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Abstract: In this paper, we give the definition, different types and characterizations of
Mannheim partner D-curves in Minkowski 3-space E?. We find the relations between the
geodesic curvatures, the normal curvatures and the geodesic torsions of these associated
curves. Furthermore, we show that the definition and the characterizations of Mannheim
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§1. Introduction

In the study of the fundamental theory and the characterizations of space curves, the related
curves for which there exist corresponding relations between the curves are very interesting and
an important problem. The most fascinating examples of such curves are associated curves,
the curves for which at the corresponding points of them one of the Frenet vectors of a curve
coincides with the one of the Frenet vectors of the other curve. The well known of the associated
curves is Bertrand curve which is characterized as a kind of corresponding relation between the
two curves. The relation is that the principal normal of a curve is the principal normal of
another curve i.e, the Bertrand curve is a curve which shares the normal line with another
curve. Over years many mathematicians have studied on Bertrand curves in different spaces
and consider the properties of these curves [1-6].

Furthermore, Bertrand curves are not only the example of associated curves. Recently, a
new definition of the associated curves was given by Liu and Wang [9,17]. They called these
new curves as Mannheim partner curves: Let x and z; be two curves in the three dimensional
Euclidean E3. If there exists a corresponding relationship between the space curves x and x;
such that, at the corresponding points of the curves, the principal normal lines of z coincides
with the binormal lines of 21, then z is called a Mannheim curve, and x is called a Mannheim

partner curve of . The pair {x, x; }is said to be a Mannheim pair. They showed that the curve

1Received March 13, 2020, Accepted June 2, 2020.
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x1(s1) is the Mannheim partner curve of the curve z(s) if and only if the curvature 1 and the
torsion 71 of x1(s1) satisfy the following equation
dr K1
Fe= = S (14 N\22
T=7 51 )\( + A7)
for some non-zero constant A. They also study the Mannheim curves in Minkowski 3-space[9,16].
Some different characterizations of Mannheim partner curves are given by Orbay and others
[12]. The differential geometry of the curves fully lying on a surface in Minkowski 3-spaceE}
is given by Ugurlu, Kocayigit and Topal [8,14,15]. They have given the Darboux frame of
the curves according to the Lorentzian characters of surfaces and the curves. Finally, in the

Euclidean 3-space, Mannheim partner D -curves is defined by Kazaz, M. and others [7]

In this paper we consider the notion of the Mannheim partner curve for the curves lying on
the surfaces. We call these new associated curves as Mannheim partner D-curves and by using
the Darboux frame of the curves we give the definition, different types and the characterizations

of these curves in Minkowski 3-spaceE?.

82. Preliminaries

The Minkowski 3-space E3 is the real vector space IR? provided with the standard flat metric
given by
< ) > = —d.’E%-l—diL’g—‘rd(E%

where (1, 22, 73) is a rectangular coordinate system of E. An arbitrary vector ¥ = (v, v2, v3)
in E} can have one of three Lorentzian causal characters; it can be spacelike if (¢, %) > 0 or
¥ = 0, timelike if (¥, ) < 0 and null (lightlike) if (7, ) = 0 and ¥ # 0. Similarly, an arbitrary
curve & = d(s) can locally be spacelike, timelike or null (lightlike), if all of its velocity vectors
o/(s) are respectively spacelike, timelike or null (lightlike)[11]. We say that a timelike vector
is future pointing or past pointing if the first compound of the vector is positive or negative,
respectively. For any vectors ¥ = (x1, T2, 3) and i = (y1,¥2,¥3) in E}, Lorentz vector product
of ¥ and ¢/ is defined by

€1 —€9 —E€3
TXY=| 21 @9 x3 | = (T2y3 — T3Y2, T1Y3 — T3Y1, T2Y1 — T1Y2)
Yy Y2 Y3
where
1 i =7,
dij = oy
0 i#j

e = (62'1,57;2,61‘3) and €1 X ey = —€3, € Xez=e€1, €3 Xe = —eq.
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Denote by {f, N, B } the moving Frenet frame along the curve «(s) in the Minkowski

space E3. For an arbitrary spacelike curve a(s) in the space E3, the following Frenet formulae

are given,
T 0 ki 0 T
]\7/ = —6](31 0 kg ]\7 5
B 0 ko O B
where <f,f>:1, <ﬁ,]\7>:5:i1, <§,§ = —¢, <f,ﬁ>:<f,§ :<]\7,§>:0and

k1 and ko are curvature and torsion of the spacelike curve «a(s) respectively. Here, € determines
the kind of spacelike curve a(s). If € = 1, then a(s) is a spacelike curve with spacelike first
principal normal N and timelike binormal B. If & = —1, then «(s) is a spacelike curve with
timelike principal normal N and spacelike binormal B. Furthermore, for a timelike curve «(s)

in the space E$, the following Frenet formulae are given in as follows,

T 0 k 0 T
2\7/ = kil 0 k’g ]\7
B 0 —ky O B

v (£7) =1 (§0) = (8.5) =1 (£.5) = (1.2) = (5.) =0t s sn

are curvature and torsion of the timelike curve «a(s) respectively [14

Definition 2.1([11]) (i) (Hyperbolic angle) Let & and § be future pointing (or past pointing)
timelike vectors in IR3. Then there is a unique real number 0 > 0 such that < T, § >=
— |Z| |§| cosh@. This number is called the hyperbolic angle between the vectors & and .

(ii) (Central angle) Let ¥ and § be spacelike vectors in IR} that span a timelike vector
subspace. Then there is a unique real number 8 = 0 such that < Z, ¥ >= |Z| |y| cosh 8. This
number is called the central angle between the vectors & and .

(iii) (Spacelike angle) Let Z and i be spacelike vectors in IR} that span a spacelike vector
subspace. Then there is a unique real number 0 > 0 such that < &, § >= |Z| |y| cosf. This
number is called the spacelike angle between the vectors ¥ and .

(iv) (Lorentzian timelike angle) Let & be a spacelike vector and § be a timelike vector in
IR3. Then there is a unique real number 0 > 0 such that < &, § >= |Z| |¢| sinh 0. This number
is called the Lorentzian timelike angle between the vectors T and y.

Definition 2.2([11]) A surface in the Minkowski 3-space IR} is called a timelike surface if
the induced metric on the surface is a Lorentz metric and it is called a spacelike surface if the
induced metric on the surface is a positive definite Riemannian metric, i.e., the normal vector

on the spacelike (timelike) surface is a timelike (spacelike) vector, respectively.

Lemma 2.1([11]) In the Minkowski 3-space IR}, the following properties are satisfied:

(1) Two timelike vectors are never orthogonal;
(#i) Two null vectors are orthogonal if and only if they are linearly dependent;

(#i1) A timelike vector is never orthogonal to a null (lightlike) vector .
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§3. Darboux Frame of a Curve Lying on a Surface in Minkowski 3-space E}

Let S be an oriented surface in three-dimensional Minkowski space E3 and let consider a non-
null curve z(s) lying on S fully. Since the curve z(s) is also in space, there exists Frenet frame

{f, N , B! at each points of the curve where T is unit tangent vector, N is principal normal

vector and B is binormal vector, respectively.

Since the curve z(s) lies on the surface S there exists another frame of the curve z(s)which
is called Darboux frame and denoted by {f, g, ﬁ} In this frame 7T is the unit tangent of the

curve, 7 is the unit normal of the surface S and ¢ is a unit vector given by g = i X T. Since
the unit tangent T is common in both Frenet frame and Darboux frame, the vectors N , B , g
and 77 lie on the same plane. Then, if the surface S is an oriented timelike surface, the relations

between these frames can be given as follows:

If the curve z(s) is timelike, If the curve z(s) is spacelike

T 1 0 0 T T 1 0 0 T
g|=120 cosp  sing N |, g|=10 coshyp  sinhg N
s 0 —sinp cosep B i 0 sinhy  coshy B

If the surface S is an oriented spacelike surface, then the curve z(s)lying on S is a spacelike

curve. So, the relations between the frames can be given as follows

T 10 0 T
g | =10 coshy sinhge N
7 0 sinhy coshep B

In all cases, ¢ is the angle between the vectors g and N.

According to the Lorentzian causal characters of the surface S and the curve z(s) lying on
S, the derivative formulae of the Darboux frame can be changed as follows:

(2) If the surface S is a timelike surface, then the curve z(s) lying on S can be a spacelike

or a timelike curve. Thus, the derivative formulae of the Darboux frame of z(s) is given by

T 0 k, —cky T
=1k 0 e g | (TT)=e=51, @5 == @a)=1 (1)
il kn 74 0 7

(#i) If the surface S is a spacelike surface, then the curve x(s) lying on S is a spacelike
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curve. Thus, the derivative formulae of the Darboux frame of z(s) is given by

T 0 ky kny T
§ = —kg 0 Tg g 7<T> T:> = 17 <§7 §> = 17 (ﬁu ﬁ> =-1 (2)
i b o, 0 ]| 7

In these formulae kg4, k, and 7, are called the geodesic curvature, the normal curvature
and the geodesic torsion, respectively. Here and in the following, we use “dot” to denote the
derivative with respect to the arc length parameter of a curve.

The relations between geodesic curvature, normal curvature, geodesic torsion and k, T are
given as follows (See [9,14,15]):

e if both S and z(s) are timelike or spacelike,

d
kg:mcosap,kn:msinap,rgzr—&-df(ﬁ; (3)
s

e if S is timelike and z(s) is spacelike

d
kg:mcoshgo,kn:nsinhgo,rg:7+d—¢. (4)
s

Furthermore, the geodesic curvature k, and geodesic torsion 74 of the curve z(s) can be calcu-

lated as follows:

de dPx dx dn
kg:—<d8,d32><n>,7—g:_5<ds7n><d8>, (5)

dr d’z dx dn
I{Jg—<ds,d82><n>,7'g—<ds,nxds>. (6)

where € = <T, f> = +£1.
In the differential geometry of surfaces, for a curve z(s)lying on a surface S the followings

are well-known
e z(s)is a geodesic curve < k, = 0,
e 1(s)is an asymptotic line < k, =0,
e z(s)is a principal line <71, = 0 [10].

Along every point of the surface passes a geodesic in every direction. A geodesic is uniquely
determined by an initial point and tangent at that point. All straight lines on a surface are
geodesics. Along all curved geodesics the principal normal coincides with the surface normal.
Along asymptotic lines osculating planes and tangent planes coincide, along geodesics they are
normal. Through a point of a nondevelopable surface pass two asymptotic lines which can be

real or imaginary [13].
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§4. Mannheim Partner D-Curves in Minkowski 3-Space F}

In this section, by considering the Darboux frame, we define Mannheim partner D-curves and
give the characterizations of these curves in Minkowski 3-space E3.

Definition 4.1 Let S and Sy be oriented surfaces in three-dimensional Minkowski space E3}
and let consider the curves x(s) and x1(s1) parametrized by the arc-lenght lying fully on S and
Sy, respectively. Denote the Darbouz frames of x(s) and x1(s1) by {T,g,n} and {T1,g1,n1},
respectively. If there exists a corresponding relationship between the curves x and x1 such that,
at the corresponding points of the curves, the Darbouz frame element g of x coincides with the
Darboux frame element ny of x1, then x is called a Mannheim D-curve, and x1 is a Mannheim
partner D-curve of . Then, the pair {x,x1}is said to be a Mannheim D-pair. If there exist
such curves lying on the oriented surfaces S and Sy, respectively, we call the pair {S,S1} as

Mannheim pair surfaces.

Figure 1 Mannheim partner D-curves

By considering the Lorentzian casual characters of the surfaces and the curves, from Def-
inition 4.1, it is easily seen that there are five different types of the Mannheim D-curves in
Minkowski 3-space. Let the pair {«, 21} be a Mannheim D-pair. Then according to the char-
acter of the surface S we have the followings:

Case 1. The oriented surface S is spacelike.

If both the surface S and the curve z(s)lying on S are spacelike then, there are two cases;
first one is that the surface S; is a timelike surface and the curve x1(s1) fully lying on S is
spacelike. In this case we say that the pair {z,z;} is a Mannheim D-pair of the type 1. The
second one is that both the surface S; and the curve x1(s1) fully lying on S; are timelike. In

this case we say that the pair {z,z;} is a Mannheim D-pair of the type 2.
Case 2. The oriented surface S is timelike.

If the curve z(s)lying on S is a timelike curve then there are two cases; one is that both
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the surface Sy and the curve x4 (s1) fully lying on S are timelike. In this case we say that the
pair {z,z1} is a Mannheim D-pair of the type 3. The other case is that the curve z;(s1) fully
lying on S is a spacelike curve. Then the pair {z,z;} is a Mannheim D-pair of the type 4.
If the curve z(s)lying on S is a spacelike curve then both the surface S; and the curve z1(s1)
fully lying on S are spacelike. Then we say that the pair {z,x;} is a Mannheim D-pair of the
type 5.

Theorem 4.1 Let S be an oriented surface and x(s) be a Mannheim D-curve in E3 with arc
length parameter s fully lying on S. If Sy is another oriented surface and x1(s1) is a curve
with arc length parameter s fully lying on Si1, then x1(s1) is Mannheim partner D-curve of
x(s) if and only if the normal curvature ky, of x(s) and the geodesic curvature kg, , the normal

curvature ky, and the geodesic torsion 14, of x1(s1) satisfy the following equations.

1) 1f the pair {x,x1} s a Mannheim D-pair of the type 1 or 3, then
i) if th ' is a Mannheim D-pair of th 1or 3 th
(14 Mkny)? = A277, o L Moy ) 27y ke,
(1+ \ky,) " coshf o 1+ Mey, |’
(i) if the pair {x,x1} is a Mannheim D-pair of the type 2 or 4, then
(14 Ny, )2 = A272 o LEMen ) N7y ke,
(14 Aky,) " sinh@ 9 14 Mep, |’

(#i1) if the pair {x,x1} is a Mannheim D-pair of the type 5, we have

n g1

. 1
TQIZX

T!] 1

_1
R

. 1
Tgr =

D

)

(14 Mkpy) cos 14+ My,

for some nonzero constants A, where 6 is the angle between the tangent vectors T and Ty at the

corresponding points of the curves x and x7.

Proof (i) Suppose that the pair {z,z;} is a Mannheim D-pair of the type 1. Denote
the Darboux frames of z(s) and z1(s1)by {7, g,n} and {71, ¢1,n1}, respectively. Then by the
definition we can assume that

z(s) = x1(s1) + M(s1)n1(s1) (7)

for some function A(s1). By taking derivative of (7) with respect to s; and applying the Darboux

formulas (1) we have

d .
Tﬁ = (1 + Mo, )T1 + Ay + A7y g1 (8)
1

Since the direction of n; coincides with the direction of g, we get

)\(51) =0.
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This means that A is a nonzero constant. Thus, the equality (8) can be written as follows

d
T 22 = (14 Nen, )T + ATy 01 (9)
d81
On the other hand we have
T = cosh 0Ty + sinh 6 ¢y, (10)

where 6 is the angle between the tangent vectors T and T3 at the corresponding points of x
and z;. By differentiating this last equation with respect to s, we get

d . .
(kgg + knn)f = (0 + kg4, ) sinh 0T + (6 + kg, ) cosh 8g1 + (—ky, cosh 8 + 74, sinhf)n,. (11)
1

From this equation and the fact that

n =sinh T} + cosh 8 gy, (12)
we get
. ds . ) .
(kgg + ky sinh 6T} + k,, cosh Ggl)d—s1 = (04 ky,)sinh 0T + (0 + kg, ) cosh 0g;
+(—ky,, cosh + 74, sinh @)n;. (13)

Since the direction of n; is coincident with g we have

ds

0 =Fky,—
d81

- kgl' (14)

From (9) and (10) and notice that T} is orthogonal to g; we obtain

ds 1+ Aky, ATg,

. = ) 15
dsy cosh @ sinh 6 (15)
Equality (15) gives us
AT,
tanhf = —2 . 16
an 1+ Mo, (16)
By taking the derivative of this equation and applying (15) we get
14+ My, )2 — A272 1+ My N7y kin
7._91 _ l ( 1) Tg1 kn; o k{h + L , (17)
A (14 Akny) cosh 6 1+ Akn,

that is desired.

Conversely, assume that the equation (17) holds for some nonzero constants A. Then by
using (14) and (15), (16) gives us

ds 3 . .
kn (dsl) = Mg, (1+ Mo, ) — N7y, by + (14 Meny)® — X272) kg, - (18)
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Define a curve
x(s) = x1(s1) + M1 (s1),

(19)

where A is non-zero constant. We will prove that x is a Mannheim D-curve and x; is the

Mannheim partner D-curve of x. By taking the derivative of (19) with respect to s1 twice, we

get
ds
dislT = (1 + )\knl)Tl + )\Tglgl
and
ds \ 2 d?s . .
(kgg + knn) disl + T@ = (Mo, + )‘Tg1kgl)T1 + (1 + )‘km)kgl + )‘Tgl) g1
1

+ (—(L+ M, Yen, + A72) 1,

respectively. Taking the cross product of (20) with (21) we have

[kgn + kng] ds ’

gn nd d81

= (Agykny (14 Mk, ) — X270 ) Ty — [—(1 4 Mk, )2k, + Ao (14 Ak, )] 01
+ [_k.cn (1 + /\knl)Q - /\7.—!]1 (1 + )\knl) + /\2qu knl + )\27—921 k91:| ni.

By substituting (18) in (22) we get

ds \*°
(kgn + kng] <dS1> - (ATglkm (1+ Mo, ) — )‘2751) T

d 3
= (—kny (L4 X, )2+ A70 (1 + Mk, ) g1 — ki <S> ny.
d51

Taking the cross product of (20) with (23) we have

ds \* ds \* ds \*
n -5 = n\ 7 1T n\ 7 1 ni
[kgg + knn <d31) k <d81> Mg, Th + k (d51> (14 Akny) g1

+ (L4 Mo, ) = X273 ) (A75 = Koy (14 Mk, )) .

g1

From (23) and (24) we have

(k2 —k2) s 4ﬁ
9 " dSl

B ds 2 3 5 [ ds 8
= lk:g a5, (/\Tglknl(l—l—/\km) A 7'91) Mg, ki (dsl)

—

T

d ds \*
— g (= (14 Mo )2 + A2 (14 M) + (14 Mo )R () |
dsq dsy

ds

4
— lknkg (dsl> + ko (L4 Men,y)? = N272) (A2 — ke, (1 + )\km))] .

(20)

(25)
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Furthermore, from (20) and (23) we get

()\272 —(1+ Mk )2) _ (ﬂ)Z
g1 ni dsq ’

PN (26)
by () = A72, + ko (14 Miy,) = 0
respectively. Substituting (26) in (25) we obtain
ds \*
-k (-—) @
( g n) <d81>
ds ds \*| =
- lkgdSl (ATgykny (14 Men, ) = N272 ) — A7g, K, (dsl> T
ds 9 9 5 [ ds 1
- ’“95 (=kny (1 4+ Men) )2 4+ A2 (14 Mk, ) 4 (14 Mk, k7, el KT (27)
1 1

Equality (20) and (27) shows that the vectors T and 7 lie on the plane sp {fl, gl}. So, at
the corresponding points of the curves, the Darboux frame element ¢ of = coincides with the
Darboux frame element 771 of x1, i.e, the curves x and z; are Mannheim D-pair curves of the
type 1. O

Let now give the characterizations of Mannheim partner D-curves in some special cases.
Let the pair {z, 71} be a Mannheim D-pair of the type 1 or 3 in Minkowski 3-space E}. Assume
that x(s) be an asymptotic Mannheim D-curve. Then, from (16) we have the following special

cases:

(1) Consider that z1(s1) is a geodesic curve. Then z1(s1) is Mannheim partner D-curve of

x(s)if and only if the following equation holds,

. ATg, kn,
S V.

(#4) Assume that x1(s1) is an asymptotic line. Then x;(s1) is Mannheim partner D-curve
of z(s)if and only if the geodesic curvature kg, and the geodesic torsion 7,, of x1(s1) satisfy the
following equation,

. 2.2
gy = (14 A7) )k, -

In this case, the Frenet frame of the curve z1(s1) coincides with its Darboux frame. Thus,
we have k;, = k1 and 75, = 7. So, in Minkowski 3-space the Mannheim partner D-curves
become the Mannheim partner curves, i.e., if both z(s) and x1(s1) are asymptotic lines then,
the definition and the characterizations of the Mannheim partner D-curves involve those of the

Mannheim partner curves in Minkowski 3-space.

(#i1) If 21 (s1) is a principal line then x4 (s1) is Mannheim partner D-curve of z(s) if and only

if the geodesic curvature kg, = 0, that is z1(s1) is also a geodesic curve or k,,, = —1/X = const.

The proofs of the statement (ii) and (iii) of Theorem 4. 1 and the particular cases given
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above can be given by the same way of the proof of statement (i).

