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Think for yourself. What everyone else is doing may not be the right thing.

By Aesop, an ancient Greek fable writer.
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Combinatorial Field - An Introduction

Dedicated to Prof. Feng Tian on his 70th Birthday

Linfan Mao

(Chinese Academy of Mathematics and System Science, Beijing 100080, P.R.China)

E-mail: maolinfan@163.com

Abstract: A combinatorial field #¢ is a multi-field underlying a graph G, established on a
smoothly combinatorial manifold. This paper first presents a quick glance to its mathemati-
cal basis with motivation, such as those of why the WORLD is combinatorial? and what is a
topological or differentiable combinatorial manifold? After then, we explain how to construct
principal fiber bundles on combinatorial manifolds by the voltage assignment technique, and
how to establish differential theory, for example, connections on combinatorial manifolds.

We also show applications of combinatorial fields to other sciences in this paper.

Key Words: Combinatorial field, Smarandache multi-space, combinatorial manifold,
WORLD, principal fiber bundle, gauge field.

AMS(2000): 51M15, 53B15, 53B40, 57N16, 83C05, 83F05.

81. Why is the WORLD a Combinatorial One?

The multiplicity of the WORLD results in modern sciences overlap and hybrid, also implies its
combinatorial structure. To see more clear, we present two meaningful proverbs following.

Proverb 1. Ames Room

An Ames room is a distorted room constructed so that from the front it appears to be
an ordinary cubic-shaped room, with a back wall and two side walls parallel to each other and
perpendicular to the horizontally level floor and ceiling. As a result of the optical illusion, a
person standing in one corner appears to the observer to be a giant, while a person standing in
the other corner appears to be a dwarf. The illusion is convincing enough that a person walking
back and forth from the left corner to the right corner appears to grow or shrink. For details,

see Fig.1.1 below.

1Reported at Nanjing Normal University, 2009.
2Received July 6, 2009. Accepted Aug.8, 2009.
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Fig.1.1

This proverb means that it is not all right by our visual sense for the multiplicity of world.

Proverb 2. Blind men with an elephant

In this proverb, there are six blind men were be asked to determine what an elephant
looked like by feeling different parts of the elephant’s body, seeing Fig.1.2 following. The man
touched the elephant’s leg, tail, trunk, ear, belly or tusk claims it’s like a pillar, a rope, a tree
branch, a hand fan, a wall or a solid pipe, respectively. They then entered into an endless
argument and each of them insisted his view right.

Fig.1.2

All of you are right! A wise man explains to them: Why are you telling it differently is because
each one of you touched the different part of the elephant. So, actually the elephant has all
those features what you all said. Then

What is the meaning of Proverbs 1 and 2 for understanding the structure of WORLD?

The situation for one realizing behaviors of the WORLD is analogous to the observer in

Ames room or these blind men in the second proverb. In fact, we can distinguish the WORLD
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by known or unknown parts simply, such as those shown in Fig.1.3.

unkown

known

unknown unknown

unknown

Fig.1.3

The laterality of human beings implies that one can only determines lateral feature of
the WORLD by our technology. Whence, the WORLD should be the union of all characters
determined by human beings, i.e., a Smarandache multi-space underlying a combinatorial struc-
ture in logic. Then what can we say about the unknown part of the WORLD? Is it out order?
No! It must be in order for any thing having its own right for existing. Therefore, these is
an underlying combinatorial structure in the WORLD by the combinatorial notion, shown in
Fig.1.4.

Fig.1.4

In fact, this combinatorial notion for the WORLD can be applied for all sciences. I pre-
sented this combinatorial notion in Chapter 5 of [8], then formally as the CC conjecture for
mathematics in [11], which was reported at the 2nd Conference on Combinatorics and Graph
Theory of China in 2006.

Combinatorial Conjecture A mathematical science can be reconstructed from or made by

combinatorialization.

This conjecture opens an entirely way for advancing the modern sciences. It indeed means

a deeply combinatorial notion on mathematical objects following for researchers.

(i) There is a combinatorial structure and finite rules for a classical mathematical system,

which means one can make combinatorialization for all classical mathematical subjects.



4 Linfan Mao

(71) Onme can generalizes a classical mathematical system by this combinatorial notion such
that it is a particular case in this generalization.

(#4¢) One can make one combination of different branches in mathematics and find new
results after then.

(iv) One can understand our WORLD by this combinatorial notion, establish combinato-

rial models for it and then find its behavior, and so on.

This combinatorial notion enables ones to establish a combinatorial model for the WORLD
and develop modern sciences combinatorially. Whence, a science can not be ended if its com-

binatorialization has not completed yet.

§2. Topological Combinatorial Manifold

Now how can we characterize these unknown parts in Fig.1.4 by mathematics? Certainly, these
unknown parts can be also considered to be fields. Today, we have known a best tool for
understanding the known field, i.e., a topological or differentiable manifold in geometry ([1],
[2]). So it is more natural to think each unknown part is itself a manifold. That is the motivation
of combinatorial manifolds.

Loosely speaking, a combinatorial manifold is a combination of finite manifolds, such as

those shown in Fig.2.1.

(a) (b)

Fig.2.1

In where (a) represents a combination of a 3-manifold, a torus and 1-manifold, and (b) a torus

with 4 bouquets of 1-manifolds.

2.1 Euclidean Fan-Space

A combinatorial Euclidean space is a combinatorial system % of Euclidean spaces R™, R"2,

-+, R™ underlying a connected graph G defined by
V(G) = {RnlaRn2a e aan}v
EG) ={R",R%) | R*"NR™ #£0,1 <1i,j <m},

denoted by &g(n1,- - ,n.m,) and abbreviated to &g(r) if ny = --- = n,,, = r, which enables us

to view an Euclidean space R™ for n > 4. Whence it can be used for models of spacetime in
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physics.
A combinatorial fan-space f{(nl, -+ Nyy,) is the combinatorial Euclidean space &k, (n1, -+ , 7m)
of R™ R™ ... R™m such that for any integers i,j, 1 <i# j <m,

R" [R" = ﬁ R".
k=1

A combinatorial fan-space is in fact a p-brane with p = dim (| R"™ in String Theory ([21],
k=1
[22]), seeing Fig.2.2 for details.

-brane)
Fig.2.2
For Vp € R(n1,--- ,nm) we can present it by an m X n,, coordinate matrix [Z] following
with z; = 7L for 1 <i <m,1 <1< m,
Tt o Tim Tim)+1) 0 Limg e 0
- T21 e IQﬁl I2(ﬁ1+1) P I2n2 P O
7] =
Tml ° Tmm xm(ﬁerl) e e Tmngm—1  Tmng,

Let A, «s denote all n x s matrixes for integers n, s > 1. We introduce the inner product

((4),(B)) for (A),(B) € Muxs by

((4),(B)) = Zaijbij-

Then we easily know that ., «s forms an Euclidean space under such product.

2.2 Topological Combinatorial Manifold

For a given integer sequence 0 < ny < ng < - -+ < ngy,, m > 1, a combinatorial manifold M is a
Hausdorff space such that for any point p € M, there is a local chart (Up, ¢p) of p, i.e., an open
neighborhood U, of p in M and a homoeomorphism ¢, : Up, — f{(nl(p), n2(p), - sy (), @
combinatorial fan-space with

{nl (p)7n2(p)7 T s(p) (p)} c {nlu ng,: - ,nm},
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Um{nl(p)7n2(p)7 Ty Ns(p) (p)} = {n17n27 T 7nm}7
pEM

denoted by M(nl, Mgy ,Nyy) OF M on the context and

A= {(Up, p)lp € M(n1,m2, - ,nn))}
an atlas on M(nl,ng, Ce Mg ).

A combinatorial manifold M is finite if it is just combined by finite manifolds with an
underlying combinatorial structure G without one manifold contained in the union of others.
Certainly, a finitely combinatorial manifold is indeed a combinatorial manifold. Examples of
combinatorial manifolds can be seen in Fig.2.1.

For characterizing topological properties of combinatorial manifolds, we need to introduced
the vertex-edge labeled graph. A wvertez-edge labeled graph G([1,k],[1,1]) is a connected graph
G = (V, E) with two mappings

n:V-={12,--,k}, m:E—{1,2--- 1}

for integers k,1 > 1. For example, two vertex-edge labeled graphs on Ky are shown in Fig.2.3.

Fig.2.3

Let M(nl, Ng, - ,Ny) be a finitely combinatorial manifold and d,d > 1 an integer. We

construct a vertex-edge labeled graph G¢ [M(nl, Mg, ,Nm,)] by

V(G M (n1,n2,- - ,nm)]) = Vi UV27

where Vi = {n; — manifolds M™ in M(nl, <o, )|l <4 < m} and Vo = {isolated intersection
points Opyn; ppms of M™ M™ in M(ny,n2,- -+ ,nm) for 1 < 4,5 < m}. Label n; for each

n;-manifold in V7 and 0 for each vertex in V5 and

BE(GM(n1,n2,- ,np)]) = E1| ) Ba,
where E; = {(M™, M") labeled with dim(M™ (\M™) | dim(M™ (M™) >d,1 <i,j < m}
and Ey = {(Oppni pgmi s M™), (Opgni pgmi s, M™9) labeled with 0[M™ tangent M™ at the point
Opgri pyrsfor 1. <4, j <m}.
Now denote by H(ni,na,- -+ ,ny,) all finitely combinatorial manifolds M(nl, Ng, * * yNym)
and G[0,n,,] all vertex-edge labeled graphs G* with 67, : V(GL) U E(GF) — {0,1,--+ ,n,}

with conditions following hold.
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(1)Each induced subgraph by vertices labeled with 1 in G is a union of complete graphs
and vertices labeled with 0 can only be adjacent to vertices labeled with 1.
(2)For each edge e = (u,v) € E(G), 12(e) < min{r (u), 71(v)}.

Then we know a relation between sets H(ni,na, -+, ny,) and G([0, ny,], [0, nyy,]) following.
Theorem 2.1 Letl < ny < ng < -+ < Nyp,m > 1 be a given integer sequence. Then
every finitely combinatorial manifold M € H(ny,na, - ,ny,) defines a vertex-edge labeled graph

G([0,n,]) € G[0,ny,]. Conversely, every vertez-edge labeled graph G([0,ny]) € G0, ny] defines
a finitely combinatorial manifold M € H(ny,na, -+, nym) with a 1—1 mapping 0 : G([0, ny)) —
M such that O(u) is a O(u)-manifold in M, 7 (u) = dimf(u) and m2(v,w) = dim(6(v) [ 6(w))
for Yu € V(G(]0,nm])) and ¥(v,w) € E(G([0,nm])).

2.4 Fundamental d-Group

For two points p, ¢ in a finitely combinatorial manifold M (n1,na, -+ ,ny), if there is a sequence

By, Bs, -+, B of d-dimensional open balls with two conditions following hold.

(1) B; C M(nl,ng, -+« ,Myy) for any integer 4,1 <14 < s and p € By, q € By;
(2) The dimensional number dim(B; () Bi+1) > d for Vi, 1 <i < s—1.

Then points p,q are called d-dimensional connected in M (n1,n2, -+ ,n,) and the sequence
Bi, By, -+, Be a d-dimensional path connecting p and ¢, denoted by P%(p, q). If each pair p, q
of points in the finitely combinatorial manifold M (n1,n2, -+ ,np) is d-dimensional connected,
then M (n1,na, - ,ny) is called d-pathwise connected and say its connectivity> d.

Choose a graph with vertex set being manifolds labeled by its dimension and two manifold
adjacent with a label of the dimension of the intersection if there is a d-path in this combinatorial
manifold. Such graph is denoted by G¢. For example, these correspondent labeled graphs gotten
from finitely combinatorial manifolds in Fig.2.1 are shown in Fig.2.4, in where d = 1 for (a)
and (b), d =2 for (¢) and (d).

O—-06—+0
(a)

O 60260 J w @ & b
5 N
(c) (d)

o

Fig.2.4

Let M (n1,m2, - ,ny) be a finitely combinatorial manifold of d-arcwise connectedness for

an integer d,1 < d < n; and Vzg € M(nl,ng, “ M), a fundamental d-group at the point
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xg, denoted by wd(ﬁ(nl, Na, -+ ,Nm), o) is defined to be a group generated by all homotopic
classes of closed d-pathes based at xq. If d = 1, then it is obvious that wd(ﬂ(nl y M2y Mm ), X0)
is the common fundamental group of M (ny, na, -+ , ny) at the point o ([18]). For some special
graphs, their fundamental d-groups can be immediately gotten, for example, the d-dimensional

graphs following.

m

—_———
A combinatorial Euclidean space &g(d, d, - - - ,d) of R? underlying a combinatorial structure
G, |G| = m is called a d-dimensional graph, denoted by MG if

(1) M [G]\ V(]T/[/d[G]) is a disjoint union of a finite number of open subsets ey, €2, - , €,
each of which is homeomorphic to an open ball B¢,

(2) the boundary &; — e; of e; consists of one or two vertices B, and each pair (;,¢;) is
homeomorphic to the pair (Ed, Sa-1),

Then we get the next result by definition.

Theorem 2.2 74(MY[G], z0) = 71 (G, o), o € G.

Generally, we know the following result for fundamental d-groups of combinatorial mani-
folds ([13], [17]).

Theorem 2.3 Let M(nl,ng, < M) be a d-connected finitely combinatorial manifold for an
integerd, 1 < d < ny. IfV(My, Ms) € E(GE[M (n1,n2,- -+ ,nm)]), MiNM, is simply connected,
then

(1) for Vo € G4, M € V(GE[M(n1,ng, -+ ,nm)]) and zop € M,

wd(M(nl,ng,--- ,nm),xo)%( @ Wd(M,LL'Mo))@W(Gd,,’Eo),

MeV(G?)

where G4 = GUM (n1,na, -+ ,nm)] in which each edge (My, Ms) passing through a given point
Tan M, € My 0 M, (M, x00), (G4, 20) denote the fundamental d-groups of a manifold M
and the graph G¢, respectively and

(2) forVzx,ye M(nl,ng, Ce M),

~

ﬂ—d(M(nlan27 e 77’Lm),.’II) = Fd(M(’rL17TL27 e 7nm)7 y)

2.5 Homology Group

For a subspace A of a topological space S and an inclusion mapping i : A — S, it is readily
verified that the induced homomorphism 4 : Cp(A4) — Cp(S) is a monomorphism. Let Cp,(S, A)
denote the quotient group Cp(S)/Cp(A). Similarly, we define the p-cycle group and p-boundary
group of (S, A) by ([19])

Zp(S,A) =Ker0p = { ue Cp(S,A) | Op(u) =01},

BP(Sv A) = Imap-i'l = ap-i-l (Cp-‘rl (Sv A))v
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for any integer p > 0.1t follows that B,(S, A) C Z,(S, A) and the pth relative homology group
H,(S, A) is defined to be

Hy (S, A) = Z,y(S,A)/By(S, A).
We know the following result.

Theorem 2.4 Let M be a combinatorial manifold, Md(G) < M a d-dimensional graph with
E(Md(G)) = {e1,e2, -+ ,en} such that

M\ MG = U U B,.
i=2 j=1
Then the inclusion (e, &) — (M, M%(QG)) induces a monomorphism H,(e, ;) — HP(M, M4Y@))
forl=1,2--- 'm and

- Zo--7, if p=d,
Hy(M, M*(@)) = m
0, if p+#d.

§3. Differentiable Combinatorial Manifolds

3.1 Definition

For a given integer sequence 1 < ny < ng < --- < n,,, a combinatorial Ch-differential man-

ifold (M(ny,--- ,nm);.A) is a finitely combinatorial manifold M(ny, -« ,nm), M(n1, - ,nm)

= U U, endowed with a atlas A = {(Us;@a)le € I} on M(ny,ng, - ,nm) for an integer
icl

h,h > 1 with conditions following hold.
(1) {Uy;« € I} is an open covering of M(nl,ng, S ).
Pa
Ua
3(Ua (NUp)

-
ﬂUﬁ PBPa ﬁ(UamUﬁ)

Yp

Fig.3.1

(2) For Va, 3 € I, local charts (Uy;¢a) and (Ug; pg) are equivalent, i.e., Uy (\Ug = 0 or
Ua (U # 0 but the overlap maps

‘Pa‘PEl tpa(Ua mUﬁ) — ¢(Us) and ‘PBSDEI t pa(Ua mUﬁ) — ¢a(Ua)
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are C"-mappings, such as those shown in Fig.3.1.

(3) A is maximal, i.e., if (U;¢) is a local chart of M(nl, Ng,- -+ ,Ny) equivalent with one
of local charts in A, then (U; ) € A.

Denote by (]T/[/ (n1,n2,- -+ ,nm); A) a combinatorial differential manifold. A finitely combi-
natorial manifold M(nl, Ng, - ,Nm) is said to be smooth if it is endowed with a C*°-differential

structure. For the existence of combinatorial differential manifolds, we know the following result

([131,17)).

Theorem 3.1 Let M(nl, < M) be a findtely combinatorial manifold and d,1 < d < ny an
integer. If for VM € V(GYM(ny,--- ,nm)]) is C"-differential and

V(My, Mz) € B(GUM(ny, - ,nm)])

there exist atlas

Ar = {(Ve; o)V € My} Ay = {(Wy;9,)|Vy € Mo}

such that @y, 0 w, = Yylv.n w, for Vx € My,y € M, then there is a differential structures

A =A{(Up; [@p))IVp € M(ny,- - ,nm)}
such that (M(nl, oo np)i A) s a combinatorial C"-differential manifold.
3.2 Local Properties of Combinatorial Manifolds

Let Ml (N1, nm), Mg (k1,- - ,k;) be smoothly combinatorial manifolds and

f : Ml(nlv"' 7nm) - MQ(kla”' ;kl)

be a mapping, p € M, (n1,n2,- -+ ,ny). If there are local charts (Up; [@,]) of p on Ml(nl, N, s Nm)
and (Vyp); [wrp]) of f(p) with f(Up) C V() such that the composition mapping

F=lwiwmlo folmpl™ : [@pl(Up) = wim] (Vi)
is a CP-mapping, then f is called a C"-mapping at the point p. If f is C" at any point p of

Ml (n1,+++ ,nm), then f is called a C"-mapping. Denote by 2, all these C°°-functions at a
point p € M(nq, -+ ,ny,).
Now let (M(nl, -+ ,nm), A) be a smoothly combinatorial manifold and p € M(nl, S M)

A tangent vector v at p is a mapping v : Z, — R with conditions following hold.

(1) Vg,h € Z,,YA € R, T(h+ Ah) =70(g) + Av(h);

(2) Vg,h € 2y, 0(gh) =1(9)h(p) + g(p)v(h).

Let v : (—€,€) — M be a smooth curve on M and p = 7(0). Then for Vf € %, we usually
define a mapping v : Z, — R by

o =400,

We can easily verify such mappings T are tangent vectors at p.
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Denote all tangent vectors at p € JT/[/(nl,nQ, o, Ny) by TpM(TLl,TLQ, -+ ,ny) and define
addition+and scalar multiplication-for V@, v € T, M (n1,n2,- -+ ,nm), A € R and f € 2, by

@+0)(f) =u(f) +o(f), Qu)(f) =A-u(f).

Then it can be shown immediately that Tp1\7 (n1,ne, -+ ,n.y,) is a vector space under these two

operations+and-. Let

2 (M(n1,n,-+ nm)) = U TpM(n1,na, -, 7).
peEM
A wvector field on M(nl,ng, -+ ,Ny,) is a mapping X : M — %(M(nl,ng, CeeNgy)), Le.,
chosen a vector at each point p € M(ny,na, -+ ,ny). Then the dimension and basis of the

tangent space T,,M (n1,na,- -+ ,ny,) are determined in the next result.

Theorem 3.2 For any point p € M(nl, Na, -+ ,Nym) with a local chart (Up; [pp]), the dimension
0fTM(’l’L1,’]’L27 7nm) is

dimTpM(nl, Na, - ,Nm) = 8(p) + Z (ni —3(p))

i=1
with a basis matrix
8 J—
[%]s(p)xus(p)
1o o o o S 0
s(p) Oxll s p) Ox15(P) Oz1G(P+1) OxInt
18 10 0 L . 0
s(p) Oz21 s(p) Ox25(P) 022G +D) dx2n2
1 e .. _1 0 0 ... - ) )
5(p) Bz ()T 5(0) 957D BpsmGEEITD P D 5P

where ¥ = 29t for 1 <i,j < s(p),1 <1 < 5(p), namely there is a smoothly functional matriz

[Uij]s(p)XnS(p) such that for any tangent vector U at a point p of M(nl, N,y Nm),

_ 0
v = [Uij]S(P)XnS(p)7[%]S(;D)an(p) ,

!
Z a;jbij, the inner product on matrizes.

HM»

where ([aijlkxi, [bis|kxi) =

For Vp € (]T/[/(nl,ng,-u ,nm);ﬂ), the dual space T;]T/[/(nl,ng,~-~ ,m) 1s called a co-

tangent vector space at p. Let f € Z,,d € T;M(nl,ng, <o ny) and T € TpM(nl,nz, e M)
Then the action of d on f, called a differential operator d : Z, — R, is defined by
df = o(f).

We know the following result.
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Theorem 3.3 For Vp € (M(ny,na, - ,nm); A) with a local chart (Up; [ppl), the dimension
of TyM(ni,na, -+ ,ny) is dAimTyM(ni,na, -+ ,ny,) = dimT, M (ny,na,- - ;1) with a basis

matriz  [dT) s(P)Xns(p)y

dﬂ(ﬁ_l)l . dmtg()’)) dplGE+Y) L gplm ... 0

s(p s(p

ia(s_;)l e %p;” dg2G@)+1) L gp2ne . 0
dwgz;‘;)l . % des@GE+) o s =1 gps(oInag

where x' = 29 for 1 <i,5 < s(p),1 <1 < 3(p), namely for any co-tangent vector d at a point

p of M(nl, Na, -+ M), there is a smoothly functional matriz [uy]sp)xs@p) such that,

d= <[uij]s(p)xns(p>’ [df]s(p)X”S<P>> '

3.3 Tensor Field

Let M(nl,ng, -++, M) be a smoothly combinatorial manifold and p € M(nl, N, ,Nm). A

tensor of type (r,s) at the point p on M(nl, Ng, -+, Nyy) is an (r + s)-multilinear function T,

T:T;MX---XT;MXTPMX---XTPMHR,

T S

where TPM = Tpﬂ(nl,ng, <+ ny,) and T;M = T;M(nl,ng, -+, Ny,). Denoted by T7(p, M)

all tensors of type (r,s) at a point p of M(ny1,ng, - ,ny). We know its structure as follows.
Theorem 3.4 Let M(nl, <+ Ny be a smoothly combinatorial manifold and p € M(nl, Ce M)
Then

Ti(p,M)=T,M® - @T,MT;M & 0T M,

S

where T,,M = T,,M(nl, C M) and T;M = T;M(nl, C M), particularly,

— s(p)

dimT{ (p, M) = (5(p) + ; (ni —3(p)))+e.

3.4 Curvature Tensor

A connection on tensors of a smoothly combinatorial manifold Mis a mapping D:% (M ) %
T'M — TTM with Dx7 = D(X,7) such that for VX,Y € 2 M, r,7 € T"(M),X € R and
fel>=(M),

(1) ﬁX_HcyT = Dx7+ fﬁyT; and 5)((7’-‘1- ) = Dxrt+ )\ﬁxw;
(2) Dx(t®m) =DxT®nm+0® Dxm;

(3) for any contraction C' on T (M),

Dx(C(7)) = C(DxT).
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A combinatorial connection space is a 2-tuple (]Tj , lN)) consisting of a smoothly combinatorial
manifold M with a connection D on its tensors. Let (M , ﬁ) be a combinatorial connection
space. For VX, Y € 2 (M), a combinatorial curvature operator R(X,Y) : 2 (M) — 2 (M) is
defined by

R(X,Y)Z = DxDyZ — DyDxZ — ﬁ[X,Y]Z

for VZ € 2 (M).

Let M be a smoothly combinatorial manifold and g € A2(M) = |J T9(p, M). If g is
pGM

symmetrical and positive, then M is called a combinatorial Riemannian manifold, denoted by

(1\7 ,g). In this case, if there is a connection D on (1\7 , g) with equality following hold
Z(9(X,Y)) = g(Dz,Y) + 9(X, DY)

then M is called a combinatorial Riemannian geometry, denoted by (]T/[/,g,ﬁ). In this case,
calculation shows that ([14])

R= ]‘Aé(gg)(ng)(wj)(,.i)\)dCCUc ® dz"® @ dz"V ® da"N
with
i L P9ymion | F9en@mn  P9umme 9w

R(<T€)(779)(W)(m\) = 2% OxEAHnd OxHvY Hxos OxrEAOxos Oxkv Hxnd

It o go
T Lol (anymn 9o @) = Liuymo L (en) oo 9(go)00)

where G(uv)(kX) = g(#auvv 81%)

84. Principal Fiber Bundles

In classical differential geometry, a principal fiber bundle ([3]) is an application of covering
space to smoothly manifolds. Topologically, a covering space ([18]) S’ of S consisting of a
space S’ with a continuous mapping 7 : S’ — S such that each point x € S has an arcwise
connected neighborhood U, and each arcwise connected component of 7~1(U,) is mapped

homeomorphically onto U, by m, such as those shown in Fig.4.1.

>

Fig.4.1
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where V; = 7= 1(U,,) for integers 1 < i < k.

A principal fiber bundle ([3]) consists of a manifold P action by a Lie group ¢, which is
a manifold with group operation 4 x ¢ — ¢ given by (g,h) — g o h being C° mapping, a
projection 7 : P — M, a base pseudo-manifold M, denoted by (P, M,%¥), seeing Fig.4.2 such
that conditions (1), (2) and (3) following hold.

(1) there is a right freely action of &4 on P,, i.e., for Vg € ¢, there is a diffeomorphism
Ry : P — P with R4(p) = pg for Vp € P such that p(g192) = (pg1)g2 for Vp € P, Vg1,92 € 4
and pe = p for some p € P, e € ¥4 if and only if e is the identity element of ¢.

(2) the map 7: P — M is onto with 7—*(7(p)) = {pglg € ¥4}

(3) forVa € M there is an open set U with z € U and a diffeomorphism Ty : 7= (U) — U x
@ of the form Ty (p) = (7 (p), sv(p)), where sy : 7= 1(U) — ¢ has the property sy(pg) = su(p)g
for Vg € 4,p € 7= 1(U).

SICHC RG]

Fig.4.2

where V = 7= }(U). Now can we establish principal fiber bundles on smoothly combinatorial

manifolds? This question can be formally presented as follows:

Question For a family of k principal fiber bundles Py(M1,%1), Po(Ma, %), -+, Po(My, %)
over manifolds My, Mas, ---, My, how can we construct principal fiber bundles on a smoothly

combinatorial manifold consisting of M1, Ma,--- , My underlying a connected graph G?¢

The answer is YES! For this object, we need some techniques in combinatorics.

4.1 Voltage Graph with Its Lifting

Let G be a connected graph and (T'; 0) a group. For each edge e € E(G), e = uv, an orientation
on e is an orientation on e from u to v, denoted by e = (u,v) , called plus orientation and its
minus orientation, from v to u, denoted by e~! = (v,u). For a given graph G with plus and
minus orientation on its edges, a voltage assignment on G is a mapping « from the plus-edges
of G into a group I satisfying a(e™1) = a71(e),e € E(G). These elements a(e),e € E(G) are
called voltages, and (G, ) a voltage graph over the group (T';o0).
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For a voltage graph (G, ), its lifting (See [6], [9] for details) G* = (V(G%), E(G*); I(G*))
is defined by
V(G*)=V(G) xT, (u,a) € V(G) x ' abbreviated to u,;
B(G™) = {(ta, vaon)e* = (u.) € B(C),a(e*) = b}.

For example, let G = K3 and T' = Z;. Then the voltage graph (K3, a) with o : K3 — Z5
and its lifting are shown in Fig.4.3.

Uo
U
Uy
0 1
w
Vo
w 0 v W1 U1
(G, a) Ge
Fig.4.3

Similarly, let GL be a connected vertex-edge labeled graph with 6, : V(G) U E(G) — L of
a label set and I a finite group. A woltage labeled graph on a vertex-edge labeled graph G is
a 2-tuple (G¥; ) with a voltage assignments « : E(GY) — T such that

alu,v) = a t(v,u), Y(u,v) € B(GF).
Similar to voltage graphs, the importance of voltage labeled graphs lies in their labeled
lifting G*= defined by
V(GEe) =V(GL) x T, (u,g) € V(GF) x T abbreviated to uy;
E(GE) = { (ug,vgon) | for Y(u,v) € E(GF) with a(u,v) =h }
with labels O, : GY« — L following:
Or(ug) =0r(u), and Or(ug,vgon) = 0r(u,v)

for u,v € V(G%), (u,v) € E(GF) with a(u,v) = h and g,h € T.

