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81. Introduction

Hamilton started the study of Ricci flow [12] in 1982 and proved its existence. This concept
was developed to answer Thurston’s geometric conjecture which says that each closed three
manifold admits a geometric decomposition. Hamilton also [11]classified all compact manifolds
with positive curvature operator in dimension four. Since then, the Ricci flow has become a
powerful tool for the study of Riemannian manifolds, especially for those manifolds with positive
curvature. Perelman also did an excellent work on Ricci flow [15], [16].

The Ricci flow equation is given by

99 _

o = 25 (1.1)

on a compact Riemannian manifold M with Riemannian metric g. A solution to the Ricci
flow is called a Ricci soliton if it moves only by a one-parameter group of diffeomorphism and
scaling.Ramesh Sharma [18], M. M. Tripathi [19], Bejan, Crasmareanu [4]studied Ricci soliton

in contact metric manifolds also. The Ricci soliton equation is given by
£xg9+25+2M\g =0, (1.2)

where £ x is the Lie derivative, S is Ricci tensor, g is Riemannian metric, X is a vector field

and A is a scalar. The Ricci soliton is said to be shrinking, steady and expanding according as
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A is negative, zero and positive respectively.

In 2005, A.E. Fischer [10] introduced the concept of conformal Ricci flow which is a variation
of the classical Ricci flow equation. In classical Ricci flow equation the unit volume constraint
plays an important role but in conformal Ricci flow equation scalar curvature R is considered
as constraint. Since the conformal geometry plays an important role to constrain the scalar
curvature and the equations are the vector field sum of a conformal flow equation and a Ricci
flow equation, the resulting equations are named as the conformal Ricci flow equations. The
conformal Ricci flow equation on M where M is considered as a smooth closed connected

oriented n-manifold(n > 3), is defined by the equation [10]

dg g

19 2y =— 1.

2 +2(5+ n) g (1.3)
and r = —1, where p is a scalar non-dynamical field(time dependent scalar field), r is the scalar

curvature of the manifold and n is the dimension of manifold.

In 2015, N. Basu and A. Bhattacharyya [3] introduced the notion of conformal Ricei soliton

and the equation is as follows
2
£xg+25=22—(p+ E)]g (1.4)

The equation is the generalization of the Ricci soliton equation and it also satisfies the conformal

Ricci flow equation.

An almost contact metric structure (¢, &, 7, g) on a manifold M is called a trans-Sasakian
structure [14] if the product manifold belongs to the class Wy where Wy is a class of Hermitian
manifolds which are closely related to locally conformal Kaehler manifolds [6]. A trans-Sasakian
structure of type (0,0), (0, 8) and («, 0) are cosymplectic [5], —Kenmotsu [13], and a—Sasakian
[13], respectively.

82. Preliminaries

A differentiable manifold of dimension n is called Lorentzian Kenmotsu manifold [2] if it admits
a (1,1) tensor field ¢, a covarient vector field &, a 1-form 7 and Lorentzian metric g which

satisfy on M respectively such that

P*X = X +n(X)E,9(X,€) = n(X), (2.1)
9(¢X,9Y) = g(X,Y) + n(X)n(Y), (2.3)

for all X,Y € x(M).

If Lorentzian Kenmotsu manifold M satisfies

Vx§ = BIX = n(X)E], (Vx @)Y = B(g(¢X,Y)E — n(Y)pX), (2.4)
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(Vxn)Y =ag(¢X,Y), (2.5)
where V denotes the operator of covariant differentiation with respect to the Lorentzian metric

g. Then the manifold M is called Lorentzian f—Kenmotsu manifold.

Furthermore, on an Lorentzian -Kenmotsu manifold M the following relations hold [1],
[17]:

N(R(X,Y)Z) = F*[g(X, Z)n(Y) = g(Y, Z)n(X)], (26)
R(&, X)Y = F[n(Y)X - g(X,Y)g], (2.7)
R(X,Y)¢ = B*[n(X)Y —n(Y)X], (2.8)
S(X,€) = —(n—-1)F*n(X), (2.9)

Q¢ =—(n—1)p%, (2.10)

S(&,€) = (n— 1B, (2.11)

where ( is some constant, R is the Riemannian curvature tensor, S is the Ricci tensor and @
is the Ricci operator given by S(X,Y) = ¢(QX,Y) for all X, Y € x(M).

Now from definition of Lie derivative we have

(£eg)(X,Y) = (Veg)(X,Y)+g(BIX —n(X)&,Y) +g(X, BY — n(Y)e))
— 289(X,Y) - 26(X)n(Y). (2.12)

Applying Ricci soliton equation (1.2) in (2.12) we get

S(XY) = 5[-22g(X,Y)] - 2269(X,Y) ~ 26n(X)n(¥)]
= —M(X,Y) = Bg(X,Y) + Bn(X)n(Y)
= Ag(X, Y) + Bn(X)n(Y), (2.13)

where A = (—\ — ), which shows that the manifold is 7-Einstein.

Also
QX = AX + pn(X)e, (2.14)
S(X,6) = (A+ B)n(X) = An(X). (2.15)

If we put X =Y =¢; in (2.13) where {e;} is the orthonormal basis of the tangent space
T M where T M is a tangent bundle of M and summing over 4, we get

R(g) = An + 3.

Proposition 2.1 A Lorentzian (-Kenmotsu manifold admitting Ricci soliton is n-FEinstein.
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Again applying conformal Ricci soliton (1.4) in (2.12) we get

SOXLY) = ZA— (-t Do(X,Y) ~ 2[209(X,Y) ~ 25m(X)n(Y)]
= Bg(X,Y)+ Bn(X)n(Y), (2.16)
where
.1 2
B=3A-(p+2)] -5, (27)
which also shows that the manifold is 7-Einstein.
Also
QX = BX + pn(X), (2.18)
S(X,€) = (B+B)n(X) = Bn(X). (2.19)

If we put X =Y =¢; in (2.16) where {e;} is the orthonormal basis of the tangent space
T M where TM is a tangent bundle of M and summing over i, we get

T:Bn—l—ﬂ.

For conformal Ricci soliton r(g) = —1. So
—1=Bn+ 1)

which gives B = 1(—g—1).
Comparing the values of B from (2.17) with the above equation we get

A= 2 (Bn—1) = 1)+ 3o+ )

Proposition 2.2 A Lorentzian 3-Kenmotsu manifold admitting conformal Ricci soliton is

n-Einstein and the value of the scalar

A= (B —1) =~ 1)+ 3o+ ).

§3. Lorentzian $-Kenmotsu Manifold Admitting Ricci
Soliton, Conformal Ricci Soliton and R(¢, X).C = 0

Let M be a n dimensional Lorentzian 3-Kenmotsu manifold admitting Ricci soliton (g, V, A).

Quasi conformal curvature tensor C' on M is defined by

C(X.Y)Z = aR(X,Y)Z+b[S(Y,2)X — S(X,2)Y +g(Y, 2)QX — g(X, Z)QY]

o)l + 200V 2)X — (X, 2)Y), (3.1)

where r is scalar curvature.
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Putting Z = £ in (3.1) we have

C(X,Y)6 = aR(X,Y)E+D[S(YV,)X — S(X, &Y + g(V,£)QX — g(X, QY]

~lrrgllgs 2. OX —g(X.OY]. (3.2)

Using (2.1), (2.8),(2.14), (2.15) in (3.2) we get

CXY)E = [~af® + Ab+ Ab — [ T+ g + 26 ()X = n(X)Y).
Let
D =—aB®+ Ab+ Ab— [2n:— 1][% + 28],
so we have
C(X,Y)é = D(n(Y)X —n(X)Y). (3.3)
Taking inner product with Z in (3.3) we get
—n(C(X,Y)Z) = D[n(Y)g(X, Z) — n(X)g(Y, Z)]. (3.4)

Now we consider that the Lorentzian 8-Kenmotsu manifold M which admits Ricci soliton

is quasi conformally semi symmetric i.e. R(§, X )C’ = 0 holds in M, which implies
R(§, X)(C(Y, Z2)W) = C(R(&, X)Y, Z)W — C(Y, R(§, X) )W = C(Y, Z)R(, X)W =0, (3.5)

for all vector fields X,Y, Z, W on M.

Using (2.7) in (3.5) and putting W = £ we get

n(C(Y,2)6)X - g(X,C(Y,2)§)¢ = n(Y)C(X, 2)§ + g(X,Y)C (&, Z)§
—n(Z)C(Y, X)€ + g(X, Z)C(Y, )& — n(€)C(Y, 2)X + g(X,E)C(Y, Z)¢ = (3.6)

Taking inner product with £ in (3.6) and using (2.2), (3.3) we obtain
9(X, C(Y, 2)8) +n(C(Y, 2)X) = 0. (37)
Putting Z = ¢ in (3.7) and using (3.3) we get
—Dg(X,Y) = Dn(X)n(Y) +n(C(Y,Z)X) = 0. (3.8)
Now from (3.1) we can write

C(Y, )X = aR(Y, )X +b[S(X)Y =SV, X))+ g(£, X)QY — g(Y, X)Q¢]

gl + 2la(E X)Y — (V. X)), (3.9)
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Taking inner product with ¢ and using (2.2), (2.7),(2.9),(2.10) in (3.9) we get

n(CY,)X) = an(B(9(X,Y)é = n(X)Y) +b[An(X)n(Y) + S(X,Y) +n(X)(An(Y)
=Bn(Y) = 9(X.Y)(~ A+ 8)] =[5l + 20X () + (X, V).
After a long simplification we have
HC.OX) = g(X,Y)[Ab— b5~ af” - [l + 20]
(X )n(Y)[24b — aB? — | 2n’”+ 1][% + 2] + bS(X, Y). (3.10)
Putting (3.10) in (3.5) we get
pg(X,Y) +on(X)n(Y) = S(X,Y), (3.11)
where )
p=7ID+b8+af — Ab+ [%Z -l + 2]
and .
o=3[D+ a3 —2Ab + 5 - Tl5, + 200

So from (3.11) we conclude that the manifold becomes n-Einstein manifold. Thus we can

write the following theorem:

Theorem 3.1 If a Lorentzian 3-Kenmotsu manifold admits Ricci soliton and is quasi confor-
mally semi symmetric i.e. R(§,X).C’ = 0, then the manifold is n-Einstein manifold where C
is quasi conformal curvature tensor and R(E, X) is derivation of tensor algebra of the tangent
space of the manifold.

If a Lorentzian (-Kenmotsu manifold admits conformal Ricci soliton then after a brief
calculation we can also establish that the manifold becomes 7n-Einstein, only the values of

constants p, o will be changed which would not hamper our main result.

Hence we can state the following theorem:

Theorem 3.2 A Lorentzian (3-Kenmotsu manifold admitting conformal Ricci soliton and is
quasi conformally semi symmetric i.e. R(E, X)C' = 0, then the manifold is n-FEinstein manifold
where C is quasi conformal curvature tensor and R(§, X) is derivation of tensor algebra of the

tangent space of the manifold.

84. Lorentzian $-Kenmotsu Manifold Admitting Ricci
Soliton, Conformal Ricci Soliton and R({, X).S =0

Let M be a n dimensional Lorentzian S-Kenmotsu manifold admitting Ricci soliton (g, V; A).
Now we consider that the tensor derivative of S by R(§, X) is zero i.e. R(¢,X).S = 0. Then the
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Lorentzian 3-Kenmotsu manifold admitting Ricci soliton is Ricci semi symmetric which implies
S(R(&, X)Y, Z) + S(Y, R(&,X)Z) = 0. (4.1)
Using (2.13) in (4.1) we get
Ag(R(¢, X)Y, Z) + Bn(R(&, X)Y)n(Z) + Ag(Y, R(¢, X)Z) + Bn(Y)n(R(§, X)Z) = 0. (4.2)
Using (2.7) in (4.2) we get
Ag(B (V)X — g(X,Y)e], 2) + Ag(Y, B*[n(2)X — g(X, Z)€]) + Bn(B>[n(Y) X —

9(X. Y)E)n(Z) + Bn(Y )n(6*[n(Z2)X — 9(X, 2)€]) = 0. (4.3)

Using (2.2) in (4.3) we have

AB*n(YV)g(X,Z) — AB*n(2)9(X,Y) + AB*n(Z)g(X,Y) — AB*n(Y)g(X, Z)
+8 (Y IM(X)n(Z) + Bg(X,Y)n(Z) + B2n(Y )n(X)n(Z) + B°9(X, Z)n(Y) = 0. (4.4)

Putting Z = £ in (4.4) and using (2.2) we obtain
9(X,Y) = —n(X)n(Y).
Hence we can state the following theorem:

Theorem 4.1 If a Lorentzian 3-Kenmotsu manifold admits Ricci soliton and is Ricci semi
symmetric i.e. R(&,X).S =0, then g(X,Y) = —n(X)n(Y) where S is Ricci tensor and R(&, X)

is derivation of tensor algebra of the tangent space of the manifold.

If a Lorentzian §-Kenmotsu manifold admits conformal Ricci soliton then by similar cal-

culation we can obtain the same result. Hence we can state the following theorem:
Theorem 4.2 A Lorentzian (-Kenmotsu manifold admitting conformal Ricci soliton and is

Ricci semi symmetric i.e. R(§,X).S =0, then g(X,Y) = —n(X)n(Y) where S is Ricci tensor
and R(&, X)) is derivation of tensor algebra of the tangent space of the manifold.

85. Lorentzian f-Kenmotsu Manifold Admitting Ricci
Soliton, Conformal Ricci Soliton and R({, X).P =0

Let M be a n dimensional Lorentzian S-Kenmotsu manifold admitting Ricci soliton (g, V; A).
The projective curvature tensor P on M is defined by

P(X,Y)Z = R(X,Y)Z — %[S(Y, Z)X — S(X, 2)Y]. (5.1)

Here we consider that the manifold is projectively semi symmetric i.e. R(§, X).P = 0 holds.
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So
R X)(P(Y,Z)W) — P(R(,X)Y,Z)W — P(Y,R(&, X)Z)W — P(Y,Z)R(£, X)W =0, (5.2)

for all vector fields X,Y, Z, W on M.
Using (2.7) and putting Z = £ in (5.2) we have

n(PY, W)X — g(X, P(Y,)W)§ —n(Y)P(X, )W + g(X, Y)P(§, W
—n(E)PY, X)W + g(X, ) P(Y, W — n(W)P(Y,§)X + g(X, W)P(Y, )¢ = 0. (5.3)

Now from (5.1) we can write
P(X,§)7 = R(X,)7 ~ ——[S(€, )X ~ S(X, 2)¢]. 4)

Using (2.7),(2.15) in (5.4) we get

P(X.07 = F9(X, 2)6 + —=S(X, 2)6 + (-2 — Fn(Z)X. 55

Putting (5.5) and W = ¢ in (5.3) and after a long calculation we get

A A
LS(XY)E+ (o + (XY — (XY

—(% A mY)X =0. (5.6)

Taking inner product with £ in (5.6) we obtain

which clearly shows that the manifold in an Einstein manifold.

Thus we can conclude the following theorem:

Theorem 5.1 If a Lorentzian (B-Kenmotsu manifold admits Ricci soliton and is projectively
semi symmetric i.e. R(§,X).P = 0 holds, then the manifold is an Einstein manifold where P
is projective curvature tensor and R(&, X) is derivation of tensor algebra of the tangent space

of the manifold.

If a Lorentzian S-Kenmotsu manifold admits conformal Ricci soliton then using the same
calculation we can obtain similar result, only the value of constant A will be changed which

would not hamper our main result. Hence we can state the following theorem:

Theorem 5.2 A Lorentzian (3-Kenmotsu manifold admitting conformal Ricci soliton and is
projectively semi symmetric i.e. R(§,X).P = 0 holds, then the manifold is an Einstein manifold
where P is projective curvature tensor and R(£, X) is derivation of tensor algebra of the tangent
space of the manifold.
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86. Lorentzian $-Kenmotsu Manifold Admitting Ricci

Soliton, Conformal Ricci Soliton and R(¢, X)P =0

Let M be a n dimensional Lorentzian 3-Kenmotsu manifold admitting Ricci soliton (g, V, A).

The pseudo projective curvature tensor P on M is defined by

P(X,Y)Z = aR(X,Y)Z + b[S(Y, Z)X — S(X, Z)Y]

T a

-

nn-—1

+b][g(Y,2)X — g(X, Z)Y]. (6.1)

Here we consider that the manifold is pseudo projectively semi symmetric i.e. R(¢,X).P =0
holds.

So
R(&X)(P(Y,Z)W) — P(R(&, X)Y, Z)W — P(Y,R(&, X)Z)W — P(Y, Z)R(¢£, X)W =0, (6.2)
for all vector fields X, Y, Z, W on M.
Using (2.7) and putting W = ¢ in (6.2) we have
n(P(Y, 2)§)X — g(X, P(Y, Z)€)¢ = n(Y)P(X, Z)¢ + g(X,Y)P(&, Z)¢

—n(Z)P(Y, X)§ + g(X, Z)P(Y,€)€ = n(§)P(Y, 2)X + n(X)P(Y, Z)§ = 0. (6.3)
Now from (6.1) we can write

~ r a

P(X,Y)E = aR(X, V) +HS(Y, )X ~ S(X, Y] + -]

T T Ollg(Y X —g(X, Y] (6.4)

Using (2.1),(2.8),(2.15) in (6.4) and after a long calculation we get

P(X,Y)€ = o(n(X)Y —0(Y)X), (6.5)

where ¢ = (a3? — Ab — L[ 4+ b]).
Using (6.5) and putting Z = £ in (6.3) we obtain
P(Y, )X + on(X)Y — ¢g(X,Y)¢ = 0. (6.6)
Taking inner product with £ in (6.6) we get

n(P(Y,6)X) +en(X)n(Y) — ¢g(X,Y) =0. (6.7)

Again from (6.1) we can write

P(X,6)Z = a(X,)Z +b[S(&, )X — S(X, 2)¢] + - [-——

+0][9(§, 2)X — g(X, Z)¢]. (6.8)
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Using (2.1), (2.7),(2.15) in (6.8) we get

P(X,8)Z = af?[g(X, 2)¢ — n(2)X] + b[An(Z) X — S(X, Z)¢]

r

+—I

Taking inner product with ¢ and replacing X by Y, Z by X in (6.9) we have

+0][9(&, 2)X — g(X, Z)g]. (6.9)

n'n—1

n(P(Y,6)X) = af?[~g(X,Y) = n(X)n(Y)] + [An(X)n(Y) + S(X,Y)]+

i[a

nn-—1

+ 0 [n(X)n(Y) — g(X,Y)]. (6.10)

Using (6.10) in (6.7) and after a brief simplification we obtain

S(X,Y)=Tg(X,Y)+ Un(X)n(y), (6.11)

where T' = —3[—af? — L[=%5 + b] — ¢] and U = —3[p + Z[-%5 + b] + Ab — a?].

n n—1
From (6.11) we can conclude that the manifold is n-Einstein. Thus we have the following
theorem:

Theorem 6.1 If a Lorentzian (B-Kenmotsu manifold admits Ricci soliton and is pseudo pro-
jectively semi symmetric i.e. R({,X).I:’ = 0 holds, then the manifold is n FEinstein manifold
where P is pseudo projective curvature tensor and R(&, X) is derivation of tensor algebra of the

tangent space of the manifold.

If a Lorentzian §-Kenmotsu manifold admits conformal Ricci soliton then by following the
same calculation we would obtain the same result, only the constant value of T" and U will be

changed. Hence we can state the following theorem:

Theorem 6.2 A Lorentzian (-Kenmotsu manifold admitting conformal Ricci soliton and is
pseudo projectively semi symmetric i.e. R(E, X)l6 = 0 holds, then the manifold is 1 Einstein
manifold where P is pseudo projective curvature tensor and R(¢,X) is derivation of tensor

algebra of the tangent space of the manifold.

§7. An Example of a 3-Dimensional Lorentzian $-Kenmotsu Manifold

In this section we construct an example of a 3-dimensional Lorentzian 8-kenmotsu manifold.To
construct this, we consider the three dimensional manifold M = {(z,y,2) € R®: z # 0} where
(z,y, z) are the standard coordinates in R®. The vector fields

z

e —,e3 =€ —

%,82: By

el =e

are linearly independent at each point of M.
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Let g be the Lorentzian metric defined by
glei,e1) = 1,g(ez,e2) = 1,g(es, e3) = —1,
gle1,e2) = g(ez, e3) = g(es, e1) = 0.
Let n be the 1-form which satisfies the relation
n(es) = —1.

Let ¢ be the (1,1) tensor field defined by ¢(e1) = —ea, ¢(e2) = —e1, d(ez) = 0. Then we

have

0*(Z2) = Z +n(Z)es,
9(dZ, oW ) = g(Z,W) +n(Z)n(W)

for any Z, W € x(M?3). Thus for ez = &, (¢,£,n, g) defines an almost contact metric structure

on M. Now, after calculating we have
le1,e3] = e %eq, [e1,e2] =0, [e2, e3] = e Zea.
The Riemannian connection V of the metric is given by the Koszul’s formula which is
20(VxY,2)=Xg(Y,Z)+Yg(Z,X) - Zg(X,Y)
—9(X, [V, Z]) = g(Y, [X, Z]) + 9(Z, [X, Y]). (7.1)
By Koszul’s formula we get
Ve,e1 =€ “e3,Ve,e1 =0,Ve,e1 =0,
Ve, €2 =0,Ve,e0="‘e “e3, Ve,ea =0,

—ZzZ —Z
Ve, e3 =€ “e1,Ve,es =€ ey, Ve,e3 =0.

From the above we have found that 3 = e~* and it can be easily shown that M3(¢,&,n, g)
is a Lorentzian (-kenmotsu manifold. The results established in this note can be verified on

this manifold.

References

[1] C.S. Bagewadi and E. Girish Kumar, Note on trans-Sasakian manifolds, Tensor.N.S.,
(65)(1) (2004), 80-88.

[2] N.S. Basavarajappa, C.S. Bagewadi, D.G. Prakasha, Some results on :orentzian 8- Ken-
motsu manifolds, Annals of the University of Craiova, Math. Comp. Sci. Ser., (35) 2008,
7-14.



12 Tamalika Dutta and Arindam Bhattacharyya

[3] Nirabhra Basu, Arindam Bhattacharyya, Conformal Ricci soliton in Kenmotsu manifold,
Global Journal of Advanced Research on Classical and Modern Geometries, (2015), 15-21.

[4] Bejan, Crasmareanu, Ricci solitons in manifolds with quasi-constant curvature, Publ.
Math. Debrecen, (78)(1) (2011), 235-243.

[5] D. E. Blair, Contact manifolds in Riemannian geometry, Lectures notes in Mathematics,
Springer-Verlag, Berlin, (509) (1976), 146.

[6] S. Dragomir and L. Ornea, Locallly conformal Kaehler geometry, Progress in Mathematics,
155, Birkhauser Boston, Inc., Boston, MA, 1998.

[7] T. Dutta, N. Basu, A. Bhattacharyya, Some curvature identities on an almost conformal
gradient shrinking RICCI soliton, Journal of Dynamical Systems and Geometric Theories,
(13)(2) (2015), 163-178.

[8] Tamalika Dutta, Arindam Bhattacharyya and Srabani Debnath, Conformal Ricci Soliton
in Almost C(A\) Manifold, International J.Math. Combin., (3) (2016), 17-26.

[9] T. Dutta, N. Basu, A. Bhattacharyya, Almost conformal Ricci solitons on 3-dimensional
trans-Sasakian manifold, Hacettepe Journal of Mathematics and Statistics, (45)(5) (2016),
1379-1392.

[10] A. E. Fischer, An introduction to conformal Ricci flow, Class. Quantum Grav., (21) (2004),
S171-S218.

[11] R. S. Hamilton, The Ricci flow on surfaces, Contemporary Mathematics, (71) (1988), 237-
261.

[12] R.S. Hamilton, Three manifold with positive Ricci curvature, J. Differential Geom., (17)(2)
(1982), 255-306.

[13] K. Kenmotsu, A class of almost contact Riemannian manifolds, Tohoku Math. J., (24)
(1972), 93-103.

[14] A. J. Oubina, New classes of almost Contact metric structures, Publ. Math.Debrecen, (32)
(1985),187-193.

[15] G. Perelman, The entropy formula for the Ricci flow and its geometric applications,
http://arXiv.org/abs/math/0211159, (2002) 1-39.

[16] G. Perelman,Ricci flow with surgery on three manifolds, http://arXiv.org/abs/math/
0303109, (2003) 1-22.

[17] D.G. Prakasha, C.S. Bagewadi and N.S. Basavarajappa, On Lorentzian S-Kenmotsu man-
ifolds, Int.Journal of Math., (19)(2) (2008), 919-927.

[18] Ramesh Sharma, Almost Ricci solitons and K-contact geometry, Monatsh Math., (2014),
175:621-628.

[19] M. M. Tripathi, Ricci solitons in contact metric manifolds, arXiv:0801,4222v1, [mathDG],
(2008).



Math. Combin.Book Ser. Vol.2(2018), 13-28

Some Properties of Conformal § -Change

H.S.Shukla and Neelam Mishra

(Department of Mathematics and Statistics, D. D. U. Gorakhpur University, Gorakhpur (U.P.)-273009,India)

E-mail: profhsshuklagkp@rediffmail.com, pneelammishra@gmail.com
Abstract: We have considered the conformal 3-change of the Finsler metric given by

L(z,y) — L(z,y) = ¢"@ f(L(z,y), B(z,)),

where o(x) is a function of x, B(z,y) = bi(2)y’ is a 1-form on the underlying manifold
M" and f(L(z,y),B(z,y)) is a homogeneous function of degree one in L and (3.We have
studied quasi-C-reducibility, C-reducibility and semi-C-reducibility of the Finsler space with
this metric. We have also calculated V-curvature tensor and T-tensor of the space with this
changed metric in terms of v-curvature tensor and T-tensor respectively of the space with

the original metric.

Key Words: Conformal change, (-change, Finsler space, quasi-C-reducibility, C-

reducibility, semi-C-reducibility, V-curvature tensor, T-tensor.

AMS(2010): 53B40, 53C60.

81. Introduction

Let F" = (M™,L) be an n-dimensional Finsler space on the differentialble manifold M™
equipped with the fundamental function L(x,y).B.N.Prasad and Bindu Kumari and C. Shibata
[1,2] have studied the general case of 8-change,that is, L*(x,y) = f(L, 3),where f is positively
homogeneous function of degree one in L and 3, and 3 given by 3(x,y) = b;(z)y® is a one- form
on M". The p-change of special Finsler spaces has been studied by H.S.Shukla, O.P.Pandey
and Khageshwar Mandal [7].

The conformal theory of Finsler space was initiated by M.S. Knebelman [12] in 1929 and
has been investigated in detail by many authors (Hashiguchi [8] ,Izumi[4,5] and Kitayama [9]).
The conformal change is defined as L*(x,y) = e”*) L(x, y), where o(z) is a function of position
only and known as conformal factor. In 2008, Abed [15,16] introduced the change L(x,y) =
e“(m)L(x,y) + B(z,y), which he called a (-conformal change, and in 2009 and 2010,Nabil
L.Youssef, S.H.Abed and S.G. Elgendi [13,14] introduced the transformation L(z,y) = f(e° L, 3),
which is 8-change of conformally changed Finsler metric L. They have not only established the
relationships between some important tensors of (M™, L) and the corresponding tensors of

(M™, L), but have also studied several properties of this change.

1Received January 22, 2018, Accepted May 12, 2018.
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We have changed the order of combination of the above two changes in our paper [6], where

we have applied (-change first and conformal change afterwards, i.e.,

E(Iay) :eg(z)f(L(:E,y),ﬁ(:E,y)), (11)

where o(z) is a function of x, B(x,y) = b;(z)y’ is a 1-form. We have called this change as
conformal §-change of Finsler metric. In this paper we have investigated the condition under
which a conformal g-change of Finsler metric leads a Douglas space into a Douglas space.We
have also found the necessary and sufficient conditions for this change to be a projective change.

In the present paper,we investigate some properties of conformal (-change. The Finsler
space equipped with the metric L given by (1.1) will be denoted by F™.Throughout the paper
the quantities corresponding to F will be denoted by putting bar on the top of them.We
shall denote the partial derivatives with respect to z* and y* by 9; and ; respectively. The

Fundamental quantities of F™ are given by

. . L? .
Gij = 81(3]7 = hij + lilj, l; = O0; L.
Homogeneity of f gives
Lfv+Bf2=f, (1.2)

where subscripts 1 and 2 denote the partial derivatives with respect to L and 3 respectively.

Differentiating above equations with respect to L and 3 respectively, we get

Lfio+ Bfea =0 and Lfi; + Bfa1 =0. (1.3)
Hence we have
f11/8% = (= f12) /LB = fa2/L?, (1.4)
which gives
fi1 = FPw, fia = —LPw, far = L*w, (1.5)

where Weierstrass function w is positively homogeneous of degree -3 in L and 3. Therefore
Lwy + fws + 3w =0, (1.6)

where w; and wy are positively homogeneous of degree -4 in L and 8. Throughout the paper
we frequently use the above equations without quoting them. Also we have assumed that f is
not linear function of L and 8 so that w # 0.

