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Abstract: In this study, we think six special ruled surfaces associated to the Bertrand
curves pair {a,a"}. We describe Bertrandian Frenet ruled surfaces and striction curves
of these surfaces are expressed, as depending on the angle between the tangent vectors of
the Bertrand curves pair {a,a*}. Also, we examined the situation of the tangent vectors

belonging to Striction curves of Frenet and Bertrandian Frenet ruled surfaces.
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§1. Introduction and Preliminaries

A surface is told to be ruled if it is generated by moving a direct line continuously in Euclidean
space [8]. Ruled surfaces are one of the simplest objects in geometric modeling. The basis
notions on ruled surfaces in are given in [4]. A ruled surface is a surface swept out by a straight
line L moving along a curve o (u) € R3. The various positions of the generating line L are called

the rulings of the surface. Such a surface always has a ruled parametrization
o(u,v) = alu) +vX(u), uel, veR (1.1)

We call « base curve and X the director curve, although X is usually pictured as a vector
field on « pointing along the line L. The striction point on a ruled surface is the foot of the
common normal between two consecutive generators. The set of striction points defines the
striction curve given by ([2])

(o, X")

Bertrand curves discovered by J. Bertrand in 1850 are one of the important and interesting

1Received October 10, 2016, Accepted May 10, 2017.
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topics of classical special curve theory. These well known properties of Bertrand curves in
Euclidean 3-space was extended by L. R. Pears in [9]. The set, whose elements are frame
vectors and curvatures of a curve a, is called Frenet-Serret apparatus of the curves. Let Frenet
vector fields be Vi (s),Va(s), V3 (s) of o and let the first and second curvatures of the curve
a(s) be ky (s) and ko (s), respectively. The quantities {V1, Va, Va, k1, ko } are collectively Frenet-

Serret apparatus of the curves, ([3], [6]). The Frenet formulae are known as

Vi 0 ki O Vi
VQ - —kl O kz V2
V3 0 —ky O V3

Let a : I — E3? and o* : I — E? be the C?— class differentiable two curves and let
V1(s), Va(s), Va(s) and Vi*(s), V5 (s), V5 (s) be the Frenet frames of the curves o and a*, respec-
tively. If the principal normal vector V5 of the curve « is linearly dependent on the principal
normal vector V5* of the curve o*, then the pair {a,a*} are called Bertrand curves pair, [4],
[7]. Also a* is called Bertrand mate. If the curve o* is Bertrand mate of «, then we may write
that

o (s) = a(s) + AVa (s). (1.3)

If the curve a* is Bertrand mate « (s), then we have that (V;*(s),Vi(s)) = cosf =
constant. The distance between corresponding points of the Bertrand curves pair in E3 is
constant.a(s) is a Bertrand curve if and only if there exist nonzero real numbers A and 5 such
that constant Aky + Bke = 1 for any s € I, [4], [7]. The relationship between Frenet apparatus

belonging to « and the Bertrand mate o* is as follows:

V¥ = cos OV +sin Vs

Vo =Va (1.4)
V3¥ = —sinOVy + cos 0Vs.

sin? 0

sk =— 1.5
ML= M) 2 N2ky (15)

bt = Ay —sin? 0

where Z(V1,Vi*) = 6, [10]. Due to this equations, we can write

ko Ak; — sin? 0
”* (Mt —sin260)°  sin*6)
M1 =k
( 1)( A2(1—)\k1)2 M2
B
77* (()\kl _Sin29)2)\2k§+sin49(l _)\kl)2) k?\/m,
ds 1

ds* ko /A2 + 32

where n* = kj 2y k;z. Frenet ruled surface can be generated by the motion of a Frenet vector of
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curve in E3. Tangent, Normal and Binormal ruled surfaces are collectively named Frenet ruled

surfaces, [5].

Theorem 1.1([5]) Striction curves belonging to Frenet ruled surfaces are given in equations

c(s) = e3(s) =als) (0.1)

k1(s)
ca(s) = a(s)+mv2(s)

Theorem 1.2([5]) Tangent vector fields Ty, Ty and T3 of striction curves belonging to Frenet

ruled surface are given by

Ty 1 kO, 0 1%

k2 F1 [y
T 2 u L= 1% 1.7
2 Maol Taol el || "2 (L.7)
T3 1 0 0 Vs

where n = k% + k3.

§2. A New Approach on the Striction Curves Belonging to Bertrandian

Frenet Ruled Surfaces

In this section first, we give Bertrandian tangent, Bertrandian normal and Bertrandian binormal
Frenet ruled surfaces depending on the angle between the tangent vectors of the Bertrand curves
pair. The later, we examined the situation of the tangent vectors belonging to Stricion curves
of Frenet and Bertrandian Frenet ruled surfaces.

Definition 2.1 Let Bertrand curves pair {«, o*}. Bertrandian Frenet ruled surfaces which are

depended on the angle between the tangent vectors of Bertrand curves pair are defined as follow,

respectively
©7(s,w1) = o () +wiVi (s) = a+ AV 4+ wy(cos V) + sin OV3),
P (s,wa) = o (s) +w2Vy (s) = a+ (A +w2) V3, (2.1)
05 (s,w3) = a”(s)+wsV5 (s) = a+ AVa + ws(—sin OV + cos 6V3).

Theorem 2.2([11]) Striction curves belonging to Bertrandian Frenet ruled surfaces depending

on the angle between the tangent vectors of Bertrand curves pair can be expressed as follows,
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= a4+ A\,
G = at At (\ky — sin? 0) V3 7
AL — )\kz)((/\kl — sin? 6)? sin49)
A2(1— Mkg)2 T MEy2
s = a+ M.

Theorem 2.3([11]) Tangent vector fields Ty, Ty, Ti, and Tj of striction curves be-

longing to Bertarndian Frenet ruled surfaces are given by

Ty 1 0 o][w
T | =|a b ¢ Vs (2.2)
T; 1 0 0w
where
. k52 sin* @
a = == Y
n* |[e3' (s)]| 1 of(Mkp —sin?0)2  sint @ 5 5 5
Ak ( (- M)? A4k22)v'/’1 MR
2
2 A1 —1 [ (Ma—sin®0)” | g
(k_l)/ (Akp — sin” 9)A (1 — )\kl) ( )\2(17%1)2 + Xt
b= KAV
x/ )
ez’ ka2 + B) (% + a” +us)
;o kiks (\ky — sin? 6) sin? 6 .
% *x/ —sin? sin
7 [les’ )| ko1 — Akl)(ﬁ’;gl%l‘;f + A4,;2)\/1/112 + P02 + s”
" [ sin® f cos 0 (Aky —sin” ) sin® @
1 = . 92 2 . 4 - 2 2 4 ’
|4, 2 (Aky —sin”6) sin” 3 3 (Akyp — sin” 0) sin” @
Xk ( T wf) Xha(1 = M) ( T A%Q)
" [ Ak —sin? 0 ' 1
2 = ’
_/\(1 e )((/\kl—sinzt?)Q sin46’) ka/ A+
— Aky
A2(1=Me)?  Ak?
[ sin® @ (\ky — sin? 6) sin? 6 cos 0
s = m 2(()\k1 — sin? 6)? N sin49) * Nha(1 — Mk )(()\kl — sin? 6)? N sin46‘) '
2N = Me)? | N2 ? AP CIT I VR VY

Theorem 2.4 The matriz of tangent vector fields on striction curves belonging to Frenet and
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Bertrandian Frenet ruled surfaces are given by

T Ty B cos a*cosf —c*sinf cos 6
T T = X o' X+ H(fz)”b* +cY X
13 T3 cos a*cosf — c*sinf cosf
whereX_Lc st9+7sin9 Y = 7s1n9 kiks _ cos 6.
LIS nlfea (] 7 X1 e EAG|
Proof Let be [T] = [A][V] and [T*] = [A*][V*]. By using the properties of the matrix,

the following result is obtained.

#1T * *1\ T
[T)[T]" = [A][V](A*][V*])
r - T T
1 0 0 \ % 1 0 0
— k3 le / k1 ko * * * *
MGl Tael a6 Vol | Ve o b
1 0 0 Vzs | | V3" 1 0 0
[ coso 0 —sind 1 a* 1]
X () Y
= L 0 b 0
[[e2 ()]
L cos 0 —sin 6 0 ¢ 0]
[ cosf a*cosf — c* sin @ cosf
kl
2
L cos a*cosf — c*sinf cos

Corollary 2.1 (i) If the Bertrand mate is helixz curve, then tangent vector fields of striction
curves belonging to Tangent and Bertrandian normal ruled surfaces can be orthogonal;
(ii) If the Bertrand mate is helix curve, then tangent vector fields of striction curves be-

longing to Binormal and Bertrandian normal ruled surfaces can be orthogonal.

Proof i) If inner product of 77 and T3 is zero, then T; and Ty are orthogonal vectors.

(LT3 =02 (10T5) = a'cosd—csind=0— 2 = 200 _
, = , = a*cosf —c*sinf = — = = tan
b2 b2 c*  cosf
k*
—i = tanf = constant
ki
this completes the proof.
For (i), since T1 and T35 are equivalent vectors, then the proof is clear. |

Corollary 2.2 (i) If Bertrand curve is heliz curve, then tangent vector fields of striction curves
belonging to Normal and Bertrandian tangent ruled surfaces can be orthogonal;
(i) If the Bertrand curve is heliz curve, then tangent vector fields of striction curves

belonging to Normal and Bertrandian binormal ruled surfaces can be orthogonal.
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Proof (i) If inner product of Ty and T5 is zero, then Ty and T} are orthogonal vectors.

k2 k1ko
(T, T}) = 0= (Tp,T}) =X = —2 _—cosf+ ——-—sinf =0
' ' 1 llea(s)ll nllea(s)]
ko
= — = —tanf = constant
k1
This completes the proof.
For (1), since T} and T are equivalent vectors, the proof is clear. |

Corollary 2.3 Tangent vector fields of striction curves belonging to Normal and Bertrandian

normal ruled surfaces have orthogonal under the condition

sin? 6 /sin? 0 Mk —sin? @
: 2 4\y37.2 ! ( + )
l (Mey — sin® 0)A3K3 (1 — My ] Ny \ N2k, /\(1 — Nk1)
((/\kl — sin®0)°A2k2 + sin 6(1 — )\kl)2) (%) ((Akl — sin’ §)* n sin49)
BT N(1—Mk1)2 M2

ky\/
Proof (I3, T5)=0= (Ts,T5) = a*X + H(z())Hb* +cY =0

G
Xt et teY = 0
!
k_ *
k52X+||('22>||(]; ) kY = 0
/
k_ *
ky(k3X + k1Y) = _”Eén;z)” (k_i)/n*
(Hy _ HUX )
! II(M)>|V7
C2S

, sin 9(5111 0 n Mk — sin? 6 )

[ (Mey — sin® 0)A3k3 (1 — My ] Nk \ N2k, /\(1 — k1)
((/\kl — sin® 0)°A2k2 + sin* 6(1 — )\kl)2) () ((Akl — sin® 0)° sin49)

RET| A2(1—Xk1)? 0 Ndky?

This completes the proof. O

Corollary 2.4 Four pairs of tangent vectors fields of Frenet ruled surface belonging to Bertrand
pair {a,a*} are equal.

Proof From the equations (1.7) and (2.2)
(Th,T7) = (T, T3) = (T5,17) = (T3, Ty) = (V1,cos 0V +sin 0V3) = cosb. m

Example 2.1 Let us consider the following Bertrand curve « and Bertrand mate a*, respec-
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tively.
9 1 9 1 6
a(s) = (2—08 sin 16s — 17 sin 36s, — 208 cos 165 + 177 8 36s, — 65 sin 103),
9 1 9 1
a*(s) = (2—08 sin 16s — 1™ sin 36s + ﬁ/\ cos(26s), ) 308 8 165 + 77 08 36s
12 6
+ 1—3)\sin265 eE — sin10s — 1—3)\) [?].

Striction curves of the ruled surface formed by Frenet vector of this curves is as follows:

9 1 9 1 6
c1(s) = (ﬁ sin 16s — 17 sin 36s, — 308 €0 16s + 177 °°8 36s, — = sin 105)

co(s) =

1 1 4
(2?)8 nl6s — 17 sin 36s + 2 sin 105(33 cos16s — 3 cos 365)

1 1 4
_% 05 165 + —— cos 365 + sin1os(1—93 sin 165 — — sin 36s),

6 1
o sin 10s + % sin 10s cos 105)

9 1 9 1 6
cs3(s) = (ﬁ sin 16s — 17 sin 36s, — 308 <% 16s + 177 °°8 36s, — & sin 105)

) 9 1 9 1
c1*(s) = (2_08 sin 16s — 1 sin 36s + 1—3)\005(265) ) 308 8 165 + 177 08 36s

6
+13)\sm 26s, — 65 sin 10s — 1—3)\)

sin 10s cos 26s

. 9 . 1
co*(s) = {(2_08 sin 16s — msm365+—3)\cos263) cos? 105 +

1
14976

1 9 1
—@)\COS 26s, cos 108( ~ 208 cos 16s + 17 cos 36s + —)\sm 265)

+

1 1 6 5
11976 sin 10s sin 26s — @)\sm 26s, cos 103(% sin 10s — 1—3)\)

5
— 108 + —— A\ —210
179712 S0 108 + g cos T 10s,

) 9 1 9 1
c3*(s) = (2_08 sin 16s — 1 sin 36s + 1—3)\005(265) ) 308 8 165 + 177 08 36s

6 5
—l— )\sm 265 sm 10s — ﬁ)\)’
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Bertrand mate curve

e

Figure 1. The figures a) and b) show, respectively, Tangent ruled surface and Bertrandian

Tangent ruled surface. Blue and yellow colors are striction curves on these surfaces, respectively.

c) d)

Figure 2. The figures ¢) and d) show, respectively, Normal ruled surface and Bertrandian

Normal ruled surface. Green colors are striction curves on these surfaces, respectively.
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Figure 3. The figures e) and f) show, respectively, Binormal ruled surface and Bertran-
dian Binormal ruled surface. Yellow and blue colors are striction curves on these surfaces,
respectively.

Figure 4. The figures k) and m) show Striction curves of Frenet ruled surfaces and
Bertrandian Frenet ruled surfaces.

These figures are drawn with Mapple program for A = 1.
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Abstract: There are 2 contradictory views on our world, i.e., continuous or discrete, which
results in that only partially reality of a thing 7' can be understood by one of continuous
or discrete mathematics because of the universality of contradiction and the connection
of things in the nature, just as the philosophical meaning in the story of the blind men
with an elephant. Holding on the reality of natural things motivates the combination of
continuous mathematics with that of discrete, i.e., an envelope theory called mathematical
combinatorics which extends classical mathematics over topological graphs because a thing
is nothing else but a multiverse over a spacial structure of graphs with conservation laws hold
on its vertices. Such a mathematical object is said to be an action flow. The main purpose
of this survey is to introduce the powerful role of action flows, or mathematics over graphs
with applications to physics, biology and other sciences, such as those of G-solution of non-
solvable algebraic or differential equations, Banach or Hilbert a)-ﬂow spaces with multiverse,
multiverse on equations, --- and with applications to complex systems, for examples, the
understanding of particles, spacetime and biology. All of these make it clear that holding on
the reality of things by classical mathematics is only on the coherent behaviors of things for
its homogenous without contradictions, but the mathematics over graphs G is applicable for
contradictory systems, i.e., complex systems because contradiction is universal only in eyes

of human beings but not the nature of a thing itself.

Key Words: Graph, Banach space, Smarandache multispace, 5>-1"'low7 observation, natural

reality, complex system, non-solvable equation, mathematical combinatorics.

AMS(2010): 03A10,05C15,20A05, 34A26,35A01,51A05,51D20,53A35.

81. Introduction

Generally, the reality of a thing 7' is its state of existed, exists, or will exist in the world, whether
or not they are observable or comprehensible by human beings. However, the recognized reality
maybe very different from that of the truth because it depends on the way of the observer and

his world view is continuous or discrete, i.e., view the behavior of thing 7" a continuous function

1Reported at the 2017 Spring International Conference on Applied and Engineering Mathematics, April
18-20, 2017, Chengdu, P.R.China.
2Received October 18, 2016, Accepted May 12, 2017.
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f, or an infinite or finite sequence x1,xs,- - , T, with n > 1 on time .

Is our world continuous or discrete? Certainly not because there exist both continuous or
discrete things in the eyes of human beings. For example, all apples on a tree is discrete but
the moving of a car on the road is continuous, such as those figures (a) and (b) shown in Fig.1.

Fig.1

And historically, holding on the behavior of things mutually develops the continuous and discrete
mathematics, i.e., research a discrete (continuous) question by that of continuous (discrete)
mathematical methods. For example, let x, y be the populations in a self-system of cats and
rats, such as Tom and Jerry shown in Fig.2,

then they were continuously characterized by Lotka-Volterra with differential equations ([4])

i 2(A—by),

y(=p — cx).

(1.1)

Y

Similarly, all numerical calculations by computer for continuous questions are carried out

by discrete methods because algorithms language recognized by computer is essentially discrete.
Such a typical example is the movies by discrete images for a continuous motion shown in Fig.3.

Thus, the reality of things needs the combination of the continuous mathematics with that of

the discrete.
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Wy - -
M iy ggannn el

Fig.3
Physically, the behavior of things T is usually characterized by differential equation
F (t, z17x27x37¢t7¢m17¢m27 ce 7¢m1m27 e ) =0 (12)

established on observed characters of uq,usa,- -, uy for its state function ¢ (¢, z) in reference
system R? by Newtonian and R* by Einstein ([2]).

Fig.4

Usually, these physical phenomenons of a thing is complex, and hybrid with other things.
Is the reality of particle P all solutions of that equation (1.2) in general? Certainly not because
the equation (1.2) only characterizes the behavior of P on some characters of py, pio, -, tin
at time t abstractly, not the whole in philosophy. For example, the behavior of a particle is
characterized by the Schrédinger equation

oy B,
o= gV U (1.3)

ih
in quantum mechanics ([24]) but observation shows it in two or more possible states of being,
i.e., superposition such as the asking question of Schrddinger for the alive or dead of the cat
in the box with poison switch shown in Fig.4. We can not even say which solution of the
Schrodinger equation (1.3) is the particle because each solution is only for one determined

state.

Furthermore, can we conclude the equation (1.2) is absolutely right for a particle P ¢ Cer-

tainly not also because the dynamic equation (1.2) is always established with an additional
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assumption, i.e., the geometry on a particle P is a point in classical mechanics or a field in
quantum mechanics and dependent on the observer is out or in the particle. For example, a
water molecule H,O consists of 2 hydrogen atoms and 1 oxygen atom such as those shown in
Fig.5. If an observer receives information on the behaviors of hydrogen or oxygen atom but
stands out of the water molecule H>O by viewing it a geometrical point, then he can only

receives coherent information on atoms H and O with the water molecule HyO.

Positive side

Negative side

Fig.5

But if he enters the interior of the molecule, he will view a different sceneries for atoms H and
O, which are respectively called out-observation and in-observation, and establishes equation
(1.3) on H30 or 3 dynamic equations

o, h?
—inZe = L2~ Viz)o
e
_ipdm _ _h V20, — V(2 (1.4)
ot - 2’I”I’LH1 H H '
. (91/)[{2 o h2 2
_Zﬁ 8t = 2mH2 \Y% 1/)H2 — V($)1/1H2

on atoms H and O. Which is the right model on H2O, the (1.3) or (1.4) dynamic equations?
The answer is not easy because the equation model (1.3) can only characterizes those of coherent
behavior of atoms H and O in H2O, but equations (1.4) have no solutions, i.e., non-solvable in
mathematics ([17]).

The main purpose of this survey is to clarify that the reality of a thing T should be
a contradictory system in one’s eyes, or multiverse with non-solvable systems of equations
in geometry, conclude that they essentially describe its nature, which results in mathematical
combinatorics, i.e., mathematics over graphs in space, and show its powerful role to mathematics
with applications to elementary particles, gravitational field and other sciences, such as those
of extended Banach or Hilbert G-flow spaces, geometry on non-solvable systems of solvable
differential equations, - - - with applications to the understanding of particles, population biology
and other sciences.

For terminologies and notations not mentioned here, we follow references [1] for mechanics,
[4] for biological mathematics, [8] for combinatorial geometry, [23]-[24] for elementary particles,
and [25] for Smarandache systems and multispaces, and all phenomenons discussed in this paper

are assumed to be true in the nature.
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§2. Contradiction, a By-product of Non-complete Recognizing

A philosophical proposition following clarifies the fundamental relation between the reality and
the reality understood by classical mathematics, which is clear but few peoples noted in the
past.

Proposition 2.1 Let # and MR be respectively the sets of reality and the reality known by

classical mathematics on things. Then

MECKE  and MR F XK. (2.1)

Proof Notice that classical mathematical systems are homogenous without contradictions,

i.e. a compatible one in logic but contradictions exist everywhere in philosophy. Thus, the

reality known by classical mathematics on things can be only a subset of the reality set, i.e.,
the relation (2.1)

MAECRH  and MEF X. |

Although Proposition 2.1 is simple but it implies that for holding on reality of things, an
envelope theory on classical mathematics, i.e., mathematics including contradictions is needed

to establish for human beings.

2.1 Thinking Models
Let us discuss 3 thinking models on complex systems following.

T1. The Blind Men with an Elephant. This is a famous story in Buddhism which
implies the entire consisting of its parts but we always hold on parts. In this story, there are six
blind men were asked to determine what an elephant looked like by feeling different parts of an
elephant’s body. The man touched the elephant’s leg, tail, trunk, ear, belly or tusk respectively
claims it’s like a pillar, a rope, a tree branch, a hand fan, a wall or a solid pipe, such as those
shown in Fig.6.
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Each of these blind men insisted on his own’s right, not accepted others, and then entered
into an endless argument. All of you are right! A wise man explains to them: why are you
telling it differently is because each one of you touched the different part of the elephant. So,
actually the elephant has all those features what you all said. Hence, the wise man told these
blind man that an elephant seemingly looked

An elephant = {4 pillars} U{l rope} U{l tree branch}
U {2 hand fans} U{l wall} U{l solid pipe} (2.2)

What is the implication of this story for human beings? It lies in the situation that human
beings understand things in the world is analogous to these blind men. Usually, a thing T is
understand by its known characters at one by one time and known gradually. For example, let
1y 2, -+, fby be known and v;,¢ > 1 unknown characters on a thing 7' at time ¢. Then, T is

understood by

r= (U )U (Yt 23

k>1

in logic and with an approximation T° = |J {u;} at time ¢t. The equation (2.3) is called the
i=1
Smarandache multispace ([8], [25]), a combination of discrete characters for understanding a

thing T'.

T2. Everett’s Multiverse on Superposition. The multiverse interpretation by H.Everett
[3] on wave function of equation (1.3) in 1957 answered the superposition of particles in ma-
chinery. By an assumption that the wave function of an observer would be interacted with a
superposed object, he concluded different worlds in different quantum system obeying equation
(1.3) and the superposition of a particle be liked those separate arms of a 2-branching universe
([16], [17]) such as those shown in Fig.7,

Fig.7

which revolutionary changed an ambiguous interpretation in quantum mechanics before him,
i.e., an observer will cause the wave function to collapse randomly into one of the alternatives
with all others disappearing. Everett’s multiverse interpretation on the superposition of particle

is in fact alluded in thinking model T'1, i.e., the story of blind men with an elephant because
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if one views each of these pillar, rope, tree branch, hand fan, wall and solid pipe by these
blind men feeling on different parts of the elephant to be different spaces, then the looks of an
elephant of the wise man told these blind men (2.2) is nothing else but an Everett’s multiverse.

T3. Quarks Model. The divisibility of matter initiates human beings to search elemen-
tary constituting cells of matter, i.e., elementary particles such as those of quarks, leptons with
interaction quanta including photons and other particles of mediated interactions, also with
those of their antiparticles at present ([23], [24]), and unmatters between a matter and its anti-
matter which is partially consisted of matter but others antimatter ([26], [27]). For example, a
baryon is predominantly formed by three quarks, and a meson is mainly composed of a quark
and an antiquark in the models of Sakata, or Gell-Mann and Ne’eman, such as those shown in
Fig.8, where there is also a particle composed of 5 quarks.

Fig.8

However, a free quark was never found in experiments. We can not even conclude the
Schrodinger equations (1.3) is the right equation on quarks. But why is it believed without a
shadow of doubt that the dynamical equation of elementary particles such as those of quarks,
leptons with interaction quanta is (1.3) in physics? The reason is because that all observations
come from a macro viewpoint, the human beings, not the quarks, and which can only lead
to coherent behaviors, not the individuals. In mathematics, it is just an equation on those of
particles viewed abstractly to be a geometrical point or an independent field from a macroscopic
point, which results in physicists assuming the internal structures mechanically for understand-
ing behaviors of particles, such as those shown in Fig.8. However, such an assumption is a little
ambiguous in logic, i.e., we can not even distinguish who is the geometrical point or the field,

the particle or its quark.

2.2 Contradiction Originated in Non-complete Recognizing

If we completely understand a thing T', i.e., T = T° in formula (2.3) at time ¢, there are no
contradiction on 7. However, this is nearly impossible for human beings, concluded in the
first chapter of TAO TEH KING written by Lao Zi, a famous ideologist in China, i.e., “Name
named is not the eternal; the without is the nature and naming the origin of things”, which
also implies the universality of contradiction and a generalization of equation (2.1).

Certainly, the looks (2.2) of the wise man on the elephant is a complete recognizing but

these of the blind men is not. However, which is the right way of recognizing? The answer
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depends on the standing view of observer. The observation of these blind men on the elephant
are a microscopic or in-observing but the wise man is macroscopic or out-observing. If one
needs only for the macroscopic of an elephant, the wise man is right, but for the microscopic,
these blind men are right on the different parts of the elephant. For understanding the reality
of a thing T, we need the complete by individual recognizing, i.e., the whole by its parts. Such
an observing is called a parallel observing ([17]) for avoiding the defect that each observer can

only observe one behavior of a thing, such as those shown in Fig.9 on the water molecule HoO

with 3 observers.

Fig.9

Thus, the looks of the wise man on an elephant is a collection of parallel observing by
these 6 blind men and finally results in the recognizing (2.2), and also the Everett’s multi-
verse interpretation on the superposition, the models of Sakata, or Gell-Mann and Ne’eman on
particles. This also concludes that multiverse exists everywhere if we observing a thing 7" by
in-observation, not only those levels of I — I'V classified by Max Tegmark in [28].

However, these equations (1.2) established on parallel observing datum of multiverse, for
instance the equations (1.4) on 2 hydrogen atoms and 1 oxygen atom ([17]), and generally,
differential equations (1.2) on population biology with more than 3 species are generally non-
solvable. Then, how to understand the reality of a thing T by mathematics holding with an
equality M R = X7 The best answer on this question is the combination of continuous mathe-
matics with that of the discrete, i.e., turn these non-mathematics in the classical to mathematics
by a combinatorial manner ([13]), i.e., mathematical combinatorics, which is the appropriated

way for understanding the reality because all things are in contradiction.

83. Mathematical Combinatorics

3.1 Labeled Graphs

A graph G is an ordered 2-tuple (V, E) with V # ) and E C V x V, where V and E are finite
sets and respectively called the vertex set, the edge set of G, denoted by V(G) or E(G), and
a graph G is said to be embeddable into a topological space 7 if there is a 1 — 1 continuous
mapping ¢ : G — T with ¢(p) # é(q) if p,q € V(G). Particularly, if 7 = R? such a topological
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graph is called spacial graph such as those shown in Fig.10 for cube Cy x Cy,

(% €1 V2
e E
. €3 €2
4 : 3
€5 €6
es : €7
S e | .
e U1 02
e11 us
Fig.10

and a labeling on a graph G is a mapping L : V(G)|J E(G) — £ with a labeling set .#. For
example, .Z = {v;,u;,¢e;,1 < i < 4,1 < j <12} in Fig.10. Notice that the inherent structure
of an elephant finding by these blind men is a labeled tree shown in Fig.11,

Fig.11

where, {t1} =tusk, {e1,e2} =ears, {h} =head, {b} =belly, {l1,l2,13,14} =legs and {t2} =tail.
Then, how can one rebuilt the geometric space of an elephant from the labeled tree in space
R3? First, one can blows up all edges, i.e., e — a cylinder for Ve € E(G¥) and then, homeo-
morphically transforms these cylinders as parts of an elephant. After these transformations, a

3-dimensional elephant is built again in R® such as those shown in Fig.12.

Fig.12

All of these discussions implies that labeled graph should be a mathematical element for
understanding things ([20]), not only a labeling game because of

Labeled Graphs in R" <« Inherent Structure of Things.
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But what are labels on labeled graphs, is it just different symbols? And are such labeled
graphs a mechanism for the reality of things, or only a labeling game? In fact, labeled graphs are
researched mainly on symbols, not mathematical elements. If one puts off this assumption, i.e.,
labeling a graph by elements in mathematical systems, what will happens? Are these resultants
important for understanding things in the world? The answer is certainly yes ([6], [7]) because
this step will enable one to pullback more characters of things, particularly the metrics in

physics, characterize things precisely and then holds on the reality of things.

