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81. Introduction

In set theory, repetition of objects are not allowed in a collection. This perspective rendered set
almost irrelevant because many real life problems admit repetition. To remedy the handicap in
the idea of sets, the concept of multiset was introduced in [10] as a generalization of set wherein
objects repeat in a collection. Multiset is very promising in mathematics, computer science,
website design, etc. See [14, 15] for details.

Since algebraic structures like groupoids, semigroups, monoids and groups were built from
the idea of sets, it is then natural to introduce the algebraic notions of multiset. In [12], the term
multigroup was proposed as a generalization of group in analogous to some non-classical groups
such as fuzzy groups [13], intuitionistic fuzzy groups [3], etc. Although the term multigroup
was earlier used in [4, 11] as an extension of group theory, it is only the idea of multigroup in
[12] that captures multiset and relates to other non-classical groups. In fact, every multigroup
is a multiset but the converse is not necessarily true and the concept of classical groups is a
specialize multigroup with a unit count [5].

In furtherance of the study of multigroups, some properties of multigroups and the anal-
ogous of isomorphism theorems were presented in [2]. Subsequently, in [1], the idea of order
of an element with respect to multigroup and some of its related properties were discussed.
A complete account on the concept of multigroups from different algebraic perspectives was

outlined in [8]. The notions of upper and lower cuts of multigroups were proposed and some of

1Received April 26, 2017, Accepted November 2, 2017.
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their algebraic properties were explicated in [5]. In continuation to the study of homomorphism
in multigroup setting (cf. [2, 12]), some homomorphic properties of multigroups were explored
in [6]. In [9], the notion of multigroup actions on multiset was proposed and some results were
established. An extensive work on normal submultigroups and comultisets of a multigroup were
presented in [7].

In this paper, we explicate the notion of direct product of multigroups and its generaliza-
tion. Some homomorphic properties of direct product of multigroups are also presented. This
paper is organized as follows; in Section 2, some preliminary definitions and results are pre-
sented to be used in the sequel. Section 3 introduces the concept of direct product between two
multigroups and Section 4 considers the case of direct product of k" multigroups. Meanwhile,

Section 5 contains some homomorphic properties of direct product of multigroups.

§82. Preliminaries

Definition 2.1([14]) Let X = {x1,x2, - ,&p, - } be a set. A multiset A over X is a cardinal-
valued function, that is, Ca : X — N such that for x € Dom(A) implies A(zx) is a cardinal
and A(x) = Ca(z) > 0, where Ca(z) denoted the number of times an object x occur in A.
Whenever Ca(z) = 0, implies x ¢ Dom(A).

The set of all multisets over X is denoted by MS(X).

Definition 2.2([15]) Let A,B € MS(X), A is called a submultiset of B written as A C B if
Ca(z) < Cpg(x) for Ve € X. Also, if AC B and A # B, then A is called a proper submultiset

of B and denoted as A C B. A multiset is called the parent in relation to its submultiset.

Definition 2.3([12]) Let X be a group. A multiset G is called a multigroup of X if it satisfies

the following conditions:

(1) Ca(zy) > Ca(z) A Ca(y)Ve,y € X;
(ii) Ca(z™1) = Cg(z)Vz € X,

where Ca denotes count function of G from X into a natural number N and A denotes minimum,

respectively.
By implication, a multiset G is called a multigroup of a group X if
Ca(zy™) > Ca(z) A Caly), Va,ye X.
It follows immediately from the definition that,
Cale) z Ca(x), Vre X,

where e is the identity element of X.

The count of an element in G is the number of occurrence of the element in G. While the
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order of G is the sum of the count of each of the elements in GG, and is given by
|G| = ZCG(LL'l), Va; € X.
i=1

We denote the set of all multigroups of X by MG(X).

Definition 2.4([5]) Let A € MG(X). A nonempty submultiset B of A is called a submulti-
group of A denoted by B T A if B form a multigroup. A submultigroup B of A is a proper
submultigroup denoted by B Z A, if BC A and A # B.

Definition 2.5([5]) Let A € MG(X). Then the sets Ay, and A,y defined as
(i) Ay ={r € X | Ca(z) > n,n € N} and
(i1) Ay ={z € X | Ca(x) > n,n € N}

are called strong upper cut and weak upper cut of A.

Definition 2.6([5]) Let A € MG(X). Then the sets A"l and A™ defined as

(i) A"l ={x € X | C4(x) <n,n €N} and
(1) A ={z € X | Ca(z) < n,n € N}

are called strong lower cut and weak lower cut of A.

Definition 2.7([12]) Let A € MG(X). Then the sets A, and A* are defined as
(1) Ax={x € X | Ca(z) >0} and
(11) A* ={z € X | Ca(x) = Cale)}, where e is the identity element of X.

Proposition 2.8([12]) Let A € MG(X). Then A, and A* are subgroups of X.

Theorem 2.9([5]) Let A € MG(X). Then Ay, is a subgroup of X Vn < Ca(e) and A is a
subgroup of X ¥Yn > Ca(e), where e is the identity element of X and n € N.

Definition 2.10([7]) Let A,B € MG(X) such that A C B. Then A is called a normal
submultigroup of B if for all x,y € X, it satisfies Ca(xyz—1) > Ca(y).

Proposition 2.11([7]) Let A,B € MG(X). Then the following statements are equivalent:

(i) A is a normal submultigroup of B;
(ii) Ca(zyz™") = Caly)Va,y € X;
(7i1) Ca(zy) = Ca(yx)Va,y € X.

Definition 2.12([7]) Two multigroups A and B of X are conjugate to each other if for all
2,y € X, Ca(z) = Cplyay™") and Cp(y) = Calzya™").

Definition 2.13([6]) Let X and Y be groups and let f : X — Y be a homomorphism. Suppose
A and B are multigroups of X and Y, respectively. Then f induces a homomorphism from A
to B which satisfies
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(i) Ca(f yiy2)) = Ca(f~ (y1)) ACaA(fHy2)) Yy1,y2 € Y;
(i4) Cp(f(z122)) = Cp(f(21)) A CB(f(22)) Vo1,22 € X,

where

(1) the image of A under f, denoted by f(A), is a multiset of Y defined by

Vaies-1(p Calz), [~Hy) #0

Cray) =
) 0, otherwise

for each y €Y and
(i1) the inverse image of B under f, denoted by f~1(B), is a multiset of X defined by

Cf—l(B)(,T) = CB(f(LL')) Ve e X.
Proposition 2.14([12]) Let X and Y be groups and f : X — Y be a homomorphism. If
A€ MG(X), then f(A) €e MG(Y).

Corollary 2.15([12]) Let X and Y be groups and f : X — Y be a homomorphism. If B €
MG(Y), then f~1(B) € MG(X).

§3. Direct Product of Multigroups

Given two groups X and Y, the direct product, X x Y is the Cartesian product of ordered pair

(z,y) such that x € X and y € Y, and the group operation is component-wise, so

(z1,y1) X (22,Y2) = (T172, Y1Y2)-

The resulting algebraic structure satisfies the axioms for a group. Since the ordered pair
(x,y) such that x € X and y € YV is an element of X x Y, we simply write (x,y) € X x Y. In
this section, we discuss the notion of direct product of two multigroups defined over X and Y,

respectively.

Definition 3.1 Let X and Y be groups, A € MG(X) and B € MG(Y), respectively. The
direct product of A and B depicted by A x B is a function

Cuxp: X xY — N

defined by
Caxp((z,y)) = Ca(x) A Cp(y)Vr € X,Vy €Y.

Example 3.2 Let X = {e,a} be a group, where a®> = e and Y = {¢/, x,y, 2} be a Klein 4-group,
where 22 = y2 = 22 = ¢’. Then
A =[5 a
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and
B=[(e)% " y°, 2"

are multigroups of X and Y by Definition 2.3. Now
X xY ={(e.€). (e.2), (e,9), (€, 2), (a, €'), (a,2), (a,), (a, 2)}
is a group such that
(e,2)* = (e,9)* = (€,2)* = (a,€¢')* = (a,2)* = (a,9)* = (a,2)* = (e, )
is the identity element of X x Y. Then using Definition 3.1,
Ax B ={(e,e), (e,2)",(e,9)°, (e, 2)", (a,¢), (a,2), (a,9), (a, 2)]

is a multigroup of X x Y satisfying the conditions in Definition 2.3.

Example 3.3 Let X and Y be groups as in Example 3.2. Let
A =[e° a%]

and
B=[(¢)7, 2% ¢°, 2"

be multisets of X and Y, respectively. Then
Ax B=[(e,e)?, (e,x)° (e,y)% (e, 2)°, (a,e)*, (a,2)*, (a,y)*, (a, 2)?].

By Definition 2.3, it follows that A x B is a multigroup of X x Y although B is not a
multigroup of Y while A is a multigroup of X.

From the notion of direct product in multigroup context, we observe that
|Ax B| < |A]|B|
unlike in classical group where | X x Y| = | X||Y].

Theorem 3.4 Let A€ MG(X) and B € MG(Y'), respectively. Then for alln € N, (Ax B)[,) =

Proof Let (x,y) € (A X B)[y). Using Definition 2.5, we have
Caxp((2,9)) = (Ca(z) A Cp(y)) = n.
This implies that C4(z) > n and Cg(y) > n, then x € A,y and y € Byy,). Thus,

(z,y) € Ay X By
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Also, let (x,y) € Apy x Bpy,). Then Ca(x) > n and Cp(y) > n. That is,
(Caw) A Ch(y)) > n.
This yields us (ZZ?, y) S (A X B)[n] Therefore, (A X B)[n] = A[n] X B[n] vn € N. o

Corollary 3.5 Let A € MG(X) and B € MG(Y), respectively. Then for alln € N, (Ax B)" =
Alnl « BIn,

Proof Straightforward from Theorem 3.4. O

Corollary 3.6 Let A€ MG(X) and B € MG(Y), respectively. Then

(i) (A X B)s = Ay X By;
(i) (A x B)* = A* x B*.

Proof Straightforward from Theorem 3.4. |

Theorem 3.7 Let A and B be multigroups of X andY , respectively, then A X B is a multigroup
of X XY.

Proof Let (x,y) € X xY and let x = (z1,22) and y = (y1,y2). We have

Caxp(zy) = Caxs((z1,22)(y1,92))

Caxp((T191, T2y2))

Ca(z1y1) A Cp(22y2)

ANCa(z1) A Ca(y1),Cp(z2) A Cp(y2))
= A(Ca(z1) A CB(22),Calyr) A CB(y2))
= Caxs((21,22)) A Caxs((y1,92))

= Caxp(®) A Caxp(y).

Y

Also,
Caxp(@™') = Caxp((z1,22)7") = Caxp((z7' 251))

= Calzy")ACp(ay ') = Calzr) A Cp(x2)
= Cax((z1,22)) = Caxp(x).

Hence, Ax Be MG(X xY). O

Corollary 3.8 Let A1,B1 € MG(X1) and A, By € MG(X3), respectively such that Ay C By
and As C Bs. If A1 and Az are normal submultigroups of By and Bs, then Ay X As is a normal
submultigroup of By x Ba.

Proof By Theorem 3.7, A; x As is a multigroup of X7 x Xs. Also, By X By is a multigroup
of X7 x Xo. We show that A; x A is a normal submultigroup of By X Bs. Let (z,y) € X1 x X»
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such that = (21, z2) and y = (y1,y2). Then we get

Carxas(zy) = Cayxar((@1,72)(y1,42))
= Ca,xa,((v1y1,7292))
= Ca,(z1y1) A Ca,(22y2)
= Ca,(y171) A Ca,(y222)
= Cayxa,((y121, y222))
= Cayxa,((y1,92)(21,72))
= Cu,xa,(yz).

Hence A; x As is a normal submultigroup of B; x By by Proposition 2.11. O

Theorem 3.9 Let A and B be multigroups of X and Y, respectively. Then

(1) (A x B)y is a subgroup of X xY;
(i1) (A x B)* is a subgroup of X x Y;
(iii) (A X B)),n € Nis a subgroup of X x Y, Vn < Caxp(e,¢');
(iv) (A x B)™ . n € N is a subgroup of X x Y, Vn > Caxp(e,e).

Proof Combining Proposition 2.8, Theorem 2.9 and Theorem 3.7, the results follow. O

Corollary 3.10 Let A,C € MG(X) such that A C C and B,D € MG(Y) such that B C D,

respectively. If A and B are normal, then

(1) (A x B). is a normal subgroup of (C' x D),;
(i1) (A x B)* is a normal subgroup of (C x D)*;
(ii1) (A X B)py,n € N is a normal subgroup of (C' x D)y, Vn < Caxple,e’);
(iv) (A x B)" . n € N is a normal subgroup of (C' x D)™, Vn > Caxpl(e, ).

Proof Combining Proposition 2.8, Theorem 2.9, Theorem 3.7 and Corollary 3.8, the results
follow. a

Proposition 3.11 Let Ae MG(X), Be MG(Y) and Ax B€ MG(X xY). ThenV(x,y) €
X xY, we have

(i) Caxp((z™hy™h) = Caxn((x,y));
(i) Caxp((e,€') = Caxp((z,y));

(731) Caxp((z,y)") > Caxp((z,y)), where e and €’ are the identity elements of X and Y,
respectively and n € N.

Proof Forxz € X, y €Y and (z,y) € X XY, we get

(i) Caxp((@™h,y™) = Calz™") ACB(y™") = Ca(z) A Cr(y) = Caxs((z,y)).
Clearly, Caxp((z71,y™1)) = Caxp((z,y)) V(z,y) € X x Y.
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(i)
Caxp((e,€)) = Caxp((@,y)(@™y™)
> Caxp((z,9) ACaxp((z™ ' y™"))
= Caxs((@,y)) A Caxp((z,y))
= Caxp((z,y)) V(z,y) € X x Y.
Hence, Caxp((e,€')) > Caxp((z,v)).
(iii)
Caxp((z,9)") = Caxs((z"y"))
= Caxp((@" 1y H(a,y)
> Caxp((@" ™1 y" ™) A Caxp((z,y))
> Caxp((@"7,9" ™) A Caxp((z,)) A Caxp((z,y))
> Caxp((#,y)) A Caxp((@,y)) A .. ACaxs((x,y))
Caxs((z,9)),
which implies that Caxp((x,y)") = Caxp((z™,y™)) > Caxp((z,y)) V(z,y) € X x Y. O

Theorem 3.12 Let A and B be multisets of groups X and Y, respectively. Suppose that e and
e’ are the identity elements of X and Y, respectively. If A x B is a multigroup of X x Y, then
at least one of the following statements hold.

(i) Cp(e) > Cy(z)Va € X;
(i1) Cale) > Cpy) Yy € Y.

Proof Let A x B € MG(X xY). By contrapositive, suppose that none of the statements
holds. Then suppose we can find a in X and b in Y such that

Ca(a) > Cp(e') and Cp(b) > Cale).
From these we have

CAxg((a,b)) = CA(a)/\CB(b)
Ca(e) NCg(e")
Caxp((e,e)).

V

Thus, A x B is not a multigroup of X x Y by Proposition 3.11. Hence, either Cp(e’)
Ca(z)Vz € X or Ca(e) > Cp(y) Yy € Y. This completes the proof. O

Y

Theorem 3.13 Let A and B be multisets of groups X and Y, respectively, such that Ca(x) <
Cp(e)Vx € X, € being the identity element of Y. If A X B is a multigroup of X XY, then A
is a multigroup of X .
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Proof Let A x B be a multigroup of X x Y and z,y € X. Then (z,€'),(y,e’) € X x Y.
Now, using the property Cy(x) < Cp(e') Vo € X, we get

Calzy) = Ca(zy) ACp(e)

((z,€)(y.€"))

Caxp((,€) A Caxp((y,€))
NCa(x) NCp(€),Caly) ACp(€))
Ca(x) A Ca(y).

CA><B

AV

Also,
Ca(a™) = Calz™)ACp(™) = Caxp((z™, ™)
CAXB((‘Tv e/)il) = CAXB((xv 6/))
= Ca(z) ANCp(e') = Ca(x).
Hence, A is a multigroup of X. This completes the proof. O

Theorem 3.14 Let A and B be multisets of groups X and Y, respectively, such that Cp(x) <
Ca(e)Va €Y, e being the identity element of X. If A x B is a multigroup of X x Y, then B is
a multigroup of Y.

Proof Similar to Theorem 3.13. O

Corollary 3.15 Let A and B be multisets of groups X and Y, respectively. If A x B is a
multigroup of X XY, then either A is a multigroup of X or B is a multigroup of Y.

Proof Combining Theorems 3.12 — 3.14, the result follows. |

Theorem 3.16 If A and C are conjugate multigroups of a group X, and B and D are conjugate
multigroups of a group Y. Then Ax B € MG(X xY) is a conjugate of C x D € MG(X xY).

Proof Since A and C' are conjugate, it implies that for g1 € X, we have
Ca(z) = Cc(gy 'zgr) Vo € X.
Also, since B and D are conjugate, for go € Y, we get

Cp(y) = Cplg; 'yg2) Vy € Y.
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Now,
Caxp((@,9)) = Cal@) ACo(y) = Colgr'zg1) ACplg yg2)
= Coxp((g1 'zg1), (95 'yg2))
= Cexn((91', 95 )2, 9)(91,92))
= Coxp((g1:92) 7" (2,9)(91,92)).
Hence, Caxp((z,v)) = Coxn((91,92) " (z,vy)(g1,92)). This completes the proof. O

84. Generalized Direct Product of Multigroups

In this section, we defined direct product of k** multigroups and obtain some results which

generalized the results in Section 3.

Definition 4.1 Let Ay, Ao, .-+, Ax be multigroups of X1, Xo, -+, Xk, respectively. Then the
direct product of A1, As, -+, Ak is a function

OA1><A2><---><A;C :X1 X X2 X X Xk — N
defined by
CayxArxxa, (@) = Ca, (v1) AN Cay(z2) Ao ANCay_ (T1-1) A Ca ()

where x = (x1,22, -+ ,Tp—1,Tk), Vr1 € X1,Vae € Xo, -+ Vi € Xi. If we denote Ay, Ag, -+, Ay,
byAl,(l S I),Xl,XQ,'-' , Xk bei,(i S I),A1><A2><-'-><Ak byHi—C:l A; and X1 x Xox- - x Xy,
by Hle X;. Then the direct product of A; is a function

k
OH?:I Ai : HXl - N
i=1

defined by
CH;c:l Ai((xi)iel) = /\iGICAi((fEi)) V{EZ S Xi, I = 1, e ,k.

Unless otherwise specified, it is assumed that X; is a group with identity e; for all i € I,
k
X = Hie[ X, and so e = (e;)icr-

Theorem 4.2 Let Ay, Ag,--- , Ax be multisets of the sets X1, Xa, -+ , Xg, respectively and let
n € N. Then
(Al X A2 X e X Ak)[n] = Al[n] X A2[n] X oo X Ak[n]~

Proof Let (w1, 2, -+ ,x1) € (A1 X Az X - -+ X Ag)[n). From Definition 2.5, we have

CayxAgxxay (1,22, x)) = (Ca, (1) ANCay(x2) A+ ANCa, (21)) > 1.
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This implies that Ca,(z1) > n, Ca,(x2) > n,---,Ca,(xx) > n and 21 € Aypy,), 12 €
AQ[n], e LTk € Ak[n]- Thus, (,Tl,:Eg, s ,.’L‘k) S Al[n] X A2[n] X o X Ak[n]-

Again, let (z1,29, -+ ,2x) € Ay X Agpy) X -+ X Appy). Then x; € Aypyp, fori=1,2,--- K,
Ca,(x1) > n, Cay(x2) > n,---,Ca,(zx) > n. That is,

(Ca, (@1) A Cay(z2) A -+ ACay (1)) 2 N

Implies that
(:El,xg,"- ,Ik) S (A1 X A2 X ... X Ak)[n]

Hence, (Al X Ag X -+ X Ak)[n] = Al[n] X AQ[n] X - X Ak[n] O

Corollary 4.3 Let Ay, Aa,--- , Ag be multisets of the sets X1, Xa,- -+, Xy, respectively and let
n € N. Then

(i) (A x Ag x -+ x Al = Al Al o AEC"];

(19) (A1 X Ag X - X Ap)* = A] X A x -+ X A};

(#92) (A1 X Ag X -+ X Ag)x = A1 X Ao X -+ X Aps.

Proof Straightforward from Theorem 4.2. |

Theorem 4.4 Let Ay, Ag,--- , Ax be multigroups of the groups X1, Xo, -+, Xy, respectively.
Then Ay X Ag X --+ X A is a multigroup of X1 x Xo X -+ X X.

PTOOf Let (Ilaan"' 7'rk)7(y15y27"' ayk) eXl XXQ Koo XX]C' We get

Cayscoxa, (@1, o) (Y, 5 uw))

= Cayxcxa, ((T1Y15 7+ TuYi))

=Cu (zry1) A ANCa, (zryr)

2 (Cay(x1) NCay (Y1) A=+ A(Cay (k) A Ca(yr))

= AMCa, (1), Ca, (1)), -+ s AN(Ca, (zk), Ca, ()

= ANA(Ca, (1), -+, Cay (@), A(Cay (Y1), -+, Ca, (yk)))
= Cayxcoxay (1,5 21)) A Cayxxay, (Y1, 5 yk))-

Also,
OA1><---><A;C((‘T17"' 7xk)71) = CA1><~~~><A1¢((I1_17"' ,1?1;1))
= CAl(wl_l)/\"'/\CAk(xlzl)
= CAl(«Tl)/\"'/\CAk(lUk)
- CA1><"'><A1@((I17"' axk))
Hence, A; X Ay X - -+ X Ay is a multigroup of X7 x Xo x -+ x Xj. O

Corollary 4.5 Let Ay, As, -+, Ay and By, B, -+, By be multigroups of X1, Xs,-+- , Xg, re-
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spectively, such that Ay, As,--+ ,Ar € By,Bs,-++ ,Bg. If A1, As, -+, A are normal submulti-
groups of By, Ba, -+, Bi, then Ay X Ao X -+ X Ay, is a normal submultigroup of By X By X+ - -X By.

Proof By Theorem 4.4, Ay X Ay X --- X Ap is a multigroup of X1, Xo,---, X§. Also,
By X Bg X -+ X By is a multigroup of X1, Xs, -+, Xk.
Let (x1,22, + ,xk), (Y1,Y2, - ,yk) € X1 X X X -+ X Xi. Then we get

Cayscoxap (@, we) (Y, yk) = Cayxeoxa, ((T1yn, - 21yr))
= Ca(ziy1) A A Cay(zyn)
= Ca,(y121) A A Cay (yry)
= Cayxxa (121, yey))

= CA1><~>><A1C((y17"' 7yk)($17"' 7:Ekl))'
Thus, A; X -+ X Ay is a normal submultigroup of By x -+ x By by Proposition 2.11. O

Theorem 4.6 If A1, Ag,--- , Ag are multigroups of X1, Xa, - , Xg, respectively, then

(1) (A1 X Ag X -+ X Ap)s is a subgroup of X1 x Xo X -+ X Xj;

(i1) (A1 X Ag X -+ X Ap)* is a subgroup of X1 X Xo X -+ x Xj;

(ii7) (A1 X Az X - X Ag)n),n € Nois a subgroup of X1 x Xa x -+ x X, Vn < Ca,(er)A
Ca,(e2) N+ NCa,(er);

(iv) (A1 X Ag x -+ x A;C)["],n € N is a subgroup of X1 X Xo X -+ x Xi, Vn>Cyu, (e1)A
Ca,(e2) N+~ NCa,(er).

Proof Combining Proposition 2.8, Theorem 2.9 and Theorem 4.4, the results follow. O

Corollary 4.7 Let Ay, As,--- , A and By, Ba, -+, By be multigroups of X1, Xa,- -+, Xg such
that Ay, Ag,--+ A C By,Bg, -+ ,By. If Ay, Ag, -+ | A are normal submultigroups of B1, Ba,
.-, By, then

(1) (A1 X Ag X -+ X Ag)s is a normal subgroup of (By X Ba X -+ X Bj)x;
(#1) (A1 X Az X -+ X Ap)* is a normal subgroup of (By X By X --- x By)*;

(ii7) (Ay x Ag X --- X Ag)pp,n € N is a normal subgroup of (By X By X -+ X By)),
Vn < Ca(er) ANCay(e2) A+ ANCy, (er);

(iv) (A1 x Ay x --- x Ap)" n € N is a normal subgroup of (By x By x -++ x By)l",

Vn> CAl(el)/\CAz(eg)/\---ACAk(ek).

Proof Combining Proposition 2.8, Theorem 2.9, Theorem 4.4 and Corollary 4.5, the results
follow. a

Theorem 4.8 Let Ay, Ao, -+, Ax and By, Ba, - - , By be multigroups of groups X1, Xo, -+ , Xk,
respectively. If Ay, As,- -+, Ag are conjugate to By, By, - -+ , By, then the multigroup A; x As X
co XAy of X1 xXox- - -x X} is conjugate to the multigroup By X Bo X+ - -X By, of X1 x Xox-+-x Xj.

Proof By Definition 2.12, if multigroup A; of X; conjugates to multigroup B; of X;, then
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exist x; € X; such that for all y; € X,
CAi (yl) = CBZ' (xi_lyixi)ai = 17 27 e 7k'

Then we have

CA1><~>><A1C((y17"' 7yk)) = CA1(y1)/\/\CAk(yk)
= Op, (27 1) A+ A COp, (a0 'yrk)
= Opyxoxn (@] iz, 2 yea)).
This completes the proof. O

Theorem 4.9 Let Ay, Ao, .-+, Ax be multisets of the groups X1, Xs, -+, Xi, respectively. Sup-

pose that ey, ea, - - - , ex are identities elements of X1, Xo, -+, Xi, respectively. If Ay X Agx---X
Ay is a multigroup of X1 X Xo X -+ X Xy, then for at least one i =1,2,--- |k, the statement

OAl XA2><---><A1'71 XAi+1><~~~><Ak((61; 627 Tt ,61'71, e’i+1; tee 7ek)) Z OAI((I’L)); VI’L E X'L
holds.

Proof Let A; x Ag X --+ x Aj, be a multigroup of X; X X X --- x Xj. By contraposition,
suppose that for none of i = 1,2, - - - | k, the statement holds. Then we can find (a1, ag,- - ,ax) €
X1 X Xo x -+ X X}, respectively, such that

OAI((aZ)) > CAl ><A2><~~~><A7;,1><Ai+1><---><Ak((617 €2, ,€i—1,€41," " ;ek))-
Then we have

OAI (al) ARRRNA CAk (ak)

Ca,x-.xa.((ar, - ax))

> CayxeoxAi i x A xoxAg (€1, S €i-1, €541, ,€x))
Ca,(e1) N~ NCa,_,(ei—1) NCapyy(i41) Ao ACa,(er)
Ca,(er) N+ ANCa,ler)

= OA1><---><A,C((€1, ceey ek))

So, A1 x Ag X ... X A is not a multigroup of X7 x Xy x --- x Xj. Hence, for at least one
i=1,2,---,k, the inequality

CA1><~~~><A1',1><A1'+1><---><A;C((617 5 €i—1,6441, ,Ek)) 2 OAI((I'L>)
is satisfied for all z; € X;. O

Theorem 4.10 Let A1, As, -+, Ag be multisets of the groups X1, Xo, - -+ , X, respectively, such
that

Ca,((25) < CayxAgxxAi_1x A x-xAg ((€1,€2, -+ €1, €41, , €k))
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Vr; € X;, e; being the identity element of X;. If A1 X As X --- X Ak is a multigroup of
X1 X Xo X -+ x Xy, then A; is a multigroup of X;.
Proof Let Ay x Ay X -+ x A, be a multigroup of X7 x Xo x - x Xy and x;,y; € X;. Then
(€1, ,€im1,Ti €ip1,- - ,ep), (€1, -+ ,€im1,Yis €ip1, - ,ek) € X1 X Xo X --- X Xy

Now, using the given inequality, we have

CAi((xiyi)) = OAi((fEiyi)) A OAlx---xAi,l ><Ai+1><---><Ak((€1, 5 €6i—1,6041, 7€k)
(61, e €1, €01, 7€k))
= Cayxxaixxa,((er, -, xi,ep)(er, - Yi, -, ex))
> Cayxoxagxxay (€1, @iy er)) ACaysxaixxag (€1, 5 Yis o ex))
= ANCa, (i) NCayxeox A,y x Ay x--xAp (€1, seim1, €1,y ex)), Ca, ((yi))
NC A XX Ay x Ay x-x Ay (€1, s €i—1, €41, L €k))

CA'L ((‘TZ)) A CA'L ((yz))

Also,
C -1 - C -1 C -1 -1 -1 -1
Al((xl )) = Al((xl )) A Alx"'XAi—IXAi+1><"'><Ak((el ) 6 1€y s 6 ))
= CA1><>~><A¢><---><A;€((€Ila"' ,l’;l,"' 76121))
= OA1><~--><A7;><---><A;C((617"' s Lyt ;ek)il)
= OA1><~--><A7;><---><A;C((617"' s Lyttt ;ek))
= Ca, (i) NCayxxA_r x Apsrx-x A, (€1, s €im1, €41, -+, €x))
= Ca,((z:)).
Hence, 4; € MG(Xj,). |

Theorem 4.11 Let Ay, Ao, -+, A be multisets of the groups X1, Xo, -+ , Xk, respectively, such
that

OAl XAg XX A;_1 ><A7;+1><-~~><Ak((33173327 oy Li—1, L4100 ,Ik)) < OAi((ei))
forY(xy,xe, + ,xi1,Tiv1, - ,Tk) € X1 X Xo X -+ X Xj—1 X Xj41 X -+ X Xy, e; being the
identity element of X;. If A1 x Ag X -+ X Ay is a multigroup of X1 X Xo X --- X Xk, then
Ay X Ag X X Aj_g X Ajp1 X -+ X Ak is a multigroup of X1 X Xo X -+ X X;-1 X Xjp1 X+ - X Xg.

Proof Let Ay X Ag X -+ x Ag be a multigroup of X7 x Xo X -+ x Xy and (x1,x2, -+, zi—1,
Titly " ,{Ek),(yl,yg,"' s Yi—15Yit1," " ,yk) (S Xl X XQ X - X Xi,1 X XfL'Jrl X o+ X Xk. Then

(:I:la"' y Li—19 €4y Tit1, " 7xk7)7(y17"' yYi—15Ci Yit1, 7yk:) S X?,
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Using the given inequality, we arrive at

Cayxcoox Apyx Avprxox A (T, T, Tagr, 5 Tr) (Y1s o 3 Yie 15 Vit 1 > Yk))
= Cuyxeox Ay x Ay xx A (1, T, T, - Te) (Y, Wi 1, Yig 1o 5 Yk))

/\CAZ((el)) = CA1><~>><A¢><---><A7€((:E17' R P 7xk)(y17. R P 7y/€))

> CayscoxArxx g (1, €y 08)) A Cayxeox Asxox A (15 5 €000 k)
= ANCa, ((€)) NCayxooxA;_y xAssrxox A (T1, - i1, g, k), Ca, ((64))
AC 4y e Ay y x Aipr s A (Y15 Yim 15 Yit 1, 3 Uk))) = CAyxeox Ai_1 x Appy xox Ay,
(1, s Tim1, Tig1, 5 Tk)) A Cayscex Ay x A oo x Ag (U1, Y2, 5 Yim 1, Yid 1, 5 Yk))-
Again,
Cyxoox Ay x A xox Ag (@1 ooy oy )
= CaysexAi s xAvprxex A (@7 oz a2y )) A Ca((e571))
= CAlx»»»XAiX---xAk((«%'l_la e 761_—1, . 755];1))
= Caysx Apscox A (@1, €3y @k) ) = Cay s Ay ety (X150 €5, 0+, ap)
= Cayxx A1 Aisrxox A (X1, T, Tigr, -+, k) A Ca, ((€7))
= CA1><---><A7;,1><A1-+1><---><A;C(($1, oy Ti—1, L4100 ,l“k))-

Hence, A1 x Ay X -+- X A;—1 X Ajy1 X -+- X A is the multigroup of X7 x Xg x -+ x X;_1 X
Xiy1 X - X Xg. O

§5. Homomorphism of Direct Product of Multigroups

In this section, we present some homomorphic properties of direct product of multigroups.
This is an extension of the notion of homomorphism in multigroup setting (cf. [6, 12]) to direct
product of multigroups.

Definition 5.1 Let W x X andY x Z be groups and let f : W x X — Y X Z be a homomorphism.
Suppose Ax Be€ MS(W x X) and C x D € MS(Y x Z), respectively. Then

(i) the image of A x B under f, denoted by f(A x B), is a multiset of Y x Z defined by

\/(w,w)effl((y,z)) OAXB((wvx))v fﬁl((ya Z)) 7£ 0

0, otherwise,

Craxp((y,2) =

for each (y,z) €Y x Z;

(i1) the inverse image of C x D under f, denoted by f~1(C x D), is a multiset of W x X
defined by

Cffl(CxD)((wvx)) = CCXD(][((MVT))) V(w,:E) eWxX.
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Theorem 5.2 Let W, X,Y,Z be groups, A € MS(W),B € MS(X),C € MS(Y) and D €
MS(Z). If f : W x X =Y X Z is a homomorphism, then

(1) f(Ax B) € f(A) x f(B);
(i1) f7H(C x D) = f7H(C) x f71(D).

Proof (i) Let (w,z) € W x X. Suppose 3 (y,2) € Y x Z such that

f((w,2)) = (f(w), f()) = (y, 2)-

Then we get

Craxp)((,2)) = Caxa(f'((y,2))
= Caxs((f'(¥), F1(2))
= Ca(f7' () ACB(fH(2))
= CraW) ACr)(2)
= Crayxrm((y,2))

Hence, we conclude that, f(A x B) C f(A) x f(B).
(#3) For (w,z) € W x X, we have

Cr-1iexp)((w,z)) = Coxp(f((w,z)))
= Coxp((f(w), f(z)))
= Cc(f(w)) ACp(f(z))
(w) A Cp-1(p) ()
= Croyxs—1(p)((w, ).

= Cy1c)

Hence, f~1(C x D) C f~Y(C) x f~YD).

Similarly,

Cr-1icyx 1y (w, ) = Cp-1(cy(w) A Cp-1(p)(2)
= Cc(f(w)) ACp(f(z))
= Coxp((f(w), f(2)))
= Ceoxp(f((w,)))
= Cf*l(CxD)((wa))-

Again, f~1(C) x f~Y(D) C f~1(C x D). Therefore, the result follows. O

Theorem 5.3 Let f: W x X =Y X Z be an isomorphism, A, B,C and D be multigroups of
W, X,Y and Z, respectively. Then the following statements hold:

(i) f(Ax B) e MG(Y x Z);

(ii) f~HC) x f~YD) € MG(W x X).
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Proof (i) Since A € MG(W) and B € MG(X), then A x B € MG(W x X) by Theorem
3.7. From Proposition 2.14 and Definition 5.1, it follows that, f(A x B) € MG(Y x Z).

