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§1. Introduction

The notion of locally symmetric and Ricci symmetric Riemannian manifold began with work
of Cartan [10] and Eisenhert[8] respectively. A Riemannian manifold is said to be locally

symmetric if its curvature tensor R satisfies the relation
VR =0, (1)

where V is the operator of covariant differentiation w.r.t. the metric tensor g. Again a Ricci

symmetric manifold is a Riemannian manifold with the Ricci tensor S of type (0,2) satisfying
VS =0. (2)

After them these notions have flowed in several branches such as recurrent manifold, Ricci-
recurrent manifold, semi-symmetric manifold, pseudo-symmetric manifold[4], pseudo Ricci-
symmetric manifold[6] and so on.

A non flat Riemannian manifold (M™,g), (n > 2) is said to be pseudo Ricci symmetric
manifold ((PRS),)[5] if Ricci tensor S is not identically zero and satisfies

(VxS)(Y, Z) = 2A(X)S(Y, Z) + A(Y)S(X, Z) + A(Z)S(X,Y), (3)

1Received February 17, 2015, Accepted November 20, 2015.
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where A is nonzero 1-form satisfying

9(X,U) = A(X) (4)

for a particular vector field U.
A non flat Riemannian manifold (M™, g), (n > 2) is said to be semi pseudo Ricci symmetric
manifold ((SPRS),)[2] if Ricci tensor S is not identically zero and satisfies

(VxS)(Y,Z)=AY)S(X,Z)+ A(Z)S(X,Y), (5)
where A is nonzero 1-form satisfying
9(X,U) = A(X) (6)

for a particular vector field U.
A non flat Riemannian manifold (M™,g), (n > 2) is said to be generalised semi pseudo
Ricei symmetric manifold (G(SPRS),,)[1] if Ricci tensor S is not identically zero and satisfies

(VxS)(Y, 2) = A(Y)S(X, Z) + B(2)S(X,Y) (7)
where A, B are nonzero 1-forms satisfying
9(X,V) = A(X) (8)

9(X, W) = B(X) (9)

for particular vector fields V, W respectively.

From the above definition we observe that when 6 = A — B is identically zero, G(SPRS),,
reduces (SPRS),.

Consider a non flat Riemannian manifold (M™,g), (n > 2)with a Riemannian connection
V. We define a linear connection D on M by

DxY =VxY +H(X,)Y), (10)

where H is a tensor field of type (0, 2).
Now D is said to be quarter symmetric connection on M if the torsion tensor T  with

respect to D satisfies

T(X,Y) =n(Y)QX —n(X)QY, (11)

where @ is the symmetric endomorphism of the tangent space at each point of a G(SPRS),
corresponding to the Ricci tensor S.

D is said to be metric connection if
(Dxg)(Y,Z) = 0. (12)

The above relations will be used in the followings.
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§2. Preliminaries

Let a non flat Riemannian manifold (M™, g), (n > 2) which is G(SPRS),, and Q be the sym-
metric endomorphism of the tangent space at each point of M corresponding to the Ricci tensor
S. Then M satisfies (7) and

9(RQX,Y)=5(X,Y). (13)

Again from (7) we can get
(Vx9)(Y,Z2) = (VyS)(X, 2) = A(Y)S(X, Z) — A(X)S(Y, Z). (14)
Contracting above with respect to Y and Z, we have
dr(X) = 2A(X) — 2A(X)r, (15)
where A(X) = A(QX).

Now let V be the Riemannian connection and D be a quarter symmetric metric connection
on M and T is the torsion tensor with respect to D. Then from (10) and (12), we have,

g(H(X,Y),Z)+g(H(X,Z),Y)=0. (16)
From (10) and (11) we can obtain,
H(X,Y)— H(Y,X) = AY)QX — A(X)QY. (17)
Then (16) and (17) gives us the following,
H(X,Y) = A(Y)QX — S(X,Y)V, (18)
where V is a particular vector field such that g(X,V) = A(X). Then (10) can be written as

DxY =VxY + A(Y)QX — S(X,Y)V. (19)

83. Curvature Tensor with Respect to a Quarter Symmetric

Metric Connection on G(SPRS),

Let R, S,r be the curvature tensor, Ricci tensor, and scalar curvature respectively with respect
to Reimannian connection V on M. Again let R, S, 7 be the curvature tensor, Ricci tensor, and
scalar curvature respectively with respect to a quarter symmetric metric connection D on M.
Then

R(X,Y,Z) = DxDyZ — DyDxZ — Dix 7. (20)
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Then (14), (19) and (20) gives us,

R(X,Y,Z)=R(X,Y,Z)+ [(VxA)(Z) - A(X)A(Z) + %S(X, Z)A(V)]QY

~[(Vy A)(Z) ~ AYV)AZ) + 5S(V, D) AV QX

+S(X, Z)[VyV — AY)V + % AV)QY] (21)
— S(Y, Z)[VxV — A(X)V + %A(V)QX],
Now let
X, 2) = (Vx)2) = ACOAZ) + 386 DAW) = o(1.2), (22)

where L is the symmetric endomorphism corresponding to the Ricci tensor with respect to the

quarter symmetric metric connection D on M.

Hence (21) can be reduced to

R(X,Y,Z)=R(X,Y,Z) + XX, Z2)QY — A(Y, Z)QX + S(X, Z)LY — S(Y,Z)LX.  (23)

Thus we can state the followings.

Theorem 1 If an G(SPRS), admits a quarter symmetric metric connection D, then the
curvature tensor with respect to D is of the form (23).

Corollary 1 On a G(SPRS),, admitting a quarter symmetric metric connection D, A defined
by (22) is symmetric iff A is closed.

Corollary 2 On a G(SPRS),, admitting a quarter symmetric metric connection D ,the neces-
sary and sufficient condition for R = R is that

ANX, 2)QY =AY, 2)QX + S(X,Z)LY — S(Y,Z)LX =0, (24)

where \ is defined by (22).

84. Ricci Tensor and Scalar Curvature with Respect to a Quarter Symmetric

Metric Connection on G(SPRS),

Now contracting (23) with respect to X we get,

S(Y,Z) = S(Y,Z) + NQY, Z) —rA(Y, Z) + (Y, QZ) — aS(Y, Z), (25)

where

0= trL = divA+ %A(p). (26)
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Again contracting (25) with respect to Y, Z and using (22) and (15) we can get,
F=r+(VoxA)(X)+ (VxA)(QX) — dr(X)A(X) + 2A(X)A(X)r. (27)
These give us the following theorem.

Theorem 2 If an G(SPRS),, admits a quarter symmetric metric connection D, then the Ricci

tensor and scalar curvature with respect to D is of the form (25) and (27) respectively.

§5. Examples

Let us consider M3 be an open subsets of R? with the basis {e1, €2, e3} where

1 0 0 0
s e L Rl oAl Bl (28)
Let us define the metric g as
17 1 - J
g(ei,ej) = .
0, otherwise.
Then form of the metric is
g = gijda'da? = (x'2*)?*(dz')? + (do?)? + (da?)?, 4,5 =1,2,3. (29)
Obviously it is a Riemannian metric. Then the Ricci tensor is
511 = ($1)2, 51171 = 25[:1 (30)

and all others vanish identically, where ( , ) denotes the covariant differentiation with respect

to metric g.

Now we define

Ai(z) = z and Bi(z)=4 °
0, otherwise 0, otherwise,
for any point x € M, Then
S11 = A1511 + B1S11 (31)

and all other forms vanish identically. The relation (31) implies that the above Riemannian
manifold(M3, g) is a G(SPRS)s.

Now let the symmetric endomorphism ) defined by

Qle1) = (551)2617 Qe2) = e3, Qe3) =ez (32)
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and let the vector field V = —Jre; so that A(X) = g(X, V). Then we get,
leie;] =0, ¥ i,j=123. (33)
Then using Koszul’s formula we have
Vee; =0, V i,j=1,23, (34)

where V is Levi-Civita connection with respect to g.
Again using (19) we can define a connection D on M as follows:

1 1
Dezel = —Feg,D%el = ——€9 (35)

2l
and all others vanish identically.

Using (11) we can find the torsion tensor with respect to D as follows:

1 1
T(er,e2) = ;63,71(61763) = 7€ (36)

and all others vanish identically.

Using (12) we have

(De,g)(e2,€3) = (Deyg)(e1,€3) = (Deyg)(e2,e1) = 0. (37)

The above approves that D is a quarter symmetric metric connection on M. Thus (M3, g)

is a G(SPRS)3 with a quarter symmetric metric connection D.
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§1. Introduction

A continuous function f = u + iv is a complex valued harmonic function in a complex domain
C if both u and v are real harmonic in C. In any simply connected domain D € C we can write
f(2) = h+3, where h and g are analytic in D. We call & the analytic part and g the co-analytic
part of f. A necessary and sufficient condition for f to be locally univalent and sense-preserving
in D is that |A/'(2)| > |¢'(2)| in D, (see [14]).

Denote by SH the class of functions f(z) = h + g that are harmonic univalent and
orientation preserving in the open unit disk &4 = {z : z € C and |z| < 1}, for which
f(0) = f.(0) —1 = 0. Then for f(z) = h+g € SH , we may express the analytic func-

tions f and g as

h(z) =2+ anz", 9(z) = > bu", lby| < 1. (1)
n=2

n=1

Note that SH reduces to the class S of normalized analytic univalent functions if the

1Received March 25, 2015, Accepted November 21, 2015.
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co-analytic part of its members is zero. For this class the function f(z) may be expressed as
o0
fR) =2+ anz", 2)
n=2

A function f(z) = h+ g with h and g given by (1) is said to be harmonic starlike of order
Blor (0< B <1, for|z|=r<1if

9 (arg f(rei®)) = 3 7%]“(7“(31'9) _pd )~ 2g(2)
(96‘( gf( ))_ { f(rew) }_%{ h(z)+m }Zﬁ

The class of all harmonic starlike functions of order 3 is denoted by Sy, (/) and extensively
studied by Jahangiri ([1]). The cases § = 0 and b; = 1 were studied by Silverman and Silvia
([2]) and Silverman ([6]).

Definition 1.1 Let k be a positive integer. A domain D is said to be k-fold symmetric if a

rotation of D about the origin through an angle 27” carries D onto itself. A function f is said

to be k-fold symmetric in U if for every z in U

The family of all k-fold symmetric functions is denoted by S* and for k = 2 we get class

of the odd univalent functions.

The notion of (j, k)-symmetrical functions (k = 2,3,--- ; j =0,1,2,---,k—1) is a
generalization of the notion of even, odd, k-symmetrical functions and also generalize the well-
known result that each function defined on a symmetrical subset can be uniquely expressed as

the sum of an even function and an odd function.

The theory of (j, k) symmetrical functions has many interesting applications, for instance
in the investigation of the set of fixed points of mappings, for the estimation of the absolute
value of some integrals, and for obtaining some results of the type of Cartan uniqueness theorem
for holomorphic mappings ([12]).

Definition 1.2 Let e = (e%) and j =0,1,2,---  k — 1 where k > 2 is a natural number. A
function f:U — C is called (j, k)-symmetrical if

flez) =€ f(2), zelU.

We note that the family of all (j, k)-symmetric functions is denoted be SU*) . Also, S(0:2),
S12) and SUF) are called even, odd and k-symmetric functions respectively. We have the

following decomposition theorem.

Theorem 1.3([12]) For every mapping f : D — C, and D is a k-fold symmetric set, there
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exists exactly the sequence of (j, k)- symmetrical functions f; j,

k—1
FE) =Y fik2)
§=0

where

k—1
fiale) = £ e (), ®)
v=0

(feA k=1,2,---:j=0,1,2,--+  k—1)

From (3) we can get

k—1 k—1 %)
1 —vj v 1 —vij v\
fj,k(z)zng Tf(e Z):EZE ]<Zan(5 z) ),
v=0 v=0 n=1
then

fik(2) i& " 1 ) 1§ (n—j)v 1, n=Ilk+j; )

ik(2) = n,jaAnZ , a1 = yOn,g = 7 IS = ,

! n=1 ’ ’ kv:O 07 n7£lk+ja

Ahuja and Jahangiri ([3]) discussed the class SH(3) which denotes the class of complex-

valued, sense-preserving, harmonic univalent functions f of the form (1) and satisfying

0 6
%{f( 255 f (re'”) )}>5, 0<p<l.

rei?) — f(—re¥?

The authors ([13]) introduced and discussed the class SH'j, k)(8) which denotes the class of

complex-valued, sense-preserving, harmonic univalent functions f of the form (1) and satisfying

o i0
25/ (re’”)
QR QUL 0<B<1.
{ fwtrem) [ 7P 050
For f = h+7 where h and g are given by (1), Jahangiri ([15]) defined the modified Salagean

operator of f as

DAf(Z):DAI’L(Z)—F(—l))\D)‘g(Z), A:05172a"' ) (5)

where - -
D Mh(z) =z + Z nra, 2", DAg(z) = Z n b, 2" (6)

n=2 n=1

Now using Salidgean operator D* and the concepts of (4, k)—symmetric points we define
the following.

Definition 1.4 For 0 < g < 1land k = 1,2,3,---, j =0,1,--- k=1, € Ny, b # 0,
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let SHg’k(ﬁ, A, b) denote the class of harmonic functions f of the form (1) which satisfy the

condition . "
2  2DMf(z
%{1_5+7bD>‘f3)k(2)}>6, (7)
where
DA fjk(2) = 6152 + Zn Onjanz™ + ( AZ nA8,, by 2" (8)
n=2

and 0, ; is defined by (4).

Let ﬁi’k(ﬁ,)\,b) denote the subclass of SHZ¥(3,\,b) consist of harmonic functions of
fx = hx + gx such that hy and gx are of the form

ha(z) =2 = lanlz",  ga(z) = (=D} Y [balo™. (9)
n=2 n=1
Since
rrhjg = 01,2+ Z On,jan2", 9k Z Op,jbn 2" (10)
n=2

also, let fx jkhx .k + Grjk such that hy j, and Gx jr are of the form
o0
hyxjk(z) =0_1z — Z on, jlan|z", I,k ( Z on, jlbn|2™, (11)
n=2

where dn, j is given by (4).

The following special cases are of interest

(1) SH*(8,0,2) =SH" (), the class introduced by AL-Shagsi and Darus in [15];
(2) SHY*(B,0,2) =SH(f), the class introduced byAhuja and Jahangiri in [3];

(3) SHE(B,0,2) =S»*(B) the class introduced by Jahangiri in [1];

(4) SHE(0,0,2) =Sy* the class introduced by Silverman and Silvia in [2];

(5) SHEY(B,),2) =SH(S, ) the class introduced by Jahangiri in [5];

(6) SHI*®(B,0,2) =SHI"*(B) the class introduced Fuad Alsarari and S.Latha ([13]).

§2. Coefficient Bounds

Theorem 2.1 If f = h+g with h and g given by (??) and D f; . is defined by (8)

2n+{b(1 - B) — 2}dn ] [2n + {2 = b(1 — ) }dn,]
Z { [b(1— ) —2]61,; +2 [an| [b(1 —B) —2]01,; +2 o |} =2 12)

where b# 0,a1 =1, 0< B <1, Ae€Ng andd, ; is defined by (4), then f is sense-preserving,
harmonic univalent in U, and f € SHg’k(ﬁ,)\,b).
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Proof If z1 # 2o, then

‘f(zl) —fe)| o ‘ 9(z1) — g(22)
h(z1) = h(z2)| h(z1) = h(z2) |’
_ o1 Doy ba (2 — 28)
(21 = 22) + 20 lg an(2f — 23) |
%) by,
> 1 _ En:olgj | ,
1- Zn:2 |a7l|
oo [2n+{2-b(1—0B)}6n ;]
L Yot ap-m. s 1 bl

>0
oo [2n4{b(1—f)—2}dn 4] =7
D D [b(lfg)fz]gl,ﬁzj n*an|

which proves univalence. Note that f is sense-preserving in /. This is because

, S n-1 20+ {b(1 = B) — 2}én,]
|h (Z)| > 1_7;27”0’71”2' >1_ng2 [b(l_ﬁ)_2]5l,j+2 n |(Ln|

Z [2n + {2 — b(l — 6)}6H’J]n>\|bn| > Z [271 + {2 — b(l — 6)}6H’J]n>\|bn||z|n71

= - B) 2o, + 2 2 A=)~ 2, + 2
> Y nfballe" T > g (2)].
n=1

Using the fact #{w} > G if and only if |1 — § + w| > |1 + 8 — w| it suffices that. Let

Alz)| (b—2)D fj k(2) + 2D M1 f(2)
" { B<z>} - %{ bD N, £(2) } =0 (13)

it suffices to show that
|A(z) + (1 = B)B(2)| — [A(2) — (1 + B)B(2)| = 0.
Now we have

(1 - B)B(2) + A(2)| |(1 = B)bD 1 (2) + (b — 2)D* f x(2) + 2D f(2)]

|[b(2 = 8) = 21D fj.1(2) + 2D f(2)]

((2 ﬁ)_2)5ljz+zn5n]anz + Zn 6n]bZ

+2[z+ i nMla, 2" — (— i ALp, 2"
n=2 n=1
So -
(1= B)B(2) + A(2)| = [(b(2 = B) = 2)615 +2]|z| = Y _[2n + (b(2 ~ §)
n=2

oo

~2)8n, 50 an|[2]" = D[220 — (b(2 = B) = 2)8u,5n |bul|2]". (14)

n=1
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Also

[(1+5)B(2) — A(2)|

|(1+ 8D f(2) = (b= 2)D* fix(2) = 2D f(2)]

(2—|—bﬂ)513z—|—2n Onjanz"™ + ( Zn On,jbn2"]

n=2

oo

oo
—2[z—|—Zn)‘+1anz"— - Z ALp,, 2"
n=2

So

1+ B)B(2) — A(2)] < [2+08)61; — 2|z + Y _[2n — (2 + bB)dn 10 anll2]" + Y
X 204 (24 08)d, 4]0 bl 2] (15)
By (14) and (15), we have
|(1=B)B(2) + A(2)| = [(1 + B)B(z) — A(2)|
> 2{[b(1 = B) — 2]61,; + 2}2] — 2> _{[b(1 — B) — 2|6 ; + 2n}nan||2|"
—23 {2 = b(1 = B)]6n,; + 2n}n by [2]"
>2{[E1—6>—215u+2}

{[b(1 - B) —2|6n +2n} { — B3)]6n,; +2n}
{I_Z b 22 "l Z 2, 12 A|b|}

This last expression is nonnegative by (12), and so the proof is complete. O

The harmonic function

1— —2]51J+2 1— —2]51J+2

where b#0, 0< <1, Xé€Ngandd,; is defined by (4), and Z |xn | + Z |yn| = 1 shows

that the coefficient given by (12) is sharp, and the functions of form (160 are in SHZ*(3,\, b).

We next show that condition (12) is also necessary for functions in ﬁik(ﬁ, A, b).

Theorem 2.2 Let fy = hy 4+ gx be given by (9). Then fy € ﬁi’k(ﬂ,)\,b) if and only if

2n + {b(1 — B) — 2}4,,.,] [2n + {2 — b(1 — B)}9n,;]
Z { b(1—B) —2]61, + 2 ad [b(1—3) —2]61,; +2 i |}<2 (7

where b > 0,a1 =1, 0< <1, A€ Ng and o, ; is defined by (4).
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Proof Since ﬁi’k(ﬁ, Ab) C SHg’k(ﬁ, A, b), we only need to prove the necessity part of
the theorem. To this end, for functions fy and f jx of the form (9) and (11) respectively, we
notice that the condition (7) is equivalent to

[b(1 = B) = 2]D* fa,5,k(2) + 2D (2)
9?{ bDA fr 1 (2) } 20

g { (00— B) = 261 + 20 = Y52 (2 + (b(1L = B) = Db lnanlz” = S5, 20— (b(1L = B) = Dbayln balz" | _
Bl6n1z — 3oy 10 s an 2" + 3o, 1 on.,) balo" =

The above required in the above inequality must hold for all values of z in «. Upon
choosing the values of z on the positive real axis where 0 < z =r < 1, we have

[(b(1 = B) = 2)61,5 +2] = 352 5[2n + (b(1 = B) = 2)6n j]n M an|r" ! = 5509 [2n — (b(1 = B) — 2)8n,;]n* |bn|r" " >0
b[on,12 = 320 o A on jlan|rm Tt + 3000 nA o lbalrm T -

If the condition (7) does not hold, then the numerator in the above inequality is negative
for r sufficiently close to 1. Hence there exist zo = 79 € (0,1) for which the quotient in the
above inequality is negative. This contradicts the required condition for fy € mﬁ’k(ﬁ, A, b) so
the proof is complete. O

§3. Distortion Bounds

Theorem 3.1 Let f) € mﬁ’k(ﬁ, A b) . Then for|z| =r <1, one has

[b(1 — B) — 261, +2 (1 _RH b9, |)
{b(1 = B) — 2]0a,; + 432> b1 -p8)—2or,;+2 )7

[b(1 = B) — 2)61; +2 (1 _RR-b- ], |)
(b1 — B) — 2], + 432> A —p) =26, +2 )"

A=) 2 (1= Jbalyr =+

@] < (A= (bl + 17

Proof Let f\ € ﬁik(ﬁ, A, b). Taking the obsolete vale of fy, we obtain

|f>\ |_Z_Zanz + Z

> (L= [bi))r = D (lan] + [ba))r™ = (1 = b1 ])r = > > (Jan| + [ba])
n=2 n=2

o [b(1—pB) =206, +2 {[b( — 2]0,,; + 4}2*
> (1= = 5 o, T 1 <Z 1_ EETNES (Ian|+|bnl>>
[b(1 =) —2]d1,; +2 — (2n + {b(1 — B) — 2}dy,]
2<1‘|b1|)’°_’°2{[b(1_5)_25213+4}2AZ { [b(1—B) —2]61,; + 2 |a"|}

oo

b(1 — ) — 2]61; +2 21 + {b(1 — B) — 2}6,.,]
_72{[17(1—5)—2521+4}2AZ { (L — G) — 21, +2 |b"|}

y (1)~ 26, 42 24 (2 b(1— )6,
= (=l = e ) o, 2 <1‘ B0 5) -2, 12 '>
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Also

2GR = Z—Zanz + (=DM baz”
n=1

(1= [ba)r + Z(Ianl + [bul)r™ < (1= [buf)r + 7% Y (|an] + [bal)

<
n=2 n=2
s [b(1 =) —2]01,+2 {[b( — 26,5 + 4}2*
< (1—|b1|>T+T {[b(l—ﬁ)—2]52_]+4}2)‘ (Z 1_ —2]61)]4-2 (|an|+|bn|)>
b(1-5) =261, +2 2n + {b(1 — B) — 2}6n ]
= (1_|b1|)’°+7”2{[b(1—5)—2522+4}2AZ { (1—0) —2Jo1,; +2 |a"|}
b(1—8) =200, +2 (2n + {b(1 — B) — 2}6n,]
a5 - 2]61+4}2AZ"{ ]
< -t DD BEEIL PN,y g

{[b(1 = B) = 2]62,; + 4}2* [b(1 = B) = 2]61,; +2

The following covering result follows form left-hand inequality in Theorem 3.1.

Corollary 3.2 Let fx = hx 4+ gx be given by (9) are in ﬁi’k(ﬁ, A, b), then

{ ] < 2 D0 = 5) = 2105,] — o1 = ) — b +2
v A+ {b(1 - B) - 2},
24 4 {b(1 = ) — 2160y — [2+ {2 — b(1 — B)}51,])
B 2A[4 + {b(12— B) — 2}62,5] 1 |b1|} c L),

Next we determine the extreme points of closed convex hulls of ﬁik(ﬁ, A, b) denoted by
clcoﬁi’k(ﬁ, Ab). 2n+{b(1 — B) — 2}d,,4], [b(1 — B) —2]01,; +2,[2n+ {2 — b(1 — B) }dn 5]

Theorem 3.3 Let fy = hy + gx be given by (9). Then fy € Wﬁ’k(ﬂ,)\,b) if and only if

= (Xnha, (2) + Yaga, (2)),
where hy, = z,
hx,(z) = z—([b(1—-pB)—2]01,;+ 2)/n 2n + {b(1 - B) — 2}o,,512", n=2,3,4,---,
o (2) = 2+ (=DM -8) - 2]61,; + 2)/n*2n + {2 — b(1 — B)}on 12", n=1,2,3,---

and

ZX+Y )=1, X, >0, ¥, >0.

In particular, the extreme point of Wﬁ (B,\,b) are {hy,} and {gx,}.
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Proof Since

=) = Z(th}\n(z)—i_yng)\n(z))

oo

B [b(1—B)—2]61; +2 n
= Z (Xn+7Y5) 2 nA2n + {b(1 — 3) — 2}(5n,j]XnZ

= BB -, +2
'Y T R B
Then
> 2n—|—{b( B) — 2}0, 4] S 2n+{2 b(1 - )}6 ,g]
Z ' (1—B)—2]61; +2 o]+ Z ' (1—0) —2]b1; !

= ZXn+ZYn=1—X1§1,
n=2 n=1

and so fy € clcoﬁi’k(ﬁ, A, b).

Conversely suppose that fy € clcoﬁi’k(ﬁ, A, b). Setting

2+ {b(1 = 8) = 2ong],
b(1—-p8)—26,;+2 ™"

X'n,: OSXngla n:25374a"'5

20 + {2 = b(1 = £)}6]
[B(1— ) — 201, +2

Yn: |bn|, OSYnS]-, ’I’L:l’2,37...7

and

X5 zl—an—iYn.
n=2 n=2

Therefore fy can be written as

fe) = z—Zlanlz + Z|b'
S =) —2s, 2 n
D e s (TS B B

o~ A8 -20;+2
=1t - Z < A2n + {2 = b(1 - >}6n,jly”z

= z—ZhA )—2)Xn + (— Ai

n=1
- i )X, juzgA Y+z<1—ZXn—)\iYn>
n=2 n=2 n=1
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84. Neighborhood Result

In this section, we will prove that the functions in neighborhood of mﬁ’k(ﬁ, A, b) are starlike

harmonic functions.

Using (4), we define the g-neighborhood of function f € TH

o0

Np(f)_{ _z—ZAnz —ZBZ > nllan — An|+|bn—Bn|+|b1—Bllép}v

n=2

where p > 0.

Theorem 4.1 Let

_ 224 {31 = B) — 1}d2,5] — [b(1 = B) = 2)61,; +2 — {2*[2+ {3(1 = B) — 1}d2,; — [2+ {2 — b(1 — B)}61,5]]}
2 {2+ {51 — B) — 1}42 5] '

Then N,(SH"(3,A.b)) C 7H.

Proof Suppose f € Wﬁ’k(ﬂ, Ab). Let Fx = Hy + Gy € N,(f\), where Hy, = z —
S Apz™ and Gy = (=1)*3°°7 | B,z", we need to show that F\ € 7H. In other words, it
suffices to show that F) satisfies the condition 7(F) = > >° , n[|A,| + |B,|] + |B1| < 1. We
observe that

oo

T(F) = Z (14n] + |Bnl] + |B1]

= Z — @y + an| + |Bubp + by|] + | By — by + by
= Z — an| +|Bn —b|+Z [|an| + |ba|] + |B1 — b1] + |b1]

n=2

= p+lbhl+ Zn[lanl + [bnl]
n=2

— A—1
e e <Z{ e <|an|+|bn|>>

{[b(1 = B) —2]62,; + 4}22 1 B) —2]é1,; +2
[b(l_ﬁ)_ ]61,j+2 > n)\{[2n+{b( _ﬁ) _2}6n,j]|a |}

{Ib(1 = B) — 2]d2,; +4}22 1 —~ b(1—pB) =26 +2 "
b(1-p8) =201, +2 A { [2n 4+ {b(1 — B) — 2}0y ] b |}

{Ib(1 = B) —2]é2,; +4}22 1 —~ b(1—8) =261 +2 ™"

L e Lh)
T —B) — 2bo; + 42T\ Bl = 5) — 2o, +2

IN

o+ |b1| +

+

IN

p+|b1| +
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Now this last expression is never greater than one if

p<1—|b] —

[b(1 - B) —2)61,; +2 (1 BEE I )79 1N |)

{[b(1 — B) — 2062,; + 43271 b(1—p)—2061;+2

_ 224+ {50 - B) — 1}0a,y] — (1 — B) — 2181, +2 — {2 2+ {51 — B) — 1382, — [2+ {2 — b(1 — B)}o1511}
{2+ {5(1—B) — 1}32;] '

O
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Abstract: A subset S of V is called a dominating set in a graph G if every vertex in
V — S is adjacent to at least one vertex in S. A set S C V is called the neighborhood total
2-dominating set (nt2d-set) of a graph G if every vertex in V — S is adjacent to at least
two vertices in S and the induced subgraph (N(S)) has no isolated vertices. The minimum
cardinality of an nt2d-set of GG is called the neighborhood total 2-domination number of G
and is denoted by v2nt(G). The connectivity x(G) of G is the minimum number of vertices
whose removal results in a disconnected or trivial graph. In this paper we find an upper
bound for the sum of the neighborhood total 2-domination number and connectivity of a

graph and characterize the corresponding extremal graphs.
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81. Introduction

The graph G = (V, F) we mean a finite, undirected, connected graph with neither loops nor
multiple edges and with out isolated vertices. The order and size of G are denoted by n and
m respectively. The degree of a vertex u in G is the number of edges incident with w and is
denoted by degu.The minimum and maximum degree of a graph G is denoted by 6(G) and
A(G), respectively. For graph theoretic terminology we refer to Chartrand and Lesniak [1] and
Haynes et.al [2,3].

Let v € V. The open neighborhood and closed neighborhood of v are denoted by N(v)
and N[v] = N(v)U{v}. If S €V then N(S) = J,cg N(v) for all v € S and N[S] = N(S)US.
If S CV and u € S then the private neighbor set of u with respect to S is defined by
pnlu,S] = {v : Nv]nS = {u}}. H(my,maz,---,m,) denotes the graph obtained from the
graph H by attaching m; pendant edges to the vertex v; € V(H),1 < i < n. The graph
Ko(mq,ms) is called bistar and it is also denoted by B(mi,ms2). H(Pp,, Pmy, -+ Pm,) is

1Received February 11, 2015, Accepted December 23, 2015.



Neighborhood total 2-domination number and Connectivity of Graphs 19

the graph obtained from the graph H by attaching an end vertex of P,,, to the vertex v; in
H,1<i<n.

A subset S of V is called a dominating set of G if every vertex in V — S is adjacent to at
least one vertex in S. Generally, a set of vertices S in a graph G is said to be a Smarandachely
k-dominating set if each vertex of G is dominated by at least k vertices of S. Clearly, a
dominating set is nothing else but a Smarandachely 1-dominating set of G. The Smarandachely
k-domination number v (G) of G is the minimum cardinality of a Smarandachely k-dominating
set of G. Particularly, if ¥ = 1, such a number is called the domination number of G and
denoted by v(G). C.Sivagnanam [5] introduced the concept of neighborhood total 2-domination
in graphs. A set S C V is called a neighborhood total 2-dominating set (nt2d-set) of a graph
G if every vertex in V — S is adjacent to at least two vertices in 5, i.e., S is a Smarandachely
2-dominating set and the induced subgraph (N(S)) has no isolated vertices. The minimum
cardinality of an nt2d-set of G is called the neighborhood total 2-domination number of G and
is denoted by 72,¢(G).The connectivity £(G) of a graph G is the minimum number of vertices
whose removal results in a disconnected or trivial graph.

