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Modular Equations for Ramanujan’s Cubic Continued Fraction

And its Evaluations
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Abstract: In this paper, we establish certain modular equations related to Ramanujan’s

cubic continued fraction

1/3

q q+q9 q +gq

G(q) = — 1.
(q) 14+ 1 4 T L lg| <

and obtain many explicit values of G(e*”\/ﬁ), for certain values of n.

Key Words: Ramanujan cubic continued fraction, theta functions, modular equation.

AMS(2010): 33D90, 11A55

81. Introduction

Let

ql/3 q+q2 q2 +q4

—_— , (1.1)
1 + 1 + 1 4.

G(q) =

denote the Ramanujan’s cubic continued fraction for |¢| < 1. This continued fraction was
recorded by Ramanujan in his second letter to Hardy [12]. Chan [11] and Baruah [5] have
proved several elegant theorems for G(g). Berndt, Chan and Zhang [8] have proved some
general formulas for G(e~™V") and H(e~™V™) where

and n is any positive rational, in terms of Ramanujan-Weber class invariant G, and g,:
G =247 (—g;¢%) s

and
gn =271 (g ¢P) 0 g = €TV

1Received June 24, 2013, Accepted July 25, 2013.



2 B.R.Srivatsa Kumar and G.N.Rajappa

For the wonderful introduction to Ramanujan’s continued fraction see [3], [6], [11] and for
some beautiful subsequent work on Ramanujan’s cubic continued fraction [1], [2], [4], [5], [14]
and [15].

In this paper, we establish certain general formulae for evaluating G(q). In section 2 of this
paper, we setup some preliminaries which are required to prove the general formulae. In section
3, we establish certain modular equations related to G(¢) and in the final section, we deduce
the above stated general formulae and obtain many explicit values of G(g). We conclude this
introduction by recalling an identity for G(gq) stated by Ramanujan.

1 vi(q) (1.2)

b G3g) ~ a0i(¢®)

where

an(n+1)/2 ) (1'3)

(q 4*)oo
The proof of (1.2) follows from Entry 1 (u) and (#3¢) of Chapter 20 (6, p.345]).

§2. Some Preliminary Results

As usual, for any complex number a,
(a;q)o := 1

and
o0

(a3 q)oc == H(l —aq"), lg| < 1.

n=0
A modular equation of degree n is an equation relating o and  that is induced by

oF (3,3 151—0a)  oF (3,311 )
" 119 = 1 ’
2F1 (2,2,1704) 2F1 (2727176)
where -
o F1(a, b;c; x) :nZZO ((L nnn'nx", lz| < 1,
with

(a)n :=ala+1)(a+2)...(a+n—1).
Then, we say that 3 is of n'* degree over a and call the ratio

21
m:= —,
Zn

the multiplier, where z; =2 F} (2, %, 1;a) and z, =9 I (%, %; 1;6).
Theorem 2.1 Let G(q) be as defined as in (1.1), then
G(q) + G(—q) +2G*(~q)G*(q) = 0 (2.1)

and
G*(q) +2G*(¢*)G(q) — G(¢®) = 0. (2.2)
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For a proof of Theorem 2.1, see [11].

Theorem 2.2 Let 8 and ~y be of the third and ninth degrees, respectively, with respect to .
Let m = z1/z3 and m’ = z3/29. Then,

0 () () () e

and

For a proof, see [6], Entry 3 (i) and (xiii), pp. 352-353.

Theorem 2.3 Let o, 3, v and § be of the first, third, fifth and fifteenth degrees respectively.
Let m denote the multiplier connecting o and 8 and let m' be the multiplier relating v and 0.

Then,

and

For a proof, see [6], Entry 11 (viii) and (iz), p. 383.

Theorem 2.4 If 3, v and § are of degrees 3, 7 and 21 respectively, m = z1/z3 and m' = 27/ 291,

then
o (@) (D G
ay —a)(1—~ (I —a)1 =~
() () () Yo e
and
o (%) - (=568) - (BER)

PN CTORT(E ) N R PN G R Sy (€ ) A R G
2(55(1—6)(1—5)) {”(55) *((1_5)(1_5)> =— (28

For a proof, see [6], Entry 13 (v) and (vi), pp. 400-401.
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§3. Modular Equations

Theorem 3.1 Let

(=*)¥(=4%) and e PEd)(=q")
¢*/8 (=) (—¢5) PP ?)(—qt?)

(2412) (i)

Proof From (1.2) and the definition of R and S, it can be seen that

then,

B3(A* +1)R* = A*(B* 4+ 1)

and
C3*(B3 +1)8* = B3(C? + 1),

where A = G(—q), B = G(—¢?) and C = G(—¢*).
On changing ¢ to ¢2 in (2.1), we have

G(q*) + G(—¢*) +2G*(—¢*)G*(¢*) = 0
and also change ¢ to —¢ in (2.2), we have
G*(—q) +2G*(¢*)G(—q) — G(¢*) = 0.
Eliminating G(¢?) between (3.4) and (3.5) using Maple,
2(AB)* — 4(AB)3 + 3(AB)? + AB + A3 + B® = 0.
Now on eliminating A between (3.2) and (3.6) using Maple, we obtain
8(BR)* — 80(BR)® + 63(BR)*> — 5BR + B> — 16B*R 4+ 72B3R? + TB3R*

—22B?R +2B? +2B%R®> — B?R* —9BR?> + BR®* + B+ R = 0.

Changing ¢ to ¢* in (3.6),
2(BO)* — 4(BC)? +3(BC)* + BC + B* + C®* = 0.

Eliminating C between (3.3) and (3.8) using Maple,

8B*+ 7B —165°B? + 725°B® — 80SB* + S*B?® + 2B%S* — B? + 2B%S — 2253 B>

+63B252 —9BS?+ SB—-5BS*+ BS* + 5% =0.

Finally on eliminating B between (3.7) and (3.9) using Maple, we have

L(R,S)M(R,S) =0,

(3.1)

(3.7)

(3.8)

(3.9)
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where,

L(R,S) = 1553R5 — 1734R*S* + SR + 49S*R* — §® — 137S*R? + 8S*R + 705S*R?
—~137S?R* —8S?R—155?R* + 8SR* —8SR*+16S R+ 7055°R* — 155°R* + 16S° R — 3275 R®
—12083R® 4+ 705R%S* 4+ 155?R° — SR® — S®R” — 137R%S* + 8R7S* — 327R%S5 + 49R6S°
+8R1S7T — R5S® — 15R°S% — 8R7S® — R®S° — 15R58° + 16R7S® — 8RS” + 16R°S™ + R"S"
—1208°R3 + 155°R? 4+ 705S°R* — 137S°R* + 155°R* — S"R® - S°R— R* =0

and
M(R,S) = R*S + RS* ~8RS+ R+ S = 0.

Using the series expansion of R and S in the above we find that

L(R,S) = 223522 + 8¢ 15/2 — 8¢57/8 — 2¢755/8 _ 564=27/4 4 48¢713/2 — 24¢=49/% 4

and
M(R,S) = q /8 4 ¢73/2 _ 898 4+ q /8 4 ¥ Lo 2
where .
R= T + ¢°/® 4+ 2¢%/% 4 2473 4 2¢"3/8 4 ..
and

1
S = v + ¢t 4 2¢%% £ 27 4 2¢M 4 L

One can see that ¢ ' L(R, S) does not tend to 0 as ¢ — 0 whereas ¢ ' M (R, S) tends to 0

as ¢ — 0. Hence, ¢ 'M(R,S) = 0 in some neighborhood of ¢ = 0. By analytic continuation
¢ 'M(R,S) =0 in |¢| < 1. Thus we have

M(R,S) = 0.
On dividing throughout by RS we have the result. |
Theorem 3.2 If
V2 (=¢°) ¥*(=¢%)
R:= d S = ,
o) " q(=¢*)¥(=q'®)
then
(5) (3 +(5) + (3) - (-2 {(3) - ()
S R S R RS S R
3 R S 9 9 B
_3(RS_E) (E—F}—%)—{(RS) +(RS)2}_6_0' (3.10)
Proof Let
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On using Entry 10 (i¢)and (iéi) of Chapter 17 in [6, p.122] in P and @, we deduce

P(m) wa ()
Q \ B Q  \ziz '

Employing these in (2.3) and (2.4) it is easy to see that

{ (L—B)? }”4_ QB+ P {(1—a)(1—7)}1/4_P2(P2—1)
T-a0-nf ~ PQ-P? (1- 5 R

Multiplying these two, we arrive at

P* —4P%Q%* + Q" +3Q* - P'Q* = 0. (3.11)
Changing g to —q in the above,
RY—4R*Q* + Q* +3Q% — R*'Q* =0. (3.12)
On eliminating @ between (3.11) and (3.12), we have

P*R* —5P* —12P% + 16 P?R% + 4P?R* — 11R* — 8R% — R® + 12R? + 4P*R?

— (—4P? — P* + 4R? + R*)\/6R* — 24R? + 8RS + R® + 9
On squaring the above and then factorizing, we have
P* —2P?R* + R* — P*R?> — P2R* + 3P? + 3R* = 0. (3.13)
Changing ¢ to ¢* in (3.13), we have
Q' —2Q*S% + 5 — Q'S* — Q*S* +3Q* +35% = 0. (3.14)

Eliminating @ between (3.12) and (3.14) and then on dividing throughout by (RS)* and on

simplifying, we obtain the required result.

Theorem 3.3 If

U(—=¢*)Y(—q°) V(—q°)(—¢")

Rz v s s R S Y ) WY
then
R? 82 R S 1 S R (R\Y* [/s\*?
(ﬁ*ﬁ)*(?*ﬁ)‘(@‘ﬁ)W;*@*(?) +(2) }
1
— RS+ —. (3.15)
Proof Let
(@®)Y(dd) . (¢®)¥(q")
P=wore® ™ 97 2u@u@y
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On using Entry 11 (i4) and (4i7) of Chapter 17 in [6, p.122] in P and @ we deduce

P ad\ /8 P2 m'\ /2
(@) w5

Employing (2.5) and (2.6) in the above, it is easy to check that

((1 —a)(1 —5))”8 _PP-y ((1 - B)(1 —7))1/8 _ QP+
(1=8)1-") Q-r (I—a)(1—9) P(Q-P)
Multiplying these two, we obtain
P24+ Q> —-2PQ - P?’Q+Q=0. (3.16)
Changing g to —q in the above
R*+Q?>—-2RQ - R’Q+Q=0. (3.17)

Eliminating @ between (3.16) and (3.17), we obtain
P24+ R?+ (P+ R)(1 - PR)=0. (3.18)
On Changing g to ¢? in the above
Q*+S*+(Q+S5)(1-QS)=0. (3.19)

Finally, on eliminating @ between (3.17) and (3.19) and on dividing through out by (RS)?,
we have the result. |

Theorem 3.4 If

then
ys — (4 + 6x1)yr + (24 4 2431 + 922)ys — (148 + 1231 + 3622)ys + (145 + 25221 )ys

— (64867821 — 360+ 5425 )y (218036021 +441 29— 32425 )y — (10164201621 — 39622 — 545 )1
+81xy — 324x3 + 1548x5 + 123621 + 5250 = 0, (320)

n 1 _(R\"  [S\"

where

Proof Let .y
U(a®)v(e*) ¥(g®)v(g"?)
pP.=g = d =gt L L
T i R AT o T P
Using Entry 11 (¢4) and (#i7) of Chapter 17 [6, p.122] in P and Q it is easy to deduce

1/8 2
P P
Q B Q mm

7
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Employing (2.5) and (2.6) in the above, it is easy to check that

2
{% —PQ—PQ} —4P3Q - Q*+2PQ - P*=0
and )
2
{% —P—Q} —4PQ — 9P%Q? +18P3Q — 9P* = 0.
where

((1 -8 - 5))”8
r = — Y .
(1-a)(1—7)
Eliminating « between these two we have
Q* 4+ 8Q*P? — 4P3Q® — 2P*Q? — 44P*Q" + 24Q°P® — 12P7Q + 81P%Q*
+72P5Q* — 18Q%P® — 18Q°P* — 36Q°P° + P® + Q% — 2Q° — 12P°Q3
—12P3Q° +24Q5%P? — 4Q°P — 36 P7Q* — 12PQ" = 0. (3.21)
On changing ¢ to —q in the above
Q* + 8Q*R? — 4R*Q® — 2R*Q? — 44R*Q* + 24Q°*R° — 12R"Q + 81R3Q*
+72R5Q* — 18Q%R® — 18Q°R* — 36Q°R® + R® + Q% — 2Q°% — 12R°Q?
—12R3Q° + 24Q°R? — 4Q°R — 36 R"Q* — 12RQ" = 0. (3.22)
Now on eliminating @ between (3.21) and (3.22),

R* —2R® — 18P®R? 4+ 144P"R>® — 450P%R* 4+ 504P°R® — 450P*R% — 12PR”

—12RP" + 78R*P% — 228 R3P® + 226 R*P* — 228 R°P3 + 78RS P? — 18R®P?
+P*—2P% + P® 4 81P®R* + R® + 16 RP® — 50R*P*
+56R3P3 — 50R*P? + 16 R°P 4 144P3R” — 4ARP? + 6 P2R*> — 4PR?
+486R°P® — 324R°P" — 324R"P® + 81R*P* = 0. (3.23)
On changing ¢ to ¢? in the above
Q* + Q% —2Q° 4 5* — 255 + 5% — 18Q8S? + 144Q7S® — 450Q°S* + 504Q°S°
—450Q%8% — 12QS7 — 125Q" + 785%Q° — 2285%Q° + 2265*Q* — 2285°Q*
+7855Q% — 185%Q% + 81Q%S* + 165Q° — 505°%Q* + 565°Q?
—5051Q? +165°Q + 144Q3S” — 45Q3 + 6Q*S? — 4QS® + 4865°Q°
—3245°Q7 — 32457Q° + 815%Q* = 0. (3.24)

Finally, on eliminating @ between (3.22) and (3.24), on dividing throughout by (RS)® and

then simplifying we obtain the required result. O
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Theorem 3.5 If

¥(q) ¥(q")
F= g4y (q?) and Q= q"*p(g?)

then

(209 + (PQ)*) <(g)2 - (%>2> +3(PQ)* + 27 = 15(PQ)? <(g>2 + (%>2> . (3.25)

Proof Let
f(=q9)
M, = —————.
g2 f(—¢>")
It is easy to see that
M? M?
M, an Q AR
which implies
M2 M?
M, = ?2 and  M; = ?14 (3.26)
From Entry 51 of Chapter 25 [7, p.204], we have
9 Mo\ /My \°
M My)? + ——— = | —= — ] . 3.27
(M1 M) +(M1M2)2 (M1> +(M2 (3:27)
Using (3.26) in (3.27), we deduce that
P3(P* —9)

On changing ¢ to ¢7 in (3.28), we have

8(()4
12 @(QT—9)
Mii ===
Thus from the above and (3.28)

M2 12_ PS(P4—9)(Q4—1)
<M14) T R3(PA-1)(QY-9) (3.29)

From Theorem 3.1(i%) of [9], we have

1 L\* [/Mm\*® L M
IM+— == - 4= 4+ = .
. <M) +<L> + (M+L), (3.30)
where u AL
L=-"2 and M=-2
My My

On using (3.26) in L, we obtain

M,

Mo )2 Q
L= _— — and M= —.
<M14 P My
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Employing this in (3.30) and on dividing throughout by (PQMsx/M4)3, we have

Mo\ © My \°
6 M2 214 apin2 [ M2 6 _
P 3( 14) P2Q* - 3P%Q ( 14) Q% =0. (3.31)

Finally, on eliminating Ms/Mi4 between (3.29) and (3.31) and on dividing throughout by
(PQ)?, we have the result. O

§4. Evaluations of Ramanujan’s Cubic Continued Fraction

Lemma 4.1 For ¢ = e ™V"/3 et

4 Lt
T VBYU(=¢)
Then
(i) A =1, (4.2)
1
111) H = 4.3
(i) Hl0) = ey (4.3
For a proof see [10].
Lemma 4.2 2 4
3
2 42 _ on In

For a proof, see [10].

Lemma 4.3

3 Azsp ° Ap ¥
AnAgs,)? - -
3( 2 ) + (AnA25n)2 < An ) A25n

A25n ? An ? A25n An
+5( An ) +5<A25n) +5 An -0 A25n ’

For a proof, see [10].

Theorem 4.1 If A, is as defined as in Lemma 4.1, then
Ai AnAIGn Alﬁn An
n = 8. 4.4
Ao N2, )V VA, ) 70 44

Proof For proof of (4.4), we use Theorem 3.1 with R(q) = A4y /A, and S = A6, /Asy. O

Theorem 4.2 We have
Ay =243
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and
A1/4 =2 \/g
Proof Put n=1/41n (4.4) and using (4.1) we obtain the result. O

Corollary 4.1 We have

H(e ™V4/3) = i(292 +168v/3)%/3(73 — 42V/3)

148
and )
H(e ™V1/12) = T (292 - 168v/3)%/3(73 4 42V/3).
Proof On using Theorem 4.2 in (4.3), we have result. m

Theorem 4.3 If A, is as defined as in Lemma 4.1, then
A4nA9n 4+ AnA36n 4+ A4nA9n 2+ AnA36n 2 AQnASGn 3 AnA4n
AnASGn A4nA9n AnASGn A4nA9n AnA4n AQnA36n

« A4nA9n ’ + AnASGn ’ _3 A9nA36n _3 AnA4n A4nA9n + AnASGn
AnA36n A4nA9n AnA4n AQnASGn AnA36n A4nA9n

AgnAsgn \” ApAsn )
— _ 9( — —-6=0. 4.5
{( A Agy * AgnAsen (4:5)
Proof The proof is similar to Theorem 4.1 by applying Theorem 3.2. O

Theorem 4.4 We have

Ag = €/6xf—3\/§+3\/6—6=,4;/16

and

1 4

Proof Setting n = 1/6 in (4.5) and upon using (4.1), we find that

— 49 +8 -3 — +2=0.
(A2/3 Ag Agyz Ag

Since A, is real and increasing in n, we have Ag/A3/3 > 1. Hence

A\ Jsva—s. (4.6)

Aays
Again on setting n = 2/3 in Lemma 4.2, we have
3 A2 Ad
3(Azj3d6)* + ————— =3+ 65— + — >
( 2/3 ) (A2/3A6)2 A§/3 A;l/g



12 B.R.Srivatsa Kumar and G.N.Rajappa

On using (4.6) in this, we obtain

A2/3A6 == \/ 2 + \/§ (47)

Finally, on employing (4.6), (4.7) and (4.1) we have the result. O

Corollary 4.2 We have

1
H(e™™ 2y
( ) (18v2 — 9v/3 + 96 — 17)1/3
and .
H(e ™V?2/9) = .
( ) (18v2 + 9v/3 4+ 9v/6 + 19)1/3
Proof On using Theorem 4.4 in (4.3), we have the result. O

Theorem 4.5 If A, is as defined as in Lemma 4.1, then
<A4nA25n>2 + (AnAlo()n)2 + <A4nA25n + AnA100n> N \/A25nA100n +\/ AnA4n
AnAioon AgnAasn ApnAioon  AanAasn ApAyn AzsnAtoon

\/A4nA25n L \/AnAlOOn n <A4nA25n>3/2 n (AnA100n>3/2 _ AosnAvroon n ApAup
AnAloon A4nA25n AnAlo()n A4nA25n AnA4n A25nA100n '

(4.8)

Proof The proof is similar to Theorem 4.1 by using Theorem 3.3. |

Theorem 4.6 We have

24+ vV104+ vV4V10+ 10 4/ a — va? — 36 1
Ay = 9 6 :Al/lo
and
A \/2—1—\/10—\/4\/10—1—104 a—+va?— 36 e
2/5 = 9 6 = 52

where a = (18 4+ 4/10)(1/4v/10 + 10) + 60 + 20+/10.

Proof Setting n =1/10 in (4.8) and upon using (4.1), we find that

1 1
x2+—2—4(:v+—)—4:0,
T T

where © = Aj9/Ay)5. Since A, is real and increasing in n, we have Aj9/Ay/5 > 1. Hence we
choose )
z+ — =2+ v10.

T

Ao _ % <2+\/ﬁ+ \/4v10 + 10) : (4.9)

Aays

On solving
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Put n =2/5 in Lemma 4.3, we have

3 A\’ Ags\?
3(As 5 A10)? + _ ( ) _
(Az/5410) (Az/5A10)? Agss Ao

A\ [ Ass\? A A
+5 ( 10 ) + ( 2/5) +5 ( 10 N 2/5) '
A2/5 Ao A2/5 Ao

On employing (4.9) in this, we obtain

A2/5A10 = (410)

where a = (18 + 4v/10)(v/4v/10 + 10) + 60 + 204/10. On using (4.9) and (4.10) we have the
result. O

Theorem 4.7 If A, is as defined as in Lemma 4.1, then

4 An 2 A49n 2 4
(24 2(A,A00)Y) | —) — + 3(AnAgon)” +3
A49n An
Ay \? [ Ason\’
— 2 [ An 49n
= 5(AnA49n) (A49n> + ( A, ) (4.11)
Proof The proof is similar to Theorem 4.1 by applying Theorem 3.5. O

Theorem 4.8 If A, is as defined as in Lemma 4.1, then
Ys — (4 + 6:171)y7 + (24 + 24z, + 9:172)y6 — (148 + 1221 + 36$2)y5 + (145 + 252$1)y4

— (648467821 —3622+54w3)y3+ (2180436071 +441 25— 32423y — (10164201621 — 396 75— 543 )y

+81xzy — 324x3 + 1548x4 + 123621 + 5250 = 0, (4.12)

where )
m = 3AnAnA nA nm ™) :17253
! ( naon Argen)” + (3AnAsnAsonAroen) "

and

AsonAroen \™ ApAsn \™

Y = (ﬂ) + <74>  m=1.2--.8
AnA4n A49nA196n
Proof The proof is similar to Theorem 4.1 by applying Theorem 3.4. O

Theorem 4.9 We have

Ay =

1 _
m{(a—i— a? — 14)(9 + 10V2)}/* = AT},
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and 1/a
o (2 9+10v2 _ e
2/7 — 17a+ /—a2_4 = /20
where

13 2
+Z.
3(197 + 18y/113)1/3 3

1
a=5(197+ 18V/113)/3 +

Proof On setting n = 1/14 in (4.12) and upon using (4.1), we find that

1 1 1 1 1
8 6 5 4
(t _|__) — ]6(t7+t_>+90<t +t_>_244<t +t_>+649<t +t_>

1 1 1
— 2040 (t3 + t—g) + 3134 (t2 + t—Q) — 4148 (t + Z) +10332 =0,

1
where ¢t = (Ag/7A414)%. On setting ¢ + 7 =% we obtain
2% — 1627 + 822% — 1322° + 1292* — 10442° + 133222 + 864x + 5184 = 0.