For a voltage labeled graph (G, ) with its lifting GL, a natural projection © : Gt — GF
is defined by m(uy) = u and 7(ug,vgon) = (u,v) for Yu,v € V(GL) and (u,v) € E(G*) with
a(u,v) = h. Whence, (GF=,7) is a covering space of the labeled graph G*. In this covering,
we can find

7 Hu) ={ug | Vg €T}
for a vertex u € V(G') and

W_I(UJ’U) = { (ugvvgoh) | VgeTl }



16 Linfan Mao

for an edge (u,v) € E(GF) with a(u,v) = h. Such sets 7=1(u), 771(u,v) are called fibres
over the vertex u € V(G¥) or edge (u,v) € E(G*), denoted by fib, or fib(, ), respectively.
A voltage labeled graph with its labeled lifting are shown in Fig.4.4, in where, G = C¥ and
I'=2Zs.

Fig.4.4

A mapping g : G — G¥ is acting on a labeled graph G* with a labeling 0y, : G* — L if
g0r(x) = 0rg(z) for Vo € V(GF) U E(GF), and a group T is acting on a labeled graph GL if
each g € T' is acting on GT. Clearly, if I' is acting on a labeled graph G¥, then I' < AutG.

Now let A be a group of automorphisms of G¥. A voltage labeled graph (G, a) is called
locally A-invariant at a vertex u € V(GL) if for Vf € A and W € m1(G¥, u), we have

a(W) = identity = a(f(W)) = identity

and locally f-invariant for an automorphism f € AutG? if it is locally invariant with respect to
the group (f) in AutG*. Then we know a criterion for lifting automorphisms of voltage labeled

graphs.

Theorem 4.1 Let (G*, ) be a voltage labeled graph with o : E(GF) — T and f € AutG*.
Then f lifts to an automorphism of G« if and only if (G¥, ) is locally f-invariant.

4.2 Combinatorial Principal Fiber Bundles

For construction principal fiber bundles on smoothly combinatorial manifolds, we need to in-

troduce the conception of Lie multi-group. A Lie multi-group £ is a smoothly combinato-

rial manifold M endowed with a multi-group (,Q;E.,fg); O(%c)), where 4217(.,2”6;) = | 4% and
=1

1=

O(%e) = Lnj {0;} such that
i=1

(i) (H;0;) is a group for each integer ¢, 1 < i < m;

(i) GL[M]=G;

(ii7) the mapping (a,b) — ao; b=t is C*°-differentiable for any integer i, 1 < i < m and
Va,b € H,.

Notice that if m = 1, then a Lie multi-group % is nothing but just the Lie group ([24])

in classical differential geometry.

Now let 15, M be a differentiably combinatorial manifolds and £ a Lie multi-group

(o (Le); 0(ZLs)) with
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ﬁ: Gpu M: OMi’ Jﬁ@) = G%l,ﬁ(fg) = G{Oi}.
i=1

i=1 i=1 i=1
Then a differentiable principal fiber bundle over M with group L consists of a differentiably

combinatorial manifold P, an action of %5 on P, denoted by ]B(JT/[/ ,Zc) satisfying following
conditions PFB1-PFB3:

PFB1. For any integer i, 1 <1i < m, J%, acts differentiably on P, to the right without

fixed point, i.e.,

(x,9) € P, x H5, — x0; g € P; and z o; g = x implies that g = 1,;

PFB2. For any integer i, 1 < ¢ < m, M,, is the quotient space of a covering manifold
P € II"}(M,,) by the equivalence relation R induced by 2, :

Ri:{(xvy)epoi XPOilagejﬁDi :>$°i9=y},

written by M,, = P,,/7#,, i.e., an orbit space of P,, under the action of J#,. These is a
canonical projection II : P — M such that TI; = lp, : P, — Mo, is differentiable and each
fiber IT; *(x) = {po; glg € #,,11;(p) = 2} is a closed submanifold of P, and coincides with an
equivalence class of R;;

PFB3. For any integer i, 1 <i <m, P € [I"1(M,,) is locally trivial over M,,, i.e., any
x € M,, has a neighborhood U, and a diffeomorphism 7" : [I"1(U,) — U, x % with

Tlnfl(Uw) =17 Hi_l(Um) = Up x Mo © — T (x) = (Ii(2), €(x)),
called a local trivialization (abbreviated to LT) such that e(x o; g) = €(x) o; g for Vg € 4.,
e(x) € H5,.
Certainly, if m = 1, then P(M, %s) = P(M, #) is just the common principal fiber bundle
over a manifold M.
4.3 Construction by Voltage Assignment

Now we show how to construct principal fiber bundles over a combinatorial manifold M.

Construction 4.1 For a family of principal fiber bundles over manifolds My, Ms, -, My,

such as those shown in Fig.4.5,

A A, - A
¥ \ \
HM.[ HM{ ) lHML

Fig.4.5
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where 5, is a Lie group acting on Py, for 1 <i <1 satisfying conditions PFB1-PFBS3, let M

be a differentiably combinatorial manifold consisting of M;, 1 <i <1 and (G*[M],«) a voltage

graph with a voltage assignment o : G¥ [M] — & over a finite group &, which naturally induced
a projection 7 : GE[P] — GE[M). For YM € V(GE[M)), if m(Py) = M, place Py on each

lifting vertex M*= in the fiber n=*(M) of G¥=[M], such as those shown in Fig.4.6.

(M)

D

Fig.4.6
Let IT = 71l 7=t for VM € V(GE[M]). Then P = U Py is a smoothly combinato-
MeV(GE[M))
rial manifold and ZLg = U Ju o Lie multi-group by definition. Such a constructed

MeV(GE[M])
combinatorial fiber bundle is denoted by Pt (M, %g).

For example, let & = Z; and GL[M] = C3. A voltage assignment o : GL[M] — Z5 and its

induced combinatorial fiber bundle are shown in Fig.4.7.

Vo w1 PMQ O pM3
U1 <:> v PMl PA41
Wo U1 P, O P,
l” —> I'n
N ()
1 1 >

Fig.4.7

Then we know the existence result following.

Theorem 4.2 A combinatorial fiber bundle ﬁo‘(j/[v, Zc) is a principal fiber bundle if and only
if for ¥(M',M") € E(G*[M]) and (Par, Pav) = (M, M")Ee € E(GY[P)), Uar|p,,np,, =
HM” |P]\/I/OPM” .

We assume P (1\7, Zc) satisfying conditions in Theorem 4.2, i.e., it is indeed a principal

fiber bundle over M. An automorphism of pe (1\7 ,Zc) is a diffeomorphism w : P — P such



Combinatorial Field - An Introduction 19

that w(p o; g) = w(p) o; g for g € I3, and

pE U P, wherel <i<I.
Per—1(M;)

Theorem 4.3 Let ﬁa(ﬁ, Zc) be a principal fiber bundle. Then
AutPe(M, %6) > (£),

where £ = { hw | I Py, — Py, is 1p,,, determined by h((M;)g) = (Mi)go,n for h €
& and g; € AutPyy, (M;, 5,), 1 <i <l}.

A principal fiber bundle ﬁ(ﬂ, Zc) is called to be normal if for Yu,v € ﬁ, there exists
an w € AutP(M, %g) such that w(u) = v. We get the necessary and sufficient conditions of
normally principal fiber bundles ]BO‘(M , %) following.

Theorem 4.4 ISO‘(M, Za) is normal if and only if Pug, (M;, 76,) is normal, (A5,;0,) = (H;0)

for 1 <i <1 and G*=[M] is transitive by diffeomorphic automorphisms in AutGLe[M].

4.4 Connection on Principal Fiber Bundles over Combinatorial Manifolds

A local connection on a principal fiber bundle pe (]T/[/, Zc) is a linear mapping ‘T, : TE(M) —
Tu(ﬁ) for an integer i, 1 < i <l and u € H;l(x) = 'F,, * € M;, enjoys with properties
following;:

(i) (dIL;)'T,, = identity mapping on T, (M);

(i1) "Tig,o,u = d "Ry o; Ty, where 'Ry is the right translation on Pay,;

(ii) the mapping u — T, is C°.

Similarly, a global connection on a principal fiber bundle pe (]T/[/ ,-Zc) is a linear mapping
T, : T,(M) — T,(P) for a uw € 1"} (z) = F,, x € M with conditions following hold:

(1) (dIT', = identity mapping on Ty (M);

(it) Tryou = dRg o T, for Vg € Zg, Vo € O(ZLg), where R, is the right translation on 16;

(¢97) the mapping v — I'y, is C*°.

Local or global connections on combinatorial principal fiber bundles are characterized by
results following.

Theorem 4.5 For an integer ¢, 1 < i < [, a local connection i in P is an assignment
‘H:u—'H, C Tu(ﬁ), of a subspace *H, of Tu(ﬁ) to each u € *F, with

(i) Tu(P)= ‘H,® V,, u€iF,;

(ii) (d "Ry) ‘Hy = “Hyo,q for Vu € 'F, and Vg € 7,,;

(iii) H is a C-distribution on P.

Theorem 4.6 A global connection T" in P is an assignment H : v — H,, C Tu(ﬁ), of a subspace

H, of T,,(P) to each u € F, with
(i) Tu(P)= H,®Vy, u€ F,;
(13) (dRy)Hy = Hyog for Yu € Fy, Vg € Lo and o € 0(Za);
(iii) H is a C*-distribution on P.
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Theorem 4.7 Let ‘T be a local connections on ﬁa(M, Za) for 1 < i < 1. Then a global
connection on P*(M, %q) exists if and only zf( 2.;0i) = (H;0), i.e., Lo is a group and
Tlareng, = 0\, for (M, M) € B(GM[M]), 1 <i,j <.

A curvature form of a local or global connection is a 9 (%,,0;) or P(ZLe)-valued 2-form

= (d 'w)h, or Q= (dw)h,
where (d ‘w)h(X,Y) = d ‘w(hX,hY), (dw)h(X,Y) = dw(hX,hY) for X,Y € 2 (Py) or
X,Y € 2 (P). Notice that a 1-form wh(X1, X5) = 0 if and only if “h(X;) = 0 or ‘h(X,2) =
We generalize classical structural equations and Bianchi’s identity on principal fiber bundles

following.

Theorem 4.8(E.Cartan) Let iw, 1 <4 <1 and w be local or global connection forms on a
principal fiber bundle ﬁo‘(M,Zg). Then

(d W) (X,Y) = —[ 'w(X), w)]+ QX,Y)

and

dw(X,Y) = —[w(X),w¥)] + QX,Y)
for vector fields XY € 2 (Pag,) or 2 (P).

Theorem 4.9(Bianchi) Let iw, 1 < i <1 and w be local or global connection forms on a
principal fiber bundle ﬁo‘(M,fg). Then

(d"Q)h =0, and (dQ)h =

85. Applications

A gauge field is such a mathematical model with local or global symmetries under a group, a
finite-dimensional Lie group in most cases action on its gauge basis at an individual point in
space and time, together with a set of techniques for making physical predictions consistent
with the symmetries of the model, which is a generalization of Einstein’s principle of covariance
to that of internal field characterized by the following ([3],[23],[24]).

Gauge Invariant Principle A gauge field equation, particularly, the Lagrange density of a

gauge field is invariant under gauge transformations on this field.

We wish to find gauge fields on combinatorial manifolds, and then to characterize WORLD
by combinatorics. A globally or locally combinatorial gauge field is a combinatorial field M under
a gauge transformation 7; M — M independent or dependent on the field variable . If a
combinatorial gauge field M is consisting of gauge fields M7, Ms, -+ , M,,, we can easily find
that M is a globally combinatorial gauge field only if each gauge field is global.
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Let M;, 1 < i < m be gauge fields with a basis By, and 7; BMi — By, a gauge
transformation, i.e., £, (B}; ) = £, (B, ). A gauge transformation 775 : U By, — U By,
is such a transformation on the gauge multi-basis U By, and Lagrange density £75; with

=1
Toplarn = Ti, L5\ = L, for integers 1 <@ < m such that

XM(U B, = Z(| Bar,)-

=1

m —~
A multi-basis |J By, is a combinatorial gauge basis if for any automorphism g € AutGL[M],
i=1

m m
g]\?{(U BMi)TMOQ = XM(U Bu,),
i=1 i=1
where 7']\7 o g means Ty; composting with an automorphism g, a bijection on gauge multi-
basis U Bps,. Whence, a combinatorial field consisting of gauge fields M;, My, --- , M, is a
comblnatorlal gauge field if M{* = Mg for VMl ,M§ € Qq, where Q4, 1 < a < s are orbits
of My, My, -+ , M, under the action of AutG*[M ] Therefore, combining existent gauge fields
underlying a connected graph G in space enables us to find more combinatorial gauge fields.

For example, combinatorial gravitational fields M (t) determined by tensor equations

1
Riuw)(or) = 5900 1 = —87GE ) (o)

in a combmatomal Riemannian manifold (M g, D) w1th M= M(nl, Nyt y M)

Now let w be the local connection 1-form, Q: d w the curvature 2-form of a local connection
on P*(M,%g) and A : M — P, Ilo A = idg; be a local cross section of P*(M, %¢). Consider

A=A w=Y" Aude,
y75%

~ 2 ~ ~
F=A Q= ZF(HV)(NX)dCC#V/\dIKA, dF =0,

called the combinatorial gauge potential and combinatorial field strength, respectively. Let
v:M—Rand A : M — P, N(T)=e"@A®). If A = \'* ulj, then we have

1
W (X) =gt w (X)g+g g, g€ L,

for dg € Ty(Za), X = JRQX " by properties of local connections on combinatorial principal
fiber bundles discussed in Section 4.4, which finally yields equations following

A=A+dA, dF =dF,
i.e., the gauge transformation law on field. This equation enables one to obtain the local form
of F as they contributions to Maxwell or Yang-Mills fields in classical gauge fields theory.

Certainly, combinatorial fields can be applied to any many-body system in natural or social

science, such as those in mechanics, cosmology, physical structure, economics,- - -, etc..
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Abstract: A Smarandache multi-space is such a union space O S; of S1,52,---,5, for an
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81. Introduction

The Dirichlet problem for boundaries which are S'-bundles over some compact manifolds.
In general relativity such boundaries often arise in gravitational thermodynamics. The classic
example is that of the trivial bundle Y = S! x $2. Manifolds with complete Ricci-flat metrics
[1] admitting such boundaries are known; they are the Euclidean’s Schwarzschild metric and
the flat metric with periodic identification. The Schwarzschild metric result by taking the limit
k — 0 and L — 0 while keeping r+ fixed:

2 o2m\ "
ds” = <1 - —m) dt? + (1 - —m) dr® 417 (d6° + sin® 0 dg?) (1)
r r

Here t €[0,00) and replaces the 1 coordinate in the previous two examples. The metric has a
bolt singularity at r = 2m which can be made regular by identifying the coordinate t with a
period of 8mm. The radial coordinate r has the range [2m,00) and constant r slices of the regular
metric have the trivial product topology of S* x S2. The four-metric therefore has the topology
of R! x S%. For a boundary .= S! x S2, the pair (a, 3) constitutes the canonical boundary
data with the interpretation that « represents the radius of a spherical cavity immersed in a
thermal bath with temperature T = ﬁ It is known that for such canonical boundary data,

apart from the obvious infilling flat-space solution with proper identification, there are in general

two black hole solutions distinguished by their masses which become degenerate at a certain

1Received May 27, 2009. Accepted Aug.12, 2009.
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value of the squashing, i.e., the ratio of the two radii g This can be seen in the following way.

First rewrite the Schwarzschild metric (1) in the following form:

2 2m\ !
ds® = (1 = —m> 64 72m>dt> + <1 - —m> dr® + 1% (d6? + sin? 0 dg?) 2)
r r

where t = 877 such that 7 has unit period. With this definition one can simply read off the
proper length — alternatively the radius — of the S'fibre and that of the S?base. They are

a? =r? (3)

and

2
32 = 16m> (1 - —m> (4)
r
It is easy to see that for a given (¢, (), r is uniquely determined whereas m is given by the

positive solutions of the following equation:

1 1
3_ L oo L oo
m” — sam —|—32aﬁ 0 (5)

By solving this equation for m, the two Schwarzschild infilling geometries are found3.
There are in general two positive roots of Eq.(5) provided g—z < ;—g. When the equality holds
the two solutions become degenerate and beyond this value of squashing they turn complex.
The remaining root of Eq.(5) is always negative. Therefore the two infilling solutions appear
and disappear in pairs as the boundary data is varied [1,12].

Next let us recall the concept of a metric in four-dimensions. Considering only flat space,

we have

ds* = da? + dy? + dz* — Adt? (6)

Now we see that ds? > 0,ds? = 0 and ds? < 0 correspond to space-like, null and time-like
geodesics, we note that massless particles, such as the photon, move on null geodesics. That
can be interpreted as saying that in 4-dimensional space, the photon does not move and that for
a photon, and time does not pass. Particularly intriguing is the mathematical possibility of a
negative metric. Now it is extremely interesting that there is a geometry in which two separated
points may still have a zero distance analogous to the corresponding to a null geodesic [7].

§2. Definitions and Background

(i) Let M and N be two smooth manifolds of dimensions m and n respectively. A map f :

M — N is said to be an isometric folding of M into N if and only if for every piecewise geodesic
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path v : J — M, the induced path fovy :J — N is a piecewise geodesic and of the same
length as v [13]. If f does not preserve the lengths, it is called topological folding. Many types
of foldings are discussed in [3,4,5,6,8,9]. Some applications are discussed in [2,10].
(7i) A subset A of a topological space X is called a retract of X, if there exists a continuous
map 7 : X — Asuch that([11])

(a) X is open

(b)r(a) =a,VaecA.
(#41) A subset A of a topological space X is said to be a deformation retract if there exists a
retraction r : X — A, and a homotopy f: X x I — X such that([11])

f(z,0)=zV zeX,

flz, 1) =r(z),VzeX,

fla,t)=a,Yae A tel0,1] .

83. Main Results
In this paper we discuss the deformation retract of the Schwarzschild space with metric:
2m

om\ L
ds?® = (1 — —) 64 w2m2dt® + (1 — _m) dr? +r? (d92 + sin? 9d¢2) .
r r

Then, the coordinate of Schwarzschild space are given by:

x] = :I:\/cl + (1 — 22)6472m?21t2

Ty = £1/co + 12 + dmr + 872 In(r — 2m)
x3 = +/cg + 1262
x4 = £/ cqa + 12 sin’ 0 2
where c¢1, co, c3 and ¢4 are the constant of integration. Now, by using the Lagrangian equations

ds " Ox ox;

=0, i=1,23,4,

find a geodesic which is a subspace of Schwarzschild space.

Since

1
T = §ds2

—1

1 2 2

T=3 {(1 _ —m> 64 2m2di® + (1 - —m> dr? + 12 (d6* + Sin29d¢2)}
T T

Then, the Lagrangian equations are

% (<1 - 277”) 647r2m2t’> =0 (7)
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(o)

(128 mem3dt? + deQ + 12 (d6* + sin* 0 d¢2)> =0 (8)
% (r*0') — r*sin20d¢* = 0 9)
% (r’sin®@ ¢') =0 (10)

From equation (7), we obtain

(1 - 27m> 64 7%m?t’ = § = constant,
if § = 0, we have two cases:
(i) t' =0, 0ort=constant = j3, if 3 = 0, we obtain the following coordinates:
r1 = £, /c1
T2 = £+/co + 12 + dmr + 872 In(r — 2m)

.Igzi\/m

x4 = £1/cq + 12 sin® 02

This is the geodesic hyper spacetime S; of the Schwarzchild spaceS, i.e. dS? = 0. This is
a retraction.

(4i) If m = 0, we obtain the following coordinates:
r1 = £, /c1

Ty = ++/ca + 12 + 872 In(r)

x3 = +\c3 + 262

x4 = £1/cq + 12 sin® 02

This is the geodesic hyper spacetime So of the Schwarzchild spaceS, i.e. dS? = 0. This is
a retraction.
From equation (8), we obtain
229 41
r“sin“ 0 ¢ = o = constant,
if « =0, we have two cases:

(a) If ¢’ =0, or ¢ = constant = ¢, if ( = 0, we obtain the following coordinates:

x] = :I:\/cl + (1 — 22)64m2m>2¢>

T2 = £+/ca + 12 + dmr + 872 In(r — 2m)
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$3=:|:\/m
x4 =+\/c5

This is the geodesic hyper spacetime S3 of the Schwarzchild spaceS, i.e. dS? = 0. This is

a retraction.

(b) If # = 0, , we obtain the following coordinates:

x] = :I:\/cl + (1 — 22)6472m?212

Ty = £y/ca + 12 + dmr + 872 In(r — 2m)

r3 = £, /c3

T4 =*/cq

If c3 = ¢4 = 0, then 2% + 23 + 2% — x3 > 0, which is the great circle Syin the Schwarzchild

spacetime geodesic. These geodesic is a retraction in Schwarzchild space.

Now, we are in a postion to formulate the following theorem.

Theorem 1 The retraction of Schwarzchild space are spacetime geodesic.

The deformation retract of the Schwarzchild space is defined by:¢ : S x I — S,where S is
the Schwarzchild space and I is the closed interval [0, 1]. The retraction of Schwarzchild spaceS
is given by:R : S — 51,52, 53, 54.

Then, the deformation retracts of the Schwarzchild spaceS into a hyper spacetime geodesic

S1 C S is given by:

2m

p(m,t) = (1- t){:l:\/cl +(1- 7)64772m2t2,

+\/co + 12 + 4mr + 872 In(r — 2m), £/ c3 + 1262,

+y/cq +r2sin?0 $2} +t {£/c1, 2/ o + 12 + dmr + 82 In(r — 2m),

++/c3 + 12602, 41/ cq + 125in? 0 92},

where ¢(m,0) = S and p(m, 1) = 5.
The deformation retracts of the Schwarzchild space S into a hyper spacetime geodesic

So C S is given by:

2
1- —m)64ﬂ'2m2t2,

olm,t) = (1- t){:l:\/cl +(

+\/co + 12 + dmr + 8n2In(r — 2m), £/c3 + 12602 + \/cq 4 r2sin? 0 ¢2}

+t {£/c1, £/ca + 72 + 872 ln(r),:l:\/03 + 7202 +1/cy +12sin? 6 @2},

The deformation retracts of the Schwarzchild space S into a hyper spacetime geodesic

Ss C S is given by
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2
1— y6an2mae2,

o(m,t) = (1—t){j:\/cl+(

+\/co + 12+ dmr + 82 In(r — 2m) , £1/c3 + 1262, £1/ ¢4 + 12 sin% 0 2}

2
+t {:I:\/cl +(1- —m)647r2m2t2, ++/co + 72 + 4mr + 872 In(r — 2m),
r

+v/c3 + 1202, +/ca}

The deformation retracts of the Schwarzchild space S into a spacetime geodesic Sy C S is

given by

2
1- —m)647r2m2t2,

olm,t) = (1- t){:l:\/cl +(

£1/ca + 2+ dmr + 872 In(r — 2m), £+/c3 + 1202, £/ ca + r2sin® 6 ¢2}

2
+t {:I:\/cl +(1- —m)64ﬂ'2m2t2 ,E/c2 + 72 + 4mr + 872 In(r — 2m),
r

+/3, £/}
Now, we are going to discuss the folding f of the Schwarzchild spaceS. Let f: S — S,

where f(z1, 22,23, 24) = (21|, 22, 3, 24).An isometric folding of the Schwarzchild spaceS into

itself may be defined by

2
f: {:I:\/cl +(1- —m)647r2m2t2, ++/co + 12 + dmr + 872 In(r — 2m),
r

++/c3 + 7202 £/ cq +r2sin® 0 ¢2} — {

+1/ca + 12 + dmr + 872 In(r — 2m), £/c3 + 1262, £1/ ¢4 + r2sin 0 $2}

)

2
:I:\/cl +(1- —m)647r2m2t2
r

The deformation retracts of the folded Schwarzchild spaceS into the folded hyper spacetime
geodesic S1 C S is

,£v/ca + 72 + dmr + 872 In(r — 2m),

2m
or:{ :I:\/cl + (1 — —)64m2m?2t2
T

2
+/c3 + 1202 £1/cq +r2sin® 0 ¢2} x T — { :I:\/Cl +(1- —m)64ﬂ'2m2t2
r

)

Vez + 12+ dmr +8n2 In(r — 2m), £+/c3 + 1202, £1/cq + 72 sin? 0 2}

with
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primt) = (1-t){ ;

2
:I:\/cl +(1- —m)647r27712t2

r

+V/co + 72 + dmr + 872 In(r — 2m), £V/c3 + 1262, 1/ ca + 12 sin® 0 ¢}
+t {|E£ver] , v/ co + 72 + dmr + 872 In(r — 2m), £/ ¢z + 1262,

+1/cs +r2sin? 60 $2}

The deformation retracts of the folded Schwarzchild space S into the folded hyper spacetime

geodesic So C S is

2
or:q :I:\/cl +(1- —m)647rzmzlf2 £/ co + 12 + dmr 4 872 In(r — 2m),
7

++/c3 + 71202 £ /ey +1r2sin? 0 ¢2} x T — {

+1/ca + 12 + dmr + 872 In(r — 2m), £/c3 + 1262, £1/ ¢4 + r2sin 0 $2}

)

2
:l:\/cl +(1- —m)647r2m2t2
r

with

2
:l:\/cl +(1- —m)647r2m21€2

r

prlm,t) = (1=t)f =

Vez + 72+ dmr + 872 In(r — 2m), +v/c3 + 72602, +\/cy + 2 5in? 0 »?}

+t {|£v/e| ,E/co + 12+ 8721n(r), £/ c3 + 1262, £1/cq + r2sin 0 $2}

The deformation retracts of the folded Schwarzchild space S into the folded hyper spacetime
geodesic S3 C S is

, £/ c2 + 72 + 4mr + 872 In(r — 2m),

2
or:{ :I:\/cl +(1- —m)64ﬂ'2m2t2
r

+/c3 + 1202, £4/cy +12sin? 0 $2} x I — { ,

2
:I:\/cl +(1 - y6anzmae
T

£v/eo + 12 +dmr + 872 In(r — 2m), /5 + 1262, £1/ cs + 12 5in” 0 ¢%}

with
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2
:I:\/cl +(1 - 6anzmae

prlmt) = (1-)f -

3

:l:\/CQ + 72 4+ 4dmr + 872 In(r — 2m), :I:\/C3 + 1202 41/ cq +1r2sin? 0 #?}

+t 4 £/ co + 12 + dmr 4 872 In(r — 2m),

+4/c3 + 1262, :E\/a}

The deformation retracts of the folded Schwarzchild space S into the folded hyper spacetime

2
:I:\/cl +(1- Tm)647r2m2t2

geodesic Sy C S is

2
o { :I:\/cl +(1- —m)647r2m2t2 ,£v/c2 + 72 + dmr + 872 In(r — 2m),
r

+/c3+ 1202 £/cg +12sin? 0 ¢2} x [ — {

co + 12 +dmr + 872 In(r — 2m), £/ c3 + 1202, 41/ c4 + 12 5in% 0 $2}

2
:I:\/cl +(1- —m)64ﬂ'2m2t2
r

)

with

prm,t) = (1—1t){ ,

2
:l:\/cl +(1- —m)647r2m21€2
r

+1/co + 12 + dmr + 872 In(r — 2m), £v/c3 + 1262,

2
+y/cs +r2sin? 0 $2} +t { j:\/cl +(1- —m)647r2m2t2
T

++/co + 72 4+ dmr + 82 In(r — 2m), +\/c3, £+/ca}
Then the following theorem has been proved.

Theorem 2 Under the defined folding, the deformation retract of the folded Schwarzchild
space into the folded hyper spacetime geodesic is different from the deformation retract of

Schwarzchild space into hyper spacetime geodesic.
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Abstract: Let G = (V, E) be a graph. A subset S of V is called a Smarandachely degree
equitable k-set for any integer k, 0 < k < A(G) if the degrees of any two vertices in S differ
by at most k. It is obvious that S = V(G) if k = A(G). A Smarandachely degree equitable
1-set is usually called a degree equitable set. The degree equitable number D.(G), the lower
degree equitable number d.(G), the independent degree equitable number D;.(G) and the
lower independent degree equitable number d;.(G) are defined by

D.(G) = max{|S] : S is a degree equitable set in G},

de(G) = min{|S| : S is a maximal degree equitable set in G},

D;.(G@) = max{|S| : S is an independent and degree equitable set in G} and

dic(G) = min{|S] : S is a maximal independent and degree equitable set in G}.

