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Abstract: This paper is devoted to the study of neutrosophic groups and neutrosophic
subgroups. Some properties of neutrosophic groups and neutrosophic subgroups are pre-
sented. It is shown that the product of a neutrosophic subgroup and a pseudo neutrosophic
subgroup of a commutative neutrosophic group is a neutrosophic subgroup and their union
is also a neutrosophic subgroup even if neither is contained in the other. It is also shown that
all neutrosophic groups generated by the neutrosophic element I and any group isomorphic
to Klein 4-group are Lagrange neutrosophic groups. The partitioning of neutrosophic groups

is also presented.
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81. Introduction

In 1980, Florentin Smarandache introduced the notion of neutrosophy as a new branch of
philosophy. Neutrosophy is the base of neutrosophic logic which is an extension of the fuzzy logic
in which indeterminancy is included. In the neutrosophic logic, each proposition is estimated
to have the percentage of truth in a subset T, the percentage of indeterminancy in a subset I,
and the percentage of falsity in a subset F. Since the world is full of indeterminancy, several
real world problems involving indeterminancy arising from law, medicine, sociology, psychology,
politics, engineering, industry, economics, management and decision making, finance, stocks and
share, meteorology, artificial intelligence, I'T, communication etc can be solved by neutrosophic
logic.

Using Neutrosophic theory, Vasantha Kandasamy and Florentin Smarandache introduced

the concept of neutrosophic algebraic structures in [1,2]. Some of the neutrosophic algebraic

1Received May 14, 2012. Accepted August 18, 2012.
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structures introduced and studied include neutrosophic fields, neutrosophic vector spaces, neu-
trosophic groups, neutrosophic bigroups, neutrosophic N-groups, neutrosophic semigroups, neu-
trosophic bisemigroups, neutrosophic N-semigroup, neutrosophic loops, neutrosophic biloops,
neutrosophic N-loop, neutrosophic groupoids, neutrosophic bigroupoids and so on. In [5], Ag-
boola et al studied the structure of neutrosophic polynomial. It was shown that Division
Algorithm is generally not true for neutrosophic polynomial rings and it was also shown that a
neutrosophic polynomial ring (R U I) [z] cannot be an Integral Domain even if R is an Integral
Domain. Also in [5], it was shown that (R U I) [z] cannot be a Unique Factorization Domain
even if R is a unique factorization domain and it was also shown that every non-zero neutro-
sophic principal ideal in a neutrosophic polynomial ring is not a neutrosophic prime ideal. In
[6], Agboola et al studied ideals of neutrosophic rings. Neutrosophic quotient rings were also
studied. In the present paper, we study neutrosophic group and neutrosophic subgroup. It
is shown that the product of a neutrosophic subgroup and a pseudo neutrosophic subgroup
of a commutative neutrosophic group is a neutrosophic subgroup and their union is also a
neutrosophic subgroup even if neither is contained in the other. It is also shown that all neutro-
sophic groups generated by I and any group isomorphic to Klein 4-group are Lagrange neutro-
sophic groups. The partitioning of neutrosophic groups is also studied. It is shown that the set
of distinct smooth left cosets of a Lagrange neutrosophic subgroup (resp. pseudo Lagrange neu-
trosophic subgroup) of a finite neutrosophic group (resp. finite Lagrange neutrosophic group)

is a partition of the neutrosophic group (resp. Lagrange neutrosophic group).

82. Main Results

Definition 2.1 Let (G,*) be any group and let (GUI) = {a + bl : a,b € G}. N(G) =
((GUT), %) is called a neutrosophic group generated by G and I under the binary operation *.
I is called the neutrosophic element with the property I> = I. For an integer n, n+I, and nl
are neutrosophic elements and 0.1 = 0. I~', the inverse of I is not defined and hence does not

exist.
N(G) is said to be commutative if ab = ba for all a,b € N(G).

Theorem 2.2 Let N(G) be a neutrosophic group.

(i) N(G) in general is not a group;
(i1) N(G) always contain a group.

Proof (i) Suppose that N(G) is in general a group. Let x € N(G) be arbitrary. If x is a
neutrosophic element then 27! ¢ N(G) and consequently N(G) is not a group, a contradiction.
(49) Since a group G and an indeterminate I generate N(G), it follows that G C N(G) and
N(G) always contain a group. O

Definition 2.3 Let N(G) be a neutrosophic group.

(i) A proper subset N(H) of N(G) is said to be a neutrosophic subgroup of N(G) if N(H)

is a neutrosophic group such that is N(H) contains a proper subset which is a group;
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(i1) N(H) is said to be a pseudo neutrosophic subgroup if it does not contain a proper

subset which is a group.

Example 2.4 (i) (N (Z),+), (N(Q),+) (N(R),+) and (N (C),+) are neutrosophic groups
of integer, rational, real and complex numbers respectively.

(i) ({@—-{0}}ul),.), ({R-{0}}ul),.)and (({C—{0}}UI),.) are neutrosophic groups
of rational, real and complex numbers respectively.

Example 2.5 Let N(G) = {e,a,b,c,I,al,bl,cI} be a set where a? = b2 = ¢ = ¢, bc =
c¢b = a,ac = ca = b,ab = ba = ¢, then N(G) is a commutative neutrosophic group under
multiplication since {e,a, b, c} is a Klein 4-group. N(H) = {e,a,I,al}, N(K) = {e,b,I,bI}
and N(P) = {e, ¢, I,cI} are neutrosophic subgroups of N(G).

Theorem 2.6 Let N(H)be a nonempty proper subset of a neutrosophic group (N(G),*). N(H)is
a neutrosophic subgroup of N(G) if and only if the following conditions hold:

(i) a,b € N(H) implies that axb € N(H) VY a,b € N(H);
(1) there exists a proper subset A of N(H) such that (A, ) is a group.

Proof Suppose that N(H) is a neutrosophic subgroup of ((N(G), ). Then (N(G), ) is a
neutrosophic group and consequently, conditions (i) and (i) hold.
Conversely, suppose that conditions (i) and (ii) hold. Then N(H) = (AUI) is a neutro-

sophic group under x. The required result follows. g

Theorem 2.7 Let N(H) be a nonempty proper subset of a neutrosophic group (N(G),*). N(H) is
a pseudo neutrosophic subgroup of N(G) if and only if the following conditions hold:

(1) a,b € N(H) implies that axb € N(H) VY a,b € N(H);
(#3) N(H) does not contain a proper subset A such that (A,*) is a group.

Definition 2.8 Let N(H) and N(K) be any two neutrosophic subgroups (resp. pseudo neu-
trosophic subgroups) of a neutrosophic group N(G). The product of N(H) and N(K) denoted by
N(H).N(K) is the set N(H).N(K)={hk:he N(H),k € N(K)}.

Theorem 2.9 Let N(H) and N(K) be any two neutrosophic subgroups of a commutative
neutrosophic group N(G). Then:

(1) N(H)N N(K) is a neutrosophic subgroup of N(G);

(i1) N(H).N(K) is a neutrosophic subgroup of N(G);

(791) N(H)U N(K) is a neutrosophic subgroup of N(G) if and only if N(H) C N(K) or
N(K) c N(H).

Proof The proof is the same as the classical case. O

Theorem 2.10 Let N(H) be a neutrosophic subgroup and let N(K) be a pseudo neutro-

sophic subgroup of a commutative neutrosophic group N(G). Then:



4 Agboola A.A.A., Akwu A.D. and Oyebo Y.T.

(i) N(H).N(K) is a neutrosophic subgroup of N(G);

(1) N(H) N N(K) is a pseudo neutrosophic subgroup of N(G);

(#4t) N(H)UN(K) is a neutrosophic subgroup of N(G) even if N(H) € N(K) or N(K) €
N(H).

Proof (i) Suppose that N(H) and N(K) are neutrosophic subgroup and pseudo neutro-
sophic subgroup of N(G) respectively. Let z,y € N(H).N(K). Then zy € N(H).N(K). Since
N(H)C N(H).N(K) and N(K) C N(H).N(K), it follows that N(H).N(K) contains a proper
subset which is a group. Hence N(H).N(K) is a neutrosophic of N(G).

(i7) Let z,y € N(H)N N(K). Since N(H) and N(K) are neutrosophic subgroup and
pseudo neutrosophic of N(G) respectively, it follows that zy € N(H) N N(K) and also since
N(H)NN(K) C N(H)and N(H)NN(K) C N(K), it follows that N(H)NN (K ) cannot contain
a proper subset which is a group. Therefore, N(H) N N(K) is a pseudo neutrosophic subgroup
of N(G).

(#4¢) Suppose that N(H) and N(K) are neutrosophic subgroup and pseudo neutrosophic sub-
group of N(G) respectively such that N(H) € N(K) or N(K) € N(H). Let z,y € N(H)U
N(K). Then zy € N(H)UN(K). But then N(H) C N(H)UN(K) and N(K) C N(H)UN(K)
so that N(H) U N(K) contains a proper subset which is a group. Thus N(H) U N(K) is a
neutrosophic subgroup of N(G). This is different from what is obtainable in classical group
theory. 0

Example 2.11 N(G) = (Z10UI) = {0,1,2,3,4,5,6,7,8,9,,2,31,41,5I,61,71,81,9I,1 +
1,24+ 1,3+ 1,44+ 1,56+1,64+1,7+1,841,9+1,---,9+ 91} is a neutrosophic group under
multiplication modulo 10. N(H) = {1,3,7,9,1,31,71,91} and N(K) = {1,9,1,9I} are neu-
trosophic subgroups of N(G) and N(P) = {1,1,3I,71,91} is a pseudo neutrosophic subgroup
of N(G). It is easy to see that N(H) N N(K), N(H) UN(K), N(H).N(K), N(P)UN(H),
N(P)UN(K), N(P).N(H) and N(P).N(K) are neutrosophic subgroups of N(G) while
N(P)NN(H) and N(P)U N(K) are pseudo neutrosophic subgroups of N(G).

Definition 2.12 Let N(G) be a neutrosophic group. The center of N(G) denoted by Z(N(G))
is the set Z(N(G)) ={g € N(G) : gz =xzg V x € N(G)}.

Definition 2.13 Let g be a fized element of a neutrosophic group N(G). The normalizer of g
in N(G) denoted by N(g) is the set N(g) = {x € N(G) : gx = xg}.

Theorem 2.14 Let N(G) be a neutrosophic group. Then

(i) Z(N(Q)) is a neutrosophic subgroup of N(G);
(73) N(g) is a neutrosophic subgroup of N(G);

Proof (i) Suppose that Z(N(G)) is the neutrosophic center of N(G). If z,y € Z(N(G)),
then zy € Z(N(G)). Since Z(G), the center of the group G is a proper subset of Z(N(G)),
it follows that Z(N(G)) contains a proper subset which is a group. Hence Z(N(G)) is a
neutrosophic subgroup of N(G).

(#4) The proof is the same as (i). O
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Theorem 2.15 Let N(G) be a neutrosophic group and let Z(N(QG)) be the center of N(G) and
N(z) the normalizer of x in N(G). Then

(1) N(G) is commutative if and only if Z(N(G)) = N(G);
(1) x € Z(N(G)) if and only if N(x) = N(G).

Definition 2.16 Let N(G) be a neutrosophic group. Its order denoted by o(N(G)) or | N(G) |
is the number of distinct elements in N(G). N(G) is called a finite neutrosophic group if
o(N(G)) is finite and infinite neutrosophic group if otherwise.

Theorem 2.17 Let N(H)and N(K)be two neutrosophic subgroups (resp. pseudo neutrosophic

subgroups) of a finite neutrosophic group N(G). Then o(N(H).N(K)) = %

Definition 2.18 Let N(G)and N(H)be any two neutrosophic groups. The direct product of
N(G) and N(H) denoted by N(G) x N(H) is defined by N(G)x N(H) = {(g,h) : g € N(G),h €
N(H)}.

Theorem 2.19 If (N(G),*1) and (N(H),*2) are neutrosophic groups, then (N(G) x N(H)
is a neutrosophic group if (g1, h1) * (g2, ha) = (g1 *1 g2, h1 *2 ha) ¥V (g1,h1), (g2, he) € N(G
N(H).

*)

) x

Theorem 2.20 Let N(G )be a neutrosophic group and let H be a classical group. Then N(G)x H

is a neutrosophic group.

Definition 2.21 Let N(G) be a finite neutrosophic group and let N(H) be a neutrosophic sub-
group of N(G).

(1) N(H) is called a Lagrange neutrosophic subgroup of N(G) if o(N(H)) | o( N(G));

(#9) N(G) is called a Lagrange neutrosophic group if all neutrosophic subgroups of N(G)
are Lagrange neutrosophic subgroups;

(iit) N(Q) s called a weak Lagrange neutrosophic group if N(G) has at least one Lagrange
neutrosophic subgroup;

(iv) N(G) is called a free Lagrange neutrosophic group if it has no Lagrange neutrosophic

subgroup.

Definition 2.22 Let N(G) be a finite neutrosophic group and let N(H) be a pseudo neutrosophic
subgroup of N(G).

(1) N(H) is called a pseudo Lagrange neutrosophic subgroup of N(G) if o( N(H)) | o(N(G));

(ii) N(G) is called a pseudo Lagrange neutrosophic group if all pseudo neutrosophic sub-
groups of N(G) are pseudo Lagrange neutrosophic subgroups;

(iit) N(QG) is called a weak pseudo Lagrange neutrosophic group if N(G) has at least one
pseudo Lagrange neutrosophic subgroup;

(iv) N(G) is called a free pseudo Lagrange neutrosophic group if it has no pseudo Lagrange

neutrosophic subgroup.

Example 2.23 (i) Let N(G) be the neutrosophic group of Example 2.5. The only neutrosophic
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subgroups of N(G)are N(H) = {e,a,I,al}, N(K) = {e,b,I,bI} and N(P) = {e,¢,I,cI}. Since
o(N(G)) =8and o(N(H)) = o(N(K)) = o(N(P)) =4 and 4 | 8, it follows that N(H), N(K)and
N(P)are Lagrange neutrosophic subgroups and N(G) is a Lagrange neutrosophic group.

(i) Let N(G) = {1,3,5,7,1,31,51,7I} be a neutrosophic group under multiplication mod-
ulo 8. The neutrosophic subgroups N(H) = {1,3,1,3I}, N(K) = {1,5,1,5I} and N(P) =
{1,7,1,71} are all Lagrange neutrosophic subgroups. Hence N(G) is a Lagrange neutrosophic
group.

(#i1) N(G) = N (Z2)x N (22) = {(0,0),(0,1),(1,0),(1,1), (0, 14+1),(1,I),--- ,(1+1,1+1)}
is a neutrosophic group under addition modulo 2. N(G) is a Lagrange neutrosophic group since
all its neutrosophic subgroups are Lagrange neutrosophic subgroups.

(iv) Let N(G) = {e,g,9% g%, 1,91, 9°I,g*I} be a neutrosophic group under multiplication
where g* = e. N(H) = {e,¢% 1,9°I} and N(K) = {e, I,g*I} are neutrosophic subgroups of
N(G). Since o(N(H)) | o(N(G)) but o(N(K)) does not divide o(N(G)) it shows that N(G) is
a weak Lagrange neutrosophic group.

(v) Let N(G) = {e,g,9%1,91,9*I} be a neutrosophic group under multiplication where
g3 =e. N(G) is a free Lagrange neutrosophic group.

Theorem 2.24 All neutrosophic groups generated by I and any group isomorphic to Klein

4-group are Lagrange neutrosophic groups.

Definition 2.25 Let N(H) be a neutrosophic subgroup (resp. pseudo neutrosophic subgroup)
of a neutrosophic group N(G). For a g € N(G), the set gN(H) = {gh : h € N(H)} is called
a left coset (resp. pseudo left coset) of N(H) in N(G). Similarly, for a g € N(G), the set
N(H)g ={hg:h e N(H)} is called a right coset (resp. pseudo right coset) of N(H) in N(G).
If N(G) is commutative, a left coset (resp. pseudo left coset) and a right coset (resp. pseudo
right coset) coincide.

Definition 2.26 Let N(H)be a Lagrange neutrosophic subgroup (resp. pseudo Lagrange neutro-
sophic subgroup) of a finite neutrosophic group N(G). A left coset xN(H)of N(H) in N(G) de-
termined by x is called a smooth left coset if | tN(H) |=| N(H) |. Otherwise, xN(H) is called
a rough left coset of N(H) in N(G).

Definition 2.27 Let N(H)be a neutrosophic subgroup (resp. pseudo neutrosophic subgroup) of
a finite neutrosophic group N(G). The number of distinct left cosets of N(H) in N(G)denoted
by [N(G):N(H)] is called the index of N(H) in N(G).

Definition 2.28 Let N(H)be a Lagrange neutrosophic subgroup (resp. pseudo Lagrange neutro-
sophic subgroup) of a finite neutrosophic group N(G). The number of distinct smooth left cosets
of N(H) in N(G) denoted by [N(H):N(G)] is called the smooth index of N(H) in N(G).

Theorem 2.29 Let X be the set of distinct smooth left cosets of a Lagrange meutrosophic
subgroup (resp. pseudo Lagrange neutrosophic subgroup) of a finite neutrosophic group (resp.
finite Lagrange neutrosophic group) N(G). Then X is a partition of N(G).

Proof Suppose that X = {X;}" | is the set of distinct smooth left cosets of a Lagrange
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neutrosophic subgroup (resp. pseudo Lagrange neutrosophic subgroup) of a finite neutro-
sophic group (resp. finite Lagrange neutrosophic group) N(G). Since o(N(H)) | o(N(G)) and
|tN(H) |=| N(H) | ¥ « € N(G), it follows that X is not empty and every member of N(G) be-
longs to one and only one member of X. Hence N7, X; = ) and U, X; = N(G). Consequently,
X is a partition of N(G). O

Corollary 2.30 Let [N(H) : N(G)] be the smooth index of a Lagrange neutrosophic subgroup in
a finite neutrosophic group (resp. finite Lagrange neutrosophic group) N(G). Then | N(G) |=|
N(H) | [N(H) : N(G)].

Proof The proof follows directly from Theorem 2.29. O

Theorem 2.31 Let X be the set of distinct left cosets of a neutrosophic subgroup (resp. pseudo
neutrosophic subgroup) of a finite neutrosophic group N(G). Then X is not a partition of N(G).

Proof Suppose that X = {Xl-}?zl is the set of distinct left cosets of a neutrosophic subgroup
(resp. pseudo neutrosophic subgroup) of a finite neutrosophic group N(G). Since N(H) is a non-
Lagrange pseudo neutrosophic subgroup, it follows that o(N(H)) is not a divisor of o(N(G))
and | zN(H) |#| N(H) |V « € N(G). Clearly, X is not empty and every member of N(G) can
not belongs to one and only one member of X. Consequently, N, X; # () and U, X; # N(G)
and thus X is not a partition of N(G). O

Corollary 2.32 Let [N(G) : N(H)] be the index of a neutrosophic subgroup (resp. pseudo
neutrosophic subgroup) in a finite neutrosophic group N(G). Then | N(G) |#| N(H) | [N(G) :

Proof The proof follows directly from Theorem 2.31. O

Example 2.33 Let N(G)be a neutrosophic group of Example 2.23(iv).

(a) Distinct left cosets of the Lagrange neutrosophic subgroup N(H) = {e, g%, I,g*I} are:
X1 ={e, g% 1,1}, Xo = {g,9%,91,0°I}, X3 = {I,9*I}, X4 = {gI,¢°T}. X1, X are smooth
cosets while X3, X4 are rough cosets and therefore [N(G) : N(H)| =4, [N(H) : N(G)] = 2.
| N(H) | [N(G) : N(H)] = 4 x 4 £| N(G) | and | N(H) | [N(H) : N(G)] = 4x 2 =| N(G) |.
X1NXy=0and X; UXs = N(G) and hence the set X = {X;, X5} is a partition of N(G).

(b) Distinct left cosets of the pseudo non-Lagrange neutrosophic subgroup N(H) = {e, I, g*I}
are: X1 = {e,I,g°I}, Xo = {g,91,0°I}, X3 = {g*, 1,91}, X4 = {¢%,91,4°I}, X5 = {I,¢°I},
Xe = {gI,9%I}. X1, Xo, X3, X4 are smooth cosets while X5, Xg are rough cosets. [N(G) :
N(H)| = 6, [N(H) : N(G)| = 4, | N(H) | [N(G) : N(H)] = 3x6 # N(G) | and
| N(H) | [N(H) : N(G)] = 3 x4 #| N(G) |. Members of the set X = {X1, X2, X3, X4}
are not mutually disjoint and hence do not form a partition of N(G).

Example 2.34 Let N(G) = {1,2,3,4,1,21,31,41} be a neutrosophic group under multipli-
cation modulo 5. Distinct left cosets of the non-Lagrange neutrosophic subgroup N(H) =
{1,4,1,21,31,41} are X1 = {1,4,1,21,31,41}, X5 = {2,3,1,21,31,41}, X3 = {I,21,31,41}.
X1, X are smooth cosets while X3 is a rough coset and therefore [N(G) : N(H)] = 3,
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[N(H) : N(G)] = 2, | N(H) | [N(G) : N(H)] = 6x3 # N(G) | and | N(H) | [N(H) :
N(G)] = 6 x 2 #| N(G) |. Members of the set X = {X71, X2} are not mutually disjoint and
hence do not form a partition of N(G).

Example 2.35 Let N(G)be the Lagrange neutrosophic group of Example 2.5. Distinct left
cosets of the Lagrange neutrosophic subgroup N(H) = {e,a,l,al} are: X; = {e,a,I,al},
Xo = {b,c,bl,cl}, X5 = {I,al}, X4 = {bl,cI}. X1, X5 are smooth cosets while X3, X, are
rough cosets and thus [N(G) : N(H)] =4, [N(H) : N(G)] =2, | N(H) | [N(G) : N(H)] =
4x4=16#| N(G) | and | N(H) | [N(H) : N(G)] =4 x 2 =8 =| N(G) |. Members of the set
X = {X;, X5} are mutually disjoint and N(G) = X; U X3. Hence X is a partition of N(G).

Example 2.36 Let N(G)be the Lagrange neutrosophic group of Example 2.23(iii).

(a) Distinct left cosets of the Lagrange neutrosophic subgroup N(H) = {(0,0), (0,1), (0, 1),
(0,1+1)} are respectively Xy = {(0,0), (0,1),(0,1),(0,1+1)}, Xo = {(1,0),(1,1),(1,1),(1,1+
N}, X3 ={,0),,),[,1),I,1+ D}, Xy ={(I+1,0),Q+1,1),Q1+1,I),(1+ 1,1+ 1)},
Xs ={(1+1,0),(1+1,1),(1+1,1+1)}. X1, X2, X3, X4 are smooth cosets while X; is a rough
coset. Thus, [N(G) : N(H)] =5, [N(H) : N(G)] =4, | N(H) | [N(G) : NH)] =4x5 =
20 4| N(G) |=16 and | N(H) | [N(H) : N(G)] =4 x4 =16 =| N(G) |. Members of the set
X = {X1, X5, X3, X4} are mutually disjoint and N(G) = X1 U Xo U X3 U X4 so that X is a
partition of N(G).

(b) Distinct left cosets of the pseudo Lagrange neutrosophic subgroup N (H) = {(0,0), (0, I),
(1,0),(I,I)} are respectively X; = {(0,0),(0,1),(I,0),(I,1)}, Xo = {(0,1),(0,1+ I),(I,1),
(I,1+1)}, X3 = {(1,0),(1,1),(14+1,0), (1+I,D1)}, X4 = {(1,1),(1,14+1), (1+1,1), (1+I,14+1)}.
X1, X2, X3, X4 are smooth cosets and [N(G) : N(H)] = [N(H) : N(G)] = 4. Consequently,
| N(H) | [N(G) : N(H)] =| N(H) | [N(H) : N(G)] =4 x4 =16 =| N(G) |. Members of the
set X = {X1, Xo, X3, X4} are mutually disjoint, N(G) = X; U X5 U X3 U X4 and hence X is a
partition of N(G).
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Abstract: In this paper, we introduce and investigate a new class of sets and maps be-
tween bitopological spaces called supra(1,2) b-open, and supra (1,2) b-continuous maps,
respectively. Furthermore, we introduce the concepts of supra(1,2) locally-closed, supra(1,2)
locally b-closed sets. We also introduce supra(1,2) extremely disconnected. Finally, addi-

tional properties of these sets are investigated.
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supra(1,2) extremely disconnected.
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§1. Introduction

In 1983 A.S.Mashhour et al [5] introduced supra topological spaces and studied s-continuous
maps and s*-continuous maps. Andrijevic [1] introduced a class of generalized open sets in a
topological space,the called b-open sets in 1996. In 1963, J.C.Kelly [3] introduced the concept
of bitopological spaces. The purpose of this present paper is to define some properties by
using supra(1,,2) b-open sets, supra(1,2) locally-closed, supra(1,2) locally b-closed in supra

bitopological spaces and investigate the relationship between them.

§2. Preliminaries

Throughout this paper by (X, 71, 72), (Y,01,02) and (Z,n1,72). (or simply X,Y and Z) rep-
resent bitopological spaces on which no separation axioms are assumed unless otherwise men-
tioned. For a subset A of X, A¢ denote the complement of A. A subcollection p is called a supra
topology [5] on X if X € u, where p is closed under arbitrary union. (X, ) is called a supra
topological space. The elements of u are said to be supra open in (X, u) and the complement of

a supra open set is called a supra closed set. The supra topology u is associated with the topol-

1Received July 13, 2012. Accepted August 20, 2012.
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ogy 7 if 7 C p. A subset A of X is my7e-open [4] if A€ 71 Ume and 71 72-closed if its complement
is 7y 72-open in X. The 71 72-closure of A is denoted by T172cl(A) and mymcl(A)=N{ F: ACF
and F° is 1ymo-open}. Let (X,u1,u2) be a supra bitopological space. A set A is pgug-open if
A € p1 U pg and pgpo-closed if its complement is g puo-open in (X, p1, p2). The pqps-closure
of A is denoted by pipocl(A) and pypscl(A) =N{ F: AC F and F° is pujus — open}.

Definition 2.1 Let (X, u) be a supra topological space. A set A is called

(1) supra a-open set [2] if A C int’(cl*(int*(A)));
(2) supra semi-open set [2] if A C cl*(int*(A));
(3) supra b-open set [6] if A C clt(int(A)) Uint*(cl*(A)).

Definition 2.2([4]) Let (X, 71, 72) be a bitopological space. A subset A of (X, 71, 72) is called

1) (1,2)semi-open set if A C mymacl(mint(A));

2) (1,2)pre-open set if A C mint(miecl(A));

3) (1,2)a-open-set if A C mint(mirecl(mint(A)));

4) (1,2)b-open-set A C mymacl(myint(A)) U mint(mimecl(A)).

(
(
(
(

§3. Comparison

In this section we introduce a new class of generalized open sets called supra(1,2) b-open sets

and investigate the relationship between some other sets.

Definition 3.1 Let (X, 7, 72) be a supra bitopological space. A set A is called a supra(1,2)
b-open set if A C pypscl(print(A)) U print(pipacl(A)). The compliment of a supra(1,2) b-open
is called a supra(1,2) b-closed set.

Definition 3.2 Let X be a supra bitopological space. A set A is called

(1) supra (1,2) semi-open set if A C uypocl(print(A));
(2) supra (1,2) pre-open set if A C pyint(pipacl(A));
(3) supra (1,2) a-open-set if A C pyint(py pocl(urint(A))).

Theorem 3.3 In a supra bitopological space (X, u1,u2), any supra open set in (X, p1) is
supra(1,2) b-open set and any supra open set in (X, ua) is supra (2,1) b-open set.

Proof Let A be any supra open in (X, u1). Then A = pyint(A4). Now A C pypscl(A) =
w1 pocl(print(A)) C pypacl(print(A) U pyint(pypacl(A)). Hence A is supra(1,2) b-open set.
Similarly, any supra open in (X, us) is supra(2,1) b-open set. |

Remark 3.4 The converse of the above theorem need not be true as shown by the following

example.

Example 3.5 Let X = {a,b,¢,d}, p1 = {¢, X,{a,b},{a,c,d}}, p2 = {¢, {a}, {a, b}, {b,c,d}, X };
M1 p2-0pen = {¢7 {(I}, {au b}7 {au c, d}7 {bu C, d}7 X}7 NlMTClOSGd = {(bv {a}u {b}7 {Cu d}7 {b7 c, d}7 X}7
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supra(1,2) bO(X) = {¢,{a,b},{a,c},{a,d},{a,b,c},{a,b,d},{a,c,d}, X}. It is obvious that
{a,d}€ supra(1l,2) b-open but {a,d} ¢ pi-open. Also, supra(2,1) bO(X) = (¢,{a},{a,b},
{a,c},{a,d},{b,c},{b,d},{a,b,c}, {a,c,d}, {a,b,d}, {b,c,d},X}. Here {a,c} € supra(2,1) b-
open set but {a,c} ¢ us-open.

Theorem 3.6 In a supra bitopological space (X, p1,u12), any supra open set in (X, p1) is
supra(1,2) a-open set and any supra open set in (X, p2) is supra (2,1) a-open set.

Proof Let A be any supra open in (X, p1). Then A = pyint(A). Now A C pqpacl(A).
Then pyint(A) C print(uipecl(A)). Since A = pyint(A), A C pyint(uipacl(urint(A))). Hence
A is supra(1,2) a-open set. Similarly, any supra open in (X, pg) is supra(2,1) a-open set. [

Remark 3.7 The converse of the above theorem need not be true as shown in the following

example.

Example 3.8 Let X = {a,b,¢,d}, p1 = {¢,{a,c},{a,b,c},{a,b,d}, X}, us = {¢,{c,d},{a,b,d},
{b,c,d}, X}, p1puo-open = {¢, {a,c}, {c,d}, {a,b,c}, {a,b,d,{b,c,d}, X}, u1pa-closed = {¢, {a},

{c},{d},{a,b},{b,d}, X}. supra(1,2) aO(X) = {¢,{a,c},{a,b,c},{a,c,d},{a,b,d}}, X}. Here

{a,¢,d} € supra(1,2) a-open but {a,c,d} ¢ pi-open. Also, supra(2,1) aO(X) = (¢, {c,d},

{a,¢,d},{a,b,d},{b,c,d}, X}. Here {a,c,d} € supra(2,1)a-open but {a,c,d} ¢ po-open.

Theorem 3.9 Fvery supra(1,2) a-open is supra(1,2) semi-open.

Proof Let A be a supra (1,2) a-open set in X. Then A C pyint(pipacl(urint(A4))) C
w1 pocl(print(A)). Therefore, A C pypocl(urint(A)). Hence A is supra(1,2) semi-open set. [

Remark 3.10 The converse of the above theorem need not be true as shown below.

Example 3.11 Let X = {a,b,c,d}, u1 = {¢,{b},{a,d},{a,b,c}, X}, p2 = {6, {b,c},{a,b,d}, X },
ppz-open ={¢, {b}, {a,d}, {b, c}, {a,b,c,{a,b,d}, X}, p1pia-closed = {¢, {c}, {d}, {a,d}, {b, c},
{a,c,d}, X}. supra(1,2) aO(X) = {¢, {b},{a,d},{a,b,c},{a,b,d}}, X}, supra(1,2) SO(X) =
{#,{b},{a,d}, {b,c},{a,b,c},{a,b,d}}, X}. Here {b, ¢} is asupra(1,2) a-open but not supra(1,2)
semi-open.

Theorem 3.12 Fvery supra(1,2) semi-open set is supra(1,2) b-open.

Proof Let A be a supra(l,2) semi-open set X. Then A C pjuocl(puiint(A)). Hence
A C pypscl(pyint(A)) U print(pg pocl(A)). Thus A is supra(1,2) b-open set. O

Remark 3.13 The converse of the above theorem need not be true as shown in the following

example.