On solving this, we obtain

13 2
+ —
3(197 + 18y/113)1/3 ~ 3

=06, —(197+18V113)"/3 +

Wl =

are the double roots and the remaining roots are imaginary. Since A, is increasing in n, and
solving for (A14/A2/7)2, it is easy to see that

<A14)26L+ a2—4
A2/7 2 ’

where a is as defined earlier. On setting n = 2/7 in (4.11) and on using the above, we have the

result. O
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Abstract: The object of the present paper is to study the nature of curvature tensor,
Ricci tensor, scalar curvature and Weyl conformal curvature tensors with respect to a semi-
symmetric metric connection on a 3-dimensional trans-Sasakian manifold.We have given an

example regarding it.
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Civita connection, semi-symmetric connection, Weyl conformal curvature tensor.
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81. Introduction

The notion of locally p-symmetric Sasakian manifold was introduced by T. Takahashi [14] in
1977. Also J.A. Oubina in 1985 introduced a new class of almost contact metric structures
which was a generalization of Sasakian [13], a-Sasakian [11], Kenmotsu [11], 5-Kenmotsu [11]
and cosymplectic [11] manifolds, which was called trans-Sasakian manifold [12]. After him many

authors [4],[5],[10],[12] have studied various type of properties in trans-Sasakian manifold.

In this paper we have obtained the curvature tensor and also the first Bianchi identity with
respect to a semi-symmetric connection on a 3-dimensional trans-Sasakian manifold. We also
find out the condition of Ricci tensor to be symmetric under this connection. We have shown
that the Riemannian Weyl conformal curvature tensor is equal to the Weyl conformal curvature
tensor with respect to semi-symmetric connection and also equal to the curvature tensor with

respect to semi-symmetric connection when the Ricci tensor under this connection vanishes.

1Received April 12, 2013, Accepted August 2, 2013.
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§2. Preliminaries

Let M™ be an n-dimensional (n is odd) almost contact C°° manifold with an almost contact
metric structure (¢, £, 7,g) where ¢ is a (1,1) tensor field, £ is a vector field, 7 is a 1-form and
g is a compatible Riemannian metric.

Then the manifold satisfies the following relations ([3]):
(2.1) ¢*(X) = =X +n(X)§, no¢=0;
(2.2) n(X) = (X, &), n(€) =1;
(2.3) 9(¢X, 9Y) = g(X,Y) = n(X)n(Y).
Now an almost contact manifold is called trans-Sasakian manifold if it satisfies ([13]):
(24) (Vx@)Y = alg(X,Y)E —n(Y)X] + Blg(¢X,Y)§ —n(Y)oX].
From (2.4) it follows
(2.5) (Vxm)(Y) = —ag(eX,Y) + Blg(X,Y) = n(X)n(Y)], V X, Y € x(M)
where o, f € F(M) and V be the Levi-Civita connection on M™.

A linear connection V on M™" is said to be semi-symmetric [1] if the torsion tensor T of
the connection V satisfies

(2.6) T(X,Y)=m(Y)X — m(X)Y,
where 7 is a 1-form on M™ with U as associated vector field, i.e,
(2.7) m(X) = g(X,U)

for any differentiable vector field X on M™.
A semi-symmetric connection V is called semi-symmetric metric connection [2] if it further
satisfies

(2.8) Vg = 0.

In [2] Sharfuddin and Hussain defined a semi-symmetric metric connection in an almost
contact manifold by identifying the 1-form 7 of [1] with the contact 1-form 7 i.e., by setting

(2.9) T(X,Y) =n(Y)X —n(X)Y.

The relation between the semi-symmetric metric connection V and the Levi-Civita con-
nection V of (M™, g) has been obtained by K.Yano [9], which is given by

(2.10) VxY = VxY +7(Y)X — g(X,Y)U.

Further, a relation between the curvature tensor R and R of type (1,3) of the connections
V and V respectively are given by [7],[8],[9]

(2.11) R(X,Y)Z = R(X,Y)Z +&a(X,2)Y —a(Y,Z)X — g(Y,Z)LX + g(X,Z)LY,
where,

(2.12) &(Y, 2) = g(LY, Z) = (Vy7)(Z) = n(Y)w(Z) + 37(U)g(Y, Z).

The Weyl conformal curvature tensor of type (1,3) of the manifold is defined by

(2.13) C(X,Y)Z = R(X,Y)Z + \(Y, Z)X — M(X, Z2)Y + g(Y, Z2)QX — g(X,Z)QY,
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where,
(2.14) MY, 2) = 9(QY, Z) = —:55(Y. Z) + 555y 9(V. 2),

where S and r denote respectively the (0,2) Ricci tensor and scalar curvature of the manifold.
We shall use these results in the next sections for a 3-dimensional trans-Sasakian manifold

with semi-symmetric metric connection.

§3. Curvature tensors with Respect to the Semi-Symmetric Metric Connection

On a 3-Dimensional Trans-Sasakian Manifold

From (2.5), (2.9) and (2.12) we have
(3.1) &Y, 2) = —ag(¢Y, Z) — (B + 1n(Y)n(Z) + (B + 3)9(Y. Z).
Using (2.12), we get from (3.1)

(3.2) LY = —agY — (B+ 1)n(Y)E+ (B+ 3)Y.

Now using (3.1) and (3.2), we get from (2.11) after some calculations

(3.3) R(IX,Y)Z = R(X,Y)Z—alg(¢X,2)Y — g(¢Y, Z)X]
—alg(X, Z)¢Y — g(Y, Z)pX]+ (26 + 1)[9(X, 2)Y — g(Y, Z)X]
=B+ DX)n(Z2)Y —n(Y)n(Z)X]
=B+ Dg(X, Z)n(Y) — g(Y, Z)n(X)]¢.

Thus we can state

Theorem 3.1 The curvature tensor with respect to V on a 3-dimensional trans-Sasakian

manifold is of the form (3.3).

From (3.3) it is seen that

(3.4) R(Y,X)Z = —R(X,Y)Z.

We now define a tensor R’ of type (0,4) by

(3.5) RI(X,Y,Z,V)=g(R(X,Y)Z,V).

From (3.4) and (3.5) it follows that

(3.6) R(Y,X,Z, V)= —R\(X,Y,Z,V).

Combining (3.6) and (3.4) we can see that

(3.7) RI(X,Y,Z,V)=R(Y,X,V, 7).

Again from (3.3) exchanging X, Y, Z cyclically and adding them, we get
(3.8) R(X,Y)Z + R(Y, 2)X + R(Z,X)Y = 2a[g(¢X,Y)Z + g(¢Y, Z)X + g(¢Z, X)Y].
This is the first Bianchi identity with respect to V. Thus we state
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Theorem 3.2 The first Bianchi identity with respect to V on a 3-dimensional trans-Sasakian
manifold is of the form (3.8).

Let S and S denote respectively the Ricci tensor of the manifold with respect to V and V.
From (3.3) we get by contracting X,

(311) S(Y,2) = S(Y, Z) + ag(¢Y, Z) — (36 + 1)g(Y, Z) + (B + 1)n(Y)n(Z).
In (3.11) we put Y = Z = ¢;,1 <4 < 3, where {e;} is an orthonormal basis of the tangent
space at each point of the manifold. Then summing over ¢, we get

(3.12) 7 = r — 2(48 + 1).
From (3.11), we get

But g(¢Y, Z) is not identically zero. So S(Y, Z) is not symmetric. Thus we state

Theorem 3.3 The Ricci tensor of a 3-dimensional trans-Sasakian manifold with respect to the

semi-symmetric metric connection is not symmetric.

The Weyl conformal curvature tensor of type (1,3) of the 3-dimensional trans-sasakian

manifold with respect to the semi-symmtric metric connection V is defined by
(3.14) C(X,Y)Z = R(X,Y)Z + \Y, Z)X — MNX, 2)Y + g(Y, Z)QX — 9(X, 2)QY,
where,
(3.15) A(Y, 2) = g(QY, Z) = —55(Y, Z) + 19(Y. 2).
Putting the values of S and 7 from (3.11) and (3.12) respectively in (3.15) we get
(3.16) (Y, 2) = g(QY, Z2) = (Y, Z) — ag(Y, Z) + Z29(Y. Z) = (B + 1)n(Y )0 (2).

and,

(3.17) QY = QY —aY + 2y — (3+ 1)n(Y)¢.
Using (3.3),(3.16) and (3.17), we get from (3.14) after a brief calculations

(3.18) C(X,Y)Z = C(X,Y)Z.

Thus we can state

Theorem 3.4 The Weyl conformal curvature tensors of the 3-dimensional trans-sasakian man-
ifold with respect to the Levi-Clivita connection and the semi-symmetric metric connection are

equal.

If in particular S = 0, then 7 = 0, so from (3.15) we get

(3.19) \(Y, Z) = 0.

From (3.19) and (3.14) we get
(3.20) C(X,Y)Z = R(X,Y)Z.
From (3.18) and (3.20) we have
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(3.21) C(X,Y)Z = R(X,Y)Z.

Corollary 3.5 If the Ricci tensor of a 3-dimensional trans-Sasakian manifold with respect to
the semi-symmetric metric connection vanishes, the Weyl conformal curvature tensor of the
manifold is equal to the curvature tensor of the manifold with respect to the semi-symmetric

metric connection.

84. Example of a 3-Dimensional Trans-Sasakian Manifold Admitting

A Semi-Symmetric Metric Connection

Let the 3-dim. C* real manifold M = {(x,y,2) : (z,y,2) € R3 2z # 0} with the basis

_ .0 _ ., 0 _ 0
{e1,e2,e3}, where e; = 257, ex = 25,0 €3=25;.

We consider the Riemannian metric g defined by

1, ifi=j

glei ej) =
! 0, if i % j.

Now we define a (1,1) tensor field ¢ by ¢(e;) = —eq, d(e2) = e1 and ¢(ez) = 0, and
choose the vector field £ = e3 and define a 1-form 7 by n(X) = g(X,e3),V X € x(M). Then

n(e1) = nlez) = 0 and n(es) = 1.
From the above construction we can easily show that
P(X) = ~X +n(X)¢, noo=0
o n(X) =9(X,8), ) =1,
9(0X,¢Y) = g(X,Y) = n(X)n(Y).

Thus M is a 3-dim. almost contact C*° manifold with the almost contact structure (¢,&, 7, g).

We also obtain [eg, e3] = 0, [e2, e3] = —ez and [e1, e3] = —e;. By Koszul’s formula we get

ve1€1 = €3, ve2€1 =0, V6361 =0,
Ve, e2 =0, Vg,ea =e3, Ve =0,

v6163 = —€1, Vezeg = —€9, V€3e3 =0.

Then it can be shown that M is a trans-Sasakian manifold of type (0, —1).

Now we define a linear connection V such that

vﬁiej = vﬁiej + 77(‘3;)61 - g(eiaej)e:ivv Zv.] = 17253'

Then we get
ve1€1 =0, v6261 =0, veael =0,
?eleg = O, 66262 = 0, 66362 = 0,
66163 = O, 66263 = 0, 66363 =0
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If T is the torsion tensor of the connection V, then we have
T(X,Y)=n(Y)X —n(X)Y and (Vxg)(Y,Z) =0,

which implies that V is a semi-symmetric metric connection on M.
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Abstract: Let G(V,E) be a graph with p vertices and ¢q edges. For every assignment
f V(@) — {0,1,2,3,...,q}, an induced edge labeling f* : E(G) — {1,2,3,...,q} is

defined by
* M if f(u) and f(v) are of the same parity
M (uw) = w otherwise

for every edge uv € E(G). If f*(F) = {1,2,...,q}, then we say that f is a mean labeling
of G. If a graph G admits a mean labeling, then G is called a mean graph. In this paper,
we prove that the graphs double sided step ladder graph 2S5(T},), Jelly fish graph J(m,n)
for l/m —n| < 2, Pu(4+)Nm, (P2 UkK1) + N2 for k > 1, the triangular belt graph T'B(«),
TBL(n,a,k,3), the edge mCr,— snake, m > 1,n > 3 and S;(B(m)(,)) are mean graphs.
Also we prove that the graph obtained by identifying an edge of two cycles Cy, and C), is a

mean graph for m,n > 3.

Key Words: Smarandachely edge 2-labeling, mean graph, mean labeling, Jelly fish graph,
triangular belt graph.

AMS(2010): 05C78

81. Introduction

Throughout this paper, by a graph we mean a finite, undirected, simple graph. Let G(V, E) be
a graph with p vertices and ¢ edges. For notations and terminology we follow [1].

Path on n vertices is denoted by P, and a cycle on n vertices is denoted by C,. Kim
is called a star and it is denoted by S,,. The bistar B,, , is the graph obtained from K, by
identifying the center vertices of K ,, and K; , at the end vertices of Ky respectively. By, m
is often denoted by B(m). The join of two graphs G and H is the graph obtained from G U H
by joining each vertex of G with each vertex of H by means of an edge and it is denoted by
G + H. The edge mC,,— snake is a graph obtained from m copies of C,, by identifying the
edge vg41VE+2 in each copy of Cy,, n is either 2k + 1 or 2k with the edge v1v2 in the successive

1Received April 11, 2013, Accepted August 5, 2013.
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copy of C,. The graph P, x P, is called a ladder. Let P», be a path of length 2n — 1 with 2n
vertices (1,1),(1,2),...,(1,2n) with 2n — 1 edges ej, ea, ..., €2,_1 where e; is the edge joining
the vertices (1,7) and (1,74 1). On each edge e;, for i = 1,2,...,n, we erect a ladder with i + 1
steps including the edge e; and on each edge e;, for it = n+ 1,n+ 2,...,2n — 1, we erect a
ladder with 2n + 1 — ¢ steps including the edge e;. The resultant graph is called double sided
step ladder graph and is denoted by 25(T5,), where m = 2n denotes the number of vertices in
the base.

A vertex labeling of G is an assignment f : V(G) — {0,1,2,...,q}. For a vertex labeling
f, the induced edge labeling f* is defined by

) 7f(u) ; f() if f(u) and f(v) are of the same parity
f ) = M otherwise
2

A vertex labeling f is called a mean labeling of G if its induced edge labeling f* : E(G) —
{1,2,...,q} is a bijection, that is, f*(E) = {1,2,...,q}. If a graph G has a mean labeling,
then we say that G is a mean graph. It is clear that a mean labeling is a Smarandachely edge
2-labeling of G.

A mean labeling of the Petersen graph is shown in Figure 1.
2

14 13

12 15

Figure 1

The concept of mean labeling was introduced and studied by S.Somasundaram and R.Ponraj
[4]. Some new families of mean graphs are studied by S.K.Vaidya et al. [6], [7]. Further some
more results on mean graphs are discussed in [2], [3], [5].

In this paper, we establish the meanness of the graphs double sided step ladder graph
25(Ty,), Jelly fish graph J(m,n) for |m —n| < 2, Py(+)Ny, (P2 UkK;y) + No for k > 1,
the triangular belt graph T B(«), TBL(n,a,k, 3), the edge mC,,—snake m > 1,n > 3 and
St(B(m)(n)). Also we prove that the graph obtained by identifying an edge of two cycles Cy,
and C,, is a mean graph for m,n > 3.

82. Mean Graphs

Theorem 2.1 The double sided step ladder graph 25(T,,) is a mean graph where m = 2n

denotes the number of vertices in the base.
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Proof Let Py, be a path of length 2n — 1 with 2n vertices (1,1),(1,2),---,(1,2n) with
2n — 1 edges, e1, e, - ,€2,_1 where e; is the edge joining the vertices (1,4) and (1,7 + 1). On
each edge e;, for i =1,2,--- . n, we erect a ladder with ¢ + 1 steps including the edge e; and on
each edge ¢;, fori=n+1,n+2,--- ,2n — 1, we erect a ladder with 2n 4+ 1 — ¢ steps including
the edge e;.

The double sided step ladder graph 2.5(T;;,) has vertices denoted by (1, 1), (1,2),...,(1,2n),
(2,1),(2,2), -, (2,2n),(3,2), (3,3), -, (3,2n—1), (4,3), (4,4),- - , (4,2n—2),- -+ , (n+1,n), (n+
1,n + 1). In the ordered pair (4, ), ¢ denotes the row (counted from bottom to top) and j de-
notes the column (from left to right) in which the vertex occurs. Define f : V(25(T,,)) —
{0,1,2,..., ¢} as follows:

fli,j)=n+1—-i)2n—2i+3)+j—1, 1<j<2n,i=1,2
f@,)=m+1—-9)2n—-2i+3)+j+1—4, i—1<j<2n+2-43<i<n+l.

Then, f is a mean labeling for the double sided step ladder graph 25(T5;,). Thus 25(7T.,)
is a mean graph. a

For example, a mean labeling of 25(T}¢) is shown in Figure 2.

0 1
3 4 5 6
10 1 12 13 14 15
21 22 3 24 25 26 27 28
36 37 38 39 40 41 42 43 44 45
.

55 56 57 58 59 60 61 62 63 64

Figure 2

For integers m,n > 0 we consider the graph J(m,n) with vertex set V(J(m,n)) =
{uw,v, 2, y}U{x1,z2,¢..., 2 }U{y1,92, - ,yn} and edge set E(J(m,n)) = {(u, x), (u,v), (u,y),
(v, z), (v,y)} U{(zs,2) :i=1,2,--- ,;m}PU{(ys,y) :i=1,2,--- ,n}. We will refer to J(m,n) as
a Jelly fish graph.

Theorem 2.2 A Jelly fish graph J(m,n) is a mean graph for m,n >0 and |m —n| < 2.

Proof The proof is divided into cases following.

Casel m=n.
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Define a labeling f : V(J(m,n)) — {0,1,2,...,¢g =m+n+5} as follows:

flu)=2, f(y) =0,
fWy=m+n+4, f(x) =m+n+5,
)
) =

u

[z (i—1), 1<i<m

2
(yn-i—l —1 2

4+
34+2(i—1), 1<i<n
Then f provides a mean labeling.
Case2 m=n+lorn+2
Define f: V(J(m,n)) — {0,1,2,...,g =m+ n+ 5} as follows:
Fu) =2, f(v) = 2n+4, f(y) =
m-+n+5 ifm=n+1

f(x) = ,
m+n+4 tfm=n+2

442(i—1), 1<i<n

fzi) = ) :
2n+5+23—(n+1)), n+1<i<m

fWnt1—i) =342 —-1), 1<i<n.
Then f gives a mean labeling. Thus J(m,n) is a mean graph for m,n > 0 and |m —n| < 2. O

For example, a mean labeling of J(6,6) and J(9,7) are shown in Figure 3.

4 /3
17
6 0

8

10 16

12
11

14 13

10

12
14

16

19

21

Figure 3
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Let P,(4+)N,, be the graph with p = n+m and ¢ = 2m +n — 1. V(P,(+)N) =
{U17U27 o, Uny Y1, Y2, 0 7ym}7 where V(Pn = {’l}l,’l}g, e 7”77,}7 V(Nm) = {y17y27 e 7ym} and

(’Ulayl)u (U17y2)7 T (Uluym)7
(vnvyl)a (vnva)v ) (’Un, ym)

Theorem 2.3 P,(+)N,, is a mean graph for all n,m > 1.

Proof Let us define f: V(P,(+)N,,) — {1,2,3,---,2m +n — 1} as follows:

fly)=2i-1,1<i<m,
f(v1) =0,

1
f(vi) =2m+1+2(i —2), 295["; W
. . n—1
f(Ung1—i) =2m+2+2(i — 1), 1§z§{ 5 J
Then, f gives a mean labeling. Thus P, (+)N,, is a mean graph for n,m > 1. O

For example, a mean labeling of P3(+)N5 and P;(+)Ng are shown in Figure 4.

0 11 13 15 17 16 14 12 0o 13 15 17 18 16 14

Figure 4

Theorem 2.4 For k > 1, the planar graph (P> UkK;) + Ny is a mean graph.

Proof Let the vertex set of Py UkK; be {21, 22,21, 22, -, 2} and V(Na) = {y1,y2}. We
have ¢ = 2k + 5. Define a labeling f : V((P2 UkKy) + N2) — {1,2,---,2k + 5} by

fy1) =0, fy2) =2k +5, f(z1) =2
f(z2) =2k +4
flz)=44+2>i-1), 1<i<k
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Then, f is a mean labeling and hence (P, U kK7) + No is a mean graph for k > 1. O

For example, a mean labeling of (P> U5K7) + N is shown in Figure 5.
2

14

4

Figure 5

Let S = {1, ]} be the symbol representing, the position of the block as given in Figure 6.

Figure 6

Let a be a sequence of n symbols of S, a € S™. We will construct a graph by tiling n blocks
side by side with their positions indicated by «. We will denote the resulting graph by T'B(«)
and refer to it as a triangular belt.

For example, the triangular belts corresponding to sequences a; = {11}, a2 = {[[T]}

respectively are shown in Figure 7.

TB(L, 1,1

TB(l,1,1,1)

Figure 7
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Theorem 2.5 A triangular belt TB(«) is a mean graph for any « in S™ with the first and last
block are being | for allm > 1.

Proof Let uy,ug,...,uUn,unt1 be the top vertices of the belt and vq,vs, ..., V5, Up41 be
the bottom vertices of the belt. The graph T'B(«) has 2n+ 2 vertices and 4n + 1 edges. Define
f:V(I'B(a)) — {0,1,2,...,q = 4n + 1} as follows :

flu;))=4i, 1<i<n

f)=2+44(i-2), 2<i<n
Then f gives a mean labeling. Thus T B(«) is a mean graph for all n > 1. O

For example, a mean labeling of TB(«), TB(3) and T B(7) are shown in Figure 8.

4 8 12 16 17
TB(l,1,1,1)

0 2 6 10 14
4 8 12 16 20 21

TB(, 1, 1,1, 1)
0 2 6 10 14 18
4 8 12 16 20 21

TB(, 1,1, 1,1)
0 2 6 10 14 18

Figure 8

Corollary 2.6 The graph P? is a mean graph.