In this paper we initiate a study of these four parameters on Smarandachely degree equitable

1-sets.

Key Words: Smarandachely degree equitable k-set, degree equitable set, degree equi-
table number, lower, degree equitable number, independent degree equitable number, lower

independent degree equitable number.

AMS(2000): 05C07

§1. Introduction

By a graph G = (V, E)) we mean a finite, undirected graph with neither loops nor multiple edges.
The order and size of G are denoted by n and m respectively. For graph theoretic terminology
we refer to Chartrand and Lesniak [1]. For any graph G, the set D(G) of all distinct degrees of
the vertices of G is called the degree set of G. In this paper we introduce four graph theoretic
parameters which just depend on the basic concept of vertex degrees. We need the following

definitions and theorems.

1Received May 7, 2009. Accepted Aug.16, 2009.
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Definition 1.1 Let G1 and Gy be two graphs of order ni and ns respectively. The corona
G4 0 Gy is defined to be the graph obtained by taking ni copies of Go and joining the ith vertex
of G1 to all the vertices of the i'" copy of G3.

Definition 1.2 A set S of vertices is said to be an independent set if no two vertices in S are
adjacent. The maximum number of vertices in an independent set of a graph G is called the

independence number of G and is denoted by Go(G).

Definition 1.3 A dominating set S of a graph G is called an independent dominating set of
G if S is independent in G. The independent domination number i(G) of a graph G is the

minimum cardinality of an independent dominating set.

Definition 1.4 Let F be a family of nonempty subsets of a set S. The intersection graph Q(F)
is the graph whose vertex set is F and two distinct elements A, B € F are adjacent in Q(F) if
AN B # 0.

Definition 1.5 A graph G is called a block graph if each block of G is a complete subgraph.

Definition 1.6 A split graph is a graph G = (V, E) whose vertices can be partitioned into two
sets V' and V", where the vertices in V' form a complete graph and the vertices in V" are

independent.

Definition 1.7 A clique in G is a complete subgraph of G. The mazximum order of a clique in

G is called the clique number of G and is denoted by w(G) or simply w.

Theorem 1.8([1], Page 59) Let T be a non-trivial tree with A(T) = k and let n; be the number
of vertices of degree i in T, 1 <i <k. Then ny =ns+2n4 +3ns +---+ (k — 2)ng + 2.

Theorem 1.9([1], Page 130) Let G be a mazimal planar graph of order n > 4 and let n;
denote the number of vertices of degree i in G, 3 < i < k = A(G). Then 3nz + 2n4 + ns =
ny 4+ 2ng + -+ (k — 6)ng + 12.

Theorem 1.10([2]) Given a graph G and a positive integer k < |V'|, the problem of determining
whether G contains an independent set of cardinality at least k is NP-complete even when G is

restricted to cubic planar graphs.

82. Degree Equitable Sets

In social network theory one studies the relationships that exist on the members of a group.
The people in such a group are called actors, relationships among the actors is usually defined
in terms of a dichotomous property. A social network graph is a graph in which the vertices
represent the actors and an edge between the two actors indicates the property under consid-
eration holds between the corresponding actors. In the social network graph the degree of a
vertex v gives a measure of influence the corresponding actor has within the group. Hence

identifying the maximum number of actors who have almost equal influence within the group
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is a significant problem. This motivates the following definition of degree equitable sets.

Definition 2.1 Let G = (V,E) be a graph. A subset S of V is called a degree equitable set if
the degrees of any two vertices in S differ by at most one. The maximum cardinality of a degree
equitable set in G is called the degree equitable number of G and is denoted by D.(G). The
minimum cardinality of a maximal degree equitable set in G is called the lower degree equitable
number of G and is denoted by d.(G).

Observation 2.2 If S is a degree equitable set in GG, then any subset of S is degree equitable, so
that degree equitableness is a hereditary property. Hence a degree equitable set S is maximal if
and only if S is 1-maximal, or equivalently SU{v} is not a degree equitable set for all v € V —S.
Thus a degree equitable set S is maximal if and only if for every v € V — S, there exists u € S
such that |deg u — deg v| > 2.

Example 2.3

1. For the complete bipartite graph K, s, we have

max{r, s if |[r —s| > 2
Do(Ko) = {r,s} r—s| >
r+s otherwise.
min{7, s if|r—s|>2
0 (K ) = {r,s} Ir—s| >

r+s otherwise.

2. For the wheel W,, on n-vertices, we have

n ifn=4o0rb
De(Wn) -
n—1 otherwise.
ifn=4o0rb
de(Wn) -
1 otherwise.

3. If G is any connected graph, then for the corona H = Go K1, |S1(H)| > |V(G)| = IV(QH)‘
and hence D.(H) = |S1(H)|.

Observation 2.4 If G; and G2 are two graphs with same degree sequence, then D.(G1) =
D.(G3) and d.(G1) = de(G2). Further a subset S of V' is degree equitable in G if and only if
it is degree equitable in the complement G and hence D.(G) = D.(G) and d.(G) = d.(G).

Observation 2.5 Clearly 1 < d.(G) < D.(G) < n and D.(G) = d.(G) = n if and only if
either D(G) = {k} or D(G) = {k,k + 1} for some non-negative integer k. Also D.(G) =1
if and only if G = K and d.(G) = 1 if and only if there exists a vertex u € V(@) such that
deg v =k and |deg u — deg v| > 2 for all v € V — {u}.

Observation 2.6 For any integer ¢ with § <i < A —1,let S;={v eV :degv=1iori+1}.
Clearly a nonempty subset A of V' is a maximal degree equitable set if and only if A = S; for
some i. Hence D(G) = max{|S;| : § <i <A —1} and de(G) = min{|S;| : § <i < A —1 and
S; # 0}. Since the degrees of the vertices of G and the sets S;, § < i < A—1, can be determined

in linear time, it follows that D.(G) and d.(G) can be computed in linear time.
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Observation 2.7 Let n and k be positive integers with £ < n. Then there exists a graph
G of order n with d.(G) = k. If k < %, we take G to be the graph obtained from the path
P = (v1,v2,...,vx) and the complete graph K,,_ by joining v; to a vertex of K,, . If k> &,
we take G to be the graph obtained from the cycle Cj by attaching exactly one leaf at n — k

vertices of Cj.

Theorem 2.8 Let G be a non-trivial graph on n vertices. Then 2 < D.(G) < n and D.(G) =2
if and only if G = Ky or Ks.

Proof The inequalities are trivial.

Suppose D.(G) = 2. Let D(G) = {d1,ds,...,dr}, where di < do < ... < di. Clearly
k < n —1 and there exist at most two vertices with degree d;,1 <1i < k. Let d;;, € D(G) be
such that exactly two vertices have degree d;,. Since D.(G) = 2, it follows that d;, —1,d;, +1 ¢
D(G) if i1 < k and dy, — 1 ¢ D(G) if i1 = k. Hence by Pigeonhole principle, there exists
d;, € D(G)—{d;, } such that exactly two vertices of G have degree d;,. Continuing this process
we get for each d; € D(G), there exist exactly two vertices with degree d; and |d; — d;| > 2
if ¢ # j. Hence the degree sequence of G is given by II; = (1,1,3,3,5,5,...,n— 1,n—1) or
Iy = (0,0,2,2,4,4,...,n —2,n —2). Hence it follows that n = 2 and G = K5 or K». O

Theorem 2.9 If a and b are positive integers with a < b, then there exists a graph G with
d.(G) = a and D.(G) = b, except when a =1 and b = 2.

Proof If a = b, then for any regular graph G of order a, we have d.(G) = D.(G) = a.
Hence we assume that a < b. If b > a + 2, then for the graph G consisting of a copy of K,
and a copy of K} along with a unique edge joining a vertex of K, to a vertex of K}, we have
de(G) =a and D.(G) =b. If b=a+ 1 and a > 3, then for the graph G consisting of the cycle
C, and the complete graph K}, with an edge joining a vertex of C, to a vertex of K}, we have
d.(G) = a and D.(G) = b. For the graphs G; and G given in Fig.1, we have d.(G1) = 3 and
D.(Gy) = 4 and d.(G2) = 2,D.(G2) = 3. Also it follows from Theorem 2.8 that there is no
graph G with d.(G) =1 and D.(G) = 2. O

Gl G2
Fig.1

Proposition 2.10 For a tree T, D.(T) = |S1(T)|=|{v € V : deg v =1 or 2}|.

Proof Let n; denote the number of vertices of degree i in T where 1 < ¢ < A. Clearly |\S;(T)|



36 A. Anitha, S. Arumugam and E. Sampathkumar

=mn; +n;41, where 1 <i¢ < A—1. By Theorem 1.8, ny = nsg+2n4+3ns+---+ (A —2)na +2.
Hence |S1(T)| > |S:;(T)| + 2, for all 4, 2 < i < A —1, so that D.(T) = |S1(T)]. O

Proposition 2.11 Let G be a maximal planar graph with 6(G) = 5. Then D.(G) = |S5(G)|.

Proof 1t follows from Theorem 1.9 that ns = ny + 2ng + 3ng + -+ - + (A — 6)na + 12 and
hence D.(G) = |S5(G)|. O

Proposition 2.12 For any unicyclic graph G with cycle C, D.(G) = |S1(G)|.

Proof If G= C, then D.(G) = |V(G)| = |S1(G)|. Suppose G # C. Let e = uv be any
edge of C and let T = G — e. It follows from Proposition 2.10 that, D.(T) = |S1(T)| and
|S1(T)| > |Si(T)| + 2, for all i =2,3,...,A—1.

Clearly, |S:(T)| —2 < |Si(G)| < |Si(T)| +2. 1t |$1(T)] = [$1(G)], then |S1(G)| = $1(T)| =
|S:(T)| +2 > |S:(G)], for all i =2,3,...,A — 1. Suppose |S1(G)| # |S1(T)|. Then the vertices
u and v have degree either 2 or 3 and at least one of the vertices have degree 3 in G. Let

deg uw = k1 and deg v = ka.
Case 1. ki =3 and kg = 2.

Then |S1(G)| = |S1(T)| — 1, |S2(G)| = |S2(T)| + 1, |S3(G)| = |S3(T)| + 1 and |S;(G)| =
|S:(T)|, for all ¢ > 4. Hence |S1(G)| = |S1(T)| =1 > |S:(T)|+2—1>|S:(T)|+ 1 > |S:(G)], for
alli=2,3,...,A—1.

Case 2. ki1 =ky =3.

Then |81 (G)] = [S1(T)] =2, |S2(G)| = [S2(T),[S5(G)] = [Sa(T)] +2 and [S,(G)| = |S:(T)],
for all ¢ > 4. We claim that |S1(G)| > |S:(G)| for all i = 2,3,...,A — 1. Since |S1(G)| =
[S1(T)|—2,|51(T)| > |S:i(T)|+2, foralli =2,3,...,A—1 and |S;(G)| = |S:(T)| for all ¢ # 3, it
follows that |S1(G)| > |S;(G)] if i # 3. We now prove that |S1(G)| > |S3(G)|. Let n; denote the
number of vertices of degree i in G, 1 < i < A. Since G is unicyclic, n1 +2no+3ns+---+Ana =
2n. Also nq1 + na2 + --- + na = n. Hence it follows that n; = ng + 2n4 + -+ + (A — 2)na.
Since |S3(G)| = n3 + ng it follows that ny > |S3(G)| and hence |S1(G)| > |S3(G)|. Thus
[S1(G)| = |S:(G)]| for all i =2,3,...,A — 1 and hence D.(G) = |51(G)|. O

The study of the effect of the removal of a vertex or an edge on any graph theoretic
parameter has interesting applications in the context of a network since the removal of a vertex
can be interpreted as a faulty component in the network, and the removal of an edge can be
interpreted as the failure of a link joining two elements of the network.

We now proceed to investigate the effect of the removal of a vertex on D.(G).

Observation 2.13 On the removal of a vertex, D.(G) may increase arbitrarily or decrease
arbitrarily or remain unaltered. For the complete bipartite graph G' = K, , 12 with bipartition
X ={z1,29,...;2:} and Y = {y1,y2, ..., Yrt2}, De(G) = r+ 2 and

2r +1 ifoeY
r+2 ifv e X.

D.(G—v)=
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Also for the graph G = K, ;41 with bipartition X = {z1,2z2,...,2,} andY = {y1,92, ..., Yr4+1},
D.(G)=2r+1and D.(G—v)=r+1foralveX.

Hence the vertex set of G can be partitioned into three sets (not necessarily nonempty) as
follows.

VO = {veV:D.(G) = Du(G —v)},
Vt={veV:D.G) < DG —v)} and
“={veV:D.(G) > D.(G— )}

Example 2.14

1. For any regular graph G, we have V. =V~ and V' = V+ = ).

2. There exist graphs for which all the sets VY,V and V~ are nonempty. For the graph
G given in Fig.2, D.(G) =6, V° = {6,5,3,2,1}, VT = {4} and V~ = {8,9,7}.

1 6

[ 1N

Fig.2 G

We now proceed to determine the sets V°, V* and V~ for trees and unicyclic graphs. We
need the following lemma.

Lemma 2.15 Let G be a disconnected graph in which every component is either a tree or a

unicyclic graph. Then D.(G) = max{|So(G)|, |51(G)|}.

Proof Let dy,d; and da denote respectively the number of vertices of degree zero, one and
two in G. Then |So(G)| = do + dy and [S1(G)] = dy + do. Hence [So(G)| = |51(G)] if do > da
and |So(G)| < |S1(G)] if dy < da. Also it follows from Proposition 2.10 and Proposition 2.12
that |S1(G)| > |S;(G)| for all i > 2. Hence D.(G) = max{|So(G)|,|S1(G)|}. O

Theorem 2.16 Let G be a tree or a unicyclic graph and letv € V(G). Let N(v) = {w1, w2, ..., wk}.
Let k1, ko and ks denote respectively the number of vertices in N(v) with degrees 1,2 and 3 re-

spectively. Let mo denote the number of vertices of degree 2 in G.
(a) If deg v =1, then v € V° if and only if deg w1 = 3 and v € V~ otherwise.

(b) If deg v =2, then v € VT if deg wy = deg way = 3, v € VO if deg wy = 2 and deg way = 3
or deg w1 = 3 and deg we > 4 and in all other cases v € V.

(c) If deg v > 3, then v € V™ if ma > ko and k1 > k3, v € VT if k3 > ki and in all other
cases v € V0.
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Proof We prove the theorem for a tree T. The proof for unicyclic graphs is similar.

a) Suppose deg v = 1. Then 77 =T — v is also a tree. Further,

|S1(T)| if deg w1 =3

151(Th)| =
|S1(T)| -1 otherwise

Hence it follows from Proposition 2.10 that v € V° if and only if deg wy = 3 and v € V~
otherwise.

b) Let deg v = 2. Then F =T — v is a forest with two components T7 and T5.

If deg w1 = deg wy = 3, then |S1(F)| = |S1(T)| + 1. Also by Lemma 2.15, D.(F) =
|S1(E)| > |S1(T)| = De(T'). Hence v € V.

If deg w1 = 2 and deg wy = 3 or deg w1 = 3 and deg wy > 4, then |S1(F)| = |S1(T)|.
Hence D (F) = |S1(F)| = |S1(T)| = D.(T), so that v € V°.

If deg wi = deg we = 1, then T = Kj 3 and hence D.(F) = 2 and D.(T) = 3. If
deg w1 = 1 and deg we = 2, then |So(F)| = k1 < [S1(T)| and |S1(F)| = [51(T)| — 2. Hence
D.(F) = max{|So(F)],|S1(F)|} < De(T). If deg wn = deg we = 2, then D.(F) = |S1(F)| =
[S1(T)| — 1. If deg w1 = 2 and deg wo > 4 or if deg w1 > 4 and deg wy > 4, then D.(F) =
|S1(F)| =|S1(T)| — 1 = De(T) — 1. Hence in all cases D.(F) < D.(T), so that v € V.

¢) Let deg v > 3.

In this case F is a forest with k components, where k = deg v. Then |Sy(F)| = |S1(T)| —
ma + ko and |S1(F)| = |S1(T)| — k1 + k3. Since mg > ko, we have |So(F)| < |S1(T)|. Now, if
ma > ko and k1 > ks then [So(F)| < [S1(T)| and |S1(F)| < |S1(T)|. Hence D (F) < D(T)
so that v € V7. If k1 < kg, then |S1(F)| > |S1(T)|. Hence D.(F) = max{|So(F)|,|S1(F)|} =
|S1(F)| > |S1(T)| > D(T),so that v € V. If my = ko and k1 > k3, then |So(F)| = |S1(T")] and
[S1(F)| < |S1(T)]. If k1 = k3 then |S1(F)| = |S1(T)|. Thus in both cases, D.(F) = |S1(T)| =
D.(T) and hence v € V°. O

We now proceed to investigate the effect of the removal of an edge on D.(G). Let e =
wv € E(G) and let H = G—e. Since dy(u) = dg(u)—1,dg (v) = dg(v)—1 and dg (w) = dg(w),
for all w € V — {u, v}, it follows that D.(G) — 2 < D.(G —e) < D.(G) + 2. Hence the edge set
of GG can be partitioned into five subsets as follows.

{e€ E:D.(G) = D.(G —e) + 2},
={e€ E:D.(G) =D.(G —e¢)+ 1},
E°={e€ E:D.(G)=D.(G —e)},
={e€ E:D.(G)=D.(G—¢e)—1} and
{e€ E:D.(G) =D.(G—e)—2}

The following examples illustrate that all five types of edges can exist.
Example 2.17

1. For the graph G; given in Fig.3, D.(G1) = 5,D.(G1 — e1) = 4,D.(G1 — e2) = 3 and
D.(G1 —e3) =5. Hence e3 € E,e; € E~1 and e3 € E~2.



Degree Equitable Sets in a Graph 39

€1
€3

€2

Fig.3 Gl

2. For the graph G given in Fig.4, D.(G2) = 4 and D.(G2 — e) = 6, so that e € E2.

S

e
Fig.4 G2
3. For the graph G3 given in Fig.5, D.(G3) = 6 and D.(G3 —e) = 7, so that e € E*.

Fig.b

Theorem 2.18 Let T # Ky be a tree and let e = uv be an edge of T.
(a) If either u or v is a leaf, then e € EV if T has no vertex of degree 2 and e € E~1 otherwise.
(b) If deg u > 4 and deg v > 4, then e € E°.
(c) If deg u > 4 and deg v = 2, then e € E°.
(d) If deg u > 4 and deg v = 3, then e € E*.
(e) If deg u = deg v = 3, then e € E?.
(f) If deg u =3 and deg v =2, then e € E'.

(g9) If deg u = deg v = 2, then e € E°.
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Proof Let Ty=T — uv. Clearly T} is a forest with exactly two components. Suppose v is a
leaf. If deg u = 3 and T has no vertex of degree 2, then So(T1) C S1(T") and |S1(T1)|= |S1(T)|-
Hence D.(T1) = D.(T), so that e € EY. If T has a vertex of degree 2, then So(T1) € S1(T") and
|S1(T1)| = |S1(T)| — 1, so that De(T1) = De(T) —1 and e € E~ 1.

Now, suppose deg u > 2 and deg v > 2, so that |So(T1)| < |S1(T)|. Now if (b) or (c)
holds then |S1(T1)| = |S1(T)]. If (d) or (f) holds then |S1(T1)| = |S1(T)| + 1 and if (e) holds,
|S1(T1)| = |S1(T)| + 2. Hence the result follows. O

We now consider the effect of removal of a vertex or an edge on the lower degree equitable
number d.(G).

Observation 2.19 On the removal of a vertex, d.(G) may increase arbitrarily or decrease
arbitrarily or remain unaltered. For the complete bipartite graph G' = K, ;1o with bipartition
X ={z1,29,...,2.} and Y ={y1,y2, ..., Yrt2}, de(G) = r and

2r+1 ifveY
r—1 ifveX.

de(G —v) =

This shows that d.(G) may increase arbitrarily on vertex removal.

Also for the bistar G = B(ny,nz2) with [n; —na| =1, de(G) = 2 and d.(G — v) = 2, where
v is any leaf of G, so that d.(G) remains unaltered.

The following example shows that d.(G) may decrease arbitrarily on vertex removal. Let
G1 be a 4-regular graph on nj vertices and let G be a 6-regular graph on no vertices where
ni1 < ng. Let G3 be a ni + 1-regular graph on ng vertices where n3 > ny + no. Let G be the
graph obtained from G, G2 and G3 as follows.

Add a new vertex v and join it to all vertices of G;. Remove two disjoint edges z1y; and
z2y2 from (3 and remove an edge x3ys from G2 and add the edges vz, vy:, x3x2 and ysya.
Clearly D(G) = (5,6,n1 +1,n1 +2). Also |Ss5| = n1 + n2 and |Sp,+1| = ns. Since ng > ny + no
it follows that d.(G) = n1 4+ ne. Now, D(G — {v}) = {4,6,n1,n1 +1}. Also |S4| = n1,|Ss| = n2
and |Sp, | = nz. Hence d.(G — v) = ny.

Theorem 2.20 Given a positive integer k, there exist graphs G1 and Go such that d.(G1) —
do.(G1 —e) =k and do.(G2 — ) — d.(G2) = k.

Proof Let G1 = Piy3 = (v1,v2,...,0+3). Then d.(G1) = k+ 3 and d.(G1 — v1v2) = 3
and hence d.(G1) — de(G1 — €) = k. Let H be the complete bipartite graph, Kj44 r1+s with
bipartition X = {x1,z2,..., 214} and Y = {y1,y2,...,Yr+s}. Let G be the graph obtained
from H by adding the edges y1y2, y2u3, y3y4- Then d.(G2) = 4, d.(G2 —y2y3) = k+4 and hence
de(G2 —€) —de(G2) = k. O

Hence for d.(G) the vertex set V(G) and the edge set E(G) can be partitioned into subsets
Vo, Vi, V- and Ey, B, E_ as follows.

Vo ={veV:d(G) > d.(G—v)},
Vo = {U ev: de(G) = de(G - U)}7
Vi ={v €V :d(G) <de(G—)},
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E_={ecE:d.(G)>d.(G—e)},
Ey={e€ E:d.(G) =de(G—e)} and
Ei={e€ E:d.(G) <de(G—e)}.

Example 2.21

1. For the complete graph K,,, we have V =V_.

2

3.

For the corona of the cycle C,, o K1, we have V = V}.
For the graph G = K 3, we have V =V, and £ = E,.
For any regular graph G we have £ = Ej.

For the graph G given in Fig.6, we have d.(G) = 12 and d.(G —e) = 10 for every e € E(G)
and hence £ = E_.

Fig.6 G

The following are some interesting problems for further investigation.

Problem 2.22

N ok e

Characterize graphs for which V. =V_.
Characterize graphs for which V = Vj.
Characterize graphs for which V. = V,.
Characterize graphs for which E = E_.
Characterize graphs for which E = Ej.
Characterize graphs for which E = F..

Characterize vertices and edges in different classes.

§3. Independent Degree Equitable Sets

In this section we consider subsets which are both degree equitable and independent. We

introduce the concepts of independent degree equitable number and the lower independent

degree equitable number, and present some basic results on these parameters.
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Definition 3.1 The independent degree equitable number D;.(G) and the lower independent
degree equitable number d;.(G) of a graph G are defined by D;.(G) = max{|S|: S CV and
S is an independent and degree equitable set in G} and di.(G) = min{|S| : S is a mazimal

independent and degree equitable set in G}.

Example 3.2

1. For the complete bipartite graph K, ,,, we have D;c(K,, ) = max{m,n} and d;c(G) =

min{m,n}.

2. For the wheel W,, on n-vertices, we have D;.(W,,) = Bo(Cp—1) and d;e(W,,) = 1.

Observation 3.3 Let H; = (S;). Then D;.(G) = maz{B,(H;) : § < i < A — 1} and
die(G) =min{i(H;) : 6 <i < A—1}.

Observation 3.4 For any graph G, we have d;.(G) < D;(G) < Bo(G). Also, since D;e (K4 p) =
max{a, b} and d;.(K, ) = min{a, b}, the difference between the parameters D;.(G) and d;e(G)

can be made arbitrarily large.

Observation 3.5 For any regular graph, we have D;.(G) = [Bo(G). By Theorem 1.10 the
computation of Gy(G) is NP-complete even for cubic planar graphs. Hence it follows that the
computation of D;.(G) is NP-complete.

Observation 3.6 The difference between §y(G) and D;.(G) can also be made arbitrarily large.
IfG; = Koi11,i=1,2,...,k+1 and G is the graph obtained from G1,Gs,...,Gr4+1 by joining
a vertex of G; to a vertex of G41,where 1 <i < k, then D;.(G) =1 and 5o(G) = k + 1. Hence
Bo(G) — Die(G) = k.

Observation 3.7 For any connected graph G, D;.(G) =n — 1 if and only if G = K7 ,,_1.

Observation 3.8 Let G be a graph with 5y(G) = n—2. If A is any fy-set in G, then deg v = 1
or 2 for all v € A and hence D;.(G) = 5o(G) =n — 2.

Proposition 3.9 For any connected graph G, d;.(G) = 1 if and only if either A =n—1 or
for any two nonadjacent vertices u,v € V(G), |deg u — deg v| > 2.

Proof Suppose d;.(G) =1 and A(G) < n—1. Let v and v be any two nonadjacent vertices
in G. Since d;(G) = 1, {u, v} is not a degree equitable set and hence |deg u — deg v| > 2. The

converse is obvious. O

Proposition 3.10 For any connected graph G, D;c(G) = 1 if and only if G = K,, or for any
two nonadjacent vertices u,v € V(G), |deg u — deg v| > 2.

Proof Suppose D;.(G) = 1. It G # K, let u and v be any two nonadjacent vertices in
G. Since D;.(G) = 1, {u,v} is not a degree equitable set and hence |deg u — deg v| > 2. The

converse is obvious. O

Observation 3.11 Every independent set of a graph G is degree equitable if and only if for

any two nonadjacent vertices u and v, |deg u — deg v| < 1.
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Theorem 3.12 In a tree T every independent set is degree equitable if and only if T is a star

or a path.

Proof Let T be a tree. Suppose every independent set in 7" is degree equitable. If all the
vertices of T" are of degree 1 or 2 then T is a path. If there exists a vertex v with deg v > 2,

then all the leaves of T' are adjacent to v and hence T is a star. The converse is obvious. O

Theorem 3.13 Let G be a unicyclic graph with cycle C. Then every independent set of G is
degree equitable if and only if G = C or the graph obtained from the cycle C3 by attaching at
least one leaf at a vertex or the graph obtained from a cycle Cy,k > 4 by attaching exactly one

leaf at a vertex.

Proof Let G be a unicyclic graph with cycle C. Suppose every independent set in G is
degree equitable. If all the vertices of G are of degree 2, then G = C. Suppose there exists a
vertex v on C with deg v > 2. Then § = 1. If there exists a leaf w which is not adjacent to v,
then {w,v} is an independent set in G and is not degree equitable, which is a contradiction.
Thus every leaf of G is adjacent to v and hence all the vertices of C other than v are of degree
2. Also if the length of the cycle C is at least 4 and deg v > 4, then {v, 2} where z is any vertex
on C which is not adjacent to v is an independent set which is not degree equitable. Hence G
is isomorphic to one of the graphs given in the theorem. The converse is obvious. O

We now consider the effect of removal of a vertex or an edge on the independent degree
equitable number D;.(G) and the lower independent degree equitable number d;.(G).

Observation 3.14

1. For the complete graph K, D;c(K,) = die(K) = 1 and Dje (K, — v) = die (K, —v) =1
for all v € V(K,,).

2. For the wheel G = W,, on n vertices, we have d;.(G) = 1. Further if v is the central vertex
of G, then G — v is the cycle C,,—; and hence d;.(G — v) = L"T’lJ . This shows that the

lower independent degree equitable number may increase arbitrarily on vertex removal.

3. For the graph G obtained from a copy of K5 and a copy K by joining a vertex u of K5
with a vertex v of Kg, we have d;c(G) = D;e(G) = 2. Also d;e(G — w) = D;e(G —w) =1
for any w € V(K5) — {u}.

4. For the graph G obtained from a copy of K5 and a copy of K7 by joining a vertex u of K5
with a vertex v of K7, we have d;c(G) = D;.(G) = 1. Also D;e(G — w) = die (G — w) = 2
for any w € V(K7) — {v}.