Example 3.14 Let X = {a,b,c,d}, p1 = {¢p,{a},{a,b}, {b,c,d}, X}, ua = {¢, {b}, {a,d}, {a,b,d},
{b,c,d}, X}, urpo-open = {¢, {a}, {b}, {a, b}, {a,d}, {a,b,d}, {b,c,d}, X}, p1pe-closed = {¢, {a},
{c}, {b, ¢}, {c,d}, {a,c,d}, {b,c,d}, X}, supra(1,2) bO(X) = {¢, {a}, {a,b},{b,d},{a,b,c},{a,b,d},
{b,¢c,d}, X}, supra(1,2) SO(X) = {¢,{a},{a,b},{a,b,c},{a,b,d},{b,c,d}}, X}. Here {b,d} €
supra(l,2)b-open set but {b,d} ¢ supra(1,2) semi-open.
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Theorem 3.15 FEvery supra(1,2) a-open is supra(1,2) b-open.

Proof Let A be an supra(1,2) a-open in X. Then A C pyint(pipacl(pint(A))). It is obvi-

ous that pyint(uypecl(urint(A))) C pypecl(print(A)) C pyuscl(print(A)) U print(u pocl(A)).
Hence A C pypacl(print(A)) U pyint(pgpacl(A)). Thus A is supra(1,2) b-open set. O

Remark 3.16 The reverse claim in Theorem 3.15 is not usually true.

Example 3.17 Let X = {a,b, ¢,d},u1 = {¢,{a,c},{a,b,c},{a,b,d}, X },u2 = {0, {c,d}, {b,c,d},
{a,b,d} X },u1pz-open= {¢, {a,c},{c,d},{a,b,c},{a,b,d{b,c,d}, X} p1pe-closed = {9, {a}, {c},

{d},{a,b},{b,d}, X}, supra(1,2) aO(X) = {9, {a,c},{a,b, ¢}, {a,c,d},{a,b,d}}, X}, supra(1,2)

bO(X) = {¢,{a,c}, {a,d},{b,c}, {c,d}{a,b,c}, {a,c,d},{a,b,d},{b,c,d}, X}. Here {a,d} €

supra(1,2) b-open but {a,d} ¢ supra(1,2) a-open.

Theorem 3.18 In a supra bitopological space (X, 1, p2), any supra open set in (X, p1) is

supra(1,2) semi-open set and any supra open set in (X, u2) is supra (2,1) semi-open set.
Proof This follows immediately from Theorems 3.6 and 3.9. O

Remark 3.19 The converse of the above theorem need not be true as shown in the Example
3.8, {a, ¢, d} is both supra(1,2) semi-open and supra(2,1) semi-open but it is not supra p1-open
and also is not ps-open.

Remark 3.20 From the above discussions we have the following diagram. A —B represents A

implies B, A -~ B represents A does not implies B.

AN

>

Fig. 1 1=supra (1,2) b-open, 2=pu;-open,
3=supra (1,2) a-open, 4=supra (1,2) semi-open

§4. Properties of Supra(1,2) b-Open Sets

Theorem 4.1 A finite union of supra(1,2) b-open sets is always supra(1,2) b-open.

Proof Let A and B be two supra(l,2) b-open sets. Then A C pujpscl(print(A)) U
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print(pypacl(A)) and B C pg pocl(urint(B))Upyint(py pecl(B)). Now, AUB C pqpacl(print( AU
B)) U pyint(pg pocl(A U B)). Hence AU B is supra(1,2) b-open set. O

Remark 4.2 Finite intersection of supra(1,2) b-open sets may fail to be supra(1,2) b-open
since, in Example 3.14, both {a,b} and {b,d} are supra(1,2) b-open sets, but their intersection
{c} is not supra(1,2) b-open.

Definition 4.3 The supra(1,2) b-closure of a set A is denoted by supra(1,2)bcl(A) and defined
as supra(1,2)bcl(A) = N{B : B is a supra(1,2) b-closed set and A C B}. The supra(1,2)
interior of a set A is denoted by supra(1,2)bint(A), and defined as supra(1,2)b int(A)=U{B: B
is a supra(1,2) b-open set and A O B}.

Remark 4.4 Tt is clear that supra(1,2)bint(A) is a supra(1,2) b-open and supra(1,2)bcl(A) is
supra(1,2) b-closed set.
Definition 4.5 A subset A of supra bitopological space X is called

(1) supra(1,2)locally-closed if A =UNV, where U € p1 and V is suprauqps closed;
(2) supra(1,2) locally b-closed if A=UNV, where U € p1 and V is supra(1,2) b-closed;
(3) supra (1,2)D(c,b) set if print(A) = supra(1,2)bint(A).

Theorem 4.6 The intersection of a supra open in (X, u1) and a supra(1,2) b-open set is a
supra(1,2) b-open set.

N

Proof Let A be supra open in (X, p1). Then A is supra(1,2) b-open and A = pyint(A) C
supra(l,2)bint(A). Let B be supra(1,2) b-open then B = supra(1,2)bint(B). Now AN B C
supra(l,2)bint(A) N supra(1,2)bint(B) = supra(1,2)bint(A N B). Hence the intersection of
supra open set in (X, 1) and a supra(1,2) b-open set is a supra(1,2) b-open set. O

Theorem 4.7 For a subset A of X, the following are equivalent:

(1) A is supra-open in (X, pu1);
(2) A is supra (1,2) b-open and supra(1,2) D(c,b)-set.

Proof (1)=(2) If A is supra-open in (X, u1), then A is supra (1,2) b-open and A =
urint(A), A = supra(l,2)bint(A). Hence print(A) = supra(l,2)bint(A). Therefore, A is
supra(l,2)D(e, b)-set.

(2)=(1) Let A be supra (1,2) b-open and supra (1, 2)D(c, b)-set. Then A = supra(1,2)bint(A)
and piint(A) = supra(l,2)bint(A). Hence A = pyint(A). This implies that A is supra-open in
(X, ). 0

Definition 4.8 A space X is called an supra(1,2) extremely disconnected space (briefly supra(1,2)
E.D) if suprauipe closure of each supra-open in (X, p1) is supra open set in (X, pu1). Similarly
suprap pig closure of each supra-open in (X, pe) is supra open set in (X, p2).

Example 4.9 Let X = {a,b,c}, u1 = {&,{b},{a,b},{a,c}, X}, no = {¢,{a},{b,c},{a,c}},
pipzopen = {¢, {a}, {b}, {a, b}, {a, c}, {b, c}, X}, p1pi2 closed = {¢, {a}, {b}, {c}, {a, c}{b,c}, X}.



On Bitopological Supra B-Open Sets 15

Hence every pupe closure of supra-open is (X, p1) and also every suprap;ug closure of supra-
open in (X, pa).

Theorem 4.10 Let A be a subset of supra bitopological space (X, i, pe) if A is supra(1,2)
locally b-closed, then

(1) supra(1,2)bel(A) — A is supra(1,2) b-closed set:
(2) [AU(X — supra(1,2)bcl(A))] is supra(1,2) b-open;
(3) A C supra(1,2)bint(AU (X — supra(l,2)bcl(A)).

Proof (1) If A is an supra(1,2) locally b-closed, there exist an U is supra-open in (X, y1)
such that A = U N supra(1,2)bcl(A). Now, supra(l,2)bel(A) — A = supra(1,2)bcl(A) — [UN
supra(l,2)bel(A)] = supra(1,2)bel(A) N [X — (U N supra(1,2)bcl(A))] = supra(l,2)bel(A) N
[(X —U)U (X —supra(1,2)bcl(A))] = supra(l,2)bel(A) N (X —U), which is supra(1,2) b-closed
by Theorem 4.5.

(2) Since supra(1,2)bel(A) — A is supra(1,2) b closed, then [X — (supra(1,2)bcl(A) — A)]
is supra(1,2) b-open and [X — (supra(1l,2)bcl(A) — A)] = (X — supra(1,2)bel(A)) U (X NA) =
AU [X — supra(1,2)bcl(A)]. Hence [AU (X — supra(1,2)bcl(A))] is supra(1,2) b-open.

(3) It is clear that

A C[AU(X — supra(1,2)bcl(A)] = supra(l,2)bint[A U (X — supra(1,2)bcl(A))]. O

§5. Supra (1,2) b-Continuous Functions

In this section, We introduce a new class of continuous maps called a supra (1,2) b-continuous
maps and obtain some of their properties.

Definition 5.1 Let (X,71,72) and (Y,01,02) be two bitopological spaces and pi,p2 be an
associated supra bitopology with 71,72. A map [ : (X,71,7) — (Y,01,02) is called a supra
(1,2) b-continuous map [resp. supra (1,2) a-continuous, supra (1,2) semi-continuous/ if the
inverse image of each o10oa-open set in'Y is supra (1,2) b-open set [resp. supra (1,2 ) a-open,
supra (1,2) semi-open] in X .

Definition 5.2 Let (X,71,72) and (Y,01,02) be two bitopological spaces and 1, us be an
associated supra bitopology with 11,72. A function [ : (X, 71,72) — (Y,01,02) is called supra
(1,2) continuous if f=1(V') is ui-open in X for each oioz-open set V of Y.

Theorem 5.3 Fvery (1,2) continuous is supra (1,2) b-continuous.

Proof Let f: (X, m,m) — (Y,01,02) be an (1,2)-continuous map and let A be an o102-
open set in (Y,01,02). Then f~1(A) is an 7i-open set in (X, 71,72). Since p; and g are
associated with 71 and 7o, then 71 C p1. This implies that f~1(A) is pi-open in X and it is
supra (1,2) b-open in X. Hence f is supra (1,2)b-continuous. O

Theorem 5.4 FEvery supra (1,2)-continuous is supra (1,2) b-continuous function.
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Proof Let f:(X,m1,72) — (Y,01,02) be an supra (1,2)-continuous and let A be an o104
open set in Y. Since f is supra (1,2)-continuous and 1, 2 associated with 71,72, f~1(A) is

pi-open in X and it is supra (1,2) b-open in X. Hence f is supra (1,2) b-continuous. O

Remark 5.5 The converse of Theorems 5.3 and 5.4 need not be true. We can shown this by
the following example.

Example 5.6 Let X = {a,b,c,d}, ¥ = {p,q,r,s}, . = {6,{a}, {a,b}, {a,d}, X} and 7, =

{(bv {CL}, {av b}a X} are tOpOIOgieS on (Xa 71, 7—2)7 o1 = {d)a {p}v {T}v {pa T}a Y}v 02 = {(bv {pa T}a Y}v
o10z-open = {¢, {p}, {r}, {p,r},Y}. The supra topologies u1, us are defined as follows:

m = {p,{a},{a,b},{a,d},{b,c}, X}, 2 = {¢,{a},{a, b}, {b,c}, X}, p1p2 open = {¢,{a},
{a,b},{a,d},{b,c}, X}, p1psa closed = {¢, {a,d}, {b, c}, {b,d},{b,c,d}, X },supra (1,2) b-open =
{¢,{a},{c},{a,b},{a,c},{a,d}, {b,c},{a,b,c}, {a,c,d},{a,b,d}, X}. Defineamap f: (X, 71,72)
— (Y,01,02) by f(a) =p, f(b) =q, f(c) =r, f(d) = s. Clearly f is supra (1,2) b-continuous.
But f~1({p,7}) = {a, ¢} is not p1-open set in X where {p,r} is o102-open in Y. So f is not supra
(1,2) continuous. And also f is not (1,2)-continuous functions because f~*({p,r}) = {a,c} is

not 7i-open in X where where {p,r} is o102-open in Y.

Theorem 5.7 Every supra (1,2) a-continuous map is supra (1,2)b-continuous.
Proof Tt is obvious that every supra (1,2) a-open is (1,2) b-open. O

Remark 5.8 The converse of the above theorem need not be true as shown in the following

example.

Example 5.9 Let X = {CL, b7 ¢, d}a Y= {p7 q,T, S}a T = {(bv {CL, b7 C}a X} and T2 = {¢a {a7 ba d}a X}
are tOpOIOgieS on (Xa 71, TQ)a o1 = {d)a {pvr}v Y}v 02 = {d)a {pv Q}a {pv q, S}a Y}a 0102-0pen =
{&,{p,q},{p,r},{p,q, s},Y}. The supra topologies p1, po are defined as follows:

M1 = {(bv {au C}, {au ba C}u {a7 bu d}7 X}7 H2 = {¢7 {Cv d}7 {bu c, d}7 {au b7 d}7 X} Define a func-
tion f : (XlevTQ) - (}/701702) by f(CL) = 4q, f(b) =T f(C) =D f(d) = s. Then f is supra
(1,2) b-continuous but not (1,2) a-continuous because f~!({p,7}) = {b,c} is not supra (1,2)

a-open where {p,r} is o109-open in Y.

Theorem 5.10 Let (X,71,72), (Y,01,02) and (Z,m,n2) be three bitopological spaces. If a
map f: (X, 71,72 — (Y,01,09) is supra(1,2) b-continuous and g : (Y,01,02) — (Z,m1,m2) is a
(1,2)-continuous map, then go f : (X, m1,72) — (Z,m,n2) is a supra(1,2) b-continuous.

Proof Let A be a nine-open set in Z. Since g is (1,2)-continuous, then g=1(A) is o1-open
in Y. Every oj-open is oy0z-open. Thus g~ 1(A) is o102-open in Y. Since f is supra (1,2)
b-continuous, then f~1(g71(A)) = (go f)~!(A) is supra (1,2) b-open set in X. Therefore g o f
is supra(1,2) b-continuous. |

Theorem 5.11 Let (X, 71,72) and (Y,01,02) be bitopological spaces. Let u1, po and vy, va be
the associated supra bitopologies with 11,72 and 01,09, respectively. Then f : (X,11,72) —

(Y,01,02) is a supra(1,2) b-continuous map if one of the following holds:
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(1) f~Y(supra(1,2)bint(A)) C mint(f~1(A)) for every set A inY;
(2) mimcl(f~H(A)) C f~Y(supra(1,2)bcl(A)) for every set A inY;
(3) f(mimecl(B)) C supra(l,2)bel(f(B)) for every set B in X.

Proof Let A be any oq02-open set of Y. If condition (1) is satisfied, then
fH(supra(1,2)bint(A)) C mint(f 1 (A)).

We get, f~1(A) C mint(f~1(A)). Therefore f~1(A) is supra open set in (X, u1). Every supra
open set in (X, p1) is supra(1,2) b-open set. Hence f is supra (1,2) b-continuous function.

If condition (2) is satisfied, then we can easily prove that f is supra(1,2) b-continuous
function.

Now if the condition (3) is satisfied and A be any oj04-open set of Y. Then f~1(A) is a set
in X and f(rimecl(f~1(A))) C supra(1,2)bel(f(f~1(A))). This implies f(ri72cl(f~1(4))) C
supra(l,2)bel(A). It is nothing but just the condition (2). Hence f is a supra(1,2) b-continuous
map. O

86. Applications

Now we introduce a new class of space called a supra(1,2)-extremely disconnected space.

Definition 6.1 A space X is called an supra(1,2)-extremely disconnected space (briefly supra
(1,2)-E.D) if p1pa closure of each supra-open in (X, 1) is supra-open set in (X, u1). Similarly
1 pa-closure of each supra-open in (X, u2) is supra-open set in (X, us2).

Theorem 6.2 For a subset A of a supra(1,2) extremely disconnected space X, the following
are equivalent:

(1) A is supra-open in (X, u1);
(2) A is supra(1,2) b-open and supra(1,2) locally closed.

Proof (1)=-(2) It is obvious.
(2)=(1) Let A be supra(1,2) b-open and supra(1,2) locally closed. Then

A C pypacl(print(A)) U print(uypacl(A)) and A = U N pypacl(A),

where U is supra-open in (X, u1). So A C U N (urint(pipzcl(A)) U prpscl(pint(A))

[pint(UNp pacl(A))JU[UNpr pacl (paint(A))] € [paint(UNpapacl(A))]O[UNpyint (p1 pacl (A)
(since X is supra(1,2) E.D)C [p1int(U N pyuacl(A))] U [print(U N pypecl(A))] = print(A) U
print(A) = pyint(A). Hence A C pyint(A). Therefore A is supra-open in (X, u1). O

c
)

]

Theorem 6.3 Let (X, 71,72) and (Y, 01,02) be two bitopological spaces and py, pa be associated
supra topologies with T ,12. Let f: X — Y be a map. Then the following are equivalent.
(1) f is supra (1,2) b-continuous map;

(2) The inverse image of a o102-closed set in Y is a supra (1,2) b-closed set in X ;
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(3) Supra (1,2)bel(f~H(A) C f~1(o102cl(A)) for every set A inY;
(4) f(supra(1,2)bel(A)) C or02cl(f(A)) for every set A e X;
(5) f~1(o1(B)) C supra(l,2)int(f~1(B)) for every B inY.

Proof (1)=(2) Let A be a 0102 closed set in Y, then Y — A is 0102 open set in Y. Since
f is supra (1,2) b-continuous, f~1(Y — A) = X — f~1(A) is a supra (1,2) b-open set in X. This
implies that f~*(A) is a supra (1,2) b-closed subset of X.

(2)=(3) Let A be any subset of Y. Since y102cl(A) is o102 closed in Y, then f~!(o102cl(A))
is supra (1,2) b-closed in X. Hence supra (1, 2)bel(f~1(A) C supra(1,2)bel(f~1(o102cl(A))) =
f Y o102cl(A)).

(3)=(4) Let A be any subset of X. By (3), we obtain

fHoroacl(f(A))) 2 supra(1,2)bel f~H(f(A)) D supra(l,2)bel(A).

Hence f(supra(1,2)cl(A)) C oro2cl(f(A)).

(4)=(5) Let B be any subset of Y. By (5), f(supra(1,2)bcl(X — f~1(B))) C oy102cl(f(X —
f~YB))) and f(X — supra(1,2)bint(f~1(B))) C o102¢l(Y — B) =Y — o1int(B). Therefore we
have

X — supra(1,2)bint(f~1(B)) € f~(Y — oyint(B))

and
fYorint(B)) C supra(l,2)bint(f~*(B)).

(5)=(1) Let Bbeao;-opensetinY. Then by (4), f~(o1int(B)) C supra(l,2)int(f~1(B)).
Therefore f~1(B) C supra(1,2)int(f~1(B)). But supra(l,2)bint(f~1(B)) C f~1(B). Hence
f~YUB) = supra(1,2)bint(f~1(B)). Therefore f~1(B) is supra (1,2) b-open in X. Thus f is

supra (1,2) b-continuous map. |

We introduce the following definition.

Definition 6.4 Let (X, 71,72) and (Y, 01,02) be two bitopological spaces and 1, po be associated
supra bitopologies with 71, 72. A map f: (X,71,72) — (Y,01,02) is called a supra (1,2) locally
closed continuous [resp. supra (1,2) D(c,b) continuous, supra (1,2) locally b-closed continuous/
if f~Y(B) is supra (1,2) locally closed [resp. supra (1,2) D(c,b) set, supra (1,2) locally b-closed]
in X for each o102 open set V of Y.

Theorem 6.5 Let X be supra (1,2) extremely disconnected space, the function f : (X, 11,72) —
(Y,01,02) is supra (1,2)-continuous iff f is supra (1,2) b-continuous and supra (1,2) locally
closed continuous.

Proof Let V be a oj09-open set in Y. Since f is supra (1,2)-continuous, f~1(V) is u1-open
in X. Then by Theorem 3.3, f~!(V) is supra (1,2) b-open and supra (1,2) locally closed in
X. Hence f is supra (1,2) b-continuous and supra (1,2) locally closed continuous. Conversely,
let U be a o109-open set in Y. Since f is supra (1,2) b-continuous and supra (1,2) locally
closed continuous, f~1(U) is supra (1,2) b-open and supra (1,2) locally-closed in X. Since X is
supra (1,2) extremely disconnected, by Theorem 6.1, f~1(U) is y;-open in X. Hence f is supra

(1,2)-continuous. O



On Bitopological Supra B-Open Sets 19

Theorem 6.6 The function [ : (X,71,12) — (Y,01,02) is supra (1,2) continuous iff [ is supra
(1,2) b-continuous and supra (1,2) D(c,b)-continuous.

Proof Let V be a o102 open set in Y. Since f is supra (1,2) continuous, f~1(V) is y1-open
in X. By Theorem 4.7, f~1(V) is supra (1,2) b-open and supra (1,2) D(c,b)set. Then f is supra
(1,2) b-continuous and supra (1,2) D(c,b)continuous. Conversely, let U be a o102 open in Y.
Since f is supra (1,2) b-continuous and supra (1,2) D(c,b)-continuous, f~1(U) is supra (1,2)
b-open and supra (1,2) D(c,b)set. By Theorem 4.7, f~(U) is supra open in (X,u1). Hence f
is supra (1,2) continuous. 0
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Abstract: Let M" be an n-dimensional differentiable manifold and F™ be a Finsler space
equipped with a fundamental function L(z,y), (y* = %) of M™. In the present paper we

define Randers conformal change as

L(z,y) — L*(z,y) = e*“ L(z,y) + B(z,y)

where o(x) is a function of x and §(z,y) = bi(x)y’ is a 1- form on M™.

This transformation is more general as it includes conformal, Randers and homothetic trans-
formation as particular cases. In the present paper we have found out the expressions for
scalar curvature and main scalar of two-dimensional Finsler space obtained by Randers con-

formal change of F'™. We have also obtained equation of geodesic for this transformed space.

Key Words: two-dimensional Finsler space, (-change, homothetic change, conformal

change, one form metric, main scalar, scalar curvature, geodesic.
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§1. Introduction

Let M™ be an n-dimensional differentiable manifold and F™ be a Finsler space equipped with a
fundamental function L(z,y), (y* = &%) of M™. If a differential 1-form B(x,y) = b;(z)y" is given
on M™, then M. Matsumoto [1] introduced another Finsler space whose fundamental function
is given by
L(z,y) = L(z,y) + Bz, y)
This change of Finsler metric has been called S-change [2,3].
The conformal theory of Finsler spaces has been initiated by M.S. Knebelman [4] in 1929
and has been investigated in detail by many authors [5-8] etc. The conformal change is defined

as
L(w,y) — " L(a, y),

where o(z) is a function of position only and known as conformal factor.

1Received July 15, 2012. Accepted August 24, 2012.
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In the present paper, we construct a theory which generalizes all the above mentioned changes.
In fact, we consider a change of the form

L(:E,y) —>L*($,y) :eU(I)L(xay)+6(xvy)a (1)

where o(x) is a function of x and 8(x,y) = b;(x)y’ is a 1- form on M™, which we call a Randers
conformal change. This change generalizes various types of changes. When § = 0, it reduces
to a conformal change. When o = 0, it reduces to a Randers change. When 8 = 0 and o is a
non-zero constant then it reduces to homothetic change.

In the present paper we have obtained the relations between
(1) the main scalars of F? and F*?;
(2) the scalar curvatures of F? and F*2.

Further, we have derived the equation of geodesic for F*".

§82. Randers Conformal Change

Definition 2.1 Let (M™, L) be a Finsler space F™, where M™ is an n-dimensional differentiable
manifold equipped with a fundamental function L. A change in fundamental metric L, defined by
equation (1), is called Randers conformal change, where o(z) is conformal factor and function
of position only and B(x,y) = b;(x)y* is a 1- form on M™. A space equipped with fundamental
metric L*(x,y) is called Randers conformally changed space F*™.

This change generalizes various changes studied by Randers [11], Matsumuto [12], Shibata
[13], Pandey [10] etc. Differentiating equation (1) with respect to ¢, the normalized supporting
element [} = i L* is given by

i (w,y) = " Dli(a,y) + i), (2)

where I; = &;L is the normalized supporting element in the Finsler space F™. Differentiating

*

(2) with respect to y?, the angular metric tensor hy; = L*9;0;L* is given by
* olx L*
hij = et )fhij (3)

where hi; = Ld;0;L is the angular metric tensor in the Finsler space F™ .
. A A *2 * * * .
Again the fundamental tensor g;; = 8i8jLT = hj; + 1717 is given by

g?j = Tg;; +bib; + ea(m)L_l(biyj + bjyi) — ﬁeU(I)L_Syiyj (4)

where we put y; = g;(z,y)y!, 7 = e"(w)% and g;; is the fundamental tensor of the Finsler
space F™. It is easy to see that the det(g;*j) does not vanish, and the reciprocal tensor with

components g*¥ is given by

g =171 + oy'y) — LTIy + 470 (5)
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where ¢ = e=27(@) (Le®b2 + BYL*3, b2 = bb’, b' = g”b; and g¥ is the reciprocal tensor of

gi;j- Here it will be more convenient to use the tensors
hi; = gi; — L™y, ai = BLy; — b; (6)

both of which have the following interesting property:
hijy’ =0, ay’ =0 (7)

Now differentiating equation (4) with respect to y* and using relation (6), the Cartan covariant

tensor C* with the components C7;; = 8k(q7]) is given as:

1
Chix = 7Cijr — ﬁ(hijak + hjra; + hyiag)) (8)

where Cj;i, is (h)hv-torsion tensor of Cartan’s connection CT' of Finsler space F™.

In order to obtain the tensor with the components C7;, , paying attention to (7), we obtain

from (5) and (8), l

» ‘ 1. ‘ .
Ci = C) - N (hjak + hyai + hira?) 9)
. 71 .
—(TL) ' Cirry’b" — 2;[/* (2a;aj + a’hqj)y’

where a;a’ = a?.

Proposition 2.1 Let F*™ = (M™, L*) be an n-dimensional Finsler space obtained from the
Randers conformal change of the Finsler space F™ = (M™, L), then the normalized supporting
element [, angular metric tensor hi;, fundamental metric tensor g;; and (h)hv-torsion tensor

Yk of FT are given by (2), (3), (4) and (8) respectively.

§3. Main Scalar of Randers Conformally Changed Two-Dimensional Finsler Space

The (h)hv-torsion tensor for a two-dimensional Finsler space F? is given by [9]:
Cijie = Imim;my, (10)

where I = Csss is the main scalar of F2.
Similarly, the (h)hv-torsion tensor for a two-dimensional Finsler space F*? is given by

C;‘jk = I*mfm;mz (11)

where I* is the main scalar of F*2, and m} is unit vector orthogonal to I} in two-dimensional
Finsler space.

Putting j = k in equation (9), we get
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*17

¢+ in F*2, where C and C* are

the lengths of C* and C** in F? and F*? respectively. The equation (12) can also be written as

The normalized torsion vectors are m? = % in F? and m* =

m; = Am; + pa; (13)
where \ = CC* and p = —(gg,})L*_l
Now
- 1
C?=g"icrc =r1C? + ("t )AW], (14)

where A, = C, + (Zz,} )42 and C, = C;b" are scalars.

The contravariant components of [} and m] are given below:

¥ — g*wl;f = A" + Bb* (15)
where A = 7@ 771 — 7-28e7@) 4 BoL — b2772 + @2 and B = (—e’@ 772 — 71
BL~'772) are scalars, [;I' = 1 and b;l" = b'l; = L. Also

m* = Dmi + Bl + Fa' (16)

where D = 771\, E = (=7 72M\H — 7 2u(B*L~1 = b?)), F = ur~! and H = m;b® are scalars.

Hence, we have

Proposition 3.1 Let F*™ = (M™,L*) be an n-dimensional Finsler space obtained from the
Randers conformal change of the Finsler space F™ = (M™, L), then contravariant components of
the Berwald frame (I,m) in two-dimensional Finsler space are given by (15) and (16), whereas

covariant components are giwen by (2) and (18) respectively.

Proposition 3.2 Let F*™ = (M™, L*) be an n-dimensional Finsler space obtained from the
Randers conformal change of the Finsler space F™ = (M™, L), then the relationship between

the lengths of the components C; and Cf is given by (14).

Since the (h)hv-torsion tensor given by (8) can be rewritten in two-dimensional form as
follows:

I'mimimj = T Im;mimy, — ﬁagmimjmk] (17)

where h;; = mym; and a; = a1l; + aam;, then a;y' =0 = a; = 0. So, a; = aym;, a; and ay
are certain scalars.
From equations (13) and (17), we have

A+ uag)gmimjmk =t Im;m;jmy, — ﬁazmimjmk] (18)

Contracting (18) by m;m;jmg, we have

. T 3
= (X + pasg)3 i 2L*a2] (19)
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Theorem 3.1 Let F*" = (M™, L*) be an n-dimensional Finsler space obtained from the Ran-
ders conformal change of the Finsler space F™ = (M™ L), then the relationship between the
Main scalars I* and I of the Finsler space F*? and F? is given by (19).

Corollary 3.1 For o(z) = 0, i.e. for Randers change, the relationship between the Main
scalars I* and I of the Finsler space F*? and F? is given by [10]:

(L + B)L" 3.1

I = -
O+ paz)® - 200+ pag)® 2

Corollary 3.2 For =0, i.e. for conformal change, the relationship between the Main scalars

I* and I of the Finsler space F*? and F? is given by

o(z)
=5
23
Corollary 3.3 For § = 0 and 0 = a non-zero constant i.e. for homothetic change, the

relationship between the Main scalars I* and I of the Finsler space F** and F? is given by

*760
I_ﬁl.

84. Geodesic of Randers Conformally Changed Space

Let s be the arc-length, then the equation of a geodesic [14] of F™ = (M™, L) is written in the
well-known form: y
d“z" . dx
— +2G(x,—) = 2
L a0, ) =0 (20)

where functions G*(z,y) are given by
L2

2G" = ¢ (v 0,0; F — 0, F), F==

Now suppose s* is the arc-length in the Finsler space F*" = (M™, L*), then the equation
of geodesic in F*" can be written as
d?zt

: dxr
261
ds*? +267 (=, ds*

) =0, (21)
where functions G*¢(z,y) are given by

L*2

2G* = g*" (y? 0,0;F* — 9,F*),  F*= n

Since ds* = L*(x,dx), this is also written as
ds* = e”@ L(z,dx) + bi(z)dz’ = e @ ds + b;(zx)dx’

Since ds = L(z,dx), we have

dz? dz? dz?

- = o(x) b, —— 29
ds ds* le + 0 ds ) (22)
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Differentiating (22) with respect to s, we have

drt dzt de’®  db; dat d2z?

dQIi d2 7 ] N b )
ds ds** ds ds ds “ds?

T = gl

%

Substituting the value of from (22), the above equation becomes

ds*
d*x’ d*x’ da’
- o(x)
ds? ds*? [e7 4 bs ds i (23)
L& de”® dbi ' _d%i)
[eo(@) 4 bl”?;] ds ds ds Y ds?
Since 2G* = g*"(yj(iaj%z - BTLT*Z), we have
2GF = 20(1)0- + 17 [e? @ LO;(0;e7 )L + 7@ LO;0; 8 + (24)
B (9;e7 )L + 8@ 9,0, L + ﬁa»ajﬁ + (7@, + b-)((a»eom)
+0;0) 4+ ¢“@b,0; L] — [ @ L(8;e7 @)L + e” @ LA 8 + BDi(e” ™)L
+Be° @0, L + 30, 3)
Now we have
26" = g*" Gy = JG' + M (25)
where J = €27 7=1 and
Mi — 620(1) [(byzyr —LilTiz(yibT—f—yTbi)] +[ -1 zr+¢y (26)

—LT R 4y e LD, (ae"(w))L—i—e 18,0,
+60,(9; 6"(’”))L+ﬁe"(w)5 9; L—l—ﬁa (%ﬁ—i—( @)1, + b,)((9;¢° @)L
+0;8) + ¢ @b,0, L] — [ @ L(8,¢” @)L + e? @ L, + 0, (e )L
+Be” )0, L + B0, ]

Proposition 4.1 Let F*™ = (M™,L*) be an n-dimensional Finsler space obtained from the
Randers conformal change of the Finsler space F™ = (M™, L), then the relationship between
the Berwald connection function G** and G* is given by (25).

