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On Neutrosophic Soft Topological Space

Tuhin Bera', Nirmal Kumar Mahapatra >
1 Department of Mathematics, Boror S. S. High School, Bagnan, Howrah-711312,WB, India. E-mail: tuhin78bera@ gmail.com

2Department of Mathematics, Panskura Banamali College, Panskura RS-721152,WB, India. E-mail: nirmal_hridoy @yahoo.co.in

Abstract: In this paper, the concept of connectedness and compact-
ness on neutrosophic soft topological space have been introduced
along with the investigation of their several characteristics. Some
related theorems have been established also. Then, the notion of

neutrosophic soft continuous mapping on a neutrosophic soft topo-
logical space and it’s properties are developed here.

Keywords : Connectedness and compactness on neutrosophic soft topological space, Neutrosophic soft continuous mapping.

1 Introduction

Zadeh'’s [1] classical concept of fuzzy sets is a strong mathemati-
cal tool to deal with the complexity generally arising from uncer-
tainty in the form of ambiguity in real life scenario. Researchers
in economics, sociology, medical science and many other several
fields deal daily with the vague, imprecise and occasionally in-
sufficient information of modeling uncertain data. For different
specialized purposes, there are suggestions for nonclassical and
higher order fuzzy sets since from the initiation of fuzzy set the-
ory. Among several higher order fuzzy sets, intuitionistic fuzzy
sets introduced by Atanassov [2] have been found to be very use-
ful and applicable. But each of these theories has it’s different
difficulties as pointed out by Molodtsov [3]. The basic reason
for these difficulties is inadequacy of parametrization tool of the
theories.

Molodtsov [3] presented soft set theory as a completely
generic mathematical tool which is free from the parametriza-
tion inadequacy syndrome of different theory dealing with un-
certainty. This makes the theory very convenient, efficient and
easily applicable in practice. Molodtsov [3] successfully applied
several directions for the applications of soft set theory, such as
smoothness of functions, game theory, operation reaserch, Rie-
mann integration, Perron integration and probability etc. Now,
soft set theory and it’s applications are progressing rapidly in dif-
ferent fields. Shabir and Naz [4] presented soft topological spaces
and defined some concepts of soft sets on this spaces and separa-
tion axioms. Moreover, topological structure on fuzzy, fuzzy soft,
intuitionistic fuzzy and intuitionistic fuzzy soft set was defined by
Coker [5], Li and Cui [6], Chang [7], Tanay and Kandemir [8],
Osmanoglu and Tokat [9], Neog et al. [10], Varol and Aygun
[11], Bayramov and Gunduz [12,13]. Turanh and Es [14] defined
compactness in intuitionistic fuzzy soft topological spaces.

The concept of Neutrosophic Set (NS) was first introduced
by Smarandache [15,16] which is a generalisation of classical
sets, fuzzy set, intuitionistic fuzzy set etc. Later, Maji [17] has
introduced a combined concept Neutrosophic soft set (NSS).

Using this concept, several mathematicians have produced their
research works in different mathematical structures for instance
Arockiarani et al.[18,19], Bera and Mahapatra [20], Deli [21,22],
Deli and Broumi [23], Maji [24], Broumi and Smarandache [25],
Salama and Alblowi [26], Saroja and Kalaichelvi [27], Broumi
[28], Sahin et al.[29]. Later, this concept has been modified by
Deli and Broumi [30]. Accordingly, Bera and Mahapatra [31-36]
have developed some algebraic structures over the neutrosophic
soft set.

The present study introduces the notion of connectedness,
compactness and neutrosophic soft continuous mapping on a
neutrosophic soft topological space. Section 2 gives some pre-
liminary necessary definitions which will be used in rest of this
paper. The notion of connectedness and compactness on neutro-
sophic soft topological spaces along with investigation of related
properties have been introduced in Section 3 and Section 4, re-
spectively. The concept of neutrosophic soft continuous mapping
has been developed in Section 5. Finally, the conclusion of the
present work has been stated in Section 6.

2 Preliminaries

In this section, we recall some necessary definitions and theo-
rems related to fuzzy set, soft set, neutrosophic set, neutrosophic
soft set, neutrosophic soft topological space for the sake of com-
pleteness.

Unless otherwise stated, I is treated as the parametric set through
out this paper and e € E, an arbitrary parameter.

2.1 Definition [31]

1. A binary operation x* : [0, 1] x [0, 1] — [0, 1] is continuous ¢ -
norm if  satisfies the following conditions :

(i) * is commutative and associative.

(ii) * is continuous.

Tuhin Bera and Nirmal Kumar Mahapatra: On Neutrosophic Soft Topological Space
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(ii)ax1=1%a=a, Ya €[0,1].
(ivy axb<cxd if a<c,b<d with a,b,c,de|0,1].

A few examples of continuous ¢t-norm are a x b = ab,a * b =
min{a, b}, a * b= max{a+b—1,0}.

2. A binary operation ¢ : [0, 1] x [0, 1] — [0, 1] is continuous ¢ -
conorm (s - norm) if ¢ satisfies the following conditions :
(i) ©is commutative and associative.
(i1) ¢ is continuous.
(ii)ao0=0¢a=a, Va €[0,1].
(iv) aob<cod if a<e¢, b<d with a,b,c,d € [0,1].
A few examples of continuous s-norm are a ¢ b = a + b —
ab,a b= max{a,b},aob=min{a+b,1}.

2.2 Definition [15]

Let X be a space of points (objects), with a generic element
in X denoted by x. A neutrosophic set A in X is charac-
terized by a truth-membership function 74, an indeterminacy-
membership function I4 and a falsity-membership function Fy.
Ta(z), Is(x) and F4(z) are real standard or non-standard sub-
sets of |70,1%[. That is Ta,Ia,Fa : X —]70,1%[. There
is no restriction on the sum of Ts(z),Ia(x), Fa(x) and so,
0 <supTa(x)+supla(x)+supFa(z) < 3.

2.3 Definition [3]

Let U be an initial universe set and E be a set of parameters. Let
P(U) denote the power set of U. Then for A C FE, a pair (F, A)
is called a soft set over U, where F' : A — P(U) is a mapping.

2.4 Definition [17]

Let U be an initial universe set and E be a set of parameters. Let
NS(U) denote the set of all NSs of U. Then for A C F, a pair
(F, A) is called an NSS over U, where F : A — NS(U) is a
mapping.

This concept has been modified by Deli and Broumi [30] as
given below.

2.5 Definition [30]

Let U be an initial universe set and E be a set of parameters. Let
NS(U) denote the set of all NSs of U. Then, a neutrosophic soft
set IV over U is a set defined by a set valued function fy repre-
senting amapping fy : E — NS(U) where fy is called approx-
imate function of the neutrosophic soft set N. In other words, the
neutrosophic soft set is a parameterized family of some elements
of the set NS(U) and therefore it can be written as a set of or-
dered pairs,

N = {(6,{< LE,TfN(e)(SL'),IfN(e)(ZL'),FfN(e)((E) >.x e U}) :
e€ E}

where Ty (o) (%), L5y (e) (), Frye)(z) € [0,1], respec-
tively called the truth-membership, indeterminacy-membership,
falsity-membership function of fx(e). Since supremum of each
T,1,F is 1 so the inequality 0 < Ty, (e)(z) + Lfy(e)(x) +
Fpy(ey(x) < 31is obvious.

2.5.1 Example

Let U = {hi,ho,h3} be a set of houses and E =
{e1(beautiful), eo(wooden), ez(costly)} be a set of parameters
with respect to which the nature of houses are described. Let,

fn(er) = {< hy,(0.5,0.6,0.3) >, < ha, (0.4,0.7,0.6) >, <
hs, (0.6,0.2,0.3) >};

fn(es) ={< h1,(0.6,0.3,0.5) >, < hy, (0.7,0.4,0.3) >, <
hs, (0.8,0.1,0.2) >};

fn(es) = {< h1,(0.7,0.4,0.3) >, < ho, (0.6,0.7,0.2) >, <
hs, (0.7,0.2,0.5) >};

Then N = {[e1, fn(e1)], le2, fn(e2)], [es, fn(e3)]} is an NSS
over (U, E). The tabular representation of the NSS NV is as :

Table 1 : Tabular form of NSS V.

In(e1) In(e2) fn(es)
i | (05,0.603) (0.603.05 (0.7.0.4023)
hy | (040.7,06) (0.7,0403) (0.6,0.7,0.2)
hs | (0.6,0.2,0.3) (0.8,0.1,0.2) (0.7,0.2,0.5)

2.6 Definition [30]

1. The complement of a neutrosophic soft set NV is denoted by
N°€ and is defined by

Ne = {(e,{< @, Fryey(), 1 = Ipye)(x), Try(ey(w) > €
U}):e€ E}

2. Let Ny and N3 be two NSSs over the common universe (U, E).
Then V; is said to be the neutrosophic soft subset of Ns if Ve €
EandVx e U,

Ty, (e)(@) < Ty, ) (@), Ly, ) (@) 2 Ty, (o) (@),
Fro (@) 2 Fry, o) (@)

We write N7 C N, and then Nj is the neutrosophic soft su-
perset of N.

2.7 Definition [30]

1. Let N7 and N3 be two NSSs over the common universe (U, E).
Then their union is denoted by N1 U Ny = N3 and is defined as :

N3 = {(6, {< vafN3(e)(x)aIfNB(e)(fE),FfNS(e)(.T) > x €
U}):e€ E}

where Ty (o) (2) = Ty ()() © Ty, (e) (@) Lpy,(0)(®) =
Ty (@) 5 Iy () (@), Fry, o) (%) = Fry 0)(%) * Fiy, () (2)-

2. Their intersection is denoted by N; N Ny = Ny and is defined
as :

Tuhin Bera and Nirmal Kumar Mahapatra: On Neutrosophic Soft Topological Space
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N4 = {(e, {< .%‘,TfN4(e)(1'),IfN4(e)(x),FfN4(e)(x) >1x e
U}):e€ E}

where TfN4(e)(x) = Tle(e)(:r) * TfN2(e)(x),IfN4(e)(x) =
Tty () (@) 0 Ly, () (@), Fry, (e)(€) = Fiy () (@) © Fiy, () ().

2.8 Definition [33]

1. Let M, N be two NSSs over (U, E). Then M — N may be
defined as,Vx € U, e € E,

M =N ={<2, Ty ()() * Fine)@)s Lai o) () © (1 =
Lj(e)(@)); Fpys () (@) © Try(e) () >}

2. A neutrosophic soft set N over (U, E) is said to be null neu-
trosophic soft set if T () (2) = 0, I1y(e)(7) = 1, Fpy(e)(x) =
1,Ve € E,Vz € U. Itis denoted by ¢,,.

A neutrosophic soft set N over (U, E) is said to be ab-
solute neutrosophic soft set if Ty, (o)(x) = 1,17 ()(x) =
0, Fy(e)(x) = 0,Ve € E,Va € U. Itis denoted by 1,.

Clearly, ¢S, = 1,, and 1§ = ¢,,.

2.9 Definition [33]

Let NSS(U, E) be the family of all neutrosophic soft sets over U
via parameters in E and 7, C NSS(U, E). Then 7, is called
neutrosophic soft topology on (U, E) if the following conditions
are satisfied.

(ii) the intersection of any finite number of members of 7, also
belongs to .

(iii) the union of any collection of members of 7,, belongs to 7.

Then the triplet (U, E, 7,,) is called a neutrosophic soft topolog-
ical space. Every member of 7, is called 7,-open neutrosophic
soft set. An NSS is called 7,-closed iff it’s complement is 7,-
open. There may be a number of topologies on (U, E). If 7,1 and
T,2 are two topologies on (U, E) such that 7,1 C T2, then 7,1 is
called neutrosophic soft strictly weaker ( coarser) than 7,2 and in
that case 7,2 is neutrosophic soft strict finer than 7,:. Moreover
NSS(U, E) is a neutrosophic soft topology on (U, E).

2.9.1 Example

1. Let U = {hl,hg}, E = {61,62} and 7, =
{¢u, 1y, N1, No, N3, Ny} where N1, No, N3, N4 being NSSs are
defined as following :

Iy (e1) {< h1,(1,0,1) >, < ho,(0,0,1) >},
fN1(€2) - {< h17(0a170) >, < h25(170a0) >}7
sz(el) = {< h17(07170) >, < h2a(171a0) >}7
fn,(e2) = {<h1,(1,0,1) >, < he,(0,1,1) >};

fNa(el) {< h1=(17171) >7<h27(0a1a1) >}7
fN3(€2) = {< hla(oalvo) >7<h27(031a1) >}a
fN4(€1) = {< hl,(l,l,O) >,<h2,(1,1,0) >},
fN4(62) = {< h17(17070) >a<h27(0a1)1) >}a

Here N1 ﬂNl = NlaNl ONQ = (buaNl ﬂNg = N37N1 ﬂN4 =
Ni,Ny N\ Ny = No,Ny N\ N3 = b, Ny N Ny = Na, N3 N
N3 = N37N3 ﬂN4 = Ng,N4 ﬂN4 = N4 and N1 U N1 =
Ny,NftUN; =1,,NJUN3 = N;,NyUN, =1,,Na UNy =
Ny, NoUN3 = Ny, NoUNy = Nyy N5UN3 = N3, NsUN, =
Ny, Ny U Ny = Ny;

Corresponding ¢t-norm and s-norm are defined as a x b =
max{a + b — 1,0} and a © b = min{a + b,1}. Then 7, is a
neutrosophic soft topology on (U, E) and so (U, E, 7,) is a neu-
trosophic soft topological space over (U, E).

2. Let U = {z1,z9,23}, E = {e1,e2} and 7, =
{éu, Ly, N1, No, N3} where N1, No, N3 being NSSs over (U, E)
are defined as follow :

le (61) = {< X1, (1.0, 0.5, 04) >, < T2, (0.6, 0.6, 06) >, <
x3,(0.5,0.6,0.4) >},

Iy (e2) = {< 21,(0.8,0.4,0.5) >, < x9,(0.7,0.7,0.3) >, <
x3,(0.7,0.5,0.6) >};

fn,(e1) = {< x1,(0.8,0.5,0.6) >, < 22, (0.5,0.7,0.6) >, <
x3,(0.4,0.7,0.5) >},

fn,(e2) = {< 21,(0.7,0.6,0.5) >, < x2,(0.6,0.8,0.4) >, <
x3,(0.5,0.8,0.6) >};

fN3 (61) = {< X1, (0.6, 0.6, 07) >, < T, (0.4, 0.8, 08) >, <
x3,(0.3,0.8,0.6) >},

fns(e2) = {< x1,(0.5,0.8,0.6) >, < x2,(0.5,0.9,0.5) >, <
x3,(0.2,0.9,0.7) >};

The t-norm and s-norm are defined as a * b = min{a, b} and
acob= max{a,b}. Here N1 N N1 = Nl,Nl n N2 = NQ,Nl N
N3 = Ng,NQ ﬂN2 = NQ,NQ mNg = N37N3 mNg = N3 and
N1 UN; = Ny, Ny UN3 = N;, Ny UN3 = Ny, Ny UN;y =
Ny, No U N3 = Ny, N3 U N3 = Ns. Then 7, is a neutrosophic
soft topology on (U, E) and so (U, E, 7,) is a neutrosophic soft
topological space over (U, E).

3. Let NSS(U, E) be the family of all neutrosophic soft sets over
(U, E). Then {¢y, 1, } and NSS(U, E) are two examples of the
neutrosophic soft topology over (U, E). They are called, respec-
tively, indiscrete (trivial) and discrete neutrosophic soft topology.
Clearly, they are the smallest and largest neutrosophic soft topol-
ogy on (U, E), respectively.

2.10 Definition [33]

Let (U, E,7,) be a neutrosophic soft topological space over
(U,E) and M € NSS(U, E) be arbitrary. Then the interior of
M is denoted by M° and is defined as :

Me° = U{N; : N; is neutrosophic soft open and Ny C M}

i.e., it is the union of all open neutrosophic soft subsets of M.
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2.10.1 Theorem [33]

Let (U, E,7,) be a neutrosophic soft topological space over
(U,E) and M, P € NSS(U, E). Then,

(i) M° C M and M? is the largest open set.

()M C P = M° C P°.

(iii) M? is an open neutrosophic soft seti.e., M° € 7,.

(iv) M is neutrosophic soft open set iff M° = M.

(v) (M°)° = M°.

(Vi)(¢u)® = ¢y and 18 = 1,,.

(vi) (M N P)° = M°nN P°.

(viii) M° U P° C (M U P)°.

2.11 Definition [33]

Let (U, E,7,) be a neutrosophic soft topological space over
(U,E) and M € NSS(U, E) be arbitrary. Then the closure of
M is denoted by M and is defined as :

M = N{Nj : N; is neutrosophic soft closed and N; D> M}

i.e., it is the intersection of all closed neutrosophic soft super-
sets of M.

2.11.1 Theorem [33]

Let (U, E,7,) be a neutrosophic soft topological space over
(U,E) and M, P € NSS(U, E). Then,

(i) M C M and M is the smallest closed set.
(i)McP=MCcCP.

(iii) M is closed neutrosophic soft seti.e., M € 7C.

(iv) M is neutrosophic soft closed set iff M = M.

V)M =M.

(Vi) ¢y = ¢ and T,, = 1.

(vi) MUP=MUP.

(viii) MNP c MNP.

2.11.2 Theorem [33]

Let (U, E,7,) be a neutrosophic soft topological space over
(U,E) and M € NSS(U,E). Then, () (M)¢ = (M°)°
(i) (M) = (M¢)

2.12 Definition [33]

1. A neutrosophic soft point in an NSS N is defined as an element
(e, fn(€)) of N, for e € E and is denoted by ey, if fn(e) & ¢
and fn(€') € ¢y, Ve’ € E — {e}.

2. The complement of a neutrosophic soft point ey is another
neutrosophic soft point e$; such that f§ (e) = (fn(e))®.

3. A neutrosophic soft point ey € M, M being an NSS if for the
elemente € F, fy(e) < ful(e).

2.12.1 Example

Let U = {x1,z2,23} and E = {e1, ex}. Then,

ein = {< 1,(0.6,04,0.8) >,< 22,(0.8,0.3,0.5) >, <
x3,(0.3,0.7,0.6) >}

is a neutrosophic soft point whose complement is

ey = {< 21,(0.8,0.6,0.6) >, < 2,(0.5,0.7,0.8) >, <
x3,(0.6,0.3,0.3) >}.

For another NSS M defined on same (U, E), let,

fM(el) = {< X1, (07, 0.4, 07) >, < Zg, (0.8, 0.2, 04) >, <
x3,(0.5,0.6,0.5) >}.

Then, fx(e1) < fu(er) e, einy € M.

2.13 Definition [33]

Hausdorff space : Let (U, E, 7,) be a neutrosophic soft topo-
logical space over (U, E). For two distinct neutrosophic soft
points ey, eg, if there exists disjoint neutrosophic soft open sets
M, P suchthateyx € M and eg € P then (U, E, 7,,) is called T
space or Hausdorff space.

2.13.1 Example

Let U = {hi,ho}, E = {e} and 1, = {du, 1y, M, P} where
M, P being neutrosophic soft subsets of N are defined as fol-
lowing :

fau(e) ={< hq1,(1,0,1) >, < hy,(0,0,1) >};
fp(e) = {< h1, (0, 1,0) >, < ho, (1, 1,0) >};

Then 7, is a neutrosophic soft topology on (U, E) with respect
to the t-norm and s-norm defined as a * b = max{a + b — 1,0}
and a © b = min{a + b,1}. Here ep; € M and ep € P with
enMm 75613 andMﬂP:qbu.

2.14 Definition [33]

Let (U, E,7,) be a neutrosophic soft topological space over
(U, E) where 7, is a topology on (U, E) and M € NSS(U, E)
an arbitrary NSS. Suppose 7py = {M N N; : N; € 7,}. Then
7y forms also a topology on (U, E). Thus (U, E, ps) is a neu-
trosophic soft topological subspace of (U, E, 7).

2.14.1 Example

Let us consider the example (2) in [2.9.1]. We define M €

NSS(U, E) as following :

fu(er) = {< x1,(0.4,0.6,0.8) >, < @2, (0.7,0.3,0.2) >, <
z3,(0.5,0.5,0.7) >};

Fu(es) = {< 21,(0.6,0.3,0.5) >, < x5, (0.4,0.7,0.6) >, <
x3,(0.8,0.3,0.5) >};

We denote M N ¢y = ¢y, M N1, = 1y, M NNy =
Ml,M n N2 = MQ,M N N3 = Mg; Then Ml,MQ,Mg are
given as following :
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far (e1) = {< 21,(0.4,0.6,0.8) >, < x5, (0.6,0.6,0.6) >, <
x3,(0.5,0.6,0.7) >};

oy (e2) = {< 21,(0.6,0.4,0.5) >, < x2,(0.4,0.7,0.6) >, <
x3,(0.7,0.5,0.6) >};

fa,(e1) = {< x1,(0.4,0.6,0.8) >, < x2,(0.5,0.7,0.6) >, <
x3,(0.4,0.7,0.7) >};

f]\/[2 (62) = {< X1, (0.67 0.6, 05) >, < T, (0.4, 0.8, 06) >, <
x3,(0.5,0.8,0.6) >};

fas(e1) = {< 21,(0.4,0.6,0.8) >, < z2,(0.4,0.8,0.8) >, <
x3,(0.3,0.8,0.7) >};

f]wS (62) = {< X1, (0.57 0.8, 06) >, < T, (0.47 0.9, 06) >, <
x3,(0.2,0.9,0.7) >};

Here M1 ﬁMQ = MQ,Ml ﬂMg = Mg,MQ ﬂMg = M3 and
M1 UM2 = Mg,Ml UM3 = Mg,MgUMg = M3. Thel’lT]w =
{édrr, 1as, My, Mo, M3} is neutrosophic soft subspace topology
on (U, E).

2.15 Theorem [33]

Let (U, E,7,) be a neutrosophic soft topological space over
(U,E)and M, N € NSS(U, E). Then,

(i) If B, is a base of 7, then By = {BN M : B € 8,} is a base
for the topology 7as.

(ii) If @ is closed NSS in M and M is closed NSS in IV, then @
isclosed in N.

(iii) Let @ C M. If Q is the closure of @ then Q N M is the
closure of Q in M.

(iv) An NSS M € NSS(U, E) is an open NSS iff M is a neigh-
bourhood of each NSS N contained in M.

2.16 Proposition (De-Morgan’s law)[33]

Let N1, N2 be two neutrosophic soft sets over (U, E). Then,
(i) (NyUNo)® = NiSANoC (i) (N1 N N2)® = Ny€U N,

3 Connectedness

In this section, the concept of connectedness on neutrosophic
soft topological space has been introduced with suitable exam-
ple. Some related theorems have been developed in continuation.

3.1 Definition

Two neutrosophic soft sets N1, Ny of a neutrosophic soft topo-
logical space (U, E, ) over (U, E) are said to be separated if

(i) N1 N Ny = ¢, and (ii) Ny N Nz = ¢, or Ny N Ny = ¢,,.

3.2 Definition

Let (U, E,7,) be a neutrosophic soft topological space over
(U,E). Then a pair of nonempty neutrosophic soft open sets
Ny, Ny is called a neutrosophic soft separation of (U, F, 7,,) if
1, = N1y U Nz and Ny N Ny = ¢,,.

In the Example (1) of [2.9.1], the pair Ny, N5 is a neutrosophic
soft separation of (U, E, 7,) as 1,, = NjUNy and N1N Ny = ¢,,.

3.3 Definition

A neutrosophic soft topological space (U, E,,) is said to be
neutrosophic soft connected if there does not exist a neutrosophic
soft separation of (U, E, 1,). Otherwise, (U, E, 1) is called neu-
trosophic soft disconnected.

The topological space in the Example (2) of [2.9.1] is con-
nected but (1) of [2.9.1] is disconnected.

3.4 Theorem

A neutrosophic soft topological space (U, E, 1) is said to be
neutrosophic soft disconnected iff there exists a nonempty proper
neutrosophic soft subset of 1, which is both neutrosophic soft
open and neutrosophic soft closed.

Proof. Let M C 1,,M # ¢, and M is both neutrosophic soft
open and closed. Then M¢ C 1,,M¢ # ¢, and M€ is both
neutrosophic soft open and closed, also. Let P = M€ Then
M = M and P = P. Thus 1, can be expressed as the union
of two separated neutrosophic soft sets M, P and so, is neutro-
sophic soft disconnected.

Conversely, let 1,, be neutrosophic soft disconnected. Then
there exists nonempty neutrosophic soft open sets Ny, Ny such
that 1,, = N3 U Ng and N; N Ny = ¢,,. Then N; = N5 ie., N;
is closed, also. Similarly, N = Ny and so, V3 is closed.

3.5 Theorem

A neutrosophic soft topological space (U, E,,) is said to be
neutrosophic soft connected iff there exists neutrosophic soft sets
in NSS(U, E) which are both neutrosophic soft open and neutro-
sophic soft closed, are ¢,, and 1,,.

Proof. Let (U, E, 1,) be a connected neutrosophic soft topologi-
cal space. For contrary, we suppose that M is both neutrosophic
soft open and closed different from ¢,,, 1,,. Then M€ is also both
neutrosophic soft open and closed different from ¢,,,1,. Also
MNM®=¢,and M UM =1,. Therefore M, M€ is a neu-
trosophic soft separation of 1,,. This is a contradiction. So, the
only neutrosophic soft closed and open sets in NSS(U, E) are ¢,
and 1,,.

Conversely, let M, P be a neutrosophic soft separation of
(U,E,7,). Then M # N ie., M = P¢, otherwise M = 1,
implies P = ¢,, a contradiction. This shows that M is both neu-
trosophic soft open and neutrosophic soft closed different from
@u, 1. This is a contradiction. Hence, (U, E, 7,,) is connected.

3.6 Theorem

If the neutrosophic soft sets N1, N5 form a neutrosophic soft sep-
aration of (U, E, 7,) and if (U, E, ar) is a neutrosophic soft con-
nected subspace of (U, E, 7,), then M C Ny or M C N».
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Proof. Here N1, N» € 7, such that Ny N Ny = ¢, and
N1 UN; =1,. Then NN M,No N M € 7 as (U,E,TM)
is a neutrosophic soft topological subspace of (U, E, 7). Now
(NiNnM)N(NoeNM)=(NNN2)NM = ¢, N M = ¢, and
(NiNM)U(NoNM)=(NUN)NM=1,N"M = M.
Thus the pair Ny N M, Ny N M would constitute a neutrosophic
soft separation of (U, E, Ta), a contradiction.

Hence, one of Ny N M and Ny N M is empty and so M is
entirely contained in one of them.

3.7 Theorem

Let (U, E, 7ar) be a neutrosophic soft topological subspace of
(U,E,1,). A separation of (U, E,1y) is a pair of disjoint
nonempty neutrosophic soft sets M7, My whose union is M such
that M, N My = ¢, and My N M, = ¢,,.

Proof. Suppose M7, Ms forms a separation of (U, E, 7a7). Then
M, is both neutrosophic soft open and closed subset of M by
Theorem [3.4]. The neutrosophic soft closure of M; in M is
M; N M by Theorem [2.19]. Since M, is neutrosophic soft
closed in M then M; = M; N M. It implies M, N M, =
(Eﬁ M) N M2 = M1 N M2 = ¢u Slmllarly, Em M1 = ¢u
Conversely, let M = M; U My with My N Ms = ¢,, such that
M, N M, = ¢, and My N M; = ¢,. Then M N M; = ¢, and
M N My, = ¢ = M, M, are neutrosophic soft closed in M.
Also M, = M3 implies both are neutrosophic soft open in M.

3.8 Theorem

Let (U, E, 7)) be a connected neutrosophic soft subspace of
(U,E,1,). If (U, E,7p) be any neutrosophic soft subspace of
(U, E, ) such that M C P C M, then (U, E, 7p) is also neu-
trosophic soft connected.

Proof. Let the neutrosophic soft set P satisfy the hypothesis.
If possible, let P, P, form a neutrosophic soft separation of
(U,E,7p). Then M C Pyor M C P,. Let M N Py = ¢,.
So M C Pf and P¥ is closed NSS. It implies M C P C M C
Pt = P C Pf = PNP, = ¢,. This is a contradiction to the
fact that P; U P, = P. Hence, (U, E, 7p) is neutrosophic soft
connected.

3.9 Theorem

Arbitrary union of connected neutrosophic soft subspaces of
(U, E, 1) having nonempty intersection is also neutrosophic soft
connected.

Proof. Let {(U, E, 7y,) : i € I'} be a class of connected neutro-
sophic soft subspaces of (U, F, 7,,) with nonempty intersection.
Let 73y = U;(7n, ). If possible, we take a neutrosophic soft sep-
aration P, @ of (U, E, 7ps). For each i, P N N; and Q N N; are
disjoint neutrosophic soft open sets in the subspace such that their
union is IV;. Since each (U, E, Ty, ) is connected, any of P N N;
and Q N V; must be empty. Let PN N; = ¢, = QNN; = N; =

N,CcQ,Viel'=UN,CcCQ=MCcQ=PUuQCc@="P
is empty, a contradiction. So, (U, E, 7)) is neutrosophic soft
connected.

3.10 Theorem

Arbitrary union of a family of connected neutrosophic soft sub-
spaces of (U, E, 7,) such that one of the members of the family
has nonempty intersection with every member of the family, is
neutrosophic soft connected.

Proof. Let {(U,E,7y,) : i € T'} be a class of connected neu-
trosophic soft subspaces of (U, F, 7,,) and N}, be a fixed member
such that N, N N; # ¢, foreach i € I'. Let M; = N U N;,.
Then by Theorem [3.9], (U, E, T, ) is a neutrosophic soft con-
nected for each ¢ € T. Now, U;M; = U;(N, UN;) =
(NkUNl)U(NkUNQ)U“- :NkU(NlLJNQU-'-) =U;N;
and N, M; = ﬂi(N}c U Ni) = (Nk U Nl) N (Nk U N2> n--- =
NkU(Nl ﬂNgﬂ"') % Gy

This completes the theorem.

4 Compactness

Here, the notion of compactness on neutrosophic soft topological
space is developed with some basic theorems.

4.1 Definition

Let (U, E, 7,,) be a neutrosophic soft topological space and M €
Tu- A family Q = {Q; : i € T'} of neutrosophic soft sets is said
to be a cover of M if M C UQ;.

If every member of that family which covers M is neutrosophic
soft open then it is called open cover of M. A subfamily of €2
which also covers M is called a subcover of M.

4.1.1 Definition

Let (U, E, 7,,) be a neutrosophic soft topological space and M €
Tyu- Suppose €2 be an open cover of M. If ) has a finite subcover
which also covers M then M is called neutrosophic soft compact.

4.1.2 Example

In the Example (1) of [29.1], 1, = U}{,N,. So
{N1, N3, N3, N4} is an open cover of (U, E,7,). Also, 1, =
Ny UNyorl, = Ny UNy. So (U, E,,) is neutrosophic soft
compact topological space.

4.2 Theorem

Let (U, E, 7,) be a neutrosophic soft compact topological space
and M be a neutrosophic soft closed set of that space. Then M
is also compact.

Proof. Let Q = {Q;

: i € I'} be an open cover of M.
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Then {Q;} U M€ is an open cover of (U, E,r,), obviously.
Since (U, E, 7,) is compact so there exists a finite subcover of
{Qi} U M* such that

1u:Q1UQ2U"'UQnUMC
= MClu:Q1UQ2U"'UQnUMc
= MCcQiuQ@oU---UQ, as M NM° = g¢,.

Hence, M has a finite subcover and so is compact.

4.3 Theorem

Let (U, E, 7,) be a neutrosophic soft Hausdorff topological space
and M be a neutrosophic soft compact set belonging to that
space. Then M is a closed NSS.

Proof. Let ey € M€ be a neutrosophic soft point. Then for
each eg € M, we have e # eg. So by definition of Hausdorff
space, there are disjoint neutrosophic soft open sets Nx, Ng so
that ex € Nk and eg € Ng. Let {Ng : es € M} be a neu-
trosophic soft open cover of M. Since M is neutrosophic soft
compact so it has a finite subcover, say, { Ng,, Ng,, - - - Ng, } i.e.,
M C Ng, UNg, U---UNg, = P,say. Then P is neutrosophic
soft open.

Let @ = Nk, N Nk, N---N Nk, where each Nk, is open
NSS corresponding to ex, € M€ Now, Ng, N Nk, = ¢, =
Ng, N Q = ¢, foreachi. Then PNQ = (Ng, U Ng, U--- U
Nsn)ﬂQZ (NS1 ﬂQ)U(NSz QQ)U”-U(NSH QQ) = ¢y-
Since M C Pand PNQ = ¢y, s0 MNQ = ¢, = Q C M°and
@ is open NSS. This implies M€ is open NSS i.e., M is closed.

4.4 Theorem

A neutrosophic soft topological space is compact iff each family
of neutrosophic soft closed sets with the finite intersection prop-
erty has a nonempty intersection.

Proof. Let (U, E, 7,,) be a compact neutrosophic soft topological
space. Consider 2 = {Q; : i € I'} be a family of closed NSSs
such that N;Q; = ¢,. We show ) can not have finite intersec-
tion property. Let A = {Q¢ : Q; € Q,i € T'}. Then A is an
open cover of (U, E, 7,,) such that there exists a finite subcover
{Q5, Q5.+, Q5}. Now NP, Q; = 1, —(QSUQSU- - -UQS) =
1, — 1, = ¢, by Definition [2.8]. Hence, the ‘if part’ holds.

Next assume that (U, E, 7,,) is not compact. Then, a neutro-
sophic soft open cover {Q; : i € T'}, say, of (U, E, 7,,) has no
finite subcover i.e., Q1 U Q2 U --- U Q, # 1,. This implies
QINQsN---NQS # ¢, by Definition [2.8] and Proposition
[2.16]. Thus {QS : ¢ € '} has finite intersection property. Then
by hypothesis, N;Q§ # ¢, and U;Q); # 1,, which is a contradic-
tion. Hence, (U, E, 7,,) is compact.

5 Neutrosophic soft continuous map-
pings

In this section, first we define neutrosophic soft mapping, then
define image and pre-image of an NSS under a neutrosophic soft
mapping. In continuation, we introduce the notion of neutro-
sophic soft continuous mapping in a neutrosophic soft topologi-
cal space along with some of it’s properties.

In rest of the paper, if M be an NSS over U via parameter set F,
we write (M, E),anNSSover U i.e., (M, E) = {< e, far(e) >:
e€ E}.

5.1 Definition

Let, p : U — V and ¢ : E — FE be two functions where F is
the parameter set for each of the crisp sets U and V. Then the
pair (i, 1) is called an NSS function from (U, E) to (V, E). We
write, (¢,9): (U, E) — (V, E).

5.1.1 Definition

Let (M, E) and (N, E) be two NSSs defined over U and V,
respectively and (p,1) be an NSS function from (U, E) to
(V,E). Then,

(1) The image of (M,E) under (p,%),
(p, ) (M, E), is an NSS over V and is defined as :

(. )M, E) = (p(M),(E)) = {< ¥(a), foran) (¥(a)) >:
a € E} where Vb € ¢(E),Vy € V.

denoted by

Tf¢(nf)(b)(y> = { 0

min )= min a)=b [I a (x)L ifx e Sofl(y)
Iﬁ,;(M)(b)( ){ 1 p(z)=y P(a) fa(a)

, otherwise.

, otherwise.

Fﬁ,;(M)@) (y) = { 1 , otherwise.

(2) The pre-image of (N, E) under (¢,v), denoted by
(p,)"Y(N, E), is an NSS over U and is defined by :

(o, )" (N,E) = (¢ YN),v» " (E)) where Va ¢
Y UE),Vz eU.
Ts, 1 (@) () Tty w0y (P(@))
I,y (@) () Ly (w(a)) (9(2))
Fy 1o @@) = Frywa)(p))

If ¢ and ¢ are injective (surjective), then (¢, 1) is injective (sur-
jective).

5.1.2 Proposition

Let, (p,%) : (U, E) — (V, E) be a neutrosophic soft mapping
and (Mi, E) and (Ma, E) be two NSSs defined over U. Then
the followings hold.
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(1) (M, E) € (e, ) e, ¥) (M, B

) [(p, ) (M, )] (¢, z/z)(Ml7 E)<, if ¢ is surjective.
My, E

(4) (80’ )[(Mla ) N (MQ,E)} = (90’1/})(M17E) N

(0, 9)(Ma, E)

Proof.

(D (o, ) (e, ) (M1, E)] = (p,9) " (M ),w(E)] =

[p=Hp(M)), ¥~ (¥(E))]. Then for a € ¢~'((E)) and

x € U, we have, T qu,(Ml)(w(a))(SO( z)) =
Max,, () MaXy(a)[Try (a) (7)) Now, Ty, (a) ()
maXp () MaXy(a) [Ty a) (@)] = Ty s 0, (@) (2)-
Similarly, Iy, (q)(z) > If@,l(@(All))(a) (z) and Fy,, (q)(7)

Ff i iy @ (2):

wil(w(Ml))( )( )

IN

Y

Hence, (M1, E) C (¢,9) (¢, 9) (M1, E)].
(2) Suppose, ¢ is surjective mapping. Here, (o, ¢) (M, E)]¢ =
[(p(M))e, o (E)] and (o, ¢) (M1, E)* = [p(MF),(E)].

For b € ¢(E) and y € V, we have, Tf(le))c(b)() =

Ff(w(Mm(b)(y) MiNg ()= mmw(a)—b[FfMl( y(z)].  But,
Tty arpy ) (¥) MaX () =y WXy (a)=b[Tfpre (o) (7)) =
mMaXe(z)=y maxi/)(a):b[FfM )( )] Thus, Tf(«p(lvfl))c(b) (y) <

ng;(Mf)(b) (y) ......... (1)
Similarly, Fy_ 0 c0)(y) >

ngp(Mf) (b) (y) .........
Finally, =

. Ifw(Ml)).C(b)(y) = 1 Ifm(zwl))(b)(y)
1 — ming )=y miny @)=s L1y, (o) ()] and Iy 00)(y) =
Mty (g)=y Mty (a)=b {0 (a) (2)] = M () =y Miny (@)=p[1 —

Ity (@) (@)

This shows, Ir () (Y) = If<p(Mf)(b) (y)«oeoveees (iii)
This completes the 2nd part.
(3) Let, (M1, E)U (M, E) = (M, E).
Then, (o, 9)[(My, E) U (M, E)] = (o, 9)(M,E) =

[p(M),¥(E)]. So, forb € ¥(E) and y € V, we have,

T max max |1, (o) (T
fcp(M)(b)(y) ga(:r):yw(a):b[ Fau( )( )]
s, T, ) T 07
Next, (o,9)(M1,E) U (p,¢)(M2,E) = [p(M) U

p(Mz), ¥ (E)] = [P,¢(E)], say. Then,

Tty ()
= T, )W) Ts ) (Y)
= max max

p(z)=y P(a)=b

= max max

e(z)=y ¢ (a)=b

Tr., (o)(x)] o max max [Tr,, (o) (x
(Ttrs, () ()] @(z):yw(a):b[ oty (a) ()]

[TfMl (a) (I) < Tsz (a) (.Z‘)]

Thus, T, ., »)(¥) = Ty (y). Similar results also hold for

I,F
This completes the proof of part (3).

(4) Let (Mlu ) (M27E) = (M7 E)
Then, (¢, 9)[(M1,E) N (M2, E)] = (p,¢)(M,E) =
[p(M),(E)]. So, forb € ¢(E) and y € V, we have,

max max [T T
Jusx | ex, T (@)]

= max max [Ty, ) (@) *T},,. o) (T
S max [T, /@) * Ty (@)

wa(M) () (y) =

Next, (¢,¢)(M1,E) N (p,¢)(Ma2, E) = [p(M1) N
(M2),¢(E)] = [Q, ¥ (E)], say. Then,
Tq0)()
chp(Ml)(b) (y) = ngp(MQ)(b) (y)
= max max [TfMl(a)(x)] * max max [Tsz(a)(x)]

e(x)=y Y(a)=b e(z)=y Y(a)=b

= Trir (a Tt (a
o, 8%, [T, (@)(®) * Ty ()

Thus, T%_ ., 6)(¥) = Tf,)(y). Similar results also hold for

I, F

)

This ends the last part.

5.1.3 Proposition

Let, (p,v¢) : (U, E) — (V, E) be a neutrosophic soft mapping
and (N1, E') and (N3, E') be two NSSs defined over V. Then the
followings hold.

(1)(<P,¢)[(<P ¥)~H (N1, )]=(N1,E),if(%¢)iSSUfjeCtiV6~
@) [(,9)~ (Nl, )] (% ) Y(Ny, E)°

(o)~ (N27 E)

@ (o w) (N, E) 0 (N2, )] = (p,9) (N1, E) N
(¢, )1 (N2, E)

Proof. We shall prove (2) and (3), only. The others can be proved
similarly.

(2) Here, [(¢,v) (N1, E)]° = [(¢7'(N))¢, &~ (E)]. Then,
fora € 1 (E),z € U,

Tf(Wl(N))c(a)(w)Z 1o @ (@) = Fryu(a)) (2(2)),
Ijvye@ @) =1=1Tp , a)(2) =1— IfN(w(a))(@(l"))
Ff( 71(N))c(a)(x> = 71(N)(a)($) TfN ( (LL'))
Next, (¢0,9) "1 (N1, E)® = [~ 1 (NT),¥)~ (E)] Then,

Tr, s ey @ (®) = Trye(a) (@) = Fry(ya (0(2)),

I, ey (@)(@) = Lpye(a) (@) = 1= IfN<w<a)>(<P(ﬂf );

Er 1 ey (@(@) = Frye(a)(@) = Ty (g(a)) ((2))-
Hence, the result is proved.
(3) Let, (Nl,E) U(Ny, E) = (N, E).
Then, (¢, 1/}) (N, E) U (Na, )] = () ' (V,E) =
[0~ Y(N), v~ Y(E)]. So, fora € ¥»~(E) and = € U, we have,

!
Ty ((a) (2(@))
= Ty, (w(a)) (0(2)) © Thy, (p(a)) (0(2))

Tf sy (@ (@)
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Next, (¢,9) '(N1,E) U (w )TN, E) = [ {(N) U (9,9)(Q, E). Hence, [(¢,9)(Q,E)] C (¢,9)(Q,E) is ob-
0 H(Ny), v~ Y(E)] = [R,9~1(E)], say. Then, tained.

Conversely, suppose (Q, E) be a closed NSS in (U, E,7,)

Ttp(a) (@) qu,fl(Nl)(a)(iU) Ova—l(N2>(ﬂ.) (2) such that the given condition holds. Then (Q,E) = (Q,F)

and so (p,9)(Q,E) C_[(¢,¥)(Q,E)] C (9,9)(Q,E) =

= Ty, () (@(@)) © Try, ((a)) (0(2))

Thus, wail(N)(a) (.’L‘)
I,F.
This completes the proof of part (3).

= Tt (a) (). Similar results also hold for

5.2 Definition

Let (p,v) : (U, E,7,) — (V,E,7,) be a mapping where
(U,E,1,) and (V, E,7,) be two neutrosophic soft topological
spaces.

(1) For each neutrosophic soft open set (M, E) € (U, E, 1), if
the image (¢, %)(M, E) is open in (V, E, 7,) then (¢, ¢) is said
to be neutrosophic soft open mapping.

(2) For each neutrosophic soft closed set (Q, F) € (U, E, 7,), if
the image (¢, ¥)(Q, E) is closed in (V] E, 7,,) then (¢, 1) is said
to be neutrosophic soft closed mapping.

5.3 Theorem

Let, (U, E, 7,) and (V, E, 7,) be two neutrosophic soft topolog-
ical spaces and (¢, %) : (U, E,1,) — (V, E,7,) be a mapping.
Then,

(1) (p,%) is a neutrosophic soft open mapping iff for each
neutrosophic soft set (M,E) € (U,E,r,), there be hold
(0, ) (M, E)° C [(p,9)(M, E)]°.

(2) (¢,v) is a neutrosophic soft closed mapping iff for each
neutrosophic soft set (Q,E) € (U,E,7,), there be hold

[0, )@, B)] C (,9)(Q, E).

Proof. (1) Let (p,) is a neutrosophic soft open mapping and
(M,E) € (U,E,7,). Then (M,E)° is a neutrosophic soft
open set and (M, E)° C (M,E). Since (p,%) is a neutro-
sophic soft open mapping, (p,)(M, E)° is neutrosophic soft
open in (V,E,7,). Then (¢, )(M,E)°* C (¢,4)(M, E).
But [(p,¥)(M, E)]° is the largest open NSS contained in
(. 1)(M, E). Hence, (¢, ) (M. E)° C [(, (M, E)]° is ob-
tained.

Conversely, suppose (M, E) be an open NSS in (U, E,7,)
such that the given condition holds. Then (M, E) = (M, E)°
and so (p,9)(M, E) = (¢, ¢)(M,E)° C [(¢,¥)(M, E)]°

(v, 9)(M, E). Hence, [(¢,¢)(M, E)]” = (¢,¢)(M, E). This
ends the proof.

(2) Let (p,v) is a neutrosophic soft closed mapping and
(Q,FE) € (UE,r,). Then (Q,F) is a neutrosophic soft
closed set and (Q,FE) C (Q,FE). Since (p,v) is a neutro-
sophic soft closed mapping, (v, %)(Q, F) is neutrosophic soft

closed in (V,E, 7). Then (¢,9)(Q E) C (»9)(Q,E).
But [(¢,¥)(Q, E)] is the smallest closed NSS containing

( )
(0, ¥)(Q, E). Hence, [(p,¥)(Q,E)] = (p,9)(Q,E). This

completes the proof.

5.4 Definition

Let, (U, E,7,) and (V, E, 7,) be two neutrosophic soft topolog-
ical spaces. Then (¢, ) : (U, E,7,) — (V, E, 7,) is said to be
a neutrosophic soft continuous mapping if for each (N, E) € 7,
the inverse image (¢, %)~ '(N, E) € 7, i.., the inverse image of
each open NSS in (V| E, 7,,) is also open in (U, E, ,).

5.4.1 Example

For two neutrosophic soft topological spaces (U, E,7,) and
(V.E, 7). let (¢,9) : (U, E,74) = (V, E,7,) be a mapping.
(1) If 7, is the neutrosophic soft indiscrete topology on V/, then
(¢, 1) is a neutrosophic soft continuous mapping.

(2) If 7, is the neutrosophic soft discrete topology on U, then
(¢, ) is a neutrosophic soft continuous mapping.

@B) Let, U = {u,ug,us},V = {v,v,v3}, B =

{61762}77—1) = {¢v71v7(N17 E), (N2, )} Tu =
{(bu,1u,(M1,E),(M2,E),(M37E)} where (Nl,E) (NQ,E)

are as follows :

le (61) = {< U1, (08, 05,06) >, < Vg, (05, 07,06) >, <
vs,(0.4,0.7,0.5) >};

Iy (e2) = {<v1,(0.7,0.6,0.5) >, < v3,(0.6,0.8,0.4) >, <
v3, (0.5,0.8,0.6) >};

sz (61) = {< U1, (0.6, 06,07) >, < Vg, (0.4, 0.8,0.8) >, <
vs,(0.3,0.8,0.6) >};

fn,(e2) = {< v1,(0.5,0.8,0.6) >, < v3,(0.5,0.9,0.5) >, <
vs,(0.2,0.9,0.7) >};

and (M, E), (Ms, E), (M3, E) are given as followings :

far (e1) = {< uy, (0.8,0.4,0.5) >, < us, (0.7,0.5,0.6) >, <
us, (0.7,0.7,0.3) >};

far (e2) = {< w1, (1.0,0.5,0.4) >, < ug, (0.5,0.6,0.4) >, <
us, (0.6,0.6,0.6) >};

fan(e1) = {< u1,(0.5,0.8,0.6) >, < uy, (0.2,0.9,0.7) >, <
us, (0.5,0.9,0.5) >1};

fan(e2) = {< u1,(0.6,0.6,0.7) >, < uz, (0.3,0.8,0.6) >, <
uz, (0.4,0.8,0.8) >1};

fars(e1) = {< uy,(0.7,0.6,0.5) >, < ug, (0.5,0.8,0.6) >, <
us, (0.6,0.8,0.4) >1;

fars(e2) = {< u1,(0.8,0.5,0.6) >, < ug, (0.4,0.7,0.5) >, <

us, (0.5,0.7,0.6) >};

The ¢t-norm and s-norm in both 7, 7, are defined as a *x b =
min{a, b} and a © b = max{a,b}. Consider the mapping (¢, v))
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as : p(u1) = v, p(u2) = v3,p(uz) = vz and t(e;) =
ea,¥(e2) = er. Then (p, 1)1 (N1, E), (p,9) " (N2, E) € 7.

For convenience, the calculation of (p,v)~1(Ny, E) is pro-
vided for one parameter. The others are in similar way.

Tr sy en () = Ty, (e (P(u1)) = Ty, (en)(02) = 0.7
T5 s ey en (W) = Ty e (1)) = Ty, (e0) (V1) = 0.6
Fr 1 ey en (1) = Fry (pien) (9(w1)) = Fiy, (ez)(01) = 0.5
Tr s iy e (2) = Ty, () (P(U2)) = Ty, (en)(v3) = 0.5
5y ey (e (U2) = Tpy (uien)) (P(u2)) = Ify, (e5)(v3) = 0.8
Fr 1 ey en(2) = Firy (pien) (9(42)) = Fiy, (e)(v3) = 0.6
Tr s iy e (3) = Ty, () (P(43)) = Ty, (en)(v2) = 0.6
T5 sy en () = Ty, (e (9(ua)) = Iy, (ea) (v2) = 0.8
Fr 1 ey e (3) = Firy (wien) (9(U3)) = Fiy, (ez)(v2) = 0.4
5.4.2 Proposition
Let (p,9) (U,E,7,) — (V,E,7,) be a neutro-

sophic soft continuous mapping. Then for each e € F,
(p, 1) (U, m8) — (V,78) is a neutrosophic continuous
mapping.

