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Smarandache Curves of Curves lying on Lightlike Cone in R?
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Abstract: In this paper, we consider the notion of the Smarandache curves by considering
the asymptotic orthonormal frames of curves lying fully on lightlike cone in Minkowski 3-
space R}. We give the relationships between Smarandache curves and curves lying on lightlike

cone in R3.
Key Words: Minkowski 3-space, Smarandache curves, lightlike cone, curvatures.

AMS(2010): 53A35, 53B30, 53C50

81. Introduction

In the study of the fundamental theory and the characterizations of space curves, the related
curves for which there exist corresponding relations between the curves are very interesting and
an important problem. The most fascinating examples of such curves are associated curves
and special curves. Recently, a new special curve is called Smarandache curve is defined by
Turgut and Yilmaz in Minkowski space-time [9]. These curves are called Smarandache curves:
If a regular curve in Euclidean 3-space, whose position vector is composed by Frenet vectors on
another regular curve, then the curve is called a Smarandache Curve. Then, Ali have studied
Smarandache curves in the Euclidean 3-space E®[1]. Kahraman and Ugurlu have studied dual
Smarandache curves of curves lying on unit dual sphere S ? in dual space D? [3] and they have
studied dual Smarandache curves of curves lying on unit dual hyperbolic sphere HZ in D3
[4]. Also, Kahraman, Onder and Ugurlu have studied Blaschke approach to dual Smarandache
curves [2]

In this paper, we consider the notion of the Smarandache curves by means of the asymptotic
orthonormal frames of curves lying fully on Lightlike cone in Minkowski 3-space R3. We show
the relationships between frames and curvatures of Smarandache curves and curves lying on

lightlike cone in RS.

82. Preliminaries

The Minkowski 3-space R$ is the real vector space R? provided with the standart flat metric

1Received November 25, 2016, Accepted August 2, 2017.
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given by
(,) = —da? + dx3 + dz?

where (71, 72, z3) is a rectangular coordinate system of IR3. An arbitrary vector ¥ = (v1, v2, v3)
in R can have one of three Lorentzian causal characters; it can be spacelike if (7,7) > 0 or
¥ = 0, timelike if (7, %) < 0 and null (lightlike) if (7,¥) = 0 and ¢ # 0. Similarly, an arbitrary
curve ¥ = Z(s) can locally be spacelike, timelike or null (lightlike), if all of its velocity vectors
2’ (s) are respectively spacelike, timelike or null (lightlike) [6, 7]. We say that a timelike vector
is future pointing or past pointing if the first compound of the vector is positive or negative,
respectively. For any vectors @ = (a1, ag, as) and b= (b1, ba, b3) in R}, in the meaning of Lorentz
vector product of @ and b is defined by

€1 —€y —€3
axb= a1 az as = (agbg — agbg, a1b3 — agbl, a2b1 — albg).
by by by

Denote by {f, N , B } the moving Frenet along the curve z(s) in the Minkowski space R3.

For an arbitrary spacelike curve z(s) in the space R$, the following Frenet formulae are given

([8));

T 0 &k 0 T
1\7’ = —ex 0 7 ]\7
B 0 er 0 B

where <f,f> =1, <J\7,J\7> =¢e =+, <§,§> = —¢, <T,J\7> = <f,§ = ]\7,[? =0and k
and 7 are curvature and torsion of the spacelike curve z(s) respectively [10]. Here, € determines
the kind of spacelike curve z(s). If ¢ = 1, then z(s) is a spacelike curve with spacelike first
principal normal N and timelike binormal B. If ¢ = —1, then x(s) is a spacelike curve with
timelike principal normal N and spacelike binormal B [8]. Furthermore, for a timelike curve

x(s) in the space R?, the following Frenet formulae are given in as follows,

T 0 k 0 T
N’ = x 0 T N
B 0 —7 0 B

where <f,f> = -1, <N,N> = <§,§> =1, <f,ﬁ> = <f,§> = <N,§> =0 and k and T
are curvature and torsion of the timelike curve z(s) respectively [10].

Curves lying on lightlike cone are examined using moving asymptotic frame which is de-
noted by {Z, &, ¢} along the curve z(s) lying fully on lightlike cone in the Minkowski space
RS,

For an arbitrary curve z(s) lying on lightlike cone in R3, the following asymptotic frame
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formulae are given by

i 0 1 0 z
a|l=|rx 0 -1 a
7 0 -k 0 7
where (Z,Z) = (7, 9) = (Z,a) = (¢,d) =0, (&, §) = (a,a) =1 and k is curvature function of

curve a(s) [5].

83. Smarandache Curves of Curves lying on Lightlike Cone in

Minkowski 3-Space R}

In this section, we first define the four different type of the Smarandache curves of curves lying
fully on lightlike cone in R$. Then, by the aid of asymptotic frame, we give the characterizations

between reference curve and its Smarandache curves.

3.1 Smarandache Fd-curves of curves lying on lightlike cone in R}

Definition 3.1 Let © = xz(s) be a unit speed regular curve lying fully on lightlike cone and

{Z,a,y} be its moving asymptotic frame. The curve ay defined by
aq(s) = Z(s) + a(s) (3.1)
is called the Smarandache Fa&-curve of x and oy fully lies on Lorentzian sphere S7.

Now, we can give the relationships between = and its Smarandache Fa-curve «; as follows.

Theorem 3.1 Let x = z(s) be a unit speed reqular curve lying on Lightlike cone in R3. Then
the relationships between the asymptotic frame of x and Frenet of its Smarandache Za-curve

aq are given by

K 1 —1

T Vi Ve Vo z
o k' k(=K —2K+1) K +2r—4r° 2k—r'—1
N, | = (1—2r)2VA (1-2r)2VA (1—2k)2VA a (3.2)
— —1 K’ n’+l~e72l~e2 5
By VI-2rVA ]

3 3
(1—2x) 2VA  (1-2x) 2VA
where Kk is curvature function of x(s) and A is

(26 — 1)(K')2 + (8k — 8K2 — 2)K’ — 16K* — 24K + 4Kk? — 2k

A= (1—2r)*

Proof Let the Frenet of Smarandache Z&-curve be {fl, Ny, él} Since @1 (s) = Z(s)+a(s)
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and Ty = @,/ ||@, |, we have

K 1
T 7(s) & o
! \/1—2AI(S) \/1—2,%&

; =0 (3.3)

(s)

where
ds 1 and 5 <
L — k< =.
dsy V1—2k . 2
Since N, = f{/ Hfl' , we get
- K — kK + Kk — 252 K + 2k — 4K? 2k — Kk — 1
Ny = Z(s) + a(s) + (s 34
' (1—2x)2VA (#) (1—2x)2VA (#) (1 —2/-;)2\/Zy( ) 34
where
(26 — 1)(K')2 + (8k — 8K2 — 2)K’ — 16K* — 24K + 4Kk? — 2k
A= (1—2r)" '
Then from El = fl X ]\71, we have
- -1 K K —2K%2+ K
Bl =—— %)+ ——————ad(s) + ————19(s). (3.5)
3 3
VI=26VA (1—20)2VA (1—26)RVA
From (3.3)-(3.5) we have (3.2). O

Theorem 3.2 The curvature function k1 of Smarandache Za-curve oy according to curvature

function of curve x is given by
VA

R1 =

Proof Since k1 = Hfl' . Using the equation (3.3), we get the desired equality (3.6). |

Corollary 3.1 If curve x is a line. Then Smarandache Za-curve ay is line.

Theorem 3.3 Torsion 71 of Smarandache Ta-curve oy according to curvature function of curve

x s as follows

A—A +2kA —kr'A— KA — 26Kk’ A" + 4k%2A — Ak’ — 2AK + 2kK" A

1 =

(1—2k)* A2
WA= AR WA = R~ G — =
(1—2k)* A2

dB;

dSl
equation. O

Proof Since 11 = < , N1 > Using derivation of the equation (3.5), we obtain the wanted
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Corollary 3.2 If Smarandache Za-curve oy is a plane curve. Then, we obtain

(A— A" +2kA" — k' A — KA — 2kK' A" + 452 A — Ak’ — 24K + 2f<u<a”A)

3A 2
+(1—2r)+K'A— Ark? + 1'K"A - K? A —6AkK — . —KQ,% =0

3.2 Smarandache Fj-curves of curves lying on Lightlike cone in R}

In this section, we define the second type of Smarandache curves that is called Smarandache
Zy-curve. Then, we give the relationships between the curve lying on lightlike cone and its

Smarandache Ty-curve.

Definition 3.2 Let © = xz(s) be a unit speed regular curve lying fully on lightlike cone and

{Z,a,y} be its moving asymptotic frame. The curve ag defined by

Gials) = % (#(s) + #(s))

is called the Smarandache Zy-curve of x and fully lies on Lorentzian sphere S7.
Now, we can give the relationships between = and its Smarandache Zy-curve as as follows.

Theorem 3.4 Let x = x(s) be a unit speed reqular curve lying on lightlike cone in R3. Then
the relationships between the asymptotic frame of x and Frenet of its Smarandache Ty-curve as

are given by

T 0 1 0 T
' K -1 -
N2 VvV —2K 0 VvV —2K @
3 1 —K —
By = 0 =

where k is curvature function of x(s).

Theorem 3.5 The curvature function ko of Smarandache Zy-curve as according to curvature
function of curve x is given

Ko =V —2K.

Corollary 3.3 Curve x is a line if and only if Smarandache Zy-curve as is line.

Theorem 3.6 Torsion 1o of Smarandache Zy-curve ay according to curvature function of curve
x 15 as follows
—2/2x'
Ty = —5—.
4K2 — 4K3
Corollary 3.4 If Smarandache Zy-curve as is a plane curve. Then, curvature K of curve x is

constant.
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3.3 Smarandache dj-curves of curves lying on lightlike cone in R}

In this section, we define the third type of Smarandache curves that is called Smarandache
ay-curve. Then, we give the relationships between the curve lying on lightlike cone and its

Smarandache dy-curve.

Definition 3.3 Let © = xz(s) be a unit speed regular curve lying fully on lightlike cone and

{Z,a, g} be its moving asymptotic frame. The curve as defined by

—

dz(s) = a(s) + 4(s)

is called the Smarandache ai-curve of x and fully lies on Lorentzian sphere S7.

Now we can give the relationships between z and its Smarandache dy-curve ag as follows.

Theorem 3.7 Let x = x(s) be a unit speed regular curve lying on lightlike cone in R3. Then
the relationships between the asymptotic frame of x and Frenet of its Smarandache Qy-curve ag
are given by

- K —K —1 N
T3 V K22k K22k V K22k T
]\73 — 71@4+2/€3 72/€2ﬁ/+4/€1€/+2/€374ﬁ2 ml@/fﬁl+/€372ﬁ2 &

VA VA VA
ES 73K2N/+5NN/71€4+4N374I€2 w2 — kK m574ﬁ4+4ﬁ3+2ﬁ3ﬁ/74/€2ﬁ/ ?j
\/Z\/n272n \/X\/ K2 -2k \/Z\/n272n

where Kk is curvature function of x(s) and A is

A= (4" — 165> + 165°) (k') + K’ (10" 4 38k" — 36K°) — 257 + 12k° — 24Kk° + 165"

Theorem 3.8 The curvature function k3 of Smarandache dy-curve as according to curvature

function of curve x is given

V/(4k% — 16K3 + 16k2) (k)2 + K/ (—10K5 + 38K% — 36K3) — 2k7 + 12k6 — 24K5 + 16k4

e = (k? — 2kK)?

Corollary 3.5 If curve x is a line. Then, Smarandache &y-curve ag is line.

Theorem 3.9 Torsion 13 of Smarandache dy-curve as according to curvature function of curve

x 15 as follows
by (kK — K + K3 — 2k?) N 20y (k = K) b3 k2
A(K? — 2K) A A

T3 =
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where by, by and bs are

by = —6r(K)? 4+ 962K +5(k)? 4 5kk" — 4k3K — 8kK

+(3k%K — bRk + v — 4K + 4K?) (% + %)
by = (R 2nm D) 2 = ) (o S
by = (5r* — 16K+ 12)K%K + (26 — 8)k(K')? 4 2K3K"

— (213K — 4K%K 4+ K® — 4K1 4 45K3) (% + %) :

Corollary 3.6 If Smarandache ay-curve as is a plane curve. Then, we obtain

by (kK" — & + K* — 26%) + (K% — 2k) (2b2 (k — K') — bgk?) = 0.

3.4 Smarandache Fdj-curves of curves lying on lightlike cone in R}

In this section, we define the fourth type of Smarandache curves that is called Smarandache
Zay-curve. Then, we give the relationships between the curve lying on lightlike cone and its
Smarandache Fay-curve.

Definition 3.4 Let x = x(s) be a unit speed reqular curve lying fully on Lightlike cone and

{Z,d,y} be its moving asymptotic frame. The curves ay and s defined by

-,

(i) da(s) = o5 (T(s) + a(s) +5(s));

are called the Smarandache Zay-curves of x and fully lies on Lorentzian sphere S7 and hyper-

bolic sphere HJ.

Now, we can give the relationships between z and its Smarandache Zdy-curve a4 on
Lorentzian sphere S7 as follows.

Theorem 3.10 Let x = x(s) be a unit speed reqular curve lying on lightlike cone in R3. Then
the relationships between the asymptotic frame of x and Frenet of its Smarandache Zay-curve

a4 are given by

1—kK —1

K —
T4 VK2—4r+1 VK2—4k+1 VK2—4k+1 T
= - __a b __ca .
N4 - \/Qalcler% \/Qalcler% \/Qalcler% &
53 1— b —-1)—b -
B, c1(1—=r)+by c1r+ta; a1(k—1)—bik 7

\/ﬁ2—4n+1\/2a101+b? \/ﬁ2—4n+1\/2a101+b? \/ﬁ2—4n+1\/2a101+b?
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where k is curvature function of x(s) and ay,by,c1 are

V3(K' — 2Kk — 5K% + 5Kk3 — K + k)
ay =

(k2 —4r +1)2
b, — V3(2k + K — 8K% 4 2Kk + 2K3)
(k2 — 4k +1)?
_ VB(=2K' + kK 45k — BK? + K% — 1)
“a = (k%2 — 4k +1)2 '

Theorem 3.11 The curvature function k4 of Smarandache Zay-curve ay according to curvature

function of curve x is given
Rg = 4/ 20,101 + b%

Corollary 3.7 If curve x is a line. Then, Smarandache Zay-curve ay is line.

Theorem 3.12 Torsion 14 of Smarandache Zay-curve ay according to curvature function of
curve  is as follows
azcr +biby + arco

V2aic1 + b3

T4 =

where as, by and cy are

’ ’ ’
2 ki =2k ajcitaze;+b1by
3(c) —cik —cik + b +cik ark) —V3(c1 —cik+b
V3, — ¢, 16"+ b] + c1s® + a1k) — V3(c1 — c1k + b1) 2 it 1 2ayer 102

(k2 — 4Kk + 1)\/2(1101 + b?

/ ’ ’ _ _ 2 2y rr! =2k’ ajertage] +b1b)
\ \/g(clﬁ-i-cln +al+c1—cik+bi +ark —aik” +bik”) \/§(cln+a1)<,€274~+1 2ager 457
P

(k2 — 4k + 1)\/2a1c1 +b%

’ ’ / / /
ok afcitagc) +b1b)
3(atk —al + a1k’ — bk —bir’ —c1k —a1) — V3(a1k — a1 — b1k Er
V3(a) 1 1 1 1 1 1) = V3(a 1 1K) w2 —dr+1 2a1c1+b7

Cc2 =

(k2 — 4k + 1)\/2a1c1 +b%

Corollary 3.8 If Smarandache Zaiy-curve ay is a plane curve. Then, we obtain

asci + bibs +ajca = 0.
Results of statement (i¢) can be given by using the similar ways used for the statement ().
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Abstract: In this paper, ((r1,72),m, (c1, c2))-regular intuitionistic fuzzy graph and totally
((r1,72),m, (c1,c2))-regular intuitionistic fuzzy graphs are introduced. A relation between
((r1,72),m, (c1,c2))-regularity and totally ((r1,7r2),m, (c1,cz2))-regularity on Intuitionistic
fuzzy graph is studied. A necessary and sufficient condition under which they are equiv-
alent is provided. Also, ((r1,72), m, (c1,c2))-regularity on some intuitionistic fuzzy graphs

whose underlying crisp graphs is a cycle is studied with some specific membership functions.

Key Words: Degree and total degree of a vertex in intuitionistic fuzzy graph, d,,-degree
and total dn,-degree of a vertex in intuitionistic fuzzy graph, (m, (c1,c2))- intuitionistic

regular fuzzy graphs, totally (m, (c1, c2))-intuitionistic regular fuzzy graphs.

AMS(2010): 05C12, 03E72, 05C72

§1. Introduction

In 1965, Lofti A. Zadeh [18] introduced the concept of fuzzy subset of a set as method of
representing the phenomena of uncertainty in real life situation. K.T.Attanassov [1]introduced
the concept of intuitionistic fuzzy sets as a generalization of fuzzy sets. K.T.Atanassov added
a new component( which determines the degree of non-membership) in the definition of fuzzy
set. The fuzzy sets give the degree of membership of an element in a given set(and the non-
membership degree equals one minus the degree of membership), while intuitionistic fuzzy sets
give both a degree of membership and a degree of non-membership which are more-or-less
independent from each other, the only requirement is that the sum of these two degrees is not
greater than one.

Intuitionistic fuzzy sets have been applied in a wide variety of fields including computer
science, engineering, mathematics, medicine, chemistry and economics [1, 2]. Azriel Rosenfeld
introduced the concept of fuzzy graphs in 1975 [5]. It has been growing fast and has numerous
application in various fields. Bhattacharya [?] gave some remarks on fuzzy graphs, and some
operations on fuzzy graphs were introduced by Morderson and Peng [9].

1Received October 12, 2016, Accepted May 12, 2017.
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Krassimir T Atanassov [2] introduced the intuitionistic fuzzy graph theory. R.Parvathi and
M.G.Karunambigai [8] introduced intuitionistic fuzzy graphs as a special case of Atanassov’s
IFG and discussed some properties of regular intuitionistic fuzzy graphs [6]. M.G. Karunambigai
and R.Parvathi and R.Buvaneswari introduced constant intuitionistic fuzzy graphs [7]. M.
Akram, W. Dudek [3] introduced the regular intuitionistic fuzzy graphs. M.Akram and Bijan
Davvaz [4] introduced the notion of strong intuitionistic fuzzy graphs and discussed some of

their properties.

N.R.Santhi Maheswari and C.Sekar introduced do- degree of vertex in fuzzy graphs and
introduced (r, 2, k)-regular fuzzy graphs and totally (r,2, k)-regular fuzzy graphs [11]. S.Ravi
Narayanan and N.R.Santhi Maheswari introduced ((2, (¢1, ¢2)-regular bipolar fuzzy graphs [13].
Also, they introduced d,,,-degree, total d,,-degree, of a vertex in fuzzy graphs and introduced an
m-neighbourly irregular fuzzy graphs [12, 15], (m, k)-regular fuzzy graphs [14, 15] and (r, m, k)-
regular fuzzy graphs [15, 16].

N.R.Santhi Maheswari and C.Sekar introduced d,,- degree of a vertex in intuitionistic fuzzy
graphs and introduced (m, (c1, c2))-regular fuzzy graphs and totally (m, (c1, c2))-regular fuzzy
graphs [17]. These motivates us to introduce ((r1,72), m, (c1, c2))-regular intuitionistic fuzzy

graphs and totally ((r1,72), m, (¢1,c))-regular intuitionistic fuzzy graphs.

§2. Preliminaries

We present some known definitions related to fuzzy graphs and intuitionistic fuzzy graphs for

ready reference to go through the work presented in this paper.

Definition 2.1([9]) A fuzzy graph G : (o, 1) is a pair of functions (o, ), where o : V. —[0,1]
is a fuzzy subset of a non empty set V and p: VXV —[0, 1] is a symmetric fuzzy relation on
o such that for all u,v in V, the relation p(u,v) < o(u) A o(v) is satisfied. A fuzzy graph G is
called complete fuzzy graph if the relation p(u,v) = o(u) A o(v) is satisfied.

Definition 2.2([12]) Let G : (o,p) be a fuzzy graph. The dy,-degree of a vertex u in G is
dm(u) =3 ™ (uwv), where ™ (uv) = sup{p(uug)Ap(uiug)A. .oy w(Um—10) U, UL, Uy -« 3 Upp—1, V
is the shortest path connecting u and v of length m}. Also, u(uv) =0, for uv not in E.

Definition 2.3([12]) Let G : (o,p) be a fuzzy graph on G* : (V,E). The total d,,-degree of a
vertex u € V is defined as tdy,(u) =Y ™ (uv) + o(u) = dp(u) + o(u).

Definition 2.4([12]) If each vertex of G has the same d,, - degree k, then G is said to be an
(m, k)-regular fuzzy graph.

Definition 2.5([12]) If each vertex of G has the same total d,, - degree k, then G is said to be
totally (m, k)-regular fuzzy graph.

Definition 2.6([15, 16]) If each vertex of G has the same degree v and has the same d,-degree
k, then G is said to be (r,m,k)-regular fuzzy graph.
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Definition 2.7([15, 16]) If each vertex of G has the same total degree r and has the same total
dp,-degree k, then G is said to be totally (r,m, k)-regular fuzzy.

Definition 2.8([7]) An intuitionistic fuzzy graph with underlying set V is defined to be a pair
G = (V, E) where

(1) V. = {v1,v2,v3, -+ ,un} such that py : V. — [0,1] and v1 : V — [0,1] denote the
degree of membership and nonmembership of the element v; € V, (i = 1,2,3,--- ,n),such that
0 < pr(vi) +m(v) <1;

(2) ECV XV where pio : VxV —[0,1] and 72 : V xV — [0,1] are such that po(v;, vj) <
min{p1(vi), pa(v;)} and y2(vi, v5) < maz{yi(vi),71(v;)} and 0 < po(vi, v;) +72(vi, v;) < 1 for
every (vi,v;) € E, (1, =1,2,--- ,n).

Definition 2.9([7]) If v;,v; € V C G, the p-strength of connectedness between two vertices v;
and v; is defined as p$®(vi,v;) = sup{pk(vi,vj) 1 k =1,2,---,n} and vy-strength of connected-
ness between two vertices v; and vj is defined as Y5 (vi,v;) = inf{v5(vi,vj) 1 k=1,2,--- ,n}.

If w and v are connected by means of paths of length k then pk(u,v) is defined as sup
{pa(u,v1) A pa(v1,v2) Av e A pa(vk—1,0): (u, 01,02, ,vk—1,v) € V} and v5 (u,v) is defined as
inf {y2(u,v1) V y2(v1,v2) V- - V3 (Vk—1,0): (u,v1,v2, - ,05-1,v) € V}.

Definition 2.10([7]) Let G = (V, E) be an intuitionistic fuzzy graph on G*(V,E). Then the
degree of a vertex v; € G is defined by d(v;) = (du, (vi),dy, (v;)), where dy,, (v) = Y pa(vi, vj)
and dy, (v;) = Y v2(vi, v5) for (vi,v;) € E and pa(vi,v;) = 0 and y2(vs, v;) = 0 for (v;,v;) ¢ E.

Definition 2.11([7]) Let G = (V,E) be an Intuitionistic fuzzy graph on G*(V,E). Then
the total degree of a vertex v; € G is defined by td(v;) = (td,, (vs), tdy, (vs)),where td,, (v;) =
dp (i) + pa (vi) and tdy, (v;) = dyr(vi) + 71 (vi)-

Definition 2.12([17]) Let G = (V,E) be an intuitionistic fuzzy graph on G*(V,E). Then
the dy, - degree of a wvertex v € G is defined by dim)(v) = (dim)u, (v), dim)y, (v)), where
dimyp, (v) = Zuém)(u,v) where uém) (u,v) = sup{ua(u,ur) A po(u,ug) A - A po(tm—1,v) :
Uy Ug, Uy« Um—1,V 18 the shortest path connecting u and v of length m)} and dimyv, (v) =
275" (), where 7™ (u, v) =ing {2, u)Vya(ur, u2) V-V (o, 0)  un, g, i,
is the shortest path connecting u and v of length m}. The minimum d,,-degree of G is §,;,(G)
:/\{(d(m)#1 (U), d(m),“ (U)) v E V}
The mazimum d,,-degree ofG is A (G)=V{(d(m)u, (v), d(m)y, (V) v € V..

Definition 2.13([17]) Let G : (V, E) be an intuitionistic fuzzy graph on G*(V,E). If all
the vertices of G have same d,,- degree ci,c2, then G is said to be a (m,(c1,c2))- regular

intuitionistic fuzzy graph.

Definition 2.14([17]) Let G = (V,E) be an intuitionistic fuzzy graph on G*(V,E). Then
the total dy,-degree of a vertex v € G is defined by td(m)(v)= (td(m)u, (V),td(m)y, (v)), where
td (), (V) = dimyu, (V) + 1 (v) and tdmys, (V) = dmyy, (V) +71(v). The minimum td,,-degree
of G is t0,(G) = NM(tdpmyu, (v), tdimyy, (V) + v € V}. The mazimum td,,-degree of G is
tAL(G) = \/{(td(m)#l (v), ifd(m),y1 (v):veV}
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Definition 2.15([17]) Let G = (V, E) be an intuitionistic fuzzy graph on G*(V,E). If each
vertex of G has same total d,, - degree cy,ca, then G is said to be totally (m,(c1,c2)) - reqular

intuitionistic fuzzy graph.

83. ((r1,72),m,(c1,c2))- Regular intuitionistic Fuzzy Graphs

Definition 3.1 Let G : (V, E) be an intuitionistic fuzzy graph on G*(V, E). If d(v) = (r1,72)
and d(my (v) = (c1,¢2) for allv € V, then G is said to be ((r1,72),m, (c1,c2))-regular intuition-
istic fuzzy graph. That is, if each vertex of G has the same degree (r1,72) and has the same

dp-degree (c1,c2), then G is said to be ((r1,r2), m, (c1, ca))-reqular intuitionistic fuzzy graph.

Example 3.2 Consider an intuitionistic fuzzy graph on G*(V, E), a cycle of length 7.

11(0.2,0.3)

(0.3,0.4) (0.3,0.4)
u7(0.6,0.4) 5(0.3,0.4)
(0.3,0.4) (0.3,0.4)
us(0.5,0.4) @ ¢ u3(0.4,0.5)
(0.3,0.4) (0.3,0.4)
u5(0.2,0.3) u4(0.5,0.4)

* 0304 °
Figure 1

Here, d,, (u) = 0.6; d, (u) = 0.8; d(u) = (0.6,0.8) for all u € V.

d3yp, (u1) = (0.3 N 0.310.3) + (0.3A0.3A0.3) = 0.3+ 0.3 = 0.6;

d(3)y, (u1) = (0.4v 0.4V 0.4)+(04V04V04)=(04)+(0.4) =0.8;

d(g)(ul) = (0.6,0.8); d(g) (u2) = (0.6,0.8); d(g) (U3) = (0.6,0.8);
d(g)(U4) = (0.6,0.8); d(g) (U5) = (0.6,0.8); d(g) (UG) = (0.6,0.8); d(g)(U7) = (0.6,0.8).
Hence G is ((0.6,0.8), 3, (0.6, 0.8))-regular intuitionistic fuzzy graph.

Example 3.3 Consider an intuitionistic fuzzy graph on G*(V, E), a cycle of length 6.

u(0.5,0.4) (0.5,0.4) _w(0.5,0.4)
01,02) (03,04)

(0.3,0.4) (0.1,0.2)
(0.1,0.2) o (0.3,0.4)

2(0.5,0.4) 4(0.5,0.4) x(0.5,0.4)

Figure 2
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(1) = dy, (u) = 0.6; d(u) = (0.4,0.6);
d3yp, (u) = sup{(O 1A0.3A0.1),(0.3A0.1A0.3)} =sup{0.1,0.1} = 0.1;
d(3)yy (1) = inf{(0.2V 0.4V 0.2), (0.4V 0.2V 0.4)} = inf{0.4,0.4} = 0.4;
dzy(u) = (0.1,0.4), d(g)(u) = (0.1,0.4), for all u € V.

Here, G is ((0.4,0.6),3,(0.1,0.4))- regular intuitionistic fuzzy graph.

Example 3.4 Non regular intuitionistic fuzzy graphs which is (m, (¢1, ¢2))-regular intuitionistic
fuzzy graph.

Let G : (V, E) be an intuitionistic fuzzy graph such that G*(V, E), a path on 2m vertices.
Let all the edges of G have the same membership value (c1,¢cz). Then,

Fori=1,2,--- ,m,
Amy (Vi) = {ples) Apleirr) Ao A pilem—2+i) A pilem—14:)}
{es ANer A~ ANert

d(m),ul (Ul) = C1,

dmyy, (vi) = {v(ei) Vyleir1) V- Vy(em—2+i) Vy(€m—1+i)}
= {CQ\/CQ\/"'\/CQ}

d(m)’)’l (Ul) = C2,

dmyps (Vmri) = {ples) Apleipr) A A plem—ori) A plem—114)}
= {Cl /\Cl/\'--/\Cl},

dimyu, (Vm+i) = c1,

dimyy, Umsi) = {v(ed) Vyleir) V- Vy(em—2yi) Vy(€m—14i)}
= {02\/02\/"'\/62},

d(m)y, (Vm+i) = ca.

Hence G is (m, (¢1,c2)) - regular intuitionistic fuzzy graph.

Fori=2,3,---,2m—1,

du(vi) = plei-1)
d'y(vi) =(ei-1)
d(v;) = (2¢1,2cq) = (k1, ko) where k1 = 2¢; and kg = 2co;
dy(v1) = per) = e1 and dy (v1) = y(e1) = ez,

+ ple) =1+ 1 = 2¢q;
+v(ei) = ca + ca = 2¢9;

So, d(v1) = (c1, ¢2), du(vom) = p(eam—1) = c1 and dy(vom) = Y(e2m—1) = ca.
So, d(vam) = (e1,c2). Therefore, d(vy) # d(v;) # d(vey,) for i =2,3,--- ,2m — 1.
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Hence G is non regular intuitionistic fuzzy graph which is (m, (¢1, c2))-regular intuitionistic

fuzzy graph.

Example 3.5 Let G : (V, E) be an intuitionistic fuzzy graph such that G*(V, E), an even cycle
of length > 2m + 1.

Let
k1 if 4is odd
plei) = . .
membership value x> k; if iis even
and
ko if 4 is odd
v(ei) =

membership value y < ko if 7 is even

where x,y are not constant functions. Then,

dimyp, (v) = min{ki, x} +min{z, ki1} = ki + k1 = 2k1 = ¢, where ¢; = 2k;

d(m)y, (v) = max{ky,y} +mazx{y, ka} = ka + ko = 2k = c2, where cz = 2k».

S0, d(my(v) = (c1,c2), for all v € V.

Case 1. Let G : (A, B) be an intuitionistic fuzzy graph such that G*(V, E), an even cycle of
length < 2m+2. Then d(v;)=(z+c1,y+c2), foralli =1,2,--- ;2m+1. Hence G is non-regular

(m, (c1, c2))-regular intuitionistic fuzzy graph.

