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Abstract: In this paper, we define (€, € v ¢)- fuzzy normal bigroup and (€, € v q)- fuzzy
bicoset of a bigroup and discuss their properties as an extension of our work in [2]. We show
that an (€,€ v q)- fuzzy bigroup of a bigroup G is an (€,€ v q)- fuzzy normal bigroup
of G if and only if (€, € v q)- fuzzy left bicosets and (€, € v q)- fuzzy right bicosets of G
are equal. We also define appropriate algebraic operation on the set of all (€, € v q)- fuzzy

normal bigroup of a bigroup G and show that it forms a group.
Key Words: bigroup, fuzzy bigroup, (€ vq)-fuzzy bigroup, (€, € vq)-fuzzy bicosets.

AMS(2010): 03E72, 20D25

§1. Introduction

Zadeh [14]introduced fuzzy set in 1965. Rosenfeld [9] introduced the notion of fuzzy subgroups
in 1971. Ming and Ming [8] gave a condition for fuzzy subset of a set to be a fuzzy point, and
used the idea to introduce and characterize the notions of quasi coincidence of a fuzzy point
with a fuzzy set. Bhakat and Das [3] used these notions by Ming and Ming to introduce and
characterize another class of fuzzy subgroup known as (€ vq)- fuzzy subgroups. These authors
in [4] extended these concepts to (€ vq)-fuzzy normal subgroups.

The notion of bigroup was first introduced by P.L.Maggu [5] in 1994. This idea was
extended in 1997 by Vasantha and Meiyappan [11]. Meiyappan [7] introduced and characterized
fuzzy sub-bigroup of a bigroup in 1998. Akinola and Agboola in [2] introduced the idea of fuzzy
singleton to fuzzy bigroup and used it to introduce restricted fuzzy bigroup. These authors also
studied the properties of (€, € v q) fuzzy bigroup.

In this paper, we define (€, € v ¢)- fuzzy normal bigroup and (€, € v ¢)- fuzzy bicoset of
a bigroup and discuss their properties as an extension of our work in [2]. We show that an
(€, € v q)- fuzzy bigroup of a bigroup G is an (€, € v q)- fuzzy normal bigroup of G if and only
if (€,€ v q)- fuzzy left bicosets and (€, € v q)- fuzzy right bicosets of G are equal. We also
show that the set all (€, € v ¢)- fuzzy normal bigroup of G forms a group under a well defined

operation.

1Received July 12, 2012. Accepted November 15, 2012.
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§2. Preliminary Results

Definition 2.1([5,6]) A set (G,+,-) with two binary operations + and - is called a bi-group if
there exist two proper subsets G1 and G2 of G such that

(Z) G=GLUGy;
(11) (G1,+) is a group;
(7i1) (Ga,-) is a group.

Definition 2.2)([5]) A subset H(# 0) of a bi-group (G, +,-) is called a sub bi-group of G if H
itself is a bi-group under the operations of + and - defined on G.

Theorem 2.3([5]) Let (G,+,-) be a bigroup. If the subset H # 0 of a bigroup G is a sub
bigroup of G, then (H,+) and (H,-) are generally not groups.

Definition 2.4([12]) Let G be a non empty set. A mapping pn: G — [0,1] is called a fuzzy
subset of G.

Definition 2.5([12]) Let p be a fuzzy set in a set G. Then, the level subset u; is defined as
pue=4{z € G : plx) > t} fort € [0,1].

Definition 2.6([9]) Let u be a fuzzy set in a group G. Then, p is said to be a fuzzy subgroup
of G, if the following hold:

(1) p(zy) = min{pu(z), u(y)} Vv a,y e G;
(ii) p(z™1) = p(x) Vz € G.

Definition 2.7([11]) Let p1 be a fuzzy subset of a set X1 and us be a fuzzy subset of a set X,
then the fuzzy union of the sets pu1 and ps is defined as a function p; Upe @ X1 UXo — [0, 1]

given by:
max(p (x), p2(z)) if x€ X1 Xo,
(1 U p)(z) = w1 () if e Xy &z Xo,
o () ifreXo & xdg X,

Definition 2.8([2]) Let G = G1 U G2 be a bi-group. Let p = py U po be a fuzzy bigroup. A
fuzzy subset p = p1 U po of the form:

M(t,s)#0 if x=ye€Gq,

wle) = 0 if x#y.

where t,s € [0,1] such that

t#0 if x=y¢€ Gy,

(z) =
" 0 if x#y.
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and
s#0 ifx=y € Ga,

0 if v #vy.

is said to be a fuzzy point of the bi-group G with support x and value M(t,s), and denoted by

p2(z) =

TM(t,s)-

Definition 2.9([2]) A fuzzy point xar:,s) of the bigroup G = G1UG?, is said to belong to (resp.
be quasi coincident with) a fuzzy subset = py Upa of G, written as Tayr,s) € p[resp. Tart,s)qm
if u(x) > M(t,s)(resp. p(x) + M(t,s) > 1). a5y € p or Tppe,sy qu will be denoted by
xm(t,s) € vgp.

Definition 2.10([2]) A fuzzy bisubset p of a bigroup G is said to be an (€ v q)- fuzzy sub
bigroup of G if for every x, y € G andt1, ta, s1, s2, t, s, € [0,1],

() Tar(tytn) €M, YM(sr,se) €M = (TY)na(rs) € VAU
(i) Trr(ey ) € = (@7 )M ts) € Vqu, wheret = M(ty,t2) and s = M(s1, s2).

Theorem 2.11([2]) Letp = p1Upe: G=G1UGy — [0,1] be a fuzzy subset of G. Suppose
that 1 is an (€ vq)-fuzzy subgroup of Gy and ps is an (€ vq)-fuzzy subgroup of G, then p is
an (€ vq)-fuzzy subgroup of G.

83. Main Results

Definition 3.1 An (€ v q)- fuzzy bigroup p of a bigroup G is said to be an (€ v q)- fuzzy normal
bigroup of G if for any v, y € G andty, ta, € [0,1], Tp,0,) €4 = (y:cy’l)M(tl)tQ) €
vqp.

Theorem 3.2 Let u = p1Upz: G=GUG2 — [0,1] be a fuzzy bi-subset of G. Suppose

that py is an (€ vq)-fuzzy normal subgroup of Gy and us is an (€ vq)-fuzzy normal subgroup of
Ga, then p is an (€ vq)-fuzzy normal bi-group of G.

Proof That p is an (€ vq)-fuzzy bigroup is clear from Theorem 2.11. To now show that it is
normal. Suppose that p1 and po are (€ vq)-fuzzy normal subgroups of G1 and G4 respectively.
For x, y € G and ty, t2, € [0,1],

z, €p = (yzy M € vgm

and
T, €pe = (yry i, € vqpua.
So that
p(yzy™t) >ty or pa(yey ™) + 41 > 1
and

p2(yzy ') > to or po(yzy™') +ta > 1,
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which shows that

maz{pa (yzy ™), po(yzy™ )} > M(ty,tz) or max{pi(yzy™"), po(yzy™")} + M(t1,t2) > 1.

Thus
p U pa(yay™") = M(ti,t2) or py U pa(yzy ™) + M(t,t2) > L.
So
plyzy ™) > Mty to] or p(yzy™") + Mty t2] > 1,
which concludes that (yzy™) s, 1) € vap. O

Definition 3.3 Let p = py Upus: G=G1UG2 — [0,1] be a fuzzy bigroup of a bigroup G.
Forxz € G, b, (res p?) : G — [0,1] defined as

-1

1 (g) = p(ga™") (res ph(g) = p(z~'g)

is called an (€, €)- fuzzy left(resp. fuzzy right) cosets of G determined by x and p.

Remark 3.4 Let pu be a fuzzy bigroup of a bigroup G, then p is an (€, €)- fuzzy normal
bigroup of a G if and only if 1! (g) = wu%(g).

(€, €)- fuzzy bigroup here refers to fuzzy bigroup that satisfy Meiyappian’s fuzzy bigroup
conditions.

Example 3.5 Let G = {e, a, b, ¢, d, f, x, y, z, w} be a bigroup where G1 = {e, a, b, ¢, d, f,}
with the cayley table

e e blc|d
a|lb|lc| flel|d
biblela|d]|f]|c

"
"
«
N
=

«
«
<
=
N
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be the constituting subgroups. Define 4 = p1Ups : G = G1UGy — [0, 1] as {0.6, 0.75, 0.8, 0.4,
0.4, 0.4} for {e, a, b, ¢, d, f,} respectively, and {0.6, 0.3, 0.3, 0.5} for {z, y, z, w, } respec-
tively. It is also easy to see that fuzzy bisubset p so defined on the bigroup G is an (€, € vq)
fuzzy bigroup. Now consider

0.6 = p(e) = p(e) = pa (bb™") = pua(ba)
< min{p (b), p1(a)}
— min{0.75,0.7} = 0.7
even though
0.6 = pa(w) = pa(227") = pa(22)
> max{pz(2), p2(2)} = 0.3.

Hence, p so defined on the bigroup G is an (€, €) fuzzy bigroup.
Also, consider

pi(c) = pha(e) = m(ed™) = pa(ed) = pa(a) = 0.75

since pib,(c) = 0 and

pa(c) = pigle) = pa(d="e) = pa(de) = pa (b)) = 0.8
also since p5,(c) = 0. Even though,

11l (2) = ph, (2) = pa(yz") = pa(yz) = pa(w) = 0.5

and
py(2) = piy (2) = p2(271y) = pa(zy) = pa(w) = 0.5
where p!, (2) =0 and pf,(2) = 0. It is clear that p!, # u’ generally.
Definition 3.6 Let o be a fuzzy bigroup of a bigroup G. For any x € G, [iy(resp.fiz) : G —
[0,1] defined by

fiz(9) = M[u(gz™"),0.5] (resp. jiz(g) = M[u(gz~"),0.5]

for every g € G is called (€, € vq)-fuzzy left bicoset (resp.(€,€ vq)-fuzzy right bicoset) of G
determined by x and p.

Theorem 3.7 Let 1 be a fuzzy bigroup of a bigroup G. Then u is an (€, € vq)-fuzzy normal
bigroup of G if
foe =iz VI eQG.
Proof Let p be an (€, € vq)-fuzzy normal bigroup of G. Let x € G, then V g € G, if
x, g€ G\ Gy,

fiz(9) = (1 U fi2)2(g) = fazlg) = M[pa(gz™"),0.5]
Mpy(x71g),0.5] = jirx(g) = fiz(9)

Y%
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Y

Therefore, fi,(g) > fiz(g). By similar argument, we can show that fi,(g) fiz(g) for all
z, g € G\ Ga.

If z, g € G\ G1, then,

ﬂm(g) = (/1?1 ) /1j2);v(g) = /121(.9) = M[M2(9x_l)a 05]

> Mp2(z"9),0.5] = fi2:(9) = j1z(g)
Therefore, fiy(g) > fiz(g). By similar argument, we can show that fi,(g) > f.(g) for all
x, g &€ G \ Gy.
If x, g € G1 N Ga, then,

fiz ()

(K U fi2)2(g)) = max{si1(g), H2(g)

max{M[u1(gz™"),0.5], M[pz(ga~"), 0.5]}
max{M[p1(z™"g),0.5], M{ua(x™"g),0.5]}
max{fi12(9), fiz2(9) = (fir U fi2)2(9) = fia(9)-

v

Therefore, [i,(g) > fiz(g) for all , g € G1 N G. Similar argument shows that fi,(g) > fiz(9).
Hence, [i, = fi, V z € G. |

Theorem 3.8 Let pu be a fuzzy bigroup of a bigroup G. If i, = i, ¥V © € G, then u is an
(€, € vq)-fuzzy normal bigroup of G.

Proof The theorem is a direct converse of Theorem 3.1.6. Let fi, = fi, V « € G, then, for
all g € G,
(H1 U hi2)a(g) = (fn U f12)(g)

which implies that
max{M [p1 (g2 "), 0.5], M[ua(ga™"),0.5]} = max{M[u1(z " g),0.5), M[us(z""g),0.5]}.
if we replace g by xyz, it follows that

max{M [p1(zy),0.5], M [p2(2y), 0.5]} = max{M [p1(yx),0.5], M[u2(yx), 0.5]},

which shows that u, which is a fuzzy bigroup of the bigroup G is normal. That p is an (€, € vq)-
fuzzy normal bigroup of G is a direct consequence of equivalent conditions of Proposition 2.4.1.

Hence the proof. O

What can we say about the properties of a set that contains all the (€, € vq)- fuzzy normal
bigroup of a bigroup G? Can an appropriate operation be defined on this set to form a group or
a normal subgroup of that set? The following observations have been made to give an insight

into the answers:

In a bigroup G = G1 UGy, if we let pg be a normal fuzzy subgroup of G; and S, the set of
all fuzzy cosets fi; of p1 in Gp. If we follow the approach used for similar concept in [4], define

composition on S as:
[)’1:1) '/lly = /llmy vV oz, Yy € G.
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For any g € G, if we let

then

M (gz™"),0.5] = Mp1(gy "), 0.5] (%)
and

M{p(gz""),0.5) = M (gw™"),0.5], (%)
so that

fi122(9) = M1 (gz 2™ 1),0.5] = M1 (g2 2~ 1),0.5].

By replacing g by gz~ ! in (%).

Ml (gz"'2™1),0.5] = M{M[p(y~"g2""), 0.5],0.5}
and since pq is fuzzy normal, it follows that
M{M[ui(y~tgz""), 0.5],0.5} > Mpi(y~'gw™"), 0.5]
replacing g by y~lg in ().
Mlpa(y~ gw™"), 0.5] > Mlpa(gw™'y™"), 0.5]
and since pq is fuzzy normal, it follows that

M (gw™y™"), 0.5] > flayw(g)-

By a similar argument, it can be shown that fiy,(9) > f12-(9) ¥V g € G, so that
gz = fl1yw, which shows that the composition defined on S is well defined.

It is easy to see that S is a group with the identity element fii., and fi;,-1 as the inverse
of fi1, for every x € G1. Let i : S — [0, 1] be defined by

Afe) = pa(x) Vz € Gy,

it is observed that

A(fg - fay-1) = p(faey—) = m(zy ™)
= Mp(z), pa(y), 0.5]
= M[i(fine), i(fay), 0.5] ¥V fiaa, flay € S.
Also,
i(fnefinafng—) = ilfazae—) = pa (vaz™")
= M[p1(a), 0.5]

since p is fuzzy normal,
M (a), 0.5] = Mlji(jis, 0.5,

which shows that @ is a fuzzy normal subgroup of S.
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Now that it has been established that in a bigroup G = G1 U Ga, if up is a normal fuzzy
subgroup of GG; and Si, the set of all fuzzy cosets fi; of pup in G1, is a normal subgroup with
respect to a well defined operation.

By extended implication, we can say that in a bigroup G = G; UGg, if s is a normal fuzzy
subgroup of G and Sy, the set of all fuzzy cosets fi2 of o in Ga, is a normal subgroup with
respect to a well defined operation, so that we can then conclude that in a bigroup G = G1UGo,
if 4 = p1 U ps is a normal fuzzy subgroup of G and S, the set of all fuzzy cosets i of  in G is
a normal subgroup with respect to a well defined operations S.

This result is summarized below:

Corollary 3.9 Let G = G1 UG2 be a bigroup. If p = p1 U pe is a normal fuzzy subgroup of
G, the set S, of all fuzzy cosets i of p in G is a normal subgroup with respect to a well defined

operations on S.
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§1. Introduction

A helix is a curve, the tangent of which makes a constant angle with a fixed line. Standard
screws, bolts and a double-stranded molecule of DNA are the most common examples for helices
in the nature and structures. First, Lancret in 1802 gave the characterizations of this curve.
He obtained that ”a curve is a helix if and only if ratio of curvature k; to torsion ks, is costant”.
In [5], C. Camci, K. Tlarslan, L. Kula and H. Hilmi Hacsalihoglu studied generalized helices
in E™ and N.Ekmekci, H. Hilmi Hacisalihoglu investigated harmonic curvatures in Lorentzian
space in [6]. Then A. Altin obtained helix in R” in [4]. Recently, in [1,2,3] , T. A. Ali studied
inclined curves and slant helices in £° and E".

In this study, by considering inclined curves in the Euclidean 5-space E° as given in [1], we
investigate necessary and sufficient conditions to be inclined for a nonnull curve in Lorentzian
5-space L® and obtain some characterizations of nonnull inclined curve in terms of their curva-

tures.

82. Preliminaries

Let a : I C R — L5 be a regular curve in L°. The curve « is spacelike if all of its velocity
vectors are spacelike, and timelike and null can be defined similarly. If (/(¢), &/ (t)) = %1, then
« is called a unit speed curve, where (,) detones the scalar product of L.

Let o : I C R — L® be a regular curve in L and ¢ = {a/(t),a” (t),a”” (t),a* (t),a’(t)} a
maximal linear independent and nonnull set. An orthonormal system {V;(¢), Va(t), Va(t), Va(t),

1Received October 30, 2012. Accepted November 25, 2012.
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Vs(t)} can be obtained from . This is called a Serre-Frenet frame at the point «(t).

Defiinition 2.1([4]) Let a be a unit speed curve in L5 and let the set {Vi(t), Va(t), Va(t), Va(t),
Vs(t)} be the Serre-Frenet frame at the point a(t). Then, the following hold

Vi(t) = ek ()Va(t),

V;—I(t) = —Ei(t)ki_l(t)v;‘_l(t) + Ei(t)ki(t)‘/;+1(t), 1<e1<5b (21)
V5(t) = —es(t)ka(t)Va(t),
where €;(t) denotes (Vi(t), Vi(t)) = £1,.

Definition 2.2([1]) A wunit speed curve o : I — E® is is said to be an inclined curve if its

tangent T makes a constant angle with a fized direction U .

Theorem 2.1([1]) Let o : I — E® be a unit speed curve reqular curve in E®. Then a is an

inclined curve if and only if the function

2 2 ! 2
kl 1 kl 1 klkg 1 kl
— | += |l + = + =
ko k3 ko k4 ko k3 \ ko
is a constant. Moreover, this constant agrees with tan?@, being 0 the angle that makes T with
the fived direction U that determines a.

§3. Characterizations of Nonnull Inclined Curves in L?

In this section, we define nonnull inclined curves in L5. We also give some new characterizations

of these curves in Lorentzian 5-space L°.

Definition 3.1 A unit speed nonnull curve vy : I — L® is called a nonnull inclined curve in L°

if its first Frenet vector Vi makes a constant angle with a fived direction U.

Theorem 3.1 Let~y: I — L° be a unit speed nonnull curve in Lorentzian space L. Then v is

a nonnull inclined curve if and only if the function

2 2 1112
6_5 " ﬁ + 1 ﬁ + 1 64k1/€3 + 1 ﬁ
€3 455 k2 63]{33 kg 64]{34 kg 63]{33 kg

1s constant.

Proof Let :I C R — L° be a unit speed nonnull curve in L5. Assume that + is a nonnull
inclined curve. Let U be the fixed direction which makes a costant angle ¢ with V; Consider
the differentiable functions a; 1 <1i <5,

U= as)Vi(s), sel, (3.1)

=1
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that is
a; =<V, U >, 1<i<h5.

Then the function ai1(s) =< Vi(s),U > is constant, that is

cos ¢ = const, if 7 is a spacelike curve
ar(s) =< Vi(s), U >= ¢ 7 P (3.2)
cos h¢ = const, if 7 is a timelike curve

By differentiation of (3.2) with respect to s and using the Frenet formula (2.1), we have
a'l(s) = —Elklag =0. (33)

Then az = 0 and therefore U is in the subspace Sp{V1, V5, V4, Vs}. Because the vector field
U is constant, a differentiation in (3.1) together (2.1) gives the following system of ordinary
differential equation:

e2k1a1 — eakoaz = 0,

aé — 63]€3a4 = 0,

(3.4)
CLil + €4I€3£L3 - €4I€4CL5 = 0,
af + eskaay = 0.
The first three equations in (3.4) lead to
kq
as = —
3 ks a1 /
ag = L (F a
4 63]{33 kQ b , (35)
a, _ 1 64]€1k3 + 1 ﬁ ! a
5 64]{34 k2 €3k3 k2 !
We do the change of variables:
s dt
t(s) :/ ka(u)du T ka(s).
In particular, and from equation (3.4), we have
ks(t
dy(t) = esas(t) — es ( kigti) as(t).
As the last equation of (3.4) yields
k1 (t)ks(t
ag(t) + 6465(15(t) = €4€5 (%) aq. (36)

The general solution of this equation is obtained

o= (- s

) ; sin @tdt) cos \/€s€st
1(Oks(t) ,
<B " / <t>ki ) \/@tdt) sin \/€q€st]v/es€sar, (3.7)
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where A and B are arbitrary constants. Then (3.7) takes the following form

as(s) = [(A— / [%@3’)@ sin / \/@@(s)ds]ds) cos / Jereska(s)ds

+ (B—i— / [%@3’)(5) cos / \/@k4(s)ds]ds> sin / Jeaeska(s)ds)/eresar.  (3.8)

From the last equation of (3.4), the function a4 is given by

as(s) = [<A /[kl( sm/\/@m )ds] ds> sm/\/@m

_ (BJF/[’ﬂ(k2 Cos/\/@m )ds] ds> cos/\/@k4 ds]\/ez—65 ar.  (3.9)

From equation (3.9) with the first two equation in (3.4), leads to the following equation:

1 (ﬁ)l = [(A_ /[kllﬂf?’ sim/@@(s)ds]ds) sin/\/@kds)ds

esks \ ko
—(B+/

From equation (3.5), we have
/ I
1 64k1/€3 + 1 ﬁ
€4I€4 kg €3k3 k2
kiks .
=[A4- /] sin | \/eseska(s)ds]ds | cos [ \/eseska(s)ds

ko
(B—i—/ COS/\/64€5]€4 )ds] ds) Sln/«/64€5]€4 )ds|ds]\/ese5.  (3.11)

The equation (3.10) can be written by

\/GZ_;eg Z; (kl) = [(A / klk3 Sln/\/64€5]€4 )ds] ds) Sln/\/64€5]€4
—<B+/

If we integrate the above equation, we have

Vs (3.10)

€5

COS/«/€465]€4 )ds] ds) COS/\/64€5]€4 )ds]

kik
COS/\/64€5]€4 )ds] ds) cos/\/e465k4 )ds] 11€ 3

ﬁgﬁg—O—u@aﬂQu/VZ%y/ﬁEM@mwf
(B—i—/[kklz cos/@la;( )ds|d )2] (3.12)

where C is constant of integration. From equation (3.10), (3.11) and (3.12), we get

2
v/ €4€E5€E5 ﬁ 2 + 1 ﬁ ! + 1 64k1/€3 + 1 ﬁ 4k
€3 ) esks \ k2 €4ky ko esks \ k2

=C
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(3.13)

Furthermore this constant C' calculates as follows. From equation (3.13) together the three
equations of (3.4), if the first Frenet vector V; is a timelike vector and V; (i = 2,3,4,5) is a

spacelike vector, we have
2 2 2 2
_az3tajtay  l—ay 2
C = 5 = 5— = —tanh® ¢

aj aj

Similarly, if the second Frenet vector V4 is a timelike vector and V; (i = 1,3,4,5) is a spacelike
vector, we have
C =tan? ¢
where we have used (2.1) and the fact that U is a unit vector field.
Conversely, assume that the condition (3.13) is satisfied for a curve 7. Let ¢ € R be so that

o —tanh?¢ if Vi is a timelike curve
tan? ¢ if 17 is a spacelike curve
Let define the unit vector U by if the first Frenet vector Vi is a timelike vector

’

ky 1 (kY 1 | kiks |1 (k)
U= ho |Vi + —=Va+— | — | Va+ — — | — \%
coshg 1+k2 3+k3 </€2) 4+/€4 ka N k3 \ k2 °

if V1 is a timelike vector and

/

k1 1 (k) 1 | kiks 1 (k)
U= Vi+—Vea+—|— ] Via+— — | — \%
cos ¢ 1+k2 3+k3 <k2) 4+/€4 o + T \ s 5

au
if V1 is a spacelike vector. By taking account (3.13), a differentiation of U gives that 2 =0
S
which it means that U is a constant vector field.On the other hand, the scalar product between
the first Frent vector V7 and U is
cos ¢ = const, if V] is a spacelike curve

< Vi(s),U >=
cos h¢ = const, if V is a timelike curve

Thus ~ is a nonnull inclined curve. 0

Theorem 3.2 Let~y:I C R — L% be a unit speed nonnull curve in Lorentzian 5-space L°.

Then v is a nonnull inclined curve if and only if there exists a C®-function f such that

i
K1k 1 (k)
k - e
amfle) = e Lsks <k2>] |
1 d o \/€4€5 kl !
st T e (k) (3:.14)

Proof Assume that « is a nonnull inclined curve. A differentiation of (3.13) gives

\/ €4€5€5 ﬁ ﬁ I+ 1 ﬁ ! 1 ﬁ !
€3 kg k2 Egkg k2 63]{33 k2

/
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fa e @R O -

esks \ ko

(3.15)
If we consider that e, = €5, after some manipulations the equation (3.15) takes the following
form:

!
65/€4 kl ! 1 64/€1/€3 1 kl !
N — = 0.
A ek (k2> * €aky [ ko * l ( )

esks \ k2
If we define f = f(s) by

I
- 1 64k1/€3 1 kl !
T = [ 2 [631@ </€_2) '
Then the equation (3.16) writes as

7(s) = —Jeres 2k (k)

esks \ k2

Conversely, if (3.14) holds, we define a unit constant vector U by, if the first Frenet vector V4
is a timelike vector

(3.16)

k1 1

ki)’ 1 | kiks 1 (k\’
Vi —Va+—(— ) Va+—
1+k2 3+k3<k2) 4+k4lk2 +

ks \ k2
and if the first Frenet vector Vi is a spacelike vector

/
ky 1 [k 1| kiks |1 (kY
Vit Vst — () Vit — — (=

" 3+k3<k2> 4+k4[k2 +[k3<k2)

U = cosho

’

Vs

U = cos ¢

Vs
We have that

cos @ = const,
<Vi(s),U >= ¢

cos h¢ = const,

that is v is a nonnull inclined curve.

if V1 is a spacelike curve

if V1 is a timelike curve

O
Theorem 3.3 Lety:I C R — L% be a unit speed nonnull curve in Lorentzian 5-space L°.

Then ~y is a nonnull inclined curve if and only if the following condition is satisfied
1 ki \’ kiks .
(%) (0= /1

2

" s1n/\/@k4(s)ds]ds) sin/\/@kzl(s)ds
- <B + /[

kik v/
]1€ 2 cos/,/e465k4(s)ds]ds> COS/\/€4€5k4(S)dS] s
2
for some constants A and B.

esks

(3.17)
€5

Proof Suppose that v is a nonnull inclined curve. By using Theorem 3.2, let define g(s)
and h(s) by

P(s) = /S ka(u)du, (3.18)
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k
g(s) = 95 COS (/€465 + c —1 s1n,/e4e51/; + [ | /€65
a1 esks \ ko
as . € k1
h(s) = Cb_i sin /€ €50 — 5 (k_) os\/€s€50 + [ {, /6465 k

ezks3

3 sin, /64651j)j| ds,
3 cos \ /64651/1] ds.

If we differentiate equations (3.19) with respect to s and taking into account of (3.18), we

d dh
obtain d_g =0 and T = 0. Therefore, there exists constants A and B such that g(s) = A and
s s

Lo (kY
Egkg k2 W

(3.19)

h(s) = B. By substituting into (3.19) and solving the resulting equations for

get

1 <£—;>/ = [(A /[k1k3 sin \/@w]ds) sin \/es€59

e3ks

- (B + /[kl cos mw]ds> cos \/eres ] \/@ (3.20)

Conversely, suppose that (3.17) holds. In order to apply Theorem 3.2 , we define

1 64]{31]{33 + 1 kl 2k
€sky ko eskz \ k2

_ [(A— / [k;ﬂ’f sin / \/@m(s)ds]ds) cos / Jereska(s)ds

+ (B+ / kk’: cos / Jereska(s )ds]ds> sin / Jereska(s)ds]ds]\/exes (3.21)

with ¢ (s) = [* ky—1(u)du, a direct differentiation of (3.17) gives

1 kl ! /_ €4I€1k3 + 1 kl 4k + 64I€1k3
Egkg k2 B k2 Egkg k2 k2 '

This shows the left condition in (3.17). Furthermore, a straightforward computation leads to

1
1 64/€1k3 + 1 kl ! - 64/€4 kl !
€4 k4 kz €3 k3 kz - €3 k3 kg ’

which finish the proof. O
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Abstract: Let M be a 2-torsion free semiprime I'-ring satisfying a certain assumption and

0 be an endomorphism on M. Let T': M — M be an additive mapping such that
2T (aabBa) = T(a)al(b)B0(a) + 0(a)abd(b)8T(a) (1)
holds for all pairs a,b € M, and «, 3 € I'. Then we prove that T is a f-centralizer.