(7¢) Combining Corollary 2.15, Theorem 3.7, Definition 5.1 and Theorem 5.2, the result
follows. O

Corollary 5.4 Let X andY be groups, A € MG(X) and B € MG(Y). If
f:XxX->Y XY

be homomorphism, then

(i) f(Ax A) € MG(Y x Y);
(i5) f~1(B x B) € MG(X x X).

Proof Straightforward from Theorem 5.3. |
Proposition 5.5 Let X1, Xs, -+, X, and Y1,Ys,--- Yy be groups, and
f:XixXox - x X >V xYox- - XY
be homomorphism. If Ay X Ag X -+ x Ay, € MG(X1 x Xo X -+ x X}) and By X B X --- X By, €
MG(Yy x Yo x - x Yy), then
(1) f(AL x Ag x -+ x A) € MG(Y1 x Y2 X -+ x Y3,);
(ii) f7Y(B1 x Ba X -+» x Bg) € MG(X1 x X2 X -++ X Xj).

Proof Straightforward from Corollary 5.4. |

§6. Conclusions

The concept of direct product in groups setting has been extended to multigroups. We lucidly
exemplified direct product of multigroups and deduced several results. The notion of generalized
direct product of multigroups was also introduced in the case of finitely £** multigroups. Finally,
homomorphism and some of its properties were proposed in the context of direct product of
multigroups.
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Abstract: A complex system . consists m components, maybe inconsistence with m > 2,
such as those of biological systems or generally, interaction systems and usually, a system
with contradictions, which implies that there are no a mathematical subfield applicable.
Then, how can we hold on its global and local behaviors or reality? All of us know that there
always exists universal connections between things in the world, i.e., a topological graph 5’)
underlying components in .. We can thereby establish mathematics over graphs 6’)17 627 e
by viewing labeling graphs 6%1,65 2,--- to be globally mathematical elements, not only
game objects or combinatorial structures, which can be applied to characterize dynamic
behaviors of the system . on time ¢t. Formally, a continuity flow 6L is a topological graph 5’)
associated with a mapping L : (v,u) — L(v,u), 2 end-operators AY, : L(v,u) — LAV (v,u)
and A7, : L(u,v) — LA (u,v) on a Banach space Z over a field .# with L(v,u) = —L(u,v)
and A, (—L(v,u)) = —LA% (v,u) for V(v,u) € E <6) holding with continuity equations

S LM (wu) = L(v),  WweV (?;’) .
weNg(v)
The main purpose of this paper is to extend Banach or Hilbert spaces to Banach or Hilbert
continuity flow spaces over topological graphs {61, 62, e } and establish differentials on
continuity flows for characterizing their globally change rate. A few well-known results such
as those of Taylor formula, ’Hospital’s rule on limitation are generalized to continuity flows,
and algebraic or differential flow equations are discussed in this paper. All of these results
form the elementary differential theory on continuity flows, which contributes mathematical
combinatorics and can be used to characterizing the behavior of complex systems, particu-

larly, the synchronization.

Key Words: Complex system, Smarandache multispace, continuity flow, Banach space,

Hilbert space, differential, Taylor formula, L.’Hospital’s rule, mathematical combinatorics.

AMS(2010): 34A26, 35A08, 46B25, 92B05, 05C10, 05021, 34D43, 51D20.

§1. Introduction

A Banach or Hilbert space is respectively a linear space & over a field R or C equipped with a
complete norm || - || or inner product { - , - ), i.e., for every Cauchy sequence {z,} in &7, there

1Received May 5, 2017, Accepted November 6, 2017.
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exists an element x in 7 such that

nlir&||xn—x||%20 or nhj& (xp —x,2p —x),, =0
and a topological graph ¢(G) is an embedding of a graph G with vertex set V(G), edge set
E(G) in a space ., i.e., there is a 1 — 1 continuous mapping ¢ : G — ¢(G) C ¥ with
o(p) # p(q) if p # q for Vp, q € G, i.e., edges of G only intersect at vertices in ., an embedding
of a topological space to another space. A well-known result on embedding of graphs without
loops and multiple edges in R™ concluded that there always exists an embedding of G that all

edges are straight segments in R™ for n > 3 (1221) such as those shown in Fig.1.

Fig.1

As we known, the purpose of science is hold on the reality of things in the world. However,
the reality of a thing .7 is complex and there are no a mathematical subfield applicable unless
a system maybe with contradictions in general. Is such a contradictory system meaningless
to human beings? Certain not because all of these contradictions are the result of human
beings, not the nature of things themselves, particularly on those of contradictory systems in
mathematics. Thus, holding on the reality of things motivates one to turn contradictory systems
to compatible one by a combinatorial notion and establish an envelope theory on mathematics,
i.e., mathematical combinatorics ([9]-[13]). Then, Can we globally characterize the behavior of a
system or a population with elements> 2, which maybe contradictory or compatible? The answer
is certainly YES by continuity flows, which needs one to establish an envelope mathematical
theory over topological graphs, i.e., views labeling graphs G* to be mathematical elements
([19]), not only a game object or a combinatorial structure with labels in the following sense.

Definition 1.1 A continuity flow (E", L,A) is an oriented embedded graph G ina topological
space . associated with a mapping L : v — L(v), (v,u) — L(v,u), 2 end-operators A7, :
L(v,u) — L% (v,u) and A¥, : L(u,v) — L4 (u,v) on a Banach space B over a field F

A%, L(v,u) At
L(v) L(uw)

v u
Fig.2
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. + - . .
with L(v,u) = —L(u,v) and A}, (=L(v,u)) = —LA%u(v,u) for V(v,u) € E (G) holding with
continuity equation

-
Z LA (v,u) = L(v) for YveV (G)

uENg(v)

such as those shown for vertex v in Fig.3 following

. L(uq,v)

U1

L(ug,v)
L(u2)
u2
L(us,v)
u3 Fig.3 Ue

with a continuity equation
LA (v, u1) 4+ LA2 (v, ug) + LA (v, us) — LA (v, ug) — L% (v, us) — LA (v, ug) = L(v),

where L(v) is the surplus flow on vertez v.
Particularly, if L(v) = &, or constants v,,v € V (6), the continuity flow (6;L,A)

is respectively said to be a complex flow or an action A flow, and G-flow if A = 1, where

N
&y = dxy,/dt, x, is a variable on vertex v and v is an element in B for Vv € E (G .

Clearly, an action flow is an equilibrium state of a continuity flow (E’), L, A). We have
shown that Banach or Hilbert space can be extended over topological graphs ([14],[17]), which
can be applied to understanding the reality of things in [15]-[16], and we also shown that
complex flows can be applied to hold on the global stability of biological n-system with n > 3

in [19]. For further discussing continuity flows, we need conceptions following.

Definition 1.2 Let 9B, P> be Banach spaces over a field F with norms || - |1 and || - |2,
respectively. An operator T : 1 — B is linear if

T (Avy + pva) = AT (vy) + pT (va)

for \,p € F, and T is said to be continuous at a vector vq if there always exist such a number
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d(e) for Ve > 0 that
IT(v) = T (vo)lly <

Zf ||V - V0||1 < 5(5) fOT VV,Vo,V17V2 € %1-

Definition 1.3 Let 9B, P> be Banach spaces over a field F with norms || - |1 and || - |2,
respectively. An operator T : BB1 — B is bounded if there is a constant M > 0 such that

IT(v)ll2

vl

Ty < Mllvly, e, <M

for Yv € B and furthermore, T is said to be a contractor if
[T (v1i) = T (vo)l| < cllvi — v

for¥vi,vo € B with c € [0,1).

We only discuss the case that all end-operators A} | At are both linear and continuous.

VU uv

In this case, the result following on linear operators of Banach space is useful.

Theorem 1.4 Let B, B2 be Banach spaces over a field F with norms ||-||1 and ||-||2, respectively.
Then, a linear operator T : B1 — PBo is continuous if and only if it is bounded, or equivalently,
IT()ll2

IT|:= sup ——— <400
orvez [Vl

Let {51, 62, = } be a graph family. The main purpose of this paper is to extend Ba-
nach or Hilbert spaces to Banach or Hilbert continuity flow spaces over topological graphs
51, 62, e } and establish differentials on continuity flows, which enables one to characterize
their globally change rate constraint on the combinatorial structure. A few well-known results
such as those of Taylor formula, IL’Hospital’s rule on limitation are generalized to continuity
flows, and algebraic or differential flow equations are discussed in this paper. All of these
results form the elementary differential theory on continuity flows, which contributes math-
ematical combinatorics and can be used to characterizing the behavior of complex systems,
particularly, the synchronization.

For terminologies and notations not defined in this paper, we follow references [1] for
mechanics, [4] for functionals and linear operators, [22] for topology, [8] combinatorial geometry,
[6]-[7],[25] for Smarandache systems, Smarandache geometries and Smaarandache multispaces
and [2], [20] for biological mathematics.

§2. Banach and Hilbert Flow Spaces

2.1 Linear Spaces over Graphs

- = — — no—
Let G1, G2, -+, G, be oriented graphs embedded in topological space . with ¢4 = |J G,
i=1

1=
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|

i 18

_
i.e subgraph of ¢ for integers 1 < i < n. In this case, these is naturally an embedding

=

Ql’
N

i

Let ¥ be a linear space over a field .%#. A vector labeling L : G- Visa mapping with

—

L(v),L(e) € ¥ for Vv € V(G),e € E(a)) Define

Lo

6{‘1 + 652 = (61 \ 62>L1 U (61 05}2)L1+L2 U (5)2 \ 5)1) (2.1)

and
— —
A G =GME (2.2)
. ~IL ~Li1 AL .. . .
for VA € .#. Clearly, if , and G*~, G, G5? are continuity flows with linear end-operators
X X =\ =L =L, =L L.
Al and AY, for Y(v,u) € E(G ), G{* + G35 and A - G* are continuity flows also. If we
— —= ~ — —
consider each continuity flow G'F a continuity subflow of 4L, where L : G; = L(G;) but
~ = = —
L: 9\ G; — 0 for integers 1 < i < n, and define O : 4 — 0, then all continuity flows,
— = —
particularly, all complex flows, or all action flows on oriented graphs G1, Go,--- , G, naturally

v
form a linear space, denoted by (<E’>i, 1<i< n> T+, ) over a field .# under operations (2.1)
and (2.2) because it holds with:

(1) A field .# of scalars;

v
(2) A set <Z¥>Z, 1<i< n> of objects, called continuity flows;

(3) An operation “4”, called continuity flow addition, which associates with each pair of

N =L, ALy - = . 4 N =Li, ~Lo - = . v
contlnultyﬂowsGll,G221n<Gi,1§z§n> acont1nu1tyﬂowsG11+G221n<Gi,1§z§n>

)

L ValZhE
called the sum of G{* and G3*, in such a way that

Y. . . —>L1 —)Lz _ —>L2 —>L1
(a) Addition is commutative, G7* + G5* = G5? + G because of

Ghadl = (@-G) U@NG) UG-
- (@.-d)"U(éneg) U@ -a)”
= G+ Gty

o . . _>L1 _)L2 —>L3 _ —>L1 —)Lg —)Lg :
(b) Addition is associative, ( G{* + G3? ) + G5° = Gy + | G5 + G3? ) because if we
let

Li(x), ifze G\ (G,UG)
i(@), if xe G\ (G:UG)
Li(x), if e G\ (6’@6’])
L) = q L), it e (GiNG,)\ Cs (2.3)
L (x), ifze (G:NGK)\ G,
Lji (), if 2 € (G;NG)\ G
Li(z) + Li(z) + Li(z) ifz€ GiNG;N G
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and o
L) =q Lj(x), ifreG;\ G, (2.4)

. — —

Ll(l')-i-LJ(,T), if x e G, Gj

for integers 1 <1, j, k < n, then

(@Us) "8k - (@ UEUE) ™

- b+ (@ UE’;;)L;S =GP+ (Gh+ G

(Gl +c5)+cp

(¢) There is a unique continuity flow O on & hold with O(v,u) =0forV(v,u) € E (?) and
4

— — v — — — —
Vv (%) in <Gi,1 <3< n> , called zero such that GL+0 = G for GL € <Gi,1 <1< n> ;
— — v
(d) For each continuity flow G* € <G i1 <i< n> there is a unique continuity flow
— — —
G~ such that G + G~ L = 0O;

[43

(4) An operation “, called scalar multiplication, which associates with each scalar k in F
¥4
and a continuity flow E:)L in <6Z, 1< < n> a continuity flow k- E:)L in ¥, called the product

of k with @L, in such a way that
v
(a) 1 -E')L = 5L for every E')L in <E¥)i,1 <3< n> :
— —
(b) (klkg) . GL = kl(kg . GL);
© k- (GH + Gl =k - GY + k- Gl
(d) (ky + ko) - G =ky - GL + ko - GT.

N v - v
Usually, we abbreviate (<Gi,1 <i< n> +, ) to <Gi, 1<i< n> if these operations

+ and - are clear in the context.
. = =L =1 L= — . - =
By operation (1.1), G7'+ G5% # G7' ifand only if G4 A Go with L1 : G1\ G2 /4 0 and
L ALs 4 ALs O O i aNG ' i
Gi'+Gy? # Gy? ifand only if Go A Gy with Lo : G2\ G1 # 0, which allows us to introduce
— — —
the conception of linear irreducible. Generally, a continuity flow family {GlL t Gé 2 GEy

is linear irreducible if for any integer 1,
Gi2JG with Li:Gi\|JGi A0, (2.5)
I#i I#i

where 1 < i < n. We know the following result on linear generated sets.

; T AL AL AL
Theorem 2.1 Let ¥ be a linear space over a field % and let {Gl ,G5%, ,Gn“} be an

N
linear irreducible family, L; : G; — ¥V for integers 1 < i < n with linear operators A}

vu?

4 — =L, SL, —>Ln . .
Ar, for Y(v,u) € E(G). Then, { G1',G5%,---, Gy~ ¢ is an independent generated set of
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_ v
<Gi,1 <i< n> , called basis, i.e.,
_ 4
dim<Gi,1§i§n> =n.

e =L, . . . =1 . v .
Proof By definition, G;*,1 < i < n is a linear generated of <Gl-, 1< < n> with

N ]
L;: Gy — 7, ie.,

- v
dim<Gi,1 §i§n> <n.

_
We only need to show that GiLi, 1 <7 < nis linear independent, i.e.,
- 4
dim<Gi,1 <1 §n> >n,
which implies that if there are n scalars ¢y, co, - -+ , ¢, holding with

— — —
aGi 4G+ +e,GE =0,

then ¢; = c; = --- = ¢, = 0. Notice that {51, 62, cee @n} is linear irreducible. We are easily
— — — —
know G; \ U G # 0 and find an element x € E(G; \ |J G;) such that ¢;L;(z) = 0 for integer
£ I#£i
1,1 <4 < n. However, L;(z) # 0 by (1.5). We get that ¢; = 0 for integers 1 <i <n. O

N 4
A subspace of <Gi, 1<i< n> is called an Ag-flow space if its elements are all continuity

flows G with Lv), v eV (5}) are constant v. The result following is an immediately

conclusion of Theorem 2.1.

— = = —

Theorem 2.2 Let G,G1,Go, -+, G, be oriented graphs embedded in a space ./ and ¥V
- = — —

a linear space over a field F. If GYV,GY*, G3%,---,GY" are continuity flows with v(v) =

_
v,vi(v)=v;, €Y forVv eV (G), 1 <i<mn, then
—
(1) <G"> is an Ao-flow space;

—vi Ava v ) ) = — —
(2) <G1 , G2, ,Gn"> is an Ag-flow space if and only if G, = Goa = --- = G, or

vi=vg=---=v, =0.

— — — — —
Proof By definition, GY* + G3? and AGY are Ap-flows if and only if G; = G5 or
vi = vo = 0 by definition. We therefore know this result. O

2.2 Commutative Rings over Graphs

Furthermore, if ¥ is a commutative ring (£%; +, -), we can extend it over oriented graph family
- = —
{G1, G2, -, G,} by introducing operation + with (2.1) and operation - following;:

GGk = (@0\d,) " U(EiNG) " "U (@1 3d)". (2.6)

Ly-Lo
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where Ly - Ly : & — Li(x) - La(z), and particularly, the scalar product for R",n > 2 for
— —
re Gy ﬂ Gs.

R
As we shown in Subsection 2.1, <<E’>i,1 <i< n> ;—|—> is an Abelian group. We show

N %
<Gi, 1< < n> ;+,- | is a commutative semigroup also.

In fact, define

LZ(ZE), if x € al \ EZ—
L;;(JJ): LJ(,T), 1fxeﬁj\_)l
N

—
Ll(l') . Lj(i[]), ifxe G, Gj

. =1 =L — — N\ LS — — \ L3 =1, =L
Then, we are easily known that Gll-GQQZ(GHUGz) :(G1UG2> =Gy G}

L1 ~L - . %z .. . .. .
for VG, G5* € <Gi, 1<i< n> ;- | by definition (2.6), i.e., it is commutative.

Let
i(x), if:veai\ (E’ZUE})
(), itx e E')j \ (EﬂU@k)
L (z), if z e E)k\ (E)ZUE’J)
Lik(x) = ¢ Lij(2), if z € (6iﬂaj) \ G
Lk (x), if z € (ﬁlﬂgk) \5J
Ljk(z), ifx e (5] ﬂ@k) \E')l
Li(z) - Lij(z) - Ly(x) ifx € E')l ﬁj ﬂ@’k
Then,
(G Gp) .Gl = (G.JG)" ab = (6,JG.Jd)"™
G (GuJT) " =G (GhTk)
Thus,

We are also need to verify the distributive laws, i.e.,

Ql
W b~
»N
.
[\
-

G (Gl + @) =G -Gl + Gl

and
(@1 +Gp)-Gp =Gl Tl + Gy Gl 28)
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- = — — %
for VG, G1, Ga € (<Gi,1 §i§n> ;+,-). Clearly,

Ql
ey
~—
Ql
s
+
Ql
N
SN—
I

ar - (GG - (G (@ Ua))
(€:UE) U (6:Uc) " = a5 G+ g Gl

which is the (2.7). The proof for (2.8) is similar. Thus, we get the following result.

; ; AL AL —L ;
Theorem 2.3 Let (%Z;+,) be a commutative ring and let {Gl LGy, Gn"} be a linear
irreducible family, L; : @i — X for integers 1 < i < n with linear operators A}, Al, for

_ _ p vu?
Y(v,u) € E (G) Then, <<Gi, 1<i< n> i+, ) is a commutative Ting.

2.3 Banach or Hilbert Flow Spaces

=L, AL =L . Vel : 4 i i
Let {G1*Y, G5?,---, Gy} be a basis of <Gi, 1<i< n> , where ¥ is a Banach space with a
— — v
norm | - ||. For VG € <Gi,1 <i< n> , define
—
g4 = > @l (2.9)
eEE(a)

= =L, =L — . v .
Then, forVG,Gll,G22€<Gi,1§z§n> we are easily know that

— — —
(1) HGLH >0 and HGLH =0 if and only if G~ = O;

(2) HE*)ELH =¢ H@LH for any scalar &;

(3) H@fl+5’§2 < Hafl +H§§2 because of
jeh+ar| = X Ine@l

ccr(T:\Ba)
+ > L@ L+ Y L)
cer (TN o) ccn(Ta\Th)

< Yoo @l Y el
e€E<61\62) e€E(61ﬂ62)
o B DI T RS S IO ey B rers

ccr(Ta\T)) ccr (TN o)

for ||L1(e) + La(e)|| < ||L1(e)|| + || L2(e)|| in Banach space ¥. Therefore, || - || is also a norm
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N v
on<Gi,1§i§n> .

. . . . . =L, =L — . v
Furthermore, if ¥ is a Hilbert space with an inner product (-, -), for VG, G3* € <Gi, 1< < n> ,

define

(GrGr) = > (L)L)
e€E<61\62)
+ > (Lie), La(e)) + > (Lale), La(e)). (2.10)
cen(d:1nG>) ccB(T\G)

Then we are easily know also that

(1) For VG e (Gi1<i<n) |

—

and <GL,E:’L> — 0 if and only if GL = O.

v
(2) For vG i, Gl e (Gi1<i<n)

because of

(Gr.er) = (L1(e), La(e)) + (L1(e), La(e))

cen () ccB(TNTa)

v Y mOnE - (Gr.ar)

eeE(ﬁz\ffl)
for (Ly(e), La(e)) = (Lz2(e), L1(e)) in Hilbert space ¥.
=L =L, SL — ) v .
(3) For G*,G1*,G5? € <Gi,1 <i< n> and A\, u € .Z, there is

<A5fl + u5§2,5L> = <5fl, 5L> yy <5>§2,5>L>
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because of

Il
=
Qo
-
al
D)
Ql

2)>\L1+ML2 U (52 \ 61)ML2 ,E’L> )
Define Ly, : 5)1 UE’Q — ¥ by

|

)\Ll(,T), if z € Gl\G2

L1A2H (m) = /,LLQ(:E), if v € 62 \ 5)1
ALy (z) + plo(z), if xz € G ﬂal

Then, we know that

</\5>1L1 + ;LE)QLZ,E)L> = (L1,2,(€),L1,2,(e))

and

Notice that



30 Linfan MAO

eGE( 106) 86E(6206)
+ (L(e), L(e))
eEE(g\az)
= (L(e), L(e)) + (L(e), L(e))
eEE(a\al) eEE(a\az)

We therefore know that
(AGI 4+ Gl G) = A (Gl GV) + u(GE, TY).
_
Thus, G” is an inner space

=L, AL =L . . — . v .
IfF{Gy",Gy?,---,GE} is a basis of space ( G;,1 <i<mn) ,we are easily find the exact

formula on L by Lq.Lo,--- , L,. In fact, let
Gl =MGP 4 0\Gh 4 40, G,
where (A1, A2, -+, An) # (0,0,---,0), and let
~ i — — ‘
L: <ﬂ le>\ U Gs HZAMLM
=1 S#kl,---,ki =1

for integers 1 < ¢ < n. Then, we are easily knowing that Lis nothing else but the labeling L
—
on G by operation (2.1), a generation of (2.3) and (2.4) with

b))

eEE(Eﬁi)

> <Z AL, (€), ) M%Lis> : (2.12)
=1 oep(3) =1

i)\lekl (6) 5 (2.11)

=1

e -

@.
I M:
I

S
Ql
“h
Q

&

~—”"
[

NE

i =1

where G'L' = A’lﬁfl + )\'25%2 +ee )\%65" and ai = (m §k1> \ U ﬁs
=1 sFEki, kg

We therefore extend the Banach or Hilbert space ¥ over graphs 61, 52, cee E')n following.

Theorem 2.4 Let 61, 52, e ,an be oriented graphs embedded in a space . and ¥V a Banach
v
space over a field F#. Then <6Z—,1 <5< n> with linear operators Al,, At, for V(v,u) €

vu?

v
E (5) 18 a Banach space, and furthermore, if ¥ is a Hilbert space, <51, 1<i< n> s a
Hilbert space too.
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v
N
Proof We have shown, <Gi, 1< < n> is a linear normed space or inner space if ¥ is a

linear normed space or inner space, and for the later, let
&% =y (exex)

_>L - . v =1 . 4 . P
for GV e (G;,1<i<n) .Then (G;,;,1<i<n is a normed space and furthermore, it is

a Hilbert space if it is complete. Thus, we are only need to show that any Cauchy sequence is
Vv
—
converges in <Gi, 1< < n>

v
— —
In fact, let {H,Ll"} be a Cauchy sequence in { G;,1 <i < n> , i.e., for any number ¢ > 0,

there always exists an integer N(g) such that
— —
e~ <

— no— —
if n,m > N(g). Let 97 be the continuity flow space on ¥ = |J G;. We embed each HL» to
i=1

1=

a @l € 744 by letting

L,(e), if ec E(Hy)
0, 1feeE(§’\ﬁn).

Then

@ Ln —?ZmH = Yo L@l + > [Ln(e) = Lm(e)

c€E(Gu\Gm) cB(GuNGm)
+ Y L@l = [H - H|| <

ceB(T\G)

=7 . . — o, .
Thus, {g L"} is a Cauchy sequence also in ¢ 7. By definition,

i.e., {Ln(e)} is a Cauchy sequence for Ve € E (?), which is converges on in ¥ by definition.

~

Ln(e) = Lim(e)

— —
< Hg% - ngH <e,

Let
L(e) = lim Ly(e)
— —= —= —=
for Ve € E (%) Then it is clear that lim ¥L» = @I which implies that {& I}, ie.,
— —- = — v ~
{Hﬁ"} is converges to 9% € 47, an element in <Gi,1 <i< n> because of L(e) € ¥ for
— — no—
VeeE(%)andgzLJGi. m|
i=1

1=
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§3. Differential on Continuity Flows

3.1 Continuity Flow Expansion

Theorem 2.4 enables one to establish differentials and generalizes results in classical calculus in

v
space <Z¥>1, 1< < n> . Let L be kth differentiable to ¢t on a domain & C R, where k > 1.

Define
AL _> Ldt
s /GLdt J .

dt

&

— G

v
Then, we are easily to generalize Taylor formula in <Z¥>1, 1<i< n> following.

— N RxR"™
Theorem 3.1(Taylor) Let G* € <Gi, 1<i< n> and there exist kth order derivative of

L tot on a domain 9 C R, where k > 1. If AL, AL, are linear for V(v,u) € E (5), then
=L to (t—t0)" = o -k
G = g 4 Lo g ) G 0 4o ((t—t0) F C), (3.1)

for¥tg € 9, where o ((t - to)_k 5’) denotes such an infinitesimal term L of L that

. L(v,u) —
tlig&lo m =0 for VY(v,u)eFE (G) .
Particularly, if L(v,u) = f(t)cou, where cyy is a constant, denoted by f(t)a)LC with L¢ :
(v,u) = cyy forV(v,u) € E (6) and
2 k
£(0) = £(t0) + 1D pr(ag) 4 L0 gy g BBV j00 ) 46 (- 1)),

then

Proof Notice that L(v,u) has kth order derivative to t on & for V(v,u) € F (5’) By
applying Taylor formula on ¢y, we know that
L0, u) (o) LI (i)

5 (t—to)+-+—————40((t—t)")

L(v,u) = L(v,u)(to) + k!

if t — to, where o ((t — to)*) is an infinitesimal term L(v,u) of L(v,u) hold with

lim L(U’u)t
t—to (t — to)
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for V(v,u) € E (E’)) By operations (2.1) and (2.2),

—_—

Gl 4 Gl =Glitle and AGE =GN

because A}, , A, are linear for V(v,u) € F (5) We therefore get

(t —to)"

G 4 ...
GO o ey

=L _ ALt , (o)
GF =g 4 200

6““%>+o«r—myk5)

k=

for tg € 2, where o ((t —to) G) is an infinitesimal term L of L,ie.,

lim L(U’u)t =
t—to (t _ to)

for V(v,u) € E (5}) Calculation also shows that

f(t)aLc(v,u) a) t)Le(v,u) a(f(to)-l- (tZEtO) f(to) -+ (tj:!o)k f(k)(t0)+o((t—t0)k)> Cou
/ 9 _ 2
= f(tO)Cqu + 7f (t0)§| )Cvua) + —f (tO)(;' tO) Cvu?ﬁ

f(k)(fO) (t —to)

o 7!

qu+o(t—m )

_ f(to) + (f - to)f/(to) cex %f(k) (to) +o ((t . tQ)k)) cvua)

i.e.

This completes the proof.

33

O

N
Taylor expansion formula for continuity flow G'* enables one to find interesting results on

N
G such as those of the following.

Theorem 3.2 Let f(t) be a k differentiable function tot on a domain 2 C R with 0 € & and

f(OE')) = f(0 )G If AT, AL, are linear for ¥(v,u) € E (5), then

FOT =f (t@) . (3.2)

Proof Let ty =0 in the Taylor formula. We know that
f"0) M)

fO, JOp,

1) = 10)+ 5P+ -

———th 4o (t").
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Notice that
fHG = (fmy+fﬁ) f;)ﬁ+_, !ﬂ2(5k+00@>23
— i FO) L@ 202y s M © )(U)tk+o( 5

[(O)t FB )
TR S T

— J(0)G +

and by definition,

f(t?;’) - f(05)+

because of (tG) = GY =t'G for any integer 1 < i < k. Notice that f(0G) = f(0)G. We

therefore get that
— —
FOC =f (tG) . 0

Theorem 3.2 enables one easily getting Taylor expansion formulas by f (ta) . For example,
let f(t) = e'. Then

—

G = elC (3.3)

by Theorem 3.5. Notice that (ef)’ = e’ and €” = 1. We know that

t t2 th
and
G L o3C _ a)et .565 _ 5 tes 5et+s e(t+S)G, (3'5)

where ¢ and s are variables, and similarly, for a real number « if [¢] < 1,

olo=1)lomntz

(6+t6)a=5’+01‘—f5’+---+ .

3.2 Limitation

eps =L AL =1 . v .
Definition 3.3 Let G*, G{' € <Gi,1 <1< n> with L, Ly dependent on a variable t €

[a,b] C (—o0,+00) and linear continuous end-operators A, for V(v,u) € E (G) For ty €

[a,b] and any number ¢ > 0, if there is always a number d(e) such that if |t — to] < d(g)
AL _ AL AL ; AL

then ||G7" — G H < g, then, G7{* is said to be converged to G* as t — to, denoted by

L —>L . . —>L . . . . =1
lim G{* = G*. Particularly, if G* is a continuity flow with a constant L(v) for Vv € V (G)

t—>t0

=L - . =1 .
and tyg = +o00, G is said to be G -synchronized.
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Applying Theorem 1.4, we know that there are positive constants c¢,, € R such that
—
|AL < ¢f, for Y(v,u) € E (G)

By definition, it is clear that

|o -2

o (GRON B (CHALI A Y (CALD

-z ZACTORY) EOD SRR (7 2255 FOR) RS D )
N o

u€Ng, n G @) ueNg\g, (v)

< Y dubiwwl+ Yl =D @a)l+ Y el Lv,w)l.

uENG,\g(v) u€Ng, ncv) ueNg\ g, (v)

and || L(v,u)|| > 0 for (v,u) € E (Zﬁ) and F (61) Let

max _ =+ +
= max C max C .
NEHC {(v,u)eE(Gl) VW () EE(GL) ”“}

ALy AL : max Val Vi
If HGl -G H < ¢, we easily get that ||Li(v,u)|| < cgi%e for (v,u) € E(G1 \ G),

(L1 — L)(w,u)]| < c2%e for (v,u) € E(Zz’lm@) and || — L(v,u)]| < c2%e for (v,u) €
E (5’ \ 5’1).

Conversely, if || L1(v,u)| < € for (v,u) € E (@1 \6), (L1 — L)(v,u)|| < € for (v,u) €
— — - =
E (Gl N G) and || — L(v,u)|| < e for (v,u) € E (G \ G1>, we easily know that

e I VR L RIS (R 20 I

Gi\a (v uENG, nc(v)

+ Z H—LAL(U,U)H

u€Ng\a, (v)

< Y alhiwwl+ Y ehll(Zi = L) (vu)

uENG,\c(v) uENg, nc(v)

+ Z C'u+u|| —L(v,u)”

UENG\Gl (’U)

G\ G cmaxg+‘c ﬂc‘cg%w‘é’\é’l‘crg%g_‘01UG‘cgf§;g

. " . AL _ AL .
Thus, we get an equivalent condition for thr? G{' = G* following.
—1lo

Theorem 3.4 tli>ntlf) E‘)fl ~- Gt if and only if for any number e > 0 there is always a number §(¢)
such that if |t — to| < d(e) then ||Li(v,u)|| < e for (v,u) € E (@1 \ 6), (L1 — L)(v,u)|| < e
for (v,u) € E (5 ﬂg) and || — L(v,u)| < ¢ for (v,u) € E (5) \ 51),1'.6., 6%1 — G is an
infinitesimal or hm (GL1 5L) =0.
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If tling Gl thng GlLl and hng G2L2 exist, the formulas following are clearly true by defi-
—lo t— 0

nition:

éle + 6’;“) = lim G1L1 + hm G2L2,

t—to

— —
lim (GlLl ~G2L2) = lim G;% - lim Gyl
t—to t—to t—to

lim (GF- (EJ_;L1 + 6‘;“)) — lim G- lim G1L1 + lim G- lim a;LQ,
t—>t0 t—>t0 t—t 0 —>t() t—>t0

— —
lim ((G 'y Ga L2)-GL) — lim G121 - lim GF + lim GoF2 - lim G T
t—to t—to t—to t—to t—to

. . -
and furthermore, if thr? Go2 # O, then
—lo

. —
lim Gol2
t—to

~ L B lim GlLl
lim (Cil, ) — lim (ch’Ll .CTQ’LJ) _ itz

Theorem 3.5(L’Hospital’s rule) Iftlir? CT{Ll =0, tlir? CT;% = O and Ly, Ly are differentiable
—1o —1o
respect to t with tlintl Li(v,u) = 0 for (v,u) € E (61 \52), tlintl Li(v,u) # 0 for (v,u) €
— — o — — e
E (Gl N Gg) and tlintl Li(v,u) =0 for (v,u) € E (GQ\ Gl), then,
—to

= lim G5
im 1

lim Gi = ot 1
— = ——.

t—=to \ Gol2 lim Gyl

t—to
Proof By definition, we know that
G, L — -1
tlgltlo <CT:)L2> = tlirg) (GlLl Gyl )
-y (60" (@5 (G0
- i (GNG)"" =y (G20
lim L’q
—tg

= (GNE)M T = (@NEa)

_ (51\62)H’20L (G ﬂG )JH?OLl him L'y (52\51)t£“20”

— L

im L/ =1 lim G*
- a)tlintjo Iy a)rlinrlo Ly _ t—to 1
= 1 . 2 - _>
lim G
t—>t0

This completes the proof. O
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Corollary 3.6 If tling Gl = O, tlir? Gl =0 and L1, Lo are differentiable respect to t with
—lo —10

tlintl Li(v,u) #0 for (v,u) € E (6), then

lim G
= 1m 1
. G t—to
1im

t—to \ G Lo

Generally, by Taylor formula

. -7
lim G L2
t—to

k
Go = G L =g 4 0 0w L (4214,

iy k!

if L =L — o= gD = d L - I — ... = %D —0b
if Ly(to) = Li(to) = -~~~ = Ly (to) = 0 and La(to) = Ly(to) = --- = Ly (o) = O but
L (o) # 0, then

=L (t_to)k_’L(k)(t) =

Gl = LT Ghitt +o((t—t0) Gl),

k!
k
t— ¢ * -
552 = 7( k'O) 552 (t0)+0((t—t0) kag)

We are easily know the following result.

