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Graphs, Networks and Natural Reality
— from Intuitive Abstracting to Theory

Linfan MAO

1. Chinese Academy of Mathematics and System Science, Beijing 100190, P.R.China
2. Academy of Mathematical Combinatorics & Applications (AMCA), Colorado, USA

E-mail: maolinfan@163.com

Abstract: In the view of modern science, a matter is nothing else but a complex network
5’, i.e., the reality of matter is characterized by complex network. However, there are no
such a mathematical theory on complex network unless local and statistical results. Could we
establish such a mathematics on complex network? The answer is affirmative, i.e., mathemat-
ical combinatorics or mathematics over topological graphs. Then, what is a graph? How does
it appears in the universe? And what is its role for understanding of the reality of matters?
The main purpose of this paper is to survey the progressing process and explains the notion
from graphs to complex network and then, abstracts mathematical elements for understand-
ing reality of matters. For example, L.Euler’s solving on the problem of Koénigsberg seven
bridges resulted in graph theory and embedding graphs in compact n-manifold, particularly,
compact 2-manifold or surface with combinatorial maps and then, complex networks with
reality of matters. We introduce 2 kinds of mathematical elements respectively on living
body or non-living body for self-adaptive systems in the universe, i.e., continuity flow and
harmonic flow 6L which are essentially elements in Banach space over graphs with operator
actions on ends of edges in graph 6 We explain how to establish mathematics on the 2
kinds of elements, i.e., vectors underling a combinatorial structure 5} by generalize a few
well-known theorems on Banach or Hilbert space and contribute mathematics on complex
networks. All of these imply that graphs expand the mathematical field, establish the foun-
dation on holding on the nature and networks are closer more to the real but without a
systematic theory. However, its generalization enables one to establish mathematics over

graphs, i.e., mathematical combinatorics on reality of matters in the universe.

Key Words: Graph, 2-cell embedding of graph, combinatorial map, complex network,

reality, mathematical element, Smarandache multispace, mathematical combinatorics.

AMS(2010): 00A69,05C21,05C25,05C30 05C82, 15A03,57M20

§1. Introduction

What is the role of mathematics to natural reality? Certainly, as the science of quantity,
mathematics is the main tool for humans understanding matters, both for the macro and the

micro in the universe. Generally, it builds a model and characterizes the behavior of a matter

1Received August 25, 2019, Accepted November 20, 2019.
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for holding on reality and then, establishes a theory, such as those shown in Fig.1.

Hypothesis
& Testing R —

This scientific method on matters in the universe is completely reflected in the solving

Induction
& Experiment — | & Deduction

Observation

Fig.1

process of L.Euler on the problem of Konigsberg seven bridges. Geographically, the city of
Konigsberg is located on both sides of Pregel River, including two large islands which were
connected to each other and the mainland by seven bridges, such as those shown in Fig.2.
The residents of Konigsberg usually wished to pass through each bridge once without repeat,
initialing at point of the mainland or islands.

KONINGSBERGA

Fig.2

However, no one traveled in such a way once. Then, a resident should how to travel for such a
walk? L.Euler solved this problem, and answered it had no solution in 1736. How did he do it?
Let A,B,C,D be the two sides and islands. Then, he abstracted this problem on (a) equivalent
to finding a traveling passing through each lines on (b) without repeating.

=

°-
B

|
a

(a) (b)
Fig.3

Clearly, such a traveling must be with the same in and out times at each point A,B,C or D.

But, (b) is not fitted with such conditions. So, there are no such a traveling in the problem on
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Konigsberg seven bridges.

Euler’s solving method on the problem of Konigsberg seven bridges finally resulted graph
theory into beings today. A graph G is an ordered 3-tuple (V, E;I), where V, E are finite sets,
V#Pand I : E — V x V. Call V the vertex set and E the edge set of G, denoted by V(QG)
and E(G), respectively. For example, two graphs K (3,3) and K5 are shown in Fig.4.

AN
e/

K(3,3) Ks

Fig.4

Usually, if (u,v) = (v,u) for Yu,v € V(G), then G is called a graph. Otherwise, it is called
a directed graph with an orientation u — v on each edge (u,v), denoted by 6

Let G1 = (Vi,Er, 1), Go = (Va, Ea,I3) be 2 graphs. If there exists a 1 — 1 mapping
¢: Vi — Vi and ¢ : By — Es such that ¢I1(e) = Ix¢(e) for Ve € E; with the convention that
d(u,v) = (¢(u), d(v)), then we say that Gy is isomorphic to G, denoted by G1 = G2 and ¢
an isomorphism between G1 and G3. Clearly, all automorphisms ¢ : V(G) — V(G) of graph G
form a group under the composition operation, and denoted by AutG the automorphism group

of graph G. A few automorphism groups of well-known graphs are listed in Table 1.

G AutG order
P, Zs 2
Chn D, 2n
K, Sn n!
Kpn(m #n) S X Sy, m!n!
Kpn S2[Sn] 2n!?
Table 1

Certainly, an edge e = uv € E(G) can be divided into two semi-arcs e,, e, such as those

shown in Fig.5.

e Divided into e
° o ivi in o €u v .
u v U v
Fig.5

Similarly, two semi-arcs e, f, are called v-incident or e-incident if u = v or e = f. Denote
all semi-arcs of a graph G by X1 (G). A 1—1 mapping £ on X1 (G) such that Ve,, f, € X1 (@),

&(ey) and &(f,) are v—incident or e—incident if e, and f, are v—incident or e—incident, is
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called a semi-arc automorphism of the graph G. Clearly, all semi-arc automorphisms of a graph
also form a group, denoted by Aut 1 G.

Certainly, graph theory studies properties of graphs. A property is nothing else but a
family of graph, i.e., & = {G1,Ga, -+ ,Gp, -} but closed under isomorphisms ¢ of graphs,
ie., G ¢ 2 if G € &. For example, hamiltonian graphs, Euler graphs and also interesting
parameters, such as those of connectivity, independent number, covering number, girth, level
number, --- of a graph.

The main purpose of this paper is to survey the progressing process and explains the notion
from graphs to complex network and then, abstracts mathematical elements for understanding
reality of matters. For example, L.Euler’s solving on the problem of Konigsberg seven bridges
resulted in graph theory and embedding graphs in compact n-manifold, particularly, compact
2-manifold or surface with combinatorial maps and then, complex networks with reality of
matters. We introduce 2 kinds of mathematical elements respectively on living or non-living
body in the universe, i.e., continuity and harmonic flows G which are essentially elements
in Banach space over graphs with operator actions on ends of edges in graph 5) We explain
how to establish mathematics on the 2 kinds of elements, i.e., vectors underling a combinatorial
structure G by generalize a few well-known theorems on Banach or Hilbert space and contribute
a mathematics on complex networks.

For terminologies and notations not mentioned here, we follow references [1],[2] and [4] for
graphs, [3] for complex network, [6] for automorphisms of graph, [24] for algebraic topology,
[25] for elementary particles and [6],[26] for Smarandache systems and multispaces.

§2. Embedding Graphs on Surfaces

2.1 Surface

A surface is a 2-dimensional compact manifold without boundary. For example, a few surfaces

are shown in Fig.6.

Sphere Torus Klein bottle
Fig.6

Clearly, the intuition imagination is difficult for determining surface of higher genus. How-

ever, T.Rado showed the following result, which is the fundamental of combinatorial topology,
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ro topological graphs on surfaces.

Theorem 2.1(T.Radé 1925,[24]) For any compact surface S, there exist a triangulation {T;,i >
1} on S.

T.Radd’s result on triangulation of surface enables one to present a surface by listing every
triangle with each side a label and a direction, i.e., the polygon representation. Then, the surface
is assembled by identifying the two sides with the same label and direction. This way results
in a polygon representation on a surface finally. For examples, the polygon representations on

surfaces in Fig.6 are shown in Fig.7.

b b
A
a / a /
a a a a
B /
b b
Sphere Torus Klein bottle
Fig.7

We know the classification theorem of surfaces following.

Theorem 2.2([24]) Any connected compact surface S is either homeomorphic to a sphere, or to
a connected sum of tori, or to a connected sum of projective planes, i.e., its surface presentation

S is elementary equivalent to one of the standard surface presentations following:

(1) The sphere S* = (alaa™");
(2) The connected sum of p tori

P
T2HT2 4. H#T? = < ai,b;,1<i<p]| Haibiai_lbi_l> ;
i=1
p

(3) The connected sum of q projective planes

q
P2#p? ... 4P% = < ai,1<i<q| Ha>
A combinatorial proof on Theorem 2.2 can be found in [6]. By definition, the FEuler
characteristic of S is
X(8) = [V(S)| = [E(S)] + [F(S)];

where V(8), E(S) and F(S) are respective the set of vertex set, edge set and face set of the

polygon representation of surface S. Then, we know the next result.
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Theorem 2.3([24]) Let S be a connected compact surface with a presentation S. Then

2, if S ~pg S2,

2—2p, if S~y T?*H#HT?# - H#T2,
p

2 —q, if S ~py P?#P%# ... #P?.

q

X(S) =

Theorem 2.3 enables one to define the genus of orientable or non-orientable surface S by
numbers p and g, respectively, and the genus of sphere is defined to be 0.

2.2 Embedding Graph

A graph G is said to be embeddable into a topological space .7 if there is a 1 — 1 continuous
mapping ¢ : G — 7 with ¢(p) # ¢(q) if p, ¢ are different points on graph G. Particularly, if
7 = R? is a Euclidean plane, we say that G is a planar graph.

A most interesting case on the embedding problem of graphs is the case of surface, which is
essentially to search the polyhedral structures on surfaces. Clearly, many results on embedding
graphs is on these surfaces with small genus. For example, embedding results on p = 0 the
sphere, p = 1 the torus, --- of orientable surfaces, or on ¢ = 1 the projective plane, ¢ = 2
the Kein bottle, --- of non-orientable surfaces. The most simple case is embedding graphs on

sphere which is equivalent to a planar graph, such as the dodecahedron shown in Fig.8.

&

Dodecahedron Planar graph
Fig.8

We have known a few criterions on planar graphs following.

Theorem 2.4(Euler,1758, [2]) Let G be a planar graph with p vertices, q edges and r faces.
Then, p—q+r =2.

Theorem 2.5(Kuratowski, 1930, [1]) A graph is planar if and only if it contains no subgraphs
homeomorphic with K5 or K(3,3).

A 2-cell embedding of G on surface S is defined to be a continuous 1-1 mapping 7 : G — S
such that each component in S\ 7(G) homeomorphic to an open 2-disk { (z,y) | 22 +y? < 1}.

Certainly, the image 7(G) is contained in the 1-skeleton of a triangulation on the surface S.
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For example, the embedding of K4 on the sphere and Klein bottle are shown in Fig.9 (a) and
(b), respectively.

U1

U2

U3 Uy

Fig.9

There is an algebraic representation for characterizing the 2-cell embedding of graphs. For
v € V(G), denote by N&(v) = {e1,e2,--- ,ey)} all the edges incident with the vertex v. A
permutation on eg, ez, -+, €y, is said to be a pure rotation and all pure rotations incident
with v is denoted by o(v). Generally, a pure rotation system of the graph G is defined to be
p(G) = {o(v)|v € V(G)} which was observed and used by Dyck in 1888, Heffter in 1891 and
then formalized by Edmonds in 1960. For example,

p(K4) = {(U1U4, uius, uluz), (u2u1, uaus, U2U4), (usul, Uzu4, u;,»uQ), (U4U1, Uguz, U4u3)},

p(K4) = {(urug, uius, urus), (ugy, ugus, usta), (ustia, ust, usuy), (Uatiy, Ugts, wsus)}

are respectively the pure rotation systems for embeddings of K4 on the sphere and Klein bottle

shown in Fig.9.

Theorem 2.6(Heffter 1891, Edmonds 1960, [4]) Every embedding of a graph G on an orientable
surface S induces a unique pure rotation system p(G). Conversely, Every pure rotation system

p(G) of a graph G induces a unique embedding of G on an orientable surface S.

Clearly, an embedding of graph G can be associated 0, 1 or 2-band respectively with
vertices, edges and face on its surface. A band decomposition is called locally orientable if each
0-band is assigned an orientation, and a 1-band is called orientation-preserving if the direction
induced on its ends by adjoining 0-bands are the same as those induced by one of the two
possible orientations of the 1-band. Otherwise, orientation-reversing. An edge e in a graph G
embedded on a surface S associated with a locally orientable band decomposition is said to be
type 0 if its corresponding 1-band is orientation-preserving and otherwise, type 1. A rotation
system p*(v) of v € V(G) to be a pair (J(v),\), where J(v) is a pure rotation system and
A: E(G) — Zsz is determined by A(e) =0 or A(e) = 1 if e is type 0 or type 1 edge, respectively.

Theorem 2.7(Ringel 1950s, Stahl 1978,[4]) Ewvery rotation system on a graph G defines a
unique locally orientable 2-cell embedding of G — S. Conversely, every 2-cell embedding of a
graph G — S defines a rotation system for G.
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A 2-cell embedding of a connected graph on surface is called map by W.T.Tutte. He
characterized embeddings by purely algebra in 1973 ([5], [26]). By his definition, an embedding
M = (X,3,P) is defined to be a basic permutation P, i.e, for any = € X, g, no integer k exists
such that P*z = az, acting on X, g, the disjoint union of quadricells Kz of x € X (the base
set), where K = {1, a, 3, a3} is the Klein group, satisfying the following two conditions:

(1) aP =P~ ta;
(2) the group ¥ ; = («, 8, P) is transitive on X, g.

Furthermore, if the group ¥; = (af,P) is transitive on X, g, then M is non-orientable.
Otherwise, orientable.

For example, the embedding (X, 3, P) of graph K4 on torus shown in Fig.10.

Fig.10
can be algebraic represented by
Xa-ﬂ = {Iay7Zvuavawaaxvayvaz7au7avaaw7ﬂxaﬂya
Bz, Bu, Bu, Bw, afz, afy, afz, afu, afv, afw},

P = (z,y,2)(afz,u,w)(abz, afu,v)(afy, afv, afw)

with vertices

v = {(z,y, 2), (az,az,ay)}, v = {(afz,u,w), (Bz, aw, au)},

U3 = {(aﬁz, aﬁu, U)a (ﬁzu av, B’U/)}a Vg = {(aﬁya CY,@U, aﬁw), (ﬁya 6w7 ﬁv)}a

edges
{eu ae, ﬁev aﬁe}, ec {‘Tv y7 Z,u,, ’U}}

and faces

fl = {(x,u,v,aﬁmaﬁx,y,aﬁv,aﬁz),(ﬁx,az,auﬁy,aw,aw,ﬁv,ﬂu)},
f2 = {(z,aﬁu,w,aﬂy),(ﬁz,ay,ﬁw,au)}.

Two embeddings M; = (X;)B,Pl) and My = (XO%)B,’PQ) are said to be isomorphic if there
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exists a bijection &
§: X — Xap

such that for Va € X} 5, a(z) = af(x),{4(x) = BE(x), EP1(x) = P2€(x). Particularly, if M; =
Ms = M, an isomorphism between M; and M, is then called an automorphism of embedding
M. Clearly, all automorphisms of a embedding M form a group, called the automorphism group
of M, denoted by AutM.

There are two main problems on embedding of graphs on surfaces following.

Problem 2.1 Let G be a graph and S a surface. Whether or not G can be embedded on S ?

This problem had been solved by Duke on orientable case in 1966, and Stahl on non-
orientable case in 1978. They obtained the result following.

Theorem 2.8(Duke 1966, Stahl 1978,[4]) Let G be a connected graph and let GR(G), CR(QG)
be the respective genus range of G on orientable or non-orientable surfaces. Then, GR(G) and

CR(G) both are unbroken interval of integers.

Theorem 2.8 bring about to determine the minimum and maximum genus v(G), va (G) of
graph G on surfaces. Among them, the most simple case is to determine the maximum genus
v (G) on non-orientable case, which was obtained by Edmonds in 1965. It is the Betti number
B(G) = |E(G)|—|V(G)|+1. The maximum genus v, (G) of G on orientable case is determined
by Xuong with the deficiency £(G), i.e., the minimum number of components in G \ T for all
spanning trees T in G in 1979. However, it is difficult for the minimum genus v(G), only a few

results on typical graphs. For example, the genus of K,, and Km,n are listed following.

Theorem 2.9(Ringel and Youngs 1968, [4]) The minimum genus of a complete graph is given

by
V(EKn) = {Ww , n>3.

Theorem 2.10(Ringel 1965, [4]) The minimum genus of a complete bipartite graph is given by

i m ) = [

Problem 2.2 Let G be a graph and S a surface. How many non-isomorphic embeddings of G
on S?

This problem is difficult, only be partially solved until today. However, the following simple
result enables one to enumerate rooted embeddings, where an embedding (X, g, P) is rooted

on an element r € X, g if r is marked beforehand.

Theorem 2.11([5],[6]) The auotmorphism group of a rooted embedding M, i.e., AutM" is

trivial.

Theorem 2.12([5],[6]) [AutM| | |X,,g] = 4e(M).
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A root 7 in an embedding M is called an i-root if it is incident to a vertex of valency 7. Two
i-roots 11,79 are transitive if there exists an automorphism 7 € AutM such that 7(ry) = ra.
Define the enumerator v(D,x) and the root polynomials (M, x), r(M(D),x) as follows:

v(D,z) = Zivixi; r(M,z) = ZT(M, i):ci,

i>1 i>1

where (M, i) denotes the number of non-transitive i-roots in M.

Theorem 2.12 enables us to get the following results by applying the enumerator and root
polynomial of M.

Theorem 2.13(Mao and Liu, [21]) The number r°(T') of non-isomorphic rooted maps on ori-

entable surfaces underlying a simple graph I is

2¢() 1T (p(v) = 1)!

veV(T)

O
F =
r(r) [Autl| ’

where £(T),p(v) denote the size of T' and the valency of the vertex v, respectively.

Theorem 2.14(Mao and Liu, [22]) The number ¥ (T') of rooted maps on non-orientable surfaces
underlying a graph T is

20O+ —2)e(0) [T (p(v) —1)!
TN (1—\) _ veV (T)

’Aut%F’

For a few well-known graphs, Theorems 2.13 and 2.14 enables us to get Table 2.

G r9(G) V(@)
P, n—1 0
Ch 1 1
K, (n —2)In1 2" _ 1) (n—2)n1
Kmn(m#n) | 2(m—1)""Yn—1)Im=1 | (2mn=m=n+2 _9)(m — 1)1~ 1(n — 1)Im~1
Kn,n (n _ 1)!277,72 (2n272n+2 _ 1)(71 _ 1)!27172
n)! n n)!
By S @ - 1)
Dp,, (n—1)! 2" —1)(n—1)!
n+k+1)(n —1)!(n —1)! m —1)(n n —1)!(n —1)!
i 2k 1)l (421 1)1 @ ) (vl (o 2k 1)l (n 20 )1
Dply'(k #1) (bt )(2 + PATAT] 2 PATAT]
Dpkk (n+2k)(n42k—1)!2 (2712F 1) (n+2k) (n+2k—1)!2
Dn T %Rz 22F Ikl
Table 2

Apply the Burnside Lemma in permutation groups, we got the numbers of unrooted maps
of complete graph K, on orientable or non-orientable surfaces by calculating the stabilizer of
each automorphism of complete maps.
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Theorem 2.15(Mao, Liu and Tian, [23]) The number n®((K,) of complete maps of order

n > 5 on orientable surfaces is

n—1

CHEET) ST DRI LA UL

n ny| _
kln  k|n,k=0(mod2) k (k)' k|(n—1),k#1 n—1
and n(Ky4) = 3.
Theorem 2.16(Mao, Liu and Tian, [23]) The number n®™ (K,) of complete maps of order
n,n > 5 on non-orientable surfaces is
1 (20¢F) — 1)(n — 2)1%
N — —

kln  k|n,k=0(mod2)

n—1

4 Z (b(k)(?ﬁ(n’k) —1)(n—2)"%

n—1
E|(n—1),k#£1
and n™ (K4) = 8, where,
Gl ) R 1(mod2); (=D -2) 1(mod2);
a(n, k) = n(nzlig) Bln, k) = (n—1)(n —3)
B i k= 0(mod2), L i k= 0(mod2).

83. Complex Networks with Reality

A network is a directed graph G associated with a non-negative integer-valued function ¢ on
edges and conserved at each vertex, which are abstracting of practical networks, for instance,
the electricity, communication and transportation networks such as those shown in Fig.11 for

the high-speed rail network in China planed a few years ago.

Harbin
Urumqi
CHINA Bejng
Shijiazhuang \Tnaniin
Golmud e Taiyuan ‘e—s Qingdao
: Jinan
o«
\, Xi'an Zhengzhou
; | » Shanghai
Chengdu Wuhan
HIGH-SPEED :
RAIL LINES Kunming
Planned ———
Existing — Nanning Guangzhou
Fig.11

Clearly, a network is nothing else but a labeled graph G* with L : E(G) — ZT. generally,
a labeled graph on a graph G = (V| E;I) is a mapping 01, : VUE — L for a label set L, denoted
by GF. If 0, : E — Qor 6y : V — 0, then G is called a vertex labeled graph or an edge labeled



12 Linfan MAO

graph, denoted by GV or GF, respectively. Otherwise, it is called a vertez-edge labeled graph.
Similarly, two networks GlLl,Gé2 are equivalent, if there is an isomorphism ¢ : G; — G2 such
that ¢(L1(x)) = La(¢(x)) for z € V(G1) U E(Ga).

It should be noted that labeled graphs are more useful in understanding matters in the
universe. For example, there is a famous story, i.e., the blind men with an elephant. In this
story, 6 blind men were be asked to determine what is an elephant looks like. The man touched
the elephant’s leg, tail, trunk, ear, belly or tusk respectively claims it’s like a pillar, a rope,
a tree branch, a hand fan, a wall or a solid pipe. Each of them insisted on his own and not

accepted others.

They then entered into an endless argument. All of you are right! A wise man explained to
them: why are you telling it differently is because each one of you touched the different part
of the elephant. What is the meaning of the wise man? He claimed nothing else but the looks
like of an elephant, i.e.,

An elephant = {4 pillars} U{l rope} U{l tree branch}
U {2 hand fans} U{l wall} U{l solid pipe}.

Usually, a thing T is identified with known characters on it at one time, and this process is
advanced gradually by ours. For example, let pq, po, -« , iy be the known and v;,7 > 1 the

unknown characters at time ¢. Then, the thing T is understood by

r- (Um) UlUwe

k>1

n
in logic and with an approximation 7° = J{u;} at time ¢, which are both Smarandache

multispace ([7],[26]). =

What is the implications of this story for understanding matters in the universe? It lies
in the situation that humans knowing matters in the universe is analogous to these blind men.
However, if the wise man were L.Euler, a mathematician he would tell these blind men that an
elephant looks like nothing else but a tree labeled by sets as shown in Fig.13, where, {a} =tusk,
{b1, b2} =ears, {c} =head, {d} =Dbelly, {e1, ea,e3,e4} =legs and { f} =tail with their intersection
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sets labeled on edges.

@)

@ c \® @
!

Fig.13

For the case of Euclidean space with dimension> 3, the intuition tells us that to embed
a graph in a of dimension is not difficult by the result following. However, it is obvious but a

universal skeleton inherited in all matters.

Theorem 3.1 A simple graph G can be rectilinear embedded, i.e., all edge are segment of

straight line in a Fuclidean space R™ with n > 3.

In fact, we can choose n district points in curve (¢, 2, t3) of Euclidean space R? on n different
values of t. Then, it can be easily show that all these straight lines are never intersecting.
Whence, it is a trivial problem on embedding graphs of R3. However, all matters are in 3-
dimensional Euclidean space in the eyes of humans, i.e., the reality of a matter in the universe

should be understanding on its 1-dimensional skeleton in the space.

Then, what is the reality of a matter? The word reality of a matter T is its state as it actually
exist, including everything that is and has been, no matter it is observable or comprehensible
by humans. How can we hold on the reality of matters? Usually, a matter T is multilateral,
i.e., Smarandache multispace or complex one and so, hold on its reality is difficult for humans
in logic, such as the meaning in the story of the blind men with an elephant.

For hold on the reality of matters, a general notion is

Abstract

Decompose . . .
— Microcosmic Particles ©— " Complex Network.

Matter

For example, the physics determine the nature of matters by subdividing a matter to an irre-
ducibly smallest detectable particle ([28]), i.e., elementary particles, which is essentially transfer

the matter to a complex network such as those meson’s and baryon’s composition by quarks.

Similarly, the basic unit of life or the basic unit of heredity are cells and genes in biology
which also enables us to get the life networks of cell or genes. This notion can be found in all
modern science with an conclusion that a matter = a complex network. Its essence of this notion
is to determine the nature of irreducibly smallest detectable units and then, holds on reality
of the matter. However, a matter can be always divided into submatters, then sub-submatters
and so on. A natural question on this notion is whether it has a terminal point or not. On the
other hand, it is a very large complex network in general. For example, the complex network of
a human body consists of 5 x 10 — —6 x 10 cells. Are we really need such a large and complex

network for the reality of matters? Certainly not! How can we hold on the reality of matters
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by such a complex network? And do we have mathematical theory on complex network? The
answer is not certain because although we have established a theory on complex network but
it is only a local theory by combination of the graphs and statistics with the help of computer
([3]), can not be used for the reality of matters.

However, we find a beacon light inspired by the traditional Chinese medicine. There are
12 meridians which completely reflects the physical condition of human body in traditional
Chinese medicine: LU, LI, ST, SP, HT, SI, BL, KI, PC, SJ, GB, LR. For example, the LI and
GB meridians are shown in Fig.14.

Fig.14

All of these 12 meridians can be classified into 3 classes following:

Class 1. Paths, including LU, LI, SP, HT, SI, KI, PC and LR meridians;
Class 2. Trees, including GB, ST and SJ meridians;
Class 3. Gluing Product of circuit with paths Cy, ) Py ) Pr,, including BL meridian.

According to the Standard China National Standard (GB 12346-90), the inherited graph
of the 12 meridians on a human body is shown in Fig.15.

STS
BL10
I IDJ U D310
A BL1g jo3s11
L GB1 |t
\\: § STI[ 1]
| ST18 -
K127 Lu1 ST
Lr14 &
P21
BLA(
- GB1j Pgo | sj1
HT9 LU11 SI1

KI1 LR1 SP1 ST45 GB44BL67

Fig.15 12 Meridian graph on a human body
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By the traditional Chinese medicine ([28]), if there exists an imbalanced acupoint on one of
the 12 meridians, this person must has illness and in turn, there must be imbalance acupoints
on the 12 meridians for a patient. Thus, finding out which acupoint on which meridian is in
imbalance with Yin more than Yang or Yang more than Yin is the main duty of a Chinese
doctor. Then, the doctor regulates the meridian by acupuncture or drugs so that the balance

on the imbalance acupoints recovers again, and then the patient recovers.

Then, what is the significance of the treatment theory in traditional Chinese medicine
to science? It implies we are not need a large complex network for holding on the body of
human. Whether or not classically mathematical elements enough for understanding complex
networks, i.e., matters in the universe? The answer is negative because all of them are local.
Then, could we establish a mathematics over elements underlying combinatorial structures? The
answer is affirmative, i.e., mathematical combinatorics discussed in this paper. Certainly, we

can introduce 2 kinds of elements respectively on living of non-living matters.

Element 1(Non-Living Body). A continuity flow G is an oriented embedded graph
N
G in a topological space . associated with a mapping L : v — L(v), (v,u) — L(v,u), 2
end-operators A7, : L(v,u) — L% (v,u) and A% : L(u,v) — L% (u,v) on a Banach space 2

over a field # such as those shown in Fig.16,

Af, L(v, At
@t g

v Fig.16 u

with L(v,u) = —L(u,v), A%, (—L(v,u)) = —LA% (v, u) for V(v,u) € E (5) and holding with
continuity equation
Z LA (v,u) = L(v) for Yo eV (6) .

)

uENg (v

Element 2(Living Body). A harmonic flow G is an oriented embedded graph G ina

—
topological space . associated with a mapping L : v — L(v) —iL(v) for v € E (G) and L :
(v,u) = L(v,u) —iL(v,u), 2 end-operators A}, : L(v,u) —iL(v,u) — LA% (v, 1) — i L% (v, 1)
and At : L(v,u) —iL(v,u) — LA% (v,u) — iLAw (v,u) on a Banach space & over a field .7

such as those shown in Fig.17,

L(u)

@Aju L(v,u) —iL(v,u) Al

v u
Fig.17

where i2 = —1, L(v,u) = —L(u,v) for ¥(v,u) € E (E’)) and holding with continuity equation

Z (LAU+u (v,u) — iLA (v, u)) = L(v) —iL(v)

uENg(v)

for Vv e V (5})
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Let ¢4 be a closed family of graphs G under the union operation and let % be a linear
space (%;+, ), or furthermore, a commutative ring, a Banach or Hilbert space (%;+, ) over a
field .. Denoted by (9%;+, ) and (%%; +, ) the respectively elements 1 and 2 form by graphs
G € 9. Then, elements 1 and 2 can be viewed as vectors underlying an embedded graph G in

space, which enable us to establish mathematics on complex networks and get results following.

Theorem 3.2([9-10,14-18]) If ¥ is a closed family of graphs G under the union operation and
P a linear space (B;+,-), then, (Yz;+,-) and (%%; +, ) with linear operators AY,, AL, for

vu?

N

Y(v,u) € E ( U G> under operations + and - form respectively a linear space, and further-
Ge¥

more, a commutative ring if B is a commutative ring (B;+,-) over a field F.

Theorem 3.3([9-10,14-18]) If ¥ is a closed family of graphs under the union operation and
P a Banach space (B;+, ), then, (Y%;+,-) and (%55; +, ) with linear operators A, At, for

VU

Y(v,u) € E< U 6) under operations + and - form respectively a Banach or Hilbert space
GeY
respect to that $ is a Banach or Hilbert space.

A few well-known results such as those of Banach theorem, closed graph theorem and
Hahn-Banach theorem are also generalized on elements 1 and 2. For example, we obtained

results following.

N — RxR"™
Theorem 3.4(Taylor, [15]) Let GL € <Gi, 1<i< n> and there ezist kth order derivative
of L tot on a domain 9 C R, where k > 1. If A}, Al are linear for V(v,u) € E (6), then
k
GL — gLt o @a’mto) I wa’ﬂ%o) to ((t )k 5’)
1! k! ’

for ¥tg € 9, where o ((t - to)fk 6) denotes such an infinitesimal term L of L that

lim L,u)k =0 for VY(v,u)eFE (6) .
t—to (t — to)

Particularly, if L(v,u) = f(t)cou, where cyy is a constant, denoted by f(t)a)LC with L¢ :
(v,u) = cpy for V(v,u) € E (6) and

(t —to)"

(t — to) f"(tO) 44 Tf(k)(tO) +o ((t - to)k) ’

2!

(t = o)
1!

f() = f(to) + f'(to) +

then

Theorem 3.5(Hahn-Banach, [19]) Let %5 be an element 2 subspace of 95 and let F : %5 —
C be a linear continuous functional on f%f@# Then, there is a linear continuous functional
F: 9% — C hold with
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(1) F(G¥) =F (GF) if G e o
@ | F] = 1#1.

For applications of elements 1 and 2 to physics and other sciences such as those of ele-
mentary particles, gravitations, ecological system, --- etc., the reader is refereed to references
[11]-[13] and [18]-[20] for details.

References

[1] J.A.Bondy and U.S.R.Murty, Graph Theory with Applications, The Macmillan Press Ltd,
1976.
[2] G.Chartrand and L.Lesniak, Graphs & Digraphs, Wadsworth, Inc., California, 1986.
[3] G.R.Chen, X.F.Wang and X.Li, Introduction to Complex Networks — Models, Structures
and Dynamics (2 Edition), Higher Education Press, Beijing, 2015.
[4] J.L.Gross and T.W.Tucker, Topological Graph Theory, John Wiley & Sons,1987.
[5] Y.P.Liu, Enumerative Theory of Maps, Kluwer Academic Publishers , Dordrecht/ Boston/
London,1999.
[6] Linfan Mao, Automorphism Groups of Maps, Surfaces and Smarandache Geometries (Sec-
ond edition), The Education Publisher Inc., USA, 2011.
[7] Linfan Mao, Smarandache Multi-Space Theory, The Education Publisher Inc., USA, 2011.
[8] Linfan Mao, Combinatorial Geometry with Applications to Field Theory, The Education
Publisher Inc., USA, 2011.
[9] Linfan Mao, Mathematics on non-mathematics - A combinatorial contribution, Interna-
tional J.Math. Combin., Vol.3(2014), 1-34.
[10] Linfan Mao, Extended Banach G-flow spaces on differential equations with applications,
Electronic J.Mathematical Analysis and Applications, Vol.3, No.2 (2015), 59-91.
[11] Linfan Mao, A new understanding of particles by G-flow interpretation of differential
equation, Progress in Physics, Vol.11(2015), 193-201.
[12] Linfan Mao, A review on natural reality with physical equation, Progress in Physics,
Vol.11(2015), 276-282.
[13] Linfan Mao, Mathematics with natural reality — Action Flows, Bull. Cal. Math.Soc., Vol.107,
6(2015), 443-474.
[14] Linfan Mao, Mathematical combinatorics with natural reality, International J.Math. Com-
bin., Vol.2(2017), 11-33.
[15] Linfan Mao, Hilbert flow spaces with operators over topological graphs, International
J.Math. Combin., Vol.4(2017), 19-45.
[16] Linfan Mao, Complex system with flows and synchronization, Bull. Cal. Math.Soc., Vol.109,
6(2017), 461-484.
[17] Linfan Mao, Mathematical 4th crisis: to reality, International J.Math. Combin., Vol.3(2018),
147-158.
[18] Linfan Mao, Harmonic flow’s dynamics on animals in microscopic level with balance re-
covery, International J.Math. Combin., Vol.1(2019), 1-44.



18

[19]
[20]
21]
[22]

23]

[27]

28]

Linfan MAO

Linfan Mao, Science’s dilemma — A review on science with applications, Progress in Physics,
Vol.15(2019), 78-85.