The concept of concurrent vector field has been given by Matsumoto and K. Eguchi [11]
and S. Tachibana [17], which is defind as follows:

The vector field b; is said to be a concurrent vector field if
bijj = ~9ij bil; =0, (1.7)

where small and long solidus denote the h- and v-covariant derivatives respectively. It has been
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proved by Matsumoto that b; and its contravariant components b’ are functions of coordinates

alone. Therefore from the second equation of (1.7),we have C;;b* = 0.

The aim of this paper is to study some special Finsler spaces arising from conformal
[-change of Finsler metric,viz., quasi-C-reducible, C-reducible and semi-C-reducible Finsler
spaces. Further, we shall obtain v-curvature tensor and T-tensor of this space and connect

them with v-curvature tensor and T-tensor respectively of the original space.

§2. Metric Tensor and Angular Metric Tensor of F"

Differentiating equation (1.1) with respect to y* we have
li = ¢ (fili + fabs). (2.1)

Differentiating (2.1) with respect to y?, we get

hij = e* (%hij + fL2wmimj) , (2.2)

g

where m; = bz — _Lz

L

From (2.1) and (2.2) we get the following relation between metric tensors of F™ and F™:

gij = €*° {%gij - pfﬁlilj + (fL%w + f3)bib; + p(bil; + ba‘li)] : (2.3)

where p = f1fo — fBLw.

The contravariant components ¥ of the metric tensor of F*, obtainable from g g;; = 6,
are as follows:
L*w L2
by — 2
fht 2t

. L .. I3 . . .
= [+ i (T - o) v - @),
where I' = ¢g"1; , b*> = bb’, b' = g"b;, g/ is the reciprocal tensor of g;; of F™, and

62
t=fi+LwA A=~ T (2.5)
(a) O;f =e° (%li + f2mi> ., (b) O;fy = —e? BLwmy,

(€)9; f2 = e” L*wm;, (d) 0ip = —BqLm;,

(6) 31'&} = —3%[1 =+ womy;, (f)81b2 = —201,
) 23
(9) O:A ==2C ; — 72 (2.6)
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(CL) &q = —3—51“ (b) 81t = —2L3wC__i + [LgAWQ - 3ﬁLw]ml,

: 3
(C) &-q = —fqlz + (4f2(.¢J2 + 3(.«)2L2 + fWQQ)mi. (27)

§3. Cartan’s C-Tensor and C-Vectors of F"

Cartan’s covariant C-tensor Cjj;, of F'™ is defined by
Ciji = %31'33‘5@2 = Ohgij
and Cartan’s C-vectors are defined as follows:
Ci = Cijrg’, C" = Clrg’". (3.1)

We shall write C? = C'C;. Under the conformal 3-chang (1.1) we get the following relation

between Cartan’s C-tensors of F™ and F™:

C [ qL2

ijk = 7 C”k + — 2L (h”mk + h;kmz + h;ﬂmj) + Tmimjmk . (3.2)
We have
(a) myl* =0,
. 52
my = = = m
b) mib' = — 75 = A=,
(C) guml = hijm = mj. (33)

From (2.1), (2.3), (2.4) and (3.2), we get

C’Z = Ch 2ff (h”m —l—hhml —|—hhm3) 2ff mjmkmh
L A pLA n 2pL+ gL*A h
_Z0C.. _ 2= h. P e — 3.4
Fi JIRy) 22 kT 32 mymgn”, (3.4)

where n = fLQth +plh and h; = gilhlﬁ Cij = Crib",C i = Orjibrbj and so on.

Proposition 3.1 Let F"* = (M™, L) be an n-dimensional Finsler space obtained from the
conformal B-change of the Finsler space F™ = (M™, L), then the normalized supporting element

1, angular metric tensor Bij, fundamental metric tensor ;; and (h)hv-torsion tensor C_'ijk of
F™ are given by (2.1), (2.2), (2.3) and (3.2), respectively.

From (2.4),(3.1),(3.2) and (3.4) we get the following relations between the C-vectors of of
F™ and F™ and their magnitudes

Ci =C; — stci.. + pm;, (3.5)
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where
_pn+1)  3pLPwA n qL3A(1 — LPwA)
2fh 2ff1 2ff '
_ . 6720’ . .
C' = c'+ M*,
fh
where 20 ” I3 I
i pe L W o 20 73 W
M= mi— 2L (O — e LPWC + uA (—b—i——y
fh ffi - ( ) ffi ft
and
B 6720'
C? = —C?+ ),
b
where
e 2L 2ue 2L
A = — L%}A) A+ —¢C
( Ih : Fh

—(1+2uA) LPw+ (1 = 3pu+ > LPwf f1C.) L*wC...

17

)

+L3wC. ((640wa2f120i“ — MA) L3wb" — e* L2wf f1O7 — 2CT) .

§4. Special Cases of [

In this section, following Matsumoto [10], we shall investigate special cases of F™ which is

conformally B-changed Finsler space obtained from F™.

Definition 4.1 A Finsler space (M™, L) with dimension n > 3 is said to be quasi-C-reducible

if the Cartan tensor Cy;i satisfies
Cijr = Qi;Cr + Q1 Ci + Qi Cj,

where Qi; is a symmetric indicatory tensor.

The equation (3.2) can be put as

~ 1 3
Cijk = 620 [%Cijk + gﬂ(ijk) {(fphw + qumimj) mk}:| s

where 7(;;1) represents cyclic permutation and sum over the indices i, j and k.

Putting the value of my, from equation (3.5) in the above equation, we get

2 o f.f
Ciji = € { ! T

(4.1)

1 3 ~
= Cik + 6y {(_phij +qL?mim;)(Cx — O, + L3w0k,,> H :
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Rearranging this equation, we get

L L

1 3p
+@7T(ijk) { (fhij + qL2mimj) (LSWCk.. —Cy) }] .

_ 1 3 ~
Cijk = €% [&Cm + @W(iﬂc) {<—phij + qLle-mj> Ok}

Further rearrangment of this equations gives

Cijr = Tiji) (HijCr) + Usjg, (4.2)

_ o 3
where H;; = %{(fphzj + qL*m;m;), and

1 3
Uiji = e %Oijk + @ﬂ'(ijk) { <fphij + qLQmimJ—) (LBwC’k” — Ck)}] (4.3)

Since H;; is a symmetric and indicatory tensor,therefore from equation (4.2) we have the fol-
lowing theorem.

Theorem 4.1 Conformally 3-changed Finsler space F™ is quasi-C-reducible iff the tensor Uy jy,
of equation (4.3) vanishes identically.

We obtain a generalized form of Matsumoto’s result [10] as a corollary of the above theorem.

Corollary 4.1 If F" is Reimannian space, then the conformally B-changed Finsler space F™
is always a quasi-C-reducible Finsler space.

Definition 4.2 A Finsler space (M™, L) of dimension n > 3 is called C-reducible if the Cartan
tensor Cyji, s written in the form

Oijk = (hijOk + hkin + hjkCi). (4.4)

n+1

Define the tensor Gijr = Ciji — (n—Jlrl)(hijC'k + hiiCj + hjpCy). It is clear that Gy is

symmetric and indicatory. Moreover, G;j, vanishes iff F™ is C-reducible.

Proposition 4.1 Under the conformal 3-change(1.1), the tensor (_?ijk associated with the space
F™ has the form

Gijk = eza%szk + Vijk (4.5)
where
1
V;jk = mmzjk){(e%(n + 1)(a1hij + agmimj)mk + 62UWL2miijk
+620L2w(ff1h,ij + ngmimj)Ck_}, (46)
o — e?o'p B fole2g = e2aqL2 B ue?awLZ

2L  L(n+1) 6 (n+1)°
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From (4.5) we have the following theorem.

Theorem 4.2 Conformally 3-changed Finsler space F™ is C-reducible iff F™ is C-reducible
and the tensor Vi, given by (4.6) vanishes identically.

Definition 4.3 A Finsler space (M™, L) of dimension n > 3 is called semi-C-reducible if the

Cartan tensor Cyji s expressible in the form:

= 0040, (4.7)

,
Cijk = n—_H(hijCk + hiiCj + hjrC;) + o2

where T and s are scalar functions such that r + s = 1.

Using equations (2.2), (3.5) and (3.7) in equation (3.2), we have

~ fh AL(f1g —3pw) ~ ~ ~
Ciip = €% | 2220 hi;jCr + hiiCj + hjnCy) + ——=———-"2C;C;C,
jk=¢ 7 gk+2uff( iCrk + hiiC5 + hjnCy) + 2 FupiC? i Ck
If we put
p_plntl) ,  AL(fig —3pw)
2uffi’ 2f fiut
we find that ' + s’ = 1 and
C ffl / /
ik = €2 T O”k + — ] (h”Ck + h,ﬂC + thO ) 02 O C Ck . (4.8)

From equation (4.8) we infer that F™ is semi-C- reducible iff Cyj, = 0, i.e. iff F™ is a
Reimannian space. Thus we have the following theorem.

Theorem 4.3 Conformally 3-changed Finsler space F™ is semi-C-reducible iff F™ is a Rie-

mannian space.

§5. v-Curvature Tensor of ™"

The v-curvature tensor [10] of Finsler space with fundamental function L is given by
Shijk = CijrChy, — Cikr C;
Therefore the v-curvature tensor of conformally 3-changed Finsler space F™ will be given by
Shijk = CijrChi — CirrCh ;. (5.1)
From equations (3.2)and(3.4), we have

~ Ar ffl

CijrCrp = C'WC'hk + — (Cijkmh + Cijpmi + Cippm;

L2
+Chjpm;) + ];_ilt(c.ijhhk + Chihij) — ffl ———C;Chi

2L



20 H.S.Shukla and Neelam Mishra

p2A L3(qf1 — 2pw
+Ehhkhzj + %
p(p+ L3qA) L
ALft ALf
+hpemimg 4+ hpymimg + hpamimyg + hjemimp, + higgmpm;)
L L2Cpat + (afy = 2pw) (2p + LPqA))
4f fit

(Ciymemp, + C pmimy)

(hijmhmk + hhkmimj) (hijmhmk

mimjmhmk] ) (5.2)

We get the following relation between v-curvature tensors of (M™, L) and (M", L):

Shijk = €7 %Shzjk + dnjdi — dnipdi; + EnpEij — EhjEik] , (5.3)
where
dij = PC.ij — Qhy; + Rmymy, (5.4)
Eij = Shij + Tmimj, (5.5)
5\1/2 pg L (2wp — f1q) p L (qf1 — wp)
P=L(2)", = R— S = T = :
(t) ? 2L2/st 2V/st 2L2\/fw 2f1v/fw

Proposition 5.1 The relation between v-curvature tensors of F™ and F™ is given by (5.3).

When b; in [ is a concurrent vector field,then C';; = 0. Therefore the value of v-curvature
tensor of F™ as given by (5.3) is reduced to the extent that di; = Rmym; — Qhy;.

§6. The T-Tensor Ty

The T-tensor of F™ is defined in [3] by
Thijk = LChij |k +Chijlic + Chiklj + Chjrli + Cijkln, (6.1)

where

Chij [k=0kChij — CrijChy, — ChrjCli — ChirCly.. (6.2)
In this section we compute the T-tensor of F™, which is given by
Thijk = LChijl, + Chijli + Chirly + Chjili + Cijiln, (6.3)

where
Chijly = OkChij — CrijChy, — ChriCiy, — Chir C.. (6.4)

The derivatives of m; and h;; with respect to y* are given by

. 1 . 1
8kmi = ﬁ hzk — —(limk), 8khij = 2Cijk — E(thJk =+ ljh]ﬂ) (65)

L2 L
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From equations (3.2)and (6.5), we have

wChij = i 3k0im Cijemp+ Cijnmy + Cingmj + Chjrm;)

p
L(
ﬂ(hh + hsha + hanha) + —2
2L3 ij/thk hjllik ih!ljk m
+hpplimg + higlnmy + hjglimn, + hiplpmg + hijlpmy + higlimy

(hjklhmi + hhkljmi

—|—hikljmk + hijlkmh + hjhlkml- + hhilkmj) — %(hijmhmk

—|—hhkmimj + hhjmimk + hhimjmk + hjkml-mh + hikmhmj)

L
—%(limjmhmk + Lymympmy, + lymamgmy + hgmgmgmy,)

L2
+ 7(4f2w2 +3L%°% + fwao)mpmsmimy | . (6.6)

Using equations (6.5) and (5.2) in equation(6.4), we get

20’ff1

_ - e2°
Chij|k = Chz_] |k p

5T (Cijemp, + Cijnmy + Cingmyj + Chjm;)

e ( 2/t LA Bq

AfL3t 4fL3t> (hishuc + hnshis, + hinhyi) — € (7

2 3 2
+ L°A+3
o ]jlqlf}f t . ) (higmpmy + hpgmimg + hpgmimy + hpimgmy,
1

20

e
2L§ [lh(hjkmi + hijmk

+higm;) + Ui (hpemi + higmpn, + hinmg) + Li(hpem + hjgmy,

e2a'qL

+hjpmimy, + hikmhmj)

—l—hhjmk) —+ lk(hijmh —+ hjhmi =+ hhimj)] — (limjmhmk

e
+ljm;mpmy + lymymmy, + hymgmgmy,) — pf1 (nghhk

2Lt
20 L2
+C pjihik + Crihij + Ciphn + Cribji + Cjrhpi) + #

€202 — 2pw
+C1;Cit + CpiC k) — (qgi pe)

+C pemimy + Cpymymy + Cgomymy,

L2(4fows + 3L2w? + fwas)
2

(C.i;C hi

(C.iymemp

+C pimymy + C jrmpm;) + €27 [

 3L2(2pgt + (qf1 — 2pw)(2p + L3¢A)
4f fat

] MMM M. (6.7)

Using equations (2.1), (3.2) and (6.6) in equation (6.3), we get the following relation
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between T-tensors of Finsler spaces F™ and F" :

2
Thijk = €% fflThijk+

L2
n f2hLlw

t
_%(C.ijhhk + Cpjhik + Crihij + Cighn + Cribji + Cjkhni)

_fL%(gfr = 2pw)

f(fifz + fBLw)
2L

(Cijemn + Cijnmy + Cingm;

+Chjm;) (C.4;Chi + ChiClik + CpiC k)

(C,ijmkmh + C,hkmimj + C,hjmimk

2
2f5t + L2pA
+C.ikmjmh =+ C,himjmk + C,jkmhmi) — W(hijhhk
2 3 2
P fi+pefil’A+3p*  Baf pf
thinghik + hinhir) ( ALfrt 2 L

(hijmpmy + hpgmimg + hpymmy + hpamgmy + hjmamy,
L?(4 fows + 3L%w? + fwss)
2
3L2(2pqt + (¢f1 — 2pw)(2p + L3qA)
B 4f1t

+higmpm;) + [ + 2L2f2q

| o] (638)

Proposition 6.1 The relation between T-tensors of F™ and F™ is given by (6.7).

If bi is a concurrent vector field in F™, then C;; = 0. Therefore from(6.8), we have

2 2
. _ e |Th p(2fBt + L*pA)
Thije = e [ 72 Thiji — N

2 3 2
P h+pahLPA+3p7t | Baf  pf
— — hi; hpgmim,;
( AL + ) T (hiympmyg + hpgmm;

+hnymimy, + hpimimy + hjgmimy, + higmpm;)

(hijhne + hnjhix + hinhji)

L?(4 3L2w? 3L2 -2 2p + L3gA
4202 foq + (4fowz + 3L°w* + fwao) n (/1 — 2pw)(2p + L7qA)
2 AL f fit
3L%2pqt
- iMj . 6.9
107 fit MMM M, (6.9)
If bi is a concurrent vector field in F™, with vanishing T-tensor then T-tensor of F™ is
given by
_ " 2f Bt + L?pA
Thije = € [_W(h/ijhhk + hpjhik + hinhik)

_ Pif +qu1L3A+3p2t+@_p_h (hsjmpm
4Lf1t 9 I g TTURTTLE
+hpemimg + hpymimg + hpgmgmy, + hjpmamp, + hgompmy)

4 |:L2 (4f2u}2 + 3L2u}2 + fu)QQ) _ 3L22pqt

2 AL f fat
2 — 9w 3
3L2(gf jjz;f?f(jml: ) ey, q] mimjmhmk] , (6.10)
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81. Introduction

A graph consist of a vertex set V(@) and an edge set E(G). All Graphs in this paper are finite,
loopless and without multiple edges. We refer the reader [8] for terminology in graph theory.
Graph coloring is an important research problem [7, 10]. A proper k-coloring of a graph is a
labelling f : V(G) — {1,2,---,k} such that the adjacent vertices have different labels. The
labels are colors and the vertices with same color form a color class. The chromatic number of
a graph G, written as x(G) is the least k such that G has a proper k-coloring.

Equitable colorings naturally arise in some scheduling, partitioning and load balancing
problems [11,12]. In 1973, Meyer [4] introduced first the notion of equitable colorability. In
1998, Lih [5] surveyed the progress on the equitable coloring of graphs.

We say that a graph G = (V, E) is equitably k-colorable if and only if its vertex set can
be partitioned into independent sets {Vi,Va,---,Vi} C V such that ||V;] — |V;|| <1 holds for
every pair (¢,7). The smallest integer k for which G is equitable k-colorable is known as the
equitable chromatic number [1,3] of G and denoted by x=(G). On the other hand, if V' can
be partitioned into independent sets {V1,Va,---, Vi } C V with ||V;| — |V}|| > 1 holds for every
pair (i,7), such a k-coloring is called a Smarandachely equitable k-coloring.

In this paper, we find the equitable chromatic number x—(G) for central, line, middle and
total graphs of triple star graph.

1Received September 14, 2017, Accepted May 15, 2018.
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§2. Preliminaries

For a given graph G = (V, E) we do a operation on G, by subdividing each edge exactly once
and joining all the non adjacent vertices of G. The graph obtained by this process is called
central graph of G [1] and is denoted by C(G).

The line graph [6] of a graph G, denoted by L(G) is a graph whose vertices are the edges
of G and if u,v € E(G) then uv € E(L(G)) if u and v share a vertex in G.

Let G be a graph with vertex set V(G) and edge set E(G). The middle graph [2] of G
denoted by M(G) is defined as follows. The vertex set of M (G) is V(G) U E(G) in which two
vertices x,y are adjacent in M (G) if the following condition hold:

(1) z,y € E(G) and z,y are adjacent in G;

(2) x € V(G), y € E(G) and they are incident in G.

Let G be a graph with vertex set V(G) and edge set F(G). The total graph [1,2] of G
is denoted by T'(G) and is defined as follows. The vertex set of T(G) is V(G) U E(G). Two
vertices x,y in the vertex set of T(G) is adjacent in T'(G), if one of the following holds:

(1) z,y are in V(@) and z is adjacent to y in G;

(2) z,y are in E(G) and z,y are adjacent in G;

(3) z isin V(G), y is in E(G) and z,y are adjacent in G.

Triple star Ki nn.n [9] is a tree obtained from the double star [2] K, by adding a new
pendant edge of the existing n pendant vertices. It has 3n + 1 vertices and 3n edges.

§3. Equitable Coloring on Central Graph of Triple Star Graph

Algorithm 1.

Input: The number ‘1’ of ki 4, pn;

Output: Assigning equitable colouring for the vetices in C(Ki pnn.n)-

begin

fori = 1ton
{

Vi = {ei}
Cle;) =i

Vo ={ai};
Clai) =i

}

Vs = {v};
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fori=2ton

{

Vi=A{vi};
Clui)=i—-1
Vs = {wil;
Clw;) =1—1;
Ve = {ui};
Clui) =i—1;
}

C(v1) = n;
C(w1) =n;
Clur) =m;
fore=1to5
{

Ve ={si};
C(si) =n+1;

}

fori=6ton

{

Vs = {si};

C(Si):i;

}
V=ViuUuWuVzuV,uVsUVsUV;U Vk;

end

Theorem 3.1 For any triple star graph Ki p nn the equitable chromatic number

x=[C(K1nnn)]=n+1.

Proof Let {v; : 1 <i<n},{w;:1<4i<n}and {u; : 1 <1i < n} be the vertices in
K1 nnn- The vertex v is adjacent to the vertices v;(1 < i < n). The vertices v;(1 < i <n) is
adjacent to the vertices w;(1 < i < n) and the vertices w;(1 < i < n) is adjacent to the vertices
ui (1 <i<mn).

By the definition of central graph on K ,, nn, let the edges vv;, viw; and wu; (1 <i<n)
of Ki pnn be subdivided by the vertices e;, a;, s;(1 < i < n) respectively.
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Clearly,

VIC(K1nnn)] = {v} U{Ui :1<i<n} U{wl :1<i<n}
U{uizlgign}U{eizlgign}
U{aizlgign}u{si:lgign}

The vertices v and u;(1 < i < n) induces a clique of order n+1 (say kn+1) in [C[K1 nn.n)]-

Therefore
X:[C(Kl,n,n,n)] >n+1

Now consider the vertex set V[C(K1,n,n,n)] and the color class C' = {¢1, ¢, c3, -+ - cpt1}. Assign
an equitable coloring to C(K1 5 n,n) by Algorithm 1. Therefore

X=[C(Kinnn)] <n+1.
An easy check shows that ||v;| — |v;|| < 1. Hence

x=[C(K1nnn)=n+1. |

84. Equitable Coloring on Line graph of Triple Star Graph

Algorithm 2.

Input: The number ‘n’ of K p 5 n;

Output:  Assigning equitable coloring for the vertices in L(K1 n.nn)-

begin

fori=1ton

fori=2ton
{

Vs ={a};
Cla;)) =i—-1
}
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C(a1) =n;
V=ViuWulVs;

end

Theorem 4.1 For any triple star graph Ki , nn the equitable chromatic number,

X= [L(Kl,n,n,n)] =n.

Proof Let {v; : 1 <i<n}, {w; : 1 <i<n}and {u; : 1 <i < n} be the vertices in
K1 nnn- The vertex v is adjacent to the vertices v;(1 <4 < n) with edges e;(1 < i <n). The
vertices v;(1 < ¢ < n) is adjacent to the vertices w;(1 < i < n) with edges a;(1 < i < n). The
vertices w; (1 < ¢ < n) is adjacent to the vertices u;(1 < i < n) with edges s;(1 <i <n).

By the definition of line graph on K7 ., the edges e;, a;, s;(1 < i < n) of K1y, are the
vertices of L(K1 ppn,n). Clearly

VIL(Kipnn)] =f{ei:1<i<n}| Jar: 1 <i<n}(J{si:1<i<n}
The vertices e;(1 <14 < n) induces a clique of order n (say K,,) in L(K1 nn,n). Therefore
X=[L(K1nnn)] 2 n.
Now consider the vertex set V[L(K71 5 n.n)] and the color class C' = {c1,ca, - cp}.
Assign an equitable coloring to L(K7 5,.n,n) by Algorithm 2. Therefore
X=[L(K1nnn)] < n.
An easy check shows that ||v;| — |v;|| < 1. Hence

X:[L(Kl,n,n,n)] =n. O

§5. Equitable Coloring on Middle and Total Graphs of Triple Star Graph

Algorithm 3.

Input: The number ‘n’ of K1 5 pnn;

Output: Assigning equitable coloring for the vertices in M (K1 n.n,n) and T(K1 pnn)-



begin
fori=1ton

{

Vi ={e};
C(e;) = 1

Vo ={si};
C(s;) =1

}

Vs = {v}
Clwv)=n+1;

fori=2ton

{

Vi ={vi};
Clv;)) =i—1;
}

C(v1) = n;

fori=3ton

{

Vs = {ai};
C(al) =1— 2;
}

Cla1) =n+1;
C(ag) =n-+ 1;

fori=4ton

{

Ve = {w:}
Clw;) =1i—3;
}

C(wy) =n-—1;

Equitable Coloring on Triple Star Graph Families
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C(ws) =n+1;
fori=1ton

{
Ve =A{ui};
Clu;) =1+ 1;

}
V=ViUVUVUV,UVEUVsU Vs

end

Theorem 5.1 For any triple star graph Ki p nn the equitable chromatic number,

X:[M(Kl,n,n,nﬂ =n-+ 1, n > 4.

Proof Let V(K1 pnn) ={v}U{vi:1<i<njU{w;:1<i<n}UJ{ui:1<i<n}.
By the definition of middle graph on K7, n . each edge vv;, v;w; and w;u; (1 < ¢ < n) in
K1 n.nn are subdivided by the vertices e;, w;, s;(1 <14 < n) respectively. Clearly
VIM(K1pnn) = {v} U{vl :1<i<n} U{wl :1<i<n}
U{uizlgign}U{eizlgign}
U{ai:lgign}U{si:lgign}
The vertices v and e;(1 < ¢ < n) induces a clique of order n+1 (say knt1) in [M (K1 pnn.n)-

Therefore
X=[M(Kinnn) >n+1.

Now consider the vertex set V[M (K1 nnn)] and the color class C = {c1,¢2, - Cny1}-
Assign an equitable coloring to M (K1 5 n.n) by Algorithm 3. Therefore

X=M[(Kinnn)l <n+ 1 |lvi] —[o|] < 1.

Hence
X:[M(Kl,n,n,n)] =n+1VVn > 4. 0

Theorem 5.2 For any triple star graph Ki p nn the equitable chromatic number,

X:[T(Kl,n,n,n)] =n-+ 1, n > 4.

Proof Let V(K1 pnn) ={viU{vi:1<i<n}lHwi:1<i<n}U{u;:1<4i<n}and
EKinnn) ={e;:1<i<n}J{a;:1<i<njU{s;:1<i<n}.
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By the definition of Total graph, the edge vv;, v;w; and w;u;(1 < i < n) of Ky ppnn be
subdivided by the vertices e;, a; and s;(1 < i < n) respectively. Clearly

VIT(Kinmn)] = {oH Hoi:1<i<n}| Jwis1<i<n}
U{uizlgign}U{eizlgign}
U{aizlgign}U{sizlgiSn}.

The vertices v and e;(1 <4 < n) induces a clique of order n+ 1 (say kp+1) in T (K1 nnon)-
Therefore
X:[T(Kl,n,n,n)] >n—+ 1, n > 4.

Now consider the vertex set V(T (K1,nnmn)) and the color class C = {c1,¢2, -, cnt1}-
Assign an equitable coloring to T (K75, pn,n) by Algorithm 3. Therefore

X=[T(Kinnn) Sn+1, n>4, |[lv]— |Uj|| <1

Hence
X=[T(K1,nnn)] =n+1,Yn > 4. .
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Abstract: In this paper we consider nine special ruled surfaces associated to an involute
of a curve o and its Bertrand mate o™* with k1 # 0. They are called as involute Frenet
ruled and Bertrandian Frenet ruled surfaces, because of their generators which are the Frenet
vector fields of curve a. First we give the striction curves of all Frenet ruled surfaces. Then
the striction curves of involute and Bertrandian Frenet ruled surfaces are given in terms of
the Frenet apparatus of the curve a.. Some results are given on the striction curves of involute

and Bertrand Frenet ruled surfaces based on the tangent vector fields in E®.
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§1. Introduction

A ruled surface can always be described (at least locally) as the set of points swept by a moving
straight line. A ruled surface is one which can be generated by the motion of a straight line
in Euclidean 3 — space [2]. Choosing a directrix on the surface, i.e. a smooth unit speed
curve « (s) orthogonal to the straight lines and then choosing v(s) to be unit vectors along
the curve in the direction of the lines, the velocity vector as and v satisfy <a/,v> =0 where
os = o' . The fundamental forms of the B — scroll with null directrix and Cartan frame in
the Minkowskian 3 — space are examined in [5]. The properties of some ruled surfaces are also
examined in E? [6] , [7] ,[9] and [11]. A striction point on a ruled surface ¢(s,v) = a(s) +v.e(s)
is the foot of the common normal between two consecutive generators (or ruling). To illustrate
the current situation, we bring here the famous example of L. K. Graves [3], so called the
B — scroll. The special ruled surfaces B — scroll over null curves with null rulings in 3-
dimensional Lorentzian space form has been introduced by L. K. Graves. The Gauss map of
B-scrolls has been examined in [1]. Deriving a curve based on an other curve is one of the
main subjects in geometry. Involute-evolute curves and Bertrand curves are of these kinds. An
involute of a given curve is well-known concept in Euclidean 3 — space. We can say that evolute

1Received November 24, 2017, Accepted May 16, 2018.
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and involute are methods of deriving a new curve based on a given curve. The involute of a
curve is called sometimes evolvent and evolvents play a part in the construction of gears. The
evolute is the locus of the centers of osculating circles of the given planar curve [12]. Let a and
o be the curves in Euclidean 3 — space. The tangent lines to a curve o generate a surface called
the tangent surface of a. If a curve a* is an involute of «a, then by definition « is an evolute of
«*. Hence if we are given a curve «, then its evolutes are the curves whose tangent lines intersect
« orthogonally. By using a similar method we produce a new ruled surface based on an other
ruled surface. The differential geometric elements of the involute D scroll are examined in [10].
It is well-known that if a curve is differentiable in an open interval at each point then a set
of three mutually orthogonal unit vectors can be constructed. We say the set of these vectors
are called Frenet frame or moving frame vectors. The rates of these frame vectors along the
curve define curvatures of the curve. The set whose elements are frame vectors and curvatures
of a curve « is called Frenet-Serret apparatus of the curve. Let Frenet vector fields of a be
Vi(s),Va(s),V3(s) and let first and second curvatures of the curve a(s) be k1 (s) and ks (s),
respectively. Then the quantities {V1, V4, V3, k1, ka} are called the Frenet-Serret apparatus of
the curves. If a rigid object moves along a regular curve described parametrically by a(s). then
we know that this object has its own intrinsic coordinate system. The Frenet formulae are also

well known as

Vi 0 kt 0 Wi
‘./2 - —kl 0 kz ‘/2
Vs 0 —k 0 Vs

where curvature functions are defined by k1(s) = ||V1(s)|], k2(s) = — <V2, Vg,> .