Proof The graph P2 is isomorphic to TB(l,|,|,...,]) or TB(1,1,1,...,1). Hence the
result follows from Theorem 2.5. O

We now consider a class of planar graphs that are formed by amalgamation of triangular
belts. For each n > 1 and « in S™ n blocks with the first and last block are | we take the
triangular belt TB(«a) and the triangular belt TB(j3), 3 in S* where k > 0.

We rotate T B(3) by 90 degrees counter clockwise and amalgamate the last block with the
first block of T'B(a) by sharing an edge. The resulting graph is denoted by TBL(n, o, k, ),
which has 2(nk + 1) vertices, 3(n + k) + 1 edges with

V(TBL(n,o, k,B)) = {uii,ui2, U1 nt1,U2,1,U2,2,

C U2 n4+1,V31,V3,2,"* , U3 k—1,V4,1,V4.2," " 7”4,/6—1}'
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Theorem 2.7 The graph TBL(n,«a, k,3) is a mean graph for all o in S™ with the first and
last block are | and 3 in S* for all k > 0.

Proof Define f: V(TBL(n,a,k,5)) — {0,1,2,...,3(n+ k) + 1} as follows:

flur) =4k +4i, 1<i<n
flurngr) =4(n+k) +1
flug1) =4k
flug;) =4k +2+4(i—2), 2<i<n+1
flus;)=4i—4, 1<i<k
flogi) =4i—-2, 1<i<k
Then f provides a mean labeling and hence TBL(n, «, k, 3) is a mean graph. |

For example, a mean labeling of TBL(4, |, 1,1,1,2,1,1) and TBL(5, |, 1, 1,1, 1.3,1, 1, 1)

is shown in Figure 9.

12 16 20 24 25
8
10 14 18 22
4 6
0 2
16 20 24 28 32 33
12
14 18 22 26 30
8 10
4 6
0 2

Figure 9
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Theorem 2.8 The graph edge mC,,—snake, m > 1,n > 3 has a mean labeling.

Proof Let vi;,vz;,..., vy, be the verticesand ey, ea;, ..., ey, be the edges of edge mC), —snake
for1 <j<m.

Case 1 nisodd

Let n = 2k +1 for some k € Z*. Define a vertex labeling f of edge mC,, —snake as follows:

fo1,) =0, f(vz,) =1

flog)=2i—-2, 3<i<k+1

fWg140),) =n—2(i—1), 1<i<k
f(v,) = f(v(k+2)1) f(v22):f(v(k+l)1)7
fvi,) =n+4+20-3), 3<i<k+1

(U(k+1+z)2) n—2—2(z—1) 1<i<k-1
f(vny)
f(viy)

Then f gives a mean labeling.

f(vzj ,)+F2n—-2, 3<j<m, 1<i<n.

Case 2 nis even

Let n = 2k for some k € ZT. Define a labeling f of edge mC,,—snake as follows:

)
flo,)=2i-2, 3<i<k+1
JWg14i),) =n—1-2(i—-1), 1<i<k-1
f(vij):f(vZ] 1)—|—n—1, 2<j<m, 1<i<n
Then f is a mean labeling. Thus the graph edge mC,, —snake is a mean graph for m > 1 and
n > 3. |

For example, a mean labeling of edge 4C7-snake and 5Cg-snake are shown in Figure 10.

1 4 11 16 23

Figure 10
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Theorem 2.9 Let G' be a graph obtained by identifying an edge of two cycles C,, and C,,.
Then G’ is a mean graph for m,n > 3.

Proof Let us assume that m < n.
Case 1 mis odd and n is odd

Let m=2k+1,k>1andn=20+1,1>1. The G’ has m +n — 2 vertices and m+n — 1
edges. We denote the vertices of G’ as follows:

v3 Vk+2

V2

N Vk+3

Vk+21+2 Vg 421

Figure 11

Define f : V(G') — {0,1,2,3,...,¢g =m+n — 1} as follows:

fv1) =0, fui)=2i-1, 2<i<k+1
fw)=m+3+20—k—-2), k+2<i<k+]l
fw)=m+n—-1-20i—-k-1-1), k+1+1<i<k+2
flo)=m—-1-2@Gi—-k—-21—1), k+2+1<i<2k+2l

Then f is a mean labeling.
Case 2 m is odd and n is even
Let m=2k+1,k>1and n=2l,1 > 2. Define f: V(G') — {0,1,2,3,....,.g=m+n—1}

as follows:

flo1)=0, flv;))=2i—1, 2<i<k+1
fw)=m+3+20i-k-2), k+2<i<k+I
Fo)=man—2-26—k—1-1), kti+1<i<k+2—1
Fw)=m—-1-26—k-2), k+20<i<2%k+2—1

Then, f gives a mean labeling.

Case 3 m and n are even
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Let m =2k, k > 2 and n = 2[, [ > 2. Define f on the vertex set of G’ as follows:

flo) =0, flv)=2i—2, 2<i<k+1

flo)=m+3+2(i—-k-2), k+2<i<k+l
flo)=m4+n—2-20-k—1-1), k+l+1<i<k+20-1
fw)=m—-1-20—k—2l), k+20<i<2k+20—2

Then, f is a mean labeling. Thus G’ is a mean graph. |

For example, a mean labeling of the graph G’ obtained by identifying an edge of C; and

Cho are shown in Figure 12.

Figure 12

Theorem 2.10 Let {u;v;wiu; : 1 < i < n} be a collection of n disjoint triangles. Let G be the
graph obtained by joining w; to u;41,1 <1 <n—1 and joining u; to w41 andvi41,1 <t <n—1.
Then G is a mean graph.

Proof The graph G has 3n vertices and 6n — 3 edges respectively. We denote the vertices
of G as in Figure 13.

V1 V2 v3 V4

Figure 13

Define f: V(G) — {0,1,2,...,6n — 3} as follows:
flu))=6i—4,1<i<n
flu;))=6i—6,1<i<n
flw;)) =6i—3,1<i<n.
Then f gives a mean labeling and hence G is a mean graph. |

For example, a mean labeling of G when n = 6 is shown Figure 14.
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Figure 14

The graph obtained by attaching m pendant vertices to each vertex of a path of length
2n — 1 is denoted by B(m),. Dividing each edge of B(m)(,) by ¢t number of vertices, the
resultant graph is denoted by S;(B(m) ).

Theorem 2.11 The Si(B(m)(y)) is a mean graph for all m,n,t > 1.

Proof Let vy, va,..., v, be the vertices of the path of length 2n —1 and w; 1, %;2,...,Uim
be the pendant vertices attached at v;,1 < i < 2n in the graph B(m),). Each edge v;v;41,1 <
1 < 2n — 1, is subdivided by t vertices x;1,%;2,...,%;+ and each pendant edge v;u; j, 1 <7 <
2n,1 < j < 'm is subdivided by ¢ vertices ¥; j 1, ¥:,j,2s - - s Yijt-

The vertices and their labels of S;(B(m)()) are shown in Figure 15.

vy 1,1 1,2 L. T1,t vy
Y1,1,1 Y1,m,1 Y2,1,1
Y1.%,1 dq y2 2nf2:m,1
Y1,1,2
L Y1,m,2

4Y1,2,2 T v2,1,2 Y2,m,2

v2,2,2
Y1,1,t Yo 1 Y2, m,t
Y1, m,t 1.t
e V1,2t ’ Y2,2,t
w1 uy,2 w1, m ug ] ug 9 U m

Figure 15

Define f: V(S¢(B(m)m))) — {0,1,2,...,(t 4+ 1)(2mn + 2n — 1)} as follows:

t+1)(m+1)(i—1) ifiisoddand1<i<2n-—1

flui) =
t+1D[(m+1)i—1] ifiisevenand1<i<2n-—1
) (t—l—l)[(m—l—l)i—l—m—l]—l—k ifiisodd, 1<i<2n—1land1<k<t
T,k
t+D[(m+1)i—1]+ ifiiseven,1<i<2n—1land 1<k <t
t+D(m+1)0— 1) if 4 is odd,
+(2t+2)(5 -1 1<i<2n,1<j<mand1<k<t
Fign) =

)+
(t+ 1)[(m+1)(z—2)+ 1] if i is even,
+(2t+2)(j—1)+ 1<i<2n,1<j<mand1<k<t

7
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t+1)[(m+1)@

)+ 1] if4is odd,

-1)+1
+(2t+2)(5 — 1), 1<i<2nand1<j<m
and f(uiyj) =
(t+D[(m+1)(i —2)+2] ifiis even,
+(2t+2)(j — 1), 1<i<2nand1<j<m.
Then, f is a mean labeling. Thus S;(B(m)(,)) is a mean graph. O

For example, a mean labeling of S3(B(4)(2)) is shown in Figure 16.

Figure 16

References

[1] F.Harary, Graph Theory, Addison-Wesley, Reading Mass., (1972).

[2] A.Nagarajan and R.Vasuki, On the meanness of arbitrary path super subdivision of paths,
Australas. J. Combin., 51 (2011), 41-48.

[3] Selvam Avadayappan and R.Vasuki, Some results on mean graphs, Ultra Scientist of Phys-
ical Sciences, 21(1) (2009), 273-284.

[4] S.Somasundaram and R.Ponraj, Mean labelings of graphs, National Academy Science let-
ter, 26 (2003), 210-213.

[5] R.Vasuki and A.Nagarajan, Meanness of the graphs P, ; and P?, International Journal of
Applied Mathematics, 22(4) (2009), 663—675.

[6] S.K.Vaidya and Lekha Bijukumar, Some new families of mean graphs, Journal of Mathe-
matics Research, 2(3) (2010), 169-176.

[7] S.K.Vaidya and Lekha Bijukumar, Mean labeling for some new families of graphs, Journal
of Pure and Applied Sciences, 18 (2010), 115-116.



Math. Combin.Book Ser. Vol.8(2013), 35-48

Special Kinds of Colorable Complements in Graphs

B.Chaluvapaju

(Department of Studies and Research in Mathematics, B. H. Road, Tumkur University, Tumkur -572 103, India)

C.Nandeeshukumar and V.Chaitra

(Department of Mathematics, Bangalore University, Central College Campus, Bangalore -560 001, India)

E-mail: bchaluvaraju@gmail.com, cnkmys@gmail.com, chaitrashok@gmail.com

Abstract: Let G = (V, E) be a graph and C = {C1,C5,--- ,Ci} be a partition of color
classes of a vertex set V(G). Then the graph G is a k-colorable complement graph G¢ (with
respect to C) if for all C; and Cj,i # j, remove the edges between C; and Cj, and add the
edges which are not in G between C; and C;. Similarly, the k(¢)- colorable complement graph
ch(i) of a graph G is obtained by removing the edges in (C;) and (C;) and adding the missing
edges in them. This paper aims at the study of Special kinds of colorable complements of a

graph and its relationship with other graph theoretic parameters are explored.
Key Words: Graph, complement, k-complement, k(i)-complement, colorable complement.
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§1. Introduction

All the graphs considered here are finite, undirected and connected with no loops and multiple
edges. As usual n = |V| and m = |E| denote the number of vertices and edges at a graph
G, respectively. For the open neighborhood of a vertex v € V is N(v) = {u € V/uv € E},
the set of vertices adjacent to v. The closed neighborhood is N[v] = N(v)J{v}. In general,
we use (X) to denote the sub graph induced by the set of vertices X. If deg(v) is the degree
of vertex v and usually, §(G) is the minimum degree and A(G) is the maximum degree. The
complement G, of a graph G defined to be graph which has V' as its sets of vertices and two
vertices are adjacent in G, if and only if they are not adjacent in G. Further, a graph G is
said to be self-complementary (s.c), if G = G.. For notation and graph theory terminology we
generally follow [3], and [5].

Let G = (V,E) be a graph and P = {V;,V5,---,Vi} be a partition of V. Then k-
complement G§ and k(i)-complement ka(i) (with respect to P) are defined as follows: For all
Vi and Vj,i # j, remove the edges between V; andVj, and add the edges which are not in G
between V; and V;. The graph ka thus obtained is called the k-complement of a graph G with
respect to P. Similarly, the k(4)-complement of ka( ;) of a graph G is obtained by removing the
edges in (V}) and (V;) and adding the missing edges in them for [ # j. This concept was first

1Received June 13, 2013, Accepted August 10, 2013.
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introduced by Sampathkumar et al. [9] and [10]. For more detail on complement graphs, we
refer [1], [2], [4], [8], [11] and [12].

A graph is said to be k-vertex colorable (or k-colorable) if it is possible to assign one color
from a set of k colors to each vertex such that no two adjacent vertices have the same color. The
set, of all vertices with any one color is independent and is called a color class. An k-coloring of a
graph G uses k colors: it there by partitions V' into k color classes. The chromatic number x(G)
is defined as the minimum k for which G has an k-coloring. Hence, graph G is a k-colorable if
and only if x(G) <k, [7].

We make use of the following results in sequel [6].

Theorem 1.1 For any non-trivial graph G,

Z deg(z;) = 2m.

z;, €V
Theorem 1.2(Konig’s [5]) In a bipartite graph G, a1(G) =06o(G). Consequently, if a graph G
has no vertex of degree 0, then ag(G) = (1(G).

82. k-Colorable Complement

Let G = (V,E) be a graph. If there exists a k-coloring of a graph G if and only if V(G)
can be partitioned into k£ subsets C7,C5, - ,C) such that no two vertices in color classes of

Ci,i=1,2,--- k, are adjacent. Then, we have the following definitions.

Definition 2.1 The k-colorable complement graph G (with respect to C) of a graph G is
obtained by for every C; and Cj, i # j, remove the edges between C; and C; in G, and add the
edges which are not in a graph G.

Definition 2.2 The graph G is k-self colorable complement graph, if G = GS .
Definition 2.3 The graph G is k-co-self colorable complement graph, if G. = GS .

Lemma 2.1 Let G be a k-colorable graph. Then in any k-coloring of G, the subgraph induced

by the union of any two color classes is connected.

Proof 1If possible, let C; and Cy be two color classes of vertex set V(G) such that the
subgraph induced by C7 U Cj is disconnected. Let G be a component of the subgraph induced
by C1UC5. Obviously, no vertex of Gy is adjacent to a vertex in V(G) — V(G1), which is assign
the color either Cy or Cy. Thus interchanging the colors of the vertices in G; and retaining
the original colors for all other vertices, we gets a different k-coloring of a graph G, which is a
contradiction. a

Theorem 2.1 Let G be a (n,m)-graph. If for every C; and C;, | # j, and each vertex of Cy is
adjacent to each vertex of C;, then m(G{) = @.

Proof 1If for every C; and Cj, | # j in a (n,m)- graph with (C%) is totally disconnected,
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where C}, is the partition of color classes of vertex set V(G), then by the definition of k-colorable
complement, m(G¢) = @ follows. Conversely, suppose the given condition is not satisfied, then
there exist at least two vertices u and v such that u € Cj is not adjacent to vertex v € C; with

I # j. Thus by above lemma, this implies that m(G$) > 1, which is a contradiction. O

A graph that can be decomposed into two partite sets but not fewer is bipartite; three
sets but not fewer, tripartite; k sets but not fewer, k-partite; and an unknown number of sets,
multipartite. An 1-partite graph is the same as an independent set, or an empty graph. A 2-
partite graph is the same as a bipartite graph. A graph that can be decomposed into k partite
sets is also said to be k-colorable. That is x(K,) = n, but the chromatic number of complete
k- partite graph X (K, rg,rs,rn) = k < n for r; > 2, where ¢ = 1,2,--- k. By virtue of the
facts, we have following corollaries.

n(n—1)

Corollary 2.1 Let G be a complete graph K,; n > 1 vertices and m = 5

x(K,) =n. Then m(GYS) = @.

edges with

Corollary 2.2 Let G be a complete bipartite graph Ky, r,; 1 <ri <rg, with x(K,y r,) =2 for
n = (r1 + r2)- vertices and m =(ry.r2) edges. Then m(GS) = @.

Theorem 2.2 Let G be a path P, with x(P,) =2 ; n > 2 vertices. Then

—~
3
|
[\
~
(V]

if n is even

m(GS) =
(@2) (n—1)(n—=3) ifnis odd.

NN

Proof Let G be a path P, with x(P,,) = 2; n > 2 vertices, and C' = {C7, C2} be a partition

of colorable class of vertex set of P,. We have the following cases.

Case 1 If {uy,ug, - ,us—1,us} € C1 and {v1,va, -+ ,vt—1,0:} € Cy with v; — v; is path of
even length. Then uy,ug, -+ ,us—1 are adjacent (¢t — 2)-vertices, that is deg(u;) = (¢t — 2) if
1 <i<t—1. Similarly, vy, va,- -, v are adjacent to (¢ — 2)- vertices that is deg(u;) = (t — 2)
if 2 <4 <t—1,and vy and u; are adjacent to (¢ — 1)- vertices in G§. Thus, 2(t — 1) + (n —
2)(t — 2) = 2m(GY). By Theorem 1.1, with the fact that n = 2t and m(G) = n — 1. Hence
m(GS) = 70— 2"

4
Case 2 If {uy,uz, - ,ui—1,us} € Cp and {v1,v9, - , v, 0441} € Co with v1 — v441 is path
of even length. Then uq,us, - ,us are adjacent (¢t — 1)-vertices, va,vs, -+ , vy are adjacent to

(t — 2)- vertices and, vy and u;_; are adjacent to (¢ — 1) - vertices in GS. Thus, t(t — 1) + (t —
) (t—2)+2(t—1) = 2m(GY). By theorem 1.1, with the fact that n = 2t +1 and m(G) = n— 1.

Hence m(GS) = i(n —1)(n - 3). |

Theorem 2.3 Let G be a cycle Cy; n > 3 vertices. Then

(n—4)

(i) m(GY) = n’ if x(Cn) =2 and n is even.

(i) m(ag) = =Y

colorable class of a vertex partition set of an odd cycle C,,.

, if x(Cr) = 3 and ezactly one vertex is contain in any one
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Proof The proof follows from Theorem 2.2, with even cycle of C,, and exactly one vertex

is contain in any one colorable class of a vertex partition set of an odd cycle C,,. O

Theorem 2.4 Let G be a Wheel W,,; n > 4 vertices and m = 2(n — 1) edges. Then

(i) m(GY) = w, if x(Cn) =4 and n is even.

(i) m(ag) = =3

colorable class of a vertex partition set of an odd cycle C,—1 of W,.

, if x(Wy,) = 3 and exactly one vertex is contain in any one

Proof By Theorem 2.3 and m(K7) = 0 due to the fact of W,, = K; + C,,_1, the result
follows. O

Theorem 2.5 Let T be a nontrivial tree with x(T') = 2. Then

m(GS) = (r1.ra) —n(T) + 1.

Proof Let C = {C1,C5} be a partition of colorable class of a tree T with n > 2 vertices
and m(T') = n(T)—1. If every vertex in Cy is adjacent to every vertex in Cy, that is K., ,, with
m (K, r,) = 71.72. By definition of G with x(T') = 2, we have m(GS) = m(K,, ,) — m(T).
Thus the results follows. a

Theorem 2.6 For any non trivial graph G is k - self colorable complement if and only if
G= P7 or 2K2.

Proof By definition of k-self colorable complement. It is clear that both G' and GS are
isomorphic to P; or 2K with x(P7) = x(2K3) = 2. On the other hand, suppose G is k-self
colorable complement, when G is not isomorphic with P; or 2K5. Then there exist at least
two adjacent vertices v and v in G such that v € C and v € Cy are in disjoint color classes of
C = {Cy, Oy} with x(P;) = x(2K3) = 2. This implies that, v and v are not adjacent in GY
or they are in one color classes in G, that is totally disconnected graph. Thus the graph G
and its colorable complements Gg are not isomorphic to each other, which is a contradiction.

Hence the results follows. O

Theorem 2.7 Let G be a k-self colorable complement graph. Then G has a vertex of degree at

n(x(G) - 1)
2x(G)

least

Proof Let G be a (n,m)- graph with G = G¢ and C = {C4,Ca,--- ,Cy} be a partition
of color classes of a vertex set V(G). Suppose, if x(G) = k and V(G) is partitioned into
k independent sets C1,Ca,--- ,Ck. Thus, n = |V(G)| = |C1,Ca,--- ,Ck| = Zle V(@) <
kB(Q), where §(G) is the independence number of a graph G. There fore x(G) = k = n/3(G).
Also, suppose v € C;, where C; is a colorable set in C' with at most n/x(G). Then the sum of

G)-1
the degree of v in G and ch is greater than % This implies that the degree of v is
X
1 n
at least —(n — ——). Hence the result follows. O
el
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Theorem 2.8 Let G be a k-self colorable complement graph. Then

(k—1)2n — k) < <2n(n—k)+k(k—1)'

A <m(G) < 1

Proof Let G be a k-self colorable complement graph and C' = {C1,Cs,---,Ci} be a
partition of color classes of a vertex set V(G). If |C¢| = ns for 1 <t < k, then the total number
of edges between C; and C; in C, I # j, in both the graph G and its colorable complement

graph ch is 3 myn;. Since the graph G is k-self colorable complement graph ch, half of these
I#j

n
edges are not there in G. Hence m(G) < — > myn;. Clearly, > nyn; is minimum, when

2 I#j I#j
ng = 1 for k — 1 of the indices. Thus, we have
n 1 k—1

m(G) < — = +(k=1)(n—-k+1).
2 2 2

Hence the upper bound follow. To establish the lower bound, the graph G being k-self colorable

complement has at least Y nn;- edges. So, 5[ +(k—-1)(n—-k+1)] <m(G) and
I#j 2
the result follows. ad

Theorem 2.9 For any non trivial graph G is k - co - self colorable complement if and only if
G2 K,.

Proof On contrary, suppose given condition is not satisfied, then there exists at least three
vertices u,v and w such that v is adjacent to both » and w, and u is not adjacent to w. This
implies that an edge e = uw € G. and induced subgraph (u, v, w) in GY is totally disconnected.
Thus E(GS) C E(G.), which is a contradiction to the fact of G. = G with x(K,) = n.
Converse is obvious. a

§3. k(i)-Colorable Complement

Let G = (V, E) be a graph and C = {C1,Cs,--- ,Cy} be a partition of color classes of a vertex
set V(G). Then, we have the following definitions.

Definition 3.1 The k(i) - colorable complement graph ch(i) (with respect to C') of a graph G
is obtained by removing the edges in (C;) and (C;) and adding the missing edges in them for

l#£7.
Definition 3.2 The graph G is k(i)-self colorable complement graph, if G = ch(i).
Definition 3.3 The graph G is k(i)-co-self colorable complement graph, if G. = ch(i).

n(n—1)

Theorem 3.1 For any graph G, m(GkC(i)) = if and only if the graph G is isomorphic

2
with complete n- partite graph Ky, vy vy o 07 (Kp)e.



