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Abstract: In this work, we study k—type (k € {0,1,2,3}) slant helices with non-zero
Bishop curvature functions due to Bishop frame in E*. General helix is a 0—type slant helix
within the notation of this study. We characterize all of slant helices in terms of Bishop

curvatures in E*.

Key Words: Bishop frame, regular curves, general helix, slant helix, Euclidean 4-space.

AMS(2010): 53A04.

81. Introduction

In the local differential geometry of space curves, it is well-known that a general helix is a curve
whose tangent makes a constant angle with a non-zero constant vector field (the axis of the
helix). Moreover, the necessary and sufficient condition for a curve is a general helix if and only
if the ratio of the curvature and the torsion of that curve is constant. A slant helix is defined as
a curve whose principal normal vector makes a constant angle with a fixed direction by Izumiya
and Takeuchi in E? [7]. Some characterizations of a slant helix are investigated in [9]. Ali and
Turgut have generalized the slant helix to Euclidean n-space E” and have given some properties
for a non-degenerate slant helix [2]. Oztiirk et.al. have considered the focal representation and
some properties of focal curves with their curvatures of k-slant helices in E™*! [11]. Further,
some characterizations of slant helices in different spaces such as Minkowski and Galilean are
studied [12, 13, 14, 16].

Most of the study of curves are done by using Frenet-Serret frame in classical differential
geometry in Euclidean space. In [4], Bishop defined an alternative over Frenet frame for a curve
and called it Bishop frame. The advantage of Bishop frame is well-defined when the curve has
a vanishing second derivative in 3-dimensional Euclidean space E3 unlike Frenet frame. Also,
Bishop frame is used in many applications such as engineering, computer aided design, DNA

analysis etc. After defining this useful alternative frame, many studies have been done by

1Received August 23, 2019, Accepted March 2, 2020.
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mathematicians using it [3, 8, 15]. Ozcelik et. al. have been introduced the parallel transport

frame of the curve in 4-dimensional Euclidean space E* [10].

The present study aims to determine the characterize all of slant helices in terms of Bishop

curvatures in E* with the help of the literature.

§2. Preliminaries

Here, the basic definitions and theorems for the theory of curves in Euclidean 4-space E* are

given for the next section (A more complete elementary treatment can be found in [5], [6]).

The standard flat metric in Euclidean 4-space E?* is given by
( , ) =da?+ do3 + da3 + da3,

where (11,22, 23,74) is a rectangular coordinate system of Euclidean 4-space E*. The norm of
an arbitrary vector a € E* is given by ||a|| = \/W . The curve « is called an unit speed curve
if a velocity vector v of « satisfies ||v|| = 1. For vectors v,w € E%, it is said to be orthogonal if
and only if (v,w) = 0. Let o = a(s) be a regular curve in Euclidean 4-space E?. If the tangent
vector field of this curve forms a constant angle with a constant vector field U, then this curve

is called a general helix or an inclined curve.

Denote by {T, N, B, E} the moving Frenet-Serret frame along the curve « in the space E*.
For an arbitrary curve a in Euclidean 4-space E*, the following Frenet-Serret formulae is given

with respect to the first curvature x, the second curvature 7 and the third curvature o in [6]

T’ 0 K 0 O T
N |-k 0 7 0 N
B | 0 -7 0 o B |
E’ 0 0 —o O E

where T, N, B and E are called the tangent, the principal normal, the first and the second

binormal vectors of the curve «a, respectively.

Theorem 2.1([14]) Let o = a(t) be an arbitrary curve in Euclidean 4-space E* with above

Frenet-Serret equations. Frenet-Serret apparatus of « can be written as follows:

Oé/

el

(2.1)

o]0 — (@, 0" o

N = r (2.2)

[l — (e, o o

B=uN AT A Bs, (2.3)
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TANAQ"

F=y——— 2.4
MIT AN A (24)
H||a/||2 o — <O/70/I> o (2 5)

- o] |

[T AN A" o/
- 2.6
[l o g(e o 20
and av)

S CAAT ) 2.7)

1T AN A [lo']]’
where i is taken —1 or +1 to make +1 the determinant of the matriz [T, N, B, E].

Bishop frame is also referred to as parallel transport that is an orthonormal frame formed
by transporting in parallel each component of the frame. The parallel transport is formed with
tangent vector and any convenient arbitrary basis for the remainder of the frame (for details,
see [4], [10]). Then, the relations between Frenet-Serret frame and parallel transport frame for

the curve a: I C R — E* are given as follows:

N(s) = cos8(s) costp(s) M7 + (— cos ¢(s) sintp(s) + sin ¢(s) sin 6(s) cos(s)) Mo
+(sin ¢(s) sinp(s) + cos p(s) sin 6(s) cos ¥ (s))Ms,

B(s) = cos 0(s) sintp(s) M7 + (cos ¢(s) cos)(s) + sin ¢(s) sin 6(s) sinp(s)) Ms
+(—sin ¢(s) cos Y (s) + cos ¢(s) sin O(s) sin(s)) Ms,

E(s) = —sinf(s)M; + sin ¢(s) cos 0(s) Mz + cos ¢(s) cos 0(s) Ms.

The parallel transport frame equations are expressed as [10]

T 0 ki ko k3 T
M —k 0O 0 0 M
I e (2.8)
M} ~ky 0O 0 0 M,
M} ~ks 0 0 O M

where k1, ko, k3 are curvature functions according to parallel transport frame of the curve «,

and their expression as follows:
k1 = kcosB(s) cos(s),
ka = k(—cos ¢(s) sintp(s) + sin ¢(s) sin O(s) cos(s)),

ks = k(sin ¢(s) sinw(s) + cos ¢(s) sinb(s) cos (s)),
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where

b p W= o /o2 — 072 ¢/:_/02_9/2

) ) )
VK2 + 712 VE2 + 72 cos 6
and Frenet curvature functions are given as follows:
9/

k(s) =k +kZ+ k2, 7(s)=— +¢'sinb, o(s) =

and
@' cos @ + 0 cotyp =0,

in terms of the invariants of parallel transport frame.

§3. On k-Type Slant Helices Due to Bishop Frame in Euclidean 4-Space E*

Definition 3.1 Let a = a(s) be a curve parametrized by arc-length with {T, My, Ma, M3} a
Bishop frame inE*. If there exists a non-zero constant vector field U in E* such that (M, U) # 0
is a constant for all s € I, where My = T, then « is said to be k—type (k € {0,1,2,3}) slant

heliz, and U is called azis of a.

Theorem 3.2 Let o = a(s) be a unit speed curve with non zero Bishop curvatures ki, k2, and
ks due to Bishop frame in E*. There is no O—type slant heliz (general heliz) due to Bishop

frame in E*.

Proof Let a = a(s) be O—type slant helix in E* and the axis of the curve be U. Then, we
have that
(T,U) = c1(s) = constant (3.1)

along the curve a. Differentiating (3.1) with respect to s and using Bishop frame, we know that
kl <M17 U> + k? <M2a U> + k3 <M37 U> = Oa

which implies that the unit vector U lies on the subspace spanned by {T'} and therefore, it can
be written as
U=c(s)T. (32)

Differentiation of (3.2) gives
c1k1 My + ¢1(8)kaMs + ¢1(8)ksMs = 0.
Since the vectors { M7, Ms, M3} are linearly independent, we have ¢; = 0 which yields
U=0. (3.3)

Since the result (3.3) contradicts with the definition of U, we claim that there is no 0—type
slant helix (general helix) due to Bishop frame in E*. O
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Theorem 3.3 Let o = a(s) be a unit speed curve with non zero Bishop curvatures ki, ks, and
ks due to Bishop frame in E*. Then o is a 1—type slant heliz if and only if the function

— —C15;— (34)

18 a constant, and cy = const. and c; = const.