Theorem 4.2 Let the pair {x,z1} be a Mannheim D-pair in Minkowski 3-space E}. Then
the relation between geodesic curvature kg, geodesic torsion 14 of x(s)and the normal curvature

kn,, the geodesic torsion 74, of x1(s1) is given as follows:
(7) if the pair {x,z1} is a Mannheim D-pair of the type 1, 3, 4 or 5 then
kg —kn, = A(_kgknl + T9T91>7
(43) if the pair {x,x1} is a Mannheim D-pair of the type 2, then

kg + kn, = A(_kgkn1 + Tngl)’

Proof (i) Let x(s) be a Mannheim D-curve and z1(s;) be a Mannheim partner D-curve
of x(s) in Minkowski 3-space E5 and the pair {z,21} be of the type 1. Then by definition we

can write
z1(s1) = x(s) — A(s)g(s) (28)

for some constants A. By differentiating (28) with respect to s; we have

ds ds

Ty = (14 Xey)—T — Ary—n. 29
1 ( + g)d81 Tg dSl n ( )
By definition we have
T) = cosh 0T — sinh 6n. (30)
From (29) and (30) we obtain
ds . ds
COSh@ = (1 —+ )\kg)diSl, Slnh9 = AngiSl. (31)

Using (13) and (31) it is easily seen that
kg = kny, = M—kgkn, +7475,) (32)

This completes the proof. O

Let the pair {x,z;}be a Mannheim D-pair of the type 1 in Minkowski 3-space E}. Then,

we obtain the following special cases by Theorem 4.2.

(1) If z; is an asymptotic line, then
kg = ATy7g,
(#4) If 21 is a principal line, then

kg — kn, = —Akgkn,
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(#i7) If  is a geodesic curve, then
kn, = —AT47g,
(iv) If x is a principal line then
ky — K, = — kg,

The proof of the cases that the pair {z, z;}be a Mannheim D-pair of the type 2, 3, 4 or 5
can be given by a similar procedure used in the proof of the case that the pair {z,x;} is of the
type 1.

Theorem 4.3 Let {x,z1} be Mannheim D-pair of the type 1. Then the following relations
hold:

do .
i) k ”dTl_dTl

(
(“) T dsr dS1 = —ky, sinh 6 + 7, cosh ;
(idi
(i

Proof (i) Since the pair {x, x1} is of the type 1, we have (T, T1) = cosh §. By differentiating
this equality with respect to s; we have

ds do
<(kgg + knn)dSl,T1> + (T, kg g1 — knyma) = bmhﬁd—Sl.

Using the fact that the direction of ny coincides with the direction of g and

T, = cosh T — sinh On,

(33)
g1 = —sinh 0T + cosh On,

we easily get that
ds do

kg, = kn—— —.
9 dSl d81

(i) By definition we get (n,n;) = 0. Differentiating this equality with respect to s; we
have

ds
<(knT + ng)disla 77,1> + <Tl, kanl + Tg191> =0.
By (29) we obtain

ds

ng—Sl = —k,, sinh 0 4 74, cosh 6.

(#i1) By differentiating the equation (T',n,) = 0 with respect to s; we get

ds
<(kgg + knn)dSl,nl> + (T, kn, T + 74,91) = 0.
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From (29) it follows that
ds

k. —
gdsl

= —kp, coshf + 7,4, sinh 6.

(iv) By differentiating the equation (g, g1) = 0 with respect to s; we obtain
ds
(—k,T + Tgn)g,gl + (g, kg, T1 + Tg,n1) = 0.
1
By considering (29) we get
d
Tg, = (—kgsinh 6 + 7, cosh 9) el

dSl ’

This completes the proof. O

The statements of Theorem 4.3 for the pairs {x,z1} of the type 2, 3, 4, and 5 are given in

Tables 1 and 2, and the proofs can be easily done by the same way of the case the pairs {z, z1}
is of the type 1.

For the pair {z,z1} of the type 2 For the pair {z,z1} of the type 3

: ds | df - ds  df
(1) kg, = kn g + 25~ (i) kg, = kngor + 4~
(1) T42% ds = kyp, cosh @ — 7,4, sinh 6 (1) 145 d = ky, sinh 6 — 7,4, cosh 6
(14) kyg jss = ky, sinh 6 — 7, cosh 6 (131) kg jj = ky, cosh 6 — 7,4, sinh 6
(tv) 14, = (—kg cosh 8 + 7, sinh ) %31 (tv) 74, = (kgsinh 6 — 7, cosh 9) %981

Table 1

For the pair {z,z1} of the type 4 For the pair {z,z,} of the type 5
(0) kg, = kn g + 42 (i) kgy = —knge — 32
(1) 7422 del = —ky,, cosh6 + 74, sinh @ (1) Tg5= d = —k,, cosf + 74, sin6
(t4) kg jssl = —kp, sinh 0 + 7,4, cosh 6 (14i) kg d“ = ky, sin@ + 74, cos 6
(iv) T4, = (kg cosh @ — 7, sinh 6) ddel (tv) 14, = (kg cos 0 + 74 sin ) j—;

Table 2

Let now = be a Mannheim D-curve and 7 be a Mannheim partner D-curve of x and the

pair {z,x1} be of the type 1. From (5) and by using the fact that ny is coincident with g we
have

k'gl = — <.’t17.’f1 X n1> = — <{t1,(ﬁ1 X g>

ds \* . . ds \?
Fon [—(1+ Akg)? + A272] (dSI) + [AT9(1+Ak9)—A2Tgkg] <d81>

Then the relations between the geodesic curvature kg, of x1(s1) and the geodesic curvature kg,

the normal curvature k,and the geodesic torsion 7, of z(s) are given as follows:
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If k; = 0 then from (33) the geodesic

k91:<

ds.
dSl

o

Onder, Mustafa Kazaz, H. Hiiseyin Ugurlu

curvature kg, of z1(s1) is

ds

2
) v
1

1+ X72)kn + (ds

If £, = 0 then the relation between kg4, 7, and kg, is

ds
kgl =A (dsl)

2 (704 Aky) = Ay, ) -

If 74 = 0 then, for the geodesic curvature kg, , we have

k!]l

_(d

ds \° 9
—— | (14 Xky)"kn.

S1

From (34),(35) and (36) we give the following corollary.

Corollary 4.1 Let x be a Mannheim D-curve and x1 be a Mannheim partner D-curve of x
and the pair the pair {x,x1} be of the type 1. Then the relations between the geodesic curvature

kg, of x1(s1) and the geodesic curvature, kg, the normal curvature k,, and the geodesic torsion

Ty of z(s) are given as follows

(4)

If x is a geodesic curve, then the

- (8)'

ds.
dSl

(i)

ds

dSl

Los()

(iid)

k!]l

_(d

geodesic curvature kg, of x1(s1)is

2
1+ X720 )kn + LR IOV
g/om d51 g

If x is an asymptotic line, then the equation of kg4, is

2 (41 + Akg) = Aryity)

If x is a principal line, then the geodesic curvature kg, of x1(s1) is

ds
S1

3
) (14 Ak,) k.

If the pair {x, 21 }is of the type 2, 3, 4 or 5 then the geodesic curvature of the curve x1(s;1)

is given in Tables 3 and 4 following.

If the pair {z,z;} is of the type 3

If the pair {x,z1}is of the type 2
ds

kg, = kn [(1 + Akg)? + /\2792] (ds1

+ [—Mg(l + Meg) + /\279159} ( do

ds1

ds

g, = —hn [(1= Mg)? + N272] (4

[ X (1= Mkg) = Xyl ] (

%

?

ds
d81

%

Table 3
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If the pair {z, 1} is of the type 4 If the pair {z, 1 }is of the type 5
kg, = kn [(1 = Meg)? = A277] (;‘—)3 kg, = —kn [(1 = Meg)? + A272] (%)3
+ [Mg(1 = Meg) + X7y | (;L)Q [ M (1 = M) = Xorydg| (;7)2
Table 4

and the statements in Corollary 4.1 are obtained by the same way.
Similarly, if the pair {z,z1} is of the type 1, from(6) and by using the fact that g is
coincident with n, the relation between the geodesic torsion 7,4, 0f x1(s1) and the geodesic

ds \*
791 = 'Tg <d81) . (37)

Furthermore, by using (15), from (37) we have

torsion 740f z(s) is given by

sinh? @
T9Tn = T2 -
Then, from (37) and (38) we can give the following corollary.

Corollary 4.2 Let x be a Mannheim D-curve and x1 be a Mannheim partner D-curve of x
and {z,xz1} be of the type 1. Then the relation between the geodesic torsion T4, of x1(s1) and
the geodesic torsion T4 of x(s) is given by one of the followings:

2
(i) 7o =7 ()

(i) TgTg, = SinAh;a

and so, the Mannheim partner D-curve x1 is a principal line when the Mannheim D-curve x
is a principal line.
Similarly, from (15) and (37) we get
. Ty ‘h2 9
(#i1) % = 7(1$f\kn1)2'

Then, if z1(s1) is an asymptotic curve, i.e.,k,, = 0, we have
7, = cosh® 07, . (39)
From (39) we have the following corollary.

Corollary 4.3 Let x be a Mannheim D-curve and x1 be a Mannheim partner D-curve of x and
{z,x1} be of the type 1. If x1(s1) is an asymptotic curve then the relation between the geodesic
torsion 74 of x(s) and the geodesic torsion 14, of x1(s1) is given as follows:

(iv) 7, = cosh® 0 7,,,

where 0 is the angle between the tangent vectors T and Ty at the corresponding points of x and

xTq.
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When the pair {z,x;} is of the type 2, 3, 4 or 5, then the relations which give the geodesic
torsion 74, of z1(s1) are given in Tables 5 and 6 following.

For the pair {z,z1} of the type 2 For the pair {z,z1} of the type 3
pi p;
(i) 70 =74 () (i) 790 = —75 ()
(44) Tng1 = Cos>\h220 (i) Tg7g, = _sm>\h229
inh? 0 sh? 9
(ZZZ) ; = @‘Tl)z (ii1) :Tgl = 7(13?;716711)2
(iv) 7, = sinh?® @7y, , if x1(s1) is an | (i) 7, = —cosh®O7,,, if x1(s1) is an
asymptotic curve. asymptotic curve.
Table 5
For the pair {z,z1} of the type 4 For the pair {z,z,} of the type 5
2 2
(i) 70 = =7, () (i) 700 =79 ()
(44) Ty7q, = —C05370 (i) 47y, = 20
i’y inh2 ¢ e 29
(i#) 20 =~ T3k, (i) 7 = T, )2
(iv) 7y = —sinh® @7y, , if 1(s1) is an | (1v) 74 = cos? 07, if x1(s1) is an
asymptotic curve. asymptotic curve.
Table 6

85. Conclusions

In this paper, in Minkowski 3-space FEj, the definition and characterizations of Mannheim
partner D-curves are given which is a new study of associated curves lying on surfaces. It
is shown that in Minkowski 3-space E3, the definition and the characterizations of Mannheim
partner D-curves include those of Mannheim partner curves in some special cases. Furthermore,
the relations between the geodesic curvature, the normal curvature and the geodesic torsion of
these curves are given.
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Abstract: In this paper, we investigate the solutions of second-order fuzzy initial value
problem with positive coefficient using the fuzzy Laplace transform under the approach of
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§1. Introduction

Fuzzy differential equations are important topic. Especially, fuzzy initial value problems and its
applications. For example, real-word problems, mathematical models in science and technolo-
gy, population models, civil engineering. So, many researchers have studied fuzzy differential
equations.

There are several approach solving the fuzzy differential equations. The first is Hukuhara
differentiability [7,14]. The second approach is generalized differentiability [9,15]. The third
generate the fuzzy solution from the crips solution. These are extension principle [7,8], the
concept of differential inclusion [13] and the fuzzy problem to be a set of crips problem [11]. But,
many fuzzy initial and boundary value problems can not be solved as analytically. Therefore,
the another approach is to find approximate solutions. The numeric methods are introduced
and studied [1-4,12]. The another approach is the fuzzy Laplace transform. The solutions of
fuzzy differential equation is studied by fuzzy Laplace transform [5,18,19,21]. One of the most
important applications fuzzy Laplace transform is to solve fuzzy initial value problems.

In this paper, the solutions of second-order fuzzy initial value problem with positive coef-
ficient are investigated by fuzzy Laplace transform. Generalized differentiability, fuzzy Laplace
transform, Hukuhara difference and fuzzy arithmetic are used. The aim of this study is to in-
vestigate solutions using the properties fuzzy Laplace transform by generalized differentiability

for second-order fuzzy initial value problem.

1Received January 13, 2020, Accepted June 5, 2020.
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§82. Preliminaries

Definition 2.1([17]) A fuzzy number is a mapping u : R — [0,1] satisfying the following

properties:

( ,To) = 1,’

(u) u is convex fuzzy set: u(Ax + (1 — A)y) = min{u(x),u(y)} for al z,y € R, A € [0,1];
(3)

(4)

1) u is normal: Jxo € R for which u (

u 18 upper semi-continuous on R,

cd{z eR|u(zx) >0} is compact, where cl denotes the closure of a subset.

Let Ry denote the set of all fuzzy numbers.

Definition 2.2([15]) Let u € Rp. The a-level set of u, denoted , [u]”, 0 < a < 1, is [u]” =
{zeR|u(x)>a}. Ifa=0,[u’ = c{suppu} = cl{x € R | u(z) > 0}. The notation, [u]* =
[y, Ta] denotes explicitly the a-level set of u, where u, and U, denote the left-hand endpoint

and the right-hand endpoint of [u]®, respectively.
The following remark shows when [u,, %] is a valid a-level set.

Remark 2.1([10,15]) The sufficient and necessary conditions for [u,,Ts] to define the para-

metric form of a fuzzy number as follows:

(1) u,, is bounded monotonic increasing (nondecreasing) left-continuous function on (0, 1]
and right-continuous for « =0,

(2) 1, is bounded monotonic decreasing (nonincreasing) left-continuous function on (0, 1]
and right-continuous for @ = 0,

(3) uy, <TUq, 0< < 1.

Definition 2.3([17]) If A is a symmetric triangular fuzzy number with support [a,a], the
a—level set of A is

(A" = [A,, 4] = {a—&- (“;“) o,a— (“gCL) a} . (A =4, A —A, =4, -4).

Definition 2.4([12,15,20]) Let u,v € Rp. If there exists w € Ry such that u = v+ w, then w
is called the Hukuhara difference of fuzzy numbers u and v, and it is denoted by w = u O v.

Definition 2.5([6,12,15]) Let f : [a,b] = Rp and tg € [a,b]. We say that f is Hukuhara
differentiable at tg, if there exists an element f/ (to) € Rp such that for all h > 0 sufficiently
small, 3f (to+ h) © f (to), [ (to) © f (to — h) and the limits

1y f o 1) S f(to) f(to) & f(to — h)

1 =1
h1—>0 h hli% h

= f (to).

Definition 2.6([15]) Let f : [a,b] = Rp and ty € [a,b]. We say that f is (1)-differentiable at
to, if there exists an element f/ (to) € R such that for all h > 0 sufficiently small near to 0,
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exist f (to +h) © f (to), f (to) © f (to — h) and the limits

lim fto+h)e f(to) — lim [ (to) © f(to—h)
h—0 h h—0 h

= f (to),

and fis (2)-differentiable if for all h > 0 sufficiently small near to 0, exist f (to) © f (to + h),
f(to—h) e f(to) and the limits

h—0 —h h—0 —h

Theorem 2.7([16]) Let f : [a,b] — Ry be fuzzy function, where [f (t)]* = [ IRONA (t)] , for
each o € [0,1].

(i) If f is (1)-differentiable then f_and f, are differentiable functions and [f’ (t)]a -
7.0 7. 0],

(ii) If f is (2)-differentiable then f_and f, are differentiable functions and [ 7 (t)r -

7. w.£, 0]

Theorem 2.8([16]) Let f : [a,b] = Rp be fuzzy function, where [f (t)]* = {f ), fo (t)} ,
for each o € [0,1], f is (1)-differentiable or (2)-differentiable.

(@) If f and I are (1)-differentiable then i; and ?; are differentiable functions and
o] = w. T o],

(i5) If f is (1)-differentiable and f is (2)-differentiable then i’a and f,, are differentiable
functions and [f“ (t)]a = {fa (t) ,i; (t)] ,

(iii) If f is (2)-differentiable and f' is (1)-differentiable then i’a and f,, are differentiable
functions and [f” (t)r = {fa (t) ,i; (t)] ,

(i) If f and I are (2)-differentiable then i:l and ?la are differentiable functions and
o) =10 T w)].
Definition 2.9([18,21]) The fuzzy Laplace transform of fuzzy-valued function f is defined as

follows:

F(s)=L(f@)= /e_Stf(t) dt = lim e St f (t)dt.
0

0

T—00
0 0

F(s)=L(f(t) = |:lim /e_“"ti (t) dt,Th—>n<;lo e St f (b dt] ,

F(s,a)=L(f(t,a)) = [L (i(t,oz)) ,L(?(t,a))]
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where,
L (i (t, a)) = /e*Sti (t,a)dt = ILm e*Sti (t, ) dt,
0 0
L(f(ta)= /67577 (t,a)dt = ILm e St f (t, ) dt.
0 0

Theorem 2.10([5,18,21]) Suppose that f is continuous fuzzy-valued function on [0,00) and

exponential order « and that f/ is piecewise continuous fuzzy-valued function on [0,00), then

L(f () =sL(f (1) F(0),

if [ is (1)-differentiable,

L(f(®) = (=£ ()& (=sL(f (1),
if [ is (2)-differentiable.
Theorem 2.11([18,21]) Suppose that f and f are continuous fuzzy-valued functions on [0, 00)

and of exponential order a and that f” is piecewise continuous fuzzy-valued function on [0,00),
then

L(f ) =s"L(f@)esfOef ()

if f and f are (1)-differentiable,
L(f ) =1 06 (=) L (1) = 5/ (0)
if fis (1)-differentiable and f is (2)-differentiable,
L(f ) ==sf )6 (=) L E) o f ()
if fis (2)-differentiable and f' is (1)-differentiable,
L(f®) =s"L(F W) & sf(0)—F (0)

if fand f are (2)-differentiable.

Theorem 2.12([5,18]) Let f (x), g (z) be continuous fuzzy-valued functions suppose that ¢ and
co are constant, then

L(erf (x) +cag (2)) = (a1 L (f (2))) + (2L (9 (2))) -
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Theorem 2.13([5]) Let f (z) be continuous fuzzy-valued function on [0,00) and A > 0, then

LA (z) = AL(f ().

83. Main Results

In this section, we consider solutions of the fuzzy initial value problem
y"(t) = Ay(t), (1)

y(0) =[A]", y(0)=[B]", (2)

by Laplace transform, where A > 0, A and B are symmetric triangular fuzzy numbers with

supports [a, @] and [b, b],

where, (i, ) solution (i, 7 = 1,2) means that y is (i)-differentiable, 3" is (j)-differentiable.

(1,1) solution: Since y and 3 are (1)-differentiable, taking the fuzzy Laplace transform
of the equation (1),

S*L(y (t, @) © sy (0,0) Oy (0,0) = AL (y (t, )
is obtained. From this, we have the equations
s°L (y (t,a)) — sy (0,a) — g/ (0,0) = AL (y (t, @) ,
SL(F(t,a)) —s7(0,0) =7 (0,0) = AL(F (1, ).
Using the initial values (2), we obtain

L(y(t,a) = 87_/1 + S%E

Lyt o)) =

From here, taking the inverse Laplace transform of these equations, it gives

_ S _ 1
y(t,a) =L 1<52_/\>AQ+L 1(32—)\>Bm
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Thus, (1,1) solution is

y(t,a)= %Aa (eﬁt + e_ﬁt) + 2\%50( (eﬁt — e‘ﬁt) ; (3)
7(t,a)==A, (eﬁt + e*ﬁt) + %%Ea (eﬁt - e’ﬁt) , (4)
ly @] = [y(t,0),7(t,a)]. (5)

(1,2) solution: Since y is (1)-differentiable and y' is (2)-differentiable, taking the fuzzy

Laplace transform of the equation (1),
—y (0,0) & (=5%) L (y(t,@)) — sy (0,0) = AL (y (t,a))
is obtained. Then, we have the equations
—7 (0,0) +s°L (g (t,a)) — 57 (0,0) = AL (y(t, ), (6)

—y (0,a) + s*L (y (t,@)) — sy (0,a) = AL (7 (t, ). (7)

If L(g(t,«)) in the equation (7) is replaced by the equation (6) and using the initial

conditions, we have

s2 D N— s3 s  —
L(y(ta) = ot _ )\QEOC + 4 _ )\2Ba + ot _ )\QAOl + h _ )\QAO"
From this, the lower solution is obtained as
VAt B
e B, + B, —
t,a) = — | =—+A,+ A, 8
pe) = S (B v a, ) ®)
—V\t )
e B_+ B, _
+ - == +A,+ A,
(B r )
sin (\f/\t) B cos (\f)\t) -
+——+ (B, — Ba) + ——= (A, — Aa
pyx BBy )
Similarly, the upper solution is obtained as
VAt 5
e B, + B, —
7y (t,«a — | =+ A, + A 9
pee) = S (B a4 o)
—\/Xt oY
e B+ B, _
+ - == +A,+ A,
- ((B) +ae)
sin (\f/\t) - cos (\F)\t) B
+———=>(Ba—B,) + —5—=(Aa—4,).

2V/A
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That is, (1,2) solution is

ly () = [y(t.0),7(ta)], (10)

where y (,a) is the equation (8) and 7 (¢, «) is the equation (9).