Linfan Mao, A new understanding on the asymmetry of matter-antimatter, Progress in
Physics, Vol.15, 3(2019), 78-85.

Linfan Mao and Yanpei Liu, On the roots on orientable embeddings of graph, Acta Math.
Scientia, 23A(3), 287-293(2003).

Linfan Mao and Yanpei Liu, Group action approach for enumerating maps on surfaces, J.
Applied Math. & Computing, Vol.13, No.1-2,201-215.

Linfan Mao,Yanpei Liu and Feng Tian, The number of complete maps on surfaces, arXiv:
math. GM/0607790. Also in L.Mao ed., Selected Papers on Mathematical Combinatorics(l),
World Academic Union, 2006, 94-118.

W.S.Massey, Algebraic topology: An introduction, Springer-Verlag, New York, etc., 1977.
Quang Ho-Kim and Pham Xuan Yem, Elementary Particles and Their Interactions, Springer-
Verlag Berlin Heidelberg, 1998.

F.Smarandache, Paradoxist Geometry, State Archives from Valcea, Rm. Valcea, Romania,
1969, and in Paradozist Mathematics, Collected Papers (Vol. II), Kishinev University
Press, Kishinev, 5-28, 1997.

W.T.Tutte, What is a map? in New Directions in the Theory of Graphs, ed. by F.Harary,
Academic Press, 1973, 309-325.

Zhichong Zhang, Comments on the Inner Canon of Emperor(Qing Dynasty, in Chinese),
Northern Literature and Art Publishing House, 2007.



Math. Combin.Book Ser. Vol.4(2019), 19-28

Some Subclasses of

Meromorphic with p-Valent ¢-Spirallike Functions

Read.S.A.Qahtan, Hamid Shamsan and S.Latha

(Department of Mathematics, Yuvaraja’s College, University of Mysore, Mysore 570005, India)

E-mail: readsaleh2015@gmail.com, hmas19771@gmail.com, drlatha@gmail.com

Abstract: In this paper, we introduce and investigate two new subclasses of the function
class ZMS(p, A, B,q) and ZMC(p, A, B, q) of g-spirallike meromorphic functions defined in

the punctured open unit disc.

Key Words: Univalent functions, meromorphic functions, meromorphic g-spirallike func-

tions.

AMS(2010): 30C45.

§1. Introduction

Let X, be the class of functions f of the form

1 o)
f(z):Z_p+ ann, (pEN:152735"')5 (1)

n=1-—p

which are analytic in the open disc E* = {z: 2z € C and 0 < |z| < 1}. Let S be the subclass of
functions in X, which are univalent in . Let P be the class of functions p given by

p(z) =1+ pn 2" (z€E), (2)
n=1
which are analytic in the open disc £ and satisfy the condition:
Ri{p(z)} >0 (z € E). (3)

If f € ¥, and satisfies

e

f(z)

then we say that f is meromorphic p-valent starlike of order 5 (0 < 3 < p) and we denote this
class by YMS(p, 5).

}>5(26E,0§6<p), (4)

1Received July 11, 2019, Accepted November 22, 2019.
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If f € 3, and satisfies

- 2f"(2) .
3%{1+ 70 }>ﬁ( € E,0< B <p), (5)

then we say that f is meromorphic p-valent convex of order [ and we denote this class by

feXMC(p,B).
A function f € ¥, is said to be A-spirallike of order 3 in the unit disk E if

—ére{e“zf/(z)} > (z€ B 0<B<p A < D)

f(2)
In [8] Jackson introduced and studied the concept of the g-derivative operator 9, as
follows 1) - F(g2)
z) — f(gqz
&If(z):z(li—q)’ (z#0, 0<g<1, 09.f(0)=f(0)). (6)

Equivalently (6) may be written as

0f () =143 [nly an 2", 20, (7)
n=2

where [n], = 1= q:. Note that as ¢ — 17, [n]y — n.

1—
Definition 1.1 A function f € ¥, is said to be meromorphic p-valent A-q-spirallike functions

of order (3 if it satisfies the following:

—%{eiAM} SB(z€E, |\< g 0<fB>peosh 0<q<1), (8)

f(2)

we denote this class by XMS(p, A, B, q).

Definition 1.2 A function f € ¥, is said to be meromorphic p-valent conver \-q-spirallike
functions of order B if it satisfies the following

N O\ 94(20,4f(2))
%{ 5] (2)

we denote this class by XMC(p, \, 5, q).

}>ﬁ(zeE,0§ﬁ<1), 9)

Remark 1.1 f e MS(p,\, 3,q) iff

() pe = (28— pe )

f(2) 1—2 ’ .
and f e MC(p,\ B,q) iff
o (0a(0uF () pe — (28— pe )z
( 0af () ) B -2 | (H)
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82. Main Results

Theorem 2.1 If the sequence {Ap 1}, defined by

Ap _ 2(B—pcosA) m = O,

p+lplg
2 0s A m—1
Apim = S (14 505 lapeel ). e,

and p € N. Then

2(8 — pcos ) H26+ [k +plg +p—2pcos A
28+ [m+plg+p—2pcosA p+[p+ kg

Apym =

)

where m € No = N \ {0}.

Proof By virtue of (12), we have

p+p+m+1Apime1 =2(8 —pcos ) <1 + ZAP+k> ,

and )
p+[p+mlgApim = 2(3 — pcos\) (1 + Z Ap+k> .
k=0
From (14) and (15), we have

Apymir 204 [m+plg+p—2pcos A

= € Ny.
Aerm p+[p+m+1]q 0
A A _ A
A = p+m ] p+m—1 p+1.A
o Ap-i-m—l Ap+m—2 Ap !
_ 28+ [m+p—1]g+p—2pcosA 28+ [plg +p—2pcosA 28 —2pcos A
p+Ip+mlg p+p+1 - p+ [Pl
_ 2(8 —pcos)) H26+ [k + pl, +p—2pcos/\( ).

28+ [m+pl, +p—2pcosA p+[p+ kg

The proof of Theorem 2.1 is completed.

As g — 17, we get the following result proved by Shi.et al. [13].

Corollary 2.1 If {Apym}, defined by

_ B—pcos A
A, = Bopeesd

Apim = % (1 + ZZ:Ol |ap+k|) , méEN,

m =0,

21

(17)

(18)
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and p € N. Then

2(8 —pcos)) H25+k—|—2p 2p cos A

Apim <
pt — 204+ m+2p— 2pcos)\ 2p+ k

)

where, m € Ng = N \ {0}.

Theorem 2.2 Let f(z) = % + 307 apim2zP™™ € MS(p,\, 3,q). Then

(o] < 2(8 —pcos)) H2ﬁ+ [k +plg+p—2pcos A
P = 98+ Im+plg+p — 2pcos A p+[p+klg

Proof Let

B+ eir 22l 4y gin A
L(z) = ON

B —pcosh (z € B, f € MS(p, ) B,4)).

We know that L € P. It follows that

e 20,f(z) = (B —pcos\) f(z)L(z) — (B — ipsin \) f(z).

Let
L(z) =141z + 12+ .

Then

(m e

No).

Zﬁ ( 2[:]9] + [p]qapzp + [P + 1](1(11)-i-12'pJr R [p + m]qap-i-mZerm + - >

1
= (8 —pcos]) (;—l—apzp—i—apﬂzpﬂ—i—---) x (1+lhiz+122+---)

o 1
— (6 — ipsin ) (Z—p b ape? + ap 127t 2T > .

We have from sides (24)

erMp+mlyapim = (B8—pcosA) (laprm + aplm + @pymlm—1
+- Faprm) — (B + ipsin N)apim.

Moreover, we know that
[l,] <2 (n € N).

From (25) and(26) we have
2(B — pcos A
lap| < ( )
p+[plg

(20)
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and
2(8 — pcos )
ap+m| < m 1+ Z |ap-+x|
with supposing p € N. We define {Apm} .o b

_ 2(B—pcos})
Ap ptlple

m = 0;
2 cos A m—1
Apm = ﬁ@%m]q) (1 + 2k—o |ap+k|) ;o m=1

Now by the mathematical induction principle we will prove that
|ptm| < Appm(m € No).

We can easily verify that

2(8 — pcosA)
lap| < Ap =
D+ [p]q
Thus, assuming that
|a’17+j| < Ap+j(j =0,1,--- ,mme NO)?

from (28)) and (32) we have
2(8 —pcosA)
lap+m1| < R PE——— T 1+ Z |aptk|

2(8 —pcosA)
<— 14 A
“ptHlp+m+1] Zl p+#
=Aptm+1 (m € No).
Therefore, by the principle of mathematical induction, we have

|aptm| < Apsm (m < No).

By means of Theorem 2.1 and (29), we know that

A B 2(8 — pcos ) H2ﬁ+ [k + plg +p—2pcos)\(m€n)
PE T 08+ [m+plg +p — 2pcos A - p+[p+ kg 0
So, from (34) and (35) we get proof of the Theorem 2.2.
As g — 17 we get the following result proved by Shi.et al. [13].
Corollary 2.2 Let f(z) = & 4+ > 0 aprm2zP ™™ € MS(p, A, 3). Then
B —pcos) 28+ k+2p —2pcos A
Ay = 2 H (m € no).

26+m+2p—2pcos)\ 2p+k

23

(28)
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From Theorem 2.2 we get the following result.

Corollary 2.3 Let f(z) = L 4+ Y07 apemzP™™ € MC(p, A, B,q). Then

m

Apn =
P [p+m](28 + [m+plg +p — 2pcosA) 11 p+[p+ K],

Theorem 2.3 Let f(z) = 4 + 307 apim2z?™™ € MS(p, A, B,q). Then

2p(8 — pcos ) H25+[k+p]q+p—2pcos/\

pcosA —2(3 — pcosA\)r <% <_emzaqf(z)) < pcos A+ 2(8 — pcos A\)r

f(2) 1+7r

1—1r

for|z|=r < L.

Proof Suppose the function ¢ defined by

peik _ (26 _ pe—i)\z)

o(z) = o

(z € E).

Let z = re"* (0 <7 < 1). We have

(8 —pcos A)r(cosd —r)
1472 —2rcosd '

R {6(2)} = peos A — 2

Let 2(8 —pcosN)r(t —r)

1472 =277

©(T) =pcos A — (1 = cos ).

Then
 =2r(B—pcosA)[(1 + 72 = 27r) — r[2r]o(T — 7)] )

Dup(r) = (1472 —2¢r7)(1 472 — 2r7)

This means that

2(8 —pcosA)r <
1-7r -

2(8 —pcosA)r

R(p(2)) <pcosA+ T

PCOSA —

which is equivalent to

pcos A —2(8 —pcosA\)r

<R{p(2)} <

1—r 1+7r

We know that
oA 204 f(2)

f(z)
and ¢(z) is univalent in F, this is prove the inequality (38).

=< #(2)

As g — 17 we get the following result proved by Shi.et al. [13].

pcos A+ 2(8 — pcos A)r

(37)



Some Subclasses of Meromorphic with p-Valent q-Spirallike Functions 25

Corollary 2.4 Let f(z) = & 4+ >0 aprm2zP ™™ € MS(p, A, 3). Then

— — . / —
pcos A — 2(8 — pcos A)r <q (e z2f'(2) < pcos A+ 2(8 pcos)\)r, (45)
1—r f(2) 1+
for|z|=r < L.
Corollary 2.5 Let f(z) = & 4+ > 07 aprm2zP ™™ € MC(p, A, B,q). Then
pcos A —2(3 — pcos \)r <% <—eM (?q(zaqf(z))> < pcos A+ 2(3 — pcos\)r (46)
1—r g f(2) 1+

for|z|=r < L.

Theorem 2.4 If f € ¥, satisfies

g Y (I[nlge™ + 7]+ [nlge™ + 26 =) lan| < |[plge™ = 208+ ¢7] = [[plee™ — a7 (47)
n=1—p
for some real \, B and v (0 < v < pcos]), then f € MS(p, A, 5,q)
Proof To prove f € MS(p, A, 3,q), it suffices to show that

ix 204 f(2)
e T

. <1(z€ E,0<~v<pcosA). (48)
erZlE) 4 (23— )
From (47), we know that
Plee™ =208+ av| +a > |[nlge™ +28—7]lan|l > |[plee™ — 7]
n=1-—p

+q Y lnlge™ +llan| > 0. (49)

n=1-—p

Now, by the maximum modulus principle, we deduce from (1) and (49) that
— g;g” Ty || e (G ) + YT ane”
ix20qf(z N i —[plq n o0 n
R Oh f() (26 ’Y) 6)\( qzP +En 1- p[ ]qanz )+(26_7) (ZLP_FZn:l—panZ )
(_[p]qev\ +q7) + QZle_p([n]qeiA +7)anz"
(—=[plge™ +2¢8 — qv) + ¢ >0, ([n]ge™ + 28 — y)anz"
Plae™ — vl + 03252, lInlge™ +7llan]
I[Plge™ = 248 + 7] — a 32521, [Inlge™ + 26 — 7llan|
<I.

This completes the proof. O
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As g — 17 we get the following result proved by Shi.et al.[13].
Corollary 2.6 If f € ¥, satisfies the

> (Ine™ + 9]+ Ine™ + 28 — ] |an| < [pe™ — 28+ 7] — |pe™ — 4| (51)
n=1—p

for some real A\, 3 and v (0 <~ <pcos]), then f € MC(p,\, 3).

Corollary 2.7 If f € " @, satisfies the

g Y lnlgl (Il)ge™ + 71+ |[nlge™ + 28 =) lanl < [plq (I[plge™ — 248+ ¢
n=1-—p

— |[plge™ — q7l) (52)

for some real A\, 3 and v (0 <y < pcos)), then f € MC(p,\,3,q).

Lemma 2.1([7]) If |¢| attains its mazimum value on the circle |z] = r < 1 at zo and ¢ is a

nonconstant reqular function in E then

ZQ¢/(20) = k(b(Zo), k>1, k€ R.

Theorem 2.5 If f € ¥, satisfies

flz) | 2f(2)0f(z)  20,f(2)|  B-p
f(gz) " f(qz)0qf(2) f(qz) < 20 (53)

for some real 8 > p, than f € MS(p,0,8,q).

Proof Define the function ¢ by

204 f(2)
2ZqJ %) +p
QO(Z) = O /)

z € L). 54
Gy ) (54

Note that ¢ is analytic in E and ¢(0) = 0. From (54), we have

20,/ (2) _ —p+ (28— p)p(2)
7(2) 1—p(z)

(55)

Taking g-differentiating of (55) logarithmically, we get

f() | HEORE)  200() (1= pE@)E-noelz) | el

f(gz) * F@2)0,f(z)  flaz) — (—p+ (2B —p)p(2))(1 —p(g2)) = (1 - ¢(qz))
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From (53) and (56), we get that

f(z) n 2f(2)03f(2) 20, (2)
flgz) ~ f(g2)0,f(2)  f(qz)

’ 2(8 = p)9gp(2) _B-p
[P+ (28 —p)p(2)](1 — ¢(g2)) 20

Consider zg € E such that

max [p(2)] = [p(20)| = 1.
|21<] o]

By Lemma 2.1, let ¢(20) = €' and 209,¢(z0) = Le® (L > 1). For such a point zy, we have
that

f(20) N 20.f(20)0; f(20) 2004 f (20)
flazo) ~ f(az0)9qf(20) f(qzo)

_ ’ 2(8 —p)Le”
[—p+ (28 — ple](1 — ™) (58)
_ 2(8-p)L
VP2 + (28 — p)? — 2p(28 — p) cos ¥4/2(1 — cos V)
L0
=735

This contradicts our condition (53). Therefore ,there is no zgp € F such that |p(29)| = 1. This
implies that |p(z)| < 1 (z € E*), that is,

20, 1(2)
j& TP

204 f(z
jq(];() L+ (28-p)

<1, (€ E)

thus, we conclude that f € MS(p,0,0,q). ]

As g — 17 we get the following result proved by Shi.et al. [13].

Corollary 2.8 If f € ¥, satisfies

) )| B—p
YR TR | T 28 (59)

for some real 8 > p, than f € MS(p,0,0).
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Abstract: Deriving closed formulae of the number of spanning trees for various graphs has
attracted the attention of a lot of researchers. In this paper we derive simple and explicit
formulas for the number of spanning trees in many classes of circulant graphs using the
properties of Chebyshev polynomials. Deriving closed formulae of the number of spanning
trees for various graphs has attracted the attention of a lot of researchers. In this paper
we derive simple and explicit formulas for the number of spanning trees in many classes of

circulant graphs using the properties of Chebyshev polynomials.
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§1. Introduction

The number of spanning trees 7(G) in a graph G (networks) is an important invariant. We
call 7(G) the complexity of G. The evaluation of this number is not only interesting from a
mathematical (computational) perspective, but also, it is an important measure of reliability of
a network and designing electrical circuits. Some computationally hard problems such as the
travelling salesman problem can be solved approximately by using spanning trees. In this work
we consider finite undirected graph with no loops or multiple edges. Let G be such a graph of
n vertices. A spanning tree for a graph G is a subgraph of G that is a tree and contains all
vertices of 7(G). The number of spanning trees of G, is the total number of distinct spanning
subgraphs of G that are trees. A classic result of Kirchhoff [?] can be used to determine the
number 7(G) for G(V, E). Let V = {v1,vq,- -+ ,v,}. The Kirchhoff matrix H is defined as n xn
characteristic matrix H = D — A, where D is the diagonal matrix of the degrees of G and A is

the adjacency matrix of G. Then the matrix H — [a;;] is defined as follows:
(1) aij, when v; and v; are adjacent and i # j;
(79) asj, is equal to the degree of vertex v; if i = j;

(#4i) a;; = 0, otherwise. All of co-factors of H are equal to 7(G).

1Received April 25, 2019, Accepted November 23, 2019.
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There are more than one method for calculating 7(G). Let pq > pg > -+ - > p, denote the
eigenvalues of matrix of a p point graph. It can be easily shown that p, = 0. Kelmans and
Chelnokov [2] proved that The formula for the number of spanning trees in a d-regular graph

can be expressed as

1
(@) == [ TT@- m)]
Pri5
where po = d, 1, pl2, -+, php—1 are the eigenvalues of the corresponding adjacency matrix of

the graph. Many works have conceived techniques to derive the number of spanning tree of a
graph can be found at [3-12]. The circulant graphs are an important class of graphs. Among

other applications, they are used in the design of local area networks, see [13-19].

Let 1<a; <ay<az3<---<ap <7, wherenanda;(i =1,2,...,k) are positive integers.
An undirected circulant graph C,, (a1, as,as, -+ ,ax) is a regular graph whose set of vertices is
V ={0,1,2,[dots,n—1} and whose set of edges is E = {i,i+a;(modn)/i =0,1,2,--- ,n—1,j =
1,2,---  k}. If ap < %, then Cy(a1,a2,as3, - ,ax) is a 2k-regular graph; if ap = % , then it
is a 2k — 1-regular one, see Nikolopoulos [20] and Papadopoulos [21]. The well known formula
7(Cn(1,2)) = nF2, where F, is the n'" Fibonacci number, see Kleiman, and Golden [22]. We
have obtained another proof for this formula in Theorem 3.3. The formulas of 7(Cay,(1,n)),
7(C5,(1,n)), 7(Cyn(1,n)) can be found in Yuanping, et. al.[23].

§2. Chebyshev Polynomial

In this section we introduce some relations concerning Chebyshev polynomials of the first and
second kind which we use it in our computations. We begin from their definitions, see Yuanping,
et. al.[24]. Let A, (z) be n x n matrix such that:

2 -1 0

-1 2z -1

Ap(z) = o . . .0

2c —1

0 -1 22

where all other elements are zeros.

Further, we recall that the Chebyshev polynomials of the first kind are defined by:
T, (x) = cos(n arccos). (1)

The Chebyshev polynomials of the second kind are defined by

1d

(2) sin(n arccos)
= - r) = —=.
ndz " sin(arccos)

Un—l (ac)
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It is easily verified that
Un(z) — 22Uy, _1(x) + Up—2(z) = 0. (3)

It can then be shown from this recursion that by expanding one gets
Un(z) = det(An(z)), n>1. (4)

Furthermore by using standard methods for solving the recursion (3), one obtains the

explicit formula

Un(x)

2\/352—[( VPR ) (@ x2_1)"+1}, 0>, (5)

where the identity is true for all complex (except at x = +1 , where the function can be taken

as the limit). The definition of easily yields its zeros and it can therefore be verified that

Up_i(z) =271 [ 1:[ (x — cos %)} (6)
j=1
One further notes that
Un—1(=2) = (=1)""Un-1(2). (7)

These two results yield another formula for U, ()

U2 (z) = 4n [h(ﬁ — cos? %) . (8)

Finally, a simple manipulation of the above formula yields the following formula (9), which

is extremely useful to us latter:

[ﬁd( xIQ)z{TT@—2my%ﬂ 9)

Furthermore, one can show that

Uy _y(z) = ﬁ[ -
and
Tn(z)

(z+Va2—1)"+ (z— Va2 -1)"|. (11)

N)I)—l

83. Main Results

In our main results, i.e., Theorems 3.1 - 3.6 we use the following conclusion.

Lemma 3.1([25]) The Kirchhoff matriz of the circulant graph C,(s1,S2,83, - ,8k) has n
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. i Ceri —sid Cspi 2mj
etgenvalues, namely: 0 and the value 2k —e™%1 — ... —g7%%] — 751 — ... —¢7%J yithe = en

forany j={1,2,--- ,n—1}

Corollary 3.2 For the circulant graph Cy(s1, 82,83, ,Sk),
1 _nfl
T(Cn (51,582,838, - ,8,) = — (2k —e™"V e — g gk
n
j=1

Il
SRR
3
L
PR
\'M?r
o
|
[N}
o
@]
0w
<
3|&
S~—
~

Proof The proof follows immediately from Lemma 3.1. |

Theorem 3.3 For the spanning trees of Ch2, with three jumps 1,2n,3n , we have:

7(Ci2n(1,2n,3n)) = 1—7; <\/Z+\/§>4n+<\/2—\/§>4n—1 2
X :<\/Z+\/§>2n+<\/2—\/§>2n+1 2
w8 (5]

g [(ve) s (ve) T

2n 2n 2
o [11 N \/7 e \f .
12 4 4 4 4
Proof Let e = etsn . Applying Lemma 3.1, we have
| 12t
7(Ci2n(n,2n,3n)) = — (6—c7 —e™® — 73 gl — g2 _ 5)
12n -
j=1
12n—1 . . .
1 27j 4min 6mjn
= —— 6 — 2cos —2 — 2cos —— — 2 cos —2—
o 11 ( Con TP o T T 10y
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1 12n—1 2 7
= = 6—2cos ) _9¢
12n‘H,< Coslz 3>
Jj=1,2{j

12n—1 . . .
2
X.ll_[zl, 6—2cos—1;i—2cosﬁ—;—2cos%)
j=1,2|j

1 12n—1 2 7
S 6—2cos ) _9¢
o 11 ( 1o 3>

j=1

12n—1 ;
"6 — 2cos 2L —2005——2(305”
% ][ oo 3 P

6 — 2 cos 2”7 —2cos Z ?

If we put 7 = 2’ in the second term for some integer j' we get

| 12not 9 i
Chon(n,2n,3n)) = — 6—2cos =) _9¢
7(Ci2n(n, 20, 3n0)) o Jl;[l ( (30812 3)
6n=l 6 9cos 2”7 —2cos 2% — 2cosTj
X H 3 J
6 — 2 cos 26” 2 cos ”33
12n—1 . 12n—1 .
1 2mj 2mj
= — 5 —2cos — H 4 — 2cos —=
o < 12 > < 12 >
" =ttt " =258 "
12n—1 o 12n—1 o
X H (8—2(308—) H (7—2(308—)
12 12
7=1,2|3,313 " 7=1,2|3,313 "
6n—1 6n—1
. I1 _ (8 —2cos 26” 2cos 27;7) _ I1 . (4 —2cos 267” 2 cos 2;”)
J=1,24j J=1,24j
X 6n—1
j]:[l (6 — 2cos 267” 2 cos 7733)
Thus,
12n—1 N 2n—1 27 27j
1 2mj (5—2cos3) (4 —2cos TY)
7(Cian(n,2n,3n = — 5—2cos —= n
(Crzn ) 12n 1:[ ( 12”) 1:[ (8—2cos 2”) (7—2cos Qﬂ)
Jj=1 =1 2n
ﬁﬁl 8 — 2cos 26” 4ﬁ1 7 — 2cos 247”
X 27 27yj
j:15—2cos an 7.215—2(30543
6n—1 3n—1 4
_Hl (8 2 cos 27” — 2cos 2?) _Hl (4 2 cos 27” — 2cos ;”)
j= j=
6n—1 . 3n—1 '
[T (6—2cos 267” 2cos ) [ (8—2cos 237” 2cos 4;”)

Jj=1 Jj=1
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So, we get that

T(Ch2n(n, 2n,3n)) Ton

12n—1 2n—1 2 2mj
1 275 (5—2cos ZL) (4 —2cos 2L)
— II (5-2cos22) ] _
2 1 ( oo ) 44 (8 2cos 2) (7~ 2c0s 3

6n—1 dn—1
8 — 20052” v b7 2cos

In
x H 5—20052” H 5—2(30824”

Jj=1 6n j=1
6n—1 6n—1 .
H (9— 2005267”).]_[ ‘(6—200526%)
7=1,3|j j=1,3]j
6n—1 . 6n—1 .
. 11 _(7—2cos26%) . 11 _(4—2cos26%)
J=1,3]j J=1,3]j
3n—1 .
1_[1 (6 —2cos 237” 4 cos? %)
j=
3n—1 L)
'H1 (10 — 2 cos ZL — 4 cos? 222
j=
ie.,
12n—1 2n—1 27 27
1 27j (5—2cos ZL) (4 —2cos 2)
7(Ciz2n(n,2n,3n)) = — H <5 — 2cos —> H 5] 2
12n -4 12n) 5 (8 —2cos F) (7 —2cos 57)
Gﬁl 8 —2cos 2L 4ﬁ1 7 —2cos 2L
X .
5 — 2cos 26” Ll 5 9cos 2
n  j=1 4n
6n—1 . 6n—1 27
9 — 2 cos 284 w
jl;Il ( 671) jl;ll (9—2(:05 26—])
6n—1 6n—1 (4 5.0 2ﬂ)
7 — 2cos 2” (76,,"]
jl;ll ( ) jl;ll (7—2(:05 26—)
3n—1 3n—1
[T (5-2cosZZ) I (2—2cosZ)
Jj=1,3|j Jj=1,3|j
3n—1 3n—1
[T (9—2cos 23”) [T (6—2cos 23”)
Jj=1,3lj Jj=1,3lj
Furthermore,
12n—1 .\ 2n—1 27 2
1 27 (5—2cos3) (4 —2cos 3Y)
7(C1r2n(n,2n,3n = — 5 —2cos —=
(Crzn( ) 12n H < 12n> U (8 —2cos3) (7T —2cos 32)
j=1 7j=1 2 2

6n—1 dn—1
Pl R 2cos 2 Al 7 9 cog 20

6n an
. H 5 — 2cos 284 H

2mj
Jj=1 6n j=1

5 —2cos I
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6n—1 2n—1 j
9 — 2cos 2” (6200 ) i )

jl;ll ( ) jl;ll (9_2C°S2GTJ)
6n—1 2n—1 2mj
27.-J (4—2cos6—)

j];[l (7 2 cos ) j];[l 7(772(;05%:1)
3n—1 3n—1 2.9 275
1 G-2c05) 1T e
D

3n—1 3

(
Jj=1 j=1 (
(
(

1:[ (9_2COS%) 1:[ 9— 200523&
j=1 Jj=1 sn
We get that
12n—1 .\ 2n—1 27 2mj
1 27y (5—2(30827)(4—2(3082—‘7
7(C12n(n,2n,3n = — 5 —2cos —= n n
(Ciza( ) 12n I:I ( 12n> 1:[ (8—2(30327”)(7—2608m
Jj=1 j=1 2 2n
y 6ﬁ1 8 — 2cos 22 4ﬁ1 7 —2cos 32
2m 27j
el 2c056—nJ el 2cos T
6n—1 2n—1 27
i (6—2(:05 TJ)
71;[1 (9 2 cos 6n =L ) jl;[l (9—2 cos 22%)
6n—1 2n—1 2mj
7 — 9cos 27j (472 cos ?)
jl;Il ( 6n ) jl;ll (7—2 cos 264)
3n—1 n—1 27
_ 2mj (2—2 cos J)
71;[1 (5 2 cos 3 ) 71;[1 (572 cos 2%)
3n—1 n—1 27j
9 2COS 271.7 (672005 T)
jl;ll ( ) i1 (9—2 cos 2711)
Thus,

7(Ci2n(n, 2n,3n)) L « U2 ( 7) y U22n71 (\/Z) X U22n,1 (\/g)

35

which implies that

7 3 an = 3 4n 2
n
7(Cizn(n,2n,30) = 5 < i 1) +(\/;‘ 1) !
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() ()]
B BT

Bl s (-

[ ()

where (6), (8) , (9) and (10) are used to derive the last two steps.

Theorem 3.4 For the spanning trees of Cg, with three jumps 1,3n,6n, we have

7(Chan(1,3n,6n)) = ?ZT" <\/§+\/g> <\/j—f>
Sz (2 )]

2mi

Proof Let e = eizn. Applying Lemma 3.1, we have

12n—1
1 , 4 , . , ,
7(Ci2n(1,3n,6n)) = m (6 —e T g mOnd o 3nd 56"3)
12n—1 ) )
1 67Tjn 1275n
= — 6 —2cos —= —2c¢ -2
12n 11 ( COS 120~ T12n )
] 12n-t i
= Ton (6 2cos——2 87—2(3087'(‘])
Jj=1
12n—1 .\ 12n—1
1 27y 27mj mJ
= — 8 —2cos —= 4—2cos—= —2c¢ .
12n ( C0812n)‘H,< Cosu 2>
J=1,2tj J=1,2j

Whence,

271'j) 6h1 4 — 2cos f;” 2 cos %

12n—1
7(Ci2n(1,3n,6n — 8 — 2cos —=
(Crzn( ) 12n ket < 12n S _ 2cos 27rJ

12n—1

1 ,_1:[1 (8 2 cos f;”) 6n—1 ori\ 6zl o
= o 6Jn_71 X H (6—2cos6—J) H (6—2cos6—J).
8 — 2cos 20 J=1,2fj i=1,2]3
COTL( ) " "

j=1
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Thus,
12n—1 -
) 1:[1 (8 — 2cos m) 61 o
7(Ch2,(1,3n,6n)) = o GF - H (6 — 2cos 6—>
n Sn— . n
(8 — 2cos 26%) Jj=1
j=1
6n—1 2Q7q
2 — 2cos Z&L
x H 6—2 267:7'
=1 — COSG_n
12n—1 o
1_[ (8—2cos ﬁ) 61 .
1 =1 2mj
= 1oy 61 . 6—2(3056—n
11 (8—2(308%) j=1

Jj=1
3n—1 27j

2—2cos 3¢

X II — on
PLY

jo1 06— 2cos gy

which implies that,

T(Clgn(l, 3n, 6”))

ie.,

3

7(Cian(1,3n,6n)) = 3? (\/ng\/g)ﬁ"Jr(\/g_\/g)% 2
X%Tn{(ﬁ“)gu(ﬁ_l)?’"r,

where (6), (8) , (9) and (10) are used to derive the last two steps.

Theorem 3.5 For the spanning trees of Ch2, with three jumps 1,3n,4n , we have:

7(Ci2n(1,3n,4n)) = % (\/g+\/§>4n+<\/g—\/§>4n—l 2
[ ]
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[y 8-

x (\/§+ 1)n+ (\/5— 1)”]2

[y

Proof Let e = elsn . Applying Lemma 3.1, we have

12n—1
1 . , o 4
7(C12n/(1, 3n,4n)) — I I (6 —e T T g g 8 64"7)

12n -
j=1

12n—1
1 2rj 2
= — 6 2c0s 2 _2c0s T _ ¢
12n 71;[1 ( “Ton 2 3 )

12n-1

1 21y ]
= — 6 2c0s 20 _9¢
o 11 ( “Ton 3)

J=1,2tj

12n—1 . . .
2

X H | (6—2cos% —2COS7T—?;] —2cos%)

Jj=1,2|j

12n—1
1 21y 7Tj

= — 6—2 — —2c¢

12n 1;[1 ( o8 12n °73 )

Gﬁl 6 — 2cos 2L — 2cosmj — 2 cos
X

6 — 2 cos 26” — 2cos 4’;7

1 12n—1 27‘(] 12n—1 27‘(]
N 7 — 2cos 2 4—92cos L
12n 11 < Cosl2n> 11 < Cosl2n>

J=1,3tj Jj=13lj

amj
3

6n—1 ) ;
17 8 —2cos 2” —2cosmj — 2cos? 251
Tl .

