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Abstract: In this paper, we give the definition, different types and characterizations of

Mannheim partner D-curves in Minkowski 3-space E3
1 . We find the relations between the

geodesic curvatures, the normal curvatures and the geodesic torsions of these associated

curves. Furthermore, we show that the definition and the characterizations of Mannheim

partnerD-curves include those of Mannheim partner curves in some special cases in Minkows-

ki 3-space E3
1 .
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§1. Introduction

In the study of the fundamental theory and the characterizations of space curves, the related

curves for which there exist corresponding relations between the curves are very interesting and

an important problem. The most fascinating examples of such curves are associated curves,

the curves for which at the corresponding points of them one of the Frenet vectors of a curve

coincides with the one of the Frenet vectors of the other curve. The well known of the associated

curves is Bertrand curve which is characterized as a kind of corresponding relation between the

two curves. The relation is that the principal normal of a curve is the principal normal of

another curve i.e, the Bertrand curve is a curve which shares the normal line with another

curve. Over years many mathematicians have studied on Bertrand curves in different spaces

and consider the properties of these curves [1-6].

Furthermore, Bertrand curves are not only the example of associated curves. Recently, a

new definition of the associated curves was given by Liu and Wang [9,17]. They called these

new curves as Mannheim partner curves: Let x and x1 be two curves in the three dimensional

Euclidean E3. If there exists a corresponding relationship between the space curves x and x1

such that, at the corresponding points of the curves, the principal normal lines of x coincides

with the binormal lines of x1, then x is called a Mannheim curve, and x1 is called a Mannheim

partner curve of x. The pair {x, x1}is said to be a Mannheim pair. They showed that the curve

1Received March 13, 2020, Accepted June 2, 2020.
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x1(s1) is the Mannheim partner curve of the curve x(s) if and only if the curvature κ1 and the

torsion τ1 of x1(s1) satisfy the following equation

τ̇ =
dτ

ds1
=
κ1

λ
(1 + λ2τ2

1 )

for some non-zero constant λ. They also study the Mannheim curves in Minkowski 3-space[9,16].

Some different characterizations of Mannheim partner curves are given by Orbay and others

[12]. The differential geometry of the curves fully lying on a surface in Minkowski 3-spaceE3
1

is given by Ugurlu, Kocayigit and Topal [8,14,15]. They have given the Darboux frame of

the curves according to the Lorentzian characters of surfaces and the curves. Finally, in the

Euclidean 3-space, Mannheim partner D -curves is defined by Kazaz, M. and others [7]

In this paper we consider the notion of the Mannheim partner curve for the curves lying on

the surfaces. We call these new associated curves as Mannheim partner D-curves and by using

the Darboux frame of the curves we give the definition, different types and the characterizations

of these curves in Minkowski 3-spaceE3
1 .

§2. Preliminaries

The Minkowski 3-space E3
1 is the real vector space IR3 provided with the standard flat metric

given by

〈 , 〉 = −dx2
1 + dx2

2 + dx2
3

where (x1, x2, x3) is a rectangular coordinate system of E3
1 . An arbitrary vector ~v = (v1, v2, v3)

in E3
1 can have one of three Lorentzian causal characters; it can be spacelike if 〈~v,~v〉 > 0 or

~v = 0, timelike if 〈~v,~v〉 < 0 and null (lightlike) if 〈~v,~v〉 = 0 and ~v 6= 0. Similarly, an arbitrary

curve ~α = ~α(s) can locally be spacelike, timelike or null (lightlike), if all of its velocity vectors

α′(s) are respectively spacelike, timelike or null (lightlike)[11]. We say that a timelike vector

is future pointing or past pointing if the first compound of the vector is positive or negative,

respectively. For any vectors ~x = (x1, x2, x3) and ~y = (y1, y2, y3) in E3
1 , Lorentz vector product

of ~x and ~y is defined by

~x× ~y =

∣∣∣∣∣∣∣∣
e1 −e2 −e3

x1 x2 x3

y1 y2 y3

∣∣∣∣∣∣∣∣ = (x2y3 − x3y2, x1y3 − x3y1, x2y1 − x1y2)

where

δij =

 1 i = j,

0 i 6= j,

ei = (δi1, δi2, δi3) and e1 × e2 = −e3, e2 × e3 = e1, e3 × e1 = −e2.
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Denote by
{
~T , ~N, ~B

}
the moving Frenet frame along the curve α(s) in the Minkowski

space E3
1 . For an arbitrary spacelike curve α(s) in the space E3

1 , the following Frenet formulae

are given, 
~T ′

~N ′

~B′

 =


0 k1 0

−εk1 0 k2

0 k2 0




~T

~N

~B

 ,
where

〈
~T , ~T

〉
= 1,

〈
~N, ~N

〉
= ε = ±1,

〈
~B, ~B

〉
= −ε,

〈
~T , ~N

〉
=
〈
~T , ~B

〉
=
〈
~N, ~B

〉
= 0 and

k1 and k2 are curvature and torsion of the spacelike curve α(s) respectively. Here, ε determines

the kind of spacelike curve α(s). If ε = 1, then α(s) is a spacelike curve with spacelike first

principal normal ~N and timelike binormal ~B. If ε = −1, then α(s) is a spacelike curve with

timelike principal normal ~N and spacelike binormal ~B. Furthermore, for a timelike curve α(s)

in the space E3
1 , the following Frenet formulae are given in as follows,

~T ′

~N ′

~B′

 =


0 k1 0

k1 0 k2

0 −k2 0




~T

~N

~B

 .

where
〈
~T , ~T

〉
= −1,

〈
~N, ~N

〉
=
〈
~B, ~B

〉
= 1,

〈
~T , ~N

〉
=
〈
~T , ~B

〉
=
〈
~N, ~B

〉
= 0 and k1 and k2

are curvature and torsion of the timelike curve α(s) respectively [14,15].

Definition 2.1([11]) (i) (Hyperbolic angle) Let ~x and ~y be future pointing (or past pointing)

timelike vectors in IR3
1. Then there is a unique real number θ > 0 such that < ~x, ~y >=

− |~x| |~y| cosh θ. This number is called the hyperbolic angle between the vectors ~x and ~y.

(ii) (Central angle) Let ~x and ~y be spacelike vectors in IR3
1 that span a timelike vector

subspace. Then there is a unique real number θ > 0 such that < ~x, ~y >= |~x| |~y| cosh θ. This

number is called the central angle between the vectors ~x and ~y.

(iii) (Spacelike angle) Let ~x and ~y be spacelike vectors in IR3
1 that span a spacelike vector

subspace. Then there is a unique real number θ > 0 such that < ~x, ~y >= |~x| |~y| cos θ. This

number is called the spacelike angle between the vectors ~x and ~y.

(iv) (Lorentzian timelike angle) Let ~x be a spacelike vector and ~y be a timelike vector in

IR3
1. Then there is a unique real number θ > 0 such that < ~x, ~y >= |~x| |~y| sinh θ. This number

is called the Lorentzian timelike angle between the vectors ~x and ~y.

Definition 2.2([11]) A surface in the Minkowski 3-space IR3
1 is called a timelike surface if

the induced metric on the surface is a Lorentz metric and it is called a spacelike surface if the

induced metric on the surface is a positive definite Riemannian metric, i.e., the normal vector

on the spacelike (timelike) surface is a timelike (spacelike) vector, respectively.

Lemma 2.1([11]) In the Minkowski 3-space IR3
1, the following properties are satisfied:

(i) Two timelike vectors are never orthogonal;

(ii) Two null vectors are orthogonal if and only if they are linearly dependent;

(iii) A timelike vector is never orthogonal to a null (lightlike) vector .
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§3. Darboux Frame of a Curve Lying on a Surface in Minkowski 3-space E3
1

Let S be an oriented surface in three-dimensional Minkowski space E3
1 and let consider a non-

null curve x(s) lying on S fully. Since the curve x(s) is also in space, there exists Frenet frame{
~T , ~N, ~B

}
at each points of the curve where ~T is unit tangent vector, ~N is principal normal

vector and ~B is binormal vector, respectively.

Since the curve x(s) lies on the surface S there exists another frame of the curve x(s)which

is called Darboux frame and denoted by
{
~T ,~g, ~n

}
. In this frame ~T is the unit tangent of the

curve, ~n is the unit normal of the surface S and ~g is a unit vector given by ~g = ~n × ~T . Since

the unit tangent ~T is common in both Frenet frame and Darboux frame, the vectors ~N, ~B, ~g

and ~n lie on the same plane. Then, if the surface S is an oriented timelike surface, the relations

between these frames can be given as follows:

If the curve x(s) is timelike, If the curve x(s) is spacelike
~T

~g

~n

 =


1 0 0

0 cosϕ sinϕ

0 − sinϕ cosϕ




~T

~N

~B

 ,

~T

~g

~n

 =


1 0 0

0 coshϕ sinhϕ

0 sinhϕ coshϕ




~T

~N

~B

 .
If the surface S is an oriented spacelike surface, then the curve x(s)lying on S is a spacelike

curve. So, the relations between the frames can be given as follows
~T

~g

~n

 =


1 0 0

0 coshϕ sinhϕ

0 sinhϕ coshϕ




~T

~N

~B

 .
In all cases, ϕ is the angle between the vectors ~g and ~N .

According to the Lorentzian causal characters of the surface S and the curve x(s) lying on

S, the derivative formulae of the Darboux frame can be changed as follows:

(i) If the surface S is a timelike surface, then the curve x(s) lying on S can be a spacelike

or a timelike curve. Thus, the derivative formulae of the Darboux frame of x(s) is given by
~̇T

~̇g

~̇n

 =


0 kg −εkn
kg 0 ετg

kn τg 0



~T

~g

~n

 ,〈~T , ~T〉 = ε = ±1, 〈~g,~g〉 = −ε, 〈~n, ~n〉 = 1. (1)

(ii) If the surface S is a spacelike surface, then the curve x(s) lying on S is a spacelike
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curve. Thus, the derivative formulae of the Darboux frame of x(s) is given by
~̇T

~̇g

~̇n

 =


0 kg kn

−kg 0 τg

kn τg 0



~T

~g

~n

 ,〈~T , ~T〉 = 1, 〈~g,~g〉 = 1, 〈~n, ~n〉 = −1. (2)

In these formulae kg, kn and τg are called the geodesic curvature, the normal curvature

and the geodesic torsion, respectively. Here and in the following, we use “dot” to denote the

derivative with respect to the arc length parameter of a curve.

The relations between geodesic curvature, normal curvature, geodesic torsion and κ, τ are

given as follows (See [9,14,15]):

• if both S and x(s) are timelike or spacelike,

kg = κ cosϕ, kn = κ sinϕ, τg = τ +
dϕ

ds
; (3)

• if S is timelike and x(s) is spacelike

kg = κ coshϕ, kn = κ sinhϕ, τg = τ +
dϕ

ds
. (4)

Furthermore, the geodesic curvature kg and geodesic torsion τg of the curve x(s) can be calcu-

lated as follows:

kg = −
〈
dx

ds
,
d2x

ds2
× n

〉
, τg = −ε

〈
dx

ds
, n× dn

ds

〉
, (5)

kg = −
〈
dx

ds
,
d2x

ds2
× n

〉
, τg =

〈
dx

ds
, n× dn

ds

〉
. (6)

where ε =
〈
~T , ~T

〉
= ±1.

In the differential geometry of surfaces, for a curve x(s)lying on a surface S the followings

are well-known

• x(s)is a geodesic curve ⇔ kg = 0,

• x(s)is an asymptotic line ⇔ kn = 0,

• x(s)is a principal line ⇔τg = 0 [10].

Along every point of the surface passes a geodesic in every direction. A geodesic is uniquely

determined by an initial point and tangent at that point. All straight lines on a surface are

geodesics. Along all curved geodesics the principal normal coincides with the surface normal.

Along asymptotic lines osculating planes and tangent planes coincide, along geodesics they are

normal. Through a point of a nondevelopable surface pass two asymptotic lines which can be

real or imaginary [13].
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§4. Mannheim Partner D-Curves in Minkowski 3-Space E3
1

In this section, by considering the Darboux frame, we define Mannheim partner D-curves and

give the characterizations of these curves in Minkowski 3-space E3
1 .

Definition 4.1 Let S and S1 be oriented surfaces in three-dimensional Minkowski space E3
1

and let consider the curves x(s) and x1(s1) parametrized by the arc-lenght lying fully on S and

S1, respectively. Denote the Darboux frames of x(s) and x1(s1) by {T, g, n} and {T1, g1, n1},
respectively. If there exists a corresponding relationship between the curves x and x1 such that,

at the corresponding points of the curves, the Darboux frame element g of x coincides with the

Darboux frame element n1 of x1, then x is called a Mannheim D-curve, and x1 is a Mannheim

partner D-curve of x. Then, the pair {x, x1}is said to be a Mannheim D-pair. If there exist

such curves lying on the oriented surfaces S and S1, respectively, we call the pair {S, S1} as

Mannheim pair surfaces.

Figure 1 Mannheim partner D-curves

By considering the Lorentzian casual characters of the surfaces and the curves, from Def-

inition 4.1, it is easily seen that there are five different types of the Mannheim D-curves in

Minkowski 3-space. Let the pair {x, x1} be a Mannheim D-pair. Then according to the char-

acter of the surface S we have the followings:

Case 1. The oriented surface S is spacelike.

If both the surface S and the curve x(s)lying on S are spacelike then, there are two cases;

first one is that the surface S1 is a timelike surface and the curve x1(s1) fully lying on S1 is

spacelike. In this case we say that the pair {x, x1} is a Mannheim D-pair of the type 1. The

second one is that both the surface S1 and the curve x1(s1) fully lying on S1 are timelike. In

this case we say that the pair {x, x1} is a Mannheim D-pair of the type 2.

Case 2. The oriented surface S is timelike.

If the curve x(s)lying on S is a timelike curve then there are two cases; one is that both
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the surface S1 and the curve x1(s1) fully lying on S1 are timelike. In this case we say that the

pair {x, x1} is a Mannheim D-pair of the type 3. The other case is that the curve x1(s1) fully

lying on S1 is a spacelike curve. Then the pair {x, x1} is a Mannheim D-pair of the type 4.

If the curve x(s)lying on S is a spacelike curve then both the surface S1 and the curve x1(s1)

fully lying on S1 are spacelike. Then we say that the pair {x, x1} is a Mannheim D-pair of the

type 5.

Theorem 4.1 Let S be an oriented surface and x(s) be a Mannheim D-curve in E3
1 with arc

length parameter s fully lying on S. If S1 is another oriented surface and x1(s1) is a curve

with arc length parameter s1 fully lying on S1, then x1(s1) is Mannheim partner D-curve of

x(s) if and only if the normal curvature kn of x(s) and the geodesic curvature kg1 , the normal

curvature kn1
and the geodesic torsion τg1 of x1(s1) satisfy the following equations.

(i) if the pair {x, x1} is a Mannheim D-pair of the type 1 or 3, then

τ̇g1 =
1

λ

[(
(1 + λkn1

)2 − λ2τ2
g1

(1 + λkn1
)

)(
kn

1 + λkn1

cosh θ
− kg1

)
+
λ2τg1 k̇n1

1 + λkn1

]
,

(ii) if the pair {x, x1} is a Mannheim D-pair of the type 2 or 4, then

τ̇g1 =
1

λ

[(
(1 + λkn1)2 − λ2τ2

g1

(1 + λkn1)

)(
kn

1 + λkn1

sinh θ
− kg1

)
+
λ2τg1 k̇n1

1 + λkn1

]
,

(iii) if the pair {x, x1} is a Mannheim D-pair of the type 5, we have

τ̇g1 =
1

λ

[(
(1 + λkn1

)2 + λ2τ2
g1

(1 + λkn1
)

)(
−kn

1 + λkn1

cos θ
− kg1

)
+
λ2τg1 k̇n1

1 + λkn1

]
,

for some nonzero constants λ, where θ is the angle between the tangent vectors T and T1 at the

corresponding points of the curves x and x1.

Proof (i) Suppose that the pair {x, x1} is a Mannheim D-pair of the type 1. Denote

the Darboux frames of x(s) and x1(s1)by {T, g, n} and {T1, g1, n1}, respectively. Then by the

definition we can assume that

x(s) = x1(s1) + λ(s1)n1(s1) (7)

for some function λ(s1). By taking derivative of (7) with respect to s1 and applying the Darboux

formulas (1) we have

T
ds

ds1
= (1 + λkn1

)T1 + λ̇n1 + λτg1g1. (8)

Since the direction of n1 coincides with the direction of g, we get

λ̇(s1) = 0.
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This means that λ is a nonzero constant. Thus, the equality (8) can be written as follows

T · ds
ds1

= (1 + λkn1
)T1 + λτg1g1. (9)

On the other hand we have

T = cosh θ T1 + sinh θ g1, (10)

where θ is the angle between the tangent vectors T and T1 at the corresponding points of x

and x1. By differentiating this last equation with respect to s1, we get

(kgg + knn)
ds

ds1
= (θ̇ + kg1) sinh θT1 + (θ̇ + kg1) cosh θg1 + (−kn1

cosh θ + τg1 sinh θ)n1. (11)

From this equation and the fact that

n = sinh θ T1 + cosh θ g1, (12)

we get

(kgg + kn sinh θT1 + kn cosh θg1)
ds

ds1
= (θ̇ + kg1) sinh θT1 + (θ̇ + kg1) cosh θg1

+(−kn1
cosh θ + τg1 sinh θ)n1. (13)

Since the direction of n1 is coincident with g we have

θ̇ = kn
ds

ds1
− kg1 . (14)

From (9) and (10) and notice that T1 is orthogonal to g1 we obtain

ds

ds1
=

1 + λkn1

cosh θ
=

λτg1
sinh θ

. (15)

Equality (15) gives us

tanh θ =
λτg1

1 + λkn1

. (16)

By taking the derivative of this equation and applying (15) we get

τ̇g1 =
1

λ

[(
(1 + λkn1

)2 − λ2τ2
g1

(1 + λkn1
)

)(
kn

1 + λkn1

cosh θ
− kg1

)
+
λ2τg1 k̇n1

1 + λkn1

]
, (17)

that is desired.

Conversely, assume that the equation (17) holds for some nonzero constants λ. Then by

using (14) and (15), (16) gives us

kn

(
ds

ds1

)3

= λτ̇g1(1 + λkn1)− λ2τg1 k̇n1 +
(
(1 + λkn1)2 − λ2τ2

g1

)
kg1 . (18)
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Define a curve

x(s) = x1(s1) + λn1(s1), (19)

where λ is non-zero constant. We will prove that x is a Mannheim D-curve and x1 is the

Mannheim partner D-curve of x. By taking the derivative of (19) with respect to s1 twice, we

get
ds

ds1
T = (1 + λkn1

)T1 + λτg1g1 (20)

and

(kgg + knn)

(
ds

ds1

)2

+ T
d2s

ds2
1

= (λk̇n1
+ λτg1kg1)T1 + ((1 + λkn1

)kg1 + λτ̇g1) g1

+
(
−(1 + λkn1

)kn1
+ λτ2

g1

)
n1, (21)

respectively. Taking the cross product of (20) with (21) we have

[kgn+ kng]

(
ds

ds1

)3

=
(
λτg1kn1

(1 + λkn1
)− λ2τ3

g1

)
T1 −

[
−(1 + λkn1

)2kn1
+ λτ2

g1(1 + λkn1
)
]
g1

+
[
−kg1(1 + λkn1

)2 − λτ̇g1(1 + λkn1
) + λ2τg1 k̇n1

+ λ2τ2
g1kg1

]
n1. (22)

By substituting (18) in (22) we get

[kgn+ kng]

(
ds

ds1

)3

=
(
λτg1kn1

(1 + λkn1
)− λ2τ3

g1

)
T1

−
(
−kn1

(1 + λkn1
)2 + λτ2

g1(1 + λkn1
)
)
g1 − kn

(
ds

ds1

)3

n1. (23)

Taking the cross product of (20) with (23) we have

[kgg + knn]

(
ds

ds1

)4

= kn

(
ds

ds1

)3

λτg1T1 + kn

(
ds

ds1

)3

(1 + λkn1
)g1

+
(
(1 + λkn1)2 − λ2τ2

g1

) (
λτ2
g1 − kn1(1 + λkn1)

)
n1. (24)

From (23) and (24) we have

(
k2
g − k2

n

)( ds

ds1

)4

~n

=

[
kg

ds

ds1

(
λτg1kn1(1 + λkn1)− λ2τ3

g1

)
− λτg1k2

n

(
ds

ds1

)3
]
~T1

−

[
kg

ds

ds1

(
−kn1

(1 + λkn1
)2 + λτ2

g1(1 + λkn1
)
)

+ (1 + λkn1
)k2
n

(
ds

ds1

)3
]
~g1

−

[
knkg

(
ds

ds1

)4

+ kn
(
(1 + λkn1

)2 − λ2τ2
g1

) (
λτ2
g1 − kn1

(1 + λkn1
)
)]
~n1. (25)
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Furthermore, from (20) and (23) we get
(
λ2τ2

g1 − (1 + λkn1)2
)

=
(
ds
ds1

)2

,

kg

(
ds
ds1

)2

− λτ2
g1 + kn1

(1 + λkn1
) = 0

(26)

respectively. Substituting (26) in (25) we obtain

(
k2
g − k2

n

)( ds

ds1

)4

~n

=

[
kg

ds

ds1

(
λτg1kn1

(1 + λkn1
)− λ2τ3

g1

)
− λτg1k2

n

(
ds

ds1

)3
]
~T1

−

[
kg

ds

ds1

(
−kn1(1 + λkn1)2 + λτ2

g1(1 + λkn1)
)

+ (1 + λkn1)k2
n

(
ds

ds1

)3
]
~g1. (27)

Equality (20) and (27) shows that the vectors ~T and ~n lie on the plane sp
{
~T1, ~g1

}
. So, at

the corresponding points of the curves, the Darboux frame element ~g of x coincides with the

Darboux frame element ~n1 of x1, i.e, the curves x and x1 are Mannheim D-pair curves of the

type 1. �

Let now give the characterizations of Mannheim partner D-curves in some special cases.

Let the pair {x, x1} be a Mannheim D-pair of the type 1 or 3 in Minkowski 3-space E3
1 . Assume

that x(s) be an asymptotic Mannheim D-curve. Then, from (16) we have the following special

cases:

(i) Consider that x1(s1) is a geodesic curve. Then x1(s1) is Mannheim partner D-curve of

x(s)if and only if the following equation holds,

τ̇g1 = − λτg1 k̇n1

1− λkn1

.

(ii) Assume that x1(s1) is an asymptotic line. Then x1(s1) is Mannheim partner D-curve

of x(s)if and only if the geodesic curvature kg1and the geodesic torsion τg1 of x1(s1) satisfy the

following equation,

λτ̇g1 = (1 + λ2τ2
g1)kg1 .

In this case, the Frenet frame of the curve x1(s1) coincides with its Darboux frame. Thus,

we have kg1 = κ1 and τg1 = τ1. So, in Minkowski 3-space the Mannheim partner D-curves

become the Mannheim partner curves, i.e., if both x(s) and x1(s1) are asymptotic lines then,

the definition and the characterizations of the Mannheim partner D-curves involve those of the

Mannheim partner curves in Minkowski 3-space.

(iii) If x1(s1) is a principal line then x1(s1) is Mannheim partner D-curve of x(s) if and only

if the geodesic curvature kg1 = 0, that is x1(s1) is also a geodesic curve or kn1 = −1/λ = const.

The proofs of the statement (ii) and (iii) of Theorem 4. 1 and the particular cases given
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above can be given by the same way of the proof of statement (i).

Theorem 4.2 Let the pair {x, x1} be a Mannheim D-pair in Minkowski 3-space E3
1 . Then

the relation between geodesic curvature kg, geodesic torsion τg of x(s)and the normal curvature

kn1 , the geodesic torsion τg1 of x1(s1) is given as follows:

(i) if the pair {x, x1} is a Mannheim D-pair of the type 1, 3, 4 or 5 then

kg − kn1 = λ(−kgkn1 + τgτg1),

(ii) if the pair {x, x1} is a Mannheim D-pair of the type 2, then

kg + kn1
= λ(−kgkn1

+ τgτg1).

Proof (i) Let x(s) be a Mannheim D-curve and x1(s1) be a Mannheim partner D-curve

of x(s) in Minkowski 3-space E3
1 and the pair {x, x1} be of the type 1. Then by definition we

can write

x1(s1) = x(s)− λ(s)g(s) (28)

for some constants λ. By differentiating (28) with respect to s1 we have

T1 = (1 + λkg)
ds

ds1
T − λτg

ds

ds1
n. (29)

By definition we have

T1 = cosh θT − sinh θn. (30)

From (29) and (30) we obtain

cosh θ = (1 + λkg)
ds

ds1
, sinh θ = λτg

ds

ds1
. (31)

Using (13) and (31) it is easily seen that

kg − kn1 = λ(−kgkn1 + τgτg1) (32)

This completes the proof. �

Let the pair {x, x1}be a Mannheim D-pair of the type 1 in Minkowski 3-space E3
1 . Then,

we obtain the following special cases by Theorem 4.2.

(i) If x1 is an asymptotic line, then

kg = λτgτg1

(ii) If x1 is a principal line, then

kg − kn1
= −λkgkn1
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(iii) If x is a geodesic curve, then

kn1
= −λτgτg1

(iv) If x is a principal line then

kg − kn1 = −λkgkn1

The proof of the cases that the pair {x, x1}be a Mannheim D-pair of the type 2, 3, 4 or 5

can be given by a similar procedure used in the proof of the case that the pair {x, x1} is of the

type 1.

Theorem 4.3 Let {x, x1} be Mannheim D-pair of the type 1. Then the following relations

hold:

(i) kg1 = kn
ds
ds1
− dθ

ds1
;

(ii) τg
ds
ds1

= −kn1
sinh θ + τg1 cosh θ;

(iii) kg
ds
ds1

= −kn1
cosh θ + τg1 sinh θ;

(iv) τg1 = (−kg sinh θ + τg cosh θ) ds
ds1

.

Proof (i) Since the pair {x, x1} is of the type 1, we have 〈T, T1〉 = cosh θ. By differentiating

this equality with respect to s1 we have〈
(kgg + knn)

ds

ds1
, T1

〉
+ 〈T, kg1g1 − kn1

n1〉 = sinh θ
dθ

ds1
.

Using the fact that the direction of n1 coincides with the direction of g and T1 = cosh θT − sinh θn,

g1 = − sinh θT + cosh θn,
(33)

we easily get that

kg1 = kn
ds

ds1
− dθ

ds1
.

(ii) By definition we get 〈n, n1〉 = 0. Differentiating this equality with respect to s1 we

have 〈
(knT + τgg)

ds

ds1
, n1

〉
+ 〈n, kn1T1 + τg1g1〉 = 0.

By (29) we obtain

τg
ds

ds1
= −kn1

sinh θ + τg1 cosh θ.

(iii) By differentiating the equation 〈T, n1〉 = 0 with respect to s1 we get〈
(kgg + knn)

ds

ds1
, n1

〉
+ 〈T, kn1T1 + τg1g1〉 = 0.
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From (29) it follows that

kg
ds

ds1
= −kn1

cosh θ + τg1 sinh θ.

(iv) By differentiating the equation 〈g, g1〉 = 0 with respect to s1 we obtain〈
(−kgT + τgn)

ds

ds1
, g1

〉
+ 〈g, kg1T1 + τg1n1〉 = 0.

By considering (29) we get

τg1 = (−kg sinh θ + τg cosh θ)
ds

ds1
. (34)

This completes the proof. �

The statements of Theorem 4.3 for the pairs {x, x1} of the type 2, 3, 4, and 5 are given in

Tables 1 and 2, and the proofs can be easily done by the same way of the case the pairs {x, x1}
is of the type 1.

