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There are many wonderful things in nature, but the most wonderful of all is man.

By Sophocles, an ancient Greek dramatist.
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Tangent Space and Derivative Mapping

on Time Scale
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(Department of Mathematics,University of Ege, 35100, Izmir, Turkey)

E-mail: emin.ozyilmazQege.edu.tr

Abstract: In this paper, considering the time scale concept, we introduce the tangent
vector and some properties according to directional derivative, the delta differentiable vector
fields on regular curve parameterized by time scales and the Jacobian matrix of -completely

delta differentiable two variables function.
Key Words: Time Scale, regular curve, derivative mapping.

AMS(2000): 53B30, 51B20.

81. Introduction

The calculus of time scales was introduced by Aulbach and Hilger [1,2].This theory has proved
to be useful in the mathematical modeling of several important dynamic processes [3,4,5].
We know that the directional derivative concept is based on for some geometric and physical
investigations. It is used at the motion according to direction of particle at the physics [6].
Then, Bohner and Guseinov has been published a paper about the partial differentiation on
time scale [7]. Here, authors introduced partial delta and nabla derivative and the chain rule for
multivariable functions on time scale and also the concept of the directional derivative. Then,
the directional derivative according to the vector field has defined [8]. The general idea in this
paper is to investigate some properties of directional derivative. Then, using the directional
derivative, we define tangent vector space and delta derivative on vector fields. Finally, we
write Jacobian matrix and the -derivative mapping of the -completely delta differentiable two
variables functions. So our intention is to use several new concepts, which are defined in
differential geometry [7].

§2. Partial differentiation on time scale

Let n € N be fixed. Further, for each i € {1,2,---,n} let T; denote a time scale, that is, T; is

a nonempty closed subset of the real number R. Let us set

A":Tlegx---xTn:{t:(tl,tg,--~ ,tn) for ty €Ty, 1§ZSTL}

1Received Feb.25, 2009. Accepted April 10, 2009.
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We call A™ an n-dimensional time scale. The set A™ is a complete metric space with the metric
d defined by

n
Z|ti_5i|2; for t,SEAn.
=1

Let 0; and p; denote , respectively, the forward and backward jump operators in 7;. Re-
member that for u € T; the forward jump operator o; : T; — T; is defined by

oi(p) =inf{v € Ti: v > u}

and the backward jump operator p; : T; — T; by

pi(p) =inf{v € T;: v < p}.

In this definition we put o;(maxT;) = maxT; if T; has a finite maximum, and p;(minT;) = minT;
if T; has a finite minimum. If o;(p) > u, then we say that u is right-scattered ( in 73), while
any p with is left-scattered ( in T; ). Also, if v < maxT; and o;(p) = p, then p is called
right-dense ( in T;), and if x4 > minT; and p;(p) = p, then p is called left- dense (in T3). If T;
has a left-scattered minimum m, then we define Ti’C = T; — {m}, otherwise Tf =T;. If T; has
a right-scattered maximum M, then we define (T;), = T; — {M}, otherwise (T;); = T;.

Let f: A" — R be a function. The partial delta derivative of f with respect to t; € TF is
defined as the limit

fltr, - tic, 00(ts) tigr, -+ o tn) — f(b1, -+ S tim1, Sistig1s - 1 tn) _ of(t)
Ui(ti)_si Ait; '

\lim

s;—t;
si#0i(ts)

Definition 2.1 We say a function f : A™ — R is completely delta differentiable at a point
t0 = (9,49, %) € TFxTkx - 2Tk if there exist numbers Ay, Aa,--- , A, independent of
t=(t1,ta,-- ,tn) € A™ (but in general, dependent on t°) such that for all t € Us(t?),

f(tgutgu T 7t701) - f(t17t27 o 7tn) = ZAl(t? - tz) + Zaz(t? - tz)
i=1 i=1
and, for each j € {1,2,--- . n} and all t € Us(tY),
f(t(l)a"' 7t9’—1’0j(t2)7t9’+17"' 7t91) _f(tla"' 7tj*1’tj’tj+1"" 7tn)
= Aj(0;(t9) = t5) + Y Ai(t) —t:) + By (0 (8) — ;) + D Bis(8) —t:),  (2—1)
Z &

where § is a sufficiently small positive number, Us(t°) is the §-neighborhood of t° in A", a; =
a;(t°,t) and Bij = Bij(t°,t) are defined on Us(t°) such that they are equal to zero at t = t° and
such that
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t—t0

lim ;i (t°,t) = 0 and lirno Bi;j(t°t) =0 for all i,5 € {1,2,--- ,n}.
t—t

Definition 2.2 We say that a function f : ThaT — R is o1-completely delta differentiable
at a point (t°,s°) € TyaT if it is completely delta differentiable at that point in the sense of
conditions (2.5)-(2.7)(see in [7]) and moreover, along with the numbers Ay and Az presented in
(2.5)-(2.7) (see in [7]) there exists also a number B independent of (t,s) € TvxT (but, generally
dependent on (t°,s%)) such that

F(o1(t%),02(s%)) — [(t,5)
= A1 (01(t%) = 1) + B(0o2(5°) — ) + (01 (t°) — 1) +2(02(s") — ) (2-2)

for all (t,s) € Vo1 (t%, s9), a neighborhood of the point (t9, s°) containing the point (o1 (t°), s°),
and the functions y1 = 71(t9,s%,t,5) and vo = 12(t°, %, t, 5) are equal to zero for (t,s) = (t°, s°)

and

=" (to, s0.t, s) and lim0 72(t0, 0, s) =0. (2-3)

(t,s)—(t2,s9) 5—8

Note that in (2 — 1) the function v, depends only on the variable s. Setting s = o7 (s%) in
(2 — 2) yields

01 (01(10), )

B =
AQS

Furthermore, let two functions

p:T—R and ¢v:T—R

be given and let us set

S(T)=Ty and $(T)="T

We will assume that 77 and T are time scales. Denote by o1,A; and o2, Ay the forward

jump operators and delta operators for T; and T, respectively. Take a point £ € T and put

19 = (") and s° = (£°).
We will also assume that

0(0(€") = a1(p(€")) and ¥(0(£")) = o2((E")).

Under the above assumptions let a function f : 71275 — R be given.

Theorem 2.1 Let the function f be o1-completely delta differentiable at the point (t°,s°). If

the functions ¢ and v have delta derivative at the point £°, then the composite function

F() = f(p(6),¥(8)) for § €T
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has a delta derivative at that point which is expressed by the formula

0 40 o1 0 75O
FA(fo) _ 8f(Atlat )¢A(€O) + 8f( A(zs) )1/)A(§0)

Proof The proof can be seen in the reference [7]. O

Theorem 2.2 Let the function f be o1-completely delta differentiable at the point (t°,s°). If
the functions ¢ and 1 have first order partial delta derivative at the point (£°,1°), then the

composite function

F(f, 77) = f(@(gvn)a 1/}(55 77)) fOT (55 77) € T(I)IT(2)

has the first order partial delta derivatives at (£°,1m°) which are expressed by the formulas

OF(&%,1°) _ 0f(t,%) 0p(&%, ") | f(01(t?), %) B (€% ")

Apé  Agt A Ags Amé
and
OF(&%n°) _ 0f(t°s°) 90(8%,n°) n Of (o1(t°),s”) 0¥ (&°, n°)
A€ Aqgt A@)n Ass A€
Proof The proof can be also seen in the reference [7]. O

83. The directional derivative

Let T be a time scale with the forward jump operator o and the delta operator A. We will
assume that 0 € T. Further, let w = (w1, w2) € R? be a unit vector and let (¢, %) be a fixed

point in R2. Let us set

T={t=t"4¢w : €T} and Th ={s=5"+€wy: £E€T}.

Then T} and T5 are time scales and t° € Ty, s° € T,. Denote the forward jump operators of T}
and the delta operators by A;.

Definition 3.1 Let a function f : ThxaTo — R be given. The directional delta derivative of
the function f at the point (t°,s%) in the direction of the vector w (along w) is defined as the
number

af (0, s%)

Aw F2(0)

provided it exists, where

F(€) = f(t" + &wr, 5" + &ws) for €€T.
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Theorem 3.1 Suppose that the function f is o1-completely delta differentiable at the point
(%, 8). Then the directional delta derivative of f at (t°,s%) in the direction of the w exists and

is expressed by the formula

8f(t07 SO) _ 8f(t07 SO) 8f(01 (to)v SO)
Aw A YT AL

wsa.

Proof The proof can be found in the reference [7]. O

84. The tangent vector in A" and some properties

Let us consider the Cartesian product

A" =TaTex - 2T, = {P = (x1,22, - ,x,) for z; € T;}

where T; are defined time scale for all1 < i <n, n € N. We call A" an n-dimensional Euclidean
space on time scale.

Let z; : A™ — T; be Euclidean coordinate functions on time scale for all 1 <7 <n, n € N,
denoted by the set {x1,z2, -+ ,z,}. Let f : A™ — A™ be a function described by f(P) =
(f1(P), fo(P),-- , fm(P)) at a point P € A™. The function f is called oq-completely delta

differentiable function at the point P provided that, all f;, ¢ = 1,2,--- ,m functions are oi-
completely delta differentiable at the point P. All this kind of functions set will denoted by
ca

Let P € A™ and {(P,v) = vp, P € A"} be the set of tangent vectors at the point P
denoted by Vp(A™). Now, we find following properties on this set.

Theorem 4.1 Leta,b € R, f,g € C2 andvp,wp,zp € Vp(A?). Then, the following properties

o1

are proven on the directional derivative.

O ofs) 05,
(@) A(avp—i—bwp)_a Avp + Awp

o Olaf +bg)(#°,57) _ Of(#,s7) | Dg(t°, s7)
(“) A’UP - A’Up +o A’UP ’

a(f9)(t% s°) 0f(t° s°) g (t°, s%)

(i) Avp = g(o1(t°),s°) Avp + (o1 (t°), 02(s")) Avp
o 0 .0 o 0 .0 o 0 0 Of(o 0 0
_Ml(to) f(AtlvtS ) 9(217: )Ul _ /142(50) g(ilvts ) f( 2(28)78 )'Ul

Proof Considering Definition 3.1 and Theorem 3.1, we get easily (i) and (i¢). Then by

Theorem 3.1, we have
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W) _ O, | Ao,
= (ZED g0+ o)) 2L
+ (2HPEE ) ,1),0) + o) a0 L)
= D 0, 0p0y 4 2L 6,00, 0y
OB 04(1), 0y + L OLLTD g, 9), 0
411010, 28D s 1 101 (1), 0300 2L
~Jo1(®), 03 2N 4 0100, (60 2D,

0 0 1 (10), 50
= g(ar(t"),s") (af(Atl’t )v1+5f( 1A(§s), )U2)

LIS o, ) = gl (1), 59)

Aqt
+f(01 (t0)7 0'2(80)) (ag(i(?tso) vy + ag(UIA(Z(;)’ SO) U2>

_0g(t%s°)
At

v1(f(01(t°),02(%)) = f(o1(t°), s%))

0 SO 0 SO
= o060 (2L o0, ontety) (20
af (0, s%) dg(t°, s°) g(t°,5°) O f (01 (t°), s°)
(% (%}

_ 0
Alt Alt ! M2(S ) Alt AQS H

—pa (t%)

85. The parameter mapping and delta derivative of vector field

along a regular curve

Definition 5.1 A A-reqular curve (or an arc of a A-reqular curve) f is defined as a mapping

z1 = fi(t),m2 = fZ(t)v"' y In = fn(t)7 te [avb]

of the segment [a,b] C T,a < b, to the space R™, where f1, fo, -, fn are real-valued functions

defined on [a,b] that are A-differentiable on [a,b]* with rd-continuous A-derivatives and
EOP + 2 OP + -+ 1RO #0, t € [a,b]".

Definition 5.2 Let f : T — A" be a A-differentiable regular curve on [a,b]*. Let T and T be
a time scales. A parameter mapping h : T — T of the curve f is defined as t = h(s) when h
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and h™1 are A-differentiable functions.

Thus, according to this new parameter, f can be written as follows:

9:T — A", g(s) = f(h(s))-

Theorem 5.1 Let f: T — A" be a A-differentiable regular curve. Let the function h: T — T
be parameter map of f and be g = f o h. The A-derivative of g is expressed by the formula

gA(s) — df(giS)) hA(S)
Proof Let f(t) = (f1(t), f2(t), -+, fn(t)) be a regular curve given by the vectorial form in

Euclidean space A™. Let h be a parameter mapping of f. Considering chain rule for all f;, we

get

sy _ (Ao difon) | difioh)
0= TG A AR

A(s
dfl(h(s)) B (s), dfa(h(s ))hA(S)7

)

= (/% s))

At At At
_ (dfl(g(S)) dfa(h(s ))7._. dfn(h ()))hA(S)
t At At
At '

Definition 5.3 A vector field Z is a function which is associated a tangent vector to each point
of A™ and so Z(P) belongs to the set of tangent vector space Vp(A™) at the point P. Generally,
a vector field is denoted by

=> gi(t) 0
i=1

where g;(t) are real valued functions defined on T = [a,b], that are A-differentiable on [a, b]*

%

with rd-continuous A-derivative.

Let a function f: T — A™, f(t) = (f1(¢), f2(¢), -+, fn(t)) be a A-differentiable curve and
Z(P) be a vector field along it. Thus, we define A-derivative of vector fields as follows:

Definition 5.4 Let Z(P) = ). gi(t)a%ihs be a wvector field given along the curve f. The
i=1

A-derivative of the function with respect to the parameter is defined as

z5p) = % Sl = "l —(”(? .

0

i=1

Theorem 5.2 Let f be a curve given by f: T — A" and h : T — T be a parameter mapping
of f. Let Z(P) = Z gi(t )82i |pef) be a vector field given along the curve f. The A-derivative

of the function Z(P) according to the new parameter s can be written as:
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(3)-(&) (=)

Proof When we consider the chain rule on the real valued function for all the A-differentiable

functions g;(t), we prove Theorem 5.2.

O

Definition 5.5 Let a vector field Z(P) = > gi(t) 5| pes) be given along a curve f. If
i=1 ‘

% =0, Z(P) is called constant vector field along the curve f.

Theorem 5.3 Let Y and Z be two vector fields along the curve f(t) and h : T — R be a

A-differentiable function. Then,
(i) (Y +2Z)2(t)=¥)2) +(2)2(t);
(it) (hZ)2(t) = (Mo ()))(2)2(t) + 2 () Z(t);
(i) (Y, Z)> (t) = (YA(t), Z(o())) + (Y (1), Z2(1)).

where (, ) is the inner product between the vector fields Y and Z.

ol

Proof The (i) is obvious. Let Y (t) =
vector fields. Then

=1

(22 (1) = > ?E% (hgi)(ffa(zg : ihgi)(s) ai "
n o i(o — h(s)gi(s) O
_ ZLH% (a(t)y (U(it)))_ Sh( )gi( )%H(t)
N o e®))gi(a(t) — h(a(2))gi(s) + Mo (t))gi(s) — h(s)gi(s) O
B ; i—nf o(t)—s
- Z?_}H% h(a(t))[gi(a(t)) — Q:T(Ft))]irih(o(f)) — h(s)]gi(s) 8%|f(t)

= (WMa@®N2)2(t) + h2 O Z(2).

That is the formula (i7). For (iii), we have

ki(t) g o) and Z(t) = ;gz‘(t)a%b'(t) be two
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" . kz i o(t)) — k’L’L S 8
220 = 3ty PG R
" ki(o(t))gi(o(t)) — ki(s)gi(s) O
_ ;?ﬂ% (o(t))g (U(i)))_s (s)gi( )8xz|j(t)
_ N gy FiO@)gi(0 () — kils)gi(a (1) + Ki(s)gi(0 (1)) — ki(s)gi(s) O
Z}Jﬂ% o(t) —s 9, 10
= 4 i\O - kz S$)gi\o 0
_ Zgﬁ ( (t))g(a(léii_ (s)gi(a(t)) ('“):cl|f(t)
"L ki(8)gi(o(t) — ki(s)gi(s) O
53 lim (5)gi( (EZ;_S (5)gi( )6xi|f(t)
= 2 —kZ(U;Z;:?(S)gl(a(t)ﬂgg ki(s) lim 91(0;2 :?(S)
= (Y2(1),Z(a()) + (Y (1), Z2(¢)).
This completes the proof. O

Definition 5.6 Let f : A2 — A™, f(x1,22) = (fi(z1,22), fa(x1,22), -+, fulz1,22)) be a
o1-completely delta differentiable function at the point P(t°,s%) € A2. For any tangent vector
vy € Vp(A?), the A-derivative mapping at the point P(t°,s°) of f is defined by

Ofi(x1,x9) Ofa(wr, ) 3fm($17$2))
Av, 7 Av, T Ay, flar@a):

A
f*P(UP) = (
5 (vp) is a function from the tangent vector space Vp(A?) to tangent vector space Vp(A™).

Theorem 5.4 The function f.p is linear mapping.

Proof Let us prove the linearity for any a € R and for any two tangent vectors vp, wp €
Vp(A?). In fact,

0f1(x1,x2) O fa(x1,22) Ofm(x1,22)
5 b =
Jiplavp +bup) A(avy, + bwp)’ Alavy, +bwp)’ " A(av, + bwp) o)
_ <a3f1(§1,$2) 4 baflizl,@)’” ) 7a8fméx17x2) + bafmA(l“l,l“z))
’Up wp ’Up wp f(901,902)
_ (af1($17$2) afm($1,$2)>
fr— a 7. .. s
Av, Awv, Fe1,m2)
df1(w1,x2) Ofm(w1,72)
+b —_ . =
A’U}p A’u}p f(901,902)

= affp(vp) +bfip(wp).

Thus the proof is completed. O
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Definition 5.7 Let f(x1,22) = (f1(z1,22), fo(x1,22), -, fn(x1,22)) be a o1-completely delta
differentiable function at the point P(x1,12) € A%. The Jacobian matriz of f is defined by

Of1(z1,22) 0f1(o1(z1),x2)

OA121 OA1x
Afa(x1,x2) Afa(o1(z1),22)
J(f, P) _ OA T OA Ty

Afm(z1,22) Afm(o1(z1),x2)
OA1x1 OA121

mx2

Theorem 5.5 Let f : A2 — A" be a o1-completely delta differentiable function. The A-

wy

derivative mapping for any P € A% and wp = € Vp(A?) is expressed by the formula

fhp(wp) = (J(f, P),wp)".

Proof Theorem 5.5 is proven considering Definitions 5.6, 5.7 and Theorem 3.1. O
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Abstract: The pair (Gg,-) is called a special loop if (G,-) is a loop with an arbitrary
subloop (H,-). A special loop (G#,-) is called a second Smarandache Bol loop(Syna BL) if
and only if it obeys the second Smarandache Bol identity (zs - z)s = x(sz - s) for all z,z in
G and s in H. The popularly known and well studied class of loops called Bol loops fall into
this class and so Syna BLs generalize Bol loops. The basic properties of S,na BLs are studied.
These properties are all Smarandache in nature. The results in this work generalize the basic
properties of Bol loops, found in the Ph.D. thesis of D. A. Robinson. Some questions for

further studies are raised.
Key Words: special loop, second Smarandache Bol loop

AMS(2000): 20NO5; 08A05.

§1. Introduction

The study of the Smarandache concept in groupoids was initiated by W. B. Vasantha Kan-
dasamy in [23]. In her book [21] and first paper [22] on Smarandache concept in loops, she
defined a Smarandache loop(S-loop) as a loop with at least a subloop which forms a subgroup
under the binary operation of the loop. The present author has contributed to the study of
S-quasigroups and S-loops in [5]-[12] by introducing some new concepts immediately after the
works of Muktibodh [14]-[15]. His recent monograph [13] gives inter-relationships and con-
nections between and among the various Smarandache concepts and notions that have been
developed in the aforementioned papers.

But in the quest of developing the concept of Smarandache quasigroups and loops into
a theory of its own just as in quasigroups and loop theory(see [1]-[4], [16], [21]), there is the
need to introduce identities for types and varieties of Smarandache quasigroups and loops.
For now, a Smarandache loop or Smarandache quasigroup will be called a first Smarandache
loop(Sist-loop) or first Smarandache quasigroup(Sysc-quasigroup).

Let L be a non-empty set. Define a binary operation (-) on L : if -y € L for all x,y € L,
(L,) is called a groupoid. If the system of equations ; a -z = b and y - a = b have unique
solutions for z and y respectively, then (L,-) is called a quasigroup. For each z € L, the
elements z* = xJ,, 2 = xJy € L such that za” = e” and 2z = e* are called the right, left

inverses of x respectively. Furthermore, if there exists a unique element e = e, = ey in L called

1Received March 4, 2009. Accepted April 12, 2009.
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the identity element such that for all z in L, z-e =e-x =z, (L,-) is called a loop. We write
xy instead of x - y, and stipulate that - has lower priority than juxtaposition among factors to
be multiplied. For instance, = - yz stands for z(yz). A loop is called a right Bol loop(Bol loop
in short) if and only if it obeys the identity

(zy - 2)y = 2(yz - y).

This class of loops was the first to catch the attention of loop theorists and the first compre-
hensive study of this class of loops was carried out by Robinson [18].

The aim of this work is to introduce and study the basic properties of a new class of loops
called second Smarandache Bol loops(SsnaBLs). The popularly known and well studied class
of loops called Bol loops fall into this class and so SynaBLs generalize Bol loops. The basic
properties of Sgna BLs are studied. These properties are all Smarandache in nature. The results
in this work generalize the basic properties of Bol loops, found in the Ph.D. thesis [18] and the

paper [19] of D. A. Robinson. Some questions for further studies are raised.

82. Preliminaries

Definition 2.1 Let (G,-) be a quasigroup with an arbitrary non-trivial subquasigroup (H,-).
Then, (Gu,-) is called a special quasigroup with special subquasigroup (H,-). If (G,") is a loop
with an arbitrary non-trivial subloop (H,-). Then, (G, -) is called a special loop with special
subloop (H,-). If (H,-) is of exponent 2, then (Gp,-) is called a special loop of Smarandache
exponent 2.

A special quasigroup (Gu,-) is called a second Smarandache right Bol quasigroup(Sgna-
right Bol quasigroup) or simply a second Smarandache Bol quasigroup(Syna-Bol quasigroup) and
abbreviated Syna RBQ) or Sona BQ if and only if it obeys the second Smarandache Bol identity(Sqna-
Bol identity) i.e Sona BI

(xs-2)s=x(sz-s) for all xz,z € G and s € H. (1)

Hence, if (Gy,-) is a special loop, and it obeys the SynaBI, it is called a second Smarandache
Bol loop(Sani-Bol loop) and abbreviated Syna BL.

Remark 2.1 A Smarandache Bol loop(i.e a loop with at least a non-trivial subloop that is a
Bol loop) will now be called a first Smarandache Bol loop(Sist-Bol loop). It is easy to see that
a SonaBL is a Sina BL. But the reverse is not generally true. So SynaBLs are particular types
of SinaBL. There study can be used to generalise existing results in the theory of Bol loops by
simply forcing H to be equal to G.

Definition 2.2 Let (G,-) be a quasigroup(loop). It is called a right inverse property quasi-
group(loop)[RIPQ(RIPL)] if and only if it obeys the right inverse property(RIP) yx -z =y for
all z,y € G. Similarly, it is called a left inverse property quasigroup(loop)[LIPQ(LIPL)] if and
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only if it obeys the left inverse property(LIP) x*-xy =y for all x,y € G. Hence, it is called an
inverse property quasigroup(loop)[IPQ(IPL)] if and only if it obeys both the RIP and LIP.

(G, ") is called a right alternative property quasigroup(loop)[RAPQ(RAPL)] if and only if
it obeys the right alternative property(RAP) y - xx = yx - x for all x,y € G. Similarly, it is
called a left alternative property quasigroup(loop)[LAPQ(LAPL)] if and only if it obeys the left
alternative property(LAP) xx -y = x - zy for all x,y € G. Hence, it is called an alternative
property quasigroup(loop)[APQ(APL)] if and only if it obeys both the RAP and LAP.

The bijection L, : G — G defined as yL, = x -y for all x,y € G is called a left transla-
tion(multiplication) of G while the bijection R, : G — G defined as yRy =y -x for allz,y € G
is called a right translation(multiplication) of G.

(G, ") is said to be a right power alternative property loop(RPAPL) if and only if it obeys
the right power alternative property(RPAP)

zy" = (((zy)y)y)y -y i.e. Ryn = Ry for all v,y € G and n € Z.
—_——

n-times

The right nucleus of G denoted by N,(G,-) = Ny(G) ={a € G:y-za=yzx-aV z,y € G}.

