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Collected Eclectic Ideas
Preface

The fourth volume, in my book series of “Collected Papers”, includes 100 published and
unpublished articles, notes, (preliminary) drafts containing just ideas to be further investigated,
scientific souvenirs, scientific blogs, project proposals, small experiments, solved and unsolved
problems and conjectures, updated or alternative versions of previous papers, short or long
humanistic essays, letters to the editors - all collected in the previous three decades (1980-2010)
— but most of them are from the last decade (2000-2010), some of them being lost and found, yet
others are extended, diversified, improved versions.

This is an eclectic tome of 800 pages with papers in various fields of sciences,
alphabetically listed, such as: astronomy, biology, calculus, chemistry, computer programming
codification, economics and business and politics, education and administration, game theory,
geometry, graph theory, information fusion, neutrosophic logic and set, non-Euclidean geometry,
number theory, paradoxes, philosophy of science, psychology, quantum physics, scientific
research methods, and statistics.

It was my preoccupation and collaboration as author, co-author, translator, or co-
translator, and editor with many scientists from around the world for long time. Many topics
from this book are incipient and need to be expanded in future explorations.

I am very grateful to all my collaborators, translators, editors and publishers, advisers and
friends, not only those cited in this book but all researchers, professors, students that exchanged
messages, articles, books with me during these years and carefully listened to my ideas and
helped me improve them, and I listened to theirs too.

I dreamt with the engineer and friend Vic Christianto to build a Lunar Space Base and
travel from there inside the Solar System and outside in order to discover new planetoids and
respectively exoplanets and to quantize the Universe. Or use the multispace and multistructure
together with the physicist and editor-in-chief Dmitri Rabounski to re-interpret and extend
scientific theories and even to induce New Physics if possible. Generalize the qu-bit to a mu-bit
(multi-bit in a multi-space) for a (multi-)parallel computing (mu-computing with a mu-
supercomputer), and search for an SC Potential.

Go to the outer-limits of science (to the Classes of Neutrosophic Paradoxes), not in a fiction but
in a realistic way, and apply a neutrosophic interdisciplinary method of study and research, not
being ashamed to ask and seek even elementary or impossible questions.

Thus, Neutrosophic Transdisciplinarity was born, which means to find common features to
uncommon entities, i.e. for vague, imprecise, not-clear-boundary entity <4> one has:



<A> N <nonA> # @ (empty set), or even more <A> N <antiA> # O,

where <nonA> means what is not <4>, and <anti4A> means the opposite of <4>.

There exists a Principle of Attraction not only between the opposites <4> and <antiA> (as in
dialectics), but also between them and their neutralities <neutA> related to them, since <neut4>
contributes to the Completeness of Knowledge.

<neutA> means neither <4> nor <antiA>, but in between;

<neutA> is neutrosophically included in <nonA4>.

But, we may also have <4> # <4>, since <4> could be endowed with different structures
simultaneously, or <4> at some time could be different from <4> at another time.

This volume includes, amongst others, copies of some of my manuscripts confiscated by the
Secret Police [Securitate], but other manuscripts were never returned although I asked for them
back after the 1989 Revolution. There are four folders, summing a total of about 880 pages,
monitoring me, consisting of reports and photos about my activities written and respectively
made by secret police agents.

Also:

Methods of doing research, of improving and generalizing known results.

Reflections on the philosophy of science: where will science go?

An algebraic generalization of Venn diagram for programming codification.

Generalization and alternatives of Kaprekar routine and of SUDOKU.

Improvement of statistics estimators.

Alternatives to Pearson’s and Spearman’s Correlation Coefficients.

How to construct a quantum topology?

In quantum physics about: Brightsen Model, Klein-Gordon Equation, Ginzburg-Landau-

Schrodinger type equations, LENR, PT-symmetry and Iso-PT symmetry, etc.

e Learn how to partially negate axioms, lemmas, theorems, notions, properties, and theories
— degrees of negation.

e C(lasses of neutrosophic paradoxes and neutrosophic degree of paradoxicity; neutrosophic
diagram; new neutrosophic operators (such as neuterization and antonymization).

e Applications of neutrosophic logic and set to the semantic web services, information
fusion, image segmentation and thresholding.

e Sequences and metasequences.

e Introduction of the operators of validation and invalidation of a proposition, and

extension of the operator of S-demying a proposition, or an axiomatic system, from

geometry to respectively any theory in a given domain of knowledge. By S-denying a

<notion> one can get a <pseudo-notion> (for example: S-denying the norm one gets a

pseudo-norm).

Tunnels of triangles, polygons and of #-D solids.

Unification of Fusion Theories and Rules.

Degree of Uncertainty of a Set and of a Basic Believe Assignment (Mass).

a-Discounting Method for Multi-Criteria Decision Making (a-D MCDM).

New fusion rules and conditioning fusion rules.

Neutrosophic Logic as a Theory of Everything in Logics. N-norm and N-conorm.



e Neutrosophic philosophy in applied sciences. Neutrosophy is a MetaPhilosophy.
And so on.

We introduce the non-standard quaternion space and non-standard biquaternion space [and
even a generalization of them to a general non-standard vector space of any dimension] as

possible working spaces for connecting the micro- and macro-levels in physics.

Also, we consider that our multispace (with its multistructure of course) unifies many science
fields. We write about parallel quantum computing and mu-bit, about multi-entangled states or
particles and up to multi-entangles objects, about multispace and multivalued logics, about
possible connection between unmatter with dark matter (what about investigating a possible
existence of dark antimatter and dark unmatter?), about parallel time lines and multi-curve time,
projects about writing SF at the quantum level as for example “The adventures of the particle-
man” or “Star Shrek” — a satire to Star Trek (just for fun), about parallel universes as particular
case of the multispace, and we advance the hypothesis that more models of the atom are correct
not only the standard model of the atom, etc.

I coined the name unmatter as a combination of matter and antimatter — and a possible third form
of matter - since 2004, in a paper uploaded in the CERN website, and I published papers about
“unmatter” that is now the predecessor of unparticles, which are a type of unmatter (mixtures of

particles and antiparticles).

These fragments of ideas and believes have to be further investigated, developed, and check
experimentally if possible. {Actually, no knowledge is definitive in a field!}

The “multispace” with its “multistructure” is a Theory of Everything in any domain. It can be for
example used in physics for the Unified Field Theory that tries to unite the gravitational,
electromagnetic, weak, and strong interactions.

The author hopes that certain articles or ideas from this tome will inspire the reader in his/her
further research and creation.
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FIRST LUNAR SPACE BASE 2009

PROPOSAL ENTRY FOR HOLCIM AWARDS 2008

By V. Christianto & F. Smarandache

INTRODUCTION / MOTIVATION

We interpret ‘Sustainable construction’ theme in its widest possible meaning, i.e. the preservation
of sustainability of environment to support mankind. In this regard, it is realized that this Earth is
likely to continue to deteriorate and therefore its capability to sustain mankind is diminishing.

Therefore some institutions have begun to study possibility to send mankind to space for long-
time period. A year long experiment of mankind capability to survive in space has been conducted by
International Space Station.

Then the next logical step would be how to find good location of international space base,
possibly in the Moon surface. Therefore we design an imaginative concept for the First Lunar Space
Base 2009.

We acknowledge that according to the competition rule, a design shall have ‘high probability’ to
construct. But considering this program is likely to yield great interests not only for government and
private sectors, therefore it is possible to conduct auction to put this design into reality. Alternative
method to finance is to use some ‘roof space’ of this proposed space-base for advertising space. We
expect that plenty of corporations would like to get their ads printed on the First Lunar Space Base,
just like corporations put ads in the body of Russian space rocket.

PROPOSAL SUMMARY

Entry name : First Lunar Space Base 2009
Authors : V. Christianto, F Smarandache
Purpose  :to put forward a realistic humanoid lunar-base within 2-3 years

Possible project financing: if no government support is available, financing may be obtained by
selling wall space to become advertising display for supporting corporate.



CONCEPTUAL DESIGN

While it seems everybody knows that lunar base is the most logical first destination in new space
exploration programs [1], apparently not so many people realize that it is dangerous place for some
obvious and not so-obvious reasons, i.e. no water, no oxygen, no atmosphere, risk of asteroid
shower, risk of lunar earthquake, risk of extreme exposure of sunlight including ultraviolet ray etc.

Therefore in this proposal we consider these risks in the design.
The conceptual idea came from some places, but one of the most intriguing source is what

people call as ‘Crop Circle’, see Figure 1. [2] It’s full of mysteries, yet it seems to offer a kind of
‘hidden’ geometry.

Then we modify this crop circle idea (see right image), and combine it with the ‘Enterprise’
starship in Star Trek movie, then we get the view as follows (see Figure 2,3 & 4)
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Figure 3. Top view of the First Lunar Space base
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Figure 4. Side view of the First Lunar Space base



RATIONALE BASED ON DESIGN CRITERIA

As we write above, we interpret ‘Sustainable construction’ theme in its widest possible meaning,

i.e. the preservation of sustainability of environment to support mankind. Nonetheless we describe
here other considerations of design criteria:

1.

Quantum change and Transferability

1.1. We propose to use Lunar local material to as maximum as possible, therefore minimizing
transportation needs to carry the raw material from Earth [1]. Even for concrete, we
propose to use ‘lunar concrete’. Of course, a particular construction obstacle would be how
to guarantee that the process of concrete drying would be the same with process in Earth.

1.2. Unlike ‘standard’ conventional design for Lunar space base in literature, in this design we
propose to use ‘regolith’ to cover the roof. [1][3]

1.3. The large flat-dome will be used for ‘solar-cell panel’ hence maximizing self-sufficient
energy supply. Solar-cell panel can be applied using ‘coating’ (nanosolar-cell) method rather
than having to carry and install complete solar-cell panels from Earth.

Ethical standards and social equity

2.1. Detailed design and construction will maintain the highest ethical standard, for example it is
not allowed to use processes that break human right. Also the use of local material is
preferred in order to avoid prohibitive high-cost of material transportation from Earth to
Moon.

Ecological quality and energy conservation

3.1. By using the roof-space to be ‘solar-cell panel’ will ensure that energy usage is sustainable.

3.2. Other technology which can be used is if possible to use ‘hydrophonic’ plant, therefore
reduce using food coming from Earth.

Economic performance and compatibility

4.1. Considering that it is likely that the cost to build this permanent base will be dominated by
‘transportation cost’, to bring the raw material to Earth, therefore economic efficiency
/petformance is directly proportional to percentage of local material that can be used
instead of having to bring it from Earth.

Contextual and aesthetic impact
5.1. With regards to the environment and physical context of Lunar surface (i.e. without

atmosphere and risks of asteroid shower), then we put this safety and protection first over
aesthetic consideration alone.
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5.2. We also preserve the inherent quality of the landscape by using regolith and other local
material as finishing, therefore aesthetically the proposed Lunar base will look ‘compatible’
with the surrounding environment.

5.3. Nonetheless, as a whole, we put aesthetic consideration from the viewpoint of basic
concept (from Crop Circle and StarTrek) which can be noticed by anyone observing from
distance. After all, who knows that someday there will be external cultures from outer space
who may wish to stop by and look around?

In this regard, it is realized that this considering some obvious construction limitation, not all of
the above critieria can be applied to a Lunar space base design. But we have done as far as possible to
make this design a working example how a Lunar base can be designed with environment-
sustainability in mind. In our opinion, the construction process itself is a kind of ‘experimental
research,’ i.e. how to make sure that using present technologies we can build permanent Lunar base
with minimum imported material as far as possible.

It is hoped that once this design can be put into reality, it can draw attention to sustainability
construction.

SOME CONSTRUCTION OBSTACLES

There are obvious obstacles which may be considered. We list here only a few [1]:

(a) asteroid shower: may induce impact to the construction workers + machines. Perhaps need
to build temporary (polycarbonate) shelter;

(b) no oxygen would mean that concrete drying process may not complete. Perhaps needs to
bring oxygen chamber, and mixing concrete will be done inside the chamber;

(c) oxygen supply for the workers;

(d) design load shall take into consideration this asteroid shower and other possible impact load.

POSSIBLE RAW MATERIALS

MATERIALS THAT CAN BE USED IN THIS PROPOSED LUNAR BASE [1].
1. Steel: for columns and beams, are recommended if no concreting is allowed.

2. Aluminum. Very versatile and light material, suitable for inner utilities).
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3. Tabric, can be used in vatious places, for instance: room separation, cladding
(protection against extreme UV), and other function. Membrane can also be used
for roof instead of rigid roof, but with greater risk of ‘puncture’ because of impact
loads.

4.  Compacted regolith, can be used to cover the roof.

5. Lunar concrete: can be used for slabs and beams, if concreting is allowed.
Otherwise, slabs may use aluminum.

6. Glass: shall be used in minimum because of possible scratch or puncture under
impacts.

7. Inflatable material can also be used, but in our opinion it is also suitable for
temporary building, not a permanent space base, which is expected to be more
durable and high-load resistance.

FURTHER READING

1. Ruess, F., J. Schaenzlin, and H. Benaroya, “Structural design of a Lunar
habitat,” J. Aerospace Engineering, Vol. 19 No. 3, July 15t (2000).

2. Silva, F., “The history of Crop circles - 1995,” URL: http://home.clara.net/
lovely/crop_citcles_history95.html

3. Jarvstrat, N., & C. Toklu, “Design and construction for self-sufficiency in a
Lunar Colony,” ASEM2004, URL: WWW.moon-
istru.com/information/ ASEM2004.pdf

4. Khalili, E. Nader, “Lunar structures generated and shielded with on-site
materials,” J. Aerospace Eng, Vol. 2 No. 3, ASCE (1989)
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APPENDIX: OTHER IMAGES

(a) Basement 2 level:

(b) Basement 1 level:
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(c) Groundfloor level:
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(d) Level 1:
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(e) Sideview
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(f) North section

(g) South section
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(h) East section
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On recent discovery of new
planetoids in the solar
system and quantization of
celestial system

V. Christianto (vxianto@yahoo.com),
F. Smarandache (fsmarandache@yahoo.com)

The present note revised an old article discussing new
discovery of a new planetoid in the solar system. Some recent
discoveries have been included, and their implications in the
context of quantization of celestial system are discussed, in
particular from the viewpoint of superfluid dynamics. In
effect, it seems that there are reasons to argue in favor of
gravitation-related phenomena from boson condensation.

Keywords: quantization, planetary orbit, quantized superfluid,
boson condensation, gravitation

Discovery of new planetoids

Discovery of new objects in the solar system is always interesting
for astronomers and astrophysicists alike, not only because such
discovery is very rare, but because it also presents new observation
data which enables astronomers to verify what has been known
concerning how our solar system is functioning.



In recent years a number of new planetoids have been
reported, in particular by M. Brown and his team [1][2][3][4].
While new planet discoveries have been reported from time to
time, known as exoplanets [9][10], nonetheless discovery of new
planetoids in the solar system are very interesting, because they are
found after a long period of silence after Pluto finding, around
seventy years ago. Therefore, it seems interesting to find out
implications of this discovery to our knowledge of solar system, in
particular in the context of quantization of celestial system.

As we discussed in on old article, there are some
known methods in the literature to predict planetary orbits using
quantum wave-like approach, instead of classical dynamics
approach. These new approaches have similarity, i.e. they extend
the Bohr-Sommerfeld’s quantization of angular momentum to
large-scale celestial systems. This application of wave mechanics to
large-scale structures [6] has led to several impressive results in
particular to predict orbits of exoplanets [8][9][10]. However, in the
present note we will not discuss again the physical meaning of wave
mechanics of such large-scale structures, but instead to focus on
discovery of new planetoids in solar system in the context of
quantization of celestial system.

As contrary as it may seem to present belief that it is unlikely to
find new planets beyond Pluto, Brown et al. have reported not less
than four new planetoids in the outer side of Pluto orbit, including
2003EL61 @t 52AU), 2005FY9 @t 52AU), 2003VB12 @t 76AU,
dubbed as Sedna, it is somewhat different to our preceding article
suggesting orbit distance = 86AU 1n accordance with ref. [14]). And
recently Brown and his team reported new planetoid finding, dubbed as
2003UB31 (97AU). This is not to include Quaoar (42AU), which has
orbit distance more or less near Pluto (39.5AU), therefore this object
is excluded from our discussion. Before discovery of 2003UB31
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(Brown himself prefers to call it ‘Lila’), Sedna has been reported as
the most distant object found in the solar system, but its mass is less
than Pluto, therefore one could argue whether it could be considered
as a ‘new planet’. But 2003UB31 is reported to have mass definitely
greater than Pluto, therefore Brown argues that it is definitely worth to
be considered as a ‘new planet’. (See Table 1.)
Table 1. Comparison of prediction and observed orbit distance of
planets in the Solar system (in 0.1 AU unit )

Object No. | Titius | Nottale | CSV | Observed | A (%)

1 0.4 0.428

2 1.7 1.71
Mercury 3 4 3.9 3.85 3.87 0.52
Venus 4 7 6.8 6.84 7.32 6.50
Earth 5 10 10.7 10.70 | 10.00 -6.95
Mars 6 16 15.4 15.4 15.24 -1.05
Hungarias 7 21.0 20.96 | 20.99 0.14
Asteroid 8 27.4 27.38 |27.0 1.40
Camilla 9 34.7 34.6 31.5 -10.00
Jupiter 2 52 45.52 | 52.03 12.51
Saturn 3 100 102.4 | 95.39 -7.38
Uranus 4 196 182.1 | 191.9 5.11
Neptune 5 284.5 | 301 5.48
Pluto 6 388 409.7 | 395 -3.72
2003EL61 7 557.7 | 520 -7.24
Sedna 8 722 728.4 | 760 4.16
2003UB31 9 921.8 |970 4.96
Unobserved | 10 1138.1
Unobserved | 11 1377.1
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Moreover, from the viewpoint of quantization of celestial systems,
these findings provide us with a set of unique data to be compared
with our prediction based on CSV hypothesis [5]. It is therefore
interesting to remark here that all of those new ‘planetoids’ are within
8% bound compared to our prediction (Table 1). While this result
does not yield high-precision accuracy, one could argue that this 8%
bound limit corresponds to the remaining planets, including inner
planets. Therefore this 8% uncertainty could be attributed to
macroquantum uncertainty and other local factors.

What’s more interesting here is perhaps that some authors have
argued using gravitational Schrodinger equation [12], that it is
unlikely to find new planets beyond Pluto because density distribution
becomes near zero according to the solution of Schroédinger equation
[7][8][11]. From this viewpoint, one could argue concerning to how
extent applicability of gravitational Schrodinger equation to predict
quantization of celestial systems, despite its remarkable usefulness to
predict exoplanets [9][10].

Therefore in the subsequent section, we argue that using Ginzburg
Landau equation, which is more consistent with superfluid dynamics,
one could derive similar result with known gravitational Bohr-
Sommerfeld quantization [13][15]:

a, = GMn’ /V02 (D)

where a,,G,M,n,Vv, each represents orbit radius for given n, Newton
gravitation constant, mass of the Sun, quantum number, and
specific velocity (v,=144 km/sec for Solar system and also
exoplanet systems), respectively [7][8].
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Interpretation

In principk the Cantorian superfluid vortex (CSV) hypothesis [5]
suggests that the quantization of celestial systems corresponds to
superfluid quantized vortices, where it is known that such vortices are
subject to quantization condition of integer multiples of 2rt, or ¢ v..dl
= 27;tnh/m,[5]. For a planar cylindrical case of solar system, this
hypothesis leads to Bohr-Sommerfeld-type quantization of planetary
orbits. It is also worthnoting here, while likelihood to find planetoid at
around 90AU has been predicted by some astronomers, our prediction
of new planets corresponding to n=7 (55.8AU) and n=8 (72.8AU)
were purely derived from Bohr-Sommerfeld quantization [5].

The CSV hypothesis starts with observation that in quantum fluid

systems like superfluidity, quantized vortices are distributed in equal
distance, which phenomenon is known as vorticity. In a large
superfluid system, we usually use Landau two-fluid model, with
normal and superfluid component. Therefore, in the present note we
will not discuss again celestial quantization using Bohr-Sommerfeld
quantization, but instead will derive equation (1) from Ginzburg
Landau equation, which is known to be more consistent with
superfluid dynamics. To our knowledge, deriving equation (1) from
Ginzburg-Landau equation has never been made before elsewhere.

According to Gross, Pitaevskii, Ginzburg, wavefunction of N
bosons of a reduced mass m* can be described as [17]:

— (1 1 2m*) V2wt iyl W= ih oyl ot )
For some conditions, it 1s possible to substitute the potential
energy term ( Kil//iz ) in (2) by Hulthen potential which yields:
- 12m* N y+V, . W=ihoy/ ot (3)
where Hulthen potential could be written in the form:



V. =-Ze Se ¥V /(1-e) 4)

It could be shown that for small values of screening parameter &,
the Hulthen potential (4) approximates the effective Coulomb
potential:

Ve =—e?/r+ 00 + 1) 12mr?) )

Coulomb ~—

Therefore equation (3) could be rewritten as:

— RV 2mE A @+ 00+ )R Q) = iowl o (6)

Interestingly, this equation takes the form of time-dependent
Schrodinger equation In the limit of time-independent case, equation
(6) becomes similar with Nottale’s time-independent gravitational
Schrodinger equation from Scale relativistic hypothesis with Kepler
potential [7][8][9]:

2D’AY +(E/m+GM/r).¥ =0 (7)

Solving this equation with Hulthen effect (4) will make difference,
but for gravitational case it will yield different result only at the order
of 10%° m compared to prediction using equation (7), which is of
course negligible. Therefore, we conclude that for most celestial
quantization problems the result of TDGL-Hulthen (3) is essentially
the same with the result derived from equation (7).

Furthermore, the extra potential to Keplerian potential in equation
(5) i1s also negligible, in accordance with Pitkanen’s remarks:
“centrifugal potential /(/+1)/7°in the Schrédinger equation is
negligible as compared to the potential term at large distances so that
one expects that degeneracies of orbits with small values of / do not
depend on the radius.” [18]

It seems also worth noting here that planetoids 2003EL61 and
2005FY9 correspond to orbit distance of 52AU. This pair of
planetoids could also be associated with Pluto-Charon pair. In the
context of macroquantum phenomena of condensed matter physics,
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one could argue whether these pairs indeed correspond to
macroobject counterpart of Cooper pairs [16]. While this conjecture
remains open for discussion, we predict that more paired-objects
similar to these planetoids will be found beyond Kuiper belt. This will
be imteresting for future observation.

Furthermore, while our previous prediction only limits new
planetoids finding until n=9 of Jovian planets (outer solar system), it
seems that there are more than sufficient reasons to expect that more
planetoids are to be found in the near future. Therefore it is
recommended to extend further the same quantization method to
larger n values. For prediction purpose, we have included in Table 1
new expected orbits based on the same celestial quantization as
described above. For Jovian planets corresponding to n=10 and n=11,
our prediction yields likelihood to find orbits around 113.81 AU and
137.71 AU, respectively. It is recommended therefore, to find new
objects around these predicted orbits.

In this note, we revised our preceding article suggesting that Sedna
corresponds to orbit distance 86AU, and included recently found
planetoids in the outer solar system as reported by Brown ef al. While
our previous prediction only limits new planet finding until n=9
corresponding to outer solar system, it seems that there are reasons to
expect that more planetoids are to be found. While in the present note,
we argue in favor of superfluid-quantized vortices, it does not mean to
be the only plausible approach. Instead, we consider this discovery as
a new milestone to lead us to find better cosmological theories, in
particular taking into consideration some recent remarkable
observation of exoplanets as predicted by wave mechanics approach.
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OPEN AND SOLVED ELEMENTARY QUESTIONS IN ASTRONOMY

Florentin Smarandache
UNM-Gallup, USA

Student:
1) Let's consider a tunnel getting from a side to the other side of the Earth, and passing through the
center of the Earth.

a) If one drops an object in the tunnel, will the object stop at the center of the Earth, or will
oscillate like a pendulum about the center, up and down, and after a while will stop?
Will then the object float in the center?

Instructor:
Yes, we solved this problem in school using methods of Classical Mechanics.

Student:

b) If an elevator is freely left down in the tunnel, how much force would be necessary to push it up
(especially from the Earth center) to the second side of the Earth?

Isn't any inertial force, from the falling force that might push the elevator beyond the Earth center
towards the other side?

Instructor:
No. Itis school problem too. Inertial forces will act on a body if only this body will be linked to this
inertial field. Not this case.

Student:

¢) Suppose the second side of the tunnel gets in the bottom of an ocean. Will the water flow down
into the tunnel only up to the center of the Earth, or even lower near to the first side (to
compensate/equilibrate somehow, about the Earth center, the water masses from both sides of the
Earth center), or even will flood out the first side?

Instructor:

The water will oscillate like a pendulum in the first question.

Then the water will fill only 'z of the tunnel, so that part which is between the Earth centre and the
ocean. If ocean is located at both sides of the tunnel, the tunnel will be highly full.



Student:

d) The above three questions for the case when the tunnel gets from a side to another side of the
Earth, but doesn't pass through the Earth center. Would the midpoint of the tunnel play a similar
role as the Earth center in the above three questions?

Instructor:
Yes, of course.

Student:
e) How will Coriolis force influence this?

Instructor:
Very little. The force of gravity is greater.

Student:
2) Is it possible to accelerate a photon (or another particle traveling at, say, 0.99¢) and thus to get
speed greater than c?

Instructor:

This is “double-question”, linked to “no-speed-barrier” thesis. I mean it follows. General Relativity
is the theory on observable quantities. Absolute quantities are also presented there - absolute
rotation and the deformation of the space. This is well-known fact.

So, I think, you can accelerate a particle at 0.99c (where ¢ = speed of light) and then more and more,
but its observable motion

will asymptotically close to the light velocity anyway. The below is citation from Rabounski-
Borissova’s book “Particles here and beyond the mirror”, for understanding this problem. They
called it the Blind Pilot Principle:

“...We can outline a few types of frames of reference which may exist in General Relativity space-
time. Particles (including the observer themselves), which travel at sub-light speed (“inside" the light
cone), bear real relativistic mass. In other words, the particles, the body of reference and the
observer are in the state of matter commonly referred to as “substance". Therefore any observer
whose frame of reference is described by such monad will be referred to as sub-light speed
(substantional) observer.”

Particles and the observer that travel at the speed of light (i.e. over the surface of light hyper-cone)
bear my=0 but their relativistic mass (mass of motion) m#0. They are in light-like state of matter.
Hence we will call an observer whose frame of reference is characterized by such monad a /ight-like
observer.

Accordingly, we will call particles and the observer that travel at super-light speed super-light
particles and observer. They are in the state of matter for which my#0 but their relativistic mass is
imaginary.

It is intuitively clear who a sub-light speed observer is, the term requires no further explanations.
Same more or less applies to light-like observer.
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From the point of view of light-like observer, the world around looks like colorful system of light
waves. But who is a super-light observer? To understand this let us give an example.

Imagine a new supersonic jet plane to be commissioned into operation. All members of the
commission are inborn blind. And so is the pilot. Thus we may assume that all information about the
surrounding world the pilot and the members of the commission gain from sound that is from
transversal waves in air. It is sound waves that build a picture that those people will perceive as their
“real world".

Now the plane took off and began to accelerate. As long as its speed is less than the speed of sound,
the blind members of the commission will match its ““heard" position in the sky to the one we can
see. But once the sound barrier is overcome, everything changes. Blind members of the commission
will still perceive the speed of the plane equal to the speed of sound regardless to its real speed. For
the speed of propagation of sound waves in the air will be the maximum speed of propagation of
information while the real supersonic jet plane will be beyond their *“real world" in the world of
““imaginary objects" and all its properties will be imaginary too.

The blind pilot will hear nothing as well. Not a single sound will reach him from the past reality and
only local sounds from the cockpit (which also travels at the supersonic speed) will break the
silence. Once the speed of sound is overcome, the blind pilot leaves the subsonic world for a new
supersonic one. From his new viewpoint (supersonic frame of reference) the old subsonic fixed
world tat contains the airport and the members of the commission will simply disappear to become
an area of “imaginary values".

What is light? Transversal waves that run across a certain medium at a constant speed. We perceive
the world around through sight, receiving light waves from other objects. It is waves of light that
build our picture of the “true real world".

Now imagine a spaceship that accelerates faster and faster to eventually overcome the light barrier at
still growing speed. From pure mathematical viewpoint this is quite possible in the space-time of
General Relativity.

For us the speed of the spaceship will be still equal to the speed of light whatever its real speed is.
For us the speed of light will be the maximum speed of propagation of information and the real
spaceship for us will stay in another “unreal" world of super-light speeds where all properties are

imaginary. The same is true for the spaceship's pilot. From his viewpoint having the light barrier
overcome brings him into a new super-light world that becomes his “true reality". And the old world
of sub-light speeds is gone to the area of “imaginary reality".

Student:
3) Would ever be possible to construct a flexible bridge  between two planets and thus have
"terrestrial" traffic between them? I mean what about gravity field of each planet (how to smoothly
escape from one field and smoothly enter into the other filed)?

Another difficulty would be that planets are moving...

Instructor:
Yes, of course. Similar projects were developed from 1960’s. I mean Space Bridge or Space Lift,
which will link the Earth surface and a satellite in a geostationary orbit (which is located over the



same point of the terrestrial equator) A cabin in such lift, moving upstairs, will be partially moved by
inertial force, partially by a machine. The problem was a cable.

Geostationary satellites can be located in stable state in very high orbits, about 20,000 km minimum.
Steel cable, linking the satellite and the terrestrial surface must be about 3metre in diameter. Then, in
60’s, such projects had been stopped. Now it started again, because the recent developments of
carbon cables give possibility to make such cable of necessary properties only centimeter width. I
heard numerous commercial corporations started such projects the last year. They think to begin
use the 1% Space Bridge in 2015.

Student:

4) Suppose we are able to dig around and cut our planet into two separated parts. In the first case,
suppose the two parts are equal, while in the second case one part is much bigger than the second
one. Will these parts mutually attract back to re-form a single planet, or will they separate each
other?

Instructor:

It depends on those conditions in which they will be after the divorce. If they will be in relative
rotation at a velocity, necessary for that they would be in stable condition - inertial forces will put
the gravity force in equilibrium, then they will not form a unitary plane.

If they will not rotate, then they will join into a single planet.

Student:
5) Why from the Earth the Moon is seeing up, and from the Moon the Earth is seeing up too?
(Let’s consider a fixed point on the Earth; we are able to see the Moon from that point only when it
is above the Earth, because when the Moon is diametrically opposed it cannot be seeing from that
Earth point.

{Similarly when we consider a fixed point on the Moon where the Earth is visible from.}

Instructor:
I don’t understand exactly...
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Abstract

This short technical paper advocates a bootstrapping algorithm from which we can form a
statistically reliable opinion based on limited clinically observed data, regarding whether
an osteo-hyperplasia could actually be a case of Ewing’s osteosarcoma. The basic
premise underlying our methodology is that a primary bone tumour, if it is indeed
Ewing’s osteosarcoma, cannot increase in volume beyond some critical limit without
showing metastasis. We propose a statistical method to extrapolate such critical limit to
primary tumour volume. Our model does not involve any physiological variables but
rather is entirely based on time series observations of increase in primary tumour volume

from the point of initial detection to the actual detection of metastases.

Key words
Ewing’s bone tumour, multi-cellular spheroids, linear difference equations
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I. Introduction

To date, oncogenetic studies of EWS/FLI-11 induced malignant transformation have
largely relied upon experimental manipulation of Ewing’s bone tumour cell lines and
fibroblasts that have been induced to express the oncogene. It has been shown that the
biology of Ewing’s tumour cells in vitro is dramatically different between cells grown as
mono-layers and cells grown as anchorage-independent, multi-cellular spheroids (MCS).

The latter is more representative of primary Ewing’s tumour in vivo (Lawlor et. al, 2002).

MCS are clusters of cancer cells, used in the laboratory to study the early stages of
avascular tumour growth. Mature MCS possess a well-defined structure, comprising a
central core of necrotic i.e. dead cells, surrounded by a layer of non-proliferating,
quiescent cells, with proliferating cells restricted to the outer, nutrient-rich layer of the
tumour. As such, they are often used to assess the efficacy of new anti-cancer drugs and
treatment therapies. The majority of mathematical models focus on the growth of MCS or
avascular tumour growth. Most recent works have focused on the evolution of MCS
growing in response to a single, externally-supplied nutrient, such as oxygen or glucose,

and usually two growth inhibitors.

Mathematical models of MCS growth typically consist of an ordinary differential
equation (ODE) coupled to one or more reaction-diffusion equations (RDEs). The ODE
is derived from mass conservation and describes the evolution of the outer tumour

boundary, whereas the RDEs describe the distribution within the tumour of vital nutrients



such as oxygen and glucose and growth inhibitors (Dorman and Deutsch, 2002).
However studies of this type, no matter how mathematically refined, often fall short of
direct clinical applicability because of rather rigorous restrictions imposed on the
boundary conditions. Moreover, these models focus more on the structural evolution of a
tumour that is already positively classified as cancerous rather than on the clinically
pertinent question of whether an initially benign growth can at a subsequent stage

become invasive and show metastases (De Vita et. al., 2001).

What we therefore aim to devise in our present paper is a bootstrapping algorithm from
which we can form an educated opinion based on clinically observed data, regarding
whether a bone growth initially diagnosed as benign can subsequently prove to be
malignant (i.e. specifically, a case of Ewing’s osteosarcoma) . The strength of our
proposed algorithm lies mainly in its computational simplicity — our model does not
involve any physiological variables but is entirely based on time series observations of

progression in tumour volume from the first observation point till detection of metastases.

I1. Literature support

In a clinical study conducted by Hense et. al. (1999), restricted to patients with suspected
Ewing’s sarcoma, tumour volumes of more than 100 ml and the presence of primary
metastases were identified as determinants of poor prognosis in patients with such
tumours. Diagnoses of primary tumours were ascertained exclusively by biopsies. The

diagnosis of primary metastases was based on thoracic computed tomography or on
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whole body bone scans. It was observed that of 559 of the patients (approx. 68% in a
total sample size of 821) had a volume above 100 ml with smaller tumours being more
common in childhood than in late adolescence and early adulthood. Extensive volumes
were observed in almost 90% of the tumours located in femur and pelvis while they were
less common in other sites (p < 0.001). On average, 26% of all patients were detected

with clinically apparent primary metastases.

The detection rate of metastases was markedly higher in patients diagnosed after 1991 (p
< 0.001). Primary metastases were also significantly more common for tumours
originating in the pelvis and for other tumours in the Ewing’s family of tumours (EFT);
mainly the peripheral neuro-ectodermal tumours (PNET); (p < 0.01). Tumours greater
than 100 ml were positively associated with metastatic disease (p < 0.001). Multivariate
analyses, which included simultaneously all univariate predictors in a logistic regression

model, indicated the observed associations were mostly unconfounded.

Further it has been found that the metastatic potential of human tumours is encoded in the
bulk of a primary tumour, thus challenging the notion that metastases arise from sparse
cells within a primary tumour that have the ability to metastasize (Sridhar Ramaswamy
et. al., 2003). These studies lend credence to our fundamental premise about a critical
primary tumour volume being used as a classification factor to distinguish between

benign and potentially malignant bone growth.



I1I. Statistical modelling methodology

Assuming that the temporal drift process governing the progression in size of a primary
Ewing tumour of the bone to be linear (the computationally simplest process), we suggest
a straightforward computational technique to generate a large family of possible tumour
propagation paths based on clinically observed growth patterns under laboratory
conditions. In case the governing process is decidedly non-linear, then our proposed
scheme would not be applicable and in such a case one will have to rely on a completely

non-parametric classification technique like e.g. an Artificial Neural Network (ANN).

Our proposed approach is a bootstrapping one, whereby a linear autoregression model is
fitted through the origin to the observation data in the first stage. If one or more beta
coefficients are found to be significant at least at a 95% level for the fitted model then, in
the second stage, the autoregression equation is formulated and solved as a [linear

difference equation to extract the governing equation.

In the final stage, the governing equation obtained as above is plotted, for different values
of the constant coefficients, as a family of possible temporal progression curves
generated to explain the propagation property of that particular strain of tumour. The
critical volume of the primary growth can thereafter be visually extrapolated from the
observed cluster of points where the generated family of primary tumour progression

curves show a definite uptrend vis-a-vis the actual progression curve.
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If no beta coefficient is found to be significant in the first stage, a non-linear temporal
progression process is strongly suspected and the algorithm terminates without
proceeding onto the subsequent stages, thereby implicitly recommending the problem to a

non-parametric classification model.
The mathematical structure of our proposed model may be given as follows:

Progression in primary Ewing tumour size over time expressed as an n-step general

autoregressive process through the origin:

(M

Formulated as a linear, difference equation we can write:

_St +181St—1 +182St—2 +"'+anSt—n =€ (1D)

Taking S; common and applying the negative shift operator throughout, we get:
[-1+BE'+B,E”+..+BE"]S =-¢ am

Now applying the positive shift operator throughout we get:
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[E"+BE"™" +BE+..+B]S =—¢ )

The characteristic equation of the above form is then obtained as follows:

—r"+ﬂ1r"_1+ﬁ2r"_2+...+(ﬁn+8)=0 V)

Here r is the root of the characteristic equation. After solving for r, the governing
equation can be derived in accordance with the well-known analytical solution techniques

for ordinary linear difference equations (Kelly and Peterson, 2000).
IV. Simulated clinical study
We set up a simulated clinical study applying our modelling methodology with the

following hypothetical primary Ewing tumour progression data adapted from the clinical

study of Hense et. al. (1999) as given in Table I below:
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Table I

Observation (t) Primary Ewing tumour volume (in ml.)
(At point of first detection)
1 5
2 7
3 9
4 19
5 39
6 91
7 102
(At the point of detection of metastasis)

Figure I

Primary Tumor Growth Curve

120
100 |
80 -
60 -
40 -
20 |

Volume (in ml.)

——\Volume (in mI.)‘

Observations (t)

The temporal progression path of the primary growth from the point of first detection to

the onset of metastasis is plotted above in Figure 1.




We have fitted an AR (2) model to the primary tumour growth data as follows:

E (Sy) = -1.01081081S,; + 5.32365561Sy (V)

The R? of the fitted model is approximately 0.8311 and the F-statistic is 9.83832 with an
associated p-value of approximately 0.04812. Therefore the fitted model definitely has an

overall predictive utility at the 5% level of significance.

The residuals of the above AR (2) fitted model are given in Table II as follows:

Table 11
Observation Predicted S, Residuals
1 -5.05405405 12.05405405
2 19.5426024 -10.5426024
3 28.168292 -9.168292003
4 28.7074951 10.29250488
5 61.7278351 29.27216495
6 115.638785 -13.63878518

The average of the residuals comes to 3.044841. Therefore the linear difference equation

to be solved in this case is as follows:

X;=-1.01081081X.; +5.32365561X» + 3.044841 (VID)

49



Applying usual solution techniques, the general solution to equation (VII) is obtained as

follows:

X, = c1 (2.43124756) " + ¢5 (-3.44205837)" (VIID)

Here c; and c; are the constant coefficients which may now be suitably varied to generate

a family of possible primary tumour progression curves as in Figure II below:

Figure I1
——Observed volume
Generated primary tumour growth curves  (099,0.01)
0 (0.98,0.02)
:E 300 / (0.97,0.03)
< / —(0.96,0.04)
o 200
g / ——(0.95,0.05)
=]
5 100 /- (0.94, 0.06)
° ’
>
0 _ /—,__’J'/ —(0.93,0.07)
0 2 4 6 8 (0.92, 0.08)
Observations (t) (0.91,0.09)
(0.90,0.10)

In the above plot, we have varied ¢, in the range 0.01 to 0.10 and imposed the condition
¢1 = 1 — ¢,. The other obvious condition is that choice of ¢; and ¢, would be such as to
rule out any absurd case of negative volume. Of course the choice of the governing

equation parameters would also depend on specific clinical considerations (King, 2000).



V. Conclusion

From Figure II, it becomes visually apparent that continuing increase in the observed size
of the primary growth beyond approximately 52 ml. in volume would be potentially
malignant as this would imply that the tumour would possibly keep exhibiting
uncontrolled progression till it shows metastasis. This could also be obtained
arithmetically as the average volume for t = 5. Therefore the critical volume could be

fixed around 52 ml. as per the computational results obtained in our illustrative example.

Though our computational study is intended to be purely illustrative as we have worked
with hypothetical figures and hence cannot yield any clinical conclusion, we believe we
have hereby aptly demonstrated the essential algorithm of our statistical approach and
justified its practical usability under laboratory settings. We have used a difference
equation model rather than a differential equation one because under practical laboratory
settings, observations cannot be made continuously but only at discrete time intervals.
There is immediate scope of taking our line of research further forward by actually

implementing an autoregressive process to model in vitro growth of MCS with real data.
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Abstract.
As a consequence of the Integral Test we find a triple inequality which bounds up and
down both a series with respect to its corresponding improper integral, and reciprocally

an improper integral with respect to its corresponding series.

2000 MSC: 26D15, 40-xx, 65Dxx

1. Introduction.
Before going in details to this triple inequality, we recall the well-known
Integral Test that applies to positive term series:

For all x > 1 let f(x) be a positive continuous and decreasing function such that f(n) = a,
forn>1. Then:

ian and J’” 7 (x)dx (1)

either both converge or both diverge.

Following the proof of the Integral Test one easily deduces our inequality.

2. Triple Inequality with Series and Improper Integrals.

Let’s first make the below notations:

S=Ya, )
1= r F(x)dx . (3)

We have the following
Theorem (Triple Inequality with Series and Improper Integrals):



For all x > 1 let f(x) be a positive continuous and decreasing function such that f(n) = a,
forn>1. Then:

S-f(1)<I<S<I+A1(1) 4)
Proof.

We consider the closed interval [1, n] the function f is defined on split into n-1 unit
subintervals [1, 2], [2, 3], ..., [n-1, n], and afterwards the total area of the rectangles of
width 1 and length f(k), for 2 <k < n, inscribed into the surface generated by the function
f and limited by the x-axis and the vertical lines x = 1 and x =n:

Sinf=i:f(k) =1(2)+f(3) + ... + f(n) [inferior sum] ®)]

k=2

and respectively the total area of the rectangles of width 1 and length f(k), for 1 <k <n-1,
inscribed into the surface generated by the function f and limited by the x-axis and the
vertical lines x = 1 and x =n:

n—1

Ssup sz(k) =f(1)+f(3)+ ... + f(n-1) [superior sum] (6)

k=1

But the value of the improper integral rf (x)dx is in between these two summations:

Sy~ (1) =Sinr < [ f(x)dr< Squp=Sn (7)
where
S, = Zf(k). ()
k=1

Now in (7) computing the limit when n = <« one gets a double inequality which bounds
up and down an improper integral with respect to its corresponding series:

S—f(1)<I<S ©)
And from this one has
S <I+f(1) (10)

Therefore, combining (9) and (10) we obtain our triple inequality:
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S—f(1)<I<S<I+f(1)

As a consequence of this, one has a double inequality which bounds up and down a series
with respect to its corresponding improper integral, similarly to (9):

[<S<I+f(1) (11)
Another approximation will be:
Sh<S<S,+1, (12)

where
I,= ff(x)dx forn> 1 (13)

and I] = I, S] =a;— f(l)
The bigger is n the more accurate bounding for S.

These inequalities hold even if both the series S and improper integral I are divergent
(their values are infinite). According to the Integral Test if one is infinite the other one is
also infinite.

3. An Application.

Apply the Triple Inequality to bound up and down the series:

_ S 1
S= ;kw (14)

The function f(x) =

1s positive continuous and decreasing for x > 1. Its
x"2+4

corresponding improper integral is:

1 1 1 x.b
I= dx = 1im poo dx=1lim p.. [ — arctan —
jmxA2+4 ° fo2+4 bl >

1 lim p-... (arctan b arctan l) -1 (1— arctan 0.5) = 0.553574.
2 2 2 2°2

Hence:

0.553574=1<S <1+ f(1)=0.553574 + 1/(1°2 + 4) = 0.753574



or
0.553574 <S <0.753574.

With a TI-92 calculator we approximate series (14) summing its first 1,000 terms and we
get:

S1000 = Y (1/(x"2+4),x,1,1000) = 0.659404.

Sure the more terms we take the better approach for the series we obtain.

4. Conclusion.

We found a triple inequality which helps approximates a series and in a similar way one
can bound up and down an improper integral with respect to its corresponding series.
Reference:

R. Larson, R. P. Hostetler, B. H. Edwards, with assistance of D. E. Heyd, Calculus /
Early Transcendental Functions, Houghton Mifflin Co., Boston, New York, 1999.
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0. ABSTRACT

This article presents two methods, in parallel, of solving more complex integrals, among
which is the Poisson’s integral, in order to emphasize the obvious advantages of a new method
of integration, which uses the supermathematics circular ex-centric functions.

We will specially analyze the possibilities of easy passing/changing of the supermathematics
circular ex-centric functions of a centric variable o to the same functions of ex-centric variable 6.
The angle a is the angle at the center point O(0,0), which represents the centric variable and 6
is the angle at the ex-center E(k,€), representing the ex-centric variable. These are the angles
from which the points W4 and W, are visible on the unity circle — resulted from the intersection
of the unity/trigonometric circle with the revolving straight line d around the ex-centric E(k,€) —
from O and from E, respectively.

KEYWORDS AND ABBREVIATIONS

C - Centric, Circular,

CC - Circular Centric,

E - Ex-centric,

EC - Ex-centric Circular,

F - Function,

H - Hyperbolic,

Pl - Poisson Integral,

M - Mathematics,

CM - Centric Mathematics,
EM - Ex-centric Mathematics,
SM - Supermathematics,
FSM-F & SM, FSM_EC-FSM & EC, FSM_EH-FSM & EH.

1. INTRODUCTION

The discovery of the ex-centric mathematics (EM), as a vast extension of the centric
common/mathematics (CM), which together form the SuperMathematics (SM), allows new
simpler approaches, for resolving more complex integrals, among which we present (11) the
Poisson integral (PI) [1]. To emphasize the new integration method, we will present, in parallel,
the classic method of solving, only for Pl, presented in [1] and the new method which utilizes
SM’s ex-centric circular functions (EC) [2], [3], [4] .

The SM-EC functions, which will be in the center of our attention, are the radial ex-centric
functions rex 8 and Rex a and the derivatives ex-centric dex 8 and Dex a, functions which are
independent of the reference system selected.



The functions rex 6, of ex-centric variable 6, of the principal determination 1 and secondary
2, defined on the whole real axis for numeric ex-centricity k2 <1, and for k 2> 1 exist only in the
interval 3 € (0;, 65), in which 6¢; = n + ¢ + arcsin(1/k), ot = 6 + Br; are

(1) rexs20 =rexi2 (0, E(k,g)) = —k.cos(6 — &) £+/1— k> sin> (0 1) ,

where E(k, €) is a pole, called ex-center, which divides the straight line d (d = d* U d "),
revolving around this point, in the positive semi straight line d*, on which is situated the first
principal determination rex; 6 , as function of ex-centric variable 6 and, respectively, Rex a4 , of
centric variable o of the function and in the negative semi straight line d °, on which is situated,
along it, the second determination, secondary, of the function rex; 6 and Rex oy The
expressions of the same entities (1), as functions of centric variable a, which exist on the whole
real axis, no matter which is the numeric ex-centricity k, are

(2) Rex a1z = /14 k> —2k.cos(ar,, —€)

These functions represent, as Prof. Dr. Math. Octav Gheorghiu observed, the distance in
plane, as oriented segments, in polar coordinates, between two points: the ex-center E(k, €) and
the intersection points Wi, (1, aq2) — between the straight line d and the unity circle
CT[1,0(0,0)] with the center in the origin O of the system of coordinates axis, right Cartesian or
polar reference point.

For an E which is interior to the unity disc, the segment EW; is situated on the positive
direction of the semi straight line d *, being, in this case, positive, that is Rex a4 = rex:6 > 0,
while the oriented segment EW,, positive oriented on the negative semi straight line is negative,
that is Rex a =rexz 6 < 0, as it can be seen in the Figure 1.

Fork=+1atoq € (0,2rn) = 6 € (0, n) and at oz € (0, 2n) = 6 € (w, 2n ). In other words, if,
the straight line d rotates around E(k,e) — C(1,0) with an angular speed Q (6 = Qt ), the points
W, , rotate on the unity circle C(1,0) with a double angular speed ( a42 = 2Qt) in half of the
period and is stationary in the second half of the period (a1 2 = 0) taking turns in E (k, €).

If E is exterior to the unity disk, that is |k | > 1, then both determinations will be on the same
semi straight line, being, successive, both positive and then, after the rotation of d of =, both
negative, therefore are of the same sign, and this will make their product, in this case, positive,
and, while in the precedent case, the product of the two determinations of the function was
always negative (see Fig.1).

We must observe also that at k > 1 and for a2 € (0, 2n) = 6 € (6i , 6f); the ex-centric
variable 6 diminishes the interval of existence of FSM-CE, between an initial value 6;and a final
one 05, with as much as the numeric growth of ex-centricity k. For k — « the interval is reduced
to a single point on the real axis R, for each determination.

The results presented so far, will also be obtained from the relations that will follow.
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Fig. 1 The representation of the functions rex;, 0 and Rexa;» (EW;,) on the unity circle.

