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ABOUT THE BOOK

In this book for the first time authors describe and develop
the new notion of MOD natural neutrosophic semirings using

7, CN(Z), (Zo U Dy, (Zo U 1, (Zo U Ky and (Z, U h)..

Several interesting properties about this structure is derived.
Using these MOD natural neutrosophic semirings MOD natural
neutrosophic matrix semirings and MOD natural neutrosophic
polynomial semirings and defined and described.

Special elements of these structures are analysed. =~ When
MOD intervals [0, n) and MOD natural neutrosophic intervals
10, n) are used we see the MOD semirings do not in general
satisfy the associative laws and the distributive laws leading to
the definition of pseudo semirings of infinite order. These are
also introduced in this book. We also define and develop MOD
subset pseudo semiring and MOD subset natural neutrosophic
pseudo semirings. This study is innovative and interesting by
providing a large class of MOD pseudo semirings. Special
elements in them are analysed.

Using these MOD subset matrix pseudo semirings and
MOD subset polynomial pseudo semirings and developed.

They enjoy very many special features. Several problems
are suggested and these notions will certainly attract semiring
theorists.

We wish to acknowledge Dr. K Kandasamy for his
sustained support and encouragement in the writing of this
book.

W.B.VASANTHA KANDASAMY
ILANTHENRAL K
FLORENTIN SMARANDACHE






Chapter One

SEMIRINGS USING NATURAL
NEUTROSOPHIC ELEMENTS

In this chapter for the first time authors fully analyse the
MOD natural neutrosophic semiring which we also describe as

natural neutrosophic semiring Z! . However for basic definition

and properties about natural neutrosophic numbers of Z, refer
[66].

Barring distributive lattices of finite order, lattice groups
and lattice semigroups one is not in a position to give examples
of finite semirings.

However in this book we give an infinite class of finite
semirings constructed using Z! which are never semifields. So

finding finite semifields other than distributive lattices and the
above said structures happens to be a challenging problem.

We first describe finite semirings built on Z! by some
examples.

Example 1.1: Let Z) = {0, 1, 17, 1+17} by the set on which

we can define x and +.

Clearly Z! under + is only semigroup. I + I, = 1;.
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I+L+1+ 15 =1;.

Thus Z) is a semigroup under + and 0 is the trivial
idempotent under + and I; is the natural neutrosophic element

which is an idempotent of Z} .
o(Z))=4.

We see Z, < Z). Z, is a group under +. So Z} is a
Smarandache semigroup.

Clearly {Z}, x} is a semigroup for 1.I; = IZ, 0. I} = I,
ExLE=L, 1+ x+1=1+1 as [ + I} = I} [66].

Now ZJ under x is a semigroup and this has I} and 1 + I
to be nontrivial idempotents. Infactas 1 x 1 =1,0x 0 =0 we
see Z) is an idempotent semigroup.

{Z}, +, x} is a semiring. We see this is an example of a
finite semiring. However characteristic of Z} is not two as I +

I;=1; so for Z}, we cannot associate the characteristic to be
two.

But we have a subset Z, le which 1s of characteristic
two.

In view of all these we define the notion of quasi
characteristic for these semirings.

Example 1.2: Let Z, = {{0,1,2, L, 1+ I;,2+ L}, +,x} be a

natural neutrosophic semiring. o( Z}) = 6.

Clearly 1 + I; x 2+ I; =2+ I} and
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2+ B x2+ L =1+1.

1+ L x1+0=1+1

BxI=1.

So the additive idempotents of Z} are 0 and I .

The multiplicative idempotents are I;, I; + 1, 1 and 0.

Clearly characteristic of Z; is not 3 as I, + I, + I, # 0 only

3 3 3 _ 13
C+LB+L=C.
We see Z! is a S-semigroup under + as well as under x.
3 group

Example 1.3: Let Z,= {0, 1,2,3, I, I3, 1 + I, 2 + I,
3+, 1+ 1,2+ 10,3+ 1,10 +13, 1+ I3 +15, 2+ I +13,

3+ I3 +13} be the MOD natural neutrosophic semiring.
Clearly o( Z}) = 16.
Clearly 0, Ij, I3, I3+13 are additive idempotents of Z.
0,1, Ig, 1+ Ig are multiplicative idempotents of Zi.

Q+1 )y = I3 is a MOD natural neutrosophic nilpotent of

order two.
(I, + 13) =1,

Q+ I+ 13)=15 and I} x I = I} are all MOD natural
neutrosophic nilpotent elements of order.
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Thus P, = {I3, I + I3} < Z, is a subsemiring of order
two.
P,= {0, I, Iy + I3} < Z, is a subsemiring of order three.

P;={0,2,2+1;} < Z! is a subsemiring of order three.

P,= {0, I}, I3,I} + I3} < Z is again a subsemiring of
order four.

Ps=1{0,2, I;,I3,2+ 1,2+ 13, I; +13,2+ I; + I}

Z, is again a subsemiring of order 8.

Thus we can work to get subsemirings of very many
different orders.

Pe= {0, I], I3, 2+1;, [3+2, [I+15, 2+ [J+15} < Z, is
again a subsemiring of order 7 and so on.

P,=1{0, IJ, B, 2415, I + 15,2+ I3, 2+1; + I3, 1 + I

+15,3+ I;+13} < Z, is a subsemiring of order 9.

Py=10,1,2,3, I, I +1,2+1; 3+ I;} = Z, is againa
subsemiring of order 8.

Thus we get several subsemirings of various orders.

The order of the subsemiring may divide the order of Zj or

may not divide the order of Zj.

Example 1.4: Let
Zé = {07 17233a43 1(5)31+I(5)32+ 1(5),3+ 1(5),4+ I(S)’+’X} isa
natural neutrosophic semiring of order 10.

This has no nontrivial zero divisors or nilpotents.
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But I x I; = I} is the natural neutrosophic zero.

Example 1.5: Let Z, = {0,1,2,3,4,5 15, I3, 15, 15, 1 + I,
24 08,3415, 4+ 10,5+ 10, 1+15,2+ 15,3+ 15,4+ 15,5+
B,3 +8, 1+ 15,2+ 15,4+ 15,5+ 15,4+ 15, 1+15,2+

IZ, 3+ IZ, 5+ IZ, +, x} be the natural neutrosophic semiring of
finite order.

o( Zt) = 30.
Clearly this has zero divisors for 2.3 =0 and 4.3 = 0.

Further this has idempotents 3.3 =3 and 4.4 = 4.

Now we see Z; has neutrosophic nilpotent which is trivial

6 6 _ 16
as Ij x I, = I.

But Z; has natural neutrosophic idempotents and zero
divisors given by the following.

I xIg= 15,
I xI§=18,
1§ x I = 1§ and

1§ x 1§ = 1§ are the natural neutrosophic zero divisors and

natural neutrosophic idempotents of Z; respectively.
G+IH (5 +3)=3+1§

is again a natural of neutrosophic idempotent of Zj .
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4+ 1§ x4+ I5= IS + 4 is again a natural neutrosophic

idempotent of Z; .

43+15)=1
23+ 1$)= 1S and so on.

Clearly Z; has zero divisors, units and idempotents apart
from natural neutrosophic zero divisors and idempotents.

Example 1.6: Let 7! ={0,1,2,3,4,5,6, I, 1 + 17,2+ 1],
3+ 1,4+ 1,5+ 1,6+17}.

{ Z%, +, x} is a semiring of order 14 has no nontrivial zero
divisors or idempotents or nilpotents other than 0.0 = 0.

Ix1=1,1 xI]=1.
In view of all these we put forth the following theorem.

THEOREM 1.1: Let Z, ={0, 1,2, .., p-1, I, 1 +1, 2+ I},

., p—1 +17} be the MOD natural neutrosophic semiring (p a
prime).

. I _
(i)o(Z,)=2p.
(ii) Z; has no nontrivial zero divisors, idempotents or

nilpotents.
(iii) Z; has no non trivial natural neutrosophic zero

divisors or idempotents or nilpotents.
(iv) Z; is not a semifield.

Proof is direct and hence left as an exercise to the reader.
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Now we proceed onto define a new notion of quasi
characteristic of a natural neutrosophic semiring.

DEFINITION 1.1: Let {Z!, x, +} be the semiring of natural
neutrosophic elements.

Clearly Z, < Z! is such that Z, is a ring of characteristic

n 2<n<ooasnx=0forallx e€Z,

Thus Z, is a quasi characteristic semiring of characteristic

Z! has a substructure which is a ring of characteristic n.
We will provide examples of them.

Example 1.7: Let {Z),, +, x} = {0, 1,2, ..., 19, a + I2°,
a+ 1, ,aty,a+ X, a+ 10, a+ 0+ 1, ..,a+ [0+
B+ ...+ I + I + I} where a € Zy} be a MOD natural
neutrosophic semiring of finite order. The quasi characteristic of

the semiring  Z}, is 20.

Example 1.8: Let {Z; ,+, x} =1{0,1,2,3,...,15 a+ I°,
a+ I¥, ..,a+ L + ...+ I + x} be the MOD natural
neutrosophic semiring whose quasi characteristic is 16.

Example 1.9: Let {Zl,, +, x} = {0, 1, 2, ..., 11, a + I,
Oa+ 17, ..,a+ I, a+ 1V, a+ If,a+ 17 + 1), ...,a+
[P+ + 17 + 12+ I+ 1) + I + I a e Zp, +, x} be the
MOD natural neutrosophic semiring. The quasi characteristic of
Z,, is 12.

Clearly 1) x I = I is a natural neutrosophic zero
divisors.

12 12 _ 12 12 12 _ 12

I, xI77 =1, I, xIg =1,
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12, 72 — qi2 12, 712 = q2
I x I =1, I;x I = I,
12, 712 = 2 12, 712 = q2
Iy x Iy = I, Iy x I = I

are natural neutrosophic zero divisors, idempotents and
nilpotents.

This has also zero divisors, idempotents and nilpotents.

Example 1.10: Let {Z,,+, x}=10,1,2,...,33, ', IV, ...,
L, Lh,a+t Lha+t DY a+t P+ DY+ B+ Iy + 1,
+, x} be the MOD natural neutrosophic semiring. The quasi

characteristic of Z}, is 34.

We try to find ideals of Z} . This will first be illustrated by
some examples.

Example 1.11: Let {Z\,, +, x} =1{0,1,2,...,9, 1., 1., 1.,
), 10, I, a+ 1, .. a+l) + I + ...+ I°, +, x} be the
MOD natural neutrosophic semiring,.

Consider I; = {0, I\, I}, I} + 1.}

— 10 10 10 10 10 10 10 10 10 10 10
L={0, I, ), I, I, I, L’+L°, I + I, '+ I,

10 10 10 10 10 10 10 10 10 10 yl0 10 10
L+ 10, L+ 10, I+ I I+ I, L+ 1P 10+ 10, I+
I, I+ B+ 0,0+ 0+, P+ L+ I

+1"} < {Z],, +, x} is an ideal of the semiring. o(I,) = 32.

L ={Zy, +, x} € {Z,,,+, x} is a subsemiring and is not an
ideal of { Z,, +, x}.

L= {0, IY,1, I, 1., 1)} is an ideal of Z}, .
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Example 1.12: Let S = {Z!, +, x} be the MOD natural
neutrosophic semiring.

{Zl7, + x}3=40,1,2,3,4,5,6, 1(7), a+ 1(7), aeZ;\{0}}.

Clearly P, = {0, 1, 2, 3, ..., 6} < Zl7 is only a field of
characteristic seven and is not an ideal.

P,={1],a+ [],a e Z;\{0}} c Z} is a subsemiring which
is an ideal.

P;={1], 0} = Z! is also a subsemiring which is an ideal.

Does Z! contain subsemirings which are not ideals other
than P,?

Example 1.13: Let {Z, +,x} =1{0,1,2,3,4,5,6,7, I}, I3,
B, E,a+ L+ LB,a+ L +B,a++1,..,a++1+
I¥ + I¥, +, x} be the natural neutrosophic semiring of finite
order.

P, = {0, I} } c Zi is a subsemiring which is an ideal.

P, = {Zs} < Z; is only a subsemiring and not an ideal of
Z.

P;=1{0, I} + I}, I} +1}} is a subsemiring which is also an

ideal of Zj.

Pp,={0, B, B, ¢ B+ 5, ¢+, B+5, B+,
B+ 58,8+, B+ B+ &, &+ B+, +8+ L,

B+ E+E, L+ B+ 15+ L) cZt.
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Can we have other subsemiring which are not ideals of Zj ?

Example 1.14: Let M = {Z,,, +, x} be the MOD natural
neutrosophic semiring.

M={0,1,2,...,13, a+I%)4, a-+ 1124, a-+ If‘, a-+ 1164, a-+

I?, a-+ I}g, a-+ I}‘z‘, a-+ 1174, ae”Zy at IB4+1124, ..,a-+

L+La+ P+ B+ 1, . a+ I + L3 + 1Y and so on}.

P = {Z4} < M is only subsemiring and infact a ring but not
an ideal of M.

. 14 (14 14 (14 (14 (14 (14 (14 {14 14
Consider {0, I, L', I,", LI,', I',L;", LI,,I5, I+ L,

L+ I, I+ I, O I AL+ L I+ L+ 1)

=B < M is a subsemiring which is also an ideal of M.
(I +L I+ P+ I+ L+ 15 + 1Y 1Y
(Ig + L'+ I8+ T+ L I8+ 1)

(I +L I+ P+ L+ Lo+ 15 + By < I
= I+ I%' and so on.
1124 + I;4+ 124
_ I? + 124
(B + Iy =< I =1,
So is a natural neutrosophic zero divisor.

(B +10+14) < =1} and
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14 14 14 14 14 _ 114
(I + L+t I+ 1) x I =1,
are all natural neutrosophic zero divisors in M.
I*xI)* = I is natural neutrosophic idempotent of Z|, .
7+ L) x @7+ 1H)=7+1" and

(1+ I x (7+ I')=1+ L' are also natural neutrosophic

idempotents of Z, .

Example 1.15: Let W = { Z., , +, x} be the natural neutrosophic
semiring.

W=101,2, ...,24, I, I, I, I, I7,a+ I,

a+ 12, .. a+ 0 + 12+ 15, Ih+ I wherea € Zys} be the

finite MOD natural neutrosophic semiring,
25 25 _ 125 25 25 _ 125
I x I =17, I xI; =1,
25 25 _ 125 25 25 _ 125
I7 < Iy =17, Ly x Iy = L

and so on are natural neutrosophic zero divisors and natural
neutrosophic nilpotent of order two.

25 25 _ 25 25 25 _ 25
I, xI; =1, I5, x I;) =1, and

I x I = I7° are natural neutrosophic nilpotent of order
two.

— 25 25 25 25 25 25 25 25 25
P = {0’ I0 ’ I5 ’ IIO’ 115’ 120’ I0 +IS ’ I0 + IIO’

25 25 25 25 25 25 25 25 25
I0 + 115’ I0 + 120’ Tt I0 + IS + 110+ 115+ I20} .

P is such that for every x € P is such that x x x = I .
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Thus we see P is a subsemiring and infact a zero square
natural neutrosophic subsemiring.

Infact x + x = x for every x € P. But not a field as
I’ x12 = 12’ is a natural neutrosophic zero divisor.

But P is a strict commutative finite natural neutrosophic
subsemiring of W.

However W is not a strict in the usual sense natural
neutrosophic semiring.

But we call them as strict for all those non strict elements
have inverse under +;

5+ 20 =0 (mod 25)
10 + 15 =0 (mod 25)
12 + 13 =0 (mod 25) and so on.

W is a not a semifield but has a subset which is a field.

Example 1.16: LetS = {Z,, +,x} ={0,1,2,3,4,5,6,7,8,

a+ [,at B,a+l,a+ 1)+ ,a+ L+ [,a+ [+ 13,
a+ Iz + Ig + Ig, a € Zo, +, x} be the MOD natural neutrosophic

semiring.

o(S) = 72. Clearly S is a strict semiring not in the usual
sense. Quasi characteristic of the semiring S is 9.

— 9 9 9 9 9 9 9 9 9 9 9 9
B=A{0, I, I;, Is, I, + I, Iy + L5, I + I, Ij + I} + I,
+, x} < S is a subsemiring and no characteristic can be

associated with it.

Infact every x € B is an idempotent with respect to both +
and under x there are only some idempotents.

20
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This helps one to define for the first time the notion of S
idempotent semiring.

DEFINITION 1.2: Let S = {Zi, +, x! be the natural
neutrosophic semiring. If P = {0, I t-appropriate values of

Z,} < S is a subsemiring then S is defined as the Smarandache
idempotent semiring.

If in addition every x € P is such that x x x = x then S is
defined as the Smarandache idempotent strong semiring.

We will provide examples of them.

Example 1.17: Let S = {Z;, +, x} be the natural neutrosophic
number semiring.

P={0, 15, I3, I, I§ + 1, Ig + 15,15 + 15, Ip + IS + 15}

S be the natural neutrosophic number semiring.
Clearly for everyx € P, x + x =x.
Now I§ x IS =15, 1§ x 1§ = 18,
1§ % I§ =15 (15 +15) = (I§ +15) =I5 +1¢,
(Ig +15) x (Ig +15) = I +15,
(I + ) < (I + 1) =(15 + I + I).
(I + I+ 1) < (I + I + 1) =15 + 15 + 15,

Thus baring I + I$ in P all elements in P are idempotents

under Xx.

Consider P, = {0, I, 1, IS + I$) = S. Clearly P, is such

that x + x =x and x x x = x for all x € P;. So S is a S-strong
idempotent semiring.

LetP,= {0, I, IS, IS + 1§} < S.

21
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For every x € P, is such that x + x =x and x x x =x so P, is
an idempotent semiring with respect to + and x; hence S is a S-
strong idempotent semiring.

Example 1.18: Let S = {Z|,, +, x} be the natural neutrosophic
semiring.

P ={0, I}, I, I + 1Y} and P, = {0, I}, I, I’ + I}
are natural neutrosophic idempotent subsemirings of S with

respect to + and x.

So S is a S-strong idempotent semiring.

Example 1.19: Let S = {Z.,, +, x} be the natural neutrosophic
semiring.

Py ={0, .17, I+ I} } = Sand

P, = {0, I?, I3, I+ 17} < S are pure natural
neutrosophic subsemirings.

Both are strong idempotent subsemirings as every element
in them is an idempotent with respect to + and x.

So S is a S-strong idempotent subsemiring.

In view of this we have the following theorem.

THEOREM 1.2: Let S = {Zzlp, +, x}! (p an odd prime) be the

natural neutrosophic element semiring. S is a S-strong
idempotent semiring.

Proof: Follows from the fact P, = {0, I;? ,If)p , 1P+ If)p } and

22
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P, = {0, I’*, I

i1 1P+ Iffjl} in S are strong idempotent

subsemirings as both P, and P, are such that each element in
them is an idempotent with respect to + and x.

Hence the claim.

Example 1.20: Let S = {Z|,, +, x} be the natural neutrosophic
semiring.

Consider P, = {0, I}, I;;, I’ +1}; } and
P,={0, I}, I’, I’+ 1.’} are strong natural neutrosophic
element idempotent subsemirings.

Hence S is a S-strong idempotent semiring.

Example 1.21: Let S = {Z|,, +, x} be the natural neutrosophic
element semiring. S has only trivial natural neutrosophic
idempotent viz., I}°.

Example 1.22: Let S = {Z..,+, x} be the natural neutrosophic
semiring.

S is not a S-strong natural neutrosophic semiring.

Inview of this we prove the following theorem.

THEOREM 1.3: Let S = {Z; +, x} (p a prime n > 1) be the

natural neutrosophic semiring.
S is not a S-strong idempotent semiring.

Follows from simple number theoretic techniques and hence
left as an exercise to the reader.

Example 1.23: Let S = {Z},, +, x} be the natural neutrosophic
semiring.

23
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S is not a S-strong idempotent semiring.

Next we define a strong natural neutrosophic nilpotent
subsemiring of a natural neutrosophic semiring, { Z! , +, x}.

DEFINITION 1.3: Let S = { Zi, +, x} be the natural

neutrosophic semiring. P < S be the subset of pure natural
neutrosophic elements. If every x € P is such that x" = I,

m 2> 2 then we define P to be a strong natural neutrosophic
nilpotent subsemiring.

If S contains a strong natural neutrosophic nilpotent
subsemiring then S is defined as the S-strong natural

neutrosophic nilpotent semiring.

We will provide examples of them.

Example 1.24: Let S = {Z, +, x} be the natural neutrosophic
semiring.

P=1{0,2, 13,2+ 13, I3,2+13, L+I;, 2+ I3 + I3} S.

is a subsemiring of S but is not a strong natural neutrosophic
nilpotent subsemiring of S as (2 + I} )y = | R AE b

Let R=1{0, I, I3, I + I3} = S; R is a strong natural
neutrosophic nilpotent subsemiring.

So S is a S-strong natural neutrosophic nilpotent semiring.

Example 1.25: Let S = {Z, +, x} be the natural neutrosophic
semiring.

P={0, I;,I;, I + I}} < S is strong natural neutrosophic
nilpotent subsemiring.

24
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So S is a S-strong natural neutrosophic nilpotent semiring.

Example 1.26: Let S = {Z.,, +, x} be the natural neutrosophic
semiring.

P =0, I?, I?, Iy, P+ I, I + I

32 32
16 » 16 » I8 +1

32
16 > I0 +
I+ I} < S is a strong natural neutrosophic nilpotent

subsemiring of S; hence S is a S-strong natural neutrosophic
nilpotent semiring.

Example 1.27: Let S = {Z, , +, x} be the natural neutrosophic

semiring.
— 64 64 164 64 64 64 64 64 64 64 64
P = {0, I, I L, Ly Iy Ly Ly, L, I 1, I+
64 64 64 64 64 64 64 64 64 64 64 64
I16 ’ I0 + I24 ’ I0 + I32 ’ I0 + I40 ’ I0 + I48 ’ I0 + I56 ’ I48 +

64 64 64 64 64 64 64 64
Lo, .., I+ T+ L, .., + "+ +...+ L} cSbe

the strong natural neutrosophic nilpotent subsemiring.
S is a S-strong natural neutrosophic nilpotent semiring.

In view of this we can make the following theorem,

THEOREM 1.4: Let S = {Z; +, x} (p a prime n > 2) be the

natural neutrosophic semiring. S is a S-strong natural
neutrosophic nilpotent semiring.

The proof can be got by exploiting number theoretic
techniques so left as an exercise to the reader.

Next we proceed on to build natural neutrosophic matrix
semirings using the natural neutrosophic semiring { Z! , +, x}.

25
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Example 1.28: Let

a, a,
a, a,
a; a, . .
V= ai € {Zg ,x, T}, 1 <1<12, +, X}
a; ag
a9 Ay
a4 |

be the natural neutrosophic column matrix semiring under the
natural product X,

Clearly o(V) < c.

Example 1.29: Let

a, a, a, a
M = 1 4y d3 dy
aS a() a7 aS
be the natural neutrosophic matrix semiring under natural
product x,.

Iy 117 +1
Letx = 3 0
0 I+23 0
4 113 2 Il3
andy = 3t e M.
5
115 +1 4 3+17 2 19
Xn
I’+23 0 5 0 67

Il3 2 113
113 s o e M.

a; e {ZL %, +}, 1 <1< 12, + %}

(113
X Xy y=

0
I13
- (&
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This is the way natural product x, is defined on M.

This has only one natural neutrosophic element viz Ij} and
a+1%)3; aeZ;\{0}.

Example 1.30: Let

a, a, a, a,

a, a, a

_ s dg d; ag I .

B= ai€ {Z,,,x,+},1<1<16, x,}
4 )y a; 3

3 Ay A5 A

be the natural neutrosophic matrix semiring under the natural
product x,.

B is a commutative semiring of finite order.

L’ +1 0 3 I +4
Letx— I 4+1Y 0 I+ 13

0 I +1 6

7 L+3+1Y 6 2
3+1Y 8 4 L0+ 1Y

and y - 0 23+1°+1Y 0

8 0 Iy 2

2 3 4 5

be in B.
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L'+ 1 0 2 I+ 1)
110 8+ 110 110 + 110 IlO + IlO
X Xpy = 8 04 61108 822 c B.
0
4 I’+10+9 4 0

It is easily verified x x y #y x, X.

Suppose on B we define x the usual product and not the
natural product X,

To find x x yand y x x.

10 10 10 10 10 10 10 10
L+ +1 +10+1 +2 I, +15 +1 +2

A I+ 1Y 8+I0+10 + 1"+ 13
XXy= 10 4 qio 10 10 10
o Hlg +1, +2 Iy +1g +8
3410 + 10+ 1Y 8+ 10 +1y

41+ 10+ 10 + 1 +4 641 +1 + 12 + 17
10 10 10 10 10 10 10 10 10 10
2+10 +1L + 1) + 10 + 15 241, +1) + 10 +1g +1,

e B.
4410+ 10 + 1 L+ + 10+ 1)
S+I0+10 + 1 2+ I+ + 10+ 1Y

Clearly X X, y# X X y.
So both the operation x and x,, are distinct on B.

Consider y x x;
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10 10 10 10 10 10 10 10 10 10
L+ +1 +1,+10 241, +1 +15 +1g +1,

10 10 10 10 10 10 10

yxx= L'+I5 +1g +1 8+1g +1, +1I
P+ + L0+ 10 +4 6410 +1° +1) + 1
L +10 +1° +5 T+1) +10 + 1

O+ IV + I + 1 + 1 + 1)) 6410 + 1 + I + 10 +1Y

I +1) + 1) 8+ 1) + I + 1
6+1; 4410+ 1+ 1+ 1)
I +1 2410+ 10 + 1

Clearly X x y #y X X.
Thus B under the operation x is not commutative.

Hence B is a non commutative natural neutrosophic
semiring of finite order.

Thus if we take square natural neutrosophic matrices we can
get two semirings of same order.

Working with any m x n (m # n) matrices can give only one
MOD natural neutrosophic finite semiring which is always

commutative.

Example 1.31: Let
L={(a, a5, a3, a4) | a; € Z{z, +, x}, 1 <i<4, +, x} be the
MOD natural neutrosophic matrix semiring of finite order.

Letx=(3,2,6,4)andy= (8, 6,4, 3) € L.

Clearly x xy=(3, 2, 6,4) x (8, 6, 4, 3)
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= (0,0, 0, 0).
: _ 12 12 y12 yl12
Further if x=(Ig,I,,I;,1;) and
— 12 12 y12 12
y=( .17, L7, ") e L

(I L7 I 1) < (167, 197 12 1)

>
X
<
I

— 12 y12 12 ql12
- (Io Ao 10 Tg )
is the natural neutrosophic zero divisor matrix of L.
Letx=(3, I}, 6,9) and

y=(8, 1.>,2,4) e L.

Clearly x x y (3, 17,6,9) x (8, 12, 2, 4)

0, I;7,0,0) € L.

Thus we call x x y as the mixed natural neutrosophic zero
divisor of L.

Leta=(Ig, I, I, 17) € L.

axa=(I],I},I},1;7) is the natural neutrosophic nilpotent
matrix of L.

Leta=(6,6,0,6) € L.
axa=(0,0,0,0) is the real nilpotent matrix of L.

Letb=(6, 1>, I’,6) € L.
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bxb= (0, I%)z, I%)z, 0) € L so b is the mixed natural
neutrosophic nilpotent matrix of L.

Letd=(4,9,0,1) e L.

dxd=(4,9,0,1)=d € L is the real idempotent matrix of
L.

Now g= (12,122 12 1) e L such that

g x g = (I7,1,1,17) = g is the natural neutrosophic

idempotent matrix of L.

Consider t= (I}, 9,6, Ii’) € L, we see t x t =t is the
mixed natural neutrosophic matrix of L.

Thus L has real nilpotent matrices, mixed natural
neutrosophic nilpotent matrices, natural neutrosophic nilpotent
matrices, real idempotent matrices, mixed natural neutrosophic
idempotent matrices and natural neutrosophic idempotent
matrices.

Similarly L has real zero divisors, natural neutrosophic zero
divisors and mixed natural neutrosophic zero divisors.

Now consider
x=(I7, T + L7, I7 + I, I7+L7) and
y=(I}+ L, P+ 17, I + 17, I}) e L.

Clearly x x y = (I}, Ii?,I;7, 1) is the natural neutrosophic

matrix zero divisors.

Letp=(3+ 1,8+ 17,9+ 2,5+ I + I?) and
q= @4+ 17,6+ 1,7+ 1,5+ ') e L.
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Wefindthepxq=(3+ 17,8+ I}, 9+ 17,5+ I + 1)
x(4+I7, 6+ I, 7+I7,5+ 1))

— 12 12 12 12 12 12 12 12 12
=y + I +I;, 7+ +1;,3+1 + L +1,
12 12 12 12
1+ 17+ + 17 + 1))
is a matrix in L.
This is the way product in general is performed in L.
It is an interesting and important problem to find the
number of real zero divisors matrices; natural neutrosophic zero
divisor matrices and mixed real natural neutrosophic zero

divisor matrices of L.

The same study is to be done for idempotent matrices,
nilpotent matrices.

Letx=(5,7,1,11) € L.
xxx=(1,1,1,1) € L is the unit.

We can have only real matrix units and it is not possible to
get natural neutrosophic matrices.

This is universally true in case of MOD natural neutrosophic
matrices built in general using Z! .

Thus this matrix natural neutrosophic MOD semiring has
units, zero divisors, idempotents and nilpotent real and
otherwise, barring units.
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Example 1.32: Let

M= aie{le3,+,><},lsiS6,><n}

be the MOD-natural neutrosophic matrix semiring under the
natural product X,

M has zero divisors only of special type.

9]

Letx = andy = e M.

0 N O W O
—
o0

9]

X X,y =

0 N O W O
—
o0
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I
SO O O O O O

Real zero divisors in M occurs only in this manner.

2] 18]
8 17
Leta= 1(2)3 andb = 33 e M.
6 I
13 I’
Rt |20
2] i8] [i
8 I’ I
2
ax,b= 103 Xn 23 = I‘i
6 I I;
13 I’ I
5] L20] [

is the MOD natural neutrosophic matrix zero of M.
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We can also have mixed MOD matrix zeros of the form

12 ] 12 ] 0 0
0 I’ 0 0
X] = 0 s Xp = 133 , X3 = (2)3 , Xq4 = 0 s eeny
0 0 I; 0
0 0 I’ 0
L0 o] LI R

I’
17
23
X = 123
17
I’

However one can say that this M has no MOD natural
neutrosophic matrix nilpotents or real matrix nilpotents.

