called period of x.

2.10 Definition [4]

T. Madhumathi, F. Nirmala Irudayam and Florentin Smarandache , A Note on Neutrosophic Chaotic Continuous
Function.



Neutrosophic Sets and Systems, Vol. 25, 2019 78

fis sensitive if for each § >0 3 (a) ¢ = 0 (b) yE X and (¢c) nE Z; > d(x,y)< 6 and d(f"(x),f"(y))>¢ .
2.11 Definition [4]
f is chaotic on (X,d) if (i) Periodic points of f are dense in X (ii) Orbit of x is dense in X for some x in X and
(iii) fis sensitive.
2.12 Definition [15]
Let (X, 1) be a topological space and f: (X, ) — (X, 1) be continuous map. Then f is sensitive at x € X if given
any open set U containing x 3 (i) y € U (ii) n € Z"and (iii) an open set V 5> f'(x) € V, f'(y) e cl(V ). We say
that f is sensitive on a F if f|F is sensitive at every point of F.
2.13 Definition [15]
Let (X, 1) be a topological space and F € K(X). Let f: F — F be a continuous. Then f is chaotic on F if
(i) cl(Ogx)) =F for some x € F.
(i1) periodic points of f are dense in F.
(iii) f € S(F).

2.14 Definition [15]

(i) C(F) = {f: F — F | fis chaotic on F} and (ii) CH(X) = {F € NK(X) | C(F) # o}.

2.15 Definition [15]

A topological space (X, 1) is called a chaos space if CH(X) # ¢. The members of CH(X) are called chaotic sets.

3 Characterizations of neutrosophic chaotic continuous functions

3.1 Definition

Let (X, 7) be a neutrosophic topological space and V =<X,V',V2 V> be a neutrosophic set of X.

(1) Ncl(V) denotes neutrosophic closure of V.

(1) Nint(V) denotes neutrosophic interior of V.

(ii1) NK(X) denotes the collection of all non empty neutrosophic compact sets of X.

(iv) clopen denotes closed and open

3.2 Definition

Let (X, 1) be a neutrosophic topological space. An orbit of a point x in X under the function f: (X, 1) — (X, 1) is
denoted and defined as O(x) = {x,f'(x),f(x),...f'(x)} forx € X andn € Z".

3.3 Example

Let X = {p,q,r}. Let f: X — X be a function defined by f(p) = q, f(q) =1, and f(r) = p. If n = 1, then the orbit
points O«p) = {p,q}, Odq) = {q,r} and Ogr) = {p,r}. If n =2, then the orbit points Ogp) = X, Odq) = X and Or)
=X.

3.4 Definition

Let (X, 1) be a neutrosophic topological space. A neutrosophic orbit set in X under the function f: (X, 1) — (X,
1) is denoted and defined as NO{(x) = <x,0r(x),0x(x),0(x)> for x € X.

3.5 Example

Let X = {p,q,1,s}. Let f : X — X be a function defined by f(p) = <q,s,q>, f(q) = <s,p.r>, f(r) = <p,q,s> and f(s) =
<rrp> If n = 1, then the neutrosophic orbit sets NO{p) = <x{p,q}.{p,s},{p.q}> NOLq) =
<X,{9,5},{9,p},{q.,r}>, NO(1) = <x,{p,r},{q,r},{r,s}> and NO((s) = <x,{r,s},{r,s},{p,s}>. If n = 2, then the neu-
trosophic orbit sets NOdp) = <x,{p,q,s},{p.5,s},{pP,q,r}>, NOHq) = <x,{q,r1.8},{p,q,s},{q.1,8}>, NO(r) =
<X, {P,q,1},{P,qI}, {p,1,5}> and NOgs) =<x,{p,r,s},{q.1,s},{p,q,s}>. If n = 3, then the neutrosophic orbit sets
NOg(a) = <x,X,X,X>, NOg(b) =<x,X,X,X>, NO(c) = <x,X,X,X>and NO«(d) =<x,X,X,X>.

3.6 Definition

Let (X, 1) be a neutrosophic topological space and f : (X, 1) — (X, 1) be a neutrosophic continuous function.
Then f is said to be neutrosophic sensitive at x € X if given any neutrosophic open set U = <x,U',U%,U*> con-
taining x 3 a neutrosophic open set V = <x,V',VL,V*> 5 f'(x) € V, f(y)e Ncl(V ) and y € U, n € Z*. We say
that f is neutrosophic sensitive on a neutrosophic compact set F = <x,F',F2.F*> if f|F is neutrosophic sensitive at
every point of F.

3.7 Example

Let X = {p,q,r,8}. Then the neutrosophic sets P, Q, R and S are defined by P = <x,{p,r,s},{p,q.r},{p,1,s}>, Q =
<X, 41,8}, {p,r},{p,s}>, R = <x,{r,8},{p,q.r},{p,r,;s}> and S = <x,{p,r,s},{p,r},{p,s}>. Then the family t =
{Xn,on,P,Q,R,S} is neutrosophic topology on X. Clearly, (X, t) is an neutrosophic topological space. Let f: (X,
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T) — (X, 1) be a function defined by f(p) = <r,q,s> f(q) = <s,s,r>, f(r) =< q,p,p> and f(s) = <p,r,q>. Let x = p and
y =r. If n = 1,3,5, then the neutrosophic open set P = <x,{p,r,s},{p,q.r},{p,I,s}> containing x there exists an
neutrosophic open set R = <x,{r,s},{p,q.r},{p,r,s}> such that f'(x) € R,f'(y)« Ncl(R) and y € P. Hence the
function f'is called neutrosophic sensitive.
3.8 Notation
Let (X, 1) be a neutrosophic topological space. Let F = <x,F',F2,F>> € Xy then S(F) = <x,S(F)",S(F)*,S(F)*>
where S(F)! = {f | f is neutrosophic sensitive on F}, S(F)* = {f | f is indeterminacy neutrosophic sensitive on F}
and S(F)’ = {f | f is not neutrosophic sensitive on F}.
3.9 Definition
Let (X, 1) be a two neutrosophic topological space. Let f: (X, 1) — (X, 1) be a function. A neutrosophic periodic
set is denoted and defined as NP¢(x) = <x,{x € X | f'1(x) = x},{x € X | f'(x) = x},{x € X | {"p(x) = x}>
3.10 Example
Let X = {p,q,r}. Let f: X — X be a function defined by f(p) = <p,q,r>, f(q) = <r,p,qg> and f(r) = <q,r,p>. [fn=1,
then the neutrosophic periodic set NP{p) = <x,{p},{q},{r}>, NPdq) = <x,{r},{p}.{q}>and NP{q) =
<x,{q},{r},{p}> If n = 2, then the neutrosophic periodic sets NP{p) = <x,{p}.{p}.{p}> NP«(q)
<x,{q},{q},{q}> and NP(r) = <x, {r}, {1}, {r}>.
3.11 Definition
Let (X, 1) be a neutrosophic topological space. A neutrosophic set V = <X, V', V% V*> of X is said to be a
neutrosophic dense in X, if Ncl(V) = X.
3.12 Definition
Let (X, 1) be a neutrosophic topological space and F = <x,F',F*,F>> € NK(X). Let f : F — F be a neutrosophic
continuous function. Then f'is said to be neutrosophic chaotic on F if

(i) Ncl(NOgx)) =F for some x € F.

(i1) neutrosophic periodic points of f are neutrosophic dense in F. That is, NcI(NP«(x)) = F.

(iii) f € S(F).

3.13 Notation

Let (X, 1) be a neutrosophic topological space then C(F) = <x,C(F)',C(F)?,C(F)*> where C(F)' = {f: F — F | fis
neutrosophic chaotic on F}, C(F)* = {f: F — F | fis indeterminacy neutrosophic chaotic on F},and C(F)’ = {f: F
— F | fis not neutrosophic chaotic on F}.

3.14 Notation

Let (X, 1) be a neutrosophic topological space then CH(X) = {F = <x,F',F2.F*> € NK(X) | C(F) = ¢}.

3.15 Definition

A neutrosophic topological space (X, t) is called a neutrosophic chaos space if CH(X) # ¢. The members of
CH(X) are called neutrosophic chaotic sets.

3.16 Definition

Let (X, 1) be a neutrosophic topological space. A neutrosophic set V = <x,V', V2 V*> is neutrosophic clopen if it
is both neutrosophic open and neutrosophic closed.

3.17 Definition

Let (X, t) be a neutrosophic topological space.

(1) A neutrosophic open orbit set is a neutrosophic set which is both neutrosophic open and neutro-
sophic orbit.

(i1) A neutrosophic closed orbit set is a neutrosophic set which is both neutrosophic closed and neutro-
sophic orbit.

(ii1) A neutrosophic clopen orbit set is a neutrosophic set which is both neutrosophic clopen and neutro-

sophic orbit.

3.18 Definition
Let (X, 1) be a neutrosophic topological space.

(1) A neutrosophic open chaotic set is a neutrosophic set which is both neutrosophic open and neutro-
sophic chaotic.

(i1) A neutrosophic closed chaotic set is a neutrosophic set which is both neutrosophic closed and neu-
trosophic chaotic.

(ii1) A neutrosophic clopen chaotic set is a neutrosophic set which is both neutrosophic clopen and neu-

trosophic chaotic.

3.19 Definition
Let (X, 1) and (X,0) be any two neutrosophic chaos spaces. A function f: (X, 1) — (X,0) is said to be neutro-
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sophic chaotic continuous if for each periodic point x € X and each neutrosophic clopen chaotic set F =
<x,F FLF> of f(x) 3 a neutrosophic open orbit set NOgx) of the periodic point x 5 f(NOgx)) € F.

3.20 Example

Let X={p,q,r,s}. Then the neutrosophic sets M,N,O,P,Q and R are defined by M=<x,{q.r},{r},{p,r}>,
N=<x,{p},{p.q}.{p.s}>. O0=<x,{p.q.r}.¢,{p}>, P=<x,0,{p.q.r},{p.1,8}>, Q=<x,{p.q.r}.{r}.{p}>
R=<x,{p},{r},{p,q.r}>. Let ={Xn,on,M,N,O,P} and o = {Xn,0n,Q,R} be a neutrosophic topologies on X.
Clearly (X, 1) and (X,0) be any two neutrosophic chaos spaces. The function f : (X, 1) — (X, o) is defined by
f(p) = <p,q,s> f(q) = <r,s,r>, f(r) =< q,1,p> and f(s) = <s,p,q>. Now the function f is called neutrosophic chaotic
continuous.

3.21 Theorem

Let (X, 1) and (X,0) be any two neutrosophic chaos spaces. Let f : (X, 1) — (X,0) be a function. Then the
following statements are equivalent:

(1) f is neutrosophic chaotic continuous.
(i1) Inverse image of every neutrosophic clopen chaotic set of (X,0) is a neutrosophic open orbit set of
X, 7).
(ii1) Inverse image of every neutrosophic clopen chaotic set of (X,0) is a neutrosophic clopen orbit set of
X, 7).
Proof

()= (ii) Let F = <x,F',F>,F*> be a neutrosophic clopen chaotic set of (X, o) and the periodic point x € f'(F).
Then f(x) € F. Since f is neutrosophic chaotic continuous, 3 a neutrosophic open orbit set NO«(x) of (X, 1) > x
€ NO(x), fINO(x)) € F. That is, x € NO«x) S f'(F). Now, f'(F) = U{NOXx) : x € f'(F)}. Since f'(F) is
union of neutrosophic open orbit sets. Therefore, f'(F) is an neutrosophic open orbit set.

(i1) = (iii) Let F be a neutrosophic clopen chaotic set of (X, 6). Then X — F is also a neutrosophic clopen chaotic
set, By (ii) f /(X — F) is neutrosophic open orbit in (X, 7). So X — f'(F) is a neutrosophic open orbit set in (X, 1).
Hence, f'(F) is neutrosophic closed orbit in (X, 7). By (ii), f '(F) is a neutrosophic open orbit set of (X, T).
Therefore, f'(F) is both neutrosophic open orbit and neutrosophic closed orbit in (X, 7). Hence, f '(F) is a
neutrosophic clopen orbit set of (X, 7).

(iii) = (i) Let x be a periodic point, x € X and F be a neutrosophic clopen chaotic set containing f(x) then f™'(F)
is a neutrosophic open orbit set of (X, ) containing x and f(f '(F)) € F. Hence, f is neutrosophic chaotic
continuous.

3.22 Definition

Let (X, 1) and (X, o) be any two neutrosophic chaos spaces. A function f : (X, 1) — (X, o) is said to be
neutrosophic chaotic* continuous if for each periodic point x € X and each neutrosophic closed chaotic set F
containing f(x), 3 neutrosophic open orbit set NO(x) containing x > f(Ncl(NOgx))) € F.

3.23 Theorem

A neutrosophic chaotic continuous function is a neutrosophic chaotic* continuous function.

Proof Since f is a neutrosophic chaotic continuous function, F is a neutrosophic clopen chaotic set containing
f(x), 3 a neutrosophic open orbit set NOg(x) containing x > f(NOgx)) € F. Then f '(F) is a neutrosophic clopen
chaotic set of (X, o). By (iii) of Theorem 3.21., f"'(F) is a neutrosophic clopen orbit set in (X, 7). Therefore, F is
a neutrosophic closed chaotic set containing f(x) and f'(F) is a neutrosophic open orbit set > f(f"'(F)) € F.
Since f'(F) is neutrosophic closed orbit set, NcI(f'(F)) = f'(F). This implies that, fiNcI(f"'(F))) € F. Hence, fis
a neutrosophic chaotic* continuous function.

3.24 Remark

The converse of Theorem 3.23. need not be true as shown in Example 3.25.

3.25 Example

Let X={p,q.,1,s}. Then the neutrosophic sets M,N,O,P,Q,R,S and T are defined by M=<x,{p,r},{q,r},{r}>,
N=<x,{r}.{a}.{p.q.r}>  O=<x.{r}h.{qr}.{p.q.r}>  P=<x{pr}.{q}.{r}>  Q=<x{p.q.s}.{q.s}.{p.r}>,
R=<x,{q,},{p,q},{q.1}>, S=<X,{q,s},{P.q,s},{p.q.r}> and T=<x,{p,q,s},{q},{r}>. Let =={Xn,¢n,M,N,O,P} and
o = {Xn,0n,Q,R,S,T} be a neutrosophic topologies on X. Clearly (X, 1) and (X,0) be any two neutrosophic chaos
spaces. The function f : (X, 1) — (X, o) is defined by f(p) = <q,p,s> f(q) = <s,r,p>, f(r) =< p,q,r> and f(s) =
<r,s,g>. Now the function f is neutrosophic chaotic* continuous but not neutrosophic chaotic continuous. Hence,
neutrosophic chaotic* continuous function need not be neutrosophic chaotic continuous function.

3.26 Definition

Let (X, 1) and (X, o) be any two neutrosophic chaos spaces. A function f : (X, 1) — (X, o) is said to be
neutrosophic chaotic** continuous if for each periodic point x € X and each neutrosophic closed chaotic set F of
f(x), 3 aneutrosophic open orbit set NOg(x) of the periodic point x > fiNOgx)) € Nint(F).
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3.27 Theorem

A neutrosophic chaotic continuous function is a neutrosophic chaotic** continuous function.

Proof Since f is a neutrosophic chaotic continuous function, F is a neutrosophic clopen chaotic set containing
f(x), 3 a neutrosophic open orbit set NOg(x) containing x > f(NOgx)) € F. Since F is a neutrosophic open orbit
set in (X, o), F = Nint(F). This implies that, f{(NOgx)) S Nint(F). Hence, f is an neutrosophic chaotic**
continuous function.

3.28 Remark

The converse of Theorem 3.27 need not be true as shown in the Example 3.29.

3.29 Example

Let X={p,q,r,s}. Then the neutrosophic sets M,N,O,P,Q,R,S and T are defined by M=<x,{q,r},{r},{p,r}>,
N=<x,{p.s},{P,a} {P,q}>0=<%.0,{p,q1}, {P,q.1}>P=<x.X,0,{p}>Q=<x, {p,q,1}, {1}, {p,s}>.R=<x,{q}, {q.1}, {p.r
1>, S=<x,{p,q,r},{r},{p}> and T=<x,{q},{r},{p,1r,s}>. Let =={Xn,0n,M,N,O,P} and & = {Xn,pn,Q,R,S,T} be a
neutrosophic topologies on X. Clearly (X, 1) and (X,0) be any two neutrosophic chaos spaces. The function
f: (X, 1) = (X, o) is defined by f(p) = <p,q,s> f(q) = <r,s,r>, f(r) =< q,1,p> and f(s) = <s,p,q>. Now the function
f is neutrosophic chaotic** continuous but not neutrosophic chaotic continuous. Hence, neutrosophic chaotic**
continuous function need not be neutrosophic chaotic continuous function.

3.30 Definition

Let (X, 1) and (X, o) be any two neutrosophic chaos spaces. A function f : (X, 1) — (X, o) is said to be a
neutrosophic chaotic*** continuous if for each periodic point x € X and each neutrosophic closed chaotic set F
of f(x) 3 a neutrosophic clopen orbit set NOg(x) of the periodic point x > f(Nint(NO«(x))) € F.

3.31 Theorem

A neutrosophic chaotic continuous function is a neutrosophic chaotic*** continuous function.

Proof Since f is a neutrosophic chaotic continuous function, F is a neutrosophic clopen chaotic set containing
f(x), 3 a neutrosophic open orbit set NOgx) containing x > f(NOgx)) € F. This implies that, NO«x) € f '(F).
Then, f'(F) is a neutrosophic clopen chaotic set of (X, ). By (iii) of Theorem 3.21, f'(F) is a neutrosophic
clopen orbit set in (X, t). Therefore, F is a neutrosophic closed chaotic set containing f(x) and f'(F) is a
neutrosophic open orbit set > f(f'(F)) € F. Since f'(F) is neutrosophic open orbit set, Nint(f (F)) = f '(F). This
implies that, f(Nint(f"(F))) € F. Hence, f is a neutrosophic chaotic*** continuous function.

3.32 Remark

The converse of Theorem 3.31 need not be true as shown in the Example 3.33.

3.33 Example

Let X={p,q,r,s}. Then the neutrosophic sets M,N,O,P,Q,R,S and T are defined by M=<x,{q,r},{r},{p,r}>,
N=<x, {purh (i dar)>  O=<x,{p.qihirhir}>  P=<x{rthirh{par>  Q=<x,{p.ar}.{ar}{p.s}>,
R=<x,{q,r},{p,q},{r,s}>, S=<x, {p,q,r},{r},{p}> and T=<x,{q},{r},{p,r,s}>. Let =={Xy,on,M,N,O,P} and o =
{Xn,0n,Q,R,S,T} be a neutrosophic topologies on X. Clearly (X, 1) and (X,0) be any two neutrosophic chaos
spaces. The function f : (X, 1) — (X, o) is defined by f(p) = <p,q,s> f(q) = <r,s,r>, f(r) =< q,r,p> and f(s) =
<s,p,q>. Now the function f is neutrosophic chaotic*** continuous but not neutrosophic chaotic continuous.
Hence, neutrosophic chaotic*** continuous function need not be neutrosophic chaotic continuous function.

3.34 Remark

The interrelation among the functions introduced are given clearly in the following diagram.

Figure 1:

Neutrosophic chaotic*** continuous

A 4

. . . gl . . . . .
Neutrosophic chaotic* continuous <7 Neutrosophic chaotic [ Neutrosophic chaotic** continuous
L )l

continuous

4 Properties of neutrosophic chaotic continuous functions
4.1 Definition
A neutrosophic chaos space (X, 1) is said to be a neutrosophic orbit extremally disconnected space if the
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neutrosophic closure of every neutrosophic open orbit set is neutrosophic open orbit.

4.2 Theorem

Let (X, 1) and (X, o) be any two neutrosophic chaos spaces. If f : (X, 1) — (X, o) is a neutrosophic chaotic
continuous function and (X, t) is a neutrosophic orbit extremally disconnected space then f is a neutrosophic
chaotic* continuous function.

Proof Let x be a periodic point and x € X. Since f is neutrosophic chaotic continuous, F = <x,F I,FZ,F3> is a
neutrosophic clopen chaotic set of (X, ), 3 a neutrosophic open orbit set NOgx) of (X, ) containing x >
f(NO(x)) € F. Therefore, NO(Xx) is a neutrosophic open orbit set NOg(x) of (X, ). Since (X, 1) is neutrosophic
orbit extremally disconnected, Ncl(NOg(x)) is a neutrosophic open orbit set. Therefore, F is a neutrosophic closed
chaotic set containing f(x) 3 a neutrosophic open orbit set Ncl(NOgx)) > fiNcl(NOgx))) € F. Hence, f is
neutrosophic chaotic* continuous.

4.3 Definition

A neutrosophic chaos space (X, t) is said to be neutrosophic chaotic 0- dimensional if it has a neutrosophic base
consisting of neutrosophic clopen chaotic sets.

4.4 Theorem

Let (X, 1) and (X, o) be any two neutrosophic chaos spaces. Let f: (X, 1) — (X, o) be a neutrosophic chaotic***
continuous function. If (X, o) is neutrosophic chaotic 0-dimensional then f is a neutrosophic chaotic continuous
function.

Proof Let the periodic point x € X. Since (X, o) is neutrosophic chaotic 0-dimensional, 3 a neutrosophic clopen
chaotic set F = <x,F,FLF> in (X, o). Since f is a neutrosophic chaotic*** continuous function, 3 a
neutrosophic clopen orbit set NOgx) > f(Nint(NOg«(x))) € F. Since NOgx) is a neutrosophic open orbit set,
Nint(NOg(x) = NOg(x). This implies that, f{NOgx)) € F. Therefore, f is neutrosophic chaotic continuous.

4.5 Definition

A neutrosophic chaos space (X, 1) is said to be a neutrosophic orbit connected space if Xy cannot be expressed
as the union of two neutrosophic open orbit sets NOgx) and NOy), x,y € X of (X, t) with NO«x) NNO«y) F¢n.
4.6 Definition

A neutrosophic chaos space (X, 1) is said to be a neutrosophic chaotic connected space if Xy cannot be expressed
as the union of two neutrosophic open chaotic sets U = <x,U1,U2,U3> and V= <X,V1,V2,V3> of (X, 1) with UNV
#F on.

4.7 Theorem

A neutrosophic chaotic continuous image of a neutrosophic orbit connected space is a neutrosophic chaotic
connected space.

Proof Let (X, o) be neutrosophic chaotic disconnected. Let F; = <x, Fl1 , F]2 , F]3 >and F, = <x, F; , Fz2 , F; > be

a neutrosophic chaotic disconnected sets of (X, o). Then F; #¢n and F,# @y are neutrosophic clopen chaotic
sets in (X, 6) and Yx= F,UF, where F; N F, = @n . Now, Xy = (Yx) = f(F, U F,) = f'(F,) U f (F,).Since fis
neutrosophic chaotic continuous, f'(F,) and f'(F,) are neutrosophic open orbit sets in (X, 7). Also
f1(F))Nf'(F,) = @n. Therefore, (X, 1) is not neutrosophic orbit connected. Which is a contradiction. Hence, (X,
0) is neutrosophic chaotic connected.

4.8 Theorem

Let (X, 1) and (X, o) be any two neutrosophic chaos spaces. If f : (X, 1) — (X, o) is a neutrosophic chaotic
continuous function and NOgx) is neutrosophic open orbit set then the restriction fNOgx) : NO(x) — (X, o) is
neutrosophic chaotic continuous.

Proof Let F = <x,F',F%.F*> be a neutrosophic clopen chaotic set in (X, o). Then, (ffNOgx)) '(F) = f '(F) N
NO((x). Since f is neutrosophic chaotic continuous, f'(F) is neutrosophic open orbit in (X, 1) and NO(Xx) is a
neutrosophic open orbit set. This implies that, f'(F) N NOgx) is a neutrosophic open orbit set. Therefore,
(fINO(x)) (F) is neutrosophic open orbit in (X, t). Hence, fINO(x) is neutrosophic chaotic continuous.

4.9 Definition

Let (X, 1) be a neutrosophic chaos space. If a family {NOgx;) : i € J} of neutrosophic open orbit set in (X, 1)
satisfies the condition UNO(x;) = Xk, then it is called a neutrosophic open orbit cover of (X, 1).

4.10 Theorem

Let {NO«x), : y € I'} be any neutrosophic open orbit cover of a neutrosophic chaos space (X, 1). A function f':
(X, 1) — (X, o) is a neutrosophic chaotic continuous function if and only if the restriction fINO(x), : NOg(x), —
(X, o) is neutrosophic chaotic continuous for each y € T'.

Proof Let y be an arbitrarily fixed index and NO«(Xx), be a neutrosophic open orbit set of (X, t). Let the periodic
point x € NO(x), and F = <x,F' F%,F*>> is neutrosophic clopen chaotic set containing (fINOg(x),)(x) = f(x). Since
f is neutrosophic chaotic continuous there exists a neutrosophic open orbit set NO(x) containing x such that
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f(NO«(x)) € F. Since (NOgx),) is neutrosophic open orbit cover in (X, 1), x € NO{x)NNO«(x), and
(fINOgx),)(NOg«(x) N (NOgx),) = f(NO«(x) N (NO«x),)) € f(NOg«(x) c F. Hence fINO«x), is a neutrosophic cha-
otic continuous function. Conversely, let the periodic point x € X and F be a neutrosophic chaotic set containing
f(x). There exists an y € I" such that x € NOg(x),. Since (fINOgx),) : NO«(x), — (X, o) is neutrosophic chaotic
continuous, there exists a NOg(x) € NO(Xx), containing x such that (fNO«(x),)(NO«x)) € F. Since NOg(Xx) is neu-
trosophic open orbit in (X, 1), f(NOg«(x)) S F. Hence, f is neutrosophic chaotic continuous.

4.11 Theorem

If a function f: (X, 1) — II (X, 0), is neutrosophic chaotic continuous then P,° f : (X, 1) — (X, 0), is neutro-
sophic chaotic continuous for each A € A, where P, is the projection of IT (X, 6), onto (X, ©);.

Proof Let F; = <x, F ; , F; , F; > be any neutrosophic clopen chaotic set of (X, o). Then P{] (F;) is a neutro-

sophic clopen chaotic set in IT (X, o), and hence (P,  f) '(F;,) = f''( P[l (Fy)) is a neutrosophic open orbit set in

(X, 1). Therefore, P, ° fis neutrosophic chaotic continuous.

4.12 Theorem

If a function f: 1T (X, 1);, — II (X, 0), is neutrosophic chaotic continuous then f; : (X, 1); — (X, o), is a neutro-
sophic chaotic continuous function for each A € A.

Proof Let F) =<x, F ; ,F ; v ; > be any neutrosophic clopen chaotic set of (X, o);. Then P{l (F,) is neutrosoph-
ic clopen chaotic in T1 (X, o) and f'( P{] (F) = f{l F)x 11 {(X, 1) : @ € A — {A}}. Since f is neutrosophic
chaotic continuous, f'( P;l (F,)) is a neutrosophic open orbit set in IT (X, t);. Since the projection P; of 1T (X,

), onto (X, 1), is a neutrosophic open function, f Afl (F,) is neutrosophic open orbit in (X, 1);. Hence, f, is neu-

trosophic chaotic continuous.

4.13 Definition

Let (X, 1) and (X, o) be any two neutrosophic chaos spaces. A function f : (X, 1) — (X, o) is said to be neutro-
sophic chaotic irresolute if for each neutrosophic clopen chaotic set F = <X,F1,F2,F3> in (X, o), f 1(A) is a neutro-
sophic clopen chaotic set of (X, 7).

4.14 Theorem

Let (X, 1) and (X, o) be any two neutrosophic chaos spaces. If f: (X, 1) — (X, o) is a neutrosophic chaotic con-
tinuous function and g : (X, 6) — (X,# ) is a neutrosophic chaotic irresolute function, then g ° f: (X, 1) —

(X, 7 ) is neutrosophic chaotic continuous.
Proof Let F = <x,F',F>, F*> be a neutrosophic clopen set of (X, 7 ). Since g is neutrosophic chaotic irresolute,

g '(F) is neutrosophic clopen chaotic set of (X, o). Since f is neutrosophic chaotic continuous, f'(g”'(F)) = (g °
f) '(F) is a neutrosophic open orbit set of (X, t) such that f'(g”'(F)) € F. Hence g ° f is neutrosophic chaotic
continuous.

4.15 Definition

Let (X, 1) and (X, o) be any two neutrosophic chaos spaces. A function f: (X, 1) — (X, o) is said to be neutro-
sophic orbit irresolute if for each neutrosophic open orbit set NOg(x) in (X, o), f(NO(x)) is a neutrosophic open
orbit set of (X, 1).

4.16 Definition

Let (X, 1) and (X, o) be any two neutrosophic chaos spaces. Let f: (X, t) — (X, o) be a function. Then f is said
to be a neutrosophic open orbit function if the image of every neutrosophic open orbit set in (X, ) is neutrosoph-
ic open orbit in (X, o).

417 Theorem

Let f: (X, 1) — (X, o) be neutrosophic orbit irresolute, surjective and neutrosophic open orbit function. Then g °
f: (X, 1) = (X, ) is neutrosophic chaotic continuous iff g: (X, o) — (X,# ) is neutrosophic chaotic continuous.

Proof Let F; =<x, F ; , F; , F; > be a neutrosophic clopen chaotic set of (X,# ). Since g is neutrosophic chaotic

continuous, g_'(F) is neutrosophic open orbit in (X, o). Since f is neutrosophic orbit irresolute, (g '(F)) = (g °
f) '(F) is neutrosophic open orbit in (X, 1). Hence g ° f is neutrosophic chaotic continuous. Conversely, let g o f:
(X, 1) = (X,7 ) be neutrosophic chaotic continuous function. Let F be a neutrosophic clopen chaotic set of
(X,n ), then (g < ) '(F) is a neutrosophic open orbit set of (X, 7). Since f is neutrosophic open orbit and surjec-

tive, f(f'(g”'(F)) is a neutrosophic open orbit set of (X, o). Therefore, g '(F) is a neutrosophic open orbit set in
(X, o). Hence, g is neutrosophic chaotic continuous.
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Conclusion

In this paper, characterization of neutrosophic chaotic continuous functions are studied. Some interrelations are
discussed with suitable examples. Also, neutrosophic orbit, extremally disconnected spaces and neutrosophic
chaotic zero-dimensional spaces has been discussed with some interesting properties. This paper paves way in
future to introduce and study the notions of neutrosophic orbit Co-kernal spaces, neutrosophic hardly open orbit
spaces, neutrosophic orbit quasi regular spaces and neutrosophic orbit strongly complete spaces, neutrosophic
orbit Co-kernal function, neutrosophic hardly open orbit function for which the above discussed set form the ba-

sis.
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Abstract . In this paper, the concept of single valued neutrosophic number (SV N-number) is presented in a gener-
alized way. Using this notion, a crisp linear programming problem (L P-problem) is extended to a neutrosophic linear
programming problem (N L P-problem). The coefficients of the objective function of a crisp L P-problem are consid-
ered as generalized single valued neutrosophic number (G gy y-number). This modified form of L P-problem is here
called an N L P-problem. An algorithm is developed to solve N L P-problem by simplex method. Finally, this simplex
algorithm is applied to a real life problem. The problem is illustrated and solved numerically.

Keywords : Single valued neutrosophic number; Neutrosophic linear programming problem; Simplex method.

1 Introduction

Introduction of fuzzy set by Zadeh [10] and then intuitionistic fuzzy set by Atanassov [8] brought a golden
opportunity to handle the uncertainty and vagueness in our daily life activities. The fuzzy sets are evaluated by
the membership grade of an object only, whereas intuitionistic fuzzy set meets the membership and the non-
membership grade of an object simultaneously. To deal with uncertainty more precisely, Smarandache [3,4]
initiated the notion of neutrosophic set (/V.5), a generalised version of classical set, fuzzy set, intuitionistic fuzzy
set etc. In the neutrosophic logic, each proposition is estimated by a triplet viz., truth grade, indeterminacy grade
and falsity grade. The indeterministic part of uncertain data, introduced in NS theory, plays an important role
to make a proper decision which is not possible by intuitionistic fuzzy set theory. Since indeterminacy always
appears in our routine activities, the /V.S theory can analyse the various situations smoothly. But it is too difficult
to apply the N .S theory in real life scenario for it’s initial character as pointed out by Smarandache. So to apply
in real spectrum, Wang et al. [6] brought the concept of single valued neutrosophic set (SV /N-set). Ranking of
fuzzy number and intuitionistic fuzzy number is an interesting subject needed in decision making, optimization,
even in developing of various mathematical structures. From time to time, several ranking methods [2,5,9,13-
15] have been adopted by researchers. Naturally, the ranking of neutrosophic number also was come into
consideration from beginning of NS theory. Deli and Subas [7] considered a ranking way of neutrosophic
numbers and have used it to a decision making problems. Abdel-Baset [11,12] solved group decision making
problems based on TOPSIS technique by use of neutrosophic number. To estimate and solve the N L P-problem
in different direction, some respective attempts [1,16] by researchers are seen.

This paper introduces the structure of SV /N-number in a different way to opt the notion of generalized single
valued trapezoidal neutrosophic number (G gy ry-number), generalized single valued triangular neutrosophic
number (G sy y-number) and develops an algorithm to solve N L P-problem by simplex method. The proposed
simplex algorithm is applied to a real life problem. The problem is illustrated and solved numerically.

The organisation of this paper is as follows. Section 2 deals some preliminary definitions. The concept of
Gy n-number, Ggyry-number, G gy y-number and their respective parametric form are presented in Sec-
tion 3. The concept of VL P-problem and it’s solution procedure are proposed in Section 4 and Section 5,
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respectively. In Section 6, the simplex method is illustrated by suitable examples. Finally, the present work is
summarised in Section 7.

2 Preliminaries

Some basic definitions are provided to bring the main thought of this paper here.

2.1 Definition [18]

A continuous ¢- norm * and ¢- conorm ¢ are two continuous binary operations assigning [0, 1] x [0, 1] — [0, 1]
and obey the under stated principles :

(1) * and ¢ are both commutative and associative.

()rxl=1xzx=xandzo0 =00z =2z, V€ l0,1].

(i) zxy <pxgandzoy <poq if x <p,y<q with z,y,p,q € [0,1].
rxy=zxy,rxy=min{x,y},r*xy = max{z +y — 1,0} are most useful £-norms and
roy=x+4+y—zy,xoy=max{x,y}, oy =min{z + y, 1} are most useful ¢-conorms.

2.2 Definition [3]

An NS @ on an initial universe X is presented by three characterisations namely true value Tf), indeter-
minant value /¢ and false value Fy so that Ty, Ig, Fp : X —|0,17[. Thus @) can be designed as : {<
u, (To(u), Ig(u), Fo(u)) >:u € X} with —0 < sup T (u) + sup Ig(u) + sup Fo(u) < 3*. Here 17 =1 4 0,
where 1 is standard part and § is non-standard part. Similarly 0 = 0 — 0. The non-standard set |70, 17[ is
basically practiced in philosophical ground and because of the difficulty to adopt it in real field, the standard
subset of |70, 1*[i.e., [0,1] is applicable in real neutrosophic environment.

2.3 Definition [6]

An SV N-set Q over a universe X is a set ) = {< z,Ty(x), Ig(x), Fo(z) > v € X and Ty(z), Io(z),
Fo(x) €10,1]} with 0 < sup T (z) + sup Ig(x) + sup Fp(x) < 3.