Thus the independent degree equitable number D;.(G) and the lower independent degree
equitable number d;.(G) may increase or decrease or remain same on removal of a vertex. Hence

the vertex set V(G) can be partitioned into subsets as follows.
VE) = {0 eV :Die(G) > Die(G —v)},
VO ={y eV :Di(G) = Di(G —v)},
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V) ={v €V : Di(G) < Die(G —v)},

Viey ={v € V1 die(G) > die (G —v)},

Vioy ={v € V : die(G) = die (G — v)} and

Vig) ={v €V 1 die(G) < die (G =)}

The following theorem shows that on removal of an edge, D;c(G) can decrease by at most

1 and increase by at most 2.

Theorem 3.15 Let G be a graph. Let e = wv € E(G). Then Die(G) — 1 < D;e(G —e) <
D;c(G) + 2.

Proof Let S be an independent degree equitable set in G with |S| = D;.(G). Then at
most one of the vertices u, v belong to S. If uw ¢ S and v ¢ S, then S is an independent degree
equitable set in G —e and if u € S, v ¢ S, then S — {u} is an independent degree equitable set
in G —e. Hence D;.(G —¢) > D;(G) — 1.

Now, let S be an independent degree equitable set in G — e with |S| = D;.(G — e). If both
uw and v are in S, then S — {u,v} is an independent degree equitable set in G. If u € S and
v ¢ S, then S — {u} is an independent degree equitable set in G. If both u and v are not in S,
then S is an independent degree equitable set in G. Hence D;o(G) > D;e(G —¢) — 2. O

Observation 3.16

1. For the complete graph K, n > 3, we have D;.(G) = d;o(K,) =1 and D;o(K,, — €) = 2,
die (K, —e) =1 for any edge e € E(K,).

2. For the path P, = (vi,v2,...,v,) we have D;(P,) = die(Pn) = [%] . Also d;e (P, —
v1vg) = 3 and

if nis odd

—
N[3
-

Djc(Pp, — v1v2) =
[%w +1 if n is even.

3. For the corona G = K3 o Kj, we have d;.(G) = 1 and d;.(G — e) = 2 for any edge
e c E(Kg)

4. For the graph G given in Fig.7, D;.(G) = 6 and D;.(G —e) = 5.

o

Fig.7 G
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5. Let H be a split graph with split partition X,Y such that X is independent, (V) is
complete, |Y| > |X|+ 3 and D(X) = {|Y]| — 4,|Y| — 3} and at least two vertices in X
have degree |Y| — 3. Let G = H + uv where u,v € X and deg u = deg v = |Y| — 3. Then
Die(G) = |X| -2 and D;(G —wv) = D;e(H) = | X|.

Thus the independent degree equitable number D;.(G) and the lower independent degree
equitable number d;.(G) may increase or decrease or remain same on removal of an edge.
Hence for D;.(G) the edge set F(G) can be partitioned into 4 subsets as follows.

ECY ={e€ E: Dic(G—e) = Dic(G) — 1},
E® ={e€ E: Dic(G —¢) = Dic(G)},
EW ={e€c E:D;.(G—¢€)=D;(G)+1} and
E® ={e€ E:D;(G—e) = D;.(G) +2}.
Hence for d;.(G) the edge set E(G) can be partitioned into 3 subsets as follows.
E_y={e€ E:di(G) > dic(G —e)},
E) ={e € E :dic(G) = dic(G —¢)} and
Ey={e€ E:di(G) < dic(G —e)}.

Example 3.17

For the complete graph K, where n > 3, we have V = V() = VO and E = E -
For the complete graph K, we have E = E(4.

For any odd cycle Cop 1 where n > 2, we have E = ED.

- W =

For any even cycle Cay,, we have E = E(©),

Problem 3.18

1. Characterize graphs for which V =V (),
Characterize graphs for which V = V(q).
Characterize graphs for which E = E©).
Characterize graphs for which E = Eq).
Characterize graphs for which E = EM).
Characterize graphs for which E = E4.

N ok N

Characterize vertices and edges in different classes.

84. Degree Equitable Graphs

Given a graph G = (V, E), we define another graph G%¢ using the concept of degree equitableness

and present some basic results.
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Definition 4.1 Let G = (V, E) be a graph. The degree equitable graph of G, denoted by G is
defined as follows.

V(G9) = V(@) and two vertices u and v are adjacent in G if and only if |deg u — deg v| < 1.

Observation 4.2 For any maximal degree equitable set S; in G, the induced subgraph (S;) of
G is a clique in G% and hence it follows that the clique number w(G9€) is equal to the degree
equitable number D.(G).

A—1

Theorem 4.3 Let G be any graph. Then the number of edges in G is given by z_: (IS;‘) —
=9
A—1
S:NS;
;; (\ 5 +1\).

Proof Each (S;) is complete in G% and hence the subgraph (S;) has (ISQJ) edges. Also the

A—1
edges in the subgraph (S;41 N .S;) are counted twice in > (lsé‘) Hence the number of edges
=
A-1 A-1
in Gde = Z:é('z‘)—z:é(l ﬂ2 *1‘). O
= =

Theorem 4.4 Let G be any graph. Then the following are equivalent.
(i) G is connected.
(i) D(G) ={6,0 +1,...,A}.
(iii) The intersection graph H of the set of all mazimal degree equitable sets of G is a path.

Proof Suppose G% is connected. If there exists an integer i such that 4,7 + 2 € D(G) and
i+1¢ D(G), then S;N S;+; = 0 and no edge in G joins a vertex of S; and a vertex of S;.
Now, V; = S5USs541U---US; and Vo = S; 411 U---USA_1 forms a partition of V and no edge of
Gde joins a vertex of V; and a vertex of V5. Hence G is disconnected, which is a contradiction.
Hence D(G) = {0,0 + 1,...,A}, so that (i) implies (ii).

Now, if D(G) ={06,6 +1,...,A}, then S; N S;y1 # 0 and S; N S; =0 if |i — j| > 2. Hence
H is a path, so that (ii) implies (iii).

Now, suppose H is a path. Then S; N S; 41 # 0 and since (S;) is a complete graph in G,
it follows that G is connected. Thus (iii) implies (i). O

Theorem 4.5 Let G be a connected graph. Then G is a connected block graph if and only if
|Si N Sit1]| =1 for every i, 6 <i<A—1.

proof The induced subgraph (S;) of G4 is complete and each (S;) is a block in G9¢ if and
only if |Siﬂ5i+1| =1. [l

Definition 4.6 A graph H is called a degree equitable graph if there exists a graph G such that
H is isomorphic to G9.

Example 4.7 Any complete graph K, is a degree equitable graph, since K, = G% for any
regular graph G.
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Theorem 4.8 Any triangle free graph H is not a degree equitable graph.

Proof Suppose H = G for some graph G. Then D.(G) = 2. Hence it follows from
Theorem 2.8 that G = K5 or K», which is a contradiction. Hence any triangle free graph is not

a degree equitable graph. O
Problem 4.9 Characterize degree equitable graphs.

Conclusion and Scope. In this paper we have introduced the concept of degree equitable
sets. The concept of degree equitableness can be combined with any other graph theoretic
property concerning subsets of V. For example one can consider concepts such as degree equi-
table dominating sets or degree equitable connected sets and study the existence of such sets

in graphs.
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Abstract: A Smarandachely k-constrained labeling of a graph G(V, E) is a bijective map-
ping f: VUE — {1,2,..,|V] + |E|} with the additional conditions that |f(u) — f(v)| > k
whenever uv € E, |f(u)— f(uwv)| > k and | f(uv) — f(vw)| > k whenever u # w, for an integer
k > 2. A graph G which admits a such labeling is called a Smarandachely k-constrained
total graph, abbreviated as kK — CT'G. The minimum number of isolated vertices required for
a given graph G to make the resultant graph a £k — CT'G is called the k-constrained number
of the graph G and is denoted by ¢, (G). In this paper we settle the open problems 3.4 and
3.6 in [4] by showing that tx(P,) = 0, if k£ < ko; 2(k — ko), if & > ko and 2n =1 or 2 (mod
3); 2(k — ko) — 1 if k > ko; 2n = 0(mod 3) and ¢, (Cr) = 0, if k < ko; 2(k — ko), if & > ko
and 2n = 0 (mod 3); 3(k — ko) if k > ko and 2n =1 or 2 (mod 3), where ko = [ 2% ].

Key Words: Smarandachely k-constrained labeling, Smarandachely k-constrained total

graph, k-constrained number, minimal k-constrained total labeling.

AMS(2000): 05C78

81. Introduction

All the graphs considered in this paper are simple, finite and undirected. For standard termi-
nology and notations we refer [1], [3]. There are several types of graph labelings studied by
various authors. We refer [2] for the entire survey on graph labeling. In [4], one such labeling
called Smarandachely labeling is introduced. Let G = (V| E) be a graph. A bijective mapping
f:VUE —={1,2,...,|V|+|E|} is called a Smarandachely k — constrained labeling of G if it

satisfies the following conditions for every u,v,w € V and k > 2;
L |f(u) = f)] =k
2. [f(u) = fuv)| = K,

1Received June 19, 2009. Accepted Aug.25, 2009.
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3. [f(w) = flow)] = k

whenever uv,vw € F and u # w.

A graph G which admits a such labeling is called a Smarandachely k-constrained total
graph, abbreviated as k — C'I'G. The minimum number of isolated vertices to be included for a
graph G to make the resultant graph is a k — CT'G is called k-constrained number of the graph
G and is denoted by t;(G), the corresponding labeling is called a minimal k-constrained total
labeling of G.

We recall the following open problems from [4], for immediate reference.

Problem 1.1 For any integers n,k > 3, determine the value of ti(Py).

Problem 1.2 For any integers n,k > 3, determine the value of t;(Cy,).

82. k-Constrained Number of a Path

Let V(P,) = {v1,v2,. . . ,0,} and E(P,) = {v;vi41 | 1 < i < n — 1}. Designate the vertex v;
of P, as 2¢ — 1 and the edge v;v;4; as 2j, foreach 4,1 <i<nand1<j<n-1.

Lemma 2.1 Let ko = [221] and S; = {31 — 2,31 — 1,31} for 1 <1< ko. Let f be a minimal
k-constrained total labeling of P,. Then for each i,1 < i < kg, there exist a [,1 <1 < ko and a
x € S; such that f(x) =1i.

Proof For 1 <1 < ko, let S;={l1,l2,l3}, where Iy = 3l — 2,1y = 31 — 1,l3 = 3l. Let
S =1{1,2,3,....,ko} and f be a minimal k-constrained total labeling of P,,2n =0 (mod 3) and
k > ko, then by the definition of f it follows that |f(S;) NS| < 1, for each i,1 < i < kg + 1,
otherwise if f(1;), f(I;) € S for 1 <14,5 < 3,i# j, then |f(L;) — f(I;)] < ko < k, a contradiction.
Further, if f(l;) # ¢ for any [,j with 1 < < kg,1 < j < 3 for some i € S, then i should be

assigned to an isolated vertex. So, span of f will increase, hence f can not be minimal. O

Lemma 2.2 Let S; = {31 —2,31— 1,31} and f be a minimal k-constrained total labeling of P, .
Let f(z) = s1 and f(y) = sa for some x € Sy and y € Si41 for some [,1 <1 < m < ko and
1 < 51,80 < kg, where kg = Lz’lg—_lj Then y = x + 3.

Proof Let w1, x2, 23 be the elements of S; and x4, 25,26 be that of S;4q1 (ie. if 21 is a
vertex of P, then zs, x5 are vertices and x5 is an edge x1x3 ; x4 is an edge x3xs and z¢ is
incident with x5 or if z; is an edge, then x; is incident with xo; o, x4, xg are vertices and x3
is an edge wox4, o5 is an edge T4x¢).

Let f be a minimal k-constrained total labeling of P, and Si, So, ..., Sk, be the sets as
defined in the Lemma 2.1. Let S, be the set of first kg consecutive positive integers required
for labeling of exactly one element of S; for each [,1 <1 < kg as in Lemma 2.1. Then each set
Si,1 <1 < kg contains exactly two unassigned elements. Again by Lemma 2.1 exactly one of
these unassigned element can be assigned by the set Sg containing next possible ko consecutive
positive integers not in S,. After labeling the elements of the set S;, 1 <1 < kg by the labels in
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SaUSs, each S; contains exactly one element unassigned. Thus these elements can be assigned
as per Lemma 2.1 again by the set 5, having next possible ko consecutive positive integers not
in 8o U S3.

Let us now consider two consecutive sets S;, Si41 (Two sets S; and S; are said to be
consecutive if they are disjoint and there exists z € S; and y € S; such that zy is an edge). Let
a1,z € Sy, x; € Sp and x; € Sp4q such that f(z;) = a1 and f(z;) = as (such a1, aqg,z; and
x; exist by Lemma 2.1). Then, as f is a minimal k-constrained total labeling of P,, it follows
that |j — 4| > 2 implies j > i + 3. Now we claim that j = ¢ + 3. We note that if i = 3, then the
claim is obvious. If ¢ # 3, then we have the following cases.

Casel =1
If j # 4 then

Subcase 1 j=5

By Lemma 2.1, there exists (1,02 € Sg and z, € S;,zs € S;41 such that f(x,) = G
and f(zs) = P2. Now f(z1) = a1 , f(x5) = ag implies r = 2 or r = 3 (i.e. f(x2) = [ or
flxs) = B).
Subsubcase 1 r =2 (ie. f(z2)=/f1)

In this case, f(x¢) = f2 (since f(x;) = f1 and f(z;) = B implies [j —i] > 2 ) and hence
by Lemma 2.1 f(z3) = 71 and f(z4) = 72 for some ~;,72 € S, which is inadmissible as z3 and
x4 are incident to each other and |y — 2| < ko < k.

Subsubcase 2 r =3 (ie. f(x3)=/01)
Again in this case, f(zs) = f2. So f(z2) =71 and f(z4) = 2 for some 71,72 € S, which

is contradiction as xo and x4 are adjacent to each other and |y — 2| < ko < k.

Subcase 2 j =6

Now f(x1) = a1, f(z¢) = ag implies f(z2) = 1 or f(x3) = f1.
Subsubcase 1 f(x2) = /1

In this case, f(x5) = B2 and hence by Lemma 2.1 f(xz3) = 71 and f(z4) = 72 for some
Y1,7Y2 € Sy, which is a contradiction as x3 and x4 are incident to each other.

Subsubcase 2 f(x3) = /1
In this case, f(z4) = B2 or f(x5) = f2 none of them is possible.
Thus we conclude in Case 1 that if ¢ = 1, then j =4, s0 j =17+ 3.
Case 2 =2

In this case we have j > i+ 3,80 j > 5. If j # 5 then j = 6. Now f(z2) = aq, f(x6) = a2

implies f(z1) = B1 or or f(x3) = b
Subcase 1: f(x1) =1

But then f(z4) = B2 or f(z5) = Fo.

Subsubcase 1 f(x4) = (2
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In this case, f(z4) = B2 and by Lemma 2.1 f(z3) = 71, f(25) = 2, which is a contradiction
as x3 and x5 are adjacent to each other.

Subsubcase 2 f(z5) = (2

In this case, f(xz5) = (B2 and by Lemma 2.1 f(x3) = 71 and f(z4) = 72, which is not
possible as x3 and x4 are incident to each other.

Subcase 2 f(z3) =

In this case, f(z4) = B2 or f(z5) = (2 none of them is possible.

Thus in this case 2, we conclude that if ¢ = 2, then j =5, s0 j =i+ 3.

Thus, we conclude that the labels in S, preserves the position in S;. The similar argument
can be extended for the sets S3 and S, also. O

Remark 2.3 Let ko = [2%-L] and | be an integer such that 1 <1 < ko. Let f be a minimal
k-constrained total labeling of a path P,, and S, = {a,a+ 1, a+ 2,...,a+ ko — 1}. Let S; =
{31 —2,31 — 1,31} and f(z) = a+ i for some x € S; Then f(y) = a+ i+ k implies y € S;.

Proof After assigning the integers 1 to kg one each for exactly one element of S, for each
[,1 <1 < kg, an unassigned element in the set containing the element labeled by 1 can be
labeled by k£ + 1. But no unassigned element of any other set can be labeled by k + 1. Thus,
if the label k + 1 is not assigned to an element of the set whose one of the element is labeled
by 1, then it should be excluded for the labeling of the elements of P, and hence the number
of isolated vertices required to make P, a k-constrained graph will increase. Therefore, every
minimal k-constrained total labeling should include label k 41 for an element of the set whose
one of the element is labeled by 1. After including k£ + 1, by continuing the same argument for
k+2k+3,---,k+ ko one by one we can conclude that the label k + ¢ (and then 2k + ¢) can
be labeled only for the element of the set whose one of the element is labeled by 3. O

Remark 2.4 If1 € f(S1), then from the above Lemmas 2.1, 2.2 and Remark 2.3, it is clear

that 1,1+ k,1 + 2k € f(S) for every 1,1 <1 < ko, where ko = [2271].

Lemma 2.5 Let S; = {3i — 2,3i — 1,3i} and f be a minimal k-constrained total labeling of

P, such that f(z) = s for some x € S; for some i,1 < i < ko, where ko = |2%+]. Then

f(y) =s+1 implies y € Si11 ory € Si—1 and hence by Lemma 2.2 we have |x —y| = 3.

Proof Suppose the contrary that y € S; for some j where |[j —i| > 1 and 1 < j < ky.
Without loss of generality, we now assume that j > i+ 1 (otherwise relabel the set S,, as Sk,—m
for each I,1 < m < ko). Now by repeated application of Lemma 2.1 we get the sequence of
consecutive sets S;, Siy1, Sit2, ..., 5j and the sequence of elements s = 59,51 = s+1,...,5;_; =
s+ 1 where s; € S;y4 for each t,0 <t < j. As j > i+ 1, this sequence of elements (labels) is
neither an increasing nor a decreasing sequence. So, there exists a positive integer | such that
si—1 < s; and s;41 < s;. Also, Remark 2.4 spyp, Si42k € f(Siti), Si41+k, Siv1+2k € f(Siti41)
and Sl—1+k,Si—1+4+2k € f(SiJrlfl)- Let [ = 3(Z + l) — 2,15 = 3(’L + l) —1,l3 = 3(Z + l) . We now
discuss the following 3! cases.

Case 1 f(lh) = si, f(l2) = si + k, f(l3) = 51+ 2k.
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In this case by Lemma 2.2 it follows that f(l; —3) = s;—1, f(la—3) = sj—1 + k, f(I3—3) =
si—1+2k and f(l143) = si41, f(la+3) = sip1+Fk, f(I3+3) = si41+2k. So, |[f(l1—2)— f(l1)] >
k=lsic1+tk—si|>k=1k—(s1—s1-1)| > k= s —s1-1 <0= s, < 8_1, a contradiction.

Case 2 f(lh) = s, f(l2) = s1 + 2k, f(I3) = s1 + k.

In this case by Lemma 2.2 it follows that f(l; —3) = s;—1, f(la—3) = s;—1+ 2k, f(Il3—3) =
si—1+kand f(li+3) = si11, f(la+3) = si41+2k, f(I3+3) = s;21+k. So, |[f(lh—1)— f(lh)| >
k=lsii+tk—s|>k=k—(si—s1-1)| > k= s —s-1<0= s < s._1, a contradiction.

Case 3 f(li) =si+k, f(l2) = s, f(l3) = s1 + 2k.

In this case by Lemma 2.2 it follows that f(l1 —3) = s;—1 +k, f(l2—3) = s1-1, f(I3 = 3) =
sio1+2k and f(l+3) = sp1 +k, fl2+3) = sie1, fls+3) = s41+2k. So, |f(li—1)— f(I1)] >
E=lsic14+2k)—(si+k)|>k=lk—(si—sim1)| 2 k=85—85-1<0=5 <s_.,a
contradiction.

Case 4 f(l1) = 51+ 2k, f(l2) = s1, f(I3) = s1 + k.

In this case by Lemma 2.2 it follows that f(l; —3) = s;—1 + 2k, f(la—3) = 511, f(I3—3) =
s;—1+k and f(ll +3) = s141 + 2k, f(lQ—I—?)) = Si+1, f(lg +3) = s14+1+ k. So, |f(ll — 1) —f(lg)| >
E=|(sic1+k)—s)| > k= |k—(s1—s1-1)| > k= s—s51-1 <0= 5, < 5_1, a contradiction.

Case 5 f(l1) = 51+ k, f(l2) = s1 + 2k, f(l3) = s1.

In this case by Lemma 2.2 it follows that f(l;—3) = s;—1+k, f(la—3) = sj—1+2k, f(I3—3) =
si—1 and f(l1 +3) = sip1 + k, fla +3) = si41 + 2k, f(I3 +3) = si41. So, [f(ls +1) — f(l3)] >
k= |(sip1+k)—s)| >k=|k—(si—si41)| > k = s; —s141 < 0= s; < 8141, a contradiction.

Case 6 f(l1) = s1+ 2k, f(l2) =51+ k, f(l3) = 1.

In this case by Lemma 2.2 it follows that f(l;—3) = s;-1+2k, f(la—3) = sj—1+k, f(I3—3) =
si—1 and f(ly 4 3) = si41 + 2k, f(lo +3) = sip1 + K, f(I3 +3) = si41. So, [f(ls+1) = f(l2)] >
k= |(si41+2k)— (si+ k)| >2k=lk—(si—sit1)| > k= 81— 5141 < 0= s < 5141, a
contradiction.

OJ

Lemma 2.6 Let P, be a path on n vertices and ko = 252, Then tp(P,) > 2(k — ko) — 1
whenever 2n = 0(mod3) and k > k.

Proof For 1 <1 < ko, let S;={l1,l2,13}, where Iy = 31 — 2,1y = 31 — 1,13 = 3l. Let
Sko+1 = {2n—2,2n — 1} and T = {1,2,3,...,ko}. Let f be a minimal k-constrained total
labeling of P,,2n = 0 (mod 3) and k > kg, then by Lemma 2.1, we have |f(S;) NT| =1 for
each i (i.e. exactly one element of S; mapped to distinct element of T for each i,1 < i < kg)
and f(l;) = m € T for some j,1 < j < 3, then for other element I; of S;,i # j, we have
lf(lL;) = f(I;)] > k implies f(I;) > k + m. Thus f excludes the elements of the set 77 =
{ko+ 1,ko +2,...,k} for the next assignments of the elements of S;,1 # ko + 1.

Let f(l;) =t for some ¢ € T, where l; € S;. Then for the minimum spanf, by Remark 2.3
fllj)=k+tfori##jandl; €5

Again by Lemma 2.3, we get | f(S;)NT’| =1, for each 4,1 <4 < ko, where T/ = {k+1,k+
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2,...,k+ko}. Further, if f assigns each element of S to exactly one element of S;, 1 <1 < ko, for
the next assignments, f should leaves all the elements of the set To = {k+ko+1, k+ko+2, ..., 2k}.
The above arguments show that while assigning the labels for the elements of P, not in Sg,+1,
f leaves at least 2(k — ko) elements which are in the set 71 U Tx.

In view of Lemma 2.2, there are only two possibilities for the assignments of elements of
Sko+1 depending upon whether f assigns an element of 77 to an element of Si,+1 or not.

Let us now consider the first case. Let © € Si,+1 such that f(z) =t for some ¢ € T}.

Claim 2z =2n-1

If not, f(2n —2) = t, but then f(2n —3) ¢ TUTy and f(2n —4) ¢ T UT;. Then by
Lemma 2.2 f(2n —5) € T UT; and by Lemma 2.5 f(2n —5) = ¢t — 1. Then again as above
f(2n — 8) =t — 2. Continuing this argument, we conclude that f(1) = 1 and f(4) = 2. But
then, by above argument, we get f(x) = k+ 1 and f(z 4+ 3) = k + 2 for some z € S; and
x € {2,3}. So, |f(x)— f(4)|=|k+1—-2| 2 k and |4 —z| < 2, a contradiction. Hence the claim.

By the above claim we get f(2n — 1) € T1. We now suppose that f(2n —2) ¢ Tz(note that
f(2n—2) ¢ TUTY), then by above argument for the minimality of f we have f(2n—2) = k+ko+1
and hence f(1) = k+ 1 and f(2) = 1. So, by Lemma 2.5, f(4) = k+ 2 and f(5) = 2. So,
f(3) #2k+1 (Since |f(3) — f(4)] = |2k + 1 — (k + 2)| 2 k, which is inadmissible). This shows
that f includes either at most one element of Th U T5 to label the elements of Si,+1 or leaves
one more element namely 2k + 1 to label the elements of P, (Since the label 2k + 1 is possible
only for the element in S;. Thus f leaves at least 2(k — ko) — 1 elements.

If the second case follows then the result is immediate because f leaves (k — ko) elements

in the first round of assignment and uses exactly one element of 75 in the second round. O

Remark 2.7 In the above Lemma 2.6 if 2n % 0(mod 3) , then ti(P,) > 2(k — ko).

Proof 1If the hypothesis hold, then Si,41 = @ or Sgy+1 = {2n — 1}. In the first case,
if Sk,+1 = 0, then by the proof of the Lemma we see that any minimal k-constrained total
labeling f should leave exactly 2(k — ko) integers for the labeling of the elements of the path
P,. In the second case when Si,+1 = 2n — 1, by Lemma 2.5 f(2n—1) = kg + 1 (we can assume
that f(1) € f(S7) because only other possibility by Lemma 2.5 is that the labeling of elements
of P, is in the reverse order, in such a case relabel the sets S; as Si,—;). But then, again by
Lemma 2.2 and Lemma 2.5 it forces to take f(1) = 1 and f(4) = 2 hence by Remark 2.4,
f(x) =k+1onlyif 2 =2 or x = 3. In either of the cases |f(4) — f(x)| Z k, a contradiction.
Hence neither kg + 1 nor k£ + 1 can be assigned. Further, if ko + 1 is not assigned, then in the
similar way we can argue that either k£ + kg + 1 or 2k + 1 can not be assigned while assigning
the second elements of each of the sets S;,1 <[ < kg. Thus, in both the cases f should leave
at least 2(k — ko) integers for the assignment of P,,, whenever 2n % 0 (mod 3). O

Theorem 2.8 Let P, be a path on n vertices and ko = [25-L]. Then

0 if k<ko,
th(Pn)=¢ 2(k—ko)—1 if k>ko and 2n = 0(mod 3),
2(k — ko) if k>ko and 2n=1 or 2(mod 3).
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Proof If k < ko, then the result follows by Theorem 3.3 of [4]. Consider the case k > ky.
Casei 2n =0 (mod 3)

By Lemma 2.6 we have t;(P,) > 2(k — ko) — 1. Now, the function f : V(P,) U E(P,) U
?2(1@—190)—1 —{1,2,...,2(n+ k — ko) — 2} defined by f(1) =2k+1,f(2)=k+1,f3) =1
and f(i) = f(i—3)+1foralli,4 <i<2n-3,f(2n—2)=2k+1+ko, f2n—1)=k+1+ko
and the vertices of F2(k_k0)_1 to the remaining, is a Smarandachely k-constrained labeling of
the graph P, U Ko(;—,)—1. Hence t(P,) < 2(k — ko) — 1.

Case ii 2n # 0 (mod 3)

By Remark 2.7 we have t;(P,,) > 2(k — ko). On the other hand, the function f: V(P,) U
E(Py)UK (kg — {1,2,...,2(n+k—ko)—1} defined by f(1) = 2k+1, f(2) = k+1,f(3) =1,
f@)=f(i—3)+1forall i,4 <i<2n—1 and the vertices of FQ(,C_,%) to the remaining, is a
Smarandachely k-constrained labeling of the graph P, UFQ(;C, ko). Hence ty(Py) < 2(k —ko).00

Si ‘.' Sa Sko Sk0+l

' K+l /_\: | 2k+2 m 2 2k+ko 0
i\ 2l > \_1/“ 1 k+2 PR ol k+ko n (Kot
1 3 .0 5 2n-3 2n-1

Figure 1: A k-constrained total labeling of the path P, U KQ(k,ko), where 2n = 2(mod 3).

83. k-Constrained Number of a Cycle

Let V(Cy) = {v1,v2,. . . ,v,} and E(Cy) = {vjvi11 | 1 <i <n—1}U{v,v1}. Due to the
symmetry in C,,, without loss of generality, we assume that the integer 1 is labeled to the
vertex v; of Cp,. Define S, = {a1,az2,a3}, for all @ € ZT,1 < o < kg, where ko = L2"—3_1J
and a1 = VUsa_1, Qg = Uga_1VUsati, 03 = Ugatl for all odd « and if « is even, then and oy =

V3 V3o, 02 = V3a,(X3 = V3a U3 .
S o1V A2 = Vg, A3 = Usp Uty

Case 1 2n =0 (mod 3)

In this case set of elements (edges and vertices) of C), is S; USa U+ - U Sk, U Sk, +1, where
Skot+1 = {Un—1Vn, Un, V01 }.