The dependency between the two variables is:
(3) ar2(0)= 0-B12(0)= 0 F arcsinfe.sin (0 - €)]

and, respectively
k.sin(a,, — &)

(4) 0 ( o2 ) Soet B (0612) =oqpt arcsin( ) =
+ \/1 +k* - 2k.cos(a,, — €)
k.si -
= a2 + arcsin( M
Rexe,,
or
k.sin(er,, — & sin f(a
4) 0 (o2 ) = a1 2 + arctan ( (@, ~¢) ) = o2 + arctan ( M
1-k.cos(a,, —¢) cos f(a,,)
where
1-k.cos(a,, — &)
(5) cosP (a2 ) = :
Rexa,,
and




k.sin(a, . —
(6) sin B (o g) = 5@ =€)
Rexa,,

and the derivative of d[p(a)])/da is
(7) df(a)  kl[cos(a—¢&)—k] _ k[cos(a —¢) — k]
da  1+k*—2k.cos(a—c¢) Rex’a,,

From (1), it results, without difficulty, that the sum, the difference, the product, and the
ratio of the two determinations of the functions rex are:

Z:rexﬂ + rex,0 = —-2k.cos(8 — ¢)
Z;rexﬂ—rexzﬁ =2,/1-k>sin*(0 - &)
k*-1<0,> k<1
(8) [1=rexfrex,6={ 0,=k=1
+(1-k*), > k>1

rex,@ da, Rex’q, - d(rex,0)

e el _das _ -8 d(rex,0)

A function similarly useful, in this article, is the ex-centric derivative function of a centric
variable o, for which the form of expression is invariable at the position of the ex-center E is:

(9) Dex a2 = 1:/(.(:08(0(1’2 —£) =- do - d(a1,2 +ﬂl,z) _ 1 ,
1+k” —2k.cos(a,, —¢) da,, da dex, ,0
and
k.cos(60—¢)

(10) dexi2=1-

J1-k*sin*(0-¢)
and the nucleus of Poisson integral

2 2
(A1) Nipago= 2= 9Oh) o qyp dF - 1ok =K .
da,, da,, da,, 1+k”=2k(a,-¢) Rex'a,
_ _Rexa,
Rexa,

2. THE INTEGRATION USING THE CLASSIC METHOD [1]

The Poisson’s integral, with modified notations, in accordance with the supermathematics
ex-centric circular functions (SM - EC), is
(12)  Plke= [—r—2 ,
1+k°—2.k.cos(ax—¢)

in which £k e R and ¢ e[-x, 7] are the parameters and, in the same time, the polar coordinates
of the ex-center E. This is resolved in [1] as a simple integral which is dependent of a real
parameter A = k, which will be further denoted as k, and representing, in EM, numeric ex-
centricity k = e/R, the ratio between the real ex-centricity e and the circle radius R on which are
placed the intersection points Wy and W,. The integral is simple, but the integration is quite
laborious, as we will see later, and it will become indeed simple, only when passed from CM to
EM with the utilization of the new supermathematics functions.
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Classical Solution: The periodic real function

_ 1
1+ k> —2kcos(a — &)
is, as it is easily observed, the square of the radial ex-centric function of a

(13)  fa)

(14) fla) =1/ (Rex® o),

defined foranyk e R —{£1} and o € [-n, n ] .

Remark: Only one from the two determinations of the function Rex a1z is null () when E
belongs to unity circle, that is /k/ = 1; the second determination having the expression which will
be presented bellow. Based on the new knowledge from EM, now we can assert that the radial
ex-centric function is defined also for k =+ 1.

If k=+1,then

(15) rexq20 =-cos(0-g) x /1-sin’(@—¢) —>rex;0 =Rex oy = 0

and rexz0 = Rex oy = — 2cos(6- €) and, for k = -1, it results

(16) rexs2 0 = cos(0-g) £4/1—sin’(0—¢)

such that, now, rexi6 = Rex a; = 2 cos (8-€) and rex 20 = Rex a, = 0, which it results and it can
be seen, equally easy, also from the graphic.
Because

(17) Rex? o = [k- €@ 9].[k — e --*~ ®)] = [k—rad(a-¢)].[k — rad-(o- €)]
in which, the radial centric functions [5], or in short, radial (denoted rad), equivalent to the

exponential functions are unitary vectors, of symmetric directions, in relation to the straight line
which contains the points O and E, therefore:

(18) rad (o- €) —rad[- (o - €)] = 2 cos(a - €)
and
] (omg) = TAd(@=¢)
(19) rad(o-¢) . rad-(o-¢) rad(a—2)
in which
(20) rado=e'*

is equivalent, in centric (for k = 0, when o4 = 6 and a, = 6 + 1) of functions rex 6 and Rexa [ 5].
The function Rex’a (16) has the roots:

(21) e % %) =rad[ +(a—¢ )]
which, for a = ¢ and also for a = ¢ —=n, din (14) it results

(22) k=1,



By introducing in Pl the variable o’ = a + &, the change will lead to the integral:

(23) Pl (— k) =

fff da'
1+ k% +2k.cos(a +¢)’

in which the numeric ex-centricity changes the sign, that is k - — k , which is equivalent to the
rotation of the ex-center E(k, €) around the origin O (0,0) with &, on the circle with the radius Kk,
thatis € > + (e =), or, yet, because of the inter-conversion properties of o with ¢ in the
function cosine from (12), a >+ (ot =n).

Suppose that k = + 1, the change of the variable o’ =a +

(24) z=¢""",

for which

(25) dz/z

_ der(a +&)da _irad(a +&)da _
rad(a + ¢€) rad(a + €)

it will transform the segment [-x, + «] in the unity circumference, going in trigonometric positive
sense ( sinistrorum / levogin). Then:

_. dz _ip_
(26) Pl(k, a) =1 -L(1+k2)z+(1+zz)k k-Lzz+mz+1,

in which m = k +1/k.

The poly-functions f(z) from under the sign of L are zZ = —kand z’=-1/k with the
residues a’.1 = Rez[f(z), -k] =k / (k* - 1) and a”.; = Rez[f(z), -1/ k] = k / (1 — k), such that a4 +
a1 =0.

By applying the residues and semi-residues theorems, it results that for any angle € € [ -,

+7 ]

2
1-k*°
(27) IP(k,€)=14 0, for k==l
2

m,fOl" |k|>1

for |k| <l;

The zero value for ]imP[(k,g) can be found choosing the contour I'made of the
k—+l1
circumferences C and y (Fig. 2) , the last having the center in z” = 1/ k and the radius r < 1,
from which we suppressed the interior portions of the reunion of the two circles. In this
dz
2

conditions, the integral L is null even when k — 1 (or —1), appearing as a principal

z°—kz+1
value in the Cauchy sense. We can then write:
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, for => k=R—-{£l}

(28) PI(k, ) |1—
0, for > k=+1

¥ 1 Ef-1.0%= Ef 1708
T S — »
1 H
| X
Fig. 2 Explanatory Drawing Fig. 3 The functions Rex;, and rex;, of k=+ land e =0

The result (28), presented in [1], can also be established directly, knowing that from (14), for
k=1, rex:60 =0, and for k = -1, rex; 6 = 2cos(a-¢) such that:

* da " da 1 P |
28 = = —|tan(a — ¢ =_—[tan(x — &) —tan(—7 — ¢)] =0
(28) J;Rexzaz ;[4c0s2(a—g) 4| ( I 4[ (7 =¢) (-7 =2

For k = £ 1, will present the integral below.

3. THE INTEGRATION WITH THE HELP OF CIRCULAR EX-CENTRIC
SUPERMATHEMATICS FUNCTIONS.

Multiplying PI(k, €) with (1-k?) / (1-k?) it results

@ A= l—lk2 ?Ri;zko; do = 1—1k2 j_ ?{Z?Z da =
- 1k2 Id(i;;ﬂ) #Ed(ﬁﬂﬁ) =1 o+ pI". -2 k2 |
fork <1 and
o Pk o e e

-
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for k > 1, in which we took in consideration the relation (9) and the sign of the functions Rex a1 2,
for k <1 and for k > 1, that is an ex-center interior or exterior to unity disk and of the relation, for
k < 1. The relations between the integration limits, taking in account of the dependencies [2]

(31) { “=0-F

a,=0+p+rx
knowing that B+ B2 = 1 [3] are:
(32) If o4 e[-m n]= then®e[n—PBi, m +P1]
and their difference is +2mr, and if
(33) oz €[-m ], then = 6 € [-2n —B, —B],

as it can be seen also in Fig. 1, and their difference is —2m.

Go el pdeosta=ad_ 1=K _da dCp) _d@+f+p) _dO+p)

da Rex’a,, Rex’aq,, da da da da

because 0 = o + 3, and for
{yl =1 —>0=-1+2p,
(04 =

35
(35) }/2:7r—>9:7z+2ﬁ1’2

as it results also from the figure, therefore
(36) Y2-V1 = 27

CONCLUSIONS

Because of the labor volume in the two variants, the conclusion is, evidently, in the favor of
the new method of integration, taking in account, firstly, the degree of complexity of the
integration.

By utilizing the existing relations in EM, as, for example the relation (28), which can be
written by denoting y = 6 + 3, from which dy = d(6 +pB), but o = (6 - B ) and da = d(y - 2B) or da.
=d(6 - B), such that

— 72
dy / dat =1+2.dB/da=_k.cos(9 8):_Rexa2_ 1-k

rex,0 Rexa, Rex’a,
and Pl is an immediate integral, k being a constant parameter, as we saw before. Furthermore,
from the relation (29) it results the Poisson’s integral value undefined as being:

. _ksin(ag)
da 1 a+2arcst7

[0(a)+ f(a)] = ——[a+2p(a)] = exa
| -] 1k

(37) IPN = _[Rexza = |1_k2

The integrals calculated in [1] with the help of the residues theorem
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(38) Iy = J-R R—rcos(a—¢)

2412 —2rcos(a—¢)

in which with r = k.R we denoted the real ex-centricity and with R the radius of a certain circle

and
2r

(39) 12= -[R

0

rsin(a — &)

> +7? =2rcos(a —¢)

which, by the classical method presented in [1, pp. 186-187] are equally laborious and,
unfortunately, wrong; by the new method, from EM, these integrals are immediate. Reducing R
from (38) and (39) it results the functions to be integrated:

R—rcos(a—¢) _l—kcos(a—¢) _ Dex o » = deo
= = 19= —2
Tod

40) Fi=
(40) 1 R* +r* =2rcos(a —¢) Rex’a a

such that the undefined integral is

ksin(e,, — &)

1,

41) Ihn= J.ﬁda = J.dé’ =0(a,,) = a +arcsin[
da i\/l+k2 —2kcos(a,, —¢)

such that, the defined integral (38) will be:

» Fork =+1= I4 =, because in the first determination 1 (principal) 6(c. = 0) = /2 and
0(a=2r) = 3n/2 and the difference is «. If k = — 1 for the first determination 6(a=0) = = and 6(a =
27) = 2m, such that the difference is the same r. It results that for |k| = 1 = |1 = =.

» For k > 1, the integral value |4 is 0.

» For k <1, the integral value is 2.

The undefined integral lay is:

(42) Ixn= J. ksin(a - &) da = _[Mda = J' 1 d(Rexa)d

> > a = In|Rexa
1+k —=2kcos(a—¢) Rex“a Rexa da

Therefore, the defined integral I, is:

=0,

@3) k=[InRexa

27
0

for any k and ¢, knowing that Rex0 = rex0 = Rex2n = rex2m.

More integrals can be resolved immediately in this way without difficulties, if one knows the
expressions of some supermathematics functions.
More integrals are presented in [6].
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1.

POTENTIAL USE OF LIME AS NITRIC ACID SOURCE
FOR ALTERNATIVE ELECTROLYTE FUEL-CELL METHOD

V. Christianto
E-mail: vxianto@yahoo.com

F. Smarandache
E-mail: smarand@unm.edu

INTRODUCTION
1.1.  Background
1.1.1. Despite growing popularity for the use of biofuel and other similar
methods to generate renewable energy sources from natural plantation in
recent years, there is also growing concern over its disadvantage, i.e. that the
energy use of edible plants may cause unwanted effects, because the
plantation price tends to increase following the oil price. Therefore an
alternative solution to this problem is to find ‘natural plantation” which have
no direct link to ‘food chain’ (for basic foods, such as palm oil etc).
1.1.2. Another choice is to use directly natural plants as substitute for
components of Fuel Cell systems, such as Electrolyte Fuelcell Systems
(EFS). Interestingly EFS methods have been investigated in recent years.
This new use of natural plantation in EFS may be considered as potential
applications of Green Chemistry [1].
1.1.3. In this regards, possible usage of nitric-acid in EFS (NA-EFS) has
been identified and discussed in recent years by some authors. [2][3].
1.1.4. Nonetheless, this new NA-EFS have not been studied in Indonesia,
despite plenty of tropical fruits can be found in this country which consists

of nitric-acid compounds.
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1.1.5. Therefore, in this proposal we will focus on possible use of nitric-acid
from natural plants (in particular lime) in EFS. Furthermore, it can be
expected that NA-EFS can be proved to be more efficient than other existing
biofuel methods, thanks to the fact that NA-EFS does not need to grow

plants which normally are parts of basic foods of common people.

1.2.  Objectives
1.2.1. Objectives of this proposed research includes:
1.2.1.1.  Studying chemical composition of some known source of nitric
acid in nature, in order to find out which natural plantation is more
suitable from the viewpoint of NA-EFS.
1.2.1.2.  Studying (experimentally) which EFS method is the most suitable
to be used in conjunction with nitric-acid extracted from Natural

Plantation, in particular for tropical countries like Indonesia.

1.3.  Expected Output
1.3.1. Result from experiments as well as theoretical studies on how nitric-
acid shall be produced and used in EFS methods.

1.3.2. Prototype Design as guidance for practical use or further development.

. STATE OF THE ART OF THE RESEARCH

2.1.  Fuel cell definition: A fuel cell is an energy conversion device that consists
essentially of two opposing electrodes, an anode and a cathode, ionically
connected together via an interposing electrolyte. Unlike a battery, fuel cell
reactants are supplied externally rather than internally. [2] Fuel cells operate by
converting fuels, such as hydrogen or a hydrocarbon (e. g., methanol), to
electrical power through an electrochemical process rather than by combustion. It
does so by harnessing the electrons released from controlled oxidation-reduction

reactions occurring on the surface of a catalyst. A fuel cell can produce



electricity continuously so long as proper reactants are supplied from an outside
source. [2]
2.2.  Some known types of ecological power sources [3]:

2.2.1. PEFC (polymer electrolyte membrane fuel cells): With ion-exchange
membranes it is possible to create ‘green’ energy source, such as PEFC and
RFB. [3]

2.2.2. HOFC (hydrogen-oxygen fuel-cell): In HOFC method, the hydrogen is
oxidized at the anode and the protons migrate through a cation-exchange
membrane to the anode where they react with oxygen, forming water. [3]

2.2.3. Redox flow battery (RFB): RFB method can be very efficient for
large-scale energy storage. In this method, Cr3+/Cr2+ and Fe3+/Fe2+ are
circulating through a cell divided by anion-exchange membrane. [3]

2.3.  Existing fuel cell systems are typically classified based on one or more

criteria: [2]

2.3.1. the type of fuel and/or oxidant used by the system;

2.3.2. the type of electrolyte used in the electrode stack assembly;

2.3.3. the steady-state operating temperature of the electrode stack assembly;
2.3.4. whether the fuel is processed outside (external reforming) or inside

(internal reforming) the electrode stack assembly. In general, however, it is
perhaps most customary to classify existing fuel cell systems by the type of
electrolyte (i. e. , ion conducting media) employed within the electrode stack
assembly. Accordingly, most state-of-the-art fuel cell systems have been
classified into one of the following known groups: 1. Phosphoric acid fuel
cells (e. g., phosphoric acid electrolyte); 2. Alkaline fuel cells (e. g., KOH
electrolyte) ; 3. Molten carbonate fuel cells (e. g., Li2CO3/K2CO3
electrolyte); 4. Solid oxide fuel cells (e. g. yttria-stabilized zirconia
electrolyte) ; 5. Proton exchange membrane fuel cells (e. g., NAFION
electrolyte).

3. METHODS
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3.1.  The method of research can be described in ‘phases’. Phase A consists doing

experimental study on the chemical composition of some of known sources of

nitric acid in nature. This phase A also includes studying the nature of ‘nitric

acid’ of these tropical fruits, including: lime, lemon, mango, etc. Each of these

fruits will be discussed and analyzed, and the results will be summarized.

3.2.  Phase B consists of studying and experiments best method to implement EFS

in conjunction with nitric-acid extracted from these tropical fruits. Each of these

fruits will be tested using particular EFS (not yet determined at present),

discussed and analyzed, and the results will be summarized.

3.3.  Phase C consists comparing theoretical knowledge in the existing body of

knowledge concerning EFS [4], with the findings obtained from Phase B. This

will result in new/improved design for better NA_EFS for tropical countries.

4. TIME SCHEDULE

Phase

Feb08

Mar08

Apr08

May08

Jun08

Jul08

Aug08

Sep08

Oct08

A. Chem.

B. Test
EFS

C. Design

D.

Summary

E. Final
Report
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Observation of Anomalous Potential Electric
Energy in Distilled Water
Under Solar Heating
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Abstract

In this paper, we describe a very simple experiment with distilled water which
could exhibit anomalous potential electrical energy with very minimum prepara-
tion energy. While this observed excess energy here is less impressive than [1][2]
and the material used is also far less exotic than common LENR-CANR experi-
ments, from the viewpoint of minimum preparation requirement —and therefore
less barrier for rapid implementation--, it seems that further experiments could be
recommended in order to verify and also to explore various implications of this
new proposition.

Introduction

There has been a somewhat regained awareness in recent years for the alternative en-
ergy technologies based on low-energy reaction and also chemical-aided reaction [1].
This process includes various different methods ranging from the well-known gas dis-
charge process until the exotic processes such as microwave-induced reaction.[2][3] Some
theoretical explanation has also been proposed in recent years. [4][5]

Nonetheless, from the viewpoint that our Earth is presently seeking a rapid change to al-
ternative energy, one could imagine that it is required to find a ‘less-exotic’ energy source,
which can be generated with minimum preparation. Therefore, the ‘energy input’ term
should also include the energy amount needed to make preparation for the source and also
for the equipment.

In this regard, we re-visit a well-known process of finding excess electrical energy out
of ‘distilled water.” It can be shown via simple experiment setting, that with very minimum
preparation one can obtain anomalous excess electrical energy from distilled water, in
particular under solar (photon) exposure. The result is summarized in Table 1.

In the last section we will discuss a few alternative approaches to explain this observed
anomalous effect, for instance using the concept of ‘zero point energy’ of the phion-fluid
condensate medium. [6]

Nonetheless, further experiment is recommended in order to verify or refute our propo-
sition as described herein.

Experimental preparation and result



The basic idea of this experiment comes from reading various papers related to chemi-
cal aided reaction [1][2]. There is also an abstract requirement for minimum preparation
energy, so that it would be easier for rapid implementation (if chance permits).

Therefore we come to analogue to dc battery: a used battery will re-gain part of its elec-
tric energy once it is put under exposure to the Sun light for a few hours. This analogy
leads us to hypothesize that the Sun light emits photon flux with sufficient ‘zero point en-
ergy’ which could trigger chemical reaction in the electrolyte. Then the re-gained electric
energy of the used battery will last for a few more days.

Possible implication for this experiment could include usage of distilled water as an ef-
ficient method for battery charger, while possible future use in transportation etc. remains
open. However, this simple experiment is merely at its very initial phase, so we haven’t
exercised thoroughly yet how it could be transformed into practical use. Our intention here
is to explore another route which may have been forgotten in the plethora of CANR meth-
ods.

We also haven’t made reasonable assumptions yet concerning the development of a
commercial generator cell (for battery charger or other practical use), or what would be
the expected electrical energy output per unit water volume per day.

Therefore, in this simple experiment we consider a few alternative scenarios, as follows:

(1) ordinary water without exposure to Sun light or to external dc potential (as con-

trol for this experiment);

(i1) ordinary water with exposure to Sun light;

(i)  distilled water without exposure to Sun light or to external dc potential,

(iv)  distilled water with exposure to Sun light;

) distilled water with exposure to carbon alkali (chemical inside battery);

(vi)  distilled water with exposure to external dc potential;

(vii)  distilled water with exposure to Sun light and carbon alkali (chemical inside bat-

tery);

(viii) distilled water with exposure to carbon alkali and to external dc potential.

Distilled water is used in this experiment instead of heavy-water (deuterium) which is
commonly used in various LENR-CANR experiments [1][2], with simple reason that it is
easier to obtain almost anywhere. Therefore no excessive preparation for such water is
needed. Of course, for better result it is recommended to repeat this experiment with
heavy-water. (For instance, Belyaev ef al. already reported various experiments with
heavy-water.)

In the meantime, carbon arc in water experiments have been performed by a number of
experimenters [2, p.1110], which may have similarity with type (viii) of our experiment.

The preparation for this experiment is described as follows. Distilled water which we
use in this experiment was obtained from other sources (We don’t distil water with our
OWn Process).

We use 20 mm-diameter aluminium tube and fill it with ordinary water for control, then
we measure its electrical resistance and also its electrical voltage (Type 1A experiment).
Then we put this tube under the exposure of Solar daylight (high noon), and using a
60mm-diameter magnifying lens at its focal distance in order to focus the Solar‘s photon
flux into our tube. Then we measure again the electrical resistance and also its electrical
voltage. (Type iB experiment)

After around 1 hour, we use another 20 mm-diameter aluminium tube and fill it with
distilled water, then we put these tubes under the exposure of Solar daylight (Type iiB).
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Thereafter we repeat the procedure once again after introducing an external 1.5V DC po-
tential into the electrolytes. Then we measure again the electrical resistance and also its
electrical voltage. (Type 1iC) After around 5-10 minutes, we release the external potential
(1.5 DC volt) and put the tube again under solar light exposure. (Type iiD)

We repeat the procedure after filling the tube with carbon alkali from used-batteries
1.5V DC. Then we measure again the electrical resistance and also its electrical voltage.
(Type iiiA) Thereafter we repeat the procedure once again after introducing an external
1.5V DC potential into the electrolytes. Then we measure again the electrical resistance
and also its electrical voltage. (Type iiiC) After around 5-10 minutes, we release the ex-
ternal potential (1.5 DC volt) and put the tube again under solar light exposure. (Type
iiiD).

The experimental configuration is shown in the following diagrams, both with and
without external 1.5Volt DC potential.

V\

|Ma2nifvin2 lens 60 mm dia.

A\

Distilled water

Diagraml. Experiment with distilled water and no external DC (Type iiA)
<3|Magnifying lens 60 mm dia. |

'

~—3

1.5 volt D¢

%

Distilled water Voltmeter

Diagram2. Experiment with distilled water and external 1.5V DC (iiC)
C>/| Magonifvine lens 60mm dia. |

1.5volt De /

\

w|

Distilled water + carhan | |antmeter




Diagram 3. Experiment with distilled water with carbon alkali and external 1.5Volt DC

(Type iiiC + iiiD)

In simple words, in this experiment we want to know whether the effect of Solar heating
(photon flux) is similar with introducing carbon alkali material or introducing 1.5V DC
potential into the electrolytes. As shown in Table 1 below, it turns out that both photon
flux and external 1.5V DC potential could induce significant impact to the observed
anomalous potential, while carbon alkali almost has no further effect (at least to the ex-
perimental configuration as described herein).
In each experiment, we fill the 20mm-diameter tube with 100mm high of distiller water,
meaning that we use more or less ~ 120cc of distilled water for each phase of experiment.
The experiment was conducted in the backyard, around 21* Aug. 2006.

Table 1. Observation result with distilled water

Descrip- Without With so- Before After ex-
tion solar ex- lar expo- external ternal 1.5V
posure sure 1.5V DC. DC. With
(magnify- Without solar expo-
ing lens)  solar ex- sure (mag-
posure nifying
lens)
A B C D
Ordinary V=0 Volt; V=0 Volt;
water [i] R>>1000 R>>1000
Q Q
Distilled V=0 Volt; V=0.2 V=0.8-1.0 V=0.6-0.8
water [ii] R>>1000  Volt; Volt; Volt;
Q R=600Q2 R=600Q2 R=100Q
~1000Q  ~1000Q2  ~600Q2
Distilled V=0.2 V=0.6 V=0.6-0.8 V=0.6-0.8
water with Volt; Volt; Volt; Volt;
carbon al- R>>1000 R=600Q2 R=600Q2 R=100Q
kali mate- Q ~1000Q2  ~1000Q2  ~600Q2

rial [iii]

From Table 1 we can observe a few interesting results, as follows:

(1) That within bounds of experimental precision limits we observe that there is
anomalous potential energy in distilled water as much as 0.6-0.8 Volt (DC) af-
ter sufficient exposure to solar light, and after a few minutes introducing exter-
nal 1.5Volt (DC) potential into the electrolytes. (Type iiC)
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(i)

(iii)

(iv)

™)

Using carbon alkali material will add no further effect into this anomalous ob-
served potential energy (Type iiiC). The exact source of this observed anoma-
lous potential energy remains unknown.

Furthermore, it is also interesting to note here that after around two hours (the
external 1.5Volt DC potential has been released), measurement reading for
configuration [iiD] remains showing anomalous potential electric energy ~ 0.4-
0.6 Volt and resistance R=~100Q.

After around 24 hours (the next day), measurement reading for configuration
[iiD] remains showing anomalous potential electric energy ~ 0.1-0.2 Volt and
resistance R=~100€Q2.

Therefore we can conclude to summarize this experimentation, that a small DC
potential and photon flux (Solar light) could play significant role in the
LENR/CANR-type processes which so far this effect has been almost ne-
glected in reported LENR/CANR experiments.[1][2]

For clarity, we draw diagram showing observed anomalous potential energy (the lower
bound value) in experiment type iiA, iiB, 1iC, iiD for the first 24 hours of this experiment
(Table 2 and Diagram 4). It is clear here that the peak of anomalous potential energy was
observed after introducing external 1.5Volt DC potential, and its impact not last yet after
24 hours.

Table 2. Observation result in each step of experiment Type ii

Step Hours Observed potential
(volt)
Without solar light 0 0
After solar light 0.2 0.2
With external 0.4 0.8
1.5Volt
Without  external 0.5 0.6
1.5Volt, after solar
light
After 2 hours 2.5 0.4
After ~24 hours 24 0.1
Observed potential (volt)

° 1

é < 0.8

52 06

§ ‘E 0.4

5202 J—

0 5 10 15 20 25 30
Hours (h)
—e— Observed potential (volt)




Diagram 4. Observation result in each step of experiment Type ii

In our opinion, it is very likely that this photon flux could trigger effect just like in
‘photo-synthesis’ process which is known in various biological forms of life. However,
this proposition requires further theoretical considerations.

If this proposition corresponds to the facts (concerning the role of photo-synthesis), then
perhaps this experiment does not belong to typical LENR-CANR experiments [1][[2], in-
stead it is perhaps more convenient to call it PSCR (PhotoSynthesis-catalyzed Chemical
Reaction).

We also note here that the energy dissipated by an electric field flowing through the wa-
ter resistance could waste low-grade heat. However, it shall also be noted that in our ex-
periments as described above, the photosynthesis process seem to affects the distilled wa-
ter resistance, down to as low as R=~100Q after 24 hours. Therefore it is recommended to
find out how likely is the chance to transmit electromagnetic field via distilled water in
this low resistance condition.

Nonetheless, it should also be noted here that there is shortcoming of this experimenta-
tion, for instance we don’t exactly measure how much carbon alkali material has been in-
troduced into the electrolyte, nor how long the solar light exposure shall be maintained (it
could take 5-10 minutes). It is because this experiment is merely to assess the viability of
the idea, instead of becoming a rigorous experiment. Further experiments are of course
suggested to verify this proposition with better precision.

Furthermore, as precaution, it is worth noting here that perhaps the tube material (alu-
minium, in this experiment) may have contributed significantly to the anomalous effects
reported here. Repeating this experiment with different tube material may affect the result.

A few alternative interpretations of the above anomalous effect

In order to explain the above anomalous potential energy, we consider a few possible al-
ternative interpretations, as follows:

- photon magnified energy;

- photon Hall effect;

- photon condensate’s zero point energy;

- phion condensate’s Gross-Pitaevskii energy.

The rationale for each of these alternatives is discussed as follows:

(a) Photon Magnified Energy. It can be shown by the use of special relativity that the
energy momentum relation actually also depends on the ‘scale’ of the frame of ref-
erence. Therefore the use of magnifying lens that focuses photon energy in the elec-
trolyte will be not the same again with E=p.c for the area of magnifying lens, but:

E =n ? 'Ephoton—ﬂux (1)

Jocused
Where n represents scaling factor, similar to refractive index.

(b) Photon Hall effect. It is known that photon takes the form of boson [10]. Now it is
possible also to assume that the photon condensate will induce Hall effect [8][9],
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therefore we could use total particle momentum expression instead of conventional
momentum [9]:

p=mv+mQxr+qA (2)
Therefore the energy-momentum relation becomes:
E=pc=mv+mQxr+qgd).c 3)
If we neglect the first term (assuming photon is massless), then:
E = pc=(qd).c “4)

We shall note here that Vigier and others suggested photon has mass.

(c) Photon condensate’s Zero Point Energy. Starting with the assumption that photon is
Bosonic, then we could also use zero point energy of Bose condensate for photon
[10]. It is also known that zero point energy could play significant role in LENR ex-
periments [2]. The zpe for Bose condensate could be expressed as follows [10,

p-13]:
e= (o), ©)

Nonetheless it is not yet clear, how zpe could trigger anomalous effect. This zpe
could have linkage with interpretation of Dirac’s negative energy [5].

(d) Phion condensate’s Gross-Pitaevskii energy. We could also start with assumption
that there exists phion fluid medium which is unobserved [6][12]. Recent paper by
Moftat [6a] has shown that phion condensate model is at good agreement with
CMBR temperature and also with galaxies rotation curve data. It could also be
shown that using Gross-Pitaevskii equation one could derive Schrodinger equation,
also planetary quantization.[7] Using the mechanism of photon-photon interaction
[6], the solar’s photon flux interacts with the surrounding phion condensate me-
dium. And therefore the energy collected by the magnifying lens is not only its own
‘photon flux’ energy but also includes the energy of the phion condensate medium.
This energy then triggers chemical reaction in the electrolyte. It is known that
Ginzburg-Landau (Gross-Pitaevskii) equations have free energy term due to its
nonlinear effect [13], therefore it perhaps could explain why the effect on the elec-
trolyte remains quite significant (more than 0.2volt) after a few hours.

Further experiments are of course recommended in order to verify or refute these alter-
native explanations.

Concluding remarks

We have described here an experiment which could exhibit anomalous electrical en-
ergy in distilled water with very minimum preparation energy. While this observed excess
energy here is less impressive than [1][2] and the material used is also far less exotic than
common LENR/CANR experiments, from the viewpoint of minimum preparation re-
quirement —and therefore less barrier for rapid implementation--, it seems that further ex-
periments could be recommended in order to verify and also to explore various implica-
tions of this new proposition.



Practical implication of this experiment could include possibility to use distilled wa-
tert+carbon alkali for battery charger, as an alternative to polymer electrolyte charger
(PEFC) method introduced by DoCoMo in July this year (2006). Nonetheless, this simple
experiment is merely at its very initial phase, so we haven’t exercise thoroughly yet how it
could be transformed into practical use.

Furthermore, as precaution, it is worth noting here that perhaps the tube material (alu-
minium, in this experiment) may have contributed significantly to the anomalous effects
reported here.

We shall note here that perhaps this experiment does not belong to ‘standard” LENR-
CANR experiments [1][[2], instead it is perhaps more convenient to call it PSCR (Photo-
Synthesis-catalyzed Chemical Reaction). Nonetheless, the present simple experiment was
reported merely to encourage further experiments along similar line of thought.
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Algebraic Generalization' of Venn Diagram

Florentin Smarandache
University of New Mexico
Gallup, NM 87301, USA

Abstract.

It is easy to deal with a Venn Diagram for 1 <n <3 sets. When n gets larger, the picture
becomes more complicated, that's why we thought at the following codification. That’s
why we propose an easy and systematic algebraic way of dealing with the representation
of intersections and unions of many sets.

Introduction.

Let's first consider 1 <n <9, and the sets Sy, S, ..., Sp.

Then one gets 2"-1 disjoint parts resulted from the intersections of these n sets. Each part
is encoded with decimal positive integers specifying only the sets it belongs to. Thus:
part 1 means the part that belongs to S; (set 1) only, part 2 means the part that belongs to
S, only, ..., part n means the part that belongs to set S;, only.

Similarly, part 12 means that part which belongs to S1 and S2 only, i.e. to S1NS2 only.

Also, for example part 1237 means the part that belongs to the sets S;, S», S3, and S7 only,
i.e. to the intersection S;NS,NS3MNS7 only. And so on. This will help to the construction
of a base formed by all these disjoint parts, and implementation in a computer program of
each set from the power set 2(S; U S, U ... U S,) using a binary number.

The sets Sy, Sy, ..., Sy, are intersected in all possible ways in a Venn diagram. Let 1 <k <
n be an integer. Let’s denote by: 1;1;...1x the Venn diagram region/part that belongs to the
sets Sj; and Sj; and ... and Sjx only, for all k and all n. The part which is outside of all sets
(i.e. the complement of the union of all sets) is noted by 0 (zero). Each Venn diagram will
have 2" disjoint parts, and each such disjoint part (except the above part 0) will be formed
by combinations of k numbers from the numbers: 1, 2, 3, ..., n.

Example.

Let see an example for n = 3, and the sets Si, Sy, and S;.

"It has been called the Smarandache’s Codification (see [4] and [3]).



Fig. 1.

Unions and Intersections of Sets.

This codification is user friendly in algebraically doing unions and intersections in a simple

way.
Union of sets Sa, Sb, ..., Sv is formed by all disjoint parts that have in their index either the
number a, or the number b, ..., or the number v.

While intersection of Sa, S, ..., Sv is formed by all disjoint parts that have in their index all
numbers a, b, ..., v.

For n = 3 and the above diagram:

S1uS23 = {1, 12, 13, 23, 123}, i.e. all disjoint parts that include in their indexes either the
digit 1, or the digits 23;

and S1NS2 = {12, 123}, i.e. all disjoint parts that have in their index the digits 12.

Remarks.

When n > 10, one uses one space in between numbers: for example, if we want to represent
the disjoint part which is the intersection of S3, Si0, and S27 only, we use the notation [3 10
27], with blanks in between the set indexes.

Depending on preferences, one can use other character different from the blank in
between numbers, or one can use the numeration system in base n+l, so each
number/index will be represented by a unique character.
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Introduction to Poly-Emporium Theory

in Economics

V. Christianto (admin@sciprint.org)

F. Smarandache (smarand@unm.edu)

We propose the poly-emporium theory. A search done in
Google on May 3™ 2008, for the term “poly-emporium”

returned no entry, so we introduce it for the first time.

Thus "poly-emporium” etymologically comes from poly =
many, and emporium = trade center, store with a wide variety

of selling things; therefore poly-emporium is the study of

interactions among many (big and small) firms in the market.

Poly-emporium is different from oligopoly since poly-
emporium takes into consideration the small firms too (not only
the big firms that dominate the market as in oligopoly). Poly-
emporium considers the real situation of the market, where big

firms and small firms co-exist and interacting more or less.



First, let’s present the duopoly theory, which is a theory
of two firms that dominate and interact in the market, proposed

by A. Cournot (1801-1877) in year 1838.

In Cournot’s model, if one firm changes its output, the
other will also change its output by the same quantity, and

eventually both firms will converge towards equilibrium.

In 1883 Bertrand’s duopoly model, devised by Joseph
Bertrand (1822-1900), if one firm changes its price and the
second firm follows, eventually both firms would reach a price

(equilibrium) where they would stay.

Both models are similar to two mathematical sequences

that little by little converge towards the same limit.

Bertrand’s model is criticized because it ignores the production

cost and market entry by new firms.

In oligopoly, which is an extension of duopoly, a small

number of selling firms control the market. There is a big

degree of interaction among these firms, which set the price,
and the price is high and rigid. There is a perfect oligopoly,

where all firms produce an identical product, and imperfect
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oligopoly, where the firms’ products are differentiated but in

essence are similar.

Sir Thomas More (1478-1535) used this theory in his
“Utopia” (1516) and then A. Cournot. Each firm can act as a
leader on its market share, or they collude, or one firm sets

the price and others follow.

An analogue of oligopoly is the oligopsony, where a few

buying firms control the market. They set the price which is

normally low and rigid.

The cartel (or trust) influences the price too by regulating
the production and marketing, but its influence is of less

degree than monopoly’s or oligopoly’s.

Inflexible price or administered pricing (1930s) is set in

monopolies, oligopolies, government organizations, cartels.

Poly-Emporium Theory.



How would interact n firms, F,, F,, ..., F,, for n 2 3,

producing a similar product in the same market? A firm can be

a business, a corporation, a proprietorship, or a partnership.

There are three cases of the poly-emporium, which will be

detailed below:

1)

2)

All firms are large and they dominate the market, so

we have an oligopoly or oligopsony.

Some firms are large, and dominate a big share of the

market, while others are small, and do not dominate.

In this sub-case, either the small firms are grouped
around some of the large firms (as satellites) just as
in growth-pole theory, other small firms might exit the

competition.

This case also includes the possibility that new firms
enter the market, so they commence by small

investments and later can grow.

The relationship between large firms in this case can
lead either to oligopoly/oligopsony if they succeed to

eliminate the small competitors, or to semi-oligopoly/
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semi-oligopsony if they control a big part of the

market, but not the whole market.
Small firms might collude and form larger firms.

3) All firms are small and they do not dominate the

market.

As in mathematics, it is akin having n sequences, which
interact, that we need to study their limit. Would they

converge towards the same limit?

Surely, there would always be a monopolistic competition

between them.

As in monopoly, each firm attempts to dominate the market,
to prevent competition, in order to control the price. But
monopoly is outlawed in most capitalistic countries. If one firm,
let’'s say (without lost of generality) F,, alters its output, the
others F,, ..., F,, should also respond, otherwise they loose

customers.

If it's an imperfect competition, i.e. a market with a large
number of sellers and buyers but having differentiated

products, the interaction between these firms is less than in a



perfect competition, and they all tend towards a so-called in
our opinion multi-equilibrium, as in a weighting machine with

many balances, or as in a mathematical weighted average.

Nevertheless, if these firms produce a homogeneous
product for many buyers, as in perfect competition, their
interdependence increases. Disequilibrium of one firm would

affect others.

If superior technology commences to be introduced by
some firms, the quality of their product will increase and the

price decrease.

This may generate the theory of growth-pole, enunciated
by Sir Wiliam Petty (1623-1687) and Frangois Perroux
(1903-1987), which refers to the fact that smaller firms are
grouped around a central core of firms that become catalysts.
Maximum growth and product excellence for these firms

presumes optimal management.

In it’'s a monopsony, then a single buyer dominates the
market forcing sellers to accept buyer’s conditions. Therefore,

in this case, the firms compete under buyer’s conditions. For

93



94

example, this would be the case if the government controls the

cultural economics, the government will then set the prices.

If some firms co-operate, as in collusion theory, entailing
similar output levels and prices, then other firms should either
join the collusion, making a block or monopoly that controls
the market, but this is outlawed in capitalistic countries, or they
can alter their output by lowering price or improving production

for better output quality.

Another alternative would be for the non-collusion firms to
form themselves a separate collusion that will counter-balance
the first one, or also have some firms to merge. Some firms

may exit the market, while new firms would enter the market.

If the government controls the cultural economics, then
trade unions of cultural workers should be created for counter-
balancing. Because this gives birth to a bilateral monopoly,
which is a market with a single buyer and a single seller,
mostly referring to the government dealing conditions and

salaries with unions of workers.

The dynamicity of the market keeps the firms in a

permanent competition, and competition means progress.



We extend Engel’s law (1857), that the proportion of
income spent on food falls as individual income increases, to a

similar law related to cultural economics:

As individual income increases, the proportion of amount spent

on cultural event decreases.

Thus, as individual income increases an acceleration of cultural

economics occurs.

Moreover, adjusted from the absolute income hypothesis
(1936, 1960s, and 1970s) by J. M. Keynes and later refined
by James Tobin (b. 1918), we derive the absolute income
cultural hypothesis applicable to the cultural economics: as
income rises, cultural consumption rises but generally not at

the same rate.

The 18™ century absolute advantage theory, which states
that people and nations trade since they have exceeding
production in some particular field, does not apply in cultural
economics. Nor comparative advantage approach that
superseded absolute advantage theory works, because we

can’t really compare cultures.
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Comparative cost, developed by Robert Torrens (1780-
1864) and David Ricardo (1772-1823), which is a feature of
comparative advantage, asserts that trade between countries is
benefic even if one country is more efficient, because of the
variety of products. Similarly, cultural economics benefits from

its cultural difference. The more distinguishable is a culture,

the better chance of increasing the cultural economics.

Economic culture is part of entertainment industry, and
depends on taste, advertisement, curiosity, history, and the
quality of being diverse, distinctive, with a large spectrum of

varieties.

The most interesting case is the third one, where all n
firms are small and they do not dominate the market. Let’s
see, for example, a network of independent restaurants in a
city. They interact little with each other. The quality, taste,
distance, and price of course make the difference between

them.

They do not collude but in rare situations since each of
them has its specific, its exotism, which they don’t want to

loose. They cannot make an oligopoly since new restaurants



may easily enter the market with its specific, and because the
taste changes periodically. They remain into multi-equilibrium.
Similarly for international cultural economics, where each
culture has its specific, and that's what attracts visitors,

tourists.

In general, the n firms eventually tend towards multi-
equilibrium, where they stay for a while. In multi-equilibrium

each firm tends towards its specific sub-equilibrium.

Periodically this multi-equilibrium is partially or totally
disturbed, due to technology, government intervention, wars,
crises, reorganization of the firms, change in customers’ taste
and preferences, but then again the firms return to stability.
This period of multi-disequilibrium is a natural state, since
economy is dynamic, and the disturbance is a launching pad
to refreshment; in order to rebalance the market, these n firms
must improve their technology, their structure, cut production
cost, or else they exit the competition. “All the bad for the
good”, says a Romanian proverb, so disequilibrium brings later

new blood into economy.
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In conclusion:
The cycle of multi-equilibrium - multi-disequilibrium

repeats continuously.

Reference:
V. Christinato & F. Smarandache, Cultural Advantage for Cities.
An alternative for developing countries, InfoLearnQuest, 2008.
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Abstract

During the past decades there are growing concerns on the escalation and massive deprivation
of the public life’s quality, which some researchers attribute these as effects of the so-called
‘Globalization’. To cite a few books, Prof. J. Stiglitz’s book “Globalization and its Discontent”
has sparked debate all over the world. A somewhat less known book which is worth to mention
here is N. Hertz’s book “The Silent Takeover.”

The present article may not offer something new compared to the aforementioned ‘standard
literature’ in the critical analysis of globalization, but we discuss some hints on deep the root
causes of the problems related to globalization, not only at phenomenological-social level but
also at mathematical foundations of economics theory itself, namely the notion of ‘“utility’.

Introduction

During the past decades there are growing concerns on the escalation and massive deprivation
of the public life’s quality, which some researchers attribute these as effects of the so-called
‘Globalization’. To cite a few books, Prof. J. Stiglitz’s book “Globalization and its Discontent”
has sparked debate all over the world. A somewhat less known book which is worth to mention
here is N. Hertz’s book “The Silent Takeover.”

The present article may not offer something new compared to the aforementioned ‘standard
literature’ in the critical analysis of globalization, but we discuss some hints on deep the root
causes of the problems related to globalization, not only at phenomenological-social level but
also at mathematical foundations of economics theory itself, namely the notion of ‘utility’.
Furthermore, at an ‘empirical’ level to supports our arguments, we cite some quotations from
Perkins [5], and Prof. M. Chossudovsky, who has studied globalization extensively in the past
decades. [6-8].

This so-called “globalization” is called on Internet in the following different ways and names,
such as: global totalitarianism, neo-totalitarianism, new world order, global fascist order, neo-
fascism, today’s new fascism, semi-colonialism, neocolonialism, global cyber hegemony (global
control and manipulation of the Internet), global dictatorship, etc. where a few elites from some
power countries try to take over the whole globe, which would become a prison planet. These
unscrupulous, immoral, corrupted, genocidal, power-hungry elites will exercise an apartheid
policy against the whole world, controlling people’s soul through their totalitarian regulation
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coercions.

While the present article may not offer something new from analytical viewpoint, by relying
on both phenomenology-sociological and mathematical results, we submit the viewpoint on the
validity of the hypothesis presented herein. The purpose of this article is to call attention from
national leaders on the extensiveness and criticalities of the issues discussed here, and suggest
them to take actions together.

Our only hope for liberty would be... to move to another planet!
This global colonization, which we call in the present article Glob-Colonization, means that a

few powerful circles of elites wish to transform the third world countries into politically,
ideologically, militarily, economically, financially, spiritually, culturally dominated territories.

While at first glance this proposition sounds like a fantasy, comparable to the dark picture
described in Orwell’s book 1984, and some others would think that globalization is inevitable in
order to reach global prosperity; in the following sections we will cite a number of
phenomenology-social facts which supports our argument.

It is generally accepted among academicians (notably S. Huntington) that in a rapid movement
towards globalization, societies tend to become unstable and therefore we observe disintegration
almost everywhere in the World. His hypothesis is supported with plenty of statistical data in his
famous book.

Nonetheless at this point we can also ask, what if instead of ‘natural tendency’ towards
instability as he supposed, the reality is that those small countries are merely ‘the puppets’ under
the strings played by the masters of Global Totalitarianism? In this alternative scenario, then the
national leaders of small countries are nothing more than actors who want to maximize the
‘utility’ function of their role as national leaders, and actually don’t care at all if by doing so they
serve the ‘grandmasters’ who want to take advantage of the people in their countries?

This alternative hypothesis, while unknown so far to the majority of academicians who cling to
the same belief of ‘natural tendency’ hypothesis of S. Huntington, are indeed supported by
rigorous research by Prof. Chossudovsky [6-8] and also confessions book by Perkins [5].

To support this alternative hypothesis, let us cite a number of observations in the following
section.

Phenomenology-Sociology observation

These powerful circles of elites do the followings in order to dominate the underdeveloped
countries:

(a) Install puppet or at least semi-puppet governments and presidents in underdeveloped
countries, easily manipulated and subordinated to them. Many times, they put in power



(b)

(©)

(d)

(e)

and support dictators, hated by the local population (see for example Pakistan, then some
countries in Latin America, in some Arabic countries, etc.).

Falsify and manipulate underdeveloped countries’ local elections in order to bring to
power marionettes subordinated to them. The secret services of these powers start by
publicizing, before local elections, spurious “Gallup poll” or “opinion statistics” that
show as favorable (of course!) their marionette politicians — in order to psychologically
prepare the local population for accepting these marionettes.

When the falsification of the elections does not succeed, a flood of slandering,
defamatory propaganda is lunched by the secret services (sheltered by these power
countries’ embassies/consulates/missions, etc.) against the democratically -elected
government.

If learning from history can be useful at all, let us cite that in the 17"-19™ centuries,
Romania and other countries under the Ottoman Empire had eastern leaders, called
“Phanariotes” (i.e. Greeks nobles from the Phanar district of Istanbul), now local
population jokes that their leaders are... western-Phanariotes [or neo-Phanariotes].

Destroy the industry of underdeveloped countries, making the populace poorer, jobless,
and thus obliged to emigrate to the west as cheap and discriminated labor. In this kind,
they eliminate industrial competition. A country in general cannot be rich without
industrialization.

Dumping third world countries’ agriculture system in order to destroy their peasants’
small economies, and thus make the citizens of the third world countries dependent of the
dominant powers.

Break up underdeveloped countries into small parts, by pedaling on regional differences
between various ethnic groups.

(f) Send so-called “peaceful traders” in underdeveloped countries, who in realities are spies

who collect information and stir an ethnic group against another in these underdeveloped
countries in order to provoke regional turbulence, encourage separatist groups, and try to
destabilize these countries.

See for example Czechoslovakia, then Yugoslavia and afterwards Serbia [because they
are Slavic countries], and who would be dismembered next?

Attempts were made against Romania too.

Also, attempts to break Brazil, since it is too big and becomes a dangerous competitor,
into South Brazil (a rich part) and North Brazil (a poor part), or to remove Amazon’s
jungle from Brazil because, because as they say: Amazon’s jungle belongs to the planet
not to Brazil.

Maybe, Indonesia will follow next (?) (East Timor was already cut off from it.) There are
some scenarios showing that this process may already be apparent.

As in paradoxism, the Balkanization of the world is “performed” by non-Balkan powers,
the vile actors on the world scene.

But the same powerful circles of elites do not want to hear about, for example, dividing
Canada into two parts, the French part, Québec — that many times asked for
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independence, and the Anglo part; or splitting Belgium into two parts, French part

(Wallonie) and Flemish part; or letting Ireland unite with Northern Ireland... .

So, what kind of globalization is that in which, instead of unifying, it divides? These

powerful circles of elites do whatever they can for dominance by force and by deceiving.

To point out the basic scheme here; this can be observed quite easily:

(1) Destabilize local-national governments by supporting the two opposite sides
simultaneously [5];

(i)  Replace the national leaders which apparently sound too strong or too ‘vocal’
against globalization;

(iii)  Destruction of national economies and therefore create the necessity to break up
into smaller regions;

(iv)  Totally dominate the smaller regions by means of contracts with MNCs (see
Noreena Hertz, The Silent Takeover);

(V) Deprivation of public quality of life, and therefore create national economics
dependence towards international bank resources (the so called ‘bail out’ game);

(vi)  Create more pressures to the public thereafter.

(g) Entangle, by any mean, countries of same language or culture to unite (for example

Arabic countries, or Hispanic countries, or all Islamic countries), so they do not become
powers.

(h) Create international organizations that pretend serving the whole globe but, in reality,

they only serve the interests of a few powers against independent non-obedient states.
What kinds of democracy promoted by these international organizations when some
countries are allowed to have sophisticated arms and others are not? Clearly, they are
biased. In our opinion, all countries should disarm - but this is a utopia today.

Also, why some countries have the “right of veto”? That’s not fair.

These international organizations look for pretexts (saying that they bring “international
aid”) to intervene in the affairs of underdeveloped countries.

(1) Create an International Court of Justice where these powerful circles of elites punish those

@)

who do not obey to them, by biased and set up trials. The whole world is judged upon the
laws and interests imposed by these power country elites.

Erase the collective memory of other nations by defaming, slandering, ridiculing,
detracting nations’ history, language, personalities, traditions, culture — in order to
destroy them and to impose a cultural dominance over the whole world. This is a cynic
strategy for abolishing other nations. Instigate the young generations from these power
elites countries - through their infiltrated secret service agents - to ignore, boycott, insult,
invent lies, discredit underdeveloped countries’ scientists, writers, artists and their
creations. Teach and instigate the young generations from these power elites countries to
hate other cultures, other traditions, and third-world countries’ scientists, writers, artists
and their creations. Launch an international campaign of denigration and lies against
those who succeed to promote their research without approvals from these power
countries’ elites, and against those who dare to defend the researchers insulted by these
power countries’ elites.



(k) Humiliate a whole underdeveloped nation through a propaganda that throws the particular
to the general, i.e. blameworthy facts of a few individuals from an underdeveloped
country are generalized to the whole nation they belong to; that’s the intentional way of
how mass-media of these powerful circles of elites transmit lies to the whole world.

These powerful circles of elites mutually promote at an international level the racial idea
of “superior nations” [which is a kind of neo-Aryanism] by humiliating other nations
(using lies, speculations, slandering, boycotting, ridiculing realizations and people of
third world countries). It is indeed a Global Aryanism.

This means an attempt to culturally, spiritually, intellectually, etc. exterminating other
nations.

These powerful circles of elites try to intimidate by inspiring international fear and
slavishness.