Proof Let a = a(s) be 1—type slant helix in E* and U be a fixed non-zero direction. Then
we have

(M71,U) = ¢o(8),c0(s) €R (3.5)
along the curve «. Using (3.5) and Bishop frame formulae, we have
—kl <:Zj7 U> - 0,

which implies that the unit vector U lies on the subspace spanned by { M7, M3, M3} and it can
be written as
U = co(s) M7 + a(s) Mz + b(s) Ms. (3.6)

Differentiation of (3.6) gives
(—Cokl — aky — bkg)T 4+ a' My + V' Mz = 0.
Since the vectors {T, Ms, M3} are linearly independent, we have

—Cok‘l — a,k‘g — bk‘3 = 0,

a =0, (3.7)
b =
From (3.7), we obtain
a=c b=—c ﬁ —c @
— €1, Okig 1 k‘3’

where ¢y is constant.

Conversely, if (3.4) holds, we can find a fixed non zero vector U satisfying (M7, U) =constant.

We consider the axis as

k k
U=M + M, — <k;+kz> Ms. (3.8)

Differentiating U with the help of (3.4) gives U’ = 0. This means that U is a constant

vector. As a result, a is a 1—type slant helix in E*. O

Using Theorem 3.3, we have the following result.

Corollary 3.4 Let o = a(s) be a 1—type slant heliz with non zero Bishop curvatures ki, ko,
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and ks due to Bishop frame in E*. Then the axes of a are obtained by

k k
! - Cli)M?n

U = coMy + 1 M + (—co -
coMy + 1 Ma + ( Co]€3 s

where ¢y, c1 are constants.

Theorem 3.5 Let a = «(s) be a unit speed curve with non zero Bishop curvatures ki, ks, and

k3 due to Bishop frame in E*. Then « is a 2—type slant heliz if and only if the function
—Co7— —C1— (39)
is a constant, and co = const. and ¢ = const.

Proof Let a = a(s) be 2—type slant helix in E* and U be a fixed non-zero constant
direction. Then we have
(M3, U) = ¢o(s),c0(s) €R (3.10)

along the curve «. Differentiating (3.10) with respect to s and using Bishop frame, we have
—ko (T,U) =0,

which implies that the unit vector U lies on the subspace spanned by {Mj, M2, M3} and can
be decomposed as
U = a(s)My + co(s)Ms + b(s) Ms. (3.11)

Differentiation of (3.11) gives
(—ak1 — Cokg - bkg)T + a’Mg + b/Mg =0.
Since the vectors {T, Mo, M3} are linearly independent, we have

70,]{11 — Cokg - bkg == O,

a' =0, (3.12)
v =0.
From (3.12), we obtain
a=c b= —c k—Q —c ﬁ
- 1, - Okg 1 k37

where ¢ is constant.

Conversely, if (3.9) holds, we can find a fixed non zero vector U satisfying (M7, U) =constant.

We consider the axis as L )
U=DM + M+ 2+ L) M. (3.13)
ks ks

Differentiating U with the help of (3.9) gives U’ = 0. This means that U is a constaant
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vector. As a result, a is a 2—type slant helix in E?. O

Using Theorem 3.5, we have the following result.

Corollary 3.6 Let a = a(s) be a 2—type slant helixz with non zero Bishop curvatures ki, ks,

and ks due to Bishop frame in E*. Then the axes of a are obtained by

k k
U =c1 My + coMs + (—co—= — ¢, =) M3,
ks ks

where ¢y, ¢1 are constants.

Theorem 3.7 Let a = a(s) be a unit speed curve with non zero Bishop curvatures ki, ks, and
k3 due to Bishop frame in E*. Then « is a 3—type slant heliz if and only if the function

L2 (3.14)

is a constant, and co = const. and ¢ = const.

Proof Let a = a(s) be 3—type slant helix in E* and U be a fixed non-zero direction. Then
we have

<M37 U> = 00(8)7 CO(S) €eR (315)

along the curve «. Using (3.15) and Bishop frame formulae, we have
—ks (T,U) =0,

which implies that the vector U lies on the subspace spanned by {Mj, My, M3} and can be
written as

U = a(s)My + b(s) My + co(s) Ms. (3.16)

Differentiation of (3.16) gives
(—Cok‘l — akg — bk3)T +a My + b M; =0.
Since the vectors {T, Ms, M3} are linearly independent, we have

—akl — bkg — Cok‘g = 0,

a' =0, (3.17)
b =0.
From (3.17), we obtain
a=c, b=-—c L ¢ ks
= €1, 1 k2 Ok‘g’

where c¢; is constant.
Conversely, if (3.4) holds, we can find a fixed non zero vector U satisfying (M, U) =constant.
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We consider the axis as

k k
U= DM + (—1—3> My + Ms. (3.18)

ko ko
Differentiating U with the help of (3.14) gives U’ = 0. This means that U is a constant
vector. As a result, « is a 3—type slant helix in E*. g

From the above theorem, we have the following result.

Corollary 3.8 Let a = af(s) be a 3—type slant heliz with non zero Bishop curvatures ki, ka,
and ks due to Bishop frame in E*. Then the azes of o are obtained by
k1 ks

U=ciM+ | —c1— —co— | My + coMs,
ko ko

where cg, ¢1 are constants.

84. Conclusion

The properties of k—type (k € {0, 1,2, 3}) slant helices with non-zero Bishop curvature functions
with Bishop frame in E* are obtained. General helix (0—type slant helix) that does not exist
according to Bishop frame in E* is given. All of slant helices are characterized in terms of
Bishop curvatures in E* in this paper.
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Abstract: Let U be a Lie ideal of a 2-torsion free prime I'-ring M such that uau € U
forall wu € U and a« € I'. If T : M — M is an additive mapping satifying the relation
T(uou) = T(u)au for all w € U and a € T, then we prove that T'(uav) = T(u)av for all

u,v € U and a € I'. Also this result is extended to semiprime I'-rings.

Key Words: Prime I'-ring, semiprime I'-ring, left centralizer, Lie ideal.

AMS(2010): 16N60, 16W25, 16W10.

§1. Introduction

The concept of a gamma ring was presented as a generalization of the classical rings. This
gamma ring was first introduced by Nobusawa [1] in 1964, which is currently known as I'y-
ring. After two years it was more broadly generalized by Bernes [2] in the sense of Nobusawa
[1], which is now known as the I'-ring. It is shown that a I'-ring need not be a ring, but a
I-ring is more general than rings [1], and also that every I'y-ring is a I'-ring [2]. From its
beginning, the various important theories of the classical rings were extended and generalized
to the theories of I'-rings [3,4]. Such theories have been attracted much international attentions
as an emerging areas of research to the modern algebraists to enrich the areas of algebras.
Recently, many researchers determine a number of basic properties of I'-rings with creative and
productive remarkable results [5, 6, 7, 8, 9, 10, 11].

Borut Zalar [12] studied on centralizers of semiprime rings and shown that Jordan cen-
tralizers and centralizers of this rings coincide. Using the concept of centralizers, Vukman
[13,14] established a number of results on prime and semiprime rings. Such results and ideas
have been extended to prime and semiprime I'-rings in different aspects such as centralizers
and f-centralizers [7, 9, 11, 15, 16], Jordan centralizers and Jordan 6-centralizers [17,18] and
centralizers with involutions [19].

The Lie ideals and Jordan derivations of prime rings was studied in [20, 21, 22, 23|, and

1Supported by University Grant Commission of Bangladesh.
2Received October 11, 2019, Accepted March 4, 2020.
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these works have been extended to Lie ideals of prime I'-rings of Jordan derivations [8, 23, 24]
and Jordan k-derivations [25]. In fact, a number of significant results of classical ring theories
were developed in prime and semiprime I'-rings with Lie ideals and Jordan structures [6,26].
However, the research on centralizers of prime and semiprime gamma rings with Lie ideals is
still an unexplored area and it would be of interest to further works. Thus the aim of this
article is to extend the results of [7] to the Lie ideals in prime and semiprime I'-rings.