Case 2. Let G : (4, B) be an intuitionistic fuzzy graph such that G*(V, E), an odd cycle of
length < 2m + 1. Then d(v1) = (c1,¢2) + (c1,¢2) = (2¢1,2¢2) and d(v;) = (x 4 ¢1,y + ¢2), for
alli =2,3,---,2m. Hence G is non-regular (m, (c1, c2))-regular intuitionistic fuzzy graph.

§4. Totally ((r1,7r2),m, (c1,c2))- Regular Intuitionistic Fuzzy Graphs

Definition 4.1 Let G : (A, B) be an intuitionistic fuzzy graph on G*(V, E). If each vertex of G
has the same total degree (r1,72) and same total d,,,-degree (c1,c2) , then G is said to be totally

((r1,72), m, (c1, c2) )- reqular intuitionistic fuzzy graph.

Example 4.2 In Figure 2, tds)(v) = d(3)(v) + A(v) = (0.1,0.4)+(0.5,0.4)=(0.6,0.8) for all
v e V. td(v) = d(v) + A(v) = (04,0.6) + (0.5,0.4) = (0.9,1.0) for all v € V Hence G is
((0.9,1.0),3,(0.6,0.8))- regular intuitionistic fuzzy graph.

Example 4.3 A ((r1,72),m, (c1,c2))- regular intuitionistic fuzzy graph need not be totally
((r1,72),m, (¢1,c2))- regular intuitionistic fuzzy graph. Consider G : (A, B) be a intuitionistic

fuzzy graph on G*(V, E), a cycle of length 7.
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a(0.4,0.5) b(0.5,0.4)

(0.2,0.3)

(0.3,0.4) (0.3,0.4)
h(0.5,0.4) ¢(0.4,0.5)
(0.2,0.3)
(0.2,0.3)
9(0.4,0.5) d(0.5,0.4)
(0.3,0.4) (0.3,0.4)
£(0.5,0.4) (0.2,0.3) e(0.4,0.5)
Figure 3

Here d(v) = (0.5,0.7) for all v € V and d3)(v) = (0.4,0.8), for all v € V. But tds)(a) =
(0.4,0.8) + (0.4,0.5) = (0.8,1.3), tdz)(b) = (0.4,0.8) + (0.5,0.4) = (0.9,1.2). Hence G is
((0.5,0.7), 3, (0.4,0.8)) - regular intuitionistic fuzzy graph.

But tds(a) # tdsz(b). Hence G is not totally ((r1,72), 3, (¢1,c2)) - regular intuitionistic
fuzzy graph.

Example 4.4 A ((r1,72),m, (c1, c2))- regular intuitionistic fuzzy graph which is totally ((r1,72),m, (c1, ¢c2))-
regular intuitionistic fuzzy graph.
Consider G : (A, B) be an intuitionistic fuzzy graph on G*(V, E), a cycle of length 6. For

m = 3,
1(0.5,0.4) .1;(0'570'4) w(0.5,0.4)
(0.4,0.4) ~ (0.2,0.3)
(0.2,0.3) (0.4,0.4)
(0.4,0.4) 4 (0:2.03)
2(0.5,0.4) 4(0.5,0.4) (0.5,0.4)
Figure 4

Here, d(v) = (0.6,0.8) and d(3y(v) = (0.2, 0.3), for all v € V. Also, td(v) = (1.1,1.4)
and td(s)(v) = ((0.7,0.9) for all v € V. Hence G is ((0.6,0.8),3,(0.2,0.3)) regular intuitionistic
fuzzy graph and totally ((1.1,1.4),3,(0.7,0.9)) - regular intuitionistic fuzzy graph.

Theorem 4.5 Let G : (A, B) be an intuitionistic fuzzy graph.on G*(V,E). Then A(u) =
(k1,k2), for all w € V if and only if the following are equivalent:

(1) G:(V,E) is ((r1,r2), m, (c1,c2))- reqular intuitionistic fuzzy graph;

(13) G : (V, E) is totally ((r1 + k1,72 +k2), m, (c1 + k1, ca+ k2))- regular intuitionistic fuzzy
graph.

Proof Suppose A(u) = (ki1,ke), for all u € V. Assume that G is ((r1,72),m, (c1,¢2))-
regular intuitionistic fuzzy graph. Then d(u) = (r1,r2) and d,)(u) = (c1,c2), for all u € V.
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So, td(u) = d(u) + A(u) and tdgy,)(u) = du(u) + A(uw) = td(u) = (r1,72) + (k1,k2) and
td(y)(u) = (c1,c2) + (k1, k2). So, td(u) = (11 + k1,72 4 k2), td(m) (u) = (c1 + k1, co + k2). Hence
G is totally ((r1 + k1,72 + k2),m, (c1 + k1, c2 + k2)) - regular intuitionistic fuzzy graph. Thus
(i) = (ii) is proved.

Now, suppose G is totally ((r1 + k1,72 + ko), m, (c1 + k1, ca + k2))- regular intuitionistic
fuzzy graph. Then td(u) = (r1 + k1,72 + k) and td(,,)(u) = (c1 + k1, c2 + k2), for all u €
V = d(u) + A(u) = (r1 + k1,72 + k2) and dp)(u) + A(u) = (c1 + k1, c2 + k), for all u €
V = d(u) + (k1,k2) = (r1,72) 4+ (k1,k2) and d,,)(u) + (k1,k2) = (c1,¢2) + (k1, k2), for all
u €V =d(u)= (r1,r2) and d(,,)(u) = (c1,c2), for all u € V. Hence G is ((r1,72),m, (c1,c2))-
regular intuitionistic fuzzy graph. Thus (ii) = (i) is proved. Hence (i) and (ii) are equivalent.

Conversely, suppose (i) and (ii) are equivalent. Suppose A(u) is not constant function,
then A(u) # A(w), for atleast one pair u,v € V. Let G be a ((r1,72),m, (c1,c2)) - regular
intuitionistic fuzzy graph and totally ((r1+k1,r2+k2), m, (c1+k1, ca+ks2))- regular intuitionistic
fuzzy graph. Then d(,)(u) = d(m)(w) = (c1,c2) and d(u) = d(w) = (r1,72). Also, tdp)(u) =
dim)(u) + A(u) = (c1,¢c2) + A(u) and tdiy)(w) = domy(w) + A(w) = (c1,c2) + A(w), td(u) =
d(u) + A(u) = (r1,7r2) + A(u) and td(w) = d(w) + A(w) = (r1,r2) + A(w). Since A(u) #
A(w), (c1,c2) + A(u) # (c1,¢2) + A(w) and (r1,72) + A(u) # (r1,72) + A(w) = tdm)(u) #
td(y) (w) and td(u) # td(w). So, G is not totally ((r1+ k1,72 +k2), m, (c1 + k1, ca+ko))- regular
intuitionistic fuzzy graph. Which is a contradiction.

Now let G be a totally ((r1 + k1,72 + k2), m, (c1 + k1, c2 + k2)) - regular intuitionistic fuzzy
graph. Then td(,,)(u) = tdy,)(w) and td(u) = td(w) = dimy(u) + A(w) = da)(w) + A(w)
and d(u) + A(u) = d(w) + A(w) = dimy(u) — dm)(w) = A(w) — A(u) # 0 and d(u) — d(w) =
A(w) — A(u) # 0 = dp)(u) # dpny(w) and d(u) # d(w). So, G is not ((r1,r2),m, (c1,c2))
- regular intuitionistic fuzzy graph. Which is a contradiction. Hence A(u) = (k1, k2), for all
ueV. 0

Theorem 4.6 If an intuitionistic fuzzy graph G : (A, B) is both ((r1,r2), m, (c1,¢2)) - regular
intuitionistic fuzzy graph and totally ((r1,7r2),m, (c1,¢c2)) - regular intuitionistic fuzzy graph then

A is constant function.

Proof Let G be a ((s1,s2),m, (k1,k2)) - regular intuitionistic fuzzy graph and totally
(s3,84),m, (k3, k4)) - regular intuitionistic fuzzy graph. Then, let d(,,y(u) = (k1, k2), td () (u) =
3,ka), d(u) = (s1,82), td(u) = (s3,84) for all u € v. Now, td,)(u) = (k3, ks) and td(u) =
s3,84) for all u € v = d(,)(u) + A(u) = (k3,ks) and d(u) + A(u) = (s3,s4) for all u € v =
k1, k2)+ A(u) = (ks, ka) and (s1, $2) + A(u) = (s3,84) for all u € v = A(u) = (k3, k) — (k1, k2)
and A(u) = (s3,84) — (s1,82) for all w € v = A(u) = (ks — k1,ka — k2) and A(u) =

(s3 — s1), (84 — s2) for all u € v. Hence A(u) is constant function. O

o~ o~~~

85. ((r1,72),m,(c1,c2))- Regularity on a Cycle with Some Specific
Membership Functions

Theorem 5.1 For any m > 1, Let G : (A, B) be an intuitionistic fuzzy graph such that
G*(V,E), a cycle of length > 2m. If B is constant function then G is ((r1,r2), m, (c1,¢2)) -
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reqular intuitionistic fuzzy graph, where (k1,ks) = 2B(uv).

Proof Suppose B is a constant function say B(uv) = (c1,¢2), for all uv € E. Then d,(u)=
sup {(ci At A---Aer),(ciANer A---ANey)} =c forallv e V. dy(u) =inf{(caVea V- V),
(c2VeaV---Veg)} = co forallv € V. diyy(v) = (c1,c2) and d(v) = (c1, c2) +(c1,c2) = 2(c1, c2).
Hence G is ((r1,72), m, (c1,c2)) - regular intuitionistic fuzzy graph. O

Remark 5.2 The Converse of above theorem need not be true.

Example 5.3 Counsider an intuitionistic fuzzy graph on G*(V, E).
u(0.3,04)  (0.2,0.3) v(0.4,0.5)

(0.3,0.4) (0.3,0.4)
2(0.3,0.5) w(0.3,0.5)
(0.2,0.3) (0.2,0.3)

y(0.4,0.5)  (0.3,0.4) 2(0.3,0.4)

Figure 5

Here, d(u) = (0.5,0.7) and d(sy (u) = (0.3,0.4), for allu € V. Hence G is ((0.5,0.7),3, (0.3,0.4))-
regular intuitionistic fuzzy graph. But B is not a constant function.

Theorem 5.4 For anym > 1, let G : (A, B) be an intuitionistic fuzzy graph such that G*(V, E),
a cycle of length > 2m + 1. If B is constant function, then G is ((r1,72),m, (c1,c2)) - reqular
intuitionistic fuzzy graph, where (r1,r2) = 2B(uv) and (c1,c2) = 2B(uv).

Proof Suppose B is constant function say B(uv) = (c1,¢2), for all uv € E. Then,
Ay, (V)= {ca Aer A Nerf +{ea At A~ A} = e+ = 2¢1, diyy, = {2V eV
Vel +{eaVeaV--- Ve =c+c =2, forallve V. Sodu,(v) = 2(c1,c2), for all
u € V. Also, d(v) = (c1,¢2) + (c1,¢2) = 2(e1,¢2) Hence G is (2(e1,¢2), m, 2(c1,¢2)) - regular
intuitionistic fuzzy graph. a

Theorem 5.5 For anym > 1, let G : (A, B) be an intuitionistic fuzzy graph such that G*(V, E),
a cycle of length > 2m + 1. If the alternate edges have the same membership values and same

non membership values, then G is ((r1,r2), m, (c1,¢2)) - regular intuitionistic fuzzy graph.

Proof If the alternate edges have same membership and same non membership values then,
let
ki1 if 7 is odd ks if 7 is odd
ples) = o v(e:) = o
ko if 4 is even ks if 4 is even
Here, we have 4 possible cases.

Case 1. Suppose k1 < ko and k3 > k4.
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dimyp, (0) = min{ky, ka} + min{ki, ko} = k1 + k1 = 2k1;

d(m)y, (V) = max{ks, ka} + max{ks, ks} = ks + ks = 2ks;

d(m)(v) = (2k1,2k3) and d(v) = (k1,k3) + (k2, ka) = (k1 + k2, k3 + ka).
Case 2. Suppose k1 < ko and k3 < k4.

d(myp, (v) = min{ky, ko} +min{ki, ka} = ki + k1 = 2ky;

d(m)y, (V) = max{ks, ka} + max{ks, ka} = ks + kg = 2ky;

dim)y(v) = (2k1,2ks) and d(v) = (k1, k3) + (k2, ka) = (k1 + ko, k3 + ka).
Case 3. Suppose k1 > ko and ks < k4.

d(myp, (v) = min{k1, ko } + min{ki, ko} = ko + ko = 2ko;

d(m)y, (v) = max{ks, ka} + max{ks, ks} = ks + ks = 2ky;

dim)(v) = (2k2,2ks) and d(v) = (k1, k3) + (k2, ka) = (k1 + k2, k3 + ka).
Case 4. Suppose k1 > ko and k3 > k4.

d(myp, (V) = min{ky, ko } +min{ky, ka} = ko + ko = 2k2;

d(m)y, (V) = max{ks, ka} + max{ks, ka} = k3 + k3 = 2ks;

dim)(v) = (2k2,2k3) and d(v) = (k1, k) + (k2, ka) = (k1 + ko, k3 + ka).

Thus, d(v) = (r1,72) and dy)(v) = (c1,c2) for all v € V. Hence G is ((r1,72),m, (c1,c2))-

regular intuitionistic fuzzy graph. |

Remark 5.6 Even if the alternate edges of an intuitionistic fuzzy graph whose underlying
graph is an even cycle of length > 2m + 2 having same membership values and same non
membership values, then G need not be totally ((ri,72), m, (c1, c2))- regular intuitionistic fuzzy
graph, since if A = (u1,71) is not a constant function, G is not totally ((r1,72),m, (c1,¢2)) -
regular intuitionistic fuzzy graph, for any m > 1.

Theorem 5.7 For any m > 1, let G : (A, B) be an intuitionistic fuzzy graph on G* : (V, E), a
cycle of length > 2m + 1. Let ko > ky, k4 > k3 and let

k1 if 7 is odd ks if 7 is odd
plei) = o v(ei) = .
ko if 7 is even ks if 7 is even

Then, G is ((r1,72),m, (c1, c2))- reqular intuitionistic fuzzy graph.

Proof We consider cases following.

Case 1. Let G : (A, B) be an intuitionistic fuzzy graph on G*(V, E), an even cycle of length
< 2m + 2. Then by theorem 5.3, G is ((r1,72), m, (c1,c2)) - regular intuitionistic fuzzy graph.

Case 2. Let G = (4, B) be an intuitionistic fuzzy graph on G*(V, E) an odd cycle of length

> 2m+ 1. For any m > 1, dy, (v) = (2k1,2k4), for all v € V. But d(v1) = (k1, k3) + (k1, k3) =
2(/€1, kg) and d(’l}l) = (kl, k3)+(k}2, k4) = ((kl-i-kg), (k3+k4)) So, d(’l}l) #+ d(’l)l) fori =2,3,....m
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Hence G is not ((r1,72),m, (1, ca))-regular intuitionistic fuzzy graph. O

Remark 5.8 Let G : (A, B) be an intuitionistic fuzzy graph such that G*(V, E) is a cycle of
length > 2m + 1. Even if let

ki1 if 7 is odd ks if 7 is odd
plei) = o v(ei) = o
ko if 4 is even ks if 4 is even
Then G need not be totally ((r1,72), m, (¢1,¢2))- regular intuitionistic fuzzy graph, since if A =
(1,71) is not a constant function, G is not totally ((r1,72),m, (c1,c2))- regular intuitionistic

fuzzy graph.
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§1. Introduction

Let G be a graph with n vertices vq,vg,--- ,v, and m edges. Let A = (a;;) be the adjacency
matrix of the graph. The eigenvalues A1, Aa, -+, A, of A, assumed in non increasing order, are
the eigenvalues of the graph G. As A is real symmetric, the eigenvalues of G are real with sum
equal to zero. The energy E(G) of G is defined to be the sum of the absolute values of the

eigenvalues of G.

B(G) =Y A, 1)

The concept of graph energy originates from chemistry to estimate the total m-electron
energy of a molecule. In chemistry the conjugated hydrocarbons can be represented by a graph
called molecular graph. Here every carbon atom is represented by a vertex and every carbon-
carbon bond by an edge and hydrogen atoms are ignored. The eigenvalues of the molecular
graph represent the energy level of the electron in the molecule. An interesting quantity in
Hiickel theory is the sum of the energies of all the electrons in a molecule, the so called 7-
electron energy of a molecule.

Prof.Chandrashekara Adiga et al.[5] have defined color energy E.(G) of a graph G. Rajesh
Khanna et al.[2] have defined the minimum dominating energy. Motivated by these two papers,
we introduced the concept of minimum dominating color energy EP(G) of a graph G and
computed minimum dominating chromatic energies of star graph, complete graph, crown graph,
and cocktail party graphs. Upper and lower bounds for EP(G) are also established.

This paper is organized as follows. In section 3, we define minimum dominating color

energy of a graph. In section 4, minimum dominating color spectrum and minimum dominating

1Received December 19, 2016, Accepted August 13, 2017.
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color energies are derived for some families of graphs. In section 5 Some properties of minimum
dominating color energy of a graph are discussed. In section 6 bounds for minimum dominating

color energy of a graph are obtained. section 7 consist some open problems.

82. Minimum Dominating Energy of a Graph

Let G be a simple graph of order n with vertex set V = vy, v9,v3, -+ ,v, and edge set E. A
subset D C V is a dominating set if D is a dominating set and every vertex of V — D is adjacent
to at least one vertex in D, and generally, for VO C V' with (O), isomorphic to a special graph,
for instance a tree, a Smarandachely dominating set Dg on O of G is such a subset Dg C V —O
that every vertex of V — Dg—O is adjacent to at least one vertex in Dg. Obviously, if O = (), Dg
is nothing else but the usual dominating set of graph. Any dominating set with minimum car-
dinality is called a minimum dominating set. Let D be a minimum dominating set of a graph G.

The minimum dominating matrix of G is the n x n matrix defined by Ap(G) = (as;) ([2]) where

1 if v; and v; are adjacent,
Qij = 1 ifi=jandv; €D,
0 otherwise
The characteristic polynomial of Ap(G) is denoted by f,(G,\) = det(A] — Ap(G)). The
minimum dominating eigenvalues of the graph G are the eigenvalues of Ap(G).
Since Ap(G) is real and symmetric, its eigenvalues are real numbers and are labelled in

non-increasing order A\; > Ao > A3 > --- > A, The minimum dominating energy of G is defined
as

EZ(G) =[xl (2)

83. Coloring and Color Energy

A coloring of graph G is a coloring of its vertices such that no two adjacent vertices receive the
same color. The minimum number of colors needed for coloring of a graph G is called chromatic
number and is denoted by x(G) ([19]).

Consider the vertex colored graph. Then entries of the matrix A.(G) are as follows ([5]):

If ¢(v;) is the color of v;, then

1 if v; and v; are adjacent with c(v;) # c(v;),
a;;j = ¢ —1 if v; and v; are non-adjacent with c¢(v;) = ¢(v;),
0  otherwise.
The characteristic polynomial of A.(G) is denoted by fn(G,p) = det(pI — A:(G)). The

color eigenvalues of the graph G are the eigenvalues of A.(G).

Since A.(G) is real and symmetric, its eigen values are real numbers and are labelled in
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non-increasing order p; > py > p3 > -+ > p, The color energy of G is defined as

E(&) =Y loil. )

84. The Minimum Dominating Color Energy of a Graph

Let G be a simple graph of order n with vertex set V' = vy, v9,vs,--- ,v, and edge set E. Let
D be the minimum dominating set of a graph G. The minimum dominating color matrix of G
is the n x n matrix defined by AP(G) = (a;;) where

1 if v; and v; are adjacent with c(v;) # ¢(v;) or if i = j and v; € D,
a;;j =4 —1 if v; and v; are non adjacent with c¢(v;) = ¢(v;),

0 otherwise

The characteristic polynomial of AP (G) is denoted by f,, (G, \) = det(Al — AP(G)). The

minimum dominating color eigenvalues of the graph G are the eigenvalues of AP (G).

Since AP(G) is real and symmetric, its eigenvalues are real numbers and are labelled in
non-increasing order A\; > Ay > As.... > A, The minimum dominating color energy of G is
defined as

n
E2(@G) =) |\l (4)
i=1
If the color used is minimum then the energy is called minimum dominating chromatic

energy and it is denoted by EP(G). Note that the trace of AP (G) = [D|.

85. Minimum Dominating Color Energy of Some Standard Graphs

Theorem 5.1 If K, is the complete graph with n vertices has EP(G)(K,) = (n —2) +

vVn?2 —2n +5.

Proof Let K,, be the complete graph with vertex set V' = {vy,va, -+ ,v,}. The minimum
dominating set = D = {v;}.

1 1 1 1 1

1 0 1 1 1

1 1 0 1 1
A?(Kn) =

1 1 1 0 1

1 1 1 1 0

nxn
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Its characteristic polynomial is
A1 72N = (n— DA —1].

The minimum dominating color eigenvalues are

1 n—144/(n?—2n+5) n—1—4/(n?—2n+5)
2 2

n—2 1 1

specp(K,) =

The minimum dominating color energy for complete graph is

(n—1)4++/(n?—2n+5)
) |

EY(Kn) = |=1l(n—2)+|

+|(n—1)— ;n2—2n+5)|

— (-2 + VT TI),

N E2(G)(Kn) = (n—2)++/(n?> —2n+5). O

Definition 5.2 The crown graph SO for an integer n > 3 is the graph with vertex set
{ur,ug, ++ Up, V1,02, - ,vn+ and edge set {uv; : 1 <i,5 <n,i#j}. SO is therefore equiva-
lent to the complete bipartite graph K, , with horizontal edges removed.

Theorem 5.3 If S} is a crown graph of order 2n then EP (S)) = (2n—3) ++/(4n? 4+ 4n — 7).

Proof Let SO be a crown graph of order 2n with vertex set {u1,ug, -+ ,Un, v1,V2, -+ ,Un}

and minimum dominating set = D = {u1,v;}. Since x(SY) = 2, we have

1 -1 --- -1 -1 0 1 1 1
-1 o --- =1 -1 1 0 1 1
-1 -1 0 -1 1 1 0 1
-1 -1 -1 0 1 1 1 0
Ax(Sg) =
0 1 1 1 1 -1 -1 -1
1 0 1 1 -1 0 -1 -1
1 1 0 1 -1 -1 0 -1
1 1 1 0 -1 -1 -1

2nXx2n

Its characteristic polynomial is

NTUN = 1A = 2]" 2 [A\% + (2n — 5)A — (6n — 8)]



26 P.Siva Kota Reddy, K.N.Prakasha and Gavirangaiah K

and its minimum dominating color eigenvalues are

0 1 9 —(2n—5)4+4/(4n24+4n—-7) —(2n—5)—+/(4n24+4n—7)
2

2
n—1 1 n—2 1 1

specf (8% =
The minimum dominating color energy of SO is

(2n—5)+ (4n2+4n—7)|
2

EQ(Sp) 01(n = 1) + 1] (n = 1) + [2] + | =

—(2n—5)—+/(4n?+4n—-17)
+ . |

= (2n—-3)+V4n2+4n -7,

i.e.
D(g0y _ (9, _ NI
EZ(Sp) = (2n—3) + \/4n? +4n — 7. O
Theorem 5.4 If K ,,_1 is a star graph of order n, then
(i) Ex(Kin-1) =5 forn=2;

(17) Exy(Kin-1) = (n —2) 4+ /(n?2 —2n + 3)forn > 3..

Proof Let K1 -1 be a colored graph on n vertices. Minimum dominating set is D = {v}.
Then we have

1 1 1 1 1

1 0 -1 -1 -1

1 -1 0 -1 -1
Ax(Kl,nfl)

1 -1 -1 -- 0 -1

1 -1 -1 - -1 0

nxn

Case 1. The characteristic equation for n = 2 is A2 — A — 1 = 0 and the minimum dominating

1++5
2\/—. Whence, EXD(Kl,n—l) =5

color eigenvalues for n = 2 are =

Case 2. The characteristic equation for n > 3is (A —1)""2(A\2 4+ (n —3)A — (2n—3)) = 0 and

The minimum dominating color eigenvalues for n > 3 are

1 (n—3)+y/(n?24+2n—-3) (n—3)—4/(n?+2n-3)
2 2

n—2 1 1
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Its minimum dominating color energy is

n—3++/(n%2+2n-3
EP (K = [t —2)+ 22V )

n—3—+/(n?+2n-3)
+| )

= (n—2)++/(n?>—-2n+3).

Therefore,

Ef(Kl,n_l)z(n—2)+\/(n2—2n+3). O

Definition 5.5 The cocktail party graph, denoted by K,x2, is graph having vertex set V =
Ui {us, v} and edge set E = {uu;,viv;, wivj,viuj : 1 <i < j<n}. This graph is also called
as complete n-partite graph.

Theorem 5.6 If K, «x2 is a cocktail party graph of order 2n, then Ef(Knxg) = (4n —5) +
(4n? —4n +9).

Proof Let K, «2 be a cocktail party graph of order 2n with V(K x2) = {v1,v2, -, vn, u1,

U2, ,Un}. The minimum dominating set = D = {u1,v1}. Then,
1 -1 1 1 1 1 1 1
-1 1 1 1 1 1 1 1
1 1 0 -1 1 1 1 1
1 1 —1 0 1 1 1 1
AD(Kp) =

1 1 1 1 0 -1 1 1
1 1 1 1 -1 0 1 1
1 1 1 1 1 1 0 -1
1 1 1 1 1 1 -1

2nXx2n

Its characteristic equation is
A+ 372N = 1" A = 2][A2 — (2n — 5)A — 4(n — 1)]

with the minimum dominating color eigenvalues

3 1 9 2n—5++/(4n%—4n+9) 2n—5—+/(4n%—4n+9)
o 2 2

n—2 n—1 1 1 1

Especf(Kn X 2) =
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and the minimum dominating color energy,

2n — 54+ /(4n? —4n+9)

ER(K,x2) = |=3|(n—2)+1(n—1)+[2|+| 5 |
2n—5—/(4n? —4n+9)
+| 5 |

= (4n—-5)++/(4n? —4n+9).
This completes the proof. O

Definition 5.7 The friendship graph, denoted by Fén), is the graph obtained by taking n copies
of the cycle graph C3 with a vertex in common.

Theorem 5.8 If F\") is a friendship graph, then ED (F{™) = (3n—2) + /(n® + 6n + 1).

Proof Let Fg(") be a friendship graph with V(Fén)) = {vo,v1,v2,...,0,}. The minimum
dominating set = D = {v3}. Then,

0 1 1 -1 -1 0
1 0 1 0 0 -1
1 1 1 1 1 1
APEMy==| -1 0 1 0 -1 0
-1 0 1 -1 0 1
0 -1 1 0 1
(2n+1)x(2n+1)
Its characteristic equation is
ATHA+ 0] A = 2" A2 + (n = 3)A + (2 — 3n)]
with the minimum dominating color eigenvalues
—(n—3)++/(n?2+6n+1) —(n—3)—+/(n?+6n+1)
D pn(n) -n 0 2 2 2
Especy (F3) =
1 n—-1 n-1 1 1

and the minimum dominating color energy

(n—=3)++/(n?+6n+1)

B (Fy") 5 |

|—n|+0+2[(n—1)+|—

+|—(n—3)— 2(n2+6n—|—1)|

= GBn-2 4 Vo).

This completes the proof. O
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86. Properties of Minimum Dominating Color Energy of a Graph

Theorem 6.1 Let |)\I—Ag| = ap A"+ a1 A" ag\" "2+ ... 4a, be the characteristic polynomial
of AP. Then

(i) ao=1;
(i) a1 = —[D};
(#it) az = (|D]2) — (m + m.).
where m s the number of edges and m. is the number of pairs of non-adjacent vertices receiving

the same color in G.

Proof (i) Tt follows from the definition, P.(G, A) := det(A] — A.(G)), that ag = 1.

(ii) The sum of determinants of all 1 x 1 principal submatrices of A? is equal to the trace
of AP which = a; = (—1)! trace of [AP(G)] = —|E|.

(ii4) The sum of determinants of all the 2 x 2 principal submatrices of [AP] is

w an
a = (-1)° Y T = Y (awag; — aiag)

1<i<j<n | @ji Qjj 1<i<j<n
= > auag— Y ajiay
1<i<j<n 1<i<j<n

= (D]2) — (m + number of pairs of non — adjacent vertices
receiving the same color in G)

— (D[2)— (m+m.). 0

Theorem 6.2 If A1, A2, -+, A\, are eigenvalues of AP(G), then Y. \i = |D| and > \? =
i=1 i=1

|D| + 2(m + m¢), where m, is the number of pairs of non-adjacent vertices receiving the same

color in G.

87. Open Problems

Problem 1. Determine the class of graphs whose minimum dominating color energy of a

graph is equal to number of vertices.

Problem 2. Determine the class of graphs whose minimum dominating color energy of a

graph equal to usual energy.
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§1. Introduction

A simple graph is a pair G = (V, E), where V = V(G) and E = E(G) are the sets of vertices
and edges of G, respectively. A walk is an alternating sequence of vertices and connecting
edges. A path is a walk that does not include any vertex twice, except that its first vertex
might be the same as its last. A path with length n denotes by P_n. In a graph G, the
distance between two distinct vertices « and y, denoted by d(z,y), is the length of the shortest
path connecting x and y, if such a path exists: otherwise, we set d(z,y) = oo. The diameter
of a graph G is diam(G) = sup{d(z,y) : « and y are distinct vertices of G}. Also, a cycle
is a path that begins and ends on the same vertex. A cycle with length n denotes by C,.
A graph G is said to be connected if there exists a path between any two distinct vertices,
and it is complete if it is connected with diameter one. We use K,, to denote the complete
graph with n vertices. For a positive integer r, a complete r-partite graph is one in which
each vertex is joined to every vertex that is not in the some subset. The complete bipartite
graph with part sizes m and n is denoted by K,, ,. The graph K ,_; is called a star graph
in which the vertex with degree n — 1 is called the center of the graph. For any graph G, we
denote Nz] = {y € V(G) : (x,y) is an edge of G}. Recall that the projective dimension of an
R-module M, denoted by pd(M), is the length of the minimal free resolution of M, that is,
pd(M) = maz {I| §; ;(M) # 0 for some j}. There is a strong connection between the topology
of the simplicial complex and the structure of the free resolution of K[A]. Let 3; ;(A) denotes
the N-graded Betti numbers of the Stanley-Reisner ring K[A].

To any finite simple graph G with the vertex set V(G) = {1, -+ ,x,} and the edge set
E(G), one can attach an ideal in the Polynomial rings R = K [z1,--- ,x,] over the field K,
where ideal lI3(G) is called the edge ideal of G such that I3(G) =< zyz| ¢ —y — z is 2 —

1Received December 19, 2016, Accepted August 13, 2017.
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path in G >. Also the edge ring of G, denoted by K(G) is defined to be the quotient ring
K(G) = R/I5(G). Edge ideals and edge rings were first introduced by Villarreal [9] and then
they have been studied by many authors in order to examine their algebraic properties according
to the combinatorial data of graphs. In this paper, we denote S,, for a star graph with n + 1
vertices. Let R = K [x1,- -+ ,x,] be a polynomial ring over a field K with the grading induced by
deg(z;) = d;, where d; is a positive integer. If M = @;’io M; is a finitely generated N-graded
module over R, its Hilbert function and Hilbert series are defined by H(M,i) = I(M;) and
F(M,t) =2, H(M,i)t" respectively, where [(M;) denotes the length of M; as a K-module,
in our case I(M;) = dimg (M;).

