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Spacelike Smarandache Curves of Timelike Curves in

Anti de Sitter 3-Space
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(Ahi Evran University, The Faculty of Arts and Sciences, Department of Mathematics, Kirgehir, Turkey)
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Abstract: In this paper, we investigate special spacelike Smarandache curves of timelike
curves according to Sabban frame in Anti de Sitter 3-Space. Moreover, we give the rela-
tionship between the base curve and its Smarandache curve associated with theirs Sabban
Frames. However, we obtain some geometric results with respect to special cases of the
base curve. Finally, we give some examples of such curves and draw theirs images under

stereographic projections from Anti de Sitter 3-space to Minkowski 3-space.

Key Words: Anti de Sitter space, Minkowski space, Semi Euclidean space, Smarandache

curve.

AMS(2010): 53A35, 53C25.

§1. Introduction

It is well known that there are three kinds of Lorentzian space. Minkowski space is a flat
Lorentzian space and de Sitter space is a Lorentzian space with positive constant curvature.
Lorentzian space with negative constant curvature is called Anti de Sitter space which is quite
different from those of Minkowski space and de Sitter space according to causality. The Anti de
Sitter space is a vacuum solution of the Einstein’s field equation with an attractive cosmological
constant in the theory of relativity. The Anti de Sitter space is also important in the string
theory and the brane world scenario. Due to this situation, it is a very significant space from
the viewpoint of the astrophysics and geometry (Bousso and Randall, 2002; Maldacena, 1998;
Witten, 1998).

Smarandache geometry is a geometry which has at least one Smarandachely denied axiom.
An axiom is said to be Smarandachely denied, if it behaves in at least two different ways
within the same space (Ashbacher, 1997). Smarandache curves are the objects of Smarandache
geometry. A regular curve in Minkowski space-time, whose position vector is composed by
Frenet frame vectors on another regular curve, is called a Smarandache curve (Turgut and
Yilmaz, 2008). Special Smarandache curves are studied in different ambient spaces by some
authors (Bektag and Yiice, 2013; Koc Ozturk et al., 2013; Tagkoprii and Tosun, 2014; Turgut
and Yimaz, 2008; Yakut et al., 2014).

1Received December 03, 2015, Accepted August 2, 2016.
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This paper is organized as follows. In section 2, we give local diferential geometry of non-
dejenerate regular curves in Anti de Sitter 3-space which is denoted by H$. We call that a curve
is AdS curve in H3 if the curve is immersed unit speed non-dejenerate curve in H. In section 3,
we consider that any spacelike AdS curve 3 whose position vector is composed by Frenet frame
vectors on another timelike AdS curve a in H3. The AdS curve 3 is called AdS Smarandache
curve of a in H3. We define eleven different types of AdS Smarandache curve 3 of a according
to Sabban frame in H3. Also, we give some relations between Sabban apparatus of a and 3 for
all of possible cases. Moreover, we obtain some corollaries for the spacelike AdS Smarandache
curve 3 of AdS timelike curve e which is a planar curve, horocycle or helix, respectively. In
subsection 3.1, we define AdS stereographic projection, that is, the stereographic projection from
H3 to R$. Then, we give an example for base AdS curve and its AdS Smarandache curve, which
are helices in H3. Finally, we draw the pictures of some AdS curves by using AdS stereographic

projection in Minkowski 3-space.

82. Preliminary

In this section, we give the basic theory of local differential geometry of non-degenerate curves
in Anti de Sitter 3-space which is denoted by H3. For more detail and background about Anti
de Sitter space, see (Chen et al., 2014; O’Neill, 1983)..

Let R% denote the four-dimensional semi Euclidean space with index two, that is, the real
vector space R* endowed with the scalar product

(,y) = =211 — Toyo + T3Y3 + TaYs

for all ® = (21, 72,3, 24), ¥y = (y1,Y2,Y3,y1) € R:. Let {ey, e, €3, €4} be pseudo-orthonormal
basis for R%. Then 6;; is Kronecker-delta function such that (e;, e;) = d;;6; for e1 = €9 =
—1,e3=¢e4=1.

A vector & € R} is called spacelike, timelike and lightlike (null) if (x,x) > 0 (or & = 0),
(x,z) < 0and (x,z) = 0, respectively. The norm of a vector € R} is defined by ||| =
\/W . The signature of a vector x is denoted by

1, =« is spacelike
sign(¢) =< 0, =« isnull

—1, x is timelike
The sets

$3 = {zeR;|(x,x)=1}
Hy {zeR; | (z,z)=-1}

are called de Sitter 3-space with index 2 (unit pseudosphere with dimension 3 and index 2 in

R3) and Anti de Sitter 3-space (unit pseudohyperbolic space with dimension 3 and index 2 in
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R3), respectively.

The pseudo vector product of vectors ', 2, 23 is given by

—€1 —é2 €3 €4
1 1 1 1
T T Tz X
1 2 3 24
Az Aad = ) ) s (1)
L Ty T3 Ty
3 3 3 .3

xy xy xR Ty

where {ej, ez, e3,e4} is the canonical basis of R and x* = (2%, 24, 2%, 2%), i = 1,2,3. Also, it
is clear that

(x, ' N2? A 2?) = det(z, ', 22, 2°)
for any = € R3. Therefore, ! A 2 A x3 is pseudo-orthogonal to any %, i = 1,2, 3.

We give the basic theory of non-degenerate curves in H3. Let a : I — H3 be regular curve
(i.e., an immersed curve) for open subset I C R. The regular curve « is said to be spacelike or
timelike if ¢ is a spacelike or timelike vector at any ¢ € I where &(t) = dae/dt. The such curves
are called non-degenerate curve. Since « is a non-degenerate curve, it admits an arc length
parametrization s = s(¢). Thus, we can assume that a(s) is a unit speed curve. Then the unit
tangent vector of v is given by £(s) = a@/(s). Since {a(s), a(s)) = —1, we have (a(s),t'(s)) =
—d1 where 6; = sign(t(s)). The vector t'(s) — d1ax(s) is pseudo-orthogonal to a(s) and &(s).
In the case when (a’(s),a”(s)) # —1 and t'(s) — d1cx(s) # 0, the pirinciple normal vector
and the binormal vector of a is given by n(s) = Hi:gg:% and b(s) = a(s) At(s) An(s),
respectively. Also, geodesic curvature of a are defined by r4(s) = ||t'(s) — d1a(s)]||. Hence, we
have pseudo-orthonormal frame field {a(s),t(s), n(s),b(s)} of R3 along a. The frame is also

called the Sabban frame of non-dejenerate curve o on H} such that

t(s) An(s) Ab(s) = d3a(s), n(s) Ab(s)Aa(s) = d163t(s)
b(s) Na(s) At(s) = —d203n(s), a(s) At(s) An(s)= b(s).

where sign(t(s)) = d1, sign(n(s)) = o2, sign(b(s)) = 03 and det(ex, t,n,b) = —J3.

Now, if the assumption is < a”(s),a”(s) ># —1, we can give two different Frenet-Serret
formulas of a according to the causal character. It means that if 6; = 1 (6; = —1), then a is
spacelike (timelike) curve in H3. In that case, the Frenet-Serret formulas are

o/ (s) 0 1 0 0 a(s)
t'(s) _ & 0 Kg($) 0 t(s) @)
n'(s) 0 —01d2k4(s) 0 —019374(s) n(s

)
b'(s) 0 0 316274(s) 0 b(s)

_ det(a(s),a'(s),a”(s),am(s))'

(rg(s))?

where the geodesic torsion of ¢ is given by 74(s)

Remark 2.1 The condition < a”(s),a”(s) ># —1 is equivalent to k,4(s) # 0. Moreover, we
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can show that r4(s) = 0 and #'(s) — d1a(s) = 0 if and only if the non-degenerate curve a is a

. . 3
geodesic in Hj.

We can give the following definitions by (Barros et al., 2001; Chen et al., 2014).

Definition 2.2 Let a: I C R — H3 is an immersed spacelike (timelike) curve according to the

Sabban frame {a, t,n, b} with geodesic curvature k, and geodesic torsion 4. Then,
(1) If 1y =0 , e is called a planar curve in HS;
(2) If iy =1 and 7, =0 , o is called a horocycle in H};

(3) If T, and k4 are both non-zero constant, « is called a heliz in H3.

Remark 2.3 From now on, we call that « is a spacelike (timelike) AdS curve if & : I C R — H3

is an immersed spacelike (timelike) unit speed curve in H.

§3. Spacelike Smarandache Curves of Timelike Curves in H3

In this section, we consider any timelike AdS curve a = «(s) and define its spacelike AdS
Smarandache curve 8 = B(s*) according to the Sabban frame {a(s),t(s),n(s),b(s)} of a in

H3 where s and s* is arc length parameter of a and 3, respectively.

Definition 3.1 Let @ = a(s) be a timelike AdS curve with Sabban frame ¢ = {a,t,n,b}
and geodesic curvature kg and geodesic torsion 14. Then the spacelike viv;—Smarandache AdS

curve B = B(s*) of a is defined by

* *Lav-s vi(s
B(s (S))—ﬁ( i(s) + buj(s)), (3)

where vi,v; € @ for i # j and a,b € R such that

r Condition
j

at a2 412 =2

an | a®> - =2
ab | a?-b2=2
tn a?—v* =2
tb a’? -b2 =2
nb | a®>+b%=-2
(Undefined)

Theorem 3.2 Let o = a(s) be a timelike AdS curve with Sabban frame ¢ = {a, t,n,b} and
geodesic curvature kg and geodesic torsion T4. If B = B(s*) is spacelike v;v;—Smarandache AdS
curve with Sabban frame {B,tg,ng,bg} and geodesic curvature kg, geodesic torsion T, where

v;,v; € @ fori # j, then the Sabban apparatus of B can be constructed by the Sabban apparatus
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of a such that

ViV Condition

at b2hg(s)> —2>0

an b27,(s)% — (brg(s) +a)* >0

ab b21,(s)> —a2 >0 : (5)
tn | 2(ky(s)® —1) + b (Tg(s)2 - 1) >0

th (akg(s) — bry(s))* —a® >0

nb (Undefined)

Proof We suppose that v;v; = at. Now, let 8 = B3(s*) be spacelike at—Smarandache
AdS curve of timelike AdS curve a@ = a(s). Then, 3 is defined by

* -t ao(s s
B(s*(s)) = \/5( (s) +bt(s)) (6)

such that a? + b? = 2, a,b € R from the Definition 3.1. Differentiating both sides of (6) with

respect to s, we get
dp ds* 1
1/ * _ _ ’ ’
B (65) = g gy = 5 (00 (9) + (5))

and by using (2),

tols" () G- = 75 (0t(5) +b(=a() + ry (),

where

ds* b2 kg(s)? —2

i "

with condition b%k4(s)* — 2 > 0.

(From now on, unless otherwise stated, we won’t use the parameters ”s” and ”s*” in the

following calculations for the sake of brevity).

Hence, the tangent vector of spacelike at—Smarandache AdS curve 3 is to be

1
tg = NG (—ba + at + brgn), (8)

where o = b?ky? — 2.

Differentiating both sides of (8) with respect to s, we have

2
tgl = U_\/z— ()\10( + )\Qt + )\3’!?, + )\41)) (9)
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by using again (2) and (7), where

Al = brgky' — ao
Ao = —abPrgky’ +b (kg% — 1
2 ab’kgkg (/qg ) o (10)
A3 = —2bky + ak4o
Ay = brgTgo .
Now, we can compute
1
tg' — B=—== ((2\ — ao?) a + (2Xz — bo”) t + 2XA3n+2)\4b) (11)
V202
and .
Its’ — Bl = ;\/—04 +2(ad +bX2) 02 +2 (=A% — X + A% + AdP). (12)
From the equations (11) and (12), the principal normal vector of 3 is
1
ng = —— ((2A1 — ac?) o+ (2X2 — bo®) t + 2X3n + 2\4b 13
and the geodesic curvature of 3 is
BN
L (14)
where
p=—0t+2(ar +bX2) 0% +2 (=M% = A® + A3+ 7). (15)

Also, from the equations (6), (8) and (13), the binormal vector of 3 as pseudo vector
product of 3,tg and ng is given by

bﬂ - \/T_M ((_bzﬂg)ul) o+ (ablig/\4) t+ 2)\47?/ + (—bzﬂg)\l + ablig/\g - 2)\3) b) . (16)

Finally, differentiating both sides of (9) with respect to s, we get

-9 (2)\10I — ()\1/ — )\2)0') o+ (2)\20I - (M + Ao’ + Iig)\g)o) t

B == (17)
o + (2)\30’ — (KgAa + A3’ — Tg/\4)0') n+ (2)\40’ — (TgAs + /\4/)0) b

by using again (2) and (7). Hence, from the equations (6), (8), (9), (14) and (17), the geodesic
torsion of 3 is

_ 2 Kg(b)\l - a/\g)(ng)\g +aXg + b)\4/) — bﬁg(b)\l/ - a/\g/))\4

Tg = 9 9 (18)
op +2Tg()\3 + )\4 ) + abm92A3)\4 — 2()\3/)\4 — )\3)\4/)

under the condition a? 4+ b?> = 2. Thus, we obtain the Sabban aparatus of 3 for the choice
v;v; = adt.

It can be easily seen that the other types of v;v;—Smarandache curves 8 of a by using
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same method as the above. The proof is complete. O

Corollary 3.3 Let o = o(s) be a timelike AdS curve and B = B(s*) be spacelike v;v;—Smarandache
AdS curve of a, then the following table holds for the special cases of o under the conditions

(4) and (5):

vv; | o is planar curve | o is horocycle | o is helix
at planar curve undefined heliz
an undefined undefined heliz
ab undefined undefined heliz
tn planar curve undefined heliz
tb planar curve undefined heliz

Definition 3.4 Let o = a(s) be a timelike AdS curve with Sabban frame ¢ = {a, t,n,b} and
geodesic curvature kg and geodesic torsion T,. Then the spacelike v;v;v,—Smarandache AdS
curve B = B(s*) of a is defined by

* *Lav-s v;i(8) + cur(s
B(s (S))—\/g( i(8) +buj(s) + cur(s)), (19)

where vy, v;, v € @ fori# j#k and a,b,c € R such that

V;V; Vg Condition

atn a2+ —-c2=3
atb a2+ —-c2=3|. (20)
anb | a? =2 —-c*=3

tnb a?—b—-c2=3

Theorem 3.5 Let o = a(s) be a timelike AdS curve with Sabban frame ¢ = {a, t,n,b} and
geodesic curvature kg and geodesic torsion 14. If B = B(s*) is spacelike v;v;vr,—Smarandache
AdS curve with Sabban frame {B,tg,ng,bg} and geodesic curvature kg, geodesic torsion T,
where v;,vj, v, € @ fori # j # k, then the Sabban apparatus of B can be constructed by the
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Sabban apparatus of v such that

ViV Vg Condition

atn | (b2 — )ry(s)? — 2acky(s ) A(1y(5)> =1) =3>0

atb (brg(s) — cmy(s))” — (2 +3) >0 . (21)
anb (b + ?) 79(s)? — (a+ brg(s))> >0

tnb | (ay(s) = ry(9)° + 1 (6 — g (5)°) = > 0

Proof We suppose that v;v;u;, = atb. Now, let 3 = 3(s*) be spacelike atb—Smarandache
AdS curve of timelike AdS curve a = «x(s). Then, 3 is defined by

1
B(s™(s)) = —=(ac(s) + bt(s) + cb(s)) (22)
V3
such that a? +b% —c? = 3, a,b,c € R from the Definition 3.4. Differentiating both sides of (22)
with respect to s, we get
dg ds* 1

B((5)) = G gy = 5 (a0 () +(5) + /()

and by using (2),

tols" () G- = 7= (0t(s) + b(=ax(s) + 5 (5)n(s)) + (= (s)m(s)

where

ds* _ [(bry(s) = c7y(5))” = (> +3)
ds _\/ 3 (23)

with the condition (brgy(s) — c7,(s))* — (c* +3) >0.

From now on, unless otherwise stated, we won’t use the parameters “s” and “s*” in the
) ) p

following calculations for the sake of brevity).

Hence, the tangent vector of spacelike atb—Smarandache AdS curve 3 is to be
1
tg = NG (—=ba+ at + (bry — cTy) M), (24)
where 0 = (brg — crg)2 — (2 +3).

Differentiating both sides of (24) with respect to s, we have

3
tg = U_‘/; (M + Aot + A3n + \sb) (25)
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by using again (2) and (23), where

A1 o= b(bkg — c1g) (bry' — c14') — ao
Ae = —a(brg —crg) (bry’ —c1g’) + (b (=1 + Kg?) — chgrg) O (26)
As = — (34 ¢%) (bry' — c1g) + akrgo
Ae = Tq (bkg — cTg) O
Now, we can compute
1
- B = ((3\1 —ac®) a+ (3X2 — bo®) t + 3A3n + (3\s — co®) b) (27)
V302

and

1
Its’ — Bl = ﬁ\/—a‘l +2(ad +bAa —ehg) 02 +3 (=M 7 = X7+ A7+ A5). (28)

From the equations (27) and (28), the principal normal vector of 3 is

ne = ((3\1 —ac®) a+ (3X2 — bo®) t + 3A3n + (3A\s — co®) b) (29)

and the geodesic curvature of 3 is

where

p=—0"+2(ar +bra — cha) o? +3 (=A% — X%+ A3% + M%) (31)

Also, from the equations (22), (24) and (29), the binormal vector of 3 as pseudo vector
product of 3,tg and ng is given by

(c(brg — cTg) A2 — (ac)A3 — b(bkg — cTg)A4)

b 1 — (c(bkg — cTg) A1 + (bc) Az — a(brg — cTg)Aa) t (32)
B = =
VIR (a A1+ (be)Aa — ( +3))\4)n
— ((bkg — c1g)(bA1 — aX2) + (¢ +3)As) b
Finally, differentiating both sides of (25) with respect to s, we get
" -3 (2)\10” — ()\1/ — )\2)0’) o+ (2)\20” — ()\1 =+ )\2/ =+ Iig)\g)O') t (33)

ST+ (2007 = (g + A = T A)o) e+ (2007 — (7 hs + Ad)o) b

by using again (2) and (23). Hence, from the equations (22), (24), (25), (30) and (33), the
geodesic torsion of 3 is

; c(ars — A2 (brg — c7g)) (A2 — A1') — ¢ (bAs + A1 (brg — c7g)) (M1 + KgAs + A2')
779 = — + A4 (bl-{g — CTg) (b ()\2 — )\1,) +a ()\1 + Hg)\3 + )\2,)) +c (a)q + b)\z) (Hg)\z — Tg)\4 + )\3/)

op
— (34 %) M (Kgha — TgAa + As") + (B34 %) Az + (bA1 — aX2) (brg — e79)) (TA3 + Ad')

(34)

under the condition a® +b? — ¢ = 3. Thus, we obtain the Sabban aparatus of 3 for the choice
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V0V = oeth.
It can be easily seen that the other types of v;v;v;—Smarandache curves 3 of a by using

same method as the above. The proof is complete. O

Corollary 3.6 Let o = a(s) be a timelike AdS curve and B = B(s*) be spacelike v;v;vy—Smarandache
AdS curve of v, then the following table holds for the special cases of av under the conditions
(20) and (21):

VUV | o is planar curve | o is horocycle | o is helix
atn planar curve undefined helizx
atb planar curve undefined helizx
anb undefined undefined heliz
tnb planar undefined heliz

Definition 3.7 Let o = «(s) be a timelike AdS curve with Sabban frame {a,t,m,b} and
geodesic curvature kg and geodesic torsion T,. Then the spacelike atnb—Smarandache AdS

curve B = B(s*) of a is defined by

1
B(s*(s)) = ﬁ(aoa(s) + bot(s) + con(s) + dob(s)), (35)
where ag, by, ¢, dyg € R such that
ao? + b2 — co? — do® = 4. (36)

Theorem 3.8 Let o = «a(s) be a timelike AdS curve with Sabban frame {a,t,m,b} and
geodesic curvature kg and geodesic torsion 1,. If B = B(s*) is spacelike atnb—Smarandache
AdS curve with Sabban frame {B,ts,ng,bg} and geodesic curvature kg, geodesic torsion Ty,
then the Sabban apparatus of 3 can be constructed by the Sabban apparatus of o under the

condition
(bokig(s) — doTg(s))” — (ag + cokig(s))” + co?7y(s)* — by > 0. (37)

Proof Let B = B(s*) be spacelike atnb—Smarandache AdS curve of timelike AdS curve
a = a(s). Then, B is defined by

B(s*(5)) = %@oa(s) + bot(s) + con(s) + dob(s)) (35)

such that ag? + bo? — co? — do? = 4, ag, bo, co, dy € R from the Definition 3.7. Differentiating
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both sides of (38) with respect to s, we get

B(5"(0) = g = 7 (0o (5) + bt () + com’ + ot ()

and by using (2),

tols" () 5 =

(aot(s) +bo (—ax(s) + rg(s)n(s)) + co (rg(5)E(s) + 74(5)b(s)) + do (=7y(s)n(s)))

where

I (39)

ds* [ (borig(s) — dory(s))” = (a0 + corg(s))* + co?74(s)* = bo®
4
with the condition (bokg(s) — doty(s))? — (a0 + cokig(s))? + o274 (s)* — by? > 0.

From now on, unless otherwise stated, we won’t use the parameters “s” and “s*” in the
) ) p

following calculations for the sake of brevity).

Hence, the tangent vector of spacelike atnb—Smarandache AdS curve 3 is to be

1
tg = —= (—boax + (ao + cokg) t + (bokg — doTy) n + coTgh) , (40)

Vo
where o = (bory — dng)2 — (ap + Colig)2 + co?1y% — bo2.

Differentiating both sides of (40) with respect to s, we have
, 2
tg = F ()\10é + /\Qt + )\3n + /\4b) (41)

by using again (2) and (39) where

A = —bo (aoco + g — bo (bokg — doTg)) Kg' + bo (caTg — do (bokg — doTy)) 74" — (a0 + corg) o
N = (—b?) (co + aokyg) + bodo (ap — corig) T4 + co (002 + d02) 7'92) Kg'
+ (bodokg (a0 + cokg) — (c§ + dg) (a0 + corg) 79) 74" + (bo (K5 — 1) — dokgTg) &
N = — (aoco (bokg + dotg) + cf (dorigTg — bo (T4 — 1)) + bo (4 +d3)) Ky’
+ (2aocodofig + 0(2) (do (1 + /{3) — bonng) + do (4 + d?))) Tg' + (ao/{g + ¢o (/{3 — 7'92)) o
M = co (o (ao + cokg) — bo (bokg — doTg)) Tgkig'+

co (Tg (bgd(mg — (cg + d(z)) Tg) + 0) 74 + (bokg — doTy) T40
(42)

Now, we can compute
tﬁl — ﬁ = Tiz ((4)\1 — a002) o+ (4)\2 — b00'2) t+ (4)\3 — 0002) n+ (4)\4 — d00'2) b) (43)

and

1
Htlgl — ﬁH = ;\/—04 +2 (ao)\l + bgAa — coA3z — do)\4) 02 +4 (—)\12 - )\22 + )\32 + )\42).
(44)
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From the equations (43) and (44), the principal normal vector of 3 is

1
ne =5 ((4M\ — ago®) a+ (4X2 — boo®) t + (43 — coo®) n + (4Ag —doo®) b)  (45)
and the geodesic curvature of 3 is
— _ VK
Rg = ?, (46)
where
= —0*+2(ao 1 + boda — cods — doAa) 02 +4 (=M% = N + X3 + \?) (47)

Also, from the equations (38),(40) and (45), the binormal vector of 3 as pseudo vector
product of 3,tg and ng is given by

1
bﬂ = \/ﬁ ((—bgﬂg)ul + CQ(—doﬂg/\g + CLQ/\4) — C%(Tg/\z — Hg)\4> — do(dng)\z + ao)\g)

+bo(coTgAz + do(kgha + TgAa)))a + (bo(—do(rgA1 + A3) + (co + aokg)Aa)

(M — agcors + do(dors — aoha))Ty)t + (a2ha — bo(doha — boAs)

—coAi(dokg — boTy) — ag(doM + co(Tgha — KgAa)))m + (chrght — ad s

—b3(KgA1 + A3) + bo(coda + domg A1) + ao(co(A1 — KgA3) + (bokg — doTy)Aat))b)  (48)

Finally, differentiating both sides of (41) with respect to s, we get

g 4 (2/\10’ — ()\1/ — )\2) a) a+ (2/\20’ — (A X+ Iig/\g)O') t

T 57/2 / / (49)
o + (2)\30/ — (Fag)\g + A3’ — 7'9)\4)0) n + (2)\40/ — (Tg)\g + M\ )0’) b

by using again (2) and (49). Hence, from the equations (38), (40), (41), (46) and (49), the
geodesic torsion of 3 is

T, = % ((b3kgAa + (a0 + corg)(doAs — cors) + (c§ + dg) Ty Az

—bo(cotyAs + do(kgha + T4A1))) (A2 — A))

+(bo(—do(kgA1 + A3) + (co + aokg)Aa) + (G — aocos

+doTy(doA1 — apAa))) (A1 + KAz + A5) + (do((ao + cokg) M

+boa) — (ao(ag + coky) + b3) A — coTy(boAr — agA2))(Kgha — ATy + Af)
+(—=cGrgA1 + agAs + b5 (kg A1 + Az) — bo(cora + doAiTy) + ao(co(—A1 + KgA3)
+X2(=borg + doty)))(AsTg + X)) (50)

under the condition (36). The proof is complete. m

Corollary 3.9 Let a = «(s) be a timelike AdS curve and 8 = B(s*) be spacelike atnb— Smarandache
AdS curve of v, then the following table holds for the special cases of av under the conditions
(36) and (37):
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a is planar curve | o is horocycle | o is helix

atnb planar curve undefined helizx

Consequently, we can give the following corollaries by Corollary 3.3, Corollary 3.6, Corol-
lary 3.9.

Corollary 3.10 Let « be a timelike horocycle in H3. Then, there exist no spacelike Smaran-
dache AdS curve of o in H3.

Corollary 3.11 Let « be a timelike AdS curve and 3 be any spacelike Smarandache AdS curve
of a. Then, « is heliz if and only if B is heliz.

84. Examples and AdS Stereographic Projection

Let R} denote Minkowski 3-space (three-dimensional semi Euclidean space with index one),

that is, the real vector space R endowed with the scalar product
(Z.Y). = T+ T2+ T30

for all T = (77,72,73), ¥ = (Y1, 72, ¥3) € R3. The set

is called de Sitter plane (unit pseudosphere with dimension 2 and index 1 in R$). Then, the

stereographic projection ® from H$ to R} and its inverse is given by

o HAT — RI\S?, d(z) = [ —2 3 T
1\ - 1\17 (.’1}) 1+(E1,1+JJ1,1+£L’1

and
_ 1 1+(z,x) 271 275 273
o1 RNST - HI\L, &' (z) = —
1\ r 1\ , (w) 1_<§7E>*,1_<Evi>*71_<57§>*71_<Evi>*
according to set I' = {cc EH} | 21 =—1 }, respectively. It is easily seen that @ is conformal

map.
Hence, the stereographic projection ® of H3 is called AdS stereographic projection. Now,

we can give the following important proposition about projection regions of any AdS curve.

Proposition 4.1 Let ® be AdS stereographic projection. Then the following statements are
satisfied for all x € H3:

(a) 11 > -1 (D (x),P(x)), <1;

) x1 < -1 (P(x),d(x)) >1.

*
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Now, we give an example for timelike AdS curve as helix and some spacelike Smarandache

AdS curves of the base curve. Besides, we draw pictures of these curves by using Mathematica.

Example 4.2 Let AdS curve « be

a(s) = (ﬁcosh(ﬁs), 214 cosh(v/5s) + 1/ 1 + V2sinh(v/5s),
V2sinh(v2s),1/1 + V2 cosh(v/5s) + 2/4 sinh \/gs) .

Then the tangent vector of « is given by

<2 sinh(v/2s), /5 (1 + \/5) cosh V55 4 21/4y/5 sinh(v/5s),

t(s) =
2 cosh(v/2s), 22/4V/5 cosh(v/5s) + 1/5 (1 + \/5) Sinh(\/5$)> ,

and since
(t(s), t(s)) = —1,

« is timelike AdS curve. By direct calculations, we get easily the following rest of Sabban

frame’s elements of a:

n(s) =

<cosh(\/§s), 23/4 cosh(V/5s) + /2 (1 + \/5) sinh(v/5s),
sinh(v/2s), /2 (1 + \/5) cosh(v/5s) + 23/4 sinh(\/53)> ,

b(s) = <\/gsinh(\/§s), 21/1 + V2 cosh(v/5s) + 2°/4sinh(v/5s),
V5 cosh(v/2s), 2% cosh(v/5s) + 24/ 1 + \/isinh(\/gs)) .

and the geodesic curvatures of « are obtained by

11923\/5, Tg:—\/ﬁ.

Thus, « is a helix in H$. Now, we can define some spacelike Smarandache AdS curves of a as

the following:

% (V6a(s) — vV2n(s) + b(s))

(La(s) - $t(s) + nls) + 1b(s))

anfB(s*(s))
anb/G(S*(S))

atnbﬁ(S*(S)) =

N[
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and theirs geodesic curvatures are obtained by

ankig = 1.9647 | an7y = —0.0619
anblig = 19773, anp7y = —0.0126
atnblig = 2.0067, anp7y = —0.0044

in numeric form, respectively. Hence, the above spacelike Smarandache AdS curves of a are

also helix in H$, seeing Figure 1.

Figure 1
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where, (a) is the timelike AdS helix e, (b) the spacelike an-Smarandache AdS helix of a, (c)
the spacelike anb-Smarandache AdS helix of a and (d) the spacelike atnb-Smarandache AdS
helix of o
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admitting conformal Ricci soliton is Einstein manifold. Similarly we have proved that a
conformally symmetric almost C'(A\) manifold M with respect to projective curvature tensor
admitting conformal Ricci soliton is n-Einstein manifold. We have studied Ricci projectively

symmetric almost C'(A) manifold also.

Key Words: Almost C(\) manifold, Ricci flow, conformal Ricci soliton, conformal curva-

ture tensor, Ricci curvature tensor, projective curvature tensor.

AMS(2010): 53C15, 53C20, 53C25, 53D10.

§1. Introduction

The concept of Ricci flow was first introduced by R. S. Hamilton [5] in 1982. This concept
was developed to answer Thurston’s geometric conjecture which says that each closed three
manifold admits a geometric decomposition. Hamilton also [6]classified all compact manifolds
with positive curvature operator in dimension four. The Ricci flow equation is given by

99 _

5 = 25 (1.1)

on a compact Riemannian manifold M with Riemannian metric g.

A self-similar solution to the Ricci flow [6], [10] is called a Ricci soliton [5] if it moves only
by a one parameter family of diffeomorphism and scaling. The Ricci soliton equation is given
by

L£xg+25 =2\g, (1.2)

where £x is the Lie derivative, S is Ricci tensor, g is Riemannian metric, X is a vector field
and A is a scalar. The Ricci soliton is said to be shrinking, steady, and expanding according as
A is positive, zero and negative respectively.

In 2004, A.E. Fischer [4] introduced the concept of conformal Ricci flow which is a variation

IThe first author is supported by DST ’Inspire’ of India, No. IF140748.
2Received February 28, 2016, Accepted August 5, 2016.
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of the classical Ricci flow equation. In classical Ricci flow equation the unit volume constraint
plays an important role but in conformal Ricci flow equation scalar curvature r is considered
as constraint. As the conformal geometry plays an important role to constrain the scalar
curvature and the equations are the vector field sum of a conformal flow equation and a Ricci
flow equation, the resulting equations are named as the conformal Ricci flow equations. The

conformal Ricci flow equation on M is defined by the equation [4],

9g g

—+2(5+=)=— 1.3

5 T2(5+ ) =-pg (1.3)
and r = —1, where p is a scalar non-dynamical field(time dependent scalar field), r is the scalar

curvature of the manifold and n is the dimension of manifold.

The notion of conformal Ricci soliton was introduced by N. Basu and A. Bhattacharyya

[1] in 2015 and the conformal Ricci soliton equation is given by

£xg+25=[20—-(p+ %)]g (1.4)

The equation is the generalization of the Ricci soliton equation and it also satisfies the conformal

Ricci flow equation.

In 1981, the notion of almost C'(A\) manifold was first introduced by D. Janssen and L.
Vanhecke [7]. After that Z. Olszak and R. Rosca [9] have also studied such manifolds. Our
present paper is motivated by this work.

In this paper we have studied conformal curvature tensor, conharmonic curvature tensor,
Ricci curvature tensor, projective curvature tensor in almost C'(A) manifold admitting conformal
Ricci soliton. We have studied conformally semi symmetric almost C(\) manifold admitting
conformal Ricci soliton. We have found that a Ricci conharmonically symmetric almost C'(\)
manifold admitting conformal Ricci soliton is Einstein manifold. Similarly we have proved
that a conformally symmetric almost C(\) manifold M with respect to projective curvature
tensor admitting conformal Ricci soliton is n-Einstein manifold. We have also studied Ricci

projectively symmetric almost C'(\) manifold.

$2. Preliminaries

Let M be a (2n + 1) dimensional connected almost contact metric manifold with an almost
contact metric structure(¢, £, 7, g) where ¢ is a (1,1) tensor field, £ is a covariant vector field,

1 is a 1-form and ¢ is compatible Riemannian metric such that

$*X = =X +n(X)& (&) = 1,6 = 0,n06 = 0, (2.1)
9(¢X,9Y) = g(X,Y) = n(X)n(Y), (2.2)

9(X, &) = n(X), (2.4)
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(Vx@)Y = g(X,Y)§ —n(Y)X, (2:5)
Vxé = —¢X, (2.6)

for all X,Y € x(M).

If an almost contact Riemannian manifold M satisfies the condition
S=ag+bn®n,

for some functions a,b € C*°(M) and S is the Ricci tensor, then M is said to be an 7- Einstein
manifold.
An almost contact manifold is called an almost C'(\) manifold if the Riemann curvature

R satisfies the following relations [8]
R(X,Y)Z = R(¢X,9Y)Z = N[ Xg(Y,Z) — g(X, Z2)Y — 6Xg(8Y, Z)

+9(6X, Z)9Y], (2.7)

where XY, Z € TM and A is a real number.
From (2.7) we have

R(X,Y)E = R($X, pY)E — A[Xn(Y) — Yn(X)),

(2.8)
Now from definition of Lie derivative we have
(£eg)(X,Y) = (Veg)(X,Y) + g(=¢X,Y) + g(X, —¢Y) =0 (2.9)
(o 9(X,9Y) = —g(¢X,Y)).
Now applying (2.9) in conformal Ricci soliton equation (1.4) we get
S(X,Y) = Ag(X,V), (2.10)
where A = 1[20 — (p+ 2)]. Hence the manifold becomes an Einstein manifold.
Also we have,
0OX = AX. (2.11)
If we put Y = ¢ in (2.10) we get
5(X,8) = An(X). (2.12)

Again if we put X = ¢ in (2.12) we get

S(&€) = A (2.13)
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Using these results we shall prove some important results of almost C'(\) manifold in the

following sections.

§3. Almost C(\) Manifold Admitting Conformal Ricci Soliton and R(¢, X).C =0

Let M be a (2n + 1) dimensional almost C'(A) manifold admitting conformal Ricci soliton

(g,V,0). Conformal curvature tensor C' on M is defined by

1
n—
r
+[m][g(ya Z)X —g(X,2)Y], (3.1)
where 7 is scalar curvature.
Since the manifold satisfies conformal Ricci soliton so we have r = —1 ([4]).

After putting r = —1 and Z = ¢ in (3.1) we have

CLXY)E = ROGYIE - 5 [SV.X = S(X.OY +9(Y. QX — g(X. QY]

1

_m[g(K )X — g(X,9)Y]. (3.2)

Using (2.4), (2.8), (2.11), (2.12) in (3.2) we get

C(X,Y)E = R(6X, 9Y)§ — A[Xn(Y) — V(X)) [An(Y)X — An(X)Y

o1

1Y) AX = 1(X)AY] = G (V)X = (X)Y].
After a brief simplification we get
C(X.Y)E = R(6X. Y ) — Bn(Y)X — (X)), (3.3)
where B = A\ + 2247 + ool and
N(C(X,Y)Z) = n(R(6X, 6Y)Z) + Bin(Y)g(X. Z) - n(X)g(Y, 2)]. (3.4)

Now we assume that R(£, X).C = 0 holds in M i.e. the manifold is locally isometric to
the hyperbolic space H"*1(—a?) ([11]), which implies

R(¢, X)(C(Y, Z)W) — C(R(&, X)Y, Z)W — C(Y,R(¢, X)Z)W

—C(Y, Z)R(£, X)W =0, (3.5)

for all vector fields X,Y, Z, W on M.
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Using (2.8) in (3.5) and putting W = £ we get

n(C(Y, 2)§)X — g(X, C(Y, 2)§)§ —n(Y)C(X, Z2)§ + g(X,Y)C(§, Z2)§ —n(Z)C(Y, X)§

+9(X, Z)C(Y, )& —n(§)C(Y, 2)X + g(X,§)C(Y, Z)§ = 0. (3.6)
Using (2.1),(3.3),(3.4) in (3.6) we have
n(R(PY,0Z2)8)) X — g(X, R(¢Y,0Z)¢ — B[Yn(Z) — Zn(Y)])§ —n(Y)C(X, Z)¢
+9(X,Y)C(E, 2)§ —n(Z2)C(Y, X)E+ g(X, Z)C(Y,£)E - C(Y, Z) X
+n(X)C(Y, 2)¢ = 0. (3.7)
Operating with 1 and putting Z = £ in (3.7) we get

Bg(X,Y) = Bn(X)n(Y) = n(C(Y,§)X) —n(R(¢Y, ¢X)E) = 0. (3-8)

Now,

OV, X = R(Y,OX — 5 [S(€, X)Y — S(¥, X)& +g(&, X)QY — oY, X)Q4

-1

1
“2n(2n—1)

Using (2.1),(2.8),(2.12) in (3.9) and operating with 7 we get

[9(&, X)Y —g(¥, X)¢]. (3.9)

A 1 2A
1 1
Putting (3.10) in (3.8) we obtain
A 1
S g(X,Y) + n(R(OX, 6Y)E) - 53— S(X,Y) = 0. (3.11)
In view of (2.8) we get from (3.11)
A
S g(X.Y) 4 (R(X,V)E) — g S(X,Y) = 0,
which can be written as
A 1
oY) - S S(XY) = —g(R(X, V)£, ). (312)

Then we have

S(X,Y)=Ag(X,Y),
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since g(R(X,Y)&,€) =0, where A = £[20 — (p+ 2)].

Theorem 3.1 If an almost C(X) manifold admitting conformal Ricci soliton is conformally semi

symmetric i.e. R(§,X).C = 0, then the manifold is Finstein manifold where C' is Conformal

curvature tensor and R(&, X)) is derivation of tensor algebra of the tangent space of the manifold.