40 B.Chaluvapaju, C.Nandeeshukumar and V.Chaitra

Proof To prove the necessity, we use the mathematical induction. Let G be a graph with
n = 1 vertex. Then x(G) =1 and m(Glc(l.)) = &. Hence the result follows. Suppose the graph
G with n > 1 vertices. Then the following cases are arises.

Case 1 If the graph G is totally disconnected, that is (K}, )., complement of a complete graph
K, then G has a only one color class Cy with x((K;).) = 1. By the definition of Glc(l.), the

-1
induced subgraph of (C7) is complete, which form a %- edges.

Case 2. If the graph G is complete n- partite graph K, r, rs,...r,, then for every two color

.....

classes C; and C}; for [ # j, and each vertex C; adjacent to each vertex of C; in complete n-

partite graph Ky, ry ... ;. With m(Ky vy rg.rn) = 17273 ... Ty, By the definition of Gg(i)

n

with G = K| 5 rs,....r.,, We have

. 1 T2 n
m(G ;) = + +...+ +Tirers ... Th,
2 2 2

r
where " | is the maximum number edges of induced subgraph (Cy) if t = 1,2,...,n, which

2

. n(n —

are complete. This forms - edges.

Conversely, suppose the graph G is not isomorphic to complete n- partite graph Ky, ry rg,...r,
or (K,).. Then there exist at least three vertices {a, b, c} such that at least two adjacent ver-
tices a and b are not adjacent to isolated vertex c. By the definition of ch(l.) with x(G) =k > 2,
which form a path (a —b—c¢) or (b—a—c¢) of length 2, which is not a complete, a contradiction.
This proves the sufficiency. O

Theorem 3.2 Let G be a path P, with x(P,) =2 and n > 2 vertices. Then

c 1n*+2n—4]* if nis even
m(G2(i)) -3\ . .
7(n—=1)(n+3) if nis odd
Proof Let G be a path P,, with x(P,) = 2; n > 2 vertices, and C = {C1, C2} be a partition
of colorable class of vertex set of P,. We have the following cases.

Case 1 Let C = {C1,C3} be a partition of colorable class of P,. If {uy,uz, - ,us—1,u:} € Cq
and {vy,v, -+ ,vt—1,v:} € Cy with v; — us is path of even length. Then (C;) and (Cs) are
complete in G2C(i) and also v; — u; path have (n — 1) - edges in both the graph G and its k(i)-
colorable complement graph Gg(i). Thus, m(G) +t(t—1)=(n—1) +n(n —2)/4 = m(Gg(i))
1

and this implies m(GQC(l.)) = Z[n2 +2n — 4]2.

Case 2 Let C = {C4, Cs} be a partition of colorable class of P,. If {u1,us, -+ ,us—1,u} € Cq
and {v1,va, - ,ve—1,0:} € Cy with v1 — ugqq is path of odd length. Then (C;) and (Cs) are
complete in GQC(i) and also v1 — uy4+1 path have (n — 1) - edges in both the graph G and its 2(7)-
colorable complement graph Gg(i). Thus, m(G) +t(t —1)/2+t{t+1)/2=(n—-1)[1+ (n —

1
3)/8+ (n+1)/8] = m(GQC(Z.)) and this implies m(GQC(l.)) = Z(n —1)(n+3). 0
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Theorem 3.3 Let G be a cycle Cy; n > 3 vertices. Then
1
(i) m(Gg(i)) = Z[n(n +2)], if x(Cr) =2 and n is even.

1
) m(Gg(i)) = Z(n2 +3) , if x(Cr) = 3 and exactly one vertex is contain in any one
colorable class of a vertex partition set of an odd cycle C,,.

Proof The proof follows from Theorem 3.2, with even cycle of C,, and exactly one vertex
is contain in any one colorable class of a vertex partition set of an odd cycle C,,. O

Theorem 3.4 Let T be a nontrivial tree with x(T) = 2. If C = {C1,Ca} be a partition of
colorable class of a tree T, then

1
m(G2C(Z)) = 5[7’2 + 52 +n— 2],
where |C1| = r and |C2| = s.

Proof Let C = {C1,C2} be a partition of colorable class of a tree T' with x(T") = 2 and
m(T) =n(T)—1=r+s+1. Then by definition of ch(i), we have (C1) and (C2) are complete.

There fore, m(Cy) = "] and m(Cs) = °
2 2
Thus, we have
c r S 1
m(GQ(Z—)) = ) + ) +m(T) = E[r(r—l-l)—l—s(s—l— 1) —2].
Hence the result follows. O

Theorem 3.5 For any non trivial graph G is k(i) - self colorable complement if and only if G
is isomorphic with K, .

Proof Let G = K,, be a complete graph with x(G) = n. Then by the definition of ch(l.),
the induced subgraph (C;) for t = 1,2,...,n are connected and |C¢| = 1 for t = 1,2,...,n.
Thus GS(Z.) = K, and the result follows. Conversely, suppose given condition is not satisfied,
then there exists at least two non adjacent vertices u and v in a graph G such that x(G) =1
and m(G) = @. By the definition of ch(i), we have X(G1C(¢)) = 2 with an induced subgraph
(u,v) in Glc(i) is connected. Thus m(G) < m(Glc(i)), which is a contradiction to the fact of
G =Gy O

§4. {G, G¢, GZ(i)} - Realizability

Here, we show the G, GY, GZ(i) - Realizability for some graph theoretic parameter.

Let G be a graph. Then S C V(@) is a separating set if G — S has more than one
component. The connectivity x(G) of G is the minimum size of S C V(G) such that G — S is
disconnected or a single vertex. For any k < k(G), we say that G is k-connected. Then, we
have
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Theorem 4.1 Let G be a graph with C = {Cy,C2} be a partition of colorable class of a
vertez set V. If (C1) and (Cs) are (t — 1) -colorable with Maz{x(GY),x(G{ )} > t, then
Min{k(G),k(GY), k(G))} has at least (t — 1) -edges.

Theorem 4.2 Let G be a (n,m)- graph. Then

(i) x(GS) =1 if and only if G is isomorphic with K,, or (Kyu)e or Ky ryrg,...
(i1) (ch(l ) =mn if and only if G is isomorphic with K, or (Ky)e or Ky ryrs,

L

Tk

Proof By the definition of G and Theorem 2.1, (i) follows. Also by the definition of ch(z)
and Theorem 3.1, (ii) follows. m

A set M of vertices in a graph G is independent if no two vertices of M are adjacent. The
number of vertices in a maximum independent set of G is denoted by 5(G). Opposite to an
independent set of vertices in a graph is a clique. A clique in a graph G is a complete subgraph
of GG. The order of the largest clique in a graph G and its clique number, which is denoted by
w(@). In fact B(G) = k if and only if w(G) = k. Then, we have

Theorem 4.3 Let G be a nontrivial (n,m)- graph. Then

(i) B(Gl) < B(G) < B(GY).
(i1) w(GY) < w(G) < w(GE).
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Abstract: In this article, we show that an algorithm for VG of a caterpillar and proved
that A(mj,n) is vertex graceful if m; is monotonically increasing, 2 < j < n, when n is odd,
1 <mg <3 and my < me, (mj,n)U Ps is vertex graceful if m; is monotonically increasing,
2 < j<mn,when nisodd, 1 <ms <3, m < mz and Cp, UChy is vertex graceful if and

only if n > 4.

Key Words: Vertex graceful graphs, vertex graceful labeling, caterpillar, actinia graphs,

Smarandachely vertex m-labeling.

AMS(2010): 05C78

81. Introduction

A graph G with p vertices and g edges is said to be vertex graceful if a labeling f : V(G) —
{1,2,3--p} exists in such a way that the induced labeling f* : FE(G) — Z, defined by
T ((u,v)) = f(u) + f(v)(mod q) is a bisection. The concept of vertex graceful (VG) was
introduced by Lee, Pan and Tsai in 2005. Generally, if replacing ¢ by an integer m and
% E(G) — Z,, also is a bijection, such a labeling is called a Smarandachely vertex m-labeling.
Thus a vertex graceful labeling is in fact a Smarandachely vertex g-labeling.

All graphs in this paper are finite simple graphs with no loops or multiple edges. The
symbols V(G) and E(G) denote the vertex set and edge set of the graph G. The cardinality of
the vertex set is called the order of G. The cardinality of the edge set is called the size of G. A
graph with p vertices and ¢ edges is called a (p, q) graph.

82. Main Results

Algorithm 2.1

1. Let vy, vy - - v, be the vertices of a path in the caterpillar. (refer Figure 1).
2. Let v;; be the vertices, which are adjacent to v; for 1 < ¢ < n and for any j.

3. Draw the caterpillar as a bipartite graph in two partite sets denoted as Left (L) which

1Received April 10, 2013, Accepted August 15, 2013.
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contains v, va;, s, v4;, - - - and for any j and Right (R) which contains vy;, va, vs;, va,- -+ and
for any j. (refer Figure 2).
4. Let the number of vertices in L be x.

5. Number the vertices in L starting from top down to bottom consecutively as 1,2, --- , x.
6. Number the vertices in R starting from top down to bottom consecutively as (z +
1),- -+, q. Note that these numbers are the vertex labels.

7. Compute the edge labels by adding them modulo q.
8. The resulting labeling is vertex graceful labeling.

Vi W v Vi Vs
m 3 1 g5 @ (15) 3 ™

3
18
17 O/\x 4/5/ 6 7\8
VXZ

16
vll Vll Vlz VI4 VEL V}I v4| v42 V43 VSI V5z Vs} V54 VSS
®) © a0 an @ 13 (14 @ e © 16 A7 a8 (19 Q0

9/ 10 /11 \12 14

Figure 1: A caterpillar

Figure 2: A caterpillar as bipartite graph

Definition 2.2 The graph A(m,n) obtained by attaching m pendent edges to the vertices of
the cycle Cy, is called Actinia graph.

Theorem 2.3 A graph A(mj,n), m; is monotonically increasing with difference one, 2 < j <n

is verter graceful, 1 < my < 3 when n is odd.

Proof Let the graph G = A(mj,n), m; be monotonically increasing with difference one,
2 < j<mn,nbeodd with p =n+ mn(m"TH) — ml(mlTH),ml = mqy — 1 vertices and ¢ = p
edges. Let vy, v9,vs,- -+, vy, be the vertices of the cycle Cy,. Let v;;(j = 1,2,3,---,n) denote
the vertices which are adjacent to v;. By definition of vertex graceful labeling, the required
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vertices labeling are

) ‘
(i . )(m2+(l;1))+171§¢§n, i is odd,
v; =

ma + DI (254)7 4 C52 (a4 §) + .1 < i <, diseven.
)

(

1 _ _ _
= )(mﬁ—(ngl)+%(m2+?)+%+3}1§j§m2+z’—1,iisodd;
(

Vij =

(nm—l—%)—i—%—l—j,l§i§m2—|—i—1,iiseven.
The corresponding edge set labels are as follows:
Let A={e; =vv41/1 <i<n-—1Ue, = v,v1}, where

(m2+1)(n+1)+<n—1

ife ;_ D + 1| (mod q)

i =

2
5 5 ) +ma(i —1) +

for 1 <i<n.B={e;; =vv;;/1 <i<n}, where

e = {(”;1) (m2+w>+(i—l) <m2+i_1>+(i+1)+j+1} (mod q)

2 2
forl1<i<nandiisodd,j=1,2,--- ,me+i—1 C={e;; =vv;/1 <i<n}, where
2
n+1 n—1 1—2 . L
€ij = (mg—i-l)( 5 )—i-( 5 ) + 5 (2mo +i—1)+i+j| (modq)
forl<i<nandiiseven,j=1,2,--- ,mo+1i— 1.

Hence, the induced edge labels of G are q distinct integers. Therefore, the graph G =
A(mj,n) is vertex graceful for n is odd, and m > 1. ad

Theorem 2.4 A graph A(mj,n) U Ps,m; be monotonically increasing, 2 < j < n is vertex
graceful, 1 < mso < 3,n is odd.

Proof Let the graph G = A(mj,n) U Ps,m; be monotonically increasing ,2 < j < n ,
n is odd with p = n + 3 + mn(m’;—ﬂ) — ml(mg—ﬂ),ml < mg vertices and ¢ = p — 1 edges.
Letvy, v, v3,- -+ , vy be the vertices of the cycle C,,. Let v;;(j = 1,2,3,---,n) denote the
vertices which are adjacent to v;. Let uy,u2,us be the vertices of the path P;. By definition of

vertex graceful labeling, the required vertices labeling are

1 (my 4+ HL) +1;1 <0 < n,iis odd;

Vi = . . .

(ma + 1D 4 (37)" 4+ 552 (ma + 5) + £+ 21 <0 <y is even,
o 77*12(m2+”7“)+%(m2+§)+%+j+2;1gign,z’isodd,
LV 1 —

5 (me+52)+ 2 4j+2;1<i<n,iiseven.
ui:"T_l(mg—l—"T"‘l)—l—%for i=1,3 and uy = p.
The corresponding edge labels are as follows:

Let A={e; =vv41/1 <i<n-—1Ue, = v,v1}, where

(m2 + 1)(n+1)
2

P =

2 .
+(n;1) —l—mg(i—l)—i—@—i—?) (mod q)
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for 1 <i<n.B={e; =vv;;/1 <i<n}, where

eij:[w<mg+w)+(i—l)( i_1>+(i+1)+j+3}(modq)

2 2 2 2
forl1<i<nandiisodd,j=1,2,--- ,mg+i—1 C={e; =vivi;/1 <i<n}, where
eij = (m2+1)(";1)+(n;1> +i;2(2m2+i—1)+i—|—j+2 (mod q)
forl<i<nandiiseven, j=1,2,--- ,mo+i—1. D ={e; =wusu;q1 for i = 1,2}, where
eiz[ngl(mg—i—%l—i—z—i—l] (mod q)

for ¢ = 1,2. Hence, the induced edge labels of G are ¢ distinct integers. Therefore, the graph
G = A(m;,n) U Py is vertex graceful for n is odd. m|

Definition 2.5 A regular lobster is defined by each vertex in a path is adjacent to the path Ps.
Theorem 2.6 A regular lobster is vertex graceful.

Proof Let G be a 1- regular lobster with 3n vertices and ¢ = 3n — 1 edges. Let
v1, V2,3, , U, be the vertices of a path P, . Let v; be the vertices, which are adjacent
to vy and v} adjacent to vl, for 1 <4 < n and n is even .The theorem is proved by two cases.

By definition of Vertex graceful labeling, the required vertices labeling are

Case 1 niseven

Vi =19 3(n+1)
2
3(n+i)—1

;1 <4< n,tis even.

/1<i<n,iisodd
Vit = 3i - 2
2
3(i—;l)—|—2;1§i§n,iis odd,
Vi2 = § 3(n +1)
2
The corresponding edge labels are as follows:

+3/1<i<mn,iis even.

—1;1 <4< n,t is even.

3(n+ 2i)
2

1) (mod ¢) for 1 <4 <n and ¢ is odd,

Let A = {e; = vvi41/1 <i <n—1}, wheree; =

3(n +2i) —|— 2i)

+ 1) (mod q) for 1 <i <n—1,
B ={e;1 =vivin/1 <i < n}, where e;; =

2i)
= {es = v /1 < i < n}, where e;; = n+ ! > (mod ¢) for 1 < i < n and is even,

3n+21)

IN

D = {eia = viavie/1 < i < n}, where e;50 = (mod q) for 1 < ¢ < n and i is odd,

IN

E = {eia = vavie/1 < i < n}, where ;5

even.

(™
(3 (n+ 21)

—1)(m0dq) for 1 < ¢ < n and is
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Case 2 nis odd

3i—1
L 1<i<nm,iisodd,

’U,L-: .
3(71—’_722)_'—1;1§i§n,iiseven,
3nti) 1 < <m,iis odd,

Vit = 4 3(; — 2)

5 +3;1 <1 < n,1is even,

3671 4 9:1 <i <n,iis odd,

Vio = ) —
i W+1;1§ign,iiseven.

The corresponding edge labels are determined by A = {e; = vv;11/1 < i < n—1},

where e; = <w> (mod ¢q) for 1 <i<n-—1, B={e; = v/l <i<n}, where
el = <3(n+7222)—1> (mod ¢) for 1 <i<nandiisodd, C={e;1 =wvv;1/1 <i<n}, where
el = (%) (mod q) for 1 <i < n and is even, D = {e;2 = v;1v;2/1 < i < n}, where
€in = (%) (mod ¢) for 1 <i <nandiisodd, E = {e;n =v;lv;a/1 < i < n}, where
eio = % (mod q) for 1 < i < n and is even. Hence the induced edge labels of G
are ¢ distinct edges. Therefore, the graph G is vertex graceful. O

Theorem 2.7 C,, U C\41 is vertex graceful if and only if n > 4.

Proof Let G = C), UC)41 with p = 2n + 1 vertices and ¢ = 2n + 1 edges. Suppose that
the vertices of the cycle C), run consecutively ui, us, - - ,u, with u, joined to u; and that the

vertices of the cycle C, 41 run consecutively vy, ve, -+, Up41 With v,41 joined to v.

By definition of vertex graceful labeling

(@) w1 = Luy = 2,u; = 2i for i = 2,3,---,|(n+1)/2],u; = 2(n —j) + 3 for j =
[(n+3)/2],--- ,n—1.

() v1 =2,v9 =2n—1 and

1—3t
(1) v3s4t =2n—4t—6s+7,t=0,1,2,s =1,2,--- . [(n+1—-3t)/6] if s = L%J 1
then no s.
(i1) Write a(0) = 0,a(1) = 4,a(2) =2,5(0) =0,58(1) =3 = 5(2)
Un+1-3s—t = 2n—65—a(t),t =0,1,2,s=0,1,--- 7L%MJ Ifs = |_n_56_ﬁ(t)J <0

then no s value exists.

(7i1) We consider as that v; to f(4); and suppose that n — 2 = 6 mod(3),0 < 6§ < 2. There
are 2 + 0 vertices as yet unlabeled. These middle vertices are labeled according to congruence

class of modulo 6.
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Congruence class

n= 0 (mod ) f(n+2)/2)=n+ 2, {(n+4)/2) =n + 3,
f(n+6)/2)=n+4

=1 (mod6) f((n+1)/2):n+2,f((n+3)/2)—n+3
f(n+5)/2) =n+4,f(n+7)/2) =

n =2 (mod 6 ) f((n+2)/2):n+2,f((n+4)/2)—n+3

n =2 (mod 6 ) f((n + 1)/2) = n+4, f((n+3)/2) =
f((n+5)/2) = n+2

n= 4 (mod 6) f((n + 2)/2) = n+5, f((n+3)/2) = n+4,
f((n+4)/2) = n+3, {(n+5)/2) = n+2

n =4 (mod 6 ) f((n 4+ 3)/2) = n+3, {((n+5)/2) = n+2

To check that f is vertex graceful is very tedious. But we can give basic idea. The C,
cycle has edges with labels {2k+2/k =4,5,--- ,n—1}U{0,3,5,7}. In this case all the labeling

of the edges of the cycle C,+1 run consecutively vyvy as follows:

1,(2n—1,2n-3),(2n—11,2n—13,2n—15),--- , (2n+1—-12k, 2n—1-12k, 2n—3—12k),- - - ,
middle labels,- - - | (2n+3—12k, (2n+5—12k, 2n+7—12k), -+ ,(2n—21,2n—19,2n—17), (2n—
9,2n — 7,2n — 5),2. The middle labels depend on the congruence class modulo and are best

summarized in the following table. If n is small the terms in brackets alone occur.

Congruence class
n = 0(mod6) -(11,9),6,4,7,(13,15,17) - - -
n = 1(mod6) -(13,11),6,4,7,(13,15,17) - - -
n = 2(mod6) --+(11),6,4,7,(9) - -
n = 2(mod6) -+ (13),7,4,6,(9,11) - - -
n = 4(mod6) -(15,9),6,4,7(11,13) - - -
n = 4(mod6) (9),7,6,4(11,13,15) - -
Thus, all these edge labelings are distinct. a
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81. Introduction

The concept of block edge cut vertex graph was introduced by Venkanagouda M Goudar [4 ].
For the graph G(p,q), if B = uy,us,- - ,u, : 7 > 2 is a block of G, then we say that the vertex
u; and the block B are incident with each other. If two blocks By and Bs are incident with a
common cutvertex, then they are adjacent blocks.

All undefined terminology will conform with that in Harary [1]. All graphs considered here
are finite, undirected, planar and without loops or multiple edges.

The semirelib graph of a planar graph G is introduced by Venkanagouda M Goudar and
Manjunath Prasad K B [5] denoted by R,(G) is the graph whose vertex set is the union of set
of edges, set of blocks and set of regions of G in which two vertices are adjacent if and only if
the corresponding edges of G are adjacent, the corresponding edges lies on the blocks and the
corresponding edges lies on the region. Now we define the total semirelib graph.

Let M be a maximal planar graph of a graph G. A Smarandachely semirelib M -graph
TM(G) of M is the graph whose vertex set is the union of set of edges, set of blocks and set of
regions of M in which two vertices are adjacent if and only if the corresponding edges of M are
adjacent, the corresponding edges lies on the blocks, the corresponding edges lies on the region,
the corresponding blocks are adjacent and the graph G\ M. Particularly, if G is a planar graph,
such a TM(Q) is called the total semirelib graph of G denoted, denoted by T4(G).

The edge degree of an edge uv is the sum of the degree of the vertices of u and v. For the

planar graph G, the inner vertex number i(G) of a graph G is the minimum number of vertices

1Received March 8, 2013, Accepted August 18, 2013.
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not belonging to the boundary of the exterior region in any embedding of G in the plane. A

graph G is said to be minimally nonouterplanar if i(G)=1 as was given by Kulli [4].

§2. Preliminary Notes

We need the following results to prove further results.

Theorem 2.1([1]) If G is a (p,q) graph whose vertices have degree d; then the line graph L(G)
1
has q vertices and qr, edges, where qr, = —q + 3 E df edges.

Theorem 2.2([1]) The line graph L(G) of a graph is planar if and only if G is planar, A(G) < 4

and if degv =4, for a vertex v of G, then v is a cutvertex.

Theorem 2.3([2]) A graph is planar if and only if it has no subgraph homeomorphic to Ky or
Kgyg.

Theorem 2.4([3]) A graph is outerplanar if and only if it has no subgraph homeomorphic to
K4 or K2)3.