We now assume the contrary that t;(C,) < 2(k — ko). Then there exists a minimal k-
constrained labeling f such that span f is less that ko + 2k + 3 (since span f = number of
vertices + edges + t(Chr) < 3(ko + 1) + 2(k — ko)). Now our proof is based on the following
observations.

Observation 3.1 Let L; be the set of first possible consecutive integers (labels) that can be

assigned for the elements of C,,. Then exactly one element of each set S,,1 < a < ky+ 1, can
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receive one distinct label in L; and for the minimum span all the labels in L; to be assigned.
Thus |Li| = ko + 1.

Observation 3.2 The labels in L; can be assigned only for the elements of S, in identical
places (i.e. a; € S, receives f(a;) € Ly and §; € Sg receives f(3;) € Ly if and only if i = j
for all a, 8). In fact, since oy = 1, when a = 1, we get f(81) € L1, where 8 = ko + 1, hence
f(n) € Ly, where v = ko, and so on - - -.

Observation 3.3 The observation 3.2 holds for next labelings for the remaining unlabeled

elements also.

Observation 3.4 Since the smallest label in L is 1, by observation 3.1, it follows that the
largest label in L; is kg 4+ 1 and next minimum possible integer(label) in the set Lo, consisting
of consecutive integers used for the labeling of elements unassigned by the set L1, is k + 2 (we
observe that k + i, for kg — k 4+ 1 < i < 1 can not be used for the labeling of any element in
the set So,1 < a < kg + 1 (since an element of each of S, has already received a label z in
Li,1<xz<ko+1land (k+1i)—(z) =k+ (i —x) < k. Also if k + 1 is assigned, then k + 1
is assigned only to 2"¢ or 3" element (viz ag or az, where a = 1) of Sy, but then difference
of labels of first element of Sy labeled by an integer in L; (which is greater than 1) with k + 1
differs by at most by k — 1).

Observation 3.5 By observation 3.4 it follows that the minimum integer label in Lo is k + 2,

so the maximum integer label is k + ko + 2.

Observation 3.6 Let L3 be the set of next consecutive integers which can be used for the
labeling of the elements not assigned by L1 U L. Then, as span is less than kg + 2k + 3, the
maximum label in L3 is at most kg + 2k + 2 and hence the minimum is at most 2k + 2.

We now suppose that f(«;) € Ls and f(a;) = min Ls, for some o, 1 < o < kg+1. Then, as
fla;) = min Ls, f(a;) = 2k+ j for some j < 2. Further, as f(«;) & Lo, we have kg +2—k < j.
Combining these two we get kg +2 — k < j < 2.

Subcase 1 i=2

In this case f(ag) € Lg and already f(a1) € L1, so f(as) € Ly and hence f(83) € Lo (by
Observation 3.2), where § = a— 1 (or 8 = ko + 1 if @ = 1). Thus, f(83) = k + [ for some
L,2<1<k+2+k

Now |f(a2) — f(B3)| = |(2k +j) — (k+1)] = |k + (j — 1)| > k implies that j — [ > 0 hence
j>1. But j <2 <[ implies j =1 = 2. Therefore, f(as) =2k +2and f(f5) =k+1=k+2=
min Lo

In this case f(as3) € Lo implies that f(ag) = k+m, for some m > 2. So, |f(az) — f(as)| =
|2k +2) — (k+m)| = |k + (2—m)| < k as m > 2, which is a contradiction.

Subcase 2 i=3

In this case f(as) € Lg and already f(a1) € L1, so f(az) € Ly and hence f(82) € Lo (by
Observation 3.2), where § = a —1 (or 8 = 1if @ = ko +1). Thus, f(B2) = k + [ for some
L,2<1<k+2+ k.

Now |f(az) — f(B2)| = |2k +j) — (k+1)] = |k + (j — )| > k implies that j — [ > 0 hence
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j>1. But j <2 <[ implies j =1 = 2. Therefore, f(as) =2k+2and f(f2) =k+1=k+2=
min Ls.

In this case f(a2) € Lo implies that f(az) = k+m, for some m > 2. So, |f(as) — f(ag)| =
|(2k +2) — (k+m)| = |k + (2—m)| < k as m > 2, which is a contradiction.

Hence in either of the cases we get t(Cy) > 2(k — ko).

Case 2 2n #0 (mod 3)

Let f be a minimal k-constrained total labeling of C,,. Let L1, Lo, L3 be the sets as defined
as in Observations 3.1, 3.4 and 3.6 above. Let L, be the set of possible consecutive integers
used for labeling the elements of C,, which are not assigned by the set L; U Lo U Ls.

We first take the case 2n = 1 (mod 3). If possible we now again assume the contrary that
t(Cr) < 3(k — ko). Then it follows that span f is less than 3k + 1.

Observation 3.7 Since minimum label in L7 is 1 and f is a minimal k-constrained labeling,
we have f(z) > k+ 1 for all z such that f(z) € Ls.

We have f(ag) = 1 for @« = 1. Let 8 be the smallest index such that f(51) € L1 and
f(y1) € L1, where v = 8+ 1 (such index ( exists because f(a1) = 1 for & = 1 and ~ exists
because 2n £ 0 (mod 3), the elements labeled by Ly differ by it position by exactly multiples
of 3 apart on either sides of the element labeled by 1). Now consider the set S = {32, 83,71}
None of the elements of S can be labeled by any the label in L; and no two of them receive
the label for a single set L;, for any 7,2 < i < 4. Let s1, 82, s3 be the elements of S arranged
accordingly f(s1) € Lo, f(s2) € Ls, f(s3) € L.

Since span f < 3k, we have f(s3) < 3k, so f(s2) < 2k and hence f(s1) < k, which is a
contradiction (follows by Observation 3.7). Hence for any minimal k-constrained labeling f we
get t,(Cp) > 3(k — ko) whenever 2n =1 (mod 3).

We now take the case 2n = 2 (mod 3). If possible we now again assume the contrary that
ti(Cn) < 3(k — ko). Then it follows that span f is less than or equal to 3k + 1. The element
of C,, is the set S USa U+ - U Sy, USky+1, where Sk, 11 = {vn, vpv1}. We now claim that the
label of the first element namely a; of the set S, is in the set L; for all a,1 < o < kg if and
only if ky > 2.

Suppose that « is the least positive index such that f(ay) € Ly and 1 < a < kg. Then

for all 8 such that 1 < 8 < a, f(B81) € L1. Let 8 = a — 1. Consider the set S = {02, 83, a1}
Let s1, $2, 83 be the rearrangements of the elements in the set S such that f(s1) € Lo, f(s2) €
L3, f(s3) € L4 respectively.
Since f(s3) € Ly and span f is less than or equal to 3k + 1 it follows that f(s3) < 3k + 1 and
hence f(s2) < 2k + 1, f(s1) < k+ 1. But, the least element in L; is 1 implies that the least
element in Lo is greater than or equal to k + 1, so f(s1) > k + 1. Therefore, f(s1) =k +1, so
that f(s2) =2k+ 1 and f(s3) = 3k + 1. There are two possible cases depending on s3 € S, or
not. Before considering these cases we make the the following observations.

Observation 3.8 Since f(ay) € L4, we find f(a1) = 3k + 1 for any a > 1. Suppose for any 0,
d > a, if f(61) € Ly, then for any v, v > §, we find f(v1) € L. In fact, for v > 4, if f(11) & L1
and f(n1) € Ly for n =y — 1, then sequence s1, 3, s3 of the elements of the set S = {n2,713,71}
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taken accordingly as f(s1) € Lo, f(s2) € Ls, f(s3) € Ly as above, we get f(s3) < 3k (since
3k + 1 is already assigned). Therefore, f(s2) < 2k and hence f(s;) < k, which is imposable
(since f(s1 & L1).

This shows that if f(d1) € L1, where § = a+ 1, we arrive at the situation that f(n;) € Ly,
where n = k.

Now taking the set {12, 73, v, } and rearranging these elements as s1, s2, s3 such that f(s1) €
Lo, f(s2) € Ls, f(s3) € L4, we get f(s1) < k which is again a contradiction.

Observation 3.9 Observation 3.8 shows that f(d1) & Ly for any 6, < 6 < k.

Observation 3.10 Starting from the vertex vy, consider the sets S’l = {v1,v10p, Un }, 5'2 = Sk,
5’3 = Sko—1s - - - S’ko_5+2 = S5. By taking these sets, we arrive at the conclusion, as in
Observation 3.8, that f(d3) € Ly for every ¢ > a.

We now continue the main proof for the first case s3 € S,. In this case s3 = ay, therefore
s1 € Sp. But f(s3) € Ly implies that f(s3) < 3k+1,s0 f(s2) < 2k+1 and hence f(s1) < k+1.
On the other hand f(3;) € Ly implies that f(32) or f(f3) is greater than or equal to k + 1
(since min Ly = 1), that is, f(s1) > k+1. Thus, f(s1) = k+ 1. This yields f(81) =1,s0 8 =1
and o = 2. Also f(s2) =2k + 1 and f(s3) =3k + 1.

Let us now suppose that o < kg. Then there exists an index § such that § = o+ 1 < k.

If f(B2) = 2k+1, f(B3) = k+1, then f(ag) > 2k+1 (since f(B3) = k+1) and f(a2) < 2k+1
(since f(a1) = 3k +1). So, f(az) = 2k + 1 and hence f(a2) = f(B2) which is not possible
(since a # 3).

If f(B2) =k+1,f(Bs) =2k+1, then f(az) < k+ 1 implies f(az) € Ly (since f(ag) #
k41 = f(B2)). Further by Observation 3.10, we have f(d3) € Ly. Consider the set {a3,d1,02}
(we note that none of the elements of this set is labeled by the set Lq) and let s1, s2, s3 be the
elements of this set taken in order such that f(s1) € Lo, f(s2) € L3, f(s3) € Ly. Since 3k + 1
is already assigned we get f(s3) < 3k and hence as above f(s1) < k, which is a contradiction
to the fact f(s1) & L.

We now continue the main proof for the second case s3 & S,. In this case s3 € Sg. Now by
assumption we have f(as) € Ly and k+1 is already labeled for an element of Sg = Sy, therefore,
f(a1) =2k + 1. Now by Observation 3.10, f(d3) € Li, where § = a+ 1. If f(ag) € Ly, then
by taking the set {as,d1,d2} and arranging as above we can show that one of these elements
must be labeled by an element of the set L, and hence that label should be at most 3%, so the
smallest label of the element of the set is less than or equal k, a contradiction to the fact that
the smallest label is not in L. Thus, f(asg) & L1.

If f(B3) = 3k+1, then f(ag) € Lo, and hence f(ag) > k+ 2, which is not possible because
f(a1) = 2k + 1. Therefore, f(B2) = 3k + 1 and f(83) = k + 1. But then, only possibility is
that f(ag) € Ls implies that f(ag) < 3k, which is impossible because f(aq) = 2k + 1. Hence
the claim.

By the above claim we have either first element of all the sets S1,S2, . . .Sk, are labeled
by the elements of the set L; or the graph is the cycle Cy. For the graph Cy, it is easy to
observe that no three consecutive integers can be used for the labeling and hence each of the
sets L1, Lo, L3 and L, should have at most two elements. Thus, span f > 3k + 2. The equality
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holds by the following Figure 2.

<D<>""<><DQD""<)QD""<>

Figure 2: A k-constrained total labeling of the graph Cy U K3j_g

If the graph is not Cy, then consider the set T' = {v,,, Vp—1Un, Up, V01 }. Since f(vy_ovp_1) €
L, (follows by Observation 3.10) and f(v1) = 1 € L; (follows by the assumption) none of the
elements of the set T is labeled by the set L; and exactly two elements namely v, and v,v;
are labeled by same set.

If f(v,—1) and f(v,v1) are in Lo, then either f(v,_1v,) and f(v,) is in L4. Suppose
f(vn—1vy) (similarly f(v,) € La), then f(v,) € L3 (f(vn—1vn) € L3), so f(vp—1vy) < 3k +1
and hence f(v,) < 2k + 1. Therefore both f(v,—1) and f(v,v1) must be less than or equal to
k + 1, which is not possible because minimum of Ly is k + 1.

If f(vn—1) and f(v,v1) are in Ls, then f(v,) € Lg (or f(vp—1v,) € Lyg) so f(v,v1) < 2k+1
and f(v,—1) < 2k +1 (since f(v,) < 3k 4+ 1). Therefore, at least one of f(v,v1) or f(vp—1) is
less than or equal to 2k, which yields that f(vn,—1v,) <k (f(vs) < k). Thus, either f(v,—1v,)
or f(v,) are in Ly, a contradiction.

If f(vn—1) and f(v,v1) are in Ly, then at least one of them must be less than 3k+ 1. Hence
either f(v,) or f(vn,—1vy,) is less than or equal to k (as above), which is again a contradiction.

Thus, we conclude

Lemma 3.11 Let C,, be a cycle on n vertices and ko = LQ"—;lJ Then

0 if k< ko,
t(Cn) > 2(k—ko) if k>ko and 2n =0 (mod 3),
3(k—ko) if k>ko and 2n =1 or 2(mod 3).

Now to prove the reverse inequality, designate the vertex v; of C,, as 2i — 1 and the edge
V;Vj+1 as 27, vpv1 as 2n. For each i,1 < i <nand 1 < j <n—1 and for the case 2n = 0
(mod 3), define a function f : V(Cp) U E(Cr) UV (Ka—k)) — {1,2,3,. .. ,2k + ko + 3} by
f)=1,f2)=k+2,f(3) =2k+3, fi) = f(i—3) + 1, for 4 < i < 2n and the vertices of
KQ(k,ko) to the remaining.
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The function f serves as a Smarandachely k-constrained labeling of the graph C,, Ufg( k—ko)-
Hence t(Cp) < 2(k — ko).

Figure 3: A 7-constrained total labeling of the graph Cg U ?Q(k_ko)

For the case 2n = 1 (mod 3), define a function f : V(Cy) UV (Cp) U V(K34—ky)) —
{1,2,3,. . . ,3k+ 1} by f(1) = 1,f(2) =2k +2,f3) = k+2, fli) = f(: —3)+ 1 for
4<i<2n—4, f2n—-3)=ko, f2n—2)=3k+1, f(2n—1) =2k+1, f(2n) =k + 1 and the
vertices of fg(k,ko) to the remaining.

The function f serves as a Smarandachely k-constrained labeling of the graph C,, Ufg( k—ko)-
Hence ¢ (Cy) < 3(k — ko).

For the case 2n = 2 (mod 3), define a function f : V(Cy) UV (Cp) U V(K3p—ky)) —
{1,2,3,. . . ,3k+2} by f(1) = 1,f(2) = k+2,f3) =2k+3, f(i) = f(: —3) + 1, for
4<i<2n—-6, f2n—>5)=3k+1, fCn—4)=ko, f2n—-3)=2k+1, f2n—2)=3k+2,
f(2n—1) =k+1, f(2n) = 2k + 2 the vertices of K3(,_,) to the remaining.

The function f serves as a Smarandachely k-constrained labeling of the graph C,, U?;;( k—ko)-
Hence ¢ (Cy) < 3(k — ko).

Hence, in view of Lemma 3.11, we get

Theorem 3.12 Let Cy, be a cycle on n vertices and ko = |22-L]. Then
0 if k< ko,
t(Cn) =S 2(k — ko) if k>ko and 2n =0 (mod 3),
3(k—ko) if k>ko and 2n =1 or 2(mod 3).
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§1. Introduction

A Pseudo-FEuclidean space is a particular Smarandache space defined on a Fuclidean space R™
such that a straight line passing through a point p may turn an angle 6, > 0. If 6, > 0, then p
is called a non-Euclidean point. Otherwise, a Euclidean point. In this paper, normed spaces are
considered to be Euclidean, i.e., every point is Euclidean. In [7], S. Gahler introduced n-norms
on a linear space. A detailed theory of n-normed linear space can be found in [9,12,14,15].
In [9], H. Gunawan and M. Mashadi gave a simple way to derive an (n — 1)- norm from the
n-norm in such a way that the convergence and completeness in the n-norm is related to those
in the derived (n — 1)-norm. A detailed theory of fuzzy normed linear space can be found
in [1,2,4,5,6,11,13,18]. In [16], A. Narayanan and S. Vijayabalaji have extended the n-normed
linear space to fuzzy n-normed linear space and in [20] the authors have studied the completeness
of fuzzy n-normed spaces.

The main purpose of this paper is to study the results concerning infinite series (see,
[3,17,19,21]) in fuzzy m-normed spaces. In section 2, we quote some basic definitions of fuzzy
n-normed spaces. In section 3, we consider the absolutely convergent series in fuzzy n- normed
spaces and obtain some results on it. In section 4, we study the property of finite convergence

sequences in fuzzy n-normed spaces. In the last section we introduce and study the concept of

1Received July 8, 2009. Accepted Aug.18, 2009.
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function preserving convergence of series in fuzzy n-norm spaces and obtain some results.

82. Preliminaries

Let n be a positive integer, and let X be a real vector space of dimension at least n. We recall

the definitions of an n-seminorm and a fuzzy n-norm [16].

Definition 2.1 A function (z1,22,...,2n) — ||T1,..., 2] from X™ to [0,00) is called an

n-seminorm on X if it has the following four properties:

(S1) ||z1,x2,-..,2n]| =0 if 1,29, ..., x, are linearly dependent;
(S2) ||z1,x2, ..., 2, is invariant under any permutation of 21, za, ..., Zy;
(S3) ||z1, .-y n_1,cxn| = lc|||1,, .-, Tn_1,zn]| for any real ¢;
(S4) ||z1,. -y o1,y + 2| < |21, s Tne1, Yl + |21, -+ Tne1, 2]|-
An n-seminorm is called a n-norm if |1, 22,...,x,| > 0 whenever x1,xa,...,T, are

linearly independent.

Definition 2.2 A fuzzy subset N of X™ x R is called a fuzzy n-norm on X if and only if:
(F1) For all t <0, N(x1,xa,...,2n,t) = 0;

(F2) For all t > 0, N(x1,x2,...,Zn,t) =1 if and only if x1,x9,..., 2, are linearly dependent;
(F3) N(z1,22,...,Zn,t) is invariant under any permutation of x1,xa, ..., Ty;

(F4) For allt >0 and c € R, ¢ # 0,

N(x1,22,...,cxn,t) = N(T1,22,...,Tn, —

(F5) For all s,t € R,
N(z1,... &p_1,y+ 2,8 +t) >min{N(x1,...,2p-1,9,5), N(x1,...,Tpn_1,2,t)}.

(F6) N(z1,%2,...,%n,t) is a non-decreasing function of ¢ € R and
lim N(x1,za,...,2,,t) = 1.
t—o0

The pair (X, N) will be called a fuzzy n—normed space.

Theorem 2.1 Let A be the family of all finite and nonempty subsets of fuzzy n-normed space
(X,N) and A € A. Then the system of neighborhoods

B={B(t,rA):t>0,0<r<1, Ac A}
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where B(t,r,A) = {x € X: N(ay, -+ ,an—1,2,t) > 1—7r, a1, - ,an—1 € A} is a base of the
null vector 6, for a linear topology on X, named N -topology generated by the fuzzy n-norm N.

Proof We omit the proof since it is similar to the proof of Theorem 3.6 in [8]. O

Definition 2.3 A sequence {xy} in a fuzzy n— normed space (X,N) is said to converge
to x if given r > 0, t > 0, 0 < r < 1, there exists an integer ny € N such that
N(xz1,22,... ,&n_1,2x — 2, t) > 1 —1 for all k > nyg.

Definition 2.4 A sequence {zx} in a fuzzy n— normed space (X, N) is said to be Cauchy
sequence if given € > 0, t > 0, 0 < € < 1, there exists an integer ng € N such that

N(x1,%2, ...y Tpne1,Tin — T, t) > 1 — € for all m, k > nyg.

Theorem 2.1([13]) Let N be a fuzzy n— norm on X. Define for x1,x2,...,2, € X and
a€(0,1)
|1, z2,... 25|, =inf {t: N(z1,22,...,2n,t) > }.

Then the following statements hold.
(A1) for every a € (0,1), ||e,eo,... 0|4 is an n— seminorm on X;
(A2) If 0 < a< <1 and x1,22,...,2, € X then

Hxlax27' "7xn||a < ||x17x27"'7xn”ﬁ .

Example 2.3[10, Example 2.3] Let ||e, e, ..., o| be an-norm on X. Then define N (x1, xa,...,2n,t) =
0if ¢t <0 and, for ¢t > 0,

t
N t) = .
A = I A
Then the seminorms (2.1) are given by
o
lz1, 22, ..y Tnlla = m”xl,xg,...,xnﬂ.

83. Absolutely Convergent Series in Fuzzy n—Normed Spaces

In this section we introduce the notion of the absolutely convergent series in a fuzzy n-normed

space (X, N) and give some results on it.

Definition 3.1 The series > xy is called absolutely convergent in (X, N) if
k=1

oo
Z ||a15"'a an—1, IkHa < oo
k=1

for all ay, ..., an—1 € X and all a € (0,1).
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Using the definition of ||...||, the following lemma shows that we can express this condition
directly in terms of V.

o0
Lemma 3.1 The series Y xy is absolutely convergent in (X, N) if, for every ay, ..., an—1 € X
k=1

and every a € (0,1) there are t, > 0 such that Y t < oo and N(ay,...,an—1,%k,tg) > «
k=1
for all k.

proof Let > xj be absolutely convergent in (X, N). Then
k=1

)
Z Hallv"'v Qn—1, xk”a < 00
k=1

for every aq, ..., an—1 € X and every o € (0,1). Let aq, ..., ap—1 € X and « € (0,1). For every
k there is t; > 0 such that N(a1,...,an—1,zk, tx) > o and

te < |lat, ..., an—1, x|, + o
Then
oo oo oo 1
Ztk < Z lai, ..., an—1, k|, + 22—k < 00.
k=1 k=1 k=1
The other direction is even easier to show. O

Definition 3.2 A fuzzy n—normed space (X, N) is said to be sequentially complete if every
Cauchy sequence in it is convergent.

o0
Lemma 3.2 Let (X, N) be sequentially complete, then every absolutely convergent series >, xy

k=1
converges and
o0 o0
Q1y..ey Gn—1, E rE|| < E lat, ..., an—1, =i,
k=1 o« k=1
for every a, ..., an—1 € X and every o € (0,1).
o0 o0
Proof Let ) xj be an infinite series such that > a1, ..., an—1, zi|, < oo for every
k=1 k=1

n
a1, ..., ap—1 € X and every a € (0,1). Let y, = > x) be a partial sum of the series. Let
k=1

o0
ai,..., an—1 € X , @ € (0,1) and € > 0. There is N such that >~ |la1,..., an—1, @i, <€
k=N+1
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Then, for n > m > N,

|||a15"'a Ap—1, Z/n”a - Hala"'a [ ) ym||a| < Hala"'a Ap—1, yn_ym”a
n
< Z a1, ... an—1, @kl
k=m-+1
oo
S Z ||a17"'7 Ap—1, kaa
k=N-+1
< €.

This is shows that {y,} is a Cauchy sequence in (X, N) . But since (X, N) is sequentially
o0

complete, the sequence {y,} converges and so the series > x, converges. O
k=1

Definition 3.3 Let I be any denumerable set . We say that the family (xo)acr of elements in
a complete fuzzy n—normed space (X, N) is absolutely summable, if for a bijection ¥ of N(the

set of all natural numbers) onto I the series ) xy(y) is absolutely convergent.
n=1

The following result may not be surprising but the proof requires some care.

Theorem 3.1 Let (zo)acs be an absolutely summable family of elements in a sequentially

complete Juzzy n— normea space . € n e an mjnite sequence o a non-em; suose
plete fuzzy d space (X, N). Let (By,) b infinite seq f pty subset

o0
of A, such that A=U B,,, B;N B; =& fori#j, then if z,, = Y, =z, the series Y, z, is
n aEeB, n=0

[e.e]
absolutely convergent and Yz, = Y. Zq.
n=0 acl

N
Proof 1t is easy to see that this is true for finite disjoint unions I = Ul B,,. Now consider
n=

the disjoint unions I = °CJl B,. By Lemma 3.2
e

o0 o0
S olat s anoty zally <Y Y0 Nlar, o ano1, wll,
n=1

n=1 i€B,

= Z ||a1,..., an—1, IiHa < 0
el

o0
for every as, ..., an—1 € X, and every o € (0,1). Therefore, > z, is absolutely convergent.
n=0

Let y = > a;, 2= > 2, Let € >0, a1,..., ap—1 € X and a € (0,1). There is a finite set
i€l n=1
J C I such that

€
Z ||(11,...7 Ap—1, J,'i”a < 5
i¢J

N
Choose N large enough such that B = 91 B, D J and

N
€
Alyeeey Ap—1, 2 — E Zn 5
n=1

<
a
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Then
€
A1,y AQp—1, Y — sz < 3
i€B a
By the first part of the proof
N
> s - Yo
n=1 i€B
Therefore, |lai,..., an—1, y — 2|, < €. This is true for all € so ||ay, ..., an—1, y — 2|, = 0. This
is true for all aq,..., a1 € X, « € (0, 1) and (X, N) is Hausdorff see [8, Theorem 3.1].
Hence y = 2. O

Definition 3.4 Let (X*,N) be the dual of fuzzy n-normed space (X, N). A linear functional
f: X* — K where K is a scalar field of X is said to be bounded linear operator if there exists
a A >0 such that

||a1; tee 7an71;f(xk)||a S A||a’1; tee ,anfl,kaa,

forallay, - ;an—1 € X and all a € (0,1).

Definition 3.5 The series > o, ) is said to be weakly absolutely convergent in (X, N) if

o
Z ||(11,' o 7an—17f($/€)|‘a <0
k=1

forall f € X*, allay, -+ ,an—1 € X and all a € (0,1).

Theorem 3.2 Let the series Y .-, xx be weakly absolutely convergence in (X, N). Then there

exists a constant X > 0 such that

o0
> llar a1, f@)lla < Mlaz,- - an-1, £ (@)l
k=1

Proof Let {e,}22, be a standard basis of the space (X, N). Define continuous operators
Sy: X* — X where r € Z by the formula S,(f) = >, _, f(zx)er, we have

r
Hala e 5an7178’r‘(f)||0¢ - Z Ha’la e aanflvf(xk)ekHa-
k=1

Since for any fixed f € X*, the numbers ||a1, -+ , an—1, Sr(f)|la are bounded by >°77; |lar, -+, an—1, f (k)] o

by Banach-Steinhaus theorem, we have
sup ||(11, o, Qp—1, Sr(f)”oz =< 0.
T

Therefore,

oo
ZHala"' 7an—17f(xk)”oz = SUP”ala"' 7an—lusr(f)||o¢
k=1 "

IN

)\Hal, o, Ap—1, f(xk)Ha
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84. Finite Convergent Sequences in Fuzzy n—Normed Spaces

In this section our principal goal is to show that every sequence having finite convergent property
is Cauchy and every Cauchy sequence has a subsequence which has finite convergent property

in every metrizable fuzzy n—normed space (X, N).
Definition 4.1 A sequence {zx} in a fuzzy n—normed space (X,N) is said to have finite
convergent property if

oo
Z llay, ..., an—1, xj —x;_1]|, < o0
=1

forallay,..., an—1 € X and all a € (0,1).

Definition 4.2 A fuzzy n— normed space (X, N) is said to be metrizable, if there is a metric

d which generates the topology of the space.

Theorem 4.1 Let (X,N) be a metrizable fuzzy n—normed space, then every sequence having
finite convergent propperty is Cauchy and every Cauchy sequence has a subsequence which has

finite convergent property.

proof Since X is metrizable, there is a sequence {||a17T, s Q1. x||aT} forallair,..., an—1,r €
X and all a,- € (0,1) generating the topology of X. We choose an increasing sequence {myg_1}
such that

o0

E Hal,17 seey a’n—l,lu xmk+1,1 - :Emk’lHal < o0

k=1
where a1.1,..., an—1,1 € X and a1 € (0,1). Then we choose a subsequence my o of my 1 such
that

o0

E Ha1,27 ey An—1,2, Imk+112 - ImkaHOtg < o0

k=1
where a1 2,..., an—12 € X and az € (0,1). Continuing in this way we construct recursively

sequences my, , such that my 41 is a subsequence of my, and such that

oo
§ Hal,ra ceey an—l,ru xmk+1,T - xmk,THaT < 00
k=1
for all a1,y ..., an—1, € X and all o, € (0,1). Now consider the diagonal sequence my = my, k.