3.2 (G-Solutions on Equations

Let Z : R®" x R™ — R™ be a C¥, 1 < k < oo mapping with .#(To,7,) = 0 for Ty € R",
To € R™ and a non-singular m x m matrix (0.77/9y"(Zo,¥,)). Then the implicit mapping
theorem concludes that there exist opened neighborhoods V' C R™ of o, W C R™ of g, and a
C* mapping ¢ : V — W such that T(Z, #(T)) = 0, i.e.,equation (1.2) is always solvable.

Let %1, %, -+ , %, be m mappings holding with conditions of the implicit mapping theo-
rem and let Sz, C R™ be a manifold such that .%; : Sz, — 0 for integers 1 < ¢ < m. Consider

the equations

F1(x1, 22, ,2,) =0
Fo(x1,29, + ,Xn) =0

2(x1, 2 ) (3.1)
gzm(xlv'r%"' ,In)*o

in Euclidean space R™,n > 1. Geometrically, the system (3.1) is non-solvable or not dependent

m
on ﬂS%:@ or #10.
i=1
Now, is the non-solvable case meaningless for understanding the reality of things? Certainly
m

not because the non-solvable case of (3.1) only concludes the intersection ﬂ Sz, = 0, the

i=1
behavior of the solvable and non-solvable cases should be both characterized by the union

m
U Sz, such as those shown in (2.2) for the elephant.
i=1
For example, if things T3,T%, T3, Ty and Ty,T5. T4, T, are respectively characterized by

systems of equations following

r+y = 1 T=1y
T+ = -1 T+y=2
(LESY) Y (LESS) Y
rT—y = 1 y=1
it is clear that (LESY) is non-solvable because x +y = —1 is contradictious to = +y = 1,
and so that for equations © —y = —1 and «* — y = 1, i.e., there are no solutions xg,yo hold

with this system. But (LES]) is solvable with # = 1 and y = 1. Can we conclude that
things 17,15, T4, T; are v = 1,y = 1 and T1,T>,T3,Ts are nothing? Certainly not because
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(x,y) = (1,1) is the intersection of straight line behavior of things T7, T4, T4, T, and there are
no intersection of Ty, Ty, Ts, Ty in plane R2. However, they are indeed exist in R? such as those
shown in Fig.13.

=1 T =1y
A
=1
D 0 B * = Y
r—y=-1 C r+y=1
Z r+y=2
rT=y= r+y=-1 0 ya:
(LESY) (LESY)

Fig.13

Let Lope = {(z,y)laz + by = c,ab # 0} be points in R%. We are easily know the
straight line behaviors of Ty,T%,T5,Ty and Ty,T5,T4,T; are nothings else but the unions
Li—10UL112U L1010 ULoat and Ly U Liy,—1UZLa,—1,-1 U Li,—1,1, respectively.

Ly 1 A Ly Lipa p Li_1p
P P
D B P P
Lii 1 C Li_11 Lii2 PL Lo
o Ki
Fig.14

Definition 3.1 A G-solution of system (3.1) is a labeling graph GT defined by
V(G)={Sz,, 1 <i<n};
E(G)={(5%,,8%,) if Sz Sz, #0 for integers 1 <1i,j < n} with a labeling
L: Sz, — Sz, (S#:,S7;) = Sz Sz,

For Example, the G-solutions of (LESY) and (LESY) are respectively labeling graphs Cf

and Kf shown in Fig.14. Generally, we know the following result.

Theorem 3.2 A system (3.1) of equations is G-solvable if F; € C' and F;
0F;
8$i

0y =0

| 0 .0
(Ilvwgv”' s T

but

# 0 for any integer i, 1 < i < n.

(2f,@5, 23)
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More results on combinatorics of non-solvable algebraic, ordinary or partial differential
equations can be found in references [9]-[14]. For example, let (LDES},) be a system of linear

homogeneous differential equations

T—3t+2x=0
Z—9%+6x =0
-7+ 122 =0

(1)
(2)
(3)
i — 94+ 20z =0 (4)
(5)
(6)

z— 11z 4+ 30 =0 5
T—T7t+6x=0 6
. 2z . dz . : : - t ot
where & = —— and © = —-. Clearly, this system is non-solvable with solution bases {e?,e**},

{e2t, &%), {e3t e}, {ett eP'}, {e%,eb), {e5 e!} respectively on equations (1) — (6) and its

G-solution is shown in Fig.15,

Fig.15
where (A) denotes the linear space generalized by elements in A.
3.3 Mathematics Over Graph

Let (&7; 01,09, -+ ,0k) be an algebraic system, i.e., ao; b € o for Va,b € o/, 1 <i <k and let
G be an oriented graph embedded in space 7. Denoted by Effz{ all of those labeled graphs GL
with labeling L : F (5) — &/ constraint with ruler:

R1 : For V@Ll,a“ S 6;, define a)Ll 0; 5’“ = E’LML?, where L1 o; Ly : e —
—
Li(e) o; La(e) for Ve € E (G) and integers 1 < i < k.

For example, such a ruler on graph 64 is shown in Fig.16, where ag=ajo;as, bs =bj0,bs,

c3=cj0;Cz, d3 =djo0;ds.
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v V: v V: v V:
i ay .2 1 as 2 1 a; 2
d, ’bl O4 d, bo — ds b3
o+ o ° ° e—— <o
C1 C2 C3
Vg U3 Vg U3 Vg U3
Fig.16

L L Lio;L L
Then, G** o; G2 = G*1°*2 € G, by the ruler R1, and generally,
— — — —
GLI O,L'1 GL2 O,L'2 e Ois GL5+1 S GAI;{

for integers 1 < iy,49, - ,is < k, i.e., 65{ is also an algebraic system, and it is commutative
on an operation o, if (&/;071,09,---,0) is commutative on an operation o, for an integer
i, 1 < i < k. Particularly, if £k = 1, 6@ is a group if (&;01) is a group. Thus, we extend
(701,09, ,0) and obtain an algebraic system over graph G underlying a geometrical
structure in space 7 .

Notice that such an extension 5’5{ is only a pure extension of algebra over G without
combining the nature of things, i.e., the conservation of matter which states that the amount
of the conserved quantity at a point or within a volume can only change by the amount of
the quantity which flows in or out of that volume. Thus, understanding the reality of things
motives the extension of mathematical systems (&7; 01,09, - ,0p) over graph 5’ constrained
also on the laws of conservation

s

R2: ZF(’U); = ZF(U);", where F(v);, 1 > 1 and F(v)!, s > 1 denote respectively
l s
the output and input amounts at vertex v € E(Zﬁ)

This notion brings about a new mathematical element finally, i.e., action flows, which
combines well the continuous mathematics with that of the discrete.

Definition 3.3([19]) An action flow (6, L, A) is an oriented embedded graph Gina topological
space . associated with a mapping L : (v,u) — L(v,u), 2 end-operators A}, : L(v,u) —
LA% (v, u) and AJ, : L(u,v) — LA (u,v) on a Banach space B

Al L(u,v) Al

U e L )

Fig.17

with L(v,u) = —L(u,v) and A}, (—L(v,u)) = —LA% (v, u) for Y(v,u) € E (5) holding with
conservation laws

Z LA (v,u) =c, for YvoeV (6)

uwENg(v)

such as those shown for vertex v in Fig.18 following
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U1

U2

u3

with a conservation law
- (v,ug) — LA (v,ug) — LA (v,us) + LA (v,uq) + LA (v,us) + LA (v,ug) = ¢y,

where ¢, is the surplus flow on vertex v, and usually, let c, = 0.

Indeed, action flow is an element both with the character of continuous and discrete math-

ematics. For example, the conservation laws on an action flow over dipole shown in Fig.19

¢
Al (Ia y) B1
2 (z,9)" By
v u
(z,y)"
B
: (z.9)" .
A4 B4
Fig.19

are partial differential equations

0%x 0? oz
a1g2?+b1g—; —agg + (a2 —as)z + (ba — b3 — ba)y =0 ,
02_:c+d2 y—d4—y+(01—c3—04)$+(d1_d3)y:0

ot2 o2 ot

where, A1 = (a10?/0t?,0,0%/0t?), Ay = (a2,b2), Az = (a30/0t,bs3), Ay = (as,bs), B1 =
(Cl,dl), Bg = (6282/6t2,d262/at2), Bg = (Cg,dg), B4 = (C4,d46/8t).

Certainly, not all mathematical systems can be extended over a graph G constraint with
the laws of conservation at v € V(a) unless G with special structure but such an extension of

linear space & can be always done.

Theorem 3.4([20]) Let («7;+,-) be a linear space, G an embedded graph in space T and
— —
Af, = Al = 14 for V(v,u) € E(G). Then, (Géf;—i—, ) is also a linear space under rulers

— — — —
R1 and R2 with dimension dime/®(¢) if dim¥ < oo, where B(G) = |E(G)| — |[V(G)| +1, or

infinite.
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— — —
An action flow (G; L, ld), ie., A, = Al =14 for V(v,u) € F(G) is usually called G -

— — — —
flows, denoted by G'* and the linear space (G 5{; +, ) extended over G by G for simplicity.

84. Banach E')-Flow Spaces with Multiverses

4.1 Banach E')-Flow Space

A Banach or Hilbert space is respectively a linear space & over a field R or C equipped with
a complete norm || - || or inner product (-,-), i.e., for every Cauchy sequence {z,} in &, there
exists an element z in & such that

lim ||z, —z||x# =0 or lim (z, —z,2, — ), =0,
n—oo n—oo

— — —
which can be extended over graph G by introducing the norm of a G-flow G'* following

[ = X irewl.

(v, u)EE(G)
where ||L(v, u)|| is the norm of L(v,u) in &7.

Theorem 4.1([15]) For any graph 6, G is a Banach space, and furthermore, if < is a
—
Hilbert space, G is a Hilbert space too.

— —
We can also consider operators action on the Banach or Hilbert G-flow space G“. Par-

— —
ticularly, an operator T : G — G is linear if
T (AE’Ll + u?ﬁ“) — AT (5’“) 4+ uT (E’LQ)

AL AL Yarid 7 : : :
for VG*1, G*? € G, \,u € F#, which enables one to generalize the representation theorem

of Fréchet and Riesz on linear continuous functionals of Hilbert space to Hilbert a—ﬂow space
-
G following.

Theorem 4.2([15]) Let T : G — C be a linear continuous functional. Then there is a unique
—s = — —, == — —
GL e G such that T (GL) - <GL, GL> for¥GL e G.

Notice that linear continuous functionals exist everywhere in mathematics, particularly,
the differential and integral operators. For example, let &7 be a Hilbert space consisting of

measurable functions f(x1, 29, ,x,) on a set

A:{(l'l,.’l,'g,"' ,,’En)ERnlalSCEng“lngn},
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which is a functional space L?[A] with inner product
(F(0).960) = [ ToRIaGodx for fx).a0) € L2

where x = (z1, 2, - ,2z,). By Theorem 4.1, & can be extended to Hilbert G-flow space 5’“,
and the differential or integral operators

D:iaiﬁa_xi and /

i=1 A

on & are extended to 5@{ respectively by D@L = 6DL(”7“) and

/ Gr - / K(x,y)G¥dy = Gla K&xyLE@wyldy
A A
= Ja; 0 . ..

for Y(v,u) € E(G), where a;, 2. € C"(A) for integers 1 < i,j <n and K(Xx,y) : A x A —

L
C e L*(A x A,C) with

K(x,y)dxdy < cc.
AxXA

—

Theorem 4.3([15]) The differential or integral operator D : [e g 5”‘2{, / . G - G
_ A
both are linear operators on G <.
For example, let f(t) =t, g(t) = €', K(t,7) = t> + 72 for A = [0,1] and let G be the

G-flow shown on the left in Fig.20. Then we get the G-flows on the right in Fig.20 by the
differential or integral operator action on.

et b(t)
" f[ . a(t)
N, YL fa(t)
bt b(t)
¢ a(t)
et b(t)
Fig.20

|
where a(t) = ) + 1 and b(t) = (e — D)t* +e — 2.
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4.2 Multiverses on Equations

Notice that solving Schrodinger equation (1.3) with initial data only get one state of a particle
P but the particle is in superposition, which brought the H.Everett multiverse on superposition
and the quark model of Sakata, or Gell-Mann and Ne’eman on particles machinery. However,

Theorems 4.1 — 4.3 enables one to get multiverses constraint with linear equations (3.1) in G
For example, we can consider the Cauchy problem
n_ g2
ot

— —
with initial values X |—, in G® >R i.e., Hilbert space R x R over graph G, and get multiverse

solutions of heat equation following.

— 7 —mn
Theorem 4.4([15]) For VG € GR®"*® and a non-zero constant c in R, the Cauchy problems

on differential equation

— —mon —>on
with initial value X |y, = G¥ € G®" >R js solvable in G®"*R if L' (v,u) is continuous and
bounded in R™ for V(v,u) € £ (5’)

And then, the H.Everett’s multiverse on the Schrédinger equation (1.3) is nothing else but
a 2-branch tree

1/}111 1Z)112 1Z)121 %22

Y11 P12
Y1

Fig.21

with equalities Y1 = Y11 + Y12, Y11 = Y111 + Y112, Y12 = Y121 + Y122, -+ ([16], [17]).

If the equations (3.1) is not linear, we can not immediately apply Theorems 4.1 —4.3 to get
multiverse over any graphs 5} However, if the graph 5} is prescribed with special structures,
for instance the circuit decomposable, we can also solve the Cauchy problem on an equation
in Hilbert G-flow space G if it is solvable in o and obtain a general conclusion following,
which enable us to interpret also the superposition of particles ([17]), biological diversity and

establish multiverse model of spacetime in Einstein’s gravitation.
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Theorem 4.5([15]) If the graph G is strong-connected with circuit decomposition G = 5)1

=1
such that L(v,u) = L; (x) for ¥Y(v,u) € E (5’}1-), 1 <4 <1 and the Cauchy problem

ﬁi(a},u,uml,--- 7an7u$1$27"') =0

Uulz, = Li(x)

is solvable in a Hilbert space </ on domain A C R™ for integers 1 < i < I, then the Cauchy
problem
yi (m7X7XI17"' 7van7Xf61fD27"') =0
—
Xlap = G*

such that L (v,u) = Li(x) for V(v,u) € E (61> is solvable for GLleGe.

Theorem 4.5 enables one to explore the multiverse, particularly, the solutions of Einstein’s
gravitational equations
1
RMY — §Rg’“’ + A" = —8nGT*"",

where R* = REY = gagR”‘“ﬁ”, R = g, R" are the respective Ricci tensor, Ricci scalar
curvature, G = 6.673 x 107 8em3/gs?, k = 87G/c* = 2.08 x 107 8Bem™1 . g71 . s2. In fact,
Einstein’s general relativity is established on R*. However, if the dimension n of the universe>
4, how can we characterize the structure of spacetime for the universe? In fact, if the dimension
of the universe> 4, all observations are nothing else but a projection of the true faces on our
six organs because the dimension of human beings is 3 hold with

m
M
i=1

R" = G R}  and =1
=1

such as those shown in Fig.22 for a projection of 3-dimensional objects on Euclidean plane R2.

Fig.22

In this case, we can characterize the spacetime with a complete graph K% labeled by R*

([7]-18]). For example, if m = 4 there are 4 Einstein’s gravitational equations respectively on
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veV (K b ) We can solve them one by one by applying the spherically symmetric solution in
R* and construct K} shown in Fig.23,

Fig.23

where, each Sz, is the geometrical space of the Schwarzschild spacetime

T's

ds? = f(t) (1 — —) dt® — dr? — r2(d92 + sin? 9d¢2)
r

1—1Is

T
for integers 1 <17 < 4.
Notice that m = 4 is only an assumption. We do not know the exact value of m at
present. Similarly, by Theorem 4.5 we can also get a conclusion on multiverse of the Einstein’s

gravitational equations, even in R*. Certainly, we do not know also which is the real spacetime
of the universe.

Theorem 4.6([15], [19]) There are infinite many 6-ﬂow solutions on FEinstein’s gravitational

equations

1
RHY — gRg‘“’ = —87GTH

3

mn 5’9 particularly on those graphs with circuit-decomposition Zf =U 6)1 labeled with Schwarzschild
i=1
spacetime on their edges.

For example, let G = 64. We are easily find 64—ﬂ0w solution of Einstein’s gravitational
equations such as those shown in Fig.24.

vy Sh 2
St 4 r St,
V4 st U3

Fig.24

Then, the spacetime of the universe is nothing else but a curved ring in space such as those
shown in Fig.25.
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Fig.25

— —
Generally, if G is the union of m orientated circuits C';, 1 <14 < m, Theorem 4.6 implies the
spacetime of Einstein’s gravitational equations is a multiverse consisting of m curved rings over
—
graph G in space.

Notice that a graph G is circuit decomposable if and only if it is an Kulerian graph. Thus,
Theorems 4.1 —4.5 can be also applied to biology with global stability of food webs on n species
following.

Theorem 4.7([21]) A food web G with initial value G o is globally stable or asymptotically
stable if and only if there is an Fulerian multi-decomposition

(GUE) - @
=1

with solvable stable or asymptotically stable conservative equations on Fulerian subgraphs ﬁf
— L — — =

for integers 1 < i < s, where (G U G) is the bi-digraph of G defined by G U G with a

labeling L V(E’)UE) — L(V(a)), L: E(E”Ug) — L(E (6U<C_§')> by L: (u,v) —
. —

{0, (9 uf'}, (v,u) = {zf, (2,9),0} if L: (u,v) — {zf, (2,9),yf'} for V(u,v) € E(G), such

as those shown in Fig.26,

(z,y)

(z,y)

Fig.26
i — = L
and a multi-decomposition @ HE of (G U G) is defined by
i=1

(GUE) - U,

1

S

%
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— — = —
with H; # Hj, Hi(VH; =0 or # 0 for integers 1 <# j < s.

Theorem 4.8([21]) A food web G with initial value G ° is globally asymptotically stable if

there is an Eulerian multi-decomposition

— —\L SL—
(¢U@e) - Pk
k=1
with solvable conservative equations such that ReX; < 0 for characteristic roots \; of A, in the

linearization

AUX’U = Ohvxhv

— —
of conservative equations at an equilibrium point Hé“ mn Hé for integers 1 < ¢ < h, and
— —
ve V(HE), where V(HE) = {v1,va,+ ,vp, },

v v v

ap; Qg 0 Gppy
v v v

g1 G -t Ggp

A, =

v v v

Qpy Qpz "t Gy,

a constant matriz and Xy, = (Ty,, Loy, Loy, VT for integers 1 < k <.

85. Conclusion

Answer the question which is better to the reality of things on the continuous or discrete
mathematics is not easy because our world appears both with the continuous and discrete
characters. However, contradictions exist everywhere which are all artificial, not the nature of
things. Thus, holding on the reality of things which are in fact being a complex system motivates
one to turn mathematical contradictory systems to compatible systems, i.e., giving up the notion
that contradiction is meaningless and establish an envelope theory on mathematics, which
needs the combination of the continuous mathematics with that of discrete, i.e., mathematical
combinatorics because a non-mathematics in classical is in fact a mathematics over a graph 5}
(See [13] for details).
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G, respectively. In this paper, we determined the graphs with maximal M; among all graphs
having prescribed vertex-connectivity and minimum degree, vertex-connectivity and biparti-
tion, vertex-connectivity and vertex-independent number, respectively. As applications, all
maximal elements with respect to RMT I are also determined among the above mentioned
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81. Introduction

Let G be a simple graph with vertex set V(G) and edge set F(G). The degree of a vertex v is
the number of edges incident to v and denoted by d(v). One of the most important topological
indices is the well-known Zagreb indices introduced in [8, 10], the first and second Zagreb indices

My and Ms of G, respectively, are defined as follows:

Mi(G)= > dw)? Ma(G)= > d(u)d(v).

veV(G) weEE(G)

They reflect the extent of branching of the underlying molecular structure [8, 10, 20]. Their
main properties were recently summarized in [1, 4, 6, 7, 9, 11, 12, 13, 15, 16, 23, 24, 25, 26].
Let G be a connected graph with n vertices. The distance matrix D = (Dy;),, ., of G is
an n X n matrix such that D;; is the distance between vertices ¢ and j in G [18]. The reciprocal
distance matrix R, also called the Harary matrix (see [14, 18]), is defined as an n X n matrix

R = (R;j) such that R;; = D%, if i # j and 0 otherwise. Let R; = ) 7 ) R;;. Then the

1Received October 12, 2016, Accepted May 14, 2017.
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reciprocal molecular topological index RM T [20] of G is defined as
RMTI(G) =Y R}+> diRi.
i=1 i=1

Some formulations of reciprocal and constant-interval reciprocal Schultz-type topological
indices, included RMTI, have been discussed in [20], and they were illustrated by the QSPR,
which studied on physical constants of alkanes and cycloalkanes.

Recently, Zhou and Trinajsti¢ [27] reported some properties of the reciprocal molecular
topological index RMTI. They also derived the upper bounds for RMTT in terms of the number
of vertices and the number of edges for various classes of graphs under some restricted conditions.

In this paper, we determined, respectively, the graphs with maximal value of M; among all
graphs having prescribed graph invariants, such as, vertex-connectivity and minimum degree,
vertex-connectivity and vertex-independent number. As applications, all maximum elements
with respect to RMTI(G) are also determined among the above mentioned graph families,

respectively.

§2. Preliminaries

Denoted by §(G) the minimum degree of G, and by Diam(G) the diameter of a graph G, i.e.,
the maximum cardinality among all distance of any one pair of vertices in G. Let K,, be the
complete graph with n vertices. Suppose that G; and Gs are graphs with V(G1) NV (Gs) = 0.
Denoted by G1 UGs the new graph with vertex set V(G UG3) = V(G1) UV (G2) and edge set
E(G1UG3) = E(G1)UE(G2). The join of G; and G4, denoted by G1VGs, is the new graph with
vertex set V(G1 UG2) = V(G1) UV (G2) and edge set E(G1 UG2) = E(G1) U E(G2) U {zy|z €
V(G1) and y € V(Ga)}.

For S, 5" C V(G), the induced subgraph of S, denoted by G[S], is the graph whose vertex
set is S and edge set is composed of those edges with both ends in S. The induced subgraph of
S and S, denoted by G[S, S], is the graph whose vertex set is S; US2 and edge set is composed
of those edges with one end in S and another end in 5’.

The bipartite graph is the graph whose vertices can be divided into two disjoint sets U
and V', such that every edge connects a vertex in U to one in V. Vertex sets U and V usually
called the parts of the graph. A vertex cut of a connected graph G is a set of vertices whose
removal renders G disconnected. The vertex-connectivity x(G) is the size of a minimal vertex
cut. An independent set of GG is a set of vertices in a graph G, no two of which are adjacent.
A maximum independent set is an independent set of largest possible size for a given graph G.
This size is called the independence number of G, and denoted by a(G).

For other notations and terminology not defined here, see [5].

By the definition of the first Zagreb index, the lemma follows immediately.
Lemma 2.1 Let G be a simple graph with u,v € V(G) and uwv & E(G). Then

Ml(G + U’U) > Ml(G)
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Lemma 2.2([27]) Let G be a connected simple graph with n vertices and m edges. Then
3
RMTI(G) < SMy(G) + (n = 1)m,

with equality holds if and if Diam(G) < 2.

§3. Graphs with Given Connectivity and Minimum Degree

Let n,k and § be integers such that n > ¢ > k > 1. Denoted by G(n, k, d) the set of n-vertex
connected graphs with vertex-connectivity k& and minimum degree §, where 1 < k < § and
2<46<n.

Theorem 3.1 If G € G(n,k,0) withk <§ <n—1. Then
M(G)<nn—12+n—-k)(k+0—2n+3)(k+05+1)
with equality holds if and only if G = Ky V (Ks—k4+1 U Kn—s5-1).

Proof If n = k+1,thenk = § =n—1, i.e,G(n,k,§) = {Ky+1}. Suppose that n > k+2. Let
Gmaz be graph in G(n, k, ) with maximal M;— value in G(n, k, §), that is, M1(G) < M1(Gmaz)
for all G € G(n, k, ). Denoted by S C V(Gpaz) the vertex cut and |S| = k. We will prove the

three claims as follows.
Claim 1. G,,4; — S contain exactly two components.

Proof of Claim 1: Suppose by contrary that G4, — S contain at least three components.
Denoted two components of G —S by C7 and Cs. There exist vertices u € V(C1),v € V(Cs)
such that Gper + wv € G(n,k,6). By Lemma 2.1, M1(Gmax + uwv) > M1(Gmaz), which
contradicts the choice of G,q:. This completes the proof of Claim 1.

Therefore, we assume that G4, — S contain exactly two connected components, denoted
by Cy and C3. Denoted by |V(C1)| = n1,|V(C2)| = ng. Since § < d(u) < ny — 1+ k and
0 <dWw) <ng—1+kforueV(C),veV(Csy), we have ny,no >0 — k + 1.

Claim 2. Gua[SUV(C1)] and Gpax[S UV (Co)] are cliques.

Proof of Claim 2: Without loss of generality, suppose by contrary that G,...[S |V (C1)] is
not a clique. There are two cases as follows:

Case 1. There exists nonadjacent vertices u,v € S|JV(C1) such that Guee + uv € G(n, k, §),
then by Lemma 2.1, M1 (Gae + uv) > Mi(Gmaz), which contradicts the choice of Gqu-

Case 2. Otherwise, adding a new edge to Ge, Will increase the minimum degree of G. From
Eqn.(1) in the proof of Claim 3, we have

My(Grmaz) < My(KoV (K, | JKny)) < My(B V (Ks—p1 | Ens-1)),
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which contradicts the choice of Ga. since K V (Ks—p+1 U Kn—s-1) € G(n, k, 9).

This complete the proof of Claim 2.

From Claim 2, we suppose that Ga. = Ki V (K, U Kn,), where ny,ne > 1 and ny +ng =
n— k.

Claim 3. n1=d—k+1lorne =90 —k-+1.

Proof of Claim 3: Consider the graph Ky V (K., | Kyn,). Suppose by contrary that ny
ng > d — k + 1, by direct calculation, we have

v

Ml(Kkv(Knl-i'lUan—l)) > My (Ky V (Kn, UKWQ)) (1)
=kn—124+ni(k4+n — 12+ n—k—ni)n—ng —1)>2

which implies that M7 (K V (Ks—k+1 | Kn-s-1)) > M1 (K V(Kp, U Ky,)) if n1,no > min{d
k+1,n— 0 — 1}. This complete the proof of Claim 3.

By combine above claims, we have Gpar = Ki V (Ks—k1+1J Kn—s—1). Then the result
holds. O

Corollary 3.1 Let G € G(n, k,d) with m edges and k <6 <n—1. Then

RMTI(G) < =n(n—1)* + gn(n— EYk+8—2n+3)(k+5+1)+ (n—1)m

N W

with equality if and only if k=n—1 and G = Kg41.

84. Bipartite Graphs with Given Connectivity

Let B(n, k) be the set of bipartite graphs with n vertices and x(G) = k, and B, , the graph

obtained from K, ,,—,—1 by adding a new vertex v to k vertices of degree x of K, ,,—5_1.

Theorem 4.1 Let G € B(n,k) with 1 <k <n—1. Then

My(G) < max{f(a), f()},

with equality if and only if G € {Byp, a4, Bnb}, where

fx) = nz(n—2z)—22n+2k+1)+k(k—1),
(n—1)2-2(k+1)
a = { o J and
 [(n=1)2=2(k+1)
) - [loiratken]

Proof 1f k = 1, then B(n, k) = {K1n1} . Suppose that 1 < k < %, let G0 be the graph
with the maximal M;— value in B(n, k), and S a k—vertex cut of Gpa,. Let A, B be vertex
parts of V(G ) such that AU B = V(Gnaz). Denoted by Sy = SN A, Sg=5nNB. We will
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prove the four claims as follows.

Claim 1. Gpyu2[S] and Gz [C US| are complete bipartite graphs, where C' is one of compo-

nents in Gz — S-

Proof of Claim 1: Suppose by contrary that Gpee[S] or Gme[C U S] is not a complete
bipartite graph. There exist vertices u,v € V(Gaz) and uv € E(Gpaz) such that Gpe, +uv €
B(n, k). By Lemma 2.1, we have M1 (Gpaz + uv) > M1(Gmaz), which contradicts the choice of
Gmaz- This complete the proof of Claim 1.

Claim 2. If Sy # 0 and Sp # 0, then G, — S have exactly two components.