§2. Cohen-Macaulay of Ideal I2(G) and pdsy(G) of Some Graph G

Definition 2.1 Let G be a graph with vertex set V.. Then a subset A CV is a 2-vertex cover
for G if for every path xyz of G we have {x,y, 2z} NA # &. A 2-minimal vertex cover of G is a
subset A of V' such that A is a 2-vertex cover, and no proper subset of A is a vertex cover for
G. The smallest cardinality of a 2-vertex cover of G is called the 2-vertex covering number of
G and is denoted by ag2(G).

Example 2.2 Let G be a graph shown in the figure. Then the set {x2, x4, 27} is a 2-minimal
vertex cover of G and agp2(G) = 3.

Zs Z3

T4

X6 Z2

X7 Z1

Figure 1

Definition 2.3 Let G be a graph with vertex set V. A subset A C 'V is a k-independent if for
even z of A we have deggis) < k — 1. The mazimum possible cardinality of an k-independent
set of G, denoted Bor(G), is called the k-independence number of G. It is easy see that

a02(G) + Bo2(G) = [V(G)].
Definition 2.4 Let G be a graph without isolated vertices, Let S = K [x1,- -+ , ] the polynomial

ring on the vertices of G over some fized field K. The 2-pathes ideal I2(G) associated to the

graph G is the ideal of S generated by the set of square-free monomials x;x;x, such that v;v;v,
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is the path of G, that is Io(G) =< {x;zjz,| {vivjv,} € Py(G)} > .

Proposition 2.5 Let S = K [x1,- -+ ,z,] be a polynomial ring over a field K and G a graph
with vertices v1,--+ ,vy. If P is an ideal of R generated by A = {x;1, -+ ,xir} then P is a

minimal prime of Io(G) if and only if A is a 2-minimal vertex cover of G.

Proof Tt is easy see that Io(G) C P if and only if A is a 2-vertex cover of G. Now, let A
is a 2-minimal vertex cover of G. By Proposition 5.1.3 [9] any minimal prime ideal of I3(G) is

a face ideal thus P is a minimal prime of I3(G). The converse is clear. O
Corollary 2.6 If G is a graph and I5(G) its 2-path ideal, then

ht (IQ(G)) = O[OQ(G).

Proof Tt follows from Proposition 5 and the definition of ag2(G). O

Definition 2.7 A graph G is 2-unmized if all of its 2-minimal vertez covers have the same

cardinality.

Definition 2.8 A graph G with vertez set V(G) = {v1,va, -+ ,vn} is 2-cohen-Macaullay over
field K if the quotient ring K [x1,- -+ ,x,] /I2(G) is cohen-Macaulay.

Proposition 2.9 If G is a 2-cohen-Macaulay graph, then G is 2-unmized.

Proof By Corollary 1.3.6 [9], 12(G) = pemin(,(c)) I Since R/I>(G) is cohen-Macaullay,
all minimal prime ideals of I5(G) have the same height. Then, by Proposition 5, all 2-minimal

vertex cover of G have the same cardinality, as desired. O

Proposition 2.10 If G is a graph and G1,--- ,Gs are its connected components, then G is
2-cohen- Macaulay if and only if for all i, G; is cohen-Macaulay.

Proof Let R= K [V(G)] and R; = L[V (G;)] for all i. Since
R/I(G) = R /1:(G1) ®k - - @k Rs/I2(Gs).
Hence the results follow from Corollary 2.2.22 [9]. O

Definition 2.11 For any graph G one associates the complementary simplicial complex Ao (G),
which is defined as

As (G) :={AC V| Ais 2 —independent set in G} .
This means that the facets of Ag(G) are precisely the maximal 2-independent sets in G,

that is the complements in V' of the minimal 2-vertex covers. Thus A, (G) precisely the Stanley-
Reisner complex of I>(G).



Cohen-Macaulay of Ideal I (G) 35

It is easy see that w (A2(G)) = {{z,y,2}| zyz € P3(G)}. Therefore I(G) = Ia,(q), and
so G is 2 — C' — M graph if and only if the simplicial complex As(G) is cohen-Macaulay.

Now, we can show the following propositiori.

Proposition 2.12 The following statements hold:

(a) For any n > 1 the complete graph K,, is cohen-Macaulay;
(b) The complete bipartite graph K, n is cohen-Macaulay if and only if m +n < 4.

Proof (a) Since Aq(K,) =< {z,y}| =,y € V(K,) >, thus Ay(K,) is connected I-
dimensional simplicial complex, then by Corohary 5.3.7 [9], A2(K,,) is cohen-Macaula so K, is
cohen-Macaulay.

() If m+n <4, then K,, , = P2, P3,Cy. It is easy to see that Ay(K,y, ) is ¢. So Ky p
is cohen-Macaulay.

Conversely, let K, , is cohen-Macaulay and m +n > 5. Take V} = {z1, - ,z,} and
Vo ={y1, - ,ym} are the partite sets of K,, . One has

AQ(Km-,n) =< {xla"' 7xn}a{y15"' ayﬂ’L}a{xivyj}| lglgnvl §]§m>

Since m+n > 5, Ag(K ) is not pure simplicial complex. Then, by 5.3.12 [9] Ax(Kpm )
is not cohen-Macaulay, a contradiction, as desired. O

Now, we present a result about the Hilbert series of K[Aq(K,,)] and K[Aq (K, p)].

Proposition 2.13 If Ax(K,) and Ag(Kp,,n) are the complementary simplicial complexes K,

and K,, » respectively, then

(a) F(K[A2(Ky)],2) =1+nz/(1—2)+nn—1)/2(1 —2)%;
(b) F(K[Ao(Kpm)),2) =1/(1—2)"+1/(1 = 2)™ + m.nz?/(1 — 2)? — 1.

Proof (a) Since Ay(K,) =< {z,y}| z,y € V(K,) > hence dime Ay(K,) = 1 and
f-1(Kn) =1, fo,(Kn) =nand fi(K,) = (3) = n(n —1)/2. By Corollary 5.4.5 [9]. We have

2
F(K[A2(K,)],2) =14+nz/1 —z4+n(n—1)/2.22/2(1 — )%
(b) Let {x1,---,xn} and {y1, -+ ,ym} are the parties sets of K, ,,. Since

AQ(Km,n) =< {,Tl,"- 7$n},{y1,"' 7ym}7{xi7yj}| 1§7’§n71 §]§m>

Then it is easy see that fi (Aa(Km.n)) = f1 (A(Kmn))+mnand fi (A(Km.n)) = fi (A(Kmn))
for all ¢ # 1. In the other hand, by 6.6.6[9], F(K[A2(K},)],z) =1/(1 — 2)™ — 1., Thus

F(K[A2(K,)],2) =1/ = 2)"+1/(1 = 2)™ +m.nz?/(1 — 2)* — 1.
This completes the proof. O

Corollary 2.14 F (K [A2(S,)],2) =1/(1 — 2)" +nz2/(1 — 2)2 + 2/(1 — 2).
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Proof Tt follows from Proposition 2.13 with assume m = 1. O

In this section we mainly present basic properties of 2-shellable graphs.

Lemma 2.15 Let G be a graph and x be a vertex of degree 1 in G and let y € N(x) and
G =G - ({y}UN(y)). Then Ao(G') = IKayc) ({7, y}) . Moreover F' is a facet of Ao (G if
and only if F U {x,y} is a facet of Aa(QG).

Proof (a) Let F € IKa,) ({z,y}). Then F' € Ao(G), z,y ¢ F and F U {z,y} € Ax(G).
This implies that (FU{z,y}) " N[yl = @ and F C (V —{x,y}) UN[y] = (V—y)UN[y] =
V(G'). Thus F is 2-independent in G, it follows that F' € Ay(G'). Conversely let F € Aq(G'),
then F is 2-independent in G and F N (z U [y]) = @. Therefore F U {z,y} is 2-independent in
G and so F'U {z,y} € Ay(G), FU{z,y} = @. Thus F € I[Kn,) ({z,y}). Finaly from part
one follows that F is a facet of A(G') if and only if F U {z,y} is a facet of Ay(G). O

Definition 2.16 Fiz a field K and set R = Klx1, -+ ,x,]. If G is a graph with vertex
set V(G) = {x1,29, - ,2n}, we define the projective dimension of G to be the 2-projective
dimension R- module R/I5(G), and we will write pda(G) = pd (R/12(G)).

Proposition 2.17 If G is a graph and {z,y} is a edge of G, then
P(G) < max{P (G — (N[z] UN[y])) + deg(x) + deg(y)

— [NzINN[yll, Pa(G = z) + 1, Ba(G —y) + 1}

Proof Let Nz] ={x1,---,z¢} and N[y] = {y1, - ,yr}. It is easy to see that
I(G) s ay = (I(G) = (N[2] UNy]) ;21,915 yr) -

Now, let
R =K [V (G - (N[x] UN[y]))} .
Then
depth(R/Ix(G) : zy) = depth(R /I,(G — (N[z] U N[y]).

And so by Auslander-Buchsbaum formula, we have

pda2(R/Iz(x) : xy) = pda(G — (N[z] U Ny]) + deg(z) + deg(y) — [N[z] N Ny]|,
pda(R/Ix(z),z) = pda(G—2x)+1,
pda(R/Iz(x),y) = pda(G—y)+1.

On the other hand by Proposition 2.10, together with the exact sequence

0 — R/I(G) : 2y — R/I:(G) — R/I1(G)axy — 0,
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it follows that

P(G) < max{P(G — (N[z] U N[y])) + deg(x) + deg(y)
— [N[z] N Nyl|, P2(G —x) + 1, P2(G — y) + 1}. O

Proposition 2.18 Let G be a graph and I2(QG) is path ideal of G. Then

Bight (IQ(G)) S de(G)

Proof Let P be a minimal vertex cover with maximal cardinality. Then by Proposition
2.5, P is an associated prime of R/I3(G), so

pds(G) = pd (R/15(G)) > pdr, (Ry/I2(G)R,) = dimR, = htP. O

Proposition 2.19 Let K,, denote the complete graph on n vertices and let K, , denote the

complete bipartite graph on m + n vertices.

(a) pda(Ky) =n—2;

Proof (a) The proof is by induction on n. If n = 2 or 3, then the result easy follows. Let
n > 4 and suppose that for every complete graphs K, of other less than n the result is true.
Since Bight (I2 (K,,)) = n — 2 then by Proposition pda(K,,) > n — 2. On the other hand by the
inductive hypothesis, we have pda(K,,—1) =n — 3. So by Proposition 2.17,

pda(K,) < max{n —2,n—2}.

(b) Again we use by induction on m +n. If m +n = 2 or 3, then it is easy to see that
pde(Kpmpn) = 0 or 1. Let m +n > 4 and suppose that for every complete bipartite graph
K, of order less than m + n the result is true. Since Bight (Iz (K,,,)) = m +n — 2 then
pda (K pn) > m+mn — 2. Also, by the inductive hypothesis we have pda(Kp—1,n) = m+n —3
and pda (K n—1) = m+n — 3. So by Proposition2.17,

pde (K n) <max{m+n—2,pde(Kp—-1,n)+1,pde(Kpmn-1)+1=m+n—2}.
This completes the proof. O

Corollary 2.20 Let S, denote the star graph on n + 1 vertices and Sy, denote the double
star, then pda(Sm n) =m + n.

Proof 1t follows from Proposition 2.19 with assume m = 1 and it is easy to see that
BightIy (Sm.n) = m + n, and so by Proposition 2.17, it follows that

pda (Sm.n) =m + n. |
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81. Introduction

Let (M?",J,g) be a Hermitian manifold of even dimension 2n, where J and g are the complex
structure and Hermitian metric respectively. Then (M?2",.J,g) is a locally conformal Kdhler
manifold if there is an open cover {U;};c; of M?" and a family {f;}ic; of C° functions f; :
U; — R such that each local metric g; = exp(—fi;)g|U; is Kahlerian. Here ¢g|U; = ¢fg where
t; : Uy — M>®" is the inclusion. Also (M?",J, g) is globally conformal Kéhler if there is a O
function f : M?" — R such that the metric exp(f)g is Kahlerian [11]. In 1955, Libermann [14]
initiated the study of locally conformal Kahler manifolds. The geometrical conditions for locally
conformal Kahler manifold have been obtained by Visman [22] and examples of these locally
conformal Kahler manifolds were given by Triceri in 1982 [21]. In 2001, Banaru [2] succeeded
to classify the sixteen classes of almost Hermitian Kirichenko’s tensors. The locally conformal
Kahler manifold is one of the sixteen classes of almost Hermitian manifolds. It is known that
there is a close relationship between Kdahler and contact metric manifolds because Kahlerian
structures can be made into contact structures by adding a characteristic vector field £&. The
contact structures consists of Sasakian and non-Sasakian cases. In 1972, Kenmotsu introduced
a class of contact metric manifolds, called Kenmotsu manifolds, which are not Sasakian [13].
Later in 1995, Blair, Koufogiorgos and Papantoniou [4] introduced the notion of (k, u)-contact

manifold which consists of both Sasakian and non-Sasakian.

1Received January 9, 2017, Accepted August 15, 2017.
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On the other hand, Chen [7] introduced the notion of slant submanifold for an almost
Hermitian manifold, as a generalization of both holomorphic and totally real submanifolds.
Examples of slant submanifolds of C? and C* were given by Chen and Tazawa [8, 9, 10], while
slant submanifolds of Kaehler manifold were given by Maeda, Ohnita and Udagawa [17]. The
notion of slant immersion of a Riemannian manifold into an almost contact metric manifold
was introduced by Lotta [15] and he has proved some properties of such immersions. Later,
the study of slant submanifolds was enriched by the authors of [6, 12, 16, 18, 19] and many
others. Recently, the authors of [1] introduced conformal Sasakian manifold and studied slant
submanifolds of the conformal Sasakian manifold. As a generalization to the work of [1] in
[20], we defined conformal (k,p)-contact manifold and studied invariant and anti-invariant
submanifolds of it. Our aim in the present paper is to extend the study of slant submanifold
to the setting of conformal (k, )-contact manifold.

The paper is organized as follows: In section 2, we recall the notion and some results of
(k, u)-contact manifold and their submanifolds, which are used for further study. In section 3,
we introduce a conformal (k, p)-contact manifold and give some properties of submanifolds of
it. Section 4 deals with the study of slant submaifolds of (k, u)-contact manifold. Section 5
is devoted to the study of characterization of three-dimensional slant submanifolds of (k, u)-
contact manifold via covariant derivative of T and T2, where T is the tangent projection of

(k, u)-contact manifold.

§2. Preliminaries

2.1 (k,u)-Contact Manifold

Let M be a (2n + 1)-dimensional almost contact metric manifold with structure (¢,&,7,§),
where ¢, £, 7] are the tensor fields of type (1,1), (1,0), (0, 1) respectively, and g is a Riemannian

metric on M satisfying

¢ = —T+ieE 7 =1, ¢=0, i ¢=0,
36X, 0Y) = §XY)—a(X)a(Y), #(X)=3g(X,9), (2.1)

for all vector fields X,Y on M. An almost contact metric structure becomes a contact metric
structure if

(X, 9Y) = dif(X,Y).
Then the 1-form 7 is contact form and € is a characteristic vector field.
We now define a (1, 1) tensor field hby h= %Séqg, where £ denotes the Lie differentiation,
then A is symmetric and satisfies iLqﬁ = —gbiz. Further, a g-dimensional distribution on a manifold

M is defined as a mapping D on M which assigns to each point p € M, a g-dimensional subspace
D, of T,M.
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The (k, u)-nullity distribution of a contact metric manifold M (9,&,m,g) is a distribution

N(k,p):p = Np(k,p) ={Z € T,M : RX,Y)Z = k[§(Y,2)X - §(X,Z)Y]
+ulg(Y, Z)hX — §(X, Z)hY1}

for all X,Y € TM. Hence if the characteristic vector field £ belongs to the (k, u)-nullity
distribution, then we have

R(X,Y)E = k[§(Y)X —(X)Y] + p[n(Y)hX — (X)hY]. (2.2)

The contact metric manifold satisfying the relation (2.2) is called (k,p) contact metric
manifold [4]. It consists of both k-nullity distribution for 4 = 0 and Sasakian for k = 1. A
(k, pu)-contact metric manifold M (¢, €, 7, g) satisfies

(Vxd)Y = §(X + hX,Y)E - f(Y)(X + hX) (2.3)

for all X,Y € TM, where V denotes the Riemannian connection with respect to §. From (2.3),
we have

Vxé=—¢X — ohX (2.4)

for all X,Y € TM.

2.2 Submanifold

Assume M is a submanifold of a (k, uu)-contact manifold M. Let g and V be the induced Rie-
mannian metric and connections of M, respectively. Then the Gauss and Weingarten formulae
are given respectively, by

VxY =VxY +0(X,Y), VxN=—-AyX + V%N (2.5)

for all X,Y on TM and N € T+M, where V' is the normal connection and A is the shape
operator of M with respect to the unit normal vector N. The second fundamental form o and

the shape operator A are related by:
9(0(X,Y),N) = g(ANX,Y). (2.6)

Let R and R denote the curvature tensor of M and M, then, the Gauss and Ricci equations
are given by

g(R(va)va) = g(R(X,Y)Z,W)—g(U(X,W),O’(Y,Z))—i—g(O'(X,Z),U(Y,W)),
GR(X,Y)N1,Ny) = g(RM(X,Y)N1,Na) — g([A1, 4] X,Y)

for all X,Y,Z, W € TM, N;,Ny € T+M and A,, Ay are shape operators corresponding to
N1, Ny respectively.

For each x € M and X € T, M, we decompose ¢.X into tangential and normal components
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as:
X =TX + FX, (2.7)

where, T is an endomorphism and F' is normal valued 1-form on 7, M. Similarly, for any

N € T;-M, we decompose ¢V into tangential and normal components as:
¢N =tN + fN, (2.8)
where, t is a tangent valued 1-form and f is an endomorphism on T;- M.

2.3 Slant Submanifolds of an Almost Contact Metric Manifold

For any € M and X € T, M such that X,¢ are linearly independent, the angle 6(x) € [0, 5]
between ¢X and T, M is a constant 0, that is 8 does not depend on the choice of X and x € M.
0 is called the slant angle of M in M. Invariant and anti-invariant submanifolds are slant
submanifolds with slant angle 6 equal to 0 and 7§, respectively [?]. A slant submanifold which
is neither invariant nor anti-invariant is called a proper slant submanifold.

We mention the following results for later use.

Theorem 2.1([6]) Let M be a submanifold of an almost contact metric manifold M such that
€ TM. Then, M is slant if and only if there exists a constant A € [0,1] such that

T? = - \NI-n®¢). (2.9)
Further more, if 0 is the slant angle of M, then A = cos6.

Corollary 2.1([6]) Let M be a slant submanifold of an almost contact metric manifold M with
slant angle 6. Then, for any X,Y € TM, we have

g(TX,TY) = cos®0(g(X,Y) — n(X)n(Y)), (2.10)

g(FX,FY) = sin*0(g(X,Y) — n(X)n(Y)). (2.11)

Lemma 2.1([15]) Let M be a slant submanifold of an almost contact metric manifold M with

slant angle 0. Then, at each point x of M, Q|D has only one eigenvalue \; = —cos>6.

Lemma 2.2([15]) Let M be a 3-dimensional slant submanifold of an almost contact metric
manifold M. Suppose that M is not anti invariant. If p € M, then in a neighborhood of p,
there exist vector fields e1,es tangent to M, such that £, e1,es is a local orthonormal frame
satisfying

Tey = (cosh)ea, Tes = —(cost)ey. (2.12)

§3. Conformal (k, u)-Contact Manifold

A smooth manifold (M?"*1,$,€,7,9) is called a conformal (k, i1)-contact manifold of a (k, u1)-
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contact structure (M2"+1, b, &, 1, §) if, there is a positive smooth function f : M2?"+! — R such
that

g =exp(f)g, ¢=

1, &= (exp(=f))

Nl=
N|=

. (3.1)

-

;1= (exp(f))

Example 3.1 Let R?"*! be the (2n+1) dimensional Euclidean space spanned by the orthogonal
basis {£, X1, Xo,- -+ , X, Y1, Y, -+, Y, } and the Lie bracket defined as in [?]. Then, the almost
contact metric structure (¢, &, 7, g) defined by

iy 0 0 0 " 0 0 - o,
Xig— +Yi— Ao = Yie— — Xi— Yiy' o=,
¢<Z< (%cl_'— 6yl+zaz)> Z( ox? 8y1>+z Y0z

=1

7= () %(dz—zyidﬂ)},
=1
€ = Cantr)t {22},

where f =37, (%)% + (y*)* + 22

It is easy to reveal that (R2"*!, $,€,7,9) is not a (k, u)-contact manifold, but R?"+! with
the structure (¢, €, 1, ) defined by

o = o
_ e
g = @i+ ZZ {(dz")* + (dy")?},
n = dz—Zyid:E
=1
~ 0
6 - 2&7

is a (k, u)-space form.

Let M be a conformal (k, u)-contact manifold, let V and V denote the Riemannian con-
nections of M with respect to metrics § and g, respectively. Using the Koszul formula, we

obtain the following relation between the connections V and V
~ - 1
VxV = VxV + S{w(X)Y +w(V)X - g(X, Y)w'} (3.2)

such that w(X) = X (f) and w* = gradf is a vector field metrically equivalent to 1-form w, that

)=
is g(wk, X) = w(X).
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Then with a straight forward computation we will have

_ 1
1 _ _ _ _
+ I 1P {g(X, 2)a(Y, W) —g(Y, Z2)g(X, W)} (33)
for all vector fields X,Y,Z, W on M, where B = Vw — %w ®w and R, R are the curvature

tensors of M related to connections of V and V, respectively. Furthermore, by the relations,
(2.1), (2.3) and (3.2) we get

(Vx@)Y = (exp(f)*{g(X + X, Y)E —n(Y)(X +1X)}
@)X (V)G + (X, V)0t (X, 0Vt (34)
UxE = —(emp(P)HOX 43X} + LA(X)t —w(©)X) (35)

for all vector fields X,Y on M. Now assume M is a submanifold of a conformal (k, u)-contact
manifold M and V, R are the connection, curvature tensor on M, respectively, and g is an
induced metric on M.

For all X, Y € TM and N € T+ M, from the Gauss, Weingarten formulas and (3.4), we

obtain the following relations:

(VXT)Y = ApyX +to(X,Y) + (exp(f))2 {g(X + hX,Y)E — n(Y)(X + hX)}

S HWOY)X —w(NTX +g(X. V)0 —g(X.TV)WHT), (36)
(VxF)Y = fo(X,Y)-0o(X,TY)+ %{w(Y)FX — (X, Y)Fuw* 4 g(X,TY)w* Y, (3.7)
(Vxt)N = AjnX — PANX — %{w(ng)X —w(N)PX 4 g(X,tN)(w) T}, (3.8)
(Vxf)N = —o(X,tN) - FANX + %{w(N)FX + (X, tN) (w1}, (3.9)

where, g = g|M, 1 = 7j|M, £ = {|M and ¢ = ¢|M.

§4 Slant Submanifolds of Conformal (k, 1)-Contact Manifolds

In this section, we prove a characterization theorem for slant submanifolds of a conformal

(k, p)-contact manifold.

Theorem 4.1 Let M be a slant submanifold of conformal (k, p)-contact manifold M such that
Wt e THM and € € TM. Then Q is parallel if and only if one of the following is true:

(i) M is anti-invariant;
(1) dim(M) > 3;
(t40) M is trivial.
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Proof Let 0 be the slant angle of M in M, then for any X,Y € TM and by equation (2.9),
we infer

T?Y = QY = cos*0(—Y + n(Y)E). (4.1)
= Q(VxY) = cos’0(—VxY + n(VxY)E). (4.2)

Differentiating (4.1) covariantly with respect to X, we get
VxQY = cos’0(~VxY +n(VxY)E — g(Y, Vx€)E +n(Y)VxE). (4.3)

Subtracting (4.2) from (4.3), we obtain

(VxQ)Y = cos*0lg(Vx Y. )¢ +n(Y)Vxé]. (4.4)
If @ is parallel, then from (4.4) it follows that either cos(f) = 0 i.e. M is anti-invariant or
9(VxY,§E+n(Y)VxE=0. (4.5)

We know ¢(Vx&,€) =0, since g(Vx&, &) = —g(&, Vx&), which implies Vx & € D.

Suppose Vx& # 0, then (4.5) yields n(Y) = 0 ie. Y € D. But then (4.5) implies
Vx& € D@ < € >, which is absurd.

Hence Vx¢ = 0 and therefore either D = 0 or we can take at least two linearly independent
vectors X and T'X to span D. In this case the eigenvalue must be non-zero as ¢ = 7 has already
been taken. Hence dim(M) > 3. O

Now, we state the the main result of this section.

Theorem 4.2 Let M be a slant submanifold of conformal (k, j1)-contact manifold M such that
EeTM. Then M is slant if and only if

(1) The endomorphism Q|D has only one eigen value at each point of M ;
(2) There exists a function A : M — [0,1] such that

(VxQ)Y = M(exp(f))?[g(Y.TX + ThX)¢ —n(Y)(TX + ThX))

SO0, V)~ n(X )V )E +w(@n(V)X —n(Xm(V ")), (46)
for any X,Y € TM. Moreover, if § is the slant angle of M, then \ = cos?f.

Proof Statement 1 gets from Lemma (2.1). So, it remains to prove statement 2. Let M
be a slant submanifold, then by (4.4) we have

(VxQ)Y = cos’0(—g(Y,Vx&) +n(Y)VxE). (4.7)

By putting (3.5) in (4.7), we find (4.6). Conversely, let A;(x) is the only eigenvalue of Q|D
at each point z € M and Y € D be a unit eigenvector associated with A\q, i.e., QY = A Y.
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Then from statement (2), we have

X(A)Y +MVxY =Vx(QY) = Q(VxY)+M(exp(f)*g(X,TY + ThY )¢
—%{w(&)g(x, Y)E —n(X)w(Y)E}, (4.8)

for any X € TM. Since both VxY and Q(VxY) are perpendicular to Y, we conclude that
X (A1) = 0. Hence A; is constant. So it remains to prove M is slant. For proof one can refer to
Theorem (4.3) in [6].

85. Slant Submanifolds of Dimension Three

Theorem 5.1 Let M be a 3-dimensional proper slant submanifold of a conformal (k, u)-contact
manifold M, such that € € TM, then

(VXT)Y = cos?0lean(£)H{g(X + X, Y)E —n(¥)(X +hX)} + 5 {w(©g(TX, V)e

—(X)w(TY)E +w(En(Y)TX — n(X)n(Y)Twt } (5.1)

for any X, Y € TM and 0 is the slant angle of M.

Proof Let X, Y € TM andp € M. Let £, e1, es be the orthonormal frame in a neighborhood
U of p given by Lemma (2.2). Put &|U = eg and let af be the structural 1-forms defined by

2
VXei = Zagej. (52)
7=0

In view of orthonormal frame &, e, ea, we have
Y =n(Y)eo+ g(Y,e1)er + g(Y, e2)es. (5.3)
Thus, we get
(VxT)Y =n(Y)(VxT)eo + g(Y,e1)(VxT)er + g(V, e2)(VxT)ea. (5.4)

Therefore, for obtaining (VxT)Y, we have to get (VxT)eo, (VxT)e; and (VxT)es. By
applying (3.5), we get
(VxT)eo = Vx(Teo) - T(VXeo)
1 1 T
(cxp(£))* (T*X + T*hX) + S{w()TX ~ n(X)Tw }. (5.5)
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Moreover, by using (2.12) we obtain

(VXT)el = VX(Tel) - T(Vxel)
Vx((cosf)ez) — T(af(X)eo + af(X)er + a?(X)es)
(cosf)ay (X )eq. (5.6)

Similarly, we get
(VxT)es = —(cost)a(X)eo. (5.7)

By substituting (5.5)-(5.7) in (5.4), we have

(VXT)Y = (eplf)3n(Y)T2X + T2hX) + S 1oOTX — (X )V}
+cos(0){g(Y, e1)ad(X)eo — g(Y,ez)al (X)eo}. (5.8)

Now, we obtain af(X) and a(X) as follows:

a}(X) = g(Vxer,eo)
= Xgl(e1,e0) — gle1, Vxeo)
= —(ern(N)¥glen, X +hX) + S{o(©)gler, X) — n(X)w(er)) (5.9
and similarly we get
ad(X) = cosfg(er, X) + cosfg(er, hX). (5.10)
By using (5.9) and (5.10) in (5.8) and in view of (5.3) and (2.9) we obtain (5.1). |

From, Theorems 4.3 and 5.4, we can state the following:

Corollary 5.1 Let M be a three dimensional submanifold of a (k, p)-contact manifold tangent

to £&. Then the following statements are equivalent:

(1) M is slant;
(2) (VxT)Y = cos®8(exp(f))> {g(X +hX,Y)E = n(Y)(X +hX)} + 3{w(€)g(TX,Y)¢

(X)W (TY)E +w(@n(Y)TX — n(X)n(Y)Tw };
(3) (VxQ)Y = M(exp(f)2[g(X,TX + ThX)E — n(Y)(TX + ThX)] — H{w(€)g(X, V)¢

—n(X)w(Y)E +w(n(Y)X = n(X)n(Y)et" }}.

The next result characterizes 3-dimensional slant submanifold in terms of the Weingarten

map.

Theorem 5.2 Let M be a 3-dimensional proper slant submanifold of a conformal (k, u)-contact
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manifold M, such that ¢ € TM. Then, there exists a function C : M — [0,1] such that

ApxY = Apy X + Cleap(£))? (X)(Y +hY) = n(Y)(X + hX)) +w(§)g(TX,Y)¢
+9(X, TY)w? + %{W(X JW(TY)E = n(Y)w(TX)E+ n(X)w(E)TY
—(Y)w(©)TX — w(X)TY 4+ w(Y)TX + w(TX)Y —w(TY)X}, (5.11)

or any X, Y € TM. Moreover in this case, if 0 is the slant angle of M then we have C = sin26.
J y X, ) g

Proof Let X,Y € TM and M is a slant submanifold. From (3.6) and Theorem 5.1, we

have

10(X.¥) = (A= Dleap(H)H{o(V, X +hX)E —n(¥)(X +hX)} + 3 {o(€g(X, TV )¢
—(X)w(TY)E + w(@n(Y)TX — n(X)n(Y)Tw* +w(TY)X —w(Y)TX

+9(X,Y)Tw* — g(X,TY)w*} — Apy X. (5.12)

Now by using the fact that o(X,Y) = (Y, X), we obtain (5.11). O

Next, we assume that M is a three dimensional proper slant submanifold M of a five-
dimensional conformal (k, u1)-contact manifold M with slant angle §. Then for a unit tangent

vector field e; of M perpendicular to &, we put
es = (secl)Tey, e3=¢&, eq4=(csch)Fer, es = (csch)Fes. (5.13)

It is easy to show that e; = —(sect)Tes and by using Corollary 2.1, {e1, ea, €3, 4, €5} form
an orthonormal frame such that e, es, e3 are tangent to M and ey, e5 are normal to M. Also

we have
teq = —sinfe;, tes = —sinfes, feq = —cosbes, fes = —cosbey. (5.14)

If we put oj; = g(o(ei, ej),er), i,j =1,2,3, r = 4,5, then we have the following result:

Lemma 5.1 In the above conditions, we have

4 5 4 5
012 = 0115, 022 = O0j2,
oly = 08y =—(cap(f))?sinf
4 4 5 5
032 = 033 = 033 = 013 = 0. (5.15)

Proof Apply (5.11) by setting X = e; and Y = ez, we obtain

Ac ez = Acyer + (cotf){w(€)€ — w' + wler)er + w(ez)es}.
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Using (2.6) in the above relation, we get
Oly = 011, 09y = 019,033 = 073,
Further, by taking X = e; and Y = e3 in (5.11), we have
Ae,e3 = —(e:tp(f))% (sind)(e1 + heq). (5.16)
After applying (2.6) in (5.16), we obtain
oly = —(exp(f))? (sind), o3y = o5 = 0.
In the similar manner by putting X = ey and Y = e3, we get

035 = —(eap(f))? (sind), o35 = 0. D
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§1. Introduction

For vertices u,v € V(G), the distance between u and v in G, denoted by dg(u,v), is the length
of a shortest (u, v)-path in G and let dg(v) be the degree of a vertex v € V(G). A topological
index of a graph is a real number related to the graph; it does not depend on labeling or pic-
torial representation of a graph. In theoretical chemistry, molecular structure descriptors (also
called topological indices) are used for modeling physicochemical, pharmacologic, toxicologic,
biological and other properties of chemical compounds [4]. There exist several types of such in-
dices, especially those based on vertex and edge distances. One of the most intensively studied

topological indices is the Wiener index.