Let 7 € N. The sequence {my},—,. is a subsequence of {my,},- . Let k > r. There are pairs of

integers (u,v), u < v such that my = my, and mp41 = my . Then by the triangle inequality

v—1
||a’1,’l";"'; anfl,ra Imk+1 _xmkHOtT S E ||a1,’r’;"'; an7117-7 xmi+1’r _Imiﬂ'HaT
1=

and therefore,

oo oo
§ Ha/17"'7 Un—1, xmk+1 _xmkHa S E Ha/17"'7 An—1, xmj+1m _‘ijm a
k=r j=r
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for all a1,..., ap—1 € X and all a € (0,1). The statement of the theorem follows. O
The above theorem shows that many Cauchy sequence has a subsequence which has finite
convergent. Therefore, it is natural to ask for an example of Cauchy sequence has a subsequence

which has not finite convergent property.

Example 4.2 We consider the set S consisting of all convergent real sequences. Let X be the
space of all functions f : S — R equipped with the topology of pointwise convergence. This
topology is generated by
i Fatns Flo = 17 (5)],
for all f1,s,..., fn-1,sf € X and all a5 € (0,1), where s € S. Then consider the sequence
fn € X defined by f, (s) = s, where s = (s,,) € S. The sequence f,, is a Cauchy sequence in X

but there is no subsequence f,, such that
o0
Z Hfl,sa sy fn—l,sa fnk+1 - f"’éHas < o0
k=1

for all s € S. We see this as follows. If n; < no < ng < ...1is a sequence then define s,, = (—l)k
for n, <n < ngg1. Then s = (s,) € S but

IS 00 00
Z Hfl,su"'7 fn—l,sa fnk+1 _fnkHas :Z ’Snk+1 _Snk‘ ZZ
k=1 k=1 k=1

Bl

= Q.

e

85. Functions Preserving Convergence of Series in Fuzzy n—Normed Spaces

In this section we shall introduce the functions f: X — X that preserve convergence of series
in fuzzy n—normed spaces. Our work is an extension of functions f: R — R that preserve
convergence of series studied in [19] and [3].

We read in Cauchy’s condition in (X, N) as follows: the series > ;- | ) converges if and

only if for every € > 0 there is an N so that for alln > m > N,

n

||al o, Ap—1, Z xk” < €,

k=m

where ay -+ ,a,_1 € X.

Definition 5.1 A function f: X x X — X is said to be additive in fuzzy n-normed space
(X, N) if
||a15 t -1, f(xa y)”a = ||a17 Ty -1, f(I)HOL + ||a17 T, Gn-1, f(y)”av
for each x,y € X, a1, ,an—1 € X and for all « € (0,1).
Definition 5.2 A function f: X — X is convergence preserving (abbreviated CP) in (X, N) if

for every convergent series Y o, xk, the series Y po, f(xk) is also convergent, i.e., for every

Ay, " ,0n-1 €X7

e
Z ||a15 e ,anfl,f(zk)Ha < oo
k=1
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whenever Y oo |la1, -+, an—1, Tglla < 00.

Theorem 5.1 Let (X,N) be a fuzzy n-normed space and f: X — X be an additive and
continuous function in the neighborhood B(t,r, A). Then the function f is CP of infinite series
in (X,N).

Proof Assume that f is additive and continuousin B(w, d, A) = {z € X: |ja1, - ,an-1,%|la <
0}, where a1, -+ ,an,—1 € A and § > 0. From additivity of f in B(«,d, A) implies that f(0) = 0.
Let Y 7,z be a absolute convergent series and z € X (k = 1,2,3,---). We show that
>ore f(zk) is also absolute convergent.

By Cauchy condition for convergence of series, there exists a k € N such that for every

peN
k+p

1)
||a’15' T 70’7171; Z x]Ha < 5
Jj=k+1
From this we have
s )
||a’17' ct o, Ap—1, Z x]Ha < 5
j=k+1

By the additivity of f in B(«,d, A), we get

k+p k+p 5
lav, a1, FC D2 @) o= llar, - sanv, 0 fl@g)la < 5
Jj=k+1 Jj=k+1

Now, let y, = E?L’C’H zjforp=1,2,3,--- andy = 372, .| x; belong to the neighborhood
B(a,d, A). The function f is continuous in B(e,d, A), i.e., f(yp,) — f(y) because y, — y for

p — 00. Hence

k+p 00
lim [l a1, f(OY @)l =llat, s an 1, F( D 2)]a-
p—00
Jj=k+1 j=k+1
This implies
k+p )
lim [lar, - yan-1, D f@)lla = llar, - san-1, Y f@)lla
pHOO
Jj=k+1 Jj=k+1

and this guarantee the convergence of the series 3377, | f(z;) and therefore the series 332, f(;)
must also be convergent in X, i.e., the function f is CP infinite series in (X, N). |
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81. Preliminaries

For a given graph G = (V, E) we do an operation on G, by subdividing each edge exactly once
and joining all the non adjacent vertices of G. The graph obtained by this process is called
central graph [10] of G denoted by C(G).

Let G be a graph with vertex set V(G) and edge set E(G). The middle graph [4] of G,
denoted by M (G) is defined as follows. The vertex set of M(G) is V(G) U E(G). Two vertices
x,y in the vertex set of M(G) are adjacent in M (G) in case one of the following holds: (i) z,y
are in E(G) and z,y are adjacent in G. (ii) z is in V(G), y is in E(G), and z,y are incident in
G.

Let G be a graph with vertex set V(G) and edge set F(G). The total graph [1,5] of G,
denoted by T(G) is defined as follows. The vertex set of T(G) is V(G) U E(G). Two vertices

1Received June 12, 2009. Accepted Aug.20, 2009.
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x,y in the vertex set of T(G) are adjacent in T(G) in case one the following holds: (i) x,y are
in V(G) and z is adjacent to y in G. (ii) x,y are in E(G) and z,y are adjacent in G. (iii) z is
in V(G), y is in E(G), and z,y are incident in G.

The line graph [1,5] of G denoted by L(G) is the graph with vertices are the edges of G
with two vertices of L(G) adjacent whenever the corresponding edges of G are adjacent.

Double star K 5, is a tree obtained from the star K , by adding a new pendant edge of
the existing n pendant vertices. It has 2n + 1 vertices and 2n edges.

For given graph G, an integer k > 1, a Smarandachely achromatic k-coloring of G is a
proper vertex coloring of G in which every pair of colors appears on at least k pairs of adjacent
vertices. The Smarandachely achromatic number of G denoted 3 (G), is the greatest number
of colors in a Smarandachely achromatic k-coloring of G. Certainly, x5(G) > k. Now if k = 1,
i.e., a Smarandachely achromatic 1-coloring and x3(G) are usually abbreviated to achromatic
coloring [2,3,6,7,8,9,11] and x.(G).

The achromatic number was introduced by Harary, Hedetniemi and Prins [6]. They con-
sidered homomorphisms from a graph G onto a complete graph K,. A homomorphism from
a graph G to a graph G’ is a function ¢ : V(G) — V(G’) such that whenever u and v are
adjacent in G, u¢ and v¢ are adjacent in G'. They show that, for every (complete) n-coloring
7 of a graph G there exists a (complete) homomorphism ¢ of G onto K,, and conversely. They
noted that the smallest n for which such a complete homomorphism exists is just the chromatic
number x = x(G) of G. They considered the largest n for which such a homomorphism exists.
This was later named as the achromatic number 1(G) by Harary and Hedetniemi [6]. In the

first paper [6] it is shown that there is a complete homomorphism from G onto K, if and if
only x(G) < n < ¥(G).

§2. Achromatic Coloring on central graph of double star graph

Algorithm 2.1

Input: The number n of K, p.

Output: Assigning achromatic coloring for the vertices in C (K71 5 p).
begin

fori=1ton

{

Vi ={u};
C(ui) =1;
Vo ={si}
C(s;) =n+1;
Vs ={ei};
C(ei) = i;
Vi ={vi};

C(vi):n—i—l—i-i;
t
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Vi={v};
Cv)=n+1;
V=ViUVaUVsUVy;
end

Theorem 2.1 For any double star graph K1 nn, the achromatic number,

XC[C(KI,nm)] =2n+1.

Fig.1 Fig.2
Double star graph K1y » Central graph of double star graph C (K1 n.n)
Proof Let v,u1,v2, - -,v, and u; ,u2,..,u, be the vertices in K, , the vertex v be adjacent

to v;(1 < i < mn). The vertices v;(1 < i < n) be adjacent to u;(1 < i < n). Let the edge
vv; and wu; (1 < i < n) be subdivided by the vertices e¢;(1 <i<n) and s;(1 < i < n) in
C(Kinn). Clearly VIC(K1nn)] = {v} U{vi/1 <i<n}U{w/l1<i<n}U{e/l<i<n}
U {s;/1 < i < n}. The vertices v;(1 < ¢ < n) induce a clique of order n (say K,) and the
vertices v,u;(1 < ¢ < n) induce a clique of order n + 1 (say K,41) in C(Ky . ) respectively.
Now consider the vertex set V[C(Ki )] and the color classes Ci = {c1,¢2,c¢3,..,cn} and
Cy ={c1,¢2,¢3, ..., Cn, Cny1 }, assign a proper coloring to C (K1 ) by Algorithm 2.1.
To prove the above said coloring is achromatic, we consider any pair (c;, ¢;).

Step 1

Ifi =1, j = 2,3...,n. The edges joining the vertices (e;, e;), (e;,v), (€i,8;), (i, vi), (€i, si),

(sj,u;) and (un, sn), will accommodate the color pair (c;, ¢;).
Step 2

Ifi=2,7=12,3,..,n. The edges joining the vertices (u;,u;), (us,v), (ui,vj), (i, vs),
(us, 8;) and (v, 8;), will accommodate the color pair (¢;, ¢;).

Step 3
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If i =3, j =1,2,..n. The edges joining the vertices (u;, u;), (ui,v), (ui,v;), (i, vi), (wi, i)
and (v;, s;), will accommodate the color pair (¢;, ¢;). Similarly if i =n, j = 1,2,..n — 1, then
the edges joining the vertex pair (u;, u;), (ui,v), (us, v;), (€i,vi), (s, s;) and (vs, s;), will stand
for the color pair (¢;,¢;). Now this coloring will accommodate all the pairs of the color class.
Thus we have x.[C(K1,n,n)] > 2n+ 1. The number of edges of

ClK1nm] = {5n+2@ 2n2+ 1)_

Therefore, X¢[C(K1,nn)] < 2n+ 1. Hence x.[C(K1nn)] =2n+ 1. O

+n(n—1)}:4n+2n2<<

Example 2.3

Fig.3
Central graph of C'(K1,4.4)
Xe[C(K1,44)] =9

83. Achromatic coloring on middle graph of double star graph

Algorithm 3.1

Input: The number n of Kq 5 p.

Output: Assigning achromatic coloring for vertices in M (K1 n ).
begin

fori=1ton

{

Vi ={ei};

Clei) =14;

}

Vo ={v};

Clv)=n+1;

fori=1ton
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{

Vs = {vi};
C(’Ul) =n-+ 2;
}

fori=2ton

{

Vi={si};
C(si) =n+3;
}

C(Sl) =n-+ 1;

fori=1ton—-1

{

Vs = {ui};

Cui) = 1;

}

Clun) = C();
V=ViUVaUVsUV,UVs:
end

Theorem 3.1 For any double star graph Ki n.n, the achromatic number,

Xe[M(K1nn)] =n+3.

Fig.4

Middle graph of double star graph M (K1 )

Proof Let V(Kinn) = {v}U{v;/1 <i < n}U{u;/1 <i<n}. By definition of mid-
dle graph, each edge vv; and vu;(1 < i < n) in Ki, , are subdivided by the vertices u;

and s; in M (K1) and the vertices v,eq,e,...,e,, induce a clique of order n + 1(say K,11)
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in M(Kypnpn) 1e,VIM(Kinn)l = {v} U{vi/1 < i < n}pU{u/l <i < n}U{e/l <
i < n}U{s;/1 < i < n}. Now consider the vertex set V[M (K1, )] and colour class
C = {c1,¢2,¢3,..,Cn, Cnt1,Cnt2,Cnys}, assign a proper coloring to M (K1 ,,,) by Algorithm
3.1

To prove the above said coloring is achromatic, we consider any pair (c;, ¢;)
Step 1

Ifi=1,j = 2.3,..,n The edges joining the vertices (e;,e;), (e;,v), (ei,s;), (ei,vi),

(€:,8), (85,u;) and (uy, sp), will accommodate the color pair (¢;, ¢;).
Step 2

Ifi =2, 5 =1,2,3,..,n. The edges joining the vertices (e;, e;), (e;,v), (ei,s;), (e, vs),

(€i,8:), (s5,u;) and (un, sp), will accommodate the color pair (¢;, ¢;).
Step 3

Ifi =3,j =12,..,n The edges joining the vertices (e;,e;), (e;,v), (ei,s;), (ei,vi),
(e, 8i), (s4,u;) and (un, sp), will accommodate the color pair (c¢;,c;). Similarly if ¢ = n,
j=1,2,...,n—1, then the edges joining the vertex pair (e;, e;), (e;,v), (€:,S;), (€i,vi), (€i, $i),
(sj,u;) and (up, sn), will stand for the color pair (¢;,¢;). Now this coloring will accommodate
all the pairs of the color class.

2
9
Thus we have x.[M (K1 nn) > n+ 3. The number of edges in M[K1 ] = i ; L
4
(n; > Therefore, x.[M(K1,n,n)] <n+ 3. Hence x.[M (K1 nn)] =n+3. O
Example 3.3

Fig.5

Middle graph of M (K ss)

Xe[M(K1838)] =11



Achromatic Coloring on Double Star Graph Families

84. Achromatic Coloring on Total Graph of Double Star Graph

Algorithm 4.1

Input: The number “n” of Ky 5 p.
Output: Assigning achromatic coloring for vertices in T'(K11,.5).
begin

fori=1ton

{

Vi ={eik;

Clei) =14;

Vo ={uvi};

C(vi) =n+2;

Vs ={si};

C(s;) =n+3;

Vi ={ui};

C(u;) =n—+1;

}

Vs = {v};

Cv)=n+1;
V=WuWhuVzuVu/s;

end

Theorem 4.1 For any double star graph Ki n.n, the achromatic number,

Xe[T (K1 nn) =n+3.

u,

Fig.6

Total graph of double star graph T'(K7 ,,»)

7
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Proof Let V(K1,n,n) = {v,01, V2, .., Un } U{u1,u2, .., un} and E(K1 ) = {€1,€2,...,e5} U
{51, 82, 83, ..., $n.}. By the definition of total graph, we have V[T (K7 )] = {v} U{v;/1 <i <
n}U{u;/1 <i<n}U{e/l <i<n}U{s;/1 <i <n}, in which the vertices v, e1, ea,....en
induce a clique of order n+1 (say K,+1). Now consider the vertex set V[T (K1 »,,)] and colour
class C = {c1,¢2,¢3,...Cn, Cnt1, Cnt2, Cnys}, assign a proper coloring to T'(Ky p,n) by Algorithm
4.1.

To prove the above said coloring is achromatic, we consider any pair (¢;, ¢;).
Step 1

Ifi=1,j=1,2,3,..,n. The edges joining the vertices (e;, e;), (e;,v), (es,5;), and (e;, v;)

will accommodate the color pair (¢;, ¢;).
Step 2

If i =2, 5 =1,2,..n. The edges joining the vertices (e;,e;), (e;,v), (e;,s;), and (e;,v;)

will accommodate the color pair (¢;, ¢;).
Step 3

If i =3, 5 =1,2,..,n. The edges joining the vertices (e;, e;), (e;,v), (e;,5;), and (e;, v;)
will accommodate the color pair (¢;,c¢;). Similarly if ¢ = n, j = 1,2,..n — 1, then the edges
joining the vertex pair (e;, e;), (e;,v), (e, s;), and (e;,v;) will stand for the color pair (¢;,¢;).

Thus any pair in the color class is adjacent by at least one edge. Thus we have x.[T(K1,n.5)] >

2413 4
n + 3. The number of edges of T[K1 nn] = nt lon < (n—i— ) Therefore, xc[(Kin,n)] <

2 2
n+ 3. Hence x [T(Kinn) =n+3. O

Example 4.3

Fig.7

Total graph of T'(K1 ss)
Xe[T(K1,88)] =11
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85. Achromatic Coloring on Line Graph of Double Star Graphs

Algorithm 5.1

Input: The number n of K .

Output: Assigning achromatic coloring for vertices in L(K1 pn).
begin

fori=1ton

{

Vi={e};
C(ei) :i;

Vo ={si};
C(s;) =n+1;
}
V=VUVs;
end

Theorem 5.1 For any double star graph K nn,the achromatic number,

XC[L(Kl,n,n)] =n-+1.

Fig.8

Line graph of double star graph L(K1 1)

Proof Let V(K1nn) = {v} U{v;/1 < i < n}U{u/l < i < n} and E(K14,) =
{e1,€2,...en,} U{s1, S2, 83, ..., sn,} By the definition of Line graph, each edge of K ,, taken to
be as vertex in L(K7j ). The vertices e1, ea, ..., e, induce a clique of order n in L(K7 ) 1-€.,
VIL(K1nn)] ={ei/1 <i<n}U{s;/1 <i<n}. Now consider the vertex set V[L(K1 . )] and
colour class C' = {c1, ¢2, €3, ...Cny Cnt1}, assigned a proper coloring to L(K1 p.,) by Algorithm
5.1.

To prove the above said coloring is achromatic, we consider any pair (c;, ¢;).
Step 1

Ifi=1,5=1,2,3,..,n. The edges joining the vertices (e;,e;), and (e;, s;) will accommo-
date the color pair (¢;, ¢;).
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Step 2

Ifi =2,j=1,2,..n. The edges joining the vertices (e;, e;), and (e;, s;), will accommodate

the color pair (¢, ¢;).
Step 3

Ifi =3, j=1,2,...,n. The edges joining the vertices (e;, e;), (e;,s;) will accommodate
the color pair(¢;, ¢;). Similarly if ¢ = n,j = 1,2,..n — 1, then the edges joining the vertex pair
(ei,€;5), (€4,s;) will stand for the color pair (¢;, ¢;).

Thus any pair in the color class is adjacent by at least one edge we have x.[L[K1 nn)] > n+

2 2
n"tn < <n+ ) Therefore, xc[L(K1nn)] <

1. The number of edges of edges of L[K1 p »] = ) 5

n+ 1. Hence xc[L(K1nn)] =n+ 1.

Example 5.3

Fig.9

Line graph of L(Ki,99)
Xe[L(K1,9,9)] = 10

86. Main Theorems

Theorem 6.1 For any double star graph Ki n.n, the achromatic number,

XC[L(Kl,n,n)] = X[M(Kl,n,n)] = X[T[Kl,n,n)] =n+1.

Theorem 6.2 For any double star graph K1 nn, the achromatic number,

Xe[M (K1 n,)] = Xe[T(K1,0,0)] = 1 + 3.
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Abstract: Let G be a graph and f: V(G) — {1,2,3,...,p+ ¢} be an injection. For each
edge e = uwv and an integer m > 2, the induced Smarandachely edge m-labeling f3 is defined
by

m

fre) — W(u) +f(v)1 |

Then f is called a Smarandachely super m-mean labeling if f(V(G))U{f*(e):e € E(G)} =
{1,2,3,...,p+ q}. Particularly, in the case of m = 2, we know that

@ f(u);rf(v) if f(u) + f(v) is even;
(& =
w if f(u) + f(v) is odd.

Such a labeling is usually called a super mean labeling. A graph that admits a Smarandachely
super mean m-labeling is called Smarandachely super m-mean graph. In this paper, we prove
that the H-graph, corona of a H-graph, G ® S2 where G is a H-graph, the cycle Cs, for
n > 3, corona of the cycle C,, for n > 3, mCy-snake for m > 1,n > 3 and n # 4, the
dragon P, (Cy,) for m > 3 and m # 4 and Cy, X P, for m = 3,5 are super mean graphs, i.e.,

Smarandachely super 2-mean graphs.

Keywords: Labeling, Smarandachely super mean labeling, Smarandachely super m-mean

graph, super mean labeling, super mean graphs

AMS(2000): 05C78

§1. Introduction

Throughout this paper, by a graph we mean a finite, undirected, simple graph. Let G(V, E) be
a graph with p vertices and ¢ edges. For notations and terminology we follow [1].

Let G1 and G5 be any two graphs with p; and ps vertices respectively. Then the Cartesian

1Received July 24, 2009. Accepted Aug.28, 2009.
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product G1 x G has pyps vertices which are {(u,v)/u € G1,v € G2}. The edges are obtained
as follows: (u1,v1) and (ug,vs2) are adjacent in G7 X Gag if either uy = us and vy and vy are
adjacent in G2 or u; and ug are adjacent in Gy and v; = vs.

The corona of a graph G on p vertices v1, va, . . ., vp is the graph obtained from G by adding
p new vertices uy,ug, ..., up and the new edges u;v; for 1 < i < p, denoted by G © K;. For a
graph G, the 2-corona of G is the graph obtained from G by identifying the center vertex of
the star So at each vertex of G, denoted by G ® S2. The baloon of a graph G, P,(G) is the
graph obtained from G by identifying an end vertex of P, at a vertex of G. P, (Cy,) is called
a dragon. The join of two graphs G and H is the graph obtained from G U H by joining each
vertex of G with each vertex of H by means of an edge and it is denoted by G + H.

A path of n vertices is denoted by P, and a cycle on n vertices is denoted by C,,. K, is
called a star, denoted by S,,. The bistar B, , is the graph obtained from K, by identifying
the center vertices of K1 ,, and K1, at the end vertices of K5 respectively, denoted by B(m).
A triangular snake T;, is obtained from a path v1vs ... v, by joining v; and v; 41 to a new vertex
w; for 1 <4 <mn—1, that is, every edge of a path is replaced by a triangle Cs.

We define the H-graph of a path P, to be the graph obtained from two copies of P, with
vertices v1,vs,...,v, and uy,usg, ..., u, by joining the vertices Unt1 and Unt1 if n is odd and
the vertices vz 11 and uz if n is even and a cyclic snake mC, the graph obtained from m copies
of Cp, by identifying the vertex v(x2), in the jth copy at a vertex v1,,, in the (j + 1)t copy if
n = 2k + 1 and identifying the vertex vy, in the j copy at a vertex vy, in the (j + 1)
copy if n = 2k.

A vertex labeling of G is an assignment f : V(G) — {1,2,3,...,p + g} be an injection.
For a vertex labeling f, the induced Smarandachely edge m-labeling f& for an edge e = uv, an
integer m > 2 is defined by

m

50 = |

Then f is called a Smarandachely super m-mean labeling if f(V(G)) U {f*(e) : e € E(G)} =
{1,2,3,...,p+ q}. Particularly, in the case of m = 2, we know that

0+ 60],

fle) = 2 ) if f(u)+ f(v) is even;
JEIHSQIEL3f f(u) + f(v) is odd.

Such a labeling is usually called a super mean labeling. A graph that admits a Smarandachely
super mean m-labeling is called Smarandachely super m-mean graph, particularly, super mean
graph if m = 2. A super mean labeling of the graph P? is shown in Fig.1.1.

4 6 12
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The concept of mean labeling was first introduced by S. Somasundaram and R. Ponraj [7].

They have studied in [4,5,7,8] the mean labeling of some standard graphs.

The concept of super mean labeling was first introduced by R. Ponraj and D. Ramya [2].
They have studied in [2,3] the super mean labeling of some standard graphs like P,,, Copy1,n >
1, Kp(n <3), Kin(n <3), T, Cp, UP,(m > 3,n > 1), Bpn(m =n,n+1) etc. They have
proved that the union of two super mean graph is super mean graph and Cy is not a super
mean graph. Also they determined all super mean graph of order < 5.

In this paper, we establish the super meanness of the graph Cs, for n > 3, the H-graph,
Corona of a H- graph, 2-corona of a H-graph, corona of cycle C,, for n > 3, mC),-snake for
m > 1,n >3 and n # 4, the dragon P,(C,,) for m > 3 and m # 4 and C,,, x P, for m = 3,5.

82. Results

Theorem 2.1 The H-graph G is a super mean graph.

Proof Let vy,va,...,v, and uy,us,...,u, be the vertices of the graph G. We define a
labeling f : V(G) — {1,2,...,p+ ¢} as follows:
flv)) =2i-1, 1<i<n
flu) =2n+2i—1, 1<i<n
For the vertex labeling f, the induced edge labeling f* is defined as follows:

[ (vivigr) = 24, 1<i<n-1
S (uwiwiy1) =2 +2, 1<i<n-1
[*(Wntiuni) =2n if n is odd

2 2
frvzpue)  =2n if n is even

Then clearly it can be verified that the H-graph G is a super mean graph. For example the

super mean labelings of H-graphs G; and G2 are shown in Fig.2.1.

1 13

2
2 12 14
3 ]
3 13 15
4
4 14 16
10 5
5 15 17
6 12 1
6 16 8
7 19
7 17
. " 8 20
9 21
9 19
10 »
G
11 23
G,

Fig.2.1

O



Theorem 2.2 If a H-graph G
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s a super mean graph, then G ©® Ky is a super mean graph.

19 15
2 16
34 »17 e 13
4 18 2 14
546 19 3 P15
6 20 4 16
7 14 o0 50 17
8 » 6 18
iy 23 7 19
8 20
10 24
14 25 94 21
10 22
12 26
13 027 11 023
G, G
2 30 2 26
loe———93 31— 1 3 27 2
5 33 5 29
6 34 6 30
40— 7 356 — @32 PR —" 31 & 28
9 37 9 33
. w | 38 ” 10 34
———911 0 ¢ °° Soe——0 59— e32
13 4 3 Py
14 29 42 40 14 38
5 13 12 15 39 ® 36
17 45 7 "
18 AN 18 »n
o——9® [
! 19 47 10— |y He— 40
9
21 49 2 45
22 0 » %
3 o« " o
20e 23 sl 20— 23 e ou
25 53
26 54
2de—— @727 S e o52
Gi®K, G,® K,

Proof Let f be a super mean labeling of G with vertices vy, v, ..

Let v}, vh,...,v), and uf,ub, ..

Fig.2.2

,p+ q} as follows:

g(vi) = f(vi)+ 2, 1<i<n
g(ui) = f(us) +2n + 2i, 1<i<n
g(vy) = f(v1)

g(v)) = f(vi)+2i—3, 2<i<n
g(u)) = flu)+2n+2i—3, 1<i<n

., Un and u, us, . ..
.,u,, be the corresponding new vertices in G ©® Kj.
We define a labeling g : V(G ® K1) — {1,2,...

For the vertex labeling g, the induced edge labeling g* is defined as follows:

s Unp,-
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g*(vvi41) = f*(vivig1) +2i + 1, 1<i<n-1
g (wiuig1) = f*(uuip1) +2n+2i+1, 1<i<n-1
g*(viv)) = f(vi)+2i—1, 1<i<n

g* (uul) = fu;) +2n+2i — 1, 1<i<n

g (Vn+1 g1 ’U,nTH) :2f*((U%Un+l)+1 if n is odd

g (e piun)  =2f*((vap1uz) +1 if n is even

It can be easily verified that g is a super mean labeling and hence G ® K7 is a super mean
graph. For example the super mean labeling of H-graphs G1,G2, G1 ® K71 and G2 ® K; are
shown in Fig.2.2. g

Theorem 2.3 If a H-graph G is a super mean graph, then G ® Sy is a super mean graph.

Proof Let f be a super mean labeling of G with vertices v1,vs,...,v, and uy, ug, ..., Up.
Let vf,vh, ... 00, o vl ..o vl i ub, . o ul, and wf uf, ... ull be the corresponding new

vertices in G ® Ss.

We define g : V(G ® S2) — {1,2,...,p+ q} as follows:

g(vi) = f(vi)+4i—2, 1<i<n
g(v) = flv) +4i—4, 1<i<n
g() = flv) + 4, 1<i<n
gu;)) = flu))+4n+4i—-2, 1<i<n
g(u}) = flu;) +4n+4i—4, 1<i<n
g(u) = f(ui) + 4n + 4, 1<i<n

For the vertex labeling g, the induced edge labeling ¢g* is defined as follows:

g*(UEUE) = 3f*('Un+1 U,n+1) if n is odd
2 2 2 2

g*(vnprun)  =3f*(vnqun) if n is even

9" (vivig1) = [r(vivigr) + 44, 1<i<n-1
g* (v;v}) = f(v;) +4i =3, 1<i<n

g (wivy) = f(vi) +4i—1, 1<i<n

g (wuir1) = [ (ujuipr) +4n + 4i 1<i<n-1
g (uul) = f(u;) +4n+ 4i — 3, 1<i<n

g (wiu) = flu) +4n+4i —1, 1<i<n

It can be easily verified that g is a super mean labeling and hence G® S5 is a super mean graph.