They publish and promote all kinds of reports, various encyclopedias, handbooks,
movies, documentaries, propagandistic news, web sites, etc. in order to indoctrinate the
whole world that they detain the hegemony in every field.

(m) Indoctrination of third world countries with these few powerful circles of elites’
ideology, culture, religion, politics, propaganda, while suppressing local values.

(n) Calumniation of underdeveloped nations’ traditions, customs. Powerful countries’ secret
agents pay dishonest local journalists to write and speak against their own countries’
culture, history, traditions, but of course praising the dominants.

(o) Ignore, ridicule, detract and boycott underdeveloped countries’ realizations, personalities,
men and women of arts and letters, scientific research. Falsify the local history.
This is part of denationalization and brain washing!
From the national poet Eminescu, to high historical leaders as Stefan cel Mare (Stefan the
Great), Mihai Viteazu (Michael the Brave), and to the Romanian folklore characters Fat-
Frumos and Ileana Cosanzeana, everything is under a flood of organized denigrations [9],
while those who dare to defend them are blacklisted and constantly insulted. It is a way to
erase the collective memory of third world country nations.

(p) Weaken the national education system in underdeveloped countries and intoxicate it with
these power countries’ propaganda, ideology, identity.

(q) International Banks lend money to underdeveloped countries with the pretext of
“helping” them, but under cover these banks interfere with underdeveloped countries’
political, ideological, economical affairs undermining them, imposing regulations in the
interest of a few power countries these banks belong to, and transforming the
underdeveloped countries in semi-colonies.

(r) An international swindle done by these few powerful circles of elites is the so-called

“convertibility” of only their currencies (or only their currencies to be considered “hard
money”) in foreign exchange, and not of other countries' currencies. This international
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financial cunning gave these powerful circles of elites a huge advantage over the world,
since it was extremely cheap for them (i.e. only the cost of ink and paper) to print colored
papers [= their currencies] and pay in the whole world for all kind of goods and services
with their ‘colored papers’: from oil and agriculture products to secret agents acting in
third world countries to destabilizing them.

Third world countries should not recognize these colored papers, and ask in the
international trade to get in exchange: gold, silver, diamond, or other concrete goods and
services, but not colored papers.

(s) Those who dare to think otherwise, or countries that do not obey these powers are labeled

“undemocratic”, “politically incorrect”, and accused of not respecting the “human
rights”. These powerful circles of elites pretend to promote democracy, but actually they
only adhere to a phony democracy, i.e. “democracy of men with money”, since
democracy in the classical Greek sense means “power of the people” [in Greek
demokratia = demos (people) + kratos (strength), therefore: strength/power of the
people], not power of a governmental junta. When, according to pool investigation,
majority of people are against a war, and millions demonstrate against the war, but the
governmental junta still goes to war, is that a manifestation of the power of the people?
Of course not!

There is no much difference between the Stalinist dictatorship and today’s so-called
“democracy”: in the Stalinist dictatorship the citizen were not allowed to say anything; in
today’s self-called “democracy” you are allowed to speak up, but the effect is the same as
in the dictatorship (I mean: there is no effect!... because today’s totalitarian governmental
junta do whatever it pleases). People can say whatever they want, but it has no
consequence! Allowing people to say everything is a psychological tactic from the part of
the governmental junta, since people release their anger, and doing that many times
without any consequence they would eventually stop... There is a total ignorance from
the part of the powerful Klan with respect to the people. Those who dare to criticize these
phony democracies are called “unpatriotic” ... .

Today’s world meaning of “democracy” is subordination to these powerful circles of
elites, so unfortunately “democracy” became a propaganda and a pretext of the
powerful circles of elites to interfere in the third world countries’ affairs!

In addition, countries having a bi-partite political system are less democratic that
those having a pluri-partite political system since the last ones offer more alternatives
of policies and governance.

Another example of lack of democracy and dominance of some elites over the normal
citizen is the lobby in the American Congress; this lobby is unfortunately on official
corruption where firms with money bribe senators to vote for firms’ interest laws
which are in citizens’ disadvantage (a such example is the law that obliges each
driver to have car insurance, money which in most cases the citizens pay for
nothing... they pay like a tax for wind and for illusions!).

Further, this “politically incorrect” syntagme is a contemporary form of censorship
and denial of freedom of speech (you’re not allowed to criticize the dominance... the
dominance pretends detaining the global “absolute” truth in any field.).

While by respecting the “human rights” they maybe mean: these powers’ “human
rights” of dominating other nations! The secret services of these powers and their




paid influence agents provoke disarray, disorder, and systematic psychological
harassment against the governments of disobedient countries.

(t) Countries that oppose the dominancy of those powerful circles of elites are destroyed
with bombs, while those countries that yield to the dominants are destroyed with the pen,
as Prof. Michel Chossudovsky plastically wrote [6-8], in the sense that local
deregulations took place and external regulations from dominant powers were
implemented.

In the last category, Eastern Europe countries, such as Romania, Bulgaria for example,
had their industries destroyed, their citizen required to pay high taxes to the government,
and each whole country required to pay millions of euros for various European Union
projects in Western countries, while Eastern European countries receive very little in
exchange and their own projects are systematically rejected. As a result, a small
percentage of Eastern Europeans became very rich and the majority very poor, while the
degree of population’s dissatisfaction — most people were plunged into misery - is very
high. The majority’s disgust and discomfort is reflected today by young generation’s
movement in poetry and writing called “grievism” [coming from ‘grieve’] that it is often
seeing on its Internet creations.

Alas, the majority of people in USA feel the same too, that they are merely ‘boiled frog’
in their own country, because of these practices by powerful circles of elites.

European Union (EU), as part of the global totalitarianism (i.e. globalization), exercises -
besides an internal neocolonialism of Western European countries against Eastern
European countries which transformed eastern countries into the wasted garbage of the
west - also an external neocolonialism of European firms against African, parts of Asian,
and Latin American countries, forcing these underdeveloped countries to open their
markets to EU firms whose products surpass the local products, bringing to ruins the
local economies.

These few powerful circles of elites use bombs, tortures (defying Geneva convention),
invasions, genocides, deceptions, lies against third world countries - pretending they
“fight for democracy”... (actually, it is the democracy of the most powerful elites that
suck the natural and human resources of the neo-colonies).

Eastern European analysts consider that their countries are today under double
occupation... .

(u) There are national and international deceptive agencies of

so-called “human rights” movement created by these powerful circles of elites, such as
Division of Human Rights, Amnesty International, Equal Employment Opportunity
Committee (EEOC), etc. that pretend defending the human rights of citizens in the world,
but in reality they go after so-called by them “rogue countries” [i.e. countries that do not
subordinate to them] and they look for pretexts to interfere in these countries’ affairs.
These deceptive agencies don’t even protect the ordinary citizens in these power
countries from the abuse of the elites, not even do much for their discriminated
minorities. These so-called agencies of human rights have a propagandistic role. [5]

(v) Encourage local population NOT to learn its country’s history, culture, traditions, etc.
transforming them in just “speaking servants” (we adjust the Latin “speaking tools” at
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today’s reality), or worse “global working animals” for these powers. This is part of the
robotization of the people. This population is thus embezzled from its identity...

The more somebody knows, the more he or she demands from the society - which is
inconvenient for these powers. That’s why the dominance tries to turn the thinking
populace into an amorphous ignorant and less educated crowd, and in consequence this
populace will simply be pushed into obsequiousness.

(w) Encourage the local creators to imitate and follow these power countries’ ideas in arts,
letters, science, etc. while discouraging them from having original ideas and creations;
these power countries’ elites pretend they detain the monopoly of creation;

(x) These power countries try to control and manipulate the information at the global level, as
part of globalization, by controlling the national and transnational mass-media, the
Internet, and by defaming people who are independent and thus not obeying to them.

(y) Award pompous international awards [with exaggerated epithets such as: “the best in the
world”, “the genial creator”, “the genial theory” (for useless theories that many people
contest), etc.] in  science, arts, and letters to these powerful circles of elites’ servants, since
these powerful circles of elites manipulate the awards as well...
Transform the third world countries in cheap leisure places for the vacation of the powerful
circles of elites.
The middle class is thinning in all countries, and so is the real democracy.
Even in U. S. there is no universal medical system as in other developed and even
underdeveloped countries, the medical assistance cost is sky rocketing, the medical
insurance agencies are simply business companies not medical helpers; the social system
is bankrupting, and the retirement system in bad shape menacing contemporary working
class to remaining without pensions... .The rich become richer and the middle class
poorer.

Despite the initial good features of globalization (amongst them the free circulation of
people and ideas across borders), it has drastic negative impacts. The uniformization
imposed by global totalitarianists reduces or even annihilates the countries’ national
specific differences, which are the flavor of foreigners’ attraction.

It is obvious to say that those powerful circles of elites who planned and set up the
globalization did it in their own advantage/profit.

A global totalitarianism of a few elites is installing today against the whole world.

Equilibrium of powers at the planetary level is needed for a healthy global atmosphere.
Today’s unipolarity is abusive, aggressive, corrupted, yoking. Therefore, it is hoped that
maybe China, India, Brazil and other modest countries will develop in order to
counterbalance the arrogance of today’s totalitarian power.

History teaches us that no empire lasts forever, consequently sooner or later this
glob-colonialism/totalitarianism will fail.



At Mathematical Level

Besides the aforementioned phenomenological-social observation, we can also mention that at
theoretical-mathematical level part of the problem comes from basic economics belief started by
Adam Smith’s ‘invisible hand’ [4][2]. It can be shown [4] that this belief than subsequently leads
to an illusion of ‘utility function’ as an integrable function. Prices, dynamics, market
equilibriums, are supposed to be ‘derived’ from utility. However, this assertion cannot be proved
empirically, from Walras (who assert this function from ‘auction’ model) to Samuelson (his
market-demand equilibrium is only a myth). [4]

In particular, economists assume that price is the gradient of utility in equilibrium, but it can be
shown instead that price as the gradient of utility is an integrability condition for the dynamics of
an optimization problem in economic control theory [4]. One consequence of this new
proposition is that, in a nonintegrable dynamical system, price cannot be expressed as a function
of demand and supply variables [4]. This can be observed most vividly in the very-high oil price
last year (mid of 2008) which some analysts believed this effect was not supported by the reality
of market demand-supply.

Therefore for evidence of stability of prices in free markets simply has not been found.[4] This
new finding apparently can affect so much in the design of national economics policies, i.e.
instead of pursuing equilibrium at all costs, efforts can be directed toward more ‘active’
measures to make the best out of the market dynamics of non-equilibrium itself. New types of
economics theories can be expected therefore, with the most essential part shall be studying non-
equilibrium theories, which are well-known in chemistry studies.

Concluding remarks

We have discussed a number of phenomenology-sociology observations which indicated that the
global destabilization processes have taken place.

To point out the basic scheme here; this can be observed quite easily:

(a) Destabilize local-national governments by supporting the two opposite sides
simultaneously [5];

(b) Replace the national leaders which apparently sound too strong or too ‘vocal’ against
globalization;

(c) Destruction of national economies and therefore create the necessity to break up into
smaller regions;

(d) Totally dominate the smaller regions by means of contracts with MNCs (see Noreena
Hertz, The Silent Takeover);

(e) Deprivation of public quality of life, and therefore create national economics
dependence towards international bank resources (the so called ‘bail out’ game);

(f) Create more pressures to the public thereafter.
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In other words, it is obvious to say that a global totalitarianism of a few elites is installing today
against the whole world. Those powerful circles of elites who planned and set up the
globalization did it in their own advantage/profits, and nothing they have in common with the
public interests, both at developed countries and also at underdeveloping countries. Even in
developed countries like USA, the majority of people feel that they are only ‘boiled frog’ whose
life quality experiencing deprivation at massive scale.

Equilibrium of powers at the planetary level is needed for a healthy global atmosphere. Today’s
unipolarity is abusive, aggressive, corrupted, yoking. Therefore, it is hoped that maybe China,
India, Brazil and other modest countries will develop in order to counterbalance the arrogance of
today’s totalitarian power.
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Abstract

In the last few decades, the flexible exchange rate has become the predominating policy
implemented by most countries in the World, except only a few countries who can keep their
exchange rates fixed. The predominating position can be attributed mainly to Milton Friedman’s
strong support. What is less known, nonetheless, is a hidden premise that the flexible exchange
rate policy will help fiscal policy in the sense that only governments who do not manage the
fiscal policy properly will get ‘punished’ by exchange rate decreases. But as the US-Japan
experience showed [1], this widely-held assumption is often not realistic. The same experience
has been observed in other countries too, i.e. that financial liberalization including flexible
exchange rate often became precursor of financial instability [2].

While in the past year, in Indonesia for particular, the exchange rate remains stable, it does not
mean that it would be free from troubles in the future. Therefore it is worthwhile to explore some
other choices for better exchange rate policy.

In the present paper will discuss, albeit in somewhat ‘crude’ manner, some long-term approaches
which have been discussed in the literature, and also not-so conventional approaches which may
be suitable for short term purposes.

The basic proposition in the present paper is that we argue in favor of returning to fixed (or
pegging) exchange rate, but of course it is not realistic to promote this policy for the short-term
future. Therefore we explore some unconventional alternatives for short-term. It is our hope that
the proposition would be useful to explore further by the economics policy makers.
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Introduction

In the last few decades, the flexible exchange rate has become the predominating policy
implemented by most countries in the World, except only a few countries who can keep their
exchange rates fixed. The predominating position can be attributed mainly to Milton Friedman’s
strong support. What is less known, nonetheless, is a hidden premise that the flexible exchange
rate policy will help fiscal policy in the sense that only governments who do not manage the
fiscal policy properly will get ‘punished’ by exchange rate decreases. But as the US-Japan
experience showed [1], this widely-held assumption is often not realistic. The same experience
has been observed in other countries too, i.e. that financial liberalization including flexible
exchange rate often became precursor of financial instability [2].

For instance, a number of economists have revealed a caveat of financial liberalization which
issue has often been discussed in monetary policy sessions, i.e. studies revealed that
liberalization is neatly linked and often precedes financial instability. In other words, the magic
word has now become the peril for the financial-liberalization supporters: [2]

“Following liberalization, many developing countries found themselves involved in a
condition of high instability and increasing fragility of their financial systems. Therefore,
the question arises as to why countries should enact policies that move their financial
systems from a situation of relative stability to one of potential instability.”

In a somewhat similar tone, Krugman [1] has summarized the US experience with flexible
exchange rate during 1980s:

(a) Exchange rate instability has resulted from reasonable market responses to changes in
policies —but also from failures in the international financial market (p.77);

(b) Traditional fear that floating exchange rates will be subject to destabilizing speculation is
unfortunately supported by the evidence of the 1980s (p.77);

(¢) In his classic defense of floating rates, Milton Friedman argued that exchange markets
would never be subject to destabilizing speculation per se.

(d) Nonetheless the fact during 1980s seems to support the argument of Ragnar Nurkse
instead of M. Friedman.

These lines of arguments have led P Krugman to promote returning to fixed exchange rate (albeit
not a radical one, but using a wide ‘target zone’ approach). According to P Krugman [1] the
basic yet not often understood premise behind flexible exchange rate is that the government will
get punishment (in terms of fluctuating exchange rate) in precise proportion to the fallacies in
their fiscal policies. The actual experience, nonetheless, has shown that the exchange rate can



fluctuate very large, without the fiscal policies big error. In other words, there are tendencies that
exchange rate fluctuations are going on irrespective of fiscal policies.

With this new insight, we try to look again the conventional exchange rate policy in the
literature.

A review of history of Flexible exchange rate, and Long-term policy

In accordance with Krugman, The Bretton Wood system was created after WWII to restore the
international monetary system stability, by introducing fixed exchange rate. [1][5] Nonetheless,
during the course of history, some major countries have found it very difficult to keep their fixed
exchange rates, which then lead to the gradual acceptance of flexible exchange rate until these
days.

In other words, while some economists would agree that fixed exchange rate is the best system,
but the majority of them would also agree that it is not so realistic to keep the fixed exchange
rate. Therefore the moderate choice can be a choice, either using ‘pegging exchange rate’ or
‘target zone’ [1]. These belong to long term policy, which often needs coordination among some
countries in the same region in order to maintain stability.

The problems become more adverse in developing countries because various institutional or non-
institutional factors, including [2]:

Table 1. Factors affecting exchange rate management in developing countries [2]

No Problems Plausible solution(s)

1 Following liberalization, many developing
countries found themselves involved in a condition
of high instability and increasing fragility of their
financial systems. Therefore, the question arises as
to why countries should enact policies that move
their financial systems from a situation of relative
stability to one of potential instability.

2 Lack of independence on the part of regulators is a
second source of uncertainty. Regulators often fail
to perform because of the failure of institutions or
because of political interference. Moreover,
regulators often find themselves involved in a
conflict situation between the preservation of the
system and the interests of atomistic depositors.
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3 Contagion spreads within the domestic financial
system, often originating from the less regulated
and supervised sectors and affecting the core
sectors of the system.

4 Incompleteness of markets and institutions,
undermining the efficiency of investment
allocation

5 Distortion, due to government intervention and the
nature of regulation.

6 Sequencing is important. The order in which to

expect the components and its factors to develop is
of crucial importance. Regulation and supervision
should be strengthened before privatization of
financial institutions takes place.
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What we can observe here is that the condition is far more complicated for developing countries,
in particular because after financial liberalization and deployment of flexible exchange-rate, their
economies are for more prone than before.

Not so often cited alternatives to Flexible exchange rate policy (Short term choices)
Other than the often cited methods (long-term policies), such as:

- Returning to fixed exchange rate regime (often it is not realistic approach);

- Or turning to pegging exchange rate;

- Or introducing target zone (unless this policy is adopted as regional policy, instead of
implemented by individual country);

In the present paper we will explore some new unconventional approaches, including:

(a) News management for incomplete information;

(b) Modified gravity equations and re-assessment of national assets;

(c) Gradual changes toward target-zone (regional monitor);

(d) Considering (tax or fiscal) incentives (and disincentives) for conversion from exchange-
rate market investment to industrial investment.

We will discuss first a method we call ‘News management’. The idea is that from Stiglitz we
learned that actually the information that forms decision in marketplace is incomplete. To

summarize:

(*) Incomplete information --> Biased decision --> Biased price




Therefore the price that shows up at NYSE, for instance only reflects a partial amount of
information that was received by traders (or investment managers).

Since Information was read from newspaper then the (*) can be written:
(**) Incomplete news --> Incomplete information --> Biased decision --> Biased price

Therefore one possible way to alleviate this problem (or at least reduce the imbalanced
information) is via 'news management':

(***) More complete news --> More complete information --> Less Biased decision -->
Less Biased price

In other words, in the context of this short-term policy, the government and other exchange-rate
‘keepers’ will be more proactively release news (of course, not crafting ‘illusion’ news which in
tgurn can deepen the market distrust to the government capabilities). The news then can be
broadcasted via numerous ways, often in real time, for instance using digg.com, blogging etc. At
the end, the purpose is to reduce the ‘imbalance’ of information to the decision makers of
investment companies.

Another approach that broadcasting-news, is targeted-news delivery. In this method, news is
delivered to targeted people only, for instance to a few investment managers who take care a
huge amount of foreign investment. By using Pareto theory, these people can often be identified
by selecting the predominating investment companies.

The next possible method is gradual changes toward target zone. Since this method will require
significant backup (just like to tackle DDOS attack in network management), therefore it can
only be implemented by for instance finance ministers of South East Asia countries, not by
individual country.

The next method is to implement (albeit in gradual way) the concept advocated by Tobin
sometimes ago, but this time we propose a more positive way. Instead of punishing investors for
investing in exchange market, we think it would be more convenient to offer tax/fiscal incentives
if the investment companies would like to relocate their investment outside the exchange market.
Hence the investment managers can calculate themselves based on opportunity costs (rational
choice).

In the next section we will discuss a modification of gravity equation.

Concluding remarks

We have summarized some basic issues related to flexible exchange rates and long-term and
short-term choices to manage their related volatility. Some unconventional approaches have been
discussed too.
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We acknowledge that this study is far from being complete, and therefore would like to invite
others to contribute to its further development.
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Asymmetrical information is referring to the case when one side of the market (seller or
buyer) has information about the product that other side doesn’t. This information can be
used by the knowledgeable side in its advantage.

The lack of information in the other side increases its inability of distinguishing the
quality of the product.

In setting the price policies, firms normally use the average cost of production and then
they add a profit margin, yet this profit should not be rigid but varying with the market
demand.

We are talking about a flexible profit.

Salesm@xx is a new cutting edge concept of managing your sales activities using the
below VEST formula, proven methods of sales process, along with Sales Management
Solution technology.

We introduce a new word VEST, which is abbreviated of a quite simple formula:
V=E=xSxT
where the meaning shall be clearer if we use words instead of letters:
Volume(new sales) = Exposure x SuccessRate - TransactionRate
The word ‘“VEST” itself has its own meaning, which is a bulletproof suite:

1. vest n. A sleeveless garment, often having buttons down the front, worn
usually over a shirt or blouse and sometimes as part of a three-piece suit (cf.
www.answers.com/topic/vest);

2. a waist-length garment worn for protective purposes: a bulletproof vest. (cf.
dictionary.infoplease.com/vest);

3. bulletproof vest. Body Armor Protective covering and other equipment
designed to guard individuals in combat.

(cf. www.answers.com/topic/bulletproof-vest-2).

Basic Formula:
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SV(sales volume) = NS(new sales) + CSB(current sales base);
New sales (NS) = > exSR«TV.
Current Sales Base (CSB) = Customer life time value.

Salesm@xx formula : SV=_(_exSR«TV)+ CSB.

Sales Volume.

Sales volume is the end result. It is not happening overnight. It’s like growing rice in the
rice field which needs time and effort. Based on our experience SV is a sum of success
from several activities (variable) which for easiest way to remember I try to simplify to a
Salesmaxx formula which mentioned above. Let’s take a look one by one.

New Sales =) exSRxTV.

New sales is the key driver to get the sales growth. Without the strong success of this
activity the sales growth is going no where. In our perspective New Sales is a success
from 3 group of activities (variable) :

Y e = Sigma of exposure.

This is the effort of exposing the product and service to the market. It’s requiring quality
& quantity marketing activities approach. Quality mean talking about the right market
segmentation & targeting that fit with your product or vice versa. If you hit wrong target
segment, then your effort is useless and you just burning the sales & marketing expense
with low ROL. If you hit the right target segment with the right product than the chance of
success 1s huge now it is depend on the other variable.

SR = Success Rate.

This is talking about sales process. Like any other process, sales also have a process from
identifying the right prospect, approaching, showing the value of the product & service,
negotiating the deal and closing the sales. In short it takes 4 steps but it depend the nature
of the business it could takes 4, 5, 6 and more steps to close the sales. Salesmaxx will
explain in depth about this process.

The success of each step in the sales process requires a selling skill and experience to be
more effective and efficient on moving from one step to another. There is no born sales
person. I believe everyone born with a sales talent , as an example baby selling the idea to
get milk by crying, we dress up nicely, act nicely and talk nicely to attract our opposite
sex , isn’t that similar on how to attract our potential customer? The different is a
successful sales person practicing and sharpening their talent. They are reading selling
book, going into sales training and having the right attitude and passion on doing their job.
Using Stephen Covey words of Habit, Sales is a Habit. The successful sales person
having 3 elements of habit: Knowledge, Skill and Attitude. They know what to do
(knowledge) , how to do it (skill) and want to do it (Attitude).



TV — Transaction Value.

The last variable on getting high new sales is depending on the average transaction value
you gain. If you highly success on the other variable but very low TV than your sales
volume is also low. High & low TV also depend on the nature of the business, if you are
selling a natural drinking water in small packaging than it’s so obvious that you need
very high success on the Sigma of Exposure to get the high sales volume whilst if you are
selling a premium property such as house or apartment than you may just need to get one
closing per month to have millions new sales volume.

Current Sales Base.

It is depending on the nature of the business, CSB is play very important role when you
are in the portfolio business. If your business not a portfolio than you can put zero result
on the formula or just simply pass this chapter.

Portfolio business is the accumulation of a routine transaction volume. It is like a
consumable product such as : Food & Beverage product, cleaning chemical, banking,
executive club, etc. You expect your loyal customer to keep buying your product or
services in timely basis (daily, weekly, monthly, etc). It is a retain sales or maintenance
sales or a sales foundation to gain more new sales.

The question is how to keep them loyal while your competitor is like a hungry lion want
to grab your customer every time everyday. They are proposing better offer, better
product with cheaper price or better benefit. Fail on this activity will result low to zero
growth of your sales volume regardless how success your new sales activities. But if you
have a highly success on this activities, then every new sales will just topping up the base
and your sales volume growth just go higher and higher. So yes, in portfolio business the
CSB play a great vital to grow your sales portfolio. Salesmaxx will explain more detail
on this.

Salesm@xx. Why using @ ??

In to day world, the hyper growth of computing technology, internet and mobilization
lifestyle have been changing the way people work and life. In short I call it CIP
technology (Computer, Internet, Phone / PDA). This CIP now is no longer a luxurious
gadget but it is becoming more and more an important tools to do the job / business. How
can you do your job or business without computer? How will you communicate with
customer, friend, colleague without email, sms, or phone? Sending a brochure to potential
customer by mail is very outdated to day, if you still doing it than try to see if your
competitor already sending their brochures & proposal by email. It goes faster and right
to the person yet cheaper. Furthermore, maybe they already inviting the customer to just
simply clicking their web site and get more information in very nice graphic, illustration,
animation, photo, etc, etc. Can you compare the perception impact with your brochure
which probably will arrive 1 week later and still in the office mailbox while your
potential customer still traveling for another week?
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Salesm@xx is introducing the new cutting edge concept of managing your sales activities
using the CIP technology. The Salesm@xx selling skill and knowledge will simplify your
learning process to be more effective on doing your sales activities while the CIP solution
will leveraging your skill to maximizing the sales outcome. So in short Salesm@xx is a
new mind set, a new skill set and a new tool set to have better manage and grow your
sales volume. It is just a one shot comprehensive solution to be more effective on
maximizing your sales outcome. Salesm@xx solution especially designed for a b2b type
of business which requires one on one sales approach. If you are a salesman or managing
b2b sales organization than you definitely need to consider using salesm@xx approach to
maximizing your sales result.

Comment

If we talk of (Expected) sales volume rather than as an ‘exact formula’ then the SV term
above shall be expressed as a probably outcome of a set of activities by sales forces along
with tactical approach of advertising etc. It shall also include probable activities by the
competitors, in other words, given the number of competitors raise, and then chance is
the ‘expected sales volume’ will be decreasing.

Therefore, perhaps the actual Expected sales volume shall be written as follows:
Expected Sales Volume (ESV): ESV=( exSR«TV)/n+ CSB

where n represents the number of competitors. This is why, as the number of
consumet/retail products grow, the producers shall go advertising with massive ads in
television, otherwise their marketing efforts will be nothing compared to the number of
competitors.
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SalesMaxx:
Step by Step Proven Techniques to Boost Your Sales

D. Handriyanto, V. Christianto, F. Smarandache

Forward.

Have you ever met a salesman who is so confident and has excellent sales performance
with apparent ease?

This type of salesmen belongs to ‘natural born salespeople’ [1], those who rely more on
their intuition, gift, unconscious competent, or whatever you may call it. They have
something hidden that makes him/her an excellent salesman. But as study shows this type
is only approximately 20% percent of the sales talent pool, which can be called “FEagles.”
The remaining 80% are ready, willing, and capable in their sales duties, but they need
training, methods, tools, and also proven techniques. These are majority of salespeople
who will get benefits from sales training, pitch letter, etc.

This paper is written for those 80% salesmen out there who needs step-by-step proven
and consistent methods to get their jobs done, and makes increasing sales performance.
We will discuss how a step-by-step proven method —called ‘sales process’- will ensure
your team’s sales performance.

But this paper is also written for the marketing and sales manager level people, those who
have to coordinate and supervise the others. As experience will show [1], an effective
management is critical to sales process and sales performance. An effective sales
manager will monitor, coach, manage, and supervise their sales force using a consistent
sales process. Otherwise the sales force will find the guidelines inconsistent and this fact
alone will reduce the morale of his/her sales team.

The basic idea of this paper is based on “The New Solution Selling: The Revolutionary
Sales Process that is Changing the Way People Sell” book, by Keith M. Eades [1]. His
concepts have been successfully implemented by computer industries giants like IBM,
Microsoft etc. In this paper, we will adapt these concepts into different industries other
than software / hi-tech markets. The principles are more or less the same, but the sales
process and steps may be different here and there. We also include short discussion on
new marketing techniques using internet. There are plethoras of those methods, so we
will limit our discussion on the most common methods such as blogging etc. [2]
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Moreover, this paper is written based on more than 14 years experience in corporate
marketing, which is often called (in technology jargon) as ‘B2B’ market.

We’ve tried our best to write this article in as simple and accessible as possible, and
removing the plethora or marketing jargons which can make you confusing. We also
include some funny stories here and there as refreshment to readers who are new to
marketing world [3]. For those experienced salespeople and marketing specialists, please
skip the jokes and just cling with the ideas.

At the end of this paper we also include a review of sales process software which may be
found useful as illustration on how the concepts described herein can be implemented
consistently. We call this software ‘SalesMaxx’ and can be accessible for test purpose at
www.salesmaxxonline.com.

We hope you to let the ideas in this paper to help you to build solid sales team based on
solid sales process to reach solid sales performance.

Wishing you plenty of happy sales moments!

January 2009
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1. Introduction

When you hear the word ‘sales’, what is your first reaction in your mind? Some of you
will recall happy moments when you got the first clients, and some of you recall worst
moments where your clients moved to another product. If you are in management level,
most likely the same word will remind you to the nights that you have to go home late
because you should attend sales meeting.

As in other specialized fields, the sales and marketing world have their own meaning for
words, especially for hi-tech sales people. See for instance Table 1, just for hint.



Table 1. The Dictionary: what hi-tech salespeople say and what they mean

Word spoken by sales people

It’s real meaning

New Different color from previous design

All new Parts not interchangeable with previous design
Unmatched Almost as good as the competition

Designed simplicity Manufacturer's cost cut to the bone

Foolproof operation No provision for adjustments

Advanced design The advertising agency doesn't understand it
Field-tested Manufacturer lacks test equipment

High accuracy Unit on which all parts fit

Direct sales only

Factory had big argument with distributor

Years of development

We finally got one that works

Breakthrough We finally figured out a way to sell it
Futuristic No other reason why it looks the way it does
Distinctive A different shape and color than the others

Hand-crafted

Assembly machines operated without gloves on

Performance proven

Will operate through the warranty period

Meets all standards

Ours, not yours

Broadcast quality

Gives a picture and produces noise

High reliability

We made it work long enough to ship it.

Microprocessor controlled Does things we can't explain

Source: http://jokes.maxabout.com/jid0017483/the dictionary what hitech sa.aspx.

Oh, yes, it aim’s that bad at all. After all as salespeople you can boast yourself as the real
people who do real jobs to get things done by meeting real customers who actually buy
your products. In other words, you are the ‘user-interface’ -- in computer parlance -- that
customers will touch, and speak to, and for sure —uh- express their feelings too, be it good
or bad mood.

Therefore in this article we focus on real, daily sales issues, not the high-level strategic
marketing issues, which belong to those in executive management level.

To simplify the present paper, we will begin with a summary of ideas to be discussed in
the remaining sections of this paper.
I.1. Summary of ideas

To simplify our ideas, we introduce a new word VEST, which is abbreviated of a quite
simple formula:

V=ExS«T
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Where the meaning shall be clearer if we use words instead of letters:
Volume(new sales) = Exposure x SuccessRate - TransactionRate
The word ‘“VEST’ itself has its own meaning, which is a bulletproof suite:

1. vest n. A sleeveless garment, often having buttons down the front, worn
usually over a shirt or blouse and sometimes as part of a three-piece suit. (cf.
www.answers.com/topic/vest)

2. a waist-length garment worn for protective purposes: a bulletproof vest. (cf.
dictionary.infoplease.com/vest)

3. bulletproof vest. Body Armor Protective covering and other equipment
designed to guard individuals in combat.

(cf. www.answers.com/topic/bulletproof-vest-2)

In other words, the word VEST would mean that using the step-by-step proven methods
described in this article would enable you and your sales team to secure sales
performance when the marketing competition seem increasingly difficult to get in. And
more over, how to keep your customers despite fierce competition).

This is simply a set of proven methods to keep your business ‘bulletproof’.

1.2. Volume (New Sales)

New sales are the key driver to get the sales growth. Without the strong success of this
activity the sales growth is going no where. In my perspective New Sales is a success
from 3 group of activities (variable), i.e. Exposure, SuccessRate, and TransactionVolume.

And the New Sales is related to the total Sales Volume by the virtue of this relation:
Sales Volume = New Sales + Present Sales Volume

In other words, without introducing New Sales, your Sales Volume is stagnant. And
worse than that, it is likely that your Present Sales Volume is not a static number, because
your products also have their own life-time expectation. In other words, what customers
like ten years ago may be different with what they like today. In hi-tech industries this
lifetime could be less than 3 years. Therefore you can also introduce ‘depreciation rate’
into your Present Sales Volume, if you wish to emphasize that what you got now is not
for eternal.

1.3. Exposure (E)

This variable is expressed in number (or times of exposure).



This is the effort you shall make in order to expose the products and services to the
marketplace. It requires quality and quantity marketing activities approach. Quality mean
talking about the right market segmentation and targeting that fit with your product or
vice versa.

For example, if you hit wrong target segment than your effort is useless and you are just
burning the sales and marketing expenses with low ROI. If you hit the right target
segment with the right product than the chance of success is huge now it is depend on the
other variables.

1.4. SuccessRate (S)
This variable is expressed in percentage (%).

This is about sales process. Like any other processes, sales also have a set of steps from
identifying the right prospect, approaching, showing the value of the product and service,
negotiating the deal and closing the sales. In short it takes 4 steps but depending on the
nature of the business it could takes 4, 5, 6 and more steps to close the sales. We will also
discuss the Salesm@xx solution will explain in depth about this process.

The success of each step in the sales process requires a selling skill and experience to be
more effective and efficient on moving from one step to another. There is no born sales
person. | believe everyone born with a sales talent. The different is a successful sales
person practicing and sharpening their talent. They are reading selling books, going into
sales training and having the right attitude and passion on doing their job. Using Stephen
Covey’s words of Habit, Sales is a Habit. The successful sales person having 3 elements
of habit: Knowledge, Skill and Attitude. They know what to do (knowledge) , how to do
it ( skill ) and want to do it (Attitude).

1.5. TransactionRate (T)
This variable is also expressed in percentage (%).

The last variable on getting high new sales depends on the average transaction value you
gain. If you are highly successful on the other variables but gets very low
TransactionRate (%) than your sales volume is also low.

High and low TV also depends on the nature of the business. For example, if you are
selling a natural drinking water in small packaging than it’s so obvious that you need
very high transaction rate in order to get a high sales volume, while if you are selling a
premium property such as house or apartment than you may just need to get one closing
per month to have a big new sales volume (in terms of currency).
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The difference between TransactionRate and SuccessRate is between the industry-wide
or nature of your business (be it helicopter, property, or toy), and the inside-nature of
your company, i.e. how you follow methodically a step-by-step bulletproof methods
which ensure that each prospect can be handled properly until the sales is achieved.

1.6. Present Sales Volume (P)
Present sales volume (P), is also called ‘Current Sales Base’.

Depending on the nature of the business, Present sales volume (P) plays very important
role when you are in the portfolio business. If your business not a portfolio than you can
put zero result on the formula or just simply pass this section.

Portfolio business is the accumulation of a routine transaction volume. It is like a
consumable product such as: Food & Beverage product, cleaning chemical, banking,
executive club, etc. You expect your loyal customer to keep buying your product or
services in timely basis (daily, weekly, monthly, etc.). It is retained sales or maintenance
sales or a sales foundation to gain more new sales.

The question is how to keep them loyal while your competitor is like a hungry cheetah
want to grab your customer every time everyday. They are proposing better offers, better
products with cheaper price or better benefit. Failing to do these activities will result low
to zero growth of your sales volume regardless how success your new sales activities.

But if you are highly successful on these activities than every new sales will just get
topping up the base and your sales volume growth just go higher and higher. So yes, in
portfolio business the CSB play a great vital to grow your sales portfolio.

1.7. What is Salesm@xx

Salesm@xx is a new cutting edge concept of managing your sales activities using the
above VEST formula, proven methods of sales process, along with Sales Management
Solution technology.

Acquiring the Salesm@xx selling knowledge will simplify your learning process to be
more effective on doing your sales activities while the Sales Management Solution will
enable you leveraging your skills to maximize the sales outcome.

In short Salesm@xx is a new mind set, a new skill set and a new tool set to have better
sales management and grow your sales volume. It is just a one shot comprehensive
solution to be more effective on maximizing your sales outcome. Salesm@xx solution is
especially suitable for a B2B type of business which requires one-on-one sales approach.
If you are a salesman or managing B2B sales organization than you definitely need to
consider using Salesm@xx approach to maximizing your sales result.



Of course, if you are managing a B2C-type of business, you can also reap the benefits
from Salesm@xx selling knowledge too, because it is very easy to adapt the concepts
described herein.

The last section will discuss Salesm@xx solution will explain in depth about this
process.

2. Exposure

The exposure concept is not so difficult to grasp, in particular if you already had your feet
wet in sales and marketing world. How to get things done right, and in effective way, that
is the real question.

The principle is also very simple, i.e. as an old saying: “you will reap what you sow.” Of
course before we sow, first of all we shall find out what kind of seed to sow, and whether
it is appropriate to the fields. Furthermore, you shall count the quantity of seeds needed,
and also the quality, otherwise they may be damaged during the season and therefore
useless.

Now we turn our discussion to real marketing world.
2.1. Segmentation
Let’s begin with a story, probably a real one (thought not exactly sure who did what
when).
A door-to-door vacuum cleaner salesman manages to bull his way into a woman's

home in a rural area.

“This machine is the best ever" he exclaims, whilst pouring a bag of dirt over the
lounge floor.

The woman says she's really worried it may not all come off, so the salesman
says, "If this machine doesn't remove all the dust completely, I'll lick it off
myself."

"Do you want ketchup on it?" she says, "we're not connected for electricity

yet!"[1]

So perhaps you know what is the message here, i.e. there is no point to sell vacuum
cleaner if the house has no electricity in the first place.
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Not only that, customers is becoming more diverse, according to studies by
geodemographers, people who study the population characteristics. For instance, Clarita
determined in the 1970s that 40 lifestyle segments were sufficient to define US populace.
Today, the number has grown to 66, a 65% increase. [2]

Moreover, researchers begin to talk about the significance of ethnographic marketing, in
particular if your region is ethnically diverse. In principle ethnographic marketing discuss
how to use anthropologists’ findings to understand how people use and relate to products
and services.

To summary, goals of ethnographic marketing include:

In-depth understanding of consumer;
Seeing things from customer’s viewpoint;
Being open to different points of view;
Exploring contexts and conditions;
Emotions behind consumer behavior;
Multi-vocal methodology.

As R.V. Kozinets (Kellog School of Mgmt) puts it:

“Anthropology offers marketing ways to understand a variety of concerns
important to marketers and marketing researchers, including language, taste
consumption linkages, desires, motivations, and the decision making influences of
particular consumers and consumer groups.”

2.2. Getting Prospects, the Offline Way
2.2.a. Advertising

To boost exposure, of course the simplest way is to put some ads at places that your
potential prospects will find them. These places could be newspapers, radios, television,
movies, apartment walls, booklets, magazines, etc. One can also think of numerous
unique ways to put these ads, for instance by installing a large balloon at the top of high-
rise office building will increase chance of people to see, if nothing else but attractive
color and fancy design.

2.2.b. Events

Events can be music performance, art performance, sport events, but they can also special
gatherings like thanksgiving parties, high-school parents’ meeting etc. The point here is
not only the quantity of people who gather, but also how they could possibly relate to
your products / services. It is not advisable to dumb all your expenses on a few great



performances only to get your banner displayed but no follow-up calls to potential
customers.

If none of these events meet your requirement, you can invite local artist to do special
dances or music performance but at unusual place near market or other public place.

2.2.c. Publications

Publications here don’t only mean your CEO meets someone from outer space then your
products get attention by media. You can get publication almost freely by doing
something uniquely. Or at least ask a special team doing that for you, for instance roller-
skating at the roads, wearing red-sunglasses etc.

Body Shop has its own unique way to get publication, i.e. by developing solid reputation
for green products. That way people know where the products came from and they buy
not only with their pocket, but also with their hearts.

In marketing parlance, this method is called doing marketing the spiritual level. It is
called the best method a marketer can do.

2.2.d. Telemarketing

Telemarketing is also an effective method, in particular to get initial on your customer
needs, We will learn on the next sections, that various methods depend on at what step is
your sales process. Telemarketing is probably most suitable to get access and collect
information from your customer (what they do, what they want, what are their problems,
what are their pains).

In order to be more effective, it is also advisable to collect database first of your potential
prospects, and select them to find out whether their business are suitable to your products
and services.

2.2.e. Other nonconventional methods: guerilla methods

Some of those techniques described above may require large expenses, therefore may be
suitable if you work with large budget or large companies (unless perhaps telemarketing).

As most companies are only followers, not leaders, then the methods of the leaders may
not be suitable for them. Therefore in recent years, there is more attention on highly-
efficient method called guerrilla marketing.

But beware, as telemarketing and other cost-efficient online marketing methods grow
nowadays, some people say that guerilla marketing is dead. [5][6][7]
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2.3 Getting Prospects, the Online Way

A tagline of Yahoo’s search marketing says ‘Customers don’t go on tree, they grow
online.”[4] This is exactly the message of this section, in the high-paced business
nowadays, you need to reach your prospects not only at work hours, or at workplace, or
at their houses. You need to be able to reach them not only at any time, any place, 24x7
hours a week, but also at the time that they want to, and at the place they wish to hear
your message. Too much often we hear the story of dropped-off salespeople who try to
reach the wrong person, at the wrong time, and at the wrong mood!

Online presence is one possible way to resolve this issue, i.e. by leveraging your
exposures effectively while keeping your marketing expenses effective. Here we discuss
a number of possible ways you can do. Of course we discuss here a few simpler ways that
you can do quickly; for more advanced discussion on this subject you can find good
books on internet marketing, etc.

2.3.a. Homepage

Homepage doesn’t mean only static text like boring books that you dumb quickly under
your desk. It should also not be so flash-heavy animated contents that took weeks to
prepare and some minutes to open.

But at least your homepage should be informative, and functionally effective. If you want
to trigger sales from your homepage, then at least it should display your products/services
in attractive way, and enable visitors to ask for more information if they need to. It shall
also enable receiving-payment, either the simple way (direct postal), or using advance
method such as paypal or clickbank.

2.3.b. Newsletter, etc.

Apart of coverage/publication, exposures also require reputation. And reputation is built
based on relationship and trust. This alone cannot be achieved via massive advertising;
one shall instead build trust via online methods, such as email-based newsletter. If you
keep on your prospects and customers with newsletter, they will know that you care
about them. And from this trust is built, at the end you will achieve customer loyalty.

Of course, there is trade-off between customer loyalty and marketing expenses, so that
CEO in last years think at Customer Relationship Management as an expensive methods
to keep customer loyal, when in fact customer loyalty is next to illusion, The key here is
perhaps to use effective Customer Relationship methods which offer highest leverage
while keeping costs at minimum. Newsletter is one of this method.



2.3.c. Blog marketing

Blog is like diary you write at the end of the day. But the difference is it’s online and
plenty of folks can read your diary. You can use free blogging method, and then post
your content using RSS feeder directories or using digg.com.

The most important things to remember when you develop specific blog for your
company’s products/services are [3]:

e Offer your visitors advice, tips and other opportunities, like free reports or
something else related to your business.

e Encourage your visitors to post comments and/or suggestions.

e Post as often as you can. It is recommended that you post daily.

e You can allow other people to repost your material on their websites as long as
you let them know that the resource box must remain the same, this means that
they cannot change your links in any way.

e Always keep good content on your site. Make sure you stay up-to-date with your
information.

e Make sure you link to other sites from within your site. Add affiliate links through
banners etc.

2.4. The Role of Database.

There are already some books written on the subject of database marketing. The idea is
that you instruct your database to do more work using advanced techniques to detect
patterns or habits of your customers.

For example, SuperStuff [2], a US retailer uses such an advanced technique called
CHAID with their database to find out that 310 out of 508 of their department stores have
EBIT (earnings before interest and taxes) less than 2.8%, while the remaining 198 outlets
have EBIT more than 6.4%. But then they find out that those stores which have averagely
less EBIT at 2.8% have their competitor’s outlets nearby. Not only that, they can also
find out that stores located in neighborhoods with higher-income household get larger
EBIT rate.

And based on these data, they can remodel ideas, to find out that of 188 stores which are
located in neighborhoods with high-income household and have the competitor’s outlets
nearby, those who have allocated more than 50% of their square footage to apparel have
larger EBIT margins of 5.3%.

This information can be used by management to remodel or reallocate their stores and
increase their EBIT margins significantly for other stores.
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The crux of the idea is using advanced statistical methods (e.g. CHAID [2]) to identify
which numbers are statistically meaningful. That is between two or more groups which
have different EBIT we can find out whether the difference is more-or-less in the same
pattern, or they indicate some reasons behind these differences.

And so on, you can find more ideas by digging on advanced machine learning or database
marketing subject. We limit our discussion here because it will be more tedious.
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Abstract

Despite the economics jargon on ‘rational choice’, nowadays the entire world has nothing else to choose except to
succumb under the spell of magic words of modern economics, i.e. ‘neoliberalism’, “financial liberalization’, ‘free
market’ (laissez-faire), and ‘globalization’. All of these can be shown to be part of a preconception, i.e. far beyond
the ‘neutral’ idea of natural sciences.

In Fritjof Capra’s book ‘Turning Point’ (Bantam Books, 1982) these phenomena are summarized as follows:
economics thinking have started by assuming that in economics sciences one can achieve the same generality and
universality that physicists enjoy in doing Natural Sciences. In other words, economists try to become through their
work ‘hard science’ rather than recognizing that in economics the subject of their study is human/people which is
far from being predictable, either as individual or as society.

In our humble opinion, economics is a mixture of both, hard and soft sciences. In order to show this, we introduce
a new study, called Poly-Emporium Theory, where we show that phenomena from hard science and soft science
co-exist and interact in economics. Poly-Emporium Theory is the study of interactions among many (big and small)
firms in the market, and it is different from oligopoly since poly-emporium takes into consideration the small firms
too (not only the big firms that dominate the market as in oligopoly).

The above logic of thinking is the starting point to submit a new idea, under the heading of ‘Cultural Advantage.’
The first book in the series has title: Cultural Advantage for Cities: An alternative for Developing Countries. This
presentation summarizes its basic ideas, with a hope that these ideas may be found interesting to develop further.
For clarity the readers are referred to the book.

Introduction
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In simple words, the entire history of economics as ‘science’ can be summarized as systematic methods
to give reasonable explanation of human behavior in order to fulfill their needs. Furthermore, the
progress was inspired by the remarkable success of Newtonian mechanics in describing the ‘world’ [2].

In the same way, economists since Adam Smith strived so hard to bring ‘order’ into the apparently
chaotic phenomena with respect to human responses to various variables (government taxation rules,
market competition, etc.). In conclusion, the strange history of Economics can be summarized as
follows:

“These days’ people like to call neoclassical economics “mainstream economics” because most universities
offer nothing else. The name also backhandedly stigmatizes as oddball, flaky, deviant, disreputable, perhaps
un-American those economists who venture beyond the narrow confines of the neoclassical axioms. To
understand the powerful attraction of those axioms one must know a little about their origins. They are not
what an outsider might think. Although today neoclassical economics cavorts with neoliberalism, it began
as an honest intellectual and would-be scientific endeavor. Its patron saint was neither an ideologue nor a
political philosopher nor even an economist, but Sir Isaac Newton. The founding fathers of neoclassical
economics hoped to achieve, and their descendents living today believe they had, for the economic
universe what Newton had achieved for the physical universe.” [2]

Despite the economics jargon itself on ‘rational choice’, nowadays the entire world has nothing else to
choose except to succumb under the spell of magic words of modern economics, i.e. ‘neoliberalism’,
‘financial liberalization’, ‘free market’ (laissez-faire), and ‘globalization’. All of these can be shown to be
part of a preconception, i.e. far beyond the ‘neutral’ idea of natural sciences.

Another implication of this neoclassical economics can be summarized as follows:

“Neoclassical economics is by its own axioms incapable of offering a coherent conceptualization of the
individual or economic agent. From where do the preferences that supposedly dictate the individual’s choice
come from? Not from interpersonal relations, because if individual demands were interdependent, they
would not be additive and thus the market demand function — neoclassicalism’s key analytical tool — would be
undefined. And not from society, because neoclassicalism’s Newtonian atomism translates as methodological
individualism, meaning that society is to be explained in terms of individuals and never the other way around.”

(2]

A caveat of financial liberalization has often been discussed in monetary policy sessions, i.e. studies
revealed that liberalization is neatly linked and often precedes financial instability. In other words, the
magic word has now become the curse and peril for the modern-economics believers [3]:

“Following liberalization, many developing countries found themselves involved in a condition of high
instability and increasing fragility of their financial systems. Therefore, the question arises as to why
countries should enact policies that move their financial systems from a situation of relative stability to one
of potential instability.”

In Fritjof Capra’s book ‘Turning Point’ (Bantam Books, 1982) these phenomena are summarized as
follows: economics thinking have started by assuming that in economics sciences one can achieve the
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same generality and universality that physicists enjoy in doing Natural Sciences. In other words,
economists try to become through their work ‘hard science’ rather than recognizing that in economics
the subject of their study is human/people which is far from being predictable, either as individual or as
society.

“As we know, natural sciences are normally considered as
‘hard science’, while social sciences are considered as ‘soft
science’. This terminology can be traced back to Fritjof
Capra, etc. In the meantime, some economists consider
themselves as doing ‘hard science’ while other seem to be
inclined to ‘soft science’. Not surprising, therefore, that some
economists seem very accustomed to prescribing solutions
to economics problems, using hard technologies, hard
methods, vis a vis humanistic considerations. See also E. F
Schumacher’s thinking on ‘meta-economics’.

Therefore, by considering Cultural advantage here, we are
practically introducing more ‘soft sciences’ into economic
thinking. In other words, unlike modern economics that is
more likely to be ‘alienated’ to the cultural context of the
‘people’ where they are implemented, here we propose to
introduce more ‘Cultural studies’ before prescribing a new
solution, especially for developing countries.” [1]

With this new insight, we try to look again to human as human, not only as ‘measure’ of economics
textbook, or just an object in the annual economic progress report.