Proof of Claim 2: Suppose by contrary that G4, — S contain at least three components.
Let C; and Cy be two components of Gya — S. Then there exist vertices u € V(Cq) N A,
v € V(Cq) N B such that Guuax +uv € B(n, k) and S is also a k—vertex cut of Gee + uv. By
Lemma 2.1, M1(Gmaz + uwv) > M1(Gmaz), which contradicts the choice of Gyqz. Thus Claim
2 holds.

Claim 3. Sy =0 or Sg = 0.

Proof of Claim 3: Suppose by contrary that Sa # 0 and Sg # 0. From Claim 2, Gez — S
contain exactly two components, denoted by C1,Cs. Let u € V(C1) N A and v € V(C2) N A.
Without loss of generality, we assume that a = d(u) > d(v) = b > 0 and |N¢,(v)] = ¢ > 0.

Taking transformations on G,q; as follows.

(1) Let G1 = Gaw — {wv : w € Ney (v)} + {wu : w € Ng,(v)}. Then
My(Gy) = Mi(Gpaz) = b+ +(a—c)* = +a?)=2¢(b—a+c)>0,

(2) Consider the graph G;. Using the definitions from G4, Let |[Sp| = s, and choose
arbitrary vertices vy,vs, - ,v5—s € B —S. Let G2 be the graph obtained from G; by adding
more edges between A — {v} and B as possible, and then adding edges viv,vov, -+, vg_sv. Tt
is obviously that Ng,(v) is the vertex cut of Gy and |Ng, (v)| = k, i.e., G2 € B(n, k). From 1)

of Claim 3 and Lemma 2.1, we have
Ml(G2) > Ml(Gmam)u

which contradicts the choice of G,,4.. Thus Claim 3 holds.
From Claim 3, without loss of generality, let S C A be the k—vertex cut of G,qz-

Claim 4. G,,4. — S contains a isolated vertex.

Proof of Claim 4: From Claim 1, suppose by contrary that the components of Gyez — S,
denoted by C1, Cs, are complete bipartite graphs. Let V(C1) = A1 UB; and V(Cs) = A2 U By,
where A;, B; are vertex parts of C;, i.e., A; C A,B; C B,i=1,2.

Without loss of generality, suppose that S C A. Let u € By. Let G* be the graph obtained
from Ger by deleting the edges connecting u and vertices in A;, and adding more edges
between A — S and B — {u} as possible, i.e., G* = Gy — {zu:z € A1} +{ay: 2 € A— S,y €
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B — {u},zy &€ E(Gmasz)}. Then S is also a k—vertex cut of G2, and G € B(n, k). Similar to
Claim 3(1), we have

Ml(G*) — Ml(Gmaz) > O,

which contradicts the choice of G- Thus Grae = B o

By calculation, we have

fx) =Mi(Bpg) =nz(n—z)—x2n+2k+ 1)+ k(k —1)

(n—1)2—2(k+1)

and z = , and can obtains its maximal value by differentiating f(x) on x. Since

2
kg%gn—?,let

. {(n_1)22_n2(k+1)J and b— {(n—1)22—nz(k+1)w '

Then by Claim 4, we have Gz € {Bn,a, Bn,p}- This completes the proof. O
Corollary 4.1 Let G € B(n, k) with m edges and 1 <k <n —1. Then
3
RMTI(G) < §T + (n—1)m,
where

T = max{f(a),f(b)}, f(z)=nz(n—2)—z2n+2k+1)+k(k—-1),
{(n—1)2—2(k+1)J i
5 an

, Pn— 1)22—nz<k+ 1)} |

85. Graphs with Given Connectivity and Independent Number

Let D(n, k,r) be the set of n-vertex graphs with x(G) = k and a(G) =r.

Theorem 5.1 Let G € D(n,k,r) withr >1 and1 <k <n—1. Then
M(G) < (r—=1Dm—r+n—-r)(n—-2)>+k*+k(2n-3),
with equalities hold if and only if G = Ky V (K1 U (Kp—k—r V (r — 1)K7)).

Proof If r = 2, then M1(G) < M1(Ky V (K1 U Kp_g—1)) from [11]. We assume that
2 <r <n-—1,let Guaz be the graph with the maximal M;— value in D(n, k,r). Denoted by
S the k—vertex cut of Gipaz, and by D the maximum independent set of Gpa:- We will prove

three claims as follows.
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Claim 1. Gpaz[C] = Ko V (¢ — a)K1, Gaz[S] = Kp V (k — b)K1 and G [SUV(C)] =
Ko1pU(k+c—a—0b)Ky, where C is one of components of Gpar — S, |V(C)| =¢,|V(C)—D| =a
and |S — D| = b.

Proof of Claim 1: By Lemma 2.1 and the definition of G4z, it clear that Grar = Gmaz[S]V
Gmaz[V(G) — S]. Now suppose by contrary that Gum.:[C] # Ko V (¢ — a)Ki. There exist
u,v € V(C) — D and w € V(C) N D, such that uwv € E(Gmaz) or uw & E(Gpmas). It is clear
that Gpaz + 10, Gmaz +uw € D(n, k,r). By Lemma 2.1, we have M1(Gmax +uv) > M1 (Gmaz)
or M1(Gmaz + uw) > M1(Gmaz), which contradicts the choice of Gpqz. Similarly to S, we
have Gpaz[S] = Ky V (k — b)K;. Thus Claim 1 holds.

Claim 2. G,,q; — S contain exactly two components.

Proof of Claim 2: Suppose by contrary that G,.., — S contain at least three components.
Let C; and Cy be two of components, and u € V(C1) — D,v € V(C3) — D. Then G a0 +uwv €
D(n,k,r). By Lemma 2.1, M1 (Gnae +uv) > Mi(Gpmaz), which contradicts the choice of Gppq-
Thus Claim 2 holds.

By Claim 2, Gipner — S = C1 U Cy, where C7 and Cs are components of Ginar — 5.

Claim 3. If V(C;) > V(Cs), then |V(Cy)| = 1.

Proof of Claim 3: Suppose by contrary that |V (C2)| > 2. If V(C3) — D = (), then |V (Cs)| =
1 since Cy is a connected components. Suppose that V(Cy) — D # 0, then V(C3) (D #
(. Otherwise, V(C2)( D = 0, choose u € V(C3), and D|J{u} is a independent set, which
contradicts the definition of D.

Using the definitions from G4, and constructing a new graph G* as follows. Let v €
V(OQ) N D. Then

G* =Gz —{zv:2 € V(C2) — D} + {zy : x € V(Cs) — {v},y € V(C1)},

it is clear that S and D are also minimal vertex cut and maximal independent set of G*,
respectively. Thus G* € D(n, k,r).

Let w € V(Gmaz) — S — {v} and w € V(Cy) — D. Then dg-(u) > dg,,,, (v) and

max

M1(G*) — M1 (Gmaz) > de= (’LU)2 + dg« (1))2 —dg (w)2 —dg (1))2 >0,

max max

which contradicts the choice of G,,4.. Thus Claim 3 holds.

By combine above claims, we have
Gmaz €{G": G = (K, V (r—1)K)U{v} U{uw:u; € S,i=1,2,---  k},
where v is a isolated vertex of G — S. Let SN D| = a. Then

My(G) = an—r+1)*+ @ —a-1)(n—-7r?+(k—a)(n—1)>*
+(n—r—k+a)(n—2)*+ &
= r=1D)m-7)2+0m-7)(n-2*+Ek +k@2n—3)—a(2r—4),
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and the point a = 0 attains the maximal value of M;(G). Therefore, M1(Gpaz) = (r —1)(n —
2+ (n—r)(n—2)24+k*+k2n—3) and Gz = Ki V (K1 U (Kp—g—1V (r — 1)K7)). This
complete the proof. O

Corollary 5.1 Let G € D(n,k,r) with m edges, r > 1 and 1 <k <n—1. Then

RMTIG)< S [(r=1)(n—r)+(n—r)(n—2>+k>+k2n—3)] + (n — 1)m.

N W
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Abstract: The object of the first two sections is to give brief history of generalized (, p)
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§1. Introduction

In [1], Carriazo jointly with P. Alegre and D.E. Blair defined a generalized Sasakian space form

as an almost contact metric manifold (M, ¢, &, n, g) whose curvature tensor R is given by

RX,Y)Z = fi{g(Y,2)X —g(X,2)Y} (L.1)
+f2{9(X,02)0Y — g(Y, 0Z)d X + 29(X, ¢Y )9 Z}
+{n(Xn(2)Y —n(Y)n(2)X + g(X, Z)n(Y)§ — g(Y, Z)n(X)E}

for any vector fields X, Y, Z on M.

In particular a Sasakian manifold M (¢, &, n, g) is said to be a Sasakian space form if all the
¢—sectional curvatures K (X A ¢X) are equal to a constant ¢, where K (X A ¢X) denotes the
sectional curvature of the section spanned by the unit vector field X, orthogonal to £ and ¢X.
Later on many scientists R. Al-Ghefari, F. R. Alsomy [2],[5], M. H. Shahid have studied the
CR-submanifolds of generalized Sasakian space forms. After them Ricci curvature of contact
CR-submanifolds of such space were studied in [6].

In [2] authors studied contact metric and generalized Sasakian-space forms. In [7] and [§]
authors studied locally ¢-symmetric and n-recurrent Ricci tensor and also studied the projec-
tive curvature tensor respectively. Generalized Sasakian space form with few properties like
conformally flat, locally symmetric were studied by Kim [9].

In recent paper [10], the authors (jointly with M. M. Tripathi) defined a generalized (k, u)-
space form as an almost contact metric manifold (M?2"*1 ¢, & 1, g) whose curvature tensor is

1Received July 12, 2016, Accepted May 16, 2017.
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given as
R= fiRi + foRo + f3Rs + faR4 + f5R5 + feRs, (1.2)

where f1, f2, f3, fa, [5, fe are differentiable functions on M, and Ri, Ro, R3, R4, R5, Rg are ten-

sors defined as follows:

R\(X,Y)Z = g(Y, 2)X — g(X, Z)Y, (1.3)

Ry(X,Y)Z = g(X,02)¢Y — g(Y,6Z)pX +29(X, ¢Y ) Z, (1.4)
R3(X,Y)Z =n(X)n(Z2)Y —n(Y)n(Z)X + g(X, Z)n(Y)¢ — g(Y, Z)n(X)E, (1.5)
Ry(X,Y)Z = g(Y, Z)hX — g(X, Z)hY + g(hY, Z)X — g(hX, Z)Y, (1.6)
Rs(X,Y)Z = g(hY, Z)hX — g(hX, Z)hY + g(¢hX, Z)phY — g(phY, Z)phX, (1.7)

Re(X,Y)Z =n(X)n(2)hY —n(Y)n(Z)hX + g(hX, Z)n(Y)E — g(hY, Z)n(X)E, (1.8),

where 2h = £L¢¢ and L is the usual Lie derivative. Usually, this manifold is denoted by
M(f1, fa, f3, fas f5, f6)- If fa = f5 = fo = 0 then the manifold is the usual Sasakian space form.

Again, (k, u)-space forms are natural examples of generalized (k, 1) space forms for constant
functions ([10])

c+3 c—1 c+3

fl: 4 7f2: 4 7f3: 4

7f4:17 f5:%7 fﬁzl_ﬂ (19)

In this paper we have established few conditions related to D-conformal curvature tensor.

82. Preliminaries

An almost contact metric manifold is a (2n + 1)-dimensional manifold endowed with an almost
contact structure (¢, &,n) consisting of a tensor field ¢ of type (1,1), a structure vector field £
and 1-form 7 satisfying:

¢* = —I+n®@&n() =1,6(€) =0,n0¢ =0, (2.1)
for any vector field X,Y € M and a Riemannian metric g defined as
9(9X,¢Y) = g(X,Y) = n(X)n(Y). (2.2)
From above equation we can easily derive
9(X, &) = n(X). (2.3)
The metric tensor satisfies the following properties:
9(¢X,Y) = —g(X, ¢Y), (2.4)

(Vxn)Y =g(VxEY). (2.5)
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In a (2n + 1) dimensional generalized (k, u)-space form we obtain from (1.2)

RX,Y)§¢ = fi{g(Y, X —g(X, Y} (2.6)
+f2{9(X, 9€)pY — g(Y, 9€)d X + 29(X, oY )&}
+f3{n(X)MEQY —n(Y)n(€)X + (X, On(Y)E — (¥, On(X)E}
+f{g(V,OhX — g(X, Y + g(hY, )X — g(hX,{)Y}
+f59(RY, )X — g(hX,§hY + g(dhX,)phY — g(dhY, {)phX
+fen(X)n(ERY —n(Y)n(€)hX + g(hX, E)n(Y)E — g(hY, )n(X)E

After some brief calculations we obtain from [4]
R(X,Y)E = (fr = fs){n(X)Y =n(Y)X} + (fa — fe){n(Y)hX —n(X)hY}.  (2.7)
Now putting X = ¢, Y = X, Z =Y we get
R(&X)Y = (fi = f3){g(X, V)€ = n(Y) X} + (fa = fe){g(hX,Y) = n(Y)hX}. (2.8)
Again putting Y = ¢ in (2.7) we get
R(&X)E = (fr = fs){n(X)§ = X} = (fu — fo){hX}. (2.9)
Applying 7 on both side of the equation (1.2) we calculate

nR(X,Y)Z) = (fi = fs){9(Y, Z)n(X) — g(X, Z)n(Y)}
+(fa = fo){g(hY, Z)n(X) — g(hX, Z)n(Y)}. (2.10)

Putting Z = £ we can easily write
W(R(X,Y)E) =0, (2.11)

Applying 1 on both side of equation (2.7) we can get the following equations

n(R(EX)Y) = (fi = f){9(X,Y) = n(Y)n(X)}
+(fa = fo)g(hX,Y), (2.12)
S(X,Y) = {2nfi+3f2— f3}g(X,Y){(2n —1)fs — fe}g(hX,Y)
—{3f2+ (2n = 1) fs}n(X)n(Y). (2.13)

From (2.13) we obtain
S(X,€) = 2n(f1 — fz)n(X), (2.14)

r=2n{(2n+1)f1 +3f2 — 2f3}, (2.15)
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S(@X,0Y) = S(X,Y)=2n(fi = fs)n(X)n(Y)
—{@n—1)fs— f6}g(hX.Y), (2.16)
QX = {2nfi+3f2— fs}X +{(2n - 1)fs — fe}hX — {3/
+(2n — 1) fs}n(X)S, (2.17)
Q¢ =2n(f1 — f3)¢. (2.18)
From [12], D-conformal curvature tensor on a Riemannian manifold (M?"*!, g) is defined
as
B(X,Y)Z = R(X,Y)Z+ ﬁ{so@ 2)Y - S(Y. Z2)X + g(X, Z)QY
—9(Y, 2)QX} = S(X, Z)n(Y)§ + S(Y, Z)n(X)§ —n(X)n(2)QY
1V )(Z)QX} = 5= al(X. 2)Y = gV 2)X)
g 9 20 = 0V, Z)n(X)E + n(X)n(2)Y
—n(Y)n(Z)X}, (2.19)
where k = g:lrf?, R is the curvature tensor, S is the Ricci tensor and r is the scalar curvature.

Now we give the definition of D-conformally flat generalized (k, ) space form following.

Definition 2.1 A (2n+ 1)-dimensional generalized (&, p) space form M(f1, fa, f3, fa, [5, f6) is
said to be D-conformally flat if
B(X,Y)Z = 0. (2.20)

We give the definition of £ — D-conformally flat generalized (k, u) space form following.

Definition 2.2 A (2n+ 1)-dimensional generalized (&, p) space form M(f1, fa, f3, fa, [5, f6) is
said to be &€ — D-conformally flat if
B(X,Y)¢ = 0. (2.21)

Also we mention the following definition.

Definition 2.3 A (2n+ 1)-dimensional generalized (k, 1) space form M(f1, fa, fs, f1, [5, f¢) is
said to be ¢ — D-conformally flat if

9(B(¢X, ¢Y)9Z, W) = 0. (2.22)

83. Main Results

From Definition 2.1 we can draw the following theorem.
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Theorem 3.1 If a (2n + 1)-dimensional generalized (k,u) space form M(f1, fa, f3, f1, f5, f6)
is D-conformally flat then fs = f1+ 1 and fq = fs.

Proof Let us consider a (2n + 1)-dimensional generalized (k, 1) space form which satisfy
the condition B(X,Y)Z = 0 then from (2.19) we obtain on using Definition 2.1 and taking
inner product with W we obtain

0 = ROLY.ZW) 4 g S 200V, W) = S(YV.2)g(X. W) + 9(X. 2)a(@Y. W)
—9(Y, Z)g(QX, W)} = S(X, Z)n(Y)n(W) + S(Y, Z)n(X)n(W) — n(X)n(Z2)g(QY, W)
=1V Z)a(QX. W)} = o a(X. Z)g(Y. W) = (V. Z)g(X. W)}
i 9O 20 (W) = 9V, Z)n(X )W)+ n(X)n(Z)g(Y. W)
—n(Y)n(Z)g(X, W)} (3.1)
because of R(X,Y, Z,W) = g(R(X,Y)Z, W)).
Now setting W = ¢ in (3.1) and using (2.1) and (2.2), we have

ST SV 09(X.2) = S(X. 9(¥. 2) = SV n(X)n(2)

+S(X, (Y )In(Z) +2{g9(X, Z)n(Y) — g(Y, Z)n(X)}. (3.2)

0 = n(RX,Y)Z)+

On using (2.10) and (2.14) we get on brief calculation

%{fm Zm(X) = 9(X, Z)n(Y)} + (fa = fe){g(hY, Z)n(X)

—g(hX, Z)n(Y)}. (3.3)

0 =

Since L.H.S. is equal to zero and

{9V, Z)n(X) — g(X, Z)n(Y)}, {g(hY, Z)n(X) — g(hX,Z)n(Y)} # 0

we must havefs — fi —1 =0 and f4 — fs = 0.

Hence
fs3=fi+1=0, fi=f6. (3.4)

Therefore the above equation proves our theorem. O

Now on basis of the definition (2.2) we give our next theorem.

Corollary 3.1 If a (2n + 1)-dimensional generalized (k, ) space form M(f1, fa, f3, fa, [5, f6)
is said to be & — D-conformally flat then fs = f1+ 1, f1 = f6.

Proof Suppose the condition B(X,Y )¢ = 0 holds in a (2n + 1)—dimensional generalized
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(K, 1) space form. We have from (2.1), (2.2) in (2.19)

0 = RX,Y)$+ ﬁ{s()ﬁ Y =S¥, X = S(X, n(Y)E + S(Y, n(X)E}

+2{n(X)Y —n(Y)X}. (3.5)
Using (2.7) and (2.15) we calculate

Js—fi—1

O:
n—1

X =)In(X)Y} + (f1 — fo){n(Y)hX — n(X)hY} (3.6)

because of {n(Y)X—)n(X)Y} # 0 we must have f3 — f1 —1 =0 and f4, — f¢ = 0. Hence we
obtain our proof. O

From Definition 2.3 we can state our next theorem.

Theorem 3.2 If a (2n + 1)-dimensional generalized (k, 1) space form M(f1, fo, f3, fa, 5, f6)

is ¢ — D-conformally flat then Ricci tensor reduces to the form
S(Y,Z) = ag(Y,Z) + Bn(Y)n(Z) + vg(hY, Z) (3.7)

under the condition Tr.¢p =0, and = 0, where «, 3,7 are constants.

Proof Let M(f1, f2, f3, fa, f5, f6) be a (2n + 1)-dimensional generalized (k, i) space form.
Suppose M satisfies g(B(¢pX, ¢Y )pZ, pW) = 0 then from (2.1), (2.19) we obtain

0 = G(RBX, 6¥)6Z,6W) (3.8)
2(n S 1] (50X 02)9(6Y, W) = 5(8Y, 62)g(6X, W)

#S(OY, GW)g(6X,62) = SO, oW)g(9Y, 62))

k—

~ S (90X, 0Z)g(6Y. W) — 5(6Y. 62)a(6X. 6}

In view of (2.22) and (3.8) and having few steps of calculations we get

0 = fi{9(Y.2)g9(X, W) —g(Y, Z)n(X)n(W) — g(X, W)n(Y)n(Z) (3.9)
—9(X, Z2)g(Y, W) — g(Y,W)n(X)n(Z) + (X, Z) (Y)n(W)}
+f2{9(X,02)g(¢Y, W) — g(¢Y, Z)g(X, W) + 29(X, Y )g(¢Z, W)}
fi{=9(Y, Z)g(hX, W) + n(Y)n(Z)g(hX, W) + g(X, Z)g(hY, W)
—n(X)n(Z2)g(hY, W) — g(hY, Z)g(X, W) + n(X)n(W)g(hY, Z) + g(Y, W)g(hX, Z)
—g(hX, Z)n(Y)n(W)}
+fs{g(hY, Z)g(hX, W) — g(hX, Z)g(hY, W) + g(hX, $Z)g(hY, sW)

—g(hY. Z)g(hX. W)} + 5o {S(X, Z)g (Y. W) = S(X, Z)n(¥ (W)
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Wn(X)n(2) = S(Y, Z)g(X, W) + S(Y, Z)n(X)n(W)
Y, W)g(X,Z) - S(Y,W)n(X)n(Z)
ZIn(Y )n(W) = S(X, W)g(Y, Z) + S(X, W)n(Y)n(Z)

(2n—1)fa— fo

—g(hY, Z)n(X)n(W) — g(hY, Z)g(X, Z) + g(hY, Z)n(X)n(Z)
+9(hX, W)g(Y, Z) — g(hX, W)n(Y)n(Z)}

—%{Q(Xa 2)g(Y, W) = g(X, Z)n(Y )n(W) — (Y, W)n(X)n(Z)
—9(Y, Z2)g(X, W) + g(Y, Z)n(X)n(W) + g(X, W)n(Y)n(Z)}

Let {e;:i=1,2,---,2n+ 1} be an orthonormal basis of the tangent space at any point of
the manifold. Putting X =W = ¢; in (3.14) and taking summation over i, 1 <i < 2n+ 1, we
get

0 = @n-=1f{g(Y,2) =n(YV)n(2)} + fo{39(eY, 02) — g(¢Y, Z)Tr¢}
~(2n = 1) fag (WY, 2) + s [2(n = )S(Y, 2) = S(Z,n(Y)

+{2n(2n = 1)(fr = f3) + rin(Y)n(2) = S(Y,E)n(2)

Henn = 1)(f1 = f3) = r}al¥. 2)] + s [0(Y.2) = (Y )n(2)]
Loln= 1)2*’22__]16)](% —Uyny, 2) (3.10)
By using (2.3) and (2.14) we obtain
S(v.7) — [(2n? — 2n + 1) +n3£n1— Dfo—nfs+ 1]g(Y, 2)
+ [n(?’ B 2n)f3 _7{1__13(” B 1)f2 - 1]77(Y)77(Z)
(fa — f6)(2n — 1)
+ 2(;_ ) g(hY, Z). (3.11)
Assuming
o [(2n% —2n+1)+3(n—1)fo —nfs + 1]
n—1 ’
. (3 —2n)fs — f1 =3(n—1)f2 — 1]
B n—1 ’
_ (fa—fe)@n—1)
2(n—1) '
Hence we arrive at our proposed result. O

Theorem 3.3 If a (2n + 1)-dimensional generalized (k,u) space form M(f1, fa, f3, f1, f5, f6)
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satisfies the condition B(&, X).S = 0, then the scalar curvature is given by

r= 2n(f1 — f3)(2n + 1) - 2n(f4 — fg)(fl — f3— 1)[(27’L - 1)f4 — fﬁ] (312)

Proof Let M(f1, f2, f3, fa, [5, f6) be a (2n + 1)-dimensional generalized (k, 1) space form.
we suppose that M satisfies the condition (B(¢, X).S)(U,V) = 0, where S is the Ricci tensor.
Then we get

S(B(,X)U,V)+S(U,B(&,X)V) =0. (3.13)

From equation (2.19) we can write after having few steps of calculations

B Y)Z = (fi—fs Ho(Y, 2)6 = n(2)Y} + (fa — fo){g(hY, Z) —n(Z)hY'}

Tn-1
+z5559Mﬁ—ﬁMY—MYmmz
—[9(Y, Z) — n(Y)n(Z)|Q&}. (3.14)

Similarly replacing Y with X and Z with U we obtain

BEX)U = (fi—fs Ho(X,U)E =n(U)X} + (fa — fo){g(hX,U)§ — n(U)h X}

T n—1
+ﬁ{2n(f1 — f3)[X = n(X)¢n(U)
—[9(X,U) = n(X)n(U)]QE}. (3.15)

Putting equations (3.14), (3.15) in (3.13) and replacing V with £ we infer

0 = (fi—fs— —){2nlf ~ f5)g(X,U) = S(X, On(U))
MAZI8) (15(x.€) — 2n(fy — (X)) — 20(f: — F){(X,0) ~ ()]
F( S = ) 20— fn(Xn(W) — S(X,0))

+n(f17__f3;)[5(X7 U) _ 2n(f1 — f3){g(X, U) - 77(55)77((])]

n—1

+(fa = fo){2n(f1 — f3)g(hX,U) — S(hX,U)}. (3.16)

Using equations (2.1), (2.2), (2.12) we obtain

S(X,U) =2n(f1 — f3)9(X,U) + é[(h = fo){2n(f1 — f3)9(hX,U) = S(hX,U)}],  (3.17)

where a = f1— f3— % Again taking the orthonormal frame field at any point of the manifold

and contracting over X and U we get from above equation

r=2n(f1— f3)(2n +1) = 2n(fs — f6)(f1 — f3 — D[(2n — 1) fs — fe]. (3.18)

Hence we get the result. O
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§1. Introduction

The spectral graph theory [2, 3] is the study of the relation between eigenvalues and eigenvectors
of certain associated matrices of a graph and its combinatorial properties. There is some relation
between the size of the eigenvalues and maximum degree of the graph [8, 1]. Connection between
spectral characteristics of a graph and other graph theoretic parameters is a well explored area.

A graph structure is obtained when a non empty set (set of vertices) and a subset of all
unordered pairs of elements of the set of vertices (this subset is called the set of edges) are
taken together. When the set of unordered pairs is replaced by order pairs we get directed
graphs. For a regular graph G, eigenvalues of the adjacency matrix are well studied. The
second largest eigenvalue of the adjacency matrix is related to quantities such as diameter [6],
chromatic number [4] etc. The regular graph with small non trivial eigenvalue can be used as
good expanders and superconductors in communication network [12].

From the point of view of applications in social network and allied disciplines a more general
structure is very useful. This structure, called hypergraph is obtained by taking a subset of the
set of all proper subsets of the given set. The elements of the second set are called hyperedges.
A hypergraph is denoted by H. For basic ideas and definitions on hypergraph readers may
refer the text by [2], Chung [6] and Wen - Ching et al. [11] proposed the operator attached to a

regular and uniform hypergraph and obtained some estimate of the eigenvalues of the operation.

1Received October 05, 2016, Accepted May 18, 2017.
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K. Feng and W. C. Li [8] studeid the growth of the second largest eigenvalue and distribution
of the eigenvalues of the adjacency matrix attached to a regular hypergraph.
In the next section we go through the main definitions and important results needed to

understand the concepts included in the subsequent sections.

§2. Preliminaries

We now discuss some basic terminology of hypergraphs, which we require in the sequel. A hy-
pergraph H is a pair (X, F) where X = {v1,vq, -+ ,v,} isafinite set and E = {F1, Es, - , E;p }
of subsets of X, such that E; # ¢, j =1,2,3---m and |J]~; E; = X. The elements of X are
called vertices or hypervertices and the elements of the sets {E1, Ea,- -+, F,, } are called hyper-
edges of H. The cardinality of X is called the order of H and cardinality of E is called the size
of H. In a hypergraph two vertices are adjacent if there is a hyperedge that containing both
of these vertices. Two hyperedge are said to be adjacent if E; N E; # ¢. A simple hypergraph
is a hypergraph such that £; C E; = ¢ = j. A hypergraph H is said to be k - uniform for an
integer k > 2, if for all E; in E, |F;| = k for all i.

A hypergraph H is said to be Smarandachely linear respect to a subset F' C E(H) if
|E; N E;| < 1lforall B;,E; € E' but |E; (| E;| > 1if E;, E; € E\ E'. Particularly, a hypergraph
H is said to be linear if |E; N E;| < 1for all i # j, i.e., a Smarandachely linear in case of E' = E.
A hypergraph in which all vertices have the same degree is said to be regular. An r - regular
hypergraph is a hypergraph with d(v;) = r for all i < n and an (r, k) - regular hypergraph is a
hypergraph which is r - regular and k - uniform. The following results are important.

Theorem 2.1([4]) Let T be a real n x n matriz with non negative entries and irreducible then

there exists a unique positive real number 0y with the following properties:

(1) there is a real number xo > 0 with T'xo = Opxo;

(2) any non negative right or left eigenvector of T has eigenvalue 6y. Suppose t € R and
>0, z#£0. If Te <tx, then x>0 and t > 0y and moreover t = 0y iff Tx = tx. If Tx > tz,
then t < 8y and moreover t = 0y iff Tx = tx.

