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A Calculus and Algebra Derived from Directed Graph Algebras

Kh.Shahbazpour and Mahdihe Nouri

(Department of Mathematics, University of Urmia, Urmia, I.R.Iran, P.O.BOX, 57135-165)

E-mail: shahbazpour@hotmail.com

Abstract: Shallon invented a means of deriving algebras from graphs, yielding numerous
examples of so-called graph algebras with interesting equational properties. Here we study
directed graph algebras, derived from directed graphs in the same way that Shallon’s undi-
rected graph algebras are derived from graphs. Also we will define a new map, that obtained
by Cartesian product of two simple graphs p,, that we will say from now the mah-graph.
Next we will discuss algebraic operations on mah-graphs. Finally we suggest a new algebra,

the mah-graph algebra (Mah-Algebra), which is derived from directed graph algebras.
Key Words: Direct product, directed graph, Mah-graph, Shallon algebra, kM-algebra

AMS(2010): 08B15, 08B05.

§1. Introduction

Graph theory is one of the most practical branches in mathematics. This branch of mathematics
has a lot of use in other fields of studies and engineering, and has competency in solving lots of
problems in mathematics. The Cartesian product of two graphs are mentioned in[18]. We can
define a graph plane with the use of mentioned product, that can be considered as isomorphic
with the plane Z1 x Z7.

Our basic idea is originated from the nature. Rivers of one area always acts as unilateral
courses and at last, they finished in the sea/ocean with different sources. All blood vessels from
different part of the body flew to heart of beings. The air-lines that took off from different part
of world and all landed in the same airport. The staff of an office that worked out of home and
go to the same place, called Office, and lots of other examples give us a new idea of directed
graphs. If we consider directed graphs with one or more primary point and just one conclusive
point, in fact we could define new shape of structures.

A km-map would be defined on a graph plane, made from Cartesian product of two simple
graphs p, *p,. The purpose of this paper is to define the kh-graph and study of a new structure
that could be mentioned with the definition of operations on these maps.

The km-graph could be used in the computer logic, hardware construction in smaller size

with higher speed, in debate of crowded terminals, traffics and automations. Finally by rewriting

1Received January 1, 2015, Accepted August 6, 2015.
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the km-graphs into mathematical formulas and identities, we will have interesting structures
similar to Shallon’s algebra (graph algebra).

At the first part of paper, we will study some preliminary and essential definitions. In sec-
tion 3 directed graphs and directed graph algebras are studied. The graph plane and mentioned
km-graph and its different planes and structures would be studied in section 4.

§2. Basic Definitions and Structures

In this section we provide the basic definitions and theorems for some of the basic structures
and ideas that we shall use in the pages ahead. For more details, see [18], [23], [12].

Let A be a set and n be a positive integer. We define A™ to be the set of all n-tuples of
A, and A° = (. The natural number n is called the rank of the operation, if we call a map
¢ : A" — A an n — ary operation on A. Operations of rank 1 and 2 are usually called unary and
binary operations, respectively. Also for all intends and purposes, nullary operations (as those

of rank 0 are often called) are just the elements of A. They are frequently called constants.

Definition 2.1 An algebra is a pair < A, F > in which A is a nonempty set and F =< f; :
i € I > is a sequence of operations on A, indexed by some set I. The set A is the universe of

the algebra, and the f;’s are the fundamental or basic operations.

For our present discussion, we will limit ourselves to finite algebras, that is, those whose
universes are sets of finite cardinality . The equational theory of an algebra is the set consisting
of all equations true in that algebra. In the case of groups, one such equation might be the
associative identity. If there is a finite list of equations true in an algebra from which all
equations true in the algebra can be deduced, we say the algebra is finitely based. For example
in the class of one-element algebras, each of those is finitely based and the base is simply the
equation x = y. We typically write A to indicate the algebra < A, F' > expect when doing so
causes confusion. For each algebra A, we define a map p : I — w by letting p(i) = rank(F;)
for every i € I. The set I is called the set of operation symbols. The map p is known as the
signature of the algebra A and it simply assigns to each operation symbol the natural number
which is its rank. When a set of algebras share the same signature, we say that they are similar
or simply state their shared signature.

If K is a class of similar algebras, we will use the following notations:

H (k) represents the class of all homomorphic images of members of &;
S (k) represents the class of all isomorphic images of sub algebras of members of &;

P(k) represents the class of all direct products of system of algebras belonging to .

Definition 2.2 The class v of similar algebras is a variety provided it is closed with respect to

the formation of homomorphic images, sub algebras and direct products.

According to a result of Birkhoff ( Theorem 2.1), it turns out that v is a variety precisely
if it is of the form HSP(k) for some class & of similar algebras. We use HSP(A) to denote the
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variety generated by an algebra A. The equational theory of an algebra is the set consisting of
all equations true in that algebra. In order to introduce the notion of equational theory, we
begin by defining the set of terms.

Let T'(X) be the set of all terms over the alphabet X = {zg, 1, -} using juxtaposition
and the symbol co. T'(X) is defined inductively as follows:

(1) every z;, (i =0,1,2,---) (also called variables) and oo is a term;

(1) if t and ¢’ are terms, then (¢t') is a term;

(791) T(X) is the set of all terms which can be obtained from (i) and (¢¢) in finitely many
steps.

The left most variable of a term ¢t is denoted by Left(t). A term in which the symbol oo
occurs is called trivial. Let 77(X) be the set of all non-trivial terms. To every non-trivial term
t we assign a directed graph G(t) = (V(¢), R(t)) where V(t) is the set of all variables and R(t)
is defined inductively by R(t) = 0 if ¢t € X and R(tt') = R(t) UR(t")U{Left(t), Left(t')}. Note
that G(t) always a connected graph.

An equation is just an ordered pair of terms. We will denote the equation (s,t) by s = t.
We say an equation s = ¢ is true in an algebra A provided s and ¢ have the same signature. In
this case, we also say that A is a model of s & ¢, which we will denote by A = s ~ t.

Let k be a class of similar algebras and let ¥ be any set of equations of the same similarity
type as k. We say that « is a class of models X(or that ¥ is true in ) provided A |= s =t ) for
all algebras A found in x and for all equations s & ¢ found in X. We use x = X to denote this,
and we use ModY to denote the class of all models of X.

The set of all equations true in a variety v ( or an algebra A) is known as the equational
theory of v (respectively, A). If ¥ is a set of equations from which we can derive the equation
s~ t, we write X F s &~ t and we say s & t is derivable from X. In 1935, Garrett Birkhoff proved

the following theorem:

Theorem 2.1 (Bikhoffs HSP Theorem) Let v be a class of similar algebras. Then v is a
variety if and only if there is a set o of equations and a class k of similar algebras so that

v=HSP(k) = ModX.

From this theorem, we have a clear link between the algebraic structures of the variety v

and its equational theory.

Definition 2.3 A set ¥ of equations is a base for the variety v (respectively, the algebra A)
provided v (respectively, HSP(A)) is the class of all models of %.

Thus an algebra A is finitely based provided there exists a finite set ¥ of equations such
that any equation true in A can be derived from ¥. That is, if A = s &~ ¢ and X is a finite base
of the equational theory of A, then X I s & ¢. If a variety or an algebra does not have a finite
base, we say that it fails to finitely based and we call it non-finitely based.

We say an algebra is locally finite provided each of its finitely generated sub algebras is
finite, and we say a variety is locally finite if each of its algebras is locally finite.

A useful fact is the following;:
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Theorem 2.2 Every variety generated by a finite algebra is locally finite.

Thus if A is an inherently nonfinitely based finite algebra that is a subset of B, where
B is also finite, then B must also be inherently nonfinitely based. It is in this way that the
property of being inherently nonfinitely based is contagious. In an analogous way, we define an

inherently non-finitely based variety 9 as one in which the following conditions occur:

(7) 9 has a finite signature;

(79) 9 is locally finite;

(#i7) 9 is not included in any finitely based locally finite variety.

Let v be a variety and let n € w. The class v(™) of algebras is defined by the following

condition:

An algebra B is found in (" if and only if every sub algebra of B with n or fewer generators
belongs to v. Equivalently, we might think of (™) as the variety defined by the equations true
in v(n) that have n or fewer variables. Notice that (v C --- C pntl) C ) C pn=1) C s
and v = ﬂ"u(n) :

necw

A nonfinitely based algebra A might be nonfinitely based in a more infectious manner:

It might turn out that if A is found in HSP(B), where B is a finite algebra, then B is also

nonfinitely based. This leads us to a stronger non finite basis concept.

Definition 2.4 An algebra A is inherently non-finitely based provided:

(i) A has only finitely many basic operations;
(ii) A belongs to some locally finite operations;

(iit) A belong to no locally finite variety which is finitely based.

In an analogous way, we say that a locally finite variety v of finite signature is inherently
nonfinitely based provided it is not included in any finitely based locally finite variety. In
2], Birkhoff observed that v(™) is finitely based whenever v is a locally finite variety of finite
signature. As an example, let v be a locally finite variety of finite signature. If the only basic
operations of v are either of rank 0 or rank 1, then every equation true in v can have at most
two variables. In other words, v = v(?) and so v is finitely based. From Birkhoff’s observation,

we have the following as pointed out by McNulty in [15]:

Theorem 2.3 Let v be locally finite variety with a finite signature. Then the following condi-

tions are equivalent:

(i) v is inherently non-finitely based;
(ii) The variety v is not locally finite for any natural number n;
(iit) For arbitrary large natural numbers N, there exists a non-locally finite algebra By

whose N -generated sub algebras belong to v.

Thus to show that a locally finite variety v of finite signature is inherently nonfinitely
based, it is enough to construct a family of algebras B,, (for each n € w ) so that each B,, fails

to be locally finite and is found inside v(™.
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In 1995, Jezek and McNulty produced a five element commutative directoid and showed
that while it is nonfinitely based, it fails to be inherently based [17]. This resolved the original
question of jezek and Quackenbush but did not answer the following:

Is there a finite commutative directed that is inherently non-finitely based?

In 1996, E.Hajilarov produced a six-element commutative directoid and asserted that it
is inherently based [5]. We will discuss an unresolved issue about Hajilarov’s directoid that
reopens its finite basis question. We also provide a partial answer to the modified question of
jezek and Quackenbush by constructing a locally finite variety of commutative directoids that
is inherently nonfinitely based.

A sub direct representation of an algebra A is a system < h; : i € I > of homomorphisms, all
with domain A, that separates the points of A: that is, if ¢ and b are distinct elements of A, ten
there is at least one ¢ € I so that h;(a) # h;(b). The algebra h;(A) are called subdirectfactors
of the representation. Starting with a complicated algebra A, one way to better understand its
structure is to analyze a system < h;(A4) ¢ € I > of potentially less complicated homomorphic
image, and a sub direct representation of A provides such a system.

The residual bound of a variety o is the least cardinal x (should one exist ) such that for
every algebra A € ¥ there is a sub direct representation < h;i € I > of A such that each sub
direct factor has fewer than x elements. If a variety v of finite signature has a finite residual
bound, it also satisfies the following condition: there is a finite set S of finite algebras belonging
to ¢ so that every algebra in 9 has a sub direct representation using only sub direct factors
from s.

According to a result of Robert Quackenbush, if a variety generated by a finite algebra has
an infinite sub directedly irreducible member, it must also have arbitrarily large finite once [20].
In 1981, Wieslaw Dziobiak improved this result by showing that the same holds in any locally
finite variety [3]. A Problem of Quackenbush asks whether there exists a finite algebra such
that the variety it generates contains infinitely many distinct (up to isomorphism) sub directly
irreducible members but no infinite ones. One of the thing Ralph McKenzie did in [13] was to
provide an example of 4-element algebra of countable signature that generates a variety with
this property. Whether or not this is possible with an algebra with only finitely many basic
operations is not yet know.

If all of the sub directly irreducible algebra in a variety are finite, we say that the variety is
residual finite. Starting with a finite algebra, there is no guarantee that the variety it generates
is residually finite, nor that the algebra is finitely based. The relationship between these three

finiteness conditions led to the posing of the following problem in 1976:

Is every finite algebra of finite signature that generates a wvariety with a finite a finite
residual bound finitely based?

Bjarni Jonsson posed this problem at a meeting at a meeting at the Mathematical Research
Institute in Oberwolfach while Robert Park offered it as a conjecture in his PH.D. dissertation
[19]. At the time this problem was framed, essentially only five nonfinitely based finite algebras

were known. Park established that none of these five algebras could be a counterexample. In
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the ensuing years our supply of nonfinitely based finite algebras has become infinite and varied,
yet no counterexample is known. Indeed, Ros Willard [26] has offered a 50 euro reward for
the first published example of such an algebra. In chapter 2, we show that a wide class of
algebras known to be nonfinitely based will not supply such an example. It is still an open
problem whether some of the nonfinitely based finite algebras known today generate varieties
with finite residual bound. while the condition of generating a variety with a finite residual
bound could well be sufficient to ensure that a finite algebra is finitely based, it is in its own
right a very subtle property of finite algebras. Indeed, Ralph McKenzie has shown that there
is no algorithm for recognizing when a finite algebra has this property [13]. The last question
motivating our research was originally formulated in 1976 by Eilenberg and Schutzenberger [4].
In their investigation of pseudo varieties, they ask, If ¢ is a variety generated by a finite algebra,
W is a finitely based variety, and ¢ and W share the same finite algebras, must 9 be finitely
based?

To answer this question in the negative, one would need to supply a finite, nonfinitely
based algebra to generate ¢ and a finitely based variety W so that ¥ and W have the same
finite algebras. McNulty, Szekely, and Willard have proven that no counterexample can be found
among a wide class of finite, non finitely based algebras [26]; furthermore they noted that this
property also cannot be recognized by any algorithm.We show that the locally finite, inherently
based variety of commutative directoids we construct will fail to yield a counterexample if it is
shown to be generated by a finite algebra.

83. Directed Graphs and Directed Graph Algebras

Definition 3.1 A graph G is a triple consisting of a vertex set V(G), an edge set E(G), and

a relation that associates with each two vertexes called its conclusive points.

Definition 3.2 A path in the directed graph (v, E) is an ordered (n+ 1)—tuple (1, -+ , Tny1)
such that (z;,x;41) € E for alli = 1,--- ,n. The path (x1,...,xn+1) has length n. A cycle is
a path from some vertex to itself. Given a graph G and x € Vg, [z)q, (or just [z), when G
is clear), is the set of y € Vg such that there is a path from x toy in G. A directed graph is
acyclic if it contains no cycles. A directed graph (V, E) is loop-free if there is no cycle of length
1, that is if there is no © € V such that (x,x) € E. A directed graph (V, E) is looped if there is
a loop at every vertex, that is if (x,x) € E for every x € V.

Definition 3.3 A directed graph or digraph G =<V, E > is a triple consisting of a nonempty
set V(Q) of elements called vertezes, together with a set E(GQ) of ordered pairs from VxV — V,

called edges, and a map that assigning to each edge an ordered pair of vertexes.

Thus our directed graphs do not allow multiple edges, but they do allow edges of the form
(z,z) (that is, we allow vertexes to be looped). Given a directed graph G, we can refer to the
vertex set and edge set of G as Vg and Eg, respectively. Let us say that Gisa subgraph of
G if Vy C Vg and Ex = Eg (Vg x V). When we draw a directed graph, we generally draw

the edge (z,y) as an arrow from vertex = to y. When drawing an undirected graph, we simply
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draw the edge (z,y) as a line from z to y; since we know that (y,2) must also be in the graph
edge set, there is no question of which way the edge goes. Let us call any variety generated by
directed graph algebras a directed graph variety. As noted in [25], any directed graph variety v
contains A(G) for all G that are direct products, subgraphs, disjoint unions, directed unions and
homomorphic images of directed graphs underlying algebra in v. More generally, any variety
is closed under homomorphisms, sub algebras and direct products. We shall need this more

general fact to obtain the results in section. The following definition is from [25].

Definition 3.4([25]) Let G = (V, E) be a directed graph. The directed graph algebra A(G) is
the algebra with underlying set {v|J oo}, where co ¢ V', and two basic operations: one nullary
operation, also denoted by oo, which has value co, and one binary operation, sometimes called

multiplication, denoted by juztaposition, which is given by

u  if(u,v) € E
(uv U) =
o0 otherwise

Let G =< V, E > be a complete undirected graph. We define a tournament T as an algebra
with universe VU {oo} ((where co ¢ V') and binary relation — so that for distinct x,y € V
exactly one of x - y and y — x is true. We make each edge directed using the relation —»,
that is, we make the edge between x and y directed toward y if and only if © — y. We can then

make — into a binary operation as follows:

Ty =y.r =
o0 otherwise

The relation x — y is generally read as "z defeats y” or ” y loses to x” in the tournament 7'.
Notice that in tournament we require a directed edge between any two distinct vertexes. When
we draw a tournament, we will represent the ordered edge between any two distinct vertexes.
When we draw a tournament, we will represent the ordered pair (z,y) €— as vertexes joined

by a double-headed arrow pointing away from x.y.

A semi-tournament T is simply a tournament in which we relax the restriction that the
underlying graph G be complete. In this case, if x and y are distinct vertexes in v and neither
x — y nor y — x, we define x.y = y.x = oo. In this way the element oo acts as a default
element. The table of Park’s semi-tournament P with three element is shown in Figure 2.

O t S r oo

t |t t oo o©
s |t s s o

T (0.9] S r (0.9]

[© OXN INC CHENNG CAENNG O HNNNG 9]

Let v be the variety generated by p. We obtain graph algebras in exactly the same way,
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except that in a graph algebra the underlying G is an undirected graph . one difference between
our terminology and the terminology of the authors of [25] is that they refer to algebras A(G)
defined as graph algebras, while we refer to such algebras as directed graph algebra. Our
purpose in doing so is to avoid confusion with the (undirected) graph algebra of [25]. Let T'(X)
be the set of all terms over a set X of variables in the type of directed graph algebras. We shall

make frequent use of the following definition and lemma from Kiss-poschel-prohle [25].

Definition 3.5([25]) Fort € T(X), the term graph G(t) = (V (t), E(t)) is the directed graph
defined as follows. v(t) is the set of variables that appear in t. E(t) is defined inductively as

follows:

E(t) = ¢ if t is a variable, and E(ts) = E(t) U E(S)J (L(t), L(s)), where L(t) is the
leftmost variable that appears in t. The rooted graph derived from t is (G(t), L(t)).

As an example, consider the term ¢ = (z(y((zz)y)))z, the term graph G(t) is pictured in
figure(1). Different terms can have the same term graph, another term that has the term graph

pictured in Figure 1 is (z((z2)y))(yz).

Figure 1 The term graph of (z(y((zx)y)))x

Following [25], we call a term trivial if co occurs in it.

Lemma 3.1([25]) Let G = (V, E) be a graph , t,s € T(X), and h : X — A(G) an evaluation of
the variable. Let the same h denote the unique extension of this evaluation to the algebra T (x)

of all terms.

1. Ift € T(X) is nontrivial, then (G(t),L(t)) is a finite rooted graph. Conversely, for
every finite rooted graph (G,v) there exists t € T(Vg) with G(t) = G and L(t) = v.

2. If t is a trivial term, or if h takes the value oo on some element of V (t), then h(t) = oc.
Otherwise,if h : G(t) — G is a homomorphism of directed graphs, then h(t) = h(L(t)), and if h
is mot a homomorphism of directed graphs, then h(t) = co.

3. The identity s = t is true in every graph algebra if and only if either both s and t are
trivial terms, or neither of them is trivial, G(s) = G(t), and L(s) = L(t).

Of course, when specifying an evaluation h of a particular term ¢, it is enough to define h
on V(t) rather than on all of X, and this is what we typically do. For efficiency, we typically

say graph homomorphism when what we really mean is directed graph homomorphism.

A law s & t is regular if V(s) = V (¢).
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Lemma 3.2 If D is a directed graph algebra that contains a loop, then all nontrivial laws of D
are reqular.

Proof Suppose s ~ t is a nontrivial law of D that is not regular, without loss of generality,
we may take x € V(s) \ V(¢). Let h be the graph homomorphism that maps = to co and maps
everything in (V' (S)JV (¢))\z to some looped element a. Then h(t) is a, but h(s) is co, whence

s &~ t is not a law of D, contrary to our assumption.

OO O . @

V4

Figure 2 Graphs of the four minimal INFB graph algebras

In [1] it is shown that:

Definition 3.6 A locally finite variety v is finitely based, or F B, if there is a finite basis for
the equations of v. v is inherently nonfinitely based, or INF B, if v is not contained in any
other FB locally finite variety. We say that the algebra A is FB if v(A) is FB, which is the
case exactly when there is a finite basis for Eq(A). We say that A is INFB if v is INFB. Note
that if A is INFB then A is not F'B; otherwise v(A) would be contained in an FB locally finite
variety, namely v(A) itself.

Theorem 3.1 A graph algebra A is FB if and only if its underlying graph G4 has no subgraph

isomorphic to one of the graphs in Figure 2

This theorem gives a complete classification of the FB graph algebras. since every graph
algebra is also a directed graph algebra, the above theorem will be of some use to us as we work

to classify the FB directed algebras.

Our work falls under the heading of universal algebra, so we use the language and notation
of that subject. Our algebras can be viewed as models in the sense of Model Theory, so we
sometimes borrow from the notation of that subject as well. For example, we use A = o to
mean that the sentence o is true in the algebra A, and we use I' - ¢ to mean that there is a

derivation of ¢ from the sentences in I'.

We shall distinguish carefully between the symbols = and ~. We shall use = only for exact
equality; if we say , for example, s = ¢, then we mean that s and ¢ are identical. We shall use
~ when writing down laws. Thus we shall say things like A = s~ t and ' F s = ¢. (of course,
it is true but uninteresting that A = s=s and I' - s = s for every A, s, and T".)

When writing down a law ), we shall use A" to refer to the term on the left-hand side of
A and AP to refer to the term on the right-hand side.
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Given a term ¢, [(t) is the length of ¢, defined by the following recursion:

1 if tis a single variable

I(t) =
W(r)+1U(s) ift=rs.

Thus [(t) is the number of places at which variables occur in t.

When dealing with terms, it is expeditious to avoid writing down as many parentheses as
possible. Toward this end, we adopt the convention that sub terms will be grouped from the

left. Thus, for example, when we say

TY1Y2---Yn

we mean that

(- ((zy)y2) - Jyn-

When giving a derivation, we justify the steps as follows. When a step is justified by a
numbered entity, such as an equation or proposition, the number appears underneath the ~ or
= on that step’s line in the proof. When the justification is something that does not have a

number, the justification appears in square brackets at the right end of the line.

In general, we use u,v,w,z,y, and z for variables, s,t, and lowercase Greek letters for
terms and sub terms, lower case Greek letters for laws, and uppercase Greek letters for sets of

laws.

84. km-Graphs

In this section we will define graph plane and then we will construct km-graphs. Next by
using the language and notation of universal algebra, we will define a new algebra derived from
directed graph algebras.

Definition 4.1 Some of the structures with regular configurations can be expressed as the
Cartesian product of two or more graphs. After the formation of the nodes of such a graph
according to the nodes of the generators, a member should be added between two typical nodes

(us,v;) and (ug,vy), as show in Figure 3, if the following conditions are satisfied

[(wi = uk, vy adj vj) or (v; = v, u; adj ug)].

Some other structures with regular configurations can be expressed as the strong Cartesian
product of two or more graphs. After the formation of the nodes of such a graph a member
should be added between two typical nodes (uk,v;) and (u;,v;) if the following conditions are
satisfied:

[(u; = ug and vy adj v;) or (v; = vy, u; adj uk)] or u; adj ugk and vy adj v;.
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Figure 3 Cartesian product and strongly Cartesian product of p,,

Let p,, be a simple graph. By Cartesian product of p, * p, we have a plane that from
now we will call this plane the graphic plane. The graphic plane from right and up is infinite
and from down and left is bounded. This plane can be considered isomorphic with the plane
produced by ZT *ZT, but in our plane the symmetric axis are defined in an other ways. Samples
of graphic plane from natural are the chess plane, the factories producer line, train road of a
country, air lines, electric cables in a city or home. The importance of our idea is to find simpler
maps for relations between natural phenomena such that natural factors less often injured in

connection together. First of all we will consider some axioms in our graphic plane:

Definition 4.2 we will call the segment crossing from every node (u;,v;) for every i € N the

symmetric axis of the graphic plane.

Figure 4 Symmetric axis of Cartesian product and strongly Cartesian product of p, X pj,

The symmetric axis splits the graphic plane into two half graphic plane that we will show
the upper half graphic plane by positive and the lower half graphic plane by negative notations.

By the above definitions we will consider the nodes from the positive half graph plane with
positive notations and the nodes from the negative half graph plane with negative notations.
In this manner the all nodes on symmetric axis are without notations.

Definition 4.3 A km-graph Gr consists of a vertez set {V(Gg)|Joo} and an edge set E(GF),
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where for every z,y € V.
y ifr—y

oo otherwise

Gr(z) =

that satisfies the following conditions:

(i) There exist only one and unique conclusive point, that we will denote it by M ;

i1 ) From every inception point in every path there is at least one tournament to M. There-
Y Y
fore a km-graph may have many inception point;
i11) Each vertex is loop less;
P ;

(iv) There is no path of a vertex to itself. That is, there is no sequence of vertexes such

that

V) — VU —> V3 —— " —> Up — V1.

Some of km-graphs are shown below:

—_— —_————
——————

The limacon-graph function

(a) Graph function in the graph plane

Figure 5 Samples of km-graphs
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The star limacon-graph function

N

The star like-graph function

P

AR

(b) Graph functions in the strong graph plane

Figure 6 Samples of km-graphs

A
A

Symetry of a graph function

Figure 7 Sample of Symmetry for km-graphs

It is obvious that we can define the positive scalar multiplication on km-graphs. If let k € Z
be a integer number and G (x) be a arbitrary km-graphs., then kGp(x) is a km-graph that

every vertex of kGp(z) is k times as much of Gp(x). Also one can consider inversee km-graph
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of km-graph Gr(z), denoted by (Gr(x))~!, as a km-graph such that the direction of any vertex
will be denoted by inversee direction. Therefore it is not true that the inversee of a km-graph is
usually a km-graph. The only case that we have inversee km-graph is the km-graphs with only
one inception point. On the other hand the symmetry of a km-graph Gr(x) is the km-graph
G'’7(x) such that every vertex v, € G’»(x) is symmetric by a vertex v, € G (z), with respect to

symmetric axis of graph plane.

A
A

Scalar multiplication of a graph function
Figure 8 Sample for Scalar Multiplication of km-graphs for k = 2

Also we can define inverse km-graph as follows:

Definition 4.4 The inversee of a km-graph Gr, that denoted by G;l, obtained by change of

path direction.

Note that only km-graphs with one inception point and one conclusive point have inversee.

That is, in general km-graphs don’t have corresponding inversee km-graph.

Definition 4.5 Two km-graphs Gr, and G, are equal if and only if they have the same vertex
set and the same input set for a vertex. Although this a perfectly reasonable definition, for most
purposes the module of relationship is not essentially changed if Gr, is obtained from Gp, just

by renaming the vertex set.
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Y
Y

\ /
\ /

Figure 9 Samples for Scalar Multiplication km-graphs for K=2

For arbitrary two km-graphs G'r, and Gr,, we can define union and intersection of km-

graphs.

Definition 4.6 The union of two km-graph G, and Gp, is just obtained by superposition of
conclusive points of Gp, and Gp,. There fore if Gp, have Vg, as vertex set and Er, as edge
set and G'g, have G, have Vg, as vertex set and Er, as edge set, then Gp, UGF, s defined by
Vi, UVE, as vertex set and Er, U EFR, as edge set.

It is obvious that union of two km-graph is not a km-graph in general. However we will
define sum of two km-graph by similar definition without closed path in result. Before do it, in

the following we have definition of intersection.

Definition 4.7 Intersection of two km-graph Gr, and G, is just obtained by superposition of
conclusive points of Gr, and Gr,, such that Gg, NGFp, is defined by Vi, NVE, as vertex set and
Er, N EpR, as edge set. The intersection of two km-graph may have two path that have similar
vertexes but the edges are not in same direction. In this type the two edges will be deleted and

we have the discrete km-graph.

There fore we see that the intersection of two km-graph is not necessary to be a km-graph.

Definition 4.8 A km-graph with at least one singular (isolated) vertex is called discrete km-

graph. We will used the name D — GF; for discrete km-graphs.
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X
X X
* K

Figure 10 Sample of M4, M5, M7-km-graph

Thus every single loop is a looped km-graph.

Figure 11

By the mentioned definition we can consider a new class of km-graphs that we will call
them M,,-graph maps. Here the n is the union of singular vertexes with conclusive point. We
can think on km-graphs by a loop in the conclusive point. The idea of such km-graphs come
back to a square in city, when we consider the traffic problem, or the river in a sea/ocean,
when we consider all rivers that have a sea/ocean as conclusive point. There fore we have the

following definition:

Definition 4.9 We will call a km-graph looped graph map if the conclusive point have a loop.
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Definition 4.10 The sum of two km-graph Gr, and Gg, is a km-graph G that just obtained
by superposition of conclusive points of Gr, and Gr, such that there is no sequence of vertezes
such that

V] — VU2 — U3 — T Up — U1,

or there is no close path such that
V] — Vg — V3 — -+« —> Uy = V] — Vr — Vgt — +++ — Up,

Otherwise, by deleting one edge that have smallest number of input vertex we can obtain a

km-graph.

One can see that for every two km-graph G, and Gp,, the difference between sum of G,
with G, and G, with GF, is only in the place of M. Such that in sum processing, we do it

by superposition of conclusive point of second km-graph on conclusive point of first km-graph.

X B

= M

(b)
Figure 12
In the following one can find sum of two km-graph with restriction law:

Also if in sum of two km-graph we have two direction that are inverse, then we can use
from this fact that, by definition, we have not closed path, the result form (a) can be considered
as picture (b). That is we delete such paths. This law was called restricted law.

On the other hand we will see that the set of km-graphs with binary operation H is semi
group. Now if we consider the km-graph M, that is the km-graph with only one node and whit
out vertex, the identity element of the set of all km-graphs, then we have a monoid that defined

on set of all km-graphs with the binary operation B because we can see that
(GrP1BGF2)BGr3=Grl B (Gr2H GFr3)

GrBEM=MBGr=Gr
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1] 8 4 = L[]
(a)
(b)
Figure 13
x Y X’ x_ Yy X

Z M z' y’ = A y’

t p trle—P t’

X y x’
M )
2 Yy
t’ p’

Figure 14 Samples for sum of two km-graphs

Also one can defined sum of looped km-graphs analogically.