=L ) =0

— —
Theorem 3.7 If tling Gl =0, tling Gol2 = O and Li(to) = L) (to)
—to —1l0

and Lo(to) = Liy(te) = -~ = LY V(o) = 0 but L () #£ 0, then
. LM (ko)
lim aLl _ tlg% 1
t=to 5’52 i ﬁgém(to)'
t—>t0
— — —
Example 3.8 Let G1 = G2 = Cp, A}, =1, AL,  =2and
- h+ (@ -1 F@) N n!
L 2i—1 (2n + 1)et
for integers 1 < i <n in Fig.4.
n fi v2
fn | 1£2
i s
Un Vi+1 V; V3

Fig.4



38 Linfan MAO

Calculation shows That

it @-D)F@  h+ (27 1) F@)

Lvi) = 2fii—fi=2x 9 51
. n!
= F(@) + Gnine

where, L(v;) = F(z) for

no

— —>
Calculation shows that lim L(v;) = F(Z), i.e., lim CL = CL
_ t~>_o)o t—o0
integers 1 < i < n, i.e., CL is G-synchronized.
84. Continuity Flow Equations

A continuity flow GL is in fact an operator L : G — % determined by L(v,u) € £ for
—
VY(v,u) € E (G) Generally, let

Liyw Ly -+ Ly

L] B Loy Las -+ Loy
mXxXn —

Lml Lm2 e Lmn

with Lj; : 5} — A for1 <i<m,1<j<n, called operator matrix. Particularly, if for integers
1<i<m,1<j<n,Lj: Z:’ — R, we can also determine its rank as the usual, labeled the
edge (v,u) by Rank[L]mxn for Y(v,u) € E (5’) and get a labeled graph GRank[L] Then we
get a result following.

Theorem 4.1 A linear continuity flow equations

— — — —
leLu +£L‘2GL12 + ...+anLn1 =Gk

— — — —
leLzl +.’L‘2GL22 + ..._|_anLG = G L2

(4.1)
2G4 25 Glne 4o o3, Glon = Gln
is solvable if and only if
G Rank[L] _ a)Rank[f], (4.2)
where
Liw Liz -+ Lin Liw Liz -+ Lin ILn
L] = Loy Loy -+ Loy and  [L] = Loy Loy -+ Loy Lo

Lnl Ln2 e Lnn Lnl Ln2 e Lnn Ln
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Proof Clearly, if (4.1) is solvable, then for V(v,u) € E (5’), the linear equations

x1L11(v,u) + xoLia(v,u) + -+ + xp Lpa (v, u0 = Ly (v, u)
x1Lo1(v,u) + xoLog(v,u) + - -+ + @y Lo (v, u0 = La(v, u)

x1Lp1(v,u) + xoLpa(v,u) + -+ + Ty L (v, u0 = Ly (v, w)

is solvable. By linear algebra, there must be

Lii(v,u) Lia(v,u) -+ Lip(v,u)
Rank Loi(v,u)  Loo(v,u) -+ Lop(v,u) _
Lypi(v,u) Lpa(v,u) -+ Lpn(v,u)
Lii(v,u)  Lis(v,u) -+ Lin(v,u)  Li(v,u)
Loty(v,u) Los(v,u) -+ Lop(v,u) Lo(v,u)
Rank ’
Loi(v,u) Lpa(v,u) -+ Lpn(v,u)  Lp(v,u)

which implies that
5}Rank[L] — 6Rank[f] )

Conversely, if the (4.2) is hold, then for V(v,u) € E (6), the linear equations

x1L11(v,u) + xoLia(v,u) + -+ + xp Lpa (v, u0 = Ly (v, u)
x1Lo1(v,u) + xoLog(v,u) + - -+ + @y Lo (v, u0 = La(v, u)

21 Lp1(v,u) + 2o Lna(v,u) + -+ + @y Ly (v,u0 = Ly, (v, u)

39

is solvable, i.e., the equations (4.1) is solvable. |
Theorem 4.2 A continuity flow equation
)\SaLs + /\SflaLsfl 4t aLU =0 (4.3)
— —
always has solutions GI> with Ly : (v,u) € E (G) — {AVE NG AV where AVY, 1 < i< s
are roots of the equation
QYN ol N T gt =0 (4.4)

with L; : (v,u) — o™, a¥ # 0 a constant for (v,u) € E (5) and 1 <i<s.

For (v,u) € E (5), if n®" is the mazimum number i with L;(v,u) # 0, then there are
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11 n'" solutions E’Lx, and particularly, if Ls(v,u) # 0 for V(v,u) € E (6), there are
solutions G > of equation (4.3).

Proof By the fundamental theorem of algebra, we know there are s roots Ay", Ay%,--- A%

for the equation (4.3). Whence, LAZ?) is a solution of equation (4.2) because of

(3@)"-@% + (@) -G (AT TR

= 5*5Ls + 5A571L571 4t aAOLo — 6A3LS+>\S*1LS,1+...+LO

and
ML+ N1 g+ -+ Lo (v,u) = a?N +a?™ XN 4 paft =0,

for V(v,u) € E (E’)), ie.,
(Aﬁ)s Gl (Aﬁ)s_l Gl gy (A@)O .Gl =0G = 0.

Count the number of different Ly for (v,u) € FE G). It is nothing else but just n"*.

Therefore, the number of solutions of equation (4.3) is 11 nv. O
(v,u)EE(a)

Theorem 4.3 A continuity flow equation

dG*
— —
= GLD‘ . GL 45
o (4.5)
— —
with initial values G = G2 always has a solution

t=0

L — GlLs. (etLaa))
where Ly : (v,u) — oy, Lg: (v,u) — Byy are constants for ¥V(v,u) € E (5)

Proof A calculation shows that

Yal?
Eg% _ dG _ E’LQ .5}L _ E’LQ»L,
dt
which implies that
dL
— = L 4.6
praks (4.6)

for V(v,u) € E (6)

Solving equation (4.6) enables one knowing that L(v,u) = By,e'® for V(v,u) € E (6)
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Whence, the solution of (4.5) is

—

OL — @Llee'™ _ GLs (etLan)

and conversely, by Theorem 3.2,

— tLo Lo
dc(;Lﬁe _ a,d(Lﬁ;: ) . GLaLﬁetLQ
_ E’La .E)Lgetl’o‘
ie.,
_
dG*t _OLa.@L
dt
— — —
if G =Gl . (etLﬂ G). This completes the proof. O

Theorem 4.3 can be generalized to the case of L : (v,u) — R™ n > 2 for V(v,u) € E (6)

Theorem 4.4 A complex flow equation

dG -
— —

=Gl G*F 4.7

7 (4.7)
— —
with initial values G * = GLs always has a solution
t=0
Grogn (G),
where Ly @ (v,u) — (a})u,agu,~-~ ,aﬁu), Lg : (v,u) — ( L B2 ffu) with constants
al,, Bt 1<i<n forV(v,u) € E (6)
Theorem 4.5 A complex flow equation
— —
dnGL dn—l GL
GlLan | o+ Glonos . — et GLleo . GL = 0O (4.8)

with La, : (v,u) — of* constants for ¥(v,u) € E (6) and integers 0 < i < n always has a

. _>L .
general solution G** with

Ly : (v,u) — { 0, Zhi(t)ewut }
i=1

for (v,u) € E (6}) , where by, (t) is a polynomial of degree< m;—1 ont, mi+mao+---+ms =n

and AJ*, A8%, -+ S AV are the distinct roots of characteristic equation

QYN 4 Al NPT gt =0
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with a®™ # 0 for (v,u) € E (6)

Proof Clearly, the equation (4.8) on an edge (v,u) € E (6) is

A AORT ou AV1L(v,u)

W —gm T gt Tt =0 (4.9)

As usual, assuming the solution of (4.6) has the form G = M@, Calculation shows that

dG L

- = MG = \G,
degL = A2ME =220,
dn@L _

G = AeE=aG

Substituting these calculation results into (4.8), we get that
(AnaLa" + )\nfla)Lan71 + -+ aLO‘O) . E)L _ O7

ie.,
GV Lap A" Lo+ +Lag) L _
b

_
which implies that for V(v,u) € E (G),

ATl N g =0 (4.10)
or
L(v,u) = 0.
Let AT“, A5%, -+, AZ" be the distinct roots with respective multiplicities mj", ms*, --- ,my"

of equation (4.8). We know the general solution of (4.9) is
L(v,u) = Z hi(t)ei™t
i=1

with Ay, (t) a polynomial of degree< m; —1 on ¢ by the theory of ordinary differential equations.
—
Therefore, the general solution of (4.8) is G'X* with

Ly : (v,u) — { 0, Zhi(t)e)‘lwt }
i=1

for (v,u) € E (5}) O
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§85. Complex Flow with Continuity Flows

The difference of a complex flow G with that of a continuity flow G is the labeling L on a

vertex is L(v) = &, or z,. Notice that
d At d At
7 Z L% (vyu) | = Z %L vu (v, u)
uENg(v) uENg(v)

— . =L L. =9
for Vv € V [ G'). There must be relations between complex flows G~ and continuity flows G *~.

We get a general result following.
t t
Theorem 5.1 If end-operators A}, Al, are linear with [/ ,Aju] = [/ ,AIU] =0 and
0 0
d d
[E,AL} = [E,AL} = 0 for V(v,u) € E(@), and particularly, A}, = 1y, then GL e
— RxR"
<Gi,1 <i< n> is a continuity flow with a constant L(v) for Vv € V ( if and only if

N
¢)
t = . . . —
G™dt is such a continuity flow with a constant one each vertex v, v €'V (G)
0

¢ d
Proof Notice that if A}, = 1y, there always is [/ ,Aju] =0 and [a, Aju] =0, and by
0

t t
0 o [ean-ane .
0 0

d
o —.
dt

definition, we know that

4]

d d
—, AT 0 —o Al = Al
|:dt7 vu:| <:> dt © VU VU

— —
If G is a continuity flow with a constant L(v) for Vv € V/ (G), ie.,
Z LA (v,u)=v for Yo eV (5) ,
’U.GNG-('U)
we are easily know that

./Ot (uegc:(u)LA?u (uu)) dt uegg:(v) (/()t oAffu) L(v,u)dt = Z (A;ru o /;) L(v, w)dt

u€ENg(v)

> AL (/OtL(v,u)dt) :/Otvdt

uENg(v)

— t t_,
for Vv € V ( G ) with a constant vector / vdt, i.e., / GLdt is a continuity flow with a
0 0

constant flow on each vertex v, v € V (E’))

t
N
Conversely, if / GLdt is a continuity flow with a constant flow on each vertex v, v €
0
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v (G), ie,
(@ | )
Z Ajuo/ L(v,u)dt = v for VUEV(G),
uENg(v) 0
then
t_,
d(/ GLdt)
agr_-_\No  J
G = dt

N
is such a continuity flow with a constant flow on vertices in G because of

d( ) LAL(U,U)>

uENg(v)

|
| =
o
eih
g +
o
ﬁ
=
£
<
N~—
QL
~

dt
uENg(v)
= A Lo, u)dt — L(v, )5 = &Y
- Z vuoﬁo o (v, u)dt = Z (v,u) W_E
uENG(v) uwENg(v)
. dv = :
with a constant flow T on vertex v, v € V (G) This completes the proof. O

¢
If all end-operators A, and A, are constant for V(v,u) € E (Zf), the conditions [/ , Aju]
0

¢
d d
[/ ,AIU] =0 and [a, Aju] = {a, AIU] = 0 are clearly true. We immediately get a conclu-
0

sion by Theorem 5.1 following.

Corollary 5.2 For ¥(v,u) € E (5’), if end-operators A}, and A}, are constant cyy, cuy for
— — — RxR™
V(v,u) € E (G), then GE € <GZ—,1 <i< n> is a continuity flow with a constant L(v)
t
forvv eV (5) if and only zf/ GLdt is such a continuity flow with a constant flow on each
0

R
vertex v, v € V (G)
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#—Change of Finsler Metric by h-Vector and Imbedding

Classes of Their Tangent Spaces
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Abstract: We have considered the S—change of Finsler metric L given by L = f(L, 3)
where f is any positively homogeneous function of degree one in L and 3. Here 8 = b;(z,y)y’,
in which b; are components of a covariant h-vector in Finsler space F" with metric L. We
have obtained that due to this change of Finsler metric, the imbedding class of their tangent

Riemannian space is increased at the most by two.
Key Words: S—Change of Finsler metric, h-vector, imbedding class.
AMS(2010): 53B20, 53B28, 53B40, 53B18.

81. Introduction

Let (M™, L) be an n-dimensional Finsler space on a differentiable manifold M™, equipped with
the fundamental function L(z,y). In 1971, Matsumoto [2] introduced the transformation of

Finsler metric given by

L(z,y) = L(z,y) + B(z,y), (1.1)
I (z,y) = L*(2,y) + B(z, y), (1.2)

where 3(z,y) = bi(x)y® is a one-form on M™. He has proved the following.

Theorem A. Let (M", L) be a locally Minkowskian n-space obtained from a locally Minkowskian
n-space (M™, L) by the change (1.1). If the tangent Riemannian n-space (M2, g,) to (M™, L) is

x

of imbedding class v, then the tangent Riemannian n-space (M",g,) to (M™, L) is of imbedding

x

class at most r + 2.

Theorem B. Let (M™, L) be a locally Minkowskian n-space obtained from a locally Minkowskian
n-space (M™, L) by the change (1.2). If the tangent Riemannian n-space (M2, g;) to (M™, L) is

of imbedding class 7, then the tangent Riemannian n-space (M?,g,) to (M™, L) is of imbedding
class at most r + 1.

Theorem B is included in theorem A due to the phrase “at most”.

In [6] Singh, Prasad and Kumari Bindu have proved that the theorem A is valid for Kropina

1Received April 18, 2017, Accepted November 8, 2017.
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change of Finsler metric given by

2 X
e = 558

In [3], Prasad, Shukla and Pandey have proved that the theorem A is also valid for expo-

nential change of Finsler metric given by
L(z,y) = LeP/L.

Recently Prasad and Kumari Bindu [5] have proved that the theorem A is valid for
[B—change [7] given by
L(z,y) = f(L. ),

where f is any positively homogeneous function of degree one in L, § and § is one-form.

In all these works it has been assumed that b;(z) in [ is a function of positional coordinate
only.

The concept of h—vector has been introduced by H.Izumi. The covariant vector field

b,
OyJ

bi(z,y) is said to be h—vector if is proportional to angular metric tensor.

In 1990, Prasad, Shukla and Singh [4] have proved that the theorem A is valid for the

transformation (1.1) in which b; in 3 is h—vector.

All the above S—changes of Finsler metric encourage the authors to check whether the

theorem A is valid for any change of Finsler metric by h—vector.

In this paper we have proved that the theorem A is valid for the —change of Finsler metric
given by
L(z,y) = f(L, B), (1.3)

where f is positively homogeneous function of degree one in L, 3 and
Blx,y) = bi(z,y)y". (1.4)
Here b;(x,y) are components of a covariant h—vector satisfying

Ob;
Oyl

= phij, (1.5)

where p is any scalar function of z,y and h;; are components of angular metric tensor. The
homogeneity of f gives

Lfv+Bf2= 1, (1.6)
where the subscripts 1 and 2 denote the partial derivatives with respect to L and 3 respectively.

Differentiating (1.6) with respect to L and [ respectively, we get

Lfii+Bfi2=0 and Lfia+ Bf=0.
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Hence, we have

Ji Si2  fao

3 BL L?
which gives
fu=pw, fao=Lw, fi2=-FLuw, (1.7)

where Weierstrass function w is positively homogeneous function of degree —3 in L and (.
Therefore
Lwi + Pws + 3w = 0. (1.8)

Again wy and ws are positively homogeneous function of degree - 4 in L and 3, so
Lwyi + Bwio +4w1 =0 and  Lwsi + Bwas + 4wy = 0. (19)

Throughout the paper we frequently use equation (1.6) to (1.9) without quoting them.

82. An h—Vector

Let b;(x,y) be components of a covariant vector in the Finsler space (M™, L). It is called an
h—vector if there exists a scalar function p such that

Ob;
Oyl

= phij, (2.1)
where h;; are components of angular metric tensor given by

0?L

Differentiating (2.1) with respect to y*, we get

5]‘31@1)1‘ = (&Cp)hij + pL_l{L23i3j5kL + hijlk}a

o)

where 81 stands for P97

The skew-symmetric part of the above equation in j and k gives
(Okp + pL ) his — (Djp + pL™ ;) hi, = 0.
Contracting this equation by ¢/, we get
(n —2)[Okp + pL™ 1] = 0,

which for n > 2, gives
(91€p = —%lk, (2'2)

where we have used the fact that p is positively homogeneous function of degree —1 in 7, i.e.,
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o ==

We shall frequently use equation (2.2) without quoting it in the next article.

§3. Fundamental Quantities of (M", L)

To find the relation between fundamental quantities of (M™, L) and (M™, L), we use the fol-
lowing results
0iB=0b;, OL=1;, 0l =L "hy. (3.1)

The successive differentiation of (1.3) with respect to 3 and y7 give

l; = fili + fabs, (3.2)
ﬁ~—fph~—i—fL2 M
i = T hig wm;ms, (3.3)
where 5
p=Jf1+ Lfap, mi:bi_zli-

The quantities corresponding to (M", L) will be denoted by putting bar on the top of those

quantities.

From (3.2) and (3.3) we get the following relations between metric tensors of (M™, L) and
(M",L)

9y = %gij — L™ HB(f1f2 — fBLw) + Lpf fa}lil,
+H(fLPw+ f3)bibj + (f1f2 — fBLw)(Libs + 1;bs). (3.4)

The contravariant components of the metric tensor of (M", L) will be obtained from (3.4)
as follows: . )
. L .. Lv .. L*w_ . . L°u, . . .
g7 = —g" + ="V — —b"V — — (') +1’b"), 3.5
fp fpt fpt f2pt( ) (85)

where, we put b* = ¢g”b;, 1" = gl;, b*> = ¢g"/b;b; and

u = fifo— fBLw+ Lpf3,
v o= (fufe— fBLw)(fB+ AfL?) + Lofo{f(f + L?pf2)
+L2A(fF + fLPw)}

and
2

t = f1 + L3wA + Lfap, A:b2—ﬁ. (3.6)
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Putting ¢ = f1f2 — fBLw + Lp(f3 + fL*w), s = 3fow + fws, we find that

(a)  Oif = %li + fam;
(b) 0; f1 = —BLwm;
(c)  Oifo=LPwm;
(

(

d) dip = —Lw(B — pL*)m;

: 3
e) &w = —Twll “+ wom;
(f) 811)2 =-2C ; 4+ 2pm;

: 2
(8) %S ==2C—15(8—pL*)mi, (3.7)

(a) 51‘(1 =—-(B- PL2)5Lmi
(b) it = —2L%wC. ; + [L? Aws — 3(8 — pL?) Lw]m;
(C) (918 = —%li + (4f2w2 +3w?L? + fwzg)mi (3.8)

where “.” denotes the contraction with b%, viz. C_; = Cjx;b'bF.

Differentiating (3.4) with respect to y* and using (d that
mili = 0, mimi =N = mibi, hijmj = hub] = m;, (310)

D i i B
where m' = g"“m; =b" — 71"

To find 62,6 =G"C i we use (3.5), (3.9), (3.10) and get

c, = C: ——(hjpm" + R him; —m; —C;
ik e T 2fp( gkm’ 4 hymy 4 hpmy) + 2fpn”zjmkm 7 kN
LgA ; 2Lg+ L*As p
_% jETL — ijmkn s (311)

where n' = fL2wb® 4 ul’.

Corresponding to the vectors with components n’ and m!, we have the following:
Cijkmi = C,jk, Cijkni = fL2wC,j;€, mmi = szwA. (3.12)

To find the v-curvature tensor of (M™, L) with respect to Cartan’s connection, we use the

following:
Clhnk = Ciji,  hpht =hi, hyn' = fL%wm;. (3.13)

The v-curvature tensors ghijk of (M ",Z) is defined as
Shijk = CrrChjr — Ch;Cikr. (3.14)

From (3.9)—(3.14), we get the following relation between v-curvature tensors of (M™, L)
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and (M"™, L):
Shijk = %Shijk + dnjdir — dnidi; + Eni By — EnjEi, (3.15)
where
dij = PC.ij — Qhij + Rmim;, (3.16)
p—p (! i o R o L@wa—sp)
t ’ 202/ fpwt’ 2/ fwpt

202\/fw’  2p/Tw
84. Imbedding Class Numbers

The tangent vector space M) to M™ at every point x is considered as the Riemannian n-
space (M, g,;) with the Riemannian metric g, = g;;(z,y)dy’dy’. Then the components of the
Cartan’s tensor are the Christoffel symbols associated with g,:

A U . .
ik =39 "(Okgin + 0jgnk — Ongijn)-

Thus C’; . defines the components of the Riemannian connection on M’ and v-covariant deriva-
tive, say
: h

is the covariant derivative of covariant vector X; with respect to Riemannian connection C’; L on
M. Tt is observed that the v-curvature tensor Sp,j, of (M™, L) is the Riemannian Christoffel
curvature tensor of the Riemannian space (M", g,) at a point x. The space (M™, g,) equipped

with such a Riemannian connection is called the tangent Riemannian n-space [2].

It is well known [1] that any Riemannian n-space V" can be imbedded isometrically in a
Euclidean space of dimension w If n + r is the lowest dimension of the Euclidean space
in which V™ is imbedded isometrically, then the integer r is called the imbedding class number
of V™. The fundamental theorem of isometric imbedding ([1] page 190) is that the tangent
Riemannian n-space (M7, g..) is locally imbedded isometrically in a Euclidean (n + r)—space if

and only if there exist r—number ep = &1, r—symmetric tensors Hp);; and T(T; D covariant

vector fields Hp g); = —H(q,p)i; P,Q = 1,2, ,r, satisfying the Gauss equations

Snijk = Y ep{HpynH(pyix — Hpyis Hipynr}s (4.1)
P

The Codazzi equations

Hpyijli — Hpyirli = Y co{HqyijHo.py — H@ieHiq.p)i}s (4.2)
Q
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and the Ricci-Kiihne equations

Hpoili — Heajli + D en{HmpriHre; — Harr);Hrgil

R
+  ¢""{HpyniHQry — HpynHiyri} = 0-

(4.3)

The numbers ep = &1 are the indicators of unit normal vector Np to M™ and H(py;; are

the second fundamental tensors of M™ with respect to the normals Np. Thus if g, is assumed

to be positive definite, there exists a Cartesian coordinate system (z¢,u?) of the enveloping

Euclidean space E™*" such that ds? in E™"*" is expressed as

ds* = Z(dzi)2 + Z ep(duP)?.

1 p

85. Proof of Theorem A

In order to prove the theorem A, we put

(a)
(b)
()

(P)ij:\/%H(P)ija ep=¢€p, P=1,2,---,r

bzl
H iy = dij, €1 =1
H(,19)i; = Eij, €2 =—1.

Then it follows from (3.15) and (4.1) that

r+2
Shijk = ZEA{F(,\)th(A)ik — HooneH (05}
A=1

which is the Gauss equation of (M, g,).

Moreover, to verify Codazzi and Ricci Kithne equation of (M*,g,), we put

The Codazzi equations of (M, g,) consists of the following three equations:

F(P,Q)i = _H(QP)'L = H(P,Q)'L'a P7 Q = 17 27 yrr T
_ — L/ Lw
Hpriyi=—H@Epi1,pi = TH(P).i, P=12--,r

|

(Pr+2)i = _F(r+2,P)i =0, P=1,2,---,r
- sp — 2qw
(r+1,r+2)i = _H(T+2,r+1)i = mmi.

=

(@) Hpyijlle = Hepyirly =D eo{H @i H@.rk — H@uinHq.r);}

Q
+ Er—i—l{ﬁ(rJrl)ijﬁ(rJrl,P)k - ﬁ(rJrl)ikF(rJrl,P)j}
+ Er+2{ﬁ(r+2)ijﬁ(r+2,P)k - ﬁ(r+2)ikﬁ(r+2,P)k}

(5.1)

(5.2)

(5.3)
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) Hisnille = Hogninli = D e{H @i H@rrnr — H@uwH (@i}
Q

+€ri2 {ﬁ(r+2)ijﬁ(r+2,r+1)k - F(r+2)ikﬁ(r+2,r+1)j b

(¢) Hiroijlle — Hogoyll; = ZEQ{H(Q)UH(Q,T-{Q)I@ — HgyinH (0,r+2);}
Q

+€rta1 {F(r+1)ijﬁ(r+l,r+2)k - F(r+1)ikﬁ(r+1,r+2)j }-

where ||; denotes v-covariant derivative in (M™, L), i.e. covariant derivative in tangent Rieman-

nian n-space (M2,g,) with respect to its Christoffel symbols G}k. Thus
: —h

To prove these equations we note that for any symmetric tensor X;; satisfying X;;I' =
X;;19 =0, we have from (3.11),

L (ha X5 — hiy X 1)

Xijlle — Xikll; = Xijle — Xikls — 571

L3w q

+T(C.ikX.j —CiiX k) — %(Xijmk — Xigm;)
L3(2qw — sp)
W(X]mk —X,kmj)mz. (54)

Also if X is any scalar function, then X||; = X|; = 9; X.

Verification of (5.3)(a) In view of (5.1) and (5.2), equation (5.3)a is equivalent to

(\/?H(P)ig) Hk - <\/¥H(P)ik>

fp LvL
=\ 2 celH@iH.r — HoumHq.r;} - i “{dijHip) = dicHip) 5} (5.5)
Q
Since <‘/pr> Hk =0 <\/%) = %m myg, applying formula (5.4) for Hpy;;, we get
fr fr
( L H (P)ij H H(P H {H(P ZJ|k P)ik|j}

fp _“’
T2t 7 thiHp) 5 — hijHepy i} + {CzkH — CijHp) .1}
L*V/L(2qw — sp)
TN {H(p).jme = Hpy km;pm. (5:6)

Substituting the values of (1 / %H(pm) Hk — (\/%H(P)ik) H ~from (5.6) and the values
j

of d;; from (3.16) in (5.5) we find that equation (5.5) is identically satisfied due to equation
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(4.2).

Verification of (5.3)(b) In view of (5.1) and (5.2), equation (5.3)b is equivalent to

fop
dijlk = dirll = L[ == co{H@yiiHq). = Hi@ynH(q).i}
Q

sp — 2qw
+p q

To verify (5.7), we note that

Cijlk — Carlj = —b"Shijn (5.8)

hijle — hiklj = L™ (hijle — hirlj), (5.9)
milg = —Cli, — (% — p) hir, — %limk. (5.10)
Or(fwp) = —2L 7 fuply + (quw + fpwa)my. (5.11)

Contracting (3.16) with b* and using (3.10), we find that

3 N 73
d, =1/ {Pc 4 1CLWE —p) _ LB (5.12)
t 212/ fwpt

Applying formula (5.4) for d;; and substituting the values of d ; from (5.12) and d;; from
(3.16), we get

Lqvfwp
2f13/2
L*w(2qw — sp)
o Fontd/2 \/prt?»ﬂ(c-dmk — C pymj)m;
Liw\/fwp
T(Czkcg - CUC]C)
L*wA(3qw — sp)

2/ fwp.t3/2

LqA(3qw — sp)

T afTapre ks higm). (5.13)

dijllk — dirll=  dijle — dirlj — (hirC_j — hijC )

(Cigmj — Ciymy)

From (3.16), we obtain

dijlk — dirl; = P(Cijle — Clarl;) — Q(hajlk — harl;)
+R(mi|km; + mglems — mi|jme — muljmg)
+(OkP)C.ij — (0;P)C.it — (Ok@Q)hij + (0;Q)hir)
+ (O R)mym; — (9; Rymimy). (5.14)
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Since,
op - BovTep, [ Liplpws +3Le(8 — pL%))
k +3/2 -k o Tap 2
" Lqw m
92 /—prt ks
G — P o P
2/ fwpt3/2 " 213/ Fuwpt
(B pL)(qw + sp) o Palgw + fpon)
2L Jwpt AL2(fwp)P/2
pa{3w(B — pL?) — L*Awy}
* AL\/Fapt3/2 Mk (5.15)
and

SR — L*w(2qw — sp) _ 2qw —sp
» 2/ fwp.t3/2 ok 24/ fwpt

where we have used the equations (3.6), (3.7) and (3.8).

i, 4+ term containing my,

From equations (5.8)—(5.15), we have

w
dijlk — dixl; = Ly %(_bhshijk)

LAwA(3qw —
wh (3qw — sp) (C.iymy — Cipmy)

2/ fwp.t3/2
L*w/fwp
+T(chk - Olkcj)
Lwpq
+27 W(hikc,j — hi;C. 1)
| palawt + F(LPA + {3168 — pL?) + pun}]
4L2(fwpt)3/?
L*w(2qw — sp)

(hijmi — hikmy;) + (C pmj —C_jmg)m;.  (5.16)

2/ fwp.t3/2

Substituting the value of d;;|x — dix|; from (5.16) in (5.13), then value of d;j||x — dix||;
thus obtained in (5.7), and using equations (4.1) and (3.17), it follows that equation (5.7) holds
identically.

Verification of (5.3)(c) In view of (5.1) and (5.2), equation (5.3)c is equivalent to

sp — 2qw
Eijlle — Eill; = W(dijmk — digmy). (5.17)

Contracting (3.17) by b° and using equation (3.10), we find that

_ pg+ LPA(sp — qu)

7 2L2p\/fw m

(5.18)
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Applying formula (5.4) for F;; and substituting the value of E ; from (5.18) and the value
of E;; from (3.17), we get

qLA(sp — 2qw)

Eijllk — Eill; = Eijlx — Eixl; + (hijmy — hipmy)

dfpty/fw
Lo{pg+ L*A(sp — qw)}
2pt\/f_w (C,ikmj — Cumk) (5.19)

From (3.17), we get

Eijlk — Eixl; = S(hijlk — hiklj) + T{mi|km; + m;[xm;
—my|jmy — mylim;} + (3kS)hZ—j
—(9;)hir, + (OKT)ymim; — (0;T)mimy. (5.20)

Now,
(B—=pL?)s | q(fws + fow) (5.21)

Co 4
O8) = =™ ™ | 2nvre T alGepn | ™

and

Sp — qw

2pV/fw

where we have used the equations (3.7) and (3.8).

(OnT) =

i + term containing my,

From equation (5.9)—(5.11), (5.20) and (5.21), we get
L(sp — qw)
2py/ fw

q(sp — 2qw
_W(h/ijmk — hikmj). (522)

Eijlk — Eikl; = (Ciymy — Cipmy)

Substituting the value of E;j|x — Ei|; from (5.22) in (5.19), then the value of E;;||x — Eix ||
thus obtained in (5.17), and then using (3.16) in the right-hand side of (5.17), we find that the
equation (5.17) holds identically.

This completes the proof of Codazzi equations of (M,7,). The Ricci Kithne equations of

(M2,g,) consist of the following four equations

(a) Hpili — Hepgylli + Z er{H r,r)iH (r0);
R

—H (g pyiHrq)it + e+1{H+1,p)iH (r11,0);
—H (o1, H (r11,0)i} + Ers2{H (r12,p)iH (r+2,0);
_ﬁ(r+2,P)jﬁ(r+2,Q)i} + 7" {F(P)hiﬁ(Q)kj

—HppyniHrit =0, P.Q=12--r (5.23)
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() Hpriyilli — Hprgrlli + ZER{F(R,P)iH(R,rH)j — H(rpy;H(Rrt1)i}
R

+ ET+2{F(r+2,P)iﬁ(r+2,r+l)j - F(r+2,P)jF(r+2,r+1)i}
+9""{H pyniH i)k — HpynjH gy} =0, P=1,2,---,r

=

(¢) Hprsoyili = Hprsayslli + Y er{HnpyHrr+2); — Hrp)iH(rrs2)i}

R
+ Er—i-l{ﬁ(rJrl,P)iﬁ(rJrl,rJrQ)j - F(r+1,P)jF(r+1,r+2)i}
+ 3" H pyniH 2k — HpynjH(rypi} =0, P=1,2,---,r

@) Hisros2ili = Hosrossli + O er{H (rrsniH (Ros2)j — H(Rrs1);
R

XH (pyri2)i} + ghk{ﬁ(r+1)hiﬁ(r+2)kj — H(ry1yniH (ry2)kit = 0.
Verification of (5.23)(a) In view of (5.1) and (5.2), equation (5.23)a is equivalent to

Hepgyill; — Hpoilli + > er{Hr,pyiH () — Herp)iHr,o)i}
R

LPw —hk
+——{Hp).H @ — Hp)Hgat + 7 {Hen

p
_H(P)th(Q)ki}ff = 0. P,Q: 1,2,...,7”. (524)
Since H(p)ijli =0= H(p)jl‘li, from (3.5), we get
—hk{H ‘H _H ‘H }@: hk{H H .
g (P)hitH(Q)kj (P)hjHH(@kis g (P)hit 1 (Q)kj
3

Liw
—HepynHquy — =~ Hwp).il@. — Hep).iH )i}

Also, we have Hpoyill; — Hp,)illi = Hpgyili — Hipo);li- Hence equation (5.24) is
satisfied identically by virtue of (4.3).

Verification of (5.23)(b) In view of (5.1) and (5.2), equation (5.23)b is equivalent to

LvLw LvLw
(B ) |, (55 |

Vi Vit
LvILw
+ ZER{H(R,P)iH(R).j — Hr,p)jH(r).i}
Vi G
_hk ) _ fo - .
+g {H(P)hidkj - H(P)hjdkl} f =0. Pa Q - 15 27 T (525)

Since b"|; = g"*C jy, H(p)hili =0, we have

Hpyillj = Hepyjlli = Hpyili = Hpygli = {Hpynily = Hipynglib"
—g"" {HpyniC.kj — HpynjCri} (5.26)
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LV Lw H _5 LVILw
i L=\t
:L4w\/mc LVLw

£3/2 A WYs

_ D L
9" {H(pynide; — Hpynidii 1/ ff =/ Eghk x

L3wVL
tVfp

After using (3.16) and (5.12) the equation (5.28) may be written as

fp L\/nghk %

{pws + 3Lw?(B — pL?)} m; (5.27)

and
{H pynidr; — H(pynjdri} —

———={Hp).id; — Hep) jd.i}. (5.28)

ghk{H(P)hidkj - H(P)hgdkz}

L Vit
LAwvVLw
{HpyniCrj — HpyniCri} — T{H(P).io..j — H(p;C i}
L\/
EWEYE) > [pws + 3Lw?(8 — pL*){H pyim;j — H(p) jm}. (5.29)

From (4.2), (5.26)—(5.29) it follows that equation (5.25) holds identically.