§4. Almost C()\) Manifold Admitting Conformal Ricci Soliton and K (&, X).S

=0

Let M be a (2n + 1) dimensional almost C'(A) manifold admitting conformal Ricci soliton

(9,V,0). The conharmonic curvature tensor K on M is defined by [3]

1
n—1

K(X.Y)Z = R(X,Y)Z - 5—=[S(Y, 2)X — S(X,2)Y

+9(Y, 2)QX — g(X, Z)QY],

for all X,Y,Z € x(M), R is the curvature tensor and @ is the Ricci operator.

Also the equation (4.1) can be written in the form

K(E X)Y = R(E X)Y — -1 [S(X, V)€~ S(,Y)X + g(X, V)¢

Using (2.8), (2.11), (2.12) in (4.2) we have
K(E X)Y = ()X — (X, Y)e] — 2 [S(X, V)& — An(Y)X —n(¥)AX
+9(X,Y)AE).
Similarly from (4.2) we get
K(&, X)Z = Nn(Z)X ~ g(X, 2)¢] ~ 5 [S(X, 2)& ~ An(Z)X —n(2)AX
+9(X, Z2) Ag].

Now we assume that the tensor derivative of S by K (&, X) is zero i.e. K(§,X).S =

manifold is locally isometric to the hyperbolic space H"*1(—a?) ([11]). It follows that
S(K(EX)Y, Z) + S(Y, K(¢,X)Z) = 0,

which implies

1
2n—1

SAn(Y)X = Ag(X,Y)E - S(X,Y)E+ n(Y)X

2n—1

(X, Y)E+ n(Y)X, Z) + S(Y, \(2)X — Ag(X, Z)¢

“on—17 m—1

(4.1)

(4.4)

0 (the

(4.5)
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1 A
m—1 o 11X — 5 m—1

Putting Z = ¢ in (4.6), using (2.1),(2.4),(2.12),(2.13) and after a long calculation we
obtain

S(X,2)¢ + 9(X, 2)¢+ n(Z)X)=0. (4.6)

S(X,Y)=Ag(X,Y),

where A = 1[20 — (p+ 2)].

Theorem 4.1 If an almost C(\) manifold admitting conformal Ricci soliton and the manifold
is Ricci conharmonically symmetric i.e. K(&, X).S =0, then the manifold is Einstein manifold

where K is conharmonic curvature tensor and S is a Ricci tensor.

§5. Almost C()\) Manifold Admitting Conformal Ricci Soliton and P(¢,X).C =0

Let M be a (2n + 1) dimensional almost C'(A) manifold admitting conformal Ricci soliton
(g,V,0). The Weyl projective curvature tensor P on M is given by [2]

P(X,Y)Z = R(X,Y)Z — %[S(Y, Z)X — S(X, 2)Y]. (5.1)

(5.1) can be written as
P& X)Y = R(E X)Y — 5 [S(X, V)€ - (6, Y)X].

Using (2.8),(2.12) in the above equation we get

P& X)Y = (V)X = g(X,Y)g] — 5-[S(X, V)€ — An(¥)X]. 62)

Now we consider that the tensor derivative of C by P(&, X) is zero i.e. P(£,X).C =
holds in M (the manifold is locally isometric to the hyperbolic space H"™*(—a?) [11]). So

P(, X)C(Y, Z)W — C(P(&, X)Y, Z)W — C(Y, P(, X) Z)W

—C(Y, Z)P(&, X)W =0 (5.3)

for all vector fields X,Y, Z, W on M.
Using (5.2) in (5.3) and putting W = £ we get

MOV, 2)E)X = Mg(X, O(Y, 2)6)E — 5o S(X,O¥, 2)6)€ + 2 n(C(Y, 2)6)X

WY)CX Z)E — Z(V)CX Z) ~ M(Z)CWY, X)e — 2on(Z)O(Y, X)g

SOOI, Z)X + Ag(X, O, 2)6 + 5-SXLOCY. 2)6 ~ L€V, 2)X =0, (5.0

Operating with 7, using (2.4), (2.12), (3.3) and putting Z = £ we get after a lengthy calcu-
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lation that A 4 )
AB—(XA+—)A+ o 1 + (= 1)

2n
A A 1 AB
+((A+ %)()\—l- ST— +

A 1 B
= ((A+ %)(271— 1’ 2n

which clearly shows that the manifold is n-Einstein.

Theorem 5.1 If an almost C(\) manifold admitting conformal Ricci soliton and P(&,X).C =0
holds i.e. the manifold is conformally symmetric with respect to projective curvature tensor,
then the manifold becomes n-FEinstein manifold, where P is projective curvature tensor and C

is conformal curvature tensor.

§6. Almost C(\) Manifold Admitting Conformal Ricci Soliton and R(¢, X).P =0

Let M be a (2n + 1) dimensional almost C'(A) manifold admitting conformal Ricci soliton
(g9,V,0). We assume that the manifold is projectively semi-symmetric i.e. R(¢, X).P = 0 holds
in M, which implies

R(& X)(P(Y, Z)W) = P(R(§, X)Y, Z)W — P(Y, R(§, X) Z)W

—P(Y,Z)R(&, X)W =0 (6.1)

for all vector fields X,Y, Z, W on M.
Using (2.8) in (6.1) and putting W = £ we get

NIR(Y, 2)6 = 5= S(Z,)Y + 5-5(Y,6)2)X ~ Ag(X, R(Y, 2)6 — 5-8(2, )Y

+%S(Y, §)2)6 = (Y)P(X, Z2)§ + Ag(X,Y)P(E, 2)€ — An(Z2) P(Y, X)¢

+Xg(X, Z)P(Y,€)¢ — AP(Y, Z)X + M(X)P(Y, Z)€ = 0.

Using (2.4), (2.8), (2.12) and operating with n in the above equation we get

N(Y)g(X, 2) + Sn(Z)g(X,¥) ~ 22V )g(X, 2)

+X2g(X,Y)n(Z) = M(P(Y, Z2)X) = 0. (6.2)

Putting Z = £ in (6.2) we get

S(X,Y)=Ag(X,Y),
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which implies that the manifold is an Einstein manifold.

Theorem 6.1 If an almost C(\) manifold admitting conformal Ricci soliton and R(§,X).P =
0 holds i.e. the manifold is projectively semi-symmetric, then the manifold is an FEinstein
manifold, where P is projective curvature tensor and R(£, X) is derivation of tensor algebra of

the tangent space of the manifold.

§7. Almost C(\) Manifold Admitting Conformal Ricci Soliton and P(¢, X).S =0

Let M be a (2n + 1) dimensional almost C'(A) manifold admitting conformal Ricci soliton
(g,V,0). Now the equation (5.1) can be written as

P(& X)Y = RE X)Y — S [S(X, V)€ - (6, Y)X] (11)
and 1
P(&, X)Z = R(E, X)Z — - [S(X, 2)¢ - 5(6, 2)X], (7.2

Now we assume that the manifold is Ricci projectively symmetric i.e. P(£, X).S = 0 holds
in M, which gives
S(P(&, X)Y, Z) + S(Y, P(¢, X)Z) = 0. (7.3)

Using (2.10), (2.12), (7.1), (7.2) in (7.3) we have

Ag(R(&, X)Y — %S(X, Y)E+ %n(Y)X, Z)+ Ag(Y,R(&, X)Z

—%S(X, 7)€ + %n(Z)X) =0. (7.4)

Using (2.4),(2.8) in (7.4) and putting Z = £ we get
S(X,Y) = Ag(X,Y),
which proves that the manifold is an Einstein manifold.

Theorem 7.1 If an almost C(\) manifold admitting conformal Ricci soliton and P(§,X).S =
0 holds i.e. the manifold is Ricci projectively symmetric, then the manifold is an FEinstein

manifold, where P is projective curvature tensor and S is the Ricci tensor.
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Abstract: The universality of contradiction and connection of things in nature implies
that a thing is nothing else but a labeled topological graph G¥ with a labeling map L :
V(G)U E(G) — £ in space, which concludes also that labeled graph should be an element
for understanding things in the world. This fact proposes 2 directions on labeled graphs: (1)
verify a graph family ¢ whether or not they can be labeled by a labeling L constraint on
special conditions, and (2) establish mathematical systems such as those of groups, rings,
linear spaces or Banach spaces over graph G, i.e., view labeled graphs G* as elements of that
system. However, all results on labeled graphs are nearly concentrated on the first in past
decades, which is in fact searching structure GG of the labeling set .. The main purpose of this
survey is to show the role of labeled graphs in extending mathematical systems over graphs G,
particularly graphical tensors and a—ﬂows with conservation laws and applications to physics
and other sciences such as those of labeled graphs with sets or Euclidean spaces R™ labeling,
labeled graph solutions of non-solvable systems of differential equations with global stability
and extended Banach or Hilbert 6’)-ﬂow spaces. All of these makes it clear that holding
on the reality of things by classical mathematics is partial or local, only on the coherent
behaviors of things for itself homogenous without contradictions, but the mathematics over
graphs G is applicable for contradictory systems over G because contradiction is universal in
the nature, which can turn a contradictory system to a compatible one, i.e., mathematical

combinatorics.
Key Words: Topological graph, labeling, group, linear space, Banach space, Smarandache

N
multispace, non-solvable equation, graphical tensor, G'-flow, mathematical combinatorics.
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81. Introduction

Just as the philosophical question on human beings: where we come from, and where to go?
There is also a question on our world: Is our world continuous or discrete? Different peoples
with different world views will answer this question differently, particularly for researchers on

continuous or discrete sciences, for instance, the fluid mechanics or elementary particles with
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interactions. Actually, a natural thing T is complex, ever hybrid with other things on the eyes
of human beings sometimes. Thus, holding on the true face of thing T is difficult, maybe result
in disputation for persons standing on different views or positions for 7', which also implies that
all contradictions are man made, not the nature of things. For this fact, a typical example was
shown once by the famous fable “the blind men with an elephant”. In this fable, there are six
blind men were asked to determine what an elephant looked like by feeling different parts of the
elephant’s body. The man touched the elephant’s leg, tail, trunk, ear, belly or tusk respectively
claims it’s like a pillar, a rope, a tree branch, a hand fan, a wall or a solid pipe, such as those
shown in Fig.1 following. Each of them insisted on his own and not accepted others. They then

entered into an endless argument.

Fig.1

All of you are right! A wise man explains to them: why are you telling it differently is
because each one of you touched the different part of the elephant. So, actually the elephant has

all those features what you all said.

Thus, the best result on an elephant for these blind men is

An elephant = {4 pillars} U{ 1 rope} U{ 1 tree branch}
U {2 hand fans} U{l wall} U{l solid pipe}

A thing T is usually identified with known characters on it at one time, and this process
is advanced gradually by ours. For example, let 1, psa,- - , iy, be the known and v;,7 > 1 the
unknown characters at time ¢. Then, the thing 7" is understood by

7= (U ) U( Yt (L)

k>1

n
in logic and with an approximation 7° = |J {u;} at time ¢t. Particularly, how can the wise man

i=1
tell these blind men the visual image of an elephant in fable of the blind men with an elephant?
If the wise man is a discrete mathematician, he would tell the blind men that an elephant looks

like nothing else but a labeled tree shown in Fig.2.
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€1 l1 I3

1 to

€2 l2 l4
Fig.2

where, {t1} =tusk, {e1,es} =ears, {h} =head, {b} =belly, {l1,l2,13,14} =legs and {t2} =tail.
Hence, labeled graphs are elements for understanding things of the world in our daily life. What
is the philosophical meaning of this fable for understanding things in the world? It lies in that
the situation of human beings knowing things in the world is analogous to these blind men. We

can only hold on things by canonical model (1.1), or the labeled tree in Fig.2.

Baryon Meson

Fig.3

Notice that the elementary particle theory is indeed a discrete notion on matters in the
nature. For example, a baryon is predominantly formed from three quarks, and a meson
is mainly composed of a quark and an antiquark in the quark models of Sakata, or Gell-
Mann and Ne’eman ([27], [32]) such as those shown in Fig.3, which are nothing else but both
multiverses ([3]), or graphs labeled by quark ¢; € {u,d,c,s,t,b} for i = 1,2,3 and antiquark
7 < {ﬁ, d,<c,s, E,E}, where a(q, ¢') denotes the strength between quarks ¢ and ¢’.

Certainly, a natural thing can not exist out of the live space, the universe. Thus, the
labeled graphs in Fig.2 and 3 are actually embedded in the Euclidean space R3, i.e. a labeled
topological graph. Generally, a topological graph ¢(G) in a space . is an embedding of
v: G— o(G) C . with p(p) # ¢(q) if p # q for Vp,q € G, i.e., edges of G only intersect at
vertices in .. There is a well-known result on embedding of graphs without loops and multiple
edges in R™ for n > 3 ([10]), i.e., there always exists an embedding of G that all edges are
straight segments in R™.

Mathematically, a labeling on a graph G is a mapping L : V(G)J E(G) — £ with a
labeling set .# such as two labeled graphs on K4 with integers in {1,2,3,4} shown in Fig.4,
and they have been concentrated more attentions of researchers, particularly, the dynamical
survey paper [4] first published in 1998. Usually, .Z is chosen to be a segment of integers Z and a
labeling L : V(G) — % with constraints on edges in E(G). Only on the journal: International
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Journal of Mathematical Combinatorics in the past 9 years, we searched many papers on labeled
graphs. For examples, the graceful, harmonic, Smarandache edge m-mean labeling ([29]) and
quotient cordial labeling ([28]) are respectively with edge labeling |L(u) — L(v)|, |L(u) + L(v)|,
f(U)+f(v)] [f(U)] [f(v)} :
=< for m > 2, or |=——=| according f(u) > f(v) or f(v) > f(u) for
R o] o |20 W) > 1) or f0) > F(u)

Vuv € E(G), and a Smarandache-Fibonacci or Lucas graceful labeling is such a labeling L :
V(G) — {5(0),5(1),5(2),---,S(¢)} that the induced edge labeling is {S(1),5(2),---,5(q)}
by L(uv) = |L(u) — L(v)| for Vuv € E(G) for a Smarandache-Fibonacci or Lucas sequence

{5(i), i = 1} ([23]).

Fig.4

Similarly, an n-signed labeling is a n-tuple of {—1,+1}" or {0, 1}-vector labeling on edges
of graph G with |e;(0) —es(1)] < 1, where e;(0) and ef(1) respectively denote the number of
edges labeled with even integer or odd integer([26]), and a graceful set labeling is a labeling
L : V(G) — 2% on vertices of G by subsets of a finite set X with induced edge labeling
L(uv) = L(u) ® L(v) for Yuv € E(G), where “ @ ” denotes the binary operation of taking the
symmetric difference of the sets in 2% ([30]). As a result, the combinatorial structures on .&

were partially characterized.

However, for understanding things in the world we should ask ourself: what are labels
on a labeled graph, is it just different symbols? And are such labeled graphs a mechanism
for understanding the reality of things, or only a labeling game? Clearly, labeled graphs G
considered by researchers are graphs mainly with number labeling, vector symbolic labeling
without operation, or finite set labeling, and with an additional assumption that each vertex of
G is mapped exactly into one point of space . in topology. However, labels all are space objects
in Fig.2 and 3. If we put off this assumption, i.e., labeling a topological graph by geometrical
spaces, or elements with operations in a linear space, what will happens? Are these resultants
important for understanding things in the world? The answer is certainly YES because this step
will enable one to pullback more characters of things, characterize more precisely and then hold
on the reality of things in the world, i.e., combines continuous mathematics with the discrete,

which is nothing else but the mathematical combinatorics.

The main purpose of this report is to survey the role of labeled graphs in extending math-

—
ematical systems over graphs G, particularly graphical tensors and G-flows with conservation
laws and applications to mathematics, physics and other sciences such as those of labeled graphs

with sets or Euclidean spaces R™ labeling, labeled graph solutions of non-solvable systems of
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differential equations with global stability, labeled graph with elements in a linear space, and
extended Banach or Hilbert G-flow spaces, ---, etc. All of these makes it clear that holding
on the reality of things by classical mathematics is partial, only on the coherent behaviors of
things for itself homogenous without contradictions but the extended mathematics over graphs
G can characterize contradictory systems, and accordingly can be applied to hold on the reality

of things because contradiction is universal in the nature.

For terminologies and notations not mentioned here, we follow references [5] for functional
analysis, [9]-[11] for graphs and combinatorial geometry, [2] for differential equations, [27] for

elementary particles, and [1],[10] for Smarandache multispaces or multisystems.

82. Graphs Labeled by Sets

Notice that the understanding form (1.1) of things is in fact a Smarandache multisystem fol-

lowing, which shows the importance of labeled graphs for things.

Definition 2.1([1],[10]) Let (X1;R1), (22;R2), -+, (Bm;Rm) be m mathematical systems,

~ m ~ m
different two by two. A Smarandache multisystem ¥ is a union |J 3; with rules R = |J R;
i=1 i=1

on ¥, denoted by (X;R).

Definition 2.2([9]-[11]) For an integer m > 1, let (S;R) be a Smarandache multi- system
consisting of m mathematical systems (X1;R1), (X2;Rz2), -+, (Zm; Rm). An inherited combi-
natorial structure G* [i,ﬁ] of (i,ﬁ) is a labeled topological graph defined following:

v (GL[i;ﬁ]) = {31, %,+  O),
E (GL[fj;ﬁ]) = (B, Z)IZNE; £ 0, 1<i#j <m)} with labeling
for integers 1 < i # j <m.

For example, let X1 = {a,b,c}, Xo = {a,b,e}, X3 = {b,c,e}, Xy = {a,c,e} and R; = 0
~ ~ ~ 4 ~
for integers 1 < i < 4. The multisystem (X;R) with ¥ = |J ¥; = {a,b,¢,d,e} and Z = 0 is
i=1

characterized by the labeled topological graph G [i, ﬁ] shown in Fig.5.

,b
H——6

{a,e}

O\ 5
&) {e.c} 2

Fig.5
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2.1 Exact Labeling

A multiset S = (J S; is ezactif S; = |J (S; (N S:) for any integer 1 < i < m, ie., for any

i=1 j=Li#i
vertex v € V (GL [i,ﬁ]), Sy = U (Sy[)Su) such as those shown in Fig.5. Clearly, a
uENqL (v)

multiset S uniquely determines a labeled graph G* by Definition 2.2, and conversely, if G is

a graph labeled by sets, we are easily get an exact multiset

S= U s owih 5= U (S)8)-

veEV(GL) uENqr (v)

This concludes the following result.

Theorem 2.3([10]) A multiset S uniquely determine a labeled graph GZ[S], and conversely,

any graph G* labeled by sets uniquely determines an exact multiset S.

All labeling sets on edges of graph in Fig.4 are 2-sets. Generally, we know

S
Theorem 2.4 For any graph G, if |S| > kx(G) > A(G)x(G) or 151 > X'(G), there is
k
a labeling L with k-subset labels of S on all vertices or edges on G, where (G), A(G) x(G)
and X' (G) are respectively the size, the maximum valence, the chromatic number and the edge
chromatic number of G.
Furthermore, if G is an s-regular graph, there exist integers k,l such that there is a labeling

L on G with k-set, l-set labels on its vertices and edges, respectively.

Proof Clearly, if |i| > X'(G), we are easily find x'(G) different k-subsets C1, Ca, - - -, Cyr(q)
of S labeled on edges in G, and if |S| > kx(G) > A(G)x(G), there are x(G) different k-subsets
C1,Ca,--+,Cy ) of S labeled on vertices in G such that S;(S; = () or not if and only if
uv € E(G) or not, where u and v are labeled by S; and S;, respectively.

Furthermore, if G is an s-regular graph, we can always allocate x'(G) I-sets {C1,Ca, - - - , Cyr () }
with C; (N C; = 0 for integers 1 < i # j < x'(G) on edges in E(G) such that colors on adjacent

edges are different, and then label verticesvin Gby |J C(vu), which is a sl-set. The proof
uENgG(v)
is complete for integer k = sl. O

2.2 Linear Space Labeling

Let (17,F) be a multilinear space consisting of subspaces V;, 1 < i < |G| of linear space V

over a field F. Such a multilinear space (V; F) is said to be ezact if V; = @ (V:NV;) holds for
J#i

integers 1 < 7 < n. According to linear algebra, two linear spaces V and V' over a field F' are

isomorphic if and only if dimV = dimV”’, which enables one to characterize a vector V space by

its basis Z(V) and label edges of G[V; F] by L : V,V, — B (Vu (\Va) for YV, V, € E (G[I7; F])
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in Definition 2.2 such as those shown in Fig.6.

BVu(1V0)

Fig.6

Clearly, if (V; F) is exact, i.e., V; = @ (Vi V;), then it is clear that
J#i

B(V) = U BV (V') and (BV V)@V (V") =0

VV/eE(G[V;F))

by definition. Conversely, if

2v)= U 20vOV) ad z(vOV)N2(vOV") =0

VV'eE(G[V;F])
for V!, V" € Ne.r) (V). Notice also that VV' € E (G[‘N/,F]) if and only if VOV’ # 0, we

know that
V=i v)
J#i

for integers 1 < i < n. This concludes the following result.

Theorem 2.5([10]) Let (V; F) be a multilinear space with V = |J Vi. Then it is ezact if and
i=1
only if

2v)= U 2(VOV) e 2(vOV)O2(VOV") =0

VV'e€E(G[V;F])

for V', V" e Ne.r) (V).
2.3 Euclidean Space Labeling

Let R™ be a Euclidean space with normal basis Z(R"™) = {€1,€2, -+ ,€,}, where€; = (1,0,--- ,0),

€& =(0,1,0---,0),---,&, = (0,---,0,1) and let (XN/, F) be a multilinear space with V= U R™
i=1

in Theorem 2.5, where R™ (R" # R™»{%7} for integers 1 < i # j < n,,. If the labeled graph

G[\7;F | is known, we are easily determine the dimension of dimV. For example, let G be

a labeled graph shown in Fig.7. We are easily finding that %’(ﬁ) = {&,€,€3,€4,€5,66}, €.,

dimV = 6.
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R? {&2} R3

{e} {&}

R? {€2} R3

Fig.7

Notice that V is not exact in Fig.7 because basis €3, €4, €5, € are additional. Generally, we

are easily know the result by the inclusion-exclusion principle.

Theorem 2.6([8]) Let G be a graph labeled by R™1, R™=, ... R"™ 6. Then

dimG* = > (—=1)*Fdim(R™s (\R™2 (][ R™*),
(0, EV(G)|1<i<s)ECL(G)

where CLy(G) consists of all complete graphs of order s in GF.

However, if edge labelings Z(R™ (YR™) are not known for wv € E (G¥), can we still
determine the dimension dimG*? In fact, we only get the maximum and minimum dimensions

dimyne GY, dimpi, G in case.

Theorem 2.7([8]) Let GL be a graph labeled by R™1, R™=, --. R"I¢ on vertices. Then its

mazximum dimension dim,,..GY is

dimyeGY =1—m+ Z o
veV(GL)

with conditions dim(R™ NR"™) =1 for Yuv € E (G*).

However, for determining the minimum value dim,,;,G* of graph G labeled by Euclidean
spaces is a difficult problem in general. We only know the following result on labeled complete
graphs K,,,,m > 3.

Theorem 2.8([8]) For any integer v > 2, let KL(r) be a complete graph K,, labeled by

FEuclidean space R™ on its vertices, and there exists an integer s, 0 < s <r — 1 such that

r+s—1 r+s
<m<
T T

Then
dimyin KL (1) =7 + 5.
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Particularly,
3, if m=1,
. L ; if 2<m <4,
dim,;n K, (3) =
5, if 5<m <10,

2+ [ym], if m> 1L

All of these results presents a combinatorial model for characterizing things in the space

R™,n > 4, particularly, the G solution of equations in the next subsection.

2.4 G’-Solution of Equations

Let R™, R™ be Euclidean spaces of dimensional m, n > 1 and let T : R" x R™ — R™ be a
C*, 1 < k < oo mapping such that T'(Z,%,) = 0 for Ty € R", 7, € R™ and the m x m matrix
0T |9y (To,7,) is non-singular, i.e.,
o017 .
det(ﬁ—yi) ‘(EO%) # 0, where 1 <i,57 <m.

Then the implicit mapping theorem concludes that there exist opened neighborhoods V' C R™
of Top, W C R™ of 7, and a C*¥ mapping ¢ : V — W such that T(Z, #(T)) = 0. Thus there
always exists solution ¥ for the equation T'(Z,%) = 0 in case.

By the implicit function theorem, we can always choose mappings 11,75, - , T, and
subsets St, C R™ where S7, # () such that T; : S7, — 0 for integers 1 < i < m. Consider the

system of equations

(ESwm)

in Euclidean space R",n > 1. Clearly, the system (ES,,) is non-solvable or not dependent on

(S, =0 or #0.

=1

This fact implies the following interesting result.

Theorem 2.9 A system (ES,,) of equations is solvable if and only if ﬁ St, # 0.
i=1
Furthermore, if (ES,,) is solvable, it is obvious that GX[ES,,] ~ KL. We conclude that
(ES,,) is non-solvable if GL[ES,,] # KL. Thus the case of solvable is special respect to the
general case, non-solvable. However, the understanding on non-solvable case was abandoned in
classical for a wrongly thinking, i.e., meaningless for hold on the reality of things.
By Definition 2.2, all spaces St;,1 < i < m exist for the system (ES,,) and we are easily

get a labeled graph G*[ES,,], which is in fact a combinatorial space, a really geometrical figure
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in R™. For example, in cases of linear algebraic equations, we can further determine G*[ES,,]
whatever the system (ES,,) is solvable or not as follows.

A parallel family € of system (ES,,) of linear equations consists of linear equations in
(E'S,,) such that they are parallel two by two but there are no other linear equations parallel

to any one in ¢. We know a conclusion following on GL[ES,,] for linear algebraic systems.
Theorem 2.10([12]) Let (ESy,) be a linear equation system for integers m,n > 1. Then

GY[ES,] ~ K-

N1,M2,0 N

with ny +n+ 2+ -+ +ns = m, where €, is the parallel family with n; = |€;| for integers
1<i<sin (ESy) and it is non-solvable if s > 2.

Similarly, let
X=AX, -, X=A4X, -, X=4,X (LDES )

be a linear ordinary differential equation system of first order with

(k] [K] (k]

ay; Q2 o Ay z1(t)
k k k

P I I B N P
abl aly - all) o (t)

(K]
j

Notice that the solution space of the ith in (LDES}) is a linear space. We know the result
following.

where each a;: is a real number for integers 0 < k <m, 1 <i,j <n.

Theorem 2.11([13], [14]) Every linear system (LDESL) of homogeneous differential equations
uniquely determines a labeled graph GE[LDESL), and conversely, every graph G* labeled by
basis of linear spaces uniquely determines a homogeneous differential equation system (LDES}))

such that GEF[LDES}] ~ G*.

For example, let (LDES})) be the system of linear homogeneous differential equations

i—3i+20=0 (1)
i —5i+ 61 =0 (2)
i —Ti+120=0 (3)
i — 9%+ 20z =0 (4)
i—11&+30z=0 ()
i —Ti+62x=0 (6)

d? d
where & = —f and & = —. Then the solution basis of equations (1) — (6) are respectively

{et, €2}, {e?, 31}, {3, e}, {e, ePt}, {eP €%}, {e%, !} with a labeled graph shown in Fig.8.
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{et,82t} {th} {62t,83t}
) o
{eﬁt, et} {6375, e4t}
{€6t} {e4t}

{65t:66t} {est} {e4t,-e5t}

Fig.8

An integral labeled graph G is such a labeling L! : G — Z* that L (uwv) < min{L!(u), LT (v)}
for Vuv € E(G), and two integral labeled graphs ij and Gé,l are said to be identical, de-
noted by GF' = Gé/l if G £ Gy and Li(x) = Li(p(z)) for graph isomorphisms ¢ and
Vo € V(Gy) UE(GQ. For Iexample,I these Ilabeled graphs shown in Fig.9 are all integral on
Ky — e, we know Gi'' = G5 but GI'* # G5 by definition.

3 2 4 4 2 3 3 1 3
1 2 2 1 1 2 2 2
4 2 3 3 2 4 4 1 4

I I I
Gh Goe Gye
Fig.9

For 2 linear systems (LDES}), (LDESL)" of ordinary differential equations, they are
called combinatorially equivalent, denoted by (LDES}.) £ (LDES},) if there is an isomorphism
¢ : GF[LDES},] — GY'[LDES]},] of graph, linear isomorphisms ¢ : x — &(z) of spaces and
labelings L1, La such that ¢L;(z) = Lap(&(z)) for Vo € V(GL[LDESL ) J E(GE[LDESL)),
which are completely characterized by the integral labeled graphs.

Theorem 2.12([13], [14]) Let (LDES},), (LDES},)" be two linear system of ordinary differ-
ential equations with integral labeled graphs G [LDES! ], e [LDESL). Then (LDES}) £
(LDESL) if and only if GL'[LDESL)| = GV [LDESL]'.

83. Graphical Tensors

As shown in last section, labeled graphs by sets, particularly, geometrical sets such as those
of Euclidean spaces R™,n > 1 are useful for holding on things characterized by non-solvable

systems of equations. A further question on labeled graphs is
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For labeled graphs GI,GL GL | is there a binary operation o : (G¥ ,GL) — GL? And can
we established algebra on labeled graphs?

Answer these questions enables one to extend linear spaces over graphs G hold with con-

servation laws on its each vertex and establish tensors underlying graphs.

3.1 Action Flows

Let (¥; 4+, -) be a linear space over a field #. An action flow (E’), L, A) is an oriented embedded

graph G ina topological space . associated with a mapping L : (v,u) — L(v,u), 2 end-

operators At : L(v,u) — LA (v,u) and A}, : L(u,v) — L4 (u,v) on ¥ with L(v,u) =
—

—L(u,v) and A}, (—=L(v,u)) = —L*% (v, u) for V(v,u) € E (G)

Al L(u,v) Al

Fig.10

holding with conservation laws

Z LA (v,u) =0 for YveV (5})
uwENg(v)

such as those shown for vertex v in Fig.11 following

L(u,v) L(v,us)

Fig.11

with a conservation law
—LAl(v, uy) — LA (v,ug) — LA (v,u3) + LA (v,uq) + LA (v,us) + LAs (v,ug) = 0,

and such a set {—L4(v,u;),1 < i < 3} J{L4,4 < j < 6} is called a conservation family at

vertex v.

Action flow is a useful model for holding on natural things. It combines the discrete with
that of analytical mathematics and therefore, it can help human beings understanding the

nature.

9]
For example, let L : (v,u) — L(v,u) € R" x RT with action operators A}, = Qo and

Ay @ R™ — R for any edge (v,u) € E (6) in Fig.12.
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Fig.12

Then the conservation laws are partial differential equations

1 2
s OL(t, u) o OL(t,u) —an OL(u,v)
OL(u,v) OL(v, w)! OL(v,w)? OL(v,t)
UUT = Ayl Qo2 Aot ot
OL(v,w)? OL(v,w)? IL(w,t) ’
Ayl =7, T Qyw? f = Qut T
OL(w,t) n OL(v,t) OL(t,u) n OL(t,u)?
Aot ot Ayt ot = Qg2 ot QA2 ot

which maybe solvable or not but characterizes behavior of natural things.
If A =1y, an action flows (E’), L, 1»1/) is called 6—ﬂow and denoted by E:)L for simplicity.
We naturally define
E')Ll + 5“ = 5L1+L2 and A- E')L = 5})&

—.

— — —.
for VA € . All G-flows G” on G naturally form a linear space (G Y+, ) because it hold

with:

(1) A field .# of scalars;
(2) A set G7 of objects, called extended vectors;
(3) An operation “4”, called extended vector addition, which associates with each pair of
— — L= — L = — —
vectors GL1, GL2 in G” a extended vector GL1tL2 in GV, called the sum of G and G L2,

in such a way that

(a) Addition is commutative, Gl Gle = Gl 4 E')Ll;
(b) Addition is associative, (6L1 + 6“) +Gls =Gl + (5“ + 5L3);
(¢) There is a unique extended vector 60, ie., O(v,u) = 0 for Y(v,u) € E (5’) in 67/,
called zero vector such that 5L + @0 = 5L for all 5)L in @A’/;
(d) For each extended vector G there is a unique extended vector G such that G¥ +
— — —
G L=G%in G”;
(4) An operation “, called scalar multiplication, which associates with each scalar k in F
— — —
and an extended vector G in G” an extended vector k- G in ¥, called the product of k

. —)L .
with G'*, in such a way that

(a) 1- Gl =GP for every G in 5}7/;

(1) (kiks) - GF = ki (ks - GF);
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(c) k-(6L1+§L2):k.§L1+k,5’L2;
val?

(d) (k1 + ko) - GL = &y thy-GL

3.2 Dimension of Action Flow Space
Theorem 3.1 Let 4 be all action flows (5), L, A) with A € O(¥). Then

dim@ = (dimO(¥) x dim¥)*(¢)

if both ¥ and O(Y') are finite. Otherwise, dim¥ is infinite.

Particularly, if operators A € ¥*, the dual space of ¥ on graph 5: then
dim¥ = (dim“//)w(c) ,

where (3 (5) =c (5) — ‘6‘ + 1 is the Betti number of G.

Proof The infinite case is obvious. Without loss of generality, we assume 5 is connected
with dimensions of ¥ and O(¥) both finite. Let L(v) = {LAw(v,u) € ¥ for some u €
% (E’))}, veV (5’) be the conservation families in ¥ associated with (5’, L, A) such that
LA% (v,u) = —AJ, (L(u,v)) and L(v) () (=L(u)) = LA (v,u) or (. An edge (v,u) € E (6)
is flow freely or not in G if LA (v,u) can be any vector in ¥ or not. Notice that L(v) =

{LA%(v,u) € ¥ for some u € V (Zf)}, veV (5’) are the conservation families associated

with action flow (5’, L, A). There is one flow non-freely edges for any vertex in G at least
and dim¥ is nothing else but the number of independent vectors L(v,u) and independent

end-operators A}, on edges in G which can be chosen freely in 7.

We claim that all flow non-freely edges form a connected subgraph 7' in G. 1 not, there

are two components C1(T) and Co(T) in T such as those shown in Fig.13.

Fig.13

In this case, all edges between C1(T') and Cy(T) are flow freely in G. Let vp be such a

vertex in C1(T') adjacent to a vertex in C2(T"). Beginning from the vertex vy in C1(T), we
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choose vectors on edges in

Eg (vo, Ng(vo)) m (C1(T))¢ »
Ea (Na(vo) \ {vo}, Na(Na (v0)) \ Ne(vo)) () (C1(T))g »

in (C1(T')) by conservation laws, and then finally arrive at a vertex ug € V(C2(T')) such that
all flows from V(C1(T)) \ {uo} to ug are fixed by conservation laws of vertices Ng(ug), which
result in that there are no conservation law of flows on the vertex wug, a contradiction. Hence,

all flow freely edges form a connected subgraph in a. Hence, we get that

dim@ < dimO(¥)) E@-ED]  (dimy) P -ED)
—  (dimO(¥) x dim¥)*(E)
We can indeed determine a flow non-freely tree 7' in G by programming following:
STEP 1. Define X7 = {v,} for Vv, € V (6),
STEP 2. IfV (5’) \ X1 # 0, choose v2 € Ng (v1) \ X1 and let (v1, v2) be a flow non-freely

edge by conservation law on v; and define Xy = {v1,v3}. Otherwise, T = vg.

STEP 3. IfV (6}) \ X2 # (), choose v3 € Ng (X1)\ X2. Without loss of generality, assume
v adjacent with vo and let (vg,vs) be a flow non-freely edge by conservation law on vy with
X3 = {v1,v2,v3}. Otherwise, T' = v1vs.

STEP 4. For any integer k > 2, if X has been defined and V (5) \ X # 0, choose
Ukt1 € Ng (X&) \ Xg. Assume vy, adjacent with v¥ € X, and let (v, v 1) be a flow non-freely
edge by conservation law on v* with X1 = X [J{vkt1}. Otherwise, T is the flow non-freely
tree spanned by (Xj) in G.

STEP 5. The procedure is ended if X =, has been defined which enable one get a spanning

K]
flow non-freely tree T of G.

Clearly, all edges in E (E’)) \ E(T) are flow freely in ¥". We therefore know
dmg > (dim0(#))* (%)== (dimy)=(6) =D
= (dimO(7) x dim”1/)8<c)_|G|+1 = (dimO(¥) x dim“//)m(c) '

Thus,
dim@ = (dimO(¥) x dim?)??(¢) | (3.1)

If operators A € ¥*, dim¥?™* = dim¥. We are easily get
dim¥ = (dim“//)m(c)

by the equation (3.1). This completes the proof. |
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— —
Particularly, for action flows (G; L, 1»1/), i.e., G-flow space we have a conclusion on its
dimension following

C =2 B(G) . ) . ) . o
orollary 3.2 dimG” = (dim¥) if V is finite. Otherwise, dimJ€ is infinite.
3.3 Graphical Tensors

Definition 3.3 Let (5}1;L1,A1) and (52;L2,A2) be action flows on linear space V. Their
tensor product (51; Ly, Al) ® (52; Lo, Ag) is defined on graph 51 ® 52 with mapping

L ((v1,u1), (v2,u2)) — (L1(vi,ur), La2(v2, uz2))

el Yel i + — A+ +
on edge ((v1,u1), (v2,u2)) € E(G1® Ga) and end-operators Al u)(wauz) = Adrur © Ay
Aa%uz)(vl)ul) = Al ® AL, such as those shown in Fig.14.

Ve L(v1,u1) ou
A'U+1u1 A;Ilvl ® A L A/
(’Ul, ’02) (ulu-u2)
Lo (v2,u2)
Ve ® U2
A'U+27J,2 A'—U“r2'U2
Fig.14

— —
with L = (L1 (v1,u1), LQ(_U)Q, uz)) ind A=Ar, QAL A=Al @AL ., where G1® G,
is the tensor product of G1 and G with

V(G ) =V (Gi)x v (Ca)

and E (51 ® 52) = {((v1,v2), (u1,u2))| if and only if

(v1,u1) € E (61) and (vo,uz) € E (62)}

with an orientation O : (vy,v2) — (u1,u2) on ((v1,v2), (u1,u2)) € £ (81 ® 82)

Indeed, (5’1;L1,A1) ® (aQ;LQ,Ag) is an action flow with conservation laws on each

vertex in G1 ® G2 because

Z A'jlul ®A1J)r2ug (Ll(vlaul)aLQ(v25u2)>
(u1,u2)€ENG, @G, (v1,v2)
- > Ad o (La(v1,w)) A, (La(v2, uz))

(u1,u2)ENG, @G, (V1,v2)

= Z (Ll(vl,ul))&fwl X Z (LQ(UQ,UQ))A"TZ“Q -0

u1€Ng, (v1) u2€Ng, (v2)
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— —
for V(vy,vg) €V (Gl ® Gz) by definition.