82. Preliminaries

Let M and T be additive abelian groups. If there exists a mapping (a, o, b) — aab of M x I" x
M — M, which satisfies the conditions

(1) aabe M;

(i) (a + b)ac=aac+bac, a(a + B)ec=aac+afc, ac(b + c)=aab+acc;

(#31) (aabBe=aa(bpc) for all a,b,c € M and «, 5 € T,
then M is called a I'-ring.

Let M be a I'-ring. Then M is said to be prime if aI' MTb=(0) with a,b € M, implies a=0
or b=0, and semiprime if aI' MTa=(0) with a € M implies a=0. An additive subgroup U of M
is said to be a Lie ideal of M if [u,z], € U for allu € U, z € M and « € T'. Furthermore, M is
said to be commutative I'-ring if acb=baa for all a,b € M and « € I'. Moreover, the set Z(M)
={a € M : aab = baa for all « € T',b € M} is called the centre of the I'-ring M.

If M is a I'-ring, then [a, b],=aab—baa is known as the commutator of a and b with respect
to o, where a,b € M and a € I'. It has the basic commutator identities

l[aab, c|g = [a, c|gab + ala, B]cb + aalb, s,
la, bac]g = [a, b]gac + bla, Blqc + bala, ],
for all a,b,c € M and «, 8 € T'. One consider the following assumption [7],

(A) i abfc = afbac,

for all a,b,c € M, and «, € I, which will extensively use through the paper. According to
the assumption (A), the above two identities reduce to

[aab, | = [a, c]gab + aalb, c|g,
[a, bac)g = [a, blgac + bala, ] a.

For existence of such a I'-ring M, we present the following example.

Example 2.1([5], Example 1.1) Let R be an associative ring with the unity element 1. Let M =
n.1
Mi2(R) and T' = 11 is an integer ). Then M is a I'-ring. A simple verification
0

shows that M satisfies the assumption (A).
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An additive mapping T : M — M is called a left (right) centralizer if T(aab) = T(a)ab
(resp. T(aab) = aaT(b)) for all a,b € M and @ € T'. A centralizer is an additive mapping which
is both a left and a right centralizer. For any fixed a € M and « € I', the mapping T'(z) = acax
is a left centralizer, and T'(x) = zaa is a right centralizer. We shall restrict our attention on left
centralizer, since all results of right centralizers are the same as left centralizers. An additive
mapping T : M — M is Jordan left(right) centralizer if T'(zaz) = T'(z)ox(T (zaz) = zaT(x))
for all x € M and a € I'. Every left centralizer is a Jordan left centralizer but the converse
is not in general true. An additive mappings T : M — M is called a Jordan centralizer if
T(xay + yax) = T(x)ay + yaT (z), for all x,y € M and « € T'. Every centralizer is a Jordan

centralizer but Jordan centralizer is not in general a centralizer.

83. Left Centralizers of Prime Gamma Rings

Lemma 3.1 Let M be a I'-ring and U a Lie ideal of M such that uau € U for all u € U and
ael. IfT: M — M is an additive mapping satisfying the relation T'(uau) = T'(u)au for all
u€eU and a €T, then

(a)
(0)
(©)

T (uav + vau) = T(uw)av + T(v)awu;

T(uavBu + ufvau) = T(u)avfu + T (u) Bvowu;
T ) = T(u)avPu;

T (uavfw + whvau) = T(uw)avfw + T(w)fvau,

N
Q
S
™
S

(d)

for all u,v,w e U and a,B € T.

Proof By the definition of Lie ideal U, uau € U for all u € U and a € T". Thus we have,
uBv +vfu = (u+v)8(u+v) —ubu—vv €U for all u,v € U and B € T'. Therefore

T (uaw + vaw) =T((u+v)a(u+v)) — T(uou) — T(vav)
T(u+v)a(u+v) —T(u)au —T(v)av

=T(u)au+ T(u)av + T (v)au + T(v)av — T(u)a — T(v)av

=T(uw)av + T(v)au.

Hence
T(uav 4+ vau) = T(u)av + T(v)au. (3.1)

Since ufv +vpu € U for all u,v € U and € I', we replace v by ufv + vfBu in relation
(3.1), we obtain

T(ua(ufv + vpu) + (ubv + vfu)au) = T(u)a(ubv + vBu) + T(ufv + vBu)au
= T(uaufv + uavfu + ufvau + vfucu) = T(u)a(ufv + vBu) + T(u)fvau + T (v) fucu
= T'(uowvfu + upvau) + T(uou)Bv + T'(v) fuau
=T(waufv + T(u)avfu + T (u)fvau + T(v) fuau
= T(uawfu + ubvau) = T (u)avfu + T(u)Bvau. (3.2)
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Hence (b) proved.

By using the assumption (A) in the above relation (3.2), we obtain
2T (uavfu) = 2T (u)ovBu.
Thus for the 2-torsion freeness of M, we have
T(uawvpfu) = T'(u)owpu. (3.3)

Putting u = u 4+ w in the relation (3.3), we obtain the result (d). O

Define B, (u,v) = T(uav) —T(u)awv for all u,v € U and a € I'. Then we have the following

remarks and lemmas.

Remark 3.1 It is clear that B, (u,v) is an additive mapping such that B, (u,v)+ B, (v, u) = 0.

Remark 3.2 It is also clear that T is a left centralizer if and only if B, (u,v) = 0.

Lemma 3.2 Let M be a 2-torsion free I'-ring and U be a Lie ideal of M such that uau € U for
alueU anda € T. If T : M — M is an additive mapping satisfying the relation T (uau) =
T(uw)au for allw € U and o € T, then B (u,v)Bwylu,v]s =0 and [u,v]sBwyBy(u,v) = 0.

Proof First, we compute
z = T (2(uav)fwy2(viu) + 2(vau) fwy2(udv)) (3.4)
in two different ways. Then using Lemma 3.1 (¢) in (3.4), we have
x = 4T (u)avBwyvdu + 4T (v)aufwyudv, (3.5)
and using Lemma 3.1 (d) in (3.4), we have
x = 4T (uaw) Bwyvdu + 4T (vau) fwyudv. (3.6)
Comparing (3.5) and (3.6), we obtain

4{(T(uaw) — T'(u)aw) fwyvdu + (T (vau) — T(v)ou)fwyudv} =0
= 4{ By (u,v)pwyvdu + By (v, u)Bwyudv} =0
= 4{ B, (u,v)Bwyvdu — By (u,v)Bwyudv} = 0.

Hence, we have
4B, (u,v)Pwy[u,v]s = 0.
Therefore, by the semiprimeness of M, we obtain

Ba(uav)/@w’)/[ua U]é = O
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for all u,v,w € U and «, 3,7,6 € T.

Similarly, we can easily prove that
[u, v]sBwyBa(u,v) = 0
for all u,v,w € U and «, 3,7,6 € T. O

Lemma 3.3([8],Lemma 2) Let U € Z(M) be a Lie ideal of a 2-torsion free prime I'-ring M
and a,b € M such that acUBb=0. Then a =0 orb=0.

Lemma 3.3 Let U be a commutative Lie ideal of a 2-torsion free prime U'-ring M. Then
UCZ(M).

Proof For u € U, m € M and « € T, we have [u,m], € U. Since U is commutative,
[u,[u,m]|o]g = 0 for all 5 € I'. Now for z,y € M and v € T, replace z~yy for m, we obtain
[u, [u, zyylalg = 0. By using (A), we have [u,zy[u,yla + [u, z]avylg = 0, = [u, 27w, ylals +
[u U,ZC]Q’Yy]ﬁ = 0, = z7[u, [u7y]0t]ﬂ + [u, m]ﬂ’ﬂuvy]a + [u>x]a'7[u7y]ﬂ + [u, [u,x]a}gvy =0,
= [u, z]gY[u, Yla + [u, x]ay[u, y]g = 0. After some calculation and using the assumption (A),

[
o[
we have 2[u, z]oY[u,y]g = 0. Since M is 2-torsion free, thus [u, z].v[u, y]g = 0.