Proof. Let, (N,E) € T7,. Since (¢,v)
soft continuous mapping, so (p,%) " Y(N,E) € 7, It
implies (o,¥) '({< e, fn(e) > e € E}) € 7, ie,
(0, 0)"H< e, fn(e) >) € ¢ for < e, fy(e) >€ 7€ This
follows the theorem.

be a neutrosophic

But the converse does not hold. The following example shows
the fact.
Let, U = {uhug,ug},V = {’1}1,’027’03}7E =
{61762}77—11 = {¢v71v7(N17E)7(N2>E)}7Tu =
{bu, 1y, (M1, E), (M3, E), (M3, E)}, where (N1, E), (No, E)
are as follows :

I, (e1) = {< v1,(0.8,0.5,0.6) >, < va,(0.5,0.7,0.6) >, <
vs,(0.4,0.7,0.5) >};

. (e2) = {<v1,(0.7,0.6,0.5) >, < v, (0.6,0.8,0.4) >, <
v, (0.5,0.8,0.6) >};

fn,(e1) = {<v1,(1.0,0.5,0.4) >, < vq,(0.6,0.6,0.6) >, <
vs,(0.5,0.6,0.4) >};

fn,(e2) = {<v1,(0.8,0.4,0.5) >, < v2,(0.7,0.7,0.3) >, <
v3,(0.7,0.5,0.6) >};
and (M, E), (Ms, E), (M3, E) are given as follows :
far, (e1) = {< u1,(0.6,0.6,0.6) >, < ug, (0.5,0.6,0.4) >, <

us, (1.0,0.5,0.4) >};

far, (e2) = {< u1,(0.7,0.7,0.3) >, < uz, (0.7,0.5,0.6) >, <
us, (0.8,0.4,0.5) >};

far, (1) = {< u1,(0.5,0.7,0.6) >, < uz, (0.4,0.7,0.5) >, <
us, (0.8,0.5,0.6) >};

Fan(e2) = {< w1, (0.5,0.9,0.5) >, < ug, (0.2,0.9,0.7) >, <
us, (0.5,0.8,0.6) >};

s (er) = {< u,(0.5,0.6,0.6) >, < uz, (0.4,0.7,0.4) >, <
us, (0.9,0.5,0.5) >};

Fars(e2) = {< w1, (0.6,0.8,0.4) >, < us, (0.5,0.8,0.6) >, <
us, (0.7,0.6,0.5) >};

The ¢t-norm and s-norm in both 7, 7, are defined as a x b =
min{a, b} and a © b = max{a,b}. Define a neutrosophic soft

mapping (p, 1) as : p(u1) = va, p(uz) = v37ap(u3) = v; and

P(er) = e1,v¥(e2) = ea. We now calculate (¢, 1) "1 (Ny, E).
Ts, sy (e (W) = Ty (wien)) ((u1)) = Ty, (1) (v2) = 0.5
I5 sy e (W) = Ty, e (1)) = Ty, (1) (v2) = 0.7
Ff e (1) = Fry e (9(w)) = Fry, () (v2) = 0.6
Tfso*(Nl)(el)(uQ) =Ty, (w(en)) (p(u2)) = Ty, (er)(v3) = 0.4
Ir oy (e (2) = Try (e ((2)) = Ipy, (e)(vs) = 0.7
Fp, s o0 (U2) = Fry (e (9(u2)) = Fiy (e1) (v3) = 0.5
Ts, oy (e)(W3) = Ty (wien) ((u3)) = Thy, (er) (1) =
s,y (e (U3) = Ipy (en)) (P(U3)) = Ipn, (o) (01) =
Fp ey (e (3) = Fra wien) (9(ua)) = =

Ts, s i,y (e2) (W) = Ty (wiea)) (1)) = Ty, (ea)

Tty () (W) = Tpy () (P(01)) = Tpy, (e)(v2) =
Fr iy (e (1) = Fra (ea)) (P(u1)) = Fry, (e2)(v02) =
T, 1 ey (e2)(U2) = Ty, (w(e2)) (P(U2)) = Ty, () (v3) = 0.5

T, 1y () (U2) = Tpy (e2)) (P(U2)) = Ty, (e2)(v3) = 0.8
Fr 1y te) (U2) = Fry w(ea)) (9(2)) = Fiy, (e5)(v3) = 0.6
Ts, s o,y (e2)(3) = Ty (wiea)) ((U3)) = Ty, (e0) (v1) = 0.7

T5 ey (e2) (U3) = Ty, (wiea)) (9(u3)) = Ty, (eq) (V1) = 0.6
Fr iy te2)(U8) = Fry (w(ea)) (9(U3)) = Fiy, (eg)(v1) = 0.5

Thus (¢,v) Y (N1, E) ¢ 7, though (p,9) 1(Ng, E) =
(My, E). So (¢, 1)1 is not neutrosophic soft continuous. Now,

T, = {(0’171 ,(1,0,0 7fM1(€1 7sz(el) st(el)}7
= ( (

€2

) ( ) )
Tu {(0’171)3(170 0)7fM1 e2)7fM2 € ) fM3(€2)}§
7_51 = {(07171)3(17070)3fN1(61)7fN2(61)}7
7-1‘132 = {(07171)’(17070)afN1(62)7fN2( )}7
Then, (p,) (U,me1) — (V,75) is neutrosophic con-
tinuous mapping because (p,v) " 1[fn,(e1)] = fu,(e1) and
(0. ) fve(e)] = far (e1).

Similarly, (p,%) :
tinuous mapping as :

(0, 9) " fna(e2)] =

U, t) — (V 7E2) is neutrosophic con-

(00) fwi(e2)] = far(es) and
Jar, (e2).
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5.5 Theorem

For two neutrosophic soft topological spaces (U, E,T,) and
(V,E,1,), let (p,%) : (U E,7) — (V,E,7,) be a neu-
trosophic soft mapping. Then the following conditions are
equivalent.

(1) (p, 1) is neutrosophic soft continuous mapping.
(2) The inverse image of a closed NSS in (V| E, 7,,) is closed in

(U, E, ).

(3) For each (M,E) € NSS(U,E), (¢, ¥)(M,E) C
(2, ¥)(M, E).

(4) For each (N,E) € NSS(V,E), (p,)"1(N,E) C
(0, 9)"H(N, E).

(5) For each (N, FE)
()" H(N, E)]°.

Proof. (1) = (2)

€ NSS(V.E), (¢.¢) ' (N, E)° C

Let, (Q,E) be a closed NSS in (V,E,7,). Then
(Q,E)¢ € 7, and so by (1), (p,¥)"HQ,E)¢ € 7,. But
(0, )1 Q, E)° = (0. ¥)"H(Q, E))". So (p,9) "1 (Q, E) isa
closed NSSin (U, E, 7,).
(2) =)

Let, (M,E) € NSS(U,E). Since (M,E) C
(0, 9) " (0, ¥)(M, E)) and (p,9)(M,E) C (p,9)(M, E),
we have (M.E) C  (29) (g )ME) C
(9,9)" (9, ) (M, E)).  Obviously, (p$)(M.E) i

, E) is
closed in (V,E,7,). Then by (2), (¢,9) ' ((¢,¥)(M, E))
is closed in (U,E,7,). But, since (M,E) C (M,E)
0

and (M,FE) is the smallest closed NSS, so (M,E) C

(M, E) C (o) M (p,0)(M, E)). This implies

(e, )ME) (.9, ¥) (0, ) (M, E))] e,

(o, 0)(M, E) C (p,%)(M, E) is obtained.

(3)=>(4)

Let, (N,E) € NSS(V,E) and (p,¢)"'(N,E) =

(M,E). Then (p,¢)"Y(N,E) = (M,E). But by
C (o) <so,w>(M,E>) ic.

(3), we have (M,FE
(o, ) ' (N,E) C (
(g, )1 (N,E) C

(g, ) M (N, B

(4) = (5)

Let, (N,E) € NSS(V, E). Replacing (N, E) by (N, E)¢ and
applying (4), we have (¢,1)~'(N, E)° C (¢,%) (N, E)°)
ie. [(0,)"H(N,E))° < () '(N,E)]°. By
Theorem (ii) of [2.15.2], since (N,E)° = [(N,E)s,
o (o, w>— VEY = (o) ((EF) =
(0, 0) (N, E)e))° - [(p, )1 (N, E)°]® =
[(0,9) 7 (N, E)]°.
(5) = (1)

Let, (N,E) be an open NSS in (V,E, 7,). Then
(N,E)> = (N,E).  Since [(p,¢)"'(NV,E)” C
(p¥) M, B) = (p0) (N,E)® C [(, ) (N, E)).

o [(p, ) Y (N,E)° = (¢,0) YN, E) is obtalned Thus,
(p,1)"1(N, E) is an open NSS in (U, E, 7,) and so (p,1)) is

neutrosophic soft continuous mapping.

5.6 Theorem

Let, (U,E,7,) and (V, E,7,) be two neutrosophic soft topo-
logical spaces. Also let, (p,%) : (U, E,1,) — (V,E,7,) be
a continuous neutrosophic soft mapping. If (M, E) is neutro-
sophic soft compact in (U, E, 7,), then (¢, 4)(M, E) is so in
(V,E, 1,).

Proof. Let {(N;, E) : i € T'} be a neutrosophic soft open cov-
ering of (p,¥)(M, E) ie., (p,¢¥)(M,E) C U;(N;, E). Since,
(p,1) is neutrosophic soft continuous, {(p,v)"*(N;, E)
i € T} is a neutrosophic soft open cover of (M, E). But,
(M, E) is neutrosophic soft compact. So, there exists a fi-
nite subcover {(p,¥) 1 (N;,E) : 1 < i < k} such that
(M, E) c UE_,(¢,9)~1(N;, E) hold. Hence, (p,1)(M, E) C
(%W[U?ﬂ(%w_l(NmE)] =
U?:l((p’ w)[(gp, w)_l(Ni’ E)] = Uf:l(Ni’ E)

This shows that (p,1)(M, E) is covered by a finite number
of member of {(N;,F) : i € T'}. Hence, (¢,v)(M,FE) is
neutrosophic soft compact also.

5.7 Theorem

Let, (U, E,T,) be a neutrosophic soft topological space and
(V, E, T,) be a neutrosophic soft Hausdorff space. Then, a neu-
trosophic soft function (p, ) : (U, E,7,) — (V, E, 7,) is closed
if it is continuous.

Proof. Let (Q,FE) be any neutrosophic soft closed set in
(U, E,7,). Then by Theorem [4.2], (Q, F) is compact NSS.
Since (¢,v) is continuous neutrosophlc soft function then
(p,)(Q, E) is compact NSS in (V,E,7,). As (V,E,T,) is
neutrosophic soft Hausdorff space, so (¢, %)(Q, E) is closed by
Theorem [4.3].

6 Conclusion

Topology is a major sector in mathematics and it can give
many relationships between other scientific area and mathemati-
cal models. The motivation of the present paper is to extend the
concept of topological structure on neutrosophic soft set intro-
duced in the paper [33]. Here, we have defined connectedness
and compactness on neutrosophic soft topological space, neutro-
sophic soft continuous mappings. These are illustrated by suit-
able examples. Their several related properties and structural
characteristics have been investigated. We expect, this paper will
promote the future study on neutrosophic soft topological groups
and many other general frameworks.
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Abstract. The main objective of this research is a simple
attempt to suggest three new logical connectors and es-
tablish an equation a chart of truth for each of them. Sec-
ondly, and using the logical operations of these three
connectors, we seek to show how comprehensive and

widespread and effective is the Neutrosophic logic (NL)
compared to any other logic, taking into account the
Fuzzy Logic (FL) as well as the classical logic (CL) as a
comparative model.

Keywords: Logical Connectives , Logical Operations , Truth Table , Classical Logic , Fuzzy Logic , Neutrosophic Logic.

1 Introduction:

To begin, it is known that the eight known logical
connectors are nothing but conjunctive characters and tools
in the natural language which are used to link between two
sentences or more in order to form a meaningful speech.
Also, it is obvious that by searching through the logic’s
history and as the specialists strived to build an artificial
language that would be alternative for expressing reality
more precisely, the thing that pushed them to make these
characters and tools take the form of mathematical
symbols used to link between two cases or more to build a
compound case that can be judged to be truthful or false.
But, since the day the American Philosopher C. S. Peirce
(1839,1914) established the double negation logic that was
named after him: Peirce’s connector, we have not
encountered any attempt to establish any other connector,
and it has become common in the logic and mathematic
media the use of these eight logic connectors only, which
means that the natural language has only eight conjunctive
characters and tools, but the truth is that it has more than
that; there are also other conjunctive tools and characters
which need to be mathematically written and symbolized.
From this logic and the following neutrosophic mottos:
“All is possible, the impossible too!; Nothing is perfect,
not even the perfect!”[1], we have questioned why don’t
we try to write some of the other conjunctive characters
and tools in the natural language mathematically in
addition to the other eight known characters and tools.
From that, we have attempted to create three logical
connectors that we named as follows: probability

connector, duplex probability connector, and the
falsification connector. We have then chosen the dual-
value classical logic and the fuzzy logic as comparative
models. Our second aim is to attempt a research for other
conjunctive characters and tools in the natural language
and establishing it as symbolic logical connectors.

2 The three new logical connectors :
2.1 Probability connector (P) :

We can define the probability connector in one word:
probability or maybe and that can be deduced from our
saying: the professor came x and the professor’s probabil-
ity y, or maybe the teacher y , which means that the prob-
ability of the professor coming y ends as soon as the pro-
fessor comes x so if the professor comes x and the teacher
came y is truthful, and if the professor came x and the pro-
fessor did not come y is also truthful. What matters is that
the professor x came and it can be false only if the profes-
sor x does not come. Whether the professor y came or did
not come, because x is what is important in this case. x ,
however, is secondary and we can see the truth chart of
this logical connector in the classical logic, the fuzzy logic
and the neutrosophic logic as follows:

2.1.1 Classical Logic :

The result of the probability connector between the two
classical propositions (A4) and (B) :

CL(APB) = CL(A) = (A -((B-B-{13- B)))
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The result of the probability connector between the two
classical propositions (4) and (B) in the following truth
table :

A B APB
1 1 1
1 0 1
0 1 0
0 0 0

2.1.2 Fuzzy Logic :

The result of the probability connector between the two
fuzzy propositions (A4) and (B) :
(T2 = (1} - T) - (1} - T))),
(Fa = (1} - Fo) = ({1} - F))

The result of the probability connector between the two
fuzzy propositions (4) and (B) in the following truth ta-
ble :

FL(APB) = FL(4) = (

professor x and professor y come. Which means that both
professor x and professor y coming is probable. So if they
both come together, it is truthful and if they both don’t
come, it is truthful as well. But if one comes and the other
does not, it is still truthful. What matters is that all
expected cases of them coming together or not coming at
all, or even having only one of them come are expected
cases and are always truthful. We can see the truth chart of
this logical connector in the classical logic, the fuzzy logic
and the neutrosophic logic as follows:

2.2.1 Classical Logic :

The result of the duplex probability connector between
the two classical propositions (A4) and (B) :

CL(APPB) = ((A + {1} - ) x (B + ({1} - B)))

The result of the duplex probability connector between
the two classical propositions (4) and (B) in the following
truth table :

A B APPB

A B APB : 1 1
(1,0) (1,0) (1,0) 1 0 1
(1,0) 0,1) (1,0) 0 1 1
0,1 (1,0) 0,1 0 0 1
0,1 0,1) (0,1

2.1.3 Neutrosophic Logic :
The result of the probability connector between the two
neutrosophic propositions (A) and (B) :
(me(@erye o)),
NL(APB) = NL(4) = | (L © ({130 1:) © (16 15)),
(R (e F) e (e F))

The result of the probability connector between the two
neutrosophic propositions (A) and (B) in the following

2.2.2 Fuzzy Logic :

The result of the duplex probability connector between
the two fuzzy propositions (A) and (B) :

FLAPPE) = <((TA + ({1} = T) x (Ts + (1}~ T))) )

((Fa+ 1) = F) x (Fp + (1} - F)))

The result of the duplex probability connector between
the two fuzzy propositions (4) and (B) in the following
truth table :

truth table :

A B APPB
(1,0) (1,0) (11)
(1,0) (0,1) (1,1)
(0.1) (1,0) (1,1)
(0,1) (0,1) (1,1)

A B APB
(1,0,0) (1,0,0) (1,0,0)
(1,0,0) (0,0,1) (1,0,0)
(0,0,1) (0,1,0) (0,0,1)
(0,0,1) (1,0,0) (0,0,1)
(0,1,0) (0,0,1) (0,1,0)
(0,1,0) (0,1,0) (0,1,0)

2.2.3 Neutrosophic Logic :

The result of the duplex probability connector between
the two neutrosophic propositions (A4) and (B) :

2.2 Duplex probability connector (PP) :

We can also refer to the duplex probability connector
simply in word: probability or maybe, but this time at the
beginning of the sentence, like saying: the probability that
the professor x and the professor y come, or maybe the

(@ 1e1)o (T:® (116 T)),
NL(aPPB) = | (L@ (130 1)) O (1 ® (1} 0 1)),
((Fa® (DO ED) O (Fs ® (1} © F)))

The result of the duplex probability connector between
the two neutrosophic propositions (4) and (B) in the fol-
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lowing truth table :

A B APPB
(1,0,0) (1,0,0) (1,11
(1,0,0) (0,0,1) (1,11
(0,0,1) (0,1,0) (1,1,)
(0,01 (1,0,0) (1,11
(0,1,0) (0,0,1) (1,11
(0,1,0) (0,1,0) (1,1,D)

2.3 Falsification connector (0) :

In fact, the falsification connector is simply like us
saying: I do not believe in Quantum physics or relative
physics, or saying: I totally disapprove of science’s results
or the philosophical ones, and more precisely, this
connector is what is approved of like the right to veto in
the United States, i.e. the right to disapprove or falsify any
case no matter how truthful or false it is and we can see
that in the truth chart of this in the classical logic, the fuzzy
logic and the neutrosophic logic as follows:

2.3.1 Classical Logic :

The result of the falsification connector between the two
classical propositions (A) and (B) :
CL(A0B) = (IA- ({13 - A - B - {1} -B)D
The result of the falsification connector between the two

classical propositions (A) and (B) in the following truth
table :

2.3.3 Neutrosophic Logic :

The result of the falsification connector between the two
neutrosophic propositions (4) and (B) :

I,e{1leT)lelT; e ({13 Tl
NL(AOB) = |IA S} ({1} S IA)l © |IB S} ({1} S IB)l:
IF, © (13O FDI© |Fs © ({13 © Fp)l

The result of the falsification connector between the two
neutrosophic propositions (4) and (B) in the following
truth table :

A B AOB
(1,0,0) (1,0,0) (0,0,0)
(1,0,0) (0,0,1) (0,0,0)
(0,0,1) (0,1,0) (0,0,0)
(0,0,1) (1,0,0) (0,0,0)
(0,1,0) (0,0,1) (0,0,0)
(0,1,0) (0,1,0) (0,0,0)

A B AOB
1 1 0
1 0 0
0 1 0
0 0 0

2.3.2 Fuzzy Logic :

The result of the falsification connector between the two
fuzzy propositions (4) and (B) :

1Ty — ({1} =TI = ITs — ({1} - TB)I.)

PLa08) = (1~ oy 11— ()= )

The result of the falsification connector between the two
fuzzy propositions (4) and (B) in the following truth ta-
ble :

A B AOB
(1,0) (1,0) (0,0)
(1,0 (0,1) (0,0)
(0,1 (1,0) (0,0)
(0,1) (0,1) (0,0)

3 Conclusion :

From what has been discussed previously, we can
ultimately reach two points:
3.1 We see that the logical operations of the neutrosophic
logic (NL) are different from the logical operations of the
fuzzy logic (FL) in terms of width, comprehensiveness and
effectiveness. The reason behind that is the addition of
professor Florentine Samarkendah of a new field to the real
values; the truth and falsity interval in (FL) and that is
what he called “the indeterminacy interval” which is
expressed in the function I or Ig in the logical operations
of: (NL) as we have seen, and that is what makes (NL)
gives the closest and most precise image of the hidden
logical structure of the universe like it was mentioned
previously.
3.2 We see from our attempt to create three new logical
connectors starting from the idea that the natural language
has more than eight connecting characters and tools that
need to be written in the form of symbols, that the
difference in natural languages means a difference and an
availability of connecting characters and tools.
Consequently, we should not quote connecting characters
or tools from a single language like French or English, but
we should take all the languages into consideration. For
example: the Chinese language has 47035 characters and
that number keeps increasing. So, the best decision is to
collect different connecting characters and tools from the
different international natural languages and give these
connectors a form of symbols. Only then will the artificial
language evolve progressively compared to how it is today.
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Abstract. The main goal of this paper is to construct Bé-
zier surface modeling for neutrosophic data problems.
We show how to build the surface model over a data
sample from agriculture science after the theoretical

structure of the modeling is introduced. As a sampler ap-
plication for agriculture systems, we give a visualization
of Bézier surface model of an estimation of a given yield
of bean seeds grown in a field over a period.

Keywords: Neutrosophic logic, neutrosophic data, neutrosophic geometry, Bézier surface, geometric design

1 Introduction

The contribution of mathematical researches is fundamen-
tal and leading the science as today’s technologies are rap-
idly developing. The geometrical improvements both mod-
el the mathematics of the objects and become geometrical-
ly most abstract concepts. In the future of science will be
around the artificial intelligence. For the development of
this technology, many branches of science work together
and especially the topics such as logic, data mining, quan-
tum physics, machine learning come to the forefront. Of
course, the common place where these areas can cooperate
is the computer environment. Data can be transferred in
several ways. One of them is to transfer the data as a geo-
metric model. The first method that comes to mind in
terms of a geometric model is the Bézier technique. This
method is generally used for curve and surface designs. In
addition to this, it is used in many disciplines ranging from
the solution of differential equations to robot motion plan-
ning.

The concretization state of obtaining meaning and mathe-
matical results from uncertainty states (fuzzy) was intro-
duced by Zadeh [1]. Fuzzy sets proposed by Zadeh provid-
ed a new dimension to the concept of classical sets. At-
anassov introduced intuitionistic fuzzy sets dealing with
membership and non-membership degrees [2].
Smarandache proposed neutrosophy as a mathematical ap-
plication of the concept neutrality [3]. Neutrosophic set
concept is defined with membership, non-membership and
indeterminacy degrees. Neutrosophic set concept is sepa-
rated from intuitionistic fuzzy set by the difference as fol-
low: intuitionistic fuzzy sets are defined by degree of

membership and non-membership degree and, uncertainty
degrees by the 1- (membership degree plus non-
membership degree), while degree of uncertainty is con-
sidered independently of the degree of membership and
non-membership in neutrosophic sets. Here, membership,
non-membership, and uncertainty (indeterminacy) degrees
can be evaluated according to the interpretation in the
spaces to be used, such as truth and falsity degrees. It de-
pends entirely on subject or topic space (discourse uni-
verse). In this sense, the concept of neutrosophic set is the
solution and representation of the problems with various
fields.

The paths of logic and geometry sometimes intersect and
sometimes separate but both deal with information. Logic
is related to information about the truth of statements, and
geometry deals with information about location and visual-
ization. Classical truth considers false and true, 0 and 1.
It’s geometrical interpretation with boolean connectives
was represented as a boolean lattice by Miller [4-5].
Futhermore, a more geometrical representation was given
by the 16 elements of the affine 4-space A over the two-
element Galois field GF(2) [6] as can be seen in Figure 1.
The affine space is created by 0,1 and 16 operators.
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Figure 1. 16 elements of the affine 4-space A over the
two-element Galois field GF(2).

Neutrosophic data has become an important in-
stance of the expression "think outside the box" that
goes beyond classical knowledge, accuracy and truth.
Geometric approach to neutrosophic data which in-
volve truth, falsity and indeterminacy values be-
tween the interval [0,1] provide rich mathematical
structures. This paper presents an initial geometrical
interpretation of neutrosophy theory.

Recently, geometric interpretations of data that
have uncertain truth have presented by Wahab and
friends [7-10]. They studied geometric models of
fuzzy and intuitionistic fuzzy data and gave fuzzy in-
terpolation and Bézier curve modeling. The authors
of this paper presented Bézier curve modeling of neu-
trosophic data [11]. In this paper, we consider Bézier
surface modeling of neutrosophic data problems and
applications in real life.

2. Preliminaries

In this section, we first give some fundamental
definitions dealing with Bézier curve and neutro-
sophic sets (elements). We then introduce new defini-
tions needed to form a neutrosophic Bézier surface.

Definition 1. Let P;,i = 0...n are the set of points in
3-dimensional Euclidean space. Then the Bézier curve
with degree n is defined by

B@ =) (1)a-omidp,  teloal,

i=0

where (T) =—"_and the points P; are the control

points of this Bézier curve.

Definition 2. Let Py, i =0..n,j = 0..m, are the set
of points in 3-dimensional Euclidean space. Then the

Bézier surface with degree naxm is defined by
1l
Bww)= ) ) (1) @-wmid (7)a-omivp,  eclo)

where the points Py are the control points of this Bé-
zier surface. The First-degree interpolation of these
points forms a mesh and called the control polyhe-
dron. These types of surfaces are called tensor prod-
uct surfaces too. Therefore, one can show the matrix
representation of a Bézier surface as

Bla. v} = [(1 — 2™ a1l — 2™ L . ﬂ"][Pg-‘.]

=4

Definition 3. Let E be a universe and A < E.
N = {{x. T(x). Ix), F(x)): x € A} is a neutrosophic el-
ement where T;:N — [0,1] (membership function),
I:N = [0,1] and

(indeterminacy function)

Fp:N — [0, 1] (non-membership function).
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Definition 4. Let A" ={(x.T(x).I{x).F(x)):x c A}
and B* = {{y. T(y). I{y), F(y)): y € B}
be neutrosophic elements.

NR = {({x,y). TGy} I(x. ), F(x,y)):x € A,y € B}

is a neutrosophic relation on 4* and B".
2.1. Neutrosophic Bézier Model

Definition 5. Neutrosophic set of P* in space N is

NCP  (neutrosophic control  point) and

P ={P;} where i =0,...n is a set of NCPs where
there exists T,:N — [0,1] as membership function,
I,:N —[0.1] function and

as indeterminacy

Fp: N - [0.1] as non-membership function with

0 ifPieN
T,(P')=qac(0.1) ifP;EN,
1 ifP[EN

0 ifP;eN

I,(P)=1be(0,1) ifP;EN

1 ifP,eN

0 if P;e N

F,(P*)=4ce(0,1) ifP;EN

1 if P;eN

Definition 6. A neutrosophic Bezier curve with de-
gree n was defined by Tas and Topal [11].

NB@ = > (7)1 — 0" ¢ NR,,.¢ = [0.1]
=0

One can see there are three Bezier curves (Fig 1). The
ith (i=0...n) control points of these curves are on the

same straight line. Line geometry shows us that if we
interpolate these straight lines then we get a develop-
able (cylindrical) ruled surface. Therefore, these
curves belong to a developable ruled surface that is a
surface that can be transformed to a plane without
tearing or stretching (Figure 2). As a result, we can
say that a neutrosophic Bezier curve corresponds to a
cylindrical ruled surface.

Figure 2. Neutrosophic Bézier curve: membership
(green curve), non- membership (orange curve), and
indeterminacy (blue curve).

Definition 7. Neutrosophic Bézier surfaces are gen-
erated by the control points from one of

rc = {{x._v. T':-T-_‘I-’]}:.t eEAvye B} ,
IC = {{x.}f..'{::.}':l}:x ed.yve B}.

FC ={(x.y.F(x.y)):x € A.y € B} sets. Thus, there
will be three different Bézier surface models for a
neutrosophic relation and variables x and y. A neu-
trosophic control point relation can be defined as a
set of (n+1)(m+1) points that shows a position and co-
ordinate of a location and is used to describe three
surface which are denoted by

NRp, = {NRp,, . NRp,....NRp_}

and can be written as quadruples

{((reeo vy ) T (e 3y). 13y ). Flxe 3y ) )i = 0. omj = 0, ..
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in order to control the shape of a curve from a neu-
trosophic data.

Definition 7. A neutrosophic Bézier surface with de-
gree n x m is defined by

NB(u, v) = Z Z (%) - wriud (T’) (1- )" v NR,,.

i=0j=0

Every set of T, IC and FC determines a Bézier sur-
face. Thus, we obtain three Bézier surfaces. A neutro-
sophic Bézier surface is defined by these three surfac-
es. So it is a set of surfaces as in its definition.

As an illustrative example, we can consider a
neutrosophic data in Table 1. One can see there are
three Bézier surfaces.

Example 1. Suppose that a field is a subset of two-
dimensional space. By choosing a starting point
(origin point) we seed certain point bean seeds.
Depending on the reasons such as irrigation, rocky
soil and so on, this is an estimate of the length of time
that these seeds will arrive after a certain period of
time. For example, we estimate each of the bean poles
to reach 100 cm in length (Table 1). So we are trying
to predict which parts of the land are more
productive without planting yet. A yield map of the
field with the data presented is obtained from the
surface map of the plant.

Figure 3. Neutrosophic Bézier curve and cylindrical
ruled surface.

Table 1. Neutrosophic data

Bean seeds Truth Indeterminacy | Falsity
in
coordinate

system

Poo=(1,1) 0.53 0.45 0.56
Poi=(1,2) 0.53 0.5 0.6
Po=(1,3) 0.45 0.65 0.72
Pos=(1,4) 0.3 0.24 0.9
P1=(1,5) 0.72 0.5 0.6
P11=(1,6) 0.5 0.4 0.5
P1=(1,7) 0.25 0.6 0.19
P1=(1,8) 0.42 0.6 0.7
P2=(2,1) 0.91 0.33 0.4
Px=(2,2) 0.7 0.59 0.6
P2=(2,3) 0.53 0.45 0.5
P2=(2,4) 0.28 0.55 0.67
P30=(2,5) 043 0.65 0.7
Ps1=(2,6) 0.32 0.25 0.9
Ps=(2,7) 0.7 0.54 0.6
Ps:=(2,8) 0.35 0.66 0.12

Neutrosophic Bézier surface of data in Table 1 can be
illustrated in Figure 4. The surface can be turned to
neutrosophic data because these surfaces are con-
nected to the control points.

Figure 4. Neutrosophic Bézier surface according to
data in Table 1.
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3. Conclusions

Visualization or geometric modeling of data
plays a significant role in data mining, databases,
stock market, economy, stochastic processes and en-
gineering. In this article, we have used a strong tool,
the Bézier surface technique for visualizing neutro-
sophic data which belongs to agriculture systems.
This surface model also is appropriate for statisti-
cians, data scientists, economists and engineers. Fur-
thermore, the differential geometric properties of this
model can be investigated for classification of neutro-
sophic data. On the other hand, transforming the im-
ages of objects into neutrosophic data is an important
problem [12]. In our model, the surface and the data
can be transformed into each other by the blossoming
method, which can be used in neutrosophic image
processing. This and similar applications should be
studied in the future.
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Abstract—Inventory control of an ideal resource is the most important one which fulfils various activities (functions) of
an organisation. The supplier gives the discount for an item in the cost of units inorder to motivate the buyers (or)
customers to purchase the large quantity of that item. These discounts take the form of price breaks where purchase
cost is assumed to be constant. In this paper an EOQ model with price break in inventory model is developed to obtain
its optimum solution by assuming neutrosophic demand and neutrosophic purchasing cost as triangular neutrosophic

numbers. A numerical example is provided to illustrate the proposed model.

Keywords: Price break, neutrosophic demand, neutrosophic purchase cost, neutrosophic sets, triangular neutrosophic number.

1 INTRODUCTION

Bai and Li[l] have discussed triangular and
trapezoidal fuzzy numbers in inventory model
for determining the optimal order quantity and
the optimal cost. The quantity discount prob-
lem has been analyzed from a buyers perspec-
tive. Hadley and Whintin[2], Peterson and Sil-
ver[3], and Starr and Miller[6] considered vari-
ous discount polices and demand assumptions.

Yang and Wee[7] developed an economic
ordering policy in the view of both the sup-
plier and the buyer. Prabjot Kaur and Mahuya
Deb[5] developed an intuitionistic approach for
price breaks in EOQ from buyer’s perspec-
tive. Smarandache[5] introduced neutrosophic
set and neutrosophic logic by considering the
non-standard analysis. Also, neutrosophic in-
ventory model without shortages is introduced

by M. Mullai and S. Broumi[3].

In this paper, we introduce the neutro-
sophic inventory models with neutrosophic
price break to find the optimal solution of the
model for the optimal order quantity. Also the
neutrosophic inventory model under neutro-
sophic demand and neutrosophic purchasing
cost at which the quantity discount are offered
to be triangular neutrosophic number. Also the
optimal order quantity for the neutrosophic to-
tal cost is determined by defining the accuracy
function of triangular neutrosophic numbers.

2 NOTATIONS:

QY = Number of pieces per order

N _
Cy =
order

Neutrosophic Ordering cost for each
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QNPNI )(D/NP/N D/Nc(])\f + QNP{NIN DéVPQJV +
QN 2 ’
N _ : : : N N N IN AN
Cp = Neutrosophic Holding cost per unit DpXcf @ P m ,DINPIN Ds,Q Gy
per year g

DV =
units

Neutrosophic Annual demand in

3 NEUTROSOPHIC EOQ MoODEL WITH
PRICE BREAK:

The Neutrosophic inventory model with
neutrosophic price break is introduced to
find the optimal solutions for the optimal
neutrosophic order quantity. Here we
assume that there is no stock outs, no
backlogs, replenishment is instantaneous,
the neutrosophic ordering cost involved to
receive an order are known and constant and
purchasing values at which discounts are
offered as triangular neutrosophic numbers.
Consider the following variables:

D¥: Neutrosophic yearly demand,

PV: Neutrosophic purchasing cost

LetDV =

PY = (P, By, PY) (PN, B, PN) (PPN, B, PpY) | ]

PN
PN

are non negative triangular neutrosophic
numbers.

Now, we introduce the neutrosophic
inventory model under neutrosophic demand
and neutrosophic purchasing cost at which
the quantity discounts are offered. Total
neutrosophic inventory cost is given by

DNoN o QN PNRIN

=DV ® PN @ “5x >

(TO)Y

Then the total neutrosophic inventory cost is

(TC)N _ (DNPN + DgCéV + QNF;ININ,DéVPZN i
N AN N NN
D2Q]€Q Q P N DNPN + D3Q§O +

(DY, DY, DF') (DY, DY, DY) (DY™, D3', Dg™)

(P5Y, Py, P3y) (Pay, Py, Pyl) (PoiY, Pay, PyiY)

P'N]N D CN NP”NIN

)(DlllelllN + QN + Q 2 DNPN +
DNCN Dé/NPé/N + D J\?é\f + QNP//NIN)
! Q

QN

QN PNIN
+ 2

The defuzzified total neutrosophic cost
using accuracy function is given by

QN PN IN

NN
D(TC)N = 1[(DNPN + 2R+ 200 4
NN
2(DYPY + 245 + L) - (DNPY + 2558 4
N pN N N p/'/N 1N
e >+<D;'NP{'N+D i + )
NN
ADYPY + 2 S 4 (DN Py
D//NCN QNP?I)/JQIN
QN + 2 )]

To find the minimum of D(TC)" by taking
the derivative D(TC)" and equating it to zero,

(ie) wl(DYCY + 2Dy + DYCY)
(DINCY + 2D§VC’[§V + DINCY)] + (PN TN
2PN TN + PY TN 4 (PN IN 42PN TN + PYN V)
0, we get

-+ +

QN = 2[(DY O +2DF O + DY OV ) +(DyN Cf' +2DJ Ci¥ + DN C 1))
- (PN IN 42PN IN+ PN IN)+ (PN IN 2PN IN+ PN V)]

Neutrosophic Price Break:

S.No. | Quantity | Price Per Unit (Rs)
0<QY <b Py
2 b < QY Py (< )

(P, Py, Ply) (P, Py, Py) (PY, Py, PyY)

4 ALGORITHM FOR FINDING NEUTRO-
SOPHIC OPTIMAL QUANTITY AND NEU-
TROSOPHIC OPTIMAL COST:

Step I:

Consider the lowest price P} and determine

Q5 by using the economic order quantity
(EOQ) formula:

QN = 2(DYY C§ +2DF CF + D CF)+(DYN CJT +2D¥ Cf' + DN GiY)]
- (PN IN42PN IN+ PN IN)+(P{NIN+2P) IN+ PN IN)]

If QY lies in the range specified, b > Q5 then
QY is the EOQ .The defuzzified optimal total
cost (TC)N associated with QY is calculated as
follows:

(TC)N = DN « py 4 DECE 4 bPEI™
using the accuracy function

(a1+2a2+a3)+(af+2a2+a¥
8

by
AN =
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Step 2:

(i) If QY < b, we cannot place an order at
the lowest price P;".
(i) We calculate QY with price P¥ and the
corresponding total cost TC at Q™.
Gii) If (TC)Nb > (TC)VQY, then EOQ is
Q™ = QY, Otherwise Q*" = b is the required
EOQ.

The EOQ in crisp, fuzzy and intuitionistic
fuzzy sets are discussed detail in [5]. They are
(i) Crisp:

2DCy

Q= /5%

PI

(ii) Fuzzy:

@* _ 2(D1Cy+2D2Ch+D3Ch)
2 PiI+2P>1+Psl

(iii) Intuitionistic fuzzy:
5* _ \/2(D1Co+4cho+Dgco+Dgco+Dgco)
, =

P I+AP I+ PsI+ P{I+P1

Using these formula, the numerical example
for neutrosophic set is illustrated as follows.

5 NUMERICAL EXAMPLE:

A manufacturing company issues the supply of
a special component which has the following
price schedule:

0 to 99 items: Rs.800 per unit
100 items and above: Rs.600 per unit

The inventory holding costs are estimated
to be Rs.30/- of the value of the inventory. The
procurement ordering costs are es’cima’cedy to be
Rs.1500 per order. If the annual requirement of
the special component is 350, then compute the
economic order quantity for the procurement
of these items.

Solution:
(i) Crisp Case:

Given D = 350, P; =
Cp =Rs.1500,1=0.3

Q; =76

Rs.800, P, = Rs.600,

TC(P; = 800) = Rs.296039

TC(b=100) = Rs.224250, which is
than the total cost corresponding to @),

lower

(ii) Fuzzy Case:

Given D = (300, 350, 400), P, = (750, 800,
850)

P, = (550, 600, 650),Cy = Rs.1500,I = 0.3
Q5 = 88.192
TC(P, = 800) = Rs.297785.95

TC((b=100) = Rs.225500, which is
than the total cost corresponding to ()s.

lower

(iii) Intuitionistic Fuzzy Case:
Given D = (300, 350, 400) (250, 350, 450)
?1 = (750, 800, 850) (700, 800, 900)

P, = (550, 600, 650) (500, 600, 700),
Co = Rs.1500, I = 0.3

Q, = 88.19

TC(P, = 800) = Rs.299660.85

TC(b = 100) = Rs.227375, which is lower
than the total cost corresponding to @».

(iv) Neutrosophic Case:

Given DV = (300, 350, 400) (250, 350, 450)
(150, 350, 550)

PN = (750, 800, 850) (700, 800, 900)(600,
800, 1000)

PN = (550, 600, 650) (500, 600, 700)(400,
600, 800)

C) =Rs.1500, IV = 0.3

We calculate Q3" corresponding to the lowest
price 600,

[(PNIN 12PN INA PN IN)+ (PN IN +2PF IN+ Py N V)]
=76.376, which is less than the price break point.

Therefore, we have to determine the optimal
total cost for the first price and the total cost
at the price- break corresponding to the second
price and compare the two.

05" = \/2[(D{VC{)\’+2D§’C(§V+D§’Cé\’)+(D1’NC(§V+2D§VC(§V+D.’3_’NC{)V)]
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The defuzzified optimal total cost (T'C)" asso-
ciated with P} is calculated as follows:

e

(Te)N(PYN =800) = DV «PN+

QP 1Y

Q¥ 2
—  Rs.306664.13

DNCY  bPN « IV
b 2

(TC)N(b=100) = DV xP)N +
= Rs.173812.5

which is lower than the total cost

corresponding to Q.

6 SENSITIVITY ANALYSIS

In this section, the analysis between intuitionis-
tic set and neutrosophic set is tabulated and the
results are compared graphically.

No. Intuitionistic Demand
(270,320,370) (220,320,420)
(280,330,380) (230,330,430)
(300,350,400) (250,350,450)
(320,370,420) (270,370,470)
(330,380,430) (280,380,480)

Neutrosophic Demand
(270,320,370) (220,320,420) (120,320,520)
(280,330,380) (230,330,430) (130,330,530)
(300,350,400) (250,350,450) (150,350,550)
(320,370,420) (270,370,470) (170,370,570)
(330,380,430) (280,380,480) (180,380,580)

G W N = !

o 79.58

88.19 76.38)

| [s4:33 73.0:

Intuitionistic (Q) Neutrosophic (Q)

Figure 1. Analysis of economic order quantity (EOQ) between
intuitionistic fuzzy set and neutrosophic set

[331337.2
[p2435(4 86

1209660) 06661

0572"93 12819¢1]

Intitionistic (TC)(p,) Neutrosophic (TC)"(p,)

Figure 2. Analysis of first price between intuitionistic fuzzy set
and neutrosophic set

245805 — hazeko

227371 17381

Intuitionistic (TC)(b) Neutrosophic (TC)'(b)

Figure 3. Analysis of price break corresponding to second price
between intuitionistic fuzzy set and neutrosophic set

Conclusion

In this paper, EOQ model with price break
in neutrosophic environment is introduced. An
inventory model is developed for price breaks
and its optimum solution is obtained by using
triangular neutrosophic number. An algorithm
for solving neutrosophic optimal quantity and
neutrosophic optimal cost is also developed.
This will be an advantage for the buyer who can
easily decrease the bad cases and increase the
better ones. Hence, the neutrosophic set gives
the better solutions to the real world problems
than fuzzy and intuitionistic fuzzy sets. In fu-
ture, the various neutrosophic inventory mod-
els will be developed with various limitations
such as lead time, backlogging, back order and
deteriorating items, etc.
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Abstract. Technique for Order Preference by Similarity to
Ideal Solution (TOPSIS) is a popular strategy for Multi-
Attribute Decision Making (MADM). In this paper, we
extend the TOPSIS strategy of MADM problems in trape-
zoidal neutrosophic number environment. The attribute
values are expressed in terms of single-valued trapezoidal
neutrosophic numbers. The weight information of attrib-
ute is incompletely known or completely unknown. Using

the maximum deviation strategy, we develop an optimiza-
tion model to obtain the weight of the attributes. Then we
develop an extended TOPSIS strategy to deal with
MADM with single-valued trapezoidal neutrosophic num-
bers. To illustrate and validate the proposed TOPSIS strat-
egy, we provide a numerical example of MADM problem.

Keywords: Single-valued trapezoidal neutrosophic number, multi-attribute decision making, TOPSIS.

1 Introduction

Multi-attribute decision making (MADM) plays an im-
portant role in decision making sciences. MADM is a pro-
cess of finding the best alternative that has the highest de-

gree of satisfaction over the predefined conflicting attributes.

The preference values of alternatives are generally assessed
quantitatively and qualitatively according to the nature of
attributes. When the preference values are imprecise, inde-
terminate or incomplete, the decision maker feels comfort to
evaluate the alternatives in MADM in terms of fuzzy sets
[1], intuitionistic fuzzy sets [2], hesitant fuzzy sets [3], neu-
trosophic sets [4], etc., rather than crisp sets. A large number
of strategies has been developed for MADM problems such
as technique for order preference by similarity to ideal solu-
tion (TOPSIS) [5], PROMETHEE [6], VIKOR [7], ELEC-
TRE [7, 8], AHP [9], etc. MADM problem has been studied
extensively in fuzzy environment [10-14], intuitionistic
fuzzy environment [15-22].

TOPSIS [5] is one of the sophisticated strategy for solving
MADM. The main idea of TOPSIS is that the best alterna-
tive should have the shortest distance from the positive ideal
solution (PIS) and the farthest distance from the negative
ideal solution (NIS), simultaneously. Since its proposition,
researchers have extended the TOPSIS strategy to deal with
different environment. Chen [23] extended the TOPSIS
strategy for solving multi-criteria decision making
(MCDM) problems in fuzzy environment. Boran et al. [24]

extended the TOPSIS strategy for MCDM problem in intu-
itionistic fuzzy environment. Zhao [25] also studied TOP-
SIS strategy for MADM under interval intuitionistic fuzzy
environment and utilized the strategy in teaching quality
evaluation. Xu [19] proposed TOPSIS strategy for hesitant
fuzzy multi-attribute decision making with incomplete
weight information.

However fuzzy sets, intuitionistic fuzzy sets, hesitant fuzzy
sets have some limitations to express indeterminate and in-
complete information in decision making process. Recently,
single valued neutrosophic set (SVNS) [26] has been suc-
cessfully applied in MADM or multi-attribute group deci-
sion [27-37]. SVNS [26] and interval neutrosophic set (INS)
[38], and other hybrid neutrosophic sets have caught atten-
tion of the researchers for developing TOPSIS strategy.
Biswas et al. [39] developed TOPSIS strategy for multi-at-
tribute group decision making (MAGDM) for single valued
neutrosophic environment. Sahin et al. [40] proposed an-
other TOPSIS strategy for supplier selection in neutrosophic
environment. Chi and Liu developed TOPSIS strategy to
deal with interval neutrosophic sets in MADM problems.
Zhang and Wu [41] proposed TOPSIS strategies for MCDM
in single valued neutrosophic environment and interval neu-
trosophic set environment where the information about cri-
terion weights are incompletely known or completely un-
known. Ye [42] put forward TOPSIS strategy for MAGDM
with single-valued neutrosophic linguistic numbers. Peng et
al. [43] presented multi-attributive border approximation
area comparison (MBAC), TOPSIS, and similarity measure
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approaches for neutrosophic MADM. Pramanik et al. [44]
extended TOPSIS strategy for MADM in neutrosophic soft
expert set environment. Different TOPSIS strategies [45-49]
have been studied in different hybrid neutrosophic set envi-
ronment.

Single valued trapezoidal neutrosophic number (SVTrNN )
[50, 51] is another extension of single-valued neutrosophic
sets. SVTrNN presents the situation, in which each element
is characterized by trapezoidal number that has truth mem-
bership degree, indeterminate membership degree, and fal-
sity membership degree. Recently, Deli and Subas [52] pro-
posed a ranking strategy of single valued neutrosophic num-
ber and utilized this strategy in MADM problems. Biswas et
al. [53] also proposed value and ambiguity based ranking
strategy of single valued trapezoidal neutrosophic number
and applied it to MADM.

However, TOPSIS strategy of MADM has not been studied
earlier with trapezoidal neutrosophic numbers, although
these numbers effectively deal with uncertain information in
MADM model. In this study, our objective is to develop an
MADM model, where the attribute values assume the form
of SVTrNNs and the weight information of attribute is in-
completely known or completely unknown. The existing
TOPSIS strategy of MADM cannot handle with such situa-
tions. Therefore, we need to extend the TOPSIS strategy in
SVTrNN environment.

To develop the model, we consider the following sections:
Section 2 presents a preliminaries of fuzzy sets, neutro-
sophic sets, single-valued neutrosophic sets, and single-val-
ued trapezoidal neutrosophic number IFS, SVNS. Section 3
contains the extended TOPSIS strategy for MADM with
SVTrNNs. Section 4 presents an illustrative example. Fi-
nally, Section 5 presents conclusion and future direction re-
search.

2 Preliminaries

In this section, we review some basic definitions of fuzzy
sets, neutrosophic sets, single-valued neutrosophic sets, and
single-valued trapezoidal neutrosophic number.

Definition 1. [1] Let X be a universe of discourse, then a
fuzzy set A is defined by

A= {1, () | xe X} (1)
which is characterized by a membership function
1 X —>[0,1], where u,(x) is the degree of membership of

the element x to the set 4.

Definition 2. [54,55] A generalized trapezoidal fuzzy
number A denoted by A = (a, b, c,d; w) is described as a
fuzzy subset of the real number R with membership
function u, which is defined by

Xoaw <k,
b—a
@) w b<x<c,
H\X)=
M c<x£d,
d-c
0 otherwise

where a, b, ¢, d are real number satisfyinga < b <c<d
and w is the membership degree.

Definition 3.[4] Let X be a universe of discourse. An
neutrosophic sets A over X is defined by

A={z,<T (2),1,(2),F (z)> v e X} )

where T',(z) , I,(z) and F,(z) are real standard or non-
standard subsets of ]70,1'[ that is 7,(x): X —>] 0,1 ,
1,(x):X 0,1 F,(x):X 5] 0,I'.  The

membership functions satisfy the following properties:
0T, (x)+1,(x)+F,(x)<3".

and

Definition 4. [26] Let X be a universe of discourse. A
single-valued neutrosophic set A in X is given by

A={z,< T, (2),1,(x),F,(z) >z e X}

where T,(x): X —>[0,1] R I,(x): X —[0,1]
F,(x): X —>[0,1] with the condition
0<T,(x)+1,(x)+F,(x)<3 forall xeX.

The functions 7,(x) ,

G)

and

I,(x) and F,(x) represent,
respectively, the truth membership function, the

indeterminacy membership function and the falsity
membership function of the element x to the set 4.

Definition 5. [50, 51] Let a is a single valued trapezoidal
neutrosophic trapezoidal number (SVNTrN). Then its truth
membership function is

x——a)ta alx<b,

b—a
.(v) t b<x<c,
' =Xt g
d-c ’
0 otherwise

Its indeterminacy membership function is
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b— —ai.
boxt(x—ah
b—a
i b<x<c,
()= x—c+(d—-x)i
-~ 7% c<x<d,
d-c
0 otherwise

and its falsity membership function is

b— —a)f.
box+(=a)fa oy
b-a
Ji b<x<c,
(= x—c+(d—-x)f,
— 249 ¢<x<d,
d-c
0 otherwise

where 0 < Tz(x) <1, 0<1;(x) <1,0 < Fz(x) <1 and
0<Tz(x)+I3(x) +Fz(x)<3;ab,c,d€eER.Then d=
([a,b,c,d]; ts i fz ) is called a neutrosophic trapezoidal
number.

Definition 5. [50,51] Let &, = ([ay, by, ¢y, d4]; ta, la, fa,,)
and @, = ([ay, by, ¢3, d;]; ta, ia, fa,) be two neutrosophic
trapezoidal fuzzy numbers and 1 > 0, then
1. dl@dz =([a1+a2,b1+b2,C1+C2,d1+d2];ta1+

t t taz’ la1 laz' falfaz)
2. a, ® d; = ([ayay, biby, c165,d1dy ] tg, ts,, i, +

idz - I’dl i(iz'f(il +fdz - f(ilfdz);
3. Ad;=(Aay,Ab,Ac;,Adq);1— (1 —

A N\ yl
td1) (ld1) (fal) ;
LN\

4. (a)l = ([al'bllclldf] (tal) 1- (1 - ldl) 11

(1 - fd1) )

Definition 6. Let @, = ([ay, by, ¢y, d4];ts, ia, fa,) and
d; = ([az, by, c3,d;); ta, ia, fz,) be two neutrosophic
trapezoidal fuzzy numbers, then the normalized Hamming
distance between @, and @, is defined as follows:

d(a,, a,) =
lay (2 + ta, — ia, — fa,) — az(2 + ta, — ia, — fa,)|
1| Hbu(2 + ta, —ia, — fa,) = b2(2 + ta, — ia, — fa,)] @
12| ey (2+ tg, —ia, — fa,) — c2(2+ ta, —ia, — fa,)]
+|di(2 + ta, —ia, — fa,) — d2(2 + ta, — ia, — fa,)|

Property 1 The normalized Hamming distance measure
d(.) of d, and @, satisfies the following properties:
i. d(d,d,) =0,
ii.  d(@y,a,) = d(a, a,),
iil. d(dy,ds;) < d(@,,a,) + d(a,, as), where
as = (las, bs, c3,d3]; ta, ia, fa,) is a SVTINN.

Proof:

i. The distance measure d(d,, d,) is obviously non-neg-
ative. If @, = d, thatis for a; = a,, by = b,, ¢; =
Cy, dl = d2: tdl = t&z, idl = idz! and fdl = fdz we
have d(d,, @,) = 0. Therefore d(d,, d,) = 0.

ii. The proof of straightforward.

iii. The normalized Hamming distance between d; and d;
is defined as follows:

d(ay, as)
lay (2 + ta, —ia, — fa,) —
1 +|b1(2+ta1—ia1— dl) b3(2+td3— ia, — fa,)|
c3(Z+tﬁs— lg, — ds)'
+|d1(2+tdl—idl— dl) dy(2 + ta, — ia, — fz,)|

a1(2+tdl_ia~.1_ ~) a2(2+tdz_ la, = dz)

b1(2+td1_id1_ a,) = b2(2 + ta, —ia, — fa,)

1 +b,(2 + tg, — ia, — fa,) — bs(2 + ta, — ia, — fa,)
12 c1(2+ta, — g, — fa,) — 2(2 + ta, — ia, — fa,)
+er(2+ ta, —ia, — fa,) — c3(Z+td3— ia, — fa,)
di(2+ ta, —ig, — fa,) —d2(2 + ta, — ia, — f2,)
+dy (2 + tg, —ia, — fz,) —d3(2 + ta, — ia, — fa,)

|a1(2+td1_idl_ dl)_
+|a2(2+faz— la, — “)

/ |a1(2+tdl—ial— 7)) —
| +|b1 (2 + ta, —ig, — fa,) — b2(2 + ta, — ia, — fa,)]
\+|cl(2+tdl—idl— 2) — '
+|dy (2 + ta, —ia, — fa,) — d2(2 + ta, — ia, — fa,)|

1
1

+|d2(2+tﬁv2_id2_ dz) dS(Z—I-t~ _id3_fﬁ.3)|
<d(a, a,) +d(a,as). o

2.1 TOPSIS Strategy for MADM

The idea behind the TOPSIS strategy [5] is to find out
the optimal alternative that has the shortest distance from
the positive ideal solution and the farthest distance from the
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negative ideal solution, simultaneously. The schematic
structure of classical TOPSIS strategy is presented in the
following figure (see Fig. 1)

Construct a decision matrix

Normalize the decision matrix

Calculate the weighted normalized
decision matrix

Determine the positive and negative
ideal solutions

Calculate the distance measure of each
alternative from ideal solution

Calculate relative closeness co-efficients
of the alternatives

Rank the alternatives

Figure 1. A schematic structure of TOPSIS strategy

3 TOPSIS strategy for multi-attribute decision mak-
ing with neutrosophic trapezoidal number

In this section, we put forward a framework for determining
the attribute weights and the ranking orders for all the
alternatives with incomplete weight information under
neutrosophic environment.

Consider a MADM problem, where A = {4;, 4,, ...
a set of m alternatives and C = {Cy, C, ..., C,, } is a set of n
attributes. The attribute value of alternative A;(i =
1,2, ...,m) over the attribute Cj(i = 1,2, ...,n) assumes the
form of neutrosophic trapezoidal

([aij’bij'cij'dij];tﬁ.ij,ldij,fﬁij,)’ where 0 < tai]. < 1, 0<

JAn}is

number di j =

g ; <1, 0<f3;<1 and 0<tg, +ig, +f5;,<3;
a,b,c,d €R.