Definition 4.11 The sum of two looped km-graph G, and G, is a looped km-graph G that
Just obtained by superposition of conclusive points of Gg, and G, such that there is no sequence
of vertexes such that

V] — Vg — V3 — ... — Uy, — V1,
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or there is no close path such that
V9 — UV — V3 — ... —> Up =V —> VUV —> V3 — ... — Up,
Otherwise, by deleting one edge that have smallest number of input vertex we can obtain a
km-graph.

In the following we consider some samples of sum of two looped km-graphs.It is obvious
that we can do this definition for km-graph from one hand and looped km-graph from other
hand.

ENpY
o

Figure 16 Samples for sum of two km-graphs
t t
* M 7 @ lE‘ x M z
M
Y y
X 7 7’ E X 7
M M
y
y
t)

Sum of two looped graph function

M

Figure 17 Samples for sum of two graph function
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Figure 18 Samples for sum of two graph function

We can define —G g as a km-graph that is in negative part of graph plane. There fore
we have Gp, B Gr, = Gr, B (—GF,). On the other hand for —Gr, — GF> we can consider
—(GF, B(—Gr,)) that is equal with —(GFy B GF,). In the following we have some samples for
combining of such km-graphs:

A
\ /

;‘ <
'Arb’

Y

»Ye
[

Y a’)Hb’

<
<

A

Y

>
>

»
>

(b)) (b))

Sum of two negative graph function

Figure 19 Samples for sum of two km-graphs

Therefore if we observe positive scalar multiplication and the negative part of an km-graph,
then we can define negative scalar multiplication of a km-graph analogously. In this manner
we can first multiple any scalar k£ in km-graph G and then found the negative position of this
map. On the other hand we can first found for every km-graph G the negative position of Gg
and then multiple (—GF) in k, for every arbitrary scalar k € Z.
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4.1 Algebraic Properties of kmm-Graphs

First of all we will consider associativity and commutativity properties for sum of km-graphs.
Sum of two km-graphs are defined in previous section. The drawing km-graph for sum of Gp,
with G, and G, with G, are similar, but are in different place of graph plane. There fore
one can conclude that the sum of two km-graph is approx-commutative. Also one can see that
the approx-associativity property hold for sum of three km-graphs.

On the other hand sum of every km-graph G, with km-graph Gp,,, is Gp, (where Gp,, is
the km-graph with only one vertex and no edges). Thus, one can conclude that the class of all
km-graphs considerable as a approx-commutative monoid (the approx-commutative semi-group
with identity element).

On the other hand if we consider the km-graph as objects and the binary operation between
them be the sum of two km-graphs, then can we have a category?

In this direction one can discussed that which properties of categories are satisfies in men-
tioned category and vise verse. It is obvious that by definition of km-graph and drawing them
we have the following lemmas:

Lemma 4.1 There are only one isomorphic km-graph with two nods in the p, * p, plane.

The classes of 3-vertex graph function

The classes of 2-vertex graph function
Figure 19

Lemma 4.2 There are only two isomorphic class of km-graphs with three nods in the p, * p,

plane.

Lemma 4.3 There are only four class of km-graphs with four nods in the py * p, plane.
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4.2 km-Algebras

Definition 4.12 We call an algebra defined on km-graphs a KM — Algebra, if the following
laws holds:

zy Ry (1
YT ~ 00 (2
MM =~ oo (3

yM

2
8
=

My =~ o0 (5
Moo = 0o (6

)
)
)
)
)
)
ooM ~ o (7)
)
)
)
)
)
)

Yoo A~ 00 (8

00y A 00 (9

y(yM) ~yM (10

M(yM) ~ MM =~ oo (11
(zy)z = (zy)(yz) = yz (12
T1T2T3 "+ TnY N Y1Y2Y3 " YmY (13

Equational theory on km-algebras can be discussed for identities and hyperidentities in
nontrivial terms.

In [1], Baker, McNulty, and Werner give a method, the Shift-Automorphism Theorem, for
showing that certain algebras are INFB. This method is particularly useful in the case of graph
algebras; it is an essential ingredient in the classification in [1] of the FB graph algebras. The
shift-automorphism theorem 4.5 can be used to show that many directed graph algebras are

INFB as well, and we shall use it to obtain several such results in this chapter.

The form of the shift-automorphism theorem that we shall use is Theorem in [1], and it
appears below as our . In an algebra that has an absorbing element oo, as do all directed
graph algebras, the proper elements are the elements other than co. Given a Z—sequence «,
the translates of a are the sequences o' for i € Z, where o is « shifted i places to the right.
(Thus if 4 < 0, then we shift to the left, and if i = 0 then we do not shift at all.)

Theorem 4.1(Shift-Automorphism Theorem) Let B be a finite algebra of finite type, with an
absorbing element co. Suppose that a sequence « of proper elements of B can be found with

these properties:

(1) in BZ%, any fundamental operation f applied to translates of o yields as a value either

a translate of o or a sequence containing oo;
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(2) there are only finitely many equations f(a't,--- () = a9 in which f is a funda-
mental operation and some argument is a « itself;
(3) there is at least one equation f(a™,--- ")) = o) in which some argument is a

itself, in an entry on which f actually depends,

then B is INFB.

Proof See [23]. |

The general idea of this version of the Shift-Automorphism Theorem, as applied specifically
to a directed graph algebra B, is that we want to use « to create an infinite directed graph
with certain properties. The elements of this directed graph are the translates of «, and the
edges are the natural ones inherited from Gg. We pool all sequences that contain oo into an
equivalence class, which acts as the oo element for resulting infinite directed graph algebra.
Condition (a) of the theorem ensures that this view makes sense. Condition (b) requires there
to be only finitely many edges into and out of a ( and therefore into and out of any a(®);
another way to say this is that there must be an N such that if n > N, then aa(™ and o™«
must both contain an occurrence of co. (Here a®al) is understood to be the result of applying
our binary operation coordinate wise to a? and a).) Condition (c) tells us that there has to
be edge from o) to a.

Because the multiplication in our km-algebras has the property that uv is either v or oo,
if B is a KM-Algebra and « is any sequence of proper elements of B, then it is clear that
condition (a) of the theorem is satisfied; in each coordinate of «, the product will either be the
right-hand operand or co. Hence we do not need to mention condition (a) again when dealing
with km-algebra. Note also that if « is an infinite path through Gp, as it will be in all of the
cases we consider, then condition (¢) must hold.

The original version of the shift automorphism theorem, as formulated in 1989 by Baker,
McNulty, and Werner [1], stated that any shift automorphism algebra is inherently nonfinitely
based. In 2008, McNulty, Szekly, and Willard were able to show every shift automorphism
algebra must be inherently nonfinitely based in the finite sense [16]. It is the contribution of
this author that every shift automorphism variety has countably infinite sub directly irreducible
members.

For some interesting examples of finite algebra proven to be inherently nonfinitely based
with help of the Shift Automorphism Theorem, see [1, 6, 10, 23]. As an example of the shift
automorphism theorem, let us consider the looped star-like km-algebra; it is based on the
km-graph pictured in figure(10). We let o = ---aaaaabccce---. Now, « is an infinite path
through looped star-like km-algebra, so we simply need to show that condition (b) of the Shift-
Automorphism Theorem holds for this algebra and a.

To begin, let us observe that if i ¢ {j,j+ 1}, then a/? o)) will be a sequence that contains
00, since there will be at least one coordinate at which the entry is ac, ba, cb, or ca, and all of
these are co. If i € {j,5+ 1}, then aPal) | then aWal)) = o). Thus a meets condition (b) of
the theorem; the only equations that hold here of the kind mentioned in (b) are a(9a(?) = (0,
a@ o= = 40 and a0 = oD,

Thus we have proven the following:
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Lemma 4.4 For n > 3 every n-Starlike km-algebra is INFB.

Also for the looped n-starlike km-algebra the above lemma is true. The infinite looped
star-like km-algebra that « yields is pictured in Figure 10.

Note that the same a would have worked even if the km-algebra in question had either
(or both) of the edges (b,a) and (¢,b). Thus the km-algebras in Figure 10 give rise to INFB
km-algebras as well.

Also the nullary looped km-algebra (with one vertex and one edges) is just a single looped
element, so is FB. Thus we have now completely classified the looped star-like km-algebras.

To use the Shift-Automorphism Method, consider B, a finite algebra of finite signa-
ture. We will consider the Z—tuple (---,b_g9,b_1,bg,b1,ba,---) in BZ as a sequence o =
-++b_2b_1bgb1by - - - where each b; is a proper element of B for every j € Z. We define a; as
the i" translate of «, that is, as « shifted ipositions to the right (if i > 0), to the left (if i < 0),
or not at all (if i = 0). Note that the shift by 1 position is an automorphism of BZ. If o gives

only one infinite orbit, then we can summarize Theorem 4.1 as the following, also found on [1].

Theorem 4.2 Let B be a finite algebra of finite signature with absorbing element 0. Suppose

that a sequence o of proper elements of B can be found with these properties:

(1) in BZ, any fundamental operation F applied translates of o yields as a value either a
translate of a or a sequence containing 0;

(2) there are only finitely many equations (cuy, -+ , 4. ) = «; in which F is a funda-
mental operation of rank r and some argument is o itself;

(3) there is at least one equation F(oy,, - ,04,_,) = a1 in which some argument is o

itself, in an entry on which F actually depends.

We apply Theorems 4.1 and 4.2 to various algebras to show that they are inherently
nonfinitely based.

4.3 Walter’s Looped Directed Graphs

Walter gives the following adapted version of Theorem 4.2.

Theorem 4.3([23]) Let G be a directed graph, and let o be a Z—sequence that is a path of G.
If there is an N such that n > N implies that a,.a and a.ay, both contain an occurrence of oo,

then the graph algebra of G in inherently nonfinitely based.

Now for our km-algebras we have another version of Theorem 4.2.

Theorem 4.4 Let G be a KM- algebra, and o be a Z—sequence that is a path of G. If there is
an N such that n > N implies that a,.« and a.ay, both contain an occurrence of co, then the

km-algebra G is inherently nonfinitely based.

Proof We will show the connection between Theorems 4.1 and 4.3. Let p be a km-algebra
and let « be a Z-sequence that is a path through B. We will check the conditions of Theorem
4.1.
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The first condition of Theorem 4.1 requires that any fundamental operation applied to any
translate of « results in another translate of «, or a sequence containing co. As our operation
is inherited from a graph algebra, the operation. works as follows:

v if(u,v) €E

oo otherwise

Thus for the coordinate wise product of two Z—sequence o, o, we get

Qg
Qj, O ) o
v whereyisasequencecontainingoo

since the result of applying. Coordinate wise gives either right input or co.

The second condition of Theorem 4.1 requires that there be only finitely many proper
equations using the fundamental operation and the translates of «. In terms of our new infinite
km-algebra, this conditions there to only finitely many edge into and out of each «;. This is
equivalent to having the existence of a number N so that for all n > N we have a,,.a and .y,
each contain an occurrence of co.

Since o is a path through the km-algebra, aj.a9p = . To see this, consider a string
S T_3T_9X_1XoT1T2x3 -+ in a1 where each x; is a vertex in the km-graph related to km-
algebra. Then «; has the same string, just shifted one place rightward. Since oy gives a path,
we know that must be an edge between x; and x;41 for ¢ = —1,...4. Thus the product z;.x;41

results x;41. Hence we get the following

a1 1 X 1X0XT1X2L3 "+
gt TOL1T2X3T4 " "
Qg X1 T2X3T4 - "
This gives the last condition of Theorem 4.1. a

§5. Basic Laws for Directed M,-km-Graphs

Definition 5.1
M1M1 ~ 0
Mix =~

TOO =~ 00

(14)
(15)
M, ~ M, (16)
(17)
(18)
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TT R 00 (19)
Ty =y (20)
(M) M, ~ My M, ~ oo (21)
T1T2 - T My = y1y2 - Ym M (22)
For discrete points, M;M; ~ oo.
Lemma 5.1 The identity (xMy)M; = My(zM;) holds.
Proof (xM7)M; = by (16), (xM7)(xM;) = by (16) and then ~ M;(xM). O
§6. Basic Laws for Directed Looped M, -km-Graphs
Definition 6.1
M1M1 ~ M1 (23)
Mz =~ oo (24)
.IMl ~ M1 (25)
TOO A2 00 (26)
00T R 00 (27)
TT A 00 (29)
Ty R Y (30)
(vy)y ~ yy ~ o0 (31)
T1To - T M = y1y2 - Ym M (32)
For discrete points, M;M; ~ oo.
Lemma 6.1 The identity (zy)y =~ y(ay) holds.
Proof (xy)y = by (29), yy = by (29) and then =~ y(xy). m
§7. Basic Laws for Looped km-Algebra
Definition 7.1
MM~ M (33)

yM ~ M (34)
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35
36

37

ooM =~ oo

(xy)M ~ yM ~ M 39

(yM)M ~ MM = oo 40

M(yM)~ MM =~ oo

(35)
(36)
(37)
y(yM) = yM ~ M (38)
(39)
(40)
(41)
(42)

172 TnM = y1y2 - ymM 42

Lemma 7.1 The identity (yM)M ~ M(yM) holds.

Proof (yM)M = by (34), MM = by (34) and then ~ M (yM). m

It turns out that the theory of avoidable words will be quite useful. We will begin with a
bunch of definitions.

Definition 7.1 An alphabet 3 is a set of letters and a letter is a member of some alphabet. A
word is a finite string of letters from some alphabet. The empty word is the word of length 0.
To denote the set of all nonempty words over an alphabet X, we use XF. Another formulation
of X is that it is the semi group freely generated by Y. together with the binary operation of
concatenation.

Definition 7.2 A word w is an instance of a word u provided that w can be obtained from u
by substituting nonempty words for the letters of u.

For instance, the word baabaabaabaa is an instance of the word xxxx obtained by substi-
tuting the word baa for the letter x. We say that a word u is a sub word of the word w if there

are (potentially) words x and y so that w = zuy.

Definition 7.3 The word w encounters the word uw means that some instance of u is a sub

word of w. If no instance of u is a sub word of w, then we say w avoids u.

To generalize this notion, we say that the word u is avoidable the alphabet 3 provided that
infinitely many words in ©* avoid u. Note that since two alphabets of the same size avoid
the same words, only the cardinality of 3 is important. If the cardinality of ¥ is n and u is
avoidable on ¥, then we say that u is n-avoidable. Lastly, the word u is avoidable if and only
if there is some natural number n for which u is n-avoidable. If no such n exists, we call u
unavoidable.

Definition 7.4 The Zimin words Z,, (where n is a natural number) are defined recursively by:

(’L) Z() = 2o,

(ii) Giwen Z,, define Zp1 = ZpTni1Zn for each natural number n.
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Thus the first three Zimin words are xg, xox1%o, and xox1ToTaToT1To. If S is a semi group
and w is a word in which the letters of w are regarded as variables, we say w is an isoterm of
S when u and w are identical whenever S |= w & u. See [26] for a development of the theory of

avoidable words.

Definition 7.5 An algebra B =< B,. > is a semigroup provided the associative law holds,
i.e. for all a,b, c € B, (a.b).c = a.(b.c).

Parkins in [19] constructs the following semigroup, denoted by B3 :

We denoted these matrices by O, I, A, B, C, and D, respectively. The semi group struc-
ture of this algebra is given by Table 3.
Perkins’s semi group is inherently nonfinitely based, as shown by Sapir in [7, 8]. To show

this, we need a theorem of Sapir from [7, 8].

Theorem 7.1 Let S be a finite semi group. If every unavoidable word is an isoterm of S, then

S is inherently nonfinitely based.

O I A B C D
o|lo O O O O O
110 I A B C D
A|lO A A B O O
B|O B O O A B
clo ¢ Cc D O O
DO D O O C D

TABLE (*) of the Semi group table of B}

We note that Sapir also showed the more difficult converse, that if S is inherently nonfinitely

based then every unavoidable word is an isoterm of S. For its proof, see [9].
Corollary 7.1 The semigroup B is inherently nonfinitely based.
Proof See [9]. O

Theorem 7.2 The set of siz km-algebra( shown below) with binary Operation, is isomorphic
by Perkin’s semi group. Therefore we have inherently nonfinitely based algebra for mentioned

stz km-algebra.
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Proof The result obtained from Theorem 4.1 immediately. Correspondence of these six

km-algebra and Parkin’s semi group shown in the following figure. O

By similar method we will see that many of known INF B algebras are isomorphic with

some subsets of M and parkin’s semigroup shown in the following. Therefore,

Theorem 7.3 The variety of all km-algebras is inherently nonfinitely based.
U1 (%)

(a) (b)

U1 U2

U1 V2 U1 V2

U1 U2 U1 V2

Figure 20

v | O 0 Table a

vi | 1 0 Table b

O (%1 V2

v | 1 0 Table c
V2 O O
O 1 (%)

vy | 0 1 Table d

V2 O O
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Table e

Table f

We will see that ( by definition of operation B ) sum of two M,, km-graph can be considered

as one of the following pictures:

O M(4) 8 M(1)=M(3)M(2)
M(3)

M(1) w2
+M(4) ' OR M(1) M(2)=M(3) M(4) o

M(1)=M(4) M(2)  M(3) OR M(1)  M(2)=M(}) M(3)
OR OR —t—— Q
M(1)=M(3) M(4)=M(2) M(1)=M(}) M(2)=M(3)

Figure 21 Sum of two M,km-graphs
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Abstract: A graph G(p, q) is said to be edge bimagic total labeling with two common edge
counts k1 and ko if there exists a bijection f: VUE — {1,2,--- ,p + ¢} such that for each
edge wv € E, f(u) + f(v) + f(e) = k1 or k2. A total edge bimagic graph is called superior
edge bimagic if f(F(G)) ={1,2,---,q}. In this paper we have proved superior edge bimagic
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81. Introduction

A labelling of a graph G is an assignment [ of labels to either the vertices or the edges or both
subject to certain conditions. Labeled graphs are becoming an increasingly useful family of
mathematical Models from broad range of applications.Graph labelling was first introduced in
the late 1960’s. A useful survey on graph labelling by J.A. Gallian (2013) can be found in [1].
All the graphs considered here are finite, simple and undirected. We follow the notation and
terminology of [2]. In most applications labels are positive (or nonnegative) integers, though in
general real numbers could be used.

A (p,q)-graph G = (V, E) with p vertices and ¢ edges is called total edge magic if there
is a bijection f : VUE — {1,2,---,p+ ¢} such that there exists a constant k for any edge
wo in E, f(u) 4+ f(uwvw) + f(v) = k. The original concept of total edge-magic graph is due to
Kotzig and Rosa [3]. They called it magic graph. A total edge-magic graph is called a superior
edge-magic if f(F(G)) ={1,2,---,q}.

It becomes interesting when we arrive with magic type labeling summing to exactly two
distinct constants say kq or k3. Edge bimagic total labeling was introduced by J. Baskar Babujee
[6]and studied in [7] as (1, 1) edge bimagic labeling. A graph G(p, ¢) with p vertices and ¢ edges
is called total edge bimagic if there exists a bijection f: VUE — {1,2,--- ,p+ ¢} such that

1Received December 5, 2014, Accepted August 7, 2015.
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for any edge uv € E, we have two constants k1 and ke with f(u) + f(v) + f(uv) = k1 or kg. A
total edge-bimagic graph is called superior edge bimagic if f(E(G)) = {1,2,---,q}. Superior
edge bimagic labelling was introduced and studied in [8].

Definition 1.1 A pyramid graph PY (n) is obtained from Prism graph P, x Cs whose V (P, x
C3) ={vi; : 1 <i<n,1<j <3} by adding a new vertex voy adjacent to the three vertices
V11,012, V13 of P, X Cs. This graph has 3n + 1 vertices and 6n edges.

Definition 1.2 mK, - Snake is a connected graph with m blocks whose block-cut point graph

is a path and each of the m blocks is isomorphic to Complete graph K, .

Definition 1.3 mW,, - Snake is a connected graph with m blocks whose block-cut point graph
is a path and each of the m blocks is isomorphic to Wheel graph W,.

Definition 1.4 A graph G(p,q) is said to have an edge magic total labeling with common
edge counts ko if there exists a bijection f : VUE — {1,2,--- p+ ¢} such that for each
e=(u,v) € E, f(u)+ f(v)+ f(e) = ko. A total edge magic graph is called superior edge-magic
if f(E(G) ={1,2,---,q}.

Definition 1.5 A graph G(p,q) is said to be edge bimagic total labeling with two common edge
count k1 and ko if there exists a bijection f : VUE — {1,2,--- ,p+ q} such that for each
e = (u,v) € E, f(u)+ f(v) + f(e) = k1 or ka. A total edge-bimagic graph is called superior
edge-bimagic if f(E(G))={1,2,---,q}.

Definition 1.6 If G1(p1,q1) and Ga(p2,q2) are two connected graphs, G10G5 is obtained by
superimposing any selected vertex of Ga on any selected vertex of G1. The resultant graph G
belongs to the class G10G, consists of p1 + p2 — 1 vertices and q1 + q2 edges. In general, we

can construct p1ps possible combination of graphs from G1 and Gs.

§2. Superior Edge Bimagic Labeling for Special Class of Graphs

Theorem 2.1 A pyramid graph PY (n) is superior edge bimagic for n > 3.
Proof Let f:VUE — {1,2,3,---,9n 4 1} be a bijection defined by
(i) f(voo) = 6n+1, f(voov11) = 61, f(voovi2) = 6n — 1, f(veov13) = 6n — 2, and

(13) f(vzi—2,1) = 9i+6n—7, f(v3i—2,2) = 9i+6n—06, f(vzi—23) = d+6n—05, f(vsj—11) =
9j+6n—2, f(vzj—1,2) =9j+6n—4, f(vsj—1,3) =95 +6n—3, f(vsr1) = 9k+6n, f(vsk,2) = 9k+
6n+1, f(vsr,z) = 9k+6n—1, f(v3i—2,1v3i—2,2) = 6n—18i+15, f(v3i_22v3i—2,3) = 6n—18i+13,
f(v3i—23v3i—21) = 6n—18i+14, f(v3j_1,1v3j-1,2) = 6n—185+8, f(vsj_1,2035-1,3) = 6n—18j+
9, f(vgj—1,3v3j—1,1) = 6n — 185 + 7, f(vsk,1v3k,2) = 6n — 18k + 1, f(var2v3k,3) = 6n — 18k + 2,
f (v 3v3k,1) = 6n — 18k + 3, where

(a) 4,4,k =1,2,3,---,[n/3], when n = 0 (mod 3) and
(b)yi=1,2,3,---,[n/3]|+1; 5,k=1,2,3,--- ,[n/3], when n = 1 (mod 3),
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(¢)i,7=1,2,3,---,[n/3]+1; k=1,2,3,--- ,[n/3], when n = 2 (mod 3),

53

45
47 8

54 95

Figure 1 Superior bimagic of PY (6) with k1 = 111, ke = 110

(119) f(vgi—2,103i—1,1) = 6n—18i+11, f(v3i—2,2v3i—1,2) = 6n— 181+ 12, f(v3i—2,3V3i—1,3) =
6n—18i410, f(vzj_1,1v351) = 6n—185+4, f(vsj_1,2v3;,2) = 6n—185+5, f(vsj_1,3v353) = 6n—
185 +6, f(v3k,1V3(k41)—2,1) = 60— 18k, f(v3k 2V3(k41)—2,2) = 61— 18k —2, f (V3K 3V3(k+1)—2,3) =
6n — 18k — 1, where

(a) 4,7 =1,2,3,---,[n/3]; k=1,2,3,--- ,[n/3] — 1 when n =0 (mod 3),

(b) i,j,k=1,2,3,---,[n/3], when n =1 (mod 3),

(¢)i=1,2,3,---,[n/3]+1; 4,k=1,2,3,---[n/3], when n = 2 (mod 3).

We prove this labelling is superior edge bimagic. Now

f(’Uoo) —+ f(vll) —+ f(voovll) = 67’L =+ 1 4+ 67’L + 2 4+ 67’L = 187’L + 3,
fvoo) + f(vi2) + f(vooviz) =6n+1+6n+3+6n—1=18n+ 3,
f(’Uoo) —+ f(’Ulg) —+ f(voovlg) = 67’L =+ 1 + 67’L + 4 4+ 67’L — 2 = 18n =+ 3

Given n, considering appropriate values for i, 7 and k, we have

fvsi—a1)+ f(vsi—2,2)+ f(vsi—21v3i—2,2) = 9i+6n—T+9i+6n—6+6n—18i+15 = 18n+2,
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fvsi—2.2)+ f(vsi—2,3)+ f(v3i—2,2v3i—2,3) = 9i+6n—6+9i+6n—5+6n—18i+13 = 18n+2,
f(vgi—a3)+ f(vsi—2,1)+ f(v3i—2.3V3i—21) = 9i+6n—5+9i+6n—T+6n—18i+14 = 18n+2,
flusj—1,1)+ fvsj—1,2)+ f(vsj—1,1v3j-1,2) = 9j+6n—2+9j+6n—4+6n—18j+8 = 18n+2,
f(vsk1) + f(vsk2) + f(vsk1vsk2) = 9%k +6n+ 9k +6n+1+6n— 18k + 1= 18n+ 2.

Also for the remaining any edge uv, the sums f(u) + f(v) + f(uv) = 18n + 2. Hence the

graph PY (n) admits superior edge bimagic labelling. O

The superior edge bimagic labelling of PY (6) shown in the Figure 1.

Theorem 2.2 A nK,-Snake graph admits superior edge bimagic labelling for n > 1.

Proof The vertex set of nK4-Snake graph is given by V = {a; : 1 <i <n+1}U {y;, w; :

1 <4 <n} and edge set is given by E = {2211, Ti¥s, YiTit1, Tiw;, wiTip1 - 1 < i <n}.

Consider the k*" block of nK,-Snake graph label the vertices and edges as follows

flzr) =3k+6n—2, f(xg41) =3k +6n+1, f(yr) = 3k + 6n, f(wy) = 3k +6n— 1,
f(@rarer) = 6n— 6k + 4, f(zryr) = 6n — 6k +5, f(yrrs1) = 6n — 6k + 1,
f(zrwy) = 6n — 6k + 6, f(wrzgs1) = 6n — 6k + 2 and f(wryx) = 6n — 6k + 3.

A superior edge bimagic labelling of 4K4-Snake graph shown in the Figure 2.

Figure 2 Superior edge bimagic of 4K4-Snake graph with k1 = 75 and ko = 74

It is sufficient to prove that the k** block of 4K4-Snake graph is superior edge bimagic

where 1 <k <n

fxe) + f(xps1) + f(zpzps1) =3k +6n—243k+6n+1+6n—6k+4=18n+ 3,
f(xk) + f(ye) + f(aryr) = 3k +6n— 2+ 3k + 6n+ 6n — 6k +5=18n+ 3,

flyr) + fresr) + flypwryr) =3k +6n+3k+6n+1+6n—6k+1=18n+2,
flew) + fwk) + flrrwy) =3k +6n—24+3k+6n—1+6n—6k+6=18n+3,



Superior Edge Bimagic Labelling 37

flwk) + f(zr41) + flwugzrsr) =3k +6n—14+3k+6n+14+6n—6k+2=18n+2,
flwk) + flyr) + flwkyr) =3k +6n—1+ 3k +6n+6n—6k+3=18n+2.
Therefore for any edge uv, f(u)+ f(v) + f(uv) yields either 18n + 3 or 18n + 2. Hence the

nK4-Snake graph admits superior edge bimagic labelling. O

Theorem 2.3 A nWy-Snake graph admits superior edge bimagic labelling.

Proof The vertex set of nWy is given by V ={z; : 1 <i<n+ 1} U{y;, 2z, w; : 1 <i<n}
and edge set is given by F = {;y;, i 2i, TiWi, 2iTit1, YiTiv1, Wikiy1 : 1 < i < n}.

Consider the k*" block of nWW, and label the vertices and edges as follows

flzr) =4k +8n =3, f(yx) =4k +8n—1, f(zp11) =4k +8n+ 1,

flzx) = 4k +8n — 2, f(wg) = 4k + 8n, f(xryr) =8n — 8k + 7,

flygxps1) = 8n — 8k + 2, f(zrzk) = 8n — 8k + 8, f(zrwy) = 8n — 8k + 5,
f(zrags1) =8n— 8k + 4, f(wgxk1) =8n — 8k + 1,

f(zryr) = 8n — 8k + 6, and f(yrwy) = 8n — 8k + 3.

It is sufficient to prove that the k' block of nWy is superior edge bimagic where 1 < k < n

flaw) + flye) + f(zeyr) =4k +8n—3+4k+8n —1+8n — 8k + 7 = 24n + 3,
Fur) + f(@ren) + fynmner) = 4k +8n— 1+ 4k +8n+ 1 +8n — 8k + 2 = 24n + 2.
Similarly for any remaining edge wv, f(u)+ f(v) + f(uv) equals 24n + 3 or 24n + 2. Hence

the graph nW, admits superior edge bimagic labelling for n > 1. O

Theorem 2.4 There exist a graph from the class P,0K; ,, that admits superior edge magic

labeling if n is odd and superior edge bimagic labelling if n is even.

Proof Consider the path P, with vertex set {z1, 22, ,2,} and edge set {z;x;41;1 <4 <
n —1}. Let K1, have vertex set {y1,y2, - ,Ym+1} and edge set {y1y,;2 < j <m + 1}.

Let G be a one of the graph from the class P,OK 1,m Where we superimpose on the vertex
say y1 of Kj ,, on the selected vertex z,, in P,,. The vertex set and edge set of graph G is given
by V ={z;,y;;1 <i<n,2<j<m+1}and E = Ey UE,, where E; = {z;z;41;1 <i<n-1}
and By = {z,y;;2<j<m—1}.

Case 1. n is odd.

Let f: VUE — {1,2,3,--+,2m + 2n — 1} be the bijective function defined by

dm+4n—-1-4)/2; i=1,3,---,n
flzi) = . . )

Adm+3n—-1-4)/2; i=2,4,---,n—1
fly;))=0Cm+n+1-j);2<j<m+1,

f(xi$i+1) = i; 1 S ) S n— 1,
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fl@py;) =(n—2+4+7);2<j<m+1.
For any edge x;x;41 in Ey,

dm+4dn—-1—i+4dm+3n—1—i—1+2;
(i) + f(igr) + f(rizipn) = 2
8m+T™m—3

= ——=k.
2

For any edge z,y; in Fy,

dIm+4dn—-1—-n+4dm+2n+2 -2+ 2n—4+2j
f(@n) + Fys) + fany;) = 5

_8m+Tn—3
N 2

=k.