Theorem 4.1 Let F*" = (M™, L*) be an n-dimensional Finsler space obtained from the Ran-

ders conformal change of the Finsler space F™ = (M™, L), then the equation of geodesic of F*™
d2 i )
is given by (21), where d—fz and G** are given by (23) and (25) respectively.
s

Corollary 4.1 For o(z) =0, i.e. for Randers change, the equation of geodesic of F*™ is given

d2 i )
by (21), where y f2 and G** are given below [10]:
s
A2z’ B A2z’ 1+ b; dz? ] n d:vi(dbi dzt n _dzxi)
ds?2 ~ ds*? ds ds* " ds ds " ds?
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and

2G* = L(L+B)'G'+ G [~L(L+B)*((y'0" +y"b") + (Lb* + B)(L + ) *y'y"]
HIL(L A+ B) " g™ = L(L+ 8) 2 ((y'b" +y"0") + (Lb* + B)(L + B)*y'y" |y’ (2L;b,
+68j8TL + 268jb7« + brajL—F) — (ﬂlr + (L + 6)8gbry )]

Corollary 4.2 Fm’ 8 =0, i.e. for conformal change, the equation of geodesic of F*" is given

by (21), where 4 ds*2 and G** are given below:

d*x' dPa (20() da’ de”™)

ds?  ds*2 ds* ds
and
2G* = G+ e 2@ gy (7P L0, (0,7 )L + 7, (9;e7 L] = 7V L(0,e ™)) L.
Corollary 4.3 For 3 =0 and 0 = a non-zero constant i.e. for homothetic change, the equation
d2 4 )
of geodesic of F*™ is given by (21), where T and G are given below

d8*2

dQ:Ei dQ:Ei )

o
ds?2  ds*? €

and 2G** = G*.

85. Scalar Curvature of Randers Conformally Changed Two-Dimensional

Finsler Space

The (v)h-torsion tensor R’ in two-dimensional Finsler space may be written as [9]
v = LRm' (lymy — lym), (27)

where R is the h-scalar curvature in FZ2.

Similarly the (v)h-torsion tensor R} in Finsler space F*? is given by
= L*R'm* (Iim), — [im3), (28)

where R* is the h-scalar curvature in F*2. If we are concerned with Berwald connection BT,

the non-vanishing (v)h-torsion tensor R;k [9] is given as
Ry = 0kGh — 0;G} = OkGl — 0;G), + GGl — GRGLj, (29)

where 0; = 0; — G} 0r, G} = 0;G" and Gy = O, G
Similarly the (v)h-torsion tensor R;‘}C for Berwald connection BI' in F*" is

= 0kGY = 6;Gy = 0,G = 0;G + GGl — GG

rj

(30)
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where §; = 0; — G{"0,, G = 9;G*" and G} = 0x G
Using relation (25) we have

G5 = 8,67 = S[IG} + Mj)
where 9; M? = M}, and

k= WGy = S1IGH + M)
where BkM; = M;k

Using equation (30) and (31) in (29), we have

J?
7
2165 M, + MIGY, — GRM}, — MG, ]+ [MyA, — MM} ]

*7

J 1 7 1 ) ) al rar
ik = 5[8ij - 0,Gi] + 5[3ij - 0; M| + —[G5GY, — GG, ]
+

From equation (27) we have
R
R*

= L*m*i(l;mz — lymj).
In view of (1), (2), (13) and (16), we have

*7

ik
L*R*

= D/\eg(m)mi(ljmk —lym;j) + D/\mi(bjmk — brm,)
+(El 4 pe”@mi (10 — lxbj)
+Fa) M@ (Limyg — lymj)pe® @ (Liby, — lkbj) + X(bjmy — bym;)]

Using (26), (28), (32) and (33), we have

1 J 0 7 1 1 1 J2 T Y T Y
ﬁ(g[aij = 05GE + 5 [0uMj = O My] + -GGy — GG, ]
J s 7 T is 7 T T T T 7
+§[Gijr+Mj kr_Gijr_Mijr]+[Mijr_Mijr])
DAt

= 2L (OhG) — 0,G} + GGl = GRGhy) + (7L + ) (ue” i (1,

—1kb;) + DXt (bymy, — bymy) + (EI' + Fa')[Ae? ™ (1;my, — lmy)
—|—ue”(m)(ljbk — lka) + )\(bjmk — bka)])

27

(32)

(33)

Theorem 5.1 Let F*" = (M™, L*) be an n-dimensional Finsler space obtained from the Ran-

ders conformal change of the Finsler space F™ = (M™, L), then the relationship between scalar

curvatures of the Finsler space F*? and F? is given by (34).

Corollary 5.1 Foro(x) =0, i.e. for Randers change, the relationship between scalar curvatures
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of the Finsler space F** and F? is given as [10]:

1 Jl i i 1 i 7 J2 It} T Y

R*( [OkG; — 0;G] + 5[‘9le3‘ — 0; My + Il[Gj ke — GG,
+7[G§Mikr + M{] }écr - GZMI]T - M{kG_l]r] + [M{jMfkr - M{kMIZ]r])
- Dl/\Tl

i (0uGy = 0;Gy + GGy — GLGLy) + (L + B) (' (Lby, — iby)
+DiAmt (bymy — bpm;) + (Erl' + Fra ) Alymg — lem) + pa (b — 1b;)
+A(bjmue — bim;)]),

where
L(L -1 L 1
PR RS R 27 R LS
_ L C __L+5—2 27 -1 _ 32 _ L
Dl_L—FﬂC*’ El— (—L ) ()\H‘FMl(ﬁL b))v Fl_ulL—Fﬂ
and
M= SIGIL(L+ B2+ + (L0 + AL+ 5) ')

HL(L + B) g — L(L + )2 ((y'b" +y"b") + (Lb* + B)(L + B) *y'y"]
x [y (2L8;by + 0;0,L + 260;b,. + b.0;L) — (Bl + (L + 8)9;bry7)]],

Mi; = 0;M;, Mi; = 0pMj;.

Corollary 5.2 For =0, i.e. for conformal change, the relationship between scalar curvatures

of the Finsler space F*2 and F? is given as:

1 1 ) 1 . . 1 . )
( [0kGY — 0,G] + 5[3kM§j — 0; M3 + Z[G; er — GEG,

R*
+_[GT'M§IW + M2Tj 7];(:7" - GzMéjr - Mng;r] + [ngMékr - Mngggr])
D2AT2 i i It} T Y
R (akG - 0,G} + GGy, — GLGLy),
where o
T2 = 60(1), D2 = €_U(w)a
and
M} = e 2@ g [y [e”@ L9, (0,67 @)L 4 7 @1, (9,7 L] — 7@ L(D,e” @) L],
M3, = 0;Mj, M = O, Mj,.
Corollary 5.3 For 8 = 0 and 0 = a non-zero constant i.e. for homothetic change, the

relationship between scalar curvatures of the Finsler space F*2 and F? is given as:

11 i i 1 i I D3\
22 (5106G) = 0,Gi] + 1[G} G, — GLG5,)) = ==

where

(0rG} = 9;G}, + GGy — GRGLy),
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Abstract: For a connected graph G = (V, E), let a set M be a minimum monophonic hull
set of G. A subset T' C M is called a forcing subset for M if M is the unique minimum
monophonic hull set containing 7. A forcing subset for M of minimum cardinality is a
minimum forcing subset of M. The forcing monophonic hull number of M , denoted by
Sfmn(M), is the cardinality of a minimum forcing subset of M. The forcing monophonic
hull number of G, denoted by fimn(G), i8 fin(G) = min{fmn(M)}, where the minimum is
taken over all minimum monophonic hull sets in G. Some general properties satisfied by this
concept are studied. Every monophonic set of G is also a monophonic hull set of G and so
mh(G) < h(G), where h(G) and mh(G) are hull number and monophonic hull number of
a connected graph G. However, there is no relationship between f5,(G) and fmn(G), where
fr(G) is the forcing hull number of a connected graph G. We give a series of realization

results for various possibilities of these four parameters.

Key Words: hull number, monophonic hull number, forcing hull number, forcing mono-

phonic hull number, Smarandachely geodetic k-set, Smarandachely hull k-set.

AMS(2010): 05C12, 05C05

81. Introduction

By a graph G = (V, E), we mean a finite undirected connected graph without loops or multiple
edges. The order and size of G are denoted by p and g respectively. For basic graph theoretic
terminology, we refer to Harary [1,9]. A convexity on a finite set V' is a family C of subsets of
V', convex sets which is closed under intersection and which contains both V' and the empty set.
The pair(V, E) is called a convexity space. A finite graph convexity space is a pair (V, F), formed
by a finite connected graph G = (V, E) and a convexity C on V such that (V, E) is a convexity
space satisfying that every member of C induces a connected subgraph of G. Thus, classical

convexity can be extended to graphs in a natural way. We know that a set X of R™ is convex if

1Received March 14, 2012. Accepted August 26, 2012.
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every segment joining two points of X is entirely contained in it. Similarly a vertex set W of a
finite connected graph is said to be convex set of G if it contains all the vertices lying in a certain
kind of path connecting vertices of W[2,8]. The distance d(u, v) between two vertices  and v in
a connected graph G is the length of a shortest u — v path in G. An u — v path of length d(u,v)
is called an u — v geodesic. A vertex x is said to lie on a u — v geodesic P if x is a vertex of P
including the vertices u and v. For two vertices u and v, let I[u, v] denotes the set of all vertices
which lie on u—v geodesic. For aset S of vertices, let I[S] = ,, ,)es {[t; v]. The set S'is convex
if I[S] = S. Clearly if S = {v}or S =V, then S is convex. The convexity number, denoted
by C(G), is the cardinality of a maximum proper convex subset of V. The smallest convex set
containing S is denoted by Ij,(S) and called the convex hull of S. Since the intersection of two
convex sets is convex, the convex hull is well defined. Note that S C I[S] C I;[S] C V. For an
integer k > 0, a subset S C V is called a Smarandachely geodetic k-set if I[S|JST] =V and a
Smarandachely hull k-set if I;,(S|JS™t) = V for a subset ST C V with |ST| < k. Particularly, if
k = 0, such Smarandachely geodetic 0-set and Smarandachely hull 0-set are called the geodetic
set and hull set, respectively. The geodetic number ¢g(G) of G is the minimum order of its
geodetic sets and any geodetic set of order g(G) is a minimum geodetic set or simply a g- set
of G. Similarly, the hull number h(G) of G is the minimum order of its hull sets and any hull
set of order h(G) is a minimum hull set or simply a h- set of G. The geodetic number of a
graph is studied in [1,4,10] and the hull number of a graph is studied in [1,6].A subset T C S is
called a forcing subset for S if S is the unique minimum hull set containing 7". A forcing subset
for S of minimum cardinality is a minimum forcing subset of M. The forcing hull number of
S, denoted by f1,(S5), is the cardinality of a minimum forcing subset of S. The forcing hull
number of G, denoted by f(G),is fo(G) = min {fx(S)}, where the minimum is taken over all
minimum hull sets S in G. The forcing hull number of a graph is studied in[3,14]. A chord of
a path u,, u1,usg, ..., uy is an edge u;u; with 7 > ¢+ 2(0 < 4,5 <n). A v — v path P is called
a monophonic path if it is a chordless path. A vertex z is said to lie on a u — v monophonic
path P if x is a vertex of P including the vertices u and v. For two vertices u and v, let J|[u, v]
denotes the set of all vertices which lie on v — v monophonic path. For a set M of vertices, let
J[M] = Uy wermJu,v]. The set M is monophonic convex or m-convex if J[M] = M. Clearly if
M = {v} or M =V, then M is m-convex. The m-convexity number, denoted by C,(G), is the
cardinality of a maximum proper m-convex subset of V. The smallest m-convex set containing
M is denoted by J,(M) and called the monophonic convex hull or m-convex hull of M. Since
the intersection of two m-convex set is m-convex, the m-convex hull is well defined. Note that
M C JM] C Jy(M) CV. A subset M C V is called a monophonic set if J[M] =V and
a m-hull set if J,(M) = V. The monophonic number m(G) of G is the minimum order of
its monophonic sets and any monophonic set of order m(G) is a minimum monophonic set or
simply a m- set of G. Similarly, the monophonic hull number mh(G) of G is the minimum
order of its m-hull sets and any m-hull set of order mh(G) is a minimum monophonic set or
simply a mh- set of G. The monophonic number of a graph is studied in [5,7,11,15] and the
monophonic hull number of a graph is studied in [12]. A vertex v is an extreme vertex of a
graph G if the subgraph induced by its neighbors is complete.Let G be a connected graph and

M a minimum monophonic hull set of G. A subset T C M is called a forcing subset for M
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if M is the unique minimum monophonic hull set containing 7. A forcing subset for M of
minimum cardinality is a minimum forcing subset of M. The forcing monophonic hull number
of M, denoted by f,,n(M), is the cardinality of a minimum forcing subset of M. The forcing
monophonic hull number of G, denoted by fimn(G), is fmr(G) = min {fmn(M)}, where the
minimum is taken over all minimum monophonic hull sets M in G.For the graph G given in
Figure 1.1, M = {vy, vg} is the unique minimum monophonic hull set of G so that mh(G) = 2
and fmp(G) = 0. Also S; = {v1,vs,vs} and S = {v1,ve,vs} are the only two h-sets of G
such that f,(S1) = 1, fa(S2) = 1 so that f,(G) = 1 . For the graph G given in Figure 1.2,
My = {v1,v4}, My = {v1,v6}, M3 = {v1,v7} and My = {v1,vs} are the only four mh-sets of
G such that fi,n(M1) =1, frn(M2) = 1, fron(M3) = 1 and frn(My) = 1 so that fi,,(G) = 1.
Also, S = {vy,v7} is the unique minimum hull set of G so that h(G) = 2 and f,(G) = 0.
Throughout the following G denotes a connected graph with at least two vertices.

U3

Vg
G
Figure 1.1

U3

Us

G
Figure 1.2
The following theorems are used in the sequel

Theorem 1.1 ([6]) Let G be a connected graph. Then

a) Each extreme vertex of G belongs to every hull set of G;
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(0) h(G) =p if and only if G = K.
Theorem 1.2 ([3]) Let G be a connected graph. Then

(@) fn(G) =0 if and only if G has a unique minimum hull set;
() fu(G) < h(G) — |W|, where Wis the set of all hull vertices of G.

Theorem 1.3 ([13]) Let G be a connected graph. Then

(a) Each extreme vertex of G belongs to every monophonic hull set of G;
() mh(G) =p if and only if G = K.

Theorem 1.4 ([12]) Let G be a connected graph. Then
(@) fmn(G) =0 if and only if G has a unique mh-set;

(B) fmn(G) < mh(G) — |S|, where S is the set of all monophonic hull vertices of G.

Theorem 1.5 ([12]) For any complete Graph G = Kp(p > 2), fmn(G) = 0.

82. Special Graphs

In this section, we present some graphs from which various graphs arising in theorem are
generated using identification.

Let U; : a;, Bi, i, 0i, i (1 < i < a) be a copy of cycle Cy. Let V; be the graph obtained from
U; by adding three new vertices 7;, fi,¢; and the edges Bini, mi fi, fi9:, 9i0i, 0iYis fivi, 9ivi(1 <
i < a). The graph T, given in Figure 2.1 is obtained from V;’s by identifying ~;_1 of V;_; and
a; of V(2 <i < a).

51 62 ﬂa

[ J fa Va

[e%1 @ o
Ya

51 52

Figure 2.1

Let P; : ki, l;,mi,m;, ki(1 < ¢ <b) be acopy of cycle Cy. Let Q; be the graph obtained from
P; by adding three new vertices h;, p; and ¢; and the edges l;h;, hip;, pigi, and g;m;(1 < i <b).
The graph W, given in Figure 2.2 is obtained from @);’s by identifying m;_1 of @Q;_1 and k; of
Qi(2<i<).
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l1 lo ly
Py qb
kl o 0o 0 hb. b
m ma )
nq n2 b
Wy
Figure 2.2

The graph Z;, given in Figure 2.3 is obtained from W}, by joining the edge I;n;(1 < i <b).

l l2 Iy
Py q
k1 ) hp o " o m
maq ma kb
ni1 2 Ty
Z

a

Figure 2.3

Let F; : s, t;, xi, w;, $;(1 < i < ¢) be a copy of cycle Cy. Let R; be the graph obtained from
F; by adding two new vertices u;, v; and joining the edges t;u;, u;w;, tyw;, u;v; and vz (1 < i <
¢). The graph H. given in Figure 2.4 is obtained from R;’s by identifying the vertices x;_1 of
R;_1 and s; of R;(1 <i<¢).

t ta tc
S1 e o0
» T2 5 2,
w1 w2 We

H.

Figure 2.4

Every monophonic set of G is also a monophonic hull set of G and so mh(G) < h(G),
where h(G) and mh(G) are hull number and monophonic hull number of a connected graph G.
However, there is no relationship between f,(G) and fmn(G), where fi,(G) is the forcing hull
number of a connected graph G. We give a series of realization results for various possibilities

of these four parameters.
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83. Some Realization Results

Theorem 3.1 For every pair a,b of integers with 2 < a < b, there exists a connected graph G
such that fimp(G) = fr(G) =0, mh(G) = a and h(G) = b.

Proof If a =b, let G = K,. Then by Theoremsl.3(b) and 1.1(b), mh(G) = h(G) = a and
by Theorems 1.5 and 1.2(a), fmn(G) = frn(G) = 0. For a < b, let G be the graph obtained from
Ty,—q by adding new vertices x, 21, 22, -+ , 24—1 and joining the edges a1, Yo—a21, Vo—a22, " ,
Vo—aZa—1- Let Z = {x, 21,22, -+ ,2q4—1} be the set of end-vertices of G. Then it is clear that Z
is a monophonic hull set of G and so by Theorem 1.3(a), Z is the unique mh-set of G so that
mh(G) = a and hence by Theorem 1.4(a), fmn(G) = 0. Since I4(Z) # V, Z is not a hull set of
G. Now it is easily seen that W = Z U {f1, fo, -, fo—a} is the unique h-set of G and hence by
Theorem 1.1(a) and Theorem 1.2(a), h(G) = b and f,(G) = 0. O

Theorem 3.2 For every integers a,b and ¢ with 0 < a < b < c and ¢ > a+ b, there exists a
connected graph G such that fin(G) =0, fr(G) = a,mh(G) = b and h(G) = c.

Proof We consider two cases.

Case 1. a = 0. Then the graph T; constructed in Theorem 3.1 satisfies the requirements of

the theorem.

Case 2. a > 1. Let G be the graph obtained from W, and T,._ 4 by identifying the vertex
mg of W, and oy of T._(q4p) and then adding new vertices x, 21,22, , zp—1 and joining the
edges k1, Ye—b—a?1, Ye—b—a22," " * s Ve—b—a?b—1- Let Z = {x, 21,22, , 2p—1}. Since J(Z) =V,
Z is a monophonic hull set G and so by Theorem 1.3(a), Z is the unique mh- set of G so that
mh(G) = b and hence by Theorem 1.4(a), f,,(G) = 0. Next we show that h(G) = c. Let S be
any hull set of G. Then by Theorem 1.1(a), Z C S. It is clear that Z is not a hull set of G. For
1<i<a,let H = {p;,qi}. We observe that every h-set of G must contain at least one vertex
from each H;(1 <4 < a) and each f;(1 <i < c¢—b—a) so that h(G) > b+a+c—a—b = c. Now,
M=2U{q,q2, - ,qtU{f1, 2, , fe—b—a} is a hull set of G so that h(G) < b+a+c—b—a =c.
Thus h(G) = c. Since every h-set contains S1 = Z U {f1, fa, ", fe—b—a}, it follows from
Theorem 1.2(b) that f5(G) = h(G) —|S1| = ¢ — (¢ — a) = a. Now, since h(G) = ¢ and every h-

set of G contains S1, it is easily seen that every h-set S is of the form S;U{d1,ds, - -, d,},where
d; € H;(1 <i<a). Let T be any proper subset of S with |T'| < a. Then it is clear that there
exists some j such that 7N H; = ¢, which shows that f,(G) = a. O

Theorem 3.3 For every integers a,b and c with 0 < a < b <c and b > a+ 1, there exists a
connected graph G such that fr(G) =0, fmn(G) = a,mh(G) = b and h(G) = c.

Proof We consider two cases.

Case 1. a = 0. Then the graph G constructed in Theorem 3.1 satisfies the requirements of

the theorem.

Case 2. a>1.
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Subcase 2a. b= c. Let G be the graph obtained from Z, by adding new vertices x, 21, z2, - - ,
Zp—q—1 and joining the edges xky,mgz1, M2, ,Ma2b—a—1. Let Z = {x, 21,29, "+, Zp—q—1}
be the set of end-vertices of G. Let S be any hull set of G. Then by Theorem 1.1(a), Z C S.
It is clear that Z is not a hull set of G. For 1 < i < a, let H; = {h;,p;,q;}. We observe that
every h-set of G must contain only the vertex p; from each H; so that h(G) <b—a+a =b.
Now S = Z U {p1,p2,p3," - ,Pa} is a hull set of G so that h(G) > b—a+a = b. Thus
h(G) = b. Also it is easily seen that S is the unique h-set of G and so by Theorem 1.2(a),
fn(G) = 0.Next we show that mh(G) = b. Since J,(Z) # V, Z is not a monophonic hull set of
G. We observe that every mh-set of G must contain at least one vertex from each H; so that
mh(G) >b—a+a=0>b. Now My = ZU{q1,92,43," - ,qa} is a monophonic hull set of G so that
mh(G) <b—a+a=>. Thus mh(G) = b. Next we show that f,,n(G) = a. Since every mh-set
contains Z, it follows from Theorem 1.4(b) that fy,n(G) < mh(G)—|Z| =b—(b—a) = a. Now,
since mh(G) = b and every mh-set of G contains Z, it is easily seen that every mh-set M is of
the form Z U {dy,da,d3,--- ,ds}, where d; € H;(1 <i < a). Let T be any proper subset of M
with |T'| < a. Then it is clear that there exists some j such that T'N H; = ¢, which shows that

fmh(G) = aq.

Subcase 2b. b < c¢. Let G be the graph obtained from Z, and T._, by identifying the
vertex mg, of Z, and a; of T,_; and then adding the new vertices z, 21, 22, , 2p—q—1 and
joining the edges xau, Ye—b21, Ye—b22, " * s Ye—bZb—a—1- Let Z = {x, 21,29, ,2p—q—1} be the
set of end vertices of G. Let S be any hull set of G. Then by Theorem 1.1(a), Z C S. Since
In(Z) #V,Z is not a hull set of G. For 1 <i < a, let H; = {h;,p;,q;}. We observe that every
h-set of G must contain only the vertex p; from each H; and each f;(1 < i < ¢ —b) so that
hMG)>b—a+a+c—b=c Now S=ZU{p1,p2,03,  * ,Pa} U{f1, f2, f3, -, fep}is a hull
set of G so that h(G) < b—a+a+c—b=c Thus h(G) = c. Also it is easily seen that S
is the unique h-set of G and so by Theorem 1.2(a), f1(G) = 0. Since J,(Z) #V, Z is not a
monophonic hull set of G. We observe that every mh-set of G must contain at least one vertex
from each H;(1 < i < a) so that mh(G) >b—a+a=0>. Now, My = ZU {hy,ha,hs, - ,hs}
is a monophonic hull set of G so that mh(G) < b —a + a = b. Thus mh(G) = b. Next we
show that f,,(G) = a. Since every mh-set contains Z, it follows from Theorem 1.4(b) that
fmn(G) < mh(G) —|Z] = b— (b — a) = a. Now, since mh(G) = b and every mh-set of G

contains Z, it is easily seen that every mh-set S is of the form Z U {dy,ds,ds, -+ ,d.}, where
d; € Hi(1 <i<a). Let T be any proper subset of S with |T'| < a. Then it is clear that there
exists some j such that T'N H; = ¢, which shows that f,,,(G) = a. O

Theorem 3.4 For every integers a,b and c with 0 < a < b<candb>a+ 1, there exists a
connected graph G such that fin(G) = fr(G) = a, mh(G) =b and h(G) = c.

Proof We consider two cases.

Case 1. a = 0, then the graph G constructed in Theorem 3.1 satisfies the requirements of the
theorem.

Case 2. a>1.



On the Forcing Hull and Forcing Monophonic Hull Numbers of Graphs 37

Subcase 2a. b = c. Let G be the graph obtained from H, by adding new vertices x, 21, 22, - - ,
Zp—q—1 and joining the edges x$1, 2421, Ta22,  * , TaZb—a—1- Let Z ={x, 21,22, ,2p—q—1} be
the set of end-vertices of G. Let M be any monophonic hull set of G. Then by Theorem 1.3(a),
Z C M. First we show that mh(G) = b. Since J,(Z) # V, Z is not a monophonic hull set of
G. Let F; = {u;,v;} (1 <i < a). We observe that every mh-set of G must contain at least one
vertex from each F;(1 < i < a). Thus mh(G) > b —a+ a =0b. On the other hand since the set
M = Z U {v1,v3,03, - ,0,} is a monophonic hull set of G, it follows that mh(G) < |M| = b.
Hence mh(G) = b. Next we show that f,n(G) = a. By Theorem 1.3(a), every monophonic hull
set of G contains Z and so it follows from Theorem 1.4(b) that fnn(G) < mh(G) — |Z| = a.
Now, since mh(G) = b and every mh-set of G contains Z, it is easily seen that every mh-set
M is of the form Z U {e1,co,¢3, -+ , ¢4}, where ¢; € F;(1 <i < a). Let T be any proper subset
of S with |T'| < a. Then it is clear that there exists some j such that 7'N F; = ¢, which shows
that fi,n(G) = a. By similar way we can prove h(G) = b and f1(G) = a.

Subcase 2b. b < c. Let G be the graph obtained from H, and T,._; by identifying the vertex
xz, of H, and the vertex oy of T.—; and then adding the new vertices x, 21, 29, - - , 2p—q—1 and
joining the edges x$1,Ve—b21, Ye—b22, " * s Ye—bZb—a—1- First we show that mh(G) = b. Since
Jn(Z) # V, Z is not a monophonic hull set of G. Let F; = {u;,v;} (1 <i < a) .We observe that
every mh-set of G must contain at least one vertex from each F;(1 < ¢ < a). Thus mh(G) >
b—a+a =b. On the other hand since the set M = ZU{v1,v2,v3, -+ ,v,} is a monophonic hull
set of G, it follows that mh(G) > |M| = b. Hence mh(G) = b. Next, we show that f,,(G) = a.
By Theorem 1.3(a), every monophonic hull set of G contains Z and so it follows from Theorem
1.4(b) that fmn(G) < mh(G) — |Z] = a. Now, since mh(G) = b and every mh-set of G
contains Z, it is easily seen that every mh-set is of the form M = ZU{c1,ca,¢3,- -, Ca}, where
¢; € F;(1 <i<a). Let T be any proper subset of M with |T'| < a. Then it is clear that there
exists some j such that TUF; = ¢, which shows that f,,,,(G) = a. Next we show that h(G) = c.
Since I, (Z) # V, Z is not a hull set of G. We observe that every h-set of G must contain at least
one vertex from each F;(1 < i < a) and each f;(1 < i < ¢—b) so that h(G) > b—a+a+c—b=c.
On the other hand, since the set S1 = Z U {u1,ua,us, -+ ,uat U{f1, f2, f3, ", fe—p} is & hull
set of G, so that h(G) < |Si| = ¢. Hence h(G) = ¢. Next we show that f,(G) = a. By
Theorem 1.1(a), every hull set of G contains Sy = Z U {f1, fa, f3,- -, fe—p} and so it follows
from Theorem 1.2(b) that fr(G) < h(G) — |S2| = a. Now, since h(G) = c and every h-set of

G contains Ss, it is easily seen that every h-set S is of the form S = So U {c1,¢2,¢5, -+ ,Cals
where ¢; € Fi(1 <4 < a). Let T be any proper subset of S with |T| < a. Then it is clear that
there exists some j such that T'N F; = ¢, which shows that f,(G) = a. O

Theorem 3.5 For every integers a,b,c and d with 0 <a<b<c<d,c>a+1,d>c—a+0b,
there exists a connected graph G such that fn(G) = a, fr(G) = b,mh(G) = ¢ and h(G) = d.

Proof We consider four cases.

Case 1. a =b=0. Then the graph G constructed in Theorem 3.1 satisfies the requirements

of this theorem.

Case 2. a=0,b> 1. Then the graph G constructed in Theorem 3.2 satisfies the requirements
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of this theorem.

Case 3. 1 < a=">. Then the graph G constructed in Theorem 3.4 satisfies the requirements

of this theorem.

Case 4. 1 <a <b. Let G; be the graph obtained from H, and W,_, by identifying the vertex
x4 of H, and the vertex k1 of Wy_,. Now let G be the graph obtained from G; and Tq—(c—a+b)

by identifying the vertex my_, of G and the vertex oy of Ty_(._,44) and adding new vertices

T, 21,22, " 5 Ze—a—1 and joining the edges =51, Vi—(c—a+b) 215 Vd—(c—a+b)?2, " * » Vd—(c—a+b) Fc—a—1-
Let Z = {x, 21,22, "+ ,Zc—a—1} be the set of end vertices of G. Let F; = {u;,v;} (1 < i < a).
It is clear that any mh-set S is of the form S = Z U {c1,¢2,¢3, -+ ,ca}, where ¢; € F;(1 <

i < a). Then as in earlier theorems it can be seen that f,,,(G) = a and mh(G) = c¢. Let
Q; = {pi,q:}. Tt is clear that any h-set W is of the form W = ZU {fl, fa, [z, ,fd,(c,aer)} U
{c1,¢2,¢3, -+ ,ca}U{d1,da,ds, - ,dp—q}, where ¢; € Fi(1 <i<a)andd; € Q;(1 <j<b—a).
Then as in earlier theorems it can be seen that f,(G) =b and h(G) = d. O

Theorem 3.6 For every integers a,b,c and d with a < b < c <d and c > b+ 1 there exists a
connected graph G such that fr(G) = a, fmn(G) = b,mh(G) = ¢ and h(G) = d.

Proof We consider four cases.

Case 1. a = b= 0. Then the graph G constructed in Theorem 3.1 satisfies the requirements

of this theorem.

Case 2. a=0,b> 1. Then the graph G constructed in Theorem 3.2 satisfies the requirements

of this theorem.

Case 3. 1 < a="b. Then the graph G constructed in Theorem 3.4 satisfies the requirements
of this theorem.

Case 4. 1 <a<hb.

Subcase 4a. ¢ = d. Let G be the graph obtained from H, and Z,_, by identifying the
vertex x, of H, and the vertex ki of Z,_, and then adding the new vertices x, 21, 2o, ..., Ze—p—1
and joining the edges xs1,Mp—a21, Mb—a22, .oy Mp—aZe—b—1. First we show that mh(G) = c.
Let Z = {x, 21,22, ..., 2c—p—1} be the set of end vertices of G. Let F; = {u;,v;} (1 < i < a)
and H; = {hi,pi,qi} (1 < i < b—a). It is clear that any mh-set of G is of the form S =
ZU{c1,c2,C3, ..., ¢ U{d1,d2,ds, ...,dp—o }, where ¢; € Fj(1 <i<a)andd; € H;(1 <j<b—a).
Then as in earlier theorems it can be seen that f,,(G) = b and mh(G) = c. It is clear that any
h-set W is of the form W = ZU{p1, p2, p3, ..., Db—a fU{c1, C2, C3, ..., Ca }, Where ¢; € F;(1 < i < a).
Then as in earlier theorems it can be seen that f,(G) = a and h(G) = c.