Theorem 3.4 The tensor operation is associative, i.e.,

((61;131,/11) X (az;Lz,Az)) X (63;1?3,/13)
= (61;111,141) X ((62;1327142) X (53;133,143)) :

Proof By definition, (5}1 ®E’>2) ® 53 = 51 ® (5}2 ®E’>3). Let (v1,u1) € E (5}1),

(’UQ,UQ) ek (52) and (Ug,Ug) ck (63) Then, ((1)1,’02,1)3), (ul,UQ,U3)) ek (51 ® 52 & Ez )
with flows (L1 (vi,u1), La(va, uz), L3(vs, us)), and end-operators (A7, ® Af ) ® Af, . in

((ﬁl;Ll,Al) ® (E’Q;LQ,AZ))®(63;L3,A3) but A, ®(AL . ® AL, )in (Gl;Ll,Al)
((Zﬁg;Lg,Ag) ® (ﬁg;L3,A3)) on the vertex (v1,ve,vs3). However,

(Av+1u1 ® A;’; uz) ® Ai-gua = Ai-;m (Av+z ug ® Ajsus)
for tensors. This completes the proof. O

U . =L =L
Theorem 3.4 enables one to define the product &) (Gi; L;, Ai). Clearly, if {Gi G,

i=1
Lin; | . = Ly L2, HLni . .
-, G risabaseof G/ ,then G " ® G, ®---®Gr", 1 <1; <ng, 1 <@ <nform

K2

SN oo AV = .. .
a base of G;' ® G4*> ®---® G, . This implies a result by Theorem 3.1 and Corollary 3.2.

Theorem 3.5 dim é Gi;Li,Ai>> _ ﬁdim%zﬁ(al)
= 1

i=1

Particularly, dim ®5}Z/l> = Hdim“//iﬁ(ci) and furthermore, if ¥; = ¥V for integers
i=1 i=1
1<i<m, then

Ql

= > B G
d1m< GV> = dim”f/iZl ( )7

N
and if each G; is a circuit Cm., or each Gi s a bouquet Bm. for integers 1 < i < m, then

dim (® 5)Z/> =dim¥" or dim (® 57) = dimy™ Tt tnm
i=1 i=1

84. Banach G-Flow Spaces

The Banach and Hilbert spaces are linear space ¥ over a field R or C respectively equipped
with a complete norm || - || or inner product (-,-), i.e., for every Cauchy sequence {z,} in ¥,
there exists an element = in ¥ such that

lim ||z, —z|ly =0 or lim (z, — 2,2, — ), =0.
n—oo n—oo
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We extend Banach or Hilbert spaces over graph G by a kind of edge labeled graphs, i.e., G-flows
in this section.

4.1 Banach G-Flow Spaces

— — —
Let # be a Banach space over a field .# with . = R or C. For any G-flow GL € G”, define

Ié4 = > 1w,

—

(v,u)EE(G)
where ||L(v,u)|| is the norm of L(v,u) in ¥". Then it is easily to check that
(1) HE')LH >0 and HE')LH =0 if and only if G = Go.
(2) H@ELH =¢ H@LH for any scalar €.

(3) |Gt + Gt

< H@Ll

|

N
Whence, || - || is a norm on linear space G'”. Furthermore, if # is an inner space, define

<5>L1,5L2> = Z (Ly(v,u), La(v,u)) .

(u,v)EE(a)
(4) <5L,6L> >0 and <Z¥>L, 5L> = 0 if and only if L(v,u) = 0 for V(v,u) € E(a), ie.,
) (G0, G) = (G, G0 for v G € 7.
(6) For 5L,6L1,6L2 € 5}’/, there is
T T
A(@9, G+ (GG,

_
Thus, G” is an inner space. As the usual, let
[e)=y(enex)

=L - A o -
for G* € G”. Then it is also a normed space.

If the norm || - || and inner product (-, ) are complete, then H@L ‘ and <6L, 6L> are too
(o
)

—
also, i.e., any Cauchy sequence in G'” is converges. In fact, le be a Cauchy sequence

t
in G”. Then for any number ¢ > 0, there exists an integer N (g) such that

— —
HGL" — GLmH <e
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if n,m > N(g). By definition,

[ L (v, 0) = Lin (v,u)|| < HZ;’Ln _ azmH -

e, {L,(v,u)} is also a Cauchy sequence for V(v,u) € E (6), which is converges in ¥ by
definition.
Now let L(v,u) = lim L,(v,u) for V(v,u) € E (E’)) Clearly,

n—oo

lim E')L” = E')L.

n—oo

=L v ..
Even so, we are needed to show that G~ € G 7. By definition,

N
Z L,(v,u) =0, vEV(G)
uENg(v)
for any integer n > 1. If n — oo on both sides, we are easily knowing that

lim Z L,(v,u) | = Z lim L, (v,v)

n—oo n—oo

uENg(v) uENg(v)

= Z L(v,u) = 0.

uwENgG(v)

Thus, E)L € 67/, which implies that the norm is complete, which can be also applied to the
case of Hilbert space. Thus we get the following result.

Theorem 4.1([18], [22]) For any graph 5, G” is a Banach space, and furthermore, if ¥ is
=
a Hilbert space, G” is a Hilbert space also.

_>’y _>’y . .
An operator T: G” — G7” is a contractor if

|r(6*) - (")

<ef -

— — —

for VG, GT € G7 with € € [0,1). The next result generalizes the fixed point theorem of
—

Banach to Banach G-flow space.

Theorem 4.2([18]) Let T : G? — G be a contractor. Then there is a uniquely G-flow
—

E)L € 67/ such that T (GL) = 5’9
An operator T : G7 = G is linear it
T (G 4 T) = T (G0 4 (T2)

— — — . . .
forVG L1, GE2 € G” and A\, u € .%. The following result generalizes the representation theorem

— —
of Fréchet and Riesz on linear continuous functionals to Hilbert G-flow space G” .
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Theorem 4.3([18], [22]) Let T : G” — C be a linear continuous functional. Then there is a
—- = — - == — —
unique G¥ € G” such that T (GL) = <GL, GL> forVGE e G7.

4.3 Examples of Linear Operator on Banach 6-F10w Spaces

Let 42 be a Hilbert space consisting of measurable functions f(x1,za, -+ ,z,) on a set
A= {(l’l,.’[]g,"' wrn) ERnlal <x; < blul <i< TL},

which is a functional space L?[A], with inner product
(F(0).960) = [ ToRIaGodx for fx).a0) € L2

_
where x = (21,22, - ,x,) and G an oriented graph embedded in a topological space. As we

— — —
shown in last section, we can extended # on graph G to get Hilbert G-flow space G 7% .

The differential and integral operators

on # are extended respectively by

DE’L — oDbL)

and
/ GLr — / K(x,y)G ¥ dy = Gla Ko L@)lyldy,
A A
= da; 0 . .
for V(u,v) € E (G), where a;, 3 € C°(A) for integers 1 <4,j <nand K(x,y) : AX A —
Zj
C € L*(A x A,C) with
K(x,y)dxdy < oo.
AxXA

Clearly,

D (AaLl(v,u) + MaLg(v,u)> - D (ﬁkLl(v,u)ﬂ—uLg(v,u))
_ a)D(kLl(v,u)-i—uLg(v,u)) _ 6D(>\L1(v,u))+D(uLg(v,u))

— GDPOLi(vw) 4 GD(uLla(vw) — p (gml(v,u)) 4 5’<uL2<v,u>>)

=D (G0} 4 D (uGrao)



Labeled Graph — A Mathematical Element 47

for 5L1,§L2 € G and A€ R e,
D (AE’LI + ;ﬁb) —ADG™ + uDG ™.

Similarly, we can show also that

/ (A5L1+M5L2) =/\/ §L1+u/ Gle,
A A A

i.e., the operators D and / are linear.
A

— —
Notice that G L") € G? there must be

Z L(v,u) =0 for VUEV(@),

uENg(v)

We therefore know that

0=D Z L(v,u) | = Z DL(v,u)

uENg(v) uENg(v)

and

:/A S L= Y /L(v,U)

u€Ng(v) uENg(v)

for Vv e V (6) Consequently,

e e
2 1
t
. et e 1 D 1 el et 1
te 1
et et
et €w -1
T 2
3 t f f[O.,z] 2 z /2
theNee o — = T/ 12°/2
e® ~1 11
t z2/2
et e’ —1

Fig.15
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[0, 2] and let G be the G-flow

For example, let f(t) =t, g(t) = et, K(t,7) =1 on A
shown on the left side in Fig.15. Calculation shows that Df =1, Dg=-e

/KtT dT—/TdT—— /KtT dT—/ etdr=e"—1
0 0

N
and the actions DG,
(0,1]

Particularly, the Cauchy problem on heat equation

=L . . .
G*" are shown on the right in Fig.15.

is solvable in R™ x R if u(x,tp) = ¢(x) is continuous and bounded in R", and ¢ is a non-zero
. =1 .

constant in R. Certainly, we can also consider the Cauchy problem in G, i.e

0X o= 0%X

o =L
with initial values X |;—,, and get the following result

— —mn
Theorem 4.4([18]) For VG € G®"*E and a non-zero constant c in R, the Cauchy problems
on differential equations
0X o= 0%X

ot ¢ Z Ox?

’ —mn
with initial value X |—, = G € GR"™*R js solvable in G®"*® if L' (v,u) is continuous and

bounded in R™ for ¥(v,u) € E (G)
Fortunately, if the graph 5’ is prescribed with special structures, for instance the circuit
—
decomposable, we can always solve the Cauchy problem on an equation in Hilbert G-flow space
N
G 77 if this equation is solvable in .7

|, [22]) If the graph G is strong-connected with circuit decomposition

Theorem 4.5([18

=

1
N
=Jc
i=1
such that L(v,u) = L; (x) for V(v,u) € E (6’:), 1 < ¢ <[ and the Cauchy problem
fg.i (X7u7u:617" Uz, Uzqaos ) =0

ey = Lilx)

is solvable in a Hilbert space # on domain A C R” for integers 1 < ¢ <[, then the Cauchy
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problem
ji (XaXaXIU"' 7Xi6n7X$1f627"') =0
—
Xlx, = GE

— —
such that L (v,u) = L;(x) for V(v,u) € X (Cl) is solvable for X € G 7.

85. Applications

Notice that labeled graph combines the discrete with that of analytic mathematics. This char-
acter implies that it can be used as a model for living things in the nature and contributes to
system control, gravitational field, interaction fields, economics, traffic flows, ecology, epidemi-
ology and other sciences. But we only mention 2 applications of labeled graphs for limitation
of the space, i.e., global stability and spacetime in this section. More its applications can be
found in references [6]-[7], [13]-[23].

Fig.16

5.1 Global Stability

The stability of systems characterized by differential equations (ES,,) addresses the stability
of solutions of (ESy,) and the trajectories of systems with small perturbations on initial values,
such as those shown for Big Dipper in Fig.16.

In mathematics, a solution of system (ES,,) of differential equations is called stable or
asymptotically stable ([25]) if for all solutions Y (¢) of the differential equations (F.S,,) with

[Y(0) = X(0)] < 6(e),

exists for all ¢ > 0,
Y(t) - X(#)| <e
for Ve > 0 or furthermore,

lim [V/(£) — X(t)] = 0.

However, by Theorem 2.9 if [ Sy, = () there are no solutions of (ES,,). Thus, the classical

i=1
theory of stability is failed to apply. Then how can one characterizes the stability of system
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(ESy)? As we have shown in Subsection 2.4, we always get a labeled graph solution GF[ES,,]
of system (ES,,,) whenever it is solvable or not, which can be applied to characterize the stability
of system (ESy,).

Without loss of generality, assume G (t) be a solution of (ES,,) with initial values G (t)
and let w : V (GF[ES,,]) — R be an index function. It is said to be w-stable if there exists a
number d(g) for any number € > 0 such that

oo (G200 <=
or furthermore, asymptotically w-stable if

lim Hw (Gro-t) H =0

t—o0o

if initial values hold with
[ L1(to)(v) = La(to)(v)|| < d(e)

for Vv e V (E’)) If there is a Liapunov w-function L(w(t)) : ¢ — R,n > 1 on G with 0 C R®

open such that L(w(t)) > 0 with equality hold only if (21,22, -+ ,2,) = (0,0,---,0) and if
dL(w)

t > to, < 0, for the w-stability of 5-ﬂ0w, we then know a result on w-stability of (ESy,)

following.

Theorem 5.1([22]) If there is a Liapunov w-function L(w(t)) : € — R on GL[ES,,] of system
(ESy,), then G[ES,,] is w-stable, and furthermore, if L(w(t)) < 0 for GF[ES,,] # G°[ESm),
then GE[ES,,] is asymptotically w-stable.

For linear differential equations (LDES},), we can further introduce the sum-table sub-

graph following.

Definition 5.2 Let H” be a spanning subgraph of GF[LDESL ] of systems (LDES}.) with ini-
tial value X,(0),v € V (G[LDES})]). Then GF[LDES}] is called sum-stable or asymptotically
sum-stable on HL if for all solutions Y,(t), v € V(HL) of the linear differential equations of
(LDES),) with |Y,(0) — X, (0)| < 8, exists for all t >0,

Yo v - Y. X)) <e
veEV(HL) veEV(HL)

or furthermore,

lim YooY - D X)) =0

vEV(HL) veV(HE)
We get a result on the global stability for G-solutions of (LDES}.) following.

Theorem 5.3([13]) A labeled graph solution GP[LDESL] of linear homogenous differen-
tial equation systems (LDESY) is asymptotically sum-stable on a spanning subgraph H* of
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GLILDES) ] if and only if Rea, < 0 for each B, (t)e*' € %,, Vv € V(H") in G* [LDES},].

Example 5.4 Let a labeled graph solution GL[LDES} | of (LDES},) be shown in Fig.17,
where vy = {e=2t,e738 ¢31) vy = {e™3, e}, 13 = e, e, ), uy = {5t 76, Bl
vy = {e "t e 0} wvg = {e7t e72, e 8}, Then the labeled graph solution G°[LDES} ] is sum-

stable on the labeled triangle v4v5vg but not on the triangle vivsvs.

vg {e2}y
{e'} {e7?}
vs {e=™}  {e¥} V2
{e7} e~}
Va4 {e=5}  wv3
Fig.17

Similarly, let the system (PDESS) of linear partial differential equations be

ou Hit )
oy — il T, s Tp—1, sy Pn— .
ot . PP by e (APDESS)
ulimty = uf (21,22, 201)
A point Xéi] = (fo,év[l%,--- ,in_l)O) with Hi(to,x[l%,--- ,in_l)O) =0forl <i<mis

called an equilibrium point of the ith equation in (APDESS). Then we know the following
result, which can be applied to the ecological mathematics for the number of species> 3 ([31]).

Theorem 5.5([17]) Let X([)i] be an equilibrium point of the ith equation in (APDESS ) for

m m Hl m i

integers 1 < i <m. If > H;(X) >0 and > 8(% <0 for X # > X(g], then the labeled
= i=1 i=1

0H;

i=1
graph solution GEF[APDESS)] of system (APDESS, ) is sum-stable. Furthermore, if > 5
i=1

0 for X # > X([)i], then the labeled graph solution GE[APDESS) of system (APDESS) is
i=1

<

asymptotically sum-stable.

Fig.18

An immediately application of Theorem 5.5 is the control of traffic flows. For example, let

O be a node in N incident with m in-flows and 1 out-flow such as those shown in Fig.18. Then,
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what conditions will make sure the flow F being stable? Denote the density of flow F by pl

and f; by pl? for integers 1 < i < m, respectively. Then, by traffic theory,

apl
ot

aplt

+ i (pl) B

=0, 1<i<m.

We prescribe the initial value of pl by pl? (x,to) at time ty. Replacing each Pl by p in
these flow equations of f;, 1 < i < m, we get a non-solvable system (PDESS) of partial

differential equations
ap dp
“F J(p)== =0
or T, 1<i<m.
pli=ty = pl? (z,t0)
apl)
ox

m m 52p , 6p 2
> i) <0 and 3o [atax _#(p) (%) ] >0

for X # > pg], then the flow F' is stable, and furthermore, if
k=1

Denote an equilibrium point of the ith equation by pg ], ie., ¢; (pg])
5.5, if

= 0. By Theorem

m 2 2
S o) laiai —#(p) %) ] <0

=1

for X £ pg], it is asymptotically stable.
k=1

5.2 Spacetime

Usually, different spacetime determine different structure of the universe, particularly for the

solutions of Einstein’s gravitational equations
v 1 v v 1
RMY — §Rg“ + Ag"" = =8 GT"",

where R# = REY = gagRo‘“B”7 R = g, R" are the respective Ricci tensor, Ricci scalar
curvature, G = 6.673 x 10~ 8em?3/gs?, k = 871G /c* = 2.08 x 107 *cm ™1 - g~ 1. 52 ([24]).

Fig.19

Certainly, Einstein’s general relativity is suitable for use only in one spacetime R*, which
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implies a curved spacetime shown in Fig.19. But, if the dimension of the universe> 4,

How can we characterize the structure of spacetime for the universe?

Generally, we understanding a thing by observation, i.e., the received information via
hearing, sight, smell, taste or touch of our sensory organs and verify results on it in R® x R. If
the dimension of the universe> 4, all these observations are nothing else but a projection of the
true faces on our six organs, a partially truth. As a discrete mathematicians, the combinatorial
notion should be his world view. A combinatorial spacetime (6¢|t) ([7]) is in fact a graph G
labeled by Euclidean spaces R™,n > 3 evolving on a time vector  under smooth conditions in
geometry. We can characterize the spacetime of the universe by a complete graph KZ labeled
by R* (See [9]-[11] for details).

For example, if m = 4, there are 4 Einstein’s gravitational equations for Yo € V (K4L)
We solve it locally by spherically symmetric solutions in R* and construct a graph K £-solution
labeled by S¢,,S¢,, 5S¢ and Sy, of Einstein’s gravitational equations, such as those shown in
Fig.20,

Sfl Sf2

Fig.20

where, each Sy, is a geometrical space determined by Schwarzschild spacetime

Ts

ds? = 1) (1 — —) dr?® — dr? — 7‘2(d6‘2 + sin? 9d¢2)
r

%
for integers 1 <4 < 4. Certainly, its global behavior depends on the intersections Sy, (] Sy,,1 <
i#j <4

Notice that m = 4 is only an assumption. We do not know the exact value of m at present.
Similarly, by Theorem 4.5, we also get a conclusion on spacetime of the Einstein’s gravitational

equations and we do not know also which labeled graph structure is the real spacetime of the

universe.

_
Theorem 5.6([17]) There are infinite many G -flow solutions on FEinstein’s gravitational equa-
tions

1
RMY — gRg”” = —8rGTH
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3

m 5)(0, particularly on those graphs with circuit-decomposition 5’ = 8i with Schwarzschild

i=1

spacetime on their edges.

— — —
For example, let G = C'4y. We are easily find C's-flow solution of Einstein’s gravitational

equations such as those shown in Fig.21.

vy St U2
Sha b 155,
Vg st U3
Fig.21

Then, the spacetime of the universe is nothing else but a curved ring such as those shown in
Fig.22.

Fig.22

— —
Generally, if G can be decomposed into m orientated circuits C';, 1 < i < m, then Theorem
5.6 implies such a spacetime of Einstein’s gravitational equations consisting of m curved rings

=1 .
over graph G in space.

86. Conclusion

What are the elements of mathematics? Certainly, the mathematics consists of elements, include
numbers 1,2,3,---, maps, functions f(x), vectors, matrices, points, lines, opened sets ---,
etc. with relations. However, these elements are not enough for understanding the reality
of things because they must be a system without contradictions in its subfield of classical
mathematics, i.e., a compatible system but contradictions exist everywhere, things are all in
full of contradiction in the world. Thus, turn a systems with contradictions to mathematics is

an important step for hold on the reality of things in the world. For such an objective, labeled
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graphs G* are elements because a non-mathematics in classical is in fact a mathematics over
a graph G ([16]), i.e., mathematical combinatorics. Thus, we should pay more attentions to
labeled graphs, not only as a labeling technique on graphs but also a really mathematical

element.
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Abstract: The present paper explores interconnections between sequences related to con-
vergents of generalized golden ratios and four kinds of Tchebychev polynomials. By defining
and adding Brahmagupta polynomials of third and fourth kind, the paper also interconnects
the four kinds of Brahmagupta polynomials to the four kinds of Tchebychev Polynomials
respectively. In this way, the present paper provides two spectacular views of Tchebychev

polynomials of all four kinds through golden ratio and Brahmagupta polynomials.

Key Words: Fibonacci and Lucas numbers, Tchebychev polynomials and Brahmagupta

polynomials.

AMS(2010): 11B39, 33C47.

§1. Introduction

The algebraic integer ® = # obtained as one of the roots of the quadratic equation
t2 +t—1 = 0 is well known in the literature as golden ratio. ® is also given by the beautiful

continued fraction expansion

1 1 1 1 F,
b=- - - - = lim , 1
1 +14+14+ o +1 4 . n—o00 fp1q ( )

F,
where F), is the well known Fibonacci numbers. Approximating ® by —— for a suitable n,

7+
ancient Greek architects have constructed what are called golden triangles, golden rectangles
and so on, which have enhanced the beauty of architecture of their buildings. An elegant
number theoretic result is that (L, Fy,), where L, = F,,_1 + F,41 is well known as Lucas

number, satisfies the quadratic Diophantine equation
L2 —5F2% = 4(—1)".

For more details please refer [6], [9], [10]. Choosing one of the roots of zt?> +t — 1 = 0 and
t2 + 2t — 1 = 0 one gets the following two generalizations of golden ratio with interesting

1Received November 03, 2015, Accepted August 10, 2016.
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continued fraction expansions ([7], [11])

q)(x)i—l—l—\/l—l—élxil T r >0 @)
! o 2.’[] _1-|-1-!,-1.!,_14_..._;,_7 ’
Bpla) = —vFverrd 1111 z>0 (3)
2 o 2 _.’L'+,CC+,I+(E+...+, ’

They have a nontrivial interconnection become

When z =1, 1(1) = &5(1) = .

The four kinds of Tchebychev polynomials well studied in the literature ( [1], [3], [7]) are
described below when x = cos :

T.(x) = cosnd i To=1, Th(x)==x, -,
Un(z) = W s Up=1, Ui(x) =2z, -,
Vi(z) = % s Vo=1, ilg)=22—1,---,
Wyn(z) = w ;s Wo=1, Wi(z)=22+1,--- .

sin %9
They satisfy the three term recurrence relations
Poyi(z) =2 aP,(z) — Py—1(2)

with the above initial condition. Their interrelations are nicely described below in the literature

([ 3], [7D):

Va(z) = W = Uns1(z) — Un(x)
and Wh(z) = w =Up+1(z) + Un(z) = (=1)"Vou(—2).

Their link to trigonometric functions will yield the following worth quoting orthogonality prop-
erties ([1], [3], [7]):

L 0, m#mn;
1
%a m:n#oa
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1 0, m#n;

/ Un(2)Up(2)V1 —22dz = 7
—1 %7 m=n,

1

1 0, m#n;

/ Vi @)V (@) L dz = #
—1 L—x T, m=n

1

1-— 0, m#n;

Wi (2)W, () Tz = 7
-1 I+ T, m=n

An amazing result on {T),4+1,U,} is that the continued fraction expansion ([11])

1 1 1 1
Vi2—-l=z—- — ,  x>1, (5)

20 _ 20 _ 2x _ 21 _ .

which is constructed using
3 1
Vet —l=0— ————, x>1

has the sequence of convergents

{583}‘{%2i;1’~-7%%%?7~}- (6)

A related result is that the following continued fraction ([11])

1 2 11 1
Vo1 VT w o1 %% b (7)

which can also be written as

ww+1—1+ 2 r>1
r—1 (x—l)—l—\/m,

has the sequence of convergents

Pyl _[l2c+l W@
{@(x)}_{l’%—y V(@) } ®)

A pair of two variable polynomials with a parameter (x,(z,y,t),yn(x,y,t)) is said to be

Brahmagupta polynomials ([5], [6], [9]) if 2, (z,y,t) and y,(z,y,t) satisfy

(@ £yaVt) = (zyVD)",  n=0,1,2,...
or wn —tyn = (2 —ty?)"
or (xfn — tyfn)(xi — tyfl) = (zmxn+ tymyn)2 — t(xmyn + xnym)2. (9)

The last identity (9) is called Brahmagupta identity ([12]), which is a more general form
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of Diophantine identity
@k +y2) @2 +2) = (@mTn — Ym¥n)® + (@mYn + Tnym)”.

Both z,, and y,, satisfy the following three term recurrence relations:

Tpy1 =20z, — (22 —ty)zny, To=1, T1=2, n=1,23,- - (10)
and
Intl _gpIn @2 gy Poct o Mg 2 _op n=2,34,... (11)
) Y ) ) Y
They are related to golden ratio as well as Tchebychev polynomials by the following rela-
tions [9]:

1 1
(1) For « = 3 ¥Y=3 and ¢ = 5, one recovers easily

2, = Ln,
Ynt1 Foir.
Y

(2) For 2% — ty? = 1, one gets directly

In :Tn(x)v Ynid :Un(x)v n=0,1,2---.
)

In the background of the above curious ideas and results the paper intends to do justice to
its title. In the next section, the convergents of \/TH related to @4 (x) are shown to be related
to all the four kinds of Tchebychev polynomials in a rigors manner. The convergents of ®(x)
and ®o(z) are shown to be related to Uy, (z) and V,(x) only. In the third and the last section,
first two kinds of Brahmagupta polynomials are shown to be related to T, (z) and U, (x).

The new things added are Brahmagupta polynomials of third and fourth kind which are
defined with the help of Brahmagupta polynomials of second kind. Of course when 22 —ty? = 1,

all of them will become respective kinds of Tchebychev polynomials.

82. Generalization of Golden Ratio and Expressions for Their Convergents Interms

of Tchebychev Polynomials

First let us consider the generalization of the golden ratio

_ -1 \/1 1 >

1 /2
valid for |z| < 3 , where C,, = ?( n> is the n'" Catalan number. The above series is a
n n
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Stieltje’s series ([8], [11]) because

—1+vV1+dz 1/4 dt
2z 4 Jo V1+at
1 =z =z = >0
= - - = = x
14+ 1+1 41 4.7
and the sequence of convergents is
Px) (1 1 1+ 1+ 22 Ay (x)
Qz) ) \1U'ax+1"1+22" 1+ 3z +22 T Apa(z)’ ’
where
Apti(z) = An(@) +2An-1(2),
Al('r) = 15 AQ(I):la TL:2,374,"' .

For x = 1, as expected one gets
A, =F, n=1,23---.
In order to express A, (z) interms of Tchebychev polynomials, we use

1++v1+4+42 1+\/1—|—4x
2
1

and the sequence of convergents is

(G} = (s A o )

Let us apply the following transformation

1 1
x 2(8_1) or s op’ x > U,
which enables us to wrote
1
1+4z = +1.

Since

Vitdr = 142z {_
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Using the above transformation

1
s+1 . 1+5i1 2(s—1)
s—1 1 &+ 1 4.
1 1 1 1
-1 - - : >0, 13
+ S—1+2+S—1+2+... z ( )

which is valid because s = 1 + o=, x > 0 and the sequence of convergents is

2z’

{gg;}_{l s 2s+1 2521 Pon_1(s)  Pan(s) }

U (s—1) 25—1 2(s—1)2s" " Qzn-1(5)" Qan(s)
The numerator and denominator polynomials of the continued fraction (13) satisfy the

following relations:

1) Pany1(s) = 2Pau(s) + Pan—1(5);

2) Pon(s) = (s — 1) Pan—1(5) + Pan—2(s);
3) Q2n+1(8) = 2Q2n(8) + Q2n-1(s);

4) Q2n(s) = (s — 1)Q2n-1(5) + Qan—2(s).

Using the above relation, we get the following three term recurrence relation for the odd

(1)
(2)
(3)
(4)

and the even convergents of the continued fraction (13):

Ponti(s) = 2[(s = 1)Pop-1(8) + Pan+2(8)] + Pan—1(s)
= 25 Pyp1(s) + [2 Pan—2(8) — Pan—1(s)],

Poni1(s) = 25 Pon_1(s) — Pan—3(s)
and
P2n(8) = (S - 1) [2 P2n—2(5) + P2n—3(5)] + P2n—2(5)
= 25 Pan—az(s) + [(s = 1) Pan—3(s) — Pan—2(s)];
PQn(S) = 28 PQn,Q(S) — P2n74(8).

Similarly, we obtain the followings:
Q2n+1(s) = 25 Qan—1(s) — Q2n—3(s)
and
Q2n(s) = 25 Qan—2(s) — Qan—a(s).
Since

Pi(s) = 1,Ps(s)=2s—1,
P2n—l(s) = Vn—l(s); n = 172737"' )
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Q1(s) = 1,Qs(s) =2s+1,

Qanl(S) = anl(s); n = 1,273,... ,
Py(s) = s,Py(s)=2s"—1,
Py (s) = Tu(s); n=1,23,--

and

Qa2(s) = (s—1),Qua(s) = (s —1)2s,
QQn(S) = (S—l)Unfl(S), n = 172,37... .

The odd and even convergents of the continued fraction (12) are:

AQH(I) - 1 anl(s) - Unfl(S)
Aop—i1(z) 2 [1+ Vn—l(s)] — Vaal(s)
U (14 55)
oW (1 ziz)
and
Aspta(z) 1 T,.(s) _ 1 (s = D)Un-1(8) + Tn(s)
Aon(@) 2 [1 G- 1>Un1<s>} 2G-1) { Una(5)
1 Vi (s)

2(s = 1) Up-1(9)
2"V (14 5)
L (es)

As a result, we obtain

v, (1 n ;) = 2" Agnp (é) :
U, (1 + E) 2" Agnio (é) .

2
Now, we obtain the odd and even convergents of the continued fraction (12) interms of

second and third kind of Tchebychev polynomials

Agnoi(z) 2" WV (145

:)
Agn(l') o J,'"_lUn_l (1 + %)

and

Agn(w) 2" Wns (14 57)
A2n+1(:v) o "V, (1 + ﬁ) '

(Similar results are derived in [7].)
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Similarly the following continued fraction

oy(w) = SEFVTFL 1 1441+ 3
2= 2 Tz 2
1 1
= - - — , x>0 (14)
r 4+ X + -4+ T + -
has the following odd and even convergents:
Bgnfl(ilf) . l AQn 1 (Lz) o l (:CQ)n 1A2"*1 (m%)
Bgn(l') r  Ag, (%) x (1‘2)"_1142” (#)
Ve (14 %)
P T (17 %)
and
Bo() 1 A (d) 12 ()
Bonyi(z)  © Agnyr () z (22)"Aznta (32)
U (1r%)
Vi (1+ %)
Hence

1 1
Aopyr(z) = 2"V, ( _:c) ) Aonga(x) = 2"Uy (1 + %> )
Boy+1 (ac) =V, (1 + )

For x = 1, we obtain

3
Fony1 = Aopi1(1) = Bapa(1) =V, <§) ,
3
Fopyo = Aznia(l) = Bapya(1) = U, <§> , n=0,1,2,3,--

§3. Connections Between Tchebychev Polynomials and Brahmagupta Polynomials

of All Four Kinds
Brahmagupta polynomials have the following binet forms ([9]):

Tz, yit) = <[(x + V)" + (x —yVD)"], n=0,1,2,3, -

N)I)—l

and

a1 (2, y; ¢ 1 n n
Y +1(y Y ): 2y\/z[(x+y\/g) +1_(x_y\/£) +1], n=0,1,2,3,---.
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Put § = 22 — ty? or yv/t = \/22 — 3, then we obtain

eale,it) = 5 e VaE D)+ - VR )]
-5 |H@) ) (GG
()

and similarly,

yn+1($7y;t) _ 1 [(JJ T M)rﬂrl _ (LL' _ \/m)nJrl]

Y 24/x2 — 3
% . N n+1
N 9 (2)2_1 ﬁ—i_ (ﬁy_l)
\/B 2 n+1
A\ <ﬁ) -
- oo ()

Motivated by Tchebychev polynomials of third and forth kind, we can define Brahmagupta

polynomials of third and forth kind respectively as follows:

Ynt1(z,y5t) 3 Yn(z, y3t)

vz, y;t) = ,
(z,y3t) ; "
wn(oyit) = Ynrn@uD g un(@yit)
Yy Yy
As a result, we obtain
v = wy=2 =1,
Yy
v = 2x—0, w =2zx+7p,
’Un+1(‘r7y;t) = 2z Un(‘ruy;t) - 6 ’Un—l(xay;t)a
Wyt (z,y5t) = 22 wa(z,y;t) — B wa—1(z,ys).
Hence
n T T
’Un+1(=ruy;t) = 62 |:Un (ﬁ) - \/B Un—l (\/_B)] 3
n X xr
st = 9% [on(5)+ VB ()]
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If 8 =1, we get back

o (o S22 = U0 = Uaslo) = o)

wn (o S22 = Ualo) + Uas(o) = W)

which are the Tchebychev polynomials of third and forth kind respectively.

The following are generating functions of T,,(z), U, (), Vi (x) and W, (x) ([1], [2], [4]):

1) T =2 30 Bl

Z
@ U6 = Yo" =
<mw=§wm%uﬂww
WW@—immf4HﬂWﬂ

It is shown that U(s) = €T(*) ([2]). One can extend the above results to z,(z,y;t),

W, vn(z,y;t) and wy(z,y;t) including the results in [9]:

(WWFQZE%@ﬂ

n=1

o~ Ynt1(2, Y3 t) 1
2) Y(s) = n_ :
(2) Y(s) ; ; Al e vy

(3) V(s) = Zvn(ac,y;t)s" =(1-ps) U(s);
n=0

(4) W(s) = an(:v,y;t)s” = (1473 s) U(s);
n=0

(5) Y(s) = X,

In this way, the present paper provides two spectacular views of Tchebychev polynomials

of all four kinds through golden ratio and Brahmagupta polynomials.
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§1. Introduction

In mathematics, the quaternion were discovered by Irish mathematician S. W.R. Hamilton, in
1843, which are more general form of complex number [5]. He defined a quaternion as the
quotient of two directed lines in a three-dimensional space. Also, quaternions can be written
as sum of a scalar and a vector. A special feature of quaternions is that the product of two
quaternions is noncommutative. Quaternions have an important role in diverse areas such as
kinematics and mechanics. They provide us opportunity representation for describing finite
rotation in space.

In [1], Serret—Frenet formulae for a quaternionic curves in E% and E* are given by Baharathi
and Nagaraj. After them Coken and Tuna defined Serret—Frenet formulae for a quaternionic
curves in semi-Euclidean space Ej ([3]).

In analogy with the Euclidean case, Serret—Frenet formulae for a quaternionic curves in
semi-Euclidean space Ej is defined in [11]. Moreover, characterization of quaternionic By-slant
helices in Euclidean space E* given in [3] and quaternionic mannheim curves are studied in
semi Eucliden space E* in [9].

In the Euclidean Space E2, normal curves defined as the curves whose position vector
always lying in their normal plane [2]. Analogously, normal curves in other space are defined as
the curves whose normal planes always contain a fixed point. As well, normal curves have same

characterization with spherical curves which case has interesting corollaries for curve theory.

1Received January 08, 2016, Accepted August 11, 2016.
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Recently, Ilarslan [6], has been studied some characterizations of spacelike normal curves in
the Minkowski 3-space E3. Also, Ilarslan and Nesovic [8] have been investigated spacelike and
timelike normal curves in Minkowski space-time.

In this paper, we define the semi-real quaternionic normal curves in four dimensional semi-
Euclidean E3. We obtain some characterizations of semi-real quaternionic normal curves in
terms of their curvature functions. Moreover, we give necessary and sufficient condition for a

semi-real quaternionic curve to be a semi-real quaternionic normal curves in Ej.

§2. Preliminary

A Dbrief summary of the theory of semi-real quaternions in the semi-Euclidean space and normal
curves are presented in this section.

A pseudo-Riemannian manifold is a differentiable manifold equipped with pseudo-Riemannian
metric which is nondegenerate, smooth, symmetric metric tensor. This metric tensor need not
be positive definite. We denote the pseudo (semi)-Euclidean (n + 1)-space by E*T1. If v = 0,
E7t semi-Euclidean spaces reduce to E™*! Euclidean space, that is, semi-Euclidean space is
a generalization of Euclidean space. For v =1 and n > 1; E?H is called Lorentz—Minkowski
(n+1) space. The Lorentz manifold form the most important subclass of semi-Riemannian man-
ifolds because of their physical application to the theory of relativity. Due to semi-Riemannian
metric there are three different kind of curves, namely spacelike, timelike, lightlike (null) de-
pending on the casual character of their tangent vectors, that is, the curve « is called a spacelike
(resp. timelike and lightlike) if o/(t) is spacelike (resp. timelike and lightlike) for any ¢ € I.

A semi-real quaternion ¢ is an expression of the form

g =ae; +bex +ces+d (1)
such that
€; X € = —E&e¢;, 1§’L§3,
€ X €j = E¢,E¢;Ck, IN E3, (2)
€i X €j = —E¢;E¢ €k, IN Ej,

where (ijk) is an even permutation of (123) and a, b, c,d € R.
We can write quaternion as ¢ = S; + V, where S; = d and V, = ae; + bea + ces denote
scalar and vector part of g, respectively. For every p, ¢ € ), the multiplication of two semi-real

quaternions p and ¢ is defined as
pXq=8pSq+ < Vp, Vg >+S,V, + 5,V + V, AV, for every p,q € Q,, (3)

where <, > and A are scalar and cross product in E$, respectively. The conjugate of the semi-
real quaternion ¢ is denoted by g and defined vq = S; — V4 = d — ae; — bey — ce3. This helps

to define the symmetric, non-degenerate, bilinear form % as follows.

h:Q, xQ,— R,
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1
h(p,q) = 5 [epeya (P X 79) + £q2ap (¢ X 1P)] - for E} (4)

1
h(p,q) = B} [epevg (P X Vq) + €4€4p (g X yp)]  for Eglv

the norm of semi-real quaternion ¢ € @, is
gl = —a® —=b* + & + d°

q is called a semi-real spatial quaternion whenever ¢ x y¢ = 0. For p, ¢ € Q, where if h(p,q) =0
then p and ¢ are called h-orthogonal [11]. If [|¢||* = 1, the g is called a semi real unit quaternion.

Recall that the pseudosphere, the pseudohyperbolic space and the lightcone are hyper-
quadrics in E3, respectively defined by

Sl(m7r) = {QCEESLI}L(ZC—’]TL’{I;—m):TQ}
H03(m77“) = {:E S E;l ch(z —m,z—m)= _7«2}
033(m77") = {IGEéh(I—m,x—m):()}

where r > 0 is the radius and m € Ej is the center of hyperquadric.