With respect to development theory, the implications of those modern economics concepts can be
summarized in terms of conventional belief that to become prosperous all countries should take the
same industrialization path as other countries in the First World have taken. This is known as Rostow’s
development theory, which can be summarized as follows: [11]

“The process of industrialization entails a transition from an agricultural to an industrial society,
associated with a movement towards higher per capita income and productivity levels.”

Despite all the jargons surrounding this development theory, it is recognized that the development via
industrialization method has not been so useful so far, in other words most countries remain in the
same problems as before: [13]

“This development is, unfortunately, often more symbolic than real for many countries and actually helps
these societies very little. Industrialization is not the solution for many countries seeking to improve
conditions for their citizens.” [13]
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In other words the development theory is quite similar to an ‘ideology’ rather than a science [12]; it is
full of premises based on perception or interpretation of history in the so-called First World countries
[14].

In an attempt to make a connection between economics as hard science and economics as soft science
we propose a new theory on Poly-Emporium, which will be described in the last section of this
presentation. In our humble opinion, economics is a mixture of both, and soft sciences.

A modified gravity equation and some implications

The so-called gravity equation has been known by economists for more than 4 decades with various
degree of acceptance. There are numerous studies that have estimated gravity equations to quantify
impact of various trade costs on bilateral trade flows. [5, p.5]

While this model is widely-known for its simplicity, part of the critics addressed to this model is caused
by its precision to the actual situation. It is also often cited that the gravity equations have no sufficient

theoretical grounds [5, p.5]. We can call this issue as ‘representation problem.’

In this section we discuss first a review of existing literature on this equation, and how it can be
modified to represent better the actual condition.

(a) Existing models of gravity equations.

In accordance with Anderson and van Wilcoop, the gravity equation can be written as follows [5, p.6]:

l-o

Yivi|
X =—= 55 (2)
yoARD

Where x represents the nominal demands of country j from goods from country i, and y" represents the
World output, respectively. The other parameters are normally determined by curved fitting plot. [5, p.
7-8]. The Pi and Pj parameters are often cited as Dixit-Stiglitz consumer-based price levels [7, p.4].

Another expression of ‘gravity equations’ can be expressed as follows [6, p.48, eq. 4.12]:

0.5y70.5
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Which is often cited to be not realistic and oversimplified. Other studies for exchange market problem
have been reported, for instance see [8][9].

(b) A modified gravity equation.
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What is clear from the above summary of gravity equation is that the role of geography (distance)
between countries affects the trade between them [10]. Therefore it is worthwhile to take into
consideration not only geographical distance, but also geographical assets and cultural assets into the
‘gravity potential’ of trade between two countries (sometimes it is related to potential FDI, see

[71[81[9]).
In other words, the proposed modified gravity equation here can be expressed as follows:

0.5y70.5

Y,
PrX, :T’+ZGCR. +>.Gcp,, (4)

Where the GCP with index i represents the sum of geographical and cultural potential (assets) of the
country i, and the GCP with index j represents the same potential for country j, respectively.

Rationale for this modification is because the role of location can be introduced into gravity equation to
achieve better representation of the model.

This equation (4) can take into consideration the ‘demand pull’ of eco-tourism of a country, for instance.
And the other pull factors can be introduced into the equation; this is why we introduce the ‘sigma’
symbols.

Therefore it can be expected that equation (4) can lead into more realistic economics model.
Interpretation of the equation:

(a) The gravity equation (2)-(3) represents bilateral trade magnitude between two countries given their
distance and GDP. Of course, one can ask whether GDP alone can 'pull' the bilateral trade. For
instance, small countries can have larger GDP than China, for instance Belgium, but we know that
almost all Europe’s large companies are heading toward investing or relocating into China, not
Belgium. Therefore GDP alone is not triggering bilateral trade. What seems make more sense is that
the size of the economies shall be taken into consideration too into (3). Therefore perhaps it would
be more appropriate to replace the GDP with ‘economy scale’, which is GDP times population of the
country in question.

(b) Another thing we can conclude from gravity equation (3) is that GDP will trigger FDI, not the other
way around. This appears to be in contradiction with the common assumption in development
theory, i.e. that FDI will improve GDP of the country in question. Sounds like circular logic?

(c) Furthermore, in equation (4) we introduce new terms in the right hand side of the equation. Given
the electronic integration of the global marketplace, it would mean that there could be economics
bilateral trade despite the distance of two or more countries. With comparison with instantaneous
action at distance in Quantum Mechanics, then perhaps one can think of possible ‘economics
entanglement’ between countries in distance.
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(d) Toinclude sigma symbols into the original gravity equation (3) will give no clue for the situation,
except perhaps if we consider a 'group' (or cluster) of countries, for instance EURO to Latino
America, etc.

Other plausible ideas:
- lIsit possible to mixing gravity equations (1) and (2) and then adding the cultural stuff.

- How to write a gravity equation for a group of countries?

Poly-Emporium Theory (F. Smarandache)

We now propose the poly-emporium theory. A search done in Google on May 3™, 2008, for the term
“poly-emporium” returned no entry, so we introduce it for the first time.

Thus "poly-emporium" etymologically comes from poly = many, and emporium = trade center, store
with a wide variety of selling things; therefore poly-emporium is the study of interactions among many
(big and small) firms in the market.

Poly-emporium is different from oligopoly since poly-emporium takes into consideration the small firms
too (not only the big firms that dominate the market as in oligopoly). Poly-emporium considers the real
situation of the market, where big firms and small firms co-exist and interacting more or less.

First, let’s present the duopoly theory, which is a theory of two firms that dominate and interact in the
market, proposed by A. Cournot (1801-1877) in the year 1838. In Cournot’s model, if one firm changes
its output, the other will also change its output by the same quantity, and eventually both firms will
converge towards equilibrium.

In 1883 Bertrand’s duopoly model, devised by Joseph Bertrand (1822-1900), if one firm changes its
price and the second firm follows, eventually both firms would reach a price (equilibrium) where they
would stay.

Both models are similar to two mathematical sequences that little by little converge towards the same
limit.

Bertrand’s model is criticized because it ignores the production cost and market entry by new firms.
In oligopoly, which is an extension of duopoly, a small number of selling firms control the market. There
is a big degree of interaction among these firms, which set the price, and the price is high and rigid.

There is a perfect oligopoly, where all firms produce an identical product, and imperfect oligopoly,
where the firms’ products are differentiated but in essence are similar.

136



Sir Thomas More (1478-1535) used this theory in his “Utopia” (1516) and then A. Cournot did. Each firm
can act as a leader on its market share, either they collude, or one firm sets the price and others follow.

An analogue of oligopoly is the oligopsony, where a few buying firms control the market. They set the
price which is normally low and rigid.

The cartel (or trust) influences the price too by regulating the production and marketing, but its
influence is of less degree than monopoly’s or oligopoly’s. Inflexible price or administered pricing

(1930s) is set in monopolies, oligopolies, government organizations, cartels.

How would interact n firms, F, F,, ..., F,, for n 2 3, producing a similar product in the same market? A
firm can be a business, a corporation, a proprietorship, or a partnership.

There are three cases of the poly-emporium, which will be detailed below:
1) All firms are large and they dominate the market, so we have an oligopoly or oligopsony.

2) Some firms are large, and dominate a big share of the market, while others are small, and
do not dominate.

In this sub-case, either the small firms are grouped around some of the large firms (as
satellites) just as in growth-pole theory, other small firms might exit the competition.

This case also includes the possibility that new firms enter the market, so they commence by
small investments and later can grow.

The relationship between large firms in this case can lead either to oligopoly/oligopsony if
they succeed to eliminate the small competitors, or to semi-oligopoly/ semi-oligopsony if
they control a big part of the market, but not the whole market.

Small firms might collude and form larger firms.

3) All firms are small and they do not dominate the market.

As in mathematics, it is akin having n sequences, which interact, that we need to study their limit.
Would they converge towards the same limit?

Surely, there would always be a monopolistic competition between them.

As in monopoly, each firm attempts to dominate the market, to prevent competition, in order to control
the price. But monopoly is outlawed in most capitalistic countries. If one firm, let’s say (without lost of
generality) F,, alters its output, the others F,, ..., F, should also respond, otherwise they loose

customers.

If it’s an imperfect competition, i.e. a market with a large number of sellers and buyers but having
differentiated products, the interaction between these firms is less than in a perfect competition, and
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they all tend towards a so-called in our opinion multi-equilibrium, as in a weighting machine with many
balances, or as in a mathematical weighted average.

Nevertheless, if these firms produce a homogeneous product for many buyers, as in perfect
competition, their interdependence increases. Disequilibrium of one firm would affect others.

If superior technology commences to be introduced by some firms, the quality of their product will
increase and the price decrease.

This may generate the theory of growth-pole, enunciated by Sir William Petty (1623-1687) and Francois
Perroux (1903-1987), which refers to the fact that smaller firms are grouped around a central core of
firms that become catalysts. Maximum growth and product excellence for these firms presumes optimal
management.

If the government controls the cultural economics, then trade unions of cultural workers should be
created for counter-balancing. Because this gives birth to a bilateral monopoly, which is a market with a
single buyer and a single seller, mostly referring to the government dealing conditions and salaries with
unions of workers.

The dynamicity of the market keeps the firms in a permanent competition, and competition means
progress.

We extend Engel’s law (1857) that the proportion of income spent on food falls as individual income
increases to a similar law related to cultural economics:

As individual income increases, the proportion of amount spent on cultural event decreases.
Thus, as individual income increases an acceleration of cultural economics occurs.

Moreover, adjusted from the absolute income hypothesis (1936, 1960s, and 1970s) by J. M. Keynes and
later refined by James Tobin (b. 1918), we derive the absolute income cultural hypothesis applicable to
the cultural economics: as income rises, cultural consumption rises but generally not at the same rate.

The 18" century absolute advantage theory, which states that people and nations trade since they have
exceeding production in some particular field, does not apply in cultural economics. Nor comparative
advantage approach that superseded absolute advantage theory works, because we can’t really
compare cultures.

Comparative cost, developed by Robert Torrens (1780-1864) and David Ricardo (1772-1823), which is a

feature of comparative advantage, asserts that trade between countries is benefic even if one country is
more efficient, because of the variety of products. Similarly, cultural economics benefits from its cultural
difference. The more distinguishable is a culture, the better chance of increasing the cultural economics.

Economic culture can be viewed both as part of cultural economy, art (craftsmanship) economy, and

also part of (music) entertainment industry, and depends on taste, advertisement, curiosity, history, and
the quality of being diverse, distinctive, with a large spectrum of varieties.
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The most interesting case is the third one, where all n firms are small and they do not dominate the
market. Let’s see, for example, a network of independent restaurants in a city. They interact little with
each other. The quality, taste, distance, and price of course make the difference between them.

They do not collude but in rare situations since each of them has its specific, its exotism, which they
don’t want to loose. They cannot make an oligopoly since new restaurants may easily enter the market
with its specific, and because the taste changes periodically. They remain into multi-equilibrium.
Similarly for international cultural economics, where each culture has its specific, and that’s what
attracts visitors, tourists.

In general, the n firms eventually tend towards multi-equilibrium, where they stay for a while. In multi-
equilibrium each firm tends towards its specific sub-equilibrium.

Periodically this multi-equilibrium is partially or totally disturbed, due to technology, government
intervention, wars, crises, reorganization of the firms, change in customers’ taste and preferences, but
then again the firms return to stability. This period of multi-disequilibrium is a natural state, since
economy is dynamic, and the disturbance is a launching pad to refreshment; in order to rebalance the
market, these n firms must improve their technology, their structure, cut production cost, or else they
exit the competition. “All the bad for the good”, says a Romanian proverb, so disequilibrium brings later
new blood into economy.

This cycle of multi-equilibrium - multi-disequilibrium repeats continuously.

Economics systems move from multi-disequilibrium to multi-equilibrium back and forth [this is hard
science, since it is an economics invariant], but the movements/changes from one to another are not
easy to predict when and how, nor to control [this is soft science, because of the small probability that
we can calculate them with].

Concluding remarks

The idea of Cultural Advantages - while perhaps has been discussed elsewhere - is mostly treated only as
sub-chapter in discussions concerning competitive advantage, or development economics studies. But
most economics students keep on thinking in the framework of Ricardo-Adam Smith’s Comparative
Advantage or Porter’s Competitive Advantage, i.e. a country should be able to offer goods at
competitive prices (read ‘low prices’) to keep its competitive edge.

But in the framework of Cultural Advantages, these rules are now changing. While price keeps on being
a determining factor, other factors also play critical roles, for instance willingness to learn new cultures,
and to gain new (exotic) experience, which can be found by visiting other countries. This is the beginning
of Cultural Advantage studies.

To summarize our ideas in this presentation, the cultural economics is possible mainly because modern
consumers demand not only ‘goods’ (called ‘mass products’), but also experience (learn each other’s
cultures, languages, etc.)
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We acknowledge that this study is far from being complete, and therefore would like to invite others to
contribute to its further development.
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Abstract

This study actually draws from and builds on an earlier paper (Kumar and
Bhattacharya, 2002). Here we have basically added a neutrosophic dimension to
the problem of determining the conditional probability that a financial fraud has
been actually committed, given that no Type | error occurred while rejecting the
null hypothesis Ho: The observed first-digit frequencies approximate a Benford
distribution; and accepting the alternative hypothesis H1: The observed first-digit
frequencies do not approximate a Benford distribution. We have also suggested

a conceptual model to implement such a neutrosophic fraud detection system.
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Re-visiting the problem of testing for manipulation in accounting data

In an earlier paper (Kumar and Bhattacharya, 2002), we had proposed a Monte
Carlo adaptation of Benford’s law. There has been some research already on the
application of Benford’s law to financial fraud detection (Carslaw, 1988 and Busta
and Weinberg 1998). However, most of the practical work in this regard has been
concentrated in detecting the first digit frequencies from the account balances
selected on basis of some known audit sampling method and then directly
comparing the result with the expected Benford frequencies (Raimi, 1976 and
Hill, 1998). We have voiced our reservations about this technique in so far as that
the Benford frequencies are necessarily steady state frequencies and may not
therefore be truly reflected in the sample frequencies. As samples are always of
finite sizes, it is therefore perhaps not entirely fair to arrive at any conclusion on
the basis of such a direct comparison, as the sample frequencies won’t be steady

state frequencies.

However, if we draw digits randomly using the inverse transformation technique
from within random number ranges derived from a cumulative probability
distribution function based on the Benford frequencies then the problem boils
down to running a goodness of fit kind of test to identify any significant difference
between observed and simulated first-digit frequencies. This test may be
conducted using a known sampling distribution like for example the Pearson’s y?

distribution. The random number ranges for the Monte Carlo simulation are to be
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drawn from a cumulative probability distribution function based on the following

Benford probabilities given in Table I.

Table |

First Significant Digit | 1 2 3 4 5 6 7 8 9

Benford Probability 0.301 | 0.176 | 0.125 | 0.097 | 0.079 | 0.067 | 0.058 | 0.051 | 0.046

The first-digit probabilities can be best approximated mathematically by the log-
based formula Benford derived: P (First significant digit = d) = log, [1 + (1/d)]

(Benford, 1938).

Computational Algorithm:

1. Define a finite sample size n and draw a sample from the relevant

account balances using a suitable audit sampling procedure

2. Perform a continuous Monte Carlo run of length A* ~ (1/2¢)?”® grouped in
epochs of size n using a customized MS-Excel spreadsheet. Derivation
of A* and other statistical issues have been discussed in detail in our

earlier paper (Kumar and Bhattacharya, 2002)

3. Test for significant difference in sample frequencies between the first

digits observed in the sample and those generated by the Monte Carlo



simulation by using a “goodness of fit” test using the y? distribution. The

null and alternative hypotheses are as follows:

Ho: The observed first digit frequencies approximate a Benford distribution

H1: The observed first digit frequencies do not approximate a Benford distribution

This statistical test will not reveal whether or not a fraud has actually been
committed. All it does is establishing at a desired level of confidence, that the

accounting data has been manipulated (if Ho is rejected).

However, given that H¢ is accepted and Hy is rejected, it could imply any of the

following events:

I. There is no manipulation - Type | error has occurred i.e. Hp rejected when true.
[I. There is manipulation and such manipulation is definitely fraudulent.
[ll. There is manipulation and such manipulation may or may not be fraudulent.

IV. There is manipulation and such manipulation is definitely not fraudulent.

Neutrosophic extension

Neutrosophic probabilities are a generalization of classical and fuzzy probabilities and
cover those events that involve some degree of indeterminacy. It provides a better
approach to quantifying uncertainty than classical or even fuzzy probability theory.

Neutrosophic probability theory uses a subset-approximation for truth-value as well as
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indeterminacy and falsity values. Also, this approach makes a distinction between
‘relative true event” and “absolute true event” the former being true in only some
probability sub-spaces while the latter being true in all probability sub-spaces. Similarly,
events that are false in only some probability sub-spaces are classified as “relative false
events” while events that are false in all probability sub-spaces are classified as
“absolute false events”. Again, the events that may be hard to classify as either ‘true’ or
‘false’ in some probability sub-spaces are classified as “relative indeterminate events”
while events that bear this characteristic over all probability sub-spaces are classified as

“absolute indeterminate events”. (Smarandache, 2001)

While in classical probability n_sup < 1, in neutrosophic probability n_sup < 3* where
n_sup is the upper bound of the probability space. In cases where the truth and falsity
components are complimentary, i.e. there is no indeterminacy, the components sum to
unity and neutrosophic probability is reduced to classical probability as in the tossing of a

fair coin or the drawing of a card from a well-shuffled deck.

Coming back to our original problem of financial fraud detection, let E be the event
whereby a Type | error has occurred and F be the event whereby a fraud is actually
detected. Then the conditional neutrosophic probability NP (F | E®) is defined over a
probability space consisting of a triple of sets (T, I, U). Here, T, | and U are probability
sub-spaces wherein event F is t% true, i% indeterminate and u% untrue respectively,

given that no Type | error occurred.

The sub-space T within which t varies may be determined by factors such as past
records of fraud in the organization, propensity to commit fraud by the employees

concerned, and effectiveness of internal control systems. On the other hand, the sub-



space U within which u varies may be determined by factors like personal track records
of the employees in question, the position enjoyed and the remuneration drawn by those
employees. For example, if the magnitude of the embezzled amount is deemed too
frivolous with respect to the position and remuneration of the employees involved. The
sub-space | within which i varies is most likely to be determined by the mutual
inconsistency in the circumstantial evidence (Zadeh, 1976) that might arise out of the
effects of some of the factors determining T and U. For example, if an employee is for
some reason really irked with the organization, then he or she may be inclined to commit
fraud not so much to further his or her own interests as to harm the interests of the
organization, although the act of actually committing the suspected fraud may in this
case overtly appear inconsistent with the organizational status and remuneration

enjoyed by that person.

A conceptual model to implement the neutrosophic fraud detection system

Modern technology has armed the investigative accountants with tools and
techniques not only to track down the perpetrators of fraud more efficiently than was
possible in the absence of those technologies but also to carry out a multi-faceted

analytical inquiry into the nature of financial frauds and their perpetrators.

We propose classifying financial frauds in the modern corporate scenario using a
systematic, multi-level categorization. The simplest one would of course be a two-
level classification where one classifier is in terms of the nature of fraudulent
manipulation and the other is in terms of involvement of the perpetrators e.g. fraud

by an individual, a group of isolated individuals or a collusive fraud. A sub-
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classification within this second categorization could be based on whether the group
(isolated or collusive) consists of hierarchical positions or horizontal positions in the
organizational structure. Then what may come up with is the following two-

dimensional manipulation-involvement or MI-matrix:

Chart 1:
[ncreasing complexity
of involvement (1)

t Manipulation
Ol 012 O3 Ol14 Ol1s
O Olz2 023 Ol24 Ol2s
O3 032 Olaa O34 O35
Involvement i1 a2 B3 £ Bas
sy Ols2 Ols3 Olsy Olss
Olg1 Olg2 Olga Olgy Olgs
71 Ol72 O Ol74 Olrs
g1 Oz Olga Olgy Olgs

. . - : —
Increasing complexity of manipulation (j)

The row and column elements in this simple MI-matrix may be denoted as follows:
aij:

i = 8: Single fraud perpetrated by single individual

i = 7: Multiple frauds perpetrated by single individual

i = 6: Single fraud perpetrated by group of isolated individuals

i = 5: Multiple frauds perpetrated by group of isolated individuals

i = 4: Single fraud perpetrated by a horizontally collusive group

i = 3: Multiple frauds perpetrated by a horizontally collusive group

i = 2: Single fraud perpetrated by a vertically collusive group

i = 1: Multiple frauds perpetrated by a vertically collusive group

j = 5: Combination of 1, 2, 3 and 4
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j = 4: Suppression or destruction of key transaction records
j = 3: Misrepresentation of the fundamental nature of transaction
j = 2: Falsification of transaction date/amount/particulars (double-entry basis)

j = 1: Falsification of transaction date/amount/particulars (single-entry basis)

Once a particular case has been objectively classified on the MI-matrix, the investigative
accountant may start looking for incriminating evidence in the financial records from the
right perspective. For example, the search perspective will definitely differ if there is
fundamental alteration in the nature of a transaction as compared to a simple erring
journal entry. The perspective will also differ if only a single individual is involved rather

than a collusive group.

The two-dimensional M/-matrix is the simplest form of systematic multi-level
classification which certainly may be conceptually expanded to include more than two
levels — e.g. a three-dimensional M/-matrix could possibly incorporate the aspect of fraud
potentiality in terms of factors like personal track records of the employees in question,
the position enjoyed by them in the organization, their remuneration and entitlements at
the time of the fraud etc. It would therefore be an ideal computational set-up for
implementation of a neutrosophic system. The conceptual fraud classification scheme
we proposed here may thus be effectively combined with the rules of neutrosophic

probability into developing a handy forensic accounting expert system for the future!
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Conclusion

No doubt then that the theory of neutrosophic probability opens up a new vista of
analytical reasoning for the techno-savvy forensic accountant. In this paper, we have
only posit that a combination of statistical testing of audit samples based on Benford’s
law together with a neutrosophic reasoning could help the forensic accountant in getting
a better fix on the quantitative possibility of actually detecting a financial fraud. This is an
emerging science and thus holds a vast potential of future research endeavours the
ultimate objective of which will be to actually come up with a reliable, comprehensive
computational methodology to actually track down financial frauds with a very low failure

rate. We believe our present work is just an initial step towards that ultimate destination.
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1. INTRODUCTION

For academics and practitioners concerned with computers, business and
mathematics, one central issue is supporting decision makers. In that sense,
making coherent decisions requires knowledge about the current or future state

of the world and the path to formulating a fit response (Zack, 2007).

The authors propose a generalization of Decision Matrix Method (DMM), or
Pugh Method as sometimes is called, using Neutrosophic logic (Smarandache,
1999). The main strengths of this paper are two-folds: it provides a more
realistic method that supports group decisions with several alternatives and it

presents a de-neutrosophication process. We think this is an useful endeavour.

The remainder of this paper is structured as follows: Section 3 reviews Decision
Matrix Method; Section 3 shows a brief overview of Neutrosophic Logic and
proposes Neutrosophic Decision Matrix Method and de-neutrosophication

process; the final section shows the paper’s conclusions.

2. DECISION MATRIX METHOD BACKGROUND

Decision Matrix Method (DMM) was developed by Stuart Pugh (1996) as an
approach for selecting concept alternatives. DMM is a method (Murphy, 1979)
that allows decision makers to systematically identify and analyze the strength
of relationships between sets of information. This technique is especially
interesting for looking at large numbers of factors and assessing each relative
importance. Furthermore, DMM is a method for alternative selection using a
scoring matrix. DMM is often used throughout planning activities to select
product/service features and goals and to develop process stages and weight

options.



DMM is briefly exposed. At the first time an evaluation team is established.
Firstly, the team selects a list of weighted criteria and then evaluates each
alternative against the previous criteria. That election could be done using any
technique or mix of them (discussion meetings, brainstorming, and so on). This

one must be refined in an iterative process.

The next step is to assign a relative weight to each criterion. Usually, ten points
are distributed among the criteria. This assignment must be done by team
consensus. In addition, each team member can assign weights by himself, then

the numbers for each criterion are added for a composite criterion weighting.

Follow that, L-shaped matrix is drawn. This kind of matrix relates two groups of
items to each other (or one group to itself). In the last step, the alternatives are

scored relative to criteria.

Figure 1. Building a Decision Matrix
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Some options are showed in Table 1.

Table 1. Assessing alternatives

Method Values range

1 | Rating scale for each alternative. For example
{1=low, 2=medium, 3=high}

2 | For each criterion, rank-order all alternatives according | Order them with 1 being the
to each fits the criterion. option that is least fit to criterion.

3 | Establish a reference. It may be one of the alternatives | For example:

or any current product/service. For each criterion, rate | Scores of

each other alternative in comparison to the baseline. {-1=worse, 0=same, +1=better}
Wider scales could be used.

At the end, multiply each alternative’s rating by its weight. Add the points for
each alternative. The alternative with the highest score will be the team’s

proposal.

Let C be the criteria vector of a DMM. C = (¢,,c,,...,c,) Where ¢; belongs to the

criteria dominion of the problem and n is the total number of criteria.

Let W be the weights criteria vector of a DMM. W =(w,,w,,...,w,) Where

w, €[0,N)| N #o.
Let A be the rating vector of i alternative. 4, =(a,,q,,...,a,) where a, € {-1,0,1}.

Consider the matrix D be defined by D=(a;) where q, is the rating of
alternative i to the criterion j, a, € {~1,0,1}. D is called the rating matrix of the

DMM.

Consider the vector S be defined by S =W xD, being D = (s,,s,,...,s,) Where s,

is the product of weight i by alternative j and m is the number of alternatives.



ml

m2

n cee mn

The highest s, will be the team’s proposal for the problem analyzed.

Additionally, alternatives have been ranked by the team.

It is important to note that s, measures only rate of alternative j respect to

weight i, till now any scholar has not contemplated the indeterminacy of any

relation between alternatives and criteria.

When we deal with unsupervised data, there are situations when team can not
to determine any rate. Our proposal includes indeterminacy in DMM generating
more realistic results. In our opinion, including indeterminacy in DMM is an

useful endeavour.

3. NEUTROSOPHIC LOGIC FUNDAMENTALS

Neutrosophic Logic (Smarandache, 1999) emerges as an alternative to the
existing logics and it represents a mathematical model of uncertainty, and
indeterminacy. A logic in which each proposition is estimated to have the
percentage of truth in a subset T, the percentage of indeterminacy in a subset I,
and the percentage of falsity in a subset F, is called Neutrosophic Logic. It uses
a subset of truth (or indeterminacy, or falsity), instead of using a number,
because in many cases, humans are not able to exactly determine the
percentages of truth and of falsity but to approximate them: for example a

proposition is between 30-40% true.

The subsets are not necessarily intervals, but any sets (discrete, continuous,
open or closed or half-open/ half-closed interval, intersections or unions of the
previous sets, etc.) in accordance with the given proposition. A subset may

have one element only in special cases of this logic. It is imperative to mention
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here that the Neutrosophic logic is a strait generalization of the theory of

Intuitionist Fuzzy Logic.

According to Ashbacher (2002), Neutrosophic Logic is an extension of Fuzzy
Logic (Zadeh, 1965) in which indeterminacy is included. It has become very
essential that the notion of neutrosophic logic play a vital role in several of the
real world problems like law, medicine, industry, finance, IT, stocks and share,

and so on. Static context of Neutrosophic logic is showed in Figure 2.

Figure 2. Static context of Neutrosophic logic

4Model |NeutrosophicLogic|

| FuzzyLogic |

<Model ClassicalLogic

Fuzzy theory measures the grade of membership or the non-existence of a

\/
Indeterminacy |-2ed=L

Certainty

membership in the revolutionary way but fuzzy theory has failed to attribute the
concept when the relations between notions or nodes or concepts in problems
are indeterminate. In fact one can say the inclusion of the concept of
indeterminate situation with fuzzy concepts will form the neutrosophic concepts.
In NL each proposition is estimated to have the percentage of truth in a subset
T, the percentage of indeterminacy in a subset |, and the percentage of falsity in

a subset F.

We use a subset of truth (or indeterminacy, or falsity), instead of a number only,
because in many cases we are not able to exactly determine the percentages of
truth and of falsity but to approximate them: for example a proposition is

between 30-40% true and between 60-70% false, even worst: between 30-40%



or 45-50% true (according to various analyzers), and 60% or between 66-70%
false. The subsets are not necessary intervals, but any sets (discrete,
continuous, open or closed or half-open/half-closed interval, intersections or

unions of the previous sets, etc.) in accordance with the given proposition.

A subset may have one element only in special cases of this logic. Statically T,
I, F are subsets, but dynamically they are functions/operators depending on

many known or unknown parameters.

Constants (T, I, F) truth-values, where T, I, F are standard or non-standard
subsets of the non-standard interval ]‘0,1*[, where nips =inf T +inf | +inf F 270,
and ngyp = sup T + sup | + sup F < 3. Statically T, |, F are subsets, but
dynamically T, |, F are functions/operators depending on many known or

unknown parameters.

The NL is a formal frame trying to measure the truth, indeterminacy, and
falsehood. The hypothesis is that no theory is exempted from paradoxes,
because of the language imprecision, metaphoric expression, various levels or

meta-levels of understanding/interpretation which might overlap.
3.1. Using indeterminacy in Decision Matrix Method

We propose a redesign of the DMM called Neutrosophic Decision Matrix
Method (NDMM). This proposal includes indeterminacy in alternatives’ rating
and not is used to weights. It is because weights are the quantified value of
criteria. They are selected by the team. Therefore, an indeterminacy weight has
no sense. On the other hand, it is possible to consider indeterminacy to

alternatives rating.

A Neutrosophic Decision Matrix is a neutrosophic matrix with neutrosophic
values (alternatives ratings or indeterminacies as elements). Consider the

matrix D be defined by D=(a;) where a, is the neutrosophic value of

alternative i to the criterion j. D is called the rating matrix of the NDMM. In that
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sense, a, c[—l,l]ul. We would interpret this expression as representing the

total group of numbers as the union of two other groups. The first interval would
start at -1 and proceed toward +1. The second would be an indeterminacy

value.

The total set of numbers would be all those in the first group along with the

indeterminacy value. Note that 7 <[-1,1], since it is an indeterminate value in

that interval. In fact, we have that a, = {x|—1 <x< 1}.

In addition, we propose a de-neutrosophication process in NDMM. This one is
based on max-min values of 7. A neutrosophic value is transformed in an
interval with two values, the maximum and the minimum value for /. In that
sense, the neutrosophic scores will be an area, where the upper limit has 7 =1
and the lower limit has 7/ =-1. The solution set is Z:USJ’ where j is the
Jj=1
alternatives number and s is the score of each one. Any s, | k # j belongs to the
complement of y“. Alternative selected is the global maximum in y. It is an
alternative 4, where s’ >, | Vi, i,me y . De-neutrosophication process will be

applied within the following application.

s is a line (y axis value fixed) represented the score of alternative A4, . It is

possible that s, €S;, since s,

1

is a line and s].is an area after de-

neutrosophication process. We select according to

maxs, —mins .

s, if s, > "+k‘k$(maxsl.—sl.)

1

s otherwise

3.2. An application

This example illustrates the improvements of NDMM versus DMM. NDMM

proposal allows to represent indeterminacy in a decisional framework. Let C be



the criteria vector of a decision problem. C =(c,c,,c;,c,) Where ¢; belongs to

the criteria dominion of the problem.

Let W be the weights criteria vector of a DMM. W = (w,,w,,w;,w,). We have

used a three-valued scale from 1 (less importance) to 3 (more importance).

w, =3
w, =3
wy; =2
w, =1

Three different alternatives are been considering. We call it 4, where i is the

order of each one.

Consider the following Neutrosophic Decision Matrix where alternatives and
ratings are showed. Each column represents the ratings for an alternative and

each row gives the criterion ratings for all the alternatives.

5 6 7

I 5

Neutrosophic Decision Matrix = 4 7
3 27

We have used a scale from 1 (less fit) to 10 (more fit). Indeterminacy is
introduced in the second alternative (second criterion) and the third alternative

(third criterion).

We show the S vector with the product of weight i by alternative j as a result.

5.6 7
(49 28437 40+27)=(3 3 2 1)x 2 13
10 4 1
3.2 7

The neutrosophic score of each alternative is showed.
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A =44
scores, =1 A, =28+31

A, =43+21
If we consider scores got for second and third alternatives as equations the
representation would be the showed in Figure 3. Obviously, Ay is the best

option.

Figure 3. Alternatives’ neutrosophic scores
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The next step is the de-neutrosophication process. We replace I e[O,l]both

maximum and minimum values.

A4, =44
scores, =1 A, = [28,3 1]
A4, =[43,45]

Figure 4 shows the de-neutrosophic results. The results show alternatives 2 and

3 as areas. In this case 0<k <1. 4, will be selected if and only if £>0. It is

more realistic view from DMM.
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Figure 4. Alternatives’ de-neutrosophic scores
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4. CONCLUSIONS

Numerous scientific publications address the issue of decision making in every
fields. But, little efforts have been done for processing indeterminacy in this
context. This paper shows a formal method for processing indeterminacy in

Decision Matrix Method and include a de-neutrosophication process.

The main outputs of this paper are two-folds: it provides a neutrosophic tool for
decision making and it also includes indeterminacy in a decision tool. In this
paper a renewed Decision Matrix Method has been proposed. As a
methodological support, we have used Neutrosophic Logic. This emerging logic

extends the limits of information for supporting decision making and so on.

Using NDMM decision makers are not forced to select ratings when their
knowledge is not enough for it. In that sense, NDMM is a more realistic tool

since experts’ judgements are focused on their expertise.

Anyway, more research is needed about Neutrosophic logic limit and
applications. Incorporating the analysis of NDMM, the study proposes an

innovative way for decision making.
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Elections and Evaluations of the
American College/University Dean and Director

Dr. Florentin Smarandache
Associate Professor of Mathematics
UNM-G Campus

Coming from Eastern Europe where, even under communism, the Dean and President
were elected for a temporary period, I was surprised to see that in USA they are elected
or appointed for permanent positions.

My first proposal would be to periodically elect the American College/University Dean
and Director from the College/University pull of full-time faculty and full-time staff.
Each elected person should serve a 3-year term and be able to be re-elected one more
term. Nobody should be allowed to serve more than two terms.

As an example, recently elected for a third consecutive term, Tony Blair, was asked by
Britons to leave sooner and not apply for another term - despite the fact that UK economy
is going well. But Englishmen got tired of the same person in the office!

It is better to have a periodically rotating leadership in order to avoid any trend towards
dictatorship, favoritism, or retaliation.

A second proposal I had, after consulting with other people from our University of New
Mexico at Gallup Campus, that each semester or at least once a year we, faculty and staff,
be able to evaluate the UNM-G Dean of Instruction and the Director - similarly as
students semesterly evaluate the faculty and also as we did a few years ago when we
evaluated the former UNM-G Director Dr. R. Carlson.

Since this is actually a responsibility of the Ethics Committee, as Dr. Anthony Mansueto
suggested to me in a previous e-mail, I hoped that Committee will take into consideration
this proposal.

I received an answer from a faculty about the last assessment of the UNM-G Director:
“(...) it was organized by Faculty Senate's Operations Committee, but included Staff
Senate, administrators and the UNM-G Advisory Committee. There was a core set of
questions for everyone, but each group also had their own set of questions they felt best
addressed the needs of that group. As president of Faculty Senate, I collected all the
completed assessments and made sure they went to the Provost in UNM-Albuquerque.”



The evaluation is intended to avoid favoritism to some people and retaliation against
others from the part of the leadership, and also against discrimination against minorities
that unfortunately continues to happen in this campus.

{For example, there are people who got release time just for not having enough students
in class and the class was cancelled, while other people didn't ever get any release time
for no matter what they have done!

There are people who got awarded for little thing, and others not even for being invited
speakers at the prestigious NASA and NATO!}

The evaluation of American College/University Dean and Director should also be
discussed in the Faculty Senate. The results’ summary of the evaluation should be made
available to the whole campus.
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(1) Purpose

This proposal is intended to develop a free digital preprint service for physical sciences to
enable scientists/physicists publishing their preprint articles prior to submitting for formal
publication in scientific journals, or perhaps they only want to see if their idea(s) received
proper response prior to submitting it to journal editors.

(2) Introduction

Part of the infrastructure needed for doing science is a society of like-minded scientists. For
physicists, it is essential to develop a society where they can share and discuss information
related to their specific field.

In the meantime, the nature of scientific communication has changed significantly in response
to rapid changes in the use of IT (information technology) in scientific publications [1][2][3].
The rapid growth of the Internet has also given scholars almost universal access to a
communication medium that facilitates immediate sharing of results. In the last decade literally
thousands of digital libraries have emerged, in conjunction with electronic journals which grow
almost exponentially. One of the most significant advantage of digital library is to allow
scientific communities to share information across institutional and geographic borders in no
time [5].

An example of how digital preprint service could be very useful is given here. For physicists,
due to some time required prior to get their paper published, sometimes they find it difficult to
get publicizing their work quickly. Let suppose one physicist submits a paper for peer-
reviewing. The peer-reviewing process would take sometime from six months up to one year
(average), and after acceptance for publication the paper should wait in queue for the next six
months (at least) before it could appear in the journal. By this time, new development in their
corresponding field could take place which would make the paper already obsolete by the time
of appearance in journal. This cycle goes on for almost each paper (in some cases, there are
weekly and monthly journal to facilitate rapid communication).

This is why to some physicists [1]:

“...implementation of peer-review -- an essential feature of scholarly communication -- is too
rigid and sometimes acts to suppress new ideas, favor articles from prestigious institutions, and
cause undue publication delays.”

Therefore while the role of peer-review process remains to be instrumental to ensure quality of
a scientific paper, it is essential to deliver a free preprint service where the authors may upload
preprints, reprints, conference papers, pre-publication book chapters and author's lecture in
multimedia format etc.

(3) Background

168

The origins of the Open Archives initiative were motivated by the growing number of electronic
preprint archives. While some of these services began as informal vehicles for the dissemination
of preliminary results and non-peer reviewed "gray literature", a number of them have evolved
into an essential medium for sharing research results among the colleagues in a field.

Nonetheless, while similar preprint service is available for physicists, for instance by arXiv,
CERN, SLAC,ICTP, etc., there is going concern among physicists that some of these archives
were running with specific 'science policy' adopted by administrators. Unfortunately, authors
and articles which do not support to this 'science policy' are likely to subject to excessive review



which appears unnecessary because these articles are only at "preprint stage.'

1. Furthermore, this will assume that the archive administrators have the required knowledge
to do such rapid review, while perhaps the proper reviewing known by scientific society is
through peer-reviewing in scientific journals. No university, regardless its high reputability,
should control the distribution of scientific papers via early review (which could be
inappropriate), in particular where the ideas are very new to the scientific society.

2. This would mean a contradiction to the purpose of preprint service itself. They would
impose unnecessary restriction for novel ideas, whereas their purpose is to deliver rapid
publication new scientific preprints. There is worst condition that some accepted papers for
publication in scientific journals were also rejected by archive administrators. This
condition is at odd with the expected 'fair and free' posting for any preprint archive.

3. Because scientific paper for scientists/physicists could mean a sign of productivity,
impossibility to get their work published in these 'open' archiving services deteriorates
reputation to these authors. And it would also mean their works are in risk to become
untracked by other peer, while otherwise sometimes others could find their work useful.

4. In other occasions, to include a review process into scientific 'preprint service' in practice
could also mean unnecessary delay to get a paper appears in the preprint homepage.

(4) Advantages

By eliminating the rapid-review process, we could offer some obvious advantages:

1. ease-of-use in deployment, low-barrier for participation (only minimum Internet access is
required);

2. self-publication of timely preprints. Other digital files could be considered are:
seminar/conference proceedings, technical reports, book review, lecture summary,
multimedia file (experimental test) etc.;

3. community diversity: the author could choose if they would put their articles into an 'open
folder' accessible for all visitors, or to restricted folder where they could share to only few
colleagues (private archive, resembles 'private deposit vault'). Let suppose an author has
found significant breakthrough that he/she doesn't want announce yet publicly, but he/she
wants a 'proof' that he/she has deposited earlier than anybody else, then he/she could use
private archiving mode. Therefore, once the breakthrough has been confirmed
experimentally, they could ask to retrieve the private archive to find out who has the first
archiving time;

4. ability to submit in various formats: multimedia/video, lectures, public seminars etc.;

5. issue monthly notification of how much download to his/her paper & weekly newsletters.

(5) Deliverables

Expected features after improvement will include:

1. ahomepage with functionalities to enable physicists/scientists upload their preprint files in
almost any format (PDF, PS, PPT, Word, HTML, etc.) into specific folder, and get their
preprint viewable by other colleagues immediately (real time);
text-based search throughout all content based on contextual search [4];
multimedia digital archives (deliver video from open lecture, seminars etc.);
citation/reference system;
auto-posting to other scientific database service;
notification to users new preprint based on subject of interests;
free newsletters;

Nonkwbd
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8.

9.

10.
11.
12.
13.
14.
15.
16.

user repository--> user can have his/her own special subfolder, like 'secure box' in bank,
could be opened by his/her own password

monthly notification to user on download record of his/her paper in graphical chart format;
download tracker;

secure protection/antivirus;

online conference forum (using internet protocol);

posting news/breakthrough, broadcast new discovery;

posting digital multimedia archive: public lecture, free seminar etc.

support Open Archives Initiative’s Protocol for Metadata Harvesting;

other features are to follow as per suggestion from users.

(6) Procedure:

l.

O W

a

To upload documents, scientists must register and login. The procedure is simple and self-
explanatory and can be obtained by logging on to the sciprint.org homepage.He/she could
upload in various formats: PDF, HTML, PS format, etc.

Guidelines to upload is also given in the sciprint.org homepage.

Registration of new member for the time being is carried out via email admin@sciprint.org.
Alternatively, the users could send their preprint articles via email to admin@sciprint.org.
The posted preprints will not be refereed or edited by anyone at sciprint.org or elsewhere,
and only the authors are responsible for the preprint submitted.

It is required (recommended) to include a note where the preprint submitted should appear
in journal.

(7) Fields in physics science:
At the time being, the preprints could be submitted according to this category of fields of
physics science:

l.

P NN kW

Alternative energy;

Astrophysics;

Biosciences;

Environmental science;

Gravitation and general relativity;

Hadronic physics (formerly elementary particle physics);
Mathematical physics;

Unification of physical theories.

(8) Proof of concept: recent experience

At the time being, sciprint.org has been opened for few months. It was based on our belief that
only journal editors and peer-reviews could offer the proper judgment on the value of a preprint.
Therefore there is no need to put such a restriction on preprint services. Furthermore, doing
such restriction would only mean that preprint service cannot deliver rapid publication of
preprint materials. This is the 'heart' of our service: 'Free preprint service without hassles.'

For the time being, the administration service is carried out by a small team on voluntary basis.
The result is summarized here:
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1.

2.
3.

Since first release in around June 2005 has grown to 93 papers (in Nov. 2005), and to 161 in
Dec. 2005 in various subjects, including mathematical-physics, astrophysics etc.;

No special marketing effort except via peer-to-peer email by physicists themselves;

New features began at Sept. 2005. And from this time, number of paper download could be



4.

monitored (see Appendix);

Number of paper download has grown at average 35 papers per week (5 paper per day), but
has increased rapidly to more than 560 downloads by the end of Nov. 2005. By then end of
January 2006, it has increased to more than 1000 times. Chart is shown at the Appendix.
Without almost no marketing effort (no advertising), it proves itself that physicists regard
the free-environment where they can publish their preprints without any kind of restriction.

(9) Timeline

1. Expected Development & improvement stage: March 2006 — April 2006
2. Expected Internal test : April — May 2006
3. Expected Deployment : June 2006
(10) Further steps
1. Finding better dedicated hosting service;
2. Database re-design;
3. Develop new features based on existing applications;
4. Progress report will be prepared and delivered at six-months interval from the start of the

project. These will assess the effectiveness of the management structure, a review of work
to date, and an assessment of progress towards the project objectives.

(11) Summary

In order to deliver free preprint service for physics and natural sciences in various formats and
also to enable multimedia digital archiving, it is proposed to enhance and improve the existing
service of sciprint.org by introducing new features and using better dedicated servers.
Multimedia archiving could also be expected as a result of such improvement. Key deliverables
have been outlined, along with some basic requirements.

From the past few months, sciprint.org has proved to become a new alternative preprint service
for scientific preprints, in particular physical sciences. And this will continue to the near future.

1 version November 28" 2005. 1% revision: December 28", 2005. 2™ revision: January 28", 2006.

Contact email:
V. Christianto, email: admin@sciprint.org
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APPENDIX:
Recent experience in the past few months, September 2005 — January 2006

a. Sciprint.org Download Number (September 2005- January 2006)

Date Week Cum.Dwload Week  Avr.Dwload Week % Growth
9-sept 1 1 1
16-sept 2 146 2 2
23-sept 3 177 3 4.43 3
30-sept 4 186 4 1.29 4 5.08
17-oct 5 199 5 1.86 5 6.99
14-oct 6 289 6 12.86 6 4523
21-oct 7 390 7 14.43 7 34.95
28-oct 8 412 8 3.14 8 5.64
4-nov 9 434 9 3.14 9 5.34
11-nov 10 514 10 11.43 10 18.43
18-nov 11 548 11 4.86 11 6.61
25-nov 12 560 12 1.71 12 2.19
2-dec 13 593 13 471 13 5.89
9-dec 14 609 14 2.29 14 2.70
16-dec 15 672 15 9.00 15 10.34
23-dec 16 785 16 16.14 16 16.82
30-dec 17 811 17 3.71 17 3.31
7-Jan 18 830 18 2.71 18 2.34
14-Jan 19 929 19 14.14 19 11.93
21-Jan 20 1014 20 12.14 20 9.15
28-Jan 21 1079 21 9.29 21 6.41
Average 6.33 12.11
Expected 5
b. Key indicator Cumulative Download:
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c. Key indicator Average Download per Day:
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A Group-Permutation Algorithm to Solve the Generalized SUDOKU

Florentin Smarandache
University of New Mexico
Gallup Campus, USA

Sudoku is a game with numbers, formed by a square with the side of 9, and on each row
and column are placed the digits 1, 2, 3,4, 5, 6, 7, 8, 9, written only one time; the square is
subdivided in 9 smaller squares with the side of 3 x 3, which, also, must satisfy the same
condition, i.e. each square to contain all digits from 1 to 9 written only once.

The Japanese company Nikoli has popularized this game in 1986 under the name of
sudoku, meaning “single number”.

Sudoku can be generalized to squares whose dimensions are n*> x n*, where n>2, using
various symbols (numbers, letters, mathematical symbols, etc.), written just one time on each
row and on each column; and the large square is divided into »”> small squares with the side 7 x
n and each will contain all »> symbols written only once.

An elementary solution of one of these generalized Sudokus, with elements (symbols)
from the set

S = {sl, Syeees Sy Sty wees Syps eees sm}
(supposing that their placement represents the relation of total order on the set of elements S ),
is:
Row 1: all elements in ascending order

S1s Syaeees Sy S,ips wees Saps ees Spay

On the next rows we will use circular permutations, considering groups of »n elements
from the first row as follows:

Row 2:

S ts S, inseees Sa,5 Spits cees 53,5 ees 8,031 Say wees S,
Row 3:

Spels +os Sap3eees Spnns Sps Say wes S5 8,108, 0y ees Sy,
Row n

S ng pitseees Sinns Sio cees 1o 8,15 S ngueey S5 wees S35 vees Soay
Now we start permutations of the elements of row n+1 considering again groups of »
elements.
Row n+1:
Syy wees 8,58
Row n+2:

nl> Spi2s wo0s S2p0 Sopi1s Spra_piases Sprgs S

Stz w000 S27582,410 Spra i, wees Spras Sy Sy Sy S,y
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Spraenva oo Suras S15 Sps s Sps Sy Suins oo S Sapn
Row 2n+1:

S35 wees 840580435 oo 2005 Spragzs s Spngs S S,
and so on.

Replacing the set S by any permutation of its symbols, which we’ll note by S', and
applying the same procedure as above, we will obtain a new solution.

The classical Sudoku is obtained for n=3.

Below is an example of this group-permutation algorithm for the classical case:

O QN W O DN N Q| -
— QO N W L NN
NSO N = Q| O N W
W O NSO N = q =
- QW O N NSO W
NN 0 A= Q) W O &
QW O DN N 0| A== O
N A =N WO N0
RN N Q| == QN W O

For a 4*x 4% square we use the following 16 symbols:
{A,B,C,D,E,F,G,H,LJ,K,L, M, N, O, P}
and use the same group-permutation algorithm to solve this Sudoku.

From one solution to the generalized Sudoku we can get more solutions by simply doing
permutations of columns or/and of rows of the first solution.
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A|IBICIDIE|FIGH|T|J|K/LI MN|O|P
E|FIGH| T | JIK|/LIMNIO|P|A B|C|D
I | JI K|ILIM|NJOJP/IA/B|C|/D|E|F|G|H
MIN|IO|PIA|IB|C|D|E|F|G|H|TI |J|K]|L
B|C|D|E J|IK|L|M
F|GIH|I NIO|P|A
J|IK|L|M B|C|D|E
N|IO|P|A FI|G|H|I
C/IDIE|IFIGH|T |J|K|LIM|NIO|P|A|B
GIH|T | JJK/LIMN|O|/P|A|B|C|D]J|E|F
KILI MN/IO|IPIAIB|C|D|E|F|G|H|I|J
O/P/AIB|C|D|E|F |G H|I|J|K|L|M|N
D|E | F |G LI MN|O
H|I|J|K P/A|B|C
LIM|N|O D E | F |G
PIA|B|C H| I |J|K
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{Published in Author’s book Frate cu meridianele si paralelele, Vol. IV, Offsetcolor, Rm,
Vilcea, Romania, pp. 201-202, 2008.}
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Nine Solved and Nine Open Problems in Elementary Geometry

Florentin Smarandache
Math & Science Department
University of New Mexico, Gallup, USA

In this paper we review nine previous proposed and solved problems of elementary 2D
geometry [4] and [6], and we extend them either from triangles to polygons or polyhedrons, or
from circles to spheres (from 2D-space to 3D-space), and make some comments, conjectures and
open questions about them.

Problem 1.
We draw the projections M, of a point M on the sides A4,4,,, of the polygon 4,...4,.
Prove that:

(M A+t M A = |MAf +.+|M, 4,

S p, 4l

Solution 1.