Subcase 4b. ¢ < d. Let G be the graph obtained from H, and Z,_, by identifying
the vertex z, of H, and the vertex ki of Z,_,. Now let G be the graph obtained from G,
and Ty_. by identifying the vertex my_, of G; and the vertex a; of Ty_. and then adding
new vertices x, 21, 22, - -+ , Zc—p—1 and joining the edges xS1, Vg—c21, Yd—c22, " * * » Yd—cZc—b—1- L€t
Z ={x,21,22, + , Ze—b—1} be the set of end vertices of G. Let F; = {u;,v;} (1 <14 < a) and
H; = {hi,pi,qi} (1 < i < b—a). It is clear that any mh-set of G is of the form S = Z U
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{c1,¢2,¢3, - ,ca}U{d1,da,ds3, - ,dp—s}, where ¢; € F;(1 <i<a)andd; € H;j(1 <j<b—a).
Then as in earlier theorems it can be seen that f,,,s(G) = b and mh(G) = c. Tt is clear that any h-
set W is of the form W = ZU{p1,p2,p3, s Po—a } U{f1, f2, f3, -+, fa—c}U{c1, 2,3, , cat,
where ¢; € F;(1 < i < a). Then as in earlier theorems it can be seen that f;(G) = a and
h(G) =d. O
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§1. Introduction

In articles [5] and [6] we have given simplicial branched coverings of the Real Projective Plane
and the 2-Sphere respectively. The present article is in continuation of these articles. Here we
give, for each d > 1, a simplicial branched covering map, g : Sg(d+1) — 83, from a 3(d+1)
vertex triangulation of the 3-sphere onto a 6 vertex triangulation of the 3-sphere. For d = 2, we
show that the simplicial branched covering map Az : S§ — S§ is a minimal triangulation of the
well known two fold branched covering map S® — S3/(x,y) ~ (y,z). Moreover the simplicial
map Az verifies a familiar topological fact that after identifying diagonally symmetric points
of the 3-sphere we get a homeomorphic copy of the 3-sphere. Branched coverings of the low
dimensional manifolds have been discussed extensively (e.g. see [1], [3] and [4]) but the explicit
constructions, which we are giving here are missing. The purpose here is to give some concrete
examples, which are not at all trivial but explain some important topological facts.

§82. Preliminary Notes

Definition 2.1 An abstract simplicial complexr K on a finite set V is a collection of subsets
of V', which is closed under inclusion i.e. if s € K and s’ C s then s’ € K. The elements of
K are called simplices and in particular a set v € K of cardinality n+1 is called an n-simplex;

0-simplices are called vertices, 1-simplices are called edges and so on.

A geometric n-simplex is the convex hull of n + 1 affinely independent points of RY (see

[2]). A geometric simplicial complex is a collection of geometric simplices such that all faces of

1Received February 27, 2012. Accepted August 28, 2012.



Simplicial Branched Coverings of the 3-Sphere 41

these simplices are also in the collection and intersection of any two of these simplices is either
empty or a common face of both of these simplices. It is easy to see that corresponding to each
geometric simplicial complex there is an abstract simplicial complex. Converse is also true i.
e. corresponding to any abstract simplicial complex K there is a topological space |K| C RY,
made up of geometric simplices, called its geometric realization (see [2], [7], [8]). If K is an
abstract simplicial complex and M is a subspace of RY such that there is a homeomorphism
h : |K| — M then we say (|K|,h) is a triangulation of M or K triangulates the topological
space M.

Definition 2.2 A map f: K — L, between two abstract simplicial complexes K and L, is called
a simplicial map if image, f(o) = {f(vo), f(v1),..., f(vx)}, of any simplex o = {vo, v1, ..., v} of
K is a simplex of L. Further if |K| and |L| are geometric realizations of K and L respectively then
there is a piecewise-linear continuous map |f|: |K| — |L| defined as follows. As each point x of
|K| is an interior point of exactly one simplex (say o = {vo, ..,vx}) of | K|, so for each x € o we
have © = Zle Aiv; where A; >0, >° A\; = 1. Therefore we may define |f|(x) = Zle Aif(vy).

Definition 2.3 A simplicial branched covering map between two triangulated n-manifolds K
and L is defined by a dimension preserving piecewise linear map p : |K| — |L|, which is an
ordinary covering over the complement of some specific co-dimension 2 sub-complex L' of L
(for more detailed definition see [1], [3], [4], [5]). The sub-complex L' is called branch set of
the branched covering map and a point x € p~*(L') is called a singular point if p fails to be a

local homeomorphism at x.

83. Main Results

3.1 Simplicial branched covering map \; : S??(dﬂ

)= 58

We first define a simplicial branched covering map g : S§ — S3 of degree 2 and then show that
the same method gives, for each d > 2, a simplicial branched covering map Aq4 : S’g( d+1) — S3
of degree d.

Since the join of two 1-spheres is a 3-sphere, so in order to get the desired 9 vertex 3-
sphere S§, we take join of a three vertex 1-sphere Si = {Ay, Ey, Fo, AoFEo, EoFo, Fo Ao} with
the six vertex 1-sphere S§ = {By, Co, Do, B1,Ch, D1, CoBy, BoDo, DoC1,C1B1, B1D1,D1Co}.
The 3-sipmlices of S = S3 xS are shown in Figure 1.

We define a map on the vertex set of S3, as Ag — A, Ey — E,Fy — F,X; — X for
each X € {B,C,D},i € {0,1} and extend it linearly on the 3-simplices of S3. The image of
this map is a simplicial complex whose 3-simplices are ABCE, ACDE, ABDE, EDBF, EBCF,
EDCEF, CDAF, DBAF and CBAF. This simplicial complex triangulates the 3-sphere because
its geometric realization is homeomorphic to the 3-sphere as it is a disjoint union of two 3-
balls having a common boundary S? (see figure 2 below). We denote this simplicial complex
by Sg and the map just defined is the simplicial map Ay : S§ — S3. Notice that the map
A2 1 8§ — S3 is a 2-fold simplicial branched covering map because pre-image of each 3-simplex

of S consists of exactly two 3-simplices of S3; each is being mapped, under the map A2, with
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the same orientation. Branching set and the singular set of the map are AE + EF + FA and
AoEy + EoFy + FoAg respectively.

Figure 1

In order to get a simplicial branched covering map, g : Sg( a1) = S3, of degree d (for
each d > 2) we consider the join of a 3 vertex 1-sphere with the 3d vertex 1-sphere. i.e.

Sg(dﬂ) = S3x53, = {Ao, Eo, Fo, AoEo, EoFy, Fo Ao} #{B;, Ci, D;, CiBi, BiD;, D;iCiy1 : i € Zg}.

Figure 2

The 3—simplices of S??(d+1) are {AoEociBi, AoEoBiDi, AOEODiCiJrh E()F()OiBi, E()FoBiDi,
EOFODici+1, FOAOCiBi, FOAOBiDi, FOAODiCiJ,_l NS Zd, addition in the subscripts is mod d}

Notice that a map, defined on the vertices of the simplicial complex Sg( A1) 88 Ay — A Ey —
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E, Fy — F,X; — X for each X € {B,C,D} and for ¢ € {0,1,,d — 1} is a simplicial branched
covering map Aq : S’g(dﬂ) — 83 of degree d.

Remark 3.1.1 We shall now show that the simplicial map Ay : S§ — S§ triangulates the
2-fold branched covering map S* — S3/(x,y) ~ (y,2) but before that we prove the following
theorem.

Theorem 3.1.1 The simplicial map 2 : S§ — Sg is a minimal triangulation of the 2-fold
branched covering map q: S — S3/(z,y) ~ (y, ).

Proof Notice that branching of the map q occurs along the diagonal circle of the quotient
space and pre-image of the branching circle is the diagonal circle of the domain of the map q.
Let Ao : 5’20 — SE;O be a minimal triangulation of the map g, so the branching circle and the
singular circle are at least triangles. Since the polygonal link of any singular 1-simplex of 5’20,
is to be mapped with degree 2 by the map A2 so the link will have at least 6-vertices. The
image of this link will be a circle with at least 3 vertices, which are different from the vertices
of the branching circle. This implies that the domain 3-sphere of the map Ay will have at least

9 vertices and its image will have at least 6 vertices i.e. ag > 9 and Sy > 6. O

Note 3.1.1 Following description of the simplicial complex S3 enables us to show that the
simplicial map g : S§ — S3 triangulates the 2-fold branched covering map q: S3 — S3/(x,y) ~
(y,x). It also leads to a combinatorial proof of the fact that after identification of diagonally

symmetric points of the 3-sphere we get the 3-sphere again.

3.2 Diagonally Symmetric Triangulation of the 3-Sphere

The diagonal of the standard 3-sphere S3 = {(21,22) € C? : |21|? + |22|> = 1} is the subspace
A = {(z1,29) € S? : 21 = 23}. A triangulation of S will be called diagonally symmetric
if whenever there is a vertex at a point (z1,22) there is a vertex at the point (zo,21) and
whenever there is a 3-simplex on the vertices (z;,, 2i, ), (Zis, Ziy )s (Zis, 2ig ), (Zir, 2ig ), there is a
3-simplex on the vertices (zi,, 2, ), (2, Zis ), Zigs Zis )s (Zig, 2i;). We show that the simplicial
complex S3 obtained above is a diagonally symmetric triangulation of the 3-sphere and the
simplicial branched covering map Ay : S§ — Sg is equivalent to the map q: S — S3/(z,y) ~
(y,x). In order to show this we consider the following description of the 3-sphere:

§* =1,
where Ty = {(21,22) € 5% : |21] < |22|}, To = {(21,22) € S® : |21] > |22|} and
T=1T ﬂTQ = {(2’1,22) € SS : |21| = |2’2| = 1/\/5} = Sl X Sl.

A map 6 : S — S3 defined as (21, 22) — (22,21) swaps the interiors of the solid tori T}
and T» homeomorphically. We triangulate 77 and 7% in such a way that the homeomorphism 6
induces a simplicial isomorphism between the triangulations of 77 and T5. The triangulations

of T, T and Ty are described as follows.
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In Figure 3 below we give a triangulated 2-torus T, which is the common boundary of both
of the solid tori 77 and T5. The vertices X, X; for each X € {B,C, D} are symmetric about
the diagonal A and the vertices Ay, Fo, Fo triangulate the diagonal.

Since there are precisely two ways to fold a square to get a torus, viz (i) first identify vertical
boundaries and then identify horizontal boundaries of the square (ii) first identify horizontal
boundaries and then vertical boundaries of the square, so we use this fact to obtain the solid
tori T and T5.

A By Ca &
C
: Do oo |
Eli El:l Di E‘i
By B C; By
g == T1 (] Tz
Figure 3

The solid torus 77 has been obtained by first identifying the vertical edges, of the square of
Figure 3, and then top and bottom edges (see Figure 4 below). Its three, of the total nine,
3-simplices are AygBoCoFEy, AgCoFEoD1 and AgDy1EyB; and remaining six 3-simplices can be
obtained from an automorphism defined by Ay — Eg — Fy — Ag, By — D1 — C7 — By and
Co — B1 — Dy — (.

The solid torus 75 has been obtained by first identifying the horizontal edges, of the square
of Figure 3, and then the other two sides as shown in Figure 4. The nine 3-simplices of T, are
{AoDoEyBy, EgAgC1 Dy, Ao B1C1 Ey, E¢CoFo D1, FoyEogBoCo, Eo Do BoFy, Fo B1AgCh, AgFoy D1 By,
FoCoD1Ap}. These simplices can also be obtained from the 3-simplices of T} by using the per-
mutation p = (BgB1)(CoC1)(DoD1), which is equivalent to the Zs-action defined by the map
0:(z,y) — (y,z) on S3.

The nine 3-simplices of 77 together with the nine 3-simplices of T5 constitute a diagonally
symmetric triangulation of the 3-sphere with 9 vertices. And since the list of 3-simplices of
S3 xS} is same as that of the 3-simplices of the simplicial complex obtained now, so the two
simplicial complexes are isomorphic.

Notice that the identification of diagonally symmetric vertices / simplices of the 3-sphere
(obtained now) is equivalent to the identifications provided by the simplicial map As. This

equivalence implies that the identification of diagonally symmetric points of the 3-sphere gives
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a 3-sphere.

Remark 3.2.1 In Figure 3 (triangulation of T) if we replace the edges AgDy and AgD; by
the edges BoCy and B;Cj respectively then we get another triangulation of T', which is also
symmetric about the diagonal. But this triangulation under the diagonal action does not give
a simplicial branched covering map.

£nDpEgBy
&qC1EnDy
£0B1C1En
I
B D; Dy
i '
dg ABelp
AgDiEgBy i N 4
#0CEqD) ; ‘ i
ABCoEy By B Eo
Ty T;
Figure 4
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§1. Introduction

The quaternions introduced by Hamilton in 1843 are the number system in four dimensional
vector space and an extension of the complex number. There are different types of quaternions,
namely: real, complex dual quaternions. A real quaternion is defined as ¢ = qo + q1e1 + g2e2 +
gses is composed of four units {1, e1, ea, es} where eq, €2, e3 are orthogonal unit spatial vectors,
gi (i =0,1,2,3) are real numbers and this quaternion can be written as a linear combination
of a real part (scalar) and vectorial part (a spatial vector) [1,5,8].

The space of quaternions @ are isomorphic to E4, four dimensional vector space over the
real numbers. Then, Clifford generalized the quaternions to bi-quaternions in 1873 [11]. Hence
they play an important role in the representation of physical quantities up to four dimensional
space. Also they are used in both theoretical and applied mathematics. They are important
number systems which use in Newtonian mechanics, quantum physics, robot kinematics, orbital
mechanics and three dimensional rotations such as in the three dimensional computer graphics
and vision. Real quaternions provide us with a simple and elegant representation for describing
finite rotation in space. On the other hand, dual quaternions offer us a better way to express
both rotational and translational transformations in a robot kinematic [5].

In 1985, the Serret-Frenet formulas for a quaternionic curve in Euclidean spaces E? and E4
are given by Bharathi and Nagaraj [9]. By using of these formulas Karadag and Sivridag gave
some characterizations for quaternionic inclined curves in the terms of the harmonic curvatures
in Euclidean spaces E® and E* [10]. Gok et al. defined the real spatial quaternionic b-slant

1Received June 30, 2012. Accepted September 4, 2012.
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helix and the quaternionic Bs-slant helix in Euclidean spaces E? and E* respectively and they
gave new characterization for them in the terms of the harmonic curvatures [7].

In the Euclidean space E3, there is a unique sphere for a curve a : I € R — E? such
that the sphere contacts a at the third order at «(0). The intersection of the sphere with
the osculating plane is a circle which contacts « at the second order at «(0) [2,3,6]. In [4],
the osculating sphere and the osculating circle of the curve are studied for each of timelike,
spacelike and null curves in semi- Euclidean spaces; E5, Ef and Fj.

In this paper, we define osculating sphere for a real quaternionic curve o : I C R — E4
such that it contacts « at the fourth order at a(0). Also some characterizations of the osculating

sphere are given in Euclidean space E4.

82. Preliminaries

We give basic concepts about the real quaternions. Let @y denote a four dimensional vector
space over a field H whose characteristic grater than 2. Let e; (1 <14 < 4) denote a basis for the
vector space. Let the rule of multiplication on Qg be defined on e; (1 < i < 4) and extended
to the whole of the vector space by distributivity as follows:

A real quaternion is defined by ¢ = aej + bes + cez + dey where a,b,c,d are ordinary

numbers such that

e — — =

€1 X eg = €3 = —€g X €y,

— = — — =

€y X e3 = €1 = —e3 X e,

— = — — =

ez X ep =ey = —e; X ez,

— — —
eil=e?=¢e’=-1, ei=1

We can write a real quaternion as a linear combination of scalar part S, = d and vectorial
part V, = ae] + bes + ces. Using these basic products we can now expand the product of two

quaternions as
- — — - = =
pXq=25p5;— <Vp,Vq>+S’pV]1—|—S’qV;+V;/\Vq for every p,q € Qm,

where (,) and A are inner product and cross product on E3, respectively. There is a unique
involutory antiautomorphism of the quaternion algebra, denoted by the symbol v and defined
as follows:

vq = —ae; —bes — ce3 +d

for every q = ae; + bes + ces + dey € Qg which is called the Hamiltonian conjugation. This

defines the symmetric, real valued, non-degenerate, bilinear form h as follows:

1
h(p,q) = 5(29 X yq+qxvp) forevery p,q € Qp.

Now we can give the definition of the norm for every quaternion. the norm of any ¢ real

quaternion is denoted by

lall? = h(q,q) = g x yqg = a® + B> + @ + d°
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in [5,8].
The four-dimensional Euclidean space E* is identified with the space of unit quaternions.
A real quaternionic sphere with origin m and radius R > 0 in B4 is

S3(m,R) = {p € Qu : h(p —m,p—m) = R*}.
The Serret-Frenet formulas for real quaternionic curves in E* are as follows:

Theorem 2.1([10]) The four-dimensional Euclidean space E* is identified with the space of

unit quaternions. Let I = [0, 1] denotes the unit interval in the real line R and eq = 1. Let
a:ICR—- Qg

4
s — a(s) = ; a;i(s)e;,

be a smooth curve in E* with nonzero curvatures {K,k,r — K} and the Frenet frame of the

curve « is {T, N, B1, Ba}. Then Frenet formulas are given by

T 0 K 0 0 T
N’ ~K 0 k 0 N
= (2.1)
B, 0 -k 0 (r—K) B
B 0 0 —-(r—-K) 0 B,

where K is the principal curvature, k is torsion and (r — K) is bitorsion of «.

§3. Osculating Sphere of a Real Quaternionic Curve in E*

We assume that the real quaternionic curve a : I C R — Qg is arc-length parametrized,

4

i.e, [|[@/(s)|]| = 1. Then the tangent vector T'(s) = o/(s) = >_ al(s)e; has unit length. Let
i=1

(y1,%2,y3,y4) be a rectangular coordinate system of R*. We take a real quaternionic sphere

h(y — d,y — d) = R? with origin d and radius R, where y = (y1,y2,¥3,va). Let f(s) = h(a(s) —

d,a(s) — d) — R?. If we have the following equations

f0)=0, f(0)=0, f'0)=0, f"0)=0, fH0)=0

then we say that the sphere contacts at fourth order to the curve « at a(0). The sphere is called
osculating sphere.

Theorem 3.1 Let o : I C R — Qg be a real quaternionic curve with nonzero curvatures
K(0),k(0) and (r — K)(0) at «(0). Then there exists a sphere which contacts at the fourth
order to the curve a at a(0) and the equation of the osculating sphere according to the Frenet
frame {Ty, No, B1,, B2, } is

7t (2= o) (= phoo )+ (e =l (o) +E2)) = i+ (oo (phoo) + 2202, (3.1)
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where

Proof If £(0) = 0 then h(a(0) — d,a(0) — d) = R2. Since we have
/' =2h(a/;a—d) and f'(0)=0
then
h(To, a(0) — d) = 0. (3.2)

Similarly we have
" =2[ha",a—d) + h(d,a')] and f”(0)=0

implies h(K(0)No, a(0) — d) + h(To, To) = 0. Since h(Tp,To) = 1, then

1

WMo, a(0) = d) = ~ g7

— —po. (3.3)
Considering
= 2[h(a/”7 a—d)+ 3h(a”, a’)] and fm(O) =0

we get
h(—=K?(0)Ty + K'(0)Ng 4+ K (0)k(0)By,, «(0) — d) = 0.

From the equations (3.2) and (3.3) we obtain

K'(0)

MB1o,0(0) =) = 155970

= —py00. (3.4)
Since
fO =2[h(a® a—d) +4h(”,a') + 3h(a”,a”)] and f@(0) =0,

from the equations (2.1), (3.1)-(3.4), we obtain

(Bapsa0) = d) = ~ s o) + 29| = o [hen) + 2. (35)

Now we investigate the numbers uy, us ,us and ug such that
OZ(O) —d= u1T0 + UQNO + U3B10 + U4B20.

From h(Tp,a(0) — d) = wu; and the equation (3.2), then we find u; = 0. From h(Ny, «(0) —

d) = us and the equation (3.3), then we find us = —pg. From h(Bi,,a(0) — d) = uz and

the equation (3.4), then we obtain uz = —p{og. From the equation (3.5), we obtain us =

—wp [(pgao)' + @)] . Also the origin of the sphere that contacts at the fourth order to the
00

curve at the point a(0) is
d= OZ(O) - u1T0 - UQNO - U3B10 - U4B20 (36)
Given a real quaternionic variable P on the osculating sphere, suppose

P = Oé(O) + 21Ty + 22 Ng + £L'3Blo + $4BQO
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and from the equation (3.6)

P—d= :ElT() + ({EQ - po)No + (ZEg - pE)UO)Blo + ({E4 — Wwo |:(p60'0)/ + 5—2)] )BQO.

Also
WP = d, P —d) = a3 + (2 = po)? + (w5 = phoo)” + (a4 — wol(ppon)’ + £2))?
and using (3.6), we obtain
R? = h(a(0) — d,a(0) — d) = p& + (phoo)? + wd((phon)’ + 22)2. O

0o

Definition 3.2 Leta: 1 C R — Qg be a real quaternionic curve with nonzero curvatures K,
k and r — K. The functions m; : I — R, 1 <1i <4 such that

m1=O,
1
ma = -,
K
mh (3.7)
m3 = —/,
S mh + kmo
YT K

is called m; curvature function.

Corollary 3.3 Let a: I CR — Qg be a real quaternionic curve with nonzero curvatures K,
k, r — K and the Frenet frame {T, N, By, Bo}. If d(s) is the center of the osculating sphere at
a(s), then

d = a(s) + ma(s)N(s) + ms(s)Bi1(s) + ma(s)Ba(s). (3.8)

Moreover the radius of the osculating sphere at «(s) is

R = \/m3(s) +mi(s) +m3(s). (3.9)

Let o : I C R — Qg be a real quaternionic curve. If a(I) C S*(m, R), then « is called
spherical curve. We obtain new characterization for spherical curve a.
Theorem 3.4 Leta: I CR — Qg be a real quaternionic curve and a(I) C S3(0, R). Then

h(a(s),Vj(s)) = —m;(s), 1<j<A4,
where V1 =T, Vo = N, V3 = By and V4 = Bs.

Proof Since a(s) € S3(0,R) for all s € I, then h(a(s),a(s)) = R?. Derivating of this
equation with respect to s four times and from the equation (3.7), we get

h(Vi(s), els)) = (T (s), a(s)) = 0,

1

h(Va(s); a(s)) = h(N(s); als)) = = g5 =

—ma(s),
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and

(
—my(s). O

Theorem 3.5 Leta: I CR — Qg be a real quaternionic curve. If a(I) C S3(0, R), then the
osculating sphere at «(s) for each s € I is S3(0, R).

Proof We assume «(I) C S3(0, R). From the equation (3.8), the center of the osculating
sphere at «(s) is

d = as)+ma(s)N(s) + ms3(s)Bi(s) + ma(s)Ba(s)
= a(s) + ma(s)Va(s) + ma(s)Va(s) + ma(s)Va(s).

4
d=a(s) = hlals), V;(s))V;(s). (3.10)

On the other hand

j=1
and since h(a(s), Vi(s)) = 0, we have
4
a(s) = 3 hlals), Vy(s)Vi(s). (3.11)
j=2

From the equations (3.10) and (3.11), we get d = 0. In addition we have

h(a(s),d) = R. O

In general, above theorem is valid for the sphere S3(b, R) with the center b. As well as
S$3(0, R) isometric to S3(b, R), the truth can be avowable. Now, we give relationship between

center and radius of the osculating sphere following.

Theorem 3.6 Let a: I C R — Qg be a real quaternionic curve with nonzero curvatures K,
k, r — K and my. The radii of the osculating spheres at «(s) for all s € I is constant iff the

centers of the osculating spheres at a(s) are fized.
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Proof We assume that the radius of the osculating sphere at «(s) for all s € T is constant.
From the equation (3.9)
R(s)* = mj(s) +m3(s) + mi(s).

Derivating of the equation with respect to s, we obtain

ma()miy(s) + ms () (s) + ma ()} (s) = 0.

Since m3(s) = n]zé(S) and my(s) = mg(:()s—)l-f(;{)g)z(s), then
(r(s) — K(s))ms(s) +my(s) = 0. (3.12)

On the other hand derivating of the equation (3.8) with respect to s and from the equations
(3.7), (3.12), we get
d'(s) = 0.

Thus the center d(s) of the osculating sphere at «(s) is fixed.
Conversely, let the center d(s) of the osculating sphere at a(s) for all s € I be fixed. Since

h(d(s) — a(s),d(s) — a(s)) = R*(s),
derivating of the equation with respect to s, we obtain
h(T(s),a(s) — d(s)) = R'(s)R(s).

Left hand side this equation is zero. Hence R'(s) = 0 and than the radius of the osculating

sphere at «(s) for all s € I is constant. O

Theorem 3.7 Leta: I CR — Qg be a real quaternionic curve. The curve is spherical iff the

centers of the osculating spheres at o(s) are fized.

Proof We assume «(I) C S3(b, R). According to Theorem 3.6 the proof is clearly. Con-
versely, according to Theorem 3.5 if the centers d(s) of the osculating spheres at a(s) forall s € T
are fixed point b, then the radii of the osculating spheres is constant R. Thus h(a(s),b) = R

and than « is spherical. O

Now we give a characterization for spherical curve « in terms of its curvatures K, k and

r — K in following theorem.

Theorem 3.8 Let a: I CR — Qg be a real quaternionic curve with nonzero curvatures K,

k, r — K and my4. The curve « is spherical iff
e e (IR AN
k K K) k K

Proof Let the curve a be spherical. According to Theorem 3.7 the centers d(s) of the

1 /
T_K} = 0. (3.13)

osculating spheres at a(s) for all s € I are fixed. From the equations (3.7) and (3.12) we obtain
(3.13).
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Conversely we assume

G {6 =) -

From the equation (3.7), we get

(r— K)ms+mj =0.

Derivating equation (3.8) with respect to s and from the last equation and (3.7), we obtain

d'(s) = 0. Hence d(s) is fixed point. According to Theorem 3.7 the curve « is spherical. O
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Abstract: Given a graph G and a configuration C of pebbles on the vertices of G, a pebbling
step (move) removes two pebbles from one vertex and places one pebble on an adjacent
vertex. The cover pebbling number v(G) is the minimum number so that every configuration
of 7(G) pebbles has the property that after some sequence of pebbling steps(moves), every
vertex has a pebble on it. In this paper we determine the cover pebbling number for square

of a path.
Key Words: Cover pebbling, square of a path, Smarandachely cover H-pebbling.
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81. Introduction

The game of pebbling was first suggested by Lagarias and Saks as a tool for solving a number-
theoretical conjecture of Erdos. Chung successfully used this tool to prove the conjecture and
established other results concerning pebbling numbers. In doing so she introduced pebbling to
the literature [1].

Begin with a graph GG and a certain number of pebbles placed on its vertices. A pebbling
step consists of removing two pebbles from one vertex and placing one on an adjacent vertex.
In pebbling, the target is selected, and the goal is to move a pebble to the target vertex. The
minimum number of pebbles such that regardless of their initial placement and regardless of
the target vertex, we can pebble that target is called the pebbling number of G. In cover
pebbling, the goal is to cover all the vertices with pebbles, that is, to move a pebble to every
vertex simultaneously. Generally, for a connected subgraph H < G, a Smarandachely cover
H -pebbling is to move a pebble to every vertex in H but not in G \ H simultaneously. The
minimum number of pebbles required such that, regardless of their initial placement on G, there
is a sequence of pebbling steps at the end of which every vertex has at least one pebble on it, is
called the cover pebbling number of G. In [2], Crull et al. determine the cover pebbling number
of several families of graphs, including trees and complete graphs. Hulbert and Munyan [4]
have also announced a proof for the cover pebbling of the n-dimensional cube. In [5], Maggy
Tomova and Cindy Wyles determine the cover pebbling number for cycles and certain graph

products. In the next section, we determine the cover pebbling number for square of a path.

1Received November 7, 2011. Accepted September 6, 2012.
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§82. The Cover Pebbling Number for square of a Path

Definition([6]) Let G = (V(G), E(G)) be a connected graph. The nth power of G, denoted by
G?, is the graph obtained from G by adding the edge uv to G whenever 2 < d(u,v) < p in G,
that is, GP = (V(G), E(G) U {uv : 2 < d(u,v) < p in G}). If p=1, we define G*=G. We know
that if p is large enough, that is, p > n — 1, then GP = K,,.

Notation 2.2 The Labeling of P2 is P? : v+ vp_10,. Let p(v;) denote the number of
pebbles on the vertex v; and p(Pa) denote the number of pebbles on the path P4.

It is easy to see that v(P§) = 5 since P? = K3 [2].
Theorem 2.3 The cover pebbling number of P? is v(P?) = 9.

Proof Consider the distribution of eight pebbles on v;. Clearly, we cannot cover at least
one of the vertices of PZ. Thus,y(P?) > 9.

Now, consider the distribution of nine pebbles on the vertices of P7. If vy has zero pebbles
on it, then using at most four pebbles from P : v1v9v3 we can move a pebble to vy. After
moving a pebble to vy, P} contains at least five pebbles and we are done. Next assume that
vy has at least one pebble. If p(vs) <4, then p(P$) >5 and we are done. If p(vy) = 5 or 6 or
7, clearly we are done. If p(vs) >8, then move as many as possible to the vertices of P# using
at most four moves while retaining one or two pebbles on v4, we cover all the vertices of P? in
these distributions also. Thus, v(P?) < 9. Therefore, v(P?) = 9. O

Theorem 2.4 The cover pebbling number of P2 is y(P2) = 13.

Proof Consider the distribution of twelve pebbles on v;. Clearly, we cannot cover at least
one of the vertices of P2. Thus,y(P2) > 13.

Now, consider the distribution of thirteen pebbles on the vertices of P2. If vs has zero
pebbles on it, then using at most four pebbles from P} : v1v2v3v4 We can move a pebble to vs.
After moving a pebble to vs, P? contains at least nine pebbles and we are done. Next assume
that vs has at least one pebble. If p(vs) <4, then p(P?) >9 and we are done. If p(vs) = 5 or 6
or 7, then clearly we are done. If p(vs) > 8, then move as many as possible to the vertices of
P? using at most four moves while retaining one or two pebbles on vs, we cover all the vertices
of P2 in these distributions also. Thus, v(P2?) < 13. Therefore, v(P2) = 13. a

Theorem 2.5 The cover pebbling number of P? is

k2 3 ifn=2k+1(k>1);
V(Py) = . ,
312 —=1) if n=2k (k>2).

Proof Consider the following distribution

262 4 ifn=2k+1(k>1)

p(v1) = 325 — 4 if n=2k (k>2).



56 A.Lourdusamy and T.Mathivanan

and p(v;) = 0,i # 1. Notice that we cannot cover at least one of the vertices of P2. Thus,

2F2 3 ifn=2k+1(k>1);

Y(Py) = 328 1) if n=2k (k>2).

. Next, we are going to prove the upper bound by induction on n. Obviously, the result is
true for n = 4 and 5, by Theorem 2.3 and Theorem 2.4. So, assume the result is true for
m < n-1. If v, has zero pebbles on it, then using at most 2k pebbles from the vertices of
P2_

1 1U1V2 - Up_2Up_1 We can cover the vertex v,. Then Pﬁflcontains at least

-1
3(28 — 1), where k = n2 ;

2k+1 _ 3 where k = g

pebbles and we are done by induction. Next, assume that v, has a pebble on it. If p(v,) <
2(2F — 1), then
2kl 3 if nis odd;

p(Prf—l) z
2k — 1 if nis even.

In these both cases, either P2_; has enough pebbles or we can make it by retaining one or
two pebbles on v, and moving as many pebbles as possible from v, to v,—1 or v,—2. So, we
are done easily if p(v,) < 2(2F — 1). Suppose p(v,) > 2(2¥ — 1) + 1, then by moving as many

pebbles as possible to the vertices of P2_;, using at most

ok+1 _ 9 if nis odd;
3(25 1) —2 if nis even

pebbling steps while retaining one or two pebbles on v,, and hence we are done. Thus,

2F2 3 ifn=2k+1(k>1);

V(P2 <
328 —1) if n=2k (k>2).
Therefore,
2642 3 ifn=2k+1 (k>1);
2(P2) = o =1 a
328 —1) if n=2k (k>2).
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Abstract: An n-tuple (a1,a2,...,a,) is symmetric, if ax = an—g+1,1 < k < n. Let
H, = {(a1,a2, -+ ,an) : ax € {+,—},ar = an—k+1,1 < k < n} be the set of all symmetric
n-tuples. A symmetric n-sigraph (symmetric n-marked graph) is an ordered pair S, = (G, o)
(Sn = (G, ), where G = (V, E) is a graph called the underlying graph of S, and o : E — Hjp
(1 :V — Hy)is afunction. In this paper, we introduced a new notion S-antipodal symmetric
n-sigraph of a symmetric n-sigraph and its properties are obtained. Also we give the relation
between antipodal symmetric n-sigraphs and S-antipodal symmetric n-sigraphs. Further, we

discuss structural characterization of S-antipodal symmetric n-sigraphs.