Let unit speed regular curve « : I — E? and a* : I — E? be given. If the tangent at the
point «a(s) to the curve a passes through the tangent at the point a*(s) to the curve o* then
the curve a* is called the involute of the curve «, for Vs € I provided that (V;,V7*) = 0. We

can write

a* (s) =a(s)+ (c—s)V1 (s) (1.1)

the distance between corresponding points of the involute curve in E? is ([4],[8])

d(a(s),a*(s)) = |c — s|,c = constant, Vs € I.

Theorem 1.1([4],[8]) The Frenet vectors of the involute o, based on its evolute curve o are

Vl* - ‘/27
. —kVi+ ks
Vi =—————
(k3 + k3)® (12)
w  kVi+EkV3
Vv3 = . 1-
(kf +k3)>
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The first and the second curvatures of involute o are

’ ’ k
k*_vk%+k§ o — koky —kika —k%(ﬁ)
1=~ 2T )
1

MNep 0P Ney (B2 KR ey (K24 E3)

where (o — s)k; > 0, k1 #0.

Let o : I — E? and o** : I — E2 be two C?— class differentiable unit speed curves and
let Vi (s), Va(s), V3(s) and Vi**(s), V5™ (s), V5 (s) be the Frenet frames of the curves a and a**,
respectively. If the principal normal vector V5 of the curve « is linearly dependent on the
principal normal vector V5* of the curve o**, then the pair (a, o**) is called a Bertrand curve
pair [4], [8]. Also o* is called a Bertrand mate. If the curve o is a Bertrand mate of o then
we may write

a™ (s) = a(s) + A\Va (s) (1.4)

If the curve a** is Bertrand mate « (s) then we have

(Vi (s), V1 (8)) = cos @ = constant.

Theorem 1.2([4],[8]) The distance between corresponding points of the Bertrand curve pair in

E3 is constant.

Theorem 1.3([4]) If the second curvature ka(s) # 0 along a curve a(s) then «(s) is called a
Bertrand curve provided that nonzero real numbers A and B k1 + Bka = 1 hold along the curve

a(s) where s € I. It follows that a circular heliz is a Bertrand curve.

Theorem 1.4([4]) Let a: I — E? and o** : I — E3 be two C?— class differentiable unit speed
curves and let the quantities {V1,Va, Vs, ki, ka} and {Vi™, Vo> V™ ki* k3*} be Frenet-Serret

apparatus of the curves a and its Bertrand mate o** respectively, then

Vi + A\V-
V**:ﬂ 1+ AV3

! VA2 + 52
Vot = Va, (1.5)

-\ Vs
V**: 1+6 3.

’ VA2 32

The first and the second curvatures of the offset curve o™* are given by

Ako >0

By — ey ki — A (K} + k)
A O Ol A (1.6)

k2 (/\24'52)]42'

ok
kl -
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Due to this theorem, we can write

ks 1 1
by — My =mo—s 2 -+ %
= Ake =m = e = e e  m

(ki‘*)’ _ -m’ s _ 1
kik* m2k2\/)\2+52 ds** kg\/)\2+ﬁ2

A differentiable one-parameter family of (straight) lines {a(u), X (u)} is a correspondence
that assigns to each u € I a point a(u) € R and a vector X (u) € R?, X (u) # 0, so that both
a(u) and X (u) depend differentiable on u. For each u € I, the line L which passes through

a(u) and is parallel to X (u) is called the line of the family at u. Given a one-parameter family

of lines {c(u), X (u)} the parameterized surface
o(u,v) = a(u) + v.X(u) where w € I and v € R (1.7)
is called the ruled surface generated by the family {a(u), X (u)}. The lines L are called the

rulings and the curve a(u) is called an anchor of the surface ¢, [2].

Theorem 1.5([2]) The striction point on a ruled surface p(u,v) = a(u)+v.X (u) is the foot of
the common normal between two consecutive generators (or ruling). The set of striction points

defines the striction curve given by

(o, X0

X (1.8)

c(u) = au) —

where X! = DrX (u).

82. On the Tangent Vector Fields of Striction Curves Along the Involute and

Bertrandian Frenet Ruled Surfaces

Definition 2.1 In the Fuclidean 3 — space, let «(s) be the arc length curve. The equations

w1 (s,u1) = a(s) +ui Vi (s)
@2 (s,u2) = a(s) +uzVa (s) (2.1)
p3 (s,u3) = a(s) +usVs (s)

are the parametrization of the ruled surface which is called Vi — scroll ( tangent ruled surface),

Vo — seroll (normal ruled surface) and Vs — scroll (binormal ruled surface) respectively in [6].

Theorem 2.1([6]) The striction curves of Frenet ruled surfaces are given by the following
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matric
c—« 0 0 0 i
c3 — 0 0 0 Vs

Theorem 2.2 The tangent vector fields Th,Ta and T3 belonging to striction curves of Frenet
ruled surface is given by

Ty 1 kO / 0 1
1
T = - k3 T k1 ko
=1 ey =y e =) A
Ts 1 0 0 Vs
or
T 1 0 0 i
T | = a b ¢ Vs
T3 1 0 O V3
where o
_ kg _ Tl _ k1ko _ 1.2 2
a= mEBIE b= SR c and n = ki + k3.

e

Proof It is easy to give this matrix because we have already got the following equalities

Ti(s) =Tz (s) = (s) = V.

k
Since ca(s) = a(s) + mvz, where k% + k3 = n # 0, hence we have
3 k)’ ferk
A(s) = =Vi+ (—1> Vo + ——2Vj,
n n n

ch(s)  nk3Vi+ (Kin— k') Va + nkaka Vs
/ - 1 .
HCQ(S)H (773/€§ I (k,lnkln,)z) 2

2.1 Involute Frenet Ruled Surfaces

In this subsection, first we give the tangent, normal and binormal Frenet ruled surfaces of the
involute-evolute curves. Further we write their parametric equations in terms of the Frenet
apparatus of the involute-evolute curves. Hence they are called involute Frenet ruled surfaces

as in the following way.



38 Seyda Kilicoglu, Siileyman Senyurt and Abdussamet Caliskan

Definition 2.2([6]) In the Fuclidean 3-space, let a(s) be the arc length curve. The equations

Gi(s,01) = o (s)+ Vi (s) = a(s) + (0 — $)Vi(s) +urba(s),
0% (s,0) = w@ﬂwﬂ?@—a@%ﬂa—ﬂﬁ@+w(1ﬁﬁiﬁﬁ>
(K} +#3)*

o5 (s,v5) = M@Hﬂ#ﬂﬂ—a@+w—®%@+w(Eﬁiﬁ$>
(k3 + k3)2

are the parametrization of the ruled surfaces which are called involute tangent ruled surface,

inwvolute normal ruled surface and involute binormal ruled surface, respectively.

We can deduce from Theorem 2.1 striction curves of the involute Frenet ruled surfaces are

given by the following matrix

cf —a* 0 0 0 %8
* * — k; *
5 — =10 TR 0 %
* * *
—a 0 0 0 V3

It is easy to give the following matrix for the striction curves of four Frenet ruled surfaces

along the involute curve a*.

ci(s) = els)=a"(s),

k1
02(8) « (S) + kTQ + k;2 2 (8)

Also we can write explicit equations of the striction curves on involute Frenet ruled surfaces

in terms of Frenet apparatus of an evolute curve a.

Theorem 2.3 The equations of the striction curves on involute Frenet ruled surfaces in terms

of Frenet apparatus of an evolute curve « are given by

¢ —a o—s 0 ( O) 1%
2 ag— S kle

. _ _ 1— Rk

c;—a (0 —3) < (k§+k§)(1+m)> 0 (K +k3) (1+m) Y2

i —a oo 0 0 Vs

Theorem 2.4 The tangent vector fields Ty, To*, T3* of striction curves belonging to an involute

Frenet ruled surface in terms of Frenet apparatus by themselves are given by
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*2
k2

“ o e @)

a*

b*

3

(5) :
SO R ) D S Sl <_> '

2.2 Bertrandian Frenet ruled surfaces

In this subsection, first we give the tangent, normal and binormal Frenet ruled surfaces of
the Bertrand mate o™*. Further we write their parametric equations in terms of the Frenet
apparatus of the Bertrand curve a. Hence they are called Bertrandian Frenet ruled surfaces as

in the following way.

Definition 2.3([6]) In the Euclidean 3 — space, let a(s) be the arc length curve. The equations

BV1+ V3

N+
05" (s,w2) = ™ (s) +w2V5 (s) = a+ (A +w2) Va, (2.2)
—AV1 + BVs

3" (s,w3) = o (s)+wsV5" (s) =a+ AVo +ws <ﬁ> ;
A2+ 32

P17 (sw1) = a7 (s) +wiVi7" (s) = a+ AVa +un

3

are the parametrization of the ruled surfaces which are called Bertrandian tangent ruled surface,

Bertrandian normal ruled surface and Bertrandian binormal ruled surface, respectively.

We can also deduce from Theorem 2.1 the striction curves of Bertrand Frenet ruled surfaces

are given by the following matrix

.
ok kK — 1 ok
st —a 0 R 0 Vs

It is easy to give the following matrix for the striction curves belonging to Bertrand Frenet

ruled surfaces

k**
1 V** (8)

e (s) = O‘**(S)JFW 5
1 2

Theorem 2.5 The equations of the striction curves on Bertrandian Frenet ruled surfaces in

terms of Frenet apparatus of curve o

o —a 0 A 0] 7 v,
m(A2+8%)k
g —a | =10 (A+%> ol wn

3" —a 0 A 0 V3
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Proof Since the equations of the striction curves on Bertrandian Frenet ruled surfaces in

terms of Frenet apparatus of curve a are

CT* (5) = C;* (s):a** (S):a(5)+)\‘/2 (S)
ki — Mk
the first and the second curvatures of the curve a** are given by ki™ = (5214'752);2 and
1 1
e L Aokak = 1 and
2 (A2 4 32) k2 50 F2f2 (A2 + 3?) an
C;*(S):OZ**(S)‘F L Vz** (s):a+ A+ ( 6) 2 . 0

k2 4 k3 ((BR1 = Ak2)” +1)

Theorem 2.6 The tangent vector fields Ty*, Ty* and Ti* of striction curves belonging

to Bertrandian Frenet ruled surface are given by

T 1 0 0 Vi
T2** — a** b** C** ‘/'2**
Ty 1 0 0 v
where
wo \ 7
o = 2 , p** ok 1 2 and 77** _ kr*? + k§*2

O] B O] 7[5 (9)]

Theorem 2.7 The product of tangent vector fields T\*,T>*,T3* and tangent vector fields
Ty, Ty T5™ of striction curves on an involute and Bertrandian Frenet ruled surface re-

spectively, are given by

0 Ab** 0
T[T =4 | B o«*B+b*a*A+c*C B
0 b** A 0

where the coefficients are

A= JO2+ B2)(ks® + ka%), B = b* (=1 + ko) + ¢, C = b* + " (= Mky + Bhy).

Proof Let [T*] = [A*][V*] and [T**] = [A**][V**] be given. By using the properties of a

matrix following result can be obtained:
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[T [T = [A][V*]([A**] vp*
_ Ualia )A**]
~ - - - T
0 0 Vit 1 0 0 Vi
A T e R T
10 0 || W] 1 0 0 V3
- - - 4 T T
1 0 0 vit [ v 1 0 0
O T N IS e .
10 0 | [ W] wT 1 0 0
0 b+ A 0
0 b A 0

As a result of Theorem 2.1 we can write that in the Euclidean 3 — space, the position of
the unit tangent vector field 17,15, T35 and 17, T5*, T5™ of striction curves belonging to ruled

surfaces @7, ¢35, 5 and p7*, p5*, 3" respectively, along the curve o* and a**, can be expressed
by the following equations

(17, 177) (17, T37) (I7,157)

* w11 * . ok AL
(T[T = (T3, 17*)  (T5,T5%) <T27T3 ) |

(T3, 777 (T3,157) (15,757)

here [T**]" is the transpose matrix of [T%*] .

Hence we may write that, there are four tangent vector fields on striction curves which
are perpendicular to each other, for the involute and Bertrandian Frenet ruled surfaces given
above. Since (T7,Ty*) = (T, T5*) = (T3, Ty = (T3, T5*) = 0, it is trivial.

Theorem 2.8 (i) The tangent vector fields of striction curves on an involute tangent and

Bertrandian normal ruled surfaces are perpendicular under the condition

i
=0, N2 =—-02 or k2 =—ks>.

(ﬁkl — )\kg)()\2 + 62)]@
(Bk1 — Ak2)?2 +1

(i) The tangent vector fields of striction curves on an involute binormal and Bertrandian
normal ruled surfaces are perpendicular under the condition

!
=0, N2 =082 or kv% = —ks°

(Bk1 — Mk2) (A2 + 32)k2
(Bk1 — Ak2)?2 + 1
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Proof (i) Since (T7,T5*) = b**A and (I}, T5*) =0

Jor e 412 = 0

(Bk1 — M) (A2 + 82)ks |
(Bk1 — Ak2)?2 +1

_ 2 2 !
[(ﬁkéﬁklkfziﬁ)QJrfl)k?] —0 or /(22 + B2l + k%) = 0,

this completes the proof.

(49) Since (T7,T5*) = (T, Ty*) = b** A, the proof is trivial. m

Theorem 2.9 (i) The tangent vector fields of striction curves on an involute normal and

Bertrandian tangent ruled surfaces are perpendicular under the condition

3
k() (K + k3)*

5 "
k2 4 k2)3 4 kd(k /2} Ak (k3 +k3)2
( 1 + 2) + 2(k2) [(k§+k§)*+k§(%)/2}

—Bky + Aky =

(i) The tangent vector fields of striction curves on an involute normal and Bertrandian

binormal ruled surfaces are perpendicular under the condition

3
k() (K + k3)*

_6k1+)\l€2: -
(k%+k§>3+k3<’;—l>/2}<[ e (1) })
2

2
(k3 +k3)3+k3 (5L

Proof (i) Since (T, Ty*) = B = b*(—pk1 + Ak2) + ¢* and (T3, T7*) =0

B:b*(—ﬂk1+)\k2)+c* = 0
k3 (L) (k3 +k3)2
Bly — Moy + 2(k2)( 1 2) - 0

é 7
k2 4 k2)3 4 kA(k /2} Ak (k3 +k3)2
[+ 1% + G [0 183 ()77

k3(EL) (k3 + k3)2
By 4 Moy — 2 (%) (R + K3)

I
2 L 12\3 4 pd(kL /2} My (K2 +3)8
[(kl +k3) + k3 (72) ( [0 142 13 ()]

this completes the proof.

(1) Since (T3, T7*) = (T5, T5*) = B = b*(—pBk1 + Ak2) + ¢*, the proof is trivial. 0

Corollary 2.1 The inner product between tangent vector fields of striction curves on an involute
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normal and Bertrandian normal ruled surfaces of the (a*, a**) is

(T, T5*) = a™ B + b**a* A + ¢**C.
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Abstract: For a graph G, the first, second and third leap Zagreb indices are the sum of
squares of 2-distance degree of vertices of GG; the sum of product of 2-distance degree of end
vertices of edges in G and the sum of product of 1-distance degree and 2-distance degrees
of vertices of G, respectively. In this paper, we obtain the expressions for these three leap

Zagreb indices of generalized zyz point line transformation graphs T°Y*(G) when z = 1.

Key Words: Distance, degree, diameter, Zagreb index, leap Zagreb index, reformulated

Zagreb index.
AMS(2010): 05C90, 05C35, 05C12, 05CO7.

§1. Introduction

Let G = (V,E) be a simple graph of order n and size m. The k-distance degree of a vertex
v € V(G), denoted by di(v/G) = |Ng(v/G)| where Ni(v/G) = {u € V(G) : d(u,v) = k} [17]
in which d(u,v) is the distance between the vertices v and v in G that is the length of the
shortest path joining v and v in G. The degree of a vertex v in a graph G is the number of
edges incident to it in G and is denoted by dg(v). Here Ni(v/G) is nothing but Ng(v) and
dy(v/@G) is same as dg(v). If u and v are two adjacent vertices of G, then the edge connecting
them will be denoted by uv. The degree of an edge e = uv in G, denoted by dy(e/G) (or dg(e)),
is defined by di(e/G) = di(u/G) + d1(v/G) — 2.

The complement of a graph G is denoted by G whose vertex set is V (G) and two vertices of
G are adjacent if and only if they are nonadjacent in G. G has n vertices and @ —m edges.
The line graph L(G) of a graph G with vertex set as the edge set of G and two vertices of L(G)
are adjacent whenever the corresponding edges in G have a vertex incident in common. The
complement of line graph W or jump graph J(G) of a graph G is a graph with vertex set as
the edge set of G and two vertices of J(G) are adjacent whenever the corresponding edges in G
have no vertex incident in common. The subdivision graph S(G) of a graph G whose vertex set

is V(G) E(G) where two vertices are adjacent if and only if one is a vertex of G and other is

ISupported by the University Grants Commission (UGC), New Delhi, through UGC-SAP DRS-III for
2016-2021: F.510/3/DRS-II1/2016(SAP-I) and the DST INSPIRE Fellowship 2017: No.DST/INSPIRE Fel-
lowship/[IF170465].

2Received February 16, 2017, Accepted May 18, 2018.
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an edge of G incident with it. The partial complement of subdivision graph S(G) of a graph G
whose vertex set is V(G) | E(G) where two vertices are adjacent if and only if one is a vertex
of G and the other is an edge of G non incident with it.

We follow [11] and [13] for unexplained graph theoretic terminologies and notations.

The first and second Zagreb indices [9] of a graph G are defined as follows:

Mi(G)= Y dg()? and My(G)= Y da(u)de(v),
veV(G) weEE(G)
respectively. These are widely studied degree based topological indices due to their applications
in chemistry. For details see the papers [5, 7, 8, 10, 18]. The first Zagreb index [15] can also be

expressed as

Mi(G)= > ldg(u)+dg(v)]
weEE(G)

Ashrafi et al. [1] defined the first and second Zagreb coindices as

Mi(G)= ¥ ldo(u)+dg(v)] and Mx(G)= 3 [de(u)da(v)],
wgE(G) wgE(G)
respectively.
In 2004, Miliéevié¢ et al. [14] reformulated the Zagreb indices in terms of edge-degrees
instead of vertex-degrees. The first and second reformulated Zagreb indices are defined, respec-

tively, as

EM(G)= > dg(e)? and EM(G)= 3 ldc(e)da(f)]
e€E(G) e~f

In [12], Hosamani and Trinajstié defined the first and second reformulated Zagreb coindices

respectively as

EML(G) = > lda(e) + da(f)),
e~ f

EMy(G) = ) [da(e) +da(f)].

e f

In 2017, Naji et al. [16] introduced the leap Zagreb indices. For a graph G, the first,
second, and third leap Zagreb indices [16] are denoted and defined respectively as:

LM(G) = Y da(v/G)?,

veV(G)

ILG) = Y dw/Gd(/6),
weEE(G)

LMs(G) = Z di(v/G)d2(v/G).
veV(G)

Throughout this paper, in our results we write the notations d; (v) and dj(e) respectively

for degree of a vertex v and degree of an edge e of a graph.
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§2. Generalized zyz-Point-Line Transformation Graph T*Y*(G)

The procedure of obtaining a new graph from a given graph by using incidence (or nonincidence)
relation between vertex and an edge and an adjacency (or nonadjacency) relation between two
vertices or two edges of a graph is known as graph transformation and the graph obtained by
doing so is called a transformation graph. For a graph G = (V, E), let G° be the graph with
V(G°) = V(G) and with no edges, G! the complete graph with V(G') = V(G), GT = G, and
G~ = G. Let G denotes the set of simple graphs. The following graph operations depending on
x,y,z € {0,1,4, —} induce functions T%%* : G — G. These operations are introduced by Deng et
al. in [6]. They called these resulting graphs as zyz-transformations of G, denoted by T%%*(G) =
G™Y% and studied the Laplacian characteristic polynomials and some other Laplacian parameters
of zyz-transformations of an r-regular graph G. In [2], Wu Bayoindureng et al. introduced the
total transformation graphs and studied the basic properties of total transformation graphs.
Motivated by this, Basavanagoud [3] studied the basic properties of the xyz-transformation
graphs by calling them zyz-point-line transformation graphs by changing the notion of xyz-
transformations of a graph G as T*Y*(G) to avoid confusion between parent graph G and its

xyz-transformations.

Definition 2.1([6]) Given a graph G with vertex set V(G) and edge set E(G) and three variables
x,y,2z € {0,1,4, =}, the xyz-point-line transformation graph T*Y*(G) of G is the graph with
vertex set V(T*¥*(G)) = V(G)UE(G) and the edge set E(T*¥*(G)) = E((G)*)UE((L(G))Y)U
E(W) where W = S(GQ) if z = +, W = S(G) if 2 = —, W is the graph with V(W) =
V(G)UE(G) and with no edges if z =0 and W is the complete bipartite graph with parts V(G)
and E(G) if z = 1.

Since there are 64 distinct 3 - permutations of {0,1,+,—}. Thus obtained 64 kinds of
generalized xyz-point-line transformation graphs. There are 16 different graphs for each case

when z2=0,z2=1,2=4+, z = —.

In this paper, we consider the zyz-point-line transformation graphs T*¥*(G) when z = 1.

Example 2.1 Let G = K, - K3 be a graph. Then G be the graph with V(G°) = V(G) and
with no edges, G! the complete graph with V(G') = V(G), Gt = G, and G~ = G which are
depicted in the following Figure 1.

*
. 0. 1.
. .

Figure 1

The self-explanatory examples of the path P, and its zyz-point-line transformation graphs
T*¥1(Py) are depicted in Figure 2.



On the Leap Zagreb Indices of Generalized zyz-Point-Line Transformation Graphs T*Y*(G) when z = 1 47

Whenz=1:

,’ ol , 101

r'l'.

7+l T+ T+

70-1

,I‘,,_ - T~-|

Figure 2
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§3. Leap Zagreb Indices of T%Y!(G)

Theorem 3.1([3]) Let G be a graph of order n and size m. Then

(1) [V(T**(G))| = n+m;
(2) |E(T**(G))| = |E(G")| + |E(L(G)Y |+ |[E(W)|, where

if x=0.
if x=1.
if r=+4
-m ifz=—.
if y=0.
(’5) ify=1

—m + M1 ify=+
(" = IMy ify=—.

0 if z=0.

mn if z=1.
BOW)|= /

m if z=+

m(n—2) if z=—.

The following Propositions are useful for calculating do (T"¥!(G)) in Observation 3.4.

Proposition 3.2([4]) Let G be a graph of order n and size m. Let v be a vertex of G. Then

m ZfI:O,y6{0,1,+,—}

n+m-—1 if =1,y € {0,1,4,—}
dTmyl(G) (’U) = )

m+ dg(v) if v=+,y € {0,1,+,—}

n+m—1—dg() ife=—y € {0,1,+,—-}

Proposition 3.3([4]) Let G be a graph of order n and size m. Let e be an edge of G. Then

n nyZO,IE{O,1,+,—}

n+m-—1 ify=1,2 € {0,1,4,—}
dTmyl(G) (6) = )

n+ dg(e) ify=+,z € {0,1,+,—}

n+m-—1—dg(e) ify=—2 € {0,1,+,-}
Observation 3.4 Let G be a connected (n,m) graph. Then

(n—1) ifve V(G

1) dy(v/TON)(G)=
(1) da(v/T)(G) (m—1) ifv=e € E(G)



On the Leap Zagreb Indices of Generalized zyz-Point-Line Transformation Graphs T*Y*(G) when z = 1 49

v 101 — 0 va © V(G)

o | nm1—diw/@) if v e v(G)
(3) do(v/T )(G)—{ m—1) fo—e e BG)
{dl(v/G) ifve V(@)

(m—1) ifv=e € E(G)

n—1 ifve V(Q)

0 ifv=e € E(G)

:{ n—1-di(v/G) if v € V(G)
0 ifv=e € E(G)
{ di(v/G) if v e V(G)
0 if v=e € E(QG)
"1 ifve V(@)
{ m—1—di(e/G) ifv=e € E(G)
0 ifveV(G)
{ m—1-di(e/G) ifv=e € B(Q)
fon-1-diwie) ifeevie
_{ m—1—di(e/G) ifv=e € E(G)
:{ 0 (v/G) v evia
m—1-di(e/G) if v=c € E(G)
{ n—1 ifveV(G)
di(e/G) ifv=ec € E(Q)
0 ifveV(G)
{ di(e/G) if v=e € B(G)
{ n—1-d@/G) ifveV(G)
iy (e)C) ifv=e € E(G)
i | i) ipe e vie
(16) do(v/T* )(G)—{ di(e/G) ifv=e € BE(G)

The above Observation 3.4 is useful for computing leap Zagreb indices of transformation

graphs T*¥}(G) in the forthcoming theorems.

Theorem 3.5 Let G be (n,m) graph. Then
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Proof The graph T°'(G) has n + m vertices and mn edges, refer Theorem 3.1. By
definitions of the first, second and the third leap Zagreb indices along with Propositions 3.2,
3.3 and Observation 3.4 we get the following.

LMl(TOOl(G)) — Z dQ(v/T001(G))2
VeV (T901(G))
= Y /TG + Y dafe/TVNG)’
VeV (G) c€E(G)
= n(n—12%+m(m—1)>%

LMy(T™(G)) = [d2(u/T*N(G))] [d2(v/T"(G))]
uwv€E(T1(G))

= Y [de(u/T™NG))] [da(v/T™NG))]

uwweE(S(G))

> [/ TG)] [da(v/T™HG))

wveE(S(G))
= (n=1)(m-=12m+ (n—1)(m—1)(mn —2m) =mn(n —1)(m — 1).

LM3(T*™(G)) = Y /TG [da(v/T*NG))]
veV(TH(@))
= Y [h/TNG)] [da(o/T*N(G))]
veV(G)
+ Y [d(e/T*NG))] [da(e/THG))]
e€E(Q)
= mn(n—1)+mn(m—1) =mn(m+n —2). O

Theorem 3.6 Let G be (n,m) graph. Then

(1) LM, (T'4(G)) = m(m — 1)%;
(2) LM(T™1(G)) = 0;

(3) LM3(T(G)) = mn(m — 1).

Proof Notice that the graph T'°'(G) has n + m vertices and mn + @ edges by

Theorem 3.1. According to the definitions of first, second and third leap Zagreb indices along
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with Propositions 3.2, 3.3 and Observation 3.4, calculation shows the following.

LMl(Tlol(G)) — Z dg(’l)/TlOl(G))2

veV (T101(Q))

= Y d@/TONG)P+ D da(e/TTNG))
veV(Q) e€E(Q)

= m(m—1)>=2

LMy(TY(G)) = > [da(u/T HG))] [da(v/T™H(G))]

weB(T101(G))

= Y [da/TNG))] [da(v/T™NG))]
weEE(G)
+ > [da(uw/TNG))] [da(v/THH(G))]
w¢ E(G)
+ Y [da(u/TNG))] [da(v/THNG))]
weE(S(Q))
+ > [de(u/TNG))] [da(v/TN(G))] = 0.
weE(S(G))

LM3(TNG)) = > [d/TNG))] [da(v/TNG))]
veV(T101(Q))
= Y [di(w/TNG))] [da(v/T*G))]

veV(G)

+ > [di(e/TN(G))] [dale/T™(G))] =mn(m —1). O

e€E(Q)

Theorem 3.7 Let G be (n,m) graph. Then

(1) LMy(TTY@)) = n(n —1)2 + m(m — 1)% + My (G) — 4m(n — 1);

(2) LMa(T (@) = Ma(G) — (n — )My (G) +ml(n — )2 + (m — 1)(n? — n — 2m)};

(3) LM3(TT°H(G)) = m[n(n+m) — 2(m + 1)] — M1(G).