Several authors have studied the problem of obtaining an upper bound for the sum of a
dominating parameter and a graph theoretic parameter and characterized the corresponding
extremal graphs. J.Paulraj Joseph and S.Arumugam [4] proved that v(G) + k(G) < n and
characterized the corresponding extremal graphs. In this paper, we obtain a sharp upper
bound for the sum of the neighborhood total 2-domination number and connectivity of a graph

and characterize the corresponding extremal graphs.We use the following theorems.

Theorem 1.1 ([5]) Let G be a connected graph on n > 2 vertices. Then Yo, (G) < n and
equality holds if and only if G is a star.

Theorem 1.2 ([1]) For any graph G, k(G) < §(G).

82. Main Results

Theorem 2.1 For any graph G, vyan:(G) + k(G) < 2n — 1 and equality holds if and only if G

is isomorphic to K.

Proof ~2ni(G) + k(G) <n+d6<n+n—1=2n—1. Let y2,:(G) + K(G) = 2n — 1. Then
Yant(G) = n and k(G) = n— 1 which gives G is a star as well as a complete graph on n vertices.

Hence G is isomorphic to K. The converse is obvious. O

Theorem 2.2 For any graph G, vyon:(G) + k(G) = 2n — 2 if and only if G is isomorphic to
either K3 or K ».

Proof Let vant + k(G) = 2n — 2. Then there are two cases to consider: (1) v2n:(G) =n
and £(G) =n —2 and (2) Y2t (G) =n — 1 and k(G) =n — 1.

Case 1. 72,:(G) =n and kK(G) =n — 2.

Then G is a star and hence x(G) = 1 which gives n = 3. Thus G is isomorphic to K7 .
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Case 2. Y2,:(G) =n—1and k(G) =n — 1.

Then G is a complete graph. This gives v2,:(G) = 2. Then n = 3 and hence G is isomorphic
to K3. The converse is obvious. O

Theorem 2.3 For any graph G, vy2n:(G) + £(G) = 2n — 3 if and only if G is isomorphic to Cy
or Ky 3 or Ky.

Proof Let vo,t(G)+k(G) = 2n—3. Then there are three cases to consider: (1) v2,:(G) =n
and k(G) = n—3; (2) y2n:(G) =n—1and k(G) =n—2; (3) y2,.:(G) = n—2 and (G) =n—1.
Case 1. 72,4(G) =n and kK(G) =n — 3.

Then G is a star and hence k(G) = 1 which gives n = 4. Thus G is isomorphic to K 3.
Case 2. 19,:(G) =n—1and k(G) =n —2.

Then n — 2 < §(G). If 6 = n — 1 then G is a complete graph which is a contradiction.
Hence 6(G) = n — 2. Then G is isomorphic to K, —Y where Y is a matching in K,. Then
Yont (G) < 3. If 42,,:(G) = 3 then n = 4 and hence G is isomorphic to Cy. If v9,:(G) = 2 then

n = 3 and hence G is isomorphic to K » which is a contradiction.
Case 3. Y2,¢(G) =n—2and k(G) =n — 1.

Then G is a complete graph on n vertices. Since 72,; = 2 we have n = 4. Hence G is

isomorphic to K. The converse is obvious. O

Theorem 2.4 For any graph G, yont(G) + k(G) = 2n — 4 if and only if G is isomorphic to Py
or K5 or Ky —e or Ky 4 or K3(1,0,0).

Proof Let ¥2,:(G) + £(G) = 2n — 4. Then there are four cases to consider: (1) y2,:(G) =n
and k(G) = n—4; (2) 12nt(G) =n—1and k(G) =n—3; (3) 120t (G) = n—2and xK(G) =n—2;
(4) v2nt(G) =n — 3 and K(G) =n — 1.

Case 1. 72,:(G) =n and k(G) =
Then G is a star and hence k(G) = 1 which gives n = 5. Thus G is isomorphic to K 4.
Case 2. Y2,4(G) =n —1 and k(G) =n — 3.

Then n —3 < 6. If § = n— 1 then G is a complete graph which is a contradiction. If
d = n — 2 then G is isomorphic to K, — Y where Y is matching in K,. Then y2,:(G) = 2
or 3. If ~v9,:(G) = 3 then n = 4. Hence G is either Ky — e or Cy4. For these two graphs
k(G) = 2 # n — 3 which is a contradiction. If v2,.(G) = 2 then n = 3 which is a contradiction
to k(G) =n — 3. Hence § = n — 3. Let X = {v1,v9, -+ ,v,_3} be the vertex cut of G and let
V — X ={x1,22,23}.

Subcase 2.1 (V — X) = K3.

Then every vertex of V — X is adjacent to all the vertices in X. If |X| = 1 then G is
a star which is a contradiction. If |X| = 2 then G is isomorphic to either K53 or the graph
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obtained from K53 by joining the vertices of degree 3 by an edge. But for these two graphs
~Yant < 3 which is a contradiction.Hence | X| > 3. Then {v1, v, z1, 22} is a nt2d-set of G. Hence
Yont (G) < 4. Then n = 5 which is a contradiction.

Subcase 2.2 (V — X) = K; U K.

Let x129 € E(G). Then x3 is adjacent to all the vertices in X and x1,zo are not adjacent
to at most one vertex in X. If degx; or degzs is n — 2 then {1, z2, 23} is a nt2d-set of G and
hence y2,¢ < 3. Then n < 4 which gives n = 4. Hence G is isomorphic to Py or K3(1,0,0).

Suppose degz1 = degre = n—3. If N(x1) = N(z2) then there is a vertex v; € X such that
v1 is not adjacent to both x; and x. Then vy is adjacent to all the vertices in X. It is clear
that {vy,z1, 22,23} is a nt2d-set of G. Hence 72,; < 4. Thus n < 5 which gives n = 5. Then
G is isomorphic to the graph obtained from two copies of C3 by merging one vertex of a copy
of C3 to a vertex of another copy of Cs. For this graph x(G) = 1 which is a contradiction.If
N(x1) # N(z2) then there are at least two vertices v1 and ve such that v; is not adjacent to
21 but adjacent to x5 and vy is not adjacent to xzo but adjacent to z1. Then {1, 22,235} is a

nt2d-set of G' and hence n < 4 which is a contradiction.
Case 3. Y2,t(G) =n —2 and k(G) =n — 2.

Then n — 2 < §(G). If 6 = n — 1 then G is a complete graph which is a contradiction.
Hence §(G) = n — 2. Then G is isomorphic to K,, — Ywhere Y is a matching in K,,. Then
Yont (G) < 3. If 49, (G) = 3 then n = 5. But y2,¢ (K5 —Y) = 2 # n— 2 which is a contradiction.
If v9,4(G) = 2 then n = 4. Hence G is isomorphic to Ky — e.

Case 4. Y2,:(G) =n—3 and k(G) =n — 1.
Then G is a complete graph on n vertices. Since Y2,:(G) = n — 3 we have n = 5. Hence G
is isomorphic to K5. The converse is obvious. O

Notation 2.5 We use the following notations in this paper:

(1) G* is a graph obtained from C5 + e by joining two non adjacent vertices one has degree
two and another has degree three by an edge.

(ii) H* is a graph obtained from K, by subdividing an edge once.

(#9i) The set A = {G*,H*, P5,C5,C5 + e, K¢, K15, K23, K33, K3(2,0),B(2,1), K5 — Y,
where Y is a matching in K5}.

Theorem 2.6 For any connected graph G, vant(G) + k(G) = 2n — 5 if and only if G € A.

Proof Let v2,t(G) + k(G) = 2n — 5. Then there are five cases to consider: (1) vont(G) =n
and k(G) = n—>5; (2) y2nt(G) =n—1and k(G) =n—4; (3) y2nt(G) = n—2 and k(G) =n—3;
(4) 12t (G) =n—3 and K(G) =n — 2; (5) Y2nt(G) =n — 4 and kK(G) =n — 1.

Case 1. 72,:(G) =n and k(G) =
Then G is a star and hence k(G) = 1 which gives n = 6. Thus G is isomorphic to K7 5.

Case 2. Y2,:(G) =n—1 and k(G) =n — 4.
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Then n—4 < §(G). If 6(G) = n—1 then G is a complete graph which is a contradiction. If
§(G) = n— 2 then G is isomorphic to K, —Y where Y is a matching in K,,. Then v2,:(G) < 3
and hence n < 4 which is a contradiction to k(G) = n — 4. Suppose §(G) = n — 3. Let
X = {v1,v9, -+ ,v,_4} be the vertex cut of G and let V — X = {x1,x9,x3,24}. If (V — X)
contains an isolated vertex then §(G) < n — 4 which is a contradiction. Hence (V —S) is
isomorphic to Ko U Ks. Also every vertex of V' — X is adjacent to all the vertices of X. Then
~Yant(G) = 3. Hence n = 4 which is a contradiction. Thus §(G) =n — 4.

Subcase 2.1 (V — X) = K.

Then every vertex of V' — X is adjacent to all the vertices in X. If |X| = 1 then G is a
star which is a contradiction. If |X| = 2 then G is isomorphic to either Ks4 or the graph
obtained from K54 by joining the vertices of degree 4 by an edge. But for these two graphs
Yont < 3 which is a contradiction. Hence |X| > 3. Then {v1,vs, 21,22} is a nt2d-set of G.

Hence v2,¢+ < 4. Then n < 5 which is a contradiction.
Subcase 2.2 (V- X)=P;UK]j.

Let 21 be the isolated vertex and (zs, x3,24) be a path in (V' — X). Then 2, is adjacent to
all the vertices in X and x2, x4 are not adjacent to at most one vertex in X. Let v1 € X — N (x2).
If N(z3) N X = 0 then §(G) = 2 and hence n = 6 then {x1,x2,x3, 24} or {21, 72,23, v2} is a
nt2d-set of G which is a contradiction to y2,¢(G) = n—1. If N(z3)NX # 0 then {x1,z2,z4,v1}
is a nt2d-set of G and hence v2,,; < 4. Thus n = 5. Then G is isomorphic to B(2,1) or K5(1,1,0)
or the graph G; where G; is obtained from K, — e by attaching a pendant edge to the vertex
of degree 3. But v2,,:(G1) = Y2nt(K35(1,1,0)) = 3 # n — 1 which is a contradiction. Hence G is
isomorphic to B(2,1).

Suppose N(z2) = N(x4) = X. Then {z1,22,24,v1} is a nt2d-set of G. Hence yo,t (G)
4 which gives n = 5. Then G is isomorphic to either G; or C4(1,0,0,0). But y2,:(G1) =
~Yant(C4(1,0,0,0)) = 3 # n — 1 which is a contradiction.

IN

Subcase 2.3 (V — X)=K;UK;.

Let 21 be the isolated vertex in (V — X) and ({z2, x3,24}) be the complete graph. Then
x1 is adjacent to all the vertices in X and x2, x3, x4 are not adjacent to at most two vertices
in X. Then {1, z2, x3,v1, v2} where v1,v2 € X — [N(z2) U N(x3)] is a nt2d-set of G and hence
n =5 or 6. Suppose n = 5. Then G is isomorphic to K4(1,0,0,0) or K5(Ps, P1,P;) or the
graph obtained from K, — e by attaching a pendant egde to the vertex of degree two. For these
graphs Yo, (G) + k(G) # 2n — 5. Suppose n = 6. Then {x1,x2,x3,v1} or {x1,x2,x3,v2} or
{xa, x3,v1,v2} is a nt2d-set of G which is a contradiction to ya,s =n — 1.

Subcase 2.4 (V — X) = Ko UK».

Let 129 € E(G) and 2324 € E(G). Then each z;,i = 1 or 2 is non adjacent to at most
one vertex in X and each z;,j = 3 or 4 is adjacent to all the vertices in X. Then {x1, z3, 24,01}
where v; € N(z2) N X is a nt2d-set of G and hence n = 5. Then G is isomorphic to B(2,1) or
K5(2,0).

Subcase 2.5. (V — X) = Ky U K>.
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Let 2129, 2324 € E(G). Since §(G) = n — 4 each z; is non adjacent to at most one vertex
in X. Then at most one vertex say v1 € X such that [N(v1)N(V —X)| =1 Ifallv; € X
such that |N(v;) N (V — X)| > 2 then {1, 22, x3, x4} is a nt2d-set of G and hence n = 5. Then
X = {v1}. If IN(v1) N (V — X)| = 2 then G is isomorphic to Ps. If |[N(v1) N (V — X)| > 3
then v2,:(G) = 3 # n — 1 which is a contradiction. Suppose |[N(vi) N (V — X)| = 1 and
IN(v;))N(V — X)| > 2 for i # 1 then {x1, 22,23, 24,v1} is a nt2d-set of G and hence n = 6. For
this graph y2,¢(G) + £(G) # 2n — 5.

Case 3. Y2,:(G) =n—2 and k(G) =n — 3.

Then n —3 < 4. If § = n— 1 then G is a complete graph which is a contradiction. If
d = n—2 then G is isomorphic to K,, — Y where Y is any matching in K,,. Then 72,:(G) = 2 or
3. If 42,¢(G) = 3 then n = 5 which gives a contradiction. If v2,,:(G) = 2 then n = 4. Hence G
is either K4 — e or Cy. For these two graphs k(G) = 2 # n — 3 which is a contradiction. Hence
d =n—3. Let X = {v1,v2,...,vp_3} be the vertex cut of G and let V — X = {x1,z2, 23}.

Subcase 3.1 (V — X) = K3

Then every vertex of V' — X is adjacent to all the vertices in X. If | X| =1 then G is a star
which is a contradiction. If |X| = 2 then G is isomorphic to either K5 3 or the graph H; which
is obtained from Kj 3 by joining the vertices of degree three by an edge. But 7o, (H1) = 2.
Hence G is isomorphic to K g3. Suppose |X| > 3. Then {vi,ve, 21,22} is a nt2d-set of G.
Hence 72,¢(G) < 4. Then n = 6. Thus G is isomorphic to K33 or K33+ e or P3 + K3. But
Yot (K3,3 + €) = yani(Ps + E) = 3 which is a contradiction. Hence G is isomorphic to K3 3.

Subcase 3.2 (V — X) = K; UK.

Let 129 € E(G). Then z3 is adjacent to all the vertices in X and x1,x2 are not adjacent
to at most one vertex in X. If degzy or degzs is n — 2 then {x1,z2,23} is a nc2d-set of G and
hence Y2,:(G) < 3. Then n < 5. If n = 4 then G is isomorphic to P, or K3(1,0,0). But for
these graphs ot # n — 2. Suppose n = 5. Let X = {vy,v2} and let v1vg € E(G). If degzy = 3
and degzrs = 2 then G is isomorphic to G*. If degx; = 3 and degzs = 3 then G is isomorphic
to a graph Hs which is obtained from K4 U K7 by joining any vertices of K4 to the vertex of
K by the edges. But vyo,:(H2) = 2 # n — 2 which is a contradiction. If v1ve ¢ E(G) then G
is isomorphic to Cs 4+ e or H*. Suppose degx; = degza = n — 3. If N(x1) = N(z3) then there
is a vertex v; € X such that v; is not adjacent to both z; and x. Then v; is adjacent to all
the vertices in X. If | X| > 4 then {z1,22,23,v1} is a nt2d-set of G and hence n < 6 which
is a contradiction. If |X| = 3 then {v;,v2,v3} is a nt2d-set of G and hence n < 5 which is a
contradiction. If N(z1) # N(z2) then two vertices say v; and ve such that vy is not adjacent
to x1 but adjacent to xo and vy is not adjacent to xo but adjacent to 1. Then {x1,xo,x3} is
a nt2d-set of G and hence n < 5. Then G is isomorphic to C5 or C5 + e.

Case 4. Y2,4(G) =n —3 and k(G) =n — 2.
Then n — 2 < §(G). If 6 = n — 1 then G is a complete graph which is a contradiction.
Hence 6(G) = n — 2. Then G is isomorphic to K, — Y where Y is a matching in K,. Then

Yant (G) < 3. If 42,4 (G) = 3 then n = 6. But y2,:(Kg —Y) = 2 # n — 3 which is a contradiction.
If y2,:(G) = 2 then n = 5. Hence G is isomorphic to K5 — Y where Y is any matching in K.
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Case 5. Y2,:(G) =n—4 and k(G) =n — 1.

Then G is a complete graph. Since v2,:(G) = n — 4 we have n = 6. Hence G is isomorphic
to Kg. The converse is obvious. O
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Abstract: For any graph G, let V(G) and F(G) denote the vertex set and the edge set of G,
respectively. The transformation graph G~ of G is the graph with vertex set V(G) U E(G)
and two vertices are adjacent if and only if they correspond to two adjacent edges of G or to
a vertex and an edge not incident with it in G. In this paper, we obtain structural properties
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81. Introduction

By a graph G = (V, E), we mean a finite, undirected graph without loops or multiple edges. For
any graph G, let V(G) and E(G) denote the vertex set and the edge set of G, respectively. The
vertices and edges of a graph are called its elements. Two elements of a graph are neighbors if
they are either incident or adjacent. For graph theoretic terminology, we refer to [3].

The eccentricity of a vertex u € V(G) is defined as eg(u) = max{dg(u,v) : v € V(G)},
where dg(u,v) is the distance between u and v in G. If there is no confusion, then we simply
denote the eccentricity of a vertex v in G as e(v) and use d(u, v) to denote the distance between
two vertices u,v in G. The minimum and maximum eccentricities are the radius r(G) and
diameter diam(G) of G, respectively.

A set of vertices which covers all the edges of a graph G is called a vertex cover for G, while
a set of edges which covers all the vertices is an edge cover. The smallest number of vertices
in any vertex cover for G is called its vertex covering number and is denoted by ag(G) or «p.
Similarly, a1 (G) or « is the smallest number of edges in any edge cover of G and is called its
edge covering number. A set of vertices in G is independent if no two of them are adjacent.
The largest number of vertices in such a set is called the vertex independence number of G and
is denoted by Bo(G) or By. Analogously, an independent set of edges of G has no two of its
edges adjacent and the maximum cardinality of such a set is the edge independence number

1Received March 14, 2015, Accepted November 24, 2015.
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B1(G) or (.

When a new concept is developed in graph theory, it is often first applied to particular
classes of graphs. Afterwards more general graphs are studied. The adjacency relation between
two vertices or two edges and incidence relationship between vertices and edges define new
structure from the given graph.

A connected graph G is said to be geodetic, if a unique shortest path joins any two of its
vertices. The shortest path between two vertices v and v is called geodetic path between u and
v. A subset S of V is called a dominating set if N[S] = V. The minimum cardinality of a
dominating set of G is called the domination number of G and is denoted by v(G) ([4]).

The line graph of G, denoted by L(G), is the graph whose vertex set is E(G) with two
vertices adjacent in L(G) whenever the corresponding edges of G are adjacent ([3]). The middle
graph M (G) of G is the graph whose vertex set is V(G) U E(G) and two vertices are adjacent
in M(G) whenever either they are adjacent edges of G or one is a vertex of G and the other
is an edge incident with it ([1]). Clearly, E(M(G)) = E(T(G)) \ E(G). Sampathkumar and
Chikkodimath also studied it independently and they called it the semi-total graph T (G) of a
graph G ([5]). The total graph T(G) of G has vertex set V(G)U E(G) and vertices of T(G) are
adjacent whenever they are neighbors in G ([2]). The quasi-total graph P(G) of G is a graph
with vertex set V(G) U E(G) and two vertices are adjacent if and only if they correspond to
two nonadjacent vertices of G or to two adjacent edges of G or to a vertex and an edge incident
with it in G ([6]).

Let G = (V,E) be a graph and «, 3 be elements of V(G) U E(G). We say that the
associativity of a and (3 is + if they are adjacent or incident in G, otherwise —. Let xy be a
2-permutation of the set {+,—}. We say that a and 3 correspond to the first term x of zy if
both o and 3 are in E(G). We say that «a and  correspond to the second term y of zy if one
of @ and f is in V(G) and the other in F(G). The transformation graph G*Y of G is defined
on the vertex set V(G) U E(G). Two vertices o and 3 of G®Y are joined by an edge if and
only if their associativity in G is consistent with the corresponding term of xy. Since there are
four distinct 2-permutation of {4, —}, we obtain four graph transformations of G namely G,
Gt—, G=T, G=~. It is interesting to see that G is exactly the middle graph M (G) of G.

We define the transformation graph G+~ as follows: G~ of G is the graph with vertex set
V(G)J E(G) and two vertices are adjacent if and only if they correspond to adjacent edges of
G or to a vertex and an edge not incident with it in G. The vertex v; (e;) of Gt~ corresponding
to a vertex v; (edge e;) of G and is referred to as point (line) vertex. Generally, a Smarandachely
transformation graph G&~ for a subset S C (V(G) U E(G)) is defined to be a graph with vertex
set V(G)|J F(G) and two vertices are adjacent if and only if they correspond to adjacent edges
of G or to a vertex and an edge not incident with it in (S),. Thus, if S = V(G)J E(G), then
Gi =G

82. Main Results

Observations Let G be a (p,q) graph. Then
1. The line graph L(G) of G is an induced subgraph of G~
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2. The number of vertices of Gt~ is p+ ¢;
3. The degree of a point vertex v in G*~ is g — deg,, (v);

4. For every edge e = uv of G the degree of a line vertex ¢’ in G*~ is p + deg, (u) +
deg, (v) — 4.

Theorem 2.1 Let G be a (p,q) graph. Then the number of edges q of GT is q = %Zdz +

K2

q(p — 3), where d; = deg, (v;).

Proof By the definition of G, each line vertex is adjacent to p — 2 point vertices. Since

the number of edges in line graph is given by —q + % S d2, it follows that

! )
¢ =5 d+ap-3) O
In the following we characterize disconnected G~ .

Theorem 2.2 G~ is disconnected if and only if G is one of the following graphs: 2K, and
Kl,n U lKl, n,l Z 0.

Proof Let G be a (p, q) graph. Assume that GT~ is disconnected. We consider the following

cases.

Case 1. ¢g=0and p > 1. Then G Z K, > 1. It follows that G is totally disconnected, so
that G~ is totally disconnected.

Case 2. g=1landp>2. Then G =2 Ky UIKy,1>0.

Case 3. g=2andp>3. Then G=2K,UIlK; or G = K; o UlK;. But for G = 2K, UlKj,
I > 1, GT~ is connected.

Case 4. ¢ > 3 and p > 3, we consider the following subcases.
Subcase 4.1 ¢ =3 and p = 3. Then G = (3, for which G*~ is connected.

Subcase 4.2 ¢ > 3 and p > 4. Then G can have at most one vertex of degree greater than
or equal three, and all other vertices are either isolated vertices or pendant vertices, otherwise
G is connected. Hence, G =2 Ky, UIK;,n>3,1>0.

From all the above cases, it follows that, if GT~ is disconnected, then G = 2K, or G =
Ky, UlKy, n,l>0.

The converse is obvious. O

Corollary 2.3 G¥~ is connected if and only if G is none of the following graphs: 2K and
Kl,n UIlKq, n,l > 0.

Proof Proof follows from above theorem. |

Theorem 2.4 Let G be a connected graph, and v be a cut vertex of G incident with g—1 edges.

Then GT~ has a cut vertex such that v is pendant verter.
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Proof Assume that G is a connected graph having a cut vertex v. Then G — v is discon-
nected. Since v is incident with ¢—1 edges in G, there exists an edge e of G which is not incident
with v in G. By the definition of G™~, the point vertex v is adjacent with only one vertex e’
in GT~. Hence the line vertex ¢’ is a cut vertex of Gt~, and hence G~ — ¢’ is disconnected

graph and v is pendant vertex. O

Corollary 2.5 Let G be any graph, such that Gt~ is disconnected. Then G~ contains a cut
vertez if and only if G is any graph of 2Ks, K1 2 UlIK;, 1 > 0 and Ko UK, | > 2.

In the following, we find the girth of G*~.
Theorem 2.6 For any connected (p,q) graph G with p > 4, the girth of Gt~ is 3.

Proof If G contains a triangle or K 3, then the line graph L(G) of G contains triangle.
Since L(G) is a subgraph of G, it follows that girth of GT~ is 3. Assume that G is triangle-
free and K7 3 - free. Then By > 2. Since p > 4, let e; = (u1,v1) and ez = (uz2,v2) be edges in
G such that (ug,v1,u9,v2) is a path of length 3 in G. Let es = (v1,us2). Then the subgraph
induced by the vertices e}, €4, v and €] is a triangle in G*~. Thus, the girth of GT~ is 3. O

In the following theorem, we find the graph G for which G*~ is geodetic.

Theorem 2.7 Let G be a (p,q) graph such that Gt~ is connected. Then GT~ is geodetic if
and only if G is one of the following graphs: Py, K3 U K1, nKo UKy, n > 2.

Proof Since G~ is connected, it follows from Theorem 2.2 that, G cannot be any of the
following graphs 2K5 or Ki, UlKj, n,l > 0. Assume that GT~ is geodetic. We consider the

following cases.
Case 1. p < 3. In this case, by Theorem 2.2, G~ is disconnected, a contradiction.

Case 2. p > 5. Let e; = (u1,v1) and es = (ug,v2). If €1 is adjacent to es, then v; = uy and
(u1,v1,v2) is P3. Since p > 5, there exist at least two more vertices, say vs and v4. Both vs
and vy cannot be adjacent to vy, and both cannot be isolated vertices in G, by Theorem 2.2.

Now, we consider the following subcases.

Subcase 2.1 e3 = (v2,v3). If vy is isolated or eq = (v2,v4) or e4 = (v3,v4), then
(eh,u1,€h,v4) is K4 — e, where e is an edge of Ky, so that GT~ is not geodetic.

Subcase 2.2 e3 = (v3,v4). Then (e}, vs,€h,v4) is Ky — e, and G~ is not geodetic.
In all the above cases, we have a contradiction to the fact that GT~ is geodetic. Hence,
no two edges are adjacent in GG. Thus, for p > 5, G2 nKy UKy, n > 2.

Case 3: p=4. Then G is connected or G = K3 U K1, since otherwise G~ is disconnected by
Theorem 2.2. Also, G 2 K 3, again by Theorem 2.2. So, G is one of the following graphs: Py,
Ks;UKq,Cy, K30 Ky, K4 — e or Ky.

If G=C,, K3e Ky, K4 — e or K4, then GT~ contains C, or K4 — e as induced subgraph
and hence not geodetic. So, G = P, or G = K3 U K, for which G™~ is geodetic.

The converse is obvious. O
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Theorem 2.8 G*~ contains K1 3 as an induced subgraph if and only if G contains Ko U 3K,
or 3Ks U K1 as an induced subgraph.

Proof Assume G~ contains K7 3 as an induced subgraph.

(1) If the center vertex of K3 in G~ is a line vertex then G contains Ky U 3K as an
induced subgraph.

(2) If the center vertex of K; 3 in G~ is a point vertex then G contains 3K» U K as an
induced subgraph.

Hence G contains Ky U3K; or 3K U K3 as an induced subgraph.

The converse is obvious. O

Corollary 2.9 If G contains Ko U3K; or 3K UK as an induced subgraph then GT~ cannot
be the line graph of any graph.

Proof Suppose G contains Ko U3K; or 3Ks U K7 as an induced subgraph, then by above
Theorem, G~ contains K1 3 as an induced subgraph. Since K7 3 is forbidden induced subgraph

for line graphs, the result follows. O

In the following, we find the domination number of G*~.

Theorem 2.10 For any (p,q) graph G, which is not totally disconnected,
VGTT) <3.

Proof Clearly G has at least one edge, let €’ be a line vertex of GT~ corresponding to an
edge e = (u,v) of G. Since each line vertex of GT~ is adjacent to p — 2 point vertices, ¢’ is
adjacent to all point vertices except v and v. By the definition of G*, any line vertex in G*~
other than e’ is adjacent to w or v or both and hence {u,v, e’} forms a dominating set of G~
But for G = 2K5, we have v(GT~) = 2. Thus, v(G*~) < 3. O

Now, we establish a criterion for Gt~ to be Eulerian.

Theorem 2.11 Let G be a (p,q) graph such that GT~ is connected, then G¥~ is Eulerian if
and only if one of the following holds:

(1) p is even, q is odd and deg, (u) is odd for all u € V(G);
(2) p is even, q is even and deg(u) is even for all u € V(G).

Proof Suppose that GT~ is Eulerian. Then the degree of each vertex in G~ is even. By
Observation 3, deg . (u) = q — deg, (u), for every point vertex u of G*~. So, ¢ and deg (u)
are both even or both odd. Also by Observation 4, deg ., (e') = deg,(u) + deg,(v) +p — 4
for every line vertex e’ corresponding to e = (u,v) of G. Since u,v € V(G*T7), deg,(u) and
deg, (v) are both even or both odd. So, deg, (u)+ deg, (v) + p — 4 is even, and hence p is even.

Conversely, suppose that (1) holds. Since deg_, (u) = g — degc(u), it follows that for all
u € V(G), deg . (u) is even. Also, for every line vertex e’ in Gt~ corresponding to an edge

e = (z,y) of G, we have deg_, (€') = deg, () + deg,(y) + p — 4. Since deg,(z) and deg, (y)
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are odd, and p is even, it follows that deg_, (') is even. So, every vertex of G*~ has even
degree. Thus, Gt~ is Eulerian. The proof is similar if (2) holds. ad

Theorem 2.12 For any connected graph G with at least three vertices, such that GT— is
connected, diam(G*~ ) is at most 4.

Proof Let G be a connected graph with at least three vertices such that G~ is connected.
We consider the following cases.

Case 1. Let ¢} and e} be line vertices of Gt~. 1If e¢; and ey are adjacent in G, then
d., (e,e5) = 1. If e; and ey are not adjacent in G, then there exists an edge e in G ad-
jacent to both e; and es in G or there exists a vertex in G not incident with both e; and
es, since otherwise GT~ would be disconnected. In both cases, d, (€e},e5) = 2, so that, the

distance between any two line vertices in Gt~ is at most 2.
Case 2. Let u and v be point vertices of GT~. We consider the following subcases.

Subcase 2.1 w and v are not adjacent in G and e is an edge in G not incident with both
u and v. Then, (u,¢’,v) is geodetic path in G*~, and hence d_, _(u,v) = 2.

Subcase 2.2 wu and v are not adjacent in G and e is an edge in G incident with
u but not incident with v. Since G is connected, u and v are connected by path. Let
(u,e,v1,€1,v2,€2,03...,€5,0) be the u — v geodetic path in G. If & = 1, then (u,e},e,v)
is geodetic path in G*~ and dg+- (u,v) = 3. If k > 2, then (u, €}, €},_;,v) is geodetic path in
Gt~ andd_, (u,v)=3.