Here, ta; denotes the truth membership degree, idij denotes
the indeterminate membership degree, and fai]- denotes the
falsity membership degree to consider the trapezoidal
number [aij, bij, cij, dij] as the rating values of 4; over the
attribute C;. An MADM problem can be expressed by a
decision matrix in which the entries represent the evaluation
information of all alternatives with respect to the attributes.

Then we construct the following neutrosophic decision
matrix, whose elements are SVNTINs:

a4y Gy

_ (A _ | Gz Qa2 lzn
D= (aij)an - : : : ®)

dml dmz dmn

Due to different attribute weights, we assume that the
weight vector of all attributes is given by w = (wy,
Wy, ., W), where 0 <w; <1, =1,2,..,n, and w; is
the weight of each attribute. The information about attribute
weights is usually incomplete in decision making problems
under uncertain environment. For convenience, we assume
A be a set of the known weight information [56-59], where
A can be constructed by the following forms, for i # j:
Form 1. A weak ranking: {Wl- = Wj};

Form 2. A strict ranking: {Wl- —w; = aj}(aj > 0);

Form 3. A ranking of difference: {Wl- —W; = wy — w,}, for
j*Fk#I

Form 4. A ranking with multiples: {w; > ajw;} (0 < o; <
1) ;

Form 5. An interval form: {a; < w; < a; + 3(0 < a; <
a;+e <1).

Now we develop a strategy for solving the MADM
problems, in which the information about attribute weights
is completely unknown or partially known and the attribute
values are expressed by SVTrNNs.

The following steps are considered to develop the model.

3.1 Standardize the decision matrix

Let D:(d,./) be a neutrosophic decision matrix, where

mxn

the SVTrNNs d,.]:([al a,a aﬂ;t&”,i&_,ﬁ;ﬁ) is the rating

>G> Ly )

values of alternative 4, with respect to attribute C; . Now to
eliminate the effect from different physical dimensions into
decision making process, we should standardize the
decision matrix (d,,) based on two common types of

attributes such as benefit type attribute and cost type
attribute. We consider the following technique to obtain the
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standardized decision matrix R:(Fij) , in which the

component 7' of the entry 7 ([ ,,]a”,,z,r,f,rﬂ;t' s f,/) in

the matrix R are considered as:
1. For benefit type attribute:

i

1 2 3 4
D | N R R 6
’/;'j_ _+5_+5_+5u_+ ’t;”’l; 7](;‘” ()

2. For cost type attribute:

u., u. u, u,
J J J J . ;
|: 4 0 5 209 |:|’t; ’l, ’f > (7)

where u] = max{a; |i=1,2,...m}and
= min{a;. |i=1,2,..m} for j=12,..n.

Then we obtain the following standardized decision matrix:

Ry e oy
O 7
~ 21 22 2n
R= (r ) = 8
D = 0 : ®)
rml rm2 rrrm

3.2 Determine the attribute weight

To determine the attribute weights, we use maximum

deviation strategy, which was proposed by Wang [60].

According to Wang [60],

i.  The attribute that has the larger deviation value among
alternatives should be assigned larger weight.

ii. The attribute having deviation value among alternatives
should be assigned smaller weight.

iii. The attribute having no deviation among alternatives
should be assigned zero weight.

Following the idea of maximum deviation method, we
construct an optimization model to determine the optimal
weights of attributes with SVTrNNs. The deviation of the
alternative 4; to all the other alternatives for the attribute
C, can be defined as follows:

dL](W) = Z;cnzld(dlj'dk])wj , i = 1,2,...,m ]=
1,2,..,n
where
d(ay, ay) =
Qjj1 (2 + 1ty — g _fdi]) Axj1 (2 +ta; — gy, — fa,q)
s |aij2 (2 + g —la; — fai,) Ayja (2 + tay; — lay — fay | ©)

12 +

Qij3 (2 +ta; — i — fa,,) )3 (2 + g, — lay; — fak,)|
Qjjg (2 +tg; — g, —fdi]) Apyja (2 + g, — gy, — fak,)|
Aijp (2 +tay ~lay; ~ /. aii)

~lay T fakj)

_ 154
= =1
—akjp (2 + tdk

denotes the neutrosophic Hamming distance between two
SVTrNNs d;; and d; .

The deviation value of all the alternatives to other
alternatives for the attribute C; can be obtained as follows:

D;(w) = Z dij(w) = ZZ d(au,ak]) w;

1k1
= s (z,,l

(2 + tau ldij -
fdu) i (2 tlay = lay fdk}')D W (10)

Similarly, the deviation value of all the alternatives to other
alternatives for all the criteria can be taken as:

D(w) =in-(w) =iidu(w)

j=1i=1
12 12 12 1d(a1p ak}) Wi
4 .
aL-j (2 + tdij - ldij - fdij)
D .
_ak}- (2 -+ tdkj - lakj - fdkj)
If the information about the attribute weights is partially

known or completely unknown, then we propose two
models to obtain the attribute weights.

12 12k 1 p 1 wj

3.2.1 Information about the weights of attributes is
partially known.

In order to obtain the weight vector, we construct a non-lin-
ear programming model that maximizes all deviation values
of attributes. The model can be presented as follows:

m_ 4 ;(2+t~ —i, —f.)

)3 33 IR
. w;

max D( W)_EZ )

(M-2) o1 im1 k=1 pl —afj(2+ta~—l%

subject to weA, ZW, =Lw >0, for j=12,.,n
j=1

an
By solving the model (M-1), we obtain the optimal solution
to be used as the weight vector.

3.2.2 Information about the weights of attributes is un-
known.

If the information about attribute weight is completely
unknown, then we can establish the following programming
model:

w om 4 (lal2+t, =i, —f.)
max D(w) :i Z Z ! . ! w,
(M=2) 125355 —afj(2+taw —i% —f%)

Bl

subject to weA, w?=1w, 20, for j=12,,n

J
J=1

(12)
To solve the model (M-2), we develop the Lagrange
function:
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al(2+t, i,

=13,)
, —Ja,)

—ay(2+1, —i;

lﬂm

L(w,¢& "2

—

53]

] / (13)

where & is a real number and denoting the Lagrange
multiplier variable. Then the partial derivative of L with
respect to w;(j=1,2,..,n) and & are obtained as:

oL e —Ja)
553

» .
a; 2+t i,

]w/+§w/—0 (14)

—ag(2+ ly, ~ I
=>w’ -1=0 (15)

It follows from Eq. (14) that

_Zm:Zm:Zzt: a;(2+ta” —i[,” —f&”)
i=1 k=1 p=1 —015(24‘%‘ _iaA —f@ )
w,; = ’ ’ ’ for j=12,.,n
g
(16)

Putting the values of w; in Eq.(15), we obtain

RS (R a,-’-7(2+f,;,—iau_fa,/) 2
g :Z:; ZI:;Z::‘ —ap(2+ -fa) a
=>&=— <0.
j=1| =1 k=1 p=1 akj(2+t —l'ﬁh—fdh) or ¢
(18)

Then combining Eq.(16) and Eq.(18), we obtain the
following formula for determining the weight of attribute
)

C,(j=12m) :
—af(2+1t, —i; - f%)]

w, = = . (19)
af@+ty ~iy = f;) J

—f)
by normalizing

» .
a;(2+1; i,

—a’ —i
ag(2+ ty, ~la,

We make their sum into a unit
w,(j=12,.,n) and get the optimal weight of attribute

C,(j=12,n)
m_m_ 4 —f;it/)
X i=1 k=1 p=1 _f;;k)
J ki

w, = =
J n .
Z»/‘:l Wj n_m_m [ a; (2 + tﬁ" - ld,, - f;i,/ ) ]

» .
—ay(2+ —

g _‘f;"h)

» .
a;(2+1t, —i,

=

» .
—ay 2+ S

(20)

Then we get the normalized weight vector of attributes:

W=, Wy,eers W, ).

n

3.3 Determine the ideal solutions

In the normalized decision matrix R= (,j) , the

neutrosophic trapezoidal local positive ideal solution
(NTrPIS) and the neutrosophic trapezoidal local negative
ideal solution (NTrNIS) are defined as follows

= (7 ) and 7 = () o
where,
rf'+:([r/ Rl WA )
im0l
max( ). mm(z,/ m}n(f)
rfi:([./]’ ,, ]t/ ,,,)
- L“%‘“(G‘%m,m(r ).min(7; ). min(;') | o

i, ) mas (1) 1)
Moreover, the trapezoidal neutrosophic global positive ideal

solution and the trapezoidal neutrosophic global trapezoidal
global negative ideal solution can be directly considered as

r,"=([1.1,11],1,0,0) and r;=([0,0,0,0],0,1,1) (24)

3.4 Determine the separation measures from ideal
solutions to each alternative

The separation measures d; and d; of each alternative

from the ideal solutions can be determined by Eq.(9),
Eq.(20) and Eq.(21), respectively, as follows:

n
_ ~ o~
= E w/.d(rij,r/.)
=

Qe+t i~ f)

Wj p+
5 e - - 1)

d: de(ﬁ/ﬁ)
i (2+tF _if _f,)
f)

for i=12,.,m (25)

for i=12,...,m (26)

-rf (2+l

:E;WJ

p=1
3.5 Determine the relative closeness co-efficient

The relative closeness co-efficient of an alternative 4 with

respect to ideal alternative 4" is defined as the following
formula:
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d-
d +d;
where 0<RC(4)<1 for i=12,.m According to the
closeness co-efficient RC(4,), the ranking orders of all

RC(4)= (27)

alternatives and the best alternative can be selected. The
schematic diagram of the proposed TOPSIS is presented in
Figure-2.

2. Past experience (C, ),

3. General aptitude (C,)
4. Self- confidence (C,)

4) -

and

The decision maker evaluates the ratings of alternatives
A =1,2,..,m)with respect to the attributes C,(i=1,2,...,n)
with the decision matrix D =(a,),,, (see Table 1).

Table 1. Rating values of alternatives

Construct a decision [7.8.9. 10] [5 6.7 8]
ti ;
T Rrcblem A [0 90,0.10,0. 05] [0 65,0.35,0. 30]
{} formulation
5,6,7, 8 6,7,8, 9
Standardize the Ay ( [ J ( [ j
decision matrix 0.65,0.35,0.30 0.80,0.20,0.15
A [4,5,6,7]: [5.6,7.8];
{} ’ 0.50,0.50,0.45 0.65,0.35,0.30
The [
: 4 5,6, 7 5,6,7, 8
. . maximum
Determine the attribute Ay [ ] [ ]
iati 0.50,0.50,0.45 0.65,0.35,0.30
weights deviation
strategy
L A ( [6789 J ([78910 J
1
Determine the ideal 0.80,0.20,0.15 0.90,0.10,0.05
solutions A [7.8,9,10]; [6,7.8,9];
{} ’ 0.90,0.10,0.05 0.80,0.20,0.15
Determine the separation As ( [4.5.6,7]; ] ( [4.5.6,7]; ]
0.50,0.50,0.45 0.50,0.50,0.45
measures TOPSIS
U strategy A [4,5.6,7]; [6,7.8,9];
ith SVTrNN 0.50,0.50,0.45 0.80,0.20,0.15

Calculate the relative
closeness

co-efficients

Vs

Select the best
alternative

Figure 2. The schematic diagram of the proposed startegy

4 An illustrative example

In this section, we consider an illustrative example of med-
ical representative selection problem to demonstrate and ap-
plicability of the proposed.

Consider a MADM problem, where a pharmacy com-
pany wants to recruit a medical representative. After initial
scrutiny four candidates A (i = 1,2,3,4) have been consid-

ered for further evaluation with respect to the four attributes
C, (j=1,2,3,4) namely,

1. Oral communication skill (C,);

The information of the attributes is incompletely known and
the weight information is given as follows:
0.20 < w, <0.30,0.05 < w, <0.20,

A= 4 28
0.20 < w, £0.35,0.15 < w, <0.35 > w, =1 (28)
Jj=1
To determine the best alternative, we use the proposed
strategy involving the following steps:

Step 1. Standardize the decision matrix

Since the selective attributes are benefit type attributes, then
using Eq. (6), we have the following standardized decision
matrix: R=(7),,, (see Table 2.)

Table 2. Standardized rating values of alternatives

G G
R [0.7,0.8,0.9,1.0]; [0.5,0.6,0.7,0.8];
1 0.90,0.10,0.05 0.65,0.35,0.30
A [0.5,0.6,0.7,0.8]; [0.6,0.7,0.8,0.9];
’ 0.65,0.35,0.30 0.80,0.20,0.15
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A [0.4,0.5,0.6,0.7]; [0.5,0.6,0.7,0.8];
' 0.50,0.50,0.45 0.65,0.35,0.30
Al [0.4,0.5,0.6,0.7]; [0.5,0.6,0.7,0.8];

0.50,0.50,0.45 0.65,0.35,0.30

A [06070809 [0.7,0.8,0.9,1.0];
‘ 0.80,0.20,0.15 0.90,0.10,0.05

A [0.7,0.8,0.9,1.0]; [0.6,0.7,0.8,0.9];
’ 0.90,0.10,0.05 0.80,0.20,0.15

A [0.4,0.5,0.6,0.7]; [0.4,0.5,0.6,0.7];
' 0.50,0.50,0.45 0.50,0.50,0.45

A [0.4,0.5,0.6,0.7]; [0.6,0.7,0.8,0.9];
0.50,0.50,0.45 0.80,0.20,0.15

Step 2. Determine the attribute weight
Case 1. Weight information is incompletely known.

Using the model (M-1), we construct the following single-
objective programming problem:

max D(w) =3.2133w, +1.1401w, + 3.4250w; + 2.9700w,
: (29)
Dow,=1w, 20, forj=12,..4.

j=1
Solving this model with optimization software LINGO 13,
we get the optimal weight vector as
=(0.30,0.05,0.35,0.30).

Case 2. Weight information is completely unknown.
Following Eq.(20), we obtain the following optimal weight
vector:

w= (0.2990,0.1061,0.3186,0.2763).

subject to weA,

Step 3. Determine the ideal solutions

Since the chosen attributes are benefit type attribute, then

following Eq.(22) we determine the neutrosophic
trapezoidal positive ideal solution as
([0.7,0.8,0.9,1.0];0.90,0.10,0.05),
_ ([0.6,0.7,0.8,0.9];0.80,0.20,0.15), (30)
([0.7,0.8,0.9,1.0];0.90,0.10,0.05),

([0.7,0.8,0.9,1.0];0.90,0.10,0.05)

Similarly, using Eq.(23), we determine the neutrosophic
trapezoidal negative ideal solution

([0.4,0.5,0.6,0.7];0.50,0.50,0.45),
([0.5,0.6,0.7,0.8];0.65,0.35,0.30),
) ([0.4,0.5,0.6,0.7];0.50,0.50,0.45),
([0.4,0.5,0.6,0.7];0.50,0.50,0.45)

1)

Step 4. Determine the separation measures from ideal
solutions to each alternative.

Case 1. Employing Eq.(25), we obtain the separation
measures d; of each alternative 4,(i=1,2,3,4) from A4":

d(4,47)=0.0673 , d(4,,4")=0.1538 , d(4,4")=04792 ,
d(4,,47)=0.3807.

Similarly, using Eq.(26), we obtain the separation measures
d; of each alternative A4,(i=1,2,3,4) from 4 :

d(4,47)=04119 | d(4,,47)=03254 , d(4,47)=0 |,
d(A4,,47)=0.0985.

Case 2. The separation measures d;" of each alternative
A(i=12,3,4) from 4" :

d(4,47)=00721 , d(4,4")=0.1494 , d(4,4")=04615 ,
d(4,,47)=0.3708.

Similarly, the separation measures d; of each alternative
A4(1=12,3,4) from 4 :

d(4,47)=03894 | d(4,,47)=03120 , d(4,47)=0 |,
d(4,,47)=0.0907.

Step 5. Calculate the relative closeness coefficient.

Using Eq.(27), we calculate the relative closeness
coefficient RC(4,) of alternative A4(i=1,2,3,4) for Case 1

and Case 2, respectively. We put the result in Table 3.

Table 3. Rating values of alternatives

RC(A)) Case 1 Case 2
RC(A)) 0.8596 0.8438
RC(Az) 0.6790 0.6824
RC(A3) 0 0

RC(Ay) 0.2056 0.1965

Following Table 3, we rank the alternatives 4,(i=1,2,3,4)

according to the values of relative closeness coefficient
RC(4)for both cases: 4, > 4, = 4, = A4,. Therefore 4 is the

best alternative.

5 Conclusions

TOPSIS strategy is a useful strategy for solving MADM
problem under different environment. In this paper, we have
investigated MADM problems with SVTrNNs. The weight
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information of attributes have been considered to be incom-
pletely known or completely unknown. First, we have used
Hamming distance measure to determine the distance meas-
ure of SVTrNNs. Second, we developed an optimization
model to determine the attribute weights based on the idea
of maximum deviation strategy. Third, we have extended
the TOPSIS strategy for solving the MADM model with
SVTrNNs. Finally, we have provided an illustrative exam-
ples to verify the feasibility and effectiveness of the pro-
posed model. The proposed TOPSIS strategy can be ex-
tended to multi-attribute group decision making with
SVTrNNs and multi-attribute decision making problem
with interval trapezoidal neutrosophic numbers. The pro-
posed TOPSIS strategy can be used in solving logistics
center location selection [61, 62], weaver selection [63, 64],
data mining [65], school choice [66], teacher selection [67],
brick field selection [68-69), etc. under SVTrNN environ-
ment.
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Abstract. In this paper, we introduce interval trapezoidal
neutrosophic number and define some arithmetic opera-
tions of the proposed interval trapezoidal neutrosophic
numbers. Then we consider a multiple attribute decision
making (MADM) problem with interval trapezoidal neu-
trosophic numbers. The weight information of each at-
tribute in the multi attribute decision making problem is
expressed in terms of interval trapezoidal neutrosophic
numbers. To develop distance measure based MADM
strategy with interval trapezoidal neutrosophic numbers,
we define normalised Hamming distance measure of the

proposed numbers and develop an algorithm to determine
the weight of the attributes. Using these weights, we ag-
gregate the distance measures of preference values of
each alternative with respect to ideal alternative. Then we
determine the ranking order of all alternatives according
to the aggregated weighted distance measures of all
available alternatives. Finally, we provide an illustrative
example to show the feasibility, applicability of the pro-
posed MADM strategy with interval trapezoidal neutro-
sophic numbers.

Keywords: Interval trapezoidal neutrosophic number, Hamming distance measure, entropy, multi-attribute decision making.

1 Introduction

Neutrosophic set theory, pioneered by Smarandache [1], is
an important tool for dealing with imprecise, incomplete,
indeterminate, and inconsistent information occurred in
decision making process. Neutrosophic set has three inde-
pendent components: truth membership degree, indetermi-
nate membership degree, and falsity membership degree
lying in a non-standard unit interval]~0,1*[. Wang et al.
[2] introduced single valued neutrosophic set which has
three membership degrees and the value of each member-
ship degree lies in [0,1]. Wang et al. [3] proposed interval
neutrosophic set (INS) in which the values of its truth
membership degree, indeterminacy membership degree,
and falsity membership degree are intervals rather than
crisp numbers. Therefore, INSs allow us flexibility in pre-
senting neutrosophic information existing in modern deci-
sion making problem. Recently, many researchers have
shown interest on possible application of INSs in the field
of multi-attribute decision making (MADM) and multi-
attribute group decision making (MAGDM).

Chi and Liu [4] extended technique for order preference by
similarity to ideal solution (TOPSIS) strategy for MADM
with INSs. Pramanik and Mondal [5] combined grey rela-
tional analysis (GRA) with MADM strategy for interval
neutrosophic information and presented a novel MADM
strategy in interval neutrosophic environment. Dey et al.

[6] defined weighted projection measure and developed an
MADM strategy for interval neutrosophic information. In
the same study, Dey et al. [6] also developed an alternative
strategy to solve MADM problems based on the combina-
tion of angle cosine and projection measure. Ye [7] defined
some similarity measures of INSs and employed these
measures in multi-criteria decision making (MCDM) prob-
lem. Pramanik et al. [8] proposed hybrid vector similarity
measures of single valued neutrosophic sets as well as in-
terval neutrosophic sets and developed two MADM strate-
gies to solve MADM problems. Peng et al. [9] developed
some aggregation operators of simplified neutrosophic sets
to solve multi-criteria group decision making problem.
Dey et al. [10] extended grey relational analysis strategy
for solving weaver selection problem in interval neutro-
sophic environment. Zhang et al. [11] proposed an out-
ranking strategy for MCDM problem with neutrosophic
sets. Dalapati et al. [12] proposed cross entropy measure of
INSs and employed the measure in solving MADGM prob-
lem.

However, the domain of single valued and interval neutro-
sophic set considered is a discrete set. Ye [13], and Subas
[14] introduced single valued trapezoidal neutrosophic
number (SVTrNN), where each element is expressed by
trapezoidal numbers that has a truth membership degree,
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an indeterminate membership degree, and a falsity
membership degree. Biswas et al. [15] also introduced
SVTINN in which each membership degree is charactrized
by normalized trapezoidal fuzzy number. In the same study,
Biswas et al. [15] proposed value and ambiguity based
ranking strategyand applied this strategy to MADM
problem. Deli and Subas [16] also proposed a ranking
strategy of single valued neutrosophic number and utilized
this strategy in MADM problems. Deli and Subas [17]
developed some weighted geometric operators of
triangular neutrosophic numbers to solve MADM problem.
Ye [13] proposed two weighted aggregation operators of
trapezoidal neutrosophic numbers and applied them to
MADM problem. Liu and Zhang [18] presented some
Maclaurin symmetric mean operators for single-valued
trapezoidal neutrosophic numbers and discussed their
applications to group decision making. Liang et al. [19]
utilized preference relationon to solve MCDM strategy
with SVTrNN. Basset et al. [20] intregated the analytical
heirarchy process into Delphi framework based group
decision making model with trapezoidal neutrosophic
numbers.

However due to complexity of decision making problem,
decision makers may face difficulties to express their opin-
ion with the single valued truth membership degree, inde-
terminacy membership degree, and the falsity membership
in neutrosophic environment. Then, it is easy to express
their opinion in terms of three membership degrees with an
interval number rather than exact real number. Therefore,
we have an opportunity to investigate a trapezoidal neutro-
sophic number that has a three membership degrees repre-
sented in interval form. We call this new number as inter-
val trapezoidal neutrosophic number (ITrNN). The pro-
posed number permits us to deal with more neutrosophic
information than SVTrNN. Hence, we need to develop
some decision making strategies with the ITrNNs. At pre-
sent no studies have been reported in the literature for
MADM with ITrNNs.

The main objectives of the study are:

= To introduce ITrNN and present some of its opera-
tional rules.

= To define normalized Hamming distance measure of
ITrNNs.

= To develop a novel strategy for solving MADM prob-
lem with ITrNNs.

The remainder of the paper is outlined as follows: Section
2reviews some basics on single valued neutrosophic sets,
interval neutrosophic sets. Section 3 introduces ITrNNs
and defines some arithmetical operations. Section 4 pre-

sents a novel strategyfor solving MADM with interval
trapezoidal neutrosophic numbers. Section 5 provides an
illustrative example to illustrate the proposed strategy. Fi-
nally, Section 6 draws some concluding remarks with fu-
ture research directions.

2 Preliminaries

Definition 1. [2] Assume thatX be a universe of discourse.
A single-valued neutrosophic set A in X is given by

A={z,<T (2),1,(2),F (z) >z € X} )]

where Ty (x): X = [0,1], I;(x): X = [0,1] and F,(x): X —
[0,1], with the condition

0<Ty(x)+I;(x) + Fy(x) <3forall x € X.

The functions T,(x), I,(x) and F,(x) represent, respec-
tively, the truth membership function, the indeterminacy
function and the falsity membership function of the ele-
ment x to the set A.

Definition 2. [3] Let X be a universe of discourse and
D[0,1] be the set of all closed sub-intervals. An interval
neutrosophic set A in X is given by

A= {z,< T,(x),,(z),F;(z) >| v € X}

where Tz(x):X - D[0,1],1;(x): X - D[0,1]
F7(x): X - D[0,1], with the condition

0 < supT;(x) + suplz(x) + supF;(x) < 3 for all x € X.
The intervals Tz(x), I5(x) and Fz(x) represent the truth
membership degree, the indeterminacy membership degree
and the falsity membership degree of the element x to the
set A, respectively.

@)

and

3. Interval
(ITrNNs)

trapezoidal neutrosophic numbers

In this section, we present the concept of interval trapezoi-
dal neutrosophic number and define its basic operations.

Definition 3. Let @ is a trapezoidal neutrosophic number in
the set of real numbers, its truth membership function is

X —a)ty
g _x<b;
b—a
ts b<x<c:
T5 = a -
a(x) (d_x)td
_— <x<d;
d—c
tO otherwise,

Its indeterminacy membership function is
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b—x+ (x—a)i

<x <b;
| b—a a=x
B _ iﬁ b < <gc;
la () = x—c+(d—x)ig
| c<x<d,
d—c
kO otherwise,
and its falsity membership function is
b—x+(x—a)f;
( )fa a<x<hb;
| b—a
fa b<x<c;
Fa(x) =
—c+(d—x)f
( )fa c<x<d;
d—c
kO otherwise,

where t; < [0,1], iz < [0,1], and f; < [0,1] are interval
numbers and 0 < sup(t;) + sup(iz) + sup(fz) < 3.

Then 4 is called an interval trapezoidal neutrosophic num-
ber and it is denoted by d@ = ([a, b, ¢, d]; t5 iz fz). For
convenience we can take t; = [t, t], iz = [i, i], and f; =
If, 1.
(la, b, ¢, dl; [t t], [i, il [f, FD)

Then the number @ can be denoted by d =

Definition 4. Let a = (la, b, ¢, d};[t &, [i, i, [£, F]D
be an ITrNN. If a >0 and one of the four wvalues

of a, b, c and d is not equal to zero, then the ITrNN 4 is
called positive ITTNN.

3.1. Some arithmetic operations on ITrNNs
Definition 5. Let @; =

(las, by, ¢, dili [t &, [ @], Ufs fil) and

do); [tz T, |12 &) [fe Fo]) be two

d, = ([ay, by, ¢y,

INTrNs and A = 0. Then the following operations are valid.

[a1+a2, b1+b2, Cl+62, d1+d2],
[i+t—tity, G+ G515,

lisie, 52, £, RF

1. al@a2=

2. ﬁ ®a2 =
a; +ay, by + by, ¢1 + ¢y, dy +d3]; [f1 ty, ty tz] \

I/ i+ -
\

hi+fh-ff R+ H-Fif /

1112,11+12—112] |,

3.

4.

[Aalﬂlblﬂlclﬂldl];
A
_ _ _ —_ A
Ad = [1 (1-t).1-a tl)],

@) @ () @]

[allblﬂclldl] [(tl ) (E)A].
@*=| [1-(1-u)"1-0-0),
[1—(1—&)1,1—(1—71)1]

Definition 6. The ideal choice of interval neutrosophic
trapezoidal number is

I*=(1, 1,1, 1];[1, 1], [0,0],[0,0]).

3.2

Let

d; = ([ay, by, ¢y,

3)

Hamming distance between two ITrNNs.

@y = (lay, by, ¢y, dils [ty &, [ @) [fu FiD) and
do);|to B, |iz 2| [fe o) be any

two INTrNs, then the normalized Hamming distance be-
tween @, and @, is defined as follows:

d(dlid2)=
a1(2+t1—1—f1)+a1(2+t_1—z_1—fl)
—a, (2+t2 fz)_a2(2+t2 _sz)
b1(2+t1 f1)+b1(2+t1_ll E)
1 —b2(2+t_2—z_2—é)—b2(2+t2—12—f2) @
2 .\ a(2+ti-u-fi)+a(+6-5-F)
_C2(2+t2 fz) C2(2+5_l_2_]?2)
+ d1(2+t1_ll_f1)+d1(2+t_1_1_1_fj)
_d2(2+t2 fz) d2(2+t_2_l_2_f2)

Theorem 1. The normalized Hamming distance measure
d(.) between @, and @, obeys the following properties:

1.
il.
iil.

d(a,,a,) =0,

d(a,,a,) = d(a, d,),

d(a,, as) < d(a,, a,) + d(a,, as), where

@ = (las, by, c3, dsl;[ta, &, [ia &, [fs FaDisan
ITrNN.

Proof.

1.

The distance measure d(d,, d,) > Oholds for any two
dl and az . If dl ~ az that IS fOI‘ a1 = az, b1 =
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by =cpdy=dyty =t , L=t , =i, I =
3.fi = f2.f1 = f2, then we have d(dy,d;) = 0 and conse-
quently,d(d,, d,) = 0.

ii. The proof is obvious.

iii. The normalized Hamming distance between @; and dz
is taken as follows:

a2+t —L—fi)+a(2+5-5-f)
—a3(2+t_3—i_3—§)—a3(2+t_3—l_3—73)
bi(2+ti—iy—fi)+b(2+ 5 -5 - fr)
—by(2+t—is = f3) ~ b2+ 5~ 5~ f3)

d(dlﬁ ﬁ3) =

24 . c1(2+t_1—i_1—ﬁ)+cl(2+ﬂ—l_1—f1)
—c3(2+t_3—i_3—é)—63(2+t_3—1_3—f3)
d1(2+t_1—i_1—ﬁ)+d1(2+t_1—1_1—f1)

+—d3(2+t_3—i_3—é)—d3(2+t_3—z_3—f_3)
a2+t —h—fi)+a(2+E5-5-F)

+a,(2+t,— i~ f) + a2+ 5 -5 — f)

—a,(2+t,—l,—f) - a2+ 5 -5~ f)

—ay(2+t;—is—f3) - a2+ 5 -5 — f5)

b1(2+t_1—i_1—£)+b1(2+t_1—l_1—f1)
++b2(2+t_2—i_2—§)+b2(2+t_2—r2—f2)
—b2(2+t_2—i_2—f_2)—b2(2+t_2—r2—fz)

! —by (24t 15— f;) ~ b2+ B -5 - ;)
T 24 01(2+t_1—i_1—£)+c1(2+t_1—1_1—f1)

te,(2+t -~ fo) +(2+HE -5 F)
—,(2+t, -l —fo) - (2+HE -5 f,)
—c3(2+t_3—i_3—f_3)—c3(2+t_3—r3—f3)
d(2+t-h—fi)+d(2+5-5-f;)
+d2(2+t_2—i_2—§)+d2(2+5—r2—fz)
—d2(2+t_2—i_2—f_2)—d2(2+t_2—r2—f2)
~dy(2+t;—is—fs) —ds(2+ 5~ f5)

a2+t -h—fi)+aQ+E-5-F)

—a, (24t~ i~ f,) -2+ 5 -5 - f5)

N b1(2+t_1—i_1—£)+b1(2+t_1—ﬁ—/71)
1| |r@te-b-f)-bh@+E-5-F)
24 . a(Z+ti-h-fi)+a(+E-5-F)

—c2(2+t_2—i_2—§)—cz(2+t_z—l_z—fz)

. d(2+t—i—f)+duQ+E-5-f)

~d,(2+t,—la—fo) ~ A2+ 5~ = ;)
a2(2+t_z—i_z—f_z)+az(2+t_z—5—fz)
—a3(2+t_3—i_3—§)—a2(2+t_3—l_3—f3)
N b(2+t,—b—f) +b,2+ 6 -5 - f5)
N b, (24t —is— f) ~ b2+ 5 -5 - f3)
24 N C2(2+t_2—i_2—&)+C2(2+t_2_l_2_f2)
—c3(2+t_3—i_3—§)—63(2+t_3—@_f3)
4,2+t -0 —f,)+d,2+5-5-F)

+ _ _
—d3(2+t_3—i_3—§)—d3(2+t3—L—3—f3)
< d(al, az) + d(az, a3) m]

4 MADM strategy with interval trapezoidal neu-
trosophic numbers

In this section we put forward a framework for determining
the attribute weights and the ranking orders for all the al-
ternatives with incomplete weight information under inter-
val trapezoidal neutrosophic number environment.

Consider a MADM problem, where A = {44, 4,, ..., A} is
a set of m alternatives and C = {C;, Cy, ..., C,,} is a set of n
attributes. The attribute value of alternative A;(i =
1,2,...,m)over the attribute Cj(j =1,2,...,n)is expressed
in terms of ITrNNsd;; = ([aij, bij, cij, dij];fij,iijﬂj,),
where, 0 <f; <1,0<i; <1,0<f; <1, and0<
fij+iij_+fij <3 for i=12,..,m and j=
1,2, ...,n. Here, £;; denotes the interval truth membership
degree, T;; denotes the interval indeterminate membership
degree, and fl-j denotes the interval falsity membership
degree  to  consider the trapezoidal = number
[aij, bij, cij dl-j] as the rating values of A; with respect to
the attribute C;.

We consider an MADM problem in the decision matrix
form where each entry represents the rating of alternatives
with respect to the corresponding attribute. Thus we obtain
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the following neutrosophic decision matrix (see Equation
5):

a;; din

(=~ _ | G Gy Gon
D= (ai}')mxn - : : : ®)

dml dmz dmn

We assume that the attributes have different weights. The
weight vector of the attributes is prescribed as W =
(Wy, Wy, .., Wy,) , where W;is the weight of the attribute
Cj(j = 1,2, ...,n) and expressed in the form of ITrNNs.

Using the following steps, we present MADM strategy un-
der ITtNN environment.

Step-1. Determine the weight of attributes

Weight measure plays an important role in MADM prob-
lems and has a direct relationship with the distance meas-
ure between two rating values. To deal with decision in-
formation with ITrNNs, we use normalized Hamming dis-
tance between two ITrNNs.

We assume that the attribute weight W; is expressed by-
ITrNNs as:

= ([w}, w2, w?, w}]; [ g, [li ij],[ﬁ, £ for
j=12,..,n
If A(W;, T*)is a distance between weight W; and I'*, then
the distance vector is given by
AW) = (A(Wy, TT), AWy, 1Y), ..., A(Wy, T1)),  (6)
where
A(w;, ) =

|w-1(2+t1 - —fl) +wr 2+t -4 - fi) —6|

|w (2+t1 f1)+w C+t-4-f) —6|

24| + |w? (2+t_1—11—f_1)+wj(2+t1—11—f1 =
iy —ﬁ) +wr2+t -4 - fi) - 6|/
(7
The corresponding normalized distance vector is given by
K = (Z(Wll i+)' Z(“T/Z' i+); ;Z(Wn: i+))
(®)
O
AW, 1) ] forj=12,..,n

m]c,zxA(W]—, +)

+|Wj4(2+t_1—

where, A(W;, I*) = [

The concept of entropy [21] has been extended in this pa-
per and, the entropy measure of the jth attribute (C;) for m
available alternative can be obtained from

_ A(w;,It) A(wj, 1)
%= In(m) [E 18(w;, %) In <2?=1Z("~Vj'i+))]- ©)
Using Equation (9), we finally obtain the normalized
weight of the jth attribute

—_ 1=
w; = SRS E (10)
Consequently, we get the weight vector w =
(Wi, Wy, ..., wy), where 0 < w; <1 for j=12,..,n

Step 2. Determine the aggregated weighted distances be-
tween ideal alternative and each alternative

The Hamming distance measure between the attribute
value

(@) = ([ay, b e digls [t ). [io ). Uigs Firl)
and the ideal value I* = ([1, 1, 1, 1];[1, 1], [0,0],[0,0])
is obtained as follows:
Aay, I*) =

|a,-]-(2+2—11} —&)+a”(2+a—

Ty =) 6| \

1 by (24t -y = fy) + by 2+ B~ — Fy) - 6| |
24| — = o |
\ +eij (2 + T — iy = fij) + cij(2 + T — i — fi) — 6|
+|dij (2 + 5y — iy — fiy) + dij(2+ T — iy — fiy) — 6]

(11)

Therefore the distance vector for the alternative A;(i =
1,2, ..., m) with respect to ideal value I*can be set as
AAY) = (M@, TY), @i, 1), .., A, TH))  (12)

Using Equation (10), and Equation(11), we calculate the
aggregated weighted distance AW (4;, I'*) between the ide-
al point and the alternative 4; fori = 1,2, ...,m as

A (A, T =
1,2,..,n

foawjA(ay, ') for i=12,..,m;j =

(13)
Step 3. Determine the rank of alternatives

Finally, the ranking of alternatives is performed using the
values of the distances AY(4;, I') for i = 1,2,...,m.The
basic idea of ranking the alternative is — smaller the value
of AW (4;, I'*) better the performance/closeness of an alter-
native to ideal solution.

The schematic diagram of the proposed strategy is present-
ed in the Figure 1.

Construct a decision matrix ]

~~

[ Determine the weight of attributes ]

using entropy strategy

~>

Aggregate the elements of distance
vector for each alternative

~ >

Rank the alternatives according
to the aggregated values

Figure 1. The schematic diagram of the proposed strategy
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5 An illustrative numerical example of MADM

In this section, we consider an MADM problem which
deals with the supplier selection in supply chain manage-
ment.

Assume that the MADM problem consists of three
suppliers A;, A, , A3 and four attributes C;, C3, C3, Cj.

The four attributes are
1. Product quality(C,),
2. Service(C,),

3. Delivery (C3) and

4. Affordable price(C,).

We also assume that the alternatives A, ,A,, A3 are to
be assessed in terms of the interval neutrosophic trapezoi-
dal numbers with respect to the four attrib-
utes Cy, C, C3, C,. The following decision matrix represents
the assessment values of alternatives over the attributes:

Table 1. Rating values of alternatives

[ c,
4, ([.3,.4,.5,.6]; [.6,.7],[.3,.4][. 1,.3]) ([.4,.5,.6,.71; [.5,.6,[.4, 5][.2,.3])
4, (.7,.8,.9,.1.0]; [.5,.7],[.2, 31[.1,.2]) ([.6,.7,.8,.91; [ 4,.6],1.2, 41[.2,.3])
4 ([.2,3,.5,.6]; [.5,.6],[.3,.41[.2,.3]) ([.3,4,.6,.71; [.7,.81,[. 1, 2][.1,.2])
[ Cy
4, ([.3,4,.5,.6]; [.5,.6],[.3,.4][.2, 3] (1.6,.7,.8,91; [.7,.81,[. 1, 2][.1,.2])
4, (.5,..6,.8,.91; [.5,.71,[.1,.2][. 1,.2]) (.6,.7,.8,.91; [.6,.81,[.2, 3][.1,.2])
44 (.6,.7,.8,.91; [.5,.61,[.3,.41[.2,.3]) ([.4,.6,.7,.81; [.4,.5],1.2, 3][.1,.2])

The importance of attributes C;(j = 1,2,3,4) are given
b
g ([.2,.3,.4,.5]; [.5,.6],[.3,.4][. 2,.3]),
([.1,.2,.3,4]; [.4,.5],[.1,.2][. 1,.2])
([.3,.4,.5,.6]; [.5,.6],[.3,.4][. 2,.3]),
([.4,.5,.6,.7]; [.3,.5],[.2,.4][.1,.3])

={Wy, Wy, W3, Wy} (12)

In order to solve the problem, we consider the follow-

ing steps:

W =

Step-1. Determine the weights of attributes

Using Equation (7) and Equation (8), we obtain the
distance vector with respect to ideal interval neutrosophic
trapezoidal number as:

A = (0.7725, 0.8208, 0.7075, 0.6517)).

Utilizing Equation (9) and Equation (10), we ob-
tain the weight vector of the attributes:
w = {0.2485, 0.2468, 0.2509, 0.2538}.

Step 2. Determine the aggregated weighted distances
for each alternative

Using Equation (13) and the weight vectorw, we obtain
the aggregated weighted distances of alternatives:

A(A,, TH) = 0.6092, 4(4,, T*) = 0.4512, and

A(A;, TT) = 0.6039.
Step 3. Rank the alternatives

Smaller value of distance indicates the better alterna-
tive. So the ranking of the alternatives appears as:

Ay > As > A,

The ranking order reflects that A, is the best supplier
for the considered problem.

6 Conclusions

In this paper, we have introduced new neutrosophic
number called interval neutrosophic trapezoidal number
(INTrN) characterized by interval valued truth, indetermi-
nacy, and falsity membership degrees. We have defined
some arithmetic operations on INTrNs, and normalized
Hamming distance between INTrNs. We have developed a
new multi-attribute decision making strategy, where the
rating values of alternatives over the attributes and the im-
portance of weight of attributes assume the form of IN-
TrNs. We have used entropy strategy to determine attribute
weight and then used it to calculate aggregated weighted
distance measure. We have determined ranking order of al-
ternatives with the help of aggregated weighted distance
measures. Finally, we have provided an illustrative exam-
ple to show the feasibility, applicability and effectiveness
of the proposed strategy. We hope that the proposed inter-
val neutrosophic trapezoidal number as well as the pro-
posed MADM strategy will be widely applicable in deci-
sion making science, especially, in brick selection [22, 23],
logistics centre location selection [24, 25], school choice
[26], teacher selection [27, 28], weaver selection [29], etc.
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Abstract: In this paper, tangent similarity measure of interval
valued neutrosophic sets is proposed and its properties are
examined. The concept of interval valued neutrosophic set is a
powerful mathematical tool to deal with incomplete,
indeterminate and inconsistent information. The concept of this
tangent similarity measure is based on interval valued
neutrosophic information. We present a multi-attribute decision

making strategy based on the proposed similarity measure. Using
this tangent similarity measure, an application, namely, selection
of suitable sector for money investment of a government
employee for a financial year is presented. Finally, a comparison
of the proposed strategy with the existing strategies has been
provided in order to exhibit the effectiveness and practicality of
the proposed strategy.

Keywords: Neutrosophic set, interval valued neutrosophic set, tangent function, similarity measure, multi attribute decision making

1 Introduction

Decision making in every real field is a very challenging
task for an individual. Decision making is done based on
some attributes. In real life situations, attribute information
involves indeterminacy, incompleteness and inconsistency.
Indeterminacy plays an important role in real world deci-
sion-making problems. Neutrosophic set [1] is an
important tool to deal with imprecise, indeterminate, and
inconsistent data.

The concept of neutrosophic set generalizes the fuzzy
set [2], intuitionistic fuzzy set [3]. Wang et al. [4] proposed
interval valued neutrosophic sets in which the truth-
membership, indeterminacy-membership, and false-
membership were extended to interval valued numbers.
Realizing the difficulty in applying the neutrosophic sets in
realistic problems, Wang et al. [5] introduced the concept
of single valued neutrosophic set, a subclass of neutrosoph-
ic set. Single valued neutrosophic set can be applied in real
scientific and engineering fields. It offers us extra possibil-
ity to represent uncertainty, imprecise, incomplete, and
inconsistent information.

During the last seven years neutrosophic sets and
single valued have been studied and applied in different
fields such as medical diagnosis [6, 7], decision making
problems [8-12], social problems [13, 14], educational
problem [15, 16], image processing [17, 18], conflict
resolution [19], etc.

The concept of similarity is very important for decision
making problems. Some strategies [20, 21] have been pro-
posed for measuring the degree of similarity between fuzzy
sets. However, these strategies are not capable of dealing
with the similarity measures involving indeterminacy, and
inconsistency. In the literature, few studies have addressed
similarity measures for neutrosophic sets, single-valued
neutrosophic sets and interval valued neutrosophic sets
[22-28].

Salama and Blowi [29] defined the correlation coeffi-
cient on the domain of neutrosophic sets, which is another
kind of similarity measure. Broumi and Smarandache [30]
extended the Hausdorff distance to neutrosophic sets. After
that, a new series of similarity measures has been proposed
for neutrosophic set using different approaches. Broumi
and Smarandache [31] also proposed the correlation
coefficient between interval valued neutrosphic sets.
Majumdar and Smanta [32] studied several similarity
measures of single valued neutrosophic sets (SVNS) based
on distances, a matching function, memebership grades,
and entropy measure for a SVNS.

Ye [33] proposed the distance-based similarity
measure of SVNSs and applied it to the group decision
making problems with single-valued neutrosophic
information. Ye [34] also proposed three vector similarity
measures for SNSs, an instance of SVNS and interval
valued neutrosophic set, including the Jaccard, Dice, and
cosine similarity and applied them to multi-attribute
decision-making problems with simplified neutrosophic
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information. Recently, Ye [35] presented similarity
measures on interval valued neutrosophic set based on
Hamming distance and Euclidean distance and offered a
numerical example of its use in decision making problems.
Broumi and Smarandache [36] proposed a cosine similarity
measure of interval valued neutrosophic sets.

Ye [37] further studied and found that there exsit some
disadvantages of existing cosine similarity measures de-
fined in vector space in some situations. Ye [37] men-
tioned that the defined function may produce absurd result
in some real cases. In order to overcome theses
disadvantages, Ye [37] proposed improved cosine similari-
ty measures based on cosine function, including single-
valued neutrosophic cosine similarity measures and inter-
val valued neutrosophic cosine similarity measures. In his
study, Ye [37] proposed medical diagnosis strategy based
on the improved cosine similarity measures. Ye and Fu
[38] further studied medical diagnosis problem namely,
multi-period medical diagnosis using a single-valued
neutrosophic similarity measure based on tangent function.
Recently, Biswas et al. [39] studied cosine similarity
measure based multi-attribute decision-making with
trapezoidal fuzzy neutrosophic numbers. In hybrid
environment, Pramanik and Mondal [40] proposed cosine
similarity measure of rough neutrosophic sets and provided
its application in medical diagnosis. Pramanik and Mondal
[41] also proposed cotangent similarity measure of rough
neutrosophic sets and its application to medical diagnosis.

Pramanik and Mondal [42] proposed weighted fuzzy
similarity measure based on tangent function and its
application to medical diagnosis. Pramanik and Mondal
[43] also proposed tangent similarity measures between
intuitionistic fuzzy sets and studied some of its properties
and applied it for medical diagnosis. Mondal and Pramanik
[44] also proposed tangent similarity measures between
single-valued neutrosophic sets and studied some of its
properties and applied in decision making.

Research gap: MADM strategy using similarity measure
based on tangent function under interval neutrosophic
environment is yet to appear.

Research questions:

. Is it possible to define a new similarity measure
between interval neutrosophic sets using tangent
function?

. Is it possible to develop a new MADM strategy
based on the proposed similarity measure in
interval neutrosophic environment?

Having motivated from the above researches on
neutrosophic similarity measures, we have extended the
concept of neutrosophic tangent similarity measure [44] to
interval valued neutrosophic environment. We have

defined a new similarity measure called “interval valued
tangent similarity measure’” for interval valued
neutrosophic sets. The properties of similarity are
established. We establish a multi-attribute decision making
strategy based on the interval valued tangent similarity
measure. The proposed tangent similarity measure based
MADM strategy is applied to money investment decision
making problem.

The objectives of the paper:

e To define tangent similarity measures for interval
valued neutrosophic set environment and prove its
basic properties.

e To develop a multi-attribute decision making
strategy based on proposed similarity measures.

e To present a numerical example for the effectiveness
of the proposed strategy.

Rest of the paper is structured as follows. Section 2
presents neutrosophic preliminaries. In Section 3 we pre-
sent tangent similarity measure for interval valued neutro-
sophic sets and prove some of its properties. Section 4 is
devoted to presents multi attribute decision-making based
on interval valued neutrosophic tangent similarity measure.
Section 5 presents the application of the proposed multi at-
tribute decision-making strategy to a problem, namely,
money investment of an Indian government employee after
a financial year. Section 6 conducts a comparative analysis
of the approach to other existing strategies. Section 7 pre-
sents the contributions of the paper. Finally, Section 8 pre-
sents concluding remarks and scope for future research.

2 Neutrosophic preliminaries
2.1 Neutrosophic sets

Assume that X be an universe of discourse. Then the neu-
trosophic set [1] P can be presented of the form: P = {<x:
Tr(x), Ip(x), Fp(x)>, x € X}, where the functions T, I, F:
X— 170,17 define respectively the degree of membership,
the degree of indeterminacy, and the degree of non-
membership of the element x € X to the set P satisfying the
following the condition

70 < supTp(x) + suplp( x) + supFp(x) <37,

For two netrosophic sets (NSs), Pns= {<x: Tp(x), Ip(x),
Fp(x)>|x e X} and Qns={<x, To(x), Io(x), Fo(x)>|x e X
} the two relations are defined as follows:

(1) PNSg QNS lf and Ol’lly lf Tp(x )S TQ()C), Ip(x) > IQ(x),
Fp(x) 2 Fo(x)

(2) Pns= Qs if and only if Tp(x) = To(x), Ip(x) = Ip(x),
Fp(x) = Fo(x)
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2.2 Single valued neutrosophic sets (SVNS)

Assume that X be a space of points with generic element in
X denoted by x. A SVNS [5] P in X is characterized by a
truth-membership function 7p(x), an indeterminacy-
membership function 7p(x), and a falsity membership
function Fp(x), for each point x in X, Tp(x), Ip(x),
Fp(x)e[0, 1]. When X is continuous, a SVNS P can be
written as follows:

P=] <Tp(x)1p(x), Fp(x)> x

X

When X is discrete, a SVNS P can be written as follows:
P=Y", <Tp(x;),1p(x,), Fp(x;)> X e X
X.

1

eX

For two SVNSs , P= {<x: Tp(x), Ip(x), Fp(x)> | x € X} and
0= {<x, To(x), Io(x), Fo(x)> | x e X } the two relations are
defined as follows:

(1) Pc Qifand only if Tr(x) < To(x), Ip(x) 2 Io(x), Fp(x
)2 Fo( %)

(2) P= Q if and only if Tp(x) = Tp(x), Ip(x) = Io(x),
Fp(x) = Fo(x) for any x e X

2.3 Interval valued neutrosophic sets (IVNS)

Assume that X be a space of points with generic element
xeX. An interval valued neutrosophic set [4] 4 in X is
characterized by truth-membership function 74(x), inde-
terminacy-membership  function [I4(x), and falsity-
membership function Fu(x). Ta(x), L«(x), Fa(X) are consid-

ered as interval form.

We have, Tu(x), L«(x), Fa(x)€[0, 1] for all xe X.
Assume that

4 = (<5, (750, T4 @A), 15 WLIFL ), F4@)1)>
| x eX} and

B = {<x, (75 ). 74 L5 @), 15 OLIFE(), F4(0])>
| xeX} be two IVNS. Then the following relations are
defined as follows:

e A c Bifandonly if74 <7 T4 <T%. 1121},
5215, Fi2Fs, F12Fj

e A=BifandonlyifT =75 TY=T%. I =1},
[4i=15; Fi=F5, Fi=F%
forallxeX

3 Tangent similarity measures for interval valued
neutrosophic sets

Definition 1: Assume that
A= ([T (). TX () [k (0. 18 (xo) ] [Pk (). F ()] and

B = ([ (). T8 () [1 (). 18 (o) | [F5 (x0). F¥ (x0))) be any
two interval valued neutrosophic sets. Now, similarity

measure based on tangent function between two interval

valued neutrosophic sets is defined as follows:

Tivns(A,B)=

L5l [T Ge) = T (ep| + [P (o) = Ty ()|
" 12| 4+ (x) - Fy ()|

Here,

Ta(x) =ATh(x)+(1=-DT5(x,),
T5(x)=AT5(x) + (1= DT5(x,),

L) =ALG)+ (A=) 1(x,),
I5(x)=AT5(x )+ (=) 15 (x,),
Fi(x)=AFi(x)+(1-)Fi(x,),
Fr(x)=AF5(x,)+(1-2)F4(x,)and 0<A<]1.

Theorem 1:

The defined tangent similarity measure Tpyws(4, B) between
IVNS 4 and B satisfies the following properties:

1.1. 02 Tyws (4, B)< 1

1.2. Tyns(4, B)=11ifand only if 4 = B

13 T]V]vs(A, B) = T]V]vs(B, A)

14. If CisaIVNS in Xand 4 = B < C then

T[V]vs(A, C) < T[VNs(A, B) and T[V]vs(A, C) < T]VNs(B,

O).

Proofs:

1.1. Tangent function is monotonic incresing in the
interval [0, z/4]. It also lies in the interval [0, 1].

Therefore, 0< Tryvs(A4, B)< 1.

1.2. For any two IVNS 4 and B and 0<A<1,

A=B

= Tﬁ(xi) :Té(xi) 9[i(xi):F§(xi) ;Fft(xi) :Fé(xi)
= |1~ TH(x )| =0.|rh(x) - 13(x)] =0,
|Fi(x) =~ Fi(x)| =0

Therefore, Tins(A, B) = 1.