The real idempotents one can expect in M are of the
form

0 0 1 0 1 0 1
0 1 1 0 1 0 0
0 0 1 0 1 0 1
) ) , , , , and so on.
1 0 1 0 0 1 0
1 0 1 0 0 1 1
o] [1] [1] [o] [o] [1] |o]
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The mixed idempotents of M are

2o [ @] 2] [1]
o ||| (2]
123 23 23
8 , (1) , 8 , 123 , 123 , 123 and so on.
1 1 1 IR |
Lo L] o] 1] O]

These are some of the MOD mixed matrix idempotents.

Finding the number of such mixed idempotents happens to
be a matter of routine.

Example 1.33: Let

B=4la; a aie{ng,-i-,x},lSiSlO,-i-,xn}

be the MOD matrix natural neutrosophic semiring under the
natural product X,

S has real idempotents matrices as well as mixed natural
neutrosophic idempotents matrices which takes entries only

from the set {0, 1, I} }.

S has real zero divisor matrices which has entries from
{Zy9} in a special way.
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S has mixed zero divisor matrices which has entries from
Z,, but arranged in a very special way. However it is
impossible to have MOD nilpotent matrices.

0 0
0 Iy
The matrices of the foomx=| 0 0 | € S is such that
Iy 0
L0 1]
x> = x but x is not considered as MOD mixed natural

neutrosophic nilpotent matrix of S as entries of x are either zero
0 or neutrosophic zero, I} .

In view of all these we have the following theorem.

THEOREM 1.5: Let M = {(mpp | my € {Zy, +, x} pa
prime, 1 <i <nand 1 <j <m, + x,} be the MOD natural
neutrosophic matrix semiring under natural product x,.

(1) The zero divisors are only of special type that is if
A = (ay) and B = (by) then A x B = (0) = (a; x by) is such that

a; = 0orb;=0.

(ii) Similarly the natural neutrosophic zero divisors occurs
in this way.

A xB= (1) = (a; x by if and only if a; = I} orb; =1} .
(iii) M has no nilpotents of any form.

(iv) The only idempotents and mixed idempotents are
matrices A with the entries from {0, 1, 1} }.

Proof is direct and hence left as an exercise to the reader.
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Example 1.34: Let

B=4la, ||ai¢e {Z;,+,x},lsi33,xn,+}

a,

be the MOD natural neutrosophic matrix semiring.

O(|1]]0|]0]]|1
B: 0,0,1,091,09
0f{O]|O0f|1]|0]]|1

ol[1][o][o][2][2
LLITLIOLI21100 2],
L[[1]|2][o0][0]]|0
2770 [2][0][2]]0][2][1]]1
0 9 9 9 9 1 9 2 ) O ) 2 ) 0 )
2] 2] [2]|2][0][t][1][o]]|2
21 ]2 2] [t e{fo]|||L
JULI20 20 1L 205 LI | 0|1 | andsoon ¢.
gt g 2) 2] [ o] 6] 5] |5
2+13 1+1;
Letx=|1+I, |andy=| I, | eB.
I 2+
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2+13 1+1; 2+13
Tofindx x,y= |1+ | x,| I |=| T
I 2+ I

This is the way product operation is performed on B.

M M M
X = Ié andy=|0|. xx,y= Ié .
0 I I

0 2
0 1 0
xx,y= |0|x, |2|=10] is atrivial zero divisors.
0 2 0
1 1 1
XX, y=1|2|x, [2]|=|1]|isaunitinB.
2 2 1

Several properties mentioned in this theorem can be verified
for this B.

Example 1.35: Let
M= |3 2t A
aS a() a7 aS

39
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be the MOD matrix natural neutrosophic semiring under + and

Xp.
S has several zero divisors, units and idempotents.

Further S has MOD natural neutrosophic zero divisors and
MOD natural neutrosophic idempotents which will be illustrated
by this example.

2 46 8 0555
Letx = andy = e S.
6 426 5550

[2 4 6 8] 0555
Clearly x %,y = Xn

16 4 2 6] 5550
[0 0 00]. .
= 1S a zero divisor.
100 0 0]
) 0555 0555
Consider y x, y = Xn
5550 5550

10555
5550
Thus y is an idempotent.

6 556 )
y= € S is such that

5656
6 556 6 556
Xn ¥V = Xn
VY5 656|565 6
6 556 . .
= =y is also an idempotent.
5656
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Now we provide MOD natural neutrosophic idempotents in
S.

IlO IlO IlO IlO
Leta={6 500 e S

10 10 10 10
I0 I6 I6 IS

IlO IlO IlO IlO
Clearly a x, a = { 6 3 0 | =g

10 10 10 10
I0 I6 I6 IS

So a is a MOD natural neutrosophic idempotent matrix.

IlO IlO IlO IlO IlO IlO IlO IlO
Letb={5 206 0 handa=|* 3 5 7 | S,

10 10 10 10 10 10 10 10
IR T L A IR T (U

b B I%)O IBO Ii)O IIOO
axn b= [0 o o qo
0 0 0 0
is a MOD natural neutrosophic zero divisor.

There are several MOD natural neutrosophic zero divisors
and MOD natural neutrosophic idempotents elements of S.

We give get another example.

Example 1.36: Let

a, a, &
a, a5 ag
P=1{la, a, a, || aeZy;1<i<15+ x,}
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be the MOD natural neutrosophic matrix semiring with product
x, and +, with entries from Zj .

1010
0100
Letx=|1 1 0 1| €P, we see x x, x =x is an idempotent.
1110
101 1 0]

Apart from this type of idempotents we are not able to get
any other idempotents.

All natural idempotent matrices have entries only from the
set {0, 1}.

However P has nilpotents, zero divisors as well as MOD
natural neutrosophic nilpotents and zero divisors.

4 8 00
8 0 4 8
Fortakex= (12 0 12 4| € P.
124 8 0
10 8 12 4]
[0 0 0 0]
0000
Clearly wesee x x, x =0 0 0 0] is a nilpotent of order

0000

100 0 0]
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X Xpy=

S O O O O

S O O O O

MOD Natural Neutrosophic Semirings

8 2 4 6
4 12 0 8
Letx=]2 4 10 6| and
12 0 4 8
16 10 2 6]
[2 8 4 8]
8 3 78
y=|8 8 8 8| €P,wesee
3118 4
|18 8 8 8]
0 0]
00
0 0| is aMOD zero matrix divisor of P.
00
0 0]

Now we give examples of MOD natural neutrosophic
nilpotents and zero divisor in P.

(4 8 4 8

8§ 8 8 4
Letx= |12 12 4 8| €P;

8 4 12 8

|4 12 12 4]
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X Xp X =

Consider

2
4
x=|12
0

Lety=

—_ =

S O O O O

N O 0 N N
£ \S I el e) e
(o) Ne BN N\ JiNe N

S O O O O

— e

S O O O O

S O O O O

— e e

S O O O O

— e

MOD Natural Neutrosophic Semirings

is a nilpotent element of order two.

S O O O O

€ P, clearly it is easily verified that

0
0
0 0|; where x* =X x, X X, X X, X.
0
0

e P is such that

y Xpy =Yy is aunitinP.

For x x, y =y x, x =x for every x € P.
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Now we give nilpotents and idempotents using both MOD

natural neutrosophic elements as well as elements of Z,.

1 1

16

2

16 16
IR

Lety=|L° I}

16 16
I0 I6

16 16
IZ IO

Y XnZ=

Iy’
I
I
Iy

16
14

I}
I
IS
I}

16
14

and z =

{16
112

16
18

16
18

16
18

16
18

L’
I
I}
I}’

16
I4

Iy
Iy
I
Iy’

16
I8

16 ]
Is
16
I12
16
I0

16
14

16
14

e P.

This type of MOD natural neutrosophic zero divisors will be
known as MOD natural neutrosophic zero divisors.

e 1 4 1]

L 8 2 6
Letx=|I) 0 I I)|andy=
L 6 6 I
I 4 8 I
I° 1 o0 1]

I 0 0 0
Xxxpy= L' 0 I° I}°| €P.
0 0 I
0 0 I

L’
L’
I’
I}’

16
18

L° 8 I
4 8 8
O I° 1
8 0 IY
8 6 I ]

e P;

This type of MOD natural neutrosophic matrix zero divisors
will be known as mixed MOD natural matrix zero divisors.
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So we also have mixed MOD natural matrix nilpotents as
well as pure MOD natural neutrosophic matrix nilpotents in P.

Letx =

X Xp X =

{16
Io

16
I,
16
Ig
16
L,

16
I,

I}
I}’
IS
I}

16
I,

Iy’
i
I’
Iy
I
Iy’
Iy’
I’
Iy’

16
I0

13
I
I}
I}’

16
I8

eP

is the pure MOD natural neutrosophic nilpotent matrix of order

two in P.

Leta=

4
Clearlya”=ax,ax,ax,a=

46
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is a MOD pure natural neutrosophic nilpotent matrix of order
four in P.

Thus P can have mixed MOD natural neutrosophic nilpotent
matrices as well as pure MOD natural neutrosophic nilpotent
matrices. Similar situation in case of zero divisor.

However it is pertinent at this stage to throw open the
following conjecture.

Conjecture 1.1: Let
M= {(a;) |aj €Z),1<i<tand 1 <j<s, +, x,} be the MOD

natural neutrosophic matrix semiring under + and x,,

(i) If n=p™ where p is a prime m > 2; can M have MOD
natural neutrosophic idempotents or pure or mixed except the
trivial ones got using I, 0 and 1.

(ii) If n = p™ prove there exist MOD natural neutrosophic
nilpotents matrices both pure and mixed.

(iii) if n = p™, m > 2 prove there are MOD natural
neutrosophic nilpotents matrices which are zero divisors.

Next we give an example of a MOD natural neutrosophic
pure matrix idempotents as well as MOD natural neutrosophic

mixed matrix idempotents.

Example 1.37: Let S =

1 . :
. Ay Ay || a€Z,; 1 <115, 4+, X}
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be the MOD natural neutrosophic matrix semiring under + and
X

490 490

104 104
Letx=]19 9 4| eS;weseexx,x=[9 9 4| =x

049 049

14 9 4 14 9 4
Thus x € S is an idempotent matrix.

By S v By S v

I I I I I I
Lety= |17 I} 17| eS;weseeyxay=|I] I} 17

| el ol b | el el b

| /D P b | Pl P b

is the pure MOD natural neutrosophic idempotents matrix of S.

We will give a mixed MOD natural neutrosophic
idempotents matrix of S.

4 12 0 4 12 0
1 9 17 1 9 17
Letz= |I 1 I}| eS;clearlyzx,z=|1> 1 1
I} 17 9 L) 17 9

4 0 4] 4 0 4]

is in P is a mixed MOD natural neutrosophic idempotent matrix
of S.

We next give example of MOD natural neutrosophic zero
divisors and MOD natural nilpotents mixed and pure.
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(6 0 0]
6 17 Iy
Letb=|Iy 0 6| €S;
6 I 0
0 6 12
[0 0 0]
0 1y Iy
clearly b x, b= IBZ 0 0] eS
0 Iy 0
0 01

is such that b is a nilpotent of order two.

We are sure we cannot get MOD natural neutrosophic
nilpotent matrices of order greater than two.

The only elements in the matrices of S which contribute to
nilpotent matrices are I”,1;, 0, Il +1;} and 6 only.

Apart from this there is no nilpotent elements in Z, .

We will give one or two examples of zero divisors matrices
of MOD natural neutrosophic elements in S.

4 36 3 82

210 8 6 53
Letx=19 7 4|andy= |4 0 6| €S.

2 0 6 3 11

E 2] 110 2 6 |
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Clearly it is verified x %, y = ; thus S has zero

S O O O O
S O O O O
S O O O O

divisor matrices.

Let us give an example of a pure MOD natural neutrosophic
zero divisor matrix in S.

B i B
|l el e LIy
x= 12 17 1| and y= |17 17 17| €S,
I I I |l Pl e
B A i P P b
I 17 I
| el ol b
Weseex x,y=|I} 1" I | €S
| el ol b
S el

is the pure MOD natural neutrosophic zero of S and x, y € S
contribute to pure MOD natural neutrosophic zero divisor.

Next we proceed onto give one illustration of mixed MOD
natural neutrosophic zero divisor.

It is pertinent to keep on record unlike MOD pure natural
neutrosophic zero x = (I}’ ) and zero matrix y = (0) we have
several mixed zeros.
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12 0 o]
0 0 I
0 I} 0
0 0 0

12 12 12
_IO I0 I0 i

eS

is a MOD natural neutrosophic mixed zero of S.

0
0
I
Iy

12
I0

eS

is again a MOD natural neutrosophic mixed zero of S.

4 12 0] 6 12 0]

9 6 1} 4 6 17
Letx=|2 8 4|andy=|6 3 3| €S.
> I} 0 | P
110 6 I ] |6 2 I

[0 1 0]
0 0 I
Clearly x x, y=| 0 0 0
I} I} 0
0 0 17

Thus x, y € S gives the product to be MOD natural

neutrosophic mixed zero divisor.
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Next we proceed onto describe MOD natural neutrosophic
finite complex number semiring under + and x on C'(Z,).

Let C(Zy,) = {(Zy U IT) | t € Z, is a zero divisor or nilpotent
or idempotent of Z,}.

C'(Z,) is a finite semiring under + and x we call {C'(Z,), +,

x} to be a MOD natural neutrosophic finite complex number
semiring under usual + and x.

We see I} + I = I for all appropriate t € C(Z,) is an
idempotent under +.

We will illustrate this by an example.
Example 1.38: Let S = {(C'(Zy), +, x)} be a MOD natural

neutrosophic finite complex number semiring. S has
idempotents under + as well idempotents under x.

c __ C C C _ C
+ I5 - Isa 151F+ ISiF - ISiF >
C c __ C C c __ C
L+ =1I,I + I, = I and so on.

We see Zp is a ring so S is a S-semiring of a special type.

Likewise Z! is a MOD semiring which is a S-semiring of
special type for 2 <n < .

We see C'(Zyo) has zero divisor as well as idempotents
which can also be MOD finite complex natural neutrosophic

idempotents and MOD natural neutrosophic finite complex zero
divisors.

5,15 e C'(Z10) we see I5, x 15 =15,
IC

C — C
s, X L5, = I and soon.
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I x I = I{ is a MOD natural neutrosophic finite
complex idempotent.

I, x Ig= I is also a MOD natural neutrosophic finite

. c c __ ¢ c .
complex number idempotent. I, x I; = If so I is not an

idempotent.
C C — C
Ls x L = 1o,
IZmF X I;F = I, and so on has MOD natural neutrosophic

finite complex number zero divisors.

C c _ C C C _ C
L5, x I =1, I, < L, =1,
I§ x I3, = I and so on.

Ing x 15 = I is also a zero divisor.

So (C'(Z,), +, x) is a MOD natural neutrosophic finite
complex number semiring of finite order which is a S-semiring
of special type.

These MOD natural neutrosophic finite complex number
semiring has MOD natural neutrosophic idempotents, nilpotents

and zero divisors.

Next we describe MOD natural neutrosophic finite complex
number matrix semirings under + and x, by some examples.

Example 1.39: Let S = {(a}, 2y, a3) | a; € C'(Ze); 1 <1< 3, +, x}
be the MOD natural neutrosophic matrix finite complex number

semiring.

x=( I K)andy=(I3 ) eS;
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xxy=(I; I Ij)and
xty= L+, L+]15, [+I5) €S,

This is the way product and sum operation is performed on

Letx=3 I, 4+ 2if) and

y=(4+2i 5+ I5) € S.

xty =(1+2ip Ij+5+iF 4+2igt15) € S.

This is the way sum is got

xxy=(0 I I5)eS

x+x=(0 I 2+4ir) and

y+y=Q+4ir 4+ L) eS.

x> =xxx=(3 [ 4ip) and

y2=y><y=(4ip 4ir 1) € S.

Consider x = (3,4, I}) € S, clearly x xx=(3, 4, 1) =x.

Thus x is a mixed MOD natural neutrosophic finite complex
number matrix idempotent of S.

Lety=(2,3, I5) € S.

Clearly x x y = (0 0 Ij) € S is a mixed MOD natural
neutrosophic finite complex number matrix zero of S and this
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pair is a called the mixed MOD natural neutrosophic matrix zero
divisor.

Can this S have MOD matrix natural neutrosophic
nilpotents?

It is pertinent to mention at this stage the following.

Let S = {C'(Z,), +, x} be a MOD natural neutrosophic finite
complex modulo integer semiring (n fixed).

(1) Find order of S.
(i1) Find all MOD natural neutrosophic zero divisors of S.
(iii) Find all MOD natural neutrosophic finite complex
number idempotents of S.
(iv) Find all MOD natural neutrosophic finite nilpotents of
S.
(v) Study the situation
(1) when n is a prime,
(ii) when n = p' (t > 2, n a prime),
(ii1) when n is even composite number and
(iv) when n is odd composite number.

Example 1.40: Let

S=14la; a, || & eCI(Zlé); 1 <i<10, +, x,}

be MOD natural neutrosophic finite complex number matrix
semiring.
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I I
Letx=|1; I;| €S.
I; I
LI

LI
I I
Clearly x X, X X, X X, X = xt= I; Ij | soxis the MOD
I I

pure natural neutrosophic finite complex nilpotent of order four
and the zero is the MOD natural neutrosophic finite complex
number pure zero.

We can have only one zero.

0)=

and only one MOD pure natural neutrosophic

S O O O O
S O O O O

I, I
1o
finite complex number matrix zero | I; I
1o
I I
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but however we have several MOD natural neutrosophic finite
complex number mixed zero matrix given by

0 | |IE I
I I, [ 0],]0 0andsoon.
0|0 0

Letx = €S, clearly X x, X X, X X, X =

B~ B~ O B~
0 N O 0 X
S O O O O
S O O O O

—-

7]

jov)

MOD natural neutrosophic nilpotent element of order four.

I I Iy I

1P b I I
Letx=|T;, I;|andy=|I3 I; | €S.

L, L Lo

L1 Iy T ]
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Clearly x x, y = | I; [ | is a MOD natural neutrosophic

1o
L T

finite complex modulo integer zero divisor of S.

Iy
IS
9

I
I
I

8_

e S.

» i -
8 I
Letx=|TI; I3 |andy=
I, 6
L 0 6 .
"o I -
0 I,
Clearly x x, y = | I[; I | is again a MOD natural
I, O
L 0 0 .

neutrosophic matrix zero divisor of S.

Clearly we not in a position to find MOD natural
neutrosophic matrix idempotents other than those matrices with

entries from the set I;, 1 and 0.

Some such matrix idempotents are as follows:
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01
I 0
x=1|1 1| € Sissuch that
00
L 1]
0 17
I 0
Xx,x=|1 1]=x
00
L 1]

so X is a MOD natural neutrosophic finite complex number
matrix idempotent.

We call all these types of idempotents only as trivial MOD
natural neutrosophic finite complex number matrix idempotents.

1 1
1 1
x=| 1 1| € Ssuchthat x x,x=x.

I I

_1 1_

0 0

00

Letx= |1 1| € Sissuchthatx x, x =x.

11

_0 0_

59



MOD Mathematics MOD Natural Neutrosophic Semirings
Thus we can give several such MOD natural neutrophic finite
complex number trivial matrix idempotent.

In view of this we suggest the following problem.

Problem 1.1: Let S = {(a;) | a;j € C'(Z,) wheren=p5t>2,1<
i<mand1<j<r, + x,} be the MOD natural neutrosophic finite
complex number matrix semiring.

Can S have MOD natural neutrosophic finite complex
number matrix non trivial idempotents?

Next we proceed onto supply MOD natural neutrosophic-
neutrosophic matrix semirings using (Z, U I); some examples.

Example 1.41: Let

B= ai €(Z1o U D 1 <156, +, x,}

be the MOD natural neutrosophic-neutrosophic matrix semiring.

Clearly B is of finite order.

e B serves as the unit of B.

—
I
— = e e e
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1s the zero of B and

) =

S O O O O O

(Ié)= eB

serves as the MOD pure natural neutrosophic -neutrosophic
matrix zero divisor of B.

I 0 0
0 0 0
m = 0 , M = 0 , M3 = 0 5
0 0 0
I Iy 0
10 5 ] Rty
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I 0 I
0 0 0
it I
= , Ms = , Mg =
my 5 Ié 0
0 Iy
_Il - bl 0 - — 0 -

in B are some of the MOD natural neutrosophic- neutrosophic
matrix mixed zeros of B.

Letx = e B such that x x, x = x so x is the MOD

natural neutrosophic neutrosophic idempotent of B.

All these MOD natural neutrosophic-neutrosophic matrix
mixed zero divisors are trivial idempotents of B.

Letx = € B, x x, X =X so x 1s the MOD natural

hn O N &N U W

neutrosophic-neutrosophic idempotent of B.
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We have no MOD natural neutrosophic-neutrosophic
nilpotents in B.

Now we supply a few MOD natural neutrosophic-
neutrosophic matrix zero divisors of B.

I I,
I, I,
I, I
Letx=| °landy=| ° | €B;
I I
8 5
I Iy
DA
it
I
Il
X Xpy = I? eB
0
I
RUY

I L
L It
Letx = 6 andy = > e B.
5 2
8 5
_2_ _5_
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Clearly x x, y =

is a MOD natural neutrosophic-neutrosophic matrix mixed zero
divisor of B.

We give yet another example.

Example 1.42: Let

a, a, a, a
1 2 3 4

M= { }
a; a, a, ag

be the MOD natural neutrosophic-neutrosophic matrix semiring.

a e(ZoUy; 1 <i<8, +, x,}

1111
1= L 11 J € M acts as the identity with respect to x,;

for everyx e M, x x, [ =1 x, x=x.

0000

We see (0) =
0000

} e M is the zero of M.

o b BT
(Ip)=1., | | .| |isthe pure MOD natural
I0 I0 I0 I0

neutrosophic-neutrosophic zero.
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L 000 001 0
m; = I , M = I
01 I 0 01 00

0 00 I(l) 0 00 I(l)
my=| and my = |
Ib, I, 0 0 Ib, 00 0

are some of the MOD natural neutrosophic-neutrosophic zero
divisors of M.

3636
6 006

00O0O0
X Xp X =
00O0O0

is the MOD natural neutrosophic-neutrosophic element of M.

Letx = { } € M is such that

I
Il

Il31 I;l+3 Il61+3
Letx = { " R
61  131+6 3 6

} e M, we find x x, X;

{1 Lo Ia}

= (1)

So x is a MOD natural neutrosophic nilpotent matrix of order
two.

We have also MOD natural matrix zero divisors of M.
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3.6 I I 6 3 I L
Letx= | | > Slandy= Lo b 3 leM
Ib, I, 0 6 I, I, 5 6

0 0TI
XxXgy=| . °°
Ib I, 0 0

is a MOD natural neutrosophic-neutrosophic matrix mixed zero
divisor.

Thus we can work with MOD natural neutrosophic-
neutrosophic matrix zero divisors in this way.

Interested reader can work with many more examples.
Next we proceed on to develop the notion of MOD natural
neutrosophic dual number matrix semirings of finite order by

some examples.

Example 1.43: Let

a4, as 4y

a, a; ap
S=1la, a; a; || aeZpug;l<i<15,+ x,}

a; a9 ay

185 3 a5

be the MOD natural neutrosophic dual number matrix semiring.

1s the natural zero.

0)=

S O O O O
S O O O O
S O O O O
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I I

I 15

(=1 11

I 15

L5

is the MOD pure natural neutrosophic dual number matrix zero.

p1=

[0 0
Itk
00
00
00

S O O O

—
(=N ]

ap2:

are some of the mixed zeros of S.

and b=

Leta=

67
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000 0 0
0 0 Ofandps=|0 0 If
0 0 O 0 0 O
LR 5o 1
B+, 1 6]
0 Ig 7
4T, 0
0 I
5 6 I
1 2g]
6g I 0
I, I llg| €S
10+5g 1¢ I,
0 2 I |



MOD Mathematics MOD Natural Neutrosophic Semirings

LI O
0I5 0
Clearly a x, b= EIE 0feS.
0 I§ I
0 0 1]

Thus a and b gives the MOD natural neutrosophic dual
number mixed zero divisor.

e Sissuchthatax,a=

o+

Il
o O O O B
A = B~ O
A A = B~ b
o O O O B
A = B~ O
A A = B~ b

Il

o

Thus a is an idempotent of S.

I
| A I
Letb=1¢ I& 15| €S.
| G G b

LG5

Clearly b x, b = b so b is a MOD natural neutrosophic dual
number matrix idempotent of S.

We have also mixed MOD natural neutrosophic dual number
idempotents given by
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9 I§
I o0
4 0| e Sissuchthat X x, X =X so x is a MOD
I 0
1 15

>
Il
S = v O »

natural neutrosophic dual number mixed matrix idempotent of
S.

0 1 I¢]|
0I5 0
Lety=]1 1 1| e Sissuch thatitisaMOD natural
0 0 O
o 1)

neutrosophic mixed idempotent matrix of x. But we call it as
trivial.

We have several trivial idempotent in S. But S has also
MOD natural neutrosophic mixed idempotent matrices which are
not trivial.

Example 1.44: Let
W ={(a, a, a3, a4) | a; € (Z7 U g), 1 <1< 4, +, x} be the MOD
natural neutrosophic dual number matrix semiring.

(1) =(1 11 1) serves as the multiplicative identity.

(0) =(0 00 0) is the natural zero.

(I5)=(I5 I§ I3 I§) € S is the MOD natural neutrosophic
dual number matrix zero.

Py = (12 000), Py=(If 1 00), Py=(I£ 0 ¢ 0),
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P,=(000 L), Ps=(0 Ij I5 0) are P = (I§ I5I50) are
some of the MOD natural neutrosophic matrix mixed
zeros of W.

Letx=(g, g g 3g) e W.
Clearly x x x =( 000 0) so x is a nilpotent element of W.
Lety = (I3, I§,, I5,, I§,) € W, clearly

yxy= (I, I§ I§ I§) is a MOD natural neutrosophic
nilpotent matrix of order two.

Letx = (5g I5, 6g IY) € W, we have x x x = (0 If 0 If) is

a MOD natural neutrosophic mixed nilpotent matrix of order two
in W.

W has several MOD natural neutrosophic matrix nilpotent
and usual nilpotents and MOD natural neutrosophic mixed
matrix nilpotents for the reader to analyse about MOD natural
neutrosophic matrix nilpotents of order greater than two.

Letx=(7 15, 4 I5,)andy=(0 I; 0 I§,) e W.

Weseex x y=(0 I 0 I§) is a mixed zero divisors of MOD
natural neutrosophic matrix in W.

We have several such MOD natural neutrosophic dual
number matrix zero divisors of all the three types.

We now proceed onto describe MOD natural neutrosophic
special dual like number semiring.

Just before we wish to keep on record only in case MOD
natural neutrosophic dual number we get subsemirings which
are MOD natural neutrosophic dual number zero square
subsemirings of all the three types.
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IfA={(a1g, ag, asg, aig)|ai € Zo, 1 <i<4,+, x} then A
is a zero square matrix subsemiring of W.

IfB={(I§g Iﬁg Ifg Iig)|a,b, c,deZy +,x} cWisa

MOD natural neutrosophic dual number matrix zero square
subsemiring of W.

IfS=(a,b,c,d)|a,b,c,d e Zogor
a,b,c,de {I, Ig, I‘%g, oo Igg} +, x} < W is also a special

mixed MOD natural neutrosophic dual number matrix
subsemiring which is a mixed zero square subsemiring of W.

Now this property is very different from other MOD natural
neutrosophic matrix semirings.

Example 1.45: Let

B=4la, || ai eZoUh)y; 1 <i1<7,+, x,}

be the MOD natural neutrosophic special dual like number
matrix semiring.

B is a finite semiring,
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B has = (1) to be the unit for x (1) = (1)x for all x € B.

— e e e e

1s the zero of B.

) =

S O O O O O O

(Ip)= Ip | is the MOD natural neutrosophic special dual

like number matrix zero.

Apart from this we have MOD natural neutrosophic special
dual like number matrix mixed zeros given by
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o] o] b
o 0] O] [T}
ol 0] O] |I}
o,[0[,[I5],]0
of [l 0] [0
o It 0
) (L] o] 1]

and so on.

This has MOD natural neutrosophic special dual like number
matrix idempotents, nilpotents and zero divisors.

We will illustrate these situations by some examples.

Letx=|3+6h| € B.

oS O

—
o =

We see X x, X =

oS O

—
oS o

~
w2
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is the MOD natural neutrosophic special dual like number matrix
mixed nilpotent element of order two in B.

Letx= |1 +h | € Bis such that

X Xy X = IE+h =X s0 x 1s a mixed MOD natural

neutrosophic special dual like number idempotent matrix of B.

We have several idempotents of this type.

LhA I
4 0
6 6
Letx=| 5 |andy=| 0 |beinB.
L L,
Iy L
_I§+3h a L Ig a
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I

X X, Yy =| 0 | is a MOD natural neutrosophic special dual

like number matrix mixed zero divisor of B.
Infact we have several such zero divisors.

Example 1.46: Let

a, a
G= S
a, a,
be the MOD natural neutrosophic special dual like number
matrix semiring.

a,e(ZyUh); 1 <1<4,+ x}

10
Clearly G is a non commutative ring with {0 J = Iy, the

identity element of G.

We see G has MOD right zero divisors which are not MOD
left zero divisors.

00
Consider (0) = {0 0} is the usual zero and

I I
()= Lﬁ Iﬁ} is the MOD natural neutrosophic special dual
0 0

like number matrix zero of G.
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M h h th
xxy = 3+1, f y 2+1, I
1 L,

_[2+n 41 1{;+1‘;} o
241, +1, I

Now we find

2+ ] 34Dt 2
A A A R
2 2h

2+ 4nt -
2+0 Iy
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Clearly I and II are distinct so we see G is a non
commutative semiring of finite order.

Finding MOD natural neutrosophic special dual like number
matrix zero divisors, idempotents and nilpotents happens to be a
difficult problem.

For we may have left zero divisors which are not right zero
divisors and vice versa.

2 2+Dt
Letx = ) 'l eG.
2+1, 2

2 2+1p 2 2+1p
X XX= h X b
2+1, 2 2+1, 2

h h
— I0 I0 . :
= o is a MOD natural neutrosophic
0 0

special dual like number matrix nilpotent of order two.

Now we show if in the above example ‘x’ usual product is
replaced by natural product x, then G is commutative and

2 2+1p 2 2+1p
X Xy X = N Xn .
2+1, 2 2+1, 2

:{0 Q}
I 0

is again a mixed zero so a nilpotent of matrix of order two.

However we see X X, X # X X X.
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3+ 2 I 2+0
Letx = ﬁ , | andy= hhh | >l eG.
1 + IL+I, IL+2

We find x x y and x x, y and show the product x and x, are
distinct.