In the Euclidean space E3, it is well-known that to each unit speed curve o : I C R—E3
with at least four continuous derivatives has Frenet frame {¢,n,b}. At each point of the curve
which is spanned by {¢,n}, {t,b} and {n,b} are known as the osculating plane, the rectifying
plane and the normal plane, respectively. Rectifying curve is introduced by B.Y.Chen, whose
position vector always lies its rectifying plane {t,b} ([2]). Similarly, a curve is called a osculating
curve if its position vector always lies its osculating plane {t,n}. Ilarslan and Nesovic defined

normal curve as
a(s) = A(s)n(s) + u(s)b(s),

where X and p are arbitrary differentiable functions in terms of the arc length parameter s ([7]).

This means that normal curve’s position vector always lies its normal plane {n, b} .

Analogously, in E* the normal curve defined by Ilarslan whose position vector always lies
in orthogonal complement T of its tangent vector field of the curve. The position vector of a

normal curve « in E4, satisfies the equation
a(s) = A(s)N(s) + p(s)Bi(s) + v(s)Ba(s),

where A, p and v are arbitrary differentiable functions in terms of the arc length parameter s,
respectively ([8]).

83. Some Characterization of Quaternionic Normal Curves in Semi Euclidean Space

In this section, the four-dimensional Euclidean space Ej is identified with the space of unit
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semi-real quaternion. Let
4
B:1CR—Q, [(s)= Z%(s)ei, es=1 (5)
i=1

be a smooth curve 3 in Ej defined over the interval I. Let the parameter s be chosen such
4

that the tangent T' = 5'(s) = Y_ 7i(s)e; has unit magnitude. Let {T, N, By, B2} be the Frenet
i=1

apparatus of the differentiable Euclidean space curve in the Euclidean space E5. Then the

Frenet equations are

T'(s) =enKN(s)

N/(S) — —gthKT(s) + en kB (8) (6)
Bi(s) = —etkN(s) + en(r — ereren K)Ba(s)
Bj(s) = —ep(r — ereren K)Bi,

where T'(s) is the tangent vector of the curve § and K = ey [|T7(s)] ([3])-

It is obtained the Frenet formulae in [1] and the apparatus for the curve 8 by making use of
the Frenet formulae for a curve v in R3. Moreover, there are relationships between curvatures
of the curves 3 and . These relations can be explained that the torsion of 3 is the principal
curvature of the curve . Also, the bitorsion of § is (r — eseren K), where r is the torsion of

and K is the principal curvature of 3. These relations are only determined for quaternions, [1].

In this section, we characterize the semi-real quaternionic normal curves with the third

curvature (r — e;epen K) # 0 for each s.

Let 8 = ((s) be a unit speed semi-real quaternionic normal curve, lying fully in @,. Then

its position vector satisfies

B(s) = A(s)N(s) + (s)Bi(s) + v(5) Ba(s) (7)
By taking the derivative of (7) with respect to s and using the Frenet equations (6), we obtain
T = —eenKAT+ (XN —eikp) N+ (enk A+ —ep(r—eieren K)v) B+ (en(r—ereren K) pp+v") Bo

and therefore
—geyKA=1,=1,

N —etkp =0,
enkX+ 1 —ep(r —ererenK)v =0,
en(r —eerenK)p+v' =0.

From the first three equations we find
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E4E € 1
=35 1= (xw)

N’ 9)
_ EbEN E(s) 1 1
) = T reren KO)) [5tE"K<s> ! <k<s> (xw) ) ]

Substituting relation (9) into (7), we get that the position vector of the semi-real quaternionic

normal curve 3 is given by
EtEN EN 1 !
t
o) = 55y - 5 (k) ®

_ EbEN e k(s) 1 1Y
(r(s) — cieren K (5)) l R T <k<s> (K<s>) )

Then we have the following theorem.

Theorem 3.1 Let 3(s) be a unit speed semi-real quaternionic curve, lying fully in Q,. Then

B(s) is a semi-real quaternionic normal curve if and only if

stsnﬁ—l-

(r —eerenK(s)) Encd (s)

_ k(s) <K1(s)>/ " | (s) — seren K (s)) (ﬁ (ﬁ)) (11)

Proof Let us first assume that ((s) is a semi-real quaternionic normal curve. Then relations
(8) and (9) imply that (11) holds.

Conversely, assume that relation (11) holds. Let us consider the vector m € @, given by

— S EtEN EN 1 /
m(s) = B(s)+ K(S)N+ k(s) (K(S)> o

EWEN

k(s) 1 1Y
() —eweren K (3) [5tE"K<s> i <k<s> <K<s>> )

Differentiating (12) with respect to s and by applying (6), we get

enen(r(s) — ererenK(s)) 1\
Ks) ()

ELEN k(s) 1 1 NTY
i <<r<s>—stsTaNK<s>> l&&“”K(s) i <k<s> (K@))) ) b

From relation (11) it follows that m is a constant vector, which means that 3 is congruent
O

Bs. (12)

m'(s) =

to a semi-real quaternionic normal curve.

Theorem 3.2 Let 3(s) be a unit speed semi-real quaternionic curve, lying fully in Q,. If B is

a semi-real quaternionic normal curve, then the following statements hold:
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(i) the principal normal and the first binormal component of the position vector B are

respectively given by

h(ﬂvN):_ia
N R 19
0 =5 () -

(ii) the first binormal and the second binormal component of the position vector [ are

respectively given by

) == ()

_ ETEN k(s) 1 1 N\
h(B, B2) = (r(s) —ererenK(s)) [EtsnK(S) i <k(8) (K(S)) ) ] '

Conversely, if 3(s) is a unit speed semi-real quaternionic curve, lying fully in Q,, and one

(14)

of statements (i) or (ii) holds, then 8 is a normal curve.

Proof If B(s) is a semi-real quaternionic normal curve, it is easy to check that relation (10)
implies statements (¢) and ().

Conversely, if statement (¢) holds, differentiating equation h(8, N) = —% with respect
to s and by applying (6), we find h(3,T) = 0 which means that g is a semi-real quaternionic
normal curve. If statement (i7) holds, in a similar way we conclude that 8 is a semi-real

quaternionic normal curve. O

In the next theorem, we obtain interesting geometric characterization of semi-real quater-

nionic normal curves.

Theorem 3.3 Let 3(s) be a unit speed semi-real quaternionic curve, lying fully in Q,. Then

0 is a semi-real quaternionic normal curve if and only if B lies in some hyperquadrics in Q.

Proof First assume that 3 is a semi-real quaternionic normal curve. It follows, by straight-
forward calculations using Theorem 3.1, we get

() = () () N
gt et (2 (%)) ] (7aemm o+ (2 (2))]) =0

(15)

On the other hand, the previous equation is differential of the equation

o (3) v (2(2)) + (o e+ (1 (2))]) = rem 0

By using (12), it is easy to check that

rmsm= (&) + (L)) + (ot (L)) oo
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which together with (16) gives h(5 —m, 3 —m) = r. Consequently, 5 lies in some hypersphere
in Q,.

Conversely, if 0 lies in some hyperquadric in Q,, then
h(ﬁ—m,ﬁ—m):T,TER, (18)

where m € @, is a constant vector. By taking the derivative of the previous equation with

respect to s, we easily obtain h(8 — m,T) = 0 which proves the theorem. O

Recall that arbitrary curve (§ in @, is called a W-curve (or a helix), if it has constant curva-
ture functions ([10]). The following theorem gives the characterization of semi-real quaternionic

W-curve in @, in terms of semi-real quaternionic normal curves.

Theorem 3.4 FEvery unit speed semi-real quaternionic W -curve, lying fully in Q,, is to a

semi-real quaternionic normal curve.

Proof By assumption we have K(s) = c1, k(s) = c2, (r — eterenK)(s) = c3, where
¢1,¢2,¢c3 € R — {0}. Since the curvature functions obviously satisfy relation (11), according to

Theorem 3.1, § is a semi-real quaternionic normal curve. O

Lemma 3.1 A unit speed semi-real quaternionic 3(s), lying fully in Q,, is a semi-real quater-

nionic normal curve if and only if there exists a differentiable function f(s) such that

ke (Y
f(5)(r(s) = eweren K(s)) = even g5 + (k(s) <K<s>> ) ’

(s) — — (r(s) — ererenK(s)) 1\
f'(s) = —enewp ) (K(S)> .

(19)

By using the similar methods as in [8], as well as Lemma 3.1, we obtain the following
theorem which give the necessary and the sufficient conditions for semi-real quaternionic curves

in @, to be the semi-real quaternionic normal curves.

Theorem 3.5 Let 5(s) be a unit speed semi-real quaternionic curve in Q, whose Frenet formu-
las obtained from spacelike semi-real spatial quaternionic curve with spacelike principal normal
n. Then B is a semi-real quaternionic normal curve if and only if there exist constants ag,
bo € R such that

DY = (ot D i) i
+ (bo—i-st / I]z((‘?) sin9(s)ds) sin 6(s), (20)

where 0(s) =

O —u

(r(s) — eterenK(s)) ds.

Proof If 3(s) is a semi-real quaternionic normal curve, according to Lemma 3.1 there exists
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a differentiable function f(s) such that relation (19) holds, whereby e, = —1. Let us define
differentiable functions 6(s), a(s) and b(s) by

S

= [(r(s) — ererenK(s))ds
0

a(s) = —% (%) cosh6(s) + f(s)sinh6(s) — Et/ I]z'(i)) cosh 6(s)ds (21)
b(s) = k(ls) <%>/sinh 0(s) — f(s) cosh(s) —e; / I]z((z)) sinh (s)ds =

By using (19), we easily find 6/(s) = (r(s) — eseren K (s)), a/(s) = 0, '(s) = 0 and thus
a(s) =ao , b(s)=bo, ao,bo € R. (22)

Multiplying the second and the third equations in (21), respectively with cosh(s) and
—sinh 6(s), adding the obtained equations and using (22), we conclude that relation (20) holds.

Conversely, assume that there exist constants ag, by € R such that relation (20) holds. By
taking the derivative of (20) with respect to s, we find

!

%+(ﬁ (ﬁ)) = (r(s) — ererenK(s))

—&t

(ao +ef k(s)) cosh H(S)ds) sinh 0(s)
_ (bo +e [ KSS sinh H(S)ds) cosh 0(s) .

(23)
Let us define the differentiable function f(s) by

_ 1 k(s) 1 TR

Next, relations (23) and (24) imply

f(s) = (ao + Et/ f(((i)) cosh H(S)ds) sinh 0(s) — (bo + &t / Ik((( )) sinh H(S)ds) cosh 6(s)

k(s)
that 3 is congruent to a semi-real quaternionic normal curve. O

By using this and (20), we obtain f/(s) = M ( ) Finally, Lemma 3.1 implies
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Abstract: A dominating set is called a global dominating set if it is a dominating set of
a graph G and its complement G. A subset D of V(G) is called an equitable dominating
set if for every v € V(G) — D, there exists a vertex v € D such that uwv € E(G) and
|da(u) — da(v)] < 1. An equitable dominating set D of a graph G is a global equitable
dominating set if it is also an equitable dominating set of the complement of G. The global
equitable domination number v (G) of G is the minimum cardinality of a global equitable
dominating set of G. In this paper, we investigate the global equitable domination number

of some wheel related graphs.
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§1. Introduction

The study of domination in graphs is one of the fastest growing areas within graph theory. An
excellent survey on the concept of domination and its related parameters can be found in the
book by Haynes et al. [4] while some advanced topics on domination are explored in Haynes et
al. [5]. The concept of domination has interesting applications in the study of social networks
which motivated Prof. E. Sampathkumar to introduce the concept of equitable domination in
graphs.

Secondly, let G be a graph of road network linking various locations. It is desirable to
maintain the supply to these locations uninterruptedly by using the alternative links even if the
original links get disturbed. Then the problem of finding the minimum number of supplying
stations needed to accomplish this task is equivalent to find the global domination number.
The concept of global domination was introduced by Sampathkumar [9].

Many domination models are introduced by combining two different domination parame-
ters. Independent domination, global domination, equitable domination, connected domination
are among worth to mention. Motivated through the concepts of global domination and equi-

table domination, a new concept of global equitable domination was conceived by Basavanagoud
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and Teli [2] and formalized by Vaidya and Pandit [14]. In the present paper, we obtain the
global equitable domination number of some wheel related graphs.

Throughout the paper, a graph G = (V(G), E(G)) we mean a finite and undirected graph
without loops and multiple edges. The set D C V(G) of vertices in a graph G is called a
dominating set if every vertex v € V(G) is either an element of D or is adjacent to an element
of D. The minimum cardinality of a dominating set of G is called the domination number of
G which is denoted by v(G).

The complement G of G is the graph with vertex set V(G) in which two vertices are
adjacent in G if they are not adjacent in G.

For a vertex v € V(G), the open neighborhood of v, denoted by N (v), is {u € V(G) : uv €
E(G)}. We denote the degree of a vertex v in G by dg(v). A vertex of degree one is called a
pendant vertex and a vertex which is not the end of any edge is called an isolated vertex. An
edge e of a graph G is said to be incident with the vertex v if v is an end vertex of e. An edge
incident with a pendant vertex is called a pendant edge.

A set D C V(@) is called a global dominating set of G if D is a dominating set of both G
and G. The global domination number 7,(G) is the minimum cardinality of a global dominating
set in G. Many researchers have explored this concept. For example, Gangadharappa and Desai
[3] have discussed the global domination in graphs of small diameters. Vaidya and Pandit [12,
13] have investigated the global domination number of the larger graphs obtained by some
graph operations on a given graph while Kulli and Janakiram [6] have introduced the concept
of total global dominating sets.

A subset D of V(G) is called an equitable dominating set if for every v € V(G) — D, there
exists a vertex v € D such that wv € E(G) and |dg(u)—dg(v)| < 1, otherwise, a Smarandachely
equitable dominating set, i.e., |dg(u) — dg(v)| > 2 for each edge uv € E(G) with u € D and
v € V(G) — D. The minimum cardinality of such a dominating set is called the equitable dom-
ination number of G which is denoted by v¢(G). Swaminathan and Dharmalingam [11] have
studied the equitable domination in graphs and characterized the minimal equitable dominating
sets. Sivakumar et al. [10] have discussed the connected equitable domination in graphs while
Murugan and Emmanuel [7] have identified the inter relationship among domination, equitable
domination and independent domination in graphs. Revathi and Harinarayanan [8] have stud-
ied the equitable domination in fuzzy graphs while Basavanagoud et al. [1] have studied the
equitable total domination in graphs.

A vertex v € V(G) is equitably adjacent with a vertex u € V(G) if |dg(u) — dg(v)] < 1
and uv € E(G). A vertex u € V(G) is called an equitable isolate if |dg(u) — dg(v)| > 2 for
all v € N(u) . Analogous to the characteristic of an isolated vertex in a dominating set, an
equitable isolate must belong to any equitable dominating set of G. Clearly, the isolated vertices
are the equitable isolates. Hence, Iy C I, C D for every equitable dominating set D where I
and I, denote the sets of all isolated vertices and all equitable isolates of G respectively.

A subset D of V(G) is called a global equitable dominating set of G if D is an equitable
dominating set of both G’ and G. The minimum cardinality of a global equitable dominating
set of G is called the global equitable domination number of G and it is denoted by v (G).

Since at least two vertices are required to equitably dominate both G and G, we have
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2 < WS(G) < n for every graph of order n > 1. Both of these bounds are sharp. In particular,
the equality of the lower bound is attained by P, (2 <n < 6) and K, s (|r — s| < 1) while the
upper bound is achieved by K, K1, and K, s (|r —s| > 2).

The wheel W, is defined to be the join C),_1 + K7 where n > 4. The vertex corresponding
to K is known as the apex vertex and the vertices corresponding to cycle C),—; are known as
the rim vertices. For any real number n, [n] denotes the smallest integer not less than n and
[n]| denotes the greatest integer not greater than n.

For notations and graph theoretic terminology not defined herein, we refer the readers to
West [15] while the terms related to the concept of domination are used in the sense of Haynes
et al. [4].

82. Main Results
Definition 2.1 The helm H, is the graph obtained from a wheel W, by attaching a pendant
edge to each of its rim vertices.

Proposition 2.2 ([2])
(i) For the path P, (n > 4), v5(Pn) =

1f n=3,5
(it) For the cycle Cy, 79
% otherwise.
7 ifn=4
Theorem 2.3 For the helm, vg(H,) = n+2 ifn=56

[4”3—*1w otherwise.

Proof Let vy,vs, -+ ,v,_1 be the rim vertices of wheel W, and let ¢ denotes the apex vertex
of the helm H,,. Let uj,us,...,u,—1 be the pendant vertices of H,. Then, |V (H,)| =2n—1
and |E(H,)| =3(n—1).

Casel. n=4

For n = 4, the pendant vertices of H,, are equitable isolates in H,, while the remaining
vertices of H, are equitable isolates in H,. Hence, the vertex set of H, is the only global

equitable dominating set of H,, implying that vy (H,) = [V (H,)| = 7.
Case 2. n=25,6

Since the n — 1 pendant vertices of H,, are equitable isolates in H, and the apex vertex c
is an equitable isolate in H,, it follows that every global equitable dominating set of H,, must
contain these vertices. Now, these vertices equitably dominate all the vertices of H,, but do not
equitably dominate all the vertices of H,,. Moreover, any two adjacent rim vertices of W,, can
equitably dominate the remaining vertices of H,,. Hence, every global equitable dominating set
of H, must contain at least n + 2 vertices of H,,. Therefore, ”y;(Hn) =n-+2.

Case 3. n>7
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In this case, the apex vertex is an equitable isolate in H,, as well as in H,, while the n — 1
pendant vertices of H,, are equitable isolates in H,, only. Therefore, these vertices must belong
to every global equitable dominating set of H,,. Now, the remaining vertices induce a cycle C),_1
and by Proposition 2.2, y¢(Cy,—1) = [251]. Therefore, v&(H,) =n— 1+ 1+ [271] = [42=1].

Thus, we have proved that

7 ifn=4
Yg(Hp) =9 n+2 ifn=5,6

[4"—3_1] otherwise.

O

Definition 2.4 The flower graph Fl, is the graph obtained from the helm H, by joining each

pendant vertex to the apex vertex of the helm H,.

Theorem 2.5 For the flower graph,

. n+3 ifn=4,6
FYq(Fln) = An—1 .
("Tw otherwise.

Proof Let vy,vs,- -+ ,v,—1 be the rim vertices of wheel W,, and let uy,us, -+ ,u,_1 be the
pendant vertices of the helm H,,. Let ¢ denotes the apex vertex of Fl,,. Then |V (Fl,)| = 2n—1.
Here, dg(v;) =4, dg(u;) =2 for 1 <i <n—1and dg(c) = 2(n — 1) where G = Fl,,.

Now, the vertex c is an equitable isolate in G as well as in G. Therefore, every global

equitable dominating set of G must contain ¢. Moreover, the vertices uy, us, ..., u,—1 being the
equitable isolates in GG, must belong to every global equitable dominating set of G. Now, the
remaining vertices vy, va, ..., v,—1 in G induce a cycle C,,_1 and by Proposition 2.2,
. 3 ifn=3,5
[%W otherwise.
Hence,
WS(Fln) = 7;(011—1) + (n - 1) +1
= ’7;(011—1) +n
n+3 ifn=4,6
[anl" +n otherwise.
Thus,

n+3 ifn=46

[4”3—*11 otherwise.

7; (Fln) =
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Definition 2.6 The sunflower graph S f, is the resultant graph obtained from the flower graph
by attaching (n — 1) pendant edges to the apex vertex of wheel W,.

Theorem 2.7 For the sunflower graph, vg(Sfn) = 3n — 2.

Proof Let ¢ denotes the apex vertex of wheel W, and let vi,vs, -+ ,v,—1 be the rim
vertices of W,,. Let uq,us, - ,un—1 be the vertices of degree 2 in Sf,, and let x1,x2,...,Tn_1
be the pendant vertices of Sf,,. Then, |[V(Sf,)| = 3n — 2.

Now, cis the equitable isolate in both S f,, and Sf,,. Moreover, the vertices w1, us, - - - , Un—_1,
T1,T2, - ,Tp—1 are equitable isolates in S'f,, while the vertices v, vo,--- ,v,_1 are equitable
isolates in Sf,,. Since an equitable isolate must belong to every equitable dominating set, it fol-
lows that the vertex set V(S f,,) is the only global equitable dominating set of S f,,. Therefore,
'7;(an)=|‘/(an)|=371—2. U

Definition 2.8 The closed helm C H,, is the graph obtained from a helm by joining each pendant

vertex to form a cycle.

Theorem 2.9 For the closed helm CH,, (n > 5),

. |222] if n=1(mod 4)
'Yg(OHn) = nt2]
221 if n=0, 2 or3 (mod 4).
Proof Let vi,va, - ,v,—1 be the vertices of degree 4 and let uj,us, -+ ,u,—1 be the

vertices of degree 3 in G = CH,,. Let ¢ denotes the apex vertex of CH,,. Then the closed
helm CH,, has 2n — 1 vertices. The vertex c is an equitable isolate in CH,, and the remaining
vertices which are adjacent in CH,,, are also equitably adjacent in C H,,. The vertex ¢ being
an equitable isolate, must belong to every global equitable dominating set of CH,,. Hence, we
construct a vertex set D C V(CH,,) as follows:

D = {c, vai41,Uaj43},

where 0 <7 < L%J and 0 < j < {%J with

D| = | 22| if n=1(mod4)
] [2£2] ifn=0,20r3 (mod4).

Now, da(vait1) = 4, da(usjrs) = 3 and dg(usjps) — dg(vajyr) = 1. Then for every
v € V(G) — D, there exists a vertex v € D such that uv € E(G) and |dg(u) — dg(v)] < 1.
Moreover, for every v/ € V(G) — D there exists a vertex u/ € D such that u'v € E(G) and
|dz(u') — dg(v')| < 1. Hence, the set D is an equitable dominating set of G as well as of G.
Therefore, D is a global equitable dominating set of G. Moreover, from the adjacency nature

of the vertices of GG, one can observe that the set D is of minimum cardinality.

Thus, the set D is a global equitable dominating set of G = CH,, (n > 5) with minimum
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cardinality implying that
2| if np =1 (mod 4)
'Y;(OHn) = Lni2J .
21 if n=0, 2 or3 (mod 4).
O

Remark 2.10 For n = 4,5, at least two vertices are required to equitably dominate all the
vertices of CH,, as well as of CH,,. Therefore, VS(CHn) =2 for n = 4,5.

Definition 2.11 A web graph is the graph obtained by joining the pendant vertices of a helm
to form a cycle and then adding a single pendant edge to each vertex of this outer cycle. We
denote the web graph by Wby,.

Theorem 2.12 For the web graph Wb, (n > 6),

w

|22| if n=1(mod4)

Yg(Whn) =
o [32] if n=0,2o0r3 (mod4).
Proof Let ¢ denotes the apex vertex of web graph Wb,,. Let vy, v, ,v,_1 and uy, us, -+ , Un_1
be the vertices of inner cycle and outer cycle of Wb,, respectively. Let x1, 22, - ,x,—1 denote

the pendant vertices of Wb,,.

Since the apex vertex ¢ and the n — 1 pendant vertices are the equitable isolates in Wb,
as well as in Wb, for n > 6, it follows that these vertices must belong to every global equitable
dominating set of Wb,,. Moreover, the vertices except the pendant vertices induce the closed
helm CH,, and by Theorem 2.9, we have

22| if np =1 (mod 4)
'Y;(OHn) = Lni2J
2

] ifn=0,20r3 (mod4).
Hence,

Vg (Why) =5 (CH,) + (n — 1)

_|_

[%42] + (n—1) if n=1(mod4)
[242] 4 (n—1) ifn=0,20r3 (mod4).

Thus, for n > 6,

w

2 ifn=1(mod4
Wg(an) _ L 2 J . ( )
[32] ifn=0,2o0r3 (mod4).

w

O

Remark 2.13 (i) For n = 4,5, the n — 1 pendant vertices are the equitable isolates in Wb,
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as well as in Wb,, and the remaining vertices induce the closed helm CH,. Thus, VS(an) =
Y5 (CHy) + (n — 1) implying that v5(Wbs) = 5 and 5 (Wbs) = 6.

(ii) For n = 6, the apex vertex is not an equitable isolate in Wbg as well as in Whs while
the pendant vertices are the equitable isolates in both Wbg and Whg. Hence, Vg (Whg) = 8.

Definition 2.14 A gear graph G, is obtained from the wheel W,, by adding a vertex between
every pair of adjacent vertices of the (n — 1) - cycle of W,,.

Theorem 2.15 For the gear graph,

(2] ifn=4,5

e Gn _
Vg (Gh) "2n+1 " otherwise.

Proof Let ¢ denotes the apex vertex of wheel W, and let vi,vs, -+ ,v,—1 be the rim
vertices of W,,. To obtain the gear graph G,,, subdivide each rim edge of wheel by the vertices
U1, Usg, - ,Up—1 Where each u; is added between v; and v;4q fort =1,2,--- 'n—2 and u,_1 is
added between v; and v,—1. Then |V(G,)| = 2n — 1 and |E(G,)| = 3(n — 1). The graph G,
contains the outer cycle Cy(j,_1).

For n = 4,5, the sets D = {v1,u3} and D = {¢,v1,v3} are clearly the global equitable
dominating sets of G4 and G5 respectively with minimum cardinality. Therefore, v5(G,,) = [%W
for n =4,5.

For n > 5, since the vertex c is the equitable isolate in G,, as well as in G,, it must belong
to every global equitable dominating set of G,,. Moreover, the vertices other than ¢ induce a
cycle Co(,—1y. Furthermore, V(G.,) = V(Cyn—1)) U{c} and by Proposition 2.2, v5(Cy) = [%]
for n > 5. This implies that v¢(Gr) = 75(Con—1)) + 1 = {@} +1 = [221]. Hence, we
have proved that
(2] ifn=4,6

[#5]

7; (Gn) = .
otherwise.

O

Definition 2.16 The splitting graph S’(G) of a graph G is obtained by adding a new vertex v’
corresponding to each vertex v of G such that N(v) = N(v').

Theorem 2.17 For the splitting graph of wheel W,, (n > 7),

. B [42E3]if n =0 or2 (mod 3)
7y (8" (W) = 4243 | if =1 (mod 3).

Proof Let v1,v9, -+ ,v,—1 be the rim vertices of wheel W,, and let ¢ denotes the apex
vertex of W,. Let ¢, vf,v}, -+ ,vl,_; be the added vertices corresponding to the vertices
€, V1, V2, ,Up—1 of W, to obtain G = S'(W,,). Then |V(G)| = 2n.

For n = 8, the vertices ¢ and ¢’ are equitable isolates in G and ¢, v}, v}, - - - , v} are equitable

isolates in G. For n > 8, the vertices ¢ and ¢’ are equitable isolates in both G and G while
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the vertices v}, v5, -+ ,v/,_; are equitable isolates in G. Since an equitable isolate must belong
to every equitable dominating set of G, the vertices ¢, ¢, v}, v4, -+ ,vl,_; being equitable iso-
lates, must belong to every global equitable dominating set of G. Now, the remaining vertices
V1,02, ,Up—1 of G induce a cycle C,,_1 and by Proposition 2.2, 'y;(C’n) = [%w for n > 5.
This implies that v¢(G) = v5(Cn—1) +n+ 1= 2] + n+ 1. Thus, for n > 7,

esal B [42£3] if n =0 or2 (mod 3)
7{](5 (Wn)) - L4n+3J fn=1 (mod 3)

O

Remark 2.18 For 4 < n < 7, the apex vertex and all the duplicated vertices are the equitable
isolates either in S’(W,,) or in S'(W,,) and by Proposition 2.2,

. 3 ifn=3,5
[g] otherwise.
Hence,
8 ifn=4,5
V(S (W) = ,
10 if n=6,7.

83. Concluding Remarks

The concept of global equitable domination is a variant of global domination and equitable
domination. We obtain the exact values of global equitable domination number of the helm
H,,, the flower graph Fl,, the sunflower graph S f,, the closed helm C'H,,, the web graph Wb,,,
the gear graph G,, and the splitting graph of wheel S’(W,,).
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Abstract: The t-pebbling number, fi(G), of a connected graph G, is the smallest positive
integer such that from every placement of f:(G) pebbles, ¢ pebbles can be moved to any
specified target vertex by a sequence of pebbling moves, each move taking two pebbles off a
vertex and placing one on an adjacent vertex. When ¢ = 1, we call it as the pebbling number
of G, and we denote it by f(G). In this paper, we are going to give an alternate proof for

the pebbling number of the graph J2,m (m > 3).
Key Words: Graph pebbling, pebbling move, Jahangir graph.
AMS(2010): 05C99.

§1. Introduction

An n-dimensional cube @, or n-cube for short, consists of 2" vertices labelled by (0, 1)-tuples
of length n. Two vertices are adjacent if their labels are different in exactly one entry. Saks
and Lagarias (see [1]) propose the following question: suppose 2" pebbles are arbitrarily placed
on the vertices of an n-cube. Does there exist a method that allows us to make a sequence
of moves, each move taking two pebbles off one vertex and placing one pebble on an adjacent
vertex, in such a way that we can end up with a pebble on any desired vertex? This question
is answered in the affirmative in [1].

We begin by introducing relevant terminology and background on the subject. Here, the
term graph refers to a simple graph without loops or multiple edges. A configuration C' of
pebbles on a graph G = (V, E) can be thought of as a function C : V(G) — N U {0}. The
value C'(v) equals the number of pebbles placed at vertex v, and the size of the configuration is
the number [C| =3_, <y(g) C(v) of pebbles placed in total on G. Suppose C' is a configuration
of pebbles on a graph G. A pebbling move (step) consists of removing two pebbles from one
vertex and then placing one pebble at an adjacent vertex. We say a pebble can be moved to a
vertex v, the target vertex, if we can apply pebbling moves repeatedly (if necessary) so that in

the resulting configuration the vertex v has at least one pebble.

Definition 1.1([2]) The t-pebbling number of a vertex v in a graph G, fi(v,G), is the smallest
positive integer n such that however n pebbles are placed on the vertices of the graph, t pebbles

can be moved to v in finite number of pebbling moves, each move taking two pebbles off one

1Received December 16, 2015, Accepted August 15, 2016.
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vertex and placing one on an adjacent vertex. The t-pebbling number of G, f+(QG), is defined to

be the maximum of the pebbling numbers of its vertices.

Thus the t-pebbling number of a graph G, fi(G), is the least n such that, for any config-
uration of n pebbles to the vertices of GG, we can move t pebbles to any vertex by a sequence

of moves, each move taking two pebbles off one vertex and placing one on an adjacent vertex.
Clearly, f1(G) = f(G), the pebbling number of G.

Fact 1.2 ([12], [13]) For any vertex v of a graph G, f(v,G) > n where n = |V (G)|.
Fact 1.3 ([12]) The pebbling number of a graph G satisfies

F(G) = maz{2™ D, |V(G)]}.

Saks and Lagarias question then reduces to asking whether f(Q,) < n, where @, is the
n-cube. Chung [1] answered this question in the affirmative, by proving a stronger result.

Theorem 1.4 ([1]) In an n-cube with a specified vertex v, the following are true:

(1) If 2™ pebbles are assigned to vertices of the n-cube, one pebble can be moved to v;
(2) Let q be the number of vertices that are assigned an odd number of pebbles. If there are

all together more than 2"t — q pebbles, then two pebbles can be moved to v.

With regard to t-pebbling number of graphs, we find the following theorems.

Theorem 1.5 ([9]) Let K,, be the complete graph on n vertices where n > 2. Then fi(K,) =
2t +n — 2.

Theorem 1.6 ([3]) Let Ky = {v}. Let Cp—1 = (u1,uz2, - ,un—1) be a cycle of length n — 1.
Then the t-pebbling number of the wheel graph W, is fy(W,,) = 4t +n —4 for n > 5.

Theorem 1.7 ([5]) For G = K}

81,82, ,8r7

2t+n—2, if 2t <n — 51

f(G) = ,
dt4+5s1—2, if2t>n—s

Theorem 1.8 ([9]) Let K; , be an n-star where n > 1. Then fi (K1) =4t +n — 2.

Theorem 1.9 ([9]) Let C,, denote a simple cycle with n vertices, where n > 3. Then fi(Car) =
k+1 k+2
t2k and ft(c2k+1) — % + (t _ 1)2k

Theorem 1.10 ([9]) Let P, be a path on n vertices. Then fy(P,) =t(2"1).
Theorem 1.11 ([9]) Let Q. be the n-cube. Then f:(Qn) = t(27).

Now, we state the known pebbling results of the Jahangir graph Js ,,, and then we give an

alternate proof for those results in Section 2.
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Definition 1.12 ([11]) Jahangir graph J, ., for m > 3 is a graph on nm + 1 vertices, that is,
a graph consisting of a cycle Cp., with one additional vertex which is adjacent to m vertices of

Cm at distance n to each other on C,p,.

A labeling for J3 ,,, for m > 3 is defined as follows:

Let vgy,41 be the label of the center vertex and vy, ve, -+ , v2,, be the label of the vertices

that are incident clockwise on cycle Ca,, so that deg(v1) = 3.

The pebbling number of Jahangir graph Ja ,,, (m > 3) is determined as follows:

Theorem 1.13 ([6]) For the Jahangir graph Jo 3, f(J2,3) = 8.

Theorem 1.14 ([6]) For the Jahangir graph Jo 4, f(J2.4) = 16.

Theorem 1.15 ([6]) For the Jahangir graph Ja 5, f(J25) = 18.

Theorem 1.16 ([6]) For the Jahangir graph Jags, f(J2,6) = 21.

Theorem 1.17 ([6]) For the Jahangir graph Jo 7, f(J2,7) = 23.

Theorem 1.18 ([7]) For the Jahangir graph Jo , where m > 8, f(Jom) = 2m + 10.

The t-pebbling number of Jahangir graph Js ,,, (m > 3)is as follows:

Theorem 1.19 ([8]) For the Jahangir graph J2 3, fi(J2,3) = 8t.

Theorem 1.20 ([8]) For the Jahangir graph J2 4, fi(J2,4) = 16t.

Theorem 1.21 ([8]) For the Jahangir graph Jo 5, fi(J2,5) = 16t + 2.

Theorem 1.22 ([8]) For the Jahangir graph Jom, fi(J2.m) = 16(t —1)+ f(J2,m) where m > 6.

Notation 1.23 Let p(v) denote the number of pebbles on the vertex v and p(A) denote the num-
ber of pebbles on the vertices of the set A C V(G). We define the sets S1 = {v1,vs, -+ ,vam—1}
and Sy = {va,v4, -+ , V2, } from the labelling of J3 .

Remark 1.24 Consider a graph G with n vertices and f(G) pebbles on it and we choose a
target vertex v from G. If p(v) = 1 or p(u) > 2 where uwv € E(G), then we can move one pebble
to v easily. So, we always assume that p(v) = 0 and p(u) < 1 for all uv € E(G) when v is the

target vertex.

§2. Alternate Proof for the Pebbling Number of J; ,,

Theorem 2.1 For the Jahangir graph J2 3, f(J23) = 8.

Proof Put seven pebbles at vs. Clearly we cannot move a pebble to v1, since d(vy, v1) = 3.
Thus f(J23) > 8.
We have three cases to prove f(Ja,3) < 8.
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Case 1. Let v7 be the target vertex.

Clearly, p(v7) = 0 and p(v;) < 1 for all v; € S; by Remark 1.24. Since, p(Sz) > 5, there
exists a vertex, say vz, such that p(ve) > 2. If p(v1) = 1 or p(vs) = 1 then we can move one
pebble to vy easily. Also, we can move one pebble to vy, if p(ve) > 4. Assume that p(v1) = 0,
p(vs) = 0 and p(ve) = 2 or 3. Thus either p(vy) > 2 or p(vg) > 2 and hence we can move one
pebble to vy through vs or v .

Case 2. Let v; be the target vertex.

Clearly, p(v1) = 0, p(v2) < 1, p(vg) < 1 and p(v7) < 1, by Remark ??. If p(vs) > 4 or
p(vs) >4 or p(vs) > 2 and p(vs) > 2 then we can move one pebble to vy through v;. Without
loss of generality, let p(vs) > 2 and so p(vs) < 1. If p(v2) = 1 or p(v7) = 1 then also we can
move one pebble to v1. So, we assume p(vy) = p(vy) = 0. Clearly, p(vs) > 3. If p(vs) = 3 then
we move one pebble to vs from vs and hence we are done. Let p(vs) = 2 and thus we move
two pebbles to vz from v and hence we are done. Assume p(v3) < 1. In a similar way, we may
assume that p(vs) < 1 and hence p(vs) > 3. Let p(ve) = 1. If p(v3) = 1 then clearly we can
move one pebble to v1. If p(vs) = 0 then p(vy) > 4 and hence we can move one pebble to vy
and so one pebble is moved to v;. Assume p(vy) = 0. In a similar way, we may assume that
p(ve) = 0 and hence p(vg) > 5. If p(v7) = 1 then we are done easily. Let p(vy) = 0. If p(vz) =1
or p(vs) = 1 then we move three pebbles to v or vs, respectively. Thus we can move one pebble
to vy. Assume p(vs) = p(vs) = 0. Then p(vs) = 8 and hence we can move one pebble to vy

easily.
Case 3. Let vy be the target vertex.

Clearly, p(v2) = 0, p(v1) < 1 and p(v3) < 1, by Remark 1.24. Let p(vq) > 2. If p(vy) > 4
then clearly we are done.

Assume p(vg) = 2 or 3 then clearly p(vs) = 0 and p(v7) < 1 (otherwise, we can move one
pebble to vy). Since, p(vs) + p(ve) > 3, first we let p(vg) > 2. Clearly we are done if p(v1) =0
and p(ve) > 4. Assume p(v1) = 0 and p(vg) = 2 or 3. If p(v7) = 1 then we move one pebble to
vy from vy since p(v4) > 2 and p(vs) = 1 and thus we move one pebble to v;. Then we move
one more pebble to v; from vg and hence one pebble can be moved to vy. Assume p(v7) = 0 and
so p(vs) > 2. If p(vs) = 3 or p(ve) = 3 then clearly we can move one pebble to ve by moving
one pebble to vz or vg. Thus we assume p(v4) = 2 and p(vs) = 2 and so p(vs) = 4 and hence
we are done. Assume p(vg) < 1 and so p(v4) = 2. Clearly, we are done if p(vs) > 4. Assume
p(vs) = 3 and hence we move one pebble to ve since p(v7) = p(vy) = 1.

Assume p(vq) < 1. In a similar way, we may assume that p(vg) < 1 and so p(v7) < 1.
Let p(v1) = 1. Clearly we are done if p(v7) = 1 or p(vs) = 1. Assume p(vs) = p(v7) = 0 and
so p(vs) > 4. Thus we move one pebble to v; and hence we are done. Assume p(vy) = 0.
In a similar way, we assume that p(v3) = 0. We have p(vs) > 5. Let p(vs) = 5. Clearly,
p(vs) = p(vz) = 1 and hence we can move one pebble to ve through vi. Let p(vs) > 6. If
p(ve) =1 or p(ve) = 1 or p(v7) = 1 then we move three pebbles to vy or v or vz and hence we
are done. Assume p(vy) = p(ve) = p(v7) = 0 and so p(vs) = 8. Thus we can move one pebble

to vy easily. O
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Theorem 2.2 For the Jahangir graph Jo 4, f(J2.4) = 16.