Key Words: Symmetric n-sigraphs, Smarandachely symmetric n-marked graph, sym-
metric n-marked graphs, balance, switching, antipodal symmetric n-sigraphs, S-antipodal

symmetric n-sigraphs, complementation.
AMS(2010): 05C22
81. Introduction

Unless mentioned or defined otherwise, for all terminology and notion in graph theory the

reader is refer to [1]. We consider only finite, simple graphs free from self-loops.

Let n > 1 be an integer. An n-tuple (a1,as,- - ,ay,) is symmetric, if ax = an_g41,1 <
k <n. Let H, = {(a1,a2,-- ,a,) : ax € {+,—},ax = an—k+1,1 < k < n} be the set of all
symmetric n-tuples. Note that H,, is a group under coordinate wise multiplication, and the

order of H,, is 2™, where m = [g]

A Smarandachely k-marked graph (Smarandachely k-signed graph) is an ordered pair
S = (G,n) (S = (G,0)) where G = (V,E) is a graph called underlying graph of S and
w:V — {e,e,..,e} (0 : E — {€1,€2,...,€}) is a function, where €; € {+,—}. An n-
tuple (a1, as,...,ay) is symmetric, if ay = ap—g+1,1 < k < n. Let H, = {(a1,a2,...,a,) :
ar € {+,-},ar = an—r+1,1 < k < n} be the set of all symmetric n-tuples. A Smaran-
dachely symmetric n-marked graph (Smarandachely symmetric n-signed graph) is an ordered
pair S, = (G, ) (Sn = (G,0)) where G = (V, E) is a graph called the underlying graph of S,
and u:V — H, (¢ : E — H,) is a function. Particularly, a Smarandachely 1-marked graph
(Smarandachely 1-signed graph) is called a marked graph (signed graph).

1Received February 25, 2012. Accepted September 9, 2012.
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In this paper by an n-tuple/n-sigraph/n-marked graph we always mean a symmetric n-
tuple/symmetric n-sigraph/symmetric n-marked graph.

An n-tuple (a1,as2,--- ,a,) is the identity n-tuple, if a = +, for 1 < k < n, otherwise
it is a non-identity n-tuple. In an n-sigraph S,, = (G, o) an edge labelled with the identity
n-tuple is called an identity edge, otherwise it is a non-identity edge. Further, in an n-sigraph
Sn = (G, 0), for any A C F(G) the n-tuple o(A) is the product of the n-tuples on the edges of
A.

In [7], the authors defined two notions of balance in n-sigraph S,, = (G, o) as follows (See
also R. Rangarajan and P.S.K.Reddy [4]):

Definition 1.1 Let S, = (G,0) be an n-sigraph. Then,

(i) Sp is identity balanced (or i-balanced), if product of n-tuples on each cycle of S, is
the identity n-tuple, and

(ii) Sy, is balanced, if every cycle in S, contains an even number of non-identity edges.

Note 1.1 An i-balanced n-sigraph need not be balanced and conversely.

The following characterization of i-balanced n-sigraphs is obtained in [7].

Proposition 1.1 (E. Sampathkumar et al. [7]) An n-sigraph S, = (G, o) is i-balanced if, and
only if, it is possible to assign n-tuples to its vertices such that the n-tuple of each edge uv is
equal to the product of the n-tuples of u and v.

Let S, = (G,0) be an n-sigraph. Consider the n-marking p on vertices of S,, defined as
follows: each vertex v € V, u(v) is the n-tuple which is the product of the n-tuples on the
edges incident with v. Complement of S, is an n-sigraph S,, = (G,0°¢), where for any edge
e=uv € G, o°(uv) = p(u)pu(v). Clearly, S, as defined here is an i-balanced n-sigraph due to
Proposition 1.1 ([10]).

In [7], the authors also have defined switching and cycle isomorphism of an n-sigraph
Sp = (G, 0) as follows (See also [2,5,6,10]):

Let S, = (G,0) and S/, = (G',0'), be two n-sigraphs. Then S,, and S/, are said to be
isomorphic, if there exists an isomorphism ¢ : G — G’ such that if uv is an edge in S,, with
label (a1, asg,- - ,ay) then ¢(u)p(v) is an edge in S), with label (a1,a2,: -+, an).

Given an n-marking p of an n-sigraph S,, = (G, o), switching S, with respect to p is
the operation of changing the n-tuple of every edge uv of S, by p(u)o(uv)u(v). The n-sigraph
obtained in this way is denoted by S,,(S,) and is called the p-switched n-sigraph or just switched
n-sigraph. Further, an n-sigraph S,, switches to n-sigraph S; (or that they are switching
equivalent to each other), written as S,, ~ S/, whenever there exists an n-marking of S,, such
that S, (S,) = S,.

Two n-sigraphs S, = (G,0) and S, = (G',0’) are said to be cycle isomorphic, if there
exists an isomorphism ¢ : G — G’ such that the n-tuple o(C) of every cycle C in S,, equals to
the n-tuple o(¢(C)) in S;,. We make use of the following known result (see [7]).

Proposition 1.2 (E. Sampathkumar et al. [7]) Given a graph G, any two n-sigraphs with G
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as underlying graph are switching equivalent if, and only if, they are cycle isomorphic.

Let S, = (G,0) be an n-sigraph. Consider the n-marking p on vertices of S defined
as follows: each vertex v € V, u(v) is the product of the n-tuples on the edges incident
at v. Complement of S is an n-sigraph S,, = (G,0’), where for any edge e = uv € G,
o' (uwv) = p(u)p(v). Clearly, S, as defined here is an i-balanced n-sigraph due to Proposition
1.1.

§2. S-Antipodal n-Sigraphs

Radhakrishnan Nair and Vijayakumar [3] has introduced the concept of S-antipodal graph of a
graph G as the graph A*(G) has the vertices in G with maximum eccentricity and two vertices
of A*(G) are adjacent if they are at a distance of diam(G) in G.

Motivated by the existing definition of complement of an n-sigraph, we extend the notion

of S-antipodal graphs to n-sigraphs as follows:

The S-antipodal n-sigraph A*(S,) of an n-sigraph S,, = (G, o) is an n-sigraph whose
underlying graph is A*(G) and the n-tuple of any edge uv is A*(Sy,) is p(u)p(v), where p is the
canonical n-marking of S,,. Further, an n-sigraph S,, = (G, o) is called S-antipodal n-sigraph, if
Sp =2 A*(S!) for some n-sigraph S/,. The following result indicates the limitations of the notion
A*(S,,) as introduced above, since the entire class of i-unbalanced n-sigraphs is forbidden to be

S-antipodal n-sigraphs.
Proposition 2.1 For any n-sigraph S,, = (G, 0), its S-antipodal n-sigraph A*(S,,) is i-balanced.

Proof Since the n-tuple of any edge uv in A*(S,,) is p(u)u(v), where u is the canonical
n-marking of S,,, by Proposition 1.1, A*(S,,) is i-balanced. O

For any positive integer k, the k*" iterated S-antipodal n-sigraph A*(S,,) of S, is defined
as follows:

(A*)O(Sn) = Sn, (A*)k(sn) = A*((A*)k_l(sn))
Corollary 2.2 For any n-sigraph S, = (G,0) and any positive integer k, (A*)¥(S,) is i-
balanced.

In [3], the authors characterized those graphs that are isomorphic to their S-antipodal

graphs.

Proposition 2.3(Radhakrishnan Nair and Vijayakumar [3]) For a graph G = (V,E), G
A*(G) if, and only if, G is a regular self-complementary graph.

We now characterize the n-sigraphs that are switching equivalent to their S-antipodal

n-sigraphs.

Proposition 2.4 For any n-sigraph S, = (G,0), S, ~ A*(S,) if, and only if, G is regular
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self-complementary graph and Sy, is i-balanced n-sigraph.

Proof Suppose S, ~ A*(Sp). This implies, G =2 A*(G) and hence G is is a regular
self-complementary graph. Now, if S, is any n-sigraph with underlying graph as regular self-
complementary graph, Proposition 2.1 implies that A*(S,,) is i-balanced and hence if S is i-
unbalanced and its A*(S,,) being i-balanced can not be switching equivalent to S,, in accordance
with Proposition 1.2. Therefore, S,, must be i-balanced.

Conversely, suppose that S, is an i-balanced n-sigraph and G is regular self-complementary.
Then, since A*(S,,) is i-balanced as per Proposition 2.1 and since G = A*(G), the result follows
from Proposition 1.2 again. O

Proposition 2.5 For any two vs S,, and S!, with the same underlying graph, their S-antipodal

n-sigraphs are switching equivalent.

Remark 2.6 If G is regular self-complementary graph, then G = G. The above result is holds
good for S, ~ A*(S,,).

In [16], P.S.K.Reddy et al. introduced antipodal n-sigraph of an n-sigraph as follows:

The antipodal n-sigraph A(S,) of an n-sigraph S, = (G, o) is an n-sigraph whose un-
derlying graph is A(G) and the n-tuple of any edge uv in A(S,) is pu(u)p(v), where p is the
canonical n-marking of S,,. Further, an n-sigraph S,, = (G, o) is called antipodal n-sigraph, if

Sp 22 A(S],) for some n-sigraph S),.

Proposition 2.7(P.S.K.Reddy et al. [16]) For any n-sigraph S, = (G, o), its antipodal n-
sigraph A(Sy,) is i-balanced.

We now characterize n-sigraphs whose S-antipodal n-sigraphs and antipodal n-sigraphs
are switching equivalent. In case of graphs the following result is due to Radhakrishnan Nair
and Vijayakumar [3].

Proposition 2.8 For a graph G = (V, E), A*(G) =2 A(G) if, and only if, G is self-centred.

Proposition 2.9 For any n-sigraph S, = (G,0), A*(Syn) ~ A(Sn) if, and only if, G is self-

centred.

Proof Suppose A*(S,) ~ A(S,). This implies, A*(G) = A(G) and hence by Proposition
2.8, we see that the graph G must be self-centred.

Conversely, suppose that G is self centred. Then A*(G) = A(G) by Proposition 2.8. Now,
if S,, is an n-sigraph with underlying graph as self centred, by Propositions 2.1 and 2.7, A*(S,,)

and A(S,,) are i-balanced and hence, the result follows from Proposition 1.2.

In [3], the authors shown that A*(G) = A*(G) if G is either complete or totally discon-

nected. We now characterize n-sigraphs whose A*(S,,) and A*(S,,) are switching equivalent.

Proposition 2.10 For any signed graph S = (G,0), A*(S,) ~ A*(S,) if, and only if, G is
either complete or totally disconnected.
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The following result characterize n-sigraphs which are S-antipodal n-sigraphs.
Proposition 2.11 An n-sigraph S, = (G,0) is a S-antipodal n-sigraph if, and only if, S, is
i-balanced n-sigraph and its underlying graph G is a S-antipodal graph.

Proof Suppose that S, is i-balanced and G is a A(G). Then there exists a graph H
such that A*(H) = G. Since S, is i-balanced, by Proposition 1.1, there exists an n-marking
w of G such that each edge uv in S, satisfies o(uv) = pu(u)pu(v). Now consider the n-sigraph
S/ = (H,d'), where for any edge e in H, ¢'(e) is the n-marking of the corresponding vertex in
G. Then clearly, A*(S/) = S,,. Hence S, is a S-antipodal n-sigraph.

Conversely, suppose that S, = (G,0) is a S-antipodal n-sigraph. Then there exists an
n-sigraph S}, = (H, ¢’) such that A*(S]) = S,,. Hence G is the A*(G) of H and by Proposition
2.1, S, is i-balanced. O

83. Complementation

In this section, we investigate the notion of complementation of a graph whose edges have signs
(a sigraph) in the more general context of graphs with multiple signs on their edges. We look
at two kinds of complementation: complementing some or all of the signs, and reversing the
order of the signs on each edge.

For any m € H,, the m-complement of a = (a1,as, - .,a,) is: a™ = am. For any
M C H,, and m € H,, the m-complement of M is M™ = {a™ : a € M}. For any m € H,,
the m-complement of an n-sigraph S,, = (G, o), written (S7*), is the same graph but with each
edge label a = (a1,aq,...,ay) replaced by a™. For an n-sigraph S, = (G, o), the A*(S,) is
i-balanced (Proposition 2.1). We now examine, the condition under which m-complement of
A(S,,) is i-balanced, where for any m € H,,.

Proposition 3.1 Let S, = (G,0) be an n-sigraph. Then, for any m € H,, if A*(G) is
bipartite then (A*(Sn))™ is i-balanced.

Proof Since, by Proposition 2.1, A*(S,,) is i-balanced, for each k, 1 < k < n, the number
of n-tuples on any cycle C' in A*(S,,) whose k' co-ordinate are — is even. Also, since A*(G)
is bipartite, all cycles have even length; thus, for each k, 1 < k < n, the number of n-tuples on
any cycle C in A*(S,) whose k' co-ordinate are + is also even. This implies that the same

thing is true in any m-complement, where for any m, € H,,. Hence (A*(S,))! is i-balanced. O

Problem 3.2 Characterize these n-sigraphs for which
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§81. Introduction

We begin with finite, connected and undirected graph G = (V(G), E(G)) without loops and
multiple edges. For any undefined notations and terminology we rely upon Clark and Holton
[3]. In order to maintain compactness we provide a brief summery of definitions and existing

results.

Definition 1.1 A graph labeling is an assignment of integers to the vertices or edges or both
subject to certain condition(s). If the domain of the mapping is the set of vertices (or edges)

then the labeling is called a vertex labeling (or an edge labeling).

According to Beineke and Hegde [1] labeling of discrete structure serves as a frontier
between graph theory and theory of numbers. A dynamic survey of graph labeling is carried

out and frequently updated by Gallian [4].

Definition 1.2 A mapping f : V(G) — {0,1} is called binary vertez labeling of G and f(v) is
called the label of the vertex v of G under f.

The induced edge labeling f* : E(G) — {0,1} is given by f*(e = uv) = |f(u) — f(v)|. Let
us denote v¢(0), v(1) be the number of vertices of G having labels 0 and 1 respectively under
f and let ef(0), ef(1) be the number of edges of G having labels 0 and 1 respectively under f*.

1Received March 26, 2012. Accepted September 12, 2012.
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Definition 1.3 A binary vertex labeling of a graph G is called a cordial labeling if |vs(0) —
vr(1)] <1 and lef(0) —er(1)] < 1. A graph G is called cordial if it admits cordial labeling.

The concept of cordial labeling was introduced by Cahit [2] in which he investigated several
results on this newly defined concept. After this some labelings like prime cordial labeling, A -
cordial labeling, H-cordial labeling and product cordial labeling are also introduced as variants
of cordial labeling.

This paper is aimed to report some new families of product cordial graphs.

Definition 1.4 For an integer p > 1. A mapping f : V(G) — {0,1,2,--- ,p} is called a
Smarandachely p-product cordial labeling if |vs(i) — vs(5)] < 1 and les(i) — ef(5)] < 1 for
any i,j € {0,1,2,--- ,p — 1}, where vy (i) denotes the number of vertices labeled with i, es(i)
denotes the number of edges xy with f(x)f(y) = i(mod p). Particularly, if p = 2, i.e., a
binary vertex labeling of graph G with an induced edge labeling f* : E(G) — {0,1} defined
by f*(e = wv) = f(u)f(v), such a Smarandachely 2-product cordial labeling is called product

cordial labeling. A graph with product cordial labeling is called a product cordial graph.

The product cordial labeling was introduced by Sundaram et al. [5] and they investigated
several results on this newly defined concept. They have established a necessary condition
showing that a graph with p vertices and ¢ edges with p > 4 is product cordial then ¢ <
(p* —1)/4+ 1.

The graphs obtained by joining apex vertices of k copies of stars, shells and wheels to a new
vertex are proved to be product cordial by Vaidya and Dani [6] while some results on product
cordial labeling for cycle related graphs are reported in Vaidya and Kanani [7].

Vaidya and Barasara [8] have proved that the cycle with one chord, the cycle with twin
chords, the friendship graph and the middle graph of path admit product cordial labeling. The
same authors in [9] have proved that the graphs obtained by duplication of one edge, mutual
vertex duplication and mutual edge duplication in cycle are product cordial graphs. Vaidya and
Vyas [10] have discussed product cordial labeling in the context of tensor product of some graphs
while Vaidya and Barasara [11] have investigated some results on product cordial labeling in

the context of some graph operations.

Definition 1.5 The wheel graph W, is defined to be the join K1+C,,. The vertex corresponding
to Ky is known as apex vertexr and wvertices corresponding to cycle are known as rim vertices
while the edges corresponding to cycle are known as rim edges. We continue to recognize apex
of respective graphs obtained from wheel in Definitions 1.6 to 1.9.

Definition 1.6 The helm H, is the graph obtained from a wheel W,, by attaching a pendant

edge to each rim verter.

Definition 1.7 The closed helm CH,, is the graph obtained from a helm H, by joining each

pendant vertex to form a cycle.

Definition 1.8 The web graph Wb, is the graph obtained by joining the pendant vertices of a

helm H, to form a cycle and then adding a pendant edge to each vertex of outer cycle.
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Definition 1.9 The flower Fl,, is the graph obtained from a helm H, by joining each pendant

vertex to the apex of the helm.

Definition 1.10 The double triangular snake DT, is obtained from a path P, with vertices
V1, Vg, , Uy by joining v; and vi41 to a new vertex w; fori = 1,2,--- . n—1 and to a new

vertex u; fori=1,2,--- ., n—1.

Definition 1.11 Let e = uv be an edge of graph G and w is not a vertex of G. The edge e is

subdivided when it is replaced by edges ¢/ = uw and e’ = wv.

Definition 1.12 The gear graph G, is obtained from the wheel by subdividing each of its rim
edge.

82. Main Results

Theorem 2.1 Closed helm CH, is a product cordial graph.

Proof Let v be the apex vertex, vy, vs, .. ., v, be the vertices of inner cycle and w1, ug, . .., U,
be the vertices of outer cycle of CH,,. Then |V(CH,)|=2n+1 and |E(CH,)| = 4n.

We define f: V(CH,,) — {0,1} to be f(v) =1, f(v;) =1 and f(u;) =0 for all 4. In view
of the above labeling patten we have v(0) = vf(1) —1 =n, ef(0) = ef(1) = 2n. Thus we have
lvs(0) —vp(1)] <1 and |ef(0) — ef(1)| < 1. Hence CH, is a product cordial graph. O

Illustration 2.2 The Fig.1 shows the closed helm C'H5 and its product cordial labeling.

Fig.1

Theorem 2.3 Web graph Wb,, admits product cordial labeling.

Proof Let v be the apex vertex, vy, va, - -+ , v, be the vertices of inner cycle, v, 11, Vnt2, -+, Vap
be the vertices of outer cycle and vay,11,V2n42, - , Vs, be the pendant vertices in Wb,,. Then
|[V(Whb,)| =3n+1and |[E(Wb,)| = bn.

To define f : V(Wb,) — {0,1} we consider following two cases.

Case 1. nis odd
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Define f(v) = 1, f(v;)) = 1 for 1 < ¢ < n, f(vy) =1 for [g—‘ < i< mn-—1and
_3n+1
==

f(vi) = 0 otherwise. In view of the above labeling patten we have v;(0) = vs(1)

_n—1

er(0) =1 =ep(1) = 2.

Case 2. nis even

3

Define f(v) =1, f(v;)) =1 for 1 <i < n, f(vei41) = 1 for 3 <i<n-—1and f(v;) =0

3
otherwise. In view of the above labeling patten we have v;(0) = vy(1) — 1 = 7717 er(0) =
ef(l) = 5_n Thus in each case we have |v;(0) —vf(1)] <1 and |ef(0) —er(1)| < 1. Hence Wb,
admits product cordial labeling. 0

Illustration 2.4 The Fig.2 shows the web graph Wbs and its product cordial labeling.

Fig.2

Theorem 2.5 Flower graph Fl,, admits product cordial labeling.

Proof Let H, be a helm with v as the apex vertex, vy, v, -+ ,v, be the vertices of cycle
and vp41,Unt2, - , V2, be the pendant vertices. Let Fl, be the flower graph obtained from
helm H,. Then |V(Fl,)| =2n+1 and |E(Fl,)| = 4n.

We define f : V(Fl,) — {0,1} to be f(v) =1, f(v;)) =1for 1 <i <mnand f(v;) =0
for n +1 < ¢ < 2n. In view of the above labeling patten we have v;(0) = vs(1) — 1 = n,
ef(0) = ef(1) = 2n. Thus we have |vs(0) — vf(1)] < 1 and |es(0) — es(1)] < 1. Hence Fl,
admits product cordial labeling. O

Illustration 2.6 The Fig.3 shows flower graph F'l5 and its product cordial labeling.
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Theorem 2.7 Double triangular snake DT, is a product cordial graph for odd n and not a

product cordial graph for even n.

Proof Let vy,va,--- ,v, be the vertices of path P, and vy, 41, V42, ,U3n—2 be the newly
added vertices in order to obtain DT,,. Then |V (DT,)| = 3n —2 and |E(DT,)| = 5n — 5.
To define f : V(DT,) — {0,1} we consider following two cases.

Case 1. nis odd

view of the above labeling patten we have v;(0) +1 = vs(1) =
on — 5
2

Case 2. nis even

. Thus we have |vs(0) —vr(1)] <1 and |ef(0) —ef(1)] < 1.

Subcase 1. n = 2.

The graph DT, has p = 4 vertices and ¢ = 5 edges since

Thus the necessary condition for product cordial graph is violated. Hence DT5 is not a product
cordial graph.

Subcase 2. n # 2

In order to satisfy the vertex condition for product cordial graph it is essential to assign

label 0 to 3n —2

on 1 edges with label 0 and at most on 4 edge with label 1 out of total 5n — 5 edges.

Therefore |ef(0) — ef(1)] = 3. Thus the edge condition for product cordial graph is violated.

vertices out of 3n — 2 vertices. The vertices with label 0 will give rise at least

Therefore DT, is not a product cordial graph for even n.
Hence Double triangular snake DT, is a product cordial graph for odd n and not a product

cordial graph for even n. O
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Illustration 2.8 The Fig.4 shows the double triangular snake DT; and its product cordial
labeling.

Theorem 2.9 Gear graph G, is a product cordial graph for odd n and not product cordial graph

for even n.

Proof Let W, be the wheel with apex vertex v and rim vertices vy, vo, - ,v,. To obtain
the gear graph G,, subdivide each rim edge of wheel by the vertices w1, uo, -+ ,u,. Where each
u; subdivides the edge v;v;41 for ¢ = 1,2,--- 'n — 1 and u, subdivides the edge viv,. Then

[V(Gp)| =2n+1 and |E(G,)| = 3n.

To define f : V(G,) — {0,1} we consider following two cases.
Case 1. nis odd
fy=1; flu;))=1for1 <i< [g—" f(v;) = 0, otherwise;
fluj)=1for1<i<n+ {gJ, f(u;) = 0, otherwise.

In view of the above labeling patten we have v;(0) = vp(1) =1 =mn, ef(0) = es(1) +1 =

3 1
n;— . Thus we have |vs(0) —vr(1)] <1 and |ef(0) —ef(1)] < 1.

Case 2. nis even

In order to satisfy the vertex condition for product cordial graph it is essential to assign
label 0 to n vertices out of 2n 4+ 1 vertices. The vertices with label 0 will give rise at least
3n + 1 edges with label 0 and at most 3771 — 1 edge with label 1 out of total 3n edges. Therefore
lef(0) — ef(1)] = 2. Thus the edge condition for product cordial graph is violated. So Gy, is
not a product cordial graph for even n.

Hence gear graph is a product cordial graph for odd n and not product cordial graph for

even n. O

Illustration 2.10 The Fig.5 shows the gear graph G; and its product cordial labeling.
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Fig.5

§3. Concluding Remarks

Some new families of product cordial graphs are investigated. To investigate some charac-
terization(s) or sufficient condition(s) for the graph to be product cordial is an open area of
research.
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Abstract: We say that a graph B is berge, if every graph B’ € {B, B} does not contain an
induced cycle of odd length > 5 [B is the complementary graph of B]. A graph G is perfect if
every induced subgraph G’ of G satisfies x(G') = w(G’), where x(G’) is the chromatic number
of G’ and w(G’) is the clique number of G'. The Berge conjecture states that a graph H is
perfect if and only if H is berge. Indeed, the difficult part of the Berge conjecture consists to
show that x(B) = w(B) for every berge graph B. The Hadwiger conjecture states that every
graph G satisfies x(G) < n(G) [ where n(G) is the hadwiger number of G (i.e., the maximum
of p such that G is contractible to the complete graph K,,)]. The Berge conjecture (see [1]
or [2] or [3] or [5] or [6] or [7] or [9] or [10] or [11] ) was proved by Chudnovsky, Robertson,
Seymour and Thomas in a paper of at least 140 pages (see [1]), and an elementary proof of
the Berge conjecture was given by Ikorong Nemron in a detailled paper of 37 pages long (see
[9]). The Hadwiger conjecture (see [4] or [5] or [7] or [8] or [10] or [11] or [12] or [13] or [15]
or [16]) was proved by Ikorong Nemron in a detailled paper of 28 pages long (see [13]), by
using arithmetic calculus, arithmetic congruences, elementary complex analysis, induction
and reasoning by reduction to absurd. That being so, in this paper, via two simple Theorems,
we rigorously show that the difficult part of the Berge conjecture (solved) and the Hadwiger
conjecture (also solved), are exactly the same conjecture. The previous immediately implies

that, the Hadwiger conjecture is only a non obvious special case of the Berge conjecture.

Key Words: True pal, parent, berge, the berge problem, the berge index, representative,

the hadwiger index, son.

AMS(2010): 05CXX

80. Preliminary and Some Denotations

We recall that in a graph G = [V(G), E(G), x(G),w(G),G], V(G) is the set of vertices, E(G)
is the set of edges, x(G) is the chromatic number, w(G) is the clique number and G is the
complementary graph of G. We say that a graph B is berge if every B’ € {B, B} does not
contain an induced cycle of odd length > 5. A graph G is perfect if every induced subgraph
G’ of G satisfies x(G') = w(G’). The Berge conjecture states that a graph H is perfect if

1Received January 15, 2012. Accepted September 14, 2012.
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and only if H is berge. Indeed the difficult part of the Berge conjecture consists to show that
X(B) = w(B) for every berge graph B. Briefly, the difficult part of the Berge conjecture will
be called the Berge problem. In this topic, we rigorously show that the Berge problem and the
Hadwiger conjecture are exactly the same problem [the Hadwiger conjecture states that every
graph G is 7(G) colorable (i.e. we can color all vertices of G with 1n(G) colors such that two
adjacent vertices do not receive the same color). n(G) is the hadwiger number of G and is the
maximum of p such that G is contractible to the complete graph K,]. That being so, this paper
is divided into six simple Sections. In Section 1, we present briefly some standard definitions
known in Graph Theory. In Section 2 , we introduce definitions that are not standard, and
some elementary properties. In Section 3 we define a graph parameter denoted by 8 (3 is
called the berge index ) and we give some obvious properties of this parameter. In Section 4
we introduce another graph parameter denoted by 7 (7 is called the hadwiger index) and we
present elementary properties of this parameter. In Section 5 , using the couple (3, 7), we show
two simple Theorems which are equivalent to the Hadwiger conjecture and the Berge problem.
In Section 6, using the two simple Theorems stated and proved in Section 5, we immediately
deduce that the Berge problem and the Hadwiger conjecture are exactly the same problem, and
therefore, the Hadwiger conjecture is only a non obvious special case of the Berge conjecture.
In this paper, all results are simple, and every graph is finite, is simple and is undirected. We
start.

§1. Standard Definitions Known in Graph Theory

Recall (see [2] or [14]) that in a graph G = [V(G), E(G)], V(G) is the set of vertices and E(G)
is the set of edges. G is the complementary graph of G (recall G is the complementary graph
of G, if V(G) = V(G) and two vertices are adjacent in G if and only if they are not adjacent
in G). A graph F is a subgraph of G, if V(F) C V(G) and E(F) C E(G). We say that a graph
F is an induced subgraph of G by Z, if F is a subgraph of G such that V(F) = Z, Z C V(G),
and two vertices of F are adjacent in F, if and only if they are adjacent in G. For X C V(G),
G\ X denotes the subgraph of G induced by V(G) \ X. A clique of G is a subgraph of G that
is complete; such a subgraph is necessarily an induced subgraph (recall that a graph K is
complete if every pair of vertices of K is an edge of K); w((G) is the size of a largest clique of
G, and w(Q) is called the cliqgue number of G. A stable set of a graph G is a set of vertices of
G that induces a subgraph with no edges; a(G) is the size of a largest stable set, and «(G) is
called the stability number of G. The chromatic number of G (denoted by x(G)) is the smallest
number of colors needed to color all vertices of G such that two adjacent vertices do not receive

the same color. It is easy to see:

Assertion 1.0 Let G be a graph. Then w(G) < x(G)

The hadwiger number of a graph G (denoted by 7n(G)), is the maximum of p such that G
is contractible to the complete graph K. Recall that, if e is an edge of G incident to z and y,
we can obtain a new graph from G by removing the edge e and identifying x and y so that the

resulting vertex is incident to all those edges (other than e) originally incident to « or to y. This
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is called contracting the edge e. If a graph F' can be obtained from G by a succession of such
edge-contractions, then, G is contractible to F. The maximum of p such that G is contractible
to the complete graph K, is the hadwiger number of G, and is denoted by 7(G). The Hadwiger
conjecture states that x(G) < n(G) for every graph G. Clearly we have:

Assertion 1.1 Let G be a graph, and let F be a subgraph of G. Then n(F) < n(G).

82. Non-Standard Definitions and Some Elementary Properties

In this section, we introduce definitions that are not standard. These definitions are crucial
for the two theorems which we will use in Section 6 to show that the Berge problem and the
Hadwiger conjecture are exactly the same problem. We say that a graph B is berge, if every
B’ € {B, B} does not contain an induced cycle of odd length > 5. A graph G is perfect, if
every induced subgraph G’ of G is w(G’)-colorable. The Berge conjecture states that a graph
G is perfect if and only if G is berge. Indeed, the Berge problem (i.e. the difficult part of the
Berge conjecture, see Preliminary of this paper) consists to show that x(B) = w(B), for every
berge graph B. We will see in Section6 that the Berge problem and the Hadwiger conjecture
are exactly the same problem.

We say that a graph G is a true pal of a graph F, if F is a subgraph of G and x(F) = x(G);
trpl(F') denotes the set of all true pals of F' (so, G € trpl(F) means G is a true pal of F).

Recall that a set X is a stable subset of a graph G, if X C V(G) and if the subgraph of
G induced by X has no edges. A graph G is a complete w(G)-partite graph (or a complete
multipartite graph), if there exists a partition Z(G) = {Y1,- -+, Y, (@)} of V(G) into w(G) stable
sets such that © € ¥; € Z(GQ), y € Y, € E(G) and j # k, = x and y are adjacent in G. It
is immediate that x(G) = w(G), for every complete w(G)-partite graph. ) denotes the set of
graphs G which are complete w(G)-partite. So, G € Q means G is a complete w(G)-partite
graph. Using the definition of {2, then the following Assertion becomes immediate.