Key Words: Semiprime I'-ring, left centralizer, centralizer, Jordan centralizer, left 6-

centralizer, 0-centralizer, Jordan #-centralizer.

AMS(2010): 16N60,16W25,16U80

81. Introduction

Let M and T be additive Abelian groups. If there exists a mapping (z,a,y) — xay of M X
I' x M — M, which satisfies the conditions

(1) =zay € M;
(i) (z+y)az=zaz+yaz, v(a+ f)z=raz+zPz, va(y + z)=ray+zaz;
(#i1) (xay)Bz=za(yBz) for all x,y,z € M and o, € T,

then M is called a I'-ring.

Every ring M is a I'-ring with M=I". However a I'-ring need not be a ring. Gamma rings,
more general than rings, were introduced by Nobusawa[13]. Bernes[l] weakened slightly the
conditions in the definition of I'-ring in the sense of Nobusawa.

Let M be a I'-ring. Then an additive subgroup U of M is called a left (right) ideal of M
it MU c U(UTM C U). If U is both a left and a right ideal , then we say U is an ideal of M.
Suppose again that M is a I'-ring. Then M is said to be a 2-torsion free if 2x=0 implies x=0
for all x € M. An ideal P; of a I'-ring M is said to be prime if for any ideals A and B of M,

1Received October 16, 2012. Accepted November 28, 2012.
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AT'B C P, implies A C P; or B C P;. An ideal P, of a I'-ring M is said to be semiprime if for
any ideal U of M, UTU C P, implies U C P,. A T-ring M is said to be prime if al' MTb=(0)
with a,b € M, implies a=0 or b=0 and semiprime if aI'MTa=(0) with a € M implies a=0.
Furthermore, M is said to be commutative I'-ring if xay=yax for all z,y € M and o € T'.
Moreover,the set Z(M) ={x € M : xay = yax for all « € ',y € M} is called the centre of the
T-ring M.

If M is a T'-ring, then [z,y]o=2ay — yaz is known as the commutator of z and y with

respect to a, where z,y € M and a € I'. We make the basic commutator identities:

[zay, 2]p = [x, 2]pay + x|, B].y + zaly, 2]
[z, yaz]s = [z, y|paz + yla, Bz 2 + yalz, 2]

for all z,y.2 € M and «, 8 € I'. We consider the following assumption:

(A) zayBz=zfyaz, for all x,y,z € M, and o, € T'.

According to the assumption (A), the above two identities reduce to

[ray, z]p = [2, z]pay + zaly, z]s
[z, yaz]p = [2,ylpaz + yalz, 2],

which we extensively used. An additive mapping T : M — M is a left(right) centralizer if
T(zay) = T(z)oy(T (vay) = zaT(y))

holds for all z,y € M and o € I'. A centralizer is an additive mapping which is both a left and a
right centralizer. For any fixed a € M and « € T, the mapping T'(x) = aax is a left centralizer
and T'(z) = zaa is a right centralizer. We shall restrict our attention on left centralizer, since all
results of right centralizers are the same as left centralizers. An additive mapping D : M — M
is called a derivation if D(xay) = D(z)ay + zaD(y) holds for all z,y € M, and o € T and
is called a Jordan derivation if D(zazx) = D(z)azx + zaD(z) for all x € M and o € T'. An
additive mapping T : M — M is Jordan left(right) centralizer if

T(zax) = T(x)ax(T (zazx) = zaT(x))

forallz € M, and a € T'.

Every left centralizer is a Jordan left centralizer but the converse is not ingeneral true.

An additive mappings T : M — M is called a Jordan centralizer if T'(zay + yax) =
T(x)ay + yaT(x), for all z,y € M and o € T'. Every centralizer is a Jordan centralizer but
Jordan centralizer is not in general a centralizer.

Bernes[1], Luh [8] and Kyuno[7] studied the structure of I'-rings and obtained various
generalizations of corresponding parts in ring theory. Borut Zalar [15] worked on centralizers
of semiprime rings and proved that Jordan centralizers and centralizers of this rings coincide.
Joso Vukman[12, 13, 14] developed some remarkable results using centralizers on prime and
semiprime rings. Vukman and Irena [11] proved that if R is a 2-tortion free semiprime ring and
T : R — R is an additive mapping such that 2T (xyx) = T(x)yz + xyx holds for all 2,y € R,
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then T is a centralizer. Y.Ceven [2] worked on Jordan left derivations on completely prime T'-
rings. He investigated the existence of a nonzero Jordan left derivation on a completely prime
I'-ring that makes the I'-ring commutative with an assumption. With the same assumption, he
showed that every Jordan left derivation on a completely prime I'-ring is a left derivation on it.

In [3], M.F. Hoque and A.C Paul have proved that every Jordan centralizer of a 2-torsion
free semiprime I'-ring is a centralizer. There they also gave an example of a Jordan centralizer
which is not a centralizer.

In [4], M.F. Hoque and A.C Paul have proved that if M is a 2-torsion free semiprime I-ring
satisfying the assumption (A) and if T': M — M is an additive mapping such that

T(zaypa) =wal(y)fe

for all x,y € M and «,3 € I, then T is a centralizer. Also, they have proved that T is a
centralizer if M contains a multiplicative identity 1.

In [5], M.F. Hoque and A.C Paul have proved that if M be a 2-torsion free semiprime
I-ring satisfying the assumption (A) and let T': M — M be an additive mapping such that

2T (aabfa) = T(a)abfa + aabBT(a)

holds for all pairs a,b € M, and o, € I'. Then T is a centralizer.

In [10], Z.Ullah and M.A.Chaudhary have proved that every Jordan f-centralizer of a
2-torsion free semiprime I'-ring is a 6-centralizer.

In [6] M.F. Hoque and A.C Paul have given an example of a Jordan #-centralizer which is
not a f-centralizer and another two examples which was ensure that 6-centralizer and a Jordan
f-centralizer exist in I'-ring. There they also have proved that if M be a 2-torsion free semiprime
T'-ring satisfying a certain assumption and 6 be an endomorphism of M. Let T : M — M be

an additive mapping such that

T(zaypz) = 0(x)aT(y)50(x)

holds for all z,y € M, and o, 8 € I". Then T is a #-centralizer.
In this paper we study certain results using the concept of f-centralizer on semiprime

gamma ring.

82. The 6-Centralizers of Semiprime Gamma Rings

In this section we have given the following definitions:

Let M be a 2-torsion free semiprime I'-ring and let § be an endomorphism of M. An
additive mapping T : M — M is a left(right) 6-centralizer if T'(zay) = T(z)ad(y)(T (zay) =
6(z)aT (y)) holds for all z,y € M and o € T'. If T' is a left and a right f-centralizer, then it is
natural to call T a 6-centralizer.

Let M be a I'ring and let a € M and o € T" be fixed element. Let 6 : M — M be an
endomorphism. Define a mapping T : M — M by T(x)aa#(x). Then it is clear that T is a left
O-centralizer. If T'(z) = 6(x)aa is defined, then T is a right 6-centralizer.
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An additive mapping T : M — M is Jordan left(right) 6-centralizer if
T(zax) = T(x)ab(x)(T (zaz) = 6(x)aT(x))

holds for all z € M and a € T'. It is obivous that every left f-centralizer is a Jordan left

f-centralizer but in general Jordan left 6-centralizer is not a left 6-centralizer.

Let M be a I'-ring and let 6 be an endomorphism on M. An additive mapping T': M — M is
called a Jordan @-centralizer if T'(zay + yazx) = T(x)ad(y) + 0(y)aT (z), for all x,y € M and
a € T'. Tt is clear that every #-centralizer is a Jordan #-centralizer but the converse is not in
general a 6- centralizer.

An additive mapping D : M — M is called a (0, §)-derivation if D(zay) = D(x)ad(y) +
0(z)aD(y) holds for all x,y € M and o € T" and is called a Jordan (6, #)-derivation if D(z,z) =
D(z)af(x) + 6(x)aD(x) holds for all z € M and a € T.

For proving our main results, we need the following Lemmas:

Lemma 2.1([4]) Suppose M is a semiprime I'-ring satisfying the assumption (A). Suppose
that the relation xaafBy + yaaBz = 0 holds for all a € M, some x,y,z € M and o, 3 € T'. Then
(z + 2)aafy = 0 is satisfied for alla € M and o, B € T

Lemma 2.2 Let M be a 2-torsion free semiprime I'-ring satisfying the assumption (A) and 0
be an endomorphism of M. Suppose that T : M — M 1is an additive mapping such that

2T (aabBa) = T(a)ab(b)B0(a) + 6(a)ad(b)5T(a)
holds for all pairs a,b € M and o, 8 € T'. Then 2T (arya) = T(a)v0(a) + 0(a)yT (a).
Proof Putting a + ¢ for a in (1)(linearization), we have

2T (aabfBc+ cabBa) = T(a)ab(b)B0(c) + T(c)ab(b)B0(a)

+0(c)abd(b)BT (a) + 8(a)ad(b)BT (c) (2)
Putting ¢ = aya in (2), we have
2T (aabfaya+ ayaabfa) = T(a)ab(b)86(a)yb(a) + T(ava)ab(b)56(a)
+0(a)y0(a)ad(b) 5T (a) + 0(a)ald(b)5T (aya) (3)
Replacing b by avb + bya in (1), we have
2T (acaybfa + aabyaBa) = T(a)ab(a)y8(b)B0(a) + T(a)ab(b)v0(a)30(a)

+0(a)abd(a)y0(b) 5T (a) + 0(a)ab(b)y0(a)T(a)  (4)
Subtracting (4) from (3), using assumption (A), gives
(T'(ava) = T(a)y6(a))abd(b)8(a) + 6(a)(b)3(T (avya) — 8(a)yT(a)) = 0.

Taking 6(z) = T'(aya) — T(a)yb(a), y = a, ¢ = b and 6(z) = T(aya) — 6(a)yT (a). Then the
above relation becomes 0(x)af(c)B0(y) + 0(y)abd(c)B0(z) = 0. Thus using Lemma 2.1, we get
(0(x) + 0(2))ab(c)B(y) = 0. Hence

(2T (ava) = T(a)v6(a) — 0(a)yT(a))ab(b)50(a) = 0.
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If we take
A(a) = 2T (aya) = T(a)y0(a) — 0(a)yT(a),
then the above relation becomes
A(a)ab(b)p(a) =0
Using the assumption (A), we obtain
A(a)Bo(b)ab(a) =0 (5)
Replacing b by aabyA(a) in (5), we have
A(a)B(a)ab(b)yA(a)ab(a) =0
Again using the assumption (A), we have
A(a)ab(a)B0(b)yA(a)ab(a) =0
By the semiprimeness of M, we have
A(a)ab(a) =0 (6)

Similarly, if we multiplying (5) from the left by 6(a)o and from the right side by vA(a), we

obtain
O(a)aA(a)BO(b)ab(a)yA(a) =0
Using the assumption (A),
O(a)aA(a)BO(b)v0(a)aA(a) =0
and by the semiprimeness, we obtain
f(a)aA(a) =0 (7)
Replacing a by a + b in (6)(linearization), we have

A(a)ab(b) + A(b)ab(a) + B(6(a),0(b))ab(a) + B(6(a),0(b))abd(b) = 0,

B(0(a),0(b)) = 2T (avb+bya) —T(a)y0(b) — T(b)y0(a) — 0(a)yT(b) — O(b)7T (a)

Replacing a by —a in the above relation and comparing these relation, and by using the 2-torsion

freeness of M, we arrive at

A(a)ab(b) + B(0(a),0(b))ab(a) =0 (8)
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Right multiplication of the above relation by SA(a) along with (7) gives

A(a)af(b)BA(a) + B(6(a),0(b))ab(a)BA(a) =0
Since 0(a)BA(a) =0, for all 8 € T', we have

B(6(a),0(b))ab(a)BA(a) =0
This implies that
A(a)ab(b)A(a) =0
By semiprimeness, we have
A(a) =0

Thus we have

2T (aya) = T'(a)v0(a) + 0(a)yT (a). O

Lemma 2.3 Let M be a 2-torsion free semiprime U-ring satisfying the assumption (A) and 0
be an endomorphism of M. Let T : M — M be an additive mapping such that

2T (aabBa) = T(a)aB(b)B0(a) + 6(a)ad(b)BT(a)
holds for all pairs a,b € M and o, 3 € T'. Then

[T(a),0(a)]la =0 (9)

Proof Replacing a by a + b in relation (9)(linearization) gives

2T (avb+ bya) = T(a)y0(b) + T(b)y0(a) + 0(a)yT(b) + 0(b)vT (a) (10)
Replacing b with 2aabfa in (11) and use (1), we obtain

4T (ayaabBa + aabfavya) = 2T(a)vy0(a)ab(b)B6(a) + 2T (aabBa)yb(a)
+29( VT (acbfa) 4 260(a)ab(b)30(a)yT (a)
= 2T(a)yb(a)ad(b)B6(a) + T (a)ab(b)30(a)y0(a)
+0(a)ab(b) 5T (a)yb(a) + 0(a)vT (a)ab(b)50(a)
+6(a)0(a)ab(0)5T (a) 4 20(a)ab(b) 36(a)yT (a)
AT (ayaabBa + aabBaya) = 2T (a)y0(a)ab(b)B6(a) + T(a)ad(b)56(a)v0(a)
+0(a)ad(b)BT (a)yb(a) + 0(a)yT (a)ab(b)36(a)
0(a)v0(a)ab(b) BT (a)
+26(a)af(b)B8(a)yT (a) (11)

_|_

a
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Comparing (4) and (12), we arrive at

T(a)ad(b)B0(a)y0(a) + 0(a)yb(a)ab(b)5T (a)
= 0(a)ab(b)5T (a)y0(a) — 6(a)yT (a)ab(b)56(a) = O

Putting bya for b in the above relation, we have

T(a)ab(b)6(a)B0(a)y0(a) + 6(a)y0(a)abd(b)y0(a) 5T (a)
—0(a)ab(b)76(a)BT (a)y6(a) — 0(a)yT (a)ab(b)y0(a)B0(a) = 0

Right multiplication of (13) by v6(a) gives

T(a)ab(b)B0(a)y0(a)yb(a) + 0(a)y0(a)ab(b) 3T (a)v0(a)
—0(a)ab(b)BT (a)y0(a)y0(a) — 0(a)yT (a)ab(b)50(a)y0(a) = O

Subtracting (14) from (15) and using assumption (A), we get
0(a)y8(a)y0(b)BIT (a), 6(a)la — 0(a)y0(b)B(T(a),0(a)lav0(a) =0
The substitution T(a)ab for b in (16), we have
0(a)y8(a)yT (a)ab(b)B[T (a),0(a)la — 0(a)yT (a)abd(b)B[T (a),6(a)larb(a) =0
Left multiplication of (16) by T(a)a gives
T(a)ab(a)y6(a)y0(b)B(T (a),0(a)la — T(a)ab(a)y0(b)B[T(a), 6(a)larb(a) =0

Subtracting (17) from (18), we arrive at

[T'(a),0(a)0(a)]lar0(b)B[T (a), 0(a)la — [T(a), 0(a)larb(b)B[T (a), O(a)larb(a) =0

In the above relation let

and ¢ = b. Then we have

0(x)70(c)BO(y) + 0(y)y08(c)B0(z) =0

Thus from Lemma 2.1, we have

(0(x) + 60(2))70(c)B0(y) =0
= ([T(a),0(a)v8(a)]a — [T(a),0(a)]a0(a))v0(b)B[T (a),0(a)]a =0

This implies that

23

([T'(a), 0(a)]av0(a) + 0(a)y[T(a), 0(a)la — [T(a), 0(a)]arb(a))10(0)B[T (a), 0(a)]a = O

= 0(a)y[T(a),0(a)]ar0(b)B[T (a),6(a)la = 0
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Putting b = baa in the above relation, we have

0(a)y[T(a), 0(a)]avb(b)abd(a)5[T (a),0(a)]a =0

= 0(a)y[T(a),0(a)]act(b)360(a)y[T(a),6(a)]a =0

using the assumption (A). By the semiprimeness of M, we obtain
H(G)V[T(G)u G(G)]a =0
Putting a~b for b in the relation (13), we obtain

T(a)af(a)y0(b)8(a)y0(a) + 0(a)y8(a)ad(a)y0(b) T (a)

—0(a)ab(a)y0(b) BT (a)y0(a) — 0(a)yT (a)ab(a)y0(b)50(a) = O

Left multiplication of (13) by 0(a)vy, we have

0(a)yT (a)ab(b)50(a)y0(a) + 6(a)y0(a)y0(a)ab(b) 5T (a)

—0(a)y0(a)af(b) BT (a)y6(a) — 6(a)y0(a)yT (a)ad(b)0(a) = 0

Subtracting (21) from (20), and using assumption (A), we have
[T'(a), 6(a)lav0(b)30(a)y0(a) — 0(a)v[T (a), 6(a)]av0(b)36(a)
Using (19) in the above relation, we obtain
[T'(a), 6(a)]a0(b)B0(a)y0(a) =0
Putting baT'(a) for b in (22), we have
[T'(a),6(a)]lav0(b)aT (a)B0(a)y0(a) =0
Right multiplication of (22) by aT (a) gives
[T'(a), 0(a)]av0(b)30(a)y0(a)aT(a) =0
Subtracting (24) from (23) and using assumption (A), we have
[T'(a),6(a)]la0(b) BT (a),0(a)y0(a)]a =0
The above relation can be rewritten and using (19), we have
[T'(a),0(a)]a0(b)BIT (a),0(a)]arb(a) =0
Putting aab for b in the above relation, we obtain
[T'(a), 0(a)]av0(a)ad(b)B[T(a), 0(a)lar0(a) =0
By semiprimeness of M, we have

[T(a),0(a)la0(a) =0

=0
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Replacing a by a + b in (19) and then using (19) gives

0(a)y[T(a),0(0)]a + 0(a)y[T(b), 6(a)]la + 0(a)y[T(0),0(b)]a
+0(ON[T(a), 0(a)]a + 0()Y[T(a), 0(b)la + O(b)7[T(b),0(a)]a = 0

Replacing a by —a in the above relation and comparing the relation so obtained with the above

relation, we have
0(a)v[T(a),0(b)]a + 0(a)y[T(b),0(a)la + 0(b)y[T(a), 0(a)la =0 (25)
Left multiplication of (26) by [T'(a),0(a)]a/3 and then use (25), we have
[T'(a),0(a)]aBO(b)y[T(a),0(a)la =0
By semiprimeness of M, we have
[T(a),b(a)la =0

Hence the relation (10) follows. O

Theorem 2.1 Let M be a 2-torsion free semiprime T'-ring satisfying the assumption (A)
and and 0 be an endomorphism of M. Let T : M — M be an additive mapping such that
2T (aabBa) = T(a)ab(b)B0(a) + 0(a)ab(b)BT (a) holds for all pairs a,b € M and a, € T.

Then T is a 0-centralizer.
Proof The relation (9) in Lemma 2.2 and the relation (10) in Lemma 2.3 give
T(aca) = T(a)ab(a) and T(aaa) = 0(a)aT(a)

since M is a 2-torsion free. Hence T is a left and also a right Jordan 6-centralizers. By Theorem
2.1 in [3], it follows that T is a left and also a right f-centralizer which completes the proof of
the theorem. |
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Abstract: In this paper, we study some aspects of homomorphism of fuzzy bigroup using
the concept of restricted fuzzy bigroup we introduced in [1]. We define weakly fuzzy bigroup
homomorphism and study its properties. We also give the fuzzy bigroup equivalent concepts
of I, II,II1,IV- fuzzy group homomorphisms and study the relationship between I and I7

fuzzy bigroup homomorphisms.
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§1. Introduction

There are several different fuzzy approaches to homomorphisms existing in literature concerning
fuzzy algebra generally and fuzzy groups in particular. Beélohlavek and Vychodil [2] studied
ordinary homomorphisms of algebras which are compatible with fuzzy equalities. Jelana et
al [4] studied fuzzy homomorphisms of algebras. The study of fuzzy homomorphism between
two groups was initiated by Chakrabonty and Khare [3]. The concept was further studied by
Suc-Yun Li et. al. [9]. Many other researchers have also studied different aspects of fuzzy
group homomorphisms. See for instance [13] The notion of bigroup was first introduced by
P.L.Maggu [5]. This idea was futher studied by Vasantha and Meiyappan [11]. These authors
gave modifications of some results earlier proved by Maggu. Meiyappan [6,10] introduced fuzzy
bigroup of a bigroup and studied some of its properties. Akinola and Agboola [1] also studied
further properties of fuzzy bigroup.

In this paper, using the concept of restricted fuzzy bigroup we introduced in [1], We define
weakly fuzzy bigroup homomorphism and study its properties. We also define the concept of
I, I1,11I,1V- fuzzy bigroup homomorphisms and study the relationships between I- fuzzy

bigroup homomorphism and II- fuzzy bigroup homomorphism.
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§2. Preliminary Results

Definition 2.1([13]) Let G and G’ be two groups, and let X and p be separately fuzzy subgroups
of G and G'. If there exists a mapping ¢ : G — G f : MNG) — u(G') satisfying:

(i) GRa

(i) f(Mzy)) = u(o(x)o(y)) for any x, y € G;

then A and p are said to be weakly homomorphic, and it is denoted as )\( f ),u.

Definition 2.2([12]) Let X be non empty set. A fuzzy subset u in the set X has the sup
property if for any subset A of the set X there exists xg € A such that

(o) = sup{u(x) : v € A}.
Definition 2.2 is applicable for a group G and a fuzzy subgroup p of G.

Definition 2.3([9]) Let 1 be a homomorphism (isomorphism) from G onto G'. X and p are
separately fuzzy subgroups of G and G If p=n(N), then we say A and p are I—homomorphic

(isomorphic).

Definition 2.4(9]) Let A and pu be fuzzy subgroups of G and G'. If for any a € [0,1], Mg ~
o (Mo = o), then we say A and p are II-homomorphic(isomorphic).

Definition 2.5([9]) Let 0 be a homomorphism from G onto G'. X and p are separate fuzzy
subgroups of G and G'. If f : NG) — u(G') is such that f(\(z)) = u(0(x)), then we say
and p are III-homomorphic. If 0 is an isomorphism and f is a monomorphism we call A and

w Il-isomorphic.

Definition 2.6([9]) Let A and p be fuzzy subgroups of G and G'. Then X and W are said to be
IV —homomorphic(isomorphic) if:

(1) for any A, « € [0,1], there exists at least one pg such that Ao ~ pg (Ao = pg) and
for any Ay D A there exists ps O pg (Ao = pg) such that Ay ~ pg;
(13) for any ug, B € [0,1] there exists at least one Ao such that Ay ~ pg (Ay = pg), and

for any ps O pg, there is a Ay O Ao, such that Ay ~ pg(Ay = pg).

Proposition 2.7([13]) Let G(ABJ) G, [:MG) — p(G"). Then )\(O’Nf),u if and only if f(A(z)) =
u(0(x)).

Proposition 2.8([9]) Suppose A0, f)u: (i) If M(z) < A(y), then p(0(x)) < u(8(y)), z, y € G;
(i) If pl(2) < p(y), then Mx) < Aw), ',y € 0(G)imy €Gs O(x) =, 0(y) =y

Proposition 2.9([9])) (i) If A and p are I—homomorphic and X has the sup-property, then
they are 11-homomorphic.

(i1) If X and p are I—isomorphic, then they are 1I—isomorphic.
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Proposition 2.10([9]) Let A and u be ll—homomorphic. A has the sup-property. Then A and
w are l—homomorphic iff they have a homomorphism n from G onto G’ such that N(Aa) = Pa-

Definition 2.11([5]) A set (G, +, ) with two binary operations "+ and """ is called a bi-group
if there exist two proper subsets G1 and Ga of G such that

(Z) G=G1UGy;

(i1) (G1,4+) is a group;

(7i1) (Ga,-) is a group.
Definition 2.12([6]) Let (G,+,-) and (H,®,0) be any two bigroups where G = G1 U Ga, and
H = Hy U Hy, G1, Ga, are fuzzy subgroups of G, H = H1, Ha are fuzzy subgroups of H. The
map [ : G — H is said to be a bigroup homomorphism if f restricted to Gy (i.e.f\G1) is a group

homomorphism from Gy to Hy and f restricted to Ga(i.e.f\G2) is a group homomorphism from
G2 to Hg.

Definition 2.13([1]) Let (G,+,") be a bi-group . Let (G1,4+) , (Ga,-) be the constituting groups
of G. Define yg, : G — [0,1] as
a>0 if xeGiNG,
VG (:E) =
0 if et € GiNG
We call vo, a G1 restricted fuzzy subgroup of G if it satisfies the conditions of Rosenfeld [8]
fuzzy subgroup. Similarly we define yg, : G — [0,1] as
6>0 if xeGaNG,
VG2 (I) =
0 if 1€ GaNG

which we also call v, a Ga restricted fuzzy subgroup of G under the same situation. Then,

v : G — [0,1] where v = va, U, is a fuzzy bigroup of G.

83. Main Results

Definition 3.1 Let (G,+,-) and (H,®,0) be bigroups. Let v¢ = yo, Uva, and pg = pr, UpH,
be separate fuzzy sub bigroup of G and H respectively. If 0 : G — H is a bigroup homomorphism
then the mapping ¢ : va — pg s said to be weakly fuzzy homomorphic if for any x,y, €

G, o(va(zy)) = pr(0(x)0(y)). It is denoted as vg(e’wqb)pg.

Theorem 3.2 Let ”yg(e’wqﬁ)pH where 6 : G — H is a bigroup homomorphism, then ¢ | Gy :
va, — pH, and ¢ | Ga : v, — pH, are both restricted weakly fuzzy group homomorphisms.

Proof Suppose that VG(QUB)PH where 0 : G — H and ¢ : y¢ — pn, then

vz, y, € G, d(va(ry)) = pu(0(x)0(y))
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which implies that
(e, Uve,)(@y)) = (pr, U pr,)(0(2)0(y)).
If x,y € G1 NG5, then

d(va, Uve,)(xy)) = ¢(va, (zy)) = pu, ((0(x)0(y))

which shows that ¢ | G is a weakly restricted fuzzy homomorphism from vg, — pH, -
Similarly, if =,y € G{ N G2, then

d(va, Uve,)(xy)) = ¢(v6, (zy)) = pu, ((0(2)0(y))

which also shows that ¢ | G is a weakly restricted fuzzy homomorphism from vg, — pm,. O

Theorem 3.3 Suppose that ¢ | G1 : v¢, — pm, and ¢ | G2 : ya, — pH, are both restricted
weakly fuzzy group homomorphisms and let 8 : G — H be a bigroup homomorphism then
¢ vg — pH s a weakly fuzzy bigroup homomorphism if G1 and Gy are distinct subgroups of
the bigroup G.

Proof The theorem is a converse of theorem 3.2. Suppose that ¢ | G1 : vg, — pm, is a

restricted weakly fuzzy group homomorphism then, for V z,y € G,

d(va(zy)) = d(va, Uva,)(xy)) = (e, (2y)) = pm, (0(zy)) = pu, (0(x)0(y)) = pm, (0(2)0(y)).

Since G; and G5 are distinct fuzzy subgroup,

z,y & G2 = ¢(v6,(2y)) = ¢(0) = pr,0(0) = pu, ((0(0)6(0)).

Similarly, for V z,y € Gs,

(v (zy)) = d(ve, Une.)(xy)) = 6(1e, (2y) = pm, ((0(2)0(y)) = pr, ((6(2)0(y))
and the result follows accordingly. |
Theorem 3.4 Let G £ H, and ¢ : v¢ — pg be a bigroup homomorphism, then ”yg(%b)PH if
PG (x) = prb(z).

Proof Suppose that ¢ (z) = prro(x), then ¢ya, (z) = prm, 0(x) and ¢1, (z) = pr,0().
Since, 6 : G — H is a bigroup homomorphism, then,

ove, (2y) = p, 0(zy) = pE, (0(2)0(y)), VG, (vy) = pr,0(2y) = pr, (0(2)0(y)).

Hence,

tc(zy) = d(veiue, (vy)) = max{d(ve, (zy)), d(ve, (zy))}
= max{pw, (0(xy), pr, (0(xy)} = max{pu, (0(zy), pu, (0(xy)}
= max{pu, (0(x)0(y), pr, (0(2)0(y), } = pr,um, (0(2)0(y)) = pu(0(z)0(y)).