3

6n—1 9 o

= 2mj 2 2mj
j=1 H 8 —2cos T2 —2cos? 2

Thus,

12n—1 4n—1 27\—

1 2 4 —2cos 72
7(012”(17 3n7 4”)) = — <7 2 cos ﬂ) H 72727”
j=1 j=1 COS 7,

. 6n—1 . .
11 (10 2cosz7” 40052273”).11_[2‘.(6—200526%7—400522%7)
J
—1

6 ,
[T (7—2cos2Z) (4 — 2cos 22)

. P . . P . 6
J=1,31j j=1,3]j
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We therefore get that

12n—1 4n—1 2mj
1 2mj 4—2cos L
Ci2n(1,3n,4 = — 7—2cos —= T
7(Cr2n(1,3n,4n)) 1on 31;[1 ( “OS Ton ) 71;[1 7 — 2cos 24’”
6n—1 . . 3n—1 27r] 2 27rj
2 2 6—2 —4
Hl (10 — 2 cos T2 — 4cos® %2) .Hl 10— 2C:oss oo I5 7
j= J=
X 6n—1 2mj 2021y 9o 210
2n
I (7—2cos G 11 75072
_]71 ]71 2n
ie.,
12n—1 .\ 4n—1 2m
1 271'] 4 — 2 cos 4J
m(Craa(1,3n,4m) = o ] <7—2‘3°Sm) FHl 7—2c0s 22
T (90— 2cos258) T[] (6~ 2cos 22
_ (- cosﬁ—n).H‘( — 2cos )
j=1,3tj J=1,3|j
6n—1 2n—1 2mj
2 4—2cos T2
il (7~ 2cos F2) jljl T 2o0s 22
i (5 — 2 cos 2 " (-2 2
_ (5= 2cos 3 ) H ( CO8 )
J=1,3tj =1 |
6n—1 . 6n— ,
[T (9—2cos2) H (6 —2cos 22)
7=1,3tj 7=1,3j
which implies that
12n—1 .\ 4n— 27j
1 o] Y4 —2cos T
Cion(1,3n,4n)) = — 7-2 Y
T( 1277,( ) O, TL)) 12n ;l;]]; ( cos 12n ) H 7 — 2cos 27”
6n—1 6n—1 2mj
_ 27 6—2cos F-
. jl;ll (9 2cos 6n ) jl;Il 9—2cos 227:5
67ﬁ1 (7 9 2mj 2n-1 4—2 cos 22%
[T (7—2cos ) T1 7502
ol j=1 2n
3n—1 3n—1 2mi
2] 7—2cos
I (5-2e053) 11 55003
X = .
37ﬁ1 (9 92 cos 27"]) nﬁl 6—2cos 27
1 3 =1 9—2(:0527%

Thus,

s (VE) s (3)
R 7t (v3)
o (V) <t (3)

U2

7(012n(1,3n,4n)) =
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X

Un_ 1(\f)><U3n 1(%)
(7

We have

T(Olzn(l, 3n, 4n))

(V8 ) ()]
[ ()
(53 (-]

x [(\/5+ 1)n+ (\/5— 1)”}2

[ ]

where (6), (8) , (9) and (10) are used to derive the last two steps.

Theorem 3.6 For the spanning trees of Cho, with three jumps 1,2n,3n,6n , we have

s = §{(E) (-]
() ()
[
(5™
<[(vE+1)"+ (va-) T
(5

R ()
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2mi

Proof Let e = eizn. Applying Lemma 3.1, we get the required result. O

Theorem 3.7 For the spanning trees of Cho, with four jumps 1,2n,3n,4n, we have

BB (D)
WD (D)

x :(\/§+1)n+(\/§—1) }

27i

Proof Let € = eT2n. Applying Lemma 3.1, we have

7(C12n/(1,2n,3n,4n))

12n—1
_ | | (8 —eI 6—211] _ E—Sn] _ 6—471_] S 6271_] _ 83 84117)
12n oty
12n—1 . .
1 2min 6mjn 87Tjn
= — — =2 —— =2
12n H ( 120 P T12n T T 10,

m
,_.

12n—1 27r'
(8 2COS?—2COS7—2 j)

j=1 3
12n—1 .
1 271’]
zm H (8 2COS?—2C087—2 3 )
J=1,24j
12n—1 ) . o
X H( —2cos?—2c057j—2c STJ)
Jj=1,2|j
12n—1 . .
1 2
—m 1;[1 (8 2COS?—2COS7]—2C s%j)
6n—1 27mj
H 8 —2cos XL 3 2cos7—2cos 33
27mj 27j 47y
=1 8 — 2 cos 63 2 cos 33 2 cos 37

Thus,

12n— . .
1 27mj
7(Ci2n(1,2n,3n,4n)) = — H ( —2005% —2c ﬂ)

=13
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12n—1

7Tj
X H (6 2cos— —2c >

Jj=1,3|j 12n 3

6n—1 .

1:[1 (10 — 2 cos 2” — 2cos 2’3” 4(30522% — 2cosmj)

x = 6n—1 ’
_Hl (10—2(305 275 _ 9 cos 2;” 4 cos? 2%)
J:
ie.,
1 At orj T
7(Ci2n(1,2n,3n,4n)) = Ton H (9—2(305%—2(305?)
=
4ﬁ16 2cosm 2COS%j
ol 9 — 2cos 24” 2 cos 7;]
6n—1 .
1:[1 (10 - 20052” 2(30527;3 460822%—2cos7rj)
X = 6n—1
Hl (10 2 cos 2” — 2cos 2;” 4 cos? 2%)
j=
We get that
1 et 27 i
Chon(1,2n,3n,4n)) = —— 9—2cos 2 _9¢os
7(C12n/(1,2n,3n,4n)) Ton 31;[1 ( €08 1o cos 3>

4n—1 i i
Y6 —2cos ZEL — 2cos L

X II 4n 3
9 — 2cos 2% — 9 cos &L

4n 3

=1
6n—1 9 9 o
[T (12—2cos 3 2% _ 2 cos 73” 4cos? 232)
J=1,24j
X
6n—1 o
[T (10 —2cos32)
n
J=13tj
Bt 2 2 2
[T (8—2cosZ —2cos 3L —4cos? 222)
‘ 6n 3 3
XJ:L?\J
6n—1 5 ’
2mj
H (4 —2cos )
J=1,3lj

which implies that

12n—1

. 12n—1 .
1 2 2
7(Cian(1,20,30,40)) = — ][] (8—2c0s ﬂ) T (7-2cos ﬂ)

12n - 12n ) - 12n
J=1,217,3{j Jj=1,215,3|j
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12n—1 27 12n—1 27
X H <11—2cos—> H <10—2cos—>
12 12
J=1,217,315 " =128 "
4n—1 o 4n—1 omi
_ 11 .(8—2(305 2 _ 11 .(4—20054—;)
Jj=1,2{j J=1,2|j
4n—1 4n—1
[T (11—2cos22) ] (7—2cos2™)
J=1,2tj j=1,2[j
6n—1 9 9 o
Hl ( 2 — 2 cos 67;7 — 2cos gJ — 4 cos? %)
j=
X 6n—1 9
Hl (10 2 cos 6’”)
Jj=
6n—1 8—2cos 2Fn 2cos—74cos 273
1;[1 12—2cos 2 —2co s—'—4c s2 270
X
Gﬁl 4—2cos 26’;]'
j 10=2cos 2n
Thus,
| 1201 27
7'(01271(172”,37%4”)) = Ton Jl;[l (8 — 2cos m)
12n—1

H (8 2 cos 2”) (7 2 cos 27”)

45 (11— 2cos 222 (10 — 2 cos 251
12"1_[_110—2cosm] 12"1_[_111_2COSm

_ 2nj 27j
o1 8- 2cosqy, o1 8- 2cosqgy
An—1 4An—1 275

_ 27 4—2cos
H (8 2 cos 4an ) H 8—2cos 271
j=1 = 4
4n—1 4n—1 27
. 27 7—2cos T~
.H (11 2 c0s 7, ) H 11-2 cos 272
J=1 = "
6n—1 9 9 o
[T (12—2cos ” — 2cos ;” 4 cos? %)
Jj=1
X 6n—1 i
_ uwi
Hl (10 2 cos Gn)
J=
Gﬁl 8—2cos 2” —2cos 2T 4 cos? 2%
: 12—2 cos 2’” —2cos m_4 cos? 271
x 2= -
6n—1

. 2mj
1—[ 4—2cos GTZLJ
J

, 27
—1 10—2 cos F2

We get that
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| 12ne o
T(CIQn(172n73n74n)) = m Jl;[l (8 — 2cos m)
><12ﬁ1 (8 2 cos 2”) (7 2 cos f;”)
ol (11 — 2cos fgfl) (10 2 cos fgfl)
12n—1

10— 2¢ 27 12n— 1

2mj
OS
% | | - v 12n

H — 2cos 90
'8 —2cos 2T
j=1

— 2mj
Ton 1 8 — 2cos 155

4n—1 4n—1 2mj

_ 2mj 4—2cos -

H (8 2COS 4an ) H 8—2cos 27

j=1 j=1 4an
4n—1

4n—1 2mj
27 7T—2cos L
[1 (11-2cos2¥) [] ———tar
— ]
=1 j=1 11—2cos
6n—1 9 9 5
[T (12— 2cos X 2m3 2 cos gﬂ 4 cos? gj)
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X 6n—1 9
2mj
H (10 2 cos )
j=1
2n—1 8—2cos ¥72cos m74c082 2%
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(e ) ()]
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(i) - (505)
() s (20T,

where (6), (8), (9) and (10) are used to derive the last two steps. O

Theorem 3.8 For the spanning trees of Cg, with four jumps 1,3n,4n,6n, we have

H(Cran(1.3n.4n,6)) = = (Ewg) (ﬁ_f> o
[0 ()
LRy

e
[

Proof Let e = el Apply Lemma 3.1, we get the required result. O

Theorem 3.9 For the spanning trees of Cg, with four jumps 1,2n,3n,4n, 6n, we have

7(Ci2n(1,2n,3n,4n,6n)) = 3 [(\/—+1) (\/5—1)”}2

<[(vEevB) s (ve-ve) ]

[0 )
IR
[ 5-5]

—_

1\9\]
%

l\D\]
ﬁ
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[5 ]

Proof Let € = e12n. Applying Lemma 3.1, We get the required result. |

Conclusions

The number of spanning trees in graphs (networks) is an important invariant. The evaluation

of this number is not only interesting from a mathematical (computational) perspective, but

also, it is an important measure of reliability of a network and designing electrical circuits.

Some computationally hard problems such as the travelling salesman problem can be solved

approximately by using spanning trees. Due to the high dependence of the network design and

reliability on the graph theory we prove our results in Section 3.
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Abstract: In this paper, we deal with the approximation of fixed point for multivalued
nonexpansive mappings via a new three-step algorithm which is independent and faster than
the iterative process discussed by Agarwal et al. [3] and establish some strong convergence
theorems and a weak convergence theorem in the setting of Banach spaces. Our results

extend and generalize the previous works from the existing literature.
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81. Introduction

Throughout this paper, let X’ be a real Banach space with the norm ||.||. Let N denotes the set
of all positive integers and let F/(7) denotes the set of all fixed points of the mapping 7.

Let K be a subset of X. A subset K is called proximal if for each z € X, there exists
an element k € K such that d(z,k) = inf{|jlz — y|| : y € £} = d(z,K). It is well known that
a weakly compact convex subset of a Banach space and closed convex subsets of a uniformly
convex Banach space are Proximal.

We shall denote CB(K), C(K) and P(K) by the families of all nonempty closed and
bounded subsets, nonempty compact subsets and nonempty proximal subsets of K, respec-
tively. Let H denote the Hausdorff metric induced by the metric d of X, that is,

H(A, B) = max{sup d(z, B),sup d(y, A)}
€A yeB

for every A, B € CB(X), where d(z, B) = inf{||Jz — y|| : y € B}.

A multivalued mapping 7 : K — C'B(K) is said to be a contraction if there exists a constant
b € [0,1) such that for any z,y € K,

H(Tz,Ty) <bllx—yl,

1Received May 30, 2019, Accepted November 25, 2019.
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and 7 is said to be nonexpansive if
H(Tz,Ty) < ||z —yl|,

for all z,y € K. A point z € K is called a fixed point of 7 if x € Tx.

Later, an interesting and rich fixed point theory for such maps was developed which has
applications in control theory, convex optimization, differential inclusion and economics (see
[5] and references cited therein). Moreover, the existence of fixed points for multivalued non-
expansive mappings in uniformly convex Banach spaces was proved by Lim [7]. Many authors
have studied the fixed point for multivalued mappings (e.g., see [4, 6, 8, 10, 15, 16, 19]).

In 2005, Sastry and Babu [11] obtained the convergence results from single valued mappings
to multivalued mappings by defining Ishikawa and Mann iterates for multivalued mappings with

a fixed point. They considered the following:

Let K be a nonempty convex subset of X, 7: K — P(K) is a multivalued mapping with
p € F(T).

(i) The Mann iteration is defined by
r1 =z €k,
(1.1)
Tn+1 = (1 —ap)xn + ansp, n €N,
where {ay,} is a real sequence in (0,1) and s, € Tz, such that ||s, — p|| = d(p, Txn).

(i) The Ishikawa iteration is defined by

r1 =zxz€Kk,
Tpp1 = (1 — Qp)Tpn + Qnra, (1.2)
Yn = (1 - 6n)xn + 6115717 ne N,
where {a,} and {0,} are real sequences in (0,1), ||sp, — || = d(Txn, Tyy) and ||r, — p|| =
d(T yn,Tp) for s, € Tx, and 1, € Ty,. They established some strong and weak convergence

results of the above iterates for multivalued nonexpansive mappings 7 under some appropriate

conditions.

In 2007, Panyanak [10] extended the results of Sastry and Babu [11] to a uniformly convex
Banach space and also modified the above Ishikawa iterative scheme as follows:

Let 7: K — P(K) be a multi-valued mapping.

=z €L,
(1.3)
Yn = (1 - ﬁn)xn + ﬁnznu n €N,

where {8,} is a real sequence in [0,1], z, € Tx, and u, € Tz, are such that ||z, — u,| =
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d(tn, Txy) and ||z, — uy|| = d(zn, F(T)), respectively, and

{ r1 =€ IC,
(1.4)

Tnt1 = (1 — )Ty + anzl, n €N,

where {a,} is a real sequence in [0,1], 2/, € Tz, and v, € Tx, are such that ||z}, — v,|| =
d(Vn, Txy) and ||yn — vn|| = d(yn, F(T)), respectively and proved a convergence theorem of
Mann iterates for a mapping defined on a noncompact domain. Later in 2008, Song and
Wang [14] proved strong convergence theorems of Mann and Ishikawa iterates for multivalued
nonexpansive mappings under some appropriate control conditions. Furthermore, they also
gave an affirmative answer to Panyanak’s open question in [10].

Recently, Abbas and Nazir [1] introduced and studied the following iteration scheme: let
K be a nonempty subset of a Banach space X and 7 be a nonlinear mapping of K into itself.
Then the sequence {z,} in K is defined by

1=z €K,
Tnp1 = (1 —an)Tyn + anT zp,
Yn = (1= Bn)Txn + BT 2,
zn =1 —v)xn + 7T xn, n €N,

where {a, }, {6} and {7, } are real sequences in (0, 1). They showed that this process converges
faster than both Picard and the Agarwal et al. ([3]) and in support gave analytic proof by a
numerical example (for more details, see [1]).

Motivated by Sastry and Babu [11], Panyanak [10] and Song and Wang [14], we first give
a multivalued version of the iteration scheme (1.5) of Abbas and Nazir [1] and then study its

convergence analysis in the setting of Banach spaces. We define our iteration scheme as follows:

r1 =z €k,
Tnt1 = (1 — an)vy + apwy,
Yn = (1 = Bn)tn + Bnwn,
zn = (1 = vn)xn + Ynltin, n €N,

(1.6)

where {a,}, {6} and {v,} are real sequences in (0,1), up € Txp, vy, € Ty, and w, € Tz,
such that ||wy, — upl| = d(T zn, Txn), ||vn — wnll = d(Tyn, T 2n), |[n — unll = d(TYn, Txp),
[unt1 — vnll = AT Xnt1, Tyn) and |Jupt1 — wnl|| = d(Txpi1, T 2n), respectively.

Now, we recall the following definitions.

Definition 1.1 A Banach space X is said to satisfy Opial condition [9] if for any sequence

{z,} in X, x,, converges to x weakly it follows that

limsup ||z, — || <limsup ||z, -y,
n—oo

n—oo

for ally € X with y # .
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Examples of Banach spaces satisfying Opial condition are Hilbert spaces and all spaces
IP(1 < p < 00). On the other hand, LP[0, 27| with 1 < p # 2 fail to satisfy Opial condition.

Definition 1.2 A multivalued mapping T : K — P(X) is called demiclosed at y € K if for any
sequence {x,} in K weakly convergent to an element x and y, € Tx,, strongly convergent to y,
we have y € Tx.

The following is the multivalued version of condition (I) of Senter and Dotson [13].

Definition 1.3 A multivalued nonexpansive mapping T : K — CB(K) where K a subset of X
is said to satisfy condition (I) if there exists a nondecreasing function f: [0,00) — [0,00) with
f(0) =0, f(t) > 0 for all t € (0,00) such that d(xz,Txz) > f(d(z, F(T))) for all x € K, where
F(T) # 0 is the fized point set of the multivalued mapping T .

We need the following Lemmas to prove our main results.

Lemma 1.4 ([18]) Let {pn}, {gn}, {rn} be three sequences of nonnegative real numbers satis-

fying the following conditions:
oo oo
P41 < (L4 gn)pn + 10, n 20, an<oo, Zm<oo.
n=0 n=0

Then,

(1) lim p, exists;

n—oo

(2) In addition, if liminf p, = 0, then lim p, = 0.

Lemma 1.5 ([12]) Let E be a uniformly conver Banach space and 0 < o < t,, < 3 < 1 for
all n € N. Suppose further that {x,} and {yn} are sequences of E such that limsup ||z,| < a,
limsup ||yn|| < a and lim ||t,zn+(1—t,)yn|| = a hold for some a > 0. Then lim ||a,—yx|= 0.
Lemma 1.6 ([16]) Let T: K — P(K) be a multivalued mapping and Pr(z) = {y € Tx :
|z —y|| = d(z,Tx)}. Then the following are equivalent:

(1) = € F(T);

(2) Pr(z) = {z};

(3) T e F(PT).

Moreover, F(T) = F(Pr).

82. Main Results

In this section we prove some strong and a weak convergence theorems using iteration scheme

(1.6). First, we need the following lemmas to prove main results.

Lemma 2.1 Let X be a real Banach space and I be a nonempty closed and convex subset of
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X. Let T: K — P(K) be a multivalued mapping such that F(T) # (0 and Pr is a nonexpansive
mapping. Let {x,} be the sequence defined by (1.6), where {a,}, {Bn} and {v,} are real
sequences in (0,1). Then lim ||z, — p|| exists for all p € F(T).

Proof Let p € F(T). Then p € Pr(p) = {p} by Lemma 1.6. It follows from (1.6) that

lzn =2l < (L=7)l#n —pll + Ynllun — pl
< (I =v)llzn = pll + v H(Pr(zn), Pr(p))
< (1 - 'Yn)”zn —p|| + ”Yonn _pH

[ #n — pl|. (2.1)

Again using (1.6) and (2.1), we obtain

lyn —pll < (1= Bn)llun = pll + Bullwn — p|
< (1=Bu)H(Pr(2y), Pr(p)) + BnH(Pr(20), Pr(p))
< (1 =Bullzn = pll + Ballzn — pll
< (A =B)llzn —pll + Bullzn — pll

= len ol 2.2)

Now using (1.6), (2.1) and (2.2), we obtain

[znt1 —pll < (1 —an)llvon —pll + anllw, —p
< (1= an)H(Pr(yn), Pr(p)) + anH(Pr(z,), Pr(p))
< (I =an)llyn —pll + anllzn — 1|
< (1 —an)|zn = pll + anllzn —pll

[[2n — pl|. (2.3)

It follows from Lemma 1.4 that lim ||z, — p|| exists for each p € F(7). This completes the
proof. a

Lemma 2.2 Let X be a uniformly convexr Banach space and K be a nonempty closed and
convex subset of X. Let T: K — P(K) be a multivalued mapping such that F(T) # 0 and
Pr is a nonexpansive mapping. Let {x,} be the sequence defined by (1.6), where {an}, {Bn}
and {y,} are real sequences in (0,1). Then lim d(xp, Txy) = 0, lim d(zn, Tyn) = 0 and
nhﬂn;o d(xpn, T zn) = 0. . e

Proof From Lemma 2.1, lim |z, — p| exists for each p € F(7). We suppose that
lim |lx, — p|| =1 for some [ > 0.
Since lim sup ||u, — p|| < limsup H(Pr(zy,), Pr(p)) < limsup

n—oo n—oo

lxn, — p|l =1, so
lim sup |Ju, — p|| < L. (2.4)

n—oo
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Again, since limsup ||v, — p|| < limsup H(Pr(yn), Pr(p)) < limsup ||y, — p|| < limsup ||x, —
n—oo

pll=1,s0
limsup ||v, — p|| < 1. (2.5)
Similarly,
lim sup ||wy, — p|| < 1. (2.6)
Applying Lemma 1.5, we get
lim |lu, —v,| =0 (2.7)
lm ||w, —us|| =0 (2.8)
and
lim |lv, —wy| = 0. (2.9)
Taking lim sup on both sides of (2.1) and (2.2), we obtain
limsup ||z, — p|| <1 (2.10)
and
limsup |y, —p|| < L. (2.11)
Also,
[Znt1 —pll = (1= an)vn + anw, —pl|

”(Un - p) + an(wn - 'Un)H

< low = pll + anllwn — vnl|
< lon = pll + lwn — |
implies that
I <liminf ||v, — p||. (2.12)
n—oo

Combining (2.5) and (2.12), we obtain

lim [[v, —pl| = 1. (2.13)
Thus,
lon =pll < llvn —wnll + [[wn = pll
< lon —wall + H(Pr(z0), Pr(p))
< lon —wnll + [z = pll
gives

I <liminf |z, — p|| (2.14)
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and by virtue of (2.10), we obtain

lim |z, —p|| =1 (2.15)
Similarly,
lwn =pll - < llwn = onll + [lon = pll
< Nlwn = vnll + H(Pr(yn), Pr(p))
< lwn = vnll + [lyn — 2
gives
I < liminf ||y, — p|| (2.16)
and by virtue of (2.11), we obtain
Jimly, —pll = 1. (2.17)

Applying Lemma 1.5 once again, we obtain
nhﬂn;() |zn — un|| = 0. (2.18)
Notice that
||$n - Un” < ”xn - un” + ||un - Un”
Using (2.7) and (2.18), we obtain
nh_)rrgo |xn — vn]| =0 (2.19)
and
||33n - wn” < ”fEn - un” + ||un - wn”
Using (2.8) and (2.19), we obtain
nhﬂn;o ||zn — wn] = 0. (2.20)
Since d(zy, Txy) < ||zn — un|, we have
nh_}rrgo d(zp, Txy,) =0. (2.21)

Again since d(zn, Tyn) < ||Tn — vs||, we have

lim d(xn, Ty,) = 0. (2.22)

n—oo
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Similarly, since d(zn,7 z5) < ||2n — wy||, we have
lim d(x,,7Tz,) =0. (2.23)

n—oo

This completes the proof. O

Now we shall prove some strong convergence theorems using iteration scheme (1.6) in real

Banach spaces.

Theorem 2.3 Let X be a real Banach space and IKC be a nonempty closed and convexr subset
of X. Let T: K — P(K) be a multivalued mapping such that F(T) # (0 and Pr is a non-
expansive mapping. Let {x,} be the sequence defined by (?7), where {an}, {Bn} and {yn}
are real sequences in (0,1). Then {x,} converges strongly to a fixed point of T if and only if
lim inf d(z,,, F(T)) = 0.

n—oo

Proof The necessity is obvious. Conversely, suppose that liminfd(z,, F(7)) = 0. As

n—oo

proved in Lemma 1.6, we have
[2n1 —pll < [lzn = pll
which gives
d(@nt1, F(T)) < d(zn, F(T)).

This implies that lim d(z,, F'(7)) exists by Lemma 1.4 and so by hypothesis, lim inf d(z,,, F(7T))
0. Therefore, we must have lim d(z,, F(7)) = 0.

Next, we have to show that {z,} is a Cauchy sequence in K. Let € > 0 be arbitrary chosen.

Since lim d(z,, F (7)) = 0, there exists a constant ny such that for all n > n; we have
n—oo

d(an, F(T)) < Z

In particular, inf{[|x,, —p| : p € F(T)} < §. There must exists a ¢ € F(7) such that

Now for m,n > ny, we have

[Zn+m —Tull < NZogm — all + |20 — gl
< 2w, — 4|l
g
< 2(—) =e.
2 g

Hence {z,} is a Cauchy sequence in a closed subset K of a Banach space X', and so it must
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converge in K. Let lim z, = ¢;. Now

n—oo

d(q1,Pr(q1)) < |lzn — @1l +d(zn, Pr(z,)) + H(Pr(2zn), Pr(q))
< 2z —all + [lzn — unll
— Qasn — oo

which gives that d(¢1,7¢1) = 0. But Pr is a nonexpansive mapping and so F(7) is closed.
Therefore, 1 € F(Pr) = F(T). This shows that {z,} converges strongly to a point of F(T).
This completes the proof. O

Theorem 2.4 Let X be a real Banach space and IC be a nonempty compact convexr subset of
X. Let T: K — P(K) be a multivalued mapping such that F(T) # (0 and Pr is a nonexpansive
mapping. Let {x,} be the sequence defined by (?77), where {an}, {Bn} and {vn} are real
sequences in (0,1). Then {x,}, {yn} and {z,} converges strongly to a fized point of T .

Proof By Lemma 2.2, we have lim d(x,,7xz,) = 0. Since by hypothesis K be a nonempty
n—oo
compact convex subset of X, so there exists a subsequence {z,, } of {z,} such that klim |, —
— 00

ul| = 0 for some u € K. Thus

d(u, Pr(u)) < lzn, —ull + d(@n,, Pr(zn,)) + H(Pr(zn,), Pr(u))
< 2Hxnk - u” + Hxnk - unk”
— QOask — oo.
This shows that u is a fixed of 7. From Lemma 2.1, we get that lim |z, —u| = 0. Again

from Lemma 2.2, we get that

yn = xull = 11 = Brn)un + Bawn — oy
< un = 2l + lwn — un|
— 0asn — oo,
and
Hzn_xﬂ” = |‘(1_7n)$n+’7nun_$n|‘
< lun — 2y
— Qasn — oo.
It follows that lim ||y, — u|| = 0 and lim ||z, — u| = 0. Thus the conclusion follows. This
n—oo n—oo
completes the proof. O

Now, we apply Theorem 2.3 to obtain another strong convergence theorem in uniformly
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convex Banach spaces satisfies condition (I) of Senter and Dotson [13].

Theorem 2.5 Let X be a uniformly conver Banach space and KC be a nonempty closed and
convex subset of X. Let T: K — P(K) be a multivalued mapping satisfying condition (I) such
that F(T) # 0 and Pr is a nonexpansive mapping. Let {x,} be the sequence defined by (1.6),
where {an}, {Bn} and {yn} are real sequences in (0,1). Then {x,} converges strongly to a fized
point of T.

Proof By Lemma 2.1, lim |z, — p|| exists for all p € F(7T) and so the sequence {z,} is

bounded . Let lim ||z, — p|| = r for some r > 0.
n—oo

Now from Lemma 2.1, we know that

|Zn41 = pll < llzn — Dl
which implies that

inf

Tn — )
Lt | 2~ pl

_pll < inf
|Zn11 pll_plg(T)I

and also d(xn41,F(T)) < d(zpn, F(T)). And so, lim d(z,, F(7T)) exists. By using condition

n—oo

(I) and Lemma 2.2, we have

lim f(d(z,, F(T))) < lim d(z,,7x,) = 0.

n—oo n—oo

That is,

lim f(d(zn, F(T))) = 0.

n—oo

Since f is a nondecreasing function and f(0) = 0, it follows that lim d(x,, F(T)) = 0. The

n—oo

conclusion follows from Theorem 2.3. This completes the proof. O

Now, we prove the weak convergence theorem of the sequence {x,} defined by (1.6).

Theorem 2.6 Let X be a uniformly convexr Banach space satisfying Opial’s condition and K be
a nonempty closed and convez subset of X. Let T: K — P(K) be a multivalued mapping such
that F(T) # 0 and Pr is a nonexpansive mapping. Let {x,} be the sequence defined by (?7),
where {an}, {Bn} and {yn} are real sequences in (0,1). Let I — Pr be demiclosed with respect
to zero. Then {x,} converges weakly to a fixed point of T .

Proof Let z € F(T). From Lemma 2.1, we know that lim |z — z|| exists. Now we
prove that {z,} has a unique weak subsequential limit in F (T).nTgo prove this, let p; and py be
weak limits of the subsequences {x,,} and {z,,} of {z,}, respectively. By (2.18), there exists
u, € Tz, such that nlgrolo ||zn — un|| = 0. Since I — Pr is demiclosed with respect to zero,

therefore we obtain p; € F(T). In the same way, we can prove that ps € F(T).

Next, we prove uniqueness. For this, suppose that p; # ps. Then by Opial’s condition, we
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have

lim [z, —pif| = lim |z, —pi|
n—oo n;—00
< lim [z, —pof
NG —r 00
= lim [lz, —po|
n—oo
= lim [z, —pof
< lim ||z, —p1|
= lim [lz, —pafl,
n—oo
which is a contradiction. Hence {x,} converges weakly to a fixed point of 7. This completes
the proof. O

Remark 2.7 Our results extend, generalize and improve several corresponding results from
the existing literature and iterative schemes discussed by Panyanak [10], Sastry and Babu [11],
Song and Wang [14] and Song and Cho [16] in the sense of faster iterative scheme.

Suzuki [17] introduced a condition on mappings called condition (C) which is weaker than

nonexpansiveness.

Recently, Abkar and Eslamian [2] introduced the definition of condition (C') for multi-
valued mapping. The definition is as follows.

Definition 2.8([2]) A multivalued mapping T: X — CB(X) is said to satisfy condition (C)
provided that

1
Jd@, Ta) < |z —yll = H(Tw, Ty) < |lo —y|, 2,y € X.

The following result can be found in [2].

Lemma 2.9(]2]) Let T: X — CB(X) be a multi-valued mapping. If T is nonexpansive, then
T satisfies the condition (C).

We mention that there exist single-valued and multi-valued mappings satisfying the con-
dition (C') which are not nonexpansive.

Example 2.10([17]) Define a mapping 7 on [0.3] by

0, ifz#3,
1, ifr=3.

T(x) =

Then 7 is a single-valued mapping satisfying condition (C), but 7 is not nonexpansive.
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Example 2.11([2]) Define a mapping 7 : [0,5] — [0, 5] by

07 £ 3 .f 5,

T(z) = [ 5] if v #
{1}, ifz=5.

Then it is easy to show that 7 is a multi-valued mapping satisfying condition (C'), but 7 is not

nonexpansive.

Now, we obtain some strong convergence results using iteration scheme (1.6) and condition

(©).

Theorem 2.12 Let X be a real Banach space and K be a nonempty closed and convex subset of
X. Let T: K — P(K) be a multivalued mapping such that F(T) # 0 and Pr satisfies condition
(C). Let {x,} be the sequence defined by (1.6), where {an}, {Bn} and {yn} are real sequences in
(0,1). Then {z,} converges strongly to a fixed point of T if and only if linrgiolgf d(zn, F(T)) =0.

Proof The proof of Theorem 2.12 immediately follows from Lemma 2.1 and Theorem 2.3.
This completes the proof. O

Theorem 2.13 Let X be a real Banach space and K be a nonempty closed and convex subset of
X. Let T: K — P(K) be a multivalued mapping such that F(T) # 0 and Pr satisfies condition
(C). Let {xn} be the sequence defined by (1.6), where {an}, {Bn} and {vn} are real sequences
n (0,1). If the following condition is satisfied:

(c1) there exists an increasing function 1: [0,00) — [0,00) with (r) > 0, Vr > 0 such
that
d(xp, Txyn) > Y(d(zn, F(T)), (2.24)

then {x,} converges strongly to a fized point of T .

Proof As in the proof of Lemma 2.2, we know that lim d(z,,7z,) = 0. Hence from

(2.21) we obtain lim d(z,,F (7)) = 0. The conclusion of Theorem 2.13 can be obtained from
Theorem 2.12 immediately. This completes the proof. O

§3. Concluding Remarks

In this paper, we study a new three-step iteration scheme for multivalued nonexpansive map-
pings in Banach spaces and establish some strong convergence theorems and a weak convergence
theorem under some appropriate conditions applying on the space. Our results extend and gen-

eralize several results from the current existing literature.
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Abstract: Let G be a simple graph and A, (G) be a simplicial complex whose facets
correspond to the paths of length ¢ (¢ > 2) in G. It is shown that A; (Cy) is matroid, vertex
decomposable, shellable and Cohen-Macaulay if and only if n =t or n =t + 1, where C,, is
an n-cycle. As a consequence we show that if n = ¢t or ¢ + 1 then A, (C,) is partitionable

and Stanley’s conjecture holds for K[A; (Cy)].
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§1. Introduction

Let R = K[z1,- -+ ,2n], where K is a field. Fix an integer n > ¢ > 2 and let G be a directed

graph. A sequence x;,,--- ,x;, of distinct vertices is called a path of length ¢ if there are t — 1

distinct directed edges e1, - -+, e;—1 where e; is a directed edge from x;; to z;,,,. Then the path
ideal of G of length ¢ is the monomial ideal I;(G) = (x4, - - - x;
t in G in the polynomial ring R = K{z1,--- ,2,]. The distance d(x,y) of two vertices x and y
of a graph G is the length of the shortest path from z to y. The path complex A;(G) is defined

by

iy, ,Ti, is a path of length

t

AG) = {wiy, - @i, } Xy, , @, 1S a path of length t in G ).

Path ideals of graphs were first introduced by Conca and De Negri [3] in the context of
monomial ideals of linear type. Recently the path ideal of cycles has been extensively studied
by several mathematicians. In [9], it is shown that I2(C),) is sequentially Cohen-Macaulay, if
and only if, n = 3 or n = 5. Generalizing this result, in [13], it is proved that I;(C,,), (t > 2),
is sequentially Cohen-Macaulay, if and only if n =t orn=1t¢t+ 1 or n = 2t + 1. Also, the Betti
numbers of the ideal I;(C),) and I;(L,) is computed explicitly in [1]. In particular, it has been
shown that

Theorem 1.1(Corollary 5.15, [1]) Let n, t, p and d be integers such that n >t > 2, n =
(t+1Dp+d, wherep>0and 0 <d < (t+1). Then,

1Received June 17, 2019, Accepted November 26, 2019.
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(i) The projective dimension of the path ideal of a graph cycle C,, or line L, is given by

2p, d#0 2p—1, d#t,
pd (1:(Cr)) = pd (I(Ln)) =
2p—1, d=0 2p, d=t.

(i) The regularity of the path ideal of a graph cycle C,, or line L,, is given by

reg (It(Cpn)) =t —1)p+d+1

pt—1)+1, d<t,

reg (I;(Ln)) =
pt—1)+t, d=t.