For the pair {x, x1} of the type 2 For the pair {x, x1} of the type 3

(i) kg1 = kn
ds
ds1

+ dθ
ds1

(ii) τg
ds
ds1

= kn1
cosh θ − τg1 sinh θ

(iii) kg
ds
ds1

= kn1
sinh θ − τg1 cosh θ

(iv) τg1 = (−kg cosh θ + τg sinh θ) ds
ds1

(i) kg1 = kn
ds
ds1

+ dθ
ds1

(ii) τg
ds
ds1

= kn1
sinh θ − τg1 cosh θ

(iii) kg
ds
ds1

= kn1
cosh θ − τg1 sinh θ

(iv) τg1 = (kg sinh θ − τg cosh θ) ds
ds1

Table 1

For the pair {x, x1} of the type 4 For the pair {x, x1} of the type 5

(i) kg1 = kn
ds
ds1

+ dθ
ds1

(ii) τg
ds
ds1

= −kn1
cosh θ + τg1 sinh θ

(iii) kg
ds
ds1

= −kn1 sinh θ + τg1 cosh θ

(iv) τg1 = (kg cosh θ − τg sinh θ) ds
ds1

(i) kg1 = −kn ds
ds1
− dθ

ds1

(ii) τg
ds
ds1

= −kn1
cos θ + τg1 sin θ

(iii) kg
ds
ds1

= kn1 sin θ + τg1 cos θ

(iv) τg1 = (kg cos θ + τg sin θ) ds
ds1

Table 2

Let now x be a Mannheim D-curve and x1 be a Mannheim partner D-curve of x and the

pair {x, x1} be of the type 1. From (5) and by using the fact that n1 is coincident with g we

have

kg1 = −〈ẋ1, ẍ1 × n1〉 = −〈ẋ1, ẍ1 × g〉

= kn
[
−(1 + λkg)

2 + λ2τ2
g

]( ds

ds1

)3

+
[
λτ̇g(1 + λkg)− λ2τgk̇g

]( ds

ds1

)2

.

Then the relations between the geodesic curvature kg1 of x1(s1) and the geodesic curvature kg,

the normal curvature knand the geodesic torsion τg of x(s) are given as follows:



14 Tanju Kahraman, Mehmet Önder, Mustafa Kazaz, H. Hüseyin Uğurlu

If kg = 0 then from (33) the geodesic curvature kg1 of x1(s1) is

kg1 =

(
ds

ds1

)3

(−1 + λ2τ2
g )kn +

(
ds

ds1

)2

λτ̇g. (34)

If kn = 0 then the relation between kg, τg and kg1 is

kg1 = λ

(
ds

ds1

)2 (
τ̇g(1 + λkg)− λτgk̇g

)
. (35)

If τg = 0 then, for the geodesic curvature kg1 , we have

kg1 = −
(
ds

ds1

)3

(1 + λkg)
2kn. (36)

From (34),(35) and (36) we give the following corollary.

Corollary 4.1 Let x be a Mannheim D-curve and x1 be a Mannheim partner D-curve of x

and the pair the pair {x, x1} be of the type 1. Then the relations between the geodesic curvature

kg1 of x1(s1) and the geodesic curvature, kg, the normal curvature kn and the geodesic torsion

τg of x(s) are given as follows

(i) If x is a geodesic curve, then the geodesic curvature kg1 of x1(s1)is

kg1 =

(
ds

ds1

)3

(−1 + λ2τ2
g )kn +

(
ds

ds1

)2

λτ̇g

(ii) If x is an asymptotic line, then the equation of kg1 is

kg1 = λ

(
ds

ds1

)2 (
τ̇g(1 + λkg)− λτgk̇g

)

(iii) If x is a principal line, then the geodesic curvature kg1of x1(s1) is

kg1 = −
(
ds

ds1

)3

(1 + λkg)
2kn.

If the pair {x, x1}is of the type 2, 3, 4 or 5 then the geodesic curvature of the curve x1(s1)

is given in Tables 3 and 4 following.

If the pair {x, x1}is of the type 2 If the pair {x, x1} is of the type 3

kg1 = kn
[
(1 + λkg)

2 + λ2τ2
g

] (
ds
ds1

)3

+
[
−λτ̇g(1 + λkg) + λ2τgk̇g

] (
ds
ds1

)2

kg1 = −kn
[
(1− λkg)2 + λ2τ2

g

] (
ds
ds1

)3

+
[
−λτ̇g(1− λkg)− λ2τgk̇g

] (
ds
ds1

)2

Table 3
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If the pair {x, x1} is of the type 4 If the pair {x, x1}is of the type 5

kg1 = kn
[
(1− λkg)2 − λ2τ2

g

] (
ds
ds1

)3

+
[
λτ̇g(1− λkg) + λ2τgk̇g

] (
ds
ds1

)2

kg1 = −kn
[
(1− λkg)2 + λ2τ2

g

] (
ds
ds1

)3

+
[
−λτ̇g(1− λkg)− λ2τgk̇g

] (
ds
ds1

)2

Table 4

and the statements in Corollary 4.1 are obtained by the same way.

Similarly, if the pair {x, x1} is of the type 1, from(6) and by using the fact that g is

coincident with n1, the relation between the geodesic torsion τg1of x1(s1) and the geodesic

torsion τgof x(s) is given by

τg1 = τg

(
ds

ds1

)2

. (37)

Furthermore, by using (15), from (37) we have

τgτg1 =
sinh2 θ

λ2
. (38)

Then, from (37) and (38) we can give the following corollary.

Corollary 4.2 Let x be a Mannheim D-curve and x1 be a Mannheim partner D-curve of x

and {x, x1} be of the type 1. Then the relation between the geodesic torsion τg1 of x1(s1) and

the geodesic torsion τg of x(s) is given by one of the followings:

(i) τg1 = τg

(
ds
ds1

)2

;

(ii) τgτg1 = sinh2 θ
λ2

and so, the Mannheim partner D-curve x1 is a principal line when the Mannheim D-curve x

is a principal line.

Similarly, from (15) and (37) we get

(iii)
τg
τg1

= cosh2 θ
(1+λkn1

)2 .

Then, if x1(s1) is an asymptotic curve, i.e.,kn1
= 0, we have

τg = cosh2 θτg1 . (39)

From (39) we have the following corollary.

Corollary 4.3 Let x be a Mannheim D-curve and x1 be a Mannheim partner D-curve of x and

{x, x1} be of the type 1. If x1(s1) is an asymptotic curve then the relation between the geodesic

torsion τg of x(s) and the geodesic torsion τg1of x1(s1) is given as follows:

(iv) τg = cosh2 θ τg1 ,

where θ is the angle between the tangent vectors T and T1 at the corresponding points of x and

x1.
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When the pair {x, x1} is of the type 2, 3, 4 or 5, then the relations which give the geodesic

torsion τg1 of x1(s1) are given in Tables 5 and 6 following.

For the pair {x, x1} of the type 2 For the pair {x, x1} of the type 3

(i) τg1 = τg

(
ds
ds1

)2

(ii) τgτg1 = cosh2 θ
λ2

(iii)
τg
τg1

= sinh2 θ
(1+λkn1

)2

(iv) τg = sinh2 θτg1 , if x1(s1) is an

asymptotic curve.

(i) τg1 = −τg
(
ds
ds1

)2

(ii) τgτg1 = − sinh2 θ
λ2

(iii)
τg
τg1

= − cosh2 θ
(1+λkn1

)2

(iv) τg = − cosh2 θτg1 , if x1(s1) is an

asymptotic curve.

Table 5

For the pair {x, x1} of the type 4 For the pair {x, x1} of the type 5

(i) τg1 = −τg
(
ds
ds1

)2

(ii) τgτg1 = − cosh2 θ
λ2

(iii)
τg
τg1

= − sinh2 θ
(1+λkn1 )2

(iv) τg = − sinh2 θτg1 , if x1(s1) is an

asymptotic curve.

(i) τg1 = τg

(
ds
ds1

)2

(ii) τgτg1 = sin2 θ
λ2

(iii)
τg
τg1

= cos2 θ
(1+λkn1 )2

(iv) τg = cos2 θτg1 , if x1(s1) is an

asymptotic curve.

Table 6

§5. Conclusions

In this paper, in Minkowski 3-space E3
1 , the definition and characterizations of Mannheim

partner D-curves are given which is a new study of associated curves lying on surfaces. It

is shown that in Minkowski 3-space E3
1 , the definition and the characterizations of Mannheim

partner D-curves include those of Mannheim partner curves in some special cases. Furthermore,

the relations between the geodesic curvature, the normal curvature and the geodesic torsion of

these curves are given.
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(Department of Mathematics, Faculty of Arts and Sciences, Giresun University, Giresun, Turkey)

E-mail: hulya.citil@giresun.edu.tr

Abstract: In this paper, we investigate the solutions of second-order fuzzy initial value

problem with positive coefficient using the fuzzy Laplace transform under the approach of

generalized differentiability. Several theorems are given on the studied problem. The problem

is shown on an example.

Key Words: Fuzzy initial value problems, second-order fuzzy differential equation, gener-

alized differentiability, fuzzy Laplace transform.

AMS(2010): 35G10, 35J05, 62A86.

§1. Introduction

Fuzzy differential equations are important topic. Especially, fuzzy initial value problems and its

applications. For example, real-word problems, mathematical models in science and technolo-

gy, population models, civil engineering. So, many researchers have studied fuzzy differential

equations.

There are several approach solving the fuzzy differential equations. The first is Hukuhara

differentiability [7,14]. The second approach is generalized differentiability [9,15]. The third

generate the fuzzy solution from the crips solution. These are extension principle [7,8], the

concept of differential inclusion [13] and the fuzzy problem to be a set of crips problem [11]. But,

many fuzzy initial and boundary value problems can not be solved as analytically. Therefore,

the another approach is to find approximate solutions. The numeric methods are introduced

and studied [1-4,12]. The another approach is the fuzzy Laplace transform. The solutions of

fuzzy differential equation is studied by fuzzy Laplace transform [5,18,19,21]. One of the most

important applications fuzzy Laplace transform is to solve fuzzy initial value problems.

In this paper, the solutions of second-order fuzzy initial value problem with positive coef-

ficient are investigated by fuzzy Laplace transform. Generalized differentiability, fuzzy Laplace

transform, Hukuhara difference and fuzzy arithmetic are used. The aim of this study is to in-

vestigate solutions using the properties fuzzy Laplace transform by generalized differentiability

for second-order fuzzy initial value problem.

1Received January 13, 2020, Accepted June 5, 2020.
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§2. Preliminaries

Definition 2.1([17]) A fuzzy number is a mapping u : R → [0, 1] satisfying the following

properties:

(1) u is normal: ∃x0 ∈ R for which u (x0) = 1;

(u) u is convex fuzzy set: u (λx+ (1− λ) y) > min {u (x) , u (y)} for all x, y ∈ R, λ ∈ [0, 1];

(3) u is upper semi-continuous on R,

(4) cl {x ∈ R | u (x) > 0} is compact, where cl denotes the closure of a subset.

Let RF denote the set of all fuzzy numbers.

Definition 2.2([15]) Let u ∈ RF . The α-level set of u, denoted , [u]
α

, 0 < α ≤ 1, is [u]
α

=

{x ∈ R | u (x) ≥ α} . If α = 0, [u]
0

= cl {suppu} = cl {x ∈ R | u (x) > 0} . The notation, [u]
α

=

[uα, uα] denotes explicitly the α-level set of u, where uα and uα denote the left-hand endpoint

and the right-hand endpoint of [u]
α

, respectively.

The following remark shows when [uα, uα] is a valid α-level set.

Remark 2.1([10,15]) The sufficient and necessary conditions for [uα, uα] to define the para-

metric form of a fuzzy number as follows:

(1) uα is bounded monotonic increasing (nondecreasing) left-continuous function on (0, 1]

and right-continuous for α = 0 ,

(2) uα is bounded monotonic decreasing (nonincreasing) left-continuous function on (0, 1]

and right-continuous for α = 0,

(3) uα ≤ uα, 0 ≤ α ≤ 1.

Definition 2.3([17]) If A is a symmetric triangular fuzzy number with support [a, a], the

α−level set of A is

[A]
α

=
[
Aα, Aα

]
=

[
a+

(
a− a

2

)
α, a−

(
a− a

2

)
α

]
, (A1 = A1, A1 −Aα = Aα −A1).

Definition 2.4([12,15,20]) Let u, v ∈ RF . If there exists w ∈ RF such that u = v + w, then w

is called the Hukuhara difference of fuzzy numbers u and v, and it is denoted by w = u	 v.

Definition 2.5([6,12,15]) Let f : [a, b] → RF and t0 ∈ [a, b] . We say that f is Hukuhara

differentiable at t0, if there exists an element f
′
(t0) ∈ RF such that for all h > 0 sufficiently

small, ∃f (t0 + h)	 f (t0) , f (t0)	 f (t0 − h) and the limits

lim
h→0

f (t0 + h)	 f (t0)

h
= lim
h→0

f (t0)	 f (t0 − h)

h
= f

′
(t0) .

Definition 2.6([15]) Let f : [a, b] → RF and t0 ∈ [a, b] . We say that f is (1)-differentiable at

t0, if there exists an element f
′
(t0) ∈ RF such that for all h > 0 sufficiently small near to 0,
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exist f (t0 + h)	 f (t0) , f (t0)	 f (t0 − h) and the limits

lim
h→0

f (t0 + h)	 f (t0)

h
= lim
h→0

f (t0)	 f (t0 − h)

h
= f

′
(t0) ,

and f is (2)-differentiable if for all h > 0 sufficiently small near to 0, exist f (t0) 	 f (t0 + h) ,

f (t0 − h)	 f (t0) and the limits

lim
h→0

f (t0)	 f (t0 + h)

−h
= lim
h→0

f (t0 − h)	 f (t0)

−h
= f

′
(t0) .

Theorem 2.7([16]) Let f : [a, b]→ RF be fuzzy function, where [f (t)]
α

=
[
f
α

(t) , fα (t)
]
, for

each α ∈ [0, 1] .

(i) If f is (1)-differentiable then f
α

and fα are differentiable functions and
[
f
′
(t)
]α

=[
f
′

α
(t) , f

′

α (t)
]
,

(ii) If f is (2)-differentiable then f
α

and fα are differentiable functions and
[
f
′
(t)
]α

=[
f
′

α (t) , f
′

α
(t)
]
.

Theorem 2.8([16]) Let f
′

: [a, b] → RF be fuzzy function, where [f (t)]
α

=
[
f
α

(t) , fα (t)
]
,

for each α ∈ [0, 1] , f is (1)-differentiable or (2)-differentiable.

(i) If f and f
′

are (1)-differentiable then f
′

α
and f

′

α are differentiable functions and[
f
′′

(t)
]α

=
[
f
′′

α
(t) , f

′′

α (t)
]
,

(ii) If f is (1)-differentiable and f
′

is (2)-differentiable then f
′

α
and f

′

α are differentiable

functions and
[
f
′′

(t)
]α

=

[
f
′′

α (t) , f
′′

α
(t)

]
,

(iii) If f is (2)-differentiable and f
′

is (1)-differentiable then f
′

α
and f

′

α are differentiable

functions and
[
f
′′

(t)
]α

=

[
f
′′

α (t) , f
′′

α
(t)

]
,

(iv) If f and f
′

are (2)-differentiable then f
′

α
and f

′

α are differentiable functions and[
f
′′

(t)
]α

=
[
f
′′

α
(t) , f

′′

α (t)
]
.

Definition 2.9([18,21]) The fuzzy Laplace transform of fuzzy-valued function f is defined as

follows:

F (s) = L (f (t)) =

∞∫
0

e−stf (t) dt = lim
τ→∞

τ∫
0

e−stf (t) dt.

F (s) = L (f (t)) =

 lim
τ→∞

τ∫
0

e−stf (t) dt, lim
τ→∞

τ∫
0

e−stf (t) dt

 ,
F (s, α) = L (f (t, α)) =

[
L
(
f (t, α)

)
, L
(
f (t, α)

)]
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where,

L
(
f (t, α)

)
=

∞∫
0

e−stf (t, α) dt = lim
τ→∞

τ∫
0

e−stf (t, α) dt,

L
(
f (t, α)

)
=

∞∫
0

e−stf (t, α) dt = lim
τ→∞

τ∫
0

e−stf (t, α) dt.

Theorem 2.10([5,18,21]) Suppose that f is continuous fuzzy-valued function on [0,∞) and

exponential order α and that f
′

is piecewise continuous fuzzy-valued function on [0,∞) , then

L
(
f
′
(t)
)

= sL (f (t))	 f (0) ,

if f is (1)-differentiable,

L
(
f
′
(t)
)

= (−f (0))	 (−sL (f (t))) ,

if f is (2)-differentiable.

Theorem 2.11([18,21]) Suppose that f and f
′

are continuous fuzzy-valued functions on [0,∞)

and of exponential order α and that f
′′

is piecewise continuous fuzzy-valued function on [0,∞) ,

then

L
(
f
′′

(t)
)

= s2L (f (t))	 sf (0)	 f
′
(0)

if f and f
′

are (1)-differentiable,

L
(
f
′′

(t)
)

= −f
′
(0)	

(
−s2

)
L (f (t))− sf (0)

if f is (1)-differentiable and f
′

is (2)-differentiable,

L
(
f
′′

(t)
)

= −sf (0)	
(
−s2

)
L (f (t))	 f

′
(0)

if f is (2)-differentiable and f
′

is (1)-differentiable,

L
(
f
′′

(t)
)

= s2L (f (t))	 sf (0)− f
′
(0)

if fand f
′

are (2)-differentiable.

Theorem 2.12([5,18]) Let f (x), g (x) be continuous fuzzy-valued functions suppose that c1 and

c2 are constant, then

L (c1f (x) + c2g (x)) = (c1L (f (x))) + (c2L (g (x))) .
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Theorem 2.13([5]) Let f (x) be continuous fuzzy-valued function on [0,∞) and λ ≥ 0, then

L (λf (x)) = λ (L (f (x))) .

§3. Main Results

In this section, we consider solutions of the fuzzy initial value problem

y′′(t) = λy(t), (1)

y(0) = [A]
α
, y

′
(0) = [B]

α
, (2)

by Laplace transform, where λ > 0, A and B are symmetric triangular fuzzy numbers with

supports [a, a] and [b, b],

[A]
α

=
[
Aα, Aα

]
=

[
a+

(
a− a

2

)
α, a−

(
a− a

2

)
α

]
,

[B]
α

=
[
Bα, Bα

]
=

[
b+

(
b− b

2

)
α, b−

(
b− b

2

)
α

]
,

where, (i, j) solution (i, j = 1, 2) means that y is (i)-differentiable, y
′

is (j)-differentiable.

(1,1) solution: Since y and y
′

are (1)-differentiable, taking the fuzzy Laplace transform

of the equation (1),

s2L (y (t, α))	 sy (0, α)	 y
′
(0, α) = λL (y (t, α))

is obtained. From this, we have the equations

s2L
(
y (t, α)

)
− sy (0, α)− y

′
(0, α) = λL

(
y (t, α)

)
,

s2L (y (t, α))− sy (0, α)− y
′
(0, α) = λL (y (t, α)) .

Using the initial values (2), we obtain

L
(
y (t, α)

)
=

s

s2 − λ
Aα +

1

s2 − λ
Bα,

L (y (t, α)) =
s

s2 − λ
Aα +

1

s2 − λ
Bα.

From here, taking the inverse Laplace transform of these equations, it gives

y (t, α) = L−1

(
s

s2 − λ

)
Aα + L−1

(
1

s2 − λ

)
Bα,

y (t, α) = L−1

(
s

s2 − λ

)
Aα + L−1

(
1

s2 − λ

)
Bα.
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Thus, (1, 1) solution is

y (t, α) =
1

2
Aα

(
e
√
λt + e−

√
λt
)

+
1

2
√
λ
Bα

(
e
√
λt − e−

√
λt
)
, (3)

y (t, α) =
1

2
Aα

(
e
√
λt + e−

√
λt
)

+
1

2
√
λ
Bα

(
e
√
λt − e−

√
λt
)
, (4)

[y (t)]
α

=
[
y (t, α) , y (t, α)

]
. (5)

(1,2) solution: Since y is (1)-differentiable and y
′

is (2)-differentiable, taking the fuzzy

Laplace transform of the equation (1),

−y
′
(0, α)	

(
−s2

)
L (y (t, α))− sy (0, α) = λL (y (t, α))

is obtained. Then, we have the equations

−y
′
(0, α) + s2L (y (t, α))− sy (0, α) = λL

(
y (t, α)

)
, (6)

−y
′
(0, α) + s2L

(
y (t, α)

)
− sy (0, α) = λL (y (t, α)) . (7)

If L (y (t, α)) in the equation (7) is replaced by the equation (6) and using the initial

conditions, we have

L
(
y (t, α)

)
=

s2

s4 − λ2
Bα +

λ

s4 − λ2
Bα +

s3

s4 − λ2
Aα +

λs

s4 − λ2
Aα.

From this, the lower solution is obtained as

y (t, α) =
e
√
λt

4

(
Bα +Bα√

λ
+Aα +Aα

)
(8)

+
e−
√
λt

4

(
−
(
Bα +Bα√

λ

)
+Aα +Aα

)

+
sin
(√

λt
)

2
√
λ

(
Bα −Bα

)
+

cos
(√

λt
)

2

(
Aα −Aα

)
.

Similarly, the upper solution is obtained as

y (t, α) =
e
√
λt

4

(
Bα +Bα√

λ
+Aα +Aα

)
(9)

+
e−
√
λt

4

(
−
(
Bα +Bα√

λ

)
+Aα +Aα

)

+
sin
(√

λt
)

2
√
λ

(
Bα −Bα

)
+

cos
(√

λt
)

2

(
Aα −Aα

)
.
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That is, (1, 2) solution is

[y (t)]
α

=
[
y (t, α) , y (t, α)

]
, (10)

where y (t, α) is the equation (8) and y (t, α) is the equation (9).

(2,1) solution: Since y is (2)-differentiable and y
′

is (1)-differentiable, from the equation

−sy (0, α)	
(
−s2

)
L (y (t, α))	 y

′
(0, α) = λL (y (t, α))

and y
′
(0, α) =

[
y
′
(0, α) , y

′
(0, α)

]
, we have the equations

−sy (0, α) + s2L (y (t, α))− y
′
(0, α) = λL

(
y (t, α)

)
, (11)

−sy (0, α) + s2L
(
y (t, α)

)
− y

′
(0, α) = λL (y (t, α)) . (12)

If L (y (t, α)) in the equation (12) is replaced by the equation (11) and using the initial

conditions, it gives the equation

L
(
y (t, α)

)
=

λs

s4 − λ2
Aα +

s3

s4 − λ2
Aα +

s2

s4 − λ2
Bα +

λ

s4 − λ2
Bα.

From this, we have the lower solution

y (t, α) =
e
√
λt

4

(
Bα +Bα√

λ
+Aα +Aα

)
(13)

+
e−
√
λt

4

(
−
(
Bα +Bα√

λ

)
+Aα +Aα

)

+
sin
(√

λt
)

2
√
λ

(
Bα −Bα

)
+

cos
(√

λt
)

2

(
Aα −Aα

)
.

Similarly, the upper solution is obtained as

y (t, α) =
e
√
λt

4

(
Bα +Bα√

λ
+Aα +Aα

)
(14)

+
e−
√
λt

4

(
−
(
Bα +Bα√

λ

)
+Aα +Aα

)

+
sin
(√

λt
)

2
√
λ

(
Bα −Bα

)
+

cos
(√

λt
)

2

(
Aα −Aα

)
.

That is, (2, 1) solution is

[y (t)]
α

=
[
y (t, α) , y (t, α)

]
, (15)

where y (t, α) is the equation (13) and y (t, α) is the equation (14).
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(2,2) solution: Since y and y
′

are (2)-differentiable,

s2L (y (t, α))	 sy (0, α)− y
′
(0, α) = λL (y (t, α)) .

From this, we have the equations

s2L
(
y (t, α)

)
− sy (0, α)− y

′
(0, α) = λy (t, α) ,

s2L (y (t, α))− sy (0, α)− y
′
(0, α) = λy (t, α) .

Then, (2,2) solution is

y (t, α) =
1

2
Aα

(
e
√
λt + e−

√
λt
)

+
1

2
√
λ
Bα

(
e
√
λt − e−

√
λt
)
, (16)

y (t, α) =
1

2
Aα

(
e
√
λt + e−

√
λt
)

+
1

2
√
λ
Bα

(
e
√
λt − e−

√
λt
)
, (17)

[y (t)]
α

=
[
y (t, α) , y (t, α)

]
. (18)

Theorem 3.1 The (1, 1) solution of the initial value problem (1)− (2) is a valid α−level set.

Proof Since

∂y (t, α)

∂α
=

1

4
(a− a)

(
e
√
λt + e−

√
λt
)

+
1

4
√
λ

(
b− b

) (
e
√
λt − e−

√
λt
)
≥ 0,

∂y (t, α)

∂α
= −1

4
(a− a)

(
e
√
λt + e−

√
λt
)
− 1

4
√
λ

(
b− b

) (
e
√
λt − e−

√
λt
)
≤ 0,

y (t, α)− y (t, α) = (1− α)

(
1

2
(a− a)

(
e
√
λt + e−

√
λt
)

1

2
√
λ

(
b− b

) (
e
√
λt − e−

√
λt
))
≥ 0,

Thus,(1,1) solution of the initial value problem (1)-(2) is a valid α−level set. �

Theorem 3.2 The (1, 2) solution of the initial value problem (1) − (2) is valid α−level set,

when

t ≥ 1√
λ

tan−1

(
−
√
λ

(
a− a
b− b

))
for t ∈

(
0, π

2
√
λ

)
.

Proof If
∂y (t, α)

∂α
≥ 0,

∂y (t, α)

∂α
≤ 0, y (t, α) ≤ y (t, α) ,
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the (1,2) solution of the initial value problem (1)-(2) is valid α−level set. Thus, it must be

sin
(√

λt
) (
b− b

)
+
√
λ cos

(√
λt
)

(a− a) ≥ 0.

For
√
λt ∈

(
0, π2

)
⇒ t ∈

(
0, π

2
√
λ

)
, we have

√
λt ≥ tan

(
−
√
λ

(
a− a
b− b

))
⇒ t ≥ 1√

λ
tan−1

(
−
√
λ

(
a− a
b− b

))
.

This completes the proof. �

Theorem 3.3 The (2, 1) solution of the initial value problem (1) − (2) is valid α−level set,

when

t ≤ 1√
λ

tan−1

(√
λ

(
a− a
b− b

))
for t ∈

(
0, π

2
√
λ

)
.

Proof The proof is similar to Theorem 3.1 and 3.2. �

Theorem 3.4 The (2, 2) solution of the initial value problem (1) − (2) is a valid α−level set

for t > 0 satisfying the inequality

e
√
λt + e−

√
λt

e
√
λt − e−

√
λt
≥ b− b√

λ (a− a)

Proof The proof is similar to Theorem 3.1 and 3.2. �

Theorem 3.5 All of the solutions are symmetric triangular fuzzy numbers for any t > 0.

Proof For (1,1) solution, since

y (t, 1) =
1

4
(a+ a)

(
e
√
λt + e−

√
λt
)

+
1

4
√
λ

(
b+ b

) (
e
√
λt − e−

√
λt
)

= y (t, 1)

and

y (t, 1)− y (t, α) = (1− α)

(
1

4
(a− a)

(
e
√
λt + e−

√
λt
)

1

4
√
λ

(
b− b

) (
e
√
λt − e−

√
λt
))

= y (t, α)− y (t, 1) ,

the (1,1) solution of the initial value problem (1)-(2) is a symmetric triangular fuzzy number

for any t > 0.
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For (1,2) solution, since

y (t, 1) = e
√
λt

(
1

4
√
λ

(
b+ b

)
+

1

4
(a+ a)

)
+e−

√
λt

(
− 1

4
√
λ

(
b+ b

)
+

1

4
(a+ a)

)
= y (t, 1)

and

y (t, 1)− y (t, α) = (1− α)

 sin
(√

λt
)

2
√
λ

(
b− b

)
+

cos
(√

λt
)

2
(a− a)


= y (t, α)− y (t, 1) ,

the (1,2) solution of the initial value problem (1)-(2) is a symmetric triangular fuzzy number

for any t > 0.

For the cases of (1,2) and (2,2) solutions, the proof is similar. �

Example 3.6 Consider the solutions of the fuzzy initial value problem

y′′(t) = y(t), y(0) = [1]
α
, y

′
(0) = [0]

α
(19)

by fuzzy Laplace transform, where [1]
α

= [α, 2− α] , [0]
α

= [−1 + α, 1− α] .

Its (1,1) solution is

y (t, α) =
1

2

(
α
(
et + e−t

)
+ (−1 + α)

(
et − e−t

))
,

y (t, α) =
1

2

(
(2− α)

(
et + e−t

)
+ (1− α)

(
et − e−t

))
,

[y (t)]
α

=
[
y (t, α) , y (t, α)

]
.