The Wiener index [17], defined as the sum of all distances between pairs of vertices v and
v in a graph G is given by

W(G) = Z d(u,v)

wveE(G)

Another few degree based topological indices are defined as follows:

The Harmonic index according to [13] is given by

1Received October 22, 2016, Accepted August 16, 2017.
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The geometric-arithmetic index of a graph G [3], denoted by GA(G) and is defined by

2v/dy,.dy
dy +d,

GAG) = Y

weEE(Q)

The first and second Zagreb indices [10] is defined as

ueV(G) weEE(Q)

Throughout paper, we have used n-wheel graph with standard operators.

The n-wheel graph is defined as the graph K; + C,, where K; is the singleton graph and
C,, is the cycle graph. The center of the wheel is called the hub and the edges joining the hub
and vertices of C, are called the spokes.

The well known operators are recalled [7, 9, 10].

Adding a additional edge on top most vertex of two or more graphs is defined as bridge
operator.

The subdivision graph S(G) of a graph G is the graph obtained by inserting an additional
vertex into each edge of G.

The Line graph L(G) of a graph G is the graph whose vertices correspond to the edges
of G with two vertices being adjacent in L(G) if and only if the corresponding edges in G are
adjacent in G.

Complement graph or inverse of a graph G is a graph G’ on the same vertices such that
two distinct vertices of G are adjacent if and only if they are not adjacent in G.

The paper is starting with the preliminaries needed for our study. Section 2, construction of
bridge operator in a wheel graph results on different topological indices are discussed. Section 3,
complement of wheel graph of constructed graph results are established. Section 4, Subdivision
operator of constructed graph results are shown. Final section deals with the line graph of
constructed graph results are highlighted.

§2. Distance and Degree-Based Indices of n-Wheel Graph with Bridge Operator

In this section, we constructed a n-wheel graph by attaching bridge at top most vertex of a
graphs and established the results on different topological indices.

Here, we denote the edge set of n-wheel graph G,,, then E; = {e = uv € E(G)|d, + d, =
iVi=1,2,---,n}.

Theorem 2.1 Let G,, be attached wheel graphs of n vertices with bridge operator by, k > 0,

then the harmonic index is

n3 4+ 8n% 4 3n — 42 23b;, + 16

H(Gn, br) = (b +1) 2+ nt1s | T 28
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Proof Consider two wheel graphs with 4 vertices (n > 4), if a bridge is attached, there are
EG, E7, Eg edges for B(Gl, Gg) = B(Gl, GQ, ; ’Ul,’Ug).

(7) The number of edges is 7b;, + 6

The number of wheel graphs and bridges will increases in a graph G4 then the harmonic

index is:

59by, + 52

28

Similarly, if we consider two wheel graphs with 5 vertices, if a bridge is attached, there are
Egs, E7, Es edges.

H(Gy4,b) =

(7¢) The number of edges is 9by, + 8.

(#i7) The number of wheel graphs and bridges will increases in a graph G5 then the harmonic

index is
218by, + 197

84
The total number of edges in G, is (2n — 1)bg, +2(n — 1).

H(G5,b;) =

Computing for n vertices with by bridges of GG, the harmonic index is

34+ 8n2+3n—42 23bs, + 16
H(G”’bw_(bk-l-l){n +8n2 +3n } &+ '

3n2 4+ 15m + 18 28

Theorem 2.2 The geometric-arithmetic index of a bridge operator formed by G, is

V3(n—-2) 4yn—-1

n 8v3(bi + 1)
vn—1 2n —1

7

GA(Gn,bk)Z(bk+1)|: +n—3] + + 2bg.

Proof If a bridge is formed for two wheel graphs with 4 vertices, having Fg, E7, Es edges

and using equation (i), then geometric-arithmetic index is

4(3v/3+7) (b, + 1)
7

GA(Gy,bg) =
Similarly, For n = 5. Using (ii), then Geometric-Arithmetic index of G4 is

43421 4V3+T
7 R

GA(Gs,bg) = 2(bk + 1) + 5bg.

Computing for n vertices by bridges of G,, the geometric-arithmetic index is

V3(n—2) 4yn—1 8v3(by, + 1)
7

GA(Gsbi) = (b + 1) | T =+ 5 =3 ] +

+ 2by,. O

Theorem 2.3 The G, of a bridge operator for wiener indez is

W(Gn, bk) = n2(bk + 1) — 3n(bk + 1) + 3bg + 2.
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Proof We adopted the proof technique of Theorem 2.1 and using equations (¢) and (i7) in
the wiener indices for n =4 and n =5 is

W (Gy,by,) = Tby, + 6.

and
W (G5, by) = 13bg, + 12.

Computing for the wiener index of graph G, is

W (G, br) = n?(by + 1) — 3n(bg + 1) + 3y, + 2. |

83. Complement of a Constructed Graph

In this segment, a complement of a wheel graphs connected with the number of bridges by
(constructed graph) for n > 5 with respect to different topological indices are established.

Theorem 3.1 Let G/n be a complement of constructed graph then harmonic index is

(n —3)(n —4)? N 2(n —4) N b

H(G.,by) = (b + 1) 5 |t —=

Proof In G, having (n — 1) vertices with E,, Es, E4 edges. Therefore,

(1v) the total number of edges is 2(by + 1).

Hence, the harmonic index is

H(G,,,bi) = (bi + 1)[(”‘3)("—4>2 N 2(n—4)] . nbk

2 2n -7 -3

Theorem 3.2 The geometric-arithmetic index of Gln s

GA(G,,, br) = (b + 1

(n—=3)(n—4) 2(n—4)y/(n—4)(n—23)
){ 2 + m—7

Proof The proof technique is applied as in Theorem 3.1. Hence using equation (iv) we get

the required result.

GA(G;”bk):(bk+1){(n—3)2(n—4) n 2(n—4)y/(n—4)(n —3)

b. O
2n—17 ]+k

Theorem 3.3 Let G, of wiener indez is

WI(G,,, by) = (by + 1) [W] + bg.
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Proof Let n=4,5,6,7,--- having distance by, 3b; + 2, 6b; + 5, - -, then the wiener index
is

W (G, b) = (b + 1) [W] + bg. O

Observation 3.3 If n =4, H(G, ,by)=GA(G.,, bp)=W (G.,, by)=by.
84. Subdivision of Constructed Graph on Degree-Based Indices

In this section, the subdivision operator of constructed graph (G,,) are highlighted.

Theorem 4.1 Let S(G,) be a subdivision operator of constructed graph then,

(1) H[S(Go, bi)] = 2(bs + 1)[3”2 +2n— 11] 156, + 12

5(n+1) 12 7
6vV6(n+1)(n—2)+10(n—1)vn+2+5V2n+1)] b

5(n+1) Ty

@@W@MM—@+ﬁ
(3) M1[S(Gr,br)] = (b + 1)(n? + Tn — 1);
(4) Ma[S(G, bi)] = (by, +1)(22n — 25) + 16b.

Proof A subdivision G,, graph having (3n — 2) vertices and 4(n — 1) edges among which
2(n— 1) vertices are of degree 2, (n —2) vertices are of degree 3, n vertices are of degree (n —1)
and by attaching bridge there exists 2b, edges and by vertices having degree 2. Here also,

adopted the similar proof techniques of earlier theorems we obtained the required results. O

85. Line Graph of Constructed Graph

In this section, the Line graph of bridge graph of n wheel graph related to different topological

indices are discussed. The following results are observed.

Theorem 5.1 Let L(G,) be the line graph of constructed graph then

(2) GA[L(Gy, by)] = 2(b,+1) [" > Sy 4‘/2(2 ;)2) G 1)4(n —2), (iﬁ) + 4\9/5] by
(3) My[L(Gn, b)) = (by + 1)[n? — n? + 160 — 7);

(@) MalL(G )] = L

{n‘l —3n® 4 18n® + 20n — 16| + 25b.

Proof Counsider L(G,,) be the line graph of wheel graph using bridge graph. In G,, there
are two copies of 2(n — 1) vertices and total number of edges exists 6(n — 1) and by when bridge
is attached. Hence the results are proved by adopting same proof technique used in the earlier

sections. O
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§6. Conclusion

In this paper, degree based and distance based indices for different types of operators on wheel
graphs are studied. This type of relationships may be useful to connectivity between graph

structures or chemical structures.
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§1. Introduction

The complexity (the number of spanning trees) 7(G) of a finite connected undirected graph
G is defined as the total number of distinct connected acyclic spanning subgraphs. There are
many techniques to compute this number. Kirchhoff [1] gave the famous matrix tree theorem.
In which 7(G) = any cofactor of L (G ) , where L (G ) is equal to the degree matrix D (G )
of G minus the adjacency matrix A (G ) of G .

There are other methods for calculating ¢(G). Let pq > po > -+ > p, denote the eigenval-
ues of H matrix of a p point graph. Then it is easily shown thaty, = 0. In 1974, Kelmans and
Chelnokov [2] shown that, 7(G) = % Hi;} k- The formula for the number of spanning trees in
a d-regular graph G can be expressed as t(G) = %Hi;}(d — ) where Adg = A, Ao, - Aot
are the eigenvalues of the corresponding adjacency matrix of the graph. However, for a few
special families of graphs there exist simple formulas that make it much easier to calculate and
determine the number of corresponding spanning trees especially when these numbers are very
large. Omne of the first such results is due to Cayley [3] who showed that complete graph on n
vertices, K, has n"~2 spanning trees that he showed 7(K,) = n"~2, n > 2. Clark [4] proved
that 7(K, ) = p?~'¢?~!, p,q > 1, where K, , is the complete bipartite graph with bipartite

sets containing p and ¢ vertices, respectively.

1Received December 05, 2016, Accepted August 18, 2017.



58 E. M. Badr and B. Mohamed

Therefore, many works derive formulas to calculate the complexity for some classes of

graphs. Bogdanowicz [5] derived the explicit formula for the fan network if n > 1,

3+V5 3—5

—CER ) - C

V5

Sedlacek [6] proposed a formula for the number of spanning trees in a ladder graph. The

T(Fn) =

ladder L, is the Cartesian product of P, and P,. The number of spanning trees in L,, is given
by
(L) = L@+ VA - 2= V3]

for n > 1. A. Modabish and M. El Marraki investigated the number of spanning trees in the
star flower planar graph [7]. In [8], E.M. Badr and B.Mohamed derived the explicit formulas
for triangular snake (Ay — snake),double triangular snake (2A; — snake) and the total graph
of path P, (T(FP,)). Badr and Mohamed [9] derived the explicit formulas for the subdivision of
ladder, fan, wheel, triangular snake (Ay-snake), double triangular snake (2A-snake) and the
total graph of path P,(T(P,) ).

In this paper we prove that the number of spanning trees of the linear and general cyclic
snake networks is the same using the combinatorial approach. We derive the explicit formulas
for the subdivided fan network S(F,) and the subdivided ladder graph S(L,) . Finally, we

calculate their spanning trees entropy and compare it between them.

§82. Preliminary Notes

The combinatorial method involves the operation of contraction of an edge. An edge e of a
graph G is said to be contracted if it is deleted and its ends are identified. The resulting graph
is denoted by G.e . Also we denote by G — e the graph obtained from G by deleting the edge e.

Theorem 2.1([10]) Let G be a planar graph (multiple edges are allowed in here). Then for
any edge e,
7(G) = 7(G — e) + 7(G -e).

Remark 2.2 If G’ is obtained from G by removing all the pendant edges of G, then

Remark 2.3 If G’ is obtained from G by removing all the loops of G, then 7(G') = 7(G).

Remark 2.4 If G’ is obtained from G by removing one or more than one multiple edges of G,
then 7(G") < 7(Q).

Definition 2.5([11]) A triangular snake (Ag-snake) is a connected graph in which all blocks
are triangles and the block-cut-point graph is a path.
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Definition 2.6 C,-cyclic snake is a connected graph in which all blocks are C,, and the block-
cut-point graph is a path. Furthermore, if the length of its path is exactly k, we call it a
kCy-cyclic snake.

Definition 2.7 A kC,, -snake is called linear if its block-cut-vertex graph of kC, -snake has

the property that the distance between any two consecutive cut-vertices is L%J

§3. Main Results

Theorem 3.1 The number of spanning trees of the linear kCy -snake satisfies the following
recursive relation:

7(kCy — snake) = 4*

Proof Let us consider a graph kCi — snake constructed from kCy — snake by deleting two
edges. See Figure 1

K Cy-Snake kCL{-Snake

Figure 1 Linear kCy-Snake

We put kCy — snake = 7(kCy — snake) and kCi — snake = T(kCi — snake).

It is clear that
kCy — snake = 3(k — 1)Cy — snake + 4(k — 1)04 — snake

and
kCy — snake = 2(k — 1)Cy — snake — 4(k — 1)04{ — snake

with initial conditions Cy — snake = 4, Ci — snake = 1. Thus, we have

kCy — snake 4 (k —1)C4 — snake
kC’i — snake (k — I)Ci — snake

)
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3 4
where, A = , which implies that
2 -4
kCy — snake _ 4 (k—1)C4 — snake B _ g1 Cy — snake
kCL{ — snake (k — 1)04{ — snake Ci — snake

We compute A"~ ! as follows:
det(A—AL) =X +X—=20=0, X\ =—5 and Xy =4, \| # \o.
Therefore, there is a matrix M invertible such that A = M BM~!, where

A0
0 A

B =

and M is an invertible transformation matrix formed by eigenvectors

1
= ") o o L
-2 1 9/4\ 2 1
(_5)77,71 O
Notice that A" ! = MB* 'M~!, where B! = . We therefore obtain
0 4n—
(75)7171 254™ 74*(75)7171 4n
A1 _ ot — 9 t7
Tl =2 2santt 8k(=H)M T gt
9 + 9 + 5
and hence the result follows. O

Theorem 3.2 The number of spanning trees of the linear kcg — snakesatisfies the following

recursive relation 7( kcg — snake ) = 6F

Proof Consider a graph kCG/ — snake constructed from kCg — snake by deleting two edges.
See Figure 2 following.

kC’G—Snake kCG/-Snake

Figure 2 Linear kCg-Snake
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We put kCs — snake = 7(kCs — snake) and kCé — snake = T(kCG/ — snake). Tt is clear
that
kCs — snake = 5((k — 1)Cs — snake) + 6((k — I)Cé — snake)

and
kCG/ — snake = 2((k — 1)Cs — snake) — 6((k — 1)Cé — snake)

with initial conditions (Cy — snake) = 6, (01/ — snake) = 1. Thus, we have

kCe — snake | 4 (k —1)Cs — snake
kcﬁ/ — snake (k — I)Cé — snake |
5 6 o
where, A = , which implies that
2 —6
kCs — snake | 4 (k — 1)Cs — snake gt Cs — snake
kCé — snake (k — I)Cé — snake C’é — snake

We compute A”~! as follows:

det(A— ML) =N +X—42=0, X\ =-7 and Ay =6, \; # \o.

A0
Then, there is a matrix M invertible such that A = M DM !, where B = ! and
0 A
M is an invertible transformation matrix formed by eigenvectors
1 1 1 =6
M = = M—l _ 13 13 = An—l _ MBn—lM—l
9 1 12 6 ’
6 13 13
] (6)"* :
where B" ™" = . We therefore obtain
0 (=7)nt
(6)" ! | 12%(=7)" ! —(6)" | 6x(=7)" !
An—1 — T 13 BT 13 1
B —2(6)" " | 2+(=7)""'  2x(6)" + (=n"! 2
13 13 13 13
and hence the result follows. O

Theorem 3.3 The number of spanning trees of the linear (kC,, — snake)satisfies the following

recursive relation T(kC,, — snake) = nk.

Proof Consider a graph kC,/l — snake constructed from kc,, — snake by deleting two edges.
See Figure 3 following.
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XXX D XXX

Figure 3 Linear kC,-Snake

We put kC,, — snake = 7(kC,, — snake) and kCY, — snake = T(kO/l — snake). Tt is clear
that
kC,, — snake = 5((k — 1)C,, — snake) + 6((k — 1)C/. — snake)

and
kC/ — snake = 2((k — 1)C,, — snake) — 6((k — 1)C/. — snake)

with initial conditions (C,, — snake) = n, cl— snake) = 1. Thus, we have

kCy — snake | 4 (k — 1)C,, — snake
kCr/L — snake (k— I)C/L — snake |
n—1 n
where, A = , which implies that
2 -n
kC,, — snake _ A (k—1)C,, — snake B _ g1 C,, — snake
kC’,/l — snake (k— l)C',/l — snake | C/L — snake

We compute A”~! as follows:

det(A—AL) =X 2+ A —-42=0, X =—(n+1) and \y =n, \; # Xo.

A0
Then, there is a matrix M invertible such that A = MDM !, where B = ! and
0 A
M is an invertible transformation matrix formed by eigenvectors
1 1 . _1  _=n B B 3
M = = M = (2n+1) (2n+1) = A" 1 _ MB" lM 1 ,
1 2n n
—2 n (2n+1) (2n+1)
(n)nfl 0

where B"~1 = . We therefore obtain

0 (—(n+1))"1
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(M~ | 2ne(=(ng1)"! —(n)" nx(—(nt1)" "
A1 (2n+1) (2n+1) (2n+1) (2n+1)
—2(n)" " + 2¢(=(nt1)" " 2x(n)"™ + (=(nt1))" "
(2n+1) (2n+1) (2n+1) (2n+1)
and hence the result follows. O

Remark 3.4 The number of spanning trees of the subdivision of linear (kC,, — snake)satisfies
the following recursive relation 7(S(kC,, — snake)) = 2n 7((k — 1))C,, — snake, where k is the
number of blocks and n is the number of vertices for each block.

Theorem 3.5 The number of spanning trees of the general kCy — snake satisfies the following

recursive relation T( kCy — snake ) = 4% where k is the number of blocks.

Proof Consider a graph kCL{ — snake constructed from kCy — snake by deleting two edges.
See Figure 4 following.

/
kC4-Snake kC}-Snake

Figure 4 General kC;-Snake
We put kCy — snake = 7(kCy — snake) and kCi — snake = T(kCL{ — snake). Tt is clear

that
kCy — snake = 3(k — 1)Cy — snake + 4(k — 1)04{ — snake

and
kCy — snake = 2(k — 1)Cy — snake — 4(k — 1)04{ — snake

with initial conditions Cy — snake = 4, Ci — snake = 1. Thus, we have

kCy—snake _ A (k — 1)Cy—snake
kCi—snake (k — 1)Ci—snake
3 4
where A = , which implies that
2 —4
kCy—snake _ A (k — 1)Cy—snake gt Cy—snake

kCi—snake (k — 1)Ci—snake C’i—snake
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We compute A”~ ! as follows:
det(A—AL) =X +A—-20=0, X =-5andXy =4, \| # Xy

A0
Then, there is a matrix M invertible such that A = M BM ~!, where B = ! and M

0 X

is an invertible transformation matrix formed by eigenvectors

11 1{ 3+ -1
M = = M'=5|" = A"l'=MB"'M!,
-2 1 i\ 2 1
1
1 (_5)11—1 0 .
where, B" ™+ = . We therefore obtain
0 (4)n—1
(75)7@71 2*(4)71 74*(75)7171 (4)71
A1 9 + =5 9 + 9
B —2%(=5)" ! 2¢(4)" "1 8x(=5)" "t | yn—1
9 + 9 9 +
and hence the result follows. O

Theorem 3.6 The number of spanning trees of the general kCs — snake satisfies the following

recursive relation 7( kCs — snake ) = 6%.

Proof Consider a graph kCg — snake constructed from kCé — snake by deleting two edges.
See Figure 5.

Q?b - %\2

/
kCg-Snake kC§-Snake

Figure 5 General kCg-Snake
We put kCs — snake = 7(kCs — snake) and kCé — snake = T(kCé — snake). It is clear

that
kCs — snake = 5((k — 1)Cs — snake) + 6((k — I)Cé — snake)

and
kCG/ — snake = 2((k — 1)Cs — snake) — 6((k — 1)Cé — snake)
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with initial conditions (Cy — snake) = 6(C/ — snake) = 1. Thus we have
kCe — snake | 4 (k —1)Cs — snake
kC/ — snake (k— 1)06/ — snake |
where A = , which implies that
kCs — snake (k —1)Cs — snake B _ ot Ce — snake
kC/ — snake (k — )C/ — snake Cé — snake

We compute A”~ ! as follows:
det(A—AL) =X +X—42=0, X\ =-7 and \y =6, \; # \a.

A0
Then, there is a matrix M invertible such that A = M DM !, where B = ! and
0 X

M is an invertible transformation matrix formed by eigenvectors

1 =6
N e I S R L I V0 eV
_9 1 12 6 ’
6 3 13
) (6)"* . .
where, B" ™+ = . From which, we obtain
0 (_7)7171
(6)7171 12*(77)7171 7(6)71 6*(77)7171
AP — 3t 13 3+ 13
- —2(6)" ! 2x(=7)" "1 2x(6)™ (=)t
13 + 13 13- T 13
and hence the result follows. O

Theorem 3.7 The number of spanning trees of general (kC,, — snake)satisfies the following

recursive relation 7(kC,, — snake) = n¥

Proof Consider a graph kC), — snake constructed from kC',/I — snake by deleting two edges.
See Figure 6 following.

We put kC,, — snake = 7(kC,, — snake) and kCY, — snake = T(kC',/I — snake). Tt is clear
that
kC,, — snake = 5((k — 1)C,, — snake) + 6((k — 1)C/. — snake)

and
kC/ — snake = 2((k — 1)C,, — snake) — 6((k — 1)C/. — snake)
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with initial conditions (C,, — snake) = n, (C,/l — snake) = 1. Thus we have

kC,, — snake 4 (k — 1)C), — snake
kC/l — snake (k— 1)07/1 — snake

3

T X
T .

kC,,-Snake kC/,-Snake
Figure 6 General kCg-Snake

which implies that

kCy, — snake | 4 (k — 1)C), — snake g
kC/l — snake (k- 1)07/1 — snake C/L — snake

C,, — snake

We compute A”~! as follows:

det(A—AL) =X 2 +A—-42=0, X =—(n+1) and \y =n, \; # Xo.

A0
Then, there is a matrix M invertible such that A = MDM !, where B = ! and
0 Ao
M is an invertible transformation matrix formed by eigenvectors
1 1 o 1 __=n__ B B B
M = = M = (2n+1) (2n+1) = A" 1 _ MB" lM 1 ,
1 2n n
—2 n (2n+1) (2n+1)
_ (n)" 0 : .
where B"~1 = . From which, we therefore obtain
0 (=(n+1)"!
(™t | 2nx(=(ntIN" —()™ | k(= (nt1)" !
AP~ — (2n+1) + (2n+1) (2n+1) + (2n+1)
—2(m)" ! | 2x(=(nt1)" ! 2«(n)" (=(nt1))"t
(2n+1) (2n+1) (2n+1) (2n+1)

and hence the result follows. O
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Remark 3.8 The number of spanning trees of the subdivision of general S(kC, — snake)
satisfies the following recursive relation: 7(S(kC,)) = 2n7(S(k — 1)C,, — snake) = (2n)*
where k is the number of blocks.

Theorem 3.9 The number of spanning trees of the subdivided fan graph satisfies the following
recurrence relation

T(S(F)) = =—=[(3 +V5)" = (3 = V)",

b
2V5
where 7( S(F1) ) =1 and 7( S(F2) ) =6.

Proof Consider a graph S(F},) constructed from S (Fé) by deleting two edges. See Figure
7 following.

S(F,) S(FY)
Figure 7 Subdivided Fan Graph
We put S(F,) =7(S(F,)) and S(Fré) = T(S(F,{) ), It is clear that
S(Fy) = 328(Fa_z) — 24S(F)_),
where S (Fé) is the number of odd block and
S(F[) =65(Far) — 4S(F/,).

where S(F,) is the number of even block with initial conditions S(F;) = 6, S (F1/ )=1and

S\ _ [ SE-)
S(F) S(EL_) )

6 —4
where, A = , which implies that
32 —-24
S(Fp) 4 S(Fp-1) e S(F1)
S(Fy) S(F)_) S(F)) )
1061 23561
1 and )\2 = )\1 75 )\2.
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A0
Then, there is a matrix M invertible such that A = M BM ~! where B = ! and M
0 A
is an invertible transformation matrix formed by eigenvectors
1 1 1 1.2615 —0.2031 1 a1
M = s M™° = i AT =MBY M,
1.2878 6.2121 —0.2615  0.2031
Bl (0.8488)"~1 0
0 (—18.8488)"1

From which, we therefore obtain

An-1 1.2615(0.8488)™ " — 0.2615(—18.8488)" !  —0.2031(0.8488)" ! + 0.2031(—18.8488)" !

1.6246(0.8488)" ! — 1.6245(—18.8488)" !  —0.2616(0.8488)" "' + 1.2617(—18.8488)"*
and hence the result follows. |
Theorem 3.10 The number of spanning trees of the subdivided ladder graph satisfies the fol-
lowing recurrence relation

2n72

T(S(Ln)) = 7

for anyn > 1, where 7( S(L1) ) =1 and 7( S(Ls3) ) = 8.

[(2+V3)" = (2 V3)"]

Proof Cousider a graph S(F;,) constructed from S (Fé ) by deleting two edges. See Figure
8 following.

Figure 8 Subdivided Ladder Graphs S(L,) and S(L,/L)
We put S(L,) =7(S(Ln)) and S(L}) = 7(S(L4) ), It is clear that
S(Ln) =8S(L)_y) — 45(Ln-2)
where S(L,,) is the number of even block,
S(L}) = 60S(L),_,) — 328(Ln )

with S(L,/l) the number of its odd block with initial conditions S(L;) = 8, S(L{) = 1. Thus,
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we have
S(Ln) — A (Lnfl)
S(Lh) Sy )

8 —4
where A = , which implies that

60 —32

Ly S(Ly— S(L
R IY R Y AR
S(Ln) S(Li-) S(L1)
)\1 =0.49 and )\2 = —24.49 ) )\1 7§ )\2.
. . . : A1 0
Then, there is a matrix M invertible such that A = M BM ~! where B = and M
0 A

is an invertible transformation matrix formed by eigenvectors

1 1 1 1.3006 —0.1601 1 a1

M = ;s M™' = i A" =MBY M,
1.8775 8.1225 —0.3006 0.1601
. B (0.49)"~1 0 . .
with B"~1 = . From which, we therefore obtain
0 (—24.49)"1

1.3006(0.49)" 1 — 0.3006(—24.49)"~1  —0.1601(0.49)"~* + 0.1601(—24.49)" "
2.4419(0.49)" 1 — 2.4416(—24.49)"~1  —0.3022(0.49)" ! + 1.3004(—24.49)"

An—l _

and hence the result follows. O

84. Spanning Tree Entropy

The entropy of spanning trees of a network or the asymptotic complexity is a quantitative
measure of the number of spanning trees and it characterizes the network structure. We use
this entropy to quantify the robustness of networks. The most robust network is the network
that has the highest entropy. We can calculate its spanning tree entropy which is a finite number

and a very interesting quantity characterizing the network structure, defined as in [15, 16] as:

) In7(G)
Z(G)= lim ———=,
U R (]
. In 4%
Z(KCy—snake) :nlingo Sl 0.4621,
In 6"
Z (K Cg—snake) = lim - = 0.3584

n—oo bk + 1
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) Inn* In(n)
Z(KCn = snake) = lim o—=v=a =77

n(—_ x n_ (3 _ n
Z(S8(F,)) = lim In(g * B+ V)" (3~ v5) )zln(\3/3+\/g) =0.5513

Z(S(Ly)) = lim_ o+ 2 +5:1/§_)’;— 2-v3m —In(V/2+V3) + @ =0.4020

85. Conclusion

In this paper, we described how to propose the combinatorial approach to facilitate the cal-
culation of the number of spanning trees in linear and general cyclic snake networks. In par-
ticular, we derived the explicit formulas for the linear kcy — snake, linear kcg — snake and
linear kc, — snake . Finally, we derived explicit formulas for the general kcy — snake, general

kcg — snake and general kc,, — snake.
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Abstract: Let G = (V(G), E(G)) be a graph and u,v € V(G). If ww € E(G) and
deg(u) > deg(v), then we say that u strongly dominates v or v weakly dominates u. A subset
D of V(G) is called a strong dominating set of G if every vertex v € V(G) — D is strongly
dominated by some u € D. The smallest cardinality of strong dominating set is called
a strong domination number. In this paper we explore the concept of strong domination

number and investigate strong domination number of some cycle related graphs.

Key Words: Dominating strong set, Smarandachely strong dominating set, strong domi-

nation number, d—balanced graph.
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§1. Introduction

In this paper we consider finite, undirected, connected and simple graph G. The vertex set and
edge set of the graph G is denoted by V(G) and E(G) respectively. For any graph theoretic
terminology and notations we rely upon Chartrand and Lesniak [2]. We denote the degree of a
vertex v in a graph G by deg(v). The maximum and minimum degree of the graph G is denoted
by A(G) and 6(G) respectively.

A subset D C V(@) is independent if no two vertices in D are adjacent. A set D C V(G)
of vertices in the graph G is called a dominating set if every vertex v € V(G) is either an
element of D or is adjacent to an element of D. A dominating set D is a minimal dominating
set if no proper subset D' cDisa dominating set. The domination number v(G) of G is the
minimum cardinality of a minimal dominating set of the graph G. A detailed bibliography on
the concept of domination can be found in Hedetniemi and Laskar [7] as well as Cockayne and
Hedetniemi [3]. A dominating set D C V(G) is called an independent dominating set if it is
also an independent set. The minimum cardinality of an independent dominating set in G is
called the independent domination number #(G) of the graph G. For the better understanding
of domination and its related concepts we refer to Haynes et al [6].

1Received October 04, 2016, Accepted August 21, 2017.
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We will give some definitions which are useful for the present work.

Definition 1.1([10]) For graph G and uwv € E(G), we say u strongly dominates v (v weakly
dominates u ) if deg(u) > deg(v).