Hence, the proof. O
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Definition 3.5 Let 6 be a bigroup homomorphism (isomorphism) from G onto H, let v and
pu fuzzy bigroups of G and H respectively. If Oy = pm, then we say that vo and py are

I—homomorphic (isomorphic).

Definition 3.6 Let vq, pu fuzzy bigroups of the bigroups G and H respectively. If for any a €
0,1], (va)a ~ (pr)a (Va)a = (pr)a), then we say ye and py are II-homomorphic(isomorphic).

Definition 3.7 Let (G,+,) and (H,®,0) be bigroups with G1, Ga2, and Hy, Hs, as consti-
tuting subgroups respectively, and 8 an homomorphism from G to H. Let v¢ = va, U va,
and pg = pm, U pr, be fuzzy bigroups of the bigroups G and H respectively. If ¢ : ya¢ — pu
is such that ¢(ye, (z)) = pm, (0(x)) and ¢(va,(x)) = pH,(0(x)), then yo and py are said to
be I111—homomorphic. If 6 is an isomorphism and ¢ is a monomorphism we call vg and pg

IIT—isomorphic.

Definition 3.8 Let vg and pg fuzzy bigroups of the bigroups G and H respectively. Then vy
and pg are said to be IV —homomorphic (isomorphic) if:

(1) for any [vcla, o € [0,1], there exists at least one [pwlg such that [ycla ~ [pH]S
cle = [pHls ), and for any [valy 2 [vals, there is a [puly 2 [pulu such that [yal, ~
A('YGé—pH 1) 55150, A 1€ [0,1].

(2) for any [pulg, B € [0,1], there exists at least one [ygla, such that [ygly, ~ [pH]s

([

(hc]n = [puls),and for any [pulx 2 [pulu, there is a [yal, 2 [vels such that [yal, ~
#lu(valn = [orl) e, A, 6 € [0, 1].

Theorem 3.9 If v¢ and py are I-homomorphic and g has the sup-property, then they are

II-homomorphic.

Proof Let 6 : G = (G1UG2) — H = (Hy U H3) be bigroup homomorphism, then, 6 | G :
G1 — Hj is such that 0(zy) = 6(x)0(y) and 0 | G : G2 — Hs is such that 6(zy) = 6(z)0(y) for
all z, y € G1, Ga. Suppose that 0vg = pm, we have that 6vg, = pn, and 0vg, = pn,. Now for
any € [Yg]a, we have that vg, () > a and yg,(x) > a. [since [ygla < G = [v1]a < G1
and [ya,]a < Gal. pu, (0(z)) = sup[ye, (¥)] = ve, () > a so that 6(z) € [pm,]a. By similar
argument, 0(z) € [pm,]a-

For Yy € [pH]a, since [yg] has the sup property, there must be an z in #~!(y) such that
ve, (2) = pm, () > a. So x isin [vg,]q- Similarly, x is in [yg,]o. Hence if we let 6o : [yg,]a —
[pr, o and Oa : [Ya,]a — [PH, o such that a(z) = 0(z), then [ygla ~ [PH]a- O

Theorem 3.10 Let vo and py be fuzzy bigroups of the bigroups G and H respectively such
that va has the sup-property. Suppose that v and py are II-homomorphic then they are I-
homomorphic if and only if they have a bigroup homomorphism 6 from G onto H such that

H[VG]a = [pH]a-

Proof Suppose that vg and pg are II-homomorphic, it follows that [yg]o = [pr]o so that
G ~ H. Let 0 be a bigroup homomorphism from G onto H. If [yg] and [pg] are I homomorphic,
then [py] = 0(yq). For any a € [0,1], if 0[yg|a # [PH]a, then there must be a z in [pyl, and
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[ValaNO71(2) = ¢. But [prla(z) = Sup[ya](z)==(x) > . Since [yg]o has Sup-property, there
must be an z! in 71(z) such that vg(z!) > «, so 2! € [yg]a and hence [yg]a 071 (2) # ¢.
Hence, we have a contradiction. Therefore, [vg|a = [pr]a-

If O[vg] = pm holds for any « € [0,1], we prove pgf(z) = sup (y). For any y, € H,
y€0~10(y)
let ap = [pH](y,). We know that 0[yg] = pr. Hence, pgf(z) = sulp( )”yg(y). If pr(yo) <
yed—10(y

sup ye(x), there must be an ' € 071 (y,) such that yg(2') > pu(yo) since y¢ has the
0(z)=vo
sup-property.

Let o = ’7@(1:/). Then 0[ygla = [pH]a- But yo € [prla if T € [v¢)a - there is no y in pg,
such that #(z') = y. This is a contradiction. Hence, pr(y,) = sup ~g(z) which indicates

0(z)=yo

pu = va(z). Hence, the proof. O
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81. Introduction

A smooth map ¢ : N — M is said to be biharmonic if it is a critical point of the bienergy
functional:

Ex () = /N LT (6)2 don,

where 7 (¢) := trV?dé is the tension field of ¢.

The Euler-Lagrange equation of the bienergy is given by 73(¢) = 0. Here the section 72(¢)

is defined by

T3(6) = ~AyT(9) + trR (T(8), do) do, (1.1)
and called the bitension field of . Non-harmonic biharmonic maps are called proper biharmonic
maps.

This study is organized as follows: Firstly, we study b—Smarandache mj;m, curves of
biharmonic new type b—slant helix in the Sol®. Secondly, we characterize the b—Smarandache
mim, curves in terms of their Bishop curvatures. Finally, we find explicit equations of
b—Smarandache mym, curves in the Sol?.

§2. Riemannian Structure of Sol Space Sol®

Sol space, one of Thurston’s eight 3-dimensional geometries, can be viewed as R? provided with
Riemannian metric
Isorp = €27dx® + e **dy? + d2?,
1Received August 28, 2012. Accepted December 2, 2012.
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where (7,y, z) are the standard coordinates in R3 [11,12].

Note that the Sol metric can also be written as:
3
gsol® = ZWZ ®uw',
i=1

where

wl=e*de, w?=e?dy, wd=dz,

and the orthonormal basis dual to the 1-forms is

.0 Lo 0
e =e %, €y = ¢ 8—y, e3 = E (21)

Proposition 2.1 For the covariant derivatives of the Levi-Civita connection of the left-invariant

metric ggor3, defined above the following is true:

—e3 0 (3]
V= 0 e —ex |, (2:2)
0 0 0

where the (i,7)-element in the table above equals Ve,e; for our basis

{eku k= 17 273} = {e17e27e3}'

Lie brackets can be easily computed as:
[e1,e5] =0, [e2,e3] = —e2, [e1,e5] =e.

The isometry group of Sol® has dimension 3. The connected component of the identity is

generated by the following three families of isometries:

(,9,2) — (v+cy,2),
(x7 y + C’ Z) k)
(efcx, ey, z + c) .

(x,y,2)
(z,y,2)

—
—

§3. Biharmonic New Type b—Slant Helices in Sol Space Sol®

Assume that {t,n,b} be the Frenet frame field along . Then, the Frenet frame satisfies the

following Frenet—Serret equations:

Vtt = KN,
Ven = —kt+7b, (3.1)
th = —71n,
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where k is the curvature of v and 7 its torsion [14,15] and
9sot? (tut) = 1, gsas (1’1,1’1) =1, gsos (bub) =1, (32)
gsors (t:m) = gsor (t,b) = ggor2 (n,b) = 0.

The Bishop frame or parallel transport frame is an alternative approach to defining a
moving frame that is well defined even when the curve has vanishing second derivative, [1]. The
Bishop frame is expressed as

Vit = kimip + komo,
Vem, = —kit, (3.3)
Vimy = —kot,
where
gsors (t,8) = 1, ggos (M1, my) =1, ggops (M2, ma) = 1, (3.4)
gsorr (b,m1) = ggeps (£, m2) = gggrs (M1, m) = 0.

Here, we shall call the set {t,m;, m,} as Bishop trihedra, k; and ks as Bishop curvatures

and 6 (s) = arctan 12, 7(s) = &' (s) and r(s) = /I + k3.

Bishop curvatures are defined by
k1 = £(s)cosd(s),
ky = k(s)sind(s).
The relation matrix may be expressed as
t=t,
n = cosd (s) my + sind (s) mo,
b = —sind (s) my + cosd (s) ma.
On the other hand, using above equation we have
t=t,
m; = cosd (s)n —sind (s)b
my = sind (s)n + cosd (s) b.

With respect to the orthonormal basis {e1, e,, e5} we can write

t = tlel + t262 + t3€3,
1 2
m; = mie; +mies +mies, (3.5)
— 1 2 3
my = Mmsye; + my€2 + myes.

Theorem 3.1 ~: I — Sol® is a biharmonic curve according to Bishop frame if and only if
ki + k3 = constant # 0,
k{ — [kf + k3] k1 = —ki [2m3 — 1] — 2kymIm3, (3.6)
ky — [k + k3] ke = 2kimim3 — ko [2m$ —1].
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Theorem 3.2 Let v: I — Sol® be a unit speed non-geodesic biharmonic new type b—slant

heliz with constant slope. Then, the position vector of -~y is

M .
v(s) = S?TZW (81 cos [S15 + Sa] + sin M sin [Sys + S]] + Sge™ S Ms+Ss g,
1
823_087./\/21/\4[— sin M cos [S15 + Sa] + Sy 8in [Sy s + So]] + Szesn M52 e,y
? + sin
+[—sin Ms + Ssles, (3.7)

where S1, 82, 83,84, S5 are constants of integration, [8].

We can use Mathematica in Theorem 3.4, yields

Fig.1

§4. b—Smarandache m;m, Curves of Biharmonic New Type b—Slant Helices in Sol®

To separate a Smarandache mim, curve according to Bishop frame from that of Frenet-
Serret frame, in the rest of the paper, we shall use notation for the curve defined above as

b—Smarandache m;m, curve.

Definition 4.1 Let v : I — Sol® be a unit speed non-geodesic biharmonic new type b—slant

heliz and {t,m1,my} be its moving Bishop frame. b—Smarandache mim, curves are defined
by

(m1 +m2) . (4.1)

1

Theorem 4.2 Let v: I — Sol® be a unit speed non-geodesic biharmonic new type b—slant

helixz. Then, the equation of b—Smarandache mim, curves of biharmonic new type b—slant
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helixz is given by

1
Ymim, (5) = —==—=[sinMsin[Sis+ S+ cos[Sis + Safles
kT + k3

1
+7
V2 + k3

N 1
VE? + k2

where C1,Cq are constants of integration.

[sin M cos [S15 + Sa] — sin [S1s + Sa]ea (4.2)

[cos M]es,

Proof Assume that v is a non geodesic biharmonic new type b—slant helix according to
Bishop frame.

From Theorem 3.2, we obtain
my = sin M sin [S15 + S2] €1 + sin M cos [S1s + Sa] e2 + cos Mes, (4.3)

where 81, Sy € R.

Using Bishop frame, we have
m; = cos [S15 + Sa] e; — sin [S1s + Sa] es. (4.4)
Substituting (4.3) and (4.4) in (4.1) we have (4.2), which completes the proof. O
In terms of Eqgs. (2.1) and (4.2), we may give:
Corollary 4.3 Let v: I — Sol® be a unit speed non-geodesic biharmonic new type b—slant

heliz. Then, the parametric equations of b—Smarandache tmimsy curves of biharmonic new

type b—slant helix are given by

— L [cos M]
e ViR (S5 -+ 8a] + cos[Sus + Sal
ZTtmim, (§) = ——————[sin Msin[S1s+ S| + cos[S1s + Sa]],
v VEZ+ k2
L [cos M]
e k$+k3
Yemim, () = ———=—=—==—I[sinMcos[S15+ Sz] —sin [Sis + Sa]], (4.5)

kI + k3
1
———[cos M|,
\/k§+k§[ ]

where 81,8y are constants of integration.

Ztmim, (s) =

Proof Substituting (2.1) to (4.2), we have (4.5) as desired. O

We may use Mathematica in Corollary 4.3, yields
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81. Introduction

Throughout this paper, by a graph we mean a finite, simple, connected, undirected graph
G(V, E). For notations and terminology, we follow [6]. The degree of a vertex v is the number
of vertices adjacent to v and it is denoted by d(v). If all the vertices of a graph have the same
degree r, we call that graph r-regular.

Distance-degree regular graphs by G.S. Bloom, J.K.Kennedy and L.V.Quintas [3] suggests
another way to look at regular graphs. In order to consider another approach to define regular
graph, they use the idea of distance. For a connected graph G, the distance between two vertices
u and v is the length of the shortest (u,v)-path.

In any graph G, d(u,v) = 1 if and only if u and v are adjacent. Therefore, the degree of a
vertex v is the number of vertices at a distance 1 from v, and dg(v) is defined as the number
of vertices at a distance d from v. Hence d; (v) = d(v) and Ng4(v) denote the set of all vertices
that are at a distance d away from v in a graph G. Hence N (v) = N(v).

A graph G is called distance d-regular if every vertex of G has the same number of vertices
at a distance d from it [5]. Let us call a graph (d, k)-regular if every vertex of G has exactly k
vertices at a distance d from it. Regular graph is one in which each vertex is at a distance one
away from exactly the same number of vertices. The (1,r)-regular graphs are nothing but our
usual r-regular graphs.

Just as a regular graph, we define a (2, k)-regular graph to be a graph in which each vertex

1Received August 21, 2012. Accepted December 5, 2012.
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is at a distance two away from exactly k vertices. We denote by dz(v), the number of vertices
at a distance two away from v.

This (2, k)-regular graph has been introduced in the name of k-semi regular graphs by
Alison Northup [2]. A graph G is called semi regular if each vertex in the graph is at a distance
two away from exactly the same number of vertices. If each vertex is at a distance two away
from n other vertices, we call that graph n-semi regular. Girth of a graph is the smallest cycle
in that graph and diameter of graph G is max{d(u,v)/u,v in G}.

Note that (2, k)-regular graphs may be regular or may not be. For example, in Figure 1,
the graphs (a) and (b) are non-regular graphs, where as (c) is a regular graph. But all of them
are (2, k)-regular.

(2, 1) - regular (2, 2)- regular (2, 2) - regular
(a) (b) ()
Figure 1

A graph is said to be (r,2,k)-regular if d(v) = r and dz(v) = k, for all v in G. If G
is (1,2, k)-regular graph, then 0 < k < r(r — 1) [8]. Then there arise a question that ”Is it
possible to construct the graphs for all values of k lies between 0 and r(r — 1), for any r 7 7
With this motivation, we have constructed (r,2, k)-regular graph for k = r(r — 1) in [8]. In
this paper, we try it for the case k = (r — 1)(r — 1) and have given a method to construct
(r,2,(r —1)(r — 1))-regular graph on 4 x 272 vertices.

§2. (r,2,k)-Regular Graphs

Definition 2.1 A graph is (r,2, k) - reqular if each vertex of G is at a distance one from exactly
r vertices and each vertex of G is at a distance two away from exactly k vertices of G. That is,
d(v) =r and dy(v) = k, for all vertices v in G.

Example 2.2 Some (1,2, k)-regular graphs for 0 < k < r(r — 1).
(i) r=0, k=0.

[ ]
(0,2,0)-regular
(i) r=1, k=0.

o———90©
(1,2,0)-regular.
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(#4t) r =2, k lies between 0 and 2.

VAN

(2,2,0)-regular (2,2,1)-regular (2,2,2)-regular

(iv) 7 =3, k lies between 0 and 6.

(3,2,0)-regular (3,2,2)-regular (3,2,3)-regular
(3,2,4)-regular (3,2,5)-regular (3,2,6)-regular
Figure 2

But, there is no (3,2, 1)-regular graph. Now the question arises in our mind, is there exists

an odd regular with (2,1) regular graph?. The answer is "NO”.

Theorem 2.3 For any odd r > 3, there is no (r,2,1)-regular graph.

Proof Let G be an odd regular graph. Suppose G is (2,1)-regular graph, then G is of type
Py or UP, [2]. Since G is a regular graph, G must be of type UP,. Therefore, G is a regular
graph of even degree, which is a contradiction. Therefore G is not (2, 1)-regular. Hence, there

is no (2, 1)-regular graph for » = 3,5,7,9---. ]
Theorem 2.4 Any (r,2, k)-regular graph has at least k +r + 1 vertices.

Proof Let G be a (r,2,k)-regular graph. Then each vertex v is adjacent with r-vertices
and non-adjacent with at least k-vertices. Therefore, G has at least k + r 4 1 vertices. O

Theorem 2.5 Any (2, k)-regular graph with max deg r has at least k + r + 1 vertices.
Theorem 2.6 If r and k are odd, then (r,2, k)-reqular graph has at least k + r + 2 vertices.

Proof If r and k are odd, then there is no (r,2, k)-regular graph of order r + k + 1, since

odd regular graphs have only even number of vertices. O
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Theorem 2.7 For anyr > 2 and k > 1, G is a (r,2, k)-regular graph of order r +k +1 if and
only if diam(G) = 2.

Proof Suppose G is a (r, 2, k)-regular graph with r+k+1 vertices such that r > 2 and k > 1.
Let v be any vertex of G and v is adjacent to r-vertices vy, va,vs,...,v,. That is d(v,v;) = 1,
for i =1,2,3,---,r. Also v is at a distance two away from exactly k vertices u, ug, us,- -+ , ug.
That is d(v,u;) = 2, for i = 1,2,3, ..., k. Therefore , diam(G) = max{d(u,v)|u,v in G} = 2.

Conversely, let diam(G) = 2 and G be such a r-regular with n vertices. Let v be any vertex
in V(G) and d(v) = r, for all v in G. That is, v is adjacent with r vertices and non adjacent
with (n—r—1) vertices. Since diam(G) = 2, then remaining n —r — 1 vertices are at a distance
two away from v. Therefore, G is a (r,2,n —r — 1)-regular graph of order n =r+(n—r—1)+1

vertices. ]
83. (r,2,(r —1)(r — 1))-Regular Graphs

In this section, we have given a method to construct a (r,2, (r — 1)(r — 1))-regular graph with
4 x 272 vertices, for any r > 1.

Definition 3.1 A graph G is said to be (r,2,(r — 1)(r — 1))-regular if every vertex has degree r
and every vertex in the graph G is at a distance two away from exactly (r — 1)(r — 1) number of
vertices. That is, a graph G is (r,2,(r—1)(r—1))-regular if d(v) = r and d2(v) = (r—1)(r—1),
for allv in G.

Example 3.2 The following examples are clearly (r,2, (r — 1)(r — 1))-regular graphs.
1. Ky is a (1,2,0)-regular graph.
2. Cyisa (2,2,(2—1)(2 — 1))-regular graph.

3. Graphs shown in Figure 3 are (3,2, (3 — 1)(3 — 1))-regular graphs.

NS

Figure 3.
Theorem 3.3 Forr > 1, if G is a (r,2,(r — 1)(r — 1))-regular graph, then G has girth four.

Proof Let G be a (r,2, (r — 1)(r — 1))-regular graph and v be any vertex of G. Let N(v) =
{v1,v2,v3,- -, v, }. Then d(v) = r and da(v) = (r—1)(r — 1), for all v in G. At least one vertex
of N3(v) is adjacent with more than one vertex of N(v) and G(N(v)) has no edges. Therefore,
G does not contains triangles and G contains four cycle. Therefore G has girth four. O

Next, we see the main result of this paper.
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Theorem 3.4 For any r > 1, there is a (r,2, (r — 1)(r — 1))-regular graph on 4 x 2" =2 vertices.

Proof When r = 1, K> is the required graph. When r = 2, Cj is the required graph Let
us prove this result by induction on r. Let G be a graph with vertex set V(G ) {:v(l , 1 |O <
1 < 3} and edge set F(G) = {x (1):1:8),:1:(()1) o (1) (1) (1) 1)}U{:1:(1):c D g 2) 110 <@ <3}
(Subscripts are taken modulo 4). Figure 4 represents the graph 3-regular graph G.

e 2@
MO
(1) 1)
3 T3
2 2
:c((3 ) G T )
Figure 4

(9551)) {szrl? z+17x£~2‘r)27 z+3} and d2(x£1)) =4=3-1)(3-1)
(9552)) {xz+27 z«lk)th«l%)Q? z+3} and d2(x£2)) =4=3-1)(3-1)

Gisa (3,2,(3—1)(3 —1))-regular graph on 4 x 2372 = 8 vertices.

Step 1 Take another copy of Gas G'. V(G') = {xgg),x§4)|0 < i < 3} and E(G') =
{xé3)xé3) xé )xé ) x( )xg ) 3)} U {:v(g) e (4) §f1|0 <4 < 3} (Subscripts are taken mod-
ulo 4).

The desired graph G1 has the vertex set V(G1) = V(G) U V(G') and edge set E(G;) =
E(G)U E(G") U {:v(l :ClH x; (2) ¢ 3)|O < 4 < 3} (Subscripts are taken modulo 4). Now the
resulting graph G is 4 regular graph having 4 x 2472 = 16 vertices. Figure 5 represents the

graph Gj.
x(()z;) xgz;)
(3)
x
0 3
(2) xg )
1Y)
g ] x
(
x
1
{Egz) ) !
mgs) mgz
(4) (4)
xX xX
3 Gl 2

Figure 5.
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Next consider the edges :101(-1)96hLl for integers 0 < i < 3. For (0 <7 < 3),

N") = {a 522, 123, 77} in G and [N(2}")| =310 G (0= <3).
NN ED)) = {29,220, 28} in ¢’ and [N(@V)] =3 in &' (0<i<3).

N(z E ) ={= (4)7 z+2v z+1}1n G’ and |N(z z+1)|_31n G (0<i<3).
N(N (@) = {28,280, 22} in @ and [N(N(z{Y)| =3in G (0<i<3)

The discussion is divided into the following cases.

(1) To find dy of each vertex in CM), where C'") is the cycle induced by the vertices
{zP)0<i<3}in Gy

No(zV) in Gy = No(2V) in @ UN( )1nG’UN(N(1(- )) in G’

2) 2) (4
= {wz+17 §+1=$§+2= 1+3} in GU {x )v 1+27 1+1} in G’
U {a:gi)g, 54), 13)} in G

2 2 2 (4) (4 3 4 3
_{‘rz—i-l’ z(-l-)l’xz(-l-)Z’ z(-l-)}U{‘r )a 1(4-)2’Iz(+)1’xz(+)3’ z()}ln G’

(4) +

Here x; " is the common element in N(z §+1) in G’ and N(N(z (1) )) in G".

2

dg(xz(-l)) in Gy = dQ(.I?(;l)) in G+ (|N(z H_1)| in G’ + |N(N ( ))| in G') —
=44+ B+3)-1=9=(4-1)4—-1) (0<i<3).

(2) To find dy of each vertex in C¥, where C® is the cycle induced by the vertices
{zP0<i<3}inG.
No(2$%) in Gy = No(2{Y) in &' UN(Y) in @ UN(N(@)) in G

4 3 3 3 1 1 2
_{Iz(-i-)s’ z(+)3’ z(-i-)z’ z()}U{Iz(-i-)z’ 1(4-)3’ z()} inG

1 1)
U {IH—S? i+1 H—l} n G

L3 () 20 @ )
- {IH—S’ i+3> z+2’ €Ly }U {Iz+2’ z+3’xz 7xz—i-l? z+1} in G.

Here, a:z(+)3 is the common element in N( ) in G and N(N(x £+1)) in G.

() in Gy = da(2)) in & + (I(N (@) in G+ [N(N(@E)) in G~ 1
=64+B+3)-1=9=04-1)4—-1) (0<i<3).

Next consider the edges ,’E§2).’L'E3) for integers 0 < i < 3.

N(z?) = {«® l+1, 22,27} in G and [N(2?)|=3in G, 0<i<3;
N(N(@) = {2, 2Dy, 2 m}m G and [N(N(z{”)| =3 G, 0<i <3
N(xg))z{ 1_332, 1(3_3, T, '} in G’ and |N( )|—31nG' 0<i<3;
N(N(@{) = {23y, 275,25} in G and [N(N(2()] =3in G, 0<i <3).
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(3) To find dy of each vertex in C®, where C® is the cycle induced by the vertices
{zP0<i<3}inG.

Ny(z?) in Gy = (3:(-2)) in G UN@E@®)in @ UNN@P)) in &

_ 22 @) @ /
{xz—i-l? z+27 z+27 z+3} lIlG U{‘Iz+27 i+3 z }IHG

3 3
U {Iz(-l-)b £+)3v H—l} in G’

_ e B) @) .03 '
{xz—i-l? z+27 z+27 z+3} lIlG U{‘Iz+27 z+37xz ’ z+1’ z+1} lnG

Here, $§§r)3 is the common element in N( ) in G and N(N(x (2))) in G/,

dy(@®)in Gy = do(@?) in G+ ((N@P)| in G + [IN(N(zP))] inG') —

K2 K2

= 44B43)-1=9=04-1)4-1) (0<i<3).

(4) To find dy of each vertex in C®), where C® is the cycle induced by the vertices
{zP)0<i<3}inGy.

No(zP) in Gy = Ny(2® )1n G UN(?)in G UN(N(z (-3))) in G

l

_ (4) ’ (2)
{wz+17 z+27 z+37 z+1} 1n G U{$1+17 1+37 1 }lIl G
22
U {wz+27 z+37 z+3} in G

2) (2
= {‘rz+17 z+27 £+37 z+1} in G U {335431, §+)3a 5 )7x5+27 z+3} in G.
Here, :Efi)g is the common element in N( ) in G and N(N(z; (®) )) in G.

doy(2®) in Gy =do(2!¥) in & + (|(N(2?)] in G+ in |IN(N(2))| in G) —
—44+(3+3)—1=9=(4—-1)4—1) (0<i<3).

In Gy for integers 1 < t < 4, do(z{”) = (4 — 1)(4 — 1) for integers 0 < i < 3. Thus G4
s (4,2,(4 — 1)(4 — 1))-regular graph on 4 x 2472 = 16 vertices with the Vertex set V(G) =
{1 <t <2472,0 < i <3} and E(Gy) = E(G) U E(@) U {aM2,2P2P )0 < i < 3},

Therefore, the result is true for r = 4.

Step 2 Take another copy of Gy as G} with the vertex set. V(G}) = {xgt)|24_2 +1<t<
24710 < i < 3} and each xl(-t), (2472 +1 < t < 2%71), corresponds to xl(-t), 1<t <242 for
(< i < 3. The desired graph Gz has the vertex set V(G2) = V(G1) UV (G]) and edge set
E(G2) = E(G1) U E(GY) U {z,; ) Z(f_l,:bz(mxm ;v(g);vz(f_)l :E(4 X 5)} Now the resulting graph Go
is 5 regular graph having 4 x 2572 = 32 vertices. Figure 6 represents the graph Gs.
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N

W\ 7

Go
Figure 6.
Consider the edges :Cl(-l)xgi)l for0<i<3
Na) = oo @iy, el o} in Gy and [N (@) = 4in Gy
N(N(wi”))={w£i’3,w§8>,w§7, m}m G} and [N(N < Nl=4in G
NP = {al” ol w27} in Gl and [N =410 Gy
)

(o, 2l o 2V} in Gy and [N(N ()] =4in Gy

8
NN ()
(1) To find dy of each vertex in C(M), where C1) is the cycle induced by the vertices
{zV]0<i<3}in Ga.
No(zV) in Gy = Ny(2M) in Gy UN( ))in G, UN(N(@=M)) in &
= Ny(a)in Gy U{a®, 5?2,:10511, 2"} in @)
28 (D .(5) }in G

U{xz+37 7 7‘T1 ’ 1+1
= No(z ())mG U{x(s), SF)Q, 5?1,1755),1"5?3,1“57), ZJrl}111 G.

Here :cl(8) is the common element in N (z; ® 1) in G} and N(N ( )) in GY,

(") in Gy = do(2V) in Gy + ((N(2$7))] in G + [N(N(2$))] in &) —
=9+ (@d+4)—-1=16=(-1)(5-1) (0<i<3).

(2) To find dy of each vertex in C'®, where C® is the cycle induced by the vertices
{zM]0<i<3}in Ga.
No(@®) in Gy = No(@®) in G UN(M) in Gy UNN () in G
= Ny(z z+1) in G) U{z z(-li-)za 1(23#171(2)7 7,+1} in Gy
U {$(2) (CONNEY (4)} in Gy

+1» z+17 1+37 z
20 2 @0 @ 0 @y

(8) ’ (1)
_NQ( 1+1) HlG U{x1+27 1+37‘T1 7xz+1‘r1+17 i+1° z
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Here, :E(}r)g is the common element in N( ) in G; and N(N(z (+1)) in Gy,

do(z)) in Go = da(2)) in G} + ((N (@) in Gy + IN(N (@) in Gy) - 1
do(®)in Gy =94+444-1=948-1=(5-1)(5-1) (0<i<3).