Subcase 2.3 w and v are adjacent in G. Let e = (u,v). Since p > 3 and G is connected,
there exists a vertex w in G such that (u,v,w) is a path in G. Since G*~ is also connected, we

consider the following subcases.

Subcase 2.3.1 There exists a vertex x in G such that z is adjacent to w, let e; = (w, z).
Then (u,eq,v) is a path in G*~ and d_, (u,v) = 2.

Subcase 2.3.2 There exists a vertex = in G such that z is adjacent to u, let ez = (x, u).

Then (u, €}, ¢, e5,v) is a geodetic path in Gt~ and d_, _ (u,v) = 4.

Case 3. Let u and ¢’ be point vertex and line vertex, respectively of GT~. If u is not incident
with e in G, then d_, (u,e’) = 1. If u is incident with e in G, then let e = (u,v). Since p > 3,
and G is connected, it follows that there exists an edge e; = (v, w), say. Then d_, (u,e’) = 2.

Hence, from all the above cases, diam(GT~) < 4. O

In the following theorem, we obtain graphs whose middle graph and G*~ are isomorphic.

Theorem 2.13 For any G(p,q) graph, G™— and middle graph M(G) are isomorphic if and
only if G is one of the following graphs K, 2K, Py, Cy, Ps UKy, K4y —e or K.

Proof Assume that Gt~ = M(G). If ¢ =0, then G 2 GT~ 2 M(G) 2 K,. If ¢ # 0, then
|[E(GT7)| = |E(M(G))|. That is |[E(L(G))| +q(p — 2) = |[E(L(G))| +2q, so that, ¢(p —2) = 2q.
Then p = 4 and G is one of the graphs Ko U2K, 2K5, Py, KsUK;, Cy, P3 UKy, K 3, K30 K>,
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K4 —e or K;. Among these graphs, if G is Ko U2K7 or K 3 or K3UK; or K3 e Ko, G~ and
M (G) are not isomorphic. Hence, G is one of the graphs: 2Ks, Py, C4, P3 UKy, K4 — e or Ky.

Conversely, if G is one of the following graphs fp, 2Ko, Py, Cy, P3 UK, K4 — ¢ or Ky,
then clearly G™~ and middle graph M (G) are isomorphic. O

In the following theorem, we obtain graphs whose total graph and G™~ are isomorphic.

Theorem 2.14 For any graph G(p,q), GT~ and total graph T(G) are isomorphic if and only
if G2K,.

Proof Assume that Gt~ 2 T(G). If ¢ = 0, then G 2 GT~ 2 T(G) 2 K,. If ¢ # 0,
then |[E(G17)| = |E(T(GQ))|. That is, |E(L(G)| + q(p — 2) = |E(G)| + |E(L(G))| + 24, so that
q(p —2) = |E(G)| + 2q. Hence, p = 5. If G has at least one edge then GT~ and T(G) are non
isomorphic, a contradiction.

Conversely, clearly if G = fp, then GT~ and total graph T(G) are isomorphic. O
In the following theorem, we obtain graphs whose quasi-total graph and GT~ are isomor-

phic.

Theorem 2.15 Let G be any connected (p,q) graph such that p > 5. Then Gt~ and quasi-total
graph P(G) are non isomorphic.

Proof Assume that GT~ and P(G) are isomorphic. Then

[E(L(G)|+qlp—2) = [|E@G)|+|E(LG))]+2q
= q(p—2):@—q+2q
= p(p2—1) =q(p—3)=plp—1) =2q(p—3). (1)

We consider the following cases.
Case 1. p=q. Then G is unicyclic. From Equation (1), p=¢=>5. But G~ 2 P(G).

Case 2. ¢ < p. Since G is connected, ¢ = p — 1. Then G is a tree. From Equation (1), p =6
and ¢ = 5. It can be verified that Gt~ 2 P(G).
Case 3. ¢ > p. Then from Equation (1), p < 4. But p > 5. So, GT~ % P(G).

Hence, from all the above cases, GT~ and P(G) are non isomorphic. ad
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§1. Introduction

The theory of fuzzy set was first proposed by Zadeh in the seminal paper [22] in 1965. The
concept of fuzzy set is used successfully to modelling uncertain information in several areas of
real life. A fuzzy set is defined by a membership function p with the range in unit interval
[0,1]. The theory and applications of fuzzy sets and logics have been studied extensively in
several aspects in the last few decades such as control, reasoning, pattern recognition, and
computer vision etc. The mathematical framework of fuzzy sets become an important area for
the research in several phenomenon such as medical diagnosis, engineering, social sciences etc.
Literature on fuzzy sets can be seen in a wide range in [7,24, 25, 26].

The degree of membership of an element in a fuzzy set is single value between 0 and 1.
Thus it may not always be true that the degree of non-membership of an element in a fuzzy
set is equal to 1 minus the membership degree because there is some kind of hesitation degree.
Therefore, in 1986, Atanassov [1] introduced an extension of fuzzy sets called intuitionistic fuzzy
set. An intuitionistic fuzzy sets incorporate the hesitation degree called hesitation margin and

1Received April 12, 2015, Accepted November 25, 2015.
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this hesitation margin is defining as 1 minus the sum of membership and non-membership
degree. Therefore the intuitionistic fuzzy set is defined by a membership degree p as well as
a non-membership function v with same range [0,1]. The concpet of Intuitionistic fuzzy sets
have been applied successfully in several fields such as medical diagnosis, sale analysis, product
marketing, financial services, psychological investigations, pattern recognition, machine learning
decision making etc.

Smarandache [14] in 1980, introduced a new theory called Neutrosophy, which is basically
a branch of philosophy that focus on the origin, nature, and scope of neutralities and their
interactions with different ideational spectra. On the basis of neutrosophy, he proposed the
concept of neutrosophic set which is characterized by a degree of truth membership T, a de-
gree of indeterminacy membership I and a degree falsehood membership F'. A neutrosophic
set is powerful mathematical tool which generalizes the concept of classical sets, fuzzy sets [22],
intuitionistic fuzzy sets [2], interval valued fuzzy sets [15], paraconsistent sets [14], dialetheist
sets [14], paradoxist sets [14], and tautological sets [14]. Neutrosophic sets can handle the in-
determinate, imprecise and inconsistent information that exists around our daily life. Wang et
al. [17] introduced single valued neutrosophic sets in order to use them easily in scientific and
engineering areas that gives an extra possibility to represent uncertain, incomplete, imprecise,
and inconsistent information. Hanafy et.al further studied the correlation coefficient of neutro-
sophic sets [5,6]. Ye [18] defined the correlation coefficient for single valued neutrosophic sets.
Broumi and Smaradache conducted study on the correlation coefficient of interval neutrosophic
set in [2]. Salama et al. [12] focused on neutrosophic sets and netrosophic topological spaces.
Some more literature about neutrosophic set is presented in [4,8,10, 11,13, 16,19, 20, 23].

The notions of a G-spaces [3] were introduced as a consequence of an action of a group on
an ordinary set under certain rulers and conditions. Over the passed history of Mathematics
and Algebra, the theory of group action [3] has proven to be an applicable and effective
mathematical framework for the study of several types of structures to make connection among
them. The applications of group action can be found in different areas of science such as physics,
chemistry, biology, computer science, game theory, cryptography etc which has been worked
out very well. The abstraction provided by group actions is an important one, because it allows
geometrical ideas to be applied to more abstract objects. Several objects and things have found
in mathematics which have natural group actions defined on them. Specifically, groups can act
on other groups, or even on themselves. Despite this important generalization, the theory of
group actions comprise a wide-reaching theorems, such as the orbit stabilizer theorem, which

can be used to prove deep results in several other fields.

82. Literature Review and Basic Concepts

Definition 2.1([22]) Let X be a space of points and let x € X . A fuzzy set A in X is
characterized by a membership function p which is defined by a mapping p : X — [0,1]. The

fuzzy set can be represented as

A={{z,p(x)):zeX}.
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Definition 2.2([14]) Let X be a space of points and let x € X. A neutrosophic set A in X is

characterized by a truth membership.

function 7', an indeterminacy membership function I , and a falsity membership function
F. T,1,F are real standard or non-standard subsets of J0~,1%[, and T,I,F : X — ]0—,17].

The neutrosophic set can be represented as
A={(2,T(2).I(x),F(x)):x€X}.

There is no restriction on the sum of 7,1, F,s0 0~ <T + 1+ F < 3+,

From philosophical point of view, the neutrosophic set takes the value from real standard
or non-standard subsets of 0=, 11[. Thus it is necessary to take the interval [0,1] instead of
]0~, 1F[ for technical applications. It is difficult to apply ]0~, 17 in the real life applications

such as engineering and scientific problems.

Definition 2.3([3]) Let Q be a non empty set and G be a group. Let v : Q x G — Q be a
mapping. Then v is called an action of G on Q if for allw € Q and g, h € G, there are

(1) v(v(w,g),h) =v(w,gh)
(2) v(w,1) = w, where 1 is the identity element in G.

Usually we write w9 instead of v (w, g). Therefore (1) and (2) becomes as

(1) (W) = (w)9". For allw € Q and g,h € G.

(2) w = w.

A set Q with an action of some group G on it is called a G-space or a G-set. It basically
means a triplet (2, G,v).

Definition 2.4([3]) Let Q be a G-space and Q1 # ¢ be a subset of Q. Then §y is called a
G-subspace of Q if w9 € Qq for allw € Q1 and g € G.

Definition 2.5([3]) Let Q be a G-space. We say that Q) is transitive G-space if for any o, 3 € Q,
there exist g € G such that a9 = 3.

83. Fuzzy Subspace

Definition 3.1 Let Q be a G-space. Let p: Q — [0,1] be a mapping. Then p is called a fuzzy
subspace of Q if p(w9) > p(w) and p (wgil) < p(w) forallw e Q and g € G.

Example 3.1 Let Q = (Z4,+) and G ={0,2} < Z4. Let v : Q x G — Q be an action of G on
Q) defined by w9 = w+g for all w € Q and g € G. Then Q is a G-space. We define p: Q@ — [0, 1]

by
1

p0)=gandp(l)=pn(2)=n@)=1

Then clearly u is a fuzzy subspace of Q.
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Definition 3.2 Let €, be a fuzzy subspace of the G-space Q. Then p is called transitive fuzzy
subspace if for any a, B from Q, there exist g € G such that p(a?) = p(8).

Example 3.2 Let Q = G = (Z4,+). Let v : Q@ x G — Q be an action of G on 2 defined by
wI=w+gforallwe Qand g e G. We define pu: Q — [0,1] by

1

p0)=5andp(1)=pn(2)=n@)=1

Then clearly p is a transitive fuzzy subspace of €.

Theorem 3.1 If Q) is transitive G-space, then p is also transitive fuzzy subspace.

Proof Suppose that € is transitive G-space. Then for any «, 8 € €, there exist g € G such
that a9 = (. This by taking p on both sides, we get p(a9) = p (6) for all a, § € Q. Hence by

definition p is a transitive fuzzy subspace of (2. |

Definition 3.3 A transitive fuzzy subspace of Q) is called fuzzy orbit.

Example 3.3 Consider above Example, clearly u is a fuzzy orbit of Q.

Theorem 3.2 FEvery fuzzy orbit is trivially a fuzzy subspace but the converse may not be true.
For converse, see the following Example.

Example 3.4 Let Q = S5 = {e,y,z, 2%, 2y, 2%y} and G = {e,y} < S3. Let v: Q x G — Q be
an action of G on (2 defined by p® = po for all p € 2 and o € G. Then clearly Q2 is a G-space.
Let p: © — [0,1] be defined as p(e) = p(y) = p(z) = p(2?) = p(zy) = p(z?y) = 2. Thus
1 is a fuzzy subspace of €2 but u is not a transitive fuzzy subspace of 2 as u has the following

fuzzy orbits:

I {u(e)=u(y)= g}v

po = {u(x)—u($2) :g

3

{u(xy) = p(a®y) =

Definition 3.4 Let Q be a G-space and Q,, be a fuzzy subspace. Let a € Q. The fuzzy stabilizer
is denoted by G () and is defined to be G, o) = {9 € G : p(a?) = p(a)}.

Example 3.5 Consider the above Example. Then

Gue) = Guy) = Gu) = Gu@2) = Guay) = Gu@zy) = {e}-

Theorem 3.3 If G, is G-stabilizer, then G\,(q) is a fuzzy stabilizer.
Theorem 3.4 Let Gq) be a fuzzy stabilizer. Then G o) < Ga-

Remark 3.1 Let G,(q) be a fuzzy stabilizer. Then G ) < G.
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84. Neutrosophic Subspaces

Definition 4.1 Let  be a G-space. Let A : Q — [0, 1]3 be a mapping. Then A is called a

neutrosophic subspace of Q0 if The following conditions are hold.
(1) T(w9) > T (w) and T (w-‘fl) <T(w),
(2) I(w9) <I(w) andI (wg”) > I (w) and
(8) F(w9) < F(w) and F (wgil) > F(w) for allw e Q and g € G.
Example 4.1 Let Q@ = G = (Z4,+). Let v : @ x G — Q be an action of G on  which is

defined by w? = w + g. Then  is a G-space under this action of G. Let A : Q — |0, 1]3 be a
mapping which is defined by

and
F(0)=04and F(1)=F(2)=F(3)=0.2.

Thus clearly A is a neutrosophic subspace as A satisfies conditions (1), (2) and (3).
Theorem 4.1 A neutrosophic subspace is trivially the generalization of fuzzy subspace.

Definition 4.2 Let A be a neutrosophic subspace of the G-space 2. Then A is called fuzzy
transitive subspace if for any a, B from €1, there exist g € G such that

F?) = F(9),
F?) = F(9),
F?) = F(3).

Example 4.2 Let Q = G = (Z4,+). Let v: Q@ x G — Q be an action of G on 2 defined by
wIi=w+gforallwe Qand g € G. We define A: Q — [0,1]3 by

TO) = %andT(l):T(2):T(3):1,
1) = %and[(l)z[@)z](?)):l,
F(0) = iandF(l):F(2):F(3):1

Then clearly A is a neutrosophic transitive subspace of €).

Theorem 4.2 If Q) is transitive G-space, then A is also neutrosophic transitive subspace.

Proof Suppose that € is transitive G-space. Then for any «, 8 € €, there exist g € G such
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that o9 = 8. This by taking T on both sides, we get T («9) = T () for all o, 3 € Q. Similarly,
we can prove it for the other two components I and F'. Hence by definition A is a neutrosophic
transitive subspace of (). O

Definition 4.3 A neutrosophic transitive subspace of € is called neutrosophic orbit.

Example 4.3 Consider above Example 4.2, clearly A is a neutrosophic orbit of .

Theorem 4.3 All neutrosophic orbits are trivially the generalization of fuzzy orbits.

Theorem 4.4 FEvery neutrosophic orbit is trivially a neutrosophic subspace but the converse

may not be true.
For converse, see the following Example.

Example 4.4 Let Q = S3 = {e,y,z,2%, 2y, 2%y} and G = {e,y} < 3. Let v: 2 x G — Q be
an action of G on (2 defined by p® = po for all p € 2 and o € G. Then clearly Q2 is a G-space.
Let A: Q — [0,1] be defined as

T() = T@)=T@)=T()=T(m)=T (%)=,
1) = 14)=1(0)=1() =1(y) =1 (%) =,
F(e) = F(y)zF(:C)zF(x2)=F(:vy):F(x2y):g.

Thus A is a neutrosophic subspace of €2 but A is not a neutrosophic transitive subspace of
Q as A has the following neutrosophic orbits:

= {ueo-uw=-2n={rao-10-2} n={re-rum-3}
pe = {M(x)zu(:&):g},b:{I@):I(ﬁ):%},&:{F@):F(:&):%},

ps = {u(wy) = p(2%y) = g}afs - {I(wy)=f(fv2y) = %}Fs = {F(:vy) =F (2%y) = %}-

Definition 4.4 Let Q be a G-space and A be a neutrosophic subspace. Let o € Q). The
neutrosophic stablizer is denoted by G a(o) and is defined to be

Ga@ ={9€G:T () =T(a),I(a?) =1(a),F(a?) = F(a)}.

Example 4.5 Consider the above Example 4.4. Then

Gage) = Gay) = Gaw) = Gaw?) = Ga@y) = Gazy) = {e}.

Theorem 4.5 If G, is G-stabilizer, then G 5() is a neutrosophic stabilizer.
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Theorem 4.6 Every neutrosophic stabilizer is a generalization of fuzzy stabilizer.
Theorem 4.7 Let G 5() be a neutrosophic stabilizer. Then G 5(q) < Ga.

Remark 4.1 Let G o) be a neutrosophic stabilizer. Then G g(q) < G.

§5. Conclusion

In this paper, we introduced fuzzy subspaces and neutrosophic subspaces (generalization of fuzzy
subspaces) by applying group actions.Further, we define fuzzy transitivity and neutrosophic
transitivity in this paper. Fuzzy orbits and neutrosophic orbits are introduced as well. We also
studied some basic properties of fuzzy subspaces as well as neutrosophic subspaces. In the near
future, we are applying these concepts in the field of physics, chemistry and other related fields

to find the uncertainty in symmetries.
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§1. Introduction

The study of Riemannian symmetric manifolds began with the work of Cartan [1]. A Rieman-
nian manifold (M™, g) is said to be locally symmetric due to Cartan if its curvature tensor R
satisfy the relation VR = 0, where V denotes the operator of covariant differentiation with
respect to the metric tensor g. The notion of locally symmetric manifolds has been weakened
by many authors in several ways to a different extent such as recurrent manifolds by Walker
[10], semi symmetric manifold by Szabé [8], pseudo symmetric manifold by Chaki [2], gener-
alized pseudo symmetric manifold by Chaki [3], and weakly symmetric manifold by Tdmassy
and Binh [9]. In 1988 Chaki [4] introduced the notion of pseudo Ricci symmetric manifolds. A
Riemannian manifold (M™,g) (n > 2) is said to be pseudo Ricci symmetric if its Ricci tensor
S of type (0, 2) is not identically zero and satisfy the relation

(VxS)(Y, Z) = 2a(X)S(Y, Z) + a(Y)S(X, Z) + (Z)S(Y, X),

where « is a non zero 1-form such that g(X, p) = a(X) for every vector field X. Such an n -
dimensional manifold is denoted by (PRS)s.

Again, M. C. Chaki and T. Kawaguchi [5] introduced the notion of almost pseudo Ricci
symmetric manifolds. A Riemannian manifold (M™",g) is called an almost pseudo Ricci sym-
metric manifolds if its Ricci tensor S of type (0, 2) is not identically zero and satisfies the

condition

(VxS)(Y. 2) = [a(X) + BX)S(Y. 2) + a(Y)S(X, 2) + a(2)S(V, X),  (1.1)

1Received February 12, 2015, Accepted November 26, 2015.
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where o and 3 are nowhere vanishing 1-forms such that ¢(X, p) = a(X) and ¢g(X, u) = 5(X)
for all X and p, u are called the basic vector fields of the manifold. The 1-forms « and (3 are
called associated 1-forms and an n-dimensional manifold of this kind is denoted by A(PRS),,.

If, in particular, 8 = « then it reduces a pseudo Ricci symmetric manifolds.

In general relativity the matter content of the spacetime is described by the energy momen-
tum tensor 71" which is determined from the physical considerations dealing with the distribution
of matter and energy. Since the matter content of the universe is assumed to behave like a per-
fect fluid in the standard cosmological models, the physical motivation for studying Lorentzian
manifolds is the assumption that a gravitational field may be effectively modelled by some
Lorenzian metric defined on a suitable four dimensional manifold M. The Einstein equations
are fundamental in the construction of cosmological models which imply that the matter deter-
mine the geometry of the spacetime and conversely the motion of matter is determined by the

metric tensor of the space which is non flat.

The physical motivation for studying various types of spacetime models in cosmology is
to obtain the information of different phases in the evolution of the universe, which may be
classified into three different phases, namely, the initial phase, the intermediate phase, and the
final phase. The initial phase is just after the Big Bang when the effects of both viscosity and
heat flux were quite pronounced. The intermediate phase is that when the effect of viscosity
was no longer significant but the heat flux was still not negligible. The final phase extends to
the present state of the universe when both the effects of viscosity and heat flux have become
negligible and the matter content of the universe may be assumed to be a perfect fluid. The
study of A(PRS)4 is important because such spacetime represents the intermediate phase in
the evolution of the universe. Consequently the investigations of A(PRS)4 help us to have a
deeper understanding of the global character of the universe including the topology, because

the nature of the singularities can be defined from a differential geometric standpoint.

The present paper is concerned with certain investigations in general relativity by the
coordinate free method of differential geometry. In this method of study the spacetime of general
relativity is regarded as a connected four-dimensional semi-Riemannian manifold (M4, g) with
Lorenz metric g with signature (-, +, +, +). The geometry of the Lorentz manifold begins with
the study of the causal character of vectors of the manifold. It is due to this casuality that the
Lorentz manifold becomes a convenient choice for the study of general relativity. Also we study
the space time when the anisotropic pressure tensor in energy momentum tensor of type (0, 2)
takes the different form. Here we consider a special type of spacetime which is called almost

pseudo Ricci symmetric spacetime.

§2. Preliminaries

Let L be the symmetric endomorphism of the tangent space at each point of (M™,g) corre-
sponding to the Ricci tensor S. Then ¢g(LX,Y) = S(X,Y) for all vector fields X, Y. Let

{e;:i=1,2,--- ,n} be an orthonormal basis of the tangent space at any point of the manifold.
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Then setting Y = Z = ¢; in (1.1) and then taking summation over i, 1 < < n, we obtain

dr(X) =r[a(X) + (X)] + 2a(LX), (2.1)

where r is the scalar curvature of the manifold. Again from (1.1) we get
(Vx9)(Y, 2) = (VyS)(X, 2) = B(X)S(Y, Z) = B(Y)S(X, Z). (2.2)
Setting Y = Z = ¢; in (2.2) then taking summation over i, 1 <14 < n, we obtain
dr(X) =2rp(X) —26(LX). (2.3)

If the scalar curvature r is constant then

dr(X)=0 for all X. (2.4)

By virtue of (2.4), (2.3) yields
BLX) = rB(X), (2.5)
S(X, p) =rg(X, p). (2.6)

These formula will be used in the sequel.

§3. Almost Pseudo Ricci Symmetric Spacetime with Viscous Fluid Matter Content

A viscous fluid spacetime is a connected semi-Riemannian manifold (M4?,g) with signature

(—,+,+,+). In general relativity the key role is played by Einstein equation
S(XY) = S9(X.Y) + Ag(X,Y) = kT(X,Y) (3.1)

for all vector fields X, Y, where S is the Ricci tensor of type (0, 2), r is the scalar curvature,
A is the cosmological constant, k is the gravitational constant and 7' is the energy-momentum
tensor of type (0, 2). The matter content of the spacetime is described by the energy-momentum
tensor 1" which is to be determined from physical considerations dealing with distribution of
matter and energy. Let us consider the energy-momentum tensor 7" of a viscous fluid spacetime
of the following form [7]

T(X,Y)=pg(X,Y)+ (0 + p)y(X)v(Y) + P(X,Y), (3.2)

where o, p are the energy density and isotropic pressure, respectively, and P denotes the
anisotropic pressure tensor of the fluid, p is the unit timelike vector field, called flow vector
field of the fluid associated with the 1-form v given by g(X, ) = v(X) for all X. Then by
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virtue of (3.2), (3.1) can be written as
SOXLY) = (5 +kp = Ng(X.Y) + k(o +p)y(X0)1(Y) + kP(X,Y), (3.3)

Case 1. Let us consider P(X,Y) =tg(X,Y), where ¢ is any real number, then equation (3.3)
become

S(X,Y) = (g +h(p+1) = Ng(X,Y) + k(o +p)y(X)y(Y), (3.4)

which shows that the spacetime under consideration is a (QE)s with ¢ = § + k(p +1t) — A
and ¢ = k(o + p) as associated scalars; A as the associated 1-form with generator u and the
anisotropic pressure tensor P which is of the form P(X,Y) = tg(X,Y’). Hence we can state

Theorem 3.1 A wviscous fluid spacetime satisfying Finstein’s equation with a cosmological
constant is a 4-dimensional quasi-Einstein manifold with generator u as the flow vector field

and p as the isotropic pressure tensor when the anisotropic pressure tensor P is of the form

P(X,Y) =tg(X,Y).

In this section we consider a relativistic spacetime as a Lorentzian A(PRS), with associate
1-form « and basic vector field ;1 whose matter content is the viscous fluid with the velocity
vector field . Then p is a timelike unit vector field. Hence g(u, pu) = —1 and g(X, pu) = v(X)
for all X. Taking a frame field and contracting (3.5) over X and Y we get

r=—k(3p— o) + 4X — 4kt, (3.5)
Now putting Y = p, it follows from (3.4) that
S(X. ) = (5 = A= ko + kt)g(X, ). (3.6)

So, it follows from (3.6) that § — A — ko + kt is an eigenvalue of Ricci tensor S and p is an
eigenvector corresponding to the eigenvalue.

Let p be another eigenvector os S different from p. Then p must be orthogonal to u. Hence
9(p,p) =0, ie., v(p) = 0.

By putting Y = p, it follows from (3.4) that

S(X,p) = (g — A+ kp+ kt)g(X, p). (3.7)

So from (3.7), § — A+ kp + kt is another eigenvalue of S corresponding to the eigenvector
p. Here we see that two eigenvalues are different and for a given eigenvector there is a only
one eigenvalue. So, it follows that the Ricci tensor S has only two different eigenvalues, namely
5—A—ko+ktand § — X\ — ko + kt.

Let the multiplicity of § —A—ko +kt be m and therefore the multiplicity of § —A—ko +kt
be (4 — m) because the dimension of the spacetime is 4.

Hence

m(g—)\—ka+kt)+(4—m)(g—/\—kcr+kt):T-



Almost Pseudo Ricci Symmetric Viscous Fluid Spacetime 45

Then after some calculations and using (3.5), we get
(c+p)(m—1)=0. (3.8)

Since (o + p) # 0 it follows from (3.8) m = 1. Thus the multiplicity of the eigenvalue
5 — A — ko + kt is 1 and the the multiplicity of the eigenvalue § — A\ — ko + kt is 3. Therefore
the segre characteristic [6] of S is [(111),1]. Hence we can state

Theorem 3.2 If in an almost pseudo Ricci symmetric spacetime of basic vector field p, the
matter content is a viscous fluid with p as the velocity vector field and when the anisotropic
pressure tensor P is of the form P(X,Y) =tg(X,Y), then the Ricci tensor of the spacetime is
segre characteristic [(111),1].

Now from (3.6), S(X,u) = (§ — X — ko + kt)g(X, p) and on the other hand S(X,u) =

rg(X, 1), using this two equations we can write
r— g F A+ ko — kt]g(X, p) = 0. (3.9)

Further setting X = p in equation (3.9), we get

2kt — 2\ —r
c=—.

3.10
Again from (3.5) and using the result of (3.10), we can write
2\ —r — 2kt
S A——— 3.11
p 5% (3.11)

Here we see that o and p are constant. Hence we can state the following

Theorem 3.3 If a viscous fluid A(PRS)4 spacetime obeys Einstein’s equation with a cosmo-
logical constant and when the anisotropic pressure tensor P is of the form P(X,Y) =tg(X,Y),

then energy density and isotropic pressure are constants.

Let us consider in A(PRS), spacetime p > 0. Then since o > 0, we have from (3.10) and
(3.11) that
/\<kt—g and /\>g+kt.

Therefore we can state the following
Theorem 3.4 If a viscous fluid A(PRS)s spacetime with positive isotropic pressure obeys

Einstein’s equation with a cosmological constant X and when the anisotropic pressure tensor P
is of the form P(X,Y) =tg(X,Y), then X satisfies either X < kt — & or A > § + kt.

Next we discuss whether a viscous fluid A(PRS)s spacetime with generator p as unit

timelike flow vector field can admit heat flux or not. Let us consider the energy momentum
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tensor T is of the following form [10]
T(X,Y) = pg(X,Y) + (0 + p)y(X)7(Y) +(X)n(Y) + n(X)y(Y) + P(X,Y),

where n(X) = g(X, p) for all vector field X, p being the heat flux vector field, o, p are energy
density and isotropic pressure tensor respectively and P denotes the anisotropic pressure tensor
of the fluid. Thus we have g(u, p) = 0 that is n(u) = 0.

Now using this energy momentum tensor in equation (3.1) and then setting ¥ = u, we get

(g YA+ ko — k)g(X, 1) = —kn(X). (3.12)

Then putting X = p in (3.12), we obtain

g—l—)\—l—ka—kt:()

Therefore we can write that from (3.12), n(X) = 0 for all X, since k # 0. Thus we have
the following

Theorem 3.5 A viscous fluid A(PRS)4 can not admit heat flux when the anisotropic pressure
tensor P is of the form P(X,Y) =1tg(X,Y).

Case 2. Next we consider P(X,Y) = D(X,Y), where D(X,Y) = D(Y, X), trace(D) = 0 and
D(X,u) = 0 for all vector field X. Then equation (3.3) become

SOXLY) = (5 +kp = Ng(X,Y) + k(o +p)y(X)1(Y) + kD(X,Y), (3.13)

From (3.13) it follows that the spacetime under consideration is a pseudo quasi-Einstein
manifold with o1 = § +kp— A, (1 = k(o +p) and {; = k as associate scalars;  as the associate
1-form with generator 4 and the anisotropic pressure function D as the structure tensor. Hence

we can sate the following

Theorem 3.6 A viscous fluid spacetime satisfying Finstein equation with cosmological con-
stant and when the anisotropic pressure tensor P is of the form P(X,Y) = D(X,Y) is a
4-dimensional connected pseudo quasi-FEinstein manifold with generator u is the flow vector

field and the structure tensor D as the anisotropic pressure tensor.

Next we discuss about the segre characteristic of S, for that after some calculations we
get two different eigenvalues of S namely, 5 — A — ko and § — X\ + kp. Here we see that two
eigenvalues are different and for a given eigenvector there is a only one eigenvalue.

Let the multiplicity of 5 — A — ko be m and therefore the multiplicity of § — A + kp be
(4 — m) because the dimension of the spacetime is 4.

Hence

m(g—)\—kcr)+(4—m)(g—/\+kp)zr.

Then after some calculations, we get m = 1. Thus the multiplicity of the eigenvalue 5 — A — ko
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is 1 and the the multiplicity of the eigenvalue § — A+ kp is 3. Therefore the segre characteristic
of Sis [(111),1]. Hence we can state

Theorem 3.7 If in an almost pseudo Ricci symmetric spacetime of basic vector field p, the
matter content is a viscous fluid with p as the velocity vector field and when the anisotropic
pressure tensor P is of the form P(X,Y) = D(X,Y), then the Ricci tensor of the spacetime is
segre characteristic [(111),1].

Setting Y = p in equation (3.12), we get S(X, ) = (5 — A — ko )g(X, ) and on the other
hand S(X, u) = rg(X, ), using this two equations we can write

r— g + A+ kolg(X, i) = 0. (3.14)

Further setting X = u in equation (3.14), we get

-2\ —r
= —. 1
o ok (3.15)

Taking contraction on (3.13), we get
r:4(g — A+ kp) — k(o + p).