Proof By Theorem 3.1, we know that the graph T+%(G) has n +m vertices and m(n + 1)

edges.

By using the definitions of first, second and third leap Zagreb indices and applying
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Propositions 3.2, 3.3 and Observation 3.4 we get the following.

LM, (THY(@)) = S da(v/TTNG))?

VeV (T+0L(G))

= Y /TG + Y da(e/THNG))?
veV(Q) e€E(G)

= Y -1-di@a6)+ Y (m-1)?
veV(Q) e€E(G)

= Y [(n=1)?+di(/G)?-2(n—1Ddi(v/G)] + Y (m—1)
veV(Q) e€E(G)

= n(n—1)2%+m(m—1)2+ M(G) — 4m(n — 1).

LMy(T*N(G)) = > [d2(u/TTHG))] [da(v/TTHG))]
weE(TH01(G))
= > [d@/TTNG))] [da(v/THNG))]
weE(G)
+ > [de(w/THNG)] [de(o/TTONG))]
weE(S(Q))
+ Y [/ TN A2 (0/THNG))]
weE(S(G))
= Y (=12 = (1= )i (@/G) + di (v/G)) + da(u/G) - dy (v]G)]
uwv€EE(G)
+ Y (m=Dn-1-di(u/(@)
uwweE(S(G))
+ ) (m=Dn-1-d(u/(Q)
wweE(S(Q))

= My(G) — (n— 1)M(G) +m[(n —1)* + (m — 1)(n® — n — 2m)).

LM3(T*N(G)) = > [diw/TTNG))] [de(v/THNG)))]

VeV (T+01(G))

= Y [di(w/TTNG))] [da(v/TTONG))]
veV(G)
+ D [di(e/TNG))] [da(e/THONG))]

ecE(G)

= Y [m+d@/G)n-1-di(/G)+ > n(m-1)
veEV(G) e€E(G)

= m[n(n+m)—2(m+1)] — My(G). a

Theorem 3.8 Let G be (n,m) graph. Then

(1) LMy(T~°H(@)) = My (G) +m(m — 1)*;



On the Leap Zagreb Indices of Generalized zyz-Point-Line Transformation Graphs T*Y*(G) when z = 1 53

(2) LMo (T~°Y(G)) = Ma(G) + 2m?(m — 1);
mln(m + 1) + 2(m — 1)] — My(G).

Proof We know the graph T~ (G) has n + m vertices and (n — 1)(% + m) edges, refer
Theorem 3.1. By definitions of the first, second and third leap Zagreb indices and applying
Propositions 3.2, 3.3 and Observation 3.4 we have the following.

LM{(T~N@)) = > da(v/TTNG))?
VeV (T-01(G))

= Y /T NG+ D da(e/T°NG))?
veV(G) e€E(G)
= Mi(G)+m(m—1)>.

LMy(T7°UG)) = > [d2(w/T™"H(G))] [da(v/T~H(G))]
weE(T-%1(Q@))

= Y [b@/TG))] [da(v/T~(G))]

wé¢E(GQ)

+ Y [de(w/TTOUG))] [da(v/T~NG)))]

weE(S(Q))

+ Y [de(w/TTOUG))] [da(v/T~NG)))]

weE(S(G))
= > @/ h/@+ > (m—1)d(u/G)
wwg B(G) weE(S(Q))

+ Y (m=1)d(u/G)

weE(S(Q))

= M(G) +2m*(m —1).

LMs(T7°4(G)) = Yo /TN [do(0/TON@))]

veV(T-H(G))

= X [/T7NG)] [dao/TG))]

veV(G)
+ Y [di(e/TNG))] [da(e/T~N(@))]
e€E(Q)
= mn(m+1)+2(m—1)] — M1(G). O

Theorem 3.9 Let G be (n,m) graph. Then
(1) LM(T**(G)) = n(n - 1)%;
(2) LMy (TM(G)) = 0;
(3) LM3(T' (@) = mn(n —1).

Proof We are easily know that the graph T°'(G) has n + m vertices and m(™5L + n)
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edges by Theorem 3.1. By definitions of the first, second and the third leap Zagreb indices
along with Propositions 3.2, 3.3 and Observation 3.4 we know the following.

LMl(TOH(G)) — Z d2(1)/T011(G))2
veV(TO11(Q))
= D BTG+ D doe/TG))?
veEV(G) e€E(G)

n(n —1)2.

LMy(T*'(G)) = Yoo [/ TONG))] [da(v/TM(G))]
w€E (T (G))

= D [W/TG)] [da(o/TO(G))]
wveE(L(G))
+ ) [da(w/TONG)] [da(v/TM(G))]
wg E(L(G))
+

vEE )

>

weE(S(Q))

>

[da(u/TOM(G))] [da(v/T°M(G))]
+ [do(u/TO"(G))] [do(v/T°"(G))] = 0.

u

(5(@)

LMs(T™(G)) = Yo /TG [da(o/TH(@))]
veV (TP (G))

= > [di(/T"G))] [da(v/T(@))]

veV(G)
+ Y [di(e/TM(G))] [da(e/TO(G))] = mn(n —1). O
e€E(Q)

Theorem 3.10 Let G be (n,m) graph. Then

LM, (TH1(G)) = LMy(THY(G)) = LM3(TH(G)) = 0.

Proof Notice that the graph T (G) has n +m vertices and @ + W + mn edges
by Theorem 3.1. By definitions of the first, second and third leap Zagreb indices along with
Propositions 3.2,3.3 and Observation 3.4, we get similarly the desired result as the proof of
above theorems. O

Theorem 3.11 Let G be (n,m) graph. Then

(1) LMy (THHH(@))
(2) LMy(THHH(@))
(3) LMs(T+H(@))

(n—1)(n? —n —4m) + My (G);
m(n —1)2 — (n — 1)M1(G) + Ma(G);
m[(n —1)(n+ 2) — 2m] — M1(G).

Proof Clearly, the graph TH11(G) has n +m vertices and w + mn edges by Theorem
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3.1. By definitions of the first, second and the third leap Zagreb indices, we get the following
by applying Propositions 3.2, 3.3 and Observation 3.4.

LM(TT(@)) = S da(/TTHG))?
veV(TT1(G))
= Y /TG + D da(e/TTG))
veV(G) e€E(Q)
= > (=1 +di(v/G)? —2n— )i (v/G)]
veV(G)

= (n—1)(n*—n —4m)+ M (G).

LMy(T*H(G)) = > [d2(u/TTH(G))] [da(v/TT(G))]
w€E(T+1(G))

= > [de/TTHG))] [da(v/TTHG)))]

uwveE(G)

+ Y [de(w/TTHG))] [de(v/TTHG))]

+ Y [d/TTHG))] [da(0/THHG))]

LM(TTHG)) = S [diw/TTHG))] [da(v/TTHG)))]
VeV (TH11(Q))
= Y [di(w/TTHG))] [da(v/TTHG))]
veV(G)
+ Y [di(e/TTHG))] [dale/THH(G))]
ecE(G)
= m[(n—1)(n+2) — 2m] — My(G). O

Theorem 3.12 Let G be (n,m) graph. Then

(1) LMy(T~'1(G)) = My (G);
(2) LMx(T~'H(G)) = Ma(G);
(3) LMs(T~'Y(G)) = 2m(n +m — 1) — My(G).

Proof Obviously, the graph T~1(G) has n +m vertices and @ + W + mn edges,
refer Theorem 3.1. Similarly, by definitions of the first, second and the third leap Zagreb indices
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along with Propositions 3.2, 3.3 and Observation 3.4 we know the following.

LM{(T7N@)) = > da(v/TTHHG))
VeV (T11(G))

= Y. /TG + D da(e/THH(G))

veV(G) e€E(G)
= My(G).
LMy(T~H(@)) = > [do(u/T~H(G))] [da(0/T~HH(@))]

weE(T-11(G))

= X /TG [da(v/T(G)]

uww E(G)

+ Y [d/TTHE)] [da(o/THE))]

weE(L(G))

+ Y [d/TTHE)] [da(o/THE))]

w¢E(L(G))

+ Y [de(w/TTHG)) e (v/T (@)

uveE(S(

uveE(S(
_ 5©)

@)
+ Y de(w/TTHG)) e (v/T (@)
@)

LM(T~H(G)) = Yo /TG [da(o/TTHHA))]

veV(T-11(G))

= > (/TG [da(0/T(G))]

veV(G)
+ Y [di(e/TH@))] [dale/TH(G))]
e€E(Q)
= 2m(n+m—1)— M (G). O

Theorem 3.13 Let G be (n,m) graph. Then

(1) LMy (T (@) = n(n — 1) + m(m — 1)(m + 3) — 2(m — 1) M1 (G) + EM;(G);

(2) LMy (TOH(G)) = [25 — n(n — D]M(G) — (m — 1) EMy(G) + EMa(G)
+m(m—1)[n(n—1)— (m—1)] +2mn(n — 1);

(3) LM3(T*+(G)) = (m +n — 1)Mi(G) — EMy(G) + m[n(n +m) — 2(m — 1)].

Proof Notice that the graph T°*1(G) has n + m vertices and m(n — 1) +
Theorem 3.1. By definitions of the first, second and the third leap Zagreb indices we get the

w edges by
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following by applying Propositions 3.2, 3.3 and Observation 3.4.

o7

LM,(T°*Y(G)) = > da(/TOTG))?
VeV (TO+1(G))
= Y BTGP+ D do(e/TOH(G))?
VeV (G) c€E(G)
= D =1+ > [(m—1)*+di(e/G)* - 2(m — 1)di(e/G)]
VeV (G) c€E(G)
= nn—12+m(m—1)(m+3)—2(m—1)M(G) + EM,(G).
LMy(T**H(G)) = > [do (u/T*TH(@))] [da(v/TO+H(@))]
weB(TO+1(G))
= Y [eW/T"NG))] [da(/T(G))]
weE(L(G))
+ Y [da(u/TTHG))] [da(v/TOTHG))]
weE(S(Q))
+ Y [d(w/T(G))] [da(v/TOTH(G))]
uwweE(S(Q))
= Z [(m—1)* = (m — 1)(d1(u/G) + di(v/G)) + di(u/G) - di (v/G)]
uwweE(L(G))
+ Y (n=1)m—-1-d(v/G))
wveE(S(G))
+ Y (n=1)m—1-d(v/G))
weE(S(Q))
(m—1)

=

2

—n(n—1Mi(G) — (m = 1)EM;(G) + EM>(G)

+m(m —1)[n(n—1) — (m — 1)] 4+ 2mn(n — 1).

LM5(T°*(G))

> [dy (/TN (@))] [da(v/TOTHG))]

veV(TOTH(G))

>

[d1 (v/T*TH(G))] [da(v/T"(G))]

veV(G)

+ > [dile/TTHG))] [da(e/TOTH(G))]

ecE(G)

Yo =1+ Y [(n+die/G))(m —1-di(e/G))]

veV(G) c€E(G)

(m+n—1)M(G) — EM(G) + m[n(n+ m) — 2(m — 1)].

Theorem 3.14 Let G be (n,m) graph. Then

(1) LM(T*H(@))

(2) LMy (THH(@)) =

(m—1)?

2

m(m —1)(m+3) —2(m — 1)M1(G) + EM;,(G);

Mi(G) — (m — 1)EM,(G) + EM>(G) — m(m — 1)%;
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(3) LM3(T* (@) = (m —n — 1)M1(G) — EM;(G) +m[n(m + 1) — 2(m — 1)].
Proof Clearly, the graph T'*!(G) has n+m vertices and (n—1)(% +m)+ Ml( )
Theorem 3.1. By definitions of the first, second and the third leap Zagreb indices we therefore

edges by

get the following by Propositions 3.2, 3.3 and Observation 3.4.

LM(T*N(G)) = S da/THHG))?
VeV (TH1(G))
= Y d/TTHG)+ D da(e/THG))?
veV(G) e€E(Q)
= Y [m=1)7+d(e/G)? —2(m ~ 1)di(e/G)]
e€E(Q)

= m(m—1)(m+3)—2(m—1)M:(G) + EM:(G).

LMy(T'H(G)) = > [do(u/T'H(G))] [da(v/THH(@))]
weE(T1(Q))
= Y [da(uw/THG))] [de(v/THHG))]
uwveE(G)
+ > [de(uw/THG))] [da(v/THH(G))]
w¢E(GQ)

+ Y [da(w/THG))] [da(v/THH(G))]

weE(L(G))

+ [ 2 (u/THG))] [d2(v/TH(G))]

Z
+ Z [(a/TlH(G»] [da(v/T*(G))]

wweE(S(G))
= (=12 = (= ) W) + di(v/G)) + di (1] G) - di (]G]
uwweE(L(G))
12
= (m 5 ) M;i(G) — (m — 1)EM1(G) + EM2(G) — m(m — 1)
LETHE) = Y [me/T6)] [/ E)]
veV(THH1(G))

= Y [di(w/THG))] [da(v/T"TH(G))]

veV(G)
+ Y [dile/THH@))] [dae/THHG))]
e€E(G)
= (m—n—-1)M(G) - EM:1(G) + m[n(m +1) — 2(m — 1)]. O

Theorem 3.15 Let G be (n,m) graph. Then

(1) LM, (T+(G)) = (n — Dn(n — 1) — 4m] + m(m — 1)(m + 3)
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— (2m — 3)M1(G) + EM1(G);

(2) LMy(TH1(@)) = [<m;1>2 —(n—1)(n+ 1)) Mi(G) + Ma(G) — (m — 1) EM;(G)

(n
+EM3(G) + m[n(2n — 3) — m(3m — 4) + mn(n — 1)]

+ > dz(u/G)d2(v/G)
uweV(G),veE(G),u~v
+ > d2(u/G)da(v/G);

uweV(G),veE(G),unv

(3) LM3(THT(@)) = mn(m +n —2) + (m —n—2)M(G) — EM;(G).

. ML (G)
Proof Clearly, the graph T+*!(G) has n-+m vertices and mn+ ==

Now by definitions of the first, second and the third leap Zagreb indices, applying Propositions

edges by Theorem 3.1.

3.2,3.3 and Observation 3.4 we have the following.

LMy (TH(G) = S da/TTHG))?
veV(THH1(G))

= Y /TG + D da(e/TTHHG))

VeV (G) c€E(G)

= Y In-1-d@/e)P+ Y m—1-de/G)?
veV(G) c€E(G)

= (n—=1nn-1)—4m]+m(m —1)(m+3) — (2m — 3)M1(G)
YEM,(G).

LMy(T*HH(G)) = > [da(u/T*HH(@))] [da(0/THHH(G))]
wEE(T++1(G))

= > [da/TTNG))] [da(w/TTHG))]

uwweE(G)

+ > [da(w/TTHG))] [da(o/THH(G))]

wveE(L(G))

+ > [da(w/TTHG))] [da(v/THH(G))]

wveE(S(G))
+ D /TG [da(o/TTHE))]
wweE(S(Q))
_ ((m — 1)
= 5 _
+EM3(G) + m[n(2n — 3) —m(3m — 4) + mn(n — 1)]
+ > da(u/@)da(v/G)

ueV(G),veE(G),u~v

+ > da(u/@)da(v/@).

uweV(G),veE(G),unv

(n—1)(n+ 1)) M (G) + M3(G) — (m — 1) EM;(G)
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LM3(T*H(@)) = Yo /TG [de(v/THHG))]
veV(T+H+H1(Q))
= > /T [da(/TTHG))]
veV(G)
+ Y [dile/THHG))] [dale/THH(G))]
e€E(Q)
= mn(m+n—2)+ (m—n-—2)M(G) — EM(G). O

Theorem 3.16 Let G be (n,m) graph. Then

(1) LMy(T—+Y(G)) = m(m — 1)(m + 3) — (2m — 3)M1(G) + EM,(G);

(2) LMo(TH(G)) = W52 My(G) + TER(G) — (m — )EMi(G) + EMa(G) + m(m — 1)(m + 1)

- 2 d2(u/G)d2(v/G) + 2 d2(u/G)d2(v/G) | ;

ueV(G),veEE(G),u~v ueV(G),veEE(G),uxv

(3) LM3(T~4(G)) = (m — n — 2)My(G) — EM1(G) + mn(m + 3).

Proof Notice that the graph T~+!(G) has n + m vertices and @ +m(n—2)+

edges, refer Theorem 3.1. We are easily get the following by definitions of the first, second and

My (G)
2

the third leap Zagreb indices along with Propositions 3.2, 3.3 and Observation 3.4.

LMy(T~HN(G)) = S d/THHG))?
veV(T—1t1(Q))
Y /TG + Y da(e/THHG))?
veV(G) e€E(G)
m(m — 1)(m + 3) — (2m — 3)M1(G) + EM;(G).

LMx(T™ (@) = > [d2(u/T~7H(G))] [da(v/T~TH(G))]

we€E(T—1+1(G))

= Y [d(w/T7HE)] [d2(0/T™ (@)

wvg B(G)

+ Y [de(w/TTTHG))] [d(v/T~THG))]
wweE(L(G))

+ ) [de(w/TTHG)] [de(v/T™ (@)
uwvEE(S(G))

+ ) [de(uw/TTTHE))] [da(v/T~TH(G))]
wve€E(S(G))

- = p s Mi(G) +M2(G) — (m — 1) EM:(G)

+EM2(G) + m(m — 1)(m + 1)

- > do(u/G)da(v/G) + > do(u/G)da(v/G) | .

ueV(G),veEE(G),u~v ueV(G),veEE(G),uxv
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LM3(T~H(G)) = > [di(v/T~THG))] [da(v/T~HHG))]
veV(I—+1(@))

= > (/TG [dao/THE))]

veV(G)
+ > [dile/T~THG))] [dale/T~THG)))]
e€E(G)
= (m—n-2)M(G) — EM;(G) +mn(m + 3). O

Theorem 3.17 Let G be (n,m) graph. Then

(1) LMy (T°7H(@)) = n(n — 1)* + EM;(G);
(2) LMo(T°~1(@)) = EM2(G) + n(n — 1)M1(G) — 2mn(n — 1);

(3) LM3(T°~Y(@)) = (n+m — 1)M1(G) — EM;(G) + m(n? — 3n — 2m + 2).

Proof Notice that the graph T°71(G) has n + m vertices and m (L 4+ n) — Ml(G)

refer Theorem 3.1. By definitions of the first, second and the third leap Zagreb 1ndlces along

edges,

with Propositions 3.2,3.3 and Observation 3.4 we get the following.

LM(T*7H(@)) = Y. d@/T7NG))
veV (T~ 1(Q))
= > /TN + D da(e/T7HG))?
veV(G) e€E(G)

= n(n—1)>+ EM;(G).

LMy(T"7H(G)) = Yo [dw/TN@)] [do(o/TOH@))]

weE(T°-1(Q))

= > [de(uw/TOHG))] [da(v/TO7HG)))]
wgE(L(Q))

+ Y [d@/T7HE))] [da(v/T07H(G))]

weE(S(Q))

+ Y [d@/T7H@))] [dav/TO7H(@))]

weE(S(G))

= Y W) e/ Y (- Ddw/C)

weE(L(Q)) weE(S(Q))
FY DA/
wweE(S(Q))
= EMs(G)+n(n—1)Mi(G) — 2mn(n — 1).
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LM3(T"H(@)) = S /T HG)] [da(0/TOH(G)))]

vEV(TO-1(G))

= > [di(/T"NG))] [da(v/T"H(G))]

veV(G)
+ ) [di(e/TO7H@))] [da(e/TOH(G))]
e€E(Q)
= (n+m—1)M(G) - EM(G) +m(n® — 3n — 2m + 2). 0

Theorem 3.18 Let G be (n,m) graph. Then

(1) LM(T'7H(G)) = EMy(G);
(2) LMo (T (@) = EMa(G);

(3) LM3(T'=(G)) = (n +m — 1)My(G) — EM1(G) — 2m(n +m — 1).

Proof Clearly, the graph T'~1(G) has n + m vertices and @ +m(Zt +n) —
edges by Theorem 3.1. Whence, by definitions of the first, second and the third leap Zagreb
indices along with Propositions 3.2,3.3 and Observation 3.4 we get the following.

My (G)
2

LM\(T'"Y(@) = Y d/THG))?
veV(T'=H(G))
C S wr@r e Y b
veV(G) e€E(G)
— EM(G).
LMy(T'H(G)) = > [d2(u/THG))] [da(v/T'H(G))]
weE (T~ 1(G))
= > [d@/THE)] [da(o/THG))]
weEE(G)
+ Y [da(w/THG))] [de(o/T'H(G))]
wg E(G)
+ > [de/THG))] [de(o/T'H(G))]
wg B(L(G))
+ > [de(w/THG))] [de(o/TH(@))]
wveE(S(G))
+ Z [da(u/TH(G))] [d2(v/T'H(G))]
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LM(T'7H(G)) = Yo /TN [d(o/THA))

vEV(T1-1(G))

= > /TG [da(v/TH(G))]

veV(G)
+ Y [die/THE))] [da(e/THH(G))]
e€E(G)
= (n+m—1)Mi(G) — EM;(G) —2m(n+m —1). O

Theorem 3.19 Let G be (n,m) graph. Then

(1) LMy(T+=Y(@)) = Mi(G) + EMi(G) + (n — 1)[n(n — 1) — dm;

(2) LM2(T*1(@)) = (n — 1)2 My (G) + M2(G) + EMa(G) — m(n—1)(n + 1)

- 2 d2(u/G)d2(v/G) + 2 d2(u/G)d2(v/G) | ;

ueV(G),veE(G),u~v uweV(G),veEE(G),umv

(3) LM3(T+ (@) = (n+m —2)M1(G) — EM1(G) + m[(n — 1)(n+2) —2(2m +n — 1)].

Proof Clearly, the graph T7~!(G) has n 4+ m vertices and m (22 +n) —

MI(G) edges by

Theorem 3.1. By definitions of the first, second and the third leap Zagreb indlces along with

Propositions 3.2, 3.3 and Observation 3.4 we therefore get the following.

LM(TH (@) = S/ TTHG))?
veEV(TT-1(G))
= Y bwTHOR Y dle/ TG
veV(Q) e€E(Q)

LMz (T*7H(@))

= M (G)+ EM(G)+ (n—1)[n(n —1) —4m].

> [d2(u/TTH(G))] [da(v/TTH(G))]

weB(TT-1(Q))

Y [da/TTHE))] [da(o/THH(@))]

uveE(G)

+ Y [/ TG [da(o/TTHG))]

uwvg E(L(G))

+ Y [/ TG [da(o/THG))]

wveE(S(G))

+ > [de(w/TTTHG))] [de(v/TH (@)
wve€E(S(G))

(n — 1)2My(G) + Ma(G) + EMG(G) — m(n — 1)(n + 1)

- > do(u/G)da(v/G) + > do(u/G)da(v/G) | .

ueV(G),veEE(G),u~v ueV(G),veEE(G),uxv
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veV(T+-1(G))

= Y [b/THO)] [da(o/THE))]

veV(G)

+ > [dile/TTHG))] [dale/TTH(G)))]

ecE(G)
= (n+m—2)M(G)— EM(G)+m[(n—1)(n+2)—2(2m+n—1)]. O

Theorem 3.20 Let G be (n,m) graph. Then

(1) LM(T~1(G)) = My(G) + EM,(G);

(2) LMx(T~74(G))

Mi(G) + EM>(G) +

ueV(G),veE(G),u~v
> dy(u/G)d2(v/G);

uweV(G),veE(G),unv

(3) LM3(T~~1(G)) = (n+ m — 2)My(G) — EMy(G).

Proof Notice that the graph T~ ~!(G) has n+m vertices and @ +m(2ZL +n)—

[di(v/T*HG))] [da(v/T*H(G))]

da(u/G)da(v/G)

M (G)
2

edges by Theorem 3.1. By definitions of the first, second and the third leap Zagreb indices,

Propositions 3.2, 3.3 and Observation 3.4, we are easily get the following.

LM(T~7HG))

LMy(T~7H@G)) =

- ¥

da(v/T~~H(@))?
veV(T-—1(G))

veEV(G) c€E(G)

— M (G) + EMy(G).

>

weE(T~--1(Q))

Yo d/TTTHAP+ Y dale/TH@)?

[dg(u/Tffl(G))} [dz(v/Tifl (G))]

37 [do(w/T~7HG))] [dalv/T~"HG))]

w¢E(G)
[do(w/T~"1G))] [do(v/T

>

ueV(G),veE(G),u~v
+ > dy(u/G)da(v/G).

uweV(G),veE(G),unv

Q)]
[d2(w/T™7H@))] [do(v/T™7H(G))]

[do(u/T~~YG))] [da(v/T~H(@))]

dg (U/G)dQ (’U/G)
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LMs(T~7Y(G)) = Yo [di/THG))] [da(o/T~7H(G))]

veV(T——1(G))

= Y [di(/THG))] [da(v/T~7HG))]

veV(G)
+ 3 [dile/T™7HG))] [dale/T~7HG))]
e€E(Q)
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Abstract: In this paper, the exact formulae for the generalized product degree dis-
tance, reciprocal product degree distance and product degree distance of strong prod-
uct of a connected graph and the complete multipartite graph with partite sets of sizes

mo, M1, +++ , My—1 are obtained.
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§1. Introduction

All the graphs considered in this paper are simple and connected. For vertices u,v € V(G), the
distance between u and v in G, denoted by dg(u,v), is the length of a shortest (u,v)-path in
G and let dg(v) be the degree of a vertex v € V(G). The strong product of graphs G and H,
denoted by GX H, is the graph with vertex set V(G) x V(H) = {(u,v) : u € V(G),v € V(H)}
and (u, z)(v,y) is an edge whenever (i) u =v and zy € E(H), or (i) wv € E(G) and z =y, or
(#4i) wv € E(GQ) and zy € E(H).

A topological index of a graph is a real number related to the graph; it does not depend
on labeling or pictorial representation of a graph. In theoretical chemistry, molecular structure
descriptors (also called topological indices) are used for modeling physicochemical, pharma-
cologic, toxicologic, biological and other properties of chemical compounds [12]. There exist
several types of such indices, especially those based on vertex and edge distances. One of the

most intensively studied topological indices is the Wiener index.

Let G be a connected graph. Then Wiener index of G is defined as

W(G) = = Z de(u,v)

u,v € V(G)

with the summation going over all pairs of distinct vertices of G. This definition can be further

1Received September 9, 2017, Accepted May 20, 2018.
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generalized in the following way:

M@ =5 Y o)

u,v € V(G)

where d,(u,v) = (dg(u,v))* and A is a real number [13, 14]. If A = —1, then W_1(G) = H(G),
where H(G) is Harary index of G. In the chemical literature also W% [29] as well as the general

case W, were examined [10, 15].

Dobrynin and Kochetova [6] and Gutman [11] independently proposed a vertex-degree-
weighted version of Wiener index called degree distance, which is defined for a connected graph
G as )

DD(G) = 5 > (da(w) + da(v)de(u,v),
u, eV (G)
where dg(u) is the degree of the vertex u in G. Similarly, the product degree distance or Gutman

index of a connected graph G is defined as

DD*(G):% S da(u)de(v)de u,v).
u,veV(G)

The additively weighted Harary index(H 4) or reciprocal degree distance(RDD) is defined
in [3] as

HA(G):RDD(G):% S %_
wweV(G) g

Similarly, Su et al. [28] introduce the reciprocal product degree distance of graphs, which

can be seen as a product-degree-weight version of Harary index

dg(u)dg(v)
dg(u,v)

RDD,(G) = % >

u,veV(Q)

In [16], Hamzeh et al. recently introduced generalized degree distance of graphs. Hua and
Zhang [18] have obtained lower and upper bounds for the reciprocal degree distance of graph in
terms of other graph invariants. Pattabiraman et al. [22, 23] have obtained the reciprocal degree
distance of join, tensor product, strong product and wreath product of two connected graphs
in terms of other graph invariants. The chemical applications and mathematical properties of

the reciprocal degree distance are well studied in [3, 20, 27].

The generalized degree distance, denoted by Hy(G), is defined as
1

HAG) =5 D (do(u) +do(v)dg (u,v),
u,veV(Q)

where X is a real number. If A = 1, then H\(G) = DD(G) and if A = —1, then H)\(G) =
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RDD(G). Similarly, generalized product degree distance, denoted by H}(G), is defined as

H;(G):% > dg(u)da(v)dg(u,v).
u,veV(G)

If X =1, then H{(G) = DD.(G) and if A = —1, then H}(G) = RDD,.(G). Therefore the
study of the above topological indices are important and we try to obtain the results related
to these indices. The generalized degree distance of unicyclic and bicyclic graphs are studied
by Hamzeh et al. [16, 17]. Also they are given the generalized degree distance of Cartesian
product, join, symmetric difference, composition and disjunction of two graphs. The gener-
alized degree distance and generalized product degree distance of some classes of graphs are
obtained in [24, 25, 26]. In this paper, the exact formulae for the generalized product degree
distance, reciprocal product degree distance and product degree distance of strong product
GX Ky, mi, -, mr_q, Where Ko my .. m,_, is the complete multipartite graph with partite

sets of sizes mg, mq, ---, m,_1 are obtained.