Its (1,2) solution is

y (t, α) =
1

2

(
et + e−t

)
+ (α− 1) (sin (t) + cos (t)) ,

y (t, α) =
1

2

(
et + e−t

)
+ (1− α) (sin (t) + cos (t)) ,

[y (t)]
α

=
[
y (t, α) , y (t, α)

]
.

Its (2,1) solution is

y (t, α) =
1

2

(
et + e−t

)
+ (1− α) (sin (t)− cos (t)) ,

y (t, α) =
1

2

(
et + e−t

)
+ (α− 1) (sin (t)− cos (t)) ,
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[y (t)]
α

=
[
y (t, α) , y (t, α)

]
.

and its (2,2) solution is

y (t, α) =
1

2

(
α
(
et + e−t

)
+ (1− α)

(
et − e−t

))
,

y (t, α) =
1

2

(
(2− α)

(
et + e−t

)
+ (−1 + α)

(
et − e−t

))
.

[y (t)]
α

=
[
y (t, α) , y (t, α)

]
.

According to Theorem 3.1 and 3.2, (1,1) solution is a valid α−level set, and (1,2) solution

is a valid α−level set since the function f(t) > 0 for t ∈
(
0, π2

)
in Figure 1. By Theorem 3.3,

(2,1) solution is a valid α−level set for t ∈ [0, 0.785398] since the function g(t) ≤ 0 in Figure

2. That is, (1,2) solution is not solution of the problem. Also by Theorem 3.4, (2,2) solution is

a valid α−level set since the function h(t) > 0 in Figure 3. All of the solutions are symmetric

triangular fuzzy numbers for any t > 0. We can see that the graphics of solutions in Figure

4-Figure 7. Also, we can see that in Figure 4, (1,1) solution is fuzzier as time goes by and (2,1)

is not a valid fuzzy function for t ≥ 0.785398 in Figure 6.

Figure 1 Graphic of the function f(t) = t− tan−1 (−1)

Figure 2 Graphic of the function g(t) = t− tan−1 (1)
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Figure 3 Graphic of the function h(t) = et+e−t

et−e−t − 1

Figure 4 Graphic of (1,1) solution for α = 0.2

Figure 5 Graphic of (1,2) solution for α = 0.2



30 H. Gültekin Çitil

Figure 6 Graphic of (2,1) solution for α = 0.2

Figure 7 Graphic of (2,2) solution for α = 0.2

Blue → yα (t)

Red → y
α

(t)

Green → y1 (t) = y
1

(t)

§4. Conclusions

In this paper, the solutions of second-order fuzzy initial value problem with positive coefficient

are investigated by fuzzy Laplace transform. Generalized differentiability, Hukuhara difference

and fuzzy arithmetic are used. Solutions are found by fuzzy Laplace transform using the

generalized differentiability. It is shown that whether the solutions valid fuzzy functions or not.

Studied problem is shown on an example. Graphics of found solutions are drawn. It is found

that (1,1), (1,2) and (2,2) solutions are valid fuzzy level sets and (2,1) solution is a valid fuzzy

level set for t ∈ [0, 0.785398]. But (1,1) solution has a drawback : it is fuzzier as time goes by.
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§1. Introduction

The uniqueness theory of meromorphic functions is an interesting problem in the value distri-

bution theory and also the uniqueness theory of algebroid functions is an interesting problem in

the value distribution theory. Ming-Liang Fang [11] and Q Zhang [9] and several other authors

proved some interesting results on uniqueness and value sharing of entire functions and also

meromorphic function that shares one small function with its derivative (see [3-5, 7-8, 10,12-31).

Let f be a transcendental meromorphic function in the plane and m(r, f), N(r, f) and

T (r, f) be the usual notations used in the Nevanlinna theory. Let S(r, f) denote any quantity

satisfying S(r, f)=o[T (r, f)] as r −→ ∞ except possibly for a set of r of finite linear measure.

Throughout this paper we denote by a, a0, a1, · · · , an meromorphic functions (or constants) for

smaller growth than f , that is T (r, f) = S(r, f).

Let f and g be two non-constant meromorphic functions. Let a be a finite complex number.

We denote by E(a, f) the set of zeros of f − a (counting multiplicity), by E(a, f) the set

of zeros of f − a (ignoring multiplicity). We say f and g share a CM (IM), if E(a, f) =

E(a, g) (E(a, f) = E(a, g)). Similarly, we define that f and g share a small function a(z)

CM (IM), if E(a(z), f) = E(a(z), g) (E(a(z), f) = E(a(z), g)). Moreover, GCD(n1, n2, · · · , nk)

denotes the greatest common divisor of positive integers n1, n2, · · · , nk.
In 2005, Zhang [9] obtained the following result.

1Received December 27, 2019, Accepted June 6, 2020.
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Theorem A. Let f be a non-constant meromorphic function and k(≥ 1), l(≥ 0) be integers.

Also, let a ≡ a(z)( 6≡ 0,∞) be a meromorphic function such that T (r, a) = S(r, f). Suppose that

f − a and f (k) − a share (0, l). If l ≥ 2 and

(3 + k)Θ(∞, f) + 2δ2+k(0, f) > k + 4, (1.1)

or if l = 1 and

(4 + k)Θ(∞, f) + 3δ2+k(0, f) > k + 6, (1.2)

or if l = 0 and

(6 + 2k)Θ(∞, f) + 5δ2+k(0, f) > 2k + 10, (1.3)

then f ≡ f (k).

Let

P(w) = an+mw
n+m + · · ·+ anw

n + · · ·+ a0 = an+m

s∏
i=1

(w − wpi)pi ,

where aj(j = 0, 1, 2, · · · , n + m − 1), an+m 6= 0 and wpi(i = 1, 2, · · · , s) are distinct finite

complex numbers and 2 ≤ s ≤ n + m and p1, p2, · · · , ps, s ≥ 2, n,m and k are all positive

integers with
s∑
i=1

pi = n + m. Let p > max
p 6=pi,i=1,2,··· ,r

{pi}, r = s − 1, where s and r are two

positive integers.

Let

P (w1) = an+m

s−1∏
i=1

(w1 + wp − wpi)pi = bqw
q
1 + bq−1w

q−1
1 + · · ·+ b0,

where an+m = bq, w1 = w − wp, q = n + m − p. Therefore, P(w) = wp1P (w1). We assume

P (w1) = bq
r∏
i=1

(w1 − αi)pi , where αi = wpi − wp, (i = 1, 2, · · · , r), be distinct zeros of P (w1).

Definition 1.1([2]) For two positive integers n, p we define µp = min{n, p} and µ∗p = p+1−µp.
Then it is clear that

Np

(
r,

1

fn

)
≤ µpNµ∗p

(
r,

1

f

)
. (1.4)

In the present paper, we extend Theorem A by investigating the uniqueness of meromorphic

functions of the form fp1P (f1)− a and (fp1P (f1))(k) − a and obtain the following result.

Theorem 1.1 Let k(≥ 1), l(≥ 0), n(≥ 1), p(≥ 1) and m(≥ 0) be integers, f and f1 = f − wp
be two non-constant entire functions. Let P(z) = am+nz

m+n+ · · ·+anz
n+ · · ·+a0, am+n 6= 0,

be a polynomial in z of degree m + n such that P(f) = fp1P (f1). Suppose P(f) and (P(f))(k)

share (1, l).

If l ≥ 2 and

µ2δµ∗2 (wp, f) + µk+2δµ∗k+2
(wp, f) > m+ n− 2p+ µ2 + µk+2 (1.5)
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or l = 1 and

1

2
Θ(wp, f) + µ2δµ∗2 (wp, f) + µk+2δµ∗k+2

(wp, f) >
3(m+ n)− 5p

2
+ µ2 + µk+2 +

1

2
(1.6)

or l = 0 and

2Θ(wp, f)+µ2δµ∗2 (wp, f)+µk+1δµ∗k+1
(wp, f)+µk+2δµ∗k+2

(wp, f) > 4(m+n)−5p+2+µ2+µk+1+µk+2

(1.7)

then P(f) ≡ (P(f))(k).

§2. Preliminary Lemmas

Let F and G be two non-constant meromorphic functions. We denote by H the following

function

H =

(
F ′′

F ′
− 2F ′

F − 1

)
−
(
G′′

G′
− 2G′

G− 1

)
. (2.1)

Lemma 2.1 ([9]) Let f be a non constant meromorphic function, k, p, be two positive integers,

then

Np

(
r,

1

f (k)

)
≤ Np+k

(
r,

1

f

)
+ kN(r, f) + S(r, f).

Clearly,

N

(
r,

1

f (k)

)
= N1

(
r,

1

f (k)

)
.

Lemma 2.2 ([6] Let H be defined as in (2.1). If F and G share 1 IM and H 6≡ 0, then

N11

(
r,

1

F − 1

)
≤ N(r,H) + S(r, F ) + S(r,G).

Lemma 2.3 ([1]) Let F and G share (1, l) and N(r, F ) = N(r,G) and H 6≡ 0, then

N(r,H) ≤ N(r, F ) +N (2

(
r,

1

F

)
+N (2

(
r,

1

G

)
+N0

(
r,

1

F ′

)
+N0

(
r,

1

G′

)
+NL

(
r,

1

F − 1

)
+NL

(
r,

1

G− 1

)
+ S(r, f).

§3. Proof of Theorem 1.1

Proof of Theorem 1.1 Let F = P(f) = fp1P (f1) and G = (P(f))(k) = (fp1P (f1))(k). Since

P(f) and [P(f)](k) share (1, l), F , G share (1, l) except the zeros and poles of a(z). Also, let’s

note that

N(r, F ) = N(r, f) + S(r, f) and N(r,G) = N(r, f) + S(r, f).
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Let H be defined as in (2.1). We consider the following cases.

Case 1. Suppose H 6≡ 0.

By the second fundamental theorem of Nevanlinna, we have

T (r, F ) + T (r,G) ≤ N(r, F ) +N(r,G) +N

(
r,

1

F

)
+N

(
r,

1

G

)
+N

(
r,

1

F − 1

)
+N

(
r,

1

G− 1

)
−N0

(
r,

1

F ′

)
−N0

(
r,

1

G′

)
+ S(r, F ) + S(r,G), (3.1)

where N0

(
r,

1

F ′

)
denotes the reduced counting function of the zeros of F ′ which are not the

zeros of F (F − 1).

Since F and G share 1 IM, it is easy to verify that

N

(
r,

1

F − 1

)
= N11

(
r,

1

F − 1

)
+NL

(
r,

1

F − 1

)
+NL

(
r,

1

G− 1

)
+N

(2
E

(
r,

1

G− 1

)
= N

(
r,

1

G− 1

)
. (3.2)

Using Lemmas 2.2 and 2.3, (3.1) and (3.2), we get

T (r, F ) + T (r,G) ≤ 3N(r, F ) +N2

(
r,

1

F

)
+N2

(
r,

1

G

)
+N11

(
r,

1

F − 1

)
+ 2N

(2
E

(
r,

1

G− 1

)
+3NL

(
r,

1

F − 1

)
+3NL

(
r,

1

G− 1

)
+ S(r, F ) + S(r,G). (3.3)

Subcase 1.1 l ≥ 2..

Obviously,

N11

(
r,

1

F − 1

)
+ 2N

(2
E

(
r,

1

G− 1

)
+ 3NL

(
r,

1

F − 1

)
+ 3NL

(
r,

1

G− 1

)
≤ N

(
r,

1

G− 1

)
+ S(r, F )

≤ T (r,G) + S(r, F ) + S(r,G). (3.4)

Using (3.3) and (3.4), we get

T (r, F ) ≤ N2

(
r,

1

F

)
+N2

(
r,

1

G

)
+ 3N(r, F ) + S(r, F ). (3.5)
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Using Lemma 2.1, (1.4) and (3.5), we get

(n+m)T (r, f) ≤ N2

(
r,

1

fp1P (f1)

)
+N2

(
r,

1

(fp1P (f1))(k)

)
+ 3N(r, f) + S(r, f)

≤ 3N(r, f) + µ2Nµ∗2

(
r,

1

f − wp

)
+ (n+m− p)T (r, f)

+Nk+2

(
r,

1

fp1P (f1)

)
+ kN(r, f) + S(r, f)

≤ (k + 3)N(r, f) + µ2Nµ∗2

(
r,

1

f − wp

)
+ 2(n+m− p)T (r, f)

+µk+2Nµ∗k+2

(
r,

1

f − wp

)
+ S(r, f).

So, µ2δµ∗2 (wp, f) + µk+2δµ∗k+2
(wp, f) ≤ m+ n− 2p+ µ2 + µk+2, which contradicts with (1.5).

Subcase 1.2 l = 1.

It is easy to verify that

N11

(
r,

1

F − 1

)
+2N

(2
E

(
r,

1

G− 1

)
+ 2NL

(
r,

1

F − 1

)
+ 3NL

(
r,

1

G− 1

)
≤ N

(
r,

1

G− 1

)
+ S(r, F )

≤ T (r,G) + S(r, F ) + S(r,G). (3.6)

NL

(
r,

1

F − 1

)
≤ 1

2
N

(
r,
F

F ′

)
≤ 1

2
N

(
r,
F ′

F

)
+ S(r, F )

≤ 1

2

(
N

(
r,

1

F

)
+N(r, F )

)
+ S(r, F ). (3.7)

Using (3.3), (3.6) and (3.7), we get

T (r, F ) ≤ N2

(
r,

1

F

)
+N2

(
r,

1

G

)
+

7

2
N(r, F ) +

1

2
N

(
r,

1

F

)
+ S(r, F ). (3.8)

Using Lemma (2.1), (1.4) and (3.8), we get

(n+m)T (r, f) ≤
(
k +

7

2

)
N(r, f) + µ2Nµ∗2

(
r,

1

f − wp

)
+ µk+2Nµ∗k+2

(
r,

1

f − wp

)
+

1

2
N

(
r,

1

f − wp

)
+

5

2
(n+m− p)T (r, f) + S(r, f).
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So,

1

2
Θ(wp, f) + µ2δµ∗2 (wp, f) + µk+2δµ∗k+2

(wp, f) ≤ 3(m+ n)− 5p

2
+ µ2 + µk+2 +

1

2

which contradicts with (1.6).

Subcase 1.3 l = 0.

It is easy to verify that

N11

(
r,

1

F − 1

)
+ 2N

(2
E

(
r,

1

G− 1

)
+NL

(
r,

1

F − 1

)
+ 2NL

(
r,

1

G− 1

)
≤ N

(
r,

1

G− 1

)
+ S(r, F ) ≤ T (r,G) + S(r, F ) + S(r,G). (3.9)

NL

(
r,

1

F − 1

)
≤ N

(
r,

1

F − 1

)
−N

(
r,

1

F − 1

)
≤ N

(
r,
F

F ′

)
≤ N

(
r,
F ′

F

)
+ S(r, F )

≤ N
(
r,

1

F

)
+N(r, F ) + S(r, F ). (3.10)

Using (3.3), (3.9) and (3.10), we get

T (r, F ) ≤ N2

(
r,

1

F

)
+N2

(
r,

1

G

)
+6N(r, F ) + 2N

(
r,

1

F

)
+N1

(
r,

1

G

)
+ S(r, F ). (3.11)

Using Lemma 2.1 and (3.11), we get

(n+m)T (r, f) ≤ N2

(
r,

1

fp1P (f1)

)
+N2

(
r,

1

(fpP (f1))
(k)

)
+ 6N(r, f)

+2N

(
r,

1

fp1P (f1)

)
+N1

(
r,

1

(fp1P (f1))
(k)

)
+ S(r, f).

So,

2Θ(wp, f) + µ2δµ∗2 (wp, f) + µk+1δµ∗k+1
(wp, f) + µk+2δµ∗k+2

(wp, f)

≤ 4(m+ n)− 5p+ 2 + µ2 + µk+1 + µk+2.

which contradicts with (1.7).

Case 2. Suppose H ≡ 0.
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Using (2.1), we get

F ′′

F ′
− 2F ′

F − 1
=
G′′

G′
− 2G′

G− 1
.

Hence,
1

F − 1
≡ C 1

G− 1
+D, (3.12)

where C, D are constants and C 6= 0.

We discuss the following three cases:

Subcase 2.1 D 6= 0,−1.

Rewrite (3.12) as,

G− 1

C
=

F − 1

D + 1−DF
,

we have,

N(r,G) = N

(
r,

1

F − (D+1)
D

)
.

By using second fundamental theorem of Nevanlinna, we get

(n+m)T (r, f) = T (r, F ) + S(r, f)

≤ N(r, F ) +N

(
r,

1

F

)
+N

(
r,

1

F − (D+1)
D

)
+ S(r, f)

≤ N(r, F ) +N

(
r,

1

F

)
+N(r,G) + S(r, f)

≤ 2N(r, f) +N

(
r,

1

fp1P (f1)

)
+ S(r, f)

≤ 2N(r, f) +N

(
r,

1

f − wp

)
+ (n+m− p)T (r, f) + S(r, f).

So, Θ(wp, f) ≤ 1− p,

which contradicts with (1.5), (1.6) and (1.7).

Subcase 2.2 D = 0.

Then from (3.12), we get

G = CF − (C − 1). (3.13)

If C 6= 1, then

N

(
r,

1

G

)
= N

(
r,

1

F − (C−1)
C

)
.
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Proceeding as in Subcase 2.1, we get

(n+m)T (r, f) ≤ (k + 1)N(r, f) +N

(
r,

1

f − wp

)
+2(n+m− p)T (r, f) +Nk+1

(
r,

1

f − wp

)
+ S(r, f).

So,

Θ(wp, f) + µk+1δµ∗k+1
(wp, f) ≤ 1 + µk+1 + n+m− 2p,

which contradicts with (1.5), (1.6) and (1.7).

Therefore, C = 1. By using (3.13), we get F ≡ G and so, fp1P (f1) = (fp1P (f1))(k).

Subcase 2.3 D = −1.

Then from (3.12) we get

1

F − 1
=

C

G− 1
− 1

⇒ F

F − 1
=

C

G− 1
.

Hence we have N
(
r, 1
F

)
= N(r,G) = S(r, f) and hence N

(
r, 1
f

)
= S(r, f).

If C 6= −1, then

N

(
r,

1

G

)
= N

r, 1

F − C

C + 1

 .

Proceeding as in Subcase 2.1, we get

(n+m)T (r, f) ≤ (k + 1)N(r, f) +N

(
r,

1

f − wp

)
+ 2(n+m− p)T (r, f) +Nk+1

(
r,

1

f − wp

)
+ S(r, f).

So,

Θ(wp, f) + µk+1δµ∗k+1
(wp, f) ≤ 1 + µk+1 + n+m− 2p

which contradicts with (1.5), (1.6) and (1.7).

Therefore, C = −1. By using (3.13), we get FG ≡ 1. Hence, P(f)(P(f))(k) = 1. Thus in

this case,

N(r, f) +N

(
r,

1

f

)
= S(r, f).
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We have,
(P(f))(k)

P(f)
=

1

(P(f))2
. (3.14)

From first fundamental theorem and (3.14), we get

2T (r,P(f)) ≤ T
(
r,

(P(f))(k)

P(f)

)
≤ N

(
r,

(P(f))(k)

P(f)

)
+ S(r, f)

≤ k
(
N(r,P(f)) +N

(
r,

1

P(f)

))
+ S(r, f)

≤ S(r, f),

which is impossible. This completes the Proof. �
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Abstract: In mathematics, one always tries to get new structures from given ones. This

also applies to the realm of graphs, where one can generate many new graphs from a given

set of graphs. In this paper we define some classes of pyramid graphs and we derive simple

formulas of the complexity, number of spanning trees, of these graphs, using linear algebra,

Chebyshev polynomials and matrix analysis techniques.

Key Words: Number of spanning tree, Chebyshev Polynomial, pyramid graph.
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§1. Introduction

The study of the number of spanning trees in a graph has a long history and has been very active

because computing this number is important: (1) in analyzing energy of masers in investigating

the possible particle transitions; (2) in estimating the reliability of a network; (3) in designing

electrical circuits; (4) in enumerating certain chemical isomers; (5) in counting the number of

Eulerian circuits in a graph. See [1]-[7], [20],[22] and [24]. For a graph G , a spanning tree in

G is a tree which has the same vertex set as G . The number of spanning trees of, also known

as, the complexity of the graph, denoted by τ(G) , this quantity is a well-studied quantity for

long time. A classical result of Kirchhoff [19] can be used to determine the number of spanning

trees for a graph G with p vertices. If V = u1, u2, c . . . , up, then the Kirchhoff matrix L defined

as p × p characteristic matrix L = D − A where D is the diagonal matrix of the degrees of G

and A is the adjacency matrix of G ,L = [Xij ] defined as follows:

(i) Xij = −1 when Ui and Uj are adjacent and i 6= j;

(ii) Xij equals the degree of vertex Ui if i = j, and

(iii) Xij = 0 otherwise.

All of co-factors of L are equal to τ(G). There are other methods for calculating τ(G).

Let σ1 > σ2 > · · · > σp denote the eignvalues of L matrix of a p point graph. It is easily shown

that µp = 0. Furthermore, Kelmans and Chelnokov [18] have shown that τ(G) = 1
p

∏p−1
j=1 σj .

1Received February 20, 2020, Accepted June 7, 2020.
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For more results in this field, see [10]-[17].

Now, we introduce the following lemma.

Lemma 1.1([8]) τ(G) = 1
p2 det(pI − D̄+ Ā) where Ā, D̄ are the adjacency and degree matrices

of Ḡ, the complement of G, respectively, and I is the p× p unit matrix.

The advantage of this formula is to express τ(G) directly as a determinant rather than in

terms of cofactors as in Kirchhoff theorem or eigenvalues as in Kelmans and Chelnokov formula.

§2. Chebyshev Polynomial

In this section we introduce some relations concerning Chebyshev polynomials of the first and

second kind which we use it in our computations. We begin from their definitions, see Yuanping,

et. al. [23].

Let Mp(Z) be p× p matrix such that:

Mp(Z) =



2Z −1 0 · · · 0

−1 2Z −1
. . .

...

0
. . .

. . .
. . . 0

...
. . .

. . . 2Z −1

0 · · · 0 −1 2Z


,

Further, we recall that the Chebyshev polynomials of the first kind are defined by

Tp(Z) = cos(p arccosZ). (1)

The Chebyshev polynomials of the second kind are defined by

Up−1(Z) =
1

p

d

dz
Tp(Z) =

sin(p arccosZ)

cos(arccosZ)
. (2)

It is easily verified that

Up(Z)− 2ZUp−1(Z) + Up−2(z) = 0. (3)

It can then be shown from this recursion that by expanding one gets

Up(Z) = det(Mp(z)), p > 1. (4)

Furthermore, by using standard methods for solving the recursion (3), one obtains the

explicit formula

Up(Z) =
1

2
√
Z2 − 1

[
(Z +

√
Z2 − 1)p+1 − (Z −

√
Z2 − 1)p+1

]
, p > 1 (5)
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where the identity is true for all complex Z (except at Z = ±1, where the function can be taken

as the limit). The definition of Up(Z) easily yields its zeros and it can therefore be verified that

Up−1(Z) = 2p−1

p−1∏
i=1

(
Z − cos

iπ

p

)
. (6)

One further note that

Up−1(−Z) = (−1)p−1Up−1(Z). (7)

These two results yield another formula for

U2
p−1(Z) = 4p−1

p−1∏
i=1

(
Z2 − cos2 iπ

p

)
. (8)

Finally, a simple manipulation of the above formula yields the following formula (9), which is

extremely useful to us latter:

U2
p−1(

√
Z + 2

4
) =

p−1∏
i=1

(
Z − 2 cos

2iπ

p

)
. (9)

Furthermore, one can show that

U2
p−1(Z) =

1

2(1− z2)
[1− T2p] =

1

2(1− z2)

[
1− Tp

(
2Z2 − 1

)]
, (10)

Tp(Z) =
1

2

[
(z +

√
Z2 − 1)p + (z −

√
z2−)p

]
. (11)

Now we introduce the following important two lemmas.

Lemma 2.1([8]) Let Ap(Z) be p× p circulant matrix such that:

Ap(Z) =



Z 0 1 · · · 1 0

0 Z
. . .

. . .
. . . 1

1
. . .

. . .
. . .

. . . 1
...

. . .
. . .

. . .
. . . 1

1
. . .

. . .
. . . Z 1

0 1 · · · 1 0 Z


,

Then for p > 3, Z > 4 we have:

det(Ap(Z)) =
2(Z + p− 3)

Z − 3

[
Tp(

Z − 1

2
)− 1

]
.

Lemma 2.2([21]) If X ∈ F p×p, Y ∈ F p×q, Z ∈ F q×p andW ∈ F q×q. If X and W are
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nonsingular matrices, then

det

X Y

Z W

 = det(X − YW−1Z) detW = detX det(W − ZX−1Y ).

This Lemma give a sort of symmetry for some matrices which facilitates our calculations

of the complexities of some special graphs.

§3. Main Results

Definition 3.1([9]) The pyramid graph P
(q)
p is the graph formed from the wheel graph Wq+1

with vertices U0, U1, U2, · · · , Uq and m sets of vertices, say, V 1
1 , V

1
2 , · · · , V 1

p , · · · , V
q
1 , V

q
2 , · · · , V qp

such that for all i = 1, 2, · · · , p the vertex V ji is adjacent to uj and uj+1, where j = 1, 2, · · · , q−1

and vqi is adjacent to u1 and uq See Figure 1.

s

s

s

s

@
@
@
@
@
@
@
@
@

s s s s s s
s
ss

u1

u2u3

v21

v22

v2p

u0

v11

v12

v1p

v31

v32

v3p

Figure 1 The pyramid graph P
(3)
p

Theorem 3.2([9]) For p > 0, q > 3,

τ(P (q)
p ) = 2pq−q

[
(p+ 3 +

√
2p+ 5)q +

[
(p+ 3−

√
2p+ 5)q − 2(p+ 2)q

]]
.

Definition 3.3 The pyramid graph A
(q)
p is the graph formed from the wheel graph Wq+1 with

vertices U0, U1, U2, · · · , Uq with double external edges and q sets of vertices, say

V 1
1 , V

1
2 , · · · , V 1

p , V
2
1 , V

2
2 , · · · , V 2

p , · · · , V
q
1 , V

q
2 , · · · , V qp

such that for all i = 1, 2, · · · , p the vertex V ji is adjacent to uj and uj+1 ,where j = 1, 2, · · · , q−1
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and vqi is adjacent to u1 and uq See Figure 2.
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u1

u2u3

v21

v22

v2p

u0

v11

v12

v1p

v31

v32

v3p

Figure 2 The pyramid graph A
(3)
p

Theorem 3.4 For p > 0, q > 3,

τ(A(q)
p ) = 2pq−q

[
(p+ 5 +

√
2p+ 9)q +

[
(p+ 5−

√
2p+ 9)q − 2(p+ 4)q

]]
.

Proof Applying Lemma 1.1, We have

τ(A(q)
p ) =

1

(pq + q + 1)2
det((pq + p+ 1)I − D̄ + Ā)

=
1

(pq + q + 1)2
× det


A B C

D E F

G H I


where,

A =



q + 1 0 0 · · · · · · · · · · · · · · · 0

0 2(p+ 3) −1 1 · · · · · · · · · 1 −1

· · · −1 2(p+ 3)− 1 · · · · · · · · · · · · 1

· · · 1 −1 · · · · · · · · · · · · · · · · · ·

· · · · · · · · · · · · · · · · · · · · · · · · · · ·

· · · · · · · · · · · · · · · · · · · · · · · · · · ·

· · · · · · · · · · · · · · · · · · · · · · · · 1

· · · 1 · · · · · · · · · · · · · · · · · · −1

0 −1 1 · · · · · · · · · 1 −1 2(p+ 3)


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B =



1 · · · · · · · · · · · · · · · · · · · · · · · ·

0 · · · 0 1 · · · 1 1 · · · 1

0 · · · 0 0 · · · 0 1 · · · 1

1 · · · 1 0 · · · 0 0 · · · 0

1 · · · 1 1 · · · 1 0 · · · 0

· · · · · · · · · · · · · · · · · · · · · · · · · · ·

· · · · · · · · · · · · · · · · · · · · · · · · · · ·

1 · · · 1 · · · · · · · · · · · · · · · · · ·

1 · · · 1 · · · · · · · · · · · · · · · · · ·



C =



· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · 1

· · · · · · · · · · · · · · · · · · 1 · · · 1 0 · · · 0

1 · · · 1 · · · · · · · · · · · · · · · · · · 1 · · · 1 1

1 · · · 1 · · · · · · · · · · · · · · · · · · · · · · · · · · ·

0 · · · 0 1 · · · 1 · · · · · · · · · · · · · · · · · ·

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
... · · ·

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

1 · · · 1 0 · · · 0 0 · · · 0 1 · · · 1

· · · · · · · · · 1 · · · 1 0 · · · 0 0 · · · 0



D =



1 0 0 1 1 · · · · · · 1 1

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.