Conversely,

Tins(4, B) =1

= |74 Ge) = Th(x)|=0.| k() - 1h(x)| =0,
|Fi(x)— Fi(x)| =0

= Ta(x) =T5(x,), [5(x)=F3(x,), Fi(x,) = F3(x,)
Therefore 4 = B.
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1.3.Tiyns(4,B)= Tw.omvs(4, C) < Twns(B, C).
N I e =T )|+ = )+ )| proofs:

n= 12 | Fﬁ (x;)—F% (xl-)| 2.1. Tangent function is monotonic incresing in the

_ interval [0, z/4]. It also lies in the interval [0, 1] and
> w;=1. Therefore, 0< Tpyns(4, B)< 1.

1o, T |T}é(xi)_T§4(xi)|+|[}é(xi)_Iﬁ(xi)|
1-—>7" tan o N N 2.2. For any two IVNS 4 and B,

n +|FB(xi)_FA(xi)| A=B

= TjVNs(B, A)
14.IfAcB<=C

then 7% (x;) < T5(x;)) < TE(x,), I4(x) < Ii(x) < Ie(x)),
Fﬁ(xi) < Fé(xi) < Fé(xi) s

for x e X. Now, we have the inequalities:

|7 (x) — T (x| <[ (x) - T ()|
|T§(X[)—Té(xi)|S|Tﬁ(xi)—Té(xi)
|1 = G| e ) — 1 (x|
|13 (e = 1 G| i) - 1)
|FiGe) = Fie)|<|Fhe) - FEGx)|,

|F5(x) = FEGe)|<|Fale) - Fax)|

From eqn (1), we can say that Tyns(4, C) < Tiws(4, B)
and T[V]vs(A, C) s T]VNs(B, Q

Definition 2: Assume that

4 = (=0 [T, TYELIAE), 15 OLIFA ), FY(1)>
| x eX} and

B = {=x, (75, TH L5 (), 15 (OLIFE (), Y (0)])>
| x € X}be any two interval valued neutrosophic sets.

Now, weighted similarity measure based on tangent

function between two interval valued neutrosophic sets is
defined as follows:

Twivns(4,B)=
o [5G =T G|+ |y e = )
=37, w;.tan| —
12| 4| ) - Fly ()

B

)

Here 7, w;=1.

Theorem 2:

The weighted tangent similarity measure Tw.;yns(4,B)
between IVNS A and B satisfies the following properties:
2.1. 05 Typms(4, B)S 1
2.2. Twawws(4, B)=1ifand only if 4 =B
2.3. TW.]VNS(A, B) = TW_1VNs(B, A)
24. If CisalVNS in Xand 4 = B < C then

Twons(4, C) < Tw-nws(4, B) and

= i) =T5(x) , Ii(x) = F3(x;), Fi(x) = Fi(x,)
= |7 ) = Th(x)| =0, |F(x) — Ih(x)| =0,
|[Fi(x) - Fh(x)| =0

Therefore, Tw.iyns(4, B) =1 for 0<A<1 and 3!, w,=1.
Conversely,

Tw.nvs(4, B) = 1

= |7 ) = Th(x)| =0, |F(x) — Ih(x)| =0,
[Fi(x) - F(x,)| =0

= i) =T5(x) , Ii(x) = F3(x;), Fi(x) = Fi(x,)
Therefore 4 = B.

2.3. Twons(4, B) =

- |T7,:1(xi)_T}é(xi)|+|l}4(xi)_]}]§(xi)|

1-X7 witan
12| 4|7 () = Fly ()

x| [5G =T Geo| | o) = P )|
12| 4| () = )
= Tw.vns(B, A)
24.1fAcBc=C
then 77 (x,) < T5(x,) < Te(x,), I4(x) < I5(x) < [E(x),
Fi(x) € Fi(x,) £ Fe(x,), for
xeXand Y/ w;=1. Now, we have the inequalities:
|7 ) = T ()| [T )~ Te ()
|75 () = T e <[ ()~ Té ()|
|1 Ge) = 1 )| <[ ) - 1)
|15 ey = 1é (o) <| () — 1 (x|
|Fi(x) = F3 ()| <|Fae) - Féx)|,
|F5(x) = Fé(x)|<[Fi(x) - F&(x)| . From eqn (2), we
can say that Ty.;iws(4, C) < Tw.vws(4, B) and
Tw.ivns(4, C) < Tw.yns(B, C).

1-%7, witan
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The following notations are adopted in the paper.

P={P), P, ..., Pn}(m > 2) is the set of alternatives
C={C, Cy ..., Gy} (n > 2) s the set of attributes.

The decision maker provides the ranking of alternatives
with respect to each attribute. The ranking presents the per-
formances of alternatives P; (i =1, 2,..., m) based on the at-
tributes C;(j = 1, 2, ..., n). The values associated with the al-
ternatives for multi- attributes decision making problem can
be presented in the following decision matrix (see Table
1). The relation between alternatives and attributes in terms
of IVNSs are given in the following decision matrix (see
Table 1):

Table 1: The decision matrix
c c, c,

(rh.141 (74, 1%1, (rk,. i1,
Py [, 141, (5, 1%1, ViR >

(Fh. FY [Fh.F{] [FL.FY

(7. 7Y, (75,74, (74,.75,],
Py | { k.14, [k, 141 (7,151,

[FH.FY] [FH.FY] [F§ . FY ]

(75, T,
Ik, 150

[FLn. Fol

(752 T50)s
L U
[[mZ ’ 1m2]’

L U
[FmZ ’ FmZ]

. =
[Tm]’Tm]]a
P, (L 1Y0
[FL,FY]

Here, <[T.L

ij>

U L
allve

i

IlL/j]v[FL F;/]> (1 = 17 25 cees m)_] = 19 29 cees

ij°

n) are interval valued neutrosophic sets. Multi attributes de-
cision making procedure based on tangent similarity meas-
ure in interval valued neutrosophic environment is present-
ed using the following steps.

Step 1: Determine the decision matrix in terms of SVNSs
Decision matrix in terms of SVNSs is constructed with
the transformation Q; =4 Qlf +(1-2) Qﬁ ,
whereQ=T,1,F;i=1,2,..,m;j=1,2, .., nand
0<A<I.

Table 2: Decision matrix in terms of SVNSs
C, C, c,

A oA o A A ok A A o
Py <T11’111:F11> <T12>112’F12> <T1n’11n’F1n>

Py | (Th b Fy)  (Thih Fhy) o (15,15, F5,)

P

Aogh A A A A b A
w | (T s i) (oo Do F) oo (T s Fin)
whereQ=T,1,F;i=1,2, .., m;j=1,2 .., n and
0<A<1.

Step 2: Determine the benefit type attributes and cost type

attributes

Generally, the attributes can be categorized into two types:
benefit attributes and cost attributes. In the proposed
decision making strategy, an ideal alternative can be
identified by using a maximum operator for the benefit
attributes and a minimum operator for the cost attributes to
determine the best value of each attribute among all
alternatives. Therefore, we define an ideal alternative as
follows:

P*={C*, Co*, ..., Ca*},

Here the benefit attributes is

. P Py P
CFLHEXTQ( l)’m‘.nl/clj( 1),mnFéj( 1) J 3)
13 13 1 r

and the cost attributes is
C§=[miinTéj(P”,miaxléj“’”,mngéj“’i’ ] 4)

Step 3: Calculate of the measure values between ideal al-
ternatives and decision elements

Calculate tangent similarity measures (choosing various
values of 4 ) between ideal alternatives and the decision

elements of Table 2 using eqn.(1).
Step 4: Determine the weights of the attributes

The importance of all the attributes may or may not be
same in decision making context. The decision maker may
use normalized weights or differential weights for
attributes based on his/her needs and practical decision
making situation. If the attributes are assumed as extremely
importance to the decision maker, then the weight of each
attribute will be taken as 1/n where n is the number of
attributes.

Step 5: Determination of the accumulated measure values

To aggregate the similarity measures corresponding to
each alternative, we define accumulated measure function
(AMF) as follows:

D;MF:;W‘j~T1WVS(Py‘7P*) 5
=

Step 6: Ranking the alternatives

Ranking the alternatives is prepared based on the descend-
ing order of accumulated measure values. Highest value re-
flects the best alternative.

Step 7: End

5 Numerical example

Consider the illustrative example, which is very im-
portant for Indian government employees after a financial
year to select suitable money Investment Company for
more tax rebate and more return value after investment
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span. For a financial year, every government employee de-
sires to invest a sum of money to reduce his/her annual in-
come tax amount and to place the money in more secure
investment company. This is the crucial time when most of
the government employee gets confused too much and
takes a decision which he/she starts to dislike later. Em-
ployees often confuse to decide which money Investment
Company should choose. If the chosen Investment Com-
pany is improper, the employee may encounter a negative
impact to his/her future economical condition. It is very
important for any employee to choose carefully from vari-
ous options available to him/her in which he/she is inter-
ested. So, it is necessary to utilize a suitable mathematical
decision making strategy.

The feature of the proposed strategy is that it includes
interval valued truth membership, interval valued indeter-
minate and interval valued falsity membership function
simultaneously. Assume that, a government employee de-
termines to invest a sum of money to a suitable investment
sector, namely, Public provident fund (S1), Postal Life in-
surance (5>), Stock Market (S3). The employee must invest
his/her money with respect to the attributes, namely,
Growth analysis (C;), Risk analysis (C;), Government
norms and regulation (C3). Our solution is to make deci-
sion to choose suitable money Investment Company. The
values associated with the alternatives for multi- attributes
decision-making problem can be presented in the following
decision matrix:

Table 3: The decision matrix

G &) Cs
[0.6,08,\ /10.2,04],\ /[04,038],
A [0.2,0.4], [0.4,0.6], [0.5,0.7],
[0.3,0.5] (03,071 | \[0.4,0.6]
[04,06,\ /[0.,03],\ /[0.5,0.7],
4, [ {103,051, ) (102,061, ) ([04,08],
0507/ \[02,06 / \[03,0.7]
[0.6,0.8,\ /[03,0.5,\ /[03,0.7],
45 (102,041, ) (10.1,05,) ([0.3,05],
[0.4,0.6] [0.3,0.5] [0.1,0.5]

The decision making calculation is presented using the fol-
lowing steps:

Step 1: Determine the decision matrix in terms of SVNS

Each element of IVNS in Table 3 is transformed to an ele-
ment of SVNS. This transformation is shown in Table 4.

Table 4: Relation between alternatives and attributes
in terms of SVNSs

1 Cy C3
0.61L+0.8(1-2), 021 +0.4(1-2), 0.41+0.8(1-2),
0.21+0.4(1-2), 0.4% +0.6(1-21), 0.50+0.7(1-2),

0.34+0.5(1- 1) 0.34+0.7(1-1) 0.41+0.6(1-1)

0.41+0.6(1-1), 0.1.+0.3(1-1), 0.50+0.7(1-1),
Ay | { 031+0.51-2), 0.21+0.6(1- 1), 0.41+0.8(1- 1),

A

0.5L+0.7(1-1) 0.2 +0.6(1-1) 0.3A+0.71-2)

0.61.+0.8(1- 1), 0.30+0.5(1— 1), 0.30+0.7(1- ),
As | { 021 +0.4(1-2), 0.12.+0.5(1-1), 0.30+0.5(1— 1),

0.4%+0.6(1-1) 0.3A+0.5(1-2) 0.1x+0.5(1-%)

Step 2: Determine the benefit type attributes and cost type
attributes

Ci, C; are treated as benefit type attributes and C, is
treated as cost type attributes. Using Table 2, eqn.(3) and
eqn.(4), we calculate ideal alternative solutions as follows
(Table 5):

Table 5: Ideal alternative solutions

A Ci C G
0.1 [0.78,0.38, [0.28, [0.76,
0.48] 0.58,0.66] 0.48,0.46]
0.2 [0.76,0.36, [0.26, [0.72,
0.46] 0.56,0.62]  0.46,0.42]
P* 03 [0.74,0.34, [0.24, [0.68,
0.44] 0.54,0.58]  0.44, 0.38]
0.4 [0.72,0.32, [0.22, [0.62,
0.42] 0.52,0.54] 0.42,0.34]
0.5 [0.70,0.30, [0.20, [0.60,
0.40] 0.50,0.50]  0.40, 0.30]
0.6 [0.58,0.28, [0.18, [0.56,
0.38] 0.48,0.46]  0.38,0.26]
0.7 [0.66,0.26, [0.16, [0.56,
0.36] 0.32,0.42]  0.36,0.22]
0.8 [0.64,0.24, [0.14, [0.54,
0.34] 0.44,0.38] 0.34,0.18]
0.9 [0.62,022, [0.12, [0.52,
0.32] 0.42,0.34]  0.32,0.14]

Step 3: Calculate the measure values between ideal alter-
natives and decision elements

Using eqn. (1), we calculate tangent similarity
measures for different values of 4 between ideal alterna-

tives (Table 5) and the decision elements in Table 4 (see
Table 6).

Step 4: Determine the weights of the attributes
We take each attribute weight as w; =1/3 (i=1, 2, 3).

Step 5: Determine the accumulated measure values
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Using eqn. 5, we calculate AMF values as follows (Table
7).

Table 7: Ranking results (with equal attributes

weights)
Proposed A Measure values Ranking
strategy orders
0.1  0.9633; 0.8964; S1-83-82
0.9386
0.2  0.9615;0.8982; S1-83-82
0.9386
Tiyns(P, P*) 0.3 0.9598; 0.9000; S1> 8352
0. 9386
0.4 0.9562;0.9036; S1-83-82
0.9404
0.5 0.9562;0.9036, S35 81-S2
0.9616
0.6  0.9545;0.9107; S1-83-82
0.9386
0.7 0.9369;0.9070, S35~ 81~
0.9475
0.8 0.9456; 0.9036; S1-83-82
0.9333
0.9 0.9420; 0.9036, S1-83-82
0.9316

Step 6: Ranking the alternatives

Ranking of the alternatives is prepared based on the
descending order of accumulated measure values.

When 4=0.1, 0.2, 0.3, 0.4, 0.6, 0.8, 0.9, Public provident

fund (S1) is the best alternative to invest money (see Table
7). When A=0.5, 0.7, Stock market (S3) is the best alter-

native to invest money (see Table 7).

6 Comparative analysis

For the sake of validating the flexibility and feasibility of
the proposed strategy, a comparative study is conducted. In
order to do so, different existing strategies are used to
solve the same decision-making problem with the interval
valued neutrosophic information. Literature review reflects
that Broumi and Smarandache [36] proposed cosine

similarity measure of interval valued neutrosophic sets. Ye
[35] proposed Similarity measures between interval
neutrosophic sets and apply in multicriteria decision-
making. Sahin [45] proposed cross-entropy measure on
interval valued neutrosophic sets and presenter its
applications in multicriteria decision making. Table 8
shows that the ranking results obtained from different
strategy differ. Ranking results from proposed strategy
with 1=0.1,0.2, 0.3, 0.4, 0.6, 0.8, 0.9 are similar to the

ranking result of cosine similarity measure [36] (Broumi
and Smarandache, 2014). Ranking results obtained from
proposed strategy with 4=0.5,0.7 are similar to the
ranking results of Ye's strategy (Ye, 2014d) and cross
entropy strategy [45].

Table 8: The ranking results of different strategies

strategies Ranking
results
Proposed strategy with S1-83- 52
4=0.1,0.2,0.3,0.4, 0.6, 0.8, 0.9

Proposed strategy with 4=0.5, 0.7 S35+ 81552
Cosine similarity measure (Broumi and  S;-S5:-53
Smarandache, [36]
Ye [35] S$3- 8152
Cross entropy strategy [45] S3-S1~ 5

7. Contributions of the paper

e We define tangent similarity measures for [VNS.
We have also proved their basic properties.

e We developed a decision making strategy based
on the proposed weighted tangent similarity
measure.

e Steps and calculations of the proposed strategy are
easy to use.

e We have solved a numerical example to show the
applicability of the proposed strategy.

8. Conclusion

In this paper, we have defined tangent similarity measure
and proved its properties in interval valued neutrosophic
environment. We also also developed a novel multi
attribute decision making strategy based on the proposed
tangent similarity measure in interval valued neutrosophic
environment. We have presented an application, namely,
selection of best investment sector for an Indian
government employee. We also presented a comparative
analysis with the existing strategies in the literature.The
concept presented in this paper can be applied in teacher
selection, school choice, medical diagnosis, pattern
rcognition, purchasing decision making, commodity
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recommendation in interval valued neutrosophic
environment. It is worth of further study to formulate a
multi attribute decision making strategy that considers the
priority of attributes.
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Table 6: Tangent similarity measure values

A=0.1 A=0.2 A=03
C C, C; C G Cs C G G
Si 1.0000 0.9738 0.9160 1.0000 0.9738 0.9108 1.0000 0.9738 0.9055
S>  0.8683 0.9686 0.8523 0.8683 0.9633 0.8630 0.8683 0.9581 0.8737
S; 09738 0.8683 0.9738 0.9738 0.8683 0.9738 0.9738 0.8683 0.9738
A=04 A=0.5 A=0.6
C C C; C ) G G Gy G
Si 1.0000 0.9738 0.8949 1.0000 0.9738 0.8949 1.0000 0.9738 0.8896
S>  0.8683 0.9528 0.8896 0.8683 0.9476 0.8949 0.8949 0.9423 0.8949
S3 09738 0.8683 0.9790 0.9738 0.9371 0.9738 0.9738 0.8683 0.9738
A=0.7 A=0.8 A=09
C (& C3 C G G Ci G G
Si 1.0000 0.9371 0.8737 1.0000 0.9738 0.8630 1.0000 0.9738 0.8523
S>  0.8683 0.9738 0.8790 0.8683 0.9318 0.9108 0.8949 0.9266 0.9160
S3 09738 0.9055 0.9633 0.9738 0.8683 0.9580 0.9738 0.8683 0.9528
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Abstract. In this paper, we extend the VIKOR
(VIsekriterijumska optimizacija i KOmpromisno Resenje)
strategy to multiple attribute group decision-making
(MAGDM) with bipolar neutrosophic set environment. In
this paper, we first define VIKOR strategy in bipolar
neutrosophic set environment to handle MAGDM
problems, which means we combine the VIKOR with
bipolar neutrosophic number to deal with MAGDM. We

propose a new strategy for solving MAGDM. Finally, we
solve MAGDM problem using our newly proposed
VIKOR strategy under bipolar neutrosophic set
environment. Further, we present sensitivity analysis to
show the impact of different values of the decision
making mechanism coefficient on ranking order of the
alternatives.

Keywords: Bipolar neutrosophic sets, VIKOR strategy, Multi attribute group decision making.

1 Introduction

In 1965, Zadeh [1] first introduced the fuzzy set to deal
with the vague, imprecise data in real life specifying the
membership degree of an element. Thereafter, in 1986
Atanassov [2] introduced intuitionistic fuzzy set to tackle
the uncertainity in data in real life expressing membership
degree and non-membership degree of an element as
independent component. As a generalization of classical
set, fuzzy set and intuitionistic fuzzy set, Smarandache [3]
introduced the neutrosophic set by expressing the
membership  degree  (truth  membership  degree),
indeterminacy degree and non-membership degree (falsity
membership degree) of an element independently. For real
applications of neutrosophic set, Wang et al. [4] introduced
the single valued neutrosophic set which is a sub class of
neutrosophic set.

Decision making process involves seleting the best
alternative from the set of feasible alternatives. There exist
many decision making strategies in crisp set
environment[5-7], fuzzy [8-12], intuitionistic fuzzy set
environment [13-19]. vauge set environment [20, 21].
Theoretical as well as practical applications multi attribute
decision making (MADM) of SVNS environment [22-42]
and interval neutrosophic set (INS) environment [43-56]
have been reported in the literaure. Recently, decision

making in hybrid neutrosophic set environment have
drawn much attention of the researches such as rough
neutrosophic environment [57-73], neutrosophic soft set
environment [74-80], neutrosophic soft expert set
environment [81-82], neutrosophic hesitant fuzzy set
environment [83-87], neutrosophic refined set environment
[88-93], neutrosophic cubic set environment [94-104], etc.
In 2015, Deli et al. [105] proposed bipolar neutrosophic set
(BNS) using the concept of bipolar fuzzy sets [106, 107]
and neutrosophic sets [3]. A BNS consists of two fully
independent parts, which are positive membership degrees
T — [0, 1], I" = [0, 1], F* — [0, 1], and negative
membership degrees T — [-1,0], I — [-1,0], FF — [-1,
0] where the positive membership degrees 7%, I', F*
represent truth membership degree, indeterminacy
membership degree and false membership degree
respectively of an element and the negative membership
degrees T, I, F~ represent truth membership degree,
indeterminacy membership degree and false membership
degree respectively of an element to some implicit counter
property corresponding to a BNS. Deli et al. [105] defined
some operations namely, score function, accuracy function,
and certainty function to compare BNSs and provided
some operators in order to aggregate BNSs. Deli and Subas
[108] defined correlation coefficient similarity measure for
dealing with MADM problems under bipolar set
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environment. Sahin et al. [109] proposed Jaccard vector
similarity measure for MADM problems under bipolar
neutrosophic set environment. Ulugcay et al. [110]
presented Dice similarity measure, weighted Dice
similarity measure, hybrid vector similarity measure,
weighted hybrid vector similarity measure for BNSs and
established a MADM strategy by employing the proposed
similarity measures. Dey et al. [111] established TOPSIS
strategy for MADM problems with bipolar neutrosophic
information where the weights of the attributes are
completely unknown to the decision maker. Pramanik et
al. [112] defined projection, bidirectional projection and
hybrid projection measures for BNSs and proved their
basic properties. In the same study, Pramanik et al. [112],
proposed three new MADM strategies based on the
proposed projection, bidirectional projection and hybrid
projection measures with bipoar neutrosophic information.
Wang et al. [113] defined Frank operations of bipolar
neutrosophic numbers (BNNs) and proposed Frank bipolar
neutrosophic Choquet Bonferroni mean operators by
combining Choquet integral operators and Bonferroni
mean operators based on Frank operations of BNNs. In the
same study, Wang et al. [113] developed MADM strategy
based on Frank Choquet Bonferroni operators of BNNs in
bipolar neutrosophic environment. Recently, many
researcher has given attention to develop various strategies
under bipolar neutrosophic set environment in various
fields [114-117].

Opricovic [118] proposed the VIKOR strategy for a
MCDM problem with conflicting attributes [119-120]. In
2015, Bausys and Zavadskas [121] proposed VIKOR
strategy to solve multi criteria decision making problem in
interval neutrosophic set environment. Further, Hung et al.
[122] proposed VIKOR strategy for interval neutrosophic
multi attribute group decision making (MAGDM).
Pouresmaeil et al. [123] proposed a MAGDM strategy
based on TOPSIS and VIKOR strategies in single valued
neutrosophic set environment. Liu and Zhang [124]
extended VIKOR strategy in neutrosophic hesitant fuzzy
set environment. Hu et al. [125] proposed interval
neutrosophic projection based VIKOR strategy and applied
it for doctor selection. Selvakumari et al. [126] proposed
VIKOR strategy for decision making problem using
octagonal neutrosophic soft matrix.

VIKOR strategy in bipolar neutrosophic set is yet to ap-
pear.

Research gap:

VIKOR based MAGDM strategy in BNS environ-
ment. This study answers the following research questions:
i. Is it possible to extend VIKOR strategy in BNS
environment?

ii. Is it possible to develop a new VIKOR based MAGDM
strategy in BNS environment?

Motivation:

The above-mentioned analysis [118-126] describes the mo-
tivation behind proposing a novel VIKOR strategy for
MAGDM in the BNS environment. This study develops a
novel VIKOR strategy for MAGDM that can deal with
multiple decision-makers.

The objectives of the paper are:
i. To extend VIKOR strategy in BNS environment.
ii. To develop a new MAGDM strategy based on proposed
VIKOR strategy in BNS environment.
To fill the research gap, we propose VIKOR based
strategy, which is capable of dealing with MAGDM
problem in BNS environment.

The main contributions of this paper are

summarized below:

i. We extend VIKOR strategy in bipolar neutrosophic envi-
ronment.

ii. We introduce a bipolar neutrosophic weighted aggrega-
tion operator and prove its basic properties.

iii. We develop a novel VIKOR based MAGDM strategy
in bipolar neutrosophic set environment to solve MAGDM
problems.

iv. In this paper, we solve a MAGDM problem based on
proposed VIKOR strategy.

The remainder of this paper is organized as follows: In the
Section 2, we review some basic concepts and operations
related to neutrosophic set, single valued neutrosophic set
(SVNS), bipolar neutrosophic set. In Section 3, we propose
the bipolar neutrosophic number weighted aggregation
(BNNWA) operator and prove its basic properties. In
section 4, we develop a novel MAGDM strategy based on
VIKOR strategy to solve the MADGM problems with
bipolar neutrosophic information. In Section 5, we present
an example to illustrate the proposed strategy. Then in
Section 6, we present the sensitivity analysis to show the
impact of different values of the decision making
mechanism coefficient on ranking order of the
alternatives.. In section 7, we present conclusion and
future direction of research.

2. Preliminaries

In this section, we describe the basic definitions related to
neutrosophic sets, bipolar neutrosophic sets.

Definition 2.1 Neutrosophic set

Let U be a space of points (objects), with a generic
element in U denoted by u. A neutrosophic sets [3] A in U

is characterized by a truth-membership function T (1), an
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indeterminacy-membership function I, (U)and a falsity-
membership function Fo (1) ,

where, To (1), [5 (1), Fa(u) : U—>T0,17[ .
Neutrosophic set A can be written as:

A = { u, < TA (u) s IA (u) s FA (u) > u
where, Tx(u),1a (W), Fs(u) €]70,1°[.

The sum of Ta(u), 14 (w), F,(u)is

T0<Ta(w) + Ix(u)+ F (u) < 3.

EU} H]

Definition 2.2: Single valued neutrosophic set

Let U be a space of points (objects) with a generic element
in U denoted by u. A single valued neutrosophic set [4] J in
U is characterized by a truth-membership function Ty (u),
an indeterminacy-membership function I;(u) and a falsity-
membership function F, (u) , where,

T;(u), I, (u),F () : U>[0, 1]. A single valued
neutrosophic set J can be expressed by
I={u<(Ty(),I;(uw),F{))>uveU}.

Therefore for eachu €U, Ty(u),I,(u),F(u) €0, 1] the

sum of three functions lies between 0 and 1, i.e.
0< Ty(w) +1,(u) +Fy (u) <3.

Definition 2.3: Bipolar neutrosophic set

Let U be a space of points (objects) with a generic element
in U denoted by u. A bipolar neutrosophic set [105] H in U
is defined as an object of the form

H={u,<T;;(u), I;;(w), F (w),T;; (w), T (w), F; (u) >ueU} , where,
T (w), I (), Fy (w): U —>[0,1]

T, (v),I;(w),E; () :U—[-1,0].
We denote

H={u,< T} (v),1};(v),E; (u), T (v),I;(v),F;(u) >ueU}s

and

imply H= < Ty, I}, E, T, I, F; >as a bipolar
neutrosophic number (BNN).
Definition 2.4 Containment
neutrosophic sets [105]

Let

Hi={ W, <T, (W), I} (W),F (W), Ti (W), (W), F (@) >ueU}
and

Ho={u,< T3 (w),13(v),F3(u), T2 (u),1;(u).F>(u) >ueU} be
any two bipolar neutrosophic sets in U. Then H,c H, iff

of two Dbipolar

Ti (W) <T3 (W), I (u) 213 (u), F/(W)2F;(u) and
Tr(W)=Ty(w), I (w) <1 (w) , F(w)< F>(u) for all ueU.
Definition 2.5 Equality of two bipolar

neutrosophic sets [103]

Let

Hi={ u,<T, (w),I; (), F (0), T (w),I; (0),F (v) >ueU}
and

H={u,<T3 (u), 1z (u), F3 (0), T> (), I; (u), F> (1) >ueU}
be any two bipolar neutrosophic sets in U. Then,
H,=H,iff T () =Tz (v), I(w=1L(w,
FF(W=Fad  T/(W=T:(w), [U)=Lw),
Fi (u)= F>(u) for all ueU.

Definition 2.6 Union
neutrosophic sets [105]

of any two bipolar

Let 1= {u,< T/ (u),1f (W), F (u), Ty (), I; (), F () >ueU} and
Ho={u,<T3(w), 13 (1), F3 (0), T3 (w), 3 (w), F> (u) >ue U} be any
two bipolar neutrosophic sets in U. Then, their union is
defined as follows:

H; (u)=H, (u) W H, (u)={u,<max (T/ (), T (0)),
min (I7 (u), Iz (u)),min (Fi (), F; (1)),

min (T; (u), T (1)), max (I; (w), > (w)),

max (F; (u),F; (u)) >ueU},forallue U.

Definition 2.7 Intersection of
neutrosophic sets

Let Hy={u,<T{ (), 1} (W), F (), T7 (W) I; (), F; (u) >ueU} and
Ha={u,<T3(u), I (0),F3 (), T2 (), I (w), F3 (u) >:ue U} be any
two bipolar neutrosophic sets in U. Then, their intersection
[105] is defined as follows:

H, (u)=H, (u)nH, (u)={u,<min (T} (u),T> (1)),
max (I (u), 1 (u)),max (Ff (u), F (w)),

max (Ty (u), T2 (), min (I (w), I (w)),

min (F; (u),F; (v)) >:ueU}forallueU.

Definition 2.8 Complement of a
neutrosophic set [105]

two bipolar

bipolar

Let  Hy={u,<T/ (w),I (w),F (W), T (W), I (0),F (u) >ueU} be
a bipolar neutrosophic set in U. Then the complement of
H, is denoted by Hjand is defined by

HT :{ua<1_T1+(u)a1_I:—(u)al - FT(U),{_l}_ Tf(u)a

{~1}-1, (w),{-1}—F, (u) >ueU}

forallueU.

Definition 2.13 Hamming distance measure
between two BNNs [115]
Leth = < T{,I/,F,Ti,Ii,Fi >and

h, =<T},I5,F, T2, 15, F; > be any two BNNs in U.
Then Hamming distance measure between h; and h; is
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denoted by D(h,,h,)and defined as follows:

D(hlshz): (1)

t— B +|Ti = T+ [l = o]+ [ — !

- L+

1 + +
g[\T, - Ti+
Definition 2.14: Normalization procedure

In decision making situation, cost type attribute and benefit
type attribute may exist simultaneously. Assume that,
hijbe a BNN to express the rating value of i-th alternative
with respect to j-th attribute (c;). If c; belongs to the cost
type attributes, then h; should be standardized by

employing the complement of BNN h;; . When the attribute
¢j belongs to benefit type attributes, h;; does not need to be

standardized, we use the following formula of
normalization as follows:

h) =< {1} —T;,{1} -1, {1} - F;, o
=T L =1 - - Ry >

3. Bipolar neutrosophic number weighted
aggregation operator

Let {hL,hj, i‘j}be the set of t bipolar neutrosophic

numbers and {B,,03,,B;,--
weights of t bipolar neutrosophic numbers with conditions

B,} be the set of corresponding

t
B, >0 and El[}p =1. Then the bipolar neutrosophic number

weighted aggregation (BNNWA) operator is defined as
follows:

h; = BNNWA  (h; hi... hj)=
(B,h; ®B,h; ®B,hi ©... OB hj)=

< i ~+(p) i ~4(p) i ~+(p) i ~(p) i ~(p) i ~(p)
1Bp TU ’ 1Bp IIJ ’ IBp Flj ) 1Bp T[] ’ ]Bp Ilj ’ ]Bp Fl]
p= p= p= p= p= p=

3
The BNNWA operator satisfies the following properties:
1. Idempotency
2. Monotoncity
3. Boundedness

Property: 1. Idempotency

Ifall hy, hi,... ,hj=hare equal, then

h; —BNNWAB(hU, u, R 1J) h

Proof:

Since hj=h;=... =hj=h,based on the Equation (3)

t
and with conditions, B, = 0 and ZBP =1, we obtain
p=1

h; = BNNWA ;(h;,h{,... ,hj)=
(B1hij®Bz U@Bz D @Bt u)f

Bhep,h®ph@...®Bh) =
t t t t t t
i $p,0 £, Sp, T Sp, S F 55,05
p=1 p=l1 p=l p=l p=1 p=l
=<(T*.1"F", T .1 ,F)>=h
Property: 3. Monotonicity

Assume that {hj, hi,.. ,hi' L be

any two set of collectlons of t bipolar neutrosophic nubers

hi}and {hy, h,..

ij

with the condition t}j < tf" p=12,..,1), then

1 2 *1 *2 *
BNNWA ;(h;,hi,....hi ) SBNNWA ;(h;',hi’,....h).
Proof:

From the given condition Tg(p)STg*(p) , we have
+(p) +*(p)
p PTij <p PTij
: ) < 3 TH®
= 2B, T{P<XB, T, .
p=l1 p=l
From the given condition [;*”>[;"", we have

+(p) +*(p)
Bp Iij ’ ZBPIij
: SR )
= 2B, EV=XB,L .
p=1 p=1

From the given condition F;®>F;"®, we have

B F+(P)>B F+*(p)
: )
= ZBP E;P> ZBPFU
p=1 p=
From the given condition T;"®>T;®, we have
—*(p)
BPTU

B ~*(p)
= zlsp ;"2 zl[spTij .
p= p=|

B Tl_]

From the given condition [;”<[;"® , we have

—(p) —*(p)
B10 Iij ’ SBPIij

From the given condition F;”<F;"® , we have
-(p) —P)
B p Fij = B PFij
: ~(p) < : F_*(p)
= ZBp Fu - zBp ij .
p=l p=l
From the above relations, we obtain

BNNWA ;(hj,h,...,hi) <BNNWA ;(h;', h%,..

g2yt g

h*t)
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hj)<BNNWA (h;',h;’

1 2 *
NCNWA ;(h},h; i >hishy).

oo

Property: 2. Boundedness

1 2 . .
Let {h, hj,..., ; } be any collection of t bipolar
neutrosophic numbers.
If

hf=< max (T, 3, mm {1, mln {F;™}, mpin {T;"},
max {;®}, max {Fij“’)} >

h =< mln {T*(p)} max {3, max {F;®}, max {T; "},
min {Iij“’)},mm {Fi_i(”} > (p=1, z, 3, ....0).

Then, h"< BNNWA ;(hj,h,..

1 b i 2
Proof:
From Property 1 and Property 2, we obtain

Jhi)<h™ .

1 2 - - — _
BNNWA (hy, hj, ..., Ij)ZBNNWAﬁ(h ,h,...,h7)=h
and

1 2 + 1.t + +
BNNWAB(hU,hU, i‘j)SBNNWAB(h ,h' ., h")=h".
So, we have

h”<BNNWA ;(h;,h}

g2yt

Lhi)<h®

4. VIKOR strategy for solving MAGDM problem
under bipolar neutrosophic environment

In this section, we propose a MAGDM strategy under
bipolar neutrosophic set environment. Assume that,

A={A,A,,A,,...,A } be aset of r alternatives and
C={c,,c,,c;,....c, } beasetof s attributes. Assume that,

a={0,,d,,0,,...,0} bethe weight vector of the

>0 and iak =1. Let

attributes, where o,
k=1

DM ={DM,,DM,,DM,;,...,.DM,} be the set of t decision
makers and 3 ={B,,B,,B;,...,

t
of decision makers, where 3 >0 and ZBP =
p=1

B, } be the set of weight vector

In this section, we describe the VIKOR based MAGDM
strategy under bipolar neutrosophic set environment. The
proposed strategy consists of the following steps (see
Figure 1):

Step: 1. Construction of the decision matrix
Let MP= (h} =1,2,3, ...,

matrix, where information about the alternative A; is
provided by the decision maker DM  with respect to

t) be the p-th decision

rxs

attribute C j(j =1,2, 3, ..., s). The p-th decision matrix

denoted by MP (See eq. (4)) is constructed as follows:

€, Cy... C
(| A BT Bho B “
A, h3 hi,  hi
A, h" hb... h"
Herep=1,2,3,...,t; i=1,2,3,...,1; j=1,2,3,...,s

Step: 2. Normalization of the decision matrix

Cost type attributes and benefit type attributes are
generally existed in decision making process.
Therefore the considered attribute values need to be
normalized to aviod different physical dimensional
unit. To normalize we can use the following equation:

hi=<{}-T;, I - 1;, {1~ F;,

s e R e e T e e e

Using the normalized method, we obtain the following
normalized decision matrix (See eq. (5)):

€, Cy... C,
A, h% hY.. h?
h? hd, Y (5)
A, h® h%.. P

Where,

h{ if ¢, is benefit typeattribute.

’ (h; )D if ¢;is costypeattribute.

Step: 3. Aggregation of the decision matrices

Using BNNWA operator in eq. (3), we obtain the
aggregated decision matrix as follows:

C, Cy....C
A, h;, h,.. h,
M=|A, hy hy h,, (©)
Ar hrl hr2"'hrs
where,i=1,2,3,...,1;7=1,2,3,...,8; p=1,2, ...t

Step: 4. Define the positive ideal solution and
negative ideal solution

h; —<maxT+ mlm I
.l

i , min F, min Ty, max [, max Fy >
1 1 1 1

(7

— . + — . — . —
hij =<min T}, miainj, max Fj ,max Tj, min [;, min Fj >
1 1 1 1 1
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®
Step: 5. Define and compute the value of I', and Z,

(i=1,2,3,..,1)

INand Z, represent the average and worst group
scores for the alternative A; respectively, with the
relations

s D(hj,h;
E:zw 9)
i=1 D(h1]7 1_])

{oc xD(h;,h .)}
Z. =maxy—————
| D(h,h)

27

(10)

Here, o is the weight of ¢;

The smaller values of I and Z, correspond to the

better average and worse group scores for alternative
A, respectively.

Step: 6. Calculate the values of index VIKOR ¢, (i

=1,2,3,...,r) by the relation
I -1") (Z;-7")

o=y - ——= an
T -r7) (Z°-77)

Here, I =min I}, I;" =maxT; ,

Z;=min Z,, Z =maxZ; ' (12)

and y depicts the decision making mechanism coefficient.
Ify>0.5, it is for “the maximum group utility”; if y<0.5,
it is “ the minimum regret”; it has been inferred that the
decision making mechanism coefficient is mostly
taken as v =0.5.

Step: 7. Rank the priority of alternatives

We rank the alternatives by ¢, , I, and Z; according

to the rule of traditional VIKOR strategy. The smaller
value indicates the better alternative.

Multi attribute group decision
making problem

Construction of the decision matrix

Normalization of the decision
matrices

Aggregation of the decision matrix

Define the positive ideal solution and
negative ideal solution

Define I'; and Z,;
Calculate the values of ¢,

Rank the priority of alternatives

Figure 1. Decision making procedure of proposed MAGDM
Strategy.

5. Illustrative example

To demonstrate the applicability and fesibility of the
proposed strategy, we solve a MAGDM problem adapted
from [45]. We assume that an investment company wants
to invest a sum of money in the best option. The
investment company forms a decision making board
involving of three members (DM;, DM,, DM;) who
evaluate the four alternatives to invest money. The
alternatives are Car company (A, ), Food company (A, ),

Computer company (A;) and Arm company (A,).
Decision makers take decision to evaluate alternatives
based on the criteria namely, risk factor (c, ), growth
factor (C, ), environment impact (C, ). We consider three

criteria as benefit type based on Zhang et al. [127].
Assume that the weight vector of attributes is
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0=(0.37,0.33,0.3)" and weight vector of decision makers
isp=(0.38,0.32,0.3)". Now, we apply the proposed

MAGDM strategy to solve the problem using the
following steps.

Step: 1. Construction of the decision matrix

We construct the decision matrix information provided by
the decision makers in terms of BNNs with respect to the
criteria as follows:
Decision matrix for DM
M! =
¢ C C;
A (5,.6,.7,-.3,-.6,-.3) (.8,.5,.6,-.4,-.6,-.3) (.9,.4,.6,-.1,-.6,-.5)
A2(.6,2,.2,-.4,-.5,-3) (.6,.3,.7,-.4,-.3,-.5) (7,.5,3,—.4,— 3,-.3)
A3(.8,.3,.5,-.6,-.4,-.5) (.5,.2,.4,-.1,-.5,-.3) (4,.2,.8,—.5,~.3,-.2)
A4(.7,.5,.3,-.6,-.3,-.3) (.8,.7,.2,-.8,-.6,-.1) (6,.3,.4,—.3,—.4,~.7)

Decision matrix for DM,
M? =
¢ C2 Cs
A (:6,3,4,-.5,-3,-7) (.5,3,.4,-3,-3,-.4) (.1,.5,.7,-.5,-.2,-.6)
Ay(7,4,.5,-3,-2,-.1) (.8,4,.5,-.7,-3,-2) (.6,2,.7,~.5,~.2,—.9)
As(.8,.3,.2,-.5,-2,-.6) (3,2,.1,-.6,-3,-.4) (.7,.5,4,~.4,-.3,-.2)
A4(3,.5,.2,-.5,-.5,-.2) (.5,.6,.4,-.3,-.6,-.7) (4,3,.8,~.5,~.6,~.5)

Decision matrix for DM3
M3 =
C C Cs
A (:9,.6,4,-.7,-3,-2) (.7,.5,.3,-.6,-.2,-.5) (4,.2,.3,-2,-.5,-.7)
As(.5,3,2,-.6,-4,-.1) (.5,2,.7,-3,-.2,-.5) (.6,3,2,~.7,~.6,-.3)
As(.2,.5,.6,-.4,-.5,-7) (3,.2,.7,-.2,-3,-.5) (.8,2,.4,~.2,—.3,-.6)
A(8,.5,.5,-4,-.6,-.3) (.9,.3,4,-.5,-.6,-.7) (7,.4,3,—2,~.5,~.7)

Step: 2. Normalization of the decision matrix

Since all the criteria are considered as benefit type, we do
not need to normalize the decision matrices (M', M2, M?).
Step: 3. Aggregated decision matrix

Using eq. (3), the aggregated decision matrix is
presented as follows:

M=
G C, C,
AL(22,17,.17,-.16,-.14,-.13) (22,.14,.15,- 14,.13,-.13) (.16,.12,.18,-.10,-.10,-.20)
A1(.20,.10,.10,-.14,-.12,-.10) (.21,.10,.21,-.15,-.10,-.13) (.21,.11,.13,-.17,-.12,~.16)
As(21,,12,.16,-17,.12,-.20) (.13,.10,.13,-.10,-.12,-.13) (21,.10,.18,~.13,.10,-.11)
A(20,.17,.11,-.17,.15,.10) (24,.18,.11,.19,- 20,-.16) (.19,.11,.17,~.11,—.16,~ 21)

Step: 4. Define the positive ideal solution and negative

ideal solution

The positive ideal solution hj =

¢

o ¢,
[(.22..10,.]0,-.14,-.12,-.10) (.24,.10,.11,-.19,-.10,-.13) (.21,.10,.13,-.17,-.10,-.11) J
and the negative ideal solution

G C2 C,
(20,.17,.17,-.14,-.15,-.20) (.13,.18,.21,-.10,-.20,-.16) (.16,.12,.18,-.10,-.16,-.11)
Step: 5. Compute I, and Z,

We have computed the values of T by eq. (9) and the
values of Z; by eq. (10), the values are presented as
follows:

I'=0.75, I,=038, I';=0.60, I',=0.75 and Z,=
034, 2,=0.16, Z,=0.33, Z,=0.34

Step: 6. Calculate the values of ¢,

Using y=0.5, and eq. (11) and eq. (12), we obtain
6,=1,¢,=0, $;=0.77, ¢,= 1

Step: 7. Rank the priority of alternatives

The preference order of the alternatives based on the
traditional rules of the VIKOR  strategy is
A, - A - Ay AL

6. The influence of parameter 7y

In this section, we present sensitivity analysis to show
the impact of different values of the decision making
mechanism coefficient on ranking order of the
alternatives Figure 2 represents the graphical

representation of alternatives (A, ) versus (=1, 2,
3, 4) for different values of y .

Table 1 shows that the ranking order of alternatives ( A ) with the value of y changing from 0.1 to 0.9.

Values of Values of ¢,
Y

Preference order of alternatives
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v =0.1 6,=1, ¢,=0, $,=0.915, ¢,=1 A, - A= A=A
Y =02 o,=1, ¢,=0, ¢,=0.880, ¢, =1 A= Ay- A=A,
Y =0.3 o,=1, $,=0, ¢;=0.845, ¢,=1 A, - A= A=A
Yy =04 ¢, =1, ¢,=0, ¢,=0.810, ¢,=1 A, - A= A=A
v =0.5 6,=1, ¢,=0, $,=0.770, ¢, =1 A, - A= A=A
Y =0.6 o,=1, ¢,=0, $,=0.740, ¢, =1 A, - A= A=A
Y =07 o, =1, $,=0, ¢,=0.700, ¢, =1 Ay- A= A=A
Y =08 o,=1, $,=0, ¢;=0.670, ¢, =1 A, - A= A=A
Y =09 6,=1, ¢,=0, ,=0.640, ¢,=1 A, - A= A=A

Table 1. Values of d)i (1 =1,2,3, 4) and ranking of alternatives for different values of y7.

Values of ¢

Alternatives

Fig 2. Graphical representation of ranking order of alternatives for different values of 7y .
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to medical diagnosis. International Journal of Innova-
tive Research in Science, Engineering and Technology,
4 (2) (2015), 158-164.

7. Conclusion [12] T. Y. Chen. An ELECTRE-based outranking method

for multiple criteria group decision making using inter-

In this paper, we have extended the VIKOR strategy to val type-2 fuzzy sets. Information Sciences, 263 (2014),

MAGDM with bipolar neutrosophic environment. We have 1-21.

introduced bipolar neutrosophic numbers weighted aggre- [13] K. Mondal, and S. Pramanik. Intuitionistic fuzzy multi

gation operator and applied it to aggregate the individual criteriagroup decision making approach to quality-

opinion to one group opinion. We have developed a brlck selection problem. Journal of Applied Quantita-

VIKOR based MAGDM strategy with bipolar tive Methods 9 (2) (20.14)’ 35-30. .. .

. . [14] P. P. Dey, S. Pramanik, and B. C. Giri. Multi-criteria

neutrosophic set. Finally, we have solved a MAGDM s LT .

M i group decision making in intuitionistic fuzzy environ-
problem to show the feasibility and efficiency of the ment based on grey relational analysis for weaver selec-
proposed MAGDM  strategy. We have presented a tion in Khadi institution. Journal of Applied and Quan-

sensitivity analysis to show the impact of different values titative Methods, 10 (4) (2015), 1-14.

of the decision making mechanism coefficient on ranking [15] K. Mondal, and S. Pramanik. Intuitionistic fuzzy simi-

order of the alternatives. The proposed VIKOR based larity measure based on tangent function and its appli-

MAGDM strategy can be employed to solve a variety of cation to multi-attribute decision making. Global Jour-

problems such as logistics center selection [128], teacher nal of Advanced Research, 2 (2) (2015), 464-471.

selection [19, 129], renewable energy selection [131], fault  [16] J. Ren. Sustainability prioritization of energy storage

diagnosis [132], weaver selection [14, 54], brick selection technolog1es. for promoting the development of renew-

[13], school choice [130] etc. al?le energy: A novel intuitionistic fuzzy combinative

K distance-based assessment approach. Renewable Ener-
gy, 121, (2018), 666-676.
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Abstract. Interval bipolar neutrosophic set is a signifi-
cant extension of interval neutrosophic set where every
element of the set comprises of three independent posi-
tive membership functions and three independent nega-
tive membership functions. In this study, we first define
correlation coefficient, and weighted correlation coeffi-
cient measures of interval bipolar neutrosophic sets and

prove their basic properties. Then, we develop a new
multi-attribute decision making strategy based on the
proposed weighted correlation coefficient measure. Fi-
nally, we solve an investment problem with interval bipo-
lar neutrosophic information and comparison is given to
demonstrate the applicability and effectiveness of the
proposed strategy.

Keywords: Interval bipolar neutrosophic set, multi-attribute decision making, correlation coefficient measure.

1 Introduction

Correlation coefficient is an important decision making
apparatus in statistics to evaluate the relation between two
sets. In neutrosophic environment [1], Hanafy et al. [2]
derived a formula for correlation coefficient between two
neutrosophic sets (NSs). Hanafy et al. [3] obtained the
correlation coefficient of NSs by using centroid strategy
which lies in [-1, 1]. The correlation coefficient obtained
from [3] provides the information about the degree of the
relationship between two NSs and also informs us whether
the NSs are positive or negatively related. In 2013, Ye [4]
defined correlation, correlation coefficient, weighted
correlation coefficient in single valued neutrosophic set
(SVNS) [5] environment and established a multi-criteria
decision making (MCDM) based on the proposed weighted
correlation coefficient measure. Broumi and Smarandache
[6] introduced the concept of correlation coefficient and
weighted correlation coefficient between two interval
neutrosophic sets (INSs) [7] and established some of their
basic properties. Hanafy et al. [8] studied the notion of
correlation and correlation coefficient of neutrosophic data
under probability spaces. Ye [9] suggested an improved
correlation coefficient between two SVNSs in order to
overcome the drawbacks of the correlation coefficient
discussed in [4] and investigated its properties. In the same

study, Ye [9] extended the concept of correlation
coefficient measure of SVNS to correlation coefficient
measure of INS environment. Furthermore, Ye [9]
developed strategies for solving multi-attribute decision
making (MADM) problems with single valued
neutrosophic and interval neutrosophic environments based
on the proposed correlation coefficient measures. Broumi
and Deli [10] defined correlation measure of two
neutrosophic refined (multi) sets [11] by extending the
correlation measure of two intuitionistic fuzzy multi-sets
proposed by Rajarajeswari and Uma [12] and proved some
of its basis properties. Zhang et al. [13] defined an
improved weighted correlation coefficient on the basis of
integrated weight for INSs and a decision making strategy
is developed. Karaaslan [14] proposed a strategy to
compute correlation coefficient between possibility
neutrosophic soft sets and presented several properties
related to the proposed strategy. Karaaslan [15] defined a
new mathematical structure called single-valued
neutrosophic refined soft sets (SNRSSs) and presented its
set theoretical operations such as union, intersection and
complement and proved some of their basic properties. In
the same study [15], two formulas to determine correlation
coefficient between two SNRSSs are proposed and the
developed strategy is used to solve a clustering analysis
problem. Sahin and Liu [16] defined single valued
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neutrosophic  hesitant fuzzy sets (SVNHFSs) and
established some basic properties and finally proposed a
decision making strategy. Liu and Luo [17] defined
correlation coefficient and weighted correlation coefficient
for interval-valued neutrosophic hesitant fuzzy sets
(INHFSs) due to Liu and Shi [18] and studied their
properties. Then, Liu and Luo [17] developed a MADM
strategy within the framework of INHFSs based on
weighted correlation coefficient. Ye [19] suggested a
dynamic single valued neutrosophic multiset (DSVNM)
based on dynamic information obtained from different time
intervals in several practical situations in order to express
dynamical data and operational relations of DSVNMs. In
the same study [19], correlation coefficient and weighted
correlation coefficient measures between DSVNMs are
proposed and a MADM strategy is developed on the basis
of the proposed weighted correlation coefficient under
DSVNM  setting. Recently, Ye [20] proposed two
correlation coefficient between normal neutrosophic sets
(NNSs) based on the score functions of normal
neutrosophic numbers and investigated their essential
properties. In the same study, Ye [20] formulated a
MADM strategy by employing correlation coefficient of
NNSs in normal neutrosophic environment. Pramanik et
al. [21] defined correlation coefficient and weighted
correlation coefficient between two rough neutrosophic
sets and proved their basic properties. In the same study,
Pramanik et al. [21] developed a multi-criteria decision
making strategy based on the proposed -correlation
coefficient measure and solved an illustrative example in
medical diagnosis.

In 2015, Deli et al. [22] introduced a novel concept
called bipolar neutrosophic (BNSs) by
generalizing the concepts of bipolar fuzzy sets [23, 24]
and bipolar intuitionistic fuzzy sets [25]. In the same
study, Deli et al. [22] defined score, accuracy and
certainty functions to compare BNSs and formulated a
MCDM approach based on the score, accuracy and
certainty functions and bipolar neutrosophic weighted
average operator (A,) and bipolar neutrosophic
weighted geometric operator (G,). In bipolar
neutrosophic environment, Dey et al. [26] developed a
MADM approach based on technique for order of
preference by similarity to ideal solution (TOPSIS)
strategy. Deli and Subas [27] and Sahin et al. [28]
developed MCDM strategies based on correlation
coefficient Jaccard similarity measures,
respectively in BNS environment. Ulucay et al. [29]
defined Dice, weighted Dice similarity measures,
hybrid and weighted hybrid similarity measures for

sets

and

MCDM  problems with bipolar neutrosophic
information. Pramanik et al. [30] defined projection,
bidirectional projection and hybrid projection
measures between BNSs and proved their basic
properties and then, three new MADM models are
developed based on proposed measures.