Proof Put fifteen pebbles at vg. Clearly we cannot move a pebble to vy, since d(vs, v4) = 4.
Thus f(JQA) Z 16.
We have three cases to prove f(Ja4) < 16.

Case 1. Let vg be the target vertex.

Clearly, p(vg) = 0 and p(v;) < 1 for all v; € S; by Remark ??. Since, p(S2) > 12, there
exists a vertex, say v, such that p(ve) > 3. If p(v1) = 1 or p(vs) = 1 then we can move one
pebble to vy easily. Assume p(v;) = 0 and p(v3z) = 0. So, we can move one pebble to vg easily,

since p(vg) > 4.
Case 2: Let v1 be the target vertex.

Clearly, p(v1) = 0, p(v2) < 1, p(vs) < 1 and p(ve) < 1, by Remark ??. If p(vs) > 4 or
p(vs) > 4 or p(v7) > 4 then we can move one pebble to v; through vg. Assume p(v;) < 3 for all
i €{3,5,7}. Let p(vg) > 2 and if p(vg) =1 or p(ve) = 1 or p(vs) > 2 or p(v7) > 2 then we can
move one pebble to vy through vg easily. Assume p(ve) =0, p(vg) = 0, p(vs) < 1 and p(vr) < 1.
Clearly, either p(vq) > 4 or p(vs) > 4 and hence we can move one pebble to vy through vg.

Assume p(vs) < 1. In a similar way, we may assume that p(vs) < 1 and p(v7) < 1 and
hence either p(vy) > 5 or p(vg) > 5. Without loss of generality, let p(vq) > 5. If p(vy) = 1 or
p(vg) = 1 then we move one pebble to vs or vg from v4 and hence we can move one pebble to v;.
Assume p(v2) = 0 and p(ve) = 0 then clearly p(vs) > 6. If p(vs) =1 or p(vs) =1 or p(ve) > 2
then we can move one pebble to v; easily by moving three pebbles to vs or vs from vy. Let
p(vs) =0, p(vs) = 0 and p(ve) < 1 and hence p(vy) > 13. Thus we can move one pebble to vy

easily.
Case 3. Let v2 be the target vertex.

Clearly, p(v2) = 0, p(v1) < 1 and p(vs) < 1, by Remark 1.24. Let p(vq) > 2. If p(vg) > 4
then clearly we are done.

Assume p(vg) = 2 or 3 then clearly p(vs) = 0 and p(vg) < 1 (otherwise, we can move one
pebble to vs). If p(vs) > 4 or p(vy) > 4 or p(vs) > 2 and p(v7) > 2 then we can move one
pebble to v3 and then we move one pebble to vz from v, and hence one pebble can be moved
to ve from vs. Asssume p(vs) < 3 and p(vy) < 4 such that we cannot move one pebble to vg.
So, p(vs) + p(vr) < 4. Clearly, p(vs) + p(v1) < 3 and hence p(ve) > 6. If p(vs) =1 or p(vr) =1
then we move three pebbles to vs or v7 and then we can move two pebbles to v3 from vs and vy
and hence we are done. Assume p(vs) = 0 and p(v7) = 0. So, p(ve) > 8. We move two pebbles
to v4 from vg and hence we can move one pebble to vo from v, easily.

Assume p(vq) < 1. In a similar way, we may assume that p(vg) < 1 and so p(vg) < 1.
Clearly, p(vs) + p(ve) + p(v7) > 11 and so we can move two pebbles to vg. If p(v1) = 1 or
p(vs) = 1 then we move one more pebble to v1 or v from vg and hence we are done. Assume
p(v1) = 0 and p(vsz) = 0 then we have p(vs) + p(vs) + p(vz) > 13. Let p(vs) > 4. Clearly,
we are done if p(vg) + p(v7) > 8. Assume p(vg) + p(v7) < 7 and so p(vs) > 6. If p(vy) = 1
or p(vg) = 1 then we move three pebbles to vy or vg from vg and hence we are done. Let
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p(vq4) = 0 and p(vg) = 0 and hence we can move one pebble to ve since p(vs) > 8. Assume
p(vs) = 2 or 3 and so p(vg) + p(vy) > 8. Thus we can move one pebble to vy or vz from the
vertices vg and vz. Clearly, we are done if p(vy) = 1 or p(vs) = 1. Otherwise, we can move
one pebble to vy or vs if p(vg) = 1 or p(vg) = 1. Assume p(v1) = 0, p(vs) = 0, p(vs) = 0 and
p(ve) = 0 and so p(ve) + p(v7) > 12. Thus we can move four pebbles to vg from the vertices
vs, v and vy. Assume p(vs) < 1. In a similar way, we assume that p(v7) < 1. Thus we have
p(vg) > 9. If p(v1) = 1 or p(vsz) = 1 then clearly we are done. Let p(v1) = 0 and p(vz) = 0
and so p(ve) > 11. Let p(vs) = 1. We move five pebbles to vs from vg. Clearly, we are done
if p(va) =1 or p(vg) = 1. Assume p(v4) = p(vg) = 0 and so p(vg) > 13. If p(v7) = 1 then we
move one pebble to v7 and then we move three pebbles to vs from vg and hence we are done
since vy receives four pebbles from vs and v7. Let p(v7) = 0 and so p(vg) > 14. We move seven
pebbles to vs from vg and hence we are done easily. Assume p(vs) = 0. In a similar way, we
may assume that p(v7) = 0. Thus, p(ve) > 13. If p(vg) =1 or p(vs) = 1 or p(vg) = 1 then we
move three pebbles to vs or vg or vg and hence we are done. Assume p(vy) = p(vs) = p(vg) =0

and so p(vg) = 16. Thus we can move one pebble to vy easily. O

Theorem 2.3 For the Jahangir graph Jo s, f(J25) = 18.

Proof Put fifteen pebbles at vg and one pebble each at vg and v1g. Clearly we cannot move
a pebble to vy. Thus f(Jz5) > 18.
To prove that f(Jz5) < 18, we have the following cases:

Case 1. Let v11 be the target vertex.

Clearly, p(v11) = 0 and p(v;) < 1 for all v; € S; by Remark 1.24. Since, p(S2) > 13,
there exists a vertex, say vq, such that p(ve) > 3. If p(v1) = 1 or p(vs) = 1 then we can move
one pebble to v1y easily. If p(vig) > 2 or p(vy) > 2 then also we can move one pebble to vy3.
Assume p(v1) = 0, p(vz) =0, p(vs) <1 and p(v19) < 1. Thus, we can move one pebble to vy;
easily, since p(v2) > 4.

Case 2. Let v; be the target vertex.

Clearly, p(v1) = 0 and p(v;) < 1 for all ¢ € {2,10,11} by Remark 1.24. Let p(v3) > 2.
If p(vs) > 4 or a vertex of S; — {v1,v3} contains two or more pebbles then we can move one
pebble to v; easily through v11. So, assume p(vs) = 2 or 3 and no vertex of S; —{v1,v3} contain
more than one pebble. Clearly, p(vs) + p(vs) > 7 and hence we can move one pebble to vyg
from vg or vg and hence we are done, since p(vs) > 2. Assume p(vs) < 1. In a similar way,
we assume that p(v;) < 1 for all v; € S; — {v1,vs}. Clearly, p(vs4) + p(vs) + p(vg) > 11. Let
p(ve) > 4. If p(ve) > 4 or p(vs) > 4 or p(vs) > 2 and p(vs) > 2 then we can move one pebble
to v11. Since p(v4) > 4, we can move another one pebble to v11 from vy and hence one pebble
can be moved to v1. Assume p(vg) < 3 and p(vs) < 3 such that we cannot move two pebbles to
v7. Thus p(vg) + p(vs) < 4 and so p(vs) > 8 and hence we can move one pebble to vy from vy.
Assume p(vg) < 3. Similarly, p(vs) < 3. We have p(vg) > 6. Clearly, we are done if p(vs) = 1

or p(v7) = 1. Otherwise, p(vs) > 8 and hence we can move one pebble to vy easily.

Case 3. Let vy be the target vertex.
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Clearly, p(v2) = 0, p(v1) < 1 and p(vs3) < 1 by Remark 1.24. Let p(vs) > 4. If p(v1) =1
or p(vz) =1 or p(vy) > 2 or p(vig) > 2 or p(v11) > 2 then we can move one pebble to vs easily.
Assume that p(vi) =0, p(vs) = 0, p(vs) <1, p(vig) < 1 and p(vy1) < 1. Also we assume that
p(v7) +p(vg) < 4 such that we cannot move two pebbles to v11. Let p(v7) > 2 and so p(vg) < 1.
If p(v11) = 1 or p(vs) > 6 then clearly, we are done. Assume p(vi1) = 0 and p(vs) = 4 or 5.
Thus p(ve) +p(vs) > 7 and we can move one pebble to v11 from vg or vg and hence we are done.
Assume p(v7) < 1. In a similar way, we may assume that p(vg) < 1. Let p(vs) = 6 or 7 and
so p(ve) + p(vg) > 6. Thus we can move one pebble to vy; from ve and vs. Assume p(vs) = 4
or 5 and so p(vg) + p(vs) > 8. If p(v7) = 1 or p(v11) = 1 then we can move one pebble to vy
easily through v11. Let p(v7) = p(v11) = 0 and so p(vg) + p(vg) > 10. Clearly, we can move two
pebbles to v1; from vg and vg and hence we are done since p(vs) > 4. Assume p(vs) < 3. In a
similar way, we may assume that p(v7) < 3 and p(vg) < 3.

Three vertices of S1 — {v1,v3} have two or more pebbles each.

Clearly we are done if p(v1) = 1 or p(vs) = 1 or p(v11) = 1 or p(vy) > 2 or p(vig) > 2.
Assume p(v1) = p(vs) = p(vi1) = 0 and p(vs) < 1, p(vio) < 1. Clearly, p(vs) + p(vs) > 7 and
hence we can move one pebble to v1; from vg or vs. Thus we can move one pebble to vy using
the pebbles at the three vertices of S1 — {v1,v3}.

Two vertices of S1 — {v1,vs} have two or more pebbles each.

Clearly, we are done if p(v1) = 1 or p(vs) = 1 or p(vs) > 2 or p(v1p) > 2 or p(vi1) > 2. Let
p(v11) =1 and so we can move three pebbles to v1; from the two vertices of S1 — {v1,v3} and
ve or vg. Assume p(vi;) = 0 and so p(vg) + p(vs) > 9. Thus we can move two pebbles to vyg
from the vertices vg and vg and then we move two more pebbles to vy from the two vertices of
S1 —{v1,v3} and hence we are done.

One vertex of S; — {v1,v3} has two or more pebbles.

Clearly, we are done if p(v1) = 1 or p(vs) = 1 or p(vs) > 2 or p(vig) > 2 or p(viy) > 2.
Let p(v11) = 1 and so p(vg) + p(vs) > 10. Thus we can move three pebbles to vy; from the
vertex of S1 — {v1,v3} and the vertices v and vs. Assume p(vi1) = 0 and let vs is the vertex of
S1 — {v1,v3} contains more than one pebble on it. So p(ve) + p(vs) > 12. If p(vy) = 1 then we
can move three pebbles to v11 from vg and vg and hence we are done since p(vs) > 2. Assume
p(v7) = 0 and so we can move three pebbles to v1; from vg and vg and hence we are done. In

a similar way, we can move one pebble to ve if p(ve) > 2 and p(v7) > 2.

No vertex of S1 — {v1,v3} has two or more pebbles.

Clearly, we are done if p(v1) = 1 or p(vs) = 1 or p(vs) > 2 or p(vig) > 2 or p(vi1) > 2.
Thus we have p(vs) + p(vs) > 12. Let p(vi1) = 1. Clearly we can move three pebbles to vqy if
p(v7) = 1. Assume p(v7) = 0 and so we can move three pebbles to v11 since p(vg) + p(vs) > 13
and hence we are done. Assume p(vi1) = 0. Without loss of generality, we let p(vg) > 7. If
p(va) =1 or p(vs) =1 or p(v7) = 1 then we can move two pebbles to vs and hence we are done.
Assume p(v4) = p(vs) = p(v7) = 0. Let p(vg) > 2. If p(vg) = 1 then we move one pebble to
v11 and then we move another three pebbles to v1; from vg and vg since p(vg) + p(vs) —2 > 14

and hence we are done. Assume p(vg) = 0 and so p(vg) + p(vs) > 17. Clearly we can move one
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pebble to vs from vg and vs. O

Theorem 2.4 For the Jahangir graph Jae, f(J2,6) = 21.

Proof Put fifteen pebbles at vg, three pebbles at v1g and one pebble each at vg and vqs.
Then, we cannot move a pebble ve. Thus, f(J26) > 21.
To prove that f(J2,6) < 21, we have the following cases:

Case 1. Let v13 be the target vertex.

Clearly, p(v13) = 0 and p(v;) < 1 for all v; € S; by Remark 1.24. Since, p(S2) > 15,
there exists a vertex, say vq, such that p(ve) > 3. If p(v1) = 1 or p(vs) = 1 then we can move
one pebble to vis easily. If p(vi2) > 2 or p(vs) > 2 then also we can move one pebble to vis.
Assume p(v1) =0, p(v3) =0, p(vs) <1 and p(v1g) < 1. Thus, we can move one pebble to v13
easily, since p(vy) > 4.

Case 2. Let v; be the target vertex.

Clearly, p(v1) = 0 and p(v;) < 1 for all ¢ € {2,12,13} by Remark 1.24. Let p(vs) > 2. If
p(v2) =1 or p(v13) = 1 or a vertex of S; — {v1, v3} has more than one pebble then we can move
one pebble to v; easily. Otherwise, there exists a vertex, say vg, of So — {va, v12}, contains more
than three pebbles and hence we are done. Assume p(v;) < 1 for all v; € S; — {v1}. Clearly,

Sa — {va,v12} > 13, and so we can move two pebbles to v13 and hence we are done.
Case 3. Let v2 be the target vertex.

Clearly, p(v2) = 0, p(v1) < 1 and p(vs3) < 1 by Remark 1.24. Let p(vs) > 4. If p(v1) =1
or p(uvz) = 1 or p(vg) > 2 or p(vi2) > 2 or p(viz) > 2 then we can move one pebble to vy
easily. Assume that p(vi) = 0, p(vs) = 0, p(va) < 1, p(v12) < 1 and p(v1z) < 1. Also we
assume that p(v7) + p(ve) + p(vi1) < 5 such that we cannot move two pebbles to vy3. Let
p(v7) > 2 and so p(vg) < 1 and p(v11) < 1. If p(vz) = 1 or p(vs) > 6 then clearly, we are
done. Assume p(vi3) = 0 and p(vs) = 4 or 5. Thus p(ve) + p(vs) + p(v1p) > 9 and we can
move one pebble to v13 from vg, vs and v1p and hence we are done. Assume p(v7) < 1. In
a similar way, we may assume that p(vg) < 1 and p(v11) < 1. Let p(vs) = 6 or 7 and so
p(ve) + p(vs) + p(v1g) > 8. Thus we can move one pebble to v13 from vg, vs and v1g. Assume
p(vs) = 4 or 5 and so p(vs) + p(vs) + p(vio) > 10. If p(v7) = 1 or p(vg) = 1 or p(vi3) = 1
then we can move one pebble to vy easily through vi3. Let p(v7) = p(vg) = p(v13) = 0 and so
p(ve) + p(vs) + p(vig) > 13. Clearly, we can move two pebbles to v13 from vg, vs and v1p and
hence we are done since p(vs) > 4. Assume p(vs) < 3. In a similar way, we may assume that
p(v11) < 3, p(v7) < 3, and p(vg) < 3. If four vertices of S; — {v1,v3} have two or more pebbles
each then clearly we can move four pebbles to v13 and hence one pebble can be moved to v

from v3.

Three vertices of S1 — {v1,v3} have two or more pebbles each.

Clearly we are done if p(v1) = 1 or p(vs) = 1 or p(v13) = 1 or p(vs) > 2 or p(via) > 2.
Assume p(v1) = p(vs) = p(viz) = 0 and p(vs) < 1, p(v12) < 1. Clearly, p(ve)+p(vs)+p(vig) > 9
and hence we can move one pebble to vi3 from vg, vs and v1g. Thus we can move one pebble
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to vy using the pebbles at the three vertices of S1 — {v1, v3}.

Two vertices of S1 — {v1,v3} have two or more pebbles each.

Clearly, we are done if p(v1) = 1 or p(vs) = 1 or p(vs) > 2 or p(v12) > 2 or p(vi3) > 2. Let
p(v13) = 1 and so we can move three pebbles to v13 from the two vertices of S1 — {v1,v3} and
ve, vg and vip. Assume p(v13) = 0 and so p(ve) + p(vs) + p(vig) > 11. Thus we can move two
pebbles to v13 from the vertices vg, vg and v1¢ and then we move two more pebbles to v13 from
the two vertices of S — {v1,v3} and hence we are done.

One vertezx of S1 — {v1,v3} has two or more pebbles.

Clearly, we are done if p(v1) = 1 or p(vs) =1 or p(vs) > 2 or p(v12) > 2 or p(vi3) > 2. Let
p(v13) = 1 and so p(vg) + p(vs) + p(vig) > 12. Thus we can move three pebbles to vy3 from
the vertex of S; — {v1,v3} and the vertices vg, vg and v1p. Assume p(vis) = 0 and let v is the
vertex of S; — {v1,v3} contains more than one pebble on it. So p(ve) + p(vs) + p(vig) > 13. If
p(v7) = 1 or p(vg) = 1 then we can move three pebbles to v13 from vg, vs and v1p and hence we
are done since p(vs) > 2. Assume p(v7) = p(vg) = 0 and so we can move three pebbles to vi3
from vg, vg and vy and hence we are done. In a similar way, we can move one pebble to vy if
p(vi1) = 2, p(v7) > 2 and p(vg) > 2.

No vertex of S1 — {v1,v3} has two or more pebbles.

Clearly, we are done if p(v1) = 1 or p(vs) = 1 or p(vg) > 2 or p(vi2) > 2 or p(viz) > 2.
Thus we have p(vs) + p(vs) + p(vig) > 14. Let p(vi3) = 1. Clearly we can move three pebbles
to v13 if p(v7) = 1 or p(vg) = 1. Assume p(v7) = p(vg) = 0 and so we can move three pebbles
to v13 since p(vg) + p(vs) + p(v1p) > 15 and hence we are done. Assume p(v13) = 0. Without
loss of generality, we let p(vg) > 5. If p(vs) = 1 or p(vs) = 1 or p(vy) = 1 then we can move
two pebbles to v3 and hence we are done. Assume p(vs) = p(vs) = p(v7) = 0. Let p(vg) > 2. If
p(vg) = 1 then we move one pebble to v13 and then we move another three pebbles to v13 from
ve, vg and v1g since p(ve) + p(vs) + p(vig) — 2 > 16 and hence we are done. Assume p(vg) = 0
and so p(vg) + p(vs) + p(v1g) > 20. Clearly we can move one pebble to v from vg, vg and v1.0

Theorem 2.5 For the Jahangir graph Jaz7, f(J27) = 23.

Proof Put fifteen pebbles at vg, three pebbles at v1yp and one pebble each at vs, v14, v12,
and vy3. Then, we cannot move a pebble to ve. Thus, f(J27) > 23.
To prove that f(J27) < 23, we have the following cases:

Case 1. Let v15 be the target vertex.
Clearly, p(v15) = 0 and p(v;) < 1 for all v; € S; by Remark 1.24. Since, p(S2) > 16,

there exists a vertex, say vq, such that p(ve) > 3. If p(v1) = 1 or p(vs) = 1 then we can move
one pebble to v easily. If p(vi4) > 2 or p(vs) > 2 then also we can move one pebble to vys.
Assume p(v1) =0, p(v3) =0, p(vs) <1 and p(v14) < 1. Thus, we can move one pebble to v
easily, since p(vy) > 4.

Case 2. Let v; be the target vertex.

Clearly, p(v1) = 0 and p(v;) <1 for all 4 € {2,14,15} by Remark 1.24. Let p(vs) > 2. If
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p(v2) =1 or p(v15) = 1 or a vertex of S; — {v1, v3} has more than one pebble then we can move
one pebble to vy easily. Otherwise, there exists a vertex, say vg, of So — {va,v14}, contains
more than two pebbles and hence we are done if p(vs) = 1 or p(v7) = 1. Let p(vs) = p(v7) =0
and so p(vs) > 4 and hence we are done. Assume p(v;) < 1 for all v; € S; — {v1}. Clearly,

p(S2 — {va,v14}) > 14, and so we can move two pebbles to vi5 and hence we are done.
Case 3. Let v2 be the target vertex.

Clearly, p(v2) = 0, p(v1) < 1 and p(vs) < 1 by Remark 1.24. Let p(vs) > 4. If p(v1) =1
or p(vz) =1 or p(vy) > 2 or p(v14) > 2 or p(v15) > 2 then we can move one pebble to vs easily.
Assume that p(v1) = 0, p(vsz) =0, p(vs) < 1, p(v14) < 1 and p(v15) < 1.Also we assume that
p(v7) +p(ve) + p(v11) + p(v13) < 6 such that we cannot move two pebbles to vys. Let p(vz) > 2
and so p(ve) < 1, p(v11) < 1 and p(viz) < 1. If p(vis) = 1 or p(vs) > 6 then clearly, we are
done. Assume p(v15) = 0 and p(vs) = 4 or 5. Thus p(vg) + p(vs) + p(v1g) + p(v12) > 10 and we
can move one pebble to vy5 from vg, vs, v19 and v12 and hence we are done. Assume p(v7) < 1.
In a similar way, we may assume that p(vg) < 1, p(v11) < 1 and p(vi3) < 1. Let p(vs) =6 or 7
and so p(ve) + p(vs) + p(v10) + p(vi2) > 10. Thus we can move one pebble to vi5 from vg, vs,
vip and vig. Assume p(vs) =4 or 5 and so p(ve) + p(vs) + p(vio) + p(vi2) > 12. If p(v7) =1 or
p(vg) = 1 or p(v11) = 1 or p(v15) = 1 then we can move one pebble to vs easily through vys.
Let p(vr) = p(vg) = p(v11) = p(v15) = 0 and so p(ve) + p(vs) + p(vio) + p(vi2) = 15. Clearly,
we can move two pebbles to v15 from vg, vs, v19 and v12 and hence we are done since p(vs) > 4.
Assume p(vs) < 3. In a similar way, we may assume that p(vi3) < 3, p(v7) < 3, p(vg) < 3 and
p(v11) < 3. If four vertices of S; — {v1,v3} have two or more pebbles each then clearly we can

move four pebbles to v15 and hence one pebble can be moved to vs from vys.

Three vertices of S1 — {v1,v3} have two or more pebbles each.

Clearly we are done if p(v1) = 1 or p(vs) = 1 or p(viz) = 1 or p(vy) > 2 or p(vig) > 2.
Assume p(v1) = p(vs) = p(v1s) = 0 and p(vg) < 1, p(v14) < 1. Clearly, p(Sa—{v2, v4,v14}) > 10
and hence we can move one pebble to vy5 from the vertices of So — {v2, v4,v14}. Thus we can
move one pebble to vy using the pebbles at the three vertices of S1 — {v1,vs}.

Two vertices of S1 — {v1,vs} have two or more pebbles each.

Clearly, we are done if p(v1) = 1 or p(vs) = 1 or p(vs) > 2 or p(v14) > 2 or p(vys) > 2. Let
p(v15) = 1 and so we can move three pebbles to v15 from the two vertices of S1 — {v1,v3} and
the vertices of S — {v2,v4,v14}. Assume p(v15) = 0 and so p(S2 — {v2,v4,v14}) > 12. Thus we
can move two pebbles to v15 from the vertices p(Se — {va, v4,v14}) and then we move two more

pebbles to v15 from the two vertices of S; — {v1,v3} and hence we are done.

One vertex of S; — {v1,v3} has two or more pebbles.

Clearly, we are done if p(v1) = 1 or p(vs) = 1 or p(vs) > 2 or p(v14) > 2 or p(vy5) > 2. Let
p(v15) = 1 and so p(S2 — {va,v4,v14}) > 13. Thus we can move three pebbles to vy5 from the
vertex of S; — {v1,vs} and the vertices So — {va, v4, v14}. Assume p(v15) = 0 and let v5 is the
vertex of S7 — {v1,v3} contains more than one pebble on it. So p(Sz — {ve,v4,v14}) > 14. If
p(v7) =1 or p(vg) = 1 or p(vy1) = 1 then we can move three pebbles to v15 from the vertices

of So — {va,v4,v14} and hence we are done since p(vs) > 2. Assume p(v7) = p(vg) = p(v11) =0
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and so we can move three pebbles to v15 from the vertices of So — {va, v4,v14} and hence we are

done. In a similar way, we can move one pebble to vy if p(v;) > 2, where v; € S — {v1,v3,v5}.

No vertex of S1 — {v1,v3} has two or more pebbles.

Clearly, we are done if p(v1) = 1 or p(vs) = 1 or p(vs) > 2 or p(vi4) > 2 or p(vis) > 2.
Thus we have p(Sz — {v2,v4,v14}) > 15. Let p(v15) = 1. Clearly we can move three pebbles
to v15 if p(vz) =1 or p(vg) = 1 or p(v11) = 1. Assume p(v7) = p(vg) = p(v11) = 0 and so we
can move three pebbles to vy5 since p(Se2 — {va, v4,v14}) > 18 and hence we are done. Assume
p(v15) = 0. Without loss of generality, we let p(vg) > 5. If p(vs) =1 or p(vs) = 1 or p(vr) =1
then we can move two pebbles to v and hence we are done. Assume p(v4) = p(vs) = p(v7) = 0.
Let p(vs) > 2. If p(vg) = 1 then we move one pebble to v15 and then we move another three
pebbles to vys from the vertices of Sy — {v2, v4, v14}, since p(S2 — {va, vg,v14}) — 2 > 17 and
hence we are done. Assume p(vg) = 0 and so p(Sz — {va,v4,v14}) > 20. Clearly we can move

one pebble to ve from the vertices of So — {va, v4,v14}. O

Theorem 2.6 For the Jahangir graph Jam where m > 8, f(J2.m) = 2m + 10.

Proof If m is even, then counsider the following configuration Cy such that Cj(vs) = 0,
Ci(vmt2) = 15, C1(vm—2) = 3, C1(Vmye) = 3, Ci(x) = 1 where © ¢ Nva], * ¢ N[vm2],
x ¢ Nlvm—2], and ¢ N[vmye] and Cy(y) = 0 for all other vertices of Ja . If m is odd, then
consider the following configuration Cy such that Ca(vs) = 0, Co(vimt1) = 15, Ca(vm—3) = 3,
Co(vmts) = 3, Ca(x) = 1 where © ¢ Nlva], © ¢ N[vmi1], © € N[vm—3s], and & & N[vmy5)
and C1(y) = 0 for all other vertices of Ja,. Then, we cannot move a pebble to ve. The total
number of pebbles placed in both configurations is 15+2(3) + (m —4)(1) + (m —8)(1) = 2m+9.
Therefore, f(J2,m) > 2m + 10.

To prove that f(J2m,m) < 2m + 10, for m > 8, we have the following cases:

Case 1. Let vg,,+1 be the target vertex.

Clearly, p(v2m+1) = 0 and p(v;) <1 for all v; € S; by Remark 1.24. Since, p(S2) > m+10,
there exists a vertex, say vq, such that p(ve) > 2. If p(v1) = 1 or p(vs) = 1 then we can move
one pebble to va,+1 easily. If p(vay,) > 2 or p(vs) > 2 then also we can move one pebble to
Vom+1. Assume p(v1) =0, p(vsz) =0, p(vs) < 1 and p(vay,) < 1. Thus, we can move one pebble
t0 vam41 easily, since p(ve) > 4.

Case 2. Let v; be the target vertex.

Clearly, p(v1) = 0 and p(v;) < 1 for all ¢ € {2,2m,2m + 1} by Remark 1.24. Let p(vs) > 2.
If p(ve) =1 or p(vam+1) = 1 or a vertex of S; — {v1, v3} has more than one pebble then we can
move one pebble to vy easily. Otherwise, there exists a vertex, say vg, of Sg —{v2, Vo, }, contains
more than one pebble and hence we are done if p(vs) = 1 or p(v7) = 1. Let p(vs) = p(v7) =0
and so p(ve) > 4 and hence we are done. Assume p(v;) < 1 for all v; € S; — {v1}. Clearly,

p(S2 — {va,vam}) > m + 8, and so we can move two pebbles to va,,+1 and hence we are done.
Case 3: Let v2 be the target vertex.

Clearly, p(v2) =0, p(v1) <1 and p(v3) <1 by Remark 1.24. Let p(vs) > 4. If p(v1) =1 or
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p(vs) =1 or p(vy) > 2 or p(vam) > 2 or p(vam+1) = 2 then we can move one pebble to vy easily.
Assume that p(v1) = 0, p(vz) = 0, p(vs) < 1, p(vam) < 1 and p(vam41) < 1. Also we assume
that p(S1 —{v1,vs3,v5}) < m—1 such that we cannot move two pebbles to vo,,11. Let p(vy) > 2
and so p(v;) < 1for allv; € S;—{v1,vs,vs,v7}. I p(vamt1) = 1 or p(vs) > 6 then clearly, we are
done. Assume p(vem+1) = 0 and p(vs) = 4 or 5. Thus p(Se — {ve, v4, V2, }) > m+4 and we can
move one pebble to va, 11 from the vertices of Sy —{va, v4, Vay, } and hence we are done. Assume
p(v7) < 1. In a similar way, we may assume that p(v;) < 1 for all v; € S1 — {v1, v3,v5,0v7}. Let
p(vs) = 6 or 7 and so p(S2 —{ve, v4, Vo, }) > m+4. Thus we can move one pebble to va,,+1 from
the vertices of Sy — {v2,v4, Vo }. Assume p(vs) = 4 or 5 and so p(Se — {va, v4, V2 }) > m + 6.
If p(v;) = 1, a vertex v; of S1 — {v1, v3, V5, V2m—1} then we can move one pebble to vy easily
through vo, 1. Let p(S1 — {v1,v3,v5,v2m—1}) = 0 and so p(Sz2 — {v2,v4,v2m}) > 2m + 2.
Clearly, we can move two pebbles to ve,,+1 from the vertices of Sy — {va, v4, Vo, } and hence we
are done since p(vs) > 4. Assume p(vs) < 3. In a similar way, we may assume that p(vg) < 3,
for all v, € S1 — {v1,v3,v5}. If four vertices of S; — {v1,v3} have two or more pebbles each
then clearly we can move four pebbles to va,,4+1 and hence one pebble can be moved to vy from

Vom+1

Three vertices of S1 — {v1,v3} have two or more pebbles each.

Clearly we are done if p(vy) = 1 or p(vs) = 1 or p(vam+1) = 1 or p(vs) > 2 or p(vam) >
2. Assume p(v;) = p(vs) = p(vam+1) = 0 and p(vy) < 1, p(vem) < 1. Clearly, p(Se —
{v2,v4,V2m}) > m + 4 and hence we can move one pebble to vg;,41 from the vertices of

S — {va, v4, V2, }. Thus we can move one pebble to ve using the pebbles at the three vertices
of Sl — {’Ul,’Ug}.

Two vertices of S1 — {v1,v3} have two or more pebbles each.

Clearly, we are done if p(v1) = 1 or p(vz) = 1 or p(vg) > 2 or p(vam) > 2 or p(vami1) >
2. Let p(vam+1) = 1 and so we can move three pebbles to ve;,41 from the two vertices of
S1 — {v1,v3} and the vertices of Sy — {vo,v4,v2m}. Assume p(vay,y1) = 0 and so p(Se —
{v2,v4,V2m}) > m + 6. Thus we can move two pebbles to vg;,+1 from the vertices Sy —
{v2, v4, Vo, } and then we move two more pebbles to v, 1 from the two vertices of S; —{v1, v3}

and hence we are done.

One vertezx of S1 — {v1,v3} has two or more pebbles.

Clearly, we are done if p(v1) =1 or p(vsz) = 1 or p(vg) > 2 or p(vam) > 2 or p(vami1) > 2.
Let p(vam41) = 1 and so p(Sa—{v2, v4,v14}) > m~+7. Thus we can move three pebbles to va, 1
from the vertex of S;—{v1,v3} and the vertices So —{va, v4, Vo }. Assume p(vom41) = 0 and let
vs is the vertex of S7 — {v1,v3} contains more than one pebble on it. So p(Se — {va, v, vam }) >
m+ 8. If p(v;) =1, a vertex v; of S1 — {v1,v3,V5,V2m—1} then we can move three pebbles to
Vam+1 from the vertices of So — {v2, v4, V2, } and hence we are done since p(vs) > 2. Assume
p(S1 — {v1,v3, U5, V2m—1}) = 0 and so we can move three pebbles to va,+1 from the vertices of
Sa — {v2,v4, V2, } and hence we are done. In a similar way, we can move one pebble to vs if

p(v;) > 2, where v; € S1 — {v1,vs,v5}.

No vertex of S1 — {v1,v3} has two or more pebbles.
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Clearly, we are done if p(v1) =1 or p(vsz) = 1 or p(vg) > 2 or p(vam) > 2 or p(vami1) > 2.
Thus we have p(Se — {va,v4,v2m}) = m + 9. Let p(vams1) = 1. Clearly we can move three
pebbles to vo,, 41 if a vertex v; of S1 — {v1,v3, V5, vam—1} such that p(v;) = 1. Assume p(S; —
{v1,v3,v5,v2m—1}) = 0 and so we can move three pebbles to vo,,+1 since p(Sa —{ve, vy, Vo }) >
m + 12 and hence we are done. Assume p(vo,+1) = 0. Without loss of generality, we let
p(vg) > 2. If p(vs) = 1 or p(vy) = 1 then we can move two pebbles to v3 and hence we are
done. Assume p(vs) = p(vy) = 0. Let p(vg) > 2. If p(vg) = 1 then we move one pebble to
Vam+1 and then we move another three pebbles to va,,+1 from the vertices of So — {va, v4, Vo, },
since p(Sz — {v2,v4,v2m}) —2 > m + 11 and hence we are done. Assume p(vg) = 0 and so
p(S2 — {va,v4,v2m}) = m + 12. Clearly we can move one pebble to ve from the vertices of

52 - {U27U47U2m}' O
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81. Introduction

Throughout this paper we have considered finite, undirected and simple graphs only. The vertex
set and edge set of a graph G are denoted by V(G) and E(G) respectively. The graph obtained
by subdividing each edge of a graph G by a new vertex is denoted by S(G). The corona G1 ® G2
of two graphs G; and G5 is obtained by taking one copy of G1(which has p; vertices) and p;
copies of G and then joining the i*" vertex of G to every vertex in the i*" copy G5 The notion
of k-Total Product cordial labeling of graphs was introduced in [2]. In this paper we investigate
the 4-Total Product cordial labeling behaviour of P, ® K1, P, ©2K;, S(P,® K1), S(P,®2K1),
S(Cr, ® K1) and S(C,, ® 2K;) Terms not defined here are used in the sense of Harary [1].

82. k-Total Product Cordial Labeling

Definition 2.1 Let f be a map from V(G) to {0,1,--- ,k — 1} where k is an integer, 2 <
k <|V(G)|. For each edge uv, assign the label f(u)f(v) (mod k). f is called a k-total product
cordial labeling of G if levs (i) — evs(j)| < 1, otherwise, a Smarandachely k-total product cordial
labeling of G if levy (i) —eve(j)| > 2 fori,j € {0,1,--- ,k — 1}, where evs(x) denotes the total
number of vertices and edges labelled with x (x =0,1,2,---  k —1).

A graph with k-total product cordial labeling is called k-total product cordial graph.

1Received December 25, 2015, Accepted August 16, 2016.
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Now we investigate the 4-Total product cordiality of P, ® K71 and P, ® 2K;.

Theorem 2.2 P, ® K is 4-total product cordial.

Proof Let ujus---u, be the path P, and let v; be the pendant vertices adjacent to
u; (1 <i<n).

Case 1. n is even.

Define f: V(P, ® K1) —{0,1,2,3} by f(u1) =0,

(i) = 2, 2<i<z2
f(unT4+l) = 3, 1<i<zy
flv) = 2 1<i<3
f(vzii) = 3, 1<:i<3.

Clearly evy(0) = evs(2) = evs(3) = n and evy(1) = n — 1. Hence f is a 4-total product

cordial labeling.
Case 2. nis odd.

Define f: V(P, ® K1) — {0,1,2,3} by f(u1) = f(uz) =0,

: n—1
f(uz) = 2, 3 S 1 S 5
f('Llwlgl_,’_i) = 37 1 S (3 S ’H,T—l
_ n+l1
flv) = 2, 1<i<zfH
flons ) = 3, 1<i< 3l
Values of i | evy (i)
0 n
1 n—1
2 n
3 n
Table 1
Table 1 establish that f is a 4-total product cordial labeling. O

Theorem 2.3 P, ® 2K;is 4-total product cordial.

Proof Let ujus...u, be the path P, and let v; and w; be the pendant vertices adjacent
to u; (1 <i<n).

Case 1. n is even.
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Define f: V(P, ®2K;) — {0,1,2,3} by f(u1) =0,

f(ui) = 2, 2<i<2
f('l,l,n;2+i) = 3 1<i<nzf2
flv) = 2, 1<i<3
foge) = 3 1=i<3
flw;) = 2, 1<i<3
flwn i) = 3, 1<i<3.

Clearly evy(0) = evy(2) = evp(3) = 3 and evy(1) = 2 — 1. Hence f is a 4-total product
cordial labeling.

Case 2. nis odd.

Define f: V(P, ® 2K1) — {0,1,2,3} by f(u1) = f(u2) =0,

— ; n—1
f(uz) = 2, 3<i< 5
f(Uanl_’_i) = 3, 1<i<3
— n+1
f(vi) = 2, 1<i<=®p
fosg ) = 3 1<i<2l
— ; n—1
f(w;) = 2, 1<:i< 5
flwnay,) = 3, 1<i<f
Values of ¢ | evy (i)
3n—1
0 2
1 3n—1
3n—1
2 2
3n+1
3 e
Table 2
Table 2 shows that f is a 4-total product cordial labeling. O

Now we look in to the subdivision graphs.

Theorem 2.4 S(P, ® K1) is 4-total product cordial.