Next consider the edge ;v( :C ) for integers 0 <4 < 3.

( {:ElH, 11)37 11), )}m G and |N( )|—41n G,
N(N(®)) = {287, 2l 287, 289} in G and [N(N(2{V))] = 4in G,
N (@) = {aDy) 2Dy o 2P} in G and [N (@) =410 G,

(

NN @) = {28, a2, 20, 2} in Gy and [IN(N({7))] = 4 in Gi.

)
)
)
)

(3) To find dy of each vertex in C®, where C'® is the cycle induced by the vertices
{zP)0<i <3} in G,.

No(z?)in Gy = Ny(2®)in Gy UN@)in G U N(N@=?)) in &

K3 2

= Ny(x; (2) ) in Gy U{:EHP,, 522,:1056, 18)}1n G}

20 (M /
U{xz+17 z+17xz+17 z+3} 1n G

7 8 6) (8) (8 6
= No(a”)) in Gy U {af Ty, a0y o oy o D)) in 61

Here, $Z(?3 is the common element in N(x(7)) in and N(N(;vz(?))) in G}

do(z”) in Gy = do(2l”) in G1 + ((N(@)] in G} + [N(N(2!?))| in Gf) —

2 2

—9+(4+4)—1=16=(5-1)(5—-1) (0<i<3).

(4)To find dy of each vertex in C(7), where C(7) is the cycle induced by the vertices {xl(-l) [0 <

No(z!™) in Gy = Np(2!”) in Gy UN(@=P) in G; UN(N(2'")) in Gy.

:Ng(( ) in G} U{xl_H, 51)371:13), 1)}111 Gh

3 1)
U {$z+3v £+)3= §+3= 1+2} in G.
= Na(z; " )in Gy U {wz+17 Ei)g,xgg),x(- )v S,r)svxgrsv 1+2} in G.

2

Here, xz(ﬁg is the common element in N( ) in G; and N(N(z 57))) in Gy,

dy ({7 in Gy = (da(2{™) in G + (N (@) in Gy + IN(N ()| in Gy) —

(
dy(@V)in Gy =9+4+44-1=948—-1=(5-1)(5-1) (0<i<3).

Next consider the edge x( ) ( ) for integers 0 <17 < 3.

N(x (.3)) {:1:(3_)2, 1-31-)373314)7 )} in Gy and |N(z 3))| =4 in G;.

N(N (=) = {219, 2! ,xz @) }mG' and [N (N ( 3>>>|:4ina'1.

{219, 28, &P «{D)} in G and [N (29 >|=4in .

( H—l)
N(N(@)) = {a{Py,« m,wiﬂ, 22} in Gy and [N(N(z5)| =4 in Gy
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(5) To find dy of each vertex in C®, where C® is the cycle induced by the vertices
{70 <i <3} in Ga.

No(2®) in Gy = No(2®) in Gy U N( ))in G, U N(N@@®)) in G}
- N2( @) ) inGp U {xz+27 56),x§i1, 1+1} in G/

U{ng, 28 2O (7}1nG'

2 K3

= Na(z; ® ) in G4 U{xHQ, 56),;101(-%,:El(zr)l,:bl(-?g,xl(b),xg)}in Gh.

(6) -

Here, x; ’ is the common element in N(z £+1) in G} and N(N(z (-1))) in GY,

da(a”) in Gy = da(a(”) in Gy + (IN(2(2))] in G} + [N(N ()] in G}) -
=9+ (4+4)—1=16=(G-1)(-1) (0<i<3).
(6) To find dy of each vertex in C®, where C®) is the cycle induced by the vertices
{z!9]0 <i <3} in Ga.
No(2%)) in Go = No(2{?)) in G1 UN(@EP) in G1 UN(N(2\9)) in G1.

_NQ( (©6) 1) in G} U{IH_2, 1(3_)3,:131(4, 12)}1n G1

3 4)
U {‘Tz+37 E+)1v$z(+1v z+1} in Gy
= Na(z £+1) in Gy U {$z+2v S,r)sv5554)79552)7955?179551)17 z+1} in Gi.

Here, :Eg’r)g is the common element in N(gc(-1 ) in G; and N(N(x fil)) in Gy,

da(2%)y) in Go = da(2)) in G + (IN(z()| in Gy + NN (2($)))] in Gy) —
dg(xEH)mG2:9+4+4—1=9+8—1=(5—1)(5—1) (0<i<3).

Next consider the edge :E(4 :C ) for integers 1 <4 < 3.

N (z; 4)) {xz+17 fﬁgawﬁg), 1+3} in G; and |N(z 4)|—4 in Gy.
N(N(@@)) = {z§ m? 22,20 2} in G and |N(N (V)| = 4, in G,
N(x5)):{ z+27 Ei)g,UCE , 1+1}1DG/ and | N (z; (%) )| =4, in G}.
NN (@) = {20y, 2D, 23, 20} in Gy and [N(N ()| = 4, in Gi.

(7) To find dy of each vertex in C¥, where C® is the cycle induced by the vertices
{zY]0<i <3} in Ga.

No(zP) in Gy = No(2™) in G; UN@GE) in &) UNN(@@?)) in G}
= No(x; (4) )in G1 U {xHQ, 5?3,:1056 ,;vl(-i)l} in Gy
U {xz+17 Ei)wwgi)p 18)} in G

= Na(z; ) )in Gy U {5554327 5?3,xgﬁ),xgi)l,xgi)l,xgi)l, 18)} in G7.

Here, Iz(i-)S is the common element in N(x( ) in G and N(N(:z:z(- ))) in GY,

do(z{Y) in Gy = dy(z!) in Gy + (IN (2| in G} + IN(N ()] in G}) —

2

—9+(4+4)—1=16=(5-1)(5—-1) (0<i<3).
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(8) To find dy of each vertex in C(®, where C®) is the cycle induced by the vertices
{z!"0 <i <3} in Ga.

No(2P)) in Gy = Ny(2®) in G} U N(a! )mGluNmm@Unna
= Ny(z (5)1nG’ U{:ElH, fi)g,xfg, T, s }1n G4

29 3
U {$z+2v Lit3r Liyss 1+3} in G.

4 4 3 1 4 4
= N2(Iz(' )) m le U {335431, §+)3a 5 )vx£+)3vx£+)2azg+)3a 1+3} in G1.

Here, a:z(-i)g is the common element in N( ) in G; and N(N(z 55))) in Gy,
d2($7(;5)) in Go = dg(xz(-f))) in G}
+(IN@M)] in Gy + [N(N(@))] in G1) - 1
dy(zP)in Gy =94+444-1=9+8-1=(5-1)(5-1),(0<i<3).

In Gs, for (1 <t < 8),da(x (t)) (5—-1)(5—1),for (0<i<3).Gyisa(5,2,(5—1)(5—1)) regular
graph on 4 x 2572 = 32 vertices with the vertex set V(Gy) = {;C(t |1 <t<25720<i<3}and
E(G2) = E(G1) U E(G}) U{z, 1)3:l+)1 x(2)33( ),xg?’) © xz(-4) 55)}' Therefore, the result is true
for r = 5.

Let us assume this result is true for » = m + 3. That is, there exists a (m + 3,2, (m + 2)?)-
regular graph on 4 x 2m*1 vertices with the vertex set V(G,,) = {;vl(-t)|1 <t<2mtlp<i<3}

and

B(Gyn) = B(Gn1) U E(Gl, U{wz Hmods 10 < <3},
That is, for integers 1 < ¢ < 2m+1 dg(;vl(-t)) =(m+2)(m+2) for 0 <i < 3and d(xgt)) =m+3.
Take another copy of G,, as G}, with the vertex set. V(G),) = {a:z(-t)|2m+1 +1<t¢t<
2m+2 0 <4 < 3} and each xgt),Qm“ +1 <t < 2m*2 corresponds to xgt), 1<t <2mtl for
integers 0 < ¢ < 3.
The desired graph Gp,4+1 has the vertex set V(Gmy1) = V(Gy) UV(G),) and edge set

E(Gm+1) = E(Gn) U E(GL,) U {xi fr;i;f;lm < 4 < 3}. Now the resulting graph Gp,4+1 is

2m+1
(m + 4) regular graph having 4 x 2™%2 vertices. Consider the edges U {:E T
i <3)}.
For integers 1 < t < 2% dy of each vertex in C*), where C'*) is the cycle induced by the
vertices {azgt)|0 <i<3}in Gpgr-

2m 2t
i+t(mod 2)/(

do(w") in Grr = da(al”) in G+ [N @ o)) 0 Gl + NNV ()] in G-
=(m+2)(m+2)+(m+3)+(m+3)) —1, (for 0 <7 < 3).
= (m+2)(m+2)+2m+5).

=m?+6m+9=(m+3)(m+3).
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For integers 2™+! 41 < t < 2M+2 dj, of each vertex in C2"™ =11 where C2" 7 ~t41) g
m—+2
the cycle induced by the vertices {xEQ t+1)|0 <i<3}in Gy
om+2_ gy . o om+2_piq . ,
dz(w Litt(mod 2)) in Gy1 = d2($i+t(mod p)) In Gy,

+IN@)] in Gy + [N(N (@255 10 G

=(m+3)(m+2)+(m+3)+(m+3)—1, (for 0 <7 < 3).
= (m + 3)(m + 3).

In Gppyq for 1 <t <2m+2) dg(.fgt)) = (m+3)(m+ 3) for 0 <4 < 3. That is, there exists a
((m+4),2, (m+ 3)(m + 3))-regular graph on 4 x 2™%2 vertices with the vertex set V(G,,41) =

2m+1

{1t < ¢ < 2792,0 < < 3} and B(Gn) = B(Gm) U B(GL) U {00050 <

i < 3}. That is, for integers 1 < t < 2m+2, dQ(.I?(;t)) = (m+3)(m+ 3) for 0 < 4 < 3 and
d(:vl(-t)) = m +4. If the result is true for r = m + 3, then it is true for » = m + 4. Therefore, the
result is true for all r > 2. O
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Abstract: A subset S of vertices in a graph G = (V, E) is a dominating set if every vertex
in V — S is adjacent to some vertex in S. A dominating set .S of a connected graph G is called
a connected dominating set if the induced subgraph < S > is connected. A set S is called a
global dominating set of G if S is a dominating set of both G and G. A subset S of vertices
of a graph G is called a global connected dominating set if S is both a global dominating
and a connected dominating set. The global connected domination number is the minimum
cardinality of a global connected dominating set of G and is denoted by 74.(G). In this
paper we obtained the upper bound for the sum of global connected domination number and

chromatic number and characterize the corresponding extremal graphs.
Key Words: Global domination number, chromatic number.

AMS(2010): 05C69

§1. Introduction

Graphs discussed in this paper are simple, finite and undirected graphs. A subset S of vertices
in a graph G = (V, E) is a dominating set if every vertex in V' — S is adjacent to some vertex
in S. A dominating set S of a connected graph G is called a connected dominating set if the
induced subgraph (S) is connected. A set S is called a global dominating set of G if S is a
dominating set of both G' and G. A subset S of vertices of a graph G is called a global connected
dominating set if S is both a global dominating and a connected dominating set. The global
connected domination number is the minimum cardinality of a global connected dominating set
of G and is denoted by v4.(G). Note that any global connected dominating set of a graph G has
to be connected in G (but not necessarily in ). Here global connected domination number ;..
is well defined for any connected graph. For a cycle C), of order n > 6, v,(Cy,) = [n/3] while
Yge(Cr) = n — 2 and ~,(K,,) = 1, while v4.(K,) = n. The chromatic number x(G) is defined
as the minimum number of colors required to color all the vertices such that adjacent vertices

do not receive the same color.

1Received May 28, 2011. Accepted December 8, 2012.
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Notation 1.1 K,(Py) is the graph obtained from K, by attaching the end vertex of Py to
any one vertices of K. K,(mP) is the graph obtained from K, by attaching the end vertices
of m copies of Py to any one vertices of K,,.

Some preliminary results on global connected domination number of graphs are listed in
the following.

Theorem 1.2([1]) Let G be a graph of order n > 2. Then
(1) 2 < 793e(G) <,

(2) Yge(G) =n if and only if G = K,,.

Corollary 1.3([1]) For all positive integers p and q Ygc(Kpq) = 2.

Theorem 1.4([1], Brooke’s Theorem) If G is a connected simple graph and is neither a complete
graph nor an odd cycle then x(G) < A(G).

Theorem 1.5([1]) For any graph G of order n > 3, v4.(G) =n —1 if and only if G = K,, — e,

where e is an edge of K.

Corollary 1.6([1]) For alln > 4 v4.(Cr) =n —2.

§2. Main Result

Theorem 2.1 For any connected graph G, v4.(G) + x(G) < 2n — 1.

Proof By Theorem 1.2, for any graph G of order n > 2, v4.(G) < n.

By Theorem 1.4, x(G) < A(G). Therefore, v4.(G) + x(G) <n+A=n+(n—-1)=2n—-1.
Hence 74.(G) + x(G) < 2n — 1. Let v4.(G) + x(G) = 2n — 1. It is possible only if v,.(G) = n
and x(G) =n—1 (or) ¥4.(G) =n —1 and x(G) = n.

Case 1 Let v4.(G) =n and x(G) =n—1. Since x(G) = n—1, G contains a clique K onn—1
vertices or does not contain a clique K on n — 1 vertices. Suppose G contains a clique K on
n — 1 vertices. Let v be the vertex not in K, _1. Since G is connected, the vertex v; is adjacent
to some vertex u; of K,_1. Then {v1,u;} forms a global connected dominating set in G. Hence
vge(G) = 2, therefore K = K; which is a contradiction. Hence no graph exist. If G does not

contain the clique K on n — 1 vertices, then it can be verified that no graph exists.

Case 2 Let 74.(G) =n—1 and x(G) = n. Since v4.(G) = n —1 by Theorem 1.5, G = K, —e
But for K,, —e, x(G) = n — 1 which is a contradiction. Hence no graph exists. Hence,
Yge(G) + x(G) < 2n — 1. O

Theorem 2.2 For any connected graph G, for n > 3 v4.(G) + x(G) = 2n — 2 if and only if

G2 K, — e, where e is an any edge of K.
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Proof Assume that 7v4.(G) + x(G) = 2n — 2. This is possible only if v4,.(G) = n and
X(G) =n—2 (or) 74 (G) =n—1and x(G) =n —1 (or) 74.(G) =n — 2 and x(G) = n.

Case 1 Let v4.(G) = n andx(G) = n — 2. Since x(G) =n — 2, G contains a clique K on n — 2
vertices or does not contain a clique K on n — 2 vertices . Suppose G contains a clique K on
n —2 vertices. Let S = {v1,v2} C V — K. Then the induced sub graph < S > has the following
possible cases, < S >= Ky and K».

Subcase 1.1 Let (S) = Ks. Since G is connected there exist a vertex w; of K,_o which is
adjacent to anyone of vy, vy. Without loss of generality let v1 be adjacent to w;. Then {vy,u;}

forms a global connected dominating set in G. So that v4.(G) = 2 which is a contradiction.

Subcase 1.2 Let (S) = K,. Since G is connected, let both the vertices of K> be adjacent
to vertex u; for some i in K, — 2. Let {vi,v2} be the vertices of K5 . Then anyone of the
vertices of Ky and u,; forms a global connected dominating set in G. Then, {v1,u;} forms a
global connected dominating set in G. Hence v,.(G) = 2, which is a contradiction. If both the
vertices of K, are adjacent two distinct vertices of K,,_o say u; and u; for i # j in K,,_9. Then
{u;, u;} forms a global connected dominating set. Hence v,.(G) = 2, Which is a contradiction.
If G does not contain the clique K on n — 2 vertices, then it can be verified that no graph exists.

Case 2 Let 74.(G) = n—1 and x(G) = n — 1. Since v4.(G) = n — 1, by Theorem 1.5,
G~ K,—e Butfor K, —e, x(G) =n—1. Hence G 2 K,, — e for n > 3. If G does not contain

the clique K on n — 1 vertices, then it can be verified that no graph exists.

Case 3 Let 74(G) = n— 3 and x(G) = n. Since x(G) = n. Then G = K,,. But for K,,
vge(G) = n, which is a contradiction.

Conversely if G is anyone of the graph K,, — e, for n > 3 then it can be verified that
Yge(G) + x(G) = 2n — 2. O

Theorem 2.3 For any connected graph G, v4.(G) + x(G) = 2n — 3 if and only if G =
K3(P,), K, — {e1,e2}, where e, ea are edges in the cycle of graph, n > 5.

Proof Assume that 7v4.(G) + x(G) = 2n — 3. This is possible only if v,.(G) = n and
X(G) =n—3 (or) 74c(G) =n—1 and x(G) =n—2 (or) v4.(G) =n—2and x(G) =n—1 (or)
Yge(G) =n —3 and x(G) = n.

Case 1 Let v4.(G) = n and x(G) = n — 3. Since v,4.(G) = n — 3, G contains a clique K on
n — 3 vertices or does not contain a clique K on n — 3 vertices. Suppose G contains a clique
K on n — 3 vertices. Let S = {v1,v2,v3} C V — K. Then the induced sub graph (S) has the
following possible cases (S) = K3, K3, Ko U K1, Ps.

Subcase 1.1 Let (S) = Kj. Since G is connected, these exist a vertex u; of K,_3 which is
adjacent to anyone {v1, va, v3}. Without loss of generality let v; be adjacent to u;. Then {v1,u;}

is a global connected dominating set. Hence 7,4.(G) = 2 which is a contradiction.

Subcase 1.2 Let (S) = K3 . Since G is connected, there exist a vertex u; of K,_3 which is
adjacent to all the vertices of K3. Let v1, v2, v3 be the vertices of K3. Then anyone of the vertices

of K3 and u; forms a global connected dominating set in G. Without loss of generality {vq,u;}
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forms a global connected dominating set in G. Then ~,.(G) = 2, which is a contradiction.
If two vertices of K3 are adjacent to u; and third vertex adjacent to u; for some i # j.
Then {v1,u;,u;} forms a global connected dominating set in G. Then 74.(G) = 3, which is a
contradiction. If three vertices of K3 are adjacent to three distinct vertices of K, 3 say u;,
uj, uy for some ¢ # j # k. Then {v1,u;, uj, up} forms a global connected dominating set in G.
Hence 74.(G) = 4 which is a contradiction.

Subcase 1.3 Let (S) = Ky U K. Since G is connected, there exist a vertex u; of K,,_s which
is adjacent to anyone of {v1,v2} and vs. Then {v1,u;} is a global connected dominating set in
G. Hence 74.(G) = 2, which is a contradiction. Let there exist a vertex u; of K, _3 be adjacent
to anyone of {v1,v2} and u; for some i # j in K,,_3 adjacent to vs. Without loss of generality,
let v1 be adjacent to u;. Then {v1,u;, u;} forms a global connected dominating set in G. Hence
vge(G) = 3 which is a contradiction.

Subcase 1.4 Let (S) = P5. Let {v1,v2,v3} be the vertices of Ps. Since G is connected there
exist a vertex u; of K,,_3 which is adjacent to anyone of the pendant vertices v; or v3. Without
loss of generality let v be adjacent to u;. Then {v1,vs,u;} forms a global connected dominating
set in G. Hence v4.(G) = 3 which is a contradiction. On increasing the degree of u;, which is a
contradiction. If G does not contain the clique K on n — 3 vertices, then it can be verified that

no graph exists.

Case 2 Let v4.(G) = n—1 and x(G) = n—2. Since v4.(G) = n—1 by Theorem 1.5, G = K, —e.
But for K,, — e, x(G) = n — 1, which is a contradiction. Hence no graph exists. If G does not

contain the clique K on n — 3 vertices, then it can be verified that no graph exists.

Case 3 Let v4.(G) =n — 2 and x(G) =n — 1. Since x(G) =n — 1, G contains a clique K on
n—1 vertices. Let v be the vertex not in K, _;. Since G is connected, the vertex v is adjacent to
vertex u; of K,,_1. Then {vi,u;} is a global connected dominating set in G. Hence 7v4.(G) = 2.
Then K 2 K3. Then G 2 K3(P,). On increasing the degree of v G 2 K,, — {e1,e2} for n > 5
and e, es is an edge in outside the cycle of graph. If G does not contain the clique K onn —1
vertices, then it can be verified that no graph exists.

Case 4. Let 74(G) = n — 3 and x(G) = n. Since x(G) = n then G = K,,. But for K,
vg¢(G) = n, then it is a contradiction.

Conversely if G is anyone of the graph K3(P), K, — {e1,e2} for n > 5, then it can be
verified that v4.(G) + x(G) = 2n — 3. O

Theorem 2.4 For any connected graph G 74.(G) + x(G) = 2n — 4 if and only if G =
Py, Cy, K2(2P), K4(Py), K, — {e1, ea,e3} whereey, ea, e3 are edges in the cycle of graph of order
n>6

Proof Let v4.(G) + x(G) = 2n — 4. This is possible only if v4.(G) = n and x(G) =n —4
(or) Y4¢(G) =n—1and x(G) =n—3 (or) v4¢(G) =n—2and x(G) =n—2 (or) v4.(G) =n—3
and x(G) =n—1 (or) v4.(G) = n—4 and v(G) = n.
Case 1 Let v4.(G) = n and x(G) = n—4. Since x(G) = n—4, G contains a clique K on n—4

vertices or does not contain a clique K on n — 4 vertices. Suppose G contains a clique K on



56 G.Mahadevan, A.Selvam Avadayappan and Twinkle Johns

n — 4 vertices. Let S = {v1,v9,v3,v4} C V — K. Then the induced subgraph < S > has the
following possible cases.< S >= K4, K4, Ks U K1, K4 — e, Ko U Ko, Ky U Ko, K5(P) it can be
verified that all the above cases no graph exist.

If G does not contain the clique K on n — 4 vertices, then it can be verified that no graph

exists.

Case 2 Let v4.(G) = n—1 and x(G) = n—3. Since v4.(G) = n—1 by Theorem 1.5, G = K, —e.
But for K,, — e x(G) = n — 1 which is a contradiction.

If G does not contain the clique K on n — 3 vertices, then it can be verified that no graph

exists.

Case 3 Let v4.(G) =n— 2 and x(G) = n — 2. Since x(G) = n — 2, then G contains a clique
K on n — 2 vertices or does not contain a clique K on n — 2 vertices. Suppose GG contains a
clique K on n — 2 vertices. Let S = {v1,v2} C V — K. Then the induced subgraph < S > has
the following possible cases,< S >= K, and Kj .

Subcase 3.1 Let (S) = K. Since G is connected there exist a vertex u; of K,_o which is
adjacent to anyone of {v1, v2}. Without loss of generality let v; be adjacent to u;. Then {v1,u;}
is a global connected dominating set in G hence v4.(G) = 2. Then K = K. Let {v1,v2} be the
vertices of Ks. If d(v1) =1, d(v2) =2 Then G = Py. If d(v1) = 2 d(v2) = 2 then G = Cy.

Subcase 3.2 Let (S) = K,. Since G is connected. Let both the vertices of K5 be adjacent to
vertex u; for some i in K, . Let {v1,v2} be the vertices of K». Then anyone of the vertices
of Ky and u; forms a global connected dominating set in G. Without loss of generality v; and
u; forms a global connected dominating set in G. Hence v4.(G) = 2 so that K = Ks. Then
G = K5(2P,). If two vertices of K, are adjacent two distinct vertices K, _o say u; and u; for
i # j .Then {v1,u;, u;} forms global connected dominating set in G. Hence 74.(G) = 3 so that
K >~ Ky. Then G 2 K3(Ps, P»,0).

If G does not contain the clique K on n — 2 vertices, then it can be verified that no graph

exists.

Case 4 Let v4.(G) = n—3 and x(G) = n—1. Since x(G) = n—1, G contains a clique K onn—1
vertices. Let v be the vertex not in K,,_1. Since G is connected the vertex v is adjacent to vertex
u; of Kp—1. Then {v1,u;} forms a global connected dominating set in G. Hence v4.(G) = 2
so that K = Ky. Then G = K4(P.). On increasing the degree G = K,, — {e1,e2, €3} where
e1, ez, ez are edges in the cycle of the graph of order n > 6. If G does not contain the clique K

on n — 1 vertices, then it can be verified that no graph exists.

Case 5 Let 74.(G) = n—4 and x(G) = n. Since x(G) = n. Then G = K,,. But for K,,
vVge(Kn) = n, Which is a contradiction.

Conversely if G is anyone of the graph Py, Cy, K3(2P2), K4(P2), K, — 3e for n > 6 then it
can be verified that v4.(G) + x(G) = 2n — 4. O

The authors obtained graphs for which v,.(G) + x(G) = 2n — 5,2n — 6,2n — 7, which will

be reported later.
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Abstract: Communication network is modeled as a simple, undirected, connected and
unweighted graph G. Many graph theoretical parameters can be used to describe the stability
and reliability of communication networks. If we consider a graph as modeling a network,
the average domination number of a graph is one of the parameters for graph vulnerability.
In this paper, we consider the average domination number for middle graphs of some well-
known graphs, in particular we consider the middle graphs because these graphs are between
total graphs and line graphs. In real life problems, every edge corresponds cost, so middle

graphs make sense on this situation.
Key Words: Domination, Average lower domination number, middle graphs.
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81. Introduction

The line graph L(G) of a graph G is the graph whose vertex set is the edge set E(G) of G, with
two vertices of L(G) being adjacent if and only if the corresponding edges in G have a vertex
in common. The middle graph M(G) is the graph obtained from G inserting a new vertex into
every edge of G and by joining edges those pairs of these new vertices which lie on adjacent
edges of G. Another important graph is the total graph. The total graph T(G) is the graph
whose vertex set is the union of the vertex set V(G) and the edge set E(G) of G, with two
vertices of T(G) being adjacent if and only if the corresponding elements of G are adjacent or
incident. There have been lots of research on various properties of line graphs, middle graphs

and total graphs of graphs.

IEa R

G L(G) M(G) I(G)

Fig.1
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The stability of communication network is composed of processing nodes and communica-
tion links, is the prime importance of network designers. Graph theoretical parameters can be
used to describe the stability and reliability of communication networks. If we consider a graph
as modeling a network, the domination number of a graph is one of the parameters for graph

vulnerability.

In this paper, we considered average domination number of a graph instead of domination
number of a graph. Let’s see what difference between these two parameters is and why we

consider average domination number instead of domination number.

A vertex v in a graph G said to dominate itself and each of its neighbors, that is, v dominates
the vertices in its closed neighborhood N [v]. A set S of vertices of G is a dominating set of G
if every vertex of G is dominated by at least one vertex of S. Equivalently, a set .S of vertices
of G is dominating set if every vertex in V(G) — S is adjacent to at least one vertex in S. The
minimum cardinality among the dominating sets of G is called the domination number of G
and is denoted by v(G) . A dominating set of cardinality (@) is then referred to as a minimum

dominating set.

Let G = (V, E) be a graph, the domination number v, (G) of G relative to v is the minimum
cardinality of a dominating set in G that contains v. The average domination number of G,

Yav(G), can be written as:

Let H and G be a graphs which are have same order and size as below:

b

Graph G Graph H

Fig.2

It can easily seen that k(G) = k(H) = 1, 5(G) = (H) = 3, a(G) = o(H) = 3 and also
v(G) = v(H) = 2. In this case, how can we decide which graph is more reliable and how to find

the average domination number of these graphs?
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v Yo v Vv
a| {a f} | 2 a| {a,c} 2
b | {bed} | 3 b | {bf} 2
c|{ca, f}| 3 c| {ca, } | 2
d| {d,a} 2 d | {d,ab} | 3
e | {ea} 2 e | {ec} 2
f| {fia} | 2 flArby |2

Yoo (G) =14/6 =2.33  ~au(H) = 13/6 = 2.16

S0, Yau(H) < Yau(G). Then we can say graph H is more reliable than graph G. If we consider
the graphs G —{a} and H — {c}, then we can see each graph has one isolated vertex and G —{a}
has P, but H — {c} contains cycle in it. This means H — {c} is more reliable than G — {a}.

b
c d b d
a
e f e f
Graph G — {a} Graph H — {c}

Fig.3

Henning introduced average domination and independent domination numbers, studied
trees for which these two parameters are equal. Our goal is to study the average domination

number for the middle graphs of some well-known graphs.