Definition 1.2([10]) A subset D is a strong(weak) dominating set sd — set(wd — set) if ev-
ery verter v € V(G) — D is strongly(weakly) dominated by some u in D. The strong(weak)
domination number vst(G)(Vw (Q)) is the minimum cardinality of a sd — set(wd — set).

Generally, for a subset O C V(G) with (O) isomorphic to a special graph, for instance
a tree, a subset Dg of V(G) is a Smarandachely strong(weak) dominating set of G on O if
every vertex v € V(G) — D — O is strongly(weakly) dominated by some vertex in Dg. Clearly,
if O =), Dg is nothing else but the strong dominating set of G.

The concepts of strong and weak domination were introduced by Sampathkumar and
Pushpa Latha [10]. In the same paper they have defined the following concepts.

Definition 1.3 The independent strong(weak) domination number is(G) (iw(G)) of the graph

G is the minimum cardinality of a strongly(weakly) dominating set which is independent set.

Definition 1.4 Let G = (V(G), E(GQ)) be a graph and D C V(G). Then D is s-full (w-full) if
every u € D strongly (weakly) dominates some v € V(G) — D.

Definition 1.5 A graph G is domination balanced (d-balanced) if there exists an sd-set D1 and
a wd-set Do such that D1 N Dy = ¢.

Several results on the concepts of strong and weak domination have also been explored
by Domke et al [4]. The bounds on strong domination number and the influence of special
vertices on strong domination is discussed by Rautenbach [8,9] while Hattingh and Henning
have investigated bounds on strong domination number of connected graphs in [5]. For regular
graphs Vst = v = 7 as reported by Swaminathan and Thangaraju in [11]. Therefore we
consider the graph G which is not regular.

82. Main Results

We begin with propositions which are useful for further results.

Proposition 2.1([10]) For a graph G of order n, v < v5 < n — A(G).

Proposition 2.2([1]) For a nontrivial path P,,

o - [E] if n = 1(mod 3)
Vst (Pn) = (51 and vy (Fn) = {é—‘ +1 otherwise

Proposition 2.3([1]) For cycle Cy, vs:(Crn) = Y (Cr) = v(Cy)

[51-

Proposition 2.4([11]) For any non reqular graph G, vs:(G)+ A(G) = n and v, (G)+6(G) =n
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if and only if

(1) for every vertex u of degree §, V(G) — N|u] is an independent set and every vertex in
N(u) is adjacent to every vertex in V(G) — N(u).
(2) for every vertex v of degree I\, V(G)—N|v] is independent, each vertex in V(G)—N(v) is

of degree > §+1 and no vertex of N(v) strongly dominates two or more vertices of V(G)— N|v].

Proposition 2.5([10]) For a graph G, the following statements are equivalent.

(1) G is d-balanced;
(3) There exists an sd-set D which is s-full;
(3) There exists an wd-set D which is w-full.

Theorem 2.6 Let G be the graph of order n. If there exists a vertex uy with deg(ui) = A and
deg(u;) = m, where 2 < i < n then, v:(G) = v(G).

Proof Let G be the graph of order n and let u; be the vertex with deg(u1) = A(G). The
set V(G) — N(uy) contains the vertices of degree m. It is clear that the graph G contains two
types of vertices: a vertex of degree /A and remaining vertices of degree m. The vertex u; € st
- set as it is of maximum degree.

To prove the result we consider following two cases.
Case 1. Nlui| =V(G).

If N[ui] = V(G) implies that v(G) = 1. Hence deg(D) > deg(V(G) — D). Therefore
uy € D strongly dominates V(G) — D. Thus v5(G) = v(G) = 1.
Case 2. Nlui] # V(G).

Let us partition the vertex set V(G) into Vi and V. Now to construct a dominating
set or a strong dominating set of minimum cardinality the vertex u; must belong to every
strong dominating set. So let N[ui] € V4 and remaining n — A — 1 vertices are in V5. Now
the vertices in Va are of degree m. Thus the vertices V, forms a regular graph. For regular
graphs v(G) = v5:(G) = vw(G). Let k be the domination number of vertex set Vz. Therefore
NG) = 7st(G) = 75t (V1) + 75t (V2) = 1+ k.

In any case, if G contains a vertex of degree A(G) and remaining vertices of same degree
m then v4(G) = v(G). O

Corollary 2.7 (K1) = vst(K1.n) = it (K1) = 1.
Corollary 2.8 v(W,,) = vse(W) = i (Wy,) = 1.

Definition 2.9 One point union C,(zk) of k copies of cycle C,, is the graph obtained by taking
v as a common vertex such that any two cycles Cy(f) and Cr(f) (i # j) are edge disjoint and do

not have any vertex in common except v.
Corollary 2.10 7, (CH) = ~(C) =1+ k[252], for n > 3.

Proof Let v}, v5,...vP be the vertices of p* copy of cycle C,, for 1 < p <k, k € N and
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v be the common vertex in graph CF such that v = v} = v = v}

V(CF)| = kn —k+ 1.

The deg(v) = 2k which is of maximum degree, then it must be in every dominating set D

- = v}, Consequently

and the vertex v will dominate 2k + 1 vertices.

Now to dominate the remaining k disconnected copies of path each of length n — 3 we

n—3
3

This implies that v(C¥) > 14k [252]. Let us partition the vertex set V(C¥) into V4 (CF)
and Va(CK) such that V(C¥) = V4 (CF)|JVa(CF) depending on the degree of vertices. Let
V1 (CEF) contain N[v] which forms a star graph K7 ox. Thus, from above Corollary 2.7 v(Ki ,,) =
1. Let Va(C¥) contain the remaining vertices, that is, |[Vo(C¥)| = [V (CF)| - [Vi(CF)| = kn—k+1

—(2k 4+ 1) = kn — 3k in k copies. Thus, in one copy there are n — 3 vertices which forms a

require minimum k& ( W vertices.

n—3

path of order n — 3. Therefore, from above Proposition 2.2, v(P,_3) = [ 3 W For k copies of
path the domination number is v[k(P,—3)] = k [252]. Hence, v(C¥) = v(K1,n) + V[k(Pa—s)]
=1+k ["T_?’L for n > 3. Therefore D is a dominating set of minimum cardinality. Thus, D is
also the strong dominating set of minimum cardinality. Therefore,

7t (CW) = A(CP) = 14 k22

1,

for n > 3. O

Definition 2.11 Duplication of a vertez v; by a new edge ¢’ = u'v' in a graph G results into a
graph G’ such that N(u') = {v;,v'} and N(v') = {v;,u'}.

Theorem 2.12 If G’ is the graph obtained by duplication of each vertex of graph G by a new
edge then vs:(G') = v(G') = n.

Proof Let V(G) be the set of vertices and E(G) be the set of edges for the graph G.
Let us denote vertices of graph G by uy,ug,us -+ ,un. Hence |V(G)| = n and |E(G)| = m.
Each vertex of G is duplicated by a new edge. Let us denote these new added vertices by
v1,V2,v3 -+ ,U, and wy,ws,ws -+, w, respectively. Hence, the obtained graph G’ contains
3n vertices and 3n + m edges. Thus the degree of u; (1 < 4 < n) will increase by two and
the degree of v; and w; (1 < i < n) is two. The graph G’ contains n vertex disjoint cycles of
order 3. By Proposition 2.3, v5:(C3) = 1. Thus minimum n vertices are essential to strongly
dominate n vertex disjoint cycles. Hence, v4:(G’) > n. Since u; are the vertices of maximum
degree, they must be in every strong dominating set. We claim that it is enough to take u;
in strong dominating set as the vertices v; and w; are adjacent to a common vertex u;. Thus,

D = {uy,uz,u3 -+ ,u,} is the only strong dominating set with minimum cardinality. Hence,
7vst(G") = v(G") = n. ]

Theorem 2.13 If G’ is the graph obtained by duplication of each vertex of graph G by a new
edge then G’ is d— balanced.

Proof As argued in Theorem 2.12, D = {uy, u2,u3- - ,u,} is the only strong dominating
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set. Hence it is the strong dominating set with minimum cardinality. The vertices u; (1 <1 < n)
strongly dominates v; and w; in V(G’) — D where (1 < i <n). Thus, D is s—full. Hence from
Proposition 2.5 G’ is d— balanced. |

Definition 2.14 The switching of a vertex v of G means removing all the edges incident to
v and adding edges joining to every vertexr which is not adjacent to v in G. We denote the

resultant graph by G.

Theorem 2.15 If 6'; 1s the graph obtained by switching of an arbitrary vertex v in cycle C,,
(n > 3) then,

1 ifn=4
%t@;) = 2 ifn=5
3 ifn>6
Proof Let v1,v2,v3...,v, be the vertices of the cycle C,. Without loss of generality we

switch the vertex v, of C),. We consider following cases to prove the theorem.
Case 1. n=4.

The graph 6’; is obtained by switching of vertex v; in cycle C4 which is same as Kj 3.
Hence D = {w3} is the only strong dominating set as discussed in Corollary 2.7. It is the only

strong dominating set with minimum cardinality. Therefore the strong domination number

5t (Ch) = 1.
Case 2. n=235.

The graph Cs obtained by switching of vertex v; in cycle C5. The degree deg(vi) = 2,
deg(ve) = deg(vs) = 1 while deg(vs) = deg(vs) = 3. The vertex vz strongly dominates vy, vo
and vy along with itself. It is enough to take the vertex vs in the strong dominating set to
strongly dominate the vertex vs. Thus D = {vs,v4} is the only strong dominating set with

minimum cardinality. Hence arbitrary switching of a vertex of cycle C5 results into 74 (Cs) = 2.
Case 3. n >6.

Let C,, be the graph obtained by switching of vertex v; in cycle C,,. The degree deg(v1) =
n — 3 while deg(vz2) = deg(v,) = 1 and remaining n — 3 vertices are of degree three. Thus,
|V(CN’n)| = n. By the Proposition 2.1 75,5(6;) <n-— A(CN’n) =n—(n—3), implying 75(6;) <3.

The degree deg(v1) = n—3 which is of maximum degree, that is, v1 must be in every strong
dominating set and v; will strongly dominate n — 2 vertices except the pendant vertices vo and
vp,. Hence either these pendant vertices must be in every strong dominating set or the supporting
vertices v,—1 and vs. Thus, D1 = {v1,ve,v,} or Dy = {v1,v3,vp-1} or D3 = {v1,v9,v,_1} oOr

Dy = {v1,v,,v3} are strong dominating sets with minimum cardinality. Therefore,

'yst(Cn) = 3

for n > 6. O
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Illustration 2.16 In Figure 2.1, the solid vertices are the elements of strong dominating sets

of 676 as shown below.

Ve

U5 .\ )

V4

V(é\g) = Vst(a/ﬁ) =3

Figure 2.1

Corollary 2.17 vx(Cp) = v(Cy) for n > 3.

Proof We continue with the terminology and notations used in Theorem 2.15 and consider

the following cases to prove the corollary.
Case 1. n=4.

As shown in Theorem 2.15, D = {v3} is the only strong dominating set with minimum

cardinality which is also the dominating set of minimum cardinality. As discussed in Corollary
2.7, ’}/St(C4) = ")/(04).
Case 2. n=5.

As shown in Theorem 2.15, D = {wv3,v4} is the only strong dominating set with minimum

cardinality which is also the dominating set of minimum cardinality. Hence %t@; )= 7(6'; ).
Case 3. n >6.

As shown in Theorem 2.15 we have obtained four possible strong dominating sets. The
strong dominating sets D1 = {wv1,v9,v,} or Dy = {v1,v3,vn-1} or D3 = {v1,v2,v,-1} or
Dy = {v1,v,,v3} are strong dominating sets with minimum cardinality which are also the

dominating set of minimum cardinality. Thus, vs(Cy,) = 7(6;) , for n > 6. O

Theorem 2.18 If 5; is the graph obtained by switching of an arbitrary vertex v in cycle Cy,
then,Cy, (n > 3) is d— balanced.

Proof We continue with the terminology and notations used in Theorem 2.15 and consider
the following cases to prove the corollary.

Case 1. n=4.

As discussed in Theorem 2.15 the set D = {v3} is the strong dominating with minimum

cardinality. The set D is s— full since the vertex v3 strongly dominates remaining three vertices
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in V(av) — D. Hence from Proposition 2.5 C, is d— balanced.
Case 2. n =>5.

As shown in Theorem 2.15, the set D = {v3,v4} is a strong dominating set with minimum
cardinality. The set D = {v3,v4} is s— full since v; (i = 3,4) strongly dominates vs, v4 and vs
in V(C5) — D. Hence from Proposition 2.5 C5 is d— balanced.

Case 3. n >6.

In Theorem 2.15 we have obtained the strong dominating set Dy = {v1,v3,v,,—1} of mini-

mum cardinality. The set D5 is s— full as vy, v and v,,—1 strongly dominates remaining vertices

in V(C,) — Ds. Thus from Proposition 2.5 C,, (n > 6) is d— balanced. O

Definition 2.19 The book By, is a graph Sy, x P> where Sy, = Ky .

Theorem 2.20 5 (B,,) =2 for m > 3.

Proof Let S, be the graph with vertices u, w1, u2, us - - - , Uy, where u is the vertex of degree
m and uy, us,us--- , U, are pendant vertices. Let P be the path with vertices a; and as. We
consider v = (u,a1),v1 = (u1,a1),v2 = (u2,a1) - ,Vm = (Um,a1) and w = (u,a2),w; =
(u1,a2),wa = (uz2,a2)++ ,Wp = (Um, az). Hence |V (By,)| = 2m + 2.

In B,, there is no vertex with degree 2m + 1, implying that v(B,,) > 1. The deg(v) =
deg(w) = m + 1 are the vertices of maximum degree. Let us partition the vertex set V(B,,)
into V7 and Vs such that V(B,,) = V4 |J V. Let N[v] € V3 and N[w] € Vo. Then in both the
partitions a star graph Ky, is formed. Thus from above Corollary 2.7, ¥(K1,m) = Vst (K1,m) =
1. Thus, it is enough to take v and w in strong dominating set as it strongly dominates 2m + 2

vertices. Therefore D = {v, w} is the strong dominating set with minimum cardinality. Hence,
Yst(Bm) =2 if m > 3. O

Illustration 2.21 In Figure 2.2, the solid vertices are the elements of strong dominating set

of Bs as shown below.

U1 w1
o O
v w
e, O O
Vo wag U3 w3
v(Bs) = 7vst(Bs) =2
Figure 2.2

Corollary 2.22 ~(By,) = v(Bm) for m > 3.
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Proof As shown in Theorem 2.20 we have obtained the strong dominating set D = {v, w}.
The set D also forms the dominating set of minimum cardinality. Thus, vs:(Bm) = ¥(Bm) , for
n > 3. O

Theorem 2.23 The book graph B, is d—balanced.

Proof In Theorem 2.20 we have obtained the strong dominating set D = {v,w} of min-

imum cardinality. The vertex v strongly dominates vy, vs -+ ,v,, while the vertex w strongly
dominate wy,ws - -+ , Wy, in V(B,,) — D respectively. Hence D is s—full set. Hence from Propo-
sition 2.5 the book graph B,, is d—balanced. a

83. Concluding Remarks

The strong domination in graph is a variant of domination. The strong domination number of
various graphs are known. We have investigated the strong domination number of some graphs
obtained from C),, by means of some graph operations. This work can be applied to rearrange
the existing security network in the case of high alert situation and to beef up the surveillance.
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§1. Introduction

Let G be a simple, finite, undirected graph, The energy E(G) is defined as the sum of the
absolute values of the eigenvalues of its adjacency matrix. For more details on energy of graph
see [5, 6].

The Randic matrix R(G) = (R;j)nxn is given by [1-3].

R A if v; ~ vy,
1] .
0 otherwise

We can see lower and upper bounds on Randic energy in [1,2]. Some sharp upper bounds

for Randic energy of graphs were obtain in [3].

§2. The Minimum Equitable Dominating Randic Energy of Graph

Let G be a simple graph of order n with vertex set V(G) = {v1,va2,v3,- - , v, } and edge set E.
A subset U of V(G) is an equitable dominating set, if for every v € V(G) — U there exists a

1Received December 19, 2016, Accepted August 22, 2017.
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vertex u € U such that uv € E(G) and |deg(u) — deg(v)| < 1, and a Smarandachely equitable
dominating set is its contrary, i.e., |deg(u) — deg(v)| > 1 for such an edge uv, where deg(x)
denotes the degree of vertex x in V(G). Any equitable dominating set with minimum cardinality
is called a minimum equitable dominating set. Let E be a minimum equitable dominating set
of a graph G. The minimum equitable dominating Randic matrix R”(G) = (R[)nxn is given

by
1

ifUiN’Uj,
Rl = if i =7 and v; € F,

1
0 otherwise

The characteristic polynomial of R¥(G) is denoted by ¢& (G, \) = det(A\ — RE(G)). Since
the minimum equitable dominating Randic Matrix is real and symmetric, its eigenvalues are
real numbers and we label them in non-increasing order \;y > Ao > --- \,. The minimum

equitable dominating Randic Energy is given by
REgR(G) =Y _ |Ail. (1)
i=1

Definition 2.1 The spectrum of a graph G is the list of distinct eigenvalues Ay > g > -+ Ay,

with their multiplicities m1, ma, ..., m,, and we write it as
Al )\2 e A
Spec(G) = "
mi mo e my

This paper is organized as follows. In the Section 3, we get some basic properties of
minimum equitable dominating Randic energy of a graph. In the Section 4, minimum equitable

dominating Randic energy of some standard graphs are obtained.

83. Some Basic Properties of Minimum Equitable Dominating Randic

Energy of a Graph

Let us consider

1
P=2 g
1<J

where d;d; is the product of degrees of two vertices which are adjacent.

Proposition 3.1 The first three coefficients of %5 (G, \) are given as follows:
(Z) apg = 1,‘
(”) ar = _|E|;
(ZZZ) as = |E|Cg — P.
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Proof (i) From the definition ®E(G,\) = det[\] — RE(G)], we get ag = 1.
(ii) The sum of determinants of all 1 x 1 principal submatrices of R¥(G) is equal to the
trace of RE(G) = a1 = (—1)! trace of [RP(G)] = —|E|.

(iid)

Qi Qg
(—1)%az =
1<i<j<n |Qji jj
= ) away; —ajia;
1<i<j<n
= Y aua— Y ajiag
1<i<j<n 1<i<j<n
= |E|CQ — P. O
Proposition 3.2 If A\, Ao, ..., A\, are the minimum equitable dominating Randic eigenvalues

of RE(G), then

n

> A% =|E|+2P.

i=1

Proof We know that

=1 =1 j=1
= 2 Z(aij)z + Z(a”)z
i<j =1

Il
. [\}
m
i
_|_
=

I
IS
_l’_
[\
e
O

Theorem 3.3 Let G be a graph with n vertices and Then

RE®(G) < \/n(|E| +2[P])

where

1
b= Z did;
1<g

j
for which d;d; is the product of degrees of two vertices which are adjacent.

Proof Let A1, Xa,--- , A, be the eigenvalues of R¥(G). Now by Cauchy - Schwartz inequal-

ity we have
i=1 i=1 i=1
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Let a; =1, b; =| A\; |. Then

(E) < () (&)

[RE"]> < n(|E| +2P),

Thus,

which implies that
[RE®] < v/n(|E| +2P),

i.e., the upper bound.

Theorem 3.4 Let G be a graph with n vertices. If R= det RE(G), then

REP(G) = /(1B + 2P) + n(n — 1) R3.

Proof By definition,

(RE®(@)" = (D A |>

= D NI N
i=1 =1
= (Z|/\i |2>+Z|/\i||/\j|-
=1

i#j
Using arithmetic mean and geometric mean inequality, we have

1
n(n—1)

1
- - ) . > ) )
s oA = (T |

i£] i£]
Therefore,

1
n(n—1)

[REF(G)? > ZM 2 4n(m—1) [ LTI N 11A |
i)

1

ZM 2 tn(n - 1) (Hu j2n- >>

n

= Y NP Ann 1R

=1

= (|E|+2P)+n(n—1)R=.

Y
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Thus,

REP(G) > \/(|E| + 2P) + n(n — 1)R?. 0

84. Minimum Equitable Dominating Randic Energy of Some Standard Graphs

Theorem 4.1 The minimum equitable dominating Randic energy of a complete graph K, is
REF(K,) = 222,

n—1

Proof Let K, be the complete graph with vertex set V' = {v1,va, -+ ,v,}. The minimum

equitable dominating set = F = {v;}. The minimum equitable dominating Randic matrix is

[, L 1 NI B

n—1 n—1 n—1 n—1

1 1 1 1

n—1 0 n—1 n—1 n—1
11 1 1
E n—1 n—1 n—1 n—1

R (Kn) = .
11 1 L
n—1 n—1 n—1 n—1
1 1 1 1

Ln—1 n—1 o n—1 n—1 0 .

The characteristic equation is

n—2
1 2n—3 n—3
A M\ — A =0
( +n—1) ( n—1 +n—1)

(2n—3)+v4n—=3 (2n—3)—v4n—3 -1

and the spectrum is SpecE(K,,) = 2(n—1) 2(n=1) n—1
1 1 n—2
Therefore, REF(K,,) = 3n _15. |
n—

Theorem 4.2 The minimum equitable dominating Randic energy of star graph Ki ,—1 s

RE®(K, 1) = V5.

Proof Let Kj,—1 be the star graph with vertex set V' = {wvg,v1,--- ,vn—1}. Here vy be

the center. The minimum equitable dominating set = E = V(G). The minimum equitable
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dominating Randic matrix is

I 1 1 1 1]
1 n—1 n—1 n—1 n—1
1
— 1 0 0 0
. —— 0 1 0 0
R¥(Kip-1) = )
1
— 0 0 1 0
1
| 7T 0 0 0 1 |

The characteristic equation is

2 1 0
spectrum is SpecE(Ky 1) =
1 n—2 1
Therefore, RE® (K1 ,,—1) = n. ]

Theorem 4.3 The minimum equitable dominating Randic energy of Crown graph SO is

REF(SY) = (4n—7)+\/4n2—8n+5.
n—1
Proof Let S? be a crown graph of order 2n with vertex set {uy, ug, -+ ,Un, v1,v2, - ,Un}

and minimum dominating set = E = {uj,v1}. The minimum equitable dominating Randic

matrix is
B 1 1 1]
1 0 0 0 0 n—1 n—1 n—1
1 1 1
0 0 0 0 n—1 0 n—1 n—1
1 1 1
0o 0 0 0o L ... L 0 L
1 1 1
RE(SO) _ 0 0 0 0 n—1 n—1 n—1 0
n 1 1
0 n—1 n—1 n—1 1 0 0 0
1 1 1
n—1 0 n—1 n—1 0 0 0 0
1 1 1
n—1 n—1 0 n—1 0 0 0 0
1 1
Ln—1 n—1 n—1 0 0 0 0 0 J
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The characteristic equation is

n—2 n—2
1 1 , 1 » 2m-3. n-3\
()\+n_1) (/\ n_l) ()\ L, 1)(/\ n_l)\+n_1)—0

spectrum is Speck(S2)

(2n—3)+v4n—-3 14+V4n2-8n+5 (2n—3)—V4n-3 1 -1 1—v4n2—8n+5
_ 2(n—1) 2(n—1) 2(n—1) n—1 n—1 2(n—1)
1 1 1 n—2 n—2 1
(4n —7) + V4n? —8n +5

Therefore, REZ(S9) =
n—1
Theorem 4.4 The minimum equitable dominating Randic energy of complete bipartite graph
Ky, nof order 2n with verter set {uy,ug, - ,Up, V1, V2, ,Up} IS
2v/n —1

RE® (K, ) = v + 2.

Proof Let K,, ,, be the complete bipartite graph of order 2n with vertex set {uq, ug, -+ , un,
v1,v2,+* ,Un}. The minimum equitable dominating set = E = {u1,v;} with a minimum
equitable dominating Randic matrix

1 0 0 0 1111
0 0 0 0 1111
0 0 0 0 111l
0 0 0 O i1 11
RE(K,.n) Do
i 1 1 1 1 0 0 0
L1111 o0 0 0
111190 0 0
1111 o0 0 0
The characteristic equation is
A2"—4(A2—";1)[A2—2A+”_1]:0

Hence, spectrum is

1 + \/I n—1 1— \/I 0 _Vn—1
Specg(Kn,n) = nooovn " vn
1 1 1 2n — 4 1

Therefore, REF (K, ,,) = ——=— + 2. O
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Theorem 4.5 The minimum equitable dominating Randic energy of cocktail party graph K, 2

8

dn — 6
REF(Kpx2) = .
(Knxz) n—1
Proof Let K,,«2 be a Cocktail party graph of order 2n with vertex set {uy, ug, - , upn, v1, v2,

- ,Up}. The minimum equitable dominating set = E = {uy, v} with a minimum equitable

dominating Randic matrix

1 1 1 1 0 1 1 1
2n—2 2n—2 2n—2 e 2n—2 2n—2 2n—2
1 0 1 1 1 0 1 1
2n—2 2n—2 2n—2 o 2n—2 2n—2 2n—2
1 1 0 1 1 1 0 1
2n—2 2n—2 2n—2 o 2n—2 2n—2 2n—2
1 1 1 0 1 1 1 0
2n—2 2n—2 2n—2 o 2n—2 2n—2 2n—2
E
R (Kn><2) =
0 1 1 1 1 1 1 1
2n—2 2n—2 2n—2 e 2n—2 2n—2 2n—2
0 1 1 1 0 1 1
2n—2 2n—2 2n—2 o 2n—2 2n—2 2n—2
1 1 0 1 1 1 0 1
2n—2 2n—2 2n—2 o 2n—2 2n—2 2n—2
1 1 1 0 1 1 1 0
L2n—2 2n—2 2n—2 e 2n—2 2n—2 2n—2 J

The characteristic equation is

1 \"? 2n—3. n-—3
AL A—1)[\% - A =0
(+n—1) ( )[ n—1 +n—1]
Hence, spectrum is
2n—3++v4n—3 1 2n—3—+/4n—3 0 —1
Specg(Knx2) — 2(n—1) 2(n—1) n—1
1 1 1 n—1 n—2

4n — 6

Therefore, REF (K, x2) = .
n—1
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Abstract: Let G = (V(G), E(G)) be a graph and let f : V(G) — {0,1} be a mapping
from the set of vertices to {0,1} and for each edge uv € E assign the label |f(u) — f(v)|.
If the number of vertices labeled with 0 and the number of vertices labeled with 1 differ by
at most 1 and the number of edges labled with 0 and the number of edges labeled with 1
differ by at most 1, then f is called a cordial labeling. We discuss cordial labeling of graphs

obtained from duplication of certain graph elements in web and armed helm.

Key Words: Graph labeling, cordial labeling, cordial graph, Smarandachely cordial label-

ing, Smarandachely cordial graph.

AMS(2010): 05C78

§1. Introduction

We begin with simple, finite, undirected graph G = (V(G), E(G)) where V(G) and E(G)
denotes the vertex set and the edge set respectively. For all other terminology we follow West

[1]. We will give the brief summary of definitions which are useful for the present work.

Definition 1.1 The graph labeling is an assignment of numbers to the vertices or edges or both

subject to certain condition(s).

A detailed survey of various graph labeling is explained in Gallian [3].

Definition 1.2 For a graph G = (V(G), E(G)), a mapping [ : V(G) — {0,1} is called a
binary vertex labeling of G and f(v) is called the label of the vertex v of G under f. For an
edge e = uv, the induced edge labeling f* : E(G) — {0,1} defined as f*(uv) = |f(u) — f(v)].

Let v£(0),v¢(1) be the number of vertices of G having labels 0 and 1 respectively under f
and let ef(0), er(1) be the number of edges having labels 0 and 1 respectively under f*.

Definition 1.3 Duplication of a vertex v of a graph G produces a new graph G' by adding a
new vertex v such that N(v') = N(v). In other words a vertex v' is said to be duplication of v

if all the vertices which are adjacent to v in G are also adjacent to v’ in G'.

Definition 1.4 Duplication of an edge e = uv of a graph G produces a new graph G' by adding

1Received December 19, 2016, Accepted August 24, 2017.
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an edge e = u'v" such that N(u') = N(u) U{v'} — {v} and N(v') = N(v) U {u'} — {u}.

Definition 1.5 The wheel W,,, is join of the graphs C, and K1. i.e W,, = C,, + K1. Here
vertices corresponding to Cy, are called rim vertices and C, is called rim of W, while, the vertex
corresponding to K1 is called the apex vertex, edges joining the apex vertexr and a rim vertex is

called spoke.

Definition 1.6([3]) The helm H,, is the graph obtained from the wheel W,, by adding a pendant

edge at each rim vertex.

Definition 1.7([3]) The web Wb, is the graph obtained by joining the pendent points of a helm
to form a cycle and then adding a single pendent edge to each vertex of this outer cycle, here
vertices corresponding to this outer cycle are called outer rim vertices and vertices corresponding

to wheel except the apex vertex are called inner rim vertices.

We define one new graph family as follows:

Definition 1.8 An armed helm is a graph in which path Py is attached at each vertex of wheel
W, by an edge. It is denoted by AH,, where n is the number of vertices in cycle Cy,.

Definition 1.9 A binary vertex labeling f of a graph G is called a cordial labeling if |vs(1) —
vr(0)] < 1 and lef(1) — ep(0)] < 1, and a binary vertex labeling f of a graph G is called a
Smarandachely cordial labeling if |vr(1) —vr(0)| > 1 or |es(1) — es(0)] > 1.

A graph G is said to be cordial if it admits cordial labeling, and Smarandachely cordial if

it admits Smarandachely cordial labeling.

The concept of cordial labeling was introduced by Cahit [2] in which he proved that the
wheel W, is cordial if and only if n # 3(mod4). Vaidya and Dani [4] proved that the graphs
obtained by duplication of an arbitrary edge of a cycle and a wheel admit a cordial labeling.
Prajapati and Gajjar [5] proved that complement of wheel graph and complement of cycle
graph are cordial if n # 4(mod8) or n # 7(mod8). Prajapati and Gajjar [6] proved that cordial
labeling in the context of duplication of cycle graph and path graph.

§82. Main Results

Theorem 2.1 The graph obtained by duplicating all the vertices of the web Wb, is cordial.

Proof Let V(Whb,,) = {t} U{ws, vi,ws, /1 < i < n} and E(Wb,) = {tu;, wvs, viw; /1 < i <
n} U{unu1, vav1 } U{uittig1, v0i41/1 < i <n—1}. Let G be the graph obtained by duplicating
all the vertices in Wh,,. Let t/,uj, ub, -+ ,ul, v],vh, - v, wi,wh, -, w), be the new vertices
of G by duplicating t,uy,ug, - ,Up, V1, V2, , Up, W1, Wa, - , Wy respectively. Then V(G) =
{t, ' YU{us, v, wi, ul, vl wi /1 < i < n}and E(G) = {tug, uivg, viw;, wvl, wivl, ubv;, tul, viws, t'u;
/1 <i < nf U{unur, vavr, v),v1, 007, wpun, unth F USp1, Viviger, Vivip, 0] Wi, Ui
/1 <i<mn—1}. Therefore |V(G)| = 6n + 2 and |E(G)| = 15. Using parity of n, we have the

following cases:

Case 1. n is even.
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Define a vertex labeling f : V(G) — {0, 1} as follows:

1 ifx=t

1 ifex=w),i€{2,4,...,n—2,n};

1 fe=w;, ie{l,3,...,n—3,n—1}
1 ifze{u,v}, i€{l,2,....,n—1,n};
0 ifz=t

0 ifxe{v,u}, ie{l1,2,...,n—1,n};
0

0

if o =w;, i €{2,4,...,n—2,n};

ife=w}, i€{1,3,...,n—3,n—1}.