2.4 Definition [7]

Let a;, b;, ¢;, d; € R (the set of all real numbers) with a; < b; < ¢; < d; (i = 1,2,3) and w;, uz,y5 € [0,1] C R.
Then an SV N-number p = (([a1, b1, c1, d1]; wy), ([ag, be, ca, da]; up), ([as, bs, cs, ds]; y;)) is a special SV N-set
on R whose true value, indeterminant value, false value are respectively defined by the mappings 75 : R —
[0,w;s], I5 : R — [ug, 1], F; : R — [y, 1] and they are given as :

gr(x), ar <z < by, gi(x), az < < by, gp(x), az <z < b,

3 . ’U)ﬁ, bl S T S C1, } . Uf), bQ S T S Co, 3 . yﬁ, b3 S T S Cs,

Tylx) = gr(x), a <z <d, Iyl) = gi(x), ¢ <z <dy, Fylz) = gp(r), cs < <ds,
0, otherwise. 1, otherwise. 1, otherwise.

The functions g : [ay,bi] — [0,ws], g5 ¢ [ca,da] — [up, 1], g% : [c3,ds] — [yp, 1] are continuous and non-
decreasing functions satisfying : gb-(a;) = 0, gh(b1) = wp, g5 (ca) = ug, g5 (da) = 1, gw(c3) = Y5, gm(d3) = 1.
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The functions g : [c1,di] — [0, wp)], gt @ [ag, ba] = [us, 1], g% @ [as,bs] — [yz, 1] are continuous and non-
increasing functions satisfying : g%-(c1) = wp, gir(dy) = 0, gh(az) = 1, g4 (ba) = uz, gb(az) = 1, g%(b3) = ys.

2.4.1 Definition [7]

If [a1, by, c1,dq] = [ag, by, co, do] = [as, b3, 3, d3], then the SV N-number p is reduced to a single valued trape-
zoidal neutrosophic number as : p = (([a1, b1, c1, di]; Wi, uz, y5))-
P = (([a1, b1, di1]; ws, uz, y5)) is called a single valued triangular neutrosophic number if b; = ¢;.

2.5 Definition [17]

The (o, 8,7)-cut of an NS P is denoted by P, 5, and is defined as : P, = {z € X : Tp(z) >
a,Ip(x) < B, Fp(x) <~} witha, 5,7 € [0,1] and 0 < a + f + v < 3. Clearly, it is a crisp subset X.

2.6 Definition [14]

In parametric form, a fuzzy number P is a pair (P, Pg) of functions Py (r), Pr(r),r € [0, 1] satisfying the
followings.

(1) Both are bounded functions.

(i1) P, is monotone increasing left continuous and Pf is monotone decreasing right continuous function.

(iii) Pp(r) < Pr(r),0 <r < 1.

A trapezoidal fuzzy number is put as P = (¢, yo, 9, () where [z, yo| is interval defuzzifier and 6(> 0), (> 0)
are respectively called left fuzziness, right fuzziness. (xo — 9, yo + () is the support of P and it’s membership
function is :

Hx—wo+0), xo— 0 < x < o,

P(z) = }’ T € [0, Yol,
cWo—24+C), Yo <z <yo+(,
0 otherwise.

In parametric form P (1) = x¢g — § + 07, Pr(r) = yo + ¢ — (r.
For arbitrary trapezoidal fuzzy numbers P = (Pp, Pgr), Q = (Qr, Qr) and scalar k£ > 0, the addition and scalar
multiplication are P + (), k() and they are defined by :

(P+Q)L(r) = Pr(r) + Qr(r), (P+ Q)r(r) = Pr(r) + Qr(r) and
(kQ)r(r) = kQr(r), (KQ)r(r) = kQr(r).

3 Generalised single valued neutrosophic number

Here, the structure of G gy y-number, Gsyry-number and G gy 1, y-number have been presented.

3.1 Definition
e The support of three components of an SV N-set () over X are given by a triplet (Sq,., So,, Sg,) Where
Sor = {u € X|To(u) > 0}, Sq, = {u € X[Ig(u) <1}, Sq, = {u € X[Fo(u) <1}.

e The height of the components of () are given by a triplet (Hg,., Hg,, Hg, ) where Hg, = max{Tg(u)|u €
X}, Hg, = max{lg(u)|lu € X}, Hp,, = max{Fg(u)|lu € X}.
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3.1.1 Example

Define an SV N-set Q on {0, 1,--- ,10} C Z (the set of integers) as : {< u, (72,1 — 57, 11=) > [0 < u < 10}

Then Sy, = {1,---,10}, Sg, =40,--- ,10}, Sg, ={1,---,10} and Hg, = 0.909 at u = 10, Hg, = 0.999
atu =10, Hg, = latu = 0.

3.2 Definition

A Ggyy-number p = (([a1, by, 01, m]; wp), ([az, be, 02, n2]; uz), ([as, bs, 03,13];y5)) is a special SV N-set on R
where o;(> 0),n;(> 0) are respectively called left spreads, right spreads and [a;, b;] are the modal intervals of
truth, indeterminacy and falsity functions for ¢ = 1, 2, 3 respectively in p and wj, uz, y5 € [0, 1] C R. The truth,
indeterminacy and falsity functions are defined as follows :

1
Sws(r —a1+01), a1 —o1 <z <a,

Tﬁ(l‘) _ Ul}ﬁ, x € [al,bl],
Sws(by — 2+ ), by <@ < b+,
0, otherwise.
((as =z +up(z —ay+03)), az — o0y <z < ay,
[f)(l') _ ,uiﬁ’ x e [a27 b2]7
(@ = b+ us(be —x +12)), by <@ < by+p,
L 1, otherwise.
( %3(@3_95+yﬁ($—a3+03)), a3 — o3 < x < ag,
F*(I‘) . Yp, T € [(13, bg],
g (@ = by +yp(bs = + 1)), by <a < by,
L 1, otherwise.

In parametric form, a G gy y-number j consists of three pairs (77, Tx), (1L, I¥), (F}, F¥) of functions T} (r), T (r),
l U l u : : :
Iy(r), I3 (r), F5(r), F3(r),r € [0, 1] satisfying the followings.
@) T}), I3, F;' are bounded monotone increasing continuous function.
(1) 73, 1 Il;, F. é are bounded monotone decreasing continuous function.

(i) To(r) < T3(r), Ip(r) = I3 (r), Fp(r) = Fg(r),r € [0, 1].

3.2.1 Definition

e The support of the components of a G gy y-number p are given by a triplet (Sp,., Sp,, Sp,.) where Sp. = {x €
R|T;(z) > 0}, Sp, = {x € R|I3(z) < 1}, Sp, = {z € R|F3(z) < 1}.

e The height of the components of p are given by a triplet (Hp,., Hp,, Hp,) where Hpr = w;, Hpy = 1 —
us, Hpp = 1 — y;.

e The boundaries of the truth function of p are : LBj, = (a1 — 01,a1) and RBs, = (b1,b1 +m). LB;
and RBj, are respectively called left boundary and right boundary for truth function of p. Similarly, LB;, =
(CLQ — 09, ag), RB;ﬁI = (bQ, bz + 772) and LBﬁF = (a3 — 03, ag), RBﬁF = (bg, bg + 773).

e The core for the truth function of p is a set of points at which it’s height is measured. Similarly, the core for
other two components are defined.
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3.2.2 Example

Consider a G gy y-number p on R whose three components are as follows :

mh el ”), € [11,15] 0l g e [4,8) oz 3 e [23,26)

) 0.6, € [15,25] ) 0.9, x € [8,13] )0, x € [26, 30]

Tﬁ(x) — 06(36 x)’ [25 36] I (.T) - 0.1?-&-5’ T € [13’20] Fp(flj') - 17—8307 = [30,38]
0, otherwise. 1, otherwise. 1, otherwise.

Then Sp,. = (11,36), Sp, = (4,20) and Sp, = (23, 38).

For that p, Hpr = 0.6, Hp; = 0.1, Hpp = 1. Here,

LB;, = (11,15), RB;s, = (25,36); LB;, = (4,8), RB;, = (13,20); LB;, = (23,26), RB;s, = (30,38).
The core of truth, indeterminacy and falsity function are [15, 25], [8, 13], [26, 30] respectively.

3.3 Definition

Let us assume two (G gy y-numbers p and ¢ as follows :
ﬁ = <<[a’17 a/17 01, 771]7 wﬁ)v ([a’27 a’/27 02, 772]7 uﬁ)a ([a37 a’,37 03, 773]7 y~)>’
g = <([blu bll? fl; 51]7 w(])? ([b27 b,27 527 52]7 Uq), ([b37 bga 537 53]7 y§>>
Then for any real number z,
(1) Image of p :
_p - <([ al: —an, M1, 01]; wﬁ)> ([_GQ’ —a2, 12, 02] up) ([_agv —as, 13, 03]; yﬁ))
(i1) Addition :
P+ G=(([ar +b1,a} + b\, 010 + &, + 61];wp x wg), ([az + ba, ab + by, 09 + &2, M2 + 025 up © ug),
([as 4 bs, a5 + b5, 03 + &3, M3 + O35 45 © Yg))-
(iii) Scalar multiplication :
13]5 - <([$CL1, xallv oy, xnl]; wﬁ)’ ([ZL'CLQ, :ECL/2, X032, 1‘772]; uﬁ)7 ([$a3, (L‘aé, x0os, xrr]3]; yﬁ)>
for x > 0.
xp = (([zay, way, —xm, —xo1]; wp), ([Tay, vag, —xne, —xos); up), ([vay, vas, —wns, —wosl; ys))
for x < 0.

3.4 Corollary

Let p = (([a1, b1, o1, m]; wp), ([ag, b2, 02, m2]; up), ([as, b3, 03, m3]; y5)) be an Gsy y-number.
1. Any a-cut set of the G gy y-number p for truth function is denoted by p,, and is given by a closed interval as :

Pa = [Lp(a), By(a)] = [a1—01+ o b1+771 na —], fora € [0,w;)].

iz Wp
The value of p corresponding a-cut set is denoted by V- (p) and is calculated as :

p p

Vr(p) = /pr[(al_gl_i_i;_a) (b1 +m — le)]ozdoz

(T ;:ﬂa]

wp
= / a1 + b1 +m — o1 — ada
0

1
= 6(3(11 +3b; — o1 + 771)1015
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2. Any - cut set of the G g/ y-number p for indeterminacy membership function is denoted by p” and is given
by a closed interval as :

7= [Ly(B), Ry(B)]
[(Uﬁ—5)02+ (1 —upaz (8 —up)me + (1 — up)by
1 —ug; ' 1 —u;

], for B € [uz1].

The value of p corresponding /- cut set is denoted by V;(p) and is calculated as :

Vi(p) = / [(uﬁ —Bloa+ A —up)ay (B — up)ire + (1 — up)by

1 —wu; 1—wu;

JA—p)ds

b

1
= /[a2—|—b2—0'2+772+<O-2_T]2)<1_6>

]_—Up'

J(1—p)dp

P

1
= 6(3&2 + 3b2 — 09 + 7’]2)(1 — Uﬁ)Q.

3. Any ~v-cut set of the Gsy y-number p for falsity membership function is denoted by ”p and is given by a
closed interval as :

o= [LI(y), RY()]
- (et Ui Gt Oplly g ey, )

The value of p corresponding y-cut set is denoted by Vp(p) and is calculated as :

Ve = [t G (own U sl ) g,

1 —y; L —y3

B /1[a3+b3 — 03+ M3+ (73 — 1)1 _7)](1

—7)dy
Yp I -y

1
= 6(3a3 + 33 — a3+ nm3) (1 — y5)*.

3.5 Definition

For r € [0, 1], the x-weighted value of an G'sy y-number b is denoted by V;,(b) and is defined as :
Vi (b) = "V (b) 4+ (1 — k™) Vi(b) + (1 — k™) Ve (b), n being any natural number.
Thus, the x - weighted value for the G gy - number p defined in Corollary 3.4 is :
~ 1 n n
Vi(d) = 8[(3% +3by — o1 + )K" "wE + (3az + 3by — 02 +12) (1 — £™)(1 — up)?
+(3az + 3by — o3 +13) (1 — £")(1 - y5)°].

3.5.1 Property of « - weighted value function

The k- weighted value V,.(p) and V. (§) of two G g y-numbers p, G respectively obey the followings.

@) V(@£ q) < V(@) + Vil@), Vi@ + @) = Vi(p) ~ Vi(9).
(ii) Vi (p — p) = Vi (0), Vie(up) = pV,.(p)) for p being any real number.
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(iii) V,;(p) is monotone increasing or decreasing or constant according as Vr(p) > Vi(p) + Ve (D)
or Vy(p) < Vi(p) + Vr(p) or Vi (p) = Vi(p) + Vr(p) respectively.
Proof. We shall here prove (vi) only. Others can be easily verified by taking any two G sy y-numbers. Here,

Vip) = £"Vo(p) + (1 = &")(Vi(p) + Ve(p))

dV.(p T i i
0L e Vi) — (Vi) + Vi)
As k €[0,1], s0 % >, <, = 0for [Vp(p) — (VI(p) + Vr(p))] >, <,= 0 respectively. This clears the fact.

3.6 Definition

Let Gsyn(R) be the set of all Gy y-numbers defined over R. For s € [0, 1], a mapping R, : Gsyn(R) — R
is called a ranking function and it is defined as : R, (@) = V,(a) for a € Gsyn(R).
For a,b € Gsyn(R), their ranking is defined as :

a >, biff R.(@) > Re(D), @ <w, b iff Ro(a) < Re(b), @ =g, b iff Re(a) = Ra(b).

3.7 Definition

An G gy y-number pis called a Ggyrn-number if three modal intervals in p are equal. Thus p = (([ao, bo, 01, T1]; w5),
([ao, bo, o2, m2]; up), ([ao, bo, 03, M3); y5)) is an Ggyrn-number whose truth, indeterminacy and falsity functions
are as follows :

1
G—Iwﬁ(a: —ag+o01), ag—o; <z < a,

wp x € [ag, by
T- — D ) )
5() n—llwp(bo—$+771); bp < x < by + 11,
0, otherwise.
%(ao—x+uﬁ(az—ao+02)), ap — 0y <z < ay,
I*(SL’) _ U, T € [ao,bo],
P W—Z(m—bo+ul3(bg—$+772)), b0§x§b0+772,
1, otherwise.
o (a0 =z +ys(x — ag + 03)), ap— o3 <z <a,
Yp» x € [ag, bo),
Fs(z) =
»(@) W—Z(I—bo+yﬁ(bo—$+773)), bo < x < by + 13,
1, otherwise.
In parametric form for r € [0, 1] :
or 7717"
Ti(r) = ag — o1 + —, Ty(r) =bo+m —
p wﬁ p wﬁ
1) = (1= up)ao + (up — ). I4r) = (1= up)bo + (r = up)ne.
1 —u; 1 —u;
Flr) = (1 — yp)ao + (5 — 7”)03’ Fu(r) = (L= yp)bo + (r — yp)us.
P 1—y; ? 1—y;
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3.8 Definition

A Ggyry-number p is called a G gy, y-number if the modal interval in p is reduced to a modal point. Thus
P = (([ao, o1, m); wp), ([ao, 2,25 us), ([ao, 03, M3); y5)) is @ Ggyrr-n-number whose truth, indeterminacy and
falsity functions are as follows :

( Uilwf,(x—aovLal), ag — o1 < x < ag,
W; T = ao,
Ts(x) = "
P n%wﬁ(ao—ﬁm), ap <z < ap+n,
L 0, otherwise.
( i(ao—x—l—uﬁ(x—ao—irag)), ap — oy < < ay,
Us T = ao,
Is(z) = ’
(@) n%(x—ao—i‘up(ao—ﬂ?‘i‘ﬁz)), ap <z < ag+ 12,
L1, otherwise.
o (a0 =z +ys(x —ag +03)), ao — o3 < < ay,
Yp, T = Qo,
Fs(x) =
(@) nig(x—a0+yﬁ(ao—x—|—773)), ag < x < ag + 13,
1 otherwise.

Y

3.8.1 Definition

and b be two G sy rn-numbers as follows :
= <<[a’7 01, 771]) w&)’ ([CL, 092, 772]; u&)a ([CL, g3, 773])
b= (([b, &1, 01]; wp), ([b, §a, 025 up), ([b, &3, 0a]; y5)
Then for any real number x,
(1) Image of a :
—a = <<[—CL, m, Ul]; U}a), ([—CL, N2, 02]; U&), ([—CL, 13, 03]; yd))'
(i) Addition :
a+b=((la+bo1+&,m+ 0];ws xwp), ([a+0b,09 + &, me + 02]; ug © uy),
([a+b,03 + &, m3 + d3];va © y5))-
(ii1) Scalar multiplication :
za = (([ra, xoy, xm]; wa), ([ra, xoq, xne); ua), ([ra, xos, xns); ya)) for z > 0.
ra = <([$@7 — 1, —9601]; w&)a ([xa, —I)2, —1'02]; Ua), ([‘Taa —In3, —3503]; ya)>
for x < 0.
(iv) The k - weighted value V, (@) of a is given as :

Let
ya)>,
).

Vel@) = gl(6a— ou +m)s"ud + (60— o2 m)(1 ) + (B0 — o5 + ms)(1 — 9)?}(1 — 7))

3.8.2 Remark

Definition 2.4.1 shows that the supports ( i.e. the bases of trapeziums (triangles)) for truth, indeterminacy
and falsity function are all same. Then the value of truth, indeterminacy and falsity function (i.e., the area of
individual trapezium (triangle)) differs in respect to their corresponding height only. But by Definition 3.7, we
consider different supports (i.e. bases of trapeziums (triangles) formed ) for truth, indeterminacy and falsity
functions. Thus we can allow the supports and heights together to differ the value of truth, indeterminacy and
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falsity functions in the present study. Briefly, Definition 2.4.1 is a particular case of Definition 3.7. Hence
decision maker has a scope of flexibility to choose and compare different GG gy y-numbers in their study. The
facts are shown by the graphical Figure 1 and 2. Figure 1 and Figure 2 represent Definition 2.4.1 and Definition
3.7 respectively.

3.9 Definition

1. The zero G gy 7n-number is denoted by 0 and is defined as :
0= (([0,0,0,0];1),([0,0,0,0];0), ([0,0,0,0];0)).

2. The zero G gy 7, y-number is denoted by 0 and is defined as :
0 = {([0,0,0]; 1), ([0,0,0; 0), ([0, 0, 0]; 0)).

4 Neutrosophic Linear Programming Problem

Before to discuss the main result, we shall remember the crisp concept of an L P-problem. The standard form
of an L P-problem is :

Max z = cxr suchthat Ax =56, x>0
where C = (Cl, Co, -+ ,Cn>, b = (bl, bg, s ,bn)t and A = [aij]an.

In this problem, all the parameters are crisp. we shall now define N L P-problem.

4.1 Definition

An L P-problem having some parameters as Ggy y-number is called an N L P-problem. Considering the coeffi-
cient of the variables in the objective function in an L P-problem in term of G gy y-numbers, an /N L P-problem
is designed as follows :

Max z =g, cx
suchthat Mz = b, 2>0 4.1)
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where b € R", 2z € R", M € R™" ¢ € (Ggyny(R))" and R, is a ranking function.

4.2 Definition

1. z € R" is a feasible solution to equation (4.1) if x satisfies the constraints of that.
2. A feasible solution z* is an optimal solution if for all solutions x to (4.1), cz* >g, cx.

3. For the N L P-problem (4.1), suppose rank(M,b) = rank(M) = m. M is partitioned as [B, N| where B is a
non-singular m X m matrix i.e., rank(B) = m. A feasible solution z = (zg,zy)" to (4.1) obtained by setting
rp = B7'b,xy = 0 is called a neutrosophic basic feasible solution (Nprs). Here B and N are respectively
called basis and non basis matrix. x g is called a basic variable and z  is called a non-basic variable.

4. In an Npgpg if all components of zz > 0, then z is non-degenerate Nprg and if at least one component of
xp = 0, then z is degenerate Nppg.

5 Simplex Method for N L P-problem
The NLP-problem (4.1) can be put as follows :

Max z =R, 6BIB + 6]\[![‘]\[
such that Brxgp+ Nxy=0b;, zxg,zny >0

where the characters B, N, xp and x are already stated. Then we have,

v+ B 'Nxy =B (5.1
= épwp+cgB 'Nry =¢, ¢gB'b
= Z-—éyry+ B 'Noy =¢, égB'b
= 2+ (6gB™'N —éy)ay =y, ¢gB'b. (5.2)

For an Nppg, treating xy = 0, we have x5 = B~'band Z =y, ¢pB~'b from (5.1) and (5.2), respectively. We
can rewrite the NV L P-problem as given in Table 1.

Table 1 : Tabular form of an N L P-problem.

C;  Cp CN

Z B N R.H.S
rp 0 1 B~'N B~'b
Z 1 0 5BB_1N—6N 533_16

We can get all required initial information to proceed with the simplex method from Table 1. The neutrosophic
cost row in the Table 1 is \; =g, (épB 'a; — Cj)a;¢B giving \; =s. (3; — &) for non-basic variables. The
optimality arises if 5\]- >R 6, Va; ¢ B. If 5\1 <R, 0 for any a; ¢ B, we need to replace xp, by z;. We then
compute i, = B~ la;. If y; < 0, then z; can be increased indefinitely and so the problem admits unbounded
optimal solution. But if y; has at least one positive component, then one of the current basic variables blocks
that increase, which drops to zero.

5.1 Theorem

In every column a; of M, if Z; —¢; >x, 0 holds for an Ngpg 2 of the N L P-problem (4.1) then it is an optimal
solution to that.

T Bera and N. K. Mahapatra, Generalised single valued neutrosophic number and its application to
neutrosophic linear programming.



Neutrosophic Sets and Systems, Vol. 25, 2019 95

Proof. Let M = [ajj|mxn = |a1,a2, -+ ,a,] where each a; = (ay;, as, -+, am)" is m component column
vector. Suppose B = [, 72, - , ) is the basis matrix and Zp =g, Cprp =, Y iy CB, LB, Where ¢p, is the
price corresponding to the basic variable x5,. Then any column a; of M may be put as a linear combination of
the vectors 71,19, - - -, ny, of B. Let

ap = Yyuth +yanz + -+ Ymilhn = Zyum =By = u=B"a
i=1

where y; = (Y1, Y21, , Ymu)' being m component scalars represents a;, the [-th vector of M. Assume that
2l =n. CBYL =R Doy CBYil-
Letx = [x1, 29, -, 2,]" be any other feasible solution of the N L P-problem (4.1) and Z be the correspond-

ing objective function. Then,
Brp=b= Mz = zp=B1'(Mz)= (B 'M)x =yx

where B™'M =y = [Yijlmxn = [Y1,Y2, "+ , yn] With y; defined as above. Thus,

B, Yin Y2 - Yin T1
T By Y21 Y22 - Yo T2
B, Yn1i Ym2 - Ymn Tn

Equating ¢-th component from both sides, we have x5, = Z;L=1 Yi; ;. Now,

n
5= >n, 0= (5 — )z >p, 0[asz; > 0] =Y (5 —&)z; >p, 0
j=1

n n n
= S 5 =S ey 2, 0= Y (@) — 2 2, 0
j=1 j=1 7=1

n m m n
= ij(z B,Yij) — 2 >, 0= ZéBZ(Z Yiszi) — 2 >x, 0
7j=1 =1 i=1 7j=1
m

= > ipdp —i>p, 0= 25— 7>y 0.
i=1
Thus Zp is the maximum value of the objective function. This optimality criterion holds for all non-basic vectors
of M. If a; be in the basis matrix B, say a; = 1, then

ap =m = 0.+ 0092 + -+ 0y + Ly + 00040 4+ + 0.1,
i.e., y; is a unit vector e; with [-th component unity.
Since a; = 1n;, we have ¢; = ¢p, and so

Z — ¢ =w, (Cay — &) =w, (Cper — &) =w, (¢p, — CB,) =n, 0.
Thus as a whole Z; — ¢; >y, 0 is the necessary condition for optimality.

5.2 Theorem

A non-degenerate Nprg w5 = B~'b, xy = 0 is optimal to N L P-problem (4.1) iff Zj — Cj >, O,Vl <j7<n.
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Proof. Suppose r* = (x5, z;)! be an Nppg to (4.1) where g = B™'b, zy = 0. If Z* be the objective function
corresponding to z*, then 2* =¢_¢prp =g, cgB~'b. Letx = [x1, 9, , 2,]" be another feasible solution of
N L P-problem (4.1) and Z be the corresponding objective function. Then,

~ ~ ~ ~ -1 ~ 1 ~ ~ ~ ~
Z =g. CpIp-+Cnrn =g, B b— E (égB™ a; — ¢j)xj =g, 25 — g (2, — ¢j)x;
a;¢B a;¢B

This shows that the solution is optimal iff z; — ¢; >, 0forall 1 < 7 < n.

5.3 Theorem

For any Nppg to NLP-problem (4.1), if there is some column not in basis such that z; — ¢; <g, 0 and
yu <0,7=1,2,--- ,m, then (4.1) admits an unbounded solution.

Proof. Let x g be a basic solution to the N L P-problem (4.1). Re-writing the constraints,

BIB + N$N =b
ap+ B 'Nay =B7'b
zp+ B! Z(ajxj) = B™'b, a;s are the columns of N

J

U

= Ip-+ Z(B_laja:j) = B_lb
J

= g+ Z(y]$]> = Yo, where a; = Byj,aj ¢ B
J

= g+ Y (Yyr) =Y, 1 <i<m,1<j<n
J

= xBizyio—Z(yijxj),lSiSm,lﬁjﬁn-

J

If x; enters into the basis, then z; > 0 and x; = 0 for j # B;Ul. Since y; < 0, 1 < ¢ < m hence y;o —yyx; > 0.
So, the basic solution remains feasible and for that, the objective function is :

m

m m
. _ . . . . . .
Z° =g, CBITB+ CNITN =g, g ¢, (Yio — yaxi) + Gy =n, g ¢B,Yio — ( E ¢p,Yi — Gy
=1 =1 i=1
=w. CBYo— (Cay — )1 =x, 2 — (8 — &)1

It shows that z* >, Z,as z; — ¢ <w, 0 and this completes the fact.

5.4 Simplex algorithm for solving N L P-problem

To solve any N L P-problem by simplex method, the existence of an initial basic feasible solution is always
assumed. This solution will be optimised through some iterations. The required steps are as follows :

Step 1. Check whether the objective function of the given N L P-problem is to be maximized or minimized. If it
is to be minimized, then it is converted into a maximization problem by using the result Min(Z) = —Max(—Z2).
Step 2. Convert all the inequations of the constraints (< type) into equations by introducing slack variables.
Put the costs of the respective variables equal to 0.
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Step 3. Obtain an Ny to the problem in the form 23 = B~'b = y, and 2y = 0. The corresponding objective
function is Z =y_¢pB~'b =g, ¢pyo.

Step 4. For each basic variable, put A B =R. 2B — CB =R, 0. For each non-basic variable, calculate ij =R,
Zj — ¢j =w, cDB _1aj — ¢; in the current iteration. If all Z; — ¢; >y, 0, then the present solution is optimal.

Step 5. If for some non-basic variables, 5\j =g, Zj — G <n, 0 then find out \;, = min{S\j}. If y; < 0O for
all 2 = 1,--- ,m, then the given problem will have unbounded solution and stop the iteration. Otherwise to
determine the index of the variable x5, that is to be removed from the current basis, compute

%:min{%iyil>071§i§m}~

Step 6. Update y;, by replacing ;0 — %’yil for i # r and y,( by ?ﬁ
Step 7. Construct new basis and repeat the Step 4, Step 5 until the optimality is reached.
Step 8. Find the optimal solution and hence the optimal value of objective function.

6 Numerical Example

The N LP-problems with both Ggyry-number and G gy 7, y-number are solved by the use of proposed algo-
rithm. For simplicity, we define the x-weighted value function for n = 1 in rest of the paper.

6.1 Example

Two friends F} and F, wish to invest in a raising share market. They choose two particular shares S; and
Sy of two multinational companies. They also decide to purchase equal unit of two shares individually. The
maximum investment of Fj is Rs. 4000 and that of F; is Rs. 7000. The price per unit of S; and S, are Re. 1
and Rs. 3, respectively when F} purchases. These are Rs. 2 and Rs. 5 at the time of purchasing of share by F5.
The current value of share S; and S per unit is Rs. ¢; and Rs. ¢, (given in G gy y-numbers), respectively. Now
if they sell their shares, formulate an N L P-problem to maximize their returns.

The problem can be summarised as follows :

Table 2
Friends | Shares : .Sy Sy | Purchasing capacity |}
F Re.1 Rs.3 Rs. 4000
I Rs.2 Rs. 5 Rs. 7000
Price per unit = C1 Co

Let they individually purchase x; units of share S; and x5 units of share Sy. The problem is formulated as :

Max z =R, 51I1 + 621’2
such that 1 + 32 < 4000
221 + by < T7000; 1,22 >0

Itis an N LP-problem where &, = (([5,8,1,3];0.2), ([5,8,3,4];0.3), ([5,8,2,1];0.4)) and & = (([3,7,2,4];0.3),
([3,7,1,3];0.5),([3,7,2,5];0.6)) are two G sy rn-numbers with a pre-assigned x = 0.45.

T Bera and N. K. Mahapatra, Generalised single valued neutrosophic number and its application to
neutrosophic linear programming.



98 Neutrosophic Sets and Systems, Vol. 25, 2019

Rewriting the given constraints by introducing slack variables :

T+ 31’2 +x3 = 4000
25[’1 + 5[E2 + 14 = 7000
L1, T2, T3, Ty Z 0

We take the t-norm and s-norm as p x ¢ = min{p, ¢} and p © ¢ = max{p, ¢}, respectively. The first feasible
simplex table is as follows :

Table 3 : First iteration

Ej = C1 Co (N) 6
x| x1 To | T3 a4 R.H.S
T3 1 3| 1 0] 4000
74 2 510 1| 7000~
S O e Ol I
Here &\ = —¢&, = (([=8,—5,3,1]:0.2), (-8, —5, 4, 3];0.3), (-8, —5, 1, 2]: 0.4)),
1
and V(&) = V(&) = V,(0).
V) = 1(31.64x — 33.28) and V(&) = 1(10.4k — 13.28) by Definition 3.5.

Then VN(Eg ))
Clearly VH(Eg

The revised table is :

Ny <0, V.(e) < 0and V,,(&1Y) — V(&) < 0 for & = 0.45.
Then &Y <y & So x1 enters in the basis and as min{4000/1,7000/2} = 3500, the leaving variable is x,.
1 x C2

Table 4 : Second iteration

6j = C1 Co 6 6

xpd | 1 x9 | x3 x4 | RH.S
T3 o 12} 1 -1/2| 500
1 1 52| 0 1/2 ] 3500
z= | &P @ e &P | 35006

= 2.5(([5,8,1,3];0.2), ([5,8,3,4];:0.3), ([5, 8,2, 1];0.4))
—(([3,7,2,4];0.3), (3,7, 1,3];0.5), ([3,7, 2, 5];0.6))
= (([5.5,17,6.5,9.5];0.2), ([5.5,17,10.5,11];0.5), ([5.5, 17, 10, 4.5]; 0.6)).

1
& = 561 = (([2:5,4,0.5,1.5):0.2), (254,15, 2];0.3), ([2.5,4,1,0.5): 0.4)).

(26.92 — 24.1x) and V. (&17) =

£(16.64 — 15.82x) by Definition 3.5.

Then Vﬁ(ég))
72 > 0and V(&) > 0 for k = 0.45.

1
~ 6
Clearly V(&) >
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Hence the optimality arises and Max z =g, 3500¢; , which, using « - weighted function, becomes Rs.
11107 approximately. Then corresponding return of £} and F, becomes Rs. 7607 and of Rs. 4107 respectively.

6.1.1 Example

Consider the N L P-problem defined in Example 6.1 with a pre-assigned x = 0.96.
The initial simplex table (Table 5) is same as Table 3.

Table 5 : First iteration

C; = C1 Co 0 0
gl | 71 To T3 Ty R.H.S

T3 1 3 1 0 4000—
5 0 1 7000

T4

SO O S Ol

Here V.. (&) = V. (&) = V,(0) and V,.(&") < 0, V(&) < 0 with V,.(&") = V(&) > 0 for k = 0.96.
Then &\") >3 &". So 2, enters in the basis and as min{ 40, 100} = 290 the leaving variable is z3. The

revised table is :
Table 6 : Second iteration

6j = C1 Ca 6 6
gl | 1 To | T3 X4 R.H.S
s | 13 1 |13 0 4000/3
ze | 130 |53 1 1000/3 —
iz @l & &Y g,
where V,, &Py = V. 6(2)) = V.(0) and
2 4
1
) = g% a=(([-7.-8/3.11/3,7/3:0.2), (-7, ~8/3,13/3,4:0.5), (-7, ~8/3,5/3,11/3]:0.6)),
1
&P = Z& =1(([1,7/3,2/3,4/3];0.3), ([1,7/3,1/3,1];0.5), ([1,7/3,2/3,5/3];0.6)).
3 3
Then V(7)) = £ (31.32% — 34.96) and V;, (") = L (13.28 — 10.4x).
4000/3 1000/3} — 1000

Clearly Vﬁ(é?)) < 0Oand Vﬁ(éf)) > 0 for k = 0.96. So z; enters in the basis and as min{ 73 13
the leaving variable is x4. The revised table is :
Table 7 : Third iteration

&G=|¢& & | 0 0

gl | 1 22 T3 Ta R.H.S
T 0 1 2 -1 1000 —
1 1 0 -5 3 1000

z= | &Y @V P &P 10006 + &)
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where VK(Egg)) = Vn(é(;’)) = V,.(0) and

&8 = 58 + 26, = (([—34,—11,19,13];0.2), ([-34, —11, 22, 21]; 0.5), ([~34, —11, 9, 20]; 0.6)),
&9 = 38 — & = (([8,21,7,11];0.2), ([8, 21, 12, 13]; 0.5), ([8, 21, 11, 5]; 0.6)).

Then V,,(¢5”) = 1(48.2k — 53.84) < 0 and V() = 1(34.96 — 31.32x) > 0 for & = 0.96. So 23 enters in the

basis and the leaving variable is z5. The revised table is :

Table 8 : Fourth iteration

5j = C1 Co 6 6

xpd | 1 xo | x3 x4 | RH.S
s | 0 12| 1 -172] 500
x| 1 52| 0 172 3500
z= | & @Y e &Y 35006

where V(&) = V,(&") = V,,(0) and & = 3¢, — & and &} = 1&,. Then V() = 1(26.92 — 24.1x) > 0
and V(&) = 1(16.64 — 15.82x) > 0 for x = 0.96.
Hence the optimality arises and the optimal solution is z; = 3500, x5 = 0.

6.1.2 Remark

From Example 6.1 and Example 6.1.1, it is seen that the final simplex tables in both cases are same. So, if
the optimality exists for an /N L P-problem, the optimal solutions are always unique whatever the value of
assigned. Depending upon the chosen x, the number of iteration to reach at optimality stage may vary but it
does not affect the optimal solutions. However, the character x plays an important role to assign the optimal
value of the objective function in a problem. The fact is shown in Table 9. So, the value of x is an important
factor in any such NV L P-problem. Since the share market depends on so many factors, we claim « as the degree
of political turmoil of the country in the present problem.

6.1.3 Sensitivity analysis in post optimality stage

We shall analyse the results of the problem in Example 6.1 for different values of  in post optimality stage,
shown by the Table 9.