82. Average Domination Numbers for Middle Graphs of Some Well-Known Graphs

Theorem 2.1 Let M(K1,,) be the middle graph of K1 . Then

m2+n+1
avMKn = a5 1 -
Yaw (M ( 1, ) om+ 1

Proof The number of vertices of the graph Ki , and M(K;,) are n + 1 and 2n + 1 ,
respectively. Let say M (K3 ) = G. We consider the vertex-set of graph G = V4 (G) U Va2(G) U
V3(G) where,

Vi(G): The set contains center vertex which has degree n.

V2(G): The set contains n vertices whose degree is 1.

V3(G):  The set contains n new vertices with degree of (n 4+ 1) which are obtained by
definition of middle graph.
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Then it is easily calculated that the average domination number of graph G. We consider three

cases.

Case 1 Let v be the vertex of the V1(G). The vertex v is the center vertex which have the
degree n in Ky ,. v dominates n vertices which are new vertices of M (K ) . In order to
dominate vertices of Vo(G), we have to put these vertices to dominating set including vertex v.

Consequently, for the center vertex v, v,(G) =n + 1.

Case 2 Let v € V5(G), then degree of v is 1. Since the graph G have n vertices as v, then the

cardinality of dominating set including vertex v is n, i.e., v,(G) = n.
Case 3 Let v € V3(G). It is similar to that of Case 2. Thus 7, (G) = n.

Consequently, we get that

D@ = D W@+ D W@+ D wl(@)

veV (G) veVi (G) veVa(G) veV3(Q)
1
(@) = g 2 W@+ X W@+ > w(@)
veVh (G) veVa (G) veV3(G)
_ 1 9 o M2 +n+1
= 2n+1((n+1)+n +nf) = mrl O

Observation 1 The domination number of M(P,) is [g—‘

Proof We have to take {g—‘ vertices which have degree 4 in our dominating set to dominate
n vertices each of which have degree 2. It is easy to see that (M (P,)) = [g—‘ O

Observation 2 If n = 2k, then the dominating set is unique.

Proof The proof is clear. O

Theorem 2.2 Let M(P,) be the middle graph of P,,. Then

2n—1
Yau (M (Pp)) =
nZ4+n—1 .
W, n 1s even.

Proof Notice that |V(P,)] = n and |[V(M(P,))| = 2n — 1. Let M(P,) = G and
v1, Vg, V3, ,Vap_1 be the vertices of G. We need to consider two cases which are even and
odd order of P,.

. o

U1 V2

o o

V3 V4 Vs (¥

6 % Us V2k—-3 UV2k—2 V2k—1

Fig.4
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Case 1 If nis odd, then by Observation 1 (M (P,)) = {g—‘ and we can find several dominating
set that gives us domination number of these vertices (The set is not unique). For the rest of

vertices. The cardinality of domination sets which are including v; such that ¢ = 3(mod4) is

-1
J in M(P,), where k > 1. For the rest of

2
[g] + 1 and the number of these vertices is { i

vertices, domination number is {5—‘ Then,

(o 2D G () 1
w22

2 om—1

Yav (M (Py))

n

Case 2 If n is even, then by Observation 2 dominating set is unique and v(M(P,)) = 3 It

is clear that for the number of g vertices we have the same average domination number. For
n

the rest of vertices the dominating number increases 1 unit, so v, = 5 + 1 for the number of

3n —2

vertices. Then,

n n 3n—2/n 1
5 (M(P)):§x§+ 2 (5_'— ):n2+n_1
av " 2n—1 2n—1
So,
2n—1
n L4J :
[2—‘4—2”_1, n is odd,
'Yav(M(Pn)): U
n?+n-—1 .
_— n is even.
2n—1

Theorem 2.3 Let M(C,,) be the middle graph of Cy,. Then,

Vav(M(Cn)) = n; 1'

Proof Notice that |V(Cy)| = n, |[V(M(Cy))| = 2n. Let M(C,) = G. We consider two
cases dependent on the parity of |G| following.

Case 1 n is odd.

In this case, we consider two cases, i.e.,v € V(Cy,) and v € (V(M(Cy)) \ V(C,,). First,
let v € V(C,). Then we want to find 7,, v dominates 2 new vertices in M (C,,) and itself.
The remain vertices which are not dominated gives us P, _1, the domination number of P,_;
is Y(M(Pp-1)) = nt by Observation 2. So, v, = (1 + n_—l) and also we have n vertices
asv. Ifv e (V(M%Cn)) \ V(Cy,). Then we want to find 2%, v dominates 2 new vertices
in M(C,), 2 vertices in C,, and itself. The remain vertices which are not dominated gives

-2
us P,_o, the domination number of P,_s is y(M(P,—2)) = PLT—‘ by Observation 1. So,

-2
Yo = (14 [HT—‘) and also we have n vertices as v.
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By these two subcases,

/Ya’u (M(Cn)) =

where n is odd.
Case 2 n is even.

In this case, we also consider two cases,i.e., v € V(C,,) and v € (V(M(C,))\V(C,). First,
let v € V(Cy). Then we want to find ~,, v dominates 2 new vertices in M(C,,) and itself.
The remain vertices which are not dominated gives us P, _1, the domination number of P, _; is

-1 -1
Y(M(Pr-1)) = {n —‘ by Observation 1. So, v, = (1 + WLT—‘) and also we have n vertices
as v.

Now if v € (V(M(Cy)) \ V(Cy,). Then we want to find 7,, v dominates 2 new vertices in

M(Cy,), 2 vertices in C), and itself. The remain vertices which are not dominated gives us P,,_2,

-2 -2
the domination number of P,,_5 is y(M (P,—_2)) = nT by Observation 1. So, vy, = (1+ r 5 )
and also we have n vertices as v.

By these two subcases,
n—1 n—2
(14—{—2 -‘)n+(1+ 5 n natl
av M Cn = = R
Yav(M(Cn)) 5 5
where n is even. So,
n+1
Yo (M (Cy)) = 5 O

Theorem 2.4 Let M (Wi ) be the middle graph of Wi ,,. Then,

[g] (3n+3)

Sl n s odd,
n
Yoo (M (Wi n)) =

n+2

5 n is even.

Proof The numbers of vertices of the graph Wi, and M(W;,) are n + 1 and 3n + 1,
respectively. Let M (W1,,) = G. We consider the vertex-set of graph G = V4 (G) U Va(G) U
V3(G) U V4(G) where,

G): The set contains center vertex with degree of n of the graph G.
): The set contains n vertices whose degree is 3.
G): The set contains n vertices whose degree is 6.
): The set contains n new vertices with degree of n+3 which are obtained by definition

of middle graph.
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Then it is easily calculated that the average domination number of graph G. Now, we have

cases and also subcases.
Case 1 Let n be odd.

(7) Let v € V1(G). The vertex v dominates vertices of V2(G). In order to dominate rest of
vertices we have to put [g—‘ vertices in our dominating set which is y(M (C,,)) by the proof of

n+2—‘

2

(73) Let v € Vo(G). The vertex v dominates 3 vertices which are new vertices in M (W7 )

Case 1 for C,,. Consequently, v,(G) = {

and itself. In order to dominate K, 11 that is obtain from vertex of V1(G) and new vertices of
M (W1 ,,) which are obtain from incident edges of V4 (G) in Wi ,,, we need one vertex. Then to

. . n—2 n N -
dominate the rest of vertices we have to put — | = [51 — 1 vertices in our dominating set

which is the v(M(P,—_2)) by Observation 1. Hence,
n

Yo(G) = [2

(7i1) Let v € V3(G). The vertex v dominates 4 vertices which are new vertices in M (W1 ,,),

[+t

2 of them outside and the other 2 inside of wheel, 2 vertices of Wj ;, and itself. In order to

dominate K1, we need one vertex which is belong to K, 41, say u. u dominates 3 other
vertices which are not element of V(K ,41). So, for the rest of vertices we have to put n=3
vertices in our dominating set which is the (M (P,_3)) by Observation 2. Hence,y,(G) =
Rt )
2 2 2
(iv) Let v € V4(G). The vertex v dominates K,41, 3 additional vertices(which are in
n—

vertices in our dominating

-1 1
set which is the v(M(P,—1)) by Observation 2. Hence, 7,(G) = n 5 +1= n—2i— = VL—‘

By these four subcases, we know that

Yoowl@ = D w@+ D w@+ D w@+ D wl@)

outside of wheel) and itself. For other vertices, we have to put

5|

veV(G) veVi(G) veVa (G) veV3(G) veVy(G)
(@) = gl L @+ X wl@+ ¥ wl@+ Y (@)
veVi (G) veVa (G) veV3(G) veVy(G)
n-+2 n n n
) { 2 %(H“)“H“H”_(3n+3>(§1
- 3n+1 - 3+l

Case 2 Let n be even.

(7) Let v € V1(G). The vertex v dominates vertices of V2(G). In order to dominate rest of
vertices we have to put 3 vertices in our dominating set which is the v(M(C,,)) by the proof

of Case 2 for C,,. Consequently, v,(G) = g + 1.

(73) Let v € Vo(G). The vertex v dominates 3 vertices which are new vertices in M (W7 )
and itself. In order to dominate K11, we need to put one vertex in our dominating set which is

belong to K,,+1 and also this vertex dominates to more outside vertices. Then to dominate the
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n —

rest of vertices we have to put vertices in our dominating set which is the v(M(P,—2))

2
by Observation 2. Hence,y,(G) = n—2i— .

(7i1) Let v € V3(G). The vertex v dominates 4 vertices which are new vertices in M (W1 ,,),

2 of them outside and the other 2 inside of wheel, 2 vertices of W , and itself. In order to

dominate K,1, we need one vertex which is belong to K, 4+, say u. uw dominates 3 other
n—3
vertices which are not element of V(K ,41). So, for the rest of vertices we have to put {—-‘

vertices in our dominating set which is the v(M(P,,—3)) by Observation 1. Hence,

n—3

%(G)Z{ -‘—1—1—1—1:;4_1,

(iv) Let v € V4(G). The vertex v dominates K,41, 3 additional vertices(which are in

n
outside of wheel) and itself. So, for the rest of vertices we have to put T-‘ vertices in our

-1
dominating set which is the yv(M (P, —1)) by Observation 1. Hence,y,(G) = {n 5 -‘ +1= g—f—l.

By these four subcases;

Z 'YU(G) = Z ”YU(G)‘F Z 'YU(G)"‘ Z 'YU(G)"‘ Z 'Yv(G)

veV(G) veV1 (G) veVa (G) veV3(G) veVy(G)
1
(@) = S @+ D @+ Y @+ Y (@)
veVi(G) veVa(G) veVa(G) veVy(G)
n n+2 n n
(§+1)+<T)n+(§+1)n+(§+l)n n
_ Y O
3n+1 2

Theorem 2.5 Let M(K,,) be the middle graph of K,,. Then

n
[2—‘ 7 n s odd,
Yav (M (Ky)) =
n?+n+4 )
ETEEE n is even.

n2—|—n

Proof The number of vertices of the graph K,, and M (K,) are n and
Let M(K,) = G. We consider the vertex-set of graph G = V4 (G) U V2(G), where

, respectively.

V1(G): The set of vertices of K,,
V2(G): The set of vertices of G which are not in V.

We need to consider for even and odd n and also each case will have two subcases, v € V1(G)
and v € V5(G).

Case 1 n is odd.

(i) Let v € Vi(G). In order to find v,(G), we have to put v in domination set, then

still we have n — 1 vertices in V;(G) that are not dominated, since each vertices of V5(G)
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dominate to two vertices of Vi (G), we need to add 2 Vertices of V2(G) to domination set.

Then, 7, (G) = g +1= [g—‘ for all v € V1 (G).

(73) Let v € Vo(G). In order to find v,(G), we have to put v in domination set, then we

dominated two vertices of V1 (G) and also 2n — 4 vertices of Vo(G) which are adjacent to v.
n—

We have to put vertices of V(@) in domination set to dominate n — 2 vertices of V1 (G)
-2
which are not dominated. Thus, v,(G) = z 5 +1= [

n

2

—‘ for all v € Va(Q).

By () and (ii), we get that

veV(G) veVi (G) veVa (G)
= | T @+ X W@
veVh (G) veVa (G)
1 n n?—n n n
T Wian ("H*( > )H):H
2

Case 2 n is even.

(i) Let v € V1(G). The proof is similar to that of Case 1. In order to find +,(G), we have

to put v in domination set, then still we have n — 1 vertices in V1(G) that are not dominated,
n—1

since each vertices of V2(G) dominate to two vertices of V4 (G), we need to add vertices
-1
of V2(G) to domination set. Since n is even, then {n -‘ Then, v,(G) = g +1= [g—‘ for

all v € V1(G).

(i1) Let v € V2(G). In order to dominate n vertices of V1(G), we have to take
of Va(@G). Thus, 7,(G) = g for all v € Va(G).
By (i) and (i),

vertices

Z Ww(G) = Z Y0 (G) + Z Y0 (G)

veV(G) veVq (G) veVa(G)
1
= Z ’YU(G) + Z ’YU(G)
VG N\, e e
veVy VEV2

1 n n2—n\n n24+n+4
= _ — 1 — =
nZ+n ("(2+ H( 2 )2) 2 + 2
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By Cases 1 and 2, the average domination number of M (K,,) is,

5]
217 n is odd;
'Yav(M(Kn)) =
n4+n+4 .
——, nis even.
2n+2

References

67

[1] Blidia M., Chellali M. and Ma_ray F., On average lower independence and domination

numbers in graphs, Discrete Math., 295 (2005), 1-11.

[2] Chartrand G. and Lesniak L., Graphs & Digraphs (fourth ed.), Chapman & Hall, Boca

Raton, FL, 2005.

[3] Haynes T.W., Hedetniemi S.T. and Slater P.J. (Eds.), Fundamentals of Domination in

Graphs, Marcel Dekker, New York (1998)

Haynes T.W., Hedetniemi S.T. and Slater P.J. (Eds.), Domination in Graphs: Advanced

Topic,. Marcel Dekker, New York (1998).

Henning M. A., Trees with equal average domination and independent domination numbers,

Ars Combin., 71 (2004) 305{318.

Prather R.E., Discrete Mathematical Structures for Computer Science, Houghton Mi_in,

Boston, (1976).

Sun L. and Wang J., An upper bound for the independent domination number, J. Combin.,

Theory, Series B76, 240-246, 1999.

Lesniak L. and Chartrand G., Graphs and Digraphs, California Wadsworth and Brooks,

1986.



Math. Combin.Book Ser. Vol.4(2012), 68-79

Chebyshev Polynomials and Spanning Tree Formulas

S.N.Daoud!2

1. Department of Mathematics, Faculty of Science, El-Minufiya University, Shebeen El-Kom, Egypt

2. Department of Applied Mathematics, Faculty of Applied Science, Taibah University, Al-Madinah, K.S.A.
E-mail: sa-na_daoud@yahoo.com
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81. Introduction

In this work we deal with simple and finite undirected graphs G = (V, E), where V is the
vertex set and FE is the edge set. For a graph G, a spanning tree in G is a tree which has
the same vertex set as G. The number of spanning trees in G, also called, the complexity of
the graph, denoted by 7(G), is a well-studied quantity (for long time). A classical result of
Kirchhoff in [1] can be used to determine the number of spanning trees for G = (V, E). Let
V = {v1,v2, - ,v,}, then the Kirchhoff matrix H defined as an n x n characteristic matrix
H = D — A, where D is the diagonal matrix of the degrees of G and A is the adjacency matrix
of G, H = [a;;] defined as follows:

(i) a;j = =1 if v; and v, are adjacent and i # j;

(17) a;; equals to the degree of vertex v; if ¢ = j;

(i) a;; = 0, otherwise.

All of co-factors of H are equal to 7(G). There are other methods for calculating 7(G).
Let p11 > po > - -+ > pp denote the eignvalues of H matrix of a p point graph. Then it is easily

152
shown that p, = 0. Furthermore, Kelmans and Chelnokov [2] shown that 7(G) = — H -
L

The formula for the number of spanning trees in a d-regular graph G can be expressed as
-1
17
7(G) = - H(d — Ai), where A\g = d, A1, A2, -+, Ap—1 are the eigenvalues of the corresponding
Py
adjacency matrix of the graph. However, for a few special families of graphs there exists simple

formulas that make it much easier to calculate and determine the number of corresponding

1Received November 15, 2011. Accepted December 12, 2012.
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spanning trees especially when these numbers are very large. One of the first such result is due
to Cayley [3] who showed that complete graph on n vertices, K, has n"~2 spanning trees that
he showed 7(K,,) = n"~2, n > 2. Another result, 7(K, ,) = p?~'¢?~!, p>1,q > 1, where K, ,
is the complete bipartite graph with bipartite sets containing p and q vertices, respectively. It
is well known, as in e.g., [4,5]. Another result is due to Sedlacek [6] who derived a formula for

the wheel W, 11 on n + 1 vertices, he showed that

3+v5\ | (3-vB\
T(Wn+1) = ( \/_> + ( \/_> -2
2 2
for n > 3. Sedlacek [7] also later derived a formula for the number of spanning trees in a Mobius
ladder M,

7(M,) = g [(2+ \/§)n + (2 - \/§)n +2}

for n > 2. Another class of graphs for which an explicit formula has been derived is based on

a prism. Boesch, et .al. [8,9].

§2. Chebyshev Polynomial

In this section we introduce some relations concerning Chebyshev polynomials of the first and
second kind which we use it in our computations. We begin from their definitions, Yuanping,
et. al. [10].
Let A, (z) be an n x n matrix such that:
2x -1 0
-1 2z -1
0
0

-1

0 -1 22

where all other elements are zeros. Further we recall that the Chebyshev polynomials of the
first kind are defined by

T, (x) = cos(n arccos x). (1)

and the Chebyshev polynomials of the second kind are defined by

1d
Unfl(I) =

_ sin(narccos )

Th(z) =

ndx sin(arccosz)

It is easily verified that

Un(z) — 22U, —1(x) + Up—2(z) =0 (3)
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and it can then be shown from this recursion that by expanding detA,, (z) one gets
Un(z) = det(A,(x)), n>1. (4)

Furthermore by using standard methods for solving the recursion (3), one obtains the

explicit formula:
Un(z) =

W[(g@w—)”l( xz_l)"“}, >, (5)

where the identity is true for all complex x (except at x = +1 where the function can be taken
as the limit). The definition of U, (x) easily yields its zeros and it can therefore be verified that

n—1 .
_ g
U, _ —_9n 1 _ 0
n1(z) =2 H (:C oS n) (6)
j=1
One further notes that

Unor(—2) = (=1)" Uy (a). (7)

These two results yield another formula for U, (x) following,

U2 | (x —4”1H< ) (8)

Finally, simple manipulation of the above formula yields the following, which also will be

extremely useful to us latter:

U2 ( \/m 1:[ (:1:—2cos2]—ﬂ-) (9)

Furthermore, one can shows that

1 1

Ui y(z) = =27 [1—Tz,] =

and

83. Results

In mathematics, one always tries to get new structures from given ones. This also applies to

the realm of graphs, where one can generate many new graphs from given set of graphs.

Definition 3.1 If G1 and G2 are vertez-disjoint graphs of the same number of vertices. Then
the symmetric join, G1 * Go is the graph of G1 + Gs, in which each vertex of Gy is adjacent to
every vertex of Go except the paired ones. See Fig.1 for details.
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U1 U1 Uy U1
U2 (%) U2 U2
us U3 us U3
e Go G1 * G
Fig.1

Now, we can introduce the following lemma.

1 — [
Lemma 3.2 7(G) = —Qdet(pI — D+ A), where A, D are the adjacency and degree matrices of
p

G, the complement of G, respectively, and I is the p x p unit matriz.

Proof Straightforward by properties of determinants, matrices and matrix-tree theorem.[]

The advantage of these formulas in Lemma 3.2 is to express 7(G) directly as a determinant

rather than in terms of cofactors as in Kirchhoff theorem or eigenvalues as in Kelmans and

Chelnokov formula.

Lemma 3.3 Let A € F*"*" B € F»*™ C € F™*" and D € F™ ™. If D is non-singular,
then
A B .
det = (—1)""det (A — BD~'C) detD.
C D

Proof 1t is easy to see that

A B\ [A-BD'C B I 0
C D 0 D D7iC I
Thus
A B A-BD'C B I 0
det = det det
C D 0 D D7iC I
= (=1"")det (A — BD~'C)detD. O

This formula gives some sort of symmetry in some matrices which facilitates our calculation

of determinants.
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Theorem 3.4 For any integer n > 3,

(P, * P)

n—1

22"n\/(n2 —4) ((n +2)? - 4)

x Kn+2+ (n+2)2—4>n— (n—|—2— (n+2)2—4>n].

Proof Applying Lemma 3.2, we get that

7(Py, * Pp)

[ V)

(2n)?

1

(2n)?
n+1
0
1

det (2an—ﬁ+Z)

0 1

n+2 1
0

n+2
0

X 2

0
n+1

n+1

0

n+2

0

n+2

0
n+3

n+2
0

n+3 0

0

n+2

% [(n+ Vi =1)" = (n— V2 =1)"]

0
n—+1
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1 2n — 2
= —— -2
(2n)2 n-—-2 x(n—2)
n -1 0
-1
x| 0 0 X 2n
-1
0 -1 n
(n—1)x(n—1)
1 2n —2 n
= —2)U,_ (—)} U,
(2n)2xn—2[(n JWn=1{3)] % |2nUn-1
1 2(n—1) 1
= )X —
@ X Tz T e
o 2n
2ny/(n+2)? + 42
n—1

" 20 2 — D)((n + 2)2 — 4)

n+2 -1 0

0 -1 n+2

)

X {(n—l—\/n?—él)n— (n— n2—4)n}
x [(n+2+\/m)n—(n+2— (n+2)2—4)n}.

Theorem 3.5 For any integer n > 3,

7(Ny * Np) =n""2(n —1)(n — 2)" L

Proof Applying Lemma 3.2, we have

1 - _
n 1
1
1 1 1 n
= X
(2n)? no1
I 1

73

(n—1)x(n—1)

[(n+ m)"_ (n- n2—4)"}
Kn+2+\/m)n— (n+2— (n+2)2—4)n}
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n+l 1 1 . 1 n—1 1 1 .. 1
1 n+1 1 - : 1 n—-1 1
1
= X . . X . .
@n)? 1 1 . . 1 1 1 . . 1
n+1 1 : . n—1 1
1 | 1 n+1 1 | 1 n-1
1 n - n -
S | (RTINS RPN
J= J=

1 - o
—(%y“n+n+1+”-+nx}JIﬂ«n+U+waﬁ+-“+%-U
J=1,wj

=—1
n

(=1 +1+1+-—+1)x [ (n=-D)+wj+wj+-+wf™)
J=1l,w;#1

=—1

= (2;)2(714—14-71—1)X(n-i-l—l)"fl X(n_1+n—1)><(n—1—1)"*1

— X B X 20— (=2 = = (-2

Theorem 3.6 For any integer n > 3,

n—1

2nnv/nt — 8n2 + 8n
X [(n2—2+\/n4—8n2+8n)n— (n2—2—\/n4—8n2+8n)n}.

T(Np * Py)

Proof Applying Lemma 3.2, we get that

T(Np, x P,) = Ldet (2nx I =D+ A)

(2n)?
n 1 |
1 n 1
1 1 1 I
n 1
1 1 1 n
T e n+l 0 1 - 1
0 n+2 0
I 1 0 1
n-+2 0
1 1 0 n+1
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n?+2n—3
2n—1

1 3n—2

3n—2

n+4

(n _ 1)71 3n—2
(2n)?

2n—1

n?—2
n—1
0
(n _ 1)n+1 1
NpxPp) = —"—
(Vo x Fo) (2n — 3)n? .
1
n?—-2
n—1 1
-1
(n —1)ntt y 2n—3 0
C (2n—3n2 " n-2
1

3n—2

2n —1
3n—2
n—1
3n—2
n—1

3n—2

0
n%—2
n—1 + 1
0
-1 0
n%—2
n—1 -1
-1

n24+3n—4 2n—1 3n-—2

n2+3n—4
2n—1

3n—2

3n

3n—2
n—1
2n—1

1
0
n2—2
n—1 + 1
1 0
0
0
n?—2
n—1 -1
0 -1 n2—2

3n —2

3n —2

2n—1
n?+2n—-3

75
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21 1 0 -~ 0
-1
n—1n"t  2n -3 n?—2
= X X -2
C(2n—-3n2 " n-2 n—1 0 0
-1
0 .0 -1 m=2
n (n—1)x(n—1)

e = (5 -9 o () - 5 < ()

—1 n n
= " x{(n2—2+\/n4—8n2+8n) —(n2—2—\/n4—8n2+8n) }.D
2nny/nt — 8n2 + 8n

Lemma 3.7 Let B,(x) be an n x n, n > 3 matric such that

z 0 1 0
0 1
Bn(z) = | 1
0
0 1 0 =

with > 4. Then

det(B, (x)) = % {T" (I 7 - 1)] '

Proof Straightforward induction using properties of determinants and above mentioned
definitions of Chebyshev polynomial of the first and second kind. 0

Theorem 3.8 For any integer n > 3,

(n —1)ntt
2mn2(n —2)

n?—2 n2 —2\? n%—2 n2 —2\?2
—4 — -4 _2n+1
n—1+ (n—l) + n—1 (n—l)

Proof Applying Lemma 3.2, we know that

X

1 -
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n 1 1 1
1 n 1
1 1 1
n 1
1 « 1 1 1 n
(2n)? n+2
0
I 1
0
n+3n—-4 2n—-1 3n-2
2n—1
1 3n—2
@n) "
3n — 2
2n—1 3n —2
2n—1 3n—2
n+ 4 n—1 n—1
o=l p44
(n—1)" % 37?:12
- (2n)?
3n—2
n—1
2n—1 3In—2 3n—2
n—1 n—1 n—1

I

0 1 0
n+2 0

0 1

n+2 0

1 0 n+ 2

3n —2 2n—1

3n—2

3n—2

2n—1

on—1 n®’+3n—-4

3n—2 2n—1

2n—1 n—1
3n—2
n—1
3n—2
n—1
2n—1

n+4 =

2n—1

S nt4

Straight forward induction by using properties of determinants. We obtain that

T(Np x Cp) =

2

! 0 1
0 =241 0
(n—1)" 1 0
@n =32
1
0 1

1 0

1 - 1
1

1
n2—2

L2 4] 0

2
1 0 =24

7
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Applying Lemma 3.7, we get that

(n—1)"tt  2(n—3) n?—2

N, xC,,) = T, -1
T(Nnx ) = Gy X Th 2 2(n — 1)
B (n_l)n-i—l
~ 2np2(n — 2)

n%—2 n2 —2\2 n?—2 n2 —2\?

—4 - —4 ] —ontif, O

x n—1+ (n—l) n—1 (n—l)

theorem 3.9 For any integer n > 3,

n-l ] Kn—i—x/ﬂ)n—i—(n— n2—4)n—2"+1}

2mn2(n — 2

X Kn—l—2+\/m)n+(n+2— (n+2)2—4)n—2”+1].

Proof applying Lemma 3.2, we get that

7(Cp % Cy)

1

T(Cp * Cp) = Wdet (2n x I — D + A)
n+2 0 1 0
0 n+ 2 1
1 0 I
1
1 n+2 0
1 0 1 0 n+2
ECDEN n+2 0 1 0
0 n+2 0 1
1 0
1 1
1 n+ 2 0
0 1 0 n+2
n+1 0 0 n+3 0 0
0 n+1 1 0 n-+3 1
1 " 1 0 " 1 0
-~ (2n)2 1 1
1 n+1 0 1 n+3 0
0 1 0 n+1 0 1 0 n+3
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Applying Lemma 3.7, we get that

"G C) = g x e [ (5) 1] xa | (U52) 1]

(2n)? n—2 2 2
- o o)

x [<n+2+\/m)n+(n+2— (n+2)2—4)n—2"+1}. O

84. Conclusion

The number of spanning trees 7(G) in graphs (networks) is an important invariant. The evalu-
ation of this number is not only interesting from a mathematical (computational) perspective,
but also, it is an important measure of reliability of a network and designing electrical circuits.
Some computationally hard problems such as the travelling salesman problem can be solved
approximately by using spanning trees. Due to the high dependence of the network design and

reliability on the graph theory we introduced the above important theorems and their proofs.
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Abstract: The vertex v of a graph G is called a 1-critical-vertex for the maximum genus
of the graph, or for simplicity called 1-critical-vertex, if G — v is a connected graph and
M (G —v) = ym(G) — 1. In this paper, through the joint-tree model, we obtained some
types of 1-critical-vertex, and get the upper embeddability of the Spiral Sy,.
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§1. Introduction

In 1971, Nordhaus, Stewart and White [12] introduced the idea of the maximum genus of graphs.
Since then many researchers have paid attention to this object and obtained many interesting
results, such as the results in [2-8,13,15,17] etc. In this paper, by means of the joint-tree model,
which is originated from the early works of Liu ([8]) and is formally established in [10] and [11],
we offer a method which is different from others to find the maximum genus of some types of
graphs.