83. Main Results

We start with few preliminary results.

Lemma 3.1 For any planar graph G, L(G) C Rs(G) C Ts(QG).
Lemma 3.2 For any graph with block degree n;, the block graph has i edges.
2

Definition 3.3 For the graph G the block degree of a cutverter v; is the number of blocks

incident to the cutvertex v; and is denoted by n;.

In the following theorem we obtain the number of vertices and edges of a Total semirelib

graph of a graph.

Theorem 3.4 For any planar graph G, the total semirelib graph Ts(G) whose vertices have
1
degree d;, has q + r + b vertices and 3 g d? + g gj edges where r and b be the number of

regions and blocks respectively.

Proof By the definition of Ts(G), the number of vertices is the union of edges, regions and
blocks of G. Hence T5(G) has ( q + r + b) vertices. Further by the Theorem 2.1, number of
edges in L(G) is q, = —q + Ede Thus the number of edges in Ts(G) is the sum of the
number of edges in L(G), the number of edges bounded by the regions which is q, the number

of edges lies on the blocks is > ¢; and the number the sum of the block degree of cutvertices
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which is > (3*) by the Lemma 3.2. Hence

BILG) =0+ 3 Y d 0+ 0+ X0 =3 D+ g+ 3G, o

Theorem 3.5 For any edge in a plane graph G with edge degree e; is n, the degree of the
corresponding vertex in T4(G) is i). n if e; is incident to a cutverter and ii). n+1 if e; is not

incident to a cutvertez.

Proof Suppose an edge e; € E(G) have degree n. By the definition of total semirelib graph,
the corresponding vertex in Ts(G) has n-1. Since edge lies on a block, we have the degree of
the vertex is n — 1 + 1 = n. Further, if e; # b; € E(G) then by the definition of total semirelib
graph, Ve, € E(G), e; is adjacent to all vertices e; of T5(G) which are adjacent edges of e; of
G. Also the block vertex of T5x(G) is adjacent to e;. Clearly degree of e; is n + 1. O

Theorem 3.6 For any planar graph G with n blocks which are Ky then T4(G) contains n

pendent vertices.
Theorem 3.7 For any graph G, T4(G) is nonseparable.

Proof Let ej,ea,---,e, € E(G), by = e1,ba = ea,---,b, = e, be the blocks and
r1,72, - ,rp be the regions of G. By the definition of line graph L(G), e1,ea, -, e, form
a subgraph without isolated vertex. By the definition of T5(G), the region vertices are adjacent
to these vertices to form a graph without isolated vertex. Since there are n blocks which are
K>, we have each by = e1,by = €9, , b, = e, are adjacent to ey, eo, - ,e,. Hence semirelib
graph R4 (G) contains n pendent vertices. By the definition of total semirelib graph, the block

vertices are also adjacent. Hence T,(G) is nonseparable. m

In the following theorem we obtain the condition for the planarity on total semirelib graph

of a graph.

Theorem 3.8 For any planar graph G, the Ts(Q) is planar if and only if G is a tree such that
A(G) < 3.

Proof Suppose R4(G) is planar. Assume that Jv; € G such that degv; > 4. Suppose
degv; = 4 and ej,eq,e3,e4 are the edges incident to v;. By the definition of line graph,
e1,ea, es, e4 form Ky as an induced subgraph. In T(G), the region vertex r; is adjacent with all
vertices of L(G) to form K5 as an induced subgraph. Further the corresponding block vertices
b1,b2,b3,- -+ ,b,_1 of of blocks By, By, Bs,--- , B, in G are adjacent to vertices of K4 and the
corresponding blocks are adjacent. Clearly T(G) forms graph homeomorphic to K5. By the
Theorem 2.3, it is non planar, a contradiction.

Conversely, Suppose degv < 3 and let eq, es, e3 be the edges of G incident to v. By the
definition of line graph ej, e, e3 form K3 as a subgraph. By the definition of T5(G), the region
vertex r; is adjacent to e, eq, ez to form Ky as a subgraph. Further, by the Lemma 3.2, the
blocks b1, ba, b3, - - - , by, of T with n vertices such that by = e1, by = €2, ,b,_1 = €,_1 becomes
p—1 pendant vertices.By the definition of T, (G), these block vertices are adjacent. Hence Ts(G)

is planar. O
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In the following theorem we obtain the condition for the outer planarity on total semirelib

graph of a graph.
Theorem 3.9 For any planar graph G, Ts(G) is outer planar if and only if G is a path Ps.

Proof Suppose Ts(G) is outer planar. Assume that G is a tree with at least one vertex
v such that degv = 3. Let ey, ea,e3 be the edges of GG incident to v. By the definition of line
graph ej, es, e3 form K3 as a subgraph.In T,(G), the region vertex r; is adjacent to eg, ea, €3 to
form K, as induced subgraph. Further by the lemma 3.2, by = e1,bs = €2, -+ ,by_1 = €n_1
becomes n-1 pendant vertices in Rs(G). By the definition of T,(G), i[Rs(G) > 1], which is
non-outer planar ,a contradiction.

Conversely, Suppose G is a path P;. Let ej,e2 € E(G). By the definition of line graph
L[P3](G) = P,. Further by definition of T5(G),b; = e1,ba = ey forms and the vertices of line
graph form Cy . Further the region vertex 71 is adjacent to all the vertices of T(G) which is

outer planar. O

In the following theorem we obtain the condition for the minimally non outer planar on
total semirelib graph of a graph.
Theorem 3.10 For any planar graph G, Ts(G) is minimally non-outer planar if and only if G
8 P4.

Proof Suppose Ts(G) is minimally non-outer planar. Assume that G # P,.Consider the

following cases.

Case 1 Assume that G = K1, for n > 3. Then there exist at least one vertex of degree at
least 3. Suppose degv = 3 for any v € G. By the definition of line graph, L[K; 3] = K3. By the
definition of Ts(G),these vertices are adjacent to a region vertex r1, which form K4. Further the
block vertices form K3 and it has eq, es, e3 as its internal vertices. Clearly, T is not minimally

non-outer planar, a contradiction.
Case 2 Suppose G # Ki . By the Theorem 3.9, T5(G) is non-outer planar,a contradiction.

Case 3 Assume that G = P,for n > 5. Suppose n = 5. By the definition of line
graph,L[P5](G) = P, and eg, e3 are the internal vertices of L(G). By the definition of T,
the region vertex r1 is adjacent to all vertices of L(G) to form connected graph. Further the
block vertices are adjacent to all vertices of L(G). Clearly the vertices eg, e3 becomes the inter-
nal vertices of Ps. Clearly i[Ts] = 2, which is not minimally nonouterplanar, a contradiction.
Conversely, suppose G = P, and let e, es,e5 € E(G). By the definition of line graph,
L[Py] = P;. Let r1 be the region vertex in T(G) such that r1 is adjacent to all vertices of
L(G). Further the blocks b; are adjacent to the vertices e; for i = j. Clearly i[T5(G)] = 1.

Hence G is minimally non-outer planar. O

In the following theorem we obtain the condition for the non Eulerian on total semirelib

graph of a graph.

Theorem 3.11 For any planar graph G, Ts(G) is always non Eulerian.
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Proof We consider the following cases.

Case 1 Assume that G is a tree. In a tree each edge is a block and hence b; = e1,by =
€2, ybpo1 = en—1Ve,—1 € E(G) and Yb,—1 € V[Ts(G)]. In Ts(G), the degree of a block
vertex b; is always even, but the pendent edges of G becomes the odd degree vertex in Ts(G),

which is non Eulerian.
Case 2 Assume that G is K -free graph. We have the following subcases of Case 2.

Subcase 1 Suppose G itself is a block with even number of edges. Clearly each edge of G is of
even degree. By the definition of Ts(G), both the region vertices and blocks have even degree.
By the Theorem 2.3, ¢; = b; € V[T5(G)] is of odd degree, which is non Eulerian. Further if G is
a block with odd number of edges, then by the Theorem 3.3, each e; = b; € V[T(G)] is of even
degree. Also the block vertex and region vertex b;, r; are adjacent to these vertices. Clearly

degree of b; and r; is odd, which is non Eulerian.

Subcase 2 Suppose G is a graph such that it contains at least one cutvertex. If each edge is
even degree then by the sub case 1, it is non Eulerian. Assume that G contains at least one
edge with odd edge degree. Clearly for any e; € E(G), degree of e; € V[Ts(G)] is odd, which

is non Eulerian. Hence for any graph G T5(G) is always non Eulerian. a
In the following theorem we obtain the condition for the hamiltonian on total semirelib

graph of a graph.

Theorem 3.12 For any graph G, Ts(G) is always hamiltonian.

Proof Suppose G is any graph. We have the following cases.

Case 1 Consider a graph G is a tree. In a tree, each edge is a block and hence b; = ey, by =
€a, " ybp_1 = en_1Ven—1 € E(G) and Vb,—1 € V[Ts(G)]. Since a tree T contains only ne
region 1 which is adjacent to all vertices eq, eq, - ,e,—1 of Ts(G). Also the block vertices are
adjacent to each vertex e; which corresponds to the edge of G and it is a block in G. Clearly

r1,€1,b1,b2, €2, e3,bs, -+ ;1 form a hamiltonian cycle. HenceTs(G) is hamiltonian graph.

Case 2 Suppose G is not a tree. Let e1,es, -+ ,e,—1 € E(G), b1,ba, -+ ,b; be the blocks

and 71,79, -+ ,7 be the regions of G such that ey, es, -+ ,e; € V(b1), err1,€142, - ,em €
V(ba),  *, emt1,€m+2, - en—1 € V(b;). By the Theorem 3.3, V[T(G)] = e1,e2, - ,ep—1 U
b1,ba, -+ ,b; Ury,re, -+ ,1,. By theorem 3.7, T4(G) is non separable. By the definition,
bie1,ea, -+ ,e1—17T1by -+ - Troembs - - - €k41, €pt2, -, En_1bkTREby fOorm a cycle which contains all
the vertices of T5(G). Hence T,(G) is hamiltonian. m
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§1. Introduction

Dual numbers were introduced by W.K. Clifford [5] as a tool for his geometrical investigations.
After him,e E.Study used dual numbers and dual vectors in his research on the geometry of
lines and kinematics [7]. The pitches and the angles of the pitches of the closed ruled surfaces
corresponding to the one parameter dual unit spherical curves and oriented lines in R?® were
calculated respectively by Hacisalihoglu [10] and Giirsoy [8]. Definitions of the parallel ruled
surface were presented by Wilhelm Blaschke [6]. The integral invariants of the paralel ruled
surfaces in the 3-dimensional Euclidean space R® corresponding to the unit dual spherical
parallel curves were calculated by Senyurt [14]. The integral invariants of ruled surface of a
timelike curve in dual Lorentzian space were calculated by Bektag and Senyurt [2]. The integral
invariants of ruled surface of a closed spacelike curve with timelike binormal in dual Lorentzian
space were calculated by Bektag and Senyurt [3].

The set D = {\ = A+ eA*|\, A" € R,e2 = 0} is called dual numbers set, see [5].0n this

set, product and addition operations are respectively
A+eX) +(B+28") = (A+8) += (V" +57)

and
A+eX)(B+ef") =+ (A" +N0F).

1Received May 15, 2013, Accepted August 22, 2013.
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The elements of the set D3 = {Z =74 +ear|d,a* e RS} are called dual vectors. On
this set addition and scalar product operations are respectively
®:D3x D% - D3
— = — = - N —
(4.B) ~doB=a+b+e(a +0"),

®:DxD?*— D3
- é % — — — — =
(A,A) A0 A=A+ o(d+ead*)=Xa +e(Na*+ X1 7)

The set (DS, 69) is a module over the ring (D, +, ), called the D — Modul.
The Lorentzian inner product of dual vectors X, B € D? is defined by

(A.5) = (2.7) 4 ((7.7) + (7))

where < a,b > is the following Lorentzian inner product of vectors @ = (a1, a2,a3) and b =
(b17 b27 b3) € Rgai'e'v
=
< a,b > = —a1by + asbs + azbs.

The set D? equipped with the Lorentzian inner product <X, §> is called 3-dimensional dual
Lorentzian space and is denoted in what follows by D? = {X =7d+eca*|d,a* eR} } [17].
— N e 3 . = = —
A dual vector A = @' +eca™* € Dy is called dual space-like vector if <A, A> >0or A =0,
— — — — —
a dual time-like vector if <A, A> < 0, a dual null (light-like) vector if <A, A> =0for A#0
— — —
. For A # 0, the norm HAH of A is defined by
— —
a,a

HZH - \<Z,Z>‘ @)+ ) 0,

el
- —
The dual Lorentzian cross-product of A, B € D?is defined as
Z/\E}:E)xg—i—s(?x?*—i—?*x?)
where @ x b is the cross-product [14] of @ , b eR3 given by

- =
ax b= (agbg — a2b3, a1b3 — agbl, a1b2 — agbl) .

Theorem 1.1(E. Study) The oriented lines in R3 are in one to one correspondence with the
— —
points of the dual unit sphere || A|| = (1,0) where A # (6), @) € D-Modul , see [9].

The dual number & = ¢ + ™ is called dual angle between the unit dual vectors Z} ve §
and keep in mind that

sin(p+ep*) = singp+ep*cosy,
cos(p+ep™) = cosp—ep”sinep.
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82. Characterization of Ruled Surface of a Closed Spacelike Curve with Spacelike

Binormal in Dual Lorentzian Space (sz)

— — —
Let U:I - D}, t — U(@t)=U1(t), H U (t)H = 1 be a differentiable spacelike curve with
spacelike binormal in the dual unit sphere. Denote by (ﬁ)) the closed ruled generated by this

curve. o o
Let {Ul, Us, Ug} be the Frenet frame of the curve U = U with

—

— — — — — — —
U,=U , U2:U/HUH C Us=TUyxUs

Definition 2.1 The closed ruled surface (ﬁ) corresponding to the dual spacelike curve ﬁ)(t)
—
which makes the fized dual angle ® = p + cp* with U (t) determines

— — —
V = cos ®U; + sin @Us (2.1)

The surface (7) corresponding to the dual spacelike vector ‘_/ is called the parallel ruled
surface of surface (ﬁ)) in the dual Lorentzian space Dj.
t)

~,
Now, take U (t) as a closed spacelike curve with curvature k = ky + k] and torsion

— —
7 = ko + ks . Recall that in the Frenet frames associated to the curve U; and Us are spacelike

vectors and [72) is timelike vector and we have
— — — — — — — — —
U1 X U2 = —U3 s UQ X U3 = —U1 s U3 X U1 = U2. (22)

Under these conditions, the Frenet formulas are given by ([18])

7 o d

> o d e d 7 e d
Uy =xUy , U =rUi+7Us3 , Uz =71Us. (23)

The Frenet instantaneous rotation vector (also called instantaneous Darboux vector) for

the spacelike curve is given by ([16])
— — —
U = —7U; + kUs, (24)

Let be ‘_/)1 - V. Differentiating of the vector \Z with respect the parameter ¢ and using
the Eq.(2.3) we get
— o d
Vi = (kcos® + 7sin @) Uy (2.5)

and the norm of that vector denoted by P is
P =kcos® + 7sin ®. (2.6)
Then, substituting the values of (2.5) and (2.6) into Frenet equations gives
— —
Vo =Us (2.7)

For the vector ‘Z,We have
— — —
V3 = sin ®U; — cos U3 (2.8)
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If Eq.(2.1), (2.7) and (2.8) are written matrix form, we have

- — — -

Vi cos® 0 sind U,
— —
V2 - 0 1 0 : U2
— —

| V3 sin® 0 —cos® Us |

or

N -
U, cos® 0 sind 1%
— —
Uy | = 0 1 0 | Ve
— —

| Us sin® 0 —cos® Vs |

— — . —
T —cospUs+ @ (cosp v —sinpvs)

Let P = p+ ep* be the curvature and Q = g + g™ the torsion of curve 1—/>(t) Then, the
following relating holds between the vectors

—_ = e e B
Vi,Vo, Vg and Vi , Vo, V3 [18]
— — — — — —
Vi =PVs, Vo =PVi+QVs3 V3 =QV> 210)
7 7 - = = 2.10
P = \/<‘—/>1 ,‘—/1 >, Qz—det(‘/_z7/‘/i,7/‘/l )
<Vi,Vi>

If Eq.(2.10) is separated into its real and dual parts, we get

v pva, 2 =P 3 =qU2

T =pU 4 p T, (2.11)
VY =pUI AP UL+ T +q s

Ty =qUs+ ¢V

Now, we are ready to calculate the value of Q as function of x and 7. Differentiating Eq.
(2.5) with respect to the curve parameter ¢ we get

— 2 . s
Vi =(+k"cos®+ k7sin®)U 1+
i o 212)
+ (kcos® +78in®) Ug + (k7cos® + 77sin ) U 5
Using Eqgs.(2.1), (2.5) and (2.12) into Eq.(2.10), we get

Q = —ksin® + 7cos P (2.13)
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and separating Eq.(2.6) and Eq.(2.13) into its dual and real parts gives

p=kicosp+ kasing

p* =k} cosp + k3 sing — ¢* (k1 sinp — ko cos ) (2.14)

*

q= —kising+ kacosyp
q* = —kisinp + k3 cosp — ¢*(k1 cos p + ko sin )

In its dual unit spherical motion the dual orthonormal system {‘Z, ‘72), 17;} at any ¢t makes a

dual rotation motion around the instantaneous dual Darboux vector. This vector is determined

by the following equation ([16]).

or

= — -
U = —QV; + PVs. (2.15)

For the Steiner vector of the motion, we can write

5:%5 (2.16)

= — —
D =—V17§th+V37§Pdt (2.17)
— —
Using the values of the vectors U; and Us into Eq.(2.4), gives
— — — — —
U = —7(cos®V 1 + sin®V3) + k(sin®V 1 — cos®V 3),
— — —
U =-QV;—PVs (2.18)
Because of the equations D= f W for the dual Steiner vector of the motion, we may write
— — —
D = —Vlj{th — ng{Pdt (2.19)
N
The real and dual parts of D are

= —?1 fth - ?3 fpdt,

(2.20)
C = T ftdt— T §qdt — Vs §prdt — T § pat

—
d
—
d
— — —
D= —U1 %Tdt'f‘ Ug%ﬁdt (221)

Eq.(2.21) can be written type of the dual and real part as follow

d =~y § kadt + W5 § kydt,

_ (2.22)
d* = =W $hodt — Wy $ k3dt + W5 § kadt + W5 § kidt
If the equation (2.3) is separated into the dual and real part, we can obtain
Wy =k W, Wo=ki W1 +kaWs, Wy=hoWo
Wy =k U+ kU, (2.23)

— — — — —
uy  =kur+ksus+kiul+kus
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Now, let us calculate the integral invariants of the respective closed ruled surfaces. The

pitch of the first closed surface (U;) is obtained as

Lo, ={d.@")+(d"@),

Ly, = —%k;‘dt. (2.24)
The dual angle of the pitch of the closed surface U is
- —
Ay, = — <D,U1> .
and from Eq.(2.21) we obtain
Ay, = %Tdt. (2.25)
The real and dual of U7 are

Au, = j{det , L = —]{k;dt (2.26)

The drall of the closed surface (Uy) is

(duz, dui*)
Py, = =—=v
<d’u,1, du1>

Using the values du; and du;* given by Eq.(2.23), we get

_ K

PUl_k_l

(2.27)

The pitch of the closed surface (Us) is given by
L., =0. (2.28)
The dual angle of the pitch of the closed surface (Uz) is
— =
AU2 = _<D7U2>7
Ay, =0. (2.29)
The drall of the closed surface (Us), we may write

(dus, du3*)
PU2 = =
(duz, duz)
Using the values dus and dus* given by Eq.(2.23), we get

_ kikT A kok3

Py, = e (2.30)

The pitch of the closed surface (Us) is

L= (d,@")+(d" &),
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Ly, = f{ krdt

The dual angle of the pitch of the closed surface (Us) is

Ay, = — <1—)>, ﬁé>

AU3 = —%Iidﬁ

The real and dual parts of Ay, are

A, = —]{kldt Ly, = j{k’{dt

The drall of the closed surface (Us) is

which gives using (2.21)

(dus, duz*)
Py, = —=—=+v
<d’u,3, dU3>

Using the values of duz and duz* given in Eq.(2.23) gives

k*
Py, = k—z

(2.31)

(2.32)

(2.33)

(2.34)

Let Q (t) = w (t) + ew* (t) be the Lorentzian timelike angle between the instantaneous dual

-
Pfaffion vector ¥ and the vector Us. In this case dual Pfaffion vector ¥ is spacelike vector and

S0,
N

N
n:H\I/HcosQ , T:H\IJ’sinQ

= — — . . = 1. . .
then C' = ¢ + e ¢*, the unit vector in the ¥ direction is
— . — —
C = —sinQU; + cos QU3

and the real and dual parts of 8 are

— . — —
¢ = —slnwuy + coswus
— . — — — . —
c* = —sinwui* 4+ coswuz® — w* coswui — w* sinwus

—

The pitch of the closed surface (C') generated by Cis given by
Loe=<d,C*>+<d*T>
Le = cosw%kfdt + sinwj{kzdt - w*(sinw%kldt - cosw%kgdt)
If we use Eq.(2.26) and Eq.(2.33) into Eq.(2.37) we get
Lo = —sinwLy, + coswly, + w” (coswA,, + sinw,,)

—

The dual angle of the pitch of that closed ruled surface (C'), we have

Ao = — <B,8>

(2.35)

(2.36)

(2.37)

(2.38)
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and from Eq.(2.21) and (2.35) it follows that

— — — —
Ay, =—< U j{rdt—k Ugfﬂdt,—SiDQUl + cos QU3 >,

Ao =— sian{rdt — cosﬂj{/@dt (2.39)
Using Eg.(2.25) and (2.32) gives

Ac = —sin QAy, + cos QAy, (2.40)

—

The drall of the closed surface (C) is

w'w* — (kycosw — ky sinw) (k5 — kiw*) cosw — (kaw* + k) sinw]
Po = it (2.41)
w2 — (kg cosw — ky sinw)

Now, let us calculate the integral invariants of the respective closed ruled surfaces. The

pitch of the closed (V1) surface is given by
LVl = <E)a ’U_>1*> + <7*5 ’U_>1> )
Ly, = —%q*dt. (2.42)

Substituting by the value ¢* into Eq.(2.42)

Ly, = singp%kfdt - cos<pj{k§dt + <p*(cos<p%k1dt + Singﬁ%kgdt) (2.43)

or

Ly, = cos Ly, +sin@Ly, + ¢* (sinpAy, — cosply,). (2.44)