Hence the graph G from the class P,OK 1,m admits superior edge magic labeling if n is

odd.
Case 2. n iseven.
Let f: VUFE — {1,2,3,---,2m + 2n — 1} be the bijective function defined by
(dm+4n—-1-14)/2; i=1,3,---,n—1
flz:) = ) . )
(dm+3n—1)/2; 1=2,4,....n
flyp))=C@m+n+1-j);2<j<m+1,
flexip) =11 <i<n-—1,
flany)) = —-2+j);2<j<m+1
For any edge z;x;41 in Ey,
dIm+dn—-1—i+4dm+3n—i—1+2¢
f(@i) + f(@iv1) + flzizip) = 5
8m +Tn —2
= — =k
2 1
For any edge z,y; in Fy,
dIm+3In—n+dm+2n+2-254+2n—-4+2j5
flan) + f(y;) + flany;) = 5
_ 8m + 6n — 2 k.
2
Hence the graph G from the class P,OK 1,m admits superior edge bimagic labeling if n is
even. o

83. Superior Edge Bimagic Labeling for Some General Graphs

Theorem 3.1 A complete graph K,, (n > 6) is not superior edge bimagic.
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Proof The superior edge bimagic labeling for the complete graph K3, K4 and K5 are in
the Figures 3-5 following.

w

=~

10

Figure 3 k; =11, k; =14 Figure 4 ky =18, ko =21

Figure 5 ki =28, ks = 33

In case n > 6 we show that it is not to do super edge bimagic labeling. There are n
vertices and nCy edges in a complete graph K,,. By labeling the n vertices from (n? —n+2)/2,
(n? —n+4)/2,..., (n®>+n)/2 and adding for all edges uv in the complete graph K,, we find

that vertex sum of edges

n?—n+3n?>—n+4,-- n>-—n+7--,n%+1;
n?—n+5n2—n+6n>-—n+7,---,n%+2;
flu)+fw)=qn?>—n+7,n2—n+8n*>—n+9,---,n>+3;

n?—n—-3n>—n—-—2n%>—n-—1

On observing the above sequence of vertex sums of the edges we find that starting from
n? —n + 7 onwards each integers occurs at least three times. Hence on adding the label of edge
f(uv) to each sum f(u)+ f(v), it is impossible to obtain to common edge count k; or ks. Hence

the complete graph K, for n > 6 is not superior edge bimagic labeling. O

Theorem 3.2 If G has superior edge magic then G + K1 admits edge bimagic total labelling.

Proof Let G(p,q) be a superior edge magic graph with bijective function f : VU FE —
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{1,2,3,---,p + q} such that f(u) + f(v) + f(uwv) = ky for all uv € E(G) where f(E(G)) =
{1,2,3,---,q}. Now we define a new graph G; = G + K with vertex set V; =V U {z;} and
edge set E1 = E U {v;x1; 1 <14 < p}.

Now define the bijective function g : Vi UE; — {1,2,3,--- ,p+q¢,p+q+1,--- ,2p+q+1}
as g(v) = f(v) for all v € V(G) with f(v;) = q+1i, g(z1) =p+ ¢+ 1, gluww) = f(uv) for all
w € E(G) and g(viz1) = 2p+q¢+2)—i; 1 <i<p.

The edge set of G consisting edges of G and remaining edges {v;z1;1 < i < p}. Since G
is superior edge magic, the edges of G have common count k. Now we need to prove edges

{viz1;1 < i < p} will have a common count k.

For edge v;z1, g(vi)+g(x1)+g(vix1) =q+i+p+qg+1+2p+q+2)—i=3p+3q+3 = ko.
Hence G + K7 admit edge bimagic total labelling. O

Theorem 3.3 If G has superior edge magic then there exist a graph from the class GOP,
admits edge bimagic total labelling.

Proof Let G(p,q) be a superior edge magic graph with bijective function f : VU E —
{1,2,3, -+ ,p + q} such that f(u)+ f(v) + f(uv) = ki for all wv € E(G) where f(E(GQ)) =
{1,2,3,---,q}. Consider the graph P,, with Vertex set {x1,xa,- - ,z,} and Edge set {z;z;11;1 <
i < mn—1}. We superimpose one of the vertex say x1 of P, on selected vertex v, in G. Now
we define new graph G; = GOP, with vertex set V4 = V U {z;;2 < i < n} and edge set
E,=FU{xxi11;1 <i<n-—1}.

Now define the bijective function g : VVUE; — {1,2,3,--- ,p+¢,p+q+1, - ,p+q+2n—2}
as g(v) = f(v) for all v € V(G) with f(v;) = ¢+, g(uv) = f(uv) for all wv € E(G) if n is odd,

- (2p+2¢+i—1)/2; i=1,357 - .n
g9\xi) = )
2p+2¢+n—1+14)/2; i=2,4,6,--- ,n—1

g(xiziv1)=p+qg+2n—1)—i; 1<i<n-1

if n is even and

() 2p+2g+i—1)/2; 1=1,3,5,7,--- ,n—1
g\x;) = )
(2p+2¢+n—2+14)/2; i=2,4,6,---,n

g(xiziv1)=(p+q+2n—-1)—i; 1<i<n-—1.

The edge set of G consisting edges of G and remaining edges {x;x;11;1 < i < n —1}.
Since G is superior edge magic, the edges of G will have common count k;. Now we need to

prove edges {z;z;+1;1 <i <n— 1} have a common count ky. We prove it in two cases.

Case 1. n is odd.
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For edge z;xi41

9(@i) + 9(xiy1) + g(iziy1) = 2p+2¢ +i—1)/24+ (2p+2¢ +n+1i)/2
+(p+g+2n—-1)—1
= (6p+6q+5n—3)/2 =k

Thus we have GOPn has two common count kq and ks if n is odd.
Case 2. n is even.

For edge z;xi41

g(xi) + g(xip1) + 9(zizip1) = 2p+2¢+i—1)/2+ 2p+2¢+n—1+1)/2
+(p+qg+2n—1)—i
= (6p+6q+5n—4)/2 =k

Thus we have GOPn has two common count k; and ks if n is even.

Hence there exist a graph from the class GOP, admits edge bimagic total labelling. O

Theorem 3.4 If G has superior edge magic then there exist a graph from the class GOKLn
admits edge bimagic total labelling.

Proof Let G(p,q) be a superior edge magic graph with bijective function f : VU FE —
{1,2,3,---,p + q} such that f(u)+ f(v) + f(uv) = ky for all uv € E(G) where f(E(G)) =
{1,2,3,---,q}. Consider the graph K;, with Vertex set {z1,x2, -+ ,2zn4+1} and Edge set
{z12:;2 < i < n+1}. We superimpose one of the vertex say 1 of K1 , on selected vertex v,
in G. Now we define new graph G; = GOAKLH with vertex set V3 = VU {x;;2 <i<n+1}
and edge set F; = FU{z12;;2 <i<n+1}.

Now define the bijective function g : ViUE; — {1,2,3,--+ ;p+q,p+q+1,...,p+q+2n}
as g(v) = f(v) for all v € V(G) with f(v;) = q + i, g(uv) = f(uv) for all uv € E(G),
gzi)=p+qg—1+i1<i<n+landg(ziz;)=(pP+qg+2n+2)—i;2<i<n+1.

The edge set of G1 consisting edges of G and remaining edges {z1z;;2 < i <n+ 1}. Since
G is superior edge magic, the edges of G will have common count k1. Now we need to prove

edges {z12;;2 <i < n+ 1} will have a common count ks. For edge z1x;,

g(x1) + g9(x;) + g(xr1z;) =p+q+p+qg—14+i+(p+qg+2n+2)—i
=3p+3¢g+2n+1=ke
Thus we have GOK 1,» has two common count k; and k2. Hence there exist a graph from the

class GOK 1,» admits edge bimagic total labelling. |
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§1. Introduction

Curves especially regular curves are used in many fields such as CAGD, mechanics, kinematics
and differential geometry. Researchers are used various curves in these fields. Special Smaran-
dache curves are one of them. A regular curve in Minkowski spacetime, whose position vector
is composed by Frenet frame vectors on another regular curve, is called a Smarandache curve

([7]). Some authors have studied on special Smarandache curves ([1, 2, 7]).

In this paper, we give the spherical images of some special Smarandache curves according
to Frenet frame and Darboux frame in E3. Also, we give some relations between the arc length

parameters of Smarandache curves and their spherical images.

§2. Preliminaries

Let a(s) be an unit speed curve that satisfies ||o (s)|| = 1 in E®. S.Frenet frame of this curve

in B3 parameterized by arc length parameter s is,
a/(s):T, L) = N(s), T(s) x N(s) = B(s),

where T'(s) is the unit tangent vector, N(s) is the unit principal normal vector and B(s) is the

1Received February 9, 2015, Accepted August 10, 2015.
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unit binormal vector of the curve a(s). The derivative formulas of S.Frenet are,

T
N, = —K 0 T N ’ (1)
B 0 -7 0 B

where k = k(s) = ||T (s)|| and 7 = 7(s) = ||B'(s)|| are the curvature and the torsion of the

curve a(s) at s, respectively [4].

Let S be a regular surface and a curve «a(s) be on the surface S. Since the curve a(s) is
also a space curve, the curve «(s) has S.Frenet frame as mentioned above. On the other hand,
since the curve a(s) lies on the surface S, there exists another frame which is called Darboux
frame {T, g,n} of the curve a(s). T is the unit tangent vector of the curve a(s), n is the unit
normal of the surface S and g is a unit vector given by g = n x T.The derivative formulas of

Darboux frame are

T 0 Kg Kn T
g/ = —HRyg 0 Tg g ) (2)
n —kn —T4 O n

where, kg is the geodesic curvature, x,, is the normal curvature and 7, is the geodesic torsion
of the curve a(s). The Darboux vector and the unit Darboux vector of this curve are given,
respectively as follows

d=T14T + kng + Kgn

d TgT + kng + Kgn
c=— = .

[l \/TE+ K+ K2

(1) a(s) is a geodesic curve if and only if £,=0.

(2) a(s) is an asymptotic line if and only if ,=0.
(3) a(s) is a principal line if and only if 7, =0 ([6]).

The sphere in E? with the radius » > 0 and the center in the origin is defined by [3]
52 = {.’II = (x17 T2, :E?)) S E3 : <LL‘,{I;> = 7‘2} .

Let the vectors of the moving frame of a curve «(s) with non-vanishing curvature are given.
Assume that these vectors undergo a parallel displacement and become bound at the origin O
of the Cartesian coordinate system in space. Then the terminal points of these vectors T(s),
N(s) and B(s) lie on the unit sphere S which are called the tangent indicatrix, the principal
normal indicatrix and the binormal indicatrix, respectively of the curve a(s).

The linear elements dst, dsy and dsp of these indicatrices or spherical images can be easily
obtained by means of (1). Since T'(s), N(s) and B(s) are the vector functions representing these



Spherical Images of Special Smarandache Curves in E> 45

curves we find
ds? = k?ds?,
dsd = (k* + 72) ds?, (4)
ds% = 72ds.
Curvature and torsion appear here as quotients of linear elements; choosing the orientation

of the spherical image by the orientation of the curve a(s) we have from (4)

dST
K= —
ds’

rf = L2
T—ds.

(5)
Moreover, from (5) we obtain the Equation of Lancret ([5])

ds% = ds3 + ds%. (6)

§3. Special Smarandache Curves According to S.Frenet Frame In E?

3.1 T'N- Smarandache Curves

Let a(s) be a unit speed regular curve in E% and {T, N, B} be its moving S.Frenet frame. A
Smarandache T'N curve is defined by ([1])

= L
B(S)—ﬁ(TﬂLN)- (7)

Let moving S. Frenet frame of this curve be {T*, N*, B*}.
3.1.1 Spherical Image of the Unit Vector T}

We can find the relation between the arc length parameters ds* and ds as follows

ds* 2k2 + 72
%oV ®)

From the equations (5) and (8) we have

V2K2 + 72
KV?2

From the equation (5) we obtain the spherical image of the unit vector T; as

* /852 2 2

= kKR =

ds* (V2R ¥ 72)’

ds* = dsr. 9)

where

o \/5\/52—1-#2—1-772. (11)
(V2rz ¥ 72)"
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Here ([1]),
6= — [Kaz (2&2 +T2) +7 (Tlil — KT/)} ,
w=— [Kaz (2&2 + 372) + 7 (73 — 7K + KT/)} ,
n==kK [7’ (2/@2 + 7'2) -2 (7'/1/ — m'/)} .

Then, from the equations (9) and (10)

2 2 2
dsp = YO, (12)

K (2k2 + 72)3/2
is obtained.
3.1.2 Spherical Image of the Unit Vector Nj

If we use the equation (6) we have

dsy
ds*

(k%)% + (7). (13)

Besides, from the equations (6), (8) and (13)

dsie = V() + (0P L sy (14)

is obtained, where

V2 KKQ +72 - H/) (ko 4+ Tw) + K (FLT-"-T/) (p—w)+ (RQ +f<a/) (ko —T(b)]

*

T = , 12 ’ N2 2 (15)
[T (262 4+72) 4+ K'T —k7T'|" + (76" — K7')" 4+ (263 + k72)
and
w=kr+kK (7'2 —3/{1) — /@H,
p=—K>—k (7’2 + 3/1/) —3r7 4+ K,
c=—K2T -3+ 276 + KT +T .
3.1.3 Spherical Image of the Unit Vector Bj
From the equations (5) and (15) we have
dsy .
dsf =T* (16)

On the other hand, the following formula is found from the equations (5), (8) and (16).

)
dsp = T*Ki”dSB (17)
V2

4

Example 1 Let the curve a(s) = (5

sint, 2 — cost, % sin t) is given. T N-Smarandache curve
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of this curve is found as

4 1 3
B(s*) = | —= (cost —sint), — (sint + cost), ——= (cost — sint) | .

5v/2 V2 5v/2

The spherical images of T*, N* and B* for the curve [ (s*) are shown in Figures 1, 2 and 3,
respectively.

Figure 3 Spherical image of B*

3.2 NB- Smarandache Curves

Let a(s) be a unit speed regular curve in E® and {T, N, B} be its moving S. Frenet frame.
Smarandache N B curve is defined by ([1])

_ L

(N+B). (18)
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3.2.1 Spherical Image of the Unit Vector T

From the equations (5) and (8) we have

V2K2 + 72
K2

From the equation (5), we obtain the spherical image of the T as

dsy . V2Vi+E+93

= kKR =
ds* (252 4 72)?

ds* = dst.

)

where
Y1 = KT (2/{—!—7'/) + 72 (T—Iil),
Yo = — {/@2 (2/{2 + 372+ 27',) + 7 (7'3 — 2/{/11)} ,
vz = 2K? (7', — 7'2) -7 (7'3 + 2,%,%,) .

Then, the following formula is obtained from the equations (9) and (20).

VIt +E 43,

dsh = ST
L. (22 + 72)3/2

3.2.2 Spherical Image of the Unit Vector Nj

The spherical image of N, 5 can be found by using the equation (6) as

ds? 2 12
dSJI = (KJ ) + (T ) )
where
. V2 (ks + To1) (27’2 - /{2)
(273 — 2&2)2 + (k7 — 7'/@")2 + (K3 + k7T — /57')2
and

03 = —T3 =377 + KT+ T,
p1 = —Kk3+ K (7’2 + 27'1) + % — K.
Besides, from the equations (6), (8) and (22)

V2kZ + 72

dS?V = (FL*)2 + (T*)2Wd81v

is obtained.

3.2.3 Spherical Image of the Unit Vector Bj

(21)
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From the equations (5) and (23) we have

dsp
= 7", 25
ds* T (25)

On the other hand, from the equations (5), (8) and (25)

V2 (kg3 + To1) (272 — K?) ] V22§ 12

dsp 26
(273 — 262)° + (k7' — 7K')? + (=83 + kT — K'7)? V2 (26)

dsp = [
is found.

Example 2 Let the curve a(s) = (£sint, 2 — cost, 2 sint) is given. N B -Smarandache curve

of this curve is

B(s*) 1 4s' t 3 cost 3s' t~|—4
= — |——sint— = ——sin —1.
AR 5 b 75 5

The spherical images of T* and N* for the curve 8 (s*) are shown in Figures 4 and 5, respectively.

0.5+
Z 0.0

0.5+

1.0
-1

“10 05700 05 7p70 05 00 05 10

Figure 5 Spherical image of N*

The spherical image of B* for the curve g (s*) is a point similar to the Figure 3.

3.3 T B- Smarandache Curves

Let a(s) be a unit speed regular curve in E3 and {T, N, B} be its moving S.Frenet frame.
Smarandache T B curve is defined by ([1])

_ L

B(s%) 7 (T'+B). (27)
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3.3.1 Spherical Image of the Unit Vector T

We can find the spherical image of T from the equation (5) and obtain

At _ o VOVoT Vo3 b o} (28)
s (262 + 72)

where

(2/@2 + 7'2) (m' — /@2) ,
o2 = (2k+T7) (FL/T — m'/) ,
03 = (2/@2 + 7'2) (m' - 7'2) .

01

From the equations (5) and (8)

V2K2 + 72
KV/?2

is obtained. Then, the formula following is acquired from equations (28) and (29).

\/a% —I—a%—i—a%

ds* = dst (29)

dsh = ST (30)
T K (22 +72)3/2
3.3.2 Spherical Image of the Unit Vector Nj
If we use the equation (6) we have the spherical image of N 5 as
d *
BN () (31)

Besides, from the equations (6), (8) and (31)

dsie =\ )+ (0P L sy (32)

is obtained, where

o \/5(7'—/@)2 (kP35 + 7D1) (33)

[T (k— 7)2] + [Ka (k — 7)2]2,

Dy :27(/{ —7',) +7 (k—7),
b =x (T—/@)+2/§(7,—/§,).
3.3.3 Spherical Image of the Unit Vector Bj
From the equations (5) and (33) we have

dsp
ds*

=7" (34)
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On the other hand, the following formula is found from the equations (5), (8) and (34).

V2(1r — K)? (k®s3 + 7P1) V2KZ + 72
{T (k- 7)2} T+ {HS(:_ T;ﬂ 2 T\/Jir dom ()

*
dsp =

Example 3 Let the curve a (s) = (é sint, 2 — cost, %sin t) is given. T'B -Smarandache curve

5
of this curve is
B(s*) ! 4cost 5 sint 3cost—l—4
=—|= — —, sint, = =1.
V2 |5 5’ "5 5

The spherical images of T* and N* for the curve 3 (s*) are shown in Figures 6 and 7, respectively.

0.5

Z 0.0

0.5

1.0+
r -1.0
10 05 oo g5 4 05 00 08
y X

Figure 6 Spherical image of T*

1 1.0
[ ) o 5 00 0.5

40 0 O
y X

Figure 7 Spherical image of N*

The spherical image of B* for the curve 3 (s*) is a point similar to the Figure 3.

3.4 T NB- Smarandache Curves

Let a(s) be a unit speed regular curve in E3 and {T, N, B} be its moving S.Frenet frame.
Smarandache TN B curve is defined by ([1])

1

B(s") = 2= (T +N+B). (36)

Remark 1 The spherical images of the curve 3 (s*) can be found in a similar way as presented

above.
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§4. Spherical Images of Darboux Frame {T,g,n}

Let S be an oriented surface in E®. Let a(s) be a unit speed regular curves in E3 and {7, g, n}

be Darboux frame of this curve.

4.1 Spherical Image of The Unit Vector T

The differential geometric properties of the spherical image of the unit vector T' are given as

dT  dT ds
dst  ds dsr

dT
- = (Kgg + knn)

dST - / 2 2
E = Iig“rlin. (37)

On the other hand, from (4) and (37)

K= /K2 + KE. (38)

st

can be written.

4.2 Spherical Image of The Unit Vector g

The differential geometric properties of the spherical image of the unit vector g are found as

dg _ dg ds

ds,  ds’ds,
d d
= (—kyT +74n) o

ds, d_sq

The relation between the arc length parameters are given as follows

ds
d—;:,ngrTg?. (39)

4.3 Spherical Image of The Unit Vector n

The differential geometric properties of the spherical image of the unit vector n are given as

dn  dn ds

ds, ds ds,
dn ds
— = (—raT —149) .

dsy, E
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Also, the relation between the arc length parameters is obtained as
ds
d—;l:,/fi%—i-Tg?. (40)

Results:

i) If a(s) is a geodesic curve, for kg =0,

dsrt d ds,
g5 = T =T gz\/H%JFTg:\/“Q“LTg-
Also, the unit Darboux vector is as follows
TgT + Kng

[2 4 .2
Ty T Kn

ii) If a(s) is an asymptotic line, for k,=0

dST ds ds
_ _ g _ 2 2 2 2 no__
ds = kg =K, ds_\/ﬂg+fq_\/ﬁ +T.q’ ds = Ty

and the unit Darboux vector is
TgT + Kgn

[2 4 .2
Ty T Ky

iii) If a(s) is a line of curvature, for 7,=0

dST d ds
i 2 2 asg _ °n
ds Iig-i-lin—li, 7 = Kg» ds = Kn,
and the unit Darboux vector is
_ Kgn+ Knpg

/ 2 2
kg + Ky,

§5. Special Smarandache Curves According To Darboux Frame In E3

5.1 Tg- Smarandache Curves

Let S be an oriented surface in E3. Let a(s) be a unit speed regular curve in E3, {T, N, B}
and {T,g,n} be its S.Frenet frame and Darboux frame, respectively. Smarandache Tg curve is

defined by .
B(s") = 7 (T'+9g). (41)

4.2 Tn- Smarandache Curves

Let S be an oriented surface in E3. Let a(s) be a unit speed regular curve in E3, {T, N, B}
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and {T,g,n} be its S.Frenet frame and Darboux frame, respectively. Smarandache T'n curve is

defined by

o g
B(s7) = 75 (T+n). (42)

4.3 gn- Smarandache Curves

Let S be an oriented surface in E3. Let a(s) be a unit speed regular curve in E3, {T, N, B}
and {T,g,n} be its S.Frenet frame and Darboux frame, respectively. Smarandache gn curve is
defined by

B(s) = —=(9+n). (43)

-

4.4 Tgn- Smarandache Curves

Let S be an oriented surface in E3. Let a(s) be a unit speed regular curve in E3, {T, N, B}
and {T, g,n} be its S.Frenet frame and Darboux frame, respectively. Smarandache T'gn curve

is defined by
1
B(s) = = (T+g+m). (44)

(See [2].)

Remark 2 The spherical images of these curves can be easily obtained by the similar way as
explained in Section 4.

86. Conclusion

Spherical mechanisms are very important for robotics. Spherical curves which are drawn by
spherical mechanisms are used widely in kinematics and robotics. For this purpose, we presented

the spherical images of special Smarandache curves and obtained some relations between them.
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81. Introduction

1.1 Latin Squares

Combinatorial theory is one of the fastest growing areas of modern mathematics. Combinatorial
designs have wide applications in various fields, including coding theory and cryptography.
Many examples of combinatorial designs can be listed like linked design, balanced design, one-

factorization, graph etc. Latin square is one such combinatorial concept.

Definition 1.1 A Latin square of order ( or size) n is an n X n array based on some set S of n
symbols (treatments), with the property that every row and every column contains every symbol

ezactly once.

In other words, every row and every column is a permutation of S. Also it can be thought
of as a two dimensional analogue of a permutation. A Latin square can be viewed as a quadruple
(R,C,S; L), where R,C, and S are sets of cardinality n, L is a mapping L : R x C' — S such
that for any i € R and = € S, the equation

L(Zv.]) =

has a unique solution j € C, and for any j € C, x € S, the same equation has a unique solution

1Received December 21, 2014, Accepted August 12, 2015.
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i € R. That is any two of i € R, j € C,x € S uniquely determine the third so that L(i,j) = x.
i.e., the cell in row ¢ and column j contains the symbol L(%, j).

Using the concept of permutation functions we can define Latin squares as follows:

Definition 1.2 A function f : S? — S on a finite set S of size n > 1 is said to be a Latin
square (of order n) if for any a € S both the functions f(a,.) and f(.,a) are permutations of S.

Here, f(a,.) determines the rows and f(.,a) determines the columns of the Latin square.

Latin squares exist for all n, as an obvious example we can consider addition modulo n.

Example 1.3 A Latin square of order 5 over the set {a,b, c,d, e} is below:

blc|d]|e
blale|c|d
cld|ble]|a
d|le|la|b|c
elc|djal|b

The terminology ‘Latin square’ originated with Euler who used a set of Latin letters for the
set S. We discussed some results in [2] about the formation of Latin squares using bivariate

permutation polynomials.

1.2 Orthogonal Latin Squares

One of the origins of the study of Latin squares is usually identified with the now famous
problem of Euler concerning the arrangement of 36 officers of 6 different ranks and 6 different
regiments into a 6 x 6 square. If there were such an officer holding each rank from each regiment,
Euler’s problem was to find an arrangement in which each rank and each regiment would be
represented in every row and column. A solution requires two Latin squares of order 6; in
one, the symbols represent the ranks and in the other regiments. Furthermore,the two Latin
squares must be compatible in a very precise sense so that if one is superimposed on the other,
each ordered pair occurs exactly once. Two such squares which exhibit such ”compatibility”
are orthogonal Latin squares. It is interesting to compare two Latin squares on the same set
in different ways like equivalence, which we already saw above. Orthogonality is a very useful

concept in the study of Latin squares, having a lot of applications in cryptography.

Definition 1.4 Two Latin squares L1 : R x C — S and Ly : R x C — S (with the same row
and column sets) are said to be orthogonal when for each ordered pair (s,t) € S x T, there is a
unique cell (x,y) € R x C so that

Li(z,y) = s and La(z,y) =t.
That is, two Latin squares A and B of the same order n are orthogonal, if the n? ordered

pairs (ai;,bi;), the pairs formed by superimposing one square on the other, are all different.

One can say 7 A is orthogonal to B” or ” B is orthogonal to A”. So, the relation of orthogonality
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is symmetric. In general, one can speak of k mutually orthogonal Latin squares Ay, As, -, Ag
such that A; is orthogonal to A; whenever ¢ # j.

82. Orthogonality and Bivariate Polynomials

Using the concept of permutation functions orthogonality can be defined as follows:

Definition 2.1 A pair of functions fi(x,*), fa(*,%) is said to be orthogonal if the pairs
(f1(z,y), f2(z,y)) are all distinct, as x and y vary.

Shannon observed that Latin squares are useful in cryptography. Schnorr and Vaudenay
applied pairs of orthogonal Latin squares(which they called multipermutations) to cryptography.
The following theorem is due to Rivest [1]:

Theorem 2.2 There are no two polynomials Py (xz,y), Pa(x,y) modulo 2 for w > 1 that form
a pair of orthogonal Latin squares.

In fact Euler believed that no pair of orthogonal Latin squares of order 6 exist, and this
was not shown until Tarry did so around 1900 by means of an almost exhaustive search. While
there are other less tedious methods now available to prove this result, it is still not an easy
task to prove this without the aid of a computer [3]. Euler’s actual conjecture was far stronger
in that he speculated that there did not exist orthogonal Latin squares for orders n = 6, 10,
14,---. This famous conjecture, which is associated with Euler’s name remained unsolved until
Bose, Parker and Shrikhande showed it to be false for n = 10, 14,---. in a series of papers in
1959 and 1960 ([4]).

If we have two orthogonal Latin squares of order 4, both over the set, {1,2,3,4}, the
configuration of their superposition is as follows:

1 2 3 4 1 2 3 4
2 1 4 3 3 4 1 2
3 4 1 2 4 3 2 1
4 3 2 1 2 1 4 3
The orthogonal configuration is:
Ly (22 B3 (44
(2,3) (1,4) (4,1) (3.2)
(3:4) (4,3) (1,2) (2.1)
42) B 24 13

Rivest [1] proved that no two bivariate polynomials modulo 2%, for w > 1 can form a pair of
orthogonal Latin squares. This is because all the bivariate polynomials over Z,,, where n = 2%,
will form Latin squares which can be equally divided into 4 parts as shown below, where the
n/2 x n/2 squares A and D are identical and n/2 x n/2 squares B and C are identical.
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So, no two such Latin squares can be orthogonal.

Theorem 2.3 There are no two bivariate polynomials Pi(x,y) and Pa(x,y) over Z,, where n

is even, which can form orthogonal Latin squares.

Proof Let n = 2m and Q(x) be any univariate polynomial over Z,.Then, Q(x + m) =
Q(z) + m(mod n) for all x € Z,,. Hence,

Pi(x+m,y+m)= Pi(xz,y +m)+m (mod n)
= Pi(x,y) + 2m (mod n)
= Pi(x,y) (mod n)

The same holds for P> (z,y) too. Therefore,(Py(z,y), P2(z,y) = Pi(z+m,y+m), Pe(z+m,y+
m)). So, the pair of Latin squares cannot be orthogonal. O

We do have examples of bivariate polynomials modulo n # 2* and n odd, such that the
resulting Latin squares are orthogonal.
Example 2.4 The following is a pair of Latin squares over Zyg which are orthogonal to each
other.

084651327 0[5|7]6[2]4]3|8]1
7108|416 5|1]3]2 214138105716
8146|5113 ]2]7]0 7161241381 ]0]|5
31271084 ]6|5]1 6(2(413[8]1]0]5]|7
1(3(2|7|]0|8|4|6/|5 811|057 ]6]2]4]|3
2171081465113 413811105 ]7]6]2
651 |32]7]0]8]|4 3181057 ]6]2]|4
41651 |3]2]7]0]8 5171612438110
5111312708416 1105 |7|6|2|4|3]|8
Latin square formed by Latin square formed by
5z +y + 3zy + 322 + 6> 2z + 5y + 6xy + 322 + 6y

The two bivariate quadratic polynomials z+5y+3xy+6x%+3y? and 4a+Ty+6xy+ 322 +61>
give two orthogonal Latin squares over Zy. Also, x + 4y + 3xy is a quadratic bivariate which
gives a Latin square orthogonal to Latin square formed by z + 5y + 32y + 622 4 3y2 over Zy,
but not to that of 4z + Ty + 6xy + 322 + 6y2.



Remark 2.5 We have found many examples in which the rows or columns of the Latin

square formed by quadratic bivariates over Z, are cyclic shifts of a single permutation of

{071725"'

entry in one Latin square, if there are n different entries in n rows of the other Latin square,
then those two Latin squares will be orthogonal.For instance, in the example below, the entries
in the second square corresponding to the entry 0 in the first square are 0, 8, 7, 6, 5, 4, 3, 2, 1.
The rows of the first square are all cyclic shifts of the permutation (0, 8, 4, 6, 5, 1, 3, 2, 7), not
in order. Also the columns of the second square are the cyclic shifts of the permutation (0, 7,

2,3,1,5,6, 4, 8), not in order.

Example 2.6

Variations of Orthogonality of Latin Squares

,n — 1}. If two bivariates give such Latin squares, then corresponding to any one

U~ [ O N ||| 00|

W N | = |||~ |[O] O

N (3|3 |0 || W[~

N[O | O~ N =W

S|l | =0t | =W N

O [ = |||~ | W |

Rl WIN [0k~

U= | DY D= |W|o | |O
R O[O N[ W | N~ ]|

3

N |~ | W[ | N[O |0 |k~

7

0

8

= O |0 |~ | |ot | )| W (N

|0 || W[ —=|O| N |

O | =Y || = | W|IN|N|O

S| R | W (N || O |00 |

7

N[ J (O |0 [k |0+ | W

0

R WIN | N[0 ||| O

5

WIN | J[([DOD|0 ||| O+

O =R W N[O |

Latin square formed by

5z + 1y + 3zy + 322 + 612

Instead of looking for an orthogonal mate of Latin square formed by some other polynomial
we looked at the mirror image of the square itself.