· · · 0 0 1 1 · · · · · · 1 1

· · · 1 0 0 1 · · · · · · · · · · · ·
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

· · · 1 0 0 1 · · · · · · · · · · · ·
· · · · · · 1 0 0 · · · · · · · · · · · ·
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

· · · · · · 1 0 0 · · · · · · · · · · · ·
· · · · · · · · · 1 0 · · · · · · 1 · · ·
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.



, G =



· · · · · · · · · 1 0 · · · · · · 1 · · ·
· · · · · · · · · · · · 1 · · · · · · 0 1

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.

· · · · · · · · · · · · 1 · · · · · · 0 1

· · · 1 · · · · · · · · · · · · · · · 0 0

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.

· · · 1 · · · · · · · · · · · · · · · 0 0

· · · 0 1 1 1 · · · · · · 1 0

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.

1 0 1 1 1 · · · · · · 1 0



 E F

H I

 =


3 1 · · · 1
...

...
...

...

· · · · · · · · · 1

1 · · · 1 3


Let j = (1 · · · 1) be the 1× p matrix with all one, and Jp the p× p matrix with all one. Set

k = 2p+ 4 and h = pq + q + 1. Then we have
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τ(A(q)
p )

=
1

h2
det



(q + 1) 0 · · · · · · · · · · · · 0 j · · · · · · · · · · · · j

0 k −1 1 · · · 1 −1 0 j · · · · · · J 0

... −1 k −1 1 · · · 1 0 0
. . .

. . .
. . . j

... 1 −1
. . .

. . .
. . . · · · j

. . .
. . .

. . .
. . . j

...
...

. . .
. . .

. . .
. . . 1 · · ·

. . .
. . .

. . .
. . .

...

... 1
. . .

. . .
. . . k −1

...
. . .

. . .
. . . 0 j

0 −1 1 · · · 1 −1 k j · · · · · · j 0 0

jt 0 0 jt · · · jt jt

jt jt 0
. . .

. . .
. . . jt

...
... jt

. . .
. . .

. . .
... 2Ipq + Jpq

...
...

. . .
. . .

. . .
. . . jt

... jt
. . .

. . .
. . . 0 0

jt 0 jt · · · · · · jt 0



=
1

h2
det



h 0 · · · · · · · · · · · · 0 j · · · · · · · · · · · · j

h k −1 1 · · · 1 −1 0 j · · · · · · J 0

... −1 k −1 1 · · · 1 0 0
. . .

. . .
. . . j

... 1 −1
. . .

. . .
. . . · · · j

. . .
. . .

. . .
. . . j

...
...

. . .
. . .

. . .
. . . 1 · · ·

. . .
. . .

. . .
. . .

...

... 1
. . .

. . .
. . . k −1

...
. . .

. . .
. . . 0 j

h −1 1 · · · 1 −1 k j · · · · · · j 0 0

hjt 0 0 jt · · · jt jt

hjt jt 0
. . .

. . .
. . . jt

...
... jt

. . .
. . .

. . .
... 2Ipq + Jpq

...
...

. . .
. . .

. . .
. . . jt

... jt
. . .

. . .
. . . 0 0

hjt 0 jt · · · · · · jt 0


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Hence, we know that

τ(A(q)
p )

=
1

h
det



1 0 · · · · · · · · · · · · 0 j · · · · · · · · · · · · j

1 k −1 1 · · · 1 −1 0 j · · · · · · j 0

... −1 k −1 1 · · · 1 0 0
. . .

. . .
. . . j

... 1 −1
. . .

. . .
. . . · · · j

. . .
. . .

. . .
. . . j

...
...

. . .
. . .

. . .
. . . 1 · · ·

. . .
. . .

. . .
. . .

...

... 1
. . .

. . .
. . . k −1

...
. . .

. . .
. . . 0 j

1 −1 1 · · · 1 −1 k j · · · · · · j 0 0

1jt 0 0 jt · · · jt jt

1jt jt 0
. . .

. . .
. . . jt

...
... jt

. . .
. . .

. . .
... 2Ipq + Jpq

...
...

. . .
. . .

. . .
. . . jt

... jt
. . .

. . .
. . . 0 0

1jt 0 jt · · · · · · jt 0



=
1

h
det



1 0 · · · · · · · · · · · · 0 j · · · · · · · · · · · · j

0 k −1 1 · · · 1 −1 0 j · · · · · · J 0

... −1 k −1 1 · · · 1 0 0
. . .

. . .
. . . j

... 1 −1
. . .

. . .
. . . · · · j

. . .
. . .

. . .
. . . j

...
...

. . .
. . .

. . .
. . . 1 · · ·

. . .
. . .

. . .
. . .

...

... 1
. . .

. . .
. . . k −1

...
. . .

. . .
. . . 0 j

0 −1 1 · · · 1 −1 k j · · · · · · j 0 0

0 0 0 jt · · · jt jt

0 jt 0
. . .

. . .
. . . jt

...
... jt

. . .
. . .

. . .
... 2Ipq + Jpq

...
...

. . .
. . .

. . .
. . . jt

... jt
. . .

. . .
. . . 0 0

0 0 jt · · · · · · jt 0


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=
1

h
det



k −1 1 · · · 1 −1 −j 0 · · · · · · 0 −j

−1 k −1
. . .

. . . 1 −j
. . .

. . .
. . .

. . . 0

1
. . .

. . .
. . .

. . .
... 0

. . .
. . .

. . .
. . . 0

...
. . .

. . .
. . .

. . . 1
...

. . .
. . .

. . .
. . .

...

1
. . .

. . .
. . . k −1

...
. . .

. . .
. . . −j 0

−1 1 · · · 1 −1 k 0 · · · · · · 0 −j −j

0 0 jt · · · jt jt

jt
. . .

. . .
. . .

. . . jt

...
. . .

. . .
. . .

. . .
...

...
. . .

. . .
. . .

. . . jt 2Ipq

jt
. . .

. . .
. . . 0 0

0 jt · · · · · · jt 0


Using Lemma 2.2, yields

τ(A(q)
p ) =

1

h

 X Y

Z 2Ipq

 =
1

h
det(X − Y 1

2Ipq
Z)2pq

=
1

h
2pq2−q det



2k p− 2 2(p+ 1) · · · 2(p+ 1) p− 2

p− 2 2k p− 2 2(p+ 1) · · · 2(p+ 1)

2(p+ 1) p− 2
. . .

. . .
. . .

...
...

. . .
. . .

. . .
. . . 2(p+ 1)

2(p+ 1)
. . .

. . .
. . .

. . . p− 2

p− 2 2(n+ 1) · · · 2(p+ 1) p− 2 2k


Straightforward induction using properties of determinants, we have

τ(A(q)
p ) =

1

b
2pq−q

2k + p(2q − 4) + (2q − 10)

2k + p(q − 4) + (4q − 10)

×det



(2k − p+ 2) 0 2(p+ 4) · · · (p+ 4) 0

0 (2k − p+ 2) 0 (p+ 4) · · · (p+ 4)

(p+ 4) 0
. . .

. . .
. . .

...

...
. . .

. . .
. . .

. . . (p+ 4)

(p+ 4)
. . .

. . .
. . .

. . . 0

0 (p+ 1) · · · (p+ 4) 0 (2k − p+ 2)


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=
1

h
2
pq−q 2h

pq + 4q + 2
det



(2k − p+ 2) 0 2(p+ 4) · · · (p+ 4) 0

0 (2k − p+ 2) 0 (p+ 4) · · · (p+ 4)

(p+ 4) 0
. . .

. . .
. . .

.

.

.

.

.

.
. . .

. . .
. . .

. . . (p+ 4)

(p+ 4)
. . .

. . .
. . .

. . . 0

0 (p+ 1) · · · (p+ 4) 0 (2k − p+ 2)



= 2pq−q+1 (p+ 4)q

pq + 4q + 2
det



(2k−p+2)
(p+4) 0 1 · · · 1 0

0 (2k−p+2)
(p+4) 0 1 · · · 1

1
. . .

. . .
. . .

. . .
...

...
. . .

. . .
. . .

. . . (p+ 4)

1
. . .

. . .
. . .

. . . 0

0 1 · · · 1 0 (2k−p+2)
(p+4)


Using Lemma 2.1, yields

τ(A(q)
p ) = 2pq−q+1 × (p+ 4)q

pq + 4q + 2
×

2( 2k−p+2
p+4 + q − 3)
2k−p+2
p+4 − 3

×

[
Tp(

2k−p+2
p+4 − 1

2
)− 1

]

= 2pq−q+1 × (p+ 4)q

pq + 4q + 2
× (pq + 4q + 2)×

[
Tq(

2k − 2p− 2

2(p+ 4)
)− 1

]
= 2pq−p+1 × (p+ 4)q ×

[
Tq(

p+ 5

p+ 4
)− 1

]
.

Using Equation (11), yields the result. �
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v21
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v1p

v31

v32
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Figure 3 The pyramid graph B
(3)
p
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Definition 3.5 The pyramid graph B
(q)
p is the graph formed from the wheel graph Wq+1 with

vertices U0, U1, U2, · · · , Uq with double external edges and q sets of vertices, say

V 1
1 , V

1
2 , · · · , V 1

p , V
2
1 , V

2
2 , · · · , V 2

p , · · · , V
q
1 , V

q
2 , · · · , V qp

such that for all i = 1, 2, · · · , p the vertex V ji is adjacent to uj and uj+1, where j = 1, 2, · · · , q−1

and vqi is adjacent to u1 and uq. See Figure 3.

Theorem 3.6 For p > 0, q > 3,

τ(B(q)
p ) = 2pq−q

[
(p+ 4 + 2

√
p+ 3)q +

[
(p+ 4− 2

√
p+ 3)q − 2(p+ 2)q

]]
.

Proof Applying Lemma 2.1, we get

τ(B(q)
p ) =

1

(pq + q + 1)2
det((pq + p+ 1)I − D̄ + Ā)

=
1

(pq + q + 1)2
× det


A B C

D E F

G H I


where,

A =



2q + 1 −1 −1 · · · · · · · · · · · · · · · −1

−1 2p+ 5 0 1 · · · · · · · · · 1 0

· · · 0 2p+ 5 0
. . .

. . .
. . .

. . . 1

· · · 1 0 · · · · · · · · · · · · · · · · · ·
...

...
...

...
...

...
...

...
...

· · · · · · · · · · · · · · · · · · · · · · · · 1

· · · 1 · · · · · · · · · · · · · · · · · · 0

−1 0 1 · · · · · · · · · 1 0 2p+ 5



B =



1 · · · · · · · · · · · · · · · · · · · · · · · ·

0 · · · 0 1 · · · 1 1 · · · 1

0 · · · 0 0 · · · 0 1 · · · 1

1 · · · 1 0 · · · 0 0 · · · 0

1 · · · 1 1 · · · 1 0 · · · 0

· · · · · · · · · · · · · · · · · · · · · · · · · · ·

· · · · · · · · · · · · · · · · · · · · · · · · · · ·

1 · · · 1 · · · · · · · · · · · · · · · · · ·

1 · · · 1 · · · · · · · · · · · · · · · · · ·


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C =



· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · 1

· · · · · · · · · · · · · · · · · · 1 · · · 1 0 · · · 0

1 · · · 1 · · · · · · · · · · · · · · · · · · 1 · · · 1

1 · · · 1 · · · · · · · · · · · · · · · · · · · · · · · · · · ·

0 · · · 0 1 · · · 1 · · · · · · · · · · · · · · · · · ·

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

1 · · · 1 0 · · · 0 0 · · · 0 1 · · · 1

· · · · · · · · · 1 · · · 1 0 · · · 0 0 · · · 0



D =



1 0 0 1 1 · · · · · · 1 1

...
...

...
...

...
...

...
...

...

· · · 0 0 1 1 · · · · · · 1 1

· · · 1 0 0 1 · · · · · · · · · · · ·
...

...
...

...
...

...
...

...
...

· · · 1 0 0 1 · · · · · · · · · · · ·

· · · · · · 1 0 0 · · · · · · · · · · · ·
...

...
...

...
...

...
...

...
...

· · · · · · 1 0 0 · · · · · · · · · · · ·

· · · · · · · · · 1 0 · · · · · · 1 · · ·
...

...
...

...
...

...
...

...
...



G =



· · · · · · · · · 1 0 · · · · · · 1 · · ·

· · · · · · · · · · · · 1 · · · · · · 0 1

...
...

...
...

...
...

...
...

...

· · · · · · · · · · · · 1 · · · · · · 0 1

· · · 1 · · · · · · · · · · · · · · · 0 0

...
...

...
...

...
...

...
...

...

· · · 1 · · · · · · · · · · · · · · · 0 0

· · · 0 1 1 1 · · · · · · 1 0

...
...

...
...

...
...

...
...

...

1 0 1 1 1 · · · · · · 1 0


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 E F

H I

 =


3 1 · · · 1

...
...

...
...

· · · · · · · · · 1

1 · · · 1 3


Let j = (1 · · · 1) be the 1× p matrix with all one, and Jp the p× p matrix with all one. Set

k = 2p+ 5 and h = pq + q + 1. Then we have

τ(B(q)
p ) =

1

h2
det



2q + 1 −1 · · · · · · · · · · · · −1 j · · · · · · · · · · · · j

−1 k 0 1 · · · 1 0 0 j
. . . · · · j 0

... 0 k 0 1 · · · 1 0 0
. . .

. . .
. . . j

... 1 0
. . .

. . .
. . .

... j
. . .

. . .
. . .

. . . j

...
...

. . .
. . .

. . .
. . . 1

...
. . .

. . .
. . .

. . .
...

... 1
. . .

. . .
. . . k 0

...
. . .

. . .
. . . 0 j

−1 0 1 · · · 1 0 k j · · · · · · j 0 0

jt 0 0 jt · · · jt jt

jt jt 0
. . .

. . .
. . . jt

...
... jt

. . .
. . .

. . .
... 2Ipq + Jpq

...
...

. . .
. . .

. . .
. . . jt

... jt
. . .

. . .
. . .

. . . 0

jt 0 jt · · · · · · jt 0



=
1

h2
det



h −1 · · · · · · · · · · · · −1 j · · · · · · · · · · · · j

h k 0 1 · · · 1 0 0 j · · · · · · j 0

... 0 k 0 1 · · · 1 0 0
. . .

. . .
. . . j

... 1
. . .

. . .
. . .

. . .
... j

. . .
. . .

. . .
. . . j

...
...

. . .
. . .

. . .
. . . 1

...
. . .

. . .
. . .

. . .
...

... 1
. . .

. . .
. . .

. . . 0
...

. . .
. . .

. . .
. . . j

h 0 1 · · · 1 0 k j · · · · · · j 0 0

hjt 0 0 jt . . . jt jt

hjt jt 0
. . .

. . .
. . . jt

...
...

. . .
. . .

. . .
. . .

... 2Ipq + Jpq
...

...
. . .

. . .
. . .

. . . jt

... jt
. . .

. . .
. . .

. . . 0

hjt 0 jt · · · · · · jt 0


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Therefore,

τ(B(q)
p )

=
1

h
det



1 −1 · · · · · · · · · · · · 0 j · · · · · · · · · · · · j

1 k 0 1 · · · 1 0 0 j · · · · · · j 0
... 0 k 0

. . . · · · 1 0
. . .

. . .
. . .

. . . j
... 1

. . .
. . .

. . .
. . .

... j
. . .

. . .
. . .

. . . j
...

...
. . .

. . .
. . .

. . . 1
...

. . .
. . .

. . .
. . .

...
... 1

. . .
. . .

. . .
. . . 0

...
. . .

. . .
. . .

. . . j

1 0 1 · · · 1 0 k j · · · · · · j 0 0

1jt 0 0 jt · · · jt jt

1jt jt 0
. . .

. . .
. . . jt

...
...

. . .
. . .

. . .
. . .

... 2Ipq + Jpq
...

...
. . .

. . .
. . .

. . . jt

... jt
. . .

. . .
. . .

. . . 0

1jt 0 jt · · · · · · jt 0



=
1

h
det



1 −1 · · · · · · · · · · · · −1 j · · · · · · · · · · · · j

0 (k + 1) 1 2 · · · 2 1 −j 0 · · · · · · 0 −j
... 1 (k + 1) 1 2 · · · 2 −j

. . .
. . .

. . .
. . . 0

... 2
. . .

. . .
. . .

. . .
... 0

. . .
. . .

. . .
. . .

...
...

...
. . .

. . .
. . .

. . . 2
...

. . .
. . .

. . .
. . .

...
... 2

. . .
. . .

. . .
. . . 1

...
. . .

. . .
. . .

. . . 0

0 1 2 · · · 2 1 (k + 1) 0 · · · · · · 0 −j −j

0 jt jt 2jt · · · · · · 2jt

0 2jt jt
. . .

. . .
. . .

... 2Ipq
...

...
. . .

. . .
. . .

. . .
...

...
...

. . .
. . .

. . .
. . . 2jt

... 2jt
. . .

. . .
. . .

. . . jt

0 jt 2jt · · · · · · 2jt jt


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=
1

h
det



(k + 1) 1 2 · · · 2 1 −j 0 · · · · · · 0 −j

1 (k + 1) 1 2 · · · 2 −j
. . .

. . .
. . .

. . . 0

2
. . .

. . .
. . .

. . .
... 0

. . .
. . .

. . .
. . .

...
...

. . .
. . .

. . .
. . . 2

...
. . .

. . .
. . .

. . .
...

2
. . .

. . .
. . .

. . . 1
...

. . .
. . .

. . .
. . . 0

1 2 · · · 2 1 (k + 1) 0 · · · · · · 0 −j −j

jt jt 2jt · · · · · · 2jt

2jt jt
. . .

. . .
. . .

...
...

. . .
. . .

. . .
. . .

...
...

. . .
. . .

. . .
. . . 2jt 2Ipq

2jt
. . .

. . .
. . .

. . . jt

jt 2jt · · · · · · 2jt jt


Using Lemma 2.2 yields

τ(B(q)
p ) =

1

h

 X Y

Z 2Ipq

 =
1

b
det

(
X − Y 1

2Ipq
Z

)
2pq

=
1

h
2pq2−q det



(2k + 2p+ 2) (3p+ 2) 4(p+ 1) · · · 4(p+ 1) (3p+ 2)

(3p+ 2) (2k + 2p+ 2) (3p+ 2)
. . .

. . . 4(p+ 1)

4(p+ 1) (3p+ 2)
. . .

. . .
. . .

...

...
. . .

. . .
. . .

. . . 4(p+ 1)

4(p+ 1)
. . .

. . .
. . .

. . . (3p+ 2)

(3p+ 2) 4(p+ 1) · · · 4(p+ 1) (3p+ 2) (2k + 2p+ 2)


Straightforward induction using properties of determinants, we have

τ(B(q)
p ) =

1

h
2pq−q

2k + p(4q − 4) + (4q − 6)

2k + p(q − 4) + (2q − 6)

×det



(2k − p) 0 (p+ 2) · · · (p+ 2) 0

0 (2k − p) 0 (p+ 2) · · · (p+ 2)

(p+ 2) 0
. . .

. . .
. . .

...
...

. . .
. . .

. . .
. . . (p+ 2)

(p+ 2)
. . .

. . .
. . .

. . . 0

0 (p+ 2) · · · (p+ 2) 0 (2k − p)


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=
1

h
2pq−q

4h

pq + 2q + 4
det



(2k − p) 0 (p+ 2) · · · (p+ 2) 0

0 (2k − p) 0 (p+ 2) · · · (p+ 2)

(p+ 2) 0
. . .

. . .
. . .

...
...

. . .
. . .

. . .
. . . (p+ 2)

(p+ 2)
. . .

. . .
. . .

. . . 0

0 (p+ 2) · · · (p+ 2) 0 (2k − p)



= 2pq−q+2 (p+ 2)q

pq + 2q + 4
det



(2k−p)
(p+2) 0 1 · · · 1 0

0 (2k−p)
(p+2) 0 1 · · · 1

1
. . .

. . .
. . .

. . .
...

...
. . .

. . .
. . .

. . . 1

1
. . .

. . .
. . .

. . . 0

0 1 · · · 1 0 (2k−p)
(p+2)


Using Lemma 2.1 yields

τ(B(q)
p ) = 2pq−q+2 × (p+ 2)q

pq + 2q + 4
×

2( 2k−p
p+2 + q − 3)
2k−p
p+2 − 3

×

[
Tp(

2k−p
p+2 − 1

2
)− 1

]

= 2pq−q+1 × (p+ 2)q

pq + 2q + 4
× (pq + 2q + 4)×

[
Tq(

2k − 2p− 2

2(p+ 2)
)− 1

]
= 2pq−p+1 × (p+ 2)q ×

[
Tq(

p+ 4

p+ 2
)− 1

]
.

Using Equation (11), yields the result. �
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v31
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Figure 4 The pyramid graph C
(3)
p
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Definition 3.7 The pyramid graph C
(q)
p is the graph formed from the wheel graph Wq+1 with

vertices U0, U1, U2, · · · , Uq with double external edges and q sets of vertices, say,

V 1
1 , V

1
2 , · · · , V 1

p , V
2
1 , V

2
2 , · · · , V 2

p , · · · , V
q
1 , V

q
2 , · · · , V qp

such that for all i = 1, 2, · · · , p the vertex V ji is adjacent to uj and uj+1 ,where j = 1, 2, · · · , q−1

and vqi is adjacent to u1 and uq. See Figure 4.

Theorem 3.8 For p > 0, q > 3,

τ(C(q)
p ) = 2pq−q

[
(p+ 6 + 2

√
p+ 5)q +

[
(p+ 6− 2

√
p+ 5)q − 2(p+ 4)q

]]
.

Proof Applying Lemma 1.1, We have

τ(C(q)
p ) =

1

(pq + q + 1)2
det((pq + p+ 1)I − D̄ + Ā)

=
1

(pq + q + 1)2
× det


A B C

D E F

G H I


where,

A =



2q + 1 −1 −1 · · · · · · · · · · · · · · · −1

−1 2p+ 7 −1 1 · · · · · · · · · 1 −1

· · · −1 2p+ 7 −1
. . .

. . .
. . .

. . . 1

· · · 1 −1 · · · · · · · · · · · · · · · · · ·
...

...
...

...
...

...
...

...
...

· · · · · · · · · · · · · · · · · · · · · · · · 1

· · · 1 · · · · · · · · · · · · · · · · · · −1

−1 −1 1 · · · · · · · · · 1 −1 2p+ 7



B =



1 · · · · · · · · · · · · · · · · · · · · · · · ·

0 · · · 0 1 · · · 1 1 · · · 1

0 · · · 0 0 · · · 0 1 · · · 1

1 · · · 1 0 · · · 0 0 · · · 0

1 · · · 1 1 · · · 1 0 · · · 0

· · · · · · · · · · · · · · · · · · · · · · · · · · ·

· · · · · · · · · · · · · · · · · · · · · · · · · · ·

1 · · · 1 · · · · · · · · · · · · · · · · · ·

1 · · · 1 · · · · · · · · · · · · · · · · · ·


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and

C =



· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · 1

· · · · · · · · · · · · · · · · · · 1 · · · 1 0 · · · 0

1 · · · 1 · · · · · · · · · · · · · · · · · · 1 · · · 1

1 · · · 1 · · · · · · · · · · · · · · · · · · · · · · · · · · ·

0 · · · 0 1 · · · 1 · · · · · · · · · · · · · · · · · ·

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

1 · · · 1 0 · · · 0 0 · · · 0 1 · · · 1

· · · · · · · · · 1 · · · 1 0 · · · 0 0 · · · 0



D =



1 0 0 1 1 · · · · · · 1 1
...

...
...

...
...

...
...

...
...

· · · 0 0 1 1 · · · · · · 1 1

· · · 1 0 0 1 · · · · · · · · · · · ·
...

...
...

...
...

...
...

...
...

· · · 1 0 0 1 · · · · · · · · · · · ·

· · · · · · 1 0 0 · · · · · · · · · · · ·
...

...
...

...
...

...
...

...
...

· · · · · · 1 0 0 · · · · · · · · · · · ·

· · · · · · · · · 1 0 · · · · · · 1 · · ·
...

...
...

...
...

...
...

...
...



G =



· · · · · · · · · 1 0 · · · · · · 1 · · ·

· · · · · · · · · · · · 1 · · · · · · 0 1
...

...
...

...
...

...
...

...
...

· · · · · · · · · · · · 1 · · · · · · 0 1

· · · 1 · · · · · · · · · · · · · · · 0 0
...

...
...

...
...

...
...

...
...

· · · 1 · · · · · · · · · · · · · · · 0 0

· · · 0 1 1 1 · · · · · · 1 0
...

...
...

...
...

...
...

...
...

1 0 1 1 1 · · · · · · 1 0



,

 E F

H I

 =


3 1 · · · 1
...

...
...

...

· · · · · · · · · 1

1 · · · 1 3


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Let j = (1 · · · 1) be the 1× p matrix with all one, and Jp the p× p matrix with all one. Set

k = 2p+ 7 and h = pq + q + 1. Then we have

τ(C(q)
p ) =

1

h2
det



2q + 1 −1 · · · · · · · · · · · · −1 j · · · · · · · · · · · · j

−1 k −1 1 · · · 1 −1 0 j
. . . · · · j 0

... −1 k −1 1 · · · 1 0 0
. . .

. . .
. . . j

... 1 −1
. . .

. . .
. . .

... j
. . .

. . .
. . .

. . . j
...

...
. . .

. . .
. . .

. . . 1
...

. . .
. . .

. . .
. . .

...
... 1

. . .
. . .

. . .
. . . −1

...
. . .

. . .
. . .

. . . j

−1 −1 1 · · · 1 −1 k j · · · · · · j 0 0

jt 0 0 jt · · · jt jt

jt jt 0
. . .

. . .
. . . jt

...
... jt

. . .
. . .

. . .
... 2Ipq + Jpq

...
...

. . .
. . .

. . .
. . . jt

... jt
. . .

. . .
. . .

. . . 0

jt 0 jt · · · · · · jt 0



=
1

h2
det



h −1 · · · · · · · · · · · · −1 j · · · · · · · · · · · · j

h k −1 1 · · · 1 −1 0 j · · · · · · j 0
... −1 k −1 1 · · · 1 0 0

. . . · · · · · · j
... 1

. . .
. . .

. . .
. . .

... j
. . .

. . .
. . .

. . . j
...

...
. . .

. . .
. . .

. . . 1
...

. . .
. . .

. . .
. . .

...
... 1

. . .
. . .

. . .
. . . −1

...
. . .

. . .
. . .

. . . j

h −1 1 · · · 1 −1 k j · · · · · · j 0 0

hjt 0 0 jt . . . jt jt

hjt jt 0
. . .

. . .
. . . jt

...
...

. . .
. . .

. . .
. . .

... 2Ipq + Jpq
...

...
. . .

. . .
. . .

. . . jt

... jt
. . .

. . .
. . .

. . . 0

hjt 0 jt · · · · · · jt 0


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Clearly,

τ(C(q)
p ) =

1

h
det



1 −1 · · · · · · · · · · · · −1 j · · · · · · · · · · · · j

1 k −1 1 · · · 1 −1 0 j · · · · · · j 0
... −1 k −1

. . . · · · 1 0
. . .

. . .
. . .

. . . j
... 1

. . .
. . .

. . .
. . .

... j
. . .

. . .
. . .

. . . j
...

...
. . .

. . .
. . .

. . . 1
...

. . .
. . .

. . .
. . .

...
... 1

. . .
. . .

. . .
. . . −1

...
. . .

. . .
. . .

. . . j

1 −1 1 · · · 1 −1 k j · · · · · · j 0 0

1jt 0 0 jt · · · jt jt

1jt jt 0
. . .

. . .
. . . jt

...
...