Putting y by ydm for all m € M, we have [u, z]oY[u, ydm]s = 0. This implies [u, z]oyyd[u, m|g+

[u, Z]oY[u, ylgom = 0, = [u,x]ayyd[u,mlg = 0. Hence by primeness of M, [u,z]o, = 0 or
[u,m]g = 0. If [u,z]o = 0, then U C Z(M) and if [u,m]g =0, then also U C Z(M). O

Theorem 3.1 Let U be a Lie ideal of a 2-torsion free prime I'-ring M such that uau € U for
alue U and a € T. If T : M — M is an additive mapping such that T(uau) = T(u)au for
allu €U and a € T, then T(uaw) = T(u)aw for all u,v € U and a € T.

Proof If U is a commutative Lie ideal of M, then by Lemma 3.4, U C Z(M). Therefore,
by Lemma 3.1(d), we have

T(uavfw + whvau) = T(u)avfw + T(w) Bvau. (3.7)
Since U is commutative, we have uav = vau. Therefore
T ((uaw)Bw + wh(uow)) = T (uaw) fw + T (w) fuaw. (3.8)

Comparing (3.7) and (3.8), and using uav = vau, we obtain

which yields that G (u,v)fw = 0. Since w € U, [w,m], € U for all m € M and v €
I'. Replacing w by [w,m],, we obtain Gy (u,v)B[w,m|, = 0. This implies G, (u, v)Bwym —
Go(u,v)Bmyw = 0. Hence the relation becomes G, (u, v)Bmyw = 0 for all u,v,w € U, m € M
and «a, 8,7 € I'. Since U # 0, in view of the Lemma 3.3, G, (u,v) = 0.

If U is not commutative, then U ¢ Z(M). In this case, we have from Lemma 3.2,
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B (u,v)Bwylu, v]s = 0. Putting u = u+x for all u € U, we have (Bg (u, v)+ By (x, v)) Bwy([u, v]s+
[z,v]s) = 0. This implies B, (u, v)Swy[z,v]s + Ba(z, v)Swy[u,v]s = 0.

Now,

Ba(u7 v)ﬁw’y[m, U]5/’[/Z’YBQ(“7 U)ﬁw’Y[xa U]5
= — By (u, v)wy[z, v]spzyBa(z,v) Bwylu, v]s = 0.

Therefore, by Lemma 3.3, we have B, (u,v)Sfwy[z,v]s = 0 for all z € U. Similarly, using
v = v+ y, we obtain B, (u,v)fwylz,yls = 0 for all y € U. And by Lemma 3.3, we obtain
By (u,v) =0 or [z,y]s = 0. If [z,y]s = 0, then U is commutative which shows a contradiction
that U € Z(M). Therefore B, (u,v) = 0. O

Corollary 3.1 Let M be a 2-torsion free prime I'-ring and T : M — M be a Jordan left
centralizer. Then T is a left centralizer.

84. Left Centralizers of Semiprime Gamma Rings

Lemma 4.1 Let U be a commutative Lie ideal of a 2-torsion free semiprime I'-ring M. Then
UCZ(M).

Proof For u € U and x € M, we have [u,[u,2]4]o = 0. Repacing z = zvyy, we
have [u,[u, 2VY]a]a = 0. This implies [u,z¥[u,yla + [, Z]aVY]a = 0, = [u, z]aY[u, yla +
y[u, (U Ylala + [, [u, 2alavy + [u, 2lav[u,yla = 0, = [u,2]aV[u, yla + [u,2]ay[u,yla = 0,
ie., 2[u, z]av[u, yla = 0. Hence by 2-torsion freeness, we have [u, z],7[u,y]o = 0. Replacing y
by ydz, we have [u, z]oY[u,ydz]o = 0. This implies, [u, z|oY[u, Y]adz + [u, 2]aVyd|u, x]o = 0,
that is, [u,z]aYyd[u,z], = 0 for all y € M. Since M is semiprime, [u,z], = 0, which shows
that U € Z(M). O

Lemma 4.2 Let U be a Lie ideal of a 2-torsion free I'-ring M satisfying the assumption
(A), then T(U) = {x € M : [x,M|r C U} is both a subring and a Lie ideal of M such that
UCT(M).

Proof Since U is a Lie ideal of M, so we have [U,M]r C U. Thus U C T(U). Also, we
have [T(U), M]r CU C T(U). Hence T(U) is a Lie ideal of M.

Suppose that z,y € T(U), then [z, m], € U and [y, m], € U, for all m € M and o € T".

Now, [zay,m|s = zaly,m|s + [x,m]gay € U. Hence [zay,m|g € U, for all z,y € T(U),
m € M and «, 8 € T'. Therefore, xay € T(U). O

Lemma 4.3 Let U € Z(M) be a Lie ideal of a 2-torsion free semiprime T'-ring M. Then there
exists a nonzero ideal K = MTU[U,U|rTM of M generated by [U,Ulr such that [K, M]r C U.

Proof First, we have to prove that if [U,U]r = 0, then U C Z(M). Let [U,U]r = 0.
Then for all a € U, a € T, we have [u, [u,z]s]oa = 0 for all x € M. Then using the proof
of Lemma 4.1, we obtain U C Z(M), which is a contradiction. Thus, let [U,U]r # 0. Then
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K = MT[U,U]rT'M is a nonzero ideal of M generated by [U,U]r. Let z,y € U, m € M
and «, 8 € T, we have [z,yBm]q,y, [z,m]o € U C T(U). Hence by Lemma 4.2, [z, y].8m =

[z,yB8m|o — yBlz,m], € T(U).

Also, we can show that mg[z, y]o € T(U) and therefore, we obtain [[U, Ulr, M]r C U. That
is, [[[[%; Ylas M]as Slay tla € U for all m, s,t € M and o € I'. Hence [[z, y]oamas—malz, ylaas+
[s,m]ac[z,y]la — [sa[z,Y]asM]a,tla € T(U). Since [z,y]loamas, salz,yla, [s,m]ac|x,yla €
T(U). Thus, [ma[z, y]eas,t]q € U for all m,s,t € M and o € T'. Hence [K, M|r CU. O

Lemma 4.4 Let U € Z(M) be a Lie ideal of a 2-torsion free semiprme T'-ring M and a €
U. If aaUBa = {0} for all a, B € T, then aca = 0 and there exists a nonzero ideal K =
MT[U,UlrTM of M generated by [U,Ulr such that [K, M|r CU and KT'a = aI'K = {0}.

Proof If aaUBa = {0} for all o, f € T, then aala, adm|,Ba =0 for all m € M and ¢ € I

Therefore,

0 = aa(acadm — admaa)fa

= acacadmpBa — acadmaafa

= aaadaampfBa — acadmpPBaca

Since aaada = 0, we have (aca)dmpB(aca) = 0 and hence aca = 0 for semiprimeness of M.
Now, we obtain aa[kya, m],fuaa =0forall k € K, m e M, v €U and o, 8, € I'. Therefore

0 = aa(kyapm — mukya)fuca
= aakyapmpPuaa — aampkyafuca
= aakyapmpPuaa
Thus, we have aakyapmf[k, alyaa = 0. This implies that aakyaumpB(kya — avk)aa = 0 and
hence ackyapmpBkyaaa — ackyapmpBaykaa = 0. Hence by using (A) and aca = 0, we have
(aakvya)pumpB(aakya) = 0. Hence aakya = 0 for semiprimeness of M. Thus we find that

(aak)TMT (aak) = 0. Hence aak = 0 for all k € K, that is, aa Kl = {0}. Similarly, we have
Kaa = {0}. O

Lemma 4.5 Let U € Z(M) be a Lie ideal of a 2-torsion free semiprme I'-ring M and a,b € U
and o, p € T.