Verification of (5.23)(c) In view of (5.1) and (5.2), equation (5.23)c is equivalent to

LvVLw(2qw — sp)
2fwt\/p

+g" {H(pyniBrj — H(pyn; Bri 1y % =0, (5.30)

{Hpy.im; — H(py jmi}

Since Ey;l* =0 = E;.I*, from (3.5), we find that the value of ghk{H(P)hiEkj — Hpyp; Eri}

| L L3wVL
%.ghk{H(P)hiEkj — HpynjEri} — T {HpyiEj — Hpy;Ei},

is

which, in view of (3.17) and (5.18), is equal to

B LVLw(2qw — sp)
2fwt\/p

Hence equation (5.30) is satisfied identically.

{Hpy.im; — H(pyjm;}.

Verification of (5.23)(d) In view of (5.1) and (5.2), equation (5.23)d is equivalent to
(Nmi)ll; — (Nmy)lli + 3" (dniErj — dnjBri) = 0, (5.31)

_ sp—2qw
where N = TN
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Since d;l" = 0, Ey;1* = 0, from (3.5), we find that the value of §"*{dp,; Ey; — dp; Ex:} is

L L*w
Eghk{dhiEkj —dpjBri} — m{d.z'E.j —d B},

which, in view of (3.16), (3.17), (5.12) and (5.18), is equal to

L3(2qw — sp)

2f e \Camy = Clymik.

Also,
(Nma)ll; = (Nmy)lli = N(mill; — myll:) + (9;N)m; — (0:N)m;.

Since mi||j — mj||l = mi|j — mj|i = L_l(ljmi — llm]) and

2qw — sp . L3(sp — 2qw)

N — .
8] 2wa\/ﬁ3 2f\/]3t3/2 C,.Jv
we have 5 )
L°(sp — 2qw
(Nmi)l; — (Nmy)l = W(C..jmi - C.imj). (5.32)

Hence equation (5.31) is satisfied identically. Therefore Ricci Kithne equations of (M?,7,)
given in (5.23) are satisfied.
Hence the Theorem A given in introduction is satisfied for the S—change (1.3) of Finsler

metric given by h—vector. |
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Abstract: In classical group theory, two elements composed yield another element. This
theory, definitely, has limitations in its use in the study of atomic reactions and reproduction
in organisms where two elements composed can yield more than one. In this paper, we
partly give a review of some properties of hyperstructures with some examples in chemical
sciences. On the other hand, we also construct some examples of hyperstructures in genotype,
extending the works of Davvaz (2007) to blood genotype. This is to motivate new and

collaborative researches in the use of hyperstructures in these related fields.
Key Words: Genotype as a hyperstructure, hypergroup, offspring.
AMS(2010): 20N20, 92D10.

81. Introduction

The theory of hyperstructures began in 1934 by F. Marty. In his presentation at the 8th
congress of Scandinavian Mathematicians, he illustrated the definition of hypergroup and some
applications, giving some of its uses in the study of groups and some functions. It is a kind of
generalization of the concept of abstract group and an extension of well-known group theory
and as well leading to new areas of study.

The study of hypergroups now spans to the investigation and studying of subhyper-
groups, relations defined on hyperstructures, cyclic hypergroups, canonical hypergroups, P-
hypergroups, hyperrings, hyperlattices, hyperfields, hypermodules and H,-structures but to
mention a few.

A very close concept to this is that of HX Group which was developed by Li [11] in
1985. There have been various studies linking HX Groups to hyperstructures. In the late 20th
century, the theory experienced more development in the applications to other mathematical
theories such as character theory of finite groups, combinatorics and relation theory. Researchers
like P. Corsini, B. Davvaz, T. Vougiouklis, V. Leoreanu, but to mention a few, have done very

extensive studies in the theory of hyperstructures and their uses.

82. Definitions and Examples of Hyperstrutures

Definition 2.1 Let H be a non empty set. The operation o : H x H — P*(H) is called a

1Received May 13, 2017, Accepted November 12, 2017.
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hyperoperation and (H,o) is called a hypergroupoid, where P*(H) is the collection of all non
empty subsets of H. In this case, for A;B C H, AoB=U{aobla€ A,be€ B}.

Remark 2.1 A hyperstructure is a set on which a hyperoperation is defined. Some major

kinds of hyperstructures are hypergroups, HX groups, H, groups, hyperrings and so on.
Definition 2.2 A hypergroupoid (H, o) is called a semihypergroup if

(aob)oc=uao(boc) Va,b,ce H (Associativity)

Definition 2.3 A hypergroupoid (H, o) is called a quasihypergroup if

aoH=H=Hoa VYa€H (Reproduction Axiom).

Definition 2.4 A hypergroupoid (H, o) is called a hypergroup if it is both a semihypergroup and
quasihypergroup.

Example 2.1 (1) For any group G, if the hyperoperation is defined on the cosets, it generally
yields a hypergroup.

(2) If we partition H = {1,—-1,4,—i} by K* = {{1,—-1},{i,—i}}, then (H/K*,0) is a
hypergroup.

(3)([8]) Let (G,+) = (Z,+) be an abelian group with an equivalence relation p partitioning
G into T = {x,—x}. Then, f Toyg={x+y,x —y} VT, 7€ G/p,(G/p,o) is a hypergroup.

Definition 2.5 A hypergroupoid (H,o) is called a H, group if it satisfies

(1) (aob)ocnao(boc)#0 Va,b,ce H (Weak Associativity);
(2)aoH=H=Hoa YaecH (Reproduction Azxiom).

Remark 2.2 An H, group may not be a hypergroup. A subset K C H is called a subhy-
pergroup if (K, o) is also a hypergroup. A hypergroup (H, o) is said to have an identity e if
YVae H ac€eoaNaoce# (.

Example 2.2 Davvaz [8] has given an example of a H,, group as the chemical reaction
Ao+ By energy 2AB
>
in which A° and B° are the fragments of As, Ba, AB and H = {A°, B°, Ay, Bo, AB}.

Definition 2.6 Let G be a group and o : G x G — P*(G) a hyperoperation. Let C C P*(G)
and A, B € C. If C, under the product Ao B =U{aobla € A,b€ B}, is a group, then (C,0) is
a HX group on G with unit element E C C such that EoA=A=AocFEVAecC.

It is important to study H X group separately because some hypergroups exist but are not
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HX groups. An example is ({{0}, (0, +00), (—00,0)}, +); it a hypergroup but not a HX group.
Note that if the unit element E of the quotient group of G by E is a normal subgroup of G,
then the quotient group is a HX group.

Definition 2.7 If for the identity element e € G we have e € E, then (C,0) is a reqular HX
group on G.

Theorem 2.1([10]) IfC is a HX group on G, then VA,B € C

(1) [Al = |BJ;
(2) ANB #0 = |ANB| = |E|.

Remark 2.3 Corsini [4] has shown that a HX group, also referred to as Chinese Hyper-
structure is a H,, Group and that, under some condition, is a hypergroup. But, trivially, a
hypergroup is a H, Group since only that associativity was relaxed in a hypergroup to obtain
a H, Group. Besides, Onasanya [12] has shown that no additional condition is needed by a

Chinese Hyperstructure, that is a HX group, to become a hypergroup.

83. Applications and Occurrences of Hyperstrutures in Biological and

Chemical Sciences

The chain reactions that occur between hydrogen and halogens, say iodine (I), give interesting
examples of hyperstructures [8]. This can be seen in Table 1. Many properties of these reactions
can be seen from the study of hyperstructures.

Table 1. Reaction of Hydrogen with Iodine

+ He I° H, P HI

H® H°, H> H°,I°,HI H°, H> H°,I°,HI, I H°,I° Hy, HI
I° I°,H°, HI I°, 1 I°,H°, HI, Hs I°, I H°,I°,HI, I

H> H°, H> H°,I°, HI, H» H°, H> H°,I°,HI,Hy, I, | H° I° Hy HI

L | I°,H° I,HI I°, 1 H°,1°,HI, H, I I°, I H°,I°,HI, I

HI | H°I°,Hy,HI | H°,I°,HI,I, | H°1I° HI,H, He,I°,HI, I, | H° I°,HI, I, H»

Let G = {H°,I°, Ho, Iy, HI} so that (G, o) is such that VA, B € G, we have that Ao B are
the possible product(s) representing the reaction between A and B. Then, (G, o) is a H,-group.
The subsets G1 = {H?, Ho} and Gy = {I°, I3} are the only H,-subgroups of (G, o) and indeed
they are trivial hypergroups.

Davvaz [6] has the following examples: Dismutation is a kind of chemical reaction. Com-
proportionation is a kind of dismutation in which two different reactants of the same element
having different oxidation numbers combine to form a new product with intermediate oxidation

number. An example is the reaction

Sn 4+ Sn*t — 2502t
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In this reaction, letting G = {Sn, Sn**, Sn**t}, the following table shows all possible occur-

remnces.

Table 2. Dismutation Reaction of Tin

o Sn Sn?t Snit

Sn Sn Sn, Sn*t Sn2t
Sn?t | Sn,Sn?t Sn2t Sn?t, Snit
At G2+ Sn2t, SpAt At

While it is agreeable that (G,o) is weak associative as claimed by [6], we say further
that it is a H, group. Also, while ({Sn,Sn?T},0) is agreed to be a hypergroup, we say that
({Sn*t,Sn**}, o) is not just a H, semigroup as claimed by [6] but a H, group.

Furthermore, Cu(0), Cu(I), Cu(II) and Cu(III) are the four oxidation states of copper. Its
different species can react with themselves (without energy) as defined below

(1) Cu®t 4+ Cut — Cu?T;

(2) Cut + Cu — Cu*t + Cu™.

Table 3. Redox (Oxidation-Reduction) reaction of Copper

o Cu Cu™ Cu?* Cu?t
Cu Cu Cu, Cut Cu, Cu?*t Cut,Cu?*

Cut Cu,Cu™ Cu™t Cut, Cu?t Cu?t
Cu*t | Cu,Cu?t | Cut,Cu*t Cu?t Cu?t, Cudt

Cu?t | Cu™T,Cu?t Cu?t Cu?t, Cudt Cut

Let G = {Cu,Cu™,Cu?*,Cu?t}. Then (G,0) is weak associative and
CutoX=XoCu"#X
so that (G, o) is an H, semigroup. {Cu,Cu™}, {Cu,Cu?T} {Cu™, Cu?*} and {Cu?T, Cudt}
are hypergroups with respect to o. From Table 4 we also have that ({Cu, Cut,Cu?*},0) is a

hypergroup.

Table 4. Another Redox reaction of Cu

o Cu Cu™ Cu?t
Cu Cu Cu, Cut Cu, Cu?*t
Cut | Cu,Cu™ Cu™t Cut, Cu?t

Cu?t | Cu,Cu?t | Cut,Cu?t Cu’*

It should be noted that {Cu, Cu™}, {Cu, Cu*} and {Cut, Cu?*T} are subhypergroups of
({Cu, Cut,Cu*},0).
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84. Identities of Hyperstructures

Definition 4.1([8]) The set I, = {e € H|3x € H such that x € xoeUeox} is refered to as
partial identities of H.

Definition 4.2([3]) An element e € H is called the right (analogously the left) identity of H if
x€xoe(r €ecox) Vo € H. It is called an identity of H if it is both right and left identity.

Definition 4.3([3]) A hypergroup H is semi regular if each x € H has at least one right and
one left identity.

It can be seen that every right or left identity of H is in I,.

4.1 Blood Genotype as a Hyperstructure

Let G = {AA, AS,SS} and the hyperoperation & denote mating. The blood genotype is a kind

of hyperstructure.

Table 5. Genotype Table [12]

@ AA AS SS
AA | {44 {AA, AS} {AS}
AS | {AA, AS} | {AA, AS,SS} | {AS,SS}
SS | {AS} {AS, SS} {SS}

In Table 5, {AA} & G # G # G & {AA}; the reproduction aziom is not satisfied. Also, it
is weak associative. It is a H, semigroup.

Note that a lot has been discussed on the occurrence of hyperstructure algebra in inheri-
tance [7]. For most of the monohybrid and dihybrid crossing of the pea plant, they are hyper-
groups in the second generation. Take for instance, the monohybrid Crossing in the Pea Plant ,
the parents has the RR(Round) and rr(Wrinkled) genes. The first generation has Rr(Round).
The second generation has RR(Round), Rr(Round) and rr(Wrinkled). Now consider the set
G = {R,W}; R for Round and W for Wrinkled. Crossing this generation under the operation
@ for mating, [7] already established it is a hypergroup.

In the following section, a little more information about their properties would be given

and an extension to cases which are hypergroups in earlier generations are made.

85. Main Results

5.1 Hyperstructures in Group Theory

The following example is a construction of an HX group which is also a hypergroup and a H,
Group by Remark 2.1.

Example 5.1 Let us partition (Z19,+) by p = {{0,5},{1,6},{2,7},{3,8},{4,9}}. Then we
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can see that E = {0,5} is a normal subgroup of (Zig,+) and that E? = E. (Z19/p,0) is also a
regular HX group since 0 € E.

We give some further clarifications on Table 5, that this is a H, cyclic semigroup, with
generator {AS}. It has no H, subsemigroups. The set of partial identites I, of (G, ®) is G
itself by Definition 4.1, and the identity (which is both right and left identity) of G is { AS} by
Definition 4.2. Then, (G, ®) is also a semi regular hypergroupoid by Defnition 4.3. Note that
if the parents’ genotype are {AA, AS} or {AA, SS} or {AS,SS}, the first generations of each

of these are H, semigroups. These can be seen in the tables below.

Table 6. Parents with the genotype AA and AS

@ AA AS
AA {AAY {AA, AS}
AS {AA, AS} {AA, AS, SS}

The first generation H; = {AA, AS,SS} is a H, semigroup under .

Table 7. Parents with the genotype AA and SS

® AA SS
AA {AA} {AS}
SS {AS} {85}

The first generation Hy = {AA, AS,SS} is a H, semigroup under .

Table 8. Parents with the genotype AA and SS

® AS SS
AS {AA, AS, SS} {AS, SS}
SS {AS, SS} {SS}

The first generation Hz = {AA, AS,SS} is a H, semigroup under .

It is established in this work that the case of crossing between organism which have lethal
genes (i.e. the genes that cause the death of the carrier at homozygous condition), such as the
crossing of mice parents with traits Yellow(Yy) and Grey(yy), is a semi regular hypergroup at
all generations, including the parents’ generation. However, the parents with traits Yellow(Yy)
and Yellow(Yy) have their first generation and the generations of all other offsprings to be semi

regular hypergyoups. These are summarized in the tables below.

Table 9. Parents with the genotype Yellow(Yy) and Grey(yy)
@ Yy yy
Yy {Yy,yy} {Yy,yy}
vy {Yy,yy} {vy}
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They produce the offspring Yy and yy like themselves in the first generation in the ratio
2:3. Let G = {Yy,yy}, (G,®) is a semi regular hypergroup.

Table 10. Parents with the genotype Yellow(Yy) and Yellow(Yy)

S Yy Yy
Yy {Yy,yy} {Yy,yy}
Yy Yy, yy} {yy}

They produce the offspring Yy and yy in the first generation in the ratio 2:1 but is not a
hypergroupoid for the occurrence of yy. But crossing this first generation produces the result of
Table 9, showing that the first generation with @ is a hypergroup. This same result is obtained
for all other generations in this crossing henceforth.

It is important to note that the monohybrid and dihybrid mating of pea plant considered
in [7] are not just hypergroups but semi regular hypergroups. The particular case mentioned
above has a right and a left identity I = {W}.

86. Conclusions

The following is just to make some conclusions. Far reaching ones can be made from the in-
depth studies and applications of the theory of hyperstructures. The algebraic properties of
these hyperstructures can be used to gain insight into what happens in the biological situations
and chemical reactions which they have modelled. For instance, the weak associativity, in case
it is a case of H, group, of some of the chemical reactions suggests that, given reactants A, B,
and C, one must be careful in the order of mixture as you may not always have the same
product when A + B is done before adding C as in when B 4 C is done before adding A. In
other words, A+ (B+C') does not always equal (A+ B)+ C. Moreover, the strong associativity,
in the case of hypergroup, indicates that same products are obtained in both orders.

From blood the genotype table of G = {AA, AS, 5SS}, reproduction axiom is not satisfied
with the element {SS}, meaning that if marriages are only contracted between any member of
the group and someone with {55} genotype, all offsprings shall be carriers of sickle cell in all
subsequent generations. Besides, its weak associativity property indicates that if there were to
be marriages between individuals with genotypes A, B, and C so that those with the genotypes
A and B marry and produce offsprings which now marry those with genotype C, then some of
the offsprings of this marriage will always have the same genotype as some of the offsprings of
those with genotype A marrying the offsprings produced by the marriages of people with the
genotypes B and C.

If the operation @ denotes cross breeding, it should also be noted that genetic crossing (in
terms of genotype or phenotype) is not always, at the parents level, a hyperstructure. This is
because in the collection of all traits P*(T) of Parents, there sometimes will be trait A and
trait B which combine to form a trait C' but such that C' ¢ P*(T). An example is in the
incomplete dominance reported when Mendel crossed the four O’ clock plant (Mirabilis jalapa)

which produced an intermediate flower colour (Pink) from parents having Red and White
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colours. Not even at any generation will it be a hyperstructure as long as there is incomplete

dominance. Hence, the theory of hyperstructures should not be applied in this case.
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Abstract: In this paper, we study nonassociative algebras which satisfy the following iden-
tities: (xy)z = (yz)z,x(yz) = x(zy). These algebras are Lie-admissible algebras i.e., they
become Lie algebras under the commutator [f,g] = fg — gf. We obtain a nonassociative
Grébner-Shirshov basis for the free algebra LA(X) with a generating set X of the above va-
riety. As an application, we get a monomial basis for LA(X). We also give a characterization
of the elements of S(X) among the elements of LA(X), where S(X) is the Lie subalgebra,
generated by X, of LA(X).
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81. Introduction

In 1948, A. A. Albert introduced a new family of (nonassociative) algebras whose commutator
algebras are Lie algebras [1]. These algebras are called Lie-admissible algebras, and they arise
naturally in various areas of mathematics and mathematical physics such as differential geome-
try of affine connections on Lie groups. Examples include associative algebras, pre-Lie algebras
and so on.

Let k(X) be the free associative algebra generated by X. It is well known that the Lie
subalgebra, generated X, of k(X) is a free Lie algebra (see for example [6]). Friedrichs [15]
has given a characterization of Lie elements among the set of noncommutative polynomials. A
proof of characterization theorem was also given by Magnus [18], who refers to other proofs by
P. M. Cohn and D. Finkelstein. Later, two short proofs of the characterization theorem were
given by R. C. Lyndon [17] and A. L. Shirshov [21], respectively.

Pre-Lie algebras arise in many areas of mathematics and physics. As was pointed out by
D. Burde [8], these algebras first appeared in a paper by A. Cayley in 1896 (see [9]). Survey
[8] contains detailed discussion of the origin, theory and applications of pre-Lie algebras in

geometry and physics together with an extensive bibliography. Free pre-Lie algebras had already
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been studied as early as 1981 by Agrachev and Gamkrelidze [2]. They gave a construction of
monomial bases for free pre-Lie algebras. Segal [20] in 1994 gave an explicit basis (called good
words in [20]) for a free pre-Lie algebra and applied it for the PBW-type theorem for the
universal pre-Lie enveloping algebra of a Lie algebra. Linear bases of free pre-Lie algebras were
also studied in [3, 10, 11, 14, 25]. As a special case of Segal’s latter result, the Lie subalgebra,
generated by X, of the free pre-Lie algebra with generating set X is also free. Independently,
this result was also proved by A. Dzhumadil’daev and C. Lofwall [14]. M. Markl [19] gave a
simple characterization of Lie elements in free pre-Lie algebras as elements of the kernel of a

map between spaces of trees.

Grobner bases and Grobner-Shirshov bases were invented independently by A.I. Shirshov
for ideals of free (commutative, anti-commutative) non-associative algebras [22, 24], free Lie
algebras [23, 24] and implicitly free associative algebras [23, 24] (see also [4, 5, 12, 13]), by H.
Hironaka [16] for ideals of the power series algebras (both formal and convergent), and by B.
Buchberger [7] for ideals of the polynomial algebras.

In this paper, we study a class of Lie-admissible algebras. These algebras are nonassociative
algebras which satisfy the following identities: (xy)z = (yz)z,z(yz) = z(zy). Let LA(X) be
the free algebra with a generating set X of the above variety. We obtain a nonassociative
Grobner-Shirshov basis for the free algebra LA(X). Using the Composition-Diamond lemma of
nonassociative algebras, we get a monomial basis for LA(X). Let S(X) be the Lie subalgebra,
generated by X, of LA(X). We get a linear basis of S(X). As a corollary, we show that
S(X) is not a free Lie algebra when the cardinality of X is greater than 1. We also give a
characterization of the elements of S(X) among the elements of LA(X). For the completeness
of this paper, we formulate the Composition-Diamond lemma for free nonassociative algebras

in Section 2.

82. Composition-Diamond Lemma for Nonassociative Algebras

Let X be a well ordered set. Each letter z € X is a nonassociative word of degree 1. Sup-
pose that u and v are nonassociative words of degrees m and n respectively. Then uv is a
nonassociative word of degree m + n. Denoted by |uv| the degree of uv, by X* the set of all
associative words on X and by X** the set of all nonassociative word on X. If u = (p(v)q),
where p, g € X*, u,v € X** then v is called a subword of u. Denote u by ul,, if this is the case.

The set X** can be ordered by the following way: u > v if either
(1) ful > Jvf; or

(2) Ju| = |v| and u = ujug, v = v1ve, and either

(2a) uy > vy; or

(2b) u1 = vy and ug > ve.

This ordering is called degree lexicographical ordering and used throughout this paper.

Let k be a field and M (X)) be the free nonassociative algebra over k, generated by X. Then
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each nonzero element f € M(X) can be presented as
f=af+ Z Qi

where f > uj, o, € k,a # 0, u; € X**. Then f, « are called the leading term and leading
coefficient of f respectively and f is called monic if & = 1. Denote by d(f) the degree of f,
which is defined by d(f) = | f|.

Let S C M(X) be a set of monic polynomials, s € S and u € X**. We define S-word (u),

in a recursive way:

() (s)s = s is an S-word of s-length 1;

(79) If (u)s is an S-word of s-length k and v is a nonassociative word of degree I, then
(u)sv and v(u)s

are S-words of s-length k + [.

Note that for any S-word (u)s = (asb), where a,b € X*, we have (asb) = (a(5)d).
Let f,g be monic polynomials in M(X). Suppose that there exist a,b € X* such that
f = (a(g)b). Then we define the composition of inclusion

The composition (f, g) is called trivial modulo (S, f), if
(f9)7 = cilaisbi)

where each a; € k, a;,b; € X*, s5; € S, (a;s:b;) an S-word and (a;(5;)b;) < f. If this is the

case, then we write (f,g); =0 mod(S, f). In general, for p,q € M(X) and w € X**, we write
p=q mod(S,w)

which means that p — ¢ = > a;(a;8;b;), where each «; € k,a;,b; € X*, s; € S, (a;8;b;) an
S-word and (a;(5;)b;) < w.

Definition 2.1([22,24]) Let S C M(X) be a nonempty set of monic polynomials and the
ordering > defined as before. Then S is called a Grébner-Shirshov basis in M(X) if any

composition (f,g) with f,g € S is trivial modulo (S, f), i.e., (f,g)f =0 mod(S, f).

Theorem 2.2(]22,24]) (Composition-Diamond lemma for nonassociative algebras) Let S C
M(X) be a nonempty set of monic polynomials, Id(S) the ideal of M (X) generated by S and

the ordering > on X** defined as before. Then the following statements are equivalent:

(i) S is a Grobner-Shirshov basis in M (X);
(ii) f € 1d(S) = f = (a(35)b) for some s € S and a,b € X*, where (asb) is an S-word;
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(130) Irr(S) = {u € X**|u # (a(35)b) a,b € X*, s € S and (asb) is an S-word} is a linear
basis of the algebra M (X| S) = M(X)/Id(S).

§3. A Nonassociative Grobner-Shirshov Basis for the Algebra LA(X)

Let LA be the variety of nonassociative algebras which satisfy the following identities: (zy)z =
(yz)z,z(yz) = x(zy). Let LA(X) be the free algebra with a generating set X of the variety
LA. It’s clear that the free algebra LA(X) is isomorphic to M (X|(uv)w — (vu)w,w(uv) —

w(vu), u, v, w € X**).

Theorem 3.1 Let S = {(uv)w — (vu)w, w(uv) — w(vw),u > v,u,v,w € X*}. Then S is a
Grobner-Shirshov basis of the algebra M(X| (uwv)w — (vu)w, w(uwv) — w(uw),u,v,w € X**).

Proof Tt is clear that Id(S) is the same as the ideal generated by the set {(uv)w —
(vu)w, w(uwv) — wvu),u,v,w € X**} of M(X). Let fias3 = (uruz)us — (uguyi)us, gias =
v1(vav3) — w1 (vava), U > ug,v2 > vz, un,v; € X1 < i < 3. Clearly, fioz = (ujus)us

and g123 = v1(v2v3). Then all possible compositions in S are the following;:

(c1) (123, f456) (ua |y ugyug ua)us’

(f123, f456)(u1u2|(u4u5)US)ugv

(f1235 f456) (w12 )us | (uy g yug i

(123, f456) ((waus)ue)us> Y12 = (UaUs)ue;
(123, f456) (uyuz)us» (U1U2)U3 = (Ugus)ue;
(f123,9123)(711\”@2@3)712)%,
(f12379123)(711712\1,1(1,2@3))7137
(f12359123)(u1u2 Us|vy (vgvg) ?
(123, 9123) (01 (vav3) Jug > U1U2 = V1 (V203);
(1235 9123) (uyuz) (vawvs) > U1U2 = V1, U3 = V2U3;
(9123, f123)'u1|(u1u2)u3 (v2v3)3

(9123, f123)'u1(v2|(u1u2)u3v3)

(9123, f123)v1(v2v3|(u1u2)u.§)
(gl?3;f123)1)1((u1u2)u3 VU3 = (uluz)us;
(9123=9456)u1\v4@5%) (vaw3)s

(9123, 9456w ( (V20 (vg0g)V3)

( )

( )

91235 9456 )v1 (v203] 0 (v506))

(
(va(vsve))s V2U3 = 1}4(’05’06);

(9123, 9456)1)1 (vav3)s V1 (v2v3) = v4(v5vs).

9123, 9456 ) v,

The above compositions in S all are trivial module S. Here, we only prove the following

cases: (¢1), (ca), (c9), (c10), (c14), (c18). The other cases can be proved similarly.

(1285 f456) (ur |y gy g w2 ) s =201 | (g yug )3 = (U | (ususyus2) s

E(u2ull|(u5u4)ua)u3 - (ull|(u5u4)uau2)u3 =0,
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(f123, f456) ((waus yug)ugs W12 = (uats)ue =(ue(uaus))us — ((usus)ue)us

(91237 f123)v1((u1u2)u3)7v2v3 :(uluz)us = Ul(u3(ulu2)) - Ul((u2U1)U3)

=1 (ug(u2u1)) — ’Ul((’U,Q’U,l)’U,g) = 0,

(9123, 9456 ) vy (va (vsv6))» V2V3 =(V4(V5v6)) = v1((v5V6)v4) — v1(v4(V6VS5))

=v1((vevs)v4) — v1(va(v6V5)) = 0.

Therefore S is a Grobuner-Shirshov basis of the algebra M (X |(uv)w — (vu)w, w(uv) —
w(uv), u,v,w € X**). O

Definition 3.2 Fach letter x; € X is called a reqular word of degree 1. Suppose that u = vw
is a nonassociative word of degree m,m > 1. Then u = vw s called a reqular word of degree m

if it satisfies the following conditions:

(S1) both v and w are regular words;
(52) if v = v1vg, then vy < va;

(S3) if w = wiwa, then wy < ws.
Lemma 3.3 Let N(X) be the set of all regular words on X. Then Irr(S) = N(X).

Proof Suppose that u € Irr(S). If |u] = 1, then u = x € N(X). If |u| > 1 and u = vw,
then by induction v,w € N(X). If v = v1vg, then v; < v, since u € Irr(S). If w = wiws, then
wy < wa, since u € Irr(S). Therefore u € N(X).

Suppose that v € N(X). If |u| =1, then u = z € Irr(S). If u = vw, then v, w are regular
and by induction v, w € Irr(S). If v = viva, then v; < vg, since u € N(X). If w = wyws, then
w1 < wa, since u € N(X). Therefore u € Irr(S). m

From Theorems 2.2, 3.1 and Lemma 3.3, the following result follows.

Theorem 3.4 The set N(X) of all reqular words on X forms a linear basis of the free algebra
LA(X).
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84. A Characterization Theorem

Let X be a well ordered set, S(X) the Lie subalgebra, generated by X, of LA(X) under the
commutator [f,g] = fg—gf. Let T = {[z;, zj]|x; > xj, %, x; € X} where [2;, 2] = xizj — 2.

Lemma 5.1 The set X |UT forms a linear basis of the Lie algebra S(X).

Proof Let u € X JT. If u = x;, then @ = x;. If u = [x;, 2;],2; > x;, then u = x;x; — v 2;
and thus @ = z;z;. Then we may conclude that if u,v € X |JT and u # v, then % # v. Therefore
the elements in X |JT are linear independent. Since [[f,g], h] = (fg)h—(g9f)h—h(fg)+h(gf) =
0 = —[h,[f,g]], then all the Lie words with degree > 3 equal zero. Therefore, the set X |JT
forms a linear basis of the Lie algebra S(X). O

Corollary 5.2 Let |X| > 1. Then the Lie subalgebra S(X) of LA(X) is not a free Lie algebra.

Theorem 5.3 An element f(x1,22, - ,25) of the algebra LA(X) belongs to S(X) if and only

if d(f) < 3 and the relations x;); = xjxi,i,5 = 1,2,--- ,n imply the equation f(z1 + '}, 2 +

'r/27 5I5+I/s):f(xlax25"' ,.IS)—Ff(ZZ?/l,.Ié,'-' ,I;)

Proof Suppose that an element f(zq,x2,---,x5) of the algebra LA(X) belongs to S(X).
From Lemma 4.1, it follows that d(f) < 3 and it suffices to prove that if u(xy,x2,- - ,zs)
X UT, then the relations z;z) = 2/z; imply the equation u(x1 + 27,22 + 73, , Ts + %)
w(zy, 2, - ,xs) + u(zh, xh, - ,2%). This holds since d(f) < 3 and [z}, x;] = [z;,2]] = 0

Vs [

x,x5,1 <1i,j<s.

Let d; be an element of the algebra LA(X) that does not belong to S(X). If d; = x;;
where x; > x;, then let do = dq — [2;,2,]. Clearly, ds is also an element of the algebra LA(X)
that does not belong to S(X). Then after a finite number of steps of the above algorithm, we
will obtain an element d; whose leading term is u; where uy = x4, 7, < 4. It’s easy to see
that in the expression

! ! ! ! ! !
dt(xl +:E17:I:2 +:E27" s +J;S) _dt($1,$2,' o ,.’I]S) _dt($17x27' o ,.’I]S)
the element x’qxp occurs with nonzero coefficient. O
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81. Introduction

A Galilean space is a three dimensional complex projective space, where {w, f, I, Iz} consists
of a real plane w (the absolute plane), real line f C w (the absolute line) and two complex
conjugate points I, Iy € f (the absolute points). We shall take as a real model of the space
G3, a real projective space P; with the absolute {w, f} consisting of a real plane w C G5 and a
real line f C w on which an elliptic involution € has been defined. The Galilean scalar product

between two vectors a = (a1, as,as) and b = (b1, ba, bs) is defined [3]

albl, Zf a1 #007‘ b17é0,

(a.b)y =
“ asbs + aszbs, if a3 =b; =0.

and the Galilean vector product is defined

0 e e3

ap ag asz |, ifar#0orb #0,
(aAb) = bi by b3

€1 €2 €3

a1 as as |, tfar=0b=0.

by by b

1Received May 4, 2017, Accepted November 16, 2017.
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Let @« : I — Gs3, I C R be an unit speed curve in Galilean space G3 parametrized by the
invariant parameter s € I and given in the coordinate form
a(s) = (s,y(s),2z(s)). Then the curvature and the torsion of the curve « are given by

k()= o (). 7(s) = s Det (o (5).0” ()0 (5)

respectively. The Frenet frame {¢,n, b} of the curve « is given by

S
—~
Va)
~—
Il
—~
~
—
V)
~—
>
3
—
V)
~—
~—
Q
Il

where ¢ (s), n(s) and b (s) are called the tangent vector, principal normal vector and binormal

vector, respectively. The Frenet formulas for « (s) given by [3] are

t' (s) 0 s(s) 0 t(s)
n(s) | =10 0 7(s) n(s) |- (1.1)
b (s) 0 —7(s) O b(s)

The binormal motion of curves in the Galilean 3-space is equivalent to the nonlinear Schrodinger

equation (NLS™) of repulsive type

) 1 _
iy + dss = 5 g, ))*3=0 (1.2)

q = Kexp (/0 0d8> . 0=Kexp (/0 rds) . (1.3)

where

82. Basic Properties of Intrinsic Geometry

Intrinsic geometry of the nonlinear Schrodinger equation was investigated in E3 by Rogers and
Schief. According to anholonomic coordinates, characterization of three dimensional vector
field was introduced in E3 by Vranceau [5], and then analyse Marris and Passman [3].