Mahmood et al. [31] and Deli et al. [32] incorporated
the notion of interval bipolar neutrosophic sets
(IBNSs) and defined some operations and operators
for IBNSs. Recently, Pramanik et al. [33] defined new
cross entropy and weighted cross entropy measures in
BNS and IBNS environment and discussed some of
their essential properties. In the same study, Pramanik
et al. [33] developed two novel MADM strategies on
the basis of the proposed weighted cross entropy
measures.

Research gap:

MADM strategy based on correlation coefficient under
IBNSs environment.

This paper answers the following research questions:

i. Is it possible to introduce a novel correlation
coefficient measure for IBNSs?

ii. Is it possible to introduce a novel weighted
correlation coefficient measure for IBNSs?

iii. Is it feasible to formulate a novel MADM strategy
based on the proposed correlation coefficient measure
in IBNS environment?

iv. Is it feasible to formulate a novel MADM strategy
based on the proposed weighted correlation
coefficient measure in IBNS environment?

Motivation:

The aforementioned analysis presents the motivation be-
hind developing correlation coefficient -based strategy for
handling MADM problems with IBNS information.

The objectives of the paper are as follows:

1. To define a new correlation coefficient measure and a
new weighted correlation coefficient measure in IBNS
environment and prove their basic properties.

2. To develop a new MADM strategy based on weighted
correlation coefficient measure in IBNS environment.

In order to fill the research gap, we propose correlation

coefficient-based MADM strategy in IBNS environment.
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Rest of the article is organized as follows. Section 2
provides the preliminaries of bipolar fuzzy sets, bipolar in-
tuitionistic fuzzy sets, BNSs and IBNSs. Section 3 defines
the correlation coefficient and weighted correlation coeffi-
cient measures in IBNS environment and establishes their
basic properties. In section 4, a new MADM strategy based
on the proposed weighted correlation coefficient measure
is developed. In section 5, we solve a numerical example
and comparison analysis is given. Finally, in the last sec-
tion, conclusions are presented.

2 Preliminaries

2.1 Bipolar fuzzy sets

A bipolar fuzzy set [23, 24] B in X is characterized by
a positive membership functiona,(x) and a negative
membership functiona;(x). A bipolar fuzzy set B is
expressed in the following way.

B= {x, (o) (x),05(x)) | xeX;
where o, (x): X — [0, 1] and a4z(x): X — [-1, 0] for
each point xe X.

2.2 Bipolar intuitionistic fuzzy sets

Consider X be a non-empty set, then a BIFS [25] E is ex-
pressed in the following way.

EB= {x, (0} (0,05 (), B (), B (1)) | xeX}
where o (x),5;(x): X — [0, 1] and a,(x),5,(x): X >
[-1, 0] for each point xe X such that 0< o, (x)+ B, (x) <1
and -1< o, (x)+ 65 (x) <0.

2.3 Bipolar neutrosophic sets

A BNS [22]M in X is presented as follows:
M= {x, (e, (00, B3 (0). 730 ().t (). By (). 73 (1)) | xe
X
where o, (x), Sy (X),yy,x): X > [0, 1]
and a,, (x), B, (%), 7, (x): X — [-1, 0].The positive
the

truth membership, indeterminate membership, and false
membership functions of an object xe X corresponding to

membership  degrees a,, (x), B, (x), ¥, (x) denote

a BNS M and the negative membership
degrees a;, (x), B,, (%), ¥,, (x) denote the truth
membership, indeterminate membership, and false

membership of an object xe X to several implicit counter
property associated with a BNS M.

Definition 2.3.1
Let, Mi = 1%, (a, (0,85, (0,74, (0., (), By, (00, 73, () ) | X€E
X} and Mo = 3, (e, (1), B3, (0,7, (9,3, (), By, (0, 73, () ) |

xe X} be any two BNSs. Then, a BNS M; is contained in
another BNS M,, represented by M| ¢ M, if and only if

ay (x) < ay (%), By (X) 2 By (%), 75, (X) 2y (X) 5
ay (%) 2 ay (%), By (x) < By, (%), 74 (%) < 7y, (x) for
all xe X.

Definition 2.3.2

Let, M =
(s, (0,8, (0,73, (¥4, (0, By (¥, () | xe
X} and M, =

(a3, (), B, (0,737, (00,03, (), By, (), 73, () ) | xe
X} be any two BNSs [22] , then M| = M, if and only if
ay, (x) = ay (%), By (%) = By, (), 73, (%) = 75, (%),
ay, (%) = ay, (%), By, (%) = Bay, (%), 7y, (%) = 7y, (x) for
allxe X.
Definition 2.3.3

The complement of a BNS [33] M is M® == {x,
(7 (0, Byye (0,7 by (), 00 (00, Bre (10,730 (%)) | xe
X}

where
ay ()= (x), By () =1- By (x), 7. (x) =y (x);
e (X) =74 (%), By () =-1-B(x), 7, (X) =y (%)
Definition 2.3.4

The union [30]of two BNSs M; and M, represented by
MU M, is defined as follows:

MU M, = {Max (Ty (x), Ty, (%)), Min (I, (x), I}, (x)),
Min (Fy (x),Fy (x)), Min (T, (x),T,, (x)), Max
(L3, (%), Iy, (%)), Max (Fy, (x), Fyy (0))}, V' xeX.
Definition 2.3.5

The intersection [30] of two BNSs M and M, denoted
by M1 M M- is defined as follows:

MinM, = {Min (T, (x),T, (), Max
(L3, (x), 1y (x)),  Max  (Fy (x),Fy; (x)), Max
(Ty, (x), Ty, (x)),  Min (I (x),I, (x)), Min

(Fy (X),Fyy (0))},V xe X,
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2.4 Interval bipolar neutrosophic sets

Consider X be the space of objects, then an IBNS
[31, 32] L in X is is represented as follows:
[inf &/ (x),supa; (x)].[inf B (x),supf3; (x)],
[inf 7} (x),supy; (x)1.[inf e, (x),super; (x)],
[inf B, (x),supf; (x)],[inf y; (x),supy, (x)]
where L is characterized by positive and negative truth-

L= {x, | xe X}

membership &, (x), a, (x); inderterminacy-membership

BL®, B )

functions respectively.

falsity-membership y; (x), y, (x)
®, B ™),
y. (0)C[0,1]; a; (x), B, (x), ¥, (x) <[-1,0] for all xe X

with the conditions 0<sup «; (x)+ sup B, (x) + sup

+
Here, «;

7, (x)<3, and -3< sup @, (x) + sup B, (x) + sup
v, (x)<0.
Definition 2.4.1 : Let L;= {x, < [inf a; (x), supa, (x)];
[inf B (x), sup B, (x)]; [infy, (x), sup 7, (V)]; [infar, (x),
supa, (9)]; [inf B;, (), sup B, (O); [inf 7, (x), sup 7, ()]
> | xe X} and L, == {x, < [inf a; (x), supa; (x)];
[inff; (). swp i @] [infy; ().  supy; ()]
linfa; (0, swpa () [infB ().  sup By (o
[infy,, (x),supy, (x)]>]xe X} be two IBNSs [31]. Then
L; C L;ifand only if

inf  a; (x)<infa; (x), supa; (X)<supa; (x),
inf f; (1) inf 5 (). sup 1 () sup f;, (),
infy; (\2infy; (x), supy; (x)=supy; (x), infa, (x)
(x)zsupa, (x), inf 3,
() <inf B, (x), sup B, (x)<sup S8, (x), inf y, (x)<inf
Vi, (%), supy, (x)<supy, (x),forall xeX.

zinfa,; (x), supa,,

Definition 2.4.2: Consider L; = {x, < [inf ] (x),
supa; (M];  [inff; (x), sup B ()] [infy] (),
supy; (] [infa, (x), supa, (], [inff, (x),
sup B, (0)]; [inf y, (x), supy, (x)] > | xe X} and L, = {x,
< [inf a; (), supa; (] [infB] (x), sup B, ()]
linfy;, (x),  supy; (V] supa;, (x)];

[inf B, (x), sup B, (0)]; [infy,, (x), supy,, (x)] > | xe X}
be two IBNSs [31] . Then L;= L; if and only if

[infar; (x),

inf «; (x) = infa, (x), supa, (x) = supa; (x),
inf B, (x) = inf B, (x), sup B, (x) = sup B (x), infy; (x)
= infy, (x), supy; (x) supy,, (x), infa; (x) =
() = supa, (x), inff, (x) =
inf 8, (x), sup B, (x) = supf; (x), inf y, (x) = inf

7i, (X),supy, (x) =supy, (x), forall xeX.

infe; (x), supa,

Definition 2.4.3: The complement [33]of L = {x, < [inf
a; (), swpa; W] [inf B; (). sup A7 ()]; [infy; (),
sup y; (¥)]; [infa; (%), supa; (¥)]; [inf B; (), sup By (9)];
[inf y; (x), supy; (x)] > | xe X} is defined as LE = {x, <
[inf supaj (] [inf By (x).  sup B (]
linfy,c ), supy,c ()] [infa, (), supa,. @]

[inf B, (x), sup B,c (0)]; [inf 7, (x), supy,c (x)] >|xe X}
where

CCZ( (x)a

inf o) (x) = infy; (x), supac (x) = supy; (x), inf
Bi) = 1 - sup (), supfi() = 1 - infB (),
infy) (x) = infa;, supy,  (x) = supa;, infar, (x) =
infy, , supary (x) = supy; , inf By (x) = -1 - sup B (x),
sup f,c (x) = -1 - inff (x), infy,(x) = infa; (x),
supy e (x) =sup, (x) forall xe X.

3 Correlation coefficient measures under IBNSs
setting

Definition 3.1: Let L; and L, be two IBNSs in X' = {x,
X2, ..., Xu}, then the correlation between L; and L is
defined as follows:
R (L], Lz) =

inf a; (x,).inf &, (x,)+supa; (x,).supa; (x,)+
inf B, (x,).inf B, (x;)+sup B, (x,).sup B, (x;)+
inf y; (x,).inf y; (x;)+supy; (x,).supy; (x;)+
inf o, (x;).inf &, (x;)+supe; (x;).supa; (x;)+
inf B, (x,).inf B, (x;)+sup B, (x;).sup B, (x;)+
inf y, (x;).inf y, (x;)+supy, (x;).supy, (x;)

I M=

Definition 3.2: Consider L; and L; be two IBNSs in X
= {x1, x2, ..., xn}, then the correlation coefficient between
L; and L; is defined as follows:
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R(L,,L,)
[R(Ly,L)).R(Ly,L,)]"?

COI" (L],Lz): (1)

where

inf & (x,).inf e (x;) +supe; (x;).supa; (x,)+
inf B (x,).inf B (x;)+sup B (x,).sup B (x;)+
inf y; (x;).inf y7 (x,) +supy; (x,).supy; (x,) +
inf ; (x,).inf a; (x;)+supa; (x,).supe; (x,)+ i
inf 3 (x,).inf B (x;) +sup Sy (x;).sup B (x;)+
inf y; (x,).inf y, (x;)+supy, (x;).supy, (x;)

R(L.L)= ¢

(inf &, (x))* + (super;, (x))" + (inf B (x,))" +
R(L.L)= b (sup /By, ()" + (inf 77, (x,))* + (supy, ()" +
= (inf o, (x,))” + (supay, (x,))" + (inf S, (x,))" +

(sup B, (x)))" + (inf 7, (x))* + (supy;, (x,))°

(inf &}, (x,))* + (super;, (x))* + (inf B; (x,))* +
RUoLy= b (supf3; (x,))* +(inf 7, (x,))* + (supy;, (x,))° +
=1l (inf @, (%)) + (super, (x;))* + (inf B, (x,)) +

(supfB,, (x,))’ +(inf 77, (x,))* +(supyy, (%))’

Theorem 1. The correlation coefficient measure Cor (L;,
L) between two IBNSs L, L, satisfies the following

properties:
(C1) Cor (L1, Ly) = Cor (L2, L) ;
(C2)0<Cor (L1, L2)<1;
(C3) Cor (L1, L) =1,if L= Lo.
Proof:
(1) Cor (L1, Ly) = R(L,Ly)
[R(L,,L,)x R(LzaLz)]l/z
R(L;.1) = Cor (L2, Ly).

Ry Ly) < R(L . L)]"?

(2) Since, R (L1, L2)=0, R (L1, L))=0, R (L2, L2)=0
and using Cauchy-Schwarz inequality we can easily prove
that Cor (L1, L2) <1, therefore, 0< Cor (L;, L2)< 1.

(3)IfL; = Ly, then inf «; (x) =infa; (x),supe; (x)=
sy (), inf S () - infB (), supfi () —
sup B, (x),infy; (x) = infy; (x), supy; (x) = sup y; (),
infe; (x) = infa, (x), supa; (x) = supa, (x), inf S, (x)

= inf B, (x), sup B, (x) = sup 3, (x), inf &, (x) = inf

ap (x), supy, (x) = supy, (x) for any xe X and
therefore, Cor (L1, L2) = 1.

Definition 3.3: Let w; = (w;, wo, ..., wy) € [0, 1] be the
weight vector of the elements x; (j = 1, 2, ..., n), the
weighted correlation coefficient between two IBNSs L;, L»
can be defined by the following formula
Rw (Ll > LZ)

[Rw (Ll ’Ll)'Rw (L2 ?L2 )]1/2

Cory (L1, Ly) = (2)

where

inf a; (x,).inf a; (x,) +supe; (x,).supa; (x,)+
inf B (x,).inf B; (x,)+supf; (x,)-supB; (x;,)+
inf 71: (x;).inf 7/2Z (x)+ supy,: (x,')-SuWZz (x)+
inf a, (x;)inf a, (x)+ supay, (xi).supa; (x)+ i
inf B, (x;).inf B, (x;)+sup B, (x;).supf (x,)+
inf y, (x,).nf y,_(x;) +supy, (x;).supy, (x;,)

(inf & (x,))* +(super; (x,))* + (inf B (x,)) +
n (Sup,BZ, ('xi))2 + (inf 72, (xi))z + (Sup7L+, (x[))z +
R,(L,L)==2w,
=1 (inf e, (%)) + (supa;, (x,))° +(inf B, (x,)) +
(supf3;, (x;))* +(inf 7, (x,))” + (supyy, (x,))°

(inf ] (x,))* + (supe;, (x,))* + (inf B, (x,))° +
RUL)= (supf3; (x,))* +(inf ;. (x,)) + (supy;, (x,))° +
= (inf @ (x,)) + (supay, (x,))* + (inf B, (x,))° +
(supf3;, (x,))* +(inf 7, (x,))* + (supyy, (x,))°
Ifw=(1/n, 1/n, ..., 1/n)", the Eq. (2) is reduced to Eq. (1).

Theorem 2. The weighted correlation coefficient
measure Cor, (L;, L,) between two IBNSs L;, L> also
satisfies the following properties:

(Cl) Cory, (L/, Lz) = Cory (Lz, L]);

(C2) 0< Corw (L1, L) <1,

(C3) Cory, (L/, Lz) = 1, if L= Lo.

Proof:

(1) Coryw (L1, L) = R, (L, L,)

(R, (Li,L)-R, (Ly,L,)]"

R (L,,L
— w( 29 l) — — Corw (LZ, L])
[R, (Ly,Ly)-R, (L, L,)]

(2) Since, R, (L;, L2)=>0, R, (L;, L))=>0, R, (L,
L5) 20 and using Cauchy-Schwarz inequality we can easily
prove that Cory, (L1, L)< 1, s0, 0< Cory (L1, L) < 1.
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(3) If L; = Ly, then inf a; (x) = infe; (x), super; (x) =
supa; (), inf B (x) = inff, (x), supf; (x) =
sup B, (0inf7; () = infy;, (x), sup 7} () = sup 7, ()
infa, (x) = infa, (x), supa, (x) = supa, (x), inf S, (x)
= inf S, (x), sup B, (x) = sup S, (x), inf «a; (x) = inf

a; (x), supy, (x) =supy, (x) for any xe X and hence,
COVW (L], Lg) =1.

Example 1. Suppose that L; = < [0.3, 0.7], [0.3, 0.8],
[0.5, 0.9], [-0.9, -0.3], [-0.6, -0.2], [-0.8, -0.4] > and L, =<
[0.1, 0.6], [0.2, 0.7], [0.3, 0.5], [-0.8, -0.2], [-0.8, -0.3], [-
0.7, -0.4] > be two IBNSs, then correlation coefficient
between L; and L;is obtain using Eq. (1) as follows:

Cor (L;, L2) == 0.4870391.

Example 2. If w = 0.4, then the weighted correlation
coefficient between L; = <[0.3, 0.7], [0.3, 0.8], [0.5, 0.9],
[-0.9, -0.3], [-0.6, -0.2], [-0.8, -0.4] > and L, = <[0.1, 0.6],
[0.2, 0.7], [0.3, 0.5], [-0.8, -0.2], [-0.8, -0.3], [-0.7, -0.4] >
is calculated by using Eq. (2) as follows.

Cory (L1, L2) =0.5689123.

4. MADM strategy based on weighted corre-
lation coefficient measure in IBNS environment

In this section, we have developed a novel MADM
strategy based on weighted correlation coefficient measure
in interval bipolar neutrosophic environment. Let, F' = {F1,
Fy, ..., Fn}, (m=22) be a discrete set of m feasible
alternatives, G = {Gi, G2, ..., G}, (n=2) be a set of n
predefined attributes and w; be the weight vector of the

attributes such that 0 <w;<1 and gwj = 1. The steps for
=

solving MADM problems in IBNS environment are
presented as follows.

Step 1. The evaluation of the performance value of
alternative Fi (=1, 2, ..., m) with regard to the predefined
attribute G (j = 1, 2, ..., n) provided by the decision maker
or expert can be presented in terms of interval bipolar

neutrosophic values ¢;j = < [infe; , sup a;; ], [inf f3; , sup
By 1, [inf i, sup y; ], [inf a;, sup a; ], [inf B;, sup

By 1, linf y;, sup y; 1> = <cy, dij, eij, fij, &ij» hij Tiis Sijs Lijs
wij, vii, wi, 1 =1, 2, .., m; j =1, 2, ..., n. The interval

bipolar neutrosophic decision matrix[R,],,, is presented

mxn

as given below.

Gl G2 Gn

~ F 91 912 -+ Y9
[Ry']mxn ~F, d 92 -+ 42,
Fm qml qm2 qmn

Step 2.The interval bipolar neutrosophic positive ideal
solution (IBN-PIS) can be defined as follows: Q" =< c; ,

+ 4+ + + + o+ + g+ + +
disej, f; g hjrj s tiu;, v,

[{Max(c,)[jeJ; Min(c,)jes}, {Max(d,)[jes};

+ —
wj>—<

Min (d) i€ /1],
(Min (f,) i€/}; Max(f,)[i€s}], [{Min (g€
Max(g)€/}, (Min(h)li€s}; Max(h) €],
[{ Min () € T

[{Mm(eﬁ)UEJ+; M_ax(ei/.)UEJ‘},

Max (r) €/}, {Min(s;) €S

Max (s, )€ /3], [{Max(z;)[jeJ; {Min(t,)[eS},
{Max (u;)[j€J'}; Min (u;)[j€J}],

{Min (v;) [j €S}, { Max (wy) [ €J7}; Min (wy) j€ J}]>,

[{Max(vl.j) ies

j=1,2,...,n, where J*, J- denote the benefit and cost type
attributes, respectively.

Step 3. The weighted correlation coefficient of IBNS
between alternative F; (i = 1, 2, ..., m) and the ideal

alternative Q" can be derived as follows:
R, (F,0)

C W Fi; )= - *
o O R F R ). RO O]

where,
n + + + + + +
R(F.0) = %w/.[c,./.c/. +d,d; +ee; +f,.f] +g,8 +hh+
w i’ -
+ + + + + +
Ty ST ] Fugau v+ ww)]

R, (F.F)= ¢ wl(e,)? +(d;)" +(e,)" +(f;)" +(g,)" + ()" +

P+ (5,07 + (1) + ) + 0,0 + ()]

2 () +(d)) + () +(f7) +(g)) +(h;) +
4 ()T ) @)+ () + (W)

Step 4: The biggest value of Cor,, (Fi, Q*), i=1,2, ..,
m implies F;, (i=1, 2, ..., m) is the better alternative.

R(0,0)=

In Fig 1. we represent the steps for solving MADM
problems based on weighted correlation coefficient
measure in IBNS environment.
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Multi attribute decision making problem

Decision making analysis phase

L

Formulate the interval bipolar

neutrosophic decision matrix — Step-1

|

Determine interval bipolar
neutrosophic positive ideal
solution

Calculate weighted correlation

coefficient measures between

alternatives and the ideal
solution

v

Rank the alternatives and
select the best option

Figure.1 Decision making procedure of proposed MADM strategy

5. Numerical example

In this section, an illustrative numerical problem is
solved to illustrate the proposed strategy. We consider an
MADM studied in [31, 33] where there are four possible
alternatives to invest money namely, a food company (F1),
a car company (F2), a arm company (F3), and a computer
company (F4). The investment company must take a
decision based on the three predefined attributes namely
growth analysis (G)), risk analysis (G»), and environment
analysis (G3) where Gi, G, are the benefit type and Gs is
the cost type attribute [34] and the weight vector of G1, G,
and Gj is given by w = (w1, wa, w3) = (0.35, 0.25, 0.4) [31].

The proposed strategy consisting of the following steps:

Step 1. The evaluation of performance value of the
alternatives with respect to the attributes provided by the
decision maker can be expressed by interval bipolar
neutrosophic values and the decision matrix is presented as
follows:

S

S

Interval bipolar neutrosophic decision matrix
Gi
[0.4,0.5],[0.2,0.3],[0.3,0.4],[-0.3,— 0.2],[~0.4,— 0.3],[~0.5,~0.4]]
[[0.6,0.71,[0.1,0.21,[0.2,0.3],[~0.2,— 0.1],[~0.3,— 0.2],[0.7.—0.6]]
[[0.3,0.61.,[0.2,0.31.[0.3,0.41,[~0.3,~ 0.2],[~0.4,— 0.3],[-0.6,~0.3]]
[[0.7,0.8],[0.0,0.11.[0.1,0.2],[~0.1,— 0.0],[-0.2,— 0.1],[~0.8,~0.7]]

G
[0.4,0.6],[0.1,0.3],[0.2,0.4],[-0.3,~ 0.1],[-0.4,— 0.2],[-0.6,~0.4]]
[0.6,0.71,[0.1,0.21,[0.2,0.3],[-0.2,— 0.1],[-0.3,— 0.2],[0.7,~0.6] ]
[[0.5,0.6],[0.2,0.3],[0.3,0.4],[-0.3,— 0.2],[0.4,— 0.3],[0.6,—0.5]]
[[0.6,0.71,[0.1,0.2],[0.1,0.3],[-0.2— 0.1],[0.3,— 0.1],[~0.7,0.6]]

Gs3
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F, [0.7,0.9],00.2,0.31,[0.4,0.5],[-0.3,— 0.2],[-0.5,— 0.4],[0.9,~0.7]]
F,  [[03,0.6],[0.3,0.5],[0.8,0.9],[~0.5,— 0.3],[~0.9,— 0.8],[~0.6,—0.3]]
F,  [[0.4,0.51,[0.2,0.4],[0.7,0.9],[-0.4,— 0.2],[-0.9,~ 0.7],[-0.5,~0.4]]
F,  [0.6,0.7],[0.3,0.4],[0.8,0.9],[-0.4,— 0.3],[~0.9,— 0.8],[~0.7,-0.6]]

Step 2. Determine the IBN-PIS ( Q") from interval bipolar

neutrosophic decision matrix as follows:
(Ler i Let i Lt by L s L s Llvi awi 1) =

<10.7, 0.8], [0.0, 0.1], [0.1, 0.2], [-0.3, -0.2], [-0.2, -0.1], [~
0.5,-0.3];

(les.d3 Lles, £ LIgs s Ll o5 Llty oy 1Ivs o wy 1) = <

[0.6, 0.7], [0.1, 0.2], [0.1, 0.3], [-0.3, -0.2], [-0.3, -0.1], [-
0.6, -0.4];

(le.di Lled, £ 1Igs b5 Ll o5 L0t ous 1Dy wi 1) = <

[0.3, 0.5], [0.3, 0.5], [0.8, 0.9], [-0.3, -0.2], [-0.9, -0.8], [-
0.9, -0.7].

Step 3. The weighted correlation coefficient Cor,, (Fj, Q*)

between alternative F; (i = 1, 2, ..., m) and IBN-PIS Q"is
obtained as given below.

Ry (F1, Q) = 2.4465, R,, (F1, F1,) = 2.585351, R, (Q", O°)
=2.850693, Cory (F1, Q") = 0.331952,

R (F2, O") =2.9205, R,, (F2, F2) = 2.905408, Cor,, (F2, Q)
=0.3526141,

Ry (F3, Q) = 2.6625, Q.. (F3, F3) = 2.701919, Cor,, (F5,
0") =0.3456741,

Ry (Fs, Q") = 3.098, O\, (F1, F4) = 3.048081, Cory (Fs, Q)
=0.3565369.

We observe that Cor, (Fi, Q%) > Cory, (F2, Q%) > Cor (F5,
0" > Cory (F1, Q).

Step 4. According to the weighted correlation coefficient
values, the ranking order of the companies is presented as:
Fy>F,>F3>F.

Hence, the most desirable investment company is Fj.

In Fig 2. we represent the graphical representation of

alternatives versus weighted correlation coefficient values.

0.35261 0.34567 0.35654
0354 0.33195 .

0.30

0.25 4

0.20

0.15 4

0.10

0.05

Weighted correlation coefficient values

0.00 - :
F1 F2 F3 F4

Alternatives

Fig 2. Graphical representation of alternatives versus
weighted correlation coefficient values.

Next, we compare the obtained results with the results of
Mahmood et al. [31] and Pramanik et al. [33] in Table 1
where the weight vector of the attributes is w = (0.35, 0.25,
0.4) [31].
derived by the proposed strategy and the strategies
discussed by Mahmood et al. [31] and Pramanik et al. [33]

We see that ranking orders of alternatives

are different. We also observe that F is the best option
obtained by the proposed strategy as well as the strategy
discussed by Mahmood et al. [31] . However, Pramanik et
al. [33] found that F, is the most desirable alternative
based on weighted cross entropy measure.

Table 1. The results derived from different strategies

Best
choice

strategy Ranking results

The proposed
weighted correlation
coefficient strategy

Fs = Fr, = Fz = I Fa

Mahmood et al.’s
strategy [31]

Fo = F1 = Fs = F) | Fy

Weighted cross FI<F3<Fs<F, F

entropy measure [33]
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6 Conclusion

In the study, we have defined correlation coefficient
and weighted correlation coefficient measures in interval
bipolar neutrosophic environments and prove their basic
properties. Using the proposed weighted correlation coeffi-
cient measure, we have developed a novel MADM strategy
in interval bipolar neutrosophic environment. We have
solved an investment problem with interval bipolar neutro-
sophic information. Comparison analysis with other exist-
ing strategies is presented to demonstrate the feasibility
and applicability of the proposed strategy. We hope that
the proposed correlation coefficient measures can be em-
ployed to tackle realistic multi attribute decision making
problems such as clustering analysis [15], medical diagno-
sis [21], weaver selection [35-37], fault diagnosis [38],
brick selection [39- 40], data mining [41], logistic centre
location selection [42- 43], school selection [44], teacher
selection [45-47], image processing, information fusion,
etc. in interval bipolar neutrosophic environment. Using
aggregation operators, the proposed strategy can be ex-
tended to multi attribute group decision making problem in
interval bipolar neutrosophic set environment.
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Abstract: This paper describes neutrosophic
goal geometric programming method, a new
concept to solve multi-objective non-linear
optimization problem under uncertainty. The
proposed method is described here as an
extension of fuzzy and intuitionistic fuzzy goal
geometric programming technique in which the
degree of acceptance , degree of indeterminacy
and degree of rejection is simultaneously
considered. A bridge network complex model is

INTRODUCTION:

In real life situations, most of the time it is
unable to find deterministic optimization
problems which are well defined because of
imprecise information and unknown data. Thus
to handle this type of uncertainty and imprecise
nature , fuzzy set theory was first introduced by
Zadeh [ 1 ] in 1965. Fuzzy optimization
problems are more realistic and allow to find
solutions which are more acceptable to the real
problems . In recent time, fuzzy set theory has
been widely developed and there are various
modification and generalizations has appeared,
intuitionistic fuzzy sets (IFS) is one of them. In
1986, Atanassov [ 2 ] developed the idea of IFS
, which is characterized by the membership
degree as well as non-membership degree such
that the sum of these two values is less than one.
Intuitionistic fuzzy sets can handle the
incomplete information but unable to deal with
the indeterminate information. Thus further

presented here to demonstrate the applicability
and efficiency of the proposed method. The
method is numerically illustrated and the result
shows that the neutrosophic goal geometric
programming is very efficient to find the best
optimal solution than compare to other existing
methods.

Keywords: Neutrosophic set, Goal
programming, Geometric programming, Bridge
network, Reliability optimization.

generalization of it is required. To overcome
this, neutrosophy [ 3 ] was first introduced by
Samarandache in 1995, by adding another
independent membership function named as
indeterminacy membership along with truth
membership and falsity membership function.

Goal programming (GP) is one of the most
effective and efficient methods among various
kinds of existing methods to solve a particular
type of non-linear multi-objective decision
making problems. In 1977, Charns and Copper
[ 4 ] first introduced goal programming problem
for a linear model. In a standard GP problem,
goals and constraints are not always well defined
and it is not possible to find the exact value due
to vague nature of the coefficients and
parameters. Fuzzy and intuitionistic fuzzy
approach can handle this type of situations.
Many authors use fuzzy goal programming
technique to solve various types of multi-
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objective linear programming problems [7] ,[8]
. M.Zangiabadi [18] applied goal programming
approach to solve multi-objective transportation
problem in fuzzy environment. B.B.Pal [5]
described a goal programming procedure for
multi-objective linear programming problem.
Since geometric programming gives better result
to solve non-linear goal programming problem
compare to the other non-linear programming
methods, P.Ghosh and T.K.Roy [12] ,[ 13 ]
described the  fuzzy  goal  geometric
programming method in intuitionistic
environment. Paramanik and Roy [6] introduced
intuitionistic fuzzy goal programming approach
in vector optimization problem. Sometimes goal
of the system and conditions include some vague
and undetermined situations. Hence we cannot
handle this type of situations by the concept of
fuzzy set and intuitionistic fuzzy set theory.
Mathematically, to express the decision maker’s
unclear target levels for the goals and to
optimize all goals at the same level, we have to
go through a complicated calculations. Here we
introduced neutrosophic approach for goal
programming to solve this kind of unclear
difficulties. Many researchers applied goal
programming for solving multi-objective
problems in  neutrosophic  environment
[9],[10],[11] But it is very first when
neutrosophic goal geometric programming
method is applied to multi-objective non-linear
programming problem.

The present study investigates computational
algorithm for solving multi-objective goal
geometric programming problem by single
valued NGGPP technique . The motivation of
this paper is to apply an efficient and modified
optimization technique to find a pareto optimal
solution of the proposed bridge network
reliability model to produce highly reliable
system with minimum system cost than the other
existing methods. An illustrative example is
given to show the utility of NGGPP on the
reliability model and also the result of the

proposed approach is compared with fuzzy goal
geometric programming (FGGP) and
intuitionistic fuzzy goal geometric programming
(IFGGP) approach at the end of this paper.

The structure of the paper is as follows: In
Section 2, some basic definitions and
Neutrosophic goal geometric programming
problem (NGGPP) method is introduced; In
section 3, a bridge network reliability model is
introduced and providle NGGPP method for
solving the proposed model. In Section 4,
numerical examples are solved and compared
with the existing method .Finally the
conclusions are drawn in section 4.

2. Neutrosophic  goal  geometric
programming problem (NGGPP):

Definition 2.1. Let X be a space of points and
x € X. A neutrosophic set (NS) AV in X having
the form

AV ={<x pa(0),va(x), a4(x) > |x €X},
where py(x),v4(x) and g4(x) denote the truth
membership degree , falsity membership degree
and indeterminacy membership degree of x
respectively and they are real standard or non-
standard subsets of ]107,17[ i.e.

#A(x):X - ]0_91+[
vu(x): X - 107,17
and ou(x): X -]107,1%

There is no restriction on the sum of
Ua(x),v4(x) and a4(x). So,

07 < sup py(x) + sup v4(x) + supay(x) <
3*.

Ye [ 14 ] ,[15] reduced NSs of non-standards
intervals into a kind of simplified neutrosophic
sets of standard intervals that will preserve the
operations of NSs.
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Definition 2.2. [17] Let X be a space of points
with a generic element x in X. A single-valued
neutrosophic set (SVNS) AY in X is
characterized by p,(x),v4(x) and g4(x) , and
of the form

AV = {<x i pa(x0),va(x), 04(x) > | x €X}

Where  py(x):X —» [0,1]
va(x): X - [0,1]
and ogy(x):X - [0,1] with
0<pus(x)+ vy(x) + g4(x) <3 for all
x €X.

Here we consider neutrosophic goal geometric
problem as an extension of intuitionistic fuzzy
goal geometric programming problem. In
NGGPP , degree of indeterminacy is also taken
into consideration for neutrosophic goal
programming objectives together with the
degree of acceptance and degree of rejection.

A multi-objective non-linear neutrosophic goal
geometric programming problem with k
objective functions can be taken as follows-

Find X = (x4, x5, ... X;) s0 as to

Muumize (Zgy(x) = Zgillcoipn;llxjaoipf

satisfying target goal achievement value Cgy;
with acceptance tolerance ty,%“¢, rejection

tolerance ty;"®/and indeterminacy tolerance

t01ind
Mmumize (Zgy(x) = zg’gzl Coip [Ty x;%0iws

satisfying target goal achievement value C,,

c

with acceptance tolerance ty,%“, rejection

tolerance t,,"®/and indeterminacy tolerance

tOZind'
Muumize (Zox(x) = Zgi’iCol-pl'lﬁlxj“W

satisfying target goal achievement value Cyp

(o

with acceptance tolerance ty,%“¢, rejection

tolerance ty, ¢ and indeterminacy tolerance

tor ™.

Subject to,

Zr(X) = Tp sz, Crp [0 %57,
r=12,...,1 , x=(0q,%x3 ... ,Xm) > 0.
Where we have ...(2.1)

Coip > 0,(forp=1,23, .., No; 50 =1,2,..., k),

Crp > 0, (for k =1 + NOk' ,le, le + 1, ey le;

r=12,..,1),
Qoipj (P=1,2,..,No3i =12,...,p;j=12,....m)

and arp] (k =1+ NOk' ,le, le + 1, ey le; ]

=1,2, ...,m) are real numbers.

Now using the concept of neutrosophic sets,
construct the truth membership function
i (Z,;(x)), indeterminacy membership function
0i(Z,i(x)) and falsity membership function
9;(Z,i(x)) of NGP objectives are given by —

1 s Zoi = Coj;
1i(Zoi(x)) =< 1 — Lol oy < Zoy < Cop + %

acc
toi

0 5 Zoi > COL’ + tOiaCC; (22)

0 > Zoi < COi;

Zoi(x)=Coi i
9;(Zpi(x)) =< 22, Cop < Zoy < Cop + toi™

toi %)

1, Zoi = Coi+to™% 5 ...(2.3)
and

1 s Zoi < Cops

Zoi(x)=Coi i
01(Zpi(x)) =< 1 =252 0 < Zyy < Cop + tg; ™

ind
toi'

0 , Zoi = Coi +to; ™ ... (2.4)
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M 95,0
A

wi(Zo) 9;(Zoi)

»
- —P
0 Coi Coi + tmlm Coi +toi" Coi + toi"™ ZOi(x)

Fig (1) : truth membership function, indeterminacy
membership function and falsity membership
function for the objective functions Z; (x).

Now the above NGP model (3.1) can be reduced
to a crisp model by maximizing the degree of
acceptance, degree of indeterminacy as well as
minimizing the degree of falsity of NGP
objective functions. Hence we have

Maximize u;(Zy;(x))  for i=12,...k
Minimize 9;(Z,;(x)) for i=12,...k
Maximize ai(Zoi(x)) for i=1.2,...k
Subjectto, Z,.(x) < b, ;r=1,2,...,1
0 < pi(Zoi) +9i(Zoi) + 0i(Zp;) <3,
0:(Zo1) 20,
1i(Zoi) =2 9(Zyy) ,

ML(ZOL) 2 O.L(ZOL) B for 1 = 1923~--3p
and X = (X1, X2, v ... ,Xm) > 0. ... (2.5

Now (2.5) is equivalent to-
Maximize « Minimize § Maximize y
Subject to, p;(Zpi(x)) = a

9i(Zoi(x)) < B

ai(Zoi(x)) >y ,for i=12,...,
Z,(x)< b, ; r=1.2,..1

0<a+pB+y<3,a=p, a=y,
a, B,y €103],

and X= (x4, X5, e .. JXm) > 0. ....(2.6)

Now by geometric mean method , the above
model (2.6) can be written as —

Minimize f(1 — a)(1—7y)
Subject to,

Zoi(x) < Co; + ag;%¢ X aOiTej % aOiind(w)

b

(for i = 12,...k)

izx@s1, r=12..,1L

0<a+f+y<3,a=2f, a=y,
a,pB,y €[03],
and X= (xq, X5, ... ... ,Xm) > 0. ...(2.7)

Let, B(1 — a)(1 —y) = w > 0, then the above
model becomes-

Minimize w

Zoi(x)
Coi+agi%Cxay;"¢] xaoilndxw

Subject to <1,

(fori=1,2,....k);
izx@s1,r=Lzm¢

X=(%1,X2, e ,Xm) > 0....(2.8)

From (3.8) we construct the dual programming
model as —

Maximize

Noi

k .
oo i=1 p=1 (COL' + A% X ap"¥ X aol'md X W) 501'17

Noi
Nyg Ny (Zk=1 60ip)

L C.
<[] [ t==1%0 s
r=1 Cr 5orq =1

q=1+T(r-1)k

Nk Trr 5
X (Z 50rq)zq=1+T(r"1)k o
q=1+T(r-1)k
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Subject to, 5o = 1

Noi . ..
ngg Soip =1 Normality Condition
y Nk 8org =1, Jfori=12,. J;r=12,..,1
q=1+T(r—1)k orq — L (fori=1.2,...k;r=12,..,1)
k Noi l Nk
i=1p=1 r=1q=1+(r-1k

(forj = 1,2,...,m.) Orthogonality condition

where

60ip >0(forp=1,2,..,Ny;i=12,..,k)

8org > 0 (forq =1+ Np_pyi o, Tt = 1,2, ..., 1)
( Positivity conditions ) ... 29

Let there are total T number of terms in the
above primal problem. Then the degree of
difficulty (DD) of the single objective geometric
programming problem is T — (m+1).

Case I : for T > (m+1) , a solution vector exists
for the dual variables.

Case Il : T < (mt1) , generally no solution
vectors exist for the dual variables, but we can
get the approximate solution for this system
using different methods.

Now to find out the solution of the geometric
programming model (2.8) , firstly we have to
find out the optimal solution of the dual problem
(2.9) .Hence from the primal-dual relationship,
the corresponding values of the primal variable
vector x can be easily obtained. The LINGO-
16.0 software is used here to find optimal dual
variables from the equations of (2.9).

Lemma 3.1: The ranges of truth , indeterminacy
and falsity membership function of neutrosophic
goal geometric programming problem will
satisfy if ;7 > 2ty;™¢ and tp;%°¢ > ty; ™%,
where t;%, to;"% and ty;? are acceptance
tolerance, rejection tolerance and indeterminacy

tolerance respectively of the NGP objective
functions.

Proof: From the equations (3.5) we have —

wi(Zyy) = 0,(Zy)

1— Zoi(x)—Coi > 1— Zoi(x)—Coi

lmphes to:ac¢ t .ind
oi 0i

or, (Zoi(®) = Cop) (i — ) 20 ()
In the above mentioned neutrosophic goal
programming problem , we consider each
objective functions Z,;(x) satisfying target
achievement value Cy; and also from the relation

9i(Zo) 2 0
toi"®
or,(Zo;(x) = Co;) 2 0 (i1)

Thus the relation (i) is true if

1 1 )
—d — —aw) = 0
(toimd toiacc
Le.  tp;%C > ty; e (iif)

Hence from relation (iii)), we have in
neutrosophic goal geometric programming
problem, acceptance tolerance ty;*“ should be
greater than indeterminacy tolerance tq;™%.

Again from the relation p;(Z,;) = 9;(Z,;) and
1i(Zoi) = 01(Zo;)

Zoi(x)—Cop;i Zoi(x)—Cop; .
we have, 1—=r %> =% (iv)
toi toi
Zoi(x)=Coi Zoi(x)=Coi
and 1- £..acc =1- ¢ ind (V)
oL ot

Adding the above inequalities (iv) and (v) , we
get-

1— Zoi(0)=Coi , 1

.acc —_
toi

(ZOi(x)_COL') ( 1 _ 1 )
toirej toiind

2+ 2

(vi)
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Now from (3.5) using the relation
1i(Zo) = 9;(Zy;) = 0 and
1i(Zoi) +9i(Zoi) + 0i(Zp;) <3
we get, 0;(Z,) <3

1 _ Zoi(x)_COi S 3

or -
H toimd

or, Zy(x)—Co; = —2tp;

1 1
Zoi(x)=Co; — 2t

or

(vii)

Hence from u;(Z,;) +9;(Z,;) + 0;(Z,;) <3
using (vi) and (vii) —

1, (Zoi(x)—Coi) ( 11 ) Zoi(x)—Coi
2 + 2 toirej toiind + toirej +
Zni _C . . . .
1— 0i(X)—Coi <3 gives tOire] > ZtOilnd'

toiind

Thus from the above relation it is clear that in
neutrosophic goal geometric programming
problem half of the rejection tolerance
to;"® should be greater than the indeterminacy
tolerance tq; ™%,

Theorem 3.1: x* is a pareto optimal solution to
NGGPP (3.1) iff x* is a pareto optimal solution
to fuzzy goal geometric programming problem
(FGGPP) which is of the form

Minimize (Zy1(x), Zg2 (%), ... , Zgr(x))
Subjectto, Z,(x) < b, r=1,2,...,1

X =(%x1,%5, cunou ,Xm) > 0.

Proof:

Definition: x* is said to be a pareto optimal
solution to the neutrosophic goal geometric
programming problem (2.1) iff there does not
exist another x such that u;(Z,;(x)) =

wi(Zoi(x) , 9i(Zpi(x)) < U;(Zpi(x*)) and

0i(Zyi(x)) = 0;(Zyi(x™)) for all i=12,..,k
with strict inequality holds for at least one 1i.

If x* be a pareto optimal solution of the FGGPP
(2.10) then there does not exist any x such that
Zoi(x) < Z,i(x*) for all i=1,2,....k. and
Zyi(x*) # Z,;(x) for at least one i.

Then we have for all X = (x4, x5, ... ... , X))
Zoi(x) < Zpi(x7) e (A)
with strict inequality hold for at least one 1.
e, Zoi(x) = Coi < Zpi(x") — Cy;

Z4i(x)—Coi < Zoi(x*)—=Coi
t()iacc _ t()iacc

or,

1— Zoi(x)—Coi >1— Zoi(x")—=Coi

or, e e implies
ot ot

1i(Zoi (%)) = pi(Zoi (x7)).
Similarly from (A) we have

Zoi(x)—Coi < Zoi(x™)=Coj

toirej — toirej

Vi (Zoi(x)) < 9;(Zoi(x™))

which implies

Zoi(x)—Coi Zoi(x*)—=Coi
and also ol — 0l S ol o 0L
toi toi
Zoi(x)=Coi Zoi(x*)=Coi
or, 1- o ind =1- t..ind
oi oi

or, 0;(Zyi(x)) = 0;(Z,;(x™)) . Hence from the
definition of pereto optimal solution to the
NGGPP , we have x* is the pareto optimal
solution of (2.1).

Conversely, let x* is a pareto optimal solution
to NGGPP (2.1), then from the expression of
membership function given in (2.2) we get

1— Zoi(x)=Coi > 1— Zoi(x")=Coi

toiacc toiacc
i.e. Zyi(x) < Zyi(x™).

Again using (3.3) we have
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Zoi(x)=Coi _ Zoi(x")—Co;
toiind — toiind

Zoi(x) < Zoi(X*)-

which implies

Similarly, using (3.4) ,

Zoi(x)—Coi Zoi(x)=Coi .
1- o™ =1- @ gives

Zoi(x) < Zpi (x7).

Thus we have Z,;(x) < Z,;(x*) with strict
inequality hold for at leastone i, i € {1,2, ..., k}
and which shows that x* is a pareto optimal
solution of (2.10).

3. Numerical Example:

3.1. Bridge network Model [ 16] :

Ry Ry

R3 R4

Fig (2) : A five-component complex bridge
network system

Here a bridge network system as shown in
the figure(3) has been considered, each
having a component reliability Rj,j=12,.5.

Based on the simple probability theorem
Pr(XuY) =Pr(X) + Pr(Y) - Pr(XnY) (3.1)

the system reliability Rg(R) of the bridge
network system is given by as follows:

Now to use equation (3.1), it is required to
found all possible paths from the input node
to output node. The system will operate if the
components in any one the following sets

{R1,R2},{R3 R4}, {Ry,Rs, Ry} and {R3 Ry
, R, } operate.

Thus the system reliability is given by

Rs(R) = Pr ({R; ,R; }U{R3 Ry }U{R; Rs, Ry} U
{RS IRS ’ RZ })

Since all the
independently, thus-

components operate

Pr ({Ry,R;})=R4Ry,

Pr ({R3,R4}) = R3Ry,

Pr ({R;,Rs,R,}) = RiRcR,,
Pr ({R3,Rs,Rz}) = R3R;R; .
Now using equation (3.1),

Pr ({R1,Rz }U{R3,R41})

Pr ({Ry,Ry})+Pr ({Rs, Ry P -Pr({1,2}n {3,4})

RyR, + RsR, — R;R,R3R,
Similarly
Pr ({R;,R; }U{R3,R; }U{R; ,R5,Ry}) =

Rle + R3R4 - R1R2R3R4 + R1R5R4 - R1R2R5R4
_R1R3R5R4 + R1R2R3R5R4 .

Pr ({R; Rz }U {R3 R4 }U{R; Rs, Ry} U{R;5 Rs, Ry })
= R;R, + R3R, + RyRsR, + R3RsR, —
R,R,R;R,— R;R,RsR, — RyR5RR, —

R,R;RsR, — R,R;RsR, + 2R;R,R5RsR,

Thus the multi- objective reliability

optimization model becomes

Maximize Rg(R) = R;R; + R3R4 + R{RsRy +
R;RsR, — R;R,R5sR,— RyR,R:R, —
R;R3RsR, — R;R5R<R, — RyR5R:R, +
2R,R,R5R:R,

Minimize Cg(R) = Y-, C;R;“
0<R<1,0<Rs<1,j=12,..,5 (3.2)

Where Cg(R) denote the cost of the system

and Cj;,, is the available cost of the system.
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3.1. Application of Neutrosophic Goal
Geometric Programming on Bridge
Network Reliability Model:

To solve the above multi-objective problem
using geometric programming approach , the
problem should be in minimization form.
Thus , the suitable form of optimization
model is taken as

Minimize Rs'(R) = —R;R, — R3R, —
R,R<R, — R3RsR, + R;RyR3R, + RyReR, +
R,R3R<R, + R;RsRsR, + RyRsRsR, —
2R,R,R5R:R,

satisfying target achievement value R, with
acceptance tolerance t,%, rejection tolerance
tg"® and indeterminacy tolerance tp "%,

Also , we Minimize Cs(R) = X1-; C;R;™
satisfying target achievement value C, with
acceptance tolerance ¢, rejection tolerance
tc" and indeterminacy tolerance t.™¢. Now |,
construct the truth membership function , falsity

membership  function and indeterminacy
membership function as follows —
1 » R'(R) < Ro;
(R) = 1_Rs'—Ro R, < Rs'(R) <R £, acc.
MRy = tpace, 2o S R < Ro + ™
0 . Rs'(R) = Ro + g%
0 . RJ(R)< Ry
— Rs' —Rg 4 rej
19RSI (R) - tRTej 1] RO S RS (R) S RO + tR
1, R/(R) = Ro+tr";
I, RS(R) < Ry
o (R) = 18R p <R "(R) < Rg + tp'™
R = tgnd N0 = fis S RoTig
0 ., RJ(R)= Rg+tz™;

s CS(R) < CO:

fe (R) =<1—fz+ff ,Co < Cs(R) <Co+ tpa

L 0, Cs(R)= Co+
.
0 , Cs(R) = Cg;
9, (R) =< 520 ¢i< Cs(R) < Co+tc™

tc

1, Cs(R) = Co+tc%;

, Cs(R) £ Co;

oc (R) =<1 - le_n(d:n , Co< Cs(R) <Co+tc™

0 N Cs(R) > CO + tcind )

Now using (2.5), the above model (3.2) reduces
to the following form —

Maximize u R’ Maximize ¢,
Maximize ORy’ Maximize o,
Minimize ¢ Rs’ Minimize J¢,
Subjectto, 0< Hgg' Tt ﬁRs' +ogs = 3,

0 < peg + 0 +9¢g <3,

9p =0, Og 20

'uRSV = 19RS’ » o Heg 2 19C5 >

#RS’ = O-RS' ’ ‘uCS = O-CS'
0<R <1; i=12,..n;  ...G.LI)
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The above model (3.1.1) is equivalent to
Maximize @, Minimize §, Maximize y
Subject to, Hpy 2@, HUcg 2 @,

1.9RS’ Sﬂ, ﬁCSSﬁ,

Op 2V, Ocg =V,

0<a+p+y<3,a=2f,a=2vy,

0<a B, y<1 .....(3.1.2)

Using geometric mean method (4.1.8) becomes-

Minimize w
Subject to ,
—R1Ry— R3R4—R1R5R4—R3R5R2+R1R2R3R4+R2R5R4+

R1R3R5R4+R1R3R5R2+R;R3R5R4—2R1R2R3R5 Ry
Ro+a0;*Cxag;"I X ag; mdxw

5 .
Yo GRS
Co+agi%cxag;Te/ xag;Mdxw —

<1

b

<1;

0<R; <1 i=1,2,....5; ..(3.1.3)

where we take w = (1 — a)(1—y)>0as a
parameter. The degree of difficulty (D.D) of
(4.19)is(5+2)—-G+1) =1 0).

Now using ( 2.9) , the above model (3.1.3) can
be solved by geometric programming technique
after finding its dual.

4 Numerical Example

Here we consider the bridge network reliability
optimization model for the numerical exposure.
Thus the model (4.1) becomes-

MaXimiZC Rs(R) = Rle + R3R4 + R1R5R4 +
R3R5R2 - R1R2R3R4_ R1R2R5R4 - R1R3R5R4 -
R,RsRsR, — R,R;RsR, + 2R;R,R5R.R,

Minimize Cg(R) = Y, C;R;*

0<R<1,0<Rs<1,j=12,..,5 .41

Table (1) : The input data for the neutrosophic goal geometric programming problem (5.1) is given as

follows —

clcglcalclc] ¢

tCaCC tcrej

tcind tRaCC thej tRind a;, Vi RO

12110 15]18 16| 100

& |14

6 03 1052]025)0.15 ]0.2

Table (2): Comparison of optimal solutions of (4.1) by NGGPP method with fuzzy goal geometric
programming problem (FGGPP) approach and intuitionistic fuzzy goal geometric programming

(IFGGPP) approach:
Method Rl Rz R3 R4 R5 Rs(R) Cs(R)
FGGPP | 0.905917 | 0.905923 | 0.896927 | 0.796213 | 0.948311 | 0.970147 | 69.702
IFGGPP | 0.812514 | 0.992162 | 0.992359 | 0.992842 | 0.892531 | 0.998364 | 70.313
NGGPP | 0.967124 | 0.992981 | 0.993162 | 0.965927 | 0.985742 | 0.999519 | 70.786
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The above table describes the comparison of
results of objective functions for primal problem
of the proposed neutrosophic goal geometric
programming approach with the FGGPP and
IFGGPP approach. It is clear from the above
table (2) that NGGPP approach gives better
result than the IFGGPP approach in perspective
of system reliability. But in view of system cost
the proposed approach gives a little bit higher
value than the [IFGGPP and FGGPP method.