(1) If aaUBa = {0}, then a = 0;
(#4) If aaU = {0} (Uaa = {0}), then a = 0;

(230) If uow € U for allu € U and aaUBb = {0}, then aab =0 and baa =0 for all « € T

Proof (i) By Lemma 4.4, we have Kaa = MT[U,UlrI'Maa = {0} and aca = 0 for all
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a €T'. Thus for all z,y € M and «, 8 € I, we have

0 = [la,2a, al,Byaa
= [aax — zoa, al,Byca
= aa(z, alyfyaa — [z, al aaByoa
= aaxyafyaa — acayxrfyaa — ryaaalyaa + ayraafyaa
= aaxyafyaa + ayraafyaa

= 2aaxyafyaa.

By the 2-torsion freeness of M, we have, aazyafyaa = 0. Hence, we obtain aaxyafyaadzya =
0. By using the assumption (A), we have (aazya)Byd(aczya) = 0 for all y € M. This implies
(aaxya)BM(aaxya) = 0. Hence, by semiprimeness of M, we have aaxya = 0 for all z € M

and «a,~ € I'. Again, by semiprimeness of M, we obtain a = 0.

(#3) If aaU = {0}, then aalUpfa = {0} for all 8 € T'. Thus, by (i), we have a = 0. Semilarly,
if Uaa = {0}, then a = 0.

(#31) If aaUpBb = {0}, then we have (bya)aUpB(bya) = {0} and hence, by (i), bya = 0, for
all v € T'. Also, (ayb)aUp(ayb) = {0} if acUBb = {0} and hence ayb = 0. O

Theorem 4.1 Let U € Z(M) be a Lie ideal of a 2-torsion free semiprime I'-ring such that
uau € U forallu e U anda € T. If T : M — M be an additive mapping satisfying the relation
T(uau) = T(u)au for allu € U and o € T, then T(uawv) = T(u)awv for all u,v € U and a € T.

Proof Since U € Z(M), we have from Lemma 3.2,
B, (u,v)pwylu,v]ls =0
By linearing u, we obtain
B, (u,v)Bwylx, v]s + Ba(x,v)fwylu,vls =0
for all x € U. Now,

B, (u,v)Bwylx, v]spzvBa (u, v) fwy[z, v]s
= — B (u,v)Bwylz, v]spzvBa (2, v) fwy[u, v]s
—0

for all z € U. Hence, by Lemma 4.5(i),
Ba(ua ’u)ﬁw‘y[ﬂc, ”UL; =0.
Similarly, linearizing v, we obtain

B, (u,v)pwylz,yls =0.
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for all y € U. Hence the similar proof of the Theorem 2.1 in [7], we obtain the required result.

O

Corollary 4.1 Let M be a 2-torsion free semiprime I'-ring and T : M — M be a Jordan left

centralizer. Then T is a left centralizer.

Example 4.1 Let R be a commutative ring with a unity element 1 having the characteristic 2.

n.1

Let M = M 3(R) and T’ = ' :n € Z,n is not divisible by 2 3. Then M is a I'-ring.

n.1

Let N = {(z,z):x € R} C M.

Now for all (z,z) € N, (a,b) € M and ") e I', we have

@a) | " J@y-@y| ") @
n n
= (zna — bnxz, znb — anx)
= (zna — 2bnzx + bnz, bnx — 2anx + xna)
= (

axna + bnx, bnx + xna) € N.

Therefore, N is a Lie ideal of M.
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§1. Introduction

Differential geometry of ruled surfaces has been studied in classical geometry using various
approaches (see [11] and [15]). They have also been studied in kinematics by many investigators
based primarily on line geometry (see [4], [20] and [21]). Developable surfaces are special ruled
surfaces [14]. On the motion of the Frenet vectors and ruled surfaces in the Minkowsk: 3- space
have been investigated and developable ruled surfaces are given for the special cases in [22]:
Later ruled surfaces in the Minkowski 3-space according to Bishop frame has been studied in
[23].

The study of ruled hypersurfaces in higher dimensions have also been studied by many
authors (see, e.g. [1]). Although ruled hypersurfaces have singularities, in general there have
been very few studies of ruled hypersurfaces with singularities [13]. The 2-ruled hypersurfaces
in E* is a oneparameter family of planes in E*, which is a generation of ruled surfaces in E? (see
[19]). In 1936 Plass studied ruled surfaces imbedded in a Euclidean space of four dimensions.
Curvature properties of the surface are investigated with respect to the variation of normal
vectors and a curvature conic along a generator of the surface [17]. A theory of ruled surface
in E* was developed by T. Otsuiki and K. Shiohamain [16]. Afterwards Superconformal ruled
surfaces in E* have been investigated by Bayram et all (see [2]). The authors agree to the terms
of this Copyright Notice, which will apply to this submission if and when it is published by
this journal (comments to the editor can be added below). The Frenet frame is constructed
for the curve of 3 -time continuously differentiable non-degenerate curves. But, curvature may

vanish at some points on the curve. That is, second derivative of the curve may be zero. In

1Received October 24, 2019, Accepted March 5, 2020.
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this situation, we need an alternative frame in E3. Therefore In [3], Bishop defined a new frame
for a curve and he called it Bishop frame which is well defined even if the curve has vanishing

second derivative in 3 dimensional Euclidean space.

The advantages of the Bishop frame and the comparable Bishop frame with the Frenet
frame in Euclidean 3 space was given by Bishop [3] and Hanson [10]. In Euclidean 4-space E*,
we have the same problem for a curve like being in Euclidean 3 space. That is, one of the ith
(1 <i < 4) derivative of the curve may be zero. In this situation, we need an alternative frame.
So, Using the similar idea, Gokgelik et all. Considered such curves and construct an alternative
frame [9]. They gave parallel transport frame of a curve and introduced the relations between

the frame and Frenet frame of the curve in 4 dimensional Euclidean space.

In this paper, using the method in a paper of Yiiksel [23], we obtained some characterization

for ruled surfaces according to parallel transport frame in 4-dimensional Euclidean space.

§2. Basic Concepts

A normal vector field V(s) which is perpendicular to its tangent vector field T'(s) said to be
relatively parallel vector field if its derivative is tangential along the curve «(s). For a given
curve if T'(s) is given unique, we choose any convenient arbitrary basis which consist of relatively
parallel vector field {M;(s), Ma(s), M3(s)} of the frame, they are perpendicular to T'(s) at each
point [9].

Let a : I — R C E* be arbitrary curve in the Euclidean 4-space E*. Recall that the
curve «(s) is parameterized by arclength function s if (a/(s),a/(s)) = 1, where ( , ) is the inner
product of E* given by

(X,Y) = 2191 + T2y + 23Y3 + Tays

for each X = (x1,%9,73,24), Y = (Y1,%2,%3,%4) € E* In particular, the norm of a vector
X € E* is given by || X|| = \/W Let {T, N, By, Bo} be the moving Frenet frame along
the unit speed curve . Then T, N, B; and By are the tangent, the principal normal, first
and second binormal vectors of the curve, respectively. If it is a space curve, then this set of

orthogonal unit vectors, known as the Frenet-Serret frame, has the following properties

T’ 0 K 0 O T
N |-« 0 7 0 N
Bj o —r 0 o B
B, 0 0 -0 0| B

where, x,7 and o denote principal curvature functions according to Serret- Frenet frame of
the curve «, respectively. We use the tangent vector T'(s) and three relatively parallel vector
fields M (s), Ma(s) and M3(s) to construct an alternative frame. We call this frame a parallel
transport frame along the curve .. The reason for the name parallel transport frame is because
the normal component of the derivatives of the normal vector field is zero. We shall call the set
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{T, My, My, M3} as parallel transport frame and
ki =(T', M), ko = (T', M), kz = (T, M3)

as parallel transport curvatures. Parallel transport frame of a curve and the relations between
the frame and Frenet frame of the curve in 4 dimensional Euclidean space using the Euler angles
are given as follow.