Let (Gp,-) be a special quasigroup(loop). It is called a second Smarandache right inverse
property quasigroup (loop)[Sona RIPQ(Sona RIPL)] if and only if it obeys the second Smarandache
right inverse property(Sona RIP) ys - sP =y for ally € G and s € H. Similarly, it is called a
second Smarandache left inverse property quasigroup(loop)[Sqna LIPQ(Sona LIPL)] if and only if it
obeys the second Smarandache left inverse property(Soni LIP) s*-sy =y for ally € G and s € H.
Hence, it is called a second Smarandache inverse property quasigroup(loop)[Sona IPQ(SonaIPL)]
if and only if it obeys both the Syni RIP and Sona LIP.

(Gp,-) is called a third Smarandache right inverse property quasigroup(loop)[Ssra RIPQ(Ssr
RIPL)] if and only if it obeys the third Smarandache right inverse property(Ss RIP) sy -yP = s
forallye G and s € H.

(Gu,-) is called a second Smarandache right alternative property quasigroup(loop)[Sqna
RAPQ(Syna RAPL)]if and only if it obeys the second Smarandache right alternative property(Sana
RAP) y-ss=ys-s forally € G and s € H. Similarly, it is called a second Smarandache left
alternative property quasigroup(loop)[Sons LAPQ(Sqna LAPL)] if and only if it obeys the second
Smarandache left alternative property(Sone LAP) ss-y = s-sy for ally € G and s € H. Hence,
it is called an second Smarandache alternative property quasigroup(loop)[Soni APQ(Sana APL)] if
and only if it obeys both the Sona RAP and SonaLAP.

(G,-) is said to be a Smarandache right power alternative property loop(SRPAPL) if and
only if it obeys the Smarandache right power alternative property(SRPAP)

28" = (((v8)s)s)s--+s i.e. Ren = RY for allz € G, s € H and n € Z.
N——
n-times
The Smarandache right nucleus of Gg denoted by SN,(Gg,-) = SN,(Gr) = N,(G) N H.

Gy is called a Smarandache right nuclear square special loop if and only if s> € SN,(Gy) for
all s € H.
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Remark 2.2 A Smarandache; RIPQ or LIPQ or IPQ(i.e a loop with at least a non-trivial
subquasigroup that is a RIPQ or LIPQ or IPQ) will now be called a first Smarandache; RIPQ
or LIPQ or IPQ(S1stRIPQ or S;stLIPQ or S;=IPQ ). It is easy to see that a S, RIPQ or
Sost LIPQ or SostIPQ is a S1st RIPQ or S1s« LIPQ or S1s:IPQ respectively. But the reverse is not
generally true.

Definition 2.3 Let (G,-) be a quasigroup(loop). The set SYM(G,-) = SYM(G) of all bijec-
tions in G forms a group called the permutation(symmetric) group of G. The triple (U, V,W)
such that U, V,W € SYM (G, ") is called an autotopism of G if and only if

2U -yV =(x-y)WV z,y €G.

The group of autotopisms of G is denoted by AUT(G,-) = AUT(G).

Let (Gm,-) be a special quasigroup(loop). The set SSYM(Gp,-) = SSYM(Gg) of all
Smarandache bijections(S-bijections) in Gy i.e A € SYM(Gy) such that A : H — H forms a
group called the Smarandache permutation(symmetric) group[S-permutation group] of Gg. The
triple (U, V, W) such that U, V,W € SSY M (Gy,-) is called a first Smarandache autotopism(Sys
autotopism) of Gp if and only if

2U-yV=( -y WVazyecGy.

If their set forms a group under componentwise multiplication, it is called the first Smaran-
dache autotopism group(Siss autotopism group) of Gu and is denoted by S1«AUT(Gy,) =
S1tAUT (G ).

The triple (U, V,W) such that U W € SYM(G,-) andV € SSYM(Gp,) is called a second
right Smarandache autotopism(Sqna right autotopism) of Gy if and only if

2U-sV=(x-s)WVzxeGandse H.

If their set forms a group under componentwise multiplication, it is called the second
right Smarandache autotopism group(Sana right autotopism group) of Gu and is denoted by
SS9t RAUT (Gpr,+) = Sona RAUT (G ).

The triple (U, V,W) such that V,W € SYM(G,-) andU € SSYM(Gp,-) is called a second
left Smarandache autotopism(Sqna left autotopism) of Gy if and only if

sU-yV=(s-yWVyeG andse H.
If their set forms a group under componentwise multiplication, it is called the second left
Smarandache autotopism group(Syna left autotopism group) of Gy and is denoted by
S2ndLAUT(GH, ) = S2ndLAUT(GH).

Let (G, -) be a special quasigroup (loop) with identity element e. A mappingT € SSY M (Gp)
is called a first Smarandache semi-automorphism(Syst semi-automorphism) if and only if eT = e
and
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(xy - x)T = (2T - yT)xT for all z,y € G.

A mapping T € SSYM(Gp) is called a second Smarandache semi-automorphism(Sona

semi-automorphism) if and only if €T = e and

(sy-s)T = (sT -yT)sT for ally € G and all s € H.

A special loop (Gg,-) is called a first Smarandache semi-automorphism inverse property
loop(S$1+tSAIPL) if and only if J, is a Sy semi-automorphism.

A special loop (Gu,-) is called a second Smarandache semi-automorphism inverse property
loop(S30a SAIPL) if and only if J, is a Saae semi-automorphism.

Let (Gu,-) be a special quasigroup(loop). A mapping A € SSYM(Gp) is a

1. first Smarandache pseudo-automorphism(Sys pseudo-automorphism) of Gg if and
only if there exists a ¢ € H such that (A, AR.,AR.) € S12AUT(Gg). c is reffered to as
the first Smarandache companion(Syst companion) of A. The set of such As’ is denoted by
S12PAUT (Gy,-) = $1¢PAUT (Gg).

2. second right Smarandache pseudo-automorphism(Sana Tight pseudo-automorphism) of
Gy if and only if there exists a ¢ € H such that (A, AR., AR.) € Sona RAUT(Gg). c is reffered
to as the second right Smarandache companion(Sona right companion) of A. The set of such
As’ is denoted by Sona RPAUT (G, ) = S9na RPAUT (Gh).

3. second left Smarandache pseudo-automorphism(Son left pseudo-automorphism) of Gp
if and only if there exists a ¢ € H such that (A, AR., AR.) € Syua LAUT (Gg). ¢ is reffered to

as the second left Smarandache companion(Sana left companion) of A. The set of such As’ is
denoted by Syna LPAUT (G, ) = Soma LPAUT (Gg).

83. Main Results

Theorem 3.1 Let the special loop (Gg,-) be a Syna BL. Then it is both a Sy RIPL and a
Sona RAPL.

Proof

1. In the SynaBI, substitute z = s”, then (xs - s)s = x(ss” - s) = xs for all x € G and
s € H. Hence, xs - s = x which is the Syna RIP.

2. In the S,uaBI, substitute z = ¢ and get xs-s =x - ss for all z € G and s € H. Which
is the SynaRAP. O

Remark 3.1 Following Theorem 3.1, we know that if a special loop (Gg, ) is a SgnaBL, then
its special subloop (H,-) is a Bol loop. Hence, s~ = s* = s” for all s € H. So, if n € Z7,

define zs™ recursively by s° = e and s = s"~! . 5. For any n € Z~, define s by s" = (s‘l)‘"|.

Theorem 3.2 If (Gp,-) is a SynaBL, then
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forallz € G, s€ H andn € Z.

it Proof Trivially, (2) holds for n = 0 and n = 1. Now assume for k > 1,

rst = ash s = x5 s (3)

for all z € G, s € H. In particular, s* = s*71.s =s.s* 1 for all s € H. So, 25! =z . sks =
z(ssF71.s) = (zs- s 1)s = ws¥ - s for all z € G, s € H. Then, replacing = by xs in (3),
rs-sF = (s " )s = a(ssh L s) = 2(shF s 5) = v sFs = asht! forall 2 € G, s € H.(Note
that the SynaBI has been used twice.)

Thus, (2) holds for all integers n > 0.

Now, for all integers n > 0 and all z € G, s € H, applying (2) to  and s~! gives
o(sTH = z(s71)" . sl = 257" - 571, and (2) applied to s and s~! gives xs - (s71)" ! =

(rs-s71)(s71)" = ws™™. Hence, xs " = 25 " !.5 = x5-s7 "1 and the proof is complete.(Note
that the Soua RIP of Theorem 3.1 has been used.) O

Theorem 3.3 If (Gpy,-) is a SowaBL, then

™. " = g™ (4)

forallz € G, s€ H and m,n € Z.

Proof The desired result clearly holds for n = 0 and by Theorem 3.2, it also holds for
n=1.

For any integer n > 1, assume that (4) holds for all m € Z and all z € G, s € H. Then,
using Theorem 3.2, zs™ " = ggm*" . g = (zs™ - s")s = xs™ - s"T! for all z € G, s € H and
m € Z. So, (4) holds for all m € Z and n € Z*. Recall that (s")~! = s7" for all n € Z and

m—-n _ n m—n —n

s € H. Replacing m by m—n, zs s™ = xs™ and, hence, xs =™ (s")L =xs™ -5
foralme Zand z € G, se€ H. d

Corollary 3.1 Every SygnaBL is a SRPAPL.

Proof When n = 1, the SRPAP is true. When n = 2, the SRPAP is the SRAP. Let the
SRPAP be true for k € Z+; R;x = RE for all s € H. Then, by Theorem ??, R¥! = RFR, =
RSkRS = Rsk+1 for all s € H. O

Lemma 3.1 Let (Gpy,-) be a special loop. Then, S1«AUT(Gy, ) < AUT(Gy,-), S9na RAUT (GH, ) <
AUT(H,-) and SyuLAUT(Gy,) < AUT(H,-). But, SypuRAUT(Gy,-) & AUT(Gy,-) and
S0 LAUT(Gg,-) € AUT (G, -).

Proof These are easily proved by using the definitions of the sets relative to componentwise

multiplication. O
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Lemma 3.2 Let (Gg,-) be a special loop. Then, Syna RAUT (G, ) and Sona LAUT (Gh, ) are

groups under componentwise multiplication.

Proof These are easily proved by using the definitions of the sets relative to componentwise

multiplication. O

Lemma 3.3 Let (Gp,-) be a special loop.
(1) If (U, V,W) € S.a RAUT(GH,-) and Gy has the SynaRIP, then

(W, J,V.J,,U) € SpuaRAUT (G, -).
(2) If (U, V,W) € S3na LAUT(GH,-) and Gy has the Syna LIP, then

(J)\U, W, V) S S2ndLAUT(GH, )

Proof (1)(U,V,W) € Sgna RAUT (G, -) implies that U - sV = (x - s)W for all x € G
and s € H. So, (zU - sV)(sV)P = (z - s)W - (sV)P = aU = (xs”)W - (sPV)P = (zs)U =
(xs- s )W - (V)P = (xs)U = aW - sJ,VJ, = (W, J,VJ,,U) € Soua RAUT (G, -).

(2)(U,V,W) € Sona LAUT(Gg, -) implies that sU -2V = (s-z)W for allz € G and s € H.
So, (sU)* - (sU - xV) = (U - (s - 2)W = 2V = (sU)* - (s2)W = 2V = (s)U) - (sPo)W =
(s2)V = (sPU) - (Y - s2)W = (s2)V = s\UJy - 2W = (JAU,W, V) € Soua LAUT(Gg,-). O

Theorem 3.4 Let (Gy,-) be a special loop. (G, ) is a Sena BL if and only if (R;Y, LsRs, Rs) €
SlstAUT(GH, )

Proof Gy is a SgnaBL iff (xs-z)s =x(sz-s) forall z,z € G and s € H iff (xR - 2)Rs =
2(2LsR) iff (x2)Rs = xR;1 - 2LsRs iff (R;Y, LsRs, Rs) € S1: AUT (G, ). O

Theorem 3.5 Let (Gp,-) be a SgnaBL. Gy is a Syna SAIPL if and only if Gy is a Sz RIPL.

Proof Keeping the SonaBl and the Ssna RIP in mind, it will be observed that if Gy is a
S5 RIPL, then (sy-s)(sPy?-s”) = [((sy-s)s”)y”]s” = (sy-y”)s” = ss” = e. So, (sy-8)° = sPy’-s”.
The proof of the necessary part follows by the reverse process. 0

Theorem 3.6 Let (Gg,-) be a SynaBL. If (U, T,U) € S1AUT(Gp,-). Then, T is a Sona

semi-automorphism.

Proof If (U, T,U) € S1 AUT(Gyr, -, then, (U, T, U) € Sgna RAUT(Ggr, -)NSgna LAUT(G 1, -).
Let (U, T,U) € Sona RAUT(GH, "), then 2U - sT = (xs)U for all z € G and s € H. Set
s =e, then €T = e. Let u = eU, then u € H since (U,T,U) € Sona LAUT(Gg,-). For z = e,
U=TL,. So,2TL,, -sT = (zs)TL, for all z € G and s € H. Thus,

(u-2T)-sT =u- (zs)T. (5)

Replace x by sz in (5), to get
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[w- (s2)T]-sT =u-(sx-s)T. (6)

(U, T,U) € Sona LAUT (G, ) implies that sU - 2T = (sz)U for all z € G and s € H implies
STLy 2T = (sx)T L, implies (u-sT)-zT = u-(sx)T. Using this in (6) gives [(u-sT)-zT]-sT =
u- (sx - s)T. By the SgnaBL, u[(sT - 2T) - sT] =u- (sx-8)T = (sT-2T) - sT = (sx-s)T. O

Corollary 3.2 Let (Gp,-) be a Sona BL that is a Smarandache right nuclear square special loop.

Then, LyR; ' is a Syna semi-automorphism.

Proof s* € SN,(Gy) for all s € H iff zy-s* = x-ys? iff (zy)Re2 = z-yRe iff (zy)R2 = x-
yR2(-.- of SguaRAP) iff (I, R2, R?) € S1« AUT (G g, ) iff (I, R;2, R;2%) € S1s« AUT (G, -). Recall
from Theorem 3.4 that, (R, Ly Rs, Rs) € S1 AUT(Gr,-). So, (R7Y, LyRs, Ry)(I, R72, R:?) =
(R7Y, LsR;Y, R;Y) € S15 AUT(Gh, ) = LsR; ! is a Syna semi-automorphism by Theorem 3.6.
(]

Corollary 3.3 If a SywuBL is of Smarandache exponent 2, then, LyR;' is a Sy semi-

automorphism.
Proof These follows from Theorem 3.2. O

Theorem 3.7 Let (Gg,-) be a SynaBL. Let (U, V,W) € S12«AUT (G, ), s1 = eU and s; = V.
Then, A = UR;! € S1«PAUT(Gy) with Si« companion ¢ = s153 - 81 such that (U,V,W) =
(A, AR., AR.)(R;', LyRs, Rs) 1.

Proof By Theorem 3.4, (R; !, Ly Ry, Rs) € S1s« AUT (G, ) for all s € H. Hence, (A, B,C) =
(U V,W)(R;', Ls,Rs,,Rs,) = (UR; ', VLs, Ry, ,WRy,) € S12AUT(Gy,-) = A=UR;', B =
VLs Rs, and C = WR,,. That is, aA-bB = (ab)C for all a,b € Gg. Since eA = e, then
setting a = e, B = C. Then for b = ¢, B = AR.p. But eB = eV L Rs, = 8152 - 1.
Thus, (A, AR.p,AR.5) € S1«AUT(Gy,-) = A € S;«PAUT(Gg,-) with Sis companion

c=851582-51 € H. ]

Theorem 3.8 Let (Gy,-) be a SynaBL. Let (U, V,W) € Spua LAUT (Gp,-) N S RAUT (G h, ),
s1 =eU and sy =eV. Then, A=UR;' € Spuu LPAUT (G ) N Soua RPAUT (G r) with Sona left

companion and Sgna Tight companion ¢ = s183 - s1 such that
(U, V,W) = (A, AR., AR.)(R; ', L,Rs, Rs) "

Proof The proof of this is very similar to the proof of Theorem 3.7. O

Remark 3.2 Every Bol loop is a Syna BL. Most of the results on basic properties of Bol loops
in Chapter 2 of [18] can easily be deduced from the results in this paper by simply forcing H
to be equal to G.

Question 3.1 Let (Gp,-) be a special quasigroup(loop). Are the sets
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SlstPAUT(GH); SQndRPAUT(GH) and SQndLPAUT(GH)
groups under mapping composition?

Question 3.2 Let (Gp,-) be a special quasigroup(loop). Can we find a general method(i.e not
an acceptable Sona BL with carrier set N) of constructing a Sona BL that is not a Bol loop just
like Robinson [18], Solarin and Sharma [20] were able to use general methods to construct Bol

loops.
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§1. Introduction

N. Levine [7] introduced the theory of semi-open sets and the theory of a-sets for topological
spaces. For a systematic development of semi-open sets and the theory of a-sets one may refer
to [1], [2], [4], [5] and [9]. The notion of preopen sets for topological spaces was introduced by
S. N. Mashour, M. E. Abd El-Moncef and S.N. El-Deep in [8]. These concepts above are closely
related. It is known that, in a topological space, a set is preopen and semi-open if and only if it
is an a-set [10], [11]. Our object in section 3 is to define a prebounded set, totally prebounded
set, and precompact set in a topological vector space. In Sections 3 and 4 we identify them.
Moreover, in Section 2, we show that every linear functional on a topological vector space is

precontinuous and deduce that every topological vector space is a prehausdorff space.

§2. Precontinuous maps
We recall the following definitions [2], [8].

Definition 2.1 Let X be a topological space. A subset S of X is said to be Smarandachely
preopen if there exists a set U C cl(S) such that S C int(cl(S)UU). A Smarandachely preneigh-

bourhood of the point x € X is any Smarandachely preopen set containing x. Particularly, a

1Received March 12, 2009. Accepted April 16, 2009.
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Smarandachely -preopen set S is usually called a preopen set.

Definition 2.2 Let X and Y be topological spaces and f : X — Y. The function f is said
to be Smarandachely precontinuous if the inverse image f~1(B) of each open set B in'Y is a
Smarandachely preopen set in X. The function f is said to be Smarandachely preopen if the
image f(A) of every open set A in X is Smarandachely preopen in'Y . Particularly, if we replace

each Smarandachely preopen by preopen, f is called to be precontinuous.

The following lemma is obvious.

Lemma 2.1 Let X and Y be topological vector spaces and f: X — Y linear. The function f

is preopen if and only if, for every open set U containing 0 € X, 0 € Y is an interior point of

c(f(U))-

The following two theorems are known but we include the proofs for convenience of the

reader.

Theorem 2.1 Let X,Y be topological vector spaces and let Y have the Baire property, that is,
whenever Y = U2 | B,, with closed sets By, there is is N such that int(By) is nonempty. Let
f:X =Y belinear and f(X) =Y. Then f is preopen.

Proof Let U C X be a neighborhood of 0. There is a neighborhood V of 0 such that
V —V C U. Since V is a neighborhood of 0 we have X = U2 ;nV. It follows from linearity and
surjectivity of f that Y = U2 nf(V). Since Y has the Baire property, there is N such that

c(Nf(V)) = Ncl(f(V)) contains an open set S which is not empty. Then cl(f(V)) contains
the open set T' = %S. It follows that

T =T Cd(f(V)) =c(f(V)) Cd(f(V) = f(V)) = cl(f(V = V)) Cel(f(U)).

The set T'— T is open and contains 0. Therefore, 0 € Y is an interior point of cl(f(U)). From
Lemma 2.1 we conclude that f is preopen. O
Note that f can be any linear surjective map. It is not necessary to assume that f is

continuous or precontinuous.

Theorem 2.2 Let X,Y be topological vector spaces, and let X have the Baire property. Then

every linear map f : X — Y is precontinuous.

Proof Let G = {(z, f(z)) : z € X} be the graph of f. The projections m; : G — X and
mo : G — Y are continuous. The projection 71 : G — X is bijective. It follows from Theorem

77 that m; is preopen. Therefore, the inverse mapping 7 ! !

is precontinuous. Then f = mpom
is precontinuous. 0
Theorem 2.2 shows that many linear maps are automatically precontinuous. Therefore, it
is natural to ask for an example of a linear map which is not precontinuous.
Let X = C]0,1] be the vector space of real-valued continuous functions on [0, 1] equipped

with the norm
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11 —/0 (@) da.

Let Y = C|[0, 1] be equipped with the norm

[flloo = max]lf(fv)l-

z€[0,1

Lemma 2.2 The identity operator T : X — Y is not precontinuous.

Proof Let U = {f € C[0,1] : ||f|looc < 1} which is an open subset of Y. Let cl(U) be the
closure of U in X. We claim that

(2.1) cd(U) c{f e C0,1]: [[flle <1}

For the proof, consider a sequence f,, € U and a function f € C[0,1] such that {f,} converges
to f in X. Suppose that there is zg € [0, 1] such that f(xg) > 1. By continuity of f, there are
a<bandd > 0suchthat 0 <a<zo<b<1land f(z) > 1+0 for z € (a,b). Then, as n — oo,

b 1
(b—a)s < / Fule) — ()| de < / fala) — ()| dz — 0

which is a contradiction. Therefore, f(z) < 1 for all z € [0,1]. Similarly, we show that
f(x) = =1 for all z € [0,1]. Now 0 € U = T~YU) but U is not preopen in X. We see this
as follows. Suppose that U is preopen in X. The sequence g, (x) = 22" converges to 0 in X.
Therefore, g, € cl(U) for some n and (2.1) implies 2 = ||gn|lcc < 1 which is a contradiction. O

We can improve Theorem 2.2 for linear functionals.

Theorem 2.3 Let f be a linear functional on a topological vector space X. If V is a preopen

subset of R then f=1(V) is a preopen subset of X. In particular, f is precontinuous.

Proof We distinguish the cases that f is continuous or discontinuous.

Suppose that f is continuous. If f(z) = 0 for all + € X the statement of the theorem is
true. Suppose that f is onto. We choose u € X such that f(u) = 1. Let V be a preopen subset
of R, and set U := f~1(V). Let z € U so f(z) € V. Since V is preopen, there is § > 0 such
that

(2.2) 1= (f(z) =6, f(x) +6) C cl(V).

Since f is continuous, f~1(I) is an open subset of X containing . We claim that

(2.3) fHI) C el(U).

In order to prove (2.3), let y € f~1(I) so f(y) € I. By (2.2), there is a sequence {t,} in V
converging to f(y). Set

Yn =y + (tn — f(¥))u.
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We have f(y,) =t, € V soy, € U. Since X is a topological vector space, y,, converges to y.
This establishes (2.3). It follows that U is preopen.

Suppose now that f is not continuous. By [3, Corollary 22.1], N(f) = {x € X : f(z) =0}
is not closed. Therefore, there is y € cl(N(f)) such that y & N(f) so f(y) # 0. Let x be any
vector in X. There is t € R such that f(z) = ¢f(y) and so z — ty € N(f). It follows that
x € cl(N(f)). We have shown that N(f) is dense in X. Let a € R. There is y € X such that
f(y) = a. Then f~'({a}) = y + N(f) and so the closure of f~*({a}) is y + cl(N(f)) = X.
Therefore, f~*({a}) is dense for every a € R. Let V be a preopen set in R. If V is empty then
f~1(V) is empty and so is preopen. If V is not empty choose a € V. Then f~1(V) D> f~({a})
and so f~1(V) is dense. Therefore, f~*(V) is preopen. O

83. Subsets of topological vector spaces

In this section our principal goal is to define prebounded sets, totally prebounded sets and
precompact sets in a topological vector space, and to find relations between them. We begin

this section with some definitions.

Definition 3.1 A subset E of a topological vector space X is said to be prebounded if for every
preneighbourhood V' of 0 there exists s > 0 such that E C tV for all t > s.

Definition 3.2 A subset E of a topological vector space X is said to be totally prebounded if
for every preneighbourhood U of O there exists a finite subset F' of X such that E C F+U.

Definition 3.3 A subset E of a topological vector space X is said to be precompact if every

preopen cover of E admits a finite subcover.
Lemma 3.1 FEvery precompact set in a topological vector space X 1is totally prebounded.

Proof Let E be precompact. Let V' be preopen with 0 € V. Then the collection {z + V :
x € E} is a cover of E consisting of preopen sets. There are x1,29,...,2, € E such that
EcC ‘L_ﬁl {z; + V}. Therefore, E is totally prebounded. O

Lemma 3.2 In a topological vector space X the singleton {0} is the only prebounded set.

Proof Tt is enough to show that every singleton {u}, u # 0, is not prebounded. Let
V =X —{2u: neN}. The closure of V is X so V is preopen . But {u} is not subset of nV’
for n =1,2,3,... Therefore, {u} is not prebounded. O

Theorem 3.1 If E is a prebounded subset of a topological vector space X, then E is totally

prebounded. The converse statement is not true.

Proof This follows from the fact that every finite set is totally prebounded, and by using
Lemma 3.2. g
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84. Applications of Theorem 2.3

We need the following known lemma.
Lemma 4.1 IfU, V are two vector spaces, and W is a linear subspace of U and f: W — V
is a linear map. then there is a linear map g : U — V such that f(x) = g(z) for all x € W.