In [8] it has been shown that, A;(G) is a simplicial tree if G is a rooted tree and ¢t > 2.
One of interesting problems in combinatorial commutative algebra is the Stanley’s conjectures.
The Stanley’s conjectures are studied by many researchers. Let R be a N"-graded ring and M
a Z"- graded R- module. Then, Stanley [10] conjectured that

depth (M) < sdepth (M)

He also conjectured in [11] that each Cohen-Macaulay simplicial complex is partitionable. Her-

zog, Soleyman Jahan and Yassemi in [7] showed that the conjecture about partitionability is

a special case of the Stanley’s first conjecture. In this work, we study algebraic properties of

A¢(Cy). In Section 1, we recall some definitions and results which will be needed later. In

Section 3, we show that the following conditions are equivalent for all ¢ > 2:

i) Ay

1) A¢(Cy) is vertex decomposable;

ii1) A¢(C ) is shellable;

iv) A(Cy) is Cohen-Macaulay;
(v) n=tort+1.

(See Theorem 3.6).

(C) is matroid;

t
t

(
(
(
(

In Section 4 as an application of our results we show that if n =t or t + 1 then A; (C,,) is

partitionable and Stanley’s conjecture holds for K[A; (Cy)].

§2. Preliminaries

In this section we recall some definitions and results which will be needed later.

Definition 2.1 A simplicial complex A over a set of vertices V.= {x1,--- ,x,}, is a collection
of subsets of V', with the property that:

(a) {zi} € A for alli;
(b) If F € A, then all subsets of F are also in A (including the empty set).
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An element of A is called a face of A and complement of a face F'is V'\ F and it is denoted
by F°. Also, the complement of the simplicial complex A = (Fy,---, F,.) is A® = (Ff,--- , F°).
The dimension of a face F' of A, dim F, is |F| — 1 where, |F| is the number of elements of F’
and dim @ = —1. The faces of dimensions 0 and 1 are called vertices and edges, respectively.
A non-face of A is a subset F of V with F' ¢ A. we denote by N(A), the set of all minimal
non-faces of A. The maximal faces of A under inclusion are called facets of A. The dimension
of the simplicial complex A, dimA, is the maximum of dimensions of its facets. If all facets of
A have the same dimension, then A is called pure.

Let F(A) = {F1,---,F,} be the facet set of A. It is clear that F(A) determines A
completely and we write A = (F,---, F,). A simplicial complex with only one facet is called
a simplex. A simplicial complex T" is called a subcomplex of A, if F(T') C F(A).

For v € V, the subcomplex of A obtained by removing all faces F' € A with v € F is
denoted by A\ v. That is,

A\v=(FelA: v¢F).

The link of a face F' € A, denoted by linka (F'), is a simplicial complex on V with the
faces, G € A such that, GNF = @ and GUF € A. The link of a vertex v € V is simply
denoted by linka (v).

linka(v) ={F€A: v¢F, FU{v}eA}.

Let A be a simplicial complex over n vertices {z1, - ,z,}. For F C {z1, -+ ,z,}, we set:
Xp = H Z;.
z,€EF

We define the facet ideal of A, denoted by I(A), to be the ideal of S generated by {xp: F €
F(A)}. The non-face ideal or the Stanley-Reisner ideal of A, denoted by Ia, is the ideal of
S generated by square-free monomials {xr: F € N(A)}. Also we call K[A] := S/Ia the
Stanley-Reisner ring of A.

Definition 2.2 A simplicial complex A on {1, -+ ,x,} is said to be a matroid if, for any two
facets F and G of A and any x; € F, there exists a x; € G such that (F \ {z;}) U{z;} is a
facet of A.

Definition 2.3 A simplicial complex A is recursively defined to be vertex decomposable, if it is

either a simplez, or else has some vertex v so that

(a) Both A\ v and linka (v) are vertex decomposable, and
(b) No face of linka (v) is a facet of A\ v.
A wvertex v which satisfies in condition (b) is called a shedding vertez.
Definition 2.4 A simplicial complex A is shellable, if the facets of A can be ordered Fy,-- - , Fy

such that, for all 1 < i< j <'s, there exists some v € F; \ F; and somel € {1,---,j — 1} with
Fy\ A = {u}.
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A simplicial complex A is called disconnected, if the vertex set V' of A is a disjoint union
V = V73 UV; such that no face of A has vertices in both V4 and V5. Otherwise A is connected.
It is well-known that

matroid = vertex decomposable = shellable = Cohen-Macaulay

Definition 2.5 For a given simplicial complex A on V', we define AV, the Alexander dual of
A, by
AV ={V\F: F¢A}.

It is known that for the complex A one has Iav = I(A€). Let I # 0 be a homogeneous
ideal of S and N be the set of non-negative integers. For every i € NU {0}, one defines:

t9(I) = max{j : B7;(I) # 0}

where 3;;(I) is the i, j-th graded Betti number of I as an S-module. The Castelnuovo-Mumford
reqularity of I is given by:
reg(I) = sup{t; (I) —i: i € Z}.

We say that the ideal I has a d-linear resolution, if I is generated by homogeneous polynomials
of degree d and fj (I) =0, for all j # i+ d and ¢ > 0. For an ideal which has a d-linear
resolution, the Castelnuovo-Mumford regularity would be d. If I is a graded ideal of S, we
write (I;) for the ideal generated by all homogeneous polynomials of degree d belonging to I.

Definition 2.6 A graded ideal I is componentwise linear if (1) has a linear resolution for all
d.

Also, we write I} for the ideal generated by the squarefree monomials of degree d belonging
to I.

Definition 2.7 A graded S-module M is called sequentially Cohen-Macaulay (over K ), if there

exists a finite filtration of graded S-modules,
O=MyCcMyC---CM,=M
such that each M;/M;_1 is Cohen-Macaulay, and the Krull dimensions of the quotients are

InCreasing:
dlm(Ml/Mo) < dlm(Mg/Ml) <0< dim(Mr/Mr_l).

The Alexander dual, allows us to make a bridge between (sequentially) Cohen-Macaulay
ideals and (componetwise) linear ideals.

Definition 2.8(Alexander Duality) For a square-free monomial ideal I = (My,--- ,My) C S =
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Klz1,- -+ ,xy], the Alezander dual of I, denoted by IV, is defined to be
IVZP]\/[1 ﬂ---ﬂPMq
where, Py, is prime ideal generated by {x; : x;|M;}.

Theorem 2.9(Proposition 8.2.20, [6]; Theorem 3, [4]) Let I be a square-free monomial ideal
inS =Kz, -,z

(1) The ideal T is componentwise linear ideal if and only if S/I is sequentially Cohen-
Macaulay;
(13) The ideal I has a q-linear resolution if and only if S/IV is Cohen-Macaulay of dimen-

ston n — q.

Remark 2.10 Two special cases, we will be considering in this paper, are when G is a cycle

Cy, or a line graph L,, on vertices {1, -, z,} with edges

E (Cn) = {{xla xQ}a {an :Eg}, to 7{$n717xn}; {Invxl}};
E(Ly) = {{z1, 22}, {z2, x3}, -, {zn—1, 20} }.

83. Vertex Decomposability Path Complexes of Cycles

As the main result of this section, it is shown that A; (Cy,) is matroid, vertex decomposable,
shellable and Cohen-Macaualay if and only if n = ¢ or n = ¢ + 1. For the proof we shall need

the following lemmas and propositions.

Lemma 3.1 Let Ay(Ly,) be a simplicial complex on {x1,--+ ,x,} and 2 <t <mn. Then Ai(L,)

is vertexr decomposable.

Proof If t = n, then A, (L) is a simplex which is vertex decomposable. Let 2 <t < n

then one has

Ay(Ly) = ({1, swe ), {wo, - g1}, o A%n—eg1, 0, T ).

So Ai(Lp) \ @ = {1, yxe ), {22, 21}ty {Tnety, -+, Zn—1}). Now we use induction
on the number of vertices of L,, and by induction hypothesis A;(Ly,)\ 2, is vertex decomposable.
On the other hand, it is clear that linka, (2, ){Zn} = {Tn—t11, -+, @n_1}). Thuslinka,(z,){Zn}
is a simplex which is not a facet of Ay(Ly,) \ @. Therefore Ay(L,,) is vertex decomposable. O

Lemma 3.2 Let Ay(Cy) be a simplicial complex on {x1, -+ ,x,}. Then As(Cy) is vertex

decomposable.

Proof Since Ay(Cy) = ({x1, 22}, {xo, 23}, -+, {Zn-1,2n}, {xn,x1}), we have

A2(Cp) \ zn = ({1, 22}, {72, 3}, -+, {Tn—2,Tp—1}).
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By lemma 3.1 Ay (C,) \ 2, is vertex decomposable. Also it is trivial that linka, (o, ){2n} =
({zn—1},{21}) is vertex decomposable and no face of linka, (¢, {zn} is a facet of Ax(Cy) \ .
Therefore Ag(Cy,) is vertex decomposable. O

Lemma 3.3 Let A:(C,,) be a simplicial complex on {x1, -+ ,xn} and 3 <t < n —2. Then
A:(Cr) is not Cohen-Macaulay.

Proof 1t suffices to show that Ia,(c,)v has not a linear resolution. Since Ia,(c,)v =
I(A¢(Cr)¢) then one can easily check that I, (¢, )v = In—¢(Cy). By Theorem 1.1 we have

reg(In,c,)v) =(n—t—=1)p+d+1.

Since 3 <t < n — 2 then one has reg(Ia,c,)v) # n —t and by Theorem 2.9 A.(C},) is not
Cohen-Macaulay. |

Proposition 3.4 Let A¢(C,,) be a simplicial complex on {x1,--+ ,x,} and t > 3. Then A(C,,)

is vertex decomposable if and only if n =1t ort+ 1.

Proof By Lemma 3.3 it suffices to show that if n = ¢ or ¢ + 1, then A;(C,,) is vertex
decomposable. If n = ¢, then A, (C},) is a simplex which is vertex decomposable. If t =n — 1,
then we have

Anfl(cn) = <{$1," ! axnfl}v{xQW' ! ,xn},{x3,~- ! axnaxl}a' o ,{.In,iEl," ! ,$n72}>.

Now we use induction on the number of vertices of C), and show that A,,_1(C,,) is vertex
decomposable. It is clear that A,_1(Cy) \ zp, = {21, -+ ,2n_1}) is a simplex which is vertex
decomposable.

On the other hand,

linka, ,cyiznt = {1, s 2n2}t, - {Zn1, 21, ,2n3}) = Ap2(Cr1).

By induction hypothesis linka, (¢, ){#x} is vertex decomposable. It is easy to see that
no face of linka, _, (c,){7n} is a facet of A,,_1(C,,) \ 2. Therefore A,,_1(Cy) is vertex decom-
posable. O

Proposition 3.5 As(C,) is a matroid if and only if n =3 or 4.

Proof If n = 3 or 4, then it is easy to see that Ag(C),) is a matroid. Now we prove the
converse. It suffices to show that As(C),) is not a matroid for all n > 5. We consider two
facets {x1,z2} and {z,—1,2,}. Then we have ({z1,22} \ {z1}) U {zn_1} = {22,2,-1} and
({z1, 223\ {z1}) U{xn} = {22, 2, }. Since {x3,2,-1} and {x2, z,} are not the facets of Ay (Cy,).
So Aq(C},) is not matroid for all n > 5. O

For the simplicial complexes one has the following implication:

Matroid = vertex decomposable = shellable = Cohen-Macaulay
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Note that these implications are strict, but by the following theorem, for path complexes,

the reverse implications are also valid.

Theorem 3.6 Lett > 3. Then the following conditions are equivalent:

i) Ay(Cy) is matroid;

¢
11) A(Cy) is vertex decomposable;
A

(

( ¢

(7i1) A¢(Cy,) is shellable;
(

(

iv) A(Cy) is Cohen-Macaulay;
v) n=tort+1.

Proof (i) = (i3), (i1) = (¢41) and (iii) = (iv) is well-known.
(tv) = (v) follows from Lemma 3.3 and Proposition 3.4.

(v) = (i): If n =1, then A4(C),) is a simplex which is a matroid. If n = ¢ + 1, then

At(Cn) = <{$17" ! ,fEt},{fEQ,' te axt+l}7{$3a' o ,$t+1,$1}," ! ,{It+1,$1,' o ;$t71}>-

For any two facets F and G of A(C,,) one has | FNG |=t—1. We claim that for any two
facets F' and G of A(C,,) and any z; € F', there exists a z; € G such that (F\{z;})U{z;} is a
facet of Ay(Cy). We have to consider two cases. If z; € F' and x; ¢ G, then we choose z; € G
such that z; ¢ F. Thus (F \ {x;}) U{z;} = G which is a facet of A,(C,,).

For other case, if z; € F and x; € G, then we choose z; € G such that z; is the same z;.
Therefore (F \ {x;}) U {x;} = F is a facet of A;(C,,) which completes the proof. O

84. Stanley Decompositions

Let R be any standard graded K- algebra over an infinite field K, i.e, R is a finitely gener-
ated graded algebra R = @, R; such that Ry = K and R is generated by R;. There are
several characterizations of the depth of such an algebra. We use the one that depth (R) is
the maximal length of a regular R- sequence consisting of linear forms. Let xp = M;cpx; be
a squarefree monomial for some F C [n] and Z C {z1, - ,2zp}. The K- subspace zpK|[Z]
of S = K[x1, - ,x,] is the subspace generated by monomials zpu, where u is a monomial in
the polynomial ring K[Z]. It is called a square free Stanley space if {z; : ¢ € F'} C Z. The
dimension of this Stanley space is | Z|. Let A be a simplicial complex on {x1,- - ,2,}. A square
free Stanley decomposition D of K[A] is a finite direct sum @, u;K[Z;] of squarefree Stanley

spaces which is isomorphic as a Z"- graded K- vector space to K[A], i.e.

K[A] = EB wK|[Z;).

We denote by sdepth (D) the minimal dimension of a Stanley space in D and define sdepth (K[A])
= max{sdepth (D)}, where D is a Stanley decomposition of K[A]. Stanley conjectured in [10]
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the upper bound for the depth of K[A] holding with
depth (K[A]) < sdepth (K[A]).

Also we recall another conjecture of Stanley. Let A be again a simplicial complex on
{x1, -+ ,xn} with facets G1,--- ,G;. The complex A is called partitionable if there exists a
partition A = U§:1[Fia G;] where F; C G; are suitable faces of A. Here the interval [F;, G;] is
the set of faces {H € A: F; C H C G;}. In [11] and [12] respectively Stanley conjectured each
Cohen-Macaulay simplicial complex is partitionable. This conjecture is a special case of the
previous conjecture. Indeed, Herzog, Soleyman Jahan and Yassemi [7] proved that for Cohen-
Macaulay simplicial complex A on {z1,...,2,} we have that depth (K[A]) < sdepth (K[A]) if
and only if A is partitionable. Since each vertex decomposable simplicial complex is shellable
and each shellable complex is partitionable. Then as a consequence of our results, we obtain

Corollary 3.1 Ifn =1t ort+ 1 then Ay (C),) is partitionable and Stanley’s conjecture holds
for K[A: (Cy)).
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81. Introduction

The Hankel determinants H,(n) of Taylor’s coefficients of function f € A where A denotes the

class of functions of the form

o0
f(z) :z—|—2anz", (1.1)
n=2
which are analytic in the open unit disk & = {z: 2z € C and |z| < 1}. is defined by
(27 Ap41 - Ap+4q—1
Ap+1 Ap42 An+tq
Hy(n) :=
Antq—1 Qniq " Oni29-2

where (a; = 1, n = ¢ € N). Hankel matrices (and determinants) play an important role in
several branches of mathematics and have many applications [11]. Hy(1) is the classical Fekete-
Szego functional. Fekete-Szego in [4] found the maximum value of Hs(1). Pommerenke in [16]

proved that the Hankel determinant of univalent functions satisfy

|H¢I(n)|<Kn7(%+ﬁ)q+% (n:1527"'7q:2735"')5

1Received July 31, 2019, Accepted December 1, 2019.
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where 3 > ﬁ and K depends only on g.

Hayman [8] showed that
|Hy(n)| = |ananse — a2, 1| < An®  n=2,3,--

where A is an absolute constant for a really mean univalent functions. Hankel determinants
are useful in showing that a function of bounded characteristic in U, i.e, a function which
is ratio of tow bounded analytic functions with its Laurent series around the origin having
integral coefficients, is rational. In recent years, several authors investigated bounds for the
Hankel determinant belonging tow various subclasses of univalent and multivalent functions
in a class which unifies a number of classes studied earlier by Deepak Bansal, K. I. Noor, T.
Yavuz, Sarika Verma, Shigeyoshi Owa and others. Closely related to Hankel determinants are

the Toepliz determinants. A Toeplitz matrix T,(n) defined by

Gnp Gp4+1 - OGpig—1
Ap+1 (07
Tq4(n) :=
ant+q—1 Gntq - an

A Toeplitz matrix can be thought of as an upside-down Hankel matrix, in that Hankel ma-
trices have constant entries along the reverse diagonal, whereas Toeplitz matrices have constant
entries along the diagonal. A good summary of the applications of Toeplitz matrices to a wide

range of areas of pure and applied mathematics can also be found in [11].

We aim to define g-starlike, g-convex functions and Ma-Minda starlike and convex func-
tions. We use the concept of principle of subordination and g-calculus to define our classes.
Recently in the second half of the twentieth century g¢-calculus aroused interest due to lot of
applications in the various mathematical fields such as combinatorics, number theory, quantum

theory and the theory of relativity. The g-derivative of a function is defined in the following.

Definition 1.1([9]) The g-derivative of f is given by

fE)-rez) 4
Ogf(2) = #(1=q) 70 , where 0 < g < 1. (1.2)
1(0), z=0.

Equivalently, (1.2) may be written as
Oqf(z) =1+ Z[n]qan/hla z#0
n=2

where

1_
= a#1

) q= L
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Note that as ¢ — 17, [n]y — n.

Definition 1.2([7]) Let f be analytic in U and be given by (1.1). Then a function f is starlike
if and only if, %{Zf (Z)} > 0. We denote the class of starlike functions by S*.

f(z)

The class of functions with positive real part plays a significant role in complex function

theory. Using principle of subordination we define the functions with positive real part.

Definition 1.3([17]) Let f and g be analytic in U, then f is said to be subordinate to the
function g, written f(z) < g(z), if there exists an analytic function w : U — U satisfying
w(0) =0 and |w(z)| <1 such that f(z) = g(w(2)), z€U.

Definition 1.4([3]) Let P denote the class of analytic functions p : U — C, p(0) = 1,
and R{p(z)} >0, then p(z) < i+

1—=z"

The class P can be completely characterized in terms of subordination. We need the

following lemmas to derive our results.
Lemma 1.5([3]) If the function p € P is given by the series

p(z) =1+criz+ca2? +ez2® 4+, (1.3)
then the following sharp estimate holds:

len] <2 (n=1,2,---).

Lemma 1.6([6]) If the function p € P is given by the series (1.3), then
20 = 3+ x(4 —c2), (1.4)

des = 424 — A)err —e1(4— ) + 24 — ) (1 — |z]?)z, (1.5)

for some x,z with |x| <1 and |z| < 1.

82. Main Results

Definition 2.1 Let ¢ : U — C be analytic, and let the Maclaurin series of ¢ is given by
¢(z) =1+ Biz+ Boz> + Bsz* + -+ (B1,By €R, By > 0). (2.1)

Let 0 <y <1 and 7 € C\{0}. A function f € A is in the class R} () if it satisfies the

following subordination:

L+ (0 (2) + 12000 (2) 1) < (2).
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Theorem 2.2 Let 0 < v
T (2]
Ry (). Also let p =

7 € C\{0} and let the function f as in (1.1) be in the class

V) (14[3]q7)
+2lam*

<1,
q[ lq ( +
([Bl)2(1
(1) If B1, Bz and Bj satisfy the conditions 2|Ba|(1 — p) + B1(1 —2p) <0, |B1Bs — pB3| —

pB? <0, then the second Hankel determinant satisfies

|7|* B}
(Ble)?(1 + [2I47)*

(2) If By, B2 and Bs satisfy the conditions 2|Bz|(1 — p) + B1(1—2p) > 0, 2|B1 B3 — pB3| —
2(1—p)B1|B2|—B1 > 0, or the conditions 2|B2|(1—p)+B1(1—2p) < 0, |B1B3—pB3|—pB3} >

0, then the second Hankel determinant satisfies

lazay — a3| <

s
2]4[4]4(1 +7)(1 + [3l47)

|a2a4 — a§| S |BlB3 —pB%|.
(3) If B1, By and Bs satisfy the conditions 2|Bs|(1 — p) + B1(1 —2p) > 0, |B1Bs — pB3| —
pB? <0, then the second Hankel determinant satisfies

|7|* B
A[4]q[2lq (1 + ) (1 + [3]g7)
. [4p|B1Bs — pB3| — 4B1(1 = p)[|B2|(3 — 2p) + B1] — 4B3(1 — p)* — Bi(1 — 2p)”
|B1Bs — pB3| — B1(1 — p)(2|B2| + B1)

lagas — a3|

Proof Since f € R} . (¢), there exists an analytic function w with w(0) = 0 and |w(z)| < 1
in U such that

1
+—(0f(2) + 7204 f(2) = 1) = p(w(2)). (2.2)
Define the function p; by

14+ w(z
pl(Z)—1—7sz§—1+clz+czz2+...,

or equivalently,

-1 1 c? cf
w(z)z%zi(clz—i—(cz—;) 22+(C3—0102+Zl) 23+"'> (2.3)

Then p; is analytic in U with p;(0) = 0 and has a positive real part in #. By using (2.3)
together with (2.1), it is evident that

pi(z) —1 1 1 c% 1
P =) =1+:B °B B 2.4
S0<pl(z)+1) R Gl s R 2ci | 2* + (2:4)
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since f has the Maclaurin series given by (1.1), a computation shows that

C
By !
1

—(0,f(2) + "yz82f(z) ~1) = 1+ [2]ga2(1 +7) T [Blgas(1 +[2]¢7)
+ [4]ga4(1 + [3]47) B
It follows from (2.2), (2.4) and (2.5) that
. TB101
T )
TB1 2 BQ
“ = e 22T )
as = m [B (4cg — 4ereg + ¢3) + 2Bocey (2¢0 — ¢3) + BgCl]
Therefore,
a2a4 — ag
T2Blcl 3
= T6(A, 201 + 1)1+ Blg7) [Bl (4des — 4erea + ¢7) + 2Bac1 (2¢0 — ¢f) + B3Cl}
T2B2 2 B2 2 2 B2
T 1 el 1 el 1)
7'2B101 2 4 2B262 2 B 4
~ 16(M )T + )T+ Bl) {[(40163 —dod+l) + 5 Qe —d) + 5 }
_ el +NA+ Bl [, 2, 4B
B E [

which yields

2 By
(B—l — 1)2 “+ 4C2C§(B—1 — 1):| } 5

asay — a2l = T
| 3

B B
401034—01l {1—2—2—19 2

By
B B
—4pci — 4c3cy {1 — 22y 2

o+ -] (2.)
where,
. 253 wd p— Hal2l(14 )1+ 317)
16([4]¢[2]¢) (1 + ) (1 + [3]¢V) ([8lg)*(1 + [2]g7)?
It can be easily verified that p € [8—4 %] for0<y<land 0<g¢g<1. Let

di=1,  dp=—af1-Zp 1), .

dy = —dp,  dy = [1—2g—§—p( —12+ ).
Then (2.6) becomes

A2y — a3| =T |d10103 + dgcf@ + dscs + dacy

(2.8)

(2.5)
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Since the function p(e®z)(# € R) is in the class P for any p € P, there is no loss of
generality in assuming ¢; > 0. Write ¢; = ¢,¢ € [0,2]. Substituting the values of ¢ and c3
respectively from (1.6) and (1.5) in (2.8), we obtain

T
|a2a4 — CL§| = Z |C4 dy + 2dy + d3 + 4d4) + 2{ECQ(4 — 02) (dl +do + dg)
+ (4= c)a? (—dic® + d3(4 — ?)) + 2dic(4 — 2)(1 = [z]*2)] .

Replacing |x| by p and substituting the values of dy,ds,ds and dy from (2.7) yields

2
-l <[4t 3 -] 48| g2 wetta - -
+(4 — )P (4c? —|—4p(4— ))—I—Sc( — 2)(1—u2)]
= T{c‘l%— ﬁz + 2¢(4 — ¢?) —I—Z,u‘— (4—c*)(1—-p)
+i*(4 = )1 = p)(c—a)(c — )] = Fle,p), (2.9)

where o =2, 8=2p/(1—p) > 2.
Note that for (¢, 1) € [0,2] x [0, 1], differentiating F'(c, 1) in (2.9) partially with respect to

1 yields
OF

o

By

T[2 5 AA-AA—p)+2ud —AHA =p)c—a)(c—B)]. (2.10)
1

Then, for 0 < u <1, 0 < ¢ < 1 and any fixed ¢ with 0 < ¢ < 2, it is clear from (2.10) that
2—5 > 0, that is, F'(c, 1) is an increasing function of . Hence, for fixed ¢ € [0, 2], the maximum
of F(c, ) occurs at p =1, and

max F(e,pu) = F(e,1) = G(e),

which is
B B?
G(c)_T{c4[—3—p —2 (1—p)<2 =2 +1)]+4c2[ 1-— )—|—1—2p]—|—16p}
Bl Bl 1
Let
Bs B3 9
X = |=Z—p=2|-@1-p(2|=2]+1
o -rgr| - -0 (2|3 +1).
= 4[2 = (1—p)—|—1—2p}, (2.11)
1
Z = 16p
Since
Z, Y <0,X < =X
max(Xt* + Y+ Z) =< 16X +4YV + 2, Y >0,X > Yory <0,X > =, (2.12)

4XZ-Y? —y
=< Y>0X< il

)
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where 0 < ¢ < 4. Then we have

By

lazas — a3 <
° 16([4]g — 1)([3]g — 1)([2]g — 1)
Z, Y <0,X <=5
Xq 16X +4Y +2Z, Y>0,X>=LorY <0,X >,
AXZ-Y? _
—Ix Y>0X< ?‘y,
where X, Y and Z are given by (2.11). O

Remark 2.3 notice that

(1) As ¢ — 1~ Theorem 2.2 reduces to Theorem 3 in [12].

(2) As ¢ — 1~ for the choice ¢(z) := (1 4+ Az)/(1 + Bz) with —1 < B < A < 1 Theorem
2.2 reduces to Theorem 2.1 in [12].

Definition 2.4 An analytic function f is close-to-q-convex in U, if and only if, there exists
g € Sy such that

9(2)
We denote the class of close-to-q-convex functions by K.

For f € S*, we can write 29, f(z) = f(z)h(z), where h € P, the class of function satisfying
Rh(z) >0 for z € U and

hiz) =1+ Z cnz”.
n=2

For f € K, we can write 20, f(z) = ¢g(2)p(2), where p € P and
p(z) =1+ anz".
n=2
Theorem 2.5 Let f € K, and given by (1.1) with associated starlike function g define by

g(z) =z+ Z bnz".
n=2
Then
T5(2) = a3 — a3 < [5ls, (b2 €R)
and the inequality is sharp.
Proof Write 20, f(2) = g(z)h(z) and z¢'(z) = g(2)p(z), with

hiz) =1+ Z enz"

n=1
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and

P =1+ pus
n=1

Then equating the coefficients in 29, f(z) = g(z)h(z) where coefficients’ relations from zg’(z) =
g(z)p(z) is also used, we obtain

P C1+p1
2lg
as P} +p2 4 2p1c1 4 2¢
23],
so that
—1 1 2 2 1 1
a3 —a3| = |Z56 4 w3 — =3P + T3 C10p1 — Pt 3Pt + 5 eapt
oo 2127 B2 [22 313 21270 B B
1 1 1 1 1 1
+ —2611)? + —21)411 + 55 C2P2 + 5 C1p1p2 + —Qp?pz + —ng .
313 A[3]3 31 31 2[3]3 4313

We now use Lemma 1.6 to express co and ps in terms of ¢; and p; and writingX =4 — cf
and Y = 4 — p? for simplicity to get

a3 — a3
-1 2 1 4 2 1 3 1 2 2,2
=|mRc Tt €] = 53C1P1 + 55 C1IP1 — Pl T cp
2127 a2t 22 82 21270 a3z
3 5 9 1, 1 3,
+ cipy + p1 + iz X + —cpixX + —5pirX
2B T I6BET 2B T T B aplE

1 5 9 1 1
X — Y + —= Y

3, 1 1 59
+ =YY + 2 XyY + —y Y.
8[3]2 4[3]2 16[3]2
Without loss in generality we can assume that ¢; = ¢ where 0 < ¢ < 2. Also since we are
assuming by = p; to be real, we can write p; = r, with 0 < |r| < 2, and write |r| = p. We
note at this point a further normalisation of p; to be real would remove the requirement that

p1 = bg is real, but such normalisation does not appear to be justified. It follows from Lemma
1.6 that with now X =4 —¢? and Y =4 — p?. So,

la3 — a3
—1 1 2 1 1 7 3 9
<lmm 4+ =t — =S ep+ s fp — —p + Ap? + ep® + p
22 TRt TREP TR Tt TapEe Y T amE? T ine
1 2 1 3 2 2 2 2
+ x| X + —cpl|z| X + p°lz| X + |z|“ X = + clylY
232 B2 nEE 32 13
b Y e Pl 4 e (a X [yl 4 e [y 2
DIRE Sl e IR A
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Now we assume |z| < 1 and |y| < 1 and simplify to obtain

-1 1 2 1 1 3 9
a2 —al| < ol A S —Pp— —p? 2p? 4 e + Pl
:o 217 433 2] 315 217 A[3]3 2[3]3 16[3]2
9 1 , 6 1 . 3, 3 ., 1 4 5 4
tm — el T T meC Pt mEl — e P — cp” — P
Bz 4[3]7 315 315 3]7 A[3]3 2[3]3 16[3]7

Suppose that the expression between the modulus signs is positive, then

2 9 9 1, 203217 - [3]2)
laz — a3| < ¥1(c, p) @—@C +ch
2BPE B2, 1 o, 1 -

Then for 0 < ¢ <2 and 0 < p < 2 and fixed ¢ with 0 < ¢ < 1 and calculus we get that 11 (c,p)
has a maximum value of [5], at [0,2].

If the expression between the modulus signs is negative, then

9 1 1 2(3[2]2 + [3]2)
|G/§ - G/%| S ’(/12(07]9) = @ + @02 - 2[3]304 + [2]3[3]3 cp
2 S 32+, 5 L, 5 2 7
B epee et D R sEEt

Then for 0 < ¢ <2 and 0 <p <2 and fixed ¢ with 0 < ¢ < 1 and calculus we get that ¥s(c, p)
has a maximum value less than [3], . Thus the proof is complete. O

As g — 17, we have following result due to D. K. Thomas and S. Abdul Halim [18].

Corollary 2.6 Let f € K and be given by (?7) with the associated starlike function g be defined
by

g(z) =z+ Z bnz".
n=2

Then
Ty(2) = |a3 — a3| <5,

provided by is real. The inequality is sharp.
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81. Introduction

Algebras of type (2,0) are well known types of algebraic structures. They comprise non-empty
sets, some constant element together with a binary operation. In [1], Kim and Kim introduced
the notion of BE-algebras. Ahn and so, in [2] and [3] introduced the notions of ideals and upper
sets in BE-algebras and investigated related properties. In this paper, a new class of algebras
called obic algebras are introduced. Their properties are investigated. Homomorphisms and
krib maps as well as monics of obic algebras are studied. Moreover, translations in obic algebras

are investigated as well as properties of implicative obic algebras.

Definition 1.1 A non-empty set X together with a binary operation * defined on X is called
a groupoid.

Definition 1.2 A triple (X;*,0), where X is a non-empty set, x a binary operation on X and 0

a constant element of X is called an obic algebra if the following axioms hold for all xz,y,z € X :

(1) zx0=ux;
(3) z*xz=0.

Example 1.1 Consider the multiplicative group G = {1, —1,4, —i}. Define a binary operation
* on G by axb=ab"!. Then (G;*,1) is an obic algebra.

Example 1.2 Let Z denote the set of integers. Then (Z; —,0) is an obic algebra.

Example 1.3 Let X = {0,1}. Define a binary operation * on X in Table 1.

1Received June 11, 2019, Accepted December 2, 2019.
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* (|01

0fl0]1
111110
Table 1

Then, (X, *,0) is an obic algebra.

We shall adopt the notation X for an obic algebra (X;*,0) unless stated otherwise.
Definition 1.3 An obic algebra is called simple if yx (zxx) =z * (y * 2) for all x,y,z € X.

Definition 1.4 An obic algebra is called plain if 0 (y* z) = (0*xy) * z for all y,z € X.

Definition 1.5 An obic algebra X is said to have the weak property (WP) if x xy = 0 and
yxx =0 imply that x = y.

Definition 1.6 An obic algebra X is called prime if 0xx =0 for all xz € X.

Lemma 1.1 Let X be an obic algebra. Then for all x,y € X, the following hold:

Definition 1.7 A non-empty subset S of an obic algebra X is called a subalgebra if S is an

obic algebra with respect to the binary operation in X.

Example 1.4 Let X be an obic algebra. Then X and {0} are subalgebras of X.

Example 1.5 Let X be the obic algebra in example 1.1. Then the subset {1, —1} is a subalgebra
of X.

The following results are immediately obtained by the definition.

Proposition 1.1 A non-empty subset S of an obic algebra is a subalgebra if and only if the
following hold:

(1)0esS;

(2)xzxye S foralx,yeS.

Proposition 1.2 Let X be a plain obic algebra. Then, the subset S ={x € X :0xx =0} is a
subalgebra of X.

82. Obic Homomorphisms

Definition 2.1 Let (X;%,0) and (Y;0,0") be obic algebras. A function f: X — Y is called
an obic homomorphism if f(a+b) = f(a)o f(b) for all a,b € X.

Definition 2.2 Let f : X — Y be an obic homomorphism. The set {x € X : f(x) = 0'} is
called the kernel of f.
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Proposition 2.1 Let f : X — Y be an obic homomorphism. Then the kernel of f is a
subalgebra of X.