Let ¢ be a 3-dimensional vector field according to anholonomic coordinates in G3. The
t, n, b is the tangent, principal normal and binormal directions to the vector lines of ¢. In-

trinsic derivatives of this orthonormal triad are given by following
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5 0 015 (Qb + 7') t

b —(Qp+7) divd 0 b

5 t 0 — (Qn +7) O t
sl =] @+ 0 divn n |, (2.3)

b —0Ops —divn 0 b

where %, % and % are directional derivatives in the tangential, principal normal and binormal

directions in Gs. Thus, the equation (2.1) show the usual Serret-Frenet relations, also (2.2) and
(2.3) give the directional derivatives of the orthonormal triad {¢, n, b} in the n- and b-directions,

respectively. Accordingly,
) ) )
d=t— — +b— 2.4
gra 5s+n5n+ 5b’ (24)

where 0y and 6,5 are the quantities originally introduced by Bjorgum in 1951 [2] via

ot ot
6‘n5 =M - 5_7’),7 9[)5 = . % (25)
From the usual Serret Frenet relations in G, we obtain the following equations
. 1) 0 1) ot ot
) ) ) ) on on on

divb:(ti—l-ni—l—bi)b:t(—rn)—l—n&—b—l—bé—b:né—b. (2.8)

ds on 0b on 0b on
Moreover, we get
curlt = (txi—l—nxi—i—bxi)t
s on 0b
= tx(mn)—l—nxg—z—i—bx%
= B—;b—%n] (1,0,0) + kb
= curlt = Q4 (1,0,0) + &b, (2.9)
where ot ot
QS:t~curlt:b-6——n~% (2.10)

is defined the abnormality of the t-field. Firstly, the relation (2.9) was obtained in E® by
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Masotti. Also, we find

0s on ob

= t><(7'b)+n><(;—+b (jSZ

e T (6 oo (82)

= curln = — (divd) (1,0,0) + Q,n + 0,5, (2.11)

curln = (txi+nxi+bx£)

where 5
Qp,=n-curln=t- 6—?;—7' (2.12)

is defined the abnormality of the n-field and

1) 0 0
curlb = (txg—i-nx& +b><%)b

oo () ] v [(42) e (n22) ]

_ {T+t g—b] b+ ( (;Z) (b%") (1,0,0),

= curlb = Qb — Opsn + (divn) (1,0,0), (2.13)
where
ob
Q=b-curlb=—(17+t- — (2.14)
on

is defined the abnormality of the b-field. By using the identity curlgrady = 0, we have
5% 52 2o 82 52 52
— — — |t —_—— —— —— b
<6n6b 5b5n) * (51;53 635b) n (6s5n 6n68>

dp op dp _
—I—gcurlt + 6—ncurln + Ecurlb =0. (2.15)

Substituting (2.9), (2.11) and (2.13) in (2.15), we find

¢ 0% 00 00 o0

Snsh  ongh o5 T g, (Hivb) = 5 (divn)

0 82 0o 5

bos ds0b ~ onnt %

2 ¢ bp 69 5¢

5son ongs 55" ot mY (2.16)

By using the linear system (2.1), (2.2) and (2.3) we can write the following nine relations
in terms of the eight parameters x, 7, Q5, Q,, divn,divb, 0,5 and O,;. But we take (2.20),
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(2.21) and (2.22) relations for this work.

%0715 + 5i (Q, +7) = (divn) (Qs — 2Q,, — 27) + (Ops — Ops) divd + kQs, (2.17)
n
1) 4] ) .
5 (= Qs +7) + %91,5 = divn (Ops — Ops) + divd (Qs — 20, — 27), (2.18)
i(d' b)—l—i(d' ) = (T4 Q) (T+Qn —Qs) — Onsbps — TQ
5b U on mwn = T n)\T n s nsVUbs — Tiis
— (divb)* — (divn)? (2.19)
1) 0K
5s (T+ Q)+ 5= —Qnbns — (27 + Q) Ops, (2.20)
gebs = —07, + kdivn — Q, (T + QL — Q) +7 (1 + Q) (2.21)
S
i(d' )—5—T——Q (divb) — Ops (k + divn) (2.22)
55 (divn 55 n (div bs (K + divn) .
ok 0 9 9
— = =l =K"+0,, + (T+ Q) BT+ Q) — Qs (27 + Q) (2.23)
on 08
6£ (T + Qn - Qs) = _ens (Qn - Qs) + obs (—2T - Qn + QS) =+ Iidivb, (224)
S
oT o, . . .
n + 5s (divh) = —k (U — Qs) — Opsdivd + (divn) (=27 + Q,, + Q) . (2.25)
n s
83. General Properties
The relation
6—”* Ny, = —0Opst — (divb) b (3.1)
on = RKnNp = ns .

gives that the unit normal to the n-lines and their curvatures are given, respectively, by

05t — (divh) b —6,,t — (divb) b

n — . = y 3.2
" =6, — (divd) b] 0, (3.2)
K = —Ons. (3.3)

In addition, from the relation (2.11) can be written,
curln = Q,n + Ky by, (3.4)

where divh) (1,0,0) + 0,,.b
bn:nxnn:_(“’)(’9’)Jr ns (3.5)
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gives the unit binormal to the n-lines. Similarly, the relation
— = kpnp = —Opst — (divn) n (3.6)

gives that the unit normal to the b-lines and their curvature are given, respectively, by

Oyt 4 (divn)n

3.7
e obs ’ ( )
Kp = —01,5. (38)
Moreover, from the relation (2.13) we can be written as
curlb = Qpb + Ky by, (3.9)
where 0 i 100
by = b x ny = 2o = (dvn) (1,0,0) (3.10)

ebs

is the unit binormal to the b-line. To determine the torsions of the n-lines and b-lines, we take

the relations

b,
55_” — rom,, (3.11)
LS 512
respectively. Thus, from (3.11) we have
0 , 5 .

~5n (In |ky|) (divd) — 5n (divd) — Ons (U + 7) = T00ns, (3.13)

5 0 .
~5n In|kp| Ons + 5—6‘n5 =1, (divd). (3.14)

n n
Accordingly,
Ons

_(Qb‘f'T)—i_dHl_:Sb%ln divb if divb 7507 ans 750
=4 —(Q+7) if divh =0, 0,5 #0 (3.15)
or 0,s =0, divb # 0.

Similarly, from (3.12) we have

) )
% (In kp) (divn) + 5 (divn) — Ops (U, + T) = Tp0ps, (3.16)
) d .
5 (In Kp) Ops — %91,5 =7 (divn) . (3.17)
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Thus,

— (1) = G Sy | B | if divm £ 0, By, £ 0,
=19 (Qu+7) if divn = 0,0y # 0 (3.18)

or Ops = 0, divn # 0.

Also, we obtain an important relation
1
Qs—7= 3 (Qs + QL + ) (3.19)

is obtained by combining the equations (2.10), (2.12) and (2.14). Qs, €, and Q; are defined
the total moments of the £, n and b congruences, respectively.

In conclusion, we see that the relation (3.19) has cognate relations

1
Qp —Th = 3 (Q +Qp, + ), (3.20)
1
Qp—1p = B (Qb—l—an —|—be), (3.21)
where
Q.. =Ny - curlng,, Qp, = by, - curlb,,
(3.22)
Qp, = np - curlng, Qp, = by - curlby.
84. The Nonlinear Schrodinger Equation
In geometric restriction
Q,=0 (4.1)

imposed. Here, our purpose is to obtain the nonlinear Schrodinger equation with such a restric-
tion in GG3. The condition indicate the necessary and sufficient restriction for the existence of a
normal congruence of ¥ surfaces containing the s-lines and b-lines. If the s-lines and b-lines are
taken as parametric curves on the member surfaces U = constant of the normal congruence,

then the surface metric is given by [4]
Iy = ds* + g (s,b) db*. (4.2)

where g11 = g(s, s), 912 = 9(s,b), g22 = g(b,b), and

) ) 0 b 0
gTadU—tE'i‘b%—t%'i‘W%. (43)

Therefore, from equation (2.1) and (2.3), we have
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5 t 0 —(Q+7) O t
971/2% = | (Q+7) 0 divn n |. (4.5)
b —0ps —divn 0 b

Also, if  shows the position vector to the surface then (4.4) and (4.5) implies that

ot
Ths = % = 91/2 [—Tn =+ Gbsb] (46)
and 12
_ 0 a2 12 dg
rsh = 5 (g b) =—g/%tn + . b. (4.7)

Thus, we obtain
~ 10Ing

T2 9s
In the case €, = 0, the compatibility conditions equations (2.20)-(2.22) become the non-

ebs (48)

linear system

or Ok
% + % = —27’955, (49)
9 2 . 2
8_9b5 = —0;, + kdivn + 77, (4.10)
s
0, . or )
g(dwn) 5 = —0ps(k + divm). (4.11)
The Gauss-Mainardi-Codazzi equations become with (4.8)
9 1/2 3 9 1/2 or _
Ep (g*/=divn) + Ko (977%) 55 0, (4.12)
8 1/2 8/4,
- — = 4.1
2 (gr) 9258 <0, (113)
(91?55 = g**(kdivn + 72). (4.14)

With elimination of divn of between (4.12) and (4.14), we have

or 9 [w)“ gl

b 9s

+ n% (91/2) . (4-15)

K

If we accept
"% = s,

where A varies only in the direction normal congruence, then Ab — b, thus the pair equations
(4.13) and (4.15) reduces to
Kb = 2KsT + KTs, (4.16)

Kss K2
ae (o) a
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By using equations (4.16) and (4.17), we obtain

) 1 _
qu+qss—§|<q,q>|2q—<1>(b)q:0, (4.18)

2 . . . . . .
where @ (b) = (7-2 — ey %)5:50' This is nonlinear Schrodinger equation of repulsive type.
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Abstract: Graonac defined the second ABC index as

ABCy(G) = >

viv; EE(G)

Dae Won Lee defined the third ABC index as

D S

viv; EE(G)

and studied lower and upper bounds. In this paper, we defined a new index which is called
third ABC Coindex and it is defined as

ABCC = 3 o ta e

v;v; ¢ E(G)

and we found some lower and upper bounds on ABC3(G) index.

Key Words: Molecular graph, the third atom - bond connectivity (ABC3) index, the
third atom - bond connectivity co-index (ABCS3).

AMS(2010): 05C40, 05C99.

81. Introduction

The topological indices plays vital role in chemistry, pharmacology etc [1]. Let G = (V, E) be
a simple connected graph with vertex set V(G) = {v1,v2,- -+ ,v,} and the edge set E(G), with
|[V(G)| = n and |E(G)| = m. Let u,v € V(G) then the distance between u and v is denoted by
d(u,v) and is defined as the length of the shortest path in G connecting u and v.

The eccentricity of a vertex v; € V(G) is the largest distance between v; and any other
vertex v; of G. The diameter d(G) of G is the maximum eccentricity of G and radius r(G) of

G is the minimum eccentricity of G.

1Received May 17, 2017, Accepted November 19, 2017.
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The Zagreb indices have been introduced by Gutman and Trinajstic [2]-[5]. They are
defined as,

Mi(G)= > df, My(G)= Y did;.

v; €V (GQ) v;v; EV(G)

The Zagreb co-indices have been introduced by Doslic [6],

MGy =Y (di+d), DM(G)= > (did).

viv; ¢E(G) viv; EE(G)

Similarly Zagreb eccentricity indices are defined as

El(G) = Z €i2, EQ(G) = Z eiej.

v, EV(G) v;v; EV(G)

Estrada et al. defined atom bond connectivity index [7-10]

ABC(G)= >

v;v; EE(QG)

and Graovac defined second ABC index as

ABCy(G) = >

Vv EE(G)

which was given by replacing d;, d; to n;, n; where n; is the number of vertices of G whose
distance to the vertex v; is smaller than the distance to the vertex v; [11-14].
Dae and Wan Lee defined the third ABC index [16]

ABCs(G) = Y

ViV EE(G)

In this paper, we have defined the third ABC co - index; ABC3(G) as

ABCs(G) = )

v;v; EE(G)

found some lower and upper bounds on ABC3(G).

§2. Lower and Upper Bounds on ABC3(G) Index

Calculation shows clearly that
(i) ABC5(K,) = 0;

(1) ABC5(K1 1) = %(g)
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(iii) ABC3(Cap) = 2(n — 3)v/n — 2;

4n — 12

(’LU) ABOg(CQn+1) = n(n - 3) m

Theorem 2.1 Let G be a simple connected graph. Then ABC3(G) > El = where Es(Q) is
2
the second zagreb eccentricity coindex.

Proof Since G 2 K, it is easy to see that for every e = v;v; in E(G), e; +¢; > 3. By the
definition of ABC3 coindex

ABCs3(G) = Y

viv; EE(G)

1 1 1

2 E NG 2 > = . O
viv; €i¢ €ie; E
102 B(G) \/Mng(G) i \/ 2(G)

Theorem 2.2 Let G be a connected graph with m edges, radius r = r(G) > 2, diameter
d=d(GQ). Then,

\/_\/d — 1< ABC3(G) < \/%\/

with equality holds if and only if G is self-centered graph.

Proof For 2 <r <e;, e; <d,

1 1 2 1 2 2 1 1 2

1
—+ — - —+ —(1-— <d, 1-—-—>0=-+ 1-— -
€; e; eie;j €; + ej( €j) (as €= € d ej( d))
1 1 2 2
> E—Fa(l—a)(aseigdand(l—a)z())
> 1+1 2
— d d d?
2 2 2
> ——=>—=(d-1
> 225 2oy

with equality holds if and only if e; = e; = d.

Similarly we can easily show that,

for 2 <r < e;, e; < d with equality holding if and only if e; = e; = 1. O

The following lemma can be verified easily.

Lemma 2.1 Let (a1,a9, -+ ,a,) be a positive n-tuple such that there exist positive numbers
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A, a satisfying 0 < a < a; < A. Then,

> L
77,1:1 Z \/ A/a +
(22 a:)?
i=1
. . . . A/a . .
with equality holds if and only if a = A or q = Wn is an integer and q of numbers a;
a

coincide with a and the remaining n — q of the a;s coincide with A(# a).

Theorem 2.3 Let G be a simple connected graph with m edges, r = r(G) > 2,d = d(G).
Then,

dmn/(r—1)(d—1)

ABGO) =\ =T+ Va1

Proof By Theorem 2.2 we know that

Let

and

i.e.

which implies that

(Z )2 > 4ny a? 4nya? > 4nZa§ > 4?1423_&5](1214
VEeva) B+ )
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and

2 . . ey
[@m + @m} voygB(G) N G
Snyd—1yr—1 > <l+1 2 )

An¥2\/d 12 /r—1 5 <1 1 2)

%[ T_l +—izfl}2 vioygB(G) NG GG

Y

T

Therefore

8ny/(r —D)(d—1) ( 2) S—d(r—l)(d—l)z<1+1 2)1

rd[‘/ L Va1 r [T—fl+%]2ww ei € eiej

We know that

from Theorem 2.1. Thus,

- dm x /(r—=1)(d—-1) oAt
_rd(%\/r—l—i—é\/d—l)

> (§+é_ 2)2 r am/r —1)(d - 1)

viv; EE(G d(%\/’f’-l-’*d\/%) EQ(G)

Theorem 2.4 Let G be a simple connected graph with n vertices and m edges. Then,

1
\/n?m —nE(G) + I5(C)

< ABC3(G) < %\/2117712 —nM;(G) — 2m2.

Proof From Theorem 2.1,

> =
viv; € E(G Z €i€j
¢ E(G) viv; TH(C)
Since ¢; < (n —d;), we know that
1 1 B 1
> e \/Z (n—d;)(n —d;) V2 (n? —nd; — nd; + did;)
viv; EE(G)

1
\/mn2 —nM;(G) + MQ(G)'

This completes the lower bound.
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Now, since G 2 K, e;e; > 2 for v;v; ¢ E(G), we get that

Ve +é€j — 2.

By Cachy-Schwarz inequality, we also know that

L v W<7\/ Z 1Y el+ej_z>.

v;v; €E(G) viv; €E(G) viv; ¢E(G

Since e; < n — d; for v; € V(G), we get that

iﬁ > 1Y wtg-2)
1
2

viv; E(G)  viv; €E(G)

<— |m Z (n—di+n—d; —2)
viv E(G)

1

<5 |m Yo=Y (ditd)-2 > 1
viv; EE(G) viv; EE(G) viv; E(G)

1 —_
= —2\/m {2nm - M (G) - 2m]

1 p—
= —2\/2m2n—mM1(G) —2m2. O
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Abstract: The k-distance degree index (Ni-index) of a graph G have been introduced in
[11], and is defined as Ni(G) = zz‘:alm(a) (Zuev(c) dk(v)> - k, where di(v) = |Ni(v)| =
{u € V(G) : d(v,u) = k}| is the k-distance degree of a vertex v in G, d(u,v) is the distance
between vertices v and v in G and diam(Q) is the diameter of G. In this paper, we extend
the study of Ng-index of a graph for other graph operations. Exact formulas of the Ng-index
for corona G o H and neighborhood corona G * H products of connected graphs G and H
are presented. An explicit formula for the splitting graph S(G) of a graph G is computed.
Also, the Ni-index formula of the join G + H of two graphs G and H is presented. Finally,

we generalize the Ni-index formula of the join for more than two graphs.

Key Words: Vertex degrees, distance in graphs, k-distance degree, Smarandachely k-

distance degree, k-distance degree index, corona, neighborhood corona.

AMS(2010): 05C07, 05C12, 05C76, 05C31.

§1. Introduction

In this paper, we consider only simple graph G = (V, E), i.e., finite, having no loops no multiple
and directed edges. A graph G is said to be connected if there is a path between every pair of its
vertices. As usual, we denote by n = |V| and m = |E| to the number of vertices and edges in a
graph G, respectively. The distance d(u,v) between any two vertices v and v of G is the length
of a minimum path connecting them. For a vertex v € V' and a positive integer k, the open k-
distance neighborhood of v in a graph G is Ni(v/G) = {u € V(G) : d(u,v) = k} and the closed
k-neighborhood of v is Ni[v/G] = Ni(v)U{v}. The k-distance degree of a vertex v in G, denoted
by di(v/G) (or simply di(v) if no misunderstanding) is defined as d(v/G) = |Ni(v/G)|, and
generally, a Smarandachely k-distance degree di(v/G : S) of v on vertex set S C V(G) is
dr(v/G) = |Ng(v/G : S)|, where Ni(v/G : S) = {u € V(G)\S : d(u,v) = k}. Clearly,
dr(v/G : 0) = di(v/G) and d1(v/G) = d(v/G) for every v € V(G). A vertex of degree equals
to zero in G is called an isolated vertex and a vertex of degree one is called a pendant vertex.

The graph with just one vertex is referred to as trivial graph and denoted K;. The complement

1Received January 10, 2017, Accepted, November 23, 2017.
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G of a graph G is a graph with vertex set V(G) and two vertices of G are adjacent if and
only if they are not adjacent in G. A totally disconnected graph K, is one in which no two
vertices are adjacent (that is, one whose edge set is empty). If a graph G counsists of s > 2
disjoint copies of a graph H, then we write G = sH. For a vertex v of GG, the eccentricity
e(v) = max{d(v,u) : v € V(G)}. The radius of G is rad(G) = min{e(v) : v € V(G)} and
the diameter of G is diam(G) = max{e(v) : v € V(G)}. For any terminology or notation not

mention here, we refer the reader to the books [3, 5].

A topological index of a graph G is a numerical parameter mathematically derived from
the graph structure. It is a graph invariant thus it does not depend on the labeling or pictorial
representation of the graph and it is the graph invariant number calculated from a graph repre-
senting a molecule. The topological indices of molecular graphs are widely used for establishing
correlations between the structure of a molecular compound and its physic-chemical proper-
ties or biological activity. The topological indices which are definable by a distance function
d(.,.) are called a distance-based topological index. All distance-based topological indices can
be derived from the distance matrix or some closely related distance-based matrix, for more

information on this matter see [2] and a survey paper [20] and the references therein.

There are many examples of such indices, especially those based on distances, which are
applicable in chemistry and computer science. The Wiener index (1947), defined as

WG =Y duv)

{uv}CV(G)

is the first and most studied of the distance based topological indices [19]. The hyper-Wiener
index,
1 2
WW(G) = 3 Z (d(u,v) + d*(u,v))
{uv}CV

was introduced in (1993) by M. Randic [14]. The Harrary index
HG) = Y o
N d?(u,v)
{u,v}CV

was introduced in (1992) by Mihalic et al. [10]. In spite of this, the Harary index is nowadays
defined [8, 12] as

The Schultz index
S(G)= Y (d(u)+d(v))d(u,0)
{u,v}CV
was introduced in (1989) by H. P. Schultz [16]. A. Dobrynin et al. in (1994) also proposed the
Schultz index and called it the degree distance index and denoted DD(G) [1]. S. Klavzar and
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I Gutman, motivated by Schultz index, introduced in (1997) the second kind of Schultz index

S*(G) = Z d(u)d(v)d(u,v)

{uw}cVv

called modified Schultz (or Gutman) index of G [9]. The eccentric connectivity index

veV

was proposed by Sharma et al. [17]. For more details and examples of distance-based topological
indices, we refer the reader to [2, 20, 13, 6] and the references therein.

Recently, The authors in [11], have been introduced a new type of graph topological index,
based on distance and degree, called k-distance degree of a graph, for positive integer number
k > 1. Which, for simplicity of notion, referred as Ng-index, denoted by Ny (G) and defined by

diam(G)

NG = ) > dk(v) | -k

k=1 veV(G)

where di(v) = di(v/G) and diam(G) is the diameter of G. They have obtained some basic
properties and bounds for Ny-index of graphs and they have presented the exact formulas for
the Ng-index of some well-known graphs. They also established the Ny-index formula for a
cartesian product of two graphs and generalize this formula for more than two graphs. The k-
distance degree index, Ny (G), of a graph G is the first derivative of the k-distance neighborhood
polynomial, Ny (G, z), of a graph evaluated at z = 1,see ([18]).

The following are some fundamental results which will be required for many of our argu-

ments in this paper and which are finding in [11].

Lemma 1.1 Forn > 1, Niy(K,) = Nix(K;) = 0.
Theorem 1.2 For any connected graph G of order n with size m and diam(G) = 2, N(G) =
2n(n — 1) — 2m.

Theorem 1.3 For any connected nontrivial graph G, Ni(G) is an even integer number.

In this paper, we extend our study of Ny-index of a graph for other graph operations.
Namely, exact formulas of the Ng-index for corona G o H and neighborhood corona G x H
products of connected graphs G and H are presented. An explicit formula for the splitting
graph S(G) of a graph G is computed. Also, the Nj-index formula of the join G + H of two
graphs G and H is presented. Finally, we generalize the Ng-index formula of the join for more
than two graphs.

§2. The Nj-Index of Corona Product of Graphs

The corona of two graphs was first introduced by Frucht and Harary in [4].



94 Ahmed M. Naji and Soner Nandappa D

Definition 2.1 Let G and H be two graphs on disjoint sets of n1 and ny vertices, respectively.
The corona Go H of G and H is defined as the graph obtained by taking one copy of G and nq
copies of H, and then joining the it" verter of G to every vertex in the i*" copy of H.

It is clear from the definition of G o H that

n = |V(GoH)| =ni+ ninas,
m = |E(GoH)|=m1+ni(ng+ms)

and
diam(G o H) = diam(G) + 2,

where m; and my are the sizes of G and H, respectively. In the following results, H7, for
1 < j < nq, denotes the copy of a graph H which joining to a vertex v; of a graph G.i.e.,
HI ={v;}oH, D = diam(G) and di(v/G) denotes the degree of a vertex v in a graph G. Note

that in general this operation is not commutative.

Theorem 2.2 Let G and H be connected graphs of orders ni and ny and sizes my and ma,

respectively. Then

Ny(GoH) = (1 + 2n9 + n%) Ni(G) + 2nins (ng + ning — 1) — 2nymeo.

Proof Let G and H be connected graphs of orders ny and mo and sizes m; and ms,
respectively and let D = diam(G), n = |V(Go H)| and m = |E(G o H)|. Then by the definition
of Go H and for every 1 < k < diam(G o H), we have the following cases.

Case 1. For every v € V(G),

dr(v/G o H) = d(v/G) + nadi—1(v/G).

Case 2. Foreveryu € H7,1<j <nq,

o di(u/GoH') =1+di(u/H);
o da(u/Go H') = di(vj/G) + (n2 — 1) — d1(u/H);
o di(u/Go H) = di—1(v;/G) + nadk—2(v;/G), for every 3 < k < D + 2.

Since for every v € V(G o H) either v € V(G) or v € V(H7), for some 1 < j < nq, it
follows that for 1 < k < diam(G o H),

ny

> dk(w/GoH)= > dp(v/GoH)+> > di(u/GoH).

vEV (GoH) veV(G) J=lueV(H7)



The k-Distance Degree Index of Corona, Neighborhood Corona Products and Join of Graphs 95

Hence, by using the hypothesis above

Ni(GoH)= Y > dk(v/GoH)|k

diam(GoH) [

k=1 veV (GoH)
D+2 ny

-y du(v/Gom)+Y Y dk(u/Gon)]k
k=1 Lvev(a) =1 uev (H9)

— [ (al;C (v/G) + nadi—1(v/G) )
(

D+2 ni
EED 1D Y u/Gonl
k=1 LveV(G) k=1 Lj=1ueV(HI)
D+2 D+2
- dk(v/G)).k—l—nQZ( 3 dk,l(v/G))k

k=1 veV(Q) k=1 weV(G)
+ > (1+d1 u/H])—i—Z > ( (v;/G) + (2—1)—d(u/HJ))2

Jj=lueV(HJ) Jj=1ueV (H7)

D+2 ni
+ [ (dk—l(vj/G)+n2dk—2(vj/G)) k

k=3 Lj=1uev(H)

_ZD:( a@/G))k+ (Y dpn@/G))(D+1)+ (Y dpia(v/G)) (D +2)

k=1 veV(G) veV(G) veV(G)

D
:Z( dk(v/G))k—l—O—i—O:Nk(G).

D+2

Ty = Ng Z ( Z dk,l(v/G))k

k=1 veV(G)

[ 3 do(w/G)1+ ( Z di(0/G)2 4+ ( > dp(v/G))(D +1)

veV(Q) veV (G veV(G)

(> dpa(w/G)(D+2)| =ny n1—|—z > di(v/G)(k+1)+0
'UEV(G) k=1 veV(G)
= ny n1+z > di(v/G) k+z > di(v/G)

k=1 veV(G) k=1 veV(Q)

:n2

ny + Nk(G) + nl(nl - 1)‘| .
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Thus, x = (1 + n2)Nk(G) + n3ng. Also, set y = y1 + y2 + y3, where

Y1 = Z Z 1—|—d1 u/H))l —n1n2—|—2n1m2,

J=lueV(H7)

Yy = Z > (di(v;/G) + (ng — 1) — da(u/H))2 = 2(2many + nina(ng — 1) — 2n1ma)
J=lueV(H7)
and
D42 ni
— l Z dk 1(vJ/G)—|—n2dk Q(UJ/G))
k=3 Lj=1ueV(Hi)
D42 ni D+2 ni
= [Z Z dk 1’1}]/G) k+n2z Z Z (dk 2U]/G))
=3 Lj=1lueV(HI) = j=lueV (HJ)
D+2 ni D+2 ni
2"2[ (Z(dk 1(03/G) |+ 3| D (D (de-2(v/G))
k=3 j=1 k=3 j=1
Now set y3 = y5 + v4, where
[ D+2 nq
Yz = N2 Z(Z(dk—l(vj/G)) k
L k=3 j=1
=na|( Y da(w/G)3+( D da(v/G)A+ -+ (Y dp(/G)(D+1)+0
L vGV(G) veV(G) veV(G)
[ D
=na[ > (D d(w/G)k+1)—( > di(v/G))2
Lk=1 veV(G) veV(G)

D D
:W%ZXZdmmm+ZdeWMM4§jmwwz
k=1 veV(Q)

k=1 veV(G) veV(G)

= ngNk(G) + anLQ(nl - 1) - 4m1n2,

and similarly

D+2 ny

yfm4z(z@ﬂ%m)

= 3Nk (G) 4 2n1n3(ng — 1).

D
=n? lz > d(v/G))(k+2)

1 veV(G)

Thus, y3 = (n3 + n2) Ni(G) + nina(ny — 1) — dming + 2n1n3(ng — 1).

Accordingly,

y= (n% + n2)Nik(G) + 2n%n§ + n%ng — 2n1n9 — 2n1ms
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and
Nie(GoH) =2 +y.

Therefore,
Ni(Go H) = (14 2ny + n3)Ni(G) + 2n1na(ning +ny — 1) — 2nymo. O

Corollary 2.3 Let G be a connected graph of order n > 2 and size m > 1. Then

(1) Ng(K10G) =2(n? —m);

(2) Ni(G o K1) = 4Ng(G) + 2n(2n — 1);

(3) Np(GoKp) = (1+2p+p*)Ni(G) +2pn(pn +n—1), where K, is a totally disconnected
h with p > 2 vertices.

g

83. The Nj-Index of Neighborhood Corona Product of Graphs

The neighborhood corona was introduced in [7].

Definition 3.1 Let G and H be connected graphs of orders ni and ns, respectively. Then the
neighborhood corona of G and H, denoted by G x H, is the graph obtained by taking one copy
of G and ny copies of H, and joining every neighbor of the i'" verter of G to every verter in
the it" copy of H.

It is clear from the definition of G o H that

e In general G x H is not commutative.

When H = K3, G* H = S(G) is the splitting graph defined in [?].

When G = K, GxH=GUH.
° 7’L=|V(G*H)|=7’L1 + nine

) 3, if diam(G) <3
diam(G* H) =
diam(Q), if diam(G) > 3

In the following results, H7, for 1 < j < nq, denotes the j** copy of a graph H which corre-
sponding to a vertex v; of a graph G, i.e., H' = {v;} x H, D = diam(G) and dy(v/G) denotes

the degree of a vertex v in a graph G.

Theorem 3.2 Let G and H be connected graphs of orders and sizes nqi,ne, m1 and ms respec-
tively such that diam(G) > 3. Then

Ni(G* H) = (14 2ny + n2)Ni(G) + 2n3(n1 + my) + 2n1(na — mo).
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Proof Let G and H be connected graphs of orders and sizes ny, m1,ns and mso respectively
and let {v1,va, - ,vn, } and {uy,ua, - ,un, } be the vertex sets of G and H respectively. Then
for every w|inuv(G * H) either w =v € V(G) or w =u € V(H). Since, for every v € V(G),

(Ni(v/G+H)| = |[Ni(v/G)| + [V (H)||[N1(v/G)]|
di(v/GxH) = di(v/G)+ nadi(v/G)
= (14 n2)di(v/G)

and for every u € V(H7), 1< j <m

[N1(u/G * HY)|
di(u/Gx H7)

|N1(u/H)| + [N1(v;/G)I,
dl(u/H) +d1(’l)j/G).

Thus, for ever w € V(G * H)

> di(w/GxH) = Z di(v/G* H) +Z > di(u/GxHY)

weV (GxH) veV (G j=1 uEV(HJ)

= Z (14 n2)di(v/G) +Z Z (di(u/H7) + d1(v;/G))

veV(G) Jj=lueV(H7)

= 1—|—7’L2 Z dq ’U/G +Z2m2+n22d1 ’U]/G
veV(G)

= (1+2n2) Y  di(v/G)+2n—1my.
veV(G)

Similarly, we obtain

|N2(v; /G * H)
do(v; /G * H)

[N2(v;/G)| + |V (H?)| + |V (H?)||N2(v; /)],
dQ(Uj/G) + no —|—n2d2(v/G)
(14 n2)d2(v/G) + ny

for every v; € V(G), 1 < j <nq, and

INa(u/Gx H)| = ([V(H)| = 1) = [Ni(u/H)| + {o;}]
HV(H)|IN2(v;/G)| + | N2 (v, /G)|
dQ(U/G*Hj) = (n2—1)—dl(u/H)—l—1+n2d2(vJ/G)+d2(v/G)

na +di(u/H) + (1 + n2)d2(v;/G)
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for every u € H7, 1 < j < nj. Thus, for ever w € V(G x H),

Z da(w/Gx H) = Z da(v/G* H) +i da(u/G + HY)

weV (GxH) VeV (GQ) j=1weV (H9)
= Z [(1+n2 di(v/G) —i—nz}

UGV(G)

+ Z Z {nz +di(u/H)+ (1+ ”2)d1(vj/G)}

J=1ueV(HI)

= (14 ny +n2) Z do(v/G) + nin3 + ning — 2nimo.
veV(G)

Also, for every v € V(G), d3(v/Gx H) = (1 4+ na)d3(v/G) and for every u € V(H7),
d3(u/G* H?) = nady (v;/G) + (1 + n2)ds (v /G).

Hence, For every w € V(G x H),

ds(w/G+xH) = (1+na+n3) » ds(v/G)
veV(G)

+ny > di(v/G).

veV(G)

By continue in same process we get, for every 4 < k < diam(G x H), that is, for every
v e V(G),

di(v/G* H) = (1 + ng)di(v/G)
and for every u € V(H7),
di(u/Gx H?) = (1 +n + 2)di(v;/G),
and hence for every w € V(G x H),
di(w/Gx H) = (1 + 2na + n3)di (v/G).
Accordingly,

D
1 (G H) Z di(w/G x H)) k
k=1 weV(GxH)

= Y diw/GxH)1+ Y da(w/GxH))2+

weV (G*H) weV (GxH)

+ Y dp(w/GxH)) D

weV (GxH)
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=[a+2m) ¥ diw/6)+2mma|1
veV(G)

+ [(1 + 21 +n3) Z do(v/G) +nin3 +ning
veV(G)

—2n1m2} 2+[(1+2n2+n§) Z d3(v/G) +n3 Z dl(v/G)} 3

veV(G) veV(G)
+a+2m+nd) D d/@)] 44+ [+ 200408 Y dp(/G)| D
VeV (G) VeV (G)
— (14 22 +n§)[ Y /@) 1+ Y daw/G) 24+ S dp(v/G) D]
VeV (G) veV(G) VeV (G)
+ [(—n% Z di(v/G) +2n1ma) 1+ (n1n3 + ning — 2n1ms) 2
veV(G)
+(ny Y di(v/G)) 3
veV(G)
= (14 2ng + n3)Ni(G) + 2n3(n1 +my) + 2n1(ng — ma). m

Corollary 3.3 Let G be a connected graph of order n > 2 and size m and let S(G) be the
splitting graph of G. Then

Nk(S(G)) = 4Nk(G) + 2(2n + m)

84. The Ni-Index of Join of Graphs

Definition 4.1([5]) Let Gy and G2 be two graphs with disjoint vertex sets V(G1) and V(Gz)
and edge sets E(G1) and E(Gz). Then the join G1 + Gs of G1 and G is the graph with vertex
set V(G1) UV (G2) and edge set E(G1) U E(G2) U{uv|u € V(G1)&v € V(G2)}.

Definition 4.2 It is clear that, G1 + G2 is a connected graph, n = |V(G1 + G2)| = |[V(G1)| +
V(Ga)l, m = [E(Gr + Ga)| = [V(G)[[V(G2)| + |E(G1)] + [E(G2)| and diam(Gy + G2) < 2.
Furthermore, diam(G1 + G2) = 1 if and only if G1 and Go are complete graphs. We denote by
dr(v/G) to the k-distance degree of a vertex v in a graph G.

Theorem 4.2 Let G and H be connected graphs of order ny and no and size my and ma,
respectively. Then

_|_
Nk(G—FH) = 4<n1 9 n2> - 2(711712 —+ mq —|—m2)

Proof The proof is an immediately consequences of Theorem 1.2. |

Since, For any connected graph G, G+ K1 = K1+ G = K; oG then the next result follows
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Corollary 2.3.
Corollary 4.3 For any connected graph G with n vertices and m edges,

Ni(G + K1) = 2(n* —m).