Example 2.7 The Latin square formed by the polynomial 4 + Ty + 6y + 622 + 3y over Zg

and its mirror image are given below:

Latin square formed by

Tz + 4y + 62y + 622 + 3y?

TN || N | =~ W ||+~ |O
OO | N[N | =~ ]|W]|o |+
~N | OO (N | [W|00 |~ |O | o

| R [ O| (N |O | N~ W

W0 R |O[T | || N |

OO | | O[N] Ww|

N || W ||~ ||| 3o

DN | |W|o |~ |||

=W | | k||t IO [N

= W[ |~ [0 | (OS | N

DN || W|o |~ |||

N |~ |W | | RrlOoO|lo| o

OO | | O[N] W

Wl O | = || | ([N |

| R [ O| (N |O | N W

~N | OO (N | [W|00 |~ ]|O | o

OO | N[N | =~ ]|W]|o |+

G N || N | =~ W ||+~ |O
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These two are orthogonal to each other. Over the ring Z7, here is a Latin square formed

by the polynomial 3z + 4y, with its mirror image, which are orthogonal to each other:

0362|514 41115126130
4101316251 11512161304
114,013 16]2]5 5121613041
5111410362 21630415
215141036 613|041 ]5]2
61251403 31014115126
31612511410 014|152 ]6]|3

But this is not always true. We have the example below 2.8: in the ring Zg, the Latin square

formed by the polynomial z + 5y + 42y + 222 + 62 is not orthogonal with its mirror image.

Example 2.8
0O(3(2|5]4]7]6]1 116|745 12|3|0
312541716110 O(1(6|7]4]5]2]3
2|15|14|7(6|1]0]3 310167 ]4]5]2
514|716 [1]0]3]2 21310167415
4171611103215 5121301 |6|7|4
71611103254 4(5(2(3]0]1]6]7
61032547 714151213016
1032|5476 6741523 ]0]1

Here there are 32 distinct pairs, each appearing twice. Also all the pairs of the form (a,b),
where one of a and b is odd and the other is even are appearing and all pairs that appear are
of this form.

Theorem 2.9 For odd n, Latin square over Z, formed by a bivariate permutation polynomial

P(z,y) is orthogonal with its mirror image.

Proof If P(x,y) is a bivariate linear polynomial, then clearly the rows (columns) are
simply cyclic shifts of a single row (column). Hence the Latin Squares got by P(x,y) and its
mirror image are orthogonal. In the general case, corresponding to the cell index (x,y), the
index in the mirror image is (n—1—x,y). Thus if L denotes the Latin square formed by P(x,y)
and L’ is its mirror image, on superimposing L and L’ the entry in cell index (z,y) will be
(P(z,y),P(n—1—x,y)). Since P is a permutation polynomial, these pairs will all be distinct

as z and y vary in Z,. Hence they are orthogonal. a

Remark 2.10 In case of rings Z,, where n is even, we know from Theorem 2.3, the Latin
squares formed by bivariate permutation polynomials have four parts with diagonally opposite

pair of parts being same. Mirror images of such squares are also of the same kind. So, in the
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first n/2 rows we can get n/2 distinct pairs of corresponding entries. In the last n/2 rows, these

pairs will repeat in the same order. So, these two pair of squares are not orthogonal.

§3. Conclusion

Identifying a pair of bivariate polynomials modulo n which represent a pair of orthogonal Latin
squares is not obvious. But for odd n, a Latin square formed by a bivariate polynomial is
orthogonal to its mirror image. Moreover, no two bivariate polynomials over Z,,, when n is

even can form orthogonal Latin squares.
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Abstract: A subset D of V is called an equitable dominating set [8] if for every v € V — D
there exists a vertex w € D such that wv € E(G) and |deg(u) — deg(v)| < 1, where deg(u)
denotes the degree of vertex u and deg(v) denotes the degree of vertex v. Recently, The
minimum covering energy F.(G) of a graph is introduced by Prof. C. Adiga, and co-authors
[1]. Motivated by [1], in this paper we define energy of minimum equitable domination
Erp(G) of some graphs and we obtain bounds on Egp(G). We also obtain the minimum
equitable domination determinant of some graph G given by detep(G) = pijs2 . . . ftn Where

U1, H2,...,MHn are eigenvalues of App(G).

Key Words: Minimum equitable domination set, spectrum of minimum equitable domi-
nation matrix, energy of minimum equitable domination, determinant of minimum equitable

domination matrix.

AMS(2010): 05C50.

81. Introduction

The energy of a graph and its applications to Organic Chemistry are given in detail in two
important works by I. Gutman and co-authors [5, 9]. For more details with applications on the
energy of a graph, one may refer [2, 4, 6, 9]. Recently, the minimum covering energy E.(G) of
a graph is introduced by Prof. C. Adiga, and co-authors [1]. Motivated by [1], in this paper we
define energy of minimum equitable domination Egp(G) of some graphs and we obtain bounds
on Egp(G). We also obtain the minimum equitable domination determinant of some graph G
given by detgp(G) = pia . .. pin, Where uy, fio, ..., iy, are eigenvalues of Agp(G).

Let G be a graph with set of vertices , V' = {v1,v2, -+ ,v,} and set of edges, E. For a
simple graph, i.e a graph without loops, multiple or directed edges, a subset D of V is called
an equitable dominating set [8] if for every v € V — D there exists a vertex u € D such that
wv € E(G) and |deg(u) — deg(v)| < 1, where deg(u) denotes the degree of vertex u and deg(v)
denotes the degree of vertex v. Let ED is minimum equitable domination set of a graph G.

The minimum equitable domination matrix is defined as a square matrix Agp(G) = (ai;),

1Received December 9, 2014, Accepted August 15, 2015.
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where
1 ifvv; el
aij =4 1 ifi=jandv;, € ED (1)
0 otherwise.
The eigenvalues of the minimum equitable domination matrix Agp(G) are 1, 2, , fin-

Since the minimum equitable domination matrix is symmetric, its eigenvalues are real and can
be written as p1 > pg > -+ > pp. The energy of minimum equitable domination of a graph is
defined as

Egp(G) = Z |13 (2)

We also obtain the minimum equitable domination determinant of some graph G given by

detpp(G) = pipe - - - pby, where p1, po, ..., p, are eigenvalues of Agp(G).

Example 1.1 The figure 1 shows the graph G with vertices {v1, v, v3,v4,v5,v6}. Then mini-

mum equitable domination sets are ED; = {v1,v4} and EDg = {ve, vs},

(%) V3
G vy v
ve fig(l) s
1 1.0 0 0 1
1 01 0 0 1
01 0 1 1 0
Agp, (G) =
0 0 1 1 1 0
00 1 1 0 1
1 1.0 0 1 O

characteristic polynomial of Agp, (G) is ®6(G, ) = b — 2u® — 7u* + 8 + 1242, the spectrum
of AE‘D1 (G) is

3 2 0 -1 =2
12 1 1

SpecEDl =

and the energy of minimum equitable domination of ED; is Fgp, = 8 and detgp, (G) = 0..

Agp, (G) =

S = = O = O
S R O = O O
e = =)

1 1
1 1
1 0
0 0
0 1
1 0

_ O o OoO = O
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characteristic polynomial of Agp,(G) is ®6(G, u) = pub — 2u> — 7u* + 6p® + 14u% — 3, the
spectrum of Agp,(G) is

3.1819 1.8019 0.4450 —0.5936 —1.2470 —1.5884
1 1 1 1 1 1

Specgp, =

and the energy of minimum equitable domination of EDs is Egp, = 8.8578 and detgp, (G) =
—3. One can note that detgp, (G) # 0 and Egp, > Egp,. Also the energy of minimum equitable

domination depends upon the minimum equitable domination set.

§2. Bounds for the Minimum Equitable Domination Energy of a Graph

We first need the following Lemma.

Lemma 2.1 Let G be a graph with vertices {vi,va,...,v,} and let Agp(G) be the minimum
equitable domination matriz of G. Let ®,(Agpp(G)) = det(ul, — App(G)) = copu™ + cr ™1 +
cop™ 2+ - + ¢, be the characteristic polynomial of App(G). Then

(1) co=1;
(2) c1 = —|EDJ;
|ED|
(3) Cy =
2

Proof (1) ¢ = 1 follows directly from the definition @, (G, u) = det(nl, — App(G)), i.e
Co = 1.

(2) ¢1 = sum of determinants of all 1 x 1 principal submatrices of Agp(G),
i.e c; = (=1)! trace of Agp(G) = —|ED|.

(3) c2 = sum of determinants of all 2 x 2 principal submatrices of Agp(G),

) Qs Qi
1.€6 Co = (—1)2 Z " Y = Z(aiiajj — aijaji) = Zaiiajj — Zafj

i<j |Gt Qgj| i<y i<j i<j
|ED]
co = — O
2
Lemma 2.2 Let G be a connected graph and let p1, pa,- -+ , bn, be the eigenvalues of minimum

equitable dominating matriz Agp(G). Then

Z i = |ED|
i=1

and

Zuf =2m+ |ED|.
i=1
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Proof The sum of diagonal elements of Agp(G) is Y., wi = trace[App(G)] = Y1, aii
= |ED|.

Similarly, the sum of squares of the eigenvalues of Agp(G) is trace of [Agp(G)]

n n
doml = 3D ey

2

)

i=1 i=1 j=1
- Z a)” + ) ay a
i=1 i#]
n
= D (@)’ +2) (ay)”
=1 i<J
n
> pi=2m+|ED|. O
=1

Theorem 2.3 Let G1 and G2 be two graphs with n vertices and my, mo are number of edges
in G1 and Go respectively. Let py, pio, -+ , i are eigenvalues of Agp, (G1) and ph, ph, -+, ph,
are eigenvalues of Agp,(G2). Then

> i i < \/(2my + [ED1])(2ms + [ED),

i=1

where Agp,(G;) is minimum equitable domination matriz of G; (i = 1,2) and EDy, EDy be

minimum equitable domination sets of G1 and Ga respectively.

Proof Let py,pz,- -, un, are eigenvalues of Agp, (G1) and p), pb, - -+, ul, are eigenvalues
of Agp,(G2). Then by the Cauchy-Schwartz inequality, we have

n 2 n n
(Sen) < (£) (£)
i=1 i=1 i=1
If a; = p4, by = p then

(B) = (£4) (2

n 2
<Z M/é) < (2mq +[EDy]) (2m2 + |ED2)
=1

= Y pip; < \/(2my +|ED1|) (2ma + [EDal).

=1

Hence the theorem. O

Theorem 2.4 Let G be a graph with n vertices, m edges. Let ED is the minimum equitable
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domination set. Then

\/@m+ |ED|) +n(n—1) [detAgp(G)/" < Egp(G) < /n(@m + |ED]).

Proof This proof follows the ideas of McClelland’s bounds [6] for graphs E(G). For the

upper bound, let uq, po,--- , i, be the eigenvalues of minimum equitable dominating matrix

Agp(G). Apply the Cauchy-Schwartz inequality to (1,1,---,1) and (1, 2, , pbn) 18

n 2 n n
(o) = (32) (52)
i=1 i=1 i=1
If a; =1, b; = || then

(Ew) = (&) (E)

= [Eep(G)]* <n(2m+ |ED))
from the above (37, p? = 2m + |ED),
Epp(G) < v/n(2m+ |ED]),

which is upper bound.

For the lower bound, by using arithmetic mean and geometric mean inequality, we have

1
n(n—1)

Zluzl gl > Tl Il
1#] i#J
1
n(n—1)
S lwal lusl = nn—1) <Hlu |2 ”)
iz

2/n
Z|N1| il = n(n —1) <H|N1> . (3)

i#]

Consider

EED(G)]2 = [Z | 1] ‘| Z |/Lz|2 + Z | 4] |/LJ

i#£j
From (3) we have

2/n
[Eep(G) >Z|uz|2+nn—1 <H|ﬂz> :

i=1
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= [Egp(G)] > \/(2m +|ED|) +n(n—1) |detApp(G)|?/™,

which is lower bound. O

Theorem 2.5 If the minimum equitable domination energy Egp(G) is a rational number, then

Erp(G) = |ED|(mod2), where ED is minimum equitable domination set.

Proof Let p1,puo,- -, ity be the eigenvalues of minimum equitable domination matrix
Agp(G). Then the trace of

AED(G) = Zaii = |ED|
i=1

Let p1, po, - - - , 4y be positive and remaining eigenvalues are non-positive then,

n
Egp(G) = Z|/Li|:(:Ul+/L2+"'+,UT)_(Nr+l+ﬂr+2+"'+ﬂn)
=1

= 20wt pp ) = (it )
= 2u1 +p2+ ...+ p) — |ED
= Epp(G) = |ED|(mod2).

Hence the theorem. O

§3. Minimum Equitable Domination Energy and Determinant of

Certain Standard Graphs

Theorem 3.1 For n > 4, the minimum equitable domination energy of star graph Sin,—1 is

(n—2)42vn-1.

Proof Consider the star graph Sy ,—1 with vertex set V' = {wvg,v1,- -+ ,vp—1}. The mini-
mum equitable domination set is ED = {wvg, v, - ,v,—1}. Then minimum equitable domina-

tion matrix is

1 1 1 1 1

1 1 0 0 0

1 0 1 0 0
Agp(Sin-1) =

1 0 0 1 0

1 0 0 0 1

nxn

The characteristic polynomial of Agp(Sy n—1) is
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-1 -1 -1 1 1
1 ou—1 0 0 0
10 p-1 0 0
q)n(Sl,nfla ,u) =
1 0 0 -1 0
1 0 0 0 p-1
-1 —1 —1 -1 w—1 -1 -1 -1
w—1 0 0 0 —1 w—1 0 0
L 0 pnw—1 0 0 —1 0 0 0
=—(=n" . , . =1
0 0 coop—1 0 0 -1 0 oo p—1 0
0 0 nw—1 0 —1 0 0 w—1
O (Sin-1, 1) = —(1—1)" 7 + (= D1 (S1,n-2, ). (4)

Now change n ton — 1 in (1), we get

Dn1(Stn—2, ) = —( = 1" 4 (= 1)®p—2(S1,0-3, ). (5)
Substitute (5) in (4),

®n(Stn-1,4) = =2 — 1" 77 + (= 1)*Pn2(S1.n—3, ) (6)

Continuing this process, we get

(Sin-1,) = —(n—)(p—1)""7+ (u—1)"""Pas(S13, 1)
= —(n—E-1D)""+(p-1)""(p— 1) - 2p—2)]
Ou(Sin—1,p) = (p—1)""[p* —2u— (n-2)].

The spectrum of minimum domination energy of a graph is

1++vn—1 1 1—+vn-—1
1 n—2 1

Specep(S1, n—1) =
The energy of minimum equitable domination of a graph is

EED(SL 7L,1):(n—2)—|—2\/n—17 n > 4. O

Theorem 3.2 Let K, be complete bipartite graph with s+t vertices and energy of minimum equitable
complete bipartite graph Egpp(Ks,:) is

Epp(Kst) = (s+t—2)+2Vst

if|s—t]>2, s,t>2.
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Proof Let complete bipartite graph K, ; with |s — ¢| > 2 where s,t > 2 with vertex set V =

{v1,v2,+ ,vs,u1,uz2, - ,us}. The minimum equitable domination set is ED = {v1,v2, - ,vs, U1, U2, "+ , Ut }.
Then
1 0 0 0 1 1 1 1
0 1 0 0 1 1 1 1
0 0 1 0 0 1 1 1 1
0 0 1 0 1 1 1 1
0 0 0 1 1 1 1 1
App(Ksyt) =
1 1 1 1 1 0 0 0
1 1 1 1 0 1 0 0
1 1 1 1 0 0 1.. 0 0
1 1 1 1 0 O 1 0
1 1 1 1 0 O 0
(s+t)x (s+t)
The characteristic polynomial of Agp(Ks,¢) is
p—1 0 0 0 1 1 1 1
0 pu-1 0 0 1 1 1 -1
0 0 0 0 -1 —1 -1 —1
0 0 p—1 0 1 1 1 -1
0 0 0 pu-1 -1 -1 1 -1
¢)8+t(K57tmu‘) =
—1 —1 —1 -1 w—1 0 0 0
—1 —1 —1 -1 0 pnw—1 0 0
-1 -1 —1 -1 0 0 0 0
1 1 1 1 0 0 p—1 0
-1 -1 -1 -1 0 0 0 pu-1
_ (/1/_ 1)IS _ngt
- b
_Jt><s (,u_ I)It
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where Jixs is a matrix with all entries equal to one,

Pope(Ksp,p) = [(w=DI| [(p— 1)1 — (_J)u — 1(—JT)l
= =) (=1L — S
= (u- 1)57t Pyyr((p— 1)2]
= (u=1)" Poyl(n—1)7,
where Psj, is the characteristic polynomial of the matrix sJ;
Doit(Kotopr) = (p=1)"""[(n—1)7°—=st] [(n— 1"

= (=1 (u-1)" P 1 2u—st

Dupi(Koeop) = (n=1)"772 [0 —2u— (st = 1)]

is the characteristic polynomial of minimum equitable domination matrix of K, ;. The spectrum of

minimum equitable domination matrix of K, is

1+ /st 1 1—+/st
1 s+t—2 1

Specep(Ks, t) =

The minimum equitable domination energy of a graph is

Epp(Ks, ) = (s +t—2)+2Vst. O
A crown graph S for an integer n > 3 is the graph with vertex set {vi,v2, ..., Un,u1,u2, - ,Un}

and edge set {viu; : 1 < 4,5 < n, i # j}. Therefore 59 coincides with the complete bipartite graph

K, with horizontal edges removed [1].

Theorem 3.3 Forn > 3, the minimum equitable domination energy of the crown graph SS is equal to
2(n—2)++vn2 —2n+5++vn?+2n — 3.

Proof Consider crown graph S° with vertex set V = {vi,v2, -+ ,Un,u1,u2, - ,un}. The minimum
equitable domination set is ED = {v1, u1}.

Then the minimum equitable domination matrix of S2 is same as the minimum domination matrix
of S by [7]. Therefore

Eep(S2) =2(n—2)+vn? —2n+5+ /n? +2n — 3. O

Theorem 3.4 For n > 2, the minimum equitable domination energy of complete graph K, is

n—=2)+vn?—2n+5

Proof Consider the complete graph K, with vertex set V = {1}171)27 e 7vn}. The minimum

equitable domination set is FD = {vl}. Then the minimum equitable domination matrix of K, is
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same as the minimum domination matrix of K, by [7]. Therefore,
Eep(Kn)=(n—2)+vn?—2n+5. O

Let us obtain the minimum equitable domination determinant of some graph G given by detgp(G) =

U2 -+ - fn, Where p1, pi2,- -+, un are eigenvalues of Agp(G).

Proposition 3.5 Let Sin—1 (n > 4), K, (n > 2) be the star and complete graphs with n vertices,
respectively, SO (n > 3), is crown graph with 2n vertices and K (|s —t| > 2) be the complete bipartite
graph with s + t vertices. Then

Proof wk.t detep(G) = p1 p2 - - pn, where pi, p2, - - - , n are eigenvalues of G.

Case 1. detgp(Sin—1)=1+vn—-1)"1""2 (1 -/n—-1)" = —(n —2), where n > 4.
Case 2.

((n_1)+¢2m)1(_1)“ ((n_1)_¢2m)1

= (=)', where n>2.

detED(Kn)

Case 3. detpp(Ksy:) = (1++/st)' (1)5T772 (1 —/st)! = (1 — st), where |s —t| > 2.

Case 4.
detpn(S?) = ((n —1)+ \/an_— on + 5) ((3 —n)+ \/2n2 +2n — 3) (1= 1)
= (-)"'(3-2n),
where n > 3. O

Theorem 3.6 If the graph G is non-singular (i.e no eigenvalues of App(G) is equal to zero) then
Erp(G) > n, (non-hypoenergetic).

Proof. Let pi,p2, -, un are non-zero eigenvalues of Agp(G). Then inequality between the

arithmetic and geometric mean, we have

v [pa| + [pal + - + |pn]
dx n

1/n

Y

(lpallpe] - - - [pen])
%EED(G) > (detAgp(G))Y".

The determinant of the Agp(G) matrix is necessary an integer. Because no eigenvalues is zero,
|detAgp(G)| > 1 then |detAgp(G)|*™ > 1. Therefore Exp(G) > n. O
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Abstract: In this paper, we investigate relaxed mean labeling of some standard graphs.
We prove, any cycle is a relaxed mean graph; if n > 4, K,, is not a relaxed mean graph;
Ko, is a relaxed mean graph for all n; any Triangular snake is a relaxed mean graph; any
Quadrilateral snake is a relaxed mean graph; the graph P2 is a relaxed mean graph; L,, © K;
is a relaxed mean graph. Also, we prove K, + 2K is a relaxed mean graph for all n; Wy is
a relaxed mean graph; K2 + mK; is a relaxed mean graph for all m; if G; and G2 are tree,
then G = Gi1 U G2 is a relaxed mean graph; the planar grid P, X P, is a relaxed mean
graph for m > 2, n > 2 and the prism P,, x C,, is a relaxed mean graph for m > 2 and for
all n > 3.

Key Words: Smarandache relaxed k-mean graph, relaxed mean graph, cycle, path, star.

AMS(2010): 05CT78.

§1. Introduction

All graphs in this paper are finite, simple an undirected. Terms not defined here are used in the sense
of Harary [3]. In 1966, Rosa [5] introduced (-valuation of graph. Golomb subsequently called such
a labeling graceful. In 1980, Graham and Sloane [2] introduced the harmonious labeling of a graph.
Also, in 2003, Somasundaram and Ponraj [6] and [7] introduced the mean labeling of a graph. On
similar lines, we define relaxed mean labeling. In [4], we proved any path is a relaxed mean graph and
if m =5, Ki,m is not a relaxed mean graph. We proved the bistar By, , is a relaxed mean graph if
|m —n| = 3. Also, we proved that combs are relaxed mean graph and C3 U P,, is a relaxed mean graph
for n = 2. In this paper, we prove any cycle is a relaxed mean graph; if n > 4, K,, is not a relaxed
mean graph; Kz, is a relaxed mean graph for all n; any Triangular snake is a relaxed mean graph;
any Quadrilateral snake is a relaxed mean graph; the graph P2 is a relaxed mean graph; L,, © K; is a
relaxed mean graph and Kj + 2K is a relaxed mean graph for all n. Also, we prove Wy is a relaxed
mean graph; Ko+ mKj is a relaxed mean graph for all m; If G; and Gz are trees, then G = G; U Go
is a relaxed mean graph; the planar grid P,, xP,, is a relaxed mean graph for m > 2, n > 2 and the
prism P, xC, is a relaxed mean graph for m > 2 and for all n > 3. The condition for a graph to be

relaxed mean is that p = ¢+ 1 in [4].

1Received December 9, 2014, Accepted August 18, 2015.
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§2. Main Results

Definition 2.1 A graph G = (V, E) with p vertices and q edges is said to be a Smarandache relazed
k-mean graph if there exists a function f from the vertex set of G to {0,1,2,3,--- ,q+ 1} such that in
the induced map fx from the edge set of G to {1,2,3,--- ,q} defined by

M i " v) is even
P2 = 0 01 e oot i
2 b

the resulting edge labels are distinct. Furthermore, such a graph is called a Smarandache relazed k-mean

graph if we replace 2 by k and f * (uv) by

f i),

Theorem 2.2 Any cycle is a relaxed mean graph.

Proof The proof is divided into two cases following.

Case 1. Let n be odd. Let C,, be a cycle uiuz - - - upui. Define f: V(C,) — {0,1,2,--- ,g =n}
and ¢+1=n+1by f(u1) =0; f(up) =n + 1; f(u;) =1 — 1for 2 <i< -

n—+ 1
2

L and f(u;) = j for

<j<n-1.

Case 2. Let n be even. Let C, be a cycle uiusz - - - pu1. Define f : V(C,,) — {0,1,2,--- ,g =n}

and ¢+1=n+1by f(u1) =0; f(u,) =n + 1; f(u;) =1 -1 for 2 < i< and f(u;) = j for

n
2
n .
B) +1<j<n-1

Therefore, the set of labels of the edges of C,, is {1,2,...,n}. Hence C,, is a relaxed mean graph.
O

Theorem 2.3 Ifn >4, K, is not a relazed mean graph.

(n—1)

Proof Suppose n > 4, K,, is a relaxed mean graph. To get the edge label ¢ + 1 = n + 1,
we must have ¢ + 1 and ¢ — 2 as the vertex labels. Let u and v be the vertices whose vertex labels are
q+ 1 and q — 2 respectively.

To get the edge label 1 we must have 0 and 1 as the vertex label (or) 0 and 2 as the vertex label.
In either case 0 must be a label of some vertex. Let w be the vertex whose vertex label is 0.
q+2 which should not happen. If ¢+ 1

is odd and 0,1 are the vertex labels with labels w1 having vertex label 1, then the edges uw and uw;
q+2

If ¢+ 1 is even, the edges uw and vw get the same label

; if q is odd and 0, 2 are the vertex labels with wi having vertex label 2, then
q+2

get the same label

the edges uw and vw; get the same label

which again should not happen. Hence K,, is not a

relaxed mean graph for n > 4. m|

Theorem 2.4 K>, is a relazed mean graph for all n.

Proof Let (V1, V2) be the bipartition of Kz , with Vi= {u, v}, Vo = {u1, ua, -+ ,un}. Define
f: V(K2,n) — {0,1,2,...,g =2n} and g+ 1 =2n+1by f(u) =1; f(v) =2n+1; f(u1) = 0 and
fluigr) =2ifor 1 <i<n—1.
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The corresponding edge labels are as follows:

The label of the edge uu; is 1. The label of the edge uu;4+1 isi 4+ 1 for 1 < i< n — 1. The label
of the edge vujy1isn 4+ i+ 1for 1 <i<n — 1. The label of the edge vu; is n + 1. Hence K3 5, is a

relaxed mean graph for all n. a

Definition 2.5 A triangular snake is obtained from a path vivsa - - - v, by joining v; and viy1 to a new

vertex w; for 1 < ¢ < n — 1. That is, every edge of a path is replaced by a triangle Cs.
Theorem 2.6 Any triangular snake is a relazed mean graph.

Proof Let T, be a triangular snake. Define f: V(T,) — {0,1,2,...,9=3n—3}andq+ 1=
3n — 2by f(v;) =3i—3forl <i<n-—1landf(vy) =3n—2;f(w;) =3i—1for<i<n-2and
f(vn—1) = 3n — 5.

The corresponding edge labels are as follows:

The labels of the edge v;—1v; is 31 — 4 for 2 < i < n— 1. The labels of the edge v,,—1v, is 3n — 4.
The labels of the edge w;v; is 3i — 2 for 1< i < n — 2. The labels of the edge wp—1vp—1 is 3n —5. The
labels of the edge wi—1v; is 3i — 3 for 2 < i < n - 1. The labels of the edge w,—1v, is 3n — 3. Hence

T, is a relaxed mean graph. O

Definition 2.7 A quadrilateral snake is obtained from a path uiusz...u, by joining w;, ui+1 to new
vertices v;, w; respectively and joining v; and w;. That is, every edge of a path is replaced by a cycle
Cs.

Theorem 2.8 Any quadrilateral snake is a relaxed mean graph.

Proof Let Q, denote a quadrilateral snake. Define f: V(Qn) — {0, 1,2, ..., g =4n — 4} and q
+1=4n—-3byf(u)=4i—4for1<i<n-—1andf(u,) =4n — 3. f(v;) =4i —2for1 <i<n—
2and f(vp—1) =4n — 7. f(w;) =4i — 1for 1 <i<n — 2 and f(wp—1) = 4n — 6.

The corresponding edge labels are as follows:

The labels of the edge u;—1u; is 4i — 6 for 2 < ¢ < n—1 and un—1uy is 4n—5. The labels of the edge
wv; s 44 —-— 3 for 1 < i < n - 2 and up_1Vve-1 is 4n — 7.
The labels of the edge uwitiw; is 4 for 1 < i < n — 2 and u,wp—1 is 4n — 4.
The labels of the edge v;w; is 4i-1 for 1 < i < n — 2 and vp—1Wn—1 is 4n — 6. Hence Q, is a

relaxed mean graph. m|

Definition 2.9 The square G* of a graph G has V(G?) = V(G) with w,v is adjacent in G* whenever
d(u, v) < 2 in G. The powers G*, G*, ... of G are similarly defined.

Theorem 2.10 The graph P2 is a relazed mean graph.

Proof Let ujuz...u, be the path P,,. Clearly, Pf, has n vertices and 2n—3 edges. Define f : V(Pf,)
— {0, 1, 2, ..., q = 2n — 3} and q + 1 = 2n — 2 by
flu;)) =21 —2for1 <i<n—2;f(up—1) =2n — 5 and f(u,) = 2n — 2.

The corresponding edge labels are as follows:

The labels of the edge u;u;4+1 is 21 — 1 for 1 < i < n—2 and up—1u, is 2n — 3. The labels of the

edge u;uiy2 is 2i for 1 < i < n -2. Hence P,Q1 is a relaxed mean graph. O
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Definition 2.11 The graph Cét) denotes that the one point union of t copies of cycle Cy. The graph
C’ét) is called a friendship graph or Dutch t-windmill.

The graph C’ét) is a relaxed mean graph. For instance, C§4) is shown in Fig.1.

6

Fig.1

Theorem 2.12 Let C, be the cycle uiuz...upur. Let G be a graph with V(G) = V(Cn) U {w; :
1<i< n}and E(G) = E(Cy) U {wywi , uitrw; : 1 < 1< n}. Then G is a relazed mean graph.

Proof The proof is divided into two cases following.
Case 1. n is odd.

Define f: V(G) — {0,1,2,--- ,¢g=3n} and ¢g+1=3n+1by f(u;)) =3i—3for 1 <i < (n—1)/2;
Flw) = 3i-1for 1 < i < (n=1)/% f(ugur1)/2) = (Bn-1)/2 Fluuray ) = (3n+9)/2% Funssy i) =
(Bn+9)/2+3i+1for 1 <i< (n—23)/2; f(wmnt1)y2) = Bn+7)/2; f(wmts)y2) = (3n+5)/2 and
F(Winta)y24i) = Bn+7)/24+3i — 1 for 1 < i < (n—3)/2. Clearly, fis a relaxed mean labeling of G.

Case 2. nis even and n > 8.