(2,1) solution: Since y is (2)-differentiable and 3 is (1)-differentiable, from the equation
—sy(0,0) & (=5%) L(y (t,a)) &y (0,0) = AL (y (t,))

and y' (0,a) = 7 (0, ) ,yl (0, a)] , we have the equations
—s7(0,0) + S°L (G (t.2) =7 (0,0) = AL (y (@), (11)

—sy (0,a) + sL (y (t,)) —y (0,a) = AL (7 (t,a)). (12)

If L(7(t,«)) in the equation (12) is replaced by the equation (11) and using the initial
conditions, it gives the equation
As 3 EE— A

L(g(t,a)) - 54 _)\QZQ + 84 _)\QA()(+ 84 _)\2

From this, we have the lower solution

VIt B E .
o) = S (B s E) "

(B v en)
Sin(\At)(Ba—B )+ms<\ﬂt>(A - A,) .
2V/A - 2 -

Similarly, the upper solution is obtained as

_|_

VAt
. e B, + B,
y(t,a) — (

VA

+sin (ﬁt) B cos (ﬁt)

2VA
That is, (2,1) solution is

ly ()" = [y(t.0),7(t )], (15)

where y (¢, ) is the equation (13) and 7 (¢, «) is the equation (14).
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(2,2) solution: Since y and y are (2)-differentiable,
SL(y(t,a)) © sy (0,0) —y (0,0) = AL (y (t,a)).
From this, we have the equations
L (y (1)) = sy (0.0) =y (0,0) = My (t.0),

82L (? (t7 a)) — sy (0, a) - j (0, a) = /\? (t7 a) .

Then, (2,2) solution is

y(t,a)= %Aa (eﬁt + e_ﬁt) + %%Pa <eﬁt - e‘ﬁt) , (16)
y(t,a) = %Za (eﬁt + e’ﬁt> + 2\%5(1 (eﬁt - efﬁt) ; (17)
ly @] = [y(t,0), 7t q)]. (18)

Theorem 3.1 The (1,1) solution of the initial value problem (1) — (2) is a valid a—level set.

Proof Since

w — i @ — a) (eﬁt n e—ﬁt) 4 4\% (b—1b) (eﬁt _ e—ﬁt) >0,
8@;204) _ ! (@—a) (eﬁt n e—\f/\t) _ 4\1& (5—b) (e\f/\t _ e—ﬁt) <0,
F(ta)-y(ta) = (1-a) (; @ a) (% + V™)

% (b—1b) (eﬁt _ e—ﬁ\t)) >0,

Thus,(1,1) solution of the initial value problem (1)-(2) is a valid a—level set. O

Theorem 3.2 The (1,2) solution of the initial value problem (1) — (2) is valid a—level set,

=)

when

forte (O, ﬁ) .

Proof 1f

y(t,o) <y(ta),
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the (1,2) solution of the initial value problem (1)-(2) is valid a—level set. Thus, it must be

sin (ﬁt) (5 — b) +vVAcos (ﬁt) (@—a)>0.

For VAt € (07 g) =te (0, ﬁ) , we have

VAt > tan (—\f/\ (Z:Z)) =>t> %tan—l (—\f)\ (CZ:Z)) .

This completes the proof. O

Theorem 3.3 The (2,1) solution of the initial value problem (1) — (2) is valid a—level set,

when -
o (A(5)

forte (O, ﬁ) .

Proof The proof is similar to Theorem 3.1 and 3.2. O

Theorem 3.4 The (2,2) solution of the initial value problem (1) — (2) is a valid a—level set
for t > 0 satisfying the inequality
eVAt | o=V b—b

>
eVAt —e=VAt T /X (@ - a)

Proof The proof is similar to Theorem 3.1 and 3.2. O

Theorem 3.5 All of the solutions are symmetric triangular fuzzy numbers for any t > 0.

Proof For (1,1) solution, since

y(t1)= % (@+a) (eﬁt + e’ﬁt) + ﬁ (5_,_@) (eﬁt -~ efﬁt> —5(t1)
and
pt)=ya) = (=) (F@—o) (M)

the (1,1) solution of the initial value problem (1)-(2) is a symmetric triangular fuzzy number
for any t > 0.
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For (1,2) solution, since

y(t,1) = e\/Xt<4\15(b+b)+4(a+a)>
e VA <4\15 (b+0)+ @+ a)>
= ¥t
and
y(t.1)—yta) = (1-a) m;@(b—bhws(ﬁ(a—w

= y(tva) —g(hl),

the (1,2) solution of the initial value problem (1)-(2) is a symmetric triangular fuzzy number
for any t > 0.
For the cases of (1,2) and (2,2) solutions, the proof is similar. O

Example 3.6 Consider the solutions of the fuzzy initial value problem

y'(t) =y(t), y(0)=[1]", y(0)=[0]" (19)
by fuzzy Laplace transform, where [1]* = [o,2 — ], [0]" = [-1+ «a,1 — ] .
Its (1,1) solution is
y(t,a) = % (a(e"+e ")+ (-1+a) (e —e)),

Its (1,2) solution is

y(t,a)==(e"+e ")+ (a—1) (sin (t) + cos (1)),

(e"+e7") + (1 —a)(sin (t) + cos (1)),

[y (t)]a = [Q (t7 CM) Y (t’ Oé)] .

y(t’ a) =

N =

Its (2,1) solution is

(et + eft) + (1 — «) (sin (t) — cos (1)),

N | =

y(t,a) =

yt,a)=<-(e"+e ")+ (a—1) (sin (t) — cos (1)),

N | =
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and its (2,2) solution is

y(ta)==(ale"+e )+ (1—-a)(e—e)),

N —

(2—a)(e"+e ")+ (-14+a)(e"—e")).

[y (t)]a = [Q (t7 Ol) Y (t’ Oé)] :

According to Theorem 3.1 and 3.2, (1,1) solution is a valid a—level set, and (1,2) solution
is a valid a—level set since the function f(t) > 0 for ¢t € (O, g) in Figure 1. By Theorem 3.3,
(2,1) solution is a valid a—level set for ¢ € [0,0.785398] since the function g(¢t) < 0 in Figure
2. That is, (1,2) solution is not solution of the problem. Also by Theorem 3.4, (2,2) solution is

1
BN |
y(t, o) 5

a valid a—level set since the function h(t) > 0 in Figure 3. All of the solutions are symmetric
triangular fuzzy numbers for any ¢ > 0. We can see that the graphics of solutions in Figure
4-Figure 7. Also, we can see that in Figure 4, (1,1) solution is fuzzier as time goes by and (2,1)
is not a valid fuzzy function for ¢t > 0.785398 in Figure 6.

L=
[=
[=

™
(=3

Figure 1 Graphic of the function f(t) =t —tan=! (—1)

1
m

Figure 2 Graphic of the function g(t) =t — tan=! (1)
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Figure 3 Graphic of the function h(t) = &+ — 1

et—e—t

Figure 4 Graphic of (1,1) solution for o = 0.2

0.5 1.0 1.5

Figure 5 Graphic of (1,2) solution for o = 0.2

29



30 H. Giiltekin Citil

Figure 6 Graphic of (2,1) solution for o = 0.2

T

Figure 7 Graphic of (2,2) solution for o = 0.2

Blue — 7, (t)
Red —» y (¢)

Green — 7, (1) =y, ()

84. Conclusions

In this paper, the solutions of second-order fuzzy initial value problem with positive coefficient
are investigated by fuzzy Laplace transform. Generalized differentiability, Hukuhara difference
and fuzzy arithmetic are used. Solutions are found by fuzzy Laplace transform using the
generalized differentiability. It is shown that whether the solutions valid fuzzy functions or not.
Studied problem is shown on an example. Graphics of found solutions are drawn. It is found
that (1,1), (1,2) and (2,2) solutions are valid fuzzy level sets and (2,1) solution is a valid fuzzy
level set for ¢ € [0,0.785398]. But (1,1) solution has a drawback : it is fuzzier as time goes by.
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81. Introduction

The uniqueness theory of meromorphic functions is an interesting problem in the value distri-
bution theory and also the uniqueness theory of algebroid functions is an interesting problem in
the value distribution theory. Ming-Liang Fang [11] and Q Zhang [9] and several other authors
proved some interesting results on uniqueness and value sharing of entire functions and also
meromorphic function that shares one small function with its derivative (see [3-5, 7-8, 10,12-31).

Let f be a transcendental meromorphic function in the plane and m(r, f), N(r, f) and
T(r, f) be the usual notations used in the Nevanlinna theory. Let S(r, f) denote any quantity
satisfying S(r, f)=o[T(r, f)] as r — oo except possibly for a set of r of finite linear measure.
Throughout this paper we denote by a,ag, ay, - ,a, meromorphic functions (or constants) for
smaller growth than f, that is T'(r, f) = S(r, f).

Let f and g be two non-constant meromorphic functions. Let a be a finite complex number.
We denote by E(a, f) the set of zeros of f — a (counting multiplicity), by E(a, f) the set
of zeros of f — a (ignoring multiplicity). We say f and g share a CM (IM), if E(a, f) =
E(a,g) (E(a, f) = E(a,g)). Similarly, we define that f and g share a small function a(z)
CM (IM), if E(a(2), f) = E(a(2),9) (E(a(2), f) = E(a(2), g)). Moreover, GCD(ny,ng,--- ,n)
denotes the greatest common divisor of positive integers ni,ng, -+, nk.

In 2005, Zhang [9] obtained the following result.

1Received December 27, 2019, Accepted June 6, 2020.
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Theorem A. Let f be a non-constant meromorphic function and k(> 1), (> 0) be integers.
Also, let a = a(z)(£ 0,00) be a meromorphic function such that T(r,a) = S(r, f). Suppose that
f—a and f® —qa share (0,1). If 1 > 2 and

(34 k)O(00, f) + 20241(0, f) > k + 4, (1.1)
orifl =1 and
(4+k)O(c0, f) + 302+(0, f) > k + 6, (1.2)
orif Il =0 and
(6 + 2k)O(o0, f) + 5624x(0, f) > 2k + 10, (1.3)
then f = f(*),
Let

S
P(w) = an+mw7l+m +Fapw" -+ ag = Apgm H(w - wpi)pia
i=1

where a;(j = 0,1,2,--- ,n+m — 1), apym # 0 and wp, (i = 1,2,---,s) are distinct finite

complex numbers and 2 < s < n+m and p1,p2,--- ,Ps, S > 2, n,m and k are all positive
S

integers with > p; = n+ m. Let p > max {pi}, r = s — 1, where s and r are two
i=1 p#pi =12, .7

positive integer?s.
Let
s—1
P(wy) = anm H(w1 +wp — wp, ) = bewi + bq—lwlk1 + -+ bo,

i=1

where apim = by, w1 = w — w,, ¢ = n+ m — p. Therefore, P(w) = w)P(w;). We assume

™
P(wy) = by [] (w1 — )P, where o; = wp, — wp, (1 =1,2,---,r), be distinct zeros of P(w).

=1

Definition 1.1([2]) For two positive integers n, p we define p, = min{n,p} and i, = p+1—p,.

Then it is clear that ) )
Np (73 f") < ppNyz (r, f> . (1.4)

In the present paper, we extend Theorem A by investigating the uniqueness of meromorphic
functions of the form fI'P(f1) —a and (fPP(f1))*) — a and obtain the following result.

Theorem 1.1 Let k(> 1), (> 0), n(> 1), p(> 1) and m(> 0) be integers, f and f1 = f —w,
be two non-constant entire functions. Let P(2) = @manz™ ™+ -+ anz"+---+ag, Gmin # 0,
be a polynomial in z of degree m + n such that P(f) = fPP(f1). Suppose P(f) and (P(f))*
share (1,1).

If 1 > 2 and

p28us (Wp, f) + prr20p; , (Wp, f) > m+n—2p+ pio + pig42 (1.5)
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orl=1 and

3(m+n)—5p

1
5 tp2 t+ ez g (1.6)

@(wpvf) +N25#§ (wpvf) +/~Lk+26#,t+g(wpvf) > )

orl =0 and
20(wp, f)+20u; (wp, )+ pr+10u;,  (wp, )+ trt20u; , (Wp, ) > 4(m4n)—5p+2+po-+ g+ 1+ k42

(1.7)
then P(f) = (P(f))*).

§82. Preliminary Lemmas
Let F' and G be two non-constant meromorphic functions. We denote by H the following
F// 2F/ G// 2G/
o= _ B (e . 2.1
(F-753)-(G-55) @

Lemma 2.1 ([9]) Let f be a non constant meromorphic function, k, p, be two positive integers,
then

function

N, (7‘, f(1k)> < Npik (r, }) +kN(r, f) +S(r, f).

— 1 1
¥ () =24 (7

Lemma 2.2 ([6] Let H be defined as in (2.1). If F and G share 1 IM and H # 0, then

Clearly,

Ny <r, F1_1> < N(r,H) + S(r, F) + S(r,G).

Lemma 2.3 ([1]) Let F and G share (1,1) and N(r,F) = N(r,G) and H # 0, then

) ()

(rG 1>—|—S(r,f).

N(rH) < N(TaFHN(?( ;> (
+N0( G/)JFNL(’"Fl 1)

§83. Proof of Theorem 1.1

+Q\

Proof of Theorem 1.1 Let F = P(f) = fPP(f1) and G = (P(f))* = (fFP(f1))*). Since
P(f) and [P(f)]™ share (1,1), F, G share (1,1) except the zeros and poles of a(z). Also, let’s
note that

N(r,F)=N(r,f) +S(r,f) and N(r,G) = N(r, )+ S(r, f).
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Let H be defined as in (2.1). We consider the following cases.

Case 1. Suppose H # 0.

By the second fundamental theorem of Nevanlinna, we have

T(r,F)+T(r,G) < N(F)+N(r,G)+N (7“7 ;) LN (r, é)
+N (r, Fl_l) Y (T, Gl_1>
—No (T’ Ii’> - No (T’ é) +5(r, F) +5(r, G), (3.1)

— 1
where Ng (r, F’) denotes the reduced counting function of the zeros of F’ which are not the
zeros of FI(F —1).

Since F' and G share 1 IM, it is easy to verify that

— 1 1 — 1

N(*vp_1> - N11<T’F—1>+NL<T’F—1>
— 1 @ | — 1
+NL(T’G_1)+NE <T7H)_N<T7G—1> (32)

Using Lemmas 2.2 and 2.3, (3.1) and (3.2), we get

T(r,F)+T(r,G) < 3N(r,F)+ N, (’"}) LN, (n é )

1 2 1
+N11 (73 Fl) + 2Ny (7“’ a_ 1)
— 1
+3NL (T, F1—1>
+3N, (r, Gl_1> +S(r F) + S(r,G). (3.3)

Subcase 1.1 [ > 2..

Obviously,

1 @ 1 — 1 — 1
Nll <T,F‘—1) + 2NE (T,G_1>+3NL (r’F‘—l)+3NL <T,C;’—1>

1
< -
_N(r,G_1> +5(r, F)

<T(r,G)+S(r,F)+ S(r,G). (3.4)

Using (3.3) and (3.4), we get

T(r, F) < Ny (r, ;) N (r, é) + 3N (r, F) + S(r, F). (3.5)
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Using Lemma 2.1, (1.4) and (3.5), we get

% (r gepiz) + % (e ) #3800+ 5000

3N(r, f) + paNs (1, + (n4+m —p)T(r, f)
(7)

(n+m)T(r, f)

IA

IN

1
f_wp

+Nk+2 <T7 ) + kN(T7 f) + S(T’, f)

1
fTP(f1)

(k+ 3)N(r. f) + 2N, ( 1

r
7f_wp

1
+Mk+2Np,;+2 <7’7 pr> + S('f", f)

IN

>+%n+m—mﬂnﬁ

So, p2dus (wy, f) + uk+25“2+2 (wp, f) <m+n—2p+ po + fg42, which contradicts with (1.5).
Subcase 1.2 [=1.

It is easy to verify that

1 @ 1 - 1 - 1
Nll(T’F—1> +2NE <T,CH)+2NL<T,H>+3NL(T,CH>

1
< -
_N<T,G_1> +S(r, F)

< T(r.G) + S(r.F) + 5(r,C). (3.6)
o) < )
< N <r, F) +S(r, F)
< 3 <N (r, ;) + N, F)) +S(r, F). (3.7)
Using (3.3), (3.6) and (3.7), we get
T(r,F) < Ny (r, ;) LN, (r, é) + AN F)+ 5N <r, ;) L S(rF).  (38)

Using Lemma (2.1), (1.4) and (3.8), we get

f_wp
1— 1 5
—I-N(’I“, )—i—(n—l—m—p)T(r,f)—l—S(r,f).

(TL + m)T(rv f) < (kf + ;) N(’I‘, f) + ,UQNM; (’I“, 1) + 'uk""QNN;; (T, 1 )
+2 f—w,

2
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So,

3(m+n)—5p

1
5 + p2 + k2 + 5

1
56(wp7f)+,u26u§(wp>f) +/~Lk+25uz+2(wpaf) < D)

which contradicts with (1.6).
Subcase 1.3 [ =0.

It is easy to verify that

(7
<N (r, ;) + N(r, F) + S(r, F). (3.10)
Using (3.3), (3.9) and (3.10), we get

1 1
1—7(7"7 F) S N2 <T7 F> +N2 (T, G)

+6N(r, F) + 2N (r, ;) + Ny <r, é) + S(r, F). (3.11)

Using Lemma 2.1 and (3.11), we get

1 1 —
et < 3 (s g ) 486 (n G ) 5%
- 1 1
+2N (r, ffP(f1)> + N (7“, (ffP(fl))(k)> +S(r, f).
So,

2@(wpa f)+ NQ(SM; (wpa )+ /Lk+16u2+1 (wpa )+ Mk+25uz+2 (wpa f)
<4d(m+mn) —5p—+ 2+ s + pg+1 + ko

which contradicts with (1.7).

Case 2. Suppose H = 0.
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Using (2.1), we get

F// 2F/ B G// 2G/

F F-1 & G-1

Hence,

=C +D, (3.12)

where C, D are constants and C # 0.

We discuss the following three cases:
Subcase 2.1 D #0,-1.

Rewrite (3.12) as,

G-1_  F-1
C D+1-DF

we have,

_ — 1
N(T’G):N<T7F'_(D+1)> .
D

By using second fundamental theorem of Nevanlinna, we get

which contradicts with (1.5), (1.6) and (1.7).
Subcase 2.2 D =0.

Then from (3.12), we get
G=CF—-(C-1). (3.13)

If C # 1, then
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Proceeding as in Subcase 2.1, we get

(n+m)T(r,f) < (k+1)N(r,f)+N(r,f1w )

L2+ m - p)T(r ) + Nigs ( ) L S(r ).

1
f= Wp
So,

O(wp, f) + prt16pz,, (Wp, f) <1+ prgr +n+m —2p,

which contradicts with (1.5), (1.6) and (1.7).

Therefore, C' = 1. By using (3.13), we get F' = G and so, fPP(f1) = (fPP(f1))".
Subcase 2.3 D = —1.

Then from (3.12) we get

Hence we have N (r, +) = N(r,G) = S(r, f) and hence N (7‘7 %) = S(r, f).

If C # —1, then

Proceeding as in Subcase 2.1, we get

(n+m)T(r, f) < (k+ )N(r, ) + N < ] 1wp)

T 2n+m— )T f) + Nem ( ) LS ).

1
J—wp
So,

O(wp, f) + prt 16z, (Wp, f) <1+ prgr +n+m—2p

which contradicts with (1.5), (1.6) and (1.7).

Therefore, C = —1. By using (3.13), we get FG = 1. Hence, P(f)(P(f))*) = 1. Thus in
this case,

N(r,f)+N (r, ch> =S8(r, f).
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We have,

(PUH™ 1
P (PO

From first fundamental theorem and (3.14), we get

(3.14)

which is impossible. This completes the Proof. O
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Abstract: In mathematics, one always tries to get new structures from given ones. This
also applies to the realm of graphs, where one can generate many new graphs from a given
set of graphs. In this paper we define some classes of pyramid graphs and we derive simple
formulas of the complexity, number of spanning trees, of these graphs, using linear algebra,

Chebyshev polynomials and matrix analysis techniques.

Key Words: Number of spanning tree, Chebyshev Polynomial, pyramid graph.
AMS(2010): 05C05, 05C50.

§1. Introduction

The study of the number of spanning trees in a graph has a long history and has been very active
because computing this number is important: (1) in analyzing energy of masers in investigating
the possible particle transitions; (2) in estimating the reliability of a network; (3) in designing
electrical circuits; (4) in enumerating certain chemical isomers; (5) in counting the number of
Eulerian circuits in a graph. See [1]-[7], [20],[22] and [24]. For a graph G , a spanning tree in
G is a tree which has the same vertex set as G . The number of spanning trees of, also known
as, the complexity of the graph, denoted by 7(G) , this quantity is a well-studied quantity for
long time. A classical result of Kirchhoff [19] can be used to determine the number of spanning
trees for a graph G' with p vertices. If V' = uq,ug,c. .., up, then the Kirchhoff matrix L defined
as p X p characteristic matrix L = D — A where D is the diagonal matrix of the degrees of G

and A is the adjacency matrix of G ,L = [X,;] defined as follows:

(1) X;j = —1 when U; and U; are adjacent and i # j;

(i1) X;j equals the degree of vertex U; if i = j, and

(#3) X;; = 0 otherwise.