The join of more than two graphs is defined inductively as following,
Gi+Ge+-+G=(Gi+Ga+ -+ Gi1) + Gy

for some positive integer number ¢ > 2. We denote by 25:1 GitoGr+Go+ -+ Gy Ttis
clear for this definition that

o n= V(X Gl = X0, V(G
o m=|E(SI Gl = S [BG)| + i, VG Zi2 VG-
o diam(3I_, Gi) < 2.

Accordingly, we can generalize Theorem 4.2 by using Theorem 1.2 as following.

Theorem 4.4 For some positive integer number t > 2, let G1,Ga, -+ , Gy be connected graphs
of orders ny,ng, -+ ,ny and sizes my,ma, - ,my, respectively. Then
t Et n t t i—1
N Gi) = 4< 1—21 > Q[Zml + Zn( m)]
=1 =1 =2 Jj=1
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§1. Introduction

Let G be a connected graph with a vertex set V(G) = {v1,v2, -+ ,v,} and edge set E(G) =
{e1,€2, -+ ,em}, where |V(G)| = n and |E(G)| = m. The degree of a vertex v in G is the
number of edges incident to it and denoted by degg(v). If dega(v) = 1, then v is called a
pendent vertex or a terminal vertexr. The distance between the vertices v; and v; in G is equal
to the length of the shortest path joining them and is denoted by d(v;, v;|G).

The Wiener index W = W(G) of a graph G is defined as the sum of the distances between
all pairs of vertices of GG, that is

W=W(@G) = Y duivlG).

1<i<j<n

This molecular structure descriptor was put forward by Harold Wiener [29] in 1947. Details
on its chemical applications and mathematical properties can be found in [5, 12, 21, 28].

The Hosoya polynomial of a graph was introduced in Hosoya’s seminal paper [16] in 1988
and received a lot of attention afterwards. The polynomial was later independently introduced
and considered by Sagan et al. [22] under the name Wiener polynomial of a graph. Both
names are still used for the polynomial but the term Hosoya polynomial is nowadays used by
the majority of researchers. The main advantage of the Hosoya polynomial is that it contains a
wealth of information about distance based graph invariants. For instance, knowing the Hosoya
polynomial of a graph, it is straight forward to determine the Wiener index of a graph as the
first derivative of the polynomial at the point A = 1. Cash [2] noticed that the hyper-Wiener

1Received December 8, 2016, Accepted November 21, 2017.
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index can be obtained from the Hosoya polynomial in a similar simple manner.

Estrada et al. [6] studied the chemical applications of Hosoya polynomial. The Hosoya
polynomial of a graph is a distance based polynomial introduced by Hosoya [15] in 1988 under
the name Wiener polynomial. However today it is called the Hosoya polynomial [8, 11, 17, 18,
23, 27]. For a connected graph G, the Hosoya polynomial denoted by H (G, \) is defined as

H(G,A) =) _d(G kA = > 2wl (1.1)

k>1 1<i<j<n

where d(G, k) is the number of pairs of vertices of G that are at distance k and A is the

parameter.

The Hosoya polynomial has been obtained for trees, composite graphs, benzenoid graphs,
tori, zig-zag open-ended nano-tubes, certain graph decorations, armchair open-ended nan-
otubes, zigzag polyhex nanotorus, nanotubes, pentachains, polyphenyl chains, the circum-
coronene series, Fibonacci and Lucas cubes, Hanoi graphs, and so forth. These can be found
in [4].

Recently the terminal Wiener index TW (G) was put forward by Gutman et al. [10]. The
terminal Wiener index TW(G) of a connected graph G is defined as the sum of the distances
between all pairs of its pendant vertices. Thus if Vr(G) = v1,ve,...,v; is the number of
pendant vertices of GG, then

TW(G) = > dvi,vlG).
1<i<j<k

The recent work on terminal Wiener index can be found in [3, 9, 14, 20, 24]. In analogy
of (1.1), the terminal Hosoya polynomial TH (G, \) was put forward by Narayankar et al. [19]

and is defined as follows: if v1,va, ..., v, are the pendant vertices of GG, then

H(G,A) =Y dr(G RN = Y adnle),

k>1 1<i<j<n

where dr(G, k) is the number of pairs of pendant vertices of the graph G that are at distance

k. It is easy to check that
d

In [19], the terminal Hosoya polynomial of thorn graph is obtained. In this paper we

TW(G) = < (TH(G, \)|xror.

generalize the results obtained in [19].

§2. Terminal Hosoya Polynomial of Thorn Graphs

Definition 2.1 Let G be a connected n-vertex graph with vertex set V(G) = {v1,va,- -+ ,vn}.
The thorn graph Gp = G(p1,pa, - ,pn : k) is the graph obtained by attaching p; paths of length
k to the vertex v; for i = 1,2,--- ,n of a graph G. The p; paths of length k attached to the

vertex v; will be called the thorns of v;.
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Fig. 1.

A thorn graph Gp = G(2,1,3,2 : 3) obtained from G by attaching paths of length 3 is
shown in Fig.1. Notice that the concept of thorny graph was introduced by Gutman [7] and
eventually found a variety of applications [1, 25, 26, 27].

Theorem 2.2 For a thorn graph Gp = G(p1,p2,-..,Pn : k), the terminal Hosoya polynomial

18
n

TH(GP, )\) _ Z <Z;L>A2k + Z piij2k+d(’Ui,’Uj|G)' (21)

i=1 1<i<j<n

Proof Consider p; path of length k attached to a vertex v;, i = 1,2,--- ,n. Each of these
are at distance 2k. Thus for each v;, there are (g) pairs of vertices which are distance 2k. This
leads to the first term of (2.1).

For the second term of (2.1), consider p; thorns v}, v5,--- , v} attached to the vertex v;
and p; thorns v], v}, - ,vzﬂ;j attached to the vertex v; of G, i # j. In Gp,

d(vfn,vﬂGp)=2k+d(v,vj|G), m=12,---,p; and [ =1,2,--- p;.

Since there are p; X p; pairs of paths of length k of such kind, their contribution to
TH(Gp, ) is equal to p;pj\2k+d(vavsG) i o 5 This leads to the second term of (2.1). O

Corollary 2.3 Let G be a connected graph with n vertices. If p; =p>0,1=1,2,--- ;n. Then

-1
TH(GP,)\) _ np(p2 ))\2]9 +p2/\2k Z /\d(v,vj\G)' (22)

1<i<j<n

Corollary 2.4 Let G be a complete graph on n vertices. If p; =p >0,1=1,2,--- ,n. Then

~1 2n(n — 1
TH(Gp,\) = "p(p2 Lz 2 "(Z )yt

Proof If G is a complete graph then d(v,v;|G) =1 for all v;,v; € V(G), i # j. Therefore
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from (2.2)
-1
TH(Gp,)\) = %)\% 4 p2aZk Z \
1<i<j<n
_ np(p — 1))\% + p*n(n — 1))\2k+1
2 2 '
This completes the proof. O

Corollary 2.5 Let G be a connected graph with n vertices and m edges. If diam(G) < 2 and
p;=p>0,i=1,2,...,n. Then

-1 -1
TH(Gp,\) = nP(P2 )/\21@ T p2AZkHlgy 4 (n(n2 ) m) p2AZRH2,

Proof Since diam(G) < 2, there are m pairs of vertices at distance 1 and (’2’) — m pairs of
vertices are at distance 2 in G. Therefore from (2.2)

TH(Gp,)) = Lw{”ﬁup%% S+

>, ¥
(3)-m

@A% + p? A2k [m/\ + <w — m) )\2]

n(n—1)
2

_ nP(PQ— 1)/\2k I (

_ m) P2AZEF2,
This completes the proof. O

Bonchev and Klein [1] proposed the terminology of thorn trees, where the parent graph is
a tree. In a thorn tree if the parent graph is a path then it is a caterpiller [13].

Definition 2.6 Let P, be path on [ vertices, | > 3 labeled as uy,us,- -+ ,u;, where u; is adjacent
touiy1,1=1,2,---,(I1—=1). Let Tp =T (p1,p2,--- ,pi : k) be a thorn tree obtained from P; by
attaching p; > 0 path of length k to u;, i =1,2,--- ,[.

Py e g g

Tp : & & r'y
Fig. 2

A thorn graph Tp = T(2,1,0,3 : 2) obtained from T by attaching paths of length 2 is
shown in Fig.2.
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Theorem 2.7 For a thorn tree Tp = T (p1,p2,- -+ ,p1 : k) of order n > 3, the terminal Hosoya
polynomial is
Th(Tp, /\) =ai A+ ag)\2 + ...+ &2k+1)\2k+1,

where

ay = 0
l .
e = 3 (%)
i=1
J
agpii-j = Y pipiri—y  J=1,2...,(=1).
i=1

Proof Notice that there is no pair of pendant vertices which are at distance 1 and there

are (”2) pairs of pendant vertices of which are at distance 2k in T'. Therefore a; = 0 and

=3 (1)

i=1

For ay, 2 < k <1, d(u,v|T) = 2k + | — j, where u and v are the vertices of Tp. There are

D; X Diyi1—; pairs of pendant vertices which are at distance 2k +1 — j, where j =1,2,--- ,n—1.
Therefore
J
A2k41—j = Zpipzﬁrlfj- |
i=1
Definition 2.8 Let S, = Kin—1 be the star on n-vertices and let ui,ug, - ,un—1 be the

pendant vertices of the star S, and u, be the central vertex. Let Sp = S(p1,p2, ** ,Pn-1 : k)
be the thorn star obtained from S, by attaching p; paths of length k to the verter u;, i =
1,2,---,(n—1) and p; > 0.

Theorem 2.9 The terminal Hosoya polynomial of thorn star Sp defined in Definition 2.8 is
TH(SP, A) = CLl)\ =+ a2A2 + CL3A3 + ...+ CLQk)\Qk + a2k+2)\2k+2,

where

a1 = 0
i
i=1
A2k+2 = Z DiDj-
1<i<j<n

Proof There are no pair of pendant vertices which are at odd distance. Therefore, agr+1 = 0
and the further proof follows from Theorem 2.7. O



108 Harishchandra S.Ramane, Gouramma A.Gudodagi and Raju B.Jummannaver

Definition 2.10 Let C,, be the n-vertex cycle labeled consecutively as uy,us, -« ,Un, n > 3.
and let Cp = C(p1,p2,- - ,pn : k) be the thorn ring obtained from C, by attaching p; paths of
length k to the vertex u;, 1t =1,2,--- ,n.

Theorem 2.11 The terminal Hosoya polynomial of thorn ring Cp defined in Definition 2.10
18

TH(C,\) = ai A4 aa)® + ... 4 agpA®* + agp A2

where
a; = 0
_ & Y2
o = > (%)
=1
agpir = Y _(2k+ d(vi,v;|G))pip;.
i=1
Proof The proof is analogous to that of Theorem 2.7. |
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Abstract: Let G = (V, E) be a connected graph. The distance eccentricity neighborhood
of u € V(G) denoted by Np.(u) is defined as Npe(u) = {v € V(G) : d(u,v) = e(u)}, where
e(u) is the eccentricity of u. The cardinality of Npe(u) is called the distance eccentricity
degree of the vertex u in G and denoted by deg®®(u). In this paper, we introduce the first
and second distance eccentricity Zagreb indices of a connected graph G as the sum of the
squares of the distance eccentricity degrees of the vertices, and the sum of the products of
the distance eccentricity degrees of pairs of adjacent vertices, respectively. Exact values for

some families of graphs and graph operations are obtained.

Key Words: First distance eccentricity Zagreb index, Second distance eccentricity Zagreb

index, Smarandachely distance eccentricity.
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§1. Introduction

In this research work, we concerned about connected, simple graphs which are finite, undirected
with no loops and multiple edges. Throughout this paper, for a graph G = (V, E), we denote
p = |V(G)| and ¢ = |E(G)|. The complement of G, denoted by G, is a simple graph on the
same set of vertices V(@) in which two vertices v and v are adjacent if and only if they are not
adjacent in G. The open neighborhood and the closed neighborhood of u are denoted by N(u) =
{veV :uve E}and Nu] = N(u)U{u}, respectively. The degree of a vertex u in G, is denoted
by deg(u), and is defined to be the number of edges incident with u, shortly deg(u) = |N(u)|.
The maximum and minimum degrees of G are defined by A(G) = max{deg(u) : v € V(G)}
and 0(G) = min{deg(u) : u € V(G)}, respectively. If 6 = A = k for any graph G, we say G
is a regular graph of degree k. The distance between any two vertices u and v in G denoted
by d(u,v) is the number of edges of the shortest path joining u and v. The eccentricity e(u)
of a vertex u in G is the maximum distance between u and any other vertex v in G, that is
e(u) = max{d(u,v),v € V(G)}.

The path, wheel, cycle, star and complete graphs with p vertices are denoted by P,, W,
Cp, Sp and K, respectively, and K, p, is the complete bipartite graph on r + m vertices. All

the definitions and terminologies about graph in this paper available in [6].

1Received March 29, 2017, Accepted November 25, 2017.
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The Zagreb indices have been introduced by Gutman and Trinajestic [5].

M (G) = Z [deg(u)]2: Z Z deg(v) = Z [deg(u) + deg(v)].

uweV(G) ueV (G) vEN (u) weEE(Q)

Ms(G) = Z deg(u)deg(v) = % Z deg(u) Z deg(v).
wEE(Q) wev (@) vEN (u)
Here, M;(G) and M2(G) denote the first and the second Zagreb indices, respectively. For more
details about Zagreb indices, we refer to [2, 4, 9, 13, 11, 12, 7, 10, 8].

Let u € V(G). The distance eccentricity neighborhood of u denoted by Np.(u) is defined
as Npe(u) = {v € V(G) : d(u,v) = e(u)}. The cardinality of Np.(u) is called the distance
eccentricity degree of the vertex u in G and denoted by deg”¢(u), and Np.[u] = Np.(u) U {u},
note that if u has a full degree in G, then deg(u) = deg”®(u). And generally, a Smarandachely
distance eccentricity neighborhood N3 _(u) of u on subset S C V(G) is defined to be N3 _(u) =
{v e V(G)\S : de\s(u,v) = e(u)} with Smarandachely distance eccentricity | N3, (u)|. Clearly,
’N%e(u)’ = degP®(u). The maximum and minimum distance eccentricity degree of a vertex
in G are denoted respectively by AP¢(G) and §P¢(G), that is AP¢(G) = max,cy |Npe(u)|,
§P¢(G) = min,ey |[Npe(u)|. Also, we denote to the set of vertices of G which have eccentricity
equal to a by V*(G) C V(G), where a = 1,2,--- ,diam(G). In this paper, we introduce the
distance eccentricity Zagreb indices of graphs. Exact values for some families of graphs and

some graph operations are obtained.

82. Distance Eccentricity Zagreb Indices of Graphs

In this section, we define the first and second distance eccentricity Zagreb indices of connected

graphs and study some standard graphs.
U1

U2

V3 ™ V4

Fig.1

Definition 2.1 Let G = (V,E) be a connected graph. Then the first and second distance
eccentricity Zagreb indices of G are defined by

MPeG) = Y [degPe(w)?,
ueV(G)

Z degP®(u)degP® (v).

weEE(G)

M3(G)



112 Akram Algesmah, Anwar Alwardi and R. Rangarajan

Example 2.2 Let G be a graph as in Fig.1. Then

4
(i) MPG) = > [deg” ()]’ = (deg”(vi))*
ueV(G) i=1
(degP(v1))” + (degP*(v2))” + (deg” (v3))” + (deg™* (v4))”
(2)*+ (3)* + (1)° + (1)* = 15.
(i) My(G) = > deg”*(u)deg”*(v)

weEE(G)

=degP?(v1)degP?(va) + degP®(vs)degP® (vs) + degP(ve)deg® (vs)
+ degP(v3)degP®(vy) = 13.

Calculation immediately shows results following.

+3, 1s odd,
Proposition 2.3 (i) For any path P, with p > 2, MP¢(P,) = P b

D, p 18 even;

4 s odd.

(i) Forp>3, MPe(C,y=4{ 0 PP
p, D 1S even;

2

(i) MP(Kp) = Mi(EKp) = p(p—1)°;

(iv) Forr,m > 2, MP¢(Ky ) =r(r — 1)2 +m(m — 1)2;

2 2
(v) Forp=3, MP(S)) = (p—1)(p—2) ;L(p—l) ;
(vi) Forp>5, MP¢(W,) = (p— 1)(p—4) + (p— 1) .

+1, is odd,
Proposition 2.4 (i) Forp > 2, MP¢(P,) = P P

p—1, p is even;

4 s odd
(ii) Forp >3, MP¢(C,) = b b ot
p, D 1S even;
- 2
(1) MPe(K,) = My(K,) = 282 (p—1)°;
(iv) Forr,m >2, MP*(K, ) =rm(r—1)(m—1);
2
(v) Forp=>3, MY*(S,) = (p—1)"(p—2);
(vi) Forp > 5, My*(Wy) = (p = 1)(p — 4)(2p — 5).

Proposition 2.5 For any graph G with e(v) =2, Vv € V(G),
(i) MP<(G) = M(G);
(i1) Mp*(G) = q(p — 1)* = (p = DM1(G) + Ma(G).
Proof Since e(v) =2, Vv € V(G), then deg2¢(v) = degz(v). Hence the result.

Corollary 2.6 For any k-regular (p,q)-graph G with diameter two,

(i) MP(G)=p(p—k—1)%

(i1) MP*(G) = 3pk(p — k — 1)%.
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§3. Distance Eccentricity Zagreb Indices for Some Graph Operations

In this section, we compute the first and second distance eccentricity Zagreb indices for some

graph operations.

Cartesian Product. The Cartesian product of two graphs G and Gz, where |V (G1)| =
p1, |[V(G2)| = p2 and |E(G1)| = q1, |F(G2)| = ¢2 is denoted by G100 G has the vertex set
V(G1) x V(G2) and two vertices (u, ') and (v, v") are connected by an edge if and only if either
([u = v and v'v' € E(G2)]) or ([u' =" and wv € E(G1)]). By other words, |E(G10G2)| =
q1p2 + g2p1. The degree of a vertex (u,u’) of G10 G5 is as follows:

dega,n0a,(u, ') = dege, (uv) + dege, (W)

The Cartesian product of more than two graphs is denoted by [[;; G; (ITiL; Gi =
G.0G.0O...0G, = (G10G.0...0G,-1)0 Gn), in which any two vertices u = (u1,uz, ..., un,)
and v = (v1,v2,...,0,) are adjacent in [}, G; if and only if u; = v;, Vi # j and ujv; € E(G),
where i,j =1,2,...,n. f Gy = Gy = --- = G,, = G, we have the n-th Cartesian power of G,
which is denoted by G".

Lemma 3.1([8]) Let G =[], G; and let u = (u1,uz, - ,uy,) be a vertex in V(G). Then
u) = Z e(u;).
i=1
Lemma 3.2 Let G = H?Zl G; and let w = (u1,us,...,u,) be a vertex in G. Then

deg H degG U;).

Proof Since e(u) = Y . e(u;) (Lemma 3.1), then each distance eccentricity neighbor of
w1 in G corresponds deg (ug) vertices in G and each distance eccentricity neighbor of usy in

G4 corresponds degl ae (ug) vertices in Gz and so on. Thus by using the Principle of Account
degg*(u) = deg@y (u1)deggy (uz) - - degge (uy,). O

Theorem 3.3 Let G =[], G;. Then

n

(i) Mpe©) = J[mPeco;

MP(Gi) My (Gy).

H
NgERD
Wi =

(ii) MP=(G
=11

<.
S

ot

Proof Let u = (u1,us, - ,u,) and v = (v, va, -+ ,vy) be any two vertices in V(G). Then



114 Akram Algesmah, Anwar Alwardi and R. Rangarajan

(i) MPe(G) = > (degBe(w)® = > (degB(ur)degBe(us). .. degB* (un))®

uweV(Q) weV(G)

Z Z e Z (deggle(ul))2 (deggf(uQ))2 e (degg:(un))Q

u1€V(G1)uz€V(G2) UHGV(GTL)
=[] 2mP(Gy).
i=1

(ii) To prove the second distance eccentricity Zagreb index we will use the mathematical
induction. First, if n = 2, then

MPe(G,0G,) = Z degl (ul)alegG1 (vl)degG2 (ug)alegG2 (v2)
(u1,u2)(vi,v2)EE(G1OG2)

= > > (degB¢(ur))” degB¢ (uz)degBe (vs)

ul EV(Gl) (ul,uz)(ul,vg)EE(Glm Gg)

e 2 e e
+ > (degds (u2))”deg&y (ur)degls (v1)
u2€V (G2) (u1,uz2)(vi,u2)EE(G10G2)

:MPG(Gl)MzDe(Gz) + MP4(G2) My (Gy)

:ZHMDB MDe(G )

B 1#]

Now, suppose the claim is true for n — 1. Then

My (05 G,0G,) :M{Je (O Gi) MPE(Gr) + MP(Gr) M (D7 Gy)
—1n—1
12

- H MP(G)MP(Go) + MP(Ga) 3 ] MP#(G)MPe(G)
=
:ZHMlDe(Gl)Mfe(GJ) g
j=11i=1
i#]

Composition. The composition G = G1[G2] of two graphs G and G2 with disjoint vertex
sets V(G1) and V(G2) and edge sets E(G1) and E(G2), where |V(G1)| = p1, |[E(G1)| = ¢1 and
[V(G2)| = p2, |E(G2)| = g2 is the graph with vertex set V(G1) x V(G2) and any two vertices
(u,u’) and (v,v") are adjacent whenever u is adjacent to v in G; or u = v and v’ is adjacent
to v’ in Gy. Thus, |E(G1[G2])| = ¢103 + q2p1. The degree of a vertex (u,u’) of G1[Ga] is as
follows:

dega, (Gy) (u, u') = padega, (u) + dega, (u').
Lemma 3.4([8]) Let G = G1[G2] and e(v) # 1, Vv € V(G1). Then eq((u,u’)) = e, (u).
Lemma 3.5 Let G = G1[Gs] and e(v) # 1, Vv € V(G1). Then

padegde(u) + degg(u'), if u € V(Gh);

degg®(u,u') =
padeglc(u), otherwise.
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Proof From Lemma 3.4, we have eg(u,u') = eq, (u). Therefore, NJ¢(u,u') = {(z,2') €
V(G) : d((u,v), (z,2")) = eq, (u)}. Now, if u ¢ VZ(Gy), then NE¢(u,v’) = {(z,2') € V(G) :
x € NE¢(u)} and hence, degl(u,u') = padegf®(u) and if u € VZ(G1), then degl®(u,u’) =
padeg¢(u) + degg(u') (note that all the vertices of the copy of Ga with the projection u €

V(G1) which are not adjacent to (u,u’) have distance two from (u,u’)). O
Theorem 3.6 Let G = G1[Gs] and e(v) # 1, Vv € V(G1). Then

MP4(G) = pSMP(Gh) + V2 (G)IMU(G2) + dpas Y, deghl
weV2(Gr)

Proof By definition, we know that

MPe(@) = Z (deg Z Z (degge(u,u’))2

(u,u’)EV(G) ueV(G1) v €V(G2)

S Y (padegBl(u) + dege (u))?

uweV2(G1) v €V (Ga)

+ > " (padegBe(u))’

ueV(G1)—-V2(G1) v €V (G2)

oY (padegBiw)’+ Y. Mi(Ga)

ueV(G1) v €V (G2) ueV2(G1)

+ Z Z 2p2degG—2(u’)deggf(u)

ueV2(G1) u' €V (Ga)

=ps MP4(G1) + |V2(G1)| M (G2) + 4paTa Z degg* (u). O
ueV2(G1)

Theorem 3.7 Let G = G1[Gz] and e(v) #1 or 2, Vv € V(G1). Then
M*(G) = paM5*(G1) + pra2 M (G1).

Proof By deifnition, we know that

MPUG) =5 Y degBi(wu) Y degBt(v,v))
(u,u”)eV(G) (v,v")ENgG (u,u’)
S dau] Y0¥ ) X deo )
ueV(G1)u' €V (Ga) 'L}ENCl(u)'u’EV(G2) ’UIENGQ(U,/)
S Y mil] XY pdedBior 3 pdealio]
uweV(G1)u' €V(Ga) UENCI(’M)UIEV(GQ) v/Ech(u/)

=ps M3 *(G1) + paq2 M7 *(Gh).
This completes the proof. O

Disjunction and Symmetric Difference. The disjunction G; V G of two graphs G
and G2 with |[V(G1)| = p1, |E(G1)| = ¢1 and |V(G2)| = p2, |E(G2)| = g2 is the graph with
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vertex set V(G1) x V(G2) in which (u,u’) is adjacent to (v,v’) whenever u is adjacent to v in
G; or v’ is adjacent to v’ in Ga. So, |[E(G1V G2)| = q1p3 + q2p? — 2¢1g2- The degree of a vertex
(u,u") of Gy V Gy is as follows:

dega,v 6, (u, v') = padega, (u) + prdega, (u') — dega, (u)dega, (u').

Also, the symmetric difference G1 @ G2 of G1 and G5 is the graph with vertex set V(G1) x V(G2)
in which (u,w’) is adjacent to (v,v") whenever u is adjacent to v in Gy or v’ is adjacent to v’ in
G, but not both. From definition one can see that, |E(G1 @ G2)| = qip3 + q2p? — 4q1g2. The

degree of a vertex (u,u’) of G; & G5 is as follows:

degGl@ G2 (’U,, u/) = p2degG1 (u) + pldeng (’U,/) - 2d6901 (u)deng (’U,/)

The distance between any two vertices of a disjunction or a symmetric difference cannot exceed
two. Thus, if e(v) # 1, Vv € V(G1) UV(G2), the eccentricity of all vertices is constant and

equal to two. We know the following lemma.

Lemma 3.8 Let G1 and Gy be two graphs with e(v) # 1, Vv € V(G1) UV (G2). Then

(1) degBty q,(u,u') = degarya, (u,u');

(i) degé’feB Gs (u,u') = degm(u, u').
Theorem 3.9 Let Gy and Gy be two graphs with e(v) # 1, Vv € V(G1) UV (G2). Then

(i) MP*(GyV Ga) = My (C1 V Ga);
(i) M3*(G1V G2) = qayv Ga (P1p2 — 1) = (p1p2 = )M1(G1 V G2) + Ma(G1 V Ga).

Proof The proof is straightforward by Proposition 2.5. O

Theorem 3.10 Let Gy and Gy be any two graphs with e(v) # 1, Vv € V(G1) UV (G2). Then

(i) MP(G1& G2)=Mi(G1® Ga);
(ii) MP¢(G1 & G2) = qc,0 c» (p1p2 — 1)2 — (p1p2 — V)M (G1 ® G2) + M2(G1 & G2).

Proof The proof is straightforward by Proposition 2.5. |

Join. The join G; + G2 of two graphs G and G2 with disjoint vertex sets |V (G1)| =
p1, |V(G2)| = p2 and edge sets |E(G1)| = q1, |[E(G2)| = g2 is the graph on the vertex set
V(G1) UV (G2) and the edge set E(G1) U E(G2) U {uiuz : u1 € V(G1);u2 € V(G2)}. Hence,
the join of two graphs is obtained by connecting each vertex of one graph to each vertex of the
other graph, while keeping all edges of both graphs. The degree of any vertex u € G; + G3 is
given by
dega, (u) + pa, if u e V(Gy);
dega, ya,(u) = ,

degg,(u) +p1, if ue V(Gs).

By using the definition of the join graph G = Z G, we get the following lemma.
i=1
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Lemma 3.11 Let G = Z G; and u € V(G). Then
i=1

— YAy
degge(u) _ |V(G)| 17 u € ‘/e (Gl)z
pi — 1 —degg,(u), ueV(G;)—VNG;), fori=1,2,...,n

Theorem 3.12 Let G = Z G;. Then
=1

MP(G) = (V(G)] - 1)* Y V(G |+Z[M1 )t pi(pr— 1) — dgi(pi — 1))
=1

Proof By definition,

MPG) = N [degBw)] =" ST [degB(w))”

uev(G) i=1 eV (Gy)
= Z Z [degge(uﬂ2 + Z Z [pi — 1 — dega, (u)]2
i=1 ueV2(Gy) i=1 weV(Gy)—V1(G:)
= (V&) -1)" Y VHGHI+ Y Mi(Gr).
i=1 i=1
This completes the proof. O

Theorem 3.13 Let G = Z G;. Then

=1

G)|-1) Z|V1 [ Q) -1) —1+Z|V

+2Z —pj —2%)] +Z [gi(pi = 1)% = (pi = DM1(Gy) + Ma(G5)]

My (G) =

N)I)—l

i=1
n
+ Z (0F —pi—2a) D (0 —pi —205)-
i=1 j=i+1
Proof By definition, we get that
e 1 € e
MY (G) = Y degd®(u)degg“(v) =5 D degd®(u) Y degd®(v)

uweE(G) ueV(QG) vENgG(u)
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l\DI)—A

Z deg&® u{ Z degge(v)—i—z Z degge(v)}
V(G;

) veNg, (u) J=1veVv(G;)
FE

(V@) 1) [(|V<G>| SD(VAGH -1+ S degar(v)

veV(G;)—=VH(Gy)

ue

N =

M: :\IMS HMS

L

uEVel(GZ)

v@-m@ 3 dem )|

veV(G,;)-VI(Gy)

+

.S
Il

n

+
N —

3 degc—iw)[uwan—1>|VJ<G1->|+ S dega(v)

i
=l ueV(G;) -V} (Gi) vENG, (w)=VJ (Gy)

(V@I =DV @+ 3 deas(o)]

veV(G;)-VAG;)

..
M :

M
LN

|—1Z|V |{ Q)| -1) —1+Z|V
zn: - pi — 2qi) {(IV |—1i

i=1

l\DI»—l

N)IH

+
hE

(p5 — p;i — 2q;) } +

<.
Il
-

3

1

(P} —psi — 2qj)} + ai(ps = 1)° = (ps = D)Mi(Gs) + Ma(Gs)]

+
hE

7
%IV |—1Z|V |{ @l-1 —HZIV
+QZ (p?—pj —2%)} +Z [qz( i 1) (p i—l)Ml(Gi)+M2(Gi)]

+> 0 (0F —pi—2a) Y (9 -5 —2q5)-

1 j=i+1

7

Note that, the equality

% Z (p12 - 2%)

=1

M:

(0 =i —24;) = > (0 —pi —24:) D (0] —pi —245),

L.

w1
S
s
Il
—
<.
|
s
+
=

is applied in the previous calculation.

Corollary 3.14 IfG; (i =1,2,---,n) has no vertices of full degree (V}(G;) = ¢), then

(i) MPe(DGi) =) Mi(G);
=1 =1
(i) M (3 Ge) =D [ai(pi = 1)* = (i = DM(Gi) + Ms(G)]
n—1 n
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Corona Product. The corona product G1o G2 of two graphs G and G, where |V (G1)| =
p1, [V(G2)| = p2 and |E(G1)| = ¢1, |E(G2)| = g2 is the graph obtained by taking |V(G1)|
copies of G2 and joining each vertex of the i-th copy with vertex u € V(G;1). Obviously,
[V(G10 G2)| = p1(p2 + 1) and |E(Gy o G2)| = 1 + p1(g2 + p2). It follows from the definition
of the corona product G; o G2, the degree of each vertex u € G; o (G2 is given by

degg, (u) + p2, ifue V(Gy);

dega,o s (’U,) = .
dega,(u) +1, if u e V(Ga).

We therefore know the next lemma.
Lemma 3.15 Let G = Gy o G2 be a connected graph and let v € V(G). Then

pgdeggf(u), u € V(Gh);

De _
degg®(u) = D . )
padeggf(v), u € V(G)—V(G1), where v € V(G1) is adjacent to u.

Theorem 3.16 Let G = G o Gy be a connected graph. Then

(i) MP(G)=p3(p2 + 1)MP(Gh);
(i) MP(G) = piMPe(G1) + p3 (g2 + p2) MP(Gy).

Proof By definition, calculation shows that

(i) MP(G) = Y [degBe(u)]”

ueV(G)
= Z [deg Z Z deg
uGV(Gl) 'UGV(Gl)’U.GV(Gz)
2
= Z [pgdeg Z Z pgdeg )}
UEV(G1) ’UEV(Gl)UEV(Gg)
—p2M1De(G1) +p3M{P(Gh).
(ii) M3*(G Z deg”(u) > deg”?(v)
uEV G) vEN (u)
2 Z deg [ Z deg Z deg }
ueV(G1) vENG, (u) veV(Ga)
I D IR U1 deg£€<w>+deg£€<v>}
veV(G1) ueV(Ga) weNG, ()
1 e
5 3 e X padeal0) + pideats (o)
uGV(Gl) vENG, (u)

+— ST padegBi(v [pzdegcl( )degcz(U)eradegé’f(v)}
v€V(G1)u€V(G2)

=p3 My (Gh) + p3 (g2 + p2) M (Gh).
This completes the proof. O
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Example 3.17 For any cycle C},, and any path P,,,
dp1p3(p2 +1), p1is odd;

(Z) MlDe(Cpl o sz) = ) ]
pips(p2 +1), pi is even.

iy 8p1p3, p1 is odd;
(i) M2D€(Cp1 o Py,) = . .
2p1p5, p1 is even.

Example 3.18 For any two cycles Cp, and C),,

(i) MP<(C,, o C,,) = Ap1p3(pe + 1), p1 is odd;
1 P p2) —

pip3(p2 +1), p1is even.

4p1p3(2p2 + 1), p1 is odd;

(i) MPe(Cp, 0 Cp,) =
" " p1p3(2p2 + 1),  pi is even.
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Abstract: In this paper we introduce the clique-to-clique C' — C’ monophonic path, the
clique-to-clique monophonic distance d,,,(C,C"), the clique-to-clique C — C’ monophonic,
the clique-to-clique monophonic eccentricity em, (C'), the clique-to-clique monophonic radius
R, and the clique-to-clique monophonic diameter D,,, of a connected graph G, where
C and C' are any two cliques in G. These parameters are determined for some standard
graphs. It is shown that Ry, < Dy, for every connected graph G and that every two positive
integers a and b with 2 < a < b are realizable as the clique-to-clique monophonic radius and
the clique-to-clique monophonic diameter, respectively, of some connected graph. Further
it is shown that for any three positive integers a,b,c with 3 < a < b < ¢ are realizable as
the clique-to-clique radius, the clique-to-clique monophonic radius, and the clique-to-clique
detour radius, respectively, of some connected graph and also it is shown that for any three
positive integers a, b, c with 4 < a < b < ¢ are realizable as the clique-to-clique diameter, the
clique-to-clique monophonic diameter, and the clique-to-clique detour diameter, respectively,
of some connected graph. The clique-to-clique monophonic center Cp,,;(G) and the clique-
to-clique monophonic periphery P, (G) are introduced. It is shown that the clique-to-clique

monophonic center a connected graph does not lie in a single block of G.