. . .
. . .

. . .
. . .

... 2Ipq + Jpq
...

...
. . .

. . .
. . .

. . . jt

... jt
. . .

. . .
. . .

. . . 0

1jt 0 jt · · · · · · jt 0



=
1

h
det



1 −1 · · · · · · · · · · · · −1 j · · · · · · · · · · · · j

0 (k + 1) 0 2 · · · 2 0 −j 0 · · · · · · 0 −j
... 0 (k + 1) 0 2 · · · 2 −j

. . .
. . .

. . .
. . . 0

... 2
. . .

. . .
. . .

. . .
... 0

. . .
. . .

. . .
. . .

...

...
...

. . .
. . .

. . .
. . . 2

...
. . .

. . .
. . .

. . .
...

... 2
. . .

. . .
. . .

. . . 0
...

. . .
. . .

. . .
. . . 0

0 0 2 · · · 2 0 (k + 1) 0 · · · · · · 0 −j −j

0 jt jt 2jt · · · · · · 2jt

0 2jt jt
. . .

. . .
. . .

... 2Ipq
...

...
. . .

. . .
. . .

. . .
...

...
...

. . .
. . .

. . .
. . . 2jt

... 2jt
. . .

. . .
. . .

. . . jt

0 jt 2jt · · · · · · 2jt jt


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=
1

h
det



(k + 1) 0 2 · · · 2 0 −j 0 · · · · · · 0 −j

1 (k + 1) 0 2 · · · 2 −j
. . .

. . .
. . .

. . . 0

2
. . .

. . .
. . .

. . .
... 0

. . .
. . .

. . .
. . .

...

...
. . .

. . .
. . .

. . . 2
...

. . .
. . .

. . .
. . .

...

2
. . .

. . .
. . .

. . . 0
...

. . .
. . .

. . .
. . . 0

0 2 · · · 2 0 (k + 1) 0 · · · · · · 0 −j −j

jt jt 2jt · · · · · · 2jt

2jt jt
. . .

. . .
. . .

...

...
. . .

. . .
. . .

. . .
...

...
. . .

. . .
. . .

. . . 2jt 2Ipq

2jt
. . .

. . .
. . .

. . . jt

jt 2jt · · · · · · 2jt jt


Using Lemma 2.2, yields

τ(C(q)
p ) =

1

h

 X Y

Z 2Ipq


=

1

h
det(X − Y 1

2Ipq
Z)2pq =

1

h
2pq2−q

×det



(2k + 2p+ 2) 3p 4(p+ 1) · · · 4(p+ 1) 3p

3p (2k + 2p+ 2) 3p
. . .

. . . 4(p+ 1)

4(p+ 1) 3p
. . .

. . .
. . .

...
...

. . .
. . .

. . .
. . . 4(p+ 1)

4(p+ 1)
. . .

. . .
. . .

. . . 3p

3p 4(p+ 1) · · · 4(p+ 1) 3n (2k + 2p+ 2)


.

Straightforward induction using properties of determinants, we have

τ(C(q)
p ) =

1

h
2pq−q

2k + p(4q − 4) + (4q − 10)

2k + p(q − 4) + (2q − 10)

×det



(2k − p+ 2) 0 (p+ 4) · · · (p+ 4) 0

0 (2k − p+ 2) 0 (p+ 4) · · · (p+ 4)

(p+ 4) 0
. . .

. . .
. . .

...

...
. . .

. . .
. . .

. . . (p+ 4)

(p+ 4)
. . .

. . .
. . .

. . . 0

0 (p+ 4) · · · (p+ 4) 0 (2k − p+ 2)


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=
1

h
2pq−q

4h

pq + 4q + 4

×det



(2k − p+ 2) 0 (p+ 4) · · · (p+ 4) 0

0 (2k − p+ 2) 0 (p+ 4) · · · (p+ 4)

(p+ 4) 0
. . .

. . .
. . .

...

...
. . .

. . .
. . .

. . . (p+ 4)

(p+ 4)
. . .

. . .
. . .

. . . 0

0 (p+ 4) · · · (p+ 4) 0 (2k − p+ 2)



= 2pq−q+2 (p+ 4)q

pq + 4q + 4
det



(2k−p+2)
(p+4)

0 1 · · · 1 0

0 (2k−p+2)
(p+4)

0 1 · · · 1

1
. . .

. . .
. . .

. . .
...

...
. . .

. . .
. . .

. . . 1

1
. . .

. . .
. . .

. . . 0

0 1 · · · 1 0 (2k−p+2)
(p+4)


Using Lemma 2.1, yields

τ(C(q)
p ) = 2pq−q+2 × (p+ 4)q

pq + 4q + 4
×

2( 2k−p+2
p+4 + q − 3)
2k−p+2
p+4 − 3

×

[
Tp(

2k−p+2
p+4 − 1

2
)− 1

]

= 2pq−q+1 × (p+ 4)q

pq + 4q + 4
× (pq + 4q + 4)×

[
Tq(

2k − 2p− 2

2(p+ 4)
)− 1

]
= 2pq−p+1 × (p+ 4)q ×

[
Tq(

p+ 6

p+ 4
)− 1

]
.

By Equation (11), yields the result. �

§4. Numerical Results

The following tables presents some number of spanning trees of studied pyramid graphs.

q p τ(P
(q)
p ) τ(A

(q)
p ) τ(B

(q)
p ) τ(C

(q)
p )

3 0 16 49 50 128

3 1 242 578 676 1444

3 2 3136 6400 8192 15488

3 3 36992 67712 92416 160000

3 4 409600 692224 991232 1605632

3 5 4333568 6889472 10240000 15745024

Table 1
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q p τ(P
(q)
p ) τ(A

(q)
p ) τ(B

(q)
p ) τ(C

(q)
p )

4 0 45 225 192 720

4 1 1792 6336 6400 18816

4 2 57600 163072 184320 458752

4 3 1622016 3932160 4816896 10616832

4 4 41746432 90243072 117440512 235929600

4 5 1006632960 19992294400 2717908992 5075107840

Table 2

q p τ(P
(q)
p ) τ(A

(q)
p ) τ(B

(q)
p ) τ(C

(q)
p )

5 0 121 961 722 3872

5 1 12482 64082 58564 232324

5 2 984064 3810304 3964928 12781568

5 3 65619968 208406528 237899776 658640896

5 4 3901751296 10696523776 13088325632 32245809152

5 5 213408284672 522192945152 674448277504 1514986799104

Table 3

§5. Conclusion

The number of spanning trees τ(G) in graphs (networks) is an important invariant. The evalu-

ation of this number is not only interesting from a mathematical (computational) perspective,

but also, it is an important measure of reliability of a network and designing electrical circuits.

Some computationally hard problems such as the travelling salesman problem can be solved

approximately by using spanning trees. Due to the high dependence of the network design and

reliability on the graph theory we introduced the above important theorems and Lemmas and

their proofs.
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Abstract: The complementary distance (CD) matrix of a graph G is defined as CD(G) =

[cij ], where cij = 1 +D − dij if i 6= j and cij = 0, otherwise, where D is the diameter of G

and dij is the distance between the vertices vi and vj in G. The CD-energy of G is defined as

the sum of the absolute values of the eigenvalues of CD-matrix. Two graphs are said to be

CD-equienergetic if they have same CD-energy. In this paper we obtain the CD-energy of

the complement of line graphs of certain regular graphs in terms of the order and regularity

of a graph and thus construct pairs of CD-equienergetic graphs of same order and having

different CD-eigenvalues.

Key Words: Complementary distance eigenvalues, energy, equienergetic graphs.

AMS(2010): 05C50.

§1. Introduction

Let G be a simple, undirected, connected graph with n vertices and m edges. Let the vertex set

of G be V (G) = {v1, v2, . . . , vn}. The adjacency matrix of a graph G is the square matrix A =

A(G) = [aij ] , in which aij = 1 if vi is adjacent to vj and aij = 0 , otherwise. The eigenvalues of

A(G) are the adjacency eigenvalues of G , and they are labeled as λ1 ≥ λ2 ≥ · · · ≥ λn. These

form the adjacency spectrum of G [4].

The distance between the vertices vi and vj , denoted by dij , is the length of the shortest

path joining vi and vj . The diameter of a graph G, denoted by diam(G) , is the maximum

distance between any pair of vertices of G [3]. A graph G is said to be r-regular graph if all of

its vertices have same degree equal to r.

The complementary distance between the vertices vi and vj , denoted by cij is defined as

cij = 1 +D − dij ,

where D is the diameter of G and dij is the distance between vi and vj in G.

The complementary distance matrix or CD-matrix [7] of a graph G is an n × n matrix

1Received December 12, 2019, Accepted June 8, 2020.
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CD(G) = [cij ], where

cij =


1 +D − dij , if i 6= j

0, if i = j.

The complementary distance matrix is an important source of structural descriptors in the

quantitative structure property relationship (QSPR) model in chemistry [7,9].

The eigenvalues of CD(G) labeled as µ1 ≥ µ2 ≥ · · · ≥ µn are said to be the complementary

distance eigenvalues or CD-eigenvalues of G and their collection is called CD-spectra of G. Two

non-isomorphic graphs are said to be CD-cospectral if they have same CD-spectra.

The complementary distance energy or CD-energy of a graph G denoted by CDE(G) is

defined as [10]

CDE(G) =

n∑
i=1

|µi| . (1)

The Eq. (1) is defined in full analogy with the ordinary graph energy E(G) , defined as [5]

E(G) =

n∑
i=1

|λi| . (2)

Two connected graphs G1 and G2 are said to be complementary distance equienergetic or

CD-equienergetic if CDE(G1) = CDE(G2) . The CD-equienergetic graphs are reported in

[10]. In this paper we obtain the CD-energy of the complement of line graphs of certain regular

graphs and thus construct CD-equienergetic graphs having different CD-spectra.

The line graph of G, denoted by L(G) is the graph whose vertices corresponds to the edges

of G and two vertices of L(G) are adjacent if and only if the corresponding edges are adjacent

in G [6].

For k = 1, 2, · · · the k-th iterated line graph of G is defined as Lk(G) = L(Lk−1(G)), where

L0(G) = G and L1(G) = L(G) [6]. The line graph of a regular graph G of order n0 and of

degree r0 is a regular graph of order n1 = (n0r0)/2 and of degree r1 = 2r0 − 2. Consequently

the order and degree of Lk(G) are [1,2]

nk =
rk−1nk−1

2
(3)

and

rk = 2rk−1 − 2, (4)

where ni and ri stands for order and degree of Li(G), i = 0, 1, · · · .
Therefore

rk = 2kr0 − 2k+1 + 2 (5)

and

nk =
n0

2k

k−1∏
i=0

ri =
n0

2k

k−1∏
i=0

(2ir0 − 2i+1 + 2) (6)

We need following results.
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Theorem 1.1([4]) If G is an r-regular graph, then its maximum adjacency eigenvalue is equal

to r.

Theorem 1.2([12]) If λ1, λ2, · · · , λn are the adjacency eigenvalues of a regular graph G of

order n and of degree r , then the adjacency eigenvalues of L(G) are

λi + r − 2, i = 1, 2, · · · , n, and

−2, (n(r − 2)/2 times) .

Theorem 1.3([11]) Let G be an r-regular graph of order n. If r, λ2, · · · , λn are the adjacency

eigenvalues of G , then the adjacency eigenvalues of G, the complement of G, are n− r− 1 and

−λi − 1, i = 2, 3, · · · , n.

Theorem 1.4([10]) Let G be an r-regular graph on n vertices and diam(G) = 2. If r, λ2, · · · , λn
are the adjacency eigenvalues of G , then CD-eigenvalues of G are n + r − 1 and λi − 1,

i = 2, 3, · · · , n.

Lemma 1.5([8]) Let G be an r-regular graph on n vertices. If r ≤ n−1
2 then

diam
(
Lk(G)

)
= 2, k ≥ 1.

§2. CD-Energy

Theorem 2.1 Let G be an r-regular graph of order n. If r ≤ n−1
2 , then

CDE
(
L(G)

)
= 2r(n− 2).

Proof Let the adjacency eigenvalues of G be r, λ2, · · · , λn. From Theorem 1.3 , the adja-

cency eigenvalues of L(G) are

2r − 2, and

λi + r − 2, i = 2, 3, · · · , n, and

−2, n(r − 2)/2 times.


(7)
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From Theorem 1.4 and the Eq. (3), the adjacency eigenvalues of L(G) are

(nr/2)− 2r + 1, and

−λi − r + 1, i = 2, 3, · · · , n, and

1, n(r − 2)/2 times.


(8)

The graph L(G) is a regular graph of order nr/2 and of degree (nr/2) − 2r + 1. Since

r ≤ n−1
2 , by Lemma 1.5, diam

(
L(G)

)
= 2. Therefore by Theorem 1.4 and Eq. (8), the

CD-eigenvalues of L(G) are

nr − 2r, and

−λi − r, i = 2, 3, · · · , n, and

0, n(r − 2)/2 times.


(9)

All adjacency eigenvalues of a regular graph of degree r satisfy the condition −r ≤ λi ≤ r
[4]. Therefore λi + r ≥ 0 , i = 1, 2, · · · , n . Hence from Eq. (9),

CDE
(
L(G)

)
= nr − 2r +

n∑
i=2

(λi + r) + |0| × n(r − 2)

2

= 2r(n− 2)

because of
n∑
i=2

λi = −r.

This completes the proof. �

Corollary 2.2 Let G be a regular graph of order n0 and of degree r0. Let nk and rk be the

order and degree respectively of the k-th iterated line graph Lk(G), k ≥ 1. If r0 ≤ n0−1
2 , then

CDE
(
Lk(G)

)
= 2rk−1(nk−1 − 2).

Proof If r0 ≤ n0−1
2 , then by Eqs. (3) and (4), we have

r1 = 2r0 − 2 ≤ n0 − 3 ≤ 1

2

(n0r0

2
− 1
)

=
n1 − 1

2
.

Hence

rk−1 ≤
nk−1 − 1

2
.
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Therefore, by Theorem 2.1,

CDE
(
Lk(G)

)
= CDE

(
L(Lk−1(G))

)
= 2rk−1(nk−1 − 2). �

Corollary 2.3 Let G be a regular graph of order n0 and of degree r0. Let nk and rk be the

order and degree respectively of the k-th iterated line graph Lk(G), k ≥ 1. If r0 ≤ n0−1
2 , then

CDE
(
Lk(G)

)
=

[
2n0

2k−1

k−1∏
i=0

(2ir0 − 2i+1 + 2)

]
− 4(2k−1r0 − 2k + 2).

§3. CD-Equienergetic Graphs

If G1 and G2 are the regular graphs of same order and of same degree. Then L(G1) and L(G2)

are of the same order and of same degree. Further their complements are also of same order

and of same degree.

Lemma 3.1 Let G1 and G2 be regular graphs of the same order n and of the same degree r.

If r ≤ n−1
2 , then L(G1) and L(G2) are CD-cospectral if and only if G1 and G2 are cospectral.

Proof The result follows from Eqs. (7), (8) and (9). �

Lemma 3.1 can be extended for k-iterated line graph as given below.

Lemma 3.2 Let G1 and G2 be regular graphs of the same order n and of the same degree r. If

r ≤ n−1
2 , then for k ≥ 1, Lk(G1) and Lk(G2) are CD-cospectral if and only if G1 and G2 are

cospectral.

Theorem 3.3 Let G1 and G2 be regular, non CD-cospectral graphs of the same order n and

of the same degree r. If r ≤ n−1
2 , then for k ≥ 1, Lk(G1) and Lk(G2) form a pair of non

CD-cospectral, CD-equienergetic graphs of equal order and of equal number of edges.

Proof The result follows from Lemma 3.2 and Corollary 2.3. �
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Abstract: In this paper, the results introduced in [4] are extended. We define a non trivial
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codes over Ra. 2a-mers are matched with the elements of the finite ring Ra.

Key Words: Reversibility, DNA codes, finite ring, Gray map.

AMS(2010): 68P30.

§1. Introduction

The reversibility problem is very important in DNA computing. Let (α1, α2) ∈ R2
1 be a code-

word corresponding to ATGC. The reverse of (α1, α2) is (α2, α1). The vector (α2, α1) corre-

sponding to GCAT . It is not reverse of ATGC. The reverse of ATGC is CGTA.

Some authors use the different approachers in order to solve this problem [1-11].

In [4], by defining a nontrivial automorphism, the skew cyclic codes over the finite ring

R2 were introduced DNA 4-bases were matched with the elements 256 of the finite R2. The

reversible DNA codes were obtained.

In this paper, motivated by the previous work [4], we study the reversibility problem for

DNA 2a-bases, by using the skew cyclic codes over the finite ring Ra.

§2. Preliminaries

A family of the finite rings Ra = F4[u1, · · · , ua]/
〈
u2
i = ui, uiuj = ujui

〉
, where i, j = 1, 2, · · · , a

contains the commutative the finite rings with characteristic 2 and cardinality 42a

. The finite

rings of the family are written as recursively

Rj = Rj−1 + ujRj−1

1Received November 13, 2019, Accepted June 9, 2020.
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where j = 1, 2, · · · , a and R1 = F4 + u1F4, u
2
1 = u1, where R0 = F4 = {0, 1, w, w2 = w + 1}.

We defined the Gray map as follows,

φi : Ri −→ R2
i−1

xi−1 + uiyi−1 7−→ (xi−1 + yi−1, xi−1)

where i = 1, 2, · · · , a and

φ1 : R1 −→ R2
0

x0 + u1y0 7−→ (x0 + y0, x0)

where R0 = F4.

In [4], by using the matching the elements of R0 and SD4
= {A, T,C,G} which is given as

ξ0(0) = A, ξ0(1) = T, ξ0(w) = C, ξ0(w2) = G by using the Gray map from R1 = F4 + u1F4 to

F 2
4 , it is defined a ξ1 correspondence between the elements of the finite ring R1 = F4 + u1F4

and DNA double pairs as follows

elements α DNA double pairs ξ1(α)

0 AA

1 TT

w CC

1 + w GG

u1 TA

1 + u1 AT

u1 + w GC

1 + u1 + w CG

u1w CA

1 + u1w GT

w + u1w AC

1 + w + u1w TG

u1 + u1w GA

1 + u1 + u1w CT

w + u1 + u1w TC

1 + w + u1 + u1w AG

§3. Skew Cyclic Codes over Ra

Definition 3.1 Let B be a finite ring and θ be a non trivial automorphism on B. A subset C
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of Bn is called a skew cyclic code of length n if C satisfies the following conditions:

(1) C is a submodule of Bn;

(2) if c = (c0, c1, · · · , cn−1) ∈ C, then σθ(c) = (θ(cn−1), θ(c0), · · · , θ(cn−2)) ∈ C, where σθ

is the skew cyclic shift operator.

By defining a non trivial automorphism on Ra as follows, we can define the skew cyclic

codes over Ra.

θi : Ri −→ Ri

xi−1 + uiyi−1 7−→ θi−1(xi−1 + yi−1) + uiθi−1(yi−1)

and

θ1 : R1 −→ R1

x0 + u1y0 7−→ (x0 + y0) + u1y0

where i = 2, 3, · · · , a. The order of θi is 2, where i = 1, 2, · · · , a.

The rings

Ri[x, θi] = {bi0 + bi1x+ ...+ bin−1x
n−1 : bij ∈ Ri, n ∈ N, i = 1, · · · , a, j = 0, · · · , n− 1}

are called skew polynomial rings with the usual polynomial addition and the multiplication as

follows

(%xs)(ηxt) = %θsi (η)xs+t

where i = 1, · · · , a. They are non commutative rings.

In polynomial representation, a skew cyclic code of length n over Ri is defined as a left

ideal of the quotient ring Rθi,n = Ri[x, θi]/ 〈xn − 1〉, if the order of θi divides n, that is n is

even. If the order of θi does not divides n, a skew cyclic code of length n over Ri is defined as a

left Ri[x, θi]-submodule of Rθi,n, since the set Rθi,n = Ri[x, θi]/ 〈xn − 1〉 = {fi(x) + 〈xn − 1〉 :

fi(x) ∈ Ri[x, θi]} is a left Ri[x, θi]-module with the multiplication from left defined by

ri(x)(fi(x) + 〈xn − 1〉) = ri(x)fi(x) + 〈xn − 1〉

where for any ri(x) ∈ Ri[x, θi], for i = 1, · · · , a.

In both case, the following is hold.

Theorem 3.2 Let Ci be a skew cyclic code over Ri and let fi(x) be a polynomial in Ci of minimal

degree, i = 1, · · · , a. If the leading coefficient of fi(x) is a unit in Ri, then Ci = 〈fi(x)〉, where

fi(x) is a right divisor of xn − 1.

Definition 3.3 For x =
(
xi0, x

i
1, · · · , xin−1

)
∈ Rni , the vector

(
xin−1, x

i
n−2, · · · , xi1, xi0

)
is called

the reverse of x and is denoted by xr. A linear code Ci of length n over Ri is called reversible

if xr ∈ Ci for every x ∈ Ci, where i = 1, · · · , a.
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We can express the matching the elements R1 and SD16 = {AA, TT, · · · , GG} by means of

the automorphism θ1 as follows.

Each element α1 = x0 + u1y0 ∈ R1 and θ1(α1) are mapped to DNA 2-mers which are

reverse of each other. Let ξ1 be a correspondence the elements of the finite ring R1 and DNA

2-mers. For example

ξ1(u1) = TA, while ξ1 (θ1(u1)) = AT

This can be extended to a map γi from R2
i−1 to 2i-mers as follows,

γi(si−1, ti−1) = (ξi−1(si−1), ξi−1(ti−1))

where si−1, ti−1 ∈ Ri−1, for i = 1, · · · , a.

By using a map Ψi = γi ◦ φi, we can explain a relationship between skew cyclic codes and

DNA codes. Ψi(ri) and Ψi (θi(ri)) are DNA reverse of each other, where ri = ai−1 + uibi−1,

ai−1, bi−1 ∈ Ri−1, where i = 1, · · · , a.

For ri = ai−1 + uibi−1 ∈ Ri, we have

Ψi(ri) = γi (φi(ai−1 + uibi−1)) = γi (ai−1 + bi−1, ai−1)

= (ξi−1(ai−1 + bi−1), ξi−1(ai−1))

On the other hand,

Ψi (θi(ri)) = Ψi (θi−1(ai−1 + bi−1) + uiθi−1(bi−1))

= γi (φi (θi−1(ai−1 + bi−1) + uiθi−1(bi−1)))

= γi (θi−1(ai−1), θi−1(ai−1 + bi−1))

= (ξi−1 (θi−1(ai−1)) , ξi−1 (θi−1(ai−1 + bi−1)))

where i = 1, · · · , a. This map can be extended as follows.

For any ri = (ri0, · · · , rin−1) ∈ Rni , where i = 1, 2, · · · , a.(
Ψi

(
ri0
)
,Ψi

(
ri1
)
, ...,Ψi

(
rin−1

))r
=
(
Ψi

(
θi
(
rin−1

))
, ...,Ψi

(
θi
(
ri1
))
,Ψi

(
θi
(
ri0
)))

Example 3.4 If r3 = u3 ((w + u1) + u2 (1 + u1w)) ∈ R3, then we have

Ψ3(r3) = γ3 (φ3(r3)) = γ3 (w + u1 + u2 (1 + u1w) , 0)

= (ξ2 (w + u1 + u2 (1 + u1w)) , ξ2 (0)) = (AGGC,AAAA)
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On the other hand,

Ψ3 (θ3(r3)) = Ψ3 (θ2(w + u1 + u2 (1 + u1w)) + u3θ2(w + u1 + u2 (1 + u1w)))

= γ3 (θ2(0), θ2(w + u1 + u2 (1 + u1w)))

= (ξ2 (θ2(0)) , ξ2 (θ2(w + u1 + u2 (1 + u1w))))

= (AAAA,CGGA)

Definition 3.5 Let Ci be a code of length n over Ri, for i = 1, · · · , a. If Ψi(c)r ∈ Ψi(Ci) for

all c ∈ Ci, then Ci or equivalently Ψi(Ci) is called a reversible DNA code.

Definition 3.6 Let gi(x) = bi0 + bi1x+ bi2x
2 + · · ·+ bisx

s be a polynomial of degree s over Ri, for

i = 1, · · · , a. gi(x) is called a palindromic polynomial if bij = bis−j for all j ∈ {0, 1, · · · , s}. gi(x)

is called a θi-palindromic polynomial if bij = θi(b
i
s−j) for all j ∈ {0, 1, · · · , s}, for i = 1, · · · , a.

As the order of θi is 2, a skew cyclic code of odd length n over Ra with respect to θi is an

ordinary cyclic code. So we will take the length n to be even.

Theorem 3.7 Let Ci = 〈fi (x)〉 be a skew cyclic code of length n over Ri, for i = 1, · · · , a,

where fi(x) is a right divisor of xn − 1 and deg(fi(x)) is odd. If fi(x) is a θi-palindromic

polynomial then Ψi(Ci) is a reversible DNA code.

Proof Let fi(x) be a θi-palindromic polynomial and fi(x) = ai0 + ai1x+ · · ·+ ai2s−1x
2s−1.

So aid = θi(a
i
2s−1−d), for all d = 0, 1, · · · , s− 1. Let hi(x) = hi0 + hi1x + · · ·+ hi2k−1x

2k−1. Let

bil be the coefficient of xl in hi(x)fi(x) where l = 1, · · · , n− 1. For any t < n/2, the coefficient

of xt in hi(x)fi(x) is

bit =

t∑
j=0

hijθ
j
i (a

i
t−j)

and the coefficient of xn−t is bin−t =
∑t
j=0 h

i
2k−1−jθ

2k−1−j
i (ai2s−1−(t−j)).

The polynomial hi(x)fi(x) =
∑2k−1
p=0 hipx

pfi(x) corresponds a vector b = (bi0, b
i
1, · · · , bin−1) ∈

Ci for i = 1, · · · , a.

The vector Ψi (b) r =
((

Ψi

(
bi0
)
,Ψi

(
bi1
)
, · · · ,Ψi

(
bin−1

)))r
is equal to the vector Ψi (z),

where the vector z corresponds the polynomial
∑2k−1
p=0 θi(h

i
p)x

2k−1−pfi(x),for i = 1, · · · , a.

Since z = (zi1, · · · , zin) ∈ Ci, then Ψi(Ci) is a reversible DNA code, for i = 1, · · · , a. �

Theorem 3.8 Let Ci = 〈fi (x)〉 be a skew cyclic code of length n over Ri, for i = 1, · · · , a, where

fi(x) is a right divisor of xn − 1 and deg(fi(x)) is even. If fi(x) is a palindromic polynomial

then Ψi(Ci) is a reversible DNA code.

Proof Let fi(x) be a palindromic polynomial with even degree. fi(x) = ai0 + ai1x + · · · +
ai2sx

2s and aid = ai2s−d, for all d = 0, 1, · · · , s. Let hi(x) = hi0 + hi1x + · · · + hi2kx
2k. Let bil be

the coefficient of xl in hi(x)fi(x) where l = 1, · · · , n− 1. For any t < n/2, the coefficient of xt
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in hi(x)fi(x) is

bit =

t∑
j=0

hijθ
j
i (a

i
t−j)

and the coefficient of xn−t is bin−t =
∑t
j=0 h

i
2k−jθ

2k−j
i (ai2s−(t−j)).

The polynomial hi(x)fi(x) =
∑2k
p=0 h

i
px
pfi(x) corresponds a vector b = (bi0, b

i
1, · · · , bin−1) ∈

Ci for i = 1, · · · , a.

The vector Ψi (b) r =
((

Ψi

(
bi0
)
,Ψi

(
bi1
)
, · · · ,Ψi

(
bin−1

)))r
is equal to the vector Ψi (z),

where the vector z corresponds the polynomial
∑2k
p=0 θi(h

i
p)x

2k−pfi(x),for i = 1, · · · , a.

Since z = (zi1, · · · , zin) ∈ Ci, then Ψi(Ci) is a reversible DNA code, for i = 1, · · · , a. �

§4. Conclusion

We have shown that skew cyclic codes over the ring Ra can be used to construct the

reversible DNA codes.
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§1. Introduction

Algebras of type (2, 0) are well known types of algebraic structures. They comprise non-empty

sets, some constant element together with a binary operation. In [1], Kim and Kim introduced

the notion of BE-algebras. Ahn and So, in [2] and [4] introduced the notions of ideals and upper

sets in BE-algebras and investigated related properties.