Proof We choose a basis A in W and then extend to a basis B D A in U. We define
h(a) = f(a) for a € A and h(b) arbitrary in V for b € B — A. There is a unique linear map
g : U — V such that g(b) = h(b) for b € B. Then g(z) = f(z) for all z € W. O

We obtain the following result.

Theorem 4.1 FEvery topological vector space X is a prehausdorff space, that is, for each
x,y € X, x # vy, there exists a preneighbourhood U of © and a preneighbourhood V' of y such
that UNV = 0.

Proof Let x,y € X and = # y. If x,y are linearly dependent we choose a linear functional
on the span of {z, y} such that f(z) < f(y). If z, y are linearly independent we set f(sx+ty) = t.
By Lemma 4.1 we extend f to a linear functional g with g(z) < ¢g(y). Choose ¢ € (g(z), g(y))
and define U = g~!((—00,¢)), and V. = g7*((¢c,00)). Then, using Theorem 2.3, U, V are
preopen. Also U and V are disjoint and x € U, y € V. d
We now determine totally prebounded subsets in R. The result may not be surprising but

the proof requires some care.

Lemma 4.2 A subset of R is totally prebounded if and only if it is finite.

proof It is clear that a finite set is totally prebounded. Let E be a countable (finite or
infinite) subset of R which is totally prebounded. Let A := {x —y : z,y € E}. The set A is
countable. We define a sequence {u,} of real numbers inductively as follows. We set u; = 0.
Then we choose ug € (—1,0) such that ug —u; ¢ A. Then we choose uz € (0,1) such that
us —u; ¢ A for i = 1,2. Then we choose uy € (—1, —%) such that uqs —u; € A for i = 1,2,3.
Continuing in this way we construct a set U = {u,, : n € N} C (=1, 1) such that every interval
of the form (m27% (m + 1)27%) with —2¥ < m < 2%, k € N, contains at least one element
of U, and such that 0 € U and u —v ¢ A for all u,v € U, u # v. Then cl(U) = [-1,1] so
U is a preneighborhood of 0. Since E is totally prebounded, there is a finite set F' such that
EFECF+U.Ifze Fandax,y€ Eliein z4+ U thenx =z+u,y =2+ v with u,v € U. Tt
follows that u — v = x — y € A and, by construction of U, u = v. Therefore, z = y and so
each set z + U, z € F, contains at most one element of E. Therefore, F is finite. We have
shown that every countable set which is totally prebounded is finite. It follows hat every totally
prebounded set is finite. O

Combining several of our results we can now identify totally prebounded and precompact
subset of any topological vector space.

Theorem 4.2 Let X be a topological vector space. A subset of X is totally prebounded if and
only if it is finite. Similarly, a subset of X is precompact if and only it is finite.

Proof Every finite set is totally prebounded. Conversely, suppose that E is a totally
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prebounded subset of X. Let f be a linear functional on X. It follows easily from Theorem 2.3
that f(E) is a totally prebounded subset of R. By Lemma 4.2, f(F) is finite. It follows that
E is finite as we see as follows. Suppose that E contains a sequence {z,}52 ; which is linearly
independent. Then, using Lemma 4.1, we can construct a linear functional f on X such that
f(zyn) # f(zp) if n # m. This is a contradiction so E must lie in a finite dimensional subspace

Y of X. We choose a basis y1,...,y; in Y, and represent each x € E in this basis

x=fi(x)yr + -+ fu(®)yk.

Every f; is a linear functional on Y so f;(E) is a finite set for each j = 1,2,...,k. It follows
that F is finite.

Clearly, every finite set is precompact. Conversely, by Lemma 3.1, a precompact subset of
X is totally prebounded, so it is finite. 0

References

[1] Andrijevic D., Some properties of the topology of a- sets, Math. Vesnik, 36, 1-10 (1984).
[2] Andrijevic D., Semi-preopen sets, Math. Vesnik, 38, 24-32 (1986).
[3] Berberian S., Lectures in Functional Analysis and Operator Theory, Springer-Verlag, New
York 1974.
[4] Bourbaki N., Topological Vector Spaces, Chapters 1-5, Springer- Verlag, 2001.
[5] Dlaska K., Ergun, n. and Ganster, M., On the topology generalized by semi regular sets,
Indian. J. Pure Appl. Math., 25(11), 1163-1170 (1994).
[6] Khedr, F.H., Al-areefl, S. M. and Noiri. T., Precontinuity and semi-precontinuity in bitopo-
logical spaces, Indian J. Pure Appl. Math., 23(9), 625-633 (1992).
[7] Levine, N., Semi-open sets and semi-continuity in topological spaces, Amer. Math. Monthly,
70, 36-41 (1963).
[8] Mashhour, A. S. Abd El-Monsef, M. E. and El-Deep, S.N., On precontinuous and weak
precontinuous mappings, Proc. Math. Phys. Soc. Egypt, 53, 47-53 (1982).
[9] Maheshwari S. N. and Prasad R., semi-open sets and semicontinuous functions in bitopo-
logical spaces, Math. Notae, 26, 29-37 (1977/78).
[10] Noiri, T., On a— continuous functions, Casopis Pest. Math., 109, 118-126 (1984).
[11] Reilly, I. L. and Vamanamurthy, M. K., On « continuity in topological spaces, Univ.
auckland Report Ser., 193, (1982).



Math. Combin.Book.Ser. Vol.2 (2009), 27-58

Path Double Covering Number of Product Graphs

A. Nagarajan
(Department of Mathematics, V.O.C. College, Tuticorin, Tamil Nadu, INDIA)

E-mail: nagarajan-voc@Qgmail.com

V. Maheswari
(Department of Mathematics, A.P.C. Mahalaxmi College, Tuticorin, Tamil Nadu, INDIA)

E-mail: yayli@science.ankara.edu.tr

S. Navaneethakrishnan

(Department of Mathematics, V.O.C. College, Tuticorin, Tamil Nadu, INDIA)

Abstract: A path partition or a path cover of a graph G is a collection P of paths in
G such that every edge of G is in exactly one path in P. Various types of path covers such
as Smarandache path k-cover, simple path covers have been studied by several authors by
imposing conditions on the paths in the path covers. In this paper, We study the minimum
number of paths which cover a graph such that each edge of the graph occurs exactly twice

in two(distinct) paths.
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§1. Introduction

Let G be a simple graph and i be a collection of paths covering all the edges of G exactly
twice. Then v is called a path double cover of G. The notion of path double cover was first
introduced by J.A. Bondy in [4]. In the paper, he posed the following conjecture:

Every simple graph has a path double cover v such that each vertex of G occurs exactly

twice as an end of a path of .

The above conjecture was proved by Hao Li in [5] and the conjecture becomes a theorem
now. The theorem implies that every simple graph of order p can be path double covered by at
most p paths. Obviously, the reason We need p paths in a perfect path double cover is due to
the requirement that every vertex must be an end vertex of a path exactly twice. If We drop
this requirement, the number of paths need is less than p in general. In this paper, We shall

investigate the following number:
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Y2(G) = min { |[¢| : ¥ is a path double cover of G }

For convenience, We call v2(G), the path double cover number of G throughout this paper.

We need the following definitions for our discussion. For two graphs G and H their cartesian
product G x H has vertex set V(G) x V(H) in which (g1, h1) is adjacent to (g2, he) if g1 = g2
and hihy € E(H) or hy = hg and ¢g1g2 € E(G). For the graphs G and H their wreath product
G * H has vertex set V(G) x V(H) in which (g1, h1) is joined to (g2, h2) whenever gi1g2 € E(G)
or g1 = g2 and hihy € E(H). Similarly Go H, the weak product of graphs G and H has vertex
set V(G) x V(H) in which two vertices (g1, h1) and (g2, ho) are adjacent whenever g192 € E(G)
and hihe € E(H). We define the vertex set of the weak product of graphs as in [6] and hence
V(GoH)=ViUVaU...UV, where V; = {ul,ub,...,ul },1 <i<n, u; stands for (v;, u;)
and V(H) = {u1,u2,...,un} and V(G) = {vi,v2,...,v,}. Clearly, for each edge v;v; € E(G)
the subgraph of G o K, induced by V; UV} is Ky, v, \ a1(V;, V;), where ax(V;, V;) is a 1-factor
given by ay(V;,V;) = (uﬁui,uéuiﬂ,uéuiﬂ, e ,ufnuifl), 1<k<m.

For our future reference we state some known results.

Theorem 1.1([3]) If both G1 and Ga have Hamilton cycle decomposition and at least one of
G1 and G2 is of odd order then G1 o G2 has a Hamilton cycle decomposition.

Theorem 1.2([5]) Let m > 3 and n > 3. The graph Cy, x Cy, can be decomposed into two
Hamilton cycles if and only if at least one of the numbers m,n is odd.

Theorem 1.3([7]) Let m > 3and n > 2. If mis even, then Cy, o P, consists of two connected

components which are isomorphic to each other.

Theorem 1.4([7]) If m =4i+2, i > 1, and n > 2, then each connected component of the
graph Cy, o P, is isomorphic to C, /3 0 Py.

A more general definition on graph covering using paths is given as follows.

Definition 1.5([2]) For any integer k > 1, a Smarandache path k-cover of a graph G is a
collection v of paths in G such that each edge of G is in at least one path of ¥ and two paths
of ¥ have at most k vertices in common. Thus if k = 1 and every edge of G is in exactly one

path in ¥, then a Smarandache path k-cover of G is a simple path cover of G.

§2. Main results

Lemma 2.1 Let G be a graph with n pendent vertices. Then v2(G) > n.

Proof Every pendent vertex is an end vertex of two different paths of a path double cover

of G. Since there are n pendent vertices, We have 12(G) > n. O

Lemma 2.2 If G is a graph with §(G) > 2, then v2(G) > maz(6(G) + 1, A(G)).
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Proof One can observe that the total degree of each vertex v of G in a path double cover
is 2deg(v). If v is an external vertex of a path in a path double cover ¢ of G then v is external
in at least two different paths of ¥. So We have

[l = {(2deg(v) —2)/2} +2
= deg(v) —1+2=deg(v)+1>6G)+1

This is true for every path double cover of G. Hence 72(G) > 6(G) + 1. Let u be a vertex of
degree A in G. We always have [¢)| > 2deg(u)/2 = A. Hence 2(G) > maz(§(G) + 1, A(G)).O

Corollary 2.3 If G is a k-regular graph, then v2(G) > k+1 and for all other graphs v2(G) > A.

Proof We know that A(G) > §(G) and for a regular graph §(G) = A(G). Hence the result
follows. O

Proposition 2.4 Letm > 3.

3 if m is odd;
'72(Om o KZ) =
6 if m is even.

Proof The proof is divided into two cases.

Case (i) m is odd.

Since Cy, o K3 is a 2-regular graph, We have v5(C,, o K3) > 3 by Corollary 2.3. Now We
prove the other part.

The graph Cy, o K5 is a hamilton cycle C of length 2m. (ie) C =< ujugus ... ugnus >.
Then we take

Py =< ugus...Usm—_1U2m >;

P, =< ugug...Usm_1UomUy >;

P =< ujususz >;
The above three paths form the path double cover for Cy, o Ko and v2(C,, o K3) < 3. Hence
Y2(Ch 0 K3) = 3.

Case (ii) m is even.

The graph C,, o K5 can be factorized into two isomorphic components of cycle of even
length m. Also since any cycle has minimum path double cover number as 3 (by using Case(7)).
We have 5 (Cy, o K3) = 6. O

Proposition 2.5 Let m,n > 3. v2(C,, o C,) = 5 if at least one of the numbers m and n is
odd.

Proof Since C,, 0C,, is a 4- regular graph, We have 72 (C,, 0C,,) > 5 by Corollary 2.3. Since

at least one of the numbers m and n is odd, C,, o C), can be decomposed into two hamilton
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cycles C7 and Cy by Theorem 1.1. Let u € V(Cy, o C,). Since deg(u) = 4, there exist four
vertices vy, v, v3 and vy adjacent with u and exactly two of them together with u are on C4
and the other two together with u are on Cy. Without loss of generality assume that < viuve >

and < vsuvy > lie on the cycles C; and C5 respectively.

U1 U3

Us

V2
U4

Vg U7

Fig. 1

Since deg(vs) = 4, there are vertices vs, vg, v7 together with u are adjacent with vy as in
Fig.1. Now assume that < vsvyvr > and < wvsve > lie on C; and C5 respectively. Let C’i(l), C’i@)
be the two copies of C; (i = 1,2). If vavy is in Cy then {(Cfl) — (vau7)), (sz) — (vqv7)), (Cél) -
(uvs)), (02(2) — (uvy)), (v3uvgv7va)} is a path double cover for Cy, o C,,. Otherwise vovy is in
C5 and {(Cil) — (v1uw)), (01(2) — (vqv7)), (Cél) — (uvy)), (Céz) — (vav7)), (Vuvsv7v2)} is a path
double cover for C,, o C,,. Hence v2(C,y, 0 Cp,) = 5. For the remaining possibilities it is verified

that v2(Cy, 0 Cy,) = 5 in a similar manner. O
Proposition 2.6 Let m,n > 3.

4 if n =1 or 3(mod 4)
/72(Pm o Cn) =
8 if n =0 or 2(mod 4)
Proof Let V(Py,) = {v1,v2,...,vn} and let V(Cy) = {u1,uz, ..., un}.
Let V; = {ut,u},...,u%},1 <i<m be the set of n vertices of P, o C,, that corresponds to the

vertex v; of P,,.

Case (i) When n =1 or 3(mod 4), n must be odd.By Lemma 2.2, y3(P,, o Cy,) > 4. Now we
prove the other part. Take

_ 1,,2,,1,2 2 1,2,3,2 -1 _
P =<wujujuzui ... u;_quyuiusus ..ount quntult >= Ps.

Py =<wuiuZul _ju2 o . udududul o oul el >= Py
Clearly { Py, P2, P5, Py} is a path double cover for P, o C,, and v2(P,, o C,,) < 4. Hence
"yQ(Pm o} On> =4.

Case (i1) When n = 2(mod 4), n = 4i + 2 where ¢ > 1,then by Theorems 1.3 and 1.4,
P,, o C,, can be decomposed into two connected components and each of which is isomorphic
to P, o Cy /5. Now since n/2 is odd, using Case(i) We can have 72 (P, o C,,/2) = 4 and hence
¥2( P 0 Cp) = 4.
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Case (ii1) When n = 0(mod4), n = 4i where i > 1.

Subcase (1) m is even.

e gy 20102 1 2,3 .4 .3 4 4,3,4,5
Py =< ujuiuzui ... Uy U U5 Uy _oly _3Up 4 .. UsUTURUS g

n—
6 5 m—1,m  _ .
Uy _oUy _3... Uy Uyt >= Ps;

—e 12,383,232 5 2 .3 4,5 4,5 4 5
Py =< ujujuiususuius . . s _oly Uy UTUSUS . .. Uy _o U,

n—1"n
el 1 2 1,2,3,4,3,4 4 3,45
Py =< upus Uy _oUs_a. . USUTUSUSUZUE . . . Uy UHUTUS
6,5 6 5,6 m m—1, m  _
UUG . Uy UDUY . U U Ul >= Pr;
e 20302 3 a2 2,3, 4, 5,4 5 m—1, m—2 m—1 _
Py =< ujuiuyus, Uy _oUs 5. . USUSUTUS Uy _qUD _o ... Uy Us Uy ufl* >= P
Subcase (2) m is odd.
— e gy le20/102 1 2,3 3 4,3,4,5
Pr =< uguguzud . .y qUp Uy, qUp ol 3l g - UpUT Uy Uy,
6 5 m—1, m —
Up_oUp_g...Ur " urt | >= Ps;

— y10124/30,20/30.2,.5 2 .3 4,5 4.5 4
Py =< uju; ujusugzuiuy . . . us ol Up USUSUS . . . Uy _oUs

6,7 m m—1,m — .
UpUp - UN gUy s Ut | >= F;

_ 1,2 1 2 1,23, 4,3, 4 4 3,,4,5
Ps =< upus _qUp_oUs_5... UaUTUSUSUTUS . . . Uy 1 UnUTUS
5,6 m—1,m

6,5 6 — p.
USUY .. Uy _UNUY .. U] Us >= Pr;
e 123,23 2 2,3,4,5,4 5 m,m—1, m  _
Py =< upuiuyu;, Uy _oUs 3. .. USUSUTU, Uy _qUs_o ... UL Us Uy >= Pk,
In both Subcases { Py, P», Ps, Py, Ps, Ps, P7, P} is the minimum path double cover for P, o

C,, and hence y2(P,, o Cy) = 8 for n = 0(mod 4). O

Proposition 2.7 Let m > 3, v2(C, x K2) = 6 if m is odd.
Proof Since the graph is 5-regular, We have v5(Cy, * K2) > 6 by Corollary 2.3. Now We
prove the converse part. Given m is odd, then take

P =< ugu10102U2U3V3 . . . Upy—2Um—2Um—1 > Po =< UgUoU1U1U202V3U3 - . . Upp— 29U —2Um—1
Um—1 >; P3 =< U1UoU3 . .. Upm_1U0V0Vm—1Um—2 - . . V2U1 >; Py =< U1UoUsm—_1Vm_1V0V1U2V3 >

Ps =< ugv3tgvs . . . Up_100ULVUS . . . UgV1 >; Pg =< U3U4V5 . . . Uy —1V0ULV2US . . . UgUL U .

Cm * K2
Fig.2

{P1, Py, P3, Py, P5, Ps} is a path double cover for Cy, * Ky and v2(Cy, * K3) < 6. Hence
VQ(CW*KQ) = 0. O
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Proposition 2.8 Let m > 3. 73(Cy, * I_(g) =5 if m is odd.

Proof By Corollary 2.3, 2(C,, * K2) > 5. Given m is odd and take

P =< ugu1v2u3vy4 . . . Upy—2Vm— 100U —1Vm—2Um—3 - - - U3U2V1 >
P =< uguitg ... Upm—109V102 . . . U1 >

P3 =< Uy 1UQUmm—1Um—2Um—3 - . . U1VoU1U3V3 . . . Upy—3Vim—2 >
Py =< v1U0Um—1Um—2Um—3U2U1V0VUm—1Vm—2 >}

Ps =< Uy _1UgU1 V203 . . . Uy —2Upm—1 >}

Cm * KQ
Fig.3

{Py, P, P3, Py, Ps} is a path double cover for C,, * Ko and 2(C,, * K3) < 5. Hence
'72(Cm*K2) = b. D

Proposition 2.9 ~,(Pp,x = K3) =4 for m > 3.

Proof By Lemma 2.2, y2(P,, * K2) > 4. If m is odd then take

P =< uguiugvstly . . . Um—2Upm—1Um—2Um—3 - . . V2U1Vg >= Ps;
P, =< uguits ... Upm—9Um_1Vm—2 ...0109 >= Pj4.

Um,—2 -

Uo U U2 .
UO Ul UQ ..

Um—1
Um—2 Um—1

Pm * KQ
Fig.4

If m is even then take
P, =< ugu1ugv3y . . . U —2Um—1Vm—2Um—3 . . . VoU1 Vg >= Pis;
Py =< uguius ... Um_1Vm—2Um_3...0109 >= Pj.

Clearly {P1, P2, P3, P,} is a path double cover for P, x K3 and
Yo (P * K2) < 4. Hence vo(P,, * Ko) = 4. 0
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Proposition 2.10 (P, x K2) =5 for m > 3.
Proof By Lemma 2.2, v2(Pp, * K3) > 5.

Uo U U2 Um—2 Um—1

2 V1 V2 o Um—2 Um—1

Pm * KQ
Fig.5

If m is even then take

P =< uguiu1v2uV3 . . . Up—2Um—1 >}

Py =< uguou1v1UVs . . . Uy oUm—_1 >

P =< ugu1uav3Uy . . . Uyp—3Um—2Vm —1Um—1Um—2Um—3 - - . UaU1Ug >;
Py =< uguiuguz ... Upm—1Vm—1Um—_2 ... 0100 >;

Ps =< Upm_1Um—_92Um_3 ... ULUQVQVT - - . Um—2Um—_1 >.

If m is odd then take

P, =< ugviugvats . . . Uy —2Um—_1 >;

Py =< uguou1v1UVs . . . Upp—2Um—1 >}

P3 =< ugu1ugv3UgVs . . . Uy 02U —1VUm—1Um—2 « . . V2U1VQ >
Py =< uguita .. . Um—1Um—1Vm—2 . . . U100 >;

Ps =< Upm_1Um—2 ... ULUQUQVT - . . Upp—1 >.

{P1, P>, P5, Py, P5} is a path double cover for P, x Ko and vo(P,, * K3) < 5. Hence
VQ(PW*KQ) = b. O

Proposition 2.11 Let m > 3. 72(Cy, X P3) =5 if m is odd.

Proof Let V(Cy,) = {v1,v2,...,05} and V(P3) = {u1,uz,uz}. Let V; = {ul, ub,ui}, 1<
i < m be the set of 3 vertices of C), x P;3 that corresponds to a vertex v; of C,,. Now we
construct the paths for C,, x Ps.

Py =< vlududvdudviududug . uPuPult >;
Py =< ujudud .. uPuuy L ududududul >
P =< uPuludufuFul >;

Py =< uPuiududududuiud .. ul T uSud >

P =< u%u%u%ugugu% .. ugnué >.
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Vl ——o—0
‘/2 L »
‘/3 . L
‘/74 -
Vs .

P Py

P, Ps
05 X P3
Fig.6

Clearly { Py, P, P5, Py, Ps} is a path double cover for C,,, x P53 (See Fig.6) and v2(Cy, X P3) <
5. Hence v2(Cyp, x P3) = 5. O

Proposition 2.12 ~5(P,, o K3) =4 for m > 2.
Proof By Theorem 2.1, y3(Py, 0 Ka) > 4. If m is even then take

P =< u1v2u304Us5 . . . Uyp—2Upm— 1V, >= Ps;

Py =< 01uv3U4V5 . . . Uy 2V 1Um >= Py.

Uy U2 U3 . Um —1 Um,
U1 Vo V3 cee Um—1 Um,
Pm e} KQ
Fig.7

If m is odd then take

P =< u1v2u304Us5 . . . Uy —2Upm—1Up, >= Ps;

Py =< v1uav3uqs . . . Uyy— Uiy — 1V, >= Pjy.

{Py, Py, P3, P4} is a path double cover for P, o K5 and v2(P,, o K3) < 4. Hence y2(Py, ©
Ks) = 4. O

Proposition 2.13 For the complete bipartite graph K, n, Y2(Km,n) = max{m,n}.
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Proof Let (A, B) be the bipartition of K,, , where A = {ug, u1,...,um—1}, B = {vo,v1,...,0n_1}.
Case (i) m<n.

By Corollary 2.3, v2(Kum,n) > n. Let Py =< 0;u10i41U2 - . . Um—1Vitm—1UoVitm >, where
the indices i are taken modulo n. v = {P; : 0 <1i < n — 1} is clearly a path double cover for
Kp,.n with n paths. Hence v2(Kp,n) = n.

Case (i1) m > n.

By Corollary 2.3, o (K, ) > m.Let P; =< w;01Ui1102 . . . Up—1Ujfn—1VoUitn >, where the
indices 7 are taken modulo m. 1 = {P; : 0 <4 < m —1} is clearly a path double cover for K,, ,,

with m paths. Hence v2 (K, n) = m. This completes the proof. O

Proposition 2.14 Let m,n > 2.

3 if m=2 or n=2;
VQ(Pm X Pn) =
4 otherwise.

Proof By Lemma 2.2, vo(Py, X P,) > 3ifm=2orn =2and y(Py, x P,) >4if m,n > 3.

The reverse inclusion follows from Fig.8 and Fig.9.

Py P Py
P2 X P5
Fig.8
b » b q I L4 L4 ® . . ° s y °
P5 X P4
Fig.9
U

Proposition 2.15 Let m > 3, n > 3. v2(C,, x C,,) =5 if at least one of the numbers m and
n s odd.

Proof Since C,, x Cy, is a 4-regular graph, We have v5(C,, x C,) > 5 by corollary 2.3.

Since at least one of the numbers m and n is odd, C,, x C, can be decomposed into two
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hamilton cycles C; and Cy by Theorem 1.2. Let v € V(Cy, x Cy,). Since deg(v) = 4, there
exist four vertices ui,us,us and uy adjacent with v and exactly two of them together with v
are on C7 and the other two together with v are on Co. Without loss of generality assume that
< uyvug > and < uzvuy > lie on Cq and Cy respectively. Since deg(uy) = 4, there are vertices
us, ug, uy together with v are adjacent with uy as in Fig.10. As before assume that (usugug)
and (vugur) lie on C7 and Cs respectively. Let Ci(l), Ci(2) be the two copies of C;(i = 1,2). If
usug is in Cy then {(Cil) — (ugug)), (sz) — (uqug)), (02(1) — (vug)), (C§2) — (vug)), (ugvugueusz)}
is a path double cover for C,, x C,,. Otherwise usugs is in Cy and {(Cg) — (uqv)), (O§2) —
(uaug)), (C’él) — (vua)), (02(2) — (ugue)), (u1vuguguz)} is a path double cover for C,, x C,.
Hence v2(Cy, x Cp,) = 5. For the remaining possibilities it is verified that v2(Cy, x Cy) =5 in

a similar manner.

us U1
p q
Uy v
’U,7- T us
Ug U2
Fig.10

Proposition 2.16 ~(C,, x K3) =4 for m > 3.