Surfaces considered here are compact 2-dimensional manifolds without boundary. An ori-
entable surface S can be regarded as a polygon with even number of directed edges such that
both @ and a~! occurs once on S for each a € S, where the power “—1”means that the direction

1

of a=" is opposite to that of a on the polygon. For convenience, a polygon is represented by

a linear sequence of lowercase letters. An elementary result in algebraic topology states that
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Natural Science Foundation of China (Grant No: 11171114).
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each orientable surface is equivalent to one of the following standard forms of surfaces:

aOaalu p= 07
0, = p
b 1 aibia;'b;t, p>1.
i=1
which are the sphere (p = 0), torus (p = 1), and the orientable surfaces of genus p (p > 2).
The genus of a surface S is denoted by ¢g(95). Let A, B, C, D, and E be possibly empty linear
sequence of letters. Suppose A = ajas...a,,r > 1, then A7 = a;1.. .a;lal_l is called the
inverse of A. If {a,b,a=!,b=1} appear in a sequence with the form as AaBbCa~!Db 1 E, then
they are said to be an interlaced set; otherwise, a parallel set. Let S be the set of all surfaces.
For a surface S € S , we obtain its genus g(S) by using the following transforms to determine

its equivalence to one of the standard forms.

Transform 1 Aaa~! ~ A, where A € S and ¢ A
Transform 2 AabBb 'a™' ~ AcBc 1.

Transform 3 (Aa)(a™'B) ~ (AB).

Transform 4 AaBbCa 'Db~'E ~ ADCBFEaba= b1

In the above transforms, the parentheses stand for cyclic order. For convenience, the
parentheses are always omitted when unnecessary to distinguish cyclic or linear order. For

more details concerning surfaces, the reader is referred to [10-11] and [14].

€1

For a graphical property &2, a Smarandache &-drawing of a graph G is such a good
drawing of G on the plane with minimal intersections for its each subgraph H € & and optimal
if # = G with minimized crossings. Let T be a spanning tree of a graph G = (V, E), then
E = Ep + E}, where Ep consists of all the tree edges, and E} = {e1,ea,...eg} consists
of all the co-tree edges, where 8 = ((G) is the cycle rank of G. Split each co-tree edge
ei = (fte;, ve;) € B3 into two semi-edges (fie,,we, ), (Ve,,w.,), denoted by e;" (or simply by e; if
no confusion) and e; ! respectively. Let T = (V+V;, E+E,), where V; = {w.,, wy, |1<i<BY,
By = {(fte;»we, ), (Ve;»wi,) | 1 <i < B}, Obviously, T is a tree. A rotation at a vertex v, which
is denoted by oy, is a cyclic permutation of edges incident on v. A rotation system ¢ = o¢
for a graph G is a set {oy|Vo € V(G)}. The tree T with a rotation system of G is called a
joint-tree of G, and is denoted by Tg. Because it ia a tree, it can be embedded in the plane. By

reading the lettered semi-edges of T, in a fixed direction (clockwise or anticlockwise), we can
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get an algebraic representation of the surface which is represented by a 2G—polygon. Such a
surface, which is denoted by S, is called an associated surface of TVU. A joint-tree TVU of G and
its associated surface is illustrated by Fig.1, where the rotation at each vertex of G' complies
with the clockwise rotation. From [10], there is 1-1 correspondence between associated surfaces
(or joint-trees) and embeddings of a graph.

To merge a vertex of degree two is that replace its two incident edges with a single edge
joining the other two incident vertices. Vertex-splitting is such an operation as follows. Let v
be a vertex of graph G. We replace v by two new vertices v; and vs. Each edge of G joining
v to another vertex w is replaced by an edge joining w and w1, or by an edge joining w and
vo. A graph is called a cactus if all circuits are independent, i.e., pairwise vertex-disjoint. The
maximum genus vp (G) of a connected graph G is the maximum integer k such that there
exists an embedding of G into the orientable surface of genus k. Since any embedding must
have at least one face, the Euler characteristic for one face leads to an upper bound on the

maximum genus

(@)= V(G) +1

(@) s (=]

|.

A graph G is said to be upper embeddable if vy (G) = L@J, where 5(G) = |E(G)| —
[V(G)] + 1 denotes the Betti number of G. Obviously, the maximum genus of a cactus is zero.
The vertex v of a graph G is called a 1-critical-vertex for the maximum genus of the graph, or
for simplicity called 1-critical-vertex, if G—wv is a connected graph and v (G —v) = yp (G) — 1.
Graphs considered here are all connected, undirected, and with minimum degree at least three.
In addition, the surfaces are all orientable. Notations and terminologies not defined here can

be seen in [1] and [9-11].

Lemma 1.0 If there is a joint-tree T, of G such that the genus of its associated surface equals
|B(G)/2] then G is upper embeddable.

Proof According to the definition of joint-tree, associated surface, and upper embeddable

graph, Lemma 1.0 can be easily obtained. O

Lemma 1.1 Let AB be a surface. If v ¢ AU B, then g(AzBz~') = g(AB) or g(AzBz™!) =
g(AB) + 1.

Proof First discuss the topological standard form of the surface AB.

(I) According to the left to right direction, let {x1,y1, 27", y; '} be the first interlaced set
appeared in A. Performing Transform 4 on {x1,y1, 27", y; '} we will get A/Bxlylelyfl (~
AB). Then perform Transform 4 on the first interlaced set in A’. And so on. Eventually we

will get AB 1 ziyiz; 'y; ' (~ AB), where there is no interlaced set in A.

i=1
(IT) For the surface AB 1 wiyiz; 'y, from the left of B, successively perform Transform
i=1
4 on B similar to that on A in (I). Eventually we will get AB 11 ziyir; ty; 1_[1 ajbjajflb;l (~

i=1 j=
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AB), where there is no interlaced set in B.

(ITI) For the surface AB [ ziyiz; 'y, ! 1 ajbjaj_lbj_l, from the left of AB, successively
i=1 j=1

. p

perform Transform 4 on AB similar to that on A in (I). At last, we will get [] aiba; *b; ",
i=1

which is the topologically standard form of the surface AB.

As for the surface AzBxz~?!, perform Transform 4 on A and B similar to that on A in (I)

and B in (II) respectively. Eventually AzxBax~! 11;[1 ziyiry y jl;ll ajbjaj_lbj_l (~ ArBx~1) will

be obtained. Then perform the same Transform 4 on AzBz~! as that on AB in (III), and at

last, one more Transform 4 than that in (III) may be needed because of  and z 1 in AzBx~!.

P p+1
Eventually [] aibiaflb; Lor T a;bia; 1b;1, which is the topologically standard form of the
i=1 i=1

surface AwB;c_l, will be obtained.

From the above, Lemma 1.1 is obtained. ]

Lemma 1.2 Among all orientable surfaces represented by the linear sequence consisting of a;

1 -1

and a;l (i=1,...,n), the surface ajas ...anay ay" .. .a; " is one whose genus is mazimum.

Proof According to Transform 4, Lemma 1.2 can be easily obtained. O

Lemma 1.3 Let G be a graph with minimum degree at least three, and G be the graph obtained

from G by a sequence of vertex-splitting, then v (G) < v (G). Furthermore, if G is upper
embeddable then G is upper embeddable as well.

Proof Let v be a vertex of degree n(>4) in G, and G' be the graph obtained from G by
splitting the vertex v into two vertices such that both their degrees are at least three. First
of all, we prove that the maximum genus will not increase after one vertex-splitting operation,
ie., yu(G) <y (G).

Let eq, e, ... e, be the n edges incident to v, and v be split into v; and vo. Without loss
of generality, let e;,, €;,, ... e;, be incident to v1, and e;,,,, ... e;, be incident to vp, where
2 <4, < n — 2. Select such a spanning tree T' of G that e;, is a tree edge, and e;,, ... e; are

all co-tree edges. As for graph G/, select T* be a spanning tree such that both e;, and (v1,v2)
are tree edges, and the other edges of 7™ are the same as the edges in T'. Obviously, e;,, ... e;,
are co-tree edges of T*. Let T={T,|T, = (T —v),, where (T —v),, is a joint-tree of G — v},
T*={T*|T* = (T* — {v1,v2}),, where (T* — {v1,v}), is a joint-tree of G — {vi,v}}. Tt is
obvious that 7 = 7*. Let S be the set of all the associated surfaces of the joint-trees of G,
and S8* be the set of all the associated surfaces of the joint trees of G Obviously, $* C S.
Furthermore, |S*| = rl x (n — )l x |T*| < |S] = (n — 1)! x |T]. So 8* C S, and we have
(@) < 7 (G).

Reiterating this procedure, we can get that vy(G) < ~vam(G). Furthermore, because

B(G) = B(G), it can be obtained that if G is upper embeddable then L@J = L@J =

2 2
Y (G) <ym(G) < L%G)J So, Yym(G) = L%G)J, and G is upper embeddable. O
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§2. Results Related to 1-Critical-Vertex

The neckband N3, is such a graph that N3, = Cs, + R, where Cs,, is a 2n-cycle, and R =
{aila; = (v2i—1,v2i12). (i=1,2,...,n, 20 +2 =r(mod 2n), 1 <r < 2n)}. The maobius ladder
M, is such a cubic circulant graph with 2n vertices, formed from a 2n-cycle by adding edges
(called ”rungs”) connecting opposite pairs of vertices in the cycle. For example, Fig. 2.1 and
Fig. 2.5 is a graph of Ng and Mas,, respectively. A vertex like the solid vertex in Fig. 2.2, Fig.
2.3, Fig. 2.4, Fig. 2.5, and Fig. 2.6 is called an a-vertex, (-vertex, y-vertex, d-vertex, and

n-vertex respectively, where Fig. 2.6 is a neckband.

v3 V4
V2 V5 a . a
L]
L]
v Uy
1 6 b
U8 vr

Fig. 2.1. Fig. 2.2 Fig. 2.3
“u vg U1
m
u v2n ii v2 vg Van
a
O
: : “ ’ 2n—1
V2 Un+2 Un V2n—2
Un41 V2n—3
Fig. 2.4 Fig. 2.5 Fig. 2.6

Theorem 2.1 Ifv is an a-vertex of a graph G, then vy (G —v) = vy (G). If v is a S-vertex,
or a vy-vertex, or a d-vertex, or an n-vertex of a graph G, and G —v is a connected graph, then

Y (G —v) =y (G) —1, i.e., B-vertex, y-vertex, §-vertex and n-vertex are 1-critical-vertex.

Proof 1If v is an a-vertex of the graph G, then it is easy to get that vy (G —v) = v (G).

In the following, we will discuss the other cases.

Case 1 v is an (J-vertex of G.

According to Fig. 2.3, select such a spanning tree 1" of G such that both a and b are
co-tree edges. It is obvious that the associated surface for each joint-tree of G must be one of

the following four forms:

i) AabBa~'b~! ~ ABaba~'b71;
ii) AabBb~la~! ~ AcBcl;

iii) AbaBa~1b~! ~ AcBcl;

iv) AbaBb~la~! ~ ABbab~la~!.
On the other hand, for each joint-tree T

o

o~ o~ o~ o~

which is a joint-tree of G — v, its associated

surface must be the form as AB, where A and B are the same as that in the above four forms.
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According to (i)-(iv), Lemma 1.1, and g(ABaba~'b~1)=g(AB) + 1, we can get that vu (G — v)
= ’7]\4(G) —1.

Case 2 v is an y-vertex of G.

As illustrated by Fig.2.4, both v; and ve are vy-vertex. Without loss of generality, we only
prove that vy (G — v1) = yam(G) — 1. Select such a spanning tree T' of G such that both @ and
b are co-tree edges. The associated surface for each joint-tree of G must be one of the following
16 forms:

Aabb~'a"'B, Aabb 'Ba~!, Aaba"'Bb~', AabBa~'b7l,
Abab~'a='B, Abab 'Ba~!, Abaa 'Bb~', AbaBa~'b7l,
Ab~ta='Bab, Ab~'Ba~'ab, Aa"'Bblab, ABa l'b~lab,
Ab~la='Bba, Ab~'Ba"'ba, Aa"'Bb 'ba, ABa"lb"lba.

Furthermore, each of these 16 types of surfaces is topologically equivalent to one of such surfaces
as AB, ABaba='b~!, and AcBc~!. On the other hand, for each joint-tree T, which is a joint-
tree of G — vy, its associated surface must be the form of AB, where A and B are the same as
that in the above 16 forms. According to Lemma 1.1 and g(ABaba~1b~1)=g(AB) + 1, we can
get that var (G —v) = v (G) — 1.

Case 3 v is an d-vertex of G.

In Fig.2.5, let a; = (vi, vn4i),% = 1,2,...,n. Without loss of generality, we only prove
that va7(G — v1) = a(G) — 1. Select such a joint-tree Ty, of Fig. 2.5, which is illustrated
by Fig.3, where the edges of the spanning tree are represented by solid line. It is obvious
that the associated surface of T, is mnm~—'n"lasas .. .anaytaz'...a;'. On the other hand,

asas . ..ana; tazt... a1 is the associated surface of one of the joint-trees of G — v;. From
3 2 dg n J

Lemma 1.2 and g(mnm™'n"lasas...ana;  az’ ... a;)=g(asas...anay az’ .. a;l) + 1, we

can get that v (G —v) = v (G) — 1.

-1 -1 a -1 !
_ [ a. an a3 an a2 Y1 a3 a -1
arl, Onot G2 G @, a P @ G2
- Do e ey, feeet . T T O
. U1 : U2n71
Von V2 . v K
m V1 . . 2 V2n—3
. n s—1 R T
n m 1 2n S
Fig. 3. Fig. 4.

Case 4 v is an n-vertex of G.

As illustrated by Fig.2.6, every vertex in Fig. 2.6 is a n-vertex. Without loss of generality,
we only prove that v (G — v2,) = Ym(G) — 1.
A joint-tree T, of Fig.2. 6 is depicted by Fig.4. It can be read from Fig.4 that the associated

surface of T, is § = aan( H aiv1a; Datya; trsr~ s™1. Performing a sequence of Transform

=1
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4 on S, we have

n—3

1y -1 - 1 —

S = alan(H ai410; )an72an1rsr Tg—1
i=1

n—3
(Transform 4) ~ (H aivra; V)a, tyaorsr s layanal ta, !
=2

n—3
(Transform 4) ~ (H ai+1a;1)a;i2a4rs1"71sflalanaflaglagagaglagl
1=4

n—4
rsrilsflalanal_lagl( H ai+1aiai__i_11ai_1) n = 0(mod 2);
(Transform 4) ~ =2 (1)
rsrilsflalanal_lagl( 'Hz ai+1aiai__i_11ai_1) n = 1(mod 2).
It is known from (1) that
9(8) = (G) (2)
, n—3 -~ -~
On the other hand, S' = aja,( [ ait1a; ')a, ya;! is the associated surface of T, where T
i=1
is a joint-tree of G — va,. Performing a sequence of Transform 4 on S’, we have
n—3
S = alan(H aiyra; a, tyant
i=1
n—4
alanal_lagl( 11 ai+1aiai__i_llai_l) n = 0(mod 2);
~ = (3)
alanal_lagl( 11 ai+1aiai__i_llai_l) n = 1(mod 2).
i=2
It can be inferred from (3) that
9(8) = (G = van). (4)
From (1) and (3) we have
9(5)=g(5)+1 (5)
From (2), (4), and (5) we have v (G — v2,) = vm(G) — 1.
According to the above, we can get Theorem 2.1. O

Let G be a connected graph with minimum degree at least 3. The following algorithm can

be used to get the maximum genus of G.

Algorithm I:

Step 1 Input i =0, Gy =G.
Step 2 If there is a l-critical-vertex v in G;, then delete v from G; and go to Step 3.
Else, go to Step 4.
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Step 3 Deleting all the vertices of degree one and merging all the vertices of degree two
in G; — v, we get a new graph G;y1. Let i =i+ 1, then go back to Step 2.
Step 4 Output i (G) = v (G;) + 4.

Remark Using Algorithm I, the computing of the maximum genus of G can be reduced to

the computing of the maximum genus of G;, which may be much easier than that of G.

83. Upper Embeddability of Graphs

An ear of a graph G, which is the same as the definition offered in [16], is a path that is maximal
with respect to internal vertices having degree 2 in G and is contained in a cycle in G. An ear
decomposition of G is a decomposition py, ..., pr such that pg is a cycle and p; for i > 1 is an
ear of poU---Up;. A spiral S}, is the graph which has an ear decomposition py, ..., p, such
that po is the m-cycle (v1v2 ... 0y ), p; for 1 <i < m — 1 is the 3-path V12— 2Um+2i—1Vm42i0;
which joining vy, +2;—2 and v;, and p; for ¢ > m — 1 is the 3-path vy, 42— 2Um42i—1Vm+2i02i—m+1
which joining vp,y2,—2 and ve;—m+1. If some edges in S} are replaced by the graph depicted
by Fig. 6, then the graph is called an extended-spiral, and is denoted by S‘]}l Obviously, both
the vertex v; and ve in Fig. 6 are y-vertex. For convenience, a graph of S¢ is illustrated by
Fig.5, and Fig.7 is the graph which is obtained from S¢ by replacing the edge (v13,v14) with
the graph depicted by Fig.6.

v3 Vg
v2

Fig. 5. Fig. 6. Fig. 7.

Theorem 3.1 The graph SZ is upper embeddable. Furthermore, yar(SE —von+3) = ym(SE)—1,

i.e., Vany3 1S a I-critical-vertex of SE'.

Proof According to the definition of S, when n < 4, it is not a hard work to get the
upper embeddability of SF'. So the following 5 cases will be considered.

Case 1 n = b5j, where j is an integer no less than 1.

Without loss of generality, a spanning tree 1" of S can be chosen as T' = T1UT5, where T is
j—1

the path vav1vsv4v3{ [] V10i+1V10iV10i~1010i—2V10i—3V10i—4V10i+5V10i+4V10i+3V10i+2 }V2n+1- V2n
i=1

V2 —1VU2n—2V2n—3V2n—4V2n 15020 44V2n 43, 12 = (Vani1,V2n42). Obviously, the n + 1 co-tree

Jj—1
edges of S with respect to T are e; = (vs,v3), e2 = (v2,v9), €3 = (v1,v7), [[{esi=1 =
i=1

(UIOi—57 UlOi—4)7 €5; = (UIOi—Ga U10i+3)7 €5i+1 = ('UlOi-i—l ) U10i+2)7 €5i+2 = (UIOia U10i+9)7 €5i+3 =
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(V10i—2,V10i+7)}s €n—1 = (V2n—5,V2n-4), €n = (V2n—6,V2n+3); €nt1 = (V2n+2,V2n43). Select
such a joint-tree T, of S which is depicted by Fig.8. After a sequence of Transform 4, the
associated surface S of T, has the form as

Jj—2

—1 —1 —1 —1 -1 _—1
S = ejese; 636465{1_[esi+1esi+2651-,3esi+3e5i,ge5i,1esi+4e5i+5e5i Csip1)
=1

-1 -1 -1 -1 -1 -1 -1 -1 -1 -1
e"—4en—3en—8en—26n—7en—6671—1en—5en—4en—36n—2en—le"+1e"en+len

L=3)
—1,-1
~ H €i1€i2€;1 €;9
i=1
-1 —1 1. n+l . .
where e;j, €;;° € {er, .. enqre] e i =1, 5 |57 = 1,2. Obviously, ¢g(S) =
n+1 Con
| 5 |. So, when n =53, S¢ is upper embeddable.
es es es e en1 ety ety enls ents enty
1 . . . . . . . . . €n+1
1, P : : P : : : :
V2 3 e ¢ U3 e® * V-6 3 e V2n+1 V2n ¢ U2n—2 ¢ H V2n+5 to
2n+3

Fig. 8.

Case 2 n =55+ 1, where j is an integer no less than 1.
Without loss of generality, select T'=T7 U T to be a spanning tree of Sf', where T} is the

Jj
path 03021)1{ H '010143U10i74'010i75U10i76010i+3010i+2010i+1UlOi”lOifl'UlOz?Q}U2n+5v2n+4v2n+3; 1>

=1
= (V2n+1,V2n+2). It is obviously that the n 4+ 1 co-tree edges of S with respect to T' are
-1
€1 = (U1705), €y = (U37U4)7 €3 = (03,1}11), €4 = (U2709)7 H{65i = (11101'7370101'72),65#1 =
i=1

(010i747010i+5), €5i+2 = (010i+3, U10i+4)7 €5i+3 = ('UlOz'+27'UlOi+11)7 €5i+4 = (010i7010i+9)}; €n—-1 =
(’UQn,5, 1)2",4), €p = (’UQn,g, U2n+3), €n+1 = ('UQnJrQ, U2n+3). Similar to Case 1, select ajoint tree
T, of Sf'. After a sequence of Transform 4, the associated surface S of T,, has the form as

Jj—2
-1_-1 -1 II -1 -1 -1 -1
S = €1€2€3€4€5€6€7] €9 €7€8€3 69{ €r5,_165; 65i+5€51‘+665i+165i+2651‘+7
i=1

-1 -1 -1 -1 -1 -1 -1 -1 -1 -1
e5i+865i+365i+9}enf7en766n*167175en74en73en72en716n+1enen+len

L5
~ H 61‘161‘26;116;217
i=1
_ _ _ ) n+1, .
where €5, eij1 e {e1,...,ent1,€] 1o .,enil}; i=1,...,] 5 |57 = 1,2. Obviously, ¢g(S) =

n+1

=

|. So, when n =55 + 1, S is upper embeddable.
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Case 3 n =55 + 2, where j is an integer no less than 1.
Without loss of generality, select a spanning tree of S to be T' = T U T3, where T is the

J
path U1 U5U4U3U2{ H V10i—1Y10i—2710i—3V10i—4V10i+5V10i+4V10i+3V10i+2V10i+1 UlOi}U2n+5U2n+4U2n+37
i

=1

Ty = (V2n+t1,V2nt2). It is obviously that the n 4+ 1 co-tree edges of S with respect to T
j—1

are e; = (vi,v2), e2 = (v1,v7), e3 = (vs,v6), ea = (va,013), es = (v3,v11), [[{esiv1 =

i=1
(V10i—1,10i), €5i42 = (V10i—25V10i47), €543 = (V10i4+55 V10i46 ), €5i+4 = (V10i4+45 V10i+13), €5i45 =
(V10i42, V10i+11)}, €n—1 = (Van—5,V2n—4), €n = (Van—6,V2n+3), €nt1 = (V2n42, Vany3). Similar
to Case 1, select a joint-tree T}, of Sf'. After a sequence of Transform 4, the associated surface

S of TG has the form as

j—2
-1 -1_-1 -1 -1_-1 -1 -1
S = €1€2€3€4€5€1 €6€7€y €3 €8€9€, 610{1_[ €5, 651‘4_1e5i+665i+765i+265i+3e5i+8
i=1
-1 -1 -1 -1 -1 -1 -1 -1 -1 -1
€5i-+9€5;44€5i+10}€p 7€ _6En—1€y_5€n_4C€0_3€,_5Cpn_1En+1€nCp 1€y
1252

-1, -1
~ H €i1€42€;1 €0,
i=1

n+1
2

1 -1 —1 . _
where €5, e;;- € {e1,...,ent1,67 4.6 i =1,
Ln—l—l

2
Case 4 n =55 + 3, where j is an integer no less than 1.

|57 = 1,2. Obviously, ¢g(S) =

|. So, when n =55 + 2, S is upper embeddable.

Without loss of generality, a spanning tree 17" of SI' can be chosen as T = T U T,

j
where T is the path U2U1U7U6U5U4U3{_H V10i4+1V10§V10i—1V10i—2V10i+7V10i+6V10i+5V10i+4V10i+3~

=1
UlOi+2}v2n+5v2n+4v2n+37 TQ = (v2n+1, U2n+2). It is obviously that the n + 1 co-tree edges of Sg

j
with respect to T" are e; = (v1,vs), €2 = (v2,v3), e3 = (v2,v9), [[{esi—1 = (Vi0i—3,V10i—2), €5 =
i=1

(V10i—4,V10i45); €5i+1 = (V10i—65V10i+3); €5i+2 = (V10i4+1, V10i4+2), €5i+3 = (V10i, V10i+9)}, €nt1 =
(van+2,V2n43). Similar to Case 1, select a joint-tree T, of SZ'. After a sequence of Transform
4, the associated surface S of T, has the form as

j—1
S = -1 -1 ) ) -1 -1 ) ) -1,
= €1€2€3€4€5€ ) €€y { €5i4-2€5i4+-3€5,_2€5, 1€5i4+4€5i45€5; €5i46
i=1
-1 -1 -1 -1 -1 -1 _—1 -1 -1
e5i+le5i+2}en—1en—5en—4en—3€n—2en—1en+1enen+len
(242 ]

-1 -1
~ H €i1€42€;1 €9,
1=1

n+1
2

1 -1 —1 . _

where €5, e;;- € {e1,...,ent1,61 4.6 i =1,
Ln—l—l
2

|57 = 1,2. Obviously, ¢g(S) =

|. So, when n = 55 + 3, S is upper embeddable.

Case 5 n =55 + 4, where j is an integer no less than 1.
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Without loss of generality, a spanning tree 7" of Sf can be chosen as T" = Ty U T, U T3,
J
where 77 is the path 11102{ H 11101'710101'7211101'730101'7411101'750101'—6U10i+31}10i+2010i+1UlOi}Uan-
i=1
V2nV2n—1V2n—2V2n—3V2n—4V2n45V2n4+4V2n+3, 12 = (v2,v3), T3 = (Van41,V2n42). It is obviously
that the n+1 co-tree edges of S with respect to T" are e; = (v1,v5), e2 = (v1,v7), e3 = (vs, v4),

J
€4 = (03,1}11)7 H {65i = (010i717010i),65i+1 = (U10i727010i+7);e5i+2 = (U10i74;1}10i+5)765i+3 =

i=1
(V10i43, V10i44); €5i44 = (V10i+2,V10i+11)}5 €nt1 = (V2nt2,V2n13). Similar to Case 1, select a
joint-tree T, of SF'. After a sequence of Transform 4, the associated surface S of T, has the

form as
j—1
S = 626163646566651676f16§1{H e5i+365i+465;‘1_165;‘165i+5€5i+665_ii_1
i=1
e5i+765_i%k2e5_i13}eﬂ—l6771567:£467:i3€;1267:i1en+1ene;}-1€;1
(23]
~ H eneiney €y
1=1
where €5, ei_j1 € {e,.. .,en+1,el_1, . .,e;_ilrl}; 1=1,..., Ln;— 1J;j = 1, 2. Obviously, g(S) =
n+1

|

|. So, when n =55 + 4, S is upper embeddable.

From the Case 1-5, the upper embeddability of S can be obtained.

Similar to the Case 1-5, for each n > 5, there exists a joint-tree Tj of 8 — vapys3 such
that its associated surface is S = S — {ent1ene, i€y}, It is obvious that S is the surface
into which the embedding of Sf — vap43 is the maximum genus embedding. Furthermore,
g(S") = g(S) =1, i.e., Yar(SE —vany3) = Yar(SP) — 1. S0, vanys is a 1-critical-vertex of S¢. O

Similar to the proof of Theorem 3.1, we can get the following conclusions.

Theorem 3.2 The graph S is upper embeddable. Furthermore, vy (Sl — Umion—2) =

Y (Sh) — 1, i.e., Umioan—2 18 a 1-critical-vertex of SP.

Corollary 3.1 Let G be a graph with minimum degree at least three. If G, through a sequence

of vertez-splitting operations, can be turned into a spiral S}, then G is upper embeddable.

Proof According to Lemma 1.3, Theorem 3.2, and the upper embeddability of graphs,
Corollary 3.1 can be obtained. O

In the following, we will offer an algorithm to obtain the maximum genus of the extended-

spiral ng
Algorithm II:

Step 1 Input i =0 and j = 0. Let Gy be the extended-spiral S}}I

Step 2 If there is a y-vertex v in G;, then delete v from G;, and go to Step 3. Else, go to
Step 4.

Step 3 Deleting all the vertices of degree one and merging some vertices of degree two in

G, — v, we get a new graph G;y;. Let i =i+ 1. If G, is a spiral S}, then go to Step 4. Else,
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go back to Step 2.