Then, we get conclusions following by definition.

Proposition 2.2 Let f : X — Y be an obic homomorphism. Then,

(1) f(0) =07
2)zxy=0= f(x)o f(y) =0 forall z,y € X.

Let f: X — Y be an obic homomorphism. Define a relation ~ by (x ~ y) < f(z) = f(y).

Then, we know

Lemma 2.1 Let f: X — Y be an obic homomorphism. The relation ~ defined by (xz ~ y) <

f(z) = f(y) is an equivalence relation.

Definition 2.3 An equivalence relation ~ on an obic algebra X is called a congruence if (x ~ y)
and (u ~v) = (z*xu) ~ (y*v).

We have the following result by definition.
Lemma 2.2 Let f: X — Y be an obic homomorphism. The equivalence relation ~ defined by
(x ~y) = f(z) = f(y) is a congruence.

Let [z] be the equivalence class of € X and let X denote the collection of equivalence

classes in the equivalence relation ~. Define a binary operation ¢ on X by [z] ¢ [y] = [z * y].

Theorem 2.1 Let f: X — Y be an obic homomorphism. Then (X;o,[0]) is an obic algebra.

Proof By Lemma 2.2, the binary operation ¢ is well-defined. Now, let [z],[y],[2] € X.
Consider [z] ¢ [0] = [z * 0] = [z]. Also,

—~

([z]o(lyl o [zD)) o fa] = ([l o[y x2]) o [a] = ([z % (y * 2)]) o [2]
= (@ (yxz))xa] =[zx(y*(z+2))
= [zl o (lyl e ([2] o [x])).

Also, [z] ¢ [z] = [z * 2] = [0]. |
Theorem 2.2 Let f : X — X be an endomorphism. Then f(X) is isomorphic to X.

Proof Consider the map ¢ : f(X) — X such that ¢(y) = [y]. Let y1,92 € f(X). Then
d(y1 * y2) = [y1 * y2] = [y1] © [y2] = d(y1) © d(y=2). Also, ¢ is one to one and onto. O

Theorem 2.3 Let ¢ : X — X be an obic homomorphism; where X has the weak property.
Then ¢ is one to one if and only if ker(¢) = {0}.

Proof Suppose ¢ is one to one. Let x € ker(¢). Then ¢(z) = 0 = ¢(0). So, ker(¢) = {0}.
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Conversely, suppose ker(¢) = {0}. Let =,y € X such that ¢(z) = ¢(y). Then ¢(z xy) =
o(x) * p(y) = 0. Also, ¢(y * ) =0. So, (z*xy), (y *x) € ker(¢). Hence ¢ is one to one. O

Definition 2.4 An obic homomorphism f : X — X is called idempotent if f(f(x)) = f(z) for
allz € X.

Theorem 2.4 Let X be an obic algebra with weak property. Let ¢ be an idempotent endomor-
phism on X. Then ¢ is one to one if and only if ¢ is the identity map.

Proof Suppose ¢ is one to one. Let z € X. Then ¢((z * ¢(z))) = o(x) * ¢(p(z)) =
o(z) * p(x) = 0 = ¢(0).So, x * ¢(x) = 0. Similarly argument gives ¢(z) * x = 0. And so
¢(x) = x. Hence ¢ is the identity map.

The converse is obvious. O

§3. Implicative Obic Algebras

Definition 3.1 An obic algebra X is called implicative if x * (y xx) = x for all v,y € X.

The following conclusion can be obtained by the definition.

Lemma 3.1 Let X be an implicative obic algebra. Then the following hold:

zxy=(rx*x(y*x))*y;

Definition 3.2 Let X be an obic algebra. Let x be a fized element of X. The map Ly : X — X
such that L,(a) = x xa for all a € X is called a left translation on X. Similarly, the map
R, : X — X such that Ry(a) = axx for all a € X is called a right translation on X.

Theorem 3.1 Let L, : X — X be an endomorphism. Then © = 0. Moreover, if X is

implicative, then © = x x (x * y).

Proof Consider © = %0 = L;(0) = Ly(0%0) = L;(0) * L;(0) = (z%0) % (x%0) = 0. Now
= L,(0xy) = Ly(0) * L,(y) =
x* (T *y). |

suppose X is implicative. Let y € X. Then = 2 % 0 = L,(0)
Denote the collection of left translations on an obic algebra X by L(X) and define a binary
operation ® on L(X) by (L, ® Lp)(z) = La(x) * Ly(x) for all x € X.

Theorem 3.2 Let X be an implicative obic algebra. Then (L(X); ®, Lo) is an obic algebra.

Proof Let Lg, Ly, L, € L(X). For every « € X, consider (L, ® Lo)(z) = Lo(2) * Lo(x) =
(axx)* (0xx) = (a*xx) = L4(x). So, Ly ® Lo = L.
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Also consider

(Lo © (Ly © Le) © Lo)(z) = (axz)* ((bxx)x((c*xz)*(axx)))
(La ® (Ly © (L © La))) ().

So,
(La ©® (Ly ® L) ® L) = (Lq © (Ly ® (Le ® Ly))).

And clearly,

(Lo ® Lo)(x) = Lo(x) * Lo(z) = (a*xx) x (a xx) = 0 = Lo(x). |

Corollary 3.1 Let X be a prime obic algebra. Then (L(X);®, Lo) is an obic algebra.
Corollary 3.2 (L(X);®, Lg) is prime if and only if X is prime.
We therefore know that

Proposition 3.1 Let X be an obic algebra. Then the translation Lo : X — X commutes with

any endomorphism on X.

Definition 3.3 An obic algebra X is said to have the distributive property if 0 x (x x y) =
(0% z)* (0*xy) for all z,y € X.

Proposition 3.2 Let X be an obic algebra with distributive property. Then the translation
Lo : X — X is the only homomorphism in the collection L(X).

Proof Clearly, Ly is a homomorphism. Let x € X such that x # 0. Let Suppose L, is a
homomorphism on X. Consider = (2 % 0) = L,(0) = L,(0%0) = L,(0) * L,(0) = 0; which is

a contradiction. O

84. Krib Maps in Obic Algebras

Definition 4.1 Let X be an obic algebra. A self map o : X — X is called a right krib map if
a(zxy) =z *xa(y) for al z,y € X.

If a(x xy) = a(x) xy for all x,y € X, then « is called a left krib map. « is called a krib
map if it is both a right and a left krib map.

Example 4.1 Consider the obic algebra X in Example 1.3. Define oo : X — X by (1) =
0,a(0) = 1. Then « is a right krib map of X.

Denote by D(X) the collection of right krib maps on an obic algebra X. We know the next
result by definition.

Proposition 4.1 Let X be an obic algebra. Then D(X) is a monoid.
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Definition 4.2 Let X be an obic algebra. A map o : X — X is called regular if «(0) = 0. If
a(0) # 0, then a is called irregular.

The following results can be verified immediately.

Lemma 4.1 Let o be an irreqular right krib map of an obic algebra X. Then the following
hold for all x € X :

(1) z* a(x) £0;
(2) a(z) =z * a(0).

Proposition 4.2 FEvery right krib map of a prime obic algebra is regular.
Corollary 4.1 Let o be a krib map on a prime obic algebra X. Then « s reqular.

Proposition 4.3 A right krib map « of an obic algebra X is regular if and only if x* a(x) =0
forallz € X.

Proof Suppose « is regular. Then 0 = «(0) = za(x). Conversely, suppose z * a(z) = 0.
Then «(0) = z * a(x) = 0. O

Proposition 4.4 A left krib map « of an obic algebra X is regular if and only if a(x) x x =0
forallz € X.

Theorem 4.1 Let a be a krib map of an obic algebra X. Then the following are equivalent:
(1) z x a(x) =0;
(2) « is regular;
(3) a(z) xz =0.

Proof The proof is straightforward by definition. O

85. Monics of Obic Algebras
Let X be an obic algebra. Define '’A’ by x Ay =y x (y x x) for all z,y € X.

Definition 5.1 Let X be an obic algebra. A function 0 : X — X is called a left (resp.

right)monic if 6(x +y) = (6(x) *x y) A (x = 0(y)) (resp. 0(x *+y) = (x*0(y)) A (0(z) *y)) for all
T,y € X.

If: X — X is both a left and a right monic, then 6 is called a monic.

Example 5.1 Let X be the obic algebra given by Table 2.

* || 0] 1
0fl0]1
11110

Table 2
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The map 6 : X — X such that (1) = 0,60(0) =1 is a left monic.

Definition 5.2 Let X be an obic algebra. A map o : X — X is called regular if a(0) = 0.

Definition 5.3 Let X be an obic algebra. A self map 0 on X is called self preserving if
O(x)xx=ux for allz € X.

Definition 5.4 Let X be an obic algebra. A self map 0 on X is called anti-self preserving if
x*0(x)=x for allxz € X.

Definition 5.5 Let X be an obic algebra. A self map 6 on X is called preserving if it is both

self-preserving and ant-self-preserving.

Proposition 5.1 Let 0 be a regular left monic on an obic algebra X. Then,

(z*0(z)) * [(z*0(x)) * (0(z) *2)] = (y * 0(y)) * [(y * O(y)) * (0(y) * y)]
forallz,y € X.

Proof Now, 0 = 6(0) = 0(x xz) = (z % 0(x)) * [(x * 0(x)) * ((z) * z)]. Similar argument
gives also (y x 0(y)) = [(y * 0(y)) * (6(y) *y)] = 0. Hence, the conclusion follows. m

Proposition 5.2 Let X be a reqular left monic on an associative obic algebra X. Then
0 [0(x) xx] =0 [0(y) xy] for all x,y € X.

Proof By proposition 5.1,

0 = [z+6(x)]*[(z*0(x))* (0(x) * )]
= 0x[0(z)* x|
Similarly, we have 0 x [#(y) * y] = 0. The conclusion follows. |

Proposition 5.3 Let 0 be a self preserving left monic on an obic algebra X. Then
[z % 0(x)] % [(x % 0(x)) xx)] = 0(0) for all x € X.

Proof Now,
0(0) = 6(x*x)
= [(x)xx] Az *0(x)]
= [zx0(x))] *[(z*0(x)) * z]. O

Corollary 5.1 Let 0 be a regular self preserving left monic on an obic algebra X .
Then [x x 0(x))] * [(x x0(x)) x2] =0 for all x € X.

The following propositions can be immediately verified.
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Proposition 5.4 Let 0 be a reqular self preserving left monic on an obic algebra X. Then
[z 0(2))] * [(2 + 0(x)) * 2] = [y = O())] * [(y * O(y)) *y] for all x,y € X.

Proposition 5.5 Let 0 be a self preserving left monic on an associative obic algebra X. Then
0x2x=0(0) for allz € X.

Proposition 5.6 Let 6 be a regular self preserving left monic on an associative obic algebra
X. Then 0% [0(x) xx] = 0% [0(y) *xy] for all z,y € X.

Proposition 5.7 Let 6 be a regular self preserving left monic on an associative obic algebra
X. ThenOxx =0 forallx € X.

Theorem 5.1 Let X be an associative obic algebra with a self preserving left monic 6. Then

X is prime if and only if 6 is reqular.
Proof Suppose X is prime. Then,

0=0xz = [(x*0(z))*(xx0(x))]*x
= zAzx6(z))
= Oz xx)=06(0).

Conversely, suppose 6 is regular. Then,

0=0(0) = O(xzxz)=[0(x)*x)]A[x*0(x)]
= zA[zx0(z)] =0x*x. O

The two conclusions following can be easily verified by definition.

Proposition 5.8 Let 0 be an anti-self preserving left monic on an obic algebra X. Then
x [z *0(x)] =0(0) for allz € X.

Proposition 5.9 Let 6 be a reqular anti-self preserving left monic on an obic algebra X. Then
yx[yx0(y)] =xx[xx0(x)] for all x,y € X.

Theorem 5.2 Let 6 be an anti-self preserving left monic on an associative obic algebra X .

Then 0 x [0(z) * x] = 0(0). Moreover, if 0 is reqular, then 0 x [(z) xx] =0 for all x € X.
Proof Notice that

0(0)=0(zxx) = [0(z)*z]Axx0(x)]
= [fx)xx] Az
= 0=x[0(x) *x].

The second part of the theorem is obvious. O
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Proposition 5.10 Let X be an obic algebra with a left monic 0. Then 6(z) = x x [z x 6(z)] for
allz € X.

Proof Notice that

D
—~
8
~
Il

O(z % 0) = 0(x)
[0(z) % 0] A [z * 6(0)]
= xx*[z*6(x)].

This completes the proof. O

Corollary 5.2 Let 0 be an anti-self preserving reqular left monic on an obic algebra X. Then
0(x) =0 for allz € X.

Corollary 5.3 Let 0 be a regular left monic on an associative obic algebra X. Then 6(z) =
0x0(x) for allz € X.
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§1. Introduction

In 1983, A.P.J. van der Walt [5] introduced the interesting concepts of prime and semi prime
bi-ideals for an associative ring with unity. In 1995, using the concepts defined by A. P. J.
van der Walt, the structure of a ring containing prime and semi prime bi-ideals were studied
by H. J. le Roux [2]. In 2001, Kehayopulu and Tsingelis [1] studied prime ideals of groupoids.
Following [1], in 2005, S.K. Lee developed prime left (right) ideals of groupoids [3] and obtained
some results on prime bi-ideals of groupoids [4]. In this paper we have studied the notion of
prime bi-ideals and semi prime bi-ideals of Po-I"-groupoids. Let M be a non empty set. M is
called T'-groupoid if for all a,b € M and v €I, ayb € M.
A set (G,T, <) is called a partial order-I'-groupoid(or simply Po-I'-groupoid) if

(1) (G,<) is a partial ordered set;

(i1) (G,T) is a I'-groupoid such that a < b = ayx < byzx and xy1a < 2y b for all a, b,z €
G;v,m €T

Throughout this paper G denotes a Po-I'-groupiod.

A non empty subset A of G is called right(resp.left) ideal of G if

(1) ATG C A (resp.GT'A C A);
(t7i) a € A, b<aforbe G implies b € A.

A non empty subset A is called an ideal of G if it is a right and left ideal of G.

For non-empty subsets A and B of a po-I'-groupoid G, the product AT'B of A and B
and the subset (A] of G are defined by AT'B = {ayb € S : a € Ab € B,y € T'}; (A=
{reG:3ae Az <a)}.

1Received July 31, 2019, Accepted December 3, 2019.
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A non empty subset @ of G is called a quasi ideal if

(1) (QIGIN(GrQ] < @;
(i) a < ¢;q € Q implies a € Q.

A non empty subset B of G is called a bi-ideal if

(i) (BT'GTB] C B;

(#3) a < b;b € B implies a € B.
Every quasi ideal is a bi-ideal. But the converse need not be true. A bi-ideal B of G is prime,
for z,y € G, (2I’'GTy] C B implies z € B or y € B. A bi-ideal B of G is semi-prime, for
x € G,(zI'GTz] C B implies x € B. A non-empty subset I of G is prime if I is an ideal
of G such that for any ideals A, B of G , AB C [ implies A C [ or B C I. It is clear that
(x); = (x U GT'z](resp.(z), = (z Uzl'G)) is the principle left(resp.right) ideal generated by x.

82. Main Results

Theorem 2.1 A bi-ideal B of G is prime if and only if for a right ideal R and a left ideal L
of G (RT'L] C B implies RC B or L C B.

Proof Suppose that (RI'L] C B for a right ideal R and a left ideal L of G and R ¢ B.
Then there exists © € R\B such that (zI'GT'y] C (RI'GT'L] C (RT'L] C B for any y € L which
implies y € B. So L C B.

Conversely, let (zI'GTy] C B for z,y € G. Then (2I'G]I'(GT'y] C (2T'GT'GT'y] C (2I'GT'y] C
B. By hypothesis, we have (zI'G] C B or GT'y] C B. If («zT'G] C B, then zT'z € (2T'G]T'G C B.
Now, (z),(z); = (zUaTGIT'(zUGT 2] = (2T2UaT GTzUzT GT2U2xI'GTGTx] C (2T2UaT'G] C B
which implies (z), C B or (z); C B. Therefore x € B. If (GI'y] C B, then by the similar
method y € B. |

Theorem 2.2 If a bi-ideal B of G is prime, then B is a left or right ideal of G.

Proof Let B be a prime bi-ideal of G.Then (BI'G|] C B or (GT'B] C B as (BT'G|I'(GI'B] C
(BT'GT'B] C B and by Theorem 2.1. So B is a a left ideal or right ideal of G. m

Theorem 2.3 Let G be a po-I'-groupoid. Then the following statements are hold:
(1) Any left/right/both sided ideal of G is a bi-ideal of G;
(ii) Intersection of right and left ideals of G is a bi-ideal of G;
(#it) Arbitrary intersection of bi-ideals of G is also a bi-ideal of G;
(i) If B is a bi-ideal of G, then BI'r and rI'B are bi-ideals of G, for any r € G.

Proof This result can be immediately verified by definition. O

Notation 1 For a bi-ideal of B of G, we define Ly = {z € B : GI'zt C B}, Rg = {z €
B : aTGCB},Ip={yelLp : yT'GC Lg}and Ir={y€ R : GTy C Rp}.
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Theorem 2.4 Let B be bi-ideal of G . Then Lg is a left ideal of G contained in B if L is
non empty.

Proof Let x € L. Let g € G and v € I' . Then gyx € GT'x C B . Now Gl'gyx C
GI'GT'z C GT'z C B which implies gyx € L. GI'Lg C Lp. hence Lp is a left ideal. O

Theorem 2.5 Let B be bi-ideal of G. Then Iy, is the largest ideal of G contained in B if Iy, is

non empty. Furthermore, Iy, coincides with Ig.

Proof Let x € I,.Then 2I'G C Lg. For any g € G and v € I', we have zyg € zI'G C Lp
and xvgl'G C 2I'GT'G C 2I'G C Lp, So I}, is a right ideal of G.

Since I, C Lp C B, we have x € Lg which implies zvg € I, and GI'z C B.

Now, GT'gyx C GTGT'z C GT'z C B. So gyx € L. By Theorem 2.4 and = € Iy, we have
xI'G C L. Then gyaI'G C GT'Lp C Lp, and we have gyx € I;. Therefore I}, is a left ideal.

Let A be an ideal of G such that A C B. If € A, thenx € Band GI' Cx C AC B
which implies x € Lg and A C Lp.

Let © € A. Then 2I'G C A C L. Hence z € I;, and A C I; which implies I}, is the
largest ideal of G contained in B. Similarly Ig is the largest ideal of G contained in B. O

Notation 2 We denote Ip as Ip := Ir = I by Theorem 2.5.

Theorem 2.6 If B is a prime bi-ideal of G, then Ig is a prime ideal of G contained in B.

Proof Let B be a prime bi-ideal of G. Then by Theorem 2.5, Ip is an ideal of G.

Suppose XT'Y C Ip for any ideals X,Y of G. Since Ip C Lp C B, we have XI'Y C B.
By Theorem 2.1, X C B or Y C B. But Ip is the largest ideal contained in B, so X C Ig or
Y C Ip which implies Ip is a prime ideal of G. O

Corollary 2.7 If B be a semi-prime bi-ideal of G, then Ig is a semi-prime ideal of G if I is
non empty.

Theorem 2.8 If a bi-ideals B of G is semi-prime, then

(i) for any left ideal L of G, LT'L C B implies L C B;
(i) for any right ideal R of G, RTR C B implies R C B.

Proof Suppose LT'L C B for a left ideal L of G and L ¢ B. Then there exists € L\B,
zI'GTxz C LI'GT'L C LT'L C B. Since B is a semi-prime we have x € B, a contradiction.

The second assertion can be proved similarly. O

Theorem 2.9 If a bi-ideal B of G is semi-prime, then B is a quasi-ideal of G.

Proof Let y € (BI'G] N (GI'B]. Then (yI'GT'y] C ((BIT'GII'GT'(GI'B]] C (BI'GT'B] C B.
Since B is a semi prime, we have y € B. Hence B is a quasi-ideal of G. a

Remark 2.10 For a Po-TI"-groupoid G,

(a) The set of all prime ideal of G is denoted by spec(G);
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(b) Bspec(@) denotes the set of prime bi-ideals of G
(¢) Sspec(G) denotes the set of all semi prime bi-ideals of G.

Then we know conclusions following easily by definition.
Theorem 2.11 If G is finite, then () spec(G) = () Bspec(G).

Theorem 2.12 A bi-ideal B of G is semi prime if and only if for a right ideal ( left ideal) A
of G (AT'A] C B implies A C B.

Theorem 2.13 The intersection of any family of prime bi-ideals of G is a semi prime bi-ideal

of G.
Theorem 2.14 If G is finite, then [ spec(G) = [ Sspec(G).

We note that G is regular if for any « € G, there exist a € G and ~v;,72 € I' such that
T < TY1072.

The following results shows the necessary and sufficient condition for a Po-I'-groupiod to
be regular.
Theorem 2.15 Let G be Po-gamma-groupiod. Then G is reqular if and only if every bi-ideal

of G is semi-prime.

Proof Let G be regular and B a bi-ideal of G. Suppose that xI'GI'z C B for x € G. Then
there exist a € G and 71,72 € I such that x < zyiavex € xl'al'r € xI'GT'x C B which implies
x € B. Hence B is semi prime.

Conversely , assume that every bi-ideal of G is semi-prime. Let B = (aI'GTq| for a € G.
Then BTGT'B = (aI'GTa]T'GT' (aI'GTa] C (aI'GT'a] = B, which implies B is a bi-ideal of G and
by assumption (aI'GTa] is semi-prime. Since aI'GT'a C (aI'GT'a] = B, we get a € (aI'GT'a] = B.
Then there exist x € G and v1, 72 € I such that a < ayyxvy2a. O
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Abstract: Let G be a (p,q) graph. Let f: V(G) — {1,2,--- ,k} be a map where k € N
and k > 1. For each edge uv, assign the label ged(f(u), f(v)). f is called k-total prime
cordial labeling of G if |t;(i) — ts(j)| <1, ¢,5 € {1,2,--- ,k} where ty(x) denotes the total
number of vertices and the edges labelled with . A graph with a k-total prime cordial
labeling is called k-total prime cordial graph. In this paper we investigate the 4-total prime

cordial labeling for some subdivided graphs.

Key Words: Corona, ladder, triangular snake, k-total prime cordial labeling, Smarandache

k-total prime cordial labeling.
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81. Introduction

In this paper we consider simple, finite and undirected graphs only. The notion of k- total
prime cordial labelling has been introduced in [4]. In [4-9], they investigate the k-total prime
cordial labeling of some graphs and investigate the 4-total prime cordial labeling behaviour of
path, cycle, star, bistar, ladder, triangular snake, friendship graph, comb, double comb, double
triangular snake, flower graph, gear graph, Jelly fish, book, irregular triangular snake, prism,
helm, dumbbell graph, sunflower graph, dragon, mobius ladder and subdivision of some graphs.
In this paper we examine the 4-total prime cordial labeling of subdivision of some graphs like
star, bistar, comb, double comb, ladder, triangular snake and double triangular snake. Terms

are not defined here follows from [1], [3].

§2. Preliminary Results

Definition 2.1 Let Gy, Ga respectively be (p1,q1), (p2,q2) graphs. The corona of G1 with Ga,
G1 ® Gy is the graph obtained by taking one copy of G1 and py copies of Go and joining the ith

vertex of G1 with an edge to every vertex in the ith copy of Gs.

1Received April 14, 2019, Accepted December 5, 2019.



94 R. Ponraj, J. Maruthamani and R. Kala

Definition 2.2 If e = uv is an edge of G then e is said to be subdivided when it is replaced by
the edges uw and wv. The graph obtained by subdividing each edge of a graph G is called the
subdivision graph of G and is denoted by S(G).

§3. k-Total Prime Cordial Labeling

Definition 3.1 Let G be a (p,q) graph. Let f : V(G) — {1,2,--- ,k} be a function where
k € N and k > 1. For each edge uwv, assign the label ged(f(u), f(v)). f is called k-total
prime cordial labeling of G if |t;(i) —tr(j)| < 1, 4,5 € {1,2,--- ,k} where t;(x) denotes the
total number of vertices and the edges labelled with x. A graph with a k-total prime cordial
labeling is called k-total prime cordial graph. Generally, if there are integers i,j € {1,2,---  k}
such that |ty (i) —tp(j§)| > 1, f is called a Smarandache k-total prime cordial labeling and G a

Smarandache k-total prime cordial labeling graph.
Theorem 3.2 The subdivision of comb S(P, ® K1) is 4-total prime cordial.

Proof Let P, be the path ujus---u,. Let z; be the vertex which subdivide the edge
u;u;+1. Let v; be the vertex adjacent to w;. Let w; be the pendent vertices v;. Clearly
V(S(P, © K1))| + [E(S(P, © K1))| = 8n — 3.

Case 1. n =0 (mod 4).

Let n = 4¢, t € N. Assign the label 4 to the vertices uy, uso, - - - ,u; and assign the label 3 to
the vertices wsy1, Uy, -+, uze. Next we assign the label 2 to the vertices ugsy1, Uosya, - , Ust
and assign 1 to the vertices usiy1, usit2, -+ ,un. Now we consider the vertices z; (1 < i <
n — 1). Assign the label 4 to the vertices x1,x2, -+ ,z; and assign the label 3 to the vertices
Ti41, Tg2,---,T2r. Next we assign the label 2 to the vertices xopq1, Tot42, - , 3. Finally we
assign 1 to the vertices xsi11,Z3t42,  * ,Zn—1. Now we move to the vertices v;, w; (1 <i < n).
Assign the label 4 to the vertices vy,vs,...,v; and wy,wsa, - ,ws. Then assign the label 3
to the vertices viy1, vy, -+, v and wyy1, Wito,- - ,wa. Now we assign the label 2 to the
vertices vUosy1,Vatq2, - , U3 and wari1, Wory, -+ ,wse. Finally we assign the label 1 to the

vertices V3t+1,V3t+2,° " ,Un and W3t+1, W3t+25*** y Wp.
Case 2. n=1 (mod 4).

Let n =4t+1,t € N. As in case 1, assign the label to the vertices u; (1 <i<n—2), x;
(1<i<n-—2),v,w (1<i<n-—1). Now we assign the labels 3, 4, 2, 3, 4 respectively to

the vertices un,_1, Un, Tn_1, Vn and w,.
Case 3. n =2 (mod 4).

Let n = 4t + 2, t € N. Assign the label to the vertices u;, v;, w; (1 < i< n—2)and z;
(1 <i<n-—3)by case 1. Next we assign the labels 4, 3, 4, 3, 2, 2, 4, 3 to the vertices u,_1,

Uny Tn_2, Tp_1, Un_1, Un, Wn_1 and w, respectively.

Case 4. n =3 (mod 4).
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Let n = 4t+3, ¢t € N. As in Case 3, assign the label to the vertices u;, v;, w; (1 <i<n-—2)
and x; (1 <i<mn-—3). Next we assign the labels 2, 3, 4, 3, 3, 3, 2,1 respectively to the vertices

Un—1, Un, Tn—2; Tn—1, Un—1, Un, Wnp—1 and wy. O

Theorem 3.3 The subdivision of double comb S(P,, ® 2K1) is 4-total prime cordial.

Proof Let P, be the path ujus---u,. Let z; be the vertex which subdivide the edge
w;ui+1. Let vy, w; be the vertices adjacent to u;. Let x;, y; be the pendent vertices adjacent to
u;,v; respectively. Obviously |V (S(P, ® 2K1))| + |[E(S(P, ® 2K1))| = 12n — 3.

Case 1. n =0 (mod 4).

Let n = 4¢, t € N. Assign the label 4 to the vertices uy, uso, - - - ,u; and assign the label 3 to
the vertices wsy1, Ugt+2,- -+, uzs. Now we assign the label 2 to the vertices uasy1, uoiya, - , sy
Next we assign 1 to the vertices usg¢t+1,Ust+2, -+ ,un—1. Finally we assign the label 3 to the
vertex u,. Now we consider the vertices z; (1 < i <n —1). Assign the label 4 to the vertices
z1,%2, -+ ,2t—1 and assign the label 3 to the vertices ziy1, 2442, -+, 29t—1. Next we assign
the label 2 to the vertices zo141, 22142, -, 23t—1. Now we assign the label 1 to the vertices
Zt, Zat, 235 23641, * 5 Zn—1. Assign the label to the vertices v;, w;, ;, y; (1 <i < n—1). Finally

we assign 2, 4, 4, 3 respectively to the vertices z,,, vy, w, and y,.
Case 2. n=1 (mod 4).

Let n =4t + 1, t € N. As in case 1, assign the label to the vertices u;, v;, =;, w;, y;
(I1<i<n-1)and z (1 <i<n-—2). Now we assign the labels 2, 4, 4, 2, 3, 3 respectively to

the vertices z,—1, Tn, Un, Up, Wy, and y,.
Case 3. n =2 (mod 4).

Let n =4t + 2, t € N. Assign the label to the vertices u;, v;, 2, w;, y; (1 <i<n-—1) and
z; (1 <i<n—2)by case 2. Next we assign the label 1 to z,_1 and assign the labels 4, 4, 2,

3, 3 to the vertices x,, Vn, Un, w, and y, respectively.
Case 4. n =3 (mod 4).

Let n = 4t + 3, t € N. As in Case 3, assign the label to the vertices u;, v;, x;, w;, Y;
(I1<i<n-—1)and z (1 <i<n-—2). Next we assign the labels 2, 4, 4, 2, 3, 3 respectively to

the vertices z,—1, Tn, Un, Upn, W, and yy,. O

Theorem 3.4 The subdivision of star S(K1 ) is 4-total prime cordial.

Proof Let u be the vertex of degree n and w1, ug,- -+ ,u, be the vertices of degree 2. Let

v1, V2, , U, be the pendent vertices.
Case 1. n =0 (mod 4).

Let n = 4t, t € N. Assign the label 4 to the vertex u. Next we now move to the vertices
U1, Uz, -+, Up. Assign the label 4 to the vertices uy,us, -+ ,us and assign the label 2 to the
vertices ¢4, Ut42, - ,Uuze. Next we assign the label 3 to the vertices woiy1, uoiya, -, us;.

Finally assign the label 1 to the non-labelled vertices of u,. Now we consider the pendent
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vertices v1,vo, - ,v,. Assign the label 4 to the vertices vy, v, -+ ,v; and assign the label 2 to

the vertices v¢41,vey2,...,ve. Finally assign 3 to the non-labelled vertices of v,,.
Case 2. n=1 (mod 4).

Let n =4t + 1, t € N. In this case, assign the label to the vertices u, u; (1 <7 < n) and
v; (1 <4 <n—2)by in case 1. Next assign the labels 2 and 4 to the vertices v,—1 and v,

respectively.
Case 3. n =2 (mod 4).

Let n =4t + 2, ¢t € N. As in Case 1, assign the label to the vertices u, u; (1 <i<n-—1)
and v; (1 <4 <n—2). Next assign the labels 2, 1 and 4 to the vertices respectively u,, vn_1

and v,,.
Case 4. n =3 (mod 4).

Let n = 4t 4+ 3, t € N. Assign the label to the vertices u, u; (1 < i < n —2) and v;
(1 <i<mn-—2)asin case 1. Finally assign the labels 3, 2, 4 and 4 to the vertices u,_1, un,

Vp—1 and v, respectively. O

Theorem 3.5 The subdivision of bistar S(B, ) is 4-total prime cordial.

Proof Let u, v be the vertices of degree n and w be the vertex of degree 2 adjacent to both
u and v. Let u; be the vertex of degree 2 adjacent to u and v; be the vertex of degree 2 adjacent

to v. Let z; and y; (1 <14 < n) be the pendent vertex adjacent to u; and v; respectively.
Case 1. n =0 (mod 4).

Let n = 4t, t € N. Assign the labels 4, 2 and 3 to the vertex u, w and v respectively. Next
we move to the vertices ui, ug, - ,u,. Assign the label 4 to the vertices ui,usg,- -+ ,ug and
assign the label 2 to the vertices ugyy1, u2ty2, -+ ,uqe. Now we consider the pendant vertices
of u,. Assign the label 4 to the vertices x1,x2, -,z and assign the label 2 to the vertices
Tot41, Tat+2, - ,T4e. Now we consider the vertices vy, ve, -+ ,v,. Assign the label 3 to the
vertices vy, va,--- ,vo; and assign the label 1 to the vertices vary1,vai42,- - ,v4. Finally we
move to the pendant vertices of v,,. Assign the label 3 to the vertices y1,y2, - ,y2: and assign

the label 1 to the vertices yot+1, Y2tt2,- ", Yar-

Case 2. n=1 (mod 4).

Let n = 4t+1, ¢t € N. In this case assign the label to the vertices u, v, w, u; (1 <i <n-—1),
v, (1<i<n—-1),2; (1<i<n—1)andy; (1 <i<n-—1)asin case 1. Next assign the labels

4, 2, 3 and 1 respectively to the vertices uy, xp, v, and y,.
Case 3. n=2,3 (mod 4).

Let n =4t + 1 and n =4t 4+ 2 t € N. The proof is similar to that of Case 2. O
Theorem 3.6 The subdivision of triangular snake S(T),) is 4-total prime cordial.

Proof Let P, be the path ujug---u,. Let w; be the vertex adjacent to u; and wu;41. Let
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v; be the vertices which subdivide the edge w;u;11 and z;,y; be the vertex which subdivided
w;w; and u;11w; respectively. It is easy to verify that [V (S(T,))| + |E(S(Ty))| = 11n — 10.

Case 1. n =0 (mod 4).