341 2 o241
XXy= lf h h . h ! h h ’
1+1, I, +I; L +I T,+2)

:{Ighugn‘g 2+ +1" 1
h
L +Ig+1, 2+ +0+1 +15, |
Consider
3+ 2 I S
XXy = h h h *n h h h
1+1, I, +I, L+ L+2
_{IEH‘; Lo .
I +1 L+ +1) |

Clearly I and II are distinct so x X y # X x, y in general.

Further y x x # x x y in general we find

I 2+0 3+ 2
yxXx = h h h . h h h
L +I, IL+2 1+1, I, +I;

_ {13+1‘2‘h+2+1‘5+12 1§+Ig+1‘;h}
h h h N
+0, +1+2+0 I+ +1

X xy#yx xingeneral forx,y € G.
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. I
801fx={h ho}eresee
I
2 2h

2 I 2 I
X XpX = b b Xn b b
IZ IZh IZ IZh

h
= |, ﬁ} is a MOD natural neutrosophic
0

special dual like number nilpotent of order two.

I L
= 0 ﬁ ; clearly x is not a
I0

natural neutrosophic special dual like number which is
nilpotent.

Hence we find the two operations x and x, act in a different
way.

So in case of MOD natural neutrosophic special dual like
number square matrices G we can either define x the usual
product or the X, natural product and under natural product G
will be a commutative semiring of finite order where as in case
of usual product G be a non commutative semiring of finite
order.

So this concept will be used in case of finding MOD natural
neutrosophic linear algebras which are non commutative.
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This sort of working is true in case when Z! or C'(Z,) or
(Zy Dyor(Z, v g or (Z, U k) is used.

We now give one or two examples of MOD natural
neutrosophic special quasi dual number matrix semiring and

discuss their associated properties.

Example 1.47: Let

H={la;||aeZs Uk 1<i<5,+, x,}

be the MOD natural neutrosophic special quasi dual number
matrix semiring.

1s the unit matrix of H as

(=

—_ =

x %, (1)=(1)x,x=x; forall x € H.

e H is the zero matrix of H.

0)=

S O O O O
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(1) = It | € His the pure MOD natural neutrosophic

special quasi dual number zero matrix of H.

15 ] 0 0 0 0

0 0 0 0 Ik
pi=|I|,p2=| 0], ps= I5|,ps= | 0|,ps=|1I; | and

0 0 0 0 0

10 I | 10 15 N

so on are the MOD natural neutrosophic special quasi dual
number matrix mixed zeros of H.

Clearly o(H) < oo and H is a commutative semiring.
This MOD natural neutrosphic special quasi dual number

matrix semirings has zero divisors, idempotents but finding
nilpotents happens to be a difficult task.

Letx = 3 | e H is such that

X X, X = X, S0 X is @ MOD natural neutrosophic special quasi dual
number idempotent matrix of H.
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Consider y = € His such that y x, y =y so y is again a

A = O W B

idempotent matrix of H.

We have several idempotents.

Ly I,
Ly L
Letx= |1}, |andy= |1} | € H.
IIZ(k+4 Il3(k
k k
I4k L I3 _
_Ig_
Iy
It is easily verified x x, y = | I§ | so X,y is a MOD pure
k
I0
56 ]

natural neutrosophic special quasi dual number matrix zero
divisor of H.

Letx = andy = e H.

AW W NN
w NN B~ W O
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Weseex x,y = , thus x, y is a MOD natural

S O O O O

neutrosophic special quasi dual number real matrix zero divisor
of H.

Ly L
3k+3 2
Letx=|4+1I% | andy= | If | € H, it is easily verified.
L I
RS R
_Ig_
0
— |k ; ;
X X,y = |1 |, 80 X, y is the MOD natural neutrosophic
k
I0
To

L L Iy
3 2 0
Letx=| 4 |andy= | 3 | e H,weseexx,y=| 0 |; thus x,
2 3
L RE 5
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y is a MOD natural neutrosophic special quasi dual number
matrix mixed zero divisor of H.
Thus H has all types of zero divisor matrices.
We give get another example.

Example 1.48: Let

a, a, a,
P=4la, a; a || ae(Zguk)y;1<1<9,+, x}

a; dg a

be the MOD natural neutrosophic special quasi dual number
matrix semiring of finite order.

Clearly P is a non commutative semiring.

(e}

0
0| e P is the zero of P.
0

) =

S O O
oS O

—
(e}

0
ILii; =|0 1 0] is the unit element of P.
001

(It) = |Iy 1§ Iy | e P isthe pure MOD natural

neutrosophic special quasi dual number zero divisor matrix of P.
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0I5 0
X = Ig 0 I'g of P is a MOD natural neutrosophic
0 Iy Ig

special quasi dual number mixed zero divisor of P.

4+2k 5+3k 2k
Leta=| I  4+2k I, | eP.
I5+3k 4415, I,

Consider

0 Iy 0 4+2k  5+3k 2k
x;xa =|IL 0 IL|x| L  4+2k I,
0 Iy Ty I5+3k 4+15,, I,

=(5).

Thus a MOD mixed zero divisor can lead to give a pure MOD
natural neutrosophic special quasi dual like number matrix with
a € P which is not a mixed zero and a x; which is a mixed MOD
natural neutrosophic special quasi dual like number matrix zero.

This is a very strange property.

Further if x, is used in the place of x in P.
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We see
4+2k  5+3k 2k 01 0
ax,x =| 1§ 4+2k I | x [I§ O TIf
I5+3k 4415, I, 0 Iy Iy
0I5 0
=I5 0 If | #x.
LI I

So even in this case we cannot in general claimifx € Pis a
mixed MOD natural neutrosophic special quasi dual number
matrix of P then for every a € P.

a X, X # X in general.

Thus mixed MOD natural neutrosophic special quasi dual
number matrix in general does not behave like zeros or pure
MOD natural neutrosophic zeros.

So if x is a MOD mixed natural neutrosophic matrix zero that
foralla € P.

ax,x#xanda X X #X.

Inview of this we have the following theorem.

THEOREM 1.6: Let B = {(ay)mxm =A | a; € Zi or (Z, Ug)or
(Z, U h)or (£, vD)or (Z, Uk)or C'(Zn); 1 <i,j <mare
square matrices +, x, (or x)} be the MOD natural neutrosophic
matrix semiring commutative (or otherwise);

(i) For (0) = (0)nsm (1y) = (Iy)msm in B the real zero
matrix and pure MOD natural neutrosophic matrix zero
respectively then we have

xx(0) =) = () x(x)
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x x, (0) = (0) and

xx(1y)=(1;) = (1) xxandx x, (I;) = (1) for all x €
B, (t=norgorkorhorlorc).

(ii) If a is a mixed MOD natural neutrosophic matrix of B
then in general a xx #a andx xa #a xa and x x, a #a for x
€B.

The proof is direct and hence left as an exercise to the
reader.

Now having seen MOD natural neutrosphic matrix semirings
we proceed on to describe MOD natural neutrosphic polynomial
semiring both of finite order as well as of infinite order.

Example 1.49: Let

Z,,[x]= {Z:aixi ai € Zy,;+ x}

i=0

be the MOD natural neutrosophic polynomial semiring.
Clearly o( Z}, [x]) = oo.

Example 1.50: Let

a; €(Z, U Dy +, x}

i=0

S=(Z, U} [x]= {iaixi

be the MOD natural neutrosophic-neutrosophic coefficient
polynomial semiring.

Clearly o(S) = .
S is commutative.
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Example 1.51: Let

P =C(Z)[x] = {iaixi a; € C'(Zp); +, %}

i=0

be the MOD natural neutrosophic finite complex coefficient
polynomial semiring. P is of infinite order.

Example 1.52: Let

ai e(Z, U g); +, x}

W=Z,vgh[x]} = {iaixi

i=0

be the MOD natural neutrosophic dual number coefficient
polynomial semiring of infinite order.

W is a commutative semiring.

Example 1.53: Let

a; €(Z, U h);; +, x}

i=0

B={(Z,uh) [x]} = {Zaixi
be the MOD natural neutrosophic special dual like number
coefficient polynomial semiring of infinite order.

Finally we give an example of a MOD natural neutrosophic
special quasi dual number coefficient polynomial semiring.

Example 1.54: Let

ai €(Zp W ky; +, x}

G ={(Z1 L K [X]} = {iaixi

i=0

be the MOD natural neutrosophic special quasi dual number
coefficient polynomial semiring of infinite order.
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Before we start to analyse the properties of these semirings
of infinite order we give examples of MOD natural neutrosophic
polynomial coefficient semiring of finite order in the following.

Example 1.55: Let

a; € Z{6;03i39,x10=1,+,x}
i=0

9
S=Z[xlb= {Z:aixi

be the MOD natural neutrosophic coefficient polynomial
semiring of finite order.

Example 1.56: Let

a; e{Zigu Dy xt = 1, +, x}

A={Zis U I [x]y} = {Zax

i=0

be the MOD natural neutrosophic-neutrosophic coefficient
polynomial semiring of finite order.

Example 1.57: Let

ai €(Z1 Y g x*=1,4, X}

B :{<le ) g>[ [X]S} = {Zaixi

i=0

be the MOD natural neutrosophic dual number polynomial
coefficient semiring of finite order.

Example 1.58: Let

10
D = C'(Ze) [x]10 = {Z:aixi a e C'(Ze); x'' =1, +, x}

i=0

be the MOD natural neutrosophic finite complex coefficient
polynomial semiring of finite order.
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Example 1.59: Let

a e(Zwu g x =1,+ x}

i=0

6
B ={(Ziy Uk [x]s} = {Zaix‘
be the MOD natural neutrosophic special quasi dual number
coefficient polynomial semirng of finite order.

Now we will define zero and MOD natural neutrosophic zero
in semirings of both finite and infinite order.

Ip, I5, 15, I, I; and I¢ are the MOD natural neutrosophic
zeros of polynomials semirings both of finite and infinite order.

We will describe a few of the properties associated with
them by some examples.

Example 1.60: Let

I
ai € Z, t,x}

S=Z,[x]= {Zaixi
=0

be the MOD natural neutrosophic polynomial semiring.

S has zero divisors but has no MOD natural neutrosophic
zero divisors.

Let p(x) = 5x* + 5x’ + 5 and
qx)=2x"+4x’ +6x° +8x +4 € S.

Clearly p(x) x q(x) = 0, so this S has zero divisors.

Letp(x) = I'x’ + I + I} and
qx)= I’x+ I} €S.
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— 10 3 10 10 10 10
Clearly p(x) x q(x) = (I; x’ + I'x + ) x (I x +1;")

=IO IO+ Ox+ P+ I0x + 1
— A+ +x+1)
# 1) as I’x = I} it is a neutrosophic element so I x" is

never a MOD natural neturosophic zero though the coefficient of
X" is @ MOD natural neutrosophic zero.

Hence finding MOD natural neutrosophic zero divisors is not
possible.

Next we cannot have MOD natural neutrosophic idempotents
or usual idempotents.

Since Z,;, has no nilpotents we cannot study about it in this
example.

Wecall 5 x 5=35 (mod 10) and 6 x 6 =6 (mod 10) as trivial
idempotents of S.

Next we present another example.

Example 1.61: Let

L.
a €Zy;+, %}

B=Z[x]= {Zaixi
=0

be the MOD natural neutrosophic coefficient polynomial
semiring of infinite order.

Let p(x) =4x’+ 8x+4and q(x)=4x+8 € B.
Clearly p(x) . q(x) = 0.

Let r(x) = 2x° + 4x° + 8x + 4 € B.
r(x) x r(x) = 4x°
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r(x) x r(x) x r(x) x r(x) = 0.
Thus r(x) is a nilpotent polynomial of order four.

However we do not have MOD natural neutrosophic
nilpotent or zero divisor in B.

Infact B has polynomial subsemirings which are not MOD
natural neutrosophic given by Z;4[x].

P[x] where P = {0, 2, 4, 6, 8, 10, 12, 14}.

Both these polynomial subsemirings are infact rings of
infinite order of B. Both of them are not ideals of B.

Example 1.62: Let

a; € CI(Z7); +, x}

i=0

S ={C! (Zy) = {iaixi

be the MOD natural neutrosophic finite complex number
coefficient polynomial semiring. S is of infinite order.

Finding zero divisors and nilpotents is a difficult task.

Example 1.63: Let

P={C' (Zp)[x]} = {iaixi a; € C'(Zp); +, x}

i=0

be the MOD natural neutrosophic finite complex number
coefficient polynomial semiring.

This has nilpotents and zero divisors, however P has no
MOD natural neutrosophic zero divisors or nilpotents.

p(x) = 6x’ + 6 € S is such that
p(x) x p(x) = 0 so it p(x) is a nilpotent in order two.
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Let p(x) = 6x° +3x* + 9 and

q(x) = 8x* + 4 € S; clearly p(x) x q(x) = 0 is the usual zero
divisor and not a MOD natural neutrosophic zero divisor.

Let p(x) = (6 + 6ip)x> + 6 € S, p(x) x p(x) = 0.

Let p(x) = 6igx” + 6x + (6 +6ir) and
q(x) = 2xg + (4 + 8ip)x* + (2 + 4if) € S.

We have p(x) x q(x) = 0 is the usual zero divisor of S and
not the MOD natural neutrosophic zero divisor.

Let p(x) = (6 + 6ip)x’ + 6 € S, p(x) x p(x) =0.
Let p(x) = 6igx” + 6x + (6 + 6ir) and
q(x) = 2x* + (4 + 8ip)x* + (2+4if) € S.

We have p(x) x q(x) = 0 is the usual zero divisor of S and
not the MOD natural neutrosophic zero divisor.

Consider the MOD natural neutrosophic - neutrosophic
coefficient polynomial semiring given by the following
examples.

Example 1.64: Let

ai €(Z;s U Dy; +, x}

B={(Z;s Uy [x]} = {iaixi

i=0

be the MOD natural neutrosophic - neutrosophic coefficient
polynomial semiring of infinite order.

Clearly B has zero divisors finding nilpotents happens to be
a challenging one.
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However B has no MOD natural neutrosophic-neutrosophic
zero divisors or nilpotents.

We have the following theorem in view of all these
properties.

THEOREM 1.7: Let

a; €Z! or Cc'(z,) or (Z, UL); +, x}

B= {i ax'

i=0

be the MOD natural neutrosophic coefficient polynomial
semiring.

(i) B is a polynomial semiring of infinite order.

(i) B has no MOD natural neutrosophic nilpotents or zero
divisors or idempotents.

(iii) If n is a composite number, B has zero divisors and
nilpotents (nilpotents depending on n).

Proof is direct and hence left as an exercise to the reader.

Example 1.65: Let

a; €(Zo LU I); +, x}

M ={(Zy U g [x]} = {iaixi

i=0

be the MOD natural neutrosophic dual number coefficient
polynomial semiring.

This semiring M has subsemirings which are zero square
rings as substructures.

This has lots of zero divisors and nilpotents of order two.

However finding MOD nilpotents or zero divisors or idempotents
of natural neutrosophic dual numbers is not possible.
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Example 1.66: Let

ai €(Ziz W kyi; +, x}

i=0

V ={(Zis U Ry K]} = {iaixi

be the MOD natural neutrosophic special quasi dual number
coefficient polynomial semiring.

V has zero divisors and nilpotents, however V has no MOD
natural neutrosophic special quasi dual number zero divisors or
nilpotents or idempotents.

Example 1.67: Let

ai €(Z1o U hy;; +, x}

W ={(Z1o U by [X1} = {iaixi

i=0

be the MOD natural neutrosophic special dual like number
coefficient polynomial semiring.

W is of infinite order.

Finding even zero divisors happens to be a difficult problem
as Zyo 1s used.

On similar lines we can describe MOD natural neutrosophic
special quasi dual like number coefficient polynomial semirings
using (Z, U k); and construct (Z, U k)[x] as polynomial
semiring of infinite order.
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THEOREM 1.7: Let

a; €Z! or (Z, ughor (Z, Uh)or(Z, Uk)or

i=0

G= {i ax'

c'(z,) or (Z, Ui+, x}

be the MOD natural neutrosophic coefficient polynomial
semiring.

G has subrings of infinite order.

Proof is direct and hence left as an exercise to the reader.
Finding ideals of G happens to be a challenging problem.
Next we derive and describe some properties associated

with MOD natural neutrosophic coefficient polynomial semirings
of infinite order.

Example 1.68: Let

7
aieZ;z;x =1, + x}

i=0

6
S :{ ZiZ [X]7} = {Zaixl
be the MOD natural neutrosophic coefficient polynomial
semiring of finite order.
Finding order of S is a challenging job.

This S has zero divisors and nilpotents of order two.

Zu[x]s < Z;,[x]s is a subsemiring of S which is a ring of
finite order.

The reader is left with the task of finding ideals.
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2 12 2 12 2 2 qi2
aie(0,6, I, L7, I, I, I, L;, L5,

Let P = {Zélaixi

i=0

I) under +, x} < Z;,[x]s is @ Mod natural neutrosophic

coefficient polynomial subsemiring which is also an ideal of
finite order.

p(x) = 6+ 6x> € S is such that p(x) x p(x) = 0.
0 is a nilpotent zero divisor.

Take p(x) = 4x’ + 8x> + 2x + 6 and
q(x) = 6x’ + 6x + 6 in S; clearly p(x) x q(x) = 0.

S has no idempotents other than 4, 1),1), 1’ and their
sums, these will be only known as trivial idempotents of S.

Example 1.69: Let

ai € (ZipV g, +, x}

S={{Zw gh [x]a} = {Z ax'

i=0

be the MOD natural neutrosophic dual number coefficient
polynomial semiring of finite order.

Z10[x]4 is a subsemiring which is a subring of finite order.

Z,,[x]s is a subsemiring which is not a subring of finite
order.

(Zyp V g)[x] is again a subsemiring which is a subring of
finite order and so on.

None of them are ideals of (Zy U g)[x]4.

Consider (Zog)1[x]s is an ideal of (Z;o U g)i[X]a.
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In view of this we have the following theorem.

THEOREM 1.9: Let S = {{(Z, Ugh/x],; 2 <t < oo} =

t
{Zaixi a; € (Z, Ugh X'=1, +, x}

i=0

be the MOD natural neutrosophic dual number coefficient
polynomial semiring.

(i) S is a finite commutative semiring.
(ii) S contains an ideal I such that F = 0.

Proof is direct and hence left as an exercise to the reader.

However it is pertinent to keep on record that the special
feature is enjoyed only by MOD natural neutrosophic dual
number coefficient polynomial semiring.

Next we provide examples of MOD natural neutrosophic
special dual like number coefficient polynomial semirings of
finite order.

Example 1.70: Let

a e (ZisUh)y, xX*=1,+ x}

G ={(Zis U h); [x]5} = {Zslaixi

i=0

be the MOD natural neutrosophic special dual like number
coefficient semiring of finite order.

This has zero divisors but no MOD natural neutrosophic zero
divisors.

p(x)=7x"+7x+7and q(x)=4x’+2x+8 € G

Clearly p(x) x q(x) = 0.
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Consider Z4[x]5s < G is a subsemirings of G which is not an
ideal of G but a subring.

(Zyh U {1, t=2,0,4,6,8,10, 12, 7)[x]s = G is a
subsemiring which is also an ideal of G.

Example 1.71: Let

a,€{(ZpUhy, x!? = 1, +, x}

H :{<le |\ h>[ [X]]]} = {Zaixi

i=0

be the MOD natural neutrosophic special dual like number
coefficient polynomial semiring of finite order.

o(H) < and H is a commutative semiring.
We see H is only zero divisors and nilpotents but has no
MOD natural neutrosophic special dual like number zero divisors

or nilpotents.

Always idempotents are ruled out only trivial idempotents
exists even in case of MOD natural neutrosophic ones.

Zp[x]11 < H is a subsemiring which is also a subring of H.

(Zy, U h) [x];; is again a subsemiring which is also subring
of H.

(Zph U {I', t = {0, 2, 4, 6, 8, 10, 3, 9N[x];; is a
subsemiring of H which is also an ideal of H.

Inview of all these we state the following theorem.

THEOREM 1.10: Let

a; € (Z, Uh), X" =1,

B={(Z, Uh)[x]n} = {Zt:aixi

2<m<og +, x}
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be the MOD natural neutrosophic special dual like number
coefficient polynomial semiring.

(i) o(B) < coand B is a commutative semiring.
(ii) B has subsemirings which are subrings and not ideals of
B

(iii) B has S = {(Z, h UI" ) where t = 0 or an idempotent or

nilpotent or zero divisor of Z,}[x].} < B is a
subsemiring of B which is also an ideal of B.

We leave the proof of this theorem as an exercise to the
reader.

Next we provide a few examples and related properties of
MOD natural neutrosophic special quasi dual like number

coefficient polynomial semirings of finite order.

Example 1.72: Let

a; € (Zi1oy Y k),

i=0

M ={Zio W k)1 [X]s} = {Zaixi
x’ = 1,+, x}

be the MOD natural neutrosophic special quasi dual number
coefficient polynomial semiring of finite order.

M has only zero divisors but has no MOD natural
neutrosophic special quasi dual number zero divisors or

nilpotents or idempotents.

However M has trivial natural neutrosophic special quasi
dual number zero divisors and idempotents but no nilpotents.

We see M has subsemirings which are not ideals but
subrings.
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8
P= {Z:aixi aieZn, X =1,+, x}cM

i=0

is a subsemiring of M which is not an ideal of M but a subring
of M.

Py =(Z,o U k)| [x]s = M is again a subsemiring of M which
is not an ideal but only a subring.

a € {0,2,4,6,8}, x=1,+ x}

Let P; = {Zglaixi

i=0

< M is a subsemiring of M which is not an ideal but only a
subring.

Example 1.73: Let

a € (Zo Uk, x'=1,+, x}
i=0

W= {Zy Uk [x]3} = {{iaixi

be the MOD natural neutrosophic special quasi dual number
coefficient polynomial semiring of finite order.

3
S| = {Z:aixi a €”Zo+, x} W

i=0

is a subsemirings of W which is not an ideal but a subring.

a €(Zouk);,+,x} W

S, = {iaixi

i=0

is a subsemiring and not an ideal of W but a subring of W.
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Let

a; € ({0,3,6} Uk); +,x} =W

i=0

P, = {iaixi

is once again only a subsemiring and not an ideal of W but is
also subring of W.

Let

ai € (Zok U {T; [ [ 1)+, x} €W

S;= {iaixi

i=0

is a subsemiring as well as ideal of W but is not a subring of W.
p(x) =3x’+6and q(x) =3x* + 6x +3 € W.

Clearly p(x) x q(x) = 0. W has only classical zero divisors
and nilotents of order two as p(x) x p(x) = 0 and q(x) x q(x) =0,
however W has no MOD natural neutrosophic nilpotents are zero
divisors W has no wusual idempotents or MOD natural
neutrosophic idempotents.

In view of all these we have the following theorem.

THEOREM 1.11: Let

a; € (Zy Uk, + x X =1}

G = {(Z) UK\ [x]} = {ia,.x"

i=0

be the MOD natural neutrosophic special quasi dual number
coefficient polynomial semiring.

i) o(G) < coand is commutative.

ii) G has several subsemirings which are subrings and not
ideals.
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iii) If n is a composite number, G has more subsemirings
which are subrings than when n is a prime.

iv) P= {iaixi

i=0

a; € (Z, Uk) U{1'/tis a nilpotent or 0

or zero divisor or an idempotents}; +, x} < G is a
subsemiring of G which is also an ideal of G.

Proof is direct and hence left as an exercise to the reader. In
all cases of MOD natural neutrosophic semirings we do not
indulge in taking MOD natural neutrosophic decimal zero

divisors and so on.

Next we proceed onto describe pseudo interval semirings of
infinite order constructed using I([0, n)) or C'([0, n)) or
([0, n) U I);and so on by some examples.

For more refer [66].
Example 1.74: Let
S = {[0, 20), +, x}

be a MOD natural neutrosophic interval pseudo semiring
o(S) = .

For more refer [66].

Once again we keep in record that we do not include MOD
natural neutrosophic decimal zero divisors.

Similarly we have the following types of MOD natural
neutrosophic interval pseudo semirings.

Example 1.75: Let W = {{[0, n) U I);, +, x} be the MOD natural
neutrosophic neutrosophic interval pseudo semiring of infinite

order.

W has subsemirings which are not pseudo.
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Z, is a subsemiring which is a ring in W.

(Z, v 1) =P < W is also subsemiring which is a subring of
finite order.

(Z, v I); is a MOD natural neutrosophic- neutrosophic
subsemiring of W which is not pseudo but of finite order.

{[0, n), x, +} < W is a pseudo subsemiring which is only a
pseudo subring of infinite order.

P, = {[0, n) U I), +, x} is again a pseudo subsemiring
which is a pseudo subring of W.

Example 1.76: Let S = {([0, 9) U g);, +, x} be the MOD natural
neutrosophic dual number pseudo interval semiring.

S has MOD natural neutrosophic zero divisors as well as zero

divisors. S has also MOD natural neutrosophic nilpotents and
nilpotents.

Zy and (Zy U g) are subsemirings are not pseudo and are of
finite order.

{([0,9), +, x} < S is a pseudo subsemiring of infinite order
which is also a pseudo subring.

None of them are ideals only subsemirings.

3gx6g=0,gx3g=04gxg=0 3 x3=0some are
nilpotents of order two and some are zero divisors.

(3 + 5g) 3g = 0 is a zero divisor. 1.007g x 4.0002g = 0 is
again a zero divisor and so on.

Example 1.77: Let P = {{[0, 15) U h), +, x} be the MOD

natural neutrosophic special dual like number pseudo semiring
of infinite order.
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This has zero divisors and idempotent however finding
nilpotents in this case happens to be challenging problem. P
has subsemirings which are subrings of finite order. Z;s c P is a
subsemiring which is a subring. (Z;5 U h) is a subsemiring
which is a subring of finite order.

L =(Z;s U h); is a subsemiring of finite order which is only
MOD natural neutrosophic subsemiring and is not a subring.
However L is not pseudo.

T = {[0, 15), +, x} < P is a pseudo subsemiring which is
also a pseudo subring of infinite order.

This is also not ideal of P;.

Example 1.78: Let M = {([0, 12) U k), +, x} be the MOD
natural neutrosophic special quasi dual number pseudo semiring
of infinite order.

Clearly P; = {[0, 12) k), +, x} be the MOD natural
neutrosophic special quasi dual number pseudo subsemiring of
infinite order which is also a pseudo ideal of M.

Consider P, = {([0, 12));, +, x} to be the MOD natural
neutrosophic special quasi dual number pseudo subsemiring of
M which is also a MOD natural neutrosophic special quasi dual
number pseudo subring of M, which is not an ideal of M.

P; = {({[0, 12), +, x} < M is again a pseudo subsemiring of
M which is also a pseudo subring of M; this is also not an ideal
of M.

Z1; < M is a subsemiring and it is also a subring of M of
finite order (Z;, k) = M is a subsemiring of M which is also
subring of M which is of finite order (Z;;u k); € M is a MOD
natural neutrosophic special quasi dual number subsemiring
which is not a subring,
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Z,c M is a MOD natural neutrosophic dual number
subsemiring which is not a subring of finite order.

We see M hs zero divisors and idempotents.

Example 1.79: Let M = {C'([0, 7)), +, x} be the MOD natural
neutrosophic finite complex number pseudo semiring of infinite
order.

Z; < M is a finite subsemiring which is also a subring
C(Z;) < M is a finite subsemiring which is also a finite subring
Z,c M is a finite pseudo subsemiring which is not a subring
C'(Z,) is a finite pseudo subsemiring which is not a subring.

P = {[0, 7), x, ¥} < M is a pseudo subsemiring which is
also a pseudo subring of infinite order.

In view of all these examples.
We have the following theorems.

THEOREM 1.12: Let S = {'[0, n), + x} be the MOD natural
neutrosophic pseudo interval semiring of infinite order.

i) S has MOD natural neutrosophic interval
subsemirings of finite order which are not pseudo
but just subrings.

ii) S has MOD natural neutrosophic pseudo
subsemirings which are not pseudo and not
subrings of finite order.

iii) If n is a non prime S has MOD natural neutrosophic
pseudo subsemirings of infinite order which are
ideals.

Proof is direct and hence is left as an exercise to reader.
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THEOREM 1.13: Let S = {([0, n) U 1), +, x} be the MOD natural
neutrosophic-neutrosophic pseudo interval semiring of infinite
order.

i) S has finite subsemirings which are subrings and
not pseudo.

ii) S has finite subsemiring which are not subrings and
which are pseudo

iii) S has infinite order pseudo subsemirings which are
also pseudo subrings.

iv) S has an infinite pseudo subsemiring which is a
pseudo ideal of infinite order.

Proof is direct and hence left as an exercise to the reader.

THEOREM 1.14: Let M = {([0, n) U g), +, x} be the MOD
natural neutrosophic dual number interval pseudo semiring of
infinite order.

i) M has subsemirings of finite order which are
subrings and not pseudo.

ii) M has subsemirings of finite order which are not
subrings and pseudo.

iii) M has subsemiring of infinite order which are not
pseudo as well as ideals.

iv) M has zero square subsemirings of finite order and
infinite order.

Proof is left as an exercise to the reader.
However it is pertinent to keep on record that only this MOD

natural neutrosophic dual number interval pseudo subsemiring
which is a zero square subsemiring of infinite order.

THEOREM 1.15: Let S = {([0, n) U h), +, x} be the MOD

natural neutrosophic special dual like number pseudo interval
semiring of infinite order.
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i) S has subsemirings which are subrings and not
pseudo of finite order.

ii) S has subsemirings which are not subrings of finite
order which are pseudo.

iii) S has pseudo subsemirings which are pseudo ideals
and is of infinite order.

Proof is direct and hence left as an exercise to the reader.

The above theorem is valid in case of MOD natural
neutrosophic special quasi dual number interval pseudo
semiring B = {([0, n) U k)1, +, x}.

However in case of C = {C' ([0, n)) +, x} the same results
may not be true as i; = (n— 1).

Study in this direction is little different however can be
derived with appropriate modifications.

Next we proceed onto give examples of MOD natural
neutrosophic matrix interval pseudo semiring in the following.

Example 1.80: Let M = {(a;a,a3;a4) / a; € I[(), 10); 1 <i<4, +,
x} be the MOD natural neutrosophic interval matrix pseudo
semiring M has zero divisors (1 1 1 1) is the identity element of

M. (0 0 0 0) is the zero of M and (I, T T 110y g
the pure MOD natural neutrosophic zero of M.

Reader is left with the task of finding finite subsemirings
which are subrings and not pseudo {(a, 0, 0, 0) / ae I[0, 10), +
x} is a MOD natural neutrosophic pseudo interval matrix
subsemiring which is also a pseudo ideal of M.

S=1{(a,000)/a e [0, 10), + x} is a pseudo interval matrix
subsemiring of M which is not an ideal of M.