Table 9 : Sensitivity analysis

K 0 0.1 0.2 0.3 0.4

T 3500 3500 3500 3500 3500

T 0 0 0 0 0
Vi.(2) | 1941333 17567.67 15722 13876.33 12030.67

K 0.5 0.6 0.7 0.8 0.9 1

i 3500 3500 3500 3500 3500 3500

T 0 0 0 0 0 0
V.(Z) | 10185 8339.33 6493.67 4648 2802.33 956.67
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6.2 Example

Max 2 =R, éliCl + 621'2

S.t. 201 + 315 < 4
536'1 +4I2 S 15
L1, T2 Z 0

is an N L P-problem where ¢, = (([8, 1, 3];0.6), ([8, 3,4];0.2), ([8, 2, 1];0.5)) and

(([6,2,6];0.7), (]6,4,3];0.4), ([6, 3,5]; 0.3)) are two G gyr,n-numbers with a pre-assigned x = 0.9
Rewriting the given constraints by introducing slack variables :

2$1+3$2—|—ZL‘3:4
5[E1+4[E2+CL’4:15

L1, T2,T3, T4 Z 0

The t-norm and s-norm are p*q = max{p+q— 1,0} and poq = min{p+ ¢, 1}, respectively. The first feasible
simplex table is as follows :

Table 10 : First iteration

5]' = C1 Co 6 6

zp i | 1 To rs x4 | RH.S
T3 2 3 1 4 —
Ty 5 4 0 1 15

S R S S I R

= (([-8,3,1];0.6), ([-8,4,3];0.2), (=8, 1,2]; 0.5)),
&Y = —& = (([-6,6,2];0.7), ([—6, 3,4];0.4), ([-6, 5, 3]; 0.3))
and V(&) = V(&) = V,.(0).

Then V(& )) 1(25.11% — 43.11) and V(&) = 1(11.62x — 31.22) by Definition 3.8.1.
Clearly V. (—¢1) <0, Vi.(=¢) < 0and V,(—¢;) — Vi(—¢2) > 0 for kK = 0.9.

So x5 enters in the basis and as min{4/3,15/4} = 4/3, the leaving variable is x3. The revised table is as

Table 11 : Second iteration

éj = C1 Co () ()

rgd | x1 To | T3  Xa R.H.S
To 2/3 1 173 0 4/3 —
Ty 7/3 0 |43 1 29/3

P I

[\
w
e
N
[SCIPeN

2 C2
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where VK(552)) = V(%) = V,.(0) and

((1—4,13/3,5];0.3), ([—4,20/3,5]; 0.6), ([—4, 3, 16/3]; 0.8)),
& = (([2,2/3,2]:0.7), ([2,4/3,1];0.4), ([2,1,5/3];0.3)).

Then V(¢7) = £ (8.62% — 14.92) and V,,(¢5”) = £ (31.22 — 11.62~) by Definition 3.8.1.

Clearly, Vn(é?)) < 0 but Vn(égm) > 0 for k = 0.9. So z; enters in the basis and as min{%, %} = 2, the
leaving variable is x,. The revised table is :

Table 12 : Third iteration

éj = | G Co 6 6

rpd | 1 xo rs x4 | RH.S
1 1 3212 0 2
Ty 0 -72|-512 1 5
e - OO I S A T

where VH(6§3)) = Vﬁ(éf’)) = V,.(0) and

& = ;&1—62: (([6,7.5,6.5];0.3), ([6, 7.5, 10]; 0.6), ([6, 8, 4.5]; 0.8)),
& = %61:(([4,().5,1.5};0.6),([4,1.5,2];0.2),([4,1,0.5];0.5)>.

Then V() = 1(7.46 — 4.31x) and V,(&) = 1(21.555 — 12.555x) by Definition 3.8.1.

Obviously, V,{(ég ) > 0 and Vﬁ(égg)) > 0 for k = 0.9. Hence the optimality arises. The optimal solution is
21 = 2,29 = 0 and so Max z =g_ 2¢;.

=

7 Conclusion

In this paper, the crisp L P-problem has been generalised by considering the coefficients of the objective function
as Ggyy-numbers. This generalised form of crisp LP-problem is called N LP-problem. Then a simplex
algorithm has been proposed to solve such N L P-problems. Finally, the newly developed simplex algorithm has
been applied to a real life problem. The concept has been illustrated by suitable examples using both G gy 7n-
numbers and Gsyr,y-numbers. In future, the concept of a linear programming problem may be extended in
more generalised way by considering some or all of the parameters as G'sy y-numbers.
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Abstract: In this paper, we propose the notion of single-valued neutrosophic soft topological K -algebras. We discuss
certain concepts, including interior, closure, C'5-connected, super connected, Compactness and Hausdorff in single-
valued neutrosophic soft topological K -algebras. We illustrate these concepts with examples and investigate some of
their related properties. We also study image and pre-image of single-valued neutrosophic soft topological K -algebras.

Keywords: K -algebras, Single-valued neutrosophic soft sets, Compactness, C5-connectedness, Super connected-
ness, Hausdorff.

1 Introduction

A K-algebra (G,-,®,e) is a new class of logical algebra, introduced by Dar and Akram [1] in 2003. A K-
algebra is constructed on a group (G, -, €) by adjoining an induced binary operation ® on G and attached to an
abstract K -algebra (G, -, ®, e). This system is, in general, non-commutative and non-associative with a right
identity e. If the given group (' is not an elementary abelian 2-group, then the K'-algebra is proper . Therefore,
a K-algebra L = (G, -, ®, €) is abelian and non-abelian, proper and improper purely depends upon the base
group G. In 2004, a K -algebra renamed as K (G)-algebra due to its structural basis G and characterized by left
and right mappings when the group G is abelian and non-abelian by Dar and Akram in [2, 3] . In 2007, Dar
and Akram [4] investigated the K-homomorphisms of K -algebras.

Non-classical logic leads to classical logic due to various aspects of uncertainty. It has become a conventional
tool for computer science and engineering to deal with fuzzy information and indeterminate data and execu-
tions. In our daily life, the most frequently encountered uncertainty is incomparability. Zadeh’s fuzzy set
theory [5] revolutionized the systems, accomplished with vagueness and uncertainty. A number of researchers
extended the conception of Zadeh and presented different theories regarding uncertainty which includes intu-
itionistic fuzzy set theory, interval-valued intuitionistic fuzzy set theory [6] and so on. In addition, Smaran-
dache [7] generalized intuitionistic fuzzy set by introducing the concept of neutrosophic set in 1998. It is such
a branch of philosophy which studies the origin, nature, and scope of neutralities as well as their interactions
with different ideational spectra. To have real life applications of neutrosophic sets such as in engineering
and science, Wang et al. [8] introduced the single-valued neutrosophic set in 2010. In 1999, Molodtsov [9]
introduced another mathematical approach to deal with ambiguous data, called soft set theory. Soft set theory
gives a parameterized outlook to uncertainty. Maji [10] defined the notion of neutrosophic soft set by unifying
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the fundamental theories of neutrosophic set and soft set to deal with inconsistent data in a much-unified mode.
A large number of theories regarding uncertainty with their respective topological structures have been intro-
duced. In 1968, Chang [11] introduced the concept of fuzzy topology. Chattopadhyay and Samanta [12], Pu
and Liu [13] and Lowan [14] defined some certain notions related to fuzzy topology. Recently, Tahan et al. [15]
presented the notion of topological hypergroupoids. Onasanya and Hoskova-Mayerova [16] discussed some
topological and algebraic properties of av—level subsets of fuzzy subsets. Coker [17] considered the notion
of an intuitionistic fuzzy topology. Salama and Alblowi [18] studied the notion of neutrosophic topological
spaces. In 2017, Bera and Mahapatra [19] described neutrosophic soft topological spaces. Akram and Dar
[20, 21] considered fuzzy topological K -algebras and intuitionistic topological K -algebras. Recently, Akram
et al. [22, 23, 24, 25] presented some notions, including single-valued neutrosophic K -algebras, single-valued
neutrosophic topological K-algebras and single-valued neutrosophic Lie algebras. In this research article,
In this paper, we propose the notion of single-valued neutrosophic soft topological K -algebras. We discuss
certain concepts, including interior, closure, C's-connected, super connected, Compactness and Hausdorff in
single-valued neutrosophic soft topological K -algebras. We illustrate these concepts with examples and inves-
tigate some of their related properties. We also study image and pre-image of single-valued neutrosophic soft
topological K -algebras.

The rest of the paper is organized as follows: In Section 2, we review some elementary concepts related to
K-algebras, single-valued neutrosophic soft sets and their topological structures. In Section 3, we define the
concept of single-valued neutrosophic soft topological K -algebras and discuss certain concepts with some
numerical examples. In Section 4, we present concluding remarks.

2 Preliminaries

This section consists of some basic definitions and concepts, which will be used in the next sections.

Definition 2.1. [1] A K-algebra £ = (G, -, ®,e) is an algebra of the type (2, 2, 0) defined on the group
(G, -, e) in which each non-identity element is not of order 2 with the following ®— axioms:

KD (z0y)0@xo)=@o(z'oy)or=>20(c02)®(e0y)) O,
K2 2020y =0y Hor=@0(0y) o,

(K3) (@) =e,

(K4) (xoe) =u,

(K5) (e@z)=a""!

forall x, y, z € G.

Definition 2.2. [1] A nonempty set S in a K-algebra K is called a subalgebra of IC if for all x,y € S,
roOy€eS.

Definition 2.3. [1] Let Iy and K5 be two K-algebras. A mapping f : K — K5 is called a homomorphism if
flxoy) = f(z)® f(y) forallz,y € K.

Definition 2.4. [7] Let Z be a nonempty set of objects. A single-valued neutrosophic set H in Z is of the form
H={se€Z:Tu(s),Zu(s),Fu(s)}, where T,Z,F : Z — [0,1] forall s € Z with 0 < Ty(s) + Zu(s) +
.FH<S) S 3.
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Definition 2.5. [22] Let H = (Ty,Zy, Fg) be a single-valued neutrosophic set in /C, then H is said to be a
single-valued neutrosophic K-subalgebra of K if it possess the following properties:

@ Tu(s®t) > min{Ty(s), Tu(t)},
(b) Zp(s ©t) > min{Zp(s), Zu(t)},
(¢) Fu(s©t) <max{Fg(s),Fu(t)} forall s, t € K.

A K-subalgebra also satisfies the following conditions:
Tu(e) > Tu(s), Zu(e) > Iu(s), Fule) < Fu(s) forall s #e e K.

Definition 2.6. [26] A t-norm is a two-valued function defined by a binary operation *, where * : [0, 1] X
[0,1] — [0, 1]. A t-norm is an associative, monotonic and commutative function possess the following proper-
ties, for all a, b, ¢,d € [0, 1],

(i) *is a commutative binary operation.
(i1) * is an associative binary operation.

(iii) %(0,0) = 0 and *(a,1) = *(1,a) = a.

) -
(iv) Ifa < cand b < d, then x(a, b) < x(c, d).

Definition 2.7. [26] A t-conorm (s-norm) is a two-valued function defined by a binary operation o such that
o :[0,1] x [0,1] — [0,1]. A t-conorm is an associative, monotonic and commutative two-valued function,
possess the following properties, for all a, b, ¢, d € [0, 1],

(i) ois a commutative binary operation.

(i1) o is an associative binary operation.
(iii) o(1,1) = 1 and o(a,0) = o(0,a) = a.
(iv) Ifa < cand b < d, then o(a, b) < o(c, d).

Definition 2.8. [23] Let yx be a single-valued neutrosophic topology over K. Let H be a single-valued
neutrosophic K-algebra of U and g be a single-valued neutrosophic topology on H. Then H is called a
single-valued neutrosophic topological K-algebra over K if the self map p, : (H,xy) — (H, xy) for all
a € IC, defined as p,(s) = s @ a, is relatively single-valued neutrosophic continuous.

Definition 2.9. [9] Let Z be a universe of discourse and E be a universe of parameters. Let P(Z) denotes the
set of all subsets of Z and A C E. Then a soft set F4 over Z is represented by a set-valued function (4, where
Ca: E — P(Z)suchthat (4(0) = 0 if € E — A. In other words, F)4 can be represented in the form of a
collection of parameterized subsets of Z such as Fq4 = {(6,a(0)) : 0 € E,C4(0) =0 if0 € E — A}.

Definition 2.10. [27] Let Z be a universe of discourse and E be a universe of parameters. A single-valued
neutrosophic soft set H in Z is defined by a set-valued function (y, where (y : E — P(Z) and P(Z) denotes
the power set set of Z. In other words, a single-valued neutrosophic soft set is a parameterized family of
single-valued neutrosophic sets in Z and therefore can be written as:

H = {(9, <U, 7ZH(9) (u),ICH(g) (u),fCH(g)(u)> IS Z) 10 e E}, where 72H(9)7ICH(9)7‘FCH(9) are called truth
, indeterminacy and falsity membership functions of (f(6), respectively.
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Definition 2.11. [27] Let H be a single-valued neutrosophic soft set. The compliment of H, denoted by H¢, is
defined as follows:

Hc:{(ev <u’]:CH( ()ICH ()7EH ()> :UEZ)ZHEE}'

Definition 2.12. [27] Let H and J be two single-valued neutrosophic soft sets over (Z, E'). Then H is called
a neutrosophic soft subset of J, denoted by H C J, if the following conditions hold:

@ Tewo)(w) < Toyoy(w),
(i) Zep0)(u) < Zpy0)(u),
(i) F¢p,0)(u) > Fyy ) (u) foralld € B u e Z.

Throughout this article, we take the ¢-norm () as min(a, b) and ¢-conorm (o) as max(a, b) for intersection
of two single-valued neutrosophic soft sets and (x) as max(a, b) and t-conorm (o) as min(a, b) for union of
two single-valued neutrosophic soft sets. The union and the intersection for two single-valued neutrosophic
soft sets are defined as follows.

Definition 2.13. [27] Let H and J be two single-valued neutrosophic soft sets over (Z, E'). Then the union of
H and J is denoted by H U J = L and defined as:

L= {(97 (u, o0 (1), Lo, o) (w), Fop o) (u) s ue Z) 0 € E}

where
Tor0) (@) = {Tero)(w) * Tpy0) ()} = max{T¢, o) (w), Ty0)(w) },
Ly, 0)(w) = {Zey () () * m(a y(w)} = max{Ze, ) (u), Zy, ) (u)},
Fop0)(w) = {Fey o) (1) o Fyyo)(w) } = min{ Fe, o) (w), Fopy0) (1) }-

Definition 2.14. [27] Let H and J be two single-valued neutrosophic soft sets over (Z, E'). Then their inter-
section 1s denoted by H N J = L and defined as:

L:{(e, (u, Ty 0y (1), oy 0) (), Forp 0y (1)) :ueZ) :HEE},

where

To,0) (W) = {Teuo) (u) * Ty, 0)(w) } = min{ T, 0) (w), Ty 0) (W)}
IﬁL(9 ( ) = {ICH(G) (u) * Ins(0) (u)} mln{ICH(9) (u),Im(g) (u)}v
'7:19L 9)(“) {]:CHW) (u) O Sng( 9)<u>} maX{fCH(G u)vfm ) u)}

Definition 2.15. [27] A single-valued neutrosophic soft set H over the universe Z is termed to be an empty or
null single-valued neutrosophic soft set with respect to the parametric set £ if T, 9)(u) = 0, Z¢, 9y (u) = 0,
Fenoy(w) =1, forallu € Z, 6 € E, denoted by )z and can be written as:

Op(u) ={ue Z: Teuo)(u) = 0, L, 0)(w) = 0, Feyo)(u) =1:0 € E}.
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Definition 2.16. [27] A single-valued neutrosophic soft set H over the universe Z is called an absolute or a
whole single-valued neutrosophic soft set if T¢, o) (u) = 1, Zc, 0)(u) = 1, Fepe)(u) = 0, forallu € 7,
0 € E, denoted by 1x and can be written as:

Ig(u) ={uve Z: T o) (u) =1, Lo (uw) =1, Fepo(u) =0: 0 € B}

Definition 2.17. [10] Let (73, F) and (Z,, E)) be two initial universes. Then a pair (¢, p) is called a single-
valued neutrosophic soft function from (Z,, F) into (Zs, E), where ¢ : Z; — Zsandp: E — FE,and Fis a
parametric set of Z; and Z,.

Definition 2.18. [10] Let (H, F) and (J, E') be two single-valued neutrosophic soft sets over GG; and G+, re-
spectively. If (¢, p) is a single-valued neutrosophic soft function from (G, E) into (G, E), then under this
single-valued neutrosophic soft function (¢, p), image of (H, F) is a single-valued neutrosophic soft set on
ICs, denoted by (¢, p)(H, E) and defined as follows:

forallm € p(E) andy € Go, (p,p)(H, E) = (¢(H), p(F)), where

_ S Vew=y Vop@enGlz) ifzep™(y),

1, otherwise,

1, otherwise,
/\gp(a)) y p(a):m Ca(l’) ifve pil (y)a

0, otherwise.

The preimage of (J, E), denoted by (¢, p) ' (J, E), is definedas VI € p~*(F) and forallx € Gy, (p, p)"}(J, E)
(™' (J), p~(E)), where

Proposition 2.19. Let Z; and Z; be two initial universes with parametric set £, and F,, respectively. Let H,
(H;,i € I) be a single-valued neutrosophic soft set in Z; and J be a single-valued neutrosophic soft set in Z.
Let f : Z1 — Z5 be a function. Then

(i) f(1g,) = 1g,,if f is a surjective function.
(i) f(Or,) = O,
(iii) f_1(1E2) = 1p,.

() [ (0r) = U,
) FUH) = U (H).

Through out this article, Z is considered as initial universe, F' is a parametric set and § € FE an arbitrary
parameter.
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3 Single-Valued Neutrosophic Soft Topological K -Algebras

Definition 3.1. Let Z be a nonempty set and £ be a universe of parameters. A collection y of single-valued
neutrosophic soft sets is called a single-valued neutrosophic soft topology if the following properties hold:

(1) O, 1 € x.
(2) The intersection of any two single-valued neutrosophic soft sets of y belongs to .

(3) The union of any collection of single-valued neutrosophic soft sets of y belongs to .

The triplet (Z, E, x) is called a single-valued neutrosophic soft topological space over (Z, E'). Each element
of x is called a single-valued neutrosophic soft open set and compliment of each single-valued neutrosophic
soft open set is a single-valued neutrosophic soft closed set in y . A single-valued neutrosophic soft topology
which contains all single-valued neutrosophic soft subsets of Z is called a discrete single-valued neutrosophic
soft topology and indiscrete single-valued neutrosophic soft topology if it consists of )z and 1.

Definition 3.2. Let H be a single-valued neutrosophic soft set over a K-algebras K. Then H is called a
single-valued neutrosophic soft K -subalgebra of K if the following conditions hold:

(1) Tep(s ©1) = min{Te,(s), Te, (1)}
)

(i) 1, (s©1) > min{ICe (S)’IC(? (1)},
(iii) F¢, (s © t)< max{F,(s), F¢,(t)} forall s,t € Gand 6 € E.

Note that
Teo(e) = Ty (s),
IC9(€> > IC@(S)v
Feo(e) < Fe,(s), foralls # e € G.

Example 3.3. Consider a K-algebra K = (G, -, ®, e) ona group (G, -), where G = {e, x, 2%, 23, 2% 2° 2° 27}
is the cyclic group of order 8 and ® is given by the following Cayley’s table as:

no
~

® | e r T A R B
el e af 2% 2° 2t 23 2 2
x|z e 0 2% 25 2t 23 2?
22|22 x e 2T 25 2° 2t 2P
2|2 22 oz e 27 2% 5 2?
2zt 2t 22 o e 2T 25 2P
2|5 2t 2 22 r e 27 a2
28|28 2 2t 2 2 o e Al
xf | 2" 2% S ot 23 2 o e

Let F be a set of parameters defined as £ = {l, 5 }. We define single-valued neutrosophic soft sets H, J and
Lin K as:

Cu(l) = {(e,0.8,0.7,0.2), (h,0.6,0.5,0.4)},
Crlly) = {(e,0.7,0.7,0.2), (h,0.6,0.6,0.5)},
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(h) =

CJ ll (6,0.7, 07,02), (h704,01,05)},
Ci(l2)

(e,0.4,0.6,0.6), (h,0.3,0.5,0.7)},

{
{

Cr(l) = {(e,0.9,0.8,0.1), (h,0.7,0.6,0.4)},
Cr(l) = {(e,0.9,0.7,0.1), (h,0.7,0.6,0.4)}

forallh #e € G.

The collection xx = {0, 1g, H, J, L} is a single-valued neutrosophic soft topology on K and the triplet
(K, E, xx) is a single-valued neutrosophic soft topological space over K. It is interesting to note that corre-
sponding to each parameter § € £, we get a single-valued neutrosophic topology over K which means that a
single-valued neutrosophic soft topological space gives a parameterized family of single-valued neutrosophic
topological space on /C. Now, we define a single-valued neutrosophic soft set () in K as:

Co(lh) = {(e,0.8,0.5,0.1), (h,0.6,0.4,0.3)},
Co(l2) = {(e,0.5,0.6,0.5), (h,0.3,0.4,0.6)}.

Clearly, by Definition 3.2, () is a single-valued neutrosophic soft /K -subalgebra over /.

Proposition 3.4. Let (K, E, x;.) and (K, E, ) be two single-valued neutrosophic topological spaces over
K. If X;c N X;Ic = M', where M’ is a single-valued neutrosophic soft set from the set of all single-valued
neutrosophic soft sets in K, then X;c N X;/c is also a single-valued neutrosophic soft topology on .

Remark 3.5. The union of two single-valued neutrosophic soft topologies over X may not be a single-valued
neutrosophic soft topology over XC.

Example 3.6. Consider a K-algebra K = (G,-,®,¢e), where G = {e,z, 2% 23, 2%, 2%, 25 27} is the cyclic
group of order 8 and Cayley’s table for ® is given in Example 3.3. We take E' = {l1, [} and two single-valued
neutrosophic soft topological spaces X;c = {0g,1g, H, J}, X;é; = {0g,1g, R, S} on K, where R = H and
single-valued neutrosophic soft set S' is defined as:

Cs(l) = {(e,0.7,0.6,0.2), (h,0.5,0.5,0.6)},
Cs(l) = {(e,0.9,0.8,0.2), (h,0.7,0.7,0.3)}.

Suppose that X;g = X;c U X;/c = {0g,1g, H, J,S}. We see that X;/c/ is not a single-valued neutrosophic soft
topology over K since SN J ¢ x.

Definition 3.7. Let (K, E, ) be a single-valued neutrosophic soft topological space over K, where x is a
single-valued neutrosophic soft topology over C. Let F' be a single-valued neutrosophic soft set in /C, then
xr={FNH:H € g} is called a single-valued neutrosophic soft topology on F' and (F, E, yr) is called a
single-valued neutrosophic soft subspace of (KC, E, xx).

Definition 3.8. Let (K1, E, x1) and (KCy, E, x2) be two single-valued neutrosophic soft topological spaces,
where Ky and Ky are two K'-algebras. Then, a mapping [ : (Ky, E, x1) — (K2, E, x2) is called single-valued
neutrosophic soft continuous mapping of single-valued neutrosophic soft topological spaces if it the following
properties hold:

(i) For each single-valued neutrosophic soft set H € x,, f~*(H) € ¥,.
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(ii) For each single-valued neutrosophic soft K-subalgebra H € ,, f~'(H) is a single-valued neutrosophic
soft K -subalgebra € y,.

Definition 3.9. Let H and J be two single-valued neutrosophic soft sets in a K -algebra K and f : (H, E, xg) —
(J,E,xs). Then, f is called a relatively single-valued neutrosophic soft open function if for every single-
valued neutrosophic soft open set V' in y 7, the image f(V') € x.

Definition 3.10. If f is a mapping such that f : (K1, E,x1) — (Ko, E, x2). Then f is a mapping from
(H,E,xp)into (J, E, xy) if f(H) C J, where (H, E, xy) and (J, E, x ;) are two single-valued neutrosophic
soft subspaces of (K1, E, x1) and (K, E, x2), respectively.

Definition 3.11. A mapping f such that f : (H, E, xy) — (J, E, x,) is called relatively single-valued neu-
trosophic soft continuous if for every single-valued neutrosophic soft openset Y; € xs, f~'(y;) N H € xx.

Definition 3.12. Let (K, F, x,) and (Ko, E, x,) be two single-valued neutrosophic soft topological spaces.
Then, a function f : (K1, E, x,) — (Ko, E, x,) is called a single-valued neutrosophic soft homomorphism if
it satisfies the following properties:

(i) f is a bijective function.
(ii) Both f and f~! are single-valued neutrosophic soft continuous functions.

Proposition 3.13. Let f : (K1, E, x,) — (K2, E, x,) be a single-valued neutrosophic soft continues mapping
and (H, F,xy) and (J, E, x ;) two single-valued neutrosophic soft topological subspaces of (Ky, £, x,) and
(Ka, E, x,), respectively. If f(H) C J, then f is a relatively single-valued neutrosophic soft continuous
mapping from (H, E, xy) into (J, E, x ).

Proposition 3.14. Let (Ky, £, x,) and (Ko, E, x,) be two single-valued neutrosophic soft topological spaces,
where 1 is a single-valued neutrosophic soft topology on /C; and - is an indiscrete single-valued neutrosophic
soft topology on Ky. Then for each § € E, every function f : (K1, E,x,) — (Ks, E, x,) is a single-valued
neutrosophic soft continues function.

Proof. Let x1 be a single-valued neutrosophic soft topology on K; and x- an indiscrete single-valued neutro-
sophic soft topology on Ko such that xyo = {0g,1g}. Let f : (K1, E,x,) = (K2, E, x,) be any function.
Now, to prove that f is a single-valued neutrosophic soft continues function for each § € E, we show that f
satisfies both conditions of Definition 3.8. Clearly, every member of y is a single-valued neutrosophic soft
K-subalgebra of ICy for each § € E. Now, there is only need to show that for all H € x5 and for each
0 € E, f~Y(H) € x;. For this purpose, let us assume that )y € o, for any u € K, and § € E, we have
F7H0g)(u) = Do(f(u)) = Dg(u) = Dy € xi. Similarly, f~'(1g)(u) = 1o(f(u)) = 1p(u) = 1y € x;. For
an arbitrary choice of 6, result holds for each § € E. This shows that f is a single-valued neutrosophic soft
continues function. 0

Proposition 3.15. Let y; and y, be any two discrete single-valued neutrosophic soft topological spaces on
KC1 and /Cy, respectively and (KCq, E, x,) and (KCy, E, x,) two discrete single-valued neutrosophic soft topolog-
ical spaces. Then for each § € F, every homomorphism f : (K1, E,x,) — (K, E, x,) is a single-valued
neutrosophic soft continuous function.
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Proof. Let H = {(T¢,0), Zew(0): Fen(o)) = 0 € E'} be a single-valued neutrosophic soft set in K defined by a
set-valued function (5. Let f : (ICl, E Xl) — (KCq, E, x,) be ahomomorphism (not a usual inverse homomor-
phism). Since x; and Y5 be two discrete single-valued neutrosophic soft topologies, then for every H € s,
f~Y(H) € x1. Now, we show that for each § € E, the mapping f~'(H) is a single-valued neutrosophic soft
K-subalgebra of K -algebra K;. Then for any s, € Ky and 6 € E, we have

f_l(ﬁH(G))(S © t) = 7ZH( ( (3 t)

F  Zew) (s ©1) = Ty (f(s © 1))
=TZey0)(f(s) © f(
> min{ICH 0 (f(s)
= min{f~ (IQH )

—
©
N
— I
S
—~~
-
—
~
~
~—
—

Therefore, f~!(H) is single-valued neutrosophic soft K-subalgebra of K;. Hence f~'(H) € xo which
shows that f is a single-valued neutrosophic soft continuous function from (KCy, E, x, ) into (K, E, x,). O

Proposition 3.16. Let x; and y, be any two single-valued neutrosophic soft topological spaces on K and
(K, E,x,) and (K, E, x,) be two single-valued neutrosophic soft topological spaces. Then for each § € F,
every homomorphism f : (K1, E, x,) — (K2, E, x,) is a single-valued neutrosophic soft continuous function.

Definition 3.17. Let x be a single-valued neutrosophic soft topology on K-algebra KC. Let H = (7¢,,, Z¢,y, Fer)
be a single-valued neutrosophic soft K -algebra (K -subalgebra) of K and x g a single-valued neutrosophic soft
topology over H. Then H is called a single-valued neutrosophic soft topological K-algebra of K if the self
mapping p, : (H,E,xy) — (H, E, xy) defined as p,(u) = v ® a, V a € K, is a relatively single-valued
neutrosophic soft continuous mapping.

Theorem 3.18. Let y; and x, be two single-valued neutrosophic soft topological spaces on Ky and Ko, re-
spectively. Let f : K; — K, be a homomorphism of K -algebras such that f~1(3) = x;. If for each § € F,
H ={T:,,Z¢,, Fc, } is a single-valued neutrosophic soft topological K-algebra of Ky, then for each 6 € E,
f~Y(H) is a single-valued neutrosophic soft topological K-algebra of K.

Proof. In order to prove that f~!(H) is a single-valued neutrosophic soft topological K -algebra of K -algebra
K. Firstly, we show that f~!(H) is a single-valued neutrosophic soft K -algebra of ;. One can easily show
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thatforall s #e € Gand 0 € E, T;,(e) > T, (5), Z¢,(€) > L¢, (), Fep(€) < Fe, ().
Letforany s,t € Ky and 6 € E,

7}—1(H)(S@t) Tu(f(s©1))
> min{Tg(f(s)), Tu(f(t)}
= min{7T;-1m)(s), Tr-1m)(t) },

If—l(H)(S@t) ( ( )
> min{Zy(f(s)), Zu(f(t))}
= min{Zs1g)(s), -1y (t) },

)

fffl(H)(S © t) - fH(f(‘S © t))
> min{Fp(f(s)), Fu(f(t)}
= min{F-11)(8), Fr10m) (1) }-

This shows that f~1(H) is a single-valued neutrosophic soft K -algebra of ;.

Since f is a homomorphism and also a single-valued neutrosophic soft continuous mapping, then clearly, f
is relatively single-valued neutrosophic soft continuous mapping from (H, E, xy) into (f~'(H), E, X y-1(m))
such that for a single-valued neutrosophic soft set V' in xy, and a single-valued neutrosophic soft set U in
X(f=1(H)>

vy =u (1)

Now, we prove that the self mapping p, : (f~'(H), E, xs-1m)) = (f7'(H), E, xy-1(a) is relatively single-
valued neutrosophic soft continuous mapping. Now, for any a € K; and § € E, we have

7;g1(U)(S> = Tw)(pa(s)) = Ty (s © a)
=T (s©a) =Ty (f(s©a))
=T (f(s) © f(a)) = Tv)(pf o (f(5)))
=T 15y (f(5) = T 105 (V)(5)),

Z,—10(8) = Zw)(pa(s)) = L) (s © a)
=Zi- (s ©a) =Ly (f(s©a))
=Zw)(f(s) © f(a)) = L) (pra)(f(5)))
=L, 1 v (f(5) = 105 (V)(5)),
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Fortan(s) = Fan(pa(s)) = Fun(s ©a)
= Fr1n(s ©a) = F)(f(s ©a))
= Fon(f(s) © fla) = Fo(pra)(f(5)))
= Fp11@v(f(5)) = Fr-1(p5y(V)(5))-

This implies that p; 1 (U) = f‘l(p;(la)(V)). Thus, p, ' (U) N f~H(H) = f~(py a)( )N f7Y(H) is a single-

valued neutrosophic soft set in f~'(H) and a single-valued neutrosophic soft set in x y—1(zy. Hence f~'(H) is
a single-valued neutrosophic soft topological K-algebra of IC;. This completes the proof. ]

Theorem 3.19. Let y; and x» be two single-valued neutrosophic soft topologies on K; and /Cy, respec-
tively and f : Ky — Ky an isomorphism of K-algebras such that f(x;) = xo. If for each 0 € F,
H = {(T¢,0): Zey0), Feuoy) + 0 € E} is a single-valued neutrosophic soft topological K-algebra of K-
algebra K, then for each § € E, f(H) is a single-valued neutrosophic soft topological K -algebra of /Cs.

Proof. Let H be a single-valued neutrosophic soft topological K -algebra of K;. For u, v € ICs.

Lett, € f~*(u), s, € f~'(v) such that

Th(to) = supye -1y Ta(t), Ta(Yo) = SuPyep-1() Tu(t)

‘We now have,

Try(u © ) sup  Tu(t)

tef—1(uev)
TH(tm So)
min{ 7y (t,), Ta (o)}

min{ sup Tx(t), sup Tu(t)}
tef~1(u) acf~1(v)

= min{ Ty (w), Ty (v)},

vV v

If(H) (u ® U)

wp Tult)
tef—1(uGv)

> Tu(to, so)
> min{Zy(t,), Zu(s,)}

= min{ sup Zy(t), sup Zy(t)}
tef~1(u) tef~1(v)

= min{Zy ) (u), Ly (v)},
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ff(H)(u ® U) inf .FH(t)

tef~H(uov)

fH(tO,S)

max{Fy(t,), Fu(so)}

= Ful(t), inf Ful(t
max{tef,l(u) H()te}rfw u(t)}
max{]:f(H) (u), J_"f(H) ("U)}

Hence f(H) is a single-valued neutrosophic soft K -subalgebra of ICs. To show that f(H) is a single-valued
neutrosophic soft topological K -algebra of Cy, i.e., the self map py, : (f(H), xrm)) — (f(H), X fm)), defined
as pp(v) = v © b, Vb € Ky is a relatively single-valued neutrosophic soft continuous mapping. Let Yy be a
single-valued neutrosophic soft set in xy, then there exists a single-valued neutrosophic soft set Y in x; be
suchthat Yy =Y N H.

IA A

o~ s (Yramn) N f(H) € Xpem

Then f(Yy) = f(Y N H) = f(Y) N f(H) is a single-valued neutrosophic soft set in X ) since f is an
injective function. Thus, f is relatively single-valued neutrosophic soft open. Since f is also an onto function,
then for all b € ICy and a € Ky, a = f(b), we have

7}‘1( YW(Yrcmy)) ( )= 7} Yf(H)))(“)
= 7:3 Lr(a)(Yecm) (f(u

Ly-1(o-1y (V) (1) = If o=t pa) Yy (1)
p=1 (@) (Yr(y) (f(u )
- I(YﬂH) (f(u) )
= Lty (f ( ) © f(a))
=T (yf(H))(uG)a)
= Zs-1(vy ) (Pa())
= L1 ) (7 (Vyeny)) (w),
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Fi1(p1 man() Fi-1(0- @) (V) ()
= S (@) (Vi) ) (f(w)
f@wH (Pr@ (f(u)))
_]:(Yf(H ( flw) o f (a))
= Fr1vpm) (U © @)
= Fr-1(v;0m) (Pa(u))
= Fo1a) (F 7 (YViam)) (w).