The first Zagreb index is defined as

and the second Zagreb index is defined as

MyG) = > da(u)dg(v).

weE(Q)

In fact, one can rewrite the first Zagreb index as

M(G) = > (da(w)+da(v)).

uwveE(G)

The Zagreb indices were found to be successful in chemical and physico-chemical applica-
tions, especially in QSPR/QSAR studies, see [8, 9].

For S C V(@G), (S) denotes the subgraph of G induced by S. For two subsets S,T C V(G),
not necessarily disjoint, by dg(S,T), we mean the sum of the distances in G from each vertex

of S to every vertex of T, that is, dg(S,T) = >  dg(s,t).
seS;teT

82. Generalized Product Degree Distance of Strong Product of Graphs

In this section, we obtain the Generalized product degree distance of GX K, my, -, m,._,- Let
G be a simple connected graph with V(G) = {vo,v1, -+ ,vn—1} and let Kpo my, oo omp_qs 7 > 2,
be the complete multiparite graph with partite sets Vo, V4, -+, Vi1 and let |V;| = m;, 0 <
i <r —1.In the graph G® K,y my, o, mo_q, let Bij = v; x Vj,0;, € V(G) and 0 < j < r — 1.
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For our convenience, the vertex set of G X Ky my, -, m,_, 1S written as

r—1 n—1

Let Z={Bi;}i—o0,1,-,n-1. Let X; = |J Bj; andY; = |J B;;; we call X; and Y; as layer
7=0,1,---,r—1 ji=0 i=0

and column of G ™ Ky m,, ..., m,_,, respectively. If we denote V(By;) = {xi1, Ti2, -+, Tim, }

and V(Bgp) = {Zk1,Zr2, -+, Thm, }, then x; and a2, 1 < £ < j, are called the corresponding
vertices of B;; and By,. Further, if v;vy, € E(G), then the induced subgraph (B;; |J Bip) of GK
King, mi, -, m,_, i isomorphic to Ky, v,| or, m; independent edges joining the corresponding
vertices of B;; and By; according as j # p or j = p, respectively.

The following remark is follows from the structure of the graph Ky, my, -, mo_s-

Remark 2.1 Let ng and q be the number of vertices and edges of Ky my, -, m,_,- Lhen the

sSuUms
r—1
E m;m, = 2q,
J,p=0
Ji#p
r—1
2 _ 2
E mj = ng—2q,
j=0
r—1 r—1
m2m, = nog — 3t = m;m2
3 !tp — 0q - 31 ps
4,p=0 J,p=0
J#p J#p
r—1
E m ng — 3noq + 3t
Jj=0
and
r—1

Z mt = ng — 4nq + 2¢° + dngt — 47,

. ’ .
where t and T are the number of triangles and K,* in Ky my, - my_1-

The proof of the following lemma follows easily from the properties and structure of G X

Km07m17 oy Myp—1°

Lemma 2.2 Let G be a connected graph and let B;;, By, € % of the graph G' = G X

Koo, ma, - ,me_y, Where v > 2. Then

(1) If vivg € E(G) and xiy € Byj, xie € By, then

1, if t=1,
2, if t#¢,

da (i, Tre) =
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and if Ty € Byj, Tke € Bip, J # D, then dgr(zi, Tre) = 1.

(13) If vivy ¢ E(QG), then for any two vertices xiy € Bij, Twe € Bip, dor(Tit, The) =
dG (’Ui, Uk).

(13i) For any two distinct vertices in B;j;, their distance is 2.

The proof of the following lemma follows easily from Lemma 2.2, which is used in the proof

of the main theorems of this section.

Lemma 2.3 Let G be a connected graph and let B;j, By, € % of the graph G' = G K
Km(),mh...,mT,l, where r > 2.
(i) If vivx € E(G), then

m;mp, lf j#pu

H .. =
dg(Bij, Bip) mamatd) p = p,

(1) If viug, ¢ E(G), then

mim . .
dc(;gﬁk)v if j# D,

A& (Bij, Brp) = m "y
Tty W I=P

m;myp, ij#p,

(idi) dG,(Bij, Bip) =, "0
M, ifj:p-

Lemma 2.4 Let G be a connected graph and let B;; in G' = G® Kpy my, -, m._,- Then the

degree of a vertex (v;,u;) € By; in G’ is

dar ((visug)) = da(vi) + (no — my) + de(vi)(no — my),

r—1
where ng = Y m;.
=0

Now we obtain the generalized product degree distance of G X K my, o, moy -
Theorem 2.5 Let G be a connected graph with n vertices and m edges. Then
HY(G® Koo, my, -,y )

n
= (4¢> + n§ + 4Anoq) H3 (G) + 4¢*°Wr(G) + (4¢° + 2n0q) HA(G) + 5(4(12 — noq — 3t)

+M1(G)

[471(2)(] — 2¢° + 4not + 9t + Tnog — ng — 3n(2) — an + 87’}
+m {Bnoq + 2not — 2¢% — 3t — 4q + 47
+2) [Ml(G)(2q2 — 2t — 6t — 2¢ — 47) + m(2¢ — 2not — noq — 3t — 47)}

(2 = 1)My(G) [2¢2 — 2not — 3n + 10nq + n2 — 18 — 6q — ng — 47} .
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Proof Let G' = GX Ky, m,.....m,_,- Clearly,

. 1
HY(@) = 5 > da(Bij)da (Biy)dy (Bij, Biy)
Bij,Brp €A

n—1 r—1

1

5(2 >~ dor(Bij)der(Bip)d (Bij, Biy)
i=0j,p=0
j#p

n—1 r—1

+ Y Y da(Bij)der (Biy)des (Bij, Bj)
i k=05=0
i k
n—1 r—1

+ > > da(By)dar(Bip)dg (Bij, Bip)
i k=04,p=0
itk j#p

+ i i de(Bij)dar (Bij)dg (Bij, Bz‘j))- (2.1)

i=0j=0

We shall obtain the sums of (2.1) are separately.

n—1 r—1
First we calculate A1 = > > de(Bij)dar (Bip)de. (Bij, Bip). For that first we find T7.
i=04,p=0

By Lemma 2.4, we have

Ti = do(Bij)de (Bip)
(dG(Ui)(no —mj+1)+ (no — mj)) (dG(Uz‘)(no —myp + 1)+ (no — m,,))

= (0 + 12 = (no + L)m; — (no + Lymy, + mym, ) (v:)
+(2n0(n0 +1) = (2no + 1)m; — (2no + 1)m, + 2mjmp) dg(v;)
—i—(ng — ngmy — NoMm; + mjmp).
From Lemma 2.3, we have d, (B;j, Bip) = mjm,. Thus
Tidgy (Bij, Bip) = Timmy,
= ((no +1)%m;m, — (no + 1)m§mp — (ng + 1)mjm§ + m?mi) d2(v;)
—|—(2n0(n0 + 1)mjmy — (2ng + L)m3m,, — (2n + 1)mym. + 2m§m§) da(v;)

2 2 2 2,2
—i—(nomjmp — MMMy — NN My, + mjmp).
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By Remark 2.1, we have

r—1
Ty = ) T{d(Bij, Bip)
7, p=0
Ji#p
— (2q2 + 2gno + 2n0t + 2 + 47 + Gt) &2 (v;)
+ (2an + 4dngt — 4¢* + 6t + 87-) de(vs)

+ (2n0t +2¢% + 47) .
From the definition of the first Zagreb index, we have

n—1

A4 = > T
i=0
- (2q2 4 2qno + 2not + 2 + 47 + 6t) My (@)

+2m (Qqno + 4dngt — 4¢> + 6t + 87)

+n (2n0t +2¢% + 47').
Next we obtain Ao = > 3 dar(Bij)dg: (Bxj)dy: (Bij, Bi;). For that first we find 5.

By Lemma 2.4, we have

Ty = dg/(Bij)de (Brj)
= (da(i)(mo —m; + 1)+ (0o = m;) ) (do(ve)(no = m; +1) + (no —m;) )
= (no —my; + 1)%dg(vi)da(v) + (no — m;)(no —m; + 1)(da (v:) + da(vr))
—|—(n0 — mj)2.
Thus

r—1 n-—1

Ay = Y Y Tydg(Bij, Biy)

j=0i,k=0
itk
r—1 n—1 r—1 n—1
= Y > Tdy(BiyBi)+ Y, Y. Tidy(Bij, Bi))
j=0 4i,k=0 i=0 k=0

itk ik
v;v, €E(G) vivp ¢ E(G)
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By Lemma 2.3, we have

r—1 n—1 r—1 n—1
Ay = Ty (1 -2 4 2>‘mj>mj + Z Z Tglmf d2 (vi, vg),
j=0 4,k=0 j=0 i,k=0
itk iF#k
v v €EE(G) v; v ¢ E(G)
r—1 n—1 r—1 n—1
- T((1- 22+ 2 my )y +md—md) >0 N Tym? d(vi,ve)
j=0 4,k=0 7=0 4, k=0
ik ik
viv, €E(G) v v ¢ E(G)
r—1 n—1 r—1 n—1

Ty(2* — 1)(m§ - mj) + Z Z Tém? d3 (vi, vy,)

Il
7™

j=0 1 0 j=0i,k=0
i#£k i#k
Ui’UkEE(G)
= S1+ 59, (22)

where S; and S are the sums of the terms of the above expression, in order.

Now we calculate S;. For that first we find the following.

2 — 1T} (m§ - mj) — (2 1) [(m;* — (2n0 + 3)m? + (n2 + 4ng + 3)m?
—(no + 1)2mj)dg(vi)dg(vk)
+ (i = (2o +2)m + (03 + 3no + V2 = (53 + no)m; ) (da (v1) + da(vr)
+(m4 — (2no + 1)m? + (n§ + 2no)m7 — ngmj)]

J

By Remark 2.1, we have

r—1
Ty = (2 - 1T (m;% - mj)
j=0
= (2*-1) [(2{12 — 2ngt — 47 — 3n3 + 10ngq — 18t +nj — 6g — no)dg(’l}i)dg(’vk)

+(2q2 — 47 — 2not — 6t — Qq) (da(vi) + da(vr))
+(

2¢% — 41 — 2not — noq — 3t)} .

Hence
n—1
D Y &
i, k=0
itk
v, EE(G)

= 2-1) {(2(;2 — 2ngt — 47 — 3n + 10n0q — 18t + n2 — 6g — no) 20Ms(G)
+(24% = 4 — 2ngt — 6t — 29) 204, (G)

-i-2m(2q2 — 41 — 2not — npq — 3t)} .
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Next we calculate Ss. For that we need the following.

Tym? = ( - (2no+2)m?+(no+1)2m§)dg(vi)dg(vk)
+(m = 2o + 1)m3 + (18 + no)m? ) (des (v3) + da(v))

—|—(m§ — 2n0m§ + ngmf).

By Remark 2.1, we have

r—1
A
j=0
= (2(]2 — 471 — 2ngt — 6t + 2ngq — 2q + n%)dg(vi)dg(vk)
+(2q2 — A7 — 2t — 3t + noq) (de(v:) + der(vi))

+ (2q2 — 47 — 2n0t).

From the definitions of H},Hy and W), we obtain

n—1
SQ = Z TQdé;(Ui, ’Uk)
k=0
i#£k

= 2(2¢> — 47 — 2nt — 6t + 2n0g — 2q + 13 ) H3(G)
+2(2q2 A7 — 2ngt — 3t + noq) Hy\(G)

+2(2q2 47— 2n0t) WA (G).

Now we calculate A3 = nz_:l Til de(Bij)dg: (Brp)dp (Bij, Brp). For that first we com-
R
pute T4. By Lemma 2.4, we have
T; = da(Bij)de (Bp)
= (da)(no —m; + 1) + (o = m;)) (do(ve) (no = my +1) + (mo = m,))
= da(vi)da(vr)(no —m; +1)(no —myp + 1) +da(vi)(no — my +1)(no — myp)

+da(vk)(no —mp + 1)(no — my;) + (no — m;)(no — my).
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Since the distance between B;; and By, is mjmy,dp (vi, vy). Thus

Tsm;m, = dg(vi)de(vk) ((n% + 2no + 1)m;my, — (ng + 1)mimy, — (no + 1)m;m2 + m?mf))
+dg(v;) ((n% + ng)m;m, — (ng + 1)mjm12) — nomimp + m?mi)

+de(vg) ((ng + ng)m;m, — nomjmf) — (no + l)m?mp + m?mf))

2. 2 2 2,2
—l—(nomjmp — NgM;My, — NeM;My + mjmp).

By Remark 2.1, we obtain

r—1

o= Y Tymym, = da(v)de(v) (2n0q + 2not + 2q + 2¢% + 6t + 47)

J,p=0,
J#p

+(da(v;) + da(vg)) (qno + 2not + 3t + 2¢% + 47')

n (2n0t +24% + 47).

Hence
n—1
Az = ) Tsdy(vi,vx) = 2H;(G) (2n0q + 2not + 2q + 2¢% + 6t + 47)

i k=0
itk

+2H,\(G) (qno + 2not + 3t + 2% + 47)

LW (G) (2n0t +24° + 47).

n—1r—1
Finally, we obtain Ay = Y. " dg/(Bij)dar (Bij)d} (Bij, Bij). For that first we calculate

i=0j=0
T;. By Lemma 2.4, we have

Ty = dg/(Bij)dc(Bij)
= (dolo)no —m; +1) + (g — ;)
= dé(vi)(no —m; + 1)2 + 2dg(vi)(n0 - mj)(no —m; + 1) + (TLQ — mj)Q.

From Lemma 2.3, the distance between (B;; and (B;; is mj(m; — 1). Thus

Tymj(m; —1) = dé(vi)(m? — (2no + 3)m§? + ((no +1)* + 2)m? — (no + 1)2mj>
+2dg(v:) (md = (2n0 + 2)m3 + (nF + 3o + 1)m? = (g + no)m; )

—i—(m? — (2no + 1)m3 + (n§ + 2ng)m? — n%mj).
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By Remark 2.1, we obtain

r—1
T, = Y Timj(m;—1)

Jj=0

= di(v) (4n3q — 20 — 3nd — 2ngt + 5nog — 9t — 6q — ng — 47)
+2dg(v;) (2q2 — 2ot — 2q — 6t — 47)

+(2q2 — 2not — noq — 3t — 47').

Hence
n—1
Ay = ) Tud} (B, Bij)
i=0
= Mi(G) (4ngq —2n3 — 3n — 2ngt + 5ngq — 9t — 6 — ng — 47')
dm (2q2 ~ 2not — 2q — 6t — 47)
+n (2q2 — 2not — npq — 3t — 47).
Adding A;,51,52,A3 and A4 we get the required result. O

If we set A = 1in Theorem 2.5, we obtain the product degree distance of GRK o my, - m, ;-

Theorem 2.6 Let G be a connected graph with n vertices and m edges. Then

DD,.(GX Koy, ma, - 7mr—1)
= (4¢* + n3 + 4noq) DD.(G) + 4¢*W (G)
+(4¢% + 2n0q)DD(G) + g(4q2 — noq — 3t)

My (G)
2
+m {noq — Ongt +2¢% — 9t — 4q — 47}

+

{4n3q + 6¢% — dngt — 15t + Tnog — no — 3ng — 2nj — 87}

+Ms(G) [2q2 — 2ngt — 3n3 + 10ngq + n2 — 18t — 6 — ng — 47}
forr > 2.

Setting A = —1 in Theorem 2.5, we obtain the reciprocal product degree distance of
GK Kmo;ml, sy Mp—1

Theorem 2.7 Let G be a connected graph with n vertices and m edges. Then

RDD.(G® Kung,my, o, mr_y)
= (4¢® + n? + 4noq) RDD.(G) + 4¢*H(G)
+(4¢® + 2noq)RDD(G) + g(4q2 —nog — 3t)
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My (G
++) [4113(] + 2not + 3t + Tnoq — no — 3na — 2nj — 2q + 47}
5 ot
—i—m[ T;Oq +not — ¢* — > —4q+27}
My (G
—%) [2q2 — 2ngt — 3n3 + 10noq + n2 — 18t — 6¢ — ng — 47}
forr>2.
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Abstract: In this paper we introduced the new notions semifull signed graph and semifull
line (block) signed graph of a signed graph and its properties are obtained. Also, we obtained
the structural characterizations of these notions. Further, we presented some switching

equivalent characterizations.
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§1. Introduction

For all terminology and notation in graph theory we refer the reader to consult any one of the
standard text-books by Chartrand and Zhang [2], Harary [3] and West [12].

If B={ui,ug, - ,ur,r >2}is ablock of a graph T, then we say that vertex u; and block
B are incident with each other, as are us and B and so on. If two blocks B; and Bs of G are
incident with a common cut vertex, then they are adjacent blocks. If B = {e1, ez, ,e5,8 > 1}
is a block of a graph I', then we say that an edge e; and block B are incident with each other,
as are ez and B and so on. This concept was introduced by Kulli [7]. The vertices, edges and
blocks of a graph are called its members.

The line graph L(T") of a graph I is the graph whose vertex set is the set of edges of T in
which two vertices are adjacent if the corresponding edges are adjacent (see [3]).

The semifull graph SF(T') of a graph I' is the graph whose vertex set is the union of
vertices, edges and blocks of I' in which two vertices are adjacent if the corresponding members
of I are adjacent or one corresponds to a vertex and the other to an edge incident with it or
one corresponds to a block B of I" and the other to a vertex v of I' and v is in B. In fact, this
notion was introduced by Kulli [8]. Generally, for a subset B’ C B, a semifull Smarandachely
graph SSF(T') of a graph I" on B’ is the graph with V(SSF(T')) = V(I') JE(T")JB’, and
two vertices are adjacent in SSF(T') if the corresponding members of T' are adjacent or one

corresponds to a vertex and the other to an edge incident with it or one corresponds to a block

1Received November 17, 2017, Accepted May 22, 2018.
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B’ of T and the other to a vertex v of I with v € B’. Clearly, SSF(I') = SF(T') if B’ = B.

In [9], the author introduced the new notions called “semifull line graphs and semifull block
graphs’ as follows: The semifull line graph SFL(T') of a graph I" is the graph whose vertex
set is the union of the set of vertices, edges and blocks of I' in which two vertices are adjacent
SFL(T) if the corresponding vertices and edges of T" are adjacent or one corresponds to a vertex
of I and other to an edge incident with it or one corresponds to a block B of I and other to a
vertex v of I and v is in B.

The semifull block graph SFB(T') of a graph I is the graph whose vertex set is the union
of the set of vertices, edges and blocks of I in which two vertices are adjacent in SFB(T) if
the corresponding vertices and blocks of I' are adjacent or one corresponds to a vertex of I' and
other to an edge incident with it or one corresponds to a block B of I' and other to a vertex v
of I' and v is in B.

A signed graph is an ordered pair ¥ = (T, o), where I' = (V, E) is a graph called underlying
graph of ¥ and o : E — {+,—} is a function. We say that a signed graph is connected if its
underlying graph is connected. A signed graph ¥ = (I', o) is balanced, if every cycle in ¥ has
an even number of negative edges (See [4]). Equivalently, a signed graph is balanced if product
of signs of the edges on every cycle of ¥ is positive.

Signed graphs ¥; and Y5 are isomorphic, written 37 & 35, if there is an isomorphism
between their underlying graphs that preserves the signs of edges.

The theory of balance goes back to Heider [6] who asserted that a social system is balanced
if there is no tension and that unbalanced social structures exhibit a tension resulting in a
tendency to change in the direction of balance. Since this first work of Heider, the notion
of balance has been extensively studied by many mathematicians and psychologists. In 1956,
Cartwright and Harary [4] provided a mathematical model for balance through graphs.

A marking of ¥ is a function ¢ : V(I') — {+, —}. Given a signed graph ¥ one can easily
define a marking ¢ of ¥ as follows: For any vertex v € V(X),

Cwy= I otu),

wveE(X)

the marking ¢ of ¥ is called canonical marking of 3.

The following are the fundamental results about balance, the second being a more advanced
form of the first. Note that in a bipartition of a set, V = V; U V4, the disjoint subsets may be
empty.

Theorem 1.1 A signed graph ¥ is balanced if and only if either of the following equivalent

conditions is satisfied:

(1)(Harary [4]) Its vertex set has a bipartition V- = Vi U Va such that every positive edge
joins vertices in Vi or in Va, and every negative edge joins a vertex in Vi and a vertex in Va.

(2)(Sampathkumar [10]) There exists a marking u of its vertices such that each edge uv
in T satisfies o(uv) = ((u)¢(v).

Let ¥ = (T, 0) be a signed graph. Complement of ¥ is a signed graph ¥ = (T',¢’), where
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for any edge e = uv € T, o/(uv) = ((u)((v). Clearly, ¥ as defined here is a balanced signed
graph due to Theorem 1.1.

A switching function for ¥ is a function ¢ : V. — {+,—}. The switched signature is
o¢(e) := ¢(v)o(e)¢(w), where e has end points v, w. The switched signed graph is £¢ := (3|0¢).
We say that ¥ switched by ¢. Note that ¢ = X7¢ (see [1]).

If X CV, switching ¥ by X (or simply switching X) means reversing the sign of every
edge in the cutset E(X, X¢). The switched signed graph is ¥X. This is the same as 3¢ where
¢(v) := — if and only if v € X. Switching by ¢ or X is the same operation with different
notation. Note that XX = »X°,

Signed graphs ¥; and ¥y are switching equivalent, written 3; ~ ¥q if they have the same
underlying graph and there exists a switching function ¢ such that Eg 2 ¥y. The equivalence

class of X,
[X]:={Y:¥ ~3}

is called the its switching class.

Similarly, ¥; and X5 are switching isomorphic, written 31 & Yo, if ¥ is isomorphic to a
switching of ¥5. The equivalence class of ¥ is called its switching isomorphism class.

Two signed graphs X1 = (I'1,01) and 3o = (I, 02) are said to be weakly isomorphic (see
[11]) or cycle isomorphic (see [13]) if there exists an isomorphism ¢ : 'y — T’ such that the
sign of every cycle Z in ¥; equals to the sign of ¢(Z) in £5. The following result is well known
(see [13]):

Theorem 1.2(T. Zaslavsky, [13]) Two signed graphs X1 and o with the same underlying graph

are switching equivalent if and only if they are cycle isomorphic.

82. Semifull Line Signed Graphs

Motivated by the existing definition of complement of a signed graph, we now extend the notion
called semifull line graphs to realm of signed graphs: the semifull line signed graph SFL(X)
of a signed graph ¥ = (I',0) as a signed graph SFL(X) = (SFL(T"),0’), where for any edge
erez in SFL(T), o'(e1e2) = o(er)o(ez). Further, a signed graph ¥ = (I', o) is called semifull
line signed graph, if ¥ = SFL(Y') for some signed graph ¥'. The following result indicates
the limitations of the notion of semifull line signed graphs as introduced above, since the entire

class of unbalanced signed graphs is forbidden to be semifull line signed graphs.

Theorem 2.1 For any signed graph ¥ = (T, o), its semifull line signed graph SFL(X) is

balanced.

Proof Let ¢ denote the signing of SFL(X) and let the signing o of ¥ be treated as a
marking of the vertices of SFL(X). Then by definition of SFL(X), we see that o’(e1ez) =
o(e1)o(ez), for every edge ereq of SFL(X) and hence, by Theorem 1, the result follows. i

For any positive integer k, the k*" iterated semifull line signed graph, S.F Ek(E) of ¥ is
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defined as follows:

SFLU () =%, SFLF(E) = SFL(SFLF (D))

Corollary 2.2 For any signed graph ¥ = (T',0) and for any positive integer k, SFL(Z) is

balanced.

Proposition 2.3 For any two signed graphs 31 and 3o with the same underlying graph, their

semifull line signed graphs are switching equivalent.

Proof Suppose ¥ = (I',o) and X3 = (IV,0’) be two signed graphs with T' = IV, By
Theorem 2.1, SFL(X;) and SFL(X2) are balanced and hence, the result follows from Theorem
1.2. O

The semifull signed graph SF(X) of a signed graph X = (T, o) as a signed graph SF(X) =
(SF(T),0’), where for any edge ejes in SF(I'), o' (e1e2) = o(e1)o(ez). Further, a signed graph
¥ = (T,0) is called semifull signed graph, if ¥ = SF(X’) for some signed graph ¥'. The
following result indicates the limitations of the notion of semifull signed graphs as introduced
above, since the entire class of unbalanced signed graphs is forbidden to be semifull signed

graphs.

Theorem 2.4 For any signed graph ¥ = (T, 0), its semifull signed graph SF(X) is balanced.

Proof Let o denote the signing of SF(X) and let the signing o of ¥ be treated as a marking
of the vertices of SF(X). Then by definition of SF(X), we see that o'(e1e2) = o(eq1)o(ez), for
every edge ejeg of SF(X) and hence, by Theorem 1, the result follows. |

For any positive integer k, the k' iterated semifull line signed graph, SF*(X) of ¥ is
defined as follows:

SFUD) =%, SFHD) = SF(SFF1(%)

Corollary 2.5 For any signed graph ¥ = (I',0) and for any positive integer k, 8.7:’“(2) is
balanced.

Proposition 2.6 For any two signed graphs 31 and 3o with the same underlying graph, their

semifull signed graphs are switching equivalent.

Proof Suppose ¥ = (I',o) and X3 = (I,0’) be two signed graphs with ' = IV. By
Theorem 2.4, SF(21) and SF(33) are balanced and hence, the result follows from Theorem
1.2. O

In [9], the author characterizes graphs such that semifull line graphs and semifull graphs

are isomorphic.

Theorem 2.7 Let I' be a nontrivial connected graph. The graphs SFL(I) and SF(T') are

isomorphic if and only if ' is a block.
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In view of the above result, we have the following result that characterizes the family of
signed graphs satisfies SFL(X) ~ SF(X).

Theorem 2.8 For any signed graph ¥ = (I',0), SFL(E) ~ SF(X) if and only if T is a block.

Proof Suppose that SFL(X) ~ SF(X). Then clearly, SFL(I') =2 SF(I'). Hence by
Theorem 2.7, T' is a block.

Conversely, suppose that X is a signed graph whose underlying graph is a block. Then by
Theorem 2.7, SFL(T') and SF(T') are isomorphic. Since for any signed graph ¥, both SFL(X)
and SF(X) are balanced, the result follows by Theorem 1.2. O

The following result characterize signed graphs which are semifull line signed graphs.

Theorem 2.9 A signed graph ¥ = (T',0) is a semifull line signed graph if and only if ¥ is
balanced signed graph and its underlying graph T is a semifull line graph.

Proof Suppose that ¥ is balanced and I is a semifull line graph. Then there exists a graph
I such that SFL(IV) 2 I'. Since ¥ is balanced, by Theorem 1.1, there exists a marking ¢
of I' such that each edge uv in ¥ satisfies o(uv) = ((u)((v). Now consider the signed graph
¥ = (I",0’), where for any edge e in I, o’(e) is the marking of the corresponding vertex in T
Then clearly, SFL(X') =2 X. Hence X is a semifull line signed graph.

Conversely, suppose that ¥ = (I',0) is a semifull line signed graph. Then there exists a
signed graph ¥’ = (I, ¢’) such that

SFL(Y) =%

Hence, T is the semiful line graph of TV and by Theorem 2.1, ¥ is balanced. O

In view of the above result, we can easily characterize signed graphs which are semifull
signed graphs.
The notion of negation n(X) of a given signed graph 3 defined in [5] as follows:

n(X) has the same underlying graph as that of ¥ with the sign of each edge opposite to
that given to it in 3. However, this definition does not say anything about what to do with
nonadjacent pairs of vertices in ¥ while applying the unary operator n(.) of taking the negation
of .

For a signed graph ¥ = (T',0), the SFL(X) (SF(X)) is balanced. We now examine, the
conditions under which negation n(X) of SFL(X) (SF(X)) is balanced.

Theorem 2.10 Let ¥ = (T,0) be a signed graph. If SFL(T) (SF(T)) is bipartite then
N(SFL(E)) (SF(X))) is balanced.

Proof Since SFL(Y) (SF(X)) is balanced, if each cycle C' in SFL(X) (SF(X)) contains
even number of negative edges. Also, since SFL(T') (SF(I')) is bipartite, all cycles have even
length; thus, the number of positive edges on any cycle C' in SFL(X) (SF(X)) is also even.
Hence n(SFL(X)) (n(SF(X))) is balanced. O
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§3. Semifull Block Signed Graphs

Motivated by the existing definition of complement of a signed graph, we now extend the notion
called semifull block graphs to realm of signed graphs: the semifull block signed graph SFB(X)
of a signed graph ¥ = (T',0) as a signed graph SFB(X) = (SFB(I"),0’), where for any edge
erez in SFB(T), o'(ere2) = o(e1)o(ez). Further, a signed graph ¥ = (', ) is called semifull
block signed graph, if ¥ = SFL(Y') for some signed graph ¥’. The following result indicates
the limitations of the notion of semifull block signed graphs as introduced above, since the

entire class of unbalanced signed graphs is forbidden to be semifull block signed graphs.