All of co-factors of L are equal to 7(G). There are other methods for calculating 7(G).
Let 01 = 02 > - -+ > 0, denote the eignvalues of L matrix of a p point graph. It is easily shown
that p, = 0. Furthermore, Kelmans and Chelnokov [18] have shown that 7(G) = %Hf;ll 0j.

1Received February 20, 2020, Accepted June 7, 2020.
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For more results in this field, see [10]-[17].

Now, we introduce the following lemma.
Lemma 1.1([8]) 7(G) = I%det(pl — D+ A) where A, D are the adjacency and degree matrices
of G, the complement of G, respectively, and I is the p X p unit matriz.

The advantage of this formula is to express 7(G) directly as a determinant rather than in

terms of cofactors as in Kirchhoff theorem or eigenvalues as in Kelmans and Chelnokov formula.

§2. Chebyshev Polynomial

In this section we introduce some relations concerning Chebyshev polynomials of the first and
second kind which we use it in our computations. We begin from their definitions, see Yuanping,
et. al. [23].

Let M,(Z) be p x p matrix such that:

2z -1 0 --- 0
-1 27 -1
M,(Z)=10o . . . 0|,
27 -1
o --- 0 -1 27

Further, we recall that the Chebyshev polynomials of the first kind are defined by
T,(Z) = cos(parccos Z). (1)

The Chebyshev polynomials of the second kind are defined by

1d

1 (Z) = sin(p arccos Z)
~ pdz P77 cos(arccos Z)

Up-1(2)
It is easily verified that
Up(2) —22U,_1(Z) + Up—2(z) = 0. (3)
It can then be shown from this recursion that by expanding one gets
Up(Z) = det(My(2)),p = 1. (4)

Furthermore, by using standard methods for solving the recursion (3), one obtains the

explicit formula

Up2) = S [(Z+ V=P = (2= V2= 17 21 (5)
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where the identity is true for all complex Z (except at Z = 41, where the function can be taken
as the limit). The definition of U,(Z) easily yields its zeros and it can therefore be verified that

Up1(2) = 2p—1j:[11 (Z — cos Z;:) : (6)

One further note that
Up-1(=2) = (1)U, 1(2). (7)

These two results yield another formula for

p

p—1 .
U2, (z)=2"]] <Z2 — cos? ”) . 8)
=1

Finally, a simple manipulation of the above formula yields the following formula (9), which is
extremely useful to us latter:

Uﬁl(ﬁ) :ﬁ (z—2cos2;”). ()

Furthermore, one can show that

U34(2) = 5= Tl = 5y (1= T, (222 = 1)) (10)
T,(2) = 3 [(: 4 V2 1P+~ VEP] (11)

Now we introduce the following important two lemmas.

Lemma 2.1([8]) Let A,(Z) be p x p circulant matriz such that:

Z 0 1 --- 1 0
7 1
1 T 1
AP(Z): ’
1
1 Z 1
0 1 1 0 Z

Then for p > 3, Z > 4 we have:

derta(2)) = WD 2

Lemma 2.2(]21]) If X € FP*P| Y € FP*1, Z € F1*P gndW € F71. If X and W are
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nonsingular matrices, then

X Y
det =det(X — YW 'Z)det W = det X det(W — ZX'Y).
zZ W

This Lemma give a sort of symmetry for some matrices which facilitates our calculations
of the complexities of some special graphs.

83. Main Results

Definition 3.1([9]) The pyramid graph PZE‘?) is the graph formed from the wheel graph Wqiq
with vertices Uy, Uy, Ua, - -, Uy and m sets of vertices, say, Vi, Va, -+ ,Vpl, R A (RN T4
such that for alli =1,2,--- | p the vertex Vl-j is adjacent to uj and ujq, wherej =1,2,--- ,g—1

and v{ is adjacent to uy and u, See Figure 1.

)

Figure 1 The pyramid graph P1§3

Theorem 3.2([9]) Forp >0, g >3,

T(P{V) = 2ri~a [(p +34+2p+5)7+ [(p +3—/2p+5)7—2(p+ 2)‘1H .

Definition 3.3 The pyramid graph Az(,Q) is the graph formed from the wheel graph Wqi1 with
vertices Uy, Uy, Us, - -+, Uy with double external edges and q sets of vertices, say

1 1 1 2 2 2 q q
V17V'27..."/;))V1"/2?...7V 7...,{/17‘/'27...,{/‘1

p p

such that for alli =1,2,--- | p the vertex Vij is adjacent to u; and uj4q ,wherej =1,2,--- ,q—1
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and v} is adjacent to uy and u, See Figure 2.

Figure 2 The pyramid graph Az(,g)

Theorem 3.4 Forp >0, q >3,

r(A) = 20171 [(p+ 5+ /2 + 9)7 + [(p+5 — /2 9)" — 2+ 4)7] |

Proof Applying Lemma 1.1, We have

T(A) = mdet((pq—HH— I —D+A)
A B C
1
= argriE | D EF
G H I
where,
g+ 1 0 0 0
0 2(p + 3) 1 U | -1
1 2p+3)-1 1
1 —1
A=
1
1 —1

0 -1 1 cee e e 1 =1 2(p43)

47
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1
0 0 1 1 1 1
0 0 0 0 1 1
1 1 0 0 O 0
B = 1 1 1 1 0 0
1 ... 1
1 ... 1
1
1 1 0 0
1 1 e e 1 1 1
1 ... 1
C = 0 0 1 1
1 1 0 0 0 0 1 1
1 1 0 0 0 0
1 0 o0 1 1 101
. 10 1
: 1 0o 1
o 0 1 1 11 )
0 0 1 :
) 1 1
: 1 0
D= 1 0 1 , G= .
1 0 :
) 1 0 0
: 0 1 1 1 1 0
1 0 0 )
1 0 1 :
10 1 1 1 1 0
3 1 1
FE F
H I B |
1 1 3

Let j = (1---1) be the 1 x p matrix with all one, and J,, the p X p matrix with all one. Set
k=2p+4and h=pg+ q—+ 1. Then we have
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T(A)
(¢g+1) 0 0
0 k-1 1 1 -1 0 j
-1 k -1 1 1 0 0
1 -1 j
1
1 ko —1
1 .
= 5 det 0 -1 1 - 1 -1 k j
jt o o 4 it
i it 0 j*
Gt T 21pq + Jpq
jt
4t 0 0
i 0 et 0
0
k-1 1 1 -1 0
-1 k -1 1 1 0 0
1 -1 J
1
1 k-1
1
=gzdet| h -1 1 1 -1 k j
it 0 0 gt o gt gt
hjt jt 0 jt
Gt T 21pq + Jpg
jt
4t 0 0

49
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Hence, we know that

m(4)

= —det

1j

1j

1j
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-1 1 1
Eo—1 1

1

k

1 1 -1

0 jt jt
0
jt

0

jt .. . ]t

0

1 1 -1

1 1 1

1

Eo—1

1 -1 k

J* VA &

jt

jt

0 0

jb 0

J
0
J
2Ipq + Jpq
J
0
J 0
2117‘1 + Jpq
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E -1 1 1 -1 —j 0 0 —j
-1 k -1 1 —j 0
1 0 0
1
1 k-1 -7 0
:;det;;jtljjﬁo v
j* ' j*
gt 21,
Ao 0o
0 jt o o 4t0

Using Lemma 2.2, yields

1 [ X Y 1 1
T(AI(,Q)) == = —det(X - Y —2Z)2M
h\ z o2, h 2Upq
2k p—2 2(p+1) 2p+1) p-—2
p—2 2k p—2 2(p+1) 2(p+1)
2(p+1 p—2 :
:%2pq2’qdet (_)
2(p+1)
2p+1) p=2
p—2 2n+1) 2(p+1) p-—2 2k

Straightforward induction using properties of determinants, we have

T(Aéq)) — lzquq 2k +p(29 — 4) + (29 — 10)

b 2k +p(q—4) + (4¢ — 10)
2k —p+2) 0 2(p+4) (p+4) 0
0 (2k—p+2) 0 (p+4) (p+4)
(p+4) 0 :
x det )
(p+4)
(p+4) 0

0 (p+1) (p+4) 0 2k—p+2)

o1
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(2k —p+2) 0 2(p+4) (p+4) 0
0 (2k —p+2) 0 (p+4) (p+4)
1 2h (P+4) 0 :
= ﬁ2”q*qmdct . _ _ ) )
Pq + 4q : - . - - (p+4)
(p+4) . . 0
0 (p+1) (p+4) 0 (2k—p+2)
(2k—p+2)
) 0 1 1 0
(2k—p+2)
0 i) 0 1 1
_gpa—at1_@EDT 1
pq+4q+2 : (p+4)
1 0
(2k—p+2)
0 1 1 0 7(pf4)

Using Lemma 2.1, yields

2k—p+2 2k—p+2
RS U - T O M bt O
P pq+4q+2 2k—p+2 _3 P 2
prd
- +4)1 2k —2p—2
gromatt o _WEDT gy« |2
pq+dg 2 < et det 2 L= )

ZLI)

= PPl (p+4)T x |T,
(p+4) q(p+4

Using Equation (11), yields the result.

Figure 3 The pyramid graph B}(,?’)
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Definition 3.5 The pyramid graph B;(,q) is the graph formed from the wheel graph Wy1 with
vertices Uy, Uy, Us, - -+ , U,y with double external edges and q sets of vertices, say
V117V21,-~- ’1/;)1,1/12’\/22)... JV2 R VA VAR 74

p p

such that for alli =1,2,--- | p the vertex Vij is adjacent to u; and uj41, wherej =1,2,--- ,q—1
and v} is adjacent to uy and uq. See Figure 3.

Theorem 3.6 Forp>0, q=>3,

T(BW) =270 [(p+ 4+ 2y/p+ 3)7 + [(p+ 4 - 2¢/p +3)" - 2p +2)7] | .

Proof Applying Lemma 2.1, we get

1 _
T(BY) = mc1<et((pq+p+1)1_D+A)
A B C
1
= GargrnE M| D EF
G H I
where,
0 2p+5 0 . . o 1
1 0
A:
1
1 0
-1 0 1 1 0 2p+5
1
0 0 1 1 1 1
0 0 0 0 1 1
1 1 0 0 0 0
B = 1 1 1 1 0 0
1 1
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1 1
1
1
0 1 1
1 0 0 O 0
1 1 0 0
0o 0 1 1 1
0 0 1 1 1
1 0 01
1 0 0 1
1 0 0
1 0 O
1 0 1
1 0
1
1
1
1
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3 1 1
Er\ |+ o
H 1) | ... ..

1 13

Let j = (1---1) be the 1 x p matrix with all one, and J,, the p X p matrix with all one. Set
k=2p+5and h =pqg+ q+ 1. Then we have

20 +1 —1 oo e e e =1 O
-1 k 0 1 .. 1 0 0 g e 40
0 k 0 1 1 0 O J
1 0 J J
1
1 k 0
T(Bf,q)):%det 1 0 1 -~ 1 0 Kk j - i 0 0
7’ o o 4 it
A A J*
Gt T T 2lpg + Jpg
jt
5t 0
it 0 g it 0
-1 -1 J
k 0 1 1 0 0 g 7 0
0 k 0 1 1 0 0 j
1 J J
1
1 . 0 j
~Laet| w0 1 1 0 k i 0 0
2
hi* 0 0 it gt
hit 0 7t
20pq + Jpq
jt
4t 0
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Therefore,

= —det

= —det

15¢

o

(k+1)

1
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1 2

(k+1) 1

2;5¢

x> O

o~

1

25t

J J 0
J
J
J 0 0
2Ipq + Jpg
-1 j
1 -7 0 0
2 —J
0
2
1
(k+1) 0 - .- 0 —j
2;5t
21,
2;5t
jt
jt

—J
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(k+1) 1 2 .2 1
1 k+1) 1 2 .- 2
2
2
2 1
B % det 1t 2t it 2 Lo —Zl)

J J 2j 2j

2;5* jt
25t
2jt jt
j 25" 25t

Using Lemma 2.2 yields

X v
F(BWy =1 — L et
P h b
Z 20,

1 rq
(X YL Z) 2

(2k +2p+2) (3p+2) 4(p+1)
Bp+2) 2k+2p+2) (Bp+2)
- %2pq2_qdet 4+ D) (8p+2)
4p+1)
(Bp+2) 4(p+1)

-5 0

—-Jj

0

0
4(p+1)

Straightforward induction using properties of determinants, we have

ov 19k + p(dg — 4) + (4q — 6)
T(B’(’)) a E2 2k +p(qg—4) + (2¢ — 6)
(2k —p) 0 (p+2)
0 2k—p) 0
x det (p—f—2) ’
(p+2)

0 (p+2)

(p+2)

(p+2)

0 —j
0
0
0 —j —J
21,
4(p+1) (3p+2)
4(p+1)
4(p+1)
(3p+2)
(Bp+2) (2k+2p+2)
(p+2) 0
(p+2)
(p+2)
0
0  (2k-p)

o7
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(2k —p) 0 (p+2) (r+2) 0
0 (2k —p) 0 (p+2) (p+2)
- %sz—q#+4 det (p + 2) 0
pq +2q @+m
(p+2) 0
0 (p+2) p+2) 0 (2k-p)
(2k—p)
ey 01 o
(2k—p)
0 T 1 1
— 2pq*q+2M det 1
pq+2q+4 1
1 0
(2k—p)
0 1 1 0 (p+2)
Using Lemma 2.1 yields
2k— 2k—
BW@ 9Pq—q-+2 (p+2)* 205 t4-3) T vz L 1
T(By") x 2k x | Tp(——F5—)
pq+2q+4 P _3 2
P2
, +2)? 2k — 2p — 2
gra—at1 y _PEDT oo +4><{T—1]
P (pq+2q +4) al 2 +2) )

= 2pq—p+1 X (p+2)q X |:T

Using Equation (11), yields the result.

pt4

(p+2

q

)-1].

Figure 4 The pyramid graph C;S)
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Definition 3.7 The pyramid graph C’,(,Q) is the graph formed from the wheel graph Wy1 with
vertices Uy, Uy, Us, - -+ , Uy with double external edges and q sets of vertices, say,
V117V21,-~- ’1/;)1,1/12’\/22)... JV2 R VAN VA 74

p p

such that for alli =1,2,--- | p the vertex Vij is adjacent to u; and uj4q ,wherej =1,2,--- ,q—1

and v} is adjacent to uy and uq. See Figure 4.
Theorem 3.8 Forp >0, q >3,

P(C) = 2771 [(p+ 64+ 2/p+5) + [(p+ 6 = 2¢/p + 5)1 — 2(p + 4)7] |

Proof Applying Lemma 1.1, We have

1 _ _
TC(‘I) = ——det +p+ 1V —-D+A
(C?) T EPEEIE ((pg+p+1) )
A B C
1 xdet| D E F
= —_— e
(g +q+1)2
G H I
where,
29+ 1 —1 -1 1
-1 2p+ 7 -1 1 e e e 1 -1
-1 2p47 -1 . T 1
1 —1
A:
1
1 -1
1 -1 1 cee e e 1 =1 2p+7
1
0 0 1 1 1 1
0 0 0 0 1 1
1 1 0 0 0 0
B = 1 1 1 1 0 0
1 1
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and

H I
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Let j = (1---1) be the 1 x p matrix with all one, and J,, the p X p matrix with all one. Set
k=2p+T7and h =pg+ q-+ 1. Then we have

204+1 —1 oo eee e e —1 e |
1k -1 1 - 1 -1 0 j .. i 0
1k -1 1 1 0 0 j
1 -1 J J
L
1 —1
T(CZ(,Q)):%det -1 -1 1 - 1 =1 k j - i 0 0
it 0 0 gt it gt
j* it 0 j*
gt T T 215 + Jpg
jt
j* 0
j* 0o - jt 0
-1 R -1
kK -1 1 1 -1 0 j 0
-1 k -1 1 1 0 0 J
1 Do j
L
1 -1
1
=ogdet| Ao-1 1 o 1 -1 ko i 0 0
hjt 0 0 ]t ]t ]t
hjt gt 0 j*
: 215 + Jpg
jt
j* 0
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Clearly,

@y _ L
’T(Cp ) = E det
= % det

o

Lj

Lj

2;5°

2;5"
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(k+1)

2;?

2;5°

2;5°

0 J

(k+1)
25

2lpg + Jpq

0

214
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(k+1) 0 2 .2 0 —j 0 0 —j
1 k+1) 0 2 ... 2 —j 0
2 0
2
2 0 0
1 0 2 2 0 (k+1) 0 - - 0 —j —j
= —det
h jt jt th th
th jt
25t 21,
24t jt
i 25" 25" it
Using Lemma 2.2, yields
1 X Y
T(C@) = -
Z 21,
1 1 1
= —det(X - Y—2)2P1 = _2P1271
et o, %) I
(2k +2p + 2) 3p 4(p+1) 4(p+1) 3p
3p (2k + 2p + 2) 3p 4(p+1)
4p+1 3
— (p+1) 7
4(p+1)
4(p+1) 3p
3p 4(p+1) 4p+1) 3n (2k + 2p + 2)
Straightforward induction using properties of determinants, we have
(q) l pPg—q 2k + p(4q — 4) + (4q — 10)
(&) B2 2k +plg—4) + (2q = 10)
2k—p+2) 0 (p+4) (p+4) 0
0 (2k—p+2) 0 (p+4) (p+4)
(p+4) 0 :
x det )
(p+4)
(p+4) 0
0 (p+4) (p+4) 0 (2k—p+2)
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— 12pq—q 4h
h pq+4q+4
(2k—p+2) 0 (p+4) (p+4) 0
0 (2k —p+2) 0 (p+4) - (p+4)
(p+4) 0 ;
x det
(p+4)
(p+4) 0
0 (p+4) (p+4) 0 (2k—p+2)
(2k—p+2) .
ey 0 ! ! 0
(2k—p+2)
0 bei2 1 1
oPa—a+2 (p+4)° det 1
pq+4q+4 1
1 0
(2k—p+2)
0 1 10 e

Using Lemma 2.1, yields

r(C) = oramatZy

q 9(2k=ptz L, _3 2k—p+2 4
(p+4) ( p+4 4 )X Tp( p+4 )_1

2k—p+2
pq+4q+4 =3

_ (p+4)¢
= 2P = X (pg +4g +4) x| Ty

2k—2p—2)_
pq+4q+4

2(p+4)
16
— gpaptl +4q><[T prb 1}
(p+4) q(p+4)

By Equation (11), yields the result.

84. Numerical Results

The following tables presents some number of spanning trees of studied pyramid graphs.

(B | 74 | 7B | (G

16 49 50 128
242 978 676 1444
3136 6400 8192 15488
36992 67712 92416 160000

409600 | 692224 | 991232 1605632
4333568 | 6889472 | 10240000 | 15745024

W W | W W|Ww|w|Lo
T | W= O

Table 1
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a|p| B |14 r(B”) | ()
4 10| 45 225 192 720
4 |1 | 1792 6336 6400 18816
4 | 2 | 57600 163072 184320 458752
4 | 3 | 1622016 3932160 4816896 10616832
4 | 4 | 41746432 90243072 117440512 235929600
4 | 5 | 1006632960 | 19992294400 | 2717908992 | 5075107840
Table 2
a|p | (B 7(A5") 7(By") 7(C5")
510|121 961 722 3872
51 1 | 12482 64082 58564 232324
5 | 2 | 984064 3810304 3964928 12781568
51 3 | 65619968 208406528 237899776 658640896
514 | 3901751296 10696523776 13088325632 32245809152
5 | 5 | 213408284672 | 522192945152 | 674448277504 | 1514986799104
Table 3

85. Conclusion

The number of spanning trees 7(G) in graphs (networks) is an important invariant. The evalu-
ation of this number is not only interesting from a mathematical (computational) perspective,
but also, it is an important measure of reliability of a network and designing electrical circuits.
Some computationally hard problems such as the travelling salesman problem can be solved
approximately by using spanning trees. Due to the high dependence of the network design and
reliability on the graph theory we introduced the above important theorems and Lemmas and

their proofs.
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Abstract: The complementary distance (CD) matrix of a graph G is defined as CD(G) =
[cij], where ¢;; =14+ D — d;; if i # j and ¢;; = 0, otherwise, where D is the diameter of G
and d;; is the distance between the vertices v; and v; in G. The C'D-energy of G is defined as
the sum of the absolute values of the eigenvalues of C'D-matrix. Two graphs are said to be
C D-equienergetic if they have same C'D-energy. In this paper we obtain the C' D-energy of
the complement of line graphs of certain regular graphs in terms of the order and regularity
of a graph and thus construct pairs of C'D-equienergetic graphs of same order and having

different C'D-eigenvalues.
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81. Introduction

Let G be a simple, undirected, connected graph with n vertices and m edges. Let the vertex set
of G be V(G) = {v1,va,...,v,}. The adjacency matriz of a graph G is the square matrix A =
A(G) = [ai;], in which a;; = 1 if v; is adjacent to v; and a,;; = 0, otherwise. The eigenvalues of
A(G) are the adjacency eigenvalues of G, and they are labeled as Ay > Ay > --- > \,,. These

form the adjacency spectrum of G [4].