In [6], obic algebras were introduced. Homomorphisms and krib maps as well as monics of

obic algebras were studied. In this paper, a class of obic algebras is studied. It is shown that

with a suitably defined binary relation, this class of obic algebras are partially ordered sets.

The partial ordering is used to investigate some of their properties.

§2. Preliminaries

Definition 2.1([6]) A triple (X; ∗, 0); where X is a non-empty set, ∗ a binary operation on X,

and 0 a constant element of X is called an obic algebra if the following axioms

(1) x ∗ 0 = x;

(2) [x ∗ (y ∗ z)] ∗ x = x ∗ [y ∗ (z ∗ x)];

(3) x ∗ x = 0

hold for all x, y, z ∈ X.

Example 2.1([6]) Consider the multiplicative group G = {1,−1, i,−i}. Define a binary

operation ∗ on G by a ∗ b = ab−1. Then (G; ∗, 1) is an obic algebra.

1Received January 24, 2020, Accepted June 10, 2020.
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Lemma 2.1([6]) Let X be an obic algebra. Then,

x ∗ y = [x ∗ (y ∗ x)] ∗ x

hold for all x, y ∈ X.

Definition 2.2([6]) An obic algebra X is said to have the weak property (WP) if x ∗ y = 0 and

y ∗ x = 0 imply that x = y.

Definition 2.3([6]) Let (X; ∗, 0) and (Y ; ◦, 0′) be obic algebras. A function f : X → Y is called

an obic homomorphism if f(a ∗ b) = f(a) ◦ f(b) for all a, b ∈ X.

Lemma 2.2([6]) Let f : X → Y be an obic homomorphism. The equivalence relation ∼ defined

by (x ∼ y)⇒ f(x) = f(y) is a congruence.

Theorem 2.1([6]) Let f : X → Y be an obic homomorphism. Then (X; �, [0]) is an obic

algebra.

§3. Main Results

Definition 3.1 An obic algebra X is called torian if [(x ∗ y) ∗ (x ∗ z)] ∗ (z ∗ y) = 0 for all

x, y, z ∈ X. Otherwise, if there are x, y, z ∈ X such that [(x ∗ y) ∗ (x ∗ z)] ∗ (z ∗ y) 6= 0, such an

obic algebra X is called Smarandachely torian.

Example 3.1 Let X = {0, 1}. Define a binary operation ∗ on X by the multiplication table

below

∗ 0 1

0 0 1

1 1 0

Then, (X, ∗, 0) is torian.

Lemma 3.1 Let X be a torian algebra. Then, the following conclusions hold for all x, y, z ∈ X:

(1) [0 ∗ (x ∗ y)] ∗ (y ∗ x) = 0;

(2) [(x ∗ y) ∗ x] ∗ (0 ∗ y) = 0;

(3) [(0 ∗ y) ∗ (0 ∗ z)] ∗ (z ∗ y) = 0;

(4) [x ∗ (x ∗ z)] ∗ z = 0;

(5) [0 ∗ (x ∗ y)] ∗ (y ∗ x) = [(x ∗ y) ∗ x] ∗ (0 ∗ y);

(6) [0 ∗ (x ∗ y)] ∗ (y ∗ x) = [(0 ∗ y) ∗ (0 ∗ z)] ∗ (z ∗ y);

(7) [0 ∗ (x ∗ y)] ∗ (y ∗ x) = [x ∗ (x ∗ z)] ∗ z;

(8) [(x ∗ y) ∗ x] ∗ (0 ∗ y) = [(0 ∗ y) ∗ (0 ∗ z)] ∗ (z ∗ y);

(9) [(x ∗ y) ∗ x] ∗ (0 ∗ y) = [x ∗ (x ∗ z)] ∗ z;

(10) [(0 ∗ y) ∗ (0 ∗ z)] ∗ (z ∗ y) = [x ∗ (x ∗ z)] ∗ z.
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Proof The proof follows immediately from definition. �

The following corollary follows from Lemmas 2.1 and 3.1.

Corollary 3.1 Let X be a torian algebra. The following conclusions hold for all x, y, z ∈ X:

(1) [0 ∗ [x ∗ (y ∗ x)] ∗ x] ∗ [[y ∗ (x ∗ y)] ∗ y] = 0;

(2) [[[x ∗ (y ∗ x)] ∗ x] ∗ x] ∗ (0 ∗ y) = 0;

(3) [(0 ∗ y) ∗ (0 ∗ z)] ∗ [[z ∗ (y ∗ z)] ∗ z] = 0;

(4) [x ∗ [[x ∗ (z ∗ x)] ∗ x]] ∗ z = 0;

(5) [0 ∗ [x ∗ (y ∗ x)] ∗ x] ∗ [[y ∗ (x ∗ y)] ∗ y] = [[[x ∗ (y ∗ x)] ∗ x] ∗ x] ∗ (0 ∗ y);

(6) [0 ∗ [x ∗ (y ∗ x)] ∗ x] ∗ [[y ∗ (x ∗ y)] ∗ y] = [(0 ∗ y) ∗ (0 ∗ z)] ∗ [[z ∗ (y ∗ z)] ∗ z];
(7) [0 ∗ [x ∗ (y ∗ x)] ∗ x] ∗ [[y ∗ (x ∗ y)] ∗ y] = [x ∗ [[x ∗ (z ∗ x)] ∗ x]] ∗ z;

(8) [[[x ∗ (y ∗ x)] ∗ x] ∗ x] ∗ (0 ∗ y) = [(0 ∗ y) ∗ (0 ∗ z)] ∗ [[z ∗ (y ∗ z)] ∗ z];
(9) [[[x ∗ (y ∗ x)] ∗ x] ∗ x] ∗ (0 ∗ y) = [x ∗ [[x ∗ (z ∗ x)] ∗ x]] ∗ z;

(10) [(0 ∗ y) ∗ (0 ∗ z)] ∗ [[z ∗ (y ∗ z)] ∗ z] = [x ∗ [[x ∗ (z ∗ x)] ∗ x]] ∗ z.

A torian algebra which has the weak property is called a weak property torian algebra

(WPTA).

Lemma 3.2 Let X be a WPTA. Define a relation ∼ on X by x ∼ y ⇔ x ∗ y = 0 for x ∗ y ∈ X.

Then (X;∼) is a partially ordered set.

Proof The reflexivity and anti-symmetry follow from definition. Now let x, y, z ∈ X such

that x ∼ y and y ∼ z. Then x ∗ z = [(x ∗ z) ∗ 0] ∗ 0 = [(x ∗ z) ∗ (x ∗ y)] ∗ (y ∗ z) = 0. So, the

transitivity holds. �

Proposition 3.1 A torian algebra X is a WPTA if and only if there exists a partial ordering

∼ on X such that for all x, y, z ∈ X hold with:

(1) (x ∗ y) ∗ (x ∗ z) ∼ (z ∗ y);

(2) [x ∗ (x ∗ y)] ∼ y;

(3) x ∗ y = 0⇔ x ∼ y.

Proof Suppose X is a WPTA. By Lemma 3.2, X is equipped with a partial ordering.

Clearly, (x ∗ y) ∗ (x ∗ z) ∼ (z ∗ y) holds. Also, by Lemma 3.1(4), [x ∗ (x ∗ y)] ∼ y holds. Clearly,

x ∗ y = 0⇔ x ∼ y holds.

Conversely, suppose X is a torian algebra with partial ordering ∼ satisfying (x∗y)∗(x∗z) ∼
(z ∗ y), [x ∗ (x ∗ y)] ∼ y and x ∗ y = 0 ⇔ x ∼ y for all x, y, z ∈ X. Let x, y ∈ X such that

x ∗ y = 0 and y ∗ x = 0. Then x ∼ y and y ∼ x. By anti-symmetry, x = y as required. �

The following corollary follows from Proposition 3.1 and Lemma 2.1.

Corollary 3.2 A torian algebra X is a WPTA if and only if there exists a partial ordering ∼
on X such that for all x, y, z ∈ X hold with:

(1) [[x ∗ (y ∗ x)] ∗ x] ∗ [x ∗ (z ∗ x)] ∗ x ∼ [z ∗ (y ∗ z)] ∗ z;
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(2) [x ∗ [x ∗ (y ∗ x)] ∗ x] ∼ y;

(3) [x ∗ (y ∗ x)] ∗ x = 0⇔ x ∼ y.

Proposition 3.2 Let X be a torian algebra with partial ordering ∼. Then for all x, y, z ∈ X
hold with:

(1) z ∼ y ⇒ (x ∗ y) ∼ (x ∗ z);
(2) x ∼ z ⇒ (x ∗ y) ∼ (z ∗ y);

(3) x ∼ y ⇒ [0 ∗ (x ∗ z)] ∼ (z ∗ y).

Proof The proof follows from definition immediately. �

The following corollary follows from Proposition 3.2 and Lemma 2.1.

Corollary 3.3 Let X be a torian algebra with partial ordering ∼. Then, for all x, y, z ∈ X
hold with:

(1) z ∼ y ⇒ [[x ∗ (y ∗ x)] ∗ x] ∼ [[x ∗ (z ∗ x)] ∗ x];

(2) x ∼ z ⇒ [[x ∗ (y ∗ x)] ∗ x] ∼ [z ∗ (y ∗ z)] ∗ z;

(3) x ∼ y ⇒ [0 ∗ [x ∗ (z ∗ x)] ∗ x] ∼ [[z ∗ (y ∗ z)] ∗ z].

Proposition 3.3 Let X be a torian algebra with partial ordering ∼. Then, the following

conclusions hold for all x, y, z ∈ X:

(1) [0 ∗ (x ∗ y)] ∼ (y ∗ x);

(2) [(x ∗ y) ∗ x] ∼ (0 ∗ y);

(3) [(0 ∗ y) ∗ (0 ∗ z)] ∼ (z ∗ y);

(4) [x ∗ (x ∗ z)] ∼ z.

Proof The proof follows from definition immediately. �

The following corollary follows from Proposition 3.3 and Lemma 2.1.

Corollary 3.4 Let X be a torian algebra with partial ordering ∼. Then the following conclusions

hold for all x, y, z ∈ X:

(1) [0 ∗ [x ∗ (y ∗ x)] ∗ x] ∼ [[y ∗ (x ∗ y)] ∗ y];

(2) [[[x ∗ (y ∗ x)] ∗ x] ∼ (0 ∗ y);

(3) [(0 ∗ y) ∗ (0 ∗ z)] ∼ [[z ∗ (y ∗ z)] ∗ z]
(4) [x ∗ [x ∗ (z ∗ x)] ∗ x] ∼ z.

Proposition 3.4 Let X be a WPTA. Then, for all x, y, z ∈ X hold with

x ∗ [x ∗ (x ∗ y)] = x ∗ y.

Proof Since X is torian, we have (x ∗ y) ∗ [x ∗ (x ∗ (x ∗ y))] ∼ [x ∗ (x ∗ y)] ∗ y. Also,

[x ∗ (x ∗ y)] ∼ y (by Proposition 3.3(4)). So, we now have

[x ∗ (x ∗ y)] ∗ y = 0.
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This gives us (x ∗ y) ∗ [x ∗ [x ∗ (x ∗ y)]] ∼ 0. Therefore, (x ∗ y) ∗ [x ∗ [x ∗ (x ∗ y)]] = 0.

Also, [x ∗ [x ∗ (x ∗ y)]] ∗ (x ∗ y) = 0 (by Proposition 3.3(4)). Hence, x ∗ [x ∗ (x ∗ y)] = x ∗ y
as required. �

The following corollary follows from Proposition 3.4 and Lemma 2.1.

Corollary 3.5 Let X be a WPTA. Then, for all x, y ∈ X hold with:

x ∗ [x ∗ [x ∗ (y ∗ x)] ∗ x] = [[x ∗ (y ∗ x)] ∗ x].

Lemma 3.3 Let X be a WPTA. Then, for all x, y, z ∈ X hold with

(x ∗ y) ∗ z = (x ∗ z) ∗ y.

Proof The proof follows from Proposition 3.3(4) and Proposition 3.1(1). �

Proposition 3.5 Let X be a WPTA. Then, for all x, y ∈ X hold with

(0 ∗ x) ∗ (0 ∗ y) = 0 ∗ (x ∗ y).

Proof Notice that

(0 ∗ x) ∗ (0 ∗ y) = [[(x ∗ y) ∗ (x ∗ y)] ∗ x] ∗ (0 ∗ y)

= [[(x ∗ y) ∗ x] ∗ (x ∗ y)] ∗ (0 ∗ y) (by Lemma3.3)

= [[(x ∗ x) ∗ y] ∗ (x ∗ y)] ∗ (0 ∗ y)

= [(0 ∗ y) ∗ (x ∗ y)] ∗ (0 ∗ y)

= [(0 ∗ y) ∗ (0 ∗ y)] ∗ (x ∗ y)

= 0 ∗ (x ∗ y)

as required. �

The following corollary follows from Proposition 3.5 and Lemma 2.1.

Corollary 3.6 Let X be a WPTA. Then, for all x, y ∈ X hold with

(0 ∗ x) ∗ (0 ∗ y) = 0 ∗ [[x ∗ (y ∗ x)] ∗ x].

Proposition 3.6 Let X be a WPTA. Then, for all x ∈ X hold with

0 ∗ [x ∗ [0 ∗ (0 ∗ x)]] = 0.
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Proof Notice that

0 ∗ [x ∗ [0 ∗ (0 ∗ x)]] = (0 ∗ x) ∗ [0 ∗ [0 ∗ (0 ∗ x)]] (by Proposition 3.5)

= (0 ∗ x) ∗ (0 ∗ x) (by Proposition 3.4)

= 0

as required. �

Proposition 3.7 Let X be a WPTA. Then, for all x, y, z ∈ X hold with:

(1) [0 ∗ (y ∗ x)] ∗ (x ∗ y) = 0;

(2) [(x ∗ y) ∗ (0 ∗ y)] ∗ x = 0;

(3) [(0 ∗ y) ∗ (z ∗ y)] ∗ (0 ∗ z) = 0;

(4) [0 ∗ (y ∗ x)] ∗ (x ∗ y) = [(x ∗ y) ∗ (0 ∗ y)] ∗ x;

(5) [0 ∗ (y ∗ x)] ∗ (x ∗ y) = [(0 ∗ y) ∗ (z ∗ y)] ∗ (0 ∗ z);

(6) [(x ∗ y) ∗ (0 ∗ y)] ∗ x = [(0 ∗ y) ∗ (z ∗ y)] ∗ (0 ∗ z).

Proof The proof follows from Lemmas 3.1 and 3.3. �

The following corollary follow from Proposition 3.7 and Lemma 2.1.

Corollary 3.7 Let X be a WPTA. Then, for all x, y, z ∈ X hold with:

(1) [0 ∗ [y ∗ (x ∗ y)] ∗ y] ∗ [[x ∗ (y ∗ x)] ∗ x] = 0;

(2) [[[x ∗ (y ∗ x)] ∗ x] ∗ (0 ∗ y)] ∗ x = 0;

(3) [(0 ∗ y) ∗ [z ∗ (y ∗ z)] ∗ z] ∗ (0 ∗ z) = 0;

(4) [0 ∗ [y ∗ (x ∗ y)] ∗ y] ∗ [[x ∗ (y ∗ x)] ∗ x] = [[[x ∗ (y ∗ x)] ∗ x] ∗ (0 ∗ y)] ∗ x;

(5) [0 ∗ [y ∗ (x ∗ y)] ∗ y] ∗ [[x ∗ (y ∗ x)] ∗ x] = [(0 ∗ y) ∗ [z ∗ (y ∗ x)] ∗ z] ∗ (0 ∗ z);
(6) [[[x ∗ (y ∗ x)] ∗ x] ∗ (0 ∗ y)] ∗ x = [(0 ∗ y) ∗ [z ∗ (y ∗ z)] ∗ z] ∗ (0 ∗ z).

Definition 3.2 A torian algebra X is said to be harmonic if 0 ∗ x = x for all x ∈ X.

Corollary 3.8 Let X be a harmonic WPTA. Then, for all x, , y, z ∈ X hold with:

(1) (y ∗ x) ∗ (x ∗ y) = 0;

(2) [(x ∗ y) ∗ y] ∗ x = 0;

(3) [y ∗ (z ∗ y)] ∗ z = 0;

(4) (y ∗ x) ∗ (x ∗ y) = [(x ∗ y) ∗ y] ∗ x;

(5) (y ∗ x) ∗ (x ∗ y) = [y ∗ (z ∗ y)] ∗ z;

(6) [(x ∗ y) ∗ y] ∗ x = [y ∗ (z ∗ y)] ∗ z.

Proof The proof follows from Proposition 3.7. �

Definition 3.3 Let X be a WPTA. An element x ∈ X is said to fix 0 if 0 ∗ x = 0. If every

element in X fixes 0, then X is said to fix 0.
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Proposition 3.8 Let X be WPTA which fixes 0. Then, for all x, y ∈ X hold with

(x ∗ y) ∗ x = 0.

Proof The proof is straightforward by definition. �

Proposition 3.9 Let X be a WPTA which fixes 0. Then if x, y ∈ X such that x ∗ (x ∗ y) = 0,

then x = x ∗ y.

Proof The proof is straightforward by definition. �

Theorem 3.1 A WPTA X fixes 0 if and only if (x ∗ y) ∗ x = 0 for all x, y ∈ X.

Proof Notice that 0 = (x∗y)∗x = (x∗x)∗y = 0∗y, and the converse follows by Proposition

3.8. �

Proposition 3.10 Let X be a WPTA. Let x, y, z ∈ X such that x ∗ y = x ∗ z, then,

0 ∗ y = 0 ∗ z.

Proof Notice that (x ∗ y) ∗ x = 0 ∗ y. Similarly, (x ∗ z) ∗ x = 0 ∗ z. Then, the conclusion

follows. �

Corollary 3.9 Let X be a harmonic WPTA. Let x, y, z ∈ X such that x ∗ y = x ∗ z. Then

y = z.

Proof The proof follows from Proposition 3.10. �

Proposition 3.11 A torian algebra X fixes 0 if and only if x ∗ (0 ∗ y) = x for all x, y ∈ X.

Proof Suppose x ∗ (0 ∗ y) = x. Since X is torian, we have

0 = [(0 ∗ x) ∗ (0 ∗ 0)] ∗ (0 ∗ x)

= (0 ∗ x) ∗ (0 ∗ x) = 0 ∗ x (by the hypothesis).

The converse is obvious. �

Proposition 3.12 Let X be a WPTA. Then x ∗ [0 ∗ (0 ∗ x)] fixes 0 for any x ∈ X.

Proof Notice that

[x ∗ [0 ∗ (0 ∗ x)]] = (0 ∗ x) ∗ [0 ∗ [0 ∗ (0 ∗ x)]] (by Proposition 3.5)

= (0 ∗ x) ∗ (0 ∗ x) (by Proposition 3.4)

= 0

as required. �
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Proposition 3.13 Let a be a fixed element of a WPTA, X. If x ∗ a = 0 ⇒ x = a for any

x ∈ X, then 0 ∗ (0 ∗ a) = a.

Proof Notice that [0 ∗ (0 ∗ a)] ∗ a = 0 by Lemma 3.1(4). So, 0 ∗ (0 ∗ a) = a as required. �

Proposition 3.14 Let a be a fixed element of a WPTA, X. If 0 ∗ (0 ∗ a) = a, then 0 ∗ x = a

for some x ∈ X.

Proof Put 0 ∗ a = x in 0 ∗ (0 ∗ a) = a. Then the conclusion follows. �

Proposition 3.15 Let a be a fixed element of a WPTA, X. If 0 ∗ x = a for some x ∈ X, then

x ∗ a = 0⇒ x = a.

Proof Let y ∈ X such that y ∗ a = 0. Then we have y ∗ (0 ∗ x) = 0 and

a ∗ y = (0 ∗ x) ∗ y

= [0 ∗ [0 ∗ (0 ∗ x)]] ∗ y (by Proposition 3.4)

= (0 ∗ y) ∗ [0 ∗ (0 ∗ x)] (by Lemma 3.3)

= 0 ∗ [y ∗ (0 ∗ x)] (by Proposition 3.5)

= 0 ∗ (y ∗ a) = 0 ∗ 0 = 0

Since a ∗ y = 0 and y ∗ a = 0, then y = a as required. This completes the proof. �

By Propositions 3.13, 3.14 and 3.15, we have the following theorem.

Theorem 3.2 Let a be a fixed element of a WPTA X. Then the following conclusions are

equivalent:

(1) x ∗ a = 0⇒ x = a for any x ∈ X;

(2) 0 ∗ (0 ∗ a) = a;

(3) 0 ∗ x = a for some x ∈ X.
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§1. Introduction

In 2010, Bo Zhou and Nenad Trinajstic [3] have introduced the sum-connectivity energy of

a graph as follows. Let G be a simple graph and let v1, v2, · · · , vn be its vertices. For i =

1, 2, . . . , n, let di denote the degree of the vertex vi. Then the sum-connectivity matrix of G is

defined as R = (Rij), where

Rij =


0, if i = j,

1√
di+dj

, if the vertices vi and vj are adjacent,

0, if the vertices vi and vj are not adjacent.

The sum-connectivity energy of G is defined as the sum of absolute values of the eigenvalues

of the sum-connectivity matrix of G arranged in a non-increasing order.

In the same year, Burcu Bozkurt, Dilek Güngör, Gutman and Sinan Çevik [2], have defined

the Randić energy of a graph G as the sum of the absolute values of the eigenvalues of the Randić

matrix (Rij) where

Rij =


0, if i = j,

1√
didj

, if the vertices vi and vj are adjacent,

0, if the vertices vi and vj are not adjacent.

1Received March 13, 2020, Accepted June 11, 2020.
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Motivated by these works, we introduce the Quotient of Randić and sum-connectivity

energy of a simple graph G as follows. Let a and b be two nonnegative real number with

a 6= 0. The quotient of Randić and sum-connectivity adjacency matrix of G is the n×n matrix

Aqrs = (aij) where

aij =


0, ifı = j,

1√
a(di+dj)

b(didj)

, if the vertices vi and vj are adjacent,

0, if the vertices vi and vj are not adjacent.

The eigenvalues of the graph G are the eigenvalues of Aqrs. Since Aqrs is real and

symmetric, its eigenvalues are real numbers which are denoted by λ1, λ2, λ3, · · · , λn, where

λ1 ≥ λ2 ≥ λ3 ≥ ... ≥ λn. Then the Quotient of Randić and sum-connectivity energy of G is

defined as

Eqrs(G) =

n∑
i=1

| λi | .

Since Aqsr is a real symmetric matrix, we have

n∑
i=1

λi = tr(Aqsr) = 0 (1)

and
n∑
i=1

λ2
i = tr(A2

qsr) =

n∑
i=1

n∑
j=1

a2
ij = 2

∑
i∼j

b(didj)

a(di + dj)
(2)

In this paper we obtain the upper and lower bounds for Eqsr(G) and compute the Eqrs(G)

of complete graph, star graph, complete bipartite graph, the (Sm ∧ P2) graph.

§2. Upper and Lower Bounds for Eqrs(G)

In this section we obtain Upper and lower bounds for Eqsr(G).

Theorem 2.1 Let G be a simple graph of order n with no isolated vertices and let a, b be two

nonnegative real number with a 6= 0. Then

Eqrs(G) ≤

√√√√2n
∑
i∼j

b(didj)

a(di + dj)
. (3)

Proof Let λ1, λ2, λ3, · · · , λn, be the eigenvalues of Aqrs. Then using (2) and the Cauchy-

Schwartz inequality, we have (
n∑
i=1

aibi

)2

≤

(
n∑
i=1

a2
i

)
.

(
n∑
i=1

b2i

)
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with ai = 1, bi =| λi |. We obtain

Eqrs(G) =

n∑
i=1

|λi| =

√√√√(

n∑
i=1

|λi|)2 ≤

√√√√n

n∑
i=1

λ2
i =

√√√√2n
∑
i∼j

b(didj)

a(di + dj)
. �

Theorem 2.2 Let G be a simple graph of order n with no isolated vertices and let a, b be two

nonnegative real number with a 6= 0. Then

Eqrs(G) ≥ 2

√√√√∑
i∼j

b(didj)

a(di + dj)
. (4)

Proof From (1), we have

n∑
i=1

λ2
i + 2

∑
1≤i<j≤n

λiλj = 0

and therefore

−
n∑
i=1

λ2
i = 2

∑
1≤i<j≤n

λiλj . (5)

Thus

(Eqrs(G))
2

=

(
n∑
i=1

|λi|

)2

=

n∑
i=1

λ2
i + 2

∑
1≤i<j≤n

|λiλj |

≥
n∑
i=1

λ2
i + 2

∣∣∣∣∣∣
∑

1≤i<j≤n

λiλj

∣∣∣∣∣∣ = 2

n∑
i=1

λ2
i

on using (5). This together with (2) implies that

(Eqrs(G))
2 ≥ 4

∑
i∼j

b(didj)

a(di + dj)
,

which gives (4). �

§3. Quotient of Randić and Sum-Connectivity Energies of Some Families of Graphs

We begin with some basic definitions and notations.

Definition 3.1([4]) A graph G is said to be complete if every pair of its distinct vertices are

adjacent. A complete graph on n vertices is denoted by Kn.

Definition 3.2([4]) A bigraph or bipartite graph G is a graph whose vertex set V (G) can be

partitioned into two subsets V1 and V2 such that every line of G joins V1 with V2. (V1, V2) is a
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bipartition of G. If G contains every line joining V1 and V2, then G is a complete bigraph. If

V1 and V2 have m and n points, we write G = Km,n. A star is a complete bigraph K1,n.

Definition 3.3([5]) The conjunction (Sm∧P2) of Sm = Km+K1 and P2 is the graph having the

vertex set V (Sm)×V (P2) and edge set {(vi, vj)(vk, vl)|vivk ∈ E(Sm) and vjvl ∈ E(P2) and 1 ≤
i, k ≤ m+ 1, 1 ≤ j, l ≤ 2}.

Now we compute Quotient of Randić and sum-connectivity energies of complete graph,

star graph, complete bipartite graph, the (Sm ∧ P2) graph.

Theorem 3.4 Let a and b be two nonnegative real number with a 6= 0. Then the quotient of

Randić and sum-connectivity energy of the complete bipartite graph Km,n is

2

√
b(mn)2

a(m+ n)
.

Proof Let the vertex set of the complete bipartite graph be V (Km,n) = {u1, u2, · · · , um, v1,

v2, · · · , vn}. Then the Quotient of Randić and sum-connectivity matrix of complete bipartite

graph is given by

Aqrs =



0 · · · 0
√

b(mn)
a(m+n) · · ·

√
b(mn)
a(m+n)

...
. . .

...
...

. . .
...

0 · · · 0
√

b(nm)
a(m+n) · · ·

√
b(mn)
a(m+n)√

b(mn)
a(m+n) · · ·

√
b(mn)
a(m+n) 0 · · · 0

...
. . .

...
...

. . .
...√

b(mn)
a(m+n) · · ·

√
b(mn)
a(m+n) 0 · · · 0


.

Its characteristic polynomial is

|λI −Aqrs| =

∣∣∣∣∣∣ λIm −
√

b(mn)
a(m+n)J

T

−
√

b(mn)
a(m+n)J λIn

∣∣∣∣∣∣ ,
where J is an n×m matrix with all the entries are equal to 1. Hence the characteristic equation

is given by

∣∣∣∣∣∣ λIm −
√

b(mn)
a(m+n)J

T

−
√

b(mn)
a(m+n)J λIn

∣∣∣∣∣∣ = 0,

which can be written as
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|λIm|

∣∣∣∣∣λIn −
(
−

√
b(mn)

a(m+ n)
J

)
Im
λ

(
−

√
b(mn)

a(m+ n)
JT

)∣∣∣∣∣ = 0.

On simplification, we obtain

λm−n(
(a(m+n)
b(mn)

)n ∣∣∣∣a(m+ n)

b(mn)
λ2In − JJT

∣∣∣∣ = 0,

which can be written as

λm−n(
a(m+n)
b(mn)

)nPJJT

(
a(m+ n)

b(mn)
λ2

)
= 0,

where PJJT (λ) is the characteristic polynomial of the matrix mJn. Thus, we have

λm−n(
a(m+n)
b(mn)

)n ((a(m+ n)

b(mn)

)
λ2 −mn

)(
a(m+ n)

b(mn)
λ2

)n−1

= 0,

which is same as

λm+n−2

(
λ2 − b(mn)2

a(m+ n)

)
= 0.