Thus vs(1) = 3n+1 and v¢(0) = 3n + 1. The induced edge labeling f* : E(G) — {0,1} is
f*(uww) = |f(u) — f(v)], for every edge e = uv € E. Therefore

1 if ee {tu;,uv;}, 1 €{1,2,...,n—1,n}
0 if e€ {uuit1,viviz1}, 1€{1,2,...,n—2,n—1};
L if e e {u) w1, viv),vvie ), i€ {1,2,...,n —2,n—1};
0 if ee {tu;,tul, v, uvi}, i€ {1,2,....,n—1,n};
ey )0 i ee{vwiwivi}, i €{1,3,...,n—3,n—1}

f(e) = 1 if e {vawl,wvl}, i €{2,4,...,n—2,n};
1 if e=wvuw;, i€{1,3,...,n—3,n—1}
0 if e=wvw;, i€{2,4,....,n—2,n};
0 if e€ {upur,vpvr};
1 if e e {u,u, upul, vivr, vav] }.

1 1
Thus ef(1) = % and ef(0) = ﬁ

Case 2 n is odd.

Define a vertex labeling f : V(G) — {0, 1} as follows:

1 ifx=t,;
1 ifz=wie{2,4,...,n—3,n—1}

1 fe=w;,ie{1,3,...,n—2,n};

1 ifze{u,v},ie{l,2,....,n—1,n};
0 ifx=t

0 ifxe{v,u}, ie{l,2,...,n—1,n};
0 ife=w, i€{2,4,...,n—3,n—1};
0 ifex=w, i€{1,3,....n—2,n}.
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Thus v;(1) =3n+ 1 and v7(0) = 3n+ 1. The induced edge labeling f* : E(G) — {0,1} is
f*(uww) = |f(u) = f(v)], for every edge e = uv € E. Therefore

if ee {tu;,uv;}, i€{1,2,...,n—1,n};

if ee {uuit1,vv41}, 1 €4{1,2,...,n—2,n—1};

if e e {umj ), ujuir1, vivi 1, viviga}, 1 €{1,2,...,n—2,n—1};
if e e {t'u;, tul, ulv;, wivl}, i€ {1,2,...,n—1,n};

e € {vwi,wvi}, i €{1,3,...,n—2,n};

= O O = = O O = O
—
—

fi(e) = , .

if ee {vwl,wvi}, ie{2,4,....,n—3,n—1}
if e=wvw;, 1€{1,3,...,n—2,nk
if e=wvw;, i€{2,4,...,n—3,n—1};
if ee {upur,vpvr};
if e e {ulu1,upul,vv1,v01}.

Thus ef(1) = 15n2— 1 and ef(0) = 15n2—|— 1.

From both the cases we can conclude |v;(1) — vs(0)] < 1 and |es(1) — ef(0)] < 1. So, f
admits cordial labeling on G. Hence G is cordial. O

Theorem 2.2 The graph obtained by duplicating all the pendent vertices of the web Wb, is

cordial.

Proof Let V(Wb,) = {t} H{uwi,vi,w;/1 < i < n} and E(Wb,) = {tu;, uvs, viw; /1 <
i < n} U {upug,vpvr } J{uittig1,vivip1/1 < i < m—1}. Let G be the graph obtained by
duplicating all the pendent vertices in Wb,,. Let w},w}, - ,w] be the new vertices of G by
duplicating wi, we, - -+ ,wy respectively. Then V(G) = {t} U {u, v;,w;, w/1 < i < n} and
E(G) = {tu;, uv;, vyw;,v;wi /1 < i < n} U {uqur, vpvr } U{wiwipr, vivigr /1 < i < n — 1}
Therefore |V(G)| = 4n + 1 and |E(G)| = 6n. Define a vertex labeling f : V(G) — {0,1} as
follows:
0 ifz=t
flx) =<1 ifxe{w,u}, i€{l,2,...,n—1,n};
0 ifxe{v,w}, ie{l,2,....,n—1,n}.
Thus vs(1) = 2n and v;(0) = 2n + 1. The induced edge labeling f* : E(G) — {0,1} is
f*(wv) = |f(u) — f(v)], for every edge e = uv € E. Therefore

1 if e € {tu;, uv;,v;w;}, 1 € {1,2,...,n—1,nk
y 0 if e=ww}, i€{1,2,...,n—1,n};
fr(e) = , .
0 if e€ {uuitr,viviz1}, 1€{1,2,...,n—2,n—1};

0 if e€ {upur,vyvr}.

Thus e;(1) = 3n and e;(0) = 3n. Therefore f satisfies the conditions |v;(1) —v(0)] < 1 and
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lef(1) —ef(0)] < 1. So, f admits cordial labeling on G. Hence G is cordial. O

Theorem 2.3 The graph obtained by duplicating the outer rim vertices and the apex of the web
Wb, is cordial.

Proof Let V(Whby,) = {t} U{ws, vi,w;, /1 < i < n} and E(Wb,) = {tu;, wvg, viw; /1 <4 <
n} U{wiwir1, vivig1/1 < i <n—1} J{unui,v,01}. Let G be the graph obtained by duplicating
the outer rim vertices and the apex in Wb,. Let t/,v{,v5, -+ v}, be the new vertices of G
by duplicating ¢,v1,ve, - ,v, respectively. Then V(G) = {t,t'} U{ui, vi, w;,vi/1 < i < n}
and E(G) = {tui, uivg, viw;, wivi, uvg, tuy /1 < 0 < np(H{uiwirr, vivigr, vjvigr, vivj /1 <@ <
n—1} J{unu1, vpv1, 0,01, 0,01 }. Therefore |[V(G)| = 4n+2 and |E(G)| = 10n. Define a vertex
labeling f : V(G) — {0,1} as follows:

0 ifz=t
1 if z € {us,w;}, i €{1,2,...,n—1,n};
0 ifxe{v,v}, ie{l,2,...,n—1,n};
1 ifx=t.

Thus vs(1) =2n+1 and v¢(0) = 2n + 1. The induced edge labeling f* : E(G) — {0,1} is
f*(uww) = |f(u) — f(v)], for every edge e = uv € E. Therefore

1 if e e {tu;, wv;, viw;, w;vl,uvi}t, 1 € {1,2,...,n—1,n};

0 if e€ {utiy1,vivit1,vjvip1, v}, 1€ {1,2,...,n—2,n — 1};
0 if e=tu;, i€{1,2,...,n—1,n};
0

if e € {upuy,vyvr.v),v1, V0] }.

Thus ef(1) = 5n and e;(0) = 5n. Therefore f satisfies the conditions |v(1) — v¢(0)] < 1 and
lef(1) —ef(0)] < 1. So, f admits cordial labeling on G. Hence G is cordial. O

Theorem 2.4 The graph obtained by duplicating all the vertices except the apex vertex of the

web Wb, is cordial.

Proof Let V(Wby,) = {t} U{us, vi,w;/1 < i < n} and E(Wb,) = {tus, wvs, viw; /1 <1 <
n} U{unur, vav1 } U{uittir1, v0:41/1 <i <n—1}. Let G be the graph obtained by duplicating

/

all the vertices except the apex vertex in Wb,,. Let uf, ub, -+ ,ul,v],vh, - v, wi,wh, - wl,

) n? rVno

be the new vertices of G by duplicating wy,usg, - ,Up, V1,02, ,Up, W1, W, -+ , Wy, TESPEC-
tively. Then V(G) = {t} U{wi, v, wi, uf, v, w/1 < i < n}and E(G) = {tu;, u;v;, viw;, wivl, uvl,
li

! ! - ! ! ! ! ! !
wivy, viwg, tug /1 < i < n} (J{unur, vpvr, v),01, va0], up s, unul F U U1, V01, Vi1, Vi)

wiuig 1, uiug, /1 <1 < n—1}. Therefore |V(G)| = 6n + 1 and |E(G)| = 14n. Define a vertex
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labeling f : V(G) — {0,1} as follows:

0 ifz=t
fx) =91 ifx e {w,u,u}, i€{1,2,....n—1,n};
0 ifxe{v,w,v}, ie{l,2,....,n—1,n}.

(2

Thus vs(1) = 3n and v;(0) = 3n + 1. The induced edge labeling f* : E(G) — {0,1} is
f*(wv) = |f(u) — f(v)], for every edge e = uv € E. Therefore

: ! ! li li . .
if e e {tu;, uv, viw;, wvl, wvi, wvg, tust, i€ {1,2,...,n—1,n};
if e=wvwl, i€{1,2,...,n—1,nk

79

: / / / / - .
if e € {utip1, vivip1, ViviL1, ViV, Witipr, wiug g ) 1 € {1,2,0.0,m = 2,n — 1};

o o o -

: / / / /
if e e {upur,vyvr0)v1, V0], whur, upul

Thus ef(1) = 7n and e;(0) = Tn. Therefore f satisfies the conditions |v;(1) —v(0)] < 1 and
lef(1) —ef(0)] < 1. So, f admits cordial labeling on G. Hence G is cordial. O

Theorem 2.5 The graph obtained by duplicating all the inner rim vertices and the apex vertex
of the web Wb, is cordial.

Proof Let V(Whby,) = {t} U{ws, vi,ws, /1 < i < n} and E(Wb,) = {tu;, uvs, viw; /1 < i <
n}U{upur, vov1 } U{withiz1, vivig1/1 <i <n—1}. Let G be the graph obtained by duplicating
all the inner rim vertices and the apex vertex in Wb,,. Let t',uf,ub, - ,u], be the new vertices
of G by duplicating ¢, u1, ug, - - - , u, respectively. Then V(G) = {¢, ' }U{u;, v, wi, ui/1 < i <n}
and E(G) = {tug, uivi, viwg, wjvg, tuj, t'ui /1 < i < n} U {uitipr, 0ivip1, Ujtipr, ung /1 <0 <
n — 1} U {upu1, vpv1, ulu1, uyuy }. Therefore |[V(G)| = 4n + 2 and |E(G)| = 10n. Define a
vertex labeling f : V(G) — {0, 1} as follows:

ife =t
if v € {w;,w;}, i€ {1,2,...,n—1,n};
if v € {v,u;}, i e {1,2,...,n—1,n};

ifex=t.

= o = O

Thus vs(1) =2n+1 and v¢(0) = 2n + 1. The induced edge labeling f* : E(G) — {0,1} is
f*(wv) = |f(u) — f(v)], for every edge e = uv € E. Therefore

if e € {tu;, uv;,v;w;}, 1€ {1,2,...,n—1,n};

if ee€ {ujuirr,uiui 1}, i€{1,2,...,n—2,n—1};
if ee {uuipr,vvi41}, 1€{1,2,...,n—2,n—1};
if e e {tu},t'u;,ujv;}, i €{1,2,...,n—1,n}

SO O = =
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and
. 0 if e€ {upur,vpvr};
f(e) = ,
1 if e e {u,us,upul}.
Thus e(1) = 5n and e;(0) = 5n. Therefore f satisfies the conditions |v;(1) —v(0)] < 1 and
lef(1) —ef(0)] < 1. So, f admits cordial labeling on G. Hence G is cordial. O

Theorem 2.6 The graph obtained by duplicating all the edges other than spoke edges of the
web Wb, is cordial.

Proof Let V(Wb,,) = {t} U{us, vi,w;/1 <i < n} and E(Wb,,) = {j; = tu;, l; = u;v;,0; =
viw; /1 < i < n}pU{ki = uiuipr,m; = 0041 /1 <@ <n— 1} H{kn = upur, mp, = vpv1}. Let G
be the graph obtained by duplicating all the edges other than spoke edges in Wb,,. For each ¢ €
1,2, ,n, let kf = a;b, I = ¢;d;,m} = e; f; and o) = g;h; be the new edges of G by duplicating
ki, l;,m; and o; respectively. Then V(G) = {t} U {u;,vi, wi, a4, bi, ¢, dsy eq, fiy giy hi/1 < i < n}
and E(G) = {bjtuit2,v; fira/1 <i <n—2} {tu;, u;vs, a;b;, e, fi, cidi,y gihi, teg, thy, giug, tag, a;v;,
e, diw;, viw;, ew; /1 < i < n}U{bivig1, Wittip1, fitlir1, Vi€ip1, Uillig1, ViVig1, diVig1, Vidiq1,
Cillig1, UWiCit1, GiVit1, ViGit1, fivip1/1 < i < n — 1} {unur, vav1, dnvi, vndi, crtir, Unci, g1,
Ung1, bn—1u1, bpta, Vn—1f1, fnv2, bpv1, una1, fru1, vper, fnwr }. Therefore |[V(G)| = 11n+ 1 and

|E(G)| = 30n. Using parity of n, we have the following cases:
Case 1 n is even.

Define a vertex labeling f : V(G) — {0, 1} as follows:

0 ifx=t;

0 ifxe{v,aidi, fi,9:i}, i1€{1,2,...,n—1,nk
fx) =<1 ifxe{u,b,cienhi}, i €{1,2,...,n—1,n};
1 fz=w;, i€{,3,...,n—3,n—1}

0

ife=w;, i€{2,4,....,n—2,n}.

11 11
Thus vy (1) = Tn and v (0) = Tn + 1. The induced edge labeling f*: E(G) — {0,1} is

f*(uww) = |f(u) — f(v)], for every edge e = uv € E. Therefore

1 if e € {tus, usv;, aiby, e fi, cidy, gihiy, tei, thi, giug by 1 € {1,2,...,n — 1,n};
0 if e€ {ta;,avi,eiu;}, i€ {1,2,...,n—1,n};
Fe) = 0 if e € {uitir1,vivip1, diVig1, Vidit1, Cillit1, WiCit1, §iVit1, ViGiv1}, 1 < i <n —1;
1 if e € {bjvit1, wiait1, fitiy1,vi€iv1}, 1 € {1,2,...,n—2,n -1}
0 if e€ {biura,v;fira}, i€ {1,2,...,n—3,n—2};
1 if ee{dyw;,viw;}, i €{1,3,....n—3,n—1}
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and

if e€ {diwi,viwi}, 1€ {2,4,...,TL— 2,71};

if ee{ew;, fiwit1}, 1€{1,3,...,n—3,n—1}%
. e=ew;, it €{2,4,...,n—2,n};
fr(e) =

if e= fiwiy1, 1€{2,4,....,n—4,n—2};

if e € {upur,vnv1, dnv1, vndi, Cpl, UnCl, g1, Ungi, bn—1u1, bute, Vn—1f1, frv2};

= O = = O O
—
jrid

if e € {byv1,unar, fnui,vner, fows}.
Thus ef(1) = 15n and ef(0) = 15n.
Case 2 n is odd.
Define a vertex labeling f : V(G) — {0, 1} as follows:
if x =t
if v € {v;,a4,ds, fi,9:}, 1 €{1,2,...,n—1,n};

0
0
f(x) =<1 ifxe{u,b,cienhi}, i €{1,2,...,n—1,n};
1 ife=w;, 1€{1,3,...,n—2,n};

0

ife=w;, i€{2,4,....,.n—3,n—1}.

11 1 11 1
Thus vy (1) = nt and v (0) = nt . The induced edge labeling f* : E(G) — {0,1}

is f*(uwv) = |f(u) — f(%)|, for every edge e = uv € E. Therefore

if e € {tu;, wivg, a;by, eifi, cidi, gihg, teq, thy, giui b, i € {1,2,...,n—1,n};

if e € {ta;,av;,eu;}, i€ {1,2,...,n—1,n};

if e € {uitit1, vivig1, divig1, Vidig1, Cilig1, WiCig1, Gilig1, ViGip1 > 1 <@ <n—1;
if e€{bvir1,uiqit1, fiviy1,vieip1}, 1 €{1,2,...,.n—2,n—1};

if e€ {buira,vifira}, i€ {1,2,...,n—3,n—2};

if e e {dw;,vw;}, i€{l1,3,...,n—2n};

e € {dyw;,v;w; }, 1 € {2,4,...,n—3,n—1};

if e=e;w;, 1€{1,3,...,n—2,n};

if ee€ {ew;, fiwit1}, 1€{2,4,...,n—3,n—1};

if e= fiwiy1, 1€{1,3,...,n—4,n—2};

_- o O = O O = O = o o =
—
=

if e € {byv1,unar, fnur,vper}.

Thus ef(1) = 15n and ef(0) = 15n.

Therefore f satisfies the conditions |vs(1) — v(0)| < 1 and |ef(1) —ef(0)] < 1. So, f
admits cordial labeling on G. Hence G is cordial. O

if e € {u"u17 Un1, dnvl ) Uﬂdlu CpUl, UnCl, gnV1,Ungi, bn—lulu bnu2u ’Un—lfla fnU27 fnwl};
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Theorem 2.7 The graph obtained by duplicating all the vertices of the armed helm AH, is
cordial.

Proof Let V(AH,) = {t} U{ui,vi,w;/1 < i < n} and E(AH,) = {tu;, uv;,v;w; /1 <
i < npU{uiuir1; 1 < i <n—1}J{upur}. Let G be the graph obtained by duplicating all

the vertices in AH,. Let t/,u},ub, - ul, v}, 05, -+ v, wi,wh, - wl, be the new vertices

of G by duplicating t,uy,ug, -« ,Up, V1, V2, - , Uy, W1, Wa, - , Wy respectively. Then V(G) =
/ / / / - _ / / / / / /.

{t, "} U{ws, vi, wi, ul, vf,wi /1 < i <n} and E(GQ) = {tu;, uvi, viw;, wiv;, wvl, uvl, ¢ ug, whv;, tul;

1 <id < n}U{usirr vjuipr, w3 1 < i <n— 1} U{unur, upur, upuy b Therefore [V(G)| =
6n + 2 and |E(G)| = 12n. Define a vertex labeling f : V(G) — {0,1} as follows:

1 ifz=t
L if z € {ug,ul,wi}, i€{1,2,...,n—1,n};
fle) = 1 ifz € {vj,w;, v}, i €{1,2,...,n—1,n};
0 ifz=t.

Thus vs(1) = 3n+1 and v¢(0) = 3n + 1. The induced edge labeling f* : E(G) — {0,1} is
f*(uww) = |f(u) — f(v)], for every edge e = uv € E. Therefore

if e e {tu;, uv;, uvl, viwl, wvg tul}, i€ {1,2,...,n—1,n};
it ee{vw, t'u,wv}, i€ {l,2,...,n—1,n}k

: / li . .
if e e {usuirr, ujuirr, wiug, }, i€ {1,2,...,n—2,n —1};

o O O =

: li !
if e € {upur,ulur, unul}.

Thus ef(1) = 6n and ef(0) = 6n. Therefore, f satisfies the conditions |vs(1) — v(0)| < 1 and
lef(1) —ef(0)] < 1. So, f admits cordial labeling on G. Hence G is cordial. m

Theorem 2.8 The graph obtained by duplicating all the vertices other than the rim vertices of
the armed helm AH,, is cordial.

Proof Let V(AH,) = {t} U{us,vi,w;/1 < i < n} and E(AH,) = {tu;, u;v;, v;w; /1 <
i < n} U {upur} U{uinit1/1 < i < n—1}. Let G be the graph obtained by duplicating all
the vertices other than the rim vertices in AH,. Let t/,v],v5, -+ vl wi,wh,--- ,w) be the
new vertices of G by duplicating ¢, v1,ve, -+, Vp, w1, W, - ,wy, respectively. Then V(G) =
{t, ¢y U{ws, vi, wi, vj,wl/1 < i < n} and E(G) = {tui, uvi, vyw;, wivg, wvh, wivl, t'u, /1 < i <
n} J{uwuir1/1 <i <n—1} U{uyui}. Therefore |V(G)| = 5n + 2 and |E(G)| = 8n. Using
parity of n, we have the following cases:

Case 1 n is even.

Define a vertex labeling f : V(G) — {0, 1} as follows:

0 ifz=t

fla) = , "o
0 ifxe{u,w}, 1€{1,2,...,n—1,n}
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and
1 ifxe{v,w}, i€{l,2,...,n—1,n};
1 ifx=t
flx) = , o
1 ifz=v],i€{l1,3,...,n—3,n—1};
0 ifx=v),i€{2,4,...,n—2,n}.
5 2 5 2
Thus vy(1) = nt and v (0) = n2—i— . The induced edge labeling f*: E(G) — {0,1}
is f*(uv) = |f(u) —f(%})|, for every edge e = uv € E.
Therefore
1 if e e {ww,vwl, thu;}, i€ {1,2,...,n—1,nk
1 if e=wul, i€{1,3,...,n—3,n—1}
1 if e=wvl, i1€{2,4,...,n—2,n};
. 0 if ee {tu;,vw;}, i €{1,2,....,n—1,n};
fr(e) = , .
0 if e=wuuit1, i€{1,2,...,n—2,n—1};
0 if e=wuiv}, 1€{2,4,...,n—2,n};
0 if e=wvl, ie{l,3,....n—-3,n—1}
0 if ee {uui}.

Thus e;(1) = 4n and e;(0) = 4n.

Case 2 n is odd.

Define a vertex labeling f : V(G) — {0, 1} as follows:

1 ifx=t;

1 ifz e{v,w}, i€{1,2,...,n—1,n};

1 ifz=v},ie{l,3,...,n—2,n};

f(z) = ,

0 ifx=t

0 ifwe{u,w}, ief{l,2,....,n—1,n};

0 ifzx=v,i€{2,4,....,.n—3,n—1}.
on + 3 _on+1

Thus vy(1) = and v (0) = 5 The induced edge labeling f* : E(G) — {0,1}
is f*(uwv) = |f(u) — f(%))|, for every edge e = uv € E. Therefore

it e e {uv,vow), thu;}, i€ {1,2,...,n—1,n}k
if e=wl, 1€{1,3,...,n—2,n};
if e=wv, i€{2,4,...,n—3,n—1}

if ee {tu,viw;}, i €{1,2,....,n—1,n};

~
*
—~
(9]
S~—
Il
S O = =

if e=wuip1, 1€{1,2,...,n—2,n—1}
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and
0 if e=wuvj, 1€{2,4,...,n—3,n—1};
[ie) =150 if e=w}, i€{1,3,....,n—2,n};

79

0 if ee {uyui}.
Thus ef(1) = 4n and ef(0) = 4n.

From both the cases we can conclude |vs(1) — vy(0)] < 1 and |ef(1) — er(0)] < 1. So, f
admits cordial labeling on G. Hence G is cordial. |

Theorem 2.9 The graph obtained by duplicating all the rim vertices of the armed helm AH,
is cordial.

Proof Let V(AH,) = {t} H{ui,vi,w;/1 < i < n} and E(AH,) = {tu;, wv;, v,w;//1 <
i < n}H{upur} U{uiviz1/1 < i < n—1}. Let G be the graph obtained by duplicat-
ing all the rim vertices in AH,. Let uf,u), -+ ul, be the new vertices of G by duplicat-
ing w1, ug,- - ,u, respectively. Then V(G) = {t} U {u;,v;, w;,u}/1 < i < n} and E(G) =
{tw, uivi, viws, wjvg, tu) /1 <0 < nU{uuig1, Wi, witg /1 <0 < n—=110{upur, upur, upul ).
Therefore |V(G)| = 4n + 1 and |E(G)| = 8n. Define a vertex labeling f : V(G) — {0,1} as
follows:
1 ifz=t
fx) =150 ifze{u,u}, ie{l,2,....,n—1,n};
1 ifze{v,w}, 1€{1,2,...,n—1,n}.
Thus vs(1) = 2n + 1 and v;(0) = 2n. The induced edge labeling f* : E(G) — {0,1} is
f*(wv) = |f(u) — f(v)], for every edge e = uv € E. Therefore

if e e {tu;, uvg, tul, ufv}, 1€ {1,2,...,n—1,n}
if e=wvw;, i€{1,2,...,n—1,n};

if e€ {umirr, wiug  ujua}, 1€ {1,2,...,n—2,n—1};

o o o

if e e {upur,ulus, upul}.

Thus e;(1) = 4n and e;(0) = 4n. Therefore, f satisfies the conditions |vs(1) — v;(0)] < 1 and
lef(1) —ef(0)] < 1. So, f admits cordial labeling on G. Hence G is cordial. O

Theorem 2.10 The graph obtained by duplicating all the vertices except the apex vertex of the

armed helm AH,, is cordial.

Proof Let V(AH,) = {t} U{us,vi,w;/1 < i < n} and E(AH,) = {tu;, u;v;, v;w; /1 <
i < n}U{unur} U{usuir1/1 <i<n—1}. Let G be the graph obtained by duplicating all the
vertices except the apex vertex in AH,,. Let uf,ub, - ,ul,vi,vh, -+ vl wi,wh, - wl be the
new vertices of G by duplicating uy, ug, -+ , Up, V1, V2, , Uy, W1, Wa, - - , Wy, respectively. Then
V(GQ) = {t} U{wi, v, wi, uf, vf, wi/1 < i < n} and E(G) = {tu;, uvs, viw;, wivg, wivl, wvl, ubv,,

tuj /1 < i < n}U{uivigpr, v, wiug /1 < i < no— 1} J{upur, ujur, upul }. Therefore
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[V(G)] = 6n+1 and |E(G)| = 11n. Using parity of n, we have the following cases:

Case 1. n is even.

Define a vertex labeling f : V(G) — {0, 1} as follows:

ife =t

if v € {v;,ui}, i €{1,2,....,n—1,n};
ifx=w;, i €{2,4,...,n—2,n};
ife=wl, i€{1,3,...,n—3,n—1};
if v € {u;,v}}, i€{1,2,....,n—1,n};
ife=w;,ie{l,3,...,n—3,n—1};
ife=w,ie€{2,4,...,n—2,n}.

O O O = =

Thus vf(1) = 3n + 1 and v;(0) = 3n. The induced edge labeling f* : E(G) — {0,1} is
f*(wv) = |f(u) — f(v)], for every edge e = uv € E. Therefore

1 if e e {tu;,uw;}, 1 €{1,2,...,n—1,n}k

1 if e=wvw;, i€{1,3,...,n—3,n—1};
1 if ee{wpw),viw;}, i€{2,4,...,n—2,n};
1 if ee {ujuir,wui ), i€{1,2,...,n—=2,n—1}
0 if e=wvw;, i €{2,4,....,n—2,n};
[7(e) =20 if e=wuiyq, i €{1,2,...,n—2,n—1};
0 if e=wuvj, 1€{1,2,...,n—1,n};
0 if ee{wv,vw}, i€{1,3,....,n—=3,n—1};
0 if ee{ulv,tui}, i€{1,2,...,n—1,n};
0 if e=wunuy;
1 if e € {u,ur,upui}.
11n 11n

Thus ef(l) = T and ej(()) = T

Case 2. n is odd.

Define a vertex labeling f : V(G) — {0, 1} as follows:

ife=t;
ifx=w;, i €{2,4,...,n—3,n—1};
if v € {uj,v;}, i€{1,2,...,n—1,n};

ife=wl, i€{1,3,....,n—2,n}
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and
0 ifxe{u,vi}, ie{l,2,...,n—1,n};
fx) =40 ifox=w;, i€{l,3,...,n—2,n};
0 ifex=w, i€{2,4,....,n—3,n—1}.
Thus vf(1) = 3n + 1 and v;(0) = 3n. The induced edge labeling f* : E(G) — {0,1} is
f*(wv) = |f(u) — f(v)], for every edge e = uv € E. Therefore

1 if e e {tu;,uw;}, 1 €{1,2,...,n—1,n}k
if e=wvw;, i€{1,3,...,n—2n};
if e e {wl,vw}, i€{2,4,...,n—3,n—1}
if e e {ujuirr,uuj ), i€{1,2,...,n—2,n—1};

if e=wvw;, i€9{2,4,...,n—3,n—1}

1
1
1
0
0
0 if e=wuwl, i€{1,2,....,n—1,n};
0
0
0
1

f*(e): if e:uiu’i+17i€{1527"'7n_27n_1};
if e e {w,vwi}, ie{l,3,...,n—2,n};
if e e {ulv;,tui}, i €{1,2,...,n—1,n};
if e =wunu1;
if e € {u,u1,upui}.

11n—1 11 1

Thus ef(1) = n2 and ef(0) = n2—|— .

From both the cases we can conclude |v;(1) — v;(0)] < 1 and |es(1) — ef(0)| < 1. So, f
admits cordial labeling on G. Hence G is cordial. O

Theorem 2.11 The graph obtained by duplicating all the edges other than spoke edges of of the

armed helm AH,, is cordial.

Proof Let V(AH,) = {t} U{w,vi,wi/1 < i < n} and E(AH,) = {ji = tu,l; =
wivs,m; = wyw; /1 < i < n}U{ki = wiuip1/1 < i < n— 1} U{kn = upui}. Let G be the
graph obtained by duplicating all the edges other than spoke edges in AH,. For each i €
1,2,---,n, let k} = a;b;,l} = ¢;d; and m} = e; f; be the new edges of G by duplicating k;,[;and
m,; respectively. Then V(G) = {t} U{ui, vi,ws,ai,b;,¢i,di, 64, fi/1 < i < n} and E(G) =
{bivir2/1 < i < n — 2} U{tus, wivi, viw;, ¢ids, a;bs, a;vg, taq, thy, te, e fiy eug, diw; /1 < i <
n} U{wittigr, bivig1, wiait1, citbipr, uiciv1/1 < i <n—1} H{unu1, byvr, unas, cpur, upcr, by_1us,
bpus}. Therefore |[V(G)| = 9n + 1 and |E(G)| = 18n. Using parity of n, we have the following

cases:

Case 1. n is even.
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Define a vertex labeling f : V(G) — {0, 1} as follows:

1 ifz=t;
0 ifz e {uyv,c,di}, i€{1,2,....,n—1,n}

and
1 ifz e{w;,aibi, fi}, i€{1,2,...,n—1,n};

f(@)=30 ifz=e, ie{l,3,....n—3,n—1};
1 fx=e¢, 1€{2,4,...,n—2,n}.

9 9
Thus vp(1) = ; +1 and vy (0) = 771 The induced edge labeling f* : E(G) — {0,1} is
f*(wv) = |f(u) — f(v)], for every edge e = uv € E. Therefore

1 if e € {tu;, viw;, a;v;, te, diw; b, i € {1,2,...,n— 1,n};
if e e {u;v;,,ta;, thy, a;b;,cid;}, i €{1,2,...,n—1,n};

if ee {bvirr,wiair1}, 1€{1,2,...,n—2,n—1};

if e=bjusye, 1€{1,2,...,n—3,n—2};

if e € {uuit1,ciuipr,uiciv1}, 1€{1,2,....n—2,n—1}%
if e=wue;, 1€{1,3,...,n—3,n—1};

if e=we;, 1€{2,4,...,n—2,n};

if e=e;f;, 1€4{1,3,....n—3,n—1}

if e=e;f;, 1€{2,4,....,n—2,n};

if e € {upur,cpur,unc};

s
*
—
)
N
_ 0 O = = O O = = O

if e € {byv1,unar, by, — lug, byus}.

Thus e;(1) = 9n and e;(0) = 9In.

Case 2. n is odd.