Proof Let V(S(P,0K1)) = {w;, v, wi, 25 : 1 <i<n, 1 <j<n—1}and E(S(P,0K;)) =

{uvi, viwi, w;zj, zjujp1 : 1 <i<n, 1 <j<n-—1}

Case 1. n = 0(mod 4).
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Let n = 4t. Define f(u1) =0,

f(uq) = 2, 2<i<2
f(U"T*?.H) = 3, 1§i§%
f(vi) = 2 1<i<?Z
floges) = 3, 1<i<3
f(wi) = 2 1<i<g3
flwny) = 3, 1<i<g
f(z) = 2, 1<j<22
flozy) = 3, 1<j<3

Clearly evy(0) = evs(1) = evp(2) = 4t — 1 and evy(3) = 4¢. Hence f is a 4-total product
cordial labeling.

Case 2. n = 1(mod 4).

Let n = 4t + 1. Assign the label to the vertices u;, v, w;,2; 1 <i<n—-1,1<j<n-1
as in case 1. Then label 3,3,2,0 to the vertices z,, un, Vn, wy respectively. Here evy(0) =
evy(l) = evy(2) =4t + 1 and evs(3) = 4t + 2. Hence f is a 4-total product cordial labeling.

Case 3. n = 2(mod 4).

Let n = 4t + 2. Assign the label to the vertices u;, v, w;,2; 1 <i<n—-1,1<j<n-1
as in case 2. Then label 3,3,2,0 to the vertices z,, un, Un, wy respectively. Here evy(0) =
evy(l) = evy(2) = 4t + 3 and evs(3) = 4t + 4. Hence f is a 4-total product cordial labeling.

Case 4. n = 3(mod 4).

Let n = 4t + 3. Assign the label to the vertices u;,v;,w;,2; 1 <i<n—-1,1<j<n-1
as in case 3. Then label 3,3,2,0 to the vertices z,, un, Vn, wy respectively. Here evy(0) =
evy(l) = evy(2) = 4t + 5 and evs(3) = 4¢ + 6. Hence f is a 4-total product cordial labeling. O

Theorem 2.5 S(P, ®2K) is 4-total product cordial.

Proof Let V(S(P, © 2K1)) = {u;,vi,wi,a5,b5,¢, 1 1 < i <n, 1 <j<n-—1} and
E(S(Pn ® 2K1)) = {uiaj,uibi,uici,bivi,ciwi,ajujﬂ 01 S ) S n, 1 S ] S n— 1}

Case 1. n =0(mod 4).

Let n =4t and let f(u1) =0,

f(ui) = 2, 2<i< 2
f(unT4+l) = 3, 1<i<3g
fvy) = 2, 1<i<3
flveis) = 3, 1<i<3
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f(w;) = 2, 1<i<3
flwzi) = 3, 1<i<3
f(aj) = 2, 1<j<32
f(a"T*%A) = 1

flanzy ;) = 1, 1<5< nos
f(b) = 2, 1<i<3
f(bz i) = 3, 1<i<3
f(ed) = 2, 1<i<3
flez44) = 3, 1<i<3.

Clearly evy(0) = evy(1) = evs(2) = 4¢t+7 and evy(3) = 4t+8. Hence f is a 4-total product

cordial labeling.
Case 2. n = 1(mod 4).

Let n = 4t +1 and assign the label to the vertices u;, v, ws, a5,b5,¢, 1 <i<n—-1,1<5 <
n — 2 as in case 1. Then label 3,3,2,2,1,0 to the vertices a,, Uun, by, Un, Cpn, Wy, respectively.
Here evp(0) = evy(1) = evy(2) = 4¢ + 10 and evy(3) = 4t 4+ 11. Hence f is a 4-total product

cordial labeling.
Case 3. n =2(mod 4).

Let n = 4t+2. Assign the label to the vertices u;, vi, ws, aj,b5,¢, 1 <i<n—-2,1<j<n-3
asin case 2. Then label 3,3,2,2,2,2,3,3,2,3,0,3to the vertices a,—2, Un—1,bp—-1, Vn—1, Cn—1, Wn—1,
An—1, Un, by Un, Cn, Wy respectively. Here ev;(0) = evy(1) = evy(2) = 4t 4 13 and evs(3) =
4t 4+ 14. Hence f is a 4-total product cordial labeling.

Case 4. n = 3(mod 4).

Let n = 4t + 3. We assign the label to the vertices wu;, vs, ws,a5,b5,¢; 1 < 4 < n —
3, 1<j<n-—4asincase 3. Then label 3,3,2,0,2,2,3,3,2,2,2,2,3,3,3,2,3,3 to the vertices
an—37un—?abn—2avn—2acn—2uwn—2u Gn—2, Un—-1, bn—lu Un—1, Cpn—1, Wn—1, Qpn—1, Un, bnu Un, Cn,

wy, respectively. Here ev,(0) = evy(1) = evy(2) = 4t + 22 and evs(3) = 4t + 23. Hence f is a
4-total product cordial labeling. O

Theorem 2.6 S(C, ® K1) is 4-total product cordial.

Proof Let V(S(Cn0K1)) = {us, vi,wi, z; : 1 < i <n}and E(S(C,0K1)) = {uiz;, ujw;, wivj, 2t :
1<i<n}.

Case 1. n=0,2(mod 4).
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Let n =4t and let f(u1) =0,

flug) = flzm) = 3 1<i<n
f(vi = 2 1<:<n
flwi) =2 1<i<n
flozq) = 0 1<i<?

In this case, evs(0) = evy(l) = evy(2) = evs(3) = 2n. Hence f is a 4-total product cordial
labeling.

Case 2. n = 1(mod 4).

Let n = 4t + 1. We assign the label to the vertices u;, v;, w;, 2z;, 1 < i < n —1 as in case
1. Then label 3,3,2,0 to the vertices uy, 2n, Wy, v, respectively. Hence evy(0) = evs(l) =
evy(2) = evy(3) = 2n. Hence f is a 4-total product cordial labeling.

Case 3. n = 3(mod 4).

Let n = 4¢ + 3 and assign the label to the vertices wu;, v;, w;, z;, 1 <4 < n—1 as in case
1. Then label 3,3,2,0 to the vertices u, 2n, Wy, v, respectively. Hence evy(0) = evs(l) =
evy(2) = evy(3) = 2n. Therefore f is a 4-total product cordial labeling. O

Theorem 2.7 S(C, @ 2K3) is 4-total product cordial.

Proof Let V(S(C,, ® 2K1)) = {u;,v;,w;,ai,bi,¢; : 1 < i < n,}and E(S(C,, ®2K;)) =

{Uitit1 (mod n)» Wi, Uibi, bivi, uic, cjw; : 1 < i <nj.

Case 1. n=0(mod 4)

Define
f(ui) = f(ai) = 3 1<i<n
f(vi) = f(b) = 2 1<i<?2
flbggi) = flugu) = 0 1<i<}
f(baT"Jr’L) = f(vaT"Jrl) = 0 1§ZS%
J(w;) = flg =2 1<i<2
flenyi) = flwzy) = 0 1<i<?
flesny) = flwsny) = 0 1<i<}

Therefore evy(0) = evs(l) = evy(2) = evy(3) = 3n. Hence f is a 4-total product cordial
labeling.

Case 2. n = 1(mod 4)

Let n = 4t + 1. We assign the label to the vertices w;, v;, w;, a;,b5,¢, 1 < i < n—1 as
in case 1. Then label 3,3,3,2,2,2 to the vertices uy, an, bp, Upn, Wy, ¢, respectively. Hence
evy(0) = evy(1) = evp(2) = evy(3) = 3n. Hence f is a 4-total product cordial labeling.
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Case 3. n =2(mod 4)

Let n = 4t + 2. Define

f(wi) = flai) = 3 1<i<n
f(vi) = f(b) = 2 1<i<?2
f(bzti) flong) = 0 1<i<Z-2
f(bn—2yi) = flon—24s) = 3 1<i<2-3
f(wi) flei) = 2 1<i<?t
flezya) flwzy)) = 0 1<i<gz-3
flen—syi) = flwn—sp) = 3 1<i<g5-—2

Therefore evy(0) = evs(l) = evy(2) = evy(3) = 3n. Hence f is a 4-total product cordial
labeling.

Case 4. n = 3(mod 4)

Let n = 4t + 3 and let

f(uq) = f(a;) = 3 1<i<n

fw) = gy = 2 1<i<ong

flonp) = 2

flwng) =0

fvn) =3

f(wn) = 2

fon) = flonny) = 0 1<i<2g?

foam ) = flwwmay) = 3 1<i<ny

f(bi) = fla) = 2 1<i<nzd

floziy) = flenzay,) = 0 1<i<2

Fbsnsy) = flema,) = 3 1<i<nf

Therefore evy(0) = evs(l) = evs(2) = evy(3) = 3n. Hence f is a 4-total product cordial

labeling. O
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81. Introduction

In 1965, Lofti A. Zadeh [20] introduced the concept of fuzzy subset of a set as method of
representing the phenomena of uncertainty in real life situation. K.T.Attanassov [1] introduced
the concept of intuitionistic fuzzy sets as a generalization of fuzzy sets. K.T.Atanassov added
a new component( which determines the degree of non-membership) in the definition of fuzzy
set. The fuzzy sets give the degree of membership of an element in a given set(and the non-
membership degree equals one minus the degree of membership), while intuitionistic fuzzy sets
give both a degree of membership and a degree of non-membership which are more-or-less
independent from each other, the only requirement is that the sum of these two degrees is not
greater than one. Intuitionistic fuzzy sets have been applied in a wide variety of fields including
computer science, engineering, mathematics, medicine, chemistry and economics [1,2].

Azriel Rosenfeld introduced the concept of fuzzy graph in 1975 ([12]). It has been growing
fast and has numerous application in various fields. Bhattacharya [5] gave some remarks on
fuzzy graphs, and some operations on fuzzy graphs were introduced by Morderson and Peng
[11]. Krassimir T Atanassov [2] introduced the intuitionistic fuzzy graph theory. R.Parvathi and

M.G.Karunambigai [10] introduced intuitionistic fuzzy graphs as a special case of Atanassov’s

ISupported by F.No:4-4/2014-15, MRP- 5648/15 of the University Grant Commission, SERO, Hyderabad
2Received December 16, 2015, Accepted August 18, 2016.
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IFG and discussed some properties of regular intuitionistic fuzzy graphs [7]. M. G. Karunam-
bigai and R. Parvathi and R. Buvaneswari introduced constant intuitionistic fuzzy graphs [8].

M. Akram, W. Dudek [3] introduced the regular intuitionistic fuzzy graphs. M.Akram
and Bijan Davvaz [4] introduced the notion of strong intuitionistic fuzzy graphs and discussed
some of their properties. R.Jahirhussain and S.Yahyu Mohammed discussed Properties on
intuitionistic fuzzy graphs [6]. A.Nagoorgani and S.Shajitha Begum introduced the degree,
order and size in intuitionistic fuzzy graphs [9].

N.R.Santhi Maheswari and C.Sekar introduced do- degree of a vertex in fuzzy graphs
and introduced 2-neighbourly irregular fuzzy graphs and 2-neighbourly totally irregular fuzzy
graphs [13]. Also, they introduced d,,-degree, total d,,,-degree, of a vertex in fuzzy graphs and
introduced an m-neighbourly irregular fuzzy graphs [14, 17]. S.Ravinarayanan and N.R.Santhi
Maheswari introduced m-neighbourly irreular bipolar fuzzy graphs [15].

N.R.Santhi Maheswari and C.Sekar introduced d,,- degree of a vertex in intuitionistic fuzzy
graphs and introduced (m, (¢1, c2))-regular fuzzy graphs and totally (m, (c1, c2))-regular fuzzy
graphs [19]. These motivates us to introduce m-neighbourly irregular intuitionistic fuzzy graphs

and totally m-neighbourly irregular intuitionistic fuzzy graphs.

82. Preliminaries

We present some known definitions related to fuzzy graphs and intuitionistic fuzzy graphs for

ready reference to go through the work presented in this paper.

Definition 2.1([11]) A fuzzy graph G : (o, 1) is a pair of functions (o, 1), where o : V. —[0,1]
is a fuzzy subset of a non empty set V and p: VXV —[0, 1] is a symmetric fuzzy relation on
o such that for all u,v in V, the relation p(u,v) < o(u) A o(v) is satisfied. A fuzzy graph G is
called complete fuzzy graph if the relation p(u,v) = o(u) A o(v) is satisfied.

Definition 2.2([14]) Let G : (o,p) be a fuzzy graph. The d,-degree of a vertex u in G is
dm(u) =3 ™ (wv), where p™(uv) = sup{p(uu) Ap(uiuz)A. .oy (Um—10) U, UL, Uz, - .y Upy—1, V
is the shortest path connecting u and v of length m}. Also, p(uv) =0, for uv not in E.

Definition 2.3([14]) Let G : (o, ) be a fuzzy graph on G* : (V,E). The total dy,-degree of a
vertex w € V is defined as tdp,(u) =Y p™(uv) + o(u) = dp(u) + o(u).

Definition 2.4([14]) Let G : (V, E) be a fuzzy graph on G*(V,E). Then G is said to be an

m-neighbourly irregular fuzzy graph if every two adjacent vertices in G have distinct d.,-degrees.

Definition 2.5([14]) Let G : (V, E) be a bipolar fuzzy graph on G*(V, E). Then G is said to be
an m-neighbourly totally irregular fuzzy graph if every two adjacent vertices in G have distinct

total d.,,-degrees.

Definition 2.6([8]) An intuitionistic fuzzy graph with underlying set V is defined to be a pair
G = (V, E) where

(1) V. = {v1,v9,v3,- -+ ,0n} such that py : V. — [0,1] and 71 : V — [0,1] denote the
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degree of membership and nonmembership of the element v; € V, (i =1,2,3,--- ,n) such that
0< pa(vi) +m(vi) <1;

(1) ECV XV, where g : VxV — [0,1] and v2 : V xV — [0, 1] are such that po(v;, vj) <
min{pi1(vi), p1(v5)} and y2(vi, v;) < max{y1(vi), 11 (v;)} and 0 < p2(vi,v;) +y2(vi,v;) < 1 for
every (vi,v;) € E, (i,j=1,2,--- ,n).

Definition 2.7([8]) If v;,v; € V C G, the p-strength of connectedness between two vertices v;
and v; is defined as p3°(vi,v;) = sup{pb(vi,v;) 1 k =1,2,--- ,n} and y-strength of connected-
ness between two vertices v; and v; is defined as v5°(vi,v;) = inf{7&(vi,v;) 1 k=1,2,--- ,n}.

Ifu and v are connected by means of paths of length k then uk (u,v) is defined as sup{uz(u, v1)A
pa(v1, va) A Apz(ve—1,0): (u, 01,02, ,vk—1,v) € V} and 7% (u,v) is defined as inf{vz(u,v1)V
Ya(v1,v2) V- -V y2(vp—1,0): (u,v1,v2, - ,05_1,0) € V}.

Definition 2.8([8]) Let G = (V, E) be an Intuitionistic fuzzy graph on G*(V,E). Then the
degree of a vertexr v; € G is defined by d(v;) = (du, (vi),dy, (v;)), where dy,, (v) =Y pa(vi, vj)
and d, (v;) =Y y2(vi, vj) for vi,v; € E and pa(vi,v;) = 0 and v2(v;,v;) = 0 for v;,v; ¢ E.

Definition 2.9([8]) Let G = (V, E) be an Intuitionistic fuzzy graph on G*(V,E). Then the
total degree of a vertex v; € G is defined by td(v;) = (td,, (vi),tdy, (vi)), where td,, (v;) =
dpiy (vi) + pa (vi) and tdy, (vi) = dyr(vi) + 71 (vi).

Definition 2.10([19]) Let G = (V,E) be an intuitionistic fuzzy graph on G*(V,E). Then
the dy, - degree of a wvertex v € G is defined by dim)(v) = (dim)u, (V), dimyy, (v)), where
iy () = S us™ (u,0) and p§™ (u,v) = sup{pa(u,ur) A pa(ug,uz) A+ A o (tn—1,v) :
Uy Up, U, ,Um—1V @S the shortest path connecting u and v of length m} and dimyv, (v) =
Zwém)(u, v), where Wém)(u,v) = inf{y2(u, u1)Vy2(u1, u2)V- - VA2 (Um—1,0) : U, U1, Uz, -+ 5 U —10
is the shortest path connecting u and v of length m}. The minimum d,,-degree of G is
O (G) = NM(damyu, (V) dimyy, (V) = v € V} and the mazvimum dp,-degree of G is Ay (G) =
V{(dmyps (V) d(myy, (V) v €V}

Definition 2.11([19]) Let G : (V,E) be an intuitionistic fuzzy graph on G*(V,E). If all the

vertices of G have same d,,- degree then G is said to be an (m, (c1,c2))- regular intuitionistic

fuzzy graph.

Definition 2.12([19]) Let G = (V, E) be an intuitionistic fuzzy graph on G*(V,E). Then
the total d,,-degree of a vertex v € G is defined by td(,)(v) = (tdm)u, (v), tdm), (v)), where
td (), (V) = dmyu, (V) + p1(v) and tdm)y, (V) = dimyy, (V) +71(v). The minimum td,,-degree of
G is tom(G) = M(tdmyu, (v), td(, (v)) 1 v € V'}. The mazimum td,,-degree of G is tA,(G) =
\/{(td(m)#1 (U), ifd(m),y1 (U)) NS V}

83. m-Neighbourly Irregular intuitionistic Fuzzy Graphs

Definition 3.1 let G be an intuitionistic fuzzy graph on G*(V, E). Then G is said to be an m-

neighbourly irreqular intuitionistic fuzzy graph if every two adjacent vertices in G have distinct
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dm - degrees.
Example 3.2 Consider an intuitionistic fuzzy graph on G* : (V, E).

u(0.3,0.6)

(0.4,0.5) (0.1,0.5)

4(0.5,0.5)

v(0.4,0.4)

(0.4,0.3) (0.2,0.3)

2(0.6,0.3) (0.3,0.2) w(0.5,0.4)

Figure 1
Here, d(u) = (0.5,1); d(v) = (0.3,0.8); d(w) = (0.5,0.5); d(z) = (0.7,.5); d(y) = (0.8,0.8);
) (1) = (0.170.2)+(0.470.4) = 0.1+0.4 = 0.5; d(a), (u) = (0.5V0. 2)+(0 4v0.4) = (0.5)+
(0.4) = 0.9; d(2)(u) = (0.5,0.9), d(g)( ) = (0.3,0.8), d(g)(w) (0 4 0. 8), d(2 ( ) ( 6,0.8);

d(g) (y) = (0.4, 0.8).
Every pair of adjacent vertices in G have distinct degrees and distinct da- degrees. Hence

G is m -neighbourly irregular intuitionistic fuzzy graph for m=1,2.

84. m-Neighbourly Totally Irregular Intuitionistic Fuzzy Graphs

Definition 4.1 Let G be a intuitionistic fuzzy graph on G*(V,E). Then G is said to be m-
neighbourly totally irregular intuitionistic fuzzy graph if every two adjacent vertices in G have

distinct total d,,- degrees.

Example 4.2 Consider a intuitionistic fuzzy graph on G* : (V, E) in Figure 1, tdao(u) =
(0.8,1.5), tda(v) = (0.7,1.2),tda(w) = (0.9,1.2),tda(x) = (1.2,1.1),tda(y) = (0.9,1.3). Every
Pair of adjacent vertices in G have distinct total degrees and distinct total da- degrees. Hence

G is m-neighbourly totally irregular intuitionistic fuzzy graph for m=1,2.

Remark 4.3 An m-neighbourly irregular instuitionistic fuzzy graph need not be m- neighbourly

totally irregular intuitionistic fuzzy graph.

Example 4.4 For example consider G = (V, E) be an intuitionistic fuzzy graph such that
G*(V, E) is path on 6 vertices.

u(0.5,0.5) v(0.3,0.4)  w(0.3,0.4) z(0.5,0.5) y(0.3,0.4) 2(0.3,0.4)
[ L L L L @
(0.1,0.3) (0.2,0.4) (0.3,0.3) (0.3,0.5) (0.3,0.4)

Figure 2
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Here, d(g) (u) = (0.1, 0.4); d(g) (U) = (0.2, 0.5); d(g) (w) = (0.3, 0.5);d(3) (ac) = (0.1, 0.4);d(3) (y) =
(0.2,0.5);d(s)(2) = (0.3,0.5). Hence G is m- neighbourly irregular intuitionistic fuzzy graph.
Here, td(3)(w) =
intuitionistic fuzzy graph.

td(s)(z) = td(s)(y) = (0.6,0.9). Hence G is not m-neighbourly totally irregular

Remark 4.5 An m- neighbourly totally irregular intuitionistic fuzzy graph need not be m-

neighbourly irregular intuitionistic fuzzy graph.

Example 4.6 Cousider a intuitionistic fuzzy graph on G*(V, E).

11(0.4,0.5) J2(0.3.04) _us(04,0.5)
(0.2,0.3) _ (0.2,0.3)

(0.2,0.3) (0.2,0.3)
(0.2,0.3) ° (0.2,0.3)

us(0.3,0.4) u5(0.4,0.5) ua(0:3,04)
Figure.3

Here, d(g)(u1) = d2)(u2) = d(2y(u3) = d(2)(ua) = d2y(us) = d(2)(ue) = (0.4,0.6). Hence G
is not an m- neighbourly irregular intuitionistic fuzzy graph.

td(g)(ul) = (08, 1.1); td(2)(u2) = (07, 1); td(g)(u;;) = (08, 1.1); td(g)(’u,4) = (07, 1);
td(g)(U5) = (0.8,1.1); td(2) (ug) = (0.7,1).

Here, all adjacent vertices have distinct total d,,,-degrees. Hence G is m-neighbourly totally

irregular intuitionistic fuzzy graph.

Theorem 4.7 If the membership values of adjacent vertices are distinct then (m, (c1,c2))-

regular intuitionistic fuzzy graph is an m- neighbourly totally irregular intuitionistic fuzzy graph.

Proof Let G : (V, E) be an intuitionistic fuzzy graph on G*(V, E). If (m, (¢1, c2))- regular
intuitionistic fuzzy graph and the membership values of adjacent vertices are distinct, then d,,-
degree of all vertices are the same = d,,(v) = (c1, ¢2) for all v € G = total degrees of adjacent

vertices are distinct. So G is an m-neighbourly totally irregular intuitionistic fuzzy graph. O

Theorem 4.8 Let G : (V,E) be an intuitionistic fuzzy graph on G*(V,E). If G is an m-
neighbourly irreqular intuitionistic fuzzy graph and A is a constant function then G is an m-

neighbourly totally irreqular intuitionistic fuzzy graph.

Proof Let G be m- neighbourly irregular intuitionistic fuzzy graph. Then the d,, degree
of every two adjacent vertices are distinct. Let v and v be two adjacent vertices of G with
distinct degrees. Then d,,(u) = (k1, k2) and d,, (v) = (¢1,c2), where ky # ¢1,ka # c2 . Assume
that A(u) = A(v) = (r1,72). Suppose tdy,(u) = tdy(v) = dn(u) + Au) = dn(v) + A(v)
= (k1,ka+(r1,m2) = (c1,02)+ (r1,72) = (14711, ka2 = (c1+711,60472) = i+ =c1+n
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and kg + 79 = ca + 12 = k1 = ¢1 and ke = cq, which is a contradiction. So td,(u) # tdy, (v).
Thus every pair of adjacent vertices have distinct total d,,degree provided A is a constant
function. This is true for every pair of adjacent vertices in G. Hence G is an m- neighbourly

totally irregular intuitionistic fuzzy graph. |

Theorem 4.9 Let G be an intuitionistic fuzzy graph on G*(V, E). If G is an m- neighbourly
totally irreqular intuitionistic fuzzy graph and A is constant function then G is an m- neighbourly

wrreqular intuitionistic fuzzy graph.
Proof The proof is similar to above theorem 4.8. |

Remark 4.10 The above two theorems jointly yield the following result. let G : (V, E) be a
intuitionistic fuzzy graph on G*(V, E). If A is constant function then G is m- neighbourly irreg-
ular intuitionistic fuzzy graph if and only if G is m- neighbourly totally irregular intuitionistic

fuzzy graph.
Remark 4.11 Let G : (V, E) be an intuitionistic fuzzy graph on G*(V, E). If G is both m-

neighbourly irregular intuitionistic fuzzy graph and m- neighbourly totally irregular intuition-
istic fuzzy graph then A need not be a constant function.

Theorem 4.12 Let G be intuitionistic fuzzy graph on G*(V, E) , a cycle of length n. If the edges
takes positive membership values cy,ca,- -+ , ¢, and negative membership values ki, ko, -+  ky
such that ¢c; < cg < -+ < ¢y and k1 > ko > -+ > k, then G is m- neighbourly irreqular

intuitionistic fuzzy graph.

Proof Let the edges take membership values ¢y, co, - ,c¢, and ki, ko,--- ,k, such that
g <co<---<ecyand ky > ke >--- > k. Then,

Ay, (V1) = pa(er) A pa(ez) A -+ - po(em) + pa(emyr) A pa(en—1)) A+ A po(en—(m-1))
=(ctNca N Newm)+(en ANen—1 A+ A Cp(m—1))
=C1 7+ Cp—(m—-1)s

dimyy, (V1) = Y€1) V y2(e2) V- -+ Vyz(em) +v2(en) Vye(en—1) V- Vya(en_(m-1))
=k + kn_(m_l),

dm(v1) = (€1 + Ch—(m=1), k1 + kn—(m-1))-

Similarly, d,,,(v2) = (c1+c2, ki+k2). Fori=3,4,--- ,n—1, dm,, (vi) = pa(e;) Apa(eir) A

A M2(€i+m) + p2(ei-1) A palei—2) A+ pa(en—(m-3))

dimyp, (Vi) = (€s Acigr A=+ Aciym) + (Cici Acia A=+ A Cp_(m—3))
A(m)pur (Vi) = i + Cn(m—3)
dimyy (Vi) = Ya(ei) V 72(€z+1) Ve Voyg(eipm) +Fy2(ei1) Vya(eia) VooV ya(en—(m—3))
Aimyp (03) = ki VEig1 Voo Vkigem + kit VEi—a VeV ki (ms)
<m>vl(vz) = ki + kn—(m-3)
= dm(vi) = (¢i + Cn—(m=-3), (ki + kn_(m—3))

(ci
= d (m)p1 (Un) H2 (en) A M2(€1) ARERNA N2(em—1) + N2(en—1) A M2(en—2) ARERNAN MZ(en—m)
= dimyp, (Vn) = (cn/\cl Ao Neme1)+ (Cne1 ACn—a A ACpem)

= d (m)p1 (Un) 1+ Cna1
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= d(m)y, (vn) = 72(en) Vy2(er) V- Vya(em—1) +v2(en—1) Vy2(en—2) V- Vy2(en—m)

:>dm)71(vn) =k, VEkiV-- Vkn1+kn1VknaoV--Vkpm
dim)ys (Vn) = K1 + kn—1

= dm( n) = (1 + cn1, k1 + kn—1).

Hence G is m- neighbourly irregular intuitionistic fuzzy graph. O

Remark 4.13 The above theorem 4.12 does not hold for m- neighbourly totally irregular

intuitionistic fuzzy graph.

Theorem 4.14 Let G be an intuitionistic fuzzy Graph on G*(V,E), a path on n vertices.
If the edges takes positive membership values ci,ca,...,c, and negative membership values
ki, ko, ... kn such that c1 < co < -+ < ¢ and k1 > ko > --- > k, then G is m - neighbourly

irreqular intuitionistic fuzzy graph.

Proof Let the edges take membership values ¢y, co, - ,c¢, and ki, ko,--- ,k, such that
g <co<---<ecypand ky > ke >--- > ky,. Then,

dimyp, (V1) = pa(er) A pa(e) A= Apa(em) =ct Aca A+ A ey = cr.

d(myy, (V1) =72(e1) Vyalea) V- Vyalem) =kt Vhka V- Vky = k.

dm(v1) = (1, k1).

Similarly, dp, (v2) = (c2,k2). Fori = 3,4, ,n—2 d(p)u, (vi) = p2(ei—1) Apa(ei—2) A=A
p2(€i—m) + pa(ei) A pa(eit1) A« A paleiy(m-1)
( (vi) =cCic1 ACica Ao AN Cimm + Ci A Cig1 A+ A Cipm—1
( (Vi) = Cimm + ¢
= d(myy, (Vi) = Y2(€i—1) Vy2(ei2) V- Vya(€imm) +v2(ei) Vyaleir1) V- - Vy2(eip(m—1))
( (vi)=ki-1VkioV--Vki_m+kiVki1 V- Vkiitm

(m)y (Vi)

= dm (Vi) = (Cimm + Cis Kimm + ki)

= d(myp, (Vn—1) = p2(en—2) A pa(en—3) A=+ A pz(en—(m+1))

= dimyps (Vn—1) = a2 A3 A=+ A Cp—(m1)

A(m)p (Vn-1) = Cn(m+1)

= d(m)y, (Vn—1) = 12(en—2) Vy2(€n—-3) V-V y2(€n_(m+1))

= d(m)'n (Un—l) =knoVkp3V---V kn,(erl) = kn,(erl)

= dm(vn-1) = (Cn—(mi1)s kn(m+1))

= dimyp, (0n) = pi2(en—1) A paen—2) A+ A piz(en—m)
dimyp, (Vn) = o1 ACpa A== Nenem

= d(m),ul (’Un) = Cn—m

= d(m)y, (vn) = Y2(en—1) Vy2(en—2) V-V y2(€n—m)

= dimyy, (Vn) =kn_1 Vkn oV Vo

= dm) (Un)

= dm(vn) = (c—n—m, kn_m).

Hence G is m - neighbourly irregular intuitionistic fuzzy graph. O
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Remark 4.15 Theorem 4.14 does not hold for m-neighbourly totally irregular intuitionistic
fuzzy graph.
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Abstract: A star edge coloring of a graph G is a proper edge coloring of GG, such that any
path of length 4 in G is not bicolored, denoted by X% (G), is the smallest integer k for which
G admits a star edge coloring with k colors. In this paper, we obtain the star edge chromatic

number of P, o P, Py o Sy, Py o Kin,n and Py, 0 Ky .
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§1. Introduction

All graphs considered in this paper are finite and simple, i.e., undirected, loopless and without
multiple edges.

The corona of two graphs G; and G is the graph G = G o G5 formed from one copy of
G1 and |V(G1)| copies of G2 where the i th vertex of Gy is adjacent to every vertex in the
; th copy of Gs.

The n—sunlet graph on 2n vertices is obtained by attaching n pendant edges to the cycle
C,, and is denoted by S,,.

Double star K 5, is a tree obtained from the star K , by adding a new pendant edge of
the existing n pendant vertices. It has 2n + 1 vertices and 2n edges.

A star edge coloring of a graph G is a proper edge coloring where at least three distinct

colors are used on the edges of every path and cycle of length four, i.e., there is neither bichro-

1Received November 03, 2015, Accepted August 20, 2016.
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matic path nor cycle of length four. The minimum number of colors for which G admits a star
edge coloring is called the star edge chromatic index and it is denoted by X%, (G). Generally,
a Smarandachely subgraphs edge coloring of G for Hy, Hs,--- , H,, < G is such a proper edge

coloring on G with at least three distinct colors on edges of each subgraph H;, where 1 < i < m.

The star edge coloring was initiated in 2008 by Liu and Deng [8], motivated by the vertex
version (see [1, 3, 4, 6, 7, 10]). Dvordk, Mohar and Sdmal [5] determined upper and lower
bounds for complete graphs. Additional graph theory terminology used in this paper can be
found in [2].

§2. Preliminaries

Theorem 2.1([5]) The star chromatic index of the complete graph K, satisfies
92v2(1+0(1))vIogn
(log n%)

In particular, for every €> 0 there ewists a constant ¢ such that X%, (K,) < ent¢ for every
n>1.

(14 0(n) <Xy (Kn) <n

They asked what is true order of magnitude of x%, (K,,), in particular, if x., (K,) = O (n).
From Theorem 2.1, they also derived the following near-linear upper bound in terms of the

maximum degree A for general graphs.

Theorem 2.2([5]) Let G be an arbitrary graph of mazimum degree A. Then

log A )2

/ <+ . =i
() i (Koin) -0 (222

and therefore X', (G) < A - 20V &,

Theorem 2.3([5])

(a) If G is a subcubic graph, then x%; (G) < 7.

(b) If G is a simple cubic graph, then x4, (G) > 4, and the equality holds if and only if G
covers the graph of the 3-cube.

A graph G covers a graph H if there is a locally bijective graph homomorphism from G
to H. While there exist cubic graphs with the star chromatic index equal to 6. e.g., K33 or
Heawood graph, no example of a subcubic graph that would require 7 colors is known. Thus,

Dvordk et al. proposed the following conjecture.

Conjecture 2.4([5]) If G is a subcubic graph, then x%, (G) < 6.
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Theorem 2.5([9]) Let T be a tree with mazimum degree A. Then
, 3
Moreover, the bound is tight.

Theorem 2.6([9]) Let G be an outerplaner graph with mazimum degree A. Then
, 3

Lemma 2.7([9]) Ewvery outerplanar embedding of a light cactus graph admits a proper 4-edge
coloring such that no bichromatic 4-path exists on the boundary of the outer face.

Theorem 2.8([9]) Let G be an subcubic outerplaner graph. Then,

X./st (G) <5.

Conjecture 2.9([9]) Let G be an outerplaner graph with maximum degree A > 3. Then
, 3
Xst (G) < §A + 1.

For graphs with maximum degree A = 2, i.e. for paths and cycles, there exist star edge
coloring with at most 3 colors except for C5 which requires 4 colors. In case of subcubic
outerplanar graphs the conjecture is confirmed by Theorem 2.8.

83. Main Results

Theorem 3.1 For any positive integer m and n, then

n if m=1
Xst (PnoPn)=qn+1 if m=2
n+2 if m>3
Proof Let V (Py,) ={u;:i=1,2,--- ,m}and V (P,) ={v; : j =1,2,--- ,n}. Let E(P,,) =

{witjy1 :1=1,2,--- ;m—1} and E(P,) = {vjvj41 :j=1,2,--- ,n — 1}. By the definition of
corona product,

V(PnoP,) = V(Pp) CJ V(P).

E(P,oP,) = E(Pm)UE(P,i)U{Ui'Ui,j:1§j§n}-



118 Kaliraj K., Sivakami R. and Vernold Vivin J.

Let o be a mapping from FE (P, o P,) as follows:

Case 1. For m =1,

o(u;j)=1i4+j—2(mod n),1 <j<m;

0 (Vi jVij41) =i+ j(mod n),1 <j<n-—1;
Case 2. For m = 2,

Fori=1,2,
o(uv; ;) =i+j—2(mod n+1),1<j<mn
0 (Vi jVij41) =i+j(mod n+1),1<j<n-1,

o (urug) = n;
Case 3 For m > 3, o (ujuit1) =n+2(mod n+3),1 <i<m—1;

For 1 <i <m,
o(uv; ;) =i+j7—2(mod n+3),1<j<mn
o(vi7jvi7j+1)=i+j(mod n+1),1§j§n—1;

It is easy to see that o is satisfied length of path-4 are not bicolored. To prove

n if m=1
Xet (PmoPy)<<Sn+1 if m=2
n+2 if m>3.

we have
n if m=1
Xat (ProPo) =X (PnoPp) > A(PpoPy)><{n+1 if m=2
n+2 if m>3.
Thus the conclusion is true. O

Theorem 3.2 For any positive integer m and n, then

2n if m=1
Xst (PmoSn)=1{2n+1 if m=2
2n+2 if m > 3.

Proof Let V(Py) = {u;:i=1,2,--- ,m} and V(S,) ={v;:5=1,2,--- ,n} U {vp4;:
j=1,2,---,n}. Let E(Py,) = {ujuig1:1=1,2,--- ;m—1} and E(S,) = {vjvj+1:5=1,2,
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-on =1} U{vpo1vp U{vjvng; 1 5 =1,2,--- ,n}, where v,4,’s are pendent edges of v;. By
the definition of corona product,
V(PnoSy) = V(Pu)|JV(SL),
i=1
E (P, 08Sy) E(Pm)UE(S,iL)U{Ui’UiJ:1§j§2n}
i=1 i=1
Let o be a mapping from E (P, 0 .S,) as follows:
Case 1. Form =1,
o (uv; ;) =7 —1(mod 2n),1 < j < 2n;
0 (v Vi j41) =147 (mod 2n),1<j<n-—1; )
0 (Vi jVintj) =n+i+j(mod 2n),1 <j<mn;
0 (Vijn—1vin) =n+1;

Case 2. For m = 2,

f (uruz) = 2n and using Equation (1).

Case 3. For m > 3, 0 (u;uj+1) =2n+i(mod 2n+2),1 <i<m — 1;

For 1 <i<m,

o (uivi ;) =i+ j—2(mod 2n+2),1<j < 2n;
0 (Vi jvij41) =i+ (mod 2n+2),1<j<n-—1,

(
U(Ui,jvi,nJrj) =n+i+j(mod 2n+2),1 <j<n;
0 (Vin—1Vin) = n+i(mod 2n + 2);

It is easy to see that o is satisfied length of path-4 are not bicolored. To prove

2n if m=1
Xot (PnoSy) << 2n+1 if m=2
2n+2 if m > 3.

we have

2n if m=1
Xt (Pm0Sn) > X (PrnoSy)>A(ProS,)>{2n+1 if m=2

2n+2 if m > 3.

Thus the conclusion is true.
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Theorem 3.3 For any positive integer m and n, then

2n+1 of m=1
Xt (PnoKinn)=42n+2 if m=2
2n+3 if m>3

Proof Let V (Py,) ={u;:i=1,2,--- ,m}and V (K1) = {vo}U{vj—1 : 5 =1,2,--- ,n}
U{UQJ' ] = 1,2, tee ,n}. Let E(Pm) = {uiqu 1= 1,2, s, MM — 1}, E(Kl,n,n) = {’U()’UQJ‘,1 .
j=1,2,--- ,n}U{vgj_1v2; : j =1,2,---,n}, where vy is adjacent to ve;_1 and vy; are pendent

vertices of vg;_1. By the definition of corona product,
V(PnoKing) = V(Pu)|JV(Ki,.),

E(PnoKing) = E@n)|JE(Ki,,) ] {uvi,:0<5<2n}

=1 i=1

Let o be a mapping from E (P, o K1 ,,,) as follows:

Case 1. Form =1,
o (u;v;,5) = jmod 2n,0 < j < 2n;
0 (Vi oVi2j—1) =2j+2(mod 2n+1),1 < j <m; (2)
0 (Vi 2j—10i,2) = 27+ 3 (mod 2n+1),1 < j <n;

Case 2. For m = 2,

o (uruz) = 2n + 1; and using Equation (2).

Case 3. For m > 3,

o (wiuir1) =2n+i(mod 2n+3),1 <i<m—1;

For 1 <i<m,

o (uv; ;) =i+j—1(mod 2n+3),0 < j < 2n;

0 (VioVigj—1) =1+2j —1(mod 2n+3),1 <j <m;
0 (Vi2j—1v4,25) =1+ 2j (mod 2n+3),1 <j <mn;

It is easy to see that o is satisfied length of path-4 are not bicolored. To prove

2n+1 if m=1
Xot (P o K1) << 2n+2 if m=2
2n+3 if m> 3.