Study in this direction is left as an exercise to the reader.

108



MOD Mathematics MOD Natural Neutrosophic Semirings

Example 1.81: Let

P= 3 a; € {([0, 16) U g, +, X}

be the MOD natural neutrosophic dual number pseudo interval

semiring, 0 = is the zero of the pseudo semiring P.

S O O O O O

[ {0.16)ug) ]
Iy

([0,16)ug)
I0

([0,16)ug)

I<[0,16)ug>
0 I<[0,16)ug>
0

([0.16)Ug)
I0

([0,16)ug)
_IO

is the MOD natural neutrosophic dual number zero of the
semiring.
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1s the unit element of P.

(=

— e e

There are several zero divisors both MOD natural
neutrosophic zero divisors and usual zero divisors. For consider

L L
Ly I
Ig Ig
X = Z andy = Zg
ISg Ig
I I
_I§+2g i _ISgg i
Clearly
_Iﬁ_
b
b
XX, y=
b
b
R

is the MOD natural neutrosophic zero divisor matrix of dual
numbers.
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Ig

4
g
IGg
Ig
Consider x = Izg x P,
8

Ig

Rl

Ik
ik
ik
Ik
ik

ik

Clearly x x, y =

is the MOD natural neutrosophic nilpotent elements of order two.

Thus this P has infinite number of MOD natural neutrosophic
dual number matrices of order two.

Find non trivial idempotents or MOD natural neutrosophic
dual number idempotents happens to be an impossibility.

We have only trivial idempotents of the form

I 1 1 I;
1 1 I I
0 1 1 I
X = ,Xo = , X3 = , X4 = and so on.
I 0 1 0
0 0 1 0
11 ] L1 ] |1 0

All these idempotents are built using only the set {0, 1, 13 }.
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Next we describe by examples the MOD natural
neutrosophic special dual like number matrix pseudo semirings
in the following.

Example 1.82: Let

a, a, a
W = 1 2 3
a, a, a,
be the MOD natural neutrosophic special dual like number
matrix pseudo semiring of infinite order.

a;, €([0,12) Uh);; 1 <16, +, x,}

This semiring has MOD natural neutrosophic zero divisor,
idempotent and nilpotent matrices.

I | G roro
Letx={fl 0 Eh}ew;xxnx={ﬁ g g
I I | D P

h
6+6h Iéh

is the MOD natural neutrosophic special dual like number
nilpotent matrix of order two in W.

I L, 6 Lo o2
Letx={24 43+3h Ih}andy={3h 4 } eW
6h

L I o
X X, V=
Y {0 0 I

is the MOD natural neutrosophic mixed zero divisor of W.

Infact W has several mixed zero.
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It is pertinent to record that if (O,,) is mixed MOD natural
neutrosophic zero of W then for any x € W; x x (O,) # O, in
general.

We shall prove this by some examples.

r o I r 4 1
Letp=|° °landy=|* ol eWw
’ {o Ih} ’ Ls

0

L4 1 L 0 Ip| I
Y>XaP= 1o *n e O a2
L3 0 I I | I A

This is not even a MOD natural neutrosophic mixed zero divisor
of W.

I 7 O
Letm={0 Oh 0} andy={ N :|><W
0 I, 0 8 Iy Iis,

—
o =

—
[=3-o
S

o o 4 10 I
mXx,y= b Xn b b
0 I 0 g8 I' I,

Ih h

| }é(om);

0 Ig I;l+3h

this is the product of a MOD natural neutrosohic mixed zero
divisor with some matrix in W does not result in a mixed MOD
natural neutrosophic zero divisor.

However it is pertinent to keep on record that we have MOD
natural neutrosophic matrices. x, y € W such that x x, y gives a
MOD natural neutrosophic mixed zero that is x is a MOD natural
neutrosophic mixed zero divisor of y.
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h h 4 Ih Ih
Letx={9 s Iz} andy={ o 6:|€W.

T B 14
o " '] [4 1 I
Clearly x x,y =| . } 2| xa| e
_I3 I0 3 a I4+4h I9 4
_fo o
I I 0

is a MOD natural neutrosophic mixed matrix zero divisor of W.
Hence the claim.

h h h h
Letx = 4Lk e W, we see X X, X = 4 Ifl L =X
9 1) 1 9 1) 1

Iy

so x € W is a MOD natural neutrosophic mixed special dual like
number matrix mixed idempotent of W.

Infact W has several such mixed idempotents.

h 10 15,

Letm={4 h | }eWissuchthatmxnm=misa

MOD natural neutrosophic special dual like number matrix
mixed idempotent of W.

Infact we have several such MOD natural neutrosophic
mixed matrix idempotents in W.

We have also MOD natural neutrosophic mixed matrix
nilpotents in W.

h I}
Letx={6 6 6} ew,

Lo I
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6 6h I} 6 6h I} 0 0 I
clearly x x, x=| clx vl =1 .

L, 0 I L, 0 I I, 0 I
s0 x is a MOD natural neutrosophic special dual like number
mixed nilpotent matrix of W.

Infact W has several such mixed MOD nilpotents.

Next we proceed onto describe MOD natural neutrosophic
interval special quasi dual number matrix pseudo semiring.

Example 1.83: Let

i a1 a2 a3 ]
a, as a,
S=4a, a, a,l|lae([0,HUky;1<i<I15,+ x,}
a10 all a12
_a13 a14 a15_

be the MOD natural neutrosophic dual number semiring of
special quasi dual number interval pseudo semiring.

I a1 a2 a3 ]
a, as a,
P=lla, a, a,|laic (0, Dk ;1 <1<15,+, %, =S
a10 all a12
a3 8y Qs |

is a MOD natural neutrosophic quasi dual number subsemiring of
S.

Clearly P is an semi ideal of S.
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S has several numbers of zero divisors as well mixed zero
divisors and MOD natural neutrosophic zero divisors and MOD
natural neutrosophic mixed zero divisors.

These will be described by some examples.

Letx = € Sclearly x x, x =

(=R el el = )
S O O O O
N O O O O
S O O O O
S O O O O
S O O O O

is nilpotent of order two.

[ S
L I L+2
Letx=|I; 1, I, e S.
I I I
L L L
LI
I W
Clearly x x, x= |1, I, I
I W
L L5

S0 X is a pure MOD natural neutrosophic special quasi dual
number zero divisor or in particular x is the MOD natural
neutrosophic special quasi dual nilpotent or order two.
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2 241 | 2 1]
0 0 2 31 2
Letx=[3 1 L+ jandy=|1! 10 1)
1 0 3 0 I, I,
12 L+Ig+1 Ip+1 | 2 I I

o 1 1]

0 0 0

Clearlyx x, y= |1, I, I}

(R A

0 Ip I

is a mixed MOD natural neutrosophic special quasi dual number
Zero.

Thus x is a MOD natural neutrosophic special quasi dual
number mixed zero divisor of S.

It is pertinent to keep on record that if x € S is a mixed MOD
natural neutrosophic special quasi dual number zero then x x, y
=xforally € S.

This is just evident from the following.

(R A

I o I
Letx=|0 I, I;|€S.

0 I, 0

10 0 I
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Takey =

0
I
Consider x x, y= |0
0
0

Hence the claim.

— bl

(e}

—

—
OAOAOOA

(e}

— el

N A OR ORNEOR

MOD Natural Neutrosophic Semirings

o o
I 2+15
0 L+I | €S
0 I
L+l 0 |
[ I I
I I I I+2
I % |1} 0 I+
0 L+Iy 0 I
L] |0 L+l 0 |
I
I
I} | #x
I4
2
+1; I |

But S has element x and y such that it can yield mixed MOD
natural neutrosophic special quasi dual number zero.

Further S has finite order subsemirings which are just rings.

[N

o o
o

a
a,
a

]
oo

1

S

a
a

o

13

© ® o o o
o ° o W

9

a € Zy 1 <i<15,+, x,} =S
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is a MOD natural neutrosophic subsemiring which is a subring
not an ideal of S.

a, a, a,
a, a, a,
C=1ila, a, a,|lae (Zuk;1<i<15}cS
alO all a12
L33 3 35

is a MOD natural neutrosohic interval subsemiring which is a
subring of S and not ideal of S.

(]
w

® e
£

o oo o
o

» o oW
(=)

Let W= a e [04)k 1<i<15,+, %x,} < S;

]
oo
)

S

oW

®

o o
L3S

W is a MOD natural neutrosophic interval pseudo subsemiring
which is also a pseudo ideal.

Study in this direction is both innovative and interesting but
1s considered as a matter of routine and left as an exercise to the
reader.

Now having seen examples of MOD natural neutrosophic
special quasi dual number interval matrix semiring of infinite
order.

We next describe MOD natural neutrosophic interval

coefficient polynomial pseudo semiring of varying types of
some examples.
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Example 1.84.: Let

a; € [0,10); +, x}

i=0

V= {iaixi

be the MOD natural neutrosophic interval coefficient polynomial
pseudo semiring of infinite order.

M, = (Zy [X] =Z:aixi eV
i=0

is a MOD natural neutrosophic polynomial subsemiring which is
not pseudo but is a subring and not an ideal of V.

Let My = {Z})[x] = D axx'| a; € Zj,,+, x} =V
i=0
be MOD natural neutrosophic polynomial subsemiring which is

not pseudo but is only a subring or an ideal.

This MOD polynomial semiring has zero divisors but has no
idempotents. These zero divisors includes nilpotents also.

Example 1.85: Let

a; € ([0,16) U g);, +, x}

W= {iaixi

i=0

be the MOD natural neutrosophic interval pseudo polynomial
semiring of infinite order. W has zero divisors as well as
nilpotents.

Let p(x) = 4x® + 8x> + 12 € W, p(x) x p(x) = 0 is a MOD
natural neutrosophic nilpotent polynomial of order two.

Let q(x) =2 + 10x’ + 8x® + 4x” and p(x) = 8 + 8x* € W
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p(x) x q(x) = 0 is a MOD natural neutrosophic zero divisor
polynomial.

Let w(x) = 5 + 10x’ + 8x” and v(x) = 12 + 12x° € W;
w(x) x v(x) = 0 is a MOD polynomial natural neutrosophic zero
divisor of W.

Finding ideals of W happens to be a challenging one.
Finding finite subsemirings is not possible.

Example 1.86: Let

a; € ([0,12) U INZ;, ,+, x}

M= {iaixi

i=0

be the MOD natural neutrosophic-neutrosophic polynomial
coefficient pseudo semiring. M has zero divisors and nilpotent.

Let p(x) = 6x° + 8x +4 and q(x) = 6x’ + 6 € M.

p(x) x q(x) = 0 is the MOD natural neutrosophic zero divisor
polynomial.

qx) x q(x) = 0 so q(x) is MOD natural neutrosophic
nilpotent polynomial of order two.

o(M) = o0,

M has only infinite subsemirings and subrings of infinite
order.

Take Z;[x] < M is a subsemiring which is a ring of infinite
order but is not an ideal of M.

Z,,[x] < M is a MOD natural neutrosophic subsemiring of
infinite order but is not a ring,
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(Zy, U D[x] is a subsemring of infinite order which is not an
ideal but a ring (Z;, U I); [x] is a subsemiring of infinite order
which is not an ideal or subring [0, 12)[x] is a pseudo
subsemiring which is not an ideal of M but infact a pseudo ring.

L =10, 12)I[x] is a pseudo subsemiring which is not an ideal
which is also pseudo of M. Infact L is a pseudo ring.

10, 12)I[x] is a pseudo subsemiring which is also a pseudo
ideal of M and not a pseudo ring.

In view of all these we have the following theorem.

THEOREM 1.16: Let M = {([0 n) U 1), +, x} be a MOD natural
neutrosophic neutrosophic interval coefficient polynomial
pseudo semiring.

i) M is commutative and is of infinite order.

ii) M has subsemirings of infinite order which are not
pseudo but rings.

iii) M has pseudo subsemirings which are pseudo
subrings.

iv) All polynomial subsemirings of M are infinite
order.

v) M has pseudo ideals none of them are subring.

Proof is direct and hence left as an exercise to the reader.

THEOREM 1.17: Let

ai € ((0,n) Ug) + x}

B= {i ax'
i=0

be the MOD natural neutrosophic dual number interval
coefficient polynomial pseudo semiring.

i) o(B) = coand B is commutative.
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ii) B has subsemirings all of which are of infinite order
and some of them are rings and some are not
pseudo.

iii) B has subsemirings of infinite order which are
pseudo and are not rings.’

iv) B has subsemirings of infinite order which is not
pseudo but is an ideal of B.

Proof is direct and hence left as an exercise to the reader.
It is pertinent to keep on record that only MOD natural
neutrosophic dual number coefficient polynomial semirings has

ideals which are not pseudo and are not rings.

We give examples of other types of MOD natural
neutrosophic interval polynomial pseudo semiring.

Example 1.87: Let

a; € ([0, 18) U h), +, x}

N= {iaixi

i=0

be the MOD natural neutrosophic special dual like number
coefficient polynomial interval pseudo semiring.

Clearly N is a commutative pseudo semiring and is of
infinite order.

All polynomial subsemirings of N are of infinite order need
not necessarily be pseudo

ai€Zig, t,x } N

P] = Z]g[X] = {iaixi

i=0

is a MOD natural neutrosophic special dual like number semiring
o f polynomials of infinite order. P, is a ring and P, is not an
ideal and is not a pseudo subsemiring of N.
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P, = {Z:aixi a; € (Z1gs U h), +, x}

i=0

be the MOD natural neutrosophic special dual like number
subsemiring of polynomial. P, is a subring not an ideal and is
not pseudo but of infinite order.

P;= {Z:aixi a; € Z{S, +, x} <N

i=0

be the MOD natural neutrosophic subsemiring which is not a
subring or ideal of infinite order, but is not possible.

Ps= {Z:aixi a €(ZigUhy, +, x} N

i=0

be the MOD natural neutrosophic special dual like number
coefficient polynomial subsemiring,

P4 is of infinite order and is not a subring which is not an
1deal.

a; € [0,18) +a X}

i=0

Ps= {iaixi

be the MOD natural neutrosophic interval coefficient polynomial
pseudo subsemiring of N, which is not an ideal but is a pseudo
ring.

a; € '[0,18), +, x} c N

i=0

Ps= {Z aixi
be the MOD natural neutrosophic interval coefficient polynomial
pseudo subsemiring.

Clearly Pg is of infinite order P is not an ideal or ring of N.
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a; € '[0,18)h, +, x} N

P;= {iaixi

i=0

be the MOD natural neutrosophic special dual like number
coefficient interval polynomial pseudo subsemiring.

P; is not a subring but is an pseudo ideal of P;.

In view of all these we have the following result.

THEOREM 1.18: Let S = {Zaixi a; € ([0, n) Uh), +, x} be

i=0

the MOD natural neutrosophic special dual like number
coefficient polynomial interval semiring.

i) o(S) = coand is commutative.

ii) S has pseudo ideals which are not subrings.

iii) S has subsemirings of infinite order which are not
pseudo and enjoy ring structure.

iv) S has subsemiring which are not pseudo and are
not rings.

Proof is direct and hence left as an exercise to the reader.

i=0

Example 1.88: Let H = {Z ax' e C'([0,9)), +, x} be the MOD

natural neutrosophic finite complex coefficient interval
polynomial semiring o(H) = .

H has subsemirings, subrings which are not pseudo but all
of them are of infinite order.

Let p(x)=6x’ + 3 and q(x) = 6x* + 6x + 3 € H.

Clearly p(x) x q(x) = 0 is a zero divisor.
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(p(x))* = p(x) x p(x) = 0 so p(x) is a nilpotent element of
order two.

Let p(x) = 4.5 x> and q(x) = 2x* + 4x* + 8 € H.

Clearly p(x) x q(x) = 0.

Once again a zero divisor.

But p(x) and q(x) are both not nilpotent elements of H.

aj € Zo;+,x} cH

i=0

Let W, = {iaixi

is a subsemiring which is a ring and W is not pseudo.

ai € C(Zy); +,x} cH

W, = {iaixi

i=0

is again a subsemiring of H which is not pseudo also a ring.

a; € [Oa 9)a +a X} QH

W; = {iaixi

i=0

is a pseudo subsemiring which is also a pseudo ring of infinite
order.

W5 1s not an ideal of H.

a; € C'(Zo); +,x} cH

W, = {iaixi

i=0

is a subsemiring which is not a subring and is also not an ideal
of H.
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Finding pseudo ideals using the complex interval C'([0, n))
happens to be a challenging problem.
Example 1.89: Let

a; € ([0, 10) U k), +, x}

i=0

S = {iaixi

be the MOD natural neutrosophic interval special quasi dual
number coefficient polynomial pseudo semiring. o(S) = oo.

o0
P, = {Zaix‘ a; € Zyo, t, X}

i=0

is a subsemiring of infinite order and is a ring and is not an
ideal.

1
ai € Z,, t,x}
i=0

P,= {iaixi

is a subsemiring which is not an ideal and which is not a
subring.

P;= {Z:aixi a; € (Z1py W k), +, x}

i=0

is a subsemiring of infinite order which is not an ideal but a
subring.

a; € <ZIOk>Ia +a X}

i=0

P,= {iaixi

is a subsemiring which is not an ideal and not a subring.
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Ps= {Z:aixi a; € (Zyo v k), +, x}

i=0

is a subsemiring which is not an ideal and not a subring.

a; € [0, 10), +, x}

Ps= {iaixi

i=0

is a pseudo subsemiring which is also a pseudo subring but not
an ideal.

a; € [0, 10) k, +, x}

P, = {iaixi

i=0

is a pseudo subsemiring which is also a pseudo subring and not
an ideal.

a; € '[0,10) k, +, x}

Py = {iaixi

i=0

is a pseudo subsemiring which is not a pseudo subring but an
ideal of S.

This pseudo semiring h as zero divisors, no idempotents or
nilpotents. In view of all these we give the following theorem.

THEOREM 1.19: Let S = {Zaixi a; € ([0, 10) Uk), +, x} be

i=0

the MOD natural neutrosophic interval special quasi dual
number coefficients polynomial pseudo semiring.

i) Sis commutative and o(S) = o«
ii) S has subsemirings which are rings and not pseudo
and not ideals.
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iii) S has subsemirings which are not rings or ideals
and are not pseudo.

iv) S has a pseudo ideal.

v) All subsemirings of S are of infinite oroder.

vi) S has zero divisors and nilpotents and no nontrivial
idempotents.

Proof of the theorem is left as an exercise to the reader.

Next we proceed onto describe the notion of MOD natural
neutrosohic interval coefficient polynomial pseudo semirings
which has only polynomials of degree less than or equal to m;
1 <m < oo, by some examples.

Example 1.90.: Let

a; € ([0, 16)); ="[0, 16); x'* =1, +, x}

P= {Zglaixi

i=0

be the MOD natural neutrosophic interval coefficient polynomial
pseudo semiring with polynomials of degree less than or equal
to 9.

o(P) = o, but P has subsemirings and subrings of finite
order. This P has nilpotents and zero divisors.

p(x) =2+ 6x + 4x’ and q(x) = 8 + 8x” € P, p(x) x q(x) =0
so P has nontrivial zero divisor polynomials.

Also q(x) x q(x) = 0 so q(x) is a nontrivial nilpotent
polynomial of order two.

a; € Zyg, +, x} be the subsemiring which
i=0

Let B, = {Zglaixi

is also a subring of P of finite order and not pseudo.
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a;, € 1{0,2,4,6,8,10, 12, 14}; +, x} is also a

B, = {Zglaixi

i=0

subsemiring of P which is a subring and not an ideal of P and is
not pseudo.

9
B; = {Zaixi ai € {0, 4, 8, 12}, +, x} < P is again a

i=0

subsemirin of finite order which is a subring and B; is not
pseudo.

9
B, = {Z ax'| aj e Z,,+, x} is a subsemiring of P of finite

i=0

order and is not an ideal or subring of P.

a; €[0,16), +, x} is a pseudo subsemiring of

i=0

9
Bs = {Z ax'
P which is a pseudo subring but not an ideal of P.

The task of finding ideals in P is left as an exercise to the
reader.

Example 1.91: Let

a € ([0,12) Ul x' =1, + x}

W= {Zélaixi

i=0

be the MOD natural neutrosophic - neutrosophic interval
coefficient polynomial pseudo semiring of infinite order.

This has zero divisors and nilpotents but has no idempotent
which are nontrivial.

a; € Zpp, +, x} is a finite subsemiring
i=0

Let V, = {Zélaixi

which is a subring but not an ideal of W.
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a; € Z{z, x =1, + x} < W is the

V, = {26: ax'
i=0

subsemiring which is not an ideal or subring and not pseudo.

6
Vs = {Zaixi a € (Zp U I); x'=1, +, x} < W is aa

i=0

subsemiring which is not pseudo and is not an ideal but a
subring of finite order.

6
Vi = {Zaixi a e Zoulhx' =1,+ x} cWisa

i=0

subsemiring which is not pseudo but is not a subring V, is not
an ideal but V, is a finite order MOD natural neutrosophic -
neutrosophic subsemiring.

6
Vs = {Zaixi a; € [0,12), x" =1, +, x} = W is a pseudo

i=0

subsemirin of infinite order which is also a pseudo subring but
not a pseudo ideal.

6
Ve = {Zaixi a; € [0,12); x'= 1, +, x} = W is a pseudo

i=0

subsemiring which is also a pseudo subring but not an ideal.

a; € I[0,12) Lx =1+, x} is a pseudo MOD

i=0

V; = {Zélaixi

natural neutrosophic-neutrosophic subsemiring which is not a
subring but an ideal of W.

In view of all these we have the following result.
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THEOREM 1.20.: Let

a; € ([0, n) UD; X" =1+ x}

§= {Zm: ax'

i=0

be the MOD natural neutrosophic-neutrosophic interval
coefficient pseudo semiring of polynomials of finite degree.

i) Sis commutative and o(S) = o«

ii) S has subsemirings which are subrings and that not
pseudo. But they are not ideals.

iii) All ideals of S are of infinite order.

iv) S has subsemirings of finite order which are not
subrings and ideals.

v) S has zero divisors and nilpotents but has no
nontrivial idempotents.

Proof is direct and hence left as exercise to the reader.

Example 1.92: Let

xX’=1,a e ([0,6) U gy, +, x}

W= {24: aixi
i=0

be the MOD natural neutrosophic dual number coefficient
interval polynomial pseudo semiring.

W has zero divisors but no nilpotents or idempotent which
are nontrivial.

X’ =1, a; € Ze, +, x} < W is a subsemiring

B, = {iaixi
i=0

which is not pseudo but is a ring of finite order which is not an
ideal.
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xX’=1,a € Zé, +, x} < W is a MOD natural

B, = {24: ax'
i=0

neutrosophic subsemiring of finite order which is not pseudo
and is not a subring or ideal.

4
B; = ax'| xX’=1,a € (Zs U g), +, x} < W is a MOD
i g

i=0

natural neutrosophic subsemiring of finite order which is a
subring and it is not pseudo and is not an ideal.

4
B, = ax'| xX’=1,a € (ZeU gy, +, x} < W is a MOD
i g

i=0

natural neutrosophic subsemiring of finite order which is not
pseudo which is not a subring or ideal of W.

x5=1,aie[O,6),+,x,x5=l}gWisa

Bs = {24: ax'
i=0

pseudo subsemiring of W of infinite order which is also a
pseudo subring but not an ideal of W.

a; € '[0,6), +, x, x> = 1} is a pseudo MOD
i=0

Bs = {iaixi

natural neutrosophic interval subsemiring of infinite order
which is not a subring or pseudo ideal of W.

a; € [0,06)g, +, %, x> = 1} € W is a MOD
i=0

B; = {iaixi

natural neutrosophic interval dual number subsemiring
polynomial of infinite order which is a subring but is not a
pseudo subsemiring.

Infact a zero square subsemiring of infinite order. It is not
an ideal.
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4
Bg = {Zaix‘ xX’=1,a € I[0,6)g; +, x} < W be the MOD
i=0
natural neutrosophic interval dual number coefficient
polynomial subsemiring, which is not pseudo but is an ideal of

W.

In view of all these we have the following theorem.

THEOREM 1.21: Let

a; € ([0n) Ug), "=+ x}

i=0

§= {Zm: ax'

be the MOD natural neutrosophic dual number coeffinite
polynomiral pseudo semring of degree less than or equal to m;
2<m< o0

i) o(S) = ooand Sis a commutative semiring.

ii) S has subsemirings of finite order which are rings
and not ideals.

iii) S has subsemirings of finite order which are not
subrings or ideals.

iv) S has subsemirings of infinite order which are
pseudo and are pseudo subrings and not ideals of S.

v) S has subsemirings of infinite order which are not
pseudo but ideals. They are not subrings of S.

Proof is direct and hence left as an exercise to the reader.
Property (iv) of this theorem is very unique and it pertains

only to those MOD natural neutrosophic interval pseudo
polynomial semirings whose coefficients are MOD natural

neutrosophic interval dual numbers from ([0,n) U g);.
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This is not true in case of all other types of MOD natural
neutrosophic semiring of polynomials.

Next we proceed onto describe the notion of MOD natural
neutrosophic interval special dual like number coefficient
polynomial semirings by examples.

Example 1.93: Let

a; € ([0,19) U h);; x’=1, + x}

M= {Zglaixi

i=0

be the MOD natural neutrosophic special dual like number
coefficient polynomial interval pseudo semiring o(M) = .

M has only zero divisors and no nilpotents or nontrivial
idempotents.

Let p(x) = 9.5 x* +4.75 x° + 9.5 and
q(x) =8x’+4x+ 12 € M.

Clearly p(x) x q(x) = 0.

So is a nontrivial zero divisor in M.

M has no nontrivial idempotents or nilpotents x.

8
We see Py = a.x'| a; € Zyg, +, x} < M is a subsemirin
1

i=0

of M which is not an ideal but a proper subring of M.

9 .
x=1,aieZ{9,+,x}ngsa

i=0

Let P, = {Zglaixi

subsemiring of M of finite order and not an ideal or subring of
M.
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8
Let P = {Z:aixi a; € (Z19 U h; =1, + x} cMis a

i=0

subsemiring which is not pseudo and not an ideal only a subring
of finite order.

8
Py = {Zaixi a e ZwuhpxX =1+ x} cMisa

i=0

subsemiring of finite order and not a subring or ideal or it is not
pseudo substructure of M.

8
Ps = {Zaixi x’ =1, a; € [0,19), +, x} = M is a pseudo

i=0

subsemiring of infinite order Ps is a pseudo subring but not an
ideal.

8
P = {Zaixi a; € '70,19); x’ = 1, +, x} = M is a pseudo

i=0

MOD natural neutrosophic special dual like number coefficient
interval subsemiring which is not a subring ideal of M. o(P¢) =
00,

8
Let P; = {Z:aixi X’=1,a e [0,19)h, +, x} < M is again a

i=0

pseudo subsemiring of M which is not an ideal.

But P; is a pseudo subring of M of infinite order.

8
Let Py = {Z:aixi a; e I[0,19)h; +, x} < M is a MOD natural

i=0

neutrosophic interval pseudo special dual like number
coefficient polynomial semiring of infinite order.

Clearly Ps is not a subring but an ideal of M.

In view of all these we prove the following result.

136



MOD Mathematics MOD Natural Neutrosophic Semirings

THEOREM 1.21: Let

a; € ([0,n) Uh); X=X, +}

§= {Z ax'

i=0

be the MOD natural neutrosophic special dual like number

interval coefficient polynomial pseudo semiring of finite degree
polynomials; 2 <m < o,

Then the following are true

i) o(S) = coand S is a commutative semiring.

ii) S has subsemiriings of finite order which are
subrings and not ideals and are not pseudo

iii) S has subsemirings of finite o rder which is not
subrings or ideals and are not pseudo

iv) S has pseudo subsemirings of infinite order which
are pseudo subrings but not ideals.

v) S has pseudo MOD natural neutrosophic
subsemirings of infinite or ideals.

vi) S has pseudo MOD natural neutrosophic
subsemirings of infinite order which are not
subrings but are ideals.

Proof of all these notions are direct and hence left as an
exercise to the reader.

Next we provide an example of MOD natural neutrosophic
special quasi dual number interval coefficient polynomials
pseudo semirings.

12
Example 1.94: Let S = {Zaixlz x" =1, a € ([0,15) U k); +,

i=0

x} < S be the MOD natural neutrosophic interval special quasi
dual number coefficient polynomial pseudo semiring of degree
less than or equal to 12.
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12
We see P, = {Zaix‘ a €Z;s, x°=1,+ x} cSisa

i=0

subsemiring which is also a subring of S.

12
P, = {Zaix‘ a; € Z{S L xP=1,+ x} < S is a MOD natural

i=0

neutrosophic special quasi dual number polynomial subsemiring
of finite order and is not a subring.

12
Py = {Zaixi ai € <ZIS U k>, Xl3 =1, +, X} cSisa

i=0

subsemiring of polynomials of finite order, which is also a
subring.

Clearly Py, P, and P; are not ideals of S.

a € (Zis k), x® =1, + x} < S be the

12 .
P, = {Z ax'

i=0

MOD natural neutrosophic special quasi dual number semiring
of polynomials and is not a subring or ideal or pseudo and P, is
of finite order.

a € Zisk, x* =1, +, x} < S be the MOD
i=0

12 .
Ps = {Z ax'

natural neutrosophic special pure quasi dual number
subsemiring of finite order. Ps is a subring and not an ideal Ps is
not pseudo.

xB=1,+ x,a € [0,15)} < S is a MOD

12 .
P = Z:aix1
i=0

natural neutrosophic interval pseudo subsemiring and also a
pseudo subring but is not an ideal.
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12
P, = {Zaixi a; € [0,15) k, x” =1, +, x} < S is a MOD

i=0

natural neutrosophic pseudo subsemiring also a interval pseudo
subring but not an ideal of S.

x? =1, a; € '[0,15), +, x} < S be the MOD

12 .
Pg = Z:aix1
i=0

natural neutrosophic pseudo interval polynomial subsemirin of
S. Pg is not a pseudo subring. Pg is not an ideal of S.

xP =1, a € I[0,15) k, +, x} < S be the

12 .
Py = Z:aix1
i=0

pseudo MOD natural neutrosophic interval quasi dual number
coefficient polynomial subring of S.

Clearly Py is an ideal but is not a subring.
In view of all these we have the following result.

Before we mention this S has nontrivial zero divisors but
only trivial idempotents and nilpotents.

THEOREM 1.23: Let

X"=1a; € ([0n) Uk); +, X}

i=0

S= {Zm: ax'

be the MOD natural neutrosophic special quasi dual number
coefficient polynomial pseudo interval semiring which has
polynomials of degree less than or equal to m.