For all i we have:
[vana, || = M = am, ] = [t | |40

i+1
It results that:
2

”MiAiHZ —||M,.A,.+l = ”MAz”2 _”MA

i+1

From where:

S (Iag AL a4, 1) = (1A o ) =0

1 1

Open Problem 1.

1.1. If we consider in a 3D-space the projections M, of a point M on the edges A 4., ofa
polyhedron 4,...4, then what kind of relationship (similarly to the above) can we find?
1.2. But if we consider in a 3D-space the projections M, of a point M on the faces F; of a

polyhedron 4,...4, with k>4 faces, then what kind of relationship (similarly to the above) can
we find?

Problem 2.
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Let’s consider a polygon (which has at least 4 sides) circumscribed to a circle, and D the
set of its diagonals and the lines joining the points of contact of two non-adjacent sides. Then D
contains at least 3 concurrent lines.

Solution 2.

Let n be the number of sides. If n =4, then the two diagonals and the two lines joining
the points of contact of two adjacent sides are concurrent (according to Newton's Theorem).

The case n>4 is reduced to the previous case: we consider any polygon 4,...4, (see the

figure)

circumscribed to the circle and we choose two vertices 4, 4, (i# j) such that
A, 4, NA 4, =P

and
Aj Aj+1 NA A, =R

Let B,, h{1,2,3,4} the contact points of the quadrilateral PA, R4, with the circle of

center O. Because of the Newton’s theorem, the lines 4; 4;, BB, and B,B, are concurrent.

Open Problem 2.

2.1. In what conditions there are more than three concurrent lines?

2.2. What is the maximum number of concurrent lines that can exist (and in what
conditions)?

2.3. What about an alternative of this problem: to consider instead of a circle an ellipse,
and then a polygon ellipsoscribed (let’s invent this word, ellipso-scribed, meaning a polygon
whose all sides are tangent to an ellipse which inside of it): how many concurrent lines we can
find among its diagonals and the lines connecting the point of contact of two non-adjacent sides?

2.4. What about generalizing this problem in a 3D-space: a sphere and a polyhedron
circumscribed to it?

2.5. Or instead of a sphere to consider an ellipsoid and a polyhedron ellipsoido-scribed
to it?

Of course, we can go by construction reversely: take a point inside a circle (similarly for
an ellipse, a sphere, or ellipsoid), then draw secants passing through this point that intersect the



circle (ellipse, sphere, ellipsoid) into two points, and then draw tangents to the circle (or ellipse),
or tangent planes to the sphere or ellipsoid) and try to construct a polygon (or polyhedron) from
the intersections of the tangent lines (or of tangent planes) if possible.

For example, a regular polygon (or polyhedron) has a higher chance to have more concurrent
such lines.

In the 3D space, we may consider, as alternative to this problem, the intersection of planes
(instead of lines).

Problem 3.
In a triangle ABC let’s consider the Cevians AA', BB' and CC' that intersect in P . Calculate

the minimum value of the expressions:
_ P4l , PB] |, lPC]

E(P)= i i '
|4 |PBY - [[PC
and
pom P4l 18] 1Pc]
|pat |PBY PC

where 4'e[BC], B'e[CA], C'e[4B]

Solution 3.
We’ll apply the theorem of Van Aubel three times for the triangle ABC, and it results:

[P4] _4c | |48
[Pt 5] |5l
|P3] _ [841 , |BC
|pBY [4c] 4]
[Pcl _ lle4] | leB]|
[P 4B |84

If we add these three relations and we use the notation

I —l=x>0, —=y>0,—|BA'” =z>0

A'C|

E(P):(x+lj+(x+lJ+{Z+lj22+2+2:6
y y z

The minimum value will be obtained when x =y =z =1, therefore when P will be the

then we obtain:

gravitation center of the triangle.
When we multiply the three relations we obtain
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F(P) :[x+lj~(x+l]-(z+l] >8
y y z
Open Problem 3.

3.1.  Instead of a triangle we may consider a polygon A;A;...A, and the lines A1A;’°, AA,’,
..., ApAy’ that intersect in a point P.
Calculate the minimum value of the expressions:

2 B
[P [P " P
O L e I

P flpax] T pan

3.2.  Then let’s generalize the problem in the 3D space, and consider the polyhedron
AjA;... A, and the lines AjA;’, ALAy, ..., ALA,’ that intersect in a point P. Similarly,
calculate the minimum of the expressions E(P) and F(P).

Problem 4.
If the points 4,, B,, C, divide the sides BC, CA respectively AB of a triangle in the

same ratio f > (), determine the minimum of the following expression:

[ad ] +[BB [ +|cc ]

Solution 4.
Suppose k > 0because we work with distances.

|B4,| = k|BC||, |CB|=k|CA|, |AC,|=k|4B|
We’ll apply tree times Stewart’s theorem in the triangle 4ABC, with the segments
AA,, BB, respectively CC;:

[ 48] -|BC(1—k)+ AT - |BCl k- 44] - [BC] =B (1-k)k

M M

where
[a4]"=(-K)J 48] + k] AC] -(1-k)k|BC
similarly,
BB =(1=)[BCI + k] Ba] - (1K) k4]
lecf = (1=k)lcl” + k|cal - (1-k)k|45]
By adding these three equalities we obtain:
4] +BB [ +|cC[ = (k* ~k+1)(J48[ +|BC] +[cAf ),



which takes the minimum value when £ = % , which is the case when the three lines from the

enouncement are the medians of the triangle.

The minimum is = (|48 +[Bc] +|caf ).

Open Problem 4.

4.1. If the points A;’, Ay’ ..., Ay’ divide the sides A A, AxAs, ..., AyA; of a polygon in
the same ratio k>0, determine the minimum of the expression:

1 2 1 2 1
|44, +| 4,4, +...+|4,4,
4.2. Similarly question if the points A;’, A,’, ..., Ay’ divide the sides AjA;, AyAs, ...,

AnA; in the positive ratios ki, ko, ..., k, respectively.
4.3. Generalize this problem for polyhedrons.

2

Problem 5.

In the triangle ABC we draw the lines A4,, BB,, CC, such that
[4B] +|B.C +lCAl =48 +[BG] +|cAl"

In what conditions these three Cevians are concurrent?

Partial Solution 5.
They are concurrent for example when A, B;, C; are the legs of the medians of the triangle

BCA. Or, as Prof. Ion Patrascu remarked, when they are the legs of the heights in an acute angle
triangle BCA .

More general.
The relation from the problem can be written also as:

a(|4.8|-4C])+ (|8, -lc.4])+(|c.4] - |c.5]) =0,
where a, b, ¢ are the sides of the triangle.
We’ll denote the three above terms as &, £, and respective ¥ such that ¢+ +y =0.

a
a=a(|48|-[4C]) = —=[4B]-[4C]-2[4C]

where
i_a—2||A1C||C> a  a -_a _ 24’ C>2czz—az+05_Cl—”AlC”
@  a @ —-a 2|4C| T 2J4C] o -a a-a  |AC|

Then
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[48] _a*+a

||A1C|| A -a
Similarly:
imilarly ”C A” ..
and 11— Y

|8l _v'+p  q1GAl
|Bal b= |CB| -y
In conformity with Ceva’s theorem, the three lines from the problem are concurrent if and only
if:
48] [BC] [c4|

el |5 Jop " AN r) = (@ a) (B A )

Unsolved Problem 5.

Generalize this problem for a polygon.

Problem 6.

In a triangle we draw the Cevians A4,, BB,, CC, that intersect in P . Prove that
P4 PB PC  AB-BC-CA
P4, PB, PC, AB-BC-CA

Solution 6.
In the triangle ABC we apply the Ceva’s theorem:
AC,-BA,-CB, =—A4B,-C4, - BC, (1)
In the triangle AA4 B, cut by the transversal CC,, we’ll apply the Menelaus’ theorem:
AC,-BC-AP=AP-AC-BC, (2)
In the triangle BB,C, cut by the transversal 44, , we apply again the Menelaus’ theorem

G

Ay

BA -CA-BP=BP-B/A-CA 3)
We apply one more time the Menelaus’ theorem in the triangle CC,4 cut by the
transversal BB, :
AB-C,P-CB = AB,-CP-C,B 4)
We divide each relation (2), (3), and (4) by relation (1), and we obtain:



PA _BC BA

= (5)
P4~ B4 BC
PB _CA CB ©)
PB, CB CA
PC _ 4B AC )
PC,  AC, AB

Multiplying (5) by (6) and by (7), we have:
P4 PB PC  AB-BC-CA AB,-BC,-C4,
PA PB. PC, AB-BC-CA AB-BC-CA
but the last fraction is equal to 1 in conformity to Ceva’s theorem.

Unsolved Problem 6.

Generalize this problem for a polygon.

Problem 7.
Given a triangle 4ABC whose angles are all acute (acute triangle), we consider 4'B'C",
the triangle formed by the legs of its altitudes.
In which conditions the expression:
|48 1|8 [ +]B C|-[c* 4| +]c 4|48

1s maximum?

Solution 7.
We have
AABC ~AA'B'C'~AAB'C ~ AA'BC" (1)
We note
|B4i|=x, [CBY|=y. |aC|==.

It results that
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|4'Cl|=a—-x, |B'4|=b-y, |C'B|=c-z

VAN AN AN AN VAN AN AN AN AN
BAC=B'A'C=BA'C";, ABC=AB'C'=A'B'C";, BCA=BC'A'=B'C'A
From these equalities it results the relation (1)

M B~ aape Al 2)
a-—x ||A'B'||

IV T e e == 3)
z B

aprc-aapc =B Cl b=y 4)
U

From (2), (3) and (4) we observe that the sum of the products from the problem is equal
to:

x(a—x)+y(b—y)+Z(C—Z)=%("2 +b’ +02)—(x—ﬁj2 —[y—éjz —(z—gjz

2 2 2
which will reach its maximum as long as x = %, y= %, z= % , that is when the altitudes’ legs are

in the middle of the sides, therefore when the A4BC is equilateral. The maximum of the
. . 1 2 2 2
expression is —(a” +b”" +c” ).

Conclusion': If we note the lengths of the sides of the triangle A ABC by ||AB||=c, ||BC|| =a,
ICAJ| = b, and the lengths of the sides of its orthic triangle AA'B'C" by ||[A'B’||=c¢", |[B'C’|| =
a,||C’A’||=b", then we proved that:

dab +bc +ca)<d +b +c

Unsolved Problems 7.

7.1. Generalize this problem to polygons. Let AjA,...An be a polygon and P a point inside it.
From P, which is called a pedal point, we draw perpendiculars on each side A;jA;; of the
polygon and we note by A;’ the intersection between the perpendicular and the side
AjAi+. Let’s extend the definition of pedal triangle to a pedal polygon in a straight way:
i.e. the polygon formed by the orthogonal projections of a pedal point on the sides of the
polygon. The pedal polygon A;’A,’... Ay’ is formed. What properties does this pedal
polygon have?

7.2. Generalize this problem to polyhedrons. Let AjA;...A;, be a polyhedron and P a point
inside it. From P we draw perpendiculars on each edge A;A; of the polyhedron and we
note by Aj’ the intersection between the perpendicular and the side A;Aj;. Let’s name the

! This is called the Smarandache’s Orthic Theorem (see [2], [3]).



new formed polyhedron an edge pedal polyhedron, A;’A;’...A,’. What properties does
this edge pedal polyhedron have?

7.3. Generalize this problem to polyhedrons in a different way. Let AjA;...A, be a
poliyhedron and P a point inside it. From P we draw perpendiculars on each polyhedron
face F; and we note by A;’ the intersection between the perpendicular and the side F;.
Let’s call the new formed polyhedron a face pedal polyhedron, which is A;’Ay’.. Ay,
where p is the number of polyhedron’s faces. What properties does this face pedal
polyhedron have?

Problem 8.
Given the distinct points 4,,..., 4, on the circumference of a circle with the center in O
and of ray R.
. . — 180°
Prove that there exist two points 4, 4; such that HOA,. + OA/.H >2Rcos 80
_ _ "
Solution 8.
Because

<A,04, + <A,04, +...+ %A, ,OA, + <A, 04, =360°
360°
n

and Vie{l,2,..,n}, 4,04, , >0°, it result that it exist at least one angle <4,04, <

0
(otherwise it follows that § > 360

n=360).

07+ 001 [0 -0

o

WH is greater. As a < 360
n

The quadrilateral OA4;MA, is a thombus. When « is smaller, , 1t

180°
.

results that: HW” =2R cos% >2Rcos
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Open Problem 8:

Is it possible to find a similar relationship in an ellipse? (Of course, instead of the circle’s radius
R one should consider the ellipse’s axes a and b.)

Problem 9:
Through one of the intersecting points of two circles we draw a line that intersects a

second time the circles in the points M, and M, respectively. Then the geometric locus of the

point M which divides the segment M, M, in a ratiok (i.e. M;M = k-MM,) is the circle of center

O (where O is the point that divides the segment of line that connects the two circle centers O;
and respectively O; into the ratio &, i.e. O,0 =k-00,) and radius O4, without the points 4 and

B.

Proof
Let OE L MM, andO,F 1. M|M,. Let OO0, such that O,0 =k-0O0, and

M e MM, , where M|\M =k-MM,.

B

Fig. 1.

We construct OG L M M, and we make the notations: M,E = E4 =x and

AF =FM,=y.
Then, AG = GM , because
AG=EG—-FEA= (x+y)_x:—x+ky
k+1 k+1
and
GM = MM~ M A~ 4G = (2x12y) 20— RV _ =3t hy,
k+1 k+1 k+1

Therefore we also have OM =04.
The geometric locus is a circle of center O and radius OA4 , without the points 4 and B

(the red circle in Fig. 1).

Conversely.



If Me (GO, OA)\{A,B} , the line AM intersects the two circles in M, and M,

respectively.
We consider the projections of the points O,,0,,0 on the line M M, in E,F,G

respectively. Because O,0 = k- OO, it results that EG =k -GF .
Making the notations: M E = EA=x and AF = FM, =y we obtain that
MM =M A+ AM = M\A+2AG =2x+2(EG - EA) =

k k k
—| 2x+2 Cx|=E(2xr2y) =L MM
[ xr k+1(x+y) x} k+1( x+2y) k+1 '

For k£ =2 we find the Problem IV from [5].

Open Problem 9.
9.1.The same problem if instead of two circles one considers two ellipses, or one ellipse and

one circle.
9.2.The same problem in 3D, considering instead of two circles two spheres (their surfaces)

whose intersection is a circle . Drawing a line passing through the circumference of £,

it will intersect the two spherical surfaces in other two points M; and respectively M.
Conjecture: The geometric locus of the point M which divides the segment M M, ina

ratiok (i.e. M;M = k-MM,) includes the spherical surface of center O (where O is the
point that divides the segment of line that connects the two sphere centers O; and
respectively O;into the ratio &, i.e. O,0 =k -0O0,) and radius OA4, without the intersection
circle £

A partial proofis this: if the line MM, which intersect the two spheres is the same plane

as the line O,0; then the 3D problem is reduce to a 2D problem and the locus is a circle
of radius OA4 and center O defined as in the original problem, where the point 4 belongs

to the circumference of £ (except two points). If we consider all such cases (infinitely
many actually), we get a sphere of radius OA4 (from which we exclude the intersection
circle £’) and centered in O (4 can be any point on the circumference of intersection
circle 7).

The locus has to be investigated for the case when M;M;and O;0; are in different planes.
9.3.What about if instead of two spheres we have two ellipsoids, or a sphere and an ellipsoid?
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Limits of Recursive Triangle and Polygon Tunnels

Florentin Smarandache
University of New Mexico, Gallup Campus, USA

Abstract.

In this paper we present unsolved problems that involve infinite tunnels of recursive triangles or
recursive polygons, either in a decreasing or in an increasing way. The “nedians or order i in a
triangle” are generalized to “nedians of ratio r”” and “nedians of angle o or “nedians at angle 7,
and afterwards one considers their corresponding “nedian triangles” and “nedian polygons”.

This tunneling idea came from physics. Further research would be to construct similar tunnel of
3-D solids (and generally tunnels of n-D solids).

A) Open Question 1 (Decreasing Tunnel).

1.

d)

Let AABC be a triangle and let A 4;B,;C; be its orthic triangle (i.e. the triangle formed
by the feet of its altitudes) and H; its orthocenter (the point on intersection of its
altitudes).

Then, let’s consider the triangle A 4>B,C,, which is the orthic triangle of triangle
A A;B;C;, and H, its orthocenter.

And the recursive tunneling process continues in the same way.

Therefore, let’s consider the triangle A 4,B,C,, which is the orthic triangle of triangle
AA,.1B,.;1Cy.;1, and H, its orthocenter.

What is the locus of the orthocenter points Hy, Hy, ..., Hy, ... ? {Locus means the set of
all points satisfying some condition.}

Is this limit:

lim AA,B,C,
n=>w

convergent to a point? If so, what is this point?
Calculate the sequences

area(AAanCn)

o= perimeter(AAnBnChr)
! area(AAn -1Bn -1Cn -1)

perimeter(Adn - 1Bn-1Cn-1)

and B,=

We generalize the problem from triangles to polygons. Let AB... M be a polygon with m >
4 sides. From 4 we draw a perpendicular on the next polygon’s side BC, and note its
intersection with this side by 4;. And so on. We get another polygon 4,B;...M;.

We continue the recursive construction of this tunnel of polygons and we get the polygon
sequence 4,B,,... M,.

d1) Calculate the limit:
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e)

lim AA,B,...M,
n=>w

d2) And the ratios of areas and perimeters as in question c).

A version of this polygonal extension d) would be to draw a perpendicular from 4 not
necessarily on the next polygon’s side, but on another side (say, for example, on the third
polygon’s side) — and keep a similar procedure for the next perpendiculars from all
polygon vertices B, C, etc.

In order to tackle the problem in a easier way, one can start by firstly studying particular initial
triangles A ABC, such as the equilateral and then the isosceles.

B) Open Question 2 (Decreasing Tunnel).

2.

d)

Same problem as in Open Question 1, but replacing “orthic triangle” by “medial
triangle”, and respectively “orthocenter” by “center of mass (geometric centroid)”, and
“altitude” by “median”. Therefore:

Let AABC be a triangle and let A 4;B;C; be its medial triangle (i.e. the triangle formed
by the feet of its medians on the opposite sides of the triangle A ABC) and H its center of
mass (or geometric centroid) (the point on intersection of its medians).

Then, let’s consider the triangle A 4,B,C>, which is the medial triangle of triangle
AA;B;C;, and H, its center of mass.

And the recursive tunneling process continues in the same way.

Therefore, let’s consider the triangle A 4,B,C,, which is the medial triangle of triangle
A Ay 1B 1Cy. g, and H,, its center of massy.

What is the locus of the center of mass points H;, H,, ..., Hy,, ... ?

{This has an easy answer; all H; will coincide with H; (FS, IP). }

Is this limit:

lim A A,B,C,
n—>o0
convergent to a point? If so, what is this point?
{Same response; the limit is equal to H; (FS, IP).}
Calculate the sequences

o= area(AA»BqCy) and B, = perimeter(AAnB.Cn)

area(AAn -1Bn - 1Cn -1) perimeter(Adn -1Bn-1Cn-1)

We generalize the problem from triangles to polygons. Let AB... M be a polygon with m >
4 sides. From 4 we draw a line that connects 4 with the midpoint of BC, and note its
intersection with this side by 4;. And so on. We get another polygon 4,B;... M.

We continue the recursive construction of this tunnel of polygons and we get the polygon
sequence A,B,,...M,.



dl) Calculate the limit:
lim AA,B,...M,.
n—>0

d2) And the ratios of areas and perimeters of two consecutive polygons as in question c).

e) A version of this polygonal extension d) would be to draw a line that connects 4 not
necessarily on the midpoint of the next polygon’s side, but with the midpoint of another
side (say, for example, of the third polygon’s side) — and keep a similar procedure for the
next lines from all polygon vertices B, C, etc.

C) Open Questions 3-7 (Decreasing Tunnels).

3. Same problem as in Open Question 1, but considering a tunnel of incentral triangles and
their incentral points, and their interior angles’ bisectors.
Incentral triangle is the triangle whose vertices are the intersections of the interior angle
bisectors of the reference triangle A ABC with the respective opposite sides of A ABC.

4. Same problem as in Open Question 1, but considering a tunnel of contact triangles
(intouch triangles) and their incircle center points, and their interior angles’ bisectors.
A contact triangle is a triangle formed by the tangent points of the triangle sides to its
incircle.

5. Same problem as in Open Question 1, but considering a tunnel of pedal triangles and a
fixed point P in the plane of triangle A ABC.
A pedal triangle of P is formed by the feet of the perpendiculars from P to the sides of the
triangle A ABC.

6. Same problem as in Open Question 1, but considering a tunnel of symmedial triangles.

“The symmedial triangle &Ky Kg K (a term coined by E.W. Weisstein [4]), is the
triangle whose vertices are the intersection points of the symmedians with the reference
triangle &4 8 €

7. Same problem as in Open Question 1, but considering a tunnel of cyclocevian triangles.
A cyclocevian triangle of triangle A ABC with respect to the planar point P is the Cevian
triangle of the cyclocevian conjugate of ¥.

D) Open Questions 8-12 (Increasing Tunnels).

8. Similar problem as in Open Question 1, but considering a tunnel of anticevian triangles
of the triangle A ABC with respect to the same planar point P. For question ¢) and d/)
only.

The anticevian triangle of the given triangle A ABC with respect to the given point P is
the triangle of which A ABC is the Cevian triangle with respect to P.

9. Similarly, but considering a tunnel of tangential triangles.

The tangential triangle to the given triangle A ABC is a triangle formed by the tangents to
the circumcircle of A ABC at its vertices.

10. Similarly, but considering a tunnel of antipedal triangles.
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11.

12.

E)

b)

d)

Then:

13.

The antipedal triangle of the given triangle A ABC with respect to the given point P is the
triangle of which A ABC is the pedal triangle with respect to P.

Similarly, but considering a tunnel of excentral triangles.

The excentral triangle (or tritangent triangle) of the triangle A ABC is the triangle with
vertices corresponding to the excenters of A ABC.

Similarly, but considering a tunnel of anticomplementary triangles.

The anticomplementary (or antimedian) triangle of the triangle A ABC is the triangle
formed by the parallels drew through the vertices of the triangle A ABC to the opposite
sides.

Open Questions Involving Nedians 13-14.

One calls nedians of order i [see 4] of the triangle A ABC the lines that pass through each
of the vertices of the triangle A ABC and divide the opposite site of the triangle into the
ratio i/n, for 1 <i<n-1.
Let’s generalize this to nedians of ratio r, which means lines that pass through each of
the vertices of the given triangle A ABC and divide the opposite site of the triangle into
the ratio 7.
We introduce the notion of nedian triangles, first the interior nedian triangle of order i (or
more_general interior nedian triangle of ratio ), which is the triangle formed by the three
points of intersections of the three nedians of order i (or respectively of the three nedians
of ratio r), taken two by two;
and that of exterior nedian triangle of order i (or more_general exterior nedian triangle of
ratio r), which is the triangle A 4’B’C’ such that A’ BC, B’e CA, and C’e AB - where
AA’, BB’, and CC’ are nedians of order i (respectively of ratio r) in the triangle A ABC.
Another notion to introduce: nedians of angle a (or a-nedians), which are nedians that
each of them forms the same angle a with its respective side of the triangle, i.e.

X (AA’, AB) = £ (BB’, BC) = X (CC’, CA) = a.
And associated with this we have interior a-nedian triangle and exterior o-nedian
triangle.
And one more derivative to introduce now: nedians at angle f to the opposite side (or
nedians-f), which are of course nedians that form with the opposite side of the triangle A
ABC the same angle £.
{As a particular case we have the altitudes, which are nedians at an angle of 90° or 90° -
nedians.}
And associated with this we have interior nedian-£ triangle and exterior nedian-§ triangle.
All these notions about nedians in a triangle can be extended to nedians in a polygon,
and to the formation of corresponding nedian polygons.

Let AABC be a triangle and let AA4;B;C; be its interior nedian triangle of ratio r.
Then, let’s consider the triangle A 4,8,C>, which is the interior nedian triangle of order i
of triangle A A4;B,C;.

And the recursive tunneling process continues in the same way.



Therefore, let’s consider the triangle A 4,B,C,, which is the interior nedian triangle of
ordedr i of triangle the triangle A 4,,.;B,,.;Cy.;.
Same questions b)-¢) as in Open Question 1.
14. Similar questions for exterior nedian triangle of ratio r.
15-16. Similar questions for interior a-nedian triangle and exterior a-nedian triangle.
16-17. Similar questions for interior nedian-f triangle and exterior nedian-f triangle.
18-23. Similar questions as the above 13-17 for the corresponding nedian polygons.

F) More Open Questions.

The reader can exercise his or her research on other types of decreasing or increasing tunnels of
special triangles (if their construction may work), such as the: extangential triangle, cotangential
triangle, antisuplementary triangle, automedial triangle, altimedial triangle, circumpedal triangle,
antiparalel triangle, Napoléon triangles, Vecten triangles, Sharygin triangles, Brocard triangles,
Smarandache-Piatrascu triangles (or orthohomological triangles'), Carnot triangle, Fuhrmann
triangle, Morley triangle, Titeica triangle, Lucas triangle, Lionnet triangle, Schroeter triangle,
Grebe triangle, etc.

{We don’t present their definitions since the reader can find them in books of Geometry of
Triangle or in mathematical encyclopedias, see for examples [1] and [6].}

G) Construction.

Further research would be to construct similar tunnels of 3-D solids (and, more general, tunnels
of n-D solids in R").
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"We call two triangles, which are simultaneously orthological and homological,
orthohomological triangles (or Smarandache-Padtrascu triangles [2]); for example: if the triangle
A ABC is given and P is a point inside it such that its pedal triangle A 4;B,C; is homological with
A ABC, then we say that the triangles A ABC and A A;B,C are orthohomological.
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A Theorem about Simultaneous Orthological and Homological Triangles

Ion Patrascu
Fratii Buzesti College, Craiova, Romania

Florentin Smarandache
University of New Mexico, Gallup Campus, USA

Abstract. In this paper we prove that if B, P, are isogonal points in the triangle ABC,
and if 4B,C, and 4,B,C, are their corresponding pedal triangles such that the triangles
ABC and A4,B,C, are homological (the lines A4,, BB,, CC, are concurrent), then the
triangles ABC and A,B,C, are also homological.

Introduction.
In order for the paper to be self-contained, we recall below the main definitions and
theorems needed in solving this theorem.

Also, we introduce the notion of Orthohomological Triangles, which means two triangles that
are simultaneously orthological and homological.

Definition 1
In a triangle ABC the Cevians 44, and A4, which are symmetric with respect to the

angle’s BAC bisector are called isogonal Cevians.
A

B A
Fig. 1
Observation 1
If 4,4, € BC and AA,, AA, are isogonal Cevians then <tBA4, = <BAA, . (See Fig.1.)

Theorem 1 (Steiner)



If in the triangle ABC, A4, and AA, are isogonal Cevians, 4,, 4, are points on BC

then:
AB A4,B ( AB T
AC A4,C \AC
Proof
We have:
1 .
AB  areaABAA, EAB A4, sin(<BA4, ) )
AC  areaACA4, ;AC  Ad, sin («CA4,)
1 .
AB areahBAd, oAB Adsin(«BA4,) o
4C  arearCA4, ;AC . Ad, sin (< CA4,)
Because sin(<BA4, ) =sin(<«BA4,) and sin(<BA4, )=sin(xCA4,)
by multiplying the relations (1) and (2) side by side we obtain the Steiner relation:
AB 4,B _(AB jz 3)
AC A4,C \AC
Theorem 2
In a given triangle, the isogonal Cevians of the concurrent Cevians are concurrent.
Proof

We’ll use the Ceva’s theorem which states that the triangle’s ABC' Cevians
AA,, BB,, CC, (4, €BC, B, € AC, C, € AB) are concurrent if and only if the following relation
takes place:
4B BC CA _q
AC BA CB

(4)

Fig. 2
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We suppose that 44,, BB,, CC, are concurrent Cevians in the point B and we’ll prove
that their isogonal 44,, BB,, CC, are concurrent in the point P,. (See Fig. 2).

From the relations (3) and (4) we find:
2

4B (ABY AC

- (5)
4,C \4C) 4B
B,C _(BCY BA ©)
B,A \4B) BC
C,A_(ACY CB o

C,B \BC) CA
By multiplying side by side the relations (5), (6) and (7) and taking into account the
relation (4) we obtain:
4,B B,C C,4 1
AC B,A C,B
which along with Ceva’s theorem proves the proposed intersection.

9

Definition 2
The intersection point of certain Cevians and the point of intersection of their isogonal
Cevians are called isogonal conjugated points or isogonal points.

Observation 2
The points A and P, from Fig. 2 are isogonal conjugated points.

In a non right triangle its orthocenter and the circumscribed circle’s center are isogonal
points.

Definition 3
If P is a point in the plane of the triangle ABC , which is not on the triangle’s
circumscribed circle, and A4', B', C' are the orthogonal projections of the point P respectively

on BC, AC,and AB, we call the triangle A'B'C"' the pedal triangle of the point P.

Definition 4
The pedal triangle of the center of the inscribed circle in the triangle is called the contact
triangle of the given triangle.
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C B’
§A&c

Fig. 3

Observation 3

In figure 3, A'B'C" is the contact triangle of the triangle ABC . The name is connected
to the fact that its vertexes are the contact points (of tangency) with the sides of the inscribed
circle in the triangle ABC.

Definition 5
The pedal triangle of the orthocenter of a triangle is called orthic triangle.

Definition 6
Two triangles are called orthological if the perpendiculars constructed from the vertexes
of one of the triangle on the sides of the other triangle are concurrent.

Definition 7

The intersection point of the perpendiculars constructed from the vertexes of a triangle on
the sides of another triangle (the triangles being orthological) is called the triangles’ orthology
center.

Theorem 3 (The Orthological Triangles Theorem)

If the triangles ABC and A'B'C' are such that the perpendiculars constructed from A4
on B'C', from B on A'C' and from C on A'B' are concurrent (the triangles ABC and
A'B'C' being orthological), then the perpendiculars constructed from A' on BC, from B' on
AC , and from C' on 4B are also concurrent.

To prove this theorem firstly will prove the following:

Lemma 1 (Carnot)
If ABC is atriangle and 4,, B,, C, are points on BC, AC, AB respectively, then the

perpendiculars constructed from 4, on BC, from B, on AC and from C, on AB are concurrent

if and only if the following relation takes place:
AB* - AC*+BC*-BA +C,A*-CB* =0 (8)
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Proof
If the perpendiculars in 4,, B,, C, are concurrent in the point M (see Fig. 4), then from

Pythagoras theorem applied in the formed right triangles we find:

A
(O]
B
B
Ay C
Fig. 4
AB* = MB* - M4 9)
AC* = MC* - MA? (10)
hence
AB* - AC* = MB* - MC? (11)
Similarly it results
BC*-BA> = MC* — MA® (12)
C,A* - C,B* = MA* - MC*? (13)

By adding these relations side by side it results the relation (8).

Reciprocally
We suppose that relation (8) is verified, and let’s consider the point M being the
intersection of the perpendiculars constructed in 4, on BC and in B, on AC . We also note with
C' the projection of M on AC. We have that:
AB*—AC*+BC*-BA*+CA*+C'A>-C'B* =0 (14)
Comparing (8) and (14) we find that
CA-CB =C'A’-C'B’
and
(C,A-CB)(C,A+CB)=(C'A-C'B)(C'A+C'B)
and because
CA-CB=C'A+C'B=A4B
we obtain that C'= C|, therefore the perpendicular in C, passes through M also.

Observation 4
The triangle ABC and the pedal triangle of a point from its plane are orthological
triangles.
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The proof of Theorem 3
Let’s consider ABC and A'B'C' two orthological triangles (see Fig. 5). We note with

M the intersection of the perpendiculars constructed from 4 on B'C', from B on A'C' and
from Con A'B', also we’ll note with A4,, B,, C, the intersections of these perpendiculars with

B'C', A'C'and A'B' respectively.

Fig. 5
In conformity with lemma 1, we have:
AB?-AC"+BC"”-BA"+CA"~-CB" =0 (15)
From this relation using the Pythagoras theorem we obtain:
B'A-C'A+C'B-A'B>+A4'C*-B'C* =0 (16)

We note with 4,, B, C, the orthogonal projections of A', B', C' respectively on
BC, CA, AB. From the Pythagoras theorem and the relation (16) we obtain:

AB*—AC*+BC*—BA*+CA*~CB*=0 (17)
This relation along with Lemma 1 shows that the perpendiculars drawn from 4' on BC,

from B' on AC and from C' on 4B are concurrent in the point M".
The point M is also an orthological center of triangles 4'B'C' and ABC.

Definition 8
The triangles ABC and A'B'C" are called bylogical if they are orthological and they

have the same orthological center.
Definition 9

Two triangles ABC and A'B'C' are called homological if the lines AA4', BB', CC" are
concurrent. Their intersection point is called the homology point of triangles ABC and 4'B'C'
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Observation 6
In figure 6 the triangles AA4', BB', CC"are homological and the homology point being O

Fig.6

If ABCis atriangle and 4'B'C'is its pedal triangle, then the triangles 4BC and
A'B'C"are homological and the homology center is the orthocenter H of the triangle 4ABC

Definition 10
A number of n points (n > 3) are called concyclic if there exist a circle that contains all
of these points.

Theorem 5 (The circle of 6 points)
If ABC is atriangle, B, P, are isogonal points on its interior and 4, B,C, respectively
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A,B,C, the pedal triangles of B and P,, then the points 4, 4,,B,,B,,C,,C, are concyclic.

Proof
We will prove that the 6 points are concyclic by showing that these are at the same
distance of the middle point P of the line segment P, P;.

It is obvious that the medians of the segments (4,4, ),(B,B,),(C,C, ) pass through the
point P, which is the middle of the segment (Ple ) .The trapezoid 4 FP,4, is right angle and the
mediator of the segment (AIAZ) will be the middle line, therefore it will pass through P ,(see

Fig. 7).
Therefore we have:
PA =PA,, PB =PB,, PC, =PC, (18)

We’ll prove that PB, = PC, by computing the length of these segments using the
median’s theorem applied in the triangles BB P, and BC,P, .

We have:

4PB} =2(RB} +PB})-RP; (19)
We note

AP, =x,, AP, = x,, m(<BAP,)=m(<CAP,)=q .
In the right triangle P,B,B, applying the Pythagoras theorem we obtain:

PB} =P,B}+ BB} (20)
From the right triangle 4B, P, we obtain:

PB, = AP, sina =x,sina and AB, = x, cosa
From the right triangle AFB, it results 4B, = AF, cos(A—a), therefore

AB =x,cos(A—ca) and BB =x sin(4-«a),

thus
BB, :|AB2—AB1|:‘x2 cosa —x, cos(A—a)‘ (21)
Substituting back in relation (17), we obtain:
P,B} =x;sin’ a+[ x,cosar —x, cos(A—oe)]2 (22)
From the relation (16), it results:
4PB} = 2[x12 +x; —2X,X, cosacos(A—a)} PP} (23)

The median’s theorem in the triangle PC,P, will give:
4PC; =2(RC; +PC;)-RP; (24)
Because PC, =xsina, AC, =x cosa, AC, =x,cos(A—-a), BC; = BC’ +CC;,
we find that

4PC; = 2[)c12 +x; —2x,X, coso:cos(A—oz)]—Ple2 (25)
The relations (23) and (25) show that
PB, = PC, (26)
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Using the same method we find that :
PA = PC, (27)
The relations (18), (26) and (27) imply that:
PA =PA, =PB, =PB, =PC, = PC,

From which we can conclude that 4, 4,,B,,B,,C,,C, are concyclic.

Lemma 2 (The power of an exterior point with respect to a circle)
If the point A is exterior to circle C(O,r) and d,, d, are two secants constructed from
A that intersect the circle in the points B, C respectively E, D, then:
AB-AC = AE - AD = cons. (28)

Proof
The triangles ADB and ACE are similar triangles (they have each two congruent angles

respectively), it results:

AB _AD
AE AC
T
d>
A
B d
Fig. 8
and from here:
AB-AC = AE-AD (29)
We construct the tangent from 4 to circle C(O,r) (see Fig. 8). The triangles ATE and
ADT are similar (the angles from the vertex A4 are common and XATE = xADT = %m (f E ) ).
We have:
AE _ AT
AT  AD’
it results
AE-AD = AT? (30)

By noting 40 = a, from the right triangle A7O (the radius is perpendicular on the
tangent in the contact point), we find that:
AT? = A0’ -0T?,
therefore
AT? =a*> —r* = const. (31)
The relations (29), (30) and (31) are conducive to relation (28).
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Theorem 6 (Terquem)
If A4,, BB,, CC, are concurrent Cevians in the triangle ABC and 4,, B,, C,are

intersections of the circle circumscribed to the triangle 4,,B,,C, cu (BC), (C4), (A4B), then

the lines 44,, BB,, CC, are concurrent.

Proof
Let’s consider F;the concurrence point of the Cevians A44,, BB,, CC,.

From Ceva’s theorem it results that:
AB-BC-CA=AC-BA-CB (32)

Considering the vertexes A, B, C’s power with respect to the circle circumscribed to the
triangle 4, B,C,, we obtain the following relations:

AC,- AC, = AB, - AB, (33)
BA - BA, = BC,- BC, (34)
CB,-CB, =CA,-CA, (35)

Multiplying these relations side by side and taking into consideration the relation (32), we
obtain

AC,-BA,-CB, = AB, - BC, - C4, (36)
This relation can be written under the following equivalent format
4,B B,C C,4 1
AC B,A C,B
From Ceva’s theorem and the relation (37) we obtain that the lines 44,, BB,, CC, are

(37)

concurrent in a point noted in figure 9 by F,.

Note 1
The points F; and F, have been named the Terquem’s points by Candido of Pisa — 1900.
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For example in a non right triangle the orthocenter H and the center of the circumscribed
circle O are Terquem’s points.

Definition 11
Two triangles are called orthohomological if they are simultaneously orthological and
homological.

Theorem 7'
If B, P, are two conjugated isogonal points in the triangle ABC, and 4,B,C, and A4,B,C,
are their respectively pedal triangles such that the triangles ABC and A4 B,C, are homological,

then the triangles 4ABC and A4,B,C, are also homological.

Proof
Let’s consider that F| is the concurrence point of the Cevians A44,, BB,, CC, (the center

of homology of the triangles 4BC and A4 B,C,). In conformity with Theorem 6 the
circumscribed circle to triangle 4,B,C; intersects the sides (BC), (CA), (AB) in the points

4,, B,, C,, these points are exactly the vertexes of the pedal triangle of P,, because if two
circles have in common three points, then the two circles coincide; practically, the circle
circumscribed to the triangle 4, B,C, is the circle of the 6 points (Theorem 5).

Terquem’s theorem implies the fact that the triangles ABC and A4,B,C, are homological.

Their homological center is F,, the second Terquem’s point of the triangle ABC.

Observation 7
If the points B and P, isogonal conjugated in the triangle ABC coincide, then the
triangles ABC and A4,B,C, , the pedal of B, = P, are homological.

Proof

From £ =P, and the fact that B, P, are isogonal conjugate, it results that £, =P, =1 -
the center of the inscribed circle in the triangle ABC. The pedal triangle of / is the contact
triangle. In this case the lines 44,, BB,, CC, are concurrent in I", Gergonne’s point, which is
the homological center of these triangles.

Observation 8
The reciprocal of Theorem 7 for orthohomological triangles is not true.
To prove this will present a counterexample in which the triangle 4BC and the pedal

triangles 4,B,C,, 4,B,C, of the points £, and P, are homological, but the points £, and P, are
not isogonal conjugated; for this we need several results.

Definition 12
In a triangle two points on one of its side and symmetric with respect to its middle are
called isometrics.

! This theorem was called the Smarandache-Pdtrascu Theorem of Orthohomological Triangles (see [3], [4]).



Definition 13
The circle tangent to a side of a triangle and to the other two sides’ extensions of the
triangle is called exterior inscribed circle to the triangle.

Observation 9
In figure 10 we constructed the extended circle tangent to the side (BC ). We note its

center with /. A triangle ABC has, in general, three exinscribed circles

Definition 14
The triangle determined by the contact points with the sides (of a triangle) of the
exinscribed circle is called the cotangent triangle of the given triangle.

Fig. 10

Theorem 8

The isometric Cevians of the concurrent Cevians are concurrent.

The proof of this theorem results from the definition 14 and Ceva’s theorem

Definition 15

The contact points of the Cevians and of their isometric Cevians are called conjugated
isotomic points.

Lemma 3

In a triangle ABC the contact points with a side of the inscribed circle and of the
exinscribed circle are isotomic points.

Proof

The proof of this lemma can be done computational, therefore using the tangents’
property constructed from an exterior point to a circle to be equal, we compute the CD and BD,
(see Fig. 10) in function of the length a,b,c of the sides of the triangle ABC .

We find that CD = p —c = BD, , which shows that the Cevians AD and 4D, are

isogonal ( p is the semi-perimeter of triangle ABC:2p=a+b+c).
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Theorem 9

The triangle ABC and its cotangent triangle are isogonal.

We’ll use theorem 8 and taking into account lemma 3, and the fact that the contact
triangle and the triangle ABC are homological, the homological center being the Gergonne’s
point.

Observation 10

The homological center of the triangle ABC and its cotangent triangle is called Nagel’s
point (N).

Observation 11
The Gergonne’s point (F) and Nagel’s point (N) are isogonal conjugated points.

Theorem 10

The perpendiculars constructed on the sides of a triangle in the vertexes of the cotangent
triangle are concurrent.

The proof of this theorem results immediately using lemal (Carnot)

Definition 12
The concurrence point of the perpendiculars constructed in the vertexes of the cotangent

triangle on the sides of the given triangle is called the Bevan’s point (V) .

We will prove now that the reciprocal of the theorem of the orthohomological triangles is
false

We consider in a given triangle ABC its contact triangle and also its cotangent triangle.
The contact triangle and the triangle ABC are homological, the homology center being the

Geronne’s point (F) . The given triangle and its cotangent triangle are homological, their
homological center being Nagel’s point (N). Beven’s point and the center of the inscribed circle

have as pedal triangles the cotangent triangles and of contact, but these points are not isogonal
conjugated (the point / is its own isogonal conjugate).
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An Application of a Theorem of Orthohomological Triangles

Prof. Ion Patrascu
Fratii Buzesti College, Craiova, Romania

Dr. Florentin Smarandache
University of New Mexico, Gallup Campus, USA

Abstract.
In this note we prove a problem given at a Romanian student mathematical competition, and we
obtain an interesting result by using a Theorem of Orthohomological Triangles'.

Problem L. 176 (from [1])
Let D,E,F be the projections of the centroid G of the triangle ABCon the lines

BC,CA, and respectively AB . Prove that the Cevian lines AD,BE , and CF meet in an unique
point if and only if the triangle is isosceles. {Proposed by Temistocle Birsan.}

Proof

Applying the generalized Pythagorean theorem in the triangle BGC , we obtain:
CG* =BG’ +BC*-2BD-BC (1)

C

Because CG = Emc , BG= %mb and from the median’s theorem it results:

4m; =2(a’ +c*)—=b" and 4m’ =2(a’ +b*) -
3a° b+

From (1) we get: BD =
6a

"It has been called the Smarandache-Pdtrascu Theorem of Orthohomological Triangles (see [2], [3], [4]).
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From BC =a and BC = BD+ DC, we get that:

DC_3a2+b2—cz
6a
Similarly we find:
2 2 2 2 2 2
CE=3b ¢ +a ,EA=3b +c —a
6b 6b
2 2 2 2 2 2
FA=3C a +b ,FB=3C +a —-b
6¢ 6¢

Applying Ceva’s theorem it results that 4D, BE,CF are concurrent if and only if

(3a2 b’ +c2)(3b2 —c +az)(3c2 —-a° +l)2):(3cz2 +b° —cz)(3b2 +c’ —az)(3c2 +a’ —bz) (2)

Let’s consider the following notations:

a+b’+c* =T, 2a° -2b* =a, 2b° -2c* =B, 2¢* —2a* =y
From (2) it results:

(T+a)(T+B)T+y)=(T-a)(T-4)(T-7).

And from here:

T’ +(0¢+ﬂ+7/)T2 +(0{,B+ﬂ7/+;/0{)T+aﬂ;/=T3 —(a+ﬂ+y)T2 +(0¢,B+ﬂ;/+}/a)T—aﬂ;/.
Because a+ f+y =0, we obtain that 2afy =0, therefore =0 or f=0 or y=0,
thus a=»b or b=c or a=c; consequently the triangle ABC is isosceles.

The reverse: If ABC is an isosceles triangle, then it is obvious that 4D, BE , and CF are
concurrent.

Observations

1. The proved problem asserts that:

“A triangle ABC and the pedal triangle of its weight center are orthomological

triangles if and only if the triangle 4ABC is isosceles.”

2. Using the previous result and the Smarandache-Patrascu Theorem (see [2], [3], [4])

we deduce that:

“A triangle ABC and the pedal triangle of its simedian center are orthomological

triangles if and only if the triangle ABC is isosceles.”
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A Multiple Theorem with Isogonal and Concyclic Points

Dr. Florentin Smarandache
University of New Mexico, Gallup, NM 87301, USA

Prof. Ion Patrascu
Fratii Buzesti College, Craiova, Romania

Let’s consider 4', B', C' three points on the sides (BC), (CA), (A4B) of triangle ABC

such that simultaneously are satisfied the following conditions:
i. A'B+BC+C'A=A'C+B'A+C'B’
ii.  The lines AA4', BB', CC' are concurrent.
Prove that:
a) The perpendiculars drawn in 4' on BC,in B' on AC,and in C' on AB are
concurrent in a point P.
b) The perpendiculars drawnin4' on B'C',in B' on A'C',andin C' on 4A'B'
are concurrent in a point P',

¢) The points P and P' are isogonal.
d) If A", B", C" are the projections of P' on BC, CA, respective AB, then the

points A', A" ,B', B", C', C", are concyclic points.
e) The lines AA4", BB", CC" are concurrent.

Proof:




a) Let P be the intersection of the perpendicular drawn in 4' on BCwith the
perpendicular drawn in B' on AC . We have:

PB*—PC*=A'B*-A4'C’
PC*-PA*=B'C*-B'A*
By adding side by side these two relations, it results

PB*—PA=A'B*-A'C*+B'C’*-B'A* (D)
If we note with C, the projection of P on AB, we have:
PB? — PA* =C,B* - C, 4> 2)

From the relations (1), (2), and (i) we obtain that C, = C', therefore P has as ponder triangle the
triangle A'B'C"
b) Let A,B,,C, respective the orthogonal projections of the points A4,B,C on
B'C',C'"A" respectively A'B'.

We have

AC?—AB*=C'A*-B' A,

BC"”-BA”=C'B’-A'B?,

CA"-CB”=4'C’-B'C’
From these relations we deduct

AC”+BA"+CB"” =AB"+BC"+CB"

therefore, a relation of the same type as (i) for the triangle 4'B'C'. By using a similar method it
results that 4 B,C, is the triangle ponder of a point P’

c) The quadrilateral AB'PC" is inscribable, therefore < APB'= < AC'B', and because
these angles are the complements of the angles «xC'AP and «B'A4P', it results that these angles
are congruent, therefore the Cevians AP and AP' are isogonal, similarly we can show that the
Cevians BP and BP' are isogonal and also the Cevians CP and CP'are isogonal.

d) Itis obvious that the medians of the segments (4'4"),(B'B") and (C'C")
pass through F', which is the middle of the segment (PP'). We have to prove that F' is the

center of the circle that contains the given points of the problem.
We will use the median’s theorem on the triangles C'PP' and B'PP' to compute C'F
and B'F.

VAN
We note m(P'ACJ:m({PAB):a, AP=x, AP'=x";

then we have
AC'F* =2(PC"+P'C"”)-PP"
4B'F*=2(PB"+P'B")-PP"
PC'=xsina, P'C”=P'C"+C"C", P'C"=x'sin(4—a)
AC"=x"cos(A—a), AC'=xcosa,

P'C? = x+sin*(4d—a)+(x'cos(4—a)—xcosa) =
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= x"+x” cos” @ —2xx'cos a2 cos(4A—a)
4C'F* = 2[x'2+x2 cos’ a —2xx'cosacos(A—a)] — PP"
4C'F* = 2[x'2+x2 —2xx'cosacos(A—a)]—PP'2
Similarly we determine the expression for 4B'F*, and then we obtain that C'F =B'F ,
therefore the points C',C",B", B" are concyclic.
We’ll follow the same method to prove that C'F' = A'F which leads to the fact that the
points C',C", 4", A" are also concyclic, and from here to the requested statement.
e) From (ii) it results (from Ceva’s theorem) that:
A'B-B'C-C'A=A'C-B'A-C'B 3)
Let’s consider the points’ A4, B,C power respectively in rapport to the circle determined
by the points 4',4",B",B",C",C",
we have
AB"“AB"=AC" AC"
BA'“BA"=BC" BC"
CA-CA"=CB"-CB"
Multiplying these relations we obtain:
A'B-BA"B'C-BC"C'A-AC"=C'B-BC"B'A-AB" A'C-CA" 4)
Taking into account the relation in (3), it results
BA"-CB"™ AC"=BC" AB"-CA"
This last relation along with Ceva’s theorem will lead us to the conclusion that the lines
AA", BB", CC" are concurrent.

Reference:

F. Smarandache, Problémes avec et sans ... problemes!, Somipress, Fés, Morocco, 1983.



Properties of a Hexagon Circumscribed to a Circle
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In this paper we analyze and prove two properties of a hexagon circumscribed to a circle:

Property 1.

If ABCDEF is a hexagon circumscribed to a circle with the center in O, tangent to the
sides 4B, BC, CD, DE, EF, FA respectively in A, B, C', D, E', F', and if the lines of the
triplet formed from two lines that belong to the set {AD, BE, CF } and a line that belongs to the

set {A'D', BE, C'F'} are concurrent, then the lines AD, BE, CF,AD, BE, CF are
concurrent.

Property 2.

If ABCDEF is a hexagon circumscribed to a circle with the center in O, tangent to the
sides AB, BC, CD, DE, EF, FA respectively in A,B,C,D,E,F, such that the hexagon
A'B'C'D'E'F' is circumscribable, then the lines AD, BE, CF,AD, BE,CF are
concurrent.

To prove these propositions we’ll use:

Lemma 1 (Brianchon’s Theorem)
If ABCDEF is a hexagon circumscribable then the lines AD, BE, CF are concurrent.