Assertion 2.0 Let H € Q and let F' be a graph. Then we have the following two properties.

(2.0.0) x(H) = w(H);
(2.0.1) There exists a graph P € 2 such that P is a true pal of F.

Proof Property (2.0.0) is immediate (use definition of Q2 and note H € ). Property (2.0.1)
is also immediate. Indeed, let I be graph and let Z(F) = {Y1,---,Y, ()} be a partition of
V(F) into x(F) stable sets (it is immediate that such a partition Z(F) exists). Now let Q
be a graph defined as follows: (i) V(Q) = V(F); (it) E(Q) = {Y1,..., Yy(p)} is a partition of
V(Q) into x(F) stable sets such that z € ¥; € 2(Q), y € Y € Z(Q) and j # k, = z and
y are adjacent in Q. Clearly @ € Q, x(Q) = w(Q) = x(F), and F is visibly a subgraph of
Q; in particular @ is a true pal of F' such that @ € Q (because F' is a subgraph of ) and
X(Q) = x(F) and @ € Q). Now putting Q = P, the property (2.0.1) follows. O

So, we say that a graph P is a parent of a graph F, if P € Q[ trpl(F). In other words, P
is a parent of F, if P is a complete w(P)-partite graph and P is also a true pal of F' ( observe
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that such a P exists, via property (2.0.1) of Assertion 2.0). parent(F) denotes the set of all
parents of a graph F' ( so, P € parent(F) means P is a parent of F'). Using the definition of a
parent, then the following Assertion is immediate.

Assertion 2.1 Let F be a graph and let P € parent(F). We have the folowing two properties.

(2.1.0) Suppose that F' € Q. Then x(F) =
(2.1.1) Suppose that F' ¢ Q). Then x(F) =

83. The Berge Index of a Graph

In this section, we define a graph parameter called the berge index and we define a representative
of a graph; we also give some elementary properties concerning the berge index. We recall that
a graph B is berge, if every B’ € {B, B} does not contain an induced cycle of odd length > 5. A
graph G is perfect, if every induced subgraph G’ of G is w(G’)-colorable. The Berge conjecture
states that a graph G is perfect if and only if G is berge. Indeed the Berge problem, consists
to show that x(B) = w(B) for every berge graph B. Using the definition of a berge graph and
the definition of €2 the following assertion becomes immediate.

Assertion 3.0 Let G € Q. Then, G is berge.

Assertion 3.0 says that the set €2 is an obvious example of berge graphs. Now, we define
the berge index of a graph G. Let G be a graph. Then the berge index of G (denoted by 3(G) )
is defined in the following two cases (namely case where G € Q and case where G ¢ ).

First, we define the berge index of GG in the case where G € (.

Case i Suppose that G € Q, and put B(G) = {F; G € parent(F) and F is berge}; clearly B(G)

is the set of graphs F' such that G is a parent of F' and F is berge. Then, 3(G) = Fn}gi(nc)w(F).
€

In other words, B(G) = w(F"), where F” € B(G), and w(F") is minimum for this property.

We prove that such a § clearly exists via the following remark.

Remark i Suppose that G € Q. Then, the berge index 8(G) exists. Indeed put B(G) =
{F;G € parent(F) and F is berge}. Recall G € €, so G is berge (use Assertion 3.0); clearly
G € B(G), so Frr}gi(nc)w(F) exists, and the previous clearly says that 5(G) exists.

€

Now, we define the berge index of G, in the case where G & Q.

Case it Suppose that G ¢ Q and let parent(G) be the set of all parents of G. Then,

B(G) = Pepgﬁigt(G)ﬁ(P). In other words, 8(G) = B(P"), where P" € parent(G), and S(P") is

minimum for this property.

We prove that such a § clearly exists, via the following remark.

Remark i Suppose that G ¢ Q. Then, the berge index §(G) exists. Indeed, let P € Q
such that P is a true pal of G [such a P exists (use property (2.0.1) of Assertion 2.0)], clearly

P € parent(G); note P € Q, and Remark. (i) implies that 5(P) exists. So - min(G)ﬁ(P)
€parent

exists, and clearly 5(G) also exists.
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Remark iii Let G be a graph. Then the berge index 5(G) exists. In fact, applying Remark ¢
if G € Q, and Remark ii if G ¢ €2, we get the conclusion.

To conclude, note that the berge index of a graph G is §(G), where 3(G) is defined as
follows.
G) = i F)if G € Q; and B(G) = i P)if G ¢ Q. Recall B(G) =
5(G) = min w(F) i and B(G) = _min 8(P)if G ¢ 9. Recall B(G)
{F;G € parent(F) and F is berge}, and parent(G) is the set of all parents of G.

We recall (see Section 1) that n(G) is the hadwiger number of G, and we clearly have.

Proposition 3.1 Let K be a complete graph and let G € Q). Then, we have the following three

properties.

(3.1.0) If w(G) < 1, then B(G) = w(G) = x(G) = n(G);
(3.1.1) B(K) = w(K) = x(K) = n(K);
(3.1.2) w(G) > B(G).

Proof Property (3.1.0) is immediate. We prove property (3.1.1). Indeed let B(K) =
{F; K € parent(F) and F is berge}, recall K is complete, and clearly B(K) = {K}; observe

K eQ,s0 B(K)= Fgllsi(r}()w(F) (use definition of parameter 8 and note K € Q), and we easily

deduce that S(K) = w(K) = x(K). Note n(K) = x(K) (since K is complete), and using the
previous, we clearly have 8(K) = w(K) = x(K) = n(K). Property (3.1.1) follows.
Now we prove property (3.1.2). Indeed, let B(G) = {F;G € parent(F) and F is berge},

recall G € Q, and so 8(G) = Fn}gi(nc)w(F) (use definition of parameter § and note G € Q);
€

observe G is berge (use Assertion 3.0), so G € B(G), and the previous equality implies that
w(G@) > B(G). O

Using the definition of the berge index, then we clearly have:

Proposition 3.2 Let B be berge, and let P € parent(B) . Then, 8(P) < w(B).

Proof Let B(P) = {F;P € parent(F) and F is berge}, clearly B € B(P); observe P € €,
so B(P) = Fr%i%lp)w(F), and we immediately deduce that G(P) < w(B). O
€

Now, we define a representative of a graph. Let G be a graph and let 5(G) be the berge
index of G [observe 3(G) exists, by using Remark iii]; we say that a graph S is a representative
of G if S is defined in the following two cases (namely case where G € Q) and case where G ¢ ().

First, we define a representative of G in the case where G € Q.

Case i’ Suppose that G € Q. Put B(G) = {F;G € parent(F) and F is berge}. Then S is a
representative of G, if S € B(G) and w(S) = S(G). In other words, S is a representative of G,
if S is berge and G € parent(S) and w(S) = S(G). In other terms again, S is a representative
of G if S is berge, G € parent(S), and w(S) is minimum for this property. Via Remarks i’ and
i’.0, we prove that such a S exists, and we have x(S) = x(G) = w(G).

Remark i’ Suppose that G € . Then, there exists a graph S such that S is a representative of
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G. Indeed, let B(G) be the berge index of G, recalling that G € Q, clearly 5(G) = Frr};i(nG)w(F),
€

where B(G) = {F;G € parent(F) and F is berge} (use definition of parameter § and note
G € Q) ; now let B € B(G) such that w(B) = 8(G) (such a B exists, since §(G) exists (use

Remark iii), clearly B is a representative of G. Now put B = S; then Remark i’ clearly follows.

Remark i'.0 Suppose that G € Q. Now let S be a representative of G (such a S exists, by
using Remark 4'). Then, x(S) = x(G) = w(G). Indeed, let B(G) = {F;G € parent(F) and
F is berge}, and let S be a representative of G. Recall G € Q, and clearly S € B(G) (use
definition of a representative and note G € Q) ; so G € parent(S), and clearly x(S) = x(G).
Note x(G) = w(G) (since G € ), and the last two equalities immediately imply that x(S) =
X(G) = w(G). Remark i'.0 follows.

Now, we define a representative of G, in the case where G ¢ ().

Case i1’ Suppose that G ¢ Q. Now let parent(G) be the set of all parents of G, and let
P’ € parent(G) such that S(P') = 5(G) (observe that such a P’ exists, since G ¢ €, and
by using the definition of 8(G)); put B(P') = {F'; P’ € parent(F’) and F’ is berge}. Then
S is a representative of G if S € B(P’) and w(S) = B(P') = B(G). In other words, S is a
representative of G (recall G ¢ Q), if S is berge and P’ € parent(S) and w(S) = B(P’) = B(G)
[where P’ € parent(G) and B(P') = 5(G)]. Via Remarks ¢’ and Remark .0, we prove that
such a S exists, and we have x(S) = x(G).

Remark i’ Suppose that G € Q. Then, there exists a graph S such that S is a repre-
sentative of G. Indeed, let B(G) be the berge index of G, recalling that G ¢ Q, clearly

B(G) = - min(G)ﬁ(P). Now, let P’ € parent(G) such that G(P’) = B(G) [observe that
€parent

such a P’ exists, since G ¢ Q, and by using the definition of 3(G)]; note P’ € Q, and clearly

B(P") = an(np )w(F’)( note B(P') = {F';P" € parent(F’) and F’ is berge}). Now, let
/6 !

B’ € B(P’) such that w(B’) = B(P’). Clearly B’ is berge and w(B’) = B(P’) = 5(G). It is easy
to see that B’ is a representative of G. Now put S = B’, then Remark i’ follows.

Remark i’.0 Suppose that G ¢ Q. Now let S be a representative of G (such a S exists by
using Remark #i’). Then x(S) = x(G). Indeed, let S be a representative of G, and consider
P’ € parent(G) such that P’ is a parent of S and B(P’) = 8(G) (such a P’ clearly exists, by
observing that S be a representative of G, G € € and by using the definition of a representative
of G), clearly x(S) = w(P’') = x(P’) = x(G) (since P’ is a parent of G and S). So x(5) = x(G),
and Remark. (4.0 follows.

Remark iii’ Let G be a graph. Then, there exists a graph S such that S is a representative
of G. Applying Remark ¢’ if G € Q and applying Remark i’ if G & Q, we get the conclusion.

Remark iv Let G be a graph and let S be a representative of G (such a S exists, by using
Remark iii'). Then, x(G) = x(S). Applying Remark i'.0 if G € Q, and Remark i7'.0 if G ¢ Q,
the conclusion follows.

It is clear that a representative of a graph G is not necessarily unique, and in all the cases,

we have x(G) = x(95) for every representative S of G [use Remark iv].
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To conclude, note that a graph S is a representative of a graph G if S is defined in the

following two cases.

Case 1. Suppose that G € 2. Then S is a representative of G, if and only if S is berge and
G € parent(S) and w(S) = B(G).

Case 2. Suppose that G € Q. Now let P € parent(G) such that 5(P) = S(G). Then S is
a representative of G if and only if S is berge and P € parent(S) and w(S) = B(P) = B(G);
in other words, S is a representative of G if and only if S is a representative of P, where
P € parent(G) and B(P) = B(G).

We will see in Section 5 that the berge index and a representative help to obtain an original
reformulation of the Berge problem, and this original reformulation of the Berge problem is
crucial for the result of Section 6 which clearly implies that the Hadwiger conjecture is only a

non obvious special case of the Berge conjecture.

84. The Hadwiger Index of a Graph

Here, we define the hadwiger index of a graph and a son of a graph, and we also give some
elementary properties related to the hadwiger index. Using the definition of a true pal, the

following assertion is immediate.

Assertion 4.0 Let G be a graph. Then, there exists a graph S such that G is a true pal of S

and n(S) is minimum for this property.

Now we define the hadwiger index and a son. Let G be a graph and put A(G) = {H;G €
trpl(H)}; clearly A(G) is the set of all graphs H, such that G is a true pal of H. The hadwiger

index of G is denoted by 7(G), where 7(G) = Frrjil(th)n(F). In other words, 7(G) = n(F"),
€
where F" € A(G), and n(F") is minimum for this property . We say that a graph S is a son

of G if G € trpl(S) and n(S) = 7(G). In other words, a graph S is a son of G, if S € A(G) and
n(S) = 7(G). In other terms again, a graph S is a son of G, if G is a true pal of S and 7(S) is
minimum for this property. Observe that such a son exists, via Assertion 4.0. It is immediate
that, if S is a son of a graph G, then x(S) = x(G) and n(S) < n(G).

We recall that 5(G) is the berge index of G, and we clearly have.

Proposition 4.1 Let K be a complete graph and let G € Q. We have the following three

properties.

(4.1.0) If w(G) < 1, then B(G) = w(G) = x(G) = n(G) = 7(G);

(4.1.1) B(K) = w(K) = x(K) = n(K) = 7(K);

4.1.2) w(G) > 7(G).

Proof Properties (4.1.0) and (4.1.1) are immediate. Now we show property (4.1.2). Indeed,
recall G € , and clearly x(G) = w(G). Now, put A(G) = {H;G € trpl(H)} and let K’ be a

complete graph such that w(K’) = w(G) and V(K’) C V(G); clearly K’ is a subgraph of G and

g€ IN

—~

X(G) = w(G) = x(K') = w(K') = n(K') = 7(K) (4.1.2.0).
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In particular K’ is a subgraph of G with x(G) = x(K’), and therefore, G is a true pal of
K'. So K’ € A(G) and clearly

7(G) < n(K') (4.1.2.1).

Note w(G) = n(K’) (use (4.1.2.0)), and inequality (4.1.2.1) immediately becomes 7(G) <
w(G). O

Observe Proposition 4.1 resembles to Proposition 3.1. Using the definition of 7, the fol-

lowing proposition becomes immediate.

Proposition 4.2 Let F be a graph and let G € trpl(F). Then 7(G) < 7(F).

Proof Put A(G) ={H;G € trpl(H)}, and let S be a son of F, recalling that G € ¢rpl(F),
clearly G € trpl(S); so S € A(G) and clearly 7(G) < n(S). Now, observe n(S) = 7(F) (because
S is a son of F), and the previous inequality immediately becomes 7(G) < 7(F). O

Corollary 4.3 Let F be a graph and let P € parent(F). Then 7(P) < 7(F).

Proof Observe that P € trpl(F) and apply Proposition 4.2. O

We will see in Section 5 that the hadwiger index and a son help to obtain an original
reformulation of the Hadwiger conjecture, and this original reformulation of the Hadwiger
conjecture is also crucial for the result of Section 6 which clearly implies that the Hadwiger

conjecture is only a non obvious special case of the Berge conjecture.

85. An Original Reformulation of the Berge Problem and the Hadwiger Conjecture

In this section, we prove two simple Theorems which are equivalent to the Berge problem and
the Hadwiger conjecture. These original reformulations will help in Section 6 to show that the
Berge problem and the Hadwiger conjecture are exactly the same problem. That being so,
using the berge index (3, then the following first simple Theorem is an original reformulation of
the Berge problem.

Theorem 5.1 The following are equivalent.

(1) The Berge problem is true (i.e. x(B) = w(B) for every berge graph B).
(2) x(F) = B(F), for every graph F.
(3) w(G) = B(G), for every G € Q.

Proof (2) = (3) Let G € Q, in particular G is a graph, and so x(G) = 3(G); observe
X(G) = w(Q) (since G € Q), and the last two equalities imply that w(G) = B(G). So (2) = (3)].
(3) = (1) Let B be berge and let P € parent(B); Proposition 3.2 implies that S(P) <
w(B). Note B(P) = w(P) (because P € ), and the previous inequality becomes w(P) < w(B).
It is immediate that x(B) = x(P) = w(P) [since P € parent(B)], and the last inequality
becomes x(B) < w(B); observe x(B) > w(B), and the previous two inequalities imply that
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X(B) =w(B). So (3) = (1)].

(1) = (2) Let F be a graph and let S be a representative of F', in particular S is berge
(because S is a representative of F') and clearly x(S) = w(S), now, observing that w(S) = S(F)
(because S is a representative of F), then the previous two equalities imply that x(S) = B(F);
note x(S) = x(F) (by observing that S is a representative of F' and by using Remark iv of
Section 3), and the last two equalities immediately become x(F) = S(F). So (1) = (2)], and
Theorem 5.1 follows. O

We recall that the Hadwiger conjecture states that x(G) < n(G) for every graph G. Us-
ing the hadwiger index 7, then the following is a corresponding original reformulation of the

Hadwiger conjecture.

Theorem 5.2 The following are equivalent.

(1) The Hadwiger conjecture is true, i.e., x(H) < n(H) for every graph H;
(2) x(F) < 7(F), for every graph F;
(3) w(G) = 7(G), for every G € Q.

Proof (2) = (3) Let G € §, clearly G is a graph and so x(G) < 7(G). Note x(G) = w(G)
(since G € ), and the previous inequality becomes w(G) < 7(G); now, using property (4.1.2)
of Proposition 4.1, we have w(G) > 7(G), and the last two inequalities imply that w(G) = 7(G).

(3) = (1) Let H be a graph and let P € parent(H), then 7(P) < 7(H) (use Corollary
4.3); observe P € Q (since P € parent(H)), clearly w(P) = 7(P) (since P € Q ), and x(H) =
X(P) = w(P) (since P € parent(H)). Clearly 7(P) = x(H) and the previous inequality becomes
X(H) < 7(H). Recall 7(H) < n(H), and the last two inequalities become x(H) < 7(H) < n(H).
So x(H) < n(H), and clearly (3) = (1).

(1) = (2) Indeed, let F be a graph and let S be a son of F, clearly x(S) < n(S); now
observing that x(S) = x(F) ( since F € trpl(S)) and n(S) = 7(F) (because S is a son of F),
then the previous inequality immediately becomes x(F) < 7(F). So (1) = (2)] and Theorem
5.2 follows. O

Theorems 5.1 and 5.2 immediately imply that the Berge problem and the Hadwiger con-
jecture are exactly the same problem, and therefore, the Hadwiger conjecture is only a special

non-obvious case of the Berge conjecture.

86. Conclusion

Indeed, the following two theorems follow immediately from Theorems 5.1 and 5.2.

Theorem 6.1 The following are equivalent.

(i) The Berge problem is true;
(ii) w(G) = B(G), for every G € Q.

Proof Indeed, it is an immediate consequence of Theorem 5.1. O
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Theorem 6.2 The following are equivalent.
(i) The Hadwiger conjecture is true;
(ii) w(G) = 7(Q) for every G € .
Proof Indeed, it is an immediate consequence of Theorem 5.2. 0

Using Theorems 6.1 and 6.2, the following Theorem becomes immediate.

Theorem 6.3 The Berge problem and the Hadwiger conjecture are exactly the same problem.

Proof Indeed observing that the Berge conjecture is true (see [1] or see [9]), then in
particular the Berge problem is true.Now using Theorem 6.1 and the previous, then it becomes
immediate to deduce that

w(G) = B(G), for every G € ) (6.3.1).

That being so, noticing that the Hadwiger conjecture is true (see [13]) and using Theorem 6.2,
then it becomes immediate to deduce that

w(@) =7(G), for every G € Q (6.5.2).

(6.3.1) and (6.3.2) clearly say that the Berge problem and the Hadwiger conjecture are exactly
the same problem. O

From Theorem 6.3, then it comes:

Theorem 6.4(Tribute to Claude Berge) The Hadwiger conjecture is a special case of the Berge

conjecture.
Proof It is immediate to see that
the Berge conjecture implies the Berge problem (6.4.1).
Now by Theorem 6.3
the Berge problem and the Hadwiger conjecture are exactly the sameproblem (6.4.2).

That being so, using (6.4.1) and (6.4.2) , then it becomes immediate to deduce that the

Hadwiger conjecture is a special case of the Berge conjecture. O
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Abstract: In this paper we considered the set of regular CW-complexes or simply com-
plexes. We obtained the necessary and sufficient condition for the composition of cellular
maps to be a cellular folding. Also the necessary and sufficient condition for the composition
of a cellular folding with a cellular map to be a cellular folding is declared. Then we proved
that the Cartesian product of two cellular maps is a cellular folding iff each map is a cellular
folding. By using these results we proved some other results. Once again we generalized the
first three results and in each case we obtained the folding graph of the new map in terms

of the original ones.
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81. Introduction

A cellular folding is a folding defined on regular CW-complexes first defined by E. El-Kholy
and H. Al-Khursani [1], and various properties of this type of folding are also studied by them.
By a cellular folding of regular CW-complexes, it is meant a cellular map f : K — L which
maps i-cells of K to i- cells of L and such that f|.: for each i-cells e is a homeomorphism onto
its image.

The set of regular CW-complexes together with cellular foldings form a category denoted
by C(K,L). If f € C(K,L), then z € K is said to be a singularity of f iff f is not a local
homeomorphism at x. The set of all singularities of f is denoted by > f. This set corresponds
to the folds of map. It is noticed that for a cellular f, the set > f of singularities of f is a proper
subset of the union of cells of dimension< n — 1. Thus, when we consider any f € C(K, L),
where K and L are connected regular CW-complexes of dimension 2, the set Y f will consists
of 0- cells, 1-cells, and each 0-cell (vertex) has an even valency [2]. Of course, > f need not be
connected. Thus in this case Y f has the structure of a locally finite graph I'y embedded in K,

for which every vertex has an even valency. Note that if K is compact, then I's is finite, also any

1Received June 21, 2012. Accepted September 16, 2012.
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compact connected 2-manifold without boundary (surface) K with a finite cell decomposition
is a regular CW-complex, then the 0-and 1-cells of the decomposition K from a finite graph I'f
without loops and f folds K along the edges or 1-cells of I'y. Let K and L be complexes of the
same dimension n. A neat cellular folding f : K — L is a cellular folding such that L™ — L"~1

consists of a single n-cell, IntL that is f satisfies the following:

(¢) f maps i-cells to i-cells;

(49) for each € which contains n vertices, f(e) is mapped on the single n- cell, IntL, [3].

The set of regular CW-complexes together with neat cellular foldings form a category which
is denoted by NC(K,L). This category is a subcategory of cellular foldings C(K, L). From
now we mean by a complex a regular CW-complex in this paper.

82. Main Results

Theorem 2.1 Let M, N and L be complexes of the same dimension 2 such that L C N C M.
Let f: M — N , g: N — L be cellular maps such that f(M)= N, g(N)=L. Then go f is a
cellular folding iff f and g are cellular foldings. In this case, Tyor =T |J f~1(T,).

Proof Let M, N and L be complexes of the same dimension 2, let f : M — N be a cellular
folding such that > f # 0, i.e., f(M) =N # M. Then ) f form a graph Iy embedded in M.
Let g : N — N be a cellular folding such that g(N) = L # N, > g =Ty is embedded in N.
Now, let 0 € M®, i =0,1,2 be an arbitrary i-cell in M such that & has S distinct vertices
then (go f)(0) = g(f(0)) = g(o’), where o’ € N such that & has S distinct vertices since f is
a cellular folding. Also g(o') € L such that g(o’) has S distinct vertices since g is a cellular
folding. Thus go f is a cellular folding. In this case Y. go fis 3. fU f (> g). In other words,
Tpog =Tr U H(Ty).

Conversely, suppose f: M — N and g : N — L are cellular maps such that gof: M — L
is a cellular folding. Now, let o € M be an i-cell in M. Suppose f(o) = o’ is a j-cell in
N, such that j # i. Then since f is a cellular map, then j < i. But j # 4, thus j < 4. Since
f(o) =0’, then (go f)(o) = g(f(c)) = g(c’). But go f is a cellular folding, thus (g o f)(o) is
an i- cell in L and so is g(o’). Since ¢’ is a j- cell in N and g is a cellular map, then ¢ must
be less than j and this contradicts the assumption that j < i. Hence the only possibly is that
i = j. Note that the above theorem is true if we consider f and g are neat cellular foldings

instead of cellular folding. O

Example 2.2 Consider a complex on M = S? with cellular subdivision consists of six-vertices,

twelve 1-cells and eight 2-cells. Let f : M — N be a cellular folding given by:

o.0 ,0 ,0 .0 0y_ (0 ,0 .0 ,0 .0 .0
f(elae27€3764a85766) = (61762563764765561)7
1,1,1.,1,1,1,1,1.,1, ,1 ,1Yy_(1., ,1,1.1 .1, .1, 1,11
fleg,ea,e3,e4, €35, €5, €7, €8, €9, €105 €11, €12) = (€1, €3, €3, €4, €5, €5, €7, €5, €3, €4, €1, €3),
2

2 .2 .2 .2 .2 .2 2\ _ (.2 .2 .2 .2 .2 .2
f(elv62763764765766767768) - (61762763764761762)'

In this case f(M) = N is a complex with five vertices, eight 1-cells and four 2-cells, see Fig.1(a).
The folding graph I'y is shown Fig.1(b).
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0
% d
z 4
1 1
es e e

—
T
N

Fig.1
Now, let g : N — N be given by : g(e?,¢e9,e9,¢e3,e2) = (9,9, €9, €3, e2), glel, el el el el,
es, el el) = (eh, el el el el el el el), gled, e3,e3,e3) = (e?,e3,e3,e3). See Fig.2(a). Again g
is a cellular folding and the folding graphs I'y and f~1(T',) are shown in Fig.2(b).

0
€ a 0
el 1 (a) e
eg 6% 60 eg
el ’ e
eg 12 9
€e
I‘f f_l(rg)
(b)
Fig.2

Then go f: M — L is a cellular folding with folding graph I'go shown in Fig.3.
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Fig.3

Theorem 2.1 can be generalized for a series of cellular foldings as follows:

Theorem 2.3 Let M, My, Ms,--- , M,, be complexes of the same dimension 2 such that M, C
M,—1 C My C M, and consider the cellular maps M ELY M, ELd Ms--- I M,,. Then the
composition of these cellular maps ¢ :: M — M, is a cellular folding iff each f., r=1,2,--+,n

is a cellular folding. In this case the folding graphs satisfy the condition

Ty = Tp(JA'Tp)Jho i) @n s o fao )™ (T5)
U"'U(f"*1 0 fog oo fi) Iy

Theorem 2.4 Let M, N and L be complexes of the same dimension 2 such that L C N C M.
Let f: M — N be a cellular folding such that f(M) = N. Then a cellular map g: N — L is a
cellular folding iff go f : M — L is a cellular folding. In this case T'y = f{(Tgor \E(T'f))\{V}],
where E(T'y) is the set of edges of 'y and {V'} is the set of the isolated vertices remains in
| S

Proof Suppose g o f is a cellular folding, f € C(M,N), S f #0. Let 0 € M@ i =0,1,2
be an arbitrary ¢-cell in M such that o has S vertices. Since g o f is a cellular folding, then
go f(o) =o' is an i-cell in L such that ¢’ has S distinct vertices. But g o f(o) = g(f(0)) and
f(o) is an i-cell in N such that W has S distinct vertices, then g maps i-cells to i-cells and
satisfies the second condition of cellular folding, consequently, g is a cellular folding. In this
case, I'g = f[(Tgos \ E(T's)) \ {V}],where E(I'y) is the set of edges of 'y and {V'} is the set of
the isolated vertices remains in I'go¢.

Conversely, suppose g : N — L is a cellular folding. Since f : M — N is a cellular folding,
by Theorem 2.1, go f is a cellular folding. Notice that this conclusion is also true if we consider

g and g o f neat cellular foldings instead of cellular foldings. g

Example 2.5 Consider a complex on |[M| = S? with cellular subdivision consisting of six
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vertices, twelve 1-cells and eight 2-cells. Let f: M — M, f(M) = N be a cellular folding given
as shown in Fig.1(a) with folding graph I'y shown in Fig.1(b).

Now, let L be a 2-cell with boundary consists of three 0-cells and three 1-cells , see Fig.4(a)
and let h : M — L be a cellular folding defined by:

o, ., ,0 ,0y_ (0,0 ,0 ,0 ,0 ,0
h(e 762563764765566) - (61562763562563761)5
1,1 1
2,%3

0
1
1 11,1 .1 1,1 1 1N (1,1 1.1 .1 1,1 1 1 1 1 1
h(er,e3,e3, ey, €5, €5, 3, €5, €5, €10, €11, €12) = (€1, €}, €3, €1, €5, €5, €5, €3, €5, €4, €4, €1 ),
2
1

h(ef, €3, €3, ei, €3, €5, €7, e§) = (e1).

The folding graph T’ is shown in Fig.4(b).

€1

Fig.4

The cellular folding A is the composition of f with a cellular folding g : N — L which folds N
onto L. The graph I'y is given is given in Fig.5.

€7
el e} el el
el € g
Iy = fl(Tgor \ ETf) \{V}]
Fig.5

where E(T'f) is the edges of T'y and {V'} is the set of the isolated vertices remains in I'go y = I'j,.

Theorem 2.4 can be generalized for a finite series of cellular foldings as follows:

Theorem 2.6 Let M, My, Ms,--- , M, be complexes of the same dimension 2 such that M, C

M,_1 C---C My C M, and consider the cellular maps M ELN M, 3 Ms--- fn—?l n—1. Then

a cellular map fn : Mp_1 — M, is a cellular folding iff the composition f, o fp_10---0 f1:
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M — M, is a cellular folding. In this case the folding graph of f, is given by:

Ly, =(famr0o 0 f)[(Tf,romops \ BT yoror) \{V},

where E(L'f, o...0f,) is the set of edges of Ty, o...of, and {V'} is the set of the isolated vertices

remains i Uy of. _oof; -

Theorem 2.7 Suppose K, L, X andY are complexes of the same dimension 2. Let f: K — X
and g: L —'Y be cellular maps. Then fx g: K x L — X XY is a cellular folding iff f and g
are cellular foldings. In this case, Ty, = Ty x L) J(T'y x K).

Proof Suppose f and g are cellular foldings. We claim that f x g is a cellular folding. Let
e’ be an arbitrary i-cell in K, e’j be an arbitrary j-cell in L. Then (ef,e7) is an (i 4 j)-cell in
K x L. Since (f x g)[(e?,e7)] = (f(e'), g(€'§)), thus (f x g)(e’,€7) is an (i + j)-cell in X x ¥
(since f(e') is an i-cell in X, g(e¥)isa j- cellin Y, f and g are cellular foldings). Then f X g
sends cells to cells of the same dimension. Also, if o = (ef,¢7), & and (f x g)(c) contains the

same number of vertices because each of f and g is a cellular folding.

Suppose now f X g is a cellular folding, then f x g maps p-cells to p-cells, i.e., if (e, €’) is a
p-cell in K x L, then (f x g)(e,e’) = (f(e),g(¢')) is a p-cell in X x Y. Let e be an i-cell in K
and e’ be a (p —4)-cell in L. The all cellular maps must map i-cells to j-cells such that j < 1.
If ¢ = j, there are nothing needed to prove. So let ¢ > j. In this case g will map (p — ¢)-cells to
(p — j)-cells and hence it is not a cellular map. This is a contradiction and hence i = j is the
only possibility. The second condition of cellular folding certainly satisfied in this case. O

It should be noted that this conclusion is also true for neat cellular foldings, but it is not
true for simplecial complexes since the product of two positive-dimensional simplexes is not a

simplex any more.

Example 2.8 Let K be complex such that |K| = S with four vertices and four 1-cells, and let
f: K — K be a cellular folding defined by f(v!,v% v3,v*) = (v, v% vl v*) and L a complex
such that |L| = I with three vertices and two 1-cells and let g : L — L be a neat cellular folding

g(ut,u? u?) = (ut,u62,u'), see Fig.6.

2 vl ol ud
U2
o3 s —L 02 w2 —2. 2
ul
4. 1
’U4 ’U4 v u
K f(K) Ly L g(L) Ty

Fig.6

Then the folding graphs I's x L and I'j x K have the form shown in Fig.7.
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I'yxL g x K
Fig.7

Now fxg: K x L — K x L is a cellular folding but not neat. The cell decomposition of K x L
and (f x g)(K x L) are shown in Fig.8(a). In this case, I'fx, has the form shown in Fig.8(b).