Theorem 3.1 For any signed graph X = (T',0), its semifull block signed graph SFB(X) is

balanced.

Proof Let o denote the signing of SFB(X) and let the signing o of ¥ be treated as a
marking of the vertices of SFB(X). Then by definition of SFB(X), we see that o’(e1ez) =
o(e1)o(ez), for every edge ejes of SFB(X) and hence, by Theorem 1, the result follows. m

For any positive integer k, the k" iterated semifull block signed graph, SF Bk(E) of ¥ is

defined as follows:

SFBY (%) =%, SFB* (%) = SFB(SFB* (%))

Corollary 3.2 For any signed graph ¥ = (T',0) and for any positive integer k, SFB*(X) is

balanced.

Proposition 3.3 —it For any two signed graphs »; and ¥, with the same underlying graph,

their semifull block signed graphs are switching equivalent.

Proof Suppose ¥ = (I',o) and X3 = (IV,0’) be two signed graphs with T' 2 I, By
Theorem 3.1, SFB(X;) and SFB(X3) are balanced and hence, the result follows from Theorem
1.2. O

In [9], the author characterizes graphs such that semifull block graphs and semifull graphs

are isomorphic.

Theorem 3.4 Let I' be a nontrivial connected graph. The graphs SFB(T') and SF(T') are
isomorphic if and only if I is Ps.

In view of the above result, we have the following result that characterizes the family of
signed graphs satisfies SFB(X) ~ SF(X).

Theorem 3.5 For any signed graph ¥ = (T',0), SFB(X) ~ SF(X) if and only if T is Ps.

Proof Suppose that SFB(X) ~ SF(X). Then clearly, SFB(I') = SF(I'). Hence by
Theorem 16, I' is Ps.

Conversely, suppose that ¥ is a signed graph whose underlying graph is P,. Then by
Theorem 16, SFB(I') and SF(T') are isomorphic. Since for any signed graph %, both SFB(X)
and SF(X) are balanced, the result follows by Theorem 2. O
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In view of the Theorem 2.9, we can easily characterize signed graphs which are semifull

block signed graphs.
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81. Introduction

All graphs considered here are finite, nontrivial, undirected with no loops and multiple edges.
For graph theoretic terminology we refer to Harary [1].

Let G = (V, E) be a graph with |V| = p and |E| = q. Let A(G)(6(G)) denote the mazimum
(minimum,) degree and [z](|x]) the least (greatest) integer greater(less) than or equal to x. The
neighborhood of a vertex u is the set N(u) consisting of all vertices v which are adjacent with
u. The closed neighborhood is N[u] = N(u) U {u}. A set of vertices in G is independent if
no two of them are adjacent. The largest number of vertices in such a set is called the vertex
independence number of G and is denoted by 5,(G). For any set S of vertices of G, the induced
subgraph (S) is maximal subgraph of G with vertex set S.

The corona of two graphs GG and Gs is the graph G = G o G5 formed from one copy
of Gy and |V (G1)| copies of Go where the i" vertex of G is adjacent to every vertex in the
it" copy of Ga. A wounded spider is the graph formed by subdividing at most n — 1 of the
edges of a star K3, for n > 0. Let Q(G) be the set of all pendant vertices of G, that is the
set of vertices of degree 1. A vertex v is called a support vertex if v is neighbor of a pendant
vertex and dg(v) > 1. Denote by X (G) the set of all support vertices in G, M(G) be the set

ISupported by University Grant Commission(UGC), New Delhi, India through UGC-SAP- DRS-III, 2016-
2021: F.510/3/DRS-II1/2016 (SAP-I).
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of vertices which are adjacent to support vertex and J(G) be the set of vertices which are not
adjacent to a support vertex. The diameter diam(G) of a connected graph G is the maximum
distance between two vertices of G, that is diam(G) = maz, yev(a) da(u,v). A set B CV is
a 2-packing if for each pair of vertices u,v € B, Ng[u] N Ng[v] = ¢

A proper coloring of a graph G = (V(G), E(G)) is a function from the vertices of the graph
to a set of colors such that any two adjacent vertices have different colors. The chromatic
number x(G) is the minimum number of colors needed in a proper coloring of a graph. A
dominator coloring of a graph G is a proper coloring in which each vertex of the graph dominates
every vertex of some color class. The dominator chromatic number xq(G) is the minimum
number of color classes in a dominator coloring of a graph G. This concept was introduced by
R. Gera at.al [3].

A set D of vertices in a graph G = (V, E) is a dominating set of G, if every vertex in V — D
is adjacent to some vertex in D. The domination number v(G) of G is the minimum cardinality
of a dominating set. For a comprehensive survey of domination in graphs, see [4, 5, 7].

Generally, if (D) ~ H, such a dominating set D is called a Smarandache H-dominating
set. A dominating set D of a graph G = (V, E) is an independent dominating set, if the
induced subgraph (D) has no edges, i.e., a Smarandache H-dominating set with E(H) = (). The
independent domination number i(G) is the minimum cardinality of an independent dominating
set.

A dominating set D of G = (V, E) is an accurate dominating set if V— D has no dominating
set of cardinality |D|. The accurate domination number ,(G) of G is the minimum cardinality
of an accurate dominating set. This concept was introduced by Kulli and Kattimani [6, 9].

An independent dominating set D of G is an accurate independent dominating set if V. — D
has no independent dominating set of cardinality |D|. The accurate independent domination
number i,(G) of G is the minimum cardinality of an accurate independent dominating set of
G. This concept was introduced by Kulli [8].

For example, we consider the graph G in Figure 1. The accurate independent dominating
sets are {1,2,6,7} and {1, 3,6, 7}. Therefore i,(G) = 4.

2 1 6 7
G:
3 4 5
Figure 1

§2. Results

Observation 2.1

1. Every accurate independent dominating set is independent and dominating. Hence it is

a minimal dominating set.
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2. Every minimal accurate independent dominating set is a maximal independent domi-
nating set.

Proposition 2.1 For any nontrivial connected graph G, v(G) <i,(Q).

Proof Clearly, every accurate independent dominating set of G is a dominating set of G.
Thus result holds. O

Proposition 2.2 If G contains an isolated vertex, then every accurate dominating set is an

accurate independent dominating set.
Now we obtain the exact values of i,(G) for some standard class of graphs.

Proposition 2.3 For graphs Py, W, and Ky, ,, there are

(1) ia(Pp) = [p/3] if p=3;
(2) ia(Wp) =1if p=>5;
(3) ia(Kmn) =m for 1 <m <n.

Theorem 2.1 For any graph G, i,(G) <p—~(G).

Proof Let D be a minimal dominating set of G. Then there exist at least one accurate

independent dominating set in (V' — D) and by proposition 2.1,
ia(G) < |V = |D] < p—~(G).
Notice that the path P, achieves this bound. O
Theorem 2.2 For any graph G,
[p/ & +1] < i(G) < [pa /A +1]
and these bounds are sharp.

Proof Tt is known that p/ A +1 < v(G) and by proposition 2.1, we see that the lower
bound holds. By Theorem 2.1,

7:a(G() S p_’Y(G)a
< p-p/Ar+l
< pa/A+1

Notice that the path P,,p > 3 achieves the lower bound. This completes the proof. O
Proposition 2.4 If G = K\ mo,ms, ,m,, T = 3, then

io(G)=m1 if mp <mg<mz-- < m,.
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Theorem 2.3 For any graph G without isolated vertices ¥, (G) < 10 (G) if G # Ky ma,ma, - mpr T =
3. Furthermore, the equality holds if G = P,(p # 4,p > 3), Wp(p > 5) or K for 1 <m < n.

Proof Since we have v(G) < 7,(G) and by Proposition 2.1,7,(G) < i.(G).

Let v,(G) < io(G). If G = Ky msms, o mn, > 3 then by Proposition 2.4, i,(G) =
my if m1 < mg < mz--- < m, and also accurate domination number is |p/2] + 1 i.e.,
va(G) = |p/2] + 1 > m1 = ie(G), a contradiction. O

Corollary 2.1 For any graph G, i,(G) = v(G) if diam(G) = 2.

Proposition 2.5 For any graph G without isolated vertices i(G) < i4(G). Furthermore, the
equality holds if G = P, (p > 3), Wy, (p > 5) or Kppy, for 1 <m < n.

Proof Every accurate independent dominating set is a independent dominating set. Thus
result holds. a

Definition 2.1 The double star S, ., is the graph obtained by joining the centers of two stars
Ky, and Ky ,, with an edge.

Proposition 2.6 For any graph G, i,(G) < B,(G). Furthermore, the equality holds if G = Sy, m,.

Proof Since every minimal accurate independent dominating set is an maximal independent

dominating set. Thus result holds. O

Theorem 2.4 For any graph G, i,(G) < p — ag(G).

Proof Let S be a vertex cover of G. Then V — S is an accurate independent dominating
set. Then i,(G) < |V — S| < p — ap(G). O

Corollary 2.2 Fr any graph G, i,(G) < p — Bo(G) + 2.

Theorem 2.5 If G is any nontrivial connected graph containing exactly one vertex of degree

A (G) =p—1, then v(G) = i,(G) = 1.

Proof Let G be any nontrivial connected graph containing exactly one vertex v of degree
deg(v) = p— 1. Let D be a minimal dominating set of G containing vertex of degree deg(v) =

p = 1. Then D is a minimum dominating set of G i.e.,
D] =(G) = 1. 1)
Also V' — D has no dominating set of same cardinality |D|. Therefore,
D] = ia(G). (2)

Hence, by (1) and (2) v(G) = i.(G) = 1. O
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Theorem 2.6 If G is a connected graph with p vertices then i,(G) = p/2 if and only if

G = H o Ky,where H is any nontrivial connected graph.

Proof Let D be any minimal accurate independent dominating set with |D| = p/2. If
G # H o K; then there exist at least one vertex v; € V(G) which is neither a pendant vertex
nor a support vertex. Then there exist a minimal accurate independent dominating set D’

containing v; such that
[D'| <D = {vi} <p/2—{vi} <p/2-1,

which is a contradiction to minimality of D.

Conversely, let [ be the set of all pendant vertices in G = H o K; such that |I| = p/2.
If G = H o K, then there exist a minimal accurate independent dominating set D C V(G)
containing all pendant vertices of G. Hence |D| = |I| = p/2. O

Now we characterize the trees for which i,(T) = p — A(T).

Theorem 2.7 For any tree T, i,(T) = p — A(T) if and only if T is a wounded spider and
T+ Ky, K.

Proof Suppose T is wounded spider. Then it is easy to verify that
ia(T) = p = A(T).

Conversely, suppose T is a tree with i,(T) = p — A(T). Let v be a vertex of maximum
degree A(T') and u be a vertex in N(v) which has degree 1. If T'— N[v] = ¢ then T is the star
Kipn,n > 2. Thus T is a double wounded spider. Assume now there is at least one vertex in
T — N[v]. Let S be a maximal independent set of (T' — N[v]). Then either S U {v} or SU {u}
is an accurate independent dominating set of T. Thus p = i,(T) + A(T) < |S|+ 14+ A(T) < p.
This implies that V' — N(v) is an accurate independent dominating set. Furthermore, N(v) is
also an accurate independent dominating set.

The connectivity of T' implies that each vertex in V' — N[v] must be adjacent to at least
one vertex in N(v). Moreover if any vertex in V' — N[v] is adjacent to two or more vertices in
N (v), then a cycle is formed. Hence each vertex in V' — N[v] is adjacent to exactly one vertex
in N(v). To show that A(T) + 1 vertices are necessary to dominate T, there must be at least
one vertex in N(v) which are not adjacent to any vertex in V — N|[v] and each vertex in N(v)
has either 0 or 1 neighbors in V' — N[v]. Thus T is a wounded spider. m

Proposition 2.7 If G is a path P,, p > 3 then v(P,) =i4(P,).

We characterize the class of trees with equal domination and accurate independent domi-

nation number in the next section.

§3. Characterization of (v,i,)-Trees

For any graph theoretical parameter A and p, we define G to be (A, u)-graph if A(G) =
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1(G). Here we provide a constructive characterization of (v, i,)-trees.
To characterize (v, i,)-trees we introduce family 71 of trees T' = T}, that can be obtained
as follows. If k is a positive integer, then Tj11 can be obtained recursively from T} by the

following operation.

Operation O Attach a path Ps(x,y,z) and an edge mz, where m is a support vertex of a tree
T.
7 = {T'/obtained from Ps by finite sequence of operations of O}

——¢— o — °

Tree T belonging to family 7y

Observation 3.1 If T' € 7, then

L io(T) = [p+1/3];

2. X(T) is a minimal dominating set as well as a minimal accurate independent dominating
set of T7;

3. (V — D) is totally disconnected.

Corollary 3.1 If tree T with p > 5 belongs to the family T then v(T) = |X(T)| and i,(T) =
[ X(T)].

Lemma 3.1 If a tree T belongs to the family T then T is a (7,1,) — tree.

Proof It T' = P,, p > 3 then from proposition 2.7 T'is a (7, i,) —tree. Now if T'= P,, p > 3
then we proceed by induction on the number of operations n(7') required to construct the tree
T. If n(T) = 0 then T € P5 by proposition 2.7 T' is a (v, i4)-tree.

Assume now that T is a tree belonging to the family 7 with n(T) = k, for some positive
integer k and each tree 77 € 7 with n(T") < k and with V(T"7) > 5 is a (7,44 )-tree in which
X (T") is a minimal accurate independent dominating set of T’. Then T can be obtained from
a tree T belonging to 7 by operation O where m € V(T”) — (M(T") — Q(T")) and we add
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path (x,y,2) and the edge mz. Then z is a pendant vertex in T and y is a support vertex
and x € M(T). Thus S(T) = X(T") U {y} is a minimal accurate independent dominating set
of T. Therefore i,(T) > |X(T)| = |X(T")| + 1. Hence we conclude that i,(T) = io(T") + 1.
By the induction hypothesis and by observation 3.1(2) i,(7") = v(T”) = | X (7”)|. In this way
1o(T) = | X(T)| and in particular i,(T) = (7). O

Lemma 3.2 IfT is a (v,i,) — tree, then T belongs to the family T.

Proof If T is a path P,, p > 3 then by proposition 2.7 T is a (7,4,) — tree. It is easy to
verify that the statement is true for all trees T' with diameter less than or equal to 4. Hence we
may assume that diam(T) > 4. Let T be rooted at a support vertex m of a longest path P. Let
P be a m — z path and let y be the neighbor of z. Further, let 2 be a vertex belongs to M (T).
Let T be a (7,14)-tree. Now we proceed by induction on number of vertices |V (T')| of a (7, %4)-
tree. Let T be a (7v,1,)-tree and assume that the result holds good for all trees on V(T') — 1
vertices. By observation 3.1(2) since T is (7, i4)-tree it contains minimal accurate independent
dominating set D that contains all support vertices of a tree. In particular {m,y} C D and the
vertices x and z are independent in (V' — D).

Let 7" = T — (z,y,2). Then D — {y}is dominating set of 77 and so y(T") < v(T') — 1.
Any dominating set can be extended to a minimal accurate independent dominating set of
T by adding to it the vertices (z,y,2) and so0 i,(T) < iq(T’) + 1. Hence, i,(T') < v(T") <
Y(T)+1 < io(T)—1 < iu(T"). Consequently, we must have equality throughout this inequality
chain. In particular i,(T") = v(T") and i,(T) = i,(T") + 1. By inductive hypothesis any
minimal accurate independent dominating set of a tree T’ can be extended to minimal accurate

independent dominating set of a tree T by operation O. Thus T € 7. O

As an immediate consequence of lemmas 3.1 and 3.2, we have the following characterization

of trees with equal domination and accurate independent domination number.

Theorem 3.1 Let T be a tree. Then i,(T) =~(T) if and only if T € 7.

84. Accurate Independent Domination of Some Graph Families

In this section accurate independent domination of fan graph,double fan graph, helm graph and
gear graph are considered. We also obtain the corresponding relation between other dominating

parameters and dominator coloring of the above graph families.

Definition 4.1 A fan graph, denoted by F,, can be constructed by joining n copies of the cycle

graph Cs with a common vertex.

Observation 4.1 Let F, be a fan. Then,

1. F, is a planar undirected graph with 2n + 1 vertices and 3n edges;
2. F, has exactly one vertex with A(F,) =p—1;
3. Diam(F,) = 2.
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Theorem 4.1([2]) For a fan graph F,,n > 2, xq(F,) = 3.
Proposition 4.1 For a fan graph F,,n > 2, i.(F,) = 1.

Proof By Observation 4.1(2) and Theorem 2.5 result holds. O

Proposition 4.2 For a fan graph F,,n > 2, i,(F,) < xa(Fy).

Proof By Proposition 4.1 and Theorem 4.1, we know that x4(F,) = 3. This implies that
ia(Fn) < Xd(Fn)' a
Definition 4.2 A double fan graph, denoted by Fs,, isomorphic to P, + 2K.

Observation 4.2
1. Fy,, is a planar undirected graph with (n + 2) vertices and (3n — 1) edges;
2. Diam(G) = 2.

Theorem 4.2([2]) For a double fan graph Fs,,n > 2, x4(Fa,) = 3.

Theorem 4.3 For a double fan graph Fopn, n > 2, i4(Fa2) = 2, ig(Fo3) = 1, ia(Fa5) = 3
and iq(Fan) =21if n > 7.

Proof Our proof is divided into cases following.

Case 1. If n =2 and n > 7, then F5 ,, n > 2 has only one accurate independent dominating
set D of |D| = 2. Hence, iq(Fo,,) = 2.

Case 2. If n =3, thenFs 3 has exactly one vertex of A(G) = p — 1. Then by Theorem 2.5,
ia(Fap) = 1.

Case 3. If n=5 and D be a independent dominating set of G with |D| = 2, then (V — D) also
has an independent dominating set of cardinality 2. Hence D is not accurate.
Let Dy be a independent dominating set with |D;| = 3, then V' — D; has no independent

dominating set of cardinality 3. Then D; is accurate. Hence, i,(F2,,) = 3.

Case 4. If n=4 and 6, there does not exist accurate independent dominating set. O
Proposition 4.3 For a double fan graph F5, , n > 17,

7(F277l) = i(FZn) = Va(FZn) = ia(F2,n) =2

Proof Let F5 ,, n > 7 be a Double fan graph. Then 2k; forms a minimal dominating set of
F, ,, such that y(Fs ) = 2. Since this dominating set is independent and in (V' — D) there is no
independent dominating set of cardinality 2 it is both independent and accurate independent

dominating set. Also it is accurate dominating set. Hence,

W(FZ,n) = Z(F‘Zn) = ’Ya(FZn) = ia(FQ,n) =2. O
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Proposition 4.4 For Double fan graph Fs, , n>17

ia(F2,n) < Xd(F2,n)'

Proof The proof follows by Theorems 4.2 and 4.3. O

Definition 4.3([1]) For n > 4,the wheel W, is defined to be the graph W, = Cp,_1 + K1. Also
it is defined as W1 ,, = Cp, + K.

Definition 4.4 A helm H, is the graph obtained from W1, by attaching a pendant edge at

each vertex of the n-cycle.

Observation 4.3 A helm H, is a planar undirected graph with (2n+41) vertices and 3n edges.
Theorem 4.4([2]) For Helm graph H, ,n > 3,xq(H,) =n+ 1.

Proposition 4.5 For a helm graph Hy,, n > 3, i,(Hy,) = n.

Proof Let H,, ,n > 3 be a helm graph. Then there exist a minimal independent dominating
set D with |D| = n and (V — D) has no independent dominating set of cardinality n. Hence D
is accurate. Therefore i,(H,) = n. O

Proposition 4.6 For a helm graph H,, ,n >3

v(H,) =i(H,) = vo(Hp) = io(Hp) = n.

Proposition 4.7 For a helm graph H, ,n > 3

ia(Hn) = xa(Hn) — 1.

Proof Applying Proposition 4.5 , io(H,) =n=n+1—1= x4(H,) — 1 by Theorem 4.4,
Xd(Hp) = n+ 1. Hence the proof. m

Definition 4.5 A gear graph G,, also known as a bipartite wheel graph, is a wheel graph W1 ,,

with a vertex added between each pair of adjacent vertices of the outer cycle.

Observation 4.4 A gear graph G, is a planar undirected graph with 2n 4+ 1 vertices and 3n
edges.

Theorem 4.5([2]) For a gear graph G, ,n > 3,

Xa(Gn) = [2n/3] 4 2.
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Theorem 4.6 For a gear graph G, ,n >3 i (Gp) = n.

Proof 1t is clear from the definition of gear graph G, is obtained from wheel graph Wi ,,
with a vertex added between each pair of adjacent vertices of the outer cycle of wheel graph
Wi .. These n vertices forms an independent dominating set in G,, such that (V — D) has no
independent dominating set of cardinality n. Therefore, the set D with cardinality n is accurate
independent dominating set of G,,. Therefore i,(G,) = n. O

Corollary 4.1 For any gear graph G, n > 3,v(Gp) =i(Gp) =n — 1.

Proposition 4.8 For a gear graph G,, ,n > 3,

Z.a(Gn) = 'Ya(Gn)-

Proposition 4.9 For a graph G, ,n >3

Proof Applying Theorem 4.6 and Corollary 4.1, we know that i,(G,) =n=n—-1+1=
v(Gr) +1=1i(Gy) + 1. O
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§1. Introduction

Graphs in this paper are simple and finite. For undefined terminologies and notations see [5,
17]. Thus for a graph G,4(G), A(G) and x(G) denote the minimum degree, maximum degree
and chromatic number of G respectively. When the context is clear we write, §, A and x for
brevity. For v € V(G), let N(v) denote the set of vertices adjacent to v in G and d(v) = |N(v)].
The r-dynamic chromatic number was first introduced by Montgomery [14].

An r-dynamic coloring of a graph G is a map ¢ from V(G) to the set of colors such that
(i) if uv € E(Q), then c(u) # c¢(v) and (ii) for each vertex v € V(G), |¢(N(v))| > min {r,d(v)},
where N(v) denotes the set of vertices adjacent to v, d(v) its degree and r is a positive integer.
Generally, for a subgraph G’ < G and a coloring ¢ on G if |¢(N(v))| > min{r,d(v)} for
v e V(G\G) but |e(Nw))| < min{r,d(v)} for u € V(G'), such a r coloring is called a
Smarandachely r-dynamic coloring on G. Clearly, if G’ = 0, a Smarandachely r-dynamic
coloring is nothing else but the r-dynamic coloring.

The first condition characterizes proper colorings, the adjacency condition and second con-
dition is double-adjacency condition. The r-dynamic chromatic number of a graph G, written
Xr (@), is the minimum k such that G has an r-dynamic proper k-coloring. The 1-dynamic chro-
matic number of a graph G is equal to its chromatic number. The 2-dynamic chromatic number
of a graph has been studied under the name dynamic chromatic number denoted by x4(G) [1-4,
8]. By simple observation, we can show that x,(G) < xr+1(G), however x,4+1(G) — x-(G) can

1Received September 9, 2017, Accepted May 26, 2018.
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be arbitrarily large, for example x(Petersen) = 2, xq(Petersen) = 3, but x3(Petersen) = 10.
Thus, finding an exact values of x,-(G) is not trivially easy.

There are many upper bounds and lower bounds for x4(G) in terms of graph parameters.
For example, for a graph G with A(G) > 3, Lai et al. [8] proved that xq4(G) < A(G) + 1.
An upper bound for the dynamic chromatic number of a d-regular graph G in terms of x(G)
and the independence number of G, a(G), was introduced in [7]. In fact, it was proved that
Xd(G) < x(G) + 2logaa(G) 4+ 3. Taherkhani gave in [15] an upper bound for x2(G) in terms of
the chromatic number, the maximum degree A and the minimum degree ¢. i.e., x2(G)—x(G) <
[(Ae)/dlog (2¢ (A* +1))].

Li et al. proved in [10] that the computational complexity of x4(G) for a 3-regular graph is
an NP-complete problem. Furthermore, Li and Zhou [9] showed that to determine whether there
exists a 3-dynamic coloring, for a claw free graph with the maximum degree 3, is NP-complete.

N.Mohanapriya et al. [11, 12] studied the dynamic chromatic number for various graph
families. Also, it was proven in [13] that the r— dynamic chromatic number of line graph of a
helm graph H,, is

n—1, d<r<n-2

n+1, r=n-—1,

n+2, r=n and n=1 mod 3,

n+3, r=n and n#Z1 mod 3,

n+4, r=n+1=An>6 and 2n—2=0 mod 5,
n+5 r=n+1=An>6 and 2n—2%0 mod 5.

In this paper, we study x.(G), the - dynamic chromatic number of the middle, central,
total and line graphs of the triple star graphs are discussed.

§82. Preliminaries

Let G be a graph with vertex set V(G) and edge set E(G). The middle graph [6] of G, denoted
by M(G) is defined as follows. The vertex set of M(G) is V(G) U E(G). Two vertices z,y of
M(G) are adjacent in M (G) in case one of the following holds: (i) z,y are in E(G) and z,y
are adjacent in G. (ii) z is in V(G), y is in E(G), and z,y are incident in G.

The central graph [16] C(G) of a graph G is obtained from G by adding an extra vertex
on each edge of GG, and then joining each pair of vertices of the original graph which were
previously non-adjacent.

Let G be a graph with vertex set V(G) and edge set E(G). The total graph [6, 16] of G,
denoted by T'(G) is defined in the following way. The vertex set of T(G) is V(G) U E(G). Two
vertices x,y of T(G) are adjacent in T(G) in case one of the following holds: (i) x,y are in
V(G) and z is adjacent to y in G. (ii) x,y are in E(G) and z,y are adjacent in G. (iii) z is in
V(G),y is in E(G), and x,y are incident in G.

The line graph [13] of G denoted by L(G) is the graph with vertices are the edges of G
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with two vertices of L(G) adjacent whenever the corresponding edges of G are adjacent.

Theorem 2.1 For any triple star graph Ki n nn, the r-dynamic chromatic number

2n+1, r=1
XT(O(Kl,n,n,n)) =4 3n+ 1, 2 <r< A—-1
dn+1, r>A

Proof First we apply the definition of central graph on Ki 5 n,n. Let the edge vv;, v;w;
and w;u; be subdivided by the vertices e;(1 < i < n), e/(1 <i < n)and e/(1 <i < n)in
K.

Clearly V(C(K1nnn)) = {v} U{vi:1<i<n}U{wi:1<i<n}J{w:1<i<n}
U{ei:1<i<n}U{e:1<i<n}J{e/:1<1i<n}. The vertices v;(1 <14 < n) induce a
clique of order n (say K,) and the vertices v, u;(1 < ¢ <n) induce a clique of order n + 1 (say
Kp+1) in C(Ky pon,n) respectively. Thus, we have x,(C(K1 nnn)) > n+ 1.

Case 1. r=1

Consider the color class Cy = {c1,¢2,¢3, -+, ¢(2n4+1)} and assign the r-dynamic coloring to
C(K1 nnn) by Algorithm 2.1.1. Thus, an easy check shows that the r— adjacency condition is
fulfilled. Hence, x»(C(K1,n,nn)) =2n+ 1.

Case 2. 2<r<A-1.

Consider the color class Cy = {c1,co,c¢3,- - ,C(3n+1)} and assign the r-dynamic coloring to
C(K1,n,nn) by Algorithm 2.1.2. Thus, an easy check shows that the r— adjacency condition is
fulfilled. Hence, x,(C(K1,n,nn)) = 3n+ 1.

Case 3. r > A.

Consider the color class C5 = {¢1,co,c¢3,- - ,c(4n+1)} and assign the r-dynamic coloring to
C(K1 nnn) by Algorithm 2.1.3. Thus, an easy check shows that the r— adjacency condition is
fulfilled. Hence x,(C(K1nnn)) =4n+ 1. O

Algorithm 2.1.1

Input: The number "n” of K, pnn.
Output: Assigning r-dynamic coloring for the vertices in C'(K1 n.n.n)-
begin

fori=1ton

{

Vi={e};
C(ei) = i
}

Vo ={v}

Clwv)=n+1;
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fori=1ton
{

Vs = {vi};
Clv)=n+1i+1,
}
fori=1ton
{

Vi ={ei};
Ce) =n+1,
}
fori=1ton
{

Vs = {wi};
C(wl) :i;

}
fori=1ton
{

Ve ={ei'}
Clel) =n+1;
}
fori=1ton
{

Vi ={ui}f;
C(u;) = 1

}
V=1UvRUUVRUYUVsU Ve
end

Algorithm 2.1.2

M

Input: The number "n” of K, pnn.