Define a vertex labeling f : V(G) — {0, 1} as follows:

1 ifx=¢t
0 ifze{uv,c,di}, i€{1,2,...,n—1,n};
fx) =<1 ifxe{w,a,b;, fi}, i€{1,2,....,n—1,n};
0 ife=e; i€{1,3,...,n—2,n};
1 ife=e,i€{2,4,...,n—3,n—1}.
Thus vy (1) = on+1 and v (0) = 9n+1. The induced edge labeling f* : E(G) — {0,1}
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is f*(uv) = |f(u) — f(v)], for every edge e = uv € E. Therefore

if e e {tu;,viw;, a;v;, te;, dyw;}, i € {1,2,...,n—1,n};
if e e {ww,,ta;,th;,a;b;,cd;}, i €{1,2,...,n—1,n};
if ee {bivi+1,uiai+1}, 1€ {1,2, ,n—2,n— 1};

= = O =

if e=0bu;yo, 1€4{1,2,...,n—3,n—2}

and
if ee {uuitr,cittipr,uicip1}, 1€ {1,2,...,n—2,n—1}

if e=we;, 1€{1,3,...,n—2,n};
if e=wue;, 1€{2,4,...,n—3,n—1};
if e=e;f;, 1€{1,3,....,n—2,n};
if e=e;f;, 1€{2,4,....,n—3,n—1}

if e € {upur,cpur,unc};

s
*
—~
)
N
_= o O = = O O

if e € {b,v1,unar,by_1u1,byust.
Thus ef(1) = 9n and ef(0) = 9n.

From both the cases we can conclude |vs(1) — vy (0)] < 1 and |ef(1) — ef(0)] < 1. So, f
admits cordial labeling on G. Hence G is cordial. |

83. Conclusion

we have derived eleven new results by investigating cordial labeling in the context of duplication
in Web and Armed Helm. More exploration is possible for other graph families and in the
context of different graph labeling problems.

Acknowledgement

The first author is thankful to the University Grant Commission, India for supporting him with
Minor Research Project under No. F. 47-903/14(WRO) dated 11th March, 2015.

References

[1] D. B. West, Introduction to Graph Theory, Prentice-Hall of India, New Delhi (2001).

[2] 1. Cahit, On cordial and 3-equitable labellings of graphs, Util. Math., 37 (1990), 189-198.

[3] J. A. Gallian , A dynamic survey of graph labeling, The Electronic Journal of Combina-
torics, 17 (2015), #DS6. Available online: http://www.combinatorics.org.

[4] S. K. Vaidya and N. A. Dani, Cordial and 3-equitable graphs induced by duplication of
edge, Mathematics Today, 27 (2011), 71-82.

[5] U. M. Prajapati and R. M. Gajjar, Cordial labeling of complement of some graph, Mathe-
matics Today, 30 (2015), 99-118.



Cordiality in the Context of Duplication in Web and Armed Helm 105

[6] U. M. Prajapati and R. M. Gajjar, Cordial labeling in the context of duplication of some
graph elements, International Journal of Mathematics and Soft Computing, Vol. 6, No. 2
(2016), 65 - 73.



Math. Combin.Book Ser. Vol.8(2017), 106-118

§1.

By a graph, we mean a finite, simple, connected and undirected graph G(V, E'), where V' denotes
its vertex set and F its edge set. Unless otherwise stated, the graph G is connected and has p
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Introduction

vertices and ¢ edges. For graph theoretic terminology, we refer to Harary [1].

Definition 1.1([2]) A subset S of V in G is called a dominating set of G if every vertex in
V — 8 is adjacent to at least one vertex in S. The domination number v(G) of G is the minimum

cardinality taken over all dominating sets in G.

1Received January 05, 2017, Accepted August 25, 2017.
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Definition 1.2([6]) A dominating set S of V in G is said to be an equitable dominating set
if for every vertex w in V — S there exists a vertex v in S such that uv is an edge of G and
|deg(v) — deg(u)| < 1, and Smarandachely equitable dominating set if |deg(v) — deg(u)| > 1 for
all such an edge. The minimum cardinality taken over all equitable dominating sets in G is the

equitable domination number of G and is denoted by ~e.

Definition 1.3([2]) A dominating set S of V in G is said to be a connected dominating set of
G if the induced sub graph {(S) is connected. The minimum cardinality taken over all connected

dominating sets in G is the connected domination number of G and is denoted by ..

Definition 1.4([3]) A connected dominating set S of V in G is said to be an equitable connected
dominating set if for every vertex u in V — S there exists a vertex v in S such that uv is an edge
of G and |deg(v) — deg(u)| < 1. The minimum cardinality taken over all equitable connected

dominating sets in G is the equitable connected domination number of G and is denoted by Yec.

The concept of triple connected graphs has been introduced by Paulraj Joseph et. al. [5]
by considering the existence of a path containing any three vertices of G. They have studied the
properties of triple connected graphs and established many results on them. A graph G is said
to be triple connected if any three vertices lie on a path in G. All paths, cycles, complete graphs
and wheels are some standard examples of triple connected graphs. But the star Ky ,_1,p > 4

is not a triple connected graph.

Definition 1.5([4]) A dominating set S of a connected graph G is said to be a triple connected
dominating set of G if the induced sub graph (S) is triple connected. The minimum cardinality
taken over all connected dominating sets is the triple connected domination number and is

denoted by yic.

In this paper, we extend the concept of triple connected domination to an equitable triple

connected domination and study its properties.

Notation 1.6 Let G be a connected graph on m vertices vi,vs,..., V. The graph obtained
from G by attaching n; times a pendant vertex of P, on the vertex vi,ng times a pendant
vertex of P, on the vertex vy and so on, is denoted by G(n1 P, ,neP,,nsPy, -+ ,n, P, ) where
ni,l; >0and 1 <i<m.

Notation 1.7 We have Cp,(nF%,0,0,---,0) = Cp(0,nFy,0,--- ,0) = --- = Cp(nFy).
Example 1.8 The graph G; in Figure 1 is isomorphic to C5(2P2).

V4 Us

U3

V1 & » U2

G
Figure 1 The graph C5(2P,).
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Proposition 1.9 For any connected graph G with p vertices, 1 < v.(G) < p.

Proposition 1.10 For any connected graph G with p vertices, 1 < v..(G) < p.

§2. Equitable Triple Connected Domination Number of a Graph

In this section, we define the concept of equitable triple connected domination number of a
graph.

Definition 2.1 A subset S of V of a nontrivial graph G is said to be an equitable triple
connected dominating set, if (S) is triple connected and for every vertex u in V — S there exists
a vertex v in S such that uwv is an edge of G and |deg(v)—deg(u)| < 1. The minimum cardinality
taken over all equitable triple connected dominating sets is called an equitable triple connected
domination number of G and is denoted by Yerc(G). Any equitable triple connected dominating
set with Yete vertices is called a Yerc-set of G.

Example 2.2 For the graph G; in Figure 2, S = {vs,v3,v5, v} forms a 7et-set of G1. Hence
Yete(G1) = 4.

Us

(2

1 Vg
Ve

Figure 2 Graph with e = 4.

Remark 2.3 Any equitable triple connected dominating set is obviously equitable connected
dominating set and any equitable connected dominating set is also an equitable dominating set
and finally and any equitable dominating set is a dominating set. So it is permissible for the
equitable triple connected dominating set S can have less than three vertices. If S has 1 (or 2)
vertex (vertices) then S can be viewed as an equitable dominating set (or connected equitable

dominating set).

Throughout this paper, we consider only connected graphs for which equitable triple con-

nected dominating set exists.

Definition 2.4 A bistar, denoted by B(m,n) is the graph obtained by joining the centers of
the stars K1, and Ky ,. The center of a star Ky ,_1 with p > 2 vertices is its unique vertex

of mazimum degree.

Definition 2.5 A helm graph, denoted by H, is the graph obtained from the wheel W, by
attaching a pendant vertex to each vertex in the outer cycle of W, (the number of vertices of
H,is,p=2n—-1).
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Definition 2.6 The friendship graph F, is the graph constructed by identifying n copies of the
cycle C3 at a common vertez.

Remark 2.7 It is to be noted that not every graph has a triple connected dominating set
likewise not all graphs have an equitable triple connected dominating set. For example, the

star graph K 3 does not have an equitable triple connected dominating set.

83. Preliminary Results

We now proceed to determine the equitable triple connected domination number for some
standard graphs.

P ifp=1
(1) For any path of order p, Yete(Pp) =< p—1 ifp=2
p—2 if p> 3.
(2) For any cycle of order p, vete(Cp) =p — 2.
(3) For any complete bipartite graph other than star of order p = m + n,

2 if m—n| <1and m,n#1
Vetc(Km,n) = .
D if /m —n| > 2 and m,n # 1.
(4) For any complete graph of order p, Vet (K,) = 1.
1 if p=4,5
(5) For any wheel of order p, Verc(W,) =< 3 ifp==6
p—4 ifp>7
Equitable triple connected dominating set does not exist for the following special graphs:
(6) For any star K; ,—1 other than Kj 5.
(7) Helm graph H,,.
(8) Bistar B(m,n).
Consider any star K7 ,-1 of order p > 3. Let v be its center and vy, vs,..., vp—1 be the
pendant vertices which are adjacent to v. Since every minimum equitable dominating set S
must contain all the pendant vertices vy, v2, - ,vp—1 and we have (S) is not triple connected

if p—1 > 2. Hence ~ete(K1,p—1) does not exist if p > 3. Similarly we can prove all the other
results.

Lemma 3.1 Ifv.(G) = 1, then vei(G) = 1.
Lemma 3.2 If v..(G) =1 (or 2 or 3), then Yetc(G) =1 (or 2 or 3).
Lemma 3.3 If 7..(G) = 4, then Yet.(G) need not be equal to 4.

For C3(2P2),Yec(C5(2P,)) = 4, but vetc(C5(2P2))-set does not exist.
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Theorem 3.4 For any connected graph G with p vertices, we have 1 < Yete(G) < p and the

bounds are sharp.

Proof The lower bound follows from Definition 2.1 and the upper bound is obvious. For
K4 the lower bound is attained and for K5 4 the upper bound is attained. O

Observation 3.5 For any connected graph G of order 1, ve.(G) = p if and only if G is

isomorphic to K.
Lemma 3.6 There exists no connected graph G with 2 < p < 4 vertices such that Yei.(G) = p.

Proof The proof is divided into cases following.

Case 1. The only connected graph with of order 2 is K5 and for Ko, Vete(K2) =1 =p—1
([1)-

Case 2. There are only two connected graphs with three vertices which are P3 or K3 and for
G = Py, K3, Yere(G) = 1 =p—2 ([1]).

Case 3. The various possibilities of connected graphs on four vertices are: K 3, Py, C3(Ps), Cy, K4—
{e}, Ky4. If G is isomorphic to Py, Cy,C3(Ps), Yetc(G) = 2 = p — 2. If G is isomorphic to
Ky, Ky —{e},Vete(G) =1 =p—3. If G = K1 3,7etc(G) does not exist. O

Theorem 3.7 Let G be a connected graph with p =5 vertices, then Yei.(G) = p if and only if
G is isomorphic to C3 U 2K;.

Proof ([1]) For the various possibilities of connected graphs on five vertices are: K 4,
P3(0, Py, P), Ps, C3(2P), C3(P2, P2,0), C3(P3), Co(Py), Cs, Fa, Ps, Koz, K4(P»), C3|J2K7,
P, Ps, P3| J2K1, W5, K5—{e}, K5 and any one of the following graphs from G to G5 in Figure
3.

U1 U1 U1
) v
Vs vy Vs / V2 5 2
U3
V4 U3 Vg U3 V4
Gl G2 GS

Figure 3 Graphs on 5 vertices.
IfG = K5, W5,K5—{e},then 'Yetc(G) =1= p—4 IfG K4(P2), C3(P3), K2,3,ﬁ57 P3 ) 2K17
Py U P;,G3, then ve1o(G) =2 =p— 3. If G = P5,C5, Fy, C4(Ps),G1, Ga, then 4e(G) = 3 =
p—2.If G=C3(Pe, P3,0), then 7o (G) =4 =p— 1. If G = C3U2K;, then v¢.(G) =5 = p.
If G = Ky 4,C3(2P2), P5(0, P2, P3), then 7eio(G) does not exist. |

Theorem 3.8 Let G be a connected graph with p = 6 vertices, then Yerc.(G) = p if and only if
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G is isomorphic to Ko 4 or any one of the graphs: G1,G2,Gs in Figure 4.

U1 U1 v
U3 [ (o U3 V4
v3
V4
Us Us U5 Vg
Vs ¢ Ve
G1 Go G3

Figure 4 Graphs on 6 vertices with v.:.(G) = 6.

Proof Let G be a connected graph with p = 6 vertices, and let Yere(G) = 6 ([1]). Among
all of the connected graphs on 6 vertices, it can be easily verified that G = K3 4 or any one of

the graphs G1, G2, G3 in Figure 4.The converse part is obvious. |

Lemma 3.9 Let G be a connected graph of order 2 such that ¥(G) = Yetc(G). Then G = K.
Lemma 3.10 Let G be a connected graph of order 3 such that v(G) = Yetc(G). Then G = K3, Ps.

Lemma 3.11 Let G be a connected graph of order J such that v(G) = Yetc(G). Then G is
isomorphic to one of the following graphs: Py, Cy, K4, K4 — {€}.

Proof For the various possibilities of connected graphs on four vertices are: K 3, Py, C5(Ps),
Cy, Ky —{e}, K4. f G = Py, Cy,7(G) = Vere(G) =2. If G = Ky, Ky — {e},7(G) = Yete(G) = 1.
IfG= C3(P2),K173,’7(C3(P2)) =1 but 'Yetc(C3(P2)) = 2 and ’7(K173) =1 but ’Yetc(Kl,3) does
not exist. Hence the lemma. a

Theorem 3.12 Let G be a connected graph on order 5 such that Y(G) = Yetc(G). Then G is
isomorphic to one of the following graphs: C3(Ps), Py, Ka 3, Py U P3, W5, K5 — {e}, K.

Proof For the various possibilities of connected graphs on five vertices are: K1 4, P5(0, P2, P2),
Ps,C5(2P,),C3( Pz, P2,0),C3(P3), Cy(P2), Cs, Fy, Ps, Ko 3, K4(P2), C3 U2K,, PU P3, P3 U 2Ky,
W5, K5 —{e}, K5 and any one of the following graphs from G; to G5 in Figure 3. Among all the
above possibilities it can be easily verified that v(G) = et (G) only if G = C3(Ps), Ps, Ka.3,
m, W5,K5—{6},K5. O

Theorem 3.13 Let G be a connected graph of order 6 such that Y(G) = Yete(G). Then G is iso-
morphic to K3 3, K¢—{e}, K¢, or any one of the graphs: G1,G2,Gs,G4,Gs, Gs, G, Gs, Gg, G1o,
G11,G12 in Figure 5.
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U1 V2
V3 vy
Us Vg
Gy
U1 U2
U3 @ )
Uk Ve
Ga
U1 (%)
v3 @04
Us Ve
7

G

AN

Proof Let G be a connected graph of order 6 such that v(G) = 7etc(G). It is straight
forward to observe that v(G) = Yetc(G) only if G = K3 3, K¢ — {e}, K¢ or any one of the graphs

NZIN
/N

Go
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(%1 V2
U3 V4
Us Ve
Gs
U1 V2
U3 V4
Us Ve
Gs
U1 V2
V3 V4
Us Ve
Gy
G

V1 V2

V3 V4

Us Ve

Gs

U1 V2

U3 Vg

Us Ve

Gs
U1 V2

V3 N

Us Ve

Gy

G2

Figure 5 Graphs on 6 vertices such that v(G) = Yete(G).

G17G27 G37G47G53 Gﬁa G77G87 G97 Gl()a G117G12 in Figure 5.

Observation 3.14 For any connected graph G, ve(G) < Yee(G) < Yete(G) and the bounds can

be strict as well as sharp for all possible cases.

(1) For the complete graph Ks,Ve(Ks5) = Yee(K5) = Yete(K5) = 1.

(2) For K4(Ps),ve(K4(Ps)) = 2 < Yee(K4(P3)) = Yere(K4(P3)) = 3.

(3) For the graph G in Figure 6, 7.(G1) = 3 < Yee(G1) =4 < Yete(G1) = 5.

(4) For the graph G2 in Figure 6, 7.(G2) = Vec(G2) = 4 < Yetc(G2) = 5.
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U1 V2 U1 U2

V3 Vg U3 V4

Us Vg Vs Ve

el Ga

Figure 6

Lemma 3.15 Let G be a connected graph of order 1 such that ¥.(G) = Yec(G) = Yetc(G). Then
G =K.

Lemma 3.16 Let G be a connected graph of order 2 such that ¥e(G) = Yec(G) = Yetc(G). Then
G~ K.

Lemma 3.17 Let G be a connected graph of order 3 such that ¥.(G) = Yec(G) = Yetc(G). Then
G = Ks, Ps.

Lemma 3.18 Let G be a connected graph of order 4 such that ¥e(G) = Yec(G) = Yetc(G). Then
G is isomorphic to one of the following graphs: Py, Cy, K4, C3(P2), K4 — {e}.

Proof The various possibilities of connected graphs on four vertices are: K 3, Py, C3(P2),
Ci, Ky —{e}, K4 If G = Py, Cy, C3(P2),7e(G) = Yee(G) = Yete(G) = 2. If G = Ky, Ky — {e},
Ye(G@) = Yee(G) = Yete(G) = 1. And if G = K1 3,%(G) = Yee(G) = 4 and et (G) does not

exist. Hence the lemma. O

Theorem 3.19 Let G be a connected graph of order 5 such that Ve(G) = Yec(G) = Yete(G).
Then G is isomorphic to one of the following graphs: Cs(P3),Cy(P2), Ps, K23, Fa, K4(P2),
Py U P3, PsU2K,, W5, K5 — {e}, K5 or the graphs: G1 to G3 in Figure 3.

Proof For the various possibilities of connected graphs on five vertices are: K 4, P5(0, Py, Ps),
P, C3(2P2), Cg(Pg, P, O), C3(P3), C4(P2), Cs, FQ,FE,, K273, K4(P2), C3U2K,P,UP3, PsU2K7,
Ws, K5 — {e}, K5 and any one of the following graphs from G; to Gs in Figure 3. If G &
Ky, Wy, Ks—{e}, then 7c(G) = Vee(G) = Yere(G) = 1. If G = K4 (P), C3(P3), K2 3, Ps, Py U 2K,
P, U P3,G3, then 7.(G) = Yee(G) = Yere(G) = 2. If G = Fy or Cy(P3) then 7.(G) = 7ee(G) =
Yetc(G) = 3. If G =2 Gy or Gy then 7.(G) = 2, but Yec (G) = Yete(G) = 3. If G =2 C3(Ps, P2,0),
then 7.(G) = 3, but 7.c(G) = 7etel@) = 4. If G = TgU2Ky, thenye(G) = 7e(G) = 4,
but Yete(G) = 5. If G = Ki 4, then 7.(G) = 7ec(G) = 5, but Yete(G) does not exist. If
G = P5(0, Py, P2), then 7.(G) = 3,7¢(G) = 4 and vei(G) does not exist. If G & C3(2F2)
then 7.(G) = Yee(G) = 4, but Yere(G) does not exist. If G = P5,C5, then ~.(G) = 2,but
Vee(G) = Yete(G) = 3. O
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Theorem 3.20 Let G be a connected graph of order 6 such that Ve(G) = Yec(G) = Yete(G).
Then G =2 K274.

Proof Let G be a connected graph of order 6 such that 7.(G) = Yee(G) = Yete(G). Among

all of the connected graphs on 6 vertices, it can be easily seen that K5 4 is the only graph with
Ve(G) = Yee(G) = Yetc(G) = 6. o

Theorem 3.21 If G is a connected graph of order p = 2n for some positive integer n > 2
such that its vertex set and edge set are V(G) = {v; : 1 <1i < p} and E(G) = {vjviy1 1 1 <
i<p—1}U{vw;: fori=1to L and j = (£ +1) to p} respectively, then v.(G) = Yec(G) =
Yete(G) =n — 1.

Example 3.22 For p = 6(= 2n), By Theorem 3.21, the graph constructed is shown in Figure
7. Clearly any two adjacent vertices from the set {va,v3,vs,v5} forms a minimum equitable

triple connected dominating set. Hence 7et.(G) =2 =n — 1.

m

(%1 V2 U3 V4 Vs Vg

G

Figure 7 Graph illustrating the Theorem 3.21

Proposition 3.23 Let G be a triple connected graph on order p. If its vertex set V(G) can be
partitioned into k sets {S1,S2, -+, Sk} such that S1 = {v : deg(v) = m1}, So = {v : deg(v) =
me > my + 2}, S3 = {v : deg(v) = m3 > mg +2},---, Sk = {v : deg(v) = my > my_1 + 2}
where m;’s are increasing sequence of positive integers and (S;) is K,, for some positive integer
n, for 1 <i <k, then 7.(G) = Yee(G) = Vete(G) = p.

Remark 3.24 The converse of Proposition 3.23 need not be true. Let G be a triple connected
graph given in Figure 8. Clearly v.(G) = Yec(G) = Yetc(G) = p, but there is no such partition
of V(@) as stated in Proposition 3.23. Since V(G) can be partitioned in to S1 = {v11,v12} of
degree 1,55 = {v3,v4, v5, 07, 08,09} of degree 2, S5 = {va} of degree 3,5, = {vg, v10} of degree
4 and S5 = {v1} of degree 7 such that (S;) is totally disconnected, for 1 < i < 5.
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U1

V2 %

V11 Ve

Gi
Figure 8 Counter example for Proposition 3.23

Lemma 3.25 Let T be any tree, Yere(T) = p if and only if T = K.

Proof Let T = Ki, then clearly 7et.(T) = p. Conversely, let T be a tree such that
Yete(T') = p. Now (T') is triple connected, it follows that T = P, ([5] since a tree T is triple
connected if and only if T2 P,;p > 3) and given that Ye.(T) = p, we have T = K;. O

Lemma 3.25 Let T be any tree, Yere(T) = p — 1 if and only if T = Ks.

Proof Let T = K, then clearly vete(T) = p — 1. Conversely, let T be a tree such that
Yete(T') = p— 1. Let v, be the vertex not in et (T')-set. Suppose deg(vp) > 1, then we can find
a cycle in T, which is a contradiction. Hence deg(v,) = 1. Since v, is a pendant vertex we have
T —{v,} is also a tree. Then (T'—{v,}) is triple connected, which follows that T'— {v,} = P,_1
(from [5]) and hence T = P, and given that Ye;(T) = p — 1, we have T' = K. O

Theorem 3.27 Let T be any tree on p > 2 vertices. Then either Yeto(T) =p—2 if T P, or
Yetc-Set does not exist.

Proof The proof is divided into cases following.

Case 1. If T contains two pendant vertices. Then T' = P, for which 7ei(T) = p — 2, where
p > 2.

Case 2. If T contains more than two pendant vertices.

Since any equitable triple connected dominating set must contain all the pendant vertices

or its supports and also T is connected and acyclic it follows that 7e.-set does not exist. O

§4. Equitable Triple Connected Domination Edge Addition Stable Graphs

In this section, we consider the problem of finding the stability of 7. upon edge addition of

some classes of graphs such as cycles and complete bipartite graphs.
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Definition 4.1 A connected graph G is said to be an equitable triple connected domination
edge addition stable (yet.-stable), if both G and G + e have the same equitable triple connected
domination number, where G + e is a simple graph (i.e.) Yetc(G) = Yetc(G + €).

Definition 4.2 A connected graph G is said to be an equitable triple connected domination
edge addition positive critical (v3.- critical), if G + e has greater equitable triple connected
domination number than G, where G + e is a simple graph (i.e.) Yetc(G) < Yetc(G + €).

Definition 4.3 A connected graph G is said to be an equitable triple connected domination edge
addition negative critical (y..-critical), if G has greater equitable triple connected domination

number than G + e, where G + e is a simple graph (i.e.) Vetc(G) > YVetc(G + €).
Theorem 4.4 The cycle Cy(p > 3), is g -critical.

Proof Let Cp = v1vg---vpv1 be any cycle of length p,p > 3. Now S = {vg,v3, -+ ,vp_1}
is the minimum equitable triple connected dominating set, we have et.(Cp) = p — 2. Consider

Cp + e, where e = v;v;.

Case 1. Let C,+e contain C3 = v1v2v3v1, where e = v;v; = vgv;. Since S = {vs, v4,- -+ ,Vp_1}

forms a minimum equitable triple connected dominating set, we have vet.(Cp +€) =p — 3.

Case 2. Let Cp+e does not contain C3. Let e = v;v;. Now S = V(Cp+e)—{vit1, Vit2, Vj41,Vj42},
where v;42 = N(vi41)—v; and vj42 = N(vj41)—v; forms a minimum equitable triple connected
dominating set. Hence e c(Cp +€) = p — 4.

In both cases Yetc(Cp + €) < Yete(Cp). Hence Cp(p > 3), is 7oy -critical. 0

Lemma 4.5 The complete bipartite graph Ki o i Yetc-stable.
Lemma 4.6 The complete bipartite graph K o is Yo -critical.
Lemma 4.7 The complete bipartite graph K n, (n > 2,p = 2n) is Yetc-stable.

Proof Let Ky, (n > 2) be a complete bipartite graph and its vertex partition is given by
V = V1 UV; such that Vi = {uq, ug, -+ ,u,} and Vo = {vy,v2,- -+ , v, }. Now S = {uy, v} forms
a minimum equitable triple connected dominating set so that Yeie(Kn,n) = 2. If we add any
edge to K, , there is no change in the equitable triple connected domination number. Hence
Kpon, (n > 2) 18 7yerc-stable. O

Lemma 4.8 If an edge e is added between the vertices of V1. Then the complete bipartite graph
K39, s Yetc-stable, where V(K3 2) = V1 U Va such that Vi = {u1, ug, us} and Vo = {v1,v2}.

Proof Here S = {uy,v1} forms a minimum equitable triple connected dominating set so
that Yetc(K3,2) = 2. If we add an edge e is added between the vertices of V7 we see that there

is no change in the equitable triple connected domination number. O

Lemma 4.9 If an edge e is added between the vertices of Vo. Then the complete bipartite graph
K32 is v, -critical, where V(K32) = Vi | Va such that Vi = {u1,us,us} and Vo = {v1,v2}.
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Proof Here S = {uy, v1 } forms a minimum equitable triple connected dominating set so that
Vetc(K32) = 2. By adding an edge between the vertices of V,, we see that S = {u1, ug, us, v1,ve}
is a minimum equitable triple connected dominating set so that et (K32) = 5. O

Lemma 4.10 If an edge e is added between the vertices of V1. Then the complete bipartite graph
Kpiin, (n > 2) 18 Yete-stable, where V(Kpi1,,) = V1 U Va such that Vi = {u1,ug, -+ ,Uny1}
and Vo = {v1, 02, ,un}.

Proof Here S = {uj,v1} forms a minimum equitable triple connected dominating set so
that Yere(Kn+1,n) = 2. If we add an edge e is added between the vertices of V4 we see that there

is no change in the equitable triple connected domination number. O

Lemma 4.11 If an edge e is added between the vertices of Vo. Then the complete bipartite graph
Kniin, (n > 2) is v -critical, where V(K 11.,) = V1 U Vo such that Vi = {uy,us, -+ ,Upi1}
and Vo = {v1,va, -+ ,Un}.

Proof Here S = {uy,v1} forms a minimum equitable triple connected dominating set so
that Yere(Knt1.n) = 2. By adding an edge e between the vertices of Va say e = viva, we see
that S = {v1,u1,v;} for i # 2 is a minimum equitable triple connected dominating set so that
Yete(Kn+1,n) = 3. ad

Lemma 4.12 If an edge e is added between the vertices of V1. Then the complete bipartite graph

Kpton, (n > 1) is vy, -critical, where V(Ky42.,) = ViUVy such that Vi = {u1,ug, - , Un+t1, Unt2}
and Vo = {v1, 02, ,un}.

Proof Here S = {uy,u2, -+ ,Uni1,Unt2, V1,02, , Uy} forms a minimum equitable triple
connected dominating set so that vetc(Kn+t2.n) = p. By adding an edge e between the vertices
of V1 say e = wjug, we see that S = {us, -, Unt1,Unt2,V1,V2, - ,U,} forms a minimum
equitable triple connected dominating set so that vete(Kpt2.n) =p — 2. O

Lemma 4.13 If an edge e is added between the vertices of Vo. Then the complete bipartite graph
Kony2n, (n > 1) is Yere-stable, where V(Ky12.,) = ViIUVa such that Vi = {u1,ug, -+, Ung1, Unt2}
and Vo = {v1, 02, ,un}.

Proof Here S = {u1,ua,+ -+ ,Unt1,Unt2,V1,V2, - , U, } forms a minimum equitable triple
connected dominating set so that vetc(Kn+t2.,) = p. By adding an edge e between the vertices
of V5 say e = vyvg, we see that there is no change in the equitable triple connected domination

number. O
Theorem 4.14 The complete bipartite graph K, n, (m —n > 2 and m 4+ n = p) is Yee-stable.

Proof Let Ky, (m —n > 2 and m+n = p) be a complete bipartite graph and its vertex
partition is given by V' = V;UV; such that Vi = {uq,u2, -+, up} and Vo = {v1,v2, -+ , v, }. Now
S ={uy,ua, -+, Up, V1,02, -+ ,V,} forms a minimum equitable triple connected dominating set
0 that Yere(Km,n) = p. If we add any edge to K, ,, there is no change in the equitable triple
connected domination number. a
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§5. Conclusion

We conclude this paper by giving the following interesting open problems for further study:

(1) Characterize connected graphs of order p for which et = p.
(2) For which graphs, 7e = Yec = Yete = D-
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Abstract: Let G = (V,E) be a graph with p vertices and q edges. A n-cap W cordial
labeling of a graph G with vertex set V is a bijection from V to {0,1} such that if each edge
uv is assigned the label
0, if f(u) = f(v) =1

1, otherwise.

fluv) =

with the condition that the number of vertices labeled with 0 and the number of vertices
labeled with 1 differ by at most 1 and the number of edges labeled with 0 and the number
of edges labeled with 1 differ by at most 1. The graph that admits a K cordial labeling is
called a A cordial graph (nCCG). In this paper, we proved that Path P,, Comb (P, ® K1),
P,, ®2K; and Fan (F, = P, + K1) are K cordial graphs.

Key Words: A cordial labeling, Smarandachely cordial labeling, A cordial labeling graph.
AMS(2010): 05C78.

§1. Introduction

A graph G is a finite non-empty set of objects called vertices together with a set of unordered
pairs of distinct vertices of G which is called edges. Each pair e = {uv} of vertices in E is called
an edge or a line of G. In this paper, we proved that Path P,, Comb (P,®1), P, ® 2K; and
Fan (F, = P, + K) are A cordial graphs.

82. Preliminaries

Let G = (V, E) be a graph with p vertices and q edges. A n-cap (/\) cordial labeling of a graph
G with vertex set V' is a bijection from V to {0, 1} such that if each edge uv is assigned the

1Received September 30, 2016, Accepted August 26, 2017.
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label
0, if flu) = f(v) =1

1, otherwise.

fuw) =

with the condition that the number of vertices labeled with 0 and the number of vertices labeled
with 1 differ by at most 1 and the number of edges labeled with 0 and the number of edges
labeled with 1 differ by at most 1, and it is said to be a Smarandachely cordial labeling if the
number of vertices labeled with 0 and the number of vertices labeled with 1 differ by at least 1
and the number of edges labeled with 0 or the number of edges labeled with 1 differ by at least
1.