Theorem 2.1([9]) Let {T, N, By, Ba} be a Frenet frame along a unit speed curve v : [ — R C E4
and {T, M1, Ma, M3} denotes the parallel transport frame of the curve a. The relation may be
expressed as

T = T(s),
N = cosf(s)costp(s)My + (—cos@(s)sinp(s) + sin ¢(s) sin 0(s) cos ¥ (s)) Mo
+(sin ¢(s) sinp(s) + cos ¢(s) sin 6(s) cos ¥ (s))Ms,

By = cosf(s)siny(s)My + (cosp(s) costp(s) + sin ¢(s) sin O(s) sin(s)) Mz
+(—sin ¢(s) cos Y (s) + cos P(s) sin O(s) sin(s)) Ms,
By = —sinf(s)M; + sin @(s) cos 0(s) Ma + cos ¢(s) cos 0(s) Ms.

The alternative parallel frame equations are

T 0 ki ko ks T
M{ | _| =k 0 0 0 M, W
M} ks 0 0 0 M,
M} ks 0 0 0 M

where ki, ko, k3 are principal curvature functions according to parallel transport frame of the
curve « and their expression as follows

k1 = kcosO(s)cosip(s),
ka = k(—cosg(s)sinty(s)+ sind(s)sinb(s)cos(s)),
ks = k(sing(s)siny(s) + cos ¢(s)sind(s) cosy(s)),
where
AV itk VR itk
VE T VT

cosf

and the following equalities hold

k(s) = VKT + K3 + K3,
7(s) = —¢' + ¢'sind,

o(s) = 5o
Bion cos6(s) + 0’ cotp = 0.
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§3. Ruled Surfaces in E* According to Parallel Transport Frame

Let M be a smooth surface in E* given with the patch X (u,v) : (u,v) € D C E2. The tangent
space to M at an arbitrary point p = (u,v) of M span {X,,X,}. In the chart (u,v) the
coefficients of the first fundamental form of M are given by

E = <XuaXu>a = <XuaXv>7 G= <Xv7Xv>a

where ( , ) is the Euclidean inner product. We assume that g = EG — F? # 0, i.e., the surface
patch X (u,v) is regular.
A ruled surface M in a Euclidean space of four dimension E* may be considered as generated

by a vector moving along a curve. If the curve C' is represented by

a(u) = (fl (u)’ f2(u)? fS(U)’ f4(u))

and the moving vector by

Bu) = (g91(u), g2(u), g3(u), ga(u)),

where the functions of the parameter u sufficiently regular to permit differentiation as may be

required, of any point p on the surface, with the coordinates X;, will be given by
M : Xi(u,v) = a(u) + vB(u), (3)

where if S(u) is a unit vector (i.e. (8,8) = 1), v is the distance of p from the curve C in the
positive direction of S(u). Curve C is called directrix of the surface and vector S(u) is the
rulling of generators [18]. If all the vectors 5(u) are moved to the same point, they form a cone
which cuts a unit hypersphere on the origin in a curve. This cone is called a director-cone of

the surface. From now on we assume that a(u) is a unit speed curve and {(a/(u), B(u)) = 0.

Proposition 3.1 ([2]) Let M be a ruled surface in E* given with parametrization (3). Then

the Gaussian curvature of M at point p is

1 1

K = 2 { (X X} = p Ko X (@

Proposition 3.2([2]) Let M be a ruled surface in E* given with parametrization (3). Then the

mean curvature of M at point p is

<quaqu> - % <qu7Xu>2
1
41 H| = gig +é (X, Xu) [2 (Xuw, Xo) + (Xuw, Xu)] : (5)
_E27G <Xuvau> <Xuv»Xv> <Xu; Xv>

For a vanishing mean curvature of M, we have the following result of ([17], page 17).

Corollary 3.3([17]) The only minimal surfaces in E* are those of E3, namely the right helicoid.
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In [5], B.Y. Chen defined the allied vector field a(v) of a normal vector field v. In particular,
the allied mean curvature vector field is orthogonal to H. Further, B.Y. Chen defined the A-
surface to be the surfaces for which a(H) vanishes identically. Such surfaces are also called Chen
surfaces [7]. The class of Chen surfaces contains all minimal and pseudo-umbilical surfaces, and
also all surfaces for which dim/N; < 1, in particular all hypersurfaces. These Chen surfaces are
said to be trivial A-surfaces [8]. In [18], B. Rouxel considered ruled Chen surfaces in E™. For

more details, see also [6] and [12].

Theorem 3.4([19]) A ruled surface in E™ (n > 3) is a Chen surface if and only if it is one of
the following surfaces:
(i) a developable ruled surface;

(i) a ruled surface generated by the n-th vector of the Frenet frame of a curve in E™ with
constant (n — 1)-st curvature;

(#it) a “helicoid” with a constant distribution parameter.
3.1 One Parameter Spatial Motion in E*

Let o : I — E* be a unit speed curve and {T, My, My, M3} g be its parallel transport frame
where {T, My, My, M3} are the tangent, principal normal, first binormal, second binormal
vectors of the curve a, respectively. The two coordinate systems {O;T, M1, Ms, M3} and
{O’;e1,eq,e3,e4} are orthogonal coordinate systems in E* which represent the moving space H

and the fixed space H' respectively.

Let A be a unit vector
Ae Sp{T, Ml,MQ,Mg} and A= a;T + aaM; + asMs + as M3
such that
(A, A) =1

We can obtain the Gaussian curvature of the ruled surface generated by a straight line A
of the moving space H. The tangent space to M at an arbitrary point P = X (u,v) of M is
spanned by

X, = (u) +v8 (u), X,=08u).

Further, the coefficient of the first fundamental form becomes

E = (XuXu) = (1—v(asks + agks + asks))® +v%a? (kI + k3 +K3)
F = <Xu7Xv> = ai,
G = (X,X,)=1

and
g=EG—F? = (1 —v(ask: + azks + asks))® +a} (v* (k¥ + k3 +k3) — 1).
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Hence, taking into account (4), the Gauss curvature is an obtain as follow.

Wi

K=, 6
Wy’ (6)
where
W, = -— {(azlﬂ + azks + a4k3)2 + a%,@ﬂ {(1 — v (agky + asks + a4k3))2 i UQQ%RQ}
2
+ {* (agky + azks + asks) +v ((a2k1 + asks + asks)? + a%;&)]
Wy = (1 -0 (a2k1 + azks + a4k3))2

+a? (11252 — 1) ((1 — v (azky + asks + a4k‘3))2 + vza%KQ) )
3.2 Special Cases

Let M be a ruled surface given by the parametrization (3) and A be the director vector of the

base curve a.

3.2.1 The Case A=T
In this case, a; = 1, ag = a3 = a4 = 0. Thus, from (6) we obtain Gaussian curvature as follows

1

Kp=——
r v2(1 + v2K2)

Hence the following corollary is hold.

Corollary 3.5 According to the parallel transport frame in E* there is no developable ruled

surface.
3.2.2 The Case A = M,
In this case, as = 1, a1 = a3 = a4 = 0. Thus, from (6)

Ky, =0.

1

Hence the following theorem is hold.

Theorem 3.6 During the one-parameter spatial motion H/H' the ruled surface in the fized

space H' generated by the My line of the curve a(s) in the moving space H is developable.

We have the following result of Theorem 3.4.

Corollary 3.7 During the one-parameter spatial motion H/H' the ruled surface in the fized

space H' generated by the My line of the curve a(s) in the moving space H is Chen surface.

3.2.3 The Case A = M,
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In this case, ag = 1, a3 = as = a4 = 0. Thus, from (6)
K, = 0.

Hence the following theorem is hold.

Theorem 3.8 During the one-parameter spatial motion H/H' the ruled surface in the fized
space H' generated by the My line of the curve a(s) in the moving space H is developable.

We have the following result of Theorem 3.4.

Corollary 3.9 During the one-parameter spatial motion H/H' the ruled surface in the fized

space H' generated by the My line of the curve «a(s) in the moving space H is Chen surface.
3.2.4 The Case A = M3
In this case, ay = 1, a1 = az = a3 = 0. Thus, from (6)

Ky

3

=0.