Let n = 4t, t € N. Assign the label 4 to the vertices uy,us, -+ ,u; and assign the label 2 to
the vertices wsy1, usya, -+, uz. Next we assign the label 3 to the vertices uosy1, sy, -, uUs;
then we assign the label 1 to the vertices usiy1,usit2, -+ ,unp—1. Finally, we assign 3 to the
vertex u,. Assign the label 4 to the vertices vy, v, -+ ,v; and assign the label 2 to the vertices
Vp41, V42, - ,U2t—1 and assign the label 3 to the vertices voy, vosy1,- -+ ,v3:—1 then we assign
the label 1 to the vertices vss, Vst 41, -+ , Un—1. Assign the label to the vertices z; (1 <i<n—1)
as in v; (1 <4 < n—1). Now relabel the vertex za; by 2. Assign the label 4 to the vertices
Y1,Y2, - ,ys—1 and assign the label 2 to the vertices y¢, y¢41,- - - , y2t—1 and assign the label 3 to
the vertices yo, Y241, - , Yst—1 then we assign the label 1 to the vertices ys¢, Yser1, -+ 5 Yn—2-
Finally we assign the label 2 to the vertices y,—1. Now we consider the vertices w; (1 < i <
n —1). Assign the label 4 to the vertices wq,ws, -+ ,w; and assign the label 2 to the vertices
Wiy, Wet2, - ,Wwo—1 and assign the label 3 to the vertices woy, wary1, - - - , ws;—1 then we assign
the label 1 to the vertices ws;, w3gy1,- -+, wy—2. Finally we assign 4 to the vertex wy_1.

Case 2. n=1 (mod 4).

Let n =4t +1,t € N. As in Case 1, assign the label to the vertices u; (1 <i<n—1), v,
Ziy Yi, w; (1 <i<n—2). Next we assign the labels 3, 3, 2, 4, 4 to the vertices v,—1, Un, Tpn-1,

Yn—1 and w,_ respectively.
Case 3. n =2 (mod 4).

Let n = 4t + 2, t € N. Assign the label to the vertices u; (1 < i < n —3), v;, x;, w;
(1<i<n-3)andy; (1 <i<n-—4)asin Case 2. Now we assign the labels 4, 3, 3 respectively
to the vertices uy,—2, up—1 and u,. Next we assign the labels to the vertices 4, 3, 2, 2, 2, 1 to
the vertices v, —2, Vn—1, Tn—2, Tn_1, Wy—2, and w,_1 respectively. Finally we assign the labels

4, 2, 3 respectively to the vertices y,—3, yn—2 and y,_1.
Case 4. n =3 (mod 4).

Let n = 4t + 3, t € N. Assign the label to the vertices u;, x;, y;, w; (1 <i <n—3) and
v; (1 <i<n-—4)asin Case 3. Now we assign the labels 4, 3, 3, 3, 1, 1, 3, 4, 3 respectively
to the vertices up—2, Un—1, Un, Tn—2, Tn—1, Yn—2, Yn—1, Wn—2 and w,_s. Finally we assign the

labels 2, 4, 3 to the vertices v,,—3, v,—2 and v,_1 respectively. O

Theorem 3.7 The subdivision of ladder S(Ly,) is 4-total prime cordial.

Proof Let V(Ly) = {us,v; : 1 <i <n}and E(L,) = {uuit1,v0i41 : 1 <i <n—1} U
{ujv; : 1 <i < n}. Let y;, w; and x; be the vertices which subdivide the edges u;u;41, u;v; and
v;v;41 respectively. Clearly |V (S(Ly))| + |E(S(Ly))| = 11n — 6.

Case 1. n =0 (mod 4).

Let n = 4t, t € N. Assign the label 4 to the vertices w1, us,--- ,us and vi,v9, -+ , V.
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Assign the label 2 to the vertices wst1, Uy, - , U2t and vep1, Uiy, -+ ,v2t. Next we assign
the label 3 to the vertices wugiy1, wott2,..., us and voit1,varya, -+ ,v3; then we assign the
label 1 to the vertices us¢41,us¢+2,  + ,Un—1 and vsg41, V3442, - ,Un—1. Finally, we assign
the labels 4 and 3 to the vertices u, and v, respectively. Next we consider the vertices x;
(1 < i < n). Assign the label 4 to the vertices x1, 2, -+ ,2; and assign the label 2 to the
vertices Ty41,Ti42, - ,To. Now we assign the label 3 to the vertices zoit+1, oy, -, T3
Finally we assign the label 1 to the vertices xs¢4+1,Z3¢+2, -+ ,Zn. Now we consider the vertices
yi, w; (1 <4 <mn—1). Assign the label 4 to the vertices y1,ya2, - ,yr and w1y, wa, - - - , we. Assign
the label 2 to the vertices yi11, Yry2, - ,Y2t—1 and wyy1, Weqa, - ,wo—1. Next we assign the
label 3 to the vertices yor, Y2141, -, Yst—1 and way, Waet1, -+ ,ws—1 then we assign the label
1 to the vertices ys¢, Yst+1, -+, Yn—2 and ws, Wsi41, -+, Wn—2, Wp—1. Finally, we assign the

labels 2 vertex y,—1.
Case 2. n=1 (mod 4).

Let n =4t + 1, ¢t € N. As in Case 1, assign the label to the vertices u; (1 <i<n—1), v;
1<i<n—-1),z;(1<i<n),y 1<i<n-—2)and w; (1 <i<n-—2). Finally we assign
the labels 2, 2, 4, 3 respectively to the vertices u,, vy, Yn—1 and w,—_1.

Case 3. n =2 (mod 4).

Let n =4t +2,t € N. As in Case 2, assign the label to the vertices u; (1 <i<n—1), v;
(1<i<n—-1),z; 1<i<n-1),y; (1 <i<n-—2)and w; (1 <i<n-—2). Finally we assign

the labels 4, 3, 2, 4, 3 to the vertices u,, Vn, Tn, Yn—1 and w,_1 respectively.
Case 4. n =3 (mod 4).

Let n =4t + 3, t € N. As in Case 3, assign the label to the vertices u; (1 <i<n-—1), v;
1<i<n—-1),z; 1<i<n-1),y; (1 <i<n-—2)and w; (1 <i<n-—2). Finally we assign

the labels 3, 4, 2, 3, 4 respectively to the vertices uy,, vn, Tpn, Yn—1 and wy_1. O

Theorem 3.8 The subdivision of double triangular snake S(DT,) is 4-total prime cordial.

Proof Let P, be the path ujus - --u,. Let v;, w; be the vertex adjacent to u;u;y1. Let x,
Yi, Zi, S; and r; be the vertex which subdivide the edges w;u;y1, w;v;, v;u4+1, v;w; and w;u;q
respectively. Clearly |V (S(DTy))| + |E(S(DT,))| = 18n — 17.

Case 1. n=0 (mod 4),n >8.

Let n = 4t, t € N. Assign the label 4 to the vertices uy,us, - - ,us and assign the label 2 to

the vertices wsy1, Uy, -, uz. Next we assign the label 3 to the vertices uosy1, uosya, -, Ust
then we assign the label 1 to the vertices usi41, usi42, - ,up—1. Finally, we assign the label 3
to the vertex u,. Now we consider the vertices v;,w; (1 <i <n—1). Assign the label 4 to the
vertices vy, Vs, -, vy and wy, wa, - -+ ,wy. Assign the label 2 to the vertices vii1, Vego, -+, Vor—1
and w41, Wyy2, -+ ,wo—1. Next we assign the label 3 to the vertices var, vori1, - ,Ust—1
and wagy, wopt1, -+ ,ws—1 then we assign the label 1 to the vertices wvst, Y341, ,Vn—3 and
W3y, W3y, - ,Wp—3. Finally we assign the labels 2, 4, 2, 4 respectively to the vertices v,_2,

Up—1, Wp—2 and w,_1. Next we move to the vertices z; (1 <i <n —1). Assign the label 4 to
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the vertices x1, 22, -+, x; and assign the label 2 to the vertices x;41, usq2, - ,xo—1. Next we
assign the label 3 to the vertices xas, Tory1,- -+, x3:—1 then we assign the label 1 to the vertices
T3¢, T3t+1," - ,Tn—gz. Finally, we assign the label 3 to the vertex z,—1. Now we consider the
vertices y;,8; (1 <i<mn—1). Assign the label 4 to the vertices y1,y2, -,y and s1,82,- - , S;.
Assign the label 2 to the vertices yiy1,Yit2, -+ ,Y2e and Sgy1, Sera, -, S2t. Next we assign the
label 3 to the vertices yoi+1, Y2t+2,- -+ ,Yse—1 and Sopy1, S2e42, - - , S3¢—1. Finally we assign the
label 1 to the vertices ys¢, Yse41, -« , Yn—1 and Ss¢, S3¢41, - , Sp—1. INext we move to the vertices
zi, 7 (1 <i<m—1). Assign the label 4 to the vertices 21, 22, -+ ,2¢—1 and 71,72, -+ ,T4—1.
Assign the label 2 to the vertices zy, zg4 1, -+, 22¢—1 and r¢, 71, -+ ,r2¢—1. Next we assign the
label 3 to the vertices zo, 2941, - - , 23¢—1 and rog, oey1, -+ ,T3¢—1. Finally we assign the label
1 to the vertices zsy, 23141, -+ , 2n—1 and rg;,rai+1,- - ,"n—1. Clearly t;(1) = t;(2) = t;(3) =
18t — 4 and ¢5(4) = 18¢ — 5.

Case 2. n=1 (mod4),n>09.

Let n =4t +1,t € N. As in Case 1, assign the label to the vertices u; (1 <i<n—1), v,
Wi, Tiy Yi, Zis Siy 75 (1 <4 <n—2). Finally we assign the labels 4, 4, 2, 3, 1, 4, 3, 2 respectively
to the vertices un, Un—1, Wn—1, Tn-1, Yn—1, n—1, Sn—1 and r,_1. Obviously t;(1) = 18t + 1
and tf(2) = tf(?)) = tf(4) = 18t.
Case 3. n =2 (mod 4), n > 10.

Let n =4t 4 2, t € N. Assign the label to the vertices u; (1 <i <n—2), v;, wi, T, Yi, %
(1<i<n-=3),s;,r; (1<i<n-—2)byin case 1. Finally we assign the labels 2, 4, 3, 4, 3, 3,
17 27 37 47 27 47 17 4 to the vertices Un—1, Un, Un—2, Un—1, Wn—-2, Wn—-1, Tn-2, Tn—-1, Yn—2, Yn—1,

Zn—2, Zn—1, Sn—1 and r,_1 respectively. It is easy to verify that ¢;(1) = ¢;(2) = ¢,(3) = 18t +5
and t(4) = 18t + 4.

Case 4. n =3 (mod 4),n > 11.

Let n =4t + 3, t € N. As in Case 3, assign the label to the vertices u; (1 <17 <n —1),
Vi, Wi, Ti, Yiy Ziy Si; i (1 < i < n—2). Finally we assign the labels 3, 3, 2, 2, 4, 3, 4,
1 respectively to the vertices tn, Vn—1, Wn—1, Tn—-1, Yn—1, 2n—1, Sp—1 and r,_1. Clearly
tf(l) = tf(2) = tf(4) =18t + 9 and tf(?)) = 18t + 10.
Case 5. t=2,3,4,5,6,7.

A 4-total prime cordial labeling is given in Table 1.

n (2|3[4]|5|6]|7
up | 3141414144
up | 412124144
U3 31312212
Uy 313|312
Us 11113
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41414

4141414

2

41414144

2

414141414

2

41414144

4141414144

2

1

3

3

Ue

ur

U1

V2

U3

V4

Us

V6

w1

w2

w3

Wy

Ws

We

T

T2

zs3

T4

Zs

L6

U1

Y2

Y3

Ya

Ye

21

22

<3

24

z5

26

S1

52
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s3 11332
54 11113
S5 313
S6 1
| 21221444
) 11312]2]2
r3 113132
T4 111713
5 213
6 1
Table 1
This completes the proof. O
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Abstract: A graph G = (V, E) is called signed product cordial if it is possible to label the
vertex by the function f : V — {—1,1} and label the edges by f* : E — {—1,1}, where
f (uv) = f(u)- f(v), u,v € V so that [v_1 —v1]| < 1 and |e—1 —e1| < 1. In [3] J.Devaraj and
P.Delphy, they have defined signed graphs, and they have started by labeling edges and then
induced the labeling of vertices. In this paper, we contribute some new results on signed
product cordial labeling and present necessary and sufficient conditions for signed product

cordial for corona of paths and fourth power of paths.

Key Words: Second power, fourth power, corona graph, signed product cordial graph,

Smarandachely signed product cordial labeling.
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§1. Introduction

The labeling of graphs is perceived to be a primarily theoretical subject in the field of graph the-
ory and discrete mathematics, it serves as models in a wide range of application like astronomy,
coding theory, circuit design and communication networks addressing. The concept of graph
labeling was introduced during the sixties’ of the last century by Rosa [12]. Many researches
have been working with different types of labeling graphs [1,4,5]. In 1954 Harray introduced
S-cordiality [10]. An excellent reference for this purpose is the survey written by Gallian [6].
All graphs considered in this theme are finite, simple and undirected. The original concept of
cordial graphs is due to Chait[2]. He showed that each tree is cordial; an Euerlian graph is not
cordial if its size is congruent to 2(mod 4). Let G = (V, E) be a graph and let f: V — {—1,1}
be a labeling of its vertices, and let the induced edge labeling f* : E — {—1,1} be given by
f () =(f(w) - f(v)), where e = wv and u,v € V.

Let v_; and v; be the numbers of vertices that are labeled by —1 and 1, respectively, and

let e_; and e; be the corresponding numbers of edges. Such a labeling is called signed product

1Received April 14, 2019, Accepted December 6, 2019.
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cordial if both |[v_; —v1| < 1 and |e_; — e;| < 1 hold. Otherwise, it is called Smarandachely
signed product cordial if [v_; —wv1| > 1 or |e_; — e1]| > 1. The corona G; () G2 of two graphs
G; (with ny vertices, m; edges) and Ga (with ng vertices, mg edges) is defined as the graph
obtained by taking one copy of i1 and copies of G2, and then joining the i*" vertex of Gy with
an edge to every vertex in the i*" copy of Gy. It is easy to see that the corona Gy ) Gy that
has ny + nino vertices and my + nimso + nine edges. The fourth power of a paths P,, denoted
by P2, is P, |JJ, where J is the set of all edges of the form edges v;v; such that 2 < d(v;v;) < 4
and i < j where d(v;v;) is the shortest path from v; to v;.

82. Terminologies and Notations

A path with m vertices and m — 1 edges, denoted by P,,, and its fourth power P2 has n vertices
and 4n — 10 edges. We let Ly, denote the labeling (—1)211 (—1)211---(—1)211 (repeated r-
times), Let L}, denote the labeling (—1)11(—1) (—=1)11(=1)---(=1)11(—1) (repeated r-times).
The labeling 11(—1)2 11(—1)a---11(—1)2 (repeated r-times) and labeling 1(—1)211(—1)51

- 1(—=1)21 (repeated r-times) are written Sy and Sj),.. Let M, denote the labeling (—1)1
(=1)1---(=1)1, zero-one repeated rtimes if r is even and (—1)1 (—=1)1---(=1)1(-1) if r is
odd; for example, Mg = (—1)1(—1)1(—1)1 and M5 = (—1)1(—1)1(—1). We let M/ denote the
labeling 1(—1)1(—1)---1(—1). Sometimes, we modify the labeling M, or M/ by adding symbols
at one end or the other (or both). Also, L4, (or L, ) with extra labeling from right or left (or
both sides). If L is a labeling for a path p,, and M is a labeling for fourth power of path P,,
then we use the notation [L; M| to represent the labeling of the corona P, () P2. Additional
notation that we use is the following: for a given labeling of the corona P, () P%, we let v;
and e; (for i = —1,1) be the numbers of vertices and edges, respectively, that are labeled by 4
of the corona P, () P2, and let x; and a; be the corresponding quantities for p,,, and we let
y; and b; be those for P2, which are connected with vertices labeled (—1) of P,,. Similarly, let
y, and b, for P* which are connected with vertices labeled 1 of P,,. It is easy to verify that
Vo =T+ ay—1+T1yg, 01 = s+ Tyl, e = a1z aboita b oy )
and e; = a1 +x_1b1 +x1b) +x_1(x_191)+ 219" 1. Thus, v_1—v1 = (v_1—x1)+2_1(y—1—v1)+
21(y_—vy)) and e_1—e1 = (a—1—a1)+x_1(b_1—b1)+21 (V"1 —b))+x_1(y—1—11)—21 (v 1 —¥})-
When it comes to the proof, we only need to show that, for each specified combination of

labeling, |[v_1 —wv1| <1 and |e_1 —e1] < 1.

83. Main Results

In this section, we show that the corona P, () P2 is signed product cordial for all m, n > 7 and

also for n = 3 with m > 1. This target will be achieved after the following series of lemmas.

Lemma 3.1 The corona P,, O P§ is signed product cordial if and only if m # 1.

Proof Suppose that n = 3. The following cases will be examined.
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Case 1. Obviously, P, (O P4 isomorphic to the complete graph K4. Since K, is not cordial,
Py (O Py is not is signed product cordial.

Case 2. Suppose that m = 2. Then we label the vertices of P, ) P¢ by [-11; —11—1,1— 11];
hence v_1 —vy =0and e_; —e; = 1. So, P, @ny is signed product cordial.

Case 3. Suppose that m = 3. Then we label the vertices of P3O P{ by [-1 — 1 —
1;—111,111,—11 — 1]; hence v—1 —v; = 0 and e_; —e; = 0. So, Pg@Pgl is signed prod-
uct cordial.

Case 4. m = 0(mod4).

Suppose that m = 4r,r > 1. We choose the labeling [L4y;—11—1,—-11—-1,1 - 11,1 —
11,---, (r — times)] for Py, O Pi. Therefore z_1 = x1 =2r,a_1 =2r — 1, a1 = 2r, y_1 = 2,
n =1Ly =19 =2 b1 =20, =2 b =1and b} = 1. Hence v_1 — v, =
(x—1—2)+2-1.(y—1—y1)+21.(y; —y})=0and e_; —e; = (a_1 —a1) + v_1.(b_1 —b1) +
r1.(b =)+ 2 1.(y—1—11) —21.(y_1 —vy}) = —1. Thus Py, ¢ P§ is signed product cordial.

Case 5. m = 1(mod4).

Suppose that m = 4r+1,r > 1. We choose the labeling [L4,.1;—11 -1, -11-1,1—-11,1—
11,---, (r — times), =11 — 1] for Py,41 () P4. Therefore x_1 = 2r, 21 = 2r + 1, a_1 = 2r — 1,
a; = 2r + 1, and for the first 4r- vertices y_1 =2, 1 =1, 9y, =1L, ¢, =2, b1 =V, =2
and by = b'1 = 1, and for the cycle cs which is connected to last vertex in P41, we have
y'y =2,y =1, 0", =2 and b’(') = 1, where y/ and b are the numbers of vertices and
edges labeled by i in P4 that is connected to the last vertex of Py,.1. It is easily to verify that
vy =z 1+ 2xqyat+ (@ — Dy, +y =8 +2, v =1 +x_ 191+ (1 — Dyl +yf =
&r+2,e1=a1+x13b 1+ @ -1V +z19y1+ @ -1y, +b";+1=14r + 3 and
e1 =a+x1.by + (21 —1)by + 21y + (21 — 1)y’ + b’(’l) + 2 = 14r + 3. It follows that
v_1—v;=0and e_; —e; =0. Thus Py.1 O P§ is cordial.

Case 6. m = 2(mod4).

Suppose that m = 4r+2,r > 1. We choose the labeling [L4,1(—1); (=1)1(=1), (-1)1(-1),
1(=1)1,1(=1D)1, ..., (r — times), 1(=1)1,(=1)1(—=1)] for Py12( P¢. Therefore z_; = z; =
2r+1l,a1=2r,a =2r+1,y1 =2, =1y ,=19 =2 b1 =20, 2,
by =1 and by = 1. Hence v_1 —v1 = (z—1 —21) + 2_1.(y—1 —y1) + 21.(y"1 — y7) = 0 and
ec1—er=(a—1—a1) +x_1.(bo1 —b1) + 1. (b, =b) +2x_1.(y-1 — 1) —21. (v, —¥)) = —1.
Thus Py, () Py is cordial.

Case 7. m = 3(mod4).

Let m = 4r + 3,7 > 1. We choose the labeling [L4,1(—1)(—1); (—=1)1(-1), (=1)1(-1),
(=11, 1(=1)1,-- -, (r — times), 1(=1)1, (=1)1(=1), 1(=1)1] for Py43 () P4. Therefore z_; =
2r+2,xy =2r+1,a_1 = 2r, a1 = 2r+2, and for the first 4r- verticesy_1 =2, y1 =1,y ; =1,
Yy =2,b_1 =b_, =2and by = b} = 1, and for the cycle P4 which is connected to last vertex of
Pyri3, we have yj = 1, yf =2, b = 2 and b} = 1, where y and b are the numbers of vertices

and edges labeled by i in Pg" that is connected to the last vertex of Py,43. Similar to Case 2, we
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conclud that v_; —v1 = (1 —21) +2-1.(y—1—y1) + (&1 — 1).(v"_ 1 —y1) + (W', —y{) =0 and
ec1—er=(a—1—a1)+x_1.(b—1 —b1) + (w1 —1).(b_1 = b)) +2_1.(y-1—y1) — (w1 — 1).(v"4 —
y}) + (c—1 —c1) — 1 = 0. Hence P43 () P4 is cordial. Thus the lemma is proved. O

Lemma 3.2 If n = 0(mod4), then P,, O Pt is signed product cordial for all m > 1.

Proof Suppose that n = 4s, where s > 2. The following cases will be examined.

Case 1. Suppose that m = 1. Then we label the vertices of P; (O Py, by [~1; —1L4s_4 — 113].
Therefore x_1 = 1,21 = 0,a_1 = a1 = 0,y_1 = y1 = 2s,b_1 = by = 8s — 5. It follows that
v_1—v; =1and e_; —e; = 0. As an example, Figure 1 illustrates P; ) P¢. Hence, P ) Pfs
is signed product cordial.

-1

Figure 1

Case 2. Suppose that m = 2. Then we label the vertices of Py () P by [—11; —1Ly5_4 —
119,19L%, 4,—1s]. Therefore z_y = 1 = l,a_1 = 1,41 = 0,y—1 = y1 = 28,b_1 = by =
8s—5,y 1=y =2sand b’ | = b} =8s—5. It follows that v_; —v; =0and e_; —e; = 1. As
an example, Figure 2 illustrates P, () P¢. Hence, P> (O Py, is signed product cordial.

-1 1

Figure 2
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Case 3. Suppose that m = 3. Then we label the vertices of P3 () P}, by [—121; —1L4s_4 —
112,—1L45_4 — 112712[/215—4_12]' Therefore r—_1 = 2,{,61 = 2,(1_1 = ay = 1,y_1 = Yy1 =
2s,b_1=b; =8s—5,y 1 =y} =2s and ¥’ | = b} = 8s — 5. It follows that vo—1 —v; = 1 and
e_1 —e1; = 0. As an example, Figure 3 illustrates Py () P¢. Hence, P () P{, is signed product

cordial.

-1 -1

Figure 3

Case 4. m = 0(mod 4).

Suppose that m = 4r, where r > 2. Then we label the vertices of Py, () P}, by [Lay; —1L4s—4—
119, ~1L4s_q — 119, 1oL}, _,—1s,
1oLy, 4—1a2,...,(r — time)]. Therefore z_; = 21 = 2r,a_1 = 2r — l,a; = 2r,y_1 = y1 =
28,b_1 =by =8s—5,y ; =y} =2s and b’ | = b} =8s— 5. It follows that v_; —v; = 0 and
e_1—e1 = 1. As an example, Figure 4 illustrates Py O P¢. Hence, Py, (O P is signed product
cordial.
-1 -1

Figure 4

Case 5. m = 1(mod 4).

Suppose that m = 4r + 1, where r > 1. Then we label the vertices of P41 @PfS by
[L4T—1; —1L45_4—112, —1L4S_4—112, 12L£1574—12, 12L2874—12, ety (r—time), —1L4S_4—112].
Therefore x_1 = 2r+1,21 =2r,a_1 = a1 =2r,y_1 = y1 = 2s,b_1 = by =8s—5,y" ; =y} = 2s
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and b’ | = b} = 8s — 5. It follows that v_1 —v; = 1 and e_; — e; = 0. Hence, Py, O Pf, is

signed product cordial.
Case 6. m = 2(mod 4).

Suppose that m = 4r + 2, where r > 1. Then we label the vertices of Py42 @Pfs by
[L4T—11; —1L4s_4—112, —1L4s_4—112, 12L£1574—12, 12L2574—12, R (r—time), —1L4S_4—112,
1oL}, _,—12]. Therefore z_y =21 =2r+1,a_1 =2r+1,a; = 2r,y_1 = y1 = 28,b_1 = by =
8s—5,9y =y =2sand b’ ; =), =8s—5. It follows that v_; —v; =0 and e_; —e; = 1.
Hence, Py12 () P{; is signed product cordial.

Case 7 m = 3(mod 4).

Suppose that m = 4r + 3, where 7 > 1. Then we label the vertices of Py.43 () Pg, by
[Lar—121; =1L4_4—110, —1L4_4—112,15L}, ,—1o,
1oL, 4va,-+-,(r —time), —1L45_4—119, —1L4s_4—115,15L), ,—13]. Therefore z_1 = 2r +
2,01 =2r+1lyay =a; =2r+1,y_-1 =y = 2s,b_1 = by =8 —5,94, =y} = 2s and
b, =b) =8s—5. It follows that v_; —v; = 1 and e_; —e; = 0. Hence, Py,43 () P{, is signed
product cordial. O

Lemma 3.3 If n = 1(mod4), then P,, O P3 is cordial for all m > 1.

Proof Suppose that n = 4s+ 1, where s > 2. The following cases will be examined.

Case 1. Suppose that m = 1. Then we label the vertices of Py () P, | by [-1; 1oL}, ,—11-1].
Therefore x_1 = 1,21 =0,a_1 = a1 =0,y_1 =2s,y1 =25+ 1,b_1 = by = 8s— 3 . It follows
that v_y —v; =0 and e_; — ey = 1. Hence, Py O P4, is signed product cordial.

Case 2. Suppose that m = 2. Then we label the vertices of P, () P, | by [-11; —15L4_41—11,
1oL}, _,—11—1]. Therefore x_1 =21 = l,a_1 = 1,01 = 0,y_1 = 2s+ 1,41 = 2s,b_1 = by =
8 —3,y 1 =25+ 1,9) =2sand b, = b = 8 — 3. It follows that v_1 — v; = 0 and
e_1 — ey = —1. Hence, P, O P{,, is signed product cordial.

Case 3. Let m = 3. Then we label the vertices of P3O P}, ; by [-11—1; —15L4s_41—11,
1oL, ,—11-1,15L), ,—11—1]. Therefore z_; = 2,21 = 1,a_1 =2,a; = 0,y_1 =25+ 1,y; =
2s,b_1 = by =85 -3,y = 2s,9f =2s+ 1,0, =b =8s—3,y" = 2s,yf{ =25s+1
andb” | = by = 8s — 3. It follows that v_; —v; = 0 and e_; — ey = 1. Hence, P3O Pf,,, is

signed product cordial.
Case 4. m = 0(mod 4).

Suppose that m = 4r, where » > 1. Then we label the vertices of Py, (O Py, 11 by
[Myr; —1gLgs—a1-11, 1Ly —11-1, —15L4s 41-11,

1oLy, ,—11—1,---  (r — time)]. Therefore 1 = z1 = 2r,a_; = 4r — l,a1 = 0,y_1 =
25+ 1,y1 = 25,01 = b =85 -3,y = 25,41 =2s+1and b, = by = 8 — 3. It fol-
lows that v_; — vy = 0 and ey — e; = —1. Hence, Py, O P4, is signed product cordial.

Case 5. m = 1(mod 4).

Suppose that m = 4r + 1, where r > 1. Then we label the vertices of Py, 41 O Pi, 1 by
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[M4T—1; —12L4s_41—11, 12L2574—11—1, —12L4S_41—11, 12L2574—11—1, ety (r—time), 12L2574
—11—1]. Therefore x_; = 2r+ 1,21 = 2r,a_1 =4r,a1 = 0,y_1 =25+ 1,y1 = 2s,b_1 = by =

8s—3,y 1 =28,y =2s+ 1,0 { =b] =8s—3,9y", =2s,9/ =2s+1land b/, = b =8s—3. It

follows that v_y —v; =0 and e_; — ey = 1. Hence, Py 11 O Pfs+1 is signed product cordial.

Case 6. m = 2(mod 4).

Let m = 4r+2, where rr > 1. Label the vertices of Py 42 () PfS_H by [Myyi2; —1aL4s—41-11,
1oL, y—11—1, ~15Lys 4111, 1oL}, ,~11—1, —15Lsy 41—11, 150}, ,~11-1,--- , (r—time)].
Thereforex 1 = x1 = 2r+1,a_1 =4r+1,a; =0,y 1 = 2s+1,41 = 25,b_1 = b =8s5-3,¢y' | =
28,y =28+ 1 and b/ ; =) =8s— 3. It follows that v_1 —v; = 0 and eg — e; = —1. Hence
P2 O P}, is signed product cordial.

Case 7. m = 3(mod 4).

Suppose that m = 4r + 3, where r > 1. We then label the vertices of P43 Pf
by [M4r+2—1; —12L4S_41—11, 12L£1574—11—1, —12L4S_41—11, 12L£1574—11—1, —12L4S_41—11,
1oLy, ,—11-1,---  (r — time), 1oL}, _,—11—1]. Therefore z_; = 2r + 2,21 = 2r + 1,a_; =
dr + 1,00 = 0,y_1 = 25+ 1,y1 = 28,b_1 = by = 8s —3,y, = 2s,y] = 2s+ 1,b, = b} =
8s— 3,y =25,y =2s+1and b/, = b = 8 — 3. It follows that v_; —v; = 0 and
e_1 —e; = 1. Hence, Py43 (DPfSJrl is signed- cordial. O

Lemma 3.4 If n = 2(mod4), then P,, (O P is cordial for all m > 1.

Proof Suppose that n = 4s + 2, where s > 2. The following cases will be examined.

Case 1. Suppose that m = 1. Then we label the vertices of Py ) Py, by [-1; —113—1s45_4—1].
Therefore x_y = 1,21 =0,a_1 =a1 =0,y_1 =y1 =2s+ 1,b_1 = by = 8s — 1. It follows that
v_1—v1=1and e_1; —e; =0. Hence, P, @PZ’;H is signed product cordial.

Case 2. Suppose that m = 2. Then, label the vertices of P, (- Pfs+2 by [-11; —113—1s45-4—1,
—1ly5-4—113—1]. Therefore z_1 = 21 = l,a_1 = l,a1 = 0,y_1 = y1 = 25+ 1,b_1 = b =
8s—1,y ,=y) =2s+1and b, =b) =8s—1. It follows that v_; —v; =0 and e_; —e; = —1.
Hence, P, (O P{, ,, is signed product cordial.

Case 3. Let m = 3. Then we label the vertices of P3P, 5 by [-1—11; —113—1s45_4—1,
—113—1s45-4—1, —1lys_g4—115—1]. Therefore z_1 = 2,21 = l,a_1 = a1 = l,y_1 = y1 =
2s4+1,b_1=b;=8s—1,9 =y, =2s+1and V' ; = b} =8s—1. It follows that v_; —v; =1
and e_; — e; = 0. Hence, P3O P}, , is signed product cordial.

Case 4. m = 0(mod 4).

Suppose that m = 4r, where r > 1. Then we label the vertices of Py (O P}, by
[l4r; —113—1845_4—1, —113—1845_4—1, —1L4S_4—113—1, —1L4S_4—113—1, ey (r—time)]. There-
forex_1 =21 =2r,a_1 =2r—1,a1 =2r,y_1 =y = 2s+1,b_1 =b; =8s—1,9y' ; = y§ = 2s+1
and b’ ; =b; = 8s— 1. It follows that v_; —v; =0 and e_; — e; = —1. Hence, Py, @Pfs+2 is

signed product cordial.

Case 5. m = 1(mod 4).
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Suppose that m = 4r + 1, where r > 1. Then we label the vertices of Py, 41 O Pi, .o by
(lar—1; —113—1545_4—1, —=113—1545_4—1,
—1L45-4—113—1, —1L45_4—115—1, -+, (r — time), —113—1845_4—1]. Therefore z_; = 2r +
lLgy =2r,a_1 = a1 =2r,y_1 = y1 = 2s+1,b1 =by =8s—1,y; =y} =2s+ 1 and
b, =0by =8s—1. It follows that v_y —v; =1 and e_; — e; = 0. Hence, Py11 O Pf, . is

signed- cordial.
Case 6. m = 2(mod 4).

Suppose that m = 4r + 2, where r > 1. Then we label the vertices of Py 42 O Pf .o by
[l4r—11; —113—1845_4—1, —113—1845_4—1,
—gs—a—113—1, —1lys_4—113—1,--- | (r — time), —113—1845_4—1, —1L4s_4—115—1]. There-
forex_1 =x1 =2r+1l,a.1 =2r+1,a1 =2r,y_1 =y1 =2s+ 1,b_1 = by =8 — 1,9y, =
yp =2s+1and b, =) =8s—1. It follows that v_; —v; = 0 and e_; —e; = 1. Hence,
P2 O Pl 5 is signed product cordial.

Case 7. m = 3(mod 4).

Suppose that m = 4r + 3, where r > 1. Then we label the vertices of Py 43O Piyis
by [Lar—1ol; —113—Tsgg_s—1, —113—T1sug_4—1, —1Las_a—113—1, —1Lys_g—115-1,---,(r —
time), —113—1s45_4—1, —113—1845-4—1,—1L4s_4—115—1]. Therefore x_1 = 2r + 2,21 =
2r+lag=a1 =2r+1y1=y1 =2s+1,b_1 =by =8 —1,y, =y} =25+ 1 and
b, =b) =8s—1. It follows that v_1 —v; =1 and e_; — e; = 0. Hence, P4T+3@Pfs+2 is

signed product cordial. O

Lemma 3.5 If n = 3(mod4), then P,, O P2 is signed product cordial for all m > 1.

Proof Suppose that n = 4s+ 3, where s > 2. The following cases will be examined.

Case 1. Suppose that m = 1. Then we label the vertices of P1 () P}, 4 by [—1;12s45—1].
Therefore x_1 = 1,21 = 0,a_1 = a1 = 0,y_1 =2s+1,y1 =2s+2,b_1 =b; =8s+1. It
follows that v_1 —wv; =0 and ey —e; = 1. Hence, P, (O Pfs+3 is signed product cordial.