This shows that f‘l(p(_b;((Yf(H)))) = p(‘al)(f—l(Y(H))). Since p, : (H,xuy) — (H,xg) is relatively single-
valued neutrosophic soft continuous mapping and f is also relatively single-valued neutrosophic soft continues
function. Therefore, f *1(p(_b;((Yf( m)))NH = p(_l)( f7(Yiy)) N H is a single-valued neutrosophic soft set in

xu- Thus, f(f " pw((Yrm))) NA) = (Yf(A )N f(A) is a single-valued neutrosophic soft set in y 4. [

Example 3.20. Consider a K -algebra K on a cyclic group of order 8 and Cayley’s table for © is given Example
3.3, where G = {e,x, 2% 2, 2 2° 2% 27}. Consider a set of parameters £ = {l;,l,} and single-valued
neutrosophic soft sets H, J, L defined as:

Cu(h) = {(e,0.8,0.7,0.2), (h,0.6,0.5,0.4)},
Cu(l) = {(e,0.7,0.7,0.2), (h, 0.6,0.6,0.5)},
¢5(l) = {(e,0.7,0.7,0.2), (h,0.4,0.1,0.5)},
¢5(ls) = {(e,0.4,0.6,0.6), (h,0.3,0.5,0.7)},

Co(l) = {(e,0.9,0.8,0.1), (h,0.7,0.6,0.4)},
(L) = {(e,0.9,0.7,0.1), (h,0.7,0.6,0.4)}

for all b # e € G. Then the family yx = {0g, 1z, H, J, L} is a single-valued neutrosophic soft topology on X
and (K, E, x) is a single-valued neutrosophic soft topological space over K. We define another single-valued
neutrosophic soft set () in K as:

Co(lh) = {(e,0.8,0.5,0.1), (h,0.6,0.4,0.3)},
Co(l2) = {(e,0.5,0.6,0.5), (h,0.3,0.4,0.6)}.

It is obvious that () is a single-valued neutrosophic soft /-algebra of KC.

Now, we prove that the self map p, : (Q, E, xq) = (@, E, xq), defined as p,(s) = s @ aforalla € K, is a
relatively single-valued neutrosophic soft continuous mapping.

Weget QN0 =0, QNlp=15,QNH = R;,QNJ = Ry, QN L = R3, where Ry, Ry, R3 are as follows:

Cry(l) = {(e,0.8,0.5,0.2), (h,0.6,0.4,0.4)},
(r, (12) = {(e,0.5,0.6,0.5), (h,0.3,0.4,0.6) 1,
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Cry(1) = {(e,0.7,0.5,0.2), (h,0.4,0.1,0.5)},
Cry(l2) = {(e,0.4,0.6,0.6), (h,0.3,0.4,0.7)},

Cry(l) = {(e,0.8,0.5,0.1), (h,0.4,0.1,0.5)},
Cry(l2) = {(e,0.5,0.6,0.5), (h,0.3,0.4,0.7)}.

Thus, xo = {0, 1g, R1, R2, Rs} is a relatively topology of @ and (Q, E, x) is a single-valued neutrosophic
soft subspace of (IC, E, xx). Since p, is a homomorphism, then for a single-valued neutrosophic soft set
R € xg, p,'(R) N Q € xg. Which shows that p, : (Q, E, xg) — (Q, E, xg) is relatively single-valued neu-
trosophic soft continuous mapping. Therefore, () is a single-valued neutrosophic soft topological K -algebra.

4 Single-Valued Neutrosophic Soft C's-connected K -Algebras

In this section, we discuss single-valued neutrosophic soft C's-connected K -algebras.

Definition 4.1. Let (IC, £, xx) be a single-valued neutrosophic soft topological space over K. A single-valued
neutrosophic soft separation of (I, E, xx) is a pair of nonempty single-valued neutrosophic soft open sets
H, J if the following conditions hold:

1 HUJ =1g.
() HNJ = 0.

Definition 4.2. Let (IC, E, xx) be a single-valued neutrosophic soft topological space over K. Then (K, E, x)
is called a single-valued neutrosophic soft Cs-disconnected if there exists a single-valued neutrosophic soft
separation of (IC, E, xx), otherwise C'5-connected.

Definition 4.2 can be written as:

Definition 4.3. Let (K, F/, ) be a single-valued neutrosophic soft topological space over K. If there exists a
single-valued neutrosophic soft open set and single-valued neutrosophic soft closed set L such that L # 1z and
L # 0, then (K, E, xx) is called a single-valued neutrosophic soft Cs-disconnected, otherwise (IC, E, xx) is
called a single-valued neutrosophic soft Cs-connected.

Example 4.4. By considering Example 3.3, we consider a single-valued neutrosophic soft topological space
XK = {QE, 1E, H, J,L} Since HNJ 7é ®E7 HNL 7é ®E> JNL 7é ®E and HUJ 7& 1E,HUL 7é 1E7 JUL 7& 1E
Thus, y is a single-valued neutrosophic soft C's-connected.

Example 4.5. Every indiscrete single-valued neutrosophic soft space is Cs-connected since the only single-
valued neutrosophic soft sets in single-valued neutrosophic soft indiscrete space that are both single-valued
neutrosophic soft open and single-valued neutrosophic soft closed are () and 1.

Theorem 4.6. Let (IC, E, xx) be a single-valued neutrosophic soft topological space on K-algebra . Then
(K, E, xx) is a single-valued neutrosophic soft Cs-connected if and only if yx contains only () and 15 which
are both single-valued neutrosophic soft open and single-valued neutrosophic soft closed.
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Proof. Straightforward. O]

Proposition 4.7. Let KC; and /C; be two K-algebras and (K1, E, xx, ), (KCa, E, xx,) two single-valued neutro-
sophic soft topological spaces on K; and Ko, respectively. Let f : Ky — K, be a single-valued neutrosophic
soft continuous surjective function. If (K1, E, xx, ) is a single-valued neutrosophic soft Cs-connected space,
then (K, F, xx,) is also single-valued neutrosophic soft Cs-connected.

Proof. Let (K1, E, xx,) and (Ko, E, x,) be two single-valued neutrosophic soft topological spaces and (K1, F, x, )
be a single-valued neutrosophic soft Cs-connected space. We prove that (Ks, E, xx,) is also single-valued
neutrosophic soft Cs-connected. Let us suppose on contrary that (s, x2) be a single-valued neutrosophic soft
Cs-disconnected space. According to Definition 4.3, we have both single-valued neutrosophic soft open set
and single-valued neutrosophic soft closed set L such that L # 1gy and L # @gy. Then f~*(L) = 1gy or
f~YL) = (gy since f is a single-valued neutrosophic soft continuous surjective mapping , where f~1(L)
is both single-valued neutrosophic soft open set and single-valued neutrosophic soft closed set. Therefore,
L=f(fYL))=f(lsn)=1lsyand L = f(f~1(L)) = f(Psn) = Dsn, a contradiction. Hence (K, F, x2)
is a single-valued neutrosophic soft C's-connected space. [

5 Single-Valued Neutrosophic Soft Super Connected /< -Algebras

Definition 5.1. Let (K, E, xx) be a single-valued neutrosophic soft topological space over K and H =
{7y Zeyy, Fey b asingle-valued neutrosophic soft set in /. Then the interior and closure of H in a K -algebra
IC is defines as:

HIM = U{O : O is a single-valued neutrosophic soft open set in K and O C H},
HC% = m{C’ : C'is a single-valued neutrosophic soft closed set in C and H C C'}.

It is interesting to note that H/™, being union of single-valued neutrosophic soft open sets is single-valued
neutrosophic soft open and H¢!°, being intersection of single-valued neutrosophic soft closed set is single-
valued neutrosophic soft closed.

Theorem 5.2. Let (K, E, xx) be a single-valued neutrosophic soft topological space on K. Let H = {7T¢,,, Z¢,,, Fey }
be a single-valued neutrosophic soft set in yx. Then H™ is the largest single-valued neutrosophic soft open
set contained in H.

Proof. Obvious. ]
Proposition 5.3. Let H be a single-valued neutrosophic soft set in K. Then the following properties hold:
(i) (1g)™ = 1p.
(i) (0p)" = 0p.
sy TNt s
(i) (H) = (H)Ce.

Gv) (H) = (H)™.
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Corollary 5.4. If H is a single-valued neutrosophic soft set in /C, then H is single-valued neutrosophic soft
open if and only if /™ = H and H is a single-valued neutrosophic soft closed if and only if H¢ = H.

Definition 5.5. Let (KC, E, x«) be a single-valued neutrosophic soft topological space on K and yx be a single-
valued neutrosophic soft topology on K. Let H = {7¢,,, Z¢,,, F¢,, } be a single-valued neutrosophic soft open
setin K. Then H is called a single-valued neutrosophic soft regular open if

H = (HClo)Imﬁ.

Remark 5.6. (1) Every single-valued neutrosophic soft regular is single-valued neutrosophic soft open.
(2) Every single-valued neutrosophic soft clopen set is single-valued neutrosophic soft regular open.

Definition 5.7. Let y i be a single-valued neutrosophic soft topology on C. Then K is called a single-valued
neutrosophic soft super disconnected if there exists a single-valued neutrosophic soft regular open set H =
{T¢y, Iy Fep } such that 15 # H and O # H. But if there does not exist such a single-valued neutrosophic
soft regular open set H such that 1z # H and 0 # H, then K is called single-valued neutrosophic soft super
connected.

Example 5.8. Consider a K -algebra on a cyclic group of order 8 and Cayley’s table for © is given in
Example 3.3, where G = {e,z, 2% 23, 2 2°, 2% 27}. We have a single-valued neutrosophic soft topology
Xk = {0g,1g, H, J}, where H, J with a parametric set £ = {ly, >} are given as:

Cu(l) = {(e,0.8,0.7,0.2), (h,0.6,0.5,0.4)},
Crll) = {(e,0.7,0.7,0.2), (h, 0.6,0.6,0.5)},
¢r(l) = {(e,0.7,0.7,0.2), (h,0.4,0.1,0.5)},
Cs(ls) = {(e,0.4,0.6,0.6), (h,0.3,0.5,0.7)},

forall h # e € G.
Let L be a single-valued neutrosophic soft set in /C, defined by:

Co(lh) = {(e,0.9,0.8,0.1), (h,0.7,0.6,0.4)},
Cu(l) = {(e,0.9,0.7,0.1), (h,0.7,0.6,0.4)}.

Now, we have single-valued neutrosophic soft open sets : 0, 1z, H, J.
single-valued neutrosophic soft closed sets : (0z)° = 1z, (15)¢ = 0p, (H)* = H', (J)* = J , where H' | J
are obtained as:

G (1) ={(e,0.2,0.7,0.8), (h,0.4,0.5,0.6)},
¢y () = {(e,0.2,0.7,0.7), (h,0.5,0.6,0.6)},
C(h) = {(e,0.2,0.7,0.7), (h,0.5,0.1,0.4)},
¢, (ly) = {(e,0.6,0.6,0.4), (h,0.7,0.5,0.3)},
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for all h # e € GG. Then, interior and closure of a single-valued neutrosophic soft set L is obtained as:

Llnt - H
L = 1g.

For L to be a single-valued neutrosophic soft regular open, then L = (L)t But since L = (1) = 15 #
L. This shows that 15 # L # (g is not a single-valued neutrosophic soft regular open set. By Definition 5.7,
defined K -algebra is a single-valued neutrosophic soft super connected K -algebra.

6 Single-Valued Neutrosophic Soft Compactness i -Algebras

Definition 6.1. Let yx be a single-valued neutrosophic soft topology on K. Let H be a single-valued neutro-
sophic soft set in K. A collection Q = {(7¢,, ,Z¢,, , Fey,) @ € I} of single-valued neutrosophic soft sets in
K is called a single-valued neutrosophic soft open covering of H if H C | 2. A finite sub-collection of (2 say
(©') is also a single-valued neutrosophic soft open covering of H, called a finite subcovering of H.

Definition 6.2. Let (IC, E, xx) be a single-valued neutrosophic soft topological space of . Let H be a single-
valued neutrosophic soft set in /C. Then H is called a single-valued neutrosophic soft compact if every single-
valued neutrosophic soft open covering 2 of H has a finite sub-covering (Q).

Example 6.3. A single-valued neutrosophic soft topological space (K, E, xx) is single-valued neutrosophic
soft compact if either C is finite or xx is a finite single-valued neutrosophic soft topology on K.

Proposition 6.4. Let f : (K01, E, xx,) — (K2, E, xx,) be a single-valued neutrosophic soft continuous map-
ping, where (KC1, E, xx,) and (Ka, E, xx,) are two single-valued neutrosophic soft topological spaces of Ky
and /Co, respectively. If H is a single-valued neutrosophic soft compact in (Ky, E, x«, ), then f(H) is single-
valued neutrosophic soft compact in (KCo, E, X1, )-

Proof. Let f be a single-valued neutrosophic soft continuous map from K; into Ko. Let Q = {f "1 (H; : i € I)}
be a single-valued neutrosophic soft open covering of H and A = {H, : i € I} a single-valued neutrosophic
soft open covering of f(H ). Then there exists a single-valued neutrosophic soft finite sub-covering | J f~1(H;)

=1
such that

Thus,

Muhammad Akram, Hina Gulzar, Florentin Smarandache, Neutrosophic Soft Topological K-Algebras



121 Neutrosophic Sets and Systems, Vol. 25, 2019

This shows that there exists a single-valued neutrosophic soft finite sub-covering of f(H ). Therefore, f(H) is
single-valued neutrosophic soft compact in (Ko, E, x1, )- O

7 Single-Valued Neutrosophic Soft Hausdorff K '-Algebras

Definition 7.1. Let H = {7;,,,Z.,,, F¢, } be a single-valued neutrosophic soft set in a K. Then H is called a
single-valued neutrosophic soft point if, for 0 € £

Cu(8) # O,

and

CH (9/) =0 )
forall ' € E — {#}. A single-valued neutrosophic soft point in H is denoted by 0.

Definition 7.2. A single-valued neutrosophic soft point 8 is said to belong to a single-valued neutrosophic
soft set J, i.e., 0y € Jif, forf € £

Cu(0) < ¢s(0).

Definition 7.3. Let (KC, E, xx) be a single-valued neutrosophic soft topological space over K and 6, 6 be two
single-valued neutrosophic soft points in . If for these two single-valued neutrosophic soft points, there exist
two disjoint single-valued neutrosophic soft open sets H, .J such that §;, € H and 6y € J. Then (K, E, xx)
is called a single-valued neutrosophic soft Hausdorff topological space over K and K is called a single-valued
neutrosophic soft Hausdorff K -algebra.

Example 7.4. Consider a K-algebra K on a cyclic group of order 8 and Cayley’s table for © is given in
Example 3.3, where G = {e,z,2?, 23 2%, 25 25 27}. Let E = {l} and xx = {0, 15, H, J} be a single-
valued neutrosophic soft topological space over K. We define two single-valued neutrosophic soft points /1, [
such that

I, ={(e;1,0,1), (h,0,0,1)},
lo = {(e,0,0,1), (h,0,1,0)}.
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Sinceforl € E, (1(I) # Og, (o(l) # 0g, and [}, # lg, then clearly [, and [ are two single-valued neutrosophic
soft points. Now, consider two single-valued neutrosophic soft open sets H and .J defined as:

Cu(l) ={(e, 1,1,0), (h,0,0,1)},
¢s(1l) ={(e,0,0,1),(h,1,1,0)},

forall h # e € G. Since (1(1) < (u(l) and (g(1) < (s(I),1e.,l, € Handly € Jand HNJ = (p. Thus,
(K, E, xx) is a single-valued neutrosophic soft Hausdorff space and K is a single-valued neutrosophic soft
Hausdorft K -algebra.

Theorem 7.5. Let [ : (K1, E, x1) — (K2, E, x2) be a single-valued neutrosophic soft homomorphism. Then
IC; is a single-valued neutrosophic soft Hausdorff space if and only if /C, is a single-valued neutrosophic soft
Hausdorff K-algebra.

Proof. Let f : (K1, E, x1) — (Ko, E, x2) be a single-valued neutrosophic soft homomorphism and x1, x2 be
two single-valued neutrosophic soft topologies on K; and Ko, respectively. Suppose that Iy is a single-valued
neutrosophic soft Hausdorff space. To prove that /C, is a single-valued neutrosophic soft Hausdorff K -algebra,
Let for [ € I, [;, and [ be two single-valued neutrosophic soft points in x5 such that [}, # lo with u,v € Ky,
u # v. Then for these two distinct single-valued neutrosophic soft points, there exist two single-valued neu-
trosophic soft open sets H and J such that i, € H, g € J with H(J = 0g. For z € K;, we consider

() @) = Lo(f1(a)) = { s€ (01 ifr = f(u)

0 otherwise.

= (/7 D))

Therefore, f~'(I5) = (f~*(1))r. Likewise, f~*(lg) = (f*(1))g. Since f is a single-valued neutrosophic soft
continuous function from K; into K, and also f~! is a single-valued neutrosophic soft continuous function
from KC, into /i, then there exist two disjoint single-valued neutrosophic soft open sets f(H) and f(.J) of
single-valued neutrosophic soft points [, and I, respectively be such that f(H) () f(J) = f(0g) = 0g.
This shows that /s is a single-valued neutrosophic soft Hausdorff K -algebra. The proof of converse part is
straightforward. [

Theorem 7.6. let f : K — K5 be a bijective single-valued neutrosophic soft continuous function, where X,
is a single-valued neutrosophic soft compact K -algebra and K, is a single-valued neutrosophic soft Hausdorff
K-algebra. Then mapping f is a Ky is a single-valued neutrosophic soft homomorphism.

Proof. Let f be a bijective single-valued neutrosophic soft mapping from a single-valued neutrosophic soft
compact K -algebra into a single-valued neutrosophic soft Hausdorff K -algebra. Then clearly, f is a single-
valued neutrosophic soft homomorphism. We only prove that f is single-valued neutrosophic soft closed since
f is a bijective mapping. Let a single-valued neutrosophic soft set Q = {7¢,,Z¢,, F¢,} be closed in K-
algebra ;. Now if Q = (), then f(Q) = (g is single-valued neutrosophic soft closed in /Co. But if Q # (g,
then being a subset of a single-valued neutrosophic soft compact K-algebra, () is single-valued neutrosophic
soft compact. Also f(@Q) is single-valued neutrosophic soft compact, being a single-valued neutrosophic soft
continuous image of a single-valued neutrosophic soft compact K-algebra. Hence f is closed thus, f is a
single-valued neutrosophic soft homomorphism. ]
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8 Conclusions

In 1998, Smarandache originally considered the concept of neutrosophic set from philosophical point of view.
The notion of a single-valued neutrosophic set is a subclass of the neutrosophic set from a scientific and
engineering point of view, and an extension of intuitionistic fuzzy sets [32]. In 1999, Molodtsov introduced
the idea of soft set theory as another powerful mathematical tool to handle indeterminate and inconsistent
data. This theory fixes the problem of establishing the membership function for each specific case by giving
a parameterized outlook to indeterminacy. By using a hybrid model of these two mathematical techniques
with a topological structure, we have developed the concept of single-valued neutrosophic soft topological
K-algebras to analyze the element of indeterminacy in K -algebras. We have defined some certain concepts
such as the interior, closure, C'5-connected, super connected, compactness and Hausdorff of single-valued
neutrosophic soft topological K-algebras. In future, we aim to extend our notions to (1) Rough neutrosophic
K-algebras, (2) Soft rough neutrosophic K -algebras, (3) Bipolar neutrosophic soft K -algebras, and (4) Rough
neutrosophic K -algebras.
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Abstract. In this paper, the idea bipolar single-valued neutrosophic (BSVN) set was introduced. We also introduce bipolar
single-valued neutrosophic topological space and some of its properties were characterized. Comparing Bipolar single-valued
neutrosophic sets with score function, certainty function and accuracy function .Bipolar single-valued neutrosophic weighted
average operator (Ao) and bipolar single-valued neutrosophic weighted geometric operator (G») were developed and based on
Bipolar single-valued neutrosophic set, a multiple decision making problem were evaluated through an example to select the
desirable one.
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neutrosophic average operator, bipolar single-valued neutrosophic geometric operator, score, certainty and accuracy functions.

1. Introduction

Fuzzy Logic resembles the human decision making methodology.Zadeh [39] who was considered as
the Father of Fuzzy Logic introduced the fuzzy sets in 1965 and it is a tool in learning logical subject. He put
forth the concept of fuzzy sets to deal with contrasting types of uncertainties. Using single value pa(x)€[0, 1],
the degree of membership of the fuzzy set is in classic fuzzy, which is defined on a universal scale, they cannot
grasp convinced cases where it is hard to define pa by one specific value.

Intuitionistic fuzzy sets which was proposed by Atanassov [2] is the extension of Zadeh’s Fuzzy Sets to
overthrown the lack of observation of non-membership degrees. Intuitionistic fuzzy sets generally tested in
solving multi-criteria decision making problems. Intuitionistic fuzzy sets detailed into the membership degree,
non-membership degree and simultaneously with degree of indeterminancy.

Neutrosophic is the base for the new mathematical theories derives both their classical and fuzzy
depiction. Smarandache [4,5] introduced the neutrosophic set . Neutrosophic set has the capability to induce
classical sets, fuzzy set, Intuitionistic fuzzy sets. Introduceing the components of the neutrosophic set are
True(T), Indeterminacy(I), False(F) which represent the membership, indeterminacy, and non-membership
values respectively. The notion of classical set, fuzzy set [17], interval-valued fuzzy set [39], Intuitionistic fuzzy
[2], etc were generalized by the neutrosophic set. Majumdar & Samant [19] recommended the Single-valued
neutrosophic sets (SVNSs), which is a variation of Neutrosophic Sets. Wang, et.al [38] describe an example of
neutrosophic set and sgnify single valued Neutrosophic set (SVNs).They give many properties of Single-Valued
Neutrosophic Set, which are associated to the operations and relations by Single-Valued Neutrosophic Sets.The
correlation coefficient of SVNSs placed on the development of the correlation coefficient of Intuitionistic fuzzy
sets and tested that the cosine similarity measure of SVNS is a special case of the correlation coefficient and
correlated it to single valued neutrosophic multicriteria decision-making problems which was presented by Jun
Ye [7]. For solving multi-criteria decision-making problems, he overworked similarity measure for interval
valued neutrosophic set. Single valued neutrosophic sets (SVNSs) can handle the undetermined and uncertain
information and also symbolize, which fuzzy sets and Intuitionistic fuzzy sets cannot define and finalize.

Turksen [37] proposed the Interval-valued fuzzy set is similar as Intuitionistic fuzzy set. The concept is
to hook the anxiety of class of membership . Interval- valued fuzzy set need an interval value [ual(a), pal(a)]
with 0<pal(a)<paV(a)<1 to represent the class of membership of a fuzzy set A. But it is not suffient to take only
the membership function, but also to have the non-membership function .

Bipolar fuzzy relations was given by Bosc and Pivert [3] where a pair of satisfaction degrees is made
with each tuple. In 1994, an development of fuzzy set termed bipolar fuzzy was given by Zhang [40].By the
notion of fuzzy sets, Lee [16] illustrate bipolar fuzzy sets. Manemaran and Chellappa [20] provide some
applications in groups are called the bipolar fuzzy groups, fuzzy d-ideals of groups under (T-S) norm. They also
explore few properties of the groups and the relations. Bipolar fuzzy subalgebras and bipolar fuzzy ideals of
BCK/BCl-algebras were researched by K. J. Lee[17]. Multiple attribute decision-making method situated on
single-valued neutrosophic was granted by P. Liu and Y. Wang[18].
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In bipolar neutrosophic environment, bipolar neutrosophic sets(BNS) was developed by Irfan Deli [6]
and et.al. The application based on multi-criteria decision making problems were also given by them in bipolar
neutrosophic set. To collect bipolar neutrosophic information, they defined score, accuracy, and certainty
functions to compare BNS and developed bipolar neutrosophic weighted average (BNWA) and bipolar
neutrosophic weighted geometric (BNWG) operators. In the study, a Multi Criteria Decision Making approach
were discussed on the basis of score, accuracy, and certainty functions, bipolar Neutrosophic Weighted Average
and bipolar Neutrosophic Weighted Geometric operators were calculated. Fuzzy neutrosophic sets and its
Topological spaces was introduced by I.Arockiarani and J.Martina Jency [1].

Positive and Negative effects count on Decision making . Multiple decision-making problems have
gained very much attention in the area of systemic optimization, urban planning, operation research,
management science and many other fields. Correlation Coefficient between Single Valued Neutrosophic Sets
and its Multiple Attribute Decision Making Method given by Jun Ye [7]. A Neutrosophic Multi-Attribute
Decision making with Unknown Weight data was investigated by Pranab Biswas, Surapati Pramanik, Bibhas C.
Giri[30]. Neutrosophic Tangent Similarity Measure and its Application was given by Mondal, Surapati
Pramanik [11]. Many of the authors[8-14,21,22,24-29,31,32,33,35,36] studied and examine different and
variation of neutrosophic set theory in Decision making problems.

Here, we introduce bipolar single-valued neutrosophic set which is an expansion of the fuzzy sets,
Intuitionistic fuzzy sets, neutrosophic sets and bipolar fuzzy sets. Bipolar single-valued neutrosophic topological
spaces were also proposed. Bipolar single-valued neutrosophic topological spaces characterized a few of its
properties and a numerical example were illustrated. Bipolar single-valued neutrosophic sets were compared
with score function, certainty function and accuracy function. Then,the bipolar single-valued Neutrosophic
weighted average operator (A,) and bipolar single-valued neutrosophic weighted geometric operator (Go) are
developed to aggregate the data.To determine the application and the performance of this method to choose the
best one, atlast a numerical example of the method was given.

2 Preliminaries

2.1 Definition [34]: Let X be a non-empty fixed set. 4 neutrosophic set B is an object having the form
B={<x,us(x),08(x),ys(x)>x€X} Where pp(x),08(x) and ys(x) which represent the degree of membership
function , the degree of indeterminacy and the degree of non-membership respectively of each element x€X to
the set B .

2.2 Definition [38]: Let a universe X of discourse. Then Ans={<x,Fa(x),Ta(x)Ia(x)>x€X} defined as a single-
valued neutrosophic set where truth-membership function Tx:X—[0,1],an indeterminacy-membership function
Ia: X—[0,1] and a falsity-membership function Fa: X — [0,1].No restriction on the sum of Ta(x), Ia(x) and

Fa(x), s0 0<sup Ta(x) <sup Ia(x) <supFa(x) <3. A =<T, I, F> is denoted as a single-valued neutrosophic number.

2.3 Definition [23]: Let two single-valued neutrosophic number be A =<Ty, I, F;> and 4 ,=<T, I, F>> .
Then,the operations for NNs are defined as follows:

i. A A =<1-(1—T1)X,I1X,F1X>
i, Al =<(T/"1-(1-L)}1-(1-F) ">
iii. A4 1+ A =<T1+T-T 1 Tp, 1115, F 1 Fo>

~

iv. 4 1o A =<T1To,li+I-11 1, F1+F>-F Fo>

2.4 Definition [15]: Let a single-valued neutrosophic number be E 1=<T, I, Fi>. Then, SNN are defined as
i. score function s( B 1= (Ti+1- I;+ 1-F;)/3;
ii. accuracy function a(B 1) =T;-Fi;

iii. certainty function ¢ (B 1)=T..

2.5 Definition [23]: Let two single-valued neutrosophic number be § 1=<T}, I;, F;> and E ,=<TI2, I, F2>. The
comparison method defined as:

~ ~

1. if S(E 1) > S(E »), then B i is greater than E », thatis, B |is superior toE 2, denoted by E 1>§ 2
ii. if s(B 1) =s(B ;) and a( B 1)>a( B 1), then B iis greater than B ,, thatis, B | is superior to B », denoted by
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B<B,.

iiiif s(B 1) =s(B 2) and a( B 1y=a( B 1) and o( B 1)>c( B »), then B \is greater than B o, thatis, B 1 is superior
to Ez, denoted by B 1>§2.

iv.if s(B 1) = s(B ) and a( B 1)=a( B 1) and ¢( B 1)=c( B 1), then B 1is equal to B », that is, B | is indifferent
to Ez, denoted by B 1=§2.

2.6 Definition [6]: In X, a bipolar neutrosophic set B is defined in the form

B=<x, (T*(x), ['(x), F'(x), T(x), I'(x), F(x)):x€X>
Where T, I', F: X— [1, 0] and T-, I -, F : X [-1, 0].The positive membership degree denotes the truth
membership T*(x), indeterminate membership I* (x) and false membership F* (x) of an element x€X
corresponding to the set 4 and the negative membership degree denotes the truth membership T (x),
indeterminate membership I'(x) and false membership F'(x) of an element X€ X to some implicit counter-
property corresponding to a bipolar neutrosophic set .

2.7 Definition [39, 2]: Each element had a degree of membership (T) in the fuzzy set . The Intuitionistic fuzzy
set on a universe, where the degree of membership pg(x) €[0,1] of each element XEX to a set B, there was a
degree of non-membership vs(x)€[0,1],such that V x€X, pp(x) + v(x) <I.

2.8 Definition [15, 20]: Let a non-empty set be X. Then, Bgr= {<x, p's(x), ws(X)>: xEX}is a bipolar-valued
fuzzy set denoted by Bgr ,where pu'g: X — [0, 1] and ps: X — [0, 1]. The positive Membership degree ps(x)
denotes the satisfaction degree of an element x to the property corresponding to Bgr and the negative
membership degree ug'(x) denotes the satisfaction degree of x to some implicit counter property of Bgr .

In this section, we give the concept bipolar single-valued neutrosophic set and its operations. We also
developed the bipolar single-valued neutrosophic weighted (A,) average operator and geometric operator (Go).
Some of it is quoted from [2, 5, 7, 10, and 14].

3. Bipolar single-valued Neutrosophic set(BSVN):

3.1 Definition : A Bipolar Single-Valued Neutrosophic set (BSVN) S in X is defined in the form of

BSVN (S) =<v,(Tssvn", Tesv~),(Issvn ", IssvN),(Fsvn ', FesvN): vEX>
where (Tpsvn',Issvn™,Fesvn):X—[0,1] and (Tesyn,Issvn’,Fesvn):X— [-1,0] .In this definition, there Trsyn" and
Tesyn™ are acceptable and unacceptable in past. Similarly Igsyn™ and Igsyn™ are acceptable and unacceptable in
future. Fesvn' and Fgsvn™ are acceptable and unacceptable in present respectively.

3.2 Example : Let X={si,s,,s3}.Then a bipolar single-valued neutrosophic subset of X is

<s,,(0.1,-0.1),(0.2,-0.3),(0.3,-0.5) >
s=1<s,,(0.2,-0.3),(0.4,-0.4),(0.6,~0.5) >
< 53,(0.2,-0.8),(0.6,-0.4),(0.7,-0.7) >

3.3 Definition : Let two bipolar single-valued neutrosophic sets BSVN;(S) and BSVN(S) in X defined as
BSVN; (S):<V,(TBSVN+( 1 ),TBSVN—( 1 )),(IBSVN+( 1 ),IBSVN_( 1 )),(FBSVN+( 1 ),FBSVN-( 1 ))ZVEX> and
BSVN2(S):<V,(TBSVN+(2),TBSVN"(Z)),(IBSVN+(2),IBSVN'(2)),(FBSVN+(2),FBSVN'(2))ZVEX>. Then the operators
are defined as follows:
(i) Complement
BSVNL(S) = {< V,(I—TBSVN+), (—I—TBSVN'), (I—IBSVN+), (— 1 'IBSVN-), (I—FBSVN+), (— 1 —FBSVN')Z vEX >}

(ii) Union of two BSVN
BSVNI(S) UBSVNy(S) =

maX(Tl;rSVN( 1 )aTl;rSVN (2))>min(I;SVN (1)9[;SVN (2))>min(F;SVN D, F;SVN (2))
max(Tyg,y (1), Tygn (2)),min(4 gy (1), gy (2)), min( Fyg,, (1), Fyg,, (2))
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(iii) Intersection of two BSVN

BSVN{(S) NBSVN,(S) =
<min<T;SVN<1>,TB;VN (20),max( Ly (1), Ly (2)),maX(Fygy (1), Fiy (2>)>
min(7 g,y (1), Tpgpy (2)),max(L gy (1), pgyy (2)), max(Fygyy (1), Fgn (2))

3.4 Example : Let X={s,s,,53}.Then the bipolar single-valued neutrosophic subsets S; and S, of X',

< 5,,(0.1,-0.1),(0.2,-0.3),(0.3,~0.5) > < 5,,(0.2,-0.1),(0.3,-0.5),(0.4,~0.5) >
S1=4<s,,(0.2,-0.3),(0.4,-0.4),(0.6,~0.5) > b and S, ={ < s,,(0.3,0.3),(0.3,~0.5), (0.4,~0.6) >
< 55,(0.2,-0.8),(0.6,~0.4),(0.7,~0.7) > < 55,(0.5,0.3),(0.6,-0.3),(0.8,-0.7) >

<s,,(0.9,-0.9),(0.8,-0.7),(0.7,-0.5 >
(i) Complement of Sy is S;=<<s,,(0.8,-0.7),(0.6,-0.6),(0.4,-0.5 >
<s5,(0.8,-0.2),(0.4,-0.6),(0.3,-0.3 >
<s,,(0.2,-0.1),(0.2,-0.5),(0.3,-0.5 >
(ii) Union of Sy and Sy is S1US»=+¢< s,,(0.3,-0.3),(0.3,-0.5),(0.4,-0.6) >
<s,,(0.5,-0.3),(0.6,-0.4),(0.7,-0.7) >
<s,,(0.1,-0.1),(0.3,-0.3),(0.4,-0.5) >
(iii) Intersection of S; and Sz is SiNS=<< s,,(0.2,-0.3),(0.4,-0.4),(0.6,—0.5) >
< s5,(0.2,-0.8),(0.6,-0.3),(0.8,-0.7) >

3.5 Definition : Let two bipolar single-valued neutrosophic sets be BSVN;(S) and BSVNx(S) in X defined as
BSVN(S)=<v,(Tsv~ (1), Tesvn(1)),Izsvn"(1),Issvw (1)), (Fesvn (1), Fesyn'(1)):vEX> and
BSVN,(S)=<v, (Tasv~'(2),Tsyn(2)),(Issvn(2),Izsvn(2)), (Fesyn'(2),Fesvn(2)):vEX>.

Then S;=S; if and only if

Tesvn'(1) = Taswn'(2) , Issyn'(1) = Issvn'(2) , Fesyn'(1) = Fesww'(2) ,
Tesvw' (1) = Tesww(2) , Issyn' (1) = Issyw'(2) , Fsyn'(1) = Fesww(2) for all veX.

3.6 Definition : Let two bipolar single-valued neutrosophic sets be BSVN; and BSVN; in X defined as
BSVNi(S)=<v,(Tsv~ (1), Tesvn(1)),Izsvn(1),Issvw (1)), (Fesvn (1), Fesyn'(1)):vEX> and
BSVN,(S)=<v, (Tasv~'(2),Tesyn(2)),(Issvn(2),Izsvn(2)), (Fesyn'(2),Fesyn(2)):vEX>.

Then S;SS; if and only if

Tesvn'(1) < Tesvn'(2) , Issvn (1) = Iesvn"(2) , Fasvn'(1) = Feswn'(2) ,
Tesyn(1) < Tesyn'(2) , Issvn'(1) > Issun'(2) , Fesvn'(1) > Fsyn'(2) for all veX.

4. Bipolar single-valued Neutrosophic Topological space:

4.1 Definition : A bipolar single-valued neutrosophic topology on a non-empty set X is a T of BSVN sets
satisfying the axioms

(1) Opsyn, sy ET
(ll) SiNS, € for any S, €t
(iii) US; € 1 for any arbitrary family {S; :i€j} €1
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The pair (X,7) is called BSVN topological space. Any BSVN set in t is called as BSVN open set in X. The
complement S° of BSVN set in BSVN topological space (X,7) is called a BSVN closed set.

4.2 Definition : Null or Empty bipolar single-valued neutrosophic set of a Bipolar single-valued Neutrosophic
set S over X is said to be if <v, (0, 0), (0, 0), (0, 0)> for all v€éX and it is denoted by Ogsyn.