For example the super mean labelings of G; ® S2 and G2 ® S are shown in Fig.2.3. O
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Theorem 2.4 Cycle Cs, is a super mean graph for n > 3.

Proof Let Cy, be a cycle with vertices uj,us, ..

f:V(Ca) — {1,2,...,p+ ¢} as follows:

21

10
11
12

13

114
15

27

45

G,®S,

., u2, and edges e, eoq, ...

87

25

44

46 47

, €an. Define

f(u1) =1

fui) =4i -5, 2<i<n
fluny;)  =4n—=3j+3, 1<j<2
fUunyjq2) =4n—4j—2, 1<j<n-2

For the vertex labeling f, the induced edge labeling f* is defined as follows:
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f(e1) =

f*(ei) =4i—3, 2<i<n-—1
flew)  =dn-2.

f*(ent1) =4n —1,

fr(en+jt1) =4n—4j, 1<j<n-1

It can be easily verified that f is a super mean labeling and hence C5,, is a super mean graph.

For example the super mean labeling of Cy¢ is shown in Fig.2.4. O

20

ClO
Fig.2.4

Remark 2.5 In [2], it was proved that Ca,41,n > 1 is a super mean graph and Cy is not a
super mean graph and hence the cycle C), is a super mean graph for n > 3 and n # 4.

Theorem 2.6 Corona of a cycle Cy, is a super mean graph for n > 3.

Proof Let C,, be a cycle with vertices u, uo, ..., u, and edges e, €2, ..., e,. Let v1,v2,..., v,
be the corresponding new vertices in C,, ® K; and F; be the edges joining u;v;,7 = 1 to n.
Define f: V(C, ® K1) — {1,2,...,p+ q} as follows:

Casei Whennisodd,n=2m+1,m=1,2,3,...

flur) =3

5+ 8(i — 2) 2<i<m+1
flui) = _ :

12+ 8(2m+1—1) m+2<i<2m-+1
flor) =1

7+8(i—2) 2<i<m+1
fvi) = _ .

10+8(2m+1—1) m+2<i<2m+1

For the vertex labeling f, the induced edge labeling f* is defined as follows:

fr(e1) =4
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e 9+8(i—2) 2<i<m+1
€;) =
8+8(2m+1—1) m+2<i<2m-+1
fr(Er) =2
6+ 8(i — 2) 2<i<m+1
[ (E;) =

11+82m+1—i) m+2<i<2m+1

Case ii When n iseven, n =2m,m = 2,3,...

flu) =3

f(ui) =5+8(i —2), 2<i<m
f(uerl) =8m — 2,

fw) =12+ 8(2m — 1), m+2<i<2m
flo) =

f(v) =7+4+8(i—2), 2<i<m
f(vm+1) :8ma

f(omy2) =8m -1,

flv)  =10+8@2m—i), m+3<i<2m

f*(e) =

f*(es) =9+8(: —2), 2<i<m-—1
frlem) — =8m—6,

frems1)  =8m =3,

f*(es) =8+ 8(2m — 1), m+2<i<2m
[ (E1) =2

*(E;) =6+ 8(i — 2), 2<i<m
F(Buyt) =8m—1

f(E) =11+802m—1i), m+2<i<?2m

It can be easily verified that f is a super mean labeling and hence C),, ® K7 is a super mean

graph. For example the super mean labelings of C7 ® K7 and Cs ® K7 are shown in Fig.2.5.00
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Cs®K;

Fig.2.5

Remark 2.7 C} is not a super mean graph, but Cy ® K7 is a super mean graph.

Theorem 2.8 The graph mC,,- snake, m > 1,n > 3 and n # 4 has a super mean labeling.

Proof We prove this result by induction on m.
Let v1;,v2;,...,vs,; be the vertices and ey;, ez, ..., en; be the edges of mC,, for 1 < j < m.

Let f be a super mean labeling of the cycle C,,.
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When m = 1, by Remark 1.5, C,, is a super mean graph, n > 3,n # 4. Hence the result is
true when m = 1.

Let m = 2. The cyclic snake 2C), is the graph obtained from 2 copies of C,, by identifying
the vertex v(yy9), in the first copy of C,, at a vertex vy, in the second copy of €, when n = 2k+1

and identifying the vertex v(y1), in the first copy of Cy, at a vertex vy, in the second copy of
C,, when n = 2k.

3 5 16

20

28
41

4Cs-snake

4Cs-snake
Fig.2.6

Define a super mean labeling g of 2C,, as follows:

For 1 <i<n,

9(vi,) = f(viy)
9(vi) = f(viy) +2n — 1
9" (eiy) = f"(eir)
9" (eir) = f*(es,) +2n — 1

Thus, 2C,-snake is a super mean graph.
Assume that mC,,-snake is a super mean graph for any m > 1. We will prove that (m+1)C,,-

snake is a super mean graph. Super mean labeling g of (m + 1)C,, is defined as follows:

gvi))  =flu)+(G-1)2n-1), 1
g(vim+1) = f(vil) + m(2n - 1)7 1

IN
IN

1<n,2<j<m
1 <n

IN
IN
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For the vertex labeling g, the induced edge labeling ¢g* is defined as follows:

IN
IN

g*(eij) :f*(ei1)+(j_1)(2n_1)v 1 n,2<j<m
g*(eim+1) = f*(eil) + m(2n - 1)a 1

Then it is easy to check the resultant labeling g is a super mean labeling of (m + 1)C,,-snake.

]
1

IN
IN

n

For example the super mean labelings of 4Cg-snake and 4Cs- snake are shown in Fig.2.6. [

Theorem 2.9 If G is a super mean graph then P,(G) is also a super mean graph.

Proof Let f be a super mean labeling of G. Let vy, va, ..., v, be the vertices and eq, ez, . .., €4
be the edges of G and let uy,us,...,u, and E1, Fs, ..., E,_1 be the vertices and edge of P,
respectively.

We define g on P, (G) as follows:

g(vi) = f(vi), 1<i<
gu;) =p+aq+2j-2, 1<j<n
For the vertex labeling g, the induced edge labeling ¢g* is defined as follows:
g (e:;) = fles) 1<i<p.
9" (Ej) =p+q+2j-1, 1<j<n-L

Then ¢ is a super mean labeling of P, (G). O

Corollary 1.10 Dragon P,(C,,) is a super mean graph for m > 3 and m # 4.

Proof Since C,, is a super mean graph for m > 3 and m # 4, by using the above theorem,

P, (Cy,) for m > 3 and m # 4 is also a super mean graph. For example, the super mean labeling

of P5(Cs) is shown in Fig.2.7. O
5
3 7
14 16 18 20
13 . 15 . 17 . 19 .
6 . °
Fig.2.7

Remark 2.11 The converse of the above theorem need not be true. For example consider the
graph Cy. P,(Cy) for n > 3 is a super mean graph but Cj is not a super mean graph. The
super mean labeling of the graph P;(Cjy) is shown in Fig.2.8
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~
Ju
N

Fig.2.8

Theorem 2.12 C,, x P, forn >1,m = 3,5 are super mean graphs.

93

Proof Let V(Cpy x Pp) = {vi; : 1 < i <m,1<j <n}and E(Cy, x P,) = {eg; : ei; =

J

vijv(i+1)j,1§j§n,1§i§m}U{Eij C By =vv,,,1 <j<n—1,1<i<m} where i+ 1

is taken modulo m.
Casei m=3

First we label the vertices of C3 and C% as follows:

flv,) =1
f(vi,) =3i-3, 2<i<3
flui,) =12+33G—-1), 1<i<?2
fvs,) =10

For the vertex labeling f, the induced edge labeling f* is defined as follows:

[ei,) =2+433-1), 1<i<?2
fles,) =

frle,) =14

fles,) =13-2(i—2), 2<1<3
A (Ey) =7+23i-1), 1<i<2
[r(Bs) =
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C3x Ps

If the vertices and edges of ng ! and ng are labeled then the vertices and edges of ng +

and C37%2 are labeled as follows:
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fin;n) = fwiy,_,) +18, <i<3,1<j< 21 ifnisodd and
Sjg%ifniseven
fisyn) = f(viy;) +18, <i<3,1<j< 22 ifnisodd and

f*(ei2j+1) = f*(ei2j—1) + 18,
f*(ejzgurz) = f*(ei2j) + 13,

f*(Ei2j+1) = f*(E'Léj—l) + 18,

[ (Eiyyn) = f(Eiy) + 18, <i<3,1<j <252 ifnis odd and

gjgﬂifniseven
Caseii m=2>5.

First we Label the vertices of C} and C2 as follows:
f(Ull) =1

. oy
flui) = o

25-3(i—2), 2<i<3

f(Uiz) = . .
164+2(—4) 4<i<5

For the vertex labeling f, the induced edge labeling f* is defined as follows:

fr(ei) =2+3(i—1), 1<i<2
f*(€31):9
f*(6i1)=8—4(i—4), 4§1§5
23+ (1 —1), 1< <
ey =] BT
19 —2(i — 3), 3<i<4
f*(€52)—207
fr(En) =11
[ (Ey) = 14+(Z:_2)7 =r=d

If the vertices and edges of C52j ! and C52j are labeled then the vertices and edges of
and C27*2 are labeled as follows:

95

2j+1
Cs
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fin; ) = Uviy,_,) +30,1 < <5, 1<j<22ifniseven and
1§j§"7711fnisodd

J(Wig, ) =1(viy;) +30,1 <0 <5, 1<j<22ifniseven and
1<j <23 if nis odd.

[ (Bisyey) = ["(Biy_,)+30,1<i<5, 1<j<22ifnisoddand
1§j§"7_21fniseven

[ (Bisyen) = ["(Ei,y)+30,1<i<5, 1<j<22ifnisoddand
1<j <24 ifniseven

(€)= f*(eiy; 1) +30,1<i<5, 1< <272 ifnis even and
1<j<2lifnisodd

J* (i) = [*(€iy,;) +30,1 <0 <5, 1<j <22 ifnis even and
1<j <233 ifnis odd.

Then it is easy to check that the labeling f is a super mean labeling of C3 x P, and Cs X P,.
For example the super mean labeling of C3 x Ps and C5 x P, are shown in Fig.2.9. O

83. Open Problems
We present the following open problem for further research.

Open Problem. For what values of m (except 3,5) the graph C,, X P, is super mean graph.
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Abstract: Let G1 = (V1, E1), G2 = (Va, E2) be two graphs. For a chosen edge set £ C Fs,
the Smarandache ve-product G1 X, G2 of G1, G2 is defined by

V(G1 Xvg Gz) =W x ‘/2,
E(G1 Xuy G2) = {(a,b)(@',b)|a=d’, (b,b") € Ez,or b=V, (a,a’) € E1}
U{(a,b)(a’,b")|(a,a’) € E1 and (b,b') € E}.
Particularly, if E = () or E2, then G1 X, ;G2 is the Cartesian product G1 X G2 or strong product
G1 * G2 of G1 and G2 in graph theory. Finding the chromatic polynomial of Smarandache
ve-product of two graphs is an unsolved problem in general, even for the Cartesian product

and strong product of two graphs. In this paper we determine the chromatic polynomial in

the case of the Cartesian and strong product of a tree and a complete graph.

Keywords: Coloring graph, Smarandache vg-product graph, strong product graph, Carte-

sian product graph, chromatic polynomial.

AMS(2000): 05C15

§1. Introduction

Sabidussi and Vizing defined Graph products first time in [4] [5]. A lot of works has been done
on various topics related to graph products, however there are still many open problems [3].
Generally, we can construct Smarandache vg-product of graphs Gy and Gy for E C E(G3) as
follows.

Let G1 = (V4,E1), G2 = (Va2, E3) be two graphs. For a chosen edge set E C Es, the
Smarandache vg-product G X, Ga of G1, Gg is defined by

V(Gl Xvg Gg) = Vl X ‘/2,
E(Gy X,y G2) = {(a,b)(d',V)|a=d, (b,V) € Ey,or b=1V,(a,a’) € Er}
U{(a,b)(d’,b)|(a,a’) € Ey and (b,b") € E}.

1Received July 28, 2009. Accepted Aug.30, 2009.
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Particularly, if E = 0 or Es, then G X, G2 is nothing but the Cartesian product G; x Go or
strong product Gy * G2 of G; and G5 in graph theory.

The chromatic polynomial of graph G, x(G,k) is the number of different coloring ways,
with at most k color. The chromatic number of G is the smallest integer k such that x(G, k)
be positive [2, 6]. Thus we can determine x(G) by calculating x(G, k). Let G — e be a graph
obtained by deleting an edge e from G. An edge e of G is said to be contracted if it is deleted
and its ends are identified. The resulting graph is denoted by G - e. The following theorems are
well known.

Theorem 1.1([2, 6], Chromatic recurrence) If G is a simple graph and e € E(G), then

X(G, k) =x(G —e, k) — x(G - e, k).

Theorem 1.2([2]) If G has n components G1,Ga,- - , Gy, then

Theorem 1.3([2]) Let G be a graph with subgraphs G1,Gs such that Gy UGy =G, G1 NGy =
K,,. Then

X(G1, k)x(G2, k)
X (kn, k)

x(G, k) =
Example 1.1 If K, is a complete graph with n vertices then
X(Kn, k)= (k) =k(k—1)(k—-2)---(k—n+1).
Example 1.2 If C), is a cycle graph with n vertices then

X(Cn, k) = (k= 1)" + (=1)(k = 1).

82. Cartesian Product

In this section, we consider the chromatic polynomial of Cartesian product, i.e., Smarandache

vg-product graph of two graphs G1, Go with E = ().

Theorem 2.1 Let Ko be a complete graph with two vertices and P, be a path with n > 3
vertices, then X (P, X Ka, k) = (k% — 3k + 3)x(Pn—1 X Ka, k).

Proof 1If G1 = P71 X Ko,G2 = Cy, we have G1 UGy = P, X K3,G1 N G2 = K5. then by

Theorem 1.3, we have
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X(Pn—1 X Ko, k)x(Cay k) X(Poo1 X Ko, k)((k—1)* + (=1)(k — 1))
= (K* =3k +3)x(Py_1 x Ko, k).

X(Pn X Kg,k) =

By continue above recursive relation, we have following result.
Corollary 2.1 Forn >3, x(P, x Ko, k) = k(k —1)(k? — 3k + 3)" L.

Theorem 2.2 For each path P,, n > 3 and complete graph K,,, m > 2,

(P % Ko ) = (0l )" () S G,
i=0 v

where C(m, 1) is choice of m vertices for i.

Proof 1If we consider G; = P,_1 X K,;,, Go = P, x K, then G1, G5 are subgraphs of
P, x K, such that Gy UG = P, X K,;,, Gy N G2 = K,,. Therefore, by Theorem 1.3 it follows
that,

. X(Pn,1 X Km,k) X(PQ X Km,k)

P, x Ky, k
X ) X (Ko, k)

and with a recursive use of this relation, we have

X(Py X K, k)"_l
X(Kmvk)n72

X(Pr, x K, k) =

Then is sufficient to compute the chromatic polynomial of P, x K,,. By using Theorem 1.1 and
deleting and contracting the edges of P, in this product, at the end, we obtain 2" graphs. Each
of these graphs consist of two copy of K, which have a K, (0 < ¢ < m) in their intersection,
and there is no other edges than these. The chromatic polynomial of these graphs, by using
Theorem 1.2 is

(X(Km, K))?

Here we define x (Ko, k) = 1. On the other hand we have a choice of m vertices for 4, so the
number of these graphs is equal to C(m, ). Since for each i these graphs have 2m — i vertices

each, thus in summation a coefficient (—1)? appears,

m

X(Py % K, k) =Y (=1)'C(m, i)¢i(k),

=0

then
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X(Py X K, k)nt (2 (—1)'C(m, 2)7("&{;?’ )
(Kmv k)n72 B X(Kmv k)n72

Km7k. Z K“k )) —1'

1=

X(Pn X Ky, k)

O

Note that in the steps of this proof we have not used the structure of P,,. But we use only

the existence of a vertex of degree one in each step in finding recursive relation. So we can use
this argument alternatively for each tree with n vertices. In fact P, is a special case of tree.

Therefore we can obtain a more general result following.

Corollary 2.2 Let T, be a tree with n vertices and K,, be a complete graph of m vertices, then

(EDCm,i),,

X(Tp X Ko, k) = (X(Ky k)" Z .

X Kl,k
Corollary 2.3 X(Co x Ko, k) = (k = 1) (x(Kyn, K)) (S SAhEm s

Proof Let Gy = Py X Ky, Go = Pax Ky, — E(K,,), then Gy, Go are subgraphs of C,, x K,
such that G1 UGy = C), X K,,,, G1 N Ga = K,,,. Therefore, by Theorem 1.3 it follows that

X(C X Ky, k) = X(Pp X Ky, k) ?(Gg,k)

X(K’n’hk
But x(G2,k) = (k — 1)™ x(Kpm, k) then

X(Py X Ky, k) (k= 1)"X(Kp, k)
X (Ko, )

(k= 1™ (oK) Z XKlkBl.

1=

X(Cn X Ky k) =

O

Thus for the Cartesian product of a complete graph and a tree and a cycle, the chromatic
polynomial is found. However this for two complete graphs is open. If the chromatic polynomial
of Cartesian product of two complete graphs of order n is found, we can determine the number

of Latin squares of order n. Moreover x(P,, x P,,) is not yet known [1].

83. Strong Products

In this section, we consider the chromatic polynomial of strong product, i.e., Smarandache vg-
product graph of two graphs Gy, G2 with E = E(G2). We get some theorems for chromatic
polynomial of strong products same as Cartesian product.
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Theorem 3.1 Let Ky be a complete graph with two vertices and P, be a path with n > 3

vertices, then
X(Py * ko, k) = (k% — 3k + 3)x(Pn_1 * ko, k).
So we have the following theorem by above recursive relation.

Corollary 3.1 Forn >3, x(P, * K2, k) = k(k — 1)(k* — 5k +6)" L.

Theorem 3.2 For each path P,, n > 3 and complete graph K,,, m > 2

m—1 2m—1
\(Pox Koik) = T[] Gk = T (k=)
i=0 i=m

Proof 1f we consider G = P,,_1 * K, Go = P> % K;,,, by Theorem 1.3 it follows that

) o X(Pn,1 * Km, k) X(PQ * Km, k)
X (K, k)

X(Pp * Koy
and with a recursive use of this relation we have

(X(PQ * Kmu k)n_l
X (Ko, k) ’

X(Pp # Ky k) =

but P x K,,, = K5,, and thus

[(K)am]™ ' [k(k—1)--(k—2m+1)]"!

X(Pn* Ky k) = [(K)m]"—2 - k(k—1)---(k—m+1)2
= kk—1..k—m+1[(k—m)k—m—-1)...(k —2m+ 1)]"’1
= (k=) [ ®&=ap".
i=0 i=m

Therefore we obtain a more general result as follows.

Corollary 3.2 Let T,, be a tree with n vertices and K,, be a complete graph with m vertices,

then

X(Ty * K, k) = 1:[ (k—i)[ ﬂ (k — ,L)]n—l
1=0 i=m
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Abstract: Given an arbitrary non-empty subset M of vertices in a graph G = (V, E), each
vertex u in G is associated with the set fi;(u) = {d(u,v) : v € M, u # v}, called its open M-
distance-pattern. A graph G is called a Smarandachely uniform k-graph if there exist subsets
My, Ma, - -+, My, for an integer k > 1 such that fr;, (u) = f3;, (v) and fy, (u) = fyy, (v) for
1 <i,7 <k and Yu,v € V(G). Such subsets M1, Ma,--- , M}, are called a k-family of open
distance-pattern uniform (odpu-) set of G and the minimum cardinality of odpu-sets in G,
if they exist, is called the Smarandachely odpu-number of G, denoted by odf(G). Usually, a
Smarandachely uniform 1-graph G is called an open distance-pattern uniform (odpu-) graph.
In this case, its odpu-number od§ (G) of G is abbreviated to od(G). In this paper we present

several fundamental results on odpu-graphs and odpu-number of a graph.
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81. Introduction

All graphs considered in this paper are finite, simple, undirected and connected. For graph
theoretic terminology we refer to Harary [6].

The concept of open distance-pattern and open distance-pattern uniform graphs were
suggested by B.D. Acharya. Given an arbitrary non-empty subset M of vertices in a graph
G = (V, E), the open M-distance-pattern of a vertex w in G is defined to be the set f9,(u) =
{d(u,v) : v € M, u# v}, where d(z,y) denotes the distance between the vertices z and y in G.
A graph G is called a Smarandachely uniform k-graph if there exist subsets My, My, -+ , My
for an integer k > 1 such that f§, (u) = f§, (u) and fy, (u) = f3; (v) for 1 < i,j < k and
Vu,v € V(G). Such subsets My, Ma,---, My are called a k-family of open distance-pattern
uniform (odpu-) set of G and the minimum cardinality of odpu-sets in G, if they exist, is
called the Smarandachely odpu-number of G, denoted by ody (G). Usually, a Smarandachely
uniform 1-graph G is called an open distance-pattern uniform (odpu-) graph. In this case, its
odpu-number odf (G) of G is abbreviated to od(G). We need the following theorem.

1Received May 28, 2009. Accepted Aug.31, 2009.
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Theorem 1.1([5]) Let G be a graph of order n,n > 4. Then the following conditions are

equivalent.

(i) The graph G is self-centred with radius r > 2 and for every u € V(G), there exists exactly

one vertex v such that d(u,v) = r.
(ii) The graph G is r-decreasing.

(iii) There exists a decomposition of V(G) into pairs {u,v} such that d(u,v) = r(G) >
mazx(d(u,x),d(z,v)) for every z € V(G) — {u,v}.

In this paper we present several fundamental results on odpu-graphs and odpu-number of

a graph G.

82. Odpu-Sets in Graphs

It is clear that an odpu-set in any nontrivial graph must have at least two vertices. The following

theorem gives a basic property of odpu-sets.

Theorem 2.1 In any graph G, if there exists an odpu-set M, then M C Z(G) where Z(G) is the
center of the graph G. Also M C Z(G) is an odpu-set if and only if f5;(v) ={1,2,...,r(G)},
for all v € V(G).

proof Let G have an odpu-set M C V(@) and let v € M. Suppose v ¢ Z(G). Then
e(v) > r(G). Hence there exists a vertex u € V(G) such that d(u,v) > r(G). Since v € M,
f5r(uw) contains an element, which is greater than r(G). Now let w € V(G) be such that
e(w) = r(G). Then d(w,v) < r(G) for all v € M. Hence f7;(w) does not contain an element
greater than r(G), so that f§,(u) # f5;(w). Thus M is not an odpu-set, which is a contradiction.
Hence M C Z(G).

Now, let M C Z(G) be an odpu-set. Then max f§,(v) = r(G). Let u € M be such
that d(u,v) = r(G). Let the shortest u — v path be (u = vi,vs, - ,v,(g) = v). Then vy is
adjacent to u. Therefore, 1 € f§;(v1). Since M is an odpu-set, 1 € f§(z) for all x € V(G).
Now, d(va,u) = 2, whence 2 € f§,(v2). Since M is an odpu-set, 2 € f3,(z) for all z € V(G).
Proceeding like this, we get {1,2,3,---,r(G)} C fy;(z) and since M C Z(G), fo(x) =
{1,2,3,--- ,r(G)} for all z € V. The converse is obvious. O

Corollary 2.2 A connected graph G is an odpu-graph if and only if the center Z(G) of G is

an odpu-set.

Proof Let G be an odpu-graph with an odpu-set M. Then f§,(v) = {1,2,..., r(G)} for all
v € V(G). Since f3 5 (v) 2 f;(v) and d(u,v) < r(G) for every v € V and u € Z(G), it follows
that Z(QG) is an odpu set of G. The converse is obvious. O

Corollary 2.3 FEvery self-centered graph is an odpu-graph.
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Proof Let G be a self-centered graph. Take M = V(G). Since G is self-centered, e(v) =
r(Q) for all v € V(G). Therefore, f,(v) = {1,2,---,7(G)} for all v € V(G), so that M is an
odpu-set for G. 0

Remark 2.4 The converse of Corollary 2.3 is not true. For example the graph K, + Ko, is
not self-centered but it is an odpu-graph. Moreover, there exist self-centered graphs having a
proper subset of Z(G) = V(G) as an odpu-set.

Theorem 2.5 If G is an odpu-graph with n > 3, then §(G) > 2 and G is 2-connected.

Proof Let G be an odpu-graph with n > 3 and let M be an odpu-set of G. If G has
a pendant vertex v, it follows from Theorem 2.1 that v ¢ M. Also, v is adjacent to exactly
one vertex w € V(G). Since M is an odpu-set, maz fg;(w) = r(G). Therefore, there exists
u € M such that d(u, w) = r(G). Now d(u,v) = r(G) + 1 and f§,(v) contains 7(G) + 1. Hence
e (v) # for(w), a contradiction. Thus 6(G) > 2.

Now suppose G is not 2-connected. Let By and Bs be blocks in G such that V(B;) N
V(Bz) = {u}. Since, the center of a graph lies in a block, we may assume that the center
Z(G) C By. Let v € By be such that uv € E(G). Then there exists a vertex w € M such that
d(u,w) = 7(G) and d(v,w) = r(G) + 1, so that r(G) + 1 € f§;(u), which is a contradiction.
Hence G is 2-connected. O

Corollary 2.6 A tree T has an odpu-set M if and only if T is isomorphic to Ps.
Corollary 2.7 If G is a unicyclic odpu-graph, then G is isomorphic to a cycle.
Corollary 2.8 A block graph G is an odpu-graph if and only if G is complete.

Corollary 2.9 In any graph G, if there exists an odpu-set M, then every subset M’ of Z(QG)
such that M C M’ is also an odpu-set.

Thus Corollary 2.9 shows that in a limited sense the property of subsets of V(G) being
odpu-sets is super-hereditary within Z(G). The next remark gives an algorithm to recognize

odpu-graphs.

Remark 2.10 Let G be a finite simple connected graph. The the following algorithm recognizes
odpu-graphs.

Step-1: Determine the center of the graph G.

Step-2: Generate the ¢ x n distance matrix D(G) of G where ¢ = |Z(G)|.

Step-3: Check whether each column C; has the elements 1,2,...,7.

Step-4: If then, G is an odpu-graph.

Or else G is not an odpu-graph.

The above algorithm is efficient since we have polynomial time algorithm to determine
Z(@) and to compute the matrix D(G).
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Theorem 2.11 Every odpu-graph G satisfies, r(G) < d(G) < r(G)+1. Further for any positive
integer r, there exists an odpu-graph with r(G) = r and d(G) = r + 1.

Proof Let G be an odpu-graph. Since r(G) < d(G) for any graph G, it is enough to
prove that d(G) < r(G) + 1. If G is a self-centered graph, then r(G) = d(G). Assume G is
not self-centered and let v and v be two antipodal vertices of G. Since G is an odpu-graph,
Z(G) is an odpu-set and hence there exist vertices u’,v" € Z(G) such that d(u,u’) = 1 and
d(v,v") = 1. Now, G is not self-centered, and d(u,v) = d, implies u,v & Z(G). Iif d > r + 1;
since d(u,u’) = d(v,v") = 1, the only possibility is d(v’,v") = r, which implies d(u,v") = r + 1.
But v € Z(G) and hence r + 1 € f3,(u), which is not possible. Hence d(u,v) =d < r+ 1 and
the result follows.

Now, let = be any positive integer. For r = 1 take G = Ky + K,,,n > 2. For r > 2, let G
be the graph obtained from C5,. by adding a vertex v, corresponding to each edge e in Cs, and
joining v, to the end vertices of e. Then, it is easy to check that an odpu-set of the resulting
graph is V(Cay). O

However, it should be noted that d = r + 1 is not a sufficient condition for the graph to be
an odpu-graph. For the graph G consisting of the cycle C, with exactly one pendent edge at
one of its vertices, d = r + 1 but G is not an odpu-graph.

Remark 2.12 Theorem 2.11 states that there are only two classes of odpu-graphs, those which
are self-centered or those for which d(G) = r(G) + 1. Hence, the problem of characterizing
odpu-graphs reduces to the problem of characterizing odpu-graphs with d(G) = r(G) + 1.

The following theorem gives a complete characterization of odpu-graphs with radius one.

Theorem 2.13 A graph with radius 1 and diameter 2 is an odpu-graph if and only if there exists
a subset M C V(G) with |[M| > 2 such that the induced subgraph (M) is complete, (V — M) is

not complete and any vertex in V. — M 1is adjacent to all the vertices of M.