The distance between the vertices v; and v;, denoted by d;;, is the length of the shortest

path joining v; and v;. The diameter of a graph G, denoted by diam(G), is the maximum
distance between any pair of vertices of G [3]. A graph G is said to be r-regular graph if all of

its vertices have same degree equal to r.

The complementary distance between the vertices v; and v;, denoted by ¢;; is defined as

Cijzl—l—D—dij,

where D is the diameter of G and d;; is the distance between v; and v; in G.

The complementary distance matriz or CD-matriz [7] of a graph G is an n X n matrix

1Received December 12, 2019, Accepted June 8, 2020.
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CD(G) = [cij], where
1+D—dy, if i#j
Cij =
0, if i=j.
The complementary distance matrix is an important source of structural descriptors in the

quantitative structure property relationship (QSPR) model in chemistry [7,9].

The eigenvalues of CD(G) labeled as py > pg > - -+ > u, are said to be the complementary
distance eigenvalues or CD-eigenvalues of G and their collection is called CD-spectra of G. Two
non-isomorphic graphs are said to be CD-cospectral if they have same C'D-spectra.

The complementary distance energy or CD-energy of a graph G denoted by CDE(G) is
defined as [10]

n

CDE(G) =Y |l 1)

i=1
The Eq. (1) is defined in full analogy with the ordinary graph energy E(G), defined as [5]

n

B@) =Y |Al - (2)

i=1

Two connected graphs G; and G5 are said to be complementary distance equienergetic or
CD-equienergetic if CDE(G1) = CDE(G2). The CD-equienergetic graphs are reported in
[10]. In this paper we obtain the C' D-energy of the complement of line graphs of certain regular
graphs and thus construct C'D-equienergetic graphs having different C' D-spectra.

The line graph of G, denoted by L(G) is the graph whose vertices corresponds to the edges
of G and two vertices of L(G) are adjacent if and only if the corresponding edges are adjacent
in G [6].

For k = 1,2,--- the k-th iterated line graph of G is defined as L*(G) = L(L*~1(Q)), where
L°(G) = G and LY(G) = L(G) [6]. The line graph of a regular graph G of order ng and of
degree 1q is a regular graph of order ny; = (ngrg)/2 and of degree 11 = 2ry — 2. Consequently
the order and degree of L*(G) are [1,2]

N = % (3)
and
T = 2Tk_1 — 2, (4)

where n; and r; stands for order and degree of L'(G), i = 0,1, -

Therefore
ri = 28rg — 2k 42 (5)
and
- k—1 - k-1 _
ng = 27 T = 27 H(2ZT0 - 2l+1 + 2) (6)
i=0 i=0

We need following results.
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Theorem 1.1([4]) If G is an r-regular graph, then its mazimum adjacency eigenvalue is equal

tor.

Theorem 1.2([12]) If A\, A2, -+, A are the adjacency eigenvalues of a regular graph G of

order n and of degree T, then the adjacency eigenvalues of L(G) are
Ait+r—2, i=1,2,---,n, and

-2, (n(r —2)/2 times) .

Theorem 1.3([11]) Let G be an r-regular graph of order n. If r,X\a, -+, A, are the adjacency
eigenvalues of G, then the adjacency eigenvalues of G, the complement of G, are n —r — 1 and
“Ni—1,i=23-,n.

Theorem 1.4([10]) Let G be an r-regular graph onn vertices and diam(G) = 2. Ifr,Xa, -+ , Ay
are the adjacency eigenvalues of G, then CD-eigenvalues of G are n +r — 1 and \; — 1,
1=2,3,--- ,n.

Lemma 1.5([8]) Let G be an r-regular graph on n vertices. If r < "1 then

diam (WG)) 92 k>l

§82. CD-Energy

Theorem 2.1 Let G be an r-regular graph of order n. If r < "T_l, then

CDE (m) =2r(n—2).

Proof Let the adjacency eigenvalues of G be 7, Ag, -+, A,. From Theorem 1.3 , the adja-
cency eigenvalues of L(G) are

2r — 2, and
)\i+r—27 i:2a37"'an7 and (7)

-2, n(r —2)/2 times.
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From Theorem 1.4 and the Eq. (3), the adjacency eigenvalues of L(G) are
(nr/2) —2r + 1, and
X —r+1, 1=2,3,--+,n, and (8)

1 n(r —2)/2 times.

)

The graph L(G) is a regular graph of order nr/2 and of degree (nr/2) — 2r + 1. Since

r < 221 by Lemma 1.5, diam( (G)) = 2. Therefore by Theorem 1.4 and Eq. (8), the

CD-eigenvalues of L(G) are

nr — 2r, and
B — i=23,--,n, and (9)
0, n(r —2)/2 times.

All adjacency eigenvalues of a regular graph of degree r satisfy the condition —r < \; <r
[4]. Therefore A; +r >0,i=1,2,--- ,n. Hence from Eq. (9),

n
-2
CDE (L(G)) = mr—2r+ Y (\i+7)+]0] X nlr=2)
i=2 2
= 2r(n-—2)
because of N
)\i = —T.
i=2
This completes the proof. O

Corollary 2.2 Let G be a reqular graph of order ng and of degree rq. Let ny and i be the
order and degree respectively of the k-th iterated line graph L*(G), k > 1. If ro < ”"2_1, then

CDE (WG)) = 2rp_1(ng—1 — 2).

Proof 1If rq < ”“;1, then by Egs. (3) and (4), we have

1
7’1:27"072§n073§§(

Hence

Tk—1 S f
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Therefore, by Theorem 2.1,

CDE (Lk(G)) — CDE (m) = 2y (np_y — 2). O

Corollary 2.3 Let G be a reqular graph of order ng and of degree rq. Let ny and ry be the
order and degree respectively of the k-th iterated line graph L*(G), k > 1. If ro < "02_1, then

[ 2710 kot

92k—1
1=0

CDE (Lk(G)) - (2irg — 201 4 2)| — 4(28 "1y — 2% 4+ 2).

83. CD-Equienergetic Graphs

If G; and G; are the regular graphs of same order and of same degree. Then L(G;) and L(G3)
are of the same order and of same degree. Further their complements are also of same order

and of same degree.

Lemma 3.1 Let G and Gs be reqular graphs of the same order n and of the same degree r.
Ifr < ”771, then L(G1) and L(G2) are CD-cospectral if and only if G and Go are cospectral.

Proof The result follows from Egs. (7), (8) and (9). O

Lemma 3.1 can be extended for k-iterated line graph as given below.

Lemma 3.2 Let Gy and Gy be regular graphs of the same order n and of the same degree r. If
r < 251 then for k > 1, L*(Gy) and L¥(Gs) are CD-cospectral if and only if Gy and Go are

cospectral.

Theorem 3.3 Let G1 and Gs be reqular, non CD-cospectral graphs of the same order n and

of the same degree r. If r < ”gl, then for k > 1, L¥(G1) and L¥(Gs) form a pair of non

CD-cospectral, C D-equienergetic graphs of equal order and of equal number of edges.

Proof The result follows from Lemma 3.2 and Corollary 2.3. g
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§1. Introduction

The reversibility problem is very important in DNA computing. Let (a1, as) € R? be a code-
word corresponding to ATGC. The reverse of (ay,az) is (ag,a1). The vector (az,a;) corre-
sponding to GCAT. It is not reverse of ATGC'. The reverse of ATGC is CGT A.

Some authors use the different approachers in order to solve this problem [1-11].

In [4], by defining a nontrivial automorphism, the skew cyclic codes over the finite ring
Ry were introduced DNA 4-bases were matched with the elements 256 of the finite Ry. The
reversible DNA codes were obtained.

In this paper, motivated by the previous work [4], we study the reversibility problem for
DNA 2%-bases, by using the skew cyclic codes over the finite ring R,.

82. Preliminaries

A family of the finite rings R, = Fyluy,- -+, uq]/ <u22 = u;, U = ujui>, wherei,7=1,2,--- ,a
contains the commutative the finite rings with characteristic 2 and cardinality 4". The finite

rings of the family are written as recursively

Ry =Rj—1+uRj

1Received November 13, 2019, Accepted June 9, 2020.
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where j =1,2,--+ ,a and Ry = Fy + ui Fy,u? = uy, where Ry = Fy = {0,1,w,w? = w + 1}.
We defined the Gray map as follows,

¢1' : Rl — Rz?—l

Tio1 +uilYio1 — (Ti—1 + Yio1, Tio1)
where i =1,2,--- ,a and

¢1 : R — RZ

ro+uryo +— (2o + Yo, To)

where Ry = F}.

In [4], by using the matching the elements of Ry and Sp, = {4, T, C, G} which is given as
£(0) = A, &(1) = T, & (w) = C, & (w?) = G by using the Gray map from Ry = Fy + uy Fy to
F2, it is defined a & correspondence between the elements of the finite ring Ry = Fy + u1 F}y
and DNA double pairs as follows

elements « DNA double pairs &; («)
0 AA
1 T
w cc
14w GG
Uy TA
14w AT
uy +w GC
14w +w CG
UL W CA
14+ uww GT
w + U w AC
14w+ uww TG
U]+ urw GA
14+u +uw cT
W+ U + uw TC

1+w+u +uviw  AG

83. Skew Cyclic Codes over R,

Definition 3.1 Let B be a finite ring and 6 be a non trivial automorphism on B. A subset C
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of B™ is called a skew cyclic code of length n if C' satisfies the following conditions:

(1) C is a submodule of B™;
(2) if c = (co,c1, "+ yen—1) € C, then og(c) = (0(cn-1),0(co), - ,0(cn-2)) € C, where oy
is the skew cyclic shift operator.

By defining a non trivial automorphism on R, as follows, we can define the skew cyclic

codes over R,.

9i : RZ‘ — Rz
Tic1 FuiYior — Oici(Tio1 Hyio1) Huibic1(Yio1)

and

01 : R1 — R1
ro+uryo > (To+yo) +uryo

where 4 = 2,3,--- ,a. The order of 6; is 2, where 1 =1,2,--- ,a.

The rings
R;[z, 0] :{bé—&—bix—&—...%—b;_lx"_l:b; €R,neN,i=1,---,a,j=0,--- ,n—1}

are called skew polynomial rings with the usual polynomial addition and the multiplication as

follows
(02®)(nz') = 065 (n)a*"*

where i = 1,--- ,a. They are non commutative rings.

In polynomial representation, a skew cyclic code of length n over R; is defined as a left
ideal of the quotient ring Ry, , = R;[z,6;]/ (™ — 1), if the order of 6; divides n, that is n is
even. If the order of 6; does not divides n, a skew cyclic code of length n over R; is defined as a
left R;[z,6;]-submodule of Ry, ., since the set Ry, ,, = R;[x,0;]/ (z™ — 1) = {fi(z) + (& — 1) :
fi(x) € Ri[x, 0;]} is a left R;[x,0;]-module with the multiplication from left defined by

ri(@)(fi(x) + (2" = 1)) = ri(2) fi(x) + (" = 1)

where for any r;(z) € R;[z,0;], fori=1,--- a.

In both case, the following is hold.

Theorem 3.2 Let C; be a skew cyclic code over R; and let f;(x) be a polynomial in C; of minimal
degree, i = 1,--- ,a. If the leading coefficient of fi(x) is a unit in R;, then C; = (f;(x)), where
fi(x) is a right divisor of ™ — 1.

Definition 3.3 Forx = (mé,x’i, e ,xfhl) € R}, the vector (mfhl,xihg, st :1:6) 1s called
the reverse of x and is denoted by x". A linear code C; of length n over R; is called reversible

if x" € C; for every x € C;, wherei=1,--- ,a.
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We can express the matching the elements Ry and Sp,, = {AA,TT,--- ,GG} by means of
the automorphism 6, as follows.

Each element oy = 29 + uiyo € Ry and 6;(«y) are mapped to DNA 2-mers which are
reverse of each other. Let & be a correspondence the elements of the finite ring R; and DNA
2-mers. For example

&1(up) =TA, while & (01 (u1)) = AT

This can be extended to a map 7; from RZ ; to 2‘-mers as follows,
Yi(siz1,tic1) = (§i1(si-1),&im1(ti1))
where s;_1,t;_1 € Ri_1,fori=1,---  a.
By using a map ¥; = ~; o ¢;, we can explain a relationship between skew cyclic codes and
DNA codes. U;(r;) and ¥, (6;(r;)) are DNA reverse of each other, where r; = a;—1 + u;b;—1,
a;_1,b;_1 € R;_1, where i =1,--- ,a.

For r; = a;_1 + u;b;_1 € R;, we have

Ui(ri) = 7i(di(ai—1 +uibi—1)) = vi(@i—1 +bi—1,0;—1)
= (&-1(aim1 +bi21),&-1(aiz1))

On the other hand,

Ui (0i(ri)) = Wi(0i—1(ai—1 +bi—1) +uii—1(bi—1))
= 7 (¢ (Oi-1(ai—1+bi—1) +uili—1(bi-1)))
= vi(0i-1(ai-1),0i-1(ai—1 +bi—1))
= (&i-1(0i—1(ai-1)),&i—1 (0i1(ai—1 +bi—1)))

where 4 = 1,--- ,a. This map can be extended as follows.

For any r; = (rf, -+ ,r%_;) € R?, where i = 1,2,--- | a.

Example 3.4 If r3 = ug ((w + u1) + u2 (1 + uyw)) € R3, then we have

W3(rs) = 73(¢3(r3)) =3 (w+uy +uz (1 +uw),0)
(52 (’LU + u1 + u2 (1 + U1’LU)) ,52 (0)) = (AGGC, AAAA)
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On the other hand,

U3 (03(r3)) = Vs (f2(w+us +ue (1 +uiw)) 4+ usba(w + ug + us (1 + ugw)))
= 3 (62(0), 02(w + u1 + uz (1 + uqw)))
= (&(62(0)),& (f2(w +ur + uz (1 +ww))))
= (AAAA,CGGA)

Definition 3.5 Let C; be a code of length n over R;, fori=1,--- ,a. If U;(c)" € U,;(C;) for
all ¢ € C;, then C; or equivalently U;(C;) is called a reversible DNA code.

Definition 3.6 Let g;(z) = b} +bix+bia? +- - +blx® be a polynomial of degree s over R;, for
i=1,---,a. g;(x) is called a palindromic polynomial ifbi =bi_ j forallj € {0,1,--- s}, gi(w)
is called a 0;-palindromic polynomial if bZ =0;(b_;) for all j € {07 1,---,8}, fori=1,---,a

As the order of 6; is 2, a skew cyclic code of odd length n over R, with respect to 6; is an

ordinary cyclic code. So we will take the length n to be even.

Theorem 3.7 Let C; = (f; (x)) be a skew cyclic code of length n over R;, fori=1,--- a,
where fi(x) is a right divisor of ™ — 1 and deg(fi(x)) is odd. If f;(x) is a 0;-palindromic
polynomial then V,;(C;) is a reversible DNA code.

Proof Let fi(x) be a 6;-palindromic polynomial and f;(z) = a}) + aiz + -+ + ab, 2%~ L.
So a¥, = 0;(a}, | ,), foralld =0,1,---,5 — 1. Let h;(z) = hi + hlz + -+ hb, 2?71 Let
b} be the coefficient of 2! in h;(x)f;(z) where I = 1,--- ,n — 1. For any ¢ < n/2, the coefficient
of zt in h;(z)fi(x) is

thaﬂ aj_;)

and the coefficient of 2"t is b%_, = Z; o1 JGZ% "“ai, | ()"

The polynomial h;(z) f;(x) = 212)’:01 hia? fi(x) corresponds a vector b = (bf, b, -+ , b, ;) €
Cifori=1,---,a

The vector W; (b) " = ((¥; (0)), %, (b1),---,W; (b%_,)))" is equal to the vector ¥; (2),
where the vector z corresponds the polynomial szo Qi(h;) p?k=1=pf(x)fori=1,--- a.

Since z = (2%, ,2%) € C;, then U;(C;) is a reversible DNA code, for i = 1,--- ,a. O
Theorem 3.8 Let C; = (f; (x)) be a skew cyclic code of length n over R;, fori=1,--- ,a, where
fi(x) is a right divisor of ™ — 1 and deg(f;(x)) is even. If fi;(x) is a palindromic polynomial

then U,;(C;) is a reversible DNA code.

Proof Let f;(x) be a palindromic polynomial with even degree. fz( ) =ah+alz+- -+
ab,x? and ay = ab,_,, for all d = 0,1,--- ,s. Let h;(x) = hj) + hiz + - + hi, 2?*. Let b be

the coefficient of z! in h;(z)f;(x) where I = 1,--- ,n — 1. For any t < n/2, the coefficient of x?
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in hi(x)fi(z) is
Zhlﬁj (ai_;)

and the coefficient of z"~ % is b}, = Z; o P 191% ](GQS (t j)).

The polynomial h;(z) f;(x) = Zik o hix? fi(x) corresponds a vector b = (bj, b, -+ , b, ;) €
Cifori=1,---,a

The vector W; (b) " = ((¥; (6)), %, (), ,W; (b%_,)))" is equal to the vector ¥; (2),
where the vector z corresponds the polynomial szo l(h;) 2k*pfi(ac),for i=1,---,a.

Since z = (2%, ,2%) € C;, then ¥,;(C;) is a reversible DNA code, for i = 1,--- ,a. O

84. Conclusion

We have shown that skew cyclic codes over the ring R, can be used to construct the
reversible DNA codes.
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§1. Introduction

Algebras of type (2,0) are well known types of algebraic structures. They comprise non-empty
sets, some constant element together with a binary operation. In [1], Kim and Kim introduced
the notion of BE-algebras. Ahn and So, in [2] and [4] introduced the notions of ideals and upper
sets in BE-algebras and investigated related properties.

In [6], obic algebras were introduced. Homomorphisms and krib maps as well as monics of
obic algebras were studied. In this paper, a class of obic algebras is studied. It is shown that
with a suitably defined binary relation, this class of obic algebras are partially ordered sets.

The partial ordering is used to investigate some of their properties.

82. Preliminaries

Definition 2.1([6]) A triple (X;*,0); where X is a non-empty set, x a binary operation on X,

and 0 a constant element of X is called an obic algebra if the following axioms

(1) zx0=uxa;
(2) [zx(y*x2)]|xx=xx[y*(z*xx)];
B)zxx=0

hold for all z,y,z € X.

Example 2.1([6]) Consider the multiplicative group G = {1,—1,4,—i}. Define a binary
operation x on G by a* b= ab~!. Then (G;*,1) is an obic algebra.

1Received January 24, 2020, Accepted June 10, 2020.
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Lemma 2.1([6]) Let X be an obic algebra. Then,
hold for all z,y € X.

Definition 2.2([6]) An obic algebra X is said to have the weak property (WP) if xxy =0 and
yxx =0 imply that x = y.

Definition 2.3([6]) Let (X;*,0) and (Y;0,0") be obic algebras. A function f : X —'Y is called
an obic homomorphism if f(a*b) = f(a) o f(b) for all a,b € X.

Lemma 2.2([6]) Let f : X — Y be an obic homomorphism. The equivalence relation ~ defined
by (z ~y) = f(x) = f(y) is a congruence.

Theorem 2.1([6]) Let f : X — Y be an obic homomorphism. Then (X;¢,[0]) is an obic

algebra.

§83. Main Results
Definition 3.1 An obic algebra X is called torian if [(xz * y) * (x x 2)] * (z xy) = 0 for all

x,y,z € X. Otherwise, if there are x,y,z € X such that [(x*y) * (x* 2)] % (z*y) # 0, such an
obic algebra X is called Smarandachely torian.

Example 3.1 Let X = {0,1}. Define a binary operation x on X by the multiplication table
o[
01011

11]0

below

Then, (X, *,0) is torian.

Lemma 3.1 Let X be a torian algebra. Then, the following conclusions hold for all x,y,z € X:

(1) [0 (zxy)] * (y* ) = 0;

(2) [(@*y) =] * (0xy) = 0;

(3) [(0xy) x (0% 2)] * (2 x y) =0,

(4) [zx(xx2)]*x2=0;

(5) [0 (zxy)] * (y*x2) = [(z*y) xz] * (0 xy);

(6) [0 (xxy)l* (yxx) =[(0%y) * (0% 2)] % (zxy);
() [0 (z*xy)]* (y*z)=[v* (T *2)]*2;

(8) [(wxy) xa]x (0xy) =[(0xy) x (0% 2)] % (z xy);
(9) [(mxy) xa] x (0xy) = [z % (2 * 2)] * 2;

(
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Proof The proof follows immediately from definition. O

The following corollary follows from Lemmas 2.1 and 3.1.