The graph that admits a K cordial labeling is called a K cordial graph. We proved that
Path P,, Comb (P, ® K1), P, ®2K; and Fan (F,, = P,, + K1) are K cordial graphs.

Definition 2.1 A path is a graph with sequence of vertices uy, us, - -+, U, such that successive
vertices are joined with an edge, denoted by P,, which is a path of length n — 1.
A closed path of length n is cycle C,.

Definition 2.2 A comb is a graph obtained from a path P, by joining a pendent vertex to each
vertices of P,, it is denoted by P, ® K3

Definition 2.3 A graph obtained from a path P, by joining two pendent vertices at each
vertices of Py, is denoted by P, ® 2K;

Definition 2.4 A fan is a graph obtained from a path P, by joining each vertices of P, to a
pendent vertex, it is denoted by F,, = P, + K1

§3. Main Results

Theorem 3.1 A path P, is a K cordial graph

Proof Let V(P,) = {u;:1<i<n} and E(P,) = {ujui+1:1<i<n—1} Define f :
V(P,) — {0, 1} with the vertex labeling determined following.
Case 1. n is odd.

Define

Here Vo (f)+1=Vi(f) and eo(f) = e1(f). Clearly, it satisfies the condition |Vo(f) — Vi (f)| < 1
and [eo(f) —er(f)| < 1.
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Case 2. nis even.

Define

The induced edge labeling are

" , 1<i< 3,
[ruuiy,) =

)

I3

+1<1<n.

Here Vo (f) = Vi(f) and eo(f) +1 = e1(f) which satisfies the condition |Vo(f) — Vi (f)| <1 and

leo(f) — e1(f)| < 1. Hence, a path P, is a /\ cordial graph. O

For example, P5 and FPs are K cordial graph shown in the Figure 1.

Figure 1
Theorem 3.2 A comb P, ® K1 is a K cordial graph

Proof Let G be a comb P, ® K; and let V(G) = {(u;,v;) : 1 < i < n} and E(G) =

{[(usuir1) : 1 < i <n—1]U[(uwiv;) : 1 < i < n]}. Define f: V(G) — {0,1} with a vertex
labeling

flw) = 0,1<i<n
The induced edge labeling are
fruiuir) = 1, 1<i<mn,
[f(uw)) = 0, 1<i<n.

Here Vo (f) = Vi(f) and eo(f) = e1(f) + 1 which satisfies the condition |Vo(f) — Vi (f)| <1 and

leo(f) — e1(f)| < 1. Hence, a comb P, ® K; is a A cordial graph. m

For example, Ps ® K7 is a K cordial graph shown in Figure 2.
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Figure 2

Theorem 3.3 A graph P, ©® 2K is a K cordial graph.

Proof Let G be a P,, ®2K; with V(G) = {u;, v14,v2;,1 < i <n}and E(G) = {[(vuit1) :
1 <i<nlUwwvii): 1 <i<n]U[(uive) : 1 <i<nl}. Define f: V(C,) — {0,1} by a vertex
labeling f(u;) = {1,1 <i <n}, f(vi;) ={0,1 <i <n} and if n is even,

1, 1<i<Z,
flvg) = 2
07 %+1 S’LS’]’L,
if n is odd
1, 1<i<zd
f(UQi) =
0, 2H+1<i<n
The induced edge labeling are
fruinipn) = {0,1<i<n},
ffluwy) = {1,1<i<n}
and if n is even
* 0, 1<i<3,
* (uiva;) = '
17 %+1§1§’]’L

Here Vo (f) = Vi(f) and eo(f) +1 = e1(f) which satisfies the condition |Vo(f) — Vi (f)| <1 and
leo(f) —e1(f)] <1, and if n is odd

0,

n
1, 5

. n+1
1< e

)

H
T IA

f*(ui'l}%) =

|
IN

L <4 <n.

Here Vo (f)+1 = Vi(f) and eo(f) = e1(f) which satisfies the condition |Vo(f) — Vi (f)| <1 and
leo(f) — e1(f)| < 1. Hence, P,, ® 2K is a A cordial graph. O

For example, P; © 2K, is a K cordial graph shown in the Figures 3.
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Theorem 3.4 A fan F,, = P, + K1 is a K cordial graph if n is even.

Proof Let G be a fan F,, = P, + K; and n is even with V(G) = {u,v; : 1 < i < n} and
E(G) = {(u,v;) : 1 <i < n}. Define f: V(G) — {0,1} with a vertex labeling f(u) = {1} and

1<i<2,

0, s+1<i<n.

The induced edge labeling are

—_

<<

|3

—_

* 07 ) * Oa S Z S %7
I (uvy) = and  f*(viviy1) =
1, 24+1<1<n, 1, n.

wo[3

<i<

|3

Here Vo (f)+1 = Vi(f) and eo(f)+1 = e1(f) which satisfies the conditions |Vo(f) — Vi(f)| < 1
and |eo(f) — e1(f)| < 1. Hence, a fan F,, = P, + K; is a /\ cordial graph if n is even. 0

For example, a fan Fy = Ps + K; is K cordial shown in Figure 4.

0 1

1 1 0

Figure 4
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Abstract: Let G be a (p,q) graph. Let f : V(G) — {1,2,...,k} be a function. For
each edge wv, assign the label ged (f(u), f(v)). f is called k-prime cordial labeling of G
if lop(i) —ve(d)] < 1, 4,5 € {1,2,...,k} and |ef(0) — ef(1)] < 1 where v¢(z) denotes the
number of vertices labeled with z, ef(1) and ef(0) respectively denote the number of edges
labeled with 1 and not labeled with 1. A graph with admits a k-prime cordial labeling is
called a k-prime cordial graph. In this paper we investigate 4-prime cordial labeling behavior
of shadow graph of a path, cycle, star, degree splitting graph of a bistar, jelly fish, splitting
graph of a path and star.
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graph.
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§1. Introduction

In this paper graphs are finite, simple and undirected. Let G be a (p,q) graph where p is the
number of vertices of G and ¢ is the number of edge of G. In 1987, Cahit introduced the concept
of cordial labeling of graphs [1]. Sundaram, Ponraj, Somasundaram [5] have been introduced
the notion of prime cordial labeling and discussed the prime cordial labeling behavior of various
graphs. Recently Ponraj et al. [7], introduced k-prime cordial labeling of graphs. A 2-prime
cordial labeling is a product cordial labeling [6]. In [8, 9] Ponraj et al. studied the 4-prime
cordial labeling behavior of complete graph, book, flower, mC,,, wheel, gear, double cone, helm,
closed helm, butterfly graph, and friendship graph and some more graphs. Ponraj and Rajpal
singh have studied about the 4-prime cordiality of union of two bipartite graphs, union of trees,
durer graph, tietze graph, planar grid P, x P,, subdivision of wheels and subdivision of helms,
lotus inside a circle, sunflower graph and they have obtained some 4-prime cordial graphs from
4-prime cordial graphs [10, 11, 12]. Let 2 be any real number. In this paper we have studied
about the 4-prime cordiality of shadow graph of a path, cycle, star, degree splitting graph of a

1Received November 12, 2016, Accepted August 28, 2017.
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bistar, jelly fish, splitting graph of a path and star. Let « be any real number. Then |z | stands
for the largest integer less than or equal to x and [z] stands for smallest integer greater than
or equal to z. Terms not defined here follow from Harary [3] and Gallian [2].

82. k-Prime Cordial Labeling

Let G be a (p,q) graph. Let f : V(G) — {1,2,--- ,k} be a map. For each edge uv, assign
the label ged (f(w), f(v)). f is called k-prime cordial labeling of G if |vs (i) —vs(5)] < 1,4,5 €
{1,2,---,k} and |ef(0) — ef(1)] < 1, and conversely, if |vs(i) —vs(j)] > 1, 4,5 € {1,2,--- ,k}
or lef(0) —eyr(1)] > 1, it is called a Smarandachely cordial labeling, where v¢(z) denotes the
number of vertices labeled with x, ef(1) and ef(0) respectively denote the number of edges
labeled with 1 and not labeled with 1. A graph with a k-prime cordial labeling is called a
k-prime cordial graph.

First we investigate the 4-prime cordiality of shadow graph of a path, cycle and star. A
shadow graph Ds(G) of a connected graph G is constructed by taking two copies of G, G’ and

G" and joining each vertex v’ in G’ to the neighbors of the corresponding vertex u” in G”.

Theorem 2.1 Dy(P,) is 4-prime cordial if and only if n # 2.

Proof 1Tt is easy to see that Do(P,) is not 4-prime cordial. Consider n > 2. Let
V(D2(P,)) = {us,v; : 1 < i < n} and E(D2(P,)) = {uivip1,vivi41 : 1 < i < n—-1} U
{uwvit1,viuip1 : 1 < i < n—1}. In a shadow graph of a path, Ds(P,), there are 2n vertices
and 4n — 4 edges.

Case 1. n=0 (mod 4).

Let n = 4t. Assign the label 4 to the vertices wuy,us,--- ,uz; then assign 2 to the
vertices vj,va,--- ,v9. For the vertices vopy1,vai42, we assign 3,1 respectively. Put the
label 1 to the vertices voiy3,vorts, -+ ,v—1. Now we assign the label 3 to the vertices
Vot+4, V2446, ,V4t—2. Lhen assign the label 1 to the vertex vy;. Next we consider the vertices
Ugp+1, U2tt2, " "+, Uge. Put 3,3 to the vertices ugi41, ug¢+2. Then fix the number 1 to the vertices
U2¢+3, U2t+5, -+ ,Uqe—1. Finally assign the label 3 to the vertices uaiya, Usiys, -, Uar.

Case 2. n=1 (mod 4).
Take n = 4t+1. Assign the label 4 to the vertices w1, ug, - -+ ,u9;11. Then assign the label 3

to the vertices ugy+9, U2¢+4, - -+ , uge and put the number 1 to the vertices ugiys, usys, - -+, Udrs1-
Next we turn to the vertices vy, va, - - -, v2¢41. Assign the label 2 to the vertices vy, ve, -+, Vos41.
The remaining vertices v; (2t +2 < i < 4t + 1) are labeled as in u; (2t +2 <i <4t +1).

Case 3. n=2 (mod 4).
Let n = 4t + 2. Assign the labels to the vertices u;, v; (1 < i < 2t+1) as in case 2. Now we

consider the vertices ugsyo, Uoits, -+ ,Ugero. Assign the labels 3,1 to the vertices ug 1o, U2its
respectively. Then assign the label 1 to the vertices ussyaq, Ustte, - ,Usrr2. Put the integer
3 to the vertices uot45, U2t4+7, -+, Uge+1. NOw we turn to the vertices vorto,voit3, -+, Vagta-

Put the labels 3,3,1 to the vertices voit9,Vart3,Varra respectively. The remaining vertices



Some New Families of 4-Prime Cordial Graphs 127

v; (2t +5 <4 < 4t + 2) are labeled as in u; (2t +5 <14 < 4t + 2).

Case 4. n =3 (mod 4).

Let n = 4t + 3. Assign the label 2 to the vertices u; (1 <4 < 2t+2). Then put the number
3 to the vertices wory3, U245, -+ ,usr+1. Then assign 1 to the vertices uoi44, U2tt6, -, Ugt+2
and ug+3. Now we turn to the vertices vy, v, ,v4e43. Assign the label 4 to the vertices
v; (1 <14 < 2t+2). The remaining vertices v; (2t + 3 < i < 4t + 3) are labeled as in u; (2t 4+ 3 <
t < 4t 4 3). Then relabel the vertex vg:13 by 3.

The vertex and edge conditions of the above labeling is given in Table 1.

) | vr(4) | er(0) | ef(1)

Nature of n | vs(1) | vf(2)
n =0 (mod 2) 5 z

<
~
—

w

5 5 5 2n—2|2n—-2
n=1 (mod 2) "Tl "T“ "T_l "T'H 2n—2 | 2n—2
Table 1
It follows that Do (P,) is a 4-prime cordial graph for n # 2. O

Theorem 2.2 Dy(C,,) is 4-prime cordial if and only if n > 7.

Proof Let V(D3(Ch)) = {us,v; : 1 <i < n}and E(D2(Cy)) = {uittit1, vivit1, ivit1,
vittir1 2 1 <4 <n—1} U {upvr, vpu, upug, v,v1}. Clearly Do(C,,) consists of 2n vertices and
4n edges. We consider the following cases.

Case 1. n=0 (mod 4).

One can easily check that Dy(Cy) can not have a 4-prime cordial labeling. Define a vertex
labeling f from the vertices of Do(C),) to the set of first four consecutive positive integers as

given below.

f(v2i) = flugio) = 2, 1<i<?2
floaigr) = fluz) — 4, 1<i<®
flogiota) = flugiosn) = 1, 1<i< s
foziare) = fluzgsie) = 3, 1<i< 2
f(u%Jrl) = f(u§+2) = f(u%JrS) = f(Ungz) = 3 and f(vl) = f(v%JrB) - 1.

Case 2. n=1 (mod 4).

It is easy to verify that Do(Cs) is not a prime graph. Now we construct a map f :
V(D2(Cp)) — {1,2,3,4} as follows:

fluzi—1) = 2, 1<i<nds
flugg) 4, 1<i< ”T*g
fve) 2, 1<i< "T_l
f(v2i41) = 4, 1<i<np
f(U"T“)Hi) = f(“"2+5+21) = 1, 1<i<®y
f(v%-wi) = flunsry,) = 3, 1<i< ne
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f(o1) = f(ongs) = flungs) = f(ungr) = 3 and f(vngr) = flongs) = 1.
Case 3. n =2 (mod 4).

Obviously D2(Cs) does not permit a 4-prime cordial labeling. For n # 6, we define a
function f from V(D3(C),)) to the set {1,2,3,4} by

IN
n
\-E

IN
n
;-

IN IN
IN IN
3 3
R
(=2} no

IN
IN
L
ST
oo

f(U"T%-i—Zi) = f
f(U#Jrzi) = f

<
[\V)
S
S~—

W = R N AN

e T e T T e S =
IN
~
IN
3
L

and
f(o1) = f(vnge) = f(ungs) = f(unge) = fungs) = 3,
f(ong2) = f(vngs) = fongs) = 1.

2 2

Case 4. n =3 (mod 4).

Clearly D2(C5) is not a 4-prime cordial graph. Let n # 3. Define a map f : V/(D2(C,,)) —

— — . n+1
f(U2i) - f(u2i—1) 2, 1 S 1 S —
J(v2it1) = f(u) = 4, 1<i<2d
f(’()n;rs_’_%) = f(un;s_i_%) = 1, 1<:1< nT_?’

= 5 — ;< n=5
f(U";‘)JrQi) = f(’u,n2+0+21) 3, 1<:1< 1

and f(UnTH) = f(UnTM) = f(vn%s) = 3. The Table 2 gives the vertex and edge condition of f.

Nature of n vr(1) | ve(2) | vr(3) | vr(4) | ef(0) | ef(1)
n=0,2 (mod 4) 5 5 5 5 2n 2n
n=1,3 (mod 4) | 25 el et el 2n 2n
Table 2
It follows that Do(C,,) is 4-prime cordial iff n > 7. i

Example 2.1 A 4-prime cordial labeling of D2(Cy) is given in Figure 1.
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Figure 1

Theorem 2.3 Dy(K, ) is 4-prime cordial if and only if n =0 (mod 2).

Proof Tt is clear that Dy(K; ) has 2n + 2 vertices and 4n edges. Let V(D2(K1,,)) =
{u,v,u;,v; : 1 <i<n}and E(Da(K1,)) = {vug, vvg, vug,uv; : 1 <i < n}.

Case 1. n=0 (mod 2).

Assign the label 2 to the vertices u1, ug, - ,uz4;. Then assign 4 to the vertices un o, -+,
U, U, v. Now we move to the vertices v; where 1 < ¢ < n. Assign the label 3 to the vertices
v; (1 <i < %) then the remaining vertices are labeled with 1. In this case vf(1) = v(3) = 7,
vr(2) =vr(4) = 5 + 1 and ef(0) = ef(1) = 2n.

Case 2. n=1 (mod 2).

Let n = 2t + 1. Suppose there exists a 4-prime cordial labeling g, then vg(1) = v,4(2) =
vg(3) =vg(4) =t + 1.

Subcase 2a. g(u) = g(v) = 1.

Here e4(0) = 0, a contradiction.

Subcase 2b. g(u) = g(v) = 2.

In this case e4(0) <

-1+ (t—1)+(t+1)+ (t+1) = 4t, a contradiction.

3.

Subcase 2c. g(u) = g(v)
Then e4(0) < (¢t —1) + (t — 1) = 2¢t — 2, a contradiction.
Subcase 2d. g(u) = g(v) = 4.

Similar to Subcase 2b.

Subcase 2e. g(u) =2, g(v) =4 or g(v) =2, g(u) = 4.
Here e4(0) <t +t+t+t=4t, a contradiction.
Subcase 2f. g(u) =2, g(v) =3 or g(v) =2, g(u) = 3.

Here e,(0) < (t+ 1) +t+t =3t + 1, a contradiction.



130 R.Ponraj, Rajpal Singh and R.Kala

Subcase 2g. g(u) =4, g(v) =3 or g(v) =4, g(u) = 3.

Similar to Subcase 2f.

Subcase 2h. g(u) =2, g(v) =1or g(v) =2, g(u) = 1.

Similar to Subcase 2f.

Subcase 2i. g(u) =4, g(v) =1or gv) =4, g(u) = 1.

Similar to Subcase 2h.

Subcase 2j. g(u) =3, g(v) =1or gv) =3, g(u) = 1.

In this case e4(0) < ¢, a contradiction.

Hence, if n =1 (mod 2), D2(K1 ) is not a 4-prime cordial graph. m

The next investigation is about 4-prime cordial labeling behavior of splitting graph of a
path, star. For a graph G, the splitting graph of G, S’ (G), is obtained from G by adding for
each vertex v of G a new vertex v’ so that v’ is adjacent to every vertex that is adjacent to v.
Note that if G is a (p, q) graph then S’ (G) is a (2p, 3q) graph.

Theorem 2.4 S'(P,) is 4-prime cordial for all n.

Proof Let V(S'(P,)) = {us,v; : 1 <i < n}and E(S'(P,)) ={uwitit+1,u;0i41,0iu;41: 1 <
i <n—1}. Clearly S'(P,) has 2n vertices and 3n — 3 edges. Figure 2 shows that S'(P), S'(Ps3)

are 4-prime cordial.
1 3 4 2 3
2 4 2 4 1

Figure 2
For n > 3, we consider the following cases.
Case 1. n =0 (mod 4).

We define a function f from the vertices of S’(P,) to the set {1,2,3,4} by

(i) = flugic) = 2, 1<i<}%
fozig) = flux) = 4, 1<i<?

fongz ) = flungzy,) = 1, 1<i< nd
f('l)n+4+2i) — f(’u,n+4+21) = 3, 1 S 7 S nT_4

and f(ungz2) = flunga) =3, f(v1) = fonga) = 1.
In this case vy(1) = vp(2) = vp(3) = vp(4) = 2, and ef(0) = 34, ep(1) = 322,

Case 2. n=1 (mod 4).
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We define a map f: V(S'(P,)) — {1,2,3,4} by

flugimy) = 2, 1<i<nid
f(u2;) = 4, 1<i< ”T—l
f(v2i-1) = 4, 1<i< "13
f(v2;) 2, 1<i<nyt
flonzag) = flungg,y) = 3, 1<i< nl
fonpr ) = flunpy,) = 1, 1<0< nl

Here vy (1) = vy (3) = 258, v(2) = vp(4) = 2, and ef(0) = ef(1) = 3273,

Case 3. n=2 (mod 4).

Define a vertex labeling f : V(S'(P,)) — {1,2,3,4} by f(v1) =3, f(vai1) =1,

flugimy) = 2, 1<i<nd2
f(u2;) 4, 1<i< "12
f(v21) 2, 1<i<n?
floaipr) = 4, 1<i<n??
fvgy2i) = fluzgi2i) = 3, 1<i<n?
flonp o) = flungiy) = 1, 1<i< n-2

Here vy (1) = vf(2) = v4(3) = vr(4) = 5, and ef(0) = 3"2_4, ef(l) = 3"2_2.

Case 4. n =3 (mod 4).

Construct a vertex labeling f from the vertices of S’(P,,) to the set {1,2,3,4} by f(u,) =1,
flon) =3,

f(v2i) = f(uzi-1) = 2, 1<i<zH
flvaioi) = f(u2) = 4, 1<i<nfd
f(U"T’lJrQi) = f(u"T’lJrQi) = 3, 1<:i< ”T*?’
f(v"jl+2i) = f(Un2+1 o) = 1, 1<i< nod
I this case vy(1) = vy (8) = 251, 07(2) = vy(4) = 251, and e(0) = (1) = 2252
Hence S’(P,) is 4-prime cordial for all n. O

Theorem 2.5 S'(K,) is 4-prime cordial for all n.

Proof Let V(S'(K1,)) = {u,v,u;,v; : 1 < i <n}and E(S"(K1,,)) = {uw;,vu,uv; 1 1 <
i <n}. Clearly S’(Ky,,) has 2n + 2 vertices and 3n edges. The Figure 3 shows that S'(K7 2)

is a 4-prime cordial graph.
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[S)

3
Figure 3

Now for n > 2, we define a map f : V(S (K1,,)) — {1,2,3,4} by f(u) = 2, f(v) = 3,
flun) =1,

fug) = 2, 1<i<|%]
fupg)y) = 3 1<i< |2
f(vi) = 4, 1<i< 2]
frapyy) = 1 1<i< |25

(™)
—

Kl,n)- O

Values of n | vp(1) | vp(2) | vy (3) | vr(4) | ef(0) | ef(1)
1 1

— n n n n 3n 3n
— n+1 n+1 n+1 n+1 3n—1 3n+1
n = lmod 2 2 2 2 2 2 2
Table 3

Next we investigate the 4-prime cordial behavior of degree splitting graph of a star. Let
G = (V, E) be a graph with V' = S;US3U- - -US; UT where each S; is a set of vertices having at

t

least two vertices and having the same degree and T'=V — |J S;. The degree splitting graph
i=1

of G denoted by DS (G) is obtained from G by adding vertices wy,ws - - - ,w; and joining w; to

each vertex of S; (1 <1i <t).

Theorem 2.6 DS(B,, ) is 4-prime cordial if n =1,3 (mod 4).

Proof Let V(Bpn) = {u,v,u;,v; 0 1 < i <n} and E(Byy) = {uv,uu;,vv; : 1 <i < n}.
Let V(DS(Bnn)) = V(Bpn)U{w1, w2} and E(DS(By.n)) = E(Bnn)U{wiu;, wivi, wou, wav :
1 <i<n}. Clearly DS(B,, ) has 2n + 4 vertices and 4n + 3 edges.

Case 1. n=1 (mod 4).

Let n = 4t + 1. Assign the label 3 to the vertices vy, va, -+ ,v9:41 and 1 to the vertices
Vot+2,V2t43, - ,Vqrq1. Next assign the label 4 to the vertices wy,ug, -+ ,ustr2 and 2 to the
vertices ugi43, Uottda, -+, Uge+1- Finally, assign the labels 1,2,2 and 2 to the vertices ws,u, v

and wy respectively.
Case 2. n =3 (mod 4).

As in case 1 assign the labels to the vertices u;, v;, u,v,w; and wy (1 < i < n — 2). Next
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assign the labels 1, 3,2 and 4 respectively to the vertices v,—1, v, un—1 and u,. The Table 4

establishes that this vertex labeling f is a 4-prime cordial labeling. O

Nature of n | vs(1) | vp(2) | ve(3) | ve(4) | ef(0) | er(1)
4t +1 2041 | 2642 | 2t4+1 | 2t 4+2 | 8t+3 | 8t +4
4t + 3 2042 | 2643 | 2t+2 | 2t+3 | 8+ 7 | 8t+8

Table 4

The final investigation is about 4-prime cordiality of jelly fish graph.

Theorem 2.7 The Jelly fish J(n,n) is 4-prime cordial.

Proof Let V(J(n,n)) = {u,v,u;,v;,w1,ws : 1 <i <n}and E(J(n,n)) ={uu;, vu;, uws,
w1V, vwa, uwe, wiwsy : 1 <4 < n}. Note that J(n,n) has 2n + 4 vertices and 2n + 5 edges.

Case 1. n=0 (mod 4).
Let n = 4¢. Assign the label 1 to the vertices uy,ug, - ,ug11. Next assign the label 3

to the vertices ugsy2, Uoits, -+ ,ug. We now move to the other side pendent vertices. Assign
the label 3 to the vertices uy,us. Next assign the label 2 to the vertices us, uq, ..., u2:+3. Then
assign the label 4 to the remaining pendent vertices. Finally assign the label 4 to the vertices

u,v,w, w.

Case 2. n=1 (mod 4).

Let n = 4t + 1. In this case, assign the label 1 to the vertices v1,ve, -+ ,v9;41 and 3 to the
vertices voy+1, V2143, - ,V441. Next assign the label 2 to the vertices wy,ug, - , w42, and
3 to the vertices ugry3 and woi44. Next assign the label 4 to the remaining pendent vertices

U2t+5, U2t+6, " - - ,Uaet+1. Finally assign the label 4 to the vertices u, v, w;, ws.
Case 3. n=2 (mod 4).
As in Case 2, assign the label to the vertices u;, v;(1 < i < n—1),u,v,w;, ws. Next assign
the labels 1,4 respectively to the vertices w,, and v,,.
Case 4. n =3 (mod 4).

Assign the labels to the vertices w, v, wy, we,u;,v;(1 < i < n —1) as in case 3. Finally
assign the labels 2, 1 respectively to the vertices u,, v,. The Table 5establishes that this vertex
labeling f is obviously a 4-prime cordial labeling. O

Values of n | vp(1) | vp(2) | vr(3) | vr(4) | er(0) | ef(1)
4t 264+1 | 2641 | 2t +1 | 2t+1 | 4443 | 4t +2

4t +1 2041 | 2642 | 2t+2 | 2t+1 | 4t+4 | 4t+3
4t + 2 2042 | 2642 | 2t +2 | 2t4+2 | 4445 | 4t +4
4t + 3 2043 | 2643 | 2t +2 | 2t+2 | 4446 | 4t +5

Table 5

Corollary 2.1 The Jelly fish J(m,n) where m > n is 4-prime cordial.
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Proof Let m =n+r, r > 0. Use of the labeling f given in theorem ?7? assign the label to
the vertices u, v, wy, wa, u;, v; (1 <i < n).

Case 1. 7 =0 (mod 4).

Let r =4k, k € N. Assign the label 2 to the vertices tuy 41, Un12, -+ , Uptk and to the ver-
tices Uptk+1s Unt+k+2, " , Un+2k- Lhen assign the label 1 to the vertices wn 42541, Unt2k+2, " 5 Unt3k
and 3 to the vertices up43k+1, Unt3k+2, - - -, Untak. Clearly this vertex labeling is a 4-prime
cordial labeling.

Case 2. r=1 (mod 4).

Let r =4k + 1, k € N. Assign the labels to the vertices u,4; (1 <7 <r—1) as in case 1.
If n=0,1,2 (mod 4), then assign the label 1 to the vertex wu,; otherwise assign the label 4 to

the vertex wu,..

Case 3. 7 =2 (mod 4).

Let r =4k +2, k € N. As in Case 2 assign the labels to the vertices up4; (1 <i<r—1).
Then assign the label 4 to the vertex u,.

Case 4. =3 (mod 4).

Let r = 4k + 3, k € N. In this case assign the label 3 to the last vertex and assign the
label to the vertices uy,4; (1 <i <7 —1) as in Case 3. O
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tive search firms around the world.
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Science, finished his postdoctoral report “On Automorphism Groups of Maps, Surfaces and

Smarandache Geometries” with co-advisor Prof.Feng Tian from 2003 to 2005.

In his postdoctoral report, Dr.Mao pointed
out that the motivation for developing mathe-
matics for understanding the reality of things
is a combinatorial notion, i.e., mathematical
combinatorics on Smarandache multispaces,
i.e., establishing an envelope mathematical
theory by combining different branches of clas-

sical mathematics into a union one such that

the classical branch is its special or local case,

or determining the combinatorial structure of
classical mathematics and then extending clas-

SCHRODINGER'S CAT IS sical mathematics under a given combinatorial
A. |.=|;V' E structure, characterizing and finding its invari-

—
/ ——
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-
e —

ants today, which is in fact the global mathe-

matics for hold on the behavior of complex sys-
tems such as those of interaction system, biolog-
ical system or the adaptable system. Generally,
a thing is complex and hybrid with other things
but the understanding of human beings is limi-
tation, which results in the difficult to hold on

the true face of things in the world. However, there always exist universal connection between
things. By this philosophical principle, Dr.Mao has found a natural road from combinatorics
to topology, topology to geometry, and then from geometry to theoretical physics and other

sciences, i.e., his combinatorial notion, or Mathematical Combinatorics.

Dr.Mao’s combinatorial notion on things in the world was praised by many mathematicians
in the world. For example, Prof.L.Lovasz, the chairman of International Mathematical Union
(IMU) appraise it “an interesting paper”, and said “I agree that combinatorics, or rather the
interface of combinatorics with classical mathematics, is a major theme today and in the near
future” in 2007, and Prof.F.Smarandache of University of New Mexico presented a paper Math-
ematics for Everything with Combinatorics on Nature — A Report on the Promoter Dr.Linfan
Mao in 2016.

As a corresponding member of the Chinese Academy

of Mathematics and Systems, Dr.Mao is a mathemati- 1 35 o
cian, also a consultant with nearly 35 years of expe- oA & ‘
rience and research in applied mathematics and engi- /
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combinatorics and Smarandache multi-spaces with ap-
plications to sciences, research fields including combi-

natorics, graph theory, algebra, topology, geometry,
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universe, purchasing and circular economy. Now, he has published 9 books and more than 80
research papers on mathematics and engineering management for the guidance of young teach-

ers and post-graduate students.
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Groups of Maps, Surfaces and Smarandache Geometries, Combinatorial Geometry with Appli-
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applications in 2011, The Foundation of Bidding Theory and The Provisions of Clauses of the
Law on Tendering and Bidding of P.R.China with Cases Analysis in 2013, and famous papers,
such as those of Combinatorial Speculation and Combinatorial Conjecture for Mathematics,
Mathematics on Non-mathematics on International J.Mathematical Combinatorics respectively
in 2007 and 2014, and Mathematics with Natural Reality — Action Flows on Bulletin of Calcutta

Mathematical Society in 2015, an established journal of more than 100 years.

Dr.Mao currently serves also as the vice president of the China Academy of Urban Gover-
nance, the chief advisor of China Purchasing Association, the editor-in-chief of the Interna-
tional Journal of Mathematical Combinatorics, and the editor of Mathematical Combinatorics,
an international book series since 2008 and also an honorary member of the Neutrosophic Sci-
ence International Associations since 2015. He was included in Who’s Who in Science and
Engineering and Who’s Who in the World beginning in 2006.
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years’ experience in his professional network, and has
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I want to bring out the secrets of nature and apply them for the happiness of
man. I don’t know of any better service to offer for the short time we are in the
world.

By Thomas Edison, an American inventor.
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