Theorem 2.2([4]) Consider two sequence of real numbers 01 > 0 > -+- > 6,, and 1 > 12 >
oo > Nwith m < n.The second is said to interlace the first one whenever 0; > Ny for i =

1,2, ,m.

Theorem 2.3([4]) Let C be the quotient matriz of a symmetric matriz A whose rows and
columns are partitioned according to the partitioning {x1,xa, - ,xm} then the eigenvalues of

C interlace the eigenvalues of A.

Let A be a real symmetric matrix and u be a non zero vector. The Rayleigh Quotient
of uw [2] with respect to A is defined as “;T"L“. The dual of the hypergraph H(X, FE) [?] is a
hypergraph H* = H(X*, E*) where X* = {ej,ea, -+, e} corresponding to the edges of H
and E* = {X1,Xo, -+, X, } where X; = {e; : ; € E; in H}. Also (H*)* = H. Given a
hypergraph H = (X, E), where X = {E}, Es, ..., E,,}. Its representative graph or line graph
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L(H), is a graph whose vertices are points {ej, ea, - - , e, } representing the edges of H and the
vertices e; and e; being adjacent if and only if E; N E; # ¢.

Theorem 2.4([2]) The dual of a linear hypergraph is also linear.

Proof Given H is linear. Suppose H* is not linear. Let X; and X5 in H* intersect at
two distinct points e; and es. Hence {e1,ea} C Eq and Es. Therefore |Ey N E2| > 2, which
contradicts |E; N E;| < 1. So H* is linear. m

V2

U1 U3

Us

V4 Ve

U8

U7 Vg

Figure 1 An example of (2,3)- regular and linear hypergraph on 9 vertices

Now we define the adjacency matriz [1] of a hypergraph H. Adjacency matrix of H is
denoted by Ay = (a;;), where

KEk € E:{vi,v;} C ER}  ifi#]

aij = .
0 otherwise.

The eigenvalues of the adjacency matrix Ag is called the eigenvalues of H. Since Ay is
a real symmetric matrix, all the eigenvalues are real. The spectrum of H is the set of all
eigenvalues of Ay together with their multiplicities. Spectrum of H is denoted by Spec(H) or
Spec(Ag). Let A1, \a, - -+ As be distinct eigenvalues of H with multiplicities my, ma, - - - mg then

we write

A A A
Spec(H) = ' 2

my Mg oo g

In the next section we derive some properties of the spectrum and Laplacian spectrum of
(r, k) - regular hypergraphs. Also discuss the relation between the Line graph and dual of 2 -
regular hypergraphs.

§3. Spectrum of (r, k) - Regular Hypergraphs

We know that the sum of the entries in each row and column of the adjacency matrix of an
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(r,k) - regular hypergraph H is § = r(k — 1). Thus 0 is an eigenvalue of A(H) [9, 11].

Theorem 3.1 Let H be an (r, k) - regular linear hypergraph then

(1) 8 =r(k—1) is an eigen value of H;
(2) if H is connected, then multiplicity of 0 is one;
(3) for any eigenvalue A of H we have |A| < 6.

Proof (1) Let A = A be the adjacency matrix of H. Also let v = (1,1,1,---,1)". Since
H is k-uniform, each edge has exactly k vertices. ie |E;| < k for ¢ < m. Since H is r- regular
each vertex z; belongs to exactly r hyperedge. Let v; € Eq, Es,---, E; Then k hyper edge
consist of rk vertices. So different pair of vertices with z; as one factor is rk —r = r(k — 1).
Let 6 = r(k —1). Then Au = fu ie 6 is an eigenvalue of H.

(2) let z = (21,22, -+, 2n)", 2 # 0 be such that Az = 0z Let z; be the entry of z having
the largest absolute value (Az); = 0z;

m
E Aijjz5 = 921
Jj=1

We have each vertex z; is associated with r(k — 1) other vertices through a hyperedge.
By the maximality property of z;, z; = z; for all these vertices. Since H is connected all the
vertices of z are equal. ie z is a multiple of u = (1,1, -+, 1). Therefore the space of eigenvector
associated with the eigen value # has dimension one. So the multiplicity of 6 is one.

(3) Suppose Ay = Ay,y # 0. Let y; denote the entry of y which is the largest in absolute
value. Then,

(Ay)i = \yi

implies that

n
> aiy; = M.
=1

Thus,
n n
Mol = D agy| <D ailyl
j=1 j=1
n
<yl Zaij =01yl
j=1
ie.

A < 0. O

Proposition 3.2 Let H be a k - uniform hypergraph with largest eigenvalue A\1. If H is reqular
of degree v, then \; = 0 where 0 = r(k — 1). Otherwise (k — 1)0min <6 < A1 < (k = D)émaz,

where Smin, Omaz and & are the minimum, mazimum and average degree respectively.

Proof Let 1 be the vector with all entries equal to 1. Then A1 < (k—1)d,4,1. By Theorem
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2.1, M < Opar where 000 = (k — 1)0mas and equality happens if and only if A1 = A1, ie if
and only if Ay = r(k — 1) where r is the degree of the vertices. Consider the partition of the
vertex set consisting of a single part. By Theorem 2.3 we have § < ;. Equality happens if and
only if H is regular. |

Proposition 3.3 Let H be a linear hypergraph with eigenvalues @ = Ay > Ao > --- > X\, then

the following are equivalent.

(1) H is an (r, k) - reqular hypergraph;
(2) AJ = 0J where  =r(k —1) and J is an n X n matriz with all entries equal to 1;
(3) iy A =0 m.

Proof The statements (1) and (2) are equivalent. In order to complete the theorem, we
prove that that (1) and (3) are equivalent. First assume H is an (r, k) - regular hypergraph.
Then

n

Z)\? =tr(A%) =0 n.

i=1

Conversely, assume (3) is true. Then

1 n
=3 N =0=r(k—1)=\.
U
=1
By Proposition 3.2, H is regular. O

Theorem 3.4 The dual H* of a (2,k) - regular hypergraph H is k - reqular. Hence k is an

eigenvalue of H*.

Proof Let H be a (2,k) - regular hypergraph. We know that d(v;) = 2 for ¢« < n and
|E;| =k, for j <m . X; = {e;/x; € E; in H}. Each x; belongs to exactly two edges in H.
So |z;| <2 for j < n. Since |E;| = k, each e; is adjacent to exactly k, es hence d(e;) = k.

Therefore H* is a k - regular simple graph. Hence k is an eigenvalue of H*. |

Theorem 3.5 Let H be a (2,k) - reqular linear hypergraph. Its line graph £ = H*.

Proof By Theorem 3.4 , H* is a k - regular simple graph. Let {x1,z2, -, 2} be the
vertices of £. In H, each edge E; has k - vertices. Since the vertex z; is adjacent to k other
vertices, d(z;) = k for j < m. L is a k - regular simple graph. Hence £ and H* have same
number of vertices and edges. Also incidence relation is preserved. Therefore L(H) =2 H*. O

§4. Laplacian Spectrum of (r, k) - Regular Hypergraphs

We define the itLaplacian degree of a vertex v; € X (H) as §(v;) = Y_7_; aij. We say that the
hypergraph H is Laplacian regular of degree d; if any vertex v € X (H) has Laplacian degree
0;(v) = &;. If H is a simple graph, then §;(v;) = §(v;). The Laplacian matrix of a hypergraph H
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is denoted by L = L(H) and is defined as L = D — A where D = diag{d;(v1),8;(v2),- -, 01(vn)}-
The matrix L is symmetric and positive semi definite. All the eigen values are real and non
negative. The smallest eigen value is 0 and the corresponding eigen vector is j = (1,1,---,1).
Moreover the multiplicity is the number of connected components of H. Second smallest and
largest Laplacian eigen values and parameters related are studied by Rodrigues [10]. The eigen
values of L are denoted by 0 = 1 < uo < --- < up and their multiplicities mq, mo, mg, -+ , myp.

Thus the Laplacian spectrum of H and Laplacian degree of its vertices are related by

b n
Zmlﬂl =tr(L(H)) = Zél(vi). (4.1)
1=1 i=1

If H is a regular hypergraph of degree §(1), then L = D — A = §;1 — A. Thus the eigenvalues
of A and L are related by u; =6, — A, i=1,2,---b.

The second smallest eigenvalue of the graph gives the most important information contained
in the spectrum. This eigenvalue is called the algebraic connectivity and is related to several
graph invariants and imposes reasonably good bounds on the value of several parameters of
graphs which are very hard to compute. The concept of algeraic connectivity was introduced
by Fiedler [7]. Also pus > 0 with equality if and only if H is disconnected. Algebraic connectivity

is monotone. It does not decrease when edges are added to the graph.

Theorem 4.1 Let H be a k - uniform hypergraph. Also let po be the algebraic connectivity of

H. For any non adjacent vertices s and t in H we have
k—1
p2(H) < T(deg(s) + deg(t)).

Proof We have,

Min [ < Lu,u >
Hy="u"{>20" 7 1>=0).
H2(H) {<u,u> “ }

The vector u is defined by

1 frx=s
0 otherwise.

Clearly < u,1 >= 0 and by definition,

< Lu, u > o ZzyGEj a’my(uw - uy)2

<u,u> D owev Uz
(k =D, aas + 2o, ata) _ (K—1)

= 5 = (deg(s) + deg(t)). O

p2(H)

Let G be the weighted graph on the same vertex set X. Two vertices z and y are adjacent
in X if they are adjacent in H also. The edge weight of xy is equal to (a;;), the number of
edges in H containing both z and y. Clearly L(G) = L(H). Rodriguez [10] obtain the result
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from Fiedler [7] on weighted graph as

> €E; Ay (U — uy)2
= 2n mi A : 1 R 4.2
po = 2n min { S S (=) u#al fora€ : (4.2)
Zz C€E,; Ay (U — uu)2
=2 LS ~ 1 R». 4.3
b n mazx { S >l =) u#al forace (4.3)

This eigenvalues po and pp, are bounded in terms of maximum and minimum degree of
H. For any vertex x, e, denote the corresponding unit vector of the canonical basis of R™ by

putting u = e, in equations (4.2) and (4.3) we get,
n
po < ——0, < .
n—1

This leads to

n n
M2 < 5l min < 6l max < Hb-
n—1 n—1

Theorem 4.2 Let H; and Hy be two edge disjoint hypergraphs on the same vertexr set and
Hi U Hy be their union. Then

po(Hy U Hy) > po(Hy) + po(Hz) > po(Hy).

Proof Let Li,Ls and L be the Laplace adjacency matrix of Hy, Ho and H = H; U Hy
respectively. We have,

zn <Luu>
/,LQ(H) = {<uu> u, 1l >= O}
_ zn{ L1+L2UU> 1> 0}
<u,u >
in L L
- My < (Laut 2“)u>:<u,1>:0}
<u,u >
<L1uu>
> <u,1>=0
< UuU,u >
L
{w <u,1>:0}
<u,u >
> pa(Hy) + pa(Hz) > pa(Hy). O
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Abstract: In this study, the spacelike parallel ruled surfaces with Darboux frame are
introduced in Minkowski 3-space. Then some characteristic properties of the spacelike par-
allel ruled surfaces with Darboux frame such as developability, the striction point and the

distribution parameter are obtained in Minkowski 3-space.
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§1. Introduction

In differential geometry, ruled surface is a special type of surface which can be defined by
choosing a curve and a line along that curve. The ruled surfaces are one of the easiest of
all surfaces to parametrize. That surface was found and investigated by Gaspard Monge who
established the partial differential equation that satisfies all ruled surface. V. Hlavaty [9] also
investigated ruled surfaces which are formed by one parameter set of lines.

A surface and another surface which have constant distance with the reference surface
along its surface normal have a relationship between their parametric representations. Such
surfaces are called parallel surface [8]. By this definition, it is convenient to carry the points of
a surface to the points of another surface. Since the curves are set of points, then the curves
lying fully on a reference surface can be carry to another surface.

Another one of the most important subjects of the differential geometry is the Darboux
frame which is a natural moving frame constructed on a surface. It is the version of the Frenet
frame as applied to surface geometry. A Darboux frame exists on a surface in a Euclidean or
non-Euclidean spaces. It is named after the French mathematician Jean Gaston Darboux, in
the four volume collection of studies published between 1887 and 1896. Since that time, there
have been many important repercussions of Darboux frame, having been examined for example
in [2], [3].

1Received September 26, 2016, Accepted May 20, 2017.
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The Minkowski space Ef is the Euclidean space E® provided with the Lorentzian inner
product

(u, v) = w1v1 + ugv2 — ugLs,

where

u = (ui,uz,uz), v=(v1,v2,v3) € E3.

We say that a vector u in E is spacelike, lightlike or timelike if
(u,u) >0, (u,uy=0or (u,u) <0,

respectively. The norm of the vector v € Ej is defined by

[ull = v/I{u, w].

G.Y. Senturk and S. Yucel have taken into a consideration about the ruled surface with
Darboux frame in E3 ([4]).

By making use of the paper of Unluturk et al. [10], we describe our general approach to
compute the spacelike parallel ruled surfaces with Darboux frame, and give some theorems for

these kinds of surfaces.

82. Preliminaries

A ruled surface M in R3 is generated by a one-parameter family of straight lines which are
called the rulings. The equation of the ruled surface can be written as

o(s,v) = a(s) + vX(s),

where () is curve which is called the base curve of the ruled surface and (X) is called the unit
direction vector of the straight line.

An unit direction vector of straight line X is stretched by the system {T,¢}. So it can be
written as

X =Tsin¢ + gcos ¢,

where ¢ is the angle between T and X vectors ([10]).

The striction point on the ruled surface is the foot of the common perpendicular line
successive rulings on the main ruling. The set of the striction points of the ruled surface
generates its striction curve. It is given by ([10])

- <0457X5>
c(s) = a(s) — mX(s).

Theorem 2.1([7]) If successive rulings intersect, the ruled surface is called developable. The
unit tangent vector of the striction curve of a developable ruled surface is the unit vector with

direction X.



62 Muradiye Cimdiker and Cumali Ekici

The distribution of the ruled surface is identified by
P — det(aS)X5XS)
T XGX)

Theorem 2.2([7]) The ruled surface is developable if and only if Px =0 .

The ruled surface is said to be a noncylindrical ruled surface provided that ([1])
(Xs, Xs) #0

Theorem 2.3([1]) Let M be a noncylindrical ruled surface and defined by its striction curve.

The Gaussian curvature of M is given by its distribution parameter by

Ko Px
(PZ + 022

Definition 2.1([5]) Let M and M be two surfaces in Euclidean space. The function

f: M — M

(2.1)
P — f(P)=P+rNp

is called the parallelization function between M and M and furthermore M is called parallel

surface to M, where N is the unit normal vector field on M and r is a given real number.
Theorem 2.4([5]) Let M and M be two parallel surfaces in Buclidean space and
f: M — M

be the parallelization function. Then for X € x(M)

1. f(X) = X — rS(X)
2. 5" (f.(X)) = S(X)

3. [ preserves principal directions of curvature, that is

K

S"(f+(X))

f*(X)7

:1—7%

where S” is the shape operator on M, and k is a principal curvature of M at P in direction X .

Theorem 2.5([11]) Let Darbouz frame of curve 3 at f(a (to)) = f(P) on M be {T,3,N},
then

T = (1 = 7rn)T — Tng] )

S|l S|+

(1 —=7rKn)g +r1T), - (2.2)

Q|
Il

=
I
=
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Definition 2.2([2]) Let = be a spacelike vector and y be a timelike vector in E3. Then there is an
unique real number 8 > 0 such that (z,y) =|z| |y|sinh 6. This number is called the Lorentzian

timelike angle between the vectors x and y.

Definition 2.3([2]) Let x and y be future pointing (or past pointing) timelike vectors in
E%.Then there is an unique Teal number 6§ > 0 such that (x,y) =-|z||y| cosh 6. This num-

ber is called the hyperbolic angle between the vectors x and y.

We denote by {T,n,b} the moving Frenet frame along the unit speed curve a(s) in the

Minkowski space E}, the following Frenet formulae are given

T 0 Kg kn T
d
P B Bl 0 74 n |, (2.3)
b kn T4 0 b

in [6], where (T\T)=1, (n,n) =c==+1, (bb) = —1 .
If the surface M is a spacelike surface, then the curve a(s) lying on surface M is a spacelike

curve. So, the relations between the frames can be given as follows ([6]):

T 1 0 0 T
g | =] 0 cosh@ sinh@ n |, (2.4)
N 0 sinh® coshé b

where {T, g, N} is Darboux frame.

Besides, the derivative formulae of the Darboux frame of «(s) is given by ([6])

T 0 Ky EKn T

d

—l o =] 0 5l||a] (2.5)
N kn T 0 N

where (T,T) = (g,9) = 1 and (N,N) =—1 .

Theorem 2.6([2]) Let a(s) be non-unit speed curve on surface M in E3. The Darbouz frame of
curve af(s) where ||/ (s)|| = v, is {T,g,N}. Geodesic, normal curvatures and geodesic torsion

of this curve-surface pair which are denoted by kg, kyn, T4 respectively are defined as follows:

1
'k‘./g = ﬁ <a”7.g>7
1
Rn = ﬁ<a”7N>7 . (2 6)
1
Tg = - <vag>
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83. On the Spacelike Parallel Ruled Surfaces with Darboux Frame

A spacelike parallel ruled surface can be given as in the following parametrization:

?(s,7) =a(s) + X (s), (3.1)

where the curve @(s) is lying on $(s,7) is a spacelike curve.

Darboux frame is obtained by rotating Frenet frame around T as far as § = 0(s) while the
hyperbolic angle 6 is between the timelike unit vector b and the timelike normal vector field N

of B(s,7).

By Definitions 2.2 and 2.3, the spacelike unit vector g and the timelike vector N are written,
in terms of 6, as:
G = Tcoshf+ bsinh6,

_ _ _ (3.2)
N = mnsinh6+ bcoshé.

From the expression (3.2), the spacelike unit vector 7 and timelike unit binormal vector b
are obtained
= gcoshf — Nsinh@,

- _ (3.3)
= —gsinhf + N coshé.

o>l 3

Taking into the expressions (3.2) and (3.3), Darboux derivative formulae of the spacelike

parallel ruled surface can be found as

. T 0 Ky Fn T
s g |=| Ry 0 T4 g |- (3.4)
N Fn g N
where
Ry = Rcoshf, K, = —Fsinhf and 7, =7 + 7. (3.5)

Differentiating the expression (3.3) and using the matrix representation (3.4), we have the

Frenet derivative formulae of the spacelike parallel ruled surface as:

—

T = 7n,
n = —®T +7D, (3.6)
Vo= T

Theorem 3.1 Let M be a spacelike parallel ruled surface and Darbouz frame of curve 3 be
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{T,9.N} at f(a(ty)) = f(P) on M, then we have

_ 1

T = - (1 +7rK,)T + r7y9],

_ 1

g = Sl +ren)g+rmT], (37)
N = N.

Proof From Theorem 2.4 and the matrix representation (2.5), tangent vector of (foa) =3

of the curve at f(a (to)) on the spacelike parallel ruled surface M is

— 1
g o= T = e in)
X (3.8)
= - [(1+7r6,)T + r749],
where the norm of 3 is
181 = /U +rma)? 41027 = 0. (3.9)

Same as, we find g. And also there is the equation N = N between normal vectors of surfaces
M and M. |

Theorem 3.2 Let a be a regular curve on the surface M. Then the geodesic curvature, the

normal curvature and the geodesic torsion of the curve (foa) =3 are respectively;

Ry = —% + ;—3 [((1+ Thn)T, + rrgkn)]

= 1 2, .2

Rn = [fn + (K2 +72)], (3.10)
= _ Tg

Tg = ’()_27

at the point f(a (to)) on the spacelike parallel ruled surface M.

Proof Because (3 spacelike curve is a non-unit speed curve, we use the Theorems 2.6, 2.4

and the equation (3.8), hence the following equation is obtained

ﬁ//Z(TIi;I—T‘Ting)T—I—(Iig(1+Tlin)+7‘7';])g+(l<&n(1+T‘I€n)+T‘T§)N (3.11)

Using the expressions (2.6), (3.7) and (3.11), we find Ry, Rp, T4 for spacelike parallel ruled
surface M. a

Theorem 3.3 Let Frenet frame of the curve (f oa) =3 be {T,ﬁ,l;} at  f(a(tg)) = f(P) on
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the surface M, then Frenet frame of the spacelike parallel ruled surface is as follows:

T= % [(1+7Fn)T +1r749], (8:12)
= % [-(r7gFg) T +(1+1Fn g +(vFn) N]

v (En) - (EQ)
b _ (0207 ) T-(u2 (147 )R )g-(07R, )N

v3 (En)2 - (E9)2

Proof 1f we use the equations (3.8) and (3.11), the following equation is obtained
BAB = (1TgFnv?) T- ((14+7Fn)REnv?) g-(Rgv®)N. (3.13)
The norm of the equation (3.13) is
18" AR = v*/(En)? = (Rg)?. (3.14)

By the equations (3.13) and (3.14), we obtain the expression (3.12). O

Let ¢ be the angle between direction vector X and tangent vector T at @ € B(s, ). If we

choose the direction vector X, then we get
X =T cosp+Gsing, (3.15)
where | X|| = 1.

Differentiating (3.15) and using (3.4), we find

= (¢ +F,) sin T+ (¢ +7,) cos ¢g+ (Fy cos g+74 sin §)N. (3.16)

Holding T =constant, we obtain the curve on the spacelike parallel ruled surface whose

vector field as follows:

=

T+5X

— — — _ - (3.17)
(1-0(¢p +Ry) sin ¢T+(¢p +F,4) cos ¢pg+ (R, cos p+T 4 sin @) N

Substituting the expression (2.6) into (3.5), we have

(1 % (-kg+r((rkn+1)7,) +03¢ )sm¢)
kgt ((Thn+1)7y) +030 )(Iin—l-’l“(lii—‘rf(?)—l-vzal) cosa) g

v
+s ((
% ((kn+r(r2+72)) cos p+7g sing) N
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The distribution parameter of the spacelike parallel ruled surface is defined by

y sin ¢ (%, cos 5—th sin 5)_ ' (3.18)
(¢ +Ry)? — (Rpn cos p+T4sing)?

By the expression (3.10), we obtain ﬁy for spacelike parallel ruled surface as follows:

—v*sin ¢ ((kn+r(k2+72)) cos g+74 sin @)
(—hgtr((rhn+1)7y) +03¢ )2 402 ((kn+r(K2+72)) cos p+7, sin @)

y -

PR

Theorem 3.4 The spacelike parallel ruled surface with Darboux frame is developable surface
if and only if
sin ¢ (R, cos ¢ + 74 sin @) = 0. (3.19)

Proof Supposing that the spacelike parallel ruled surface with Darboux frame is devel-
opable surface, then ﬁy = 0. In this case, let us study the following subcases related to the
equation (3.19) vanishing:

(1) If sing =0, then from (3.15), we obtain X=Tcosd. So T =T. It means that
tangent plane is constant along the main ruling on the spacelike parallel ruled surface.

(2) If (R, cos ¢+ T,sing) = 0, then from the equation (3.17), it is seen that the tangent
plane and the normal vector of spacelike parallel ruled surface with Darboux frame are orthog-
onal vectors. Therefore the spacelike parallel ruled surface with Darboux frame is developable

surface.

Conversely, if
sin ¢(R, cos ¢ + T4 sin ¢) = 0,

then from (3.18), P = 0.
The striction curve of the spacelike parallel ruled surface with Darboux frame is calculated
as follows:
sin 5(5/ +Ry) X
(8 +Fy)? + (R oS + T4 sin )2

Using the expression (3.10), we find ¢(s) for the spacelike parallel ruled surface as:

N — —o? sinE(fnngr((rnnJr1)7'9)’+'u3$/) X 2
C(S)—OA(S (—ﬁg+r((rﬁyl+l)79)’+v3a,)2—v2((ml+r(n%+‘rg2)) cos o+ :sima)2 (3 0)

O
Theorem 3.5 Let M be a spacelike parallel ruled surface with Darbouz frame as in (3.1). Then

the shortest distance between the rulings of M along the orthogonal trajectories is the distance

measured equaled to the value:

—v? sin (=g +r((rrn+1)75) 403" (3.21)

v= (—kg+r((rn +1)Tg)’+1)3$/)271)2 ((nn +r(KkE +72)) cos p+7y sing)2 ’
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Proof From (3.17), we have

S
2 1

T (@)= / (1-29(3 +7,) sinG47%(3 +7,) 172 (R cos BTy sin3) s, (322)
s1
where s1 < s9.
Differentiating the expression (3.22) according to the parameter T which gives the minimal
value of J(7), we get
sin 5(5/ + Ryg)
(8 +Fy)? + (Fn cos g+ Ty sin §)?

v =

(3.23)
Using the expression (3.10) in (3.23), the parameter T turns into the equation (3.21). O

Theorem 3.6 Let M be a spacelike parallel ruled surface with Darbous frame as in (3.1), the
absolute value of Gauss curvature K of the spacelike parallel ruled surface M along a ruling

takes the maximum value at the striction point on that ruling.

Proof Calculating Gauss curvature of the spacelike parallel ruled surface with Darboux
frame, we get

K(S 5): (R, cos $+?g sin 5)2 sin? ¢ (3 24)
7 (1-20(3' +7,) sin g+02 (& +7y)2+2(Ry, cos g+7 sin §)2 —cos2 §) " '

Differentiating the equation (3.24) with respect to ¥, we have

sina(g + Eg)
(@ +Fg)? + (Fncos g + 7, sin )2

v =

Therefore, the absolute value of Gauss curvature K of the spacelike parallel ruled surface

M along a ruling takes the maximum value at the striction point on that ruling. |
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Abstract: Let G be a nontrivial connected graph on which is defined a coloring ¢ : E(G) —
{1,2,--- ,k}, k € N of the edges of G, where adjacent edges may be colored the same. A path
in G is called a rainbow path if no two edges of it are colored the same. G is rainbow connected
if G contains a rainbow u — v path for every two vertices v and v in it. The minimum k
for which there exists such a k-edge coloring is called the rainbow connection number of
G, denoted by rc(G). In this paper we determine rc(G) for the brick product C(2n,m,r)
associated with the even cycle Ca, for m =1 and odd r > 5 such that n =r + 1,7 + 2 and
n > r+ 3. We also discuss the critical property of the graphs with n =r+1and n=r+2

with respect to rainbow coloring.

Key Words: Diameter, edge-coloring, rainbow path, Smarandacely H-rainbow connected,

rainbow connected, rainbow connection number, rainbow critical graph, brick product.

AMS(2010): 05C15.

§1. Introduction

All graphs considered in this paper are simple, finite and undirected. Let G be a nontrivial
connected graph with an edge coloring ¢ : E(G) — {1,2,--- .k}, k € N, where adjacent edges
may be colored the same. A path in G is called a rainbow path if no two edges of it are
colored the same. An edge colored graph G is said to be Smarandacely H-rainbow connected
to a graph H if for any two vertices in a subgraph G’ =< G isomorphic to H, there is always
a rainbow path in G connecting them. Particularly, an edge colored graph G is said to be
rainbow connected if for any two vertices in G, there is a rainbow path in G connecting them,
i.e., Smarandacely G-rainbow connected. Clearly, if a graph is rainbow connected, it must be
connected. Conversely, any connected graph has a trivial edge coloring that makes it rainbow
connected, i.e., a coloring such that each edge has a distinct color. The minimum k for which
there exist a rainbow k-coloring of G is called the rainbow connection number of G, denoted by

re(Q).

1Received July 14, 2016, Accepted May 22, 2017.
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Let ¢ be a rainbow coloring of G. For any two vertices u and v of G a rainbow u—v geodesic
in G is a rainbow u — v path of length d(u,v) where d(u,v) is the distance between u and v.
G is termed strongly rainbow connected if G contains a rainbow u — v geodesic for every two
vertices v and v in G and in this case the coloring c is called a strong rainbow coloring of G.
The minimum k for which there exists a coloring ¢ : E(G) — {1,2,--- ,k}, k € N of the edges
of G such that G is strongly rainbow connected is called the strong rainbow connection number
of G, denoted by src(G). Thus re¢(G) < sre(G) for every connected graph G.

The rainbow connection number and the strong rainbow connection number are defined
for every connected graph G, since every coloring that assigns distinct colors to the edges of
G is both a rainbow coloring and a strong rainbow coloring and G is rainbow connected and
strongly rainbow connected with respect to some coloring of the edges of G.