5. Conclusion and future work:

A new concept to non-linear multi-objective
optimization  problem in  neutrosophic
environment is discussed in this paper. In this
work we have introduced NGGPP technique to
find the best optimal solution of the multi-
objective bridge network reliability model in
which system reliability and system cost are
chosen as two objective function. Finally an
illustrative numerical example is provided by
comparing the result obtained in NGGPP
technique with IFGGPP and FGGPP approach to
demonstrate the efficiency of the proposed
method. Thus the proposed method is an
efficient and modified optimization technique
and can construct a highly reliable system than
the other existing method. The method presented
here is quite general and can be applied to the
typical problems in other areas of Operation
Research and Engineering Sciences, like
Transportation problems, Inventory problems,
Structural optimization, etc.
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Abstract: In this paper we desire to extend the neutrosophic topological spaces into
N-neutrosophic topological spaces. Also we show that this theory can be deduced to
N-intuitionistic and N-fuzzy topological spaces etc. Further we develop not only the concept
of classical generalized closed sets into N-neutrosophic topological spaces but also obtain its
basic properties. Finally we investigate its continuous function and generalized continuous
function.
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1 Introduction

Set theory is the fundamental concept in mathematics developed by a Russian
Mathematician George Cantor in 1877. He showed that the points on two dimensional
square has a one to one correspondent with points on different line segment leading to the
development of dimensional theory. Frechet and Hausdorff along with others studied general
topology. Hausdorff, the German mathematician, following the footsteps of Cantor devel-
oped set theory. Set theory enabled us to study various precise concepts in mathematics.
But in real life situation we do come across many imprecise concepts or uncertain situation.
If a class has fifty students say, to distinguish the taller/stronger students we are left with
some short of uncertainty or vagueness. We can overcome the vagueness by fixing the per-
centage of membership namely the percentage of membership enables us to find out the level
of inexactness. This theory is known as fuzzy theory.

The concepts of fuzzy set was established by Zadeh.A [12]. This is an essential tool
to analyse imprecise mathematical information. Since 1965, this theory has been greatly
acknowledged by the community of mathematicians, scientists, engineers and social sci-
entists [4,9,10,11]. The idea of fuzzy topological space was introduced by Chang.C.L [3].
Atanassov.K introduced the seed of intuitionistic fuzzy set [1] and his colleagues [2] developed
it further. Smarandache extended it to a neutrosophic set[7,8]. The notion of neutrosophic
crisp sets and topological spaces were the contribution of Salama.A.A and Alblowi.S.A [6].
The geometric existence of N-topology was given by Lellis Thivagar et al. [5] which is a

M. Lellis Thivagar, S. Jafari, V. Antonysamy, V. Sutha Devi: The Ingenuity of Neutrosophic Topology via N-Topology



92

Neutrosophic Sets and Systems, Vol. 19, 2018

nonempty set equipped with N-arbitrary topologies.

In this paper, we explore the possibility of expanding the classical neutrosophic topo-
logical spaces into N-neutrosophic topological spaces and also try to deduce N-intuitionistic
and N-fuzzy topological spaces etc. Further we develop the concept of classical general-
ized closed sets into N-neutrosophic topological spaces and verify its properties. Finally, we
investigate the related continuous function and generalized continuous function.

2 Preliminaries

In this section, we discuss some basic definitions and properties of N-topological
spaces as well as fuzzy, intuitionistic and neutrosophic topological spaces which are useful in
sequel.

Definition 2.1 [5| Let X be a non empty set, then 71, 75, ... , Ty be N-arbitrary topologies
defined on X and the collection N7 = {S C X : S = (Ufil AU (ﬂfil B;), A;, B; € 1;} is
called a N-topology on X if the following axioms are satisfied:

(i) X,0 e NT.
(i) U2, Si € N7 for all {S;}2, € N7.
(iii) i, Si € N7 for all {S;}, € N7.

Then (X, N7) is called a N-topological space on X. The elements of N7 are known as
Nr-open sets on X and its complement is called as N7-closed on X.

Definition 2.2 [12] Let X be a non empty set. A fuzzy set A is an object having the form
A = {(z,pa(z)) : « € X}, where 0 < py(x) < 1 represents the degree of membership of
each x € X to the set A.

Definition 2.3 [1,2] Let X be a non empty set. An intuitionistic set A is of the form
A= {(x,pa(x),va(x)) : © € X}, where pa(x) and y4(z) represent the degree of membership
and non membership function respectively of each x € X to the set A and 0 < pu(z) +
va(x) <1 forall z € X.

Definition 2.4 [7] Let X be a non empty set. A neutrosophic set A having the form
A=A{(z,pa(z),04(x),v4(2)) : x € X}, where pa(x),04(z) and y4(z) represent the degree
of membership function (namely pa(x)), the degree of indeterminacy (namely o4(z)) and
the degree of non membership (namely v4(x)) respectively of each x € X to the set A. Also
0 < pa(x) +oa(x) +ya(zr) < 3% forall z € X.

Remark 2.5 The following definitions can be deduced into fuzzy if the percentages of in-
determinacy and non membership are not taken into consideration so also for intuitionistic
case the percentage of indeterminacy is not considered.
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Definition 2.6 [7] Let X be a non empty neutrosophic set. if A = {(x,ua(z),04(x),
va(z)) :x € X} and B = {(x, up(x),05(x),vs(x)) : * € X} are two neutrosophic sets in
X, then the following statements hold:

(i
(i) A= Bif and only if A C B and B C A.

A C Bifand only if pa(z) < pp(x), oa(z) < op(x) and ya(x) > vp(zx) for all z € X.

(iv) AN B = {(z, min{pa(z), pp(z)}, min{oa(z),op(r)}, max{ya(z), vp(2)}) : © € X}.

)
)
(i) A¢ = {(2,74(x), 04(2), pa(z)) : © € X} [Complement of A].
)
(v) AU B = {(zmax{pa(z), pup(2)} max{oa(z), op(2)}, minfya(z), vp(2)}) : 2 € X},

Remark 2.7 Let X be a non empty neutrosophic set. We consider the neutrosophic empty
set 0 as 0 = {(x,0,0,1) : 2 € X} and the neutrosophic whole set 1 as
1={(z,1,1,0) : z € X}.

Remark 2.8 By the notion k-set we mean any one of the following sets: fuzzy set, intu-
itionistic set, neutrosophic set.

Definition 2.9 [6,7] Let X be a non empty set. A k-topology on X is a family ;7 of k-sets
in X satisfying the following axioms:

(i) the sets 1 and 0 belong to the family 5.
(ii) an arbitrary union of sets of the family ,7 belong to x7.
(iii) the finite intersection of sets of the family ,7 belong to ;7.

Then the ordered pair (X, ,7) (simply X) is called k-topological space on X. The elements
of ;7 are known as k-open sets on X and its complement is called as k-closed on X.

Definition 2.10 [6] The interior and closure of a k-set A of a k-topological space
(X, x7) are respectively defined as

(i) gint(A) = U{G : G C A and G is k-open in X}.
(i) xcl(A) =n{F:ACF and F is k-closed in X}.
Corollary 2.11 [7] If A, B,C and D are k-sets in X, then the followings are true:

(i) ACBandCCD=ANCCBNDand AUCC BUD.

)
(i) fACBand ACC,then ACBNC. f ACC and BC C, then AUB C C.
(iii) FACBand BCC=ACC.

)

(iv) (AN B)° = A°U B, (AU B)® = A°N B® and (A°) = A. If AC B = B¢ C A,
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(v) 1°=0and 0° = 1.

Now, we introduce the notions of image and pre-image of neutrosophic sets. Let us
consider X and Y as two non empty sets and f : X — Y be a function.

Definition 2.12 [6] Let X and Y be two non empty sets, A = {(x, pa(x),oa(x),va(x)) :
x € X} be a neutrosophic set in X and B = {(y, ,LLB(y) 5Y),78(y)) : y € Y} be a
neutrosophic set in Y. Then

(i) the pre-image of B under f, denoted by f~!(B), is the neutrosophic set in X defined
by f7HB) = {(z, [~ (up)(x), fH(op) (@), [ (yp)(2)) 1 x € X}

(ii) the image of A under f, denoted by f(A), is the neutrosophic set in Y defined by
FA) =Ly, f(pa)(y), floa)(y), (1 = (1 =7a))(y)) - y € Y}, where

F(a)(y) = { e ita(r) S0 A

otherwise

Floa)w) = { supacpyoala) i 1) £9

otherwise

1 otherwise

(1= F(1 = 7)) = { infeerrwrale) i S y) 20

For the sake of simplicity, let us use the symbol f_(v4) for (1 — f(1 —~4)).

Corollary 2.13 [6] Let A;cy, Bics be k-sets in X and Y respectively and f : X — Y a
function. Then

(a) A; C Ay = f(Ay) C f(Ag).

(b) B1 C By = f~YBy) C f1(By).
(¢) Aies € f7H(f(Aies)) { If f is injective, then Ay = f~'(f(Aies))}-
(d) f(f ' (Bics)) C Bies { If [ is surjective, then f(f~'(Bies)) = Bies}-
) f7HUB) = UfH(By).
) f7HNB) =NfH(By).
) f(UA;) = Uf(A).

)

f(NA;) C f(A;) { If f is injective, then f(NA;) =Nf(A4;)}.

(e) f
(f

(g
(b
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=1, if f is surjective.

(f(Aics))® C f(AS.)), if f is surjective.
(f 1 (Bies))® = 1 (Bic)-

3 N-Topological Spaces

In this section, we introduce N-fuzzy, N-intuitionistic and N-neutrosophic topo-
logical spaces and discuss their properties. Henceforth in this paper by the notion Ny7 we
mean N-fuzzy topology (if £ = f), N-intuitionistic topology (if & = i) and N-neutrosophic
topology ( if k =n).

Definition 3.1 Let X be a non empty set, then 7y, 79, ... , x7n be N-arbitrary k topologies
defined on X and the collection N7 = {G' C X : G = (Ui, A) U (N, Bi), A, Bi € y7i} i
called Ng-topology on X if the following axioms are satisfied:

(1) 1, 0e NkT.
(11) Uzoil Gl < NkT for all {Gl}zl S NkT.
(111) m?:l Gl S NkT for all {Gl};nzl S NkT.

Then (X, Ni7) is called Ni-topological space on X. The elements of N7 are known as
Np-open sets on X and its complement is called Ng-closed sets on X.

Example 3.2 Let N = 3, X = {a,b,c}. Define the neutrosophic sets A = {(z, ({
(5,6, 8): (&% o> p7))} and B = (@ (g s ) (58 ) (5 6-6))} in X.  Then
AUB ={(z,(1,1,9): (5:5:5) (5.8 )} AN B ={(=, (5% 55 76): (50 6) (oi o7 07}
Considering ,70(X) = {0,1, A}, ,»0O(X) = {0,1,B} and ,30(X) = {0,1

3,7O0(X) = {0,1,A, B,AU B, AN B} which is a tri-neutrosophic topology on X. The
pair (X, 3,7) is called a tri-neutrosophic topological space on X.

|
=lo
S~—

Remark 3.3 Considering N = 2 in definition 3.1 we get the required definition of bi-
neutrosophic topology on X. The pair (X, 2,7) is called a bi-neutrosophic topological space
on X.

Example 3.4 Let N =2, X = {a,b,c}. Define the neutrosophic set A = {(z, (54, %, 5%);

(&, b ey (& ))} in X. If ,nO(X) = {0,1,A} and ,mO(X) = {0,1} are two

047057 0.6 03’02703 _ :
neutrosophic topologies then we get 2, 70(X) = {0, 1, A} which is a bi-neutrosophic topology

on X.

M. Lellis Thivagar, S. Jafari, V. Antonysamy, V. Sutha Devi: The Ingenuity of Neutrosophic Topology via N-Topology



96

Neutrosophic Sets and Systems, Vol. 19, 2018

Definition 3.5 Let (X, Ny7) be a Ni-topological space on X and A be a k-set on X then
the Nyint(A) and Nycl(A) are respectively defined as

(i) Nypint(A) = U{G : G C A and G is a Ni-open set in X }.
(ii) Nkcl(A) =n{F : AC F and F is a Nj-closed set in X}.

Proposition 3.6 Let (X, Ny7) be any Ny-topological space. If A and B are any two k-sets
in (X, Ny7), then the Ni-closure operator satisfy the following properties:

(i) A C Nicl(A).

(il) Npint(A) C A.
(ili) A C B = Nycl(A) C Nicl(B).
A C B = Nyint(A) C Nyint(B).

(iv

)
)
)
(v) Necl(AU B) = Nyel(A) U Nycl(B).
(vi) Nyint(AN B) = Nyint(A) N Nyint(B).
)

(vil) (Ngcl(A))¢ = Nyint(A)°.

(viii) (Nyint(A))¢ = Nycl(A).

Proof
(i) Nicl(A) =N{G : G is a Ni-closed set in X and A C G}. Thus, A C Nicl(A).
(ii) Ngint(A) = U{G : G is a Ny-open set in X and G C A}. Thus, Nyint(A) C A.

(iii) Nkel(B) =N{G : G is a Ny-closed set in X and B C G} D N{G : G is a Nj-closed set
in X and A C G} D Nycl(A). Thus, Nicl(A) C Nicl(B).

(iv) Npint(B) = U{G : G is a Ny-open set in X and B O G} D U{G : G is a Ny-open set
in X and A D G} D Ngint(A). Thus, Nyint(A) C Nyint(B).

(V) Nkcl(AUB) = n{G : G is a Niy-closed set in X and AU BC G} = (MN{G:Gisa
Ny-closed set in X and A C G}) U (N{G : G is a Ny-closed set in X and B C G}) =
Nicl(A) U Npcl(B). Thus, Npcl(AU B) = Nyel(A) U Npel(B).

(vi) Nyint(AN B) = U{G : G is a Ny-open set in X and ANB 2O G} = (U{G : G is a
Ny-open set in X and A O G}) N (U{G : G is a Ni-open set in X and B O G}) =
Nyint(A) N Nyint(B). Thus, Nyint(AN B) = Niint(A) N Nyint(B).

(vil) Nicl(A) = N{G : G is a Ni-closed set in X and A C G}, (Ngcl(A))® = U{G": G° is a
Ny-open set in X and A° D G°} = Npint(A)°. Thus, (Ngcl(A))® = Nyint(A)°.

(viii) Ngint(A) = U{G : G is a Ny-open set in X and A D G}, (Nyint(A))c =N{G*: G° is a

Ny-closed set in X and A° D G°} = Nycl(A)°. Thus, (Ngint(A))¢ = Nicl(A)°.
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4 Generalized Closed Sets in N, -topology

We introduce here the generalized closed sets in Ny-topological spaces and investigate
their properties.

Definition 4.1 Let (X, N,7) be a Ny-topological space. A k-set A in (X, Ni7) is said to be
a Ny-generalized closed set if Nycl(A) C G, whenever A C G and G is a Ni-open set. The
complement of a Nj-generalized closed set is called a Ni-generalized open set.

Definition 4.2 Let (X, Ny7) be a Ni-topological space and A be a k-set in X. Then the
Ni-generalized closure and Ni-generalized interior of A are defined as:

(i) NxGcl(A) = N{G : G is a Ni-generalized closed set in X and A C G}

(ii) NpGint(A) = U{G : G is a Ni-generalized open set in X and G C A}.

Proposition 4.3 Let (X, N,7) be any Ni-topological space. If A and B are any two k-sets
in (X, Ni7), then the Ng-generalized closure operator satisfies the following properties:

(i) A C NyGel(A).

(ii) NpGint(A) C A.
(iii) AC B = N,Gel(A) C N,Gel(B).
(iv) A C B = N;Gint(A) C N,Gint(B).

)
)
)
)
(v) NpGel(AU B) = NyGel(A) U N,Gel(B).
(vi) NyGint(AN B) = NyGint(A) N NyGint(B).
(vii) (NyGel(A))e = NyGint(A)".
)

(NeGint(A))¢ = NiyGel(A)©.

(viii

Proof The proof is analogous to Proposition 3.6.

Proposition 4.4 Let (X, Ny7) be a Nj-topological space. If B is a Nj-generalized closed
set and B C A C Nicl(B), then A is a Ni- generalized closed set.

Proof. Let G be a Ny-open set in (X, Ni7) such that A C G. Since B C A, B C G.
Now, B is a Nj-generalized closed set and Nicl(B) C G. But Nycl(A) C Nicl(B). Since
Nycl(A) C Niel(B) C G, Ncl(A) C G. Hence, A is a Ng-generalized closed set.

Proposition 4.5 Let (X, Ny7) be a Ni-topological space. Then A is a Nj-generalized open
set if and only if B C N, int(A), whenever B is an Nj-closed set and B C A.
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Proof. Let A be a Ni-generalized open set and B a Ng-closed set such that B C A. Now,
B C A= A° C B¢ and since A°is a Ny-generalized closed set, then Nycl(A°) C B¢. This
means that B = (B€)® C (Ngcl(A%)). But (Ngcl(A°))¢ = Nyint(A). Hence, B C Nyint(A).
Conversely, suppose that A is a k-set such that B C Nyint(A), whenever B is a Ny-closed
set and B C A. Now, A° C B = B® C A. Hence by assumption, B¢ C Nyint(A). That is,
(Ngint(A))¢ C B. But (Ngint(A))® = Ngcl(A)°. Hence, N, cl(A)° C B. This means that A
is a Np-generalized closed set. Therefore, A is a Ni-generalized open set.

Proposition 4.6 If Niint(A) C B C A and A is a Ni-generalized open set, then B is also
a Ni-generalized open set.

Proof. Now, A° C B¢ C (Nyint(A))¢ = Nycl(A)¢. Since A is a Nj-generalized open set,
then A€ is a Ni-generalized closed set. By Proposition 3.6, B¢ is a Ni-generalized closed set.
That is, B is a Nj-generalized open set.

5 Continuous Functions in N,-Topology

In this section, we generalize continuous functions in N-neutrosophic topological spaces
and also establish its relationship with other existing continuous functions.

Definition 5.1 Let (X, Ny7)) and (Y, Nyo) be any two Nj-topological spaces. A map
f (X, NgT) — (Y, Nyo) is said to be Ny-continuous if the inverse image of every Nj-
closed set in (Y, Nyo) is a Ny-closed set in (X, Ny7). Equivalently if the inverse image of
every Ny-open set in (Y, Nyo) is a Ni-open set in (X, Ny.7).

Remark 5.2 By considering N = 2 in definition 5.1 we obtain bi-neutrosophic continuous
function.

The following properties can be extended to N-fuzzy and N-intuitionistic topological spaces
too.

Proposition 5.3 Let (X, N,7)) and (Y, Nyo) be any two Nj-topological spaces. Let f :
(X, Ny7) = (Y, Nyo) be a Ni- continuous function. Then for every k-set A in X, f(Nycl(A)) C
Nicl(f(A)).

Proof. Let A be a k-set in (X, Ny7). Since Nicl(f(A)) is a Ni-closed set and f is a Ny-
continuous function, f~'(N.cl(f(A)) is a Ni-closed set and f~'(Nycl(f(A))) 2 A. Now,
Nicl(A) C fYNgel(f(A))). Therefore, f(Nycl(A)) C Npcl(f(A)).

Proposition 5.4 Let (X, Ny7) and (Y,Nio) be any two Nj-topological spaces.
Let f : (X Ny1T) — (Y Nio) be a Nj-continuous function. Then for every Ny-set A in
Y, Nicl(f7H(A)) € f7H(Nycl(A)).

Proof. Let A be a Nj-set in (Y, Nyo). Let B = f~'(A). Then, f(B) = f(f'(A)) C A. By
Proposition 5.3, f(Npcl(f~1(A))) € Npcl(f(f71(A))). Thus, Npcl(f~1(A)) C f~H{Npcl(A)).
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Definition 5.5 Let (X, N,7)) and (Y, Nyo) be any two Nj-topological spaces. A map f :
(X, Ni7) — (Y, Nyo) is said to be Nj-generalized continuous if the inverse image of every
Ny-closed set in (Y, Nyo) is a Ni-generalized closed set in (X, Ny7). Equivalently if the
inverse image of every Nj-open set in (Y, Nyo) is a Nj-generalized open set in (X, Ny7).

Remark 5.6 For N = 2 in the above definition we aquire the needed definition of bi-
generalized neutrosophic continuous function.

Proposition 5.7 Let (X, Ny7)) and (Y, Nyo) be any two Nj-topological spaces. Let f :
(X, Nx7) — (Y, Nyo) be a Ni-generalized continuous function. Then for every Ny-set A in
X, F(NiGel(A)) € Nyl (£(A)).

Proof. Let A be a Ni-set in (X, Ng7). Since Nicl(f(A)) is a Ni-closed set and f is a N-
continuous function, f~1(Nycl(f(A)) is a Nj-generalized closed set and f~!(Nycl(f(A))) D
A. Now, NyGcl(A) C f~H(Ngcl(f(A))). Therefore, f(N,Gcl(A)) C Nicl(f(A)).

Proposition 5.8 Let (X, N;y7) and (Y, Nyo) be any two Nj-topological spaces. Let f :
(X, Ni7) — (Y, Nyo) be a Ni-generalized continuous function. Then for every Ni-set A in
Y, NiGel(f71(A)) C f~H(Nicl(A)).

Proof. Let A be a Ny-set in (Y, Nyo). Let B = f~'(A). Then, f(B) = f(f'(4))
A. By Proposition 5.7, f(N,Gcl(f71(A))) C Nicl(f(f71(A))). Thus, NpGel(f~1(A))
fH(Niel(A)).

Proposition 5.9 Let (X, Ny7) and (Y, Nyo) be any two Nj-topological spaces. If f :
(X, Np7) — (Y, Nigo) is a Ni-continuous function, then it is a Nj-generalized continuous
function.

NN

Proof. Let A be a Nj-open set in (Y, Nyo). Since f is a Ny-continuous function, f=1(A) is
a Nj-open set in (X, Ny7). Every Ny-open set is a Njp-generalized open set. Now, f~1(A) is
a Ny-generalized open set in (X, Ny7). Hence, f is a Ny-generalized continuous function.
The converse of Proposition 5.9 need not be true as it is shown in the following example.

Example 5.10 Let N = 2, X = {a, b, c} and Y = {p,q,r}. Define the neutrosophic sets
(& %> 0”6) (OL oi L))} inY. Con81der1ng 21O(X) ={0,1,A} and ,7,0(X) = {0,1} we
get 2,7O(X) = {0,1, A}. Also by considering ,0,0(Y) = {0,1} and ,,0,0(Y") = {0, 1, B}
we get 2,00(Y) = {0,1, B}. Thus, (X,2,7) and (Y,2,0) are bi-neutrosophic topological
space on X and Y, respectively. Define f: X — Y as f(a) =q, f(b) = p, f(c) =r. Then f

is bi-generalized neutrosophic continuous but not bi-neutrosophic continuous.

O

Conclusion

Neutrosophic topology is well equipped to deal with imprecise data. By employing
neutrosophic set in spacial data models, we can express the vagueness of the object as
expected. This paper has gone a step forward in extending the theory to N-neutrosophic
topology that can be used to determine the uncertain situation effectively. Further we also
extended the same to N-Fuzzy and N-Intuitionistic topologies and discussed not only the
relations but also its properties.
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Abstract. In this paper, we define projection and
bidirectional projection measures between interval rough
neutrosophic sets and prove their basic properties. Then
two new multi attribute decision making strategies are
proposed based on interval rough neutrosophic projection

and bidirectional projection measures respectively. Then
the proposed methods are applied for solving multi
attribute decision making problems. Finally, a numerical
example is solved to show the feasibility, applicability
and effectiveness of the proposed strategies.

Keywords: Projection measure, Bidirectional projection measure, Interval rough neutrosophic set, MADM problem.

1 Introduction

The concept of neutrosophic set[1, 2, 3, 4, 5] introduced by
Smarandache is a generalization of crisp set[6], fuzzy
set[7] and intuitionistic fuzzy set[8]. To use neutrosophic
set in real fields, Wang et al. extended it to single valued
neutrosophic set[9].

Broumi et al. introduced rough neutrosophic set[10, 11] by
combining the concept of rough set[12] and neutrosophic
set.

Broumi and Smarandache defined interval rough
neutrosophic set[13] by combining the concept of rough
set and interval neutrosophic set theory[14].

Projection measure is a very useful for solving decision
making problems because it takes into account the distance
as well as the included angle between points. Yue [15]
studied projection based MADM problem in crisp
environment.Yue also[16] presented a projection method
to obtain weights of the experts in a group decision making
problem. Xu and Da [17] and Xu [18] studied projection
method for decision making in uncertain environment with
preference information. Yang et al. [19] develop projection
method for material selection in fuzzy environment. Xu
and Hu [20] developed two projection based models for
MADM in intuitionistic fuzzy and interval valued
intuitionistic fuzzy environment. Zeng et al. [21] provided
weighted projection algorithm for intuitionistic fuzzy

MADM problems and interval-valued intuitionistic fuzzy
MADM problems. Chen and Ye [22] developed the
projection based model for solving MADM problem and
applied it to select clay-bricks in construction field.

To overcome the shortcomings of the general projection
measure Ye [23] introduced a bidirectional projection
measure between single valued neutrosophic numbers and
developed MADM method for selecting problems of
mechanical design schemes under a single valued
neutrosophic environment. Ye [24] also presented the
bidirectional projection method for multiple attribute group
decision making with neutrosophic numbers. Dey et al.
[25] defined weighted projection measure with interval
neutrosophic environment and applied it to solve MADM
problems with interval valued neutrosophic information.
Yue [26] proposed a projection based approach for partner
selection in a group decision making problem with
linguistic value and intuitionistic fuzzy information.Dey et
al. [27] defined projection, bidirectional projection and
hybrid projection measures between bipolar neutrosophic
sets and presented bipolar neutrosophic projection based
models for MADM problems. Pramanik et al. [28] defined
projection and bidirectional projection measure between
rough neutrosophic sets and proposed the decision making
methods based on them.
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Research gap MADM strategy using projection and
bidirectional projection measures under interval rough
neutrosophic environment.
Research questions

(1) Is it possible to define two new projection and

bidirectional projection measure between
interval rough neutrosophic sets?

(i) Is it possible to develop two new MADM
strategies based on the proposed measures in
interval rough neutrosophic environment?

The objectives of the paper are
(i) To define two new projection and bidirectional

projection measure between interval rough
neutrosophic sets.

(i) To develop two new MADM strategies based on
the proposed measures in interval rough
neutrosophic environment.

Contributions

(1) In this paper, we propose projection and
bidirectional under
interval rough neutrosophic environment.

(i1) In this paper, we develop two new MADM

projection measures

strategies based on the proposed measures in
interval rough neutrosophic environment.
(iii)) We also present numerical example to show the

effectiveness and applicability of the

proposed measures.

Rest of the paper is organized as follows: Section 2
describes preliminaries of neutrosophic number, SVNS,
RNS and IRNS. Section 3 presents definitions and
properties of proposed projection and bidirectional
projection measure between IRNSs. Section 4 describes
the MADM methods based on projection and bidirectional
projection measures of IRNSs. In section 5 we describe a
numerical example. Finally, section 6 presents the
conclusion.

2 Preliminaries

In this Section, we provide some basic definitions
regarding SVNSs, IRNSs which are useful in the paper.

2.1 Neutrosophic set:
In 1999, Smarandache gave the following definition of
neutrosophic set(NS) [1].
Definition 2.1.1. Let X be a space of points (objects) with
generic element in X denoted by x. A NS A in X is

characterized by a truth-membership function Ta, an
indeterminacy membership function I and a falsity
membership function Fa. The functions Ta , I and Fa are
real standard or non-standard subsets of (0,1%) that is
Ta:X— (0,19, IaX— (0, 1) and Fa:X— (0, 17). It
should be noted that there is no restriction on the sum of
Ta(x) , IA(x) and Fa(x) ie.
0<T, (X)+1, (X)+F, (X)<3"

Definition 2.1.2: (complement)

The complement of a neutrosophic set A is denoted by
C(A) and is defined by TC(A)(X) = {1+}—TA(X),IC(A)(X)={1+}-
T(), e ()= 17} -FA(x).

Definition 2.1.3: (Containment)

A neutrosophic set A is contained
neutrosophic set B, denoted by A C B iff
inf T, (x) <inf T (x),sup T, (x) <supT (x),
infl (x) 2infl (x),supl, (x) = supl (x),
infF, (x) 2 infF_(x),supF, (x) 2 supF (x) Vx e X

Definition 2.1.4: (Single-valued neutrosophic set).
Let X be a universal space of points (objects) with a
generic element of X denoted by x. A single valued
neutrosophic set A is characterized by a truth membership
function Ta(x) , a falsity membership function Fa(x) and
indeterminacy function Ia(x) with

T, (x),I,(x) and F, (x) €[0,1] VxinX
When X is continuous, a SNVS S can be written as follows
A=[<T, (x),F (x),, (x)>/xVx eX

in the other

and when X is discrete, a SVNS S can be written as
follows
A=3<T (x),F, (x),I, (x)>/xvxeX

For a SVNS S, 0<supTa(x) + supla(x) + supFa(x) <3.
Definition2.1.5:

The complement of a single valued neutrosophic set A is
denoted by c(A) and is defined by Tea)(X) = Fa(x), Lea)(X)
= 1-IA(X), Feay(x) = Ta(x).

Definition 2.1.6: A SVNS A is contained in the other
SVNS B, denoted as A C B iff,

T, (%) <T,(x),I, (x) 21 (x)
and F (x)2F (x)VxeX.

2.2Rough neutrosophic set

Rough neutrosophic sets [10, 11] are the generalization of
rough fuzzy sets [29, 30] and rough intuitionistic fuzzy sets
[31].

Definition 2.2.1:

Let Y be a non-null set and R be an equivalence relation
on Y. Let P be neutrosophic set in Y with the membership
function Tp , indeterminacy function Ip and non-
membership function Fp . The lower and the upper
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approximations of P in the approximation (Y, R) denoted
by are respectively defined as:

N(P) =<< X TN(P)(X),IN(P)(X) FN(P)(X) >/
ye[x],.xeY>

and

N(P) =<< x,TN(P)
ye[x],,xeY>

(x)>/

where,

iy () = A2 E[X] T, (V),
(X) Az e[x] 1, (Y),
(x)=nze[x] E (Y)

N(P)
N(P)
and
—_(x)=vze[x] T (Y),
7()() =vze[x ]RIP(Y), .
*_(x)=vze[x] F,(Y)

< (x)+1

N(P)

x)+F

N(P)

(x)<3

N(P)
and
0< Ti(x) + Ii(x) +F

HereVvand A denote “max” and “min” operators
respectively, Te(y),Ip(y) and Fp(y) are the membership ,
indeterminacy and non-membership of Y with respect to
P.

Thus NS mapping ,

H,N :N(Y) — N(Y) are, respectively, referred to as the
lower and upper rough NS approximation operators, and
the pair (N(P),N(P)) is called the rough neutrosophic set

in (Y, R).

Definition 2.2.2 If N(P)=(N(P),N(P))

is a rough neutrosophic set in (Y, R) , the rough
complement of N(P) is the rough neutrosophic set denoted
by

~N(P) = ((N(P))",(N(P))")

,where

(N(P)) and (N(P))

are the complements of neutrosophic sets N(P) and

(x)<3

’ 13

N(P)respectively.

2.3 Interval rough neutrosophic set

Interval neutrosophic rough set is the hybrid structure of
rough sets and interval neutrosophic sets. According to
Broumi and Smarandache interval neutrosophic roughset
is the generalizations of interval valued intuitionistic fuzzy
rough set.

Definition 2.3.1

Let R be an equivalence relation on the universal set
U.Then the pair (U, R) is called a Pawlak
approximationspace. An equivalence class of R containing
x will bedenoted by [x]r for X € U, the lower and upper
approximationof X with respect to (U, R) are denoted by
respectively,

RX and RX and are defined by

RX ={xe U:[xlrc X},

RX ={xe U:[x]rN X#3}.

Now if RX = RX, then X is called definable; otherwise
Xis called a rough set.

Definition 2.3.2

Let U be a universe and X, a rough set in U. An
intuitionistic fuzzy rough set A in U is characterized by a
membership function pA:U— [0, 1] and non-membership
functionva: U— [0, 1] such that pa(RX)=1and va(RX) =0
ie, [ua (X),va (x)]=[1,0] if x€(RX) and pa(U—-R X)= 0,
va(U- R X)=1

ie,

0< p, (RX-RX) +v (RX-RX)<1

Definition 2.3.3

Assume that, (U, R) be a Pawlak approximation space, for
an interval neutrosophic set

A = {=<x, [Ta"(x),TA"(®)], [Ia"(x),1aY(x)], [Fa"(x),FA"(x)]>
:xe U}

The lower approximation Ar and the upper approximation
Arof A in the Pawlak approximation space (U, R) are
expressed as follows:

A ={x,[A e, {T:(y)}’ ] {TA ],
Vo, T 00
[V e, {F:(Y)}»Vy w EL WP ix eU}
Ax = {<x v T O (T, 0
[mﬂW®} 4 L.

ye[x]R {Fi (Y)},/\y i {FA W :x €U}

The symbols A and Vv indicate “min” and “max”

operators respectively. R denotes an equivalence relation
for interval neutrosophic set A. Here [x]r is the
equivalence class of the element x. It is obvious that

Ay, T LA, AT O 0.1,

[V, OV, ) 1,601
[y${(mv (F, i <[0.1].
zmdosAwmgTA@»+ v, OV (F )} <3

Then Ar is an interval neutrosophic set (INS)
Similarly, we have
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[v,, {TLL(y)} v, {ZU(y)}]c[ou Proi(M). Ilq M.
(A, (L @hA L, OIS0, NI
F , FY 0,1 Definition4.2.The  bidirectional  projection measure
[;\yemk { A(Y)} o L OHI =i between the RNSs M and N is defined as
an ) 1
0< v, TV A, )+ BN = M NN
My, UOBES _ [MIIN]
Then Ag is an interval neutrosophic set. M][N] -+ |||M|| —||N||| M.N

If Ak = Ar then A is a definable set, otherwise A is an

interval valued neutrosophic rough set. Here, Agr and Az
are called the lower and upper approximations of interval
neutrosophic set with respect to approximation space (U,R)

respectively. Ar and Ar are simply denoted by A and A
respectively.

3 Projection and Bidirectional projection measure
of interval rough neutrosophic sets :

Existing projection and bidirectional projection measure
does not deal with interval rough neutrosophic set(IRNS)s.
Therefore, a new projection and bidirectional projection
measure between IRNSs is proposed.

Assume that there are two IRNSs

M = {<x (T, T B 1 BIE, B L

[TlM,T+ LIL,. I, LI, B 1>1=12,...,n}

and

N = < X [T T B T LI L
[’Tl;\lle;]’[I;\]’I;\I]’[E;)Ff]>1_12 }

Then the inner product of M and N denoted by M.N can be
defined as

MN=Y[T, T +T, T +1, L+ I

+F F. +F F +T T +T" T

iM TiN

+L Lo+ T +F F o +FF ]

iM iN
The modulus of M can be defined as

(Ty ) +(Ty, ) +(1, S +(L,
[M]= z +E, )+(F* P +(T,) +(T., )
HI )+, +(F, ) +(F)

and the modulus of N can be defined as
(T )+(T )+(I ) (L)

IN||= Z +(F ) +(F+) +(T )" +(T))’
+(I ) +(1+) +(F )’ +(F+)

Definition4.1.The projection of M on N can be defined as

Here also the bidirectional projection measure satisfies
the following properties :
(1) BProj(M,N) = BProj(N,M);

(2)0< BProj(M,N)<1;

(3) BProj(M,N) =1, iff M = N.
Proof:
(@)
BProj(M, III)

“1+]m] —1||N||| MN

Lo [IN] - [M][Nm
=BProj(N,M)
(ii)As
1
>
L M= N[N

and

! <1
] = N N
so0, 0 <BProj(M, N) <1;
(iii)If M=N then

BProj(M,N)
= BProj(M,M)
1

IEEVIRYTIVEY

4. Projection And Bidirectional Projection Based
Decision Making Methods For MADM Problems
With Interval Rough Neutrosophic Information

In this section, we develop projection and bidirectional
projection based decision making models to solve MADM
problems with interval rough neutrosophic information.
Consider C={Cj, ..... ,Cn} be the set of attributes and
A={4, ...... , An} be a set of alternatives. Now we provide
two algorithms for MADM problems involving interval
rough neutrosophic information.

4.1. Algorithm 1.(see Fig 1)

Step 1. The value of alternative A;(i=1,.....,n) for the
attribute C;(j=1, ,m) is evaluated by the decision maker
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in terms of IRNSs and the interval rough neutrosophic
decision matrix is constructed as:

11712 Im
......... z

21 22 2m
D=<z.> = .

Z 7 o z

nl n2 nm
where
2, = <[y Ty by Ty b Fy- By 1
[T, T, LIL,. L, LIE, . E, D>
with

O<Vye[x {TA(Y)}+/\ye[x {I (Y)}+/\ys[x {FA(Y)}]<3

Step 2. Calculate the weighted alternative decision matrix

For the attribute C; (j=1,...... ,m) the weight vector of
attribute is considered as : W = (w1, wa, ..., Wm) with
w, >0 and Zwi =1

i=l1
On calculating

s, = ([WJTlM’W T, ] [w L WJI;\A]
[WJFlM,W El ] [W T iji"M],
[w .IlM,W I+ 1, [W F WjFi:A])>

for i=1, 2, ... , n and j=1, 2, ... , m , we obtain the
weighted alternative decision matrix
S, 8y reeerees S,
S, Sy eeeenee S,
S=<s. > = .
......... S
nl n2 nm

Step 3. Determine the ideal solution S”.
For benefit type attribute,

S ={(min, Tij,maxi Iij,maxi Fij),(maxi Tij,mini Iij,mini Fij)}

For cost type attribute,
S = {(max_ Tij,mini Iij,mini Fij), (min, Tij,maxi Iij,maxi Ej)}

Step 4. Compute the projection measure between S” and Z;
=<Zi>nmforalli=1,....,nandj=1,....,m

Step 5. Ranking of alternatives is prepared based on the
values of projection measure. The highest value reflects the
best alternatives.

Step 6. End.

Start

Set the criteria (in terms of IRNSs)

l

Construct the decision matrices

Obtain the weighted decision matrices

A 4

Determine the ideal alternative

A 4

Calculate the projection measure
between the alternatives and the
ideal alternative

A 4

Rank the alternative

v

End

TUpPUSLUO

Fig 1. A flowchart of the
method

4.2. Algorithm 2.(see Fig 2)

Step 1. The value of alternative A;i(i=1,.....,n) for the
attribute G;(j=1,...... ,m) is evaluated by the decision maker
in terms of IRNSs and the interval rough neutrosophic
decision matrix is constructed as:

ecision making

1 Zpp wereeeens z
gy Zyy eeeeees z,

D:<Z‘J . .
e

where

Z-- - <([T ]a[I_ 9I+ ][F;M’E:\—/I]

TRCTRITRRT NI

with
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U U
0= VyemR T+ A g L)+ Start
Step 2. Calculate the Welghted alternative decision matrix
For the attribute C; (j=L,...... ,m) the weight vector of Set the criteria (in terms of IRNSs)
attribute is considered as : W = (w1, Wy, ... , Wm) With

w, >0 and _ij =1
- Construct the decision matrices

On calculating

s, —<([wT WT ][wI WinM]’ l

[w JF,;,, s W jF_] [w. TIM »W JT]M] Obtain the weighted decision matrices
[WjI;\A,WJI ][w E, W, F wl>
for i=1, 2, ... , n and J—l, 2, ..., m , we obtain the v

weighted alternative decision matrix . . .
& Determine the ideal alternative

S S S, .
ST S, l

S=< R T R
: TR Calculate the bidirectional
St Spp e S projection measure between

Step 3. Determine the ideal solution S”. tll1e alte'rnatwes and the ideal

For benefit type attribute, alternative

S = {(min, Tij,maxi Iij,maxi Fij),(maxi Tij,mini Iij,mini Fij)}

For cost type attribute,

S = (maxi Tij’mini Iij’mini Fij ), (mini Tij’ max, Iij’maxi Fij)} Rank the alternative

Step 4. Compute the bidirectional projection measure

between S* and Zi = <Zj>um for alli=1, ..... ,nandj=1, End

ceeen, ML
Step 5. Ranking of alternatives is prepared based on the
values of bidirectional projection measure. The highest
value reflects the best alternatives.

Step 6. End. 5. A Numerical Example:

Assume that a decision maker intends to select the most
suitable laptop for random use from the three initially
chosen laptops (A1, Az, A3) by considering four attributes
namely: features C, reasonable price C,, customer care Cs,
risk factor Cs. Based on the proposed approach discussed
in section 5, the considered problem is solved by the
following steps:

Stepl: Construct the decision matrix with interval rough
neutrosophic number

The decision maker construct the decision matrix with
respect to the three alternatives and four attributes in terms
of interval rough neutrosophic number.

Fig 2. A flowchart of the proposed decision making
method
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C

C

G

Cy

<(.6, 71, .3, 5,
[.3, 4], (.8, .9],
L1, 3], [.1, 2])>

<([.5, .71, [.3, 4],

[.1, 2], ([.7, .9],
[.3,.5], [.3, 4])>

<([.5, .6], [4, .5],

[4, .6]), ([.7, .8],
[.2, 4], [3, 4])>

<([.8, .9], [.3, 4],

L5, .6]), (.7, .8],
[.3,.5],[.3,.5])>

<([.7, .8], [.2, .3],

o, 2D, (.7, 9],
L1, 2], .1, 2])>

<[6, 75, L.L, 2],
Lo, 2D, (.6, .7],
L1, 3], .1, 3])>

<([.5, .71, [.2, .3],

[.1, 2], ([.6, .9],
[.3,.5],[.2 4))>

<([.7, .8], [.3, .5],

L1, 3], (L5, .71,
[.5,.6], [.2, 3])>

<([.6, .71, [.3, 4],

[o, 3, (.6, .9],
L1, 2], L1, 2])>

<([.5, .71, [.2, 4],

[.2, 4], (.6, .8],
L1, 3], L1, 2])>

<([.6, .8], [.2, 4],

[.3, 4], (.6, .8],
[.2,.5], .3, .5])>

<[4, 7], [.2, 4],

L4, 5D, (.5, .8],
[.2,.5], [.0O, 2])>

Step 2: The weight vectors
maker are 0.35, 0.25, 0.25
weighted decision matrix is:

considered by the decision
and 0.15 respectively. The

Ci C C; Cy

S | <([021,0245], <([0.125.0.175], <([0.125.0.15], <([0.12,0.135],
[0.105,0.175], [0.075,0.1], [0.1,0.125], [0.045,0.06],
[0.105.0.14]), [0.025.0.05]), [0.1,0.15]), [0.075.0.09]),
([0.28,0.315], ([0.175,0.225], ([0.175,0.2], ([0.105,0.12],
[0.035,0.105], [0.075,0.125], [0.05,0.1], [0.045,0.075],
[0.035,0.07])> [0.075,0.1])> [0.075,0.1])> [0.045,0.75])>

S, | <([0.245,0.28], <([0.15.0.175], <([0.125.0.175], <([0.105.,0.12],
[0.07,0.105], [0.025,0.05], [0.05,0.075], [0.045,0.75],
[0.0,0.07]), [0.0,0.05]), [0.025,0.05]), [0.015,0.045]),
([0.245,0.315], ([0.15,0.175], ([0.15,0.225], ([0.075,0.105],
[0.035,0.07], [0.025,0.075], [0.075,0.125], [0.075,0.09],
[0.035,0.07])> [0.025,0.075])> [0.05,0.1])> [0.03,0.045])>

S, | <([021,0.245], <([0.125.0.175], <([0.15.0.21, <([0.06,0.105],
[0.105,0.14], [0.05,0.1], [0.05,0.1], [0.03,0.06],
[0.0,0.105]), [0.05,0.1]), [0.075,0.1]), [0.06,0.075]),
([0.21,0.315], ([0.15,0.2], ([0.15,0.2], ([0.075,0.12],
[0.035,0.7], [0.025,0.075], [0.05,0.125], [0.03,0.075],
[0.035,0.7])> [0.025,0.05])> [0.075,0.125])> [0.0,0.03])>

Step3: Determine the benefit type attribute and cost type

attribute

Here three benefit type attributes C;, C,, C3 and one cost
type attribute Cs. We calculate the ideal alternative as

follows:

S" = {<([.21,.245],[.07,.175],[.105,.14]),
([.28,.315],[.035,.07],[.035,.07]) >,

< ([.15,.175],[.075,.1],[.05,.1]),
([.175,.225],[.025,.075],[.025,.05]) >,

<([15,.15L,[.1,.11,[.1,.1]),

([.175,.225],[.075,.125],[.075,.125]) >,
<([.12,.135],[.03,.06],[.015,.045),
(1.075,.105],[.075,.09,[.045,.075]) >) >}

Step4:Calculate the projection and bidirectional projection

measure of the alternatives

S, |
SZ

= 0.918273,
| =0.829533,

S3
S*

=0.832331.
=0.818175.

S,.S" =0.815425,
S, =0.563137,
S,.S" =0.7337.

Proj(S, ) . =0.99663886,

Proj(S.) . =0.68828490,
278

Proj(S,) . =0.89675192.
378

= Pr oj(Sl)S* > Pr oj(SB)S* > Proj(S,)

BProj(S .S )= 092453705,
BProj(S,,S') = 0.99364454,
BProj(S,,S") = 0.98972051.
= BProj(s,.S") > BProj(S,,S") > BProj(S,,S").

Step5: Rank the alternatives
Ranking of alternatives

s

is prepared based on the

descending order of projection and bidirectional measures.
The highest value reflects the best alternatives.

Hence, according to the projection measure, the laptop A,
is the best alternative and according to the bidirectional
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projection measure, the laptop A; is the best alternative. As
bidirectional projection measure gives better result than
projection measure, so A, is the best laptop for random
use.

6. Comparative study and discussions:

Mondal and Pramanik study the MADM method in
interval rough neutrosophic environment using cosine, dice
and Jaccard similarity measure [32]. We take the same
problem and solve the problem using projection and
bidirectional projection measure based decision making
method. In the existing methods, S; is the best
alternatives. But in new method S; is the best alternative.
7. Conclusion:

In this paper, we have defined projection measure,
weighted projection measure, bidirectional projection
measure, weighted bidirectional projection measure
between interval rough neutrosophic sets. We have also
proved their basic properties. We have developed two new
MADM strategies based on the proposed projection and
bidirectional projection measures respectively. Finally, we
have solved a numerical example to demonstrate the
feasiblity, applicability and effectiveness of the proposed
strategies. The proposed strategies can be applied to solve
different MADM problems such as teacher selection [33,
34, 35], school selection [36], weaver selection [37, 38,
39], brick field selection [40, 41], logistics center location
selection [42, 43], data mining [44] etc. The proposed
strategies can also be extended for MAGDM in interval
rough neutrosophic environment.
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Abstract. In this paper, the sine, cosine and cotangent similarity
measures of interval rough neutrosophic sets is proposed. Some
properties of the proposed measures are discussed. We have
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1 Introduction

The basic concept of neutrosophic set grounded by
Smarandache [1, 2, 3, 4, 5] is a generalization of classical
set or crisp set [6], fuzzy set [7], intuitionistic fuzzy set [8].
Wang et al.[9] extended the concept of neutrosophic set to
single valued neutrosophic sets (SVNSs). Broumi et al.
[10, 11] proposed new hybrid intelligent structure namely,
rough neutrosophic set combing the concept of rough set
theory [12] and the concept of neutrosophic set theory to
deal with uncertainty and incomplete information. Rough
neutrosophic set is the generalization of rough fuzzy sets
[13, 14] and rough intuitionistic fuzzy sets [15]. Several
studies of rough neutrosophic sets have been reported in
the literature. Mondal and Pramanik [16] applied the
concept of rough neutrosophic set in multi-attribute
decision making based on grey relational analysis.
Pramanik and Mondal [17] presented cosine similarity
measure of rough neutrosophic sets and its application in
medical diagnosis. Pramanik and Mondal [18] also
proposed some rough neutrosophic similarity measures
namely Dice and Jaccard similarity measures of rough
neutrosophic environment. Mondal and Pramanik [19]
proposed rough neutrosophic multi attribute decision
making based on rough score accuracy function. Pramanik

proposed multi attribute decision making approaches based on
proposed similarity measures. To demonstrate the applicability, a

numerical example is solved.

similarity measure, cotangent hamming similarity measure, interval

and Mondal [20] presented cotangent similarity measure of
rough neutrosophic sets and its application to medical
diagnosis. Pramanik and Mondal [21] presented
trigonometric Hamming similarity measure of rough
neutrosophic sets. Pramanik et al. [22] proposed rough
neutrosophic multi attribute decision making based on
correlation coefficient. Pramanik et al. [23] also proposed
rough neutrosophic projection and bidirectional projection
measures. Mondal et al. [24] presented multi attribute
decision making based on rough neutrosophic variational
coefficient similarity measures. Mondal at al. [25] also
presented rough neutrosophic TOPSIS for multi attribute
group decision making. Mondal and Pramanik [26]
presented tri-complex rough neutrosophic similarity
measure and its application in multi-attribute decision
making. In 2015, Broumi and Smarandache [27]
combined the concept of rough set theory [12] and interval
neutrosophic set theory [28] and defined interval rough
neutrosophic set. Pramanik et al. [29] presented multi
attribute decision making based on projection and
bidirectional projection measures under interval rough
neutrosophic environment.
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Multi-attribute decision making using trigonometric
Hamming similarity measures under interval rough
neutrosophic environment is not addressed in the literature.

Research gap MADM strategy using sine, cosine and
cotangent similarity measures under interval rough
neutrosophic environment.

Research questions

(1) Is it possible to define sine, cosine and cotangent
similarity measures between interval rough
neutrosophic sets?

(i1) Is it possible to develop new MADM strategies
based on the proposed measures in interval
rough neutrosophic environment?

The objectives of the paper are

i.  to define sine, cosine and cotangent similarity
measures between interval rough neutrosophic
sets.

ii.  to prove the basic properties of sine, cosine and

cotangent similarity measures of interval rough
neutrosophic sets.

iii.  to develop new MADM strategies based on the
proposed measures in interval rough neutrosophic
environment.

Contributions

(1) In this paper, we propose sine, cosine and
cotangent similarity measures under interval
rough neutrosophic environment.

(il)) We develop new MADM strategy based on the
proposed measures in interval rough
neutrosophic environment.

(iii) We also present numerical example to show the
feasibility and applicability of the proposed

measures.

Rest of the paper is organized in the following way.
Section 2 describes preliminaries of neutrosophic sets and
rough neutrosophic sets and interval rough neutrosophic
sets. Section 3, Section 4 and Section 5 presents definitions
and propositions of the proposed measures. Section 6
presents multi attribute decision-making strategies based
on the similarity measures. Section 7 provides a numerical
example. Section 8 presents the conclusion and future
scopes of research.

2 Preliminaries

In this Section, we provide some basic definitions
regarding SVNSs, IRNSs which are useful in the paper.

In 1999, Smarandache presented the following definition
of neutrosophic set (NS) [1].

Definition 2.1.1. Let X be a space of points (objects) with
generic element in X denoted by x. A NS A in X is
characterized by a truth-membership function Ta, an
indeterminacy membership function I and a falsity
membership function F4. The functions Ta , Ia and F4 are
real standard or non-standard subsets of (0,17) that is
TaX— (0,1%,IaX— (0,17 and FA:X— (0, 1%). It
should be noted that there is no restriction on the sum of
TA(X) , IA(X) and FA(X) i.e.
0<T (X)+I (X)+F (X)<1"

Definition 2.1.2: (Single-valued neutrosophic set) [9]. Let
X be a universal space of points (objects) with a generic
element of X denoted by x. A single valued neutrosophic
set A is characterized by a truth membership function T(x)
, a falsity membership function F4(x) and indeterminacy
function 74(x) with

T, (x).I, (x) and F, (x) € [0,1] VxinX

When X is continuous, a SNVS S can be written as
follows
A=[<T, (x),F (x),I, (x)>/VxeX

and when X is discrete, a SVNS S can be written as
follows
A=2<T (x),F, (x),I, (x)>/vxeX

For a SVNS S, 0 < supTa(x) + supla(x) + supFa(x) < 3.