Star Edge Coloring of Corona Product of Path with Some Graphs 121

we have

2n+1 if m=1
X;‘t (PmoKl,n,n)ZXI(PmOKl,n,n)ZA(PmoKl,n,n)Z 2n+2 if m=2
2n+3 if m > 3.

So the conclusion is true. a
Theorem 3.4 For any positive integer | > 3, m > 3 and n > 3, then

Xat (PoKpn) =m—+n+2.

Proof Let V(F) ={u;:1<i<l}and V(Kpn) ={v; : 1 <j<m}U{v):1<k<n}
Let E(P) = {ujuiy1 : 1 <i<l—1} and E(K,, ) = U {vjv}, : 1 <k <n}. By the definition
j=1
of corona product,

l l
V(PloKmn) = V(P J{vy:1<i<m}|J{vh 1<k <},
=1 =1
l . l l
EPoKmnyn) = E(PZ)UE(Kfn_’n)U{uivijzlgjgm}U{uivgk:lgkgn}.
i=1 i=1 i=1

Let o be a mapping from P, o K, ,, as follows:

l
o (ugi—1ug;) =n—1,1<4i< {—

l
QJ; o (ugiugiyr) =n,1 <i < {—-‘ and

2
For 1 <i<l|,

o(vivy) =j+k—-1,1<j<m,1<k<mn
o (uvij) =n+j,1<j<m;
(wiv)pys) =k, 1 <k <n—2;

Q

Q

uvh) =m+n+1;

g

(uiviy
(uvjy) =m+n+2.

Clearly above color partitions are satisfied length of path-4 are not bicolored. We assume
that x%; (P 0o Kimn) < m+n+2. We know that x%, (P, 0 Kimn) 2> X' (P o Kmon) > m+n+2,
since x4 (P © Kpon) > m +n + 2. Therefore x%; (P 0 Kimn) =m +n+ 2. O
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Abstract: Let G be a graph with vertex set V(G) and edge set E(G). Consider the set
A = {0,1}. A labeling f : V(G) — A induces a partial edge labeling f* : E(G) — A
defined by f*(xy) = f(z), if and only if f(z) = f(y) for each edge zy € E(G). For
i€ A, let vr(i) = {v € V(G) : f(v) =i} and ep=(i) = |[{e € E(G) : f*(e) = i}|. A
labeling f of a graph G is said to be friendly if |vf(0) — v¢(1)| < 1. A friendly labeling is
balanced if |ef«(0) —ef«(1)| < 1. The balance index set of the graph G, BI(G), is defined as
{les=(0) — ep«(1)| : the vertex labeling f is friendly}. In this paper, we obtain the balance

index set of caterpillar graphs and lobster graphs.

Key Words: Friendly labeling, Smarandache friendly labeling, partial edge labeling and

balance index set.

AMS(2010): 05C78.

81. Introduction

We begin with simple, finite, connected and undirected graph G=(V, E). Here the elements of
set V and E are known as vertices and edges respectively with [V| = p and |E| = ¢. For all

other terminologies and notations we follow Harary [1].

Definition 1.1 A path graph or linear graph is a tree with two or more vertices that contains

only vertices of degree 2 and 1.

Definition 1.2 A caterpillar is a tree in which all the vertices are within distance 1 of a central

path.

Definition 1.3 The graph Bj m. i s a tree obtained from a path of length k by attaching the

stars K1 and K ., with its pendent vertices.

Definition 1.4 A coconut Tree CT(m,l) is the graph obtained from the path Py, by appending

I new pendent edges at an end vertex of Pp,.

Definition 1.5 A lobster graph is a tree in which all the vertices are within distance 2 of a

central path.

1Received June 10, 2015, Accepted August 21, 2016.
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Definition 1.6 A mapping f : V(G) — {0,1} is called friendly labeling of G if
vp(0) —vp(D) <1,

otherwise, a Smarandache friendly labeling of G, i.e., |vs(0) — vy (1)| > 2.

Lee, Liu and Tan [5] considered a new labeling problem of graph theory. A vertex labeling
of G is a mapping f from V(G) into the set {0,1}. For each vertex labeling f of G, a partial
edge labeling f* of G is defined in the following way.

For each edge wv in G,

pry = | O @ =0 =0
1, if fu) = f(v) =1

Note that if f(u) # f(v), then the edge uv is not labeled by f*. Thus f* is a partial
function from E(G) into the set {0,1}. Let v;(0) and vy(1) denote the number of vertices of G
that are labeled by 0 and 1 under the mapping f respectively. Likewise, let e+ (0) and ef«(1)
denote the number of edges of G that are labeled by 0 and 1 under the induced partial function
f* respectively.

In [3] Kim, Lee, and Ng define the balance index set of a graph G as BI(G) = {|es-(0) —
ef«(1)] : f* runs over all friendly labelings f of G}.

Example 1.7 Figure 1 shows a graph G with BI(G) = {0,1}.

Figure 1 The friendly labelings of graph G with BI(G) = {0, 1}.

For a graph with a vertex labeling f, we denote e+« (X) to be the subset of E(G) containing
all the unlabeled edges. In [4] Kwong and Shiu developed an algebraic approach to attack the
balance index set problems. It shows that the balance index set depends on the degree sequence

of the graph.

Lemma 1.8([6]) For any graph G,

+ Efx (X) = Zvev(o) deg(v) 5
+ Cf= (X> = Zvev(l) deg(v);
|E(G)| = Z’UEU(G) deg(v) = Z’UEU(O) deg(v) + Evev(l) deg(v) .

Corollary 1.9([6]) For any friendly labeling f, the balance index is

e (0) —ep- (1) = 3 [ 3 deglv) — 3 deg(v)

vev(0) vev(1l)
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More details of known results of graph labelings are given in Gallian [2].

In number theory and combinatorics, a partition of a positive integer n, also called an
integer partition, is a way of writing n as a sum of positive integers. Two sums that differ only
in the order of their summands are considered to be the same partition; if order matters then

the sum becomes a composition. For example, 4 can be partitioned in five distinct ways:
4+0,3+1,2+2,2+1+1,14+14+1+1.

Let G be any graph with p vertices. Partition of p in to (po, p1), where pg and p; are the
number of vertices labeled by 0 and 1 respectively.

In [6] Lee, Su and Wang gave the results for balance index set of trees of diameter four.
In this paper we obtain balance index set of caterpillar and lobster graphs of diameter n. To

prove our result we are using Lemma 1.8 and Corollary 1.9.

§2. Balance Index Set of Caterpillar Graphs

Consider the caterpillar graph CT'(a1,as2,as,- - ,a,—1), where a;,i=1, 2, 3, --- ;n — 1 are the
number of vertices adjacent to i" spine vertices. We name n — 1 vertices on the spine as

Ugy s Uays Uags " ** ,Ua,_,- Thus for a caterpillar graph there are (a; + a2 + az + - + an—1)
number of pendant vertices. The degrees of wuq,, Uy, Uas, " »Ua, ., are a1 + 1,a2 + 2,a3 +
2, ,apn—2 + 2,a,—1 + 1 respectively. We also name non-spinal vertices adjacent to u,, by
Ugq 15 Uay,2, Yay,3, 5 Uay,a;- Similarly we name non spinal vertices adjacent to uq,, Uas, Uay,
AR uanfl .
Theorem 2.1 For CT(a1,a9,as, -+ ,an—1) of order p and diameter n, the balance index is,
1 n—1
{5 (l + > (—1)f(“ai)ai> } ) if p is even
i=1
er-(0) —ep(1) =
1 n—1
{5 (z +14+ 3 (—1)f(““i)ai) } , ifpis odd
i=1
where

n—2j—3, ifj=ii—1,i—2, wherei:2,3,4,---,gJ

and j number of coefficients of a; are negative

| =
) . 1, if i=1,n—-1
n— 3, if f(ug,) =0 for allior f(ug,)=
0, otherwise
Proof Consider the caterpillar graph CT (a1, a2, a3, ,an—1) of order p and diameter n.

Case 1. n is even.

Subcase 1.1 If a; +as+as+- - -+a,—1 is odd, then the number of vertices of CT (aq, as, as,



126 Pradeep G.Bhat and Devadas Nayak C

- ap—1)is a;tas+as+---+a,—1+n—1which is even. Let (a1 +as+asz+---+ap_1)+n—1=
2M . For a friendly labeling, M vertices are labeled 0 and remaining M vertices are labeled 1.
We first consider the case that ug,, Uay, Uas, -+ 5 Ua, , are all labeled 0, i.e. n — 1 spine
vertices are partitioned in to (n — 1,0). Then M — (n — 1) pendant vertices are labeled 0 and

M pendant vertices are labeled 1. Therefore by Corollary 1.9, we get

ep(0) —ep(1) =

Z deg(v) — Z deg(v)

vev(0) vev(1l)

N =

= IM-(n-1)+(a+1)+(a2+2)+ (a3 +2)+ -+ (an—1 +1) — M]

1
= 5[(11+a2+a3+---+an_1+n—3].

If n — 1 spine vertices are partitioned in to (n — 2, 1), then M — (n — 2) pendant vertices
are labeled 0 and M — 1 pendant vertices are labeled 1. Two possibilities arise.

(a) If the vertex ug, is labeled 1, then

e 0) e () = 5[ 3 deglv) = 3 deglv)
vev(0) vev(1)
= %[M—(n—2)—(a1+1)+(a2+2)+(a3+2)+~-~
+(an—1+1)— (M —1)]
= %[—al—|—a2—|—a3—|—---—|—an,1+n—3].

Similarly If u,, , is labeled 1, then

1
ef(0) —es-(1) = E[al+a2—|—a3—|—-~—|—an,2—an,1—|—n—3].

(b) If one vertex ug,, i = 2,3,4,--- ,n—2is labeled 1, then M — (n—2) pendant vertices
are labeled 0 and M — 1 pendant vertices are labeled 1.

Therefore,

e ) e (1) = 5| 3 deglv) ~ Y deglv)
vev(0) vev (1)
= S (=2 () (a2 2) (a2 4 (4 2)

+(an—1 +1) - (M_l)]
1
= Slantart+az+- +ai-1—ait a1+ tan—1+n—5],
2
where i = 2,3,4,--- ,n— 2.

If n — 1 spine vertices are partitioned in to (n — 1 —4,4), where i = 2,3,4,--- | {EJ Then
M — (n—1—1) pendant vertices are labeled 0 and M — i pendant vertices are labeled 1. Three
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possibilities arise.

If f(ua,) = f(tq,_,) =0, then

(a)

€f* (0) - ef*(l)

5 S deglo) — Y deglo)
vev(0) vev (1)
%[M—(n—1—i)+(a1+1)+(a2+2)+(a3+2)

+ 4 (ap—2+2)+ (ap-1+ 1) — (M —1))

1
§[a1+a2+a3+---+an_1+n—2i—3],

where 1 = 2,3,4,-- -, {gJ and 7 coefficients out of a9, as,aq, - - ,a,_o are negative.

(b)

n
where i = 2,3,4,-- -, {gJ and i — 1 coefficients out of as, as, ay, - --

(c)

where 1 = 2,3,4,--- | {gJ and ¢ — 2 coeflicients out of ag,as, a4, - - -

If f(uq,) =0 and f(ug,_,) =1, then

e+ (0) — ep- (1)

2 S deto) X deglo)
vev(0) vev (1)
%[M—(n—1—i)+(a1+1)+(a2+2)+(a3+2)

+F (an—2+2) = (an_1+ 1) — (M —i)]
1
§[a1+a2+a3+"'+an72_an71+n_2i_1]a

If f(ua,) = f(tq,_,) =1, then

ef(0) —ef«(1)

2 S degto) - Y degto)

vew(0) veo(1)
%[M—(n—1—i)—(a1+1)+(a2+2)+(a3+2)
+o ot (ap—2+2)— (an-1+1) — (M —1)]
%[—al—l—az—kag+~-~+an,2—an,1—|—n—2i—|—1],

,Gn—o are negative.

,an_—9o are negative.

127

Subcase 1.2 If a;+as+as+- - -+a,—1 is even, then the number of vertices of CT (a1, az, as,
- ,ap_1)isaj+az+az+---+a,—1+n—1whichis odd. Let (a1 +as+az+---+an_1)+n—1=

2M + 1.

For a friendly labeling, without loss of generality, there are M + 1 vertices labeled 0 and
M vertices labeled 1.
We first consider the case that uq,, %a,, Uayg, -, Ua, , are all labeled 0, i.e. n — 1 spine
vertices are partitioned in to (n — 1,0). Then (M + 1) — (n — 1) pendant vertices are labeled 0

and M pendant vertices are labeled 1.
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Therefore,

ef-(0) —ep<(1) = % Z deg(v) — Z deg(v)
vew(0) veo(1)
= SIM 1)~ (= 1)+ (@ 1) + (a2 +2) + (a5 +2)
+o 4 (@no1 +1) = M]
= %[al+a2+a3+---+an_1+n—2].

If n — 1 spine vertices are partitioned in to (n — 2,1), then (M + 1) — (n — 2) pendant

vertices are labeled 0 and M — 1 pendant vertices are labeled 1. Two possibilities arise.
(a) If f(ua,) =1, then

> deg(v) = > deg(v)

vev(0) vev (1)

N~

e-(0) = ep-(1) =

= %[(M+1)—(n—2)—(a1+1)+(@2+2)+(a3+2)
ot (ap-1 +1) = (M —1)]
= %[—al+a2+a3+-~'+an71+n—2]-

Similarly, if f(u,, ,) = 1 then

1
ef*(O) —ef*(l) = 5[(11 +azx+as+---+an—9 — ap_1 +n—2].

(b) If one spine vertex of degree a;,i = 2,3,4,--- ,n — 2 is labeled 1, then M — (n — 2)
pendant vertices are labeled 0 and M — 1 pendant vertices are labeled 1. Therefore,

e 0) e () = 5[ 3 deglv) — Y deglv)
vev(0) vev(1)
= %[(MH)—(n—2)+(a1+1)+(a2+2)+(a3+2)
+o=(ai +2) + -+ (ap—r +1) = (M = 1)]
1

= §[a1+a2+a3+"'+ai71_ai+ai+1+"'+an71+n_4];

where 1 =2,3,4,--- ,n— 2.

If n — 1 spine vertices are partitioned in to (n — 1 — ¢,7), where i = 2,3,4,---, {SJ, then
(M +1) — (n—1—1i) pendant vertices are labeled 0 and M — i pendant vertices are labeled 1.

Three possibilities arise.
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(a) If f(ua,) = f(uq,_,) =0, then

e (0) e (1) = 3| 3 deglv) — 3 deglv)

vew(0) vev(1)
= SIM 1)~ (= 1= i) + (a1 + 1)+ (a2 +2) + (a3 +2)
+-+(an—2+2)+ (a1 +1)— (M —1)]
= %[a1+a2+a3+---+an—1 +n—2i—2],

where 1 = 2,3,4,-- -, {—J and 7 coefficients out of a9, as,aq, - ,a,_2 are negative.

(b) If f(uq,) =0and f(ug,_,) =1, then

e (0) e (1) = | 3 deglv) — 3 deglv)
vev(0) vev (1)
_ %M+n—mqfn+@+u+m+m+m+m
+- -+ (an—2+2)— (an-1+1) — (M —1))

1
= §[a1+a2+a3+“'+an—2—an—1+n—2i],

where 1 = 2,3,4,-- -, {gJ and ¢ — 1 coeflicients out of a9, as, a4, - ,a,_o are negative.

(¢) If f(uq,) = f(tq,_,) =1, then

1
er-(0) —ep-(1) = 5| 2 deglo) = 3 deg(v)
vev(0) vev (1)

1

= 5[(M+1)—(n—l—i)—(al+1)+(a2+2)+(a3+2)
+ot (ap—2+2) — (a1 + 1) — (M —1)]
1

= 5[—(11+a2+a3+---+an_2—an_1+n—2i—|—2],

n
where 1 = 2,3,4,-- -, {gJ and ¢ — 2 coeflicients out of a9, as, a4, - ,a,_o are negative.
Case 2. n is odd.

Subcase 2.1 If (a1 + a2 + a3 + -+ + an—1) is odd, then the number of vertices of
CT(ay,as,a3, + ,an_1) i8 a1 + az + a3 + --+ + ap—1 + n — 1 which is odd. Therefore the

proof is similar to Subcase 1.2.

Subcase 2.2 If a;+as+as+- - -+a,—1 is even, then the number of vertices of CT (a1, az, as,
yGp-1) 18 a1 + a2+ a3+ -+ an—1 +n — 1 which is even. Therefore the proof is similar to
Subcase 1.1. O

Example 2.2 Figure 2 shows the caterpillar CT(2,1,1,2, 1) of diameter 6 and order 12 with
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balance index set {0,1,2,3,4,5}.

Figure 2 The caterpillar CT'(2,1,1,2,1) of diameter 6 and order 12.

Corollary 2.3 The balance index set of the graph By m i,

BI(Bims) Hl+m+kJ Vl_ﬂ;ij'J’V_H;Hk'J’Vij;k_zJ}U

Hl+m+k 2zJ {|l—m+k—2i—|—2|J {|—l—m+k—2i+4|J.

2 2
n

=234, 2|}

' 2

Proof The graph By, is a caterpillar CT'(1,0,0,--- ,m) of diameter k + 2. Therefore
substituting n =k +2, a1 =1, ap—1 =m and as = a3 = a4 = -+ = ap—3 = 0 in the Theorem
2.1, we get

s < { S, [, [t |tngice) )

U{V+m+k—2z‘J {|l—m+k—2i+2|J {|—l—m+k—2z’+4|J _

2 2 2

n
.:273747...,{_“' O
! 2

Example 2.4 Figure 3 shows the graph Bs 3 3 of diameter 5 and order 10 with balance index
set {0,1,2,3,4}.

Figure 3 The graph B3 33 of diameter 5 and order 10.
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Corollary 2.5 The balance index set of coconut tree CT (m,1),

BI(CT(m,1)) = Hz+n2z—2J 7 {|—l+;n—2|J 7 VHn;—ALIJ}U
([emgt) g | tompes).

i:2,3,4,---,g“.

Proof The coconut tree CT'(m,1) is a caterpillar graph C'T(0,0,0,---,m) of diameter m.

Therefore substituting n = m, a,—1 =1l and a; = a3 = az = --- = ap—2 = 0 in the Theorem
2.1, we get,

BI(CT(m,l)) = Hz+n2z—2J 7 {|—l+;n—2|J 7 VHn;—ALIJ}U

l+m—2i—2 |[—1 +m — 2i | =l —m—2i+2||
2 ’ 2 : 2 '
m
- o2 O
i=2,3.4, bJ}

Example 2.6 Figure 4 shows coconut tree of diameter 5 and order 9 with balance index set
{0,1,2,3,5}.

Figure 4 The coconut tree of diameter 5 and order 9.

§3. Balance Index Set of Lobster Graphs

In a caterpillar graph CT (a1, a2, a3, ,an—1), if a; #0 fori = 2, 3, --+, n — 2, then we have
ai,t =2,3,4,--- ,n — 2 number of P; paths contained the vertex u,,. Since Ps is of length 2,
after adding more adjacent edges and vertices to the two end vertices of these paths, the new
graph is a lobster graph of diameter n. We denote the new graph as

CT(a1,a2,a3, - ,an-1)(Uay (t2,1, 82,2, 82,3, 1 t2,05)s (Uag (£3,1, 13,2, 13,3, 1 13,05)),

ua4 (t4,17 t4,2; t4,37 e ;t4,a4); e ;uan72 (tn72,1; tn72,2; t’n,72.,37 e 7tn72,an72))a

where t; ; is the number of edges and vertices added to the vertex uq, j, ¢ =2, 3,4, ---, n—2,
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7 =1,2,3,---, a;. Here we have

n—2 a;

a1+ ap—1 + Z Zfi,j

i=2 j=1
pendant vertices.

In order to write the results in an uniform manner we name this lobster graph as

CT(d1,dz2,ds,- - ,dn—2,do)(tay (dn-1,dn,dnt1, -+ ,ddy4n—2),
Uas (ddggn—1,ddotn, Adotnt1, "+ > dg+dg+n—2),
Uay (dd2+d3+n*17 dd2+d3+n7 dd2+d3+n+17 e 7dd2+d3+d4+n*2)7 Tty

Ua, 5 (ddy+dg+-tdy_g+n—1sQdytdg+-+dp_s+ns Qdgtdg+-tdp_gtnt1s" " s Adytdgttdn o+n—2))-

We also name n — 1 spine vertices by v1, v, vs3, -+, Un—2, Vg, the vertices adjacent to vy by
Un—1,Un, Unt1,° " Vdg+n—2, adjacent to vs by Vay4+n—1,Vdo+n, Vdgtntls = s Vdp+ds+n—2, €tC.
and adjacent t0 vn—2 bY Vdytds+dat-+dn—stn—15 Vdptds+dat-+dn_s+n> Vdatdatdat-+dn_atntls

5 Udy+ds+dat-+dn_2+n—2-

m n—2
Thus in this lobster, we have dg+d1 + > d; pendant vertices wherem = 3 d; +n—2,
i=n—1 j=2
—2

the degree of v; forn —1 < i < > dj +n—2is d; + 1 and the degree of vy is d; + 2 for
j=2
k=234, ,n—2.

Theorem 3.1 For a lobster graph of diameter n and order p, the balance index is

1 m n—2
5 [Z (=1)7)d, + 3 (_1)-f(”i)] , if p is even,
i=0 i=2
ef-(0) —ep(1) =
1 m n—2
+5 [1 + 3 (=), + 3 (—1)“%0} , if p is odd,
1=0 =2

n—2
wherem = > dj +n — 2.

Jj=2
Proof Let G be a lobster graph of order p and diameter n.

Case 1. n is even.

Subcase 1.1 If > d; is odd, then the number of vertices equal to Y d; + n — 1 is even.

1=0 1=0
Let it be 2M. For a friendly labeling, there are M vertices labeled 0 and remaining M vertices
labeled 1. We first consider the case that v; for all ¢ are labeled 0. Then there are M — (n —

n—2
1) — 3 d; pendant vertices labeled 0 and remaining M pendant vertices labeled 1. Then by
i=2
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Corollary 1.9, we get

N =

ep«(0) —ep+(1)

i=n—1

e

{M—(n—1)+2(n—3)+do+1+d1+1+ > (di+1) }

m n—2
= 1|:Z di+Zdj+n—

i=n—1 3=0

n—2
Similarly we assume that there are k vertices among v; for all 0 < i < > d; +n —2
j=2

n—2
labeled 0. Then there are M — k pendant vertices labeled 0 and M — | > dj+n—1— k]
=2

pendant vertices labeled 1. We define P to be the set containing all the 0-vertices among v; for
n—2

all0<i< > dj +n — 2. We also name N to be the set containing all the 1-vertices among
j=2

n—2
v; for all 0 <4 < Y~ dj +n — 2. Then by Corollary 1.9, we get

j=2
T
ep(0) —ep«(1) = 3 M—k+Zdeg(v)—< |:Zdj+n—1—k +Zdeg >:|
L veP veEN
1 _
= 3 M—k+(2(deg(u)—1)+1>—M+Zdj]
L veEP j=2
+ n—l—k—(Z(deg(v)—l)-l—l)
L vEN
1 i n—2
= 3 M—k—&-(Z(deg(v)—l))—&-k—M—&-ZdJ}
L veEP j=2
i n—2
+ n—l—k—(Z(deg ) (Zdj n—l—k:)]
L veEN
T
= 3 Z(deg(v)—l)—Z(deg(v)—l)}-
Lve P veEN
Also note that
n—2
d;, ifi=0,1landn—-3<i< > dj+n—2
deg(v) — 1= i=2
di+1, if2<i<n—2
Therefore
1 v v - v v
e (0) —ep(1) = 5 |:(_1)f( 0)d0+(—1)f( 1)d1+ Z (-1) f( l)d +Z f( i) (di + 1)
i=n—3

m n—2
1 v, v,
3 [ (_1)f( Z)di + Z(_l)f( )

m m
Subcase 1.2. If > d; is even, then the number of vertices equal to > d; +n — 1 is odd. Let it
i=0 i=0
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be 2M + 1. For a friendly labeling, there are M + 1 vertices labeled 0 and remaining M vertices labeled
1. We first consider the case that v; for all ¢ are labeled 0. Then there are (M +1) — (n — 1) — Z d;
pendant vertices labeled 0 and remaining M pendant vertices labeled 1. Then again by Corollary 1 9,

we get

N =

er-(0) —ep-(1) =

(M4+1)—(n—1)+2(n—3)+do+1+d +1+ Zﬂ (di+1)—Ml

i=n—1

m n—2 m
= ; {Z di+Zdj+n—2] :% {Zdi+n—2].
i j=0 i=0

=n—1
n—2
Similarly we assume that there are k vertices among v; for all 0 < ¢ < Y d; +n — 2 labeled 0.
j=2

n—2
Then there are M + 1 — k pendant vertices labeled 0 and M — [ > dj+n—1—k| pendant vertices
j=2

n—2
labeled 1. We define P to be the set containing all the 0-vertices among v; for all 0 <i < > d;j+n—2.
j=2

n—2
We also name N to be the set containing all the 1-vertices among v; for all 0 < ¢ < > d; + n — 2.
j=2

Then by Corollary 1.9, we get

er(0) —ep(1) = % (M—l—l—k—l—Zdeg(v))—(M—[Zdj—l-n—l—k: -l-Zdeg(v))]
L vEP Jj=2 vEN
1' n—2
= 5_M—l—l—k—l—(g(deg(v)—l)—kl)—M—l—jz_:zdj}
+ n—l—k—(Z(deg(v)—1)+1>
L vEN
1' n—2
= 5_M—l—l—k—l—(g(deg(v)—l))—l—k—M—l—;dj}
-l-n—l—k—(Z(deg( ) (Zdj n—l—k):|
_ % 1+Z(deg(v)—1)—Z(deg(v)—l)].
L veEP veEN

Also note that

d; ifi=01landn—3<i<> " 2d+n—2
deg(v) —1=¢ " ’ A
di+1, if2<i<n-—2
Therefore,
1
O e () = L1 )t () s Y (1), +z 170 (d 4 1)
i=n—3
1 m n—2
= 3 1+ (=) 00 d; + 3 (1))
i=0 =2
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When a friendly labeling with vy (1) > vy (0), it produces the negative values of the above balance

indexes. Therefore,

m n—2
1 v v
es=(0) g+ (1) = 5 L+ (=1, + 37 (—1)7 >] :
Jj=2

=0

Case 2. n is odd.

m m
Subcase 2.1 If ) d; is odd, then the number of vertices equal to {Z dl} +n —1is odd and

i=0 i=0
proof is similar to Subcase 1.2.

=0 %

proof is similar to Subcase 1.1.

Subcase 2.2 If Z d; is even, then the number of vertices equal to { dz} +n —11is even and
=0

Therefore, for a lobster graph of diameter n and order p, the balance index is

m n—2
% {Z:O(—l)f(“i)di + ;(—1)’0(“)} , if p is even
er+(0) —es-(1) = =
m n—2
i% {1 + S (=) Dg + 3 (-1)”%‘)} , ifpis odd
i=0 i=2
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§1. Introduction

Various authors like R. Miron, M. Anastasiei, H. Shimada, T. Kawaguchi, U. P. Singh have studied
Lagrange space and generalized Lagrange space in their papers [3], [2], [4], [5]. A generalized Lagrange
space with metric tensor ~;;(z) + %yiyj, where ;;(z) is metric tensor of Riemannian space and c is
velocity of light has been studied by Beil in his paper [1]. In this chapter 7;;(z) has been replaced by

e”@ g (x,y), where gi;(z,y) is metric tensor of Finsler space (M™, F).

Let M™ is n-dimensional smooth manifold and F is Finsler function, the metric tensor g;;(x,y) is
given by
>PF?
ii(TY) = 75— 1.1
95 (2, y) By Oy (L.1)

Since F' is Finsler function of homogeneity one, so g¢;;(z,y) is homogeneous function of degree zero.

The angular metric tensor of Finsler space (M™, F), hi;(z,y) is given by

hij(z,y) = gij (2, y) — lil;, (1.2)
where [; is unit vector given by
Yi
li==%. 1.3
- (1.3)

§2. Generalized Lagrange Space L" and Associated Lagrange Space L™"

1Received January 22, 2016, Accepted August 24, 2016.
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Consider a generalized Lagrange space L™ = (M", G;;(x,y)) with metric tensor
. 1
Gij = ¢ gij(,y) + ZYi yi-
The reciprocal metric tensor GY of Gij is
ij —of ij 1 i, J
GV =e"|g" ——vv ),
aic

F? i
lozk F? = gijy'y’.

where

ar = e’ +

The d-tensor field Uijk of L™ is defined as

& _1(8Gu , 9Cu. _ 9G
jhk — 9 8y’“ 8yf 8yh .

Since g—z; = g;; from (2.1) and (2.4), we have

. 1
Cink =€ Cink + 2 JikYn;

—i ih i 1 i
Cir=G"Cjinr = Cjp + mgjky .

The metric tensor G;; is used to define the Lagrangian L* is given by

L*Z _ G”yl yg

The Lagrangian gives a metric tensor Gj;, is given by

R i
20yt Oy

From (2.7) and (2.1), we have

2_ o F
L2 —¢ F2+—2:a1F2,
c

and from (2.8) and (2.9), we have

* 4
Gi; = az2gi5(z,y) + =2 Yili

i _ 1y 1
GJ:—(QJ— yy]),

as asc?

* 2
Cing = a2Cjnk + C—Q(ghkyj + ginYk + GikYn)-

From (2.12) and (2.11), we have

*3 i 2 i i a i i
Cit = Cix + —= (f%-yk + Sy + a—zgjky - —y ykyj),

asc? agc?
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(2.1)

(2.4)

(2.10)

(2.11)

(2.12)

(2.13)
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2 2
where as = €% + = and ag = €% + = In general,

VF?

o
ay =€ + ——.
¥
c2

Theorem 2.1 If the metric tensor of generalized Lagrange space given by Gij in (2.1) then the metric
tensor of associated Lagrange space G73; is given by (2.10) and reciprocal metric tensor of generalized

Lagrange space and associated Lagrange space are given by (2.2) and (2.11) respectively.

§3. Angular Metric Tensor of L™ and L™

For a Finsler space F" the angular metric tensor h;; is

O*F
ij = FW = gij — lily, (3.1)
Yi
here l; = =.
where T
The generalized Lagrange space is not obtained from a Lagrangian therefore its angular metric
tensor H;;
Hij = Gi]‘ — LZ-L]*. (3.2)
Now, _
J o 1 yj
L; = GijL =94 € Gij (:my) + C—Qyiyj E (3'3)
From (2.9)

. 1 yj F2yi 1
leGzLJ: U 54 s —YilYi | ——= = Uli _— | —
J (egj(x y)+c2yyj)\/aF (6 +C2F Va1

From (3.4) and (3.2) and (2.1)
. 1
Hij = ¢%gij(2,y) + 5 yiy; — arlily. (3.5)
Putting the value of a; in (3.5), we have
Hij = e”hij. (36)

The angular metric tensor of Lagrange space L*" is given by

H* - 82 L*
YT dytoyl

The successive differentiation of (2.9) w.r.t. y? and y° gives

LOL* F?
L g7 it E v (3.7)

8yl 8y3 8yl 8y] - c2 Yi |Yj 19ij o2 Gij 2 Yilj, .
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or
e AR ) A -
dyoy oy oy @Y T e
or 5 5
. O°L" 4F N
8yi8yj = c—zlilj — Li Lj + a29ij, (39)
Now, from (3.7)
UL =axy; = L=224 (3.10)

L*
From (3.9) and (3.10), we get

2
* g a
Hij = (a4 —e )lilj - a—? lilj + a2gij,

2
H:J :azhi]‘—F (as—%)lilj. (3.11)
1

Theorem 3.1 If the metric tensor of generalized Lagrange space given by Gij; in (2.1), the angular
metric tensor of generalized Lagrange space and associated Lagrange space are given by (3.6) and (3.11)

respectively.

§4. C-Reducibility of L™ and L™™¢

Definition 4.1 A generalized Lagrange space L™ is called C-reducible space if
Ciink = (MjHpi + My Hji + My Hjp), (4.1)
where M are component of a covariant vector field.

Suppose generalized Lagrange space L™ is C-reducible, then (4.1) holds. Using (2.5) and (3.6) and

relation yn = Flx, (4.1) can be written as
o F o
e’ Cink + ggjklh = (Mjhhk + Mphjr + Mkhjh) e . (4.2)

Contracting (4.2) by I"I?1¥ and using (4.1), we get

F

0_2:0 = .F‘IO7

which is contradiction.

Theorem 4.1 The generalized Lagrange space L™ = (M™,G;;) can not be C-reducible.
Now consider the space L™", its C-reducibility is given by

Chine = (M;H;k + M;:H;k + M:H;h)7 (4.3)

J

where Mj, are component of covariant vector field using (2.12), (3.11), (4.3) and yn = Flp in (4.3), we
get
2F * * x
a2Cjnk + —5 (gnrlj + gjnlic + gjrln) = a2(Mj b + My hji + My hjn)

C

ai

2
+ (ae - %) (M Inly + Mylile + Mylnly), (4.4)
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Contracting (4.4) by I/ and putting p* = M;I’, we have

1

2F? . a3\, . . .
C—z(ghk + 2lply) = a2p” hne + | as — - (P lnli + Myl + Mily).

Contracting (4.5) by 1", we have

6F> AT . .
— 1, = (a6 — %)(p lk—‘rp lk—‘er)

c? 1
Again contracting (4.6) by 1, which gives

*_2F2 ail
P= aras — a2 )’

From (4.6) and (4.7), we have

From (4.8) and (4.5), we have
2F*° 2F°

—2 Ink = azp” hpk + C—zlhlk-

Using gnr = hnk + lnle in (4.9), we get
2F° .
(% o Y =0
o 2F7 .
It gives p* = 2 which contradict (4.7). Hence
2

Theorem 4.2 The Lagrange space L™ = (M™, L") can not be C-reducible.
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§1. Introduction

Let G be a finite non-abelian group and S be a non-empty subset of G. The graph Cay(G, S) is defined
as the graph whose vertex set is G and whose edges are the pairs (z,y) such that sz = y for some s € S
and x # y. Such a graph is called the Cayley graph of G relative to S. The definition of Cayley graphs
of groups was introduced by Arthur Cayley in 1978 and the Cayley graphs of groups have received
serious attention since then.Since the 1984 survey of results on hamiltonian cycles and paths in Cayley
graphs by Witte and Gallian [6], many advances have been made. In this paper, we present a short

survey of various results in that direction and make some observations.

§2. Preliminaries

In this section deals with the basic definitions and terminologies of group theory in [4] and [5] and
graph theory in [3] which are needed in sequel.

Let G be a group. The orbit of an element z under G is usually denoted by Z and is defined as
z = {gx/g € G}. Let x be a fixed element of G. The centralizer of an element z in G, Cg(x) is the set
of all elements in G that commute with . In symbols, Cq(z) = {g € G/gz = zg}.

A group G act on G by conjugation means gr = gzg * for all z € G. An element z € G is
called an involution if 22 = e, where e is the identity.Let H be a subgroup of a group G. The subset
aH = {ah/h € H} is the left coset of H containing a, while the subset Ha = {ha/h € H} is the right

1Received January 8, 2016, Accepted August 26, 2016.
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coset of H containing a. The notations D,, and Z,, are the dihedral group of order 2n and the group
of integers modulo n respectively.

A partition of a set S is a collection of non-empty disjoint subset of S whose union is S.

A graph G = (V, E) is said to be connected if there is a path between any two vertices of G. If
for each pair of vertices of G there exist a directed path, then it is strongly connected.

Each pair of arbitrary vertices in G can be joined by a directed edge, then it is complete. A
subgraph H = (U, F) of a graph G = (V, E) is said to be vertex induced subgraph if F' consist of all
the edges of G joining pairs of vertices of U.

A hamiltonian path is a path in G = (V, E) which goes through all the vertices in G exactly once.

A hamiltonian cycle is a closed hamiltonian path.

§3. Main Results

Theorem 3.1 Let G be a finite non-abelian group and G act on G by conjugation. Then for x €
G, the induced subgraph Cay(Cg(x),z) of the Cayley graph Cay(G,Z) has two disjoint hamiltonian
cycles,provided T has an element a of order 3 which do not generate Cc(x) but it generates a proper

cylic subgroup {e,a,b} of Ca(x).

Proof Since Z has an element a of order 3 which do not generates Cg(z), we see that = # e. Let
u € {e,a,b}. Since T is the orbit of z € G and G act on G by conjugation,we can choose an element
s € 7 such that s = (ua)a(ua)™'. Now su = (ua)a(ua) 'u = (ua)(aa™")(u"'u) = ((va)e)e = ua,
then there is an edge from u to ua. Again s(ua) = (ua)a(ua)™ ' (ua) = ((ua)a)e = ua® = ub, then
there is an edge from ua to ub , so there exist a path from u to ub. Again s(ub) = (ua)a(ua) ! (ub) =
(wa)a(a ™ u™) (ub) = (ua)(aa™") (v u)b = ((ua)e)eb = (ua)eb = uab = ue = u, then there exist an
edge from ub to u.Thus we get a hamiltonian cycle C1 : u — ua — ub — u in Cay(Cq(z), ).

Since a € T which do not generate Cg(x), then Cg(z) contains at least one element other than
{e,a,b}. Let u1 ¢ {e,a,b}. Then su; = (ua)a(ua) ‘ur = (ua)ala v Hur = (va)(aa ™ Hu " uy =
((ua)e)u™'ur = (ua)u™'ui.Since u belongs to the subgroup {e,a,b}, we have ua = au, therefore
(wa)u"tur = (au)u"tur = a(uu ™ )ur = (ae)ur = aus. Clearly aur € {e,a,b}, for if aur € {e,a,b},
then au; = u2 € {e, a,b} which implies u; = a 'uz € {e,a, b} which is a contradiction to our assump-
tion that u1 ¢ {e,a,b}. So there exist an edge from u1 to aui. Again s(au1) = (ua)a(ua)™(aui) =
(wa)a(a™'u™ ) (au1) = (ua)(aa™Hu " (au1) = (ua)eu '(au1) = (ua)u '(au1) = (aw)u ' (au) =
a(uuil)aul = (ae)aur = aau; = a’u; = buy, as above we can show that bu; ¢ {e,a,b}. Thus there ex-
ist an edge from au; to bu; and consequently a path from uy to bui. Again s(bu;) = (ua)a(ua) ™ (bu) =
(wa)a(a v bur = (ua)eu ™ (bur) = (aw)u™'(bur) = (ae)bus = abu; = eus = u, then there exist
an edge from bu; to ui; . Thus we get another hamiltonian cycle C2 : u1 — aui1 — buir — w1 in
Cay(Ceq(x),z) which is disjoint from C. O

Theorem 3.2 Let G be a finite non-abelian group and G act on G by conjugation. Then for x € G, the
induced subgraph Cay(Cq(x),Z) of the Cayley graph Cay(G,T) has two complete hamiltonian cycles,
one with vertex set P1 and other with vertex set Pa, provided Cg(x) has a partition (P1, P2), where
Z has an element a which generates a proper cyclic subgroup Py = {e,a,b} of Cc(x) and Ps is the

generating set of Pi.