The concept of rainbow connectivity and strong rainbow connectivity were first introduced
by Chartrand et al. [2] in 2008 as a means of strengthening the connectivity. In [2], the authors
computed the rainbow connection numbers of several graph classes (complete graphs, trees,
cycles, wheels and complete bipartite graphs). In [5] and [6] K.Srinivasa Rao and R.Murali,
determined r¢(G) and srce(G) of the stacked book graph, the grid graph, the prism graph etc.
They also discussed the critical property of these graphs with respect to rainbow coloring. In
[7], the authors determined rc(G) of brick product graphs associated with even cycles and also
discussed the critical property of these graphs with respect to rainbow coloring. An overview
about rainbow connection number can be found in a book of Li and Sun in [4] and a survey by
Li et.al. in [3].

82. Definitions

Definition 2.1 A graph G is said to be rainbow critical if the removal of any edge from G
increases the rainbow connection number of G, i.e. if re(G) = k for some positive integer k,
then re(G — e) > k for any edge e in G.

The brick product of even cycles was introduced in a paper by B.Alspach et.al. [1] in which
the Hamiltonian laceability properties of brick products was explored.

Definition 2.2 (Brick product of even cycle) Let m, n and r be positive integers. Let Ca, =
V0, V1, V2, ,V2n—1), Vo denote a cycle of order 2n. The (m,r)-brick product of Cay, denoted
by C(2n,m,r) is defined as follows:

Form = 1, we require that r be odd and greater than 1. Then, C(2n,m,r) is obtained from
Capn by adding chords vy (vog4r), k = 1,2, ,n, where the computation is performed under

modulo 2n.

For m > 1, we require that m 4+ r be even. Then, C(2n,m,r) is obtained by first taking
disjoint union of m copies of Capn namely, Cay(1),C2,(2), Can(3),- -+, Can(m) where for each
i=1,2,---,m, Con(i) = vi1,Vi2, Vi3, ,Vi2n). Next, for each odd i = 1,2,--- ,m —1 and
each even k = 0,1,---,2n—2, an edge(called a brick edge) drawn to join vy, to v(;y1)k, whereas,

for each eveni=1,2,--- ,m—1 and each odd k =1,2,--- ,2n—1, an edge (also called a brick
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edge) is drawn to join v to V(i 1)k -

Finally, for each odd k =1,2,--- ,2n — 1, an edge (called a hooking edge)is drawn to join
U1k 0 Upn(itry- An edge in C(2n,m,r) which is neither a brick edge nor a hooking edge is called
a flat edge.

The brick products C(10,1,5) and C(14,1,5) are shown in the Figure 1.
9 0

Figure 1 The brick product C(10,1,5) and C(14,1,5).

In the next section, we determine the values of r¢(G) for the brick product graph C(2n, m, r)
form=1landn=7r+1,n=r+2and n>r+ 3 for odd r > 5. In our results, we denote the
vertices of the cycle Cy, as vg,v1,- -+ ,Von_1, Van = Vg.

83. Main Results
Theorem 3.1 Let G = C(2n,m,r). Then form =1 and odd r > 5,

5+1 for n=r+1

re(G) =
[5] for n=r+2
Proof We consider the vertex set of G as V(G) = {vo,v1,- - ,V2n-1,V2n = vo} and the
edge set of G as B(G) = {e; : 1 <i < 2n}U{e, : 1 <i <n}, where ¢; is the cycle edge (vi_1,v;)
and e;- is the brick edge (vag,vok+r), k= 0,1,--- ,n. Here 2k + r is computed modulo 2n. We

prove this result in different cases as follows.

Case 1. n=r+1.

Since diam(G) = %, it follows that 7¢(G) > 4. We define a § coloring ¢ : E(G) —

{1,2,---, 5} on the cycle edges of G as

7 1f1§i§%

—2 if 241<i<n
cle;) = 2 2 s

i—n i n+l1<i<22
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Also, we consider the assignment of colors to the brick edges in two different ways.

—_

<1<
+1<:1<n

/ 1 if

I3

L
i— 5 if

NS

This coloring will not give a rainbow vy — vy+1, v1 — v, path Vn and this is true for other
pair of vertices.

2. cle;)) =5 if 1<i<n.

This coloring also will not give a rainbow vy — v, path Vn and this is true for other pair of
vertices. (This is illustrated in Figure 2).

Figure 3 Assignment of colors in C'(12,1,5).

Accordingly, we define a coloring ¢ : E(G) — {1,2,---,% + 1} and assign the colors to the
edges of G as
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) 1f1§i§%
(i) = i—5 if §+1<i<n
i—mn if n—l—lgzg%"
3 3
1—7” if T”+1§z_2n

and
cle)=2+1if 1<i<n

From the above assignment, it is clear that for every two distinct vertices z,y € V(G),
there exists an x — y rainbow path. Hence rc(G) < % 4 1. This proves re(G) = § + 1. An

illustration for the assignment of colors in C'(12,1,5) is provided in Figure 3.

Case 2. n=r+2.

Since diam(G) = [ %], it follows that rc(G) > [5]. In order to show that 7c(G) < [§], we
construct an edge coloring ¢ : E(G) — {1,2,---,[5]} and assign the colors to the edges of G
as

i if 1<i<[%]
i—|%] if [§]<i<n—-1
cle))=qi—n if n+1<i<|3]
i— 3] if []<i<2n-1
(5] elsewhere
and

From the above assignment, for any two vertices x,y € V(G), we obtain a rainbow = — y
path in G. Hence rc(G) < [%].

This proves rc¢(G) = [§]. An illustration for the assignment of colors in C(14,1,5) is

provided in Figure 4. O

Figure 4 Assignment of colors in C'(14, 1, 5).
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The critical nature of the brick product graph in Theorem 3.1 has been observed for

particular values of n. This is illustrated in our next result.

Lemma 3.2 Let G = C(2n,m,r), where m =1 and odd r > 5. Then G is rainbow critical for
n=r+1andr+2.

ie., rc(G—e)=n for n=r+1and n=r+2.

Proof We prove this result in two cases.
Casel. n=r+1.

From the Theorem 3.1, r¢(G) = § 41 for n = r+1. Consider the graph G and let e € E(G)
be the any edge in G. Deletion of the edge e in G does not yield a rainbow path between the
end vertices of e in G — e. For illustration see Figure 5.

Figure 5 Assignment of colors in C'(12,1,5).

This shows rc(G —e) > § + 1. We define a rainbow coloring ¢ : E(G) — {1,2,---,§ +2}
to the edges of G as defined in Theorem 3.1. i.e.,

i if 1<i<2+1
1—(2+1 if 242<i<n+2
C(el): (2 ) 2 - -
i—(n+2) if n+3<i<32 43
3

i— (3 +3) if ;44<i<on
and
cle) =242 if 1<i<n

From the above assignment of colors, we fail to get a rainbow path between any two
arbitrary vertices in G — e. Without loss of generality let e = vyvo. An illustration is provided
in Figure 6.
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Figure 6 Assignment of colors in C'(12,1,5).

Accordingly, we assign a (2+241) = (2+%) = n rainbow coloring ¢ : E(G) — {1,2,--- ,n}
to the edges of G and since the cycle Cs, is a sub graph of GG, assign the colors to the edges of
cycle as in Theorem 3.1. That is,

c(ei)—{i if 1<i<n

i—n if n+1<i<2n

Next, we will consider the assignment of colors to the brick edge as

—_

<i<

|3

/ (2i +4) mod n if
(20 +4) modn] -5 if T4+1<i<n

From the above assignment, it is clear that for any two vertices z,y € V(G), there exists

a rainbow x — y path in G — e and hence r¢(G — e) < n. This proves r¢(G — e) = n. An

illustration for the assignment of colors in C'(12,1,5) is provided in Figure 7.

Figure 7 Assignment of colors in C'(12,1,5).
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Case 2. n=r+2.

The proof for n = r 4 2 is the same as Case 1.

As in Case 1, in this case also we fail to get the x —y rainbow path for different combinations
of assignment of n — 1 colors to the edges of G — e.

Accordingly, we construct a rainbow coloring ¢ : E(G) — {1,2,---,n} to the edges of G

as
) if 1<i<n
c(e;) =
i—n if n+1<i<2n
and
n+1—1¢ if 1<i<2
) if i=3
c(e;): i+1 if 4<i<n-3
i—(n—-3) if n—-2<i<n-1
4 if i=n

From the above assignment for any two vertices z,y € V(G), we obtain a rainbow x — y
path in G — e. This proves r¢(G — e) = n. Hence the proof. An illustration for the assignment

of colors in C(14,1,5) is provided in Figure 8.

Figure 8 Assignment of colors in C'(14, 1, 5).

For r > 5 and n > r 4+ 3, we have the following result.

Theorem 3.3 Let G = C(2n,m,r). Then form =1, odd r > 5 and n > r + 3,

5 +1 for n=r+3
51 +1 for r+4<n<2r
re(G)=q(n—r+1)—az|%] for 2r+1)+ar <n<3r+azr

2r+2)+ (5] +1) for Br+1)+ar<n<dr+ar
where ©=10,2,4---
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Proof We consider the vertex set V(G) and the edge set E(G) defined in Theorem 3.1.
We prove this result in different cases as follows.

Case 1. n=r+3.
We have two subcases.
Subcase 1.1 n =4k, where k =2,3,---.

Here diam(G) = 2. Clearly r¢(G) > diam(G). If we assign diam(G)-colors to the edges

of G, we fail to obtain a rainbow path between a pair of vertices in G. This holds up to 3

colors. Hence, to prove this we consider an edge coloring ¢ : E(G) — {1,2,---, %} to the edges
of G as
) if 1<¢< %
(es) = i—g if +1<i<n
i—n if n4+1<i< 37"
i—32 §f 324 1<i<2n

and

Figure 9 Assignment of colors in C'(16, 1, 5).

Subcase 1.2 n = 5k, where k =2,3,---.

Here diam(G) = 248, Clearly rc(G) > diam(G). Similar to subcase 1 we fail to obtain a
rainbow path between a pair of vertices in G' up to g-colors. From Subcase 1 and Subcase 2, we
have rc(G) > § + 1. Accordingly, we construct an edge coloring ¢ : E(G) — {1,2,---, % + 1}
and assign the colors to the edges of G as

7 1f1§i§%

—2 if 241<i<n
cle;) = 2 2 s

i—n i n+l1<i<22
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and
cle) =241 if 1<i<n

From the above assignment, it is clear that for any two vertices z,y € V(G), there exists a
rainbow & — y path in G and hence r¢(G) < § + 1. This proves rc(G) = § + 1. An illustration
for the assignment of colors in C'(20, 1,5) is provided in Figure 10.

Figure 10 Assignment of colors in C'(20, 1, 5).

Case 2. r+4<n<2r.
We consider the following subcases.
Subcase 2.1 n is even.

The proof is similar to the proof provided in Subcase 1.1 of Case 1.

If we consider assignment of 4 colors in any combination to the edges of G, we fail to

obtain a rainbow vy — v,4+1 path Vn (as illustrated in Figure 9).

This shows 7¢(G) > 5 + 1. It remains to show that 7¢(G) < § + 1. Define a coloring
c: E(G) —{1,2,---§ + 1} and consider the assignment of colors to the edges of G as

7 1f1§i§%
—2 if 241<i<n
cle;) = 2 2 s
i—mn if n—|—1§z§7"
i—32 §f 34 1<i<2n

and
c(e;):%—l—l if 1<i<n

From the above assignment, it is clear that for any two vertices x,y € V(G), there exists
a rainbow x — y path with coloring c¢. Hence r¢(G) < § + 1. An illustration for the assignment

of colors in C(20,1,5) is provided in Figure 10.
Subcase 2.2 n is odd.

If we assign diam(G) colors to the edges of G, we fail to obtain a rainbow path between

a pair of vertices in G. This holds up to [§] colors. Hence, to prove this we consider an edge
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coloring ¢ : E(G) — {1,2,---,[%]} to the edges of G as

i if 1<i<|[3]
i— %) if [§]<i<n-1
clei)=gi—(n—1) if n<i<|[3]-1

and

Figure 11 Assignment of colors in C'(18,1,5).

This shows 7¢(G) > [5] + 1. It remains to show that rc(G) < [§] 4+ 1. We construct an
edge coloring c: E(G) — {1,2,---,[%] + 1} and assign the colors to the edges of G as

i if 1<4i<|2]

i— 2] if |2]+1<i<n-1
cle;) = 4 [2] if i=n and i=2n

i—n if n+1<i<|[3]

i— 2] 0 2] +1<i<2n-1

and

) (2741 if 1<i< 2 and 23 <i< 20l
cle;) =
[2] if 22 <j<ndl gpd I <<

From the above assignment, it is clear that for any two vertices z,y € V(G), there exists
a rainbow z — y path. Hence r¢(G) < [§]+ 1.

Combining both the Subcases, we have rc(G) < [§] 4 1, Vn such that r +4 < n < 2r.

This proves rc(G) = [4] + 1. An illustration for the assignment of colors in C(18,1,5) is
provided in Figure 12.
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Figure 12 Assignment of colors in C'(18,1,5).

Case 3. For (2r+1)+ar <n <3r+azrand (3r+1)+zr <n < 4r+zr where z =0,2,4,---.

Let
(n—r+1)—=x[5] for 2r+1)+axr <n<3r+ar
h=<@r+2)+z([5]+1) for Br4+1)4+ar<n<dr+4ar

where *=0,2,4,---

As in Case 1 and Case 2 we again fail to obtain a rainbow path between a pair of vertices
in G up to h — 1 colors. This shows r¢(G) > h.

To show that r¢(G) < h, we construct a rainbow coloring ¢ : F(G) — {1,2,---,(n —r +
1) —z|5]} for 2r+1)+ar <n <3r+arandc: B(G) — {1,2,---,(2r +2) +2([5] + 1)}
for (3r + 1) + ar < n < 4r + 2r and assign the colors to the edges of G. Before assignment of
colors, we split E(G) as, e; where 1 <i<n—1,i=n, i=2nandn+1<1i<2n—1 (cycle
edges) and e; where 1 < i < n (brick edges). we assign the colors to the cycle edges from e; to
€n—1 as
7 for 1<i<r
c(ei) =
i—kr for 2k—1r+1<i<l]
where
(2k+1)r foreach k=1,2,--- [5F] —1
n—1 for k= [2-"]

2r

and assign the colors to the cycle edge e,, and es, as
(n—7r)—2|5]] -5 for 2r+1)4+azr<n<3r+ar

clen) = clezn) = 2r +zf|5] +1] -2 for (Br+1)+ar<n<dr+ar

where z=0,2,---

Also, we assign the colors to the cycle edges from e, 1 to ea,_1 as

i—n for n+1<i<n+r
cle;) =

i—(n+kr) for n+2k—Dr+1<i<m
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where

n+ (2k +1)r foreach k=1,2,---,[%C] -1

2r
2n—1 for k= [2-1]

and assign the colors to the brick edges from ell to e;l as

clen) +k for (k—1)r+1<i<l
/ . £ nd)l L] <i< R
e o aersicr
clen) +k for [F]+(k-1r+1<i<m
clen) for (n—1)<i<n
where
_ kr for each k=1,2,--- [%F] -1
L”T*‘lj for k= [25"]
and

[5]+kr foreach k=1,2,---,[2L] -1

2r
n—2 for k=["5"

From the above assignment, it is clear that for any two vertices x,y € V(G), there exists

a rainbow x — y path and hence

(n—r+1)—z|5] for 2r+1)4+a2r <n<3r+uar
re(G)=q @2r+2)+a(|5]+1) for Br+1)+ar<n<dr+ar
where z=0,2,4,---

Hence the proof. An illustration for the assignment of colors in C(38,1,5) is provided in Figure
13. |

Figure 13 Assignment of colors in C'(38,1,5).
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Abstract: In this study, we investigated special Smarandache curves belonging to Sabban
frame drawn on the surface of the sphere by Darboux vector of Mannheim partner curve .
We created Sabban frame belonging to this curve. It were explained Smarandache curves
position vector is consisted by Sabban vectors belonging to this curve. Then, we calculated

geodesic curvatures of this Smarandache curves. Found results were expressed depending on

the Mannheim curve.
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geodesic curvature.
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81. Introduction and Preliminaries

Let o : I — E3 be a unit speed curve denote by {T, N, B, p, ¢} the moving Frenet apparatus.

The Frenet formulae is given by ([5])

N'(s) = —p(s)T(s) + q(s)B(s)
B'(s) = —q(s)N(s).
The Darboux vector defined by
W =qT + pB.
By the unit Darboux vector, we have
sinp = N cos p = N
i YT Uee

including
C =sinpT + cos B

(1.1)

where /(W, B) = ¢, ([4]). Let a and «, be the C?-class differentiable two curves and T, (s),
N, (s), B,(s) be the Frenet vectors of a,. If the binormal vector of the curve «, is linearly

dependent on the principal normal vector of the curve «, then («) is defined a Mannheim curve

1Received July 12, 2016, Accepted May 23, 2017.
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and («,) a Mannheim partner curve of («). The relations between the Frenet vectors we can
write [3, 6, 7]

T, =cosol —sinoB

N, =sinoT + coscB (1.2)
B, =N
and for the curvatures we get
_ po’
P ?QMW (1.3)
q= N

Let (a,a,) be a curve pair in E3. For the vector C, is the direction of the Mannheim

partner curve «, we have [3,8]

2 2 /
c VI oy i N. (1.4)

L \/p2+q2+0’2 \/p2+q2+a’2

Let w : I — S? be a unit speed spherical curve. We can write ([10])
w(s) =w(s), t(s) =w'(s), dls) =w(s) At(s), (1.5)

where, {w(s),t(s),d(s)} frame is expressed the Sabban frame of w on S?. Then we have equa-
tions ([10])
W(s) =t(s), t'(s)=—w(s)+ry(s)d(s), d'(s)=—ry(s)t(s), (1.6)

where k4 is expressed the geodesic curvature of the curve w on S? which is ([10])

kg(s) = (t'(s),d(s)). (1.7)

§2. Mannheim Partner Curve a Different View

Let (C,) be a unit speed spherical curve on S?. Then we can write

C, =sinpT, + cospB,,
Tc, = cosPT, —sin®B,, (2.1)
C, A TC1 =N,

where Z(C|, B,) = §. Then from the equation (1.6) we have the following equations of (C,)

are
/
C' =Tc

: (2.2)
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From the equation (1.7), we have the following geodesic curvature of (C,) is

VFAT
il

kg =(T¢,,C, NTc,) = kg = ~—— (2.3)
2.1 The p1-Smarandache curve can be defined by
1
Bi(s) = E(Cl +Tc,) (2.4)
or substituting the equation (2.1) into equation (2.4) we obtain
1 - _ —
Bi(s) = 7 ((sm © + cos )T, + (cosp — sin <p)Bl) . (2.5)

Differentiating (2.4) we can write

P (cosp — sinp)
Ts, =

=2 =2 —/ — ‘A

7o Y AT Peosphsing) (2.6)
2% 4P+ 252 + 7 + 2%+ P+

Considering the equations (2.5) and (2.6) we get

=2 | 2 — i = —/ /=2 | 2 = e
By AT, = \/p +4q (COS<P+SIH<P)T _ P N + P°+q (COSW"‘Sm‘P)Bl. (2.7)

/2ﬁ2+2q2+4¢/2 1 /2ﬁ2+262+4¢l2 1 /2ﬁ2+2§2+4¢l2

Differentiating (2.6) where coefficients

2 (T (PATy(PHT

= 7 ?
L R T VPR AT
X2 = -2 - 3( — ) - ( — ) - ( — ) ( —/ ) (28)
@ @ @ @
VP, VNPT s, NPT,
x3 = 2( 7 )+ ( 7 ) +(?)

including we can reach,

T = 7" V2(x1 sin B + x2 cos p) T+ xs7 V2 N, + 7 *V2(x1 cos P — x25in p)

52 L 72 4 /2 2 52 | 72 4 /2 2 52 4 72 4 2 2
(7 +7+7") (#+2+77) (#+7+7")

B,. (2.9)

From the equation (2.7) and (2.9) mgl geodesic curvature for Mannheim partner curve ;

is

Hgl = <T[/51’ (Ol A TCI )[31>
B 1 B+ B+ , -
- \/_2T§225( 7 X1~ 7 X2 + X3)- (2.10)
2+ (¥%))

From the equation (1.2) and (1.3) Sabban apparatus of the (;-Smarandache curve for
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Mannheim curve are

Bi(s) = (o' + p2+q2)cosaT_ o —\/p*+q? N_(0'+ p2+q2)sinoB
V202 + 2p? + ¢? V2072 + 2p? + ¢? V202 + 2p? + ¢?

(0" —\/P? + ¢2)ncoso — /D% + ¢2 +cr’2cosaT+ n(o’ +v/p? + ¢?)

T
- \/p2+q2+0/2\/1+27’]2 \/p2+q2+0./2\/1+2772
+(\/m—0 nsino + /p? + ¢2 _|_0/ch80
N N T
Bi ATy = (\/m—a COSU+2nmban C’/‘H?\/W
| VESIR MVeETTN e
_( p? + ¢+ 0')sino — 2n/p? + ¢? +a’2cosa
\/2+477 \/p + ¢+ o'?
T, = (X, VP* + 6% + X0 )" V2 cos 0 — xan'* 2p2+q2+20’251nch
1 A+ 2t 3 o
L& XV + PtV
+2P PP+ P+ 0"
+ (Y2U/ - X1 \/W)ﬁ‘*ﬁsino -+ Y3n4 2p2 + q2 1 2072 COSUB
C+2P PP + P 0"
and
1 1 1
W= g (T R ) @)
(2+ ESER 7
where
I__ @ —( s )/Aq\/]m o1
n p2—|—q2 o2 +p2+q2 o’
and
v, ——9_ 1 4 11
X1 = 2 72 +77,77
v — 1 1 11
Xo=—2-35 — 5w~y (2.13)
_9l 1 o1
X3_277+773 +2n,

2.2 The Bg-Smarandache curve can be defined by

Ba(s) = 7(C +C, NTg,) (2.14)
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or from the equation (1.2), (1.4) and (2.1) we can write

/P24 q2coso + /o2 +p? +¢?sino o’
Ba2(s) = pTa P Ta T + N
/20-/2+2p2+q2 /20-/2+2p2+q2

+\/0’2+p2+q20050—\/pz—i—q?sinUB. (2.15)
V202 +2p% + ¢2

Differentiating (2.15) we can write

T 0C0ST g NPHE oo g (2.16)

2_\/p2+q2—|—a’2 _\/p2+q2—|—a’2 /02 £ @2+ 072
Considering the equations (2.15) and (2.16) it is easily seen
\/p2+q2+cr’251na—\/pz—l-qzcosch o’ N

/2p2 _|_q2 +20-/2 /2p2 _|_q2 +20-/2

P2+ @%sino + \/pz—i—q?—l—o’zcosoB' (2.17)
/2p2 + q2 + 20-/2

62AT52 =

+

Differentiating (2.16) we can write

T - \/2p2+q2+20’zsino—n\/§\/p2—|—q2(zosoT+ V20’ N
. (= D2+ 2+ 07 (7= DVp? +¢% + 07

nV2+v/p? + ¢2sino + \/2p2+q2+20’2cosaB 9.18
’ (n =1V + ¢ + 07 ’ (219

where, Iigz geodesic curvature for s is

e (2.19)

2.3 The B3-Smarandache curves can be defined by

Ba(s) = %(Tcl +C A Te ) (2.20)

or from the equation (2.1), (1.4) and (1.2) we can write

o' coso + p2+q2+0/25m0T+ VP + P N
202 + 202 + ¢ 2072 + 2p? 4 ¢2
p2 + q2 + 0—/2 CcOosSo — 0'/ SinO—B. (221)
20" + 2p2 + ¢2

Bs(s) =

+
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Differentiating (2.21) we reach
T \/p2+q2+a’2sina—(a’+n\/p2+q2)cosaT+ VP24 q? —no’ N
Bs =
8 \/2+772\/p2+q2+0/2 \/2+772\/p2+q2+0/2

(n/p? +q>+0')sino + /p? + ¢% + "2 coso
V2+ 1?2+ 2 + 07

+

B. (2.22)

Considering the equations (2.21) and (2.22) it is easily seen

By AT, — (2 p2—|—q2—na’)coso—i—n\/pz—i—qz+0’251nUT
VA+202\/p? + ¢ + 07
20" — /P + ¢
VA +202\/p? + ¢ + 0"

+(770' —2y/p? 4+ ¢?)sino +n/p? + ¢? +0’2cosaB

VA+202/p? + 2 + 07 (223
Differentiating (2.22) where
= 1 1 11
02 =—1-35 —2:5 — (2.24)
Sa=—2L o1 4+ 1
53 - 772 2774 + ,,7/
including we have
o (62+/P? + ¢2 — 610" )n*V/2 cos o + d3n*\/2p% + ¢2 + 2072 sinUT
B3 (2 + 772)2\/m
+n4\/§(32cr’ +61y/p% + q2)N
(2 + 772)2 /o2 +p2 + q2
(610" — 8ar/D? + @®)n*V2sino + 63n*\/2p% + ¢ + 2072 ST 9 95
+ (2 + 1?)2 072 + p? + ¢2 ’ (2.25)
where, /@33 geodesic curvature for Mannheim curve 3 is
Bs 1 5% 4% 4%
" T 2t p)t (2031 — 1"82 + 1'33). (2.26)
2.4 The B4-Smarandache curves can be defined by
1
Ba(s) = —(C, + Te, +C, A Tcl) (2.27)

3
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or from the equation (1.2), (1.4) and (2.1) we can write

(0" +/p?+ ¢?)coso + a’2+p2+qQSinaT+ o —\/p?+q?

Pa(s) = "
4( ) 30_/2+3p2+q2 30/2+3p2+q2
N o2 +p2+q%coso — (0! +\/p? +¢?) SinUB_ (2.28)
30”2 +3p% + ¢°

Differentiating (2.28), we reach

((n—1)0" —ny/p? + ¢*) coso + p2+q2+a’251nUT
V2T =1+ 0P+ ¢* + 07
no' — (1 —=mvVp*+ ¢
V2= +12)\/P? + % + 07
(nv/p?* + ¢* + (1 = n)o’) sino + p2+q2+0’zcosoB
V20 =n+1?)yVp? + ¢’ + 07

T,

n (2.29)

Considering the equations (2.28) and (2.29) it is easily seen

(2=n)vp? +¢* — (A +m)a’)cosa + (2nl) vp? +¢> + 0" sino |
V6 — 61 + 612 \/p? + ¢ + 072
2—n)o’ + (1 +0)/P° + ¢
L 2o+ AtV e (2.30)
V6 — 61+ 612/p2 + ¢ + 02
(1 =2)vp? +¢* — (A +m)o)sino + (29 —1)y/p? +¢* + 0 coso

V6 — 61+ 602\/p2 + ¢ + 02

64/\Tﬁ4 =

+

Differentiating (2.29) where

= 1 1 1 1 1

n
Pp=—2+21 —ak 2k -2k - L(1+1) (2.31)
— _ 9l 1 1 1 1 1

including we can write

T, = (P1V/P? + @ + 50’ )n* V3 cos o +ﬁ3774\/msmoT
! 41— +1P)2/0? +p? + ¢
Ry AV R IR (2.32)
A1 =+ 0?20+ P+ 2
+53n4\/mcosa — (VP2 + 2 +520/)774\/§Sin‘73
41—+ 7220 +p + ¢ ’
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where, f<a§4 geodesic curvature for Mannheim curve B4(sg,) is

on @0t =n")py — (0 + )Py + (20° — )Py (2.33)
! W2(1 —n+n?)>
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Abstract: A function f is called a F-root square mean labeling of a graph G(V, F) with
p vertices and ¢ edges if f: V(G) — {1,2,3,...,¢+ 1} is injective and the induced function

[ defined as
, u)? + f(v)?
f(w):{ f(w 2f()J

for all wv € E(QG), is bijective. A graph that admits a F-root square mean labeling is called
a F-root square mean graph. In this paper, we study the F-root square meanness of the
path P,, the graph P, o Sy, the graph P, o K3, the graph TW (P,), the graph [P,; Sw], the
graph S(P, o K1), the graph M(P,), the graph T(P,), the graph P2, the ladder graph L,
and the slanting ladder graph SL,.

Key Words: Labeling, Smarandache power root mean labeling, F-root square mean la-

beling, F-root square mean graph.

AMS(2010): 05C12.

81. Introduction

Throughout this paper, by a graph we mean a finite, undirected and simple graph. Let G(V, E)
be a graph with p vertices and ¢ edges. For notations and terminology, we follow [3]. For a
detailed survey on graph labeling, we refer [2].

Path on n vertices is denoted by P,. A star graph S, is the complete bipartite graph Kj ;.
The graph G o S,, is obtained from G by attaching m pendant vertices to each vertex of G. A
Twig TW(P,),n > 4 is a graph obtained from a path by attaching exactly two pendant vertices
to each internal vertices of the path P,. If vy) , vg) , véi), “ee ,Uf,?_i_l and uq,usg,us, - ,u, be the
vertices of i*" copy of the star graph S,, and the path P, respectively, then the graph [P,; S,,]
is obtained from n copies of S,, and the path P, by joining w; with the central vertex vy) of
the i*" copy of S, by means of an edge, for 1 < i < n.