Proof By Corollary 2.3, v2(Cy, x K3) > 4. Now We prove the other part. If m is odd then
take

P, =< ugu1v102U2U3V3 . . Upy— 2V —2Um—1 >}

Py =< ugugU1 U1 Ug2U3U3 - . . Upy—2Upm— oW —1Um—1 >

If m is even then take

P, =< ugu1v102U2U3V3 . . . Uppy—2Um—2Um—1 >

Py =< ugupU1u1Ug2U3U3 - . . Upy—2Vm —2Um —1Um—1 >

Vo
U1

V2

Cm X K2
Fig.11
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Let P3 =< uius ... Um_1UpV0Vm—1Vm—2 ... VU1 > and
Py =< u1uoUm—_1Vm_10oV1 > .

{P1, P2, P5, P,} is a path double cover for C,,, X K2 and 72 (C,,, X K2) < 4. Hence v2(C)y, X
Ky) =4. |

Proposition 2.17 ~v3(Kap41 0 Ko) =2n+1, forn > 1.

Proof Let V(Kap+1) = {vo,v1,v2, . ..,v2,} and let V(K2) = {ug,u1}. Let V; = {u},ui}, 0 <
i < 2n be the set of 2n + 1 vertices of Ka,4+1 o Ko that corresponds to a vertex v; of Kopy1.
Define for 1 < i < 2n, H; =< 09UV 410i—10i42Vi—2 « . . Upti—1Vn+it1Vn+iVo > (H; is nothing
but the Walecki’s Hamilton cycle decomposition[1]) where the indices are taken modulo 2n

except 0. Clearly {Hy, Ho, ..., Ha,} is a cycle double cover for Ko, 1. Then

K2n+1OK2 = (Hl@HQ@@HQH)OKQ
= HloKQEBHQOKQ@-HEBH2nOK2

where H; o K5(1 < i < 2n) is a cycle double cover for Ka,41 © Ko. Now remove an edge e;
from H; o K3(1 <i < 2n) so that < ejezes . ..eq, > form a path (See Example 2.18). Hence
Yo (Kont1 0 K2) = 2n+ 1. Since 6(Kaop4+1 0 K2) = 2n, We have v2(Kop41 0 K2) > 2n+ 1, by
Lemma 2.2. Hence vo(Kap+1 0 Ko) = 2n + 1. O

The following example illustrates the above theorem.

Example 2.18 Consider K5 o Ko, H; =< vg0;0;410;—1Vi4+2v9 >,1 < i < 4. The cycle double

covers for Ko,41 0 Ky are

H; o Ky =< u§uivduidviuduluduiudul >;

Hs o Ky =< u?u%u?u%u%ugu%ugu%uéu? >
Hj 0o Ky =< ufuduiuduiuduiujuiuiul > and

Hy o Ky =< ufuiuluduuduiuiuiuiud >.

Now remove the edges (u§ul), (uiu$), (uiu3) and (udu}) fromH; o Ko,
Hs 0 Ky, H3 0 Ko and Hy o K5 respectively so that < u?u%u%ugu% > form
a path. Hence vo(K5 0 Ko) = 5.
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81. Introduction

A Smarandache space is such a space that a straight line passing through a point p may turn
an angle ¢, > 0. If 6, > 0, then p is called a non-Euclidean. Otherwise, we call it an
Euclidean point. In this paper, normed spaces are considered to be Euclidean, i.e., every point
is Euclidean. In [7], S. G&hler introduced n-norms on a linear space. A detailed theory of n-
normed linear space can be found in [8], [10], [12]-[13]. In [8], H. Gunawan and M. Mashadi gave
a simple way to derive an (n—1)- norm from the n-norm in such a way that the convergence and
completeness in the n-norm is related to those in the derived (n — 1)-norm. A detailed theory
of fuzzy normed linear space can be found in [1], [3]-6], [9], [11] and [15]. In [14], A. Narayanan
and S. Vijayabalaji have extend m-normed linear space to fuzzy n-normed linear space. In
section 2, we quote some basic definitions, and we show that a fuzzy n-norm is closely related
to an ascending system of n-seminorms. In Section 3, we introduce a locally convex topology in
a fuzzy n-normed space, and in Section 4 we consider finite dimensional fuzzy n-normed linear
spaces.

82. Fuzzy n-norms and ascending families of n-seminorms

Let n be a positive integer, and let X be a real vector space of dimension at least n. We recall
the definitions of an n-seminorm and a fuzzy n-norm [14].

Definition 2.1 A function (z1,22,...,2n) — ||T1,...,2p] from X™ to [0,00) is called an

n-seminorm on X if it has the following four properties:

1Received April 14, 2009. Accepted May 12, 2009.
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(S|x1, 22, ..., xn|| =0 if 1,29, ...,2, are linearly dependent;
(S2) |x1, 22, ..., 2] is invariant under any permutation of T1,Za, ..., Tn;
(S3) |x1,y .- s Tn—1,cxn| = lcl|z1, - -« s Tno1, Zn| for any real ¢;

(54) ||$17-~-7$n—17y+2’|| < ||x17"'7wn—17y|| + ||$1,...,$n_1,2||.

An m-seminorm is called a n-norm if |x1,xa,...,z,|| > 0 whenever x1,xa,...,2, are

linearly independent.

Definition 2.2 A fuzzy subset N of X™ x R is called a fuzzy n-norm on X if and only if:

(F1) For allt <0, N(z1,22,...,2,,t) =0;
(F2) For allt >0, N(x1,22,...,2Zn,t) =1 if and only if x1,x9,...,x, are linearly depen-
dent;

(F3) N(x1,xa,...,x,,t) is invariant under any permutation of 1,22, ..., Tn;

(F4) For allt >0 and c € R, ¢ #0,
N(:z:l,xg,...,cxn,t):N(xl,xg,...,xn,m);
(F5) For all s,t € R,
N(z1,...,Zpn-1,y+ 2,8 +1t) >min{N(z1,...,2n-1,9,8), N(T1,...,Tpn_12,)}.
(F6) N(x1,22,...,2Tn,t) is a non-decreasing function of t € R and
lim N(x1,xza,...,2,,t) = 1.

t—o0

The following two theorems clarify the relationship between definitions 2.1 and 2.2.

Theorem 2.1 Let N be a fuzzy n-norm on X. As in [14] define for x1,xa,...,2, € X and
a€(0,1)

(2.1) |21, 22, s Znlla :=Inf {t : N(x1,29,...,20,t) > a}.
Then the following statements hold.

(A1) For every a € (0,1), ||e,e0,... 0|, is an n-seminorm on X;

(A2) If0<a< p<1andxy,...,x, €X then
||$17x27"'7wn”a < ||$1,$2,...,$n||ﬁ;
(A3) If x1, 29, ..., 2, € X are linearly independent then

lim |lz1,22,...,2Znlla = c0.
a—l—
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Proof (Al) and (A2) are shown in Theorem 3.4 in [14]. Let z1,22,...,2, € X be linearly
independent, and ¢ > 0 be given. We set 8 := N(z1,22,...,Zp,t). It follows from (F2) that
B €10,1). Then (F6) shows that, for « € (5,1),

|21, 22, ..y @n|le = t.

This proves (A3). O

We now prove a converse of Theorem 2.2.

Theorem 2.2 Suppose we are given a family ||e,e, ... o], @ € (0,1), of n-seminorms on X

with properties (A2) and (A8). We define

(2.2) N(z1,29,...,2n,t) :=inf{a € (0,1) : [|z1,22,...,Tnlla = t}.
where the infimum of the empty set is understood as 1. Then N is a fuzzy n-norm on X.

Proof (F1) holds because the values of an n-seminorm are nonnegative.

(F2): Lett > 0. If 21, . .., x, are linearly dependent then N(x1,...,x,,t) = 1 follows from
property (S1) of an n-seminorm. If 21, ..., z, are linearly independent then N (z1,...,2,,t) <1
follows from (A3).

(F3) is a consequence of property (S2) of an n-seminorm.

(F4) is a consequence of property (S3) of an n-seminorm.

(F5): Let a € (0, 1) satisfy

(2.3) a<min{N(z1,...,2n-1,y,8), N(x1,...,Zn_1,2,5)}.
It follows that ||z1,...,Zn—1,ylla < s and ||z1,...,2Zn—1, 2||a < t. Then (S4) gives
|21, s 1,y + 2]|a < s+t

Using (A2) we find N(x1,...,2p-1,y + 2,8 + 1) = « and, since « is arbitrary in (2.3), (F5)
follows.
(F6): Definition 2.2 shows that N is non-decreasing in t. Moreover, limy_,oo N(21,...,Zpn,t)
= 1 because seminorms have finite values. 0
It is easy to see that Theorems 2.1 and 2.2 establish a one-to-one correspondence between
fuzzy n-norms with the additional property that the function ¢t — N(z1,...,2,,t) is left-
continuous for all z1,xa,...,2, and families of n-seminorms with properties (A2), (A3) and

the additional property that « — ||z1,. .., 2|« is left-continuous for all 21, za, ..., 2.

Example 2.3(Example 3.3 in [14]). Let ||e,e,..., o] be a n-norm on X. Then define N(z1, x2,
vy Xp,t) = 01if ¢ <0 and, for ¢t > 0,

t

a t+ |z, @2, Tl

N(x1,22,...,%n,1)
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Then the seminorms (2.1) are given by

lz1, 22, ..., xnlla = |21, 22, ..., 2.

11—«

83. Locally convex topology generated by a fuzzy n-norm

In this section (X, N) is a fuzzy n-normed space, that is, X is real vector space and N is
fuzzy n-norm on X. We form the family of n-seminorms |je,e, ... e|,, a € (0,1), according to

Theorem 2.1. This family generates a family F of seminorms
lz1, ..., Zn-1,®||a, wherex1,...,2,-1 € X and a € (0,1).

The family F generates a locally convex topology on X; see [2, Def.(37.9)], that is, a basis of
neighborhoods at the origin is given by

{zeX pi(x)<e fori=1,2,...,n},

where p; € F and ¢; > 0 for i = 1,2...,n. We call this the locally convex topology generated
by the fuzzy n-norm N.

Theorem 3.1 The locally convex topology generated by a fuzzy n-norm is Hausdorff.

Proof Given z € X, x # 0, choose x1,...,x,-1 € X such that x1,...,x,_1,x are linearly
independent. By Theorem 2.1(A3) we find o € (0,1) such that ||z1,...,2p—1,%||a > 0. The
desired statement follows; see [2,Theorem (37.21)]. O

Some topological notions can be expressed directly in terms of the fuzzy-norm N. For
instance, we have the following result on convergence of sequences. We remark that the defi-
nition of convergence of sequences in a fuzzy n-normed space as given in [16, Definition 2.2] is

meaningless.

Theorem 3.2 Let {x}} be a sequence in X and x € X. Then {x} converges to x in the locally
convez topology generated by N if and only if

(3.1) lim N(ay,...,an-1,2r —x,t) =1

k—o0

forallay,...,an—1 € X and all t > 0.

Proof Suppose that {zy} converges to = in (X, N). Then, for every a € (0,1) and all
ai,az,...,an—1 € X, there is K such that, for all k > K, ||a1,as2,...,an-1,2x — z||oa < €. The
latter implies

N(ai,a2,...,0p—1,Z —T,€) = .

Since a € (0,1) and € > 0 are arbitrary we see that (3.1) holds. The converse is shown in a
similar way. O

In a similar way we obtain the following theorem.
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Theorem 3.3 Let {z1} be a sequence in X. Then {xi} is a Cauchy sequence in the locally
convez topology generated by N if and only if

(3.2) lim N(ai,...,0p—1,Zk — T, t) =1

k,m— o0

forallay,...,an—1 € X and all t > 0.

It should be noted that the locally convex topology generated by a fuzzy n-norm is not
metrizable, in general. Therefore, in many cases it will be necessary to consider nets {x;} in

place of sequences. Of course, Theorems 3.2 and 3.3 generalize in an obvious way to nets.

84. Fuzzy n-norms on finite dimensional spaces

In this section (X, N) is a fuzzy n-normed space and X has finite dimension at least n. Since
the locally convex topology generated by N is Hausdorff by Theorem 3.1. Tihonov’s theorem
[2, Theorem (23.1)] implies that this locally convex topology is the only one on X. Therefore,
all fuzzy n-norms on X are equivalent in the sense that they generate the same locally convex
topology.

In the rest of this section we will give a direct proof of this fact (without using Tihonov’s
theorem). We will set X = R? with d > n.

Lemma 4.1 FEvery n-seminorm on X = R is continuous as a function on X™ with the

euclidian topology.

Proof For every j =1,2,...,n, let {ZEj,k}zO:l be a sequence in X converging to z; € X.
Therefore, klim llzj.x — ;|| = 0, where ||z|| denotes the euclidian norm of z. From property
—00

S4) of an n-seminorm we get
( g
|||$1,k7x2,k7 L) 7:'[;77,,]6” - Hxlu x?,ku L] 7x’n,k||| S ||$1,]€ - $17$2,]€7 o '7:'[;77,,]6”'

Expressing every vector in the standard basis of R? we see that there is a constant M such that

lyisy2s -y ynll < Myl - [[ynll for all y; € X.
Therefore,
lim |21, — 21, T2k,---5 Tkl =0
k—oo
and so
lim ||z16, Z24ks---5 Tkl — |1, T2k,---y Znxll| = 0.
k—o0

We continue this procedure until we reach

lIm |21k, T2k, s Tokll = |21, @2, @0
k—o0
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Lemma 4.2 Let (R% N) be a fuzzy n-normed space. Then ||x1,%2, ..., %y, is an n-norm if
a € (0,1) is sufficiently close to 1.

Proof We consider the compact set
S = {(:vl, Zy..., Tp) € R™ : 21, x,..., &, is an orthonormal system in Rd} )
For each « € (0,1) consider the set
Sa ={(z1,22,...,25) €S ||x1,22,...,24], > 0}.

By Lemma 4.1, S, is an open subset of S. We now show that

4.1 S= U S,

(4.1) ac(0,1) &
If (x1, x2,..., x,) € S then (z1, x2,..., =) is linearly independent and therefore there is 3
such that N(21,22,...,2n,1) < 8 < 1. This implies that [|z1, 2,..., 2,[l5 > 1 so (4.1) is
proved. By compactness of .S, we find a3, as, ..., a,, such that

S=U S,
i=1
Let o = max{o, ag, ..., am}. Then ||z1, z2,..., x|, > 0 for every (z1, z2,..., z,) €S.
Let z1, x2,..., x, € X be linearly independent. Construct an orthonormal system

€1, €2,..., en from xy, x2,..., z, by the Gram-Schmidt method. Then there is ¢ > 0 such
that

llz1, x2,..., xul, =clle1, e2,..., enll, > 0.
This proves the lemma. O

Theorem 4.1 Let N be a fuzzy n-norm on R%, and let {z} be a sequence in R? and x € RY.

(a) {xr} converges to x with respect to N if and only if {xr} converges to x in the euclidian
topology.

(b) {xr} is a Cauchy sequence with respect to N if and only if {x} is a Cauchy sequence
in the euclidian metric.

Proof (a) Suppose {xy } converges to x with respect to euclidian topology. Let a1, as,...,a,—1 €

X. By Lemma 4.1, for every o € (0, 1),

lim |ai, ag,..., apn—1, o — x|, = 0.

k—o0
By definition of convergence in (R?, N), we get that {x;} converges to x in (R%, N). Conversely,
suppose that {x;} converges to = in (R% N). By Lemma 4.2, there is o € (0,1) such that
ly1,92, ..., ynll, is an n-norm. By definition, {z1} converges to x in the n-normed space
(R, |I|l.)- It is known from [8, Proposition 3.1] that this implies that {z}} converges to  with
respect to euclidian topology.

(b) is proved in a similar way. O
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Theorem 4.2 A finite dimensional fuzzy n-normed space (X, N) is complete.

Proof This follows directly from Theorem 3.4. O
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§1. Introduction

For an integer k, a Smarandache k-tiling of the plane is a family of sets called k-tiles that cover
the plane without gaps. Particularly, a Smarandache 1-tiling is usually called tiling of the plane
[8]. Tilings are known as tessellations or pavings, they have appeared in human activities since
prehistoric times. Their mathematical theory is mostly elementary, but nevertheless it contains
a rich supply of interesting problems at various levels. The same is true for the special class
of tiling called tiling by regular polygons [2]. The notions of tiling by regular polygons in the
plane is introduced by Grunbaum and Shephard in [3]. For more details see [4, 5, 6, 7].

Definition 1.1 A tiling of the plane is a collection S = {T; : i € I = {1,2,3,...}} of closed
topological discs (tiles) which covers the Euclidean plane E* and is such that the interiors of

the tiles are disjoint.

More explicitly, the union of the sets 71,75, ..., tiles, is to be the whole plane, and the
interiors of the sets T; topological disc it is meant a set whose boundary is a single simple
closed curve. Two tiles are called adjacent if they have an edge in common, and then each
is called an adjacent of the other. Two distinct edges are adjacent if they have a common
endpoint. The word incident is used to denote the relation of a tile to each of its edges or
vertices, and also of an edge to each of its endpoints. Two tilings 37 and o are congruent if &

may be made to coincide with 9 by a rigid motion of the plane, possibly including reflection

[1].

Definition 1.2 A tiling is called edge-to-edge if the relation of any two tiles is one of the
following three possibilities:

(a) they are disjoint, or

1Received April 8, 2009. Accepted May 18, 2009.
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(b) they have precisely one common point which is a vertex of each the of polygons, or

(c) they share a segment that is an edge of each of the two polygons.

Hence a point of the plane that is a vertex of one of the polygons in an edge-to-edge tiling
is also a vertex of every other polygon to which it belongs and it is called a vertex of the
tiling. Similarly, each edge of one of the polygons, regular tiling, is an edge of precisely one
other polygon and it is called an edge of the tiling. It should be noted that the only possible
edge-to-edge tilings of the plane by mutually congruent regular convex polygons are the three
regular tilings by equilateral triangles, by squares, or by regular hexagons. A portion of each

of these three tilings is illustrated in Fig.1.

Fig.1

Definition 1.3 The regular tiling S will be called r-monohedral if every tile in < is congruent
to one fized set T'. The set T is called the prototile of &, where r is the number of vertices for
each tile [2].

§2. o-Coloring

Let R? be equipped by r-monohedral tiling S, and let V(S) be the set of all vertices of the
tiling .

Definition 2.1 o-coloring of the tiling S . Is a portion of V() into k color classes such that:

(i) different colors appears on adjacent vertices, and for each tile T; € I there exist per-

mutation o from some color k.

(i) The exist at least o; such that O(c;) =k . where O(o;) is the order the permutation

We will denote to the set of all permutation the o-coloring by J(<).

Definition 2.2 The o-coloring is called perfect o-coloring if all tiles have the same permutation.
Theorem 2.1 The 3-monohedral tiling admit o-coloring if and only if k = 3.

Proof Let R? be equipped by 3-monohedral tiling & . If k& < 3, then there exist adjacent

vertices colored by the same color, which it contradicts with condition (i). If £ > 3, then the
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condition (i) satisfied but the condition (ii) not satisfied because as we know that each tile has

three vertices, so it cannot be colored by more than three colors, see Fig. 2.

N VNV VY YN

1

1/ 2y 1y 2
NANNANMNA

Fig.2

3 1 2
Hence the 3-monohedral tiling admit o-coloring only if k& = 3, and owill be o = (123). see

NN NN NN

§ 1 1 3 1 2 3 1 1
NANANNANANANA
Fig.3
Corollary 2.1 FEwvery o-coloring of 3-monohedral tiling is perfect o-coloring.

Theorem 2.2 The 4-monohedral tiling admit o-coloring if and only if k = 2 and k = 4.

Proof Let R? be equipped by 4-monohedral tiling & . If the & > 4, then the condition
(ii) not satisfied as in the 3-monohedral case, then k have only three cases k = 1,2,3 and 4.
If k = 1then there exist adjacent vertices colored by the same color which contradicts this will
contradicts with condition (i). If k = 3, the first three vertices colored by three colors, so the
forth vertex colored by color differ from the color in the adjacent vertices by this way the tiling

will be colored but this coloring is not o-coloring since the permutation from colors not found.
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Then the condition (i) not satisfied. If k = 2, the two condition of the o-coloring are satisfied

and so the tiling admits o-coloring by permutation o = (12), for all tiles T; € S, see Fig. 4.

Fig.4

If kK = 4, then V(S) colored by four colors, and in this case the 5-monohedral tiling admit
o-coloring by two methods. The first method that all tiles have the permutation o = (1234),

and in this case the o-coloring will be perfect o-coloring, see Fig. 5.

Fig.5

Fig.6
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The second method, if the T; has the permutation o = (1234). As we know, each tile surround-
ing by eight tiles four tiles adjacent to T; by edges, and other four tiles adjacent to T;, by vertices
then we can colored these tiles by the four colors such that all tiles have the permutation o
= (1234) and the tiles which adjacent by vertices will colored by some colors of & , such that each
tile has one of these permutation {«, 3,v,0}, where o = (12), 8 = (23),v = (34) and § = (41),
see Figure 6. Then will be J(3) = {0 = (1234),a = (12), 5 = (23),7 = (34),0 = (41)}. O

Corollary 2.2 The 4-monohedral tiling admit prefect o-coloring if and only if k = 2.

Theorem 2.3 The 6-monohedral tiling admit o-coloring if and only if k = 2,k = 3. and
k =6.

Proof If k > 6, then the condition (ii) not satisfied as in the 3-monohedral case. Now
we will investigate the cases where k = 1,2,3,4,5 and 6. If k = 1, then the condition (i) not
satisfied as in the 4-monohedral case. If k = 5or k = 4 we known that each tile has six vertices,
then in each case k = 5 or k = 4 the tiling can be colored by 5 or 4 colors but these colors
not satisfied the condition (i). Then at k& = Sor k = 4the coloring not be o-coloring. If k = 2,
the tiling coloring by two color then the vertices of each tile colored by two color, and the
permutation will be o = (12) for all tiles see Fig. 7.

Fig.7

If k = 3, the tiling coloring by three colors. So suppose that T; tile colored by o = (123), we
know that each tile surrounding by six tiles, then if the tile which lies on edge e; = (viv2) €
T; has the permutation ¢ = (123) thus the tiles which lies on ey = (v4v5) will colored by
a = (12) and the converse is true. Similarly the edges {es, e5}with the with the permutation
{o = (123456),0 = (34)} and {es,es} with {o = (123456),6 = (56)}. Then permutation
{0 =(123),8 = (23)} and {es,es} with {o = (123),5 = (13)}, then J(T) = {o = (123),a =
(12),5 =(23),6 = (13)}. see Fig. 8.
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Fig.8

If k= 6. the tiling coloring by six colors. Then if the tile which lies on edge e; = (v1v2) € T;

has the permutation o = (123456) thus the tiles which lies on ey = (v4v5) will colored by

a = (12) and the converse is true. Similarly the edges {ez,e5} J() = {o = (123456), a0 =
(12),8 = (34),8 = (56)}, see Fig. 9. 0

Fig.9

Corollary 2.3 The 6 -monohedral tiling admit prefect o-coloring if and only if k = 2.
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81. Introduction

Throughout this paper, all graphs considered are finite, undirected, loopless and without mul-
tiple edges. We refer the reader to [12] for terminology in graph theory.

Let G be a graph, with n vertices and e edges. Let N (v) be the set of neighbors of a vertex
v and N[v] = N (v) U {v}. Let d(v) = |N (v)| be the degree of v. A graph G is r—regular
if d(v) = r for all v. Particularly, if » = 3 then G is called a cubic graph. A vertex in a
graph G dominates itself and its neighbors. A set of vertices S in a graph G is called to be a
Smarandachely dominating k-set, if each vertex of GG is dominated by at least k vertices of S.
Particularly, if £ = 1, such a set is called a dominating set of G. The Smarandachely domination
number v, (G) of G is the minimum cardinality of a Smarandachely dominating set of G. For
abbreviation, we denote 71 (G) by v(G). A subset F of a minimum dominating set S is a forcing
subset for S if S is the unique minimum dominating set containing F'. The forcing domination
number f(G,~) of S is the minimum cardinality among the forcing subsets of S , and the

forcing domination number f (G,v) of G is the minimum forcing domination number among

1Received April 3, 2009. Accepted June 2, 2009.
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the minimum dominating sets of G ([1], [2], [5]-[7]). For every graph G, f (G,~) <~ (G). Also
The forcing domination number of several classes of graphs are determined, including complete
multipartite graphs, paths, cycles, ladders and prisms. The forcing domination number of the
cartesian product G of k copies of the cycle Cyp41 is studied.