Then using (3.15) in the above equation, we can write

2N —r
P ok (3.16)

Here we see that o and p are constant. Hence we can state the following

Theorem 3.8 If a viscous fluid A(PRS)4 spacetime obeys Einstein’s equation with a cosmo-
logical constant and the anisotropic pressure tensor P is of the form P(X,Y) = D(X,Y), then

energy function and isotropic pressure of the fluid are constants.

Let us consider in A(PRS), spacetime p > 0. Then since o > 0, we have from (3.15) and
(3.16) that

)\<—g and )\>g.

Therefore we can state the following

Theorem 3.9 If a viscous fluid A(PRS)s spacetime with positive isotropic pressure obeys
Einstein’s equation with a cosmological constant X and when the anisotropic pressure tensor P
is of the form P(X,Y) = D(X,Y), then X\ satisfies either A < —% or A > .

Next we now discuss whether a viscous fluid A(PRS)4 spacetime with generator u as unit
timelike flow vector field can admit heat flux or not. Let us consider the energy momentum

tensor T is of the following form

T(X,Y)=pg(X,Y) + (0 +p)y(X)v(Y) +v(X)n(Y) + n(X)y(Y) + D(X,Y),
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where n(X) = g(X, p) for all vector field X, p being the heat flux vector field, o, p are energy
density and isotropic pressure tensor respectively and D denotes the anisotropic pressure tensor
of the fluid. Thus we have g(u, p) = 0 that is n(u) = 0.

Now using this energy momentum tensor in equation (3.1) and then setting ¥ = u, we get

(5 + A+ ko)g(X, p) = —kn(X). (3.17)

Then putting X = p in (3.17), we obtain

g+A+ka:o

Therefore we can write that from (3.16), n(X) = 0 for all X, since k # 0. Thus we have
the following

Theorem 3.10 A viscous fluid A(PRS)4 can not admit heat fluz when the anisotropic pressure
tensor P is of the form P(X,Y) = D(X,Y).

Case 3. In this case, we consider P(X,Y) = v(X)v(Y). Then equation (3.3) becomes
r
S(X,Y) = (5 +kp = Ng(X,Y) + k(o + p)y(X)y(Y) + ky(X)y(Y).

Therefore,
S(X,Y) = (g Fhp— Ng(X,Y) + k(o + p+ D)y(X)y(Y). (3.18)

From (3.18) it follows that the spacetime under consideration is a quasi-Einstein manifold
with go = £ +kp—Aand (o = k(o +p+ 1) as associate scalars; A as the associated 1-form with
generator p and the anisotropic pressure tensor P which is of the form P(X,Y) = ~(X)v(Y).
Hence we can state the following

Theorem 3.11 A wiscous fluid spacetime satisfying Finstein’s equation with a cosmological
constant is a 4-dimensional quasi-Einstein manifold with generator u as the flow vector field
and p as the isotropic pressure tensor when the anisotropic pressure tensor P is of the form
P(X,Y) =v(X)v(Y).

Next we discuss about the segre characteristic of .9, for that after some calculations we get
two different eigenvalues of S namely, § — A — ko — k and 5 — A + kp. Here we see that two
eigenvalues are different and for a given eigenvector there is a only one eigenvalue.

Let the multiplicity of 5 — A — ko — k be m and therefore the multiplicity of § — A+ kp be
(4 — m) because the dimension of the spacetime is 4.

Hence

m(g—)\—ka—k)—i-(él—m)(g—)\—i-kp):r.

Then after some calculations, we get m = 1. Thus the multiplicity of the eigenvalue 5 —A—ko—Fk
is 1 and the the multiplicity of the eigenvalue § — A+ kp is 3. Therefore the segre characteristic
of S is [(111),1]. Hence we can state
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Theorem 3.12 If in an almost pseudo Ricci symmetric spacetime of basic vector field u, the
matter content is a viscous fluid with u as the velocity vector field and when the anisotropic
pressure tensor P is of the form P(X,Y) = v(X)y(Y), then the Ricci tensor of the spacetime
is segre characteristic [(111),1].

Putting Y = p in equation (3.18), we get S(X,pu) = (5 — A — ko — k)g(X, 1) and on the
other hand S(X, p) = rg(X, 1), using this two equations we can write

[r—g—l—)\—l—ka—l—k]g(X,,u):O- (3.19)

Further setting X = p in equation (3.19), we get

=2\ —r -2k
. 2
o o7 (3.20)

Taking contraction on (3.18), we get
r:4(g “A+kp) — k(o +p+1).

Then using (3.20) in the above equation, we can write

2N —r
= . 21
P ok (3.21)

Here we see that o and p are constant. Hence we can state the following

Theorem 3.13 If a viscous fluid A(PRS)4 spacetime obeys Finstein’s equation with a cosmo-
logical constant and the anisotropic pressure tensor P is of the form P(X,Y) = ~v(X)y(Y),

then energy function and isotropic pressure of the fluid are constants.

Let us consider in A(PRS)4 spacetime p > 0. Then since o > 0, we have from (3.20) and
(3.21) that
)\<—(g+k) and A > g

Therefore we can state the following

Theorem 3.14 If a viscous fluid A(PRS)4 spacetime with positive isotropic pressure obeys
Einstein’s equation with a cosmological constant A and the anisotropic pressure tensor P is of
the form P(X,Y) = v(X)y(Y), then X satisfies either X < —(§ + k) or A > %.

Next we now discuss whether a viscous fluid A(PRS)4 spacetime with generator u as unit
timelike flow vector field can admit heat flux or not. Let us consider the energy momentum

tensor T is of the following form
T(X,Y) =pg(X,Y) + (0 +p)y(X)7(Y) + y(X)n(Y) + n(X)7(Y) + (X )y (Y),

where n(X) = g(X, p) for all vector field X, p being the heat flux vector field, o, p are energy

density and isotropic pressure tensor respectively and P denotes the anisotropic pressure tensor
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of the fluid which is of the form P(X,Y) = ~(X)y(Y). Thus we have g(u,p) = 0 that is
n(p) = 0.

Now using this energy momentum tensor in equation (3.1) and then setting Y = u, we get

(5 + A+ ko + K)g(X, 1) = —kn(X). (3.22)

Then putting X = p in (3.22), we obtain
r

Therefore we can write that from (3.22), n(X) = 0 for all X, since k # 0. Thus we have
the following

Theorem 3.15 A viscous fluid A(PRS)4 can not admit heat fluz when the anisotropic pressure
tensor P is of the form P(X,Y) = ~v(X)v(Y).

Case 4. Here we consider P(X,Y) = v(X)n(Y) + n(X)y(Y), where n(X) = g(X, p) then

equation (3.3) become
SOXLY) = (5 +kp = Ng(X,Y) + k(o +p)y(OAY) + khCOn(Y) +n(X0v(Y)).  (3.23)

From (3.23) it follows that the spacetime under consideration is a generalized quasi-Einstein
manifold with g3 = £ + kp — A, (3 = k(0 + p) and & = k as associate scalars; A as the
associated 1-form with generator p and the anisotropic pressure tensor P which is of the form
P(X,Y) =~v(X)n(Y) + n(X)y(Y). Hence we can state the following

Theorem 3.16 A wviscous fluid spacetime satisfying Finstein’s equation with a cosmological
constant is a 4-dimensional generalized quasi-FEinstein manifold with generator p as the flow
vector field and p as the isotropic pressure tensor when the anisotropic pressure tensor P is of
the form P(X,Y) = v(X)n(Y) + n(X)y(Y).

Next we discuss about the segre characteristic of S, for that after some calculations we
does not get two different eigenvalues of S. So, in that case we can’t say anything about the

segre characteristic of S.

Putting Y = p in equation (3.23), we get S(X, ) = (5§ — XA — ko)g(X, p) and on the other
hand S(X, u) = rg(X, 1), using this two equations we can write

r— g A+ kolg(X, 1) = 0. (3.24)

Further setting X = p in equation (3.24), we get

2\ —r
2k

ag =

(3.25)
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Taking contraction on (3.23), we get
r=4\ — k(3p— o)

Then using (3.25) in the above equation, we can write

2N —r
P ok (3.26)

Here we see that o and p are constant. Hence we can state the following

Theorem 3.17 If a viscous fluid A(PRS)4 spacetime obeys Einstein’s equation with a cosmo-
logical constant and the anisotropic pressure tensor P is of the form P(X,Y) = v(X)n(Y) +
n(X)y(Y), then energy function and isotropic pressure of the fluid are constants.

Next we consider in A(PRS), spacetime p > 0. Then since ¢ > 0, we have from (3.25)
and (3.26) that

)\<—g and )\>g.

Therefore we can state the following

Theorem 3.18 If a viscous fluid A(PRS)4 spacetime with positive isotropic pressure obeys
FEinstein’s equation with a cosmological constant A and when the anisotropic pressure tensor P
is of the form P(X,Y) = ~v(X)n(Y) +n(X)y(Y), then X satisfies either A < —5 or A > 7.
Next we now discuss whether a viscous fluid A(PRS)4 spacetime with generator u as unit
timelike flow vector field can admit heat flux or not. Let us consider the energy momentum

tensor T is of the following form

T(X,Y)=pg(X,Y) + (0 +p)y(X)v(Y) +v(X)P(Y) + (X)) (Y) + [y(X)n(Y) + n(X)yv(Y)],

where ¥(X) = g(X, p) for all vector field X, p being the heat flux vector field, o, p are energy
density and isotropic pressure tensor respectively and P denotes the anisotropic pressure tensor
of the fluid which is of the form P(X,Y) = v(X)n(Y) + n(X)y(Y). Thus we have g(u,p) =0
that is ¢¥(u) = 0.

Now using this energy momentum tensor in equation (3.1) and then setting ¥ = u, we get

(5 4+ ko) 90X, 1) = =k (1(X) + (X)), (3.27)

Then putting X = p in (3.27), we obtain

%—Fz\—kka:().

So we can write that from (3.27), ¥(X) = 0 for all X since k # 0 and obtain the following

Theorem 3.19 A viscous fluid A(PRS)4 can not admit heat fluz when the anisotropic pressure
tensor P is of the form P(X,Y) =~v(X)n(Y) + n(X)y(Y).
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Abstract: In this paper d,,- degree and total d,,-degree of a vertex in bipolar fuzzy
graphs are defined. Also (m,(c1,c2))-regularity and totally (m, (c1,cz2))-regularity of bipolar
fuzzy graphs are defined. A relation between (m, (c1, c2))-regularity and totally (m, (c1,c2))-
regularity on bipolar fuzzy graph is studied. (m, (c1,c2))-regularity on some bipolar fuzzy
graphs whose underlying crisp graphs are path on 2m vertices, a cycle C,, are studied with

some specific membership functions.

Key Words: Degree of a vertex in fuzzy graph, regular fuzzy graph, bipolar fuzzy graph,
total degree, totally regular fuzzy graph, dz- degree of a vertex in bipolar fuzzy graph, total
do- degree, (2, (c1,c2))-regular fuzzy graphs, totally (2, (c1, c2))-regular.
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§1. Introduction

In 1965, Lofti A.Zadeh [16] introduced the concept of fuzzy subset of a set as method of
representing the phenomena of uncertainty in real life situation. Azriel Rosenfeld introduced
fuzzy graphs in 1975 [12]. It has been growing fast and has numerous application in various
fields. Nagoor Gani and Radha [10]introduced regular fuzzy graphs, total degree, totally regular
fuzzy graphs. Alison Northup introduced semiregular graphs that we call it as (2, k)- regular
graphs and discussed some properties of (2,k)-regular graphs. In 1994 W.R.Zhang [15] initiated
the concept of bipolar fuzzy sets as generalization of fuzzy sets. Bipolar fuzzy sets are extension
of fuzzy sets whose membership value in [—1,1]. N.R.Santhi Maheswari and C.Sekar introduced
do- degree of vertex in graphs and discussed some properties of ds- degree of a vertex in graphs
[13]. S.Ravi Narayanan and N.R.Santhi Maheswari introduced dg-degree of a vertex in bipolar
fuzzy graphs, total do-degree of a vertex in bipolar fuzzy graph and discussed some properties
of da-degree of the vertex in bipolar fuzzy graph [11].

This paper motivates us to introduce d,,- degree in bipolar fuzzy graph. Throughout this

paper, the vertices take the membership values (m],m] ) and edges take the membership values

(mg,my ) where mf,m3 €[0,1] and mi ,m; € [~1,0].

1Received April 7, 2015, Accepted November 28, 2015.
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§2. Preliminaries

We present some known definitions related to fuzzy graphs and bipolar fuzzy graphs for ready

reference to go through the work presented in this paper.

Definition 2.1([9]) A fuzzy graph G : (o, 1) is a pair of functions (o, ), where o : V. —[0,1]
is a fuzzy subset of a non empty set V and p: VXV —[0, 1] is a symmetric fuzzy relation on
o such that for all u,v in V, the relation p(u,v) < o(u) A o(v) is satisfied. A fuzzy graph G is
called complete fuzzy graph if the relation p(u,v) = o(u) A o(v) is satisfied.

Definition 2.2([2]) A bipolar fuzzy graph with an underlying set V is defined to be the pair G
= (A, B) where A = (m},m ) is a bipolar fuzzy set on V and B = (mg,ms ) is a bipolar fuzzy
set on E such that m3 (x,y) < min{mi (z),m{ (y)} and m; (x,y) > max{m (x),m] (y)} for
all (x,y) € E. Here A is called a bipolar fuzzy vertex set of V- and B is called a bipolar fuzzy
edge set of E.

Definition 2.3([9]) The strength of connectedness between two vertices u and v is defined
as 1% (u,0) = suplpt(u,v) 1 k = 1,2, -} where g (u,v) = sup {u(un un) A lun,uz) A - A
w(ug—1,0): U, ug, U2, -, Uk—1,0 s path connecting u and v of length k}.

Definition 2.4([14]) The positive degree of a vertex u € G is d*(u) = > mJ (u,v). The
negative degree of a vertex u € G is d—(u) = >_m5 (u,v). The degree of the vertex u is defined
as d(u)= (d*(u),d™ (u)).

Definition 2.5([14]) Let G = (A, B) be a bipolar fuzzy graph where A = (m],m;) and
B = (m3,my) be two bipolar fuzzy sets on a non-empty finite set V. Then G is said to be

regular bipolar fuzzy graph if all the vertices of G has same degree (c1,c2).

Definition 2.6([14]) Let G = (A, B) be a bipolar fuzzy graph. The total degree of a vertezu € V
is denoted by td(u) and defined as td(u) = (td*(u),td™ (u)) where td* (u) = > m3 (u,v)+mi (u)
and td—(u) =3 mg (u,v) +my (u).

Definition 2.7([11]) Let G = (A, B) be a bipolar fuzzy graph on G*(V,E). The positive
dy - degree of a verter u € G is defined as dj (u) = ngz’Jr)(u,v), where mg2’+)(u,v) =
sup{myj (u,u1) Amyg (u1,v) : u,u1, v is the shortest path connecting u and v of length 2. The
negative da- degree of a vertex u € G is defined as dy (u) = mgQ’_)(u, v) where mf’_)(u, v) =
inf{my (u,u1) Vmy (u1,v) : u,ur, v is the shortest path connecting v and v of length 2. The da
- degree of a vertex u is defined as da(u) = (d (u),d; (u)). The minimum dy - degree of G is

92(G) = AMda(v) : v € V}. The mazimum dy - degree of G is Ax(G) = V{da(v) : v € V}

Definition 2.8([11]) Let G : (o, ) be a bipolar fuzzy graph on G* : (V, E). If da(v) = (c1, ca),
for all v € V, then G s said to be (2, (c1,c2))-regular bipolar fuzzy graph.

Definition 2.9([11]) Let G = (A, B) be a bipolar fuzzy graph. Then the total da- degree of
a vertex u € V is defined as tdy(u) = (td3 (u),td, (u)) where tdf (u) = d (u) + m; (u) and
tdy (u) = d3 (u) + my (u). Also it can be defined as tde(u) = da(u) + A(u) where A(u) =
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(mf (u),my (u)).

Definition 2.10([11]) Let G = (A, B) be a bipolar fuzzy graph. If all the vertices of G have the
same total da-degree (c1,ca) then G is said to be totally (2, (c1,c2))- regular bipolar fuzzy graph.

83. d- Degree of Vertex in Bipolar Fuzzy Graphs

Definition 3.1 Let G = (A, B) be a bipolar fuzzy graph on G*(V, E). The positive d,, - degree
of a vertex u € G is defined as d}, (u) = mgm’ﬂ(u, v), where mgm’ﬂ(u, v) = sup{m3 (u,u1) A
my (ug,uz) A Am3 (m—_1,0) : w1, Uz, U1, is the shortest path connecting u and v
of length m)}. The negative d,- degree of a vertex u € G is defined as d3 (u) = mém’f)(u, )
where mgm’f)(u,v) = inf {my (u,u1) V my (u1,u2) V-V 1y (Um—1,0) : U, U1, U2, . . ., Upy—1,V
is the shortest path connecting u and v of length m)}.The d,, - degree of a vertex u is defined
05 () = (&3, (), i (0)):

The minimum d, - degree of G is 6.,,(G) = NMdm(v) : v € V} and the mazimum d,, -
degree of G is Ay (G) = V{dm(v) :v € V}.

Example 3.2 Counsider a bipolar fuzzy graph on G*(V, E)

11(0.1,-0.2)
(0.1,-0.2) (0.1,-0.2)
U7(0.5, _04) ’U,Q(O.Q, —0.3)
(0.3,-0.4) (0.2,-0.3)
u6(0.6,—0.7) @ ® 43(0.3,-0.4)
(0.4,-0.5) (0.3,-0.4)
u5(0.5,—0.6)
Figure 1
d;(ul) =(0.1AN02A03)4+ (0.1 N0.3A0.4)=0.140.1=0.2
ds (u1) =(-0.2v -0.3Vv —0.2) + (-0.2V —0.4 VvV —0.5)
=(-0.2)+(-0.2) =-04
dg(ul) = (02, —04)
d;(ug) =(02A02A0.3)+(0.1A0.1A03)=0.2+0.1=0.3
ds (u2) =(-0.3Vv —-0.2Vv —04) + (-0.2V 0.2V —0.4)
=(-0.2)+(-0.2) =-04
dg(UQ) = (03, —04)

di (us) = (0.2A 0.1 A0.1) + (0.2 0.3A0.4) =0.1+0.2=0.3
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d3 (u3z) = (=0.3Vv —0.2Vv —0.2) + (-0.2V 0.5V —0.4)
=(-0.2)+(-0.2) = —0.4
d3(’d3) = (0.3, —04)

df (ug) = (02A0.2A0.1) + (0.3A 0.4 0.3) =0.14+0.3 = 0.4

d; (ug) = (=0.2V —0.3V —0.2) + (—0.4V —0.5 V —0.4)
= (=0.2) + (~0.4) = —0.6

ds(us) = (0.4, —0.6)

di (us) = (0.3A0.2A0.2) + (0.4 A 0.3A0.1) =0.2+0.1=0.3
dy (us) = (=0.4V —0.2V —0.3) 4 (0.5 V —0.4V —0.2)
=(=0.2) + (=0.2) = —0.4

dz(us) = (0.3,-0.4)

=(04A0.370.2)+ (0.3A0.1A0.1)=0.2+0.1=0.3

( ) (=0.5Vv —0.4Vv —-0.2) + (-0.4Vv —-0.2V —0.2)
=(-0.2) + (-0.2) = -0.4

ds(ug) = (0.3,-0.4)

di (ur) = (0.3A0.4A0.3)+ (0.1 A0.1A0.2) =0.3+0.1=0.4

d; (u7) = (=0.4V —0.5V —0.4) + (0.2 V —0.2 v —0.3)
= (—0.4) + (=0.2) = —0.6

ds(uz) = (0.4, —0.6)

84. (m,(c1,c2))-Regular Bipolar Fuzzy Graphs

Definition 4.1 Let G = (A, B) be a bipolar fuzzy graph on G*(V, E). If d\n(v) = (¢1,¢2), for
allve V then G is said to be (m, (c1,c2))-regular bipolar fuzzy graph.

Example 4.2 Cousider a bipolar fuzzy graph on G*(V, E)

w(0.4,-0.5) (0.2,-0.3) (0.4, —0.5)

(0.3, -0 (0.3, -0.4)

w(0.4,—0.5)

(0.2, —Or (0.2,-0.3)

y(0.4,-0.5) (0.3,-0.4) £(0.4,-0.5)

Figure 2
di (u) = sup{(0.2 A 0.3 1 0.2),(0.3A0.2A0.3)}
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= sup{0.2,0.2} = 0.2

d5 (u) = inf{(~0.3V —0.4V —0.3), (—0.4V 0.3V —0.4)}
—inf{~0.3,-0.3} = —0.3

ds(u) = (0.2,-0.3)

di (v) = sup{(0.2 A 0.3 A 0.2),(0.3A0.2A0.3)}
= sup{0.2,0.2} = 0.2

ds (v) = inf{(-0.3Vv —0.4Vv —-0.3),(-0.4Vv —-0.3V —-0.4)}
=inf{-0.3,-0.3} = —0.3

ds(v) = (0.2, -0.3)

df (w) = sup{(0.3 A 0.2 0.3),(0.2A0.3A0.2)}
= sup{0.2,0.2} = 0.2

ds (w) = inf{(-0.4Vv —0.3Vv —0.4),(-0.3Vv —0.4V —0.3)}
=inf{-0.3,-0.3} = —0.3

ds(w) = (0.2, -0.3)

di (z) = sup{(0.2 0.3 0.2),(0.3A0.2A0.3)}
= sup{0.2,0.2} = 0.2

d; () = inf{(~0.3V —0.4V —0.3), (—0.4V 0.3V —0.4)}
—inf{-0.3,-03} = —0.3

ds(z) = (0.2, -0.3)

di (y) = sup{(0.3 0.2 0.3),(0.2A0.3A0.2)}
= sup{0.2,0.2} = 0.2

ds (y) = inf{(=0.4Vv —0.3 Vv —0.4), (—0.3V —0.4 V —0.3)}
=inf{-0.3,-0.3} = —0.3

ds(y) = (0.2, -0.3)

di (2) = sup{(0.3A 0.2 0.3),(0.2A0.3A0.2)}
= sup{0.2,0.2} = 0.2

ds (z) = inf{(-0.4v —-0.3Vv —0.4),(-0.3Vv -0.4V —0.3)}
=inf{-0.3,-0.3} = 0.3

ds(z) = (0.2,-0.3)

Here, G is (3, (0.2, —0.3))-regular bipolar fuzzy graph.

§5. Totally (m, (c1,c2))-Regular Bipolar Fuzzy Graphs

Definition 5.1 Let G = (A, B) be a bipolar fuzzy graph on G*(V, E). The total d,,-degree of
a vertex w € 'V is defined as tdy,(u) = dp(u) + A(u).

The minimum td,-degree is t0,,(G) = N{tdm, (v): v € G} and the mazimum td,,-degree is
tAL(G) = V{tdy,(v): v e G}
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same total d,,

Example 5.3 In Figure.2,
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tds(u) = ds(u) + A(u) = (0.2,—0.3) + (0.4, —0.5) = (0.6, —0.8)
tds(v) = ds(v) + A(v) = (0.2, —0.3) + (0.4, —0.5) = (0.6, —0.8)
tds(w) = d3(w) + A(w) = (o 2 —0.3) + (0.4, —0.5) = (0.6, —0.8)
tds(z) = ds(z) + A(z) = (0.2,—0.3) + (0.4, —0.5) = (0.6, —0.8)
tds(y) = ds(y) + A(y) = (0.2,—0.3) + (0.4, -0.5) = (0.6, —0.8)
tds(z) = ds(z) + A(z) = (0.2, —0.3) + (0.4, —0.5) = (0.6, —0.8)

(A, B) be a bipolar fuzzy graph on G*(V, E). If each vertex of G has
- degree, then G is said to be totally (m,(c1,c2)) - regular bipolar fuzzy graph.

Since all the vertices have the same total tds- degree(0.6, —0.8) This graph is totally

(3,(0.6, —0.8))-regular bipolar fuzzy graph.

Remark 54 A (m
bipolar fuzzy graph

Example 5.5 Counsider a bipolar fuzzy graph on G*(V, E).

, (c1, c2))-regular bipolar fuzzy graph need not be totally (m

1(0.3,—0.4)

(0.3, -0.4 (0.1,-0.2)
2(0.5, —0.6 7(0.2,-0.3)
(0.2, -0.3) (0.1,-0.2)

3(0.7, —0.8) 6(0.8,—0.9)
(0.1,-0.2) (0.3,-0.4)
4(0.5,-0.9

(0.4,-0.5) 5(0.7,—0.8)
Figure 3

Here, d3(v)
graph. But td3(1) # td3(7).Hence G is not totally (3,

Remark 5.6 A totally (m
bipolar fuzzy graph

Example 5.7 Cousider a bipolar fuzzy graph on G*(V, E).
1(0.7,-0.3)

2(0.6,—0.6)

3(0.8,—0.6)

, (€1, e2))-regular bipolar fuzzy graph need not be (

, (e1, ¢2))-regular

= (0.2,—-0.4) for all v € V.Hence G is a (3, (0.2, —0.4))-regular bipolar fuzzy
(c1, c2))-regular bipolar fuzzy graph.

m, (c1,c))-reqular

4(0.4,—0.3)

7(0.7,-0.6) (0.2,—0.3) 6(0.9,=0.9X0.5, -0.6)
Figure 4

(0.8,—0.6)
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Here, tds(v) = (0.9,—0.9), for all v € V. Hence G is a totally (3,(0.9,—0.9))-regular
bipolar fuzzy graph. But ds(1) # ds3(2). Hence G is not (3, (c1,ce))-regular bipolar fuzzy
graph.

Remark 5.8 A (m, (c1,c2))-regular bipolar fuzzy graph which is a totally (m, (c1,c2))-regular
bipolar fuzzy graph.

Example 5.9 Counsider a bipolar fuzzy graph on G*(V, E).

(0.4, —0.5) .1)(0.4, —0.5) w(0.4,—-0.5)
(0.2,-0.3) (0.2,-0.3)
(0.2,-0.3) (0.2,-0.3)
(0.2,-0.3) ° (0.2,-0.3)
x(0.4, —0.5)
2(0.4,-0.5) y(0.4,—0.5)
Figure 5

Here, ds(v) = (0.2, —0.3) and tds(v) = (0.6, —0.8), for all v € V. Hence G is (3, (0.2, —0.3))-
regular bipolar fuzzy graph and totally (3, (0.6, —0.8))-regular bipolar fuzzy graph.

Theorem 5.10 Let G = (A, B) be a bipolar fuzzy graph on G*(V,E). Then A(u) = (k1,k2)

for all w € V if and only if the following conditions are equivalent.

(1) G=(A,B) is (m,(c1,c2)) - reqular bipolar fuzzy graph;
(2) G = (A, B) is totally (m, (c1 + k1,c2 + k2)) - regular bipolar fuzzy graph.

Proof Suppose A(u) = (k1,k2) for all uw € V. Assume that G is a (m, (c1,c2)) - regular
bipolar fuzzy graph. Then d,,(u) = (c1,¢2), for all u € V. So tdp,(u) = dp(u) + A(u) =
(c1,¢2)+ (k1, ko) = (1 +k1,c2+ ko). Hence G is a totally (m, (¢1 + k1, ca + k2)) - regular bipolar
fuzzy graph.. Thus (i) = (ii) is proved.

Now suppose G is totally (m, (¢1 + k1, c2 + k2)) - regular bipolar fuzzy graph.

= tdm(u) = (c1 + k1,62 + ko), forallu € V

= dm(u) + A(u) = (1 + k1,c0 + k2), forallu e V

= dp(u) + (k1, k2) = (c1,c2) + (k1, k2), for allu € V

= dp(u) = (c1,c2), forallu e V.

Hence G is (m, (¢1,c2)) - regular bipolar fuzzy graph. Thus (i) and (ii) are equivalent.

Conversely assume (i) and (ii) are equivalent. Let G be a (m, (c1,c2)) - regular bipolar
fuzzy graph and totally (m, (¢; + k1, c2 + k2)) - regular bipolar fuzzy graph.

= tdp(u) = (c1 + k1, c2 + k2) and dy,(u) = (c1,¢2), for all w € V

= dpm(u) + A(u) = (c1 + k1,02 + k2) and d,, (u) = (c1,¢2), for allu € V

= dm(u) + A(u) = (c1,¢2) + (k1, k2) and dp, (u) = (c1,¢2), forallu € V

= A(u) = (k1,k2), for all u € V.

Hence A(u) = (k1, ka). O
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86. (m,(c1,c2))- Regularity on Path of 2m Vertices with Specific Membership
Function

Theorem 6.1 Let G = (A, B) be a bipolar fuzzy graph such that G*(V, E) is path on 2m

vertices. If B is constant function then G is (m, (c1,c2))- reqular bipolar fuzzy graph.

Proof Suppose that B is constant function, say B(uv) = (c1,¢2), for all wv € E. Then
dm(u) = (c1,¢2). Hence G is (m, (c1,¢2)) - regular bipolar fuzzy graph. O

Remark 6.2 The converse of Theorem 6.1 need not be true.

Example 6.3 For example consider G = (A, B) be bipolar fuzzy graph such that G*(V, E) is

path on 6 vertices.

u(.5,—.6) v(.6,-.7)  w(7,—.8) z(.5,—.6) y(6,-.7) =z(.7,—.8)
[ @ L @ @ ®
(.3,—.4) (4,—.5) (2,-.3) (3,—.4) (4,—.5)

Figure 6

Note that ds(u) = (0.2,-0.3), for all w € V. So, G is a (3,(0.2,—-0.3)) regular bipolar
fuzzy graph. But B is not constant function.

Theorem 6.4 Let G = (A, B) be a bipolar fuzzy graph such that G*(V, E) is path on 2m
vertices. If the alternate edges have same membership values then G is a (m, (c1,¢2))- reqular

bipolar fuzzy graph where ¢c; = min{mgm’ﬂ} and cg = max{mgm’_)}.

Proof Let G = (A, B) be a bipolar fuzzy graph such that G*(V, E) is path on 2m vertices.
Let eq,e2,...,e2m_1 be the edges of path G* in that order. If alternate edges have same

membership values then

m;(ei) _ k1 if 4is odd and  my(er) = ry  if ¢ is odd '
ko if i is even ro if 7 is even
Fori=1,2,--- ,m,
dl (vi) = {Bt(e;) ABY(eix1) A+ A BT (em—2+i) A BT (em—1+i)} = min{ki, ka},
d} (vi) = c1 where ¢; = min{ki, ko}.
Fori=1,2,--- ,m,
dyt,(vmti) = {BT(e;) A BT (€i41) A+ - A BT (em—2+4:) A BT (€m—1+4)}
= min{ky, k2},
df (Um4i) = 1 where ¢ = min{ky, ka}.
Fori=1,2,--- ,m,

dr_n(’l)i) = {B_(el) \Y B_(ei+1) V.-V B_(em_2+i) \Y B_(em_1+i)} = max{rl,rg},



On (m, (c1, c2))-Regular Bipolar Fuzzy Graphs 61

d. (v;) = ca where co = max{ry,r2}.