A subdivision of a graph G, denoted by S(G), is a graph obtained by subdividing edge of

1Received May 10, 2016, Accepted May 25, 2017.
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G by a vertex.

The middle graph M (G) of a graph G is the graph whose vertex set is {v: v € V(G)}U{e :
e € E(G)} and the edge set is {eje2 : e1,e2 € E(G) and e; and ey are adjacent edges of
G}U{ve:v € V(GQ),e € E(G) and e is incident with v}. The total graph T'(G) of a graph G is
the graph whose vertex set is V(G) U E(G) and two vertices are adjacent if and only if either
they are adjacent vertices of G or adjacent edges of G or one is a vertex of G and the other one
is an edge incident on it. Square of a graph G, denoted by G2, has the vertex set as in G and
two vertices are adjacent in G2 if they are at a distance either 1 or 2 apart in G. Let G; and Ga
be any two graphs with p; and ps vertices respectively. Then the Cartesian product G1 x Go
has p1ps vertices which are {(u,v) : u € G1,v € G2} and the edges are obtained as follows:
(u1,v1) and (ug,vs) are adjacent in Gy x Ga if either u; = ug and vy and vy are adjacent in Go
or u; and ug are adjacent in Gy and v; = ve. A ladder graph L,, is the graph Py x P,.

The slanting ladder SL,, is a graph obtained from two paths uy, us, ..., u, and vy, v, ..., v,
by joining each v;, with u;41,1 <7< n—1.

The concept of root square mean labeling was introduced and studied by S.S. Sandhya
et al. in [4,5]. Motivated by the works of so many authors in the area of graph labeling, we
introduce a new type of labeling called F-root square mean labeling.

A labeling f on a graph G(V, E) with p vertices and ¢ edges is called a Smarandache power
root mean labeling for an integer m > 1if f : V(G) — {1,2,3,---,q + 1} is injective and the
induced function f* defined by

meoz{mfww;fwa

is bijective for all uv € F(G). Particularly, if m = 1, such a Smarandache power root mean
labeling is nothing else but the mean labeling and m = 2 is called the F'-root square mean
labeling on graph G(V, E) with an injective f : V(G) — {1,2,3,---,¢ + 1} and an induced

bijective

for all uv € E(G). A graph that admits a F-root square mean labeling is called a F-root square
mean graph.

In [4], S.S. Sandhya et al. defined the root square mean labeling as follows:

A graph G(V, E) with p vertices and ¢ edges is said to be Root Square Mean graph if it
is possible to label the vertices x € V' with distinct labels f(z) from 1,2,3,---,¢+ 1 in such a

way that when each edge e = uv is labeled with

{ f@P+f@PW o { f@P+f@PJ
2 2 ’

then the edge labels are distinct. In this case f is called a root square mean labeling of G.

In the above definition, the readers will get some confusion in finding the edge labels which



94 S. Arockiaraj, A. Durai Baskar and A. Rajesh Kannan

edge is assigned by flooring function and which edge is assigned by ceiling function. To avoid the

confusion of assigning the edge labels in their definition, we just consider the flooring function

{ f(u)? +f(v)2J
2

for our discussion. Based on our definition, a F-root square mean labeling of the graph K5 — e

is given in Figure 1.

1 2 4

Figure 1. A F-root square mean labeling of K4 — e.

In this paper, we study the F-root square meanness of the path P,, the graph P, o S,,,
the graph P, o Ko, the twig graph TW(P,), the graph [P,;S,,], the graph S(P, o K1), the
middle graph M(P,), the total graph T'(P,), the square graph P2, the ladder graph L, and
the slanting ladder graph SL,,.

§2. Main Results

Theorem 2.1 FEvery path P, is a F-root square mean graph.

Proof Let vy,v9,v3, -+ , vy, be the vertices of the path P,. Define f : V(G) — {1,2,3,--- ,n}
as f(v;) =1, for 1 < i < n. Then the induced edge labeling is f*(v;v;41) =i, for 1 <i <n—1.
Hence f is a F-Root Square Mean labeling of path P,,. Thus the path P, is a F-root square

mean graph. a

1 2 3 4 5 6 7 g8 9 10 11

Figure 2. A F-root square mean labeling of Py.

Theorem 2.2 The graph P, oSy, is a F-root square mean graph for n > 1 and m < 4.
Proof Let vy,v2,vs3, -+ ,v, be the vertices of the path P, and ugi),ugi),ugi), e ,usy? be

the pendant vertices at each v;, for 1 <i <n.

Casel. m=1.
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Define f : V(P, 051) — {1,2,3,---,2n} as follows

fvi)=2i—1, for 1 <i<n,

f (ugz)) =2, for1 <i<n.
Then the induced edge labeling is obtained as follows
[ (vivig1) = 2i, for 1 <i<n -1,
F* (viu?)) —92 1, for1<i<n.
Case 2. m=2.

Define f : V(P, 0 S2) — {1,2,3,---,3n} as follows

f(vi)

(
()
f (ug)) =3, for 1 <i<n.

3i—1, forl1 <i<mn,
3i

-2, for1<i<n,

Then the induced edge labeling is obtained as follows
frivig1) =30, for 1 <i<n-—1,
fr (viugi)) =3i—2, for1 <i<mn,
fr (Uiuéi)> =3i—1, for1 <i<n.
Case 3. m=3.

Define f: V(P, 0S3) — {1,2,3,--- ,4n} as follows

=47 —1, for 1 <i<n,
(uéz)) =4q, for 1 <i<n.
Then the induced edge labeling is obtained as follows
frwivigr) =41, for 1 <i<n-—1,
f( ):4i—3,f0r1§i§n,
fr (viuéi)) =4i—2, for1 <i<n,
(o)

=4i—1, for 1 <i<n.
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m = 4.

Define f: V(P, 08s) — {1,2,3,---,5n} as follows

flo1) =2
f (ug“) = 5i— 5,
7 (ud) =5i-3,
f (ug“) —5i—1,
.

for 2 <i <n,

for 2 <i<n,

for1 <i<n,

for1<i<n-1, f(ufln)) = 5n.

7 (u8) =3,

Then the induced edge labeling is obtained as follows

I (viuy)) =5i—1, for1<i<n.

, fv)=5i—2, for1<i<n, f(ugl)) =1,

ff(wivig1) =51, for 1 <i<n-1, f* (viugi)) =5i—4, for1 <i<n,

fr (Uiug)) =5i—3, for1<i<n, f* (Uiug)) =5i—2, for1 <i<n,

Hence, f is a F-root square mean labeling of the graph P, o S,,. Thus the graph P, o .S,,

is a F-root square mean graph for n > 1 and m < 4.

1 2 3 45 67 8 91011
1 3 5| 7[ 9 11
2 4 6 g 10 12

2 3 5 6 8 9 11
1/\2 4/\5 7A 10/\1
1 3 4 6 7 9 10 12

2 4 6 8 10 12 14 16 18
3 7 9 1 15 17 19
1/ 2 5/ 6 10 13/14 18
[
1 3 4 5 7 8 9 11 12 13 15 16 17 19 20

Figure 3. A F-root square mean labeling of Ps 0 Sy, Py oSy and P50 S3.

O
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) 5 8 10 13 Is 18
19
12 s\ o/7) 18\ W\t 1647) g
I 3 4 6 5 7 9 11 10 12 14 16 15 17 19 20

Figure 4. A F-root square mean labeling of Py o Sy.

Theorem 2.3 The graph P, o K2 is a F-root square mean graph for n > 1.

(

Proof Let vy,v3,vs3,--- ,v, be the vertices of the path P, and uil), uz(-2) be the vertices of

it" copy of Ky attached with v;, for 1 < i < n.
Define f: V(P, o K3) — {1,2,3,--- ,4n} as follows

4i— 2, for 1 <i <n,

flvi) =
f(uz(-l)) =4i—3, for 1 <14 <n,

f (ul(?)) =44, for 1 <i<n.
Then the induced edge labeling is obtained as follows

fr(wvipr) = 4i, for 1 <i<n-—1,

4
I (ugl)ul@)) =47 -2, for1 <i<mn,
):4i—3, for 1 <i<n,

rr (u(-2)vi) =4i—1, for1 <i<n.

Hence f is a F-root square mean labeling of the graph P, o Ky. Thus the graph P, o Ko

is a F-root square mean graph for n > 1. O
2 4 6 8 10 12 14 16 18 20 22
A /\ A 13 15 17i i19 21f iz3
L 2 4 5 6 8 9 10 12 13 14 16 17 18 20 21 22 24

Figure 5. A F-root square mean labeling of Ps o Ks.

Theorem 2.4 The twig graph TW (P,,) of the path P, is a F-root square mean graph for n > 4.
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Proof Let vy,vo,vs, -+ ,v, be the vertices of the path P, and ugl),ug) be the pendant

vertices at each vertex v;, for 2 < i < mn — 1. Define f: V(TW(P,)) — {1,2,3,---,3n — 4} as

follows
flor)=1, f(v2)=2, f(v;)=3i—3, for3<i<n-1,
f@):&w%,f@f»:3,f@@):&—4ﬂm3§i§n—L
F(uf") =8i-2 for2<i<n-1,
Then the induced edge labeling is obtained as follows

f*(vlle) =3i—2, for1<i<n-1,

f*( )—32 4, for2<i<n-—1
f*(vzu2 ):31'—3, for2<i<n-—1.

Hence f is a F-root square mean labeling of the graph TW (P,,). Thus the graph TW (P,,)

is a F-root square mean graph for n > 1. O

e o

Figure 6. A F-root square mean labeling of TW (Ps).

19 20

Theorem 2.5 The graph [Py,; Sy] is a F-root square mean graph for m < 2 and n > 1.

Proof Let uy,us,us, ..., u, be the vertices of the path P, and ’Uii), ’U;Z), vg), e, 7(2)“ be the

vertices of the star graph .S, such that ’Uii) is the central vertex of the star graph S,,,1 < i < n.

Casel. m=1

Define f : V([P,; S1]) — {1,2,3,...,3n} as follows

31, 1 <i<nandiisodd
fus) =

31— 2, 1 <i<nand¢is even,
f@@):m-Lmqgigm

(%) 3i — 2, 1 <i<nandiisodd
F(4) =

31, 1 <i<nandiiseven.
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Then the induced edge labeling is obtained as follows

f(uiuipr) =34, for 1 <i <n—1,

f*( (i)) 3t—1, 1 <i<nandiisodd
;v =
! 31— 2, 1 <i<nandiiseven
f ( (i) (7,)) 37,—2, 1§Z§nand218 odd
vy v =
b 3t—1, 1 <i<nandiis even.

Case 2. m=2

Define f : V([P,; S2]) — {1,2,3,...,4n} as follows

47— 1, 1 <i<nandiisodd
flui) =

41 — 3, 1 <i<nand¢is even,

f(vgi)) =4i—2,for 1 <i<n,

. 41— 3 1 <i<nandiisodd
7o) |
4i — 1, 1 <i<nandiiseven

f (’Ugi)) =44, for 1 <i<n.
Then the induced edge labeling is obtained as follows

fr(wiuigpr) = 4, for 1 <i<n-—1,

f*( (i)> 47 — 2, 1 <i<nandiis odd

U;V =

! 41 — 3, 1 <i<nandzis even,

f*((i) (i) 47 — 3, 1 <i<nandiis odd
Uy Uy )Z

47 — 2, 1 <i<nandiiseven

f (UY)’U'?)) = 47 — 17 for 1 < i <n.

Hence f is a F-root square mean labeling of the graph [P,; S;,]. Thus the graph [Py; Sy,]

is a F-root square mean graph for n > 1. O
4 6 9 910 12 15
14
2¢
13
1 6 7 13

Figure 7. A F-root square mean labeling of [Ps; S1].
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3 4
2
2
1 3 6
1 4 7

Figure 8. A F-root square mean labeling of [Pg; Sa].

10 13 18 21

14 18

10
7 9 11 14 15 17 19 22 23
9 12 15 16 17 200 23 24

Theorem 2.6 The graph S(P,, o K1) is a F-root square mean graph for n > 1.

Proof In P, o K1, let u;,1 < i < n, be the vertices on the path P, and v; be the vertex
attached at each vertex u;, 1 <17 <n.

Let z; be the vertex which divides the edge u;v;, for 1 <i < n and y; be the vertex which
divides the edge u;u;+1, for 1 <7 <mn — 1. Then,

V(S(PyoKy)) = {us,vi, z4,y551 <i<nand 1 <j<n-—1},
E(S(Py 0 K1)) = {wiws, viys; 1 < i < n}| Jwigi, yiwipr; 1 <i <n—1}.

Define f : V(S(P, o K1)) — {1,2,3,...,4n — 1} as follows

ffuy;)) =4i—2, for 1 <i<n-—1,
f (yiwip1) = 4i, for 1 <i<n-—1,
frux;) =4i =3, for 1 < i <mn,
f(rv)=4i—1, for 1<i<n-—1,
f(xnpv,) =4n —2

Hence f is a F-root square mean labeling of S(P, o K1). Thus the graph S(P, o K1) is a
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F-root square mean graph for n > 1. O

L L J LJ
1 5 9 13 17
2 6 10 14 ¢ 18
3 7 1 15 18
3
4 8 12 16 19

Figure 9. A F-root square mean labeling of S(Ps o K7).

Theorem 2.7 The middle graph M(P,) of a path P, is a F-root square mean graph.

Proof Let V(Py,) = {v1,v2,v3, -+ ,v,} and E(P,) = {e; = v;v;41;1 < i < n — 1} be the
vertex set and edge set of the path P,. Then,

V(M(Pn)) = {017’0251}35 ctt,Un,€1,€2,€3, ,8n71}7
E(M(P,)) =A{vies, eivip1;1 <i<n-—1} U{€i€i+1; 1<i<n-2}

Define f: V(M (P,)) — {1,2,3,...,3n — 3} as follows

1, i=1
3i—3, 2<i<n,

fle;))=3i—1, for1 <i<mn-—1.
Then the induced edge labeling is obtained as follows

ffvie)) =3i—2, for 1 <i<n-—1,
ff(evig1) =3i—1, for 1 <i<n-—1,

f(eeip1) =3i, for 1 <i<n-—2.

Hence f is a F-root square mean labeling of M (P,). Thus the graph M(P,) is a F-root

square mean graph. O

2 35 6 8 9 11 1214 1517

Figure 10. A F-root square mean labeling of M (P7).
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Theorem 2.8 The total graph T'(P,) of a path P, is a F-root square mean graph for n > 1.

Proof Let V(P,) = {v1,v2,v3, -+ ,v,} and E(P,) = {€; = v;v;41;1 < i < n — 1} be the
vertex set and edge set of the path P,. Then,

V(T(Pn)) = {017’027’035 ctt,Un,€1,€2,€3, 7677.71}
E(T(Pn)) = {Uivi+l7 eivi, V4131 <1< n— 1} U {€i6i+1;1 <i<n-— 2}

Define f: V(T(R,)) — {1,2,3,...,4(n — 1)} as follows

for)=1, f(v;)=4i—4, for2<i<n
fle))=4i—2, for1<i<n-—1.

Then the induced edge labeling is obtained as follows

ffovipr) =4i—2, for 1 <i<n-—1, f*(e;e;41)=4i, for 1 <i<n-—2
ffvie))=4i—3, for 1 <i<n-1
ffevig1) =4i—1, for 1 <i<n-—1.

Hence f is a F-root square mean labeling of T'(P,). Thus the graph T(P,) is a F-root

square mean graph. a

8 10 12 14 16 18 20

A

2> 4 6 8 10 12 14 16 18

Figure 11. A F-root square mean labeling of T'(FPs).

Theorem 2.9 The square graph P? of the path P, is a F-root square mean graph for n > 1.

Proof Let vy,v2,v3,- -+ , v, be the vertices of the path P,. Define f : V (Pg) —{1,2,3,---,
2(n—1)} as f(v1) =1 and f(v;) = 2i — 2 for 2 < i < n. Then the induced edge labeling is

obtained as follows

ffovigr) =2i—1, for 1 <i<n-1,
fr(ivige) = 2i, for 1 <i<n-—2.

Hence f is a F-root square mean labeling of P2?. Thus the graph P2 is a F-root square
mean graph. O
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2 6 10

Figure 12. A F-root square mean labeling of PZ.

Theorem 2.10 The ladder graph Ly, is a F-root square mean graph for n > 1.

Proof Let G = P>, x P, be the ladder graph for any positive integer n, having 2n vertices
and 3n — 2 edges. Let uy, uo, - ,u, and vy, v, -+, v, be the vertices of G. Then the edge set
of G is {ujuiy1, 0041 : 1 <i<n— 1} Huw; : 1 <i<n}.

Define f: V(G) — {1,2,3,...,3n — 1} as follows

flu))=3i—1, for 1 <i<mn,
fvi))=3i—2, for 1 <i<n.

Then the induced edge labeling is obtained as follows

fr(uuipr) =33, for 1 <i<mn—1,
ffovigr)=3i—1, for 1 <i<n-1
fH(uv;)) =3i—2, for 1 <i<mn.

Hence f is a F-root square mean labeling of L,,. Thus the graph L, is a F-root square

mean graph. O

2 3 5 6 8 9 11 12 14

1 2 4 5 7 8 10 11 13

Figure 13. A F-root square mean labeling of Ls.

Theorem 2.11 The slanting ladder graph SL,, is a F-root square mean graph for n > 2.

Proof Let the vertex set of SL,, be {u1,u2,us, -+, upn,v1,v2,0s, - ,v,} and the edge set
of SL,, be {uu;r1;1 <i<n—1}J{vivit1;1 <i <n—1} Hviwit1;1 <i <n—1}. Then SL,

has 2n vertices and 3n — 3 edges.
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Define f: V(SL,) — {1,2,3,---,3n — 2} as follows

flu) =1, f(u;)) =3i—4, for 2 <i<mn,
fw)=3i, for1<i<n-—1 and f(v,) =3n— 2.

Then the induced edge labeling is obtained as follows

1, i=1
3i—3, 2<i<n-—1,

[ (uiuipr) =

ffovigr) =3i+1, for 1 <i<n-—2
[ (vp—1vp) =3n—3
ffojuip1) =3i—1, for 1 <i<n-—1.

Hence f is a F-root square mean labeling of SL,,. Thus the graph SL,, is a F-root square
mean graph. a

12 14 15 17 18 20

LSS ) S

7 9 10 12 1315 16 18 19 21 21 2

Figure 14. A F-root square mean labeling of SLg.
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Abstract: Let G be a (p,q) graph, H < G and f : V(G) — {1,2,--- ,k} be a map. For
each edge uv, assign the label ged (f(u), f(v)). Then, f is called Smarandachely k-prime
cordial labeling on G to H if ’vf(z) - v;{(])’ <1,¢,5€{1,2,--- ,k} and ‘efZI(O) — e?(l)‘ <
1, but there exist integers 0 < ¢ # j < k such that ‘v?\H(i) — v?\H(j)‘ > 2, or
e?\H(O) — e?\H(l)’ > 2, where v{ (z), v?\H(x) respectively denotes the numbers of ver-
tices of H, G\ H labeled with z, e/ (1), ef (0) and e?\H(l)7 e?\H(O) respectively denote the
number of edges labeled with 1 and not labeled with 1 in H, G\ H. Particularly, a Smaran-
dachely k-prime cordial labeling on G to G is called k-prime cordial labeling with vy (x),
es(1) and e;(0) replacing notations vf (z), ef (1) and e (0) for abbreviation. A graph with
a k-prime cordial labeling is called a k-prime cordial graph. In this paper we investigate
4-prime cordial labeling behavior of lotus inside a circle, sunflower graph, S(K2 + mKy),

S(P, ® K1), dodecahedron, and some more graphs.

Key Words: Smarandachely k-prime labelling, k-prime labelling, cycle, wheel, join, sun-

flower graph, lotus inside a circle.

AMS(2010): 05C78.

§1. Introduction

In this paper graphs are finite, simple and undirected. Let G be a (p,q) graph where p refers
the number of vertices of G and ¢ refers the number of edge of G. The number of vertices of
a graph G is called order of GG, and the number of edges is called size of G. In 1987, Cahit
introduced the concept of cordial labeling of graphs [1]. Sundaram, Ponraj, Somasundaram
[5] have introduced the notion of prime cordial labeling of graphs. Also they discussed the
prime cordial labeling behavior of various graphs. Recently Ponraj et al. [7], introduced k-
prime cordial labeling of graphs. They have studied 3-prime cordiality of several graphs in [7,
8]. In [9, 10] Ponraj et al. studied the 4-prime cordial labeling behavior of complete graph,

1Received September 8, 2016, Accepted May 26, 2017.
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book, flower, mC,,, wheel, gear, double cone, helm, closed helm, butterfly graph, and friendship
graph and some more graphs. In this paper we have studied about the 4-prime cordiality of
lotus inside a circle, sunflower graph and some more graphs. Let x be any real number. Then
|xz] stands for the largest integer less than or equal to x and [z] stands for smallest integer

greater than or equal to z. Terms not defined here follow from Harary [3] and Gallian [2].

82. Preliminaries

Remark 2.1([6]) A 2-prime cordial labeling is a product cordial labeling.
Remark 2.2([5]) A p-prime cordial labeling is a prime cordial labeling.

Definition 2.3 The join of two graphs G1 + Gg is obtained from Gi1 and Go and whose
vertex set is V (G1+ G2) = V (G1) UV (G2) and edge set E(G1+ G2) = E(G1) U E(G2) U
{uv:u eV (G1),veV(Ga)}.

Definition 2.4 The graph C,,+ K1 is called a wheel. In a wheel, the vertex of degree n is called

the central vertex and the vertices on the cycle Cy, are called rim vertices.

Definition 2.5 The sunflower graph SF, is obtained by taking a wheel with central verter u

and the cycle Cy, : ujug - - - uyu1 and new vertices vy, va, . ..,v, where v; is joined by vertices

Uiy Wit1 (mod n)-

Definition 2.6 The lotus inside a circle LC), is a graph obtained from the cycle C,, : v1va - - - vy U1

and a star K ,, with central vertex w and the end vertices uy,ug, -+ ,un by joining each wu; to

v; and Vi4+1 (mod n)-

Definition 2.7 The subdivision graph S (G) of a graph G is obtained by replacing each edge

uv by a path uvwv.

Definition 2.8 The graph P? is obtained from the path P, by adding edges that joins all

vertices u and v with d (u,v) = 2.

Definition 2.9 Let Gy, Gy respectively be (p1,q1), (p2,q2) graphs. The corona of Gy with Ga,
G ® Gy is the graph obtained by taking one copy of G1 and p1 copies of Ga and joining the ith

vertez of G with an edge to every verter in the it" copy of Gs.

Definition 2.10 The one-point union of t copies of the cycle Cs is called a friendship graph
b,

Definition 2.11 The DH,, is a graph with vertex set V(DH,) = {u;,v;,x;,y; : 1 < i < n}
and the edge set E(DHy,) = {utit1, Yivir1, Titip1 : 1 < i <n— 1 U{uwi, vy, 2y 01 <@ <
n} U{ui1tn, ynv1, z12,}. DHp is called a Tetrahedron.

Definition 2.12 The Cartesian product graph G10G> is defined as follows: Consider any two
points u = (uy,u2) and v = (vy,v2) in V. = Vi X Va. Then u and v are adjacent in G10Go
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whenever [u; = vy and ugve € E (G2)] or [uz = vy and uiv; € E (Gy)].

Definition 2.13 A ladder L, is the graph P, x Pa. Let V(L) = {uj,v; : 1 < i < n} and
E(L,) = {utir1,vivi41 : 1 <i <n— 1} J{uv; 0 1 < i < n}H{urun, viv,}.

The graph GL,, is obtained from the ladder L, with V(GLy) = V(L,) and E(GL,) =
E(L,) U{uwiyr : 1 <i<n-—1}.

Theorem 2.14([7]) The cycle Cp,, n # 3 is k-prime cordial where k is even.

83. Main Results

3.1 Cycle Related Graphs
Theorem 3.1 The lotus inside a circle LC,, is 4-prime cordial if and only if n > 4.

Proof Note that the order and size of LC,, are 2n + 1 and 4n respectively. Suppose n = 3
or 4 then one can easily check that there does not exists a 4-prime cordial labeling and so we

assume n > 4. Here we divide the proof into four cases.
Case 1. n =0 (mod 4).

We construct a labeling f as follows: assign the label 4 to the vertices vy, vg, - - - vz then put
the label 3 to the vertex vz 1. The remaining vertices of the cycle, namely, Vnyo,Unyg, Uy
are labeled by 1. Now we consider the center of the star u. The vertex u is labeled by 2. For
the vertices u1,ug,- - , Uy, first we consider the vertices u,_; and u,. Assign the labels 1,2
respectively to the vertices u,_1 and wu,,. Consider the vertices uy, us, - - UL 1. Fix the label 2

to this vertices. Then the vertices uz,uz 1, -+, up—2 are labeled by 3.
Case 2. n=1 (mod 4).

Assign the labels to the vertices u, u;, 1 <i<n—3,v;,1 <j<n-—1asin case 1. The
assign the labels 3, 1, 2 to the vertices uy,—2, u,—1, Uy, respectively. Finally we assign the label 4

to the vertex v,,.
Case 3. n =2 (mod 4).

Assign the label 4 to the vertices v, vo, - Un. For the vertex CENSI assign the number
3. The remaining vertices of the cycle from vz i9,vz43, -+, v, receives the label 1. Put the
label 2 to the vertex u. Now we consider the vertices u;, 1 < i < n. Assign the label 2 to the
vertices un, u; where 1 <14 < 5 —1, then assign the integer 3 to the vertices uz,uz 41, -+, un—2.
Finally we assign the label 1 to the vertex u,_1.
Case 4. n =3 (mod 4).
n+1
o
Put the label 3 to the vertex Ungs. The unlabeled vertices of the cycle are now labeled by 1.

First we consider the vertices of the cycle. The label 4 is used to the vertices v;, 1 < i <

Then put the number 2 to the vertex u. If we consider the vertices u;, 1 < i < n, we assign

the label 2 to the vertices u; where 1 < j < "T_l then assign 3 to the vertices wn+1,--- , Up—1.
2
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Finally put the number 1 to the vertex wu,,. O

The following Table 1 establish that the above mentioned labeling f is a 4-prime cordial

labeling.
Values of n vy(l vy(2 vr(3 vy (4 er(0) | ef(1)
n=0 (mod4) | [#5=] | [255] | [*7] | [*7] | 20 | 2
n=1(mod4) | [25=] | [252] | [22] | [*52] ] 20 | 20
n=2 (mod 4) | |25 | [ | (28] | 2] | 20 | 20
n =3 (mod 4) LGjlj {2”4“] 2”4“] [2"4“1 2n 2n

Theorem 3.2 The sunflower graph SF,, is 4-prime cordial for all n.

Proof First we observe that the order and size of SF,, are 2n + 1 and 4n respectively. We

consider the following cases.
Case 1. n =0 (mod 4).

Assign the label 2 to the vertices ui,ug,---uz. Then put the number 4 to the next
consecutive vertices un 1, -+ ,uz41. The next vertex uz 1o is labeled by 3. Then the remaining
vertices of the cycle, namely, uz 43, ,u, are labeled by 1. For the central vertex u, we use
the label 2. We now move to the vertices v;, 1 < i < n. Assign the label 2 to the vertices
v1,v2,-+-vz_1. Then assign the label 4 to the vertices vz,vn iy, ,vz_1. The next three
vertices vz, vni1,vn4o are labeled by 1,3,1 respectively. Finally the remaining unlabeled

vertices received the integer 3.
Case 2. n=1 (mod 4).

First we consider the vertices of the cycle C,,. For the vertices u, us, - - - Un—s, We assign the
label 2. The successive vertices un-1,--- ,un—1 are labeled by 4. Put the label 3 to the vertex
Ungs. The vertices Ungs, - ,un_f are labeléd by 1. Put the label 2 to the vertex u,. Then
assign the label 2 to the central vertex u. We now move to the vertices v;, 1 < i < n. Assign the
label 2 to the vertices vy, va, - -vn—s. Then put the number 4 to the vertices vn—1, -+ ,vn-3s.
Put the labels 33,1 respectively to4L the vertices Un_1,Uni1. Assign the label 3 t(é)JL the vertiées

Ungs, oo, Un1. Finally we assign the number 2 to v,.
Case 3. n =2 (mod 4).

We first consider the vertex u. Label it by 2. Then we consider the vertices of the cycle
C,,. Assign the label 2 to the vertices uy,us, - - - Ungz. Then put the integer 4 to the vertices
Ungo, -+, Uniz. The next vertex u nia is labeled by 3. The remaining vertices of the cycle are
labeled by 1. Then consider the vertices v;, 1 < i < n. Assign the label 2 to the vertices v;
4 where 1 < i < "ff are labeled with 4. Put the

labels 1, 3,1 to the next consecutive vertices vz, Ung2,Unta. Finally put the number 3 for the

where 1 < i < "T_2 then the vertices vn-2
4

unlabeled vertices.
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Case 4. n =3 (mod 4).