4.3 Definition : Absolute Bipolar single-valued neutrosophic set denoted by 1gsyn of a Bipolar single-valued
Neutrosophic set S over X is said to be if <v, (1,-1), (1,-1), (1,-1)> for all veX.

4.4 Example : Let X={s1,52,83} and == {Ossvn, lesvn,P,Q,R,S} Then a bipolar single-valued neutrosophic subset
of X'is

<s,,(0.3,-0.5),(0.4,-0.2),(0.5,-0.3) > <s,,(0.5,-0.2),(0.5,-0.2),(0.3,-0.2) >
P=1<s,,(0.3,-0.6),(0.7,-0.1),(0.4,-0.4) >t Q={<s,,(0.3,-0.4),(0.4,-0.2),(0.4,~0.2) >
< 55,(00.2,-0.7,(0.4,-0.3),(0.4,-0.1) > < 55,(0.3,-0.2),(0.4,-0.3),(0.4,-0.4) >
< 5,,(0.5,-0.2),(0.4,-0.2),(0.3,-0.3) > < 5,,(0.3,-0.5),(0.5,-0.2),(0.5,-0.2) >
R=1<s,,(0.3,-0.4),(0.4,-0.2),(0.4,-0.4) >+  s={<s,,(0.3,-0.6),(0.7,-0.1),(0.4,-0.2) >
< 53,(0.3,0.2),(0.4,-0.3),(0.4,-0.4) > < 55,(0.2,-0.7),(0.4,-0.3),(0.4,—0.1) >

Then (X,7) is called BSVN topological space on X.

4.5 Definition : Let (X,t) be a BSVN topological space and

BSVN (S) =<v, (Tssvn",Tesv~), (Issvn",Iesvn),(Fesyn ', Fesyn):vEX> be a BSVN set in X. Then the closure and
interior of A is defined as

Int (S) =U {F: F is a BSVN open set (BSVNOs) in X and FCS}

CI(S)=nN {F: Fis a BSVN closed set (BSVNCs) in X and SCF}.
Here cl(S) is a BSVNCs and int (S) is a BSVNOs in X.

(a) Sisa BSVNCs in X iffcl (S) =S.

(b) Sisa BSVNOs in X iff int (S) =S.

4.6 Example : Let X={si,52,53} and 7={0ssvn, lssvn,P,Q,R,S}. Then a bipolar single-valued neutrosophic subset
of X'is

<,,(0.3,-0.5),(0.4,-0.2),(0.5-0.3) > [<s,,(0.5,-0.2),(0.5,-0.2),(0.3,-0.2) >
P=1<s,,(0.3,-0.6),(0.7,=0.1),(0.4,~0.4) > Q=1 < s,,(0.3,-0.4),(0.4,-0.2),(0.4,-0.2) >
< 5,,(0.2,-0.7),(0.4,-0.3),(0.4,-0.1) >|  |<s,,(0.3,-0.2),(0.4,-0.3),(0.4,-0.4) >

<5,,(0.5-0.2),(0.4,-0.2),(0.3,-0.3) > |  [<s,,(0.3,-0.5),(0.5,-0.2),(0.5,-0.2) >
R=1<s,,(0.3,-0.4),(0.4,-0.2),(0.4,~0.4) > + S={ < s,,(0.3,~0.6),(0.7,-0.1),(0.4,-0.2) >
< 5,,(0.3,-0.2),(0.4,-0.3),(0.4,-0.4) > |  |<s,,(0.2,-0.7),(0.4,0.3),(0.4,~0.1) >
<5,,0.7,0.3,0.3,-0.5,-0.2,~0.4 >
T-{<s,,0.6,0.6,0.3,-0.3,-0.5,-0.5 >

<53.050203-05-05-0.6>) Tl

4.7 Proposition : Let BSVNTS of (X,1) and S,T be BSVN’s in X. Then the properties hold:
i. int(S)<S Sand S Ccl(S)
ii. SC T =int(S) € int(T)
SE T =cl(S) € cl(T)
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iii.  int(int(S))=int(S)
cl(cl(S))=cl(S)

iv.  int(SNT)=int(S)Nint(T)
cl(SUT)=cl(S)Ucl(T)

V. int(lBSVN)ZlBSVN
cl(Ossvn)=0Bsvn

Proof: The proof is obvious.

4.8 Proposition : Let BSVN sets of Si's and T in X, then S;€T for each i€J= (a). USiC€T and (b). T € NS;.
Proof: (a).Let SicB (i.e) SiEB, S;EB,....., S,.&B.

= {TesvN'(S1) < Tosvn'(T) , Tesvw(S1) < Tasyn(T) , Issyn"(S1) = Issvw'(T) , Izsvw'(S1) > Issvw(T),
Fesyn™(S1) = Fesyn(T) , Fesyn(S1) = Fesyn (T) , Tesyn'(S2) < Tasvn(T) , Tesyn(S2) < Tasuw(T) ,
IesyN"(S2)=Iesyn (T),Iesvn(S2)=Iesyn (T),Frsyn(S2)>Frsvn (T),Fesvn (S2)ZFasyN (T) . e vvvvcviecvi ,
Tesvn ' (Sn)< Trsyn'(T), Tesvw(Sn) < Trsun'(T) , Isvn'(Sn) > Issyn'(T) , Insyn'(Sa) > Isyn(T),
Fisvn'(Sn) > Fsun'(T) , Fesvn(Sa) = Fesyn(T) }

=>max{(Tesyn"(S1), Tesvn"(S2) ..., TBsyN (Sn)),( Tesvn(S1) , TesvN(S2) ».., Tesvn(Sn) )} <(Tesyn'(T), Tesvw (T))
min{(Tesyn"(S1) ,Izsyn"(S2) »....Iesvn(Sn) ), (Issvn(S1) LIssvn(S2) 5. . . IesvN(Sn) )} = (Issyn™(T) ,Igsvn(T))
min {(Fesvn"(S1) ,Fesvn™(S2) ,...,Fesyn"(Sn)),(Fasvn(S1),Fesvw(S2) ..., Fsvn(Sn) )} = (Fesyn(T),Frsvn(T))

where UA; = <x, max {(TBSVN+(SI), TBSVN+(S2) ,---,TBSVN+(Sn) ),( TBSVN’(Sl) ,TBSVN’(Sz) ,..,TBSVN’(SH) )}
min{(Iesvn"(S1) ,IzsvN"(S2) .. ..JBsvN"(Sn) ), IBsvN(S1) LIssvN(S2) ..., IBsvN(Sn) )}
min{(FBswﬁ(Sl) ,FBSVN+(S2) 9"'7FBSVN+(S‘1) ), (FBSVNE(S]) ,FBSVNE(SZ) ,---,FBSVN(Sn) )} >
.. USi € T .Hence proved.

(b)Let TcS; (1e) TCS,, TCS,, ... TCS.

=< TeswW(T) < Tesww'(S1) , Tesw(T) < Tasyn(S1) , Issww'(T) = Issyn™(S1) , Issyw(T) = Isswni(S1),
Fesvw™(T) = Fesyn(S1) , Fesyw(T) = Fesvn(S1) , Tesyw'(T) < Tesvn™(S2) , Tesvn(T) < Trsww(S2),

Iesvn"(T) = Ieswn'(S2) , Issvn(T) = Issun(S2),Fesvn(T) = Fasun™(S2) ,Fesvn (T) = Fesyn(S2) 5evvevnevneennnnne. ,
TesyN (T)< Tesyn(Sh) , Tesyn (T) < Tesyn( Sn) LIesyw™(T) = Issyn™( Sn) , Issyn(T) = Issyn( Sn),

Fesyn"(T) = Fesvn™(Sn) , Fsun(T) = Fasyn'( Sn) }>

=(Tesvn'(T), Tesyn (T)) < min{(Tesvn'(S1),Tesvn'(S2) 5., Tesyn (Sn) ),( Tesyn(S1) , Tesyn(S2) 5., Tsyn(Sn) )}
(Issyn'(T) LIgsyn'(T)) = max {( Iesyn'(S1) ,Issyn'(S2) .. ..Iesvn(Sn) ), (Issyn'(S1) ,Izsyn(S2) 5. . .,IBsvn(Sn) )}
(Fsvn'(T),Fesyn'(T))= max {(Fesvn'(S1) ,FasvN(S2) »--.,Fasvn"(Sn) ),(Fesvn(S1) ,FBsvN(S2) ..., Fesvn(Sn))}

Where NA= <x, min {(Tesvn'(S1), Tesv~'(S2) ,..., Tesvn (Sn) ),( Tesvw(S1) ,Tsvw(S2) 5., Tesvn(Sn) )}
max {(Issvn"(S1) ,Issvy~'(S2) ,....IzsvN"(Sn) ), (Issvn(S1) JIBsvN(S2) ..., Issvw(Sn) )}
max {(Fesyn'(S1) ,Fsvw'(S2) ,....,Fesyn'(Sn) ), (Fesvn(S1) ,Fesvw(S2) ,...,Fesvn(Sn) )} >
.. T € NS; .Hence proved.

4.9 Proposition : Let Si's and T are BSVN sets in X then (i). (US;)¢ = NS;¢, (ii). (NS;)*= US{ and

(iii). (S°)°=S.

Proof: (i) Let US; = <x, max {(Tssvn'(S1), Tesvn'(S2) »-..., Tesvn'(Sn) ).( Tesvn(S1) , Tesvn(S2) 5., Tesvn'(Sn))}
min {(Issvn"(S1) ,IssyN"(S2) ..., IBsvn"(Sn) ), (IBsvN(S1) ,IBsvN(S2) ..., IBsvN'(Sn) )}
min{(Fesyn'(S1) ,Fesvw'(S2) .. ...Fesyn'(Sn) ),(Fsvn'(S1) ,FBsvN(S2) ,...FBsvn(Sn))} >

(USi)C = <x,min{(1-TBSVN+(Sl), 1 —TBSVN+(Sz) yeel 'TBSVN+(Sn) ),(— 1- TBSVN-(SI) - 1 —TBSVN'(Sz) ooy 1- TBSVN_(Sn))}
max{(l 'IBSVN+(SI) . 1 —IBSVN+(Sz) ey 1 'IBSVN+(Sn) ), (— 1 'IBSVN-(SI) - 1 —IBSVN'(Sz) . 1 'IBSVN_(Sn))}
max {(1-Fesvn'(S1) ,1-Fasyn'(S2) »--,1-Fsyn'(Sn) ), (-1-Fsvw(S1) ,-1-Fesyn(S2) ,-.,-1-Fesyn'(Sn)) >

Sic = <X, (1'TBSVN+(SI)5 1- TBSVN+(SZ) yerey 1 -TBSVN+(Sn) );(' 1- TBSVN_(SI) 5 1 'TBSVN-(SZ) IR 1 'TBSVN_(SH))
( 1 'IBSVN+(SI) , 1 —IBSVN+(SQ) yeens 1 'IBSVN+(Sn) ), (— 1 'IBSVN_(SI) - 1 —IBSVN'(Sz) . 1 'IBSVN_(Sn) )
( 1 —FBSVN+(S1) , 1—FBSVN+(SQ) yeeny 1 'FBSVN+(Sn) ), (— 1 'FBSVN-(SI) \ 1 —FBSVN'(Sz) I 1 'FBSVN_(Sn)>
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NS¢ = <x,min {(1-Tesvn"(S1),1-TesvN'(S2) ..., 1-Tesvn'(Sn) ),(-1- Tesvn'(S1) ,-1-Tesvx(S2) 5.~ 1-Trsvn(Sn) )}
max {(1-Iesvn"(S1) , 1-Issww'(S2) ,.- -, 1-IBsyN"(Sn) ), (-1-IsvN'(S1) ,-1-IBsvN'(S2) ,. - ,=1-IBsvN'(Sn) )}
max{( 1 'FBSVN+(S1) , 1 'FBSVN+(SZ) yeos 1 'FBSVN+(Sn) ), (— 1 'FBSVN_(S 1) 5~ 1 -FBSVN'(Sz) ) I-FBSVN'(SH) } >

From (1) and (2), (US;)* = NS;® .Hence proved.
(i1). Similar as proof of (i).

(iii). Let S=< (TBSVN+(S),TBSVN'(S)), (IBSVN+(S), IBSVN'(S)),(FBSVN+(S), Fesvn'(S))> be a BSVN set in X, then
St=< (1‘TBSVN+(S), -1-TBSVN'(S)),(l—IBSVNJr(S), —l—IBSVN'(S)),(l—FBSVN+(S), —I—FBSVN'(S)>

(89)° =< (Taswn'(S), Tasvw (S)),(Issvn ' (S), Iesww(S)),(Fasvn(S), Fasww(8))>

(S°)° = S. Hence proved.

5. Bipolar single-valued Neutrosophic Number (BSVNN)

5.1 Definition : Let two bipolar single-valued neutrosophic number(BSVNN) be
S 1=<Tgsyn" (1), Tasyw (1)),(Issvw (1), Izsvn (1)), (Fasvn (1), Fesyn(1)> and
s 2_<TBSVN+(2) Tesvw(2)), (IBSVN+(2) Issvw(2)), (FBSVN (2),Fesyn'(2)> . Then the operations are
i 7»S 1=<1-(1-Tesy (1)), -(-Tesyw (1)), (Tesvw (1)), -(-Tssvw (1)), (Fesww (1)), -(1-(1-(-Fsvn(1))))>
i, 5 =<(Tasww (1)) -(1-(1-(-Tasww (1)), 1-(1-Tasvn (1), -(Tasww (1)), 1-(1-Faswn" (1), -(-Fasw (1))>
iii. §1+5 2= <Tesww (1)+ Tesyn'(2)- Tesww' (1) Tesyn'(2),- Tesww (1) Tasww'(2),
Iesvn (1) IssvN"(2), - (- Issvn (1) - Issvw'(2) - Issyn(1) Issvn(2)),
Fesyn™ (1) Fesvn™ (2), -(- Fesyn(1) - Fasyn'(2) - Fasyn'(1)Fesvn(2))>
iv. § 1.8 2=<Tesw'(1) Tesy"(2),-(- Tesvw'(1)- Tesvw(2)- Tesyn (1) Tesyn'(2)),
Iesvn'(1)+ Issyn'(2)- Iesyn'(1) Issvn™(2),- Iesyn(1) Iesvn(2),
Fesyn'(1)+ Fesvn'(2)- Fesyn'(1) Fasyn'(2),- Fesvn(1) Fesyn(2)>

5.2 Definition : Let a bipolar single-valued neutrosophic number(BSVNN) be

S 1=<Tgsvx"(1), Tesvw (1)),(Issvw (1), Izsvn(1)),(Fesvn (1), Fesvn(1)>. Then
i. score function: s( s 1)=( Tesyn (1)+1- Igsyn"(1)+1- Fsyn"(1)+1+Tesyn'(1)- Igsvn'(1)-Fesyn(1))/6
ii. accuracy function: a(s 1)= Tsvn'(1)-Fesyn'(1)+Tesyn(1)-Fesyn(1)
iii. certainty function : c(s 1)= Tesvn'(1)-Fasyn'(1)

5.3 Definition : The two bipolar single-valued neutrosophic numbers (BSVNN) are compared
s 1=<TBsw'(1), Tesww(1)),(Issvn (1), Issvn (1)), (Fasvn (1), Fpsvn(1)>
S 2=< Tesvn'(2), Tesvw(2)),(Issvn (2),Issvn (2)), (Fesvn'(2),Fesvw(2)> can be defined as

i. Ifs(S 1)>s(S 2), S 1 is superior to § 2 ,(i.e.) § | is greater than § » denoted as § 1>§ 2.

ii. Ifs(s 1)=s(S2)and § (S 1)>§ (S 2), S iis superior to § 5,(i.e.) § 1 is greater than § » denoted as
S1< 82

iii. Ifs(S 1)=s(S2)and § (§1)=5 (5 2)andc(s 1)>c(S 2), § 1is greater than § »,thatis § i is superi-
orto s 2,denoted as § >3 1.

iv. Ifs(S1)=s(52)and § (5 1)=5 (5 2)andc(S 1)=c(S 2), S 1isequal to§ »thatis § ;is indifferent
to § » ,denoted as § =5 1.

5.4 Definition : Let a family of bipolar single-valued neutrosophic numbers(BSVNN) be § =<Tgsv'(j),
Tesvw (§)),(Issvn (), Issvw (), (Fesvn " (§),Fesvn (G)>(G=1,2,3,...,n). A mapping Aw :Fy,—F is called bipolar
single-valued Neutrosophic weighted average (BSVNWA,,) operator if satisfies
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n n n n
Ao S 5y S, D @8, = < A= Tosw') @5, -] ToswG) @5, [ Tesw'G) @5,
= J= J=

=
n n n

A-TT O-Claswn @i, [T Fosw'@ @is- -] (- Fasw) @i)>
=l =l =l

Here o; is the weight of Ej (=1,2,...n), z oi=1 and w;€[0,1].

J=1

5.5 Definition : Let a family of bipolar single-valued neutrosophic numbers(BSVNN) be Ej =<Tgsw~ (j),

TBSVN_(j)),(IBSVN+(j),IBSVN_(j)),(FBSVN+G),FBSVN-G)>(j:1,2,3,~ . .,n) A mapping Gy:Fn—F is called bipolar
single-valued neutrosophic weighted geometric(BSVNWG,,) operator if it satisfies

Gu) (E,EZ 903 En ): H Ej a)j =< H TBSVNJr (])) a)j ) '(1' H (l'(_TBSVN_(j))) a)j )n

J=1 J=1 J=1

n n n n
]'H (1'IBSVNJr (])) a)j s 'H (- IesyN)) a)j ,l-H (1- FBSVN+(].) a)j , -H (- Fesvn) a)j > where Wj is the

=l j=l j=l j=1

n
weight of 5, (7=1,2,..n), Y =1 and w;€[0,1].

J=1
5.6. Decision making problem:

Here, with bipolar single-valued neutrosophic data, we develop decision making problem based on A, operator
Suppose the set of alternatives is S = {S1,S,,...Sm} and the set of all criterions (or attributes) are

G= {G1Gy,....,Gn}.Let 0=(®1,m,....04)" be the weight vector of attributes such that z o=1 and ®;> 0
J=1

(G=1,2,...n) and o; assign to the weight of attribute G;.An alternative on criterions is calculated by the decision
maker and the assess values are represented by the design of bipolar single-valued neutrosophic numbers.

Assume the decision matrix (E ij)mx n :(<TBSVN+(ij),TBSVN-(ij)),(IBSVN+(ij),IBSVN-(ij)),(FBSVN+(ij),FBSVN-(ij)>)mxn
contributed by the decision maker, for Alternative S; with criterion G; ,the bipolar single-valued neutrosophic
number is § ijr The conditions are Tesvn'(ij), Tesyn (ij),(TIesvn (i), Issvn (i), Fesvn (i), Fesvn(ij) € [0,1] such that
0< TBSVN+(ij) -TBSVN'(ij) +IBSVN+(ij) —IBSVN'(ij) +FBSVN+(ij) —FBSVN'(ij) <6 for i=1,2,3,...m andj=1,2,. ...

Algorithm:
STEP 1: Construct the decision matrix by the decision maker.

(S i)mx n =(<Teswn (i), Tesvw (i), Tesvn ' (i), Issvn (i), (Fsvn ' (1), Fesvn (i)>)msn
STEP 2: Compute S =Ao(S i1, S i2,... 8 i) for each i=1,2,....m.

STEP 3: Using the set of overall bipolar single-valued neutrosophic number of § i (i=1,2,...m),calculate the
score values § (§ )-

STEP 4: Rank all the structures of § ; (i=1,2,...m) according to the score values.

Example (5.7): A patient is intending to analyze which disease is caused to him. Four types of diseases
Si(i=1,2,3,4) are Cancer, Asthuma, Hyperactive, Typhoid. The set of symptoms are Gi=cough,
Gr=Headache,Gs=stomach pain,G4=blood cloting. To evaluate the 4 diseases (alternatives) Si(i=1,2,3,4) under
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the above four symptoms(attributes) using the bipolar single-valued neutrosophic values.The weight vector of
the attributes G; (j=1, 2, 3, 4) is o= (0.25,0.35,0.20,0.20) ™.

STEP 1: The decision matrix provided by the patient is constructed as below:

Si/G; G Gy Gs Gy

S (0.3,-0.5)(0.4,-0.4) (0.3,-0.3)(0.5,-0.2) (0.6,-0.4)(0.4,-0.3) (0.1,-0.3)(0.6,-0.4)
(0.4,-0.2) (0.3,-0.4) (0.3,-0.5) (0.5,-0.3)

S, (0.3,-0.4)(0.7,-0.5) (0.1,-0.3)(0.2,-0.4) (0.3,-0.5)(0.2,-0.4) (0.4,-0.2)(0.2,-0.3)
(0.4,-0.5) (0.3,-0.5) (0.1,-0.3) (0.1,-0.2)

S3 (0.3,-0.4)(0.4,-0.5) (0.1,-0.2)(0.2,-0.3) (0.5,-0.4)(0.4,-0.5) (0.1,-0.3)(0.2,-0.4)
(0.5,-0.6) (0.3,-0.4) (0.5,-0.6) (0.3,-0.6)

S4 (0.3,-0.2)(0.2,-0.1) (0.3,-0.1)(0.4,-0.2) (0.2,-0.3)(0.4,-0.7) (0.1,-0.3)(0.2,-0.5)
(0.1,-0.2) (0.5,-0.3) (0.7,-0.8) (0.3,-0.7)

STEP 2: Compute § =Auo(S i1, S 2, S i, § i) for eachi=1,2,3,4;

§1=<(0.3,-0.4) (0.5,-0.3) (0.4,-0.4)>

§ 2=<(0.2,-0.3) (0.3,-0.4) (0.2,-0.4)>

$ 3=<(0.2,-0.3) (0.3,-0.4) (0.4,-0.5)>

S 4=<(0.2,-0.2) (0.3,-0.4) (0.3,-0.5)>
STEP 3: The score value of § (§ ) (=1, 2, 3, 4) are computed for the set of overall bipolar single-valued
neutrosophic number .

5 (S )=0.45

5 (5 ,)=0.53

5 (s )=051

5 (s )=0.55
STEP 4: According to the score values rank all the software systems of S; (i=1, 2, 3, and 4)

S4> 82> 83> S
Thus S4 is the most affected disease (alternative) . Typhoid(S4) is affected to him.

Conclusion:

In this paper, bipolar single-valued neutrosophic sets were developed. Bipolar single-valued
neutrosophic topological spaces were also introduced and characterized some of its properties. Further score
function, certainty function and accuracy functions of the Bipolar single-valued neutrosophic were given. We
proposed the average and geometric operators (A, and G,,) for bipolar single-valued neutrosophic information.
To calculate the integrity of alternatives on the attributes taken, a bipolar single-valued neutrosophic decision
making approach using the score function, certainty function and accuracy function were refined.
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Abstract: Neutrosophic sets has gained wide popularity and acceptance in both academia and industry. Different
fields have successfully adopted and utilized neutrosophic sets. However, there is no open-source implementation that
provides the basic neutrosophic concepts. Open-source is a global movement that enables developers to share their
source-code, as researchers do share their research ideas and results. Presented Open-source python neutrosophic
package is the first of its kind. It utilizes object oriented concepts. It is based on one of the most popular multi-
paradigm programming languages that is widely used in different academic and industry fields and activities; namely
python. Presented package tends to dissolve the barriers and enable both researchers and developers to adopt neutro-
sophic sets and theory in research and applications. In this paper, the first Open-source, Object-Oriented, Python based
Neutrosophic package is presented. This paper intensively scanned neutrosophic sets research attempting to reach the
most widely accepted neutrosophic proofs, and then transforming them into source-code. Presented package imple-
ments most of the basic neutrosophic concepts. Presented neutrosophic package presents four different classes: Single
Valued Neutrosophic Number, Single Valued Neutrosophic Sets, Interval Valued Neutrosophic Number, and Interval
Valued Neutrosophic Sets. Presented package source code, test cases, usage examples, and updated documentation
can be found online at https://www.github.com/helghareeb/neutrosophic. Presented neutrosophic
package can be easily integrated into research and applications. This is an ongoing work and research, as neutrosophic
theory is largely expanding, and there are lots of features to cover.

Keywords: Single Valued Neutrosophic Number, Neutrosophic Sets, Open Source, Python

1 Neutrosophic Theory

Neutrosophic sets have been introduced to the literature by Smarandache to handle incomplete, indetermi-
nate, and inconsistent information [18]. In neutrosophic sets, indeterminacy is quantified explicitly through a
new parameter I. Truth-membership (T), indeterminacy membership (I) and falsity-membership (F) are three
independent parameters that are used to define a Neutrosophic Number.

N = {<x;T].V(x),JJ.V(x),FJ.V(x) >,xeX}

veX, Ty(a),Iy(x),Fy(x)€l0,1] (1.1)

This paper presents the first novel open source implementation of a Neutrosophic Package in Python pro-
gramming language. Proposed implementation aims to facilitate Neutrosophic sets utilization in different
Python based applications. Python programming language has been chosen exclusively for different reasons.
Python is a high-level programming language, that is efficient, supports high-level data structures, and is highly
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utilized in different academic and industry disciplines; including big data analytics, artificial intelligence, and
machine learning. There are no reasons that prevents porting the proposed Neutrosophic package implementa-
tion to other programming languages. Porting presented package is a step to take in the near future. However,
Python will be the main focus of this research paper.

Presented characteristics and operations are implemented in the presented Open-Source Python Package
can be found at https://www.github.com/helghareeb/neutrosophic. Presented Neutrosophic
Package development covers the following neutrosophic objects:

e Single Valued Neutrorosphic Number (SVNN)
e Interval Valued Neutrosophic Number (IVNN)
e Single Valued Neutrosophic Sets (SVNS)
e Interval Valued Neutrosophic Sets (IVNS)

Rest of the paper goes as follows:

Section 2 presents a literature review on the most recent areas of applications that utilize neutrosophy theory
and neutrosophic sets. Neutrosophic sets has been widely accepted among different disciplines, and the need
for an open source neutrosophic package implementation has become a necessity.

Section 3 presents the core design methodology and concepts around the presented novel neutrosophic pack-
age. Presented package is object oriented based, that supports open-source concepts, and utilizes some Python
magic to enhance the performance and functionality.

In the following sections, an introduction to the neutrosophic theory of the presented section is high-
lighted, followed by the equation that implements the presented operation. Implementation of the presented
equation is presented immediately after the equation, so the reader can follow each section of the code and
what it is actually responsible for. The complete source code is available at https://www.github.com/
helghareeb/neutrosophic. This paper avoids mathematical proofs of the implemented equations, and
includes external references that include the proofs of the implemented equations and calculations.

Section4 presents the basic element and the most widely used neutrosophic number, that is the single valued
neutrosophic number (SVNN). SVNNs operations and their implementation are presented in this section.

Section 5 introduces the Single Valued Neutrosophic Sets (SVNS). SVNS consists of multiple SVNNs.
Aggregation operations are presented in this section. Implementation details simplified the calculation, and
hopefully will act as an enabler for researchers in academia and developers in industry as a guidance and
concrete implementation on how to adopt neutrosophic sets in real world applications.

Section 6 highlights one of the most important concepts in neutrosophic theory; that is Interval Valued
Neutrosophic Numbers (IVNNs). Though IVNNs are really important in describing real world cases, they are
tough to implement because they lack the crisp mathematical characteristics presented in SVNNs. This section
presents a simplified way to convert mathematical concepts into concrete implementations.
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Section 7 presents the Interval Valued Neutrosophic Sets (IVNSs). IVNS is an importnat neutrosophic con-
cept that must be supported in neutrosophic packages. Averaging function of [IVNNSs is presented.

Section 8 concludes the paper, highlighting the main features and advantages of the presented open source
neutrosophic package, and presents the future work. This is an ongoing work that needs continous develop-
ment, and will grow exponentially as neutrosophic theory, sets, and systems keeps in growing and gaining
wide popularity and acceptance. Paper ends with references.

2 Neutrosophic Sets in Applications and Disciplines

Neutrosophic has been widely adopted in important areas. — Here we need to include important references for
important areas of neutrosophic applications, specially areas where our package can be utilized.

2.1 MADM and MCDM

Utilizing neutrosophic sets in Multi Attributed Decision Making (MADM) and Multi Criteria Decision Making
(MCDM) has gained wide acceptance in research and academia.

Analytic Hierarchy Process (AHP) in neutrosophic environment has gained polpularity and achieved suc-
cess in different cases. In some realistic situations, the decision makers might be unable to assign deterministic
evaluation values to the comparison judgments due to limited knowledge or the differences of individual judg-
ments in group decision making. To overcome these challenges, neutrosophic set theory to have been utilized
to handle the AHP, where each pair-wise comparison judgment is represented as a triangular neutrosophic num-
ber (TNN). [3] presents such a utilization and applies it to a real life example based on expert opinions from
Zagazig University, Egypt. The problem is solved to show the effectiveness of the proposed neutrosophic-AHP
decision making model.

An Extension of Neutrosophic AHP-SWOT Analysis for Strategic Planning and Decision-Making is pre-
sented in [1]. Every organization seeks to set strategies for its development and growth and to do this, it must
take into account the factors that affect its success or failure. The most widely used technique in strategic plan-
ning is SWOT analysis. SWOT examines strengths (S), weaknesses (W), opportunities (O) and threats (T), to
select and implement the best strategy to achieve organizational goals. The chosen strategy should harness the
advantages of strengths and opportunities, handle weaknesses, and avoid or mitigate threats. SWOT analysis
does not quantify factors (i.e., strengths, weaknesses, opportunities and threats) and it fails to rank available
alternatives. To overcome this drawback, [1] integrated it with the analytic hierarchy process (AHP). The AHP
is able to determine both quantitative and the qualitative elements by weighting and ranking them via compar-
ison matrices. Due to the vague and inconsistent information that exists in the real world. The proposed model
have been applied in a neutrosophic environment in a real case study of Starbucks Company to validate the
model.

A Hybrid Neutrosophic Group ANP-TOPSIS Framework for Supplier Selection Problems is presented in
[2]. One of the most significant competitive strategies for organizations is sustainable supply chain manage-
ment (SSCM). The vital part in the administration of a sustainable supply chain is the sustainable supplier
selection, which is a multi-criteria decision-making issue, including many conflicting criteria. The valuation
and selection of sustainable suppliers are difficult problems due to vague, inconsistent and imprecise knowl-
edge of decision makers. In the literature on supply chain management for measuring green performance, the
requirement for methodological analysis of how sustainable variables affect each other, and how to consider
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vague, imprecise and inconsistent knowledge, is still unresolved. [2] provides an incorporated multi-criteria
decision-making procedure for sustainable supplier selection problems (SSSPs). An integrated framework is
presented via interval-valued neutrosophic sets to deal with vague, imprecise and inconsistent information that
exists usually in real world. The analytic network process (ANP) is employed to calculate weights of selected
criteria by considering their interdependencies. For ranking alternatives and avoiding additional comparisons
of analytic network processes, the technique for order preference by similarity to ideal solution (TOPSIS) is
used. The proposed framework is turned to account for analyzing and selecting the optimal supplier. An actual
case study of a dairy company in Egypt is examined within the proposed framework. Comparison with other
existing methods is implemented to confirm the effectiveness and efficiency of the proposed approach.

An Integrated Neutrosophic-TOPSIS Approach and its Application to Personnel Selection as a New Trend
in Brain Processing and Analysis is presented in [17]. Personnel selection is a critical obstacle that influences
the success of enterprise. The complexity of personnel selection is to determine efficiently the proper appli-
cant to fulfill enterprise requirements. The decision makers do their best to match enterprise requirements with
the most suitable applicant. Unfortunately, the numerous criteria, alternatives, and goals make the process
of choosing among several applicants very complex and confusing to decision makers. The environment of
decision making is a MCDM surrounded by inconsistency and uncertainty. [17] contributes to support per-
sonnel selection process by integrating neutrosophic Analytical Hierarchy Process (AHP) with Technique for
Order Preference by Similarity to an Ideal Solution (TOPSIS) to illustrate an ideal solution among different
alternatives. A case study on smart village Cairo Egypt is developed based on decision maker’s judgments rec-
ommendations. The proposed study applies neutrosophic analytical hierarchy process and TOPSIS to enhance
the traditional methods of personnel selection to achieve the ideal solutions. By reaching to the ideal solutions,
the smart village will enhance the resource management for attaining the goals to be a success enterprise. The
proposed method demonstrates a great impact on the personnel selection process rather than the traditional
decision making methods.

Neutrosophic AHP can be used to help decision makers to estimate the influential factors of 10T in enter-
prises. A study that combines AHP methods with neutrosophic techniques to estimate the influential factors
for a successful enterprise is presented in [16].

2.2 Control Systems

The indeterminacy of parameters in actual control systems is inherent property because some parameters in
actual control systems are changeable rather than constants in some cases, such as manufacturing tolerances,
aging of main components, and environmental changes, which present an uncertain threat to actual control
systems. Therefore, these indeterminate parameters can affect the control behavior and performance. [25] de-
velops a new neutrosophic design method that introduces neutrosophic state space models and the neutrosophic
controllability and observability in indeterminate linear systems. Then, establishes a neutrosophic state feed-
back design method for achieving a desired closed-loop state equation or a desired control ratio for single-input
single-output (SISO) neutrosophic linear systems.

2.3 Image Processing and Segmentation

Segmentation is considered as an important step in image processing and computer vision applications, which
divides an input image into various non-overlapping homogenous regions and helps to interpret the image more
conveniently. [11] presents an efficient image segmentation algorithm using neutrosophic graph cut (NGC).
An image is presented in neutrosophic set, and an indeterminacy filter is constructed using the indeterminacy
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value of the input image, which is defined by combining the spatial information and intensity information.
The indeterminacy filter reduces the indeterminacy of the spatial and intensity information. A graph is defined
on the image and the weight for each pixel is represented using the value after indeterminacy filtering. The
segmentation results are obtained using a maximum-flow algorithm on the graph.

Medical field touches everyone’s life, and it has benefited a lot from neutrosophic. Fully automated algo-
rithm for image segmentation in medical field is presented in [19]. Such algorithm segments fluid-associated
(fluid-filled) and cyst regions in optical coherence tomography (OCT) retina images of subjects with diabetic
macular edema. The OCT image is segmented using a novel neutrosophic transformation and a graph-based
shortest path method. An image g is transformed into three sets: T (true), I (indeterminate) that represents
noise, and F (false). Fully automatic and accurate breast lesion segmentation that utilizes a novel phase fea-
ture to improve the image quality, and a novel neutrosophic clustering approach to detect the accurate lesion
boundary is presented in [23].

An efficient scheme for unsupervised colour-texture image segmentation using neutrosophic set (NS) and
non-subsampled contourlet transform (NSCT) is presented in [13]. First, the image colour and texture infor-
mation are extracted via CIE Luv colour space model and NSCT, respectively. Then, the extracted colour and
texture information are transformed into the NS domain efficiently by the authors’ proposed approach. In the
NS-based image segmentation, the indeterminacy assessment of the images in the NS domain is notified by the
entropy concept. The lower quantity of indeterminacy in the NS domain, the higher confidence and easier seg-
mentation could be achieved. Therefore, to achieve a better segmentation result, an appropriate indeterminacy
reduction operation is proposed. Finally, the K -means clustering algorithm is applied to perform the image
segmentation in which the cluster number K is determined by the cluster validity analysis.