Fori=1,2,---,m,

d';q,(var’L') = {B7(€z) \Y B7(€i+1) ARV B7(6m72+1‘) v B+(€m71+i)}
= max{rlur2}-

d;z(vm-‘ri) = C2, Where Co = max{rljrz}'

Since d,, (v) = (d} (v),d,,(v)) = (c1,c2), for all v € V, we know that G is an (m, (¢1,¢2))-
regular bipolar fuzzy graph. O

Theorem 6.5 Let G = (A, B) be a bipolar fuzzy graph such that G*(V, E) is path on 2m
vertices. If the middle edge have positive membership value less than positive membership value
of remaining edges and negative membership value greater than negative membership value of
remaining edges, then G is a (m,(c1,c2)) - regular bipolar fuzzy graph where ¢y and co are
membership values of the middle edge.

Proof Let G = (A, B) be a bipolar fuzzy graph such that G*(V, E) is path on 2m ver-
tices. Let ey, es,...,e2,—1 be the edges of path G* in that order. Let the positive member-

ship values of the edges e1, e, - ,e2m—1 be ki,ka, -+, km—1, km,Kkm+1, -+ , kam—1 such that
km = c1 < ki,ka, -, kom—1 and the negative values of the edges eq,es, - ,e,_1 be then
1,725 s Tm—1,Tm, Tm41, - -, T2m—1 such that r,, =co > r1, 79, ,rom—_1.

Fori=1,2,--- ,m,

dy,(vi) = {B¥ (&) A B (€i1) A+ -+ A BT (em—2+4i) A BT (em—1+44)}
= min{ks, kiv1, km—21i, km—14i} = km,

df (v;) = ¢1, where ¢1 = k.

Fori=1,2,--- m,

dyt, (Vi) = {BT(e;) A BT (€i41) A+ - A BT (em—2+4:) A BT (em—1+44)}

= min{ks, kiv1, km—21i, km—14i} = km,

A (Um4i) = c1 where ¢1 = ky,.

Fori=1,2,--- ,m,

Ay (vi) = {B7 (&) V B~ (€i41) V -+ V B~ (em—2+i) V B~ (em—1+i)}
= maX{Ti, Tit1l, s Tm—2+14, Tm—l-‘ri} =Tm,

d,. (v;) = ca where ca = 7,.

Fori=1,2,--- ,m,

(Vi) = {B7(e;) V B~ (€i41) V -+ V B™ (€m—21i) V BT (€m—11)}
= maX{Ti, Ti+l7 s 7rm—2+i7 Tm—l-‘ri} =Tm,

d. (Vm+i) = co, where ca = 74y,

Since d,,, (v) = (d}f (v),d;, (v)) = (c1,c2), for all v € V we know that G is an (m, (¢1,¢2))-
regular bipolar fuzzy graph. O
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Remark 6.6 If A is constant function, then Theorems 6.1, 6.4 and 6.5 hold good for totally
(m, (1, c2))- regular bipolar fuzzy graph.

87. (m,(c1,c2)) - Regularity on a Cycle with Some Specific Membership Functions

Theorem 7.1 Let G = (A, B) be a bipolar fuzzy graph such that G*(V, E) is the cycle of length
> 2m+ 1. If m§ and m, are constant functions, then G is a (m,(c1,c2)) - regular bipolar
fuzzy graph. where (c1,ca) = 2(m3,my).

Remark 7.2 The converse of the Theorem 7.1 need not be true. For example consider G =
(A, B) be a bipolar fuzzy graph such that G*(V, E) is an odd cycle of length five.

Example 7.3 See the graph in Figure 7.
u(.7,—.6)

(.2,-.3)

Figure 7

Note that da(u) = (0.4, —0.6) for all w € V. So G is a (2, (0.4, —0.6))- regular bipolar fuzzy
graph. But mj and m; are not constant functions.

Theorem 7.4 Let G = (A, B) be a bipolar fuzzy graph such that G*(V, E) is an even cycle of
length > 2m—+2. If the alternate edges have same positive and negative membership values then

G is a (m, (c1,c2))- regular bipolar fuzzy graph.

Proof 1If alternate edges have same positive and negative membership values then

mg(ei) _ ki1 if 7 is odd and  my(ei) = ks if 7 is odd
ko if 4 is even ks if 4 iseven

Here we have 4 possible cases:

(1) k1 > ko and kg > ky,

df,(v) = min{ki, ko} +min{ki, ke} = ko + k2 = 2ky = c1,
d (v) = max{ks, ka} + min{ks, ka} = ks + k3 = 2k3 = ca.
(2) k1 > ko and ks < ky,

df (v) = min{ky, ka} + min{ky, ko} = ko + ko = 2ka = ¢4,
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Ay

(’U) = max{kg, k4} + min{kg, k4} =ky + kg = 2ky = co.
(3) k1 < ko and kg > k4,

dj,;(v) = min{kl, kz} + min{kl, kz} =ki+ ki =2k = ¢y,
d-

m

(’U) = max{kg, k4} —+ min{kg, k4} = kg —+ kg = 2]{:3 = c9.

(4) k1 < ko and k3 < k4,
drtb(’U) = min{kl, kQ} + min{kl, kQ} = kl —|— kl = 2I€1 = (1,
d=

m

(’U) = max{kg, k4} —+ min{kg, k4} = k4 + k4 = 2]{:4 = c9.

Hence G is a (m, (1, ¢2))- regular bipolar fuzzy graph where d,,(v) = (c1, ¢2). O

Remark 7.5 Let G = (A, B) be a bipolar fuzzy graph such that G*(V, E) is an even cycle of
length > 2m + 2. Even if the alternate edges have same positive and same negative membership
values, then G need not be a (m, (c1,ca))- reqular bipolar fuzzy graph. Since if A = (m],my)

is mot a constant function, G is not totally (m, (c1,c2))- regular bipolar fuzzy graph.

Theorem 7.6 Let G = (A, B) be a bipolar fuzzy graph such that G*(V, E) is any cycle of length
>2m+ 1. Let ko > ky and kg > k3 and

ki1 if iis odd
my (e;) = 1 ifddso and m5 (e;) =
ko if iis even ky if i1is even

ks if iis odd

Then G is (m, (c1,c2))- regular bipolar fuzzy graph.

Proof The proof is divided into two cases.

Case 1. Let G = (4, B) be a bipolar fuzzy graph such that G*(V, E) is an even cycle of length
< 2m+ 2. Then by Theorem 7.4, G is (m, (¢1, ¢2))- regular bipolar fuzzy graph.

Case 2. Let G = (A, B) be a bipolar fuzzy graph such that G*(V, E) is an odd cycle of length
< 2m + 1.For any m > 1, d,,, = (¢1, ¢2), for all v € V. Hence G is (m, (c1, c2))- regular bipolar
fuzzy graph. O

Remark 7.7 Let G = (A, B) be a bipolar fuzzy graph such that G*(V, E) is any cycle of length
>2m+ 1. Even if ko > k1 and kg > ks,

m (es) = ki if iis odd and  ms (es) = ks if iis odd
ko if iis even ky if iis even

Then G need not be totally (m, (c1,c2))- regular bipolar fuzzy graph, since if A= (mj,my) is

not a constant function G is not totally (m, (c1,c2))- regular bipolar fuzzy graph

Theorem 7.8 Let G = (A, B) be a bipolar fuzzy graph such that G*(V, E) is odd cycle of length
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>2m+1. Let
k1 if iis odd
my (e;) = . o ,
membership value © > k1 if i is even
B ko if 1 is odd
my (e;) = )

membership value y > ko if i is even

where © is not constant. Then G is (m, (c1,c2))- regular bipolar fuzzy graph.

Proof Let
k1 if 7 is odd
m3 (e:) = . s :
membership value x > k; if 7 is even
and
_ ko if 7 is odd
mo (61) = )

membership value y > ko if ¢ is even
where x is not constant. Then

dm(v;) = (min{k1, 2} + maz{ke,y}) + (min{k1, 2} + maz{ka,y})
= (k1,y) + (k1,y) = (2k1, 2y),
dm(vi) = (c1,¢2), where ¢1 = 2k1,co = 2y, for all v € V. Hence G is (m, (c1,cz))- regular

bipolar fuzzy graph. |

Remark 7.9 Let G = (A, B) be a bipolar fuzzy graph such that G*(V, E) is odd cycle of length
>2m + 1. Even if

k1 if 1 1is odd
my (e;) =
membership value © > k1 if i is even
and
B ko if i s odd
my (61) = )

membership value y > ko if i is even

where = is not a constant function. Then G need not be totally (m, (c1,ce))- regular bipolar
fuzzy graph, since if A = (m{,m]) is not a constant function G is not totally (m, (c1,c2))-

regular bipolar fuzzy graph.
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81. Introduction

All graphs in this paper are finite, undirected and simple. For a graph G we denote the vertex-set
and edge-set by V(G) and E(G), respectively. A (v,e)-graph G is a graph such that v = |V (G)|
and e = |E(G)|. A general reference for graph-theoretic ideas can be seen [21]. There are many
types of labeling, for example magic, antimagic, gracegraceful, odd gracefu, cordial, radio, sum
and mean labeling. This paper deals with different results on super (a, d)-edge-antimagic total
((a,d)— EAT) labelings for a subclass of a subdivided star trees. The more details on antimagic
total labeling can be seen in [5,9]. The subject of edge-magic total labeling of graphs has its
origin in the works of Kotzig and Rosa [12, 13] on what they called magic valuations of graphs.
The definition of (a, d)-edge-antimagic total labeling was introduced by Simanjuntak, Bertault

and Miller in [18] as a natural extension of edge-magic labeling defined by Kotzig and Rosa.

Conjecture 1.1([6]) Ewvery tree admits a super edge-magic total labeling.

For supporting this conjecture, many authors have considered super edge-magic total la-
beling for many particular classes of trees for example [1, 2, 3, 4, 5, 7, 8, 10, 11, 16, 17, 18,
19]. Lee and Shah [14] verified this conjecture by a computer search for trees with at most 17
vertices. However, this conjecture is still as an open problem.

A star is a particular type of tree graph and many authors have proved the magicness
for subdivided stars. Ngurah et. al. [15] proved that T'(m,n, k) is also super edge-magic if
k=mn+3orn+4. In [20], Salman et. al. found the super edge-magic total labeling of a

1Received April 17, 2015, Accepted November 30, 2015.
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subdivision of a star ST for m = 1,2. Javaid et. al. [11] proved super edge-magic total labeling
on subdivided star K; 4 and w-trees.

However, super (a, d)-edge-antimagic total labeling of G = T'(ny, ng, ns, -+ ,n,) for differ-
ent {n; : 1 < i <r} is still open.

Definition 1.1 A graph G is called (a,d)-edge-antimagic total ((a,d) — EAT) if there exist
integers a > 0, d > 0 and a bijection

M V((G)UE(G) —{1,2,3,--- ,u+e}

such that W = {w(xy) : 2y € E(G)} forms an arithmetic sequence starting from a with the
common difference d, where w(zy) = M) + A(y) + A(zy) for every zy € E(G). W s called the
set of edge-weights of the graph G.

Furthermore, let H < G. If there is a bijective function A : V(H) — {1,2,---,|H|}
such that the set of edge-sums of all edges in H forms an arithmetic progression {a,a + d,a +
2d,--- ,a+ (|[E(H)| — 1)d} but for all edges not in H is a constant, such a labeling is called a
Smarandachely (a, d)-edge-antimagic labeling of G respect to H. Clearly, an (a,d)-EAV labeling
of G is a Smarandachely (s,d)-EAV labeling of G respect to G itself.

Definition 1.2 A (a,d)-edge-antimagic total labeling X is called super (a,d)-edge-antimagic
total labeling if N(V(G)) = {1,2,3,--- ,v}.

Lemma 1.1([3]) If f is a super edge-magic total labeling of G with the magic constant ¢, then

the function f1:V(G)U E(G) — {1,2,3,--- ,v+ e} defined by

v+1— f(2), for x e V(G),

file) = +e+1—f(x), for xze€ E(G).

is also a super edge-magic total labeling of G with the magic constant c; =4v+e+3 —c.

Definition 1.3 Forn;, > 1 and r > 3, let G = T'(n1,n2,n3,--- ,np) be a graph obtained by
inserting n; — 1 vertices to each of the i-th edge of the star K1 p,, where 1 <1 < p.

82. Main Results

We consider the following proposition which we will use frequently in the main results.

Proposition 2.1([4]) If a (v,e)-graph G has a (s,d)-EAV labeling then

(1) G has a super (s+v+1,d+ 1)-EAT labeling;
(2) G has a super (s +v+e,d —1)-EAT labeling.

Theorem 2.1 For all positive integers n, G = T'(n1,n2,n3, ng) admits super (a,0)-EAT labeling
with a = v+ e+ s and admits super (a,2)-EAT labeling with a = v+ s+ 1, where ny = n,ny =
n+1l,ng=2n+1,ng=4n+2,s =4n+5.
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Proof Suppose that the vertex-set and edge-set of G are as follows:
V(G) =fchud{al |1<i<4; 1<l <n),
E(G)={caz}|1<i<4}u{aliai™ [1<i<4; 1< <ny— 1}
If v=1|V(G)| and e = |[E(G)| then v =8n+5 and e = v — 1.

We define the labeling n: V(G) — {1,2,--- ,|[V(G)|} as follows:

n(c) =4(n+1). For [; odd 1 <I; < n;, where i = 1,2, 3,4, we define

L+1 l1
2

, for ==y
(n+2)—H for uzacl;,
(2n+3)— L for u =z,

An+1)— - for w =zl

For I; even 1 <; < n;, where i = 1,2, 3,4, we define

An+1)+4, for u=azl,
(W) 5(n+1)—%, for u =z,
n(u) =

(6n+5) — % for u =¥,

(8n+6)— 4, for w=zl

The set of all edge-sums {n(z) +n(y) : 2y € E(G)} = {dn+4+j:1<j < e} form
an arithmatic sequence starting with minimum edge-sum 4(n + 1). Therefore, by Proposition
2.1, n can be extended to a super (a,0)-EAT labeling and we obtain the magic constant a =
v+ e+ s = 20n + 14. Similarly, by Proposition 2.1, n can be extended to a super (a,2)-EAT
labeling and we obtain the minimum edge weight isa =v+ 14 s = 12n+ 11. O

Theorem 2.2 For all positive integers n, G = T'(ny, na, n3, ng) admits super (a,1)-EAT labeling
with a = 2v+ s — 1 and admits super (a,3)-FAT labeling with a = v+ s+ 1, where v = |V(G)],
s=3,n=n,ng=n+1,n3=2n+1, ng =4n+ 2.

Proof Suppose that the V(G) and E(G) are defined as in the proof of the Theorem 2.1.
Let us consider v = |V(G)| and e = |E(G)| then v = (8n+5) and e = 4(2n + 1). We define the
vertex labeling  : V(G) — {1,2,--- ,V(G)} as follows:

n(c) = 2. For 1 <1; <n; with i = 1,2,3,4, we define

Iy, for u= xll ( )
241, for u:xlf and I3 = 0( )
(2n+1) = (la—1), for u =z and Iy = 1(mod2),
(2n+2) — (I —2), for u=x% and Iy = 0( )
) —
) —

4(n+1) —Is, for u:xl33,
(8n +6) — Iy, for u =24,
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The set of edge-sums {n(z) + n(y) : zy € E(G)} generated by the above scheme forms a
integer sequence 3,342, ---,3+2(e—1) with difference difference 2. Therefore, by Proposition
2.1, n can be extended to a super (a,1)-EAT labeling and the minimum edge weight is a =
v+ e+ s =2+ 1) Similarly, by Proposition 2.1, n can be extended to a super (a,3)-EAT
labeling and the minimum edge weight isa =v+1+s=v +4. a

Theorem 2.3 For all positive integers n, G = T'(ny, na,ns, ng,ns) admits super (a,0)-EAT
labeling with a = v + e + s and admits super (a,2)-EAT labeling with a = v + s + 1, where
n=n,ne=n+1,n3=2n+1,ng=4n+2,n5 =8n+4 and s =8(n+1).

Proof Suppose that the vertex-set and edge-set of the graph G are as follows:

V(G)={c}u{al |1<i<5; 1< <nyl,
E(G)={ca} |1<i<5pU{afay™ |1<i<5; 1<l <ni— 1}

If v = |V(G)| and e = |E(G)| then v = 16n + 9 and e = 8(2n + 1). We define the labeling
n:V(G) - {1,2,---,|V(G)|} as follows:

n(c) =8n+ 6. For l; odd 1 <[; < n;, where i =1,2,3,4,5, we define

—11;1, for u::z:lll,
(n+2)— L for u =z,
nu) =4 2n+3)— = for u =z,

4(n+1)—l47+1, for =},

(8n+6) — =H for u =z

For [; even 1 < 1; < n;, where i =1,2,3,4,5, we define

(8n+6)+4,  for u=zl,
(9n—|—7)—%2, for u =z,
n(u) =< (10n +6) — %3, for u= xl33,
(12n+8) -4, for u= xl
(16n+9)— %, for u=zb.

The set of all edge-sums {n(z) +n(y) : vy € E(G)}={8n+6+j : 1 < j < e} form
an arithmatic sequence starting with minimum edge-sum (8n + 7). Therefore, by Proposition
2.1, n can be extended to a super (a,0)-EAT labeling and we obtain the magic constant a =
v+ e+ s = 40n + 25. Similarly, by Proposition 2.1, n can be extended to a super (a,2)-EAT
labeling and the minimum edge weight is a = v + 1 + s = 24n + 18. |

Theorem 2.4 For all positive integers n , G = T(ny,na, ns,na,ns) admits super (a,1)-EAT
labeling with a = 2v 4+ s — 1 and admits super (a,3)-EAT labeling with a = v+ s + 1, where
v=|V(G)],s=3n1=n,ne=n+1,n3=2n+1,ng =4n+2.

Proof Suppose that the V(G) and E(G) are defined as in the proof of the Theorem 2.3.
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Let us consider v = |[V(G)| and e = |E(G)| then v = 16n 4+ 9 and e = 8(2n + 1). We define the
vertex labeling  : V(G) — {1,2,--- ,V(G)} as follows:

n(c) = 2. For 1 <1; <mn;, where i =1,2,3,4,5, we define

Iy, for u=2" and I} = 1(mod?2),

241, for u=2" and I} = 0(mod?2),

(2n+1) = (la—1), for u =z and Iy = 1(mod2),
nu) =4 2(n+1)—(y—2), for u=az% and Iy = 0(mod2),

4(n+1) — s, for u =¥,

2(4n+3) — Iy, for u =zt

2(8n+5) — s, for u =z

The set of edge-sums {n(z) + n(y) : zy € E(G)} generated by the above scheme forms a
integer sequence 3,342, - ,3+2(e— 1) with difference difference 2. Therefore, by Proposition
2.1, n can be extended to a super (a,1)-EAT labeling and the minimum edge weight is a =
v+e+s =2+ 1). Similarly, by Proposition 2.1, n can be extended to a super (a,3)-EAT
labeling and the minimum edge weight isa =v+1+s=v +4.

Theorem 2.5 For all positive integers n, G = T(ni,na, n3, N4, N5, Ng, ..., Nyp) admits super
(a,0)-FAT labeling with a = v+ e+ s and admits super (a,2)-EAT labeling with a =v+s+1,
where ny =n,ne =n+1,n3=2n+1,ns =4n+2,n5 =8n+4,
P
s=8(n+1) —|—22m 32n+1)] andn,, =2m3(2n + 1)
m=6
for 6 <m <np.

Proof Suppose that the vertex-set and edge-set of G are as follows:

V(G) = {c} u{a}

E(G):{cle|1§i§p}U{xiix?+l|1§i§p; 1<; <n;—1}.

71§lz§nz}7

If v = |V(G)| and e = |E(G)| then
P p
(16n+9)+ > [2"2(@2n+1)] and e= (16n+8)+ » _[2"*(2n+ 1)].
m=>6 m=6
We define the labeling n: V(G) — {1,2,--- ,|[V(G)|} as follows:

p
n(c) = Bn+6)+ > 2" (2n+1)].
m=6
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For [; odd 1 <I; <mn;, where i =1,2,3,4,5 and 6 < m < p we define

L+l _ 1
=, for uw=uxy,
(n+2)—H for u =z,
nu) =4 2n+3)— = for u =z,

4(n+1)—l47+1, for u =zl

(8n+6) — =X for u =z

and
i

n(af) = (8n+6)+ Y [2"3(2n+1)] —

m=6

i +1
2

respectively. For [; even 1 <[; < n;, where i = 1,2, 3,4,5 and 7(c) = 8 we define

5—|—%, for u—xlll,

(ﬁ—l—n)—%, for u=z2,
+2n—1)—8  for u=2l,
2 3

+4n+1) -4,  for u—xl4,
2 4
(B+8n+3) L, for u=ab.

and

(@) = (B+8n+3)+ Z 27%(2n + 1)] — %

m=6
respectively. The set of all edge-sums {n(z) + n(y) : zy € E(G)}={8+ 7 :1 < j < e} form an
arithmatic sequence starting with minimum edge-sum 3. Therefore, by Proposition 2.1, n can

be extended to a super (a,0)-EAT labeling and we obtain the magic constant
P
a=v+e+s=2v+8n+7)+ Z [2m73(2n + 1)]
m=6

Similarly, by Proposition 2.1, 1 can be extended to a super (a,2)-EAT labeling and obtain
the minimum edge weight is

P
a=v+1l+s=(v+8n+9) —|—22m32n—|—1)] m
m=6
Theorem 2.6 For all positive integers n, G = T(n1,n2, n3, N4, N5, Ne, - -+ ,Np) admits super

(a,1)-FEAT labeling with a = 2v+ s —1 and admits super (a,3)-EAT labeling with a = v+ s+ 1,
where v =|V(@)|, s=3,n1=n,na=n+1,ng=2n+1,ng=4n+2, ns = 8n +4,

P
s=8(n+1) +Z2m32n+1)] and Ny, =2"73(2n 4+ 1)
m=6
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for 6 <m <p.
Proof Suppose that the V(G) and E(G) are defined as in the proof of the Theorem 2.5.
Let us consider v = |V(G)| and e = |E(G)| then

p p
(16n+9)+ > [2"2@2n+1)] and e=82n+1)+ » [2"*(2n+1)].
m=>6 m=6

We define the vertex labeling n : V(G) — {1,2,---,V(G)} as follows:

n(c) =2. For 1 <1; <ny;, wherei=1,2,3,4,5 and 6 < m < p, we define

Iy, for u=2" and I; = 1(mod?2),
2+ 1), for u=2% and l; = 0(mod?2),
(2n+1)— (I —1), for u =z and Iy = 1(mod2),
nu) =4 2(n+1)—(Iy—2), for u=z and Iy = 0(mod2),
4n+1)—Is, for u =%,
(8n+6) — Iy, for u =z,
(16n + 10) — Is, for u =z

and
1

(@) = (16n+10) + > 2" 3@2n+ 1) — I
m=6

respectively. The set of edge-sums {n(z) + n(y) : xy € E(G)} generated by the above scheme
forms a integer sequence 3,3 4+ 2,---,3 + 2(e — 1) with difference difference 2. Therefore, by
Proposition 2.1, i can be extended to a super (a,1)-EAT labeling and obtain the minimum
edge weight is a = v+ e+ s = 2(v + 1) Similarly, by Proposition 2.1, n can be extended to a
super (a, 3)-EAT labeling and obtain the minimum edge weight isa =v+ 1+ s=v + 4. O

83. Conclusion

In this paper, we show that a subclass of a tree, namely a subdivision of a star tree denoted
by G = T(n1,n2,ns, ...,n,) admits super (a,d)-EAT labeling for all positive integers n and all
possible values of the parameter d. However, for different values of the minimum edge-weight

a and n;, problem is still open.
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Abstract: In this present paper, Galilean Euler-Savary formula for the radius of curva-
ture of the trajectory of a point in the moving Galilean plane (or called Isotropic plane)
during one-parameter planar motion is taken into consideration. Galilean Bobillier formula
is obtained by using the geometrical interpretation of the Galilean Euler-Savary formula.
Moreover, a direct way is chosen to obtain Bobillier formula without using the Euler-Savary
formula in the Galilean plane. As a consequence, the Galilean Euler-Savary will appear as a

specific case of Bobillier formula given in the Galilean plane.
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AMS(2010): 53A04,53A35.

§1. Introduction

The study of kinematic analysis and synthesis to describe a motion and to design a mechanism
for a desired range of motion, respectively, were examined by many researchers [1]-[9].

In 1959, H. R. Miiller defined one-parameter planar motion in the Euclidean plane EZ2,
studied the moving coordinate system and Euler-Savary formula which gives the relationship
between the curvature of trajectory curves, during one-parameter planar motions, [8]. Then A.
A. Ergin, by considering the Lorentzian plane L2, instead of the Euclidean plane E2, introduced
the one-parameter planar motion in L? and gave the relations between both the velocities and
accelerations and also defined the moving coordinate system [10]-[11]. Euler-Savary formula is
studied in Lorentzian plane for the one-parameter Lorentzian motions by using two different
ways: In 2002, I. Aytun studied the this formula for the one-parameter Lorentzian motions
with using the Miiller’s Method [12]. In 2003, T. Tkawa gave this formula on Minkowski plane
by taking a new aspect without using the Miiller’s Method [13]. Tkawa gives relation between
curvature of roulette and curvatures of these base curve and rolling curve, [13]. Euler-Savary
formula is a well documented and an admitted formula in the literature and it takes place in a
lot of studies of engineering and mathematics, [14]-[20].

In 1983, the kinematics in the isotropic plane is studied by O. Roschel. In [21], the fun-

damental properties of the point-paths are investigated, a formula analog to the well-known

1Received April 7, 2015, Accepted December 2, 2015.
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formula of Euler-Savary is developed and special motions: an isotropic elliptic motion and an
isotropic four-bar-motion are studied. Besides, in 1985, the motions ) /3", in the isotropic
plane is studied in [22]. Given C? -curve k in the moving frame Y. Roschel found the enveloped
curve ko in the fixed frame ), and considered the correspondence between the isotropic cur-
vatures A and Ag of k and kg. Then third-order properties of the point-paths are investigated.

Moreover, M. Akar and S. Yiice, [23], introduced the one-parameter motions in the Galilean
plane G? (or called Isotropic) and gave same concepts analog with [8] or [10]. They analyzed
the relationships between the absolute, relative and sliding velocities of one-parameter Galilean
planar motion as well as the related pole lines. Also in [24], one Galilean plane moving relative
to two other Galilean planes, one moving and the other fixed, was taken into consideration and
the relation between the absolute, relative and sliding velocities of this motion and pole points
were obtained. Also, a canonical relative system for one-parameter Galilean planar motion
was defined. Furthermore, Euler-Savary formula was obtained with the aim of this canonical
relative system by using Miiller’s method in [24]. On the other hand, Euler-Savary formula
with using the Tkawa’s method is examined in [25].

In 1988, M. Fayet introduced a new formula relative to the curvatures in an one planar
motion Euclidean planar motion and called it Bobillier formula which may obtained by using
Euler-Savary formula and without using Euler-Savary formula [26, 27]. In addition to this, Bo-
billier formula gave a new analytically aspect to graphically viewpoint of Bobillier construction
which was studied by [15]-[20], [26]-[29]. Bobillier formula was established also with concerning
second order properties of one-parameter planar motion in the complex plane in [30] and with
regarding Lorentzian planar motion in [31].

In this respect, we bring a new breath of Bobillier formula in the Galilean plane in this
study. We introduce Bobillier formula with two ways: by using Galilean Euler-Savary equation

with respect to one-parameter Galilean motion and a direct way towards to it.

82. Preliminaries

The study of mechanics of rectilinear motions reduces to a geometry of two dimensional space.

The geometry is invariant under transformation stated by I. M. Yaglom

= z+a

Y =y+vr+b

which is called Galilean transformation for rectilinear motions [32]. This geometry is called two
dimensional Galilean geometry is represented by G2. Yaglom also expressed three dimensional
Galilean geometry which is obtained by plane-parallel motions, is denoted by G3.

Galilean geometry is a geometry of the Galilean Relativity or shortly a non-Euclidean
geometry. It is a ”bridge” from Euclidean geometry to Special Relativity. Two and three di-
mensional Galilean geometry were worked in detail in the literature and the further information
about the Galilean geometry can be found in [32]-[34]. Also, many studies are conducted in the

Galilean plane (or Isotropic plane) and Galilean space, [33]-[34].
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The basic notation about Galilean plane geometry can be given as below:

The distance between points A (z1,72) and B (y1,y2) in G? is defined by as follows:

d(A,B) [Tyl w1 #wn
|T2—y2|, 1 =1

In this paper, we will denote the inner product of two vectors in the sense of Galilean by
notation (,)s. Moreover, we will define the Galilean cross product as below:

0 ey e3
a1 as az | if a1 #0 or by #0
by by bs
(a xgb) =
e1 ey e3
a1 as az | if a1=b1=0
by by bs

where a = (a1, az2,a3), b = (b1, b2, b3). On the other hand, Galilean circle is defined by
Se(m,r) ={z—m e G®: (z —m,z —m)g = r*}.
So the unit Galilean circle is © = +1. Hence, we have
cosga =1, singa = «
for all . Also, by using another circle definition in Euclidean geometry, we get a set
az® + 2byz + 2boy +c =0

which are (Euclidean) parabolas. This set is called a Galilean cycle and denoted by Z.

83. One-Parameter Planar Motion in the Galilean Plane G

Let G’ and G be fixed and moving Galilean planes with the perpendicular coordinate systems
{0’; 71,85} and {O;g1,g2}, respectively. If we take My, My and M3 are points linked to
moving Galilean plane G then there are the conjugate points M{, M4 and M} of these points
which are the curvature centers of the trajectory drawn M, My and M3 in the fixed Galilean
plane G'.

The normals of this trajectory pass from an instantaneous center of rotation that is denoted
by P and called as pole point.

Since there exist pole points in every moment ¢, during the one-parameter planar motion
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G/G’, any pole point P is situated varied position on the planes G and G’. The position of
pole point P on the moving plane G is usually a curve called moving pole curve and denoted
by (P). Also the position of this pole point P on the fixed plane G’ is usually a curve called
fized pole curve denoted by (P’) [23].

The axis x is the common tangent and the axis y is the common normal to pole curves
(P) and (P’) at P, see Figure 1.

If 6 is the rotation angle of motion of the Galilean plane G with respect to G’ at each ¢ mo-
ment, then each point M makes a rotation motion with @ angular velocity at the instantaneous
center P.