Assign the label 2 to the vertices u;, where 1 < i < ”T“, then assign 4 to the vertices

Unt1 where 1 < i < "T“. The next vertex un+s received the label 3. Then assign the label 1
4 2

to the remaining vertices of the cycle. Put the integer 2 to the vertex u. Then we consider the

vertices v;, 1 < i < n. Assign the number 2 to the vertices vy, vs,--v=-3. Then assign 4 to
4

the vertices v nil, e, Unot The next two consecutive vertices v n1,Ungs are labeled by 3,1
respectively. The rest of the unlabeled vertices are labeled by 3.
The Table 2 shows that the above labeling f is a required 4-prime cordial labeling. a
Values of n vr(1) | vr(2) | vr(3) | vr(4) | er(0) | er(1)
n=0 (mod 4) 5 5 5 5+1| 2n 2n
n=1 (mod4) | 2% whl whl el 2n 2n
n =2 (mod 4) 5 5+1 5 5 2n 2n
n=3 (mod4) | 23 ntl ntl ntl 2n 2n
Table 2

A 4-prime cordial labeling of SFy is given in Figure 1.
3

Figure 1

Theorem 3.3 DH, is 4-prime cordial.

Proof Clearly DH,, consists of 4n vertices and 6n edges. We now give the label to the
vertices of DH,, as follows: Assign the label 2 to the vertices u;, 1 < i < n and assign the label 4
to the vertices v;, 1 < i < n. Now we move to the vertices y;. Assign the label 1 to the vertices
Y1,Y2, *+ ,Yn. Finally assign the label 3 to the vertices x1, 9, - ,z,. This vertex labeling f
is obviously a 4-prime cordial labeling of DH,,. Since, v;(1) = v;(2) = v7(3) = v;(4) = n and
es(0) =ef(1) = 3n. O

Theorem 3.4 Let C,, be the cycle ujus - - - upuy. Let Gy, be the graph with V(Gy) = V(Cy, J{v; :
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1 <i<n}and E(G,) = E(Cp) U {uiv; : 1 <i<n}U{ujpiv;: 1 <i<n—1}. Then G, is
4-prime cordial for all n # 4.

Proof Clearly for any vertex labeling of G4, the maximum possible edges with label 0 is

4. Hence G, is not 4-prime cordial.

Case 1. n=0 (mod 4), n #4.

Let n = 4¢. Assign the label 2 to the vertices ui,usg, -+ ,ug and 4 to the vertices
v1, Vg, - , 9. Next assign the label 3 to the vertices ugsy1, ugrro and ugrr3. Next assign the
label 1 to the cycle vertices ugsy4, Uaits, - - - , uar and 3 to the vertices voi44, Vorts, -+, Var—1, Vag.

Finally assign the remaining non labeled vertices by 1.

Case 2. n=1 (mod 4).

Let n = 4t + 1. In this case, assign the label 2 to the vertices ui,us, -+ ,ug:41 and 4 to
the vertices vy, va, - - ,va41. Next assign the label 1 to the cycle vertices ugiyo, usiys, -+ and
ug¢+1. Finally assign the label 3 to the non labeled vertices voita, Voi+3, -+, Vagt1.

Case 3. n =2 (mod 4).

Let n = 4t + 2. In this case we assign the label 2 to the vertices u; (1 <i<2t+1) and 4
to the vertices v; (1 < i < 2¢t+1). Next assign the label 3 to the cycle vertices ugtq 2, uory3 and

Ug¢+4. NOw we assign the label 1 to the vertices ugiis, uotte, -+ , usrr2. Next assign the label
3 to the vertices vgs+2,Vat+1,- - ,V2tr+4. Finally assign the label to the non labeled vertices by
1.

Case 4. n =3 (mod 4).

Let n = 4t + 3. Assign the label 2 to the vertices ui,usg, -+ ,ug 12 and 4 to the vertices
V1, Vg, ,Uggtro. Next assign the label 1 to the vertices ussys3, Ugtta, « -, Ugr4+3. Finally assign
the label to the vertices voit+3, Voi+4, -, Varts.

Hence the vertex labeling given above is obviously a 4-prime cordial labeling of G,,. O

3.2 Subdivided Graphs
Theorem 3.5 S(K3+ mK;) is 4-prime cordial.

Proof Let V(S(K2 + mKy)) = {u,v,w,u;,v;,w; : 1 < i < m} and B(S(K2 +mKy)) =
{uv, vw, uu;, u;w;, wv;,viu : 1 < i < m}. Note that S(Ko + mK;) has 3m + 3 vertices and

4m + 2 edges. The proof is divided into four cases depending upon the nature of n.
Case 1. n =4t.

Assign the label 2 to the vertex u. Next assign the label 2 to the vertices uy,us, - - - us;.

We now assign the label 4 to the vertices wsiy1,usiq2, - ,uq. Next we move to the ver-
tices w;. Assign the label 4 to the vertices wiy,ws, - ,wq;. Next assign 3 to the vertices
W3t41, W3tt2, -+, Wqae. Next assign the label 3 to the vertices vgy, v4—1,- -+ ,v3¢4+1. We now as-

sign the labels 4, 3 respectively to the vertices w,v. Finally, assign 1 to all the remaining non

labeled vertices.
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Case 2. n=4t+1.

Assign the labels to the vertices u;, v;, w;, 1 <i < 4t+1, u,v,w as in case 1. Finally assign

2,4 and 1 respectively to the vertices ugsy1,wqp4+1 and vgpqq.
Case 3. n =4t + 2.

As in Case 2, assign the labels to the vertices u;, v;, w;, 1 <7 < 4t+1, u,v,w. Next assign

the labels 2,1, 3 to the vertices w412, wqr+2 and vgyyo respectively.
Case 4. n =4t + 3.

Assign the labels to the vertices u;, vy, w;, 1 < i < 4t + 2, u,v,w as in case 3. Finally assign
4,1, 3 respectively to the vertices w443, war+3 and vge43.
Clearly, the above labeling is a 4-prime cordial labeling of S(K3 + mK7). O

Theorem 3.6 S(P, ® K1) is 4-prime cordial.

Proof Let P, be the path wjus..., and V(P, © K1) = V(P,)U{wvi : 1 < i < n},
E(P, ® K1) = E(P,) U{uiv; : 1 <i <n}. The graph S(P, ® K1) is obtained by subdividing
the edge u;u;11 with w; and the edge w;v; with z;. Note that S(P, ® K;) has 4n — 1 vertices

and 4n — 2 edges. The proof is divided into four cases.

Case 1. n =0 (mod 4).

Let n = 4¢. Assign the label 2 to the vertices ui,usg, -+ ,uqy and 4 to the vertices
wy, W, - ,Wet—1 and x1. We now assign the label 1 to the vertices xo,x3, -+ ,x4. Finally
assign the label 3 to the pendent vertices vy, vo, - - , V4.

Case 2. n=1 (mod 4).

Assign the label to the vertices u;,v;,z; (1 <i<mn—1)and w; (1 <i<n-—2)asin Case

1. Finally assign the labels 2,4, 3 and 1 respectively to the vertices wy,_1, Upn, Ty, Vn-
Case 3. n =2 (mod 4).

As in Case 2, assign the label to the vertices u;, v;,2; (1 <i<n—1)and w; (1 <i<n—2).

Next assign the labels 2,4, 3 and 1 to the vertices w,—1, Un, Tn, vy, respectively.
Case 4. n =3 (mod 4).

In this case also assign labels to the vertices except wy,—1,Un, Ty, v, as in case 3. Then
assign the labels 2,4,3 and 1 to the vertices wy_1, Uy, Ty, v, respectively.

Clearly, the vertex labeling given in all cases is a 4-prime cordial labeling of S(P, ® K1).O

Theorem 3.7 S(C’ét)) is 4-prime cordial.

Proof Note that S(Cét)) = Cét). Let the i*" copy of the Cg be uiubuiuiuiul, where
1§i§tandu}:u%:u:{’:u‘f:u?:u?.
Case 1. tiseven,t>4.

Assign the label 2 to the central vertex.
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Subcase 1.1 ¢t =0 (mod 4).

Assign the label 2 to all the vertices of first % copies of the cycle C5. Next we move to the
(L +1)" copy. Assign the label 4 to all the vertices of the (£ +1)" (2 +2) . (L) copies
of the cycle C5. We now consider the (4 4+ 1) copy. Assign the label 1 and 3 alternatively
to the vertices of the (% + 1) copy of the cycle. In a similar fashion assign the label 1 and 3

th ... tth copy of the cycle Cs.

alternatively to the vertices of the (% +2)
Subcase 1.2 t=2 (mod 4).

In this case assign the label 2 to all the vertices of first % copies of the cycle C5. Now

consider the (%)tb copy. Assign the label 4 to all the vertices of the cycle (%)tb copy.
Similarly assign the label 4 to the (48)" ... (!52)™ copies of the cycle C5. We now move

to the (L) copy. In this copy, assign the label 2 to the vertices ub,u% and 4 to the vertices

2
ufy, ub, uf. Next assign 1, 3 alternatively to the vertices of the (3 4 1), .- #*" copies of the

cycle.
Case 2. tisodd.
Subcase 2.1 t=1 (mod 4).

As in subcase la, assign the label to the vertices of all the ith, 1 <i<t—1 copies of Cs.
In the last copy, assign the labels 2,4,4,1 and 3 respectively to the vertices ub, u}, uf, ul and

ug.
Subcase 2.2 ¢ =3 (mod 4).

Assign the label to the vertices of (¢ — 1) copies of the cycle as in subcase 1b. Finally,

assign the labels 2,4,3,3 and 1 to the vertices ub, u}, u}, uf and u§ respectively.

The Table 3 establish that the above vertex labeling f is a 4-prime cordial labeling of
S(CSY, ¢ > 4.

Nature of t | vp(1) | vf(2) | vr(3) | ve(4) | ef(0) | ef(1)
t =0 (mod 4) & g+1 & & 3t 3t
t=1 (mod 4) | 21 | 2Lt3 | 5zl | 5043 3t 3t
t=2 (mod4) | 342 | 22 | B2 52 3y 3t
t=3 (mod 4) | 2%t | 3t | Stbl | Sl 3t 3t

Table 3

S (03(1)) =~ (g is 4-prime cordial follows from Theorem 2.14. The 4-prime cordial labelings
of S(C§2)) and S(Cég)) are given in Figure 2. O
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3 2 2
1
3 1 4 4
Figure 2

3.3 Miscellaneous Graphs
Theorem 3.8 P? is 4-prime cordial if and only if n # 4.

Proof Let P, be the path uj,ug, -+ ,u,. Clearly, the order and size of P2 are n and
2n — 3 respectively. It is easy to verify that P? does not admits a 4-rime cordial labeling. Let

us assume that n # 4.
Case 1. n =0 (mod 4).

Let n = 4¢. Assign the label 1 to the vertices ui,us, - ,u2:—1. Next assign the label 3
to the vertices wa, ug, - -+, ug:. Assign the label 2 to the next t vertices uagy1,- - ,us:. Finally,
assign the label 4 to the next ¢ non labeled vertices ugi41, -+ , Ugy.

Case 2. n=1 (mod 4).
Subcase 2.1 n =1 (mod 8).

Assign the labels to the vertices of u;, 1 <i <mn —1 as in Case 1. Finally, assign the label

2 to the vertex u,,.
Subcase 2.1 n =5 (mod 8).

As in Case 1, assign the labels to the vertices u;, 1 < i < n —1. Then assign the label 1 to

the vertex u.,,.
Case 3. n =2 (mod 4).
Subcase 3.1 n =2 (mod 8).

Assign the labels to the vertices of u;, 1 < i < n —1 as in Subcase 2.1. Then assign the

label 1 to the vertex u,,.
Subcase 3.2 n =6 (mod 8).

As in Case 1, assign the labels to the vertices u;, 1 < i < n — 2. Then assign the labels 2

and 1 respectively to the vertices u,—1 and u,,.

Case 4. n =3 (mod 4).
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Subcase 4.1 n =3 (mod 8).

As in Subcase 3.1, assign the labels to the vertices of u;, 1 <i <mn — 1. Finally, assign the

label 4 to the last vertex u.,.
Subcase 4b. n =7 (mod 8).
Assign the labels to the vertices u;, 1 < i < n — 1 as in Subcase 3.2. Finally, assign the

label 4 to the vertex u,,.

It is easy to verify that the above vertex labeling pattern is 4-prime cordial labeling. O

The following Figure 3 is an example of a 4-prime cordial labeling of Pf).

Figure 3

Theorem 3.9 The graph GL,, is 4-prime cordial for n > 2.

Proof Here we consider the following cases.
Case 1. n =0 (mod 4).

Clearly GL,, has 2n vertices and 4n — 3 edges. Let n = 4t. Assign the label 2 to the
vertices w1, ug, - -+ ,uzs and assign the label 4 to the vertices vg, vs, -+, v9iy1. Next assign the
label the labels 3,1 alternatively to the vertices to the vertices uoii1, Ugsyo, - ,uqe. Assign
the label 1 to the vertices vg¢,vVar—2,V4r—q,- - ,V2¢+5 and assign the label 3 to the vertices
Vgt—1, Vat—3, Vat—5, -+ ,V2e+4. Finally assign the labels 1,1, 3 and 3 respectively to the vertices

V243, U2¢42, V241 and v1.
Case 2. n=1 (mod 4).

Assign the label to the vertices u;,v;, 1 < i < n —1 as in case 1. Next assign the labels

2,4 to the vertices u,, v, respectively.
Case 3. n =2 (mod 4).

As in Case 2, assign the label to the vertices u;,v;, 1 <7 < mn — 1. Next assign the labels
1, 3 respectively to the vertices u,,v,. Finally interchange the labels of usso and wugsys, that

is the label of ugsyo is 3 and the label of ug;q3 is 1.
Case 4. n =3 (mod 4).

As in Case 3, assign the label to the vertices u;,v;, 1 <7 < n — 1. Then assign the labels
2,4 to the vertices u,, v, respectively. Clearly the above vertex labeling is a 4 prime cordial
labeling of GL,, for all n > 4 and n # 2. A 4-prime cordial labeling of GL3 is shown in the
following Figure 4. O
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1 4 3
2 2 4
Figure 4
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Abstract: In this paper we have proved that the graph obtained by merging ¢ consecutive
vertices of two cycles Csr and Cius is a-graceful graph. We also proved that Gi be an a-
graceful graph and G2 be a graceful graph joining by path P, is graceful in addition we
proved G1 and G2 be a-graceful graphs joining by path P, is an a-graceful graph too.
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81. Introduction

A.Rosa [1] defined a-labeling or (a-valuation) as a graceful labeling with the additional property
that there is an integer k (0 < k < E(G)) such that for every e = (z,y) € E(G), either
flx) <k < f(y)or f(y) <k < f(z). If follows that such a k must be the smaller of the two
vertex labels that yield the edge labeled 1.

In [4] Kaneria et al. proved that the a-labeling of double path union of some a-graceful
graph like cycle, complete bipartite graph and path. We will consider a simple finite and
undirected graph G = (V, E) on |V| = p vertices and |E| = ¢ edges. For a comprehensive
bibliography of papers on graph labeling we have refereed Gallian [3]. Here we recall some
definitions which are used in this paper.

Definition 1.1 A function f is called graceful labeling of a graph G = (V,E) if f : V —
{0,1,--- ,q} is injective and the induced function f*: E — {1,2,--- ,q} defined as f*(e) =
|f(uw) — f(v)] is bijective for every edge e = (u,v) € E. A graph G is called graceful graph if it
admits a graceful labeling.

Definition 1.2 A function f is called o-labeling of a graph G = (V, E) if [ is a graceful
labeling for G and there exist an integer k (0 < k < g — 1) such that for every e = (x,y) €
E(Q), either f(z) <k < f(y) or f(y) <k < f(x). A graph G with an «a-labeling is necessarily
bipartite graph. A graph which admits a-labeling, we call here a-graceful graph.

1Received July 27, 2016, Accepted May 28, 2017.
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§82. Main Results

Theorem 2.1 The graph obtained by merging t consecutive vertices of two cycle Cy. and Cys

is a-graceful, where t < 2[min{r,s}] and r,s,t € N.

Proof Let w;(i < ¢ < 4r) be consecutive vertices of the cycle Cy. and vi = ugr—¢41,

Vg = Udp—t42, "y Ut = U4r, Vtt1,V442, -+, Ugs be consecutive vertices of the second cycle
Cys, among the consecutive vertices vy, va, -+, v; of the second cycle are merged with the
consecutive vertices Ugy—¢41, Udsr—t42, - -+, Uge Of the first cycle Cy, respectively.

Let G be the graph obtained by merging ¢ consecutive vertices stated above of the cycle
Cyr and Cys, where t < 2[min{r, s}] and r,s,t € N.
The vertex labeling function f: V(C4.) — {0,1,--- ,4r} is defined by

dr — 5L V=13, 4r — 1,
f(ui): %,V’L:2,4, 72T7
L Vi =2r +2,2r + 4, 4r

N

is an a-graceful labeling for the cycle Cy,., where k1 = 2r.
Also the vertex labeling function g; : V(Cys) — {0,1,--- ,4s} (i = 1,2) is defined by

ds — LA Vi =1,3,-- 4s — 1,
gl(vj) = %,V]:2,4, 7287
1.Vj=25+2,2s 44, ,4s.

A Vj=1,3,-,2s— 1,
g2(vj) = L Vi =2s+1,25+3,- -+ ,4s — 1,
.
4s — 152 Vj =2,4,--- ,4s.
are a-graceful labeling for the cycle Cy4s, where ko = 2s.

To define a vertex labeling function h : V(G) — {0,1,--- ,q}, where ¢ = 4(r +s) —t +1,
we take following two cases.

Case 1. tis odd.

Define h(u) = f(u) if f(u) < 2r and f(u) + 4s — ¢t + 1if f(u) > 2r for Yu € V(Cy,),
h(v) = ga(v) + 2r — 5L for V v € V(Cys) — V(Cyr).

Case 2. tiseven.

Define h(u) = f(u) if f(u) < 2r and f(u) +4s —t + 1 if f(u) > 2r for V u € V(Cyy),
h(v) = g1(v) + 2r — 152 for V v € V(Cys) — V(Cyy).
Above defined labeling pattern give the vertex labels 0,1,---, r—1,r+1,r+2,--- 2r, q,

qg—1,---,q+1—2r to the vertices of Cy, and the vertex labels 2r +1,2r+2,---, 2r 4 LQSQ_tJ,
2r + L%J, 2r + L%J, -+, q — 2r to the vertices of Cs5 which are not common vertices

of Cy, and Clys,.
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So f is an injective map. Moreover it produces the edge labels ¢,¢ — 1,---, ¢ —4r + 1 to
the edges of Cy4, and the edge labels 1,2, -, ¢ — 4r to the edges of Cys, which are not common
edges of Cy, and Cys. Thus f*: E(G) — {0,1, -, ¢} defined by absolute difference of end
vertices labels is a bijective map.

It is observed that h(vss) = 2(r +s) + 1 — 52, h(vgs—1) = 2(r +s) — 552 in Case 1
and h(vgs) = 2(r +5) — 52, h(vas—1) = 2(r +s) + 1 — 52 in the Case 2. These produce
h*(e = (v4s—1,v4s)) = 1. Take k = [2]. Now,

ﬁ(r—i—s)—t—i—lw

2
2(r+s) — {%J

2(r +s) — 51 when t is odd

—

N[

.
|

2(r +s) — 52 when t is even

min{h(vas), h(vas—1)}-

Therefore, k = [1] is non-negative integer (0 < k < ¢), which satisfied for every e = (x,y)
€ E(G), min{h(z),h(y)} < k < max{h(x),h(y)}. Hence, G admits an a-graceful labeling h
and so, it is an a-graceful graph. m|

Illustration 2.2 Graph obtained by merging 7 consecutive vertices of Cig, Cy and its a-

graceful labeling are shown in Figure 1.

2 28 1 29 0 30 8 22 9

27 ¢ ® . ® e ® *—= & & q 21

//o/
3 @ 24 e 23 o 11
6 sl 7
26 25 ¢ 20
,.././t

S o s S PS & PN ® e 12

16 15 17 14 18 13 19

Figure 1 Ci6 U C5 with seven consecutive common vertices and its a-labeling, here k = 15.

Theorem 2.3 Let Gy be an a-graceful graph, G2 be a graceful graph and ¢1 = |E(G1)|, g2 =
|E(G2)|. Let f1 be an a-graceful labeling for G1 and fa be a graceful labeling for Go. Let k (0 <
k < q1) be a non-negative integer such that for every e1 = (z,y) € E(G1), min{ f1(z), f1(y)} <
k < maz{fi(x), f1(y)}. Let v € V(G1) with fi(v) =k and w = V(G2) with fo(w) = 0. Then
the graph obtained by joining v with w by a path P, is graceful.

Proof Take Vi = {u € V(G1)/fi(v) < k} and Vo = V(G1) — V5. Let ug = v,
U2, U3, - ,U, = w be the vertices of path P,. Let G be the graph obtained by joining v
with w by a path P,.
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The vertex labeling function g : V(P,) — {0,1,--- ,n — 1} defined by

() %ifiisodd,
gl\u;) = .
q—%ifiiseven,Vi:1,2,-~~,n

is an a-graceful for the path P,, where ky = |%51]. Let V3 = {u € V(P,)/f(u) < k1} and
Vi = V(P,) — V5. To define a vertex labeling function h : V(G) — {0,1,...,q}, where

q=q1+ g2 +n — 1, we take following two cases.
Case 1. n is odd.

Let h|V1 = f1|V17 h|V2 = f1|V2 +@ +n—1, h|V3 = g|V3 + k, h|V4 = g|V4 + k + g2 and
hlv(Gs) = falvias) + &+ 25+

Case 2. nis even.

Let hlv, = filw,, hlw, = fil, + @@ +n —1, hlv, = glw, + k, hlv, = glv, + k + g2 and
hlvic,) = @2 +k+ 5 = faolvic,)-

It is observe that h(v) = f1(v) = g(u1) + k = k, which is common vertex of G; and P,.
Also

h(w) g(w) +k=k+ 5], where n is odd as w € V3
w =
g(w) +k+q=k+q+ 5], where nisevenasw €V

E+15] + fo(w), where n is odd as fa(w) =0
k+q+ 5] — fa(w), wheren is even as fa(w) =0 ’

which is common vertex of P, and G2. Above defined labeling pattern give the vertex labels
from {0,1, -+ ,k,g2+k+mn,---,q} to the vertices of G1, the vertex labels k+1,k+2,--- [ k+
L"T_QJ Jk+qo+ L"T”J, ..., q2 +k+n—1 to the vertices of P, except terminal vertices v, w and
the vertex labels from {k + %],k + [§] +1,---, g2 + k4 | 5]} to the vertices of Go.

So, h is an injective map. Moreover it produced the edge labels ¢,q — 1,--- , g2 +n to the
graph G1, the edge labels ¢o +1,¢2 +2,--- ,q2 + n — 1 to the graph P, and the edge labels
1,2, , g2 to the graph Go. Thus f*: E(G) — {0,1,--- , ¢} defined by absolute difference of
end vertices labels is a bijective map. Therefore G admits a graceful labeling i and so, it is a

graceful graph. O

Illustration 2.4 The graphs obtained by joining a vertex of an a-graceful graph K4 3 and a
vertex of a graceful graph C7 by a path P, with their require labeling are shown in Figures 2
and 3.
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0 3 6 9 1
\ g 3
3
6 2
0 °2
12 1" 10

Figure 2 a-graceful labeling for K43 and Ps,where k = 9,1 respectively and graceful labeling for C7.

0 3 6 g 10
\\
22 21 20 12 15

Figure 3 A graceful labeling for the graph obtained by joining Ka,3, C7 by a path Pi.

Theorem 2.5 Let G1,Gy be a-graceful graphs and 1 = |E(G1)|, ¢2 = |E(G2)|. Let fi, fo
be a-graceful labeling for G1 and Go respectively. Let ki1 (0 < k1 < q1), k2 (0 < ko < ¢2) be
two non-negative integers such that for every e; = (x;,y;) € E(G;), min{ f;(x;), fi(yi)} < k; <
maz{ fi(z:), fi(yi)}, Vi=1,2. Let v € V(G1) with f1(v) = k1 and w € V(G2) with fz(w) = 0.
Then the graph obtained by joining v with w by a path P, is a-graceful graph.

Proof TakeVy ={u € V(G1)/f1(u) <ki}and Vo = V(G1)—V1. Let ug = v, ug,uz, - ,up =
w be the vertices of path P,. Let G be the graph obtained by joining v with w by a path P,.
The vertex labeling function g on P, defined in Theorem 2.3 is an a-graceful labeling for the
path P,, where ks = [251]. Let V3 = {u € V(P,)/f(u) < ks} and V4 = V(P,) — V3.

We define a vertex labeling function h: V(G) — {0,1,--- ,q}, where g=q¢1 + g2+ n —1
as it defined in Theorem 2.3.

It is observed that h(v) = f1(v) = g(u1) + k = k, which is common vertex of Gy and P,.
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Also
glw) + k, where n is odd as w € V3
g(w) + k + g2, where n is even as w € Vj

E+ %]+ fo(w), where n is odd

kE+ g+ 3] — fo(w), where n is even

which is common vertex of P, and G3. Above defined labeling pattern give rise a graceful
labeling h to the graph G, as discussed in Theorem 2.3.

Since f2 is an a-graceful labeling for Gg, Therefor e = (u,v) € E(G) such that f3(e )
| =

| f2(u) = f2(v)[ = 1. Science min{ fa(u), fa(v)} < k2 < max{fa(u), f2(v)} and | fa(u) = fa(v)
we must say min{ fa(u), f2(v)} = k2 and max{fa(u), fa(v)} = k2 + 1.

Now

h*(e) = [h(u) = h(v)| = |fa(u) = f2(v)]

Take

k= min{h(u),h(v)}
min{ fo(u) + k1 + [ 5], fa(v) + k1 + | 5]}, where n is odd
min{qge + k1 + | 5] — fa(u),q2 + k1 + [ 5] — fo(v)}, where n is even

k4 [ 5] + min{ fo(u), f2(v)}, where n is odd
q2 + k1 + | 5] —max{fa(u), f2(v)}, where n is even
ki + ko + [ 5], where n is odd
g2+ ki — (k2 +1)+ | 5], where n is even

k1 + ko + "T_l, where n is odd

q2 — ko + k1 + an, where n is even

Then it is observed that for any e = (x,y) € E(G), min{f(x), f(y)} < k < maz{f(x), f(y)}

and so, h is an a-graceful labeling for G. Hence G is an a-graceful graph. |

Illustration 2.6 The graphs obtained by joining a vertex of an a-graceful graph Ps x P, and
a vertex of another a-graceful graph Cg by a path Ps and their related labelings are shown in
Figures 4 and 5.
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17 ¢ =+ $ 13 5 0 & @5
14 /
0 o Y 6 1 / \ 8 ¢ ® 4
+ : \2
l’ 1
. [\
15 & . 2 $ 9 & 54 1 @ ®6
! \
/ \
4 @ & e 8 ‘ ® 7T &— ® 3
10 0 3

Figure 4 a-graceful labeling for Ps x Py ,P; and Cs, where k = 8,3, 4 respectively.

1

1
31 @ - 270
28 6
0 & 2 2 J
9
5 23
20 & & 4 22
21
/
8 |/
4 @ 3 + 018 @ 14
24

Figure 5 a-graceful labeling for a graph obtained by joining P3 x Py and Cs by a path P.
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Abstract: A digraph D is eulerian if D is strongly connected and for every vertex v € V (D),
dt(v) = d”(v). Bang-Jensen and Thomassé gave the conjecture for a digraph D that if
A(D) > «a(D), then D is supereulerian. Bang-Jensen and Maddaloni [Journal of Graph
Theory, 79(2015)8-20] proved that this conjecture holds for every semicomplete multipartite
digraph. In this paper, we generalized the above known results and show that this conjecture

holds for every strong locally semicomplete multipartite digraph.

Key Words: Digraph, supereulerian digraph, semicomplete digraph, locally semicomplete
multipartite digraph.

AMS(2010): 05C10, 05C25, 20B25.