2.2 Rough neutrosophic set

Rough neutrosophic sets [10, 11] are the generalization of
rough fuzzy sets [13, 14] and rough intuitionistic fuzzy sets
[15].

Definition 2.2.1: Let Y be a non-null set and R be an
equivalence relation on Y. Let P be neutrosophic set in Y
with the membership function Tp , indeterminacy function
Ir and non-membership function Fp . The lower and the
upper approximations of P in the approximation (Y, R)
denoted by are respectively defined as:

N(P) =<< X’TN(P)(X)’ IN(P)(X)’FN(P) (x)>/y €[x],,
xeY> o o o

and

N(P) =<< x,TN(
xeY >

where,

(x),1

P) N(P)

(x),F_(x)>/ye[x],,

N(P)
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Ty ) =1z eX] T,(Y). 1, (%) = Az € [x] 1 (Y), 0< p (RX-RX) +v, (RX-RX)<I
N(P)(x) rze[x] E (Y)
d Definition 2.3.3
an
(x)=vze[x] [x]. 1 .(Y) Assume that, (U, R) be a Pawlak approximation space, for
T R_P ROPRET an interval neutrosophic set
F__(x)=vze[x] F(Y) ’ L U L U L
N(P) RTP 4 = {<x, [Ta7(x), TA"(X®)], [a"(x), IA"(x)], [Fa (),
So FA'x)]> : xe U}
< N(P) (X)+IN(P) (X)+FN(P) (x)<3 "Ehe lower approximation Ar and the upper approximation
and Ar of A in the Pawlak approximation space (U, R) are
0< Ti(x) + Ii(x) TF (x)<3 expressed as follows:
| Ay =< [A, AT O, (T, O,
Here vand A denote  “max” and “min”  operators [ {IL ¥, N 1 (]
respectively, Te(y), Ip(y) and Fp(y) are the membership , Y vy UaYHd
indeterminacy and non-membership of Y with respect to [ yell, {F 3, Vi {F,(}>:x eU}
P. | Ae = = [V, T, (T, 01
TS NS mappine. [ ok, 1,00
N, N:N(Y) = N(Y) are, respectively, referred to as the "yets, Pl Y l? Y ’> . U
lower and upper rough NS approximation operators, and Ixly EO AY x] F, O} :x el
The symbols Aandv  indicate “min” and “max”

the pair (N(P), N(P)) is called the rough neutrosophic set

in (Y, R).

2.3 Interval rough neutrosophic set

Interval rough neutrosophic set (IRNS) [22] is the hybrid
structure of rough sets and interval neutrosophic sets.
According to Broumi and Smarandache, IRNS is the

generalizations of interval valued intuitionistic fuzzy rough
set.

Definition 2.3.1

Let R be an equivalence relation on the universal set
U.Then the pair (U, R) is called a Pawlak
approximationspace. An equivalence class of R containing

x will bedenoted by [x]r for X € U, the lower and upper

approximationof X with respect to (U, R) are denoted by
respectively

RXand RX and are defined by

RX ={xe U:[xlrc X},

RX ={xe U:[x]r(1 X£O}.

Now if RX = I_KX, then X is called definable; otherwise
Xis called a rough set.

Definition 2.3.2

Let U be a universe and X, a rough set in U. An
intuitionistic fuzzy rough set A in U is characterized by a
membership function pA:U— [0, 1] and non-membership
functionva: U— [0, 1] such that pa(RX)=1and va(RX) =0

ie, [ua (x)va (0)]=[1,0] if x€(RX) and pa(U-R X)= 0,

va(U- R X)=1
ie,

operators respectively. R denotes an equivalence relation
for interval neutrosophic set A. Here [x]r is the
equivalence class of the element x. It is obvious that

(Ao, TE@hA, o (T, E[0,1],
[V, L0V, dieHco.1]
[V, lE (), v, FEmI 0.1,
and 0 < Ay, {T, (y)} Vo {Iz )} +

U
Vo O3

Then Ar is an interval neutrosophic set (INS)
Similarly, we have

[ Ty LV, oy (T, M0,
. {Ii(y)}my o AL S0,

v, ELOb A, FL 0N < [0.1]
0< Vys[x]R {T/:J(y}}'i_/\y x] {IA(Y)}"‘
A, VO] 3

Then Ar is an interval neutrosophic set.

yelxly

and

If Ag = KR then A is a definable set, otherwise A is an

interval valued neutrosophic rough set. Here, Ag and Ar
are called the lower and upper approximations of interval
neutrosophic set with respect to approximation space (U,R)

respectively. Ar and Ar are simply denoted by A and
A respectively.
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2.4 Hamming distance

Hamming distance between two neutrosophic sets
M =(Tyy (x). 1py (x), Fps (%)) and N = (T (x), Iy (x), Fy (x)) is
defined as

H(M,N)=
% éqTM(xi)_TN(xi)|+|1M(xi)_1N(xi)|
+ |FM (x) _FN(xi)D'

3. Cosine Hamming Similarity Measure of IRNS

Assume that

M = {< X, ([T Ty, BT B

[TlM,Tf LIL,. T, LIE, . Ey 1> i=1, 2 ,n}
and
N = {< X, [T T W G LF G FL

[T T L M F >t =12 )

in X = {xi, X2, ..., Xa}be any two IRNSs. A cosine
Hamming similarity operator between IRNS M and N is
defined as follows:

cos(M, N)_nzcos(—(|AT (x)- AT (x. )|
|AI (x)-AL (x, )|+|AF (x)—4F,(x, )|))

(T +T+ +T +T))

AT X. R
(x)= 4
(I +I+ +1, +I*)
Al (x. s
w ) = 4 —
(F1M+F1;4+F +F)
AF (X)— 5
4__
(T +Tl +T +T))
AT (x)=— ,
4
(I +I+ +1 +I W)
Al (x)= )
(XD = Yo
(F +E* +E +F*)
AF X )= .
(x)= p
Properties 3.1

The defined rough neutrosophic cosine hamming similarity
operator cos(M, N) between IRNSs M and N satisfies the
following properties:

1. 0<cos(M,N) <1.

2.cos(M,N) =1 if and only if M = N.

3. cos(M,N) = cos(N,M).
Proof:

1. Since the functions

AT, (x), ALy (), AFy, (x), ATy (x), AL (x) and  AFy (x)
the value of the cosine function are within [0, 1], the
similarity measure based on interval rough neutrosophic
cosine Hamming similarity function also lies within [ 0, 1].
Hence 0<cos(M,N) <1.

This completes the proof.
2. For any two RNSs M and N, if M = N, then the
following relations hold

ATy (x;) = ATy (x;), ALy (x;) = ALy (x;),

AFy (x;) = AFy(x;).

Hence,
|ATM (x)— ATN(xi)| = 05|AIM (x)— AIN(xi)| =0,
|AFM(xi) _AFN(xi)| =0

Thus cos(M,N) = 1

Conversely,

If cos(M,N) = 1, then

|ATM (x)— ATN(x[)| = 07|AIM(xi) - AIN()C[)| =0,
|AFM(xi)_AFN(x[)| =0

Since cos(0) = 1. So we can write

ATy (x;) = ATy (x), ALy (x;) = Al i (x;),

AFy (x;) = AFy(x)).

Hence M = N.

3. As

cos(M, N)—anos(EqAT (x,)— AT (x, )|+
|AI (x)- AL (x, )| |AF (x)—4F, (x, )|))
:—Zcos(%qAT (x,) = AT, (x)| +

|Ai ](;ii)—AIM(xi)| |AFN(xi)—AFM(xi)|))
= cos(N,M)

This completes the proof.

4. Sine Hamming Similarity Measure of IRNS

Assume that
M={< X, ([T, T+ 1, [I;\A,F 1, [FM,F+ 1,

iM’

[T, T+][

e I*][F l]>1—12 ,n}
and
N = <X [T T T L LR FLD

1N’
[TlNaTlJr] [11_1\1’11:\1]’[1:11_\1’1:1;] 1_12 }
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in X = {Xi, X, ..., Xn}be any two IRNSs. A sine Hamming
similarity operator between IRNS M and N is defined as
follows:

sin(M,N)=1-[— Zsm(—(|AT (x)- AT (x. )|
AL (x.)- AL (x. )|+|AF (x)—4F,(x, )|))]

Here,

ATM(X)_(_ —:aJrTz_zD)
Al () = (IM”JWZL_WE)’
AFM<xl->=(E—5”@:E+@)’
ATN(xi)—(“TtN:a m’

ALy () = (1N+I§V:a+l_)7

AFy (%) = (’”sza )

Properties 4.1

The defined rough neutrosophic sine hamming similarity
operator sin (M, N) between IRNSs M and N satisfies the
following properties:

1. 0<sin(M,N) <1.

2. sin (M,N) = 1 if and only if M = N.

3. sin (M,N) = sin (N,M).

Proof:

1.Since the functions

ATy (), ALy (), Ay (x), ATy (x), ALy (x) and AFy (x)
the value of the sine function are within [0,1], the
similarity measure based on interval rough neutrosophic
cosine Hamming similarity function also lies within [ 0,1].
Hence 0 <sin(M,N) <1.

This completes the proved.

2.For any two RNSs M and N, if M = N, then the
following relations hold

ATy (x;) = ATy (x;), AL (x;) = ALy (x;),

AFy (x;) = AFy (x;).

Hence,

|ATM (x)— ATN(xi)| = 07|AIM (x;)— AIN(x[)| =0,
|AFM (x)— AFN(xi)| =0
Thus sin(M,N) = 1
Conversely,

If sin(M,N) = 1, then
|ATM (x)— ATN(xi)| =0,
|AFM(xi) - AFN(xi)| =0
Since sin(0) = 1. So we can write

ATy (x;) = ATy (x,), ALy (x;) = Al y (x;),
AFy (x;) = AFy (x;).

Hence M = N.
3. As

sin(M,N)=1-[— Zs1n(—(|AT (x)- AT (x. )|
|AI (x)- 4L (x, )|+|AF (x,)—AF (x, )|))
=l—[;gsm(HqATN(xi)—ATM(Xi)|+

A1 (x) = AL (x| +|4F, (x)) — 4F, (x)[)]
= sin(N,M).
This completes the proof.

5. Cotangent Hamming Similarity Measure of
IRNS

Assume that
M ={<x, ([T, T LI, I LIE, . E L

iM 1M’

[T T+ ] [I;v[’ iM]’[FiM’ iM]>'1_1’2""’ }
and
N ={<x, [T, T LIL LD [FlN,F,;]

[’T‘l;v’I‘];]a[I;\IaIg\I]a[FlNﬂE;] >'1 - 1929-"9 }
in X = {xi, X5, ..., Xa}be any two IRNSs. A cosine
Hamming similarity operator between IRNS M and N is
defined as follows:
cot(M,N)=
I1
+ (AT, () = AT (x| +
n i=1 4 2
|41, (x,) = AL (x| +|4F, (x,) ~ 4F (x,)]).

Here,
Tt T T T
AT (x) ;
M i 4
L +1 1 )
iM iM iM iM
AL (x,) y :
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(F +F* +F +F*)

AE, (x,) = Y ,
(T, +T+ +T +T+)
AT (X)_ 9
4
(I +I+ +1 +I+)
AL (x,)= y :
(F +F+ +F +F*)
AR (x,)=—— 2 .

Properties 5.1

The defined rough neutrosophic cosine hamming similarity
operator cot(M, N) between IRNSs M and N satisfies the
following properties:

1. cot(M, N) =1 if and only if M = N.
2. cot(M, N) = cot(N, M).

Proof:

1.For any two RNSs M and N, if M = N, then the
following relations hold

ATy (x;) = ATy (x;), ALy, (x;) = ALy (x;), AFy, (x;) = AFy (X;).

Hence,

|ATM (x)— ATN(xi)| = 0>|AIM(xi) - AIN(xi)| =0,
|AFM(xi) - AFN(xi)| =0

Thus cot(M,N) =1

Conversely,

If cot(M,N) = 1, then
|ATM (x)— ATN(xi)| = 0>|AIM(xi) - AIN(xi)| =0,
|AFM(xi) _AFN(xi)| =0

Since cot( %) = 1. So we can write

ATy (x;) = ATy (x;), Ay (x;) = Al (x;),
AFy (x;) = AFy(x)).

Hence M = N.
2. As,
1o I T
t(M,N)=— t(—+— (AT (x.)—AT _(x)|+
cot(M, N)==— Y cot( -+ (4T, (x )= 4T, (x)|

AL (x,) — A, )| +]4E, (x) ~ 4F, (x)])

=—Zcot(—+—(|AT( x )~ AT (x, )|
nia 4 12
AL (x,) = AL, (x,)| +|4F, (x,) = 4F, (x)])
= cot(N,M).

This completes the proof.

6. Decision making under trigonometric interval
rough neutrosophic Hamming similarity
measures

In this section, we apply interval rough cosine, sine and
cotangent Hamming similarity measures between IRNSs to
the multi-attribute decision making problem. Consider
C={C,C,, ... ,Cy} be the set of attributes and 4={A4,,4>, ...
, An} be a set of alternatives. Now we provide an algorithm
for MADM problems involving interval rough
neutrosophic information.

Algorithm 1. (see Fig 1)

Step 1: Construction of the decision matrix with interval
rough neutrosophic number

Decision maker considers the decision matrix with respect
to m alternatives and n attributes in
terms of interval rough neutrosophic numbers as follows:

Tablel: Interval Rough neutrosophic decision matrix

Z Z ... Z
11 12 1m
2,27, ... z,
D:<Zij>nxm: ’
Z 7, ...Z
nl n2 nm
Where

ZU - <([TM7T ] [I;\/I’IIM] [ Tim? 1M]
[T, T LIL.L LIF, F ])>
OSvye[x]R ITA (y)}_'_/\ye[x]R {IA (.y)}_'_/\ye[x]R {F/i/(y)}jgj)

Step 2: Determination of the ideal alternative
Generally, the evaluation attribute can be categorized into
two types: benefit type attribute and cost type attribute. We
define an ideal alternative S* .

For benefit type attribute,

with

S'=

{(min, le,maxl 1;,max; F, ) (max; Zj,mmlly,mmiFlj)}.
For cost type attribute,

S'=

{(max; Z],mml 1;;,min; F; ) (min; Z,,maxl Il],max U)}

Step 3: Determination of the interval rough trigonometric

neutrosophic Hamming similarity function of the

alternatives

We compute interval rough trigonometric neutrosophic

similarity measure between the ideal alternative S* and

each alternative Zi = <Zjj>wnm foralli=1, ....,nand j =1,
ceey ML

Step 4: Ranking the alternatives
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Using the interval rough trigonometric neutrosophic
similarity measure between each alternative and the ideal
alternative, the ranking order of all alternatives can be
determined and the best alternative is selected with the
highest similarity value.

Step 5: End.

Start

!

Set the attributes(in terms of IRNSs)

A

Construct the decion matrices

v

Determine the ideal alternative

Calculate the interval rough trigonometric
neutrosophic Hamming similarity
measures

Rank the alternative

End

Fig 1. A flowchart of the proposed decision making
method

7. Numerical example

Assume that a decision maker intends to select the most
suitable laptop for random use from the three initially
chosen laptops (Si, Sz, S3) by considering four attributes
namely: features C, reasonable price C,, customer care Cs,
risk factor C4. Based on the proposed approach discussed
in section 5, the considered problem is solved by the
following steps:

Stepl: Construct the decision matrix with interval rough
neutrosophic number

The decision maker construct the decision matrix with
respect to the three alternatives and four attributes in terms
of interval rough neutrosophic number.

Ci C Cs Cs

St | <([.6,.7], | <([.5, .71, | <([.5, .6], | <([.8, .9],
[.3, 51,13, 41, |[4, .51,|[3, 4],
[.3, 4D, | [.1, 2D, | [4, .6]),|[.5 .6]),
(.8, 91, | {7, 9, |7, 8,7, .8,
.1, 31, ([3, .51, |[2, 41,3, .5]
[.1,.2D> | [.3,.4D> | [.3, .4D)> | [.3,.5])>

Sz | <([.7, .8], | <(.6,.7], | <(.5, .71, | <([.7, .8],
.2, 31,1, .21, |[2, .31,|I[3, .5]
[.o, 2D, (.0, 2D, | [.1, 2], | [.1,.3]),
(.7, 91, | (e, 71,1 (.6, .91, | (.5 .71,
.1, 2, (1, 31,3, .5,]|[5 .6]
[.L,.2D> | [.1,.3])> | [.2 .4])> [.2,.3])>

Ss | <([.6,.7], | <([.5, .71, | <(.6, .81, | <([.4, .7],
[.3, 41, ([2, 41 |[2, 4],]|[2 4]
[0, 3D, |[.2, 4D, |[.3, 4D, |[4, .5]),
(.6, 91, | (.6, .81, (.6, .8],1|(.5 .8],
Ly, 2,01, 3L |[2, .51,]|[2 .5]
[.1,.2D)> | [.1, 2D> | [.3,.5])> | [.0,.2])>

Step 2: Determine the benefit type attribute and cost type
attribute
Here three benefit type attributes C;, C,, C3 and one cost
type attribute Cs. We calculate the ideal alternative as
follows:

*

S =
{<(6,.7],[.3,.51.[.3,-4]D),([.8,.9],[.1,.2],[.1,.2]) >,
<([.5,.71,[.3,-4].[.2,.4]),([.7,.9],[.1,.3],[.1,.2]) >,
<([.5,.6],[4,.5],[4,.6]),([.7,.9],[ .2,.4],[.2,.4]) >,
<([.8,.91.[.2,.4].[.1,.3]D,([.5,.71,[.5,.6],[ .3,.5]) >) >}
Step3: Calculate the interval rough

neutrosophic Hamming similarity measure
alternatives

>

trigonometric
of the

cos(S,,S") =0.999998923,
cos(S,,S) = 0.999997135,
cos(S,,S") = 0.999998505,

sin(S,,S") = 0.999531651,
sin(S,,S") = 0.997658256,
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sin(S ,S") = 0.998343644,
cot(S,,S") =70.25049621,
cot(S ,S") = 67.22363275,
cot(S,,S") = 68.81008448.

Step 4: Rank the alternatives

Ranking of alternatives is prepared based on the
descending order of similarity measures. The highest value
reflects the best alternatives.

Here,

cos(S,, S*)> cos(S,, S*)> cos(S,, S*).

sin(S,, S*)> sin(8S,, $*)> sin(S,, S*).

cot(S,, S*)> cot(S,, S*)> cot(S,, S*).

Hence, the laptop S is the best alternative for random use.

8. Conclusions

In this paper, we have proposed interval rough
trigonometric Hamming similarity measures and proved
their properties. We have developed three MADM
strategies base on sine, cosine and cotangent similarity
measures under interval rough neutrosophic environment.
Then we solved an illustrative numerical example to
demonstrate the feasibility, applicability of the developed
strategies. The concept presented in this paper can be
applied other multiple attribute decision making problems
such as teacher selection [30, 31, 32], school selection
[33], weaver selection [34, 35, 36], brick field selection
[37, 38], logistics center location selection [39, 40], data
mining [41] etc. under interval rough neutrosophic
environment.
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1 Introduction

In 1995, neutrosophic logic and set theory was introduced by
Smarandache [22, 23]. The neutrosophic sets are characterized
by a truth membership function(t), a falsity membership func-
tion (f) and an indeterminacy membership function(i) respec-
tively, which lies between the nonstandard unit interval [0, 1]*.
Unlike intuitionistic fuzzy sets, here the uncertainties present i.e.
the indeterminacy factor, is independent of truth and falsity val-
ues. Hence Neutrosophic sets are more general than intuitionis-
tic fuzzy set [6] and draw a special attraction to the researchers.
Later on Wang et al. [25] introduced a special type of neutro-
sophic set say single valued neutrosophic set (SVNS). They also
introduced the interval valued neutrosophic set (IVNS) in [26].
The SVN set is a generalization of classical set, fuzzy set [27],
intuitionistic fuzzy set [6] etc. To see the practical application of
the neutrosophic sets and SVN sets, one may see [1, 2, 3,4, 7, 8]
etc.

On the other hand, nowadays graphs and digraphs are widely
used by the researchers to solve many pratical problems. The
graphs are used as a tool for solving combinatorial problems
in algebra, analysis, geometry etc. Many works on fuzzy
graph theory, fuzzy digraph theory, intuitionistic fuzzy graphs,
soft digraphs etc. are carried out by a number of researchers
[12, 13, 15, 16, 17, 21]. Four main categories of neutrosophic
graphs have been defined by Samarandache in the paper [24].
However the concept of single valued neutrosophic graphs was
introduced by Broumi et al. [9, 10, 11].

In this paper we have introduced the notion of SVN digraphs
for the first time. In section 2, some preliminaries regarding neu-
trosophic sets, graph theory, SVN sets etc. are discussed. In sec-
tion 3, we have defined the SVN digraph and some terminologies
regarding SVN digraphs with examples. We have solved a real
life problem by using SVN digraph in Section 4. In Section 5,
we have defined the volume of a SVN digraph and also the sim-
ilarity measure between two SVN digraphs by using the volume
of each SVN digraph. Finally in this section, we have computed

shown and some of the important properties of SVN digraphs are
investigated. Finally SVN digraphs are applied in solving a multi-
criterion decision making problems.

the similarity measure of the digraphs of Section 4 and compared
the results. Section 6 concludes the paper.

2 Preliminaries

In this section, we will discuss some definitions and terminolo-
gies regarding neutrosophic sets which will be used in the rest of
the paper. However, for details on the neutrosophic sets, one can
see [20].

Definition 1 [20] Let X be a universal set. A neutrosophic set
A on X is characterized by a truth membership function t 4, an
indeterminacy membership function i o and a falsity membership
function fa, where ta,ia, fa : X — [0,1], are functions and
VaeX o=ualtalr),ialz),fa(z)) € Aisa single valued
neutrosophic element of A.

A single valued neutrosophic set (SVNS) A over a finite uni-
verse X = {x1,29,...,x,} is represented as below:

Lg

4= ; (ta(@i),ia(wi), fa(x:))

Definition 2 [20] The complement of a SVNS A is denoted by A°
and is defined by t e (x) = fa(x),iae(x) = 1—ia(x), fac(z) =
ta(z) Ve X.

Definition 3 [20] A SVNS A is contained in the other SVNS B,
denoted as A C B, ifand only ifts(x) < tp(x),ia(z) < ig(x)
and fa(x) > fp(x) Vo € X. Two sets will be equal if A C B
and B C A.

Definition 4 [20] Suppose N(X) be the collection of all SVN
sets on X and A, B € N(X). A similarity measure between two
SVN sets A and B is a function S : N(X) x N(X) — [0,1]
which satisfies the following condition:

(1) 0<S(A,B)<1,
(i) S(A,B)=1ifand onlyif A = B.
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iii) S(A,B) = S(B,A)

(iv) If A C B C C, then S(A,C) < S(A,B) and S(A,C) <
S(B,C) forall A,B,C € N(X).

Note that here (i)-(iii) are essential for any similarity measure and

(iv) is a desirable property although not mandatory.

Definition 5 /20] The entropy of SVNS A is defined as a function
E : N(X) — [0, 1] which satisfies the following axioms:

(1) E(A) =0if Ais a crisp set.

(i) f((A) = Lif (ta(x),ia(x), fa(z)) =

(iii) E (4)

fa(x)

ipe(x)

(iv) E(A) = E(A°)VAe N(X
of all SVNS over X.

(0.5,0.5,0.5) Va €

> E(B) if A is more uncertain than B i.e. ty(x) +
< tp(x) + fp(x) and |ia(x) —iae(x)| <lip(x) -
|[Vre X A BeX.

), where N (X) is the collection

Example 6 An entropy measure of an element x1 of a SVNS A
can be calculated as follows:

(ta(z1) + fa(z1)) X

Graph and digraphs played an important role in many applica-
tions of mathematics like Chinese post-man problems, shortest
path problems etc. For graph theoretic terminologies, one can
see any standard reference, e.g. [14] or [19].

El(fbl):l— |iA(I1)—iAc(.I1)|.

3 SVN Digraph

In this section, we will define SVN digraph D
for the first time corresponding to a SVNS Vp =
{(vi, (tvy, (03), vy, (02), fvp, (Vi) 8 = 1,...,n} over a fi-
nite universal set X. For sake of implicity henceforth we will
denote Vp by Vp = {v1, v, ..., v, } in the rest of paper.

Definition 7 A SVN digraph D is of the form D = (Vp, Ap)
where,

1) Vb = {vi1,v2,vs,...,v,} such that the functions ty, :
Vp — [0, 1], v, : Vp — [0, 1], fVD : Vp — [0, 1]
denote the truth-membership function, a indeterminacy-
membership function and falsity-membership function of the
element v; € Vp respectively and 0 < ty,, (v;) + iy, (v;) +
fvp(vi) <3, Yo, € Vp,i=1,2,....,n

(it) Ap = {(vs,v5); (vi,vj) € VpxVp} provided 0 < E(v;)—
E(v;) < 0.5 and the functions ta, : Ap — [0,1],ia, :
Ap — [0,1], fa, : Ap — [0, 1] are defined by

tap ({vi’ vj}) < min[tVD (vi)a tvp (vj)]v
iAD ({UiJ Uj}) > max[iVD (Ui)J iVD (Uj)]v

fap({wisvi}) > maz[fv, (vi), fvy (v5)]

where ta,,iap, fa, denotes the truth-membership func-
tion, a indeterminacy-membership function and falsity-
membership function of the arc (v;,vj) € Ap respectively
where 0 < ta, (vi,v5) + 14, (vi,v;) + fap(vi,v5) < 3,
V(’Ui,’Uj) € Ap, 1,] € {1,2, .. n}

We call V as the vertex set of D, Ap as the arc set of D where
E(v) is the entropy of the vertex v. Please note that if E(v;) =
E(v;), then {(v;,v;), (vj,v;)} € Ap. Since for a vertex v € Vp
of a SVN digraph D we have E(v) = E(v), thus every vertex of a
SVN digraph D contains a loop (v,v) at v. On the other hand, if
E(v;) — E(vj) > 0.5, we define that there exists no arc between
the vertices v; and v;. A SVN digraph D = (Vp, Ap) is said to
be symmetric if (u,v) € Ap implies (v,u) € Ap. On the other
hand, D is asymmetric if (u,v) € Ap implies (v,u) ¢ Ap.

Remark 8 Here, we are trying to represent a SVN set by a SVN
digraph. For this reason, we have taken a SVN set Vp and have
considered the set Vp as the vertex set of the SVN Digraph D.
Thus we are only considering the entropy of the vertex set Vp of
the SVN digraph D. However we have seen that the arc set Ap
of D forms a new SVN set and we have the following corollary.

Corollary 9 The arc set Ap of a SVN digraph D =
forms a neutrosophic set on X x X.

(Vb, Ap)

Example 10 Consider the SVN digraph D1 = (Vp,,Ap,)
in Figure 1 with vertex set Vp, = {v1,va,vs,04}
and arc set Ap, = {(va, v1), (v1,v3), (v2,v3),
(v2,v4), (v3,v4), (va,v1)} with one loop at each vertex as
follows:

U1 V2 U3 U4
tvy, 04 04 05 0.2
v, 01 03 02 0.5
fvo, 02 01 05 0.3
E 052 08 04 1
(v2,v1)  (v2,v3) (va,v1)  (v1,v3) (va,02)
tap 0.3 0.2 0.1 0.4 0.2
in, 04 0.3 0.5 0.3 0.5
fan 0.2 0.6 0.3 0.4 0.4
v1(04,0.1,02)  v5(0.4,0.3,0.1)
v4(0.2,0.5,0.3)  v5(0.5,0.2,0.5)
Figure 1: The SVN Digraph D,
Remark 11 (i) Ina SVN digraph D, if x = (v;,v;) is an arc,

we say that x is incident with v; and v;; v; is adjacent to

K. Sinha, P. Majumdar; Entropy based Single Valued Neutrosophic Digraph and its applications.



Neutrosophic Sets and Systems, Vol. 19, 2018

121

v;; and v; is adjacent from v;. It is customary to repre-
sent a digraph by a diagram with nodes representing the ver-
tices and directed line segments (arcs) representing the arcs
of the digraph. Every vertex of any SVN digraph contains
loops by definition. For the sake of simplicity, we define
(tap(v,0),ia, (v,0), fa,(v,0)) = (0,1,1) for each arc
(v,v) € Ap of a SVN digraph D.

The order of D, denoted by |D|, is the number of vertices
of D. The size of a SVN digraph D, is the number of arcs of
D ie. |Ap|. For example, the order and size of the digraph
D in Figure 1 is 4 and 9 respectively.

(i)

Definition 12 4 SVN-subdigraph H = (Vu,Agn) of a SVN-
digraph D = (Vp, Ap) is a SVN-digraph such that

(1) VH Q VD where tVH (’Ul) S tVD (’Ui), iVH (’Ul) S iVD (Ui),
fva (i) = fvp (i) Vui € Vg,

(i) Ay C Ap whereta, (vi,v;) < tap,(vi,v;), ia, (vi,v;) <
iap (Vi 5), fag(vi,v5) > fap(vi,v;) Y(vi,v5) € Ag.

Example 13 Consider the SVN digraph D> = (Vp,, Ap,) in
Figure 2 with vertex set Vp, = {v1,v2,vs3} and arc set Ap, =
{(va2,v1), (v1,v3), (v2,v3)} with one loop at each vertex as fol-
lows:

U1 (%) VU3

tv, 04 04 05

v, 01 0.3 0.2

fv, 02 01 05

E 052 0.8 04
(v2,v1)  (v2,v3) (v1,v3)
tap 0.3 0.2 0.4
ia, 04 0.3 0.3
fa, 02 0.6 0.4

1t is clear that the SVN digraph Do in Figure 2 is a SVN subdi-

Ch

Figure 2: The SVN Digraph D»
graph of Dy in Figure 1.

Definition 14 A4 SVN-digraph K = (Vik,Ak) is a spanning
SVN-subdigraph of a SVN-digraph D = (Vp, Ap) if

() Vk = Vp where ty, (vi) = tvp, (vi), ivi (vi) = ivp (vi),
Jvi (vl) = fvo (vl) Vv, € Vi.

(11) AK g AD where tAK('Ui;vj) = tAD(Ui,’Uj),Z.AK(’Ui,Uj) =
iap (Vi V), fag (Vi v) = fap(vi,v5) Y(vi,v5) € Ak.

Definition 15 For vertices u,v in a SVN digraph D, a u-v SVN
path P = (Vp, Ap) is a SVN subdigraph of D whose distinct
vertices and arcs can be written in an alternating sequence:

v1(v1,v2)v2(V2, U3)Us - - - Ug—1 (Vg—1, Uk ) U,

where v1 = w,vr = v and ta, (i, vip1) > 0,ia(vi,vi41) >
O,fA(Ui,Ui+1) > 0,0 < E(’Ui) — E(Ui-i-l) <05, Vl<i<ek.
Further, if (v,u) is an arc in D, then the subdigraph P together
with (v,u) is a SVN cycle of length k or a k-SVN cycle in D.
For convenience, we denote the cycle as C' = [v1,va,...vi]. 4
SVN digraph having no cycle of length greater than 1 is said to
be acyclic. A 1-cycle consists of a vertex v and a loop at v.

Definition 16 4 SVN digraph D is said to be connected if the
simple SVN graph G associated to D (i.e., the graph with vertex
set Vp and edge set {{u,v} : (u,v) € Ap,u # v}) is con-
nected. The SVN digraph D is said to be strongly connected if
Jor every pair (u,v) of vertices, D contains a u-v SVN path and
a v-u SVN path both. The maximal connected (resp. strongly
connected) SVN subdigraphs of D are called components (resp.
strong components) of SVN D.

Definition 17 Let D = (Vp, Ap) be a SVN digraph. Then the
outdegree (resp. indegree) of any vertex v is sum of degree of
truth-membership, sum of degree of indeterminacy-membership
and sum of degree of falsity-membership of all those arcs which
are adjacent from (resp. to) vertex v denoted by Oq4(v) =

O(di(v), di(v), dy(v)) and Ia(v) = I(di(v),di(v),ds(v)),

where,

di(v) = % Z tap, (u,v) denotes the degree of truth membership

d;(v) = % Z iap (u,v) denotes the degree of indeterminacy member:
dr(v) = % Z fap (u,v) denotes the degree of falsity membership,

where n is the number of arcs adjacent from (resp. to) vertex v.

Example 18 Consider the SVN digraph D1 in Figure 1. Here we
have, the outdegree and indegree of each vertex as follows:

Oa(v1) = (0.8,0.86,0.88), Og(vs) = (0.05,0.73,0.7
Oa(vs) = (0,1,1), Oq(vs) = (0.05,0.83,0.78

Iu(v1) = (0.07,0.82,0.75), I4(vs) = (0.04,0.90, 0.88),
Ii(vs) = (0.1,0.76,0.83), Iy(vs) = (0,1,1).

)

3

o =

Remark 19 The set of in-degrees (out-degrees) of the vertices of
an SVN digraph forms a neutrosophic set on Vp (i.e. on X).

Definition 20 A SVN digraph D = (Vp, Ap) is called k-regular
SVN digraph if the sum of outdegree and indegree of each vertex
vis k. Thatis, d(v) = Y {04(v) + I4(v)} = (k,k, k) for all
v € Vp.
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Definition 21 4 SVN digraph D = (Vp, Ap) is called strong
SVN digraph if

tap (’Uiv Uj) = min[tVD (Ui)v tv, (Uj)]v

iap (v, v;) = max(ivy, (vi), iv,, (v5)],

fAD (via vj) = ma‘r[fVD (vi)a fVD (Uj)]
Sor all (v;,vj) € Ap

Example 22 Consider the SVN digraph Ds = (Vp,, Ap,) in
Figure 3 with vertex set Vp, = {v1,v2,v3,v4} and arc set

Ap, = {(va,v1), (v1,v3), (v2,v3), (V2,v4), (V3,v4), (V4,v1)}
with one loop at each vertex as follows:

vp V2 U3 U4

tv, 09 01 05 0.2

iv., 03 0.6 0.1 0.6

fvo 08 0.1 05 0.1

E 03 06 02 04
(v2,v1)  (v2,v3) (va,v3) (va,v1) (vi,v3) (v2,04)
0.1 0.1 0.2 0.2 0.5 0.1
0.6 0.6 0.6 0.6 0.3 0.6
0.8 0.5 0.5 0.8 0.8 0.1

v1(0.9,0.3,0.8)  1(0.1,0.6,0.1)

—

o
o

v3(0.5,0.1,0.5)

v4(0.2,0.6,0.1)

Figure 3: The SVN Digraph D3

Definition 23 A SVN digraph D = (Vp, Ap) corresponding to
a SVNS Vp is called complete if the following holds:

, Un }-

(11) AD = {(viavj);vivvj € VD}’
provided E(v;) = E(v;) Yv; € Vp.

(1) VD = {1)1,1)2,1)3,. ..

Example 24 Consider the SVN digraph Dy = (Vp,,Ap,) in
Figure 4 with vertex set Vp, = {v1,v2,v3} and arc set Ap, =
{(UQ, vl)v (vla Ug), (UQ, 'Ug), (vlv ’02)7 (’Ug, Ul), (’Ug, ’02)} with one
loop at each vertex as follows:

U1 (%) VU3
ty, 05 04 0.7
vy 0.2 02 02
fv, 04 05 05
E(v;)) 046 0.46 0.46

V2 U3

Figure 4: The SVN Digraph Dy

In D4, we consider that each non-loop arc has neutrosophic value
as (0.4,0.2,0.5). It is clear that the SVN digraph Dy is a com-
plete digraph and also a k-regular digraph.

Remark 25 (i) There does not exist any asymmetric SVN di-
graph with a cycle of length > 3. Suppose an asym-
metric cyclic SVN digraph D = (Vp, Ap) has vertex set
Vp = {v1,v2,03,...,0,}. Without loss of generality, let
D has a cycle of length 3 say (vi,ve,v3). Then we have
E(v1) > E(v2) > E(vs) > E(vy1)- which is impossible.
Hence D does not have a cycle of length > 3.

(i) Every SVN digraph D is self-complementary. For any SVN
digraph having vertex set Vp and its complement set V5,
each vertex have same entropy. Hence the result follows.

Definition 26 Suppose D = (Vp, Ap) and H = (Vy, Ay) be
two SVN digraphs with |Vp| = |Vi| = n corresponding to the
SVNS Vp and Vi over an universal set X. Then the union of
two SVN digraphs D and H is defined as a SVN digraph C =
(Ve, Ac) in which the following holds;

@) Ve =VpUVg,

(i1) lve (’U) - max(tVD (’U), lvy (U));
e (’U) - ma‘r(iVD (U)a Wy (U));
fve (v) = min(fv, (v), fvy (v));V v € Vp U Vy and,

(ii)) Ac = {(vi,v)); (vi,vj) € Vo x Vo } provided 0 < E(v;) —
E(’Uj S 0.5,

Definition 27 Suppose D = (Vp, Ap) and H = (Vy, Ay) be
two SVN digraphs with |Vp| = |Vi| corresponding to the SVNS
Vb and Vi over an universal set X. Then the intersection of
two SVN digraphs D and H is defined as a SVN digraph C =
(Ve, Ac) in which the following holds:

@) Ve =Vp Ny,

(i1) lve (’U) = min(tVD (U)a tvy (’U));
e (’U) = min(iVD( 2V (’U));

fve (v) = maz(fv,, (v), fvy (v));V v € Vp N Vy and,

(ii)) Ac = {(vi,v)); (vi,vj) € Vo x Vo } provided 0 < E(v;) —
E(’Uj S 0.5,

Definition 28 Suppose D = (Vp, Ap) and H = (Vy, Ay) be
two SVN digraphs with |Vp| = |Vi| corresponding to the SVNS
Vp and Vg over an universal set X. Consider Vp = Vg =

K. Sinha, P. Majumdar; Entropy based Single Valued Neutrosophic Digraph and its applications.



Neutrosophic Sets and Systems, Vol. 19, 2018

123

{v1,v2,03,...,v,}. The similarity measure between the neutro-
sophic digraphs D and H can be evaluated by the function,

- |AD ﬂAH|

S(DaH)_ |ADUAH|,

where |Ap N Agl,|Ap U Ag| denotes the number of arcs in
Ap N Ay and Ap U Ag respectively with a set theoretic point
of view.

It is clear that S(D, H) satisfies the properties of the Definition 4.

4 An application using SVN Digraph

In this section, we have applied our SVN digraph to solve
a multi-criteria decision-making problem. To find out the
best alternative decision set, we will use the idea of model
set. For this purpose now, we define a model set M =
{(.1,0,0.05), (.1,0,0.04),(.1,0,.03), (.1,0,0.02)}.

The problem is based on a similar problem discussed in
[13]. Now we assume that there exists a set of suppliers
S = {851, 852,53,54} whose performances are examined w.r.t
the following criteria (77,75, T3,Ty), where T the adaptation
of new technology , T5 performance in supply , 75 the ability
of controlling man-power and 7 quality of service. We will
use our proposed decision making technique to select the best
supplier. The evaluation of an supplier S;,7 = 1,2,3,4 with
respect to a criterion 73; j = 1,2, 3, 4, it based on the knowledge
of a domain expert. For example, the opinion of an expert about
a supplier S7 with respect to a criterion 77 , is as follows: the
statement is good is 0.4 and the statement is poor is 0.3 and the
degree of not sure is 0.4. For a neutrosophic point of view, it
can be expressed as neutrosophic element v1; = {0.4,0.3,0.4}.
Thus for the alternative S7, the neutrosophic set is M; =
{(0.4,0.3,0.40), (0.6, 0.3,0.30), (0.2,0.2,0.5), (0.5,0.3,0.2) }.
Similarly the other neutrosophic sets for the alternatives
Sa, S35, .54 respectively are

M, = {(0.4,0.4,0.2), (0.5,0.4,0.30), (0.5, 0.20, 0.40),
(0.5,0.3,0.1)},

M; = {(0.6,0.2,0.2), (0.6,0.3,0.40), (0.5, 0.4, 0.10),
(0.3,0.2,0.40)},

M, = {(0.6,0.2,0.20), (0.1, 0.4,0.50), (0.4, 0.2, 0.60),
(0.4,0.1,0.3).

Now we first draw the SVN digraph Dy, for the model set M as
follows:

Now we draw simultaneously the digraphs
Dy, Dy, Dy, Dy, in the Figure 6, Figure 7 respec-
tively. In each case we now calculate the similarity measure of
each of the digraphs Dyy,; ¢ = 1,2, 3, 4.

(i) S1(Dar,Dary) = 15 = 0.538

01(.1,0,0.05) 5(.1,0,0.04)

v4(.1,0,0.02) v3(.1,0,.03)

Figure 5: The SVN Digraph Dy,

v1(0.4,0.4,0.2) v2(0.5,0.4,0.3)  v1(0.4,0.3,0.4) v2(0.6,0.3,0.3)

04(0.5,0.3,0.1)  v3(0.5,0.2,0.4) v4(0.5,0.3,0.2)  v3(0.2,0.2,0.5)

Figure 6: The SVN Digraphs Dy, , Dy,

(i) S2(Dar,Das,) = & =081
(i) S3(Dar, Dagy) = 15 = 0.42
(iv) Sa(Dnr, D) = 15 = 0.666

Therefore as per the similarity measures, the ranking order of the
four suppliers is S2 > Sy > S1 > S3. Hence, the best supplier
is S3. From the above example, we can observe that the pro-
posed single valued neutrosophic multi-criteria decision-making
method can be handled easily with the help of SVN digraphs.
Ashraf et al. [5] have studied SVN graph where as we have tried
SVN Digraph. In SVN graph there is no edge direction. Thus it is
quite familiar that between any two vertices of SVN graph there
is always an arc satisfying some required condition. In SVN di-
graph theory, between any two vertices there may not be an arc.
Here arcs are present depending on the entropy difference of the
vertices. Thus these two notions of SVN graphs and digraphs are
completely different. Also Ashraf et al. [5] have studied regu-
lar SVN graphs which has equal degree of each vertices. But in
SVN digraphs all vertices may or may not have same degrees. In
future one may study the SVN regular digraphs which may be a
completely new idea.

11(0.6,0.2,0.2)  15(0.6,0.3,0.4)  v1(0.6,0.2,0.2)  v5(0.1,0.4,0.5)

04(0.3,0.2,0.4)  v3(0.5,.4,0.1) 04(0.4,0.1,0.3)  v3(0.4,0.2,0.6)

Figure 7: The SVN Digraphs Dyy,, Dy,
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5 Similarity Measure using the Volume
of a SVN Digraph

In this section we introduce some new definition which are given
below:

Definition 29 Suppose A and B be two SVNS over X. Then A
is said to be more uncertain than B, denoted by A < B,

() ta(x) + fa(z) <tp(z) + fB(2)
(i) |ia(z) —iqc(x)] <|ip(w) —ipe(x)],V € X.

Example 30 Suppose

A ={(0.4,0.3,0.3),(0.3,0.5,0.2), (0.5,0.4,0.1), (0.2,0.2,0.3)}

Example 37 Consider the SVN digraph Dy in Figure 5 in Sec-
tion 4. Then the volume of the digraph Dy is

Vol(Dar) = > {E(v1) + E(va) + E(vs) + E(va)}

=0.85+0.84 +0.83 + 0.82 = 3.34.

Definition 38 Now we define the similarity measure between two
SVN digraph D and H as follows:

2Vol(Vp @ Vi)
Vol(Vp) + Vol (Vi)

SV, H) =

It can be noted that the Definition 38 satisfies the first three pos-

"tulates of the Definition 4. Now we consider the SVN digraphs

B = {(05, 017 06), (047 037 04), (04, 027 06), (04’ 017 05)} DM, DM“ 1=1... s 41in Figure 5,6,7 in Section 4 and calculate

be two SVNS over an universal set X = {x1,...,x4}. Then for
all x; € X, the above definition A < B is satisfied.

Remark 31 From Definition 5 and Example 6, it follows that
E(A) > E(B) for any two SVNS A, B € X with A < B.

Definition 32 Suppose A and B be two SVNS over X. Then their
maximum sum C' = A @ B, denoted by M ax(A, B) is again an
SVNS on X which is defined as follows:

1) te(x) = max{ta(z),tp(x)},
(i) fe(x) = maz{fa(x), fe(2)},

(iii) i.(x) = max{|ia(z) —iqsc(z)],|in(x) —ige(x)|}, Vo €
X.

Example 33 From Example 30, it follows that the SVNS

C ={(0.5,0.8,0.6), (0.4,0.4,0.4), (0.5,0.6,0.6), (0.4,0.8,0.5)}

is the maximum sum of two SVNS A, B over X.

Remark 34 It can be easily proved that A,B < A@ B. So,
E(A) > E(A@ B) and E(B) > E(A@ B). Therefore

2E(AED B) < E(A) + E(B).

Definition 35 Suppose Vp and Vi are two SVNS over an uni-
versal set X such that Vp = Vi = {v1,v9,...,v,}. Consider
D = (Vp,Ap) and H = (Vig, Ap) be two SVN digraph corre-
sponding to the SVN set D and H respectively. Then the maxi-
mum sum digraph C of two digraphs D, H is a SVN digraph C' =
(Vo, Ac) where Vo = Vp @ Vg and Ac = {(vi, v;); (vi,v;) €
Vo x Ve} provided 0 < E(v;) — E(vj) < 0.5,

Definition 36 Suppose D1 = (Vp,,Ap,) be a SVN digraph
over a set X. Then the volume of a SVN digraph D1 is defined as

Vol(G) = Y E(v) = E(Vp,).

'UGVD1

the similarity measure between them by using the Definition 38.
Here we the following result obtained by the Definition 38:

(i) S1(Dar,Dary) = 245 =0.30
(i) S2(Dar, Do) = &5 = 0.34
(iii) S3(Dar, Dagy) = 445 = 0.31
(iv) Sa(Dar, Dag,) = 245 = 0.32

According to the similarity measure followed by the Defini-
tion 38 we have obtained the order So > S4 > S3 > S;. Hence
the best supplier is So.

Thus it can be seen that using both the techniques described in
Section 4 and 5, we have got a similar result using SVN digraphs.

6 Conclusion

Although Fuzzy digraph theory is very successful in handling un-
certainties arising from vagueness or partial belongingness of an
clement in a set, it cannot model all sorts of uncertainties pre-
vailing in different real physical problems such as problems in-
volving incomplete information. Hence further generalizations
of fuzzy and intuitionistic fuzzy digraphs are required. So there
are also scopes of evolution of new theories which will have more
powers of handling different kinds of uncertainties. Unlike in in-
tuitionistic fuzzy digraphs, where the incorporated uncertainty
is dependent of the degree of belongingness and degree of non-
belongingness, here the uncertainty present, i.e. indeterminacy
factor, is independent of truth and falsity values. Single valued
neutrosophic digraphs were motivated from the practical point of
view and that can be used in real scientific and engineering ap-
plications. The single valued neutrosophic digraph theory is a
generalization of fuzzy digraph theory, intuitionistic digraph the-
ory.

SVN digraph theory is based on the entropy differences of the
vertices of SVN digraph. It represents a SVN neutrosophic Set
which is used as the vertices of the SVN digraph. In fuzzy di-
graph theory or Intuitionistic Fuzzy digraph theory, arcs of these
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digraphs arises depending on the binary relations of the vertices.
In SVN digraphs, every vertices have loop it it where as in other
theories it may not be possible. Thus the recently proposed
notion of SVN digraph theory is a general formal framework
for studying uncertainties arising due to “indeterminacy’ factors.
Also single valued neutrosophic digraph theory can be used in
modeling real scientific and engineering problems. It is also pos-
sible to combine neutrosophic digraphs with other digraphs such
as soft digraphs etc. to generate different hybrid graphical struc-
ture. Therefore the study of neutrosophic digraph theory and its
properties have a considerable significance in the sense of appli-
cations as well as in understanding the fundamentals of uncer-
tainty. This new topic is very sophisticated and it has immense
possibilities which are to be explored.

Smarandache gave the idea of a neutrosophic set to deal with
uncertain, incomplete, and inconsistent information that exist in
real world. It has been seen that the neutrosophic set draws a
special attraction to the researchers than classical set, fuzzy set,
interval valued fuzzy set, intuitionistic fuzzy set, interval valued
intuitionistic fuzzy set etc. simply because all these sets can be
obtained from a neutrosophic set as special cases. In this paper
we have developed the SVN digraph theory and studied some
of its important properties and shown its application in solving
multi-criteria decision making problem. In future, one may fur-
ther study the deeper properties of SVN digraphs and may apply
it in solving many real life problems which involves uncertainty.
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Abstract: The single valued neutrosophic set (SVNS) is a subclass
of neutrosophic set, which can describe and handle indeterminate in-
formation and inconsistent information. Since a SVNS is character-
ized independently by three functions: a truth-membership function,
an indeterminacy-membership function, and a falsity-membership

function. This paper introduces (c, 3, v)-equalities of SVNS, which
contains three parameters corresponding to three characteristic func-
tions of SVNS. Then we show how various operations of single val-
ued neutrosophic sets affect these three parameters.

Keywords: Neutrosophic set, Single valued neutrosophic set, («, /3, v)-equality.

1 Introduction

Neutrosophic sets introduced by Smarandache [17] are the
generalization of fuzzy sets [23] and intuitionistic fuzzy sets
[3]. A neutrosophic set is characterized independently by
three functions: a truth-membership function, an indeterminacy-
membership function, and a falsity-membership function. How-
ever, since these three functions are real standard or non-standard
subsets of |~0,17], it will be difficult to apply in real engi-
neering fields [18]. Thus, Wang et.al [18] introduced the con-
cept of single valued neutrosophic set (SVNS), which member-
ship functions are the normal standard subsets of real unit inter-
val [0,1]. SVNS can deal with indeterminate and inconsistent
information and therefore have been applied to many domains
[9, 13, 14, 19, 20, 21].

Pappis [16] studied the value approximation of fuzzy systems
variables. As a generalization of the work of Pappis, Hong and
Hwang [10] discussed the value similarity of fuzzy system vari-
ables. Further, Cai introduced the so-called J-equalities of fuzzy
sets and applied them to discuss robustness of fuzzy reasoning.
Georgescu [7, 8] generalized §-equalities of fuzzy sets to (§, H)-
equality of fuzzy sets based on triangular norms. Dai et al. [6]
and Jin et al. [11] discussed robustness of fuzzy reasoning based
on (4, H)-equality of fuzzy sets. Zhang et al. [22] studied the 6-
equalities of complex fuzzy sets and applied the new concept in
a signal processing application. Ngan and Ali [15] studied the 6-
equalities of intuitionistic fuzzy sets and applied the new concept
the application of medical diagnosis. Ali et al. [2] studied the §-
equalities of neutrosophic sets. Moreover, Ali and Smarandache
[1] studied the J-equalities of complex neutrosophic sets.

However, the concepts in [4, 5, 15, 22, 1, 2] are based on dis-
tance measures. Only one parameter is used to measure the de-
gree of equality of fuzzy sets and their extensions. As we know,
a SVNS is characterized independently by three functions. For
example, from [2] we have A = (0.2)B and A = (0.2)C for
A = (1,0,0), B = (1,0,0.8) and C' = (0.2,0.8,0.8), i.e., B

and C satisfy the same J-equality with respect to A for 6 = 0.2.
But B and C' are quite different. Based on the above analysis,
we find out that the only parameter given in [2] is a little rough
to some extent. In view of this, it is more suitable to use three
parameters to measure the degree of equality in these three func-
tions respectively.

This paper investigates the concept of («, 3, v)-equalities be-
tween single valued neutrosophic sets by following the work of
Smarandache [17], Wang et.al [18] and Cai [4, 5]. Different from
the distance based concepts in [1, 4, 5, 22], the new concept uses
three parameters to measure the equality degree of three charac-
teristic functions independently.

The rest of this paper is organized as follows: In section 2
,we first briefly recall the concept of single valued neutrosophic
set and its operations. In section 3, we introduce the concept
of («, 8, 7)-equalities of single valued neutrosophic sets and its
basic properties. Section 4 discusses («, 3, 7)-equalities with re-
spect to operations of single valued neutrosophic sets. Finally,
conclusions are stated in section 6.

2 Preliminaries

Definition 1. /18] Suppose X is a universe containing all related
objects. A SVNS A in X is characterized by three functions, i.e.,
a truth-membership function T4 : X — [0, 1], an indeterminacy-
membership function I : X — [0, 1], and a falsity-membership
function Fy : X — [0,1]. Then, a SVNS A can be defined as
follows

A=A{z,Ta(x),Ia(x), Fa(z)|z € X},

where Ta(z), [a(x), Fa(x) € [0,1] for each x € X.