Define f : V(G) — {0, 1,2, ..., q=3n}and g + 1 = 3n + 1 by f(u1) = 3; f(u;) = 3i —
4 for 2 < i < 1n/2; f(u@y2+1) = Bn/2) + 1; f(upy24+) = 3n/2) — 2 4+ 3ifor 2 < i< (n —
4)/2; f(up—1) = 3n — 3; f(un) = 3n + 1; f(w1) = 0; f(w2) = 7; f(w;) = 31 + 1 for 3 < i <(n
= 2)/2; f(Wnyz)) = Bn = 2)/25 f(Weny2)+1) = Bn + 12)/2; f(Wen/2)4i41) = (3n + 12)/2 + 3i for
1<i< (n—8)/2; f(wn-2) =3n — 4; f(wp—1) = 3n — 5 and f(w,) = 3n — 2.

Clearly, f is a relaxed mean labeling of G. Hence G is a relaxed mean graph. a

Theorem 2.13 Let C, be the cycle wiuz...unui. Let G be a graph with
V(G) = V(C,) and E(G) = E(Cy) U {wius}. Then G is a relazed mean graph.

Proof The proof is divided into two cases.
Case 1. nis odd.

Define f: V(C,) — {0,1,2,...,q=n+1}andq+ 1 =n+ 2 by f(u;) =0 and f(up) =n + 2.
Also,f(ui):ifori:2,3;f(uj):j+1f0rn + 1 <j<n-—1and f(ug) =k for k #14,j.

Case 2. n is even.
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Define f: V(C,) — {0,1,2,...,g=n+1}andq+ 1 =n+ 2 by f(u;) =0 and f(up,) =n + 2.
Also, f(ui):ifori:2,3;f(uj):j+1f0rggjgn—landf(uk):kfork;éi,j.

Clearly, f is a relaxed mean labeling of G. m|

Theorem 2.14 Let C, be the cycle uiruz. .. upui. Let G be a graph with V(G) = V(Cy) and E(G) =
E(C,) U {usus}. Then G is a relazed mean graph.

Proof The proof is divided into two cases.
Case 1. n is odd.

Define f: V(C,,) = {0,1,2,...,g=n+1}and g+ 1 =n+ 2 by f(u1) = 0; f(uz) = 2 ; f(us)
=1and f(un) =n + 2.
Also, f(u;) =i+ 1 for

n—2&—1 <i<n—1andf(u;) =j+ 1fori#j.

Case 2. n is even.

Define f: V(C,,) = {0,1,2,...,g=n+1}and g+ 1 =n+ 2 by f(u1) = 0; f(uz) = 2 ; f(u3)
=1and f(un) =n + 2.
Also7f(ui):i+1f0rg <i<n—1andf(u;)=j+ 1fori#j.

Clearly, f is a relaxed mean labeling of G. Hence G is a relaxed mean graph. a

Definition 2.15 The graph Ly = P, X P1 is called the ladder.

We proceed to corona with ladder.

Theorem 2.16 L, © K is a relaxed mean graph.

Proof Let V(L,) = {ai;, bi: 1 <i<n}and E(L,) ={aib; : 1 <i<n—1}U{aai41: 1<1i
gn—l}u{bibiﬂ : 1<i<n—1}.

Let c; be the pendent vertex adjacent to a; and let d; be the pendent vertex adjacent to b;. Define f:
VL, © Ky) — {0, 1, 2, ..., g = 5n — 2} and ¢ + 1 = 5n — 1 by
f(a;) =51 —4for 1 <i<mf(by) =51 —3forl <i<n; fe;) =50—5forl<i<n f(d) =
5i — 2for 1 <i<n—1andf(d,) =5n — 1.

The corresponding edge labels are as follows:

The labels of the edge c;a; is 5i — 4 for 1 < i < n. The labels of the edge a;b; is 51 — 3 for 1 <i
< n. The labels of the edge b;d; is 5i — 2 for 1 < i < n. The labels of the edge a;a;+1 is 5i — 1 for 1
< i< n— 1. The labels of the edge b;b;+1 is 5i for 1 <i<n — 1.

Clearly, f is a relaxed mean labeling of G. Hence L, © Kiis a relaxed mean graph. O

Definition 2.17 The graph K, + 2Kz is the join of complement of the complete graph on n vertices
and two disjoint copies of Ka. First we prove that K§ + 2Kz is a relaxed mean graph.

Theorem 2.18 K; 4 2Ks is a relaxed mean graph for all n.

Proof Let V (Kyn)= {ui, ug, ..., un}, V(2Kz2) = {u, v, w, z} and
E (2K2) = {uv, wz}.

Define f : V(K5 +2K2) — {0,1,2,...,q=4n+2} and q+1=4n+3 by f(u) =2, f(v) =0,
f(w) =4n + 3,f(z) = 4nand f(u) = 4i—1forl <i< n.

The corresponding edge labels are as follows:
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The label of the edge uv is 1. The label of the edge wz is 4n+ 2. The label of the edge uu; is
2i+ 1 for 1 < i < n. The label of the edge vu; is 2i for 1 < i < n. The label of the edge wu; is
2n+2i+1for 1 < i < n. The label of the edge zu; is 2n + 2ifor 1 < i < n.

Hence K§, + 2K, is a relaxed mean graph for all n. a

The wheel W,, is the join of the graphs C, and K;. Next we investigate the relaxed mean labeling
of the wheel W, = C,, + K;. The wheel W3 = K4 is a relaxed mean graph. We investigate W, for

any n, we take the case n = 4.

Theorem 2.19 it W4 is a relaxed mean graph.

Proof Suppose W4 is a relaxed mean graph with labeling f. Let W4 = C4 + Ky, where Cy is
the cycle ujugusugu; and V (Ki) = {u} To get the edge label 1 either 0 and 1 or 0 and 2 are the
vertex labels of adjacent vertices. To get the edge label 8, 9 and 6 must be the vertex label of adjacent

vertices. Let 0 and 2 are the vertex labels of adjacent vertices.
Then f(u)=6; f(u)=0;f(ui+1)=2;f(uir2)=9and f(ui+3)=4 for some i, 1 < i < 4.
Therefore, the induced edge labels are distinct.

Clearly, f is a relaxed mean labeling of G. Hence Wy is a relaxed mean graph. O

Definition 2.20 Kz + mKj is the join of the graph Ko and m disjoint copies of Ki. Some authors call

this graph a Book with triangular pages. We now investigate the relaxed mean labeling of Ko + mKj.
Theorem 2.21 Ko+ mK; is a relaxed mean graph for all m.

Proof Let u, v be the vertices of K2 and ui, u,, ..., uybe the remaining vertices of K24+ mKj. De-
finef : V(Ke+mK;) —{0, 1,2, ..., g = 2m + 1}andq + 1 = 2m + 2byf(u) = 0,f(v) = 2m + 2,
f(u) = 2iforl < i < m—1;f(u,) = 2m—1. The label of the edge uu;is ifor1 < i < m—1.
The label of the edge uv is m + 1. The label of the edge vu; ism + 1 + ifor1 < i < m—1. The
label of the edge uuy, is m. The label of the edge vuy, is 2m + 1. Therefore the induced edge labels

are distinct.

Clearly, f is a relaxed mean labeling of G. Hence Ko + mK; is a relaxed mean graph. a

Theorem 2.22 If Gi and Gz are trees, then G = G1 U Gz is a relazed mean graph.

Proof Let Gi1 = (p1, 1), G2 = (p2, q5) be the given trees and let G be a (p, q) graph.
Therefore, p = p; + pyandq = q; + q5. Since G; and G» are trees, q1 =p1—1and g2 = p,—1.

Now, q +1 =q;+9,+1 =p;,—1 + p,—1 + 1= p;+p,—1= p—1. Whence, G = G1U
G2 is a relaxed mean graph. O

Theorem 2.23 The planar grid Pm XP, is a relaxed mean graph for m > 2 and n > 2.
Proof Let V(PmxPy) = {aij:1 < i <m,1 < j < n}and
E(PmxP,) = {ai(j,l)aij:l <i1<m, 2<j < n} U {a(i,l)jaij: 2<i<m, 1 <5< n} .

Define f:V (PnxP,) — {0,1,2,...,q=2mn—(m+n)} and ¢+1= 2mn — (m+n — 1) by
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fla;)=7—-1,1<j<nand

£ (a) flag—1n) + (n=1) +j, 2 < i< m1l<j<n

Qij) =

! f(ag—1n) + (n—=1) +j + 1 if m and n are mazimum
The label of the edge aija;;+1yis (i—1) (2n—1)+j for1<i<m,1<j<n—1

<
The label of the edge aija(41y; is (n —1)+ (i —1)(2n —1) + 7 for 1<i<m—1,
1<j<n
Clearly, f is a relaxed mean labeling of G Hence P,, X P, is a relaxed mean graph for m > 2 and
n > 2. O

Theorem 2.24 The prism P, xC, is a relazed mean graph for m > 2 and for alln > 3.
Proof Let V (PrmxCp)={aij:1<i<m,1<j<n}and

E(PnxCp) ={a;g-nai;:1<i<m,2<j<n} U {ap-njaiy:2<i<m1<j<n}

<
U A{ainain:1<i<

m}.
Take

2r if niseven

2r + 1 if nisodd

Define f : V (PnxCr)—{0,1,2, ..., g + 1 = 2mn—mn) + 1} by f(a1;)=2j
for 1 < j<rand f(ain) = 0, Also,

n—27 + 2 ifnisodd for 1<j<r
flar rtj) = . . . .
n—27 + 1 ifniseven for 1<j<r—1
flaz;) =2n 4+ 2(j—1) for 1<j<r + 1
3n—2j7 + 2 ifnisodd for 1<j<r
f (a2 rr1+4)
3n—25 +1 ifnisevenfor 1<j<r—1
. m—1 .
f(a(gi,ln = f(ay) +4n(i—1) for 2 < i < 5 ,1<j5<n;
. 1
Also, f(a(i—1)1) = f(ai1) + 5m for i = u;
2 +1 m+1
fla@i—1)2) = flai2) + 5m + 2 for i = mn and f (ag;—1)3) = f (a13) + 5m + 1 for i = —
f(a(Zi—Z)j) = flaz;) +4n(i—2) for 3<i<m,1<j<n
Clearly, f is a relaxed mean labeling of Pm><C’n for m > 2, n > 3. Hence G is a relaxed mean
graph.
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Abstract: Aset S C V[L(G)] is a split geodetic set of L(G), if S is a geodetic set and (V — )
is disconnected. The split geodetic number of a line graph L(G), denoted by gs[L(G)] is the
minimum cardinality of a split geodetic set of L(G). In this paper we obtain the split geodetic
number of line graph of any graph. Also obtain many bounds on split geodetic number in
terms of elements of G and covering number of G. We also investigate the relationship

between split geodetic number and geodetic number.
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§1. Introduction

In this paper we follow the notations of [3]. As usual n = |V| and m = |E| denote the number of
vertices and edges of a graph G respectively. The graphs considered here have at least one component
which is not complete or at least two non trivial components.

For any graph G(V, E), the line graph L(G) whose vertices correspond to the edges of G and two
vertices in L(G) are adjacent if and only if the corresponding edges in G are adjacent. The distance
d(u,v) between two vertices u and v in a connected graph G is the length of a shortest v — v path in
G. It is well known that this distance is a metric on the vertex set V(G). For a vertex v of G, the
eccentricity e(v) is the distance between v and a vertex farthest from v. The minimum eccentricity
among the vertices of G is radius, rad G, and the maximum eccentricity is the diameter, diam G. A
u — v path of length d(u,v) is called a u — v geodesic. We define I[u,v] to the set (interval) of all
vertices lying on some u — v geodesic of G and for a nonempty subset S of V(G), I[S] = U, ,eq 1 [u,v].

A set S of vertices of G is called a geodetic set in G if I[S] = V(G), and a geodetic set of minimum
cardinality is a minimum geodetic set. The cardinality of a minimum geodetic set in G is called the
geodetic number of G, and we denote it by g(G).

Split geodetic number of a graph was studied by in [5]. A Smarandache k-split geodetic set S
of a graph G = (V, E) is such a split geodetic set that the induced subgraph (V — S) is k-connected.
Particularly, if k& = 0, such a split geodetic set is called a split geodetic set S of a graph G. The split

geodetic number gs(G) of G is the minimum cardinality of a split geodetic set. Geodetic number of a

1Received September 22, 2014, Accepted August 2, 2015.
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line graph was studied by in [4]. Geodetic number of a line graph L(G) of G is a set S’ of vertices of
L(G) = H is called the geodetic set in H if I(S/) = V(H) and a geodetic set of minimum cardinality is
the geodetic number of L(G) and is denoted by g[L(G)]. Now we define split geodetic number of a line
graph. A set S of vertices of L(G) = H is called the split geodetic set in H if the induced subgraph
V(H)-S " is disconnected and a split geodetic set of minimum cardinality is the split geodetic number
of L(G) and is denoted by gs[L(G)].

A vertex v is an extreme vertex in a graph G, if the subgraph induced by its neighbors is complete.
A vertex cover in a graph G is a set of vertices that covers all edges of G. The minimum number of
vertices in a vertex cover of G is the vertex covering number ao(G) of G. An edge cover of a graph
G without isolated vertices is a set of edges of G that covers all the vertices of G. The edge covering

number a1 (G) of a graph G is the minimum cardinality of an edge cover of G.

For terminologies and notations not mentioned here, we follow references [2] and [3].

§2. Preliminary Notes

We need results following for proving results in this paper.
Theorem 2.1([1]) Every geodetic set of a graph contains its extreme vertices.
Theorem 2.2([5]) For cycle Cy, of order n > 3,

2 if n is even

3 if n is odd.

gs(Cr) =

Theorem 2.3([1]) Let G be a connected graph of order at least 3. If G contains a minimum geodetic
set S with a vertex x such that every vertex of G lies on some x — w geodesic in G for some w € S,
then g(G) = g(G x K2).

Proposition 2.4 For any graph G, ¢(G) < gs(G).

Proposition 2.5 For any tree T' of order n and number of cut vertices c; then the number of end edges

SN — Ci.

§3. Main Results

Theorem 3.1 For any tree T' with k end edges and c; be the number of cut vertices, having more than

three internal vertices, gs[L(T)] =n —c¢; + 1.

Proof Let S be the set of all extreme vertices of a line graph L(T) of a tree T. Let v; be a cut
vertex in V — S and S’ = S U {vi}. By Theorem 2.1, g;[L(T)] > |Sl|. On the other hand, for an
internal vertex v of L(T'), there exists x,y of L(T') such that v lies on a unique = — y geodesic in L(T).
The corresponding end edges of T' are the extreme vertices of L(T') and the induced subgraph V — S is
disconnected. Thus ¢s[L(T)] < |Sl |. Also, every split geodetic set S1 of L(T") must contain S which is
the unique minimum split geodetic set. Thus |Sl| =|S1| = k+ 1. By Proposition 2.5, |S1| =n—c¢; + 1.
Hence, gs[L(T)] =n —c; + 1. O
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Corollary 3.2 For any path P,, n > 6, gs[L(P,)] = 3.

Proof Clearly, the set of two end vertices of a path P, is its unique geodetic set. From Theorem
3.1, the results follows. a

Proposition 3.3 Line graph of a cycle is again a cycle of same order.

Theorem 3.4 For cycle Cy, of order n > 3,

2 if n is even
9gs[L(Cn)] = o
3 if n is odd.
Proof The result follows from Proposition 3.3 and Theorem 2.2. m|

Theorem 3.5 For the wheel W, = K1 + Cn—1 (n > 6),

5 +2 if n is even
glLW) =4 2.1

+2 if n is odd.

Proof Let Wy, = K1+ Cr_1(n > 6) and let V(W) = {z,v1,v2, -+ ,Un—1}, where deg(z) =n—1>
3 and deg(v;) = 3 for each i € {1,2,--- ,n — 1}. Now U = {u1,us2, - ,u;} are the vertices of L(Wy)
formed from edges of Cr_1, i.e., U C V[L(Wy)] and Y = {y1,y2, - ,y;} are the vertices of L(Wp)
formed from internal edges of W,,. Thus, Y C V[L(W,)]. We consider the following cases.

Case 1. n is even.

Let H CU. Now S = HU{y,} forms a minimum geodetic set of L(W,,). Let P = {p1,p2, -+ ,pi}
be the vertices of V[L(W,,)] — S. Clearly, S U {p;,px} forms a minimum split geodetic set of L(W,)
and [S U {pi,pe}| = % + 2. Therefore, gs[L(W,)] = % +2.

Case 2. nis odd.

Let H C U, now S = H U {y;j,y;—1} forms a minimum geodetic set of L(W,). Let P =

{p1,p2,- -+ ,pi} be the vertices of V[L(W,)] — S. Now S U {pi, px} forms a minimum split geodetic set

of L(W,,). Clearly, |SU {pi,pr}| = HT—H + 2. Therefore, g;[L(Wy)] = L ;—1 +2. O

As an immediate consequence of the above theorem we have the following.

Corollary 3.6 For the wheel Wy, = K1 4+ Crn—1 (n > 6),

A+6 . .

—5 if n is even
gs[L(Wn)] = AF6+1

— s if n is odd.

Proof Minimum degree(d) of L(W,) is equal to 4 and maximum degree(A) of L(W,,) is equal to

n. i,e number of vertices in W,.

Case 1. n is even.
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We have known from Case 1 of Theorem 3.5 that
gs[L(Wn)] = 5 +2

gs[L(Wn)] =

gs[L(Wn)]

Case 2. n is odd.

We have known from Case 2 of Theorem 3.5 that

n+1
gslLWn)] = —5—+2
n+4+4+1
2
A+d6+1

2

gs[L(Wn)] =
gs[L(Wn)] =
Theorem 3.7 For the wheel W, = K1 + Cn—1 (n > 6), gs[L(Wx»)] + g[L(W»)] < m.

Proof Let U = {u1,u2, -+ ,u;} C V[L(W,)] be the set of vertices formed from edges of C,—1 and
Y ={y1,y2, - ,y;} C V[L(W,) be the set of vertices formed from internal edges of W,,. Consider S =
HuU{y;}, where H C U forms a minimum geodetic set of L(W},). Furthermore, if P = {p1,p2, -+ ,pi} is
the set of vertices of V[L(Wy,)]—S, then s = SU{pt, pm} forms a minimum split geodetic set of L(W},).
Notice that V[L(G)] = E(G) = m. It follows that |S,| US| < m. Thus, gs[L(Wy)] + g[L(W,)] < m.O

Theorem 3.8 For a tree T with more than three internal vertices, gs[L(T)] > m — a1 + 1, where a1

is the edge covering number.

Proof Suppose S = {e1,e2, - ,ex} to be the set of all end edges in 7. Then S U J, where
J C E(T) — S is the minimal set of edges which covers all the vertices of T" such that |SU J| = a1 (T).
Without loss of generality, let I = {ui,u2, - ,un} C V[L(T)] be the set of vertices in L(T") formed by

the end edges in T. Suppose H = {u1,uz2, - ,ui} € V[L(T)] —I. Then I U{u;} forms a minimum
split geodetic set of L(T'), where each u; € H with deg > 2. Clearly, it follows that [I U {u;}| >
|E(T)| — |SUJ|+ 1. Therefore, gs[L(T)] > m — a1 (T) + 1. O

Theorem 3.9 If every non end vertex of a tree T with more than three internal vertex is adjacent to

at least one end vertez, then gs|L(T)] > n — k, where k is the number of end vertices in T'.

Proof Let S = {v1,v2, -+ ,vr} be the set of all end vertices in T" with |Sl| = k. Without loss
of generality, let every end edge of T' be the extreme vertices of L(T). Suppose L(T) does not contain
any end vertex. Then S =TI U {u;}, where I = {u1,us2,---,u;} C V[L(T)] and u; € V[L(T)] — I with
deg > 2 forms a minimum split geodetic set of L(7T). Furthermore, if L(T) contain at least one end
vertex v;, then the set S U {v;} forms a minimum split geodetic set of L(T"). Therefore, we obtain
|SU{v:}| > n—|S|. Clearly it follows that gs[L(T)] > n — k. O

Theorem 3.10 For any connected graph G of order n, gs(G) + gs[L(G)] < 2n.

Proof Let S = {v1,v2, -+ ,vn} C V(G) be the minimum split geodetic set of G. Now without
loss of generality, if FF = {u1,u2, -+ ,ur} is the set of all end vertices in L(G), then F'U H, where
H C VIL(G)] — F forms a minimum split geodetic set of L(G). Since each vertex in L(G) corresponds
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to two adjacent vertices of G, it follows that |S| U |F U H| < 2n. Therefore g:(G) + gs[L(G)] < 2n. O

Theorem 3.11 Let G be a connected graph of order n with diameter d > 4. Then gs[L(G)] < n—d+2.

Proof Let u and v be vertices of L(G) for which d(u,v) = d and let u = vo,v1, -+ ,v4 = v
be the u — v path of length d. Now let S = V[L(G)] — {v1,v2,--- ,va—1}. Then I(S) = VI[L(G)],
V[L(GQ)] — (S U {vz2}) is disconnected and gs[L(G)] < |S|=n—d+2. O

Theorem 3.12 For any integers r,s > 2, gs[L(Kr )] < rs.

Proof Notice that the diameter of L(K, ) is 2 and the number of vertices in L(K,s) is rs. By
Theorem 3.11, gs[L(G)] < n—d+2. Now we have gs[L(K,s)] < rs—2+2. Therefore, gs[L(K,s)] < rs.
O

Theorem 3.13 For any integer n > 4, gs[L(Ky)] < @

Proof Let n > 4 be the vertices of the given graph K, with diameter d. Since diameter of L(K,)

is 2 and the number of vertices in L(K5) is @ By Theorem 3.11, g:;[L(G)] < n—d+2. We
have ) 1

gs[L(K,)] < % —2+42= gs[L(Ky)] < % O

Theorem 3.14 For any cycle C, with n = 0(mod2), gs[L(Cr)] = - (nC ) where aq is the vertex
0 n

covering number.

Proof Let n > 3 be number of vertices which is even and let ag be the vertex covering number

of Cy,. By Theorem 3.4, g;[L(Cy)] = 2. Also, for even cycle, the vertex covering number ag(Cr) = g
n n
H sIL(Cn)]=2= — = ———. ad
ence gu[L(C)] = 2 = 5 = e

n+1
ao(Cn)

Theorem 3.15 For any cycle Cy, with n = 1(mod2), ¢g;[L(Cr)] = + 1, where oy is the vertex

covering number.

Proof Let n > 3 be the number of vertices which is odd and let ag be the vertex covering number

of Cn. By Theorem 3.4, gs[L(Cy)] = 3. Also, for odd cycle, vertex covering number ao(Ch) = n ;_ 1.
n+1

Hence ¢s[L(Cn)]|=2+1= + 1. O
9s[L(Cn)] 200

84. Adding an End Edge

For an edge e = (u,v) of a graph G with deg(u) = 1 and deg(v) > 1, we call e an end-edge and u an
end-vertex.

Theorem 4.1 Let G be the graph obtained by adding k end edges {(u,v1), (u,v2), -, (u,vx)} to a
cycle Cr, = G of order n > 3, with uw € G and {v1,v2, - ,vx} ¢ G. Then gS[L(G,)] =k+2.

Proof Let {617627 e 7emel} be edges on a cycle of order n and let G, be the graph obtained
from G = C, by adding end edges (u,v;), ¢ =1,2,--- ,k such that u € G but v; ¢ G.
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Case 1. n is even.

By definition, L(G/) has (Kk42) as an induced subgraph. Also the edges (u,v;), ¢ = 1,2,--- ,k
becomes vertices of L(G/) and it belongs to some geodetic set of L(G/). Hence {ei1, ez, - ,er,€1,em}
are the vertices of L(Gl), where e;, e, are the edges incident on the antipodal vertex of v in G’ and these
vertices belongs to some geodetic set of L(Gl). L(Gl) =ChUKp42. LetS = {e1,e2, -+ ,ex,e,em} be
the geodetic set. Suppose P = {e1, ez, - , ek} is the set of vertices of L(G/) such that |P| < |S|. Then,
P is not a geodetic set of L(Gl). Clearly, S is the minimum geodetic set. Since V — S is disconnected

S is the minimum split geodetic set. Therefore gs[L(C2n)] = k + 2.
Case 2. n is odd.

By definition, L(G/) has (Kj12) as an induced subgraph, also the edges (u,v;) = {e1,e2, - ,ex}
becomes vertices of L(G/). Let e; = (a,b) € G such that d(u,a) = d(u, b) in the graph L(G/). and let
S = {e1,e2, - -, ek, e} be the geodetic set. Now s =5Su {em} is a split geodetic set, where e, is
the vertex from V — S with deg > 2. It is clear that S is the minimum split geodetic set. Therefore
9s[L(Cant1)] = k + 2. O

Theorem 4.2 Let G be the graph obtained by adding end edge (u;,v;), i =1,2,--- ,n, j=1,2,--- k
to each vertex of G = C,, of order n > 3 such that u; € G, v; ¢ G. Then g5[L(G )] = k + 2.

Proof Let {e1,e2, - ,en,e1} be edges on a cycle G = Cp, and let G/ be the graph obtained by
adding end edge (us,v;),i=1,2,---,n,j =1,2,--- , k to each vertex of G such that u; € G but v; ¢ G.
Clearly, k be the number of end vertices of G By definition, L(Gl) have n copies of K3 as an induced
subgraph. The edges (u;,v;) = e; for all j becomes k vertices of L(G,) and those lies on geodetic set of
L(G/). They form the extreme vertices of L(G/). By Theorem 2.1 .S = {e1, ez, - ,er} forms a geodetic
set. Now consider any two vertices {e;, em } € V —S which are not adjacent. s = {e1,e2, - ,en,er,em}
forms a split geodetic set of L(Gl). Suppose P = {e1,e2, -+ , ek, e} is the set of vertices of L(Gl) such
that |P| < |Sl|. Then, V — P is connected. Hence it is clear that S is the minimum split geodetic set
of L(G"). There fore gs[L(G')] = k + 2. O

§5. Cartesian Product

The Cartesian product of the graphs H; and Hz, written as Hi1 X Haz, is the graph with vertex set
V(H1) x V(Hz), two vertices u1,u2 and v1,v2 being adjacent in Hy x Ho if and only if either ui = v
and (u2,v2) € E(Hz), or uz = vz and (u1,v1) € E(H1).

Theorem 5.1 For any path P, of order n,

2 forn=2
gs[L(K2 x Pp)] = 3 forn=3
4 for n > 3.

Proof Let K2 x P, be formed from two copies of G1 and G2 of P,. Now, L(K2 X P,) formed from
two copies of GLG; of L(P). And let U = {u1,u2, -+ ,un—1} € V(Gll)7 W = {wi, w2, ,wn_1} €
V(G;). We have the following cases.
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Case 1. If n =2, by the definition L(K2 x P;) = K2 X P>. By Theorem 2.3,

gs[L(K2 x P2)] = g[L(K2 X P2)] = g(P2) = 2.

Case 2. If n =3, L(K2 x Ps) is formed from two copies of P». Clearly, gs[L(K2 x P3)] = 3.

Case 3. If n > 3, let S be the split geodetic set of L(K2 x P,). We claim that S contains
two elements (end vertices) from each set {ui,un—1,w1,wn—1} and V — S is disconnected. Since
I(S) = V[L(K2 x P,)], it follows that gs[L(K2 X P,)] < 4. It remains to show that if S’ is a three
element subset of V[L(K2 x P,)], then I(Sl) # V[L(K2 X P,)]. First assume that S is a subset U or
W, say the former. Then I(Sl) =S UW # V. Therefore, we may take that S’ NU = {ui,u;} and
S Aw = {wx}. Then

1(S') = {ui,u;} UW # V[L(K2 x P,)]. O
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Abstract: A graph G with p vertices and ¢ edges is said to have skolem difference odd mean
labeling if there exists an injective function f: V(G) — {1,2,3,--- ,4¢ — 1} such that the
induced map f*: E(G) — {1,3,5,--- ,2¢ — 1} defined by

) — f() . .
. —_— if [f(u) — f(v)| is even
) =9 fw ® e+

3 if [f(u) — f(v)| is odd

is a bijection. A graph that admits skolem difference odd mean labeling is called a skolem
difference odd mean graph. Here we investigate skolem difference odd mean behaviour of

some standard graphs.
Key Words: Labeling, skolem difference odd mean graph, Smarandache k-mean graph.
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§1. Introduction

Throughout this paper, by a graph we mean a finite, undirected and simple graph. Let G(V, E) be a
graph with p vertices and ¢ edges. For notations and terminology we follow [1].

Path on n vertices is denoted by P, and a cycle on n vertices is denoted by C. A graph G = (V, E)
is called bipartite if V' = V4 U V2 with ¢ = Vi N Vs, and every edge of G is of the form {u,v} with
u € V1 and v € Va. If each vertex in V; is joined with every vertex in Va2, we have a complete bipartite
graph. In this case |Vi| = m and |V2| = n, the graph is denoted by K .. The complete bipartite graph
K, is called a star graph and it is denoted by Sy,. The bistar B, , is the graph obtained from K> by
identifying the center vertices of K1 ,, and K1, at the end vertices of K2 respectively. By, m is often
denoted by B(m).

A quadrilateral snake @, is obtained from a path wi,us2,- - ,un+1 by joining u; and u;11 to new
vertices v; and w; respectively and joining v; and w;, 1 < 1i < n, that is, every edge of a path is replaced
by a cycle Cy4. The corona of a graph G on p vertices vi,v2,--- ,vp is the graph obtained from G by
adding p new vertices u1,us, - - - ,up and the new edges u;v; for 1 < i < p. The corona of G is denoted by
G ® K. The graph P, ® K; is called a comb. Let G; and G2 be any two graphs with p1 and p2 vertices
respectively. Then the cartesian product G1 X G2 has p1p2 vertices which are {(u,v)/u € G1,v € G2}.

The edge set of G1 x G2 is obtained as follows: (u1,v1) and (u2,v2) are adjacent in G1 X G2 if either

1Received March 24, 2014, Accepted May 15, 2015.



Skolem Difference Odd Mean Labeling For Some Simple Graphs 89

u1 = u2 and v and v2 are adjacent in G2 or u; and w2 are adjacent in GG1 and v1 = v2. The product
P,, X P, is called a planar grid and P, x P, is called a ladder, denoted by L,,. The graph P> X P> X P»
is called a cube and is denoted by Q3. A dragon is a graph formed by joining the end vertex of a path
to a vertex of the cycle.

The concept of mean labeling was introduced and studied by S. Somasundaram and R. Ponraj [5].
Some new families of mean graphs are studied by S.K. Vaidya et al. [10]. Further some more results on
mean graphs are discussed in [4,6,7]. A graph G is said to be a mean graph if there exists an injective
function f from V(G) to {0,1,2,---,q} such that the induced map f* from E(G) to {1,2,3,--- ,q}
defined by f*(uwv) = [w-‘ is a bijection. Furthermore, if f* is defined by f*(uv) = [w—‘
for an integer k > 2 hold with previous properties, then G is called a Smarandache k-mean graph.