Key Words: Clique-to-clique distance, clique-to-clique detour distance, clique-to-clique

monophonic distance.

AMS(2010): 05C12.

§1. Introduction

By a graph G = (V, E) we mean a finite undirected connected simple graph. For basic graph
theoretic terminologies, we refer to Chartrand and Zhang [2]. If X C V, then (X) is the
subgraph induced by X. A clique C of a graph G is a maximal complete subgraph and we
denote it by its vertices. A u—v path P beginning with v and ending with v in G is a sequence
of distinct vertices such that consecutive vertices in the sequence are adjacent in G. A chord of
a path w1, ug, ..., u, in G is an edge u;u; with j > i+ 2. For a graph G, the length of a path is
the number of edges on the path. In 1964, Hakimi [3] considered the facility location problems

as vertex-to-vertex distance in graphs. For any two vertices v and v in a connected graph G, the

1Received August 17, 2016, Accepted November 26, 2017.
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distance d(u, v) is the length of a shortest u — v path in G. For a vertex v in G, the eccentricity
of v is the distance between v and a vertex farthest from v in G. The minimum eccentricity
among the vertices of G is its radius and the maximum eccentricity is its diameter, denoted by
rad(G) and diam(G) respectively. A vertex v in G is a central vertex if e(v) = rad(G) and the
subgraph induced by the central vertices of G is the center Cen(G) of G. A vertex v in G is
a peripheral vertex if e(v) = diam(G) and the subgraph induced by the peripheral vertices of
G is the periphery Per(G) of G. If every vertex of a graph is central vertex then G is called
self-centered.

In 2005, Chartrand et. al. [1] introduced and studied the concepts of detour distance in
graphs. For any two vertices u and v in a connected graph G, the detour distance D(u,v) is
the length of a longest u — v path in G. For a vertex v in G, the detour eccentricity of v is the
detour distance between v and a vertex farthest from v in G. The minimum detour eccentricity
among the vertices of G is its detour radius and the maximum detour eccentricity is its detour
diameter, denoted by radp(G) and diamp(G) respectively. Detour center, detour self-centered
and detour periphery of a graph are defined similarly to the center, self-centered and periphery

of a graph respectively.

In 2011, Santhakumaran and Titus [7] introduced and studied the concepts of monophonic
distance in graphs. For any two vertices v and v in G, a v —v path P is a u —v monophonic path
if P contains no chords. The monophonic distance d, (u,v) from u to v is defined as the length
of a longest u — v monophonic path in G. For a vertex v in G, the monophonic eccentricity
of v is the monophonic distance between v and a vertex farthest from v in G. The minimum
monophonic eccentricity among the vertices of GG is its monophonic radius and the maximum
monophonic eccentricity is its monophonic diameter, denoted by rad,,(G) and diam,,(G) re-
spectively. Monophonic center, monophonic self-centered and monophonic periphery of a graph

are defined similar to the center and periphery respectively of a graph.

In 2002, Santhakumaran and Arumugam [6] introduced the facility locational problem
as clique-to-clique distance d(C,C") in graphs as follows. Let ¢ be the set of all cliques in a
connected graph G the clique-to-clique distance is defined by d(C, C") = min{d(u,v) : u € C,v €
C'}. For our convenience a C — C’ path of length d(C,C") is called a clique-to-clique C' — C’
geodesic or simply C' — C” geodesic. The clique-to-clique eccentricity e3(C) of a clique C in G
is the maximum clique-to-clique distance from C to a clique C’ € ¢ in G. The minimum clique-
to-clique eccentricity among the cliques of G is its clique-to-clique radius and the maximum
clique-to-clique eccentricity is its clique-to-clique diameter, denoted by r3 and ds respectively.
A clique C' in G is called a clique-to-clique central clique if e3(C) = r3 and the subgraph induced
by the clique-to-clique central cliques of GG are clique-to-clique center of G. A clique C' in G
is called a clique-to-clique peripheral clique if es(C) = ds and the subgraph induced by the
clique-to-clique peripheral cliques of G are clique-to-clique periphery of G. If every clique of G

is clique-to-clique central clique then G is called clique-to-clique self-centered.

In 2015, Keerthi Asir and Athisayanathan [4] introduced and studied the concepts of clique-
to-clique detour distance D(C,C’) in graphs as follows. Let ¢ be the set of all cliques in a
connected graph G and C,C’ € ¢ in G. A clique-to-clique C — C’ path P is a u — v path, where

u € C and v € C’, in which P contains no vertices of C' and C’ other than u and v and the
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clique-to-clique detour distance, D(C, C") is the length of a longest C — C’ pathin G. A C -’
path of length D(C,C") is called a C — C’ detour. The clique-to-clique detour eccentricity of a
clique C' in G is the maximum clique-to-clique detour distance from C' to a clique C’ € ¢ in G.
The minimum clique-to-clique detour eccentricity among the cliques of G is its clique-to-clique
detour radius and the maximum clique-to-clique detour eccentricity is its clique-to-clique detour
diameter, denoted by R3 and D3 respectively. The clique-to-clique detour center C'p3(G), the
clique-to-clique detour self-centered, the clique-to-clique detour periphery Pps(G) are defined
similar to the clique-to-clique center. the clique-to-clique self-centered and the clique-to-clique
periphery of a graph respectively.

These motivated us to introduce the concepts of clique-to-clique monophonic distance in
graphs and investigate certain results related to clique-to-clique monophonic distance and other
distances in graphs. These ideas have intresting applications in channel assignment problem
in radio technologies and capture different aspects of certain molecular problems in theoretical
chemistry. Also there are useful applications of these concepts to security based communication
network design. In a social network a clique represents a group of individuals having a common
interest. Thus the clique-to-clique monophonic centrality have intresting application in social
networks. Throughout this paper, G denotes a connected graph with at least two vertices.

§2. Clique-to-Clique Monophonic Distance

Definition 2.1 Let ¢ be the set of all cliques in a connected graph G and C,C’ € (. A clique-
to-cligue C — C' path P is said to be a clique-to-clique C — C" monophonic path if P contains
no chords in G. The clique-to-clique monophonic distance d,,(C,C") is the length of a longest
C — C'" monophonic path in G. A C — C’ monophonic path of length d,,(C,C") is called a

clique-to-clique C' — C’ monophonic or simply C — C’ monophonic.

Example 2.2 Consider the graph G given in Fig 2.1. For the cliques C = {u, w} and C' = {v, z}
in G, the C — C’ paths are P, : u,v, P> : w, 2,z and P3 : w,z,y,2. Now P; and P; are C — C’
monophonic paths, while P; is not so. Also the clique-to-clique distance d(C,C") = 1, the
clique-to-clique monophonic distance d,,,(C,C’) = 2, and the clique-to-clique detour distance
D(C,C") = 3. Thus the clique-to-clique monophonic distance is different from both the clique-
to-clique distance and the clique-to-clique detour distance. Now it is clear that P; is a C' — C’
geodesic, P is a C' — C’ monophonic, and P3 is a C — C’ detour.

Y
x z
w
U v

Fig.2.1
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Keerthi Asir and Athisayanathan [4] showed that for any two cliques C' and C’ in a non-
trivial connected graph G of order n, 0 < d(C,C’) < D(C,C") < n — 2. Now we have the
following theorem.

Theorem 2.3 For any two cliques C and C' in a non-trivial connected graph G of order n,
0<d(C,C") <dn(C,C") < D(C,C") <n-—2.

Proof By definition d(C,C") < d,,(C,C"). If P is a unique C' — C’ path in G, then
d(C,C") = d,(C,C") = D(C,C"). Suppose that G contains more than one C' — C’ path. Let @
be a longest C' — C’ path in G.

Case 1. If @ does not contain a chord, then d,,(C,C") = D(C,C").

Case 2. If @ contains a chord, then d,,(C,C") < D(C,C"). O

Remark 2.4 The bounds in Theorem 2.3 are sharp. If G = K3, then 0 = d(C,C) = d,,,(C,C) =
D(C,C) =n—2. Also if G is a tree, then d(C,C") = d,,,(C,C") = D(C, ") for every cliques C
and C’ in G and the graph G given in Fig. 2.1, 0 < d(C,C") < d,,(C,C") < D(C,C") < n — 2.

Theorem 2.5 Let C and C' be any two adjacent cliques (C # C') in a connected graph G.
Then d,, (C,C") =n — 2 if and only if G is a cycle Cy,(n > 3).

Proof Assume that G is cycle Cy, : ui,u2, -, Up—1, Upn,u1(n > 4). Since any edge in G
is a clique, without loss of generality we assume that C' = {uj,us}, C' = {uy,,u1} be any two
adjacent cliques. Then there exists two distinct C' — C’ paths, say P; and P, such that P; : u;
is a trivial C'— C’ path of length 0 and P : ug,u3, -+ ,Up_1, U, is C — C’ monophonic path of
length n — 2. It is clear that d,,(C,C’) = n — 2. Conversely assume that for any two distinct
adjacent cliques C and C’ in a connected graph G, d,,(C,C’") = n — 2. We prove that G is a
cycle. Suppose that G is not a cycle. Then G must be either a tree or a cyclic graph.

Case 1. If G is a tree, then C' — C' path is trivial. So that d,,(C,C’) =0 < n — 2, which is a

contradiction.

Case 2. If G is a cyclic graph, then G must contain a cycle Cy : 1,2, -+, 24,21 of length
d<n.If C={x,z2} and C'" = {x,,, 71} then d,,(C,C") < n — 2, which is a contradiction. O

Since the length of a clique-to-clique monophonic path between any two cliques in K, ,, is

2, we have the following theorem.

Theorem 2.6 Let Ky m(n < m) be a complete bipartite graph with the partition Vi, Va of
V(Knm) such that |Vi| = n and |Va| = m. Let C and C' be any two cliques in K, m, then
dm(C,C") = 2.

Since every tree has unique clique-to-clique monophonic path, we have the following theo-
rem.

Theorem 2.7 If G is a tree, then d(C,C") = d,(C,C") = D(C,C") for every cliques C and
C’inG.
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The converse of the Theorem 2.7 is not true. For the graph G obtained from a complete
bipartite graph K, (n > 2) by joining the vertices of degree n by an edge. In such a graph
every clique C' is isomorphic to K3 and so for any two cliques C and C’, d(C,C") = d,,(C,C") =
D(C,C") =0, but G is not tree.

83. Clique-to-Clique Monophonic Center

Definition 3.1 Let G be a connected graph and let ¢ be the set of all cliques in G. The
clique-to-clique monophonic eccentricity em,(C) of a clique C in G is defined by em,(C) =
max {d,,(C,C") : C" € (}. A clique C" for which e, (C) = d,(C,C") is called a clique-to-clique
monophonic eccentric clique of C. The clique-to-clique monophonic radius of G is defined as,
Ry, = rady, (G) = min {e,,,(C) : C € ¢} and the clique-to-clique monophonic diameter of G is
defined as, Dy, = diampy,(G) = max {em,(C) : C € (}. A clique C in G is called a clique-to-
clique monophonic central clique if e, (C) = Ry, and the clique-to-clique monophonic center
of G is defined as, Cpy(G) = Ceny (G) = ({C € (:emy(C)=Rp,}). A cligue C in G is
called a clique-to-clique monophonic peripheral clique if €m,,(C) = Dy, and the clique-to-clique
monophonic periphery of G is defined as, Py, (G) = Perp,(G) = ({C € (: em,(C) = D, ).
If every clique of G is a clique-to-clique monophonic central clique, then G is called a clique-

to-clique monophonic self centered graph.

Example 3.2 For the graph G given in Fig.3.1, the set of all cliques are given by, ( =
{C1,C4,C3,C4,C5,Cs,C7,Cs,Cy} where C1 = {vy,v2,v3}, Co = {v3,v4}, C5 = {vg,v5,06},
Cy = {ve,vr}, Cs5 = {vr, v}, Cs = {vs,v10}, C7r = {vg,v10}, Cs = {v4,v9}, Co = {v10,v11, V12,
0137014}-

Us Ve vr
V2
V4 Vs
U3
V11
V1
o V12
V9 V10
V14 V13
Fig.3.1

The clique-to-clique eccentricity e3(C'), the clique-to-clique detour eccentricity eps(C), the
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clique-to-clique monophonic eccentricity e, (C) of all the cliques of G are given in Table 1.

Cliques C C; Cy C3 C; Cs Cg C; Cs Cy
es(C) 3 2 2 2 3 3 2 2 3
emy(C) 5 4 4 5 4 4 5 4 5
eps(C) 6 5 4 5 5 5 6 5 6

Table 1

The clique-to-clique monophonic eccentric clique of all the cliques of G are given in Table

Cliques C'  Clique-to-Clique Monophonic Eccentric Cliques

Cy C4,Cs,Cq, Cr, Cy

C7 01502703708

Cy C1,C2,Cs,C5
Table 2

The clique-to-clique radius r3 = 2, the clique-to-clique diameter ds = 3, the clique-to-
clique detour radius R3 = 4, the clique-to-clique detour diameter D3 = 6, the clique-to-clique
monophonic radius R,,, = 4 and the clique-to-clique monophonic diameter D,,, = 5. Also
it is clear that the clique-to-clique center C5(G) = ({Cq, Cs3,C4,C7,Cs}), the clique-to-clique
periphery P3(G) = ({C1, Cs, Cg, Co}), the clique-to-clique detour center Cps(G) = ({C3}), the
clique-to-clique detour periphery Pp3(G) = ({C1,C7,Cy}), the clique-to-clique monophonic
center Cp,,(G) = ({Cq, C5,Cs, Cg, Cs }), the clique-to-clique monophonic periphery P, (G) =
({C1,C4,C7,Co}).

The clique-to-clique monophonic radius R,,, and the clique-to-clique monophonic diameter

D,,, of some standard graphs are given in Table 3.

Graph G K, P,(n>3) Cp(n>4) W,(n>5) K,m(m>n)

R, 0 | 253 ] n—2 n—3 2
D,y 0 n—3 n—2 n—3 2
Table 3

Remark 3.3 The complete graph K, the cycle C,,, the wheel W,, and the complete bipartite
graph K, ,, are the clique-to-clique monophonic self centered graphs.

Remark 3.4 In a connected graph G, C3(G), Cp3(G), Cny(G) and Ps(G), Pp3(G), P, (G)
need not be same. For the graph G given in Fig 3.1, it is shown that C3(G), Cp3(G), Cp, (G)
and P3(G), Pp3(G), P, (G) are distinct.

~_
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Theorem 3.5 Let G be a connected graph of order n. Then

(1) 0<e3(C) <ems(C) <ep3(C) <n—2 for every cliqgue C in G;
(ii)O§T3§Rm3 §R3§n—2;
(ZZZ) 0§d3 SDmg §D3 STL—Q.

Proof This follows from Theorem 2.3. |

Remark 3.6 The bounds in Theorem 3.5(¢) are sharp. If G = K3, then 0 = e3(C) = e,,,,(C) =
ep3(C) =n —2. Also if G is a tree, then e3(C) = en, (C) = ep3(C) for every clique C in G
and the graph G given in Fig. 2.1, e3(C) < em;(C) < ep3(C), where C' = {u, w}.

In [1, 2] it is shown that in a connected graph G, the radius and diameter are related
by rad(G) < diam(G) < 2rad(G), the detour radius and detour diameter are related by
radp(GQ) < diamp(G) < 2radp(G), and Santhakumaran et. al. [7]showed that the monophonic
radius and monophonic diameter are related by rad,,(G) < diam,,(G). Also Santhakumaran
et. al. [6] showed that the clique-to-clique radius and clique-to-clique diameter are related by
r3 <ds < 2r3+1 and Keerthi Asir et. al. [4] showed that the upper inequality does not hold for
the clique-to-clique detour distance. The following example shows that the similar inequality

does not hold for the clique-to-clique monophonic distance.

Remark 3.7 For the graph G of order n > 7 obtained by identifying the central vertex of
the wheel W,,_1 = K; 4+ Cj,—2 and an end vertex of the path P». It is easy to verify that
Dy > 2Ry, and D,y > 2R, + 1.

Ostrand [5] showed that every two positive integers a and b with a < b < 2a are realizable
as the radius and diameter respectively of some connected graph, Chartrand et. al. [1] showed
that every two positive integers a and b with a < b < 2a are realizable as the detour radius and
detour diameter respectively of some connected graph, and Santhakumaran et. al. [7] showed
that every two positive integers a and b with a < b are realizable as the monophonic radius and
monophonic diameter respectively of some connected graph. Also Santhakumaran et. al. [6]
showed that every two positive integers a and b with a < b < 2a+ 1 are realizable as the clique-
to-clique radius and clique-to-clique diameter respectively of some connected graph. Keerthi
Asir et. al. [4] showed that every two positive integers a and b with 2 < a < b are realizable
as the clique-to-clique detour radius and clique-to-clique detour diameter respectively of some
connected graph. Now we have a realization theorem for the clique-to-clique monophonic radius

and the clique-to-clique monophonic diameter for some connected graph.

Theorem 3.8 For each pair a,b of positive integers with 2 < a < b, there exists a connected
graph G with R,,, = a and Dy,, =b.

Proof Our proof is divided into cases following.
Case 1. a=hb.

Let G = Cyqa : u1,u2, -+ ,Ugt2,u1 be a cycle of order a + 2. Then e, (uju;41) = a for
1 <i<a+2 Ttis easy to verify that every clique S in G with e,,,,(S) = a. Thus R, = a
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and D,,, =basa=>0.

Ua+1

Fig. 3.2
Case 2. 2<a<b<2a.
Let Coqo : ur,u2, -+ ,uqq2,u1 be a cycle of order a+2 and Py_q19 : v1,02, -+ ,Vp—qt2 be

a path of order b — a + 2. We construct the graph G of order b+ 3 by identifying the vertex u;
of Cyt2 and vy of Py_4y2 as shown in Fig. 3.2. It is easy to verify that

b—i+2, if 2<i< %2

(uiuss1) -
Ema \UiUit+1) =
’ b—a+i-1, if [%2]<i<a+]l,

and €, (V;v;41) = ati—1 if 2 <@ <b—a+1, em,(ususg) = €my (Uat1Uat2) = €ms (Up—allb—ar1) =
b, ems (U1U2) = €mg (U1Ua12) = €ms (V102) = a. Tt is easy to verify that there is no clique S in G
with e,,,(S) < a and there is no clique S” in G with e,,,(S") > b. Thus R,,, = a and D,,, = b
as a < b.

Case 3. a<b>2a.

Let G be a graph of order b + 2a + 4 obtained by identifying the central vertex of the
wheel Wypy3 = K; + Cpy2 and an end vertex of the path Po,yo, where Ky : vy, Cpyq :

UL, U, Upt2, U1 aNd Pagio t U1,09, -+ ,V9q42. The resulting graph G is shown in Fig.3.3.
U1
O - o O - e o
V2 U3 Va Va+1 V2a+2
Ub+-2

Fig. 3.3
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It is easy to verify that e, (viu;ui41) =b if 1 <i<b+2and

2a —i, if 1<i<a,

€ms (Uivi+1) = )
i—1

, if a<i<2a+2.

It is also easy to verify that there is no clique S in G with e,,,,(S) < a and there is no
clique S’ in G with e,,,(S") > b. Thus R,,,, = a and D,,,, = b as b > 2a. O

Santhakumaran et. al. [7] showed that every three positive integers a,b and ¢ with 3 < a <
b < c are realizable as the radius, monophonic radius and detour radius respectively of some
connected graph. Now we have a realization theorem for the clique-to-clique radius, clique-
to-clique monophonic radius and clique-to-clique detour radius respectively of some connected

graph.

Theorem 3.9 For any three positive integers a, b, c with 3 < a < b < ¢, there exists a connected
graph G such that rs = a, Ry, = b, R3 = c.

Proof The proof is divided into cases following.

Casel. a=b=c.

Let Pyt ug,ug, -+ ,Ugto and Py : 01,02, ..., Vq42 be two paths of order a+2. We construct
the graph G of order 2a+4 by joining u; in P; and vy in P> by an edge. It is easy to verify that
e3(u1v1) = emg (u1v1) = ep3(u1v1) = @, e3(Uittir1) = €ms (Uittir1) = ep3(Uitiy1) = a+1i if 1 <
i <a+1.

It is also easy to verify that there is no clique S in G with e3(S) < a,em,(S) < b and
eps(S) <c Thusrs =a, Ry, =band R3=casa=b=c.

Case 2. 3<a<b<ec

Let Py : wj,ug, - ,uqye and Py @ v1,v3, -+ ,Uq42 be two paths of order a + 2. Let
Q1 wi, W, ..., Wp—qt3 and Q2 : 21,22, ,Zb—at+3 be two paths of order b — a + 3. Let
Ky :xy,29, - ,xe—py1 and Ko @ y1,Y2, -+, Ye—bs+1 be two complete graphs of order ¢ — b + 1.

We construct the graph G of order 2¢ + 4 as follows: (i) identify the vertices uq in Py with w;
in @1 and also identify the vertices v1 in Py with z1 in Q2; (i7) identify the vertices uz in Py
with wp—q43 in Q1 and also identify the vertices zp_qt3 in Q2 with vs in Po; (4i7) identify the
vertices uq41 in P} with 27 in K3 and also identify the vertices z._p4+1 in Ky with u, in Py;
(iv) identify the vertices vg41 in Py with y; in K5 and also identify the vertices y.—p+1 in Ko
with v, in Py; (v) join each vertex w;(2 < ¢ < b—a+2) in 1 with uy in P; and join each
vertex z;(2 <i<b—a+2)in Q2 with vy in Ps (vi) join w1 in P; with vy in P,. The resulting
graph G is shown in Fig.3.4.
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:l{cfbﬁ»]:
U4 .
Ul L IR 6—o0—o0
Uq Ua+1 Ua+2
Va Va+1 Va+2
V1 O - o—o0——o0
V4 : :
chbJrl

Fig.3.4

It is easy to verify that esz(ujv1) = a,

a+1, if i=1,

e3(ugwiwiy1) =
a+ 2, if 2<i<b—a+2,
a+1, if i=1,
83(1)22’1'Zz'+1) =
a+2, if 2<i<b—a+2,
a-+1, if 3<i<a,
e3(uitip1) =
2a+1, if i=a+1,
a+1i, if 3<i<a,
83(Uivi+1):

2a+1, if i=a+1,

e3(K1) =2a, e3(K3)=2a, em,(uiv1)="h,

and e, (uaw;wip1) =b+1i, if 1<i<b—a+2, epn;(v2zizig1) =b+i, if 1<i<b—a+2,

2b—a+1i, if 3<i<a,

€mg (Uillit1) =
2b+ 1, if i=a+1,

2b—a+1, if 3<i<a,

€mg ('Ui'UiJrl) =
2b+1, if i=a+1,

ems (Kl) = 2b, €m3 (Kg) = 2b, €D3(U1’U1) = C,
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eD3(u2wiwi+1) =c+i, if 1<i<b—a+2, 3D3(U22i2i+1) =c+1i, if 1<i<b—a+2,

c+b—a+1+4+14 if 3<i<a,
eDS(uiuiJrl):
c+b+2, if i=a+1,

c+b—a+1+14, if 3<i<a,
ep3(Vivig1) =
c+b+2, if i=a+1,

ep3(K1) =c+b+1, ep3(K2)=c+b+1

It is also easy to verify that there is no clique S in G with e3(S) < a, epm,(S) < b and
eps(S) <c Thusrs =a, Ry, =band R3=casa<b<c.

Case 3. 3<a<b=c.

Let Py @ uj,ug, -+ ,Uqg,Ugte and Po @ v1,V9, - , Vg, Vgt2 be two paths of order a + 2.
Let Q1 : wy,wa, -+ ,wp—gt3 and Q2 : 21,29, -+ , 2p—q+3 be two paths of order b — a + 3. Let
E :2z;3<i<b—a+2)and F; : y;(3 <i < b—a+2) be 2(b — a) copies of K;. We
construct the graph G of order 4b — 2a + 6 as follows: (i) identify the vertices u; in P; with
wy in @1 and also identify the vertices v1 in P» with 21 in Q2; (i) identify the vertices uz in
Py with wp—q43 in Q1 and also identify the vertices zp_o43 in Q2 with vs in P (4i%) join each
vertex 2;(3 < i < b—a+ 2) with w;(3 < i < b—a+2) and u; and also join each vertex
yi(3<i<b—a+2) with 2;(3<i<b—a+2) and vy (iv) join w; in P; with v; in P,. The
resulting graph G is shown in Fig. 3.5.

u1l L o——o
Ua+1 Ua+2
Va+1 Va+2

U1 O -:rnt o——o

Fig.3.5
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It is easy to verify that es(ujv1) = a,

a+1, if i=1,
es(wiwiy1) = qa+2, if i=2,
a+ 3, if 3<i<b—a+2,

and eg(ujuir1) = a+1i, if 1 <i<a+1, es(ua;) = a+1,

if 3<i<b—a+2
es(wiz;) =a+2, if 3<i<b—a+2,en,(uivy) =",

b+1, if i=1
emy (Witip1) = 2 —a+5—i, if 2<i<|b=atd]
bt it [ <i<boa+
b+1, if i=1,

ems(Uitlip1) =20 —a+3, if i =2,
%—a+i, if 3<i<a+l,
and em,(ur1z;) =b+1, if 3<i<b—a+2,

20—a+6—i, if 3<i< [,

ems (WiT;) =
b+, if |4 <i<b—a-—2,
and eps(uivr) = ¢,
c+1, if =1,
ep3(Wiwir1) =4 2c—a+5—i, if 2<i< [=AEB ]
¢+, if || <i<b-a+2,
ct1, if i=1,
ep3(Uitiv1) = 2c—a+3, if i=2,

2c —a+1, if 3<i<a+41,
and epz(uix;) =c+1, if 3<i<b—a+2,

€D3 (wzxz) =

)

¢+, if [ <i<b-a+2.

2e—a+6—i, if 3<i< |[uD]

It is easy to verify that there is no clique S in G with e3(S) < a, e, (S) < band ep3(S) < c.

Thus r3 =a, R, =band R3=casa <b=c. O

Santhakumaran et. al. [7] showed that every three positive integers a,b and ¢ with 5 < a <

b < c are realizable as the diameter, monophonic diameter and detour diameter respectively of
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some connected graph. Now we have a realization theorem for the clique-to-clique diameter,
clique-to-clique monophonic diameter and clique-to-clique detour diameter respectively of some

connected graph.

Theorem 3.10 For any three positive integers a, b, c with4 < a < b < ¢, there ezists a connected
graph G such that d3 = a, Dy, = b and D3 = c.

Proof The proof is divided into cases following.
Casel. a=b=c
Let G = Pyy3 : up,uz, -+ ,uqrs be a path. Then

e3(uitti+1) = emy(uitiz1) = epa(uiipr) = . o
i— 2, if VTJ<Z§(1+2.

It is easy to verify that there is no clique S in G with e3(S) > a, e, (S) > band ep3(S) > c.
Thus dg = a, Dy, =band D3 =casa=b=c.

Case 2. 4<a<b<ec

Let Py : uq,ug, - ,uqy2 be a path of order a+2. Let Py : wy,wa, -+ ,wp—q13 be a path of
order b — a + 3. Let Ps : x1,x2 be a path of order 2. Let K7 : y1,¥2, - ,Ye—b+1 be a complete
graph of order ¢ — b+ 1. We construct the graph G of order ¢ + 3 as follows: (i) identify the
vertices u; in Py, wi in Py with x; in P3 and identify the vertices us in P; with wp_q43 in Ps;
(i) identify the vertices uq41 in Py with y; in K7 and identify the vertices u, in Py with ye_pi1
in Ky; (i44) join each vertex w;(2 < i < b— a+ 2) in P, with ug in P;. The resulting graph G
is shown in Fig.3.6. It is easy to verify

Ug Ua+1 Ua+2

Fig.3.6

that eg(z122) = a, e3(K1) = a — 1,

a—i, if 3<i<|g],

coluatis) = i—1, if || <i<a
9 2 —=
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a—1, if 1<i<b—a+1,
a—2

e3(ugwiwiy1) = b0t
if i=b—a+2,

3

and e, (122) = b, emy (K1) =b—1,

b—a+1i—1, if 3<i<a for b—a+i>a—1,
€ms (Uiui+1) =
if 3<i<a for b—a+i<a-—i,
b—i, if 1<i< || for |Z] <b—a+3,
ems(Uawiwip1) = qi—1, if |3] <i<b—a+3 for |5] <b—a+3,
if 1<i<b—a+3 for [4]>b—a+3,

and eDg(lez) = ¢, eDB(Kl) =0,

b—a+i, if 3<i<a for b—a+i>c—b+a—i—1,
ep3(uitit1) =
c—b+a—i—1, if 3<i<a for b—a+i<c—b+a—1i—1,

c—i—1, if ISiSL%J for {%J<c—b—|—1,
eps(uowjwit1) = qi—1, if [2] <i<b—a+3 for |2 <c—b+1,

c—i—1, if 1<i<b—a+3 for [§]>c—b+1

It is easy to verify that there is no clique S in G with e3(S) > a, epm,(S) > band ep3(S) > c.
Thus ds = a, Dy, =band D3 =casa <b<c.

Case 3. 4<a<b=c.

Let Py : up,ug, -+ ,uqr2 be a path of order a + 2. Let Ps : wi,ws, ..., wp—q+3 be a path
of order b—a+ 3. Let P; : 21,22 be a path of order 2. Let F; : ;(3<i<b—a+2)beab—a
copies of K7. We construct the graph G of order 2b — a + 4 as follows: (¢) identify the vertices
up in Py,wy in Py with z1 in Ps and also identify the vertices ug in Py with wp—q43 in Pa; (42)
join each vertex x;(3 < i < b—a+ 2) with ug in P, and w; in P,. The resulting graph G is
shown in Fig.3.7.

Wh—a+1

Wp—a+2

us U4q

Fig.3.7
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It is easy to verify that es(z122) = a,

es(usz;)) =a—2, if 3<i<b-—a+2,

a, if 1<i<b-—a,
es(wiwiy1) =a—1, if i=b—a+1,

a—2, ifi=b—a+2,
and eg(z;wi—1) =a—1, if 3<i<b—a+2, en,(r122) =0,

b—a+2, if 3<i<b—a+2 for b—a+3>a—2,

emg (U3®;) =
a—2, if 3<i<b—a+2 for b—a+3<a-—2,
b, if 1=1,
b—a+2, if i=2 for b—a+3>a-2 ,
ems (Uittir1) =< a — 2, if i=2 for b—a+3<a-2 ,

b—a+1i—1, if 3<i<a for b—a+3>a—2 ,
2 if 3<i<a for b—a+3<a-—2

3

if 1<qi<|[bgH],

a+i—1, if |[=aEl| <i<b—a+1,

Ems (WiWi41) = =5+
i—1, if i=b—a+2 for i >a-—2,
a—2, if i=b—a+2 for i <a-—2,

s (Wi _ow;_ if 3<i< |b=ats
€m3(fbiwi_1): m3( 1—2 Wy 1) = _L 2 Jv

Ems (Wi—1w;) if L“%ﬂ<i§b—a+2,
eps3(z172) = c,
c, if i=1,
c—a+2, if i=2 for b—a+3>a—-2 ,
ep3(uitiy1) = { a — 2, if i=2 for b—a+3<a-2 ,

c—a+1—1, if 3<i<a for b—a+3>a—2

)

a—1, if 3<i<a for b—a+3<a-2 ,



136 I. Keerthi Asir and S. Athisayanathan

c—1i, if 1<q<[=at|,

a+i—1, if =2l <i<b—a+1,
eDS(wiwiJrl): L 2 J

i—1, if i=b—a+2 for i >a-—2,

a—2, if i=b—a+2 for i<a-—2

eps(wi—ow;—) if 3<i <[4,

6D3(Iz‘wi71) =
eDg(wi,lwi) if LIH%EXJ <i§b—a+2,

c—a+2, if 3<i<b—a—+2 for b—a+3>a-2,

eps(uzx;) =
a—2, if 3<i<b—a+2 for b—a+3<a-2.

It is easy to verify that there is no clique S in G with e3(S) > a, e, (S) > band ep3(S) > c.
Thus dg = a, Dy, =band D3 =casa <b=c. O

In [2], it is shown that the center of every connected graph G lies in a single block of
G, Chartrand et. al. [1] showed that the detour center of every connected graph G lies in a
single block of G, and Santhakumaran et. al. [7] showed that the monophonic center of every
connected graph G lies in a single block of G. But Keerthi Asir et. al. [4] showed that the
clique-to-clique detour center of every connected graph G does not lie in a single block of G.

However the similar result is not true for the clique-to-clique monophonic center of a graph.

Remark 3.11 The clique-to-clique monophonic center of every connected graph G does not
lie in a single block of G. For the Path P, 1, the clique-to-clique monophonic center is always
Ps5, which does not lie in a single block.

We leave the following open problems.

Problem 3.12 Does there exist a connected graph G such that e3(C) # em, (C) # eps3(C) for
every clique C in G?

Problem 3.13 Is every graph a clique-to-clique monophonic center of some connected graph?

Problem 3.14 Characterize clique-to-clique monophonic self-centered graphs.
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Abstract: Let G = (V, E) be a simple graph. The neighborhood graph N(G) of a graph
G is the graph with the vertex set V U S where S is the set of all open neighborhood sets
of G and with vertices u,v € V(N(G)) adjacent if w € V and v is an open neighborhood set
containing u. In this paper, we obtain the domination number, the total domination number
and the independent domination number in the neighborhood graph. We also investigate

these parameters of domination on the join and the corona of two neighborhood graphs.

Key Words: Neighborhood graph, domination number, Smarandachely dominating k-set,

total domination, independent domination, join graph, corona graph.
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§1. Introduction

Let G = (V, E) be a simple graph with |V (G)| = n vertices and |E(G)| = m edges. The neigh-
borhood of a vertex u is denoted by N¢(u) and its degree |Ng(u)| by dege(u). The minimum
and maximum degree of a graph G are denoted by § = §(G) and A = A(G), respectively. The
open neighborhood of a set S C G is the set N(S) = U, ey (g) IV (v), and the closed neighbor-
hood of S is the set N[S] = N(S)US. A cut-vertex of a graph G is any vertex u € V(G) for
which induced subgraph G\ {u} has more components than G. A vertex with degree 1 is called
an end-vertex [1].

A dominating set is a set D of vertices of G such that every vertex outside D is dominated
by some vertex of D. The domination number of G, denoted by v(G), is the minimum size of a
dominating set of G, and generally, a vertex set D% of G is a Smarandachely dominating k-set
if each vertex of G is dominated by at least k vertices of S. Clearly, if k = 1, such a set D¥ is
nothing else but a dominating set of G. A dominating set D is a total dominating set of G if
every vertex of the graph is adjacent to at least one vertex in D. The total domination number

of G, denoted by 7:(G) is the minimum size of a total dominating set of G. A dominating

1Received December 26, 2016, Accepted November 27, 2017.
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set D is called an independent dominating set if D is an independent set. The independent
domination number of G denoted by 7;(G) is the minimum size of an independent dominating
set of G [1].