Case 2. Suppose that m = 2. Then, label the vertices of P, () Pfs+3 by [—11; —121L4s, 12845 —1].
Therefore z_1 =21 = 1,a_1 = 1,01 = 0,y_1 =25+ 2,y1 =2s+ 1,b_1 = by =8s+ 1,9y, =
2s+1,y; =2s+2and V' ; =b) = 8s+ 1. It follows that v_1 —v; = 0 and e_; —e; = 1. Hence,
P, (O P{, 5 is signed product cordial.

Case 3. Suppose that m = 3. Then we label the vertices of Py (D Py, 3 by [-11—1; —151Ly,,
19845—1, 12845—1]. Therefore x_1 = 2,21 = 1,a_1 =2,a1 = 0,y_1 =2s+2,y1 =25+ 1,b_1 =
by =8+ 1,y 1 = 2s+ 1Ly} = 2s+2,0; =b, =8+ 1,97 =25+ 1Lyf = 2s+2
andb” | = by = 8s + 1. It follows that v_; —v; = 0 and e_; — ey = 1. Hence, P3O Pf, 5 is

signed product cordial.
Case 4. m = 0(mod 4).

Suppose that m = 4r, where r > 1. Then we label the vertices of Py, (O P}, 4 by
[Myr; —121L45, 12845—1, =131 L45, 12845—1, -+, (r — time)]. Therefore ©_1 = 1 = 2r,a_; =
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dr —l,a1 = 4r,y—1 =28+ 2,y1 =28+ 1,b_; =by =8s+ 1,y ; =2s+1,y; =25+ 2 and
b, =, =8s+1. It follows that v_y —v; = 0 and e_1 — e; = —1. Hence, Py O Pt 5 is
signed product cordial.

Case 5. m = 1(mod 4).

Suppose that m = 4r + 1, where r > 1. Then we label the vertices of Py 41 Piyys
by [Myr—1; —121L44, 12845s—1, =191 L4, 1o845—1,- -+, (r — time), 1asqs—1]. Therefore z_1 =
2r+1,21 =2r,a—1 =4r,a1 = 0,y_1 =25+ 2,y1 =25+ 1,b_1 = b1 =8s+ 1,9, =2s+1,y] =
254+ 2,0, =V, =8s+ 1,y =2s+ 1,y) = 2s+2and b”; = b/ = 8s+ 1. It follows that
v_1—v; =0and e_; —e; = 1. Hence, Py @PfSJrg is signed product cordial.

Case 6. m = 2(mod 4).

Suppose that m = 4r + 2, where r > 1. Then we label the vertices of Py 42 Piy, 3
by [M4T+2; —121L45, 12845—1, —121L4S, 12845—1, —121L4S, 12845—1, ey (T‘ — time)]. Therefore
rg=x1=2r+1l,a_1=4r+1,a1 =0,y_1 =25+ 2,41 =25+ 1,b_; =b; =8s+ 1,9y, =
2s+ 1,95 =2s+2and b, = b} =8s+ 1. It follows that v_; —v; =0 and e_; —e; = —1.
Hence, Py+2 () Py, 4 is signed product cordial.

Case 7. m = 3(mod 4).

Suppose that m = 4r + 3, where r > 1. Then we label the vertices of Pyr43 (O Piy3 by
[Mary2—1; =121 L4, 12545 —1, =191 Ly, 1545—1,
—121L4S, 12845—1...7 (T‘ — time)
19845—1]. Therefore x_1 = 2r + 2,21 = 2r + l,a—1 = 4r + 2,01 = 0,y_1 = 25+ 2,41 =
2s+1,b1=b1=8s+1,y ,=2s+1,y; =25+2,b =0, =8s+ 1,y =2s+1,yf =2s5+2
and b”; = b = 8s+ 1. It follows that v_; —v; =0 and e_; — e; = 1. Hence, Py, 13 @PfSJr3

is signed product cordial. O

As a consequence of all lemmas mentioned above we conclude that the signed product
cordial of the corona between paths and fourth power of paths is cordial for all m, n > 7 and
n =3 for all m > 1.

Theorem 3.1 The corona between paths and fourth power of paths is signed product cordial

for allm, n > 7 and also for n =3 with m > 1.

Proof The proof follows directly from Lemma 3.1 to Lemma 3.5. |
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Abstract: The eccentric sequence of a graph is defined as list of eccentricity of its vertices.
Eccentric sequence of composite graphs under seven graph products: line graph, sum, carte-
sian product, disjunction, symmetric difference, lexicographic product and corona product
is investigated. Also some family of non vertex transitive graphs that are self centered are
determined as product of graphs. It is proved that for any positive integer d, there is an
infinite family of non-vertex transitive self centered graphs with diameter d. The relation

between total eccentricity of a tree and total eccentricity of its line graph is given.
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81. Introduction

We consider only simple connected graphs in this paper. Let G = (V(G), E(G)) be a graph and
u, v be two vertices of G. The distance between u and v, dg(u,v) (simply d(u,v)) is the length
of shortest path connecting u and v. For a vertex v € V(G), the eccentricity of v, eg(v) is the
maximum distance from v to other vertices in G. The maximum and the minimum eccentricity
among all vertices of G are called diameter diam(G) and radius rad(G) of G respectively. The
center of G, C(G) is the set of vertices whose eccentricity is equal to rad(G). A graph G is
called self centered if all of its vertices have a same eccentricity. Let V(G) = {v1, ve, -+ ,v,}
be the vertex set of G. Fccentric sequence of G is the sequence €1, €9, -+ ,&, where &; is
the eccentricity of vertex v;. The minimum eccentric sequence of G, es(G) is the sequence
{5’_{1, 532, cee sfj} where €1, €9 --- , ¢y are the different eccentricities of vertices and ¢; denotes
the number of vertices with eccentricity ; and more over €;417 = ¢, +1 for 1 < ¢ < k — 1.
Note that 1 = rad(G) and ¢, = diam(G). Eccentric sequence is interesting since it provides
information on the vertex eccentricities and some structural properties of the graph such as
diameter, radius and variability of vertex eccentricities. Call a sequence of positive integer
eccentric if it is eccentric sequence of a graph. In a series of papers several properties of
eccentric sequences are studied. For instance see surveys [3, 7, 11, 14, 17]. Characterization of
eccentric sequences of graphs was first considered by Lesniak [11] who characterized sequences

which are the eccentricity sequences of trees.

1Received July 23, 2019, Accepted December 8, 2019.



On the Eccentric Sequence of Composite Graphs 113

Study of graph invariants specially topological indices under graph products is very in-
terested in mathematical literature. Some properties and application are reported in surveys
[1, 2,4 C6,8C 10, 12, 15, 18]. In this paper, we study the eccentric sequence of composite
graphs. We obtain explicit formulas of eccentric sequence for some graph product such as: line
graph, sum, cartesian product, disjunction, symmetric difference, lexicographic product and
corona product. Two important topological indices based on eccentricity of vertices are the
total eccentricity and eccentric connectivity index. The total eccentricity of a graph G, £(G) is
the sum of eccentricities of its vertices. Clearly, if

es(G) = {el' - ey

then,
k
€G) = tie(v).
i=1

The eccentric connectivity index of graph G, ECI(G), introduced by Sharma et al. [16], is
defined as
ECI(G) = Z e(v)deg(v),
veV(G)

where deg(v) denotes degree of vertex v. These topological indices have been used as mathe-
matical models for the prediction of biological activities of diverse nature. The automorphism
group of G is denoted with Aut(G). A graph is called vertex transitive if for any pair of vertices
u and v, there is an automorphism « such that a(u) = v. It is known that an automorphism
of a graph preserve the distance function. It follows that vertex-transitive graphs are always

regular and self centered graph.

In this paper we construct an infinite family of non-vertex transitive graphs which are
self centered. In the rest of the section, some standard graph products are introduced, then
eccentric sequence of graphs under these graph products is verified. First, we start with line
graph. Line graph of G, L(G) is a graph which each vertex of L(G) is associated with an edge
of G and two vertices in L(G) is adjacent if and only if the corresponding edges of G have
an end vertex in common. The sum of two graphs G; and G2, G; + G2 is defined as the
graph with the vertex set V (G1) UV (G2) and the edge set E (G + G2) = E(G1) UE (G2) U
{urug |us € V(G1),uz € V(G2) }. The next binary graph product is cartesian product. The
Cartesian product G100G> is the graph with vertex set V(G1) x V(G2) and (u1, uz) is adjacent
to (v1,v2) if ug = vy and (ugv2) € E(G2), or us = ve and (ujv1) € E(Gy).

The disjunction Gy V G is the graph with vertex set V/(G1) x V(G2) and
FE (Gl \Y Gg) = {(ul, U2)(U1,U2) |U1’U1 S E(Gl) Or UV € E(Gg) }

For given graphs Gy and Gz, their symmetric difference G1 @ G2 is the graph with vertex
set V(G1)x V(G2) and two vertices (u1,us2) and (v1, v2) are adjacent if and only if uyv; € E(G1)
or ugvy € E(G2)

The diameter of disjunction and symmetric difference of two graphs when both of them
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contain more than one vertex do not exceed of 2. The next binary operation is the lexicographic
product. The lexicographic product of two graphs G and G, G1 [G2] is the graph with vertex
set V(G1) x V(G2) and two vertices u = (u1,uz) and v = (vi,v2) are adjacent if (up is
adjacent with v1) or (u3 = v1 and ug and vy are adjacent).The operations sum, disjunction and
symmetric difference are symmetric operation and this fact implies that they have symmetric
eccentric sequence. But the lexicographic product do not have such property. Let n;, i = 1,2
denotes the order of G;. The corona product of two graphs is denoted by (G1 0G5 and is obtained
from one copy of G; and n; copies of G2, and then joining all vertices of the i-th copy of G4 to
the i-th vertex of G; for i = 1,2,--- ,ny. In [13], application of coronas in chemical modeling

was reported.

§2. Main Result

In this section, explicit formulas for eccentric sequence of some composite graphs is given.

2.1 Line Graph of Trees

Eccentric sequence of line graph of a tree can be determined by its eccentric sequence. We

present a relation between of total eccentricity of a tree and total eccentricity of its line graph.

Theorem 2.1 Let T be a tree with rad(T) =r. If es(T) = {r"™, (r+1)™,--- ,(2r)""}, then

eccentric sequence of L(T') is obtained as

0™ (r 1), (20 — 1)) if O(T) = K,

es(L(T)) =
( ( )) {(r—l)l,Tnl,"'7(2T—2)7“*1} ZfC(T):Kg

where n. > 0 and for 0 < i <r—1,n; > 1.

Proof We must to consider two cases.
Case 1. C(T)=K;.

Let p be the unique central vertex. Let N;(p) = {v € V(T')|d(p,v) = i}. Since T is a tree,
for a vertex u € N;(p), er(u) = i+r. Also there is a unique vertex v € N;_1(p) that is adjacent
to u. Now consider the bijection f : V(T) — {p} — E(T), if u € N;(p), i > 1, then f(u) = uv
where v € N;_1(p). For a vertex u € N;(p), we have er(u) = +1i and erp)(f(u)) =r+i—1.
Thus if

GS(T) = {7,1’ (T‘ + 1)n17 B (2T)RT}7

the eccentric sequence of L(T) is obtained as

es(L(T)) ={r", (r+1)",...,(2r — )" }.

Case 2. (C(T) = K.
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Let p; and po be two adjacent central vertices of T'. It is easy to see e (p)(p1p2) =7 — 1.
Let T—{p1p2} = T1UT, which p; € T for j = 1,2. Clearly if u € T}, clearly e(u) = r+d(u, p;).
By a similar argument to Case 1, if u € N;(P;) NTj, j = 1,2, then there is a unique vertex v €
N;_1(P;) that wv € E(T). Thus we get again a bijection f : V(T') — {p1,p2} — E(T) — {p1p2}.
Also if uw € N;(P;) NTj, then epry(f(u)) = er(u) — 1. This implies that if

es(T) = {12, (r+ 1) -+, (2 — )"},

then
es(L(T)) = {(r — DY, ()™, - (2r — 2)" 1}, -

Corollary 2.2 Let T be a tree. L(T) is self centered graph if and only if T is a star graph.

Proof Clearly the line graph of a star graph is complete graph and then is self centered.
Let T be a tree of order n and rad(T) = r. If L(T) is self center graph, by Theorem 2.1,
eccentric sequence of T has form es(T) = {(r — 1)~} or {r!, (r + 1)"~2}. This means that
the variability of eccentricity in T" is 1 or 2. Since T is a tree, this implies that rad(T) = 1 and
the proof is completed. O

Corollary 2.3 Let T be a tree of order n and radius r. Then

ET)=¢&¢L(T))+n+r—1.

Proof We consider two cases with respect to es(T) and es(L(T)).
Case 1. GS(T) = {Tlv (T + 1)77,17 Tty (27«)7%} and SS(L(T)) = {Tnlv (T + 1)77,27 Tty (2T - 1)nT}
By a straight calculation we get

g(T)—g(L(T)):T—FZni:r—l—n—l.

i=1
Case 2. es(T)={r?, (r+1)™,---,(2r—1)"1} and es(L(T)) = {r — 1}, (r)", -+, (2r—
2)nr-1y,
Again, in this case a same result is obtained as well.

r—1
f(T)—f(L(T)):27”—(7"—1)4—2711-:T+1—|—n—2:n—|—r—1. |
i=1

2.2 Sum

Theorem 2.4 Let Gy and G2 be simple connected graphs. Then,

es(G1 +G2) — {101-‘:-02727114-"2—01—02}7



116 Yaser Alizadeh

where ¢; is the number of vertices of eccentricity 1 in G; and n; is the number of vertices of
Gy 1=1,2.

Proof It is not difficult to see that diam(G; + G2) < 2. For vertex x € V(G;) we have
€ac,+6,(x) = 1 if and only if eg,(z) = 1. Let ¢; denotes the number vertices of eccentricity

1in Gy, i = 1,2. Then the eccentric sequence of G + Gs is obtained as es(G1 + G3) =
{161+62, 2n1+n2761762}. O

The eccentric sequence of sum of more than two graphs can be obtained by a reasoning

similar to the above.

Corollary 2.5 Let G1,Gs, - ,Gy be simple connected graphs. Then
es(G1 + G2 4+ .. 4 Gk) — {125:1 C'L, 22?:1 m—cl'},

where ¢; is the number of vertices of eccentricity 1 (or 0) in G; and n; is the number of vertices

of Gi; 1=1,2,---n.

Corollary 2.6 For any integer n > b, there is a self centered graph and non vertexr transitive

of diameter 2 and order n.

Proof Tt is sufficient to consider the complete bipartite graph Ky ,,—o = Ko+ K, _o. O

2.3 Cartesian Product

Theorem 2.7 Let es(G1) = {111, e2%2,--+, g%} and es(Ga) = {6:°, 62°%,--+, ,°"}.
Then,
68(G1|:|G2) = {(El + 5j)tisj}

1<igk, 1<5<m.

Proof It is known that dg,ng, ((z,v), (v,v)) = dg,(z,u) + dg,(y,v), this implies that
€G,0G» (‘Tv y) = &G (‘T) +e€a, (y)
Let m; and n; be the number of vertices of eccentricity e; and 6; in G; and G re-

spectively. Then, m;n; vertices of Gi0G> have eccentricity ¢; + d;. Therefore es(G10G2) =
{(Ei + 5j)tisj} . O
1<i<k, 1<j<m

Corollary 2.8 There are infinite family of non-vertex transitive self centered graph.

Proof 1t is sufficient to consider the powers of a non-vertex transitive self centered graph

such as K, , where m # n and m,n > 2. O

2.4 Disjunction

First note that if G = K7 then GV H = H and G & H = H as well. Therefore the considered
graph for these two graph products are except Kj.
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Theorem 2.9 Let Gy # K1 # Gs. Then
es(Gl V Gg) = {1‘31627 2”1712*61@}

where c; is the number of vertices of eccentricity 1 in G; and n; is the number of vertices of

Gi; i=1,2.

Proof Let (x,y) and (u,v) be two vertices of G1 VGs and zz’ € E(G;) and vv’ € E(G»).
Since (z,y) and (u,v) both are adjacent to (z’,v’) then d((z,y), (u,v)) < 2. Therefore for each
vertex (z,y) € Gy V Gz, we have eg,va,(@,y) < 2. If e, (x) > 1, and dg, (z,y) > 2 then
d((z,u), (y,u)) = 2. Hence, eg,va,(x,y) = 1 if and only if e, () = 1 = e¢,(y). Let ¢; vertices
of GG; are of eccentricity 1 for ¢ = 1,2. Then c;co vertices of (G1 V G5 have eccentricity 1 and the
other vertices are of eccentricity 2. This implies that es(G1 V Gg) = {191¢2,2mn2—c1c2 O

Corollary 2.10 Let G1 and G2 be two graphs of radius at least 2. Then Gy V G2 is a self
centered graph and es(G1 V Gg) = {2™"2},

2.5 Symmetric Difference

Lemma 2.11(]9]) Let G1 and G2 be two simple connected graphs. The number of vertices
of G; is denoted by n; for i = 1,2. Then dege,ec,((u,v)) = nadega, (u) + nidega,(v) —
2dega, (u)dega, (v).

Theorem 2.12 Let Gy # Ky # Ga2. Then es(G1 & Gy) = {2M"2}.

Proof Let (x,y) and (u,v) be two vertices of G1 V Gz and z2’ € E(G;) and vv' € E(Ga2).
Since (z,y) and (u,v) are adjacent to (x,v") then d((x,y), (u,v)) < 2. On the other hand,
(z,y) and (2',v") are not adjacent in G1 ® G3. Therefore each vertex (z,y) € G1 ® G2 we have
€G,06,(¢,y) = 2. This concludes that es(Gy @ G2) = {2™"2}. 0

Corollary 2.13 For any positive integer d there is an infinite family of non vertex transitive

graphs which are self centered with diameter d.

Proof Let @leGi =G ®G2® - ®Gy. For any positive integers n, k > 3, let G, =
@F | P,. Using Lemma 2.11 and Theorem 2.12 we get that G, ) is a self centered graph of
diameter 2 and it is non vertex transitive because it is not regular. Now consider the graph
Hy kg = Gn kOC34—2) which is self center graph of diameter d. Since G, is not regular
graph then H, j 4 is not regular and consequently is not vertex transitive graph as well. Clearly
diameter of Hy, 4 is d and the proof is completed. O

2.6 Lexicographic Product

For the lexicographic product of graphs, the distance of pair vertices is determined by the

following lemma.
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Lemma 2.14([9]) The distance of pair vertices in G1[G2] is

dGI(U17U2) U1 = V2
dG1[Gz] ((ulvvl)a (U‘Qa UQ)) = 1 Ul = U2,V102 € E(GQ)

2 otherwise

Therefore, the eccentricity of vertex (u,v) € V(G1[Gz]) is determined by

1 if £G4 (’U,) = €@, (1)) =1
e(u,v) =42 ifeg,(u) =1 and eg,(v) > 2

eq,(u) ife(u) =2
Now, all conditions are ready to obtain the eccentric sequence of G1[G2].

Theorem 2.15 Let es(Gy) = {e¥',...,el¥} and n; and c;, i = 1,2 be the order and the number

of vertices of eccentricity 1 of G; respectively. Then

es(Gl[Gg]) — {10102, 2C1(n2—02)+t2n2,€g3n2, . ,&_anz .

2.7 Corona
Remark 2.16 If Gy = K1, then G10Gy = K1 + G5 and

es(G10Gy) = {1112 gna—ez}

Theorem 2.17 Let G1 # K1 and es(G1) = {afi}le. Then

_ t1 _to+noty _tz+nots tptnatp—1 _noty
es(G10Gsy) = {52 ,E5 €4 et S Epas s
where ng = |V(G2)| and €41 = &; + 1.

Proof Let V(G1) = {v1, v2,..., v} and Gg; be the copy of Gy associated to v;. From
the structure of corona product of graphs one can see that eg,0G,(vi) = €, (vi) + 1 and if
x € V(G2i), €Gi065(T) =g, (v;) +2,1 < i< n. Then for x € V(G10G3),

ea=ec1+1<e(x) <ep+2=ckio.

Let v be a central vertex of G; and e¢, (v) = €1, then ¢, 06, (v) = €1+ 1 = e2. This follows that
center of (G coincides center of G10G>. For i > 2, the set of vertices of G; having eccentricity
¢; and the vertices of G, which e(V}) = &;_1 are of eccentricity ;41 in G10G2. Thus for i > 2,

the number of vertices that have eccentricity ;41 is t; + nat;—1. The proof is completed. O
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§3. Examples and Concluding Remarks

In this section, our theorems for eccentric sequence are illustrated for several more particular

composite graphs. We first give the expressions for suspensions.
Corollary 2.18 Let G be a graph on n vertices. Then

es(Ky 4+ G) = {1¢1 2n=c1,
where ¢ is the number of vertices of eccentricity 1 in G.

Next, the eccentric sequence for the fan graph K; + P, and the wheel graph W,, = K1 +C,

are presented by

Corollary 2.19 For the fan graph K1 + P, and the wheel graph W, = K1 + C,,

{17} ifn=1,

3 I
es(Ky + P,) = {r} ifn=2
{12,22}  ifn=3,
12"} ifn>4

and
4 e
es(W,) = {1} ifn=3

{11,2"}  ifn>4.

By composing paths and cycles with various small graphs, we can obtain different classes
of polymer like graphs. For example, we state the eccentric sequence for the fence graph P, [K3]

and the closed fence C,,[K>3] in the following conclusion.

Corollary 2.20 For the fence graph P,[Ks] and the closed fence Cy,[Ks],

{17} ifn=1,
{11} ifn =2,

P,|Ks5)|) =
es(FnlHz]) (12,24 ifn=3,

{221527 32753, . kztk} ifn >4,

where es(Py,) = {2%2,3% ... k'x} forn >4 and

{1%} ifn =3,
es(Cr[Ka]) =
{5}y ifn>4

The t-thorny graph of a given graph G is obtained as GoK,,, where K,, denotes the empty

graph on n vertices. For the t-thorny path and t-thorny cycle we get the following eccentric
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sequence.

Corollary 2.21 For the t-thorny graph P,oK;,
{1124} n=1,

es(PpoK,) = ¢ {22,320} n=2,
(21,3042 420} =3,

If n > 4 and it is even

eS(PnOKt) _ {(g + 1)2, (g + 2)2t+2, . ,n2t+27 (n+ 1)215}

and if n =5 and it is odd then

n+1
2

n+1
2

_ +1
es(PnoKt) _ {( 1)t+2, (nT + 2)2154r27 . 7n2t+2, (n 4 1)21&}.

) (
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Abstract: A function f is called an F-centroidal mean labeling of a graph G(V, E) with p

vertices and ¢ edges if f: V(G) — {1,2,3,--- ,q + 1} is injective and the induced function
i E(G) —{1,2,3,--- ,q} defined as

2 [f()? + f(u)f(v) + f(v)2]J
3 [f(u) + f(v)] ’

for all wv € E(G), is bijective. A graph that admits an F-centroidal mean labeling is called

F) = |

an F-centroidal mean graph. In this paper, we have discussed the F-centroidal meanness of
the graph P, (X1, X2, - X»), the twig graph TW (Py), the graph P, oSy, for m < 4, planar
grid Py, x P, for m < 3, the ladder graph L., the graph P, o Ko, the graph P’ for a > 2
and b < 3, the middle graph of the path, total graph of the path and the square graph of
the path, the splitting graph of the path and the graph P(1,2,--- ,n —1).

Key Words: Labeling, F-centroidal mean labeling, F-centroidal mean graph, Smaran-

dachely F-centroidal mean labeling.

AMS(2010): 05C78.

§1. Introduction

Throughout this paper, by a graph we mean a finite, undirected and simple graph. Let G(V, E)
be a graph with p vertices and ¢ edges. For notations and terminology, we follow [8]. For a
detailed survey on graph labeling, we refer [7].

Path on n vertices is denoted by P,. The graph P, (X1, Xs,...X,,), is a tree obtained
from a path on n vertices by attaching X; pendent vertices at each i*" vertex of the path, for
1 <i<n. A Twig TW(P,),n > 4 is a graph obtained from a path by attaching exactly two
pendant vertices to each internal vertices of the path P,. The graph G o S, is obtained from G
by attaching m pendant vertices to each vertex of G. Let G; and G2 be any two graphs with
p1 and po vertices respectively. Then the Cartesian product G; X G2 has pips vertices which
are {(u,v) : u € G1,v € G2} and the edges are obtained as follows: (u1,v1) and (ug,v2) are

adjacent in GG1 X G4 if either u; = us and vy and v are adjacent in G5 or u; and us are adjacent

1Received January 11, 2019, Accepted December 9, 2019.
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in G; and v; = vy. The product P, x P, and is called a planar grid and P, x P, is called a
ladder, denoted by L,,.

Let a and b be integers such that ¢ > 2 and b > 2. Let y1,¥2,...y, be the 'a’ fixed
vertices. Connect y; and y;4+1 by means of b internally disjoint paths Pz-j of length i + 1’ each,
for 1 <i<a—1and1<j<b. The resulting graph embedded in the plane is denoted by P?.
The middle graph M (G) of a graph G is the graph whose vertex set is {v : v € V(G)} U {e :
e € E(G)} and the edge set is {ejes : e1,e2 € E(G) and e; and ey are adjacent edges of
G}U{ve:v € V(GQ),e € E(G) and e is incident with v}. The total graph T(G) of a graph G is
the graph whose vertex set is V(G) U E(G) and two vertices are adjacent if and only if either
they are adjacent vertices of G or adjacent edges of G or one is a vertex of G and the other
one is an edge incident on it. Square of a graph G, denoted by G2, has the vertex set as in G
and two vertices are adjacent in G? if they are at a distance either 1 or 2 apart in G. For each
vertex v of the graph G, take a new vertex v’ to these vertices of G adjacent to v. The graph
thus obtained is called the splitting graph G and it is denoted by S’'(G). An arbitrary super
subdivision P(my,ms,--- ,m,_1) of a path P, is a graph obtained by replacing each i*" edge
of P, by identifying its end vertices of the edge with a partition of K> ,,, having 2 elements,
where m; is any positive integer.

Durai Baskar and Arockiaraj defined the F-harmonic mean labeling [6] and discussed its
meanness of some standard graphs. The concept of F-geometric mean labeling was introduced
by Durai Baskar and Arockiaraj [5] and it was developed [4]. The concept of F-root square
mean labeling was introduced by Arockiaraj et al., [1] and they studied the F-root square
mean labeling of some standard graphs [2]. Durai Baskar and Manivannan were introduced
F-heronian mean labeling [3]. Motivated by the works of so many authors in the area of graph
labeling, we introduced a new type of labeling called an F-centroidal mean labeling.

A function f is called an F-centroidal mean labeling of a graph G(V, E) with p vertices
and q edges if f: V(G) — {1,2,3,---,¢+ 1} is injective and the induced function f* : E(G) —
{1,2,3,--- ,q} defined by

RO O LT OLORICal )

3 [f(w) + f(v)]

for all wv € E(G), is bijective. Otherwise, it is called a Smarandachely F-centroidal mean
labeling of G if there is a number k € {1,2,3,- -, ¢} such that the inverse f~* of f* holds with
|f~*(k)] > 2. A graph that admits an F-centroidal mean labeling is called an F-centroidal
mean graph.

An F-centroidal mean labeling of cycle Cy is given in Figure 1.

2 3 )

1 2 4

Figure 1 An F-centroidal mean labeling labeling of C}



124 S. Arockiaraj, A. Rajesh Kannan and A. Durai Baskar

In this paper, we have discussed the F-centroidal meanness of the graph P, (X1, Xa,--- X,,),
the twig graph TW(P,), the graph P, o S,, for m < 4, planar grid P,, x P, for m < 3, the
ladder graph L,, the graph P, o Ko, the graph P? for a > 2 and b < 3, the middle graph of the
path, total graph of the path and the square graph of the path, the splitting graph of the path
and the graph P(1,2,--- ,n —1).

82. Main Results

Theorem 2.1 The graph P, (X1, Xs, -+ X,,) is an F-centroidal mean graph, for 1 < X; <3
and | X; — Xi1| <1, for 1 <i<n-—1.

Proof Let uy,us, -+ ,u, be the vertices of the path P,. Let vgl),vZ@, e ,vgxi) be the
pendant vertices attached at u;, for 1 <7 < n.

Define f: V(P (X1, X2, -+ Xy)) — {1,2,3,---, > X, + n} as follows:
i=1

f(v(l)) _ 27 Xl - 17
’ 1, Xi#1.
For 2 <i <mn,
i—1
ZXk+i7 Xi:2737

1)y _ -
f(v; ) = 5_11
S Xk +i+1, X, =

k=1

For 1 <i<n,
PR RGO
' FOM)+3, X, =3andj=3
and
f( ) f(v'L(l))+15 X’Li2537
;) =
fe)—1, X, =

Then the induced edge labeling f* is obtained as follows:

For1<i<n-—1,

and f*(v§1)u1) =1.
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For 1 <i <n,

f*(vgl)u ) = f(vl(l)) + 1’ XZ = 27 37
' f(vgl)) -1, X; =
and
f*(vgj)u )= flus), X, =23 and j =2,

flu) +1, X;=3and j=3.

Hence f is an F-centroidal mean labeling of P, (X1, Xa, - - - X},). Thus the graph P, (X1, Xa, -+ X,,)
is an F-centroidal mean graph, for 1 < X; <3 and |X; — X;11| < 1,for 1 <i<n-—1. O

2 3 5 ¢ [ g 10 11 13 15 17 19 21

—
w
W~

=

11 12 14 15 16 18 19 20 22

Figure 2 An F-centroidal mean labeling of P,(2,2,1,2,3,3,2)

Corollary 2.2 The twig graph TW (P,) of the path P, is an F-centroidal mean graph, for
n > 4.

Theorem 2.3 The graph P, oSy, is an F-centroidal mean graph, for n > 1 and m < 4.

Proof Let vy,v2,v3, -+ ,v, be the vertices of the path P, and ugi),uéi),ug), . ,usy? be
the pendant vertices at each v;, for 1 <7 < n.

Case 1. m =4.

Define f : V(P, 0Sy) — {1,2,3,...,5n} as follows:

flv1) =2,

fv;)) =5i—2, for 1 <i<n,
f’)y =1,
Fl?y =5i -5, for2 <i<n,
Flug) =3,
Fs?)y =5i -3, for 2 <i<n,
Ful?) =5i—1, for 1 <i<n,
FWSy=5i41, for1<i<n-—1,
fuf) = 5n.
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Then the induced edge labeling f* is obtained as follows:

fr(vivigr) = 5i, for 1 <i<n-—1,
f*(viugi)) =5i—4, for1 <i<n,
f*(viuéi)) =5i—3, for1 <i<n,
f*(viugi)) =5i—2, for1<i<n
f*(viuff)) =5i—1, for1 <i<n.

Case 2. 1<m<3.

By Theorem 2.1, the results follows in this case.

Hence f is an F-centroidal mean labeling of P, 0 S;,, for n > 1 and m < 4. Thus the graph
P, 0 S, is an F-centroidal mean graph, for n > 1 and m < 4. O

2 5 8 10 13 15 18
16 19
6 9 11 14 f
2 7/ 8 12/ \i3 1
L sy 65 - 9 11 10 12 14 16 5 17 19 20

Figure 3 An F-centroidal mean labeling of Py o .Sy

Theorem 2.4 The planar grid P, x P,, is an F-centroidal mean graph, for m < 3 and n > 2.

Proof Let V(P x Pp) ={vi; : 1 <i<m, 1 <j <n}and E(Py x P,) = {vijvi41); :
1<i<m—1, 1<j <npU{vj vy 1 <i<m, 1 <j <n—1} be the vertex set and edge
set of the graph P, x P,.

Case 1. m=2.
Define f : V(P x P,) — {1,2,3,---,3n — 1} as follows:
fuij)=i4+3(G—1), for1<i<2and1<j<n.
Then the induced edge labeling f* is obtained as follows:

[*(vijvej) =35 =2, for 1 <i<mn,
F (ijvig4n) =i+3j—2, for 1<i<2and 1< j<n-—1.

Case 2. m = 3.
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Define f: V(P x P,) — {1,2,3,---,5n — 2} as follows:

f(vi) =1, for 1 <i<3,
144, i=1,
fvi2) = ) .
i+ 9, 2<i <3,

fvij)=i4+5(G—1), for1<i<3and 3<j<n.
Then the induced edge labeling f* is obtained as follows:

frwavipy) =i, for 1 <i <2,
f*(vﬂvig) = Z+ 2, fOI‘ 1 S 7 S 3,

2 +3(j — 1),

1+5(—1),

1<i<2andj=2,
[T (vijvirny;) =
1<i<2and3<j<mn,

[ (vijvig41)) =1+5j =3, for 1 <i<3and2<j<n-—1

Hence the graph P,, x P, admits an F-centroidal mean labeling. Thus the graph P,, x P, is
an F-centroidal meangraph for m < 3.

For n = 2, an F-centroidal mean labeling of P, x Py is as shown in Figure 4. a
2 4 5 T 8 10
1
1 4 7 10
2 3 5 6 8 9 11

Figure 4 An F-centroidal mean labeling of Py x Py

1 5 11 16 21 26 31
® L 2 L ]
3 8 13 18 23 28
1 6 11 16 21 2 31
, bt L 9 [ u ! 19 I 29 9
7 12 17 29 27

2 7 12 17 22 27 32
. 5 . 10 : 15 )\ 20 " 25 . 30
3 13 18 23 28 33

Figure 5 An F-centroidal mean labeling of P3 x P;

Corollary 2.5 FEvery Ladder graph L, = P> X P, is an F-centroidal mean graph for n > 2.

Theorem 2.6 The graph P, o K5 is an F-centroidal mean graph for n > 1.
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Proof Let vy,vs,v3, -+ ,v, be the vertices of the path P, and ul(-l), u§2) be the vertices of

it" copy of K attached with v;, for 1 < i < n. Define f : V(P, o K3) — {1,2,3,--- ,4n} as
follows:

flo) =4i—2, for 1 <i<mn,
f(ugl))=4i—3, for 1 <i<n,
f(ul

2)):41', for1 <i<n.