= D

\J
o
B

/\
7

K x L (f x (K x L)  Tyxg=TsxL)UJT, x K)

Fig.8
Theorem 2.7 can be generalized for the product of finite numbers of complexes as follows:
Theorem 2.9 Suppose K1,Ks, -+, K, and X1, X3, -+, X, are compleres of the same di-
mension 2 and f; : K; — X; fori = 1,2,--- n are cellular maps. Then the product map

fixfox-fn: Ky xKygx--xK,— X1 xXXg X xXX, is a cellular folding iff each of f;

is a cellular folding for i =1,2,--- ,n. In this case,

Cfospoxoxtn = Tp X (Ko x Kgx oo x Kp) | JTp, x (Ky x K x -+ x Ky)
U-uUan X (K1 X Ko X+ X Kp_1).
Theorem 2.10 Let A, B, A1, Az, By, By be complexes and let f : A — Ay, g : B — By,

h: Ay — Ay, k: By — Bz be cellular foldings. Then (h x k)o (f x g)=(hof)x(kog) is a
cellular folding with folding graph

Linxkyo(rxg) = Lxg U(f X g) " (Chxk) = T (hof)x (kog) = (LThoy X B) U(Fkog X A).

Proof Since h : Ay — As, k: By — Bs are cellular foldings, then h xk : Ay X B| — As X By
is a cellular folding. Also, since f : A — Ay, g : B — B; are cellular foldings, then so is
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fxg:AxB— A; x By. Thus (h x k)o(f X g): AXx B — As x By is a cellular folding with

folding graph T'(hxiyo(rxg) = Lixg U(f X 9) " (Thxk)-
On the other hand, because both of (ho f) and (kog) are cellular foldings, then (ho f)x (kog)
is a cellular folding with folding graph

F(hof)x(kog) = (Fhof X B) U(Fkog X A) O
The above theorem can be generalized for a finite number of cellular foldings.

Example 2.11 Suppose A, B, A1, Aa, By, By are complexes such that A = S1, B = |A4;| =
|As| = |B1| = | B2| = I with cell decompositions shown in Fig.9.

O D=2

A f(A) = A, Ty Ay h(Ay) =A; T,
B g(B)=DB1 T B g(B1) =B T}, =0
Fig.9

Suppose f: A— Ay, g: B— Bi, h: Ay — As and k : By — By are cellular foldings. The
cellular foldings f x g, h x k and the folding graphs 'y g, Unxk, [(nxr)o(sxg) are shown in

B o -

AXx Bf xg)(Ax B)=A; x Byxyg A1 x Byx k)(A; x By) = As X By

—H

Clnxiyo(xg) = Lxg U X 9) 7 (Chxk)

Fig.10
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Also the cellular folding h o f, k o g and the folding graphs I'nof, Tkogs I'(hof)x (kog) are
shown in Fig.11.

kof kxg

—_— . . B —— 'Fkog

A (ho f)(A)=Az TDhos B (kog)(B) = B2

F(hc>f)><(lcog) = (Fhof X B) U(Fkog X A)

Fig.11

Proposition 2.11 Let X be a complex and f : X — X any neat cellular folding. Then f

restricted to any subcomplex A of X is again a neat cellular folding over the image f(X) =Y.

This is due to the fact that f.: with e’ an i-cell of X, is a homeomorphism onto its image
and in the case of neat cellular folding of surfaces the image, Y must has only one 2-cell, IntY,
and thus the restriction of f to any subcomplex of X will maps each 2-cells of A onto the 2-cell
of Y and it does so for the 0 and 1-cells of A since f in fact is cellular. Consequently f|a is a
neat cellular folding of A to Y.

Example 2.12 Consider a complex X such that |X| is a torus with a cellular subdivision

shown in Fig.12 and let f : X — X be given by
F(ef, €5, €5, €f) = (el €3, €, e),

T .1 .1 .1 .1 1 1 1\ _ r .1 .1 .1 .1 .1 1 _1
f(el,62,63,64,65,66,67,68) = (61761761761765768765768)7

f(e2)=¢e? forn=1,2,3,4.

n

Fig.12
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The map f is a neat cellular folding with image f(X) = Y which is a subcomplex of X consists of
two 0-cells, three 1-cells and a single 2-cell. Now let A C X shown in Fig.13. Then f|4: A — Y
given by
f|A(e(1J= 6(2)7 eg) = (6?7 6(2), 6?),
1

f|A(e},e}L,eé,e%,eé) = (6}76%76%76%768)7

fla(e?) =e? forn =1,2,3,4

n

is a neat cellular folding.

Fig.13
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Abstract: The concept of triple connected graphs with real life application was introduced
in [7] by considering the existence of a path containing any three vertices of a graph G. In this
paper, we introduce a new domination parameter, called Smarandachely triple connected
domination number of a graph. A subset S of V of a nontrivial graph G is said to be
Smarandachely triple connected dominating set, if S is a dominating set and the induced
sub graph (S) is triple connected. The minimum cardinality taken over all Smarandachely
triple connected dominating sets is called the Smarandachely triple connected domination
number and is denoted by ;... We determine this number for some standard graphs and
obtain bounds for general graphs. Its relationship with other graph theoretical parameters

are also investigated.

Key Words: Domination number, triple connected graph, Smarandachely triple connected

domination number.

AMS(2010): 05C69

§1. Introduction

By a graph we mean a finite, simple, connected and undirected graph G(V, E), where V' denotes
its vertex set and F its edge set. Unless otherwise stated, the graph G has p vertices and ¢
edges. Degree of a vertex v is denoted by d(v), the maximum degree of a graph G is denoted
by A(G). We denote a cycle on p vertices by Cp, a path on p vertices by P,, and a complete
graph on p vertices by K. A graph G is connected if any two vertices of G are connected by a
path. A maximal connected subgraph of a graph G is called a component of G. The number of
components of G is denoted by w(G). The complement G of G is the graph with vertex set V' in
which two vertices are adjacent if and only if they are not adjacent in G. A tree is a connected
acyclic graph. A bipartite graph (or bigraph) is a graph whose vertex set can be divided into
two disjoint sets V; and V5 such that every edge has one end in V; and another end in V5.

A complete bipartite graph is a bipartite graph where every vertex of V; is adjacent to every

1Received May 31, 2012. Accepted September 18, 2012.
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vertex in V5. The complete bipartite graph with partitions of order |Vi| = m and |Va| = n, is
denoted by K,, . A star, denoted by K ,_1 is a tree with one root vertex and p — 1 pendant
vertices. A bistar, denoted by B(m,n) is the graph obtained by joining the root vertices of
the stars K1 ., and K1 ,. A wheel graph, denoted by W), is a graph with p vertices, formed by
joining a single vertex to all vertices of C},—1. A helm graph, denoted by H,, is a graph obtained
from the wheel W,, by attaching a pendant vertex to each vertex in the outer cycle of W,,.
Corona of two graphs G7 and G5, denoted by G1 o G5 is the graph obtained by taking one copy
of Gy and |V (G1)| copies of G in which ‘" vertex of G is joined to every vertex in the ‘"
copy of Ga. If S is a subset of V| then (S) denotes the vertex induced subgraph of G induced
by S. The open neighbourhood of a set S of vertices of a graph G, denoted by N(5) is the set
of all vertices adjacent to some vertex in S and N(S) U S is called the closed neighbourhood
of S, denoted by N[S]. The diameter of a connected graph is the maximum distance between
two vertices in G and is denoted by diam(G). A cut-vertex (cut edge) of a graph G is a vertex
(edge) whose removal increases the number of components. A vertex cut, or separating set of
a connected graph G is a set of vertices whose removal results in a disconnected graph. The
connectivity or vertex connectivity of a graph G, denoted by x(G) (where G is not complete)
is the size of a smallest vertex cut. A connected subgraph H of a connected graph G is called a
H-cut if w(G — H) > 2. The chromatic number of a graph G, denoted by x(G) is the smallest
number of colors needed to colour all the vertices of a graph G in which adjacent vertices receive
different colours. For any real number z, | 2| denotes the largest integer less than or equal to x.
A Nordhaus-Gaddum-type result is a (tight) lower or upper bound on the sum or product of a
parameter of a graph and its complement. Terms not defined here are used in the sense of [2].

A subset S of V is called a dominating set of G if every vertex in V — S is adjacent to at
least one vertex in S. The domination number «(G) of G is the minimum cardinality taken over
all dominating sets in G. A dominating set S of a connected graph G is said to be a connected
dominating set of G if the induced sub graph (S) is connected. The minimum cardinality taken

over all connected dominating sets is the connected domination number and is denoted by ~..

Many authors have introduced different types of domination parameters by imposing con-
ditions on the dominating set [11-12]. Recently, the concept of triple connected graphs has been
introduced by Paulraj Joseph et. al. [7] by considering the existence of a path containing any
three vertices of G. They have studied the properties of triple connected graphs and established
many results on them. A graph G is said to be triple connected if any three vertices lie on a
path in G. All paths, cycles, complete graphs and wheels are some standard examples of triple
connected graphs. In this paper, we use this idea to develop the concept of Smarandachely
triple connected dominating set and Smarandachely triple connected domination number of a

graph.
Theorem 1.1([7]) A tree T is triple connected if and only if T = P,;p > 3.
Theorem 1.2([7]) A connected graph G is not triple connected if and only if there exists a

H-cut with w(G — H) > 3 such that |V(H) N N(C;)| = 1 for at least three components Cy, Co
and C3 of G — H.
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Notation 1.3 Let G be a connected graph with m vertices v1,va, ..., vn. The graph obtained
from G by attaching n; times a pendant vertex of P, on the vertex vi,ng times a pendant
vertex of P, on the vertex vy and so on, is denoted by G(n1 P, n2P,,,ng Py, ..., ny, P, ) where
ni,l; > 0and 1 <i<m.

Example 1.4 Let vy, vs,v3,v4, be the vertices of Ky. The graph K4(2P,, Ps, Py, Ps) is obtained
from K, by attaching 2 times a pendant vertex of P, on v, 1 time a pendant vertex of P3 on
v, 1 time a pendant vertex of Py on vs and 1 time a pendant vertex of P on vy and is shown

in Figure 1.1.

7] s

Vg W3

Figure 1.1 K4(2P2, Pg, P4, Pg)

§2. Triple Connected Domination Number

Definition 2.1 A subset S of V' of a nontrivial connected graph G is said to be a Smarandachely
triple connected dominating set, if S is a dominating set and the induced subgraph (S) is triple
connected. The minimum cardinality taken over all Smarandachely triple connected dominating
sets is called the Smarandachely triple connected domination number of G and is denoted by
Yie(G). Any Smarandachely triple connected dominating set with 4. vertices is called a vyi.-set

of G.

Example 2.2 For the graph G; in Figure 2.1, S = {v1,v2,v5} forms a 7.-set of G1. Hence

"th(Gl) = 3
L3

] Ve
G 1 g Vs \

Vg V3

Figure 2.1 Graph with . =3

Observation 2.3 Triple connected dominating set (tcd-set) does not exist for all graphs and
if exists, then v.(G) > 3.

Example 2.4 For the graph G in Figure 2.2, any minimum dominating set must contain all
the supports and any connected subgraph containing these supports is not triple connected and

hence ;. does not exist.
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Figure 2.2 Graph with no tcd-set

Throughout this paper we consider only connected graphs for which triple connected dom-
inating set exists.
Observation 2.5 The complement of the triple connected dominating set need not be a triple

connected dominating set.

Example 2.6 For the graph G5 in Figure 2.3, S = {vy,vs,v3} forms a triple connected
dominating set of G5. But the complement V —S = {vy4, vs, vg, v7, Us, Vg } is not a triple connected

dominating set.
Vi V2 V3

V‘ VS Vﬁ V? Vs Vg
Figure 2.3 Graph in which V' — § is not a tcd-set

Observation 2.7 Every triple connected dominating set is a dominating set but not conversely.

Observation 2.8 For any connected graph G,v(G) < 7.(G) < 7.(G) and the bounds are
sharp.

Example 2.9 For the graph G4 in Figure 2.4, v(G4) = 4,7.(G4) = 6 and 74.(G4) = 8. For the
graph G5 in Figure 2.4, v(G5) = 7.(G5) = 7i(G5) = 3.

Wy Vs

V3 Wy Vi vz V3
G, Vs U G::

\Vy Vg Vg Vs Ve

Vg Via

Vi1 Va2

Figure 2.4
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Theorem 2.10 If the induced subgraph of each connected dominating set of G has more than

two pendant vertices, then G does not contain a triple connected dominating set.

1.

2.

8.

9.

10.

Proof The proof follows from Theorem 1.2. O
Some exact value for some standard graphs are listed in the following:

Let P be the petersen graph. Then ~;.(P) = 5.

For any triple connected graph G with p vertices, y:.(G o K1) = p.

3 ifp<5

For any path of order p > 3,v(Pp) =
p—2 if p>5.

3 if p<b

For any cycle of order p > 3,7v:.(Cp) =
p—2 if p>5.

For any complete bipartite graph of order p > 4, (K n) = 3. (where m,n > 2 and
m+n=p).
For any star of order p > 3, ve(K1,p-1) = 3.
For any complete graph of order p > 3, v:.(K,) = 3.
For any wheel of order p > 4,v,.(W,) = 3.
p—1

For any helm graph of order p > 7,7;.(H,) = %5~ (where 2n — 1 = p).

For any bistar of order p > 4, v.(B(m,n)) = 3 (where m,n > 1 and m+n + 2 = p).

Example 2.11 For the graph Gg in Figure 2.5, S = {vg, va,vs,v4} i & unique minimum

connected dominating set so that 7.(Gg) = 4. Here we notice that the induced subgraph of S

has three pendant vertices and hence G does not contain a triple connected dominating set.

V7
Vs
G;:
& L $ |
V3 V2 V3 Vg Vs

Figure 2.5 Graph having cd set and not having tcd-set

Observation 2.12 If a spanning sub graph H of a graph G has a triple connected dominating

set, then G also has a triple connected dominating set.

Observation 2.13 Let G be a connected graph and H be a spanning sub graph of G. If H

has a triple connected dominating set, then 4:.(G) < y:.(H) and the bound is sharp.

Example 2.14 Consider the graph G7 and its spanning subgraphs Gg and Gg shown in Figure

2.6.
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u
u 15 1 3 v i
) Uz Ya )
G;u us s GS L] Gg U3 e Us
Us Uy Uy Us Uy Uy Ug Uy Ua
Figure 2.6

For the graph G7,S = {us2, u4,u7} is a minimum triple connected dominating set and so
Yte(G7) = 3. For the spanning subgraph Gg of G7,S = {uy,us,us,us} is a minimum triple
connected dominating set so that v..(Gs) = 4. Hence v.(G7) < Y(Gs). For the spanning
subgraph Gg of G7,S = {u2,us,ur} is a minimum triple connected dominating set so that
Y1e(Go) = 3. Hence 7ie(G7) = Y1e(Go).

Observation 2.15 For any connected graph G with p vertices, y.(G) = p if and only if G = P
or Cs.

Theorem 2.16 For any connected graph G with p vertices, v.(G) = p — 1 if and only if
G = P47 045 K47 K1,35 K4 - {6}7 03(P2)

Proof Suppose G 2 Py, Cy, Ky—{e}, K4, K13, C3(Py), then v4.(G) = 3 = p—1. Conversely,
let G be a connected graph with p vertices such that v,.(G) = p—1. Let S = {u1, ug, ..., up_1}
be a y.-set of G. Let x be in V' — S. Since S is a dominating set, there exists a vertex v; in
S such that v; is adjacent to x. If p > 5, by taking the vertex v;, we can construct a triple
connected dominating set S with fewer elements than p — 1, which is a contradiction. Hence
p < 4. Since Y.(G) = p — 1, by Observation 2.5, we have p = 4. Let S = {v1,v2,v3} and
V — S = {wvs}. Since S is a y.-set of G, (S) = P3 or Cs.

Case i <S> = P3 = V1020V3

Since G is connected, vy is adjacent to vy (or v3) or vy is adjacent to ve. Hence G = Py or
Klyg.

Case 1ii <S> = Cg = V1U2V3V1

Since G is connected, vy is adjacent to vy (or v or vs3). Hence G = C3(P2). Now by adding
edges to Py, K; 3 or C3(P2) without affecting 7., we have G = Cy, K4 — {e}, K4. O

Theorem 2.17 For any connected graph G with p > 5, we have 3 < v.(G) < p — 2 and the

bounds are sharp.

Proof The lower bound follows from Definition 2.1 and the upper bound follows from
Observation 2.15 and Theorem 2.16. Consider the dodecahedron graph G1¢ in Figure 2.7, the
path Ps and the cycle Cy.
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Figure 2.7

One can easily check that S = {ug, ur, us, ug, 10, U11, U12, U13, U14, Y15} IS @ Minimum triple
connected dominating set of G1p and v:.(G1p) = 10 > 3. In addition, 1.(G19) = 10 < p — 2.
For P, the lower bound is attained and for Cy the upper bound is attained. O

Theorem 2.18 For a connected graph G with 5 vertices, vi.(G) = p—2 if and only if G is iso-
morphic to Ps, Cs, W5, K5, K1 4, K2 3, K102Ka, Ks—{e}, K4(P2), C4(P2), C3(P3), C3(2P,), C3( P2,
P5,0), P4(0, P5,0,0) or any one of the graphs shown in Figure 2.8.

X X Y Y
2 u 2 u u v 2 v

X X X

Figure 2.8 Graphs with v, =p—2

Proof Suppose G is isomorphic to Ps,Cs, Ws, K5, K14, K23,K1 o 2K9, K5 — {e},
Ky(P2),Cy(Ps),C5(P5),C5(2P2), C3(Ps, P2,0), P4(0, P»,0,0) or any one of the graphs H; to
H; given in Figure 2.8., then clearly v:.(G) = p — 2. Conversely, let G be a connected graph
with 5 vertices and v;.(G) = 3. Let S = {x,y, 2} be a y.-set. Then clearly (S) = P3 or C3. Let
V—-8=V(G)-V(S) = {u,v}. Then (V — S) = K5 or Ks.

Case i (S)=P;=ayz
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Subcase i (V —5) = Ky = uv

Since G is connected, there exists a vertex say x (or z) in P; which is adjacent to u (or
v) in K. Then S = {z,y,u} is a minimum triple connected dominating set of G so that
Ye(G) = p—2. I d(z) = d(y) = 2,d(z) = 1, then G ~ Ps. Since G is connected, there exists
a vertex say y in Pj is adjacent to u (or v) in Ka. Then S = {y,u,v} is a minimum triple
connected dominating set of G so that v:.(G) = p — 2. If d(x) = d(z) = 1,d(y) = 3, then
G = P4(0, P2,0,0). Now by increasing the degrees of the vertices, by the above arguments, we
have G = C5, W5, K5, K273, K5 — {e}, K4(P2), C4(P2), C3(P3), C3(2P2), C3(P2, Pg, O) and H1 to
H7 in Figure 2.8. In all the other cases, no new graph exists.

Subcase it (V. —S5) =2

Since G is connected, there exists a vertex say x (or z) in Ps is adjacent to u and v in K.
Then S = {x,y, 2} is a minimum triple connected dominating set of G so that v:.(G) = p — 2.
If d(z) = 3,d(y) = 2,d(z) = 1, then G = P4(0, P,0,0). In all the other cases, no new graph
exists. Since G is connected, there exists a vertex say y in Ps which is adjacent to u and v in K.
Then S = {z,y, z} is a minimum triple connected dominating set of G so that v..(G) = p — 2.
If d(z) = d(z) = 1,d(y) = 4, then G = K; 4. In all the other cases, no new graph exists. Since
G is connected, there exists a vertex say x in Ps which is adjacent to u in K and y in Ps is
adjacent to v in K. Then S = {x,y, 2z} is a minimum triple connected dominating set of G so
that v.(G) = p — 2. If d(z) = 2,d(y) = 3,d(z) = 1, then G = P4(0, P»,0,0). In all the other
cases, no new graph exists. Since G is connected, there exists a vertex say x in P which is
adjacent to u in K and z in P3 which is adjacent to v in Ko. Then S = {x,y, 2} is a minimum
triple connected dominating set of G so that v.(G) = p — 2. If d(z) = d(y) = d(z) = 2, then
G = P5. In all the other cases, no new graph exists.

Case i1 (S) =C3 =uzyzz
Subcase i (V —5) = Ky = wv

Since G is connected, there exists a vertex say x (or y, z) in C3 is adjacent to u (or v) in Ko.
Then S = {z,y,u} is a minimum triple connected dominating set of G so that v.(G) = p — 2.
If d(z) = 3,d(y) = d(z) = 2, then G = C5(Ps). If d(z) = 4,d(y) = d(z) = 2, then G = K 02K.

In all the other cases, no new graph exists.
Subcase ii (V —8) =K,

Since G is connected, there exists a vertex say = (or y, z) in Cs is adjacent to u and v in K.
Then S = {z,y, z} is a minimum triple connected dominating set of G so that v..(G) = p — 2.
If d(z) = 4,d(y) = d(z) = 2, then G = C3(2F2). In all the other cases, no new graph exists.
Since G is connected, there exists a vertex say z(or y, 2) in C3 is adjacent to u in Ko and y (or
z) in Cjs is adjacent to v in Ko. Then S = {x,y, 2z} is a minimum triple connected dominating
set of G so that v:.(G) = p — 2. If d(x) = d(y) = 3,d(z) = 2, then G = C5(Pz, P;,0). In all

other cases, no new graph exists. 0

Theorem 2.19 For a connected graph G with p > 5 vertices, v:.(G) = p — 2 if and only if G
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is isomorphic to P, or Cp.

Proof Suppose G is isomorphic to P, or Cp, then clearly v;.(G) = p — 2. Conversely, let G
be a connected graph with p > 5 vertices and v.(G) = p — 2. Let S = {v1,v2,...,v,—2} be a
Yie-set and let V — S = V(G) — V(S) = {vp—1,v,}. Then (V — S) = Ko, K».

Claim. (S) is a tree.

Suppose (S) is not a tree. Then (S) contains a cycle. Without loss of generality, let
C =v1v2 - -vqv1,q < p—2 be a cycle of shortest length in (S). Now let (V —5) = Ko = vp_10,.
Since G is connected and S is a v-set of G,v,_1(or vp) is adjacent to a vertex vy in (S). If
vg is in C, then S = {vp—1,vi,viy1,...,vi—3} U {z € V(G) : ¢ C} forms a 7-set of G so
that v..(G) < p — 2, which is a contradiction. Suppose v,_1 (or vp) is adjacent to a vertex v;
in (S) — C, then we can construct a vy;.-set which contains v,_1, v; with fewer elements than
p — 2, which is a contradiction. Similarly if (V — S) = K2, we can prove that no graph exists.
Hence (S) is a tree. But S is a triple connected dominating set. Therefore by Theorem 1.1, we
have (S) = P,_,.

Casei (V—25)=Ks=uv,_17p

Since G is connected and S is a ~y,-set of G, there exists a vertex, say, v; in P,_y which
is adjacent to a vertex, say, vp—1 in Ko. If v; = vy (or) vp_g, then G = P,. If v; = vy is
adjacent to vpy1 and v,_o is adjacent to v,, then G =2 Cp,. If v; = v; for j = 2,3,...,p -3,
then S1 =S — {v1,vp—2} U{vp_1} is a triple connected dominating set of cardinality p — 3 and

hence v4. < p — 3, which is a contradiction.
Caseii (V—S9)=K,

Since G is connected and S is a 7y.-set of G, there exists a vertex say v; in P,_s which is
adjacent to both the vertices v,_1 and v, in Ko Ifv; =g (or vp_2), then by taking the vertex
v1 (or vp_2), we can construct a triple connected dominating set which contains fewer elements
than p — 2, which is a contradiction. Hence no graph exists. If v; = v; for j =2,3,...,n -3,
then by taking the vertex v;, we can construct a triple connected dominating set which contains
fewer elements than p— 2, which is a contradiction. Hence no graph exists. Suppose there exists
a vertex say v; in P,_o which is adjacent to vp—; in Ko and a vertex vj(i # j) in P,_o which is
adjacent to v, in K. If v; = v1 and v; = v,_2, then S = {v1,va,...,vp_2} is a Y4e-set of G and
hence G = P,. If v; = v1 and v; = v}, for k = 2,3,...,n—3, then by taking the vertex v, and vy,
we can construct a triple connected dominating set which contains fewer elements than p — 2,
which is a contradiction. Hence no graph exists. If v; = v, and v; = v; for k,0 =2,3,...,n -3,
then by taking the vertex vy and v;, we can construct a triple connected dominating set which

contains fewer elements than p — 2, which is a contradiction. |

Corollary 2.20 Let G be a connected graph with p > 5 wvertices. If v.(G) = p — 2, then
K(G) =1 or 2, A(G) = 2,x(G) =2 or 3, and diam(G) =p —1 or [§].

Proof Let G be a connected graph with p > 5 vertices and v:.(G) = p — 2. Since v;.(G) =
p — 2, by Theorem 2.19, G is isomorphic to P, or C),. We know that for P, x(G) = 1,A(G) =
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2,x(G) = 2 and diam(G) = p — 1. For Cp, k(G) = 2, A(G) = 2, diam(G) = | 5| and

2 if p is even,
X(G) = o O
3 if p is odd.

Observation 2.21 Let G be a connected graph with p > 3 vertices and A(G) = p — 1. Then
Vtc(G) =3.

For, let v be a full vertex in G. Then S = {v,v;,v;} is a minimum triple connected

dominating set of G, where v; and v; are in N(v). Hence v,.(G) = 3.

Theorem 2.22 For any connected graph G with p > 3 vertices and A(G) = p — 2,7:.(G) = 3.

Proof Let G be a connected graph with p > 3 vertices and A(G) = p— 2. Let v be a vertex
of maximum degree A(G) = p—2. Let vy, v, ... and v,_o be the vertices which are adjacent to
v, and let v,_1 be the vertex which is not adjacent to v. Since G is connected, v, is adjacent
to a vertex v; for some i. Then S = {v,v;,v;|i # j} is a minimum triple connected dominating
set of G. Hence v:.(G) = 3. O

Theorem 2.23 For any connected graph G with p > 3 vertices and A(G) = p — 3, %.(G) = 3.

Proof Let G be a connected graph with p > 3 vertices and A(G) = p — 3 and let v be the
vertex of G with degree p— 3. Suppose N (v) = {v1,v2,...,vp—3} and V—N(v) = {vp_2,vp—1}.
If vp—1 and v,_ are not adjacent in G, then since G is connected, there are vertices v; and v;
for some ¢,7,1 <i,j < p— 3, which are adjacent to v,_o and v,_; respectively. Here note that
i can be equal to j. If ¢ = j, then {v,v;,v,—1} is a required triple connected dominating set of
G. If i # j, then {v;,v,v;} is a required triple connected dominating set of G. If v,_2 and vp_1
are adjacent in G, then there is a vertex v;, for some 7,1 < j < p— 3, which is adjacent to vp_;
or to vp_1 or to both. In this case, {v, v;,vp—1} or {v,v;, v,_2} is a triple connected dominating
set of G. Hence in all the cases, v:.(G) = 3. O

The Nordhaus - Gaddum type result is given below:

Theorem 2.24 Let G be a graph such that G and G are connected graphs of order p > 5. Then

Yie(G) + Ye(G) < 2(p — 2) and the bound is sharp.

Proof The bound directly follows from Theorem 2.17. For the cycle Cs, v:c(G) + Ve (G) =
2(p—2). O

83. Relation with Other Graph Parameters

Theorem 3.1 For any connected graph G with p > 5 vertices, yic(G) + £(G) < 2p — 3 and the
bound is sharp if and only if G = Ks.

Proof Let G be a connected graph with p > 5 vertices. We know that x(G) < p—1 and
by Theorem 2.17, 7:.(G) < p — 2. Hence v.(G) + k(G) < 2p — 3. Suppose G is isomorphic



Triple Connected Domination Number of a Graph 103

to K5. Then clearly v.(G) + k(G) = 2p — 3. Conversely, let v.(G) + k(G) = 2p — 3. This is
possible only if v.(G) =p —2 and k(G) =p — 1. But K(G) = p— 1, and so G = K, for which
Yte(G) =3 = p — 2 so that p = 5. Hence G = K. O

Theorem 3.2 For any connected graph G with p > 5 vertices, vi.(G) + x(G) < 2p — 2 and the
bound is sharp if and only if G = Ks.

Proof Let G be a connected graph with p > 5 vertices. We know that x(G) < p and
by Theorem 2.17, v:.(G) < p — 2. Hence y.(G) + x(G) < 2p — 2. Suppose G is isomorphic
to K5. Then clearly v:.(G) + x(G) = 2p — 2. Conversely, let v:.(G) + x(G) = 2p — 2. This is
possible only if v;.(G) = p— 2 and x(G) = p. Since x(G) = p, G is isomorphic to K, for which
Yte(G) =3 = p — 2 so that p = 5. Hence G = K. O

Theorem 3.3 For any connected graph G with p > 5 wvertices, v:.(G) + A(G) < 2p —
3 and the bound is sharp if and only if G is isomorphic to Wi, K5, K 4, K 0 2K, K5 —
{e}, K4(P2),C3(2P,) or any one of the graphs shown in Figure 3.1.

:4 Vi Ve Vi
5 N /]
G;: V’%V G;: V’%V Gy: V’@V Gy V3@V
V2 Vi ) Vi Va Vi %) Vi

Figure 3.1 Graphs with v, + A =2p—3

Proof Let G be a connected graph with p > 5 vertices. We know that A(G) < p—1
and by Theorem 2.17, v.(G) < p — 2. Hence v.(G) + A(G) < 2p — 3. Let G be isomorphic to
Ws, K5, K1 4, K1 02K, K5 — {e}, K4(Ps),C5(2P) or any one of the graphs G; to G4 given in
Figure 3.1. Then clearly v.(G)+A(G) = 2p—3. Conversely, let v:.(G)+ A(G) = 2p—3. This is
possible only if 7:.(G) = p—2 and A(G) = p—1. Since A(G) = p— 1, by Observation 2.21, we
have y;.(G) = 3 so that p = 5. Let v be the vertex having a maximum degree and let vy, va, v3, v4
be the vertices which are adjacent to the vertex v. If d(v) = 4, d(v1) = d(ve) = d(vs) = d(v4) = 1,
then G = K;4. Now by adding edges to K4 without affecting the value of 7, we have
G2 Ws, K5, K102Ks, K5 — {e}, K4(P2),C3(2P2) and the graphs G; to G4 given in Figure 3.1.
([
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Abstract: The labeling of discrete structures is a potential area of research due to its
wide range of applications. The present work is focused on one such labeling called odd
harmonious labeling. A graph G is said to be odd harmonious if there exist an injection f :
V(G) — {0,1,2,...,2¢ — 1} such that the induced function f*: F(G) — {1,3,...,2¢ — 1}
defined by f*(uwv) = f(u)+ f(v) is a bijection. Here we investigate odd harmonious labeling
of some graphs. We prove that the shadow graph and the splitting graph of bistar B, , are
odd harmonious graphs. Moreover we show that the arbitrary supersubdivision of path P,
admits odd harmonious labeling. We also prove that the joint sum of two copies of cycle C,,

for n = 0(mod 4) and the graph H, , are odd harmonious graphs.

Key Words: Harmonious labeling, Smarandachely p-harmonious labeling, odd harmonious

labeling, shadow graph, splitting graph, arbitrary supersubdivision.
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§1. Introduction

We begin with simple, finite, connected and undirected graph G = (V(G), E(G)) with |V(G)| =
p and |E(G)| = ¢q. For standard terminology and notation we follow Gross and Yellen [5]. We
will provide brief summary of definitions and other information which are necessary and useful

for the present investigations.

Definition 1.1 If the vertices are assigned values subject to certain condition(s) then it is

known as graph labeling.

Any graph labeling will have the following three common characteristics:

(1) a set of numbers from which the vertex labels are chosen;
(2) a rule that assigns a value to each edge;

(3) a condition that these values must satisfy.