Lemma 2

If ABCDEF is a hexagon circumscribed to a circle tangent to the sides

AB, BC, CD, DE, EF, FA respectivelyin 4, B, C, D, E, F', such that
A'DNC'F'={4,}, BBENA'D'={B,}, C'FNB'E'={C,}, then

A e€eAD, B, eBE, C €CF
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Fig. 1

Proof of Lemma 2

We note {X} = AF N DE and {Y} = ABNDC (see figure 1).
In the quadrilateral XAYD circumscribed, the Newton’s theorem gives that the lines
AD, AD, CF and XY are concurrent, therefore 4, € AD.

Similarly, is proven that B, € BE and that C, € CF

Proof of Property 1
We suppose that 4D, BE and A'D' are concurrent in the point / (see fig. 2).

We denote {X}=AFNDE and {Y}=ABNDC, we apply Newton’s theorem in the
quadrilateral XAYD , it results that the line C'F'' also passes through 7 .

Y Fig.2
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On the other side from Lemma 1 it results that CF' passes through I.
We note {Z} = EF N AB and {U}=BC(ED in the circumscribed quadrilateral

EZBU . Newton’s theorem shows that the lines BE, ZU, B'E' and A'D' are concurrent.

Because BE and A'D' pass through 7, it results that also B'E' passes through 7, and the
proof is complete.

Observation
There exist circumscribable hexagons ABCDEF in which the six lines from above are
concurrent (a banal example is the regular hexagon).

Proof of Property 2
From Lemma 1 we obtain that AD(\BE(\CF = {l} and A'D'NB'ENC'F'= {I'}.

From Lemma 2 it results that /'€ AD and I'e BE, because AD(\BE ={I}, we obtain that

I =1" and consequently all six lines are concurrent.
Reference:

Florentin Smarandache, “Problems with and without...problems!”, Somipress, Fés,
Morocco, 1983.
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A GENERALIZATION OF A LEIBNIZ GEOMETRICAL
THEOREM
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Florentin Smarandache, Chair of Department of Math & Sciences, University of New
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Abstract:
In this article we present a generalization of a Leibniz’s theorem in geometry and
an application of this.

Leibniz’s theorem. Let M be an arbitrary point in the plane of the triangle ABC,
1 . :
then MA’>+ MB*> + MC* = 5(a2 +b>+c*)+3MG*, where Gis the centroid of the

triangle. We generalize this theorem:

Theorem. Let’s consider A,,A,,...,A, arbitrary points in space and G the centroid
of this points system; then for an arbitrary point M of the space is valid the following
equation:

iMAf L > AA +n-MG.

i=1 N <icjsn

Proof. First, we interpret the centroid of the n points system in a recurrent way.

If n=2 then is the midpoint of the segment.

If n =3, then it is the centroid of the triangle.

Suppose that we found the centroid of the n —1 points created system. Now we join
each of the n points with the centroid of the n—1 points created system; and we obtain
n bisectors of the sides. It is easy to show that these n medians are concurrent segments.
In this manner we obtain the centroid of the n points created system. We’ll denote G,
the centroid of the A,, k=1,2,...,i—1i+1,...,n points created system. It can be shown

that (n—1)4,G = GG, . Now by induction we prove the theorem.
If n=2 the MA] + MA; = %AlAzz +2MG?
or
MG® = %(2 (MA] + MA3)),

where G 1is the midpoint of the segment A A,. The above formula is the side bisector’s
formula in the triangle MAA,. The proof can be done by Stewart’s theorem, cosines



theorem, generalized theorem of Pythagoras, or can be done vectorial. Suppose that the
assertion of the theorem is true for n =k . If A,A,,...,A, are arbitrary points in space, G,

is the centroid of this points system, then we have the following relation:
ZMA2 == Z AAT +k-MG; .
l<z<]<k

Now we prove for n =k +1.

Let A, & {AI,AZ,...,Ak,G()} be an arbitrary point in the space and let G be the
centroid of the A, A,,...,A.,A,,, points system. Taking into account that Gis on the
segment A,, G, and k-A_, G=GG,, we apply Stewart’s theorem to the points
M, G,, G, A,,,, from where:

MA;,, -GG, + MG; -GA,,, — MG* - A,,,G, = GG, -GA,,, - A,,,G,.

k

According to the previous observation A, ,,G = ﬁA"“GO
+
k
and GGO = mAkHGO .

Using these, the above relation becomes:
k
MA;,, +k-MG; = mAkHGg +(k+1)MG” .
+
From here

k
1
k-MGy =Y MA—— > AA’.
i=1 1<i<j<k

From the supposition of the induction, with M = A4, , as substitution, we obtain

k
ZAiAfz— > AA +k-ALG,
i=1 1<l<j<k

and thus

k 1 & 1
A GP=—N a4 - AA>.
k+1 0 k+1Z ok k(k+1)l<z i

i=1 <i<j<k

Substituting this in the above relation we obtain that

k+1 2 l_ 1 e )
> MA; _(k k(k+1)j > 4 + ZA AL+ (k+1)MG? =

i=1 I<i<j<k

AA +(k+1) MG? .
k +1 1<z§<:k+1 )

With this we proved that our assertion is true for n=k+1. According to the
induction, it is true for every n > 2 natural numbers.

Application 1. If the points A, A,,...,A, are on the sphere with the center O and
radius R, then using in the theorem the substitution M = O we obtain the identity:

oG RZ—— > A4

n I<i<j<n
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1
In case of a triangle: OG” = R — g(a2 +b*+ ¢ )

1
In case of a tetrahedron: OG* = R* — E(a2 b+ +d e+ f° )

Application 2. If the points A,,A,,...,A are on the sphere with the center O and
: 2 2p2
radius R, then 1 z A A7 <n°R”.
<i<j<n
The equality holds if and only if G=0 . In case of a triangle: a’ +b* +c* <9R?,
in case of a tetrahedron: a” +b> +c> +d”> +e* + f> <16R>.

Application 3. Using the arithmetic and harmonic mean inequality, from the
previous application, it results the following inequality:

s L)

i A4 4R

1
b_2 F , in case of a tetrahedron:
c
1 1 1 1 1 1 9

e T .
a2 b2 C2 d2 e2 f2 4R2

1
In the case of a triangle: — +

Application 4. Considering the Cauchy-Buniakowski-Schwarz inequality from
the Application 2, we obtain the following inequality:

S a4 <ur 207D
1<i< j<n 2

In case of a triangle: a + b+ ¢ < 3+/3R , in case of a tetrahedron:
a+b+c+d+e+ f<4J6R.

Application 5. Using the arithmetic and harmonic mean inequality, from the
previous application we obtain the following inequality

Z 1 S (n—=1){/n(n-1) .

1<i<j<n A,-Af - 2R\/§
) 1 1 1 3 .
In case of a triangle: —+ —+ — > ——, in case of a tetrahedron:
a b ¢ R
1 11 1 1 1_3 3
—t =t =t —F+—+—2=>—[—.
a b ¢ d e f R\2

Application 6. Considering application 3, we obtain the following inequality:

n*(n—1)>° k 1
— < 4,4" <
4 l<;<n ’ l<;<n A,Ajk




(M +m)’*n*(n-1)* i n(n—1)

1S even,
< 16 M -m
- 2.2 2 2
(M+m)'n E;;Ml) 4(M —m) £ n(n—1) s odd
-m

where m = min {A[Aj’.“ } and M = max {A[Aj’.“ } In case of a triangle:
2M?+5M -m+2m’
9< ak+bk+c"Xa’k+b’k+c’k)S nen )
M-m

in case of a tetrahedron:
2
36£(a" +b vt +dh e +f")(a”‘ +b et vd et +f")SM.
M -m

Application 7. Let A,A,,...,A, be the vertexes of the polygon inscribed in the
sphere with the center O and radius R. First we interpret the orthocenter of the
inscribable polygon A/A,...A, . For three arbitrary vertexes, corresponds one orthocenter.
Now we take four vertexes. In the obtained four orthocenters of the triangles we construct
the circles with radius R, which have one common point. This will be the orthocenter of
the inscribable quadrilateral. We continue in the same way. The circles with radius R
that we construct in the orthocenters of the n—1 sides inscribable polygons have one
common point. This will be the orthocenter of the n sides, inscribable polygon. It can be
shown that O, H, G are collinear and n-OG = OH . From the first application

- Z A,Af
1<i<j<n

and

GH®=(n-1)' R (1——) D A4

1<i<j<n

4
In case of a triangle OH” = 9R* — (a2 +b* + cz) and GH® = 4R’ - g(a2 +b*+ ¢’ )

Application 8. In the case of an A/A,...A, inscribable polygon Z Al.Af =n'R’

I<i<j<n
if and only if O=H =G . In case of a triangle this is equivalent with an equilateral
triangle.

Application 9. Now we compute the length of the midpoints created by the
AA,,...,A, space points system. Let § = {1, 2, i—-1i+ 1,...,n} and G, be the centroid

of the A,, k €S, points system. By substituting M = A, in the theorem, for the length of
the midpoints we obtain the following relation:

1 1
AG? = AA? - AA’.
i—0 n—l; ik (n_l)z u,\,;l#v uc v
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Application 10. In case of a triangle m. =

2 (b2 +c° )— a i i
4 and its permutations.

From here:

3
m:+m, +m’ :—(a2+b2+02),
4
27
m: +m, +m. <=—R?,
4
m,+m,+m. < —R.

1
. . 2 _ — 2 2 2\ 2 2 2
Application 11. In case of a tetrahedron m, = 5 (S(a +b” +c ) (d +e' +f ))

and its permutations.
From here:

Application 12. Denote m, , the length of the segments, which join midpoint of

the a and f skew sides of the tetrahedron (bimedian). In the interpretation of the
application 9mif = i(b2 +l+d +eé-a - f 2) and its permutations.
From here
ek, = i(ch),
mj’f +m, ,+m, <4R’,

m, ,+m,,+m,, < 2R3
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GENERALIZATION OF THE THEOREM OF MENELAUS USING A
SELF-RECURRENT METHOD

Florentin Smarandache
University of New Mexico, Gallup Campus, USA

Abstract.

This generalization of the Theorem of Menelaus from a triangle to a polygon with » sides is
proven by a self-recurrent method which uses the induction procedure and the Theorem of
Menelaus itself.

The Theorem of Menelaus for a Triangle is the following:

If a line (d) intersects the triangle A A;A4,A4; sides A;A,, A2A3 and A3A; respectively in the points
M;, M>, M;, then we have the following equality:

M1 A .M2A2.M3A3_1
MiA> M24s MsA

where by M;A4; we understand the (positive) length of the segment of line or the distance
between M; and A;; similarly for all other segments of lines.

Let’s generalize the Theorem of Menelaus for any n-gon (a polygon with » sides), where n > 3,
using our Recurrence Method for Generalizations, which consists in doing an induction and in
using the Theorem of Menelaus itself.

For n = 3 the theorem is true, already proven by Menelaus.
The Theorem of Menelaus for a Quadrilateral.
Let’s prove it for n = 4, which will inspire us to do the proof for any #.

Suppose a line (d) intersects the quadrilateral A;4,4344 sides A;A, AxA3 AzAy and A4A;
respectively in the points M;, M,, M;, and M,, while its diagonal 4,4, into the point M [see
Fig. 1 below].

We split the quadrilateral 4;4,434, into two disjoint triangles (3-gons) A A;A>A4 and A A4A,A3,
and we apply the Theorem of Menelaus in each of them, respectively getting the following two
equalities:
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MiA .M42'M4A4 1
MiA> MAs MaiA

and

W4‘M2A2.M3A3 B
MA> M:243 M3Aas .

Now, we multiply these last two relationships and we obtain the Theorem of Menelaus for n = 4
(a quadrilateral):

MIAI'MZAZ'M3A3.M4A4_1
MiA> M243 M3:As MaiA ’

Fig. 1

Let’s suppose by induction upon k > 3 that the Theorem of Menelaus is true for any k-gon with 3
<k <n-1,and we need to prove it is also true for k = n.

Suppose a line (d) intersects the n-gon A;45...4, sides A;A;+; in the points M;, while its diagonal
A4, into the point M {of course by A4,4,+; one understands A,4,;} — see Fig. 2.

We consider the n-gon A;A4>...A,.14, and we split it similarly as in the case of quadrilaterals in a
3-gon A 4,454, and an (n-1)-gon A,AA43...A,.; and we can respectively apply the Theorem of
Menelaus according to our previously hypothesis of induction in each of them, and we
respectively get:

M4 MA> MnAn_l
MiA> MAn MnA

and
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MAn M2A> Mi-24n-2 Mu-1A4n-1
MA> M2As ~ My-240-1 My -1A4»

=1

whence, by multiplying the last two equalities, we get

the Theorem of Menelaus for any n-gon:

Fig. 2

Conclusion.

We hope the reader will find useful this self-recurrence method in order to generalize known
scientific results by means of themselves!

{Translated from French by the Author.}
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THE DUAL THEOREM RELATIVE TO THE SIMSON’S LINE

Prof. Ion Patrascu
Fratii Buzesti College, Craiova, Romania

Translated by Prof. Florentin Smarandache
University of New Mexico, Gallup, NM 87301, USA

Abstract

In this article we elementarily prove some theorems on the poles and polars
theory, we present the transformation using duality and we apply this transformation to

obtain the dual theorem relative to the Samson’s line.

I. POLE AND POLAR IN RAPPORT TO A CIRCLE

Definition 1. Considering the circle C(O, R), the point P in its plane P# O and

the point P' such that OP-OP'= R? . Tt is said about the perpendicular p constructed in
the point P' on the line OP that it is the point’s P polar, and about the point P that it

is the line’s p _pole.

Observations

1. If the point P belongs to the circle, its
polar is the tangent in P to the circle
C(O,R).

Indeed, the relation OP-OP' = R? gives that

M

u

Pl
Pl — P . (0] /
2. If P is interior to the circle, its polar pis a "

p

line exterior to the circle.
3. If P and Q are two points such that

m(POQ)=90°, and p,q are their polars,
from the definition results that p L ¢q.

Fig. 1
Proposition 1.

If the point P is external to the circle C(O,R), its polar is determined by the

contact points with the circle of the tangents constructed from P to the circle

Proof

P
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Let U and V' be the contact points of the tangents constructed from P to the
circle C(O,R) (see fig.1). In the right triangle OUP, if P" is the orthogonal projection

of U on OP, we have QU 2 -0P"0OP (the cathetus theorem), but also OP"OP = R2,
it results that P" = P' and therefore U belongs to the polar of P . Similarly /' belongs to
the polar, therefore UV is the polar of P.

Observation

From the Proposition 1 it results the construction’s method of the polar of an
exterior point to a circle.

Theorem 1. (The Polar Characterization)

The point M belongs to the polar of the point P in rapport to the circle C(O,R)
if and only if

MO? - MP? =2R* - OP?.
Proof

If M is an arbitrary point on the polar of the point P in rapport to the
circle C(O, R) , then
MP'1 OP
(see fig. 1) and

MO? ~MP? =(P'0% + P'M? |~(P'P* + P'M? | = 'O’ -
PP =0U2-PUr+PU?-PU?=R? —(0132 —Rz): 2R - 0P,

Reciprocally, if M is in the circle’s plane such that
MO* - MP* =2R* —0P?.
We denote with M the projection of M on OP, and we have
M'0% M P? = (MO —M'MZ)—(MP2 - —M'Mz) = MO® - MP? =2R* - OP?.
On the other side
P'0*-pP'P*=2R*-0P?.
From
M'0O*-M'P? =pP'0>—p'P?
it results that
M'=P',
therefore M belongs to the polar of the point P.

Theorem 2. (Philippe de la Hire)
IfP,O,R are points that don’t belong to the circle C(O,R) and p,q,r are their

polars in rapport to the circle, then
1 Peqe Qe p (If a point belongs to the polar of another point, then also a

second point belongs to the polar of the first point in rapport to a circle)



2" r=PQ < Re pNq (The pole of a line that passes through two points is the
intersection of the polars of the two points).

Proof:
1 From the theorem 1 we have

Peq < PO*—PO? =2R>-00?.
Then
00? -0OP? =2R*-0P*> = Qe p.
2" Let’s consider R e p(q; from 1 results Per and Qe r

therefore
r=PQ.

Fig. 2

Observations

1. From the theorem 2 we retain:

The polar of a point which is the intersection of two given lines is the line
determined by the poles of those lines.

2. The poles of some concurrent lines are collinear and reciprocally, the polars of
some collinear points are concurrent.

II. THE TRANSFORMATION THROUGH DUALITY

The duality in rapport with a circle C(O,R) is the geometric transformation that

associates to any point P # O its polar, and which associates to a line from plane its pole.
Through duality, practically, the role of the lines and of the points are permutated,
such that to a figure F' formed of points and lines, through duality it corresponds to it a
new figure F'' formed from lines (the figure’s F polars) and of points (the poles of the
figure’s F' lines) in rapport to a given circle.
The duality was introduced by the French mathematician Victor Poncelet in 1822.
When the figure F is formed of points, lines and eventually a circle, transforming
it through duality in rapport with the circle we will still be in the elementary geometry
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domain and we obtain a new figure F'', its elements and properties being duals to those
of the figure F .

From the proved theorems we retain:
- If a point is located on a line, through its duality it will correspond its polar that

passes through the line’s pole in rapport to the circle.

- To the line determined by two points it corresponds, through duality in rapport
with a circle, the intersection point of the polars of those two points.

- To the intersection’s point of two lines it corresponds, through duality in rapport
with a circle, the line determined by the poles of these lines.

III. THE DUAL THEOREM RELATIVE TO THE SIMSON’S LINE

Theorem 3. (The Simson’s Line)
If A'B'C" is a triangle inscribed in the circle with the center in O and A{,Bl',Cll
are the orthogonal projections of a point M from the circle respectively on B'C',C'4'

and A'B', then the points A{,B{,C{ are collinear.

We leave to the reader’s attention
the proof of this known theorem.
We transform through duality in C
rapport to the circumscribed circle to the
triangle A'B'C' the configuration of this
theorem. To the points A" B'C' \

correspond through duality their polars
a,b,c, which are the tangents in A", B',C" A"\ m

c1 B

B1 c

to the circle (see fig. 3), and to the point
M corresponds its polar m , the tangent in
M to circle.

To the line A4'B' it is associated
through duality its pole {C}=alb, A
similarly to the line 4'C" corresponds the

Fig. 3
point {B} =a(\c¢ and to the line B'C" corresponds {4} =b(c.

Because M‘ll’ 1 B'C" it results that their poles are situated on perpendicular lines

that pass through O, therefore, if we denote with 4; the line’s pole ]\M{ we will find 4;

as the intersection of the perpendicular constructed in O on 4O with the tangent m .
Similarly we obtain the points B; and C;.

Through the considered duality, to the point AI' corresponds its polar, which is
A4, (because the pole of MAl' is 4; and the pole of B'C"' is A4).



Similarly to the point Bl' corresponds BB; and to the point Cl' through duality

corresponds CC . Because the points A{,B{,Ci are collinear (the Simson’s line) it results
that their polars 44, BB;,CC; are concurrent in a point S (the Simson’s line’s pole ).

We observe that the circumscribed circle to the triangle A'B'C' becomes
inscribed circle in the triangle ABC, and therefore we can formulate the following:

Theorem 4 (The Dual Theorem of the Simson’s Line).
If ABC is any triangle and 4, B;,C are, respectively, the intersections of the

perpendiculars constructed in the center / of the inscribed circle in triangle on
Al,BI,CI with a tangent constructed to the inscribed circle, then the lines 44, BB;,CC;

are concurrent.

Fig. 4
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DE LONGCHAMPS’ POINT, LINE AND CIRCLE

Prof. Ion Patrascu
Fratii Buzesti College, Craiova, Romania

Translated by Prof. Florentin Smarandache
University of New Mexico, Gallup, NM 87301, USA

The purpose of this article is to familiarize the reader with these notions, emphasizing on
connections between them.

Lemma

The circles drawn on the sides of an obtuse triangle ABC, as diameters, and on the
medians of this triangle, as diameters, have the same radical circle and that it is the circle with the

center in the orthocenter of the triangle ABC and the ray p= 2R~v-cosA-cosB-cosC (this
circle is called the polar circle of the triangle ABC).

Proof

Let’s consider A’, B’, C' the altitudes’ base points of the obtuse triangle ABC and A, By,
C, its sides centers (see fig. 1).

Fig. 1

The circle drawn on [AB] as diameter passes through A’ and B, the circle drawn on [BC]
as diameter passes through B’ and C’, and the circle drawn on [AC] as diameter passes through A’
and C'. We notice that these circles have as common chords (radical axes) the altitudes of the
triangle and because these are concurrent in H, it results that the orthocenter is the radical center
of the considered circles.

On the other side, the circle which has the median [AA,] as diameter passes through A’'.
We have:

HA-HA'=HB-HB'=HC-HC',

which shows that the power of H in respect to the constructed circle on [AA;] as diameter is
equal to the power of H in respect to the constructed circles on the sides of the triangle ABC as
diameters. Therefore, H is the radical center of the constructed circles on medians as diameters.



From the relation: HA -HA'= p2 we’ll determine the ray p of the polar circle.
It is known that AH = —2R cos A ; from the triangle BHA' we obtain:

VAN
HA'=BH- COS(BHA'J =BH-cosC.

Taking into account that BH = 2R cosB,
we obtain:

p= 2R+/—cosA-cosB-cosC

Definition 1.

If ABC is an obtuse triangle we say that the De Longchamps’ circle of the triangle ABC
is the circle that is orthogonal to the circles that have their centers in the triangle’s vertexes and as
rays the opposed sides of these vertexes (Casey — 1886).

Theorem 1.

The De Longchamps’ circle of the obtuse triangle ABC has the ray given by the formula:

R; =4R+/—cosA-cosB-cosC

Proof
The circle C (A;BC) intersects the circle C (B; AC) in the points P and M and the circle

C (A;BO) intersects the circle C (C; AB) in the points N and M.
H

Fig. 2

The M, N and P are the vertex of the triangle anti-complementary of the triangle ABC
(the triangle with the sides parallel to the sides of the given triangle, drawn through the vertexes
of the given triangle).

We observe that the quadrilaterals ACBP, ACMB and ABCN are parallelograms and that
the circles from the theorem’s enunciation are the circles drawn on the sides of the anti-
complementary triangle as diameters.

Applying the lemma it results that it exists an orthogonal circle to these circles, which this
has as center the orthocenter L of the triangle MNP. Because the triangle MNP is the anti-
complementary triangle of the triangle ABC and is similar to it, the similarity rapport being equal
to 2, it results that the ray of the De Longchamps’ circle will be the double of the polar circle’s
ray of the triangle ABC, therefore, R; = 2p, thus:
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R; =4R+/—cosA-cosB-cosC

Definition 2.

We call power circles of a triangle ABC the three circles with the centers in the middle
points Aj, B;, C; of the triangle’s sides and which pass, respectively, through the opposite
vertexes A, B and C.

Theorem 2.

If ABC is an obtuse triangle, the De Longchamps’s circle is the radical circle of the power
circles of the triangle ABC.

Proof

Let MNP the anti-complementary triangle of the triangle ABC, the power circle with the
center A; and the ray A A passes through M (see fig. 3), similarly, this circle intersects for the
second time NP in the altitude’s base point from M of the anti-complementary triangle.

P N

Fig. 3

The circle constructed on [MP] as diameter intersects with the above mentioned power
circle on the altitude MM’ and also trough the points M and M’ passes the circle constructed on
[MN] as diameter. These circles have as ortho-central radical center L of the triangle MNP.
Repeating this reasoning we obtain that L is the radical center of the power circles of the triangle
ABC.

Observation 1.

The De Longchamps’s circle of a triangle is defined only if the triangle is obtuse.

Definition 3.

The De Longchamps’ point of a triangle is the radical center of the power circles of the
triangle.

Theorem 3.

The De Longchamps’ point L, of the triangle ABC, is the symmetric of the orthocenter H
of the triangle in rapport to the center O of the circumscribed circle of the triangle.

Proof

The anti-complementary triangle MNP of the triangle ABC and the triangle ABC are
homothetic through the homotopy of the pole G and of rapport 2; the same are the De
Longchamps’s circles and the polar circle of the triangle ABC, it follows that the points L, G, H



are collinear and LG = 2GH. On the other side the points O, G, H are collinear (the Euler’s line)
and GH =2GO.

We have:
LG=LO+0G; OG :%GH :%OH.
LO=LG-0G = 2GH—%GH = %GH .
We obtain:
LO=0OH.
Definition 4.

The De Longchamps’ line is defined as the radical axes of the De Longchamps’ circle
and of the circumscribed circle of a triangle.

Theorem 4.

The De Longchamps’s line of a triangle is the radical axes of the circumscribed circle to
the triangle and of the circle circumscribed to the anti-complementary triangle of the given
triangle.

Proof

The center of the circle circumscribed to the anti-complementary triangle of the triangle
ABC is the orthocenter H of the triangle ABC and its ray is 2R. We’ll denote with Q the
intersection between the De Longchamps’ line and the Euler’s line (see fig. 4).

— ~

We have:
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0Q=L0-LQ=HO-LQ
R2—(HO-LQ)? = 4p> - LQZ,

it results:
2 2 2
LQ= 4p°—-R“+OH .
2HO
Because
HO? =R? -(1-8cosA-cosB-cosC) = R? +2p2 ,
we obtain:

3p° oo 2 2 2 2 9p°

LQ="— i R2-0Q% =4p? -LQ* = p?| 4 -

Q 10 ¢ Q" =4p"-LQ" =p HO?

2
4R%? -HQ? =4R? - (HL-LQ)? =4R? —2(HO-LQ)* = p2[4—1%2].

Therefore
4R%?-HQ? =R’*-0Q?,
thus the radical axes of the circumscribed circles to the anti-complementary MNP and
ABC is the De Longchamps’ line.

Theorem 5.

The De Longchamps’ line of a triangle is the polar of the triangle’s we sight center in
rapport to the De Longchamps’ circle.

Proof

We have LG = gHO and LQ-LG =4p?, then LQ-LG = R? . It results that GV (see fig.

4) is tangent to the De Longchamps’ circle. Therefore, the line UV (the polar of G) is the De
Longchamps’ line.

Definition 5.

It is called reciprocal transversal of a transversal M, N, P in the triangle ABC the line
M’, N', P’ formed by the symmetric points of the points M, N, P in rapport to the centers of the
sides BC, and AB.

Observation 2.

a) In figure 5 the sides M, N, P and M’, N', P’ are reciprocal transversals.

b) The notion of reciprocal transversal was introduced by G. De Longchamps in 1866.

Fig. 5

Definition 6.

The Lemoine’s line of a triangle ABC is the line that contains the intersections with the
opposite sides of the triangle of the tangents constructed on the triangle’s vertexes to its
circumscribed circle.

Theorem 6.

The De Longchamps’ line is the reciprocal transversal of the Lemoine’s line.



Proof
Let S be the intersection of the tangent constructed from A to the circumscribed circle of
the triangle ABC with the side BC (see fig. 6).

Fig. 6
The point S is, practically, the base of the external simediane from A. It is known that
2 2
Ezb—,andweﬁndSC= ab .
SB (2 2 _p2

We will proof that the symmetrical point of S in rapport to the middle of BC, S’, belongs
to the radical axes of the De Longchamps’s circle and of the circumscribed circle (the De
Longchamps’ line).

, ab?
We have that S'B=———.
c“—b
Let L; be the orthogonal projection of L on BC. We’ll proof that
SL*-R} =S'0?-R?,
L is the radical center, then
LB -b?=LC*-c? =R?.
We obtain that LB? —LC? = b* —¢?
and also
LB?-L,C* =b* -c?.
SL? =LL?+S'L? 5i SO =S'A7 +OA? (A, the middle of (BC))

ST?-S'0? =LL? +(SB+BL,)* ~S'A? —OA? = LI + BL? +S'B? +2S'B-BL, —

~(SB+BA, ) —0A?

We find that
S’ -S'0% = LL? +BL] +2S'B-BL, - 2S'B-BA, —R? =
= LB? +2S'B(BL; —BA,)-R?.
2 2 122
We substitute S'B = % andL;B = a b et and we obtain
) 2a

S1?-S'0* =R{ -R”.
Similarly it can be shown that the symmetric points in rapport to the middle points of the

sides (AC) and (AB) of the base of the exterior simediane constructed from B and C, belong to
the De Longchamps’ line.
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Application
Let ABC be an acute triangle and A, the middle of (BC). The circles C (A;BC) and
C (A;AA)) have a common chord A’A". Similarly, we define the line segments B'B" and C'C".

Prove that the line segments A’A", B'B", C'C" are concurrent.
(Problem given at the test for training the 2008 team)
Solution

We denote C (A;BC) nC (B;AC) = {P,P'}
C (A;BC) nC (G;AB) = {N,N'}
C (B;AC) nC (C;AB) = {M,M'}
The triangle MNP will be the anti-complementary triangle of the triangle ABC while the
triangle M'N'P’ will be the orthic triangle of the triangle MNP.
It results that C (A;BC), C (B;AC) and C (C;;CC;) have as the radical axis the altitude
PP’ of the triangle MNP.
The circles C (A;BC), C (C;AB) and C (B,;BB,) have as radical axis the altitude NN’,

while the circles C (B;AC), C (C;AB) and C (Ay;AA,) have as radical axis the altitude MM’
of the triangle MNP.
Let {L}= MM'"NN'"PP' be the orthocenter of the triangle MNP.

We have that L is the radical center of the circles C (A;BC), C (B;AC) and C (C;AB).
L is the radical center of the circles C (A;AA,),C (B;BB,) and C (C;CC)).

Also, L is the radical center of the circles C (A;BC),C (A;AA,) andC (C;AB).

Indeed, the radical axis of the circles C (A;BC) and C (C;AB) is the altitude NN, and
the radical axis of the circles C (A;;AA;) and C (C;AB) is the altitude MM’

It will result that the radical axis of the circles C (A;BC) and C (A;AA,), that is the

chord A'A" passes through L.

Similarly, it results that B'B" and C'C" pass through L. The concurrence point is L, the
orthocenter of the anti-complementary triangle of the triangle ABC, therefore the De
Longchamps’ point of the triangle ABC.
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Abstract

In this article we prove the theorems of the orthopole and we obtain, through
duality, its dual, and then some interesting specific examples of the dual of the theorem
of the orthopole.

The transformation through duality was introduced in 1822 by the French
mathematician Victor Poncelet. By the duality in rapport with a given circle to the points
correspond lines (their polars), and to the straight lines correspond points (their poles).

Given a figure F formed of lines, points and, eventually, a circle, by applying to it
the transformation through duality in rapport with the circle, we obtain a new figure F,
which is formed of lines that are the polars of the figure’s F points in rapport with the
circle and from points that are the poles of the figure’s F lines in rapport with the circle.
Also, through duality to a given theorem corresponds a new theorem called its dual. After
this introduction, we’ll obtain the dual of the orthopole theorem.

The Orthopole Theorem (Soons — 1886).
If ABC is a triangle, d a line in its plane and A4',B',C"' the vertexes’ projections

of A,B,C on d, then the perpendiculars from A' B',C' on the sides BC,CA, AB are
concurrent (the concurrence point is called the triangle’s orthopole, in rapport to the line

d)

In order to proof the orthopole’s theorem will be using the following:

Theorem (L. Carnot - 1803)
The necessary and sufficient condition that the
perpendiculars drawn on the sides BC,CA,AB of the M

triangle A4ABC, through the points 4;,B;,C; that belong A
to these sides, to be concurrent is:

A B* — 4,C? + BIC? - B A% +C 4> —-C\B* = 0.

B1

Proof:
The condition is necessary: Let M be the B
concurrent point of the perpendiculars drawn in

Fig. 1
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A, By, Cy on the sides of the triangle AABC (see Fig. 1).

We have
A B? — 4,C? = MB? — MA? — MC? + MA? = MB? — MC?
B,C? — B A* = MC? — MB} — MB? — MA? = MC? — MA?
C 4% - CB* = MA? — MC}{ + MCf — MB? = MA> — MB?

Adding member by member these three relations it is obtained the relation from
the above theorem.

The condition is sufficient: Let M be the intersection of the perpendiculars in 4;

on BC andin B on AC, si CI' the projection of Mon AB.

We have:
A B? - 4C? + BIC? - B 4> +C 4> - C\B? =0,
and from hypothesis:
A B? - 4,C? + B,C? - B 4% + 14> - C\B* = 0.
We obtain:

' 42 'p2 2 2
ClA —ClB =C1A —ClB 5

from which we find: Ci = (], and therefore, the perpendiculars drawn in A4, B, C; on the
triangle’s sides are concurrent.

The proof of the Orthopole Theorem
Let’s note A4, B;,C| the projections of the points Al',Bl',Clv on BC,CA4,AB (see

Fig. 2).
We have:
AB* — 4C* = AB* - 4C* =BB?+ AB?*-CC*-AC* (1).
Similarly, we obtain:
BC*~BA*=BC*-BA*=BC*+CC? - AB? - 44" (2).
CA*-CB* =CA*-CB*=44% +4C? -BC? - BB 3).

From the relations (1), (2) and (3), we obtain:

A B* — 4,C? + BIC? =B 4> +C 4> - C\B* =0,
relation that in conformity to the Carnot’s Theorem implies the concurrency of the lines
A4,BB,CC.

We denote with O the orthopole of the line d in rapport to the triangle A ABC.
We’ll apply now a duality in rapport to the circle C(O,r) to the corresponding

configuration of the orthopole theorem. Then, to the points 4,B,C will correspond their

polarsa,b,c. To the line AB corresponds its pole, which we’ll note C' and it is ab,



similarly, we’ll obtain the poles B and A of the lines AC and BC. To the line d will
correspond, through the considered duality, its pole, which we’ll note with P.

Fig. 2
If we denote with Ai,B{,Ci respectively, the intersections of line P with the sides of the

triangle AABC, through the considered duality to these points correspond the lines
A'P,B'P and CP respectively. Because the lines AA and d are perpendicular, their

poles B and P will be placed such that m(BOP) =90°, therefore A is the intersection

of the perpendicular in O on OP with BC =a. Similarly, the pole of the perpendicular
BB’ on d will be P, the intersection with b = AC' of the perpendicular drawn in O on

OP and at the perpendicular’s intersection in O on OP with ¢ = AB we will find B

the pole of ccC'.
To the perpendicular drawn in A4 on BC corresponds, through duality, its pole
A; which is located at the intersection of the perpendicular in O on A0 with PH.

Similarly we construct the points B, C; corresponding to the perpendiculars drawn from

B on AC and from C on AB. Because these last perpendiculars are concurrent in the
line’s orthopole, their poles 4;, B;,C; are collinear points (they belong to the orthopole’s

polar).
Selecting certain points, we can formulate the following:

The Dual Theorem of the Orthopole
If ABC is atriangle, O and P two distinct point in its plane such that the perpendicular
in O on OP intersects BC,CA,AB respectively in the points A,P,F, and the
perpendiculars drawn in the point O on OA4,0B,OC intersect respectively the lines

PR, PP,, PP in the points A4, B, C; , then the points A4;, B, C) are collinear.

241



242

P2
A1
B
B C
P
Fig. 3
Observation:

By inversing the solutions of O and P will find, following the same constructions

indicated in the dual theorem of the orthopole, other collinear points Al',BI', Ci .
Next, will point out several particular cases of the dual theorem of the orthopole.

1. Theorem of Bobillier
If ABC is a triangle and O is an arbitrary point in its plane, the perpendiculars
drawn in O on AO,BO,CO intersect respectively BC, AC, AB into the collinear points

AI’BIBCl'

Proof
We apply the dual theorem of the orthopole in the particular case P = A4 : then the

point B coincides with 4; because PF, becomes AH (the point A belongs to the line
B(C), similarly, the points B; and C; belong to AC respectively AB, it results that
4, B;,C; are collinear.

Remark
The Bobillier’s Theorem was obtained transforming through duality in rapport with a
circle O the theorem relative to a triangle’s altitudes’ concurrence.

2. Theorem
If ABC is a triangle and P a point on its circumscribed circle with the center O,

the tangents in P to the circle intersect the sides BC,CA4, AB respectively in B, P, B .



Will denote with A',B',C ' the opposite diameters to 4,B,C in the circle O and
let’s consider {4 }=A4PNOR, {B}=BPNOP,{C}=CPNOP, then the points

4, By, C are collinear.

Fig. 4

Proof
The tangent in P to the circumscribed circle is perpendicular on the ray OP,

therefore the points B, P, are constructed as in the hypothesis of the dual theorem of
the orthopole. The point A being diametric — opposite to A (see Fig. 4), we have
m(APA') =90°, therefore A4 is the intersection of the perpendicular in P on AP with
ORF, similarly there are constructed By and Cj, and from the dual theorem of the

orthopole it results their colinearity.

References

[1] N.N. Mihaileanu, Lectii complementare de geometrie, Editura didactica si
pedagogica, Bucuresti, 1976.

[2] Traian Lalescu, Geometria triunghiului, Editura Apollo, Craiova, 1993.

[3] Roger A. Johnson, Advanced Euclidian Geometry, Dover Publications,
Inc. Mineala, New York, 2007.

243



SUPER-MATHEMATICS FUNCTIONS

by Mircea Eugen Selariu
Polytechnic University of Timisoara, Romania

[translated from Romanian by Marian Nitu and Florentin Smarandache]

In this paper we talk about the so-called Super-Mathematics Functions (SMF), which often
constitute the base for generating technical, neo-geometrical, therefore less artistic objects.

These functions are the results of 38 years of research, which began at University of Stuttgart
in 1969. Since then, 42 related works have been published, written by over 19 authors, as shown in
the References.

The name was given by the regretted mathematician Professor Emeritus Doctor Engineer
Gheorghe Silas who, at the presentation of the very first work in this domain, during the First
National Conference of Vibrations in Machine Constructions, Timisoara, Romania, 1978, named
CIRCULAR EX-CENTRIC FUNCTIONS, declared: “Young man, you just discovered not only
“some functions, but a new mathematics, a supermathematics!” I was glad, at my age of 40, like a
teenager. And I proudly found that he might be right!

The prefix super is justified today, to point out the birth of the new complements in
mathematics, joined together under the name of Ex-centric Mathematics (EM), with much more
important and infinitely more numerous entities than the existing ones in the actual mathematics,
which we are obliged to call it Centric Mathematics (CM.)

To each entity from CM corresponds an infinity of similar entities in EM, therefore the
Supermathematics (SM) is the reunion of the two domains: SM = CM U EM, where CM is a
particular case of null ex-centricity of EM. Namely, CM = SM(e = 0). To each known function in
CM corresponds an infinite family of functions in EM, and in addition, a series of new functions
appear, with a wide range of applications in mathematics and technology.

In this way, to x = cos a corresponds the family of functions x = cex 0 = cex (0, s, €) where s =
e/R and ¢ are the polar coordinates of the ex-center S(s,g), which corresponds to the
unity/trigonometric circle or E(e, €), which corresponds to a certain circle of radius R, considered as
pole of a straight line d, which rotates around E or S with the position angle 0, generating in this way
the ex-centric trigonometric functions, or ex-centric circular supermathematics functions (EC-SMF),
by intersecting d with the unity circle (see.Fig.1). Amongst them the ex-centric cosine of 0, denoted
cex 0 = x, where x is the projection of the point W, which is the intersection of the straight line with
the trigonometric circle C(1,0), or the Cartesian coordinates of the point W. Because a straight line,
passing through S, interior to the circle (s <1 = e < R), intersects the circle in two points Wy and W,,
which can be denoted Wi, it results that there are two determinations of the ex-centric circular
supermathematics functions (EC-SMF): a principal one of index 1 cex; 0, and a secondary one cex; 0,
of index 2, denoted cex;, 0. E and S were named ex-centre because they were excluded from the
center O(0,0). This exclusion leads to the apparition of EM and implicitly of SM. By this, the
number of mathematical objects grew from one to infinity: to a unique function from CM, for
example cos a, corresponds an infinity of functions cex 0, due to the possibilities of placing the ex-
center S and/or E in the plane.

S(e, €) can take an infinite number of positions in the plane containing the unity or
trigonometric circle. For each position of S and E we obtain a function cex 0. If S is a fixed point,
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then we obtain the ex-centric circular SM functions (EC-SMF), with fixed ex-center, or with constant
s and €. But S or E can take different positions, in the plane, by various rules or laws, while the
straight line which generates the functions by its intersection with the circle, rotates with the angle 0
around S and E.

OS=s OE=e
OW,=0W, =1 1
OM,;=0M, =R y
SW,=r,=rex; 0

SW,=r1,=rex, 0 /—
EM1 = R.I'l = R.rex1 0
EM2 = R.I’z = R.I'CX2 0

ZW]OA = 0oy
ZWzOA =0y
ZSOA =¢
S(s,€)

E(e,e)

Mis (R, o))
Wi (1, a1)

sex;0

da,,
deXl’ze = — =
daé
=1-
s.cos(@—¢&

0= 0)=0-P120)=0-
i\/l—sz sin2(0 £) aex 20 = 012 (6) B12(6)

beXl,z 0=
sex,0 = 0 F arcsin[s.sin(6-¢)]
cex;,0=cosa,
do sex;, 0 =sin a;,
Dex Oo=
da,

|

| Fig.1 Definition of Ex-Centric Circular Supermathematics Functions (EC-SMF)

In the last case, we have an EC-SMF of ex-center variable point S/E, which means s = s (0)
and/or € = € (0). If the variable position of S/E is represented also by EC-SMF of the same ex-center
S(s, €) or by another ex-center Sq[s; = s;(0), &1 = & (0)], then we obtain functions of double ex-
centricity. By extrapolation, we’ll obtain functions of triple, and multiple ex-centricity. Therefore,
EC-SMF are functions of as many variables as we want or as many as we need.

If the distances from O to the points Wy, on the circle C(1,0) are constant and equal to the
radius R = 1 of the trigonometric circle C, distances that will be named ex-centric radiuses, the
distances from S to W), denoted by r, are variable and are named ex-centric radiuses of the unity
circle C(1,0) and represent, in the same time, new ex-centric circular supermathematics functions
(EC-SMF), which were named ex-centric radial functions, denoted rex;, 0, if are expressed in
function of the variable named ex-centric 6 and motor, which is the angle from the ex-center E. Or,
denoted Rex1,2 a, if it is expressed in function of the angle a or the centric variable, the angle at
0(0,0). The W, are seen under the angles @y, from O(0,0) and under the angles 6 and 0 + « from
S(e, €) and E. The straight line d is divided by S c d in the two semi-straight lines, one positive d *
and the other negative d . For this reason, we can consider r; = rex; 0 a positive oriented segment
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ond (=2 r; >0) and r, = rex; 0 a negative oriented segment on d (= r; < 0) in the negative sense of
the semi-straight line d .

Using simple trigonometric relations, in certain triangles OEW, ,, or, more precisely, writing
the sine theorem (as function of 0) and Pitagora’s generalized theorem (for the variables a;2) in these
triangles, it immediately results the invariant expressions of the ex-centric radial functions:

ri2(0)= rex;,0=—s.cos(0 —g)+ \/1 —s’sin*(@-¢)

and

rip ((1172) = Rexa 12 = + \/1+S2 —2.S.COS(0—€) .

All EC-SMF have invariant expressions, and because of that they don’t need to be tabulated,
tabulated being only the centric functions from CM, which are used to express them. In all of their
expressions, we will always find one of the square roots of the previous expressions, of ex-centric
radial functions.

Finding these two determinations is simple: for + (plus) in front of the square roots we always
obtain the first determination (r; > 0) and for the — (minus) sign we obtain the second determination
(r2 <0). The rule remains true for all EC-SMF. By convention, the first determination, of index 1, can
be used or written without index.

Some remarks about these REX (“King”) functions:

e The ex-centric radial functions are the expression of the distance between two points,
in the plane, in polar coordinates: S(s,e ) and Wy, (R =1, @), on the direction of the
straight line d, skewed at an angle 0 in relation to Ox axis;

e Therefore, using exclusively these functions, we can express the equations of all
known plane curves, as well as of other new ones, which surfaced with the
introduction of EM. An example is represented by Booth’s lemniscates (see Fig. 2, a,
b, ¢), expressed, in polar coordinates, by the equation:

p(0) = R(rex;6+rex ,0) =—2 s.Rcos(0 - €) for R=1,e¢=0and s € [0, 3].

Fig.2,a Booth’s Lemniscates for R = 1 and | Fig. 2,b Booth’s Lemniscates for R = 1 and
numerical ex-centricity e € [1.1, 2] numerical ex-centricity e € [2.1, 3]

e Another consequence is the generalization of the definition of a circle:
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“The Circle is the plane curve whose points M are at the distances r(0) = R.rex 0 =
R.rex [0, E(e, €)] in relation to a certain point from the circle’s plane E(e, €)”.

If S = 0(0,0), then s = 0 and rex 6 = 1 = constant, and r(0) = R = constant, we obtain
the circle’s classical definition: the points situated at the same distance R from a
point, the center of the circle.

Booth Lemniscate Functions

Polar coordinate equation with
supermathematics circle functions rex ;0 :
p=R(rex;0+rex;0)

for

circle radius R=1

and

the numerical ex-centricity se [ 0,1 |

| Fig. 2,¢
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The functions rex 0 and Rex a expresses the transfer functions of zero degree, or of
the position of transfer, from the mechanism theory, and it is the ratio between the
parameter R(ayz), which positions the conducted element OM;, and parameter
R.r1(0), which positions the leader element EMj ,,
Between these two parameters, there are the following relations, which can be deduced
similarly easy from Fig. 1 that defines EC-SMF.
Between the position angles of the two elements, leaded and leader, there are the
following relations:

a2 = 0 Y arcsin[e.sin(@ —g)]= 0 Y P12(0) =aex;, 0

and
s.sin(e, , — €)

0=012 £Pi12(0uz )=y £arcsin[ £ ]=Aex (012 ).

- \/1 +5% —2.s.co8(er, , — €)

The functions aex ;> 6 and Aex a;, are EC-SMF, called ex-centric amplitude,
because of their usage in defining the ex-centric cosine and sine from EC-SMF, in the
same manner as the amplitude function or amplitudinus am(k,u) is used for defining
the elliptical Jacobi functions:

sn(k,u) = sn[am(k,u)], cn(k,u) = cos[am(k,u)],
or:

cex;» 0 = cos(aex;; 0), Cex a1,2= cos(Aex ay,2)
and
sex 12 0 = sin (aex;; 0), Sex a1,2=cos (Aex a2 )

The radial ex-centric functions can be considered as modules of the position vectors

1, for the Wy, on the unity circle C (1,0). These vectors are expressed by the

following relations:
-
1, =rex,,0rad6 ,

where rad 0 is the unity vector of variable direction, or the versor/phasor of the
straight line direction d*, whose derivative is the phasor der 6 = d(rad 0)/d 0 and
represents normal vectors on the straight lines OW, ,, directions, tangent to the circle in
the Wi, They are named the centric derivative phasors. In the same time, the
modulus rad 6 function is the corresponding, in CM, of the function rex 0 fors =0 =
0 = @ when rex 0 = 1 and der a4 are the tangent versors to the unity circle in Wy,.

5
The derivative of the 7, , vectors are the velocity vectors:

—

- dn
1,2
v, =—— =dex, ,0.derc, ,
> de > s

of the W;; < C points in their rotating motion on the circle, with velocities of variable
modulus v, = dex; > 0, when the generating straight line d rotates around the ex-center
S with a constant angular speed and equal to the unity, namely €2 = 1. The velocity



vectors have the expressions presented above, where der a4 are the phasors of centric
radiuses Ry of module 1 and of @, directions. The expressions of the functions EC-
SM dex , 0, ex-centric derivative of 0, are, in the same time, also the a;2 (0) angles
derivatives, as function of the motor or independent variable 0, namely

s.cos(d —¢€)

deXl,zﬂ = d(ll,z (9)/(1 0=1—
i\/l—sz.sinz(ﬁ—é‘)

as function of 0, and

1—s.cos(e,, —€) 1—-s.cos(e,, —€)
Dex a1, =d(0)/da; 2 = 3 - = > )
l+s° —2.s.cos(r, —€) Rex“e,
as functions of a; .
It has been demonstrated that the ex-centric derivative functions EC-SM express the
transfer functions of the first order, or of the angular velocity, from the Mechanisms
Theory, for all (!) known plane mechanisms.

e The radial ex-centric function rex 0 expresses exactly the movement of push-pull
mechanism S = R. rex 0, whose motor connecting rod has the length r, equal with e
the real ex-centricity, and the length of the crank is equal to R, the radius of the circle,
a very well-known mechanism, because it is a component of all automobiles, except
those with Wankel engine.

The applications of radial ex-centric functions could continue, but we will concentrate now on
the more general applications of EC-SMF.

Concretely, to the unique forms as those of the circle, square, parabola, ellipse, hyperbola,
different spirals, etc. from CM, which are now grouped under the name of centrics, correspond an
infinity of ex-centrics of the same type: circular, square (quadrilobe), parabolic, elliptic, hyperbolic,
various spirals ex-centrics, etc. Any ex-centric function, with null ex-centricity (e = 0), degenerates
into a centric function, which represents, at the same time its generating curve. Therefore, the CM
itself belongs to EM, for the unique case (s = e = 0), which is one case from an infinity of possible
cases, in which a point named eccenter E(e, €) can be placed in plane. In this case, E is overleaping
on one or two points named center: the origin O(0,0) of a frame, considered the origin O(0,0) of the
referential system, and/or the center C(0,0) of the unity circle for circular functions, respectively, the
symmetry center of the two arms of the equilateral hyperbola, for hyperbolic functions.

It was enough that a point E be eliminated from the center (O and/or C) to generate from the
old CM a new world of EM. The reunion of these two worlds gave birth to the SM world.

This discovery occurred in the city of the Romanian Revolution from 1989, Timisoara, which
is the same city where on November 3 1823 Janos Bolyai wrote: “From nothing I’ve created a new
world”. With these words, he announced the discovery of the fundamental formula of the first non-
Euclidean geometry.

He — from nothing, I — in a joint effort, proliferated the periodical functions which are so
helpful to engineers to describe some periodical phenomena. In this way, I have enriched the
mathematics with new objects.

When Euler defined the trigonometric functions, as direct circular functions, if he wouldn’t
have chosen three superposed points: the origin O, the center of the circle C and S as a pole of a
semi straight line, with which he intersected the trigonometric/unity circle, the EC-SMF would have
been discovered much earlier, eventually under another name.

Depending on the way of the “split” (we isolate one point at the time from the superposed
ones, or all of them at once), we obtain the following types of SMF:
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O=C=S - Centric functions belonging to CM;
and those which belong to EM are:

O0=C#S - Ex-centric Circular Supermathematics Functions (EC-SMF);
O# C=S - Elevated Circular Supermathematics Functions (ELC-SMF);
O # C#S = Exotic Circular Supermathematics Functions (EXC-SMF).