The dual angle of the pitch of the closed ruled surface (V7) , we have
— —
Ay, = — <D, V1>
and using Eq.(2.19) we obtain

e e g
Av, :_<—V1%th—v3?{Pdt,Vl >,

Ay, = ]f Q. (2.45)
Using Eq.(2.13) into the last equation, we get
Ay, = —sin@%mdt—i—cos@%nlt

or
Ay, = cosPAy, +sin PAy, (2.46)
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Separating Eq.(2.46) into its real and dual parts gives

Ay, = COS YAy, + sin Ay,

(2.47)
Ly, = cospLy, +sin@Ly, + ¢* (sin oAy, — cospy,)
The drall of the closed surface (V1) is
(dvi, dvi)
})\/1 = = =
<d’U1 y d’U1>
which gives using the values of dv; and dv;* in Eq.(2.11)
p*
P =1 (2.48)
and using the values of pand p* given by Eq.(2.14) gives
Py 7k:’fcosgp—|—k§singp_ Lk1sing — ko cos g (2.49)

e ki cosp + ko sinp v k1 cosp + ko sin g

Theorem 2.1 Let (V1) be the parallel surface of the surface (Uy). The pitch, drall and the dual
of the pitch of the ruled surface (V1) are

*

1-)Ly, = —]{q*dt 2 )Ay, = ]{th 3-)Py, = %

Corollary 2.1 Let (Vi) be the parallel surface of the surface (Ur). The pitch and the dual of

the pitch of the ruled surface (V1) related to the invariants of the surface (Uy) are written as
follow

17) Ly, = cos Ly, +sin Ly, + ¢* (sin oA, — cospy,);
27) Ay, = cosPAy, +sin @Ay,

The pitch of the closed surface (V2) is given by
b = (7,5°) 4 (77, )

Ly, =0 (2.50)

The dual angle of the pitch of the closed ruled surface (V3) is
— —
v, =—(D. V%)

Using Eq.(2.19) we get

Ay, =0 (2.51)
The drall of the closed surface (V2) is

 (dv3,dvs)
V2" dvs, dvs)
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Using the values of dvs and dvs* given by Eq.(2.11) gives

P +4qq”

and with the values of p, p*, gand ¢* given by Eq.(2.14) we get

krkt + ko
Py, =——F5— 2.53
Theorem 2.2 Let (V1) be the parallel surface of the surface (Uy). The pitch, drall and the dual
of the pitch of the ruled surface (Vz) are

g
1)Ly, =0  2)Ay, =0  3-)Py, = %
The pitch of the closed surface (V3) is given by
Ly, = (d.5") +(d"%),
Ly, = — ](p*dt (2.54)
and using Eq.(2.54)
Ly, =— coscp?{kfdt —singp ]{ ksdt + ¢* (sincp%kldt —cosp ]{ kodt) (2.55)
or
Ly, =sin oLy, — cos@L,, — ¢* (cos oAy, + sinpAy;) (2.56)

The dual angle of the pitch of the closed ruled surface (V3) is
—_ —
AV3 = - <Da ‘/3>
Due to Eq.(2.19) we have

— — —
Aw=—<meﬁ—%fP@%>,

Ay, = f{ Pat. (2.57)

and using Eq.(2.6) into the last equation gives

Ay, = cos@j{mdt—ksinq)%rdt

or

Ay, =sin®Ay, — cos PAy, (2.58)

Separating Eq.(2.58) into its real and dual parts give

Aua = SIN Ay, — COS Ay
3 PAuy PAug (2.59)
Ly, =singpL,, —cos@Ly, —@* (cospAy, +sinply,,)
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The drall of the closed surface (V3) is

P (T, AT
Vs ™ s, dog)

Using the values of dvs and dvs* given by Eq.(2.11) gives
p,=L (2.60)
q

and using the values of gand q* given by Eq.(2.14) into the last equations, we get

—kisinp — k3 cose « [ k1cosp+ kasing
Py, = -

= 2.61
—kysinp + kycosp —kising + kacosp ( )

Theorem 2.3 Let (V1) be the parallel surface of the surface (Uy). The pitch, drall and the dual
of the pitch of the ruled surface (V3) are

*

Corollary 2.2 Let (Vi) be the parallel surface of the surface (Uyr). The pitch and the dual of
the pitch of the ruled surface (V3) related to the invariants of the surface (Uy) are written as
follow

17) Ly, = sinpL,, — cos@Ly, — ¢* (cos Ay, +singly,,);
27) Ay, =sin @Ay, — cos PAy,.

Let © (t) = 0 (t) + 6* (t) be the Lorentzian timelike angle between the instantaneous dual
—

= —
Pfaffion vector ¥ and the vector V3. -

In this case dual Pfaffion vector U is spacelike vector,

= =
P—H\I/ cos O, Q—H\I/ sin ©
= =
The unit vector C' = ¢ +e¢*, in the ¥ direction is
= — —
C = —sinOV] + cos OV (2.62)

Using the values of the vectors ‘71) and ‘Z given by Eq.(2.9) into Eq.(2.62), we get

= — — — —
C =—sin® (cos ®U; + sin <I>U3) + cos © (sin ®U; — cos <I>U3)

—

C =sin (0 — ®) U, — cos (6 — ®) Us (2.63)

N
The real and dual parts of C are

N )
¢ = —sinfv] + cosfv3

- _ - _ _ (2.64)
¢* = —sinfv;* + cosfvs* — 0* cos Qv — 0% sin v
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=
The pitch of the closed surface (C') is given by
- = - —
L5:<d, E*>+<d*, E>

and using the values of d and d* given by Eq.(2.22) into the last equation we get

Lz=— cos@j{p*dt + sin@fq*dt + 6" (cos@fth + sin@fpdt) (2.65)

or
L& = —sinfLy, + cos@Ly, + 0" (cos OAy, +sinbAy;,) (2.66)

Finally if we use Eq.(2.47) and Eq.(2.59) into Eq.(2.66), we get

Lz =sin(p —0) Ly, — cos (¢ —0) Lu,+

. ] (2.67)
(" = 07) (cos(p = ) Au,) +sin (¢ = 0) Au,
The dual angle of the pitch of the closed ruled surface (C') , we may write
— =
A= — <D, C’>
and using Eq.(2.21) and Eq.(2.62) we get
— —
Ag=—-<-V %th - V3 y{Pdt, —sin©®V; + cosOV3 >,
Az = —sin® 7{ Qdt + cos© 7{ Pdt (2.68)
If we use the Eqs.(2.45) and (2.57) into the last equation, we get
Az = —sinOAy, + cos OAy, (2.69)
If we use Eq.(2.46), we get
As = —sin(0 — ®)Ay, —cos(© — )Ay, (2.70)
=
The drall of the closed surface (C'), we may write
(dT.d)
Fe="7r="=v¢
<d c,dc >
P - 0’0 — (qcosd — psin ) [(¢* — pd*) cos O — (¢0* + p*) sin 6] (2.71)

0”2 — (gcos — psinf)?
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Abstract: Prime labeling originated with Entringer and was introduced by Tout, Dabboucy
and Howalla [3]. A Graph G(V, E) is said to have a prime labeling if its vertices are labeled
with distinct integers 1,2,3,--- ,|V(G)| such that for each edge xy the labels assigned to x
and y are relatively prime. A graph admits a prime labeling is called a prime graph. We

investigate the prime labeling of some H-class graphs.
Key Words: labeling, prime labeling, prime graph, H-class graph
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81. Introduction

A simple graph G(V, E) is said to have a prime labeling (or called prime) if its vertices are
labeled with distinct integers 1,2, 3, ..., |V(G)|, such that for each edge xy € F(G), the labels
assigned to z and y are relatively prime [1].

We begin with listing a few definitions/notations that are used.

(1) A graph G = (V, E) is said to have order |V| and size |E|.

2)

(3) P, is a path of length n.

(4) The H-graph is defined as the union of two paths of length n together with an edge

A vertex v € V(G) of degree 1 is called pendant vertex.

joining the mid points of them. That is, it is obtained from two copies of P, with vertices
V1,02, .., U, and ui, g, ..., U, by joining the vertices v(,41y/2 and u(,41)/2 by means of an
edge if n is odd and the vertices v, /241 and u, /o if n is even [4].

(5) The corona G7 ® G2 of two graphs G; and G is defined as the graph G obtained by
taking one copy of G (which has p; points) and p; copies of G5 and then joining the i*" point
of G to every point in the i*" copy of G [1].

§2. Prime Labeling of H-Class Graphs

Theorem 2.1 The H-graph of a path of length n is prime.

Proof Let G = (V, E) be a H-graph of a path of length n. It is obtained from two copies

1Received April 15, 2013, Accepted August 24, 2013.
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of paths of length n. It has 2n vertices and 2n — 1 edges.

V(G) = {u;,v;/1 <i<n}
E(G) = {uittiy1, vivit1/1 <i <n = 1Y U {upmg2)1V1(n/2)}

Define f: V(G) — {1,2,...,2n} by

f(Wn1)2) = 1if nis odd
f(vp/2) = 1if nis even
fluj)=i+1,1<i<n
fw)=n+i+1,1<i<(n/2)—1, when i # (n/2) if n is even
fw)=n+1i(n/2)+1<i<mn, if nis even
fw)=n+i+1,1<i<(n-—1)/2, wheni# (n+1)/2, if n is odd
fw)=n+i,(n+3)/2<i<n, when i # (n+1)/2, if n is odd
Clearly, it is easy to check that GCD (f(u),f(v)) = 1, for every edge
wv € E(G). Therefore, the H-graph of a path of length n admits prime labeling. m

Example 2.2 The prime labeling for H-graph with n = 14,16 are shown in Fig.1 and 2.

2 10

2 9
3 11

3 10
4 12

4 11
) 1

) 1
6 13

6 12
7 14

7 13
8 15

8 14
9 16

Fig.1 n =0(mod2) Fig.2 n = 1(mod2)

Theorem 2.3 The graph G ® K1 is a prime.

Proof G ® K; is obtained from H-graph by attaching pendant vertices to each of the
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vertices. The graph has 4n vertices and 4n — 1 edges, where n = |G].
V(G © Ky) = {ui,vi/1 <i<2n}
E(G 0 K1) = {uitit1,vvi41/1 <1 <n— 1} U {uitnpi, 0ivn4i/1 <@ <n}

U {u(n+1)/gv(n+1)/2 n is odd or U(n/2)+1Vn/2, T is even.}

Define f: V(G ® K1) — {1,2,...,4n} by

i#£n/2 if n is even
f(Wnt1y/2) =1 n odd
f(uny2)41) = 1 n even
flunts) =2i, 1<i<n
fw)=2n+2i-1,1<i<n
Flongs) =2n+2i,1<i<n
GCD(f(uw;), f(ui+1)) =GCD(2i +1,2i+3)=1,1<i < (n—3)/2,n odd
GCD(f(u;), f(ui+1)) =GCD(2t +1,2i+3)=1,(n+3)/2<i<n-—1,no0dd
GCD(f(uw;), f(ui+1)) =GCD(2i +1,2i+3)=1,1<i < (n/2) — 1,n even
GOCD(f(ui), f(uiy1)) =GCD(2i+1,2i+3)=1,(n/2) +2 <i<n-—1,n even
GCD(f(v;), f(vit1)) =GCD2n+2i—1,2n+2i+1)=1,1<i<n
GCD(f(vi), f(vnts)) =GCD(2n+2i—1,2n+2i) =1,1 <i < n.

In this case it can be easily verified that GCD(f(u), f(v)) = 1 for remaining edges uv €
E(G ® K1). Therefore, G ® K; admits prime labeling. m

Example 2.4 The prime labeling for G ® K7 and G ® K; are shown in Fig.3 and 4.

ug u O 2 3] 13 14
2 3 11 12
LAY PN 7 B 1 5 5 16
4 14
Us us v3  Ug 6 7! 7 18
6 1 15 16
uw,7 17,u.9 8 1] 19 20
] 18
ujo  us) s vio 9 12 R1 - 22
10 9 19 20
10 11 23 24

Fig.3 Go K, Figd Go K,
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Theorem 2.5 The graph G ® Sy is prime.

Proof The graph G @ Ss has 6n vertices and 6n — 1 edges, where n = |G|.

V(GO S,) = {uivi/1 <i<n}u{ul” u® oM 0@ /1 <i<n}

yU; *5 U

E(G©®82) = {utir1,vv;41/1 <i<n—-1}U {uiuz(-l), uiuz(-m,viv(l), vivl@)/l <i<n}

U{Unt1/2Vn41/2 1 is odd or Uy, 9410,/ 1 is even.
Define f:V — {1,2, ...,6n} by
2
f(un+1/2) 1 f( (n+1 /2) = 6n — f( En)-i-l)/2) = 6n.
Case 1 Suppose n = 1(mod 2).

Subcase 1.1 n = 1(mod 4)

fluzi—1) =6(i—1)+3,1<i<(n—1)/4
fluzi—1) = f(u@n—1)/2) + 6 +6[i — (n —1)/4) + 2],
(n=1)/4)+2<i<((n—-1)/2)+1
flug)) =6(i —1)+5,1<i<(n—1)/4
fluzi) = f(ug-1)/2) +4+6[i — ((n — 1)/4) + 1],
(n=1)/4)+1<i<(n—1)/2
) —1+6(i—1),1<i<(n—1)/4
U(n—1)/2) + 7+ 6[i — ((n —1)/4) + 2],
(n=1)/4)+2<i<(n-1)/2
P 0) = flur) +146(i — 1) 1<i<(n—1)/4
(

~
—
N
oo~
PR
=
—
S~—
Il
~
=~

—((n—1)/4) +2],
((”—1)/4)+2<Z§((n—l)/2)+1
f(ug)):f(uz)+1+6(z—1)1§ <(n—1)/4
( —((n=1)/4+1],
((n—l)/4)—|—1<z§( 1)/2
F@S) = flug) +2+6(i —1),1<i < (n—1)/4
f(ug)) fu—1y/2) +5+6[i — ((n—1)/4) + 1],
(n—1)/4)+1<i<(n—1)/2
3n, f(v2) = 3n+2

flor) =
f(vaic1) = flo1)+6(i —1),2<i< (n+1)/2
fva) = flve) +6(i—1),2<i<(n—1)/2
F@SL) = f01) =146(i—1),1 < < (n+1)/2
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(Uzz 1)
(Uzz)
f(5;)
GOD(f(uzi-1), f(u2:))
GCOD(f(u2i), f(uzit1))
GOD(f(ugi-1), f(u2:))

GCD(f(ugs), f(uip1)) =

GCD(f(uzi 1), f(us?

s fus?
O, fus?

GCD(f (uz
GCD(f(uq

GCD(f(v
GCD(f(vai—

1), f(v2

GCD(f(v2;), f(v2i41)) =

GCD(f(va:), f(052)) =

Subcase 1.2 n = 3(mod 4)

fugi—1) =6(i
fluzi—1) = f

fluzi) =6

fluzi) = f
Flus) ) =f
Flus) ) =f
Fus) ) =f

) =

) =
) =

) =
1), f(v2i)) =

~ o~ o~~~

=fr)+1+6(i—1),1<i<(n+1)/2

=f(v2) +1+6(i—1),1<i<(n—1)/2

=f(v2) +2+6(i—1),1<i<(n—1)/2

=GCD(6i—3,6i—1)=1,1<i<(n—1)/4

=GCD6i—1,66+3)=1,1<i<((n—1)/4) -1

=GCD(6i —7,6i—3) =1
(n=1)/4)+2<i<(n—-1)/2

GCD(6i —3,6i — 1) = 1,
(n=1)/4)+1<i<(n—-1)/2

GCD(6i — 7,60 —5) =1

(n=1)/4)+2<i<((n—1)/2)+1
GCD(6i—1,6i+1)=1,1<i<(n—1)/4
GCD(6i—3,6i —2) =1,

(n—=1)/4)+1<i<(n—1)/2
GCD(3n,3n +2) =1

GOD(3n +6i — 6,30 + 6i —4) = 1,
2<i<(n—1)/2

GOD(3n +6i — 4,30 + 6i) = 1,
1<i<(n—1)/2

GCD(3n+ 6t —4,3n+ 61 —2) =1,

1<i<(n-1)/2.

-1)+3,1<i<(n+1)/4
Un—1)/2) +2+6[i — ((n +1)/4) + 1],

(
(n+1)/44+1<i<(n+1)/2
(

i—1)+51<i<((n+1)/4) -1
U(n—1)/2) +6 +6[i — ((n+1)/4) + 1],
m+1)/4)+1<i<((n+1)/2)—1
<(n+1)/4
1)/4) +1],
1)/2
(n+1)/4

w)—1+6(G—1),1<i
U(n—1)/2) + 3+ 6[i —
n+1)/4)+1<i

((n+
<(n+
u)) +1+6(i—1),1<i<
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f(uzl) f(un—1y/2) +4+6[i = ((n +
(n+1)/4)+1<i<(n+
1<i<

(u 1)/4) +1],
(
Flus)) = flu) +1+6(i - 1),
(
(

1)/2
(n+1)/4) -1
+1)/4) + 1],
+1)/2) -1
<((n+1)/4)-1
+1)/4) + 1],
+1)/2) -1

Fus?) = fum-ryj2) +5+6[i — ((n
n+1)/4)+1<i<((n

( ) flug)+2+6(—1),1<4

FWS?) = flugn_1yj2) +7+6[i — ((n
(

(
(n+1)/4)+1<i<((n+1

f(v1) = 3n, f(v2) = 3n +2
f(v2im1) = f(v1) +6(i —1),2<i< (n+1)/2
flv2i) = flv2) +6(i —1),2<i<((n+1)/2) =1
FOS) ) = fl) —1+6(i—1),1<i < (n+1)/2
FS ) = f(o1) +1+6(i—1),1 <i < (n+1)/2
F§)) = fu2) +146(—1),1 <i < ((n+1)/2) — 1
FO) = fua) +2+6(i—1),1<i < ((n+1)/2) - 1.

As in the above case it can be verified that GCD(f(u), f(v)) = 1 for every edge uv €
E(G©®S7).

Case 2. n = 0(mod 2)

fugms2+1) =1, f(u (n/2)+1) =6n—1,f(u gi)/z)ﬂ) = 6n.
Subcase 2.1 n = 0(mod 4)

flugi1) =6(i—1)+3,1<i<n/4
fugioa) = flugnyz)) +6+6[i = (n/4) + 2], (n/4) +2 < i <n/2
flug) =6(i—1)+5,1<i<n/4
fluzi) = f(uenyz) +4+6[i = (n/4) + 1], (n/4) + 1 < i < n/2
Fl ) = Flun) =14 6(i—1),1 < i < n/d
Fus) 1) = F(usz) +7+6[i — (n/4) + 2], (n/4) + 2 < i < n/2
F@S) )= flur) +1+6(i —1),1<i<n/4
FWS) ) = f(ugn) + 8+ 6[i — (n/4) + 2], (n/4) +2 <i < n/2
F@S)) = flug) +1+6(i —1),1 <i <n/4
FWSH) = Fugna) +3+6[i — (n/4) +1], (n/4) +1 < i < n/2
F$) = flus) +2+6(—1),1 <i < n/4
FWS) = fugn) +5+6[i — (n/4) + 1], (n/4) + 1 < i < n/2
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f(v1) =3n—1, f(v2) = 3(n+1)
f(vaic1) = f(v1) +6(i —1),2 <i < n/2
f(vai) = fva) +6(i—1),2<i<n/2
f(”zl D=f(r1)+14+6(i—-1),1<i<n/2
FO8 ) = flo) + 246+ (i —1),1<i<n/2
FOS) = fvg) —=146(i—1),1<i<n/2
FOP) = fluy) +1+6(i—1),1<i<n/2

Clearly GCD(f(u), f(v)) =1 for every edge uwv € E(G ® S3).
Subcase 2.2 n = 2(mod 4)

flugi1) =6(Gi—1)+3,1<i<(n+2)/4
Fluzion) = f(ugnjz) +2+6[i = (n+2)/4) + 1), (0 +2)/4) +1 < i < n/2
flug) =6(i—1)+5,1<i<(n—2)/4
fluzi) = f(ugnya) +6+6Ji — ((n—2)/4) + 2], ((n —2)/4) +2 < i < n/2
Flus ) = flur) —1+6(i —1),1 <i < (n+2)/4
F@S) ) = fuz) +3+6[i — (n+2)/4) +1],(n+2)/4) + 1 <i < n/2
FS? ) = flur) +146(i —1),1 <i < (n+2)/4
FOuS? 1) = Flugya) +4+6[i — (n+2)/4) +1],(n +2)/4) +1 < i < n/2
FulD) = flug) +1+6(—1),1<i < (n—2)/4
F(us) = F(umsz) +5+6[i — (0= 2)/4) +2],(n —2) +2 < i <n/2
Fus)) = fluz) +2+6(i—1),1 <i < (n—2)/4
FuS)) = fugnya) +7+6[i — (n—2)/4) + 2], (n — 2)/4) +2 < i < n/2
f(v1) =3n—1, f(v2) =3(n+1)
fvaiz1) = f(v1) +6(i —1),2 <i<n/2
flve) = flvo) +6(i —1),2<i<n/2
FOW )= flo) +1+6(i—1),1<i<n/2
FO2 ) = flo) +2+6(—1),1<i<n/2
FO) = Fluy) = 1+6(i —1),1 < i< n/2
FWS) = flvg) +146(i—1),1 < i <n/2.

75

In this case also it is easy to check that GCD(f(u), f(v)) = 1. Therefore G ® Sz admits

prime labeling.

Example 2.6 The prime labelings for G ® Sy with n = 1(mod4), n

3(mod4), n = 0(mod4) are respectively shown in Fig.5-8 following.

O
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Fig.5 G ® Sz n = 1(mod4) Fig.6 G © S3 n = 3(mod4)

Fig.7 G ® S2 n = 0(mod4) Fig.8 G ® S3 n =2(mod4)
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Abstract: Let f be a function from the vertex set V (G) to {0,1,2}. For each edge uv
f(u) + f(v)
2
and |ey (i) —er (§)] < 1, 4,5 € {0,1,2}, where vy (z) and e (x) respectively are denote the

assign the label { -‘ f is called a mean cordial labeling if |vy (3) —vs ()] < 1
number of vertices and edges labeled with = (z =0,1,2). A graph with a mean cordial
labeling is called a mean cordial graph. In this paper we investigate mean cordial labeling
behavior of union of some graphs, square of paths, subdivision of comb and double comb

and some more standard graphs.
Key Words: Path, star, complete graph, comb.