The join of two graphs G; and G2, denoted by G1 + G2, is the graph with vertex set
V(G1) UV(G2) and edge set E(G1) U E(G2) U {uwv|u € V(G1)andv € V(G2)}. The corona
of two graphs G and Gs is the graph G = G; o G formed from one copy of G; and |V (G1)|
copies of GG, where the ith vertex of G is adjacent to every vertex in the ith copy of Go. For
every v € V(G1), G is the copy of G2 whose vertices are attached one by one to the vertex
v. The corona G o K1, in particular, is the graph constructed from a copy of GG, where for each
vertex v € V(G), a new vertex v’ and a pendant edge vv’ are added [2].

We use K, C, and P, to denote a complete graph, a cycle and a path of the order n,
respectively. A complete bipartite graph denotes by K, ,, and the graph K , of order n+1 is
a star graph with one vertex of degree n and n end-vertices.

The neighborhood graph N(G) of a graph G is the graph with the vertex set V' U S where
S is the set of all open neighborhood sets of G and two vertices u and v in N(G) are adjacent
if u € V and v is an open neighborhood set containing u. In Figure 1, a graph G and its
neighborhood graph are shown. The open neighborhood sets in graph G are N(1) = {2,3,4},
N(2) ={1,3}, N(3) ={1,2} and N(4) = {1} [3].

{1}

4
1
1 (1,2 (1,3}
o) 3
2, 3,4}
2 3 .
G N(G)

Figure 1 The graph G and the neighborhood graph of G.

In this paper, we determine the domination number, total domination number and inde-
pendent domination number for the neighborhood graph of a graph G. Also, we consider the
join graph and the corona graph of two neighborhood graphs and investigate some parameters

of domination of these graphs.

82. Lemma and Preliminaries

In the text follows we recall some results that establish the domination number, the total

domination number and the independent domination number for graphs, that are of interest
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for our work.

Lemma 2.1([3]) If G be a graph without isolated vertex of order n and the size of m, then
N(G) is a bipartite graph with 2n vertices and 2m edges.

Lemma 2.2([3]) If T be a tree with n > 2, then N(T') = 2T.

Lemma 2.3 ([3]) For a cycle C,, with n > 3 vertices,

N(C) = 2C,, if nis even,
" Con  if nis odd.

Lemma 2.4 ([3])

(1) For1<m<n, N(Kmn)=2Knn;

(11) Forn>1, N(K,) = K,;
(ii1) A graph G is a r-regular if and only if N(G) is a r-regular graph.

Lemma 2.5 ([1]) Let v(G) be the domination number of a graph G, then

(i) Forn =3, y(Cn) =~(P) =T[51:
(”) W(Kn) = V(Kl,n) =1

(131) Y(Kmpn) = 2;

(iv) y(K,) = n.

Lemma 2.6 ([4]) If T be a tree of order n and l end-vertices, then

n—101+2

Y(T) > 3

Lemma 2.7 ([5]) Let G be a r-regular graph of order n. Then

n
r+1

Y(G) >

Lemma 2.8 ([6]) Let v be the total domination number of G. Then
(i) (Kn) = 7(Knm) =2;

5 if n =0 (mod4),
(@) n(Pn) =%(Cn)=q 22  ifn=2 (modd),
ntl

5 otherwise.

(#iii) Let T' be a nontrivial tree of order n and | end-vertices, then

n—I01+2

Y (T) > 5

(iv) Let G be a graph , then v(G) > 1+ ‘—g‘, where C' is the set of cut-vertices of G.
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Lemma 2.9 ([7]) Let v; be the independent domination number of G. Then
(i) %i(Pn) =%(Cn) = [3]
(”) ’Vi(Kn,m) = min{na m};

(iit) For a graph G with n vertices and the mazimum degree A,

[JA] <7(G) <n—A.

(i) If G is a bipartite graph of order n without isolated vertex, then

7i(G) <

oS

(v) For any tree T with n vertices and I end-vertices,

n+1
(T < ——.
7i(T) < 3

Lemma 2.10 ([8]) For any graph G, x(G) < A(G) + 1 where x(G) is the chromatic number
of G.

Lemma 2.11 ([9]) For any graph G, k(G) < 6(G), where k(G) is the connectivity of G.

§3. The Domination Number, the Total Domination Number and the
Independent Domination Number on N(G)

In this section, we propose the obtained results of some parameters of domination on a neigh-
borhood graph.

Theorem 3.1 Let the neighborhood graph of G be N(G), then

(i) Y(N(Pn)) =2[5];

2[5 ifnis even,
[2"1 zfn s odd.
(118) AN (K1) = A(N(Ky)) =
(iv) For2<n<m, V(N(Knym)) = 4;
(v) Formn >2,v(N(K,)) = 2n.

(i) Y(N(Cn)) =

Proof (i) Using Lemma 2.2, for n > 2, N(P ) = 2P,. So, it is sufficient to consider a

dominating set of P,,. By Lemma 2.5(i), v %1 Therefore,

(#4) If n is even then by Lemma 2.3, N(C,) = 2C,,. So, we consider a cycle C,, of order n
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and using Lemma 2.5(i), we have

N (Cw) = 21(Ca) = 2[5 ).

If n is odd, then since N(Cy,) is a cycle of order 2n so, y(N(Cy)) = v(Cay) = [22].

The segments on (iii), (iv) and (v) can be obtained similarly by applying Lemma 2.1,
Lemma 2.4 and Lemma 2.5. O

Theorem 3.2 Let T be a tree of order n with | end-vertices. Then

;(n _14+2) <A(N(T)) < n.

Proof Using Lemma 2.2, for every tree T, N(T) = 2T. So, we consider a tree T to
investigate its domination number. Thus, by Lemma 2.6, for every tree T of order n with [

end-vertices,

n—I01+2
A1) = P2
Therefore,
n—101+2
HN(T) = 2(T) 2 2(F ).

Since T is without isolated vertices so, N (T') is a graph without any isolated vertex. There-
fore, V(T) C V(N(T)) is a dominating set of N(T). Thus, v(N(T)) < n. It completes the
result. O

Theorem 3.3 Let G be a r-reqular graph. Then,

2n

Y(N(G)) > R

Proof Using Lemma 2.5(iit), since G is an r-regular graph so, N(G) is a r-regular graph
too. According to Lemma 2.1 and Lemma 2.7, we have

2n

AN (@) = =

Theorem 3.4 Let N(G) be a neighborhood graph of G. Then for every vertexr x € V(G),
dega () is equal with degy ().

Proof Assume z € V(G) and degg(z) = k. So, the neighborhood set of = is N(z) =
{y1, - ,yr} where y; € V(G). In graph N(G), = is adjacent to a vertex such as N(u) that
consists x. Then, z is adjacent to N(y;) for every 1 < i < k. Thus, degree of z is k in N(G).
Therefore, dega () = degn(a) (). |

Theorem 3.5 Let v(N(G)) be the domination number of N(G). For any graph G of order n
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with the maximum degree A(G),

[%X(G)} < ~(N(G)) < 2n - A(G).

Proof Let D be a dominating set of N(G). Each vertex of D can dominate at most itself
and A(N(G)) other vertices. Since by Theorem 3.4, A(N(G)) = A(G) so,

AN(E) = 11 = [ 5 |

Now, let v be a vertex with the maximum degree A(N(G)) and N[v] be a closed neighbor-
hood set of v in N(G). Then v dominates N[v] and the vertices in V(N (G)) \ N[v] dominate
themselves.

Hence, V(N(G)) \ Nv] is the dominating set of cardinality 2n — A(N(G)). So,

Y(N(G)) < 2n — AN(G)) = 2n — A(G). 0

We establish a relation between the domination number of N(G) and the chromatic number
X(G) of the graph G.

Theorem 3.6 For any graph G,

Y(N(G)) 4+ x(G) < 2n+ 1.

Proof By Theorem 3.5, v(N(G)) < 2n — A(G) and by Lemma 2.10, x(G) < A(G) + 1.
Thus,
Y(N(G)) +x(G) <2n+ 1. O

We obtain a relation between the domination number of N(G) and the connectivity «(G)

of G following.

Theorem 3.7 For any graph G,

VN(G)) + K(G) < 2n.

Proof By Theorem 3.5, v(N(G)) < 2n — A(G) and by Lemma 2.11, k(G) < §(G).
Therefore,
Y(N(@)) + &(G) <2n— A(G) + 6(G),

since, 6(G) < A(G) so,
Y(N(G)) + &(G) < 2n. O

The following theorem is an easy consequence of the definition of N(G), Lemmas 2.2-2.4
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and Lemma 2.8.

Theorem 3.8 Let the neighborhood graph of G be N(G) and v:(N(G)) be the total domination
number of N(G). Then

n if n =0 (mod4),
(1) n(N(Pn)) =7(N(Cp)) =q n+2 ifn=2(mod4),
n+1 otherwise,
(#3) For every n,m > 1, %(N(Kpm.n)) = 4;
(iit) For n > 2, (N(Kp)) = 4.

Theorem 3.9 Let G be a graph of order n without isolated vertices and with the maximum
degree A. Then,

[\

’Yt(N(G)) > K

Proof Let D be a total dominating set of N(G). Then, every vertex of V(N(G)) is
adjacent to some vertices of D. Since, every v € D can have at most A(N(G)) neighborhood,
it follows that A(N(G))v(N(G)) > |[V(N(G))| = 2n. By Theorem 3.4, A(N(G)) = A(G) = A
50, Ay (N(G)) > 2n. Therefore,

> —. O
WN @) 2 X

Theorem 3.10 Let T be a nontrivial tree of order n and | end-vertices. Then,

W(N(T) >n+2—1.

Proof Using Lemma 2.2, N(T') = 2T and so, v (N(T)) = 2v(T). By Lemma 2.8(iv),

n+2-—1

¥ (T) > 3

Therefore,
n+2-—1

5 ):n—|—2—l. O

WV (D)) = 23(T) 2 2(
Theorem 3.11 Let G be a graph with x cut-vertices. Then,

(N(GQ) > 1+ .

Proof Let C be the set of cut-vertices of N(G). Since for every cut-vertex u of G, u and
N (u) are both cut-vertices in N(G) so, |C| = 2z. By Lemma 2.8(iv), %(N(G)) > 1+ ‘—g‘

Therefore, we have

”Yt(N(G))Zl‘F%:l—F%E:l—FI. ]

Theorem 3.12 Let v;(G) be the independent domination number of G. Then
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%1 if n is even,
n

?w if n is odd.

Proof The theorem easily proves using Lemma 2.3, Lemma 2.4(%,4i), Lemma 2.5 and
Lemma 2.9(i, i4). O

Theorem 3.13 For a graph G with n vertices and the mazimum degree A,

[1 in& <%(N(G)) <2n—A.

Proof Tt is easy to see that N(G) is a graph of order 2n and the maximum degree A. So,

using Lemma 2.9(4i7) we have the result. O

We establish a relation between the independent domination number of N(G) and the

chromatic number x(G) of G.
Theorem 3.14 For any graph G,
7(N(G)) +x(G) <2n+1.
Proof By Theorem 3.13, 7;(N(G)) < 2n — A(G) and by Lemma 2.10, x(G) < A(G) + 1.

So,
7(N(GQ)) + x(G) <2n+1. 0O

The following theorem is the relation between the independent domination number of N (G)
and the connectivity x(G) of G.

Theorem 3.15 For any graph G,

7 (N(@)) + k(G) < 2n.

Proof By Theorem 3.13, v;(N(G)) < 2n — A(G) and by Lemma 2.11, x(G) < §(G). So,
7 (N(G)) + k(G) < 2n— A(G) + 6(G) < 2n. O
Theorem 3.16 Let G be a simple graph of order n and without any isolated vertex. Then

7 (N(G)) < n.
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Proof For every graph G with n vertices, N(G) is a bipartite graph of order 2n. Since G
doesn’t have any isolated vertex so, N(G) is a graph without isolated vertex. Thus, by Lemma

2.9(iv) we have

H(N@G) < 2 =n. 0

Theorem 3.17 Let T be a tree with n wvertices and | end-vertices without isolated vertices.
Then 5
W(N(T)) < 2(n+20)

Proof For every tree T', N(T') = 2T. Let v be an end-vertex of G. Then, the corresponding
vertices of v and N(v) are end-vertices in N(G). Thus, if T has | end-vertices then 2 end-

vertices are in N(T'). So, by Lemma 2.9(v) we have

n+2l)'

WD) = 23(1) < 2(25

84. The Results of the Combination of Neighborhood Graphs

In this section, we consider two graphs G; and G2 and study the join and the corona of their
neighborhood graphs in two cases. In Section 4.1, we consider two cases for the join of graphs: i)
the neighborhood graph of G; +G5 that denotes by N(G1+Gz), ii) the join of two graphs N(G1)
and N(Gz). So, the domination number, the total domination number and the independent
domination number of these graphs are obtained. In Section 4.2, we study the domination
number, the total domination number and the independent domination number on two cases

of the corona graphs: i) N(G;y o G2) and i) N(G1) o N(Ga).

4.1 The Join of Neighborhood Graphs

Let G be a simple graph of order n; with m; edges and G2 be a simple graph with ns vertices
and mo edges. By the definition of the join of two graphs, G; + G2 has ny + ns vertices and
m1 + ma2 + mymeg edges. So, the neighborhood graph of G; + G2 has 2(ny + nz) vertices and
2m edges where m = mj + ma + myms. For every x € V(G + G2) that € V(G1), we have
dega,+a,(x) = dega, (z) + ne. Also, if y € V(G1 + G2) and y € V(G2) then degg,+a,(y) =
dega,(y) + n1. On the other hand, using Theorem 3.4 we know that dega(z) = degn () ().
So, dega, +a,(x) = degn (G, +a,)(®). Thus, if x € V(G1), then degn (g, +a.)(7) = dega, (v) +n2
and if y € V(G2) then degn(a,+a.)(y) = dega, (y) + n1.

Now, let G; and G2 be simple graphs without any isolated vertex. Thus, the join of N(G1)
and N(G3) denotes N(G1) + N(Gz) of order 2(ny + nz). Also, N(G1 + G2) has 2my + 2mg +
4mymgy edges. Therefore, E(N(G1)+ N(G2)) = E(N(G1+ G2)) +2mims. Also, we can obtain
for every x € V(N(G1)), degn(c,)+n(as) () = degn(c,)(x) + 2n2 and for every y € V(G2),
degn (G,)+N(G2) (Y) = degn(ay) (y) + 2na.
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Theorem 4.1 Let G1 and Gy be simple graphs without isolated vertex. If order of Gy is nq
and A(G1) > ny — 1, then

Y(N(G1 + G2)) = 7i(N(G1 + G2)) = 2.

Proof Let x € V(G1) be a vertex with the maximum degree at least n; —1. So,  dominates
ny — 1 vertices of G1. Let D = {z, Ng,+,(x)} and Ng,+a,(x) be the open neighborhood set
of x in G1 + G5. Since, every vertex of G is adjacent to all of vertices of G2 in G1 + G2 so, the
degree of z in G1 + G is n; + ny — 1 and x dominates ny +ns — 1 in N(G1 4+ G2). Similarity,
N¢, +6,(z) dominates ny + ng — 1 vertices of N(G1 + G2). So, v(N(G1 + G2)) = |D| = 2.

Since,  and Ng,1q,(2) are not adjacent in N(Gy + G2). Thus, D is an independent
dominating set in N(G1 + G3). Therefore, v;(N(G1 + G3)) = 2. O

Theorem 4.2 Let Gy and G2 be simple graphs without isolated vertices. Then

2 <y(N(G1+G2)) < 4.

Proof 1t is clearly to obtain v(N(G1 + G2)) > 2. Let S = {z, Na,+¢.(2),y, Na1+c. (¥) }
where x € V(G;) and y € V(G32). Then, x dominates all of vertices of G2 in Gy + G2 and so,
all of vertices of N(G7 + G2) that are the corresponding set to the neighborhoods of V(G3).
Similarity, y € V(G2) dominates ny vertices of N(G1 + G2). It is shown that S is a dominating
set of N(G1 + G3). Therefore, the result holds. m

Theorem 4.3 For graphs G1 and G,

Y(N(G1 + G2)) = 4.

Proof Assume S = {x, N¢,+c,(%),y, Na,+c,(y)} where z € V(G1) and y € V(G2). The
vertex of Ng, +a,(x) in N(G1 + G2) is the corresponding vertex to the neighborhood of z in
(1. So, x dominates all of the vertices of G; and y dominates all of vertices of Gs. It is clearly
to see that z is adjacent to Ng, +¢,(y) and y is adjacent to Ng, +q, (). Therefore, S is a total
dominating set of N(G1 + G2) and we have v(N(G1 + G2)) < |S| = 4.

Let D be a total dominating set of N(Gy + G2) that |D| < 3. We can assume that
D = {xz,y, z}. Thus, we have the following cases.

Case 1. If z,y,z € V(G1 + G2), then since V(N(G1 + G2)) = V(G1 + G2) U S so, all of the
vertices S are dominated by D where S is the set of all open neighborhood sets of G + Ga.
But, each of vertices of V(G1 + G2) in V(N(G1 + G2)) is not dominated by D. Thus, it is a
contradiction.

Case 2. Let one of vertices of D be in V(G1+G2) and remained vertices be in S of N(G1+G2).
Without loss of generality suppose that € V(G1). So, x € V(G1 + G2) and y,z € S. since z
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doesn’t dominate Ng, ¢, (x) and y, z don’t dominate the corresponding vertices to y and z in
V(G1 4 G3) so, D is not the dominate set in N(G; + G2). So, it is a contradiction.

Therefore, v(N(G1 + G2)) > 4. O

Theorem 4.4 For graphs G1 and G,

(1) Y(N(G1) + N(Ga)) = 2;
(41) (N (G1) + N(Gz)) = 2.

Proof Using the definition of the total dominating set and the structure of the join of two

graphs, the result is hold. O

4.2 The Corona of Neighborhood Graphs

In this section, the results of the investigating of the corona on the neighborhood graphs are

proposed.

Theorem 4.5 Let G be a connected graph of order m and H any graph of order n. Then

Y(N(G)o N(H)) =2m.

Proof According to the definition of the corona G and H, for every v € N(G), V(v +
N(H)")NV(N(G)) = {v} in which N(H)" is copy of N(H) whose vertices are attached one by
one to the vertex v. Thus, {v} is a dominating set of v + N(H)" for v € V(N(G)). Therefore,
V(N(G)) is a dominating set of N(G) o N(H) and v(N(G) o N(H)) < 2m.

Let D be a dominating set of N(G) o N(H). We show that DN V(v + N(H)") is a
dominating set of v + N(H)" for every v € V(N(Q)).

If v € D, then {v} is a dominating set of v + N(H)". It follows that V(v + N(H)") N D
is a dominating set of v + N(H)". If v ¢ D and let € V(v + N(H)") \ D with & # v. Since,
D is a dominating set of N(G) o N(H), there exists y € D such that zy € E(N(G) o N(H)).
Then, y € V(N(H)”")N D and xy € E(v+ N(H)"). Therefore, it completes the result.

Since D NV (v + N(H)Y) is a dominating set of v + N(H)" for every v € V(N(G)) so,
Y(N(G)o N(H)) = |D| > 2m. It completes the proof. m

Theorem 4.6 Let G be a connected graph of order m and H any graph of order n. Then

1 (N(G) o N(H)) = 2m.

Proof Tt is easily to obtain that V(N (G)) is a total dominating set for N(G)o N(H). So,
1(N(G) o N(H)) < 2m.

Let D be a total dominating set of N(G) o N(H). Then, for every v € V(N(Q)), |V (v +
N(H)")ND| > 1. So, 7((N(G) o N(H)) = |D| > 2m. Therefore, 7 (N(G) o N(H)) =2m. O
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Theorem 4.7 Let G be a simple graph of order n without isolated vertex. Then

7i(N(G) o K1) = 2n.

Proof Tt is clearly that there exists 2n end-vertices in N(G) o K. Since, the set of these
end-vertices is the dominating set and the independent set in N(G) o K so, the result holds. O

Theorem 4.8 Let G be a simple graph without isolated vertex. Then
N(Go K1) 2 N(G)o K.

Proof Two graphs are isomorphism, if there exists the function bijection between the
vertex sets of these graphs. So, we consider the function f : V(N(Go K7)) — V(N(G) o Ky)
where for every v and v in V(N(Go K1)) if uv € E(N(Go Ky)) then f(u)f(v) € E(N(G)oKy).
It means that there exists an one to one correspondence between the vertex sets and the edge
sets of N(G o K1) and N(G) o K. We easily obtain the following results:

For N(G o K3), [V(N(G o K3))| = 2|[V(G o K1)| = 2(2n) = 4n and |E(N(G o K3))| =
2|E(G o K1)| =2(m + n). Also, for graph N(G) o K7, we have

[V(N(G) o Ky
[E(N(G) o K1)

2[lV(N(G))| = 4n,
2n+ |E(N(Q))| =2n+2m = 2(n + m).

For any = € V(N(G o K1)) with degn(gor,)(z) = 1, then z ¢ V(G) and z € V(N(G)).
On the other hand, if y € V(N(G) o K1) and degn(qyor, (y) = 1 then, y ¢ V(N(G)). Thus,
x € N(G o K;) is corresponding to y in N(G) o K;. Also, using Theorem 3.4, if x € V(G),
then degn(cok,)(x) = degaok, () and degn(G)ok, (¥) = degaor, (x). Therefore, if x € V(G)
then, the degree of x in N(G o K7) is equal with the degree of z in N(G) o K;. These results
are shown that there exists an one to one correspondence between two graphs N(G) o K3 and
N(Go Ky). O

Theorem 4.8 is shown that the obtained results on some parameters of domination of two
graphs N(G o K1) and N(G) o K are equal. So, Theorems 4.5-4.7 hold for N(G o K;) for any
graph G.
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Abstract: A graph with n vertices is said to admit a prime labeling if it’s vertices are
labeled with distinct integers 1,2,--- ,n such that for edge zy , the labels assigned to z
and y are relatively prime. The graph that admits a prime labeling is said to be prime.
G. Sethuraman has introduced concept of supersubdivision of a graph. In the light of this

concept, we have proved that supersubdivision by Kp 2 of star, cycle and ladder are prime.

Key Words: Star, ladder, cycle, subdivision of graphs, supersubdivision of graphs, prime

labeling, Smarandachely prime labeling.

AMS(2010): 05C78.

§1. Introduction

We consider finite undirected graphs without loops, also without multiple edges. G Sethuraman
and P. Selvaraju [2] have introduced supersubdivision of graphs and proved that there exists
a graceful arbitrary supersubdivision of C},,n > 3 with certain conditions. Alka Kanetkar has
proved that grids are prime [1]. Some results on prime labeling for some cycle related graphs
were established by S.K. Vaidya and K.K.Kanani [6]. It was appealing to study prime labeling

of supersubdivisions of some families of graphs.

82. Definitions
Definition 2.1(Star) A star S, is the complete bipartite graph Ki , a tree with one internal

node and n leaves, for n > 1.

Definition 2.2(Ladder) A ladder L,, is defined by L, = P, x Py here P, is a path of length n

, X denotes Cartesian product. L, has 2n vertices and 3n — 2 edges.

Definition 2.3(Cycle) A cycle is a graph with an equal number of vertices and edges where

vertices can be placed around circle so that two vertices are adjacent if and only if they appear

1Received January 9, 2017, Accepted November 28, 2017.
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consecutively along the circle. The cycle is denoted by C,.

Definition 2.4(Subdivision of a Graph) Let G be a graph with p vertices and q edges. A graph
H is said to be a subdivision of G if H is obtained by subdividing every edge of G exactly once.
H is denoted by S(G). Thus, |V| =p+q and |E| = 2q.

Definition 2.5(Supersubdivision of a Graph) Let G be a graph with p vertices and q edges. A
graph H is said to be a supersubdivision of G if it is obtained from G by replacing every edge
e of G by a complete bipartite graph Ka.,. H is denoted by SS(G). Thus, |V| = p+ mq and
|E| = 2mgq.

Definition 2.6(Prime Labelling) A prime labeling of a graph is an injective function f :
V(G) —{1,2,--- ,|[V(G)|} such that for every pair of adjacent vertices u and v, ged (f (u), f (v))
=1 i.e.labels of any two adjacent vertices are relatively prime. A graph is said to be prime if it
has a prime labeling.

Generally, a labeling is called Smarandachely prime on a graph H by Smarandachely denied
aziom ([5], [8]) if there is such a labeling f : V(G) — {1,2,--- ,|[V(G)|} on G that for every
edge wv not in subgraphs of G isomorphic to H, ged (f (u), f (v)) = 1.

For a complete bipartite graph Ks ,,, we call the part consisting of two vertices, the 2

vertices part of K3 ,,) and the part consisting of m vertices, the m-vertices part of K3, in this

paper.

83. Main Results

Theorem 3.1 A supersubdivision of S, i.e. SS(Sy) is prime for m = 2.

Proof Let u be the internal node i.e.centre vertex. Let vy,vs,- - ,v, be endpoints. Let

vh v i=1,2,--- ,n be vertices of graph K> » replacing edge uv;. Here, |V| = 3n + 1.

R

Let f:V —{1,2,...,3n+ 1} be defined as follows:

flu)=1,

I (v;) = 34, 1=1,2,---,n,
fvl-l):?)i—l, 1=1,2,---,n,
f(v?) =3i+1, i=1,2,---,n.

As f(u) =1, ged(f (), f(v})) =1and ged(f(u),f (v})) =1.
As successive integers are coprime, gcd (f (vll) . f (’UZ‘)) =(3i—1,3i) =1 and ged (f (vf) ,

f(vi)) = (3i+1,3i) = 1. Thus SS(S,) is prime. O

Let C,, be a cycle of length n. Let ¢1, ¢, - -+ , ¢, be the vertices of cycle. Let ci—fiﬂ, k=1,2
be the vertices of the bipartite graph that replaces the edge cjc;41 for i = 1,2,--- 'n—1 Let
Cﬁ,p k = 1,2 be the vertices of the bipartite graph that replaces the edge c,c;. To illustrate

these notations a figure is shown below.
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Fig.1 Graph with n = 7 with general vertex labels

Theorem 3.2 A supersubdivision of C,, i.e. SS(Cy,) is prime for m = 2.

Proof Let p1,ps2,---,pr be primes such that 3 < p; < p2 < p3--+ < px < 3n such that if
p is any prime from 3 to 3n then p = p; for some i between 1 to k.

Define Sy = {S,/S2, = 2%,i € N such that S, < 3n}. Choose greatest i such that p; <n
and denote it by I. Let Sy, = {Sp, /Sp,, =p1 x4, 1€ {2,3, - ,n}\{pi, i1, s Pi—(n—r-2)}-
Define f: V — {1,2,...,3n} using following algorithm.

Case 1. n=3to8.
In this case, k = n.

Step 1. f(c,) =p, for r=1,2,-- kand f(cf,) =1

Step 2. Choose greatest ¢, such that 2p; < 3n and denote it by r. Define S, for
J=2,3,---,rsuch that Sp, <S5, tobeS, = {Spn/spn =p; Xi,i € {2,3, S B—ﬂ }}

Step 3. Fori=2,3,--- ,n, k=1,2. Label cﬁH_l using elements of S;,; in increasing order
starting from j = 1,2,--- ,r and then by elements of Sy in increasing order.

Step 4. Choose greatest i such that 2° < 3n. Label ¢} |, k=1,2as 21,2072,

Step 5. Label 0%72 as 2°.
Case 2. n=9to 11
In this case, k + 1 =n.

Step 1‘ f(cr):pr fo’]" ’]":1,27.,.7k a.nd f(cn)zl.
Step 2. Choose greatest i, such that 2p; < 3n and denote it by r. Define S, for
j = 2737" T such that Spji71 < Spji to be Spj = {Spji/spji =Dbj x 272 = {2737. o ’Vg_n—‘}}

bj
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Step 3. Fori=2,3,---,nand k = 1,2, label cf)i_H using elements of S}, in increasing
order starting from j = 1,2,...,r and then by elements of S5 in increasing order.

Step 4. Choose greatest i such that 2 < 3n. Label cﬁyl, k=1,2as 2172 2173,

Step 5. Label ¢f 5,k = 1,2 as 2 and 2/~ 1.

Case 3. n > 12.

Step 1. f(c;) =pr for r=1,2,--- k.

Step 2. f(cpy1)=1.

For j=1,2,---,n—k—2, f(cn—;) = 3p1—j.

Step 3. Choose greatest i, such that 2p; < 3n and denote it by r. Define S, for
Jj=2,3,---,rsuch that Sp, <S5, tobe

3], )
Sp; = {Spu/spy‘i =pj X i,i€ {2737"' ’ {p—n-‘}\U{kxpT/kEN}}
J r=1

Step 4. Fori=2,3,--- ,n and k = 1,2. Label cﬁiﬂ using elements of Sj. in increasing
order starting from j = 1,2,...,r and then by elements of Sy in increasing order.

Step 5. Choose greatest i such that 2¢ < 3n. Label cfhl, k=1,2as272 273,

Step 6. Label c’f72, k=1,2 as 2" and 2¢1.

In this case, labels of vertices c¢1,ca, -+ ,c; are prime . Vertices cx11, to ¢, get labels
which are multiples by 3 of pi,pi—1, -+, Di—(n—k—2)- Apart from these labels and 3 itself, we
have k — 1 more multiples of 3. Thus k& — 1 vertices of the type Cg,z‘+1= 2<i< [%W ,j=1,2
will get labels as multiples of 3. And hence are relatively prime to labels of corresponding ¢/s.

Similarly, for multiples of 5,7 and so on. Thus, SS (C,,) is prime. O

Theorem 3.3 A supersubdivision of Ly, i.e. SS(L,) is prime for m = 2.

Proof Let ui,ug,--- .u, and vi,ve, - ,v, be the vertices of the two paths in L,. Let
UiUjy1, V041 for ¢ = 1,2,--- . n — 1 and wv; for ¢ = 1,2,--- ., n — 1,n be the edges of
L,. Let :vf,k = 1,2 be the vertices of bipartite graph K52 replacing the edge u;uit1,7 =
1,2,--- ,n—1. Let yf, k=1,2,---,m be the vertices of the bipartite graph K3 5 replacing the
edge vy iUp_i_1,i=1,2,--- ,n—1. Let wF k = 1,2 be the vertices of the bipartite graph K o
replacing the edge u;v; fort =1,2,--- ;'n—1,n.

Thus, |V]| =2n+2n+2(n—1)+2(n—1) = 8n — 4. Let p1,pa, - -+, pr be primes such that
3 <p; <p2 <psg--- < pr < 3n such that if p is any prime between 3 to 3n then p = p; for
some % between 1 to k. Choose greatest ¢, such that 2p; < 8n — 4 and denote it by 7.

Define S, for j =2,3,---,r such that S,, =<5y, to be

—4 i—1
Spy = {Spji/spn =p; xiji€ {2,3,--~ : [S”p‘ H\U {r xpr/kEN}}-

J r=1

Define Sy = {S5,/S2, = 2',i € N such that Sy, < 3n} and a labeling from V — {1,2,---,8n —

4} as follows.
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Case 1. n=2.

In this case, k = 2n. Let X = {w}, w3, yi,y?, wi, wi,z?} be an ordered set. Define S,
such that S, = {Spli/spli —pixi=3xii€ {2,3,-.. , [M]}}

Pj
Step 1. f(u.)=p, forr =1,2.
Step 2. f(Un—r) = Prtril forr =0,1.
Step 3. f (:E%) =1.
Step 4. Label elements of X in order by using elements of S),; in increasing order starting

with j =1,2,--- ,r and then using elements of Sy in increasing order.

Case 2. n =3 and 6.

In this case, k = 2n+1. Let X = {x%,x%,xé,--- ,x}l_l,xi_l,y%,y%,y%,--- ,y}l_l,y%_l,w},
wi,wl, - wl w?} be an ordered set. Define S, such that
8n — 4
Spl_{Splv/Splv—pIXi—3XiaZ‘€{2v3a"'a’7n —‘}}
K2 K2 p]
Step 1. f(u.)=p, forr=1,2,---,n.

Step 2. f(Un—r) = Prtril forr=0,1,---,n—1.
Step 3. f (:E%) =1and f (:C%) = pk.
Step 4. Label elements of X in order by using elements of S),; in increasing order starting

with j =1,2,--- ,r and then using elements of Sy in increasing order.

Case 3. n=4,5and 7 to 11.

In this case, k = 2n. Let X = {x%,x%,xé,--- ,x}l_l,xi_l,y%,y%,y%,--- ,y}l_l,yi_l,w%,w%,
wh, -+ wh w2, 23} be an ordered set. Define S, such that
8 —4
Spl_{Splv/Splv—pIXi—3XiaZ‘€{2v3a"'a’7n —‘}}
K2 K2 p]
Step 1. f(u.)=p, forr=1,2,---,n.

Step 2. f(Un—r) = Prtril forr=0,1,...,n— 1.
Step 3. f (:C%) =1.
Step 4. Label elements of X in order by using elements of S),; in increasing order starting

with j =1,2,--- ,r and then using elements of Sy in increasing order.

Case 4. n > 12.

_ 1 .2 1 1 2 1,2 ,1 1 2 1 2 1 1 2
Let X = {$27x2,$3,--- 11T 1,91, Y15 Y2, s Yn—15Yn—15 Wy Wy, Wy g, 7w17w1}

be an ordered set. Choose greatest i, such that p; < (8"3’ 4} and denote it by [.

Step 1. f(u.)=p, forr=1,2,---,n.

Step 2. f(v;) =3p—(r—1) forr=1,2,---,2n—k.

Step 3. f(Un—r) = Prtri1 forr=0,1,--- ,n—(2n—k+1).

Step 4. Sy, = {Sp,,/Sp, =p1 x i, i€ {23, [T\ {pr.pi-1, - P @n—k-1) }-
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Step 5. Label elements of X in order by using elements of S),; in increasing order starting
with 7 =1,2,--- ,r and then using elements of S3 in increasing order.
Step 6. Choose greatest i such that 2¢ < 3n. Label z1, 2% as 2* and 2¢71.

In the above labeling, vertices ujs and v)s receive prime labels. Vertices z}s, y;s,wjs
adjacent to u}s,v}s are labeled with numbers which are multiples of 3 followed by multiples of
5 and so on. Since m = 2(small), labels are not multiples of respective primes. Thus SS (L)

prime. O
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We know nothing of what will happen in future, but by the analogy of past
eTperience.

By Abraham Lincoln, an American president.
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