We use the notation SV N(X) to denote the set of all single
valued neutrosophic sets of X.

Suppose A and B are two single valued neutrosophic sets of
X, then the following relations and operations are defined as fol-
lows [18, 21].

S. Dai: («, B, v)-Equalities of single valued neutrosophic sets
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(i) A C B if and only if Ty(x)
IB(Z‘),FA(.'I}) > FB(Z‘),V.T € X.

< TB(Z‘),IA(SC) >

(il) A= Bifandonlyif AC B, B C A.
(i) A°={z, Fa(z),1 — Is(z),Ta(z)|z € X}.

(iv) AUB = {z,Ta(x) V Tp(x),Ia(z) N Ig(x), Fa(z) A
Fp(x)|z € X}.

V) AN B = {x,Ta(z) AN Tg(x),Ia(z) V Ig(x), Fa(z) V
Fp(x)|z € X}.

(vij A + B = {,Ta(x) + Tplz) -
Ta(z)Tp(x), La(z)Ip(x), Fa(x)Fp(x)|z € X}.

(vi) A x B = {z,Ta(z) + Tpz) -
Ta(z)Tp(x), La(z)Ip(x), Fa(x)Fp(x)|z € X}.

(viii) A = {z,1— (1 =Ta(2))*, I (x), F3(z)|x € X}, A > 0.

(ix) AN = {2, T3(2),1 — (1 — La(z))*, 1 — (1 — Fa(x))Mz €
X}, A>0.

To facilitate future discussion, we review the following two
lemmas.

Lemma 2. [10] Let f and g be bounded, real valued functions
on a set X. Then

O [V fl@)= V 9@ < V |f(z) - g(2)l,

reX zeX zeX
(ii) | é\Xf(fc)— é\Xg(x)IS é/XIf(x)—g(w)l-

Lemma 3. [12] Let a,b € [0,1] and A > 0. Then

() If0 < XA < 1, then |a* — b*| < |a — b]*;

(i) If\ > 1, then |a™ — b*| > |a — b|N.

3 («,f,7)-equalities of single valued
neutrosophic sets

Definition 4. [2] Suppose A and B are two neutrosophic sets
and 6 € [0,1], then A and B are said to be §-equal, if and only
if, the following properties hold

\/ |TA(JJ) —TB(I)| S 1 —5,

zeX

\/ |Ta(z) = In(z)| <1-5,
zeX

\/ |FA(33) —FB(x)’ <1-6.
zeX

It is denoted by A = (§)B.

Definition 5. Suppose A and B are two single valued neutro-
sophic sets and o, B,y € [0,1], then A and B are said to be
(a, B,7)-equal, if and only if, the following properties hold

\ |Ta(z) - Tp(x)| < 1-a, (1)
xeX
\/ Ha(z) = Ip(@)| < 1-8, 2)
rzeX
\ |Fa(@) = Fp(x)| <1—-1. 3)
reX

It is denoted by A = («, 8,v)B.
Remark 6.

(1) In Definition 4, if two single valued neutrosophic sets A and
B are 1-equal, then A = B holds and vice versa, i.e., A =
(1)B iff A = B. However, when we consider the case A =
(6)B for § # 1. See the example in the Introduction section,
let A = (1,0,0), B = (1,0,0.8) and C = (0.2,0.8,0.8),
then it follows from [2] that B and C' satisfy the same §-
equality with respect to A for § = 0.2. Note that B and
C are quite different. Using Definition 5, we have A =
(1,1,0.2)B, and A = (0.2,0.2,0.2)C. These are consistent
with the fact that B is close to A while C' is far from A.

(ii) The new concept is a generalization of the existing concepts

in[2,4, 15]. We note that A = (o, 8,7)B = A = ()B,

where § = min(«, 8,7). When A and B are two intu-
itionistic fuzzy sets, i.e, Ta(x) + Ix(x) + Fa(z) = 1 and

Tp(z)+ Ig(x) + Fp(x) =1 forall x € X, then it follows

Sfrom [15] that A and B are 0-equal for § = min(a, 7).

When A and B are two fuzzy sets, i.e, Ta(x) + Fa(z) =1

and Tp(z) + Fp(z) = 1 for all x € X, then we have

a=7,=1from A= («a,B,7)B, it follows from [4] that

A and B are 6-equal for 6 = .

Example 7. Let X = {x1,z2} and two single valued neutro-
sophic sets defined as

A={<21,01,02,09>, < x,,0.1,0.2,1.0 > },
B={<2,02,02,01>,<2,0.1,0.1,0.1 > }.

It is easy to know that A = (0.9,0.9,0.1)B.

If we consider the degree of equality based on the single val-
ued neutrosophic distance measure, we only obtain one value for
the degree of equality between single valued neutrosophic sets.
For instance, if we use the following distance of single valued
neutrosophic sets

d(A,B) = max{ \/ |Ta(@) - Ta(x)],
rzeX
\/ 1a(@) = Is(@)], \/ |Fa(@) - Fo(@)|}

zeX zeX

4)

S. Dai: (o, B, v)-Equalities of single valued neutrosophic sets



Neutrosophic Sets and Systems, Vol. 19, 2018

129

then we have d(A, B) = 0.9 = 1 — 0.1. However, 0.1 is not
a rational estimation of degree of equality for truth-membership
function and indeterminacy-membership function in this exam-
ple. We note that A = (0)B < d(A,B) < 1 — 4. Based on
an overall consideration of three characteristic functions, there
parameters have been used accordingly.

And it is easy to know that A = («, B,~)B implies d(A, B) <
l—aABAn.

Theorem 8. Suppose A, B and C are single valued neutrosophic
sets, then the following hold

(i A=(0,0,0)B;
(i) A= (1,1,1)Bifand only if A = B;
(iii) A= («a,B,v)B ifand only if B = (a, 5,7)A
(iv) A = (a1,81,m)B and ag < ay, B2 < B1 and y2 < 71,
then A = (a, B2,72)B

W) If A = (a1,81,m)B and B = (a2, $2,72)C, then A =
(al * a2a181 * 527’71 * "}/2)0,

where a b= (a+b— 1)V 0 foranya,b € [0,1]

Proof. Properties (i)(iv) can be proved easily. We only prove (v).

Since A = (a1, f1,71)B, then
\/ [Ta(z) = Tp(z)] <1 on, (5)
rzeX
\ a(z) = Ip(z)] <1- By, (6)
reX
\/ |Fa(z) - Fp(z)] <1-m. @)
rzeX
From B = (a3, 82,72)C, we obtain
V |Ts(x) - To(z)] <1-as, 8)
rzeX
V s(z) — Io()] <1 - B, ©9)
zeX
\ |Fs(z) - Fo(z)] <1 - 7. (10)
zeX

Then from (5) and (8),

\/ [Ta(z) - To(x)|

zeX
= \/ |Ta(z) — Tp(z) + T(x) — To(z)|
<V 1@ - Te@)|+ \ |Ts(@) - To(@)
zeX zeX
< 1l—aj+1—as

= 1—(0[1-1—0[2—1).

And from the definition 1, 1 — (ay + as — 1) € [0,
Vaex [Ta(z) =Teo(x)] <1 —ay * as.

Similarly, we can get \/, .y [1a(z) — Ic(z)| < 1 — By B
from (6) and (9), and \/,_ y |Fa(x) — Fo(z)| < 1—71 %72 from
(7) and (10). Thus, A = (ay * ag, 81 * B2, 71 * 72)C. O

1]. Thus,

4 («,f,7)-equalities with respect to op-
erations

Theorem 9. If A =

Proof. Since

(o, B,7)B, then A¢ = (v, 8,a)B

\ |Tac(@) = Tpe(x)| = \/ |Fa(z) = F(z)] <1-7,
rzeX reX
\/ [Fac(@) = Fpe(x)| = \/ |Tu(@) = T(2)] <1-a,
rzeX reX
and
V [Lac(@) = Ipe(x)] = \/ |1—1alz) — (1 - Ip(2))|
reX zeX
=\ |[1a(@) - In(@)]
rzeX
< 1-8
Then, A® = (7,8, a) B¢ 0
Remark 10. In [2], we have A = (0)B < A° = (0)B°.

However, by using Definition 5 we have A = («,,v7)B <

= (v, 8,a) B¢, where (o, 8,7) # (7,8, «). It is consistent
with the fact that A(z) = (Ta(x),1a(z), Fa(z)) = A%(z) =
(FA(.Z‘),IA(JZ),TA(JU)).

Example 11. Let A, B be two single valued neutrosophic sets
defined in Example 1, then

A® ={<21,09,0.8,0.1 >, < 2,,1.0,0.8,0.1 > },
B¢ ={<1,01,08,0.2>,< 2,0.1,0.9,0.1 > }.

It is easy to know that A° = (0.1,0.9,0.9)B¢, whereas A =
(0.9,0.9,0.1)B.

However, if we use the distance defined in (4), we obtain
d(A°,B%) = d(A,B) = 09 = 1 — 0.1. Thus we have
A = (0.1)B and A® = (0.1)B¢ from Definition 4. This is dif-
ficult to know the changes of single valued neutrosophic sets by
using the complement operation.

Theorem 12. If Ay = (a1, B1,71)B1 and Ay = (a2, B2,72)Ba,

then
A1 U Ag = (aq Aag, 1 A B2, 71 Ay2)B1 U By, (11)
AN Ay = (a1 ANag, fi A B2,71 Ay2)Br N Bo, (12)
Ay + Ay = (a1 * ag, By * B2, 71 % ¥2) By + Ba, (13)
Ay x Ay = (o * g, B1 * o, 71 % 72) By X Bs. (14)

S. Dai: («, B, v)-Equalities of single valued neutrosophic sets
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Proof. We only give the proof of (11). From lemma 1, we obtain Theorem 14. Let A, B be two single valued neutrosophic sets,

\/ }TAlUAQ (v) = TB,uB, (:C)|

rzeX
= \/ }TA1 \/TAz( ) TBl(x)\/TBz(x)lv
reX
S max{ \/ |TA1( TBl( } \/ |’TA2 TB2(;E)|}
zeX zeX
S (1—0&1)\/(1—0[2)
S 1-— (65} A a9.
\/ |IA1UA2 (.’E) - 131U32 (LU)|
zeX
= \/ |IA1 /\IAz( ) IBl('T)/\IBQ(x)|
reX
< max{ \/ }IAl —1Ip, (z | \/ |IA2 IBQ(x)|}
reX zeX
< (=61 V(1—p5)
< 1-B1ApBa.
and
\/ ‘FA1UA2 (.I') - F51U32 (l‘)‘
rzeX
=V |Fa,(@) A Fa,(2) = Fp, (2) A Fp, (2)]
zeX
< max { \/ |Fa, (z) — Fp, (x \/ |Fa, () — Fp,(z)|}
rzeX reX
< (IT=m)V(I—=m)
S 1—’}/1 /\’)/2‘
Thus, A; U Ay = (a1 A, B1 A Bo, 71 Ay2)BiU By, O
Corollary 13. If Ay, = (g, Bk, Yk)Br and k = 1,2, ..., n, then
n n
U Ag = (o, 8,7) | B, (15)
() Ak = (@, 8,7) () B, (16)
k=1 k=1
> Ay =(d,8,9)) By, a7)
k=1 k=1
ITAx= .89 ] B, (18)
k=1 k=1
where o« = /\Z_1 ag, B = /\Z_lﬁk, v = /\Z_1 Vi, @ = aq *
Qok -k, B = Br*Pax-xBpandy =y xyo k- kY.
Proof. It can be proven from Theorem 12. O

the following properties hold

1) If A= (a,8,7)Band 0 < X\ < 1, then
= (a',8',7")\B (19)
= (. 58',7") B (20)
where o/ =1—(1—a)*, B/ =1—(1—8)  andy' = 1—(1—y)\.
(ii) If AA = (a, 8,7)AB for some X > 1, then
= (o/,8',7)B 21
where o/ = 1 — (1 — )Y}, g = 1 - (1 = B)Y* and
V=101
(i) If A* = («, 8,7) B> for some X > 1, then
= (,8,7)B (22)

Ol)l/)‘, ﬂ/ -1 (1

where o/ =1 — (1

1 BV and ' =
1—(1 =)

Proof. We only give the proof of (i). From lemma 1 and lemma
2(i), we obtain

\/ |Taa(x) - Tap(2)|
zeX
= V1 -Ta(@) - 1 -1 -Tp@))
reX
= V(0= Ta@) — (1 - Ts(2))|
rxeX
< V(1 =Ta@) — (1 = Tu(@)
reX
=V |Ta@) - Ta()|
rxeX

< (l-a)=1-(1-(1-a)).

\/ |Ia(z) — Lig(2)]
rxeX
=V [La@) = Ip(2)|
rxeX
<\ |[La@) ~ In@)|*
rxeX
< (1= =1-(1-(1-8)".
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and

\/ |F)\A(1’) — F)\B(x)|

= \/ |FA(£C)>\7FB(I))\|
rzeX

<\ |Fa(@) — Fa()*
rxeX

< (=) =1-(1-01=-7".

Thus, M = (o/, 3,7 )AB, where o/ =1 — (1 — a)*, 8 =
1—(1-B)andy =1— (1 —7)* O

5 Conclusions

Since a SVNS is characterized by three functions independently,
this paper introduced («, 3, v)-equalities corresponding to char-
acteristic functions of SVNS. The new concept is more com-
prehensive than the traditional method based distance measure.
Firstly, three parameters in the new concept can measure the de-
gree of equality for different characteristic functions (See Exam-
ple 1). Secondly, the new concept describe the changes of de-
gree of equality with respect to operations more accurate and de-
tailed (See Example 2). Thirdly, since A = (a, 8,)B implies
d(A,B) <1—aA B A, we can obtain the traditional distance-
based parameter by 6 = a A B A 7.

As future work , we can consider the soundness of neutro-
sophic logic systems and the reliability of neutrosophic fault di-
agnosis.
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Abstract The concept of neutrosophic can provide a generaliza-
tion of fuzzy set and intuitionistic fuzzy set that make it is the
best fit in representing indeterminacy and uncertainty. Single
Valued Triangular Numbers (SVTrN-numbers) is a special case
of neutrosophic set that can handle ill-known quantity very diffi-
cult problems. This work intended to introduce a framework with
two types of ranking methods. The results indicated that each
ranking method has its own advantage. In this perspective, the
weighted value and ambiguity based method gives more attention
to uncertainty in ranking and evaluating ISQ as well as it takes
into account cut sets of SVTrN numbers that can reflect the in-
formation on Truth-membership-membership degree, false mem-
bership-membership degree and Indeterminacy-membership de-
gree. The value index and ambiguity index method can reflect the
decision maker's subjectivity attitude to the SVTrN- numbers.

Key words: Single Valued Triangular Neutrosophic Num-
ber (SVTrN), Single-Valued Trapezoidal Neutrosophic
Number (SVTN number), Information Systems Quality
(ISQ), Multi-Criteria Decision Making (MCDM).

1. Introduction
The neutrosophic concept became a key research topic.
Neutrosophic theory involves philosophy viewpoint which
addresses nature and scope of neutralities, as well as their
interactions with different ideational spectra [9]. Neutro-
sophic includes neutrosophic set, neutrosophic probability,
neutrosophic statistics and neutrosophic logic that it can be
applied in many fields in order to solve problems related to
indeterminacy [26, 23]. Neutrosophic not only considers
the truth-membership and falsity- membership but also in-
determinacy. Neutrosophic can provide is a generalization
of classical set, fuzzy set and intuitionistic fuzzy set [22,
25, 23]. The neutrosophic set can handle many applica-
tions in information systems and decision support systems
such as relational database systems, semantic web ser-
vices, and financial data set detection [28]. Neutrosophic
sets can represent inconsistent and incomplete information
about real world problems [27, 24]. The neutrosophic set
theory can be used to handle the uncertainty that related to

ambiguity in a manner analogous to human thought [22].
In the neutrosophic set, the membership function inde-
pendently indicates: Truth-membership-membership de-
gree, false membership-membership degree, and Indeter-
minacy-membership degree. According to [24] neutro-
sophic set can exemplify ambiguous and conflicting in-
formation about real world. SVTrN-number is a special
case of neutrosophic set that can handle ill-known quantity
very difficult problem in Multi-Criteria Decision Making
(MCDM) MCDM involves a process of solving the prob-
lem and achieving goals under asset of constraints, and it
can be very difficult in some cases because of incomplete
and imprecise information [1]. Also, in a MCDM problem
the process of ranking alternatives with neutrosophic
numbers is very difficult because neutrosophic numbers
are not ranked by ordinary methods as real numbers. How-
ever, it is possible with score functions, aggregation opera-
tors, distance measures, and so on. Ye [14] introduced the
notations of simplified neutrosophic sets and developed a
ranking method. Then, he introduced some aggregation
operators. Biswas et al. [35] developed a new approach for
multi-attribute group decision making problems by extend-
ing the technique for order preference by similarity to ide-
al solution under single-valued neutrosophic environment.
In [32] introduced combination of a neutrosophic set and a
soft set that can be applied to problems that contain uncer-
tainty. In [38] a new cross entropy measure under interval
neutrosophic set (INS) environment was defined and can
call IN-cross entropy measure and prove its basic proper-
ties. De and Das [20] developed a ranking method for
trapezoidal intuitionistic fuzzy numbers and presented the
values and ambiguities of the membership degree and the
non-membership degree. Pramanik et al. [37] developed a
new multi attribute group decision making (MAGDM)
strategy for ranking of the alternatives based on the
weighted SN-cross entropy measure between each alterna-
tive and the ideal alternative. Mitchell [2] proposed a rank-
ing method to order triangular intuitionistic fuzzy numbers
by accepting a statistical viewpoint and interpreting each
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IFN as ensemble of ordinary fuzzy numbers. In [33] the
notion of the interval valued neutrosophic soft set (ivn-soft
sets) and generalized the concept of the soft set, fuzzy soft
set, interval valued fuzzy soft set, intuitionistic fuzzy soft
set, interval valued intuitionistic fuzzy soft set and neutro-
sophic soft set. Prakash et al [21] introduced a ranking
method for both trapezoidal intuitionistic fuzzy numbers
and triangular intuitionistic fuzzy numbers using the cen-
troid concept and showed the proposed method is flexible
and effective. Pramanik et al. [39] introduced new vector
similarity measures of single valued and interval neutro-
sophic sets by hybridizing the concepts of Dice and cosine
similarity measures and presented their applications in
multi attribute decision making under neutrosophic envi-
ronment. Peng et al [13] introduced the concept of multi-
valued neutrosophic set, gave two multi-valued neutro-
sophic power aggregation operators. In [11, 29] the score
based method can provide a simple method to rank the
Single-Valued Trapezoidal Neutrosophic Number (SVTN
number). Li [4] provides ratio ranking method for TIFNs
and cut sets of intuitionistic trapezoidal fuzzy numbers.
The existing methods of ranking fuzzy numbers and intui-
tionistic fuzzy number may be extended to SVN-numbers
[10]. In [34] triangular fuzzy number neutrosophic
weighted arithmetic averaging operator and triangular
fuzzy number neutrosophic weighted geometric averaging
operator are defined to aggregate triangular fuzzy number
neutrosophic sets. Li et al. [5] introduced a ranking meth-
od of triangular intuitionistic fuzzy numbers and defined
the notation of cut sets of intuitionistic fuzzy numbers and
their values and ambiguities of membership and non-
membership functions. The main advantage of this method
that it pays more attention to the impact of uncertainty and
takes into account O-weighted value of intuitionistic fuzzy
numbers by using the concepts of cut sets of intuitionistic
fuzzy numbers. Biswas et al. [36] developed a ranking
method based on value and ambiguity index based of sin-
gle-valued trapezoidal neutrosophic numbers. According
to [3] there are many ranking methods. However, there is
no unique best method exists. This paper intended to in-
troduce a framework with two types of ranking methods.
This paper is organized as the follows: the first section
presents the introduction for this work; the second section
provides basic definitions; the third section describes the
proposed framework with two ranking methods of SVTrN-
numbers with the scale based approach for evaluating ISQ;
the fourth section describes a case study; the fifth section
gives conclusion and future work; the final section pro-
vides references.

2. Basic Definitions
Fuzzy theory is an important and interesting research topic
in decision-making theory and science. However, fuzzy set
is characterized only by its membership function between
0 and 1, but not a non-membership function [12]. To over-
come the insufficient of fuzzy set, Atanassov [19] extend-

ed fuzzy set and introduced intuitionistic fuzzy set by add-
ing an additional non-membership degree, which may ex-
press more flexible information as compared with the
fuzzy set. Intuitionistic fuzzy set can be defined as the fol-
lows:

Definition 1. According to [18], let E be a universe. An in-
tuitionistic fuzzy set K over E is defined by: K = {<x,
p(X), vk (x) >: x € E} where p: E [0, 1]and v« : E [0, 1]
such that 0<, pu(x) + yk (x) >1 for any x € E. For each x €
E, the values, i (x) and yx (x) are degree of membership
function and non-membership function of x, respectively.

Smarandache [7] introduced the concept of neutrosophic
set, which is differentiated by truth-membership function,
indeterminacy-membership function and falsity member-
ship function. The concept of neutrosophic set came from
a philosophical point of view to express indeterminate and
inconsistent information Neutrosophic set can be defined
as the follows:

Definition 2. . According to [8], let E be a universe. Neu-
trosophic sets A over E is defined by: A = {<x, (Ta(x),
Ia(x), Fa (x)) >: x€ E} where Ta(x), Ia(x), and Fa (x) are
called truth-membership  function, indeterminacy-
membership function and falsity membership function, re-
spectively. They are respectively defined by Ta: EJ-0, 1+[
,Ia: E ]-0, 14+[, Fa: E ]-0, 14+[ Such that. 0<- (Ta(x) +
Ia(x) + Fa (x) >3+

2.1. Single Valued Triangular Neutrosophic Numbers
Single valued triangular neutrosophic numbers (SVTrN-
numbers) is a special case of neutrosophic set that can
handle ill-known quantity very difficult problem in multi-
attribute decision making and ranking. SVTrN-numbers is
suitable for the expression of incomplete, indeterminate,
and inconsistent information in actual applications. Spe-
cially, it has been widely applied in many areas [16]. Ac-
cording to [31] the SVTrN-number a can be defined as the
follows:

Definition 3. As [31] [10] pointed out, Let 2 = ((a, b, ¢);
Wa, Uz ,ya) where is @ SVTrN-number whose truth-

membership, indeterminacy-membership and falsity-
membership functions can be respectively defined by :
xaws ,azZ x<h
b—a
Hs(x) =4 Lews o Lo
e-b T T T
0, otherwise 2.1)
(b—x+tug l:x—a}}! a< x<b
b—a
vi(x) = Gbtusle)
c-b e =T
0, otherwise (2.2)
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(b—x+wvs (x—a))

,a= x=<bhb
b-a

}La[:x:] = |:x—h+yak:::—x}:" b< x<c
o

0, otherwise

(2.3)
If a>0 and at least ¢>0, then @ = ((a, b, ¢); wa, Us, ya) is
called a positive SVTrN-number, denoted by a>0. Like-
wise, If a<<0 and at least c<0, a = ((a, b, ¢); Wa, Us, ya) is
called a negative SVTrN-number, denoted by a<O0.

Definition 4. According to [31] let a = ((ai, b1, c1); Wa, Ua,
va), & = ((az, bz, ¢2); We, Uz, yz) be two SVTrN-numbers and
v#0 0 be any real number, then

a+ &= ((art az, b1+ by, ¢i1t ¢2); min{ws ,ws},max{u;z , Us},
maxiys, o)) (24)
ag=
((aiaz:bih:v ;,), min {w; ,w, }, max{u, , u.}, max{y, y,} )
((ay65,byby, ¢y3,), min {wy W), maxfus g}, max{y: v} )

((clcz,blb:,alazj,min {wg, e} mas{u; , ug maxy; ,ys} )

2.5)
{((Tay? by yey)iws L ug,v:)
¥a =L ((rewy byyvay)iws ug ,vs)

(c;>0,c,> 0)
(c; <0,c,=0)
(c; < 0,c; <0)

(v = 0)

(y < 0)
(2.6)

3.1.1 Concepts of Values and Ambiguities for SVTrN-
Numbers

Concept of cut (or level) sets, values, ambiguities,
weighted values and weighted ambiguities of SVTrN-
numbers have desired properties and can reflect infor-
mation on membership degrees and non-membership de-
grees.

Definition 5. As [10] [4] pointed out, let 2 = ((ai, b1, ¢1);
Wi, Us, Ya) 1s an arbitrary SVTrN-number. Then,

(1) o -cutset of the SVTrN-number a for truth-
membership is calculated as:

[La (o), Ra (a)] = [((wa - o) at+ ab)/wa, (Wa-0) ¢ + ab)/ws]
If f( o) =0, where f( a ) € [0, 1] and f( o ) is monotonic

and non-decreasing of a € [0, w; ], the value and ambigui-
ty of the SVTrN-number a can be calculated as:

wa 2b—a—cla
V“[E_I:]:J. [(a+c]+[ ) lada
W=
- EI o 3 2
(fa+c)]a i2b—a—c)e ws
= 2 4 Wi oo
(a+4b +c) (5-..-5}5
= & 2.7
And

3 Wi (c—a)a
A,(a)= J; [(c—a)— - lada
'ﬂ_ﬂ}ﬂiz 'E_E}ECE
— [ 2 o Iwyg :|
(c=a) (wg)®
= 6 (2.8)

(2) P-cut set of the SVTrN-number a for indetermi-
) nacy membership is calculated as;
[La (B), Ra (B)] = [((1- B)b + ( - ua)a)/(1- ua), ((1- B)b+( B-
uz)c )/(1-uz)]

If g(B) =1- B, where g(B) € [0, 1] and g(B) is monotonic
and non-increasing of BE [us, 1], the value and ambiguity
of the SVTrN-number a can be calculated, respectively, as
the follows:

(2b—a—c)(1— f)

1
V@ = [ a+o+ 200G - pap
_ fat E;El— gy (2b-a-g)i1- 5’3'5] 1
= i + I(1—ug) | 15
fa+ 4b +c) l:l—l.'lé:lz
= 6 2.9)
And
1
] (c—a)(1— B)
a@= [ - - =20 a- pap
_ (1= (1= B
= 2 + 3(l-ug) ]
(c—a) (1-ug)®
= 6 (2.10)

(3) v - cutset of the SVTrN-number a for falsity-
membership is calculated as:

[ (v ), Ra(y )] =[(A-7)b+t ( ¥ - ye Ja)/(1-ya))((1-
V)bt (v - ya)e )/(1-ya)]

If h(y )=1-vy , where h(y ) € [0, 1] and h(y ) is
monotonic and non-increasing of Y € [ya,1], the value and

ambiguity of the SVTrN-number E_', respectively, as;

! (2b-a—-c)(1- 7)
V;l(é]:J. [(a-l-c]-l— . 1(1- y)dy
¥i —¥:
fa®e)il-)? (2b—a-c)(1- ¥)E s
- 2 3(1-33) Ny,
{a+db+c)il-vy3)®
- ® 2.11)
And
1
S TR Gl [ Clult ) P
A;.(El)—-[’é[(c a) G-y 10—
(e—ad(1-y)® (c=a)(1-¥)®
=[- : 3(1-vz) ]

Samah Ibrahim Abdel Aal, Mahmoud M. A. Abd Ellatif, Mohamed Monir Hassan: Two Ranking Methods of Single Valued
Triangular Neutrosophic Numbers to Rank and Evaluate Information Systems Quality



Neutrosophic Sets and Systems, Vol. 19, 2018

135

(c—a) (1-y5)*
6 (2.12)

The function f( o ) gives different weights to elements at
different o -cut sets and these cut sets come from values
of pa (x) which have a considerable amount of uncertainty.
Therefore, V,(a) can reflect the information on member-
ship degrees. Also, g(B) can lessen the contribution of the
higher B -cut sets come from values of vz (x) which have a
considerable amount of uncertainty. Therefore, V,(2) can
reflect the information on non-membership degrees. Like-
wise, Vi(d) can reflect the information on non-
membership degrees.

3.1.2 The Weighted Values and Ambiguities of the
SVTrN-numbers
The weighted values of the SVTrN-numbers can be calcu-
lated as follows:

Definition 6. According to [10] let 2 = ((ai, b1, c1); Wa, Ua,
ya) be a SVTrN-number. Then, for 6€ [0, 1], the 6 -
weighted value of the SVTrN-number a can be defined as:

Vo(@) = (a+4b +c)/6 [0wz2 + (1-0) (1-uz) >+ (1-0) (1-yz) 2]
(2.13)

The 6 - weighted ambiguity of SVTrN-number a are de-
fined as:

Ao (@) = (c-a) /6 [Owa 2+ (1-0) (1-uz) 2+ (1-0) (1-ya) 2]
(2.14)

Definition 7. Let a = ((ai, b1, ¢1); Wa, Us, ya) be a SVTrN-
number. Based on [10]; [20] [4] the values index and am-
biguities index can generalized to the SVTrN-numbers and

they can be respectively calculated for 4 € [0, 1] as fol-
lows:
V (3, X)) = (a+4b+c)/6 [Awa2 * (1- M)(1-uz) 2+ (1- V)(1-ya) 2]
(2.15)

=Vu@A+Vy(@) (1-2) + Vi (a) (1-2) (2.16)
And
A @, N = (c-a)/6 [ Awz 2+ (1- A)(1-ua) >+ (1- X)) (1-ya) 2]
(2.17)

=A@ A+ A @) (1-2) + A (@)(1- 1) (2.18)
Where A € [0, 1] and A is a weight which represents the
decision maker's preference information. A € [0,1/2]
shows that the decision maker prefers pessimistic or nega-
tive feeling; A € [1/2,1] shows that the decision maker
prefers optimistic or positive feeling; A = 1/2 shows that
the decision maker is indifferent between positive feeling
and negative feeling.

V@@, 1/2) =V, (@) 1/2+ V, @) (1-1/2) + V,.@) (1-1/2)

=V, (@) 1/2+ V, (3) 1/2+ V.. (a) 1/2
=14(V, (@) + Vo (3) + V1. (3)) (2.19)

And
A@, 1/2) = A, (@) 172 + Ay @) )(1-1/2 )+ Ay (3)(1-172)

= A, () 12+ A, (3) 172+ Ay (a) 172
=% (AL(@) + Ay (@) + Ar(3)) (2.20)
Definition 8. Let a and & be two SVTrN-numbers and 0€
[0, 1]. For weighted values and ambiguities of the SVTrN-
numbers a and &, the ranking order of a and € can be de-
fined as;

(1) If Vo(a) > Vg (8), then a is bigger than &
(2) If Vo (a) < Vp (@), then a is smaller than &
(3) If Vo (a) = Vy (&), then
(1) If Ag(2) = As (), then then 2 is equal to €
(i) If Ag () > As (), then a is bigger than &
(iii) If Ao () < Ao (€), then a is smaller than &

3. The Proposed Framework with Two Ranking
Methods for Evaluating Information Systems
Quality
The proposed framework aims to introduce the scale based
approach with SVTrN-numbers for evaluating ISQ. The
proposed framework consists of four phases as the follows:

Phase 1: Using Single Valued Triangular Neutrosophic
Numbers with scale based approach

The first phase aims to enable the IS evaluator to give eve-
ry quality attribute one of the scale categories. The scale
ranging is designed from 0 to 1 on which the value of eve-
ry attribute needs to be marked. The scale is divided into
categories: Low, Not low, Very low, Completely low,
More or less low, Fairly low, Essentially low, Neither low
nor high, High, Not high, Very high, Completely high,
More or less high, Fairly high, Essentially high, having
corresponding values ((4.6; 5.5; 8.6); 0.4; 0.7; 0.2), ((4.7;
6.9; 8.5); 0.7, 0.2; 0.6), ((6.2; 7.6; 8.2); 0.4; 0.1; 0.3),
((7.1; 7.7; 8.3); 0.5; 0.2; 0.4), ((5.8; 6.9; 8.5); 0.6; 0.2;
0.3), ((5.5; 6.2; 7.3); 0.8; 0.1; 0.2), ((5.3; 6.7; 9.9); 0.3;
0.5; 0.2), ((6.2; 8.9; 9.1); 0.6; 0.3; 0.5), ((6.2; 8.9; 9.1);
0.6; 0.3; 0.5), ((4.4;5.9; 7.2); 0.7; 0.2; 0.3), ((6.6; 8.8; 10);
0.6; 0.2; 0.2), ((6.3; 7.5; 8.9); 0.7; 0.4; 0.6), ((5.3; 7.3;
8.7); 0.7; 0.2; 0.8), ((6.5; 6.9; 8.5); 0.6; 0.8; 0.1), ((7.5;
7.9; 8.5); 0.8; 0.5; 0.4). The user according to his/her eval-
uation of every quality attribute (in table 1) gives them one
of the 15 defined values.

Phase 2: Construct the SVTrN-Multi-Criteria Decision
Matrix of Decision Maker

The second phase aims to construct the SVTrN-Multi-
Criteria Decision Matrix of Decision Maker as the follows:
Let Q= (q1, q2-.. qn) a set of information systems. C= (ci,
C2... Cm) be ISQ criteria, and let [A;] = ((ajj, bij, Cij); Waij
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,Usij ,yaij) (1 € Im for ISQ criteria , j € I, information sys-
tems) be a SVTrN-number. Then decision matrix can be
identified as the follows:

"411 Al! Al?‘!
Ay Azp e Ay,
[Aj]mn= mil ﬂm! T Amn

Phase 3: Calculate the Comprehensive Values
At the first, Compute the normalized decision-making ma-
trix R= [r1jj] m*» and compute
U= [ujj] m*n as the follows:
e Compute the normalized decision-making matrix
R= [rj] m= where
Rij= ((ai/a’, biy/a’, ci/a"); Waij ,Uaij ,Yail)
Such that a+= max {cjj. 1 € Im,] € I}
e  Compute U= [u;j] m*» of R. Where, uj= oirjj (i € I
for ISQ criteria , j € I, information systems),
o = (o1, @ ... ®m) be the weight vector of ISQ criteria,

where w; € [0, 1],i €1, and 2L @ =1
Then, calculate the comprehensive values S;as:

Sj =
m m m m
Z U= [(Z o, o, Z @;T;); Min wy;, Max uy;, Max yg;)
i=1 i=1 i=1 i=1
Gel 3.1)

Phase 4: Evaluate and Rank ISQ

This phase aims to introduce two evaluating and ranking
methods: (1) - weighted value and ambiguity based meth-
od, (2) the value index and ambiguity index method to
give more than one option for evaluating and ranking ISQ.

(1)- Weighted value and ambiguity method

Firstly, calculate the wvalue of truth-membership-
membership degree, and indeterminacy-membership, and
falsity-membership degree for each comprehensive value
based on “Eq. (2.7)” “Eq. (2.9)”and “Eq. (2.11)”, respec-
tively, as the follows:

Vi (S)) = ((a + 4b + ¢) (wg)?)/6 (3.2)
Vo (S) = ((a+ 4b + ¢) (1-uy) 2)/6 (3.3)
Vi (S) = ((a+4b + ¢) (1-y4) 2)/6 (3.4)

And, calculate the ambiguity of truth-membership-
membership degree, and indeterminacy-membership, and
falsity-membership degree for each comprehensive value
based on “Eq. (2.8)” “Eq. (2.10)”and “Eq. (2.12)”, respec-
tively, as the follows:

Au(8)) = ((c-a) (wy)2)/6 (3.5)
Av (Sp) = ((c-a) (1-ug) >)/6 (4.6)
A (Sp) = ((c-a) (1-ys) /6 3.7

Secondly, calculate the weighted values (0 - weighted val-
ue) for each alternative as the follows:
the 0 -weighted value of each comprehensive value S; is
defined as:
Vo(S) = Vi (S) 0+ Vu (S)(1-0) + Vi (S) (1-0)  (3.8)
The 6 - weighted ambiguity of a comprehensive value S;
can be defined as:
Ao (S) = (c-a) /6 [Ow+ (1-0) (1-ug) 2+ (1-0) (I-yy) 7]
3.9)

=Au(S) 0+ AL(S)) H1-0) Ax(Sj) (1-6)  (3.10)

4. Case study

An IS evaluation committee wants to evaluate quality of
three IS centers at three universities according eight quali-
ty characteristics based ISO/IEC 25010: C= (ci, ¢2, C3, Ca,
cs, Cs, C7, Cg) be quality characteristics: functionality ci, re-
liability c», usability cs, efficiency c4, maintainability cs,
portability ce, security c;, compatibility cs. The weight
vector of the eight quality characteristics is @ = (.25, .25,
.30, .20, .25, .20, .20, and .15).

Phase I: Using Single Valued Triangular Neutrosophic
Numbers with scale based approach

Apply the scale based approach to enable the IS evaluator
to give every quality attribute one of the following catego-
ries: Low, Not low, Very low, Completely low, More or
less low, Fairly low, Essentially low, Neither low nor high,
High, Not high, Very high, Completely high, More or less
high, Fairly high, Essentially high, having corresponding
values ((4.6; 5.5; 8.6); 0.4; 0.7; 0.2), ((4.7; 6.9; 8.5); 0.7,
0.2; 0.6), ((6.2; 7.6; 8.2); 0.4; 0.1; 0.3), ((7.1; 7.7; 8.3);
0.5; 0.2; 0.4), ((5.8; 6.9; 8.5); 0.6; 0.2; 0.3), ((5.5; 6.2;
7.3); 0.8; 0.1; 0.2), ((5.3; 6.7; 9.9); 0.3; 0.5; 0.2), ((6.2;
8.9; 9.1); 0.6; 0.3; 0.5), ((6.2; 8.9; 9.1); 0.6; 0.3; 0.5),
((4.4;5.9;7.2); 0.7; 0.2; 0.3), ((6.6; 8.8; 10); 0.6; 0.2; 0.2),
((6.3; 7.5; 8.9); 0.7; 0.4; 0.6), ((5.3; 7.3; 8.7); 0.7; 0.2;
0.8), ((6.5; 6.9; 8.5); 0.6; 0.8; 0.1), ((7.5; 7.9; 8.5); 0.8;
0.5; 0.4). The quality attributes of the three information
systems can be presented based on the scale based ap-
proach as the follows:

=  The first information system
The following table represents the quality attributes of the
first information system based on the scale based ap-
proach.

Table (1): The quality attributes of the first information system
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= The second information system
The following table represents the quality attributes of the
second information system based on the scale based ap-
proach.

Table (2): The quality attributes of the second information system
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= The third information system
The following table represents the quality attributes of the
third information system based on the scale based ap-
proach.

Table (3): The quality attributes of the third information system
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Phase 2: Construct the SVTrN-Multi-Criteria Decision
Matrix of Decision Maker

Let Q= (qi1, q2, q3) be a set of the three IS. C= (ci, c», c3, C4,
¢s, Ce, C7, Cg) be ISQ criteria: functionality ci, reliability ca,

usability cs, efficiency c4, maintainability cs, portability ce,
security c7, compatibility cg. Let A= [Aj] 8+3 = ((aj, bjj, Cij);
Waij ,Usij ,Yai) (1€ Ig for ISQ criteria, j € I3 the three infor-
mation systems ) be a SVTrN-numbers. Then

((7.5,7.8,2.5); 0.8, 0.5,0.4) ]
((e.2,8.8,9.1); 0.6, 0.3,05)
((e.6.2.8.10) 1 0.6,0.2,02)
((6.3.75.89):0.7.0.4,08)
((5.3,7.3,27); 0.7, 0.2,0.8)
((4.4,53,7.2); 0.7, 0.2,0.3)
({65 69,8.5); 0.6,0.8,0.1)
(e 88.10); 0.6, 02,0.2) ]

((5.3,7.3,8.7): 07,0.2,0.8)
((e.2,8.8,9.1); 0.6, 03,0.5)
((e.5 65 8.5) 0.6,0.80.1)
((5.3.7.3,87):0.7,02,0.8)
((6.2,89,9.1); 06,0.3,0.5)
((4.4,5.8,7.2);0.7,02,0.3)
((e.6. 88,100 0.6, 0.2,0.2)
(147,65, 85);0.7,02,0.6)

((4.6,5.5,26);0.4,07,0.2)
((6.2,7.6,22);0.4,0.1,0.3)
((6.2,25,9.1): 0.6, 03,0.5)
(i(7.1.7.7.23); 0.5, 0.2, 0.4)
((4.4,58,7.2);0.7,02,0.3)
((5.3.6.8,25);0.6,02,0.3)
((e.2.7682);0401,03)
((e.2.7.6.82);0.4,0.1,0.3)

Phase 2: Construct the SVTrN-Multi-Criteria Decision
Matrix of Decision Maker

Let Q= (qi, q2, q3) be a set of the three IS. C= (cy, ¢, c3, C4,
Cs, Ce, C7, C3) be ISQ criteria: functionality ¢, reliability c,
usability cs, efficiency cs4, maintainability cs, portability c,
security c7, compatibility cg. Let A= [Aj] 8+3 = ((aij, bij, Cij);
Waij ,Usij ,Yai) (1€ I for ISQ criteria, j € I3 the three infor-
mation systems ) be a SVTrN-numbers. Then

((4.6,5.5,8.6);0.4,0.7,0.2)
((6.2.7.6,8.2):04,01,0.3)
((6.2.8.,2.1);0603.0.9)
((7.1,7.7,83);05,02.0.4)
((445.9,7.2);0.7,02.0.3)
((5.8,6.9,8.5);0.6,0.2,0.3)
((6:2.7.6,8.2):04,01,0.3)
((6:2.7.6,8.2);04,01,0.3)

((5.3,73,87);0.7,02,0.8)
((6.2,8.9,9.13;0.6,03,0.9)
((6.5,6.8,8.5);0.6,08,0.1)
((33.7.3,8750.7,02,08)
((6.2,8.9,9.1):0.6,0.3,0.5)
((44,5.9,7.2);0.7,02,0.3)
((6.6,8.8,10;0.6,02,0.2)
((47.6.9,8.5);0.7,02,0.6)

((7.5,7.9,8.5);0.8,0.5,0.4)
((6.2.8.9,9.1):06,03,0.5)
((6.6,8.6,10);0.6,0.2,0.2)
((6.3,7.5,8.9):0.7,0.4.0.6)
((53.7.3,87):0.7,02.0.8)
((44,5.9,7.2);0.7,0.2,0.3)
((6.3,6.2,8.5):0.6,08.0.1)
((6.6,8.6,10);0.6,0.2,0.2)

Phase 3: Calculate the Comprehensive Values

Before calculating the comprehensive values, Compute the
normalized decision-making matrix R= [r;] s+ and com-
pute U= [u;j] s+3 as the follows:

Compute the normalized decision-making matrix R= [rj]
m*n Where

R= ((ay/a", by/a", ci/a"); Waij ,Uaij ,Yaij), such that a+= Max
{cij. 15 Im,j 1o}
R=
((.46..53,.86);0.4.0.7.0.2)
((.62,.76,.82):0.4,0.1,0.3)
((.62,.89,.91);0.6,0.3,0.3)
((.71,.77,.83);0.5,0.2,0.4)
((44,.59,.72):0.7,0.2,0.3)
((.58,.69,.85); 0.6,0.2,0.3)

((.53..73..87);0.7,02.0.8) ((.75..79,.85):0.8,0.5.0.4)]
((62,.89,.91):0.6,0.3,05) ((62,.89,.91);0.6,0.3,0.5)
((.65,.69..85):0.6,08.01) ((66,.88,1):0.6,020.2)
((53,.73,.87);0.7,0.2,0.8) ((.63,.75,.89);0.7,0.4,0.6)
((62,.89,.91):0.6,0.3,05) ((.53..73..87):0.7.0.2,0.8)
((44,.59,.72);0.7,0.2,0.3)  ((.44,.59,.72):0.7,0.2,0.3)
((.62,.76,.82);:0.4,01,03) ((66,.88,1);0.6,0.2,0.2) ({.65,.69,.85);0.6,0.8,0.1)
((.62,.76,.82);0.4,01,03) ((47..69,.83);0.7.0.2,06) (((66,.88,1);0.6,0.2,0.2) ]

Compute U= [ujj] m*n of R. Where, uj= oirjj (i€ I for ISQ

criteria, j € I, information systems),
o = (.35, .25, .30, .20, .25, .20, .30, .20) be the weight vec-

tor of ISQ criteria, where w; €[0, 1],1 € I, , and
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Calculate the comprehensive values S; as:

™m

5= Zui}- (GerL,)

i=1

U=
((.161,.192,.301); 0.4,0.7,0.2) ((.185,.255,.304);0.7.0.2.0.8) ((262,.276,.297):0.8,0.5,0.4)
((.155,.190,.205); 0.4,0.1,0.3)  ((.155,.222,.227);0.6,0.3,0.5) (( 155,.222,.227);0.6,0.3,0.5)
((.186,.267,.273):0.6,0.3,0.5) ((.195,.207,.255):0.6,0.8,0.1) (( 198,.264,.300):0.6,0.2,0.2)
((.142,.154,.166); 0.5,0.2,0.4)  ((.106,.146,.174);0.7,0.2,0.8) (( 126,.150,.178);0.7,0.4,0.6)
((.110,.147,.180);0.7,0.2,0.3) ((155,.222,.227);0.6,0.3,0.5) ((.132,.182,.217);0.7,0.2,0.8)
((.116,.138,.170); 0.6,0.2,0.3)  ((.088,.118,.144):0.7,0.2,0.3)  ((.088,.118,.144);0.7,0.2,0.3)
((.186,.228,.246);:0.4.0.1,0.3) ((.198,.264,.300);0.6,0.2,0.2) (( 195,.207,.255);0.6,0.8,0.1)
((124,.152,.164); 0.4,0.1,0.3)  ((.094,.138,.170):0.7,0.2,0.6) (((.132,.176,.200): 0.6,0.2,0.2)

Then, calculate the comprehensive values S;as:

Sj=
Z i ij*

m m
i=1 i=1 i

W) Z ;Ty); Min wy, Maxug, Max y.)

i=1

[~1=

1
iy

Si=((1.18, 1.468, 1.705); .4, .7, .5)
So=((1.176, 1.572, 1.801); .6, .8, .8)
S3=((1.288, 1.592, 1.818); .6, .8, .8)

Phase 4: Rank ISQ

Apply the two evaluating and ranking methods: (1) -
weighted value and ambiguity based method, (2) the value
index and ambiguity index method

1. Weighted value and ambiguity method
Calculate the weighted value and ambiguity of truth-
membership and indeterminacy membership, and falsity-
membership degree for each comprehensive value

V,.(S)) = 1459 (4)?= 233
Vy(S1) = 1.459 (1-.7)= .131
Vi (S1) = 1.459 (1-.5)>= 364

V,.(S)) = 1.544 (.6)2 = .555;
Vs (S2) = 1.544 (1-.8)>= .061;
Vi (S2) = 1.544 (1-.8)*= .061

V. (S3) =1.581 (.6)2=.569;
V, (S3) = 1.581 (1-.8)2 = .063;
Vi.(S3) = 1.581 (1-.8)= .063

Vo=.2330+.131(1- 0) + .364(1- 0)
V=555 0+.061 (1- 0) +.061(1- )
Vo=.569 0 +.063(1- 0) +.063(1- )

Thirdly, graphically represents weighted values for evalu-
ating and ranking quality of IS. The following figure rep-
resents the weighted values of the Sy, S, and S;

0.6

y \/

o /\
4

0.1

0

=¢—V0(S1)

VB(S2) =d—VO(S3)

Fig. 1.

e From figure (1) for any 8 € [0, .523] the weighted
values of the S;, S; and S; can ranked as the
follows: Vo (S1) > Vg (S3) > Vi (S2). Conse-
quently, the quality of the first information sys-
tem > the quality of the third information sys-
tem > the quality of the second information
system

e From figure (1), the weighted values of S| and S3
have equal values at 6 = .523. The weighted

The weighted values of the Sy, S; and S;

ambiguities of S; and S3 can be calculated
based on Eq. (3.9) as follows:
A.s3 (S1)=.0212
A. 523 (S3) = .0198
Therefore, S; > S3, Consequently, the quality of the first
information system is greater than the quality of the third
information system
o From figure (1) for any 0 € [.523, .536] the
weighted values of the Sy, S, and S; can ranked
as the follows: Vo (S1) > Vg (S3) > Vo (S2).

Samah Ibrahim Abdel Aal, Mahmoud M. A. Abd Ellatif, Mohamed Monir Hassan: Two Ranking Methods of Single Valued
Triangular Neutrosophic Numbers to Rank and Evaluate Information Systems Quality



Neutrosophic Sets and Systems, Vol. 19, 2018 139
Consequently, the quality of the first infor- S5 364 338 347 Si >8>S,
mation system > the quality of the third infor- JE R | A1 425 436 S3 >8>S
mation system > the quality of the second in- 8E [12.1] 285 468 480 S;>S,> S,

formation system
e From figure (1), the weighted values of S; and S,
have equal values at 6 = .536. The weighted
ambiguities of S; and S, can be calculated
based on Eq. (4.9) as follows:
Ao(S) = (c-a) /6 [Owi+ (1-0) (1-uy) >+ (1-0) (1-y) %]
A.53(, (S1) = .0210
A 536 (Sz) =.0237
Therefore, S; > S, Consequently, the quality of the second
information system is greater than the quality of the first
information system
e From figure (1) for any 8 € [.536, 1] the weighted
values of the S, S; and S; can ranked as the
follows: Vo (S3) > Vi (S2) > Vp (S1). Conse-
quently, the quality of the third information
system > the quality of the second information
system > the quality of the first information
system
This method gives more attention to uncertainty in deci-
sion making as well as it takes into account cut sets of
SVTrN numbers that can reflect the information on mem-
bership degrees and non-membership degrees. However,
the calculations and graphically representation of this
method become complex when alternatives increase.

1. The value index and ambiguity index method
Apply the value index and ambiguity index method to rank
Information Systems Quality (ISQ) as the follows:

Vo (S1) = 1.459 (4)2= 233
Vu(S1) = 1.459 (1-.7)>=.131
Vi (S1) = 1.459 (1-.5)*= .364

Vo (S2) = 1.544 (.6)2=.555;
V, (S2) = 1.544 (1-.8)2= .061;
Vi (S2) = 1.544 (1-.8)>= 061

V, (S3) =1.581 (.6)2=.569;
V, (S3) = 1.581 (1-.8)? = .063;
Vi (S3) = 1.581 (1-.8)>= .063

V (S1, M) =233 A +.131(1- 1) + .364(1- 1)
V (S2, ) =.555 A +.061 (1- 1) + .061(1- )
V (S3, M) = .569% + .063(1- ) + .063(1- &)

Table (4): Ranking results based on the Weighted Values and
Ambiguities index method of SVTrN-numbers

2 V(Ss, V(S 4) V (S3 2) | Ranking results
A
1E[01/2] | 468 165 170 S1>S:>S;
3E[01/2] | 416 251 258 S1>S:>S;

(1) From table (4) values: .1 and .3 where A E [0, 1/2],
the results show when the decision maker prefers
negative feeling, the ranking of quality of the three
information systems is S; >S3;> S,, Consequently, the
quality of the first IS > the quality of the third IS >
the quality of the second IS.

(2) From table (4) where A = ' shows that the decision
maker is indifferent between positive feeling and
negative feeling, the ranking of quality of the three
information systems is S; >S3> S,, Consequently, the
quality of the first IS > the quality of the third IS >
the quality of the second IS.

(3) From table (4) values: .7 and .8 where A & [1/2,1],
the results show when the decision maker prefers
positive feeling, evaluation and ranking of quality of
the three information systems is S3 >S,> S, Conse-
quently, the quality of the third IS > the quality of
the second IS > the quality of the first IS.

This method focuses on value index and ambiguity index
and it can reflect the decision maker's subjectivity attitude
to the SVTrN- numbers.

5. Conclusion and Future Work

This work intended to introduce a framework with two
ranking methods of SVTrN- numbers with the scale based
approach for evaluating and ranking ISQ. The proposed
framework consists of four phases. The results indicated
that each ranking method has its own advantage that make.
In this perspective, the weighted value and ambiguity
based method gives more attention to uncertainty in rank-
ing and evaluating ISQ as well as it takes into account cut
sets of SVTrN numbers that can reflect the information on
membership degrees and non-membership degrees. The
value index and ambiguity index can handle indeterminacy
and uncertainty and it can reflect the decision maker's sub-
jectivity attitude to the SVTTN- numbers.

For future work, SVTrN-numbers can be applied
widely for more real practical applications with adapting
and generalizing existing methods of ranking fuzzy num-
bers and intuitionistic fuzzy number to give more efficient
results.
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