Proof Assume that G is an odpu-graph with radius » = 1 and diameter d = 2. Then,
f5(v) = {1} for all v € V(G). If (M) is not complete, then there exist two vertices u,v € M
such that d(u,v) > 2. Hence, both f9,(u) and f$,;(v) contains a number greater than 1, which
is not possible. Therefore, (M) is complete. Next, if x € V' — M then, since fg,;(z) = {1}, = is
adjacent to all the vertices of (M). Now, if (V — M) is complete, then since (M) is complete the
above argument implies that G is complete, whence diameter of G would be one, a contradiction.
Thus, (V — M) is not complete.

Conversely assume (M) is complete with |[M| > 2, (V — M) is not complete and every
vertex of (V — M) is adjacent to all the vertices in (M). Then, clearly, the diameter of G is two
and radius of G is one. Also, since |M| > 2, there exist at least two universal vertices in M (i.e.
Each is adjacent to every other vertices in M). Therefore f7,(v) = {1} for every v € V(G).
Hence G must be an odpu-graph with M as an odpu-set. 0

Theorem 2.14 Let G be a graph of order n > 3. Then the following are equivalent.

(i) FEvery k-element subset of V(G) forms an odpu-set, where 2 < k < n.
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(i1) FEvery 2-element subset of V(G) forms an odpu-set.

(ii1) G is complete.

Proof Trivially (¢) implies (i)
If every 2-element subset M of V(G) forms an odpu-set, then f§,(v) = {1} for all v € V(G)
and hence G is complete.

Obviously (4i7) implies (4). O

Theorem 2.15 Any graph G(may or may not be connected) with 6(G) > 1 and having no
vertex of full-degree can be embedded into an odpu-graph H with G as an induced subgraph of
H of order |V(G)| + 2 such that V(Q) is an odpu-set of the graph H.

Proof Let G be a graph with §(G) > 1 and having no vertex of full-degree. Let u,v € V(QG)
be any two adjacent vertices and let a,b ¢ V(G). Let H be the graph obtained by joining a to b
and also, joining a to all vertices of G except u and joining the vertex b to all vertices of G except
v. Let M = V(G) C V(H). Since a is adjacent to all the vertices except u and d(a,u) = 2,
implies f9,(a) = {1,2}. Similarly f$,(b) = {1,2}. Since u is adjacent to v, 1 € f$,(u). Since u
does not have full degree, there exists a vertex x, which is not adjacent to u. But (u,b, z) is a
path in H and hence d(u, z) = 2 in H for all such z € V(G). Therefore f,(u) = {1,2}. Similarly
fer(v) ={1,2}. Now let w € V(G), w # u,v. Now since no vertex w is an isolated vertex and
w does not have full-degree, there exist vertices  and y in V(G) such that wr € E(H) and
wy ¢ E(H). But then, there exists a path (w,a,y) or (w,b,y) with length 2 in H. Also every
vertex which is not adjacent to w is at a distance 2 in H. Therefore f§,(w) = {1,2}. Hence
fo(x) ={1,2} for all x € V(H). Hence H is an odpu-graph and V(G) is an odpu-set of H. [J

Remark 2.16 Bollobds [1] proved that almost all graphs have diameter 2 and almost no graph
has a node of full degree. Hence almost no graph has radius one. Since r(G) < d(G), almost
all graphs have r(G) = d(G) = 2, that is, almost all graphs are self-centered with diameter 2.
Since self-centered graphs are odpu-graphs, the following corollary is immediate.

Corollary 2.17 Almost all graphs are odpu-graphs.

§3. Odpu-Number of a Graph

As we have observed in section 2, if G has an odpu-set M then M C Z(G) and if M C
M' C Z(G), then M’ is also an odpu-set. This motivates the definition of odpu-number of an
odpu-graph.

Definition 3.1 The Odpu-number of a graph G, denoted by od(QG), is the minimum cardinality
of an odpu-set in G.

In this section we characterize odpu-graphs which have odpu-number 2 and also prove that
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there is no graph with odpu-number 3 and for any positive integer k # 1, 3, there exists a graph

with odpu-number k. We also present several embedding theorems. Clearly,
2 < 0d(G) £ |Z(G)] for any odpu — graph G. (3.1)
Since the upper bound for |Z(G)| is |V (G)|, the above inequality becomes,
2 < od(G) < |V(G)]. (3.2)
The next theorem gives a characterization of graphs attaining the lower bound in the above

inequality.

Theorem 3.2 For any graph G, od(G) = 2 if and only if there exist at least two vertices
z,y € V(G) such that d(z) = d(y) = |V(G)| — 1.

Proof Suppose that the graph G has an odpu-set M with |M| = 2. Let M = {z,y}. We
claim that d(z) = d(y) = n — 1, where n = |V(G)|. If not, there are two possibilities.

Case 1. d(z)=n—-1andd(y) <n-—1.

Since d(x) =n — 1, x is adjacent to y. Therefore, f5,(z) = {1}. Also, since d(y) < n —1,
it follows that 2 € f§,(w) for any vertex w not adjacent to v, which is a contradiction.

Case 2. d(z) <n—1andd(y) <n—1.

If zy € E(G), then f(z) = f3;(y) = {1} and for any vertex w not adjacent to wu,
fir(w) # {1}

If zy ¢ E(G), then 1 ¢ f3,(z) and for any vertex w which is adjacent to z, 1 € f§;(w),
which is a contradiction. Hence d(x) = d(y) =n — 1.

Conversely, let G be a graph with u,v € V(G) such that d(u) = d(v)=n—1. Let M = {u,v}.
Then f§;(z) = {1} for all z € V(G) and hence M is an odpu-set with |[M| = 2. O

Corollary 3.3 For any odpu-graph G if |M| =2, then (M) is isomorphic to K.
Corollary 3.4 od(K,) =2 for alln > 2.

Corollary 3.5 If a (p,q)-graph has an odpu-set M with odpu-number 2, then 2p — 3 < q <

p(p—1)
-

Proof By Theorem 3.2, there exist at least two vertices having degree p — 1 and hence
q > 2p — 3. The other inequality is trivial. O

Theorem 3.6 There is no graph with odpu-number three.

Proof Suppose there exists a graph G with od(G) = 3 and let M = {z,y, z} be an odpu-set
in G. Since G is connected, 1 € f,(z) N f5;(y) N for(2).

We claim that z,y, 2 form a triangle in G. Since 1 € f§,(x), and 1 € f{,(z), we may assume
that zy,yz € E(G). Now if 2z ¢ E(G), then d(z,2) = 2 and hence 2 € f¢(z) N f$;(Z) and
8 (y) = {1}, which is not possible. Thus xz € E(G) and z,y, z forms a triangle in G.
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Now f9,(w) = {1} for any w € V(G) — M and hence w is adjacent to all the vertices of M.
Thus G is complete and od(G) = 2, which is again a contradiction. Hence there is no graph G
with od(G) = 3. O

Next we prove that the existence of graph with odpu-numbers k& # 1,3. We need the
following definition.

Definition 3.7 The shadow graph S(G) of a graph G is obtained from G by adding for each
vertex v of G a mew vertex v', called the shadow vertex of v, and joining v' to all the neighbors

of v in G.

Theorem 3.8 For every positive integer k # 1,3, there exists a graph G with odpu-number k.

Proof Clearly od(P2) = 2 and od(Cy) = 4. Now we will prove that the shadow graph of
any complete graph K,,, n > 3 is an odpu-graph with odpu-number n + 2.

Let the vertices of the complete graph K,, be vy, vs,...,v, and the corresponding shadow
vertices be vy, vy, - -+ ,v,,. Since the shadow graph S(K,) of K, is self-centered with radius 2
and n > 3, by Corollary 2.3, it is an odpu-graph. Let M be the smallest odpu-set of S(K,).
We establish that |[M| = n + 2 in the following three steps.

First, we show {v}, vy, -+ ,v,} C M. If there is a shadow vertex v, ¢ M, then 2 ¢ f2,(v;)
since v; is adjacent to all the vertices of S(K,,) other than v;, implying thereby that M is not
an odpu-set, contrary to our assumption. Thus, the claim holds.

’

Now, we show that M = {v,l, v;, ceey v;} is not an odpu-set of S(K,,). Note that v;,v;, ces Uy,
are pairwise non-adjacent and if M = {v},vy,...,v,}, then 1 ¢ f¢,(v;) for all v; € M. But
1€ fg(v), 1<i<n,andhence M is not an odpu-set.

From the above two steps, we conclude that [M| > n. Now, M = {v}, vy, ...,v,} U
{v;} where v; is any vertex of K, is not an odpu-set. Further, since all the shadow vertices
are pairwise nonadjacent and v; is not adjacent to v;, 1 ¢ f (v;). Hence |[M| > n + 1. Let
v, v; € V(K,) be any two vertices of K,, and let M = {vi,vj,vll,v;,...,v;}. We prove
that M is an odpu-set and thereby establish that od(G) = n + 2. Now, d(v;,v;) = 1 and
d(vi, v;) = d(vj,v;) = 2, so that f§;(v;) = f5,(v;) = {1,2}. Also, for any vertex v, € V(K,),
d(vg,v;) = 1 and d(vg, v,) = 2, so that £§,(vx) = {1,2}. Again, d(v;,v;) = d(v;,vi) =1 and for
any shadow vertex v, € V(S(K,)), d(v,,v;) = 1 and since all the shadow vertices are pairwise
non-adjacent, fg,(v,) = {1,2}. Thus, M is an odpu-set and od(G) = n + 2. O

Remark 3.9 We have proved that 3 cannot be the odpu number of any graph. Hence, by the
above theorem, for an odpu-graph the numbers 1 and 3 are the only two numbers forbidden as
odpu-numbers of any graph.

Theorem 3.10 o0d(Cax1) = 2k.

Proof Let Cori1 = (v1,v2,...,V2k41,01). Clearly M = {v1,va,..., v} is an odpu-set of
Cak+1.- Now, let M be any odpu-set of Cop41. Then, there exists a vertex v; € V(Cagt1) such
that v; ¢ M. Without loss of generality, assume that v; = vag11. Then, since 1 € f§,(vort1),
either vor, € M or v1 € M or both vy, ve, € M. Without loss of generality, let v1 € M. Since
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d(vi,ver41) = 1 and vary1 € M, and vy is the only element other than ver41 at a distance 1
from vy, we see that vo € M. Now, d(ve, var+1) = 2 and veg41 € M, and vy is the only element
other than vgr41 at a distance 2; this implies vy € M. Proceeding in this manner, we get
Vg, V4 ...,V € M. Now since d(vak,vog+1) = 1 and vor11 ¢ M, and vog_1 is the only element
other than vor41 at a distance 1 from wvar, we get vop—1 € M. Next, since d(vog—1,vop+1) = 2
and vor4+1 ¢ M, and voy_3 is the only element other than vor 41 at a distance 2 from wvap_1, we
get var_3 € M. Proceeding like this, we get M = {v1,va,...,va;}. Hence od(Copt1) =2k. O

Definition 3.11([2]) A graph is an r-decreasing graph if r(G —v) = r(G) — 1 for all v € V(G).

We now proceed to characterize odpu-graphs G with od(G) = |V(G)|. We need the following

lemma.

Lemma 3.12 Let G be a self-centered graph with r(G) > 2. Then for each u € V(G), there
exist at least two vertices in every it" neighborhood N;(u) = {v € V(G) : d(u,v) = i} of

u, t=1,2,...,r—1.

Proof Let G be a self-centered graph and let u be any arbitrary vertex of G. If possible,
let for some 4, 1 <4 < r —1, N;(u) contains exactly one vertex, say w. Then, since e(w) = r,
there exists x € V(G) such that d(z,w) = r.

If £ € N;(u) for some j > i, then d(u,x) > r, which is a contradiction. Again if z € N;(u)
for some j < 4, then d(z,w) = r < i < r — 1, which is again a contradiction. Hence N;(u)
contains at least two vertices. O

Theorem 3.13 Let G be a graph of order n, n > 4. Then the following conditions are equivalent.
(1) od(GQ) =n.
(13) the graph G is self-centered with radius v > 2 and for every u € V(G), there exists

exactly one verter v such that d(u,v) = r.
(iit) the graph G is r-decreasing.

(iv) there exists a decomposition of V(G) into pairs {u,v} such that d(u,v) = r(G) >
maz (d(u, x),d(z,v)) for every x € V(G) — {u,v}.

Proof Let G be a graph of order n, n > 4. The equivalence of (i), (¢i¢) and (iv) follows
from Theorem 1.1. We now prove that (i) and (i¢) are equivalent.

(1) = (i)

Let G be a graph with od(G) = n = |V(G)|. Hence, e(u) = r for all u € V(G) so that G is
self-centered. Now, we show that for every u € V(G), there exists exactly one vertex v € V(G)
such that d(u,v) =r.

First, we show that for some vertex ug € V(G), there exists exactly one vertex vy € V(G)
such that d(u,,v9) = r. Suppose for every vertex = € V(G), there exist at least two vertices x;
and zz in V(G) such that d(z,z1) = r and d(z,z2) = r. Let M = V(G) — {x1}. Then, since
d(z,z0) = r, f5(x) = {1,2,...,r}. Further, since d(z,z1) = r, f3;(z1) = {1,2,...,r}. Also,
since d(z,z2) = r, and by Lemma 3.12, f§;(z2) = {1,2,--- ,7}. Let y be any vertex other than



Open Distance-Pattern Uniform Graphs 111

z, x1 and xo. Let 1 < k < 7, and if d(y,z) = k, then by Lemma 3.12 and by assumption,
there exists another vertex z € M such that d(y, z) = k. Therefore, f,(y) = {1,2,...,r}. Thus
M =V(G)—{z1} is an odpu-set for G, which is a contradiction to the hypothesis. Thus, there
exists a vertex ug € V(G) such that there is exactly one vertex vy € V(G) with d(ug,vo) = r.
Next, we claim that ug is the unique vertex for vy such that d(ug,v9) = 7. Suppose there
is a vertex wg # ug with d(wg,vo) = 7. Let M = V(G) — {up}. Then, d(ug,vo) = r implies
f8(uo) ={1,2,...,7} and d(vo, wo) = rimply f,(vo) = {1,2,...,r}. Also, since d(vg, wo) = 7,
by Lemma 3.12, it follows that fg,(wo) = {1,2,...,r}. Now let x € V(G) — {wo, vo, wo}. Since
d(z,up) < r,weget fo,(x) ={1,2,...,7}. Hence, M = V(G) —{wo} is an odpu-set for G, which
is a contradiction. Therefore, for the vertex vy, ug is the unique vertex such that d(ug, vo) = r.

Next, we claim that there is some vertex u; € V(G) — {ug,vo} such that there is exactly
one vertex v; € V(G) at a distance r from uy. If for every vertex uy € V(G) — {uo, vo}, there
are at least two vertices v; and wy in V(G) at a distance r from wuq, then proceeding as above,
we can prove that M = V(G) — {v1} is an odpu-set of G, a contradiction. Therefore, v, is the
only vertex at a distance r from u;. Continuing the above procedure we conclude that for every
vertex u € V(G) there exists exactly one vertex v € V(G) at a distance r from w and for the
vertex v, u is the only vertex at a distance r. Thus (i) implies ().

Now, suppose (i¢) holds. Then M is the unique odpu-set of G and hence od(G) =n. O

Corollary 3.14 If G is an odpu-graph with od(G) = |V (G)| = n, then G is self-centered and n

s even.

Corollary 3.15 If G is an odpu-graph with od(G) = |[V(G)| = n then r(G) > 3 and uy,uq are
different vertices of G, then, N(uy) # N (uz).

Proof If N(u1) = N(us), then d(u1,v1) = d(uz, v1), which contradicts Theorem 3.13. O

Corollary 3.16 The odpu-number od(G) = |V(G)| for the n-dimensional cube and for even
cycle Cop,.

Corollary 3.17 Let G be a graph with r(G) = 2. Then od(G) = |V(G)| if and only if G is
1somorphic to Koo . .

Proof If G = Kz . 2, then r(G) = 2 and G is self-centered and by Theorem 3.13,
0d(G) = |V (G)| = 2n.

Conversely, let G be a graph with r(G) = 2. Then G is self-centered and it follows from
Theorem 3.13 that for each vertex, there exists exactly one vertex at a distance 2. Hence
G = K272)m)2. [l

Problem 3.1 Characterize odpu-graphs for which od(G) = |Z(G)|.
Theorem 3.18 If a graph G has odpu-number 4, then r(G) = 2.

Proof Let G be an odpu-graph with odpu-number 4. Let M = {u,v,z,y} be an odpu-set
of G. If r(G) = 1, then f3,(z) = {1} for all x € V(G). Therefore, (M) is complete. Hence, any
two elements of M forms an odpu-set of G which implies od(G) = 2, which is a contradiction.



112 Bibin K Jose

Hence r(G) > 2.

Since r(G) > 2, none of the vertices in M is adjacent to all the other vertices in M and
(M) has no isolated vertex. Hence (M) = P4 or Cy or 2K>.

If (M) = P4 or Cy then the radius of (M) is 2. Hence, there exists a vertex v in M such
that f9,(v) = {1,2} so that 7(G) = 2.

Suppose (M) = 2P, and let E((M)) = {uv,zy}. Since |M| = 4, r(G) < 3. If r(G) = 3,
then 3 € f¢,(z) and 3 € f§,;(u). Hence, there exists a vertex w ¢ M such that 2w, uw € E(G).
Hence, d(z,w) = d(u,w) = 1. Also, d(y,w) = d(v,w) = 2. Therefore, 3 € f3;(w), which is a
contradiction. Thus, 7(G) = 2. O

A set S of vertices in a graph G = (V, E) is called a dominating set if every vertex of G is
either in S or is adjacent to a vertex in S; further, if (S) is isolate-free then S is called a total
dominating set of G (see Haynes et al[7]). The next result establishes the relation between

odpu-sets and total dominating sets in an odpu-graph.

Theorem 3.19 For any odpu-graph G, every odpu-set in G is a total dominating set of G.

Proof Let M be an odpu-set of the graph G. Since 1 € f7,(u), for all v € V(G), for
any vertex u € V(G) there exists a vertex v € M such that uwv € E(G). Hence, M is a total
dominating set of G. O

Recall that the total domination number ;(G) of a graph G is the least cardinality of a
total dominating set in G.

Corollary 3.20 For any odpu-graph G, v(G) < od(G).
Problem 3.2 Characterize odpu-graphs G such that v(G) = 0d(G).

Let H be a graph with vertex set {x1,x2,...,2,} and let G1,Ga, ..., G, be a set of vertex
disjoint graphs. Then the graph obtained from H by replacing each vertex x; of H by the graph
G; and joining all the vertices of G; to all the vertices of G; if and only if z;2; € E(H), is
denoted as H[G1,Ga,...,G,).

Theorem 3.21 Let H be a connected odpu-graph of order n > 2 and radius r > 2. Let
K = H[G1,Ga,...,Gy]. Then od(H) = od(K).

Proof Let V(H) = {x1,x2,...,2,}. Let G; be the graph replaced at the vertex z; in
H. Tt follows from the definition of K that if (z;1,2;2,..., %) is a shortest path in H, then
(1,41, %i2,52, - - - » Tir jr) 1S & shortest path in K where ;5 is an arbitrary vertex in G;. Hence
M C V(H)is odpu-set in H if and only if the set My C V(K), where M; has exactly one vertex
from G; if and only if z; € M, is an odpu-set for K. Hence od(H) = od(K). O

Corollary 3.22 A graph G with radius r(G) > 2 is an odpu-graph if and only if its shadow
graph is an odpu-graph.

Theorem 3.23 Given a positive integer n # 1,3, any graph G can be embedded as an induced

subgraph into an odpu-graph K with odpu-number n.
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Proof If n =2, then K = C3|G, K1, K1] is an odpu-graph with od(K) = od(C5) = 2 and G
is an induced subgraph of K. Suppose n > 4. Then by Theorem 3.8, there exists an odpu-graph
H with od(H) = n. Now by Theorem 3.21, K = H[G, K1, K1, -+, K1] is an odpu-graph with
od(K) = 0d(H) = n and G is an induced subgraph of K. O

Remark 3.24 If G and K are as in Theorem 3.23, we have

(4)  Bo(H) = bo(G)

where w(G) is the clique number, x(G) is the chromatic number, 8;(G) is the matching number
and [y(G) is the independence number of G. Since finding these parameters are NP-complete

for graphs, finding these four parameters for an odpu-graph is also NP-complete.

84. Bipartite Odpu-Graphs

In this section we characterize complete multipartite odpu-graphs and bipartite odpu-graphs
with odpu-number 2 and 4. Further we prove that there are no bipartite graph with odpu-

number 5.

Theorem 4.1 The complete n-partite graph Kq, 4, ... 0, 5 an odpu-graph if and only if either

a;, = aj =1 for some i and j or ai,as,as, - a, > 2. Hence od(Ka, a5, a,) = 2 0or 2n.

Proof Suppose G = Kg, a5, 0, i an odpu-graph. If a; = 1 for exactly one 4, then

|Z(Ka; a5, .a,, )| = 1. Hence G is not an odpu-graph, which is a contradiction.

Conversely assume, either a; = a; = 1 for some ¢ and j or a1, a2,a3,---an > 2. If a; = a; =
1 for some 7 and j, then there exist two vertices of full degree and hence G is an odpu-graph with
odpu-number 2. If a1, a9, as, - -a, > 2, then for any set M which contains exactly two vertices
from each partite set, we have f§,(v) = {1,2} for all v € V(G) ane hence M is an odpu-set
with |[M| = 2n. Further if M is any subset of V(G) with |M| < 2n, there exists a partite set
V; such that [M NV;| <1 and f3,(v) = {1} for some v € V; and M is not an odpu-set. Hence

od(G) = 2n. O

Theorem 4.2 Let G be a bipartite odpu-graph. Then od(G) = 2 if and only if G is isomorphic
to PQ.

Proof Let G be a bipartite odpu-graph with bipartition (X,Y"). Let od(G) = 2. Then, by
Theorem 3.2, there exist at least two vertices of degree n — 1. Hence | X| = |Y| = 1 and G is

isomorphic to P,. The converse is obvious. O
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Theorem 4.3 A bipartite odpu-graph G with bipartition (X,Y) has odpu-number 4 if and only
if the set X has at least two vertices of degree |Y| and the set Y has at least two vertices of
degree | X|.

Proof Suppose od(G) = 4. Let M be an odpu-set of G with |[M| = 4. Then, by Theorem
3.18, 7(G) = 2 and hence f§,(z) = {1,2} for all z € V(G).

First, we show that |[M NX|=|MNY|=2.If  MNX| =4, then 1 & f§,(v) for allv € M.
IfIMNnX|=3and |MNY|=1then 2 ¢ f3,(v) for the vertex v € M NY. Hence it follows that
IMNX|=|MNY|=2.Let MNX = {u,v} and MNY = {x,y}. Since f{,(w) = {1,2} for all
w € V, it follows that every vertex in X is adjacent to both z and y and every vertex in Y is
adjacent to both u and v. Hence, deg(u) = deg(v) = |Y| and deg(x) = deg(y) = | X|.

Conversely, suppose u,v € X, x,y € Y, deg(u) = deg(v) = |Y| and deg(z) = deg(y) = | X|.
Let M = {u,v,z,y, }. Clearly f9,(w) = {1,2} for all w € V. Hence M is an odpu-set. Also,
since there exists no full degree vertex in G, by Theorem 3.2 the odpu-number cannot be equal
to 2. Also, since 3 is not the odpu-number of any graph. Hence the odpu-number of G is 4. [J

Theorem 4.4 The number 5 cannot be the odpu-number of a bipartite graph.

Proof Suppose there exists a bipartite graph G with bipartition (X,Y") and od(G) = 5.
Let M = {u,v,x,y, 2} be a odpu-set for G.

First, we shall show that | X N M| > 2 and |Y N M| > 2. Suppose, on the contrary, one of
these inequalities fails to hold, say |X N M| < 1. If X has no element in M, then 1 ¢ fg,(a)
for all € M, which is a contradiction. Therefore, |X N M| = 1. Without loss of generality,
let {u} = X N M. Then, since 1 € fg,(v) N fy (@) N fo(y) N for(z), all the vertices v, z,y, 2
should be adjacent to u. Hence 2 ¢ f?,(u), a contradiction. Thus, we see that each of X and YV’
must have at least two vertices in M. Without loss of generality, we may assume u,v € X and

z,y,z €Y.
Case 1. r(G)=2.

Then f§;(w) = {1,2} for all w € Y. Then proceeding as in Theorem 4.3, we get deg(u) =
deg(v) = |Y| and deg(z) = deg(y) = deg(z) = |X|. Therefore, by Theorem 4.3, {u,v,z,y}
forms an odpu-set of GG, a contradiction to our assumption that M is a minimum odpu-set of

G. Therefore, r = 2 is not possible.
Case 2. r(G) > 3.

Since M is an odpu-set of G, fg,(a) = {1,2,...,r} for all a € V(G). Then, since 2 € fg,(u),
there exists a vertex b € Y such that ub,bv € E(G). But since b € Y and ub,bv € E(G),
3 ¢ f2;(b), which is a contradiction. Hence the result follows. O

Conjecture 4.5 For a bipartite odpu-graph the odpu-number is always even.
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Man’s greatness lies in his power of thought.

By Blaise Pascal, a French scientist.



Author Information

Submission: Papers only in electronic form are considered for possible publication. Papers
prepared in formats tex, dvi, pdf, or ps may be submitted electronically to one member of
the Editorial Board for consideration in the Mathematical Combinatorics (International
Book Series (ISBN 1-599753-110-0). An effort is made to publish a paper duly recommended
by a referee within a period of 3 months. Articles received are immediately put the refer-
ees/members of the Editorial Board for their opinion who generally pass on the same in six
week’s time or less. In case of clear recommendation for publication, the paper is accommo-
dated in an issue to appear next. Each submitted paper is not returned, hence we advise the
authors to keep a copy of their submitted papers for further processing.

Abstract: Authors are requested to provide an abstract of not more than 250 words, lat-
est Mathematics Subject Classification of the American Mathematical Society, Keywords and
phrases. Statements of Lemmas, Propositions and Theorems should be set in italics and ref-
erences should be arranged in alphabetical order by the surname of the first author in the

following style:
Books

[4]K. Kawakubo, The Theory of Transformation Groups, Oxford University Press, New York,
1991.

Research papers

[8]K. K. Azad and Gunjan Agrawal, On the projective cover of an orbit space, J. Austral. Math.
Soc. 46 (1989), 308-312.
[9]Kavita Srivastava, On singular H-closed extensions, Proc. Amer. Math. Soc. (to appear).

Figures: Figures should be drawn by TEXCAD in text directly, or as EPS file. In addition,
all figures and tables should be numbered and the appropriate space reserved in the text, with

the insertion point clearly indicated.

Copyright: It is assumed that the submitted manuscript has not been published and will not
be simultaneously submitted or published elsewhere. By submitting a manuscript, the authors
agree that the copyright for their articles is transferred to the publisher, if and when, the
paper is accepted for publication. The publisher cannot take the responsibility of any loss of

manuscript. Therefore, authors are requested to maintain a copy at their end.

Proofs: One set of galley proofs of a paper will be sent to the author submitting the paper,
unless requested otherwise, without the original manuscript, for corrections after the paper is
accepted for publication on the basis of the recommendation of referees. Corrections should be
restricted to typesetting errors. Authors are advised to check their proofs very carefully before

return.

Reprints: One copy of the journal included his or her paper(s) is provided to the authors

freely. Additional sets may be ordered at the time of proof correction.



Mathematical Combinatorics (International Book Series) October, 2009

Contents

Combinatorial Fields - An Introduction

BY LINFAN MAO . . e e e 01
A Spacetime Geodesics of the Schwarzschild Space and Its Deformation Retract
BY H. R A AT . e e 23
On Degree Equitable Sets in a Graph

BY A. ANITHA, S. ARUMUGAM AND E. SAMPATHKUMAR, ...................... 32
Smarandachely k-Constrained Number of Paths and Cycles

BY P. DEVADAS RAO, B. SOORYANARAYANA, M. JAYALAKSHMI ............... 48
On Functions Preserving Convergence of Series in Fuzzy n-Normed Spaces

BY SAYED ELAGAN AND MOHAMAD RAFI SEGI RAHMAT ...................... 61
Achromatic Coloring on Double Star Graph Families

BY VERNOLD VIVIN J., VENKATACHALAM M. AND AKBAR ALI MM.......... 71
Some Results on Super Mean Graphs

BY R.VASUKI AND A-NAGARAJAN ..o e 82
Chromatic Polynomial of Smarandache vg-Product of Graphs

BY KHALIL PARYAB AND EBRAHIM ZARE ... 97
Open Distance-Pattern Uniform Graphs

BY BIBIN K. JOSE .. 103

ISBN 9781599731100

ol 7815991731100