In [2], K. Manickam and M. Marudai introduced odd mean labeling of a graph. A graph G is said
to be odd mean if there exists an injective function f from V(G) to {0,1,2,3,---,2¢ — 1} such that
the induced map f* from E(G) to {1,3,5,---,2q — 1} defined by f*(uv) = [ww is a bijection.
Some more results on odd mean graphs are discussed in [8,9].

The concept of skolem difference mean labeling was introduced and studied by K. Murugan and A.
Subramanian [3]. A graph G = (V, E) with p vertices and ¢ edges is said to have skolem difference mean
labeling if it is possible to label the vertices x € V' with distinct elements f(z) from 1,2,3--- ,p+ ¢ in
such a way that for each edge e = uv, let f*(e) = [MW and the resulting labels of the edges
are distinct and are from 1,2,3,--- ,¢. A graph that admits a skolem difference mean labeling is called
a skolem difference mean graph. It motivates us to define a new concept called skolem difference odd
mean labeling.

A graph with p vertices and q edges is said to have a skolem difference odd mean labeling if there
exists an injective function f : V(G) — {1,2,3, - ,4q — 1} such that the induced map f* : E(G) —
{1,3,5,--- ,2q — 1} defined by f*(uv) = [W-‘ is a bijection. A graph that admits a skolem
difference odd mean labeling is called a skolem difference odd mean graph.

For example, a skolem difference odd mean labeling of cube )3 shown in Fig.1.

23 5

Fig.1
In this paper, we prove that the path P,, the cycle C, for n > 4, Ky, n(m > 1,n > 1), the bistar

Bi,n for m > 1,n > 1, the quadrilateral snake Q,, the ladder L,,, L, ® K; and K1, ® K; for n > 1

are skolem difference odd mean graphs.

§2. Skolem Difference Odd Mean Graphs

Theorem 2.1 Any path is a skolem difference odd mean graph.

Proof Let ui,us,...,u, be the vertices of the path P,. Define f: V(P,) — {1,2,3,--- ,4¢— 1=
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4n — 5} as follows:

fluziz1) = 4i — 3, 1§i§[g“
flug) = 4n —4i — 1, 193{%

The label of the edge u;u;4+1 is 2n —2i — 1, 1 < ¢ < n — 1. Hence, P, is a skolem difference odd

mean graph. a

For example, a skolem difference odd mean labeling of Ps and Pi; are shown in Fig.2.

1 27 5 23 9 19 13 15

1 39 5 35 9 31 13 27 17 23 21
Fig.2

Theorem 2.2 Cycle C,, is a skolem difference odd mean graph for n > 4.
Proof Let ui,us2,- - ,un be the vertices of the cycle C,. Define f : V(C,) — {1,2,3,--- ,4¢—1=
4n — 1} as follows:

Case 1. n = 0(mod 4)

2 —1,
flui) =< 4n —2i+ 3,
dn — 2 — 1, n

<1t <mn and i is odd,

—_ =
IN

1 < 4 and i is even,

+
IS

IN

IA

n and 7 is even.

[\)‘

For the vertex labeling f, the induced edge labeling f* is given as follows:

) 2 —2i+1, 1<i<2
[ (uiuipr) = )
m—2i—1, Z2<i<n-1
and F unur) =n — 1.

Case 2. n = 1(mod 4)

2i—1, 1<i<n-—2and7is odd
) 4n—2i+3, 1<i< 27! andiis even
flud) = an — 21— 1, ”T%Sign—landiiseven
2n, L =n.

For the vertex labeling f, the induced edge labeling f* is obtained as follows:

2 — 2 +1, 1<q<

[ (uiuipr) = _ L
2n — 24 — 1, ntl <j<np—1

and I (unur) = n.

Case 3. n = 2(mod 4)
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21— 1, 1<i< % and iis odd
2i + 3, ntd <5< n—1andiis odd
flui) = 2 ’

4n — 21 + 3, 1<i<n—2and ¢ is even,
2n — 1, i =n.

For the vertex labeling f, the induced edge labeling f* is given as follows:

. 2 —2i+1, 1<i<?2
I (winiv1) = )
2n—2i—1, 222 <i<n-1
and F upur) =n — 1.
Case 4. n = 3(mod 4)
2i — 1, 1<i<n-—4andiis odd
2n — 4, t=n—2
dn — 2, t=mn
flui) = , ) 5 .
in —2i—1, 1 <4< 5= and i is even
4n — 2 — 5, ”TH <¢<n-—3andiis even
2n — 2, t=mn—1.
For the vertex labeling f, the induced edge labeling f* is obtained as follows:
2n — 2 —1, 1<i<n?
I (wiwig1) = 2n — 24 — 3, pl<i<n-—2
n, i1=n—1.

and F (unur) =2n — 1.

Then, f is a skolem difference odd mean labeling. Thus, C,, for n > 4 is a skolem difference odd mean

graph. m|

For example, a skolem difference odd mean labeling of Ci2 and C11 are shown in Fig.3.

23 1 1
47 39
42
21
5 5
27 43 20 35
17 9 18 9
31 23
13 39 13 27
Ch2 C11

Fig.3
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Theorem 2.3 Every complete bipartite graph Kmn(m > 1,n > 1) is a skolem difference odd mean
graph.

Proof Let V = Vi UV, where Vi = {u1,u2, - ,um} and Vo = {v1,v2, -+ ,vp}. The graph K n

has m + n vertices and mn edges. Define f: V(Kmn) — {1,2,3,--- ,4¢ — 1 = 4mn — 1} as follows:
flus) = 4i — 3, 1 <m
F(o3) = dmn — dm(j ~ 1) = 1,

IN

1
1

IA

j<n

For the vertex labeling f, the induced edge label f* is obtained as f*(uiv;) = 2mn — 2i + 1 —
2m(j —1),1 <i<m,1 < j <n.Then, f gives a skolem difference odd mean labeling. Hence, K, » is

a skolem difference odd mean graph for all m > 1,n > 1. a

For example, a skolem difference odd mean labeling of K4 5 is shown in Fig.4.

Corollary 2.4 By taking m = 1, in the proof of the above theorem, we get a star graph K1, and it is

a skolem difference odd mean graph.
Theorem 2.5 The bistar Bp,,» is a skolem difference odd mean graph for m > 1,n > 1.

Proof Let V(K2) = {u,v} and u;(1 < i < m), v;(1 < j < n) be the vertices adjacent to v and v
respectively. Define f: V(Bm,n) — {1,2,--- ,4¢g — 1 =4(m + n) + 3} by

flu) =1,

f) =4(m+n) +3,
flus))=4i—1, 1<i<m,
floj))=4j+1, 1<j<n

The induced edge labels are given as follows:

fH(uwv) =2m +2n + 1,
ffluw)=2i—1, 1<i<m
fflov;))=2m+2n—-25+1, 1<j<n.
Then, f is a skolem difference odd mean labeling and hence B, is a skolem difference odd mean

graph for all m > 1,n > 1. a

For example, a skolem difference odd mean labeling of By, 7 is shown in Fig.5.
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/\ %N
3 7 11 15

47
5 9 13 17 21 25 29
Fig.5

Theorem 2.6 A quadrilateral snake is a skolem difference odd mean graph.

Proof Let @, denote the quadrilateral snake obtained from w1, us2,...,Un+1 by joining u;, u;+1 to
new vertices v;, w; respectively and joining v; and w;,1 < i < n. The graph @, has 3n + 1 vertices and
4n edges. We define f: V(Qn) — {1,2,3,--- ,4¢ — 1 = 16n — 1} as follows:

Flus) 67 — 5, 1<i<n+1andiis odd
Ui ) =

16n — 10 4+ 11, 1<i<n+1and=is even

16n — 107 + 9, 1 <4i<nandiisodd
fvi) = , , .

67 — 3, 1 <4i<nandiis even

6i — 1, 1 <4i<nandiisodd
flwi) = _ , N

16n — 10z 4+ 3, 1 <i<nandiis even.

The induced edge labels are given by

. 8n — 8i + 3, 1 <i<nandiis odd
[ (winir) =
8n — 8i + 5, 1 <i<nandiiseven

. 8n — 8i + 5, 1 <i<nand:iis odd
[T (wiwi) =

8n — 8i + 3, 1 <i<nandiiseven
fuv) =8n—8 +7, 1<i<nand

fluwi—1) =8n—8i+9, 2<i<n+1.

Thus, f is a skolem difference odd mean labeling and hence @, is a skolem difference odd mean

graph. a

For example, a skolem difference odd mean labeling of Qs is shown in Fig.6.

79 5 9 63 59 17 21 43 39 29

1 71 13 51 25 31

Fig.6

Theorem 2.7 The ladder L, = P, x K2 is a skolem difference odd mean graph.
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Proof Let ui,uz2,- - ,un and vi,va2,- -

,Un be the vertices of L, and E(L,) = {uiv; : 1 <1 <

nPU{uiuirr 1 1 <@ <n—1}U{viviy1 : 1 <i < n—1}. Define f : V(L) — {1,2,3,--- ,4¢g—1 = 12n—9}

as follows:
4i — 3,
f(ui) = ,
12n — 8 — 1,
12n — 8 — 1,
f(vi) = ‘
49 — 3,

1 <i<nandiisodd

1 <i<nandiiseven

1 <i<nandiisodd

1 <i<nandiis even.

For the vertex labeling f, the induced edge labeling f* is given as follows:

ffluw)=6n—-6i+1, 1<i<n
. 6n — 61 — 3, 1<i<n-—1and7isodd
[ (wivig) = _ , .
6n — 67 — 1, 1<i<n-—1andiis even
. 6n — 67 — 1, 1<i<n-—1andiis odd
[T (vivigr) =
6n — 61 — 3, 1<i<n-—1and ¢ is even.

Then, f is a skolem difference odd mean labeling and hence L, is a skolem difference odd mean

graph.

O

For example, a skolem difference odd mean labeling of Ls = Ps x K2 is shown in Fig.7.

47 25 31

87 5 71 13

21 39 29

Fig.7

Theorem 2.8 L, ® K1 is a skolem difference odd mean graph.

Proof Let Ly be the ladder. Let G be the graph obtained by joining a pendant edge to each vertex

of the ladder. let wi,us, - ,un and v1,ve,---

,Un be the vertices of the ladder. For 1 < i < n, let u}

and v} be the new vertices made adjacent with u; and v; respectively. The graph G has 4n vertices

and 5n — 2 edges.
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Define f: V(G) — {1,2,--- ,4¢ — 1 = 20n — 9} by

20n — 8 — 1, 1 <i<nandiis odd

120 — 7, 1 <i<nandiiseven

f(uz)—{
120 -7, 1 <i<mnandiis odd
fli) = ‘ . Ny
20n — 8 — 1, 1<i<nandz7is even
, 124 — 11, 1<i<mnandz7is odd
flug) =

20n — 8 — 5, 1 <i<nandiiseven

20n — 8i — 5, 1 <i<mnand:iisodd
127 — 11 1<i<nandz7is even

F) =

For the vertex labeling f, the induced edge labeling f* is obtained as follows:

10n — 107 — 3, 1<i<n-—1and7is odd

I (uiwisa) =
10n — 107 — 1, 1<i<n-—1andiis even
. 10n — 107 — 1, 1<i<n-—1and7iis odd
[ (wivigr) =
10n — 107 — 3, 1<i<n-—1andiis even
. , 10n — 107 + 5, 1<i<nandiisodd
[ (uiug) = . . .
10n — 10t + 1, 1 <i<nand?1is even
. , 10n — 107 + 1, 1<i<nandiisodd
I (vivg) =

10n — 107 + 5, 1 <i<n and iis even.

Thus, L, ® K; is a skolem difference odd mean labeling and hence L,, ® K; is a skolem difference odd

mean graph. m|

For example, a skolem difference odd mean labeling of Ly ® K is shown in Fig.8.

1 119 25 103 49 87 73
® ® ® ® ® [ ] ®
17 65
131 115 41 99 83
129 29 107 91
5 53 7
127 [ ] [ ] ® o o [ ] o
13 111 37 95 61 79
Fig.8

Theorem 2.9 Let the path G1 = (p1,q1) and the star G2 = (p2, q2) have skolem difference odd mean
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labeling f and g respectively. Let u be the end vertex of G1 and v be the central vertex of G2 such
that f(u) =1 and g(v) = 1. Then the graph (G1)f * (G2)g obtained from G1 and Gz by identifying the

vertices u and v is also skolem difference odd mean.

Proof Let V(G1) = {u,u; : 1 <i<p;—1} and V(G2) = {v,v; : 1 <i < py —1}. Then the graph
(G1)f * (G2)g has p1 + p2 — 1 vertices and g1 + g2 edges.
Define h : V((G1)f * (G2)g) — {1,2,3,--- ,4(q1 + g2) — 1} as follows:

hus) = f(ui),1 <i<pi—1
h(u) = f(u) = g(v) and
h(vi) =g(vi) +2(p1+q¢1 —1),1 <i<py— 1.

Then the induced edge labels of G are 1,3,5,...,2¢1 — 1 and that of G2 are
21 +1,2q1 + 3, ,2(qn +q2) — 1.

Hence, the graph (G1)y*(G2)4 obtained from G and G2 by identifying the vertices u and v is a skolem
difference odd mean graph. m|

For example, a skolem difference odd mean labeling of G1, G2 and G1 * G2 are shown in Fig.9.

1 19 5 15 9 11

Gy : Pg

3 7 11 15 19 23

293 27 31 35 39 43
G1 * G2

Fig.9
Theorem 2.10 The graph K1, © K1 is skolem difference odd mean for all n > 1.

Proof Let G be the graph K , ® K obtained from the star K , with vertices ug,u1,u2, -, Un

by joining a vertex v; to u;,0 <7 < n.
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Let V(GQ) = {uo, ui,vo,v; : 1 <4 < n}and E(G) = {uovo, uous, u;v; : 1 < i < n}. The graph G
has 2n 4 2 vertices and 2n + 1 edges. Define f: V(G) — {1,2,--- ,4¢ — 1 = 8n + 3} as follows:

fuo) =1
flu;)=4n+4i—1,1<i<n
f(vo) =8n+3

8

For the vertex labeling f, the induced edge labeling f* in given as follows:

f(uovo) =4n + 1
ffuowi)) =2n+2i—1,1<i<n
fuw) =2n—-2i+1,1<i<n.

Then, f is a skolem difference odd mean labeling and hence G is a skolem difference odd mean graph.
O

For example, a skolem difference odd mean labeling of K 7 ® K; is shown in Fig.10.

®59

PY
w
Nej
S
w

'

-3

31 35 51 55

Fig.10
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Abstract: A radio labeling of a graph G is an injective function [4] f : V(G) — NU {0}
such that for every u,v € V(G),

|f(u) = f(v)| = diam(G) — d(u,v) + 1.
The span of f is the difference of the largest and the smallest channels used, that is,

L max {f(w) = [0}
The radio number of G is defined as the minimum span of a radio labeling of G and denoted
as rn(G). In this paper, we present algorithms to get the radio labeling of special family
of graphs like double cones, books and nCs with a common vertex whose diameters are 2,3

and 4 respectively.
Key Words: Radio labeling, radio number, channel assignment, distance two labeling.

AMS(2010): 05C78, 05C12, 05C15.

§1. Introduction

The channel assignment problem is a telecommunication problem in which our aim is to assign a
channel (non-negative integer) to each TV or Radio station so that we do not have any interference
in the communication. The level of interference between the TV or Radio stations correlates with the
geographic locations of these stations. Earlier designers of TV networks considered close locations and
very close locations so that the transmitters at the close locations receive different channels and the
transmitters at very close locations are at least two apart for clear communication.

This can be modeled by graph models in which vertices represent the stations and two vertices
are joined by an edge if they are very close and they are joined by a path of length 2 if they are close.

The mathematical abstraction of the above concept is distance two labeling or L(2, 1)-labeling. A
L(2,1)-labeling of a graph G is an assignment f from the vertex set V(G) to the set of non-negative
integers such that |f(z) — f(y)| > 2 if z and y are adjacent and |f(x) — f(y)| > 1 if x and y are at
distance 2, for all z and y in V(G).

Practically speaking the interference among channels may go beyond two levels. So we have to

1Received October 12, 2014, Accepted August 25, 2015.
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extend the interference level from two to the largest possible - the diameter of the corresponding graph.
So the concept of L(2, 1) labeling was generalized to radio labeling.

Radio labeling was originally introduced by G.Chartrand et.al., [1] in 2001. A radio labeling of a
graph G is an injective function f: V(G) — N U {0} such that for every u,v € V(G),

1F() — F(0)] > diam(G) — d(u,0) + 1.
The span of f is the difference of the largest and the smallest channels used, that is,

max _{f(u) = f(v)}.

u,veV(G)

The radio number of G is defined as the minimum span of a radio labeling of G’ and denoted as rn(G).

§2. Some Existing Results

(1) D.D.F. Liu and X. Zhu [2] have discussed the radio number for paths and cycles.

(2) D.D.F. Liu [3] has obtained lower bounds for the radio number of trees and characterized trees
achieving this bound.

(3) Mustapha et al. [4] have discussed radio k-labeling for cartesian products of graphs.

(4) The radio labeling of cube and fourth power of cycles have been discussed by B. Sooryanarayana
and P. Raghunath [5, 6].

(5) The radio labeling of kth power of a path is discussed by P. Devadas Rao et al. [7]

(6) The radio number for the split graph and the middle graph of cycle Cy, is discussed by S.K.
Vaidya et al. [8].

In the survey of literature available on radio labeling, we found that only two types of problems

are considered in this area till this date.

(1) To investigate bounds for the radio number of a graph;

(2) To completely determine the radio number of a graph.

§3. Results

In this section, we develop and justify algorithms to get Radio labeling of the family of graphs - double
cones whose diameter is 2, books whose diameter is 3 and nC4 with a common vertex whose diameter
is 4.

We note that the concept of radio labeling and L(2, 1) labeling coincides when the diameter of the
graph is 2. In general, to prove a labeling is a radio labeling, we have to prove that every u,v € V(G),
|f(w) — f(v)] > diam(G) — d(u,v) + 1.

Double Cones are graphs obtained by joining two isolated vertices to every vertex of C,,. A Double
Cone on n + 2 vertices is denoted by CO,4+2 = C), + 2K;. We note that CO, 12 has two vertices with

maximum degree n.

Algorithm 1:

Input : A double cone COpy2 =Chp +2K1, n > 5.
Output : Radio labeling of CO,42.
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Step 1: Arrange the vertices of C), as vi,v2,...,v, and let u1,us denotes 2K;.

Step 2: First label v;s of odd i and then label v;s of even i starting from the label 3 and ending
with n + 2 consecutively.

Step 3 : Label u; with 0 and use with 1.
The justification of the desired output is proved in Theorem 3.1.
Theorem 3.1 For the double cone COni2, n =5, Tn(COny2) =n + 2.

Proof Consider the double cone COn42, n > 5. Let V(Cn) = {vi,v2,...,vn} and u1, u2 denotes
2K;. Define f : V(COn+2) — N U {0} such that

flur) = 0
fluz) =1
flr) =3
flvi) = f(vn) —! if 7 is odd and 7 > 1.

J2) = f)+ (5]
fo) = fe)+]5]+
[

-2
if 7 is even and ¢ > 2.

When d(vi,v;) = 1, we have |f(vi) — f(v;)| = [2] or [2] =1, n — 1. That is, when d(vi,v;) = 1, we
have |f(vi) — f(v;)| = 2. When d(vi,v;) = 2, we have |f(v;) — f(v;)| = 1 since f(v;)s are distinct.
Since f(v;) > 3 and f(u1) = 0, we have |f(v;) — f(u1)| > 3. Since f(v;) > 3 and f(uz) = 1, we have
|f(vi) = f(uz2)] > 2. Hence f is a radio labeling and rn(COn41) < n + 2.

Since C'Op+2 has two vertices u1 and uz with maximum degree n and that too, they are adjacent
with the same vertices vi,v2, ..., v,, the consecutive n + 2 labels 0,1,2,...,n + 1 are not sufficient to
produce a radio-labeling. Therefore, rn(COny2) > n + 2 and hence rn(COpy2) =n + 2. O

A book B, is the product of the star K7 ,, with K2. A book B,, has p = 2n+ 2 vertices, ¢ = 3n+1
edges, n pages, maximum degree n + 1 and diameter 3. Next we present an algorithm to get a radio
labeling of a book B,,.

Algorithm 2:
Input : A book B,, n > 4, with p vertices.

Output : Radio labeling of B,.

Step 1: Let the vertices of the nth

common edge vw.

page of B, be v,v,,w, and w where v and w lie on the

Step 2: Label v with the label p 4+ 1 and w with the label 0.
Step 3: Label v; with 2i, 1 =1,2,--- ,n.

Step 4: Label w; with f(v;) +5,4=1,2,...,n — 2 and wn—1 with the label 3 and w, with the
label 5, where f(v;) is the label of v;.

The justification of the desired output is proved in Theorem 3.2.

Theorem 3.2 For a Book By, n >4, rn(Bn) =p+ 1.
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Proof Consider a book B,,. A book B, has p = 2n + 2 vertices, ¢ = 3n + 1 edges, n pages,

th

maximum degree n + 1 and diameter 3. Let the vertices of the n”" page of B, be v,v,,w, and w

where v and w lie on the common edge vw.

Define f : V(By) — NU {0} such that

flv
flw

= 0

~

)
)
(vi) = 2, i=12,---,n
f(w,) = f(vi)+5, i=1,2,---,n—2
~1) = 3

)

= 5

We note that d(v,v;) =1, d(w,w;) = 1, d(vs,w;) =1,i=1,2,...,n and d(v,w) = 1. Now,

lf() = f(v)] = p+1-2i=2n+2+1—-2i=2n+3-2i>3, i=12--,n.
lf(w) = f(w)| = fv)+5=2+5>3, i=12---,n—2.

|f(w) = flwn-)] = 3.
|f(w) = f(wn)] = 5.

Consider f(v;) — f(w;) =2i+5—-2i=5, i=1,2,--- ,n—2.

|[f(on—1) — f(wn-1)] = 2n—2-3=2n—-52>3.
[f(on) = f(wn)] = 2n—52>3.
Also  |f(v) = f(w)] = p+1=2n+3.

Thus, |f(s:) — f(ti)| > 3 when d(s;,t;) =1, si,t; € V(Bn). We note that d(v, w;) = 2, d(w,v;) = 2,
1=1,2,---,n, dlv,v;) =2, i#7j, ,j=1,2,--- ,nand dlw;,w;) =2, i#j, 4,j=1,2,--- ,n.
When d(v,w;) =2,i=1,2,--- ,n,

[f(v) — flwi))] = p+1—-2i—-5=2n+2+1-2i—5=2n—2—2i> 2,
i=1,2,-,n—2.
lf(v) = flwn-1)] = p+1-3=p—-22>2
If(v) = flwn)] = p+1-5=p—4>2

When d(w,v;) = 2, i = 1,2,--- ,n, |[f(w) — f(v)] =2 > 2,i=1,2,---,n. When d(vi,v;) = 2,
i # J, 4,5 =1,2,---,n, consider for ¢ > j, |f(vi) — f(v;)] = 2¢ — 25 > 2. When d(w;,w;) = 2,
i#7,1,7=1,2,---,n—2, consider for i > j, |f(wi) — f(w;)| = |f(vi) — f(v;)] = 2i — 25 > 2. Since
flwn—1) =3 and f(wn) =5, |f(w:) — f(w;)| = 2, for all 4,5 = 1,2,--- ,n. Thus, |f(si) — f(t:)| = 2
when d(s;, t;) = 2, si,t; € V(Bn).

Since all the vertex labels are distinct, we have,
|f(s7,) — f(tl)| > 1 when d(si,ti) =3, si,t; € V(Bn)

Hence f is a radio labeling and rn(B,) < p+ 1.
Since there are p vertices, there should be p distinct labels. The p labels 0,1,2,--- ,p — 1 are not
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sufficient to produce a radio labeling of the Book B,,.
Suppose they produce a radio labeling, we note that B,, has 2 adjacent vertices v and w such that

each is adjacent with a different set of % vertices, say, A and B respectively such that

(¢) each vertex in A should have label difference at least 3 with v and among themselves they
should have label difference at least 2;

(43) each vertex in B should have label difference at least 3 with w and among themselves they
should have label difference at least 2 and

(#i7) the label difference of v and w should be 3.

This is not possible with p consecutive non-negative integers 0,1,2,--- ,p — 1. Therefore B, should
have more than these p labels 0,1,2,--- ,p — 1. Since we have 2 partitions of the vertex set of B,,, say,
AU {v} and BU{w} with the above three properties, B, should have at least 2 more labels to have a
radio labeling. Therefore, rn(B,) > p+ 1. Hence rn(Br) =p+ 1. O

Now we consider the graph, the collection of n copies of Css, all of which have a common vertex,

that is, nC4 with a common vertex.

Algorithm 3:

Input : nC4 with a common vertex, n > 3.

Output : Radio labeling of the graph, nCs with a common vertex.

Step 1: Let the common vertex be w and the vertices of the ;th

cycle be u, v, v, and vy,
i=1,2,---,n.

Step 2: Label the common vertex u with Tn 4 2.

Step 3: Label v;, with label i —1,i=1,2,--- ,n.

Step 4: Arrange the remaining vertices as vi1,v13,v21,v23, - ,Vn;,Uns. Label these vertices
starting from n+ 1,n+4,n+7,...,7n — 2.

The justification of the desired output is proved in Theorem 3.3.

Theorem 3.3 Let G denotes nCy with a common vertex. Then rn(G) =Tn+2, n > 3.

Proof Consider the graph, nCy with a common vertex. Let the common vertex be u and the

th

vertices of the " cycle be u,v;,,vi, and viy, 1 =1,2,--- ,n.

Define f : V(G) — N U {0} such that

flu) = ™m+2

Vig

- =
= = =

= i—1, i=1,2--.,n

vi,) = n+14+GE—-1)6, i=1,2,--- n

)
)
)
fwiy) = n+4+(i—-1)6, i=1,2,---,n

We note that d(u,v;;) =1, i =1,2,--- ,n and j = 1,3. Also d(vi,,vi,) = 1 and d(vig,vi,) = 1,
1=1,2,--- ,n. Now, |f(u) — f(vi;) =Tn+2-n—-1—-(i—1)6=6n+1—-(i—1)6 =6n+7—6i >4,i=
1,2, - ,nand |f(u)— f(viy) = Tn+2—n—4—(i—1)6 = 6n—2—(1—1)6 = 6n+4—6i > 4,1 =1,2,--- ,n.

Consider

lfi)) = foi) =n4+1+(G—-1)6—(i—1)=n+1+@G—-1)5>4, i=1,2,--- ,n.
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Consider
Fia) = o)l =n+4+(—1)6— (i—1) =n+4+ G- 15324, i=1,2,n.

We note that, for i = 1,2,...,n and j = 2, d(u,v;;) =2 and for i, « = 1,2,--- ,n and j,k = 1, 3,
d(vij,var) = 2 (i,a, 7,k all are not equal).
Since f(u) =7"n+ 2 and for t =1,2,--- ,n and j = 2, f(vi;) =i — 1, we have,

|f(u) = f(vij)]=Tn+2—i+1=Tn+3—-i>23, i=1,2,--- ,nand j =2.

Now, since, for : =1,2,--- ,n, f(vi;) =n+1+ (i —1)6 and f(vi;) =n+4+ (i — 1)6, we have,
fori,a =1,2,--- ,nand j,k = 1,3, (i,a, 7,k all are not equal), |f(vi;) — f(var) = 3.
Next, we note that, for ¢ = 1,2,--- ,n, d(vi,,vj,) =3 where j =1,2,--- , n& j#iand k=1,3. In
this case, |f(vj,) — f(vi,) =n+1+ (G —-1)6—(t—1) =n+6j —i—4 > 2. Also, |f(vj;) — f(vi,)] =
n+4+(G—-1)6—(i—1)=n+6j—i¢—12>2. Finally, for ¢ # j, d(vi,,vj,) = 4. Since all the labels of
Uiy, © =1,2,--+ ,n are distinct, |f(viy) — f(vj,)| = 1. Hence f is a radio labeling and rn(G) < Tn + 2.

Now we find the optimal value of rn(G). The minimum possible label of uw is 0. Since the
distance between v and w11 is 1, the minimum label we can use at w11 is at least 4. Since the vertices
V13, V21, V23, V31,33, - * ,Un, Uny are at a distance 2 from v11, each of this should have a label difference
3 with v1; and among themselves. And so the minimum range of the labels for these vertices is
{7,10,--- ,6n+1}. So, without loss of generality,we assume that the minimum label v,, should receive
is 6n+ 1. There are n more vertices, namely, vi2, V22, - ,Vn,. We cannot use the label 6n+ 2 to any of
these vertices because these vertices are at a distance 3 from vy, and hence the label difference at these
vertices should be at least 2. So the minimum label we can use to any one of these vertices is 6n + 3
and there are n such vertices. Therefore the minimum label we required to label all these vertices is
6n+1+(n+1)="n+2.

Therefore, the minimum label which can give a radio labeling for the graph G is Tn 4+ 2. That is,
rn(G) = ™n + 2. Hence, rn(G) = Tn + 2. O
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Abstract: The vertex to edge set (VTES) distance di(u,e) from a vertex u € V(G) to
an edge e € E(G) is the number of edges on (u — e) path. For each u € V(G) define
NMu] = {e € M CV(G) : d(u,e) = j, where 0 < j < di1(G) } and a non-negative integer
matrix D' (G) = (IN}[u]|) of order V(G) x ((di(G) + 1) called the VTES-M-distance
neighborhood pattern (M-dnp) matrix of G. If fas : u — fa(u) is an injective function,
where far(u) = {j : N} [u] # 0}, then the set M is a VTES-distance pattern distinguishing
(M-dpd) set of G and G is a VTES-dpd-graph. This paper is a study of VTES M-dnp-
matrices of a VTES-dpd-graph.

Key Words: Distance (in Graph), vertex-to-edge-set distance-pattern distinguishing sets,
VTES-distance neighborhood pattern matrix.
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§1. Introduction

For all terminology which are not defined in this paper, we refer the reader to F.Harary [6]. Unless
mentioned otherwise, all the graphs considered in this paper are nontrivial, simple, finite and connected.

Distance between two elements (vertex to vertex, vertex to edge, edge to vertex, and edge to
edge) in graphs is already defined in the literature (refer [9]), but here we are using vertex to edge-
distance. For subsets S,T C V(G), and any vertex v, let d(v,S) = min{d(v,u) : uw € S} and d(S,T") =
min{d(z,y) : x € S,y € T}. In particular, if f = zy is an edge in G, then the vertex to edge distance
between v and f is given by d(v, f) = min{d(v, z),d(v,y)} [9].