1Received April 5, 2012. Accepted September 18, 2012.
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Graph labelings is an active area of research in graph theory which is mainly evolved
through its rigorous applications in coding theory, communication networks, optimal circuits
layouts and graph decomposition problems. According to Beineke and Hegde [1] graph labeling
serves as a frontier between number theory and structure of graphs. For a dynamic survey of

various graph labeling problems along with an extensive bibliography we refer to Gallian [2].

Definition 1.2 A function f is called graceful labeling of a graph G if f : V(G) — {0,1,2,...,q}
is injective and the induced function f* : E(G) — {1,2,...,q} defined as f*(e = uv) =
|f(u) — f(v)] is bijective.

A graph which admits graceful labeling is called a graceful graph. Rosa [8] called such
a labeling a 8 — valuation and Golomb [3] subsequently called it graceful labeling. Several
infinite families of graceful as well as non-graceful graphs have been reported. The famous
Ringel-Kotzig tree conjecture [7] and many illustrious works on graceful graphs brought a tide
of different ways of labeling the elements of graph such as odd graceful labeling, harmonious
labeling etc. Graham and Sloane [4] introduced harmonious labeling during their study of

modular versions of additive bases problems stemming from error correcting codes.

Definition 1.3 A graph G is said to be harmonious if there exist an injection f : V(G) — Z,
such that the induced function f* : E(G) — Z, defined by f*(uv) = (f(u) + f(v)) (mod q) is a

bijection and f is said to be harmonious labelling of G.

If G is a tree or it has a component that is a tree, then exactly one label may be used
on two vertices and the labeling function is not an injection. After this many researchers have
studied harmonious labeling. A labeling is also introduced with minor variation in harmonious
theme, which is defined as follows.

Definition 1.4 Let k, p be integers withp > 1 and k < p. A graph G is said to be Smarandachely
p-harmonious labeling if there exist an injection f : V(G) — {0,1,2,...,kq— 1} such that the
induced function f* : E(G) — {l,p+1,...,pq— 1} defined by f*(uv) = f(u) + f(v) is a
bijection. Particularly, if p =k = 2, such a Smarandachely 2-harmonious labeling is called an

odd harmonious labeling of G, f and f* are called vertex function and edge function respectively.

Liang and Bai [6] have obtained a necessary conditions for the existence of odd harmonious
labelling of graph. It has been also shown that many graphs admit odd harmonious labeling
and odd harmoniousness of graph is useful for the solution of undetermined equations. In the
same paper many ways to construct an odd harmonious graph were reported. Vaidya and Shah
[9] have also proved that the shadow and the splitting graphs of path P,, and star K ,, are odd
harmonious graphs.

Generally there are three types of problems that can be considered in this area.

(1) How odd harmonious labeling is affected under various graph operations;
(2) To construct new families of odd harmonious graph by investigating suitable function
which generates labeling;

(3) Given a graph theoretic property P, characterize the class/classes of graphs with prop-
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erty P that are odd harmonious.

The problems of second type are largely discussed while the problems of first and third
types are not so often but they are of great importance. The present work is aimed to discuss
the problems of first kind.

Definition 1.5 The shadow graph D2(G) of a connected graph G is constructed by taking two
copies of G say G' and G". Join each vertex v’ in G’ to the neighbours of the corresponding

vertex v’ in G".

Definition 1.6 For a graph G the splitting graph S’(G) of a graph G is obtained by adding a
new vertex v’ corresponding to each vertex v of G such that N(v) = N(v').

Definition 1.7 The arbitrary supersubdivision of a graph G produces a new graph by replacing
each edge of G by complete bipartite graph Ko, (where m; is any positive integer) in such
a way that the ends of each e; are merged with two vertices of 2-vertices part of Ko, after
removing the edge e; from the graph G.

Definition 1.8 Consider two copies of a graph G and define a new graph known as joint sum

is the graph obtained by connecting a vertex of first copy with a vertex of second copy.

Definition 1.9 H, , is the graph with vertex set V(Hy ) = {v1,v2, - ,Un, U1, U2, -+ ,Up}
and the edge set E(Hy ) = {viuj:1<i<nn—i+1<j<n}

82. Main Results

Theorem 2.1 Dy(B, ) is an odd harmonious graph.

Proof Consider two copies of By, . Let {u,v,u;,v;,1 < ¢ < n} and {uv/,v',u}, vj,1 <
i < n} be the corresponding vertex sets of each copy of By, ,. Denote Da(B,, ) as G. Then
[V(G)| = 4(n+1) and |E(G)| = 4(2n + 1). To define f : V(G) — {0,1,2,3,...,16n + 7}, we
consider following two cases.

Case 1. n is even

(

flug)) =944(i—1), 1 <i<n, f(uj) = fun) +4i, 1 <i<n,
flor) = f(uy,) +3, f(vaipr) = f(vr) +8i, 1<i< g —1,
fva) = flup) +5, f(v) = f(v2) +8(i—1), 2<i < 3,
f)) = f(vn) 46, f(vy )= flvy)+8i, 1<i<§—1,
f(vg) = f(vn) +8, fluy) = fv) +8(i—1), 2<i< 3

Case 2: n is odd



108 S.K.Vaidya and N.H.Shah

(
flu) =9+43G—1), 1<i<n, flul)=flun)+4i, 1 <i<n,
flor) = flup,) +3, flvzipr) = flor) + 86, 1< < 257,
Flv2) = fup,) +5, flva) = flva) +8(i—1), 2<i < 252,
F@) = fon) +2, f(vhiyy) = fv]) +8i, 1< < 25,
f(0h) = f(va) +8, fvh;) = f(vh) +8(i—1), 2< i< 25+

The vertex function f defined above induces a bijective edge function f* : E(G) —
{1,3,...,16n+ 7}. Thus f is an odd harmonious labeling for G = D3(B,,). Hence G is

an odd harmonious graph. O

Ilustration 2.2 Odd harmonious labeling of the graph D3 (Bs5) is shown in Fig. 1.

Fig. 1

Theorem 2.3 S'(B,, ) is an odd harmonious graph.

Proof Consider B, , with vertex set {u,v,u;,v;,1 < ¢ < n}, where u;,v; are pendant
vertices. In order to obtain S'(B,, ), add «’,v’, u}, v} vertices corresponding to u, v, u;, v; where,
1<i<n If G=S5(Bn,) then |V(G)| = 4(n + 1) and |E(G)| = 6n + 3. We define vertex
labeling f: V(G) — {0,1,2,3,...,12n + 5} as follows.

flu)=0, f(v)=3, f(v) =2, f())=1,

flu)) =7+43—1), 1 <i<n, f(or) = fun) +3,
fit1) = f(v1) +4i, 1<i<n—1,

fluy) = flon) +5, flujy) = fluy) +2i, 1<i<n-—1,
f) = flup) =1, foig) = fv) +2i 1<i<n—1
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The vertex function f defined above induces a bijective edge function f* : F(G) — {1,3,---,
12n +5}. Thus f is an odd harmonious labeling of G = S’(B,,,,) and G is an odd harmonious
graph. |

Ilustration 2.4 Odd harmonious labeling of the graph S’(Bs 5) is shown in Fig. 2.

Fig. 2

Theorem 2.5 Arbitrary supersubdivision of path P, is an odd harmonious graph.

Proof Let P, be the path with n vertices and v; (1 < ¢ < n) be the vertices of P,.
Arbitrary supersubdivision of P, is obtained by replacing every edge e; of P, with Kj .,

and we denote this graph by G. Let u;; be the vertices of m;-vertices part of K ,,, where
n—1

1<i<n—1and 1< j<max{m;}. Let « = Zmi and g = 2a. We define vertex labeling
i=1

f:V(@G) —{0,1,2,3,---,2q — 1} as follows.

f(vi+1)=2i, Ogign—l,
flu) =144( - 1), 1< j <ma,
fluig) = flug—1yn) +2+4(G - 1), 1 <j<m;,2<i<n.

The vertex function f defined above induces a bijective edge function f*: F(G) — {1,3,---,
2¢g —1}. Thus f is an odd harmonious labeling of G. Hence arbitrary supersubdivision of path
P, is an odd harmonious graph. g

Illustration 2.6 Odd harmonious labeling of arbitrary supersubdivision of path Ps is shown

in Fig. 3.
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Theorem 2.7 Joint sum of two copies of Cp, admits an odd harmonious labeling for n = 0(mod
4).

Proof We denote the vertices of first copy of C), by v1,vs,...,v, and vertices of second
copy by Un41,Unt2, ..., V2. Join the two copies of C), with a new edge and denote the resultant
graph by G then |V(G)| = 2n and |E(G)| = 2n + 1. Without loss of generality we assume that
the new edge by v,v,4+1 and vi,v2,+ , Up,Upt1, Unta, - .., V2, will form a spanning path in G.
Define f: V(G) — {0,1,2,3,--- ,4n + 1} as follows.

fozign) =26, 0<i < 3 -1,
f (v%wi_l) =349 1<i<y,
flog)) =20 -1, 1<i< 5,
f(vngoip2) =5 4+3+2i, 0<i< -1
The vertex function f defined above induces a bijective edge function f* : E(G) — {1,3,...,

4n + 1}. Thus f is an odd harmonious labeling of G. Hence joint sum of two copies of C,,

admits odd harmonious labeling for n = 0(mod 4). O

Illustration 2.8 Odd harmonious labeling of the joint sum of two copies of C12 is shown in
Fig. 4.

Theorem 2.9 The graph H,, ,, is on odd harmonious graph.
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Proof Let V = {v1,v2,--+,vn}, U = {u1,us, - ,u,} be the partition of V(H, ,). Let
1
G = H,, then |V(G)| = 20 and |E(G)| = Mt
f:V(G) —{0,1,2,3,---,(n? +n — 1)} as follows.

We define odd harmonious labeling

)

flw)=i(i—1),1<i<n
1 <1< n.

fu;) = (2n+1) — 24,
The vertex function f defined above induces a bijective edge function f*: E(G) — {1,3, -,

n?4+n— 1}. Thus f is an odd harmonious labeling of G. Hence the graph H,, , is on odd
harmonious graph. O

Illustration 2.10 Odd harmonious labeling of the graph Hj 5 is shown in Fig. 5.

§3. Concluding Remarks

Liang and Bai have proved that P,, B, , are odd harmonious graphs for all n and C), is odd
harmonious graph for n = 0(mod 4) while we proved that the shadow and the splitting graphs
of By, n admit odd harmonious labeling. Thus odd harmoniousness remains invariant for the
shadow graph and splitting graph of B,, ,,. It is also invariant under arbitrary supersubdivision
of P,. To investigate similar results for other graph families and in the context of various graph
labeling problems is a potential area of research.
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Abstract: Let G be a graph with vertex set V and edge set E, and Z> = {0,1}. Let f be
a labeling from F to Zs, so that the labels of the edges are 0 or 1. The edges labelled 1 are
called 1-edges and edges labelled 0 are called 0-edges. The edge labeling f induces a vertex
labeling f* : V — Z5 defined by

«, y_ )1 if the number of 1-edges incident on v is odd,

fl)= 0  if the number of 1-edges incident on v is even.
For i € Zy let ef(i) = e(i) = |{e € E: f(e) =i}| and vy(i) = v(i) = [{v € V : f*(v) = 3}|.
A labeling f is said to be edge-friendly if | e(0) — e(1) |< 1. The 1- edge balance index set
(OEBI) of a graph G is defined by {| v;(0) —vys(1) | : the edge labeling f is edge-friendly}.
The main purpose of this paper is to completely determine the 1-edge balance index set of

wheel and Mycielskian graph of a path.

Key Words: Mycielskian graph, edge labeling, edge-friendly, 1-edge balance index set,
Smarandachely induced vertex labeling, Smarandachely edge-friendly graph.

AMS(2010): 05C78

§1. Introduction

A graph labeling is an assignment of integers to the vertices or edges or both, subject to certain
conditions. Varieties of graph labeling have been investigated by many authors [2], [3] [5] and
they serve as useful models for broad range of applications.

Let G be a graph with vertex set V(G) and edge set E(G) and Zy = {0,1}. Let f be a
labeling from E(G) to Zs, so that the labels of the edges are 0 or 1. The edges labelled 1 are
called 1-edges and edges labelled 0 are called 0-edges. The edge labeling f induces a vertex
labeling f* : V(G) — Za, defined by

() 1 if the number of 1-edges incident on v is odd,
v) =
0 if the number of 1-edges incident on v is even.
For i € Zs, let ef(i) = e(i) = |{e € E(G) : f(e) = i} and vs(i) = v(i) = |{v € V(G) :
f*(v) = i}|. Generally, let f : E(G) — Z, be a labeling from E(G) to Z, for an integer

1Received June 28, 2011. Accepted September 20, 2012.
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p > 2. A Smarandachely induced vertex labeling on G is defined by f* = (I1,l2,--- ,1,) with
ng(v) = lx(modp), where ni(v) is the number of k-edges, i.e., edges labeled with an integer k
incident on v. Let 1
er(G) = 5 > nk(v)
c€E(G)
for an integer 1 < k < p. Then a Smarandachely edge-friendly graph is defined as follows.

Definition 1.1 A graph G is said to be Smarandachely edge-friendly if | ex(G) — ex+1(G) |< 1
for integers 1 < k < p. Particularly, if p = 2, such a Smarandachely edge-friendly graph is
abbreviated to an edge-friendly graph.

Definition 1.2 The 1-edge balance index set of a graph G, denoted by OEBI(G), is defined
as {| vr(1) — vy (0) |: f is edge-friendly}.

For convenience, a vertex is called 0-vertex if its induced vertex label is 0 and 1-vertex, if
its induced vertex label is 1.

In the mid 20" century there was a question regarding the construction of triangle-free
k-chromatic graphs, where k& < 3. In this search Mycielski [4] developed an interesting graph
transformation known as the Mycielskian which is defined as follows:

Definition 1.3 For a graph G = (V, E), the Mycielskian of G is the graph u(G) with vertex
set consisting of the disjoint union V.UV U {vy}, where V' = {&' : 2 € V} and edge set
EU{z'y:azye E}U{z'vy:2 eV'}.

u1
U2

us

Ug

Figure 1 Mycielskian graph of the path P,

Recently Chandrashekar Adiga et al. [1] have introduced and studied the 1-edge bal-
ance index set of several classes of graphs. In Section 2, we completely determine the 1-
edge balance index set of the Mycielskian graph of path P,. In Section 3, we establish that
OEBI(W,,) ={0,4,8...,n} if n = 0(mod 4), OEBI(W,,) ={2,6,10...,n} if n = 2(mod 4)
and OEBI(W,,) ={1,2,5...,n} if n is odd.
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§2. The 1-Edge Balance Index Set of u(P,)

In this section we consider the Mycielskian graph of the path P, (n > 2), which consists of
2n+1 vertices and 4n—3 edges. To determine the OEBI(u(P,)) we need the following theorem,
whose proof is similar to the proof of the Theorem 1 in [6].

Theorem 2.1 If the number of vertices in a graph G is even(odd) then the 1-edge balance index

set contains only even(odd)numbers.

Now we divide the problem of finding OEBI(1(P,)) into two cases, viz,
n = 0(mod 2) and n = 1(mod 2),

Denoted by maz{OEBI(u(P,))} the largest number in the 1-edge balance index set of
1(Py). Then we get the follpowing result.

Theorem 2.2 Ifn =0(mod 2) i.e, n = 2k(k € N), then OEBI(u(P,)) = {1,3,5,...,2n+1}.

Proof Let f be an edge-friendly labeling on p(P,). Since the graph contains 2n+1 = 4k+1
vertices, 4n — 3 = 8k — 3 edges, we have two possibilities: i) e(0) = 4k — 1, e(1) = 4k — 2
ii) e(0) = 4k — 2, e(1) = 4k — 1. Now we consider the first case namely e(0) = 4k — 1 and
e(1) = 4k—2. Denote the vertices of p(P,) as in the Figure 1. Now we label the edges uaq—1v24,
Ugg1V2q for 1 < g <k — 1, ugugyr for 1 < g < 2k — 3, ugp—2vVap—1, UzkV2r—1 and uggp_1u2 by
1 and label the remaining edges by 0. Then it is easy to observe that v(0) = 4k + 1 and there
is no 1-vertex in the graph. Thus | v(1) —v(0) |= 4k + 1 =2n+ 1 = maz{OEBI(u(P,))}.

Now we interchange the labels of the edges to get the remaining 1-edge balance index
numbers. By interchanging the labels of edges usqu2q+1 and ugqvag4q for 1 < g < k — 2,
we get, | v(0) —v(1) |= 4k + 1 — 4¢. Further interchanging wuop_qusr and ugr—1vak, we get
| v(0) —v(1) |=5.

In the next four steps we interchange two pairs of edges as follows to see that 1,3,7,11 €
OEBI(u(P,)

u1v2 and v1vg, usvs and vavg.

uzve and v3vg, uzvy and v4vg.

uqv5 and vsvg, usvs and vgvg.

usvg and v7vg, ugvy and vgvg.
Now we interchange Uplazi| 7 Varaziyye and vag47 Vo, U2q+6 V2g+7 and vagqg vo for 1 < g <
k — 5 to obtain | v(0) — v(1) |= 4¢ + 11. Finally by interchanging the labels of the edges
Up| ks |47 Vprk=51 4 and ugp_2 ugp—1 we get | v(0) —v(1) |= 4k — 5 and Up k|7 Vpphiyyg
and ugg_1 vo we get | v(0) —v(1) |= 4k — 1.

Proof of the second case follows similarly. Thus

OEBI(u(P,)) = {1,3,5,--- ,2n+ 1}. 0

Theorem 2.3 Ifn = 1(mod 2) i.e, n = 2k + 1(k € N), then OEBI(u(P,)) = {1,3,5,...,
2n 4+ 1}.
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Proof Let f be an edge-friendly labeling on p(P,). Since the graph contains 2n+1 = 4k+3
vertices, 4n — 3 = 8k + 1 edges, we have two possibilities: i) e(0) = 4k + 1, e(1) = 4k
ii) e(0) = 4k, e(1) = 4k + 1. Now we consider the first case namely e(0) = 4k + 1 and
e(1) = 4k. Denote the vertices of u(P,) as in the Figure 1. Now we label the edges uaq—1v24,
Ugq4+1V2¢ for 1 < g < k and uqugqr for 1 < ¢ < 2k by 1 and label the remaining edges by
0. Then it is easy to observe that v(0) = 4k 4+ 3 and there is no 1-vertex in the graph. Thus
|v(1) —v(0) |=4k + 3 =2n+ 1 = maz{OEBI(1(P,))}.

Now we interchange the labels of the edges to get the remaining 1-edge balance index
numbers. By interchanging the labels of edges ugquaq+1 and ugqvaq4+1 for 1 < ¢ < k we get
| v(0)—v(1) |= 4k+3—4q. Further interchanging uavag+1 and vag+1v0 we get | v(0)—wv(1) |= 1.

In the next four steps we interchange two pairs of edges as follows to see that 5,9,13.17 €
OEBI(u(Fy))

u1v2 and v1vg, usvs and vavg.
uzvy and v3vg, uzvs and v4vg.
uqv5 and vsvg, usvs and vgvg.

usvg and v7vg, ugvr and vgvg.

And finally by interchanging the labels of edges Up|az1) 7 Voraziise and vag47 V0, U2g4+6 V2g+7
and vegts vo for 1 < ¢ < k —4, we Obtain | v(0) — v(1) |= 4¢ + 17.

Proof of the second case follows similarly. Thus

OEBI(u(P,)) = {1,3,5,...,2n+ 1}. 0

83. The 1-Edge Balance Index Set of Wheel

In this section we consider the wheel, denoted by W,, which consists of n vertices and 2n — 2

edges. To determine the OFEBI(W,,) we consider four cases, namely,
n = 0(mod 4), n = 1(mod 4),
n = 2(mod 4), n = 3(mod 4).

Theorem 3.1 Ifn = 0(mod 4) i.e, n = 4k(k € N), then OEBI(W,,) = {0,4,8,...,n}.

Proof Let f be an edge-friendly labeling on W,,. Since the graph contains n = 4k vertices,
2n — 2 = 8k — 2 edges, we must have e(0) = e(1) = 4k — 1. Denote the vertices on the rim of
the wheel by vg, v1,v2, -+ ,v4k—1 and denote the center by vg. Now we label the edges vqvq41
for 1 < q¢ < 4k — 2 and vgg—1v1 by 1 and label the remaining edges by 0. Then it is easy to
observe that v(0) = 4k and there is no 1-vertex in the graph. Thus | v(1) — v(0) |= 4k =n =
max{OEBI(W,)}.

Now we interchange the labels of the edges to get the remaining 1-edge balance index
numbers. By interchanging the labels of edges vaq—1v24 and vaq—1v0p, V2qv24+1 and vaqvg for
1<qg<kweget|v(0)—ov(l)|=4k —4q. Thus 0,4,8,---,n are elements of OEBI(W,,).
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Let a; = card{v € V' | number of 1-edges incident on v is equal to i },i=1,2,3,...,4k—1.

Then we have
4k—1

> iai = ay + 2as + 3ag+, ..., +(4k — D)ag,_1 = 8k — 2
1=1

implies that a1 + 3as + 5as+,...,+(4k — 1)agx—1 is even, which is possible if and only if,

a1 + as + as+,...,+aqgx—1 is even, that is, the number of 1-vertices is even and hence the
number of 0-vertices is also even. Therefore, the numbers 2,6, 10,...,n — 2 are not elements of
OEBI(W,). O

Theorem 3.2 Ifn = 1(mod 4) i.e, n =4k + 1(k € N), then OEBI(W,,) = {1,3,5,...,n}.

Proof Let f be an edge-friendly labeling on W,,. Since the graph contains n = 4k + 1
vertices, 2n — 2 = 8k edges, we must have e(0) = e(1) = 4k. Denote the vertices on the rim of
the wheel by vg, v1,v2, - -+, var and denote the center by vg. Now we label the edges vqv441 for
1 < q <4k —1 and vyrv; by 1 and label the remaining edges by 0. Then it is easy to observe
that v(0) = 4k + 1 and there is no 1-vertex in the graph. Thus | v(1) —v(0) |[=4k+1=n =
max{OEBI(W,)}.

Now we interchange the labels of the edges to get the remaining 1-edge balance index
numbers. By interchanging the labels of edges vaq—1v24 and vag—1v0, V2qv24+1 and voqvg for
1<q<2k—-1, weget|v(0)—uv(l) |=| 4k + 1 — 4¢ | and by interchanging the labels of edges
Vag—1V4r and vgp_1v0, Varv1 and varvg, we get | v(0) — v(1) |= 4k — 1. Thus

OEBI(W,) = {1,3,5,...,n}. O

Similarly one can prove the following results.

Theorem 3.3 Ifn =2(mod 4) i.e, n =4k +2(k € N), then OEBI(W,,) = {2,6,10,...,n}.

Theorem 3.4 Ifn = 3(mod 4) i.e, n =4k + 3(k € N), then OEBI(W,,) = {1,3,5,...,n}.

References

[1] Chandrashekar Adiga, C.K.Subbaraya, Shrikanth A. S.; Sriraj M. A.; On 1-edge balance
index set of some graphs, Proc. Jang. Math. Soc., 14(2011), 319-331.

[2] L.W.Beineke and S.M.Hegde, Strongly multiplicative graphs, Discuss. Math. Graph The-
ory, 21(2001), 63-76.

[3] I.Cahit, Cordial graphs: A weaker version of graceful and harmonious graphs, Ars Com-
bin., 23(1987), 201-207.

[4] J.Mycielski, Sur le coloriage des graphs, Collog. Math,, 3(1955), 161-162.

[5] A.-Rosa, On certain valuations of vertices of a graph, Internat. symposium, Rome, July
1976, Gordon, New York,Breach and Dunod, Paris 1967.

[6] Yuge Zheng and Ying Wang, On the Edge-balance Index sets of Cy, x P2, 2010 International
Conference on Networking and Digital Society, 2(2010)360-363.



Math. Combin.Book Ser. Vol.8(2012), 118-123

A New Proof of Menelaus’s Theorem of Hyperbolic Quadrilaterals

in the Poincaré Model of Hyperbolic Geometry

Catalin Barbu' and Florentin Smarandache?
1. Vasile Alecsandri National College - Baciu, str. Vasile Alecsandri, Nr.37, Cod 600011, Romania
2. Department of Mathematics, University of New Mexico, Gallup, NM 87301, USA

E-mail: kafka_-mate@yahoo.com, smarand@unm.edu

Abstract: In this study, we present a proof of the Menelaus theorem for quadrilaterals in

hyperbolic geometry, and a proof for the transversal theorem for triangles.

Key Words: Hyperbolic geometry, hyperbolic quadrilateral, Menelaus theorem, the

transversal theorem, gyrovector.

AMS(2010): 51K05, 51M10

81. Introduction

Hyperbolic geometry appeared in the first half of the 19" century as an attempt to understand
Euclid’s axiomatic basis of geometry. It is also known as a type of non-euclidean geometry,
being in many respects similar to euclidean geometry. Hyperbolic geometry includes similar
concepts as distance and angle. Both these geometries have many results in common but
many are different. Several useful models of hyperbolic geometry are studied in the literature
as, for instance, the Poincaré disc and ball models, the Poincaré half-plane model, and the
Beltrami-Klein disc and ball models [3] etc. Following [6] and [7] and earlier discoveries, the
Beltrami-Klein model is also known as the Einstein relativistic velocity model. Menelaus of
Alexandria was a Greek mathematician and astronomer, the first to recognize geodesics on a
curved surface as natural analogs of straight lines. The well-known Menelaus theorem states
that if [ is a line not through any vertex of a triangle ABC' such that [ meets BC' in D, C'A in
E, and AB in F, then % . % - g—g =1 [2]. Here, in this study, we give hyperbolic version of
Menelaus theorem for quadrilaterals in the Poincaré disc model. Also, we will give a reciprocal
hyperbolic version of this theorem. In [1] has been given proof of this theorem, but to use
Klein’s model of hyperbolic geometry.

We begin with the recall of some basic geometric notions and properties in the Poincaré

disc. Let D denote the unit disc in the complex z - plane, i.e.

D={zeC:|z| <1}

1Received July 28, 2012. Accepted September 22, 2012.
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The most general Mobius transformation of D is

0 202 g
e [— =e"(20 ® 2),
which induces the Mdbius addition @ in D, allowing the Mobius transformation of the disc to

be viewed as a Md&bius left gyro-translation

20+ 2
1+ Zpz

22— 20Dz =

followed by a rotation. Here 6 € R is a real number, z, zg € D, and Zj is the complex conjugate
of zg. Let Aut(D, ®) be the automorphism group of the grupoid (D, ®). If we define

a@bi 1+ ab
bda 1+ab’

gyr : D x D — Aut(D, ®), gyrla, b] =
then is true gyro-commutative law
a® b= gyr[a,b](b® a).

A gyro-vector space (G,®,®) is a gyro-commutative gyro-group (G, @) that obeys the
following axioms:

(1) gyr[u,v]a- gyr[u,vlb =a-b for all points a,b,u,v €G.

(2) G admits a scalar multiplication, ®, possessing the following properties. For all real

numbers 7, 71,72 € R and all points a €G:

G1)
G2) (m+r)®a=readr,®a;
)

G3 (rlrg) ®a=7r® (r2 ®a);
4) rl®a _ a

[r@al — [al”

l®a=a;

Q

G5) gyr[u,v](r ® a) = r ® gyr[u,v]a;
) 9y

(
(
(
(
(
(G6) gyr[ri @ v,r ®@v] =1;
(

3) Real vector space structure (||G|, ®, ®) for the set |G| of one-dimensional ”vectors”
|Gl ={*llall;ac G} CR
with vector addition & and scalar multiplication ®, such that for all r € R and a,b € G,

(G7) [Ir @ al = |r| @ [a];
(G8) lla® bl < ] & [b]|.

Definition 1. The hyperbolic distance function in D is defined by the equation

d(a,b) =lacb| =

—b
—ab
Here, a©b=a® (=b), for a,b e D.

For further details we refer to the recent book of A.Ungar [7].
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Theorem 2(The Menelaus’s Theorem for Hyperbolic Gyrotriangle) Let ABC be a gyrotriangle
in a Mobius gyrovector space (Vs, @, ®) with vertices A, B,C € V;, sides a,b,c € V, and side
gyrolengths a,b,c € (—s,s),a=6B®C,b=0C®A, c=0A®B,a= |al,b=]|b]|, c=|c],
and with gyroangles o, B, and v at the vertices A, B, and C. If | is a gyroline not through any
vertex of an gyrotriangle ABC such that I meets BC in D, CA in E, and AB in F, then

where vy = 1%_2 [6].

52

§2. Main Results

In this section, we prove Menelaus’s theorem for hyperbolic quadrilateral.

Theorem 3(The Menelaus’s Theorem for Gyroquadrilateral) Ifl is a gyroline not through any
vertex of a gyroquadrilateral ABCD such that | meets AB in X, BC inY, CD in Z, and DA
in W, then

=1 (1)

Figure 1

Proof Let T be the intersection point of the gyroline DB and the gyroline XY Z (See
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Figure 1). If we use Theorem 2 in the gyrotriangles ABD and BCD respectively, then

and (DT)y (CZ); (BY)y _, (3)
(BT), (DZ), (CY),

Multiplying relations (2) and (3) member with member, we obtain

O

Naturally, one may wonder whether the converse of Menelaus theorem for hyperbolic
quadrilateral exists. Indeed, a partially converse theorem does exist as we show in the fol-

lowing theorem.

Theorem 4(Converse of Menelaus’s Theorem for Gyroquadrilateral) Let ABCD be a gyro-
quadrilateral. Let the points X,Y, Z, and W be located on the gyrolines AB, BC,CD, and DA
respectively. If three of four gyropoints X,Y, Z, W are collinear and

(AX), . (BY), . (C2), . (DW), -1
(BX)y (CY), (DZ), (AW),

then all four gyropoints are collinear.

Proof Let the points W, X, Z are collinear, and gyroline WX Z cuts gyroline BC, at Y’
say. Using the already proven equality (1), we obtain

(AX)’Y (BY/)V (CZ)’Y (DW)V
(BX), (CY'), (DZ), (AW),

:]_7

then we get
(BY), _ (BY),

(), ~ (@), @

This equation holds for Y = Y. Indeed, if we take xz := [©B @ Y’| and b := |©B @& C|, then
we get box =|0Y" @ C|. For z € (—1,1) define

T box
f(x)zl—:ﬁ:l—(b@:v)?' 5)
Because bo x = 1b__ ba;c , then f(x) = % Since the following equality holds
_ B2 _
1@)~ f0) = e DT (), ©)

(b —x)(1 = bx)(b—y)(1 —by)
we get f(x) is an injective function. This implies Y =Y, so W, X, Z, and Y are collinear. [

We have thus obtained in (1) the following.
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Theorem 5(Transversal theorem for gyrotriangles) Let D be on gyroside BC, and l is a
gyroline not through any vertex of a gyrotriangle ABC' such that | meets AB in M, AC in N,
and AD in P, then

~1. (7)

Proof If we use a theorem 2 for gyroquadrilateral BCN M and collinear gyropoints D, A, P,
and A (See Figure 2), we obtain the conclusion. O

Figure 2

The Einstein relativistic velocity model is another model of hyperbolic geometry. Many
of the theorems of Euclidean geometry are relatively similar form in the Poincaré model,
Menelaus’s theorem for hyperbolic gyroquadrilateral and the transversal theorem for gyro-
triangle are an examples in this respect. In the Euclidean limit of large s, s — oo, gamma
factor v, reduces to v, so that the gyroinequalities (1) and (7) reduces to the

AX BY CZ DW

BX CY DZ AW
and

BD CA NP MA

CD NA MP BA
in Euclidean geometry. We observe that the previous equalities are identical with the equalities

of theorems of euclidian geometry.
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You can pay attention to the fact, in which case you will probably become a
mathematician, or you can ignore it, in which case you will probably become a
physicist.

By Len Evans, an mathematician of the United States.
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