Proof Since a € T which generates a proper cyclic subgroup P; = {e, a,b} of Ca(x), by Theorem
3.1, for every u € P1,we get a complete hamiltonian cycle C : v — au — bu — u in Cay(P1,Z).Since
P, is the generating set of P, we have PoP, = P1,PoPy = P>, Pi1P» = P> and P.P1 = P1. Let
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u1 be an element in P>. Since Z is the orbit of z € G and G act on G by conjugation, we can
choose an element s € Z such that s = (ua)a(ua)™" for v € Pi. Now sui = (ua)a(ua) 'u; =
(wa)a(a ™ u™Nur = (ua)(aa™) (v ur) = (wa)e(u ur) = (ua)(v ™ ur) = (aw) (v ur) = aluu™Hug =
(ae)ur = aus. Clearly aui € P; since P1 P, = P». So there exist an edge from u;1 to aui. Again s(aui) =

(wa)a(ua) " (aur) = (ua)ala™ v (aur) = (ua)(aa™Hu" (aur) = (ua)eu ™ (aur) = (aw)u " (aur) =

2u1 = bui. Here also bui ¢ Pi,so there exist an edge from au to

a(uuYaur = (ae)aur = (aa)ur = a
bu; and consequently a path from w1 to bui.Again s(bui) = (ua)a(ua) ™' (bu1) = (ua)a(a™ v ) (bu1) =
(wa)(aa™Nu"(bur) = (ua)eu (bur) = (ua)u " (bur) = (aw)u ' (bur) = a(uu Hbur = (ae)bu; =
(ab)ur = eu1 = w1, so there exist an edge from bus to ui. Thus we get another complete hamiltonian

cycle Cs : u1 — aur — bui — w1 in Cay(Ps, T), which is disjoint from C. O

Lemma 3.3 Let G be a finite non-abelian group and G act on G by conjugation. Then for x € G,the
induced subgraph Cay(H1,Z)of the Cayley graph Cay(Ca(z),Z) is hamiltonian provided T has three
involutions a,b,c with ab = ba, which generates Cg(z) and H1 =< b,c > is a subgroup of Ca(x)
isomorphic to Ds.

Proof Since T has three involutions a,b,c with ab = ba, which generates Ca(x), we see that
Ca(z) = {e,a,b,ab, cb, a(ch),b(ch), ab(ch), (cb)?, a(cb)?, b(ch)?, ab(ch)?}. Also ,since Hy =< b,c > is a
subgroup of Cg(z) ,we have Hi = {e,b,cb,b(cb), (cb)?,b(cb)?}. Let u € Hi. Since Z is the orbit of
x € G and G act on G by conjugation, we can choose two involutions s; and sz € Z such that s; =
(ub)b(ub) tand s2 = (uc)c(uc) ™', Now s1u = (ub)b(ub) *u = (ub)b(b™ u " u = (ub)(bb™)(u tu) =
((ub)e)e = ub, then there is an edge from u to ub. Again sa(ub) = (uc)c(uc) ™" (ub) = (uc)e(c  u™"ub =
(ue)(cc™) (u™ u)b = (uc)e(eb) = (uc)b = u(ch), then there is an edge from ub to u(cb), so there exist a
path from u to u(ch). Again s1(u(cbh)) = (ub)b(ub) ™! (u(ch)) = (ub)b(b™ u™) (u(ch)) = (ub)(bb™1) (v~ u)(ch) =
(ub)e(cb) = ub(cb) , so there exist an edge from u(cb)to ub(cb) and consequently a path from u to
ub(chb). Again sa(ub(ch)) = (uc)c(uc) *(ub(ch)) = (uc)(cc™Hu"(ub(ch)) = (uc)c(c u™1) (ub(ch)) =
(uc)e(u™ u)b(cb) = (uc)eb(ch) = u(cb)? then there exist an edge from ub(cb) to u(cb)® and conse-
quently a path from wu to u(ch)?. Again si(u(ch)?) = (ub)b(ub) ‘u(ch)? = (ub)b(b™ u™ )u(ch)? =
(ub) (B 1) (u™ u)(cb)? = (ub)ee(ch)® = (ub)(cb)® = ub(chb)?, so there exist an edge from wu(ch)? to
ub(ch)?.  Again sa(ub(ch)?) = (uc)c(uc) ™ (ub)(ch)® = (uc)c(c™ u ™ )ub(ch)® = (uc)(cc™)(u™ u) x
b(cb)? = (uc)e(eb)(ch)? = uch(ch)? = u(ch)?, so there exist an edge from ub(cb)? to u(cb)® and conse-
quently a path from u to u(cb)®. Since Hy =< b,¢ > is a subgroup of Cg(x) isomorphic to D3, we
have (cb)® = e. Therefore u(ch)® = ue = u. Thus we get a hamiltonian cycle C1 : v — ub — u(ch) —
ub(ch) — u(ch)? — ub(ch)® — u(ch)® = ue = u in Cay(H1,Z). In particularly, for u = e we get a
hamiltonian cycle e — b — cb — b(cb) — (cb)* — b(ch)? — (cb)® = e. O

Lemma 3.4 Let G be a finite non-abelian group and G act on G by conjugation. Then for x € G,
the induced subgraph Cay(aH1,Z) of the Cayley graph Cay(Ca(x),T) is hamiltonian provided T has
three involutions a,b, c with ab = ba which generates Cq(x) and Hy =< b,c > is a subgroup of Ca(x)

isomorphic to Ds.

Proof Since Z has three involutions a, b, ¢ with ab = ba which generates Cg(x) and H1 =< b,¢ >
is a subgroup of C'¢(x) isomorphic to Ds. Then by Lemma 3.3, for every u € Hi , we get a hamiltonian
cycle C1 : u — ub — u(cb) — ub(ch) — u(ch)® — ub(ch)? — u(ch)® = ue = u in Cay(H1,Z) . Since
aH, = {ah/h € Hy}, we see that aH; = {a, ab, a(ch), ab(cb), a(cb)?, ab(ch)?}. For if u = a in C; , we
get another hamiltonian cycle Cs : a — ab — a(cb) — ab(ch) — a(cb)®> — ab(ch)? — a(ch)® = ae = a in
Cay(aH1,Z), which is disjoint from C1. O
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Theorem 3.5 Let G be a finite non-abelian group and G act on G by conjugation. Then for x € G,
the induced subgraph Cay(Ca(x),Z) of the Cayley graph Cay(G,Z) is hamiltonian provided T has three
involutions a, b, ¢ with ab = ba which generates Ca(x) and < b,c > is a subgroup of Ca(x) isomorphic
to Ds.

Proof Since T has three involutions a,b,c with ab = ba which generates Cg(z) , we see that
Cc(z) = {e,a,b,ab, cb,a(ch),b(ch), ab(ch), (cb)?, a(ch)?,b(cb)?, ab(ch)?}. Let Hi =< b,c > be the sub-
group of Cg(z) isomorphic to Ds. Then by Lemma 3.3, we get a hamiltonian cycle Ci : ¢ — b —
(cb) — b(cb) — (cb)? — b(cb)* — (cb)® = e in Cay(H1, ). Now, consider aHy = {ah/h € H1}. Then
by Lemma 3.4, we get another hamiltonian cycle Cz : a — ab — a(cb) — ab(ch) — a(cb)®> — ab(ch)? —
a(ch)® = ae = a in Cay(aH1,Z) , which is disjoint from Ci, since aH N Hy = ¢.

We have C¢(z) = HiUaH,. By removing the edges {e, b} in Cay(H1, Z) and {a, ab} in Cay(aH1,T)
and adding {e, a} and {a, ab} we get a hamiltonian cycle e — a — ab(ch)® — a(cb)* — ab(cb) — a(ch) —
(ab) — b — cb — b(ch) — (cb)* — b(ch)*> — (cb)® = e in Cay(Cg(x),z). Thus the induced subgraph
Cay(Cq(x),z) of the Cayley graph Cay(G, Z) is hamiltonian. O

Theorem 3.6 Let G be a finite non-abelian group and G act on G by conjugation. Then for x € G,
the induced subgraph Cay(Ca(z),T) of the Cayley graph Cay(G,Z) is hamiltonian provided T has three
involutions a,b,c with ab = ba which generates Cq(x) and Cq(x) has a partition (Hi, Hz) where
Hi =< b,c> is a subgroup of Cg(z) isomorphic to D3 and Hs is the generating set of H;.

Proof Since Z has three involutions a, b, ¢ with ab = ba which generates C¢(z) and H1 =< b,¢ >
is a subgroup of Cg(z) isomorphic to D3 , then by Lemma 3.3 we get a hamiltonian cycle C7 : e —
b — cb — b(cb) — (cb)* — b(cb)> — (cb)® = e in Cay(H1,Z). We have Ho is the generating set of H;
and HoHy = Hyi, HoHy = Hy, HiHy = Ho, H1Hy = H:. Since H; =< b,c¢ > is a subgroup of C¢(x)
and the involutions a,b,c in T generates Cg(z), we have a € Ha. Since Z is the orbit of z € G and
G act on G by conjugatlon we can choose two involutions s; and s2 in Z such that s1 = (ab)b(ab)™*
and sz = (ac)c(ac)™ . Now sia = (ab)b(ab) 'a = (ab)b(b"'a" )a = ab(bb™)(a"a) = ((ab)e )e = ab,
so there exist an edge from a to ab in Ha , since HoH1 = Ha. Again s2(ab) = (ac)c(ac) ' (ab) =
(ac)c(c™ta™Nab = (ac)(cc™ M (a  a)b = (ac)eb = (ac)b = a(ch). Clearly a(cb) ¢ Hi, so there exist an
edge from ab to a(cb) in Ha. Again si(a(ch)) = (ab)b(ab) ™ ach = (ab)(bb™")(a " a)chb = (ab)ee(cb) =
ab(cb), so there exist an edge from a(ch) to ab(ch) in He. Again ssab(ch) = (ac)c(ac) *(ab)(ch) =
(ac)(cc M) (@™ a)b(ch) = (ac)eeb(ch) = (ac)b(ch) = a(cb)(ch) = a(cb)®. Here also a(cb)? ¢ Hi, since
H>H; = Ho, so there is an edge from ab(cb) to a(cb)?, consequently a path from a to a(cb)®>. Again
s1a(ch)? = (ab)b(ab) 'a(ch)? = (ab)(bb™')(a"a)(ch)? = (ab)ee(ch)? = (ab)(cb)?, so there exist an edge
from a(cb)? to ab(ch)?. Again s2ab(ch)? = (ac)c(ac)™ (ab)(cb)? = (ac)(cc™)(a a)b(ch)? = a(ch)® =
ae = a. Thus we get another cycle Cs : a — ab — a(cb) — ab(ch) — a(ch)?> — ab(ch)? — a(ch)® = ae =
a in Cay(Hsz, ), which is disjoint from Cy. We have Cg(z) = Hi U H2.By removing the edges {e, b} in
Cay(H1,Z) and {a, ab} in Cay(Hs, ) and adding the edges {e, a} and {a, ab} we get a hamiltonian cycle
e — a — ab(ch)? — a(ch)? — ab(ch) — a(ch) — ab — b — cb — b(cb) — (cb)? — b(ch)? — (cb)® = ¢ in
Cay(Cq(x),). O

Theorem 3.7 Let G be a finite non-abelian group and G act on G by conjugation. Then for x € G,
the induced subgraph Cay(Cq(x),Z) of the Cayley graph Cay(G,Z) is hamiltonian provided Cq(x)
isomorphic to Zon+1,m =0,1,2,---.

Proof Let uw € Cg(xz). Then ux = zu for ¢ € G. Since T is the orbit of z € G and G

-1

act on G by conjugation, we can choose an element s € Z such that s = (ua)a(ua)™". Now su =
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(wa)a(ua)™'u = (ua)a(a™u™Hu = (ua)(aa™)(u"'u) = ((ua)e)e = ua , then there exist an edge

from v to ua. Again s(ua) = (ua)a(ua) ™ (ua) = ((ua)a)e = ua®, then there is an edge from ua
to ua?, consequently a path from u to ua®?. Continuing in this way, we get a Hamiltonian cycle

2 3 2n+1

U — ua — ua”- — ua® — - — ua = ue = u in Cay(Cq(x),T). O
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Abstract: Let f be a map from V(G) to {0,1,2}. For each edge uv assign the label
f(uww) = [w-‘ f is called as a mean cordial labelling if |vs(2) — vs(j)] < 1 and
le} (i) —er(4) < 1, 4,5 € {0,1,2}, where vy(z) and €} () denote the number of vertices and
edges respectively labelled with x (z = 0,1, 2). A graph with mean cordial labelling is called
mean cordial. In this paper we prove the graph (K1, : 2) and path union of n copies of star

Ki,m are mean cordial graphs.
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§1. Introduction

All graphs in this paper are finite, simple and undirected. The vertex set and edge set of a graph are
denoted by V(G) and E(G) respectively. A graph labelling is an assignment of integers to the vertices
or edges or both subject to certain conditions. A useful survey on graph labelling by J. A. Gallian(2014)
can be found in [2].

The concept of cordial labelling was introduced by Cahit in the year 1987 in [1]. Here we introduce
the notion of mean cordial labelling. We investigate the mean cordial labelling of the graph (K1, : 2)

and path union of n copies of star Ki m,.

Definition 1.1 Let f be a map from V(G) to {0,1,2}. For each edge uv assign the label f*(uv) =

w-‘ f is called as a mean cordial labelling if |vs (i) — vy (j)] < 1 and |e}(i) —e; ()| < 1,4,5 €
{0,1,2}, otherwise, a Smarandachely mean labeling of G if |vs(i) — vs ()] = 2 or |e}(i) — e} (4)] =
2,4,5 € {0,1,2}, where vy(x) and e}(x) denote the number of vertices and edges respectively labelled
with x(z = 0,1,2).

A graph with mean cordial labelling is called a mean cordial graph.

Definition 1.2 A complete bipartite graph K1, is called a star graph. The vertex of degree n is called

the aper vertez.

Definition 1.3 A bistar By,n is the graph obtained by joining the apex vertices of two copies of star
Ki,n by an edge.

1Received November 03, 2015, Accepted August 28, 2016.
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Definition 1.4 Consider two copies of star Ki,n,. Then (K1, : 2) is the graph obtained from Bpn by
subdividing the middle edge with a new vertex. Such as those shown in Figure 1.

u

U1 b

Figure 1

Definition 1.5 Let G be a graph and G1,Gz2,...,G, with n > 2 be n copies of graph G. Then the
graph obtained by adding an edge from G; to Giy1 fori=1,2,...,n—1 is called path union of G.

§2. Results

Theorem 2.1 The graph <K1,n : 2) admits a mean cordial labeling.

Proof Let G = (Ki,n : 2) and let V(G) = {u,v1,v2,w; : 1 <14 < 2n}, E(G) = {uvi,uva, viw; :
1<i<n,vowj:n+1<j<2n}. Then, |[V(G)| =2n+3, |[E(G)| =2n+2.

Case 1. n=0 ( mod 3)

Let n=3t, t=1,2,---. Define f: V(G) — {0, 1,2} as follows:

flu) =2, f(v1) =0, flv2) =1,
0, 1<i<2t

f(ws) 1, 20+1< i< 4t
2, 4t +1<i<6t

The induced edge labelling f* : E(G) — {0, 1,2} is found as follows:

fr(uvr) =1,

[ (uv2) =2,

F*(viw;) = 0, 1<1i<2t,
fH(vmw) =1, 2t +1<i<3t,
f*(vzwi):L 3t+1 §i§4t7
I (vow;) = 2, 4t +1 <1 < 6t.
Then,

vp(o) =2t +1, we(l)=2t4+1 vp(2)=2t+1,
e;(0) = 2t, ef(l)=2t+1 ej(2)=2t+1
Thus,

|vf(i)_vf(j)|§1 Vi7j€{07172}7

Hence f is a mean cordial labeling.
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Case 2 n =1 (mod) 3)
Let n=3t+1, t=1,2---. Define f: V(G) — {0, 1,2} as follows:

f(u):27 f(’Ul):O7 f(v2):17

0, 1<e<2t+1
flw) =41, U+2<i<At+2
2, A +3<i<6t42
The induced edge labelling f* : E(G) — {0, 1,2} is defined as follows:
[r(uv) =1,
[ (uvz) = 2,
£ (viw;) = 0, 1<i<2+1,
£ (vws) = 1, U4+2<i<3t41,
£ (vaw;) = 1, 3t4+2<i<4t+2,
‘)M(’l)z’u)i)IQ7 4t +3<i<6t+2.
Then,
vp(0) =2t+2,  vp(l) =2t+2 vp(2) =2t + 1,
e3(0) =2t +1, ef(1) =2t + 2, e3(2) =2t + 1.
Thus,

|’Uf(i)—1)f(j)|§1 v i7j€{07172}7
|€?(’L)—€?(])|§1 v i7j€{07172}

Hence f is a mean cordial labeling.

Case 3. n = 2(mod3)
Let n=3t+2, t=1,2---. Define f: V(G) — {0, 1,2} as follows:
flu) =2, f(v1) =0, fv2) =1,

0, 1<i<2t+2
flwi) =<1, A+3<i<4t+3
2, M+4<i<6t+4
The induced edge labelling f* : E(G) — {0, 1,2} is found as follows:
fr(uor) =1,
[ (uv2) =2,
£ (viws) = 0, 1<i<2t+42,
F*(vws) = 1, U+3<i<3t+2,
I (vow;) =1, 3t+3<i<4t+ 3,
I (vow;) = 2, 4t +4 <13 < 6t + 4.
Then,

vp(0) =2t 43, vr(l)=2t+2, wvs(2)=2t+2,
e;(0) =2t +2, ej(l)=2t+2, e}3(2)=2t+2.
Thus,

|’Uf(i)—1)f(j)|§1 Vi7j€{07172}7
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Thus, f is a mean cordial labelling. Hence, (K1, : 2) is a mean cordial graph a

Illustration 2.2 The mean cordial labelling of <K1,6 : 2) is shown in Figure 2.

0
Figure 2
Illustration 2.3 The mean cordial labelling of <K1,7 : 2) is shown in Figure 3.
Figure 3
Theorem 2.4 The path union of n copies of star Ki = is a mean cordial graph.
Proof Let G be the path union of ‘n’ copies of starKi .., and let V(G) = {v; : i = 1,---n;w;; :

1<i<n,1<j<m} EG) ={vivit1 : 1 <i<n—1}U{vw;; : 1 <i<n,1 <j<m}. Then,
V(G)|=n(m+1) and |E(G)|=n(m+1)—1.

Case 1. m = 0(mod3)
Subcase 1.1 n = 0(mod3)

Define f : V(G) — {0,1, 2} as follows:

0, 1<i<%
floi) =41, EHI<i<
2, 2 41<i<n
0, 1<ig<g 1<j<<m
flwig) =<1, 2r1gig<® 1<j<m
2, 2 41<i<sn 1<j<m

The induced edge labelling f* : E(G) — {0, 1,2} is known as follows:
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0, 1<z<§—1
fr(vivigr) = 4 1, ri< -1
2, %gzén—l
0, 1<i< 3 1<j<m
fr(viwig) = 41, TH1<i<E 1<i<m
2, Z41<i<n 1<j<m
Then,
Uf(o)_nm+n7 f(l) nm—i—n7 vf(2) nm-+n nd
3 3 3
" mn—+n-—3 " mn—+n . mn—+n
0 1) = 2) = )
ef() 3 ) f() 3 ) f() 3
Thus,

s () —vs () < 1 and |ej() — ;) <1 ¥ 5 € {0,1,2).

Hence f is a mean cordial labelling.
Subcase 1.2 n = 1(mod3)

Define f : V(G) — {0,1, 2} as follows:

0, 1 <i g 22
flo) =41, M2l i e

2, il 11 <i <n

0, I<i< -1 1<j<m

0, i= 2 1<j<2

1, i= 12 Z+1<j<m
flwig) =41, S g 22 1<j<m

1, i= 2t 1<jg 2

2, i= 2t mL1<j<m

2, 2";4<z<n 1<j<m

We get the induced edge labelling f* : F(G) — {0, 1,2} as follows:

0, 1<z<"T+2—
Jr(vivit1) = 1, 2 g2
2, -2 4p1<i<n—1
0, 1<z<”;1 1<5<m
0, i= 242 1<j< 3
1, i= 2 B Lj<m
[ (viwig) = {1, 28 L 2 1<j<m
1, i= 1<j< &
2, i= 2n3+1 2m3+3 <j<m
2, il ik, 1<j<m
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Then,
n+nm—2 n+nm—1 n+nm-—1
’Uf(o) 3 ) f(l) - 3 ) f(2) - 3 )
. mn+n—1 mn+n—1 mn—+n—1
€f(0) 3 ) f(l) 3 ) f(2) 3
Thus,

g (i) —vp () <1V i3 €{0,1,2} and |ep(i) —ef(4)| <1V i,j €{0,1,2}.
Hence f is a mean cordial labelling.
Subcase 1.3 n = 2(mod3)

Define f : V(G) — {0,1, 2} as follows:

0, 1< < o2
flus) = 1, ”T1—|—1 <1< 2"3“

2, i 41 <i <n

0, 1<t -1 1<j<m

0, i= I<j< 2

1, z:”T“ sz—Fl j<m
flwig) = 1, PECIKEE -1 1<j<m

1, i= 22 1<j<z

2, i= 2t Zr1i<j<m

2, ;2 p1<i<n 1<j<m

We get the induced edge labelling f*: F(G) — {0,1, 2} as follows:

0, 1<t -
fr(vivigr) = 1, ”T“<z<2”;2—1
27 27L3+2<Z<71 1
0, 1<ig< g2 I<j<m
0, i +1 1<jg 2
1, i=23241 p1<ji<m
[ (viwig) = 4 1, ISP -1 1<j<m
1, i = 22 1<j< %
2, i = 22 FH1I<j<m
2, b2 L 1<i<n 1<j<m
Then,
n+nm-+1 n+nm+1 n+nm — 2
’Uf(O)— 3 ) f(l)_ 3 ) (2)_ 3 ’
« mn+n—2 mn+n+1 mn—+n—2
€5(0) = RS, (1) = TR () = TR
Thus,
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Hence f is a mean cordial labelling.
Case 2. m = 1(mod3)
Subcase 2.1 n = 0(mod3)

Define f : V(G) — {0,1, 2} as follows:

0, 1<i<z
flvi) =11, ZH1<ig<
2, Z4+1<i<n
0, 1<i< g 1<j<m
flwij) =41, 2r1<i<® 1<j<m
2, Z4+1<i<n 1<j<m

We then know the induced edge labelling f* : E(G) — {0, 1,2} as follows:

0, I<i< g -1
fr(vivigr) = 4 1, ri< -1
2, %gz\n—l
0, 1<i< 3 1<j<m
fr(viwij) = 4 1, H1<i< R I<j<m
2, 2 41<igsn 1<j<m
Then,
v (0) = nm3+ n7 (1) nm3+ n7 1(2) = nm3+ n7
e?(O) mn—|—3n— 37 ;(1) _ mn3+ n7 ?(2) _ mn3+n
Thus,

s (i) —vr () < 1 and e (i) —er (i)l < 1 v o5 €{0,1,2}

Hence f is a mean cordial labelling.
Subcase 2.2 n = 1(mod3)

Define f : V(G) — {0,1, 2} as follows:

0, 1<io< 22
floi) =41, 1241 i 2R

2, il 41 <i <n

0, 1<i< 2 -1 1<j<m

0, if”;& 1<j< 'm;l

1, i= 2 nli1<ji<m
flwij) = {1, i R 1<j<m

1, i:2n3+1 1<j< 277?1

2, 7:727L3+1 2n§+1+1<j<m

2, 2”;4<z<n 1<j<m
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The induced edge labellingf* : E(G) — {0, 1,2} is known as follows:

0, 1<ig 21
f*(vivi+1) — 17 7L<3l>2 < i < 27L3+1 —1
2, ndl <i<n—1
0, 1<ig< 2 1 1<j<m
07 Z:nTH 1<j<77l;1
. +2 71 .
1, i= "= == +1l<j<m
frviwig) = 41, A A 1<j<m
- 2n+1 - 2m+1
1, 1= =5 1<j< =5
27 7:727L3+1 277’;+1+1<J<m
2, il L 1<i<n 1<j<m
Then,
n+nm+1 n+nm-+1 n+nm—2
vf(0) = ———— vy() = ———, v;(2) = ———,
3 3 3
« mn+n—2 mn+n+1 mn—+n—2
ef(0)=——F—— ef()=——F— €;(2) = ————
3 3 3
Thus,

g (i) —vr (I <1 and lep(i) —ep(f)l <1 Vi, 5 €{0,1,2}.

Hence f is a mean cordial labelling.
Subcase 2.3 n = 2(mod3)

Define f : V(G) — {0,1, 2} as follows:

0, 1<i < 2t
floi) =11, L i R
27 27L;>2+1<,L'<n
0, 1<t -1 1<j<m
- 1 - 2 1
0, i=ng AN A
1, i=ntl Il 41<j<m
flwig) =91, RIS EE -1 1<i<m
17 i:2n3+2 1<‘7< m‘;l
2, i= 2t nlil1<j<m
2 ;2 11<i<n 1<j<
) 3 X X \J\m

The induced edge labelling f* : E(G) — {0, 1,2} is known as follows:

0, I<ig st —1
[rwivier) = 411, i< 2
2, 2 ci<n—1
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0, 1<ig< st —1 1<j<m
07 z:"TH 1<j<277§+1
1, i= ME+1<j<m
fr(viwgg) = ¢ 1, Mlir<i< 2 -1 1<j<m
L i= g 1<) <t
2, i= 22 nlil1<ji<m
2, b2 L1<i<n 1<j<m
Then,
n+nm-+ 2 n+nm-—1 n+nm-—1
v (0) = ; vp(1) = ; vf(2)
3 3 3
% mn+n—1 mn+n—1 mn+n-—1
er(0) = ;er(1) , er(2) =
3 3 3
Thus,

lup (i) —vr (i)l < 1 and [e}(i) — er()] <1V, j € {0,1,2}.
Hence f is a mean cordial labelling.
Case 3. m = 2(mod3)

Subcase 3.1 n = 0(mod3)

Define f : V(G) — {0,1, 2} as follows:

0, 1<i<%
floi) =91, H1ic<
2, Z4+1<i<n
0, 1<i<y 1<j<m
flwi) =<1, z41<ig<® 1<j<m
2, Zm41<ig 1<j<m

n J
We get the induced edge labelling f* : E(G) — {0, 1,2} as follows:

0, 1<i< 3 -1
fr(vivigr) = 4 1, F<i< %”—1
2, %"gzgn—l
0, 1<i< g 1<j<m
[ (viwig) = 41, AN 1<j<m
2, FH1<i<n 1<j<m
Then,
nm-—+mn nm-+n nm—+n
vs(0) = OE »ovp(2) = ;
3 3 3
. mn+n—3 " mn—+n . mn—+n
0 1) = 2) =
ef() 3 ) f() 3 ) f() 3
Thus,

s () —vs () < 1 and |ej(0) — ;) <1 ¥ 5 € {0,1,2).

Hence f is a mean cordial labelling.
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Subcase 3.2 n = 1(mod3)

Define f : V(G) — {0,1, 2} as follows:

0, 1<io< 22
floi) =41, nE2 1 Cig e

2, il 41 <i <n

0, 1<i< 22 -1 1<j<m

0, i =12 1<j<me

1, i =nd2 2 41<j<m
fwiz) =41, 2l gig 1<j<m

1, i = 2n3+1 1<j< 2m371

2, i= 2l melp1<j<m

2, ;i L1<i<n 1<j<m

0, 1<ig 21
fr(vivigr) = ¢ 1, ”Tﬁgzgz’g“—l
2, ndl <i<n—1
0, I<ig< -1 1<j<m
0 = 1<y ms?
N B2 1< <m
f*(viwij): 1, "T”—klgig“%—l 1<j<m
17 i:2n3+1 1<‘7< 2777,371
27 i:2n3+1 2711371_|_1<J<m
2, il L 1<i<n 1<j<m
Then,
n+nm n+nm n+nm
0p(0) = T (1) = TR wy(2) = T
" mn+n—3 mn+n mn+n
ef(O)f 3 ) f(l)* 3 ) f(2)7 3
Thus,

Jos()) —vs () < 1 and |ej(i) — e3(3)| < 1Vi,j € {0,1,2}.

Hence f is a mean cordial labelling.
Subcase 3.3 n = 2(mod3)

Define f : V(G) — {0,1, 2} as follows:

0, 1<io < 2
floi) =91, tH 41 i 22
2, nt2 41 <45 <n

155
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0, 1<ig< s —1 1<j<m
0, i= 2 1<y <2t
17 i:n;rl 27%71+1<]<m
flwiz) =91, LI ®E o1 1<j<m
- 2 2 . —2
Lo =y 1<j< gt
27 i:2n3+2 m;2+1<.]<m
2, 2 L1<i<n 1<j<m

0, 1< -1
f*(vivi+1) — 17 n;)»l < i g 27L3+2 -1
27 27L;>2<,L'<n_1
0, 1<ig< st —1 1<j<m
0, i= i 1<j< 2t
1, i= ol p1<j<m
[ (viwig) = § 1, R B2 -1 1<j<m
17 7::27L;2 1<]< 77L372
2, i= 22 2 p1<j<m
2, M2 L 1<i<n 1<j<m
Then,
n-+nm n-+nm n-+nm
vp(0) = s vp(1) = ; v(2) = ;
3 3 3
" mn+n—3 . mn+n . mn+n
ej(0) = TR 2, (1) = TR ej(2) = TR,
Thus,

lp (i) —vr()l < 1 and |ep(i) —ep(j)] < 1V i,5 € {0,1,2},
Hence f is a mean cordial labelling. Thus, from all these above cases we conclude that the path

union of n copies of star Ki ., is a mean cordial graph. O

Illustration 2.5 A mean cordial labelling of four copies of star K is shown in Figure 4.

0 0 1 2
0 0 00 0 O o0 1 11 1 1 1112 2

2 22 2 2 2

Figure 4

Illustration 2.6 A mean cordial labelling of two copies of star Ki ¢ is shown in Figure 5.



Mean Cordial Labelling of Some Star-Related Graphs 157

0 1
%N%N
o o0 0 0 1 1 11 2 2 2 2

Figure 5

Illustration 2.7 A mean cordial labelling of six copies of star K 3 is shown in Figure 6.

0 0 1 2 2
o o0 o0 o000 1 1 1 1 1 12 2 2 2 2 2

Figure 6
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Abstract: A labeling or numbering of a graph G is an assignment f of labels to the vertices
of G that induces for each edge uv a labeling depending on the vertex labels f(u) and f(v).
In this paper we study some new families of odd graceful graphs.
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§1. Introduction

Unless mentioned otherwise, a graph in this paper shall mean a simple finite graph without isolated
vertices. For all terminology and notations in Graph Theory, we follow [1], and all terminology regarding
to labeling, we follow [2] and [3].

Gnanajothi [3] introduced the concept of odd graceful graphs as an extension of graceful graphs.
A graph G = (V, E) with p vertices and ¢ edges is said to admit an odd graceful labeling if f : V(G) —
{0,1,2,--- ,2g — 1} is injective and the induced function f* : E(G) — {1,3,5,--- ,2q — 1} defined as
f (uwv) = |f(u) — f(v)| is bijective. The graph which admits odd graceful labeling is called an odd
graceful graph. In the present paper, we investigate some new families of odd graceful graphs generated

from various graph operations on the given graph.

§2. Main Results
Definition 2.1 Let G}, be a graph with vertex set V = {as,b;/i =1,2,--- ,n} and E = {a;ai+1,bibit1,
aibi+1, biai+1/i = 1, 2, e ,n — 1}.

Definition 2.2 D;, be a graph with V = {ai;/i = 1,2,--- ,n;j = 1,2,3,4} and E = {ai1ai41,1/%

=12,---,n— 1} U {ai73ai+173/i =12,---,n— 1} U {aiylaiyg; ;,204,3; A4,304,4; ai74ai71/7j =1,2,--- n}

Theorem 2.1 Let Gy, be a graph with vertex V = {a:,b;/i = 1,2,--- ,n} and E = {a;ait1,bibit1,
aibit1,biait1/i =1,2,--- ,n—1}. Then G is odd graceful.

Proof Let G}, be a graph with vertex set V = {a;,b;/i = 1,2,--- ,n} and E = {aiait+1, bibit1,
aibit1,biai+1/i =1,2,--- ,n — 1}. Note that, it has 2n vertices and 4n — 4 edges.

1Received July 25, 2015, Accepted August 31, 2016.
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Define a function f: V(G;) — {0,1,2,--- ,8n — 9 = 2(4n — 4) — 1} such that

flan) = 0

Flazii1) = 24i—3);2<i< g if 1 is even, or 2 < i < "I if 5 is odd
fla2) = 8n—5—8i;1<i<%ifniseven, orlgign—lifnisodd
flbr) = 2

f(b2i—1) = 8(1’—1);2<i<gifniseven7 or2<i<n—2~_1ifnisodd
fby) = 8n—1—8i;1<i<gifniseven, or1<i<™=Lifnisodd

It is easy to show that f is injective. Also I%/lé()é( )f(v) =8n—9. Thus, f(v) € {0,1,2,---,
vE b
8n — 9}, for all v € V(Gy,).

Now, it can be easily verified that all the edge values are in the interval [1,8n — 9]. Thus, f is an

odd graceful numbering. Hence, the graph G}, is odd graceful. m|

An odd graceful labelling of the graph Gg is displayed in Figure 2.1.

0 51 51 41 10 33 43 26 18 17 35 9 26 1 27

2 53 bh 47 8 39 47 31 16 23 39 15 24 7 31

Figure 2.1

Theorem 2.2 Let D}, be a graph with V ={a;;/i =1,2,--- ,n,j5=1,2,3,4} and E = {a;,1ai41,1/1 =
1,2,--- 7n—1}U{aiY3ai+1,3/i =1,2,--- 777,—]}U{CLZ‘JQLQ; i,204,3;0i,30i,4;0i,40;1,%=1,2,--- TL} Then

Dy, is odd graceful for any n.

Proof Let {a:;/i =1,2,---,n;j = 1,2,3,4} be the set of vertices of D};. Note that, D;, has 4n
vertices and 6n — 2 edges.
Define a function f: V(D;) — {0,1,2,--- ,12n — 5 = 2(6n — 2) — 1} such that

120 — 4 if 4 is even
flain) = , o

12(n —4)+7 ifnis odd

12(n —4) — 3) if i is even
flaiz) = , o

12(i — 1) if 7 is odd

12: — 6 if ¢ is even
flaiz) =

12(n —4) +3 if 4 is odd
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12(n—4) 4+ 1 if ¢ is even
127 — 10 if 4 is odd

flaia) =

fori=1,2,---n. Let f* be the edge labelling induced by f such that f*(uv) = |f(u) — f(v)|. Now we
split the edge set of D}, into three disjoint sum.

Let P = {f"(aij,aij+1)/t = 1,2,--- ,n;j = 1,2,3} U {f"(as,4ai1)/t = 1,2,--- ,n}. Then the
values of edges under P is {1, 3,5,7;13,15,17,19;25,27,29,31;--- ; 12n—11,12n—9,12n — 7, 12n — 5}.

Let Q = {f"(ai1,ai41,1)/i = 1,2,--- ,n—1}. Then the corresponding edge values are {11,23,35,--- ,12n—
13}

Let R = {f"(ai3ai+1,3)/t = 1,2,--- ,n — 1}. Then the corresponding edge values are equal to
{9,21,31,--- ,12n — 15}.

Next, consider P U Q U R.

PUQUR={1,3,5,7,...,12n — 5 =2¢ — 1}

That is, the edge values of D;, are {1,3,5,7,...,12n — 5 = 2¢ — 1}. It can be easily shown that f is
injective on V(D;,) and it is obvious that f is an odd graceful numbering. Hence, the graph D;, is odd
graceful. a

Figure 2.2 gives an odd graceful labelling of the graph Dg.

55 37 27
65 49 53 43 29 17

Figure 2.2

Observation 2.1 Let K2 be a complete graph on two vertices. Take 2n copies of K2. Keep n copies
of K3 in one set and n copies in the second set. Let u; 1,u;2 for i = 1,2,...,n to the vertices of one
set and uj 1, u; o for i = 1,2,--- ,n be the vertices in the second set. Now join uj, to ujy,, and uj,
t0 wit1,1. The resultant graph is denoted as G(K>) and it has 4n vertices and 6n — 2 edges.

The graph G(K2) obtained by 3 copies of K> is shown in Figure 2.3.

Figure 2.3
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Theorem 2.3 The graph G(K2) is odd graceful.

Proof Let u;1,us2,ujq,ujo for i =1,2,--- ,n be the set of vertices of G(K2). Define a function

f:V(@G)—{0,1,2,--- ,12n — 5 = [2(6n — 2)] — 1} such that

flurin) = 0
fuig11) = 8i—4,fori=1,2,--- ,n—1
flui2) = 12n-5
fluzicr2) = 12n—17-8(i = 2); 2<i < g if n is even
2<i<n+lifnisodd
Fluzz) = 120-15-8(i-1),1<i<Z ifniseven
1<i<™Lifnisodd
f(ull,l) = 12n—-9
fluhioan) = 120-19-8(i—2); 2<i < T if nis even
2<i<n_2|—11fnisodd
flubin) = 12n—13-8(i—1),1<i< 2 if nis even
’ 2
1<i<™Lifnisodd
f(ul12) = 2
fluizi0) = 8i51<i<n—1

Easily, it can be verified that f is injective. Also, max f(v) = 12n — 5,0 € V(K2). Thus,
f(v) € {0,1,2,--- ,12n — 5}. Finally, it can be easily proved that, the values of the edges are in the
interval [1,12n — 5]. Thus, f is an odd graceful labeling . Hence, the graph G(K3) is odd graceful. O

Figure 2.4 gives an odd graceful labeling on graph G(K2) obtained by 6 copies of K.

0 67 g7 4 9857 124356 202949 281947 36 O 41

63 61 2 57 59 51 § 45 53 37 14 35 51 27 24 21 45 13 33 11 43 3 4o
Figure 2.4
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Scientific conclusions are the gold with limited amount; while scientific means
1s the magic that can be utilized to produce endless amount of gold.

By Cai Yuanpei, a Chinese educator.
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