2.4 Pattern Recognition and Machine Learning

Data clustering, or cluster analysis, is an important research area in pattern recognition and machine learning
which helps the understanding of a data structure for further applications. The clustering procedure is generally
handled by partitioning the data into different clusters where similarity inside clusters and the dissimilarity
between different clusters are high.

New clustering algorithm, neutrosophic c-means (NCM) for uncertain data clustering, which is inspired
from fuzzy c-means and the neutrosophic set framework. To derive such a structure, a novel suitable objective
function is defined and minimized, and the clustering problem is formulated as a constrained minimization
problem, whose solution depends on the objective function in [12].

The work presented in [12] has been extended by [5] via presenting a new clustering algorithm that is called
Kernel Neutrosophic c-Means(KNCM), that has been evaluated through extensive experiments.

3 Proposed Novel Neutrosophic Package Design

Attempting informally to categorize neutrosophic research based implementations, it is clear from scanning the
neutrosophic literature that spreadsheets are the most widely used tool. Though spreadsheets is an excellent
tool for certain types of problems; such as Multi Criteria Decision Making (MCDM), it is not suitable for
automated software systems and machine learning based solutions. The need for an open source neutrosophic
package to be utilized via different programming languages is clear.

An attempt to utilize Object Oriented Programming to build a neutrosophic package was presented in [21]
and [20], and an attempt to use it in e-Learning systems has been presented in [22]. This attempt suffered from
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different shortages, including not only:
e [t was not even a close start to implementing the basic operations of any neutrosophic family subset

e [t was not an open source based attempt, so its source code was never made available to neutrosophic
research community to be tested, verified, validated, and utilized

e Though that solution utilized Object Oriented Concepts in CSharp, Programming was used only to cal-
culate values to be exported to Microsoft Excel that was used for plotting the graphs. This approach
suffers a lot when developers attempt to integrate it within software solutions.

e Presented OOP CSharp based package has not been tested, verified, or used in real world situations

e There is no clear documentation and illustration of the design of that package. When combined with the
lack of software source code, utilizing such a package is almost impossible

e Itis clear that it was a very early immature attempt that never made its way through implementation and
adoption in neutrosophic community or real world examples and projects. There has been no updates or
research papers related to this package since then

In this section, key decisions about the presented novel neutrosophic open source package are discussed.
Those key decisions reflects the philosophy of the package author, and shapes the current state, and the future

state of the neutrosophic package. Those decisions include:

e Programming Language used

Open Source Choice (Source Code Availability)

Neutrosophic Package Licensing

Packaging choices and alternatives

Programming Methodology

3.1 Python

Python is considered a multilanguage model, where a high-level language is used to interface libraries and
software packages written in low-level languages. In a high-level scientific computing environment, this type
of interoperability with software packages written in low-level languages (e.g., Fortran, C, or C++) is an
important requirement. Python excels at this type of integration, and as a result, Python has become an interface
for setting up and controlling computations that use code written in low-level programming languages for time-
consuming number crunching. This is an important reason for why Python is a popular language for numerical
computing. The multilanguage model enables rapid code development in a high-level language while retaining
most of the performance of low-level languages. [14]
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Table 1: MIT License Permissions, Limitations, and Conditions

Permissions Limitations | Conditions

v'Commercial use | XLiability License and copyright notice
v'"Modification XWarranty

v Distribution

v Private use

3.2 Open Source

Open Source software is a form of intellectual gratification with an intrinsic utility similar to that of scientific
discovery [8]. Emerging as it does from the university and research environment, the movement adopts the
motivations of scientific research, transferring them into the production of technologies that have a potential
commercial value. The process of scientific discovery involves the sharing of results, just as the dictates of the
Open Source movement involve sharing source code. Sharing results enables researchers both to improve their
results through feedback from other members of the scientific community and to gain recognition and hence
prestige for their work. The same thing happens when source code is shared: other members of the group
provide feedback that helps to perfect it, while the fact that the results are clearly visible to everyone confers a
degree of prestige which expands in proportion to the size of the community.

3.3 Neutrosophic Package Licensing

Presented Neutrosophic Package is licensed under the MIT License. Table 1 presents the MIT License Permis-
sions, Limitations, and Conditions. MIT License is a short and simple permissive license with conditions only
requiring preservation of copyright and license notices. Licensed works, modifications, and larger works may
be distributed under different terms and without source code. License and copyright notice condition means
that a copy of the license and copyright notice must be included with the software. License can be found at
https://github.com/helghareeb/neutrosophic/blob/master/LICENSE

3.4 Software Packaging

Effective reuse depends not only on finding and reusing components, but also on the ways those components
are combined [24]. Software engineering provides a number of diverse styles for organizing software systems.
These styles, or architectures, show how to compose systems from components; different styles expect different
kinds of component packaging and different kinds of interactions between the components. Unfortunately,
these styles and packaging distinctions are often implicit; as a consequence, components with appropriate
functionality may fail to work together. Different packaging techniques have been presented in both academia
and industry. Though there is no single agreed on packaging methodology; due to differences in features and
programming languages, different guidelines are available to achieve successful packaging process. Presented
Python Neutrosophic package will be packaged and shipped as a standard Python package.

3.5 Object Oriented Programming

Object oriented programming departs from conventional programming by emphasizing the relationship be-
tween consumers and suppliers of codes rather then the relationship between a programmer and code [10].
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Main Object Oriented Concepts include [6]
e Inheritance: a mechanism by which object implementations can be organized to share descriptions
e Object: both a data carrier and executes actions. Object is something that has state, behavior, and identity

e (lass: set of objects described by the same declaration and is the basic element of Object Oriented
modeling

e Encapsulation: There are three primary conceptualizations of encapsulation in the literature.

— First conceptualization: a process used to package data with the functions that act on the data

— Second conceptualization: hides the details of the object’s implementation so that clients access
the object only via its defined external interface

— Third conceptualization: information about an object, how that information is processed, kept
strictly together, and separated from everything else

e Method: involves accessing, setting, or manipulating the object’s data

e Message Passing: Message is merely a procedure call from one function to another. Message passing
makes a request to one of object’s methods

e Polymorphism: There are different conceptualization

— First conceptualization: ability to hide different implementations behind a common interface

— Second conceptualization: ability of different objects to respond to the same message and invoke
different responses

— Third conceptualization: ability of different classes to contain different methods of the same name,
which appear to behave the same way in a given context; yet different objects can respond to the
same message with their own behavior

— Fourth conceptualization: refers to late binding or dynamic binding
— Fifth conceptualization: ability of different classes to respond to the same message and each im-
plement the method appropriately
e Abstraction:
— First conceptualization: mechanism that allows representing a complex reality in terms of a sim-
plified model so that irrelevant details can be suppressed in order to enhance understanding

— Second conceptualization: the act of removing certain distinctions between objects so that we can
see commonalities

— Third conceptualization: the act of creating classes to simplify aspects of reality using distinctions
inherent to the problem
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4 Single Valued Neutrosophic Number

4.1 Constructor

Section 1 highlighted that each neutrosophic number consists of three elements: truth, indeterminacy, and false
values. Listing 1 highlights the constructor function (the function that gets invoked automatically) when in-
stantiating a new object instance from the Single Valued Neutrosophic Class. New Single Valued Neutrosophic
Number validates the values of 7', I, F' to satisfy 1.1.

Listing 1: SVNN - Constructor

class SingleValuedNeutrosophicNumber:

def __init__(self, id, truth, indeterminacy, falsehood):

”7” [nitialize neutrosophic element

struth:

:indeterminacy:

Afalsehood:”””

assert id is not None, ’'provide id for element to be initialized’

assert 0 <= truth <= 1, ’invalid truth value’

assert ® <= indeterminacy <= 1, ’'invalid indeterminacy value’

assert ® <= falsehood <= 1, ’invalid falsehood value’

assert ® <= truth + falsehood + indeterminacy <= 3, ’invalid combined sum
— values’

self. id = id

self. truth = truth

self. indeterminacy = indeterminacy

self. falsehood = falsehood

4.2 SVNN Operations

Single Valued Nuetrosophic Numbers arithmetic operations are defined in [15] as follows: Let two single-
valued neutrosophic numbers be

T = <Ta:7]a:7F$>
y =Ty, 1y, Fy)

4.2.1 SVNN Complement

Calculating SVNN Complement is based on the Equation 4.1 and implemented in Listing 2
¢ =(F,,1—1,,T,) 4.1)

Listing 2: SVNN - Complement
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def complement(self):

3999

:return: SVNN object with the new TIF values

19

return SingleValuedNeutrosophicNumber (f’{self. id} complement’, self.
—» _falsehood, 1 — self._indeterminacy, self._truth)

4.2.2 SVNN is subset of

Identifying either an SVNN is a subset of another SVNN is determined based on the Equation 4.2 and imple-
mented in Listing 3. This method returns a bool value type with either True or False, if the current SVNN
object is a subset of another SVNN.

tCy & T,<T,L,>1,F>F, 4.2)

Listing 3: SVNN - is subset of

def is_subset_of(self, svnn):
”77”Check if SVNN is a subset of another SVNN
:param svnn: Single Value Neutrosohpic Number to compare with
:return: True or False

939

if self. truth <= svnn._truth and self. indeterminacy >= svnn.
< _indeterminacy and self. _falsehood >= svnn._falsehood:
return True
return False

4.2.3 SVNN Equal

Comparing two SVNN to detect if they are equal or not is calculated based on the Equation 4.3 and imple-
mented in Listing 4. One of the advantages of Python magic is utilized in this function via implementing it as

__eq__ which gives the neutrosophic package capability of comparing two SVNN numbers via the equal sign
operator.

r=y < rCyyCx 4.3)

Listing 4: SVNN - Equal

def __eq__(self, svnn):
if self.is_subset_of(svnn) and svnn.is_subset_of(self):
return True
return False
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4.2.4 SVNN Add

Two SVNNs can be added using the Equation 4.4 and implemented in Listing 5. Added SVNNs return a new
SVNN. Using Python magic by implementing the add functionality through __add__ enables us to utilize the
plus operator & operator on SVNNS.

ceoy=1,+1,—- 1,7, 1,1, F.F,) 4.4)

Listing 5: SVNN Add

def __add__(self, svnn):
return svnn(f’{self. id} + {svnn. id}’, (self. truth + svnn. truth) — (self.
< _truth % svnn._truth), self._indeterminacy x svnn._indeterminacy, self.
—» _falsehood * svnn._falsehood)

4.2.5 SVNN Multiply by SVNN

Two SVNNSs can be multiplied by the Equation 4.5 and implemented in Listing 6. Using Python magic by im-
plementing the multiply functionality through __mul__enables us to utilize the multiply operator ® on SVNNS.

r@y=1,1,,1,+1,— 1.1, F, + F,— F,F,) 4.5)

Listing 6: SVNN Multiply by SVNN
def _mul__(self, svnn):
return svnn(f’{self. id} % {svnn. id}’, self. truth % svnn. truth, svnn
< ._indeterminacy — (self._indeterminacy * svnn._indeterminacy), (
<+ self. _falsehood + svnn._falsehood) — (self._falsehood * svnn.
— _falsehood))

4.2.6 SVNN Multiply by Alpha

SVNN can be multiplied by constant (alpha) using the Equation 4.6 and implemented in Listing 7. Multiplying
by constant is an important operation that is very useful in scaling, that is crucial for computer graphics and
image processing, among other fields.

ar=(1—(1-T,)% 13, F) «—a>0 (4.6)

Y Tax )

Listing 7: Multiply by Number

def multiply by _alpha(self, alpha):
assert alpha > 0, ’Alpha must be larger than zero’
return svnn(f’ {self. id} multiplied by {alpha}’, 1 — pow(l — self.
< _truth), alpha, pow(self. indeterminacy, alpha), pow(self.
— _falsehood, alpha))
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4.2.7 SVNN Score
Calculating SVNN Score is important for MCDM. Listing 8 presents the implementation of the SVNN Score

function calculated in Equation 4.7
24T, -1, — F,)
3

E(x) = ( ,E(z) €10,1] “4.7)

Listing 8: SVNN Score

def score(self):
return ( 2 + self. truth — self._indeterminacy — self._falsehood ) /
— 3

4.2.8 SVNN Accuracy

SVNN Accuracy also plays an important rule in MCDM. Examples include, not only: rule engines. Listing 9
highlights the Python code that calculates SVNN Accuracy presented in Equation 4.8

H(z) =T, — F,, H(z) € [-1,1] (4.8)

Listing 9: SVNN Accuracy

def accuracy(self):
return self. truth — self._falsehood

4.2.9 SVNN Ranking

The ranking method is based on both the score values of E(x) and E(y) [15] and the accuracy degrees of H(x)
and H(y) has the following relations depicted in Equations 4.9, 4.10, 4.11 and implemented in Listing 10 as
follows:

if E(z) > B(y) thenz = y 4.9)
if E(x) = E(y) and H(z) > H(y) thenz >y (4.10)
if E(z) = E(y) and H(z) > H(y) thenxz =y (4.11)

Listing 10: SVNN Rank

def ranking compared_to(self, svnn):

99999

:param svnn:
:return: —1 —> Not Applicable, 0 —> equal ranking, 1 —> higher ranking

9939

if self.score() > svnn.score():
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return 1
if self.score() == svnn.score() and self.accuracy() > svnn.accuracy()
—
return 1
if self.score() == svnn.score() and self.accuracy() == svnn.accuracy
— O:
return 0
return —1

4.2.10 SVNN Deneutrosophication / Score Function
Deneutrosophication can be defined as mapping a Single Valued Neutrosophic Number into a crisp output and
is calculated in [7] as
1—-T,)2+ 12+ F?
wzl—\/( Frlth (4.12)

3
Listing 11 presents the Python code required to implement the Equation 4.12

Listing 11: SVNN Deneutrosophy

def deneutrosophy(self):
from math import sqrt, pow
return 1 — (sqrt (((pow(l — self._truth),2) + pow(self._indeterminacy
— ,2) + pow(self. _falsehood,2)) / 3))

4.3 SVNN Helper Methods

Those are additional methods required for coding, debugging, and documentation purposes. SVNN additional
methods are listed in Listing 12

Listing 12: SVNN - Helper Methods

def __str__(self):
return f£’ID: {self. id} — Truth: {self. truth} — Indeterminacy: {self.
< _indeterminacy} — Falsehood: {self. falsehood}’

def __repr__(self):
return f’ID: {self. id} — Truth: {self. truth} — Indeterminacy: {self.
< _indeterminacy} — Falsehood: {self. falsehood}’

5 Single Valued Neutrosophic Sets

The implementation in Listing 13 represents thinking of a Single Valued Neutrosophic Set (SVNS) as a Set of
Single Valued Neutrosophic Numbers (SVNNs). Utilizing Object Oriented Concepts in proposed neutrosophic
package, SVNN is presented as a class, and SVNS is presented as another class, and there is an association
relationship between them. This justifies importing SVNN within SVNS class.
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Listing 13: SVNS - Constructor

from svnn import SingleValuedNeutrosophicNumber

class SVNSet:
”””This class has association relationship with SVNN

3999

def __init_(self):
# List of SVNNs
self. items = []
# Index variable — used for iteration over SVNNs in SVNS
self. idx = —1

5.1 SVNS Hybrid Arithmetic Operators

where A is the t-norm, and Vis the t-conorm. Hybrid arithmetic and geometric aggregation operators are
defined in [15] as follows

e Single Valued Neutrosophic Number Weighted Arithmetic Average (SVNNWAA)
e Single Valued Neutrosophic Number Weighted Geometric Average (SVNNWGA)
e Single Valued Neutrosophic Number Ordered Weighted Arithmetic Average (SVNNOWAA)
e Single Valued Neutrosophic Number Ordered Weighted Geometric Average (SVNNOWGA)

5.1.1 Single Valued Neutrosophic Number Weighted Arithmetic Average (SVNNWAA)
Listing 14 presents the Python code that calculates SVNWAA as presented in Equation 5.1

U T v)™) .1

1 j=1

SVNNWAA(z1, 22, ..y 2n) = ijzj = (1—1—[(1—Tj)wj7
j=1

n
Jj=1 Jj=

Listing 14: SVNNWAA

def weighted_arithmetic_average(self, weights):
single—valued neutrosophic number weighted arithmetic average (SVNNWAA)
weights: List of weights of each item — list length must be equal to the length of the items
For more information: Google weighted arithmetic average
or watch https://www.youtube.com/watch?reload=9&v=IuuBU6fwtNo
creturn: Three values: T, U, V
assert len(weights) == len(self._items), ’Weights List Length Does Not
— Match Collection SVNN Items’
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weights_sum = 0.0
for weight in weights:
weights_sum += weight
assert weights_sum == 1, ’Weight\’s sum does not equal 1’
truth_total = 1.0
indetermenacy_total = 1.0
falsehood_total = 1.0
for item, weight in zip(self. items, weights):
truth_total *x= pow(l — item._truth, weight)
indetermenacy_total *= pow(item._indeterminacy, weight)
falsehood_total *x= pow(item._falsehood, weight)
return 1 — truth_total, indetermenacy_total, falsehood_total

5.1.2 Single Valued Neutrosophic Number Weighted Geometric Average (SVNNWGA)

Listing 15 implements Equation 5.2.

n n

SVNNWGA(z1,2,...,z) = []2" = (L@ 1-T[a-v)“,1-][a-v)™) 5.2
j=1

J=1 J=1 Jj=1

Listing 15: SVNNWGA

def weighted geometric_average(self, weights):
7”7 single—valued neutrosophic number weighted geometric average
weights_sum = 0.0
for weight in weights:
weights_sum += weight
assert weights sum == 1, ’'Weight\’s sum does not equal 1’
truth_total = 1.0
indetermenacy_total =
falsehood_total = 1.0
weights.sort()
for item, weight in zip(self. items, weights):
truth_total *= pow(item._truth, weight)
indetermenacy_total *= pow(l — item._indeterminacy, weight)
falsehood_total *= pow(l — item._falsehood, weight)
return truth_total, 1 — indetermenacy_total, 1 — falsehood_total

1.0
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5.2 SVNS Geometric Aggregation Operators
5.2.1 Single Valued Neutrosophic Number Ordered Weighted Arithmetic Average (SVNNOWAA)

Listing 16 presents Python implementation of Equation 5.3.

(Vo)) (5.3)

1

SVNNOWAA(Zl,ZQ,...,Zn) = ZCJ‘ZP(J‘) = <1—H(1—Tp(j))<],
j=1

(Up(j) )Cj )

n
1 j=

Jj=1 J

Listing 16: SVNNOWAA

def ordered weighted_arithmetic_average(self, weights, ordered_by_position =
— False):
assert len(weights) == len(self._items), ’Weights List Length Does Not
— Match Collection SVNN Items’

weights_sum = 0.0

for weight in weights:
weights_sum += weight

assert weights sum == 1, ’'Weight\’s sum does not equal 1’

truth_total = 1.0

indetermenacy_total = 1.0

falsehood_total = 1.0

for item, weight in zip(self._items, weights):
truth_total x= pow(l — item._truth, weight)
indetermenacy_total x= pow(item._indeterminacy, weight)
falsehood total *= pow(item._falsehood, weight)

return 1 — truth_total, indetermenacy_total, falsehood_total

5.2.2 Single Valued Neutrosophic Number Ordered Weighted Geometric Average (SVNNOWGA)

Listing 17 depicts the implementation of Equation 5.4. Python provides efficient ways that helps in building
such complicated calculations. Here, Weights are sorted to be used for the calculation. Python utilizes efficient
builtin methods, for example like the one presented for sorting.

n n n

SVNNOWGA(z1, 2, ..., z) = |] zggj) = ([ @)Y 1 =T 1= T (0= Viy)®)
J

=1 7=1 J=1 7=1

5.4)

Listing 17: SVNNOWGA

def ordered weighted_geometric_average(self, weights):
777 single—valued neutrosophic number weighted geometric average

9939

weights_sum = 0.0
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for weight in weights:
weights_sum += weight
assert weights_sum == 1, ’Weight\’s sum does not equal 1’
truth_total = 1.0
indetermenacy_total = 1.0
falsehood_total = 1.0
# The following line is the main difference
weights.sort()
for item, weight in zip(self._ items, weights):
truth_total *= pow(item._truth, weight)
indetermenacy_total %= pow(l — item._indeterminacy, weight)
falsehood_total *= pow(l — item._falsehood, weight)
return truth_total, 1 — indetermenacy_total, 1 — falsehood_total

5.3 SVNS Helper Methods

Additional helper methods are needed for supporting basic SVNS operations, such as

5.3.1 Add SVNN
Supports adding SVNN to SVNS, as depicted in Listing 18
Listing 18: SVNS - Add SVNN

def add_svnn(self, svnn):
# TODO: Prevent Duplication
self. _items.append(svnn)

5.3.2 Delete SVNN
Supports removing SVNN from SVNS, as implemented in Listing 19
Listing 19: SVNS - Delete SVNN

def delete_svnn(self, svnn):
#TODO: Notify user about Exception handling
self. items.remove(svnn)

5.3.3 Retrieve All SVNNs

Retrieving a list of all SVNNs in SVNS is a crucial task. Returned list is an iterable one that can be used for
further processing. Listing 20 presents such functionality implementation.

Listing 20: SVNS - Retrieve All SVNNs

def get_all_svnns(self):
return self. _items

Haitham A. El-Ghareeb, Novel Open Source Python Neutrosophic Package.




Neutrosophic Sets and Systems, Vol. 25, 2019 153

5.3.4 Count All SVNNs in SVNS

Counting all SVNNs in SVNS is a primitive task. Listing 21 presents the code to implement such a function-
ality. Using Python magic, via utilizing the __len__ enables us to use the 1len() function syntax over SVNN
object.

Listing 21: SVNS - Count All SVNNs

def __len__(self):
return len(self. items)

5.3.5 SVNS: is_empty

Though checking either SVNS is empty or not can be achieved via __len__() function, it is important to enable
proposed neutrosophic package to check is_empty () in conditionals. Listing 22 depicts such functionality.

Listing 22: SVNS - is_empty

def is_empty(self):
if len(self) == 0:
return True

return False

5.3.6 SVNS - Iteration

Iteration is a general term for taking each item of something, one after another. While using a loop for example,
going over a group of items is called iteration. An iterable object is an object that has an __iter__ method
which returns an iterator. __getitem__ method can take sequential indexes starting from zero (and raises an
IndexError when the indexes are no longer valid). An iterator is an object with a __next__ method.

Providing iteration functionality within our proposed neutrosophic package is critical, so later users can
either loop, or apply map functionalities over SVNNs within SVNSs. Such characteristic is an important
feature for future use cases. Listing 23 depicts how iteration functionality is implemented in SVNS.

Listing 23: SVNS - Iteration

def __iter_ (self):
return self

def _next__(self):
self. idx +=1
try:
return self. items[self._ _idx]
except IndexError:
self. idx = 0
raise StopIteration

def __getitem__(self, id):
try:
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return self. items[id]
except IndexError:

raise

StopIteration

6 Interval Valued Neutrosophic Number

Given the following definitions, operational laws can be applied as defined in [9]

M:{m: {TL.,TQ} | {ze,ﬂf] , [Fwﬂ >,xeX}
1

N1 N1 N1 Nl Nl

N, = {<a:: {TL. ,Tf{} , [[L. ,ﬂ{} , {FL. ,Ff{] > € X}
NQ NQ N2 N2 N2 N2
Listing 24 presents the IVNN Class Declaration and Constructor. In the presented implementation, t_lower
— and t_upper for example represents the following mathematical symbols respectively

L U
1745 ,T%
N1 Ny

Listing 24: IVNN Class Declaration and Constructor

class IVNN:

def _init_(self, id, t_lower, t_upper, i_lower, i_upper, f lower, f_ upper):

assert 0 <=
assert 0 <=
assert 0 <=
assert 0 <=
assert 0 <=
assert 0 <=

assert 0 <=

t_lower <=
t_upper <=
i_lower <=
i_upper <=
f lower <=
f upper <=

[ G T W W W O

t_lower + i_lower + f_ lower <= 3

self. id = id

self. t_lower
self. _t_upper

self. i lower =
self. i _upper =
self. f lower =

self. _f upper

= t_lower
= t_upper
i_lower
i_upper
f_lower
= f_upper
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6.1 IVNN Operations
6.1.1 IVNN Complement
The complement of an interval valued neutrosophic number
A= (T4, T4, (L4, 4], [Fi, Fa])
is defined by [4] as
A® = ([Fy, F3, [T, 1), [T, T3)) 6.1)

Listing 25: IVNN - Complement

def complement(self):
return IVNN(f’{self. id} complement’,
self. f lower,
self. _f upper,
self._i_lower,
self. i _upper,
self. t_lower,
self. _t_upper)

6.1.2 IVNN Add

Two SVNNSs can be added using the Equation 6.2 and implemented in Listing 26. Added IVNNs return a new
IVNN. Again, using Python magic by implementing the add functionality through __add__ enables us to utilize

the plus operator & operator on [VNNSs.

J\'fl@z\'f2:<[TL. L TE _TETE U 47U —TZ{T?} | [IL. o fU.] | {F% FL.,FI{FI.J]

Ny N3

Ny

N»

Ny No N1 N2

Ni1 N2 Ni N» N1 Na N1 Np

(6.2)

Listing 26: IVNN - Add Two IVNNs

def __add__(self, ivnn):

return IVNN(f’{self.

self. t lower + ivnn

self. _t_upper
self. i _lower
self. _i_upper
self. f lower
self._f upper

+

* K% X X

ivnn
ivnn
ivnn
ivnn
ivnn

id} + {ivnn._ id}’,

..t lower — self._t_lower % ivnn._t_lower,
._t_upper — self._t_upper * ivnn._t_upper,
._i_lower,

._i_upper,

._f_lower,

. _f_upper)
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6.1.3 TVNN Multiply by IVNN

Two IVNNs can be multiplied by the Equation 6.3 and implemented in Listing 27. Using Python magic
by implementing the multiply functionality through __mul__ enables us to utilize the multiply operator & on
IVNNS.

N1®1\.fz<[TL.TL.7TlZTI{},[IL. + 15 — 1515 1% + 14 —IHJIZ},{FL. +FL —FLFL FU 4 FU —F?FT{D

N1 No N1 No Ny No N1 No Ny Ny N1 No Ny No N1 No Ny No N1 No
(6.3)
Listing 27: IVNN - Multiply Two IVNNs
def _mul__(self, ivnn):
return IVNN(f’P{self. id} % {ivnn._ id}’,
self. t_lower % ivnn._t_lower,
self. t_upper x ivnn._t_upper,
self._ i lower + ivnn._i_lower — self._i_ lower * ivnn._i_lower,
self. i upper + ivnn._i_upper — self._i upper x ivnn._i_upper,
self. _f lower + ivnn._f_lower — self._f lower * ivnn._f_lower,
self. f upper + ivnn._f upper — self._f upper x ivnn._f _upper)
6.1.4 TIVNN Multiply by Alpha
IVNN can be multiplied by constant (alpha) using the Equation 6.4 and implemented in Listing 28.
> L\ U9 L\% U9 L\ U\9
SN =([1- (=18 1= (-1’ [ ()] [(FD (7)) (6.4)

Listing 28: IVNN - Multiply by Alpha

def multiply by(self, alpha):
return IVNN(f’'{alpha} « {self. id}’,
1 — pow((1 — self._t_lower),alpha),
1 — pow((1 — self._t_upper),alpha),
pow(self. i _lower, alpha),
pow(self._ i upper, alpha),
pow(self. _f lower, alpha),
pow(self._ i upper, alpha))

7 Interval Valued Neutrosophic Sets

7.1 TIVNS - Weighted Average
Interval Neutrosophic Number Weighted Average Operator (INNWA) defined by [26] Let

Aj = <TAj7[Aj7FAj>(j = 1,2, ,?7,)
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be a collection of IVNNSs, and let
INNWA:INN" - INN
INNWAL(Ay, As, .o Ay)
= <[1 - H?:l (1 - infTAi)wi7 - H?:l (1 - SupTAi)wiL (71)

[]_7[;:1' inf IX;, H5=1 sup IX;],
T, inf F37 [T, sup F37]),

Listing 29 presents Python implementation of 7.1

Listing 29: INNWA

def weighted_average(self, weights):

939

:return: IVNN
weights_sum = 0
for weight in weights:
assert 0 <= weight <=1
weights_sum += weight
assert weights_sum == 1

t_lower_dot_product =
t_upper_dot_product =
i_lower_dot_product =
i_upper_dot_product =
f_lower_dot_product =
f_upper_dot_product =

i e
(= — R~ R~ R ]

for ivnn, weight in zip(self._ivnns, weights):

t_lower_dot_product *= pow(l — ivnn._t_lower, weight)
t_upper_dot_product *= pow(l — ivnn._t_upper, weight)

i_lower_dot_product *x= pow(ivnn._i_lower,
i_upper_dot_product *x= pow(ivnn._i_upper,
f_lower_dot_product *= pow(ivnn._f_lower,
f_upper_dot_product x= pow(ivnn._i_upper,

return IVNN(1 — t_lower_dot_product, 1 — t_upper_dot_product,
— i_lower_dot_product, i_upper_dot_product, f_lower_dot_product,

— f_upper_dot_product)

weight)
weight)
weight)
weight)

7.2 IVNS Helper Methods

Additional IVNS helper method is presented in Listing 30. IVNS is a collection of IVNNSs, and thus the method

add_ivnn is presented.
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Listing 30: IVNN - Helper Methods

def add_ivnn(self, ivnn):
self. ivnns.append(ivnn)

8 Conclusion and Future Work

Neutrosophic sets has gained wide popularity and acceptance in different disciplines. This paper presented
an Open Source Python Neutrosophic package. Presented package utilizes Object Oriented Design and im-
plementation concepts. Presented package is licensed under MIT License. Licensing was chosen carefully to
support and enable both open source and neutrosophic community. Python was chosen for this package as a
result of Python’s wide applicability in different paradigms, including mainly Big Data Analytics, Machine
Learning, and Artificial Intelligence. Presented package is an open source one, so developers and researchers
in different disciplines can adopt it effectively. Presented Neutrosophic package is a work on progress, as
Neutrosophic sets and theory becomes more popular and gets utilized in different fields. Presented pack-
age presented support for: Single Valued Neutrosophic Numbers, Single Valued Neutrosophic Sets, Interval
Valued Neutrosophic Numbers, and Interval Valued Neutrosophic Sets. Different operations were presented.
Presented package can be found at https://www.github.com/helghareeb/neutrosophic.

The main challenge was the multiple definitions and proofs for the same operation, with different cal-
culation methods. Example of such a challenge is the Score Function. There are numerous deneutrosophy
functions for the same neutrosophic number, each with its own proof. Future Work includes uploading the
presented Neutrosophic package to one of the most widely utilized Python Package servers. Besides, porting
the presented neutrosophic package into different Programming Languages. Implementing Different Deneu-
trosophication / Score Functions, highlighting the differences between them is another step to take. Support of
Triangular and Trapezoidal Neutrosophic Numbers is another challenge to tackle.
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Abstract: In the present paper, we discuss the Neutrosophic quadruple g-ideals and (regular) neutrosophic quadruple
ideals and investigate their related properties. Also, for any two nonempty subsets U and V' of a BCI-algebra S,
conditions for the set NQ(U, V') to be a (regular) neutrosophic quadruple ideal and a neutrosophic quadruple g-ideal
of a neutrosophic quadruple BCI-algebra NQ(S) are discussed. Furthermore, we prove that let U, V, I and J be
ideals of a BCI-algebra S such that I C U and J C V. If I and J are g-ideals of .S, then the neutrosophic quadruple
(U, V)-set NQ(U, V) is a neutrosophic quadruple g-ideal of NQ(S).

Keywords: neutrosophic quadruple BCK/BCI-number, neutrosophic quadruple BCK/BCl-algebra, (regular) neutro-
sophic quadruple ideal, neutrosophic quadruple g-ideal.

1 Introduction

To deal with incomplete, inconsistent and indeterminate information, Smarandache introduced the notion of
neutrosophic sets (see ([1], [2] and [3]). In fact, neutrosophic set is a useful mathematical tool which extends
the notions of classic set, (intuitionistic) fuzzy set and interval valued (intuitionistic) fuzzy set. Neutrosophic
set theory has useful applications in several branches (see for e.g., [4], [5], [6] and [7]).

In [8], Smarandache considered an entry (i.e., a number, an idea, an object etc.) which is represented by a
known part (a) and an unknown part (b7, ¢/, dF') where T', I, F' have their usual neutrosophic logic meanings
and a, b, ¢, d are real or complex numbers, and then he introduced the concept of neutrosophic quadruple num-
bers. Neutrosophic quadruple algebraic structures and hyperstructures are discussed in [9] and [10]. Recently,
neutrosophic set theory has been applied to the BCK/BClI-algebras on various aspects (see for e.g., [11], [12]
[13], [14], [15], [16], [17], [18], [19] and [20].) Using the notion of neutrosophic quadruple numbers based on
a set, Jun et al. [21] constructed neutrosophic quadruple BCK/BClI-algebras. They investigated several prop-
erties, and considered ideal and positive implicative ideal in neutrosophic quadruple BCK-algebra, and closed
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ideal in neutrosophic quadruple BCI-algebra. Given subsets A and B of a neutrosophic quadruple BCK/BCI-
algebra, they considered sets NQ(U, V') which consists of neutrosophic quadruple BCK/BCI-numbers with a
condition. They provided conditions for the set NQ(U, V) to be a (positive implicative) ideal of a neutrosophic
quadruple BCK-algebra, and the set NQ(U, V') to be a (closed) ideal of a neutrosophic quadruple BCI-algebra.
They gave an example to show that the set {0} is not a positive implicative ideal in a neutrosophic quadru-
ple BCK-algebra, and then they considered conditions for the set {0} to be a positive implicative ideal in a
neutrosophic quadruple BCK-algebra. Muhiuddin et al. [22] discussed several properties and (implicative)
neutrosophic quadruple ideals in (implicative) neutrosophic quadruple BC' K -algebras.

In this paper, we introduce the notions of (regular) neutrosophic quadruple ideal and neutrosophic quadru-
ple g-ideal in neutrosophic quadruple BCI-algebras, and investigate related properties. Given nonempty sub-
sets A and B of a BCI-algebra S, we consider conditions for the set NQ(U, V') to be a (regular) neutrosophic
quadruple ideal of NQ(S) and a neutrosophic quadruple g-ideal of NQ(S5).

2 Preliminaries

We begin with the following definitions and properties that will be needed in the sequel.
A nonempty set S with a constant 0 and a binary operation * is called a BCI-algebra if for all x,y,z € S
the following conditions hold ([23] and [24]):

M (((z+y) * (2 x2)) x (2 xy) = 0),
(D) ((z* (z*y))xy =0),
(D) (x*xx=0),
IV) (zxy=0,yxx=0 = z=y).
If a BCI-algebra S satisfies the following identity:
(V) (Vx e 8) (0xxz=0),

then S is called a BCK-algebra. Define a binary relation < on X by letting x * y = 0 if and only if x < y.
Then (S, <) is a partially ordered set.