The problem of finding the domination number of a graph is NP-hard, even when restricted
to cubic graphs. One simple heuristic is the greedy algorithm, ([11]). Let d, be the size
of the dominating set returned by the greedy algorithm. In 1991 Parekh [9] showed that
dy < n+1-—+2e+1. Also, some bounds have been discovered on 7 (G) for cubic graphs.
Reed [10] proved that v (G) < 2n. He conjectured that y(H) > [2] for every connected 3-
regular (cubic) n-vertex graph H. Reed’s conjecture is obviously true for Hamiltonian cubic
graphs. Fisher et al. [3]-[4] repeated this result and showed that if G has girth at least 5 then

5

7 (G) < 13n. In the light of these bounds on v, in 2004 Seager considered bounds on d, for

cubic graphs and showed that ([11]):

For any graph of order n, [H%—‘ < v(G) (see [4]) and for a cubic graph G, dg < n.

In this paper, we would like to study the forcing domination number for Hamiltonian cubic
graphs. In [8], the authors showed that:

Lemma A. If r = 2 or 3 (mod 4), then ~ (G,) =~ (G).
Lemma B. If r =0 or 1 (mod 4), then ~ (G/) =v(G) - 1.

Theorem C. If r = 1 (mod 4), then v (Go) = m [2] — [2].

§2. Forcing domination number

Remark 2.1 Let G = (V, E) be the graph with V = {v1,v9,...,u0,} for n = 2r and F =
{viv| |i = j| = 1 or r}. So G has two vertices v; and v,, of degree two and n — 2 vertices of
degree three. By the graph G is the graph described in Fig.1.

Ui V2 V3 Us  Up-1 Upr VUpgl Upg2 Upg3 Upga V2p—1 VU2p

Fig.1. The graph G.

For the following we put N,[z] = {z| z is only dominated by =} U {x}.

Remark 2.2 Suppose that the graphs G and G are two induced subgraphs of G such that

V(G) =V(G) = {vi,vn} and V(G) = V(G) — {v1} (or V(G") = V(G) — {var}).

Remark 2.3 Let Gy be a graph of order mn that n = 2r, V(Go) = {v11, v12, ...,

Vln, U215 V22, 0y V2ns ooy Umls Um2eens Umn b a0d B = U {wvgva] [ =1 = 1 or r} U{vinvpi| i =
1,2,...,m — 1} U{v110mn}. By the graph Gq is 3-regular graph. Suppose that the graph G;
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is an induced subgraph of Gy with the vertices v;1,vi1, ..., vin. By the graph Gy is the graph
described in Fig. 2.

‘e | Vo,
U31 ;o ! -
l':(;‘\f .. Ua(r+1)

Uz(2r—1) V2(r+2)

Fig. 2. The graph Gbo.

Proposition 2.4 Ifr =0 (mod 4), then f(G,v) < 2, otherwise f(G,v) = 1.

proof First we suppose that » = 1 (mod 4). It is easy to see that f(G,~v) > 0, because
G has at least two minimum dominating set. Suppose F = {v1} C S where S is a minimum
dominating set. Since y(G) = 2|r/4] + 1, for two vertices v, and v, in S, [N[vz] U N[v,]| > 6.
This implies that {ve,v,41} NS = 0, then v, 3 € S. A same argument shows that vs € S.
Thus S must be contains {v,47, v, ..., Va,_2, v, }, therefore f(G,v) = 1.

If r = 2 (mod 4), we consider S = {va, Vg, V10, e, Up, Ur 4, Upt8y ey U2p—6, V2r—2 }. Assign
the set F' = {v2} then it follows f(G,~) < 1, because |N,[x]| = 4 to each vertex z € S. On the
other hand since G has at least two minimum dominating set. Hence f(G,v) = 1.

If r = 3 (mod 4), for S = {v1,v5,09, ..., Up—2, Vyt3, Upy7, ..., V24, Uar |, the set F = {v1}
shows that f (G,~v) < 1. Further, since G has at least two minimum dominating set, then it
follows f (G,vy) = 1.

Finally let » = 0 (mod 4), we consider S = {v1, U5, Vg, ..., Ur_3, Up41, Up+3,

VpdTy veey Vop—5,Vor—1 }. If F' = {01,041}, a simple verification shows that f (G,~) < 2. O

Proposition 2.5 If r = 1 (mod 4) then f (Gl,fy) —0.

Proof By Lemma B, we have ~ (G/) = 2|r/4]. Now, we suppose that S is an arbi-

trary minimum dominating set for G'. Obviously for each vertex v, € S, |N,[v.]| = 4, so
{vr—1,0r42} C S. But {v2,—2,0,—2} NS = () therefore vo,_3 € S. Thus S must be contains
{Vr—5,VUp—9, .., Vrt10, Ur16}, then S is uniquely determined and it follows that f (G,, ”y) =0.0

Proposition 2.6 Ifr =0 (mod 4) then f (G”,W) =0.

Proof Let r = 0 (mod 4) and S be an arbitrary minimum dominating set for G with
V(G") = V(G) — {v1}. If {vay,v2,—1} NS # 0. Without loss of generality, we assume that
vor € S then S must be contains {vyy2,Vr—2, Vr_g, ..., V10, Vg, V2r—4, U2r—8, ---; Urtg ;. On the
other hand by Lemma B, ~ (G”) = 2|r/4] (Note that by Proof of Lemma B one can see
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v(G') = 4(G") where r = 0 (mod 4)). So the vertices v, v4, V44 and v,45 must be dominated
by one vertex and this is impossible. Thus necessarily v, € S, but {v,_1,v9,—1} NS =0
which implies ve,—o € S. Finally the remaining non-dominated vertices {v,41, Ur42,v2} is just
dominated by v,.42. Therefore the set S = {v4, vs, ..., Up—4, Uy, Urt2, Upt6, ..., V2r—2} 1S uniquely
determined which implies f (G”,fy> —0. 0

83. Main Results

Theorem 3.1 Ifr =2 or 3 (mod 4), then f (Go,~v) = m.

Proof Let r = 2 (mod 4) and S be a minimum dominating set for Go. If there exists
i € {1,2,...,m} such that S N {vi1,vin} # @ then it implies |S N G;| > 2 |r/4] + 1. Moreover
v(Go) =m (2 |r/4] + 1). From this it immediately follows that there exists j € {1,2,...,m} —
{i} such that |SNG,| < 2|r/4] + 1 and this is contrary to Lemma A. Hence SN {v;1,vin} =0
for 1 <4 < m. On the other hand f (G;,v) =1 for 1 <i < m which implies f (Go,7y) = m.

Now we suppose that r = 3 (mod 4) and S is minimum dominating set for Gy, such that
F={vi1|1<i<m}CS. Sincev;; € Sand~ (Go) =2 |r/4]+2 then {vi2, v;3}NS = () and this
implies v;(,43) € S. With similar description, we have {vis, vig, ey Vi(r—2)> Vi(r46)> Vi(r411)5 =+
Ui(2r,4)} C S. But for the remaining non-dominated vertices v;y, v;(2,) and v;(2,—1) necessarily
implies that v,y € S. Hence S is the unique minimum dominating set containing F'. Thus
f(Go,v) < m. A trivial verification shows that f (G/,7> f (G”,W) >1forie{1,2,..,m},
therefore f (Go,7y) = m.

1 4 m=0 (mod 3)
Theorem 3.2 f(Gy,7) = forr =1 (mod 4).

2 otherwise

Proof If m =0 (mod 3), we suppose that F' = {v1,} C S and S is a minimum dominating
set for Go. By Theorem C, we have v (Go) = m [n/4] — |m/3], then vz 1 € S. Here, we use the
proof of Propositions 4 and 5. From this the sets SNV (G1), SNV (Gz2), SNV (G3) uniquely
characterize. By continuing this process the set S uniquely obtain, then f (Gop,v) = 1.

If m =1 or 2 (mod 3), then the set F = {v1,,Vmn} uniquely characterize the minimum
dominating set for Gy, therefore f (Go,v) = 2. O

|Z]+1  fm=0 (mod3)
Theorem 3.3 f(Gp,v) = forr =0 (mod 4).
|Z]+3 otherwise

Proof 1f m =0 (mod 3) the set F' = {va1, Va(r44), Us(r44)s U8(r44), -++» Um—1(r+4) } determine
the unique minimum dominating set for Go then f (Go,7v) < |m/3] + 1. But v(G;) = 2 |r/4]
for |m/3] of G;s. Hence f (Go,v) = |m/3] + 1. The proof of the case m =1 or 2 (mod 3) is

similar to the previous case. O
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Abstract: Our work is motivated by a recent paper of Rivest [6], concerning permuta-
tion polynomials over the rings Z, with n = 2. Permutation polynomials over finite fields
and the rings Z, have lots of applications, including cryptography. For the special case
n = 2¥, a characterization has been obtained in [6] where it is shown that such polynomials
can form a Latin square (0 < z,y < n — 1) if and only if the four univariate polynomials
P(z,0), P(x,1), P(0,y) and P(1,y) are permutation polynomials. Further, it is shown that
pairs of such polynomials will never form Latin squares. In this paper, we consider bivari-
ate polynomials P(x,y) over the rings Z, when n # 2. Based on preliminary numerical
computations, we give complete results for linear and quadratic polynomials. Rivest’s result

holds in the linear case while there are plenty of counterexamples in the quadratic case.

Key Words: Permutation polynomials, Latin squares, Orthogonal Latin squares, Ortho-

morphisms.

AMS(2000): 05B15

§1. Permutation Polynomials

A polynomial P(x) = ag+a1z+...... +agz? is said to be a permutation polynomial over a finite
ring R if P permutes the elements of R. R. Lidl and H. Niderreiter [2] have described various
types of permutation polynomials over finite fields Fj,. Lidl and Mullen [3], [4] gave a survey of
various possibilities of polynomials over finite fields as permutation polynomials and also gave
the applications of these permutation polynomials. Rivest [6] has considered the class of rings
Zy, where n = 2% to study the permutaion polynomials. He derived necessary and sufficient
conditions for a polynomial to be a permutation polynomial over Z,,, where n = 2", in terms
of the coefficients of the polynomials. The following is from [6]:

Theorem 1(Rivest) Let P(x) = ag+a1z+......+aqx? be a polynomial with integral coefficients.
Then P(x)is a permutation polynomial modulo n = 2%, w > 2, if and only if a1 is odd and both

(az +ag+ ....... ) and (as + a5 + ...... ) are even.

Also, Rivest gave a result about bivariate polynomials P(x,y) giving latin squares modulo

1Received April 3, 2009. Accepted June 2, 2009.
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n = 2" w > 2. The following result is also from [6]:

Theorem 2(Rivest) A bivariate polynomial P(z,y) =3, a;jx'y’ represents a Latin square
modulo n = 2%, where w > 2, if and only if the four univariate polynomials P(z,0), P(z,1), P(0,y)

and P(1,y) are all permutation polynomials modulo n.

82. Latin squares

A Latin square of order n is an n X n array based on some set .S of n symbols, with the property
that every row and every column contains every symbol exactly once. In other words, every
row and every column is a permutation of S. Since the arithmetical properties of symbols are
not used, the nature of the elements of S is immaterial. An example of a Latin square of order

4 is shown below.

— e o |

N[~ [~ W

=W N
W | N[~ |

Two Latin squares A and B of the same order are said to be equivalent if it is possible
to reorder the rows of A, reorder the columns of A, and/or relabel the symbols of A in such a
way as to produce the square B. A partial Latin square of order n is an n X n array in which
some cells are filled with the elements of some n-set while others are empty, such that no row
or column contains a repeated element. A Latin rectangle of size k X n is a k x n array with
entries from S = {0, 1,2....,n — 1} such that every row is a permutation of S and the columns
contain no repetitions.

The following theorem is proved in [7]:

Theorem 3 If A is a k x n Latin rectangle, then one can append (n — k) further rows to A so

that the resulting array is a Latin square.

If L is Latin square of order s and n > 2s, then there is a Latin square of order n with L
as a subsquare [7]. Starting from a partial Latin square of order n, it is possible to complete it

to a Latin square of order n, see [5].

Theorem 4 A partial Latin square of order n with at most n — 1 filled cells can be completed

to a Latin square of order n.

Two Latin squares of order n are called orthogonal if each of the n? ordered pairs (0, 0), ., (n—
1,n — 1) appears exactly once in the two squares. A pair of orthogonal Latin squares of order

4 is shown below.
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W[ =] O
| W | O | =
= O | W | N
O |= N | w
WO
O N | W=
W =[O N
N | O =W

A Latin square is called self-orthogonal if it is orthogonal to its own transpose.Latin squares
and orthogonal Latin squares have been extensively studied since Euler considered it first in
1779. Euler knew that a pair of orthogonal Latin squares of order n existed for all odd values of
n and all n = 0(mod4). Euler went on to assert that no such pairs exist for n = 2(mod4), this
was known as Fuler’s conjecture for 177 years until it was suddenly and completely disproved
by Bose, Parker and Shrikhande. Indeed, the only exceptions are n = 2,6 and for all other
values, pairs of orthogonal Latin squares exist [5]. Recently, G. Appa, D. Magos, I. Mourtos

gave an LP-based proof that there is no pair of orthogonal Latin squares of order 6 (see [1]).

Rivest [6] considered such polynomials modulo n = 2%, where w > 2 and showed that
orthogonal pairs of Latin squares do not exist [6]. Here we have considered them modulo n, n #
2" and to our surprise, found that there are many examples of orthogonal pairs of Latin squares.
Based on preliminary computations, if n # 2%, we have found that a bivariate polynomial
can fail to form a Latin square even when these 4 univariate polynomials are permutation
polynomials. In a Latin square determined by P(z,y), values of P(z,0), P(z,1) , P(0,y) and

P(1,y) are given by the entries of first two columns and first two rows.

Theorem 5 A bivariate linear polynomial a + bx + cy represents a latin square over Z, if and

only if one of the following equivalent conditions is satisfied:

(1) both b and c are coprime with n;

(#3) a+bx, a+cy, (a+c) +bx and (a+b) + cy are all permutation polynomials modulo n.

Proof For linear polynomials over any Z,,we can observe that a + bx + cy forms a Latin
square if and only if a + bz, a + cy, (a + ¢) + bz, (a + b) + cy are permutation polynomials.
This is because, whenever b and ¢ are both co-prime with n, all those 4 polynomials will be
permutation polynomials and in those cases we can fill all the entries of the Latin squares by
just looking at first row and first column. As these are all distinct elements in the first row
and column, and polynomial bx + cy having only two terms, the entries are got by just adding

a(mod n) to all entries of bx + cy. So Rivest’s result holds in the linear case. U

Quadratic case: We also tried to characterize quadratic bivariate polynomials in this way. If
a polynomial P(z, y) represents a Latin square, then our 4 polynomials P(z,0), P(z,1) , P(0,y)
and P(1,y) will be obviously permutation polynomials, as they form the first two rows and first
two columns of the Latin squares. However, to our surprise, many quadratic polynomials failed
to form Latin squares, even though the 4 polynomials P(z,0), P(z,1), P(0,y) and P(1,y) are
permutation polynomials. The number of such polynomials over different rings Z,, are shown

below.
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Ring No. of polynomials Examples
Zg 48 1+ 5z + 2y + 22y + 3y?
Z7 1,050 r+y+zy
Zy 4,374 T+ y+ 2y + 3y?
Z10 1,440 9z + 9y + 8zy
Z11 8,910 10z 4 10y + 102y
Z1a 768 Tz + Ty + 10xy + 622 + 6y°
AR 1,8876 12z + 12y + 12zy
Z14 8,400 13z + 11y + 6y
Z15 3,720 8z + 14y + 14xy

However, there are plenty of quadratic bivariate polynomials which do form Latin squares.
But we are not able to characterize them using the permutation behavior of the corresponding
univariate polynomials. From the data collected, we observed that in all cases where P(x,y)
formed a Latin square, the cross term xy was always absent. Hence we could formulate and
prove two interesting results.

However, we need an interesting fact regarding orthomorphisms in proving the theorem.
The definition as well as proof of the theorem quoted are given in the well-known text of J.H.Van

Lint and R.M.Wilson, A Course in Combinatorics, chapter 22, page 297.

Definition 2.1 An orthomorphism of an abelian group G is a permutation o of the elements

of G such that x — o(x) — x is also a permutation of G.

Theorem 6 If an abelian group G admits an orthomorphism, then its order is odd or its Sylow

2-subgroup is not cyclic.

We are now ready to state and prove the main results of this paper:

Theorem 7 If P(x,y) is a bivariate polynomial having no cross term, then P(x,y) gives a

Latin square if and only if P(x,0) and P(0,y) are permutation polynomials.

Proof P(x,0) is the first column of the square and P(0,y) is the first row. If P(x,y) =
f(z)+g(y), looking at first row and column, we can complete the square just as addition modulo

n (which is a group). So, P(z,y) will be a Latin square. O

Theorem 8 Let n be even and P(x,y) = f(x)+ g(y) + zy be a bivariate quadratic polynomial,
where f(x) and g(x) are permutation polynomials modulo n. Then P(x,y) does not give a Latin

square modulo n.

Proof We assume that n is even and greater than 2. If f(x) is a permutation polynomial
then f(x)+ k is also a permutation polynomial. So, we can assume that k = 0.Now f(z)+ g(y)
always represents a Latin square whenever f(z) and g(y) are permutation polynomials, by the
last theorem. When x = ¢, the cth row entries will be P(c,0), P(c, 1), ......P(¢,n—1). ie., f(c)+
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g(0)+0, f(e)+g(1)+e, f(c)+9(2)+2¢, ....... ,fle)+g(n—1)4+(n—1)cLet f(c) = 0, a constant.
Then, 0+0,0+c, ...... ,0+ (n—1)c will be a permutation of {0,1, ...... ,n—1}if g.ed.(n,c) = 1.
So, let ¢ be such that g.c.d.(n,c¢) = 1 Without loss of generality, we may ignore the constant 6
in the sequence.Also g(0), g(1), .....,g(n — 1) is some permutation of {0,1,...,n —1}. The sum
of these two permutations fails to be a permutation of Z,,, since there are no orthomorphisms
of Z, as n is even. Hence the cth row contains repetitions and P(z,y) does not represent a
Latin square. O

In case of some bivariate polynomials, the resulting squares will not be Latin squares. But
we can get a Latin square of lower order by deleting some rows and columns in which entries
have repetitions.Obviously, number of rows and columns deleted must be equal. For example,
the polynomial 5z + 2y + 2xy + 3y2 over Zg will not form a latin square as shown below.

=N | W&o O

4
1
4
1
4
1

= OOt = W| N

1
4
1
4
1
4

OO =N W

)
0
1
2
3
4

The third and sixth rows as well as columns contain repetitions . In these rows and columns
we see only the entries 1 and 4. Deleting these two rows and columns, we get a square of order
4 x 4, which is a Latin square over the set {0,2,3,5}.

N [W | ot O
=N | O | Ot
Ol | O [N | W
O | Ot W N

Similarly, the bivariate P(x,y) = 9z + 9y + 8xy over Zyo will give a 10 x 10 square which
can be reduced to a Latin square of order 8 x 8 after deleting 2 rows and 2 columns, having

only the entries 3 and 8.

P@.y) for all odd y
YY) =
for all even y

oo

P(T.y) for all odd y
YY) =
for all even y

Similar expressions hold for P(z,2) and P(z,7), because P(z,y) is a symmetric polynomial.

So we delete the rows and columns corresponding to both z and y equal to 2 and 7.
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Rivest [6] proved that no two bivariate polynomials modulo 2%, for w > 1 can form a pair of
orthogonal Latin squares. This is because all the bivariate polynomials over Z,,, where n = 2%,
will form Latin squares which can be equally divided into 4 parts as shown below, where the
n/2 x n/2 squares A and D are identical and n/2 x n/2 squares B and C are identical.

So, no two such Latin squares can be orthogonal.

But we do have examples of bivariate polynomials modulo n # 2", such that resulting
Latin squares are orthogonal. The two bivariate quadratic polynomials 622 + 3y? 4 3zy + 2 + 5y
and 3z2 + 6y + 6y + 4z + Ty give two orthogonal Latin squares over Zg. Also, x + 4y + 3zy is
a quadratic bivariate which gives a Latin square orthogonal to Latin square formed by 6x2 +
3y? + 3zy + = + 5y over Zj.

084651327 04237 ]5]6]1]38
7108|4165 |1]3]2 718131264510
81465132710 210115348617
31271084 ]6]5]1 31715161 ]8]0]4]2
113(2|7|]0|8|4|6/|5 1126 |4|5|0|7|8]|3
2171018465113 51314867 (2(0]1
6 (5|13 |2]7]0]8]4 618104 ]2[3]|]7]|5
416|513 ]2]7]0]8 41510171813 ]1]2]|6
5111312708416 81671201534
Latin square formed by Latin square formed by
622 + 3y + 3wy + = + by 322 + 6y? + 6xy + 4w + Ty

We have found many examples in which the rows or columns of the Latin square formed
by quadratic bivariates over Z,, are cyclic shifts of a single permutation of {0,1,2,.....,n — 1}.
If two bivariates give such Latin squares, then corresponding to any one entry in one Latin
square, if there are n different entries in n rows of the other Latin square, then those two Latin
squares will be orthogonal. For instance, in the above example, the entries in the second square
corresponding to the entry 0 in the first square are 0,8,7,6,5,4,3,2,1. The rows of the first square
are all cyclic shifts of the permutation (0,8,4,6,5,1,3,2,7), not in order. Also the columns of the
second square are the cyclic shifts of the permutation (0,7,2,3,1,5,6,4,8), not in order. We have

listed below the number of quadratic bivariates that form Latin squares over Z,,, for 5 < n < 24.
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number of quadratic bivariates number of quadratic bivariates
n (with constant term = 0) n (with constant term = 0)
forming Latin squares forming Latin squares

5 16 15 64

6 16 16 32,768

7 36 17 256

8 1,024 18 32,888

9 972 19 324

10 64 20 512

11 100 21 144

12 128 22 400

13 144 23 484

14 144 24 4,096

The following have been noted from the extensive computations carried out on a Personal

Computer:

If we write a quadratic bivariate P(z,y) = a10x + an1y + a112y + a202? + agoy?, then the
numbers in the above table can be explicitly given as the possible choices for the coefficients in
P(z,y). We can clearly observe that if P(x,y) forms a Latin square then P(y, ) will form the

Latin square which is just a transpose of the former.

In Zy, there are 972 quadratics with constant term zero, forming Latin squares. These
polynomials have the coefficients a1g and ag; from the set {1,2,4,5,7,8}, coefficients asy and
apz from the set {0,3,6} and the coefficient a;; from the set {0, 3,6}. So,there are 6 choices for
both a9 and ag1, and 3 choices for each of the coefficients asg, age and a1;. So, the number of
such polynomials is equal to 6 X 6 x 3 x 3 x 3 = 972. Also we observe that in the case of Z,
where n is a prime or a product of distinct odd primes, the coefficients of 22, y? and zy are all
zero. So, in these type of rings we find the number of polynomials that yield Latin squares is
k2, where k is the number of possible coefficients of x and y. When n is a prime number, all
n — 1 nonzero elements of Z,, occur as coeflicients of both x and y. When n is a product of
distinct odd primes, then all the ¢(n) nonzero elements of Z,, which are coprime with n occur

as as coefficients of both = and y.

We tabulate a few cases below:

n number of P(x,y) set of possible values of ajp and ag;
3 4=22 (1,2}

5 16 = 42 {1,2,3,4}

7 36 = 66 {1,2,3,4,5,6}

11 100 = 102 {1,2,...10}
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n number of P(x,y) set of possible values of ajyp and ag;

13 144 =122 {1,2,...12}

15 64 =82 {1,2,4,7,8,11,13,14}

17 256 = 162 {1,2,....16}

19 324 =182 {1,2,....18}

21 144 = 122 {1,2,4,5,8,10,11,13,16, 17, 19,20}
23 484 = 222 {1,2,....22}

From the above table we can see that the number N of bivariate quadratic polynomials
P(z,y) with constant term zero which yield Latin squares is given by N = (p(n))?, if n is a

prime or product of distinct odd primes.