Output: Assigning r-dynamic coloring for the vertices in C'(K1.5,n,n)-
begin
fori=1ton
{

Vi ={u};
C(u;) = 1

}
fori=1ton
{

Vo ={ei};
Cley=n+1;
}
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fori=1ton

{

Vs =A{wi};
Clw;))=n+i+1;
}

fori=1ton

{

Vi ={ei};
C(ef) =14
}

fori=1ton

{

Vs ={ui};
Clv)=2n+1i+1,
}

fori=1ton—1
{

Ve ={eik;

Cle;)) =2n+1i+2;
}

C(en) =2n + 2;
Vr ={vk;
Clv)=n+1;

V=nUvUVsUviUvsUVsU Vs

end

Algorithm 2.1.3

Input: The number

Output: Assigning r-dynamic coloring for the vertices in C(K1 n.n.n)-

begin

fori=1ton

{

Vi ={u};
C(ui) =1;

}

Vo ={v};
Clw)=n+1;
fori=1ton
{

Vs ={wi};

C(wi)zn—i-i—i-l;
t

101
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fori=1ton

{

Vi ={vi};
Clv)=2n+1i+1,
}

fori=1ton

{

Vs ={eihs

Cle;)) =3n+i+1;
}

fori=1ton

{
Vs = {ej};

fori=1ton

{

Ve = (el

C(ef)=3n+2;

}

V= ViUvBUUV UV UV UVe:
end

Theorem 2.2 For any triple star graph Ki p nn, the r-dynamic chromatic number

n+l, 1<r<n
Xr(M(Kipnn) =qn+2, r=n+1
n+3 r>A

Proof By definition of middle graph, each edge vv;, v;w; and w;u; be subdivided by the
vertices €;(1 <i<mn),e}(1 <i<n)ande/(l1<i<n)in K1, and the vertices v, e; induce
a clique of order n + 1(say Kp41) in M(K1 pnn). 1€, V(IM(Kinnn) = {v}U{vi: 1 <@ <
nplHwi:1<i<n}lJ{u:1<i<n}He:1<i<n}U{e:1<i<n}U{ef:1<i<n}.
Thus we have x,(M(K1,nnn)) > n+ 1.

Casel. 1<r<n.

Consider the color class C1 = {c1,¢2,¢3, -+ ,¢(n41)} and assign the r-dynamic coloring to
M (K1 nnn) by Algorithm 2.2.1. Thus, an easy check shows that the r— adjacency condition
is fulfilled. Hence, xr(M(Kipnnn)) =n+1, for 1 <r <mn.

Case 2. r=n-+1.
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Consider the color class Cy = {c1, ¢, 3, - 3 C(n41)s c(n+2)} and assign the r-dynamic col-
oring to M (K1 nn,n) by Algorithm 2.2.2. Thus, an easy check shows that the r— adjacency
condition is fulfilled. Hence, x»(M(K1nnn)) =n+2,forr=n+1.

Case 3. r=A.

Consider the color class C3 = {c1,¢2,¢3,** ,Cn, C(n+1)s C(n+2)s C(nt3); and assign the r-
dynamic coloring to M (K7 yn,n) by Algorithm 2.2.3. Thus, an easy check shows that the r—
adjacency condition is fulfilled. Hence, x, (M (K1 nn,n)) =n+ 3, for r > A. O

Algorithm 2.2.1

Input: The number "n” of K1 n.nn.

Output: Assigning r-dynamic coloring for the vertices in M (K1 n.n.n)-
begin
fori=1ton
{

Vi = {eil};
C(e;) = 1

}

Vo ={v};
Clv)=n+1;
fori=1ton
{

Vaz = {vi};
Clui) =n+1;
}

fori=1ton—-1

{

Vi ={ei};
Clel)=1i+1;
}

Cle) = 1;

fori=1ton—2
{

Vs = {w;};
C(wi) =i+2;
}

C(wn,l) = 1;
C(wy) = 2;
fori=1ton
{

Ve ={ef'};
Cley=n+1;
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}

fori=1ton

{

Ve ={ui};

Clui) =1;

}
V=nUvUvsUViUVvsUVeUVr;
end

Algorithm 2.2.2

Input: The number "n” of Kj ; pnn.

Output: Assigning r-dynamic coloring for the vertices in M (K1 n.n.n)-
begin

fori=1ton

{

Vi ={eik;
Clei) =14;

}

Vo ={v};
Clv)=n+1;
fori=1ton
{

Vs ={uvi};
C(’Ul) :7’L+2;
}
fori=1ton
{

Vi ={ei};
Ce))=n+1,;
}

fori=1ton—1

{

Vs = {w;};
C(wl) =1+ 1;
}

C(wy) =1;

fori=1ton—2
{

Ve ={ei'}

Clel) =i +2

}
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Clen) =2
fori=1ton

{

Ve ={u;};

Clu)) =n+1;

}
V=viUVUVvsUVvalUVsUVsU V7

end

Algorithm 2.2.3

Input: The number "n” of K, pnn.

Output: Assigning r-dynamic coloring for the vertices in M (K1 n.n.n)-
begin
fori=1ton
{

Vi ={e};
C(e;) = 1

}

Vo ={v}
Cv)=n+1;
foric=1ton
{

Vs = {vi};
C(v) =n+2;
}
fori=1ton
{

Vi={ei};
C(e) =n+3;
}
fori=1ton
{

Vs = {w;};
Clwi)) =n+1;
}
fort=1ton—1
{

Ve = {ei'});
Clel) =i+1;
}

Clen) =1

fori=1ton
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{

Ve ={ui};

C(ul)=n+2,

}
V=viUvaUVsUValUVsUVeUVz;
end

Theorem 2.3 For any triple star graph Ki p nn, the r-dynamic chromatic number,

Xr (T(Klm,n,n)) =

Proof By definition of total graph, each edge vv;, v;w; and w;u; be subdivided by the
vertices €;(1 <i<mn),e}(1 <i<n)ande/(l1<i<n)in K1, and the vertices v, e; induce
a clique of order n + 1(say Ky+1) in T(K1nnn). e, V(T (Kinnn) = {v}U{wv : 1 <i <
npHwi:1<i<n}lJ{u:1<i<n}He:1<i<n}U{e:1<i<n}U{e!:1<i<n}.
Thus, we have x, (T (K1 nnn)) > n+ 1.

Casel. 1<r<n.

Consider the color class C1 = {c1,¢2,¢3, -+ ,¢(n41)} and assign the r-dynamic coloring to
T(K1,n,n,n) by Algorithm 2.3.1. Thus, an easy check shows that the r— adjacency condition is
fulfilled. Hence, x(T(K1nnn)) =n+1, for 1 <r <mn.

Case 2. n+l1<r<A-2

Consider the color class Cy = {¢1,¢2,c¢3, - - ,c(gn,l)} and assign the r-dynamic coloring to
T (K1 nn,n) by Algorithm 2.3.2. Thus, an easy check shows that the r— adjacency condition is
fulfilled. Hence, xr (T (K1 nnn)) =7+ 1, forn+1<r <A -2.

Case 3. r=A-1.

Consider the color class C5 = {¢1,c¢2,¢3, -+ ,con} if r = A — 1 and assign the r-dynamic
coloring to T'(K1,n,n,n) by Algorithm 2.3.3. Thus, an easy check shows that the r— adjacency
condition is fulfilled. Hence, x,(T(K1,n,n,n)) = 2n for r = A — 1.

Case 4. r=A.

Consider the color class Cy = {c1,¢2,¢3, -+, cant1} if r = A and assign the r-dynamic
coloring to T'(K4 nn.n) by Algorithm 2.3.4. Thus, an easy check shows that the r— adjacency
condition is fulfilled. Hence, x; (T (K1 nnn)) =2n+ 1 for r > A. O

Algorithm 2.3.1

Input: The number "n” of K1 n.npn.
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Output: Assigning r-dynamic coloring for the vertices in T'(K1 pn.n)-
begin
fori=1ton

{

Vi ={eik;
Clei) =14;

}

Vo ={v};
Cv) =n+1;

fori=1ton—3

{
Vs ={v};

fori=1ton—2

{

Vi ={ei};

Ce) =i+ 2;

}

Clep—1) =1;
Cley,) =2
fori=1ton-—1

{

Vs ={wi};
C(wi) =1+ 1;
}

C(wy) =1;

fori=1ton

{

Ve = {ei'};
Cef)=n+1,
}

fori=1ton

{
Ve ={u;};
Clui) =1
}
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V=rUhUVsUviUVsUVeUVz;

end

Algorithm 2.3.2

Input: The number "n” of K1 n.npn.

Output: Assigning r-dynamic coloring for the vertices in T'(K1 pn.n)-
begin
fori=1ton

{

Vi ={e};

C(e;) = 1

}

Vo ={v};
Clv)=n+1;
fori=1ton—2
{

Vs = {vi};

Cv) =r+1;

}

C(vp-1) =n+2;
Cun) =n+3;
fori=1ton—3

(€n—2) =n
Cle,,_1)=n+3;
C(el,) =n+4;
fori=1ton—1
{

‘/5 = {wz}v
Cw;) =i+1;
}

C(wy) =1;

fori=1ton

{

Ve ={ei'};
Cley=n+1;
}

fori=1ton



{
Ve = {ui};
C(u;) = 1
}
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V=nUvUVsUviUvsUVsU Vs

end

Algorithm 2.3.3

Input: The number "n” of K, pnn.

Output: Assigning r-dynamic coloring for the vertices in T'(K1 pn.n)-

begin
fori=1ton

{

Vi ={ei};

C(e;) = 1

}

Vo = {v};
Clv)=n+1;
fori=1ton-—1
{

Vi = {vi};
Clv)=n+i+1;
}

Clvp) =n+2;
fori=1ton—2
{

Vi ={ei};

}

Clen_1) =n+2;
C(el) =n+3;
fori=1ton-—1
{

Vs = {w;};
C(wl) =1+ 1;

}

C(wy) =1;

fori=1ton
{

Ve ={ei'}
Clel) =n+1;
}

109
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fori=1ton

{

Vo = {ui};

C(u;) = 1

}
V=nUvUvUvi.UvsUvsUVs:
end

Algorithm 2.3.4

Input: The number “n” of K1 nnpn.

Output: Assigning r-dynamic coloring for the vertices in T'(K1 nn.n)-
begin
fori=1ton

{

Vi ={e};

C(ei) = i;

}

Vo ={v}
Clv)=n+1,
fori=1ton

{

Vs ={uvi};
Clv))=n+i+1;
}
fort=1ton—1
{

Vi = {el):
Cle))=n+i+2;
}

C(el) =n+2;
fori=1ton—1

{

Vs = {w;};
C(wl) =1 + 1;
}

C(wy) =1;

fori=1ton

{

Ve = {ei'};
Cef)=n+1;
}

fori=1ton
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{

Ve ={uil;

Clui) =1;

}
V=nUvUvsuUvaUVvsUVvsUVs
end

Theorem 2.4 For any triple star graph Ki p nn, the r-dynamic chromatic number,

n, 1<r<n-—1

XT(L(Kl,n,n,n)) =
n+1l, r>A

Proof First we apply the definition of line graph on Kj ,, ».n. By the definition of line
graph, each edge of Kj .. taken to be as vertex in L(K7 , pnn).-The vertices eq, e, -+, en
induce a clique of order n in L(Kj ppnn). 1€, V(IL(Kinnn)) = E(Kinnn) ={e;:1<i<
n}U{e;: 1 <i<n}U{e/:1<i<n}. Thus, we have x,(L(K1 nnn)) > n.

Casel. 1<r<A-1.

Now consider the vertex set V(L(K1,5.n,n)) and color class C1 = {c1,¢2,- - , ¢}, assign r
dynamic coloring to L(Ki nn,n) by Algorithm 2.4.1. Thus, an easy check shows that the r—
adjacency condition is fulfilled. Hence, xr(L(K1nnn)) =n, for 1 <r < A—1.

Case 2. r > A.

Now consider the vertex set V(L(K1,.5)) and color class Cy = {c1,¢2, -+ , ¢n, Cnt1}, assign
r dynamic coloring to L(K1 5 n,n) by Algorithm 2.4.2. Thus, an easy check shows that the r—
adjacency condition is fulfilled. Hence, xr(L(K1nnn)) =n+ 1 for r > A. |

Algorithm 2.4.1

Input: The number “n” of Ki 5 nn.

Output: Assigning r-dynamic coloring for the vertices in L(K1 pn.n)-
begin
foric=1ton

{

Vi = {ei};

C(e;) = 1

}
fori=1ton—1
{

Vo = {ei}s

Clel) =i+ 1;
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fori=1ton—2
{

Vs ={ei'}

C(e) =i+ 2;

}

Clen—1) =1
Cley) =2
V=nUJVvUVs
end

Algorithm 2.4.2

Input: The number “n” of Ky pnn.

Output: Assigning r-dynamic coloring for the vertices in L(K7 n.n.n)-
begin
fori=1ton

{

Vi ={ei};

C(e;) = 1

}

fori=1ton

{

Va ={eik;

Cle;) =n+1;

}
fori=1ton-—1
{

Vs ={ef'};
Cef)=1i+1;

}

Clen) = 1;
V=1nyvaUVs;
end
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(1,N)-Arithmetic Labelling of Ladder and Subdivision of Ladder
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Abstract: A (p,q)-graph G is said to be (1, N)-arithmetic labelling if there is a function ¢
from the vertex set V(G) to {0,1, N, (N +1),2N,(2N +1),--- ,N(¢—1),N(g—1) + 1} so
that the values obtained as the sums of the labelling assigned to their end vertices, can be
arranged in the arithmetic progression {1, N+1,2N+1,--- ,N(¢—1)+1}. In this paper we
prove that ladder and subdivision of ladder are (1, N)-arithmetic labelling for every positive

integer N > 1.
Key Words: Ladder, subdivision of ladder, one modulo N graceful, Smarandache k& mod-

ulo N graceful.

AMS(2010): 05C78.

§1. Introduction

V.Ramachandran and C. Sekar [8, 9] introduced one modulo N graceful where NN is any positive
integer. In the case N = 2, the labelling is odd graceful and in the case N = 1 the labelling
is graceful. A graph G with ¢ edges is said to be one modulo N graceful (where N is a
positive integer) if there is a function ¢ from the vertex set of G to {0,1, N, (N +1),2N, (2N +
1),-++,N(g—1),N(¢g — 1) + 1} in such a way that (i) ¢ is 1 — 1 (i7) ¢ induces a bijection ¢*
from the edge set of G to {1, N+ 1,2N +1,--- ,N(¢— 1) + 1} where ¢*(uv) = |p(u) — ¢(v)].
Generally, a graph G with ¢ edges is called to be Smarandache k modulo N graceful if one
replacing N by kN in the definition of one modulo N graceful graph. Clearly, a graph G is
Smarandache k£ modulo N graceful if and only if it is one modulo kN graceful by definition.

B. D. Acharya and S. M. Hegde [2] introduced (k, d)- arithmetic graphs. A (p, q)- graph
G is said to be (k, d)- arithmetic if its vertices can be assigned distinct nonnegative integers so
that the values of the edges, obtained as the sums of the numbers assigned to their end vertices,
can be arranged in the arithmetic progression k, k+d, k+2d, ..., k+(g—1)d. Joseph A. Gallian
[4] surveyed numerous graph labelling methods.

V.Ramachandran and C. Sekar [10] introduced (1, N)-Arithmetic labelling. We proved
that stars, paths, complete bipartite graph K, ,, highly irregular graph H,(m,m) and cycle
Cyy, are (1, N)-Arithmetic labelling,Cyj42 is not (1, N)-Arithmetic labelling. We also proved

that no graph G containing an odd cycle is (1, N)-arithmetic labelling for every positive integer

1Received August 24, 2017, Accepted May 28, 2018.
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N. A (p,q)-graph G is said to be (1, N)-Arithmetic labelling if there is a function ¢ : V(G) —

In this situation the induced mapping ¢* to the edges is given by ¢*(uv)=¢(u) + ¢(v).
If the values of ¢(u) + ¢(v) are 1, N +1,2N + 1,...,N(¢ — 1) + 1 all distinct, then we call
the labelling of vertices as (1, N)- Arithmetic labelling. In case if the induced mapping ¢* is
defined as ¢*(uv)=|¢p(u) — ¢(v)| and if the resulting edge labels are are distinct and equal to
{I,N+1,2N+1,--- ,N(g— 1)+ 1}. We call it as one modulo N graceful. In this paper we
prove that Ladder and Subdivision of Ladder are (1, N)-Arithmetic labelling for every positive
integer N > 1.

82. Main Results

Definition 2.1 A graph G with q edges is said to be one modulo N graceful (where N is a
positive integer) if there is a function ¢ from the vertex set of G to {0,1, N, (N +1),2N, (2N +
1),-+-,N(g—1),N(qg—1) + 1} in such a way that (i) ¢ is 1 — 1 and (ii) ¢ induces a bijection
@* from the edge set of G to {1, N+1,2N+1,---  N(q¢—1)+ 1} where ¢*(uv) = |p(u) — ¢(v)|.

Definition 2.2 A (p,q)-graph G is said to be (1, N)-Arithmetic labelling if there is a function
¢ from the vertex set V(G) to {0,1, N,(N+1),2N,(2N+1),--- ,N(¢g—1),N(¢g—1)+1} so that
the values obtained as the sums of the labelling assigned to their end vertices, can be arranged
in the arithmetic progression {1,N +1,2N +1,--- |N(g—1) +1}.

Definition 2.3 A (p,q)- graph G is said to be (k,d)- arithmetic if its vertices can be as-
signed distinct nonnegative integers so that the wvalues of the edges, obtained as the sums

of the numbers assigned to their end vertices, can be arranged in the arithmetic progression

bk +d,k+2d,- k+ (g —1)d.

Definition 2.4([7]) Let G be a graph with p vertices and q edges. A graph H is said to be a
subdivision of G if H is obtained from G by subdividing every edge of G exactly once. H is
denoted by S(Q).

Definition 2.5 The ladder graph L, is defined by L, = P, x Ky where P, is a path with X

denotes the cartesian product. L, has 2n vertices and 3n — 2 edges.

Theorem 2.6 For every positive integer n, ladder L, is (1, N)-Arithmetic labelling, for every
positive integer N > 1.

Proof Let uy,us, -+ ,u, and vy,vo,--- ,v, be the vertices of L,, respectively, and let
Wivi41,2=1,2,--+ ;n—1. vu41,0 =1,2,--- ,n—1and u;v;,t = 1,2,--- ,n be the edges of L,,.
The ladder graph L,, is defined by L,, = P, x K5 where P, is a path with x denotes the cartesian
product. Then the ladder L,, has 2nvertices and 3n — 2 edges as shown in figures following.
Define ¢p(u;) = N(i —1) for i =1,2,3,--+ ,n, ¢(v;) =2N(i—1)+1fori =1,2,3,--- n.
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up P ® v,
| ]
(%) Ug
uz ® ® U3
Q
V4 : ..U4
Un—1 Iun_l
Unp, Un,

Figure 1 Ladder L, where n is odd

up P ® v,

| ]
(%) Ug
uz ® ® U3

Q
V4 : ..U4

Un—1 Ivn_l

Un Un

Figure 2 Ladder L, where n is even

From the definition of ¢ it is clear that

{¢(ul)77’21721 7”}U{¢(U1‘),l’: 1,2,--- ,TL}
={0,N,2N,...,N(n—1)}U{1,2N +1,4N +1,--- ,2N(n— 1) + 1}

It is clear that the vertices have distinct labels. Therefore ¢ is 1 —1. We compute the edge
labels as follows:

fori =1,2,---,n, ¢*(viu;) =| ¢(v;) + d(w;) | = 3N(GE —1)+1; for i = 1,2,--- ,n—1,
¢ (vigrus) =] d(vig1) + d(wi) | = N@Bi—1)+1, ¢ (vittis1) =| ¢(vi) + P(uiy1) | = N(3i —2) + 1.

This shows that the edges have the distinct labels {1, N +1,2N +1,---, N(¢ — 1) + 1},
where ¢ = 3n — 2. Hence L,, is (1, N)-Arithmetic labelling for every positive integer N > 1. O

Example 2.7. A (1,5)-Arithmetic labelling of Lg is shown in Figure 3.
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o® ®
[ ]

11 5

10 ® 921
| ]

31 ®5
[ ]

20 .41

®
51 ® 25
Figure 3

Example 2.8 A (1, 2)-Arithmetic labelling of L7 is shown in Figure 4.

0 1
5 2
4 9
13 6
8 17
21 10
12 25
Figure 4

Theorem 2.9 A subdivision of ladder L, is (1, N)-Arithmetic labelling for every positive integer
N > 1.

Proof Let G = L,. The ladder graph L, is defined by L, = P,, x K2 where P, is a path
with x denotes the cartesian product. L, has 2n vertices and 3n — 2 edges. A graph H is said
to be a subdivision of G if H is obtained from G by subdividing every edge of G exactly once.
H is denoted by S(G). Then the subdivision of ladder L,, has 5n — 2 vertices and 6n — 4 edges

as shown in Figure 5. Let H = S(L,,).
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Figure 5 Subdivision of ladder L,

Define the following functions:

n:N — N by
_ N(2i—-1) if 4 is even
n(i) = . o
2N(i—1) if 7 is odd
and v: N — N by
_ 2N(i—1) if i is even
V(i) =

N(2i—-1) if 4 is odd

Define ¢ : V' — {0,1,2,--- ,q} by

Define

14+ (i —1)4N if ¢ is odd
(4i—1)N +1 if ¢ is even.
Fori=1,2,--- ,n— 2, define

¢(Ui,i+1) =

A(iyit1) = O(Uiv1,i+2) — 4N, ¢(Vn—1n) = O(Un—2,n—1) + 4N,
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1+ (4i — 3)N ifi=1,2---,n—1

B(wi) = .
4Nn — 4N +1 ifi=n.

It is clear that the vertices have distinct labels. Therefore ¢ is 1 —1. We compute the edge

labels as follows:

" (wnun) =| ¢(wn) + ¢(un) | = 6Nn —6N + 1,
" (wnvn) =| ¢(wn) + ¢(vn) | =6Nn — 5N +1,

y 6Nn— 12N +1 if nis odd
O™ (Un-1,nVn-1) =[ ¢(Un-1,n) + S(vn-1) | = . 5
6Nn—8N +1 if nis even.
6Nn—9N +1 if nis odd

(b*(vnfl,nvn) =| Qb(vnfl,n) +o(vn) | = . .
6Nn—TN +1 if nis even.

Fori=1,2,--- ., n—1,

N(6i—4)+1 ifiiseven

¢ (wini) =| p(wi) + d(us) | = , e
N(6i—5)+1 ifisodd.

N(6i—5)+1 ifiiseven

o™ (wivi) =] p(w;) + ¢(vs) | = , s
N(6i—4)+1 ifdisodd.

Fori=1,2,--- ., n—1,

N(6i—2)+1 ifiiseven

* (wiiyr1ui) =| P(uiiv1) + d(wi) | = . o
N(6i—6)+1 ifsis odd.

(6i—3)+1 ifiisodd

N
" (i it1uit1) =| d(uiiv1) + d(uit1) | = . o
N(6i—1)4+1 ifiis even.

Fori=1,2,--- ,n—2,

N(6i—6)+1 if i is even

¢ (Vi,i+10i) =| d(Viit1) + P(v;) | = . .
N(6i—2)+1 if 7 is odd.

N(6i—3)+1 ifiiseven

" (Viyir1vig1) =| O(Viir1) + P(vig1) | = , s
N(6i—1)+1 ifiis odd.

This shows that the edges have distinct labels {1, N + 1,2N 4+ 1,---, N(¢ — 1) + 1} with
q = 6n — 4. Hence S(Ly,) is (1, N)-Arithmetic labelling for every positive integer N > 1. O

Example 2.10 A (1, 3)-Arithmetic labelling of S(Ls) is shown in Figure 6.
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Example 2.11 A (1, 10)-Arithmetic labelling of S(Lg) is shown in Figure 7.

V.Ramachandran

0 4 3
19 L)
16
9 ® 6
29 o 013
28
12 et 15
257 ?34
40
21 ® 18
469 ®37
24 49 27

Figure 6

0 il 10

1 [ ] ‘.31
51

30 hd 20

o

71 1
91
L J

40 50

81 ® %11
131

70 v 60

151 ® ®121
171

80 - %0

161 * '191
110 .

Figure 7



(1,N)-Arithmetic Labelling of Ladder and Subdivision of Ladder 121

References

[1] B. D. Acharya, On d-sequential graphs, J. Math. Phys. Sci., 17 (1983), 21-35.

[2] B. D. Acharya and S. M. Hegde, Arithmetic graphs, Journal of Graph Theory, 14 (1990)
275-299.

[3] B. D. Acharya and S. M. Hegde, On certain vertex valuations of a graph I, Indian J. Pure
Appl. Math., 22 (1991) 553-560.

[4] Joseph A. Gallian, A Dynamic Survey of Graph Labeling, The Electronic Journal of Com-
binatorics, #DS6 (2016).

[5] S.W.Golomb, How to Number a Graph in Graph theory and Computing, R.C. Read, ed.,
Academic Press, New york (1972)23-27.

[6] R. B. Gnanajothi, Topics in Graph theory, Ph.D. thesis, Madurai Kamaraj University,
1991.

[7] KM. Kathiresan, Subdivisions of ladders are graceful, Indian J. Pure Appl. Math., (1992),
21-23.

[8] V. Ramachandran, C. Sekar, One modulo N gracefullness of arbitrary supersubdivisions of
graphs, International J. Math. Combin., Vol.2 (2014), 36-46.

[9] V. Ramachandran, C. Sekar, One modulo N gracefulness of supersubdivision of ladder,
Journal of Discrete Mathematical Sciences and Cryptography, Vol.18 (3) (2015), 265-274.

[10] V. Ramachandran, C. Sekar, (1, N)-arithmetic graphs, International Journal of Computers
and Applications, Vol.38 (1) (2016) 55-59.
[11] C. Sekar, Studies in Graph Theory, Ph.D. thesis, Madurai Kamaraj University, 2002.



Math. Combin.Book Ser. Vol.2(2018), 122-128

3-Difference Cordial Labeling of Corona Related Graphs

R.Ponraj

Department of Mathematics, Sri Paramakalyani College, Alwarkurichi-627412, India

M.Maria Adaickalam

Department of Mathematics

Manonmaniam Sundaranar University, Abishekapatti, Tirunelveli-627012, Tamilnadu India
E-mail: ponrajmaths@gmail.com, mariaadaickalam@gmail.com

Abstract: Let G be a (p,q) graph. Let f: V(G) — {1,2,--- ,k} be a map where k is an
integer 2 < k < p. For each edge uv, assign the label |f(u) — f(v)|. f is called k-difference
cordial labeling of G if |vs(i) —vs(j)| < 1 and |ef(0) — ef(1)| < 1 where vs(z) denotes the
number of vertices labelled with z, ef(1) and ef(0) respectively denote the number of edges
labelled with 1 and not labelled with 1. A graph with a k-difference cordial labeling is
called a k-difference cordial graph. In this paper we investigate 3-difference cordial labeling

behavior of DT,, ® K1 DT,, ® 2K;1,DT,, ® K2 and some more graphs.
Key Words: Difference cordial labeling, Smarandachely k-difference cordial labeling, path,

complete graph, triangular snake, corona.

AMS(2010): 05C78.

§1. Introduction

All Graphs in this paper are finite ,undirect and simple. Let G1, G2 respectively be (p1,q1),
(p2, g2) graphs. The corona of Gy with G3, G1 ® G2 is the graph obtained by taking one copy of
G, and p; copies of G and joining the i*" vertex of G; with an edge to every vertex in the i*"
copy of Go. Ponraj et al. [3], has been introduced the concept of k-difference cordial labeling of
graphs and studied the 3-difference cordial labeling behavior of of some graphs. In [4,5,6,7] they
investigate the 3-difference cordial labeling behavior of path, cycle, complete graph, complete
bipartite graph, star, bistar, comb, double comb, quadrilateral snake, Cit), S(K1,n), S(Bnn)
and carona of some graphs with double alternate triangular snake double alternate quadrilateral
snake . In this paper we examine the 3-difference cordial labeling behavior of DT, ® K;
DT, ®2K,,DT, ® K5 etc. Terms are not defined here follows from Harary [2].

82. k-Difference Cordial Labeling

Definition 2.1 Let G be a (p,q) graph and let f : V(G) — {1,2,---,k} be a map. For

1Received November 26, 2017, Accepted May 29, 2018.
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each edge uv, assign the label |f(u) — f(v)|. [ is called a k-difference cordial labeling of G if
lvp(@) —vs(5)] <1 and |ef(0) —ep(1)] <1 where vy(x) denotes the number of vertices labelled
with z, ef(1) and ef(0) respectively denote the number of edges labelled with 1 and not labelled
with 1. A graph with a k-difference cordial labeling is called a k-difference cordial graph.

On the other hand, if vy (i) —vp(j)] > 1 or |ef(0) — ef(1)] > 1, such a labeling is called a
Smarandachely k-difference cordial labeling of G.