A study of these sets is expected to be useful in a number of areas of application such as facility

location [5] and design of indices of “quantitative structure activity relationships” (QSAR) in chemistry

(21, 18])-

Definition 1.1([9]) For any vertezx v in a connected graph G, the vertez-to-edge eccentricity e(v) of v
is €(v) = max{d(v,e) : e € E(G)}. The vertez-to-edge diameter di(G) = maz{e(v)} and the vertex-
to-edge radius m1(G) = min {e(v)}. A vertex v for which €(v) is minimum is called a vertez-to-edge
central vertex of G and the set of all vertex-to-edge central vertices of G is the vertex-to-edge center
C1(GQ) of G. Any edge e for which e(v) = d(v,e) called an eccentric edge of v.

1Received January 29, 2015, Accepted August 28, 2015.
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The vertex-to-vertex eccentricities and the vertex-to-edge eccentricities of the vertices of graphs

G and H in Fig.1 are given in the Table 1.1 and Table 1.2, respectively.

Ve
vs Vs U5 (o
U1 U7
U3
V1 v2

V2 V4

G H

Fig 1
v V1 V2 V3 Va4 Vs Ve Krd

Table 1.1

v U1 V2 U3 V4 U5
ev) | 22| 2|2
e(v) 2 1 2 1

N | N

Table 1.2

Definition 1.2 Let G = (V,E) be a given connected simple (p,q)-graph, M C E(G) and for each
u € V(G), let far(u) = {d(u,e): e € M} be the distance-pattern of u with respect to M. If far is
injective then the set M is a distance-pattern distinguishing set (or, a “VTES-dpd-set” in short) of
G and G is a VTES-dpd-graph. If fa(u) — {0} is independent of the choice of u in G then M is
an open distance-pattern uniform (or, VTES-odpu) set of G and G is called an VTES-odpu-graph.
The minimum cardinality of a VTES-dpd-set (VTES-odpu-set) in G, if it exists, is the VTES-dpd-
number(VTES-odpu-number) of G and it is denoted by p(G).

For an arbitrarily fixed vertex v in G and for any nonnegative integer j, we let Nj[u] = {e € E(G) : d(u,e) = j}.
Clearly, |No[u]| = {deg(u)}, Vu € V(G) and N;[u] = V(G) — V(&) whenever j exceeds the vertex-to-
edge eccentricity €(u) of u in the component &, to which u belongs. Thus, if G is connected then, N;[u] =
¢ if and only if j > e(u). If G is a connected graph then the vectors @ = (|No[u]|, | N1 [u]|, [N2[u]], - - - , [ Neuy[u]])
associated with u € V(@) can be arranged as a p X (dig + 1) matrix D1 whose entries are nonnegative

integers given by

[No[vi]|  [Nifvd]]  [N2[va]] oo [Neqop[vr]] 0 0 0
[Nofv2]|  [Nifve]|  [Nafva]] ... |Ne(yy[v2]] 0 0

[No[vp]|  [N1[vp]|  [Nafvp]] ... o [Neqwy) [op]]
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where dic denotes the vertex-toedge diameter of GG; we call Dig VTES-distance neighborhood pattern

matriz (or, VI'ES-dnp-matriz) of G. For a VTES-dnp-matrix the following observations are immediate.

Observation 1.3 Entries in the first column of D1 are nonzero entries.

Observation 1.34 In each row of Di¢g, entry zero will be after some nonzero entries. Zero entries

may or may not be present in rows.

Observation 1.5 The entries in the first column of D1 correspond to the degrees of the corresponding

vertices in G.

Proposition 1.6 For each u € V(G) of a connected graph G, {Nj[u] : Nj[u] # ¢, 0 < j <dig} gives
a partition of E(Q).

Proof 1If possible, let e € Nj[u] N Ni[u], for some e € E(G) and v € V(G). Then d(u,e) = j
and d(u,e) = k, and hence j = k. Therefore,N;[u] N Ni[u] = ¢ for any (j,k) with j # k. Now,
clearly, Uf;‘; Nj[u] € E(G). Also, for any e € E(G), since G is connected, d(u,e) = k, for some k €
{0,1,2,--- ,dig}. That is, e € Ni[u] for some k € {0,1,2,---,dig} which implies E(G) C U;ilzco Nj[u].

Hence Ujlﬁ, N;u] = E(G). O

Corollary 1.7 Each row of the VTES-dnp-matrix Dig of a graph G is the partition of |E(G)|. Hence,
sum of the entries in each row of the VTES-dnp-matrix Dic of a graph G is equal to the number of
edges of G.

§2. M-VTES-Distance Neighborhood Pattern Matrix of a Graph

Given an arbitrary nonempty subset M C E(G) of G and for each u € V(G), define N} [u] =
{e € M :d(u,e) = j}; clearly then NJ-E(G) [u] = Nj[u]. One can define the M-VTES-eccentricity of
u as the largest integer for which NM[u] # ¢ and the p x (dig + 1) nonnegative integer matrix
D& = (IN}[u]|) is called the M-VTES-distance neighborhood pattern (or, M-VTES-dnp) matrix of
G. DM is obtained from D% by replacing each nonzero entry by 1.

B.D.Acarya ([1]) defined VTES-dnp matrix of any graph and in particular, M-VTES-dnp matrix
of VTES-dpd-graph as follows:

Definition 2.1 Let G = (V, E) be a given connected simple (p,q)-graph, M(# ¢) C E(G) andu € V(G).
Then, the M-VTES-distance-pattern of u is the set far(u) = {d(u,e):e € M}. Clearly, fm(u) =
{j : NJM [u] # qb}. Hence, in particular, if far : w— fu(w) is an injective function, then the set M is
a VTES-distance-pattern distinguishing set ( or, a “VTES-dpd-set” is short) of G and if far(u) — {0} is
independent of the choice of u in G then M is a VTES-open distance-pattern uniform (or, VTES-odpu)
set of G. A graph G with a VTES-dpd-set(VTES-odpu-set) is called a VTES-dpd-(VTES-odpu)-graph.

Following are some interesting results on M-VTES-dnp matrix of a connected nontrivial graph G.

Observation 2.2 Both DJ% and DY do not admit null rows.
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Proposition 2.3 For each u € V(G),

MO Dy, if MNOD,#6;

Ny [u] = ,
0, if MnND, =g,

where D, = {e; : 1 <1i < degu and u is adjacent to e; }.
Therefore, the entries in the first column of DY are zero or an integer k,1 < k < degu and the

entries in the first column of D& are either 0 or 1.

Remark 2.4 It should be noted that Observation is not true in the case of DY .

Remark 2.5 For a graph G = C,,,
) n=2 if n is even integer
vertex-toedge diameter dig=
5= if n dis odd integer

Remark 2.6 For a graph G & P,,,n > 2, the vertex-to-edge diameter dig=n — 2.

Lemma 2.7 is similar to Proposition 1.6.

Lemma 2.7 For each u € V(G) of a connected graph G, {N;"[u] : N} [u] # 0,0 < j <
dic} gives a partition of M.

Proof 1f possible, let e € NM[u] N N}M[u], for some e € M and u € V(G). Then d(u,e) = j
and d(u,e) = k, and hence j = k. Therefore, N [u] N N/ [u] = ¢ for any (j, k) with j # k. Now,
clearly, Ujﬁ NJM [u] € M. Also, for any e € M, since G is connected, d(u,e) = k, for some k €
{0,1,2,--+ ,dig}. That is, e € NM[u] for some k € {0,1,2,--- ,dic} which implies M C (J%¢ N [u].

j=o

Hence [J?1¢ NMu] = M. O

j=o
Corollary 2.8 Each row of D% is a partition of |M|.

Corollary 2.9 Sum of the entries in each row of DY gives |M| and sum of the entries in each row of

D;¥ s less than or equal to |M)|.

§3. M-VTES-Distance Neighborhood Pattern Matrix of a VITES-dpd Graph

In this section we find out some results of D{Y of a VTES-dpd-graph. From the definition of Di¥,

we have the following observations.

Observation 3.1 In any graph G, a nonempty M C F(G) is a VTES-dpd-set if and only if no two

rows of D7 are identical.

The following Theorem 3.2 shows that M is a proper subset of E(G).

Theorem 3.2 For a VTES-dpd-graph G of order p and size q, a VTES-dpd set M is such that
3= [M|=q-1

Proof For lower bound, let M be a VTES-dpd set. If M = {e}, for some e = uv € E(G), then
D3 contains a 2 x (dig + 1) submatrix, such that the rows of submatrix represent the M-VTES-dnp
of the vertices u and v in DY . That is, entry 1 is at the first column of submatrix and the rows are

as shown below,
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1 0 0 --- 0
1 0 0 --- 0

Hence D2 contains identical rows, Therefore M is not a VTES-dpd-set and hence |M] # 1.
Next, suppose M = {ex, e;} for some e, = uu; € E(G) and ¢, = v;v; € E(G). We consider the

following cases.

Case 1. e is adjacent to e;. Let u; = v;. Then di(ui,ex) = d(vj,e;) = 0 and d(us,e;) =
d(v;,ex) = 1. Then D;¥ contains a 2 x (dic + 1) submatrix, such that the rows of submatrix represent
the M-VTES-dnp of the vertices u; and v; in D{Y. That is, entry 1 is at the first and second column

of submatrix and rows are as shown below.

110 0 --- 0
1 1.0 0 --- 0

Case 2. ¢y is not adjacent to e;. Then the rows of the 2 X (dig + 1) submatrix corresponding to
the M-VTES-dnp of u; and v; in D& are as follows.

100 -~ 1 00 --- 0
100 -~ 1 00 --- 0

Thus D;2 contains identical rows if [M| = 2 and so, M is not a VTES-dpd-set. Hence the lower bound
follows.

For upper bound, suppose on contrary, there exist a VTES-dpd-set M with |M| = q. We prove
by induction on p > 2.

Suppose p = 2 with |M| = g. Then the graph G = K5 and |M| = 1. By lower bound |M| > 3, a
contradiction. Suppose p = 3 with |M| = ¢ then the graph G is either K2 or Ks. If G & K, 2, with
|M| = q¢ = 2. By lower bound |[M| > 3, a contradiction. If G & K3 with |M| = ¢ = 3. Then, we have
a VTES-dpd-matrix

1 1
Dit'=1| 1 1
1 1

Clearly rows are identical hence, a contradiction. Therefore |M| # ¢ for p = 2 and p = 3. Suppose that
|[M| # q for p = n. We claim that |M| # g for p = n+ 1. Let V(G) = {v1,v2, -+ ,Un,Vnt1} be the
vertex set of G. One can observe that every graph has atleast one vertex-to-edge central vertex. Let

C1(G) be set of vertex-to-edge central vertices. We consider the following cases.

Case 1. |C1(G)| = 1. Let v; € C1(G), then D} contains a (degv;) x (dig + 1) submatrix, rows
of which represent the M-VTES-dnp of the vertices v; € N(v;); j = 1,2,--- ,degv; in DY as shown

below.
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Hence D} contains identical rows , a contradiction. Hence |M| # q for p =n + 1. By mathematical

induction, the result follows for all p.

Case 2. |C1(GQ)| > 2. Let C1(GQ) = {v1,v2,-+- ,vi},i > 2. For every v; v; € C1(G), there exists
an edge ey, such that d(vs,er) =d(v;,ex). Then D;¥ contains a 2 x (dig + 1) submatrix, the rows of

which represent the M-VTES-dnp of vertices v; and v; in D’fé{ as shown below.

1 1 1.0 --- O
1 110 --- O
Hence D?2 contains identical rows, a contradiction. Thus, |M| < g — 1. a

Lemma 3.3 Ifdic <2, then G does not possess a VITES-dpd-set.

Proof One can verify from [6] Appendix 1,Table A;. a

Corollary 34 IfG= K,, K, —e or Kmn, then G does not possess a VI'ES-dpd-set.

Theorem 3.5 A graph G = P, of order n admits a VTES-dpd-set if and only if n > 5.

Proof Suppose that G 2 P,,, where P, = (v1,€e1,v2,€2,03,€3,"** ,€n—1,Vn, ). Let M = {e1,e2,e4}.
Then
1 1 0 1 0 o0 0O 0 0 0 0 0]
10 1 0 0 © o 0 0 0 o0 O
1 1 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0 0 0
10 1 1 0 0O o o0 0 0 o0 O
Di'={ o 1 0 1 1 o0 0 0 0 0 0 0
0 0 1 0 1 1 0 0 0 0 0 0
0 o0 0 1 0 1 1 0 O
o o o o o O - 0 1T 0 1 1 O
L 0 0 0 0 0 o --- 0 0 1 0 1 1 |

Now, we can partition D;& into two submatrices say, A and B where A is a 4 x (dig+1) submatrix

of the form
1 1.0 1 0 0 0 0 00 0 O
101 0 0 O 0 0 0 0 0 O
110 0 0 O 00 0 0 0 O
111 0 0 O 00 0 0 0 O

Again we can find the 4 x 4 submatrix A; of A which is of the form

—_ = = =

1 0
0 1
1 0
1 1

o O O =
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The remaining 4 X (di¢ — 3) submatrix Az of A has all the entries as zero.

Also, Each i*h row, 1 < i < (n—4), of the submatrix B of order (n—4) x (dig +1) has entry 1 only
in the i, (i + 2)" and (i + 3)"¢ columns. None of the rows of the submatrices A and B are identical
and hence no two rows of D& are identical. Hence {e1,e2,e4} form a VTES-dpd-set. Therefore, any
graph G = P, of order n > 5 admits a VTES-dpd-set.

Now to complete the proof we need to show that P, is not a VITES-dpd-graph for n < 4. So,
suppose that G = P,, and n < 4. Since n < 4, d1(P,) < 2 for n £ 4. By Lemma 3.3, the proof follows.
O

Corollary 3.6 G 2 Ps is the smallest VTES-dpd-graph with M = {e1,e2,e4}
Theorem 3.7 A cycle G = C,, of order n admits a VTES-dpd-set if and only if n > 7.

Proof Let Cr, = (v1,€1,v2,€2,03,€3, -+ ,€n—_1,Vn, €1,v1) be a cycle on n vertices. We consider the

following cases.

Case 1. n is an even integer, and > 8 . Let M = {e1,e2,e4}. Then

1 1 0 1 o o0 --- 0 O 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0 0 0
1 0 1 1 0 0 0 0 0 0 0 0
0 1 0 1 1 0 0 0 0 0 0 0
0 0 1 0 1 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 1 1 0 0
D 0 0 0 0 0 0 0 1 0 1 1 0
0 0 0 0 0 0 0 0 1 0 1 1
0 0 0 0 0 0 0 0 0 1 0 1
0 0 0 0 0 0 0 0 0 0 1 1
0 0 0 0 0 0 0 0 0 1 1 1
0 0 0 0 0 0 0 0 1 1 0 1
0 0 0 0 0 0 0 1 1 0 1 0
0 0 0 0 0 0 1 1 0 1 0 0
0 0 1 1 0 1 -~ 0 0 0 0 0 0
0 1 1 0 1 o -~ 0 0 0 0 0 0

Now, we can partition DY into four submatrices say, A,B,C' and D where A is a 4 x (dig + 1)

submatrix of the form

110 1 0 O 0 0 0 0 0 O
101 0 0 O 00 0 0 0 O
110 0 0 O 00 0 0 0 O
11 1.0 0 O 0 0 0 0 0 O
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Again we can find the 4 x 4 sub-matrix A; in A which is of the form

—_ = = =

1
0
1
1

= O = O
o o o =

Here the remaining 4 X (dig — 3) sub-matrix Az of A has all the entries as zero. The submatrix B of

order (n g 6) X (dig + 1) is of the form
1 0 1 1 0o o0 o 0 0 0 0 0]
o 1 0 1 1 0 0O 0 0 0 0 0
o 0o 1 0 1 1 0O 0 0 0 0 0
0O 0 0 0 0 0 1 0 1 1 0 o0
o 0 0 0 0 -~ 0 1 0 1 1 0
Lo 0o 0 0 0 0 -~ 0 0 1 0 1 1 |

Each i*h row, 1 <1 < (n ; 6), of the submatrix B of order (n — 6) x (dig + 1) has entry 1 only in the
i, (i +2)"",and (i +3)" columns.

We also choose submatrix C' of order

(n—6) (n—8)

(n—4-— 3 3 ) X (dic +1)
of the form
0 0 00O OO 00 0 1 01
0 0 0 0 0 O 0O 0 0 0 1 1
0 0 0 0 0 O 0O 0 0 1 1 1
Finally we can choose a submatrix D of order
(”;)xwm+n
of the form )
0 0 0 0 0 0 0 0 1 1 0 1
0 0 0 0 0 0 0 1 1 0 1 0
o 0 o o0 0 o0 1 1 0 1 0 0
0 0 1 1 0 1 .- 0 0O O 0 0 O
o 1 1 0o 1 0 -~ 0 0 0 0 0 0 |
Clearly we can observe that none of the rows of submatrices A,B,C' and D are identical and hence

no two rows of D;Y are identical. Therefore, any graph G = C,, of order n > 8 admits a VTES-dpd-set.

Case 2. n is an odd integer and > 7 Let M = {e1, e2,esa}. Then



Vertex-to-Edge-set Distance Neighborhood Pattern Matrices 113

1 1 0 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0 0 0
1 0 1 1 0 0 0 0 0 0 0 0
0o 1 0 1 1 0 0 0 0 0 0 0
0o 0 1 0 1 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 1 1 0 0
Di¥='o 0o 0 0 0 0 0 1 0 1 1 0
0 0 0 0 0 0 0 0 1 0 1 1
0 0 0 0 0 0 0 0 o0 1 1 1
0 0 0 0 0 0 0 0 0 1 1 0
0 0 0 0 0 0 o 0 1 1 0 1
0 0 0 0 0 0 0 1 1 0 1 0
0 0 0 0 0 0 1 1 0 1 0 0
o 0 1 1 0 1 0 0 0 0
o 1 1 0o 1 0O -~ 0 0 0 0 0 0 |

Now, we can partition D7¥ into four submatrices say, A,B,C and D, where A is a 4 x (dig + 1)

submatrix of the form

11 0 1 0 O 00 0 0 0 O
101 0 0 O 00 0 0 0 O
1 1.0 0 0 O 0 0 0 0 0 O
1110 0 O 0 0 0 0 0 O

Again we can find the 4 x 4 submatrix A; of A which is of the form

— = = =
[ =
— o = O
o O O =

Here the remaining 4 X (di¢ — 3) submatrix Az of A has all the entries as zero. The submatrix B of

(n

order (n=5) X (dig + 1) is of the form
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1 0 1 1 0 0 0 0 0 0 0 0
0 1 0 1 1 0 0 0 0 0 0 0
0 0 1 0 1 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 1 1 0 0
0 0 0 o o0 -~ 0 1 0 1 1 0
o 0o 0o 0o 0 0 -~ 0 0 1 0 1 1 |
Each i‘h row, 1 <i < (n ; 5)7 of the submatrix B of order (n —5) X (dig + 1) has entry 1 only in the

i (i +2)" and (i + 3)"¢ columns.
(=5 n-7

Also, we choose a submatrix C of order (n —4 — B B

) X (dig + 1) of the form

Finally, we can choose a (n _ 7) X (dig + 1) submatrix D of the form

[0 0o 0o o o0 o0 o o 1 1 o0 1]
0O 0 0 0 0 0 0o 1 1 0 1 0
0O 0 0 0 0 0 1 1 0 1 0 0
o o 1 1 0 1 -- 0 0 0 0 0 0

o 1 1 0o 1 0O -~ 0 0 0 0 0 0 |

Clearly, one can observe that the rows of A,B,C and D of D;¥ are not identical. Therefore, any graph
G = (), of order n > 7 admits a VTES-dpd-set.

Now to complete the proof we need to show that the C), is not a VTES-dpd-graph for n < 6. So,
suppose that G =2 C,, and n < 6. Then dig < 2. The proof follows by Lemma 3.3. a
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Abstract: For any graph G = (V, E) a subset D C V is a dominating set if every vertex in
V —D is adjacent to at least one vertex in D. A dominating set is said to be a complementary
tree dominating set if the induced subgraph < V' — D > is a tree. The minimum cardinality
of a complementary tree dominating set is called the complementary tree domination number
and is denoted by 7cta(G). In this paper, we find an upper bound for vea(G) +x(G) = 2p—5
and vetd(G) + x(G) = 2p — 6, p is the number of vertices in G.

Key Words: Domination number, complementary tree domination.

AMS(2010): 05C69.

§1. Introduction

By a graph G = (V, E) we mean a finite undirected graph without loops or multiple edges. The order
and size of G are denoted by p and q respectively. For graph theoretical terms, we refer Harary [1] and
for terms related to domination we refer Haynes et al. [2].

A subset D of V is said to be a dominating set in G if every vertex in V — D is adjacent to at
least one vertex in D. The domination number v(G) is the minimum cardinality of a dominating set in
G. The concept of complementary tree domination was introduced by Muthammai, Bhanumathi and
Vidhya [3]. A dominating set D is called a complementary tree domination set if the induced subgraph
<V —D > is a tree. The minimum cardinality of a complementary tree dominating set is called the
complementary tree domination number of GG, denoted by ~v.t4(G) and such a set D is called a vctq set.
The minimum number of colours required to colour all the vertices such that adjacent vertices do not
receive the same colour is the chromatic number x(G).

In this paper, we obtain sharp upper bound for ve:a(G)+x(G) = 2p—>5 and vera(G) +x(G) = 2p—6.
We use the following previous results.

Theorem 1.1([1]) For any connected graph G, x(G) < A(G) + 1.

Theorem 1.2([3]) For any connected graph G with p > 2, veta(G) < p — 1.

1Received December 29, 2014, Accepted August 30, 2015.
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Theorem 1.3([3]) Let G be a connected graph with p > 2. v.a(G) = p— 1 if and only if G is a star

on p vertices.

Theorem 1.4([3]) Let G be a connected graph containing a cycle. Then veta(G) = p — 2 if and only
if G is isormorphic to one of the following graphs. Cp, K, or G is the graph obtained by attaching

pendant edges at at least one of the vertices of a complete graph.

Theorem 1.5([3]) Let T' be a tree with p vertices which is not a star. Then Yea(T) = p — 2 if and
only if T is a path or T is obtained by attaching pendant edges at at least one of the end vertices.

Theorem 1.6([4]) For any connected graph G, Yeta(G) + x(G) < 2p — 1, (p > 2). The equality holds
if and only if G = Ko.

Theorem 1.7([4]) For any connected graph G, Yeta(G) + x(G) =2p—2 (p > 3) if and only if G = P
or Ky, p > 4.

Theorem 1.8([4]) For any connected graph G, vea(G) + x(G) = 2p — 3 (p > 4) if and only if G is
a star on four vertices or G is the graph obtained by adding a pendant edge at exactly one vertex of
Kp_1.

Theorem 1.9([4]) For any connected graph G, on p vertices, Yeta(G) + x(G) =2p — 4 (p > 5) if and
only if G is one of the following graphs.

xe

(2) G is a cycle on 4 (or) 5 vertices;

®3) ¢

of Kp—2;

(4) is the graph obtained by joining a new vertex to j (2 < j < p — 2) vertices of Kp—1.

1s a star on 5 vertices;

is the graph obtained by attaching exactly two pendant edges at one vertex or two vertices

§2. Main Results

Notation 2.1 The following notations are used in this paper:

(1) Kn(p — n) is the set of graphs on n vertices obtained from K, by attaching (p — n), (p > n)
pendant edges at the vertices of K.

(2) Kn(Pm) is the graph obtained from K, by attaching a pendant edge of Py, to any one vertex
of K,,.

(3) K, (H) is the set of graphs obtained from K, by joining each of the vertices of the graph H
to the same i (1 <4 <mn — 1) vertices of K.

(4) K]/ (H) is the set of graphs obtained from K, by joining each of the vertices of the graph H
to distinct (n — 1) vertices of K.

(5) K,'(H) is the set of graphs obtained from K, by joining all the vertices of H, each is adjacent
to at least ¢ (2 < i <n — 1) vertices of K.

(6) F1(Kn,2K) is the set of graphs obtained from K, by joining one vertex of 2K; to i (2 <1

1) vertices of K, and the other vertex to any one vertex of K.

IN

IN

n—
(7) F21(Kn, K2) is the set of graphs obtained from K, by joining one vertex of K> to i (1 <4
n — 1) vertices of K.

(8) Fa2(Kn, K2) is the set of graphs obtained from K, by joining each of the vertices of K> to 4
(1 <i<n—1) distinct vertices of K.
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(9) F5(Kn,3K1) is the set of graphs obtained from K, by joining one vertex of 3K1 to any of the
1 (1 <i<n—1) vertices of K, and each of other two vertices of 3K to exactly one vertex of K.

(10) Fy1(Kn, K2 U K1) is the set of graphs obtained from K, by joining one vertex of K> and the
vertex of K1 to distinct (n — 1) vertices of K.

(11) Fa2(Kn, K2 U K1) is the set of graphs obtained from K, by joining one vertex of K2 to @
(1 <i<n—1) vertices of K,, and the vertex of K; to any one vertex of K,.

(12) Fu3(Kn, K2 U K1) is the set of graphs obtained from K, by joining each of the vertices of
K2 U K; to vertices of K, such that each vertex of K> U K; is adjacent to exactly one vertex of K.

(13) F51(Kn, P3) is the set of graphs obtained from K, by joining the central vertex of P3 to i
(1 <i<n—1) vertices of K.

(14) Fs2(Kn, P3) is the set of graphs obtained from K, by joining a pendant vertex and the central
vertex of Ps to the same ¢ (1 < i< n — 1) vertices of K.

(15) F53(Kn, Ps) is the set of graphs obtained from K, by joining a pendant vertex and the central

vertex of Ps to distinct (n — 1) vertices of K.

In the following 7veta(G) + x(G) = 2p — 5 and Yeta(G) + x(G) = 2p — 6 are found.

Theorem 2.1 Let G be a connected graph with p (p > 6) vertices then veta(G) + x(G) = 2p — 5 if and
only if G is one of the following graphs:

(a) G is a star (or) a cycle on 6 vertices;
(b) G € Kp—3(3);

(c) G e K, _»(K2);

(d) G e Fl(Kp 272K1)

(e) G e F21(Kp 27K2)

Proof 1If G is one of the graphs given in the theorem, then v.tq(G) + x(G) = 2p — 5. Conversely,
assume veta(G) + x(G) = 2p — 5. This is possible only if

(1) Yeta(G) =p — 1 and x(G) = p — 4;
(#) Yeta(G) =p— 2 and x(G) =p — 3;
(#7) Yera(G) =p —3 and x(G) =p — 2;
() Yeta(G) =p —4 and x(G) =p —1;
(v) Yeta(G) = p — 5 and x(G) = p.
Case 1. vca(G) =p—1and x(G) =p—4.

But, veta(G) = p—1if and only if G is star K1 ,—1 on p vertices (Theorem 1.3, [3]). For a star G,
x(G) = 2. Therefore, x(G) = p — 4 implies that p = 6 that is, G is a star on 6 vertices.

Case 2. vqa(G) =p—2 and x(G) =p—3.

But, vcta(G) = p — 2 implies that G is one of the following graphs (a) Cp, cycle on p vertices
(b) Kp, complete graph on p vertices (c) G is the graph obtained by attaching pendant edges at least
one of the vertices of a complete graph (d) G is a path (e) G is obtained from a path of at least three
vertices, by attaching pendant edges at at least one of the end vertices of the path.

G cannot be one of the graphs mentioned in (b), (d) and (e), since if G = K, then x(G) = p and
if G is a path (or) as in (e), then x(G) = 2 and hence p = 5.

If G = Cp then x(G) = p — 3 implies p = 5 (or) 6. But, G has at least 6 vertices and hence
G = (Cs. Let G be a graph obtained by attaching pendant edge at at least one of the vertices of a
complete graph.
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But x(G) = p — 3 implies that, G is the graph on p vertices obtained from K,_3 by attaching
three pendant edges.
That is, G € K,_3(3).

Case 3. 70td(G) =p—3 and x(G) =p— 2.

X(G) = p — 2 implies that either G contains or does not contain a clique K,_2 on (p — 2) vertices.
Assume G contains a clique Kp_2 on (p — 2) vertices. Let V(Kp—2) = {u1,u2, -+ ,up—2} and D =
V(G) = V(Kp2) = {2},

Since G is connected, at least one of z and y is adjacent to vertices of Kp—2. Also both z and y

are adjacent to at most (p — 3) vertices of Kp_s.
Subcase 3.1. z and y are non adjacent.

If both z and y are adjacent to same u; (1 <4 < p—2) then V—D = V(G)—{any two vertices of K,_2}
forms a minimum ctd-set of GG, since the pendant vertices z and y must be in any ctd-set and hence
Yeta(G) = p — 2.

Similarly, if both z and y are adjacent to same ¢ (2 < ¢ < p — 3) vertices of K,_2, then the set
V(G) — {z,y, ui, u;} where u; € N(z) N Kp—2 and u; € (N(x))°N Kp—2 forms a minimum ctd-set and
hence Yeta(G) = p — 4.

Let z be adjacent to at least ¢ vertices of Kp,_2, where 2 < i < p— 3. If y is adjacent to at least
two vertices of Kj,_2, then also y.¢a(G) = p— 4. Therefore, y is adjacent to exactly one vertex of Kp_s.
That is, G is the graph obtained by joining two non-adjacent vertices to vertices of K,_2, such that
one vertex is adjacent to 7 (2 < ¢ < p — 3) vertices and the other vertex is adjacent to exactly one
vertex of Kp—2. That is, G € F1(Kp—2,2K1).

Subcase 3.2. x and y are adjacent.

If N(z)NKp—2 and N(y)NKp,_2 are distinct, then ve.q(G) = p—4, since the set V(G)—{z, y, us, u; },
where u; € N(z) N (N(y))°N Kp—2 and u; € (N(z))° N (N(y))° N Kp—2 forms a minimum ctd-set.
Therefore, N(z) N Kp—2 and N(y) N Kp—2 are equal. Hence, G is the graph obtained from K,_2 by
joining the two vertices of K2 to the same i (1 < i < p—3) vertices of K,_2 (or) G is the graph obtained
from K,_2 by joining one vertex of K to i (1 < i < p—3) vertices of Kp_2. Therefore, G € K;,_5(K2)
(or) G € Fz1(Kp-2, Ka).

If G does not contain a clique on (p — 2) vertices then it can be seen that no new graph exists.
Case 4. 7cd(G)=p—4and x(G) =p—1.