Step 4 Let Giy; be the spiral S)},. Deleting vp,yo,—2 from S}, we will get a new graph
Gitj+1, (obviously, Gitj41 is either a spiral 872 or a cactus).

Step 5 If Giyj41 is a cactus, then go to Step 6. Else, Let n =n -2, j = j 4+ 1 and go
back to Step 4.

Step 6 Output v (S”) =i+ j+ 1.

Remark 1. In the graph G depicted by Fig.6, after deleting a ~-vertex v1 (or va) from
G, the vertex vz (or vy) is still a y-vertex of the remaining graph.

2. From Algorithm II we can get that the extended-spiral SN',’}@ is upper embeddable.
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81. Introduction

All graphs considered in this paper are finite, undirected graphs and we follow standard defi-
nitions of graph theory as found in [3]. Let G = (V, E) be a graph of order n with minimum
degree at least one. The open neighborhood N (v) of a vertex v € V(G) consists of the set of
all vertices adjacent to v. The closed neighborhood of v is N[v] = N(v)U{v}. Foraset S CV,
the open neighborhood N () is defined to be UL€JSN (v) , and the closed neighborhood of S is
N[S]=N(S)US.

A subset S of V is called a total dominating set if every vertex in V' is adjacent to some
vertex in S. A total dominating set is minimal total dominating set if no proper subset of S is
a total dominating set of G. The total domination number ~; is the minimum cardinality taken
over all minimal total dominating sets of G. A ~;-set is any minimal total dominating set with
cardinality ;.

A proper coloring of G is an assignment of colors to the vertices of G such that adjacent
vertices have different colors. The smallest number of colors for which there exists a proper col-
oring of G is called chromatic number of G and is denoted by x(G). Let V' = {u1, us, us, ..., up}
and ¢ = {C1,Cs,C5,...,Cp},n < p be a collection of subsets C; C V. A color represented in a
vertex u is called a non-repeated color if there exists one color class C; € C such that C; = {u}.

Let G be a graph without isolated vertices. For an integer k > 1, a Smarandachely k-

dominator coloring of G is a proper coloring of G with the extra property that every vertex

1Received September 2, 2012. Accepted December 16, 2012.
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in G properly dominates a k-color classes and the smallest number of colors for which there
exists a Smarandachely k-dominator coloring of G is called the Smarandachely k-dominator
chromatic number of G and is denoted by x7,(G). A total dominator coloring of a graph G is a
proper coloring of G with the extra property that every vertex in G properly dominates a color
class. The smallest number of colors for which there exists a total dominator coloring of G is
called the total dominator chromatic number of G and is denoted by xtq4(G). In this paper, we
determine total dominator chromatic number in cycles.

Throughout this paper, we use the following notations.

Notation 1.1 Usually, the vertices of Cy, are denoted by uy,us, ..., u, in order. Fori < j, we
use the notation ([¢, j]) for the subpath induced by {u;,uiy1,...,u;}. For a given coloring C of
Ch, C|{[i,]) refers to the coloring C restricted to (|4, j]).

We have the following theorem from [1].
Theorem 1.2([1]) Let G be any graph with 6(G) > 1. Then

max{x(G),%(G)} < xta(G) < x(G) + 7 (G).

Definition 1.3 We know from Theorem (1.2) that xta(Pn) € {7 (Pn), v (Pn) + 1,%(Pp) + 2}.
We call the integer n, good (respectively bad, very bad) if xta(Pn) = v:(Pn) + 2 (if respectively
Xtd(Pn) = /Yt(Pn) + 1; Xtd(Pn) = ’Yt(Pn))

First, we prove a result which shows that for large values of n, the behavior of x:q(Fy)
depends only on the residue class of nmod4 [More precisely, if n is good, m > n and m =
n(mod 4) then m is also good]. We then show that n = 8,13, 15,22 are the least good integers
in their respective residue classes. This therefore classifies the good integers.

Fact 1.4 Let 1 < ¢ < n and let C be a td-coloring of P,. Then, if either u; has a repeated
color or u;;2 has a non-repeated color, C|([i + 1,n]) is also a td-coloring. This fact is used

extensively in this paper.

§2. Determination of y:q(C,,)

It is trivially true that x¢q(C3) = 3 and x:q(Cys) = 2. We assume n > 5.

Lemma 2.1 If P, has a minimum td-coloring in which the end vertices have different colors,
then Xtd(Cn) S Xtd(Pn)

Proof Join uju, by an edge and we get an induced td-coloring of C,,. O
Corollary 2.2 x:4(Cr) < xta(Pr) for Vn # 3,11, 18.

Lemma 2.3 If C, has a minimal td-coloring in which either there exists a color class of

the form N(x), where x is a non-repeated color or no color class of the form N(zx), then
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Xtd(Pn) S Xtd(cn)

Proof We have assumed n > 3. If n = 3, conclusion is trivially true. We have the following

two cases.

Case 1 (), has a minimal td-coloring C in which there is a color class of the form N(x),
where = is a non-repeated color. Let C,, be the cycle ujus...upu;. Let us assume x = uo
has a non-repeated color n; and N(z) = {uj,us} is the color class of color 1. Then wu,_1
has a non-repeated color since u,, has to dominate a color class which must be contained in
N(un) = {u1,un—1}. Thus C|{[1,n]) is a td-coloring. Thus xta(Pr) < xta(Chn)-

Case 2 There exists C,, has a minimal td-coloring which has no color class of the form N(z). It
is clear from the assumption that any vertex with a non-repeated color has an adjacent vertex

with non-repeated color. We consider two sub cases.

Subcase a There are two adjacent vertices u, v with repeated color. Then the two vertices on
either side of w,v say u; and v; must have non-repeated colors. Then the removal of the edge

uv leaves a path P, and C|{([1,n]) is a td-coloring.

Subcase b There are adjacent vertices u, v with u (respectively v) having repeated (respectively
non-repeated) color. Then consider the vertex uq(# v) adjacent to u. We may assume u; has
non-repeated color (because of sub case (a)). v; must also have a non-repeated color since v
must dominate a color class and u has a repeated color. Once again, C|(C), —uv) is a td-coloring
and the proof is as in sub case (a). Since either sub case (a) or sub case (b) must hold, the

lemma follows. O

Lemma 2.4 x.4(Cr) = xta(Pp) for n=8,13,15,22.

proof We prove for n = 22. By Lemma 2.1, xta(Ps2) > xta(Ca2). Let x:a(Ca2) <
Xtd(Po2) = 14. Then by Lemma 2.3, Cs2 has a minimal td-coloring in which there is a color
class of the form N(z), where x is a repeated color (say Cp). Suppose & = us First, we
assume that the color class of ug is not N(u1) or N(us). Then we have ug, us, usz, us; must be

non-repeated colors.

U2 U11 U0 U9 U U7t

Ug

U113 o ¢ Us

U4 1 ¢ Uy

Uis e U3

Uie Cl1 ¢ U2
ng N3

ui7 . . . . . Uy

U1g U19 U0 U21 U22

Fig.1
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Then C|([6, 20]) is a coloring (which may not be a td-coloring for the section) with 8 colors
including C = The vertices u7 and u;9 have the color Cy. (The sets {ug, us}, {ur, ug}, {u10, 12},
{u11, w13}, {u14, w16}, {u1s, ur7}, {u1s, uz20} must contain color classes. Therefore the remaining
vertex w19 must have color C;. Similarly, going the other way, we get uy; must have color
C1). Then {ug,us}, {u1s,u20} are color classes and wug,u19, u16, w17 are non-repeated colors.
This leads ([11,15]) to be colored with 2 colors including Cj, which is not possible. Hence
Xtd(C22) = 14 = xtq(Pa2). If the color class of ug is N(u1) or N(us), the argument is similar.
Proof is similar for n = 8,13,15. 0

Lemma 2.5 Let n be a good integer. Then Xta(Ppn) < xta(Cr)

Proof We use induction on n. Let ui,us,...,u, be vertices of C, in order. Let C be a
minimal td-coloring of C),. For the least good integers in their respective residue classes mod
4 is 8,13,15, 22, the result is proved in the previous Lemma 2.4. So we may assume that the
result holds for all good integers < n and that n —4 is also a good integer. First suppose, there
exists a color class of the form N(z). Let = us. Suppose us has a repeated color. Then we
have wuy, us, U, up—1 must be non-repeated color. We remove the vertices {u1, ua, us, u,} and
add an edge uqup,—1 in C,. Therefore,we have the coloring C|{[4,n — 1]) is a td-coloring with
colors x:a(Cp) — 2. Therefore, xta(Cr) > 2+ xta(Cn—4) > 2 4+ Xtd(Pn—4) = Xtd(Pn)-

U U5 U4g

[ECRRTTPRIPRR P S R — U3
na2 N1

n e U2
ng N3

feteiteneannns P S S — ul

Up—2Up—1 Up

Fig.2

If z is a non-repeated color, then by Lemma 2.3, x¢a(Pn) < xta(Cyr). If there is no color
class of the form N(z), then xta(Pp) < xta(Ch). O

Theorem 2.6 x:4(Ch) = xta(Pr), for all good integers n.
Proof The result follows from Corollary 2.2 and Lemmas 2.4 and 2.5. O
Remark Thus the x:w(Crn) = xw(Py) for n = 8,12,13,15,16,17 and Vn > 19. It can be

verified that x:q(Cp) = xta(Pn) for n = 5,6,7,9,10,14 and that x:(Cp) = xta(Pn) + 1 for
n = 3,11, 18 and that x:q(Py) = xta(Cs) + 1.
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81. Introduction

Throughout this paper, by a graph we mean a simple finite graph without isolated vertices.
For all the terminology and notations in Graph Theory, we follow [2] and for all terminology
regarding labeling we follow [4].

Graceful labeling has been suggested by Bermond in [1]. A graph G = (V| E) is numbered if
each vertex v is assigned a non-negative integer f(v) and each edge wv is attributed the absolute
value of the difference of numbers of its end points, that is, |f(u) — f(v)]. The numbering is
called graceful if further more, we have the following three conditions: (1) all the vertices are
labeled with distinct integers; (2) the largest value of the vertex labels is equal to the number
of edges, i.e f(v) € {0,1,---,¢q} for all v € V(G) and (3) the edges of G are distinctly labeled
with integers from 1 to q.

In this paper we suggest a labeling called p*-graceful labeling which is an analogue to

graceful labeling and investigate the p*-graceful nature of some graphs.

82. P* Graceful Labeling Graphs

Definition 2.1 A labeling f of a graph G is one-one mapping from the vertex set of G into
the set of integers. Let G be a graph with q edges. Let f, : V(G) — {0,1,--- ,wP(q)} be
an injective function. Define the function fy : E(G) — {wP(1),wP(2),--,wP(q)} such that
Iy (u,v) = | fp(u) = fp(v)|. So f, is said to be pentagonal graceful labeling of G and G is called
43¢ —1)

5 is the ¢*" pentagonal number.

a p* — graceful graph. Here wP(q) =

1Received August 28, 2012. Accepted December 16, 2012.
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Theorem 2.1 All paths are p* graceful graphs.

Proof Let {vi,vs,---,v,} be the vertices of P,, the path on n vertices. Define f, :
V(P,) — {0,1, - ,wP(n — 1)} such that

fp(vl) =05

Folvas) = fo(vaio1) + wP(q — (20 —2)) wherei=1,2,--, {%J;

fp(v2it1) = fp(v2i) —wP(q— (20 — 1)) wherei=1,2,---, L%J

Obviously, f, is nothing but a pentagonal graceful labeling on P, with fy(P,) = {w?(1),
WP(2), - wP(n— 1)}, 0

Theorem 2.2 The graph nKs is p*-graceful.

Proof Let each K5 be labeled with w;,v; where 1 < ¢ < n. Define f, : V(G) —
{0,1,--- ,wP(q)} such that

fp(ui):i—l if 1 <i<n
folvi) =wP(n— (i — 1)) + fp(u;) if1<i<n.

Then f,(u;) # fp(u;) for i # j. Otherwise, if fy(u;) = fp(u;) then i — 1 = j — 1. Thus
1 = 7, a contradiction.

Again, if i # j, fp(vi) # fp(v;). Otherwise if f,(v;) = fp(v;) then w?(q— (i —1)) + fp(u;) =
WP(g = (G — 1) + fylug), i, &P(g — = 1) —wP(g = (j — 1) = fo(utg) — fylus) # 0. Thus
wP(g—(i—1)) #wP(qg— (j — 1)). Consequently, f,(v;) # fp(v;). Hence f, is one-one.

Also

[fp(wi) = fp(ui)l = |fp(wi) —wP(q = (i = 1)) = fp(wi)
= WP(¢g—(i—1)) fori=1,2,--- ,n.

We will have w?(n),wP(n — 1), ,wP(1) as the edge labels. Hence the result. O

Definition 2.2 Let T be a tree. Denote the tree obtained from T by considering two copies of
T and adding an edge by T(2y and in general the graph obtained from T(,_1y and T' by adding
an edge between them is denoted by T(,y. Now T(y) is just T'.

Corollary 2.1 T, is a p*-graceful graph.

Let Ps,41 be a path on 2n + 1 vertices. Take 2m + 1 = « is isomorphic copies of Poy41.
Let w be a vertex which is adjacent to one end vertex of each copy. The newly obtained graph
is a star with 2m + 1 spokes in which each spoke is a path of length 2n + 1 and is denoted by
Son+1,2m+1. The degree of w is 2n + 1 and all the other vertices are of degree either 2 or 1. So
this is a trivalent tree. In [5] Mathew Varkey proved that Sax41,2m+1 is a prime graph for all
k and m. Now we prove the following.

Theorem 2.3 The star Sop41,2m+1 @ p*-graceful for all n,m > 1.
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Proof Let Pa,41 be a path of length 2n. Consider a = 2m + 1 isomorphic copies of Paj, 1.
Adjoin a new vertex w to one end vertex of each copy of Papy1. Let v :i=1,2,--- 2m+1
be the vertices in the first level and v;; : 4 =1,2,--- ,2m 4+ 1 and j = 2,3,--- ,2n + 1 be the
remaining vertices of Sa,,41,2m+1. Define a function f, from the vertex set of So,,11,2m+1 to the

set of all non-negative integers less than or equal to number of edges of S2y,+1,2m+1 such that

fplw) =0, fp(vin) =wP(g—i+1); i=1,2,--- ,2m+1 and

Jo(vig) = fp(vij1) + (=17 'wP(g— 2m+1)(j—1) = (i —1)) fori = 1,2,--- ,2m+1;j =
2,---,2n.

Clearly f is injective. Hence Sa2y,41,2m+1 is p*-graceful. O

Corollary 2.2 The star Son+1,2n+1 15 p*-graceful for all n.
Corollary 2.3 The star Sap2n is p*-graceful for alln > 1.

Definition 2.3 A caterpillar is a tree with the property that the removal of its end points leaves

a path.
Theorem 2.4 A caterpillar S(n1,na, -+ ,Ny) is p*-graceful.

Definition 2.4 The eccentricity e(v) of a vertex v in a tree T is defined as max{d(v,u) : u €

V(T)} and the radius of T is the minimum eccentricity of the vertices.
Definition 2.5 A centre of a tree is a vertex of minimum eccentricity.

Definition 2.6 The neighborhood of vertex u is the set N(u) consisting of all the vertices v
which are adjacent with u. The closed neighborhood is defined as Nu] and is given by Nu] =
N(u)U{u}.

A result by Jordan states that every tree has centre consisting of one point or two adjacent
points. In this section we consider trees with exactly one centre.

Let {01 K1 ny ;00K ny5 - - 0p K1, } be a family of stars where o; K1 ,,, denotes «; disjoint
isomorphic copies of K ,,, for i = 1,2,--- ,p and a; > 1. Let H;; be the j* isomorphic copy of
K p, and u;; and v, for k =1,2,--- ,n; be the central and end vertices respectively of H;;.
Let w be a new vertex adjacent to u;; for j =1,2,--- , 0454 =1,2,--- ,p. We thus obtain a new
tree of radius 2 with unique centre which we shall denote by Hiteetten), [see 5]. Now we

prove the following theorem.

Theorem 2.5 Hi* T2t Tor) p*-graceful.

Proof Consider the family of stars o; Ky, fori =1,2,--- ,p. Let H;; be the 4t isomorphic
copy of K1, and u;; and v for £ =1,2,--- ,n; be the central and end vertices respectively

of H;;. Let w be a new vertex adjacent to u;; for i =1,2,--- ,p;j =1,2,--- ,a; of each star.

Consider the mapping f, : V — {0,1,--- ,wP(q)} (where V is the vertex set and ¢ is the
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number of edges of H&al+a2+'“+%)) defined as f,(w) =1, fp(u11) =0

fpluij) = 0  for i=j=1
= WP(j)+1 for i=landj=2,3,---,m
= WPlartas+-+a-1+j4)+1 for 1=23,....p;7=1,2,- -y

fp(vijk) = wp(q_(k_l)) for 7’:]:17k: 1527"' , 11
= wp(q_(-]_1)n1_(k_1))+fp(u1J) forz:l,]:2,3, aal;k:172a"' , 1

i—1
= wF <q_zalnl = —Dni— (k—1)> + fp(uiz)
=1
fori:2,3,"' ,p,]:1,27 7ap;k:1727... \Mp

Thus f, is a one-one mapping which induces the edge labels {w?(1),w?(2),...,wP(¢)}. Hence
fp is p*- graceful labeling. Hence the theorem. O

Consider the family of stars {a1K1 p,; 02K ny;- - pKi 5, } where ;K ,, denotes o
disjoint isomorphic copies of K1 ,, fori =1,2,--- ,pand o; > 1. Let H;; be the 4t isomorphic
copy of Ky, and u;; and v, for k = 1,2---  n; be the central and end vertices respectively
of H;j. Adjoin a new vertex w to one end vertex of each star. The tree thus obtained is a tree

*(a1tazt-tap)

with unique centre and radius 3 and is denoted by H,, . Trees of this kind are

referred to as banana trees, by some authors.

Corollary 2.4 ppleateattan) 4 p*-graceful.

Definition 2.7 The comb graph is a graph obtained from a path P, by attaching a pendant

vertex to each vertex of P,.
Theorem 2.6 The comb graph G = P,OK; is p*-graceful.

Proof Let ui,us,- -+ ,u, be the vertices of P,, and vy, v, - ,v, be the pendant vertices
attached to u; : ¢ = 1,2,--- ;n. Then the graph G = P,0K; has 2n vertices and ¢ = 2n — 1
edges.

Define f, : V(G) — {0,1,--- ,wP(2n — 1)} such that

fp(ui)) = wP(g—(i—1)+ fplui—1) when 7 is even
= fplui—1) —wP(¢g— (i —1)) wheni#1isodd
=0 when ¢ =1

folvi) = fplw;)) —wP(¢g— (n+17—2)) when i is even
= fplw)) +wP(¢g—(n+i—2)) wheni#1isodd
= wP(q) when 7 =1

Thus f; = {wP(1),--- ,wP(q)}. Hence G is p*-graceful. O
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Definition 2.8 A twig is a graph obtained from a path by attaching exactly two pendant vertices

to each internal vertex of the path.
Theorem 2.7 The twig graphs are p*-graceful.

Proof Let vi,v2,- -+ ,v, be the n vertices of P, and v;;;¢ =2,3--- ,n—1; j = 1,2 be the
pendant vertices attached to each v;. Then the graph has ¢ = 3n — 5 edges.

Define f, : V(G) — {0,1,--- ,wP(q)}
such that f,(v1) =0

fov2i) = fp(vaic1) +wP(g— (20 —2))  i=1,2,--, FJ;

2
Folwann) = fplom) — (g = 20— 1)) i=1,2,0, |2,
Fovig) = fo(v) + (=1)"lwP(g = (n=1) = 2(i = 2) = (j = 1)) fori=2,--- ,n—1;j =1,2.
Hence f; = {wP(1), -+ ,wP(q)}. Therefore G is p*-graceful. O

Definition 2.9 The graph C,0K; ;, is obtained from C,, and K, , by identifying any vertex of
Cy, with the central vertex of K .

Theorem 2.8 C36K; , is p*-graceful for n > 5.

Proof Let C30K;, = G and let vy,vs,vs be the vertices of C3, ui,u2,: - ,u, be the
vertices of K ,. Let v; be the vertex to which K, is attached with. The mapping f, :
V(G) — {0,1,--- ,wP(q)} where ¢ = n + 3, defined by

fplui) = wP(@)fori=1,2,3
wP(i+1) fori=4,5
wP(i+3) fori=6,7,---,q

and fp(v1) =0, fp(v2) = 22 = wP(4), fp(vs) = 92 = wP(8) is p*-graceful.

Further, the theorem is true only for n > 5. Since C36K; ,, to have a p*-graceful labeling
we should have the pentagonal numbers w?(4) and w?(8) for the vertices of C's which is possible
only with n > 5. O

83. Graphs That Are Not p*-Graceful.

Theorem 3.1 Wheels are not p*-graceful.

Proof As the central vertex of a wheel is attached to all other vertices, 0 cannot be assigned
to it, for if, 0 is the central label then the attaching vertices , that is, all the remaining vertices
should have pentagonal numbers as their respective labels which in turn leads to non-pentagonal
numbers as edge labels, contradicting the definition. Again if we assign 0 to any other vertex,
then we will have to label its adjacent three vertices with pentagonal numbers which again

generates non-pentagonal numbers as edge labels. Thus in no way wheels are p*-graceful. 0O
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Definition 3.1 The Helm H, is the graph obtained from a wheel by attaching a pendant vertex

at each vertex of the n-cycle.
Corollary 3.1 The Helm H, is not p*-graceful.

Definition 3.2 The Fan graph P, + K; is a graph obtained by joining the path P, with the
complete graph K.

Corollary 3.2 The Fan graph P, + K1 s not p*-graceful.

Definition 3.3 Let W, be a wheel with n+1 vertices. Attach a pendant edge to each rim vertex
of Wy. Join each pendant vertex with the central vertex of the wheel. This graph is called the
Flower graph denoted by F,,.

Corollary 3.3 The Flower graph F,, is not p*-graceful.

Remark Further research on the topic is pursued.
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Abstract: B. D. Acharya and E. Sampathkumar [1] defined graphoidal cover as partition of
edge set of G into internally disjoint paths (not necessarily open). The minimum cardinality
of such cover is known as graphoidal covering number of G. Let G = {V, E'} be a graph and
let 1 be a graphoidal cover of G. Define f : VUE — {1,2,...,p + q} such that for every
path P = (vov1v2 ... vs) in ¥ with

n

F*(P) = f(vo) + f(va) + D f(vimavi) =k,

1

a constant, where f* is the induced labeling on 1. Then, we say that G admits 1 - magic
graphoidal total labeling of G. A graph G is called magic graphoidal if there exists a minimum
graphoidal cover ¥ of GG such that G admits - magic graphoidal total labeling. In this paper,
we proved that Wheel W,, = C,,_1 + K1, K2 + mK1, K5 + mk1, Fan P, + K1, Double Fan
P, + 2K, and Parachute W, 2 = P> ,_2 are magic graphoidal.

Key Words: Graphoidal cover, magic graphoidal, graphoidal constant.
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81. Introduction

By a graph we mean a finite simple and undirected graph. The vertex set and edge set of a
graph G denoted are by V(G) and E(G) respectively. Wheel W,, = C,,_1 + K7 is a wheel,
K5 4+ mK; is a graph obtained by joining m isolated vertices to each end of K5, a graph of
path of length 1, Ko + mK; is a graph obtained by joining m isolated vertices to each end of
Ko, P, + K, is a fan, P, + 2K is a double fan and Wi2 = P2 -2 is Parachute. Terms and

notations not used here are as in [3].

82. Preliminaries

Let G = {V, E} be a graph with p vertices and ¢ edges. A graphoidal cover v of G is a collection
of (open) paths such that

(i) every edge is in exactly one path of

(ii) every vertex is an interval vertex of almost one path in .

1Received September 25, 2012. Accepted December 18, 2012.
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We define v(G) = IdI)li?hM, where ( is the collection of graphoidal covers 1 of G and 7~ is
€

graphoidal covering number of G.

Let ¢ be a graphoidal cover of G. Then we say that G admits ¢)-magic graphoidal total
labeling of G if there exists a bijection f: VUE — {1,2,...,p + ¢} such that for every path

P = (vov1va ... vy,) in 9, then f*(P) = f(vo) + f(vn) + > f(vi—1v;) = k, a constant, where f*
1

is the induced labeling of 1. A graph G is called magic graphoidal if there exists a minimum

graphoidal cover ¢ of G such that G admits ¥-magic graphoidal total labeling. In this paper,

we proved that Wheel W,, = C,_1 + K1, K2 + mK;, K}, + mky, Fan P, + K, Double Fan
P, + 2K, and Parachute W,, 2 = P» ,_2 are magic graphoidal.

Result 2.1([11]) Let G = (p,q) be a simple graph. If every vertex of G is an internal vertex
in 1, then v(G) = q — p.

Result 2.2([11]) If every vertex v of a simple graph G, where degree is more than one, i.e.,
d(v) > 1, is an internal vertex of ¥ is minimum graphoidal cover of G and v(G) = q—p+n,
where n is the number of vertices having degree one.

Result 2.3([11]) Let G be (p,q) a simple graph. Then v(G) = ¢ —p+1t, where t is the number
of vertices which are not internal.

Result 2.4([11]) For any k-regular graph G,k > 3,7(G) = q — p.

Result 2.5([11]) For any graph G with 6 > 3,7(G) = q¢ — p.

83. Magic Graphoidal on Join of Two Graphs

Theorem 3.1 The graph Ko + mK;y is magic graphoidal.

Proof Let G = Ky + mK; with V(G) = {u,v,u;,1 < i < m} and E(G) = {(uv)} U
{(uu;)(vu;),1 <i<m}. Define f: VUE — {1,2,...,p+ ¢} by

Let ¢ = {(uwv), [(uu;v) : 1 <i < m]}. Then

f(wv)] = fu) + f(v) + f(uwo)
=2m+24+2m+3+2m+1
=6m + 6. (1)
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For integers 1 < i < m,

[ (uuv)] = f(u) + f(v) + fuu) + f(uiv)
=2m+2+2m+3+i+2m+1—1
=6m +6. (2)

From (1) and (2), we conclude that ¢ is minimum magic graphoidal cover. Hence, Ka+mK;
is magic graphoidal. O

For example, the magic graphoidal cover of Ky + 7K is shown in Figure 1,

Ug ur

Figure 1 Ko+ 7K,

Wherev 1/} = {(U’U), (uulv), (UUQU)v (’U/LLgU), (UU4’U), (’U/LL51)), (UUG’U), (uuw)}, Y= 8 and K = 48.
Theorem 3.2 Parachute W, o = P ,—2 s magic graphoidal.

Proof Let G = Wy, 2 with V(G) = {u; : 1 <i < n],v} and E(G) = {(uuit1) : 1 <i <
n—1}U{(urun)} U{(vy;) : 1 <i <2}
Case 1 n is odd.

Let ¢ = {(unvmuz . UnTH) , (ulunun,lun,g . u%l)} .
Subcase 1.1 n = 1(mod 4).

Define f: VUE — {1,2,...,p+ ¢} by

f(ul) = 47 f(un) = 17 f(ulun) = 57
f(vul) =6, f(vun) =2, f (U"T“) =p+q

2i+5 ifi=1(mod 2),1 <i<
fuiniyr) =
2 +6 ifi=0(mod2),1<i<

2

2i4+6 ifi=1(mod 2),1 <i<

f(un-i-l—iun—i) = z 1
2i+5 ifi=0(mod 2),1 <i<
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Then

fr |:(UnUU1U2...UnT+1)j| = flun)+ f (UnTH) + f(unv)

+f(vu1)+f(ulu2)+"'+f(U%UL;I)

ntl_o ntl_ 4

2 2
=1+p+q+2+6+ > (2i+5)+ > (2i+6)

i=1,3 1=2,4

_p+q+9+11(”;1)+<";1) (";Ll> (3)

Iz Kulunun_lun_g . u%ﬂ)} = flw)+f (UnTJrl) + flurun) + funtin_1)

A S

ntl_o ntl_ 4

2 2
=4+p+q+5+ > (2i+6)+ > (2i+5)

i=1,3 i=2,4

_p+q+9+11<n;1>+<n51) <";1) (4)

From (3) and (4), we conclude that ¢ is minimum magic graphoidal cover. Hence, W, 2 is

magic graphoidal. For example, the magic graphoidal cover of Ws 5 is shown in Figure 2.

3 10

Figure 2 W;so Figure 3 Wy,

Subcase 1.2 n = 3(mod 4).