Therefore, the spectrum of Km,n is given by

Spec (Km,n) =

 0
√

b(mn)2

a(m+n) −
√

b(mn)2

a(m+n)

m+ n− 2 1 1

 .

Hence the quotient of Randić and sum-connectivity energy of the complete bipartite graph is

Eqrs(Km,n) = 2

√
b(mn)2

a(m+ n)
,

as desired. �

Theorem 3.5 Let a and b be two nonnegative real number with a 6= 0. Then the quotient of

Randić and sum-connectivity energy of the Sn is

2

√
b(n− 1)2

an
.

Proof Let the vertex set of star graph be given by V (Sn) = {v1, v2, . . . , vn}. Then the

quotient of Randić and sum-connectivity matrix of the star graph Sn is given by
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Aqrs =



0
√

b(n−1)
an

√
b(n−1)
an · · ·

√
b(n−1)
an

√
b(n−1)
an√

b(n−1)
an 0 0 · · · 0 0√

b(n−1)
an 0 0 · · · 0 0
...

...
...

. . .
...

...√
b(n−1)
an 0 0 · · · 0 0√

b(n−1)
an 0 0 · · · 0 0


.

Hence the characteristic polynomial is given by

|λI −Aqrs| =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

λ −
√

b(n−1)
an −

√
b(n−1)
an · · · −

√
b(n−1)
an

−
√

b(n−1)
an λ 0 · · · 0

−
√

b(n−1)
an 0 λ · · · 0

...
...

...
. . .

...

−
√

b(n−1)
an 0 0 · · · λ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=

(√
b(n− 1)

an

)n
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

µ −1 −1 · · · −1 −1

−1 µ 0 · · · 0 0

−1 0 µ · · · 0 0
...

...
...

. . .
...

...

−1 0 0 · · · µ 0

−1 0 0 · · · 0 µ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,

where, µ = λ
√

an
b(n−1) . Then

|λI −Aqrs| = φn(µ)

(√
b(n− 1)

a(m+ n)

)n
,

where

φn(µ) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

µ −1 −1 · · · −1 −1

1 µ 0 · · · 0 0

1 0 µ · · · 0 0
...

...
...

. . .
...

...

1 0 0 · · · µ 0

1 0 0 · · · 0 µ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.
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Using the properties of the determinants, we obtain after some simplifications

φn(µ) = (µφn−1(µ)− µn−2).

Iterating this, we obtain

φn(µ) = µn−2(µ2 − (n− 1)).

Therefore

|λI −Aqrs| =

(√
b(n− 1)

an

)n ((
an

b(n− 1)
)λ2 − (n− 1)

)(
λ

√
b(n− 1)

an

)n−2
 .

Thus the characteristic equation is given by

λn−2

(
λ2 − b(n− 1)2

an

)
= 0.

Hence

Spec (Sn) =

 0
√

b(n−1)2

an −
√

b(n−1)2

an

n− 2 1 1

 .

Hence the quotient of Randić and sum-connectivity energy of Sn is

Eqrs(Sn) = 2

√
b(n− 1)2

an
. �

Theorem 3.6 Let a and b be two nonnegative real number with a 6= 0. Then the quotient of

Randić and sum-connectivity energy of Kn is

2(n− 1)

√
(n− 1)b

a2
.

Proof Let the vertex set of a complete graph be given by

V (Kn) = {v1, v2, · · · , vn}.

Then, the quotient of Randić and sum-connectivity energy of matrix of the complete graph Kn

is given by

Aqrs =


0

√
(n−1)2b
a2(n−1) · · ·

√
(n−1)2b
a2(n−1)√

(n−1)2b
a2(n−1) 0 · · ·

√
(n−1)2b
a2(n−1)

...
...

. . .
...√

(n−1)2b
a2(n−1)

√
(n−1)2b
a2(n−1) · · · 0

 .
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Hence the characteristic polynomial is given by

|λI −Aqrs| =

∣∣∣∣∣∣∣∣∣∣∣∣

λ −
√

(n−1)2b
a2(n−1) · · · −

√
(n−1)2b
a2(n−1)

−
√

(n−1)2b
a2(n−1) λ · · · −

√
(n−1)2b
a2(n−1)

...
...

. . .
...

−
√

(n−1)2b
a2(n−1) −

√
(n−1)2b
a2(n−1) · · · λ

∣∣∣∣∣∣∣∣∣∣∣∣

=

(√
(n− 1)2b

a2(n− 1)

)n
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

µ −1 −1 · · · −1 −1

−1 µ −1 · · · −1 −1

−1 −1 µ · · · −1 −1
...

...
...

. . .
...

...

−1 −1 −1 · · · µ −1

−1 −1 −1 · · · −1 µ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,

where µ = λ
√

a2(n−1)
(n−1)2b . Then

|λI −Aqrs| = φn(µ)

(√
(n− 1)2b

a2(n− 1)

)n
,

where

φn(µ) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

µ −1 −1 · · · −1 −1

−1 µ −1 · · · −1 −1

−1 −1 µ · · · −1 −1
...

...
...

. . .
...

...

−1 −1 −1 · · · µ −1

−1 −1 −1 · · · −1 µ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

µ −1 −1 · · · −1 −1

−1 µ −1 · · · −1 −1

−1 −1 µ · · · −1 −1
...

...
...

. . .
...

...

−1 −1 −1 · · · µ −1

0 0 0 · · · −1− µ µ+ 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

= (µ+ 1)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

µ −1 −1 · · · −1 −1

−1 µ −1 · · · −1 −1

−1 −1 µ · · · −1 −1
...

...
...

. . .
...

...

−1 −1 −1 · · · µ −1

−1 −1 −1 · · · −1 −1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
+ (µ+ 1)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

µ −1 −1 · · · −1 −1

−1 µ −1 · · · −1 −1

−1 −1 µ · · · −1 −1
...

...
...

. . .
...

...

−1 −1 −1 · · · µ −1

−1 −1 −1 · · · −1 µ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

A calculation shows that

φn(µ) = −(µ+ 1)n−1 + (µ+ 1)
[
(µ+ 1)n−2(µ− (n− 2))

]
= −(µ+ 1)n−1 + (µ+ 1)n−1(µ− (n− 2)).
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Iterating this, we obtain φn(µ) = µn−2(µ2− (n− 1)). Thus, the characteristic equation is given

by (√
(n− 1)2b

a2(n− 1)

)n
(µ+ 1)n−1(µ− (n− 1)) = 0.

Hence the quotient of Randić and sum-connectivity energy of Kn is

Eqrs(Kn) = 2(n− 1)

√
(n− 1)b

a2
. �

Theorem 3.7 Let a and b be two nonnegative real number with a 6= 0. Then the quotient of

Randić and sum-connectivity energy of (Sm ∧ P2) is

4

√
b(n− 1)2

an
.

Proof Let the vertex set of (Sm∧P2) graph be given by V (Sm∧P2) = {v1, v2, · · · , v2m+2}.
Then the quotient of Randić and sum-connectivity matrix of (Sm ∧ P2) graph is given by

Aqrs =



0 0 · · · 0 0
√

b(n−1)
an · · ·

√
b(n−1)
an

0 0 · · · 0
√

b(n−1)
an 0 · · · 0

...
...

. . .
...

...
...

. . .
...

0 0 · · · 0
√

b(n−1)
an 0 · · · 0

0
√

b(n−1)
an · · ·

√
b(n−1)
an 0 0 · · · 0√

b(n−1)
an 0 · · · 0 0 0 · · · 0
...

...
. . .

...
...

...
. . .

...√
b(n−1)
an 0 · · · 0 0 0 · · · 0


2n×2n

,

where, m+ 1 = n.

Its characteristic polynomial is given by

|λI − Aqrs| =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

λ 0 · · · 0 0 −
√

b(n−1)
an · · · −

√
b(n−1)

an

0 λ · · · 0 −
√

b(n−1)
an 0 · · · 0

.

.

.
.
.
.

. . .
.
.
.

.

.

.
.
.
.

. . .
.
.
.

0 0 · · · λ −
√

b(n−1)
an 0 · · · 0

0 −
√

b(n−1)
an · · · −

√
b(n−1)

an λ 0 · · · 0

−
√

b(n−1)
an 0 · · · 0 0 λ · · · 0

.

.

.
.
.
.

. . .
.
.
.

.

.

.
.
.
.

. . .
.
.
.

−
√

b(n−1)
an 0 · · · 0 0 0 · · · λ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
2n×2n

.
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Hence, the characteristic equation is given by

(√
b(n− 1)

an

)2n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Λ 0 · · · 0 0 −1 · · · −1

0 Λ · · · 0 −1 0 · · · 0
...

...
. . .

...
...

...
. . .

...

0 0 · · · Λ −1 0 · · · 0

0 −1 · · · −1 Λ 0 · · · 0

−1 0 · · · 0 0 Λ · · · 0
...

...
. . .

...
...

...
. . .

...

−1 0 · · · 0 0 0 · · · Λ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
2n×2n

= 0,

where

Λ =

√
na

(n− 1)b
λ.

Let

φ2n(Λ) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Λ 0 0 · · · 0 0 −1 −1 · · · −1

0 Λ 0 · · · 0 −1 0 0 · · · 0

0 0 Λ · · · 0 −1 0 0 · · · 0
...

...
...

. . .
...

...
...

...
. . .

...

0 0 0 · · · Λ −1 0 0 · · · 0

0 −1 −1 · · · −1 Λ 0 0 · · · 0

−1 0 0 · · · 0 0 Λ 0 · · · 0
...

...
...

. . .
...

...
...

...
. . .

...

−1 0 0 · · · 0 0 0 0 · · · Λ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
2n×2n

= (−1)2n+2nΛ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Λ 0 0 · · · 0 0 −1 −1 · · · −1

0 Λ 0 · · · 0 −1 0 0 · · · 0

0 0 Λ · · · 0 −1 0 0 · · · 0
...

...
...

. . .
...

...
...

...
. . .

...

0 0 0 · · · Λ −1 0 0 · · · 0

0 −1 −1 · · · −1 Λ 0 0 · · · 0

−1 0 0 · · · 0 0 Λ 0 · · · 0
...

...
...

. . .
...

...
...

...
. . .

...

−1 0 0 · · · 0 0 0 0 · · · Λ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(2n−1)×(2n−1)
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+(−1)2n+2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 0 0 · · · 0 0 −1 · · · −1 −1

Λ 0 0 · · · 0 −1 0 · · · 0 0

0 Λ 0 · · · 0 −1 0 · · · 0 0
...

...
...

. . .
...

...
...

. . .
...

...

0 0 0 · · · Λ −1 0 · · · 0 0

−1 −1 −1 · · · −1 Λ 0 · · · 0 0

0 0 0 · · · 0 0 Λ · · · 0 0
...

...
...

. . .
...

...
...

. . .
...

...

0 0 0 · · · 0 0 0 · · · Λ 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(2n−1)×(2n−1)

.

Let

Ψ2n−1(Λ) = (−1)2n+2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 0 0 · · · 0 0 −1 · · · −1 −1

Λ 0 0 · · · 0 −1 0 · · · 0 0

0 Λ 0 · · · 0 −1 0 · · · 0 0
...

...
...

. . .
...

...
...

. . .
...

...

0 0 0 · · · Λ −1 0 · · · 0 0

−1 −1 −1 · · · −1 Λ 0 · · · 0 0

0 0 0 · · · 0 0 Λ · · · 0 0
...

...
...

. . .
...

...
...

. . .
...

...

0 0 0 · · · 0 0 0 · · · Λ 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(2n−1)×(2n−1)

Using the properties of the determinants, we obtain, after some simplifications

Ψ2n−1(Λ) = −Λn−2Θn(Λ),

where,

Θn(Λ) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Λ 0 0 · · · −1

0 Λ 0 · · · −1

0 0 Λ · · · −1
...

...
...

. . .
...

−1 −1 −1 · · · Λ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
n×n

.

Then,

φ2n(Λ) = −Λn−2Θn(Λ) + Λφ2n−1(Λ).

Now, proceeding as above, we obtain
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φ2n−1(Λ) = (−1)(2n−1)+2Ψ2n−2(Λ) + (−1)(2n−1)+(2n−1)Λφ2n−2(Λ)

= −Λn−3Θn(Λ) + Λφ2n−2(Λ).

Proceeding like this, we obtain at the (n− 1)th step

φ2n(Λ) = −(n− 1)Λn−2Θn(Λ) + Λ(n−1)ξn+1(Λ),

where,

ξn+1(Λ) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Λ 0 0 · · · 0

0 Λ 0 · · · −1

0 0 Λ · · · −1
...

...
...

. . .
...

0 −1 −1 · · · Λ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(n+1)×(n+1)

.

A calculation shows that

φ2n(Λ) = −(n− 1)Λn−2Θn(Λ) + Λn−1ΛΘn(Λ)

= −(n− 1)Λn−2Θn(Λ) + ΛnΘn(Λ)

=
(
Λn − (n− 1)Λn−2

)
Θn(Λ).

Using the properties of the determinants, we obtain

Θn(Λ) = Λn − (n− 1)Λn−2.

Thus,

φ2n(Λ) =
(
Λn − (n− 1)Λn−2

)2
.

Hence characteristic equation becomes(√
b(n− 1)

an

)2n

φ2n(Λ) = 0,

which is the same as (√
b(n− 1)

an

)2n (
Λn − (n− 1)Λn−2

)2
= 0

and reduces to

λ2n−4

(
na

b(n− 1)
λ2 − (n− 1)

)2

= 0.
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Therefore,

Spec ((Sm ∧ P2)) =

 0
√

b(n−1)2

na+(n−1)b −
√

b(n−1)2

na

2n− 4 2 2

 .

Hence the quotient of Randić and sum-connectivity energy of (Sm ∧ P2) graph is

Eqrs((Sm ∧ P2)) = 4

√
b(n− 1)2

na
. �
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§1. Introduction

An algebra of type (2,0) is a well known type of algebraic structures. It comprises a non-empty

set, some constant element together with a binary operation and interesting behaviors. In [1],

Kim and Kim introduced the notion of BE-algebras. Ahn and So, in [2] and [3] introduced the

notions of ideals and upper sets in BE-algebras and investigated related properties.

In [6], obic algebras were introduced. Homomorphisms and krib maps as well as monics of

obic algebras were studied in this paper. Some properties of a class of obic algebras were studied

in [7]. In this paper, the notion of ideals in torian algebras is introduced. Their properties are

investigated. Moreover, the dual and nuclei of ideals as well as congruences developed on ideals

of torian algebras are studied.

§2. Preliminaries

Definition 2.1([6]) A triple (X; ∗, 0); where X is a non-empty set, ∗ a binary operation on

X, and 0 a constant element of X is called an obic algebra if the following axioms hold for all

x, y, z ∈ X:

(1) x ∗ 0 = x;

(2) [x ∗ (y ∗ z)] ∗ x = x ∗ [y ∗ (z ∗ x)];

(3) x ∗ x = 0.

Lemma 2.1([6]) Let X be an obic algebra. Then, for all x, y ∈ X hold with

x ∗ y = [x ∗ (y ∗ x)] ∗ x.

1Received February 22, 2020, Accepted June 12, 2020.
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Definition 2.2([6]) Let (X; ∗, 0) and (Y ; ◦, 0′) be obic algebras. A function f : X → Y is called

an obic homomorphism if f(a ∗ b) = f(a) ◦ f(b) for all a, b ∈ X.

Definition 2.3([6]) Let f : X → Y be an obic homomorphism. The set {x ∈ X : f(x) = 0′} is

called the kernel of f . It is denoted by Ker(f).

Let f : X → Y be an obic homomorphism. If f is injective, then it is called a monomor-

phism. If f is surjective, then it is called an epimorphism. If f is both injective and surjective,

then it is called an isomorphism.

Definition 2.4([6]) An obic algebra X is said to have the weak property (WP) if x ∗ y = 0 and

y ∗ x = 0 imply that x = y.

Theorem 2.1 Let φ : X → X be an obic homomorphism; where X has the weak property.

Then φ is injective if and only if ker(φ) = {0}.

Definition 2.5([6]) An equivalence relation ∼∗ on an obic algebra X is called a congruence if

(x ∼∗ y) and (u ∼∗ v)⇒ (x ∗ u) ∼∗ (y ∗ v).

Lemma 2.2([6]) Let f : X → Y be an obic homomorphism. The equivalence relation ∼∗

defined by (x ∼∗ y)⇒ f(x) = f(y) is a congruence.

Definition 2.6([7]) An obic algebra X is called torian if [(x ∗ y) ∗ (x ∗ z)] ∗ (z ∗ y) = 0 for all

x, y, z ∈ X. Otherwise, if there are x, y, z ∈ X such that [(x ∗ y) ∗ (x ∗ z)] ∗ (z ∗ y) 6= 0, such an

obic algebra X is called Smarandachely torian.

Example 2.1 Let X = {0, 1}. Define a binary operation ∗ on X by the multiplication table

below

∗ 0 1

0 0 1

1 1 0

Then, (X, ∗, 0) is torian algebra.

Example 2.2 Consider the multiplicative group G = {1,−1, i,−i}. Define a binary operation

∗ on G by a ∗ b = ab−1. Then (G; ∗, 1) is torian.

From now on, X will denote a torian algebra equipped with the weak property.

Lemma 2.3([7]) Let X be a torian algebra. Then, for all x, y, z ∈ X hold with

(x ∗ y) ∗ z = (x ∗ z) ∗ y.
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Proposition 2.1([7]) Let X be a torian algebra. Then, for all x, y ∈ X hold with

(0 ∗ x) ∗ (0 ∗ y) = 0 ∗ (x ∗ y).

Definition 2.7([7]) Let X be a torian algebra. An element x ∈ X is said to fix 0 if 0 ∗ x = 0.

If every element in X fixes 0, then X is said to fix 0.

The set of all elements of X which fix 0 is denoted by 0∗.

Lemma 2.4([7]) Let X be a torian algebra. Define the relation ∼ on X by x ∼ y ⇔ x ∗ y = 0

for all x, y ∈ X. Then (X;∼) is a partially ordered set.

The following Lemma follows from definition.

Lemma 2.4([7]) Let X be a torian algebra with the partial ordering ∼. Then,

[(x ∗ y) ∗ (z ∗ y)] ∼ (x ∗ z)

for all x, y, z ∈ X.

§3. Main Results

Definition 3.1 Let X be a torian algebra. A non-empty set S of X is called a left ideal of X

if the following hold

(1) 0 ∈ S;

(2) if x, y ∈ X such that x, [[y ∗ (x ∗ y)] ∗ y] ∈ S, then y ∈ S.

Definition 3.2 Let X be a torian algebra. A non-empty set S of X is called a right ideal of

X if the following hold

(1) 0 ∈ S;

(2) if x, y ∈ X such that x, [[x ∗ (y ∗ x)] ∗ x] ∈ S, then y ∈ S.

Remark 3.1 If S is both a left ideal and a right ideal of X, then S is called an ideal of X.

Example 3.1 Every torian algebra X has at least two left ideals, namely, {0} and X.

Example 3.2 The subset S = {1,−1} is a left ideal of the torian algebra in example 2.2.

Proposition 3.1 Let X be a torian algebra. The collection of all elements in X which fix 0 is

a left ideal of X.

Proof Now, 0 ∈ 0∗. Let x, y ∈ X such that x, [[y ∗ (x ∗ y)] ∗ y] ∈ 0∗. Then we show that
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y ∈ 0∗. Since [y ∗ (x ∗ y)] ∗ y ∈ 0∗, we have 0 ∗ [[y ∗ (x ∗ y)] ∗ y] = 0. But

0 ∗ y = (0 ∗ y) ∗ 0 = (0 ∗ y) ∗ (0 ∗ x) = 0 ∗ (y ∗ x) (by Proposition 2.1)

= 0 ∗ [[y ∗ (x ∗ y)] ∗ y] = 0

as required. �

Remark 3.2 If a left ideal S of X is such that [[x ∗ (y ∗ x)] ∗ x] ∈ S for all x, y ∈ X, then S is

said to be a complete left ideal of X or that S is complete in X.

Proposition 3.2 Let S be a left ideal of a torian algebra X. If 0 ∗ x ∈ S for all x ∈ S, then S

is a complete left ideal.

Proof Let x, y ∈ S. Then notice that

[[x ∗ (y ∗ x)] ∗ x] ∗ x = (x ∗ y) ∗ x = 0 ∗ y ∈ S.

And since S is a left ideal, we have that [[x ∗ (y ∗ x)] ∗ x] ∈ S. This completes the proof. �

The following theorem follows from Propositions 3.1 and 3.2.

Theorem 3.1 Let X be a torian algebra. Then 0∗ is a complete left ideal of X if and only if

0 ∗ x ∈ 0∗

for all x ∈ 0∗.

Corollary 3.1 Let X be a torian algebra which fixes 0. Then every left ideal of X is complete.

The following proposition follows from definition.

Proposition 3.3 Let (X; ∗, 0) and (Y ;�, 0′) be torian algebras. Let f : X → Y be a homo-

morphism. Then Ker(f) is a complete left ideal of X.

Theorem 3.2 Let (X; ∗, 0) and (Y ;�, 0′) be torian algebras such that [[x∗ [(x∗y)∗z]]∗y]∗z = 0

for all x, y, z ∈ X. Let f : X → Y be an epimorphism. If S is a left ideal of X, then f(S) is

left ideal of Y .

Proof Let x′, y′ ∈ Y such that x′, [[y′ � (x′ � y′)]� y′] ∈ f(S). Now, there exist x, y, z ∈ S
such that f(x) = x′, f(y) = [[y′ � (x′ � y′)] � y′], f(z) = y′. Clearly, z ∗ [(z ∗ x) ∗ y] ∈ X. Let

z ∗ [(z ∗ x) ∗ y] = w; so that [[z ∗ [(z ∗ x) ∗ y] ∗ x] ∗ y = 0 ∈ S;⇒ w ∈ S. Hence, f(w) ∈ f(S).

We show that y′ = f(w). Notice that f [(z ∗ x) ∗ y] = [f(z ∗ x)� f(y)] = [f(z)� f(x)]� f(y) =

(y′ � x′)� (y′ � x′) = 0′.

Notice that f(w) = f [z ∗ [(z ∗ x) ∗ y]] = f(z)� f [(z ∗ x) ∗ y] = y′ � 0′ = y′ as required. �

Corollary 3.2 Let (X; ∗, 0) and (Y ;�, 0′) be torian algebras such that [[x∗[(x∗y)∗z]]∗y]∗z = 0

for all x, y, z ∈ X. Let f : X → Y be an epimorphism. If S is a complete left ideal of X, then
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f(S) is a complete left ideal of Y .

Theorem 3.3 A left ideal S of a torian algebra X is complete in X if and only if the following

hold

(1) 0 ∈ S;

(2) [[x ∗ (z ∗ x)] ∗ x], [[y ∗ (z ∗ y)] ∗ y], z ∈ S ⇒ x ∗ y ∈ S.

Proof Suppose S is a left ideal of X satisfying (1) and (2). Now, [[0 ∗ (0 ∗ 0)] ∗ 0], [[x ∗ (0 ∗
x)] ∗ x], 0 ∈ S. So, 0 ∗ x ∈ S; and by Proposition 3.2, S is complete.

Conversely, suppose S is complete inX. Clearly, 0 ∈ S. Let [[x∗(z∗x)]∗x], [[y∗(z∗y)]∗y], z ∈
S. Then x, y ∈ S. So, x ∗ y ∈ S as required. �

Definition 3.3 Let S be a left ideal of a torian algebra X. The set S∗ = {x ∈ S : [[0∗(x∗0)]∗0] ∈
S} is called the dual of S.

The following proposition follows from definition.

Proposition 3.4 Let S be a left ideal of a torian algebra X. Then the dual of S is a complete

left ideal of X.

Proposition 3.5 Let X be a torian algebra. Let S be a left ideal of X. If T is a complete left

ideal of X such that T ⊆ S, then T ⊆ S∗.

Proof Let x ∈ T . Then 0 ∗ x ∈ T . Since T ⊆ S, then x, 0 ∗ x = [[0 ∗ (x ∗ 0)] ∗ 0] ∈ S.

Therefore, x ∈ S∗ as required. The proof is complete. �

By Propositions 3.4 and 3.5, we have the following Theorem.

Theorem 3.4 Let S be a left ideal of a torian algebra X. Then the dual of S is complete in

X. Moreover, S∗ is the largest complete left ideal of X that contains S.

Definition 3.4 Let X be a torian algebra. The set xλ = {x ∈ X : (x ∗ y) ∗ z = 0; y, z ∈ X} is

called a left nucleus of X.

Proposition 3.6 Let S be a left ideal of a torian algebra X. Then S is the union of left nuclei

of X.

Proof Let x ∈ X. Notice that (x ∗ 0) ∗ x = 0. So, x belongs to a left nucleus of X. Now,

let x be in the union of left nuclei of X. There exist y, z ∈ S such that (x ∗ y) ∗ z = 0 ∈ S. It

follows that x ∈ S as required. The proof is complete. �

The following proposition is straightforward.

Proposition 3.7 Let S be a non-empty subset of a torian algebra X with 0 ∈ S such that S is

the union of left nuclei of X. Then S is a left ideal of X.

By Propositions 3.6 and 3.7, we have the following Theorem.
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Theorem 3.5 Let S be a non-empty subset of a torian algebra X with 0 ∈ S. Then S is a left

ideal of X if and only if S is the union of left nuclei of X.

Definition 3.5 Let X be a torian algebra. An element a ∈ X is said to be palindromic if there

exists an element x ∈ X such that a ∗x = a. The element x is then said to be palindromic to a.

The collection of all elements in X that are palindromic to a is denoted by a∗.

Proposition 3.8 Let a be a fixed element of a torian algebra X. Then 0 ∗x = 0 for all x ∈ a∗.

Proof Clearly, 0 ∈ a∗. So, a∗ is not empty. Now, let x ∈ a∗. Notice that 0∗x = (a∗a)∗x =

(a ∗ x) ∗ a = 0 as required. �

Theorem 3.6 Let a be a fixed element of a torian algebra X with the partial ordering ∼. Then

a∗ is a complete left ideal of X.

Proof Let x, y ∈ X such that x, [[y ∗ (x ∗ y)] ∗ y] ∈ a∗. Notice that

(a ∗ y) ∗ a = (a ∗ a) ∗ y

= 0 ∗ y = (0 ∗ y) ∗ 0

= (0 ∗ y) ∗ (0 ∗ x) = 0 ∗ (y ∗ x)

= 0 ∗ [[y ∗ (x ∗ y)] ∗ y] = 0.

So, (a ∗ y) ∼ a.

Notice also that

a = a ∗ [[y ∗ (x ∗ y)] ∗ y] = a ∗ (y ∗ x)

= (a ∗ x) ∗ (y ∗ x) ∼ (a ∗ y) (by Lemma 2.4).

So, y ∈ a∗. The completeness of a∗ follows from Proposition 3.2. �

Proposition 3.9 Let X be a torian algebra. Let S and T be left ideals of X. If [[x∗(y∗x)]∗x = x

for all x ∈ S, y ∈ T , then S ∩ T = {0}.

Proof Let x ∈ S ∩ T . Then x ∈ S, x ∈ T . Now, notice that

x = [x ∗ (x ∗ x)] ∗ x = x ∗ x = 0

as required. �

Theorem 3.7 Let X be a torian algebra equipped with a congruence ∼∗. Then 0 = {x ∈ X :

x ∼∗ 0} is a complete left ideal of X.

Proof Clearly, 0 ∈ 0. Now, let x, y ∈ X such that x, [[y ∗ (x∗ y)]∗ y] ∈ 0. Then, x ∼∗ 0 and

[[y ∗ (x ∗ y)] ∗ y] = y ∗ x ∼∗ 0. Also, y ∼∗ y. We therefore have that y ∗ x ∼∗ y. So y ∼∗ y ∗ x.

Hence, y ∼∗ 0; giving us that y ∈ 0 as required.
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Now, let x, y ∈ 0. We show that [[x ∗ (y ∗ x)] ∗ x] ∈ 0. Notice that x ∼∗ 0 and y ∼∗ 0. So,

x ∗ y ∼∗ 0; which gives [[x ∗ (y ∗ x)] ∗ x] = x ∗ y ∼∗ 0 as required. The proof is complete. �

Theorem 3.8 Let S be a left ideal of a torian algebra X. Let ∼1 be a relation on X defined

by X by x ∼1 y ⇔ [[x ∗ (y ∗ x)] ∗ x] ∈ S and [[y ∗ (x ∗ y)] ∗ y] ∈ S for all x, y ∈ X. Then ∼1 is a

congruence on X.