Corollary 3.1 Let X be a torian algebra. The following conclusions hold for all x,y,z € X:

(1) [0 [z (y* @)] s x] « [[y = (z = y)] xy] = 0;

(2) [l (y * 2)] ] x a] « (0 y) = 0;

(3) [(0xy) * (0% 2)] * [[2 % (y * 2)] % 2] = 0;

(4) [x * [[xx (zxx)] xx]] *x 2 = 0;

(5) [0 [z * (yxx)] * 2] * [y * (z xy)] xy] = [z * (y * )] * 2] * 2] x (0% y);
(6) [0 [z (yx )] *a] * [[y = (xxy)] *y] = [(0xy) * (0% 2)] = [[z# (y x 2)]  2];
(7) [0 [z * (yx2)] * 2] * [y * (z xy)] xy] = [z [z % (2 % 2)] * 2] * 2;

(8) [[lz* (y*2)] * a] x a] % (0% y) = [(0xy) * (0% 2)] * [[2 % (y * 2)] * 2];

(9) [[lz* (y*2)] * ] x 2] x (0% y) = [JJ*[[@“*( )] )] * z;

A torian algebra which has the weak property is called a weak property torian algebra
(WPTA).

Lemma 3.2 Let X be a WPTA. Define a relation ~ on X byx ~y < xxy =0 forxxy € X.
Then (X;~) is a partially ordered set.

Proof The reflexivity and anti-symmetry follow from definition. Now let z,y, 2z € X such
that x ~y and y ~ z. Then x xz = [(x % 2) * 0] x 0 = [(x * 2) * (x xy)] * (y * z) = 0. So, the
transitivity holds. O

Proposition 3.1 A torian algebra X is a WPTA if and only if there exists a partial ordering
~ on X such that for all x,y,z € X hold with:

(1) (@ xy)* (zx2) ~ (zxy);
(2) [z (zxy)] ~y;
B)zxy=0<x~y.

Proof Suppose X is a WPTA. By Lemma 3.2, X is equipped with a partial ordering.
Clearly, (z*y) * (z * 2) ~ (z*y) holds. Also, by Lemma 3.1(4), [z % (z * y)] ~ y holds. Clearly,
z+xy =04 2~y holds.

Conversely, suppose X is a torian algebra with partial ordering ~ satisfying (zxy)*(zxz) ~
(zxy), [zx(xxy)] ~yand xxy =0 ¢~y for all z,y,2 € X. Let 2,y € X such that
zxy=0and y*x =0. Then x ~ y and y ~ x. By anti-symmetry, * = y as required. O

The following corollary follows from Proposition 3.1 and Lemma 2.1.

Corollary 3.2 A torian algebra X is a WPTA if and only if there exists a partial ordering ~
on X such that for all x,y,z € X hold with:
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(2) [z * [z (y*z)]* 2] ~y;
B)zx(yxx)]*x2=0&x ~y.

Proposition 3.2 Let X be a torian algebra with partial ordering ~. Then for all x,y,z € X
hold with:

(D zr~y= (zxy) ~(xx2);
(2)z~z= (zxy) ~ (2xy);
B)x~y=[0x(zx*2)] ~(zxy).

Proof The proof follows from definition immediately. O

The following corollary follows from Proposition 3.2 and Lemma 2.1.

Corollary 3.3 Let X be a torian algebra with partial ordering ~. Then, for all x,y,z € X
hold with:

(D) z~y = [lox(yxa)]xz] ~ [z (2 2)] x2f;
2)z~z=(rx(yxa)*x]~[zx(y*z)] xz2;

Proposition 3.3 Let X be a torian algebra with partial ordering ~. Then, the following

conclusions hold for all x,y,z € X:

(1) [0 (z*y)] ~ (y*2);

(2) [(@xy) xa] ~ (0% y);

(3) [(0%y) % (0% 2)] ~ (2% y);
(4) [xx(xx2)] ~ 2z

Proof The proof follows from definition immediately. O

The following corollary follows from Proposition 3.3 and Lemma 2.1.

Corollary 3.4 Let X be a torian algebra with partial ordering ~. Then the following conclusions
hold for all x,y,z € X:

(1) [0 [z * (y x2)] * 2] ~ [[y* (x*y)] * y];

[
(2) [[[z* (y * x)] * 2] ~ (0 xy);
(3) [(0*y) % (0% 2)] ~ [[z* (y * 2)] * 2]
(4) [xx[xx(z*xx)] 2] ~ 2.

Proposition 3.4 Let X be a WPTA. Then, for all x,y,z € X hold with

Proof Since X is torian, we have (x * y) x [z * (x * (z * y))] ~ [z * (x * y)] xy. Also,
[z % (x x y)] ~ y (by Proposition 3.3(4)). So, we now have

[z (zxy)]xy=0.
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This gives us (z *y) % [x * [x x (x x y)]] ~ 0. Therefore, (x xy) * [z * [x % (x x y)]] = 0.

Also, [z * [z % (x x y)]] * (x xy) = 0 (by Proposition 3.3(4)). Hence, z [z (xxy)] =z *y
as required. 0

The following corollary follows from Proposition 3.4 and Lemma 2.1.

Corollary 3.5 Let X be a WPTA. Then, for all x,y € X hold with:

Lemma 3.3 Let X be a WPTA. Then, for all x,y,z € X hold with

Proof The proof follows from Proposition 3.3(4) and Proposition 3.1(1). O

Proposition 3.5 Let X be a WPTA. Then, for all x,y € X hold with

(0xz)* (0xy) =0 (z*y).
Proof Notice that

(0x2)(0%y) = |
= |
|

[(z*y *(
[(z*y) * z] % (x * y)} (0*y) (by Lemma3.3)
[(z % @) y]* (25 y)] * (0 y)
= [(0xy)*(zxy)]* (0xy)
= [0xy)x(0xy)]*(z*y)
= 0x(zxy)
as required. 0

The following corollary follows from Proposition 3.5 and Lemma 2.1.
Corollary 3.6 Let X be a WPTA. Then, for all x,y € X hold with

(0% x) % (0xy) =0x*[[x* (y=*x)]*z]

Proposition 3.6 Let X be a WPTA. Then, for all x € X hold with

Ox[xx[0x (0*z)]] =0.
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Proof Notice that

Ox[z+[0%x(0xz)]] = (0*xz)*x[0x[0(0xx)]] (by Proposition 3.5)
= (0*z)*(0xx) (by Proposition 3.4)
= 0
as required. O

Proposition 3.7 Let X be a WPTA. Then, for all x,y,z € X hold with:

(1) [0 (y*z)] * (zxy) = 0;

(2) [(z*y)* (0xy)]*xz=0;

(3) [(0xy) * (zxy)] * (0% 2) = 0;

(4) [0 (y*2)] * (xxy) = [(zxy) * (0 y)] * z;

(5) [0 (y*z)] * (zxy) = [(0xy) * (zxy)] * (0% 2)

(6) [(zxy)* (0xy)]*xz=[0xy)*(zxy)]*(0x2)

Proof The proof follows from Lemmas 3.1 and 3.3. O

The following corollary follow from Proposition 3.7 and Lemma 2.1.

Corollary 3.7 Let X be a WPTA. Then, for all x,y,z € X hold with:

(1) [0 [y (zxy)] xy]* [[z* (yxz)] x2] = 0;

(2) [[[z = (y* @)+ 2] * (0 y)] x 2 = 0;

(3) [(0xy) * [z (y*2)] * 2] % (0% 2) = 0;

(4) [0 [y x (@ xy)] *y] *[[z* (yx2)] 2] = [[[z (y*2)] 2] x (0xy)] *z
(5) [0 [y = (@xy)]xy]«[[z* (yxz)] 2] = [(0xy) * [z % (y x2)] * 2] * (0% 2);
(6) [[[lz* (yxa)] *z]x (0xy)]|xz=[0xy) [z (yx2)] x 2] (0x2).

Definition 3.2 A torian algebra X is said to be harmonic if 0 x x = x for all x € X.

Corollary 3.8 Let X be a harmonic WPTA. Then, for all x,,y,z € X hold with:

(1) (y*a)* (z*y) =0;
(2) [(z*y)*ylxz =0;
(3) [y* (zxy)] x2=0;
(4) (yxx)* (z*y) = [(z*y) *y| *
(5) (yxa)*(z*y) =[y (Z*y)]
(6) [(z*y)xylxz=[yx(2xy)] =

Proof The proof follows from Proposition 3.7. d

Definition 3.3 Let X be a WPTA. An element x € X is said to fir 0 if 0xx = 0. If every
element in X fizes 0, then X is said to fix 0.
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Proposition 3.8 Let X be WPTA which fixres 0. Then, for all z,y € X hold with
(xxy)*xxz=0.
Proof The proof is straightforward by definition. O

Proposition 3.9 Let X be a WPTA which fives 0. Then if x,y € X such that x x (x xy) = 0,
then x = x * y.

Proof The proof is straightforward by definition. O
Theorem 3.1 A WPTA X fizes 0 if and only if (x xy) *x =0 for all z,y € X.

Proof Notice that 0 = (zxy)*x = (x*x)*y = 0y, and the converse follows by Proposition
3.8. O

Proposition 3.10 Let X be a WPTA. Let x,y,z € X such that x xy = x x z, then,
Oxy=0xz.

Proof Notice that (z *y) * x = 0*y. Similarly, (z % z) * = 0 % z. Then, the conclusion
follows. 0

Corollary 3.9 Let X be a harmonic WPTA. Let x,y,z € X such that x xy = x x z. Then
y=z.

Proof The proof follows from Proposition 3.10. g
Proposition 3.11 A torian algebra X fizes 0 if and only if x * (0xy) = x for all x,y € X.

Proof Suppose x * (0% y) = x. Since X is torian, we have

0

[(0% )% (0%0)] % (0*x)
= (0xz)*x(0xz)=0xz (by the hypothesis).

The converse is obvious. U

Proposition 3.12 Let X be a WPTA. Then x %[0 x (0 % )] fizes O for any x € X.

Proof Notice that

[xx[0%x(0x2)]] = (0*z)*[0*[0*(0xx)]] (by Proposition 3.5)
= (0*z)*(0xx) (by Proposition 3.4)
= 0

as required. O
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Proposition 3.13 Let a be a fized element of a WPTA, X. If xxa =0 = x = a for any
xz € X, then 0% (0xa)=a.

Proof Notice that [0 (0*a)] *a = 0 by Lemma 3.1(4). So, 0% (0 * a) = a as required.

Proposition 3.14 Let a be a fived element of a WPTA, X. If 0% (0*a) = a, then 0xx = a

for some x € X.

Proof Put 0xa =z in 0% (0*a) = a. Then the conclusion follows. O

Proposition 3.15 Let a be a fized element of a WPTA, X. If 0xx = a for some x € X, then

rxa=0=x=a.

Proof Let y € X such that y * a = 0. Then we have y * (0 z) = 0 and

axy = (0xz)xy
= [0%[0*% (0xx)]]*y (by Proposition 3.4)
= (0xy)*[0%(0*x)] (by Lemma 3.3)
0 [y* (0xx)] (by Proposition 3.5)
= 0x(y*a)=0%x0=0

Since a *xy =0 and y * a = 0, then y = a as required. This completes the proof. O

By Propositions 3.13, 3.14 and 3.15, we have the following theorem.

Theorem 3.2 Let a be a fixed element of a WPTA X. Then the following conclusions are

equivalent:

(zxa=0=>x=a foranyz € X;
(2) 0% (0+a) = a;
(3) 0%z = a for some x € X.
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§81. Introduction

In 2010, Bo Zhou and Nenad Trinajstic [3] have introduced the sum-connectivity energy of
a graph as follows. Let G be a simple graph and let vy, va,--- ,v, be its vertices. For ¢ =
1,2,...,n, let d; denote the degree of the vertex v;. Then the sum-connectivity matrix of G is
defined as R = (R;;), where

0, if 1 = 4,
_ % . . . . .
R;; = o if the vertices v; and v; are adjacent,
0, if the vertices v; and v; are not adjacent.

The sum-connectivity energy of G is defined as the sum of absolute values of the eigenvalues
of the sum-connectivity matrix of G arranged in a non-increasing order.

In the same year, Burcu Bozkurt, Dilek Giingor, Gutman and Sinan Cevik [2], have defined
the Randi¢ energy of a graph G as the sum of the absolute values of the eigenvalues of the Randi¢

matrix (R;;) where

0, if 1 = j,
R;j = dlidj , if the verticesv; and v; are adjacent,
0, if the vertices v; and v; are not adjacent.

1Received March 13, 2020, Accepted June 11, 2020.
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Motivated by these works, we introduce the Quotient of Randi¢ and sum-connectivity
energy of a simple graph G as follows. Let a and b be two nonnegative real number with
a # 0. The quotient of Randi¢ and sum-connectivity adjacency matrix of G is the n x n matrix

Agrs = (a;5) where

0, ifi =7,
o —L___if the vertices v; and v; are adjacent,
Q5 = a(di+d;)
b(d;d;)
0, if the vertices v; and v; are not adjacent.

The eigenvalues of the graph G are the eigenvalues of Ag.s. Since Agps is real and
symmetric, its eigenvalues are real numbers which are denoted by A1, As, A3, -, A,, where
A1 > A2 > A3 > ... > \,. Then the Quotient of Randi¢ and sum-connectivity energy of G is

defined as
Eqrs( Z | A |-

Since Agq is a real symmetric matrix, we have

Z Agsr) =0 (1)

and

ZALM«A;T 22073*22 d+d (2)

1=1 j=1

In this paper we obtain the upper and lower bounds for Ey,(G) and compute the E,,4(G)
of complete graph, star graph, complete bipartite graph, the (S,, A P») graph.

§2. Upper and Lower Bounds for E,.;(G)

In this section we obtain Upper and lower bounds for Eye, (G).

Theorem 2.1 Let G be a simple graph of order n with no isolated vertices and let a, b be two

nonnegative real number with a # 0. Then

NCEEREDS fédfd)) | X

Proof Let A1, A2, A3, , Ay, be the eigenvalues of Ayrs. Then using (2) and the Cauchy-

Schwartz inequality, we have

(&) <(5) (59
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with a; = 1, b; =| \; |. We obtain

n " n b(d;d;)
Eps(G) =Nl =[O < ([nd) M= 2n2a(£l+ad'), O
i=1 i~j g J

i=1 i=1

Theorem 2.2 Let G be a simple graph of order n with no isolated vertices and let a, b be two

nonnegative real number with a # 0. Then

Proof From (1), we have

ZA2+2 > AN =0

1<i<j<n

and therefore

—ZA2—2 3NN (5)

1<i<j<n

Thus

(Bqrs(G))” = (Z ) =D N2 D0

1<i<j<n

n

A2 42 AiA| =2 >\
i—1 g

1<i<j<n

%

on using (5). This together with (2) implies that

(Eqv'S(G))2 >4 Z m’

which gives (4). O

83. Quotient of Randi¢ and Sum-Connectivity Energies of Some Families of Graphs

We begin with some basic definitions and notations.

Definition 3.1([4]) A graph G is said to be complete if every pair of its distinct vertices are

adjacent. A complete graph on n vertices is denoted by K.

Definition 3.2([4]) A bigraph or bipartite graph G is a graph whose vertex set V(G) can be
partitioned into two subsets Vi and Va such that every line of G joins Vi with Va. (V1,V3) is a
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bipartition of G. If G contains every line joining V1 and Va, then G is a complete bigraph. If

Vi and Vo have m and n points, we write G = Kp, .. A star is a complete bigraph K1 .

Definition 3.3([5]) The conjunction (S APs) of Sy = K+ Ky and Py is the graph having the
vertex set V(Sy,) X V(P,) and edge set {(vi, v;)(vg, v)|vivy € E(Sp) and vju; € E(Ps) and 1 <
ik<m+1,1<j1<2}

Now we compute Quotient of Randi¢ and sum-connectivity energies of complete graph,

star graph, complete bipartite graph, the (S,, A P2) graph.

Theorem 3.4 Let a and b be two nonnegative real number with a # 0. Then the quotient of

Randié and sum-connectivity energy of the complete bipartite graph K, , is

Proof Let the vertex set of the complete bipartite graph be V (K, ) = {u1,u2, -« tUm, v1,
Vg, - ,Un}. Then the Quotient of Randi¢ and sum-connectivity matrix of complete bipartite

graph is given by

b(mn) b(mn)
0 0 a(m+n) a(m-+n)
b(nm) b(mn)
Y 0 .. 0 ) s
e blmn) b(mn) 0 e 0
a(m+n) a(m+n)
b(mn) b(mn)
a(m+n) a(m-+n) 0 0

Its characteristic polynomial is

N b(mn) T
|)\] — Aqm| — ‘ ):izn) V a(ern)J ,
- \V a(ern)J )\In

where J is an n X m matrix with all the entries are equal to 1. Hence the characteristic equation

is given by

i b(mn) T
Y atmm | _

b(mn)
'V a(m+n) J Al

which can be written as
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|/\Im|

(| _b(mn) LI (] b(mn) _
Aln ( a(m—i—n)J) A ( a(m—l—n)J >‘ 0

On simplification, we obtain

)\mfn
_|almtn) ey gt 2,
(a(m+n)) b(mn)
( b(mn)
which can be written as

Ao alm+n) o
——P —A = 0
(a(m+n))n JIT < b(mn) ’

b(mn)

where Py r () is the characteristic polynomial of the matrix ,,.J,. Thus, we have
m— n—1
Am—n n a(m+n) A2 — a(m+n))\2 —0,
(a(er'r)L)) b(mn) b(mn)
b(mn

which is same as

Therefore, the spectrum of K,, ,, is given by

0 b(mn)?2 [/ b(mn)?
Spec (Km.n) = \/a(m+n) \/a(m+n)
m+mn—2 1 1

Hence the quotient of Randi¢ and sum-connectivity energy of the complete bipartite graph is

b(mn)?

Eqrs(Km,n) = ma

as desired. 0

Theorem 3.5 Let a and b be two nonnegative real number with a # 0. Then the quotient of

Randi¢ and sum-connectivity energy of the S, is

b(n —1)2
an

2

Proof Let the vertex set of star graph be given by V(S,) = {v1,v2,...,v,}. Then the
quotient of Randi¢ and sum-connectivity matrix of the star graph S, is given by
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bn=1) 0 0 . 0 0

bn—1) 0 0 . 0 0
Aqrs = .

bn—1) 0 0 . 0 0

bn=1) 0 0 e 0 0

an

Hence the characteristic polynomial is given by

b(n—1) b(n—1) b(n—1)
A 7\/ an 7\/ an T an
—y/n=t) A 0 0
‘)\I - Aqrsl = | — b(z;l) 0 A 0
_[fb(n=1) 0 0 A
poo—1 —1 - -1 -1
-1 0 0 0
B bn—1\ | -1 0 p 0 0
n an
1 0 0 uo 0
1 0 0 0 u

where, = A % Then

b(n—1)
|)‘I_ Aqrs' = ¢n(u) < b(n_l))> )

where

po -1 -1 -1 -1
1 0 0 0
1 0 " 0 0
1 0 0 0
1 0 0 0 7!

93
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Using the properties of the determinants, we obtain after some simplifications

bn(1) = (udn_1(p) — p"~2).

Iterating this, we obtain

Therefore

Thus the characteristic equation is given by

A2 <A2 — b(”_l)2> =0.

an
Hence
0 [b(n=1)2  [b(n—1)°
Spec (Sp) = an an .
n—2 1 1

Hence the quotient of Randi¢ and sum-connectivity energy of S, is

_ 2
Eypa(Sn) = 2¢/ 20017 O

an
Theorem 3.6 Let a and b be two nonnegative real number with a # 0. Then the quotient of

Randié¢ and sum-connectivity energy of K, is

(n—1)b

2(n—1) o)

Proof Let the vertex set of a complete graph be given by
V(Kn) = {Ula UQ) o arun}'

Then, the quotient of Randi¢ and sum-connectivity energy of matrix of the complete graph K,
is given by

0 (n—1)2b (n—1)2b

a2(n—-1) a2(n—1)

(n—1)2b 0 o (n—1)2b

Aqrs _ aQFn—l) a2(n—1)

(n—1)2b (n—1)2b 0
a2(n—1) a2(n—1)
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Hence the characteristic polynomial is given by

where © = A

where

bn ()

no —1
-1 u
-1 -1
-1 -1
-1 -1

A
[ (n=1)%b
|AI—Aq7-S| _ a.2(n71)
(n—1)%b
a2(n—1)
B (n—1)2b
N a2(n —1)
a2(n—1
(n71)213' Then
A — Agrs| = dn(p) <
wo -1 —1 -1 -1
-1 pn -1 -1 -1
-1 -1 pu -1 -1
-1 -1 -1 no -1
-1 -1 -1 -1 pu
v -1 -1
-1 p -1
-1 -1 pu
(n+1)
-1 -1 -1
-1 -1 -1

¢n(u) =

I
-1
-1
-1
0
-1 -1
-1 -1
-1 -1
no -1
-1 -1

-1
-1

a2(n — 1)

-1 -1
uwo -1
-1 u
-1 -1
0 0
+(p+1)

(n—1)2b>"

(n—1)2b
“V a2(n-1)
(n—1)2b
a2(n—1)
A
-1 -1
-1 -1
-1 -1
no -1
-1 u
-1 —1
-1 -1
-1 -1
o —1
—1—-—p p+1
v -1 -1
-1 pu -1
-1 -1 pu
-1 -1 -1
-1 -1 -1

95
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Iterating this, we obtain ¢, (1) = u" 2(u? — (n —1)). Thus, the characteristic equation is given
by

(n—1)% 1
AL )" —(n—1))=0.
( 2= 1) (p+1)""(p—(n—1))
Hence the quotient of Randi¢ and sum-connectivity energy of K, is

(n—1)b

O
a2

Eqrs(Kn) = 2(” - 1)

Theorem 3.7 Let a and b be two nonnegative real number with a # 0. Then the quotient of

Randi¢ and sum-connectivity energy of (Sm A Pa) is

b(n —1)2
an

4

Proof Let the vertex set of (S,, A Py) graph be given by V(S,, A P2) = {v1,v2, -+, Vamt2}-
Then the quotient of Randi¢ and sum-connectivity matrix of (S,, A Py) graph is given by

0 0 . 0 0 % . %
0 0 . 0 b(Z:) 0 . 0
N 0 0 - 0 bn—1) 0 0
qrs — )
0 Bn—1) bn—1) 0 0 0
b(n—1)
= 0 0 0 0 0
b(zgl) 0 . 0 0 0 e 0

2nx2n

where, m + 1 =n.