Let X3, X2 and X3 be unit vectors, then these unit vectors can be given as

PM, PM, PMs;

Xy = e X = i X3 = oo
[PM [l [PMz||g [PMslg

(3.1)
If the abscissae of the points M; and Mj on the axis (P,Xy) are p; and p) respectively,
then it can be written that

<PM1, X1>G = pP1, and <PM/1,X1>G = pll (32)

Similarly,
<PM25 X2>(G, = P2 and <PM/25 X2>G = p/25

(PMs, X3)g = ps, and (PMj, X3) = pj.

84. Inflection Points, Inflection Cycle and Euler-Savary Formula in
Galilean Plane G

Let M be an arbitrary point on moving Galilean plane G and M’ be its conjugate point on fixed
plane G’. Let the coordinates of points M and M’ be (m1,mz) and (m}, m}) in the canonical
relative system, respectively. The vectors PM and PM’ have same direction which passes the
pole point P. So we can write

!/ /
mi = Ami, my = Ama,

where A is an unknown ratio. From the definition of Euler-Savary equation in Galilean plane

[24], we get the relation between the points M and M’ such as

m, = mimsz m — Moo
1= 2d6 2= 2do -
mao —m1E mo —mlg

From the fact that, an inflection point may be defined to be a point whose trajectory

momentarily has an infinite radius of curvature [14, 15], we get the inflection cycle such that

,df

mo :mlg.

Let the inflection points linked to the points M;, Ms> and M3, by referring to Figure 1 be
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M7, M5 and M3, respectively. The locus of such points is a cycle in the moving Galilean plane

G called as an infilection cycle. The abscissae of the inflection points can be written as below:
<PM>{, X1>G = pT’ <PM;’ X2>G = P;, <PM§’ X3>G = P;- (4.1)

Let the diameter of the inflection cycle be h. Then there is a relationship between h and

P as follows:
hsing 61 = p7, (4.2)

where 6; is angle of the motion G/G'.

During one-parameter planar motion G/G’, the point M; in the moving Galilean plane
G draws a trajectory with instantaneous curvature center M in the fixed Galilean plane G’.
In reverse motion, the point M{ in G’ draws a trajectory in G, being the curvature center at

the point M, (see Figure 1). This interconnection between the points M; and Mj is given by

1 1 1 1
— — — |sing 0y = — — —, 4.3
<p’1 pl) g7 R, Ry (43)

Euler-Savary formula

where R} and Ry are the abscissae on (O, %) of the curvature centers of pole curves (P’) and

(P), respectively [24]. From the equations (4.2) and (4.3) it is seen that

1 1 sin. 0 1 1 ds 1

_—— — 11 = = — = —

o p ) "R, R, db,  h
1

in which = Yo RL'I (first form) or + = +££ (second form) where w is the angular velocity of

the motion of the plane G with respect to G’ and V' is the common velocity of P on (P’) and
(P).

et

e
©

(=3

PM;, PM;,1 <4 < 3, vectors Qj, 1 < i < 3, points

Figure 2

85. Galilean Bobillier Formula Obtained by Galilean Euler-Savary Formula

Let consider the points @); are defined by PQ; = pi*Xj where pl* = % — pl, for 1 < j < 3.
j j 3 J
Then the points @1, @2, and ()3 are the images of points M7, Mj, and M3 of the inflection
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cycle which belong to (P,X1), (P,Xz2) and (P, X3), respectively (see Figure 2). Therefore the

following equations can be written as follows:

(PQ1,Xy1); = %, (PQ2,X2); = é, (PQ3,X3); = %, (PQ,x)g = 7. (5.1)

From the definition of Euler-Savary formula in Galilean plane [24] and the equation (5.1)

1

PQl Sing 91 = _*X]_ Sing 91 = —_‘){_17

P1 h

. 1 . 1
PQ2 SIDQ 92 - _*Xz 81ng 92 = —_‘){_27

P2 h

and X )
PQ3 Sing 63 = —*X3 Sing 93 = :)(37

P3 h
are obtained. By taking into account the last three equations, we have

1

<PQ1,X1>G sing 6‘1 = <PQ2,X2>G sing 92 = <PQ3,X3>G sing 93 = E

Thus, the set of the points @ is a straight line which is denoted by D parallel to real axis x.
Thus the line x is an image of the inflection cycle by this inversion, see Figure 1. From the fact
that the vectors PQ1 — PQ2 and PQ2 — PQj3 are linearly dependent, the following equation
can be written:

(PQ1 x PQ2) — (PQ2 x PQ2) — (PQ1 x PQ3) + (PQ2 x PQ3) = 0.
Since PQ1 = %Xl, PQs = éXg, PQs = éX;; and pjp;5p3 never vanishes, we get
p1 (X x X3) + p5 (X3 x X1) + p3 (X1 x X3) =0

and for the sake of brevity, if we take

03 — 03 = 3,01 — 03 = 031,05 — 01 = 019, (5.2)
then we find
p’{ sing 923 + p; sing 931 + p§ sing 912 =0, (53)
Wherei*:%—%forlgj<3.
P Pj Pj

This is Bobillier formula for one-parameter planar motion in Galilean plane G analog with
Bobillier formula given in Euclidean plane [27], complex plane [30] and Lorentzian plane [31].

With using the Galilean trigonometric properties we can write
pib23 + p3031 + p5012 =0 - (5.4)

The equation (5.4) is called the Galilean Bobillier formula during the one-parameter planar
motions G/G’.
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86. Galilean Bobillier Formula Deduced from a Direct Way in the
Galilean Plane G

In this section, we will introduce Galilean Bobillier formula from a direct way. Let us examine
the trajectory velocity and trajectory acceleration of the points in moving Galilean plane G.
Suppose that V' (M7) and J' (M7) are absolute velocity and absolute acceleration vector of

the point My, respectively. Let denote the angular velocity of planar motion G/G’ by w, then

w = % where 6 is the rotation angle. By taking an orthogonal vector to the Galilean planes

G and G’ as z, the angular velocity vector can be defined by w = wz. Moreover, the sliding

velocity vector of the point M; is
V (M) = w x PM; = w ||[PM;y || sing 6. (6.1)
The relation between velocities during one-parameter planar motion in Galilean plane is
V! (My) = V' (P)+V (My),

where V' (M1), V' (P) and V (M;) denote the absolute, sliding and relative velocity vectors of
G/G’, respectively [23]. With using the equation (6.1), we have

V' (M) =V'(P)+ (w x PMy) - (6.2)
By differentiating the equation (6.2) with respect to time ¢ , we obtain
J' (M) =3 (P) + (wz x PM;y) + w?’PMjy, (6.3)

where J’ (P) is acceleration vector of the point on G’ that coincides instantaneously with P.
Here the first term is the trajectorywise invariant acceleration component, the second term is
tangential acceleration component and the third term is centripental acceleration component.
With considering this explanation for the inflection points whose acceleration normal is zero,
then the absolute velocity vector and acceleration vectors of the point M7 on the inflection

cycle becomes linearly dependent, so
V(M) x 3" (M) =0

can be written. If we substitute the method of the (6.2) and (6.3) into the last equation, the

equation rewritten as follows:
(V' (P) + (wz x PM})) x (3 (P) + (wz x PM}) + w?’PM]) = 0.
From V' (P) = 0 and the equation (4.1) |[PMj||; = pi, we obtain
(PMy",J' (P))gz —w” [PM| gz = 0.

With simplifying calculations and using PM;* = ||[PM;*||, X; for 1 < j < 3, we obtain
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the equations as follows,

X,,3(P

paf _ < 1 uﬂ( )>¢; (64)
Xo,3' (P

p5 = %72(% (6.5)
X3, (P

p§ = < - w2( )>G7 (66)

for the points M7, My and MJ, respectively. It is easily seen from the equations (6.4), (6.5)

and (6.6) that p}, p3, and p3 are the orthogonal projections of the same vector ‘];Ef) onto the

vectors X1, Xo and X3, respectively. The relationship between these unit vectors is indicated
with the equation
A X1+ XX 4+ A3X3 =0,

where A1, A2 and A3 are quantities. By successive Galilean cross products with X; and X5 the
quantities A1, A2 and A3 are obtained and using the specification (5.2), then the previous linear
combination becomes
sing 912X3 + sing 923X1 + sing 931X2 =0.
The product of the previous equation with the vector % is given as below:

(X3, J'(P))

— A C 1 sing 05, =0.

X,,J (P
Sin9912 7< L 2( )>
w

(Xo.J'(P))
w2

Finally, if we substitute the equations (6.4), (6.5) and (6.6) into the last equation, we obtain
the equation (5.4) which was called Bobillier formula. It can be noticed that, the direct way
gives us the Bobillier formula without using the Euler-Savary formula. Therefore the following

theorem can be given.

Theorem 6.1 During the one-parameter planar motion G/G’, the relation between the distances

of inflection points of points in the moving plane G and the pole point is given by the equation
(5.4) which is called Bobillier formula.

Let us analyze a particular case of Theorem 6.1. If a point K linked to moving plane G is
coincident with instantaneous pole center P, then V' (K) = 0 and similarly J’ (K) = 0. From
this place, the vector X5 is equal to x which is the normal to the path of K at P. Hence, in

the equation (6.5) p4 is equal to zero. Thus we can express the following corollary.

Corollary 6.2 Let a point K linked to moving plane G be coincident with instantaneous pole

center P. In that case Bobillier formula in the Galilean plane becomes

p1 + p3b12 = 0.

In conclusion, the corollary simply a particular case of Bobillier formula in the Galilean
plane G.
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81. Introduction

Let F™ = (M™, L) be an n—dimensional Finsler space on a differentiable manifold M™, equipped
with the fundamental function L(zx,y).

In the paper [3], Shukla, Pandey and Mishra have investigated the necessary and sufficient
conditions under which a generalized Kropina change of Finsler metric becomes a projective
change. They have also obtained the condition under which such change of metric of a Douglas
space give rise to a Douglas space.

The generalized Kropina change of Finsler metric is given by

Lm+1

gm

L(z,y) = where 3 = b;(z) (1.1)

and m is a constant not equal to —1, 0.

In the present paper we have considered the transformation (1.1), in which b;(z) in 8 has

been replaced by h—vector b;(x,y) so that gzj- is proportional to the angular metric tensor h;;.
Let %
o= phs (12

where p is any scalar function of x,y and h;; = g;; —l; [;. It has been shown by Shukla, Pandey
and Joshi in [2] that
Op = —% lg, for n>2, (1.3)

where 0, = %.

1Received March 18, 2015, Accepted December 3, 2015.
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We shall use the equation (1.3) without quoting it in the present paper.

Let 3 = b;(x,y) 4" be defined on the manifold M"™. Then L — —L;: " is called generalized
Lg: " and F" = (M™,T) then the Finsler

space F' is said to be obtained from F™ by a generalized h—Kropina change.

h—Kropina change of Finsler metric. If we write L =

If m = 1, then generalized h—Kropina change reduces to h—Kropina change of Finsler
metric. The quantities corresponding to F" will be denoted by putting bar over those quantities.
The fundamental quantities of F'™ are given by
1 02L? oL %L

li=— and hij = L—Byiayj = Gij

i = SR i - — Ul
9ij 2 0y'oy’ oy’ J

We shall denote the partial derivative with respect to z* and y* by 8; and d; respectively
and write

Li=&L,  Lijj=0800L,  Lyx=d0;0L.

Then
L; =1, Lt hij = Lij

The geodesic of F™ are given by the system of differential equations

A2zt Y dzr —0
ds? % ds ) 7

where G'(x,y) are positively homogeneous of degree two in 3 and are given by

) . . L2
2G" = ¢ (y"0;0, F — O;F), F= >
where ¢/ are the inverse of g;;.
Berwald connection BT = (G%,, G%,0) of Finsler space F"" = (M™, L) is given by [5]
oG oG,

“Ta T

The Cartan’s connection CT = (F ;k, G;, G;k) is constructed from L with the help of following

axioms [5]:

1. Cartan connection CT is v—metrical;

2. Cartan connection CT' is h—metrical;

3. The (v)v torsion tensor field S of Cartan connection vanishes;

4. The h(h) torsion tensor field T of Cartan connection vanishes;

5. The deflection tensor field D of Cartan connection vanishes.

The h— and v—covariant derivatives with respect to Cartan connection are denoted by |
and | respectively. It is clear that the h—covariant derivative of L with respect to BT" and CT

is the same and vanishes identically. Furthermore, the h—covariant derivatives of L;, L;; with

respect to CT are also zero.
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We shall write

§2. Difference Tensor D?

The generalized h—Kropina change of Finsler metric L is given by

Lm+1

gm

L= where ((z,y) = bi(z,y)y* and m # —1,0. (2.1)

We may put _
G =G+ D (2.2)

Then @; =G’ + D) and Gj-k = G}, + D}, where D} = 9; D" and D}y = O Di. The tensors
Di, D; and D;k are positively homogeneous in y* of degree two, one and zero respectively.
To find D’ we deal with equation Lijir =0, [4] i.e.
Ok Lij — LijrGy, — Lyj By, — Lin Fjj, = 0. (2.3)

Since 9;8 = by, from (2.1), we have

() Ziz(m—i-l)g—: Li—mg:—: b (2.4)

(b) Zijzﬂfjl [(m + 1)8 — pmL?] Ly +m(m +1) ; iy
—m(m+1)ﬁ C(Liby + Lbi) + m(m )5 Gl

() 9T — (m+1)§:+i(m Lb)d, L—i—m(m—i-l)ﬁf:;( b — L0,
+Un+&)%;aﬂg ﬁ:iiab“

(@ 0Ty = gzl + 18— kL + [T (G + 1)
—mm+2m%m,+mmﬂ—U%;;L¢j— (m+ln;:kh%
+%mymmm+1);;2 b;] oL + {(pL* — ﬁ)(m+méﬁ;uj
—m%m+mﬁ_JLL-Hmm+1);;JLb+Lb)
—m(m+1)(m+2)6 b, }6kﬁ+m(m+1)g:+i(ﬁL — Lb;) L
+m (m+1)ﬁm+i (BL: — Lb)O L, +m(m+1)ﬁ by — BL) b
(1) (b = BLOOLD, — 6:1?L1J8kp

and
m -

(e) Lk = ;”“ [(m +1)3 — pmL?|Liji +m(m + 1) L (B = pL?)(Li Ljx+

ﬂerl
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m

L
+L;Lit, + LiLij) + m(m + 1)6m+2 (pL2 — B)(b;Lji + bjLix, + by Lij)

m—1

(m—f—l)ﬂ =

(Liijk + L;Lybj + Lijbi)

m(m 4+ 12 =2 (Libybe + Lybabi + Libiby)

6+2

Lm— m+1
+m(m? —1)—— 5 L;L;Ly — (m+1)(m+2)5 —5 bib;b.-

Since fiﬂk =0in F, after using (2.2), we have
OkLij — LijeGy, — Ljy Fly — Ly Flj, = 0,
where F;k =Fj, + °Di; [1].

Substituting in the above equation the values of 8kfij, L;r and fijr from (2.4) and using

(2.3) and then contracting the resulting equation with y*, we get

2IijTDT + IjTD;ﬂ + IM«D; — Lw(LbJ - 6Lj)(ri0 + SiO) - Lw(Lbl— (25)
m ) 9 m—1
— BL;) (750 + sjo) — {m(m + 1)ﬁm+2 (pL* — B)L;j — m*(m + UW
1
LiLj+m(m+1)ﬁ +2(Lb + Ljb;) — (m—|—1)(m—|—2)ﬁ —5bibj }700
Lm+2 m+1

——poLij +2pm——m L, LijG" = 0.

M gm gm+1
where ‘0’ stands for the contraction with y* viz. 7;0 = 7jxy"*, roo = ri;4'y’ and we have use
the fact that D;kyk = CD;:kyk = D! [4].

Next, we deal with L;; = 0, that is (%—fi — LirG; — LTF;- =0, then we have

ilj =

0;Li = Lip (G} + Dj) = L (Fjj + “Djj) = 0. (2.6)

Putting the values of 8;L;, Ly and L, from (2.4) in (2.6) and using equation L;; =
0;L; — L;,G} — L, F;; = 0, and rearranging the terms, we get

Lerl Lm
by = LWD +7, “Dy; +mm+1)——

Gtz (BLi — Lb;i)(ro; + so5),

mﬁm-{-l
which after using 2r;; = b;|; + bj); and 2s;; = b;); — bj|;, we get

Lerl r ' C '

M Gyt i =L D} + L;, D} 4 2L, °Dj; + m(m + 1)5 5 ¥

Im (2.7)
(ﬁLj — Lbj)(?‘io + SiO)

X (BL; — Lb;)(roj + s05) +m(m + 1)@
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and o
—2m 5m+1 =Ly D} — Lj D} +m(m + 1)5 — (BL; — Lb;)x
o (2:8)
x (roj + s0j) —m(m + 1)5 —5 (BL; — Lb;)(rio + sio)-
Subtracting (2.7) from (2.5) and contracting the resulting equation with y?, we get
, Lm m+1 .
_2LJTD + m(m + 1)6m+2 ( bj — ﬁLJ) Too — ﬂerl 2L D . (29)
Contracting (2.9) with 37, we get
Lm Lerl , 1 Lerl
{(m—l—l)ﬂ—m LT—mW br D" = _EmWTOO' (210)

Subtracting (2.8) from (2.5) and contracting the resulting equation with y’, we have

Lm mel
[ﬁmﬂ {(m+1)B — pmL*} Ly +m(m + )——LiL,

B
m+1
(m—|—1)ﬁ =1 (LibT+Lrb)+m(m—|—1)ﬁ —5bibr | D" (2.11)
Lm+1 1 Lm

In view of LL;. = g; — L;L,, the equation (2.11) may be written as

mel Lm+2 . mel ) )
(m+1) G P gir D" + W{(m —1)B+ pmL*}L;

= mm 1) +1b]L DT+m(m+1)ﬁ — (Lb; — BL;) b, D" (2.12)
Lerl 1 m

Contracting (2.12) with b'(= ¢"/b;), we get

- 26"‘“ [m(m + 1)L*A + (m +1)8% — pmL?B|L, D"
Lerl
2 G [m(m +1)L2A + (m + 1)3% — pmL*B]b, D" (2.13)
Lm+3

= W[—2mﬁso + m(m + 1)Argo],

where A = b% — g—z and s = s,0b".
The equations (2.10) and (2.13) constitute the system of algebraic equations in L, D" and

b, D" whose solution is given by

—mL[{(m+1)8 — pmL?}roo + 2mL?so]

LD = Sl(m + DI2A + B(m + 1) — pmIZ}

(2.14)
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d
o  —2m(m + 1)L2Bso + [m(m + 1)(AL® = 52) + pm*L2BJro

2[m(m +1)L*A + p{(m + 1)8 — pmL?}]
Contracting (2.12) by ¢ and putting the values of b.D" and L,.D" from (2.14) and (2.15)

respectively, we get

b, D" =

(2.15)

_ m[{(m+1)8 — pmL?}roo + 2mL?s¢] x
2{m+ 1) — pmL?}[m(m + 1)L2A + p{(m + 1)5 — pmL?}]

i

(2.16)

[((m +1)L%b" — {2(m + 1)8 — pmL?} y] mL? i
~ (m+1)8—pmL? 50,

i
where [* =

S

Proposition 2.1 The difference tensor D' = [eel of generalized h— Kropina change of
Finsler metric is given by (2.16).

Remark The difference tensor for h—Kropina change of Finsler metric is obtained by putting
m =1 in equation (2.16).

83. Conditions for Projective Change

The Finsler space F" is said to be projective to Finsler space F™ if every geodesic of F" is
transformed to a geodesic of F". It is well known that the change L — L is projective if
G=c+ P(x,y)y", where P(x,y) is a homogeneous scalar function of degree one in y¢, called
projective factor [6].

Thus from (2.2) it follows that L — L is projective iff D' = Py’. Now we consider that
the generalized h—Kropina change L — L = %;1 is projective. Then from equation (2.16),

we have
m[{(m +1)3 — pmL*}roo + 2mL%sq]x

" 2{m+ 1)B — pmL2Hm(m + D)L2A + B{(m + 1)3 — pmL?}]
[(m + 1)L — {2(m +1)8 — pmL*}y'] mL? g
(m+1)3 — pmL2™”

7

Py (3.1)

Contracting (3.1) with y;(= g;;47) and using the fact that sjy; = 0 and y;4° = L?, we get

—m[{(m+1)8 — pmL?}roo + 2mL?s0]

= 2mm + DLPA + H{(m + B — pmL?}] (82)
Putting the value of P from (3.2) in (3.1), we get
m(m + 1)[{(m+1)8 — pmL?}roo + 2mL?s](By’ — L?b?) (3.3)

2{m+ 1) — pmL?}[m(m + 1)L2A + p{(m + 1) — pmL?}]

mL? i
— S
(m+1)8—pmL2""
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Transecting (3.3) by b;, we get

25 %0 here A= 82— D £0 (3.4)
= wher = - —= . .
m+1) A’ L?

Putting the value of rop from (3.4) in (3.2), we get

mso

Eliminating P and rop from (3.5), (3.4) and (2.16), we get
i i B il so

The equations (3.4) and (3.6) give the necessary conditions under which a generalized h—Kropina

change becomes a projective change.

Conversely, if conditions (3.4) and (3.6) are satisfied, then putting these conditions in
(2.16), we get

mso
(m+1)A 4

mso

br=- [CESYS

¢ ie. D'=Py', where P=—
Thus F is projective to F".

Theorem 3.1 The generalized h— Kropina change of a Finsler space is a projective change iff
equations (3.4) and (3.6) hold the projective factor P is given by equation (3.5).

If m = 1, then the equations (3.4) and (3.6) are reduced to the equations

roo = %, (3.7)
and
54 = [bi - %yz] SZO (3.8)
respectively and the projective factor is given by P = —28—2. Thus, we have

Corollary 3.1 The h—Kropina change of Finsler metric is projective iff the conditions (3.7)
and (3.8) hold.

84. Douglas Space

The Finsler space F™ is called a Douglas space if and only if Gy — G7y" is homogeneous
polynomial of degree three in y* [7]. We shall write hp(r) to denote a homogeneous polynomial

in y¢ of degree r. If we write BY = Diy/ — DIy then from (2.16), we get
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B m(m + 1)L2[{(m + 1)8 — pmL?}roo + 2mL?so)(biy’ — by?)
2{m + 1)8 — pmL?}[m(m + 1)L2A + p{(m + 1) — pmL?}]
mL?

~(m+1)8—pmL? (o = s50") (4.1)

From (4.1), we find if a Douglas space is transformed to a Douglas space by generalized
h—XKropina change of Finsler metric, then B% must be hp(3) and if B¥ is hp(3) then generalized
h—Kropina change transforms a Douglas space into a space of the same kind.

Theorem 4.1 The generalized h— Kropina change of Douglas space leads to a Douglas space
iff BY given by (4.1) is hp(3).

If m = 1, then the equation (4.1) becomes

gii _ LL28 = pL?)rop + 2L°s0)(b'y’ — b'y’) (4.2)
T (20— pL?)2L2A + (20 — pL?)] '

L2 G
~ 25— iz o sy

Thus, we have

Corollary 4.1 The h—Kropina change of Douglas space leads to a Douglas space iff BY given
by (4.2) is hp(3).
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Abstract: The sum-connectivity index of a simple graph G is defined in mathematical
chemistry as
1
R (G)= ), ==
weE(G) du + dv
where E(Q) is the edge set of G and d,, is the degree of vertex u in G. We report relation

between Sum connectivity index and Average distance ad(T) of tree T
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81. Introduction and Preliminaries

Let G be a simple graph, the vertex-set and edge-set of which are represented by V(G) and
E(G) respectively. The connectivity index introduced in 1975 by Milan Randic [9], who has
shown this index to reflect molecular branching. The Randic index was defined as follows:

N

uwveE(G) w

ﬁ
S
<

It is one of the most successful molecular descriptors in structure-property and structure-
activity relationships studies [4], [9]. Mathematical properties of this descriptor as summarized
in [2] and its generalizations/variants [8] have also been studied extensively. We also call the
R(G) index as the product-connectivity index of G.

Motivated by Randics definition of the product-connectivity index, the sumconnectivity

1Received April 8, 2015, Accepted December 5, 2015.
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index was recently proposed in [9]. The sum-connectivity index of the graph G is defined as

1
o= Y L
uwveE(G) dy + do
It is interesting to note that various kinds of variants and extension of the product con-
nectivity index have been reported, but there is not a single one on the additive version of the

connectivity index before the sum-connectivity index was proposed [17].

The product-connectivity index and the sum-connectivity index are highly inter-correlated
quantities. For example, the correlation coefficient between the product connectivity index and
the sum-connectivity index for 137 alkane-trees [6] is 0.9996.

The Wiener index is a distance-based topological index defined as the sum of distances
between all pairs of vertices in a graph and is denoted by W(G) . It was the first topological
index in chemistry [15], introduced in 1945. Since then, the Wiener index has been used to
explain various chemical and physical properties of molecules. However the Wiener index can
be cubic in the number of vertices of a graph, hence for the sake of simplicity we use the average
distance instead [1],[5], [10],[12], [14],[16.

In order to state the results of this paper let us introduce some notation. By distG(u,v)
we denote the length of the shortest path between vertices v and v in a connected graph G.
The length max, , distG(u,v) is a diameter of a graph G, which we denote by diam(G) . In
particular for trees the diameter is the length of the longest simple path. A star is a tree where
at most one vertex is of degree greater than one. Note that a tree with at most three vertices
is a star. Also notice that stars are precisely the trees with diameter at most two. The thorn
graph of the graph G, with parameters py,ps,--- , pn, is obtained by attaching p; new vertices
of degree one to the vertex u; of the graph G, i =1,2,--- ;n. ([3])

In [7] author defined special class of thorn tree named as as Double comet. It is defined as
Tn,p Which denotes a set of all trees with exactly n nodes and p pendent vertices. For a,b > 1,
n > a+ b+ 2 Double Comet DC(n,a,b) , is a tree composed of a path containing n —a — b
vertices with a pendent vertices attached to one of the ends of the path and b pendent vertices
attached to the other end of the path. Thus, DC(n,a,b) has n vertices and a + b leaves,
i.e.,DC(n,a,b) € T atb -

In this paper we present a relation between sum-connectivity index and average distance
of a trees. This paper is motivated from [7].

§82. Relation Between Sum-Connectivty Index and Average Distance of a Tree

The main result of this paper is the following theorem.

Theorem 2.1 For any tree T with n vertices and p leaves the following inequality holds:
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RY(T) > ad(T) + min(0, \/p — 2), when p = 2.
p—1
vp+1

The inequality is sharp for stars, if we consider the limit when n goes to infinity.

— 2), when p > 3.

Proof Let 1, , be the set of all trees with exactly n nodes and p pendent vertices.

First we prove a theorem for stars and path in the following lemma.

Lemma 2.1 Let 7, be a tree such that p <2 (a path) orp=mn—1 (a star). Then

RY(T) > ad(T) + min(0, \/p — 2), when p = 2,

-1
RY(T) > ad(T) + maz(0, %

—2), when p > 3.

Proof If n <2 then the inequality trivially holds, hence we assume n > 3.

If T is a star then by calculation we obtain ad(T) =2 — 2 and R™(T) = ("\/_ﬁl).

(n=3)

If T is a path then by calculation we obtain ad(T") = ("—;rl) and RT(T) = % +

In both cases the lemma holds.

Now we assume that 7" € 7, , and 3 < p < n — 2, for this we make use of the following

lemma [18], [19].

O

Lemma 2.2([19]) Let T be a tree with n vertices and p pendant vertices, where 3 <p < n — 2.

Then 5 . ) )
n—p-— P—
RY(T) > + + +—.
(T) 2 2 VP+2 Vp+1 V3

From this lemma we obtain

Corollary 2.1 Let T be a tree with n vertices and p pendant vertices, where 3 <p <n — 2.

—p-2  p-1
RAr)>2222= 0 P 4 095

2 vp+1

Since each tree can be transformed into a double comet without decreasing the average
distance and simultaneously preserving the number of vertices and leaves(lemma 2.4 in [7]) and

in Corollary 2.1 we only use n and p disregarding the actual structure of a tree it is enough to

show that for double comets we have

~1 —p—2
P  BTPT 2025 > ad(T) + maz(0,
p+1 2
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Lemma 2.3 Let 7, be a double comet DC(n,a,b) for a,b>1, where 3 <p<mn—2. Then

—1 —p—2 ~1
P  BTPT2 095 > ad(T) + maz(0, 2
2 p+1

-2).
p+1

Proof To prove this lemma first we have to find average distance of double comet ad(G) =
wW(GQ)

(2)

, i.e to find the wiener index of the double comet.

In order to compute W(DC(n,a,b)) we distinguish four types of pairs of vertices of
TYPE 1. Distance between inner vertices;

TYPE 2. Distance between leaves and inner vertices;

TYPE 3. Distance between the leaves from a to b;
TYPE 4. Distance between leaves with the distance 2.

Let the contributions of all such vertex pairs to DC(n, a,b) be denoted by Fy , F5 , F3 and
Fy, respectively. Then,
W(DC(n,a,b)) = F1 + F» + F5 + Fy. (2.1)

There are n — (a + b) vertices of Type 1. So

F = <”_p+1>.
3

There are p; = a, b vertices of Type 2. Whence

P (a—i—b)(n—g)(n—p—i—l)'

There are ab vertex pair of Type 3, each of them separated by distance (n — p+ 1). Thus
Fs=ab(n—p+1).
There are (’;), pi = a, b vertex pairs of Type 4, each of them at distance 2. Consequently

r=(y) o)

Substituting the above relations back into Eq.(2.1) we arrive at the wiener index of the
Double comet. i.e

W(DC(n,a,b)) = ("_pH) Llatde-pn-p+l) +ab(n—p+1)+2(“> +2(b).

3 2 2 2

Therefore

- ("_§+1) + (a+b)("_g)(n_p+1) +ab(n—p+1)+2(;> +2(g>.
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Using following inequalities:

2ab+2(g> +2<l2’) < (a+b)? =p?

P
p< 2
CL_4,

n—p+1\ _ (n=p?®

3 =76

we obtain

n n—np)? n—p)n-— 2(n —

(2)ad(T)§ ( 619) +p( p)(2 p+1) +p( 4p+1) L p?
_(n=p)*  pln—p)?*  pln—p)  p(n—p)  5p°
=ttt

For the sake of simplicity we put z =p, y =n — p.

3 2 2 2

n Y Ty Ty Ty dx
dN<=+—+—+—7+—.
(2>a()_6+2+2+4+4

In order to prove the lemma it is enough to show the following inequality:

n\,, n—p—2 p—1 p—1
((2))( 5 +\/m+1.025—max(o,m—2)—ad(T))go,

Now multiply the expression by 4 , put z,y instead of p,n — p and use the previously
obtained inequality for (})ad(T)

() n— p—2+ p—1 + 1.025 — mazx(0, p_1 —2) —ad(T))

vp+1 vp+1
-2 r—1 n
=2(x+ +y—1 —+ + 1.025,3.025)) — 4ad(T
(@t i)y - DG +min( =L )= tad(r) (3
z—1
> 2(2? + % + 22y — x — y) (min(———= + 1.025,3.025)) — T2y — 3y® — 72® + 22
>2(a" +y Y y)( (\/m ) = Twy — 3y
Y3
2 =.
+ 2y + 3
We consider two cases. Either p=x =3 or p =z > 4. If x = 3 from the above expression
we obtain
2 2 2 y®
2(y* + 5y + 6)(mm(ﬁ +1.025,3.025)) — 19y — 3y~ + 3~ 57

3
_4(y2+5y+6)+%—3y2—19y—57

Y3
:§+y2+y+9.
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Using the assumption p < n — 2 which is equivalent to y > 2, we obtain

3

53
%+y2+y+92320.