§1. Introduction

A graph G is eulerian if G is connected without vertices of odd degree, and G is supereulerian
if G has a spanning eulerian subgraph. The purpose of this paper is to investigate the digraph
version of the supereulerian problem. Given a digraph D, its underling graph, denoted by D,
is gotten from D by overlooking the directions. Let A(D) and V(D) be the set of arcs and
vertices in D, respectively. A walkin D is an alternating sequence W = xye1xses ... Tx_1€5_1Tk
of vertices x; and arcs e; from D such that e; = (z;,2:41) € A(D) for i =1,...,k—1. A
walk is closed if 1 = xp. If all the arcs of a closed walk are distinct, we call it a closed
trail (also called a cycle). If all the vertices of a walk W are distinct, we call it an (xq,zx)-
dipath. A digraph D = (V(D), A(D)) is strongly connected if there is a (u,v)-dipath for any
two vertices u and v. A digraph D is weakly connected if D is connected. Furthermore, D is
said to be eulerian if D is strongly connected and for every vertex v € V(D), d* (v) = d~(v).
Equivalently, D is eulerian if and only if D itself is a spanning closed trail. A digraph D is
supereulerian if D has a spanning eulerian subdigraph. If X and Y are disjoint subsets of V(D),
let A(X,Y) :={(z,y) € A(D) : z € X,y € Y} (sometime, A(X,Y) is simply written as (X,Y))
and d(X,Y) = |(X,Y)]. A circuit C of a digraph D is a connected subdigraph of D such that

ISupported by the National Natural Science Foundation of China (No.11371052).
2Received October 12, 2016, Accepted May 29, 2017.
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dc™(v) = de™ (v) = 1 for each vertex v € C. Let [n] = {1,2,...,n}.

A semicomplete digraph is a digraph without nonadjacent vertices. A locally semicomplete
digraph [3] is a digraph D that satisfies the following conditions: for every vertex x of D, the
set Nt (z) of vertices dominated by x (respectively, the set N~ (z) of vertices that dominate x)
induces a semicomplete digraph. Hence a semicomplete digraph is also locally semicomplete.
If each vertex in a semicomplete digraph is blown up, then we get a semicomplete multipartite
digraph. A digraph D = (V, A) is semicomplete multipartite if there is a partition V4, Vs, ...,V
of V' into independent sets so that every vertex in V; shares an arc with every vertex in V; for
1<i<j<e

Similarly, a locally semicomplete multipartite digraph D is obtained from a locally semi-
complete digraph F' with V(F') = {v1,v2,...,v.} by blowing up each vertex v; € V(F) into
one independent set V; in D, such that Ng () =V, U...U Vi, for any x € V; if and only if
Np(vi) = {viy,...,vi, }, where A € {+, -} and {v;,,...,v;,} € V(F). If a digraph D = (V, A)
is locally semicomplete multipartite, then there is a partition Vi, V5, ..., V. of V satisfying the
following two conditions:

(1) each V;, called a partite set, for i € [¢] is an independent set;
(2) the set of vertices dominated by x (respectively, the set of vertices that dominate x)

induces a semicomplete multipartite digraph for any vertex = € V.

It can be seen that a semicomplete multipartite digraph is locally semicomplete multipartite
but the inverse is not right.

Let k(D) and A(D) be the vertex-strong connectivity and the arc-strong connectivity of
a digraph D, respectively. While «(D) and /(D) denote the independence number and the
matching number of D respectively, which equal to the independence number and the matching
number of a graph D, respectively.

An eulerian factor of D is a collection of arc-disjoint cycles spanning V(D). There are much
results about the graph to be supereulerian, for examples to see the surveys [7],[8],[12]. Contrary
to the supereulerian properties of graphs, not much work has been done yet for supereulerian
digraphs. Gutin [8] discussed supereulerian digraphs by using the connected (g, f)-factors;
Hong et al. [10] and J. Bang-Jensen et al. [4] gave the degree sum conditions for a graph being
supereulerian; Bang-Jensen and Thomassé gave the following conjecture in 2011, Bang-Jensen

and Maddaloni [4] said the conjecture is unpublished.

Conjecture 1.1 Let D be a digraph. If A(D) > «(D), then D is supereulerian.

Then by using the Hoffman’s circulation theorem, the first author and Maddaloni [4] proved that
for a digraph D if A(D) > a(D), then D has an eulerian factor and the Conjecture 1.1 hold for
all semicomplete multipartite digraphs. Algefari and Lai [2] proved that if A(D) > &/(D) > 0,
then D has a spanning eulerian subdigraph. These two authors, Alsatami and Liu [1] gave the
sufficient condition of symmetric digraphs to be supereulerian, and got the result that partially
symmetric digraphs are supereulerian.

In this paper, we prove the Conjecture 1.1 for strong locally semicomplete multipartite

digraphs.
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§2. Locally Semicomplete Multipartite Digraphs

Lemma 2.1([4]) Let D be a digraph. If A\(D) > a(D), then D has an Eulerian factor.

From the definition of a locally semicomplete multipartite digraph, one has the following

Lemma 2.2.

Lemma 2.2 Let D be a locally semicomplete multipartite digraph. Let x € V(D) and v1, ve be
two distinct vertices in N () (or Np(z)), then each of the following results holds.

(1) either v1 and vy belong to the same partite set in which there exists no arc between vy
and vy or there exists at least an arc between vi and vo;

(2) If v1 and vy belong to the same partite set, then Np(vi) = Np(v2) and Nj(v1) =
Ng (’1}2).

Applying the similar method used in [4] we can prove the following Lemma 2.3.

Lemma 2.3 Let D be a locally semicomplete multipartite digraph. Let £ and & be two vertex
disjoint closed trails. If A(E1,E2) # 0 and A(Ez,E1) # 0, then there exists a closed trail € of D
such that V() = V(&) UV (Es).

Proof Consider the bipartite digraph B with partitions V(&1), V(€2) and arcs A(E1,E2) U
A(&3,E1). We have two distinct cases.

Case 1. Every vertex of B has positive in- and out- degree. Then, clearly, B contains a closed
trail £ that connects £ and &, so £ U & U &, is the desired trail.

Case 2. There exists one vertex of B which has no positive in-degree or out-degree.

Let vivy...vpv1 be a spanning trail of & and let wyws ... wrw; be a spanning trail of
&>. Without loss of generality, assume that there is a vertex, say x, of & such that z has no
out-neighbors in £. As A(E1,&2) # 0, there exists another vertex, say vs of & with at least
one out-neighbor in &. Assume (vs,w;) € A(E1,E).

Now consider the out neighbors vsy1 and w; of vs. If vs41 and w; are in the same partite
set V;. By Lemma 2.2(2), (wi—1,vs+1) € A(E2,&1), thus, &1 U & U {(wi—1,vs41), (s, we)} \
{(wg—1,ws), (Vs,vs41)} is the desired trail. Otherwise, by Lemma 2.2(1), there exists an arc
between w; and vsq1. If (we, vs41) € A(E2, E1), then £ UE U{(we, vsy1), (vs, we) }\{(vs, vs11)}
is the desired trail. If (w¢, vs41) € A(Ea,E1), then (vsi1,w:) € A(Es, Er).

Next we consider two out neighbors vs42 and wy of vsy1, by the similar discussion as
considering vs11 and wy, one has that either D contains a closed trail £ such that V(£) =
V(&) UV (&) or there exists an arc (vsta,wt) € A(Es,E1). If the former holds, the theorem is
proved. Otherwise, (vsq2,w;) € A(Es,&r).

Repeatedly using this procedures, one of the following two results holds: there exists a
closed trail £ of D such that V(&) = V(&) U V(&) or every vertex in V' (&;) has the out neighbor
we. Since x has no out-neighbors in £, the result that every vertex in V(&) has the out neighbor
w; can not happen, thus, there exists a closed trail £ of D such that V(£) = V(&)U V(&). O
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By the proof of Lemma 2.3, one has the following Lemma 2.4.

Lemma 2.4 Let D be a locally semicomplete multipartite digraph and E1,E be two vertex
disjoint closed trails. Let (z,y) € A(E1,E2) and A(E,&1) = 0, then (v,y) € A(€1,E2) for each
S V(gl)

Theorem 2.5 Let D be a locally semicomplete multipartite digraph. Then D is supereulerian

if and only if it is strong and has an eulerian factor.

Proof If D is supereulerian, equivalently, there is a spanning eulerian subdigraph in D,
then clearly it is strong and has an eulerian factor which consists of the union of arc disjoint
cycles spanning V(D).

Now assume that D is strong and has an eulerian factor C, we will show that D has a
spanning eulerian subdigraph. The following is a procedure to produce a spanning eulerian
subdigraph of D for a given eulerian factor.

Form a minimal collection of vertex disjoint closed trails by merging those trails of C
having common vertices. For any two closed trails £, F in the collection with A(E,F) # () and
A(F,E) #0, join € and F into a closed trail as in Lemma 2.3.

Let &1, &, ..., & be the collection of closed trails of D obtained after the first step is no
more applicable. Note that all the trails have at least two vertices, and for any two distinct
trails & and &;, at least one of A(&;,&;) and A(E;, E;) is empty. Let D’ be the digraph with the
set of vertices {a1,...,a,} and the set of arcs {(a;, a;)|A(E;, E;) # 0 for 1 < i, 5 < t}. Note that
D’ has no 2-circuit. By the fact that D is strong, D’ is strong. Let f : {a;,i € [t]} — {&:,i € [t]}
be a bijective map such that f(a;) = &; for each i € [t]. We has the following claim.

Claim 1. D’ has a hamiltonian (directed) circuit.

Proof of Claim 1. Let C be a circuit of D’ with the maximum number of vertices. If
V(D) = V(C), then C is our desired circuit. So suppose by contradiction that |V (C)| < t.
Since D’ is strong, there exists a dipath @ with only two ends in C' and () has at least three
vertices. Let @) be chosen such that the length of the shortest dipath P in C between the
endpoints of @ is minimum. Let z, v,y be the first, second, and last vertex of @ (to see Fig.1).
Let P = (z,x1, - ,y) and Q = (z,v,--- ,y).

Since C' is a circuit with the maximum length, y can not be x; nor a vertex z. In deed, if
Yy = x1, then circuit, gotten from C by replacing P with @, has larger length than that of C
which is a contradiction.

If y = z, the out-neighbor of = in C' is denoted by 1. We will show that (z1,v) € A(D").
In fact, we consider v and z1. Since (x,v), (x,21) € D’ and D’ has no 2-circuits, by Lemma 77,
there exist €1 € V(f(z)),e2 € V(f(z1)) and €3 € V(f(v)) such that (e1,e2), (€1,£3) € A(D).
By the definition of the locally semicomplete multipartite digraph, either 5 and e3 belong to
the same partite set or there exists an arc between €5 and €3 in D. If €5 and €3 belong to the
same partite set in D. Since f(v), as a closed trail of D, has at least two vertices and there
exists a vertex, say €4 € V(f(v)) such that (e4,e3) € A(D). By Lemma 2.2(2), (e4,¢2) € A(D)
which implies that (v,z1) € A(D’), then C; := CU{(x,v), (v,z1)} —{(x, 21)} is the circuit of D’
and |Cy| > |C| which contradicts the choice of C. Now assume that there exists an arc between
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g9 and €3 in D. If (e3,e2) € A(D), it implies that (v,z1) € A(D’) which is a contradiction. So
(e2,e3) € A(D), it implies that (x1,v) € A(D’).

C
P
T Y
xy
)
Q

Fig.1 Circuit C' with the dipath @

By the same reason as considering v and x1, then consider v and the out-neighbor, say xo,
of z1 in C N D’. We get that (z2,v) € A(D’). Repeatedly using this procedures, we can derive
that (¢t,v) € A(D') for every t € V(C). Let z be the in-neighbor of z in C. Note that y = z. By
(z,v) € A(D'), then Cy := CUQU{(z,v)} —{(2,2), (x,v)} is the circuit of D’ with |Cy| > |C]
which contradicts the choice of C'. As a result, y can not equal 1 nor a vertex x.

Since (z,v) and (x,x1) are distinct arcs of D’, there exists t1,t2 € V(f(z)), z1 € V(f(v))
and zo € V(f(x1)) such that (¢1,21) € A(f(x), f(v)) and (t2, z2) € A(f(z), f(z1)) in D. By
Lemma 2.4 and no 2-circuit in D', (t1,22) € A(f(x), f(z1)) in D. Since z; and z2 are the out-
neighbors of t; in D. By Lemma 2.2, either z; and z are in the the same partite set or there
exists an arc between z; and 29 in D. The later case can not happen. In fact, the arc between
z1 and 29 in D implies that there exists an arc between v and x; in D’. If (v,21) € D’, then
CU{(z,v), (v,z1)}—{(x,21)} is the circuit with the length longer than that of C| it contradicts
with the choice of C. If (z1,v) € D', then it contradicts with the shortest dipath P in C. As a
result, there exists no arc between v and x1 in D’. Now assume that z; and 23 are in the same
partite set in D, since f(v) contains at least two vertices and f(v) is a closed trail of D, there
exists z3 € f(v) such that (21, 23) € A(f(v)) C D, by Lemma 2.2(2), (22, 2z3) € A(D), it implies
that (x1,v) € A(D’) which is a contradiction. The proof of Claim is finished.

By Claim 1, D’ has a hamiltonian circuit C. Without loss of generality, let C' = ajas - - - aa;.
By Lemma 2.4 and no 2-circuits in D’, there exists w; € &; for each i € [t| such that
(vie1,w;) € A(Ei—1,&;) for each v;—; € V(1) and 2 < i < ¢, and (vi,wy) € A(&,&1)

for each v, € V(&). As a result, wyws - - - wywy is a circuit of D. Then D is supereulerian with

t
a eulerian digraph (|J &) U{wiws - - - wiws }. O
i=1
From Theorem 2.5 and Lemma 2.1, we can derive the following Theorem 2.6.

Theorem 2.6 Let D be a strong locally semicomplete multipartite digraph. If A(D) > «(D),

then D is supereulerian.

Since a semicomplete multipartite digraph is the strong locally semicomplete multipartite

digraph, thus the following known result can be gotten directly.

Corollary 2.7([4]) Let D be a semicomplete multipartite digraph. If A\(D) > «a(D), then D is
supereulerian.
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81. Introduction

Let G be a simple graph. A vertex labeling of G is an assignment f : V(G) — {1,2,3,--- ,p+q}

be an injection. For a vertex labeling f, the induced Smarandachely edge m-labeling f& for

M . Then f is called a
m

Smarandachely super m-mean labeling if f(V(G))U{f*(e) : e € E(G)} ={1,2,3,...,p+ ¢}.

Particularly, in the case of m = 2, we know that

an edge e = wv, an integer m > 2 is defined by f§(e) =

7f(u) + /) if f(u v) is even;
AR s ol .ff( )+ 1)1 -
— if f(u)+ f(v) is odd.

Such a labeling is usually called a mean labeling. A graph that admits a Smarandachely super
mean m-labeling is called a Smarandachely super m-mean graph, particularly, a skolem mean
graph if m = 2

In [2], we proved the following theorems to study the existence of skolem mean graphs.
We proved the three star K1 ¢|J K1 m U K1,n is a skolem mean graph if [m —n| = 4 + ¢ for
¢=1,2,3,--- ;m=1,23,--- and £ < m < n. The three star Ky ¢|J K1,m|J K1, is not a
skolem mean graph if j[m —n| >4+ ¢ for £ =1,2,3,--- ;m=1,2,3,--- and £ < m < n. The
four star K1 ¢|J K1, U K1,m U K1, is a skolem mean graph if [m —n| =442 for £ =2,3,---
;m=2,3,--- and £ <m < n. The four star K1 ¢|J K1,.¢J K1,m U K1, is not a skolem mean
graph if |m —n| >4+ 20 for £ =2,3,--- ;m=2,3,--- and £ < m < n. In [3]. The five star
KicUKi UK eUK1m K1y is a skolem mean graph if [m —n| =44 3¢ for £ = 2,3, -;

1Received August 23, 2016, Accepted May 30, 2017.
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m = 2,3,--- and £ < m < n. Further, we prove the four star K11 J K11 UJK1,mUK1n
is a skolem mean graph if [m —n| = 7 for m = 1,2,3,--- and 1 < m < n; The four star
KiiUKi1UKim UK, is not a skolem mean graph if |m—n| > 7 for m = 1,2,3,---
and 1 < m < n; The five star K11 JK11UK11UK1mUK1n is a skolem mean graph if
lm—n|=8form=1,2,3,--- and 1 <m < n.

Definition 1.1 The five star is the disjoint union of K1 q, K14, K1 ¢, Ki,qa and Ki . and is
denoted by Kl,a UKl,bUKLCUKLdUKl,e'

§2. Main Result

Theorem 2.1 The five star G = K1 ¢|J K10 K10 K1,m U K1.n is not a skolem mean graph
if lm—n|>44+30 for { =2,3,--- andm=2,3,---.

Proof Let G = 4K 2|J K113, where V(G) = {v;;: 1 <i<4;0<j <2} JH{v5,;:0<5 <
13} and E(G) = {vio v : 1 <i <41 <j <2} {vs,0v5,; : 1 <j <13}. Then, p =26 and
q = 21. Suppose G is a skolem mean graph. Then there exists a function f from the vertex
set of G to {1,2,3,---p} such that the induced map f* from the edge set of G to {2,3,4,---p}
defined by

fluw) + f(v)

. iff(u) + f(v)is even
Fle=w) =9 s ¥ e +1
2

iff(u) 4+ f(v)is odd

then the resulting edges get distinct labels from the set {2,3,---p}.

Let ¢; ; be the label given to the vertex v; ; for 1 <i<4;0<j<2andvs; for 0 <j <13
and X; ; be the corresponding edge label of the edge v;ov;; for 1 < ¢ < 5,0 < j < 2 and
V5,0V5,; for 1 S] S 13.

Let us first consider the case that ¢59 = 26. If v5 ; = 2n and t5; = 2n 4 1 for some n and
26 + 2n

2

for some j and k then f*(vsovs ;) = =13+ n = f*(vs 0vs,x). This is not possible as
f* is a bijection.

Therefore the thirteen vertices ¢5 ; for 1 < j < 13 are among the 13 numbers (1 or 2), (3
or 4), (5 or 6), (7 or 8), (9 or 10), (11 or 12), (13 or 14), (15 or 16), (17 or 18), (19 or 20), (21
or 22), (23 or 24) and 25.

Primarily, ¢5 » is either of 23 or 24. We first consider the case that t5 2 = 23.
Case 1. 152 = 23.

We have t50 = 26; t51 = 25; t52 = 23; t10 = 24. Now 24 is a label of either ¢; ¢ for
1<i<4ort;;forl <i<4;1<j <2 Thatis 24 is alabel of pendent or non pendent vertex

in a k1,2 component of G. Let us assume that ¢; o = 24.
Subcase 1.1 t; 9 = 24.

We have t510 = 26, t511 = 25, t512 = 23, tl,O =24. If tl,O = 24 then t111 take the values
1or 2. Ast;; > 3 would imply that X ; > 14 this is not possible . The corresponding edge
labels are X;,; = 13.
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Next t53 is either 21 or 22. If t53 = 21 then to9 = 22. If t57 = 3 or 4 then X5; =

22+3or4
2tsord = 13 this is not possible.

Similarly, if ¢5 3 = 22 then ¢y o = 21. Then t5; take the value 3 or 4. The corresponding
edge labels are Xo 1 =12, X7 = 13.

If t3 o > 5 then X5 o > 14 this is not possible. Hence it is not possible that ¢; o = 24. That
is 24 is not a label of a non-pendent vertex in k; » component of G. Next we consider the case

that 24 is a label of a pendent vertex in a k; » component of G. Let us assume that ¢; 1 = 24.
Subcase 1.2 t;; = 24.

We have t50 = 26; t51 = 25; t52 = 23; t11 = 24. If t; 90 > 3 then X; ; > 14. This is not
possible. Hence the value of ¢; g is 1 or 2.

First, t1 0 = 1 or 2. We have t5 9 = 26; t5.1 = 25; t52 = 23; ¢1,1 = 24. Then X;; = 13.
Now ¢5 5 is either of 21 or 22.

Next case let, t5 3 = 21 and hence ¢ 1 = 22. If t3 o > 5 then X5 ; > 14. This is not possible.

2 4
If tgyo = 3or4 then X271 = <w

Suppose t53 = 22 and hence to; = 21. We have t5 0 = 26; t51 = 25; t52 = 23; t11 =
24; t19=1or 2;t21 = 215830 = 3. Then Xy ; =13, X5 1 = 12. Now t5 4 is either of 19 or 20.

Consider the case that 54 = 19 hence t3; = 20. We have t59 = 26; t51 = 25; t52 =
23; t11 = 24 ts3 = 22; to1 = 21; tap = 3. Here the value t39 > 4 then X3 > 13 this is
not possible. If t5 4 = 20, then t3; = 19. Notice that t50 = 26; 51 = 25; t52 = 23; t11 =
24; ts 3 = 22; t91 = 21; to 0 = 3. Here the value ¢3¢ > 4 then X3 ; > 12. This is not possible.
Hence t5 4 # 19.

Similarly t54 # 20; t5.3 # 22; t5 3 # 21. Hence t1,0 # lor2 therefore ¢ 1 # 24;t5 o # 23.

> = 15 this is not possible.

Case 2. 152 =24.

Now 23 is a label of either ;9 for 1 <i <4 ort;; for1 <i<4;1<j<2;thatis23isa

label of pendent or non-pendent vertex in a K; 2 component of G.
Subcase 2.1 t; 9= 23.

We have t510 = 26, t511 = 25, t572 = 24, tl,O = 23) If t170 = 23 then t171 and t172 take the
values of 1 and 2 or 3 as t;,; > 4 would imply that X; ; > 14 is not possible. The corresponding
edge labels are X ;1 = 12; X, = 13.

Now t5,3 is either of 21 or 22. If t5 3 = 21 then ¢y o = 22 then X533 = = 24 and

ta; > 4 and this is not possible. As t5; > 4 would imply that X3 ; > 13 and this not possible.
26 + 22

26 + 21

Similarly t53 = 22 then X53 = = 24; 120 = 21 and also tp; > 4 this is not
possible. As ty ; > 4 would imply that X3 ; > 13 and this not possible.

Hence, it is not possible that ¢; o = 23 that is 23 is not a label of non-pendent vertex in

K 2 component of G.
Next we consider the case that 23 is a label of a pendent vertex in a K; 2 component of G.
Let us assume that ¢ ; = 23.

Subcase 2.2 t;; = 23.
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We have t570 = 26; t571 = 25; t572 = 24; tl,l =23. If tl,O Z 4 then X171 2 14 and this
is not possible. Hence the value of ¢; ¢ can either be 1 or 2 or 3. There exist two cases, i.e.,
tl,O =1 and t170 =2or 3.

Subcase 2.2.1 ;9= 1.

We have t5)0 = 26; t5)1 = 25; t572 = 24; tl,O = 1; t171 = 23. Then Xl,l = 12. Now t5)3 is
either of 21 or 22.

Let t5,3 = 21 hence to; = 22. If t59 > 5 then X5 ; > 14 and is not possible. If ¢3¢ = 2

26 + 2
then Xo 1 = Atz = 12 and this is not possible. Hence t5 ¢ is either of 3 or 4. We have t5 9 =

265t51 =255t50=24; t19=1; t53 =21; ta1 =22; o0 =3 or 4 then X;; =12; Xy =13.

Now t5 4 is either 19 or 20. Assume t54 = 19 Hence t31 = 20. If t30 > 5 then X357 > 13
and is not possible. Hence 3, is 2. Notice that 50 = 26; t5,1 = 25; t50 = 24; t53 = 21; t10 =
1; to1 =225 tog =3 or 4; t31 =20; t30 =2 then X7 =12; X971 =13; X371 =11.

Now t5 5 is either 17 or 18. Consider t55 = 17. Hence t4,; = 18. We have t5 o = 26; t51 =
25; t50 =24; t53 =21; t54 =19; t10=1; t1,1 = 23; t21 = 22; tog =3 or 4; t30=2; 31 =
205 t4,1 = 18. Here the value t40 > 5 then X4 ; > 12, which is not possible.

Let t55 = 18 and hence 4,1 = 17. We have t5,0 = 26; t5,1 = 25; t52 = 24; 53 = 21; t54 =
19; 55 =185 t1,0 =15 t1,1 = 23; to1 = 22; tag =3 or 4; t30 =2; t31 = 20; t41 = 17.

If the value t4 0 > 5 then X4 ; > 11, which is not possible. Hence t54 # 19. Similarly we
can prove t5 4 7# 20 and therefore t5 3 # 21.

Consider the case that t5 3 = 22 and hence to; = 21. If {50 > 6 then X5 ; > 14 and is not
possible. Hence the value of t3 ¢ can either of 4 or 5.

First we consider 2 9 =4 or 5. We have t5 9 = 26; {51 = 25; 52 = 24; t53 = 22; t11 =
23; t1,0=1; ta1 =21; ta9 =4 or 5, then X; ; =12 and Xo; = 13.

Now t5 4 is either 19 or 20. Considering, t54 = 19 and t3; = 20. If 39 > 7 then X351 > 14

and is not possible. Hence the value of ¢35 o can either be 2 or 6.

20+ 6
If t30 = 6 then X3 = T+ = 13, which is not possible. Hence t3 is 2. Notice that

15,0 = 26; 151 = 25; €50 = 24; t53 = 22; 11,1 = 23; t19=1; to1 = 21; topg =4 or 5; t31 =
205 t3,0 = 2.

Now t5.5 is either 17 or 18. Let us consider 55 = 17 and t4,; = 18. Notice that t5 9 =
265 t51 = 25; ts50=24; ts53 =22; 11,1 =23; t19=1; to1 =21; tao=4o0r5; t31 = 20; t30 =
2; t41 =18.

18+3 L. .

Here the value t40 = 3 then X, 1 = ———— = 11, which is not possible.

Now t5 5 is either 18 or 17. Let t55 = 18 and t4; = 17. Notice that 59 = 26; t5; =
25; tso = 24; t53 = 22; t11 = 23; t10 =1; t21 = 21; tog =4 or 5; 31 = 20; t30 =2; t41 =
17; ta0 = 3.

Now t5 6 is either 15 or 16. If t5 ¢ = 15 and ¢51 = 16, we have ¢5 90 = 26;t51 = 25; t52 =
24; t53=122; 111 =23; t1io=1; to1 =21; tog=4orb; t31 =20; t30=2; ta1 =17; tao =
3; t5,1 = 16. Here the value of t5 ¢ > 6. This is not possible.

If ts6 = 16 and t5; = 15, we have 59 = 26; t51 = 25; t52 = 24; t53 = 22; ;1 =
23; t10 = 1; to1 = 215 to g =4or 5; t31 = 20; t30 = 2; ta1 = 17; t40 = 3; t5,1 = 15. Here the
value of t5 9 > 6. This is not possible. Hence t5 4 # 19.
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Similarly ¢54 # 20 and 29 # 4orb. Therefore t5 3 # 18. Hence t1 9 # 1.
Subcase 2.2.2 t;9 =2 or 3.

In this case, we have t50 = 26; t5,1 = 25; 52 = 24; t1,1 = 23. Then X;; = 13.

Now t5 3 is either 21 or 22. If {55 = 21 and ¢31 = 22. If {59 > 4 then X5, > 13. This
is not possible. Hence t2 ¢ is 1. Notice that t50 = 26; t51 = 25; t50 = 24; t53 = 21; t11 =
23; tipo=2o0r 3; tap=1.

Now t5 4 is either 19 or 20. Suppose t54 = 19 and t3; = 20. Notice that t5 o = 26; t5; =
25; tso = 24; t53 =21; t1,1 =23; t1po=2o0r 3; tao =1; t5.4 = 19; t31 = 20. Here the value
of t3 9 > 4, which is not possible.

Let t5,4 = 20 and 3,1 = 19. Notice that t50 = 26; 15,1 = 25; €520 = 24; t53 = 21; t11 =
23; tio=2o0r3; tao =1; ts4 = 19; t31 = 20. Here the value of {3 o > 4, which is not possible.
Hence t5 3 # 21.

Similarly t53 # 22 and t54 # 19;t54 # 20 therefore t1 o # 2 or 3. Hence t52 # 24.
Therefore ¢50 # 26 and hence t51 # 25. We have proved that if ¢5 9 = 26 the five star
G = 4K 2|J K113 does not admit a skolem mean labelling .

Similarly, we can prove the result for other values of ¢5 ¢. Hence the five star

Kl,eUKl,éUKl,eUKl,m UKI,n
Ky UK1,2 UK1,2UK1,2 UK1,13

4K1,2UK1,13

G

is not a skolem mean graph. That is G is not a skolem mean graph if |m —n| =5+ 3¢.

In a similar way, we can prove that G = 4K 2|J K114 is not a skolem mean graph if
|m — n| = 6+ 3¢. Hence on generalizing, G = K1 ¢|J K1, U K1,0|J K1,m U K1, is not a skolem
mean graph if |m —n| > 4 + 3¢. O
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The world can be changed by man’s endeavor, and that this endeavor can lead
to something new and better. No man can sever the bonds that unite him to his
society simply by averting his eyes. He must ever be receptive and sensitive to the
new; and have sufficient courage and skill to novel facts and to deal with them.

By Franklin Roosevelt, an American President.
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