Theorem 2.1. Let S be a BCK/BCl-algebra. Then following conditions are hold:

(Ve e S)(zx0=ux), (2.1)
(Ve,y,z€S)(x <y = xxz2<yx*xz, z2xy < zx*xx), (2.2)
(Vz,y,z€ S)(w*y)*z=(x*x2)*y), (2.3)
(V2,92 € 8) (3% 2) 5 (3 2) < ) 2.4)

where x < y if and only if x x y = 0.
Any BCl-algebra S satisfies the following conditions (see [25]):

(Vo,y € S)(w* (z* (xxy)) =z xy), (2.5)
(Va,y € S) (0 (zxy) = (0% z) * (0% y)), (2.6)
(Vz,y € S)(0x (0% (z*xy)) = (0xy) * (0xx)). (2.7)
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A nonempty subset A of a BCK/BClI-algebra S is called a subalgebra of S'if x xy € Aforall z,y € A. A
subset / of a BCK/BCl-algebra S is called an ideal of S if it satisfies:

0€l, (2.8)
VeeS)(Vyel)(xxyel = xzel). (2.9)

An ideal I of a BClI-algebra S is said to be regular (see [26]) if it is also a subalgebra of S.
It is clear that every ideal of a BCK-algebra is regular (see [26]).
A subset [ of a BCI-algebra S is called a g-ideal of S (see [27]) if it satisfies (2.8) and

(Ve,y,z € S)(x*x(y*x2)el,yel = xzxzel). (2.10)

We refer the reader to the books [25, 28] for further information regarding BCK/BClI-algebras, and to the
site “http://fs.gallup.unm.edu/neutrosophy.htm” for further information regarding neutrosophic set theory.
We consider neutrosophic quadruple numbers based on a set instead of real or complex numbers.

Definition 2.2 ([21]). Let S be a set. A neutrosophic quadruple S-number is an ordered quadruple (a, 27T, yI,
zF) where a, x,y,z € S and T, I, F have their usual neutrosophic logic meanings.

The set of all neutrosophic quadruple S-numbers is denoted by NQ(S), that is,
NQ(S) :={(a,zT,yl,zF) | a,x,y,z € S},

and it is called the neutrosophic quadruple set based on S. If S is a BCK/BClI-algebra, a neutrosophic quadru-
ple S-number is called a neutrosophic quadruple BCK/BCI-number and we say that N Q(S) is the neutrosophic
quadruple BCK/BCl-set.

Let S be a BCK/BCl-algebra. We define a binary operation ® on NQ(.S) by

(a, 2T, yl,2F) ® (byuT,vl,wF) = (axb, (xxu)T,(y*xv)l,(z*xw)F)

for all (a,zT,yl,zF), (b,uT,vl,wF) € NQ(S). Given ay,as,as,ay € S, the neutrosophic quadruple
BCK/BCI-number (ay, asT, asl, asF) is denoted by a, that is,

a = (ay,asT,as3l,asF),
and the zero neutrosophic quadruple BCK/BCI-number (0, 07,07, 0F) is denoted by 0, that is,
0= (0,0T,01,0F).
We define an order relation “<”” and the equality “="on NQ(S) as follows:

32’<<g]@xi§yif0r2':1,273,4,
r=y<sx;, =y fori =1,2,3,4

forall z,7 € NQ(S). It is easy to verify that “<” is an equivalence relation on NQ(S5).

Theorem 2.3 ([21]). If S is a BCK/BCl-algebra, then (NQ(S); ®,0) is a BCK/BCl-algebra.
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We say that (NQ(S); ®,0) is a neutrosophic quadruple BCK/BCI-algebra, and it is simply denoted by
NQ(S).
Let S be a BCK/BClI-algebra. Given nonempty subsets A and B of S, consider the set

NQU,V) :={(a,zT,yl,zF) € NQ(S) |a,z € U & y,z € V'},

which is called the neutrosophic quadruple (U, V' )-set.
The set NQ(U, U) is denoted by NQ(U), and it is called the neutrosophic quadruple U-set.

3 (Regular) neutrosophic quadruple ideals

Definition 3.1. Given nonempty subsets U and V' of a BCI-algebra S, if the neutrosophic quadruple (U, V')-
set NQ(U,V) is a (regular) ideal of a neutrosophic quadruple BCI-algebra NQ(S), we say NQ(U,V) is a
(regular) neutrosophic quadruple ideal of NQ(S).

Question 1. If U and V' are subalgebras of a BCI-algebra S, then is the neutrosophic quadruple (U,V')-set
NQ(U, V) a neutrosophic quadruple ideal of NQ(S)?

The answer to Question 1 is negative as seen in the following example.

Example 3.2. Consider a BCI-algebra S = {0, 1, a, b, ¢} with the binary operation *, which is given in Table 1.
Then the neutrosophic quadruple BCI-algebra N @Q(S) has 625 elements. Note that U = {0,a} and V' = {0, b}

66 2

Table 1: Cayley table for the binary operation “x

0O " R O %
O U = OO
QO oo OO
S0 O Q2 QR
QOO0 oo S
o oo olb

are subalgebras of S. The neutrosophic quadruple (U, V')-set NQ(U, V') consists of the following elements:

NQ(U, V) ={0,1,2,3,4,5,6,7,8,9,10, 11, 12, 13, 14, 15}

where
= (0,0T,01,0F), 1= (0,0T,01,bF), 2 = (0,07, bI,0F),
= (0,07, bI,bF), 4 = (0,aT,01,0F),5 = (0,aT,0I,bF),
= (0,aT,bI,0F), 7 = (0,aT,bl,bF),8 = (a,0T,0I,0F),
9 (a,0T,0I,bF), 10 = (a,0T,bl,0F), 11 = (a, 0T, b, bF),

12 = (a,aT,0I,0F), 13 = (a,aT, 0I,bF),
14 = (a,aT,bI,0F), 15 = (a,aT, bI,bF).
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If we take (1,aT,bI,0F) € NQ(S), then (1,aT,bI,0F) ¢ NQ(U,V) and
(1,aT,bI,0F)®9 =15 € NQ(U,V).

Hence the neutrosophic quadruple (U, V')-set NQ(U, V') is not a neutrosophic quadruple ideal of NQ(S).

We consider conditions for the neutrosophic quadruple (U, V')-set NQ(U, V') to be a regular neutrosophic
quadruple ideal of NQ(S).

Lemma 3.3 ([21]). If U and V are subalgebras (resp., ideals) of a BCI-algebra S, then the neutrosophic
quadruple (U,V')-set NQ(U, V') is a neutrosophic quadruple subalgebra (resp., ideal) of NQ(S).

Theorem 3.4. Let U and V' be subalgebras of a BCI-algebra S such that
(Vz,y € S)(z € U (resp., V'), y ¢ U (resp., V) = yxx ¢ U (resp., V)). 3.1

Then the neutrosophic quadruple (U, V')-set NQ(U, V') is a regular neutrosophic quadruple ideal of NQ(5).

Proof. By Lemma 3.3, NQ(U, V) is a neutrosophic quadruple subalgebra of NQ(5). Hence it is clear that
0€ NQ(U,V). Let z = (x1, 2T, x31,24F) € NQ(S) and § = (y1,y2T, y3I,ys F') € NQ(S) be such that
g®z € NQU,V)andz € NQ(U,V). Thenz; € Uand z; € V fori = 1,2 and j = 3,4. Also,

y®IT = (yla (PIATETR y4F) ® (961, 29T, $3[75C4F)
= (?/1 * T, (y2 * x2>T7 (yS * $3)I’ (y4 * 1'4)F) € NQ(Uv V)v

andsoyy xx1 € U, ypx 2o € U, ysxxg € Vandy,xxy € V. If g ¢ NQ(U,V), theny; ¢ Aory,; ¢ B for
some ¢ = 1,2 and j = 3,4. It follows from (3.1) that y; xx; ¢ U ory; *xx; ¢ V forsome ¢ = 1,2 and j = 3,4.
This is a contradiction, and so § € NQ(U,V'). Thus NQ(U, V') is a neutrosophic quadruple ideal of NQ(S),
and therefore NQ(U, V) is a regular neutrosophic quadruple ideal of NQ(S). [

Corollary 3.5. Let U be a subalgebra of a BCI-algebra S such that
(Ve,yeS)(xelU,y¢U = yxaz ¢ U). (32)

Then the neutrosophic quadruple U-set NQ(U) is a regular neutrosophic quadruple ideal of NQ(S).

Theorem 3.6. Let U and V' be subsets of a BCl-algebra S. If any neutrosophic quadruple ideal N QU,V)
of NQ(S) satisfies 0 ® & € NQ(U,V) for all € NQ(U,V), then NQ(U,V) is a regular neutrosophic
quadruple ideal of NQ(S).

Proof. Forany ,7 € NQ(U, V'), we have
Fejper=@Fer)®j=0®7c NQU,V).

Since NQ(U, V') is an ideal of NQ(5), it follows that z® g € NQ(U, V'). Hence NQ(U, V) is a neutrosophic
quadruple subalgebra of NQ(.5), and therefore NQ(U, V') is a regular neutrosophic quadruple ideal of NQ(.5).
O]

Corollary 3.7. Let U be a subset of a BCl-algebra S. If any neutrosophic quadruple ideal NQ(U) of NQ(S)
satisfies 0 ® T € NQ(U) for all z € NQ(U), then NQ(U) is a regular neutrosophic quadruple ideal of
NQ(S).
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Theorem 3.8. If U and V are ideals of a finite BCI-algebra S, then the neutrosophic quadruple (U, V')-set
NQ(U,V) is a regular neutrosophic quadruple ideal of NQ(S).

Proof. By Lemma 3.3, NQ(U, V') is a neutrosophic quadruple ideal of NQ(S). Since S is finite, NQ(5) is
also finite. Assume that | NQ(S)| = n. For any element z € NQ(U, V'), consider the following n+1 elements:

0,0@z(0@F) @i, (- (@7 @) ® .
n—ggles

Then there exist natural numbers p and ¢ with p > ¢ such that

(- (0eren)® - )ei=( (007D ® ) ®T.

.

Vv Vv
p-times g-times

Hence

0O=(--(0®d)@r)®-- V@)@ ((--- (0®T)®T)®---) ®T)

- s - s
g g

p times q times
=((-(Oener@--)enNer)® )8 & (- (0erer) @) ®7)
qtiTnes p—;rtimes qti‘r,nes
=(-(O0edner)®--)®ieNQUV).
p—(;,times

Since NQ(U, V) is an ideal of NQ(S), it follows that 0 ® & € NQ(U, V). Therefore NQ(U, V) is a regular
neutrosophic quadruple ideal of N@Q(S) by Theorem 3.6. O

Corollary 3.9. If U is an ideal of a finite BCI-algebra S, then the neutrosophic quadruple U-set NQ(U) is a
regular neutrosophic quadruple ideal of NQ(5).

4 Neutrosophic quadruple ¢-ideals

Definition 4.1. Given nonempty subsets U and V' of S, if the neutrosophic quadruple (U, V')-set NQ(U, V')
is a g-ideal of a neutrosophic quadruple BCI-algebra NQ(S), we say NQ(U, V') is a neutrosophic quadruple
q-ideal of NQ(S).

Example 4.2. Consider a BCI-algebra S = {0, 1, a} with the binary operation *, which is given in Table 2.
Then the neutrosophic quadruple BCI-algebra NQ(S) has 81 elements. If we take U = {0,1} and V' = {0, 1},
then

NQ(U,V)={0,1,2,3,4,5,6,7,8,9,10, 11, 12, 13, 14, 15}

is a neutrosophic quadruple g-ideal of NQ(S) where
0 = (0,07,01,0F), 1= (0,0T,0I,1F),2 = (0,07, 11,0F),
3=(0,0T,11,1F),4 = (0,1T,01,0F), 5 = (0,1T,01,1F),
6 = (0,17,11,0F), 7 = (0,17, 11,1F),8 = (1,07, 01, 0F),
9= (1,07,0I,1F), 10 = (1,07, 11,0F), 11 = (1,07, 11, 1F),
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., "

Table 2: Cayley table for the binary operation *“x

Q = O ¥
Q = OO
QO O
o2 2R

12 = (1,17,01,0F), 13
1

: 3 = (1,17,01,1F),
14 = (1,17,11,0F), 15 = (1,17, 11, 1F).

Theorem 4.3. For any nonempty subsets U and V of a BCI-algebra S, if the neutrosophic quadruple (U, V' )-set
NQ(U,V) is a neutrosophic quadruple q-ideal of NQ(S), then it is both a neutrosophic quadruple subalgebra
and a neutrosophic quadruple ideal of NQ(S).

Proof. Assume that NQ(U, V) is a neutrosophic quadruple g-ideal of NQ(S). Since 0 € NQ(U,V), we
have 0 € Uand 0 € V. Let z,y,z € Sbesuchthatx x (yxz) € UNV andy € UNV. Then
(v, yT,yl,yF) € NQ(U,V) and

(x, 2T, xl,2F)® ((y,yT,yl,yF) ® (z, 2T, z1, 2 F))
= (x,2T 2, 2F)® (yx 2z, (y * 2)T, (y x 2)1, (y x 2) F)
=(xx(y*x2),(xx(yx2)T,(x*x(y*2)),(x*x(y*2))F) e NQU,V).

Since NQ(U, V) is a neutrosophic quadruple g-ideal of NQ(.S), it follows that
(xxz,(x*x2)T,(xx2)],(x*2)F) = (x,2T, 21, 2F) ® (z,2T, 21, 2F) € NQ(U,V).

Hence z x z € U NV, and therefore U and V' are g-ideals of S. Since every g-ideal is both a subalgebra
and an ideal, it follows from Lemma 3.3 that NQ(U, V) is both a neutrosophic quadruple subalgebra and a
neutrosophic quadruple ideal of NQ(S). O

The converse of Theorem 4.3 is not true as seen in the following example.

Example 4.4. Consider a BCI-algebra S = {0, a, b, ¢} with the binary operation *, which is given in Table 3.

.

Table 3: Cayley table for the binary operation “x

o ot Q O %
o S OO
Q2 O 0|
Q@O0 SO
SO0 Q|0
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Then the neutrosophic quadruple BCl-algebra NQ(S) has 256 elements. If we take A = {0} and B = {0},
then NQ(U,V) = {0} is both a neutrosophic quadruple subalgebra and a neutrosophic quadruple ideal of
NQ(S). If we take & := (c,bT,0I,aF), % := (a,bT,0I,cF) € NQ(S), then
i®(0®2) = (c,bT,0l,aF)® (0® (a,bT,01,cF))
= (¢,bT,01,aF) ® (c,bT,0I,aF) =0 € NQ(U, V).

But

T®zZ=(c,bT,0l,aF) ® (a,bT,0I,cF)
= (cxa,(bxb)T,(0%0)I,(ax*c)F)
= (b,0T,0I,bF) ¢ NQ(U,V).

Therefore NQ(U, V) is not a neutrosophic quadruple g-ideal of NQ(S).

We provide conditions for the neutrosophic quadruple (U, V')-set NQ(U, V') to be a neutrosophic quadruple
g-ideal.

Theorem 4.5. If U and V are q-ideals of a BCl-algebra S, then the neutrosophic quadruple (U,V')-set
NQ(U,V) is a neutrosophic quadruple q-ideal of NQ(S).

Proof. Suppose that U and V are g-ideals of a BCl-algebra S. Obviously, 0 € NQ(U,V). Let & =
(1, 22T, a3, x4 F), § = (y1,92T,ysl,ysF) and Z = (21,297, 231, z4F") be elements of NQ(S) be such
thatz ® (g® 2) € NQ(U,V)andy € NQ(U,V). Theny, € A, y; € Bfori=1,2and j = 3,4, and

TR (G®2Z) = (21,21, 23], 24 F) ® ((y1, y2T, ysI, ya F') ® (21, 20T, 231, 24 F'))
= (1, 22T, 231, 24 F) ® (y1 * 21, (Y2 * 22) T, (Y3 * 23) 1, (ya * 24) F)

= (21 % (y1 % 21), (22 * (Y2 * 22))T, (23 * (y3 * 23)) L, (22 * (ya * 24)) F)

e NQ(U,V),

that is, z; % (y; ¥ 2;) € U and z; % (y; * z;) € Bfori =1,2and j = 3, 4. It follows from (2.10) that z; x z; € U
and x; * z; € Vfort=1,2and j = 3,4. Thus

T®Z=(x1 %21, (2% 29)T, (x5 % 23)I, (x4 % 24)F) € NQ(U, V), 4.1)
and therefore NQ(U, V) is a neutrosophic quadruple g-ideal of NQ(S). O

Corollary 4.6. If A is a g-ideal of a BCl-algebra S, then the neutrosophic quadruple U-set NQ(U) is a
neutrosophic quadruple g-ideal of NQ(S).

Corollary 4.7. If {0} is a g-ideal of a BCI-algebra S, then the neutrosophic quadruple (U,V')-set NQ(U,V)
is a neutrosophic quadruple q-ideal of NQ(S) for any ideals U and V of S.

Corollary 4.8. If {0} is a g-ideal of a BCI-algebra S, then the neutrosophic quadruple U-set NQ(U) is a
neutrosophic quadruple q-ideal of NQ(S) for any ideal U of S.
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Theorem 4.9. Let U and V' be ideals of a BCI-algebra S such that
(Vr,y,z€ S)xx(yxz) eUNV = (xxy)xz€UNV). 4.2)

Then the neutrosophic quadruple (U,V')-set NQ(U, V') is a neutrosophic quadruple q-ideal of NQ(S).

Proof. Tt is clear that 0 € NQ(U,V). Let & = (zy, 22T, w3, 24F), § = (y1, 92T, y3l,ysF) and 2 =
(21, 20T, 231, 24 F') be elements of NQ(S) be such that Z ® (g ® 2) € NQ(U,V) and g € NQ(U, V). Then
Y1,y2 € U, y3,y2 € V and

TR (G®Z) = (21,2, 23], 24 F) ® ((y1, y2T, ys I, ys F') ® (21, 22T, 231, 24 F))
= (1, 22T, 231,24 F) ® (y1 * 21, (Y2 * 22) T, (Y3 * 23) 1, (ya * 24) F)
= (z1 % (y1 * 21), (w2 * (Y2 * 22)) T, (w3 * (Y3 * 23))], (w4 * (Ya * 24)) F)
e NQ(U,V),

thatis, x; * (y; * z;) € U and z; % (y; x z;) € V fori = 1,2 and j = 3, 4. It follows from (2.3) and (4.2) that
(wi*z)*y; = (v, %y;) %2z, € Uand (% z;) *y; = (v;%y;) x2z; € V fori=1,2and j = 3,4. Since U and
V are ideals of S, we have z; x z; € U and z; * 2; € V for¢ = 1,2 and j = 3,4. Thus

T®zZ= (1’1 * Z1, (ZEQ * ZQ)T, ($3 * 23)], (l‘4 * Z4)F) S NQ(U, V), (43)

and therefore NQ(U, V') is a neutrosophic quadruple g-ideal of NQ(S). O
Corollary 4.10. Let U be an ideal of a BCI-algebra S such that

(Vz,y,z€ S)xx(yxz2) e U = (zxy)*xze€U). (4.4)

Then the neutrosophic quadruple U-set NQ(U) is a neutrosophic quadruple q-ideal of NQ(S5).
Theorem 4.11. Let U and V' be ideals of a BCl-algebra S such that

(Vz,y e S)(zx(0xy) e UNV = zxyecUNV). 4.5)

Then the neutrosophic quadruple (U, V')-set NQ(U, V') is a neutrosophic quadruple q-ideal of NQ(SS).
Proof. Assume that z % (y x z) € UNV forall z,y, z € S. Note that
((wxy)) * (0% 2)) * (zx (y*2)) = ((zxy)x (zx(y*2))*(0x2)

((y*2z)*xy)* (0x2)
=0*x2)x(0x2)=0eUNV

IN

Thus (z xy) * (0% z) € UNV since U and V are ideals of S. It follows from (4.9) that (z xy) x 2 € U N V.
Using Theorem 4.9, NQ(U, V') is a neutrosophic quadruple g-ideal of NQ(S). O

Corollary 4.12. Let U be an ideal of a BCI-algebra S such that
(Ve,ye S)(zx(0xy) e U = xzxyel). (4.6)

Then the neutrosophic quadruple U-set NQ(U) is a neutrosophic quadruple q-ideal of NQ(S5).
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Theorem 4.13. Let U and V be ideals of a BCl-algebra S such that
Vz,ye S)(zeUNU = zxyecUNV). 4.7)

Then the neutrosophic quadruple (U, V')-set NQ(U, V') is a neutrosophic quadruple q-ideal of NQ(S).

Proof. Assume that z * (yx2) € UNV andy € UNV forall z,y,z € S. Using (2.3) and (4.7), we get
(xxz)*(yxz)=(r*(y*xz))xzecUNVandyxze€ UNV. Since U and V are ideals of S, it follows that
xxz € UNV.Hence U and V are g-ideals of .S, and therefore NQ (U, V') is a neutrosophic quadruple g-ideal
of NQ(S) by Theorem 4.5. O

Corollary 4.14. Let U be an ideal of a BCI-algebra S such that
Vz,y e S)(x €U = zxyeU). (4.8)

Then the neutrosophic quadruple U-set NQ(U) is a neutrosophic quadruple g-ideal of NQ(S).

Theorem 4.15. Let U, V., I and J be ideals of a BCI-algebra S such that I C U and J C V. If I and J are
g-ideals of S, then the neutrosophic quadruple (U,V)-set NQ(U, V) is a neutrosophic quadruple q-ideal of

NQ(S).
Proof. Letx,y,z € Sbesuchthatx x (0xy) € UNV. Then

(x*(zx(0*xy)))*(0xy)=(x*x(0xy))*x(xx(0xy))=0e€lNnJ
by (2.3) and (III). Since [ and J are g-ideals of 9, it follows from (2.3) and (2.10) that
(xxy)x(xx(0xy))=(z*x(z*x(0xy)))xyelnJCUNV

Since U and V' are ideals of S, we have x xy € U N V. Therefore NQ(U, V) is a neutrosophic quadruple
g-ideal of NQ(.S) by Theorem 4.11. O

Corollary 4.16. Let U and I be ideals of a BCI-algebra S such that I C U. If I is a g-ideal of S, then the
neutrosophic quadruple U-set NQ(U) is a neutrosophic quadruple q-ideal of NQ(S).

Theorem 4.17. Let U, V, I and J be ideals of a BCI-algebra S such that [ C U, J C 'V and
(Ve,y,z€ S)(x*x(y*x2)elnNJ = (zxy)xzelnJ). 4.9)

Then the neutrosophic quadruple (U, V')-set NQ(U, V') is a neutrosophic quadruple q-ideal of NQ(S5).
Proof. Letx,y,z € Sbesuchthatz x (yx2) € INJandy € I NJ. Then

(xx2)xy=(xxy)xzelnJ

by (2.3) and (4.9). Since I and J are ideals of S, it follows that x * z € I N J. This shows that I and J are
g-ideals of S. Therefore NQ(U, V') is a neutrosophic quadruple g-ideal of NQ(S) by Theorem 4.15. O

Corollary 4.18. Let U and I be ideals of a BCI-algebra S such that I C U and

(Ve,y,z € S)(x*x(y*x2) €l = (zxy)xzel). (4.10)
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Then the neutrosophic quadruple U-set NQ(U) is a neutrosophic quadruple g-ideal of NQ(S).
Theorem 4.19. Let U, V., I and J be ideals of a BCl-algebra S such that [ C U, J C 'V and

Ve,ye S)(zelnd = zxyelnl). 4.11)
Then the neutrosophic quadruple (U,V')-set NQ(U, V') is a neutrosophic quadruple q-ideal of NQ(S).

Proof. By the proof of Theorem 4.13, we know that [ and .J are g-ideals of S. Hence NQ(U, V) is a neutro-
sophic quadruple g-ideal of NQ(S) by Theorem 4.15. O

Corollary 4.20. Let U and I be ideals of a BCI-algebra S such that I C U and
(Ve,ye S)(zel = xzxyel). (4.12)
Then the neutrosophic quadruple A-set NQ(U) is a neutrosophic quadruple g-ideal of NQ(S).
Theorem 4.21. Let U, V, I and J be ideals of a BCI-algebra S such that I C U, J CV and
Ve,y e S)(zx(0xy)elnNJ = xzxyeclnl). (4.13)
Then the neutrosophic quadruple (U, V')-set NQ(U, V') is a neutrosophic quadruple q-ideal of NQ(S).

Proof. Assume that zx(y*z) € INJ Forall z,y,z € S. Then (x*y)*z € IN.J by the proof of Theorem 4.11.
It follows from Theorem 4.17 that neutrosophic quadruple (U, V')-set NQ(U, V') is a neutrosophic quadruple
g-ideal of NQ(.S). O

Corollary 4.22. Let U and I be ideals of a BCI-algebra S such that I C U and
(Ve,y e S)(xx(0xy) el = xxyel). (4.14)

Then the neutrosophic quadruple U-set NQ(U) is a neutrosophic quadruple g-ideal of NQ(S).

Future Work: Using the results of this paper, we will aply it to another algebraic structures, for example,
MV-algebras, BL-algebras, MTL-algebras, Ry-algebras, hoops, (ordered) semigroups and (semi, near) rings
etc.

Acknowledgements: We are very thankful to the reviewer(s) for careful detailed reading and helpful com-
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Abstract: In this paper, we proposed a different approach on bipolar neutrosophic soft sets and discussed their prop-
erties with examples which was initially introduced by Mumtaz Ali et al.[15]. Also we defined some similarity and
entropy measurements between any two bipolar neutrosophic soft sets. Further, we proposed the representation of
a 2-D digital image in bipolar neutrosophic soft domain. Finally, based on similarity measurements, we propose a
decision making process of real-time problem in image analysis.

Keywords: Neutrosophic set, Bipolar Neutrosophic set, similarity, entropy, Digital image.

1 Introduction

In our physical world, many real life situations don’t have an exact solution. For that problems, we cannot use
conventional method to determine the solution. To avoid those difficulties in dealing with uncertainities, we ap-
ply the concepts of Neutrosophy. Neutrosophy is the branch of philosophy which was introduced by Florentin
Smarandache [10]. Neutrosophy deals with three components truth-membership, indeterminacy-membership
and falsity-membership. Apparently, in the case of uncertainty, we have different solution methods like fuzzy
theory, rough theory, vague theory etc. Since Neutrosophy is the extension of fuzzy theory, it is one of the
efficient method among those. By using Neutrosophy, we can analyze the origin, nature and scope of the
neutralities. Neutrosophy is the base for neutrosophic sets. Neutrosophic set was introduced by Smarandache
which has three components called Truth-membership, Indeterminacy-membership and Falsity-membership
ranges in the non-standard interval | =0, 17[.

But for engineering and real life problems we prefer specific solution. Since it will be difficult to apply in
real life problems, Wang et al. [11] introduced the concept of single valued neutrosophic set (SVNS) which
is the immediate result of neutrosophic set by taking standard interval [0,1] instead of non-standard interval
]70,17[. Single valued neutrosophic theory is useful in modeling uncertain imprecision. Yanhui et al. [8]
proposed image segmentation through neutrosophy whereas A. A. Salama et al. [7] proposed a neutrosophic
approach to grayscale images. Majundar et al. [5, 6] introduced some measures of similarity and entropy of
neutrosophic sets (as well as SVNS). Aydogdu [4] proposed these similarity and entropy to Interval valued
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neutrosophic sets (IVNS). Also ahin and Kk [1] proposed the concepts similarity and entropy to neutrosophic
soft sets.

In 2015, Deli et al. [2] introduced the concepts of bipolar neutrosophic sets (BNS) as an extension of
neutrosophic sets. In 2016, Uluay et al. [3] proposed some measures of similarities of bipolar neutrosophic
sets. In 2017, Mumtaz Ali et al.[15] introduced the concepts of bipolar neutrosophic soft sets which is a
combined version of bipolar neutrosophic set and neutrosophic soft set. Neutrosophic set concepts are very
useful in decision making problem. Abdel-Basset et al.[18, 19, 20] proposed some decision making algorithms
for problems in engineering and medical fields.

In this paper, we proposed slightly different approach on bipolar neutrosophic soft sets(BNSS). Section 2
contains important preliminary definitions. In section 3, we propose different approach on bipolar neutrosophic
soft set which was introduced by Ali et al.[15] and also we discuss their properties with examples. In section
4, we define entropy measurement to calculate the indeterminacy. In section 5, we defined various distances
between any two BNSSs to calculate the similarity between them. In section 6, we propose the representation
of 2-D digital image in bipolar neutrosophic soft domain. In section 7, we propose the decision making
process of image based on similarity measurements for a real-time problem in image analysis. Finally, section
8 contains conclusion of our work.

2 Preliminaries

Definition 2.1. [12]
Let X be a universal set which contains arbitrary points . A Neutrosophic set A is defined by

A= {{x,Ta(x),I4(z), Fa(x)) : x € X}

where Ta(x), [4(x), Fa(x) referred as truth-membership function, indeterminacy-membership function and
falsity-membership function respectively.
Here

Ty(z), La(x), Fa(z): X — |70, 1*[.
Further it satisfies the condition

Example 2.2. Let X = {x, 25, x3} be the universal set. Here, 1, x9, 3 represents capacity, trustworthiness
and price of a machine, respectively. Then T4 (), Ia(x), Fa(z) gives the degree of *good service’, degree of
indeterminacy, degree of ’poor service’ respectively. The neutrosophic set is defined by

A ={(x1,0.3,0.4,0.5) , (22,0.5,0.2,0.3) , (x3,0.7,0.2,0.2) }

where 0 < Ty(z) + Ia(z) + Fa(z) < 37

Definition 2.3. [11]

Neutrosophic set(NS) is defined over the non-standard unit interval ]~0, 17| whereas single valued neutro-
sophic set is defined over standard unit interval [0,1].

It means a single valued neutrosophic set A is defined by

A= {{x,Ta(x),1a(z), Fa(x)) : x € X}
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where

Ta(x),la(x), Fa(z): X —[0,1]
such that

0 < Ta(x)+ La(x) 4+ Fa(x) < 3.

Definition 2.4. [13, 16]
A pair (F, A) is a soft set over X if

F:A— P(x)

That means the soft set is a parameterized family of subsets of the set X.
For any parameter e € A, F'(e) C X is the set of e-approximation elements of the soft set (F, A).

Example 2.5. Let X = {z1, 29,23, 24} be a set of 2-dimensional images and let A = {ey, e, €3} be set of
parameters. where e;=contrast, es=saturation and es=sharpness.
suppose that

F(el) - {331,332}
F(e2) = {1, 23}
F(eg) = {ZEQ, 1’4}.

Then, the set
F(A) ={F(e1), F(e2), F(es)}
is the parameterized family of subsets of X.

Definition 2.6. [14]
A neutrosophic soft set (Fa, E) over X is defined by the set

(Fa, E) = {(e,Fa(e)) : e € E,Fa(e) € NS(X)}

where Fy : E — NS(x) such that Fa(e) = pife ¢ A.
Also, since F)4(e) is a neutrosophic set over X is defined by

Fale) = {(#,up, () (), V() (2), wry (o) (€))7 € X}

where up, (e)(7), Vp,(e) (%), Wr, ) () represents truth-membership degree of x which holds the parameter e,
indeterminacy-membership degree of = which holds the parameter e and falsity-membership degree of = which
holds the parameter e.

Example 2.7. Let X = {z, 25, x3, 24} be a set of houses under consideration. Let A = {ej, es, e3} be set of
parameters where eq, eo, e3 represents beautiful, wooden and costly, respectively.
Then we define

(FAv E) = {<617 FA(61)> ) <627 FA(€2)> ) <€37 FA(€3)>}
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Here

Faler) = {<x1, 0.4,0.3), (22,0.5,0.6,0.7) , {x3,0.5,0.6,0.7) , (24,0.5, 0.6, 0.7>}
Faley) = {@:l, 0.5,0.6,0.3) , (22,0.4,0.7,0.6) , (x3,0.6,0.2,0.3) , (24,0.7,0.2, 0.3)}
Fa(es) = {<x1, 0.6,0.3,0.5) , (2,0.7,0.4,0.3) , (x3,0.8,0.1,0.2) , (24,0.7,0.1, 0.3>}

Fa(es) = {(xl, 0.7,0.4,0.3) , (22,0.6,0.1,0.2) , (x3,0.7,0.2,0.5) , (x4,0.5,0.2, 0.6)}
Hence (F4, F) is a neutrosophic soft set.

Definition 2.8. [2, 3]
Let X be the universal set which contains arbitrary points z. A bipolar neutrosophic set (BNS) A is defined by

A= {(:U,T+(1’),]+([E), Ft(z), T (x), I (z),F (x)) :x € X}

where

T, It F*: E — [0,1] (positive membership-degrees)
T-,17,F~ : E — |[—1,0] (negative membership-degrees)

such that
0<TH(x)+ T (x)+ FH(x)<3,-3<T (z)+I (x)+ F (x)<O0.
Example 2.9. Let X = {2, 9, z3} be the universal set. A bipolar neutrosophic set (BNS) is defined by
A= {(21,0.3,0.4,0.5,—0.2,—0.4, —0.1),
(x9,0.5,0.2,0.3,—0.2, 0.7, —0.5) ,
(23,0.7,0.2,0.2, —0.5,-0.4, —0.5) }

Fi(z)<3and -3 < Ty (x)+ I;(x)+ Fy(z) <O0.

where 0 < T4 (z) + I} (z) + F}
0,1] and T’y (x), I (z), Fy (z) — [-1,0].

I (x) +
Also T (z), I} (z), Fi(z) —
3 Different approach on bipolar neutrosophic soft set
In this section, we propose a slightly different approach on bipolar neutrosophic soft sets which is the com-
bined version of neutrosophic soft set and bipolar neutrosophic set and this was initially introduced by Mumtaz

Ali et al.[15]. He defined a bipolar neutrosophic soft set associated with the whole parameter set .

In our approach, we define a bipolar neutrosophic soft set associated with only subset of a parameter set F.
Because, there is a possibility to exist different bipolar neutrosophic soft sets associated with different subsets
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of E.

Ali et al.[15] definition is given below.

Definition 3.1. Let U be a universe and £ be a set of parameters that are describing the elements of U. A
bipolar neutrosophic soft set B in U is defined as:

B = {(e, {(u,T*(w), I'"(u), F"(u), T~ (u),] (u),F (u):ueU}:e€E}

where Tt I, F* — [0,1]and T~,[~, F~ — [—1, 0]. The positive membership degree 7" (u), I" (u), F* (u),
denotes the truth membership, indeterminate membership and false membership of an element corresponding
to a bipolar neutrosophic soft set B and the negative membership degree 7~ (u), I~ (u), F~(u) denotes the
truth membership, indeterminate membership and false membership of an element v € U to some implicit
counter-property corresponding to a bipolar neutrosophic soft set B.

Our approach is given below.

Definition 3.2. Let X be the universe and F be the parameter set. Let A be subset of the parameter set F.
A bipolar neutrosophic soft set B over X is defined by

B=(F4, E) = {(e,FA(e)> ce € E,Fale) € BNS(X)}

Here
FA<€) = {<x7 U;A(e) ('r)7 U;‘:A(e)<x>7 w;A(e) (I)7 u;‘A(e)(x)7U;A(e) (.T), w;A(e)(x)> Y E X}

where u};A(e) (x), v;;A(e) (x), w;CA(e) (x) represents positive truth-membership degree , positive indeterminacy-
membership degree and positive falsity-membership degree of x which holds the parametrer e, and simi-
larly u;A(e)(a:),v;A(e) (x), W, (o) (x) represents negative truth-membership degree , negative indeterminacy-
membership degree and negative falsity-membership degree of x which holds the parameter e .

Example 3.3. Let X = {21, xo, 23, 24} be a universal set and let £ = {e;, €2, e3} be the parameter set.
Also, let A = {e;,e2} C E and B = {e3} C F be two subsets of E.