Then the induced edge labeling f* is obtained as follows:

fr(vvipr) = 4i, for 1 <i<n-—1,
f*(ul(-l)uiz) =4i—-2 for1<i<n

Hence f is an F-centroidal mean labeling of P, o K5 for n > 1. Thus the graph P, o K5 is an
F-centroidal mean graph, for n > 1. O

/\ AAA&

12 13 18 20

Figure 6 An F-centroidal mean labeling of P5 o K>

Theorem 2.7 The graph PP is an F-centroidal mean graph, for a > 2 and b < 3.

Proof Let y;, xij1,Tijo2, . . . Tiji, Yi+1 De the vertices of the path Pij, where 1 <7 <a—1and

a—1 b a—1
1<j<bLetV(P)={yi:1<i<a}u U U{wij:1<k<i}and E(P?) = U{yixijl :
=1 j=1

a—1 b
1<i<blu U U {Zijrrijerny 1 <k <i—1}U U {Ziji¥i+1 : 1 < j < b} be the vertex set
=1 j— =1

and edge set of the graph P?.
Case 1. b=2.
Define f: V(P?) — {1,2,3,---,(a — 1)(a + 2) + 1} as follows:
fy) =1,

fly) =G -1 +2)+1, for2<i<a,
fmij1)=j+1 for1<j<2andfor2<i<a-1,
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flrir)=0E—-1)G+2)+2k+j—1, for1<k<iand1<j<2.

Then the induced edge labeling f* is obtained as follows:

(y117131)

[ (z11y2)

[ (yizizn)

S (@ijntijne))
)

(xZJ’L Yi+1

Case 2. b=3.

Define f: V(P3) — {1,2,3,--,

fy) =1, f(y2
3(i— 1)(i + 2)

flyi) =

f(x22r) =

For3<i<a-1,

f(xijr) =

for1 <j <2

j+2, for1 <j <2,

(z—l)(z+2)—|—j, for2<i<a—1land1<j<2,
)

-1 +2)+j+2k for2<i<a—-1,1<k<i—land1<j<2
+3)+j—2 for2<i<a—land1<;j<2

2

Tk+6, k=1,
Tk — 4,

f(x23r) =

k=2,

f(fﬂijl) =

WD) 4 9y 3)
3(i—1)(i+2)
e
M=V | 954 31 3,

3(1'71%(“2) 13k 1
3(1'71%(#2) F3k4j—1,
3(1’—1;(1'4-2) + 3k + 7,
3(1’—1;(1'4-2) + 3k + 7,

3(i—1)(i+2)

w + 1} as follows:

) =5, f(z111) =2, f(z1;1) =4j =5, for 2 <j <3,

4k +5, k=1,
4k + 4,

+1, for3<i<a, f(rar)=

5k+6, k=1,
5k+4, k=2

3(i—1)(i+2) . .

41, 1< <2,
3(i—1)(i+2) .
s +2j

7 =3 and

1<j<2,2<k<i-1,
and k is even,
ji=3,2<k<i-1
and k is even,
1<5j<3,2<k<i—-1
and k is odd,
j=1,k=1and k is odd,
7 =2,k=1and k is odd,
7 =3,k=1and k is odd,
1<j<2k=i,

and k is even,

j=3,k=1and k is even.
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Then the induced edge labeling f* is obtained as follows:

Js l<j<2,

[ (yrzen) = .
5,  j=3,
864 | g j=land2<i<a-—1,
3(i—1)(i+2) . - -
Plgwg) =4 2 Tdth o j=2andi=2,
J 3G-1)(+2) | 5 i—3andi=2
5 j , J and ¢ ,
864 g j=23and3<i<a-—1,
. o 14, j=1,
* ) .7 =1, * .
[ (w1j1y2) = _ , [f(xojeys) =4 13, j=2,
25, 2<j<3, .
15, j=3,

fH(mojizeje) =7+ 9for1<j<3and3<i<a-1,

BG4 3ky 23— 1) +1, 1<k<i-1,
) and 1 <j <2,
F (@ijemijesn)) = 3(1-71%(”2) +3k42, 1<k<i-1,
and j = 3,
&;3)4_]'_3’ 1< j<3andiis odd,
and f*(zijiyip1) = &;3) +j-2, 1<j<2andiis even,
&;3)_2, j =3 and i is even.

Hence f is an F-centroidal mean labeling of P? for @ > 2 and b < 3. Thus the graph P’ is an
F-centroidal mean graph, for a > 2 and b < 3. 14 O

28

7 11 4 21 g9 27
Figure 7 An F-centroidal mean labeling of P? and P}
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Theorem 2.8 The middle graph M(P,) of a path P, is an F-centroidal mean graph.

Proof Let V(P,) = {v1,v9,v3, - ,v,} and E(P,) = {e; = v;v;41 : 1 <i < n — 1} be the
vertex set and edge set of the path P,. Then,

V(M(Pn)) = {1}1,1}2,1}37 -ee3Un,€1,€2,€3," " ;enfl}a
E(M(P,)) = {vies,eivip1 : 1 <i<n—1}U{ejeir1: 1 <i<n-—2}.

Define f: V(M (P,)) — {1,2,3,---,3n — 3} as follows:

1, fori=1,
fv) = _ _
31 — 3, for 2 <i <n,
fle;))=3i—1, for 1 <i<n-—1.
Then the induced edge labeling f* is obtained as follows:

ffvie)) =3i—2, for 1 <i<n-—1,
fr(evig1) =3i—1, for 1 <i<n-—1,
f(eeip1) =3i, for 1 <i<n-—2.

Hence f is an F-centroidal mean labeling of the graph M (P,). Thus the graph M(P,) is an

F-centroidal mean graph. a

1 3 6 9 12

Figure 8 An F-centroidal mean labeling of M (Ps)

Theorem 2.9 The total graph T'(P,,) of a path P, is an F-centroidal mean graph for n > 1.

Proof Let V(P,) = {v1,v2,v3, -+ ,v,} and E(P,) = {e; = v;v;41 : 1 <i < n — 1} be the
vertex set and edge set of the path P,. Then V(T(P,,)) = {v1,v2,v3,- - ,Upn,€1,€2,€3, * ,€n_1}
and E(T(P,)) = {vivit1, €V, €041 : 1 <i<nm—1}U{eei11: 1 <i<n-—2}.

Define f: V(T (P,)) — {1,2,3,...,4(n — 1)} as follows:

flv1) =1,
f(vi) =4i—4, for 2<i<n,
fle))=4i—2, for1 <i<n-—1.
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Then the induced edge labeling f* is obtained as follows:

i—2, for1<i<n-—1,

)=4
)=4

fr(vie;))=4i—3, for 1 <i<n-—1,
)=4 forl1<i<n-—1.

Hence f is an F-centroidal mean labeling of the graph T(P,). Thus the graph T(P,) is an

F-centroidal mean graph. O

12 20
Lo, 4 6 8 4 16 ¢

18

Figure 9 An F-centroidal mean labeling of T'(FPs)

Theorem 2.10 The square graph P? of the path P, is an F-centroidal mean graph for n > 1.
Proof Let vy,v9,vs, - , v, be the vertices of the path P,. Define f : V (Pﬁ) —{1,2,3,--- ,2(n—
1)} as follows:

flu) =1,

flu,) =2t -2, for2 <i<n.
Then the induced edge labeling f* is obtained as follows:

i) =2i—1, for 1 <i<n-—1,

ff(ivige) = 2i, for 1 <i<n-—2.

Hence f is an F-centroidal mean labeling of the graph P2. Thus the graph P2 is an F-centroidal

mean graph. O

12

2 6 10

Figure 10 An F-centroidal mean labeling of P?



F-Centroidal Mean Labeling of Graphs Obtained From Paths 133

Theorem 2.11 The splitting graph S'(P,,) is an F-centroidal mean graph for n > 2.

Proof Let vi,va,--- ,v, be the vertices of the path P,. Let vi,ve, -+ v, 0,05, -, v,
be the vertices of the graph S’(P,). Let V(S'(P,)) = {v;,v} : 1 < i < n} and E(S'(P,)) =
{vivig1, vivj 1, vjvig1r 1 1 < i < n— 1} be the vertex set and edge set of the splitting graph
S'(Py).

Case 1. nis odd.

Define f: V(S'(P,)) — {1,2,3,---,3n — 2} as follows:

4i — 3, 1<i<2,
3, =3,

flo)=q . .
31— 4, 4 <i<mn andiis odd,
3, 4 <¢<mnandiis even,
6, 1=1,

fi) =4 2 i=2,
3i— 2, 3<i<n.

Then the induced edge labeling f* is obtained as follows:

. i+ 2, 1<i<2,

[rovip) =9 ,
3t —1, 3<i<n—1,
5i — 4, 1<i<2,

[fovi) =14 3i—2, 3<i<n—1andiisodd,
3, 3<i1<n-—1and7is even,
5, =1,
2, =2,

[rWivig1) =
3, 3<i1<n-—1and¢1is odd,
31— 2, 3<i<n-—1and71is even.

Case 2. n is even.
Define f: V(S'(P,)) — {1,2,3,---,3n — 2} as follows:

4 —uq, 1<4 <2,
fvi) =19 3i—1, 3 <i<mnandiisodd,

31— 3, 3 <i<nandiis even,
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1, i=1,
f) =14 3i—3, 2 <i<mnandiis odd,
31— 2, 2 <i<n and iis even.

Then the induced edge labeling f* is obtained as follows:

ffwivigr)=3i—1, for 1 <i<n-1,

. , 31, 3<i1<n-—1and¢1is odd,
f (UiUi-l-l) =

31 — 2, 3<i<n-—1andiis even,

f(/ ) 31— 2, 1<i<n-—1and:iis odd,
V;Vi4+1) =

31, 1<i<n-—1andiis even.

Hence f is an F-centroidal mean labeling of S’(P,). Thus the splitting graph S’(P,) is an
F-centroidal mean graph for n > 2. O

Figure 11 An F-centroidal mean labeling of S'(P;) and S’(Fg)

Theorem 2.12 The graph P(1,2,--- ,n—1) is an F-centroidal mean graph for n > 2.

Proof Let vi,v9,---,v, be the vertices of the path P, and let u;; be the vertices of
the partition of K ,,, with cardinality m;, 1 < ¢ < mn—1and 1 < j < m;. Define f :
V(P(1,2,---,n—1)) —{1,2,3,--- ,n(n—1) + 1} as follows:

flv))=i(i—1)+1, for 1 <i<n,
fluij) =i(i—1)+2j, for 1 <j<i, and1<j<n-—1.
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Then the induced edge labeling f* is obtained as follows:

o) =it —1)+j, for1<j<iand1<i<n-1,
fluijvigr) =i 44, for 1 <j<iand1<i<n—1.

Hence f is an F-centroidal mean labeling of P(1,2,...,n—1). Thus the graph P(1,2,...,n—1)

is an F-centroidal mean graph for n > 2. 99 |

Figure 12 An F-centroidal mean labeling of P(1,2,3,4,5)
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Abstract: Let G = (V, E) be a graph with p vertices and ¢q edges. A graph G is analytic
odd mean if there exist an injective function f: V — {0,1,3,5---,2¢ — 1} with an induce
edge labeling f* : E — Z such that for each edge wv with f(u) < f(v),

) - [f(v)l(f(u)ﬂ)ﬂ . if f(u) £0
f(uw) = [L;)ﬂf it fu) = 0

is injective. We say that f is an analytic odd mean labeling of G. In this paper we prove
that sun graph Sy, prism Dy, helm graph H,, the graph C}, o P>, banana tree, bamboo tree,
perfect binary tree, the graph PC,,, unicyclic graph, the caterpillar Px(no, n1,--- ,nr—1) and
spider graph are analytic odd mean graph.

Key Words: Mean labeling, analytic mean labeling, analytic odd mean labeling, Smaran-

dachely analytic odd mean labeling, analytic odd mean graph.

AMS(2010): 05C78.

81. Introduction

Throughout this paper we consider only finite, simple and undirected graph G = (V, E) with
p vertices and ¢ edges and notations not defined here are used in the sense of Harary [2].
A graph labeling is an assignment of integers to the vertices or edges or both, subject to
certain conditions. There are several types of labeling. An excellent survey of graph labeling
is available in [1]. The concept of analytic mean labeling was introduced in [7]. A graph
G is analytic mean graph if it admits a bijection f : V' — {0,1,2,--- ,p — 1} such that the
induced edge labeling f* : E — Z given by f*(uv) = [L;f(v)r‘ with f(u) > f(v) is
injective. Motivated by the results in [7], we introduced a new mean labeling called analytic
odd mean labeling in [3]. A graph G is an analytic odd mean if there exist an injective function
f:V—4{0,1,3,5---,2¢q — 1} with an induce edge labeling f* : E — Z such that for each edge

1Received July 24, 2019, Accepted December 10, 2019.
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wo with f(u) < f(v),

. B [M], if flu)#0
() = [%U)ﬂ ,2 i ) =0

is injective. We say such an f is an analytic odd mean labeling of G. Otherwise, a Smaran-
dachely analytic odd mean labeling of G if there exists an integer 0 < k < ¢ holding with
|f~*(k)| > 2, where f~* is the inverse of f*. We proved that cycle C),, path P, n-bistar, comb
P, ® Ky, graph L,, ® K1, wheel graph W,,, flower graph F',,, some splitting graphs, multiple of
graphs, quadrilateral snake Q(n), double quadrilateral snake DQ(n), coconut tree, fire cracker
and some star graphs, splitting graph spl(G), P,(1,2,3,---,n), the complete bipartite graph
Kn.n, the graph C, ® K,,, the square graph of P,,, Cy,, By, ., H-graph and H®mK; are analytic
odd mean graphs in [4], [5] and [6].

We use the following definitions in the subsequent section to prove the results.

Definition 1.1 A sun graph S, is a cycle Cy, with a pendent edge attached to each vertex of a
cycle C,.

Definition 1.2 The prism D,,n > 3 is a cubic graph which can be represented as a Cartesian

product Py x Cy, of a path on two vertices with a cycle on n vertices.

Definition 1.3 A banana tree is a tree obtained from a family of stars by joining one end

vertex of each star to a new vertex.

Definition 1.4 A tree is called a spider if it has a center vertex ¢ of degree R > 1 and all the
other vertex is either a leaf or with degree 2. Thus a spider is an amalgamation of k paths with
various lengths. If it has x1’s path of length a1, x2’s path of length as,---. We denote the spider
graph by SP(a1%t,a9%2, -+ ,a,,*™) where a1 < ag < -+ < @y, and x1 + 22 + -+ + =y = R.

Definition 1.5 A helm H,,n > 3 is obtained from the wheel graph W, by adding a pendent
edge at each vertexr on the wheel’s rim.

Definition 1.6 A bamboo tree (P, ® Ki,,)% , is an one point union of P, ® K1, where
1<i<k.

Definition 1.7 A caterpillar Py(ni,n2,- - ,ng) is a tree in which all the vertices are within
distance 1 of a central path Py for k > 1. When k > 2, a caterpillar is obtained from a path

P = ujugus - - - u attaching n; > 0 pendent vertices Uf(l < j < ny) to each u;.

Definition 1.8 A perfect binary tree is a full binary tree in which all the leaves are at the same

level and in which every parent has two children.

82. Main Results

In this section we prove that sun graph S,, prism D,, helm graph H,, path union of n — 3
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copies of C,,,the graph C, o P, banaba tree, bamboo tree, the graph PC,,, unicyclic graph,
perfect binary tree, the caterpillar graph Py(ng,n1,--- ,nkg—1) and spider graph are analytic
odd mean graphs.

Theorem 2.1 For every positive integer n > 3, the sun graph S, is an analytic odd mean

graph.

Proof Let the vertex set and edge set of the sun graph be V(S,,) = {u;,v; : 1 < i <n}
and E(Sp) = {uiuirr: 1 <i<n—1}U{uv;: 1 <i<n}U{unui}
Now |V(G)| = 2n = |E(G)|. We define an injective map f: V(S,) — {0,1,3,5,--- ,4n— 1} by
fluj)=2i—1forl1<i<nand f(v;) =2n+2i—1for 1 <i<n.

The induced edge labeling f* is defined as follows:

ffuiugr) =2i+1for 1 <i<n-—1,

f*(uruy) = 2n2 — 2n — 1,

fuv) =2n(n—1)+2i(2n—1)+1for 1 <i<n.

We observe that the edge labels of w;u;+1 are 3,5,---2n — 1 as ¢ increases and the edge
labels of u;v; are increased by 4n — 2 as i increases from 1 to n. Hence all the edge labels are

distinct and odd . Hence S,, admits an analytic odd mean labeling. O

An analytic odd mean labeling of Sg is shown in Figure 1.
31 17

Figure 1

Theorem 2.2 For every positive n > 3, the prism D, is an analytic odd mean graph.

Proof Let the vertex set and edge set of the prism be V(D,,) = {u;,v; : 1 <i <n} and
E(Dy) = {uittiz1,vvi41 0 1 <i<n—-1}J{uwvi: 1 <i<n}J{unvi,vpv1}. Now |[V(Dy)| =
2n and |E(D,,)| = 3n. We define an injective map f : V(D,) — {0,1,3,5,--- ,6n — 1} by
fluj)=2i—1forl1 <i<nand f(v;) =2n+2i—1for 1 <i<n.
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The induced edge labeling f* is defined as follows:

ffuiuigr) =2i+1for 1 <i<n-—1,
f*(uruy) = 2n2 — 2n — 1,

f(uv)) =2n(n—1)+2i(2n—1)+ 1 for 1 <i < mn,

ffvvip1) =2n+2i+1for 1 <i<n-—1,

f*(vivy) = 6n% — 8n — 1.

We observe that the edge labels of w;u;4+1 and v;v;41 are 3,5,...,2n — 1 and 2n + 3,2n +
5,-++,2n+2n —1 = 4n — 1 respectively as ¢ increases and the edge labels of u;v; are increased
by 4n — 2 as i increases from 1 to n. So all the edge labels are distinct and odd. Hence D,,
admits an analytic odd mean labeling. a

An analytic odd mean labeling of Dg is shown in Figure 2.

319

25
Figure 2

Theorem 2.3 The helm graph H,,n > 3 is an analytic odd mean graph.

Proof Let V(H,) = {v,v;,u; : 1 < i < n} and E(H,) = {vv;,v;u; : 1 <i<n}U
{vivig1 + 1 <i <n-=1}U{v,vn}. Now |V(G)| = 2n+ 1 and |E(G)| = 3n. We define an
injective map f : V(G) — {0,1,3,5,--- ,6n— 1} by f(v) =0, f(v;) =4i—3 for 1 <i<n and
flu))=4n+2i—1for 1 <i<n.

The induced edge labeling f* is defined as follows:

f*(vv;)) =82 —12i +5for 1 <i <,
ffovigr)=12i—1for 1 <i<n-—1,

f*(vpv1) = 8n? — 12n + 3,

flou) =4n(2n—1)—6i(i — 1) +8ni — 1 for 1 <i <mn.

*
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We observe that when i increases, the difference of edges v;u; are decreased by 12. Clearly

all the edge labels are odd and distinct. Hence H,, admits an analytic odd mean labeling. O

An analytic odd mean labeling of Hyp is shown in Figure 3.

41wy

51 us

Figure 3

Theorem 2.4 The graph PCp(n > 4 and n is even) is obtained from C, = vivs---v,v1 by
adding the chords v; and vy—;y2 for 2 < i < 1 where |l = n/2. Then the graph PC, is an

analytic odd mean graph.

Proof Let G = PC,,. Let the vertex set and edge set of G be V(G) = {v;,: 1 <i < n}
and E(G) = {vivit1 : 1 < i <n—-1}U{vvp—it2 : 2 <i <1} U{v,v1}. Then there are
n vertices and 3n/2 — 1 edges. We define an injective map f : V(G) = {0,1,3,---3n — 3} by
flo;))=2i—1for1<i<n.

The induced edge labeling f* is defined as follows:
f*wivip1) =2+ 1 for 1 <i<mn,

f*(vpv1) =202 — 2n — 1,

f*(vivn—it2) =2n(n+3) — 2i(2n+3) + 5 for 2 < i <.

It can be easily verified that f is an analytic odd mean labeling and hence PC), is an

analytic odd mean graph. O

An analytic odd mean labeling of PC1g is shown in Figure 4.
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1
179 3
19 173 3
19 5
127
17 5
17 7

81

Figure 4

Theorem 2.5 Let G be a unicycle graph with a cycle Cy, = ajas - - - agay such that the vertex
a; 1s attached to n; pendent vertices. Then the unicycle graph admits an analytic odd mean
labeling.

Proof Let V(G) = {as,al : 1 <i<kand1<j<n}and E(G) = {aiai1 : 1<
i <k-1}U {aia‘g 1 <i<kandl <j < n}U{arar}. We assume ng = 0. Hence
Vi=ni+ne+---+n+k=|F|.

We define an injective map on the vertex set by f(a;) = 2i — 1 for 1 < ¢ < k and
flal)=2k—14+23""tn.+2jfor 1 <i<kand1<j<mn,.

The induced edge labeling f* is defined as follows:

f*(aialqu) =2i+1 for 1 S 7 S k — 1,

f*(arar) = 2k? — 2k — 1,

Frlaal) = 2062 + 52 =) + 200 ) + 22k + 25 — 1) Y07 ny + 4kj — 2(k + j) + 1 for
1<i<kand 1<j5<n,;.

Clearly the edge labels are odd and distinct. Hence the unicycle graph admits an analytic
odd mean labeling. a

An analytic odd mean labeling of the unicycle graph with & = 6 is shown in Figure 5.

31 29 27 25
Figure 5
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Theorem 2.6 The caterpillar Py(no,ni, -+ ,ng—1) is an analytic odd mean graph for k >
2, n; > 0.

Proof Let V(G) = {vi,vf :0<i<k—-1land 1l <j<n;}and E(G) = {v;—1v; : 1<
igk—l}u{vivf: 0<i<k—1land1<j<n;}. Hence|V|=ng+ni+...+n;+kand
|E| =ng+n1+---+ng+k— 1. We define an injective map on the vertex set by

fo) =0, f(v;) =2i—1for1 <i<k-—1,

f(vd)—2k+2j—3f0r1<j<ni,

f!) =2k — 3+2ZT OTLT+2] for1<i<k—1land1<j<n,

The induced edge labeling f* is defined as follows:

ffwimiv) =2i—1for 1 <i<k-—1,

F(wovd) = 2k(k —3) 4+ 2j(j — 3) + 4kj + 5 for 1 < j < n,

!

*(v;v ):{(Qk 3+22T Onr+2j—2z)(2/€ 3+22T Onr+2]+22)+1}—2for
1<i<k—-land1l<j<n;.

Clearly the edge labels are odd and distinct. Hence Py (ng,n1, ..., nk—1) admits an analytic
odd mean labeling. a

An analytic odd mean labeling of P5(3,2,1,5,4) is shown in Figure 6.

0 1
AB 15 17 /N29 4\
11

33 35

Figure 6

Theorem 2.7 The graph C, o P> is an analytic odd mean graph.

Proof Let G be the graph C,, o P. Let V(G) = {v;,vi1,vi2: 1<i<n} and E(G) =
{vivig1 : 1 <i<n—1}U{v,v1} U{vivi 1,005 2,010i2 : 1 <i<n}. Now |[V(G)| = 3n and
|E(G)| = 4n.

We define an injective map f: V(G) — {0,1,3,5,--- ,8n— 1} by

flo))=2i—1for1<i<n,

fwi1)=4i+2n—-3for 1 <i<n,

fwig)=4i+2n—1for 1 <i<n.

The induced edge labeling f* is defined as follows:
ffovipr)=2i+1for 1 <i<n-—1,
f*(vpvr) =202 —2n + 1,
fH(vwi1) =6i(i — 2) +2n(n — 3) + 8ni + 5 for 1 <14 < n,

(
fr(vi

<

vV 2) =2i(3i —2) +2n(n — 1) +8ni+ 1 for 1 < i < n,
Vo) =4i+2n—1for 1 <i<n.
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Clearly the edge labels are odd and distinct. Hence C}, o P, admits an analytic odd mean
labeling. O

An analytic odd mean labeling of C5 o P, is shown in Figure 7.

11 13 13

23 21
Figure 7
Theorem 2.8 Let Ky, King, -+, K10, be a family of stars with vertex sets V(K1 ;) =
{aj,a},af,--- ,a}”}, and deg(aj) = nj,1 < j < k. Let BT (n1,n2, - ,nk) be a banana tree
obtained by adding a new vertexr a and joning it to ai,a3,al,--- ,ai. Then BT (ni,na,--- ,ng)

admits an analytic mean labeling where n; is any positive integer.

Proof Let the vertex set and edge set beV:{a,aj,agz 1§j§k,1§r§n‘j} and F =
{aa}: 1§j§k}u{aja;: 1§j§k,1§r§nj} respectively. We assume ng = 0. Hence
[Vi=ni+ne+---+np+k+1land |EF|=n1+no+---+ng+ k.

We define an injective function f on the vertex set of banana tree as follows :

fla)=0, f(aj) =25 —1for 1 <j <k,
f(a;):2k—1+2zj—éni+2rfor1§r§nj71§j§k,

1=

The induced edge labeling f* is defined as follows:

j—1 j—1 j—1
Frlajay) =20k + 1> = 7)) + 200 ni+ )2k — 14> n)+2j> ni—2k+1
=0 =0 1=0

for1<r<mn;,1<j<kand

= 2
(2k—1+22§:0 ni—|—2) +1
2
j—1 j—1
2h(k+1)+2) ni(2k+1)+20)_ni)* +1
=0 1=0

f*(aaj) =
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for 1 <j<k.

Clearly the edge labels are odd and distinct. Therefore f is an analytic odd mean labeling
and hence the banana tree is an analytic odd mean graph. |

An analytic odd mean labeling of BT(3,5,6,4) is shown in Figure 8.

17 19

Figure 8 43

Theorem 2.9 Let K1y, Kiny, -+, K1 ny, K11 be a family of stars with vertex sets V(Ky ;) =
{v; :0<r< nj} and deg(v?) =mnj, for 1 <j <k, V(Kix) = {v,v1,v2, - ,vx}. The bam-
boo tree (P ® Ky p;) for j = 1,2,...,k is obtained by joining the vertex vi,va,...,vr with
vi vl ,v,ﬁ respectively. Clearly the number of vertices and edges of the bamboo tree are
ni+ns+---+ng+k+1and ny +ns + ... +ni + k respectively. Then the bamboo tree
(P ® K1) for j =1,2,---,k is an analytic odd mean graph.

Proof Let the vertex set and edge set be V = {v,vj,v;- 1< i<k 0<r< nj} and

E={w,;: 1<j< k}U{’Uj’UJl- 1< < k}U{’U?’U; P 1<i<k1<r< nj} respectively. We
assume ng = 0. Hence |[V|=ni1+na+...+nx+2k+1 and |E| =ny +ng + - - - + ng + 2k.

We define an injective function f on the vertex set of bamboo tree as follows:

flw)=0, flv;) =2j—1for 1 <j <k,

f(vjr) :4k—1+2zg;3ni+2r for 1 <r<n;1<j<k,

f(UJQ)=2k+2j—1f0r 1<j<k.

The induced edge labeling f* is defined as follows:

[*(vvj) =252 —2j4+ 1 for 1 < j <k,

. 2
f*(vjv]l-) = [(4/€+ 1+ 223;& nl) + 1} ~2-22for1<j<k,
. 2
fr(wjvy) = [(zuc — 1423 ni + 27°) + 1} +2—2(k? +j%) —4kj for 1 <r <mny,1 <
J<k.
Clearly the edge labels are odd and distinct. Therefore f is an analytic odd mean labeling
and hence the bamboo tree is an analytic odd mean graph. O



Further Results on Analytic Odd Mean Labeling of Graphs 145

An analytic odd mean labeling of (P ® Ky ;) for j =1,2,3,4 with ny = 5,n2 = 4,n3 =

3,n4 = 7 is shown in Figure 9.

1 Vg
vi
211w} 3wl 41 43
v} Uy
45 4
vy o v v
11 U3 13 15 47
vy o8
4
33 o
v o7/ 39 S
3
317)3 vi v3 Vs
Figure 9

Theorem 2.10 The perfect binary tree T of order p is an analytic odd mean graph.

Proof Let V(T) ={v;: 1<i < p}and E(T) = {vjve,v;v2i41 : 1 < i < q/2}. Hence
V| = p and |E| = p — 1. We define an injective map f : V(G) = {0,1,3,---,2p— 3} by

fv1) =0 and f(v;) =2i — 3 for 2 < i < p. The induced edge labeling f* is defined as follows:
[ (vive) =
[ (vivs) =
[ (viva) = 61 —8i+3for2<i<gq/2,
F*(vivaigr) = 6i%2 — 1 for 2 <i < q/2.

We observe that the difference of edge labels of v;ve; and v;v9;11 is 8 — 4 as i increases
from 1 to 4. Therefore the edge labels are odd and distinct. Hence the binary tree admits an

analytic odd mean labeling. a

An analytic odd mean labeling of T' of order 15 is shown in Figure 10.

Figure 10
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Theorem 2.11 The spider graph SP(1",k™),n > 1, and k,m > 2 is an analytic odd mean
graph.

Proof Let V(SP(1™, k™)) = {v} U{wa,: 1<a<n}U{v!: 1<i<kandl<j<m}
and E(SP(1", k™)) = {vv{,vgvg+1 1 <i<k—-land1<j<m}U{vw,: 1<a<n}
We define an injective map f : V(SP(1", k™)) — {0,1,3,5,---,2(km + n) — 1} by f(v) =
O,f(vg) ={—-12k+2i—1for1 <i<k,1<j<mand f(w,) =2mk+2a—1for1 <a<n.
The induced edge labeling f* is defined as follows:

frv]) =2k(j —1)(k(j —1) +1) + 1 for 1 < j <m,

f (v§v§+1)_2k(j—1)+2i+1forlgigk—landlgjgm,

f*(vw,) = 2mk(mk — 1) + 2a(a — 1) + 4mak + 1 for 1 < a < n.

It can be verified that the edge labels are odd and distinct. Hence SP(1™, k™) is an analytic
odd mean graph. a

An analytic odd mean labeling of SP(1",6°) is shown in Figure 11.

2mk +2n—1

63
61

37 39 4 43 45 47

25 27 29 31 33 35

13 15 17 19 21 23

3 5 7 9 1n

Figure 11

Theorem 2.12 The spider graph SP(2™,k™),n > 1,k,m > 2 is an analytic odd mean graph
if (a) k is even and m is any integer and (b) k is odd and m is even.

Proof Let V(SP(2™, k™)) = {v} U{ws1,wa2: 1 <a<n}U {vf c1<i<kand1<j<
m} and E(SP(2", k™)) = {vv{,vafﬂ s l<i<kansl <j<m}U{vwei,wei1we2: 1<
a < n}. We define an injective map f : V(SP(1",k™)) — {0,1,3,5,--- ,2km + 4n — 1} by
f)=0,fw)) =G —1)2k+2i—1for 1 <i<k 1<j<m flwa)=2mk+ 4a — 3 for
1<a<nand f(wgz) =2mk+4a—1for 1 <a <n.

The induced edge labeling f* is defined as follows:

frwo]) = 2k(j = 1)(k(j = 1)+ 1) + Lfor 1 < j <m,

(v vf+ )=2k(j—1)+2i+1for1<i<k—1land1l<j<m,
f*(vwg,1) = 2mk(mk — 3) + 4a(2a — 3) + 8mak + 5 for 1 < a <n,
[ (weiwez2) =2mk+4a—1for 1 <a<n.

*
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It can be verified that the edge labels are odd and distinct. Hence SP(2™, k™) is an analytic
odd mean graph. O

An analytic odd mean labeling of SP(2",5%) is shown in Figure 12.
2mk +4n — 3 2mk +4n — 1

47
43
35 3'7 39
0 25 27 29
15 17 15

Figure 12

Theorem 2.13 The spider graph SP(1%,2" k™), n,s > 1,k,m > 2 is an analytic odd mean

graph if (a) k is even and m is any integer and (b) k is odd and m is even.

Proof Let V(SP(1%,2" k™)) = {v} U {we1,wao : 1 <a <n}U{v) : 1<i<
and 1 < j < m}U{u, : 1 < r < s} and E(SP(1%,2",k™)) = {vv{,vgvg+l o1
i < kand 1 < j < m}U{vwe1,We1We2 : 1 < a < n}. We define an injective map
f:V(SPQ1™ k™) — {0,1,3,5,---,2km + 4n + 2s — 1} by f(u,) = 2mk + 4n + 2r — 1 for
1 <r <sand f(v), f(v)), f(wa1) and f(was2) are defined as in Theorem 2.12. Then the
induced edge labeling f*(vv?), f*(vafﬂ), [ (vwg,1) and f*(we,1we,2) are as in Theorem 2.12

and

k
<

(2mk +2r +4n — 1)* + 1

[ (ouy) = B
forl <r<s.
It can be verified that the edge labels are odd and distinct. Hence SP(1%,2" k™) is an
analytic odd mean graph. O

An analytic odd mean labeling of SP(1%,2",3%) is shown in Figure 13.

2mk +4n — 3 2mk +4n — 1

2mk +4n + 1

2mk +4n+3

2mk +4n +2s — 1 1 3 5

Figure 13
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Famous Words

The reality of a thing T is the behavior with motivation of an abstracted complex network
in the microcosmic level. Certainly, there are more microcosmic observing datum on the units,
cells or microcosmic particles of matters by scientific instruments. A microcosmic science is such
a science established on the microcosmic datum of matters, including theory and experimental
subjects, which must be established over 1-dimensional skeleton or in other words, topological
graphs. Could we establish such a mathematics over topological graphs for microcosmic science?
The answer is positive inspired by the traditional Chinese medicine, i.e., 12 meridians theory.
(Extracted from the paper: Science’s Dilemma - a Review on Science with Applications,
Progress in Physics, Vol.15, 2(2019), 78-85.)

By Dr.Linfan MAO, a Chinese mathematician, philosophical critic.
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