§3. Conclusion

We have examined Rivest’s results when n # 2. A computational study, though on a small
scale, has revealed lot of surprises. The bivariate permutation polynomials producing Latin
squares do not seem to depend on the behavior of the corresponding univariate polynomials.
Several pairs of orthogonal Latin squares are obtained through Latin squares got via permuta-
tion polynomials. It would be interesting to know the relation between the coefficients of the
polynomials and the relation to the Latin squares and if possible get an expression for their
number in terms of the prime decomposition of n. Also, the cubic and higher degrees seem to
be much more challenging and will be taken up for later study.
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Abstract: In [1] Acharya and Sampathkumar defined a graphoidal cover as a partition of
edges into internally disjoint (not necessarily open) paths. If we consider only open paths in
the above definition then we call it as a graphoidal path cover [3]. Generally, a Smarandache
graphoidal tree (k,d)-cover of a graph G is a partition of edges of G into trees Th, 75, - , T}
such that |E(T;)NE(T;)| < kand |T;| < d for integers 1 < 4,5 <. Particularly, if k = 0, then
such a tree is called a graphoidal tree d-cover of G. In [3] a graphoidal tree cover has been
defined as a partition of edges into internally disjoint trees. Here we define a graphoidal
tree d-cover as a partition of edges into internally disjoint trees in which each tree has a
maximum degree bounded by d. The minimum cardinality of such d-covers is denoted by
’yéwd)(G). Clearly a graphoidal tree 2-cover is a graphoidal cover. We find ’y;d)(G) for some
standard graphs.

Key Words: Smarandache graphoidal tree (k,d)-cover, graphoidal tree d-cover,

graphoidal cover.
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81. Introduction

Throughout this paper G stands for simple undirected graph with p vertices and ¢ edges. For
other notations and terminology we follow [2]. A Smarandache graphoidal tree (k, d)-cover of G
is a partition of edges of G into trees T4, T5,- -+ ,T; such that |E(T;) N E(T};)| < k and |T;| <d
for integers 1 < 4,5 < [. Particularly, if £ = 0, then such a cover is called a graphoidal tree
d-cover of G. A graphoidal tree d-cover (d > 2) .% of G is a collection of non-trivial trees in G
such that

(i) Every vertex is an internal vertex of at most one tree;

(i) Every edge is in exactly one tree;

(iii) For every tree T € Z,A(T) < d.

1Received March 6, 2009. Accepted June 5, 2009.
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Let ¢ denote the set of all graphoidal tree d-covers of G. Since E(G) is a graphoidal tree
d-cover, we have & # (). Let ygpd)(G) = 3;11151(% | #|. Then vgpd)(G) is called the graphoidal tree
€

d-covering number of G. Any graphoidal tree d-cover of G for which | 7| = vgpd)(G) is called a
minimum graphoidal tree d-cover.

A graphoidal tree cover of G is a collection of non-trivial trees in G satisfying (i) and
(#4). The minimum cardinality of graphoidal tree covers is denoted by v7(G). A graphoidal
path cover (or acyclic graphoidal cover in [5]) is a collection of non-trivial path in G such that
every vertex is an internal vertex of at most one path and every edge is in exactly one path.
Clearly a graphoidal tree 2-cover is a graphoidal path cover and a graphoidal tree d-cover (
d > A') is a graphoidal tree cover. Note that v7(G) < ”ygpd)(G) for all d > 2. It is observe that
WG > A—d+1.

82. Preliminaries

Theorem 2.1([4]) ~r(Kp) = [5].

Theorem 2.2([4]) v (Knn) = [3].

Theorem 2.3([4]) If m < n < 2m—3, then (K n) = [Z42]. Further more, if n > 2m—3,

3
then yr(Kpm,n) = m.

Theorem 2.4([4]) vr(Cp, x Cy) =3 if m,n > 3.

Theorem 2.5([4]) v7(G) < [5] if 6(G) > &.

83. Main results

We first determine a lower bound for 7 (d)(G). Define ng = }nng} n g, where 4 is a collection
€Y9a

of all graphoidal tree d-covers and n g is the number of vertices which are not internal vertices

of any tree in _Z.

Theorem 3.1 Ford > 2, yr(d)(G) > q— (p —naq)(d —1).

Proof Let ¥ be a minimum graphoidal tree d-cover of G such that n vertices of G are not
internal in any tree of .

Let k be the number of trees in ¥ having more than one edge. For a tree in ¥ having more
than one edge, fix a root vertex which is not a pendant vertex. Assign direction to the edges of
the k trees in such a way that the root vertex has in degree zero and every other vertex has in
degree 1. In ¥, let I be the number of vertices of out degree d and Iy the number of vertices of
out degree less than or equal to d — 1 (and > 0) in these k trees. Clearly l; + I is the number
of internal vertices of trees in ¥ and so l; + ls = p — n. In each tree of ¥ there is at most one

vertex of out degree d and so l; < k. Hence we have
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WD > kb g—(hd+1a(d—1) = k+q— (s +l2)(d — 1)y
= kt+q-—p-ne)(d-—1)—-lL 2qg—(p—n4)(d—1).

Corollary 3.2 vgpd)(G) >q—p(d-1).

Now we determine graphoidal tree d-covering number of a complete graph.

Theorem 3.3 For any integer p > 4,

—2d+1 .
p(p2 ) zfd<§;

(d)K _
VT( p) [%_I ifdzg.

Proof Let d > £. We know that *y(Td)(Kp) > yr(Kp) = [§] by Theorem 2.1.

Case (i) Let p be even, say p = 2k. We write V(K,) = {0,1,2,---,2k — 1}. Consider the
graphoidal tree cover #1 = {T4,T5,--- , Ty}, where each T; (¢ = 1,2,---,k ) is a spanning
tree with edge set defined by

ET) = {(i-14):5=d,i+1,---i+k—1}
U {(k+i—1,5):s=j(mod2k),j=i+k,i+k+1,---,i+2k—2}.

Now | _#1| = k = §. Note that A(T;) = k <d fori=1,2,---,k and hence yr(d)(kK,) = [§].
Case (i) Let p be odd, say p = 2k + 1. We write V(K,) = {0,1,2,---,2k}. Consider the

graphoidal tree cover #o = {T1,T%,--- ,Tk+1} where each T; (i =1,2,---,k ) is a tree with
edge set defined by

E(T) = {(i-14):j=di+1,-,i+k—1}
U {(k+i—1,8):s=j(mod2k+1),j=i+k,i+k+1,---,i+2k—1}.

E(Tk+1) = {(2kvj)j2071527 7k_1}

Now | 72| = k = §. Note that the degree of every internal vertex of T is either & or k4 1
and so A(T;) <d,i=1,2,--- ,k+ 1. Hence W(Td)(Kp) =[5]ifd>§.
Let d < £. By Corollary 3.2,

p(p—1) p(p—2d+1)
N

Remove the edges from each T; in _#; (or # ) when p is even (odd) so that every internal

W (Kp) > q+p—pd=

+p—pd=

vertex is of degree d in the new tree T formed by this removal. The new trees so formed

together with the removed edges form _Zs.
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If p is even, then #3 is constructed from _#; and

2k(2k — 1 —2d+1
| #3s|=k+q—k(2d—1) :k+% —k(2d—10:k(2k—2d+1):%.
If p is odd, then ¢#3 is constructed from _#> and
2k(2k +1 —2d+1
| /3| = k+14+q¢—k(2d—1)—d = k—i—l—i—g—Wsd—i—k—d = (2k+1)(14+k—d) = w
Hence *yrfrd)(Kp) = M, O

The following examples illustrate the above theorem.

Examples 3.4 Consider K¢. Take d =3 = & and V(K¢) = {vo, v1,v2,v3,v4, 5 }.

V2

vo U1
V4 Us
U3
V2
v vs vz U4
Vg Us Us Vo

Vo U1

Fig. 1
Whence %}3) (K¢) = 3. Take d = 2 < §.

vo U1 Vg V2 Us

b V2 Vo U3
Vo U3 vs Vg vy Vs
vy Vs V2 Vg V3 U1
Us Vo

V4

Fig.2
Whence %}2)(1{6) =3%(6+1-2x2)=0.

Consider K7. Take d = 4 = [§] and V(K7) = {vo,v1, v2,v3, 4, Vs, V6 }.
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Vo U1 V2

V6
Vs V4 U5
v vy V2 U3 U3 V4 Vo U1 V2
Vg U5 Vs Us Vs Vo Ve Vo U1
Fig.3
4
Whence, %EF) =4=[5]. Now take d =3 < [§].
vo ut v2 ve ve va Us
Vs V4 U5
v vy (%] VU3 V3 V4 Vo U1 V2 vs vy U1
Vg Vs Us Vs Ve Vo
Fig.4

Therefore, 75?([(7) =I(T+1-2x3)="T.

We now turn to some cases of complete bipartite graph.
Theorem 3.5 Ifn,m > 2d, then *y(Td)(Km_’n) =p+qg—pd=mn—(m+n)(d-1).

Proof By theorem 3.2, %Epd)(Kmm) >p+q—pd =mn— (m+n)d+m+ n. Consider
G = K2d,2d- Let V(G) = Xl U }/1, Where Xl = {.Il,IQ, e ,xgd} and Y1 = {yl,yg, e ,ygd}.
Clearly deg(z;) = deg(y;) = 2d, 1 <4,j < 2d. For 1 <17 < d, we define

To=A{(zi,y;) : 1 <j<d}, Tapi={(wi+a,y;) :d+1<j<2d}
Toavi = {(yi,xj) : d+1 < j <2d} and Tzayi = {(Yita,x;) 1 1 < j < d}.

Clearly, # = {T1,T5,--- ,Tuq} is a graphoidal tree d-cover for G. Now consider K, ,,, m,n >
2d. Let V(Kppn) = XUY, where X = {z1,22,- ,Zm} and Y = {y1,y2, - ,yn}. Now
for 4d +1 < 4 4d + m — 2d = m + 2d, we define T; = {(zj—24,y;) : 1 < j < d}.
For m+2d+1 < i < m+n, we define T; = {(¢i—m,z;) : 1 < j < d}. Then 7' =
(T, To,+ , Taas Taaits - Tmsods Tma2dits - s Tmant ULE(G) — [E(T}) 11 <i < m +n]} is
a graphoidal tree d-cover for K, ,. Hence | #'| = p+ ¢ — pd and so ”y(Td)(Km)n) <p+q—pd=
mn — (m +n)(d — 1) for m,n > 2d. O

The following example illustrates the above theorem.

<
<

Example 3.6 Consider Ky 19 and take d = 4.
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M\/N%\%\

yioye ys v Yo w7ty ye sty we us Y ws ye wr

T1

Te
Ys Ye 7yy5 Ye Ys T7 T8 Ts T T7 T8
Irs Tg T7 x8 X1 T2 T3 Tg4 1 T2 I3 Ta T1 T2 T3 T4
Ys Yo Y10 Yo Y9 Y9 Y9 Y10 Y10 Y10 Y10

&A\

T1 T2 T3 T4 T1 T2 T3 T4 T1 T2 T3 T4 5 Te L7 Tg Ts5 Te Ty I8

Fig.5
Whence, 744 = 18 + 80 — 18 x 4 = 26.
Theorem 3.7 ’y(Td)(KQd,LQd,l) =p+q—pd=2d—1.

Proof By Theorem 3.2, W (Kzq_124-1) > p+q—pd =2d—1. For 1 <i <d—1, we
define

Ti={(zi,y;) 1 < j < d} U{(yi, Tayy) : 1 <J <d =1} U{(@ari,Yary) : 1 <j <d—1}

Let Ty = {(xa,y;) : 1 <j<d}U{(yg,®a+j) : 1 <j<d—1}. Ford+1<i<2d—1, we
define T; = {(y;, ;) : 1 < j < d}. Clearly ¢ = {T1,T»,--- ,T2q—1} is a graphoidal tree d-cover
of G and so

W@y <2d—1=(2d—1)(2d—1—2(d— 1)) = q+p — pd.

The following example illustrates the above theorem.

Example 3.8 Consider K99 and d = 5.
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Y2 Ysys Ys Y1YsYaYs Y1Y29Y4Ys Y1Y2Y3yYs Y1Y2Y3ya

X1 X9 T3 XTq Is
Zg Zg g Ze
U1 xs Y2 xrs Y3 Te Ya xs
x7 Te T7 x7
Ze
Z7 xrg x9 Ys

Ys YrYs Yo Y6 Y71Ys Y9 YeY7rYsYo YeYrYslYo Te T7I8L9

Ye yr s Yo

T1 T3 T4 T1 T T3z g4 T1 T2 T3 T4 X1 T X3 T4

Fig.6
Thereafter, %}5)(1(979) =81+18—-90=09.
Lemma 3.9 vgpd)(K;;TﬁT) < 2r, where d > 2r and r >> 1.
Proof Let V(Ks3,) = XUY, where X = {z1,22, - ,23-} and Y = {y1,y2, - , Y3}

Case (i) ris even.

For 1 < s < r, we define

T, = {(‘TSvySnLi) 0 <r— 1} U {($5792r+5)} U {($r+5792r+5)} U {(y2r+svx2r+5)}
U {(iy2rts) : 1 <i<ri#£stU{(xrrs, i) 7 +5<i<3ri#2r+s}
U {(@r4s,yi): 1 <i<s—1,s#1}

and

Tr+s = {(ysvxs—i-i) 01 S ) S T} V) {(y87x27‘+8)} U {(yr+sux2r+s)}
U {(yi,zargs): 1 <i<ri#s2r+1<i<3ri+#2r+ s}
U AWrys, i) :r+s+1<i<3r1<i<s,i+#2r+s}.

Then 7, = {T1,T>,---,T>} is a graphoidal tree d-cover for Kz, 3., A(T;) < 2r and d > 2r.
(d)
So we have, vy’ (k3r,3r) < 27

Case (ii) r is odd.
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For 1 < s <r, we define

To = {(@eyss) :0<i <20 =13 U{(yrg,mi) s +1 < i <3ri # 7+ s}
U {(@arts,yi) : 2r+s <i < 3r}U{(zarts,yi): 1 <i<s—1,s#1}

Trvs = {(Ws,Tsqi): 1 <i <2r}U{(@pys,9i) :2r+1<i<3ri=1r+s}
U {(y2rts, i) :2r+s+1<i<3r,s Zr}U{(yorts,x:) : 1 <7 < s}
Clearly A(T;) < 2r for each ¢. In this case also #» = {11,T5,--- ,T> -} is a graphoidal tree

d-cover for K3, 3, and so ”y(Td)(Kgngr) < 2r when 7 is odd. O

The following example illustrates the above lemma for » = 2,3. Consider K¢ and Kg g.

vl T1 Y2 T2 T2 Y1 3 Y2
€3
Ye Ty
Y2 Ys Y3 Ts Te
Y1
X2 3 T5 T T4 Te Y2 ys Ys
/ /\ Ye Ys
Y3 Ys Y1 Ys
Ya Ya I g4 Lo 1 T2 Iy
Fig.7

Fig.8
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Theorem 3.10 %}d) (Knn) = [3] for d > [2] and n > 3.

Proof By Theorem 2.2, [22] = y7(Kpnn) and 7r(Kp ) < W(Td)(Kn)n), it follows that
vgpd)(Knm) > [22] for any n. Hence the result is true for n = 0(mod3). Let n = 1(mod3) so
that n = 3r + 1 for some r. Let ¢ = {T7,T3,--- ,T4,} be a minimum graphoidal tree d-cover

for K3, 3, as in Lemma 3.9. For 1 <7 <r, we define

T = T{ U{(2i,y3r41) }»
Trti = T74; U{(yi, x3r41)} and
Tor1 = {(@3r41,Yrg4) : 1 <0 < 2r + 1 U {(y3ra1, Trgi) 1 1 <0 < 27}

Clearly #5 = {T1,T5,--- ,Tor41} is a graphoidal tree d-cover for Ks, 1 3741, as A(T;) <
2r +1 = [2*] < d for each i. Hence vgpd)(Knm) = vgpd)(K3T+1,3T+1) <2r+1=[2].
Let n = 2(mod3) and n = 3r+2 for some r. Let _#3 be a minimum graphoidal tree d-cover

for K3,41,3r+1 as in the previous case. Let #5 = {T1,T5, -+ ,Tor41}. For 1 <14 <r, we define

T =T U{(zi,y3r+2) }

Ty 4 = Trti U{(yi, x3r12) },

T2/7‘+1 = T2r+17

Topyo = (w342, Trg) 1 1 <0 < 2r + 23 U{(y3r42, Trg) 1 1 <0 <27 + 11

Clea'rly’ /4 = {T]fv T2/7 o 7T2/7‘+2} is a graphOidal tree d-cover for K37‘+2,37‘+27 as A(/Tz/) <
2r+2= [%ﬂ < d for each 4. Hence 'Y(Td)(Kn,n) = ’Y(Td)(K3T+2,3r+2) <2r+2= (2?”] Therefore,
AN (Kpp) = [22] for every n. -

Now we turn to the case of trees.

Theorem 3.11 Let G be a tree and let U = {v € V(G) : deg(v) —d > 0}. Then W(Td)(G) =
> xvu(w)(deg(v) —d) + 1, where d > 2 and xy(v) is the characteristic function of U.
veV(G)

Proof The proof is by induction on the number of vertices m whose degrees are greater
than d. If m =0, then ¢ = G is clearly a graphoidal tree d-cover. Hence the result is true
in this case and 'y(Td)(G) = 1. Let m > 0. Let u € V(G) with degg(u) =d+s (s> 0).
Now decompose G into s+ 1 trees G1,Ga, -+ ,Gs, G511 such that degg, (u) =1 for 1 <i < s,
dega,,,(u) = d. By induction hypothesis,

'y(Td)(Gi): Z (degg, —d)+1=k;, 1<i<s+1.
degg, (v)>d

Now _#; is the minimum graphoidal tree d-cover of G; and | #Z;| = k; for 1 <i < s+ 1.
Let 7 = /11U _ZfoU---U _Foyg.

Clearly ¢ is a graphoidal tree d-cover of G. By our choice of u, u is internal in only one
tree T of #. More over, degr(u) = d and degg, (v) = dega(v) for v # u and v € V(G;) for
1 <i < s+ 1. Therefore,
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s+1 s+1

WS 1A= k= Y (dege,(v) —d) 1

=1 |degg,(v)>d

s+1

= Z Z (degg,(v) —d)| +s+1= Z (dega(v) —d)+s+1
=1 | degg, (v)>d dega (v)>d,v#u

= Y. (degov) —d) + (dego(u) —d)+ 1= Y (dege(v) —d) +1
dega (v)>d,v#u dega (v)>d

= Z xu (v)(degg(v) —d) + 1.
veV(G)

For each v € V(G) and degg(v) > d there are at least degg(v) — d + 1 subtrees of G

in any graphoidal tree d-cover of G and so ”y(Td)(G) > > (degg(v) —d) + 1. Hence
dega (v)>d

YW@ = T xu)(dega(v) —d) + 1. 0
veV(G)

Corollary 3.12 Let G be a tree in which degree of every vertex is either greater than or equal
to d or equal to one. Then ’y(Td)(G) =m(d—1)—p(d—2)— 1, where m is the number of vertices

of degree 1 and d > 2.

Proof Since all the vertices of G other than pendant vertices have degree d we have,

W= Y w)egew) —d)+1= Y xu(v)(dega(v) —d) +md —m + 1
veV(Q) veV(G)

= 2¢q—dp+md—m+1=2p—-2—dp+md—m+1 (assq=p—1)
= m(d—1)—p(d—2)—1.

O

Recall that ng = }nei%d n g and n = }1&}4 n g, where ¢ is the collection of all graphoidal

tree d-covers of G, ¢ is the collection of all graphoidal tree covers of G and n 4 is the number
of vertices which are not internal vertices of any tree in ¢ . Clearly nqg =n if d > A. Now we
prove this for any d > 2.

Lemma 3.13 For any graph G, ng =n for any integer d > 2.

Proof Since every graphoidal tree d-cover is also a graphoidal tree cover for G, we have
n < ng. Let ¢ = {T1,Ts,--- , Ty} be any graphoidal tree cover of G. Let ¥; be a minimum

graphoidal tree d - cover of T; (i =1,2,--- ,m). Let ¥ = [J ¥;. Clearly ¥ is a graphoidal tree
i=1

d-cover of G. Let ng be the number of vertices which are not internal in any tree of ¥. Clearly

ny = n_g. Therefore, ng <ngy =n g for ¢ € ¢, where ¢ is the collection of graphoidal tree

covers of G and so ng < n. Hence n = ny. O

We have the following result for graphoidal path cover. This theorem is proved by S.
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Arumugam and J. Suresh Suseela in [5]. We prove this, by deriving a minimum graphoidal

path cover from a graphoidal tree cover of G.

Theorem 3.14 ”y(Tz)(G) =q—p+no.

Proof From Theorem 3.1 it follows that 7%2)(6') > q—p-+n2. Let # be any graphoidal
tree cover of G and ¢ = {T1,T5,--- ,T;}. Let ¥; be a minimum graphoidal tree d-cover of T;
(i=1,2,---,k). Let m; be the number of vertices of degree 1 in T; (i = 1,2,--- , k). Then by
Theorem 3.12 it follows that 7(T2)(Ti) =m; —1foralli=1,2,--- k. Consider the graphoidal

k
tree 2-cover ¥ y = |J ¥; of G. Now
i=1

k k

k k k
W=D 10 = Y (mi=1)= mi+Y a—> pi
=1 =1 =1

=1 i=1

k k
q— Zpi + Zmi-
i=1 i=1

Notice that

k k
Z p; = Z(numbers of internal vertices and pendant vertices of T;)
i=1 i=1

k
= p—n/—FZmi.
i=1

Therefore, |¥ | = ¢ — p +n. Choose a graphoidal tree cover # of G such that n sy = n.
Then for the corresponding ¥ y we have |V 4| =q—p+n =q—p+na, as ng = n by Lemma
3.13. O

Corollary 3.15 If every vertez is an internal vertex of a graphoidal tree cover, then ’yq(?)(G) =
q—Dp-.
Proof Clearly n = 0 by definition. By Lemma 3.13, no = n. So we have ny = 0. O

J. Suresh Suseela and S. Arumugam proved the following result in [5]. However, we prove
the result using graphoidal tree cover.

Theorem 3.16 Let G be a unicyclic graph with v vertices of degree 1. Let C be the unique

cycle of G and let m denote the number of vertices of degree greater than 2 on C. Then

2 if m=0,
%E?(G) =9 r+1 m=1, deg(v) > 3 where v is the unique vertex of degree > 2 on C,

r oterwzse.
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Proof By Lemma 3.13 and Theorem 3.14, we have %}2) (G) = g—p+n. We have ¢(G) = p(G)
for unicyclic graph. So we have 71(?)((?) =n. If m = 0, then clearly 7%2)(6') =2. Let m=1
and let v be the unique vertex of degree > 2 on C. Let e = vw be an edge on C. Clearly
J = G —e, e is a minimum graphoidal tree cover for G and so n < r + 1. Since there is a
vertex of C' which is not internal in a tree of a graphoidal tree cover, we have n = r+ 1. When
m=1, 7%2)((?) =r+1. Let m > 2. Let v and w be vertices of degree greater than 2 on C' such
that all vertices in a (v, w) - section of C' other than v and w have degree 2. Let P denote this
(v, w)-section. If P has length 1. Then P = (v,w). Clearly ¢ = G — P, P is a graphoidal tree
cover of G. Also n = r and so W(TZ)(G) = when m > 2. Hence we get the theorem. O
Theorem 3.17 Let G be a graph such that ”y(TG) <HG)—d+1 (0(G) >d > 2). Then

W@ =g - p(d—1).

Proof By Theorem 3.2, 'y(Td)(G) > g—p(d—1). Let # be a minimum graphoidal tree cover
of G. Since § > yr(G), every vertex is an internal vertex of a tree in a graphoidal tree cover
# . Moreover, since § > d+ dr (G) — 1 the degree of each internal vertex of a tree in Jis > d.
Let ¥, be a minimum graphoidal tree d-cover of T; (i =1,2,--- ,k ). Let m; be the number of
vertices of degree 1 in T; (¢ =1,2,--- ,k ). Then by Corollary 3.12, for i = 1,2,--- , k we have

YU(T;) = —pi(d —2) +my(d — 1) — 1.

k
Consider the graphoidal tree d-cover U7 = |J ¥; of G.
i=1

k k
Yr| = | U ;| = Z(mi(d_ 1) —pi(d-2)-1)
k

k

= Z[(mi —pi)(d—1) + qi
i=1

k

Notice that

k k
Z p; = Z(numbers of internal vertices and pendant vertices of T;)
i=1 j

[l
=
_|_

\'M
E
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Therefore, |U7| = —(d — 1) 4+ ¢. In other words, vgpd)(G) < q—p(d—1). Hence, vgpd)(G) =

q—p(d-1) O

Corollary 3.18 Let G be a graph such that §(G) = [5] 4+ k where k > 1. Then %Epd)(G) =
g—p(d—1) ford <k+1.

Proof §(G)—d+1=[5]+k—-d+1>[5] > ~y7(G) by Theorem 2.5. Applying Theorem
3.17, %\P(G) = ¢ — p(d — 1). O

Corollary 3.19 Let G be an r-regular graph, where v > [5]. Then ’yrfpd)(G) =q—p(d—-1) for
d<r+1-[§].