AMS(2010): 05C78

§1. Introduction

All graphs in this paper are finite, undirected and simple. The vertex set and edge set of a
graph G are denoted by V (G) and E (G) respectively. The union of two graphs Gy and Gy is
the graph G; U Gy with V (G1UG2) =V (G1) UV (G2) and E (G1 UG2) = E(G1) U E (Gs).
The corona of G with H, G ® H is the graph obtained by taking one copy of G and p copies
of H and joining the i'" vertex of G with an edge to every vertex in the i*" copy of H. The
subdivision graph S (G) of a graph G is obtained by replacing each edge uv by a path wwv.
The triangular snake T, is obtained from the path P,y; by replacing each edge of the path
by the triangle C5. mG denotes the m copies of the graph G. The square G2 of a graph G
has the vertex set V (G?) = V (@), with u,v adjacent in G* whenever d (u,v) < 2 in G. The
powers G2, G*... of G are similarly defined. Ponraj et al. defined the mean cordial labeling
of a graph in [4]. Mean cordial labeling behavior of path, cycle, star, complete graph, wheel,
comb etc have been investigated in [4]. Here we investigate the mean cordial labeling behavior
of some standard graphs. The symbol [z] stands for smallest integer greater than or equal to

2. Terms and definitions are not defined here are used in the sense of Harary [3].

1Received January 18, 2013, Accepted August 27, 2013.
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§2. Mean Cordial Labeling

Definition 2.1 Let f be a function from V (G) to {0,1,2}. For each edge wv of G as-
f(u) + f(v)
2
lef (i) —ef (7)] <1,4,j € {0,1,2}, where vy (x) and ey (x) denote the number of vertices and

sign the label { -‘ [ is called a mean cordial labeling if vy (i) — vy (§)| < 1 and

edges labeled with x (x = 0,1,2) respectively. A graph with a mean cordial labeling is called a

mean cordial graph.
Theorem 2.2 If m =0 (mod 3) then mG is mean cordial for all m.

Proof Let m = 3t. Assign the label 0 to all the vertices of first ¢ copies of the graph G.
Then assign 1 to the vertices of next ¢ copies of G. Finally assign 2 to remaining vertices of
mG. Therefore vy (0) = vy (1) = vy (2) = pt, ey (0) = ey (1) = ey (2) = qt. O

Theorem 2.3 If G is mean cordial, then mG, m =1 (mod 3) is also mean cordial.
Proof (m —1)G is mean cordial by theorem 2.2. Let g be a mean cordial labeling of

(m — 1) G. Using the mean cordial labeling g of (m — 1) G and the mean cordial labeling of G,
we get a mean cordial labeling of mG. O

Theorem 2.4 P,, U P, is mean cordial.

Proof Let ujus . .. un, and v1vs ... v, be the paths P, and P, respectively. Clearly P,,UP,
has m + n vertices and m + n — 2 edges. Assume m > n.

Case 1 m+n=0 (mod 3)

Let m + n = 3t. Define

flu) = 2, 1<i<t,
flugrs) = 1, 1<i<m-—t,
fv;)) = 1, 1<i<n-—t,

fn—i4s) = 0, 1<i<t.

Clearly vy (0) = vy (1) =vs(2) =t and e; (0) = es (1) =t — 1, ey (2) = ¢. Therefore f is a
mean cordial labeling.

Case 2 m+n=1 (mod 3)
Similar to Case 1.

Case 3 m+n=2 (mod 3)
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Let m + n = 3t + 2. Define

fu) = 2, 1<i<t,
flugrs) = 1, 1<i<m-—t,
fwi) =1, 1<i<n—t-1,
fn—tyi) = 0, 1<i<t+1.

Clearly vy (0) = vy (1) =t+ 1, vp(2) =t and ey (0) =t — 1, ef (1) = ey (2) = t. Therefore
P,, U P, is mean cordial. O

Theorem 2.5 C, U P,, is mean cordial if m > n.

Proof Let C, be the cycle ujus...un,u; and P, be the path vivs...v, respectively.

Clearly C,, U P,, has m + n vertices and m + n — 1 edges. Assume m > n.
Case1l m+n=0 (mod 3)

Let m + n = 3¢. Define

fu) = 0, 1<i<t,
flugps) = 1, 1<i<n—t
fw) = 1, 1<i<m-—t,
FOmorrd) = 2, 1<i<t
Clearly ef (0) =t —1, e5 (1) =ef (2) =t.
Case 2 m+n=1 (mod 3)
Let m 4+ n = 3t + 1. Define
flug)) = 0, 1<i<t+1,
fugip) = 1, 1<i<n—t—1,
fw) = 1, 1<i<m-—t,
Flomerss) = 2, 1<i<t.
Clearly ef (0) =ef (1) =t —1, ef(2) =t¢.
Case 3 m+n=2 (mod 3)
Let m 4+ n = 3t + 2. Define
flu;)) = 0, 1<i<t+1,
fugpi4) = 1, 1<i<n—t-—1,
fi) =1, 1<i<m-t-1,
Flometo1qs) = 2, 1<i<t.

Clearly ef (0) = ey (1) =t, ey (2) =t + 1. Hence C,, U P,, is mean cordial. O
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Theorem 2.6 K, U P, is mean cordial.

Proof Let V (K1) = {u,u; : 1 <i<n}and F(K;,)={uu;: 1 <i<n}. Let P, be the
path viva ... vy, respectively. Clearly K , U P, has m +n + 1 vertices and m +n — 1 edges.

Case 1 m+n=0 (mod 3)
Let m + n = 3t. Define f (u) =1

flug)) = 1, 1<i<t-—1,
flut—1pi) = 2, 1<i<n—t+1,
fw) = 2, 1<i<m—t—1,

Flomorrs) = 0, 1<i<t+1.

Clearly ef (0) =e; (1) =t, ef(2) =t — 1.
Case 2 m+n=1 (mod 3)

Similar to Case 1.
Case 3 m+n=2 (mod 3)

Let m+n = 3t+2. Assign the labels to the vertices as in case 1 and then ef (0) = ey (2) =,
ef (1) =t+ 1. Hence K1, U P,, is mean cordial. O

Example 2.7 A mean cordial labeling of K; g U Py is given in Figure 1.

2 2 1

Figure 1

Theorem 2.8 S (P, ® K1) is mean cordial where S(G) and G ® H respectively denotes the
subdivision of G and corona of G with H.

Proof Let P, be the path wjus...u, and v; be the pendant vertices adjacent to u;. Let
the edges u;u;11, u;v; be subdivided by the vertices z; and w; respectively.
Case 1 n=0 (mod 3)
Let n = 3t. Define f(“i) = f(”i) = f(wi) =2, f(ut-i-i) = f(veyi) = f(wegs) = 1,
[ (uaeyi) = f (varri) = f (w2egs) =0, 1 <i <t
flz) = 2, 1<i<t,
flaer) = 1, 1<i<t—1,
f(za—114) = 0, 1<i<t
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Here vr (0) = vy (2) = 4t, vy (1) = 4t — 1 and e; (0) = ey (1) = 4¢ — 1, ey (2) = 4¢t. Hence
S (P, ® K1) is mean cordial graph.

Case 2 n=1 (mod 3)

Label the vertices z;, u;, v; (1<i<n-—1),w; (1<i<n-—2)asin Case 1. Then assign
the labels 0,1, 1, 2 to the vertices 2y, Un, Wn—1, Uy respectively. Hence vy (0) = vy (1) = vy (2) =
4t +1, er(0) =4t, ef (1) = €5 (2) =4t + 1. Hence S (P, ® K1) is mean cordial.

Case 3 n=2 (mod 3)

Label the vertices z;, u;, v; (1<i<n-—2), w; (1 <i<n-—3)asin case 1. Assign the
labels 0,1,2,2,1,1,0,0 to the vertices un—1, Un, Vn—1, Un, Wn—2, Wn—_1, Zn—1, Zn respectively.
Here vy (1) = v (2) = 4t +2, vy (0) = 4t +3, ef(0) = ey (1) = ey (2) = 4t + 2. Hence
S (P, ® K1) is mean cordial. O

Example 2.9 Mean cordial labeling of S (P4 ® K7) is given in Figure 2.

2 1 0 1
2 1 0 2
Figure 2

Theorem 2.10 (P, ® 2K) is mean cordial.

Proof Let P, be the path ujus...u, and v; and w; be the pendant vertices adjacent to
u; (1 <i<mn). Let the edges w;u;11, u;v;, u;w; be subdivided by the vertices x; and y;, z;

respectively.

Case 1 n=0 (mod 3)
Let n = 3t. Define f(u;) = f(vi) = f(wi) = f(yi) = [ (2) = 2, [ (wss) = [ (i) =

flwri) = fyri) = flzr) = 1, fuaw) = fou) = f(wari)
= f(y2e+i) = f(22044) =0, 1 < i <t
flzi) = 2 1<i<t
flag) = 1 1<i<t—1
f(za—14i) = 0 1<i<t.

Here vy (0) = vy (2) = 6t, vy (1) = 6t — 1, ef(0) = ef (1) = 6t — 1, ef (2) = 6t. Hence
S (P, ®2K3) is mean cordial.

Case 2 n=1 (mod 3)

Label the vertices u;, v;, w;, y; and z; (1<i<n-—1), z; (1 <i<n-—2)asin case 1.

Assign the labels 0,2,1,0,2,1 to the vertices u,, vy, Wy, Tn_1, Yn and z, respectively. Hence
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vr(0) = vy (2) =6t+2, v5(1) =6t+1,e,(0) =e;(2) =6t+1, ef (1) = 6t + 2. Hence
S (P, ® 2K3) is mean cordial.

Case 3 n=2 (mod 3)

Label the vertices u;, v;, w;, y; and z; (1<i<n—2), z; (1<i<n-—3) asin case 1.
Assign the labels 0,0,2,2,2,2,0,0,1,1,1, 1 to the vertices u,_1, Upn, Un—1, Un, Wn—1, Wy, Tp_2,
Trn—1, Yn—1, Yn 2n—1 and z, respectively. Hence vy (0) = vf(2) = 6t + 4, vy (1) = 6t + 3,
er(0)=e; (1) =6t+3, ef (2) =6t + 4. Hence S (P, ® 2K;) is mean cordial. O

Theorem 2.11 P2 is mean cordial iff n =1 (mod 3) and n > 1.

Proof Let P, be the path ujus ... u,. Clearly P2 (n < 6) are not mean cordial. Assume

n > 7. Clearly the order and size of P? are n and 2n — 3 respectively.
Case 1 n=0 (mod 3)

Let n = 3t. In this case ey (0) = (¢ — 1) 4+ (¢t — 2) < 2¢ — 3. which is a contradiction to the
size of P2.

Case 2 n=1 (mod 3)

Let n = 3t + 1. Define

flu) = 0, l1<i<t+l,
flugrive) = 1, 1<i<t,
fugip145) = 2, 1<i<t

Here vy (0) =t 4+ 1, vr (1) = vp (2) =t, ef (0) = 2t — 1, ef (1) = ef (2) = 2t. Therefore P2 is
mean cordial.

Case 3 n =2 (mod 3)

Let n = 3t + 2. Here ef (0) < 2t — 1, a contradiction to the size of P2. Therefore P2 is not
mean cordial. |

Example 2.12 A mean cordial labeling of P2 is given in Figure 3.

0 0 0 0 1 1 1 2 2 2
Figure 3

Theorem 2.13 The triangular snake T,, (n > 1) is mean cordial iff n =0 (mod 3).

Proof Let V (T,) = {uj,v; :1<i<n+1,1<j<n} and E(T,) =
{uwwirr : 1 <i < n}U{uv;,viuipr 0 1 <i<n}.

Case 1 n=0 (mod 3)
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Let n = 3t. Define

f(u

(ut+1+z
[ (u2tt14i
f (v
(Ut+z

i)
)
)
)
)
)

(U2t+z

Here vy (0) = t+ 1, vy (1) = v5(2) =1, e (0) = ey (
snake T), is mean cordial.

—_

) = ey (2) = 3t. Therefore triangular

Case 2 n=1 (mod 3)
Let n = 3t + 1. Here vy (0) = 2t + 1. But ey (0) < 3¢, a contradiction.
Case 3 n=2 (mod 3)

Let n = 3t + 2. In this case vy (0) = 2¢+ 1 or 2t 4+ 2. But ey (0) < 3¢t + 1, a contradiction.O

83. Conclusion

In this paper we have studied the mean cordial behavior of P,, U P,, C,, U P, S (P, ® K1),
S (P, ®2K3), P2, T,,. Mean cordial labeling behavior of join and product of given two graphs

are the open problems for future research.
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81. Introduction

Unless otherwise mentioned, a graph in this paper means a simple graph without isolated
vertices. For all the terminology and notations in graph theory, we follow [1] and [2] and for
the definition regarding p* graceful graphs, we follow [4].

A labeling f of a graph G is one-one mapping from the vertex set of G into the set of
integers. Consider a graph G with ¢ edges. Let f, : V(G) — {0,1,--- ,wP(q)} such that
[y (uv) = [fp(u) — fp(v)]. If f; is a sequence of distinct consecutive pentagonal numbers, then
the function f, is said to be p* graceful labeling and the graph which admits the p* graceful

q(3¢ —1)
2

labeling is called p* graceful graph. Here w?(q) = is the ¢'" pentagonal number.

In [4], we proved that the paths, star graphs, comb graphs and twig graphs are p* graceful.

In this paper, we are having some generalizations on p* graceful graphs.

Theorem 1.1 S(n,1,n) is p* graceful.

Proof Let G = S(n,1,n). Let u1, ug, ug be the vertices of P3 and uq;, ua1,us;, i =1,2,--n
be the pendant vertices attached with the vertices of Ps. Define f,, : V(G) — {0,1,--- ,wP(q)}
such that fp(u1) =0

fplu) =wP(i), i =1,2,--- ,m
fpluz) = wP(q), fpluar) = fp(uz) —wP(q—1);
fo(us) = fo(uz) —wP(q —2), fplus;) = fplus) +wP(g—2—1i), i=1,2,...,n.

Then we can easily verify that f, generates f, as required. Hence the result. O

1Received May 13, 2013, Accepted August 30, 2013.
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Theorem 1.2 The union of two p* graceful trees is p* graceful.

Proof Let G1 and G2 be two p* graceful trees. Let ny be the number of edges of G; and
ng be the number of edges of G2 such that n; 4+ ng = ¢, the number of edges of Gy U G2. The
p* graceful labeling of G; U G5 can be obtained as by assigning the vertices in the first copy of
G1 UG5, i.e, Gy in such a way as to get the edge labels {w?(q),...,wP(¢ — (n1 — 1))} and then
by assigning the first vertex of G by wP(q — (n1 — 1)) — 1. The remaining vertices of Go are
labeled so as to get {wP(q¢ — n1),- -+ ,wP(1)} as edge labels. m

Corollary 1.1 The union of n, p* graceful graphs is p* graceful.

Definition 1.1 Let S, be a star with n pendant vertices. Take m isomorphic copies of S,,. Let
u; and uij, j =1,2,--- ,n fori =1,2,--- ,m be the vertices of the i copy of Sp. Join u; to
Uryi fori=1,2,--- ,m—1. The resultant graph is denoted by S]*. Note that S;* has mn+n

vertices and m(n + 1) — 1 edges.

Theorem 1.3 The graph S exhibits p* gracefulness.

Proof Let the vertex set of S7* be {wui;/i = 1,2,--- ,m,j = 1,2,...n}. Define f, :
V(Sy) —{0,1,--- ,wP(q)} such that fp(u1) = wP(q), fp(ui1) = 0;

fp(uli) = fp(ul) - wp(q - (z - 1))7 =23,

fo(ur) = [fp(wr) —wP(¢ = (k=1)n — (k=2)), k=2,3,---,m;

Fo(ur) = |fp(ur) —wP(q— (k= n—(k—=2) = 1), k=2,3,--- ,m;

Fo(uri) = [fp(ur) —wP(q — (k= 1n—(k—2) —4)|, 1=2,3,-- ,n.

If the vertex labeling is less than the corresponding w?(n), instead of subtraction, addition

may be done. Clearly f,, defined in this manner generates f; as required. O

For example, the p* graceful labeling of S,° is shown in Figure 1.

70
O
137 0
@ O
201 O
85203
262
522
C, O © 707 O 817
418 317 59 482 539 783 790
O O O O O (0498 O O
25 794
O @) 550) Q
369 O O O O
794 235 590 795

Figure 1



§2. On Cycles and Related Graphs

More on p* Graceful Graphs

Theorem 2.1 Cycles are p* graceful graphs for some n > 6.

Proof Let uy,us,...,u, be the vertices of the cycle.

Case 1 n =0(mod 4)

Let n = 4k for some k. Define f, : V(Cp) — {0,1,--- ,wP(q)} as follows.

fp(u1) =0, fp(uz) = wP(q);

fo(

IS

folui) = fp(uio1) + (=1)'wP(¢ = 2i+3), 3<i< 5] —2;
<

q—i) = fp(uq—i+l) + (_1)iwp(q - 2i)7 1<i< L%J —4 and fp(uq) = wp(q —-1).

87

As we reach Uz and Ug—|z]+3, a stage may be reached when the vertex label is big

enough to accommodate two or more consecutive wP (7). Hence or otherwise we can complete

the proof in Case 1, by allotting all pentagonal numbers from w?(1) to wP(q). For example, p*

graceful labeling of Cig is shown in Figure 2.

376 129 305 188 96 45 10
O O O O O
A\ A\ A\ A\ A\

N®)

O O O O O O
A\ A\ U A\ A\

330 43 253 108 38 16 4

Figure 2

Case 2 n =2(mod 4)

Let n = 4k + 2 for some k. Define f, : V(C}) — {0,1,--- ,wP(q)} such that

fo(u1) =0, fp(u2) = wP(q);
fo(uwi) = fpluiz1) + (=1)'wP(q - 2i +4), 3<i
Fo(ug—i) = fplug—it1) + (=1 ‘Wwh(g—2i—1), 1

<
<

3] =2
i < 5] —4and f(ug) =wP(qg—1).

As discussed in the earlier case, after the above defined stages we may make suitable

increments or decrements depending upon the size of vertex labels, to get the remaining w? ().

As an example consider the labeling of C4 in Figure 3.
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0 287 7 222 130 79 67
Q O O O O O @)
O O O O O O O
247 71 188 118 83 61 62

Figure 3

Case 3 n = 3(mod 4)

Let n = 4k — 1 for some k. Here we define f, on V(C,,) as follows:

fo(ur) =0, fp(u2) = wP(q);
fo(ui) = fpluio1) + (=1)'wP(q—2i+4), 3<i< 5] - 1;
fo(ug—i) = fplug—it1) + (—1)'wP(g—2i—-1), 1<i< L%J —3 and fp(ug) =wP(g—1).

As we reach the vertex at | 5| ie, u|n| and the vertex u,_|n |9 a stage will be reached
where the vertex labels is big enough to accommodate two or more consecutive w?(i). Hence
or otherwise we can complete the labeling in the required manner. For example, consider the

p* graceful labeling of C5 in Figure 4.

330 83 259 142 72 50 38
O O O O O f)
A\ A\ A\ A\ A\ \

UN®)

O O O O O O
A\ A\ A\ A\ A\

287 7 222 130 79 44 39

Figure 4

Definition 2.1 The armed crown is a graph obtained from cycle C,, by attaching a path Py, at
each vertex of Cy, and is denoted by C,©OF,,.

Definition 2.2 Biarmed crown C,©2P,, is a graph obtained from Cy, by identifying the pendant

vertices of two vertex disjoint paths of same length m — 1 at each vertex of the cycle.

Corollary 2.1 The armed crown C,OP,, and bi-armed crown C,©2P,, are p* graceful for

some n and m.
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83. p* Gracefulness of Some Duplicate Graphs

Definition 3.1 Let G be a graph with V(G) as vertex set. Let V' be the set of vertices |V'| = |V|
where each a € V is associated with a unique a’ € V'. The duplicate graph of G, denoted by
D(G) has the vertex set VUV’ and E(D(Q)) defined as,

E(D(GQ)) = {ab' and a’b : ab € E(G)} (see [2])

For example, D(C5) = Cs.

as as
o———0
o _ @0 Qm
O———oO
az as a2 a.’3
Cs D(C3)
Figure 5
Theorem 3.1 The duplicate graph of a path is p* graceful.
Proof Let P, be a path.
D(P,) =P, UP,
By Theorem 1.2, D(P,,) is p* graceful. |
Theorem 3.2 The duplicate graph of a star Sy, is p* graceful.
Proof Let S, = K, be a star.
D(S,)=S,US,
By Theorem 1.2, D(S,,) is p* graceful. O

Theorem 3.3 The duplicate graph of H graph admits p* graceful labeling.

Proof Let G be an H-graph on 2n vertices. D(G) = G U G. Again by the same theorem
mentioned above, we have the result. O

Theorem 3.4 The duplicate graph C30K; , n > 5 admits p* graceful labeling.

Proof D(C30K1,) = Cs02K1 . Let uiyi =1,2,...,6 be the vertices of Cg and uy; and

ugq; ¢ = 1,2,...,n be the pendant vertices attached with u; and u4 respectively.
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Consider the mapping f, on the vertices of G = C462K ,, as f, : V(G) — {0,1,...,wP(q)}
such that

fp(u1) =0, fo(u2) = wP(6);

f,,(u;;) = 29, fp(U4) = 24, fp(’u,5) = 23, fp(Uﬁ) = 35;

fp(ull):wp(6+n+l)7 1217257717
fp(u4’b):fp(u4)+wp(7+7’_1)7 Z:1725 , 1.

Obviously f,, defined as above give rise to f, as required. Hence the result. O

In general D(C,,6K1 ) is p* graceful for some m.

Remark 3.1 D(Cy,) = Cay, U Cay, for all n is not p* graceful.

But D(C2nt1) = Co(2nt1) is p* graceful, if Co, 41 is so0.