Its characteristic polynomial is given by

A 0 0 0 ,1/% ,1/%
0 A 0 ,1/% 0 0

I — Ay 0 0 A _‘/% 0 0
— Agrs =
0 ,,/% ,\/@ 0 0

>

|

S
of3

31
-

o

o

=)

>

=)

_,/n=1) 0 0 0 0 A
an 2nX2n
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Hence, the characteristic equation is given by

A 0 0 0 -1 —1
0 A 0 -1 0 0
2n

b(n — 1) 0 0 A -1 0 0 o
an 0 -1 1 A 0 0 ’

-1 0 0 0 A 0

-1 0 0 0 0 A

2nxX2n
where
na
A= A
(n—1)b
Let
A 0 0 0o 0 -1 -1 -1
0 A 0 0 -1 0 0 0
0 0 A 0 -1 0 0 0
dan(A) = o 0o o0 -~ A -1 0 0 - 0
0 -1 -1 -1 A 0 0 0
-1 0 0 0 0 A 0 0
-1 0 0 0O 0 0 0 A
2nX2n
A 0 0 0 0 -1 -1 -1
0 A 0 0 -1 0 0 0
0 0 A 0 -1 0 0 0
= (-1)*"A' 0 0 0 -~ A -1 0 0 - 0
0 -1 -1 -1 A 0 0 0
-1 0 0 0 0 A 0 0
-1 0 0 0O 0 0 0 A
(2n—1)x(2n—1)
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0 0 0 0 0 -1 -1 -1
A 0 0 0 -1 0 0 0
0 A 0 0 -1 0 0 0
+(-)**2' o0 0o 0 -~ A -1 0 -~ 0 0
-1 -1 -1 -1 A 0 0 0
0 0 0 0 0 A 0 0
0 0 0 0 0 0 A O
(2n—1)x(2n—1)
Let
0 0 0 0 0 -1 -1 -1
A 0 0 0 -1 0 0 0
0 A 0 0 -1 0 0 0
Vo q(A) = D2 0 0o 0 -~ A -1 0 -~ 0 0
1 -1 -1 -1 A 0 0 0
0 0 0 0 0 A 0 0
o 0 0 -~ 0 0 0 -+ A 0
(2n—1)x(2n—1)

Using the properties of the determinants, we obtain, after some simplifications

\11271,—1(/\) == *An72@n(A)a

where,
A0 O -1
0 A O -1
0,A)=| 0 0 A -1
-1 -1 -1 A
nxn
Then,

Pan(A) = —A"720,,(A) + Ada,_1(A).

Now, proceeding as above, we obtain
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bon_1(A) = (=1)CDH20, S (A) + (=1) DD NG, o (A)
= fAnf‘g@n(A) + Adan—_2(A).

Proceeding like this, we obtain at the (n — 1)* step

2n(A) = —(n — A" 20, (A) + A" Ve, 1 (M),

where,

A0 0 0
0O A O -1
oy )= 0 0 A - -1
0o -1 -1 A
(n+1)x(n+1)
A calculation shows that
don(A) = —(n—1)A"20,(A) + A"TAO,(A)

—(n—1)
= —(n—1)A""20,(A)+ A"0,(A)
= (A" —(n— 1)A"‘2) O,(A).
Using the properties of the determinants, we obtain
On(A) = A" — (n — 1)A" 2

Thus,
dan(A) = (A" — (n — 1)A"2)*.

Hence characteristic equation becomes

2n
( bm‘”) fon(A) =0,

an

which is the same as

an

( bn —1) ”) (A" — (n—1)A"2)* =0

and reduces to

Azt (b(n”“ G- - 1))2 —0.
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Therefore,

0 _b(n=1)2  _ [b(n=1)?
Spec ((Sm A P2)) = m \/T

2n —4 2 2

Hence the quotient of Randi¢ and sum-connectivity energy of (S,, A P») graph is

b(n —1)2

Eys(Sm A P2)) =4 o
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§81. Introduction

An algebra of type (2,0) is a well known type of algebraic structures. It comprises a non-empty
set, some constant element together with a binary operation and interesting behaviors. In [1],
Kim and Kim introduced the notion of BE-algebras. Ahn and So, in [2] and [3] introduced the
notions of ideals and upper sets in BE-algebras and investigated related properties.

In [6], obic algebras were introduced. Homomorphisms and krib maps as well as monics of
obic algebras were studied in this paper. Some properties of a class of obic algebras were studied
in [7]. In this paper, the notion of ideals in torian algebras is introduced. Their properties are
investigated. Moreover, the dual and nuclei of ideals as well as congruences developed on ideals

of torian algebras are studied.

82. Preliminaries

Definition 2.1([6]) A triple (X;x,0); where X is a non-empty set, x a binary operation on
X, and 0 a constant element of X is called an obic algebra if the following axioms hold for all

r,y,z € X:

(1) z+0=ux;
(3)zxx=0.

Lemma 2.1([6]) Let X be an obic algebra. Then, for all x,y € X hold with

xxy=|xx*(yx*x)]*x.

1Received February 22, 2020, Accepted June 12, 2020.
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Definition 2.2([6]) Let (X;*,0) and (Y;0,0") be obic algebras. A function f : X —'Y is called
an obic homomorphism if f(a*b) = f(a)o f(b) for all a,b € X.

Definition 2.3([6]) Let f: X — Y be an obic homomorphism. The set {x € X : f(x) =0} is
called the kernel of f. It is denoted by Ker(f).

Let f: X — Y be an obic homomorphism. If f is injective, then it is called a monomor-
phism. If f is surjective, then it is called an epimorphism. If f is both injective and surjective,

then it is called an isomorphism.

Definition 2.4([6]) An obic algebra X is said to have the weak property (WP) if xxy =0 and
y*xx =0 imply that x = y.

Theorem 2.1 Let ¢ : X — X be an obic homomorphism; where X has the weak property.
Then ¢ is injective if and only if ker(¢) = {0}.

Definition 2.5([6]) An equivalence relation ~* on an obic algebra X is called a congruence if
(x ~*y) and (u ~* v) = (z*xu) ~* (y*v).

Lemma 2.2([6]) Let f : X — Y be an obic homomorphism. The equivalence relation ~*

defined by (z ~* y) = f(z) = f(y) is a congruence.

Definition 2.6([7]) An obic algebra X is called torian if [(x * y) * (x x 2)] % (z xy) = 0 for all
x,y,z € X. Otherwise, if there are x,y,z € X such that [(x*xy) * (x % 2)] x (z xy) # 0, such an
obic algebra X 1is called Smarandachely torian.

Example 2.1 Let X = {0,1}. Define a binary operation * on X by the multiplication table
below

[ Jlo]1]

01jj01
11]0

Then, (X, *,0) is torian algebra.

Example 2.2 Consider the multiplicative group G = {1, —1,4,—i}. Define a binary operation
x on G by axb=ab~!. Then (G;*,1) is torian.

From now on, X will denote a torian algebra equipped with the weak property.
Lemma 2.3([7]) Let X be a torian algebra. Then, for all x,y,z € X hold with
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Proposition 2.1([7]) Let X be a torian algebra. Then, for all x,y € X hold with

(0% ) % (0% y) = 0% (& ).

Definition 2.7([7]) Let X be a torian algebra. An element x € X is said to fix 0 if 0%z = 0.
If every element in X fizes 0, then X is said to fix 0.

The set of all elements of X which fix 0 is denoted by 0*.

Lemma 2.4([7]) Let X be a torian algebra. Define the relation ~ on X byx ~y < x+xy =0
for all x,y € X. Then (X;~) is a partially ordered set.

The following Lemma follows from definition.
Lemma 2.4([7]) Let X be a torian algebra with the partial ordering ~. Then,

[(zxy) x (zxy)] ~ (xx2)

forallxz,y,z € X.

83. Main Results
Definition 3.1 Let X be a torian algebra. A non-empty set S of X is called a left ideal of X
if the following hold

(1)0esS;
(2) if 2,y € X such that z,[[y x (x*y)] xy] €S, theny € S.

Definition 3.2 Let X be a torian algebra. A non-empty set S of X is called a right ideal of
X if the following hold

(1)oesS;
(2) if x,y € X such that z,[[x x (y*z)]xx] €S, theny € S.

Remark 3.1 If S is both a left ideal and a right ideal of X, then S is called an ideal of X.
Example 3.1 Every torian algebra X has at least two left ideals, namely, {0} and X.

Example 3.2 The subset S = {1, —1} is a left ideal of the torian algebra in example 2.2.

Proposition 3.1 Let X be a torian algebra. The collection of all elements in X which fix 0 is
a left ideal of X.

Proof Now, 0 € 0*. Let x,y € X such that z,[[y * (x * y)] * y] € 0*. Then we show that
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y € 0*. Since [y * (z *xy)] xy € 0%, we have 0 [[y * (x xy)] *y] = 0. But

Oxy = (0*xy)*x0=(0%y)*(0*z)=0x(y=*x) (by Proposition 2.1)
Ox[ly*(zxy)l*xy] =0

as required. O

Remark 3.2 If a left ideal S of X is such that [[z* (y )] *z] € S for all x,y € X, then S is
said to be a complete left ideal of X or that .S is complete in X.

Proposition 3.2 Let S be a left ideal of a torian algebra X. If 0xx € S for all x € S, then S

is a complete left ideal.

Proof Let z,y € S. Then notice that
[z*(y*xz)|*z]*sx=(x*xy)xz=0%xyeS.
And since S is a left ideal, we have that [[x * (y * z)] * 2] € S. This completes the proof. O
The following theorem follows from Propositions 3.1 and 3.2.
Theorem 3.1 Let X be a torian algebra. Then 0* is a complete left ideal of X if and only if

Oxz 0"

for all x € 0*.
Corollary 3.1 Let X be a torian algebra which fixes 0. Then every left ideal of X is complete.

The following proposition follows from definition.

Proposition 3.3 Let (X;%,0) and (Y;®,0') be torian algebras. Let f : X — Y be a homo-
morphism. Then Ker(f) is a complete left ideal of X .

Theorem 3.2 Let (X;*,0) and (Y;©,0') be torian algebras such that [[x*[(xxy)*z]]*xy]*z =0
forall x,y,z € X. Let f : X = Y be an epimorphism. If S is a left ideal of X, then f(S) is
left ideal of Y.

Proof Let 2’,y’ € Y such that 2/, [[y (@' 0y)]oy] € f(S). Now, there exist z,y,z € S
such that f(z) =2/, f(y) = [y © (&' © )] © Y], f(2) = y'. Clearly, z x [(z xx) xy] € X. Let
zx [(z %) * y] = w; so that [[z * [(z*x)*y]*x]*y: € S;= w € S. Hence, f(w) € f(9).

We show that 3/ = f(w). Notice that f[(z*x)xy] = [f(zx2)® f(y)] = [f(2) © f(2)] © fly) =
(Yool or)=0.
Notice that f(w) = flz*[(zxx) *y]] = f(2) © fl(z*xx)*xy] =y © 0 =y as required. O

Corollary 3.2 Let (X;*,0) and (Y;©,0") be torian algebras such that [[xx[(x*xy)*z]]*y]*xz =0
forallxz,y,z € X. Let f: X =Y be an epimorphism. If S is a complete left ideal of X, then
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f(S) is a complete left ideal of Y.

Theorem 3.3 A left ideal S of a torian algebra X is complete in X if and only if the following
hold

(1) 0 € S;
(2) [[z* (zxz)] x 2], [[yx (z*y) xyl,z € S = x*xy € S.

Proof Suppose S is a left ideal of X satisfying (1) and (2). Now, [[0% (0 0)] 0], [[z * (0 %
x)] *xx],0 € S. So, 0xx € S; and by Proposition 3.2, S is complete.

Conversely, suppose S is complete in X. Clearly, 0 € S. Let [[zx(zxx)]xx], [[yx(2xy)]*y], z €
S. Then z,y € S. So, x xy € S as required. d

Definition 3.3 Let S be a left ideal of a torian algebra X . The set S* = {x € S : [[0x(z*0)]*0] €
S} is called the dual of S.

The following proposition follows from definition.

Proposition 3.4 Let S be a left ideal of a torian algebra X. Then the dual of S is a complete
left ideal of X.

Proposition 3.5 Let X be a torian algebra. Let S be a left ideal of X. If T is a complete left
ideal of X such that T C S, then T C S*.

Proof Let x € T. Then Oxx € T. Since T C S, then z,0xx = [[0* (z % 0)] x0] € S.
Therefore, x € S* as required. The proof is complete. O

By Propositions 3.4 and 3.5, we have the following Theorem.

Theorem 3.4 Let S be a left ideal of a torian algebra X. Then the dual of S is complete in
X. Moreover, S* is the largest complete left ideal of X that contains S.

Definition 3.4 Let X be a torian algebra. The set xy = {x € X : (xxy)*x2=0; y,z € X} is
called a left nucleus of X .

Proposition 3.6 Let S be a left ideal of a torian algebra X. Then S is the union of left nuclei
of X.

Proof Let x € X. Notice that (z *0) *xz = 0. So, = belongs to a left nucleus of X. Now,
let = be in the union of left nuclei of X. There exist y,z € S such that (zxy)*xz=0€ S. It
follows that « € S as required. The proof is complete. O

The following proposition is straightforward.

Proposition 3.7 Let S be a non-empty subset of a torian algebra X with 0 € S such that S is
the union of left nuclei of X. Then S is a left ideal of X.

By Propositions 3.6 and 3.7, we have the following Theorem.
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Theorem 3.5 Let S be a non-empty subset of a torian algebra X with 0 € S. Then S is a left
ideal of X if and only if S is the union of left nuclei of X.

Definition 3.5 Let X be a torian algebra. An element a € X is said to be palindromic if there

exists an element © € X such that axx = a. The element x is then said to be palindromic to a.

The collection of all elements in X that are palindromic to a is denoted by a*.

Proposition 3.8 Let a be a fived element of a torian algebra X. Then 0xx =0 for all x € a*.

Proof Clearly, 0 € a*. So, a* is not empty. Now, let © € a*. Notice that Oxz = (a*xa)*z =

(a*x)*a =0 as required. O

Theorem 3.6 Let a be a fixed element of a torian algebra X with the partial ordering ~. Then

*

a* is a complete left ideal of X.
Proof Let z,y € X such that x, [[y * (x x y)] x y] € a*. Notice that
(axy)xa = (axa)xy
= 0xy=(0*y)=0
= (Oxy)x(0xz) =0x(y*2)
= 0x[lyx(zxy)]*y] =0.

So, (a*xy) ~ a.
Notice also that

a = axlyx(@ry)]ryl=ax(y*z)
= (a*xz)x(yxx)~ (axy) (by Lemma 2.4).

So, y € a*. The completeness of a* follows from Proposition 3.2. O

Proposition 3.9 Let X be a torian algebra. Let S and T be left ideals of X. If [[x*(yxx)]xx = x
forallz € S,y €T, then SNT = {0}.

Proof Let x € SNT. Then z € S,z € T. Now, notice that
z=[zx(z*xz)|xx=0xx=0
as required. O

Theorem 3.7 Let X be a torian algebra equipped with a congruence ~*. Then 0 = {z € X :
x ~* 0} is a complete left ideal of X.

Proof Clearly, 0 € 0. Now, let 2,y € X such that z, [y x (z*y)]*y] € 0. Then, z ~* 0 and
[[y* (x*y)]*xy] =y=*x ~*0. Also, y ~* y. We therefore have that y x x ~* y. So y ~* y * x.
Hence, y ~* 0; giving us that y € 0 as required.
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Now, let 2,y € 0. We show that [[z * (y * z)] * 2] € 0. Notice that z ~* 0 and y ~* 0. So,

x *y ~* 0; which gives [[x * (y * )] * 2] = z x y ~* 0 as required. The proof is complete. O

Theorem 3.8 Let S be a left ideal of a torian algebra X. Let ~' be a relation on X defined
by X byax ~y s [[rx(yxz))xz] €S and [[y* (z*y)] xy] €S for all z,y € X. Then ~' is a

congruence on X.

Proof We first show that ~! is an equivalence relation. Clearly, [[z(z*2)]*x] =0 € S. so,
~1is reflexive. Let x,y € X such that  ~* y. Then [[z* (y*x)]*x] € S and [[y* (z*y)]xy] € S;
which implies that y ~! z. So, ~! is symmetric. Let z,y, 2 € X such that z ~' y and y ~' 2.
Then, [[z * (y *z)] x ], [[y * (x *xy)] *y], [y * (z xy)] *y], [z * (y * 2)] x 2] € S. Now, since X is

torian, we have

[z * (2% 2)] * 2] * [[2 % (y * 2)] + 2] * [[y * (2 % y)] * y]
=[(z*2)x(@*y)]*(yxz)=0€5.

So, [[x * (z * z)] *x 2] € S by virtue of S being a left ideal.
Also,

[[[z % (% % 2)] % 2] * [[z % (y * 2)] * 2] * [[y * (z * y)] * y]
=[(z*xx)*x(zxy)]*x(yxz)=0€S.

Hence, z ~' z. So, ~! is transitive.

Now let z,y,u,v € X such that  ~! y and u ~! v. Then,

[+ (y x 2)] 2], [ly « (2 x y)] * g, [lu (vxw)]*u], [[vx (urv)] « o] €5,

Notice that by Lemma 2.5, we have

([ (u s z)] ] [[y o (wry)] = yl] * ([ (y x 2)] * 2]
=[(xxu)x(yxu)]x(xxy)=0€S

and

[y * (e )] = 9] # [l (e )] ] [fy = (2% )] # 9]
= [(yru)x (@xw)] (yx2) =0 €S,

So, [(x *u) x (y xu)] € S and [(y * u) * (x * u)] € S. Hence, (x *u) ~ (y *u).
Similar argument gives (y * u) ~* (y * v). Since, (z * u) ~! (y xu) and (y * u) ~* (y * v),
then (x * u) ~! (y * v) as required. The proof is complete. O

Corollary 3.3 Let S be a left ideal of a torian algebra X. Let ~? be a relation on X defined
by x ~? y if and only if S is complete in X and [[y* (x*y)] xy] € S for all z,y € X. Then ~>
is a congruence on X.
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Abstract: In this paper, we define a new labeling namely triangular difference mean
labeling and investigate triangular difference mean behaviours of some standard graphs. A
triangular difference mean labeling of a graph G' = (p, ¢) is an injection f : V — Z*, where

Z7T is a set of positive integers such that for each edge e = uwv, the edge labels are defined as

* w) — v
£ (e) = {w-‘
such that the values of the edges are the first ¢ triangular numbers. A graph that admits a

triangular difference mean labeling is called a triangular difference mean graph.

Key Words: Mean labeling, triangular difference mean labeling, Smarandachely k-

triangular labeling, triangular difference mean graph.
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81. Introduction

By a graph, we mean a finite, simple and undirected one. The vertex set and the edge set of a
graph G are denoted by V(G) and E(G) respectively. Terms and notations not defined here are
used in the sense of Harary [2] and for number theory we follow Burton[1]. A graph labeling is an
assignment of integers to the vertices or edges or both, subject to certain conditions. There are
several types of graph labeling and an excellent survey on graph labeling can be found in [3]. The
notion of triangular mean labeling was due to Seenivasan et al. [7]. Let G = (V, E) be a graph
with p vertices and ¢ edges. Consider an injection f : V(G) — {0,1,2,--- , T, },where T, is the
¢'" triangular number. Define f* : E(G) — {1,3,---,T,} such that f*(e) = Tw

edges e = wv. If f*(E(G)) is a sequence of consecutive triangular numbers T4, T5, - - - , Ty, then

] for all

the function f is said to be triangular mean.Generally, If there are only k consecutive triangular
numbers T;, Ti11,- -+, Titx—1 with k < ¢ in f*(E(Q)), such a f is called a Smarandachely
k-triangular labeling. A graph that admits a triangular mean labeling or Smarandachely k-

triangular labeling is called a triangular mean graph or a Smarandachely k-triangular mean

1Received November 21, 2019, Accepted June 13, 2020.
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graph.

Murugan et al.[4] introduced skolem difference mean labeling and some standard results
on skolem difference mean labeling were proved in [5] and [6]. A graph G = (V, E) with p
vertices and ¢ edges is said to have skolem difference mean labeling if it is possible to label
the vertices z € V with distinct elements f(z) from {1,2,3,--- ,p+ ¢} in such a way that for
each edge e = wv, let f*(e) = [M—‘ and the resulting labels of the edges are distinct
and are 1,2,3,--- ,q. A graph that admits a skolem difference mean labeling is called a skolem
difference mean graph.