A double triangular snake DT, consists of two triangular snakes that have a common path.
That is a double triangular snake is obtained from a path ujus - - - u, by joining u; and ;41 to
two new vertices v; (1 <i<n—1)and w; (1 <i<n-—1).

First we investigate the 3-difference cordial labeling behavior of DT, ® Kj.

Theorem 2.1 DT, ® K; is 3-difference cordial.

Proof Let V(DT, ©® K1) = V(DT,) Uz : 1 < i <n}U{v,w,:1<i<n-—1} and
E(DT, ® K1) = E(DT,) U{uiz; : 1 <i<n} Huwl,ww, :1<i<n-—1}.

Case 1. n is even.

First we consider the path vertices w;. Assign the label 1 to all the path vertices u;
(1 < i < mn). Then assign the label 2 to the path vertices vy, vs,vs,--- and assign the label 1
to the path vertices va, vy, vg, --. Now we consider the vertices w;. Assign the label 2 to all
the vertices w; (1 < i < mn —1). Next we move to the vertices v; and w}. Assign the label 2
to the vertices v5;; for all the values of 7 = 0,1,2,3,--- and assign the label 1 to the vertices
vg; for ¢ = 1,2,3,---. Next we assign the label 1 to the vertex w} and assign the label 3 to
the vertices wh, w, wy, - -- Finally assign the label 3 to all the vertices of z; (1 < i < n). The
vertex condition and the edge conditions are vs(1) = vs(2) = 222 and vy(3) = %2 and
ef(0) =4n — 4 and ef(1) = 4n — 3.

Case 2. n is odd.

Assign the label to the path vertices u; (1 <i<n),v; (1<i<n-—-1),w; (1<i<n-—1),
v (1 <i<n-—1),2 (1 <i<n)asin case 1. Then assign the label 3 to all the vertices
w; (1 <i<n-—1). Since ef(0) = 4n — 3, ef(1) = 4n — 4 and vs(1) = v4(3) = 2n — 1 and
vr(2) = 2n — 2, DT,, ® K7 is 3-difference cordial. O

Next investigation about DT, ® 2Kj;.

Theorem 2.2 DT, ® 2K, is 3-difference cordial.

Proof Let V(DT, ©2K:) =V (DT,) Hzs,yi: 1 <i<n}U{v}, v/, wi,w! :1<i<n-1}
and E(DT, @ 2K;) = E(DT,) U{uizs, wiyi : 1 < i < n}J{viv}, viv) , wowi, ww : 1 < i <
n—1}.

Case 1. n is even.

Consider the path vertices u;. Assign the label 1 to the path vertex u;. Now we assign
the labels 1,1,2,2 to the vertices us, us, u4, us respectively. Then we assign the labels 1,1,2,2 to
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the next four vertices ug, ur, us, ug respectively. Proceeding like this we assign the label to the
next four vertices and so on. If all the vertices are labeled then we stop the process. Otherwise
there are some non labeled vertices are exist. If the number of non labeled vertices are less
than or equal to 3 then assign the labels 1,1,2 to the non labeled vertices. If it is two then
assign the label 1,1 to the non labeled vertices. If only one non labeled vertex is exist then
assign the label 1 only. Next we consider the label v;. Assign the label 2 to the vertex v;.
Then we assign the label 2 to the vertices vs,v4,vg, - - and assign the label 3 to the vertices
v3, V5,07, -+ . Next we move to the vertices x; and y;. Assign the label 2 to the vertices x; and
22 and we assign the label 3 to the vertices y; and y2. Now we assign the label 1 to the vertices
Z4i+1 and x4; for all the values of ¢ = 1,2,3,---. Then we assign the label 1 to the vertices
Zgiys for i = 0,1,2,3,---. Next we assign the label 2 to the vertices x4,49 for all the values
of i =1,2,3,---. Now we assign the label 3 to the vertices y4;+3 for i=0,1,2,3,... For all the
values of ¢ = 1,2,3,---. assign the label 3 to the vertices y4;11 and y4;12. Then we assign the
label 2 to the vertices y4; for i = 1,2,3,---. Now we consider the vertices v, and v;. For all
the values of i=1,2,3... assign the label 1 to the vertices v}, |,v}; . Assign the label 1 to the
vertices v); for i =1,2,3,---. Then we assign the label 2 to the vertices v}; 5 for all the values
of i =0,1,2,3,---. Consider the vertices v;’. Assign the label 3 to the path vertex v}, ,v/; o
and vy, 3 for all the values of ¢ = 0,1,2,3,---. Next we assign the label 2 to the vertices v};
for i =1,2,3,---. Now we assign the label 3 to the vertices w;(1 < i <mn —1). Next we move
to the vertices w; and w}. Assign the label 1 to all the vertices of w;(1 < i <n —1) and we
assign the label 2 to all the vertices of w} (1 < ¢ <n—1). Since vy(1) =vs(2) =vy(3) =3n—2
and ey (0) = 1210 and e, (1) = 22=8  this labeling is 3-difference cordial labeling.

Case 2. nis odd.

First we consider the path vertices u;. Assign the label 1,1,2,2 to the first four path
vertices uq, ug, us, uy respectively. Then we assign the labels 1,1,2,2 to the next four vertices
us, Ug, U7, ug respectively. Continuing like this assign the label to the next four vertices and so
on. If all the vertices are labeled then we stop the process. Otherwise there are some on labeled
vertices are exist. If the number of non labeled vertices are less than or equal to 3 then assign
the labels 1,1,2 to the non labeled vertices. If it is 2 assign the labels 1,1 to the non labeled
vertices. If only one non labeled vertex exist then assign the label 1 to that vertex. Consider
the vertices v;. Assign the label 2 to the vertices vy, vs3,vs, -+ and we assign the label 3 to
the vertices va,v4,vg, -+ . Next we move to the vertices w;. Assign the label to the vertices
w; (1 <i < n-—)asin case 1. Now we consider the vertices z; and y;. Assign the label 2 to
the vertices x4;41 for all the values of ¢ =0,1,2,3,---. For all the values of i=0,1,2,3,... assign
the label 1 to the vertices x4;12 and x4;+3. Then we assign the label 1 to the vertices x4; for
all the values of ¢ = 1,2,3,---. Next we assign the label 3 to the vertices y4;41 and y4; 4o for
all the values of i = 0,1,2,3,--- and we assign the label 3 to the vertices y4; for i =1,2,3,---.
Then we assign the label 2 to the vertices y4;43 for all values i = 0,1,2,3,---. Next we move
to the vertices v, and v. For all the values of i = 0,1,2,3,--- assign the label 1 to the vertices
V)41 and v, 3. Now we assign the label 1 to the vertices v}, for i = 1,2,3,---. Next we assign

the label 2 to the vertices v}, , for i = 01,2,3,---. Consider the vertices v;. Assign the label
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3 to the vertices vy; ; and vj; , for all the values of i = 0,1,2,3,--- and we assign the label
1 to the vertices vy; for i = 1,2,3,---. For the values of i = 0,1,2,3,--- assign the label 2 to

the vertices v4;13. Finally we consider the vertices w} and w{’. Assign the label to the vertices
w; (1 <i<n-—1)and w) (1 <i<mn-1)asin case 1. The vertex and edge condition are
vr(1) =vf(2) = v4(3) =3n —2 and ef(0) = es(1) = 1175_9. O

We now investigate the graph DT, ® Ks.

Theorem 2.3 DT, ® K5 is 3-difference cordial.

Proof Let V(DT, ® K2) = V(DT,) | U{zi,yi : 1 < i <n}U{vj, v/, wi,w! :1<i<n-1}

and E(DT,0K3) = E(DT,) U{wixi, vy, zyi : 1 < i <n}J{vv}, viv) , vlol, wiwl, wywy , wiwl
1<i<n-1}.

Case 1. n is even.

Consider the path vertices u;. Assign the label 1 to the path vertices w1, usg,us, . Then
we assign the labels 2 to the vertices v1,v2,vs,---. Next we assign the labels 3 to the vertices
w1, wa, w3, wy. Now we consider the vertices v, and v). Assign the label 2 to the vertex vf.
Then we assign the label 1 to the vertices v}, v§, vy, vg, - - -. Now we assign the label 3 to the
vertices v{, vy, v4, vy, -+ . Next we move to the vertices w} and w}. Assign the label 1 to the
vertex wj. Then we assign the label 1 to the vertices wj, wj, w§, -+ and assign the label 2 to
the vertices wj, w§, wh, - -+ . Assign the label 2 to the vertices w{, wy, w4, wy,--- . Finally we
move to the vertices x; and y;. Assign the label 1 to the vertices x1,x3, x5, - and we assign
the label 2 to the vertices x2, x4, xg, - - - then we assign the label 3 to the vertices y1,y2,ys3, - .
Clearly in this case the vertex and edge condition is given in vy (1) = vy (2) = v4(3) = 3n —2
and ef(0) = Tn — 5 and ef(1) = Tn — 6.

Case 2. n is odd.

Assign the label to the verticesu; (1<i<n),v; (1<i<n—1)andw; (1<i<n-—1)as
in case 1. Consider the vertices v; and v. Assign the label 1 to the vertices v}, v5, v§, vy, - - - .
Then assign the label to the vertices v) (1 < i < n — 1) as in case 1. Now we move to the
vertices w} and w). Assign the label 1 to the vertices w}, w}, wf, - and we assign the label 3
to the vertices w}, w}, wg, - - - . Next we assign the label to the vertices w} (1 <i<mn-—1) asin
case 1. Now we consider the vertices x; and y;. Assign the label 2 to the vertices x1,zs, x5, -
and we assign the label 1 to the vertices xs, x4, Tg, - - - . Then we assign the label to the vertices
y; (1 <4 < n)asin case 1. Since vs(1) = v;(2) = v7(3) = 3n — 2 and e;(0) = Tn — 6 and
ef(1) = 7n — 5, this labeling is 3-difference cordial labeling. O

A double quadrilateral snake DQ),, consists of two quadrilateral snakes that have a common
path. Let V(DQy) = {u; : 1 < ¢ < n}U{vi,wi,zi,y; : 1 < i < n—1} and E(DQ,,) =
{Uithiq1, viw;, TiYi, Willit1, Yitiqr 1 1 < i <n—1}

Now we investigate the graphs DQ, © K1,DQ, ® 2K; and DQ, ® Ks.

Theorem 2.4 DQ, ® K, is 3-difference cordial.
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Proof Let V(DQ, © K1) = V(DQ,)U{u; : 1 < i <n} v, w,z},y,:1<i<n-—1}
and E(DQ, © K1) = E(DQ,) {uu} : 1 < i < n} | Hwvl, wiw}, z;z},yiyt 0 1 < i< n—1}.
Assign the label 1 to the path vertex u;. Next we assign the labels 1,1,2 to the vertices
Uug, ug, ugq respectively. Then we assign the labels 1,1,2 to the next three path vertices us, ug, ur
respectively. Proceeding like this we assign the label to the next three vertices and so on. If all
the vertices are labeled then we stop the process. Otherwise there are some non labeled vertices
are exist. If the number of non labeled vertices are less than or equal to 2 then assign the labels
1,1 to the non labeled vertices. If only one non labeled vertex exist then assign the label 1 only.
Now we consider the vertices v; and w;. Assign the label 2 to the vertices vs; 11 and vs;1o for
all the values of i=0,1,2,3... For all the vales of i = 1,2,3,--- assign the label 1 to the vertices
v3;. Then we assign the label 3 to the vertices w; (1 < i < n). Next we move to the vertices x;
and y;. Assign the labels 2,3 to the vertices x1 and y; respectively. Then we assign the label 2
to the vertices xa, x5, rs, - - . Now we assign the label 1 to the vertices 3, zg, zg, -+ and the
vertices x4, T7, T10,- - - . Assign the label 3 to the vertices y1, Y2, ys, - - - . We consider the vertices
u}. Assign the labels 2,3 to the vertices uf and u), respectively. Now we assign the label 1 to the
vertices uj, ug, ug, - - - and we assign the label 3 to the vertices uly, uy, u}y,--- . Then we assign
the label 2 to the vertices uf, ug, ufy,---. Next we move to the vertices v, and wj. Assign the
the label 3 to the vertex w}. Now assign the label 1 to all the vertices of v} (1 < i <mn—1)
and we assign the label 2 to the vertices w}, wj, w}, -+ . We consider the vertices z; and yj.
Assign the label 2,1 to the vertices x} and yj respectively. Also we assign the label 2 to the
vertices x5, x5, x5, - - - and the vertices x4, xf, g, - - - . Then we assign the label 1 to the vertices
Ty, Th, 2o, - -+ . Next we assign the label 3 to the vertices y5, y5,y4, ... The vertex condition is
es(0) =6n —5 and ef(1) = 6n — 6. Also the edge condition is given in Table 1 following. O

Nature of n ve(1) v (2) vs(3)
n=0 (mod 3) 10%79 10276 107579
n=1 (InOd 3) 10713—10 1075—7 101&—7
n=2 (InOd 3) 10%78 10%78 10%78

Table 1

Theorem 2.5 DQ,, ® 2K; is 3-difference cordial.

Proof Let V(DQ, © 2K1) = V(DQy) a1 < i < n} Uul, o,y ol

1) V) K3
1<i<n-1}and E(DQ,02K;) = E(DQy) J{uiu}, uuf : 1 <i < n}J{vvl, viv!, wow}, w,w!,
xixlh, il vyl iyl 01 <i < n—1}. First we consider the path vertices u,;. Assign the label 1
to the path vertices w1, us, us, -+ and we assign the label 2 to the path vertices uo, ug, ug, - - .
Clearly the last vertex w,, received the label 2 or 1 according as n = 0mod 2 or n = 1 (mod 2).
Next we move to the vertices v; and w;. Assign the label 1 to all the vertices of v; (1 <1 < n)
and we assign the label 3 to the vertices wy, ws, ws, ... Then we assign the label to the vertices
z; (1 <4 < n—1)is same as assign the label to the vertices v; (1 < i < n — 1) and we
assign the label to the vertices y; (1 <1i < n — 1) is same as assign the label to the vertices w;

(1 <i<n-—1). Next we move to the vertices u; and v/. Assign the label 2 to the vertices
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v, V5, v, - - - then we assign the label 3 to the vertex v{'. Assign the label 3 to the vertices v4; for
all the values of i = 1,2,3,--- and we assign the label 2 to the vertices v4; ; fori=1,2,3,---.
Next we consider the vertices w} and w}. Assign the label 1 to the vertices w}, w5, w5, - - and
we assign the label 3 to the vertices w{, ws, wY,--- . Next we move to the vertices x} and z.
Assign the label 1 to all the vertices of o} (1 < i < n — 1) and we assign the label 2 to all

the vertices of 2 (1 < i < n —1). Now we assign the label 2 to the vertices yi,y5, y5, -

and we assign the label 3 to the vertices vy, y5,%5, - -. Finally we move to the vertices u; and
ul. Assign the label 2 to the vertices u},uj, uf,--- and we assign the label 1 to the vertices
uh, uy, ug, - - - . Next we assign the label 2 to the vertices uf, uf,uf, - and we assign the label
3 to the vertices u4, uj, ug, - - . The vertex condition is v (1) = vf(2) = vf(3) = L2212 Also
the edge condition is given in Table 2. O
Values of n es(0) ef(1)
n=0 (mod 2) Lrn—16 17n;14
n=1 (mod 2) Lrn—15 Lrn—15
Table 2

Theorem 2.6 DQ,, ® Ky is 3-difference cordial.

Proof Let V(DQ, © K2) = V(DQn)U{u, v/ : 1 <i < n}U{vi, v wl, wi ! y., vy :

1) Y1) K2

1<i<n-1} and E(DQ, © K3) = E(DQ,) U{uu}, uju , wul : 1 <i<n} v}, vv), viv)

AR A
! a0

ww, wywy  wiwy wal, xxl 2hal vyl vyl ylyl 01 <i <n—1}. First we consider the path
vertices u;. Assign the label 1 to the vertex u;. Then we assign the label 1 to the vertices
U, Ug, Ug, - - - and we assign the label 2 to the path vertices ui,us,us, - . Note that in this
case the last vertex u, received the label lor 2 according as n =0 (mod 2) or n =1 (mod 2).
Next we move to the vertices v; and w;. Assign the label 2 to the vertex v;. Then we assign the
label 3 to all the vertices of w; (1 < i <n —1). Assign the label 1 to the vertices va, v3, vy, ...
We consider the vertices x; and y;. Assign the label to the vertices z; (1 <7 <mn —1) is same
as assign the label to the vertices v; (1 < i < n — 1) and assign the label to the vertices y;
(1 <i<n-—1)is same as assign the label to the vertices w; (1 <i <n —1). Next we move
to the vertices v} and v. Assign the label 2 to the vertices v}, v}, v5, -+ and assign the label
3 to the vertices v{, vy, vy, - . Consider the vertices 2 and z/. Assign the label 1 to all the
vertices of z} (1 <4 <mn —1). Assign the label 2 to the vertex . Then we assign the label 3
to the vertices x4, x4, x}, - -- . Now we assign the label 2 to all the vertices of w} (1 <i<n—1)
and assign the label 3 to all the vertices of w}’ (1 <4 < n —1). Now we move to the vertices y;
and y/’. Assign the label 1 to the vertices y, ¥4, y5, - - - and we assign the label 2 to the vertices
i vy, 4, - . Next we move to the vertices u} and ). Assign the label 1,3 to the vertices u}
and uf respectively. Assign the label 1 to the vertices u), for all the values of ¢ = 1,2,3,---
and assign the label 2 to the vertices ug;+1 for i =1,2,3,--- then we assign the label 2 to the
vertices uj, uf, ul,--- . The vertex and edge conditions are

_ 15n—12

0r(1) = vy (2) = 0y(3) = —
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and
ef(0) =11n—-9, ef(1)=11n—10. O
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Abstract: We know that some large graphs can be constructed from some smaller graphs
by using graphs operations. Many properties of such large graphs are closely related to
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§1. Introduction

In [2], Beck, for the first time, studied zero-divisor graphs of the commutative rings. Later,
D. F. Anderson and Livingston investigated nonzero zero-divisor graphs of the rings (see [1]).
Some researchers also studied the zero-divisor graph of the commutative rings. Subsequently,
others extended the study to the commutative semigroups with zero. These can be seen in [3,
5,7, 8.

Assume (P, <) is a poset (i.e., P is a partially ordered set) with the least element 0. For
every x,y € P, defined of L(z,y) = {# € P|z < z and z < y}. z is a zero-divisor element of
P if l(x,y) = 0, for some 0 # y € P. I'(P) is the zero-divisor graph of poset P, where the
its vertex set consists of nonzero zero-divisors elements of P and x is adjacent to y if only if
L(z,y) = {0}.

In this paper, P denotes a poset with the least element 0 and Z(P) is nonzero zero-divisor
elements of P. The zero-divisor graph is undirected graph with vertices Z(S) such that for
every distinct z,y € Z(S), x and y are adjacent if only if L(z,y) = {0}. Throughout this
paper, G always denotes a zero-divisor graph which is a simple graph (i.e., undirected graph
without loops and multiple) and the set vertices of G show V(G) and the set edges of G denotes
E(G). The degree of vertex x is the number of edges of G intersecting x. N(z), which is the
set of vertices adjacent to vertex x, is called the neighborhood of vertex xz. If n is a (finite
or infinite) natural number, then an n-partite graph is a graph, which is a set of vertices that
can be partitioned into subsets, each of which edges connects vertices of two different sets. A
complete n- partite graph is a n- partite graph such that every vertex is adjacent to the vertices
which are in a different part. A graph H is a subgraph of G if V(H) C V(G) and E(H) C E(G).
H is called an induced subgraph of G if for every x,y € V(H), {z,y} € E(G). A subgraph H
of G is called a clique if H is a complete graph. The clique number w(G) of G is the least upper

1Received November 17, 2017, Accepted May 30, 2018.
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bound of the cliques sizes of G.

Many large graphs can be constructed by expanding small graphs, thus it is important to
know which properties of small graphs can be transfered to the expanded ones, for example
Wang in [6] proved that the lexicographof vertex transitive graphs is also vertex transitive as
well as the lexicographic product of edge transitive graphs. Specapan in [9] found the fewest
number of vertices for Cartesian product of two graphs whose removal from the graph results in
a disconnected or trivial graph. Motivated by these, we consider five kinds of graph products as
the expander graphs which is described below and we can verify if regard the product of them
can be regarded as a Cayley graph of the semigroup which is made by their product underlying
semigroup and if the answer is positive does it inherit Col-Aut-vertex property of from the
precedents. Let I' = (V, E) be a simple graph, where V is the set of vertices and E is the set
of edges of G. An edge joins the vertex u to the vertex v is denoted by (u,v).

In [10], the authors described the following definition:

Definition 1.1 A simple graph G is called a compact graph if G does not contain isolated
vertices and for each pair x and y of non-adjacent vertices of G, there exists a vertexr z with
N(z) UN(y) € N(2).

Definition 1.2 LetT'y = (V4, E1) and Ty = (Va, E2) be two graphs. T = (V, E), the product of
them is a graph with vertex set V.=V, x Va, and two vertices (u1,us) is adjacent to (vy,v2) in

T if one of the relevant conditions happen depending on the product.

(1) Cartesian product. uy is adjacent to vy in Ty and ug = ve or uy = v1 and ug is adjacent
to vy in I'y;

(2) Tensor product. uy is adjacent to vy in I'y and us is adjacent to vy in T'y;

(3) Strong product. uy is adjacent to vy in Ty and ugs = ve or ug = v1 and us is adjacent
to vg in s or uy is adjacent to v1 in 'y and us is adjacent to vy in Iy;

(4) Lexicographic. u; is adjacent to v1 in 'y or uy = v1 and ug is adjacent to ve in T'a;

(5) Co-normal product. uy is adjacent to vy in I'y or us is adjacent to ve in Ua;

(6) Modular product. uy is adjacent to v1 in I'y and us is adjacent to vy in Ty or uy is not

adjacent to v1 in 'y and us is not also adjacent to vy in I's.

82. Preliminary Notes

In this section, we recall some lemmas and definitions. from Dancheny Lu and Tongsue We in
[10], the authors described following definition.

Definition 2.1 A simple graph G is called a compact graph if G does not contain isolated
vertices and for each pair x and y of non-adjacent vertices of G, there exists a verter z with
N(z)UN(y) € N(2).

It has been showed the following theorem in [10].

Theorem 2.2 A simple graph G is the zero-divisor graph of a poset if and only if G is a
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compact graph.

§3. Cartesian Product

Through this section, we assume that P and @) are two posets with the least element 0. Assume
G and H are in zero-divisors graphs of P and @, respectively. N(x) and N (a) are neighborhoods
in G and H , respectively, where z € V(P) and a € V(Q).

Theorem 3.1 Let I' be the Cartesian product of two zero-divisor graph of G and H. Then
N(z,a) = (N(z) x {a})U ({x} x N(a)), for any (z,r) € V(G x H).

Proof Let (s,r) € N(z,a). Therefore, (s,r) is adjacent to (x,a). Thus, s is adjacent to x
in G and r =a or s =z and r is adjacent to a in H. Hence, s € N(z) and r = a or s = x and
r € N(a). It can be concluded that to N(z,a) = (N(z) x {a}) U ({2} x N(a)). O

Theorem 3.2 Let G and H be two compact graphs. Then I' the cartesian product of them is

not a compact graph.

Proof Let (x,a) and (y, b) be two arbitrary vertices not being adjacent of the graph I', where
(z,a) # (y,b). Therefore,  and y are not adjacent in G or a # b in H and x # y in G or a,b are
not adjacent in H. Assume that there exists (z,¢) € V(I') such that N(x,a)UN(y,b) C N(z,c).
That is,

(N(z) x{a})U ({z} x N(a))U(N(y) x {b})U ({y} x N(b))
C N(=) % {eh) U ({2} x N(e)).

Assume that (m,a), (n,a) € (N(z) x {a}) such that (m,a) € N(z) x {c} and (n,a) €
{2} x N(c¢). Then, m € N(z),a = ¢,a € N(c). Hence, ac = 0 and ¢ = 0. That is a
contradiction. Therefore, N(z) x {a} has intersection only one of N(z) x {c} and {z} x N(c).
Similary, we get this subject for ({z} x N(a)), (N(y) x {b}) and ({y} x N(b)).

Now, suppose N(z) x {a} C N(z) x {c}( ie., a = ¢, N(z) C N(z)). If {z} x N(a) C
N(z) x {c}, we have N(a) = {c}. Hence, ac = 0. On the other hand a = ¢, then ¢* = 0. That
is a contradiction. Therefore, {x} x N(a) C {2} x N(c), that is x = z and N(a) C N(c). Then,
N(z) = N(z) and N(a) = N(c).

Suppose N(y) x {b,} C N(z) x {c¢}. Thus, N(y) C N(z) = N(x),b = c¢. Hence, a = b =
¢, N(a) = N(b) = N(c).

If {y} x N(b) C N(2)x {c},y € N(z) and N(b) = c. Then, bc = ¢* = 0. That is a contract.
Therefore, {y} x N(b) C {c} x N(z). We get y = z and N(b) C N(c). It leads to a = b = ¢ and

x =y = z. That is a contradiction. |

Corollary 3.2 Let G and H be two compact graphs of two poset. Then, the cartesian product
of them is not a graph of a poset.

Proof Referring to the theorem above and [10], it is clear. O
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84. Tensor Product

Through this section, we assume that G and H are two zero-divisor graphs of poset P and @)

with the least element 0, respectively.

Theorem 4.1 T is the tensor product of the graphs G and H. Then N(z,a) = (N(z) x N(a))
for any (z,a) € V(G x H).

Proof Assume (s,r) € N(x,a). Then, (s,r) is adjacent to (z,a). By Definition 1.2, s and
x are adjacent and r and a are adjacent too. Therefore, s € N(x) and r € N(a). It leads to
N(z,a) = N(z) x N(a). O

85. Strong Product

Through this section, we assume that H and K are two zero-divisor graphs of poset P and @)

with the least element 0, respectively.

By Definition 1.2, Theorems 3.1 and 4.1, we conclude the following theorems.

Theorem 5.1 T' the strong product of two zero-divisors graphs G and H of posets. Then, if
runs for any (x,a) € V(I'), N(z,a) = (N(x) x {a}) U ({z} x N(a)) U (N(z) x N(a))

Proof By Definition 1.2, for any (r,s) € N(x,a), where (z,a) € V(T'), r is adjacent to x
inG and s =a or r =z and s is adjacent to a in H or r is adjacent to x in G and s is adjacent
to aiH. Therefore, N(z,a) = (N(z) x {a}) U ({2} x N(a)) U (N(x) x N(a)). O

86. Co-normal Product

Theorem 6.1 T' is the co-normal product of two graphs G and H of two the posets of P and
Q, respectively. Then for any (z,a) € V(T'), N(z,a) = (N(z) x V(H)) U (V(H) x N(a)).

Proof By Definition 1.2, if ((s,r) is adjacent to (z,a), s and x are adjacent in G or r, a are
adjacent in H. Thus, N(z,a) = (N(z) x V(H))U (V(H) x N(a)). O

Theorem 6.2 If T' is the co-normal product of two compact graphs G and H, then T is a
compact graph.

Proof Let (z,a) and (y,b) not be in I and (x,a) # (y,b). By referring the virtue of
Definition 1.2, we get  andy are not adjacent in G and @ and b are not adjacent in H. Then
there exist z € G and s € H such that N(z) UN(y) C N(z) and N(a) UN(b) C N(c). Hence,

N(z,a)UN(y,b) = (N(z)x N(a)) U(N(y) x N(b)
C (N(2) x N(¢))U(N(z) x N(c)) =N(z) x N(c) O

Now, we get the following corollary.
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Corollary 6.3 The co-product of two zero-divisor graphs of posets is a zero-divisor graph of a

poset.

Proof By the above theorem and [10], it is clear. O

87. Lexicographic Product

Theorem 7.1 T the lexicographic product of two zero-divisor graphs G and H of the two posets
P and Q, respectively. Then, N(z,a) = (N(x) x V(H))U ({z} x N(a)), for any (z,a) € V(T').

Proof By Definition 1.2, assume (s,7) € N(z,a). Therefore, s and = are adjacent in G or
s =z in G and r and a are adjacent in H. Therefore, N(z,a) = (N(z) x V(H))U({z} x N(a)),
for any (z,a) € V(7). O

§8. Modular Product

Theorem 8.1 T' the Modular product of two zero-divisor graphs G and H of the two posets P
and @ respectively. Then, N(x,a) = (N(z) x N(a)) U (N°(z) x N¢(a)), for any (z,a) € V(T).

Proof By Definition 1.2, assume (s,7) € N(z,a). Therefore, s and z are adjacent in G

while r and a are adjacent in H or s and x are not adjacent in G whereas r and a are not
adjacent in H. Thus, N(z,a) = (N(z) x N(a)) U (N¢(z) x N(a)). m
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The tragedy of the world is that those who are imaginative have but slight
experience, and those who are experienced have feeble imaginations.

By Alfred North Whitehead, A British philosopher and mathematician
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