X(G) = p— 1 implies that either G contains or does not contain a clique K,_1 on (p — 1) vertices.
Assume G contains a clique K1 on (p—1) vertices. Let V(G) -V (K,—1) = {z}. Since G is connected,
x is adjacent to at least one of the vertices of K,—1. Also, x is not adjacent to all the vertices of K,_o,
since otherwise G = K. Then either V(G) — {us,u;} (or) V(G) — {x, ui, u;}, where u; € N(x) N Kp—1
and u; € (N(z))° N Kp_1 forms a minimum ctd-set. Hence in this case, no graph exists. If G’ does not

contain a clique Kp—1 on (p — 1) vertices.
Case 5. vcta(G) =p—5 and x(G) = p.

x(G) = p implies G = K,. But, veta(Kp) = p — 2. Here also, no graph exists. From cases 1 - 5,
G can be one of the following graphs:

(a) G is a star (or) a cycle on 6 vertices;
(b) G € Kp—3(3);
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(c) G € K} _o(K>);
(d) G e Fl(KP7272K1);
(e) G € Fa1(Kp-2, Ka). o

Remark 2.1 For any connected graph with p (3 < p < 5) vertices, veta(G) + x(G) = 2p — 5 if and
only if G is one of the following graphs.

YRR N
<7 7

Fig.1

Theorem 2.2 For any connected graph G with p (p > 7) vertices, Yera(G) + x(G) = 2p — 6 if and only
if G is one of the following graphs:

o
Nad

G is a star (or) a cycle on 7 vertices;
G e Kp_4(4);

G e Fg(Kp7373K1);

G e KZ,’ 3(K3)'

G € K, _3(K3);

G e F41(Kp737K2 U K1);
G e F42(Kp737K2 @] Kl),‘
G € Fu3(Kp-3, Ko U K1);
G e Kp 3(P4)

G e F51(Kp 37P3)

k) G e F52(Kp737P3),

l) G e Fs‘;(Kp 3,P3),'

m) G € K,_3(Ps);

) G e KZ,,,LQ(QKl))

) G e FQQ(KP727K2).

ez

g

—-

()

n

N N N N N N N N N N N N N S
Nad

o

Proof If G is one of the graphs given in the theorem, then veta(G) + x(G) = 2p — 6. Conversely,
assume vetd(G) + xX(G) = 2p — 6. This possible, only if

(1) Yeta(G) = p — 1 and x(G) = p — 5;
(#) Yera(G) = p — 2 and x(G) = p — 4;
(#i1) Yeta(G) = p — 3 and x(G) = p — 3;
(1) Yeta(G) =p — 4 and x(G) =p — 2;
(v) Yeta(G) =p =5 and x(G) =p - 1;
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(vi) Yeta(G) = p — 6 and x(G) = p.
Case 1. 7.q(G)=p—1and x(G)=p—>5

But, veta(G) = p — 1 if and only if G is a star K p_1 on p vertices. But, for a star x(G) = 2.

Hence, p = 7. That is, G is a star on 7 vertices.
Case 2. v.d(G)=p—2and x(G)=p—14
But, veta(G) = p — 2 if and only if

(a) G = Cp;

(b) G = Ky;

(¢) G is the graph obtained by attaching pendant edges at at least one of the vertices of a complete
graph;

(d) G is a path;

(e) G is obtained from of path of at least three vertices by attaching pendant edges at at least one
of the end vertices of the path.

As in case 2 of Theorem 2.1.

G is a cycle on 7 vertices (or) G is the graph on p vertices obtained from K,_4 by attaching four
pendant edges. That is, G = C7 (or) Kp—4(4).

Case 3. 7.d(G) =x(G)=p—3

x(G) = p — 3 implies that either G contains or does not contains a clique K,—3 on (p — 3)
vertices. Assume G contains a clique K,_3 on (p — 3) vertices. Let V(Kp_3) = {ui,uz, - ,up—3}
and D = V(G) — V(Kp—3) = {z,y,z}. Each of z,y,z is not adjacent to all the vertices of K,_3.
<D >=K;, K3, Ps (or) Ko UKj.

Subcase 3.1. < D > K.

Since G is connected, every vertex of D is adjacent to at least one vertex of K,_3. Let x be
adjacent to 7 (1 < i < p—4) vertices of K,_3.

If y (or) z is adjacent to at least two vertices of Kp,_3, then v.:a(G) < p — 4. Therefore, both
y and z are adjacent to exactly one vertex of Kj,_3. That is, G is the graph obtained from K,_3 by
joining vertices of 3K to the vertices of Kp_3 such that one is adjacent to any of the ¢ (1 < ¢ <p—4)
vertices of Kp,_3 and each of the remaining two is adjacent to exactly one vertex of K,_3 and hence
G € F3(Kp-3,3K1).

Subcase 3.2. < D >~ K3.

Since G is connected, at least one vertex of K3 is adjacent to vertices of K,_3. If there exist
vertices us, uj € Kp_3 such that u; € N(z) N (N(y))°NKp—3 and u; € (N(z))°N (N(y))°NKp_3, then
the set V(G) — {x,y,ui,u; } is a vyerq-set of G and hence y.a(G) = p — 4.

Similarly in the case, when u; € N(y)N(N(2))¢and u; € (N(x))°N(N(y))¢ (or) u; € N(2)N(N(z))°
and u; € (N(2))°N(N(z))° in Kp_3.

Therefore, either (i) N(z)NKp—3 = N(y)NKp—3 = N(2)NKp_3 (or) (ii) N(z)NKp—3, N(y)NKp_3,
N(z) N Kp—_3 are mutually distinct and each has (p —4) vertices. That is, G is the graph obtained from
Kp—3 by joining each of the vertices of K3 either to the same i (1 < i < p—4) vertices of K,_3 (or) to
distinct (p — 4) vertices of Kp_3. Therefore, G € K,_3(K3s) (or) G € K, _3(K3).

Subcase 3.3. <D >~ K> UK;.
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Let z,y € V(K32) and z € V(K1) since G is connected, at least one of the vertices of K> and z is
adjacent to vertices of Kp_3. Denote G N Kp_3 by Gi.

(7) Let one of z and y, say = be adjacent to vertices of K,—_3. That is, degg, (y) = 1.

Let = be adjacent to at least two vertices of Kp—3. That is, dega, (z) > 2. Assume dega, (z) > 2.
If there exist u;, u; € Kp_3 such that u; € N(z)NN(z) and u; € (N(z))°N(N(2))° or if N(z)NKp—_3 =
N(z)N Kp—3 and if each set has (p —4) vertices, then 7.:4(G) = p — 4. Therefore, we have the following

cases:

(a) N(z) N Kp—3 and N(z) N Kp_3 are distinct, and each set has (p — 4) vertices or

(b) degg,(z) = 1. That is, G is the graph obtained from K,_3 by joining exactly one of the
vertices of K2 and a new vertex to distinct (p — 4) vertices of K,—3 or G is the graph obtained from
Kp,_3 by attaching a pendant edge and joining exactly one vertex of K2 to i (1 < ¢ < p—4) vertices of
Kpfg. That is, G e F41(Kp737K2 U Kl) or G e F42(Kp737K2 U Kl).

(43) If each of z, y, z is adjacent to at least two vertices of K,,_3, then either V(G) —{z,y, z, us, u;},
where u; € N(z) N (N(y))° N (N(2))°NKp—3 and u; € N(z) N (N(z))°N(N(y))°NKp—3 (or) V(G) —
{z,y,ui,u;}, where u; € N(z) N (N(y))°NKp—3 and u; € (N(x))°N(N(y))°N Kp—3 is a Yeta-set of G.

Similarly, if either N(z) N Kp—3 = N(y) N Kp—3 = N(2) N Kp_3 and 2 < [N(z) N Kp—3| < p—4.
(or) N(z) N Kp—3, N(y) N Kp_3, and N(z) N Kp_3 are distinct and each set has the same number ¢
(2 <1i < p—4) of elements, then also y.ta(G) = p — 4.

Hence, each of z,y and z is adjacent to exactly one vertex of K,_3. That is, G is the graph
obtained from K,_3 by attaching a pendant edge and joining two vertices of K» to vertices of K,_3
such that each is adjacent to exactly one vertex of K,_3. Hence, G € Fu3(Kp—2, K2 U K1).

Subcase 3.4. < D > Ps.
Since G is connected, at least one of the vertices of P3 is adjacent to vertices of K,_3. Let x and

z be the pendant vertices and y be the central vertex of Ps.

(¢) Assume exactly one of z,y, z is adjacent to vertices of Kp,_3. If degg, (z) > 2, then vea(G) =
p—4. Hence, dega, () = 1. That is, G is the graph obtained from K,_3 by attaching a path of length
3 at a vertex of Kj,_3 (or) that is, G € K,_3(Ps) (or) G is the graph obtained from K,_s by joining
the central vertex of P3 to i (1 < ¢ < p—4) vertices of K,_3, that is, G € F51(Kp—3, Ps).

(#) Assume any two of z,y, z are adjacent to vertices of Kp_3.
(a
(b

~

If  and z are adjacent to vertices of Kp—_3, then vcta(G) = p — 4.

=~

Let x and y be adjacent to vertices of K,_3. If there exist vertices u;,u; € Kp—3 such that
u; € N(z) N (N(y))® and u; € (N(x))° N (N(y))°, then also v.ta(G) = p — 4. Therefore, either

(a) N(z) N Kp—3 = N(y) N Kp—3 or
(b) N(z) N Kp—3 and N(y) N Kp_3 are distinct and each set has (p — 4) vertices. That is, G is

the graph obtained from Kj,_3 by joining one pendant vertex and the central vertex of P; to the same

i (1 <4 < p—4) vertices of K,_3 (or) G is the graph obtained from K,_3 by joining one pendant
vertex and the central vertex of P3 to the distinct (p — 4) vertices of K,_3. i.e., G € Fso(Kp—3, P3) or
G € Fs3(Kp_3, P3).

(#47) Assume z,y and z are adjacent to vertices of K,_3. As in Subcase 3.3, if N(z) € Kp—3 =
Ny)NKp—3 = N(z) N Kp—3 and 1 < |[N(z) N Kp—3| < (p—4) or N(z) N Kp—3, N(y) N Kp—3 and
N(z) N Kp_3 are distinct and each of these sets are distinct and has (p — 4) vertices. Hence, G is the
graph obtained from K,_3 by joining each of the vertices of P to distinct (p — 4) vertices of K,_s.



Extended Results on Complementary Tree Domination Number and Chromatic Number of Graphs 123

That is, G € K, _3(P3).
If G does not contain a clique K,—3 on (p — 3) vertices, then it can be verified that no new graph

exists.

Case 4. vcta(G) =p—4 and x(G) =p—2.

X(G) = p—2 implies that G either contains or does not contains a clique K,_2 on (p — 2) vertices.
Assume G contains a clique K2 on p — 2 vertices. Let V(G) — V(Kp—2) = {z,y}. If z and y are
non-adjacent then as in Subcase 3.1 of Theorem 2.1, G is the graph obtained from K, 2 by joining
two non-adjacent vertices to vertices of K,_2 such that each is adjacent to at least ¢ (2 < i < p—3)
vertices of Kp_o. That is, G € K,"5(2K1).

If x and y are adjacent, then as in subcase 3.2 of Theorem 2.1, GG is the graph obtained from
K,_2 by joining each of the vertices of K2 to i (1 < ¢ < p — 3) distinct vertices of K,_>. That is,
G € Fx(Kp—2,K3). If G does not contains a clique on p — 2 vertices, then no new graph exists. For
the cases Veta(G) =p — 5 and x(G) = p — 1 and vcta(G) = p — 6 and x(G) = p, no graph exists.

From cases 1 - 4, we can conclude that G can be one of the graphs given in the theorem. a

Remark 2.2 For any connected graph with p (4 < p < 6) vertices, veta(G) + x(G) = 2p — 6 if and
only if G is one of the following graphs.
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indexer is an integer additive set-labeling such that the induced function f* : E(G) — P(No)
defined by f*(uv) = f(u) + f(v) is also injective. In this paper, we extend the concepts of
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§1. Introduction

For all terms and definitions, not defined specifically in this paper, we refer to [4], [5] and [9] and for
more about graph labeling, we refer to [6]. Unless mentioned otherwise, all graphs considered here are
simple, finite and have no isolated vertices.

All sets mentioned in this paper are finite sets of non-negative integers. We denote the cardinality
of a set A by |A|. We denote, by X, the finite ground set of non-negative integers that is used for
set-labeling the elements of G and cardinality of X by n.

The research in graph labeling commenced with the introduction of 8-valuations of graphs in [10].
Analogous to the number valuations of graphs, the concepts of set-labelings and set-indexers of graphs
are introduced in [1] as follows.

Let G be a (p,q)-graph. Let X, Y and Z be non-empty sets and P(X), P(Y) and P(Z) be their
power sets. Then, the functions f : V(G) — P(X), f: E(G) — P(Y) and f: V(G)U E(G) — P(2)

are called the set-assignments of vertices, edges and elements of G respectively. By a set-assignment

1Received December 31, 2014, Accepted August 31, 2015.
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of a graph, we mean any one of them. A set-assignment is called a set-labeling or a set-valuation if it
is injective.

A graph with a set-labeling f is denoted by (G, f) and is referred to as a set-labeled graph or
a set-valued graph. For a (p,q)- graph G = (V, E) and a non-empty set X of cardinality n, a set-
indezer of G is defined as an injective set-valued function f : V(G) — P(X) such that the function
f®: E(G) — P(X) — {0} defined by f®(uv) = f(u)@f(v) for every uv€E(G) is also injective, where
P(X) is the set of all subsets of X and @ is the symmetric difference of sets.

Theorem 1.1([1]) Ewvery graph has a set-indezer.

Analogous to graceful labeling of graphs, the concept of set-graceful labeling and set-sequential

labeling of a graph are defined in [1] as follows.

Let G be a graph and let X be a non-empty set. A set-indexer f : V(G) — P(X) is called a
set-graceful labeling of G if f®(E(G)) = P(X) — {0}. A graph G which admits a set-graceful labeling
is called a set-graceful graph.

Let G be a graph and let X be a non-empty set. A set-indexer f : V(G) — P(X) is called a
set-sequential labeling of G if f&(V(G)UE(R)) = P(X)—{0}. A graph G which admits a set-sequential
labeling is called a set-sequential graph.

Let A and B be two non-empty sets. Then, their sum set, denoted by A + B, is defined to be
theset A+ B={a+b:a € A,be B}. If C = A+ B, then A and B are said to be the summands
of C. Using the concepts of sum sets of sets of non-negative integers, the notion of integer additive
set-labeling of a given graph G is introduced as follows.

Let No be the set of all non-negative integers. An integer additive set-labeling (IASL, in short) of
graph G is an injective function f : V/(G) — P(No) such that the induced function f* : E(G) — P(Nop)
is defined by f*(uwv) = f(u) + f(v) for Vuv € E(G). A graph G which admits an TASL is called an
TASL graph.

An integer additive set-labeling f is an integer additive set-indexer (IASI, in short) if the induced
function ft : E(G) — P(No) defined by f(uv) = f(u) + f(v) is injective(see [7]). A graph G which
admits an IASI is called an TASI graph.

The following notions are introduced in [11] and [8]. The cardinality of the set-label of an element
(vertex or edge) of a graph G is called the set-indezing number of that element. An IASL (or an IAST)
is said to be a k-uniform TASL (or k-uniform IASI) if |f*(e)| = k V e € E(G). The vertex set V(G) is

called [-uniformly set-indexed, if all the vertices of G have the set-indexing number .

Definition 1.2([13]) Let G be a graph and let X be a non-empty set. An integer additive set-indexer
f:V(G) — P(X) — {0} is called a integer additive set-graceful labeling (IASGL, in short) of G if
FH(EG)) =P(X)—{0,{0}}. A graph G which admits an integer additive set-graceful labeling is called
an integer additive set-graceful graph (in short, IASG-graph).

Motivated from the studies made in [2] and [3], in this paper, we extend the concepts of set-
sequential labelings of graphs to integer additive set-sequential labelings and establish some results on
them.

§2. TASSL of Graphs

First, note that under an integer additive set-labeling, no element of a given graph can have () as its
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set-labeling. Hence, we need to consider only non-empty subsets of X for set-labeling the elements of
G.

Let f be an integer additive set-indexer of a given graph G. Define a function f* : V(G)UE(G) —
P(X) — {0} as follows.

o [f0 HrevE© o)
fH(z) ifz e E(G)

Clearly, f*[V(G)U E(G)] = f(V(G)) U fT(E(G)). By the notation, f*(G), we mean f*[V(G)U
E(G)]. Then, f* is an extension of both f and f* of G. Throughout our discussions in this paper, the
function f* is as per the definition in Equation 2.1.

Using the definition of new induced function f* of f, we introduce the following notion as a sum

set analogue of set-sequential graphs.

Definition 2.1 An IASI f of G is said to be an integer additive set-sequential labeling (TASSL) if the
induced function f*(G) = f(V(G))U fTE(G)) = P(X) —{0}. A graph G which admits an IASSL may
be called an integer additive set-sequential graph (IASS-graph).

Hence, an integer additive set-sequential indexer can be defined as follows.

Definition 2.2 An integer additive set-sequential labeling f of a given graph G is said to be an integer
additive set-sequential indexer (IASSI) if the induced function f* is also injective. A graph G which
admits an IASSI may be called an integer additive set-sequential indexed graph (IASSI-graph).

A question that arouses much in this context is about the comparison between an IASGL and an
TASSL of a given graph if they exist. The following theorem explains the relation between an IASGL
and an IASSL of a given graph G.

Theorem 2.3 FEwvery integer additive set-graceful labeling of a graph G is also an integer additive

set-sequential labeling of G.

Proof Let f be an IASGL defined on a given graph G. Then, {0} € f(V(G)) (see [13]) and
|fH(E(G))| = P(X) —{0,{0}}. Then, f*(G) contains all non-empty subsets of X. Therefore, f is an
TASSL of G. O

Let us now verify the injectivity of the function f* in the following proposition.

Proposition 2.4 Let G be a graph without isolated vertices. If the function f* is an injective, then no
vertex of G can have a set-label {0}.

Proof 1f possible let a vertex, say v, has the set-label {0}. Since G is connected, v is adjacent to
at least one vertex in G. Let u be an adjacent vertex of v in G and u has a set-label A C X. Then,
f*(u) = f(u) = A and f*(uv) = f*(uv) = A, which is a contradiction to the hypothesis that f* is

injective. a

In view of Observation 2.4, we notice the following points.

Remark 2.5 Suppose that the function f* defined in (2.1) is injective. Then, if one vertex v of G has
the set label {0}, then v is an isolated vertex of G.

Remark 2.6 If the function f* defined in (2.1) is injective, then no edge of G can also have the set
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label {0}.

The following result is an immediate consequence of the addition theorem on sets in set theory
and provides a relation connecting the size and order of a given IASS-graph G and the cardinality of

its ground set X.

Proposition 2.7 Let G be a graph on n vertices and m edges. If f is an TASSL of a graph G with
respect to a ground set X, then m +n = 2l X1 _ (1 + k), where K is the number of subsets of X which

is the set-label of both a vertexr and an edge.

Proof Let f be an IASSL defined on a given graph G. Then, |f*(G)| = |f(V(G)) U fH(E(G))| =
|P(X) — {0} = 2*! — 1. But by addition theorem on sets, we have

I (@ = If (V@)U (EBG)
That is, 2% —1 = |f(V(O)|+fT(E(@)] - f(V(G)n T (BG))
= [VI+IE[-&
— = m+n-—-=kK
Whence m+n = 2% -1 4
This completes the proof. a

We say that two sets A and B are of same parity if their cardinalities are simultaneously odd or

simultaneously even. Then, the following theorem is on the parity of the vertex set and edge set of G.

Proposition 2.8 Let f be an IASSL of a given graph G, with respect to a ground set X. Then, if
V(G) and E(G) are of same parity, then k is an odd integer and if V(G) and E(G) are of different
parity, then Kk is an even integer, where Kk is the number of subsets of X which are the set-labels of both

vertices and edges.

Proof Let f be a integer additive set-sequential labeling of a given graph G. Then, f*(G) =
P(X) — {0}. Therefore, |f*(G)| = 2% — 1, which is an odd integer.

Case 1. Let V(G) and E(G) are of same parity. Then, |V| + |E| is an even integer. Then, by

Proposition 2.7, 21X — 1 — k is an even integer, which is possible only when « is an odd integer.

Case 2. Let V(G) and E(G) are of different parity. Then, |V|+ |E| is an odd integer. Then, by

Proposition 2.7, 21XI — 1 — k is an odd integer, which is possible only when k is an even integer. |

A relation between integer additive set-graceful labeling and an integer additive set-sequential
labeling of a graph is established in the following result.
The following result determines the minimum number of vertices in a graph that admits an IASSL

with respect to a finite non-empty set X.

Theorem 2.9 Let X be a non-empty finite set of non-negative integers. Then, a graph G that admits
an TASSL with respect to X have at least p vertices, where p is the number of elements in P(X) which

are not the sum sets of any two elements of P(X).

Proof Let f be an IASSL of a given graph G, with respect to a given ground set X. Let A be
the collection of subsets of X such that no element in A is the sum sets any two subsets of X. Since f
an TASL of G, all edge of G must have the set-labels which are the sum sets of the set-labels of their
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end vertices. Hence, no element in A can be the set-label of any edge of G. But, since f is an IASSL
of G, AC f*(G) = f(V(G)) U fT(E(GQ)). Therefore, the minimum number of vertices of G is equal to

the number of elements in the set A. O

The structural properties of graphs which admit TASSLs arouse much interests. In the example of
TASS-graphs, given in Figure 1, the graph G has some pendant vertices. Hence, there arises following
questions in this context. Do an TASS-graph necessarily have pendant vertices? If so, what is the
number of pendant vertices required for a graph G to admit an TASSL? Let us now proceed to find the
solutions to these problems.

The minimum number of pendant vertices required in a given IASS-graph is explained in the

following Theorem.

Theorem 2.10 Let G admits an TASSL with respect to a ground set X and let B be the collection of
subsets of X which are neither the sum sets of any two subsets of X nor their sum sets are subsets of

X. If B is non-empty, then

(1) {0} is the set-label of a vertex in G

(2) the minimum number pendant vertices in G is cardinality of B.

Remark 2.11 Since the ground set X of an TASS-graph must contain the element 0, every subset A;
of X sum set of {0} and A; itself. In this sense, each subset A; may be considered as a trivial sum set
of two subsets of X.

In the following discussions, by a sum set of subsets of X, we mean the non-trivial sum sets of
subsets of X.

Proof Let f be an TASSL of G with respect to a ground set X. Also, let B be the collection of
subsets of X which are neither the sum sets of any two subsets of X nor their sum sets are subsets
of X. Let A C X be an element of B. then A must be the set-label of a vertex of G. Since A € B,
the only set that can be adjacent to A is {0}. Therefore, since G is a connected graph, {0} must be
the set-label of a vertex of G. More over, since A is an arbitrary vertex in B, the minimum number of

pendant vertices in G is |B|. O

The following result thus establishes the existence of pendant vertices in an IASS-graph.

Theorem 2.12 FEvery graph that admits an IASSL, with respect to a non-empty finite ground set X,

have at least one pendant vertex.

Proof Let the graph G admits an TASSL f with respect to a ground set X. Let B be the collection
of subsets of X which are neither the sum sets of any two subsets of X nor their sum sets are subsets
of X.

We claim that B is non-empty, which can be proved as follows. Since X is a finite set of non-
negative integers, X has a smallest element, say xi, and a greatest element x;. Then, the subset
{z1,2;} belongs to f*(G). Since it is not the sum set any sets and is not a summand of any set in
P(X), {x1,21} € B. Therefore, B is non-empty.

Since B is non-empty, by Theorem 2.10, G has some pendant vertices. a

Remark 2.13 In view of the above results, we can make the following observations.

(1) No cycle Cy, can have an TASSL;
(2) For n > 2, no complete graph K, admits an TASSL.
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(3) No complete bipartite graph Ky, » admits an IASL.

The following result establish the existence of a graph that admits an TASSL with respect to a

given ground set X.

Theorem 2.14 For any non-empty finite set X of non-negative integers containing 0, there exists a
graph G which admits an IASSL with respect to X.

Proof Let X be a given non-empty finite set containing the element 0 and let A = {A;}, be
the collection of subsets of X which are not the sum sets of any two subsets of X. Then, the set
A =P(X) — AU{0} is the set of all subsets of X which are the sum sets of any two subsets of X and
hence the sum sets of two elements in A.

What we need here is to construct a graph which admits an IASSL with respect to X. For this,
begin with a vertex vi. Label the vertex vi by the set A1 = {0}. For 1 < i < | A, create a new vertex
v; corresponding to each element in A and label v; by the set A; € A. Then7 connect each of these
vertices to V1 as these vertices v; can be adjacent only to the vertex vi. Now that all elements in A
are the set-labels of vertices of G, it remains the elements of A’ for labeling the elements of G. For
any A;. € A, we have A, = A; + A;, where A;, A; € A. Then, draw an edge e, between v; and v; so
that e, has the set-label A.. This process can be repeated until all the elements in A’ are also used for
labeling the elements of G. Then, the resultant graph is an IASS-graph with respect to the ground set
X. |

Figure 1 illustrates the existence of an TASSL for a given graph G.

{0,3} {0,1,2} {2}

{3}
0,3
} f1.23) (2,3}
{0.2,3 01023}

{0} {1,2} 10,1}
10,1,3} {1, 3}

(0,73 (0.2}

Figure 1

On the other hand, for a given graph G, the choice of a ground set X is also very important to have
an integer additive set-sequential labeling. There are certain other restrictions in assigning set-labels
to the elements of G. We explore the properties of a graph G that admits an TASSL with respect to a

given ground set X. As a result, we have the following observations.

Proposition 2.15 Let G be a connected integer additive set-sequential graph with respect to a ground
set X. Let x1 and x2 be the two minimal non-zero elements of X. Then, no edges of G can have the
set-labels {x1} and {x2}.

Proof In any IASL-graph G, the set-label of an edge is the sum set of the set-labels of its end

vertices. Therefore, a subset A of the ground set X, that is not a sum set of any two subsets of X, can
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not be the set-label of any edge of G. Since x1 and z2 are the minimal non-zero elements of X, {z1}

and {z2} can not be the set-labels of any edge of G. O

Proposition 2.16 Let G be a connected integer additive set-sequential graph with respect to a ground
set X. Then, any subset A of X that contains the maximal element of X can be the set-label of a vertex

v of G if and only if v is a pendant vertex that is adjacent to the vertex u having the set-label {0}.

Proof Let x, be the maximal element in X and let A be a subset of X that contains the element
. If possible, let A be the set-label of a vertex , say v, in G. Since G is a connected graph, there
exists at least one vertex in GG that is adjacent to v. Let u be an adjacent vertex of v in G and let B
be its set-label. Then, the edge uv has the set-label A + B. If B # {0}, then there exists at least one
element x; # 0 in B and hence x; + x, € X and hence not in A + B, which is a contradiction to the
fact that G is an TASS-graph. a

Let us now discuss whether trees admit integer additive set-sequential labeling, with respect to a

given ground set X.

Theorem 2.17 A tree G admits an IASSL f with respect to a finite ground set X, then G has 2lXI-1

vertices.

Proof Let G be a tree on n vertices. If possible, let G admits an IASSI. Then, |E(G)| =n — 1.
Therefore, |V (G)|+|E(G)| = n+n—1= 2n—1. But, by Theorem 2.9, 21X/ -1 = 2n—1 = n = 21XI71,
O

Invoking the above results, we arrive at the following conclusion.

Theorem 2.18 No connected graph G admits an integer additive set-sequential indexer.

Proof Let G be a connected graph which admits an IASI f. By Proposition 2.4, if the induced
function f* is injective, then {0} can not be the set-label of any element of G. But, by Propositions
2.15 and 2.16, every connected IASS-graph has a vertex with the set-label {0}. Hence, a connected
graph G can not have an TASSI. m|

The problem of characterizing (disconnected) graphs that admit TASSIs is relevant and interesting

in this situation. Hence, we have

Theorem 2.19 A graph G admits an integer additive set-sequential indexer f with respect to a ground
set X if and only if G has p' isolated vertices, where p’ is the number of subsets of X which are neither

the sum sets of any two subsets of X nor the summands of any subsets of X.

Proof Let f be an IASI defined on G, with respect to a ground set X. Let B be the collection of
subsets of X which are neither the sum sets of any two subsets of X nor the summands of any subsets
of X.

Assume that f is an IASSI of G. Then, the induced function f* is an injective function. We have
already showed that B is a non-empty set. By Theorem 2.10, {0} must be the set-label of one vertex
v in G and the vertices of G with set-labels from B can be adjacent only to the vertex v. By Remark
2.5, v must be an isolated vertex in G. Also note that {0} is lso an element in B. Therefore, all the
vertices which have set-labels from B must also be isolated vertices of G. Hence G has p’ = |B| isolated
vertices.

Conversely, assume that G has p’ = |B| isolated vertices. Then, label the isolated vertices of G by
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the sets in B in an injective manner. Now, label the other vertices of GG in an injective manner by other
non-empty subsets of X which are not the sum sets of subsets of X in such a way that the subsets of
X which are the sum sets of subsets of X are the set-labels of the edges of G. Clearly, this labeling is
an TASSI of G. =

Analogous to Theorem 2.14, we can also establish the existence of an IASSI-graph with respect

to a given non-empty ground set X.

Theorem 2.20 For any non-empty finite set X of non-negative integers, there exists a graph G which
admits an TASSI with respect to X.

Figure 2 illustrates the existence of an TASSL for a given graph with isolated vertices.
{0,3} {0,1,2} {2}
°
{3}
{1.2.3) (23}
{02,3)e .
{0} (1} {12} 10,1}
{1,3}

(0,03} {0,2}

Figure 2

§3. Conclusion

In this paper, we have discussed an extension of set-sequential labeling of graphs to sum-set labelings
and have studied the properties of certain graphs that admit TASSLs. Certain problems regarding the
complete characterization of IASSI-graphs are still open.

We note that the admissibility of integer additive set-indexers by the graphs depends upon the
nature of elements in X. A graph may admit an IASSL for some ground sets and may not admit an
TASSL for some other ground sets. Hence, choosing a ground set is very important to discuss about
TASSI-graphs.

There are several problems in this area which are promising for further studies. Characterization
of different graph classes which admit integer additive set-sequential labelings and verification of the
existence of integer additive set-sequential labelings for different graph operations, graph products and
graph products are some of them. The integer additive set-indexers under which the vertices of a given

graph are labeled by different standard sequences of non-negative integers, are also worth studying.
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In silence, in steadiness, in severe abstraction, let him hold by himself, add
observation to observation, patient of neglect, patient of reproach , and bide his
own time , happy enough if he can satisfy himself alone that the day he has seen
something truly.

By Ralph Waldo Emerson, an American thinker.
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