Then the following facts are true.

i) o(S) = coand S is a commutataive structure.
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ii) S has nontrivial zero divisors but has only trivial
idempotents and nontrivial nilpotents if and only if
Z, has nontrivial nilpotents.

iii) S has subsemirings of finite order which are
subrings but not ideals and they are not pseudo.

iv) S has subsemirings of finite order which are not
ideals, not subrings and not pseudo.

v) S has subsemirings of infinite order which are
pseudo and subrings but not ideals.

vi) S has pseudo subsemirings of infinite order which
are not subrings or ideals of S.

vii) S has pseudo subsemirings of infinite order which
are not pseudo subrings but are ideals of S.

Proof follows from direct calculations, so left as an exercise
to the reader.

Now it is pertinent to keep on record that we see ([0, n));
contains only MOD natural neutrosophic elements of Z! .

Clearly 1!, t € [0, n) \Z, is not included in this book.

For in many cases they may not be closed with respect
special factors which will be described and developed in the
forth coming books.

However 11" will be a pseudo MOD natural neutrosophic
zero divisor but we do not include them in ([0,n));.

Similarly all MOD natural neutrosophic dual numbers in
([0,n) U g); are from [0, n)g and Z! and not from [0, n) \ Z,
when included we will have no problem for closure.

Otherwise the set ([0,n)); is not in general closed order x
which we brought out in the forthcoming books.

This has been also discussed in several places in the books
[ ]. Thus we always put a condition the collection of all pseudo
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natural neutrosophic numbers arising from ([0,n));\ Z' are not
actually natural neutrosophic numbers.

This has been already addressed but a systematic study
exploiting their properties are not carried out.

That is why while defining ([O,n) U I); or {[0,n)); or
C'([0, n)) and so on we have only used the term MOD natural
neutrosophic numbers and not MOD pseudo natural neutrosophic
numbers or pseudo MOD natural neutrosophic numbers whatever
be the situation [0, n) or {[0,n)); or ([0,n) U I) or ([0,n) U I); or
([0,n) U g) or {[0,n) U g); and so on will not be rings semirings
they will only be pseudo rings or pseudo semirings as in all
these sets we will not have the distributive laws to be true, for

ax(Mb+c)faxb+axcfora,bce[0,n)\Z,or
([0,n) U g) \{Z, U g); and so on.

So this study is little different for these algebraic structures
do not behave like the existing structures.

We see at all stages we are forced to marvel at the behavior
of ([0,n)); under + and x.

We now suggest a few problems in the following,

Problems:
1. LetS={Z.,,+ x} be the natural neutrosophic semring.

i) Find all ideals of S.

ii) Find all subsemirings which are not ideals of S.

iii) Find all zero divisors, nilpotents and idempotents of Zy,.
iv) Find all natural neutrosophic zero divisors, nilpotents

and idempotents of ZJ, .
v) What is o(S)?
vi) How many elements of S are natural neutrosophic?
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Let B= {Z!,, +, x! be the natural neutrosophic semiring.
19 P g

i) Study questions (i) to (vi) of problem (1) to this B.
ii)) Compare the natural neutrosophic elements of B and S.

LetP = {Z',, + x} be the natural neutrosophic semiring.
) p g

i)  Study questions (i) to (vi) of problem (1) for thisP.
ii)) Compare P with S and B of problems (1) and (2)
respectively.

Obtain any other specil properties enjoyed by these finite
natural neutrosophic semirings { Z! , +, x}.

Prove {Z', +, x} can never be a semifield.
n

_ 1 .
Let M ={ 222_34_57_136_192_23'432 , +, x} be the natural neutrosophic

semiring.

i) Study questions (i) to (vi) of problem (1) for this M.
il) Compare M with S, B and P of problems (1), (2) and (3)
respectively.

Let S, = {Z,,,, +, x} be the MOD natural neutrosophic
semiring.

i) Study questions (i) to (vi) of problem (1) for this S,

ii)) Compare this S; with S of problem 1, B of problem 2
and P of problem 3.

iii) Is it true only S; has more number of MOD natural
neutrosophic elements?

iv) Can we prove S; has more number of ideals and
subsemiring?

v) Is it true S; has more number of subrings?
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10.

11.

12.

13.

14.

15.

Characterize those M = {Z!, + x} the MOD natural
neutrosophic semiring to have more number subring.

i) For what value of n M will have least number of
subrings.

ii) Find all MOD natural neutrosophic elements of M.

iii) Under what condition on n, M will have maximum
number of MOD natural neutrosophic elements.

iv) Will the collection of all MOD natural neutrosophic
elements of M form a subsemiring?

Justify your claim.

Study problem 8 in case of N = { Z, , +, x} the MOD natural

neutrosophic semiring.

Study problem 8 in case of P = { Z|,, +, x}, the MOD natural

neutrosophic semiring.

Study problem 8 in case of V = {Z|,, +, x}, the MOD

natural neutrosophic semiring.

Study problem 8 for W = { Z\,, +, x}, the semiring of MOD
natural neutrosophic numbers.

Study problem 8 for Z = {Z,, +, x} the semiring of MOD
natural neutrosophic numbers.

Compare the properties of semirings in problems 9, 10, 11,
12, and 13.

Can we say the properties completely depend on the n that
ison 19, 64, 180, 12 and 35 respectively?

Enumerate all special and interesting features associated
with MOD natural neutrosophic semiring (Z!, + x),
2<n<oco.

143



16.

17.

18.

19.

20.

21.

22.
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Let B = (Z, v I);, +, x} be MOD natural neutrosophic
neutrosophic semiring.

i) Study questions (i) to (vi) of problem (1) for this B.
ii) Study questions (i) to (iv) of problem 8 for this B.

Let M = {(Z55 U I}, +, x} be the MOD natural neutrosophic
neutrosophic semiring.

i) Study questions (i) to (vi) of problem (1) for this M.
il) Study questions (i) to (iv) of problem (8) for this M.

Let N = {{(Zyy U I)1, + x} be the MOD natural neutrosophic
neutrosophic semiring.

1) Study questions (i) to (vi) of problem (1) for this N.
il) Study questions (i) to (iv) of problem (8) for this N.

Let S = {(Z» v D), +, x} be the MOD natural neutrosophic
neutrosophic semiring.

i) Study questions (i) to (vi) of problem (1) for this S.
il) Study questions (i) to (iv) of problem (8) for this S.

Compare M, N and S of problems 17, 18 and 19
respectively with each other.

Compare { Z! , +, x) = P, with {{Z, U I)y, +, x} = P, as MOD
natural neutrosophic semirings.

Which of the semirings P, or P, has more number of MOD
natural neutrosophic elements?

Let V = {C'(Zs), +, x} be MOD finite complex number
natural neutrosophic semiring.

1)  Study questions (i) to (vi) of problem (1) for this V.
il) Study questions (i) to (iv) of problem (8) for this v.
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23.

24.

25.

26.

27.

28.

29.

Let L = {C'(Z43), +, x} be the MOD finite complex number
natural neutrosophic semiring.

i) Study questions (i) to (vi) of problem (1) for this L.
il) Study questions (i) to (iv) of problem (8) for this L.

Compare L and V in problem (23) and (22) respectively.

Obtain any other special feature associated with
{C' (Z,), +, x} the MOD natural neutrosophic finite complex
number semiring.

Compare the semirings P, = {C(Z,), +, x}, {Z),,+, x} =
Pz and P3 = {(leu I>[, +, X}.

i) Which has maximum number of MOD natural
neutrosophic elements?

ii)) Which of the semiring has maximum number of
subrings?

Let T = {{Zio Y g)1, T, x} be the MOD natural neutrosophic
dual number semiring.

i)  Study questions (i) to (vi) of problem (1) for this T.
il) Study questions (i) to (iv) of problem (8) for this T.
iii) Prove T has more number of subrings.

iv) Prove T has subrings which are zero square rings.

Let P = {(Zys U g)1 +, x} be the MOD natural neutrosophic
dual number semiring.

i) Study questions (i) to (vi) of problem (1) for this P.
il) Study questions (i) to (iv) of problem (8) for this P.

Compare MOD natural neutrosophic dual number semirings
with MOD natural neutrosophic-neutrosophic semirings and
MOD natural finite complex integer natural neutrosophic
semirings all built using Z,, the same n.
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31.

32.

33.

34.
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Let S = {{(Z14 U h);, +, x} be the MOD natural neutrosophic
special dual like number semiring.

i) Study questions (i) to (vi) of problem (1) for this S.
il) Study questions (i) to (iv) of probelom (8) for this S.

Study problem 30 if (Z;4 U h); is replaed by (Zs; U h); and
(Zy43 W h);. Compare all the three spaces.

Let W = {(Z4s U k), +, x} be the MOD natural neutrosophic
special quasi dual number semiring.

i) Study questions (i) to (vi) of problem (1) for this W.
il) Study questions (i) to (iv) of problem (8) for this W.

Compare W in problem 33 with MOD natural neutrosophic

dual number semiring {(Zss U )1, +, x}, {Zi, + x} and

C'(Zaog).

Let S={(aja,a;asa;5)/ a € 2124; 1 <i<5,+, x} be the
MOD natural neutrosophic matrix semiring.

i) Find o(S) and prove S is commutative.

ii) Find all subrings of S.

iii) Find all subsemirings which are not ideals or subrings
of S.

iv) Prove subrings of S cannot be ideal of S.

v) Find all zero divisors of S.

vi) Find all idempotents of S.

vii) Can S have nilpotents?

viii) Obtain any other interesting or special feature
associated with S.
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35.

36.

37.

38.

()

w
N

LetM = a; € Z{S;lsislo,-i-,xn}bethe

DM o om o
-~ W
[ - -
[>- B~

o

)

MOD natural neutrosophic matrix semiring.

Study questions (i) to (viii) of problem 34 for this M.

LetP=1{la, a, a,|laie Z,;1<i<9,+ x,} bethe

MOD natural neutrosophic matrix semiring.

i) Study questions (i) to (viii) of problem 34 for this P.

il) In P ‘x,’ is replaced by usual matrix product x prove P
is a non commutative semiring.

iii) Obtain the special feature enjoyed by this
noncommutative matrix MOD natural neutrosophic

semiring.
a, a, a, a, a,
LetW=4la, a, a, a, a,||aeZnul)y

ay a3 Ay s

1 <1< 15, +, x,} be the MOD natural neutrosophic matrix
semiring.

i) Study questions (i) to (viii) of problem (34) for this W.
ii) Derive any other special feature associated with this W.

Enumerate all special features associated with
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V={(ay),, /aie{Z W, (p#q, 1 <i<p,1<j<q, +,

Xy} the MOD natural neutrosophic - neutrosophic matrix
semirings 2 < n < co.

a, a5 a,
a, a; a,

LetT = a €{(ZisV g
alO all alZ
a a,, a

1 i< 18, +, X}

be the MOD natural neutrosophic dual number matrix
semiring.

i)  Study questions (i) to (viii) of problem (34) for this T.

il) Compare T with S; and S where S, is in T; (Z;s U g); is
replaced by (Zjs W DI and S; is in T (Zis U g) is
replaced by C'(Z).

aj € (Z4s U hyy;

1<i<12,+ x,}

be the MOD natural neutrosophic special dual like number
matrix semiring.

i)  Study questions (i) to (vi) of problem (1) for this M.

il) Study questions (i) to (iv) of problem (8) for this M.

iii) Obtain any other special and distinct features enjoyed
by M.
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41.

42.

43.

iv) Compare M with N where N is the same order matrix
semiring but (Z,s U h) is replaced by C'(Zs).

as ;A .
Let W= ae{Zpuky;1<i<l16,

+, Xa}

be the MOD natural neutrosophic special quasi number
matrix semiring.

1)  Study questions (i) to (vi) of problem 1 for this W.

ii) Study questions (i) to (iv) of problem 8 for this W.

iii) If the product x, in W is replaced by x find the distinct
features enjoyed by it.

Let W = {0, 9), +, x} be the MOD interval natural
neutrosophic semiring.

i) Prove W is of infinite order.

ii) Prove W has subsemirings which are subrings of finite
order.

iii) Prove W has pseudo subsemirings of infinite order
which can be pseudo subring.

iv) Can W have pseudo ideals?

v) Can pseudo subsemirings which are pseudo subrings be
ideals? Justify your claim.

vi) Find all zero divisors and nilpotents of W.

vii) Can W have idempotents which are non trivial?

Let S = {'[0, 19), +, x} be the MOD interval natural
neutrosophic pseudo semiring,

Study questions (i) to (vii) of problem (42) for this S.
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45.

46.

47.

48.

49.

50.
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Let L = {0,24), +, x} be the MOD interval natural
neutrosophic pseudo semiring,

Study questions (i) to (vii) of problem (42) for this L.

Let N = {([0,13) U I);, +, x} be the MOD interval natural
neutrosophic-neutrosophic pseudo semiring.

Study questions (i) to (vii) of problem (42) for this W.

Let B = {{[0,48) U I);, +, x} be the MOD interval natural
neutrosophic-neutrosophic pseudo semiring.

Study questions (i) to (vii) of problem (42) for this B.

Let A = {{[0,10) U g);, +, x} be the MOD interval natural
neutrosophic dual number pseudo semiring.

Study questions (i) to (vii) of problem (42) for this A.

Let D = {[0,16) v I), +, x} be the MOD natural
neutrosophic dual number interval pseudo semiring

Study questions (i) to (vii) of problem (42) for this D.

Let E = {([0,45) U g), +, x} be the MOD natural
neutrosophic dual number interval pseudo semiring.

Study questions (i) to (vii) of problem (42) for this E.
Let F = {{[0,16) U h), +, x} be the MOD natural
neutrosophic interval special dual like number pseudo

semiring.

i) Study questions (i) to (vii) of problem (42) for this F.
ii)) Compare F with E in problem 42.
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51.

52.

53.

54.

Let G = {{[0,49) U k), +, x} be the MOD natural
neutrosophic special quasi dual number interval pseudo
semiring.

i) Study questions (i) to (vii) of problem (42) for this G.
ii)) Make a comparative study when ([0, n) U k), with
([0,m) U g).

Let P = {([0,27) v D), +, x} be the MOD natural
neutrosophic-neutrosophic interval pseudo semiring. Prove
this has nontrivial nilpotents.

Study questions (i) to (vi) of problem (42) for this P.

Let B = {C'[0,26)), +, x} be the MOD natural neutrosophic
finite complex number interval pseudo semiring,

1) Study questions (i) to (vii) of problem (42) for this B.

Let M = {(a;, a2, ..., a9) / a; € 1[0,14), +, x} be the MOD
interval nautral neutrosophic row matrix pseudo semiring.

i) Prove o(M) = oo and M is commutative.

ii)) Prove M has zero divisors.

iii) Prove M has ideals and none of the ideals are pseudo
subrings but one pseudo subsemirings.

iv) Can M have nontrivial idempotents?

v) Prove M has subsemirings of finite order which are
subrings nut not ideals or pseudo semirings.

vi) Prove M has subsemirings of finite order wich are not

subrings but are also not ideals.

vii) Prove M has pseudo subsemirings subrings or ideals of
M.

viii) Prove all ideals of M are pseudo and only subsemirings
and not subrings.
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a, a,
a, a,
a, ag I .
55. LetP = a; € [0,48), 1 <i<12, 4+, x,}
a, ag
4y 3y
L8 3

be the MOD interval natural neutrosophic pseudo semiring,

Study questions (i) to (viii) of problem (54) for this P.

56. LetS=4q| a, a a, || ai€([0,29) Ul

1 <i<20,+, x,}

be the MOD natural neutrosophic interval matrix pseudo
semiring.

Study questions (i) to (viii) of problem (54) for this S.

a; € {([0,15) U Dy;

a a a a
57. Let S, = {1 SR 5}
aG a7 aS a'9 a10
1 <i<10, +, x,}

be the MOD interval natural neutrosophic - neutrosophic
matrix pseudo semiring.
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Study questions (i) to (viii) of problem (54) for this S;.

58. Let B=

a, | | ai €([0,24) U g);

1 <i<15,+, x,}

be the MOD pseudo natural neutrosophic dual number
interval matrix semiring.

Study questions (i) to (viii) of problem (54) for this B.

59. LetM =

a; € ([0,28) UK)y, 1 <i<6,+, x,)

be the MOD natural neutrosophic interval special dual like
number matrix pseudo semiring.

Study questions (i) to (viii) of problem (54) for this M.

60. LetJ =

a; € ([0,15) U hyy, 1 i< 10, +, x,)
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be the MOD pseudo natural neutrosophic special dual like
interval semiring.

Study questions (i) to (viii) of problem (54) for this J.

a € 7!

»7» T, Xa} be the MOD natural

Let P = {iaixi
i=0

neutrosophic coefficient polynomial semring.

Study questions (i) to (viii) of problem (54) for this
semiring.

i) Prove it is impossible to have finite order subring or
subsemirings.
ii) Prove this semiring is not pseudo.

a e 7!

4> T» Xaj be the MOD natural

Let B = {iaixi
i=0

neutrosophic coefficient polynomial semiring.

i) Prove B is commutative and is of infinite order.

ii) Prove B has no subsemirings of finite order.

iii) Prove B has no subrings of finite order.

iv) Prove all ideals of B are of infinite order and they are
not subrings.

v) Prove B can h ave zero divisors but cannot have
nilpotents or zero divisors.

vi) Prove Zg, me and subrings of Z,s are subrings which

are subsemirings of finite order but they are not
polynomial subsemiring.

[Note by subsemirings in polynomial semirings we mean
that they must be also polynomial semirings].

a; € (Z1, Ug), +, x} be the MOD natural

i=0

Let W= {iaixi

neutrosophic dual number coefficient polynomial semiring.
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65.

66.

67.

68.

i) Study questions (i) to (v) of problem 64 for this W.

ii) Prove W can have zero square subrings of finite order.

iii) Prove also W can have subsemirings of infinite order
which are subrings.

iv) Show this W or in general MOD natural neutrosophic
dual coefficient polynomial semirings behave
differently from other MOD natural neutrosophic
polynomial coefficient semirings.

Let S = {Z:aixi a; € (Zr4 U D)y, +, x,} be the MOD natural

i=0

neutrosophic-neutrosophic polynomial coefficient semiring.
Study questions (i) to (iv) of problem (64) for this S.

i) Compare S with W of problem (64).

Let V= {Z aixi a; €(Z19 U h), +, x,} be the MOD natural

i=0

neutrosophic  special dual like number coefficient
polynomial semiring.

Study questions (i) to (iv) of problem (64) for this V.

Let B= {Z aixi a; €(Zsg U k), +, x,} be the MOD natural

i=0

neutrosophic  special quasi dual number coefficient
polynomial semiring.

Study questions (i) to (iv) of problem (64) for this B.

LetT = {Z aixi a; €(Zao3 U k)1, +, x} be the MOD natural

i=0

neutrosophic  special quasi dual number coefficient
polynomial semiring.
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Study questions (i) to (iv) of problem (64) for this T.

69. Let M = {Z:aixi a; eCI(Z4g), +, x,} be the MOD natural

i=0

neutrosophic finite complex number coefficient polynomial
semiring.

Study questions (i) to (iv) of problem (64) for this M.

a; € '[0,8), +, x,} be the MOD natural
i=0

70. Let S = {iaixi

neutrosophic  coefficient polynomial interval pseudo
semiring.

i) Study questions (i) to (iv) of problem (64) for this S.
ii) Prove there are subsemirings of infinite order which are
not pseudo.

a; €'[0,23), +, x,} be the MOD natural

71. Let T = {iaixi

i=0

neutrosophic interval coefficient polynomial pseudo
semiring.

Study questions (i) to (iv) of problem (64) for this T.

a; €C' ([0,42)); +, x,} be the MOD

72. Let V = {iaixi

i=0

interval neutrosophic finite complex number pseudo
semiring.

Study questions (i) to (iv) of problem (64) for this V.

73. Let W = {Z:aixi a; €([0,40) U D), +, x} be the MOD

i=0

interval natural neutrosophic-neutrosophic polynomial
coefficient pseudo semiring.
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74.

75.

76.

77.

Study questions (i) to (iv) of problem (64) for this W.

a; €([0,24) U g);, +, x} be the MOD

Let x = {iaixi

i=0

natural neutrosophic dual number coefficient polynomial
interval pseudo semiring.

Study questions (i) to (iv) of problem (64) for this x.

a; €([0,15) U h);, +, x} be the MOD
i=0

Let M = {iaixi

natural neutrosophic interval special dual like number
coefficient polynomial semiring.

Study questions (i) to (iv) of problem (64) for this M.

a; €([0,24) U k), +, x} be the MOD

Let S = {iaixi

i=0

natural neutrosophic special quasi dual like number
coefficient polynomial interval pseudo semiring.

Study questions (i) to (vi) of problem (63) for this S.

a;eZ.,,+, %, x> =1} be the MOD natural
i=0

Let B= {iaixi

neutrosophic  coefficient  polynomial semiring of
polynomials of degree less than or equal to 24.

i) Find o(B).

ii) Find all subsemirings which are subrings of B.

iii) Find all subsemirings which are not subrings.

iv) Can ideals of B be a subring?

v) Can B have zero divisors?

vi) Can B have idempotents?

vii) Can B have nilpotents?

viii) Find all MOD neutrosophic coefficient subsemirings.
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aieZ,, x'"=1, +, x} be the MOD natural

9
78. Let S = {Z:aixi

i=0

neutrosophic coefficient polynomial semiring of degree less
than or equal to 9.

Study questions (i) to (viii) of problem (77) for this S.

18
79. Let M = {Z:aixi a; € (Z14 U D)y, x! = 1, +, x} be the MOD

i=0

natural neutrosophic neutrosophic coefficient polynomial
semiring of degree less than or equal to 19.

1) Study questions (i) to (viii) of problem (77) for this M.
ii) Obtain all the special and distinct features enjoyed by
this M.

a; €C'(Zy), xt =1, + x} be the MOD

5
80. Let V = {Z:aixi

i=0

natural neutrosophic finite complex number coefficient
polynomial semiring.

i) Study questions (i) to (viii) of problem (77) for this V.
ii) Enumerate all special features associated with V.

10
81. Let W= {Z:aixi a; €(Z16Y 21, x''=1, +, x} be the MOD

i=0

natural neutrosophic dual number coefficient polynomial
semiring.

i) Study questions (i) to (viii) of problem (77) for this W.

ii) Determine all the special features associated with this
W.
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82.

&3.

&4.

85.

a; €(Zy U h)y, X = 1, +, x} be the MOD

20
Let T = {Zaix‘

i=0

natural neutrosophic special dual like number coefficient
polynomial semirng.

Study questions (i) to (viii) of problem (77) for this T.

a; €(Z4 U k), x? =1, + x} be the MOD
i=0

Let R = {iaixi

natural neutrosophic special quasi dual number coefficient
polynomial semiring.

Study questions (i) to (viii) of problem (77) for this R.

a; €'0,42), +, x, x> = 1} be the MOD

Let B = {Zglaixi

i=0

natural neutrosophic interval coefficient polynomial pseudo
semiring, which has polynomials to be of degree less than
or equal to 8.

i) Prove o(B) = o0 and B is a commutative semiring.

ii)) Prove B has subsemirings of finite order wich are
subrings.

iii) Prove B has subsemirings of infinite order which are
not subrings.

iv) Prove B has subsemirings of infinite order which are
pseudo subrings.

v) Prove B has subsemirings of infinite order which are
not subrings but are pseudo subsemirings.

vi) Prove all ideals of B are only pseudo subsemirings of
infinite order.

a; €([0,7) U )1, x' =1, +, x} be the MOD

LetD = {26: aixi
i=0

natural neutrosophic interval dual number -coefficient
polynomial pseudo semiring.
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87.

88.

9.
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Study questions (i) to (vi) of problem (84) for this D.

a; ([0, 27) U h)y, x'? =1, +, x} be the

Let M = {iaixi

i=0
MOD natural neutrosophic interval special dual like number
coefficient polynomial pseudo semiring.

Study questions (i) to (vi) of problem (84) for this M.

4 .
Let N = {Z ax' / a (0,9 Uk, x* =1, + x} be the
i=0
MOD natural neutrosophic interval special dual like number
coefficient polynomial pseudo semiring.

Study questions (i) to (vi) of problem (84) for this N.

a; eC' ([0,42)), x** = 1, +, x} be the

23
Let W = {Z:aix23
i=0

MOD natural neutrosophic finite complex number coefficient
polynomial interval pseudo to semiring.

i) Study questions (i) to (vi) of problem (84) for this W.

ii) Enumerate all special and distinct features associated in
W and compare them with other semirings.

a; €([0, 24), xB =1, + x} be the MOD

Let V = {iaixi

i=0
natural neutrosophic neutrosophic interval coefficient
polynomial pseudo semiring.

i) Study questions (i) to (vi) of problem (84) for this V.
ii) Distinguish and differential this V with other semirings
built using C'([0,n)), ([0,n) L g); ([0,n) L h); and so on.
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Chapter Two

MOD SUBSET PSEUDO SEMIRINGS AND
MOD NATURAL NEUTROSOPHIC SUBSET
PSEUDO SEMIRINGS

The notion of MOD subset semigroups and MOD natural
neutrosophic subset semigroups have been introduced in [66].
The authors have dealt with these two types of MOD subset
semigroups as well as their related properties.

Infact they have dealt with two types of products. In this
chapter we for the first time define MOD subset pseudo
semirings and MOD subset natural neutrosophic pseudo
semirings.

It is important to record at this juncture that we call them
pseudo as A x B+ A x C# A x (B + C) in general where A, B,
C are subsets of Z, or C(Z,) or so on Z! or C(Z,) or ((Z, U &)
and so on.

We will illustrate first these situations by some examples.

Example 2.1: Let S = {S(Z¢), +, x} be the MOD subset pseudo
semiring built on S(Z).

Let A={3,4,0,2} andB= {2} and C = {4} € S.
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AxB+C)=1{3,4,0,2) x ({2} + {4})
=1{3,4,0,2} x {0} = {0} I

Now
AxB+AxC ={3,4,0,2} x {2} +{3,4,0, 2} x {4}
=1{0,2,4} +{0,4,2} ={0,4,2} II

Clearly I and II are distinct so the distributive law is not true
on S.

That is why we choose to call these MOD subset semirings
as pseudo MOD subset semirings.

Clearly P = {collection of all subsets from {0, 2, 4}, +, x} <
S is a MOD subset subsemiring; which is also an ideal.

Let A={0,2,5 3} and B={1,2,4} €S,

A+B ={0,2,5,3} +{1,2,4}
={1,3,0,4,2,5} =Z

So A and B are MOD universal subsets of S.

AxB=1{0,2,53} x {1,2,4} ={0, 2, 5, 3,4} # Zs.

Suppose we have MOD subsets A, B € S such that A + B =
{Ze¢} and A x B = {Zs} then we call A, B the MOD subset pair to

be a MOD universal subset pair of S.

Ifonly A + B= {Zs} or A x B= {Zs} we call A, B the MOD
subset semi universal pair of S.

Let A= {0,4,2} €S,

AxA=1{0,2,4} x {0,2,4} = {0,2,4} = A.
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Thus A is an MOD subset idempotent of S.
Let A= {0,3} €8S,

A xB=1{0,3} x {0,3} ={0,3} =A € S is also a MOD
subset idempotent of S.

Let A={0,4,2} and B= {0, 3} € S, A x B= {0} is the
MOD subset zero of S.

Example 2.2: Let M = {collection of all subsets from Z;, +, x}
= {S(Z,), +, x} be the MOD subset pseudo semiring,

Let A={3,5,2},B={3}andC= {4} € M.

IsAx(B+C)=AxB+AxC?

AxB+AxC ={3,52} x {3} + {5,3,2} x {4}
={2,1,6} +{1,6,5}
={320156} I

AxB+C) =

I and II are not equal hence we claim M is only a MOD
subset pseudo semiring.

This M has no MOD zero divisor pair. M has only trivial
MOD idempotents. M has no nontrivial MOD nilpotents.

This has P = {{0}, {0, 1, 2, 3, 4, 5, 6}) is a MOD subset
subsemiring as well as ideal of M.

In view of all these we prove the following result.
THEOREM 2.1: Let S = {collection of all subsets from Z, x, +}

={8(Z,), +, x} be the MOD subset pseudo semiring.
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i) ofS) <oo

ii) S has also MOD subset ideals and MOD subset
pseudo subsemirings.

iii) S has zero divisors, idempotents and nilpotents only
if n is a non prime and must be special type of the
form n = p'q, p a prime t >2 q # p but can be a
prime.

Proof is direct and hence left as a exercise to the reader.

Example 2.3: Let W = {collection of all subsets from Z;,, +, x}
= {S(Zy), +, x} be the MOD pseudo subset semiring.

This W has MOD subset zero divisor, MOD subset
idempotents and MOD subset nilpotents.

W has MOD subset pseudo ideals and MOD subset pseudo
subsemirings.

Next we consider using S(C(Z,)), which will be illustrate by
examples.

Example 2.4: Let P = {S(C(Z,0), +, x} be the MOD subset finite
complex number pseudo semiring.

Let A =1{0,5,6,2},B={3}and C= {7} € P.

Ax (B+C)=1{0,5,6,2} x ({3} + {7}
= 10, 5,2, 6} x {0} = {0}. I
AxB+AxC =10,2,5,6} x {3} +1{0,2,5,6} x {7}
= 10,6,5, 8 + 10,4, 5,2}
=10,6,5,8,4,9,2,1,3, 7}
= {Zy}. 1

We see I and II are distinct so P is only a MOD subset
pseudo semiring.

LetT={5,0,1} e P.
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Wesee T xT=1{0,1,5} =T.
Thus T is an idempotent MOD subset of P.

L={0,1, 6} € P is such that
L x L =L is a MOD idempotent subset.

B=1{0,1,6,5} € Pis such that
B x B= B is a MOD idempotent subset of P.

Let W= {5, 0, 5ir + 5, 5ir} and
V= {2, 2+ 2iF, 811: + 4, 4iF, 411: + 2, 8+ 211:} € P,
we see W x V = {0} is the MOD subset zero divisor of P.

Thus this P the MOD subset pseudo finite complex number
semiring has zero divisors and idempotents.

However P does not contain nilpotents.

Example 2.5: Let D = {S(C(Zs), %, +} be the MOD subset finite
complex number pseudo semiring.

This has MOD subset idempotents, nilpotents and zero
divisors. D has MOD subset subsemirings as well as ideals.

Example 2.6: Let E = {S(C(Z7)), +, x} be the MOD subset
pseudo finite complex number semiring.

This has no zero divisors or nilpotents or idempotents.

Infact the task of proving this is left as an exercise to the
reader. But E has ideals as well as subsemirings.

Thus tasks is considered as a matter of routine so left as an
exercise to the reader.