Motivated by the concepts in [7] and [4], we define a new labeling namely triangular
difference mean labeling. A triangular difference mean labeling of a graph G = (p,q) is an
injection f : V — Z7T, where Z* is a set of positive integers such that for each edge e = uv,
the edge labels are defined as f*(e) = {M—‘ such that the values of the edges are the
first ¢ triangular numbers. A graph that admits a triangular difference mean labeling is called
a triangular difference mean graph. We use the following definitions in the subsequent sequel.

Definition 1.1 A wvertex of degree one is called a pendant vertex and a pendant edge is an edge
incident with a pendant vertex. The corona G1 ® Ga of the graphs G1 and Go is obtained by
taking one copy of Gy (with p vertices) and p copies of G2 and then join the i*" vertex of Gy
to every vertex of the it" copy of Gs.

Definition 1.2 The bistar B, , is a graph obtained from K, by joining m pendant edges to
one end of Ko and n pendant edges to the other end of Ko.

Definition 1.3 The graph C,QP,, is obtained by identifying one pendant vertex of the path
P,, to a vertex of the cycle C,.

Definition 1.4 A triangular number is a number obtained by adding all positive integers less
than or equal to a given positive integer n. If the nt" triangular number is denoted by T),, then
T, = in(n+1).

§2. Triangular Difference Mean Graphs

In this section, we establish that path P,(n > 1), Ky ,(n > 1), P, ® K1(n > 2), By, n(m >
1, n>1), T(n,m), S(n,n, - ,n), Cp(n > 3) and C,,QF,,(n > 4,m > 2) admit triangular
————

m times
difference mean labeling . Further, we prove that Cs is not a triangular difference mean graph.

Theorem 2.1 Any path P,(n > 1) is a triangular difference mean graph.

Proof Let vy, v, , v, be the vertices of the path P,. Then F(P,) = {e; = v;u;11 : 1 <
i <n—1}. Define f: V(P,) — Z* as follows:

for)=1and f(v;) =2(T1 + T2+ ---+T;—1)+1for 2 <i<mn.
For the vertex label f, the induced edge label f* is as follows:
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f*(e;) =T; for 1 <i<n—1. Hence P, is a triangular difference mean graph. O

The triangular difference mean labeling of Ps is given in Figure 1.

1 3 9 21 41

Figure 1

Theorem 2.2 The star graph K ,(n > 1) admits triangular difference mean labeling.

Proof Let v be the apex vertex and vy, vg, - - - , v, be the pendant vertices of the star K .
Then E(K1,,) = {vv; : 1 <i <n}. Define f: V(K;,) — ZT as follows:

f)y=1,f(v;) =2T; + 1 for 1 <i<n.
For the vertex label f, the induced edge label f* is as follows:
frov) =T; for 1 <i<mn.

Then the induced edge labels are the triangular numbers 77,75, ---,T,. Hence K ,is a

triangular difference mean graph. O

The triangular difference mean labeling of K g is shown in Figure 2.
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Theorem 2.3 The comb graph P, ® Ki(n > 2) admits triangular difference mean labeling.

Proof Let vy, vs,---,v, be the vertices of the path P, and wuy,us, -+ ,u, be the pendant
vertices adjacent to vy, ve, - , v, respectively. Then E(P, © K1) = {e; = Uivi+1,6;~ = u;v; :
1<i<n-—1,1<j<n}. Define f:V(P,® K1) — Z* as follows:

for) =1, f(vi) =21 +Ta + -+ + Ti—1) + 1 for 2 <i <, f(ur) = 2T5;
f(uz) :2(T1+T2+"'+n—1)+2T7L+i—1 +1 for 2 SZSH
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For the vertex label f, the induced edge label f* is as follows:
fe)) =T for 1 <i<n—1, f*(e) = Tpyj—1 for 1 <j<n.

Then the edge labels are the triangular numbers: 77,75, -+ ,T5, 1. Hence P, ® K; is a
triangular difference mean graph. g

The triangular difference mean labeling of P; ® K; is shown in Figure 3.

1 3 9 21 41
30 45 65 93 131
Figure 3

Theorem 2.4 The bistar By, ,(m > 1, n > 1) is a triangular difference mean graph.

Proof Let V(B n) = {u,v,u;,v; : 1 <i<m, 1 <j<n}and E(Bp,) = {uv, uu;, v; :
1<i<m, 1<j<n}. Define f:V(By,,) — Z* as follows:

fu)=1,f(v) =3, f(u;) =2T;11 + 1 for 1 <i <my
f(vj) =244 +3for 1 <j<n.

For the vertex label f, the induced edge label f* is as follows:

) =T, f*(uu;) =Tigq for 1 <i < my
fH(vvy) = Thqjqr for 1 < j <n.

The induced edge labels are the first m 4+ n 4 1 triangular numbers and hence By, , is a

triangular difference mean graph. O

The triangular difference mean labeling of By 5 is shown in Figure 4.

113
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Theorem 2.5 A graph obtained by joining the roots of different stars to a new vertex, is a

triangular difference mean graph.
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Proof Let K1y, Kin,, -, Kin, bek stars. Let G be a graph obtained by joining the
central vertices of the stars to a new vertex u.

Assign 1tow; 2771 +1,275+1, - -+, 2T} +1 to the central vertices of the stars; 27Ty1 + 277 +
1,2T542 + 271 + 1, , 2T )4, + 271 + 1 to the pendant vertices of the first star; 2715, 41 +
2T +1,2T i p 42+ 215+ 1, -+, 2Tt n 40, + 2715+ 1 to the pendant vertices of the second star
and so on, finally assign the numbers 2754 n, 4nottnp_1+1 T 276 + 1, 2T 50y 4notootnp 142 +
2T + 1, -+, 2Ty fmgt- 4mp_14ns + 2T% + 1 to the pendant vertices of the last star. Then,
the edge labels are the triangular numbers 11,15, - -+ , Thtny+ng+-+np_1+n, a0d also the vertex
labels are all different. O

The triangular difference mean labeling of the tree given in Theorem 2.5 with

k=3,n1 =4,no, =5 and n3 = 4 is shown in Figure 5.

23
1
>
285
33 13
3 253
45
223
59
7 195
/ 163
79
97 139
»
117
Figure 5

Theorem 2.6 A tree T'(n,m), obtained by identifying a central vertex of a star with a pendant

vertex of a path , is a triangular difference mean graph.

Proof Let vy, v1,v2, -+ , v, be the vertices of the path P,having path length n(n > 1) and
U, Uy, Uz, - - , Uy be the vertices of the star K ,,,. Let T'(n, m) be a tree obtained by identifying
vo with u.

Define f : V(T'(n,m)) — Z™ as follows:

flug) =1, f(u;)) =2T; + 1 for 1 <i<m,

;) =2(Toms1 +Togo+ .o+ Tnyy) +1for 1 <j<n.

For a vertex label f, the induced edge label f* is as follows:

fH(vou;) = T; for 1 < i < m;

[*(vj—1vj) = Ty for 1 < j < n.

Then the induced edge labels are the first m + n triangular numbers. Hence the tree

T(n,m) admits a triangular difference mean labeling. O

The triangular difference mean labeling of a tree T'(3,7) is shown in Figure 6.
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Figure 6
Theorem 2.7 The caterpillar S(n,n,--- ,n) is a triangular difference mean graph.

—_———
mtimes
Proof Let vy,vs,--- , v, be the vertices of the path P,, and Uj»(l <i<n, 1<j<m)be
the pendant vertices incident with v;(1 < j < m).
Then V(S(n,n,---,n)) = {vj,vf : 1 <i<mn 1<j<m}and E(S(n,n,---,n)) =
—— —————
m times m times

{vtve41, vjvj-: 1<t<m-1,1<i<n, 1<j<m}.
Define f: V(S(n,n,---,n)) — Z7 as follows:
—_———
m times
f(vl) = 1, f(Uj) :2(T1 +T2++T]_1)+1 for 2 S] §m,
) = f(vj) + 2Ty (j—1ynti—1 for 1 <j <mand 1 <i <n.
For each vertex label f, the induced edge label f* is as follows:
fr(vjvjpa) =Tj for 1 < j <m—1;
f*(vjv;) =Tpt(j—1ynti—1 for 1< j<mand 1 <i<n.

Then the edge labels are the triangular numbers 77,75, -+ ,Tr—1, T, -+, Tinpn—1 and

also the vertex labels are different. Hence S((n,n,---,n)) is a triangular difference mean
—_————
m times
graph. O

Theorem 2.8 FEwvery cycle Cy,(n > 3) is a triangular difference mean graph.
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Proof We prove this theorem in two cases.
Case 1. n=4m+1.
Let S = [% > TJ. Select some of the Tl-,“” namely T;,,Ty,,- -, Ty, from Ty, T, -+, T,
i=1

k
such that > T;, = S, where k¥ < n and assume T, > T;, > --- > Tj,. Then the remaining

i=1
, n
T;® namely, Ty, ,,Ty,. ., - ,Ti, are such that T, , > T}, ., > ---,> T}, and oI, =
i=k-+1
S —1. Let v1,va, -+ , Vk_1,Vk, Uks1, - - ,Vn be the vertices of C,,. Label the first k& + 1 vertices

V1, V2, ..., Vg1 as follows:

f(v1) =1, f(ve) =27y, f(vs) =2T}, +27), — 1;

flua) =21, + 2T, + 213, — 1, -+, f(vg41) = 2Ty, + 2T, + - -+ + 27}, — 1 and then,
fokyo) = 210, + 200, + -+ + 2Ty, — 213, — 1;

fopgs) =20;, + 200, + - - + 203, — 2Ty, — 2T, — 1, -+

flon) =200, + 2Ty, + -+ 2Ty, — 2T, ,, — 2Ty, — - — 200, , — 1.

Hence, the edge labels are the triangular numbers {T,, Ty,,--- , Ty, _,, Ty, Ty i >+ 5 11, } =
{T1,T5,---,T,} and also the vertex labels are all different.

Case 2. n#4m+1,m > 1.
n
Let S = ﬁ > Ti-‘. Select some of the T’ namely T;,,T),, -, Ty, from Ty,Ts,---,T,
i=1

k
such that > 7T;, = S, where k < n and assume T}, > T}, > --- > Tj,. Then the remaining 7";
i=1

1=
n
are such that 7;, , > T}, > --- > T, and > T, = S. Let
i=k+1
V1,V2, "+ y Uk—1, Uk, Uk+1, - - ,Un, be the vertices of C),,. We label the vertices vy,vs, - , v, as

n

namely, ﬂk+1 ) T1lk+27 e aj—‘l

follows:

flur) =1, f(ve) =21y, +1, f(vs) =2Ty, + 213, +1;
flvg) =21y, + 2T, + 2T}, +1,- -+

flogyr) = 2T, + 200, + -+ +2T5, + 1;

floggo) =20y, + 200, +--- 4+ 2T;, — 275, + 1;

fopss) =200, + 200, + -+, Ty, — 2Ty, — 2Tp,, + 1,05

flon) =200, + 2Ty, + -+ + 2Ty, — 205, ,, — 2T4,,, — - — 2Ty, , + 1.
Thus, the edge labels are the triangular numbers {7}, T1,, -, Ty, _,, T, Tipyy -+ 5 11, )

and also the vertex labels are all different. O

The triangular difference mean labeling of Cg is shown in Figure 8.
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Theorem 2.9 The graph C,,QP,,(n > 4,m > 2) is a triangular difference mean graph.

Proof Let vy,va,--- , v, be the vertices of the cycle C}, and uy,us, - - - , u,, be the vertices of
the path P,,. The graph C,,@P,, is obtained by identifying the vertexu; with the vertex v;. We
label the vertices of C), as in Theorem 2.9 and assign the number 27}, 1 +27T, 4o+ - - +2T5 41 +1
to vertex u; of the path P, for 2 < j < m. Then the induced edge labels are the first m+n—1

triangular numbers. Hence, C,,QP,, is a triangular difference mean graph. 0

The triangular difference mean labeling of C4@QP;3 is shown in Figure 9.

21

Figure 9

Theorem 2.10 The cycle C5 is not a triangular difference mean graph.

Proof Suppose Cj is a triangular difference mean graph with triangular difference mean
labeling f. Let the vertices of C5 be u,v,w. Let f(u) = x. Then to get 1 as an edge label we
must have f(v) € {z+ 1,24+ 2,2 — 1,2 — 2}. To get T, f(w) € {x + 5,2+ 6,2 — 5,2 — 6} or
fw) e{x—6,2—T7,24+4,2+5}. Then we get either {1,3,2} or {1, 3,4} as the set of induced
edge labels. Therefore, T35 = 6 can not be an edge label of C3. Hence C5 is not a triangular

difference mean graph. O
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§81. Introduction

All the graphs considered in this paper are simple, connected and undirected. The length of a
shortest path between two vertices v and v in a graph G is called the distance between u and v
and is denoted by d(u,v). For a vertex v of a graph, N(v) denote the set of all vertices adjacent
to v and is called open neighborhood of v. Similarly, the closed neighborhood of v is defined as
N[v] = N(v) U{v}.

Let G(V, E) be a graph. For each ordered subset S = {v1,v2,v3,- -, v} of V| each vertex
v € V can be associated with a vector of distances denoted by I'(v/S) = (d(v1,v), d(va,v),- -+,
d(vg,v)). The set S is said to be a resolving set of G if I'(v/S) # I'(u/S) for every u,v € V —8S.
A resolving set of minimum cardinality is a metric basis and cardinality of a metric basis is the
metric dimension of G. The k-tuple, I'(v/.S) associated to the vertex v € V' with respect to a
metric basis S, is referred as a code generated by S for that vertex v. If I'(v/S) = (c1,¢2, -+ , Ck),
then c¢1,c¢o,c3,- -, cx are called components of the code of v generated by S and in particular
ci, 1 <i <k, is called i*"-component of the code of v generated by S.

A dominating set D of a graph G(V, E) is the subset of V having the property that for
each vertex v € V — D, there exists a vertex u € D such that uv is in E. A dominating set D
of G which is also a resolving set of G is called a metro dominating set.

A metro dominating set D of a graph G(V, E) is a uni-distance dominating set (in short
an UDD-set) if | N(v) N D |= 1 for each vertex v € V — D. Generally, if | Nv)ND |=k

1Received November 14, 2019, Accepted June 14, 2020.
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for each vertex v € V — D, k > 1, such a metro dominating set D is called a Smarandachely
distance k dominating set (Smarandachely & DD-sets of G) and the minimum of cardinalities
of the Smarandachely DD-sets of G is the number of Smarandachely k¥ UDD-sets of G, denoted
by 7§'uﬁ (G). Particularly, if k = 1, i.e., the uni-distance domination number of G denoted by
7u8(G). For an integer n > 3, we determine the uni-distance domination number v, (P2) of
P2 in this paper.

§82. Main Results

Consider P,,, n > 3. Join v; to vi4o for 1 <i < n — 2. The resulting graph is denoted by P2.

Lemma 2.1 For any positive integer n, v,5(P?) > [g—‘

Proof A vertex v; dominates five vertices v;, v;_1,v;_2, V;11, vi12. Therefore, if D is minimal
dominating set then | D |> % Hence we have v(P2) > {g—‘

End vertex vy of Pfl can dominate only 3 vertices vy, vs and v3. As we have to minimize
| D |, we include vs in D, which dominates vy, ve,vs,v4 and vs. O
Lemma 2.2 Ifn =5k, k € N then v,z (P,%) =k= {g—‘

Proof When k = 1, v3 dominates all vertices of P2. Hence v(PZ) = 1.

Let n = 5k. Then D = {vz,vs,v13, -+ ,v56—2} and | D |=k. When n=5(k+1), take
D' = DU {uvsgy3}. Observe that | D' |= k4 1 and D’ dominates all vertices. From Lemma

2.1, we have
5(k+1)
Y(Pirn)) 2 [5W =k+1

and | D' |= k 4 1. Therefore we conclude that y(Ps(k + 1))2 = k + 1. Thus by induction

(e =a= 2]

In P2, consider any v; and v;15 in D. Vertex v; dominates vj_o,vj_1,vj41,vj42. Vertex

n
v;j4+5 dominates v;43,vj44,vj46 and v;y7. These vertices are uniquely dominated by v; and
vj4+5. The vertices v; and vy are uniquely dominated by vs. The vertex vs; and wvsi—1 are
uniquely dominated by vsx_o.

In P2, we observe that

d(vi,v;) = d(vi,vj_1) = J gz

where 7 and j are both even and j > ¢. When ¢ is odd and j is even

—i+1
d(Ui,Uj+1) = d(Ui7’l)j) = %

We take D = {vs,vs,v13,---}. Note that d(vs,vj41) = d(vs,v;), 7 > 3 and j even. Also
d(vs,vy) = d(vs,v1). Now when j > 8 and j is even,

(j+2)—8.

d(Ug,’Uj) = 9

and d(vs,vj11) =
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Hence d(vs,v;) # d(vs,vj+1). Therefore {vs, vs} resolve all vertices vj, j > 8, Now d(vs,v1) =1
but d(vs,v1) = 4 and d(vs,v2) = 1 but d(vs,v2) = 3. Hence{vs, vs} resolve v; and vs.

If 3 < j < 8 then {vs,vs} generate the same code (1,2) for vy and vs. Also {vs,vs}
generate the same code (2,1) for vg and v;. We have d(v13,v4) = 5 and d(vi3,v5) = 4. Also
d(viz,ve) = 4 and d(v13,v7) = 3. Hence {vs,vs,v13} resolves all vertices of P2. Therefore
to resolve all vertices of P? we take n > 11. We observe that {vs,vs, -+ ,vsx_2} uniquely
dominates all vertices in V' — D. Hence we have the conclusion. g

Ifn=5k+1,n=5k+2 n=5k+3, D= {v,vsv11," * ,Usk—a,Vs56+1} 1S & UDD set.
Therefore v,3 (P2) = k+ 1. If n = 5k 4+ 4, D = {va,v7,v12, - ,Usk—3, Uskt2} is a UDD set
and we have 7,53 (P?) =k+1= {g—‘ Thus we obtain 7,5 (P2) = {g—‘ for Vn > 11. If n < 11,

then we observe that v,3(P?) = n. Hence, we have

Theorem 2.3 For an integer n > 3,

5
{f , for n>11
’Yuﬂ(Pr%) = 5
n, for n < 11.
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Famous Words

There are no stable antimatter unless free antimatter such as those of positrons, free
antiprotons, free antineutrons, free antihydrogens and antimatter stars, i.e., antiprotron star,
antineutron star or their combination in universe. It is completely different from the normal
matters world. There are no possibility for the birth of living antibeings, no antipeoples, and
it is only a symmetrical mirror of elementary particles but with a different mechanism on
composing antimatters. (Extracted from the paper: A new understanding on the asymmetry
of matter-antimatter, Progress in Physics, Vol.15, 3(2019), 156-162)

By Dr.Linfan MAO, a Chinese mathematician, philosophical critic.



Author Information

Submission: Papers only in electronic form are considered for possible publication. Papers
prepared in formats, viz., .tex, .dvi, .pdf, or.ps may be submitted electronically to one member of
the Editorial Board for consideration in the Mathematical Combinatorics (International
Book Series). An effort is made to publish a paper duly recommended by a referee within
a period of 3 — 4 months. Articles received are immediately put the referees/members of the
Editorial Board for their opinion who generally pass on the same in six week’s time or less. In
case of clear recommendation for publication, the paper is accommodated in an issue to appear
next. Each submitted paper is not returned, hence we advise the authors to keep a copy of

their submitted papers for further processing.

Abstract: Authors are requested to provide an abstract of not more than 250 words, lat-
est Mathematics Subject Classification of the American Mathematical Society, Keywords and
phrases. Statements of Lemmas, Propositions and Theorems should be set in italics and ref-
erences should be arranged in alphabetical order by the surname of the first author in the

following style:
Books

[4]Linfan Mao, Combinatorial Geometry with Applications to Field Theory, InfoQuest Press,
2009.
[12)W.S.Massey, Algebraic topology: an introduction, Springer-Verlag, New York 1977.

Research papers

[6]Linfan Mao, Mathematics on non-mathematics - A combinatorial contribution, International
J.Math. Combin., Vol.3(2014), 1-34.
[9]Kavita Srivastava, On singular H-closed extensions, Proc. Amer. Math. Soc. (to appear).

Figures: Figures should be drawn by TEXCAD in text directly, or as EPS file. In addition,
all figures and tables should be numbered and the appropriate space reserved in the text, with

the insertion point clearly indicated.

Copyright: It is assumed that the submitted manuscript has not been published and will
not be simultaneously submitted or published elsewhere. By submitting a manuscript, the
authors agree that the copyright for their articles is transferred to the publisher, if and when,
the paper is accepted for publication. The publisher cannot take the responsibility of any loss

of manuscript. Therefore, authors are requested to maintain a copy at their end.

Proofs: One set of galley proofs of a paper will be sent to the author submitting the paper,
unless requested otherwise, without the original manuscript, for corrections after the paper is
accepted for publication on the basis of the recommendation of referees. Corrections should be
restricted to typesetting errors. Authors are advised to check their proofs very carefully before

return.