Hence the following theorem is hold.

Theorem 3.10 During the one -parameter spatial motion H/H' the ruled surface in the fized
space H' generated by the M3 line of the curve a(s) in the moving space H is developable.

We have the following result of Theorem 3.4.

Corollary 3.11 During the one-parameter spatial motion H/H' the ruled surface in the fized

space H' generated by the My line of the curve a(s) in the moving space H is Chen surface.

3.2.5 The Case A € Sp{T'(u), M;(u)}

In this case, a3 = a4 = 0. So, the director vector A is given by
A:a1T+a2M1, (I%—Fag:l

In this case, Gauss Curvature of the ruled surface is given by

W2
KA:W72127
where,
Wi = = (a3} + ad?) [(1 = vasks)? +0%ak?] + [—asks +v (a3kE + aPn?)]’
WE = (1 ek 1) (1 sk o).
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The ruled surfaces is developable if and only if K4 = 0. Thus,
— (a3k? + air?) [(1 — vagky)® + vza%nﬂ + [—ask1 +v (a3kF + a%nz)]z =0

or

which implies that a; = 0 because of k # 0. However, if a; = 0, this is the case of A = M;.

3.2.6 The Case A € Sp{T(u), Ma(u)}

In this case, as = a4 = 0. So, the director vector A is given by
A=aT + azM>, a% +a§ =1.

In this case, Gauss Curvature of the ruled surface is given by

W13
Ky=——,
Wi
where,
Wi = (o33 + a3n?) [(1 - vagk)? + v2ak?] + [~asks + v (a3K + aPn?)]
Wi = (- vaske)? £ af (0%~ 1)) (1= vagks)® +0%ats?)

The ruled surfaces is developable if and only if K4 = 0. Thus

— (a2k2 + a?k?) | (1 — vasks 24 va?k?| 4 [—azks + v (a3k3 + alk? 220
3 3

or

aik? =0,

which implies that a; = 0 because of k # 0. However, if a; = 0, this is the case of A = M,.

3.2.7 The Case A € Sp{T(u), M3(u)}

In this case, as = az = 0. So, the director vector A is given by
A=a T +aysMs, a3 +a2=1.

In this case, Gauss Curvature of the ruled surface is given by

W
KA = W214 ;
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where,
Wit = —(ajk3? + aix?) [(1 — vagks)® + v%%nz] + [~asks + v (a3k3 + a%ﬁcz)]Q
Wit = ((1 — vagks)® + a2 (v*k* — 1)) ((1 — vasks)® + U2a%1€2) .

The ruled surfaces is developable if and only if K4 = 0. Thus

— (a3k3® + air?) {(1 — vagks)® + v%%&ﬂ + [—asks +v (a3k3 + a?mQ)]z =0

or

which implies that a; = 0 because of k # 0. However, if a; = 0, this is the case of A = M3.

3.2.8 The Cases A € Sp{M;(u), Ma(u)} () Sp{M1(u), M5(u)} () Sp{Ma(u), M5(u)}

In this cases, the Gauss curvatures are zero. Hence the ruled surfaces generated by A €
Sp{Mi(u), Ma(u)}, A € Sp{Mi(u), M3(u)} and A € Sp{Maz(u), Ms(u)} Bishop vectors respec-
tively are developable.

3.2.9 The Case A € Sp{T(u), M1(u), Ma(u)}

In this cases, a4 is zero. So, the director vector A is given by
A=a1T + as My + azMs, a% + a% + ag =1.

In this case,

W123
KA = W;123’
where,
wiB = - [(aglﬁ + asks)® + @?KQ} {(1 — v (asky + azks))® + Uza%“ﬂ
2
+ |:7 (a2k1 -+ agkg) —+ v ((a2k1 + a3k2)2 + a%fiz)}
Wy = ((1 — v (aghky + asky))® + ai (v*K% — 1)) ((1 — v (azky + aska))” + UQ@%"%Q) :

The ruled surfaces is developable if and only if K4 = 0. Thus
- [(agkl + asks)® + a%ng} {(1 — v (agky + asks))® + UQCL%HQ}
2
+ |:— (agkl + (l3k‘2) +v ((agkl + a3k2)2 + a%/ﬁz)} =0

or

2,2 _
air” =0,

which implies that a; = 0 because of K # 0. However, if a; = 0, this is the case of A €
Sp{Mi(u), Ma(u)}.
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3.2.10 The Case A € Sp{T(u), My (u), M3(u)}

In this cases, as is zero. So, the director vector A is given by
A=a1T + as My + ayMs, a% + a% + ai =1.

In this case,

W124
Ky= W;124a
where,
Wi = - [(aglﬁ + asks)® + G%HQ} {(1 — v (azks + asks))® + U%%Q}
2 2.2 2
+ |:— (a2k1 + a4k3) + v ((a2k1 + a4k3) + a Kk ):|
Wit = ((1 — v (azks + asks))? + a? (v¥K? — 1)) ((1 — v (agky + asks))® + UQ@%KQ) :

The ruled surfaces is developable if and only if K4 = 0. Thus
- [(aglﬁ + agks)® + a?ng} {(1 — v (agks + asks))® + UQG%HQ}
2
+ |:— (agk‘l =+ a4k‘3) +v ((agkl + a4k3)2 =+ a%mz)] =0

or

2,2 _
air” =0,

which implies that a; = 0 because of K # 0. However, if a; = 0, this is the case of A €
Sp{Mi(u), M3(u)}.

3.2.11 The Case A € Sp{T'(u), Ma(u), M3(u)}

In this cases, as is zero. So, the director vector A is given by
A=aT + asMs> + a4 M3, a% + ag + az =1.

In this case,

i34
KA = ﬁ?
Wy
where,
Wi = — {(a3k2 + asks)® + a%nﬂ {(1 — v (asks + asks))” + UQG%"LQ}

n {_ (asks + asks) +v ((a;;kg + a4k3>2 + a?m)r

W2134 = ((1 — v (a3k2 + (14]'{}3))2 —+ a% (’U21$2 — 1)) ((1 — v (ang -+ a4]€3))2 -+ v2a%/<;2) .
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The ruled surfaces is developable if and only if K4 = 0. Thus
- |:(a,3k2 + agks)® + a%nﬂ {(1 — v (agky + asks))® + v2a%/<c2]
2
+ {— (aske + asks) +v ((a3k2 + a4k3)2 + a%nQ)} =0

or

a?k? =0,

which implies that a; = 0 because of k£ # 0. However, if a; = 0, this is the case of A €
Sp{Mz(u), Ms(u)}.

3.2.12 The Case A € Sp{M;(u), Ma(u), Ms(u)}

In this cases, ay is zero. So, the director vector A is given by
A:a2M1+a3M2+a4M3, a%+a§+ai:1

In this case,

W1234
KA = W22347
where,
W2 = — (agk) + asks + asks)® (1 — v (agk) + asks + asks))?

2
+ |:— (a2k1 + agkg + 0,4163) +v (CLle =+ a3k2 + a4k3)2}
W2234 = (]. — v (CLle + agkg —+ a4k3))2 (]. — v (CLle —+ agkg —+ a4k3))2 .

The ruled surfaces is developable if and only if K4 = 0. Hence the following theorem is
hold.

Theorem 3.12 During the one-parameter spatial motion H/H' the ruled surface in the fixed
space H' generated by A € Sp{Mi(u), Ma(u), Ms(u)} line of the curve a(s) in the moving space
H is developable.

We have the following result of Theorem 3.4.

Corollary 3.13 During the one-parameter spatial motion H/H' the ruled surface in the fized
space H' generated by A € Sp{Mi(u), Ma(u), M3(u)} line of the curve a(s) in the moving space
H is Chen surface.