Now we see the result of theorem 2.1 is true if S(Z,) is
replaced by S(C(Z,)).
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Next we proceed onto describe MOD neutrosophic subset
pseudo semirings by examples.

Example 2.7: Let M = {S({(Z;; U I)) +, x} be the MOD subset
neutrosophic pseudo semiring,

Clearly {S(Zi3), + x} < M is a MOD subset pseudo
subsemiring of M which is not an ideal of M.

W = {S(Z;l), +, x} <€ M is a MOD subset pseudo
subsemiring which is an ideal of M.

Thus has zero divisors of the form P; = {10 + 3h, 12 + h,
10h + 3, 7 + 6h} and P, = {h} is such that P; x P, = {0}.

However finding idempotents and nilpotents of M is a
challenging task.

Example 2.8: Let N = {S((Z, U 1)), +, x} be the MOD subset
pseudo neutrosophic semiring.

This N has zero divisors, nilpotents and idempotents.
Further N has both MOD pseudo subset subsemirings which are
not ideals as well as ideals.

Those task is left as an exercise to the reader.

This can be proved for {S((Z, U 1)), +, x} by replacing S(Z,) by
S((Z, v I)) with appropriate modifications in case of zero
divisors.

Next we describe MOD dual number subset pseudo
semirings by some examples.

Example 2.9: Let A = {S(Z; v g), +, x} be the MOD dual

number subset pseudo semiring. A has zero divisors and
nilpotents.
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However as Z; is used it is difficult to find idempotents.
A has MOD subset subsemirings which are not pseudo.

For take B = {S(Z;g), + x} € A is a MOD subset
subsemiring which is not pseudo as a x b = {0} for alla, b € B.

This special feature is enjoyed only by MOD subset dual
number pseudo semiring.

Further S(Z, U g)), p a prime has zero divisors and
nilpotents. This is yet another striking feature of MOD dual
number subset pseudo semiring.

Example 2.10: Let W = {S((Zss U g)) +, x} be the MOD subset
pseudo semiring. W has zero divisors and nilpotents of order
two.

This has MOD subset idempotents also.

W has a MOD subset zero square subsemiring I which is also
an ideal such that I x I = {0}.

Working with this W happens to be interesting.
In view of this we have the following result.

THEOREM 2.2: Let B = {S((Z, U g)), +, x} be the MOD subset
dual number pseudo semiring.

i) o(B) <o
ii) B has MOD nilpotents subsets of order two whatever
be n.

iii) B has MOD zero divisor subsets whatever be n.

iv) B has MOD subset subsemiring which is an ideal
and which is not pseudo but which is a zero square
MOD subsemiring whatever be n.

v) B has MOD subset subsemirings as well as ideals
which are pseudo.
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Existence of ideals is dependent on n.
Proof is direct and hence left as an exercise to the reader.

Next we proceed onto describe MOD subset special dual like
number pseudo semirings by some examples.

Example 2.11: Let T = {S((Zy5s U h)), +, x} be the MOD subset
special dual like number pseudo semiring of finite order. T has
MOD subset zero divisors.

Py = {S(Zis), x, ¥} < T is a MOD subset special dual like
number pseudo subsemiring which is not an ideal.

P, = {S(Z;sh), +, x} < T is a MOD subset special dual like
number pseudo subsemiring which is an ideal.

P; = {S({{0, 3, 6,9, 12} U h)), +, x} < T is a MOD subset
pseudo special dual like number subsemiring which is also an
ideal of T.

However T has MOD subset idempotents but has no non
trivial MOD subset ideals.

Example 2.12: Let W = {S((Z,; U h)), +, x} be the MOD subset
special dual like number pseudo semiring. W has no nontrivial
MOD subset nilpotents but has MOD non nontrivial subset
idempotents.

P={0, 1, h} € W is such that P x P = P which we choose to
call as trivial MOD subset idempotent.

M={0,h} x Wissuchtht MxM=Mand Vx V=V
where V = {1, h} and so on. All these are considered as MOD
subset trivial idempotents of W.

Let B, = {S(Z11), +, x} be the MOD special dual like number
subset pseudo subsemiring.
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Clearly B, is not an ideal.

B, = {S(Z1;h), +, x} < W is a MOD special dual like number
subset pseudo subsemiring which is also an ideal of W.

However single element set zero divisors of this form are
possible.

Let B= {10 +h, 10h+ 1, 8h+ 3,3+ 8h, 6 + 5h, 5+ 6 h}
and C = {h}. Clearly B x C = {0}, is a nontrivial zero divisors.

We can call these MOD subset zero divisors also as MOD
subset h induced zero divisors.

Example 2.13: Let W = {S((Z3; U h)), +, x} be the MOD subset
special dual like number pseudo semiring.

Clearly W has nontrivial idempotents. P = {8h, 8 + 8h, &,
16, 16 + 8h 16h, 16h + 8} € W is such that P x P = {0} is a
MOD subset special dual like number nilpotent of order two.

Let V={2,2h, 4, 4h,2 +2h} € W.

VxV ={2,2h,4,4h,2+2h} x {2, 2h, 4, 4h, 2 + 2h}
= {4,4h, 8, 8h, 4+ 4h, 16h, 8 + 8h, 4 + 12h} = V2.
V2 x V = {4, 4h, 8, 8h, 4 + 4h, 16h, 8 + 8h, 4 + 12h} x
{2, 2h, 4, 4h, 2 + 2h}
= {8, 8h, 8 + 8h, 16, 16h, 16 + 16h, 0, 8 + 24h,
16 + 16h}
=V
V¥ x V = {8, 8h, 8+ 8h, 16, 16h, 16 + 16h, 8 + 24h,
16 + 16h} x {2, 2h, 4, 4h, 2 + 2h}
= {16, 16h, 16 + 16h, 0} = V*.

V*x V = {16, 16h, 16 + 16h, 0} x {2, 2h, 4, 4h, 2 + 2h}
= {0} =V’
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Thus V is a MOD special dual like number subset nilpotent
of order 5.

Clearly {S(Zs3;h), +, x} = D is a MOD subset special dual
like number pseudo ideal of D.

Now E = {S(Z3,), +, x} is a MOD subset special dual like
number pseudo subsemirings of W which is not an ideal of W.

However W has MOD subset zero divisors which are not
nilpotents of W.

For P, = {16, 16h, 16 + 16h, 8 + 8h, 8 + 16h, 16 + 8h} and
P,={4,4 +4h, 8h + 8, 16} € W is such that P; x P, = {0} is a
MOD subset zero divisor of W.

In view of all these we have the following result.

THEOREM 2.3: Let V = {S({(Z, U h), +, x} be the MOD subset
special dual like number subset pseudo semiring.

i) o(V) <o

ii) V has MOD subset special dual like number pseudo
subsemirings which are not ideals for any n,
2<n<om

iii) V has MOD subset special dual like number pseudo
subsemirings which are ideals for any n, 2 <n < oo,

iv) V has MOD subset zero divisors for any n; 2 <n <
o0,

v) V has only trivial MOD subset idempotents if n is a
prime,

vi) V has only trivial MOD subset nilpotents if n is a
prime.

vii) If n = p°g, a > 2; p and q primes or p x q, q any
number then V has both MOD nontrivial idempotents
and nilpotents.

Proof is direct and hence left as an exercise to the reader.
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Next we proceed onto describe MOD subset special quasi
dual number pseudo semiring by examples and derive some
special properties about them.

Example 2.14: Let S = {S(Z7; U k)) x, +} be the MOD subset
special quasi dual number pseudo semiring. S has MOD zero
divisor subsets.

For Y ={2+2k 3 +3k k+1,0,6+ 6k, 5+ 5k} and
T={k} eS.

TxY ={k}x{2+2k 3+3k 1+k 6+6k, 5+ 5k}
= {2k + 21, 3k + 3K%, k + I, 6k + 6K%, 5k + 5k*}
(using k* = 6k) = {0}.

Thus we can have MOD subset zero divisors of this type.

However we are not able to find non trivial MOD subset
idempotents.

We can have MOD subset ideals and subsemirings both of
them are only pseudo.

Finding nontrivial MOD nilpotents subsets is a challenging
job.

Example 2.15: Let B = {S((Z, U k)), +, x} be the MOD subset
special quasi dual number pseudo semiring.

B has MOD subset zero divisors, MOD subset idempotents
and MOD subset nilpotents.

B also has MOD subset special quasi dual numbers pseudo
subsemirings which are not ideals as well as subsemirings

which are ideals.

In view of all these we have the following result.

171



MOD Mathematics MOD Natural Neutrosophic Semirings

THEOREM 2.4: Let M = {S((Z, U k)), +, x} be the MOD subset
special quasi dual number pseudo semiring.

i) oM) <

ii) M has MOD subset zero divisors of special type if
n = p, a prime otherwise has MOD subset zero
divisors.

iii) Whatever be n M has MOD subset special quasi dual
number subset subsemirings which are not ideals as
well as subsemirings which are ideals.

iv) M has MOD subset idempotents and nilpotents only

ifn=7p'q (pg) =1, t=>2 pisa prime q any
number.

Proof is direct and hence left as an exercise to the reader.

Next we proceed onto describe MOD subset semirings built
using the MOD natural neutrosophic elements.

We will describe them by examples.

Example 2.16: Let B = {S(Z,,), +, x} be the MOD natural
neutrosophic subset pseudo semiring.

This has two types of products defined on B, we can have
product in which zero is dominant that is 0 x I, = 0, but

however we use only in this book use MOD natural neutrosophic
dominant product only.

Clearly this MOD natural neutrosophic subset semiring has
idempotents with respect to + also.

We see B has MOD subset natural neutrosophic nilpotents as
well as MOD subset natural neutrosophic idempotents.

This has MOD subset natural neutrosophic subsemirings.

A=, LY, 15, 1 Y and Ay = {1, II°} € B.
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A; x A, = {0} is a MOD subset natural neutrosophic zero
divisor.

Y={I I} eB,Y=YxY=Y.
Thus Y is a MOD subset natural neutrosophic idempotent.

For MOD subset natural neutrosophic nilpotents for take D =
{I*, I'} € B, D x D = {0} is a MOD subset natural
neutrosophic nilpotent of order two.

M = {S({0, 3, 6, 9, 12}), +, x} is a MOD subset natural
neutrosophic subsemiring which is also a MOD subset natural
neutrosophic ideal.

Example 2.17: Let W = {S(Z},); +, x} be the MOD natural
neutrosophic subset pseudo semiring.

Finding if W has no nontrivial MOD natural neutrosophic
subset idempotent, nilpotents and zero divisors is a difficult
task.

Has MOD natural neutrosophic subset pseudo subsemirings.

In view of all these we have the following theorem.

THEOREM 2.5: Let W = {S(Z!), + x} be the MOD natural
neutrosophic subset pseudo semiring.

i) W has nontrivial MOD subset natural neutrosophic
zero divisors, idempotents and nilpotents only when
n is a non prime and n is in the appropriate _form.

ii) W has MOD natural neutrosophic subset
subsemirings which are not ideals as well as
subsemirings which are ideals.

iii) o(W) < co.
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Proof is direct and hence left as an exercise to the reader.
Next we proceed onto describe briefly the notion of MOD
natural neutrosophic finite complex number subset semirings by

some examples.

Example 2.18: Let M = {S(C'(Z,)), +, x} be the MOD subset
natural neutrosophic finite complex number pseudo semiring.

It is easily verified M has MOD subset natural neutrosophic
finite complex number idempotents, nilpotents and zero divisors
which are nontrivial. M also has additive MOD subset
idempotents.

We see M has MOD subset natural neutrosophic finite

complex number pseudo subsemirings which are not ideals as
well as subsemirings which are ideals.

Take A= {I§ + 15 + IS + I{ + IJ + I}, } € M is such that
A+A =A

AxA ={IJ+15 + 15 + 15 + I + I} x
(IE+I5+ IS+ 16+ 15 + 15}
={I§+ IS+ IS + 1Sy = A

So A is not a MOD subset idempotent with respect to
product.

LetB={If + I + I} e M;
BxB= {I{ +1{ +I{ } = B.

So B is a MOD subset idempotent with respect to product.
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Consider B + B = B so B is a MOD subset idempotent with
respect to +.

Such type of MOD subset idempotents will be called as
double MOD subset idempotents or strong MOD subset
idempotents of M.

LetP={Z;} € M, clearlyP+ P=PandP xP=PsoPisa
MOD subset strong idempotent of M.

Infact B= {IJ + I + I{ +I§ + 15 + [, +I5 + [J} € M.
B + B = B so B is a MOD subset idempotent of M under +.

However Bx B = {I§ + I§ + I{ + I + I + I + I}, +
Ky x (I + IS+ 15 + I+ 15 + 15 + IS+ 15 = {15 + IS +
I + I + IS + I5 + I} # B so is not a MOD subset idempotent

under Xx.

Let us consider W = {S((I;,1$,1$,15, 15, 15, 15)), +, x}
be the MOD subset finite complex number subsemiring which is
also an ideal of M.

Consider L = {S(Z»), +, x} < M, clearly L is a MOD subset
finite complex number pseudo subsemiring of M and is not an
ideal of M.

N = {(Z},), +, x} < M is also a MOD subset finite complex
number pseudo subsemiring which is not an ideal of M.

Consider A = {S((0, 3, 6,9, I;, I, I5, L)), + x} be MOD

subset finite complex number pseudo subsemiring. This is also
not an ideal of M.
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= {S(<0 3,79, I, 15, I, 15, I, I5y o Ig N

343ip > 16+6ip 0 19+9ip 2
C .

I9+3iF y e 6+9iF ») +, x} < M is a MOD subset finite complex

number pseudo subsemiring which is also an ideal of M.

Thus the reader is left with the task of finding MOD finite
complex number pseudo ideals, MOD subset pseudo
subsemirings, MOD subset idempotents MOD subset nilopotents
and MOD subset zero divisors.

Example 2.19: Let M = {S(C'(Z,)), x, +} be the MOD subset
finite complex number pseudo semiring. C'(Z,) = {(0, 1, ir, 1 +

ir, 15, I5; )}
(C'(Z)) =10, 1,ip, 1 +ip, 1+ 15, IS, IC. Lip+ IS, 1 +ip +

I+ig

I, 1F+IC+I1+ ,1F+1+IC+IH1 1+I1+ ,1+1F+IH1,
g+ I, 1+ 05+ 10 i+ I, )

We can find S(C'(Z,)).

A={1+ip I, ,1+ip+ I, ,0, 17} e M,

AxA ={0,17, 1+ip I, , 1 +ip, I, 3 x {0, I, 1 +ip,

1+1F’+ I1+1 }

1+1

= {0, IS, I, +I5) #A.

1+1F 4 1+1

A+A=1{0, 15, 1 +ig+ IJ, 1 +ip + I, 1=A.

I+ig 1+1

However we have both strong MOD idempotents as well as
MOD idempotents with respect to + and x.

For P = {Z,} ¢ Missuchthat PxP=Pand P+ P =P.
Thus P is a MOD subset strong idempotent of M.
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We see P can have MOD subset idempotents as well as MOD
strong subset idempotents. So study in this direction is
interesting and innovative.

In view of all these we have the following theorem.

THEOREM 2.6: Let W = {S(C'(Z,)), +, x} be the MOD subset
finite complex number pseudo semiring.

i) o(W) <

ii) W has both MOD subset finite complex number
pseudo subsemirings which are ideals as well as
subsemirings which are not ideals.

iii) W has both MOD subset idempotents as well as
strong MOD subset idempotents.

iv) W has MOD subsets nilpotents and zero divisors
mainly depending on the n.

Proof is direct and hence left as an exercise to the reading.

Next we proceed onto describe MOD subset natural
neutrosophic - neutrosophic pseudo semirings by examples.

Example 2.20: Let S = {S({(Zis W I)1), +, x} be the MOD natural
neutrosophic-neutrosophic pseudo semiring.

Clearly S is a commutative semiring of finite order. S has
MOD subset zero divisor and nilpotents. S has also MOD subset
idempotents.

For A={1,0,9, 91} € Sissuchthat A x A=A,

For W, = {S(Z;l), +, x} is a MOD subset natural

neutrosophic-neutrosophic pseudo semiring which is also an
ideal of S.

W, = {S(Zg), +, x} is a MOD subset natural neutrosophic -
neutrosophic pseudo subsemiring of S which is an ideal of S.
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Interested reader is left with the task of finding the special
features of S.

Example 2.21: Let P = {S((Zs v D);, +, x} be the MOD subset
natural neutrosophic - neutrosophic pseudo semiring P has MOD
subset natural neutrosophic - neutrosophic pseudo subsemiring
which is not an ideal as well as MOD subsemiring which ideals.

Finding nontrivial zero divisors, idempotents and nilpotents
in P happens to be a difficult job.

In view of all these we have the following result.

THEOREM 2.7: Let S = {S((Z, v 1), +, x} be the MOD natural
neutrosophic - neutrosophic subset pseudo semiring.

i) o) <

ii) S has nontrivial MOD subset nilpotents, MOD subset
idempotents and MOD subset zero divisors only for n
=p%; a>2, paprime (p, q) = 1.

iii) For all n S has MOD natural neutrosophic -
neutrosophic subset pseudo subsemirings which are
not ideals as well as pseudo subsemirings which are
ideals.

iv) S has MOD strong subset idempotents as well as
MOD subset idempotents.

Proof is direct and hence left as an exercise to the reader.

Next we proceed onto describe MOD natural neutrosophic
dual number subset pseudo semirings by examples.

Example 2.22: Let B = {S({(Z1p Y g)), +, X} be the MOD natural
neutrosophic dual number subset pseudo semiring.

B has several MOD natural neutrosophic subset zero divisors
and nilpotents.

Let A= {5g, 6g, 3g, 2g} and
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D=0, 5g, 7g, 9g, g, 8g} € B.

Clearly A x D = {0}.
A x A= {0} and D x D = {0}.

However A + A = {0}.

LetS = {1, I5,, 5,, 0} and
R={E, I, 8g,l 0,1} €.

SxR={I¢,0} RxR={I5,0}andS xS={I%, 0}. Thus
all these subsets yield under product the MOD mixed zero set.

We can get MOD mixed subset nilpotents in fact R and S are
MOD mixed subset nilpotents A and D are MOD subset
nilpotents.

V={I, I zg, 4g, }and

Iig,

VxW ={[},VxV={I}and {[}}
=Wx W

W=A{L, L,, I, 5¢ } € Bare such that

so V and W are MOD subset natural neutrosophic dual number
nilpotents. (V, W) is the MOD natural neutrosophic dual number
subset zero divisors.

It is easily verified that M = {S(Z,¢), +, x} < B is a MOD
natural neutrosophic dual number subset pseudo subsemiring
which is not an ideal.

Let N = {S(Z0g), +, x} < B is a MOD natural neutrosophic
dual number subset subsemiring which is not pseudo and N is

also an ideal of B.

Thus only MOD natural neutrosophic dual number subset
pseudo semirings always has MOD natural neutrosophic subset
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pseudo dual number semirings which has MOD natural
neutrosophic subset dual number subsemirings which are ideals
and are not pseudo.

Always these MOD natural neutrosophic dual number subset
pseudo semirings has MOD subset zero divisors and MOD subset

nilpotents of usual form yielding {0} or mixed form {0, I{} or

MOD natural neutrosophic zero {15 }.

This 1s the marked difference between the other MOD natural
neutrosophic subset pseudo semiring.

In view of all these we have the following theorem.

THEOREM 2.8: Let S ={S((Z, v g)), +, x} be the MOD natural
neutrosophic dual number subset pseudo semiring.

i) ofS) < oo

ii) S has MOD natural neutrosophic dual number
subset nilpotents and zero divisors for all n; 2 <n <
0,

iii) S has MOD subset natural neutrosophic dual
number pseudo subsemiring which is not an ideal
foralln, 2<n<cw

iv) S has MOD subset natural neutrosophic dual
number subsemiring which is not pseudo and which
is also an ideal for alln, 2 <n < oo,

v) S has MOD subset natural neutrosophic dual
number idempotents for all n, 2 <n < o,

Proof is direct and hence left as an exercise to the reader.
Next we proceed onto describe MOD natural neutrosophic

special dual like number subset pseudo semirings by some
examples.
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Example 2.23: Let S = {S({(Z1, U h)), +, x} be the MOD natural
neutrosophic special dual like number subset pseudo semiring.

We see S has MOD natural neutrosophic special dual like
number subset subsemiring which are not ideals as well as MOD
subset special dual like number subset subsemirings which are
ideals.

Infact S has MOD subset idempotents, nilpotents and zero
divisors. This task of finding them is left as an exercise to the
reader.

Example 2.24: Let M = {S({(Zy7 U h)), +, x} be the MOD subset
natural neutrosophic special dual like number pseudo semiring.

Finding MOD zero divisors in M happens to be a challenging
job. However this has MOD subset idempotents. Also this M has
no MOD subset nilpotents.

However P ={(Z; U h))), +, x} < M is a MOD subset natural
neutrosophic special dual like number pseudo subsemiring
which is also an ideal of M.

In view of all these we can prove the following result.

THEOREM 2.9: Let W = {S((Z, U h)), +, x} be the MOD subset
natural neutrosophic pseudo special dual like number semiring.

i) o(W) <

ii) W has MOD natural neutrosophic special dual like
number subset pseudo subsemiring which are ideals
as well as subsemirings which are not ideals what
everben; 2 <n < oo,

iii) W has MOD natural neutrosophic special dual like
number subset idempotents whatever be n, 2 <n <
0,

iv) W has MOD natural neutrosophic special dual like
number subset nilpotents as well as zero divisors
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for only special values of n; n = p°q; a >2, (p, q) =
1, paprime.

Proof is direct and hence left as an exercise to the reader.

Next we proceed onto briefly describe MOD subset natural
neutrosophic special quasi dual number semiring by some
examples and give a few of its related properties.

Example 2.25: Let B = {S((Z4s U k)), +, x} be the MOD natural
neutrosophic special quasi dual number subset semiring.

A= {12+6k, 12k, 12, 6, 6 +k, 24k, 24, 24 + 12k} and
C= {8k 8 +8k, 16, 16+ 8, 16k + 8} e B.

A x C= {0} thus A, C in B is a MOD natural neutrosophic
special quasi dual number subset zero divisor pair.

V = {24, 24k, 12, 12k, 12 + 12k, 24 + 24k, 12 + 24k} € B
is such that V x V = {0} is the MOD natural neutrosophic special
quasi dual number subset nilpotent of order two.

k k k k
Let P = { I12 ’ 24k 4 I I24-¢—l2k 4 I I24-*—24k 4 12+12k ’ 24k } €

12k »
B; clearly P x P = {I} } thus P is a MOD natural neutrosophic

special quasi dual number subset, MOD natural neutrosophic
nilpotent of order two which is clearly different from V.

Let R = {I},, L, 0 I, L., Il }e B we see
R x R = {0, If }; that is R is a MOD natural neutrosophic special

quasi dual number subset mixed MOD natural neutrosophic
nilpotent of order two.

We just recall in B, {0} is the real zero subset {Ig } is the
MOD natural neutrosophic special quasi dual number zero
subset, {I5, 0} is the MOD natural neutrosophic special quasi
dual number mixed zero subset.

182



MOD Mathematics MOD Natural Neutrosophic Semirings

Thus we have three types of zeros.
Further A x {0} # {0} forall A € B.

Ax {If}={If} forall A e B. Ax {I}, 0} = {I}, 0} for
all A €B.

Now we proceed onto show W, = {S(Z},); + x} c Bis a

MOD natural neutrosophic subset special quasi dual number
subset pseudo subsemiring which is not an ideal of B.

W, = {S((Zsg U k)), +, x} < B is again a MOD natural
neutrosophic special quasi dual number pseudo subset
subsemiring which is not an ideal.

Let W5 = {S({(Zs v k)), +, x} be the MOD natural
neutrosophic special quasi dual number pseudo subset
subsemiring and is not an ideal.

We see we have several interesting and special properties
associated with B.

We give yet another example.

Example 2.26: Let S = {S({(Z19 U k))), %, +} be the MOD natural
neutrosophic special quasi dual number subset pseudo semiring.

We do not find MOD natural neutrosophic special quasi dual
number subset zero divisors or nilpotents in S.

However if P = {Z9} then P+ P=P and P x P=P is a MOD
natural neutrosophic subset strong idempotent of S.

Let M= {Zigk} e S, M+M=MandM x M =M is again a
MOD natural neutrosophic subset strong idempotents of S.

{15, 0, 1} = W such that W x W = W is only a MOD natural
neutrosophic subset idempotent not a strong subset idempotent.
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One can study the structure of MOD natural neutrosophic
subset pseudo semiring properties when n is a prime and n is a
non prime.

This task is left as an exercise to the reader.

THEOREM 2.10: Let S = {S((Z, U k)), +, x} be the MOD natural
neutrosophic special quasi dual number pseudo semiring.

i) ofS) <

ii) S has MOD natural neutrosophic special quasi dual
number subset idempotents as well as strong
idempotents 2 <n < oo,

iii) S has MOD natural neutrosophic special quasi dual
number subset pseudo subsemirings which are not
ideals as well as has ideals; 2 <n < oo,

iv) S has nontrivial MOD natural neutrosophic special
quasi dual number subset nilpotents and zero
divisors only for n a non prime and n = p°q, o > 2,
p aprime (p, q) = 1.

Proof is direct hence left as an exercise to the reader.

Thus we see all the six distinct MOD natural neutrosophic
subset pseudo semirings behave differently. The MOD natural
neutrosophic dual number subset pseudo semiring only can have
MOD subset subsemirings which are not pseudo and which are
zero square subsemirings and not ideals.

Thus the special feature enjoyed by these MOD natural
neutrosophic dual number subset pseudo semirings S can find

applications in near future.

For there are several elements in S which are MOD
nilpotents subsets under all the three types of zeros of S.

184



MOD Mathematics MOD Natural Neutrosophic Semirings

Further MOD natural neutrosophic - neutrosophic subset
pseudo semirings enjoy a specialty of their own as they involve
the classical neutrosophic element 1.

Finally the MOD natural neutrosophic finite complex

number subset pseudo semiring is very different as iy = (n— 1)

and I{ has very many features.

Problems.

1. Find all the special features associated with S = {S(Z!), +,
x} the MOD natural neutrosophic subset pseudo semiring.

2. Let S = {S(Z), +, x} be the MOD natural neutrosophic
subset pseudo semiring.

vii)

Find o(S).

Find all MOD natural neutrosophic strong subset
idempotent of S.

Find all MOD natural neutrosophic subset idempotents
with respect to +.

Find all MOD natural neutrosophic subset idempotents
with respect to x.

Find all MOD natural neutrosophic subset pseudo
subsemirings which are not ideals of S.

Find all MOD natural neutrosophic subset pseudo ideals
of S.

Show S has MOD natural neutrosophic subset zero
divisors, mixed zero divisors and MOD natural
neutrosophic zero divisors.

viii) Find all MOD natural neutrosophic nilpotent subsets P of

ix)

S with P> = {0} or P*= {I? } or P’= {0, I }.
Discuss any other special feature associated with S.

3. Let M ={S(Z,,), +, x} be the MOD subset natural
neutrosophic pseudo semiring,
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Study questions (i) to (ix) of problem (2) for this M.

4. Let W = {S(Z}), +, x} be the MOD subset natural
neutrosophic pseudo semiring,

Study questions (i) to (ix) of problem (2) for this W.

5. Let B = {S(Zn v D)), +, x} be the MOD natural
neutrosophic neutrosophic subset pseudo semiring.

1)  Study (i) to (ix) of problem (2) for this B.
ii)) Compare B with W in problem 4.

6. Let E = {S(Z4y v D), +, x} be the MOD subset natural
neutrosophic - neutrosophic pseudo semiring.

Study questions (i) to (ix) of problem (2) for this E.

7. Let G = {S(Z,© Di), +, x} be the MOD natural

neutrosophic - neutrosophic subset pseudo semiring.
Study questions (i) to (ix) of problem (2) for this G.

8 Let H = {S({Zi v g)); +, x} be the MOD natural
neutrosophic dual number subset pseudo semiring.

i)  Study questions (i) to (ix) of problem (2) for this H.

ii)) Show only MOD natural neutrosophic dual number
subset pseudo semiring has zero square subsemirings
which are not pseudo.

iii) Compare H of this problem with E and B of problem 6
and 5 respectively.

9. Let Z = {S({(Zss; v g)); +, x} be the MOD natural
neutrosophic dual number subset semiring.

i) Study questions (i) to (ix) of problem (2) for this Z.
ii)) Compare Z with H of problem 8.
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10.

11.

12.

13.

14.

15.

Let T = {SCZ,V gn); +, x} be the MOD natural

neutrosophic dual number subset pseudo semiring.
Study questions (i) to (ix) of problem (2) for this T.

Let V = {S(C'(Z:5)), +, x} be the MOD natural neutrosophic
finite complex number pseudo subset semiring,

1) Study questions (i) to (ix) of problem (2) for this V.
ii)) Compare V with this problem (10)

Let W = {S(C'(Zi3)), + x} be the MOD natural
neutrosophic finite complex number subset pseudo
semiring.

i) Study questions (i) to (ix) of problem (2) for this W.
ii)) Compare W with T and V of problems (10) and (11)
respectively.

Let F = {S(Zy v h)), +, x} be the MOD natural
neutrosophic special dual like number subset pseudo
semiring.

Study questions (i) to (ix) of problem (2) for this F.

Let K = {S({(Ziss v h)), +, x} be the MOD natural
neutrosophic special dual like number subset pseudo
semiring.

1)  Study questions (i) to (ix) of problem (2) for this K.
ii)) Compare this K with F of problem (13).

Let V = {S((Zi v h)), +, x} be the MOD natural
neutrosophic special dual like number subset pseudo

semiring.

Study questions (i) to (ix) of problem (2) for this V.
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Let T = {S{Zns Y Kk)), +, x} be the MOD natural
neutrosophic special quasi dual number subset pseudo
semiring.

i) Study questions (i) to (ix) of problem (2) for this T.
ii)) Compare this T with problem (15) for this V.

Let W = {S(Zs U k)y), +, x} be the MOD natural
neutrosophic special quasi dual number subset pseudo
semiring.

i) Study questions (i) to (ix) of problem (2) for this W.
ii)) Compare W with T of problem (16).

Let Z = {S(Zs v k)1), +, x} be the MOD subset special
quasi number natural neutrosophic pseudo semiring.

Study questions (i) to (ix) of problem (2) for this Z.