Now we assume x > 4. Hence mm(% + 1.025,3.025) > 2.4. Since z,y > 2, then

xy > = + y, so we have

3
(22° 4 2y% + 4y — 22 — 2y)2.4 — Ty — 3y* — T2° 4+ 2z + 2y + %

3
=2 2222 — 1.2y + 2.62y — (2.82 + 6y) > 0.

This the proof of the lemma. O

In Lemma 2.1 we proved Theorem 2.1 for paths and stars whereas by Lemmas 2.2 and 2.3
together with Corollary 2.2 we obtain the inequality for all other trees, thus completing the
proof of Theorem 2.1. O
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81. Introduction

Notations and definitions not introduced here can be found in [2,3]. For a simple graph G with
vertex set V(G) = {v1,v2, -+ ,vp} and cut vertex set C(G) = {C1,Cq,---,C,}, detailed by
V.R.Kulli et al.[4] gave the following definition. The line cut vertez graph of G, written n(G),
is the graph whose vertice are the edges E(G) and cut vertices C(G) of G, with two vertices
of n(G) adjacent whenever the corresponding edges of G are adjacent or the corresponding
members of G are incident, and where the edges and cut vertices of G are called its members.
Generally, a Smarandachely line cut vertezx digraph ns(G) for S C E(G)|JC(G) is such a graph
with vertices E(G) | J C(G) and members are adjacent if and only if they are adjacent or incident
in (S). Clearly, if S = E(G)|JC(G), then the Smarandachely line cut vertex digraph ng(G)
of G is nothing else but n(G).

Recently, there has been an extension of this topic to trees [5]. In this paper, we extend
the definition of the line cut vertex graph of a graph to a directed graph. M.Aigner [1] defines
the line digraph of a digraph as follows. Let D be a digraph with n vertices vy, v, - ,v, and
m arcs and L(D) its associated line digraph with n’ vertices and m arcs. We immediately have
n =mand m = Z d~(v;) - d¥ (v;). Furthermore, the in-degree, respectively out-degree of a

i=1
vertex v = (v;,v;) in L(D) are d~(v') = d~(v;) and d*(v) = d*(v;). Also, a digraph D is

1Received May 26, 2015, Accepted December 8, 2015.
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said to be a line digraph if it is isomorphic to the line digraph of a certain digraph H [6].

We need some concepts and notations on directed graphs. A directed graph(or just digraph)
D consists of a finite non-empty set V(D) of elements called vertices and a finite set A(D) of
ordered pair of distinct vertices called arcs. Here V(D) is the vertex set and A(D) is the arc set
of D. For an arc (u,v) or uv of D, the first vertex w is its tail, and the second vertex v is its head.
A digraph without any arcs is called totally disconnected. An out-star (an in-star) in D is a star
in the underlying undirected graph of D such that all arcs are directed out of (into) the center.
The out-star and in-star of order k is denoted by S’,j and S, , respectively. The out-degree of a
vertex v, written d*(v), is the number of arcs going out from v and the in-degree of a vertex
v, written d~(v), is the number of arcs coming into v. The total degree of a vertex v, written
td(v), is the number of arcs incident with v. We immediately have td(v) = d~(v) + d*(v). A
vertex v for which d* (v) = d~(v) = 0 is called an isolate. A vertex v is called a transmitter or
a receiver according as d*(v) > 0,d”(v) =0 or d*(v) = 0,d™(v) > 0.

A cut set of D is defined as a minimal set of vertices whose removal increases the number
of connected components of D. A cut set of size one is called a cut vertex. A tournament
is a nontrivial complete asymmetric digraph. A tournament of order n is denoted by T,. A
semi-star digraph, denoted by Dy ,,n > 2, is a directed graph with (n + 1) vertices and n arcs;
n vertices have total degree exactly one, and one has n.

Since most of the results and definitions for undirected planar graphs are valid for planar
digraphs also, the following definitions hold good for planar digraphs. A planar drawing of a
digraph D is a drawing of D in which no two distinct arcs intersect. A digraph is said to be
planar if it admits a planar drawing. If D is a planar digraph, then the inner vertex number
i(D) of D is the minimum number of vertices not belonging to the boundary of the exterior
region in any embedding of D in the plane. A digraph D is outerplanar if i(D) = 0. An
outerplanar digraph is said to be mazimal outerplanar if no arc can be added to it without

losing its outer planarity.

82. Line Cut Vertex Digraph of a Digraph

For a connected digraph D, the line cut vertex digraph @@ = L.(D) has vertex set V(Q) =
A(D)UC(D), where C(D) is the cut vertex set of D. The arc set

ab: a,b € A(D),the head of a coincides with the tail of b,
AQ) =4 Cd:C e C(D),de A(D),the tail of d is C,
dC: C € C(D),d € A(D),the head of d is C.

§3. Decomposition and Reconstruction
A digraph is a complete bipartite digraph if its vertex set can be partitioned into two sets A, B

in such a way that every arc has its initial vertex in A and its terminal vertex in B and any

two vertices a € A and b € B are joined by an arc. An arc (u,v) of D is said to be an end arc
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if u is the transmitter and v is the receiver.
Let D be a digraph with vertex set V(D) = {v1,v2,--- ,v,} and cut vertex set C(D) =
{C1,C4,---,C..}. We consider the following three cases.

Case 1. Let v be a vertex of D with d” (v) = o and d*(v) = 3. Then « arcs coming into v
and the [ arcs going out of v give rise to a complete bipartite subdigraph with « tails and §
heads and « - 3 arcs joining each tail with each head. This is the decomposition of L(D) into

mutually arc disjoint complete bipartite subdigraphs.

Case 2. Let C; be a cut vertex of D with d~(C;) = a’. Then a’ arcs coming into C; give rise
to a complete bipartite subdigraph with o tails and a single head(i.e., C;) and o arcs joining
each tail with Cj.

Case 3. Let C; be a cut vertex of D with d*(C;) = ﬁ/. Then 3 arcs going out from C; give
rise to a complete bipartite subdigraph with a single tail (i.e., C;) and ﬁ/ heads and ﬁ/ arcs
joining C; with each head.

Hence by all the above cases, @ = L.(D) is decomposed into mutually arc-disjoint complete
bipartite subdigraphs with V(Q) = A(D) U C(D) and arc sets (i) U, X; X Y;, where X; and
Y; are the sets of in-coming and out-going arcs at v; of D, respectively; (ii) Uj_; Uj_4 Z;- x Cp,
such that ZJ,- x Cy = ¢ for j # k; (i1i) Up_y Uj_; Ck x Z; such that Cy x Z; = ¢ for k # j,
where Z;- and Z; are the sets of in-coming and out-going arcs at C; of D, respectively.

Conversely, let H' be a digraph of the type described above. Let us denote each of the
complete bipartite subdigraphs obtained by Case 1 by T1,T5,...,T;. The vertex set of H is
V(H) = {to,t1,...,t;,ti+1}. The arcs of H are obtained by the following procedure (see [3]).

For each vertex v € L(D), we draw an arc a, to H as follows.

Step 1: If dJLr(D)(v) > 0, and d ) (v) = 0, then a, = (fo,?;) is an arc, where i is the
base(or index) of T; such that v € X;

Step 2: If dz(D)(v) =0, and dZ(D)(U) > 0, then a, = (¢;,%14+1) is an arc, where j is the
base of T such that v € Yj;

Step 3: If dZ(D)(v) >0, and d ) (v) > 0, then a, = (%, t;) is an arc, where i and j are
the indices of T; and T such that v € X; NY;. Finally, if L(D) has an isolated vertex, then
a, = (to,ti+1). Note that this method always constructs H with only one vertex of in-degree
zero and one vertex of out-degree zero.

We now mark the cut vertices of H as follows. From Case 2 and Case 3, we observe that
for every cut vertex C, there exists at most two complete bipartite subdigraphs, one containing
C as the tail, and other as head. Let it be C’J/» and C;/, 1 < j < r such that C’J/» contains C' as the
head and C;/ contains C as the tail. Now, if the tails of CJ/» and the heads of C;/ are the heads
and tails of a single T;, 1 < ¢ <[, then the vertex ¢; is a cut vertex in H, where ¢ is the index
of T;. Furthermore, a vertex of an end arc in H whose total degree at least two is a cut vertex.
The digraph H thus constructed apparently has H’ as line cut vertex digraph. Therefore we
have,

Theorem 3.1 A digraph Q is the line cut vertex digraph of a certain digraph D if and only if
V(Q) = A(D)UC(D) such that the arc set A(Q) equals: (i) UM X; X Y;, where X; andY; are
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the sets of in-coming and out-going arcs at v; of D, respectively, (ii) Uiy Uk ZJ/- x Cy such
that Z;- x C, = ¢ for j # k, (iii) Uy_y Ui_y Ck, X Zj such that Cy x Z; = ¢ for k # j, where
Z; and Zj are the sets of in-coming and out-going arcs at C; of D, respectively.

Proposition 3.2 Let D be a digraph with vertex set V(D) = {v1,va,...,v,} and cut vertex
set C(D) ={C1,Cq,...,C.}. Then the order and size of L.(D) are

m+y C;oand Y d~(vy)-dF (v +Z{d j)+d"(C))},
j=1 i=1

respectively, where m is the size of D.

Proof Let D be a digraph with V(D) = {v1,v2,...,v,} and C(D) = {C1,Cs,...,C.}.
Then the order of L.(D) equals the sum of size and cut vertices of D. Thus, V(L.(D)) =

m + Z C;. Now, the size of L.(D) equals the sum of size of L(D) and the total degree of cut
j=1
vertices of D. Hence

A(Le(D)) = d™ (v3) - d* (vy) +Z{d )+ dH(C))Y). O

Proposition 3.3 Let D be a digraph with vertex set V(D) = {v1,v2,...,vn}. Then L(D) ~
L.(D) if and only if D is a block.

Proof Let D be a digraph with vertex set V(D) = {v1,va,...,v,}. Suppose that D is a
block. Clearly, D does not have any cut vertex. Thus, the order of L.(D) is exactly m, where
m is the size of D. But, V(L(D)) = m. Hence L(D) ~ L.(D).

Conversely, suppose that L(D) ~ L.(D). Assume that D is not a block. Then there exists
at least one cut vertex in D. The order of L.(D) equals the sum of size and cut vertices of
D. But, V(L(D)) = m. Thus, the order of L(D) is less than the order of L.(D). Clearly,
L(D) # L.(D), a contradiction. This completes the proof. m

Theorem 3.4 The line cut vertex digraph L.(D) of a digraph D is outerplanar if,

(a) D is a directed path P, on n > 3 vertices;
(b) D is an in-star(or an out-star) of order k,k > 3;
(¢) D is the semi-star digraph D; 3.

Proof We consider the cases following:

Case 1. Suppose that D is a directed path P:l on n > 3 vertices. Then L.(D) is a connected
digraph in which every block is T5. Clearly, L.(D) is outerplanar.

Case 2. Suppose that D is an in-star(or an out-star) of order k,k > 3. Then L(D) is totally
disconnected of order (k —1). The number of cut vertex of D is exactly one. Then L.(D) is an

in-star(or an out-star) of order k. Thus, L.(D) is outerplanar.

Case 3. Suppose that D is the semi-star digraph D; 3. Clearly, D contains exactly one cut
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vertex C. By definition, L(D) is either D 2 or totally disconnected of order three. We consider

the following two subcases of Case 3.
Subcase 1 If L(D) is Dy 2, then L.(D) is Ty — e, which is outerplanar.

Subcase 2 If L(D) is totally disconnected, then L.(D) is Dy 3, which is also outerplanar.
This completes the proof. O

Theorem 3.5 The line cut vertex digraph L.(D) of a digraph D is maximal outerplanar if and
only if D is the directed path =

Proof We prove this by the method of contradiction. Suppose L.(D) is maximal outerpla-
nar. Assume that D is the directed path Py. By Proposition 3.2, the order and size of L.(D)
are n = 5 and m = 6, respectively. But, m = 6 < 7 = 2n — 3. Since every maximal outerplanar
digraph with n vertices contains 2n— 3 arcs, L.(D) is not maximal outerplanar, a contradiction.
Conversely, suppose that D is P;. Then L.(D) is T5, which is maximal outerplanar. This
completes the proof. O

84. Open Problems

We present the following open problems:

(1) Characterize the digraphs whose line cut vertex digraphs are planar, minimally non-
outerplanar, and have crossing number one.

(2) One can naturally extend this concept to directed trees. ([See [5]).
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Abstract: Let G be a graph and f : V(G) — {1,2,3,---,p + q} be an in-
jection. For each edge ww, the induced edge labeling f* is defined as f*(uv) =
[\/W-‘ . Then f is called a super geometric mean labeling if f(V(G)) U {f*(uv) :
w € E(G)} = {1,2,3,---,p + q}. A graph that admits a super geometric mean la-
beling is called a super geometric mean graph. In this paper, we have discussed
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§1. Introduction

Throughout this paper, by a graph we mean a finite, undirected and simple graph. Let G(V, E)
be a graph with p vertices and ¢ edges. For notations and terminology, we follow [5]. For a
detailed survey on graph labeling, we refer [4].

A path on n vertices is denoted by P, and a cycle on n vertices is denoted by C,,. The
union of m copies of a graph G is denoted by mG. A complete graph K, is a graph on n vertices
in which every pair of distinct vertices are joined by an edge. A star graph S,, is a complete

bipartite graph K ,. Let Uii),véi),véi), e =U7(7?+1 and w1, us,us,...,u, be the vertices of the

it" copy of the star graph S,,,1 < i < n and the path P, respectively. The graph [P,;S,,] is
obtained from n copies of S, and the path P, by joining u; with the central vertex vgi) of the
it" copy of S, by means of an edge, for 1 <4 < n. For a graph G, the graph S(G) is obtained
by subdividing each edge of G by a vertex. A twig TW(P,),n > 3 is a graph obtained from a
path by attaching exactly two pendant vertices to each internal vertices to each internal vertices
of the path.

The middle graph M (G) of a graph G is the graph whose vertex set is {v: v € V(G)}U{e :
e € E(G)} and the edge set is {ejes : e1,e2 € E(G) and e; and ey are adjacent edges of
G}U{ve:v e V(G),e € E(G) and e is incident with v}.

1Received May 20, 2015, Accepted December 10, 2015.
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A ladder L, is a graph P» x P, with V(L,) = {u;,v; : 1 < i < n} and E(L,) =
{uittit1,vvi41 : 1 < i < n— 1} A triangular ladder TL,,n > 2 is a graph obtained by
completing the ladder L,, & P» x P, by adding the edges u;v;41 for 1 <i<n—-1. GO K is
the graph obtained from G by attaching a new pendant vertex at each vertex of G.

Duplication of a vertex vy, of a graph G produces a new graph G’ by adding a vertex v with
N(vk) = N(v},). Duplication of an edge e = uv of a graph G by adding an edge ¢/ = v'v such
that N(v') = N(u) U {v'} — {v} and N(v') = N(v) U {u'} — {u}.

In [6], S.K. Vaidya et al. discussed the harmonic mean labeling of duplication of a vertex
and edge of a cycle. In [7], R. Vasuki et al. discussed the super mean labeling of some
standard graphs. A. Durai Baskar et al. [1,2] discussed the geometric mean labeling some
standard graphs. Motivated by these works, the concept of super geometric mean labeling was
introduced and studied in [3].

A vertex labeling of G is an assignment f : V(G) — {1,2,3,...,p+ ¢} be an injection. For
a vertex labeling f, the induced edge labeling f* is defined as f*(uv) = [\/W—‘ . Then f is
called a super geometric mean labeling if f(V(G))U{f*(uv) : wv € E(G)} ={1,2,3,...,p+q}.
A graph that admits a super geometric mean labeling is called a super geometric mean graph.

The graph shown in Figure 1 is a super geometric mean graph.

11

3
Figure 1

In this paper, we have established the super geometric meanness of the graphs P, U C},
for n > 1 and m > 3,7, UCy, for n > 4 and m > 3, mC,,, the complete graph K, [Py; Sy,] for
n > 1 and m < 2, subdivision of P, ® K1, TW (P, for n > 3, middle graph of a path, triangular
ladder, C,, ® K for n > 3, duplication of a vertex of the cycle, duplication of an edge of the

cycle, triangular grid graph and edge identification of two cycles.

82. Main Results

Theorem 2.1 P, UC,, is a super geometric mean graph, for n > 1 and m > 3.

Proof Let ui,us,- - , Uy, and vy,vs, -+ , v, be the vertices of the cycle C,, and the path

P, respectively.

Case 1. m > 4.
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We define f: V(P,UCp)UE(P, UCy,) — {1,2,3,...,2m+ 2n — 1} as follows:

1 1=1
4i—4 2<i< |2
2m — 3 i:L%J—I—landmisodd
flui) =9 2m 1= L%J + 1 and m is even
2m 1= L%J+2andmis odd
2m —3 i=L%J+2andmiseven
dm+5—4i  |[B]+3<i<m
and f(v;) =2m + 2i — 1 for 1 <4 < n. The induced edge labeling is as follows
4i—2 1<i<|Z2]
2m — 1 i= |2 +1
[r(wivip1) = § 2m — 2 i=|2]|+2and mis odd
2m —5 i:L%J—l—Qandmiseven

dm+3—4i  [Z]+3<i<m—1,
f*(urum) =3 and f*(vjvi41) =2m+2ifor 1 <i<n-—1.

Case 2. m = 3.

We define f : V(P,UC3)UE(P,UC3) — {1,2,3,---,2n+5} as follows f(uy) =1, f(ua) =
4, f(uz) =6 and f(v;) =5+ 2i for 1 <14 < n. The induced edge labeling is as follows:

f*(urug) = 2, f*(ugus) =5, f*(usur) =3 and f*(v;v;41) =6+ 2ifor 1 <i<n-—1.

Hence, f is a super geometric mean labeling of P, U C,,. Thus the graph P, UC,, is a
super geometric mean graph for n > 1 and m > 3. O

The super geometric mean labeling of Ps U Cg and Py U C3 are shown in Figure 2.

13 14 15161718 1990 21

Figure 2
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Theorem 2.2 For a T-graph T, T, U C,, is a super geometric mean graph, for n > 4 and
m > 3.

Proof Let uy,us, -+ , U, be the vertices of the cycle C,, and vy, v, - -+ ,v,—1 be the vertices

of the path P,_1 and let v,, be the pendant vertex identified with v,_o in T},.
Case 1. m > 4.

We define f: V(T,, UCy,) U E(T,, UCp,) — {1,2,3,--- ,2m + 2n — 1} as follows:

1 i=1

4i—4 2<i< |2

2m —3 i:L%J—I—landmisodd
flui) = 2m = L%J + 1 and m is even

2m 1= L%J + 2 and m is odd

2m — 3 ZZL%J—FQandmiseven

dm+5—4i [ +3<i<m,

IN

fw)=2m+2i—1for1 <i<n-3, f(vh—2) =2m+2n—3, f(v,—1) = 2m + 2n —

6 and f(vn) =2m+2n — 1.

The induced edge labeling is as follows:

4i—2 1<i< |2
2m — 1 i= |2 +1

fuiuipr) = ¢ 2m—2 1= L%J + 2 and m is odd
2m -5 i:L%J+2andmiseven
dm+3—4i  |Z|+3<i<m-—1,

ff(urum) =3, f*(vivig1) =2m 4+ 2i for 1 <i<n—4,
F (Un—3vp—2) =2m+2n —5, f*(vp—2vp_1) = 2m + 2n — 4 and
f (vp—2v,) = 2m + 2n — 2.
Case 2. m = 3.

We define f: V(T,, UC3) UE(T, UC5) — {1,2,3,--- ,2n + 5} as follows:

flur) = 1, f(u2) = 4, f(us) = 6, f(v;) =5+2ifor 1 <i<n-—3, flonoa) = 2n+ 3,
f(vp—1) =2n and f(v,) = 2n+5.
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The induced edge labeling as follows:

fH(uug) = 2, f*(ugus) =5, f*(uguy) = 3,
frwivigr) =6+2ifor 1 <i<n-—4,
f (Un—3vp—2) =2n+1, f*(vy_2v,—1) = 2n + 2 and
f*(Un—2vy) = 2n + 4.

Hence, f is a super geometric mean labeling of T, U C,,. Thus the graph T, U C,, is a super
geometric mean graph for n > 4 and m > 3. O

The super geometric mean labeling of Tg U C7 and T7 U C5 are shown in Figure 3.

3 2 20 23 25
g 4 22 24
7 21
6
19
9
8 18
12
10 17
14 11 16
13
15
14 17 19
1
16 18
15
13
3 2 12
11
10
6 5 4
9
8
7
Figure 3

Theorem 2.3 mC), is a super geometric mean graph, for any m and n.

Proof  Let {vf):lgjgn} be the vertices of the i** copy of the cycle C,,
1<i<m.

Case 1. n > 5.

We define f: V(mC,) U E(mC,) — {1,2,3,---,2mn} as follows:
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1

47 —4

2n—3
f(UJ(-1)>= 2n

2n

2n—3

dn 45 —4i

2n+1

2n+45—-5

an — 3
f(%@)): 4an

4dn

dn — 3

6n+6—4j

J
2<j< 3]

J
J
J+2andnisodd
J—|—2andnis even
3

+ 1 and n is odd
+ 1 and n is even
+ 2 and n is odd

+ 2 and n is even

[SIEAN S SR TR

[ e T
|

and f (’U;“) =2n+f (v§i71)> for3<i<mand1<j<n.

The induced edge labeling is as follows:

A (v§l)v§21) =

7 (o) =3,

r (U§2)Ug(i)1> =

45 -2 1<j<[3]

2n — 1 i=1%+1

2n — 2 j:L%J+2andnisodd
2n —5 j:{%J—l—Qandniseven
An+3-4j [2]+3<j<n-—1,
2n+2 j=1

2n+4j-3 2<j< |31

dn —5 j= L%J and n is odd

4dn — 2 j= L%J and n is even
dn —1 j=1%]+1

6n+4—4j |[F]+2<j<n-—1,

F* (052)1)7(12)) =92n+4,

I (v§i)v§21) =2n+ f* (v§i_l)v§:__ll)) for3<i<mand1<j<n-1

and

I (vy)vff)) =2n+ f* (’l)§i71)’l}7(j_l)> for 3 <i <m.

109
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Case 2. n=4.

We define f: V(mCy) U E(mCy) — {1,2,3,---,8m} as follows:

1 j=1 8 =1
flv) =4 57-6 2<j<3 and f(v?) = ; <j<
J - J <7 <o an f G = 67 2<5<3
5 j=4 13 j—4

The induced edge labeling is as follows:

. 45 —2 1<5<2 .
7 (oPu)) = i BN (o) =3
] =
5) +5 1<5<2
I (’UJ(-Q)’UJ(-?l) = J =9=% and I (Uiz)vf)) =11.
16 j=3

Subcase 2.1 m is odd and m > 3.

£(") =
34 j=4,
31 =1
P =1 3j420 2<j<3 and
40 j=4

f(v(i)) :f(v(i72)> +16for6<i<mand1l<j<4.

J J

The induced edge labeling is as follows

17 =1
[ (vj(-g)uj(.?jr)l) =\ i ; C s o f (v§‘°’)vff’)) =19,
J =7 =
. 26 j=1 .
f (05-4)@;?1) = f (v§4)v§4)) = 30,

4120 2<j<3
33 i~ 1

(o) =4 T (o) =36,
2j+33  2<j<3

77 (0§00 ) = 17 (o0l + 16 for 6 < i< mand 1< <3

and I (Uii)vy)) = f* (UY*%SJ*Q’) +16 for 6 < i< m.



Further Results on Super Geometric Mean Graphs 111

Subcase 2.2 m is even and m > 4.

14 j=1 23 j=1
f(v§3)): 3j 4+ 13 2§j§3,f(v§4)): 3421 2<j<3
26 j=4 32 Jj=4
2j+31 1<j<3
f(v§5)): J =)= and
42 j=4

f(v§i)) :f(v§i_2)) +16for6<i<mand1l<j <4,

The induced edge labeling is as follows

17 =1

Iz (UJ(_S)UJ(_?jr)l) _ . J | f (U§3)U§3)) — 20,
3j4+15 2<;5<3

. 25 j=1 .

f (05-4)@;?1) = . ' f (v§4)v§4)) = 28,
2j+25 2<j<3
34 =1

Iz (U§-5)U§?1) _ J f (v§5)v§5)) — 38,

45428 2<j<3

7 (vf)u;le) = f* (vf*)v](.fj)) +16for6<i<mand1<j<3

and f* (Uii)vy)) = f* (v§i72)vy72)) + 16 for 6 <i < m.

Case 3. n=3.
We define f: V(mCs) U E(mCs) — {1,2,3,--- ,6m} as follows:

4 1=1

f(vgi)):6i—5f0r1§i§m,f(véi)): 6i_ 3 o< i<
i— <i<m

and f (’Uéi)) = 6i for 1 < i < m. The induced edge labeling is as follows:
f* (vgi)vy)) =6t —4forl1<i<m, f* (véi)véi)) =6t—1for1<i<m and

3 i=1
6i—2 2<i<m

* (,Uéi)vgi)) _

Hence, f is super geometric mean labeling of mC,,. Thus the graph mC,, is a super geo-

metric mean graph for any m and n. a

The super geometric mean labeling of 4Cg, 7C4 and 5C5 are shown in Figure 4.
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1 13 25 37
3 2 16 14 28 26 40 38
5 4 18 15 30 27 42 39
6
9 8 21 19 33 31 45 43
11 10 23 22 35 34 47 46
12 24 36 48
) 4 8 12 14 20 25 27 31 35 41 43 47 51
2 10 17 26 33 42 49
3 6 11 15 19 21 30 28 36 37 46 44 52 53
7 16 23 32 39 48 55
> 9 13 18 24 22 34 29 40 38 50 45 56 54
7 13 19 25
10 8 16 14 22 20 28 26
6 5 4 12 11 9 18 17 15 24 23 21 30 29 27
Figure 4

Corollary 2.4 mC, U Py is a super geometric mean graph for any m,n and k.

Proof By the above Theorems 2.1 and 2.3 the results follows.

Theorem 2.5 K, is a super geometric mean graph if and only if n < 3.

Proof Based on the definition of super geometric mean labeling, 1 and p + ¢ should be the
vertex labels.

For all p > 5, the edge having the end vertices whose labels are 1 and p + ¢ is less than

or equal to p — 1. So we cannot have distinct edge labels for the edges incident with a vertex
whose vertex label is 1.

When p=4,1,p+¢ =10 and p+ g — 2 = 8 are to be the vertex labels whose induced edge
labels are 3,4 and 9. So we cannot label for the 4" vertex in which the edge label is 2. Also 2
cannot be the vertex label.

The super geometric mean labeling of K;, Ko and K3 are shown in Figure 5.

1 1
1 e 2 3 9
3 6 ¢ > 4
5
Figure 5

Theorem 2.6 [P,; S| is a super geometric mean graph, for n > 1 and m < 2.
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Proof Let ui,us, -+ ,uy, be the vertices of the path P, and vy) , vg), S ,U,(,i) be the pendant

vertices at each vertex u; of the path P,, for 1 <i <n.
Case 1. m=1.

We define f : V([Py; S1]) U E([Py; S1]) — {1,2,3,--- ,6n — 1} as follows:

5 i=1 ) ) '
flui) = ,f(vl):()’z—?)forlgzgn,
6i—5 2<i<n

f (véi)) = ! =1 and f (vén)) =6n— 1.

67 2<i<n-1

The induced edge labeling is as follows:

. 6 i=1
J (uitig) =
6i—2 2<i<n-—1,
7 () = 4 i=1
6Gi—4 2<i<n,
N (i 2 =1
fr (vil)véz)) = ! and f* (vin)vén)) =6n—2

61— 1 2<i<n—-1

Case 2. m =2.

We define f : V([Py; S2]) U E([Py; Se]) — {1,2,3,---,8n — 1} as follows:

21+ 5 1<i<2
fui) =
8 — 8 3 <1 < n,
- 5 =1
7 (o) = '
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The induced edge labeling is as follows

8 ;=1
[ (winig1) =

—4 2<i<n-—1,

;v =
! 8i—6 2<i<n-—1,

17 () =8n =57 (757) = Z,- 3 12_<1 <n-1
£ (o087 = sn =4 and 7 (o) = { i1

81 —2 2<i<n.

Hence, f is a super geometric mean labeling of [P,;Sy,]. Thus the graph [P,;S,,] is a super

geometric mean graph, for n > 1 and m < 2. a

The super geometric mean labeling of [Ps; S1] and [Ps; Sa] are shown in Figure 6.

5 6 7 101316 19 22 25 28 31

4 8 14 20 26 32
39 9 15 21 27 33
2 11 17 23 29 34

1 12 18 124 430 ¢35

12 16 20 24 28 32

Ry

215 17 23 2531 3334

Figure 6

Theorem 2.7 S(P, ® K1) is a super geometric mean graph, for n > 1.

Proof Let V(P, ® K1) = {u;,v; : 1 <i < n}. Let z; be the vertex which divides the edge



Further Results on Super Geometric Mean Graphs 115

u;v;, for 1 <4 < n and y; be the vertex which divides the edge w;v; 41, for 1 <i <mn — 1. Then

V(S(P,© K1) ={u,vi,z3,y;: 1 <i<n,1<j<n-—1}
E(S(P, ® K1) = {uzi,vizi : 1 <i <n}U{uy;, yivip1 : 1 <j<n—1}

We define f: V (S(P, © K1))UE (S(P, ® K1)) — {1,2,3,--- ,8n — 3} as follows:

5 =1
flug) = ) =8i—1for1<i<n—1,
8i—7 2<i<n
; , 1 i=1
flz;)=8i—5for 1 <i<n,f(v;) = and
gi—2 2<i<n-1

f(vn) =8n—3.

The induced edge labeling is as follows

6 i=1
fr(uiys) = T (yiuie1) =8ifor 1 <i<n—1,
8 —4 2<i<n-—1
. 1 i=1 . 2 i=1
[ (i) = _ _ () = _ _ :
8 — 6 2<i<n 8 —3 2<i<n-1

and f*(zpvn) = 8n — 4.

Hence, f is a super geometric mean labeling of S(P, ® K;). Thus the graph S(P, ® K7) is a
super geometric mean graph, for n > 1. a

A super geometric mean labeling of S(P; ® K1) is shown in Figure 7.

3 7 9 15 17 23 25
6 8 12 16 20 24
4 10 18 26
34 111 119 27
2 13 21 28
1 14 22 29
Figure 7

Theorem 2.8 TW(P,) is a super geometric mean graph, for n > 3.