Proof Here 6(G) = r and so the result follows from Corollary 3.18. O

Corollary 3.20 ”ygpd)(Kmyn) =q—p(d—1), where 2 <d < %T_" and 6 <m <n<2m—6.

Proof Consider

2m — 3m —2
S(G)—d+1 > m-— m3 "+1=mfm+"+1
m+n m—+n
Hence by Corollary 3.18, ”ygpd)(Kmyn) =q—p(d-1). O

Theorem 3.21 1\ (C,, x C) =3 for d > 4 and 42 (Cp x Cn) = q — p.

Proof For d > A(G) = 4, %Epd)(Cm x Cp) = y7(Cp X Cy,) = 3 by Theorem 2.14. Since
§(C x Cp) = 4 and v (Cy, x Cp) = 3, we have yp(Cy, x Cp) = 6(G) — d + 1 when d = 2.
Applying Theorem 3.17, 7(T2)(Cm x Cp)=q—p. O
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Abstract: A Smarandache k-orientation of G for an integer k > 0 is such an orientation
on G with exactly k£ oriented cycles. If & = 0, then it is the common acyclic orientation.
In C. Merino and D.J.A.Welsh, Forests, colourings and acyclic orientations of the square
lattice, Annals of Combinatorics, 3 (1999), pp. 417 C 429, the following conjecture appears:
If G is a 2-connected graph with no loops, then either the number of acyclic orientations or
the number of the totally cyclic orientations of G is bigger than the number of spanning trees
of G. In this paper we examine this conjecture for threshold graphs, which includes complete
graphs, and complete bipartite graphs. Also we show the results of our computational search

for a counterexample to the conjecture.
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§81. Preliminaries

The graph terminology that we use is standard and we follow Diestel’s notation, see [7]. We
consider throughout labelled connected graphs which may have loops and multi-edges. For a
graph G we denote by V(G) its set of vertices and by E(G) its set of edges. We denote by G\ e
the deletion of e from G and by G/e the contraction of e in G.

A Smarandache k-tree 7% for an integer k > 0 is a connected spanning subgraph of a
connected graph G with exactly k cycles. Particularly, if & = 0, i.e., 79 is the commonly
spanning tree which is a connected acyclic subgraph of G. A Smarandache k-orientation of G

is such an orientation on G with exactly k oriented cycles for an integer k£ > 0. Particularly, a

1Supported by CONACYT of México, Proyecto 83977
2Received Feb.25, 2009. Accepted June 12, 2009.
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Smarandache 0-orientation is the common acyclic orientation on G which contains no oriented
cycle, and it is totally cyclic if every arc is part of an oriented cycle. When G is connected, the
totally cyclic orientations correspond to the orientations which make G strongly connected. The
number of spanning trees, acyclic and totally cyclic orientations of a connected G are denoted
by 7(G), a(G) and o*(G), respectively.

1.1 Tutte Polynomial

As all the invariants mentioned here are evaluations of the Tutte polynomial, let us define it
and rephrase the conjecture in this setting.

The Tutte polynomial T(G; z,y) of a graph G in variables x,y is T(G;x,y) = 1 if G has
no edges, otherwise for any e € E(G):

Ri T(G;xz,y) = 2T(G/e; x,y), whenever e is a bridge;
Ry T(G;z,y) = yT(G\ e;2,y), whenever e is a loop;
Rs T(G;z,y) =T(G\ e;z,y) + T(G/e; x,y), otherwise.

In other words, T" may be calculated recursively by choosing the edges in any order and
repeatedly using the relations R1C Rj3 to evaluate T. The resulting polynomial T is well defined
in the sense that it is independent of the order in which the edges are chosen, see [3].

When evaluating the Tutte polynomial along different curves and points we get several
interesting invariants of graphs. Among them we have the chromatic and flow polynomials of a
graph; the all terminal reliability probability of a network; the partition function of a @Q-state
Potts model. But here we are interested in the evaluations at the three points T'(G;1,1) = 7(G),
T(G;2,0) = a(G) and T(G;0,2) = o*(G). Further details of many of the invariants given by
evaluations of the Tutte polynomial can be found in [21] and [5].

§82. Introduction

In 1999, Merino and D.J.A. Welsh were working in the asymptotic behavior of the number of

spanning trees and acyclic orientations of the square lattice Ln. They foresaw that

m|"‘

Tim (7(Ln))7* < Tim (a(Ly))7?.
(the result was later proved in [6]). So, for some big N and alln > N, 7(L,,) < a(Ly). They also
checked this for some small values of n. No proof of the inequality 7(L,) < a(Ly,) for all n has
been given yet. It is obvious that a(G) > 7(G) is not true for general graphs, like for example
the complete graphs K, for n > 5, but it is true for the cycles C,, for all n. By considering the
dual concept (more than the dual matroids, as it was important to stay in the class of graphic
matroids), namely the quantity a*, they convinced themselves that o*(K,) > 7(K,) forn > 5
was true but did not prove it formally. This small piece of evidence was enough to pose the

following
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Conjecture 2.1 Let G be a 2-connected graph with no loops, then
maz{a(G),a*(G)} > 7(G).

The conjecture can be stated in terms of the Tutte polynomial: let G be a 2-connected graph

with no loops, then
maz{T(G;2,0),T(G;0,2)} > T(G;1,1).

First let us consider why the conditions are necessary. Even though the conjecture is true
for trees, since 7(Ty,) = 1 < 2" = «(T},,), where T,, is a tree with n edges, in general we need
the condition of G being 2-connected. Take two graphs G; and G2 with the properties that
0 < a(Gy) < \%T(Gl), like Kg, and 0 < a*(G2) < %T(GQ), like C5, to have a couple of
counterexamples. One, by taking two copies of G; and joining them by an edge; this new graph
G3 has a bridge and it is such that a(G3) = 2¢%(G1) < 72(G1) = 7(G1) and o*(G3) = 0. The
other one, by attaching a loop to G2 to obtain Gy; in this case a*(G4) = 2a(G2) < 7(G2) =

7(G4) and a(G4) = 0. Also, the conjecture can be strengthened in several ways.

Conjecture 2.2 Let G be a 2-connected graph with no loops, then
T(G;2,0)T(G;0,2) > T*G;1,1).

If true, this conjecture would imply Conjecture 2.1. We denote the quantity T(G;2,0)T(G;0,2)
by v(G). We use this conjecture for the class of threshold graphs. Another such strengthened
is the following:

Conjecture 2.3 Let G be a 2-connected graph with no loops, then
T(G;2,0)+T(G;0,2) > 2T(G;1,1).

The interest in the conjecture goes beyond being an interesting combinatorial problem. As
seen by Conjecture 2.3 the problem is a first step towards checking the convexity of the Tutte
polynomial along the line from (2,0) to (0,2). Here is a rather more daring strengthening of

the conjecture.

Conjecture 2.4 Let G be a 2-connected simple graph with no loops, then T(G;x,y) is convex
along the the line from (2,0) to (0,2).

Our interest in the conjecture is in trying to understand the structure of the Tutte polynomials,
in particular, we believe there is a combinatorial structure in the graph G corresponding to the
evaluation along the segment x =1+1¢, y=1—tfor -1 <t < 1.

This article tries to provide further evidence for the truth of Conjecture 2.1 to make it more
plausible. The rest of the paper contains 3 more sections. In Section 3 we provide different
classes of graphs which satisfy the conjecture. Then, we explain some experimental results that
validate the conjecture for graphs with a small number of vertices. The final section contains

our conclusions.
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83. Theoretical evidence of the conjecture

Now, let us give some infinite families of graphs for which the conjecture is true. Evidently for
the examples of cycles C,, we have that a*(C,) = 2" — 2 > n = 7(C,,) for n > 2. By duality

the conjecture is also true for the graphs P with 2 vertices and n edges in parallel.

ulaz/;ufu ] clique
| %%af :
g Res3
S /

independent set

Fig.1 A threshold graph with w(G) =7 Fig.2 The case of Lemma 3.3, K;m

3.1 Threshold graphs

Threshold graphs are an important class of perfect graphs, see [16], and they can be considered
a generalization of complete graphs with which they share many properties. A threshold graph
is a simple graph G = (V, E) with V = {1,--- ,n} such that

(1) for w(G) > 2, the clique number of G, we have that the first w(G) vertices of G induce a
K. () while the last n — w(G) vertices form an independent set;
(2) for 1 <i<j<mn,we have that N(j) C N (i), where N (i) denotes the neighborhood of i.

Thus, a threshold graph is a complete graph K,,(g) to which we add n—w(G) simplicial vertices,
one by one, preserving the nested neighborhood. Threshold graphs are a kind of chordal graph.
Observe that, if G is not the complete graph, N(w(G) + 1) C N(w(G)).

We assume that d; > dy > -+ > d,, where d; is the degree of vertex i. We are concerned
just with d,, > 2 which is the same as requiring the graph to be 2-connected. When w(G) = n,
we have a complete graph.

One of the nice properties of threshold graphs is that the number of spanning trees and
the chromatic polynomial can be computed easily. In fact, for G, a connected threshold graph,

we have that

w(G)—1 n
&) =[] @+1 J] (3-1)
i=2 i=w(G)+1

The formula follows directly from a result due to R. Merris in [14]. Observe that when
w(G) = n, the formula is Cayleys formula for the number of spanning trees of K,. The
chromatic polynomial can be computed by using a classical result of Read on quasi-separations,
see [17], we have that



Comparing the Number of Acyclic and Totally Cyclic Orientations with That of Spanning Trees 83

w(G) n
xGz)=[[@-i+1) J[ @-d).
i=1 i=w(G)+1

Now, applying the famous result in [19] that relates the number of acyclic orientations and the

chromatic polynomial, namely o(G) = |x(G; —1)|, we get that

n

aG)=w(@)! [] @+1) (3—2)

i=w(G)+1

We start by giving some useful lemmas.

Lemma 3.1 Forz > 2,

1
x-i-%'

In(x+1) —In(x) <

Lemma 3.2 If G is a 2-connected graph with a vertez v of degree d, then (2¢ — 2)a*(G —v) <
a*(G).

Proof If a*(G —v) = 0, the result is trivial. Otherwise, choose any totally cyclic orientation
O, of G —v. Now, choose 6, as any of the 2¢ — 2 orientations of the edges adjacent to v that
do not make it a source or a sink. We extend 0s_,, to an orientation 65 of G by oriented the
edges on v according to 6,. We prove that this orientation is totally cyclic. Any arc v — w
with 4 # v # w is in a oriented cycle of fg_,. To an arc @ = v — u corresponds an arc
b =w— v by the choice of 8,,. The orientation 0s_, makes G — v strongly connected, so there
is a directed path from u to w; that together with w — v — wu form a directed cycle. Thus,
both @ and b are in an oriented cycle. 0

We prove that threshold graphs satisfy Conjecture 2.2 in three stages.

Lemma 3.3 If G is a threshold graph with degree sequence (dy,--- ,dy), dyp = -+ = ds = 2,
and w(G) = 3, then v(G) > 7%(G).

Proof The graph G is K ., plus the edge eg joining the two vertices of degree m, where
m = n— 2. We denote this graph by K ; m- By the deletion and contraction relation Rs applied
to eg, we get that the Tutte polynomial of G is the sum of the Tutte polynomials of the graphs
St2, and Ks, ,, where St2, is the graph obtained from a star with m edges by replacing every
edge by a 2-cycle. The first graph has Tutte polynomial (x + y)™. The Tutte polynomial of
Ky, could be easily computed by using the general formula for the Tutte polynomial of the
tensor product of graphs G; and G2, where, G is the graph P3" |, that is m parallel edges, and
(G is the path Ps of length 2. This particular case of the tensor product is also referred to as
the stretching of Gy, see [10]. We get that

m—1 7
T(Kom;2,y) = (x + 1)™! <Z (”y) —l—x2>. (3-3)
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By evaluating the Tutte polynomial of G at (1,1),(0,2) and (2,0) we obtain 7(G) =
2m=1(2 +m), o*(G) = 2"+ — 2 and a(G) = 2 x 3™. So, we want to prove that 6™ — 1 >
22m(1£2)2 ¢ is enough to prove that m In(3/2) > 2In(Z42). But basic calculus shows that
the function In(3/2)z — 2In(%£2) is positive in the interval [1,1). O

Let n > 4, m > 0 and let G be a threshold graph with degree sequence (dy,- -+ ,dntm)
such that dy =do=n+m—-1,ds=---=d, =n—1,and d,41 = -+ = dptm = 2. So, the
graph G is the parallel connection of K,, and the graph K2+ m along eg. We denote these graphs
by II(n,m).

Lemma 3.4 Forn >4 and m > 0, v(Il(n,m)) > 72(Il(n, m)).

Proof For n =4 and m > 0 we can use the formula for computing the Tutte polynomial of
the parallel connection given in [2] to get an expression for the number of spanning trees, acyclic
orientations and totally cyclic orientations. Thus, 7(IL(4,m)) = 2™*2(4 + m), a(Il(4,m)) =
8x 3T a*(II(4,m)) = 9x2m*T2-12. Then, v(IL(4,m)) > 72(I1(4,m)) for m > 0. By formulae
(3—1) and (3—2) and Lemma 3.2, we have the following recursive relations for acyclic and totally
cyclic orientations: a(Il(n+1,m)) = (n+1)a(II(n,m)), a*(Il(n+1,m)) > (2" —2)a*(II(n,m))
and for trees we have

n+m+1 n+1
n—+m

T(I(n + 1,m)) = 7hin+nﬂnmnmy
( )

n

Using these relations we get the following inequalities:

In(r?(I(n +1,m))) = In(r*(Il(n,m))) + 2In <%m;1)
+ﬂn—am("+1>+mMn+D

IN

In(7%(II(n,m))) + 2(n — 2)In (n: 1) +2ln(n+1)

< In(7*(T(n,m))) + In(2" — 2) + 2In(n + 1).

The last inequality can be proved using Lemma 3.1 for n > 5 and by direct computation for
n = 4. Now, by using induction we have that the last term is at most In((II(n,m))) + In(2" —
2) + In(n + 1). Algebraic manipulation and the recursive relations mentioned above give that
the last quantity is at most In((Il(n + 1,m))). O

For m = 0, a similar proof as above gives

Theorem 3.5 Forn >4, o*(K,) > 7(K,).

The quantity o* (K,,) has also the interpretation of being the number of strongly connected
labeled tournaments on n nodes, and its exponential generating function is given by 1 —1/(1+
f(z)) where
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( ) )

2 ) m

flay=Y 2\ = Jam/ml,
m>1

see [11] for details.

Finally, if G is a threshold graph with degree sequence (dy,- - ,dp,2,--,2) and we delete
the vertex labeled n > 3 with degree d,, = p, we obtain the (unique up to isomorphisms)
threshold graph G’ = G—{n} with degree sequence (di —1,--- ,dp—1,dps1, - ,dn-1,2,--- ,2).
If G is not the complete graph, then w(G) = w(G — {n}).

Lemma 3.6 If G is a threshold graph with degree sequence (di, -+ ,dn,2,--+,2) and d,, > 3,
then v(G) > 72(G).

_ T

il 1 i

A o » ot
)/ T

— I I independent set e
independent set |2 Lo

clique

Fig.3 The case of Lemma 3.4. Fig.4 The case of Lemma 3.6.

Proof If n = 2, and thus w(G) = 3, then the result is true by Lemma 3.3. If d,, = n — 1,
and thus w(G) = n, the result follows by Lemma 3.4. We assume that d,, =p <n — 1.

We have, by formula (3 — 1), the recursive relation 7(G) = p(z25)?~'7(G’). Thus we
obtained the following inequalities:

(r3(G)) = l(r*(&) +2(p— 1) (%) +In(p?)
< In(73(G")) + 6?52: ;) +In(p?)
< In(r(G") + 6;2 ;11) +1In(p?)

< In(7*(G")) + In(2F — 2) +In(p + 1),

where the second inequality follows by Lemma 3.1, the third inequality is because p < n—2, and
6(zx—1)
3x+4
[3,00) which can be proved by basic calculus. Using induction we have that the last expression

is at most In(y(G")) + In(2? — 2) 4+ In(p + 1). But by formulae (3 — 2) and Lemma 3.2 we have

the last inequality is because the function In(2* — 2) +in(p+1) — — In(2?) is positive in
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a(G) = (p+1)a(G') and o*(G) > (2P —2)a*(G"). Therefore, In(v(G’))+1n(2P —2)+In(p+1) <
Invy(G). O

Theorem 3.7 If G is a threshold graph, then max{a(G),a*(G)} > 7(G).

It is not difficult to modify the proof of the previous theorem to get the following

Theorem 3.8 If G is a threshold graph with degree sequence (dyi,--- ,d,) and d,, > 3, then
a*(G) > 7(G).

We believe that the same techniques can be used to prove that the conjecture is true for
chordal graphs.

3.2 Complete bipartite graphs

The complete bipartite graphs K, ,, also satisfy the conjecture. Using the matrix-tree theorem

m=tmn=1 For K3, equation

it is easy to prove that the number of spanning trees of K, ,, is n
(3 — 3) can be used to compute the number of acyclic orientations, and it can be checked that
T(Kam) =2""1m <2 x 3™ —2™ = a(Ka,y,) for m > 2.

The exponential generating function for the chromatic polynomial of K, ,, appears in [20].
Using the same technique the authors in [13] gave the exponential generation function for the
Tutte polynomial of K, ,,,. From that we get an expression for the exponential generating
function for totally cyclic orientations,

-1
D S o W O

I m) !
(n,m)#(0,0)eN2 em: (n,m)EN? m

By grouping terms, the right hand side can be written as the inverse of the exponential
generating function e¥ + e*x + e®¥x? /2! 4 - ... By solving we get e ¥ — x + (2¢¥ — e?¥)x2 /2! +
(6e3¥ — €% —6e2¥)2? /3! +- - -. Thus, a*(K1,m) =0 for all m > 1; a*(Ka,,) = 2™ —2 for m > 1
and o (K3 ) = 6™ — 6 x 3™ + 6 x 2™ for m > 1. We conclude that a*(K3 ,,,) is bigger than
T(K3 m) for m > 4.

For n > 3 we have the following recursive relations:

1
T(Kpnt1,m) = m(1 + E)m_lT(Kn,m)

and

o (Kpt1,m) = (2™ = 2)a™ (Kpm)-

Asn >3, In(1+1/n) <3/(Bn+1) <3/10 by Lemma 3.1. Thus, 7(n +1,m) < a*(n+ 1,m)
follows by induction as Inm + 3/10(m — 1) < In(2™ — 2) for m > 4. Putting these together we
have the following.

Theorem 3.9 For all m > n > 2, max{a(Knm), " (Knm)} > 7(Kpm).

— )
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84. Experimental data

Our experiments are based on two computer programs. Omne is TuLiC written in Java to
compute the Tutte polynomial for moderate-sized graphs. The program was developed by
Conde using the algorithm given in [18]. The program can be found at

http://ada.fciencias.unam.mz/ rconde/tulic/.

The second one is the Nauty package of Brendan McKay which we use to generate all non-
isomorphic 2-connected simple graphs, see [12]. We automatized the search for a counterexample

to Conjecture 2.1 by the following steps:

1. We generated eight files, each one containing all the non-isomorphic 2-connected simple

graphs of 3,4,5,6,7,8,9 and 10 vertices respectively, in a simple format that is easily parsed.

2. We wrote a program in the Java language that uses TuLiC’s libraries to evaluate the Tutte
polynomial of each graph at the points (1, 1), (2,0) and (0,2). The program enumerates all the
graphs and the output for each graph is of the form graph-number 7(G)a(G)a* (G) [true|false].

3. Finally, we made a shell script that uses the program described above to execute all the
experiments. The script needs at least two parameters: The input file, containing the graphs
to be tested, and the output file, where it puts the results.

For example, the output file at the end of the process for all the 2-connected simple graphs
on 5 vertices will look like this:

12 46 6 true
20 54 14  true
5 30 2 true
11 42 6 true
21 54 18 true
40 72 60 true
24 60 24 true
45 78 78 true
75 96 204 true
10: 125 120 544 true

To find a counterexample for the conjecture, we only needed to search these files for a line

© 00 N O Ut ke W NN

containing the word false. With the graph number, the graph can be extracted from the original
file. After we ran the experiments on all the graphs, in total 9,945, 269, no counterexample was

found.

§5. Conclusion

We proved Conjecture 2.1 for some infinite families of graphs and so we have provided evidence

that makes the conjecture more plausible. There are some more families; for example Marc Noy
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(private communication) proved that 7(G) < a(G) when G is a maximal outerplanar graph by
using contraction-deletion.

However, we were unable to prove anything relevant for graphs with multiple edges or, the
dual concept, with edges in series. It remains to be discovered if by checking graphs with a
good mixed of multiple edges and edges in series a counterexample can be found.

There are several related problems. For example, the complexity of deciding if a(G) is
bigger than 7(G) is not clear. Computing exactly a(G) is #P-complete, see [10], but this is
much more than is needed. In [4] an FPRAS for a(G) is given provided G has girth at least
(54 &)logan. So, for this class of graphs, there is an FPRAS for the quantity a(G) — 7(G).

Our results about complete bipartite graphs suggest that Conjecture 2.1 may be true for
graphs that either contain two edge-disjoint spanning trees or in which the edge-set is the union
of two spanning trees. Probing the conjecture for 4-edge-connected graphs would be a good first
step but we were not able to do that. However, this can be proved for a similar class of graphs. If
G is an n-vertex m-edge graph with edge-connectivity (log(n)), then o*(G) = 2™(1—-0(1/n))
by a result in [9]. We also have a general upper bound for 7(G) given in [8]; that is,

o () (5

where [] d; is the product of the vertex-degrees. Since 2™ is bigger than the last quantity, this

i
class of graphs also satisfies the conjecture.
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Abstract: A Smarandache graphoidal tree (k,d)-cover of a graph G is a partition of
edges of G into trees T1,T%,--- ,T; such that |E(T;) N E(T3)| < k and |T;| < d for integers
1 <4,j <. In this paper we investigate the garphoidal tree covering number vr(G), i.e.,
Smarandache graphoidal tree (0, co)-cover of complete graphs, complete bipartite graphs and
products of paths and cycles. In [5] M.F.Foregger, define a parameter z’(G) as the minimum
number of subsets into which the vertex set of G can be partitioned so that each subset

induces a tree. In this paper we also establish the relation 2z'(G) < yr(G).

Key Words: Smarandache graphoidal tree (k, d)-cover, graphoidal tree cover, complete
graph, complete bipartite graph, product of path and cycle.
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§1. Introduction

By a graph we mean a finite, undirected graphs without loops and multiple edges. Terms not
defined here are used in the sense of Harary [6]. Any vertex of a graph H of degree greater than
1 is called an internal vertex of H. A Smarandache graphoidal tree (k,d)-cover of a graph G is
a partition of edges of G into trees Ty, Ts, - -+ , T} such that |E(T;) N E(T;)| < k and |T;| < d for
integers 1 < ¢, 5 < [. Particularly, a Smarandache graphoidal tree (0, 0o)-cover, usually called a

graphoidal tree cover of G is a collection of non C trivial trees in G such that
(i) every vertex is an internal vertex of at most one tree;

(9) every edge is in exactly one tree.

Let ¢ denote the set of all graphoidal tree covers of G. Since E(G) is a graphoidal tree
cover, we have ¥ # (). We define the graphoidal tree covering number of a graph G to be

the minimum number of trees in anygraphoidal tree cover of G, and denote it by yr(G). Any

1Received March 16, 2009. Accepted June 15, 2009.
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graphoidal tree cover ¢ of G for which | #| = y7(G) is called a minimum graphoidal tree

cover.

Example 1.1 Consider a graph G given in the Fig.1.

V2

0 U3
N— —

Vg
Fig.1
Let Ty, T5 and T3 be the trees in Fig.2.
(%) (%)
Uy Uy U1 U3
U1 U3
Vs VU3
U1

Ve Ve Us

Fig.2

It is easy to see that the graph G in Fig.1 cannot be covered by two trees. Since the three
trees shown in Fig.2 form a graphoidal tree cover, v (G) = 3.

Observation 1.2 If deg(v) > vr(G), then v is an internal vertex in some tree in every minimum

graphoidal tree cover.

Observation 1.3 For a (p,q) graph G, 77(G) = [;4].

Observation 1.4 ~p(G) > @ if 6(G) > 0.

§2. Preliminaries

7(@) is the minimum number of subsets into which the edge set F(G) of G can be partitioned so
that each subset forms a tree. A cyclically 4-edge connected graph is one in which the removal

of no three edges will disconnect the graph into two components such that each component
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contains a cycle. We state some preliminary results from [2] and [4].

Theorem 2.1([4]) 7(K,)=[5].

Theorem 2.2([2]) If G is a 2-connected cubic graph with p vertices, p > 8, then 7(G) < [ §].
Theorem 2.3([2]) If G is a 3-connected cubic graph with p vertices, p > 12, then 7(G) < [£].