Let Hy = {S((Zss U D)), +, x}, Hy = {S((Zss U h)y), +, x},
H; = {S( me)’ +, X}’ Hy = {S(<Z4g o k>l)’ +, X}a
H;s = {S(C'(Z4)), +, x} and Hg = {S((Zss U g)), +, x} be the
MOD natural neutrosophic-neutrosophic subset pseudo
semiring MOD natural neutrosophic special dual like number
subset pseudo semiring, MOD natural neutrosophic subset
pseudo semiring, MOD natural neutrosophic special quasi
dual number subset pseudo semiring, MOD natural
neutrosophic finite complex number pseudo subset semiring
and MOD natural neutrosophic dual number subset pseudo
semiring respectively.

Compare the six MOD pseudo semirings with every other
MOD pseudo semirings.
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Chapter Three

MOD SUBSET MATRIX PSEUDO
SEMIRINGS AND MOD SUBSET
POLYNOMIAL PSEUDO SEMIRINGS

In this chapter we for the first time introduce the notion of
MOD subset matrix pseudo semirings and MOD matrix subset
pseudo semirings and discuss their properties.

Likewise MOD subset polynomial pseudo semirings and
MOD polynomial subset pseudo semirings are introduced in this

chapter. We first describe this situation by some examples.

Example 3.1: Let G = {S(M), the collection of all matrices
from the set M = {(a, a5, a3) / a; € Z{z; 1 <i<3}, +, x} be the
MOD natural neutrosophic matrix subset pseudo semiring,

Clearly o(G) < o.

Let A= {(3,0,5), (17,4, I?), (12, 6, 3)} and
B={(4,3,12),(12,0,1)} €G.
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A+B {3,0,5), (17,4, 1), (17, 6,3)} +

{43, 1), (17, 0, 1)}

= {(3,0,5+ 43, I),(3,0, 5+ (L', 0, 1),
(17,4, 1)+ (4,3, 1), (17, 4, 7)) + (17, 0,
D, (I7,6,3)+ (4,3, 1)), (I, 6,3) + (I}, 0,
DYy =17 +4,7, 17), (I} + 7,41+ 1)) (4
+172,9,3, 12), (12 +17,6,4)} €G.

This is the way + operation is performed on G.

AxB = {(3,0,5), (1], 4, 1)), (I, 6, 3)} x {(4, 3,
I7), (I, 0, D)} {(0,0, IV), (I, 0, 1) (17,
6, 1)), (I}, 0,5), (I, 0, I)), (I, 0,3)} e
G.

This is the way product operation is performed on G.

However G is not a MOD subset semiring on the other hand
G is only pseudo for if A = {(1, 0, 4) (I;, I.*, 0), (0, 1, I}’)},
B={(6,4,8)} and C= {(6, 8, 4)} € G.

AB+C)=A({6,4,8) +{6,8,4)=Ax {0} = {0} I
I

AxB+AxC= {(1,0,4),(17,12,0), (0, 1, I?)} x
{(6,4,8)} + {(1,0,4), (17,17, 0),
(0, 1, I9)} x {(6, 8, 4)}

= {(6,0.8).(IF, 12, 0), (0.4, I2)} +
{(6,0,4), (12, 12,0), (0,8, 12)}
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= {(0,0,0),(6+ I}, I.”,4), (6,4, 4+
I2), 6+ 17, 1, 8), (I7, 17, 0), (I,
4+ 17, 17), (6,8 8+ 1), (I}, 8 +
I}, 1), (0,0, I})} I

I and II are distinct so the MOD subset semiring is only
pseudo.

G has MOD subset zero divisors given by A = {4, 8§} and B
= 16,0} € G, A x B= {4, 8} x (6, 0} = {0} is a MOD subset
zero divisor.

Let D= {4,0, 1,9} € G is such that D x D = D is a MOD
subset idempotent of G.

A={17, ', I}, I} and B= {I;’, I’} € G is such
A x B = {I}}} is the MOD subset natural neutrosophic zero
divisor.

LetZ={I}, I’} € Gissuchthat Zx Z= {1} } is a MOD
natural neutrosophic nilpotent zero of G.

Thus using M = {(I}}, I}, 1), (L7, 17, 1), (17,17, 1)),
(17, 1§, 1)} and

N= {17, I, I}}), (I7,1,1*)} e Gis such that
MxN={(I2, I2, 12)}.

Let W = {1, 1", I’) (I’,I,I*)} € G is such that
WxW={(1, I, I7)}.

Example 3.2: Let L = {S(P) = {collection of all matrix subsets
from
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/a; € Zg,lsis4},+,xn},+,xn}

w

be the MOD natural neutrosophic matrix subsets pseudo
semiring.

I +5 0
0 [ +1
Let A={| } and B = {
I 0
6| [1+1] 6 3
I +5 0
0 0 [ +1
AXHB: N Xn s
Qoll o Pt |
6| [1+1] 6 3
; 0 I +2 0
- 0| |3+1] 0 I |
Ig b Ig b 1 b 0 .
1 4 6+10 | [3+1

This is the way the product operation is performed on L.

6 I;+5 0
3 0 0 [ +1
A+B={ |, y A ;
I 4 2 0
6| [1+1] 6 3
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S5+10 | [4+]1; 0 6
4417 | [ 1+1]

S I N R B R "heL
2+1, 6 I, 4
5 I 2 4+1]

This is the way the sum operation is performed on A and B.

Thus we say L has only trivial zero divisors, trivial MOD
natural neutrosophic zero divisors and MOD mixed zero divisors.

Example 3.3: Let W = {S(M) where

al a2 a3
M=<la, a, a,||ac€ Z{S;lsis9,+,x};+,x}
a, a, a

be the MOD natural neutrosophic subset matrix pseudo semiring.

Clearly W is a non commutative pseudo semiring.
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36 1P| |6 3 I
LetP={l0 I} 9|,/ 0 1|}and
0 0o IY 5 0 9
4 8 If
R={L 0 LI'|}eW,
6 I' 0
36 Il |6 3 I 4 8 I
PxR={0 I 9|, | 0 1[x[I}¥ 0 L'}
0 0o IY 5 0 9 6 I 0
36 I 4 8 IP| |6 3 I
={0 I} 9|x| o I¥[,[L 0 1]|x
0 0o IY 6 I' 0 5 0 9
4 8 1I¥
Lo L
6 I 0

12+ +1°
IIS

0

18
IZ

=1

6+1) 1P +L°+I1°
18 18
IO I0
18 18 18
I L+ 1)

This is the way product operation is performed on W.

This W is a MOD natural neutrosophic matrix subset pseudo

non commutative semiring

semiring.

. If x, the usual operation is replaced
by the natural product x,

then W is a commutative pseudo
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In view of all these we have the following theorem.

THEOREM 3.1: Let W = [{collection of all subsets from
S = {Collection of all m x t matrices with entries from Z. ; +,

x,} +, x,} be the MOD natural neutrosophic subset matrix
pseudo semiring.

i) o(W) < co.

ii) W has MOD natural neutrosophic subset matrix pseudo
subsemirings which are ideals as well as pseudo
subsemirings for all 2 <n < o,

iii) W has no nontrivial MOD natural neutrosophic subset
matrix zero divisors and nilpotents when n is a prime.

iv) Only for special values of n we have W to have nontrivial
MOD natural neutrosophic subset zero divisors and
nilpotents.

Proof is left as exercise to the reader.

Next we describe MOD natural neutrosophic subset matrix
finite complex number pseudo semirings by examples.

Example 3.4: Let S(T) = {collection of matrix subsets from

a, a, a, a
T= 1 2 3 4
a; a, a, a,
be the MOD natural neutrosophic finite complex number matrix
subset pseudo semiring.

021 I
10 1 1+iFj’
3+i,+15 0 0 1
( 0 2+ip 0 i

a; € C'(Zy); 1 <i<8,+, %o}, +, Xn}

Let A= {[

j} e S(T).
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We can as a matter of routine find A + A and A x, A; this
task is left as an exercise to the reader.

b 15 3 2
LetP={ ° ? } and
I+1; 21 0 1

1 2 3 i, +I§
= e S(T).
? {[0 K 1+1§j} M

r 1¥ 32 1 2 3 i+I¢
PrQ={ ' + c o
1+i, 2i, 0 1 0 1 I 1+I§

1+1¢ 2415 2 240 +4I¢
=[ 0 2 e Oj}esm.

1+i, 2i,+1 I[  2+I§

This is the way + operation is performed on S(T).
I I 32 1 2 3 i.+]§
PxQ={l ° 7 §xad c 1|}
I+i, 2ip 0 1 0 1 I, I1+1I

:{LIOC £ 1 2i+IS

e S(T).
0 2, I[ 1+ j} @

This is the way the natural product operation x, is
performed on S(T). S(T) is a MOD matrix subset commutative.

Certainly S(T) has MOD subset zero divisors, MOD matrix
subset nilpotents.

Also S(T) has MOD subset matrix idempotents.
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This task is also left as an exercise to the reader.
Next we give one more example.

Example 3.5: Let S(W) = {collection of all matrix subsets from

_31 a, -
a, a,
W=<la, a a; € CI(ZIO), 1 <i<10, +, x,}, +, X}
a, ag
_a9 a10_

be the MOD natural neutrosophic subset matrix finite complex
number pseudo semiring.

W has MOD matrix subset zero divisors, idempotents and
nilpotents W also has MOD matrix subset subsemirings which
are ideals as well as not ideals.

In view of all these we have the following theorem.

THEOREM 3.2: Let S(B) = {collection of all matrix subsets
from B = {m x t matrices witih entries from C’(Zn); +, x0T+
x,} be the collection of all MOD natural neutrosophic finite
complex number subset matrix pseudo semiring.

i) o(S(B)) < .

ii) S(B) has MOD subset matrix strong idempotents as
well as idempotents.

iii) S(B) has MOD subset matrix pseudo ideals as well
as pseudo subsemirings which are not ideals.

iv) S(B) has MOD subset matrix nontrivial zero divisors
and nilpotents only if n = p°q, p a prime, o > 2, (p,
q) =1

Proof is direct and hence left as an exercise to the reader.
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Now we proceed onto describe by an example the MOD
natural neutrosophic - neutrosophic matrix subset pseudo
semiring.

Example 3.6: Let S(W) = {collection of all matrix subsets from

_31 a, -
a, a,
W=<la, a a e(Z;s VD 1<i<10,+, x,}, +, X}
a, ag
_a9 a10_

be the MOD natural neutrosophic-neutrosophic matrix subset
pseudo semiring.

Clearly S(W) is a finite commutative pseudo semiring.
S(W) has MOD subset matrix zero divisors and has no
nontrivial MOD nilpotents. Working with S(W) is a matter of

routine and hence left as an exercise to the reader.

Let S(P) = {collection of all subsets from

a, a,
a, a,

P=<la, a a; €(Z5 U Ii Yy wheret € (Z;5s\ I)
a, ag
a, a

is an idempotent or a zero divisor or nilpotent; +, x, } < S(W) is
a MOD matrix subset natural neutrosophic-neutrosophic pseudo
subsemiring of S(W) which is also an ideal.
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Interested reader is expected to find MOD matrix subset
pseudo subsemirings and ideals of S(W) using the fact 0 x I, =

Il and0 xa=0 fora e (Z;s U I).

Next we describe by an example MOD natural neutrosophic
dual number matrix subsets pseudo semiring.

Example 3.7: Let S(B) = {collection of subset matrices with
entries from

B= a a, 4,
a4 aS a6
be the MOD natural neutrosophic dual number matrix subset
pseudo semiring.

3 1B 1 & 0 1
Let A, = {{ . g }, ng } and
L 05 g 53

o6 2] [1 2 I
By ={|, , '} es®).
1 603 I
301 1] |, 01
A1+B1:{ g , Z+68 }+
L0 5] Ly 53
{{ﬁ 62}{12 ﬁ}
1 603 I

| 3+ 6+IF 3 4 241 1+
B+, 1 11 |5 3 5+

a; € <le |\ g>[; 1<i< 6’ +, Xn}a +, Xn}
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e t15 6 3| |1+, 2 1+
B+, 6 9| I 8 3+1

2+8g 2+8g

} }e S(B).

This is the way ‘+’ operation on S(B) is performed.

301 1] [B,, 01
A; X, Bi={ \ g ; ng ¥ %,
0 5|, 5 3

2+8g

{I§62 1213}
I, 1 6|0 3 I

:{1§1§2 306 IE| [ oo 2
o0 6| 0 || 5 6

I§+6g 0 I§
B, 3L

}} e S(B).
2+8g

This is the way x, operation is performed on S(B). It is to
be noted that if P, Q, R € S(B) then Px, (Q+R)#P x, Q +P x,
R is true in general that is why we are forced to call S(B) a
pseudo ring. Another fact is if

_[eg 3g 4g] [0 8z 9g] [22 g 6g
(: - { D N } aIld
|5g 6g Tg| [llg 2g g 8¢ g O
i 40 5¢ 6
p_(g ¢ g}{g g g}}GS(B);
g 2g 3g| |7g 8 9
0 00 0 00
we see C x, D= { }.Dx, D={ } and
0 00 0 00
0 00
Cx,C={ }.
0 00
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Thus this MOD natural neutrosophic subset matrix dual
number pseudo semirings always has MOD matrix subset
nilpotents and MOD subset matrix zero divisors.

This is a special and distinct feature enjoyed by S(B).

Further S(T) = {collection of matrix subsets from

a, a, a
T _ 1 2 3

a, a; a,
is a MOD natural neutrosophic dual number matrix subset

pseudo subsemiring which is not pseudo and not an ideal of
S(B).

a; € lega 1<i< 63 +a Xn}a +7 X} - S(B)

We leave it as an exercise to the reader to find ideals of
S(B).

In view of this we have the following theorem.

THEOREM 3.3: Let S(B) = {collection of all matrix subsets
from B = {m x t matrices with entries from (Z, U g, +, x,}, +,
x,} be the MOD natural neutrosophic matrix subset dual number
pseudo semiring.

i) o(S(B)) < .

ii) S(B) has MOD matrix subsets which are nontrivial
zero divisors, 2 <n < co.

iii) S(B) has nontrivial MOD matrix subsets which are
nilpotents of order two, 2 <n < o,

iv) S(B) has nontrivial MOD matrix subset subsemirings
which are zero square subsemirings and not
pseudo.

v) S(B) has MOD natural neutrosophic matrix subset
idempotents only for special n.

Proof is direct and hence left as an exercise to the reader.
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Next we describe MOD natural neutrosophic special dual
like number subset matrix pseudo semirings and MOD natural
neutrosophic special quasi dual number subset matrix pseudo
semirings by an example each.

All the properties related with them can be derived as a
matter of routine so is left as an exercise to the reader.

Example 3.8: Let S(W) = {collection of all matrix subsets from

a, a, a, a,
W=4la; a, a, a, a e(ZigUhy, 1 <i<12, 4+ %},
a, a,, a, a

+, Xa}

be the MOD natural neutrosophic special dual like number
matrix subset pseudo semiring.

This has nontrivial MOD matrix subset zero divisors,
nilpotents and idempotents. This S(W) has MOD matrix subset

pseudo subsemirings as well as pseudo ideals.

Example 3.9: Let S(V) = {collection of all matrix subsets from

V=dla, ||ae(ZsUh), 1 <1<5,+, %4}, +, Xq}

be the MOD matural neutrosophic special quasi dual number
subset matrix pseudo semiring.
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0 [3k +3]
3] |3+3k 0
Let A= {|3k |, 0 |, 0 |}and
0 0 0
o] | 3 || O |
2k [4k] [ 2 ]

B=1{| 2 |,|2k[,| 4k |} eSV).

4k | |4k | | 4+4k]

0

0
Ax,B={]0]|}

0

0

is a MOD natural neutrosophic special quasi dual number subset
matrix zero divisor.

The reader is left with the task of finding nontrivial MOD
natural neutrosophic special quasi dual number subset matrix
strong idempotents, idempotents and nilpotents.

Next we proceed onto describe MOD natural neutrosophic
matrix pseudo semirings whose entries are subsets from Z! or

(Zy L g1 or C'(Zy) or (Z, U ) or (Z, U h); or (Z, U k); by some
examples.
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Example 3.10: Let
a1
W=4la,||ace S(Z{z); 1 <i<3, 4, %}
a

be the MOD natural neutrosophic matrix with subset entries
pseudo semiring.

W has MOD natural neutrosophic matrix zero divisors given
by

(4,017 [ {0} {3,6,0}
A={24 |, |48 |,B={ {60} |} eW
{8,2} {0} {6}
{0}
Ax,B=|{0}
{0}

is a MOD natural neutrosophic subset matrix zero divisors.

{4,9,0}
LetA=| {9} € W clearly
4,0}
{4,9,0}
AxA=| {9y |=A
4,0}

is an MOD natural neutrosophic idempotent element of W.
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{6}
Wesee P=|{0,6} | € W is such that
{0}
{0}
PxP=|{0}| € W.
{0}

P is a MOD natural neutrosophic nilpotent element of order
two.

This has both MOD natural neutrosophic subset matrix
pseudo subsemirings which are not ideals as well as ideals.

{a}
B= {0} a; € S( Ziz )’ +, Xn} = W’

{0}

B is a MOD natural neutrosophic subset matrix pseudo sub
semiring which is not a pseudo ideal for if,

{a} {b}
A=[{0}| eBandT=|{I’} | € W then
{0} I
{c}
Ax, T=[{I}}| ¢ B.
{1

The reader is expected to find MOD natural neutrosophic
matrix with subset entries which are pseudo ideals of W.
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Example 3.11: Let

2

<] o
[
N

o}

a
a
Yol g e S(ZL), 1<i<12,+ %)
a

-
oo

©

1

o

® v o

a
alZ

be the MOD natural neutrosophic subset matrix pseudo semiring.

M has several trivial MOD subset zero divisors. However
finding nontrivial zero divisors and nilpotents happens to be a
challenging problem.

In view of all these we have the following result.

THEOREM 3.4: Let S = {m x t matrices with entries from
S(ZL); +, x,} be the MOD natural neutrosophic subset matrix
pseudo semiring.

i) ofS) < oo

ii) S has MOD natural subset matrix idempotents and
strong idempotents.

iii) S has nontrivial MOD natural neutrosophic zero
divisors and nilpotents only for appropriate n.

iv) S has several MOD natural neutrosophic subset
matrix pseudo subsemirings which are not ideals.

v) S has MOD natural neutrosophic subset matrix
pseudo ideals.

Proof is direct hence left as an exercise to the reader.

Next we describe MOD natural neutrosophic matrix subset
finite complex number pseudo semiring by examples.

Example 3.12: Let
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a, a,
_ a3 a4 1 . .
S = a; € S(C(Zy)); 1 <i1<8,+, X}
aS a6
a, ag

be the MOD natural neutrosophic finite number complex subset
matrix pseudo semiring.

S has MOD subset idempotents strong and other wise.
S has MOD subset pseudo subsemirings as well as ideals. S
has nontrivial MOD matrix subset zero divisors and nilpotents

which are nontrivial does not exist.

Example 3.13: Let

g
a, a,

+ x (or x,)} be the MOD natural neutrosophic finite complex
number subset matrix pseudo semiring.

a; € S(CI(ZM)), 1 <i<4, + x,0r x};

V is non commutative under usual product and commutative
under X,

Let us show by a simple subsets.

A (05,2 +15,4+i,} {15’.1§+5,2+4i1:} d
{0} B+ip +15 +15,15

. L 8+15,2,4+15) {6,241}
5+ B b {2315
We find
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AxB: AxB= {{I§,2+IS,4+iF} {1515 +5,2+4i} }

{0} B+ip +15 +1,15

8+15,2,4+15}  {6,2+15}
5+I,15 . 15, {2,315}

49 T448ip 2 T2+4ig

(IS, IS + 15,4415, 8415
+15 +15,8i, + 15
8+2i,,I5 +4i,}+

C , 1C 1C 1C c
{Iz +1,Ig >I4+xipalo +

(15,12 +15,6i,, I, 4+ 15 +15
+I5,8+ 21, + 15} +4{I5, 15, 4+ 8i,

I5+9,15 + 15, 1 +
N 0 e 15+15, 6+12i,,1S,15 +15,1}

= 15,45, - 10+ 4i, + 15,

Iilj-miF ’I(Zj+4i].}
(15,15 +{7 +5i, + 15 +1§ {15,0,6+2i, +1I§ +1,
+1g, 10, I + 100 g, 15,9 +3i, + 15 +15,
+I§ +15,15 I§+15,15}

This is the way product operation ‘x’ is performed. It is left
as an exercise to the reader to prove A x B # B x A.

However A x, B=B x, A. We give the following result.

THEOREM 3.5: Let S = {m x t matrices with entries from
S(C'(Z,), + x,} the MOD natural neutrosophic finite complex
number subset matrix pseudo semiring.

i) ofS) < oo

ii) S has MOD natural neutrosophic strong matrix
subset idempotents as well as MOD natural
neutrosophic matrix subset idempotents.
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iii) S has MOD natural neutrosophic finite complex
number subset matrix zero divisors and nilpotents

only for certain value of n.
iv) S has MOD natural neutrosophic subset matrix

pseudo subsemirings.
v) S has MOD natural neutrosophic subset matrix
pseudo subsemirings which are ideals.

Proof is direct and hence left as an exercise to the reader.

Next we proceed onto describe MOD natural neutrosophic -
neutrosophic subset matrix pseudo semiring by some examples.

Example 3.14: Let

a, a,
a, a, .
V= a, € S(ZsUh)); 1 <i<8, +, x,}
aS aG
a, ag

be the MOD natural neutrosophic-neutrosophic subset matrix
pseudo semiring.

L3 {410}
LT 2.5}

Let A= . -
{IZI,I} {1 + I0 + IZI}
{0} (I}
{0} {4}

+1  {2+30
{0,1,2}  {2LI}
{I,,21} (31+2,1,}
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{L,31} {41,0}

LI 2.5}

L} A+T+5 3|
{0} L)

Ax,B=

This is the way x, operation is performed on V.

{I,31} {4+414}
Q2+1,1+1+1} {4+3L2+31+1;}
A+B=| {L,,L21+L,;}  Q2I+1+1+1, | eV.
3,241 1+15, 15,3

(1,21} {Io + 31+ 2,1+ I, } |

This is the way + operation on V is performed.

{0} {0}
{0} {0}
0nl=
[{0}] 0 )
{0} {0}

acts as the additive identity for A + [{0}] = A for all A € A.
However A x [{0}]# [{0}] in general for A in V.

All properties can be derived in case of MOD natural
neutrosophic - neutrosophic subset matrix pseudo semiring.

This task is left as an exercise to the reader as it is a matter of
routine.

Next we illustrate by an example the MOD natural
neutrosophic dual number subset matrix pseudo semiring.
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Example 3.15: Let

D=4la, || aeS(Znough); | <i<5, 4, x,}

be the MOD natural neutrosophic dual number subset matrix

pseudo semiring.

Clearly D has nontriial MOD natural neutrosophic dual
subset matrix zero divisors and nilpotents of order two.

[ {2g.3g.52.8} | [ {0,g.3g.5g} |
{g,0,9g} {2g,58,98.8}
Let A=| {l1g,3g,8g} | and B=| {3g,g,11g,5g}
{g,4g,6g} {4g,0,2g}
| {10g,9¢,7¢g,g} | {8g}
o]
{0}
clearly Ax, B=| {0} |,
{0}
| {0}
{0} ] {0} ]
{0} {0}
Ax,A=|{0}| and Bx,B=|{0}|.
{0} {0}
{0} ] {0} ]
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Thus D has several nontrivial MOD natural neutrosophic
subset matrix zero divisors and nilpotents of order two.

{15 {15}
(L, Iig, ) {15}
P= {I10g Fig> } e D. WeseeP x,P=| (I8}
{I8,.18 } {18}
B8 | (12} ]

so P is a MOD natural neutrosophic zero associated subset
nilpotent matrix. Clearly one can see P is different from A and
B.

The reader is left with the task of finding MOD natural
neutrosophic dual number subset matrix pairs which result in
mixed zeros.

Also we see D has MOD subset pseudo subsemirings which
are zero square subsemirings so does not result in pseudo
nature. This task is also left as an exercise to the reader.
However we record the following result.

THEOREM 3.6: Let S = {m x t matrices with entries from
S((Z, v g)) = {collection of all subsets from (Z;s U g)}, +, X}
be the MOD natural neutrosophic dual number subset matrix
pseudo semiring.

i) ofS) < oo

ii) S has MOD natural neutrosophic subset matrix
nilpotents P of order two such that P x P = ({0}) or
PxP=[{I;}]JorPxP=[{1}0}],2<n<o0

iii) S has MOD natural neutrosophic subset matrix zero
divisors of all the three types; 2 <n < o,

iv) S has MOD natural neutrosophic subset matrix
pseudo subsemirings which is not an ideal and it is
a zero square subsemiring so is not pseudo,
2<n<om
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v) S has MOD natural neutrosophic subset matrix
pseudo subsemirings which are ideals for all 2 <n
< o0,

vi) S has nontrivial MOD natural neutrosophic subset
matrix strong idempotents as well as idempotents
only for special values of n.

Proof is direct and hence left as an exercise to the reader.

It is important to keep on record that only MOD natural
neutrosophic subset matrix dual numbers behave in a very
different way from other pseudo semirings.

However all MOD pseudo semirings enjoy some or other
special feature associated with.

Another observation we see is S(Z! ) < S(C'(Z,)), S(Z!) <
S(Za U D); S(Z,,) < S(Za W 2)0); S(Z,) < S(Zy v hyy) and
S(Z,) < SKZy U k).

This all MOD pseudo semirings will contain a nontrivial
MOD pseudo subsemiring which is not an ideal.

Next we describe by examples MOD natural neutrosophic
subset matrix special dual like number pseudo semiring and
MOD natural neutrosophic subset matrix special quasi dual
number pseudo semiring.

Example 3.16: Let

a, a, ap
ap,

B=qla; a, a; ai € S((Zez U h)y); 1 1<15, 4, X}

a; ag  ay

alS
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be the MOD natural neutrosophic subset matrix pseudo semiring.

a, 0 0
0 00
Pi=<0 0 0| a € S(({(Zsx W h)y); +, x,}< B
0 00
10 0 0]

is a MOD natural neutrosophic subset special dual like number
matrix pseudo subsemiring which is not an ideal.

jov)
S}

P,= ay € S((Za U h)y); +, xu}

S O O O O
S O O O O

S O O O

is again a MOD natural neutrosophic special dual like number
subset matrix subsemiring which is not an ideal.

Here we wish to state if the product is changed as usual zero
dominated product that is {0} x x = {0} for all x € S ((Z, U h);)
then both P, and P, will be pseudo ideals but we have not used
this product throughout this book.

We use only I!'x a = I' a not a natural neutrosophic

number.

Study of all properties associated with B happens to be a
matter of routine so left as an exercise to the reader.

Example 3.17: Let

V={(aja,asaq)/a; € S(Ziy U k)); 1 <i<4, + x,}
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be the MOD natural neutrosophic special quasi dual number
subset matrix pseudo semiring. We have MOD natural
neutrosophic special quasi dual number subset matrix
idempotents as well as strong idempotents.

We see V has no nontrivial MOD natural neutrosophic
special quasi dual number subset matrix nilpotents.

V has MOD natural neutrosophic special quasi dual number
subset matrix pseudo subsemirings.

Let ({5, 6, 0}, {0, 6, 5k}, {0, 5}, {S+5k,5,1})=A € A.
Clearly A x A= A but

A+ A=({5,06,0}, {0, 6, 5k}, {0, 5}, {5+ 5k, 5, 1}) + ({5,
6, 0}, {0, 6, 5k}, {0, 5}, {1, 5,5+ 5k})

=({0,2, 1,5, 6}, {0, 6, 5k, 2, 6 + 4k}, {0, 5}, {2, 0, 6, 5k, 6
+ 5k} e V.

We see A is only a MOD natural neutrosophic idempotent
but is not a MOD natural neutrosophic strong idempotent. Study
in this direction is considered as a matter of routine.

Let E = ({5, 5 + 5k, 0}, {5k, 0}, {5k, 5 + 5k, 5}, {5 + 5k,
0})

B=({2,4,8},10,4,6k!, (6,2, 8k, 8 + 8k}, 12,2+ 2k, 4+
8k, 8 + 6k}) € V;

E x B = ({0}, {0}, {0}, {0}) is a MOD natural neutrosophic
subset matrix zero divisor.

Let D= ({L, L5, 15 }, { L ues Lioss Lae b {15 Lo Ig D)
and
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E=({L,L} (L, K} (g, I, K}, {L, I, })
e V.

DxE=({I§}, {Ii}, {If}, {If }) is again a MOD natural
neutrosophic special quasi dual number subset matrix zero
divisor, different from usual zero divisor.

However V has no nontrivial MOD natural neutrosophic
nilpotents. As in case of other MOD natural neutrosophic subset
matrix special quasi dual number pseudo semirings all related
properties can be derived.

This is left as an exercise to the reader.

Next we describe MOD natural neutrosophic polynomial
subsets pseudo semirings by some examples.

Example 3.18: Let S(M[x]) = {collection of all MOD natural
neutrosophic polynomial subsets from

a; € Z;a +a X}a +a X}

M[x] = {iaixi

be the MOD natural neutrosophic polynomial subsets pseudo
semiring.

Let A= {55 +2x + I¥,2x +3, I + x*} and
0 2 4

B={4x’+1, BEx’+ L, I} x+4} € S(M[x))

A+B={5x+2x+ I, 2x3, ExX’+ B} + (4’ + 1, BxX’ + L8,
x+4}

= (X +4xX7+2x+ 1+ B, a7 +2x + 4, (4 + E)x* +
1+E, G+ )X +2x+ B, BExX’+2x+3+ L +
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BxX'+ L+ I3+ 15,5 + 2+ ) x +4+ T (I
+2)x+7, Bx+ Ex*+4+ 1} e S(M[x)).

This is the way + operation is performed on S(M[x]).

Consider A x B={5x’+2x + I}, 2x +3, I} + I£x’} x {4x’
+ 1L, EX+ B, Bx+4 =X+ BxX*+5¢ +2x + I, 4x° + 3
+2x, Bx*+ Ex*+ B+ Bx, Ex*+ Ex*+ BxX’ + Bx+ L,
EEx'+ Ex+ ExX, B, ExX. BxX’+ L+ Bx, Bx*+ Bx*+
Ex+4+ B, BxX+ Bx+4, Bx+ BxX+ I + X%} €
S(M[x]).

This has nilpotents of order two which are infinite in
number.

A= {4x’ + 4, 4x* + 4} € S(M[x]) is such that A x A = {0}.

Interested reader can find the MOD zero divisors and
nilpotent subset polynomials.

Example 3.19: Let S[P(x)] = {collection of all subsets from
P[x] = {Z ax /a e Z{Q; +, x}, +, x} be the MOD natural
i=0

neutrosophic polynomial subset pseudo semiring. S(P[x]) has no
nontrivial MOD natural neutrosophic nilpotents or zero divisors.