Define f: VUE — {1,2,...,p+ ¢} by

f(ul) =3; f(un) =1 f(vun) =2,
fou) =4, flurun) =5 f(uep) =p+a.
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2i+5 ifi=1(mod 2),1 <i<
fluguivr) =

2 +4 ifi=0(mod2),1<i<

2
2% 4+4 ifi=1(mod?2),1<i<

J(Un1—itn—i) =
2%+ 5 ifi=0(mod?2),1<i<

Then

fr [(unvuluQ...uL;l)} = f(un) + f (u%l) + funv)

+f(vu1)+f(ulu2)+"'+f(U%UL;I)

ntl_ 4 ntl_go

2 2
=1+p+q+2+4+ > (2i+5)+ > (2i+4)

i=1,3 i=2,4

=p+q+3+9("11)+(";1> (”;1) (5)

f* [(ulunun,lun,g . u%ﬂ)] = flu)+ f (UnTH) + flurun) + fluptn—1)

S (un-rtun2) + -+ f (wapruag )

ity nit
=3+p+q+5+ Y (2i+4)+ (2i +5)
i=1,3 i=2,4

=p+q+3+9(n11)+(n;1) (n;1> (6)
From (5) and (6), we conclude that ¢ is minimum magic graphoidal cover. Hence, W, 2 is
magic graphoidal. For example, the magic graphoidal cover of W7 5 is shown in Figure 3.
Case 2 n is even.
Let ¢ = {(unvu1u2 .. u%) , (ulunun,lun,g o u%)} .
Subcase 2.1 n = 2(mod 4).

Define f: VUE — {1,2,...,p+ ¢} by

flur) =25 flow) =75 f(un) =1,
f(ulun) = 4; f(Uun) = 3; f(unun—l) = 57
f(uz)=p+gq,

# ) 2i+6 ifi=1(mod2),1<i<
UiUi41) =

2+7 ifi=0(mod?2),1<i<

o33

2i4+4 ifi=1(mod 2),3 <i<
f(unJrlfiunfi) =

o3| 3

245 ifi=0(mod?2),2<i<
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Then,

fr [(unvulug...u%)} = f(un)+ f (u%) + f(unv)
+ f(our) + fugug) + -+ f (uz _quz)

n_2 n_q
=14+p+q+3+T+ ) (2i+6)+ > (20+7)

i=1,3 i=2,4

13 /n n n
Spreeene 2 (31 (3) (5-)
p+q+9+ +35 (35 +(3) (5 (7)

S [(wtnun qun o ug)] = fur) + f (uz) + f(urun) + fluntn-1)
+ f(unflun72) + -+ f (u%+1u%)

n_ n
21 2

=24p+q+a+5+ Y (2i+5)+ Y (2i+4)

i=2,4 i=1,3

:p+q+11+12—3(g—1)+(g)(g—1) (8)

From (7) and (8), we conclude that ¢ is minimum magic graphoidal cover. Hence, W, 2 is

magic graphoidal. For example, the magic graphoidal cover of Ws 5 is shown in Figure 4.

11

Figure 4 Wgo Figure 5 Wsgo

Subcase 2.2 n = 0(mod 4).
Define f: VUE — {1,2,...,p+ ¢} by
flur) =23 flun) =1 f (ug) =p+q,
unun 1 = 6; f Uul =5; f(Uun) = 4; f(ulun) =3,

2i+6 if i =1(mod 2), 1<i<?_

3[\9

u”Lu'LJrl
2i+5 ifi=0(mod2),1<i<——

[N}
[y

/\
o33

2 +4 ifi=1(mod?2),3<i<

f(unJrlfiunfi) = ) o )
2i+3 ifi=0(mod 2),2<i<
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Then

fr [(unvulug . u%)} = f(un)+ f (u%) + f(unv)
+ floug) + f(uluz) 4+ f (u%_lu%)

2y 2_3
=14+p+q+4+T7+ ) (2i+6)+ > (2i+5)
i=1,3 i=2,4
n n n
=rra+s+11(3)+(3) (3 -1) 9
pra+5+11(7)+(35) (35 9)

£ [(utntn aun—a. . ug )] = flur) + f (ug) + f(urun) + f(untn-1)
+ f(unflun72) + -+ f (u%+1u%)

n o1
2 2
=24p+q+3+6+ Y (2i+3)+ > (2i+4)
i=2,4 i=1,3
n n n
- n(3)+(3) G- !
p+q+5+ 1) T 3) (3 (10)

From (9) and (10), we conclude that ¢ is minimum magic graphoidal cover. Hence, W), 2
is magic graphoidal. For example, the magic graphoidal cover of Wg s is shown in Figure 5.
Hence, Parachute admits magic graphoidal. O

Theorem 3.3 A Fan P, + K, is magic graphoidal for n = 0(mod2).

Proof If n = 2, a fan becomes K3. If n = 4, a labeling on P; + K; is shown in Figure 6,

Figure 6 P, + K3

where, ¥ = {(u1v), (u1uzv), (ugusv), (usuav)},v =4 and K = 26.

Ifn>4,let G =P, + K with V(G) = {v,u; : 1 <i<n}and E(G) = {(vy;) : 1 <
i < npU{(uuir1) 1 < i < n—1} Let v = {(u1v), (uui41v) : 1 < i < n — 1}. Define
f:VUE—-{1,2,...,p+¢q} by

FO =pta= 1 fu)=pra-2 f)=3("3°) o
flui) = flu) +(i=1), i=2,3, flowm) =p+q [fluwit))=7-2i, 1<i<3

Flun-i) = flur) + 244, 1<i< 2 —1, flusgs) = flur) —iifn>6,1<i< 2~

3
2 3

3o

f(unJrl,iun,i) =N — 22, 1 S 1 S 5 — 1, f(’lL3+1"UJ4+1') =54+ 22, 1 S ) S g — 3,
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fouig1) =p+qg—6+1i, 1 <i<3, f(vunﬂ,i):f(ul)jtnTHH, 1<i<n-4.
Then
frl(wv)] = fu) + f(v) + f(uav)
=2 6) 46+ 1B =Tn+ D 4 (11)
For 2 <i <3,
flwivip0)] = fui) + f(0) + f(witigr) + f(uig10)

—6
:3<”2 )+6+(i—1)+3n—1+7—2i+3n—6+i:7n+g—4- (12)

For4<z<§—3

[ l(wivipav)] = f(wi) + f(v) + f(wivier) + f(uit1v)
3< 26>+6 (t—3)+3n—14+5+2(i—3)

( ) (13)
Forg—3<i§n—1,
[ l(uuipav)] = flug) + f(0) + fluivirr) + f(uivv)
=3<”T_6)+6+2+n—z’+3n—1+n—2(n—z’)
—6 n+2 . n
+3( 5 )+6+ 5 +n—z:7n+§—4. (14)

From (11), (12), (13) and (14), we conclude that ¢ is minimum magic graphoidal cover.
Hence, a Fan P, + K7, (n-even, n > 4) is magic graphoidal. |

For example, the magic graphoidal cover of Pjg + K7 is shown in Figure 7,

1O ug Sug Loug T us 9 ug 2 up 4 ug 6 ug Sugg

Figure 7 Pjo+ K3

where, 1 = {(u1v), (u1u2v), (u2u3v), (uzusv), (ugusv), (usuev), (ueurv), (urugv), (Usugv), (ugu10v)},
v =10 and K = T71.
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Theorem 3.4 A double Fan P, + 2K1is magic graphoidal.

Proof Let G = P, +2K; with V(G) = {v,w}U{u; : 1 <i<n} and E(G) = {(uuit1) :
1<i<n—1}U{(vu;) U (wu;):1 <i<n}. The discussion is divided into to cases following.

Case 1 nis odd.
In this case, define f: VUE — {1,2,...,4n+ 1} by

fw)y=4n+1; f(uw) =14, 1<i<n; flujw)=2n+1-—14, 1<i<n,

-1 ) 1
Flusi) = 2n + i, 1§i§nT;f(v): ”;
) 1 1
f(’UJQifl): n;_ —|—’L, 1§Z§ n;— 3 f(unJrl,iun,i):?m—l—l—l—i, 1§z§n—1

Let ¢ = {(usuit1) : 1 <i<n—1}U{(vuw) : 1 <i<n}. Then, for1 <i<n—1,i=1(mod2),

Frl(wivi1)] = flui) + fuiva) + fuuiz)
:5n—|—1+i—|—1 i+ 1 . 17n—|—5'

5 5 +2n+ 5 +3n+1l4+n—i= 5 (15)
for 1 <i<n-—1,i=0(mod 2).
Frl(uivisn)] = fui) + fuivr) + f(uittigr)
1 dn+1 42 . Im+5
—2n—|—§+ 5 + 5 +3n+1l+n—i= 5 (16)
for 1 <i <n,
fllvwiw)] = f(v) + f(w) + f(vui) + f(uiw)
b) 1 7+1 + 1 17 )
= "; +“; +2n+“; F3n+l4n—i= "; (17)

From (15), (16) and (17), we conclude that 1 is minimum magic graphoidal cover. Hence,
a double Fan P, +2K; (n-odd) is magic graphoidal. For example, the magic graphoidal cover of
Ps+2K is shown in Figure 8 with ¢ = {(vuyw), (vugw), (vugw), (vusw), (vusw), (uius), (ugus),
(usug), (ugus)},y =9 and K = 45.

Figure 8 P54+ 2K,
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Case 2 n is even.

In this case, define f : VUE — {1,2,...,4n + 1} by

fw)y=4n+1, f(uw)=14, 1<i<n, fluiw)=2n+1-4, 1<i<n

5
F(ugi) = 2n +1, 1§i§g, f(v)=7"+1

5
f(uzi—1)=7n+1+i, 1§i§g, fupgr—qtn—i) =3n+1+4 1<i<n-—1.
W

Let v = {[(usuiq1) : 1 <i <n—1],[(vu;w) : 1 <i < nl}. Then, for 1 <i<n—1,i= 1(mod 2),

[ l(uiuigr)] = flui) + fuigt) + fluiuig)

5 41 41 17 6
=7”+1+“; vond T 1= "; ; (18)
for 1 <i<n-—1,i=0(mod 2)
[rl(wivivn)] = fwi) + fuiva) + f(uittiga)
) )+ 2 1
:2n+%+57n+1—|—l_; +3n+l4+n—1i= 7n2—|—6; (19)

for 1 <i <n,

fHluiw)] = f(v) + f(w) + f(vui) + f(uiw)

5 17n+6
:7n+1+4n+1+i+2n+1—i= "; (20)

From (18), (19) and (20), we conclude that ) is minimum magic graphoidal cover. Hence,

a double Fan P, + 2K (n-even) is magic graphoidal. For example, the magic graphoidal cover
of Ps + 2K is shown in Figure 9,

Figure 9 F; +2K;

where, ¢ = {(vuw), (vusw), (vuzw), (vugw), (vusw), (Vugw), (uruz), (usus), (uguy), (Laus),
(usug)}, v = 11 and K = 54.

O
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Theorem 3.5 A wheel W,, = C,,_1 + K1 (n- even) is magic graphoidal.

Proof Let G = W, with V(G) = {v,u; : 1 <i<n—1} and E(G) = {(wjuis1): 1 <i <
n—2} U{(uiun—1)} U{(vy;) : 1 <i<n—1}. Define f: VUE — {1,2,...,p+q} by
flur) =n—2; f(ui+1):2i—1,1§i§g,

. . n
Flugap) =2, 1<i<g =2, fv)=p+yg,

2
f(UiuiH):?’g—i, 1§i§g, flou;)) =3n—-2—1i, 1 <i<n—1,

f (u%+iu%+1+i) =2n—1—14, 1 << g — 1, where u,, = uy
Let ¥ = {[(vusuit1) : 1 < i <n— 2], (vup—qu1)}. Then, for 1 <i < g,

frlvuiuirr)] = f(v) + fluivt) + fous) + fluivivr)

3
=3n—2+2i—1+3n—2—i+§n—i=7n+g—5; (21)
for g +1<i<n-2,

[ l(vuiuir)] = f(v) + fluivr) + flows) + f(uwivigr)

:3n—2+2(i—g>+3n—2—i+2n—1—(z’—

n n
5) =T+5-5  (22)
[ lun—1ua)] = f(v) + fua) + f(vun—1) + f(tn-1u1)
=3 —-2+n—2+3n—-2—(n—1)+2n—1— (g—l) :7n+g—5. (23)
From (21), (22) and (23), we conclude that 1 is minimum magic graphoidal cover. Hence,
a wheel W,, (n-even) is magic graphoidal. O
For example, the magic graphoidal cover of Wy is shown in Figure 10,

Figure 10 Ws

where, ¥ = (vuyuz), (Vugug), (vusuy), (vugus), (Vusug), (Vugur), (vurug),y = 7 and K = 55
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Theorem 3.6 The graph Ko +mK, is magic graphoidal.

Proof Let G = Ko +mK; with V(G) = {u1,uz,[v; : 1 <i < m]} and E(G) = {(w1v;) :
1<i<m}PU{(ugv;):1<i<m}. Define f: VUE — {1,2,...,3m+ 2} by

flur) =2m+1; f(uiv) =4, 1 <i<m,
fluz) =2m+2; f(ugvy))=2m+1+14i, 1<i<m-—1.
Let ¥ = {(uvjug) : 1 < i < m}. Then,
[ l(urviug)] = flur) + f(ug) + f(urvi) + f(viuz)
=2m+14+2m+2+i+2m+1—1i=6m+ 4.

Thus, f*[(uiv;uz)] is independent of ¢, depends only on m. So it is a constant. Therefore,
Ko +mK; admits a ¢-magic total labeling. Hence, K5 + mK; is magic graphoidal. O

For example, the magic graphoidal cover of Ko + 6K is shown in Figure 11,

V4 U1

Figure 11 Ky + 6K,

where, ¢ = {(u1viuz), (u1vauz), (u1vsuz), (u1vsuz), (u1vsuz), (u1veuz)},v = 6, K = 40.
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Abstract: The crossing number of a graph is the least number of crossings of edges among
all drawings of the graph in the plane. In this paper, we investigate the crossing number of
the generalized Petersen graph P[3k—1, k] and get the result that k < c¢r(P[3k—1,k]) < k+1
for k > 3.
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dache &-drawing.
AMS(2010): 05C10, 05C62

81. Introduction

Let G = (V, E) be a simple graph with vertex set V' and edge set E. A Smarandache & -drawing
of a graph G for a graphical property & is such a good drawing of G on the plane with minimal
intersections for its each subgraph H € &, which is said to be optimal if & = G with minimized
crossings. The crossing number ¢r(G) of a simple graph G is defined as the minimum number
of edge crossings in a drawing of G in the plane. A drawing with the minimum number of
crossings(an optimal drawing) must be a good drawing; that is, each two edges have at most
one point in common, which is either a common end-vertex or a crossing. Moreover, no three
edges cross in a point. Let D be a good drawing of the graph G, we denote the number of
crossings in D by crp(G).

The generalized Petersen graph P[m, n] is defined to be the graph of order 2m whose vertex
set is {uy,ua, -+, Um;Z1, T2, -, Ty} and edge set is {wuip1, Uiki, TiTign,t = 1,2,--+ ,m;
addition modulo m}. The Cartesian product of two graph G; and Ga, denoted by G x Ga, has
the vertex set V(G1 x Ga) = V(G1) x V(G2), edge set E(G1 X G2) = {(us, uj)(un, uk)|u; = up
and vjuy € E(G2); or v; = vy, and wup € V(G1)}. In a drawing D, if an edge is not crossed
by any other edge, we say that it is clean in D; if it is crossed by at least one edge, we say that

it is crossed in D. The following proposition is a trivial observation.
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Proposition 1.1 If there exists a clean edge e in a drawing D and contracting it results in a
new drawing D*, then cr(D) > cr(D*).

Proposition 1.2 If there exists a crossed edge e in a drawing D and contracting it results in
a new drawing D*, then cr(D) > cr(D*) + 1.

Proposition 1.3 If Gy is a subgraph of G, then cr(G1) < cr(Ga).
Proposition 1.4 Let Gy be a graph homeomorphic to graph Ga, then cr(G1) = cr(G2).

Crossing number is an important parameter, which manifest the nonplanar of a given graph.
It has not only theory significance but also great practical significance, early in the eighties of
the 19th century. Bhatt and Leithon [1,2] showed that the crossing number of a network(graph)
is closely related to the minimum layout area required for the implementation of a VLSI circuit
for the network. Szekly [3] solved the very difficult problem of Edors in dispersed geometry by
crossing number of a graph. At present, the crossing number of a graph has widely used in
VLSI layout, dispersed geometry, number theory, biological project and so on.

Calculating the crossing number of a given graph is NP-complete [4]. Only the crossing
number of very few families of graphs are known exactly, some of which are the crossing number
of generalized Petersen graph. Guy and Harary (1967) have shown that, for k¥ > 3, the graph
P[2k, k] is homeomorphic to the Mébius ladder Moy, so that its crossing number is one, and it
is well known that P[2k, 2] is planar. Exoo and Harary, etc. researched on the crossing number

of some generalized Petersen graph. In [5] they showed that

0, foreven, n >4,

er(Pln,2]) <
3, forodd, n>T7.

and they also proved that cr(P[3,2]) = 0 and ¢r(P[5,2]) = 2. R.B.Richter and G.Salazar
investigated the crossing number of the generalized Petersen graph P[N,3] and in [6] proved
that(the graph P[9,3] is not be included)

k+h, fork>3, he{0,2},

cr(P[3k + h,3]) <
k+3, fork>3, h=1.

S.Fiorini and J.B.Gauci [7] study the crossing number of the generalized Petersen graph P[3k k]
and prover that cr(P[3k,k]) = k for k > 4.

In this paper, we investigate the crossing number of the generalized Petersen graph P[3k —
1, k] and get the main result that

k <ecr(P[3k —1,k]) <k+1for k> 3.
§2. Cartesian Products

Let S denote the star-graph K; 3 and P, the path-graph with n + 1 vertices, and consider the
graph of the Cartesian product S3 x P,, denoting the vertices (0,1), (1,4), (2,4) and (3,%) by
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Z;, a;, b; and ¢;, respectively for (i = 0,1,--- ,n), where the vertices z; represent the hubs of the
star. In the drawing of S3x P,,, we delete the path T = (20,1, -+ , xy) which passes through the
hubs of the stars. We let the subgraph of ((S5x P,,)—T") induced by the vertices x;, a;, b; and ¢; be
denoted by S*. Also, the subgraph induced by the vertices x;, a;, b;, ¢, Tiy1, Git1, bir1, and ¢ i1
is denoted by H',so that H* is made up of S* and S**! together with the three edges connecting

the two stars, as illustrated in Figure 1.

Ci Citl
/ , b bipr .\
R (W , 1
L Lit
g @41

Figure 1 A good drawing of S5 x P,

It is easy to obtain the following lemma 2.1 below, since the upper bound follows from
the drawings of Figure 1, while the proof of the lower bound follows the same lines as that in
Jendrol and Scerbova [8].

Lemma 2.1 Let G denote the graph of Cartesian product Sz x Pp(n > 1), with the path T
joining the hubs of the stars deleted, that is, G := ((S3 x P,) —T'). If D is a good drawing of
G in which no star S'(i = 0,1,--- ,n) has a crossed edge, then crp(G) =n — 1.

§3. The Generalized Petersen Graph P[3k — 1, k|

The generalized Petersen graph P[3k—1, k] of order {6k —2} is made up of a principal cycle C' =
{u1,ua, - ,usk_1}, the spokes u;x; and a adjoint principal cycle C' = {&;, T i, Torri, - > T3k_1}s
where ¢ = 1,2,---,3k — 1 and addition is taken modulo {3k — 1}. A drawing of P[3k — 1,k] is

shown in Figure 2.

Figure 2
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Let ¢ be a good drawing. In order to get an upper bound for the crossing number of
P[3k — 1, k], we have shown a good drawing of P[3k — 1, k] in Figure 3.

Figure 3: a good drawing of P[3k — 1,k]

Figure 3 sets the upper bounded equal to k + 1. To show that cr(P[3k — 1,k]) > k, in the
drawing of Figure 3, we note that by deleting the not crossed edges of z; 2,15 (where k + 1 <
i <2k —1), and wipe away these 2-degree vertices {Tgi1, Tkt2, s Tok—1,T2k+1, " > L3k—1 }-
Considering the spoke xapusgy is clean or crossed, we now consider the following two cases.

Case 1 First, we consider that the spoke xo;us is clean. Then contract the spoke wopuoy to
the vertex ugg, we obtain the graph Gy is shown in Figure 4, such that G O (S5 x Py—1 — I).
Obviously, P[3k — 1, k] contains G}, as a subgraph. By Proposition 1.1 and Proposition 1.3, we
have cr(P[3k —1,k]) > ¢r(Gy). Thus, in order to get a lower bound for the crossing number of

P[3k — 1, k], we can simply consider the crossing number of the graph G}, as shown in Figure 4.

u (T

[ Higl |-l'< iﬁ- QLie o o @TL_2

Upt1 Ug+2 Up+3 Ugk—2

ar

- .
u Ugg+1  Ugp+2 U2k43 Ugp—3  Uze=p U3zg”

Figure 4: A good drawing of Gj

Lemma 3.1 er(P[3k —1,k]) > k (k> 3).

Proof For k =1, P[2,1] is a planar graph. For k = 2, from above cr(PI5,2]) = 2. Now we
consider the case for k > 3.

For k = 3, from [6] we have c¢r(P[8,3]) = 4 > 3. The theorem is true for k¥ = 3. Now
suppose that for k > 3. In order to prove that cr(P[3k — 1,k]) > k, we only should to prove
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that er(Gg) > k for k > 3. We assume that ¢ is the least value of the crossing number & for
which er(Gt) < t—1, t is greater than 3. We also note that the deletion of the vertex x; and the
edges incident to it (for values of ¢ between 2 and k— 1) from Gy, yields a graph homeomorph to
Gi—1. Therefore, since G; contains G;_1 as a subgraph, we have cr(G;) > ¢r(Gyi—1) >t —1 by
minimality of ¢. Thus, we only need to show that ¢r(G;) # t—1. By assuming, for contradiction
that it is

er(Gy) =t —1. (1).

We divide the problem into three cases to prove that cr(G:) > t.
Case 1 The spoke xogusi is not crossed.

Case 1.1 First we consider an optimal drawing D of G; and assume that a star edge of
{zius, Tiwipe, xiuiqoi—1} for 2 <4 < t— 1, makes a positive contribution to the crossing number
of G;. In this case, when we delete the hub z;(2 <i <t — 1) we get an induced drawing Dy of
homeomorph of G;_; such that

t—1 = or(Gy) 2 cerp, (Gi—1)+1
> (t—1)+1,

by the inductive hypothesis, a contradiction.

Case 1.2 Now we consider an optimal drawing D of G; and assume that the star edge of
{z1u1, T1Uk11, T1U2k } O {TrUk, TrUsk—1, TLUs2k } makes a positive contribution to the crossing
number of G;. In this case, we delete the hub z;(x = 1 or k) because there is no crossing in the
{3t — 1} principal cycle C. So the edge {uspuakt1} or {ujusg—1} is clean. Then contract the
edge {uaruzg41} or {uiugk—1}. Following the same arguments presented in Case 1.1, we get an
induced drawing D5 of homeomorph of G;_; such that

t—1 = or(Gy) 2 cerp,(Gi—1) +1
> (t—l)-l—l,

by the inductive hypothesis, a contradiction.

Case 1.3 Thus, we can assume that all the {¢ — 1} crossings of G; are self-intersections of the
{3t — 1} principal cycle C' made up of the edges u;u;+1 for 1 < i < 3t — 1 addition modulo
{3t —1}.

Therefore, there exists an optimal drawing D3 of G such that in D3 the edges of the stars
do not contribute to the crossing number. We divide the problem in to the following different

subcases.

Subcase 1.3.1 If there is an edge e in w;u;41 in D3 which is crossed twice and more, then
deleting e together with the two other edges at distance ¢ from e along C. As it is the edges
{Uitig 1, UptiWhtit1, U2k ti—1U2k+i }, then we get a subgraph homeomorphic to (S3 x P,—1 —T).
Therefore, by Lemma 2.1 above.

t—1 = or(Gy) >er(Ssx Py —T)+2
= (t—2)+4+2=t, a contradition.
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Subcase 1.3.2 If there are two edges in D3 at distance ¢t or t — 1 from each other which are
crossed but do not cross each other, then repeating the same procedure as in case 1. So we

have
t—1 = or(Gg) >cr(Ssx Py —T)+2
= (t—2)+2=t, acontradiction.

We can therefore assume hereafter that in D3 there is no edge which is crossed twice and no
two edges at distant ¢ from each other giving a contribution of two to the crossing. As it is, now
we consider the case there is an edge e in D3 which is crossed once. There remains to show
that if in Dj:

(i) There are no two edges at a distance ¢ which not intersected, or

(ii) There are two edges at a distance ¢ from each other which are pairwise intersecting, then

in both cases we get a contradiction.

Let us first assume that no two edges at a distance ¢ or t — 1 from each other can be
found such that they are both intersected. We divide the {3t — 1} principal cycle C' into two
{t}-sectors and one {t — 1}-sector such that the number of crossed edges in each sector is p, g
and 7, respectively. Since in Sector 1 there are p crossed edges which cannot be matched to
crossed edges in Sector 2 and 3. Hence in each of Sector 2 and 3 there are p edges which are not
intersected. Similarly for ¢ and r. Thus, the number of uncrossed edges is at least 2(p+ ¢+ 7).
However, the total number of edges>(numbers of crossed edges)+(number of uncrossed edges)
is,

St—1 > (p+qg+r)+2(p+q+r)
3p+q+r).

Let p4+ g+ r = z. This implies that 3t — 3z > 1. As t is the least value of k for the crossing
number, then ¢ < x. Thus 3t — 3z > 1, a contradiction.

We now assume that there are two edges in D3 at distant ¢ or ¢t — 1 from each other that
at intersect each other. That is, if w;u;1(1 <4 < ¢ addition taken modulo ¢ ) is intersected
by an edge e, then e € {w;qUitiy1, Uiror—1Uir2e}. Without loss of generality, we assume that
e = {uittu;y++1} and consequently, that the edge u;q2¢—1uit2¢ is nOt intersected.

We consider the subgraph H induced by S(x;) U S(zi4+1) \ {Zititt, Tit1Uite41} (shown in
Figure 5(a)). This is a 6-circuit none of whose edges is intersected, with the sole exception of
u;u;+1 which is intersect once by w;¢t;+¢4+1 . ,Thus, H is planarly embedded and without loss of
generality, we let u; 41 € Int(H) and w441 € Ext(H)(since if these vertices are both in Int(H)
or in Ext(H), then the edges w;u;41 is crossed an even number of times). Therefore, we have the
subgraph shown in the drawing of Figure5(b). Now x;15 either lies in Int(H) or Fxt(H) and
none of the edges of S; ;2 can be crossed. Also, the edges of the subgraph in Figure 4(b) cannot
be crossed(apart from the crossing shown), giving us the required contradiction. Therefore,
er(Gy) #t — 1. So, formula (1) does not hold. So, we have shown that ¢r(Gy) > k, hence

cr(P[3k — 1,k]) > er(Gg) > k (k> 3). (2)
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w; Wi+l 7% ﬁ+ 1

x; Tty ‘thp—‘ [ Ligt41
v 1

Uj4-2t—1 Witat Uj4-2t—1 Uit

(a) (b)

Figure 5

Case 2 Now we consider that the spoke wogus is crossed. Using the analogous arguments
presented in Case 1. Then contract the spoke xopusoy to the vertex usg. We obtain the graph Gy,
is same shown in Figure 4, such that Gy 2 (S5 x Py_1 —I'). By Proposition 1.2 and Proposition
1.3, then we have cr(P[3k —1,k]) > ¢r(Gy) + 1. We can follow the same conclusion cr(Gy) > k

presented in Case 1. Hence
er(P[3k — 1,k]) > k + 1. (3)

As a result, from all the above cases,combine with formula (2) and (3), we have shown
that cr(P[3k — 1,k]) > k. O

Theorem 3.1 k <cr(PB3k—1,k]) <k+1 (k>3).

Proof A good drawing of P[3k—1, k] in Fig.3 shows that ¢r(P[3k—1,k]) < k+1 for k > 3.
This together with Lemma 3.1 immediately indicate that

k<cr(PBk—1,k<k+1 (k>3). 0

We end this paper by presenting the following conjecture.

Conjecture cr(P3k—1,k))=k+1 (k> 3).
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We know nothing of what will happen in future, but by the analogy of past
eTperience.

By Abraham Lincoln, a American president.
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