These new mathematics complements, joined under the temporary name of SM, are
extremely useful tools or instruments, long awaited for. The proof is in the large number and the
diversity of periodical functions introduced in mathematics, and, sometimes, the complex way of
reaching them, by trying the substitution of the circle with other curves, most of them closed.

To obtain new special, periodical functions, it has been attempted the replacement of the
trigonometric circle with the square or the diamond. This was the proceeding of Prof. Dr. Math.
Valeriu Alaci, the former head of the Mathematics Department of Mechanics College from
Timisoara, who discovered the square and diamond trigonometric functions. Hereafter, the
mathematics teacher Eugen Visa introduced the pseudo-hyperbolic functions, and the mathematics
teacher M. O. Enculescu defined the polygonal functions, replacing the circle with an n-sides
polygon; for n = 4 he obtained the square Alaci trigonometric functions. Recently, the mathematician,
Prof. Malvina Baica, (of Romanian origin) from the University of Wisconsin together with Prof.
Mircea Cirdu, have completed the gap between the Euler circular functions and Alaci square
functions, with the so-called Periodic Transtrigonometric functios.

The Russian mathematician Marcusevici describes, in his work “Remarcable sine functions”
the generalized trigonometric functions and the trigonometric functions lemniscates.

Even since 1877, the German mathematician Dr. Biehringer, substituting the right triangle
with an oblique triangle, has defined the inclined trigonometric functions. The British scientist of
Romanian origin Engineer George (Gogu) Constantinescu replaced the circle with the evolvent and
defined the Romanian trigonometric functions: Romanian cosine and Romanian sine, expressed by
Cor a and Sir a functions, which helped him to resolve some non-linear differential equations of the
Sonicity Theory, which he created. And how little known are all these functions even in Romania!

Also the elliptical functions are defined on an ellipse. A rotated one, with its main axis along
Oy axis.

How simple the complicated things can become, and as a matter of fact they are! This
paradox(ism) suggests that by a simple displacement/expulsion of a point from a center and by the
apparition of the notion of the ex-center, a new world appeared, the world of EM and, at the same
time, a new Universe, the SM Universe.

Notions like “Supermathematics Functions” and “Circular Ex-centric Functions”
appeared on most search engines like Google, Yahoo, AltaVista etc., from the beginning of the
Internet. The new notions, like quadrilobe “quadrilobas”, how the ex-centrics are named, and which
continuously fill the space between a square circumscribed to a circle and the circle itself were
included in the Mathematics Dictionary. The intersection of the quadriloba with the straight line d
generates the new functions called cosine quadrilobe-ic and sine quadrilobe-ic.

The benefits of SM in science and technology are too numerous to list them all here. But we
are pleased to remark that SM removes the boundaries between linear and non-linear; the linear
belongs to CM, and the non-linear is the appanage of EM, as between ideal and real, or as between
perfection and imperfection.
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It is known that the Topology does not differentiate between a pretzel and a cup of tea. Well,
SM does not differentiate between a circle (e = 0) and a perfect square (s = £+ 1), between a circle
and a perfect triangle, between an ellipse and a perfect rectangle, between a sphere and a perfect
cube, etc. With the same parametric equations we can obtain, besides the ideal forms of CM (circle,
ellipse, sphere etc.), also the real ones (square, oblong, cube, etc.). For s € [-1,1], in the case of ex-
centric functions of variable 0, as in the case of centric functions of variable a, for se€ [-oo,+oo], it can
be obtained an infinity of intermediate forms, for example, square, oblong or cube with rounded
corners and slightly curved sides or, respectively, faces. All of these facilitate the utilization of the
new SM functions for drawing and representing of some technical parts, with rounded or splayed
edges, in the CAD/ CAM-SM programs, which don’t use the computer as drawing boards any more,
but create the technical object instantly, by using the parametric equations, that speed up the
processing, because only the equations are memorized, not the vast number of pixels which define the
technical piece.

The numerous functions presented here, are introduced in mathematics for the first time,
therefore, for a better understanding, the author considered that it was necessary to have a short
presentation of their equations, such that the readers, who wish to use them in their application’s
development, be able to do it.

SM is not a finished work; it’s merely an introduction in this vast domain, a first step, the
author’s small step, and a giant leap for mathematics.

The elevated circular SM functions (ELC-SMF), named this way because by the
modification of the numerical ex-centricity s the points of the curves of elevated sine functions sel 0
as of the elevated circular function elevated cosine cel 0 is elevating — in other words it rises on the
vertical, getting out from the space {-1, +1] of the other sine and cosine functions, centric or ex-
centric. The functions’ cex 0 and sex 0 plots are shown in Fig. 3, where it can be seen that the points
of these graphs get modified on the horizontal direction, but all remaining in the space
[-1,+1], named the existence domain of these functions.

The functions’ cel 8 and sel 0 plots can be simply represented by the products:

cel 12 6= rex;20.cos0 and Cela 2= Rex a;. cos 0
sel12 0 rex 120.sin 0 and Sel @1, = Rexa ;. sin0

and are shown Fig. 4.

The exotic circular functions are the most general SM, and are defined on the unity circle
which is not centered in the origin of the xOy axis system, neither in the eccenter S, but in a certain
point C (c,y) from the plane of the unity circle, of polar coordinates (¢, y) in the xOy coordinate
system.

Many of the drawings from this album are done with EC-SMF of ex-center variable and with
arcs that are multiples of 0 (n.0). The used relations for each particular case are explicitly shown, in
most cases using the centric mathematical functions, with which, as we saw, we could express all SM
functions, especially when the image programs cannot use SMF. This doesn’t mean that, in the future,
the new math complements will not be implemented in computers, to facilitate their vast utilization.
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The computer specialists working in programming the computer assisted design software
CAD/CAM/CAE, are on their way to develop these new programs fundamentally different, because
the technical objects are created with parametric circular or hyperbolic SMFs, as it has been
exemplified already with some achievements such as airplanes, buildings, etc. in
http://www.eng.upt.ro/~mselariu and how a washer can be represented as a toroid ex-centricity (or as
an “ex-centric torus”), square or oblong in an axial section, and, respectively, a square plate with a
central square hole can be a “square torus of square section”. And all of these, because SM doesn’t
make distinction between a circle and a square or between an ellipse and a rectangle, as we mentioned
before.

But the most important achievements in science can be obtained by solving some non-linear
problems, because SM reunites these two domains, so different in the past, in a single entity. Among
these differences we mention that the non-linear domain asks for ingenious approaches for each
problem. For example, in the domain of vibrations, static elastic characteristics (SEC) soft non-linear
(regressive) or hard non-linear (progressive) can be obtained simply by writing y = m. X, where m is
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not anymore m = tan a as in the linear case (s =0 ), but m = tex;, 0 and depending on the numerical
ex-centricity s sign, positive or negative, or for S placed on the negative x axis (¢ = m) or on the
positive x axis (¢ = 0), we obtain the two nonlinear elastic characteristics, and obviously for s=0 we’ll
obtain the linear SEC.

Fig. 4,a ELC-SMF elevated cosine of 0 - cel | Fig. 4,b ELC-SMF elevated sine of 0 - sel
0, forse [-1,+1], =0, 0 € [0, 2x@]. 0, forse[-1,+1], e=1, 0 € [0, 2x@].

Due to the fact that the functions cex 0 and sex 0, as well Cex o and Sex a and their
combinations, are solutions of some differential equations of second degree with variable coefficients,
it has been stated that the linear systems (Tchebychev) are obtained also for s = + 1, and not only for s
= (0. In these equations, the mass ( the point M) rotates on the circle with a double angular speed ©® =
2.Q (reported to the linear system where s =0 and ® = € = constant) in a half of a period, and in
the other half of period stops in the point A(R,0) fore =sR=R ore¢=0and in A’(—R, 0) for e =—
s.R =—1, or ¢ = m. Therefore, the oscillation period T of the three linear systems is the same and
equal with T = © / 2xnt. The nonlinear SEC systems are obtained for the others values, intermediates,
of s and e. The projection, on any direction, of the rotating motion of M on the circle with radius R,
equal to the oscillation amplitude, of a variable angular speed ® = Q.dex 0 ( after dex 0 function) is
an non-linear oscillating motion.

The discovery of “king” function rex 0, with its properties, facilitated the apparition of a
hybrid method (analytic-numerical), by which a simple relation was obtained, with only two terms,
to calculate the first degree elliptic complete integral K(k), with an unbelievable precision, with a
minimum of 15 accurate decimals, after only 5 steps. Continuing with the next steps, can lead us to a
new relation to compute K (k), with a considerable higher precision and with possibilities to expand
the method to other elliptic integrals, and not only to those. After 6 steps, the relation of E (k) has the
same precision of computation.
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The discovery of SMF facilitated the apparition of a new integration method, named
integration through the differential dividing.
We will stop here, letting to the readers the pleasure to delight themselves by viewing the
drawings from this album.
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Vectored Route-Length Minimization — a Heuristic and an Open Conjecture

Florentin Smarandache Sukanto Bhattacharya
The University of New Mexico, USA Deakin University, Australia
Abstract

We have posed a simple but interesting graph theoretic problem and posited a heuristic solution

procedure, which we have christened as Vectored Route-length Minimization Search (VeRMinS).

Basically, it constitutes of a re-casting of the classical “shortest route” problem within a strictly

Euclidean space. We have only presented a heuristic solution process with the hope that a formal

proof will eventually emerge as the problem receives wider exposure within mathematical circles.

Key words: graph theory, Euclidean space, network connectivity matrix
A short historical background of similar class of problems

The classical “shortest route” (or shortest path) problem is properly associated with the branch of
mathematics formally known as graph theory (or network theory). History has it that this theory
originated in an attempt to solve a famous 18" century routing problem concerning the Prussian
city of Konigsberg (Kaliningrad in modern Russia). The city is located along the two banks and
on two islands formed by the river Pregel, which effectively divides the city into four separate
landmasses. Seven bridges connected the various regions of the city and the resulting
“Konigsberg bridge problem” had to do with finding an optimal route around the city that would
require a traveler to cross each of the seven bridges only once in the whole trip (Alexanderson,
2006). That it is impossible to make such a trip was originally proved by the Swiss mathematical

genius Leonhard Euler (Euler, 1766) thus formally giving birth to the mathematics of networks.

The classical “shortest route” problem born out of the Konigsberg bridge problem subsequently

branched into a number of well-known variants popularly grouped as “traveling salesman”
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problems. The shortest route problem is one of the many practical adaptations of Eulerian graph
theory. The basic problem is concerned with finding the shortest distance between a “source”

and a “sink” node in any sufficiently generalized network consisting of a finite number of nodes.

The usual practical applications of similar class of problems in modern times are in the
configuration of telecommunications networks e.g. connecting one transmission tower to another
in a network so that the total network up-linking time is minimized. There are also interesting
application possibilities in the realm of social sciences especially in social network analysis that
has provided valuable insights into the governance and behavior of organized groups in society
and social capital generation (Nan Lin, 1999). In business and finance applications, network data
mining is being applied to detect fraud and money laundering activities (Yue et. al., 2007) and in

following terrorist money trails by identifying the likely “shortest paths” through social networks

(Keefe, 2006)

Many alternative algorithms to solving the shortest route problem have been devised e.g.
Djikstra’s algorithm (Djikstra, 1959), and Ford-Fulkerson’s algorithm (Ford and Fulkerson,
1962), which have many applications in the fields of telecommunications and internetworking.
However, in positing our problem, we have been concerned with the most simplistic version of
the classical shortest route problem in strictly Euclidean space of unrestricted dimensionality,

which we proceed to define as follows:

“Given a partially connected network of N nodes in a strictly Euclidean space of any dimension,
find a route through the network from a pre-specified source node S to a pre-specified sink node

Sy such that the overall route length (in terms of the total Euclidean distance) is minimum”
Mathematical basis of VeRMinS: a proposed heuristic solution procedure

The Vectored Route-length Minimization Search (VeRMInS) is a heuristic search that aims to
find the shortest route from a source node to a sink node in a network in Euclidean space of any

dimension by identifying the linear-most connectivity between the source and sink nodes.



With every route in a network, we associate a corresponding weight factor, which is the sum of
the Euclidean distance between the nodes on that route. Then the best (i.e. linear-most) route
through the network is the one having the minimum weight (Rote, 1990). For any network

consisting of N=m + 1 nodes, we can set up a network connectivity matrix M as follows:

1 Ry Ry, e Rom
Rio 1 Ry ... Rim
Ry Ry 1 ... Rom
Rio R R 1

In the network connectivity matrix, when i #j, R;; = 1 if and only if a connectivity exists between
nodes i and j and R;; = 0 otherwise. Since a node is necessarily ‘self-connected’, R;; =1 when i =

j i.e. for all the diagonal elements of M.

A finite number, say q, of route vectors Py (with t =1, 2 ... q) can then be extricated from M
such that Py = [kio ki1 ki2 ... kim], P2 = [kao ko1 k22 ... kom] ... Py =[kio kii ko - kim] .. Pq = [kqo
kqi kg2 ... kqm], where kg; = 1 if node j lies on the g-th route and kg; = 0 otherwise.

A (m x 1) weight vector W is defined as follows:
W=[0wW, Ws... Wi, W1 0]"

where w; is the vertical Euclidean distance of the i-th node from the ideal route (which is simply
a hypothetical straight line connecting the source and sink nodes), as determined by its position
vector with respect to the ideal route. Since both the source and sink nodes must necessarily lie

on the shortest route (i.e. a route must be effective before it can be efficient), wo = wp, = 0.
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Then, Py . W = 3> (kgwi) would yield the deciding criterion for the g-th route in terms of the

vertical Euclidean distances of each of the nodes along the g-th route from the ideal route.

Introducing the property of Euclidean dominance

The route vector P, exhibits Euclidean dominance over the route vector Py, (written henceforth as
P, o Py) when at least one element of P, is 0 with the corresponding element in Py, being 1 and

all other elements being same for P, and Py,

Proof: This property follows from the principle of triangular inequality in Euclidean geometry

whereby the sum of two sides of a triangle is always greater in magnitude than the third side.

Each of the nodes in a network corresponds to a particular position vector in Euclidean space.
Therefore, it implies that if node A is connected to both nodes B and C while node B is also
connected to node C, then the route that goes directly from node A to node C will always be
more preferable than one which goes from node A to node B to node C. This of course assumes

that the remaining segments of the two routes coincide with each other.

So the property of Euclidean dominance may be used to effectively eliminate some of the q route
vectors extricated from M. Assuming h route vectors are eliminated after applying Euclidean

dominance, then the /inear-most route is obtainable as Min; [P1.W, P,.W, ..., P.W, ..., P(qn).W].
Applying the VeRMinS — a numerical illustration

Let a simple network in 2D-Euclidean space consisting of ten nodes 0, 1, 2 ... 9 be as follows:

Preceding node | Succeeding node | w;

0 1,2,3 0
1 4,7 3
2 4,5,6 0




We wish to find the best (i.e. linear-most) route from node 0 to node 9.

We wish to make the readers aware that here we only present an illustrative exercise outlining a
numerical solution procedure. However, we supply no formal proof that the outlined procedure is

necessary and sufficient in obtaining the shortest route through a network in any Euclidean space.

6,8

7,8

The network connectivity matrix Mo for the above network is obtained as follows:

1 1 1 1 0 0 0 0 0 0
1 1 0 0 1 0 0 1 0 0
1 0 1 0 1 1 1 0 0 0
1 0 0 1 0 0 1 0 1 0
0 1 0 0 1 0 0 1 0 0
0 0 1 0 0 1 0 1 1 0
0 0 1 1 0 0 1 0 1 0
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The following route vectors may be extricated from M:
P,=[1100100101]

P,=[1100000101]

P;=[1010100101]

P,=[1010010101]

Ps=[1010010011]

Ps=[1010001011]
P;={1001001011],and
Ps=[1001000011].

It may be easily observed that P, > P; and Ps o P;, so, using the property of Euclidean

dominance one can eliminate P; and P straightaway.
The weight vector is obtained as: W=[0303201560]"
Therefore P,.W =8, P3.W =7, P4, W =5, Ps.W =6, P&. W =7 and Pg.W = 9.

So W* = Min, [P..W] = 5, which corresponds to the route vector P4 thereby identifying it as the

linear-most route from source to sink.
An open conjecture

VeRMinS is proposed at this stage as no more than a heuristic search procedure. We have not

supplied a formal proof that the outlined search procedure is necessary and sufficient in



obtaining the shortest route through a network of a finite number of nodes in any Euclidean
space of unrestricted dimensionality. This problem is left open at this stage that may either be
proved by showing that all other possible search procedures will always yield less optimal (i.e.
longer) routes or disproved via a counter-example that shows that a shorter route exists through a

network in any strictly Euclidean space that is not picked by the outlined VeRMinS procedure.
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Introduction

In recent years, there has been a rapid increase in the literature which discusses new phenomenon
associated to social network. One of the well-known phenomenon in this regards is known as ‘six
degrees of separation’ [1], which implies that one can always keep a communication with each other
anywhere within a six-step. A number of experiments has verified this hypothesis, either in the
context of offline communication (postal mail), or online communication (email, etc.).

In this article, we argue that by introducing this known ‘six degrees of separation’ into the context of
group instability problem, one can find a new type of wisdom in organization. Therefore, we offer a
new conjecture, which may be called ‘Group stability conjectures based on Graph/Network
distance.”

To our knowledge this conjecture has not been discussed elsewhere, and therefore may be useful for
further research, in particular in the area of organization development and group stability studies.
The purpose of this article was of course not to draw a conclusive theory, but to suggest further
study of this proposed conjecture.

Graph Distance

Let G(V,E) be a graph, where V' is a set of vertices, and E a set of edges:
V= {vl,vz,...},E = {el,ez,...} .

We say that there is a route between vertices v, and v, . We define the distance between
vertices v, and v, , noted by d (vl.,v j) as the shortest chain of edges that connects v, with v, .

In the graph G(V,E) let’s consider

d(vi,vj) =nx1
where 7 is the number of edges connecting v, with v, , and for each such edge an equiprobability
1

n
Using Shannon’s entropy
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H(x) == Plog (P)

In order to find the entropy of the distance between two vertices we get

n

% 1 1
H{d(0,)) =2 R (7)== Hog. (7) =-tog, L] =tz .
i=1 i=1
since all P = l
n

The longer is the distance between two vertices, the bigger is the entropy, since
log, n, >log, n, when n, >n,> 1, therefore the more degree of disorder, of loss of information, as

both ambiguity and imprecision increase.
A Conjecture of Group Stability Based on Graph Distance
A hierarchical structure is a widespread organization form in many areas.

The hidden assumption behind Small-world hypothesis is that everyone is around six-steps away
from any other person on Earth, which is known as ‘six degrees of separation’ principle. A number
of experiments have been conducted in order to prove this hypothesis. [2]

In this regards, apparently we can draw analogy from this ‘six degrees of separation’ to the concept
of graph distance. In this context, graph distance can be viewed as the number of ‘nodes’ that one
should reach to come to a destination. This study of graph distance and group stability is quite new,
and only a number of published articles have appeared in journals, see for example [3], [4].

Once this analogy is set, it becomes apparent that the ‘six degrees of separation’ may be interpreted
as an optimum graph distance, where any given organization can function in its best, provided we
can consider an organization as an actual social-network which functions better if and only if
communication can be preserved in optimal way.

In other words, any given organization which expands rapidly beyond these six-degrees of node
separation (let say, between the CEO and its factory workers) will be more prone to instability. This
phenomenon may also be viewed as another example of ‘self-organized criticality’ process in any
given organization/structure.

At this point, now we will write down our new conjecture of Group stability based on Graph
distance:

(a) For a given organization in any industry, there is an optimal graph distance which will keep
communication in organization in its optimum. We can call this as ‘optimal graph distance
number’.

(b) This optimal graph distance number is inversely proportional to the innovation cycle time in
any given organization. This optimal graph distance corresponds to both the hierarchy of
organization and also to the degrees of separation.

(c) There is tendency that any organization will increase its size such that the graph distance
number always grows such that it exceeds its own level of incompetence (similar to
Lawrence’s principle).
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(d) In order to keep internal and healthy communication for its own survival preservation, a
good organization will keep its graph distance number at optimal level.

(e) If an organization has graph distance number which exceeds its optimal number (let say 5 or
6 degrees of separation), then it will be prone to instability.

(f) Group instability can take the form of de-formation of organization in order to meet the
communication works again, in other words an organization has tendency to keep the graph
distance number at optimal, in accordance with self-organized criticality phenomena.

(g) This is what can be called as Conjecture of Group Stability based on Graph Distance.

While the above conjecture may appear quite simple and obvious at first sight, it covers the
phenomena corresponding to group stability in uniquer way, i.e. from the viewpoint of preservation
of optimum communication. Therefore any organization has its own tendency to keep the size of its
hierarchy such that the graph distance is kept optimal.

Let us mention a simple example here: Toyota has a unique management way, which is well-known
in management literature. What is not quite well-studied is perhaps the fact that it has less
hierarchical structure compared to other large automobile companies in USA. As a result, the
innovation cycle time tends to be faster. For instance, Toyota has released its first generation of
hybrid car (Prius) in 2007, while GM only expects to release a first version of hybrid cars by 2010.
The simple lesson here (see point b) is that keep graph distance at minimum in order to reach faster
innovation cycle.

The same lesson we often hear when an organization performs excellently in the past when its
hierarchy remains small, but during the course of its history it tends to increase in ‘graph distance’
and then gradually it loses its ‘agility’. In this regards one can observe that group stability has deep
link with cooperation level in any given organization, because in large organization there is strong
tendency that coordination becomes very difficult [4]. From the viewpoint of game theory, it
becomes very difficult to maintain the condition such that all of its members have optimal return [3].

In turn, a good communication in organization can be viewed as part of ‘social capital’, which can
play significant role to keep its stability. This viewpoint has been discussed in [5].

Similarly, a city which becomes too large and exceeds its capacity to maintain good communication
tends to form smaller-cities (just like sub-urbans areas) in order to keep its optimal size.

In our opinion this conjecture has not been discussed elsewhere.
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An Algorithm for the Unification of Fusion Theories (UFT)

Florentin Smarandache
Department of Mathematics and Sciences
University of New Mexico
200 College Road
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Abstract: Since no fusion theory neither rule fully satisfy all needed applications, the
author proposes an algorithm for the Unification of Fusion Theories and a combination of
fusion rules in solving problems/applications. For each particular application, one selects
the most appropriate model, rule(s), and algorithm of implementation.

We are working in the unification of the fusion theories and rules, which looks like a
cooking recipe, better we'd say like a logical chart for a computer programmer, but we
don't see another method to comprise/unify all things.

The unification scenario presented herein, which is now in an incipient form, should
periodically be updated incorporating new discoveries from the fusion and engineering
research.

Keywords: Distributive lattice, Boolean algebra, Conjunctive rule, Disjunctive rule, Partial
and Total conflicts, Weighted Operator (WO), Proportional Conflict Redistribution (PCR)
rules, Murphy’s average rule, Dempster-Shafer Theory (DST), Yager’s rule, Transferable
Belief Model (TBM), Dubois-Prade’s rule (DP), Dezert-Smarandache Theory (DSmT),
static and dynamic fusion

ACM Classification: Artificial Intelligence (1.2.3).

1. Introduction.

Each theory works well for some applications, but not for all.

We extend the power and hyper-power sets from previous theories to a Boolean algebra
obtained by the closure of the frame of discernment under union, intersection, and
complement of sets (for non-exclusive elements one considers as complement the fuzzy or
neutrosophic complement). All bba’s and rules are redefined on this Boolean algebra.

A similar generalization has been previously used by Guan-Bell (1993) for the Dempster-
Shafer rule using propositions in sequential logic, herein we reconsider the Boolean algebra
for all fusion rules and theories but using sets instead of propositions, because generally it is
harder to work in sequential logic with summations and inclusions than in the set theory.

2. Fusion Space.

For n > 2 let ® = {0;, 0, ..., 0,} be the frame of discernment of the fusion
problem/application under consideration. Then (®, u, N, €), ® closed under these three
operations: union, intersection, and complementation of sets respectively, forms a Boolean
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algebra. With respect to the partial ordering relation, the inclusion c, the minimum element

is the empty set ¢, and the maximal element is the total ignorance I = U oi .

i=1
Similarly one can define: (®, u, N, \) for sets, ® closed with respect to each of these
operations: union, intersection, and difference of sets respectively.
(®,u,n, ) and (O, u, N, \) generate the same super-power set S closed under u, N, C, and \
because for any A, B € S® one has A =1\ A and reciprocally A\B = ANCB.

If one considers propositions, then (®, V, /A, ) forms a Lindenbaum algebra in sequential
logic, which is isomorphic with the above (®, u, N, €) Boolean algebra.

By choosing the frame of discernment ® closed under U only one gets DST, Yager’s, TBM,
DP theories. Then making ® closed under both U, N one gets DSm theory. While,
extending ® for closure under U, N, and € one also includes the complement of set (or
negation of proposition if working in sequential logic); in the case of non-exclusive
elements in the frame of discernment one considers a fuzzy or neutrosophic complement.
Therefore the super-power set (0, u, N, €) includes all the previous fusion theories.

The power set 29 used in DST, Yager’s, TBM, DP, which is the set of all subsets of ©, is
also a Boolean algebra, closed under u, N, and €, but does not contain intersections of
elements from @.

The Dedekind distributive lattice D®, used in DSmT, is closed under u, N, and if
negations/complements arise they are directly introduced in the frame of discernment, say
®’, which is then closed under u, N. Unlike others, DSmT allows intersections, generalizing
the previous theories.

The Unifying Theory contains intersections and complements as well.

Let’s consider a frame of discernment ® with exclusive or non-exclusive hypotheses,
exhaustive or non-exhaustive, closed or open world (all possible cases).

We need to make the remark that in case when these n > 2 elementary hypotheses 61, 6, ...,
0, are exhaustive and exclusive one gets the Dempster-Shafer Theory, Yager’s, Dubois-
Prade Theory, Dezert-Smarandache Theory, while for the case when the hypotheses are
non-exclusive one gets Dezert-Smarandache Theory, but for non-exhaustivity one gets TBM.
An exhaustive frame of discernment is called close world, and a non-exhaustive frame of
discernment is called open world (meaning that new hypotheses might exist in the frame of
discernment that we are not aware of). ® may be finite or infinite.

Let m;: S? >0, 1], 1 <j <s, be s > 2 basic belief assignments,

(when bbas are working with crisp numbers),

or with subunitary subsets, m;: S® 5 ([0. 1]), where A([0. 1]) is the set of all subsets of the
interval [0,1] (when dealing with very imprecise information).

Normally the sum of crisp masses of a bba, m(.), is 1, i.e. Z m(X)=1.

XeS T



3. Incomplete and Paraconsistent Information.

For incomplete information the sum of a bba components can be less than 1 (not enough
information known), while in paraconsistent information the sum can exceed 1 (overlapping
contradictory information).

The masses can be normalized (i.e. getting the sum of their components =1), or not (sum of
components < 1 in incomplete information; or > 1 in paraconsistent information).

For a bba valued on subunitary subsets one can consider, as normalization of m(.),
either z sup{m(X)} =1,
XeSrT

or that there exist crisp numbers x € X for each X € S® such that z m(x)=1.

XeS T
xeX

Similarly, for a bba m(.) valued on subunitary subsets dealing with paraconsistent and
incomplete information respectively:
a) for incomplete information, one has Z sup{m(X)} <1,
XeS T
b) while for paraconsistent information one has Z sup{m(X)}> 1 and there do not exist
XeS T

crisp numbers x € X for each X € S® such that Z m(x)=1.

XeS T
xeX

4. Specificity Chains.
We use the min principle and the precocious/prudent way of computing and transferring the
conflicting mass.

Normally by transferring the conflicting mass and by normalization we diminish the
specificity.

If AnB is empty, then the mass is moved to a less specific element A (also to B), but if we
have a pessimistic view on A and B we move the mass m(AnB) to AuUB (entropy increases,
imprecision increases), and even more if we are very pessimistic about A and B: we move
the conflicting mass to the total ignorance in a closed world, or to the empty set in an open
world.

Specificity Chains:

a) From specific to less and less specific (in a closed world):

(AnB)c Ac(AuB)cI or (AnB)cBc (AuB)c .

Also from specific to unknown (in an open world):

ANB — ¢.

b) And similarly for intersections of more elements: ANBNC, etc.
ANBNCc AnBc A c (AuB) c (AuBUC) c 1

or (AnBNC) c (BNC) c B c (AuB) < (AuBUC) c 1, etc. in a closed world.
Or AnBNC — ¢ in an open world.

¢) Also in a closed world:

AN(BUC) c BUC c (BUC) c (AuBUC) c I or An(BuC) c A c (AuB) c (AuBUC) c L.
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Or An(BuC) — ¢ in an open world.

5. Static and Dynamic Fusion.

According to Wu Li we have the following classification and definitions:

Static fusion means to combine all belief functions simultaneously.

Dynamic fusion means that the belief functions become available one after another
sequentially, and the current belief function is updated by combining itself with a newly
available belief function.

6. An Algorithm (or Scenario) for the Unification of Fusion Theories.

Since everything depends on the application/problem to solve, this scenario looks like a
logical chart designed by the programmer in order to write and implement a computer
program, or like a cooking recipe.

Here it is the scenario attempting for a unification and reconciliation of the fusion theories
and rules:

1) If all sources of information are reliable, then apply the conjunctive rule, which means
consensus between them (or their common part):

2) If some sources are reliable and others are not, but we don’t know which ones are
unreliable, apply the disjunctive rule as a cautious method (and no transfer or normalization
is needed).

3) If only one source of information is reliable, but we don’t know which one, then use the
exclusive disjunctive rule based on the fact that X, V X, V... VX, means either X is reliable,
or X», or and so on or X, but not two or more in the same time.

4) If a mixture of the previous three cases, in any possible way, use the mixed conjunctive-
disjunctive rule.

As an example, suppose we have four sources of information and we know that: either the
first two are telling the truth or the third, or the fourth is telling the truth.

The mixed formula becomes:

m,(¢) =0, and V A€S®\¢, one has m-(A) = z mi( X )m2(X 2)m3(X3)ma(X4).

X1,X2,X3,X4e5"0
(X1inX2)uX3)euX4=4

5) If we know the sources which are unreliable, we discount them. But if all sources are
fully unreliable (100%), then the fusion result becomes vacuum bba (i.e. m(®) = 1, and the
problem is indeterminate. We need to get new sources which are reliable or at least they are
not fully unreliable.

6) If all sources are reliable, or the unreliable sources have been discounted (in the default
case), then use the DSm classic rule (which is commutative, associative, Markovian) on
Boolean algebra (0, u, N, €), no matter what contradictions (or model) the problem has. 1
emphasize that the super-power set S® generated by this Boolean algebra contains
singletons, unions, intersections, and complements of sets.

7) If the sources are considered from a statistical point of view, use Murphy’s average rule
(and no transfer or normalization is needed).

8) In the case the model is not known (the default case), it is prudent/cautious to use the free
model (i.e. all intersections between the elements of the frame of discernment are non-
empty) and DSm classic rule on S°, and later if the model is found out (i.e. the constraints of



empty intersections become known), one can adjust the conflicting mass at any
time/moment using the DSm hybrid rule.

9) Now suppose the model becomes known [i.e. we find out about the contradictions (=
empty intersections) or consensus (= non-empty intersections) of the problem/application].
Then :

9.1) Ifan intersection ANB is not empty, we keep the mass m(AnB) on AnB, which
means consensus (common part) between the two hypotheses A and B (i.e. both
hypotheses A and B are right) [here one gets DSmT].

9.2) Ifthe intersection ANB =¢ is empty, meaning contradiction, we do the
following :

9.2.1) if one knows that between these two hypotheses A and B one is right and the
other is false, but we don’t know which one, then one transfers the mass m(AnB) to
m(AuUB), since AUB means at least one is right [here one gets Yager’s if n=2, or Dubois-
Prade, or DSmT),

9.2.2) if one knows that between these two hypotheses A and B one is right and the
other is false, and we know which one is right, say hypothesis A is right and B is false,
then one transfers the whole mass m(AnNB) to hypothesis A (nothing is transferred to B);

9.2.3) if we don’t know much about them, but one has an optimistic view on
hypotheses A and B, then one transfers the conflicting mass m(AnB) to A and B (the
nearest specific sets in the Specificity Chains) [using Dempster’s, PCR2-35]

9.2.4) if we don’t know much about them, but one has a pessimistic view on
hypotheses A and B, then one transfers the conflicting mass m(AnB) to AuB (the more
pessimistic the further one gets in the Specificity Chains: (ANB) ¢ A < (AuB) c I); this
is also the default case [using DP’s, DSm hybrid rule, Yager’s],
if one has a very pessimistic view on hypotheses A and B then one transfers the
conflicting mass m(ANB) to the total ignorance in a closed world [ Yager’s, DSmT], or to
the empty set in an open world [TBM];

9.2.5.1) if one considers that no hypothesis between A and B is right, then one
transfers the mass m(AnB) to other non-empty sets (in the case more hypotheses do
exist in the frame of discernment) - different from A, B, AuB - for the reason that: if A
and B are not right then there is a bigger chance that other hypotheses in the frame of
discernment have a higher subjective probability to occur; we do this transfer in a closed
world [DSm hybrid rule]; but, if it is an open world, we can transfer the mass m(AnB)
to the empty set leaving room for new possible hypotheses [here one gets TBM|;

9.2.5.2) if one considers that none of the hypotheses A, B is right and no other
hypothesis exists in the frame of discernment (i.e. n = 2 is the size of the frame of
discernment), then one considers the open world and one transfers the mass to the
empty set [here DSmT and TBM converge to each other].

Of course, this procedure is extended for any intersections of two or more sets: ANBNC, etc.
and even for mixed sets: An (BuC), etc.

If it is a dynamic fusion in a real time and associativity and/or Markovian process are
needed, use an algorithm which transforms a rule (which is based on the conjunctive rule
and the transfer of the conflicting mass) into an associative and Markovian rule by storing

275



the previous result of the conjunctive rule and, depending of the rule, other data. Such rules
are called quasi-associative and quasi-Markovian.

Some applications require the necessity of decaying the old sources because their
information is considered to be worn out.

If some bba is not normalized (i.e. the sum of its components is < 1 as in incomplete
information, or > 1 as in paraconsistent information) we can easily divide each component
by the sum of the components and normalize it. But also it is possible to fusion incomplete
and paraconsistent masses, and then normalize them after fusion. Or leave them
unnormalized since they are incomplete or paraconsistent.

PCRS5 does the most mathematically exact (in the fusion literature) redistribution of the
conflicting mass to the elements involved in the conflict, redistribution which exactly

follows the tracks of the conjunctive rule.
7. Examples:

7.1. Bayesian Example:
Let ® = {A, B, C, D, E} be the frame of discernment.

A B C D E AnB ANC AnD | AnE | BNC BND
* = = — Not known _
if=or£¢
¢ ¢ ¢ ¢ ¢
Consensus | Contradiction One Alis Don’t Unknown
between between A right, right, know the any
AandB and C, but one Eis exact relation
optimisticin | wrong, | wrong model between
both of them but Band D.
don’t
know
which
m; 0.2 0 0.3 04 0.1
mp 0.5 0.2 0.1 0 0.2
my; 0.10 0 0.03 0 0.02 0.04 0.17 0.20 | 0.09 | 0.06 0.08
1 I 1 1 1 1
AnB A C AuB | A BnC BuD
We keep
the mass
0.06 on
BNC till
we find out
inf;rlr(r)lr:tion
on the
model.
m;, 0.04 0.107, | 0.20 | 0.09 | 0.06 0.08
0.063
Myrr 0.324 | 0.040 | 0.119 0 0.027 | 0.04 0 0 0 0.06 0
Mygwer 0.10 0 0.03 0 0.02

276




(closed world)
Miower 0.10 0 0.03 0 0.02
(open world)
Mpiddle 0.10 0 0.03 0 0.02
(default)
Mypper 0.400 | 0.084 | 0.178 | 0.227 | 0.111

Table 1. Bayesian Example using the Unified Fusion Theories rule regarding a mixed
redistribution of partial conflicting masses (Part 1).

BnE

CnD

CnE DnE AuC | AuD | AUE | BuC
# = = =
¢ ¢ ¢ ¢
The intersection is Pessimistic Very pessimistic in Both D and
not empty, but in both C both C and E E are wrong
neither BNE nor and D
BUE interest us
my
mp
mi; 0.02 0.04 0.07 0.08
! l ! !
B,E CuD AuBuUCuDuU | AB,C
E
m; 0.013, 0.04 0.07 0.027,
0.007 0.027,
0.027
Mygr 0 0 0 0 0 0.20 0 0
Miower
(closed world)
Myower
(open world)
Mpmiddle 0.17 | 0.20 | 0.09 | 0.06
(default)
Mypper

Table 1. Bayesian Example using the Unified Fusion Theories rule regarding a mixed
redistribution of partial conflicting masses (Part 2).

BuD | BUE | CuD | CuE | DUE | AuBUCUDUE
m
mp
mjp
m;
Mygt 0.08 0 0.04 0 0 0.07
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Mjower 0.85

(closed world)

Myjower 0.85

(open world)

Mpidgle | 0.08 | 0.02 | 0.04 | 0.07 | 0.08

(default)

Mypper

Table 1. Bayesian Example using the Unified Fusion Theories rule regarding a mixed
redistribution of partial conflicting masses (Part 3).

We keep the mass mj(BNC) = 0.06 on BNC (eleventh column in Table 1, part 1) although
we don’t know if the intersection BNC is empty or not (this is considered the default model),
since in the case when it is empty one considers an open world because m;,(¢)=0.06
meaning that there might be new possible hypotheses in the frame of discernment, but if
BNC # ¢ one considers a consensus between B and C.

Later, when finding out more information about the relation between B and C, one can
transfer the mass 0.06 to BUC, or to the total ignorance I, or split it between the elements B,
C, or even keep it on BNC.

mj2(ANC)=0.17 is redistributed to A and C using the PCRS:

al/0.2 =c1/0.1 =0.02(0.2+0.1),

whence al =0.2(0.02/0.3) = 0.013,

¢l =0.1(0.02/0.3) = 0.007.

a2/0.5 =¢2/0.3 =0.15(0.5+0.3),

whence a2 = 0.5(0.15/0.8) = 0.094,

c2 =10.3(0.15/0.8) = 0.056.

Thus A gains al+a2 = 0.013+0.0.094 = 0.107 and C gains c1+c2 = 0.007+0.056 = 0.063.

m;2(BNE)=0.02 is redistributed to B and E using the PCRS:
b/0.2 =¢/0.1 =0.02/(0.2+0.1),

whence b =0.2(0.02/0.3) = 0.013,

e =10.1(0.02/0.3) = 0.007.

Thus B gains 0.013 and E gains 0.007.

Then one sums the masses of the conjunctive rule m;; and the redistribution of conflicting
masses m, (according to the information we have on each intersection, model, and
relationship between conflicting hypotheses) in order to get the mass of the Unification of
Fusion Theories rule mygr.

myyr, the Unification of Fusion Theories rule, is a combination of many rules and gives the
optimal redistribution of the conflicting mass for each particular problem, following the
given model and relationships between hypotheses; this extra-information allows the choice
of the combination rule to be used for each intersection. The algorithm is presented above.
Myewer, the lower bound believe assignment, the most pessimistic/prudent belief, is obtained
by transferring the whole conflicting mass to the total ignorance (Yager’s rule) in a closed



world, or to the empty set (Smets’ TBM) in an open world herein meaning that other
hypotheses might belong to the frame of discernment.

Mpyiddle the middle believe assignment, half optimistic and half pessimistic, is obtained by
transferring the partial conflicting masses m;2(XNY) to the partial ignorance XuY (as in
Dubois-Prade theory or more general as in Dezert-Smarandache theory).

Another way to compute a middle believe assignment would be to average the myower and
Mypper.

Mypper, the upper bound believe assignment, the most optimistic (less prudent) belief, is
obtained by transferring the masses of intersections (empty or non-empty) to the elements in
the frame of discernment using the PCRS5 rule of combination, i.e. m;»(XNY) is split to the
elements X, Y (see Table 2). We use PCRS5 because it is more exact mathematically
(following backwards the tracks of the conjunctive rule) than Dempster’s rule, minC, and
PCR1-4.

X m»(X) A B C D E

AnB 0.040 0.020 0.020

ANC 0.170 0.107 0.063

AnD 0.200 0.111 0.089

ANE 0.090 0.020 0.020
0.042 0.008

BNC 0.060 0.024 0.036

BND 0.080 0.027 0.053

BrE 0.020 0.013 0.007

CrD 0.040 0.008 0.032

CrE 0.070 0.036 0.024

0.005 0.005
DnE 0.080 0.053 0.027
Total 0.850 0.300 0.084 0.148 0.227 0.091

Table 2. Redistribution of the intersection masses to the singletons A, B, C, D, E using the
PCRS rule only, needed to compute the upper bound belief assignment mypper.

7.2. Negation/Complement Example:
Let ® = {A, B, C, D} be the frame of discernment. Since (®, u, N, €) is Boolean algebra,
the super-power set S° includes complements/negations, intersections and unions. Let’s
note by €(B) the complement of B.

A B D AB) ANC BuC= AnB AN CEB)=A
{Later in the B
dynamic
fusion
process we
find out that
ANC
is empty }
= = #
¢ ¢ ¢
Unknown Optimistic in | Consensus between
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relationship both A and B. A and ¢(B), but
begzzeg A AC ¢(B)
m; 0.2 0.3 0 0.1 0.1 0.3
m 0.4 0.1 0 0.2 0.2 0.1
m 0.08 0.09 0 0.02 0.17 0.03 0.14 0.08
\ ! !
AuC B AB A
m, 0.17 0.03 0.082, 0.08
0.058
myrr | 0.277 | 0318 | 0.035 | 0.020 0 0 0
Migwer | 0.16 0.26 0 0.02 0 0
(closed
world)
Miower | 0.16 0.26 0 0.02 0 0
(open
world)
Mpigdle | 0.16 0.26 0 0.02 0 0
(default)
Mypper | 0.296 | 0.230 0 0.126 0.219 0.129

Table 3. Negation/Complement Example using the Unified Fusion Theories rule

regarding a mixed redistribution of partial conflicting masses (Part 1).

AN (BUC) | Bn@B) | BA(ANC) [ E&B)N(ANC) | AB)N(BUC) = | Bu(ANC)
aB)NC =
¢ ¢ ¢
At least one is B is right, No relationship Very pessimistic Neither ¢(B) nor BUC
right between A - known between B on ¢(B) and are righ
¢ ;nd gt)c aB)is and At‘r;VC A(mzj &
wrong (default case)
m;
my
mi; 0.14 0.07 0.07 0.04 0.07
} } } } 1 !
AU(BUC) B | BUANC)=B | AUBUCUD A,D B
m; 0.14 0.07 0.07 0.04 0.035, 0.035
MyFT 0 0 0 0 0 0
Miower
(closed world)
Miower
(open world)
Mmiddle
(default)
Mypper
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Table 3. Negation/Complement Example using the Unified Fusion Theories rule
regarding a mixed redistribution of partial conflicting masses (Part 2).

AuUB AuC | AuD | BuC BuD | CuD | AuBuC | AuBUCuD [0

my

Mygrt 0 0.170 0 0 0 0 0.140 0.040 0

Miower 0.56

(closed world)

Miower 0.56

(open world)

Mpmiddle 0.14 0.17 0.03 0.14 0.11

(default)

Mypper

Table 3. Negation/Complement Example using the Unified Fusion Theories rule
regarding a mixed redistribution of partial conflicting masses (Part 3).

Model of Negation/Complement Example:

ANB = ¢, CcB, AcC(B).

Fig. 1

m>(AnB) = 0.14.
x1/0.2 =y1/0.1 = 0.02/0.3, whence x1 = 0.2(0.02/0.3) = 0.013, y1 = 0.1(0.02/0.3) = 0.007;
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x2/0.4 =y2/0.3 =0.12/0.7, whence x2 = 0.4(0.12/0.7) = 0.069, y2 = 0.3(0.12/0.7) = 0.051.
Thus, A gains 0.013+0.069 = 0.082 and B gains 0.007+0.051 = 0.058.

For the upper belief assignment mypper 0ne considered all resulted intersections from results
of the conjunctive rule as empty and one transferred the partial conflicting masses to the
elements involved in the conflict using PCRS.

All elements in the frame of discernment were considered non-empty.

7.3. Example with Intersection:
Look at this:

Suppose A={x<0.4}, B={0.3<x<0.6}, C={x>0.8}. The frame of discernment T={A, B, C}
represents the possible cross section of a target, and there are two sensors giving the
following bbas:

ml1(A)=0.5, m1(B)=0.2, m1(C)=0.3.

m2(A)=0.4, m2(B)=0.4, m2(C)=0.2.

A B C AnB= AuC BuC
{.3<x<.4}
m&my 20 .08 | .06 28 22 .16
DSmT

We have a DSm hybrid model (one intersection A&B=nonempty ).

This example proves the necessity of allowing intersections of elements in the frame of
discernment. [Shafer’s model doesn’t apply here.]

Dezert-Smarandache Theory of Uncertain and Paradoxist Reasoning (DSmT) is the only
theory which accepts intersections of elements.

7.4. Another Multi-Example of UFT:

Cases:
1. Both sources reliable: use conjunctive rule [default case]:
1.1. AnB#¢:
1.1.1. Consensus between A and B; mass - ANB;
1.1.2. Neither AnB nor AUB interest us; mass ~ A, B;
1.2. AnB=¢:
1.2.1. Contradiction between A and B, but optimistic in both of them; mass - A, B;
1.2.2. One right, one wrong, but don’t know which one; mass - AUB;
1.2.3. Unknown any relation between A and B [default case]; mass ~ AuB;
1.2.4. Pessimistic in both A and B; mass - AuUB;
1.2.5. Very pessimistic in both A and B;



1.2.5.1. Total ignorance > AuUB; mass -~ AuBUCUD (total ignorance);

1.2.5.2. Total ignorance = AuB; mass - ¢ (open world);

1.2.6. A is right, B is wrong; mass - A;

1.2.7. Both A and B are wrong; mass ~ C, D;

1.3. Don’t know if AnB = or # ¢ (don’t know the exact model); mass -~ AnB (keep the

mass on intersection till we find out more info) [default case];
2. One source reliable, other not, but not known which one: use disjunctive rule; no
normalization needed.
3. S1 reliable, S2 not reliable 20%: discount S2 for 20% and use conjunctive rule.

A B |AuB|ANB|¢ (openj] AUBUCUD | C | D
world)
S1 2 5 .
S2 4 4 2
S1&S2 24 42 1 .06 | .28
S1 or S2 .08 20 | .72 0
UFT 1.1.1 24 42 1 .06 | .28
UFT 1.1.2 (PCRS5)| .356 | .584 | .060| O
UFT 1.2.1 356 | 584 1.060] O
UFT 1.2.2 24 42 1341 0
UFT 1.2.3 24 42 1341 0
UFT 1.24 24 42 1341 0
UFT 1.2.5.1 24 42 1 061 O 0 28
UFT 1.2.5.2 24 42 1 061 O 28
80% S2 32 32 | .16 .20
UFT 1.2.6 52 42 1 .06
UFT 1.2.7 24 42 1 .06 | O 14 1 .14
UFT 1.3 24 42 1 .06 | .28
UFT 2 .08 20 | .72 0
UFT 3 232 | 436 | .108 | .224 0
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Unification of Fusion Rules (UFR)

Florentin Smarandache
University of New Mexico, Gallup Campus, USA

In this short note we give a formula for the unification of a class of fusion rules
based on the conjunctive and/or disjunctive rule at the first step, and afterwards the
redistribution of the conflicting and/or non-conflicting mass to the non-empty sets at the
second step.

Fusion of masses m;(.) and m;(.) is done directly proportional with some parameters and
inversely proportional with other parameters (parameters that the hypotheses depend
upon). The resulting mass is noted by mygx(.).
a) If variable y is directly proportional with variable p, then y=k;-p, where k;#0 is a
constant.
b) If variable y is inversely proportional with variable g, then y=k,-(1/q), where k,#0
is a constant; we can also say herein that y is directly proportional with variable

1/q.
In a general way, we say that if y is directly proportional with variables p;, p, ..., p» and
inversely proportionally with variables qi, qa, ..., qn, then:

v=k@rp...pw)q1qz....q,) = k-P/Q, where PZHp,-, QZHq,, and k#0 is a constant.

i=l j=1
With such notations we have a general formula for a UFR rule:
myrr(@) = 0, and VAES@\¢ one has:

musR(4) = Y d(X * X)T(X, X:)

+M Z d(X * A) T(4,X)
O(4) ys5ou P(A4)/ O(A4) + P(X)/ O(X)

X*AeTr
where * can be an intersection or a union of sets,
d(X*Y) is the degree of intersection or union,
T(X,Y) is a T-norm fusion combination rule (extension of conjunctive or disjunctive rules),
Tr is the ensemble of sets (in majority cases they are empty sets) whose masses must be
transferred,
P(A) is the product of all parameters directly proportional with A4,
while O(A4) the product of all parameters inversely proportional with A4,
S70 is the fusion space (i.e. the frame of discernment closed under union, intersection,
and complement of the sets).
At the end we normalize the result.

Reference:

F. Smarandache, Unification of Fusion Theories (UFT), International Journal of
Applied Mathematics & Statistics, Roorkee, India, Vol. 2, 1-14, 2004.
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Unification/Combination of Image Fusion Methods

Florentin Smarandache
Math Department, University of New Mexico
Gallup, NM 87301, USA

Ming Zhang, Ling Zhang, H. D. Cheng use a novel approach, i.e. neutrosophic logic which is a
generalization of fuzzy logic and especially of intuitionistic fuzzy logic, to image segmentation -
following one of the authors (H. D. Cheng) together with his co-author Y. Guo previous
published paper on neutrosophic approach to image thresholding.

The authors improved the watershed algorithms using a neutrosophic approach (i.e. they consider
the objects as the T set, the background as the F set, and the edges as the I set); their method is
less sensitive to noise and performs better on non-uniform images since it uses the indeterminacy
(I) from neutrosophic logic and set, while this indeterminacy is not featured in fuzzy logic.

Since using neutrosophic logic/set/probability/statistics is a new trend in image processing and
the authors prove that the neutrosophic approach is better than other methods (such as:
histogram-based, edge-based, region-based, model-based, watershed/topographic in MatLab or
using Toboggan-Based) I recommend the publication of this paper.

Next step for these authors would be to use the neutrosophic approach to image registration and
similarly compare the result with those obtained from other methods.

Interesting also is to use the neutrosophic approach to the control theory.

References:

[1] H. D. Cheng and Y. Guo, “A New Neutrosophic Approach to Image Thresholding”, New
Mathematics and Natural Computation, Vol. 4, pp. 291-308, 2008.