S(M[x]) = {collection of all subsets from

a; EZI‘); +a X}a +a X} c S(P[X])

M[x] = {iaixi

is a MOD natural neutrosophic polynomial subset pseudo
subsemiring of S(P[x]) which is not an ideal of S(P[x]).

Study of other properties are a matter of routine and
S(M[x]) is a MOD natual neutrosophic polynomial subset
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idempotent which is strong as S(M[x]) + S(M[x]) = S(M[x]) and
SM[x]) x S(M[x]) = S(M[x]), however apart from this we
cannot find nontrivial strong idempotents of S(P[x]).

In view of all these we have the following theorem.

THEOREM 3.7: Let S(V[x]) = {collection of all subsets from

a; € le’l 5 +J X}J +: X}

Vix] = {iaixi

be the MOD natural neutrosophic polynomial subset pseudo
semiring.

i) S(V[x]) has MOD natural neutrosophic strong
idempotents which are only MOD natural
neutrosophic polynomial pseudo subsemirings of
S(V[x]) for 2 <n < o,

ii) S(V[x]) has nontrivial MD natural neutrosophic
strong nilpotents and zero divisors only if n = p“g,
a22, (p, q) =1 and p a prime.

iii) S(V[x]) has MOD natural neutrosophic polynomial
subset pseudo subsemirings which are ideals as
well as not ideals dependent only on n.

Proof is direct and hence left as an exercise to the reader.
We proceed to give examples using C'(Z,).

Example 3.20: Let S(W[x]) = {collection of all polynomial
subsets from

a; € CI (ZIZ)a +a X}a +a X}

W[x] = {iaixi

be the MOD natural neutrosophic polynomial subset finite
complex number pseudo semiring.
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This has nontrivial MOD natural neutrosophic zero divisors
and nilpotents however idempotents are only of the type

mentioned earlier as in case of Z! .

Study of this is a matter of routine so left as an exercise to
the reader.

Further the theorem 3 is also true in case of MOD natural
neutrosophic subset polynomial finite complex number pseudo
semiring.

This work is also left to the reader.

Next we briefly describe MOD natural neutrosophic-
neutrosophic subset polynomial pseudo semirings by some
examples.

Example 3.21: Let S(B[x]) = {collection of all subset
polynomials from

B[x] = {iaixi aj € (ZsV Dit, x}, +, x}

i=0

be the MOD natural neutrosophic-neutrosophic subset
polynomial pseudo semiring.

This has nontrivial zero divisors however no nilpotents or
idempotents. Idempotents are only contributed by MOD natural
neutrosophic-neutrosophic ~ subset  polynomial  pseudo
subsemirings.

Example 3.22: Let S(D[x]) = {collection of all subsets from

a; € <Zz3U I>[+, X}; +, X}

D[x] = {iaixi
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be the MOD natural neutrosophic-neutrosophic subset
polynomial pseudo semiring.

S(D[x]) has no nontrivial MOD subset polynomial zero
divisors or nilpotents.

The result / Theorem 3.7 is also true in case of MOD natural
neutrosophic - neutrosophic subset polynomial, pseudo
semirings with simple modifications.

Next we briefly describe MOD natural neutrosophic dual
number subset polynomial pseudo semirings by some examples.

Example 3.23: Let S(N[x]) = {collection of all polynomial
subsets from

a; € <ZI3U g>[+, X}: +, X}
i=0

N[x] = {iaixi

be the MOD natural neutrosophic dual number polynomial subset
pseudo semiring.

S(N[x]) has MOD natural neutrosophic nilpotents of order
two as well as infinite number of zero divisors.

However finding idempotents which are non trivial happens
to be a challenging problem.

Another special feature enjoyed by these class of pseudo
semirings is that they have MOD subset pseudo subsemirings
which are zero square subsemirings. Further these also have
finite order MOD natural neutrosophic pseudo subsemirings.

This are the special and distinct features which can be
associated only with MOD natural neutrosophic dual number

subset polynomial pseudo semirings.

The reader is left with the task of studying the special
features associated with this structure. Further these MOD
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pseudo semirings are not affected by taking n a prime. When n
is composite the specialty is one can get MOD pseudo sub
semirings which are ideals.

Next we give an example of each MOD natural neutrosophic
subset polynomial special dual like number pseudo semirings
and MOD natural neutrosophic special quasi dual number subset
polynomial pseudo semirings.

Example 3.24: Let S(Z[x]) = {collection of all subset
polynomials from

Z[x] = {iaixi a; € (Z14U h) +, x}, +, x}

i=0

be the MOD natural neutrosophic special dual like number subset
polynomial pseudo semiring.

We can as in case of other MOD natural neutrosophic subset
polynomial pseudo semirings baring MOD natural neutrosophic
dual number subset polynomial pseudo semirings obtain all
properties.

This work is considered as a matter of routine and hence left
as an exercise to the reader.

Example 3.25: Let S(F[x]) = {collection of all subset

polynomials from

a; € <ZZ4U k>I+a X}: +7 X}

F[x] = {iaixi

be the MOD natural neutrosophic special quasi dual number
subset polynomial pseudo semiring.

S(F[x]) has non trivial MOD natural neutrosophic special

quasi dual number subset polynomial nilpotents and zero
divisors.
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This has MOD natural neutrosophic special quasi dual
number subset polynomial pseudo ideals as well as pseudo
subsemirings which are not ideals.

The reader is left with the task of finding them.

However if Z,,4 is replaced by Z,,, p a prime certainly several
of the claims are not true.

Next we describe MOD natural neutrosophic subset
polynomials from polynomial semirings of finite order by some
examples.

Example 3.26: Let S(G[x]y) = {collection of all MOD natural
neutrosophic special quasi dual number subset polynomials
from

a; € <Z]7U k>[, Xg = 1, +, X}: +, X}

G[x]o = {Zglaixi

be the MOD natural neutrosophic special quasi dual number
subset polynomial pseudo semiring o(S(G[x]o)) < 0.

Finding nontrivial zero divisors, nilpotents and idempotents
in S(G[x]) happens to be challenging S(P[x]) = {collection of
all subset polynomials from

a; € Z]7, Xg = 1:+a X}a +: X} = S(G[X])

P[x] = {Zglaixi

is a MOD natural neutrosophic special quasi dual number subset
polynomial pseudo subsemiring of finite order which is not an
ideal of S(G[x]).

Example 3.27: Let S(T[x];) = {collection of all subset
polynomials from
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a; € <Z48U I>[, X4: 1, +, X}: +, X}

T[x];= {iaixi

be the MOD natural neutrosophic-neutrosophic subset
polynomial pseudo semiring.

S(T[x]) has nontrivial MOD natural neutrosophic subset
polynomial nilpotents, zero divisors and idempotents.

This task is considered as a matter of routine so left as an
exercise to the reader.

Example 3.28: Let S(M[x]10) = {collection of all polynomial
subsets from

a; € <Z]1U g>[, Xll = 13 +, X}a +, X}

10 _
M[x]io = {Z:aixl
i=0

be the MOD natural neutrosophic dual number subset polynomial
pseudo semiring.

This has finite number of nontrivial nilpotents as well as
zero divisors.

Finding idempotents other than substructures is a
challenging problem.

This has MOD subset pseudo subsemirings as well as ideals.
The study in this direction is a matter of routine so left as an
exercise to the reader. However it is pertinent to keep on record
that the presence of nontrivial nilpotents and zero divisors
happens to be different from other types of MOD pseudo
semirings.

Another deviation is that these MOD pseudo semirings also

have subsemirings which are not pseudo as well as which are
zero square subsemirings.

223



| MOD Mathematics MOD Natural Neutrosophic Semirings

Example 3.29: Let S(V[x];) = {collection of all subset
polynomials from

V[X]7 = {27: aixi

a; € CI (le); X8 = 1’+: X}, +, X}

be the MOD natural neutrosophic finite complex number subset
polynomial pseudo semiring. It is a matter of routine to find
MOD subset zero divisors, nilpotents and substructures of
S(V[x]7).

Next we proceed onto describe MOD natural neutrosophic
subset coefficient polynomial pseudo semirings by examples.

Example 3.30: Let

S[x] = {iaixi

ai €8 (Zy )+ %}

be the MOD natural neutrosophic subset coefficient polynomial
pseudo semiring. This S[x] has nontrivial zero divisors and
nilpotents.

However has no MOD idempotents of finite order. Infinite
order MOD idempotents can arise from substructures.

p(x) = {6, 12, 0} x*+ {0, 18} and
q(x) = {4, 8, 0}x’ + {4, 12} € S[x].
Clearly p(x) x q(x) = {0}.

Let m(x) = {12, 0}x* + {12} e S[x]; m(x) x m(x) = {0}.
Thus S[x] has nontrivial MOD zero divisors and nilpotents.

Let p(x) = {2, 4, [t', 1} X’ + {3,2, 8 + I} and q(x) = {8,
2+ 6} x° {4+ 12,12} e S[x]. We find p(x) + q(x) and p(x) x
q(x) in the following.
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p(x) +qx) = {2, 4, 1, I} X’ + {3,2,8, I*} + {8, 6+
2O+ {4, Y, 124 = {10, 12,9, 8+ I2*, 8+ I, 10+ I, 7
LI IR A6 T 6 I 124 I 1,3+
Y2+ I, 8+ 12}

This is the way the operation of addition is performed on
S[x].

p(x) x q(x) = ({2,4, o', 1} X’ + (3,2, 8 + I2*}) x ({8, II* +
6} X+ {4+ 12, 12}

={16,8, I*, 12+ I, I}, I* +6, '} x*+ {0, 6 +I2*,
16, I +12, 16+ I2*, I + I3+ {8+ I, 16 + I2*, 12, 4
I RO {12+ B8+ 8+ I+ I I I I+

I} e S[x].

This is the way product operation is performed on S[x].

This is the way infact operations are performed on all other
MOD natural neutrosophic subset coefficient polynomial pseudo
semirings.

We will a few examples in this direction.

Example 3.31: Let

ai € S ((Zn v k)); +, x}

i=0

S[x] = {iaixi

be the MOD natural neutrosophic special quasi dual number
subset coefficient polynomial semiring.

Finding nontrivial MOD natural neutrosophic subset

coefficient polynomial zero divisors and nilpotents does not
arise as S[x] does not contain such special elements.
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However S[x] has substructure S[x] cannot have nontrivial
idempotents.

Example 3.32: Let

a; € S (CI(ZG))’ +, X}

S[x] = {iaixi

be the MOD natural neutrosophic finite complex number subset
coefficient polynomial pseudo semiring.

S[x] has nontrivial MOD natural neutrosophic zero divisors
and a few nilpotents. S[x] has substructures.

p(x) = {3 + 3ip, 0} x®+ {3 + 3iz} e S[x] is such that

p(x)  p(x) = ({0}).

Example 3.33: Let

a, €S (Zipv gh); +, x}

S[x] = {iaixi

i=0

be the MOD natural neutrosophic dual number subset coefficient
polynomial pseudo semiring.

S[x] has nontrivial MOD natural neutrosophic dual number
subset zero divisors and nilpotents.

This has also MOD subset zero square subsemirings.

Example 3.34: Let

a; € S ((Z1g U h))); +, x}

i=0

V[x] = {iaixi
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be the MOD natural neutrosophic special dual like number subset
coefficient polynomial semiring.

Finding nontrivial MOD natural neutrosophic nilpotents,
zero divisors and substructures are left as an exercise at it is
considered as a matter of routine.

Next we give one more example.

Example 3.35: Let

a; € S ((Zo L Dy); +, x}

B[x] = {iaixi

be the MOD natural neutrosophic-neutrosophic  subset
coefficient polynomial pseudo semiring.

All related properties can be derived for B[x] so left as an
exercise to the reader.

Next we proceed onto describe MOD natural neutrosophic
subset coefficient polynomial semirings of finite order by

examples.

Example 3.36: Let

ai € S(Zy); x*=1, +, x}

W[X]7 = {27: aixi

be the MOD natural neutrosophic subset coefficient polynomial
pseudo semiring.

o(W[x]7) < o and W][x]; has nontrivial MOD subset zero
divisors and nilpotents. W[x]; has also MOD substructures.
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Example 3.37: Let

a; €S ((Zs Dy x* = 1, +, x}

B[x]; = {iaixi

be the MOD natural neutrosophic-neutrosophic subset coefficient
polynomial pseudo semiring.

O(B [X]3) < 00,

Finding in B[x]; nontrivial nilpotents and zero divisors
happens to be a challenging problem.

However it has pseudo subsemirings which are not ideals.

Example 3.38: Let

aeS (CI(Z42)); x!= 1,+, x}

10
Vix]io= {Z:aixl
i=0
be the MOD natural neutrosophic finite complex number subset

coefficient pseudo semiring.

V[x]ioc has MOD substructure as well as nontrivial MOD
subset zero divisors and nilpotents.

Example 3.39: Let

aeS{(Zpuh));x®=1,+ x}

S[X]S = {Zslaixi

i=0

be the MOD natural neutrosophic special dual like number subset
coefficient polynomial pseudo semiring.

All properties related to S[x]s can be studied by any
interested reader as it is considered as a matter of routine.
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Study of MOD natural neutrosophic subset coefficient
polynomial pseudo semirings of both infinite and finite order
can be analysed.

Almost all properties in this direction can be derived as a
matter of routine.

However finding special MOD elements happens to be
challenging one.

For the MOD natural neutrosophic dual number subset
coefficient polynomial pseudo semirings alone behave in a very

different way from others.

We suggest a set of problems some of which are easy and at
research level.

Problems

1. Let S = {S(G) collection of all subsets from G = { m x t
matrices with entries from Zj,, + x}, +, x} be the MOD

natural neutrosophic m x t matrix subsets.

Obtain all special features associated with S.

2. Let P = {S(G) collection of all subsets from

1

&)

3

4

o}
=N

N

a, a, a
a, a, a
a, a, a | .

ai € Zy, 1 <1< 18, 4, X, +, Xp}
a, a, a

11 12

a3 Ay A

ds a7 A

be the MOD natural neutrosophic matrix subset pseudo
semring.
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i) Find o(P).

ii)) Find all nontrivial MOD natural neutrosophic matrix
subset zero divisors and nilpotents

iii) Can P have nontrivial MOD subset natural neutrosophic
idempotents?

iv) Find all MOD natural neutrosophic subset matrix pseudo
subsemirings which are not ideals.

v) Find all MOD natural neutrosophic matrix subset pseudo
subsemirings which are ideals.

vi) Study this problem when Zj,is replaced by Z., and
ZI

57

Let W = {Collection of all matrix subsets from

M= aie<ZISUI>IaISiS87 +a Xn}7+7 Xn}

be the MOD natural neutrosophic neutrosophic matrix subset
pseudo semiring.

i) Study questions (i) to (v) of problem (2) for this W.
ii) Study this problem when (Z;5 U I);is replaced by
(Zos Dyand (Z, U Dy

iii)) Compare W with P in problem (2).

Let V = {collection of all matrix subsets from
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a; € <leug>la 1 SIS 87 +7 Xn}:

+, X }

be the MOD natural neutrosophic dual number matrix subset
pseudo semiring.

i) Study questions (i) to (v) of problem (2) for this V.

ii)) Compare V with W of the problem (3)

iii) Study V when (Z,, U I); is replaced by (Z;y U I); and
<Z49 \ g>[

iv) Show what ever be Z, the MOD natural neutrosophic
dual number matrix subsets has several zero divisors
and nilpotents.

v) Show only these MOD natural neutrosophic pseudo
semiring alone has subsemirings which are zero square
subsemirings and are not pseudo.

vi) Enumerate any other special feature enjoyed by V.

5. Let M = {collection of all matrix subsets from

a,  a,
a; a4,
a5 A
F=1la, a,||aeC(Zs);1<i<14,x,,+},+, %o}
a9 Ay
a;; ap
L1313 A

be the MOD natural neutrosophic finite complex number
matrix subsets pseudo semiring.

i)  Study questions (i) to (v) of problem (2) for this M.

ii)) Compare M with V of problem 4.

iii) Enumerate all the special features enjoyed by M.

iv) Compare M with W of problem 3.
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6. Let G = {collection of all matrix subsets from

al a2 a3
H=1la, a, a ||ae(Znouk),1<1<9,+ x, (or x)},
a, ag a,

+, %, (or x)}

be the MOD natural neutrosophic special quasi dual number
matrix subset pseudo semiring,

i) Study questions (i) to (v) of problem (2) for this G.
il) Study G when (Zy, U k); is replaced by (Zs U k); and
(2, Uky

iii) Enumerate any special feature associated with G.
iv) Compare G with M and V of problem (5) and (4)
respectively.

7. Let L = {collection of all matrix subsets from

a

1 a2 a3 a4
a, a, a

=N

a
a
a a; € <Z43Uh>[, 1 31335, =+,

xp (or X)}, +, %}
be the MOD natural neutrosophic special dual like number
matrix subset pseudo semiring.

i) Study questions (i) to (v) of problem (2) for this L.
ii) Study L by replacing the set (Zs3L h)1 by (Z, U h)r.
iii)) Compare L with G, M and V of problems 4, 6 and 5
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respectively.

8. LetS=1|a,||aieS(Z;), 1<i<5,+, %,

be the MOD natural neutrosophic matrices whose entries are
subset (subset matrices) from Z;, be the pseudo semiring.

i) Find o(S).

ii)) Find all MOD natural neutrosophic subset matrix zero
divisors.

iii) Find all MOD natural neutrosophic subset matrix zero
divisors.

iv) Can S have MOD natural neutrosophic idempotents?

v) Find all MOD natural neutrosophic subset matrix pseudo
subsemirings which are not ideals.

vi) Find all MOD natural neutrosophic subset matrix pseudo
subsemirings which are ideals.

vii) Find all special features associated with S.

viii)  Study S when S(Z,,) is replaced by S(Z},) and
S(Zyy)-
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LetW={| ° * 1] ai € S(C'(Za)); 1 <i< 16,

+, X, (or x)} be the MOD natural neutrosophic subset matrix
finite complex number pseudo semiring.

i) Study questions (i) to (vii) of problem 8 for this W.

ii) Study W as a MOD pseudo non commutative semiring.

iii) In case of (W, x, +) find all MOD right pseudo ideals
which are not MOD left pseudo ideals.

iv) Find all MOD natural neutrosophic subset right zero
divisors which are not left zero divisors.

Let B = {al a, a, a, aS}
a6 a7 aS a‘) a10

be the MOD natural neutrosophic-neutrosophic subset matrix
pseudo semiring.

a; € S(<Z47U I>[,

1 <i<10,+, x,}

i) Study questions (i) to (vii) of problem 8§ for this B.
il) Enumerate all special features enjoyed by B.
iii) Study B if S ((Zss L I)1) or ((Zes U I)y).
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11.

12.

a4, as
aZ a6 .
LetZ = aeS(Ziowg, 1 <18+, x,}
a, a,
a, ag

be the MOD natural neutrosophic dual number subset matrix
pseudo semiring.

i) Study questions (i) to (vii) of problem 8 for this Z.

ii) Enumerate all special features enjoyed by Z.

iii) Study this if S((Zo U g)) is replaced by S((Z4; L g);) or
by S(Zis U gh).

a, a, a, a, a, a,
LetG=<|a, a;, a, a, a, a,]||aecS(ZsUh),
a13 a14 alS alé a17 alS

1 <i<18,+, X}

be the MOD natural neutrosophic special dual like number
subset matrix pseudo semiring.

i) Study questions (i) to (vii) of problem 8 for this G.

il) Enumerate all special features enjoyed by this G.

iii) Study G if S ((Z5U h))) is replaced by S ((Zs; L h);) or
S (<Z4g4 U h>[)
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o}
=N w

-

LetH=<|a a; € S ((Zgg W k)y, +, x,} be the

MOD natural neutrosophic special quasi dual number subset
matrix pseudo semiring.

i) Study questions (i) to (vii) of problem 8 for this H.

ii) Enumerate all special features enjoyed by H.

iil) Study H if S ((Zss U k)1) is replaced by S ((Z3 W k))
and (or) S ((Zis k).

iv) Compare H if S ((Z4g'U k)) is replaced by S ((Zss U g)1)

ai €8 (Z,); + %}

Let P[x] = {Z:aixi
i=0

be the MOD natural neutrosophic subset -coefficient
polynomial pseudo semiring.

i) Prove P[x] is of infinite order.

il) Show P[x] has MOD natural neutrosophic zero divisors.

iii) Show P[x] has MOD natural neutrosophic nilpotents.

iv) Prove P[x] has no nontrivial MOD natural neutrosophic
idempotents.

v) Find all MOD natural neutrosophic subset coefficient
polynomial pseudo subsemirings which are not ideals.

vi) Find all MOD natural neutrosophic subset coefficient
polynomial pseudo subsemiring which are ideals.

vii) Enumerate all special features associated with P[x].
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15.

16.

17.

a € S (CI(le)); +, x} be the MOD

Let M[x] = {Z:aixi
i=0

natural neutrosophic finite complex number subset
coefficient polynomial pseudo semiring.

1) Study questions (i) to (vi) of problem (14) for this M[x].
ii) Study M[x] if S(C'(Z1s)) is replaced by S(C'(Zs3)) (and)
or S(CI(Z48)) or by S(CI(ZIZS))'

Let W[x] = {Z:aixi a; € S ((Zp U I)); +, x} be the MOD

i=0

natural  neutrosophic-neutrosophic  subset coefficient
polynomial pseudo semiring.

1)  Study questions (i) to (vi) of problem (14) for this W[x].
ii)) Compare M[x] of problem (15) with this W[x].

a € S ((ZnL gh); +, x}

Let B[x] = {iaixi

i=0

be the MOD natural neutrosophic dual number subset
coefficient polynomial pseudo semiring.

1) Study questions (i) to (vi) of problem (14) for this B[x].

il) Show B[x] has infinite number of nontrivial MOD
natural neutrosophic dual number zero divisors and
nilpotents.

iii) Show B[x] cannot have nontrivial MOD idempotents.

iv) What are special features enjoyed by B[x]?

v) Show B[x] has MOD natural neutrosophic dual number
subset pseudo subsemirings which are zero square
subsemirings are not pseudo.

vi) Obtain all special features enjoyed by B[x].
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. Let V[x] = {iaixi a; € S ((Z1gU hyy); +, x}

be the MOD natural neutrosophic special dual like number
subset coefficient polynomial pseudo semiring.

i) Study questions (i) to (vi) of problem (14) for this V[x].

il) Enumerate all special features enjoyed by V[x].

iii) Study V[x] if S((Zis W h))) is replaced by S((Z;; U h)))
or by S({Zss\L h)y).

a; € S ((Zys U k)y); +, x} be the

Let W[x] = {Z:aixi
i=0

MOD natural neutrosophic special quasi dual number subset
coefficient polynomial pseudo semiring.

i)  Study questions (i) to (vi) of problem (14) for this W[x].
ii)) Enumerate all special features associated with W[x].
i) Study W[x] if S ((Z,s U k);) is replaced by

S((Zy U k) (and) or by S ((Z145 k)1)

Let S(P[x]) = {collection of all subsets from

a; € Zlgo; +, x}, +, x} be the MOD natural

P[x] = {iaixi

neutrosophic polynomial subset pseudo semiring,

i) Prove o(S(P[x])) = oo.

ii) Find all nontrivial MOD natural neutrosophic subset zero
divisors and nilpotents.

iii) Find all MOD natural neutrosophic subset pseudo
subsemirings which are not ideals.

iv) Find all MOD natural neutrosophic pseudo ideals.

v) Can S(P[x]) have MOD subset polynomial idempotents?
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21.

22.

23.

24.

vi) Study S(P[x]) if Zi, is replaced by Z., and also by
Z,,.
Obtain all special features special features enjoyed by MOD

natural neutrosophic dual number subset polynomial pseudo
semirings.

Let S(M[x]) = {collection of all subsets from

a; € CI(Z42), +, x}, +, x} be the MOD

M[x] = {iaixi

natural neutrosophic finite complex number subset
polynomial pseudo semiring.

1) Study questions (i) to (v) of problem for this S(M[x]).

il) Compare S(P[x]) of problem (20) for S(M[x]).

iii) Study S(M[x]) if C'(Zs) is replaced by C'(Zs;) or
C(Z,).

Let S(N[x]) = {collection of all subsets from

N[x] = {Z:aixi a; € (Z;p, v DI, +, x}, +, x} be the MOD

i=0

natural neutrosophic-neutrosophic  subset polynomial
pseudo semiring.

i) Study questions (i) to (v) of problem (20) for this
S(N[x]).
il) Compare this S(N[x]) with S(M[x]) of problem 22.

Let S(Z[x]) = {collection of all subsets from

Z[x] = {Z:aixi a; € (Z17 9 gy, +, x}, +, x} be the MOD

i=0

natural neutrosophic dual number subset polynomial pseudo
semiring.
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26.

27.
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i) Study questions (i) to (v) of problem (2) for this S
(Z[xD).

il) Show S(Z[x]) has infinite number of MOD subset zero
divisors and nilpotents.

iii) Show S(Z[x]) has MOD subset subsemirings which are
not pseudo as well as which are zero square
subsemirings.

Let S(T[x]) = {collection of subsets from

a; € <Zl5 U h>[+, X}’ +, X}

T[x] = {iaixi

be the MOD subset polynomial natural neutrosophic special
dual like number pseudo semiring.

i) Study questions (i) to (v) of problem (20) for this
S(T[x]).
ii)) Compare S(T[x]) with S(Z[x]) of problem 25.

Let S(D[x]) = {collection of all subsets from

D[x] = {iaixi

i=0

a; € ((Zg U K)y), +, x}, +, x} be the MOD

natural neutrosophic special quasi dual number polynomial
subset pseudo semiring.

i) Study questions (i) to (v) of problem (20) for this
S(D[x]).

il) Study S(D[x]) if (Z4, U k) is replaced by (Z;; U k); or
<Zé4 U k>[

Let S(P[x]) = {collection of all subsets from

P[x] = {iaixi

natural neutrosophic polynomial subset pseudo semiring.

a e Z, xB=1,+ x}, +, x} be the MOD
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28.

29.

i) Prove o(S(P[x])) < oo.

ii) Can S(P[x]) have MOD natural neutrosophic zero
divisors and nilpotents.

iii) Can S(P[x]) have MOD natural neutrosophic subset
idempotents? Justify!

iv) Obtain all MOD subset pseudo subsemirings which are
not ideals.

v) Obtaini all MOD subset pseudo ideals.

vi) Enumerate all special features associated with S(P[x]).

vii) Study S(P[x]) if Z,, is replaced by Z., or Z,.

Let S(W[x]) = {collection of all subsets from

Xg = 1, a; € CI(Z48)3 +a X}a +a X}

W[x] = {Zglaixi

be the MOD natural neutrosophic finite complex number
polynomial subset pseudo semiring.

Study questions (i) to (vi) of problem (27) for this S(W[x]).

Let S(V[x]s) = {collection of all subsets from

V[x] = {Zglaixi

i=0

a; € (Z1o Y g)), x!0= 1, +, x}, +, x} be the

MOD natural neutrosophic dual number coefficient subset
polynomial pseudo semiring.

i) Study questions (i) to (vi) of problem (27) for this
S(VIx]o)

il) Prove S(V[x]y) has several MOD subset zero divisors
and nilpotents.

iii) Prove S(V[x]o) has MOD subset subsemiring which are
zero square subsemiring and not pseudo

iv) Obtain any other special feature associated with
S(V[x]o).
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. Let S(B[x]3) = {collection of all subsets from

B[x]; = {iaixi

MOD natural neutrosophic special dual like number
polynomial subset pseudo semiring.

x*=1,a ¢ (Zy1 W hyy, +, x}, +, x} be the

i) Study questions (i) to (vi) of problem (27) for this
S(B[x]5).

il) Compare S(B[x];) with S(V[x]y) in problem 30.

iii) Study S(B[x]3) when (Z;; L h); is replaced by (Zss U h);
and(Z, U h),

Let S(Z[x])s = {collection of all polynomial subset from

x’=1,ai € (Z, Uk)), +, x}, +, x} be the

Z[x]s= {iaixi

MOD natural neutrosophic special quasi dual number
coefficient polynomial subset pseudo semiring.

Study questions (i) to (vi) of problem (27) for this S(Z[x]s).

x| = 1,a; € S(Zig),-i-, x}

Let S([x])s = {Zélaixi

be the MOD natural neutrosophic subset -coefficient
polynomial pseudo semiring.

i) Find o(S([x]e)).

il) Can S([x]s) have nontrivial MOD subset zero divisors
and nilpotents?

iii) Can S([x]s) have nontrivial MOD subset idempotents?

iv) Find all MOD subset pseudo subsemirings which are not
ideals of S([x]¢).

v) Find all MOD subset pseudo ideals of S([x]e)
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33.

34.

35.

36.

vi) Study this S([x]s) if S(Z},) is replaced by S(Z.,) and
s( ZiZS )

Let S([x]10) = {iaixi x''=1,a; € S(C'(Zw)), +, x}

i=0

be the MOD natural neutrosophic finite complex number
subset polynomial pseudo semiring.

Study questions (i) to (v) of problem (32) for this S([x]0).

Let S([x])40) = {iaixi ai e S(Zypu ), x"=1,+ x}

be the MOD natural neutrosophic-neutrosophic subset
polynomial pseudo semiring.

Study questions (i) to (v) of problem 32 for this S([x]4).

Let S([x]s) = {iaixi X’ =1, € S(Zis U gh), +, x}

be the MOD natural neutrosophic dual number subset
polynomial pseudo semiring.

i) Study questions (i) to (v) of problem (32) for this
S([x]a).

ii) Find all MOD zero square subsemirings.

iii) Find all MOD nilpotents and zero divisors.

iv) Compare S([x]4) with S([x]4) of problem 34.

12
Let S([x]12) = {Zaixi x?=1,a € S(Z, U h)), +, x} be
i=0

the MOD natural neutrosophic special dual like number
subset polynomial pseudo semiring.
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i) Study questions (i) to (v) of problem (32) for this

S([x]12).
il) Compare S([x];,) with S([x]4) of problem 35.

Let S([x]o) = {Zglaixi x'=1,aie S(Zy w k), +, x}

be the MOD natural neutrosophic special quasi dual number
subset polynomial pseudo semiring.

i) Study questions (i) to (v) of problem (32) for this
S([x]o).

il) Compare S([x]o) with S([x];») and S([x]s) in problem
(36) and (35) respectively.

iii) Enumerate all special features enjoyed by S([x]o).
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In this book authors introduce the notion

of MOD subset semirings and MOD subset

natural neutrosophic semirings. Further

MOD subset interval subset pseudo semirings

and its natural neutrosophic analogue is

introduced. We see these MOD subset

semirings when built on MOD intervals

are both non associative and does not

satisfy the distributive law. This book will
attract the researchers working on semirings
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