Then we define

By = (Fa,E)={(e,Fale)) :e € E,Fa(e) € BNS(X)}
By = (Gp,E) ={{e,Gp(e)) : e € E,Gg(e) € BNS(X)}

where,
Fa(e) = {(xl, 0.5,0.4,0.3,—0.02, —0.4, —0.5) , (x2,0.4,0.7,0.6, —0.3, —0.5, —0.02) ,

(23,0.4,0.3,0.5, —0.6, —0.4, —0.2) , (x4, 0.4, 0.6, 0.3, —0.6, —0.2, —0.3)}
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Fales) = {(:cl, 0.6,0.3,0.2, —0.4, —0.5, —0.04) , (x5, 0.5,0.2, 0.3, —0.1, —0.3, —0.6) ,

(z3,0.3,0.4,0.2, —0.3,—0.4, —0.7) , (x4,0.8,0.2,0.01, —0.4, —0.5, —o.1>}

Gples) = {(ml, 0.6,0.3,0.4, —0.4, —0.5, —0.3) , {z2,0.4,0.5,0.1, —0.2, —0.6, —0.4) ,

(23,0.2,0.3,0.1,—0.4, —0.4, —0.2) , (z4,0.3,0.4,0.4, —0.5, —0.3, —0.2>}

Then B; and B, are the parameterized family of bipolar neutrosophic soft sets over X.

3.1 Properties of Bipolar Neutrosophic soft sets

In this section, we have discussed some basic properties of Bipolar neutrosophic soft sets.

3.1.1 Subsets and Eqiuvalent sets

Let X be universal set and E be a parameter set. Let A, B C FE. Suppose B; and B be two bipolar neutro-
sophic soft sets. Then B; C B, if and only if A C B and

Upae) () S U0 ()5 Uy (0)(8) 2 0G0 (), W (o) (2) 2 W () and

Up,(e) (L) Z U (T), U, () S0, ) (0), W, () (1) S Wy (7).
Also By and B, are called equivalent sets only if A = B and all the parameters of B; and B, are corre-
sponding to each other.

Example 3.4. Suppose B; and B; be two bipolar neutrosophic soft sets associated with A = {es} and B =

{61,62}.
Let By = (Fa, E) = {{(e, Fa(e)) :e € E} and By = (G, F) = {{e,Gp(e)) : e € E}
Here,

Faes) = {<x1, 0.4,0.3,0.9, -0.2, 0.3, —0.4) , (25,0.5,0.6,0.7, —0.3, —0.4, —0.6)}
Gpler) = {(xl, 0.5,0.4,0.3, 0.6, —0.2, —0.4) , (x,0.6,0.3,0.2, —0.5, —0.3, —0.2>}
Cales) = {<

r1,0.6,0.4,0.2, —0.5, —0.1,—0.1) , (x,0.7,0.6,0.3, —0.4, —0.2, —0.3)}
This implies B; C Bs.

3.1.2 Union and Intersection

The union is defined by

Uy () (@) + V0 ()
BiUB, = (FAUGB) = {<ma$(u;,4(e)(x)vUEB(e)(x)), fate) 5 G5

o _ Vg (e)<5’7) + Vg (e)<37) _ _
mm(uFA(e)(:16),uGB(e)(x))7 A - B ,maw(wFA(e)(x),wGB(e)(x))

: mm(w;A(e) (x), wgB(e) (x)),
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The intersection is defined by

BMBF(FADG&E):{<min<ua<e><x>,uéB<e><x>>,”FA<@>@)+”GB<@>(”7max< b0 @) wh, @),

9 We,(e)\ ) Wag(e)

i _ Vo) (@) + Vg0 (@) _
max(uFA(e) (@), UG (e) (@), . 2 : ’ mln(wFA (e) (), Wap(e) ()

Example 3.5. Suppose
By = (F4, F) ={(x1,0.4,0.3,0.9,—0.5, 0.2, —0.1) , (22,0.5,0.6,0.7, —0.3,—0.4, —0.6) }

By = (Gp, E) = {{21,0.5,0.4,0.3,—0.6, —0.3, —0.4) , (x2,0.6,0.3,0.2, —0.5, —0.3, —0.2)}

be two bipolar neutrosophic sets. Then the union is
BiUBy = (Fy4 U Gp, E) = {(x1,0.5,0.35,0.3, —0.6, —0.25, —0.1) , (22,0.6,0.45,0.2,—0.5, —0.35, —0.2) }
the intersection is

BiNBy = (Fa)\Gp. E) = {(1,0.4,0.35,0.9, —0.3, —0.25, —0.4) , (22,0.5,0.45,0.7,—0.3, —0.35, —0.6) }

3.1.3 The complement

The complement of a BNSS is

B° = (Fp, E) = (F,—E) = <w;A(e) (2),1 = v (@), 1, 0 (@) w0 o (@), =1 = V5 o (@), 05 (x)>
Example 3.6. Let B be a bipolar neutrosophic soft set.
B = (F4, F)={(x1,0.4,0.3,0.9,—-0.5,-0.2, —0.1) , (x5,0.5,0.6,0.7, —0.3, —0.4, —0.6) }
Then the complement is defined by

B° = (Fu, E)° = {{21,0.9,0.7,0.4, —0.1, —0.8, —0.5) , (x5, 0.7,0.4,0.5, 0.6, —0.6, —0.3) }

3.1.4 Complete BNSS and null BNSS

The complete bipolar neutrosophic soft set comp — B is defined by
comp — B ={e,)z;,1,0,0,0,—1,—-1) :e € E;x € X}

The null bipolar neutrosophic soft set is defined by
null — B=1{e,)x;,0,1,1,-1,0,0) : e € E;z € X}

The following propositions were given by Ali et al. for bipolar neutrosophic soft set associated with the
whole parameter set. These propositions are also suitable for our approach.
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Proposition 3.7. Let X be a universe and E be a parameter set. Also, A,B,C € E. Let By = (F4,F) =
{{e, FA(E)) :e € E,Fs(E) € BNS(X)}, B, = (Gp,E) = {{e,Gp(E)):e€ E,Gg(F) € BNS(X)},
By = (Ho,E) = {{e,Ho(E)) :e € E,Ho(FE) € BNS(X)} be three bipolar neutrosophic soft sets over
X. Then,

1. BiUBy =By UB;
2. BiNBy=B2NBy
3. BiU(BaUB3) = (B UBy) U By
4. BiN(BaNB3) = (ByNBz) N By
Proof. This proof is obvious. [

Proposition 3.8. Let X be a universe and E be a parameter set. Also, A,B € E. Let By = (Fa,FE) =
{{e, Fa(E)) :e € E,F4(FE) € BNS(X)}, By = (Gg,E) = {{e,Gp(E)) :e € E,Gg(F) € BNS(X)} be
two bipolar neutrosophic soft sets over X. Then the following De Morgan’s laws are valid.

1. (ByUBy)® = (By)°N(By)°

2. (BiNBy) = (B1)°U (By)°
Proof. Let By = {e, <x, u;A(e)(:v),U;;A(e) (x), wItA(e)(x),u}A(e) (@); Ve, (o) (@), W, (o) (:B)> te € E}
By = {@a <513aUEB(e)(x)aUEB(G)(‘TngB(e)(x):U5B(e)($):U&B(e)($)7w53(e)($)> rec E}
Then,

(BrUBy)" = {67 <CU7 maw(ﬂﬁ(e)(x),U?;B(e)(fﬁ)),min(U}A(e)(fﬁ), UEB(G) (x)), min(w}A(e) (z), wéB(e)(x)),

min(ug, (), Ug, o (®)), maz(ve, ) (7), Vg, ) (©), maz(wy, (), we, o (x))> e € E}

= {e, <93, min(w, o (), W, (o (1)), 1 = min(vg, ) (@), 04, o (1), maz(ug, o (@), ub, o (),

+ +

maz(Wg, (%), Wg, o) (2)), =1 — maz(vg, (@), vg, o) (@), min(ug, (@), ug, o (x))> e € E}
= {e, <:z;, min(wp, o) (2), Wi, o (7)), maz(l — vf (), 1 = vl (1), maz(uf, o (2),ud, o (),

maz(wy, o) (%), W, (@), min(=1 —vg, o (2), =1 = vg (@), min(ug, (@), uGB(e)(x))> ree b

= {e, <x, wZZA(e)(x), 1-— U;A(e) (x), u;ZA(e)(a:),w;A(e)(m), —1 =g, (@), u;A(e)(x)> re€ E}

N {e, <x, wgB(e)(w), 1-— ’UEB(e)(.%), ugB(e)(:zr), Wa (o) (@): =1 = Vg, (), Ug, ) (x)> re€ B
= (B1)" N (By)°
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Proposition 3.9. Let X be a universe and E be a parameter set. Also, A, B,C € E. Let By = (Fy, E) =
{{e, FA(E)) :e € E,F4(E) € BNS(X)}, B, = (G, E) = {(e,Gg(E)):e € E,Gg(F) € BNS(X)},
By = (He,E) = {(e,Hco(F)) :e € E,Hco(F) € BNS(X)} be three bipolar neutrosophic soft sets over
X. Then,

1. BN (ByUBs) = (BN By) U (BN Bs3)
2. BiU(ByNBs) = (B UBy) N (B UB3)

Proof. This proof is obvious.

4 Entropy measure of bipolar neutrosophic soft sets

Generally Entropy measures are used to calculate indeterminacy of sets. In this section, we define entropy
measurement for bipolar neutrosophic soft sets.

Definition 4.1. Let X = {z, x5, ..., x,,} be a universe of discourse set and ' = {ej, es, ..., e, } be subset of
a parameter set A. Let By = (Fa, E) and By = (G 4, E) be two bipolar neutrosophic soft sets. The mapping
€ : BNSS(X) — R* U{0} is called an entropy on bipolar neutrosophic soft sets if £ satisfies the following
conditions.
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1. £&(B)=0ifandonlyif B € IF'SS(X) (Intiutionistic fuzzy soft set)

2. &(B) is maximum if and only if uy \(2) = vg, () = wp, (2) and up, (@) = v, (@) =
W, (y() foralle € Eandz € X

3. £(B) = &(B°) forall B € BNSS(X)

4. E(By) < E(By)if By C By.

Definition 4.2. Let 3 be a bipolar neutrosophic soft set. Then, entropy of B is denoted by £(B) and defined as
follows:

m

£8) = 1= 3= 3 3 (e o)+ i () o 09 = i 09

=1 j5=1

Example 4.3. Let X = {21, 29,3, 24} be a universal set and let £ = {e;, 5, e3} be the parameter set.
Let A = {ey, e2} be a subset of F.

= (e () + e ()« | (82) = Vi 2

1. D;:lﬁne By = (Fa, E) = {{e1, Fale1)), (€2, Fa(ea))}

Faley) = {<x1, 0.6,0,0.4,—0.3,0,—0.7) , (x2,0.3,0,0.7, —0.2, 0, —0.8) ,

(z3,0.4,0,0.6,—0.6,0,—0.4) , (x4,0.1,0,0.9, —0.5,0, —0.5>}

Fales) = {<x1, 0.5,0,0.5,—0.4,0,—0.6) , (x2,0.2,0,0.8,—0.1,0, —0.9) ,

(x3,0.3,0,0.7,—0.7,0,—0.3) , {x4,0.8,0,0.2, —0.4, 0, —0.6>}

Since all the indeterminacy degrees are zero, I3; becomes intituitionistic fuzzy soft set(IFSS).
By Definition 4.2, £(B;) =0

2. Define By = (Fa, E) = {{e1, Fa(e1)), (e2, Fa(es))} where,

Faley) = {m, 0.5,0.5,0.5, —0.9, —0.9, —0.9) , (2, 0.3,0.3,0.3, —0.8, —0.8, —0.8) ,

(x3,0.4,0.4,0.4, —0.5,—0.5, —0.5) , (x4,0.5,0.5,0.5, —0.5, —0.5, —0.5)}
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Fa(es) = {(;,;1, 0.4,0.4,0.4, —0.4, —0.4, —0.4) , (x5, 0.5,0.5,0.5, —0.1, 0.1, —0.1) ,

(13,0.3,0.3,0.3, —0.5,—0.5, —0.5) , (x4,0.8,0.8,0.8, —0.2, —0.2, —0.2>}

Since truth-membership, indeterminacy and falsity-membership degrees are equal,
By Definition 4.2, £(B;) = 1 (i.e maximum).

3. Define By = (Fa, E) = {(e1, Fa(e1)), (€2, Fa(e2))} where,

Faley) = {m, 0.5,0.4,0.7,—0.2, —0.5, —0.7) , (x5, 0.4,0.7,0.3, 0.6, —0.2, —0.1) ,

(13,0.4,0.6,0.2, —0.5,—0.3, —0.7) , (x4,0.6,0.3,0.2, —0.7, —0.5, —0.3>}

Fales) = {m, 0.6,0.3,0.7,—0.4, —0.2, —0.4), (2, 0.4,0.7,0.3, —0.7, —0.3, —0.4) ,

(13,0.3,0.5,0.1, -0.5,—0.7, —0.3) , (x4,0.8,0.3,0.1, —0.5, —0.2, —0.4>}

Then,
(B3)® = (F4,~E) = {(e1, Fii(e1)) , (e2, Fii(e2))}

where,

F(e)) = {<m1, 0.7,0.6,0.5, 0.7, —0.5, —0.2) , {x5,0.3,0.3,0.4, —0.1, —0.8, —0.6) ,

(13,0.2,0.4,0.4, —0.7,—0.7, —0.5) , (x,4,0.2,0.7,0.6, —0.3, —0.5, —0.7>}

FS(es) = {<x1, 0.7,0.7,0.6, —0.4, —0.8, —0.4) , (2, 0.3,0.3,0.4, —0.4, —0.7, —0.7) ,

(x3,0.1,0.5,0.7,—0.3,—0.3, —0.5) , (24,0.1,0.7,0.8,—0.4, —0.8, —0.5>}
Since the sum of indeterminacy and its complement is one and complement of truth-membership be-

comes falsify-membership and vice versa,
By Definition 4.2, £(B) = £(B¢) for any BNSS.

4. Let By = (Fa, E) ={(e,Fale)) :e € E} and By = (G, FE) = {(e,Gp(e)) : e € E}
Here,

Fales) = {m, 0.4,0.3,0.9,-0.2, —0.3, —0.4) , (x,0.5,0.6,0.7, —0.3, —0.4, —0.6}}
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Gpley) = {<x1,0.5,0.4,0.3, —0.6,—0.2,—0.4) , (x2,0.6,0.3,0.2, —0.5, —0.3, —o.2>}

Gples) = {<x1,0.6,0.4,0.2, —0.5,—0.1,—0.1), (z2,0.7,0.6,0.3,—0.4, —0.2, —0.3>}

Here B; C B,.
By Definition 4.2,
E(By) =0.705
E(By) = 0.6725
Hence

E(By) < E(By) if By C By

5 Distance between bipolar neutrosophic soft sets

In this section, we will define some distance measures of bipolar neutrosophic soft sets. Let X be a universe,
E be a parameter set and let A, B be two subsets of F.
Let By = (Fa, F) and B, = (G, E) be two bipolar neutrosophic soft sets.

Here
Fae) = {<l‘,UFA(e)(x)yv}’A@(x)?w}rA(e)(I),UEA(e)(x),U;A(e)($)>wEA(e)($)> tTe X}

Gin(e) = { (010 0): 86,00, 800, 00 ) ) 0 € X

Definition 5.1. Consider the two Bipolar neutrosophic soft sets B; = (F4, F) and By = (G, E) defined
above. Let d be a mapping defined as d : BNSS(z) x BNSS(x) — R* U {0} and it satisfies the following
conditions.

i) d(By1,B2) > 0

ZZ) d(Bl, Bg) - d(BQ, Bl)

i11) d(By,Ba) = 0if By = By

iv) d(By, Bsy) + d(Ba, Bs) > d(By, Bs) (for any Bs)

Then, d(B;, Bs) is called a distance measure between two bipolar neutrosopihic soft sets 31 and B; .

Definition 5.2. A real function S : BNSS(X) x BNSS(X) — [0, 1] is called a similarity measure between
two bipolar neutrosophic soft sets By = [a;;|mxn and Bs = [b;;]mxn if S satisfies the following conditions.
i)S(B1, Bs) € [0, 1]

11)S(B1, By) = S(Bs, By)

119)S (B, Ba) = 1if faijlmxn = [bijlmxn

iv)S(Bl, Bg) S S(Bl, Bg) (BQ, 83) Zf Bl g 82 g 83 (fO?" any 83)
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5.1 Hamming distance between two bipolar neutrosophic soft sets

A os(By, Bs) = ZZ |Au(x)] + [Viju(x)| + |Ajv(x)] —E IViv(@)] + | Ajw(z)| 4+ |Viw(x )|

7j=1 =1

where

Proof. 1) Since |Ajju(z)|, |Viu(x)|, |Ayu(z)], | Vio(z)|, |Ajw(z)|, |Vijw(z)| are all positive,

diinss(Bi, B2) > 0

i) Since ‘uB (o) (@) = U (o (@) | = [, oy (T0) = wjf () (@),

|Ajju(X)| is same for both d% v o5(B1, B2) and di o5 (Ba, By).

Also this is true for all membership degrees.

Hence dyg5(Bi, B2) = dfiygs(Bo, Bi)

iii) Since Ajju(X) = uy |, @) = UEQ(ej)(Ii) and Viu(X) = ug, . (i) — ug, ,(x:) = 0 are both zero for
Bi = B,

iv) Let
Azu +Vzu +AZ/U —|—V1’U —|—Alw +Vzw
dgNSS<BlaBZ ZZ’ ut ()] 4 | Vigug ()] + [Agjv (@ )!6] 1 ()] + [Agjwr ()] + [Vigw ()]
=1 =1
Agju + |Viju + A v + |V, AW V,w
Hiss(Bo By = 30 37 B+ V)| 18] 191+ Byl + 19t
7j=1 =1

dinss(B1, B2) + djyss(Ba, Bs)

(i) = U, ) () +‘“§2<e>($i)_“§3(ej>(xi) +‘“Euej)(“fi)_“z?xej)(xi) +

nom (ugl(ej) _ j
=>> ;

j=1 i=1

[V ) (@) = Uy ep) ()| F |V, e,) () — gy (20) | +

‘“éxej)(*"fi) = Upsy(e,) (%)

Ui (o) (1) — Uy ey ()| + ‘%wj)(xi) = Uy(ep) ()| + ‘wt;(ej)(l’i) — Wy (e ()| F

Wiy (o) () = Wy (o (T) | + ’wz%(ej)(f"i)_wz?g(ej)(xi) W, ey (i) = Wpy ey (%)

" m ‘uzgl(e_)(xi)—ugs(e_)(xi) +)Ugl(e_)(xi)—vgg(ej)(xi) w0 oy (@) = W (2)

Z J J J ;

7j=1 =1

This implies
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diinss(B1, B2) + dfygs(B2, Bs) > djyss(Bi, Bs)

O
5.2 Normalized Hamming distance
d8 v s5(B1, By)
d B B _ BNSS )
BNSS( 15 2) mn
Proof. Since d2,45(B1, Bs) satisfies definition 5.1, for any positive m, n
d v s5(Bi, Bs)
dn B..B BNSS )
Wss(Bi, Ba) = .
also satisfies definition 5.1 ]
5.3 Euclidean distance between two BNSS
(A, ij *+ (A >+ (Vy 2+ (A >+ (Vy 2k
BBy [ZZ () + (Fy(a)f + (A0 + (Tl + (Byn(a)f + (9

7j=1 =1

where

Alju(x) = ugl(@j)<xi> o uzg2(€j)(xi)
Viju(z) = ul;(ej)(xi) a ugz(ej)(xi)

Proof. 1) Since (Aju(x))?, (Viju(z))?, (Ayv(x))?, (Vio(x))?, (Ajw(x))?, (Vijw(x))? are all positive,
dinss(Bi, B2) > 0

ii) Since (ugl(ej) (xi)—u;gQ(ej) (2;))2 = (ua(ej) (xi)—ugl(ej) (z:))% (Ajju(X))? is same for both d% v g5 (B1, Ba)
and dgNSS(B27 Bl)
Also this is true for all membership degrees.
Hence dfyg5(B1, B2) = dfyss(B2, Bi)

ii1) Since A;;u(X) = ugl(ej)(xi) - UEQ(ej)(fL‘i) and V;;u(X) = ugl(ej)(xz) Ug,y e, (i) = 0 are both zero
for B, = B,,

iv) Let
dhnss(Br, B2) = [il il (Ajur (@) + (Vi (2))* + (Aijon (@) E (Vi1 (x))? 4 (Agyws (x))? + (Vz‘jw1<$>>2:| 2
A5y ss(Ba, Bs) = { ' Z (Ajus(2))? + (Viua(x))? + (Agjva(a))? E (Vijva(2))? + (Agjwa(2))? + (Vijwa(x)) } 2
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By the definition of Euclidean norm, we take
d%Nss(BhBﬁ = HBl - B2H2

dBNSS(827B3) = HB2 - B3H2

Then, Bl — Bg||2 == HBI - Bg + BQ - BgHQ

By Triangle inequality,

1B1 = Bslly < [|B1 — Bally + || B2 — Bsl|,

Hence dfygs(Bi, B2) + diyss(B2, Bs) = dyss(Bi, Bs)

O
5.4 Normalized Euclidean distance
dE . ««(By, B
d%}z;vss(Bh B2) = BNSS/—STWIL 2
Proof. Since, d& \¢5(By, By) satisfies Definition 5.1,
dk By, B
difss(Bu, By) = —BNSS—fn; 2
also satisfies Definition 5.1 for all m, n. L]

Note 5.3. From the above measurements, we conclude the following conditions.

i) 0 < d\s(By, Ba) < mn [Obviously true]
i1) 0 < d¥ o(B1, By) < 1 [from i) ]
ii1) 0 < d&yg5(B1, B2) < /mn [Obvious from i) ]
iv) 0 < dhgs(Bi, Ba) < 1 [from iii) ]

Based on these distance measures, we can calculate the similarity between two BNSSs using the following
measures.

) 1
i) SgNss(Bla B2) =

1+ dgNS%(Bl, By)

“) SgNss(Blv B2) =

1+ dgNSS(Bl 7132)

1it) S"Hpnss(Br, Ba) = 1 d"Hpnss (B, Bs)
1 Y

i) 8" Epss(Br B) = g By

6 Representation of image in bipolar neutrosophic soft Domain

In this section, we convert 2-dimensional digital image into bipolar neutrosophic set. A digital image con-
tains many pixels. According to pixel intensity values, we classified digital image as foreground image and
background image.

we define bipolar neutrosophic soft set as parameterization of family of subsets which contains positive
mebership degrees and negative membership degrees. Here we assign positive membership degrees to fore-
ground image and negative membership degree to background image.
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For example, Let us consider a 2-dimensional digital image as X = {x1, 2, T3, y1, Y2, Y3} . Here x1, z9, x5
represents foreground pixels and y1, ¥, y3 represents background pixels. Let A = {ey, e3, e3} be set of param-
eters, where ey, e9, e3 denotes contrast, brightness and sharpness of given image respectively.

Define B = (Fa, E) = (e, Fa(e)) : e € E, Fy(e) € BNS(X)

Here

Faley) = {<:c1,u}A(el)(:cl),v}rA(el)(xl),w}A(el)(acl),uFA(el)(xl),vFA(el)(xl Wy (o) (x
<x2’“;A<e1>(x2)vvﬁ<e1><x2)awftA<e1)(x2)v“FA(en(x?)’UFA(el)(“f’? Wy (en) (©

<x3’“FA(el><f”3)v”;A(el)(x3)’w5<e1>(x3)’“FA<e1>(f”3)7UFA<e1>(x ) Wy en) (73)

Fa(es) = {<:v1,u}A(GQ)(asl),v;A(m)(:vl),w}A(GQ)(ml),ugA(@)(ajl),v;,A(eQ)(:El S WE (o) (x
<5”2’“E(w)(m?)’vﬁ(ez)(@)’w;,q(ez)(“)’“h(ez)(x?) Ukaea) (82)s Wiy (cg) (2

<x3’“ﬁ<ez>(x3)’%(e () Wy () ()5 Wy () (3)s Vs () (83): W 0 (5)

FA(63) B { <l’1, u;A(eza) (xl)’ U;A(ezs)(ml)’ w}—A(@a) (xl)’ UEA(EB)(xﬁ’ U;A(efs) (xl wFA (e3)

)
)
)
)
)
)
)
)

<CC2,U;A(%)(LUQ),U;A(%)(CCQ),w;A(eg)(ZL'Q),U;A(EB)(IQ),U;A(eg)(xg Wiy (es) (x
<$3>U;A(eg)(m),U;A(e3)($3),w}LA(€3)($3),U}A(eg)(%);U}A(e3)($3),wEA(63)($3)>}

where u;A © (x), v;;A (@), w}A (o) () represents positive truth-membership degree , positive indeterminacy-
membership degree and positive falsity-membership degree of a pixel = which holds the parametrer e, and sim-
ilarly up, (), vp, © (x), w;A(e)(x) represents negative truth-membership degree , negative indeterminacy-
membership degree and negative falsity-membership degree of a pixel x which holds the parameter e .

Remark 6.1. We assume the pixels are already classified as foreground and background pixels based on their
intensity values. This assumption leads us to the following conditions.

For absolute foreground pixels,
ut(z) =[0,1] u (x) =0
v(z) =1[0,1] v (x) =—1
wt(x) =[0,1] w(z) = -1
For absolute background pixels,
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ut(z) =0 u(z) = [-1,0]
vh(x) =1 v (z) = [-1,0]
wh(z) =1 w(z) =[-1,0]

6.1 Pixels in BNSS domain

Digital images are just array of pixels; each and every pixel has particular intensity values. Initially, Yanhui et
al.,[8, 17] proposed the technique to transform image into neutrosophic domain. In this subsection, we extend
this technique to bipolar neutrosophic domain.

We allocate membership values for each pixel according to their attributes. For foreground pixels
ut(i,7),v" (i, 7),w" (i, ) named as positive truth-membership, positive indeterminacy, positive falsity-membership
respectively and for background pixels u~ (7, j), v~ (4, 7), w™ (i, j) named as negative truth-membership, nega-
tive indeterminacy, negative falsity-membership respectively.

An arbitrary pixel can be represented as follows:
PBNS(imj) = {u+(i,j),v+(i,j), w+(iaj)7 ui(iaj%Uﬁ(l}j)awi(i?‘j)}'
Here
g\, ] Imin .. 0 Z:] _5mm
(Z ]) L U+(Z,j) = L

gma:c - gmzn 5max - 5mm

wHi.g) = 1 - (i) = L= 9]

gmax 9min

! (Z j) gmax gmm ! <Z, ) B 6max - 5mzn
P 9(i,J) = Gmax

w (i) =-1-u(i,j) =—"—"——

9maz — Ymin

where g(i, j) represents mean intensity of foreground pixel in some neighbourhoods W and §(7, j) represents
the mean intensity of background pixel in some neighbourhoods W*.
Here

i+w/2  jtw/2

g(i.j) = wa Yoo D
m=i—w/2 n=j—w/2
i+w* /2 jHw*/2

900:) = Jr sy W* o> g

mei—w* /2 n=j—w /2
(2, 7) = lg(i,5) — g(i, 7)]
6(i,5) = 19(i,5) — 94, )|
Omaz = maxd(i, ) Smin = mind(i, j)

Example 6.2. Let X = {f1, f2, b1, b2} be pixel set of a 2-D image. Also let £ = {ej, 3, €3} be the subset of
the parameter set A with parameters eq, e5, €3 as contrast, brightness and sharpness, respectively.

Some similarity and entropy measurements of bipolar neutrosophic soft sets by Arulpandy P and Trinita
Pricilla M



191 Neutrosophic Sets and Systems, Vol.25, 2019

Now we define
(FA,E) = {<€,FA(€)> e ¢ E, FA(E) € BNS(X)}
Here

Fley) = {(f1,0.5,0.4, 0.3,0,—1,—1), (f2,0.4,0.7,0.6,0, -1, —1) , (f3,0.4,0.3,0.5,0, =1, —1)

(b1,0,1,1,—0.6, —0.2,—0.3) , (b,0,1,1, 0.7, —0.1,—0.3) , (b3, 0,1, 1, —0.4, —0.2, —0.3>}

Fley) = {(fl, 0.6,0.3,0.2,0,—1, 1), (f»,0.5,0.2,0.3,0, —1, —1), (f3,0.3,0.4,0.2,0, =1, —1) ,

(b1,0,1,1,-0.4,—0.5,—0.1) , (by,0,1,1,—0.6, —0.2, 0.3 , (b5,0, 1,1, —0.4, —0.5, —0.1>}

F(es) = {(f1,0.6,0.3,0.4, 0,—1,-1),(f,0.4,0.5,0.1,0,—1, —1), (f3,0.2,0.3,0.1,0, -1, —1)

(b1,0,1,1,-0.5,—0.3,—0.2) , (by,0,1,1,—0.5, —0.4, —0.2) , (b5,0, 1,1, —0.7, —0.9, —0.1>}

Then (F'4, E) is a bipolar neutrosophic soft set which is the parameterized family of soft subsets of X.

7 Decision making process based on similarity measurements

Since neutrosophic set theory deals with uncertainities, it is useful for decision making problems. Due to lack
of parametrization tools in neutrosophic sets alone, we have some difficulties while making decisions. There
fore, neutrosophic set along with parameters are more favorable for decision making problems.

In this evaluation criteria, we have two types of membership degrees as positive and negative membership
degrees. So we consider positive membership degrees for foreground pixels and negative membership de-
grees for background pixels. This means, we expect maximum positive truth-membership value and minimum
negative truth-membership value for foreground pixels while maximum negative truth-membership value and
minimum positive truth-membership value for background pixels.

So we define ideal neutrosophic values for our criteria in the following way.

[fi;] = {ej, <max(u;(ej)(:ci))7min(@}r(ej)(xi)),mz’n(w;(ej)(xi)),max(u;(ej)(xi)) min(vp (i),

min(wF(ej)(xi))> e; € Bioe X

[bi5] {ej, <min(u;(ej)(xi)),mam(v;(ej)(aji)), max(w;(ej)(xi)),mm(u}(ej)(xi)),max(vF(e (x;)),
max(w;(ej)(xi))> rej € B € X}

So our aim is to select the most relevant foreground and background set of pixels by their brightness,
contrast level and sharpness level from the image samples of a particular image. The different types of lena
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images and their corresponding neutrosophic values are given below.

(a) Blur image (b) Noisy image (c) Low resolution

Figure 1: Different types of Lena images

Brightness(e;) Contrast(es) Sharpness(es)

(0.5,0.4,0.3,-0.2,-0.3,-0.9)  (0.8,0.2,0.4,-0.3,-0.4,-0.8) (0.4,0.7,0.6,-0.2,-0.3,-0.9)
(0.2,0.3,0.7,-0.1,-0.4,-0.3)  (0.6,0.3,0.3,-0.6,-0.3,-0.5)  (0.5,0.6,0.3,-0.4,-0.6,-0.8)
(0.7,0.2,0.4,-0.5,-0.6,-0.9)  (0.5,0.6,0.2,-0.7,-0.3,-0.2)  (0.2,0.1,0.3,-0.7,-0.5,-0.5)
(0.4,0.6,0.8,-0.7,-0.3,-0.3)  (0.6,0.6,0.8,-0.7,-0.2,-0.2)  (0.3,0.4,0.3,-0.9,-0.1,-0.2)

Table 1:Neutrosophic values of (a) Blur image.

Brightness(e;) Contrast(es) Sharpness(es)

(0.6,0.5,0.4,-0.1,-0.2,-0.8)  (0.7,0.1,0.3,-0.4,-0.5,-0.9)  (0.3,0.6,0.5,-0.3,-0.4,-0.9)
(0.8,0.3,0.5,-0.4,-0.5,-0.8) (0.4,0.5,0.1,-0.8,-0.4,-0.3) (0.4,0.3,0.5,-0.5,-0.3,-0.5)

(0.5,0,0.2,-0.7,-0.4,-0.7)  (0.3,0.4,0.4,-0.8,-0.4,-0.3) (0.4,0.3,0.5,-0.5,-0.3,-0.3)
(0.2,0.4,0.6,-0.9,-0.1,-0.1)  (0.4,0.4,0.8,-0.5,-0.2,-0.2) (0.2,0.2,0.3,-0.5,-0.1,-0.4)

Table 2:Neutrosophic values of (b) Noisy image.

Brightness(e;) Contrast(es) Sharpness(es)

(0.4,0.5,0.7,-0.9,-0.8,-0.2)  (0.3,0.8,0.7,-0.6,-0.5,-0.1)  (0.7,0.4,0.5,-0.7,-0.6,-0.1)
(0.2,0.7,0.5,-0.6,-0.5,-0.2)  (0.6,0.5,0.9,-0.2,-0.6,-0.7)  (0.6,0.7,0.5,-0.5,-0.7,-0.5)
(0.5,0.4,0.8,-0.3,-0.6,-0.3)  (0.7,0.4,0.6,-0.2,-0.6,-0.7)  (0.6,0.7,0.5,-0.5,-0.7,-0.7)
(0.8,0.6,0.4,-0.1,-0.9,-0.9)  (0.6,0.6,0.2,-0.5,-0.8,-0.8) (0.8,0.8,0.7,-0.5,-0.9,-0.6)

Following table shows that the neutrosophic values of absolute foreground and background pixels.

Table 3:Neutrosophic values of (c) Low resolution image.

model — B Brightness(e;)  Contrast(e;)  Sharpness(es)
f (1,0,0,0,-1,-1) (1,0,0,0,-1,-1) (1,0,0,0,-1,-1)
b (0’171’_1’050) (0’171’_170?0) (051717_1’050)
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By our criteria, we define ideal neutrosobhic values as follows.

B Brightness(e;) Contrast(es) Sharpness(es)

fi (0.6,04,0.3,-0.1,-0.8,-0.9) (0.8,0.1,0.3,-0.6,-0.5,-0.9) (0.7,0.4,0.5,-0.2,-0.6,-0.9)
f> (0.8,0.3,0.5,-0.1,-0.5,-0.9) (0.6,0.5,0.9,-0.2,-0.3,-0.3) (0.6,0.3,0.3,-0.4,-0.7,-0.8)
b1 (0.5,0.4,0.8,-0.7,-0.4,-0.3) (0.3,0.6,0.6,-0.8,-0.3,-0.2) (0.2,0.7,0.5,-0.7,-0.3,-0.3)
by (0.2,0.6,0.8,-0.9,-0.1,-0.1) (0.4,0.6,0.8,-0.7,-0.2,-0.2) (0.2,0.8,0.7,-0.9,-0.1,-0.2)

Now we compute the Hamming distance between our ideal bipolar neutrosophic soft set and the bipolar
neutrosophic set of each images to find the similarity.

dinss(B,Bi) = 1.9
dgNSS<B7 83) =3.6

Then the similarity values are,

1

Shinss(B.Bi) = 1 T BB 0.3448
1
SgNss(& B;) = 1 +dgNSS(B By) =0.3614

1+ dgNSS(B7 B?))

Based on these similarity scores, we choose 55 as the reliable bipolar neutrosophic soft set. This means
among these three types of image samples, second image is more favorable to our criteria.

8 Conclusion and Future work

In this paper, we proposed a different approach on bipolar neutrosophic soft sets and discussed their properties
which was initially introduced by Ali et al. Further we defined some distance measures between any two bipo-
lar neutrosophic soft sets to check similarity between them. And also we defined entropy measure to calculate
indeterminacy. In section 6, we gave the representation of 2-D image in bipolar neutrosophic domain. Finally,
the proposed similarity measurements have been applied to decision making problem in image analysis. Our
future work will include more decision making methods based upon different similarity measurements.
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