Theorem 2.4([2]) If G is a cyclically 4-edge connected cubic graph with p vertices, 8 < p < 16
then 7(G) = 2.

83. Complete and complete bipartite graphs
We first determine the graphoidal tree covering number of a complete graphs.

Theorem 3.1 ~7(K,) = [5].

Proof From observation 1.4, it follows that y7(K,) > [§]. We give a construction for the
reverse inclusion. First, let n be even, say n = 2k. For ¢ = 1,2,--- , k, let T; be the tree shown
in Fig.3 (subscripts modulo n). The Standard Rotation Method shows that this is true. ( see
Fig.4 for the case n = 8).

v
i+l Voktim1
Vit2 °

. Vi Vi+k
. Vi+k+2
Vit k—
t+k—1 Vitk+1
Fig.3
(%) V3 V4 Vs
U3 Vg U5 Vg
U1 U2 U3 Vg
Vg Us V6 U7
U5 V6 v Us
Us U1 U2 U3
U7 Us U1 V2
Vg U7 Us U1

Fig.4
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For n odd, delete one vertex from each tree in the decomposition given for K, ;. The

result is clearly a graphoidal tree cover for K, once isolated vertices are removed. O

We now turn to the case of complete bipartite graphs, beginning with a general result on
the diameter of trees in a minimum graphoidal tree cover. The following standard notation is
used for the partite sets of Ky, , with m <n: X = {z1,22, - ,&m} and Y = {y1,y2, - , Yn -

Lemma 3.2 If a minimum graphoidal tree cover ¢ of K, n contains a tree with a path of

length> 5, then it also contains a tree with exactly one edge.

Proof Let T' € # contain a path P = (z1,y1, %2, Y2, 3, Y3, --) where z; € X and y; € Y.

Since y; and x3 are internal in 7', these cannot be internal in any other member of #. Therefore

Ty ={(nrs)}t € 7. O

Lemma 3.3 Ifm <n <2mC 3, vp(Kmn,n) > [m;n]

Proof Suppose Yp(Kp,,) = r with r < [Z42]. Let ¢ be a minimum graphoidal tree
cover of K, . Since §(G) =m > ™2 > r (as n < 2mC 3), by Observation 1.3, we have every

vertex is an internal vertex of a tree in _¢#.

Claim 1. No tree in _# can have more than two internal vertices from X with a common
neighbor from Y. Suppose 1,2, ,xr (k > 3) are all adjacent to y; in Th of #. Then the
sum of degrees of x1,x9,-- ,x in Ty is at most n+ k — 1. But each z; (i = 1,2,--- ,k) is an
end vertex in at most r — 1 other members of #. So they have at most n+k—1+k(r—1) total
adjacencies in _#. Since r < 242 n4+k—1+k(r—1) < 3"+3k73+§(m+n)73k < "(2§+3) —1(m <
n) =nk— (@ +1) < nk (k > 3), a contradiction. Hence we have Claim 1.

Claim 2 There exists a minimum graphoidal tree cover #’ such that no tree in #’ has a
path of length> 5.

Suppose T1 € _# has a path (z1,y1, 2, Y2, 23,3, - - ). Then by the previous lemma, a tree
T in _# has just the single edge yi1x3. Let T7 be the tree containing s obtained by removing
the edge yixo from T4. Let T be the tree (I7 —T7) UTs. Let #{ be the graphoidal tree cover
obtained from ¢ after replacing T4,T> by T}, T4 respectively. If there is a tree in _¢{ again
contains a path of length> 5 we repeat this process for _#{ and so on. Finally we get the
required minimum graphoidal tree cover _#’. Hence we get Claim 2.

Now we can assume that no tree in _¢# has a path of length > 5.

Claim 3 No tree in _# can have more than two internal vertices from Y with a common

neighbor from X.

Suppose there is a tree Th in _# containing k internal vertices y1,y2,- -, yx (kK > 3) with
a common neighbor z1. Since m > 7 (G) and every vertex is an internal vertex of a tree in
#, there is a tree in ¢, say, T» containing at least two vertices from X as internal vertices.
By Claim 2, the internal vertices of a tree in _# form a star and so the internal vertices from
X in T, have a common neighbor from Y. By Claim 1, 75 has exactly two internal vertices
zo and z3 from X with a common neighbor y, from Y. Between xo,x3 and y1,y2, -+ , Yk

there are 2k edges in K, . Clearly xo and z3 can be made adjacent with two y’s in T7. Let
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it be y; and y2. Now y1,y2, -+ ,yr can be made adjacent with z’s in T5. But it will cover
exactly k + 2 edges (out of 2k edges) and so by the definition of graphoidal tree cover, each
uncovered edge is a tree in _#. Without loss of generality let T3, Ty, - - - , T} be the trees with
edges (ys, z1y), (Ya, T1,)s - -+ » (Y, 21, ) Tespectively, where [; € {2,3}, 3 < ¢ < k. By Claim 2 the
internal vertices of 17 form a star. Removing all the edges incident with y; from 77 to form the
tree T} (3 <i < k). Let T} be the tree formed by the remaining edges of T3 after the removal.
Now each T; in _# is replaced by T; UT; for 3 < i < k. Also replace T} in ¢ by T7. If 7
again contains a tree having more than two internal vertices from Y with a common neighbor
from X. We repeat the above process and so on. Hence we have Claim 3. From Claims 1, 2
and 3, it follows that no tree in ¢ has more than three internal vertices. Since every vertex of
K, » must be an internal vertex of a tree in _# and v (K, ) = r, we have only 3r ( <m+n
) internal vertices in ¢ . This is a contradiction. Hence yp (K, ) > [242]. O

Theorem 3.4 If m < n < 2mC 3, then yp(Kmn) = [242]. Furthermore, if n > 2m — 3,
then Y (Kpm.n) = m.

Proof By Lemma 3.3, yp(Kp,n) > [242]. Next we proceed to prove yp (K, n) < [242],
where3§m§n§2m—3.Letr—L n| = 2m— "+kwherek1501or2

Define for 1 <i <r

Py = {(zi,yixrqa)} U{(ys, ) : § # dr+i51 < j <m—k}U{(zs,y5) : 7 < j <
m—r—k}U{(@ryi,y;) :m—r—k<j<n-—k}

For 1 <i<m — 2r — k we define

P = {(yr+ia$2r+iaymfrfk+i)} U {(‘T2r+iayj)§j ?’é r+im—r—k+ir<j<n-— k} U
{(yTJrian) cr+1<j<2rpU {(ymfrkarian) 1<j<r)

For k=1

mer:{(xmayn)}u{(xmvyj) 1<y Sn_l}u{(ynvxj) 1<y Sm_l}

For k=2

Pm—r—l — {(xm—luyn—l)} U {(xm—layj) 01 S] S nC 2} U {(yn—luxj) 1 S .7 S mC 2}7
Py ={(@m, Yn)} U{(@m,y5) 1 1 <G <n =1} U{(yn,75) : L < j <m— 1}

Clearly # ={Pi,P», -, Pn_.} is a graphoidal tree cover for K,, . Therefore vr(K,, ) <

m+§7,+k S I‘mgrn‘| .

m—r=

Let n =2m —2+k, k > 0. Suppose that y7 (K, n) # m. Then there exists a graphoidal
tree cover _# with at most m — 1 trees. Since §(G) > m — 1, it follows that every vertex is an
internal vertex of a tree in _#. If z; is an internal vertex of a tree T' in _# then deg;(x;) >
2m —2+k— (m—2) = m+k. This implies that in any minimum graphoidal tree cover exactly
one vertex of X should be internal in a tree. But there are m vertices and |_#| < m — 1. This

leads to a contradiction. Hence yp (K, ) > m. Clearly, y7 (K, n) < m and so

yr(Kpm.n) = m. |
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The following examples illustrate y7 (K, n) = [242].

Example 3.5 (i) Consider K4 5. Clearly k =0 and r = 1.

Y2 Y3 Z2
Y2
T1
3 Y3 z3
Y1
T4 Ys
Z2 Ya
Ye Ys T1

(79) Consider Kgg. Clearly r =2 and k = 1.

Ys Y4 Ys
T1 ]
Te Y1 Ly
X5
T7
xs3
Ye Y7 Y8

4

I3 x
Ya

Ye

Y3
Te

Ys Ya
Yr

X1 X

2

Z2
Y3
Ya T4
Y2
Ys
T1
Fig.5
Ys Yas Ys 3 24
6 X2 1 Y3
Y7 Ya
x7
Y2 3
x ’ x
5 Ys 5 Ys
T4 Ye
Ye Y7 Y8 x1 X2
T3 Xy Ya Ys
Ye
Ys Y3
Y6 Ys Y2 Yy
Y1 M
o Y4
Yr T xT7
Ys X2
X1 X9

€r3 T4

Fig.6
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(9i) Consider K12,13. Clearly r =3 and k = 2.

Ya Ys Ye

Y7 Y4 Ys Ye¢ Y7 Ya Ys Ye¢ Y7
Z10
T Z10 T2 z3
X1 T
Z9 Z2 Z10
z3
Zg
xs Tg T2
xs Ty
Y1 Y1
Z7 xs Te Ts Y3 T4
XI5 Zs
T XTq xT7 Ty
x5 Ye
Ys Yo Yo Y1 Ys Yo Yio Y1 Ys Yo Yo Y1
Ts Ts
T4 Te T4 Te
Y4
Y4 Y11 Ys
Y11
Ys Ye
Y10 Ye Yyr
X7 Y10 Ys
Y9
Y7
Ys Y10
Z1 Z2 €3 Z1 €2 €3 T1 €2 x3
Ty Ts5 Te Y11 Yio Y2 Y
Y10 yr Ya
Y9 Ys
10
Ys
Y11 Ys
T T2 xs3 1 x2 Z10

Fig.7
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84. Product of paths and cycles

Theorem 4.1 (a) yvp(Pp X P,) = 2 for integers m,n > 2;
(0) vr(Pn x Cp,) =2 for integers m > 3, n > 2;

(¢) yr(Cm x Cyp) = 3 for integers m,n > 3.

Proof The fact that P, xCs, and P,, X Ca,41 can be decomposed into graphoidal tree covers
of order 2 clearly follows from Fig.11 and Fig.12. Hence (b) follows. It is easily seen that deleting
the edges (Wi1, Wiy), i = 1,2,3,--- ,m ( from Fig.8, Fig.9 and Fig.10) produces a graphoidal
tree cover for P, X P, and so (a) follows. Since C,, x C,, is 4-regular, v7(C,, x Cy,) > 2. Now
consider the minimum graphoidal tree cover {T1,T2} of P,—1 X C,,.

Wi W10
A R F S S S S SR
We.1 Ws.10

P6 X PlO
Fig.8

: > - - - - - - — o
' b - — — — - — .‘ >
| ~ % =
|

> - - - - - - -~ ¢

PQ X P3 :
— e - - E
.o

Fig.9
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L L L Lo
A A 4mne- b
R [ * - - - - ----
S S (G S G
P6><P9
Fig.10

Here in Fig.11 and Fig.12 thick lines form the tree T7 and dotted lines form the tree T5.

Case (i) n is even.
To the tree T, add vertices wy,,2 and w,, 4. Then add a vertex wy, 3 adjacent to w3,

Wi—1,3, Wyn,2 and wy, 4. The only additional internal vertex this creates is wy, 3.

W54 Ws3

Fig.11

Now take a third tree as T3 = {(Wm,i—1,Wm,i) : 2 < i < n;i # 3,4} U {(wm 1, Wmn)} U
{(Wim,i, w1,3)s (Wi, Win—1,4) : 1 <@ < nyi # 3}

Case (i) n is odd.
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To the tree T, add vertices wy,,1 and w,, 3. Then add a vertex wy, » adjacent to w2,

Wy—1,2, Wm,1, Wm,3. The only additional internal vertex this creates is wyy,, 2.

P6><O5

Fig.12

Now take a third tree as T5 = {(wWpm i—1, Wm,i) : 4 < i < nFU{(Wm,1, Wmn) tU{(Wm i w1 ),
(Wi Wim—1,) : 1 <i<myi#2}. Now {T1,T>,T3} is a graphoidal tree cover for C, x C,, and
$0 v7(Cry X Cy) = 3.

Observation 4.2 It is observed that 7(G) < y7(G). From Theorems 2.1 and 3.1, it follows

that (i) 7(K,) = yr(K,) = [§]. It is also observed that 7(G) = 47 (G) for all graphs with

maximum degree< 3. From Theorems 2.2,2.3 and 2.4, it follows that

Theorem 4.3 If G is a 2-connected cubic graph with p vertices, p > 8, then yp(G) < [§].
Theorem 4.4 If G is a 3-connected cubic graph with p vertices, p > 12, then yp(G) < [£].

Theorem 4.5 If G is a cyclically 4-edge connected cubic graph with p vertices, 8 < p < 16 then
”yT(G) = 2.

§5. Relationship between 7/(G) and 7 (G)

In [5] Foregger, M F and Foregger, T.H defined 7/(G) as the minimum number of subsets into
which V(@) can be partitioned so that each subset induces a tree. In this section we try to find

some relationship between 7/(G) and yr(G).
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Theorem 5.1 Let G be a graph with vertices p > 4 and let ¢ = {T1,T>,---,T,} be a minimum
graphoidal tree cover of G with |E(Tj)| = 1 for some j and |E(T;)| > 1 for all i # j. Then we
can always find a minimum graphoidal tree cover ¢’ = {1{,T5,--- ,T)} with |E(T})| > 1 for

all 1.

Proof Let T; = {(zy)}. Consider cases following.

Case (i) Suppose at least one of the vertices « and y, say , is internal in a tree of _#. First
assume that x is internal in a tree T; of ¢. If y ¢ V(T;) then replacing T; by T; U T, and
removing T from ¢, we get a graphoidal tree cover ¢’ with | #'| < | #|. Hence y € V(T3).
Let (w,z,z,--- ,y) be a path in T;. Let C; and C5 be the two components of T; — (2z) containing
x and y respectively. Replace T; and T; by Cao U (zz) and Cy U T} respectively so that both of
them have at least two edges. Now ¢ is still a minimum graphoidal tree cover and |E(T")| > 1
for every T' € 7.

Case (ii) Suppose both x and y are external vertices in #. If z € V(T;) and y ¢ V(T;) then
as in Case (i), we get a graphoidal tree cover ¢’ with | #’| < | #|. Hence either z,y € V(T') or
z,y ¢ V(T) for every T in _¢#. Let z,y € V(T}), T, € #. Suppose |E(T;)| > 2. Let e = (z2)
be an edge in T,.. Replace T} and T; by T, — e and T; U e respectively and the result is true
in this case. So let us assume that |E(T;)| = 2 for some T; € ¢ and z,y € V(T};). Suppose
T; = (zzy) € #. Then deg(z) > 3 in G. For, suppose deg(z) = 2 in G. Since G is connected
and p > 4, we must have at least one of the vertices z,y is of degree> 3. Since x or y alone can
not be a member of a tree in _# and z,y € V(T;), V(T;) we have deg(z) > 3 and deg(y) > 3.
Let = and y be external vertices in a tree T;. of _# (r # 1, j). Replace T, and T} by T, U(zz)
and T;U(zy) respectively. Now {T1,T5, -+ ,T;—1,Tiy1,- -+ , T} is clearly a graphoidal tree cover
for G. This is a contradiction to the minimality of #. Hence deg(z) > 3 in G. Now, z must
be external in some tree T, of #. Clearly =,y € V(T}.). Suppose z,y ¢ V(T). Replace T, and
T; by T, U{(z2)} and T; U {(zy)} respectively in _#. Now {11,T5, -+ ,Ti—1,Tiy1, -, Tn} is
clearly a graphoidal tree cover for G. This is a contradiction to the minimality of #. It shows
that z,y € V(7). Since z,y and z are external vertices in 7, we have |E(T},)| > 3. Let e be an
edge in T, containing z. Replace T; and T; by {T; — (zz)} U {e} and Tj U {(zz)} respectively.
Now _# is a minimum graphodial tree cover and |E(T)| > 1 for every T € ¢#. O

Proposition 5.2 If p > 4, then there exists a minimum graphoidal tree cover of a connected

graph G, in which every tree has more than one edge.

Proof Let # be a minimum graphoidal tree cover of G and let ¢ = {T1,T5,---,T,}.
Let us assume that T; = {e;},1 < i < k and |E(Tj)] > 1 for k+1 < j < n. Let G’ =
G —{ei,ea, -+ ,ex}. Clearly ¢’ = ¢ —{I1,T>,--- ,T}} is a graphoidal tree cover for G'.
Suppose G’ is a disconnected graph. Then the number of components w(G’) is greater than
one. If w(G'Ue;) = w(@) for every i € {1,2,---,k} then G is disconnected. Hence we
can choose e; = (x;,y;) for some i € {1,2,---,k} such that w(G' Ue;) < w(G’). Let G}, GY
be the components of G’ such that G} U GY U e; is connected. Without loss of generality
assume that z; € G, y; € GY. If at all z; is internal in a tree of #, let it be in a tree
T (of #)in G7. Clearly # = (# — {T,T;}) U{T UT,} is a graphoidal tree cover of G
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and ¢ < | Z|. This is a contradiction. Hence G’ is connected. Take G; = G’ U {e1}.
Clearly ¢ = #'U{T1} is a minimum graphoidal tree cover for G; and | #i| = n — k+ 1.
For, suppose v7(G1) < n—k + 1 and let #” be a minimum graphoidal tree cover for G;.
Then | #”| < n—k+ 1. Since G = Gy U{ea, -~ ,ex}, £ = 7" U{Ts,--- T} is a
graphoidal tree cover for G and | #"'| = | #"|+k—1<n—-k+1+k—1=mn. Thisis a
contradiction to the minimality of #. Hence y7(G1) = n — k + 1. By Theorem 5.1, there
exists a minimum graphoidal tree cover #{ of G in which every tree has more than one edge
and | #{| =| #i| =n—k+1. Let G2 = G1 U {e2}. Proceeding as above, we find a minimum
graphoidal tree cover #» of G2 in which every tree has more than one edge. Finally, we get
G = G, = G,—1 U {e,} and by a similar argument as above, we find a minimum graphoidal
tree cover _#,, of G = G, in which |E(T)| > 1 for every T' € _#,. O

Lemma 5.3 Let p(G) > 4. Let # be a graphoidal tree cover of G such that |E(T)| > 1 for
every tree T € ¢ . Let i(T) be the set of internal vertices of T. Then (i(T))-the subgraph
induced by i(T') is a subgraph of T and it is a tree for every T € ¢ .

Proof 1If |i(T)| = 1 then clearly the result is true. Let |i(T)] > 1. Let z,y € i(T) and
xzy € E(G). Suppose zy ¢ E(T). Then there exists T” of # such that 7" = {(xzy)} by the
definition of graphoidal tree cover. By our assumption this is not possible. Hence (i(T)) is a

subgraph of T" and it is a tree. Moreover, it is got by removing all the pendant vertices of 7".[J

Theorem 5.4 If G is a (p,q) graph with p > 4, then 7'(G) < v7(G).

Proof By Proposition 5.2, we have known that result (1) following:

there exists a minimum graphotidal tree cover # such that |E(T)| > 1 for all T € ¢ and

|7 =n.
Let / = {Tl,TQ," . ,Tn}

Case (i) If every vertex is an internal vertex of a tree of ¢, then V(G) = i(T1) U---Ui(T3)
is clearly a vertex partition of G. By Lemma 5.3, (i(7})) is a subgraph of T} and is a tree for
1 <j <n. Hence 7' (@) <n < vr(G).

Case (ii) Let x be one of the vertices which is not internal in any tree of #. Let z € V(I},) and
v € i(T}) such that zv € E(T}). Since z is not internal in any tree of # and v is not internal
in any tree except T, we have (i(Ty) U {x}) is a tree. For, if zu € E(G) and zu ¢ E(T}) where
u # v in i(Ty), then by the definition of graphoidal tree cover there exists 77 of _# such that
T’ = {(zu)}. This is a contradiction to claim in (1).

Let x,y be non-internal vertices in any tree of #. Let z,y € V(Iy). If zy € E(G)
then there exists 77 of # such that 77 = {(zy)}. This is a contradiction to the claim (1)
also. Clearly, in this case (i(Ty) U {x,y}) is a tree. In this way we adjoin every such vertex to
an i(T)). We make sure that each such vertex is adjoined to only one i(7}). These induced
subgraphs give rise to a partition of V(G) and these induced subgraphs form n = 7 (G) trees.
Hence 7/(G) < n = y7(G). From Theorems 3.1 and 4.1 it follows that v7(G) = 7/(G) for the
following graphs K, P, X P, and P, x C,,. O
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Something attempted, something done.

By Menander, an ancient Greek dramatist.
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— This book provides a survey of mathematics and physics by CC con-
jecture, i.e., a mathematical science can be reconstructed from or made
by combinatorialization, formally presented by the author in 2006.

There are 8 chapters in this book. Chapters 1 and 2 are the fundamental of this book.
Chapter 1 is a brief introduction to combinatorics with graphs and Chapter 2 is an application
of combinatorial notion to mathematical systems. Algebraic structures, such as those of groups,
rings, modules are generalized to a combinatorial one, particularly, a few well-known results in
classical permutation groups are generalized to actions of multi-groups on finite sets.

Chapter 3 is a survey of Smarandache geometries. The topological spaces with fundamental
groups, covering space and simplicial homology group, Euclidean spaces, differential forms in R
and the Stokes theorem on simplicial complexes can be found in the first two sections. These
Smarandache geometries, map geometries pseudo-Euclidean spaces, Smarandache manifolds,
principal fiber bundles and geometrical inclusions in differential Smarandache geometries are
established in the following.

Chapter 4 discusses topological behaviors of combinatorial manifolds with characteristics,
such as Euclidean spaces and their combinatorial characteristics, vertex-edge labeled graphs,
Euler-Poincaré characteristic, fundamental or singular homology groups on combinatorial man-
ifolds and regular covering of combinatorial manifold by voltage assignment.

Chapters 5 and 6 form the main parts of combinatorial differential geometry. The for-
mer discusses tangent and cotangent vector space, tensor fields and exterior differentiation on
combinatorial manifolds, connections and curvatures on tensors or combinatorial Riemannian
manifolds, integrations and the generalization of Stokes’ and Gauss’ theorem, and so on. The
later contains three parts. The first concentrates on combinatorial submanifold of smooth com-
binatorial manifolds with fundamental equations. The second generalizes topological groups to
multiple one, for example Lie multi-groups. The third generalizes principal fiber bundles to
combinatorial one by voltage assignment technique, which provides a mathematical fundamen-
tal for discussing combinatorial gauge fields.

Chapters 7 and 8 introduce the applications of combinatorial manifolds to fields. For
this objective, variational principle, Lagrange equations in mechanical fields, Einstein’s general
relativity, Maxwell field and Yang-Mills gauge fields are introduced in Chapter 7. Chapter 8
generalizes fields to combinatorial fields under the projective principle, i.e., a physics law in a
combinatorial field is invariant under a projection on its a field. Then, it show how to deter-
mine equations of combinatorial fields by Lagrange density, to solve equations of combinatorial
gravitational fields and how to construct combinatorial gauge basis and fields, - - -.

All material discussed in this book are valuable for researchers or postgraduates in combi-

natorics, topology, differential geometry, gravitational or quantum fields.



Mathematical Combinatorics (International Book Series), July, 2009

Contents

Tangent Space and Derivative Mapping on Time Scale

BY EMIN OZYILMAZ ..ottt et 01
Basic Properties Of Second Smarandache Bol Loops

BY T.G.JAIYEOLA ... 11
Smarandachely Precontinuous maps and Preopen Sets

in Topological Vector Spaces

BY SAYED ELAGAN .. 21
Path Double Covering Number of Product Graphs

BY A. NAGARAJAN, V. MAHESWARI, S. NAVANEETHAKRISHNAN ............ 27
Some Remarks on Fuzzy N-Normed Spaces

BY SAYED ELAGAN ..o 39
o0-Coloring of the Monohedral Tiling

BY M. E. BASHER . ... 46
The Forcing Domination Number of Hamiltonian Cubic Graphs

BY H.ABDOLLAHZADEH AHANGAR AND PUSHPALATHA L. .................. 59
Permutation Polynomials modulo n, n # 2¥ and Latin Squares

BY VADIRAJA BHATTA G. R. and SHANKARB. R................ooioii. 58
Graphoidal Tree d - Cover

BY S.SOMASUNDARAM, AANAGARAJAN AND G.MAHADEVAN ................ 66

Comparing the Number of Acyclic and Totally Cyclic Orientations

with That of Spanning Trees of a Graph

BY RODOLFO CONDE AND CRIEL MERINO...............ooiiiiiiiiiii e 79
Decomposition of Graphs into Internally Disjoint Trees

BY S.SOMASUNDARAM, A NAGARAJAN AND G.MAHADEVAN ................ 90
An Introduction to Combinatorial Geometry with Application to Fields Theory .102

ISBN 9781599731056

7815991731056