Conjecture All trees are p* graceful.
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Abstract: Let n > 2 be an integer. The complete graph K, with 1-factor I added has
a decomposition into Hamilton cycles if and only if n is even. We show that K, + I has
a decomposition into Hamilton cycles which are symmetric with respect to the 1-factor 1
added. We also show that the complete bipartite graph K, . plus a 1-factor has a symmetric

Hamilton decomposition, where n is odd.
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81. Introduction

By a decomposition of a nonempty graph G is meant a family of subgraphs G1,Gs, -+ ,Gr of G
such that their edge set form a partition of the edge set of G. Any member of the family is called
a part (of the decomposition). This decomposition is usually denoted by G = G1 ®G2®- - - DG,

Let n > 2 be an integer. The complete graph K, has many Hamilton cycles and since
its vertices have degree n — 1, K,, has a decomposition into Hamilton cycles if and only if n is
odd. Suppose that n = 2m + 1. The familiar Hamilton cycle decomposition of K,, referred to
as the Walecki decomposition in [1] is a symmetric decomposition in that each Hamilton cycle
H in the decomposition is symmetric in the following sense. Let the vertices of K,, be labeled
as0,1,2,---,m,1,2,--- ,m. Then each H is invariant under the involution i — 4, where i= i
the vertex 0 is a fixed point of this involution. A symmetric Hamilton cycle decomposition of
K, different from Walecki’s is constructed in [1].

Let G be a graph, then G[2] is a graph whereby each vertex x is replaced by a pair of two
independent vertices x,Z and each edge xy is replaced by four edges zy, xy, Ty, .

Now suppose that n is even. Adding the edges of a 1-factor I to K, results in a graph

1Received December 10, 2012, Accepted September 2, 2013.
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K, + I each of whose vertices has even degree n. The graph K,, + I does have a decomposition
into Hamilton cycles (see [3]). The complete solution to the problem of decomposing K,, + T
into cycles of given uniform length is given in [3].

The degrees of vertices of the complete bipartite graph K, , equal n, and K, , has a
decomposition into Hamilton cycles if and only if n is even. If n is odd, adding a 1-factor I to
K, » results in a graph K, ,, + I with all vertices of even degree n + 1 and K,, , + I also has a
decomposition into Hamilton cycles.

Let n = 2m be an even integer with m > 1. Consider the complete bipartite graph K,
with vertex bipartition into sets {1,2,--- ,n} and {1,2,--- ,n}. By a symmetric Hamilton cycle
in K,, », we mean a Hamilton cycle such that ij is an edge if and only if ij is an edge. Thus a
Hamilton cycle in K, ,, is symmetric if and only if it is invariant under the involution i — i.

A symmetric hamilton cycle decomposition of K, , is a partition of the edges of K, ,
into m symmetric Hamilton cycles. Now let n = 2m + 1 be an odd integer with m > 1, and
consider the 1-factor I = {{1,n},{2,n— 1}, ,{n,1}} of K,, ,, + I. A symmetric Hamilton
cycle decomposition of K, , + I is a partition of the edges of K,, , + I into m + 1 symmetric

Hamilton cycles.

Let m > 1 be even, consider the vertex set of the complete graph Ks,, to be {1,2,--- ,m}U
{1,2,--- ,m}, where I = {11,22,--- ,mm} is a 1-factor of Ka,,.

The edges of Ks,, + I are naturally partitioned into edges of K, on {1,2,--- ,m}, the
edges of K, m + I, and the edges of K,, on {1,2,--- ,m}. We denote the complete graph on
{1,2,--- ,m} by K,,. We abuse terminology and write this edge partition as:

Koy +1 =K U(Kpym+1) UK,

By a symmetric Hamilton cycle of K5, + I we mean a Hamilton cycle such that

(1) ij is an edge in (K,,) if and only if (ij) is an edge in K,, and

(2) ij is an edge in (K, + I) if and only if ji is an edge in (K, m + 1).

Thus a Hamilton cycle of Ks,,, + I is symmetric if and only if it is invariant under the fixed
point free involution ¢ of Ko, + I, where ¢(a) = a for all a in {1,2,--- ,m}U{1,2,--- ,m} and
a = a. A symmetric Hamilton cycle decomposition of Ky, + I is a decomposition of Ks,, + I
into m symmetric Hamilton cycles. Thus ¢ is a nontrivial automorphism of Ks,, + I, which
acts trivially on the cycles in a symmetric Hamilton cycle decomposition of Ko, + I.

A double cover of Ks,, by Hamilton cycles is a collection Cy,Cy, - ,Copm—1 of 2m — 1
Hamilton cycles such that each edge of K5, occurs as an edge of exactly two of these Hamilton

cycles. Note that the sum of the number edges in these Hamilton cycles equals
(2m—1)2m =2 ,

twice the number of edges of Ks,,, and this also equals half the number of edges of Ky, — I.
We use K,, + I to denote the multigraph obtained by adding the edges of a 1-factor I to
K,,, thus duplicating g edges.
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k

Let k be a positive integer and L C {1,2,---, LEJ} A circulant graph X = X (k;L) is a

graph with vertex set V(X) = {u1,ug, - ,ur} and edge set E(X), where E(X) = {ujuit; : i €
k k k
Zy,le L — {5}} U{uuiqg = 1 € {1,2,--- ,5}} i 5 € L, and E(X) = {ujuit; : 3 € Zi,l € L}
otherwise. An edge w;u;4+;, where [ € L is said to be of length [ and L is called the edge length
set of the circulant X.
n

Notice that K, is isomorphic to the circulant X (n; {1,2,---, L§J 1. If nis even, K, — I is

isomorphic to X (n; 1,2,---,2—1 and K, + I is isomorphic to X (n; 1,2,---,ﬁ—1,2,2 .
2 2 2’2

Let X = X(k; L) be a circulant graph with vertex set {u1,usg,--- ,ur}. By the rotation p
we mean the cyclic permutation {uy,ug, -+ ,ug}.

s
If P =xox1---xp is a path, P denotes the path z,x,_1 - 2170, the reverse of P.

82. Proof of the Result

In order that K, + I have a symmetric Hamilton cycle decomposition, it is necessary that n be

even.

Theorem 2.1 Let m > 2 be an integer. There is a symmetric Hamilton cycle decomposition
Of Kgm + I.

Proof View the graph Ka,, + I as the circulant graph X (2m;{1,2,--- ,m —1,m,m}) with
vertex set {x1, T2, -, Tom - Let P be the zig-zag (m — 1) path

P=x12 412 1T422_2---x4

where A=1—-2+3—---4(=1)"(m —1). Thus P has edge length set L, = {1,2,--- ,m —1}.
It is easy to see that
C=PuU pm(?)xl

is an 2m-cycle and {p*(C) :i =0,1,--- ,m — 1} is a Hamilton cycle decomposition of Ka,, + I.

Next relabel the vertices of the graph Ks,, + I by defining a function f as follows: f :
x; — x; for 1 <i<mand f:x; — Ty for m < i < 2m. Relabeling of the vertices of each
Hamilton cycle Cs,, with the new labels gives symmetric Hamilton cycle. Hence Ko, + I can

be decomposed into symmetric Hamilton cycle. O

Lemma 2.2 Let m > 2 be an integer, and let C' be a symmetric Hamilton cycle of Kop, + 1.
Then

(1) If z is any vertex of Ko, + I, the distance between x and T in C' is odd;
(2) C is of the form x1, T2, , Tm, Tom, Tm—1," - , T2, T121 where
T € {1725 7mviaéa"' 7m}7‘

(3) The number of edges x;T; in each symmetric Hamilton cycle is 2,1 < i < m.

Proof Let x be a vertex of Ko, + I and let the distance between = and T in C be k. Then

there is a path © = x1, -+ ,Tr+1,Trs1,--- , 21 = T in C. Since for each z;,7 € N we have
2 2
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k+1 k+1
k, rl € N. Suppose k is even, then *

¢ N.Therefore k is odd which proves (1).
Assertion (2) is now an immediate consequence. Since the cycle C is given as in (2), we
have edges {z1Z1} and {z, T, } which proves (3). O

Theorem 2.3 Let m be an even integer, then the graph K., + I[2] has a symmetric Hamilton

cycle decomposition.

Proof From the definition of the graph K, + I[2], each vertex x in K,,, + I is replaced by a
pair of two independent vertices x, T and each edge zy is replaced by four edges xy, xy, Ty, Ty.
Also note that if the graph H decomposes the graph G, then H[2] decomposes G|[2].

By [3], cycle C,, decomposes K, + I, then we have

Ky 412 = Cof2] © Coa[2] & & Oy 2]

Now label the vertices of each graph C,,[2] as x;T;, where i = 1,2,--- ;m. By [2], each graph
C1n[2] decomposes into symmetric Hamilton cycle Cs,,,. Therefore K, + I]2] decomposes into

symmetric Hamilton cycles. O

Theorem 2.4 Let m > 4 be an even integer. From a symmetric Hamilton cycle decomposition

of K + I[2] we can construct a double cover of K, + I by Hamilton cycles.

Proof By Theorem 2.3, a symmetric Hamilton cycle of K, +1[2] is of the form 21, zo, - - - , &y,
Ty, Tin—1,"** , T2, T121 where x; € {1,2,--- ,;m,1,2,--- ,m}. Thus z122...7,, is a path of length

m—1in K,, + I[2] and &, Ty—1 - - - ToT1 is its mirror image. Let

x; ifx;e{l,2,---,m}

b; = _
@ ifx e {l,2, - ,m}

Then by,b2,- -+, by, b is a Hamilton cycle in K,, + I, the projection of C on K,, + I. Now
assume we have a symmetric Hamilton cycle decomposition of K, + I[2]. Then for each edge
x;xy in Ky, + I, there are distinct symmetric Hamilton cycles C' and C” in our decomposition
such that z;x; and 7,2; are edges of C' and z;%; and &;x; are edges of C’. Hence from a
symmetric Hamilton cycle decomposition of K,, + I[2], we get a double cover of K, + I from

the projections of each symmetric Hamilton cycle. O

Theorem 2.5 Let m > 4 be even integer. Then Ks,, + I has a double cover by Hamilton

cycles.

Proof There is a Hamilton cycle C in Ks,, + I, and there exists disjoint 1-factor I; and I3
whose union is the set of edges of C. The vertices of the graphs Ks,, + I; and Ks,, — Is have
degrees equal to the even number. The graphs Ko, +I; and Ks,, — I> have decompositions into
Hamilton cycles Cy,Cs,--- ,C,, and Dy, Dy, -+, Dy,—1 respectively. Then C,C1,Cs, -+, Cyy,
Dy,Ds,. -+, Dy,_1 is a double cover of Ks,, + I by Hamilton cycles . O

Theorem 2.6 For each integer m > 1, there exist a symmetric Hamilton cycle decomposition
of Kom+1,2m+1 + 1.



Symmetric Hamilton Cycle Decompositions of Complete Graphs Plus a 1-Factor 95

Proof Let n =2m + 1, we consider the complete bipartite graph K, , with vertex bipar-
tition {1,2,3,---,n} and {1,2,---,7}. Let I be {{1,7},{2,n—1},{3,n—2},--- ,{n,1}} in
Kpn+1.

Let the sum of edge ab be a +b mod n. Let Si, be the set of edges whose sum is k. Let
i be an integer with 1 <7 < m + 1. Consider the union Sy;_1 U So;, 27 is calculated modulo n.

observe that this collection of edges yields the following symmetric Hamilton cycle of K, ,, + I;
n,2i—1,1,2i —2,2,2i — 3,3,---,2i,n

For each i, let H; equal Sy;—1 U S9;. Then Hy, Hy, -+, Hyuy1 is a symmetric Hamilton cycle
decomposition of Ky, ,, + 1. O
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Abstract: In this paper, ratio by using coefficients of Fibonacci sequence has been discussed
in detail. The Fibonacci series is made from Fj,+2 = F),, + F,11. New sequences from the
formula F,4+2 = aF, + bF,4+1 by using a and b, where a and b are consecutive coefficients of
Fibonacci sequence are formed. These all new sequences have their own ratios. When find
the ratio of these ratios, it always becomes 1.6, which is known as golden ratio in Fibonacci

series.
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§1. Introduction

The Fibonacci numbers were first discovered by a man named Leonardo Pisano. He was known
by his nickname, Fibonacci. The Fibonacci sequence is a sequence in which each term is the sum
of the 2 numbers preceding it. The first 10 Fibonacci numbers are: 1,1,2,3,5,8,13,21, 34,55
and 89. These numbers are obviously recursive. Leonardo Pisano Bogollo, (¢.1170 - ¢.1250)
known as Leonardo of Pisa, Fibonacci was an Italian mathematician (Anderson, Frazier, &
Popendorf, 1999). He is considered as the most talented mathematician of the middle ages
(Eves, 1990). Fibonacci was first introduced to the number system we currently use with
symbols from 0 to 9 along with the Fibonacci sequence by Indian merchants when he was
in northern Africa (Anderson, Frazier, & Popendorf, 1999). He then introduced the Fibonacci
sequence and the number system we currently use to the western Europe In his book Liber Abaci
in 1202 (Singh, Acharya Hemachandra and the (so called) Fibonacci Numbers, 1986) (Singh,
The so-called Fibonacci numbers in ancient and medieval India, 1985). Fibonacci was died
around 1240 in Italy. He played an important role in reviving ancient mathematics and made
significant contributions of his own. Fibonacci numbers are important to perform a run-time
analysis of Euclid’s algorithm to Find the greatest common divisor (GCD) of two integers. A
pair of two consecutive Fibonacci numbers makes a worst case input for this algorithm (Knuth,

Art of Computer Programming, Volume 1: Fundamental Algorithms, 1997). Fibonacci numbers

1Received May 31, 2013, Accepted September 5, 2013.
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have their application in the Polyphone version of the Merge Sort algorithm. This algorithm
divides an unsorted list in two Lists such that the length of lists corresponds to two sequential
Fibonacci numbers.

If we take the ratio of two successive numbers in Fibonacci series, (1,1,2,3,5,8,13, cdots)
we find

1/1=1, 2/1=2, 3/2=15, 5/3 =1.666...;8/5 = 1.6;13/8 = 1.625.

Greeks called the golden ratio and has the value 1.61803. It has some interesting properties,
for instance, to square it, you just add 1. To take its reciprocal, you just subtract 1. This means
all its powers are just whole multiples of itself plus another whole integer (and guess what these
whole integers are? Yes! The Fibonacci numbers again!) Fibonacci numbers are a big factor in
Math.

1.1 Fibonacci Credited Two Things

1. Introducing the Hindu-Arabic place-valued decimal system and the use of Arabic numerals
into Europe. (Can you imagine us trying to multiply numbers using Roman numerals?)

2. Developing a sequence of numbers (later called the Fibonacci sequence) in which the first
two numbers are one, then they are added to get 2, 2 is added to the prior number of 1 to
get 3, 3 is added to the prior number of 2 to get 5, 5 is added to the prior number of 3 to
get 8, etc. Hence, the sequence begins as 1,1,2,3,5,8,13,21, 34, 55,89,144, etc Allows users to
distribute parallelized workloads to a shared pool of resources to automatically find and use the
best available resource. The ability to have pieces of work run in parallel on different nodes in
the grid allows the over all job to complete much more quickly than if all the pieces were run

in sequence.

1.2 List of Fibonacci Numbers

The first 21 Fibonacci numbers F,, for n =0,1,2,--- ..., 20 are respectively
0,1,1,2,3,5,8,13,21, 34, 55,89, 144, 233,377,610, 987, 1597, 2584, 4181, 6765.

The Fibonacci sequence can be also extended to negative index n using the re-arranged

recurrence relation
Fn72 :Fn_anl-

This yields the sequence of negafibonacci numbers satisfying
F_,=(-1)""F,.

Thus the bidirectional sequence is

Fgsg Fr Fe¢ Fs Fyu F3 Fo, F, Fyb Fr F» F3 Fy Fs Fg F; Fy
—-21 13 -8 5 -3 2 -1 1 0 1 1 2 3 5 8§ 13 21
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§2. Fibonacci Sequence in Nature

2.1 Sunflower

The Fibonacci numbers have also been observed in the family tree of honeybees. The Fibonacci
sequence is a pattern of numbers starting with 0 and 1 and adding each number in sequence to
the next ---, 0+1=1,141 = 2 so the first few numbers are 0,1,1,2,3,5,8,--- and so on

and so on infinitely.

My e
o (!"g
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Fig.1.1 Sunflower head displaying florets in spirals of 34 and 55 around the outside

One of the most common experiments dealing with the Fibonacci sequence is his experiment
with rabbits. Fibonacci put one male and one female rabbit in a field. Fibonacci supposed
that the rabbits lived infinitely and every month a new pair of one male and one female was
produced. Fibonacci asked how many would be formed in a year. Following the Fibonacci
sequence perfectly the rabbit’s reproduction was determined 144 rabbits. Though unrealistic,
the rabbit sequence allows people to attach a highly evolved series of complex numbers to an
everyday, logical, comprehendible thought.

Fibonacci can be found in nature not only in the famous rabbit experiment, but also in
beautiful flowers. On the head of a sunflower and the seeds are packed in a certain way so that
they follow the pattern of the Fibonacci sequence. This spiral prevents the seed of the sunflower
from crowding themselves out, thus helping them with survival. The petals of flowers and other
plants may also be related to the Fibonacci sequence in the way that they create new petals.

2.2 Petals on Flowers

Probably most of us have never taken the time to examine very carefully the number or ar-
rangement of petals on a flower. If we were to do so, we would find that the number of petals
on a flower that still has all of its petals intact and has not lost any, for many flowers is a
Fibonacci number:

(1) 3 petals: lily, iris;

2) 5 petals: buttercup, wild rose, larkspur, columbine (aquilegia);

3) 8 petals: delphiniums;

(2)
3)
(4) 13 petals: ragwort, corn marigold, cineraria;
(5) 21 petals: aster, black-eyed susan, chicory;
(6)

6) 34 petals: plantain, pyrethrum;
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(7) 55, 89 petals: michaelmas daisies, the asteraceae family.

2.3 Fibonacci Numbers in Vegetables and Fruits

Romanesque Brocolli/Cauliflower (or Romanesco) looks and tastes like a cross between brocolli
and cauliflower. Each floret is peaked and is an identical but smaller version of the whole thing
and this makes the spirals easy to see.

Fig.1.2 Brocolli/Cauliflower

2.4 Human Hand

Every human has two hands, each one of these has five fingers, each finger has three parts which
are separated by two knuckles. All of these numbers fit into the sequence. However keep in
mind, this could simply be coincidence.

Fig.1.3 Human hand

Subject: The Fibonacci series is a sequence of numbers first created by Leonardo Fi-
bonacci in 1202. The first two numbers of the series are 1 and 1 and each subsequent number is

sum of the previous two. Fibonacci numbers are used in computer algorithms. The Fibonacci
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sequence first appears in the book Liber Abaci by Leonardo of Pisa known as Fibonacci. Fi-
bonacci considers the growth of an idealized rabbit population, assuming that a newly born
pair of rabbits, one male, one female and do the study on it. The Fibonacci series become
1,1,2,3,5,8,13,21---.

§3. Ratio by Using Coefficients of Fibonacci Sequence

3.1 Ratio By Using 1,2 as Coefficients

Apply the formula by using the next two coefficients of Fibonacci series i.e. 1 for Fj,;1 and 2
for F,,. So the series that becomes from this formula is Fj,4o = 2F,, + F11, F1 =1, Fo = 1,
F3=3,5,11,21,43,85,171,341,683,1365,---. K

From this sequence, find the ratio by dividing two consecutive numbers.

o1
—:—:1
o1

F; 3
—:—:3
o1

Fy 5
22166
;3

F5o 11
L)
F, 5

L _ 2L _ g
5 11
B_18_ 4
Fs 21

Fs 85
19
F, 43

Fy, 171
22
Fy 85 0

From here the conclusion is that the ratio (in integer) of this series is 2.

3.2 Ratio by Using 2, 3 as Coefficients

The series that becomes by using 2,3 as coefficients is F, 1o = 3F,, + 2F,, 11, i.e.,, F1 =1,F, =
1, F3 =5, 13,41,121,365,1093, 3281,9841, - - -.

From this sequence, find the ratio by dividing two consecutive numbers.

F: 1
szizl
F: 5
fz:IZS
F 13
75— 20
F 41
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o

Fs

L4

Iy
Iy

Pr

Fy

Fy

From here the conclusion is that the ratio (in integer) of this series is 3.

3.3 Ratio by Using 3,5 as Coefficients

121
41
365
121
1093

— =299

365
3281
1093

=3.15

=3.01

= 3.01
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The series that becomes by using 3,5 as coefficients is Fj,12 = 5F,, + 3F,,41, i.e., F} =1, F5 =
1, F5 =8, 29,127,526, 2213, 9269, 38872, 162961, - - -.

From this sequence, find the ratio by dividing two consecutive numbers.

!

F
L

)

F

I3
F5

Fy

I

Fs
F

I

L

Iy
Fy

Fy

From here the conclusion is that the ratio (in integer) of this series is 4.

12
’ =43

29
526

— =414

127
2213

526
9269

2213

38872

3.4 Ratio by Using 5,8 as Coefficients

9269

=——=4.19

4.20

4.18

The series that becomes by using 5,8 as coefficients is F, 12 = 8F,, + 5F, 41, i.e.,, F1 =1,F, =
1, F5 = 13, 73,469,2929, 18397, 115417, 724229, - - -.

From this sequence , find the ratio by dividing two consecutive numbers.

Iy

Iy
3

I
Fy

I3

| =

Gla-la ™

=1

=13

=5.6
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Fs 469

=— =64
Fy, 73
Fs 2929
= =" —624
Fs 469
Fr 18397
Lo —62
Fs 2929 0.28
Fs 115417
== =6.2
Fr 18397 6.27
Fy 724229
Fy 115417

From here the conclusion is that the ratio (in integer) of this series is 6.

Continuing in this way, find that the ratio of

F, 2 =13F, +8F, 1 is 9 (in integer);
Fot2 =21F, + 13F, 4 is 14 (in integer);
Fri2 =34F, + 21F, 4 is 22 (in integer);

84. Conclusion

Therefore the sequence becomes from all the ratios by using the consecutive numbers as the

coefficients of Fibonacci sequence is:
2,3,4,6,9,14,22,35,56,90,145,234, 378, - - -
Now find the ratio that on dividing consecutive integers, of this sequence is:
3/2=1.5,4/3=1.33,6/4=1.5,14/9=1.6,22/14=1.6,35/22 = 1.6

and 56/35 = 1.6,90/1.6,145/90 = 1.6,234/145 = 1.6 - - -

It always become 1.6, yes it is again the golden ratio of Fibonacci sequence. So the conclusion

is that the ratio of these ratios is always become golden ratio in Fibonacci series.
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I want to bring out the secrets of nature and apply them for the happiness of
man. I don’t know of any better service to offer for the short time we are in the
world.

By Thomas Edison, an American inventor.
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