Proof We first show that ∼1 is an equivalence relation. Clearly, [[x∗(x∗x)]∗x] = 0 ∈ S. so,

∼1 is reflexive. Let x, y ∈ X such that x ∼1 y. Then [[x∗(y∗x)]∗x] ∈ S and [[y∗(x∗y)]∗y] ∈ S;

which implies that y ∼1 x. So, ∼1 is symmetric. Let x, y, z ∈ X such that x ∼1 y and y ∼1 z.

Then, [[x ∗ (y ∗ x)] ∗ x], [[y ∗ (x ∗ y)] ∗ y], [[y ∗ (z ∗ y)] ∗ y], [[z ∗ (y ∗ z)] ∗ z] ∈ S. Now, since X is

torian, we have

[[[x ∗ (z ∗ x)] ∗ x] ∗ [[x ∗ (y ∗ x)] ∗ x]] ∗ [[y ∗ (z ∗ y)] ∗ y]

= [(x ∗ z) ∗ (x ∗ y)] ∗ (y ∗ z) = 0 ∈ S.

So, [[x ∗ (z ∗ x)] ∗ x] ∈ S by virtue of S being a left ideal.

Also,

[[[z ∗ (x ∗ z)] ∗ z] ∗ [[z ∗ (y ∗ z)] ∗ z]] ∗ [[y ∗ (x ∗ y)] ∗ y]

= [(z ∗ x) ∗ (z ∗ y)] ∗ (y ∗ x) = 0 ∈ S.

Hence, x ∼1 z. So, ∼1 is transitive.

Now let x, y, u, v ∈ X such that x ∼1 y and u ∼1 v. Then,

[[x ∗ (y ∗ x)] ∗ x], [[y ∗ (x ∗ y)] ∗ y], [[u ∗ (v ∗ u)] ∗ u], [[v ∗ (u ∗ v)] ∗ v] ∈ S.

Notice that by Lemma 2.5, we have

[[[x ∗ (u ∗ x)] ∗ x] ∗ [[y ∗ (u ∗ y)] ∗ y]] ∗ [[x ∗ (y ∗ x)] ∗ x]

= [(x ∗ u) ∗ (y ∗ u)] ∗ (x ∗ y) = 0 ∈ S

and

[[[y ∗ (u ∗ y)] ∗ y] ∗ [[x ∗ (u ∗ x)] ∗ x]] ∗ [[y ∗ (x ∗ y)] ∗ y]

= [(y ∗ u) ∗ (x ∗ u)] ∗ (y ∗ x) = 0 ∈ S.

So, [(x ∗ u) ∗ (y ∗ u)] ∈ S and [(y ∗ u) ∗ (x ∗ u)] ∈ S. Hence, (x ∗ u) ∼1 (y ∗ u).

Similar argument gives (y ∗ u) ∼1 (y ∗ v). Since, (x ∗ u) ∼1 (y ∗ u) and (y ∗ u) ∼1 (y ∗ v),

then (x ∗ u) ∼1 (y ∗ v) as required. The proof is complete. �

Corollary 3.3 Let S be a left ideal of a torian algebra X. Let ∼2 be a relation on X defined

by x ∼2 y if and only if S is complete in X and [[y ∗ (x ∗ y)] ∗ y] ∈ S for all x, y ∈ X. Then ∼2

is a congruence on X.
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Abstract: In this paper, we define a new labeling namely triangular difference mean

labeling and investigate triangular difference mean behaviours of some standard graphs. A

triangular difference mean labeling of a graph G = (p, q) is an injection f : V −→ Z+, where

Z+ is a set of positive integers such that for each edge e = uv, the edge labels are defined as

f∗(e) =

⌈
|f(u)− f(v)|

2

⌉
such that the values of the edges are the first q triangular numbers. A graph that admits a

triangular difference mean labeling is called a triangular difference mean graph.

Key Words: Mean labeling, triangular difference mean labeling, Smarandachely k-

triangular labeling, triangular difference mean graph.
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§1. Introduction

By a graph, we mean a finite, simple and undirected one. The vertex set and the edge set of a

graph G are denoted by V (G) and E(G) respectively. Terms and notations not defined here are

used in the sense of Harary [2] and for number theory we follow Burton[1]. A graph labeling is an

assignment of integers to the vertices or edges or both, subject to certain conditions. There are

several types of graph labeling and an excellent survey on graph labeling can be found in [3]. The

notion of triangular mean labeling was due to Seenivasan et al. [7]. Let G = (V,E) be a graph

with p vertices and q edges. Consider an injection f : V (G) −→ {0, 1, 2, · · · , Tq},where Tq is the

qth triangular number. Define f∗ : E(G) −→ {1, 3, · · · , Tq} such that f∗(e) =
⌈
f(u)+f(v)

2

⌉
for all

edges e = uv. If f∗(E(G)) is a sequence of consecutive triangular numbers T1, T2, · · · , Tq, then

the function f is said to be triangular mean.Generally, If there are only k consecutive triangular

numbers Ti, Ti+1, · · · , Ti+k−1 with k ≤ q in f∗(E(G)), such a f is called a Smarandachely

k-triangular labeling. A graph that admits a triangular mean labeling or Smarandachely k-

triangular labeling is called a triangular mean graph or a Smarandachely k-triangular mean

1Received November 21, 2019, Accepted June 13, 2020.
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graph.

Murugan et al.[4] introduced skolem difference mean labeling and some standard results

on skolem difference mean labeling were proved in [5] and [6]. A graph G = (V,E) with p

vertices and q edges is said to have skolem difference mean labeling if it is possible to label

the vertices x ∈ V with distinct elements f(x) from {1, 2, 3, · · · , p + q} in such a way that for

each edge e = uv, let f∗(e) =
⌈
|f(u)−f(v)|

2

⌉
and the resulting labels of the edges are distinct

and are 1, 2, 3, · · · , q. A graph that admits a skolem difference mean labeling is called a skolem

difference mean graph.

Motivated by the concepts in [7] and [4], we define a new labeling namely triangular

difference mean labeling. A triangular difference mean labeling of a graph G = (p, q) is an

injection f : V −→ Z+, where Z+ is a set of positive integers such that for each edge e = uv,

the edge labels are defined as f∗(e) =
⌈
|f(u)−f(v)|

2

⌉
such that the values of the edges are the

first q triangular numbers. A graph that admits a triangular difference mean labeling is called

a triangular difference mean graph. We use the following definitions in the subsequent sequel.

Definition 1.1 A vertex of degree one is called a pendant vertex and a pendant edge is an edge

incident with a pendant vertex. The corona G1 � G2 of the graphs G1 and G2 is obtained by

taking one copy of G1 (with p vertices) and p copies of G2 and then join the ith vertex of G1

to every vertex of the ith copy of G2.

Definition 1.2 The bistar Bm,n is a graph obtained from K2 by joining m pendant edges to

one end of K2 and n pendant edges to the other end of K2.

Definition 1.3 The graph Cn@Pm is obtained by identifying one pendant vertex of the path

Pm to a vertex of the cycle Cn.

Definition 1.4 A triangular number is a number obtained by adding all positive integers less

than or equal to a given positive integer n. If the nth triangular number is denoted by Tn, then

Tn = 1
2n(n+ 1).

§2. Triangular Difference Mean Graphs

In this section, we establish that path Pn(n ≥ 1), K1,n(n ≥ 1), Pn � K1(n ≥ 2), Bm,n(m ≥
1, n ≥ 1), T (n,m), S(n, n, · · · , n︸ ︷︷ ︸

m times

), Cn(n > 3) and Cn@Pm(n ≥ 4,m ≥ 2) admit triangular

difference mean labeling . Further, we prove that C3 is not a triangular difference mean graph.

Theorem 2.1 Any path Pn(n ≥ 1) is a triangular difference mean graph.

Proof Let v1, v2, · · · , vn be the vertices of the path Pn. Then E(Pn) = {ei = vivi+1 : 1 ≤
i ≤ n− 1}. Define f : V (Pn) −→ Z+ as follows:

f(v1) = 1 and f(vi) = 2(T1 + T2 + · · ·+ Ti−1) + 1 for 2 ≤ i ≤ n.

For the vertex label f , the induced edge label f∗ is as follows:
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f∗(ei) = Ti for 1 ≤ i ≤ n− 1. Hence Pn is a triangular difference mean graph. �

The triangular difference mean labeling of P5 is given in Figure 1.

r rr rr1 412193

Figure 1

Theorem 2.2 The star graph K1,n(n ≥ 1) admits triangular difference mean labeling.

Proof Let v be the apex vertex and v1, v2, · · · , vn be the pendant vertices of the star K1,n.

Then E(K1,n) = {vvi : 1 ≤ i ≤ n}. Define f : V (K1,n) −→ Z+ as follows:

f(v) = 1, f(vi) = 2Ti + 1 for 1 ≤ i ≤ n.

For the vertex label f , the induced edge label f∗ is as follows:

f∗(vvi) = Ti for 1 ≤ i ≤ n.

Then the induced edge labels are the triangular numbers T1, T2, · · · , Tn. Hence K1,nis a

triangular difference mean graph. �

The triangular difference mean labeling of K1,8 is shown in Figure 2.
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Theorem 2.3 The comb graph Pn �K1(n ≥ 2) admits triangular difference mean labeling.

Proof Let v1, v2, · · · , vn be the vertices of the path Pn and u1, u2, · · · , un be the pendant

vertices adjacent to v1, v2, · · · , vn respectively. Then E(Pn �K1) = {ei = vivi+1, e
′
j = ujvj :

1 ≤ i ≤ n− 1, 1 ≤ j ≤ n}. Define f : V (Pn �K1) −→ Z+ as follows:

f(v1) = 1, f(vi) = 2(T1 + T2 + · · ·+ Ti−1) + 1 for 2 ≤ i ≤ n, f(u1) = 2Tn;

f(ui) = 2(T1 + T2 + · · ·+ Ti−1) + 2Tn+i−1 + 1 for 2 ≤ i ≤ n.
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For the vertex label f , the induced edge label f∗ is as follows:

f∗(ei) = Ti for 1 ≤ i ≤ n− 1, f∗(e′j) = Tn+j−1 for 1 ≤ j ≤ n.

Then the edge labels are the triangular numbers: T1, T2, · · · , T2n−1. Hence Pn �K1 is a

triangular difference mean graph. �

The triangular difference mean labeling of P5 �K1 is shown in Figure 3.
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Theorem 2.4 The bistar Bm,n(m ≥ 1, n ≥ 1) is a triangular difference mean graph.

Proof Let V (Bm,n) = {u, v, ui, vj : 1 ≤ i ≤ m, 1 ≤ j ≤ n} and E(Bm,n) = {uv, uui, vvj :

1 ≤ i ≤ m, 1 ≤ j ≤ n}. Define f : V (Bm,n) −→ Z+ as follows:

f(u) = 1, f(v) = 3, f(ui) = 2Ti+1 + 1 for 1 ≤ i ≤ m;

f(vj) = 2Tm+j+1 + 3 for 1 ≤ j ≤ n.

For the vertex label f , the induced edge label f∗ is as follows:

f∗(uv) = T1, f
∗(uui) = Ti+1 for 1 ≤ i ≤ m;

f∗(vvj) = Tm+j+1 for 1 ≤ j ≤ n.

The induced edge labels are the first m + n + 1 triangular numbers and hence Bm,n is a

triangular difference mean graph. �

The triangular difference mean labeling of B4,5 is shown in Figure 4.
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Theorem 2.5 A graph obtained by joining the roots of different stars to a new vertex, is a

triangular difference mean graph.
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Proof Let K1,n1 ,K1,n2 , · · · ,K1,nk
be k stars. Let G be a graph obtained by joining the

central vertices of the stars to a new vertex u.

Assign 1 to u; 2T1 +1, 2T2 +1, · · · , 2Tk+1 to the central vertices of the stars; 2Tk+1 +2T1 +

1, 2Tk+2 + 2T1 + 1, · · · , 2Tk+n1
+ 2T1 + 1 to the pendant vertices of the first star; 2Tk+n1+1 +

2T2 + 1, 2Tk+n1+2 + 2T2 + 1, · · · , 2Tk+n1+n2
+ 2T2 + 1 to the pendant vertices of the second star

and so on, finally assign the numbers 2Tk+n1+n2+···+nk−1+1 + 2Tk + 1, 2Tk+n1+n2+···+nk−1+2 +

2Tk + 1, · · · , 2Tk+n1+n2+··· ,+nk−1+nk
+ 2Tk + 1 to the pendant vertices of the last star. Then,

the edge labels are the triangular numbers T1, T2, · · · , Tk+n1+n2+···+nk−1+nk
and also the vertex

labels are all different. �

The triangular difference mean labeling of the tree given in Theorem 2.5 with

k = 3, n1 = 4, n2 = 5 and n3 = 4 is shown in Figure 5.
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Theorem 2.6 A tree T (n,m), obtained by identifying a central vertex of a star with a pendant

vertex of a path , is a triangular difference mean graph.

Proof Let v0, v1, v2, · · · , vn be the vertices of the path Pnhaving path length n(n ≥ 1) and

u, u1, u2, · · · , um be the vertices of the star K1,m. Let T (n,m) be a tree obtained by identifying

v0 with u.

Define f : V (T (n,m)) −→ Z+ as follows:

f(v0) = 1, f(ui) = 2Ti + 1 for 1 ≤ i ≤ m,
f(vj) = 2(Tm+1 + Tm+2 + . . .+ Tm+j) + 1 for 1 ≤ j ≤ n.

For a vertex label f , the induced edge label f∗ is as follows:

f∗(v0ui) = Ti for 1 ≤ i ≤ m;

f∗(vj−1vj) = Tm+j for 1 ≤ j ≤ n.

Then the induced edge labels are the first m + n triangular numbers. Hence the tree

T (n,m) admits a triangular difference mean labeling. �

The triangular difference mean labeling of a tree T (3, 7) is shown in Figure 6.
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Theorem 2.7 The caterpillar S(n, n, · · · , n︸ ︷︷ ︸
mtimes

) is a triangular difference mean graph.

Proof Let v1, v2, · · · , vm be the vertices of the path Pm and vij(1 ≤ i ≤ n, 1 ≤ j ≤ m) be

the pendant vertices incident with vj(1 ≤ j ≤ m).

Then V (S(n, n, · · · , n︸ ︷︷ ︸
m times

)) = {vj , vji : 1 ≤ i ≤ n, 1 ≤ j ≤ m} and E(S(n, n, · · · , n︸ ︷︷ ︸
m times

)) =

{vtvt+1, vjv
i
j : 1 ≤ t ≤ m− 1, 1 ≤ i ≤ n, 1 ≤ j ≤ m}.

Define f : V (S(n, n, · · · , n︸ ︷︷ ︸
m times

)) −→ Z+ as follows:

f(v1) = 1, f(vj) = 2(T1 + T2 + · · ·+ Tj−1) + 1 for 2 ≤ j ≤ m;

f(vij) = f(vj) + 2Tm+(j−1)n+i−1 for 1 ≤ j ≤ m and 1 ≤ i ≤ n.

For each vertex label f , the induced edge label f∗ is as follows:

f∗(vjvj+1) = Tj for 1 ≤ j ≤ m− 1;

f∗(vjv
i
j) = Tm+(j−1)n+i−1 for 1 ≤ j ≤ m and 1 ≤ i ≤ n.

Then the edge labels are the triangular numbers T1, T2, · · · , Tm−1, Tm, · · · , Tm+n−1 and

also the vertex labels are different. Hence S((n, n, · · · , n︸ ︷︷ ︸
m times

)) is a triangular difference mean

graph. �

Theorem 2.8 Every cycle Cn(n > 3) is a triangular difference mean graph.



Triangular Difference Mean Graphs 115

Proof We prove this theorem in two cases.

Case 1. n = 4m+ 1.

Let S =

⌈
1
2

n∑
i=1

Ti

⌉
. Select some of the T

′s
i namely Tl1 , Tl2 , · · · , Tlk from T1, T2, · · · , Tn

such that
k∑
i=1

Tli = S, where k < n and assume Tl1 > Tl2 > · · · > Tlk . Then the remaining

T
′s
i namely, Tlk+1

, Tlk+2
, · · · , Tln are such that Tlk+1

> Tlk+2
> · · · , > Tln and

n∑
i=k+1

Tli =

S − 1. Let v1, v2, · · · , vk−1, vk, vk+1, · · · , vn be the vertices of Cn. Label the first k+ 1 vertices

v1, v2, . . . , vk+1 as follows:

f(v1) = 1, f(v2) = 2Tl1 , f(v3) = 2Tl1 + 2Tl2 − 1;

f(v4) = 2Tl1 + 2Tl2 + 2Tl3 − 1, · · · , f(vk+1) = 2Tl1 + 2Tl2 + · · ·+ 2Tlk − 1 and then,

f(vk+2) = 2Tl1 + 2Tl2 + · · ·+ 2Tlk − 2Tlk+1
− 1;

f(vk+3) = 2Tl1 + 2Tl2 + · · ·+ 2Tlk − 2Tlk+1
− 2Tlk+2

− 1, · · · ;

f(vn) = 2Tl1 + 2Tl2 + · · ·+ 2Tlk − 2Tlk+1
− 2Tlk+2

− · · · − 2Tln−1
− 1.

Hence, the edge labels are the triangular numbers {Tl1 , Tl2 , · · · , Tlk−1
, Tlk , Tlk+1

, · · · , Tln} =

{T1, T2, · · · , Tn} and also the vertex labels are all different.

Case 2. n 6= 4m+ 1,m > 1.

Let S =

⌈
1
2

n∑
i=1

Ti

⌉
. Select some of the T ′

s
i namely Tl1 , Tl2 , · · · , Tlk from T1, T2, · · · , Tn

such that
k∑
i=1

Tli = S, where k < n and assume Tl1 > Tl2 > · · · > Tlk . Then the remaining T ′
s
i

namely, Tlk+1
, Tlk+2

, · · · , Tln are such that Tlk+1
> Tlk+2

> · · · > Tln and
n∑

i=k+1

Tli = S. Let

v1, v2, · · · , vk−1, vk, vk+1, · · · , vn be the vertices of Cn. We label the vertices v1, v2, · · · , vn as

follows:

f(v1) = 1, f(v2) = 2Tl1 + 1, f(v3) = 2Tl1 + 2Tl2 + 1;

f(v4) = 2Tl1 + 2Tl2 + 2Tl3 + 1, · · · ;

f(vk+1) = 2Tl1 + 2Tl2 + · · ·+ 2Tlk + 1;

f(vk+2) = 2Tl1 + 2Tl2 + · · ·+ 2Tlk − 2Tlk+1
+ 1;

f(vk+3) = 2Tl1 + 2Tl2 + · · · , Tlk − 2Tlk+1
− 2Tlk+2

+ 1, · · · ;

f(vn) = 2Tl1 + 2Tl2 + · · ·+ 2Tlk − 2Tlk+1
− 2Tlk+2

− · · · − 2Tln−1
+ 1.

Thus, the edge labels are the triangular numbers {Tl1 , Tl2 , · · · , Tlk−1
, Tlk , Tlk+1

, · · · , Tln}
and also the vertex labels are all different. �

The triangular difference mean labeling of C6 is shown in Figure 8.
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Theorem 2.9 The graph Cn@Pm(n ≥ 4,m ≥ 2) is a triangular difference mean graph.

Proof Let v1, v2, · · · , vn be the vertices of the cycle Cn and u1, u2, · · · , um be the vertices of

the path Pm. The graph Cn@Pm is obtained by identifying the vertexu1 with the vertex v1. We

label the vertices of Cn as in Theorem 2.9 and assign the number 2Tn+1+2Tn+2+· · ·+2Tn+j−1+1

to vertex uj of the path Pm for 2 ≤ j ≤ m. Then the induced edge labels are the first m+n−1

triangular numbers. Hence, Cn@Pm is a triangular difference mean graph. �

The triangular difference mean labeling of C4@P3 is shown in Figure 9.
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Figure 9

Theorem 2.10 The cycle C3 is not a triangular difference mean graph.

Proof Suppose C3 is a triangular difference mean graph with triangular difference mean

labeling f . Let the vertices of C3 be u, v, w. Let f(u) = x. Then to get 1 as an edge label we

must have f(v) ∈ {x + 1, x + 2, x − 1, x− 2}. To get T2, f(w) ∈ {x + 5, x + 6, x − 5, x − 6} or

f(w) ∈ {x− 6, x− 7, x+ 4, x+ 5}. Then we get either {1, 3, 2} or {1, 3, 4} as the set of induced

edge labels. Therefore, T3 = 6 can not be an edge label of C3. Hence C3 is not a triangular

difference mean graph. �
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Abstract: A dominating set D of G which is also a resolving set of G is called a metro

dominating set. A metro dominating set D of a graph G(V,E) is a uni-distance dominating

set (in short an UDD-set) if | N(v) ∩D |= 1 for each vertex v ∈ V −D and the minimum

of cardinalities of an UDD-set of G is the uni-distance domination number of G denoted by

γµβ(G). In this paper we determine unique distance domination number of P 2
n graphs.

Key Words: Domination, metric dimension, metro domination, uni-distance domination,

Smarandachely distance k dominating set.

AMS(2010): 05C69.

§1. Introduction

All the graphs considered in this paper are simple, connected and undirected. The length of a

shortest path between two vertices u and v in a graph G is called the distance between u and v

and is denoted by d(u, v). For a vertex v of a graph, N(v) denote the set of all vertices adjacent

to v and is called open neighborhood of v. Similarly, the closed neighborhood of v is defined as

N [v] = N(v) ∪ {v}.
Let G(V,E) be a graph. For each ordered subset S = {v1, v2, v3, · · · , vk} of V, each vertex

v ∈ V can be associated with a vector of distances denoted by Γ(v/S) = (d(v1, v), d(v2, v), · · · ,
d(vk, v)). The set S is said to be a resolving set of G if Γ(v/S) 6= Γ(u/S) for every u, v ∈ V −S.

A resolving set of minimum cardinality is a metric basis and cardinality of a metric basis is the

metric dimension of G. The k-tuple, Γ(v/S) associated to the vertex v ∈ V with respect to a

metric basis S, is referred as a code generated by S for that vertex v. If Γ(v/S) = (c1, c2, · · · , ck),

then c1, c2, c3, · · · , ck are called components of the code of v generated by S and in particular

ci, 1 ≤ i ≤ k, is called ith-component of the code of v generated by S.

A dominating set D of a graph G(V,E) is the subset of V having the property that for

each vertex v ∈ V −D, there exists a vertex u ∈ D such that uv is in E. A dominating set D

of G which is also a resolving set of G is called a metro dominating set.

A metro dominating set D of a graph G(V,E) is a uni-distance dominating set (in short

an UDD-set) if | N(v) ∩ D |= 1 for each vertex v ∈ V − D. Generally, if | N(v) ∩ D |= k

1Received November 14, 2019, Accepted June 14, 2020.
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for each vertex v ∈ V − D, k ≥ 1, such a metro dominating set D is called a Smarandachely

distance k dominating set (Smarandachely k DD-sets of G) and the minimum of cardinalities

of the Smarandachely DD-sets of G is the number of Smarandachely k UDD-sets of G, denoted

by γkSµβ(G). Particularly, if k = 1, i.e., the uni-distance domination number of G denoted by

γµβ(G). For an integer n ≥ 3, we determine the uni-distance domination number γµβ
(
P 2
n

)
of

P 2
n in this paper.

§2. Main Results

Consider Pn, n ≥ 3. Join vi to vi+2 for 1 ≤ i ≤ n− 2. The resulting graph is denoted by P 2
n .

Lemma 2.1 For any positive integer n, γµβ(P 2
n) ≥

⌈n
5

⌉
.

Proof A vertex vi dominates five vertices vi, vi−1, vi−2, vi+1, vi+2. Therefore, if D is minimal

dominating set then | D |≥ n

5
. Hence we have γ(P 2

n) ≥
⌈n

5

⌉
.

End vertex v1 of P 2
n can dominate only 3 vertices v1, v2 and v3. As we have to minimize

| D |, we include v3 in D, which dominates v1, v2, v3, v4 and v5. �

Lemma 2.2 If n = 5k, k ∈ N then γµβ
(
P 2
n

)
= k =

⌈n
5

⌉
.

Proof When k = 1, v3 dominates all vertices of P 2
5 . Hence γ(P 2

5 ) = 1.

Let n = 5k. Then D = {v3, v8, v13, · · · , v5k−2} and | D |=k. When n=5(k+1), take

D
′

= D ∪ {v5k+3}. Observe that | D′ |= k + 1 and D
′

dominates all vertices. From Lemma

2.1, we have

γ(P 2
5(k+1)) ≥

⌈
5(k + 1)

5

⌉
= k + 1

and | D′ |= k + 1. Therefore we conclude that γ(P5(k + 1))2 = k + 1. Thus by induction

γ
(
P 2
n

)
= k =

⌈n
5

⌉
.

In P 2
n , consider any vj and vj+5 in D. Vertex vj dominates vj−2, vj−1, vj+1, vj+2. Vertex

vj+5 dominates vj+3, vj+4, vj+6 and vj+7. These vertices are uniquely dominated by vj and

vj+5. The vertices v1 and v2 are uniquely dominated by v3. The vertex v5k and v5k−1 are

uniquely dominated by v5k−2.

In P 2
n , we observe that

d(vi, vj) = d(vi, vj−1) =
j − i

2

where i and j are both even and j > i. When i is odd and j is even

d(vi, vj+1) = d(vi, vj) =
j − i+ 1

2
.

We take D = {v3, v8, v13, · · · }. Note that d(v3, vj+1) = d(v3, vj), j > 3 and j even. Also

d(v3, v2) = d(v3, v1). Now when j > 8 and j is even,

d(v8, vj) =
j − 8

2
and d(v8, vj+1) =

(j + 2)− 8

2
.
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Hence d(v8, vj) 6= d(v8, vj+1). Therefore {v3, v8} resolve all vertices vj , j > 8, Now d(v3, v1) = 1

but d(v8, v1) = 4 and d(v3, v2) = 1 but d(v8, v2) = 3. Hence{v3, v8} resolve v1 and v2.

If 3 6 j 6 8 then {v3, v8} generate the same code (1,2) for v4 and v5. Also {v3, v8}
generate the same code (2,1) for v6 and v7. We have d(v13, v4) = 5 and d(v13, v5) = 4. Also

d(v13, v6) = 4 and d(v13, v7) = 3. Hence {v3, v8, v13} resolves all vertices of P 2
n . Therefore

to resolve all vertices of P 2
n we take n ≥ 11. We observe that {v3, v8, · · · , v5k−2} uniquely

dominates all vertices in V −D. Hence we have the conclusion. �

If n = 5k + 1, n = 5k + 2, n = 5k + 3, D = {v1, v6, v11, · · · , v5k−4, v5k+1} is a UDD set.

Therefore γµβ
(
P 2
n

)
= k + 1. If n = 5k + 4, D = {v2, v7, v12, · · · , v5k−3, v5k+2} is a UDD set

and we have γµβ
(
P 2
n

)
= k+ 1 =

⌈n
5

⌉
. Thus we obtain γµβ

(
P 2
n

)
=
⌈n

5

⌉
for ∀n ≥ 11. If n < 11,

then we observe that γµβ(P 2
n) = n. Hence, we have

Theorem 2.3 For an integer n ≥ 3,

γµβ(P 2
n) =


⌈n

5

⌉
, for n ≥ 11

n, for n < 11.
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Famous Words

There are no stable antimatter unless free antimatter such as those of positrons, free

antiprotons, free antineutrons, free antihydrogens and antimatter stars, i.e., antiprotron star,

antineutron star or their combination in universe. It is completely different from the normal

matters world. There are no possibility for the birth of living antibeings, no antipeoples, and

it is only a symmetrical mirror of elementary particles but with a different mechanism on

composing antimatters. (Extracted from the paper: A new understanding on the asymmetry

of matter-antimatter, Progress in Physics, Vol.15, 3(2019), 156-162)

By Dr.Linfan MAO, a Chinese mathematician, philosophical critic.
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