Proof Let uy,us,--- ,u, be the vertices of the path P, and ng')7 ’Uéi) be the pendant vertices
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at each vertex u; of the path P,, for 2 <i <n — 1. Then

V(TW(P,)) = V(Py) U {vgw,vgw 2<i<n— 1} and

E(TW(P,)) = E(P,) U {uiv@,uivg“ 2<i<n-— 1} .
We define f: V(TW(P,))UE(TW(PR,)) — {1,2,3,...,6n — 9} as follows

1 i=1
6i—7 2<i<n-—2,

flui) =
f(un—l) =6n— 117f(un) =6n-—9,

f (vgi)) = 2 =2 f (vgn_l)) = 6n — 16,

6: —9 3<i<n—-2

f (Uy>) —6i—5for2<i<n—2and f (U;’H)) = 6n— 14.
The induced edge labeling is as follows

3 i=1
T (uiuigr) = [ (Un—2upn—1) = 6n — 15,
6i — 4 2<i<n-3
fH(up—1uy) = 6n — 10,
f* (uwi“) =6i—8for2<i<n-—2 f* (un 1v§" 1)) =6n— 13 and
I (uivéi)) =6i—6for2<i<n-—1.
Hence, f is a super geometric mean labeling of TW (P,). Thus the graph TW (P,,) is a super
geometric mean graph, for n > 3. |

A super geometric mean labeling of TW (Ps) is shown in Figure 8.

37 38 39
/\ /¥ TR 7\
13 15 19 21 2527 31 32
Figure 8

Theorem 2.9 M (P,) is a super geometric mean graph, for n > 4.

Proof Let V(P,) = {vi,ve,--- ,v,} and E(P,) = {e; = v;v;41 : 1 < i < n— 1} be the
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vertex set and edge set of the path P,. Then

V (M(P,)) = {v1,v2,...,0n,€1,€2,...,€n_1} and
E(M(Pn)) = {Uiei,ei’l)i+1 1< <n— 1}U{6i€i+1 1< < 7’L—2}.

We define f: V(M (P,))U E(M(P,)) — {1,2,3,---,5n — 5} as follows:
1 1=1
Jw) =19 2i+1 2<i<3 and f(e) =

5 —5 4<i<n
The induced edge labeling is as follows:

8t —5 1<i<2
51 — 2 3<it<n-—-1.

2 1=1
67 1<4<2
f(eieiv1) = ,fH(ev) = 214+4 2<i<3
59+1 3<i<n-—2
-3 4<i<n-1
and f*(e;vi41) =5i—1for 1 <i<n-—1.
Hence, f is a super geometric mean labeling of M (P,,). Thus the graph M (P,) is a super

geometric mean graph for n > 4. O

A super geometric mean labeling of M (Pg) is shown in Figure 9.

Figure 9

Theorem 2.10 T'L,, is a super geometric mean graph, for n > 3.

Proof Let the vertex set of T'L,, be {v1,v2, -+ ,vp,u1,us, - ,u,} and the edge set of TL,,
be {witit1, Uivit1,00i41 : 1 <i<n—1}U{uv; : 1 <i < n}. Then TL, has 2n vertices and
4dn — 3 edges. We define f : V(TL,)U E(TL,) — {1,2,3,--- ,6n — 3} as follows:

1 =1
fvi) = ! ) =6i—2for1<i<n-—1
6i—6 2<i<n

and f(u,) = 6n — 3. The induced edge labeling is as follows:

ffwivigr) =6i —3for 1 <i<n—1, f*(ujuir1) =6i+1for 1 <i<n-—1,
ff(uw) =6i—4 for 1 <i<nand f*(uviy1) =6i—1for 1 <i<n-—1.

Hence, f is a super geometric mean labeling of T'L,,. Thus the graph T'L,, is a super geometric

mean graph for n > 3. O
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A super geometric mean labeling of T'L; are shown in Figure 10.

1 3 6 9 12 15 18 21 24 27 30 33 36

2 5 8 11 {14 717 |20 3 126 29 (32 35 |38

4 7T 10 13 4 19 22 25 28 31 34 37 39

Figure 10

Theorem 2.11 C,, ® K; is a super geometric mean graph.

Proof Let vi,ve,--- ,v, be the vertices of the cycle C,, and uy,us,- -+ ,u, be the pendant

vertices of the cycle C,,.
Casel. n>7.

We define f: V(C, © K1) UE(C, ® K1) — {1,2,3,--+ ,4n} as follows:

3 i=1
8 —11 2§i§L%J

fw)=<¢ 4n—-7 i:L%J—Flandnisodd
4dn — 2 i:L%J—Flandniseven
8n+12-8i [Z|+2<i<n
7i—6 1<9<3
8i—9 4<i< |2
dn —5 izL%J—i—landnisodd

flui) =19 4n i= L%J + 1 and n is even
dn —2 i=]2] +2andnisodd
dn — 7 z=L%J+2andniseven
8n+10—8i  [%|+3<i<n

The induced edge labeling is as follows:

4 i=1

8i—7 2<i<|3] -1

in —11 1= {%J and n is odd

[ (vivigr) = . .

dn — 6 1= {%J and n is even

4n —3 i= %] +1

8n+8—-8  |F|+2<i<n-—1,

f*(v1v,) = 6 and
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5 —3 1<i<2
8 — 10 3<i< |2

f(uv) = 4n — 6 1= L%J + 1 and n is odd
dn —1 z:L%J—i—landniseven
8n+11-8i [4|+2<i<n

Case 2. n=3,4,5,6.

In this case, the super geometric mean labelings are given in Figure 11.

Figure 11

Hence, f is a super geometric mean labeling of C,, ® K;. Thus the graph C, ® K; is a

super geometric mean graph. a

A super geometric mean labeling of C9 ® K7 is shown in Figure 12.
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Figure 12

Theorem 2.12 The graph obtained by duplication of an arbitrary vertezx in cycle Cy, is a super

geometric mean graph, for n > 4.

Proof Let vy,v2,vs,...,v, be the vertices of the cycle C,,, for n > 4. Without loss of
generality we duplicate the vertex v = v; and its duplicated vertex is vj. Then the resultant
graph G will have n + 1 vertices and n + 2 edges.

We define f: V(G) U E(G) — {1,2,3,...,2n + 3} as follows:

fly) =1,
8 —2i 1<i<2
4i 3<i<|%]

Fon) = 2n+3 i=|%]+1 |
2n i= L%J+2andnls odd
2n —1 i:L%J—l—Zandniseven
dn+T7-4i  |F]+3<i<n-1

and flon) =09.

The induced edge labeling is as follows

frwive) =2, f*(vivn) =3,
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20+3 1<i<2

4i+ 2 3<i< |2 -1

2n+1 1= {%J and n is odd
[rwivig1) = ¢ 2n+2 1= {%J and n is even

2n + 2 z:L%J—i—landnisodd

2n+1 i:t%J—l—landniseven

dn+5—4i  |Z]+2<i<n-2,

f (vp—1v,) =10 and f*(viv,) = 8.

Hence, f is a super geometric mean labeling of G. Thus the graph obtained by duplication of
an arbitrary vertex in the cycle C,, is a super geometric mean graph, for n > 4. |

The graph obtained by duplication of a vertex in Cg and its super geometric mean labeling
is shown in Figure 13.

Figure 13

Theorem 2.13 The graph obtained by duplication of an arbitrary edge in cycle Cy, is a super
geometric mean graph, for n > 3.

Proof Let v1,v9,vs, -+ ,v, be the vertices of the cycle C),,. Without loss of generality we
duplication an edge e = v1vy and its duplicated edge is ¢’ = vjv}. Then the resultant graph G
will have n 4 2 vertices and n + 3 edges.

Case 1. n > 6.
We define f: V(G) U E(G) — {1,2,3,---,2n + 5} as follows:

fv) =1, f(vh) =3 and
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9 1=1
5t —5 2<i<3
4i—2 4<i<|%]+1

f) =1 2n+5 i=|%]+2
2n+2 z=L%J+3andnisodd
2n+1 i:L%J—I—fSandniseven
dn+13—-4i  |3|+4<i<n

The induced edge labeling is as follows:

f*(vllvé) =2, f*(vllviz) =4, f*(’U;Ué) =0,

i+ 6 1<i<2
4i 3<i< g
2n+3 i=]2]+1andnisodd
[r(vivig1) = 2n+4 i=|%]+1andnis even
2n+4 i:L%J+2andnisodd
2n+3 i:L%J—FQandniseven
3

dn+11—4i  [2]+
and fH(viv,) = 11.

Case 2. n=3,4,5.

In this case, the super geometric mean labelings are given in Figure 14.

Figure 14

Hence, f is a super geometric mean labeling of G. Thus the graph obtained by duplication

of an arbitrary edge in cycle C,, is a super geometric mean graph, for n > 3. O

The graph obtained by duplication of an edge in C's and its super geometric mean labeling

is shown in Figure 15.



Further Results on Super Geometric Mean Graphs 123

Figure 15

A triangular grid T, (G) with n vertices in each side are constructed as follows: The vertices
of T,,(G) are {’U(J) 1<j<mn, 1<i<n+1-j}and the edges are {Uij)vz@l 1<j<n—1,
1§ign—j}u{v§j>u§”” : 1gjgn—1,1gign—j}u{u§£1v§”1) 1<j<n-1,1<
it <n—j}. The triangular grid graph Ts(G) is shown in Figure 16.

o

Figure 16

Theorem 2.14 The triangular grid graph T, (G) is a super geometric mean graph.
Proof Let {v D <j<n,1<i<n+1 —j} be the vertex set of T,,(G). Then the edge
set of Tj, ( are{v] (i)l:1SjSn—l,lSign—j}U{vgj)vng):1§j§n—1,1§i§

—ﬁU{HﬂNH)lﬁan—L
1<i<n-—j}.
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We define f: V(T,,(G)) U E(T,(G)) — {1,2,3,--- ,n(2n — 1)} as follows

f (vgl)) =4(2i—1) for 1 <i<mnand

f(vgﬂ) :f( fill)) ~2for2<j<nand1<i<n+1-j
The induced edge labeling is as follows

1 H—l
( () (J)

f*( (1) ()>:i(2i+1)for1§i§n—1,
*(Zill)vl(i;))—2for2§j§n—1and1§i§n—j,

((” s f*(zil” o) —2for2<j<n-land1<i<n—j

1) +4ifor1 <i<n-—1and

)=

( ) (i+1)(2i—1)for1<i<n-—1,
)=
o) =i

I (vgi)lvgﬁl)) = f* (vfi;)vf&) —2for2<j<n—land1<i<n-—j.

Hence, f is a super geometric mean labeling of T;,(G). Thus the graph T, (G) is a super

geometric mean graph. a

A super geometric mean labeling of T7(G) is shown in Figure 17.

Figure 17

The graph G'(p1,p2, - -+, Pn) is obtained from n cycles of length pq, po, . . ., p,, by identifying

the j*" cycle and (j + 1)*" cycle by the edges vi )Hv(pJLfg and v(J+l) ,(,ﬁll), for1<j<n-1.

Theorem 2.15 The graph G'(p1,p2, ... ,Pn) 1S a super geometric mean graph all p;’s are odd
or all p;’s are even with p; # 4 for 1 < j <mn.



p;j # 4. For 1 < j < n—1, the jth
WITLITD We define f: V(G') U B(G) — {1,2,3,-~

Case 1.

and
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Proof Let {vij) 1<j<nand1 << pj} be the vertices of the n number of cycles with

EJJ)H U(pj)+
2

cycle and (j + 1) cycle by the edges v

2

;i — 3n + 3} as follows.

n

, 2o 2p

p; is odd.

When p; = 5, define

f( “)_3 f( ):1,f(v§1)):10,f(ufﬁ>)=8andf(u§1>)=6.

The induced edge labeling is as follows:
f%AWEU:Zf%J” ) 4ﬁ(1>m) 9,

f* (vil)vél)) 7 and f* ( (1)) 5.
When p; > 7, define

4i —3 1§1<L2J
£ () - 4 -2 = 5]+
4i — i=|B|+
dpp+4—4i B J+3§1§P1
The induced edge labeling is as follows:
4i—1 1<i<|B]-1
* 4 i= 3]
(i) 4i-3 i= |2+t
dpr+2—-4i  |[B|+2<i<p —1
f U1 ’U =2.

For 2 < j < n, define

f (Uz(J)> = Jj—1
kE 2pr. +4p; —3(j = 2)
=1

The induced edge labeling is as follows:

j—1
S 2k —3(j—2)+4i—5
k=1

— 4

j_
S 2 —3(j —2) +2 i=1
k=1

N j—1

7 (v902),) = X2 =30 = 2) + i - 2<i< ||

-1
Z2pk+4pj—3(]—2) 4i —2 Bl+1<i<pj—2
P 2

7 (o)) = Zzpk— (j—2)+1.

s and
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Case 2. p; is even.

When p; = 6, define

f (v§1)) —6, f (vgw) =8, f (vgw) — 10, f (vgw) —12,f (vgw) —1and f (vgw) — 3.
The induced edge labeling is as follows:
£ (v§1)vé ) — 7, f* (U(l) ) 9, f* ( (1) (1)> —11,

f* (vfll)% ) =4, f*( )) =2 and f* (U1 vél)) = 5.
When p; > 8, define

s (vgl)) _ 4 —3 1< |_ J

Apy + 4 — 4i {%J +1<i<p.
The induced edge labeling is as follows:

4i—1 1 B
I (vgl)vz(i)l) = ?
dpr+2—-4i (B +1<i<p -1

and f* (vll)v,(ﬁ)) =2,

Subcase 2.1 2 < j <nand jis odd.

j—1

S 2pk —3(j—2)+4i—5 2<i<|B]-1
k=1

j—1 ,
X 29 +2p; =3 =2) =6 i= %]
=1

Let f (vfj)) =

j—1
> 2pk +2p; —3(j —2) -3 i= 5+
k=1

j—1 ] )
k212pk+4pj—3(j—2)—4i L%]J—I—2§z§pj—1.

The induced edge labeling is as follows

j_
S 2k —3(j —2)+2 i=1
k=1
j—1
> 2 —3(j—2)+4i—3 2<i<|B] -1
(), = :
£ (o) =0 S 22y 3G -2) 4 i=|%)
=1
j—1
S 2pk+2p;—3(i—2)—5 i=|%+1
k=1
j—1 )
P 2pk +4p; —3(j —2) —4i — 2 || +2<i<p;—2
and I ((J),lvj) 22]%— (J—2)+1

Subcase 2.2 2 < j <n and j is even.
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j—1
S 2p, —3(j —2) +4i — 4 2<i< || -1
k=1
i1 ,
0 k¥12pk+2pj—3(j—2)—3 i=|%]
k212pk+2pj—3(j—2)—6 i=|%]+1
j—1
> 2pk+4p; —3(j—2)—4i—1 %] +2<i<p;—1.
k=1

The induced edge labeling is as follows:

j—1
S 2 —3(j —2) + 1 i=1
k=1
j—1
S 2pk—3(j —2) +4i—2 2<i<|B] -2
k=1
e (@, @Y ) a0y L imi
[ oo ) =4 X 2k +2p; —3(i—2)—5 i=|%]-1
k=1
j—1 ]
> 2pk+2p; —3( —2) — 4 i=|%]
k=1
j—1 _
2pp +4p; —3(j —2)—4i—3  |[B|+1<i<p;—2
k=1
e (@ O 5 ari
and f* (v qvp) ) = 30 2pr —3( —2) +2.
k=1
Hence, f is a super geometric mean labeling of G'(p1,pa,...,pn). Thus it is a super geo-
metric mean graph with p; #4 for 1 <j <n. |

A super geometric mean labeling of G'(7,13,11,5) and G’(8, 10,12, 8) are shown in Figure
18.

Figure 18
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Abstract: For an ordered subset W = {w1, w2, ,wy} of vertices and a vertex v in a con-
nected graph G = (V, E), the (metric) representation of v with respect to W is the k-vector
r(|W) = (d(v,w1),d(v,w2),- -+ ,d(v,w)). The set W is a resolving set for G if distinct
vertices of G have distinct representations with respect to W. A resolving set of minimum
cardinality is called a minimum resolving set and the cardinality of it is a dimension of G,
denoted by dim(G). In this paper, we introduce resolving connected domination number
~vre(G) of graphs. We investigate the relationship between resolving connected domination
number, connected domination number, resolving domination number and dimension of a
graph G. Bounds for «,.(G) are determined. Exact values of v,..(G) for some standard

graphs are found.

Key Words: Resolving dominating set, resolving connected dominating set, resolving

connected domination number, dimension of a graph.

AMS(2010): 05C69, 05C12.

81. Introduction

In this paper, we consider the connected simple graph G = (V, E), that finite, have no loops,
multiple and directed edges, and there is a path between any pair of its vertices. Let G be such
a graph and let n and m be the number of its vertices and edges, respectively. The distance
d(u,v) between two vertices u and v of a graph G is the minimum length of the paths connecting
them (i.e., the number of edges between them). A graph H is a subgraph of G if V(H) C V(G)
and E(H) C E(G). For a subset S C V(G), the subgraph (S) of G is called the subgraph
induced by S if E((S)) = {uwwv € E(G)|u,v € S}. We refer to [3], for graph theory notation and
terminology not described here.

A set D of vertices in a graph G is a dominating set of G if every vertex in V — D is
adjacent to some vertex in D. The domination number v(G) of G is the minimum cardinality
of a dominating set in G. The concept of connected domination number was introduced by E.
Sampathkumar and H. Walikar [7]. A dominating set D of a graph G is connected dominating
set if a subgraph induced by D is connected. The connected domination number ~.(G) of G is
the minimum cardinality of a connected dominating set in G . for more details in domination

theory of graphs we refer to [5].

1Received March 28, 2015, Accepted December 12, 2015.
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Let G be a connected graph of order n and let W = {wq, ws, - -+ ,wi} be an ordered set of

vertices of GG. For a vertex v of GG, the k-vector
r([W) = (d(v,w1),d(v,w2), -, d(v, wg)) .

where d(v,u) represents the distance between the vertices v and u, is called the representation
of v with respect to W. The set W is a resolving set for G if r(u|W) = r(v|W) implies that
u = v for every pair u, v of vertices of G. A resolving set of minimum cardinality is called
a minimum resolving set or a basis of a graph G and the cardinality of a basis of G is its
dimension and denoted by dim(G). The concepts of resolving set and minimum resolving set
have previously appeared in the literature in [9] and later in [10],, Slater introduced these ideas
and used locating set for what we have called resolving set. He referred to the cardinality
of a minimum resolving set in a graph G as its location number of GG. Slater described the
usefulness of these ideas when working with U. S. sonar and coast guard Loran (Long range
aids to navigation) stations. Independently, Harary and Melter [4], investigated these concepts
as well, but used metric dimension rather than location number, the terminology that we have
adopted.

C. Robert and et al. in [6], introduced the concept of resolving domination in graphs. A
set D of vertices of a graph G that is both resolving and dominating is a resolving dominating
set. The minimum cardinality of a resolving dominating set is called the resolving domina-
tion number 7, (G). Motivated by this paper, we introduce the concept of resolving connected
domination number of graphs. We investigate the relationship between resolving connected
domination number, connected domination number, resolving domination number and dimen-
sion of graphs. Exact values of v,.(G) for some standard graphs are computed. Bounds for
Yre(G) of a graph are found.

Before we are starting in the main results of resolving connected domination, we consider

the following useful results on dimension and resolving domination numbers of graphs.

Theorem 1.1([1, 4]) Let G be a connected graph of order n > 2. Then

(a) dim(G) =1 if and only if G = Py;

(b) dim(G) =n—1 if and only if G = K,;

(¢) Forn > 4, dim(G) = n—2 if and only if G = K,,, (r,s > 1), G = K, + K,
(r>1;s>2), orG=K, + (K1 UKjy), (r,s >1).
Theorem 1.1([8, 4]) (a) For a cycle C,, , n > 3, dim(Cy) = 2;

(b) For n >3, let Wy, be the wheel graph on n + 1 vertices. Then

3, ifn=3 orn=_6;

dim(WLn) =
| 2282, otherwise.

The following definitions are stated in [1, 4].

Definition 1.3 Fiz a graph G. A vertex v € V(QG) is called a major vertex if d(v) > 3. An
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end-vertez u is called a terminal vertex of a major vertex v if d(u,v) < d(u,w) for every other
magjor vertex w in G. The terminal degree of a major vertex v is the number of terminal vertices
of v. A major vertex v is an exterior major vertex if it has positive terminal degree. Let o(G)
denote the sum of terminal degrees of all major vertices of G, and let ext(G) the number of

exterior magjor vertices of G.
Theorem 1.4([1]) If T is a tree that is not a path, then dim(T) = o(T) — ext(T).

Corollary 1.5([5]) If T is a tree of order n > 3, then v.(T) = n — I(T). Where I(T) denote

the number of end-vertex of T .

Lemma 1.6([6]) Let u and v be vertices of a connected graph G. If either
(1) uw and v are not adjacent and N(u) = N(v). or
(2) w and v are adjacent and N[u] = N[v], then every resolving set of G contains at least one

of u and v.

Proposition 1.7([6]) If G is a connected graph of order n > 2 and diameter d, then v, >
f(n,d), where

"k .
f(n,d) = min{k + E (d — 1)k},
i=1

82. Main Results

A connected graph G ordinarily contains many dominating sets. Indeed, every superset of a
dominating set is also a dominating set. The same statement is true for a connected dominating
sets, also for resolving sets. In this paper we study those connected dominating sets that are
resolving sets as well. Such sets will be called resolving connected dominating sets. Thus a
resolving connected dominating set D of vertices of G not only dominates all the vertices of
G but has the added feature that the subgraph (D) induced by it is connected, also distinct
vertices of G have distinct representations with respect to D. The cardinality of a minimum
resolving connected dominating set is called the resolving connected domination number of G
and is denoted by v,.(G). A resolving dominating and resolving connected dominating sets
of cardinality v,(G) and v,.(G), is called a 7,(G)-set and v,.(G)-set, for G, respectively. To
illustrate these concepts, consider the following graph G in Figure 1.

V6

Ug

Figure 1. A graph with v =2, v.=3, v =4, v =5 and dim = 3.
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By Lemma 1.6, every resolving set of G contains at least two vertices from set W =
{v1,v2,v3}. Since no 2-element subset of W is a resolving set, it follows that dim(G) > 3. On
the other hand, the set {v1,v2,v6} is a resolving set for G, implying that dim(G) = 3. The set
{v4,v6} is a y-set of G and so v(G) = 2, the set {v4, vs,v6} is a Ye-set of G so 7.(G) = 3, the
set {v1,va,v4,06} 18 & Yp-set of G so v,-(G) = 4 and the set {v1, v, v4, 05,06} 18 & Ype-set of G
and so v..(G) = 5.

2.1 Exact Values of Resolving Connected Domination of Some Standard Graphs

In this section, we present The exact values of resolving connected domination numbers of some

well-known classes of graphs as following:

Proposition 2.1

(1

) Yre(Kn) = Yre(K1n) =n—1, forn > 2;
(2) vre(Pn) =n—2, forn > 4;
(3) Vre(Cr) =n —2, forn > 3;
4) vre(Krs) =7+5—2, forr,s > 2;
(5) For integers 2 < ny < ng < -+ < ng with ny +ng + -+ np = n and k > 2,
Vre(Eny n2, nk) =1 — k.

Theorem 2.2 For a wheel graph W1 5, of order n > 7

2n +2
’YTC(Wl,n) = \‘ J + 1.

5

Proof In Wy, = K1 +Cp, n>7,1et V(Wi ,,) = {vo,v1,v2, - ,vn}, where vy is a central
vertex and vy, vs, -+ , v, are vertices of C,,. Let R be a minimum resolving set of W ,,. Since
d(vo,v;) = 1 for all i with 1 < 4 < n it follows that vy does not belong to any minimum resolving
set of W1 ,,. Hence, vy ¢ R. In other hand, the set {vo} is a vy-set of W1, and it is a connected
set so the set {wg} is also a y.-set of Wy ,. Thus, the set D = {vg} U R is a v,-set of Wy ,,.
Since the subgraph (D) is connected it follows that the set D is a vpc-set of Wy ,. Therefore,
by this and Theorem 1.2 we get

2n +2
1Dl = RO (un} = R + o) = | 22| 41,
And this completes the proof. ]

Theorem 2.3 Let T be a tree of order n > 4, that is not a path. If every major vertex of T

adjacent to its terminal vertex, then

Yre(T) = n — ext(T).

Proof Let W, S and D be a resolving set, a connected dominating set and a resolving
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connected dominating set of a tree T, respectively, with minimum cardinality. Since every
superset of a resolving set is a resolving set and every superset of a connected dominating set
is a dominating set it follows that S U W is a resolving connected dominating set of 7". Thus,
D C (SUW). it follows that

DI < [SUW|<|S]+ W] (1)

Conversely, Since a resolving connected dominating set is both a resolving set and a con-
nected dominating set it follows that W C D and S C D. Hence, (W U S) C D. Therefore,
|S|+|W|—|SNW| < |D|. Now, let L(T) be the set of all end-vertex of T'. Then from Definition
1.3 we get |L(T)| = I(T) = o(T). From Theorem 1.4 and lemma 1.6 and since every major
vertex of T adjacent to it terminal vertex, we conclude that a connected domination set S dose
not containing any resolving set. Then W C L(T). Since L(T) C V(T') — S it follows that
SNW = ¢. Hence,

[SUW| < [D]. (2)

From equations (1) and (2) we have |D| = |S| + |W|. Therefore, by Theorem 1.4 and
Corollary 1.5 we get

re(T) = |D| = 18| + |W| = 7e(T) + dim(T)

=n—0(T)+0(T)—ext(T) =n — ext(T). O

Corollary 2.4 Let T be a tree of order n > 4, that is not a path. If every major vertex of T

adjacent to its terminal vertex, then
Vre(T) = 7e(T) + dim(T).
2.2 Bounds on Resolving Connected Domination Number

In this section we investigate with some bounds on resolving connected domination number of

graphs.

Theorem 2.5 For any connected graph of order n > 2, v,..(G) < n — 1. The bound is sharp,
K, and K, attainting this bound.

Corollary 2.6 For any connected graph G of order n and size m, v,.(G) < m.
Theorem 2.7 For any tree T' of order n > 4, that is not a star,
Yre(T) < n — 2.
Proof Let T be a tree of order n > 4, that is not a star, on contrary we suppose that
Yre(T) > n— 1. if T = P, then by proposition 1.1 v,.(T) = n — 2 , contradiction. Now, if

T # P,, then T has at least one vertex (say v) with d(v) > 3. Then v is a major vertex of T

which is an exterior vertex. Consider the following cases.
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Case 1. T has only one a vertex v as a major vertex. Since T' not a star, it follows that there
exists a vertex u € V(T') such that d(v,u) > 2. Without loss the generality, and for simplicity
we consider T is a broom graph (see Figure 2).

Figure 2. A broom graph

Theset S = V(T)—{v1,va, + , Uk, Um } IS aye-set of T and a set W = {vy,v9, -+ ,vp—1,u1}
is a resolving set of T'. Hence, a set D = SU W is a 7,..- set of T with minimum cardinality.

Therefore, v,..(T) =n — 2 < n — 1, contradiction to hypothesis.

Case 2. T has at least two an exterior vertices, then 7,..(T) < n—exzt(T) < n—1, contradiction.

Therefore, the theorem is true. O
Proposition 2.8 For every connected graph, necessarily,

dim(G) < 7 (G) < 7e(G),
W(G) < 'Yc(G) < 'VTC(G)

and

Y(G) <7 (G) < Yre(G).

Theorem 2.9 Let G be a connected graph of order and size n, m, respectively. Then ~,..(G) =
m if and only if G = Ky .

Proof If G = K, then v,.(G) =n—1=m.

Conversely, suppose that 7,..(G) = m. Then by Theorem 2.5, m < n — 1. Since G is a
connected it follows that m = n—1. Hence G must be a tree. If n < 3, it is clear that G is a star
and the theorem is holding. Otherwise if n > 4, by Theorem 2.7 v,..(T) <n—2<n—1=m,
contradiction. Therefore, must G be a star. O

Theorem 2.10 Let G be a connected graph of order n > 2 such that the complement G of its

15 a connected. Then

TLQ—TL

2

Yre(G) + 'YTC(G) <
The equality is holding if and only if G = k1 2.
Proof Let m and m’ be the size of G and G, respectively. By Corollary 2.6, we have

= ’ 7’L2—7’L

Yre(G) + Yre(G) <m+m = 5
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To prove the second part of theorem, let G = Kj 2. Then 7,..(G) = 2 and Yre(G) =
Yre(K2) = 1. Hence, Yre(G) + 7re(G) =3 = 92;3

Conversely, if v,.(G) + Vre(G) = ”22’”, we should have 7,.(G) = m and 7,.(G) = m’. but this

imply by Theorem 2.8, that G is a star. which requires that n = 3. So that G = k; 3. This
completes the proof. O

There are only finitely many connected graphs having a fixed resolving connected domina-
tion number. To verify this, we first, motivation by the lower bound of a resolving domination
number in Proposition 1.7, establish a lower bound for a resolving connected domination number
of a graph.

Theorem 2.11 Let G be a connected graph of order n > 2 and diameter d. Then

Vre(G) = f(n,d).

From Theorem 2.11 we have the following result.

Corollary 2.12 Let G be a connected graph of order n > 2, diameter d and resolving connected
domination number k. Then

k

k ,

n<k+) (d— 1)k
i=1

Theorem 2.13 For every positive integer k, there are only finitely many connected graphs G

with resolving connected domination number k.

Proof Let G be a connected graph of order n > 2 with 7,..(G) = k. Since 7.(G) < 7,..(G) =
k it follows that the diameter of GG is at most k + 1. By Corollary 2.12 we get

k
ngk+§: KFt,
=1

Hence n is finite, and the result is follows. O

It is an immediate observation that the only nontrivial graph having resolving connected
domination number 1 is K. It is clear form the previous theorem , the order of any connected
graph G with resolving connected domination number 2 is at most 5. By Theorem 2.13, the
order of any connected graph G with resolving connected domination number 3 is at most 40.

In fact, we can improve upon this statement.

Theorem 2.14 The order of every connected graph of order n with resolving connected domi-
nation number 3 is at most 12.

Proof Let G be a connected graph with v,..(G) = 3 and let D = {v1,v2,v3} be a ~,.-set

for G. Since every vertex in V(G) — D is adjacent to at least one vertex of D and has distance
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at most 3 from the other, the representations (v|D) of a vertex v in V(G) — D with respect
to D is 3-vector, every coordinate of which is a positive integer not exceeding 3, at least one
coordinate of which is 1. The only possible representations (v|D) for every v € V(G) — D are
(1,1,1),(1,1,2),(1,2,1),(1,2,2),(1,2,3), (2,1,1),(2,1,2),(2,2,1) and (3,2,1). Then the order
of G at most 12. O
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To most men, experience is like the stern light of a ship which illuminates
only the track it has passed.

By Samuel Tylor Coleridge, a British poet.
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