[2] Ming Zhang, Ling Zhang, H. D. Cheng, “A Neutrosophic Approach to Image Segmentation
Based on Watershed Approach”, mss., June 2009.



An Algorithm for Quasi-Associative and Quasi-Markovian Rules of
Combination in Information Fusion

Florentin Smarandache
Department of Mathematics and Science
University of New Mexico
200 College Road
Gallup, NM 87301, USA
smarand@unm.edu

Jean Dezert
ONERA/DTIM/IED
29 Avenue de la Division Leclerc
92320 Chatillon, France
Jean.Dezert(@onera.fr

Abstract: In this paper one proposes a simple algorithm of combining the fusion rules,
those rules which first use the conjunctive rule and then the transfer of conflicting mass to
the non-empty sets, in such a way that they gain the property of associativity and fulfill the
Markovian requirement for dynamic fusion.

Also, a new fusion rule, SDL-improved, is presented.

Keywords: Conjunctive rule, partial and total conflicts, Dempster’s rule, Yager’s rule,
TBM, Dubois-Prade’s rule, Dezert-Smarandache classic and hybrid rules, SDL-improved
rule, quasi-associative, quasi-Markovian, fusion algorithm

ACM C(lassification: 1.2.4.

1. Introduction.

We first present the formulas for the conjunctive rule and total conflict, then try to unify
some theories using an adequate notation. Afterwards, we propose an easy fusion algorithm
in order to transform a quasi-associative rule into an associative rule, and a quasi-Markovian
rule into a Markovian rule. One gives examples using the DSm classic and hybrid rules and
SDL-improved rule within DSmT. One studies the impact of the VBF on SDLi and one
makes a short discussion on the degree of the fusion rules’ ad-hoc-ity

2. The Conjunctive Rule:

Forn>2let T = {t, t, ..., t,} be the frame of discernment of the fusion problem under
consideration.

We need to make the remark that in the case when these n elementary hypotheses t, to, ...,
t, are exhaustive and exclusive one can use the Dempster-Shafer Theory, Yager’s, TBM,
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Dubois-Prade Theory, while for the case when the hypotheses are not exclusive one can use
Dezert-Smarandache Theory, while for non-exhaustivity one uses TBM.

Let m: 2" — [0, 1] be a basic belief assignment or mass.
The conjunctive rule works in any of these theories, and it is the following in the first
theories:

for Ac2', m(A)= > m(X)mA(Y) (1)

X, yex t
XnY=4

while in DSmT the formula is similar, but instead of the power set 2" one uses the hyper-
power set D', and similarly m: D" — [0, 1] be a basic belief assignment or mass:

for AeD',m(A)= > m(X)m(Y). )

X,YeD"T
XnY=4

The power set is closed under U, while the hyper-power set is closed under both U and N.
Formula (2) allows the use of intersection of sets (for the non-exclusive hypotheses) and it is
called DSm classic rule.

The conjunctive rule (1) and its extension (2) to DSmT are associative, which is a nice
property needed in fusion combination that we need to extend to other rules derived from it.
Unfortunately, only three fusion rules derived from the conjunctive rule are known as
associative, i.e. Dempster’s rule, Smets’s TBM’s rule, and Dezert-Smarandache classic rule,
the others are not.

For unification of theories let’s note by G either 2" or D' depending on theories.

The conflicting mass ki, is computed similarly:

ko= m(@) = Y m(X)mA(Y). (3)
X’r{lffq)

Formulas (1), (2), (3) can be generalized for any number of masses s > 2.

3. Associativity.

The propose of this article is to show a simple method to combine the masses in order to
keep the associativity and the Markovian requirement, important properties for information
fusion.

Let m;, my, m3 : G — [0, 1] be any three masses, and a fusion rule denoted by @ operating
on these masses. One says that this fusion rule is associative if:

((m;&my)Em3)(A) = (m;B(mPms))(A) for all A € G, 4)
which is also equal to (m;®my®ms)(A) for all A € G. (5)

4. Markovian Requirement.



Let m;, my, ..., mg : G — [0, 1] be any k > 2 masses, and a fusion rule denoted by &
operating on these masses. One says that this fusion rule satisfies Markovian requirement
if: (M ®m®...emy)(A) = (m;PmP...Em,.1)P my,)(A) for all A € G. (6)

Similarly, only three fusion rules derived from the conjunctive rule are known satisfying the
Markovian Requirement, i.e. Dempster’s rule, Smets’s TBM’s rule, and Dezert-
Smarandache classic rule.

The below algorithm will help transform a rule into a Markovian rule.

5. Fusion Algorithm.

A trivial algorithm is proposed below in order to restore the associativity and Markovian
properties to any rule derived from the conjunctive rule.

Let’s consider a rule ® formed by using: first the conjunctive rule, noted by ©, and second
the transfer of the conflicting mass to non-empty sets, noted by operator “O” (no matter how
the transfer is done, either proportionally with some parameters, or transferred to partial or
total ignorances and/or to the empty set; if all conflicting mass is transferred to the empty
set, as in Smets’s rule, there is no need for transformation into an associative or Markovian
rule since Smets’s rule has already these properties).

Clearly ® = O(©).

The idea is simple, we store the conjunctive rule’s result (before doing the transfer) and,
when a new mass arises, one combines this new mass with the conjunctive rule’s result, not
with the result after the transfer of conflicting mass.

Let’s have two masses m;, m, defined as above.

a) One applies the conjunctive rule to m; and m, and one stores the result:

m;©m, = my(1 2) (by notation).

b) One applies the operator O of transferring conflicting mass to the non-empty sets, i.e.
O(me(12)).

This calculation completely does the work of our fusion rule, i.e. m;®m, = O(mc(2)) that we
compute for decision-making proposes.

¢) When a new mass, ms, arises, we combine using the conjunctive rule this mass ms with
the previous conjunctive rule’s result m(12), not with O(me(i2)). Therefore:

me(1 2) O©Om;=m o(c(1,2)3) (by notation).

One stores this results, while deleting the previous one stored.

d) Now again we apply the operator O to transfer the conflicting mass, i.e. compute
O(m((1.2),3)) needed for decision-making.

e) ...And so one the algorithm is continued for any number n > 3 of masses.

The properties of the conjunctive rule, i.e. associativity and satisfaction of the Markovian
requirement, are transmitted to the fusion rule ® too.

This is the algorithm we use in DSmT in order to conserve the associativity and Markovian
requirement for DSm hybrid rule and SDL improved rule for n > 3.
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Depending on the type of problem to be solved we can use in DSmT either the hybrid rule,
or the SDL rule, or a combination of both (i.e., partial conflicting mass is transferred using
DSm hybrid, other conflicting mass is transferred using SDL improved rule).

Yet, this easy fusion algorithm can be extended to any rule which is composed from a
conjunctive rule first and a transfer of conflicting mass second, returning the associativity
and Markovian properties to that rule.

One can remark that the algorithm gives the same result if one applies the rule ® to n > 3
masses together, and then one does the transfer of conflicting mass.

Within DSmT we designed fusion rules that can transfer a part of the conflicting mass to
partial or total ignorance and the other part of the conflicting mass to non-empty initial sets,
depending on the type of application.

A non-associative rule that can be transformed through this algorithm into an associative
rule is called quasi-associative rule. And similarly, a non-Markovian rule than can be
transformed through this algorithm into a Markovian rule is called quasi-Markovian rule.

6. SDL-improved Rule.

Let T = {t}, ta, ..., t,} be the frame of discernment and two masses m;, m, : G — [0, 1]. One
applies the conjunctive rule (1) or (2) depending on theory, then one calculates the
conflicting mass (3). In SDL improved rule one transfers partial conflicting masses, instead
of the total conflicting mass. If an intersection is empty, say ANB = §, then the mass
m(ANB) is transferred to A and B proportionally with respect to the non-zero sum of masses
assigned to A and respectively B by the masses m;, m,. Similarly, if another intersection,
say ANCND = @, then again the mass m(ANCND) is transferred to A, C, and D
proportionally with respect to the non-zero sum of masses assigned to A, C and respectively
D by the masses m;, m,. And so on ‘til all conflicting mass is distributed. Then one
cumulates the corresponding masses to each non-empty set.

For two masses one has the formula: (7)
for@+A eD', mgpi(A) = Z m(X)ma(Y) + cin(A). Z mi(X)m>(A4) + m(A)m>(X)
xrec, =, cn(A)+ cn(X)

where ci2(A) is the non-zero sum of the mass matrix column corresponding to the set A, i.e.
c12(A) =my(A) + my(A) = 0. (8)

For more masses one applies the algorithm to formulas (7) and (8).

7. Ad-Hoc-ity of Fusion Rules.

Each fusion rule is more or less ad-hoc. Same thing for SDL improved. There is up to the
present no rule that fully satisfies everybody. Let’s analyze some of them.

Dempster’s rule transfers the conflicting mass to non-empty sets proportionally with their
resulting masses. What is the reasoning for doing this? Just to swallow the masses of non-
empty sets in order to sum up to 1?



Smets’s rule transfers the conflicting mass to the empty set. Why? Because, he says, we
consider on open world where unknown hypotheses might be. Not convincing.

Yager’s rule transfers the conflicting mass to the total ignorance. Should the conflicting
mass be ignored?

Dubois-Prade’s rule and DSm hybrid rule transfers the conflicting mass to the partial and
total ignorances. Not completely justified either.

SDL improved rule is based on partial conflicting masses, transferred to the corresponding
sets proportionally with respect to the non-zero sums of their assigned masses. But other
weighting coefficients can be found. Inagaki (1991), Lefevre-Colot-Vannoorenberghe
(2002) proved that there are infinitely many fusion rules based on the conjunctive rule and
then on the transfer of the conflicting mass, all of them depending on the weighting
coefficients that transfer that conflicting mass. How to choose them, what parameters
should they rely on — that’s the question! There is not a measure for this.

In my opinion, neither DSm hybrid rule nor SDLi rule are not more ad-hoc than other fusion
rules.

“No matter how you do, people will have objections” (Wu Li).

8. Numerical Examples.
We show how it is possible to use the above fusion algorithm in order to transform a quasi-
associative and quasi-Markovian rule into an associative and Markovian one.
Let T = {A, B, C}, all hypotheses exclusive, and two masses m;, m, that form the
corresponding mass matrix:
A B AUC
m 04 05 0.1
m 06 02 02

8.1 Let’s take the DSm hybride rule:

8.1.1. Let’s check the associativity:

a) First we use the DSm classic rule and we get at time t1:

Mpsmci12(A)=0.38, mpsmci12(B)=0.10, mpsmci12(AUC)=0.02, mpsmci2(ANB)=0.38,
mpsmc12(BN (AUC))=0.12, and one stores this result. (S1)
b) One uses the DSm hybrid rule and we get:

mpsmH12(A)=0.38, Mpsmu12(B)=0.10, mpsmu12(AUC)=0.02, mpsmui2(AUB)=0.38,

Mpsmu12( AUBUC)=0.12. This result was computed because it is needed for decision making
on two sources/masses only. (R1)
¢) A new masses, ms, arise at time t2, and has to be taken into consideration, where
m3(A)=0.7, m3(B)=0.2, m3(AUC)=0.1.

Now one combines the result stored at (S1) with ms, using DSm classic rule, and we get:
Mpsmc(12)3(A)=0.318, mpsmc(123(B)=0.020, mpsmc(123(AUC)=0.002,
Mpsmc(12)3(ANB)=0.610, mpsmc(12)3(BN (AUC))=0.050, and one stores this result, (S2)
while deleting (S1).

d) One uses the DSm hybrid rule and we get:

MpsmH(12)3(A)=0.318, mpsmr(12)3(B)=0.020, mpsmp(123(AUC)=0.002,
Mpsmi(123(AUB)=0.610, mpsmri23(AUBUC)=0.050. This result was also computed
because it is needed for decision making on three sources/masses only. (R2)
e) And so on for as many masses as needed.
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First combining the last masses, m,, ms, one gets:

Mpsmc23(A)=0.62, Mpsmc23(B)=0.04, mpsmc23(AUC)=0.02, mpsmc23(ANB)=0.26,
mpsmc23(BN (AUC))=0.06, and one stores this result. (S3)
Using DSm hybrid one gets:

Mpsmi23(A)=0.62, Mpsmi23(B)=0.04, mpsmu23(AUC)=0.02, mpsmu23(AUB)=0.26,
Mpsmi23(AUBUC)=0.06.

Then, combining m; with mpsmc23 {stored at (S3)} using DSm classic and then using DSm
hybrid one obtain the same result (R2).

If one applies the DSm hybride rule to all three masses together one gets the same result
(R2).

We showed on this example that DSm hybrid applied within the algorithm is associative
(i.e. using the notation DSmHa one has):
DSmHa((m;, m;), m3) = DSmHa(m;, (m;, m3)) = DSmHa(m;, my, m3).

8.1.2. Let’s check the Markov requirement:
a) Combining three masses together using DSm classic:

A B AUC
m 04 05 0.1 (M1)
m 06 02 02
my 07 02 0.1
one gets as before:
mpsmc123(A)=0.318, mpsmci23(B)=0.020, mpsmci123(AUC)=0.002, mpsmci123(ANB)=0.610,
mpsmci23(BN (AUC))=0.050, and one stores this result in (S2).
b) One uses the DSm hybrid rule to transfer the conflicting mass and we get:
Mpsmi123(A)=0.318, mpgmui23(B)=0.020, mpsmu123(AUC)=0.002, mpsmui23(AUB)=0.610,
Mpsmu123(AUBUC)=0.050.
¢) Suppose a new mass my arises, ma(A)=0.5, m4(B)=0.5, ms(AUC)=0.
Use DSm classic to combine m4 with mpsmci23 and one gets:
Mpsmc(123#(A)=0.160, mpsmc(123)4(B)=0.010, mpsmc(123u(AUC)=0, mpsmc(1234(ANB)=0.804,
mpsmc(23#(BN (AUC))=0.026, and one stores this result in (S3).

d) Use DSm hybrid rule:
Mpsmi(12314(A)=0.160, Mpsmi(1234(B)=0.010, mpsmu(1234(AUC)=0, Mpsmu1234(AUB)=0.804,
MpsmH(123)4(AUBUC)=0.026. (R4)

Now, if one combines all previous four masses, m;, mp, m3, my, together using first the DSm
classic then the DSm hybrid one still get (R4). Whence the Markovian requirement.
We didn’t take into account any discounting of masses.

8.2. Let’s use the SDL improved rule on the same example.

a) One considers the above mass matrix (M1) and one combines m; and m, using DSm
classic and one gets as before:

Mpsmc12(A)=0.38, mpsmc12(B)=0.10, mpsmc12(AUC)=0.02, mpsmc12(ANB)=0.38,
mpsmci12(BN (AUC))=0.12, and one stores this result in (S1).



b) One transfers the partial conflicting mass 0.38 to A and B respectively:

x/1 =y/0.7 =0.38/1.8; whence x=0.223529, y=0.156471.

One transfers the other conflicting mass 0.12 to B and AUC respectively:

2/0.7 =w/0.3 = 0.12/1; whence z=0.084, w=0.036.

One cumulates them to the corresponding sets and one gets:

msprii2(A) = 0.38+0.223529 = 0.603529;

I’nSDLﬂz(B) =0.10+0.156471 + 0.084 = 0340471,

msprii2(AUC) = 0.02+0.036 = 0.056000.

¢) One uses the DSm classic rule to combine the above ms and the result in (S1) and one
gets again:

Mpsmc(12)3(A)=0.318, Mpsmc(12)3(B)=0.020, mpsmc(12)3(AUC)=0.002,
Mpsmc(12)3(ANB)=0.610, mpsmc(123(BN (AUC))=0.050, and one stores this result in (S2)
while deleting (S1).

d) One transfers the partial conflicting masses 0.610 to A and B respectively, and 0.050 to B
and AUC respectively. Then one cumulates the corresponding masses and one gets:
mspLi(12)3(A) = 0.716846;

mspLi2)3(B) = 0.265769;

mSDLi(12)3(AUC) =0.017385.

Same result we obtain if one combine first m, and ms, and the result combine with m;, or if
we combine all three masses m;, m,, ms together.

9. Vacuous Belief Function.
SDLi seems to satisfy Smets’s impact of VBF (Vacuum Belief Function. i.e. m(T)=1),
because there is no partial conflict ever between the total ignorance T and any of the sets of
G. Since in SDLi the transfer is done after each partial conflict, T will receive no mass, not
being involved in any partial conflict. Thus VBF acts as a neutral elements with respect
with the composition of masses using SDLi. The end combination does not depend on the
number of VBF’s included in the combination.
Let’s check this on the previous example. Considering the first two masses m; and m; in
(Ml) and USil’lg SDLi one gOtI mSDan(A) = 0603529, mSDan(B) = 0.340471, mSDan(AUC)
=0.056000.
Now let’s combine the VBF too:

A B AUC AUBUC
VBF 0 0 0 1 (M2)
m 04 05 0.1 0
m 06 02 02 0
a) One uses the DSm classic rule to combine all three of them and one gets again:
mDSmC(VBFlZ)(A):O-3 &, mDSmC(VBFlZ)(B):O- 10, mDSmC(VBFlZ)(AUC):O-Oza
Mpsmcver12)(ANB)=0.38, mpsmcveri2(BN (AUC))=0.12, mpsmcveri2(AUBUC)=0 and one
stores this result in (S1).
b) One transfers the partial conflicting mass 0.38 to A and B respectively:
x/1 =y/0.7 =0.38/1.8; whence x=0.223529, y=0.156471.
One transfers the other conflicting mass 0.12 to B and AUC respectively:
2/0.7 =w/0.3 = 0.12/1; whence z=0.084, w=0.036.
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Therefore nothing is transferred to the mass of AUBUC, then the results is the same as
above: mSDLﬂg(A) = 0.603529, l’IISDLilz(B) = 0.340471, mSDLﬂz(AUC) =0.056000.

10. Conclusion.

We propose an elementary fusion algorithm that transforms any fusion rule (which first uses
the conjunctive rule and then the transfer of conflicting masses to non-empty sets, except for
Smets’s rule) to an associative and Markovian rule. This is very important in information
fusion since the order of combination of masses should not matter, and for the Markovian
requirement the algorithm allows the storage of information of all previous masses into the
last result (therefore not necessarily to store all the masses), which later will be combined
with the new mass.

In DSmT, using this fusion algorithm for n > 3 sources, the DSm hybrid rule and SDLi are
commutative, associative, Markovian, and SDLi also satisfies the impact of vacuous belief
function.
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Degree of Uncertainty of a Set and of a Mass
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Abstract.
In this paper we use extend Harley’s measure of uncertainty of a set and of mass to the degree of
uncertainty of a set and of a mass (bba).

Measure of Uncertainty of a Set.
In DST (Dempster-Shafer’s Theory), Hartley defined the measure of uncertainty of a set
A by:
I(A) =log,|4|, for 4e2°\{®D},

where |A| is the cardinal of the set 4 .

We can extend it to DSmT in the same way:
1(A) =log, |A ,for Ae G’ \{q)}

where G’ is the super-power set, and |A| means the DSm cardinal of the set 4.

We even improve it to:
U, : GO\ [} —>[0,1]
If A4 is a singleton, i.e. |A| =1, then U}, (A) =0 (minimum degree of uncertainty of a set),

For the total ignorance I

, » since |I| is the maximum cardinal, we get U (7,)=1

(maximum degree of uncertainty of a set).
For all other sets X from G’\{®}, whose cardinal is in between 1 and |/,

0<U;, (X)<I.
We consider our degree of uncertainty of a set work better than Hartley Measure since it
is referred to the frame of discernment.

, we have

Let’s see an Example 1.
If 6= {A,B} and A B # ®, we have the model

A B



I1(A)=log, |A| =log,2 =1

While U, (4) = logs| 4] _ log, 2

= = =0.63093
log,|AUB| log,3

Example 2.
If 9={4,B,C},and ANB#®,but ANC=®, B(\C =P, we have the model

A B C

1(A) =log, |A| =1 as in Example 1.
log, |4
__lomldl g2 10 463003
log, |AUBUC| log, 4

It is normal to have a smaller degree of uncertainty of set 4 when the frame of discernment is
larger, since herein the total ignorance has a bigger cardinal.

While U (4)

Generalized Hartley Measure of uncertainty for masses is defined as:
GH(m)= Y. m(A)log, |4|

4e2°\[@)
In DST we simply extend it in DSmT as:
GH(m)= Y m(A4)log, |4

A4eG\{o}

Degree of Uncertainty of a mass.
We go further and define a degree of uncertainty of a mass m as

log |A|
Uy (m) = m(A)—=—
‘ AEGZ\{(D} log, |I,|
where /, is the total ignorance.

If m() is a mass whose focal elements are only singletons then UY (m)=0 (minimum

uncertainty degree of a mass).
If m(] t) =1, then U (m) =1 (maximum uncertainty degree of a mass).

For all other masses m(-) we have 0 <UY (m)<1.
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Abstract.

In this paper we introduce for the first time the fusion of information on infinite discrete frames
of discernment and we give general results of the fusion of two such masses using the
Dempster’s rule and the PCRS rule for Bayesian and non-Bayesian cases.

Introduction.
Let 6={x,x,,..,x,,..x,} be an infinite countable frame of discernment, with

x;Nx, =0 for i+ j,and m,(-), m,(-) two masses, defined as follows:
m, (x,)=a,€[0,1] and m,(x,)=b, €[0,1] forall ie{l1,2,...,i,..00},
such that

iml (x,)=1and imz(xi)zl,
i=1 i=1

therefore m,(-) and m,(-) are normalized.

Bayesian masses.
1. Let’s fusion m,(-) and m,(-), two Bayesian masses:

X, X e X .o X, .o X, | D(conflicting mass)
m, a, a, a, 2
m, b b, l b, .
o0
m,, a,b, a,b, ab, ab, ... 1- > ab,
i=1

where m,,(-) represents the conjunctive rule fusion of m,(-) and m,(-).

a) If we use Dempster’s rule to normalize m,,(-), we need to divide each m,,(x;) by the

sum of masses of all non-null elements, and we get:
ab.

My, s (%) =— >
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forall i.

b) Using PCR;the redistribution of the conflicting mass a,b, + ba; between x; and x,

(for all j#1i)is done in the following way:

2
a a, al.b]. al.bj
—=—-=—-+—whence @, =———
a b, a+b, a,+b;
and
B, ba, bla,
ﬁ:—’: L whence g =—7.
b, a, b+a, b +a;
Therefore

2 2
= ( ab, a.b;
_ i%j i
m]2PCR5(xi)_aibi+§:£a b +a +bJ’
ST T

J#I

forall i.

Non-Bayesian masses.
2. Let’s consider two non-Bayesian masses m, (-) and m, (-):

X, X e X .o X, ..o x, 0 |D(conflicting mass)
m, ¢  C c, C e C
m, d  d, d, d; . D
Py coveeerereeenane. cd+cD+Cd, ... CD| 1-CD-Y (cd, +¢,D+Cd,)
i=1

where m, (x,)=c, €[0,1] forall i ,and m,(6)=Ce[0,1],
and m,(x,)=d, €[0,1] forall i ,and m,(0)=D<[0,1],
such that m, (-) and m, () are normalized:

C+i¢)— =1 and D+idi =1.

i=1 i=1
my,(x,)=cd+c,D+Cd, for all ie{l,2,..,o}, and m,(6)=C-D , where m,, (")

represents the conjunctive combination rule.
a) If we use the Dempster’s rule to normalize, we get:
c,d+c,D+Cd,

CD+ i (cd, +c,D+Cd,)
i=1

My, s (X;) =

forall i,
and
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CD
My s (0) = p” .

CD + Z(c,.d,. +¢,D+Cd,)
i=1

b) If we use PCR,, we similarly transfer the conflicting mass as in the previous
1.b) case, and we get:

0 cizdj deiZ
Myypen, (X)) =, d; +c,D+Cd, + I
i J J i

J=1
J#i

forall i,
and My pep (0)=C-D

Numerical Examples.
We consider infinite positive geometrical series whose ratio 0 <7 <1 as masses for the

sets x,,Xx,,...,X, , so the series are congruent:
If B,P,...,P,...1s an infinite positive geometrical series whose ratio 0 <7 <1, then

0 P: Pl
=1 ! 1—7‘

i

Example 1 (Bayesian).
Let m, (xl.) :% forall i e {l, 2,....,00} .

1
0 0 1 —
zml(xi)=z—,-= 2 =1
, 2 l—l
2

since the ratio of this infinite positive geometric series is 5

And mz(xi)zé forall i e{1,2,....,}
2
0 0 2 ~
Zmz(xi)=2§=%=1
i=1 i=1 1_7
3

since the ratio of this infinite positive geometric series is 3
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XX ’ X; X, D
1 1 1 1
m] — ey -~ —j ..........
2 2 2 2
2 2 2 2
m2 — Y = —j ..........
3 3 3 3
2
2 2 = 2 6 3
m, — — — — e - —=1-———==
2 62 6’ 6’ ;6’ l—l 5
6

m,, (+) is the conjunctive rule.

a) Normalizing with the Dempster’s we get:

z2 2
6 6 25 5
m X)=——=—"—=—-—=—
]2DS( l) 0 2 2 61 2 61
=6 6
_
6
forall i.
b) Normalizing with PCR, we get:
1 2 1 4
2 &| 92 Ri o g
m12PCR5(xi):g+ 21 32 +21 62

J=1

P23 2

Example 2 (non-Bayesian).

Let m;(x;) :% forall i e {1,2,....,00} ,and m,(0) =%.

1
- 1 1 1 3
m3(6’)+21m3(xi)=§+Z—.=3+i=1,

so my(-) is normalized.

And m4(xi):% for all i, and m4(¢9):§.

1
MmO+ Xm, (x) =5+ X =3+ =1,
i=1 :

[

so m,(-) is normalized.



XX X, X; x, 0 )
m L1 1 1 1
s 37 7 e 5
1 1 1 1 2
m, — - - TG e —
4 4 4 4 3
" 1 2 1 1 ] 00(1 2 1 j
.............. - - T eeeeeiecesiieceniieeenies -— = — — + =
34 120 3+ 2.4 6 6 =l 3o
o2y
BER B I VI
6 1 1_1 1_1
I-— "3 4
12
S 111 .
—g—ﬁ—g—g—fcorgﬂlctmg mass
a) Normalizing with Dempster’s rule we get:
B2 1
m34DS(xi)_25 12l 3t 54l
forall i,
and
o (0)=22. 1233
s 25 6 150
b) Normalizing with PCR, we get
1 1 I 1
1 2 1 0 yﬁ? ?'4%
m34PCR5(x1) 121 3l+1 241 +jz_l: l+i+i+l
P34 34
forall i,
and

1
My pep (0) = r
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A Simple Proportional Conflict Redistribution Rule
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Abstract — One proposes a first alternative rule of combination to WAO (Weighted Average Operator) proposed recently by Josang,

Daniel and Vannoorenberghe, called Proportional Conflict Redistribution rule (denoted PCR1). PCR1 and WAO are particular cases of
WO (the Weighted Operator) because the conflicting mass is redistributed with respect to some weighting factors. In this first PCR rule,

the proportionalization is done for each non-empty set with respect to the non-zero sum of its corresponding mass matrix - instead of its
mass column average as in WAO, but the results are the same as Ph. Smets has pointed out. Also, we extend WAO (which herein gives

no solution) for the degenerate case when all column sums of all non-empty sets are zero, and then the conflicting mass is transferred
to the non-empty disjunctive form of all non-empty sets together, but if this disjunctive form happens to be empty, then one considers
an open world (i.e. the frame of discernment might contain new hypotheses) and thus all conflicting mass is transferred to the empty
set. In addition to WAO, we propose a general formula for PCR1 (WAO for non-degenerate cases). Several numerical examples and
comparisons with other rules for combination of evidence published in literature are presented too. Another distinction between these
alternative rules is that WAO is defined on the power set, while PCR1 is on the hyper-power set (Dedekind’s lattice). A nice feature of
PCRI, is that it works not only on non-degenerate cases but also on degenerate cases as well appearing in dynamic fusion, while WAO
gives the sum of masses in this cases less than 1 (WAO does not work in these cases). Meanwhile we show that PCR1 and WAO do not
preserve unfortunately the neutrality property of the vacuous belief assignment though the fusion process. This severe drawback can

however be easily circumvented by new PCR rules presented in a companion paper.

Keywords: WO, WAO, PCR rules, Dezert-Smarandache theory (DSmT), Data fusion, DSm hybrid rule of combination, TBM, Smets’
rule, Murphy’s rule, Yager’s rule, Dubois-Prade’s rule, conjunctive rule, disjunctive rule.

1 Introduction

Due to the fact that Dempster’s rule is not mathematically defined for conflict 1 or gives counter-intuitive results for high
conflict (see Zadeh’s example [22], Dezert-Smarandache-Khoshnevisan’s examples [11]), we looked for another rule,
similar to Dempster’s, easy to implement due to its simple formula, and working in any case no matter the conflict. We
present this PCR1 rule of combination, which is an alternative of WAO for non-degenerate cases, in many examples
comparing it with other existing rules mainly: Smets’, Yager’s, Dubois-Prade’s, DSm hybride rule, Murphy’s, and of
course Dempster’s. PCR1 rule is commutative, but not associative nor Markovian (it is however quasi-associative and
quasi-Markovian). More versions of PCR rules are proposed in a companion paper [12] to overcome the limitations of
PCRI1 presented in the sequel.

2 Existing rules for combining evidence

We briefly present here the main rules proposed in the literature for combining/aggregating several independent and equi-
reliable sources of evidence expressing their belief on a given finite set of exhaustive and exclusive hypotheses (Shafer’s
model). We assume the reader familiar with the Dempster-Shafer theory of evidence [10] and the recent theory of plau-
sible and paradoxical reasoning (DSmT) [11]. A detailed presentation of these rules can be found in [11] and [9]. In the
sequel, we consider the Shafer’s model as the valid model for the fusion problem under consideration, unless specified.

Let © = {64, 0,...,0,} be the frame of discernment of the fusion problem under consideration having n exhaustive
and exclusive elementary hypotheses 6;. The set of all subsets of @ is called the power set of © and is denoted 2°. Within
Shafer’s model, a basic belief assignment (bba) m(.) : 2 — [0, 1] associated to a given body of evidence B is defined by
[10]

m@) =0  and > om(X)=1 (1)



The belief (credibility) and plausibility functions of X C O are defined as

Bel(X)= Y m(Y) )
Ye20,YCX
PIX)= >  m(Y)=1-Bel(X) 3)

Y €29, YNX#)D

where X denotes the complement of X in ©.

The belief functions m/(.), Bel(.) and PI(.) are in one-to-one correspondence. The set of elements X € 2° having a
positive basic belief assignment is called the core/kernel of the source of evidence under consideration.

The main problem is now how to combine several belief assignments provided by a set of independent sources of
evidence. This problem is fundamental to pool correctly uncertain and imprecise information and help the decision-
making. Unfortunately, no clear/unique and satisfactory answer to this problem exists since there is potentially an infinite
number of possible rules of combination [5, 7, 9]. Our contribution here is to propose an alternative to existing rules
which is very easy to implement and have a legitimate behavior (not necessary the optimal one - if such optimality exists
...) for practical applications.

2.1 The Dempster’s rule

The Dempster’s rule of combination is the most widely used rule of combination so far in many expert systems based on
belief functions since historically it was proposed in the seminal book of Shafer in [10]. This rule, although presenting
interesting advantages (mainly the commutativity and associativity properties) fails however to provide coherent results
due to the normalization procedure it involves. Discussions on the justification of the Dempster’s rule and its well-known
limitations can be found by example in [21, 22, 23, 17]. The Dempster’s rule is defined as follows: let Bel; (.) and Bels(.)
be two belief functions provided by two independent equally reliable sources of evidence By and By over the same
frame © with corresponding belief assignments m4(.) and mz(.). Then the combined global belief function denoted
Bel(.) = Bely (.) @ Bely(.) is obtained by combining m (.) and ms(.) according to m(f)) = 0 and V(X # @) € 2° by

Z Tfll(Xl)mg(XQ)

X1,X5€2°
X1NXo=X

1-— Z TTLl(Xl)TrLQ(XQ)

X1,X5€2°
X1NX2=0

m(X) =

“4)

m(.) is a proper basic belief assignment if and only if the denominator in equation (4) is non-zero. The degree of
conflict between the sources 131 and Bs is defined by

k12 £ E m1(X1)m2(X2) (5)
X1,X2€2°
X1NX2=0

2.2 The Murphy’s rule

The Murphy’s rule of combination [8] is a commutative but not associative trade-off rule, denoted here with index M,
drawn from [19, 3]. It is a special case of convex combination of bbas m(.) and mo(.) and consists actually in a simple
arithmetic average of belief functions associated with 1 (.) and ma(.). Belas(.) is then given VX € 2° by:

Bely (X) = %[Bell(X) + Bely(X)]

2.3 The Smets’ rule

The Smets’ rule of combination [15, 16] is the non-normalized version of the conjunctive consensus (equivalent to the
non-normalized version of Dempster’s rule). It is commutative and associative and allows positive mass on the null/empty
set ) (i.e. open-world assumption). Smets’ rule of combination of two independent (equally reliable) sources of evidence
(denoted here by index S) is then trivially given by:

ms(0) = kiz = Z m1(X1)ma(Xo)

X1,X2€2°
X1NXa=0
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and V(X # 0) € 29, by

ms(X) = > mi(X1)ma(Xa)

X1,X2€2°
X1NXao=X

2.4 The Yager’s rule

The Yager’s rule of combination [18, 19, 20] admits that in case of conflict the result is not reliable, so that k15 plays the
role of an absolute discounting term added to the weight of ignorance. This commutative but not associative rule, denoted
here by index Y is given' by my (#) = 0 and VX € 2, X # (), X # © by

my(X) = Z my(X1)ma(Xz)
X1,X,€2°
X1NXy=X

and when X = O by
my(0) =m1(O)ma(©) + > ma(X1)ma(X2)

X1,X0€2°
X1NXao=0

2.5 The Dubois & Prade’s rule

The Dubois & Prade’s rule of combination [3] admits that the two sources are reliable when they are not in conflict, but
one of them is right when a conflict occurs. Then if one observes a value in set X; while the other observes this value in a
set X, the truth lies in X7 N X5 as long X; N X5 # (0. If X3 N X5 = (), then the truth lies in X; U X5 [3]. According to
this principle, the commutative (but not associative) Dubois & Prade hybrid rule of combination, denoted here by index
DP, which is a reasonable trade-off between precision and reliability, is defined by mpp() = 0 and VX € 29, X £ (
by

mpp(X) = Y mi(Xy)ma(X2)+ Y mi(X1)ma(Xa) (6)
X1,X2€2° X1,X2€2°
X1NXo=X X1UX=X
X1NX2#0 X1NXo=0

2.6 The disjunctive rule

The disjunctive rule of combination [2, 3, 14] is a commutative and associative rule proposed by Dubois & Prade in 1986
and denoted here by the index U. my(.) is defined VX € 2° by my () = 0 and V(X # 0) € 2° by

mu(X) = Y mi(X1)ma(Xa)
X1,X,€2°
X1UXo=X
The core of the belief function given by my, equals the union of the cores of Bel; and Bel,. This rule reflects the
disjunctive consensus and is usually preferred when one knows that one of the sources B; or B2 is mistaken but without
knowing which one among B; and B3. Because we assume equi-reliability of sources in this paper, this rule will not be
discussed in the sequel.

2.7 Unification of the rules (weighted operator)

In the framework of Dempster-Shafer Theory (DST), an unified formula has been proposed recently by Lefevre, Colot
and Vanoorenberghe in [7] to embed all the existing (and potentially forthcoming) combination rules (including the PCR1
combination rule presented in the next section) involving conjunctive consensus in the same general mechanism of con-
struction. We recently discovered that actually such unification formula had been already proposed 10 years before by
Inagaki [5] as reported in [9]. This formulation is known as the Weighted Operator (WO) in literature [6], but since these
two approaches have been developed independently by Inagaki and Lefévre et al., it seems more judicious to denote it
as ILCV formula instead to refer to its authors when necessary (ILCV beeing the acronym standing for Inagaki-Lefévre-
Colot-Vannoorenberghe). The WO (ILCV unified fusion rule) is based on two steps.

e Step 1: Computation of the total conflicting mass based on the conjunctive consensus

k12 £ Z ml(X1)m2(X2) @)

X1,X2€2°
X1NX2=0

'O represents here the full ignorance 81 U 62 U ... U 6, on the frame of discernment according the notation used in [10].



o Step 2: This step consists in the reallocation (convex combination) of the conflicting masses on (X # }) C © with
some given coefficients w,, (X) € [0,1] such that > y g wm (X) = 1 according to

m(@) = wm((Z)) . k12

and V(X # ) € 2°
mX)=[ Y mi(X1)ma(Xa)] + win (X)kr2 (8)
X1,X2€2°
X1NXo=X
This WO can be easily generalized for the combination of N > 2 independent and equi-reliable sources of information
as well for step 2 by substituting k12 by

kio.n & Z H mi(Xi)

mX)=[ > H mi(X;)] + wim (X)k12.. N

The particular choice of the set of coefficients w;,(.) provides a particular rule of combination. Actually this nice
and important general formulation shows there exists an infinite number of possible rules of combination. Some rules are
then justified or criticized with respect to the other ones mainly on their ability to, or not to, preserve the associativity
and commutativity properties of the combination. It can be easily shown in [7] that such general procedure provides all
existing rules involving conjunctive consensus developed in the literature based on Shafer’s model. We will show later
how the PCR1 rule of combination can also be expressed as a special case of the WO.

2.8 The weighted average operator (WAO)

This operator has been recently proposed by Josang, Daniel and Vannoorenberghe in [6]. It is a particular case of WO
where the weighting coefficients w,, (A) are chosen as follows: w,, (#) = 0 and VA € 2° \ {0},

N
1
() = 3 3 ma(4)
where NN is the number of independent sources to combine.

2.9 The hybrid DSm rule

The hybrid DSm rule of combination is a new powerful rule of combination emerged from the recent theory of plausible
and paradoxist reasoning developed by Dezert and Smarandache, known as DSmT in literature. The foundations of DSmT
are different from the DST foundations and DSmT covers potentially a wider class of applications than DST especially
for dealing with highly conflicting static or dynamic fusion problems. Due to space limitations, we will not go further
into a detailed presentation of DSmT here. A deep presentation of DSmT can be found in [11]. The DSmT deals properly
with the granularity of information and intrinsic vague/fuzzy nature of elements of the frame © to manipulate. The basic
idea of DSmT is to define belief assignments on hyper-power set D (i.e. free Dedekind’s lattice) and to integrate all
integrity constraints (exclusivity and/or non-existential constraints) of the model, say M (O), fitting with the problem into
the rule of combination. This rule, known as hybrid DSm rule works for any model (including the Shafer’s model) and
for any level of conflicting information. Mathematically, the hybrid DSm rule of combination of N independent sources
of evidence is defined as follows (see chap. 4 in [11]) for all X € D®

ma(e) (X) 2 6(X) [ S1(X) + S5(X) + S(x)| ©)

where ¢(X) is the characteristic non-emptiness function of a set X, i.e. ¢(X) = 1if X ¢ 0 and ¢(X) = 0 otherwise,
where @ = {@rq, 0}. @, is the set of all elements of D® which have been forced to be empty through the constraints of
the model M and 0 is the classical/universal empty set. S1(X), S2(X) and S3(X) are defined by

N
S1(X) £ Z Hmz(X7) (10)

X1,Xg,..,.XnyeD® =1
(X1NX2N..NXn)=X

307



308

N
Sa(X) £ Z Hmi(Xi) )

X1,X2,..,XNED i=1
[U=X]V[UEDN(X=T})]

N
S3(X) & > [[mi(x3) (12)
X1,Xg,..,.XyeD® =1
(X1UX2U...UXN)=X
(X1NX2N...nXN)€ED
with U £ u(X)Uu(X2)U...Uu(Xy) where u(X;),i = 1,..., N, is the union of all singletons 0, k € {1,...,|0]},
that compose X; and I; 2 6, U U ... U @, is the total ignorance. Sy (X) corresponds to the conjunctive consensus on
free Dedekind’s lattice for N independent sources; S (X ) represents the mass of all relatively and absolutely empty sets
which is transferred to the total or relative ignorances; S3(X ) transfers the sum of relatively empty sets to the non-empty
sets.

In the case of a dynamic fusion problem, when all elements become empty because one gets new evidence on integrity
constraints (which corresponds to a specific hybrid model M), then the conflicting mass is transferred to the total igno-
rance, which also turns to be empty, therefore the empty set gets now mass which means open-world, i.e, new hypotheses
might be in the frame of discernment. For example, Let’s consider the frame © = {A, B} with the 2 following bbas
mi(A) = 0.5, m1(B) = 0.3, m1 (AU B) = 0.2 and ma(A4) = 0.4, mz(B) = 0.5, ma(A U B) = 0.1, but one finds out

with new evidence that A and B are truly empty, then AU B = © 4 (). Then m(0) = 1.

The hybrid DSm rule of combination is not equivalent to Dempter’s rule even working on the Shafer’s model. DSmT
is actually a natural extension of the DST. An extension of this rule for the combination of imprecise generalized (or
eventually classical) basic belief functions is possible and is presented in [11].

3 The PCRI1 combination rule
3.1 The PCRI1 rule for 2 sources

Let © = {6;,0>} be the frame of discernment and its hyper-power set D® = {0, 61, 0,6, U 626, N 02}. Two basic
belief assignments / masses m1(.) and mo(.) are defined over this hyper-power set. We assume that m;(.) and mq(.) are
normalized belief masses following definition given by (1). The PCR1 combination rule consists in two steps:

e Step 1: Computation of the conjunctive consensus? mn(.) = [m1 @© m2](.) and the conflicting mass according to

ma(X) = > mi(X1)ma(X2) (13)
X1,X2€D®
X1NXo=X

and
k1o £ Z m1(X1)ma(X2) (14)

X1,X2€D®
X1NXo=0

This step coincides with the Smets’ rule of combination when accepting the open-world assumption. In the Smets’
open-world TBM framework [13], k12 is interpreted as the mass m(()) committed to the empty set. (} corresponds
then to all missing unknown hypotheses and the absolute impossible event.

e Step 2 (normalization): Distribution of the conflicting mass k12 onto mn(X) proportionally with the non-zero
sums of their corresponding columns of non-empty sets of the effective mass matrix My2[m;;] (index 12 denotes
the list of sources entering into the mass matrix). If all sets are empty, then the conflicting mass is redistributed to
the disjunctive form of all these empty sets (which is many cases coincides with the total ignorance).

More precisely, the original mass matrix M5 is a (N = 2) x (2/®! — 1) matrix constructed by stacking the row
vectors

m; = [m1(01) mi (92) m1(61 U 92)]

mo = [mg(el) mg(gg) m2(61 @] 92)]

2@ denotes here the generic symbol for the fusion.



associated with the beliefs assignments m1(.) and ms(.). For convenience and by convention, the row index ¢
follows the index of sources and the index j for columns follows the enumeration of elements of power set 2©
(excluding the empty set because by definition its committed mass is zero). Any permutation of rows and columns
can be arbitrarily chosen as well and it doesn’t not make any difference in the PCR1 fusion result. Thus, one has
for the 2 sources and 2D fusion problem:

m1:| _ |:m1(91) m1(92) m1(01 @] 92)
77’Z2(91) mg(eg) m2(6’1 U 92)

We denote by c12(X) the sum of the elements of the column of the mass matrix associated with element X of the
power set, i.e

c12(X = 601) = my(61) + ma(61)
c12(X = 02) = my(62) + ma(6)
012(X =60, U 92) &S m1(01 @] 92) + m2(01 U 92)

The conflicting mass k12 is distributed proportionally with all non-zero coefficients c12(X ). For elements X € D®
with zero coefficients ¢12(X), no conflicting mass will be distributed to them. Let’s note by w(61), w(62) and
w(f;UB2) the part of the conflicting mass that is respectively distributed to 01, 02 and 6 U6 (assuming c12(61) > 0,
012(92) > 0 and 612(91 U 92) > 0. Then:

w(91) . w(92) . w(91U62) . w(91)+w(92)—|—w(91 U92) . k12

= = = == 15
c12(01)  c12(02)  c12(61U602)  c12(01) + c12(b2) + c12(61 U b2)  dio (13)
because
012(91) + 012(92) + 612(91 U 92) = Z mi (Xl) + Z m2(X2) =dj2
X1€DO\{0} X2€DO\{0}

Hence the proportionalized conflicting masses to transfer are given by

w(91) = 612(91) . %
U}(eg) = 612(92) . %
w(91 U 92) = 012(91 U 92) . %

which are added respectively to mn(61), mn(62) and mnq (61 U 05).

Therefore, the general formula for the PCRI1 rule for 2 sources, for |©] > 2, is given by mpcpri1(f) = 0 and for
(X #0) € D°,

k
mpep(X) = D0 ma(X)ma(Xo) +enn(X) - o2 (16)
X1,X2€D® 12
X1NXo=X

where k12 is the total conflicting mass and ¢12(X) £ 3., , m;(X) # 0, i.e. the non-zero sum of the column of the
mass matrix Mo corresponding to the element X, and d;5 is the sum of all non-zero column sums of all non-empty sets
(in many cases d12 = 2 but in some degenerate cases it can be less).

In the degenerate case when all column sums of all non-empty sets are zero, then the conflicting mass is transferred
to the non-empty disjunctive form of all sets involved in the conflict together. But if this disjunctive form happens to
be empty, then one considers an open world (i.e. the frame of discernment might contain new hypotheses) and thus all
conflicting mass is transferred to the empty set.

As seen, the PCR1 combination rule works for any degree of conflict k12 € [0, 1], while Dempster’s rule does not
work for k12 = 1 and gives counter-intuitive results for most of high conflicting fusion problems.

3.2 Generalization for V > 2 sources

The previous PCR1 rule of combination for two sources (N = 2) can be directly and easily extended for the multi-source
case (N > 2) as well. The general formula of the PCR1 rule is thus given by mpc g1 () = 0 and for X # @) € D®

meor(X) =[S0 [ m(X0)] + ensn(X) - B2 a”

d
X1,...XnyED® i=1,N 12...N
XiNn..NXny=X
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where k1o, n is the total conflicting mass between all the NV sources which is given by

k2. N = Z H mi(X;) (18)

X1,..,.XyeD® i=1,N
XiNn..NnXny=0

and c12. n(X) £ > i1 n mi(X) # 0, i.e. the non-zero sum of the column of the mass matrix M1z corresponding
to the element X, while d;5 v represents the sum of all non-zero column sums of all non-empty sets (in many cases
di2...ny = N but in some degenerate cases it can be less).

Similarly for N sources, in the degenerate case when all column sums of all non-empty sets are zero, then the conflict-
ing mass is transferred to the non-empty disjunctive form of all sets involved in the conflict together. But if this disjunctive
form happens to be empty, then one considers an open world (i.e. the frame of discernment might contain new hypotheses)
and thus all conflicting mass is transferred to the empty set.

The PCRI1 rule can be seen as a cheapest, easiest implementable approximated version of the sophisticated MinC com-
bination rule proposed by Daniel in [1] and [11] (chap. 10). Note also that the PCR1 rule works in the DSmT framework
and can serve as a cheap alternative to the more sophisticated and specific DSm hybrid rule but preferentially when none
of sources is totally ignorant (see discussion in section 3.6). One applies the DSm classic rule [11] (i.e. the conjunctive
consensus on D®), afterwards one identifies the model and its integrity constraints and one eventually employs the PCR1
rule instead of DSm hybrid rule (depending of the dimension of the problem to solve, the number of sources involved and
the computing resources available). PCR1 can be used on the power set 2° and within the DS Theory.

The PCR1 combination rule is commutative but not associative. It converges towards Murphy’s rule (arithmetic mean
of masses) when the conflict is approaching 1, and it converges towards the conjunctive consensus rule when the conflict
is approaching 0.

3.3 Implementation of the PCRI1 rule

For practical use and implementation of the PCR1 combination rule, it is important to save memory space and avoid
useless computation as best as possible and especially when dealing with many sources and for frames of high dimension.
To achieve this, it’s important to note that since all zero-columns of the mass matrix do not play a role in the normalization,
all zero-columns (if any) of the original mass matrix can be removed to compress the matrix horizontally (this can be easily
done using MatLab programming language) to get an effective mass matrix of smaller dimension for computation the set
of proportionalized conflicting masses to transfer. The list of elements of power set corresponding to non-empty colums
must be maintained in parallel to this compression for implementation purpose. By example, let’s assume |©| = 2 and
only 2 sources providing mq (f2) = mo(f2) = 0 and all other masses are positive, then the effective mass matrix will
become

My, = {mlwﬁ my (61 U 02)}

m2(91) m2(01 U 92)

with now the following correspondance for column indexes: (j = 1) «<» 67 and (j = 2) < 61 U 5.

The computation the set of proportionalized conflicting masses to transfer will be done using the PCR1 general formula
directly from this previous effective mass matrix rather than from

ml} _ {ml(el) mi(02) =0 my (6 uez)}

M =
12 |:II12 77’Z2(91) mg(eg) =0 m2(91 @] 92)

3.4 PCRI rule as a special case of WO

The PCRI1 rule can be easily expressed as a special case of the WO (8) for the combination of two sources by choosing as
weighting coefficients for each X € 29\ {(},

W (X) = c12(X)/di2
For the combination of N > 2 independent and equi-reliable sources, the weighting coefficients will be given by

Wi (X) = c12..n(X)/d12..N
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3.6

Advantages of the PCRI1 rule

e the PCR1 rule works in any cases, no matter what the conflict is (it may be 1 or less); Zadeh’s example, examples

with k15 = 1 or k12 = 0.99, etc. All work;

the implementation of PCR1 rule is very easy and thus presents a great interest for engineers who look for a cheap
and an easy alternative fusion rule to existing rules;

the PCR1 formula is simple (it is not necessary to go by proportionalization each time when fusionning);

the PCRI rule works quite well with respect to some other rules since the specificity of information is preserved
(i.e no mass is transferred onto partial or total ignorances, neither onto the empty set as in TBM);

the PCR1 rule reflects the majority rule;

the PCRI1 rule is convergent towards idempotence for problems with no unions or intersections of sets (we know
that, in fact, no combination rule is idempotent, except Murphy elementary fusion mean rule);

the PCR1 rule is similar to the classical Dempster-Shafer’s rule instead of proportionalizing with respect to the
results of the conjunctive rule as is done in Dempster’s, we proportionalize with respect to the non-zero sum of
the columns masses, the only difference is that in the DS combination rule one eliminates the denominator (which
caused problems when the degre