Example 3.14 Let o be a smooth closed regular curve in E* given by the arclength param-
eter with curvatures ki, ko, k3 and the parallel transport frame {T, Ny, No, N3}. The parallel
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transport equation of « are given as follows:

T = k1 My + koM + ks M;

M| = —kyT
M} = —kyT
M} = —ksT

Let o be a curve as above and consider the ruled surface
M; = X(u,v) = a(u) + vN;, i=1,2,3. (7)

Then, by using of (1) it is easy to calculate that mean curvatures of these surfaces. See Table
1 for details.

Surface Mean Curvature (H)
k3 + k3
M, 2 T K3 _
4(1 — ’Ukl)
k3 + k3
M, 1T R3 -
4(1 — ’ng)
k3 + k3
M3 1 2 -
4(1 — Ukig)
Table 1

Hence following results are obtained.

Corollary 3.15 Let a be a smooth closed reqular curve in E*, and let My, My, M3 be ruled
surfaces given by the parametrization (7). In that case there is no minimal surfaces among the
surfaces of My, Ms, M3.
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§1. Introduction

Digraph Structure Let V be a non-empty set and S7,Ss,- -, .Sk are relations on V which
are mutually disjoint, then G' = (V,51,853, -+, Sp) is a digraph structure. In addition, if
S1, 89, -+, Sk are symmetric and irreflexive, then G’ = (V| S, S, -+, Sk) is a graph structure,
see [2] for details.

Let G be a group and 51,52, -+, S, be mutually disjoint subsets of G. Then the Cayley
digraph structure of G with respect to Sy,S2,---,S, is defined as the graph structure X =
(G;Ey, B, -+, Ey,), where E; = {(z,y) : 7'y € S;} [1]. In case, a digraph structure with only
one connection set is the usual Cayley digraph. So a Cayley digraph structure is a generalization
of the Cayley digraph.

Fuzzy Digraph Structure Let G' = (V,51,53,---,Sk) be a graph (digraph) structure
and u, p1,p2, -+, pr be fuzzy subsets of V| Sy, Sa,---, Sk respectively such that p;(z,y) <
w(@) A ply), for all z,y € V and i = 1,2,--- , k. Then G = (u, p1,p2, - ,pr) is a fuzzy graph
(digraph) structure of G’ [8], such that p;(z,y) < p(x)Ap(y), forallz,y € Vandi=1,2,--- ,n.
Then G = (i, p1,p2,- -, Pn) 18 a fuzzy digraph structure of G'.

Let V be a non-empty set, u be fuzzy subset of V and Ry, Ro, ..., R, be mutually disjoint
fuzzy relations on p. Then G = (u, R1, Ra, -+, R,) is a fuzzy digraph structure on V. In
case | = xy, where xy is the characteristic function on V, then the fuzzy digraph structure
(i, R1, R, - -+, Ry,) is simply denoted by G = (V; Ry, Ra,- -+, Ry).

A fuzzy digraph structure G = (V; Ry, R, -+, Ry,) is called (i) trivial if R; = 0 for all
i, (ii) reflexive if for all # € V,R;(z,2) = 1 for some i, (iii) symmetric if R; = R; ' for
all 4, (iv) transitive if for every ¢ and j, R; A R; < Ry for some k, (v) a Hasse diagram if
for every positive integer m > 2 and for every z1,x2, -, %y of V with R;(zj,zj41) > 0
for all 5 = 0,1,2,--- ,m — 1, implies R;(xo,x,,) = 0 for all ¢, and (vi) complete if for any
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z,y € V,Ri(z,y) > 0, for some i = 1,2,--- ,n. A walk of length k in a digraph structure is an
alternating sequence W = xg, eg, z1,- - , €k, Tx, where e; = (z;,z;4+1) and R;(e;) > 0 for some
i. A walk W is called a path if all the vertices are distinct. We use notation xg,z1, X2, - , Tk
for the walk W. A walk is called a circuit if its first and last vertices are the same, but no
other vertex is repeated. A weak path is a sequence x1,xo, - ,x,, of distinct vertices of V'
such that for j = 1,2,--- ,m —1, R; V Ri_l(,fj,fj_i'_l) > 0 for some i = 1,2,--- ,n. Distance
between two vertices x and y in G is the length of the shortest path from z to y and is
denoted by d(z,y). Diameter of the fuzzy digraph structure G, denoted by d(G), is defined
by d(G) = mazg yeqd(x,y). A fuzzy digraph structure G = (V; Ry, Ra, -+, Ry,) is called
(i) connected (strongly connected ) if y is connected to x for all z,y € V, and (ii) weakly
connected if any two vertices can be joined by a weak path, that is, the fuzzy digraph structure
G'=(V;R VR RoVRy',--- R,V R;"') is connected. A weakly connected fuzzy digraph

structure G = (V; Ry, Ry, - -+ , Ry,) with out any circuits is called a tree.

The present work is a generalisation of the work in [6] in which Madhavan Namboothiri

N.M. et al. introduced a class of Cayley fuzzy graphs induced by groups.

§2. Cayley Fuzzy Digraph Structure

Definition 2.1 Let V be a group and vi,vs, -+ v, be mutually disjoint fuzzy subsets of
V. Then, Cayley Fuzzy Digraph Structure of V with respect to vi,ve,--- v, is defined as
(V;Ry, Ry, -+, R,) where Ri(z,y) = vi(x~ty) and is denoted by CayFp(Vivi,va, -+ ,y).
The subsets v1,va, -+ , vy, are called connection fuzzy subsets of CayFp(Vi;vy ,vae, -+ ,vp). In

case, a Cayley fuzzy digraph structure with only one connection set is usual Cayley fuzzy graph.
Theorem 2.2 G = CayFp(V;uv1,va, -+ ,vy) 18 vertex-transitive.

Proof Let a and b be any two arbitrary elements in G. Define ¢ : V — V by ¢(x) = ba" 'z

for all x € V. Clearly, 1 is a bijection onto itself. Furthermore, we have, for each x,y € V,

Ri(¢(z),¥(y)) = Ri(ba™ "z, ba™"y)
=vi((ba™'z) " (ba"y))
=vi(z7'y) = Ri(z,y).

Hence, the proof is complete. O

Theorem 2.3 Cayley fuzzy digraph structures are regqular.

Proof Let G = CayFp(V;vy,va, -+ ,vy) be a cayley fuzzy digraph structure. Let u,v € V.
Since Cayley fuzzy digraph structures are vertex transitive, there exist an automorphism say,
f on G such that, f(u) =v and R;(f(x), f(y)) = Ri(z,y) for any z,y € V and i = 1,2,--- | n.



Cayley Fuzzy Digraph Structure Induced by Groups 35

Then the in-degree of u,

ind(u) = Y Y Ri(w,u) =YY Ri(f(x), f(u)

zeVi=1 zeVi=1

= DY Y Rilf(z)v) = Y D Ri(f(x),0)
zeVi=1 flz)evi=l

= ZZRi(y,v):ind(v).
yeVi=1

Similarly, we can prove that outd(u) = outd(v). Therefore, G is in-regular and out-regular.

Now to prove that G is regular we just need to show that ind(1) = outd(1).

ZZRZ-(J:, 1) = ZZVi(x_l)

ind(1) =
zeVi=1 zeVi=1
= szz(x) = ZZRi(l,x) = outd(1).
zeVi=1 zeVi=1
Therefore, G is regular. O

Theorem 2.4 G = CayFp(V;v1,va, - ,Vp) s a trivial graph if and only if v; =0 for all 3.

Proof By definition, G is trivial if and only if R; = 0 for all ¢. This implies that v; = 0 for
all 4. 0

Theorem 2.5 G = CayFp(V;v1,va,- - ,vy) is reflezive if and only if v;(1) = 1 for some i.

Proof Assume that G = CayFp(V;vi,ve, -+ ,vy,) is reflexive. Then for every x €
V, Ri(x,z) =1 for some 4. This implies that v;(x71z) = 1;(1) = 1 for some i.
Conversely, let v;(1) = 1 for some i, say ¢ = k. This implies that for each x € V, Ry(z,z) =

vi(z71x) = (1) = 1. That is G is reflexive. O

Theorem 2.6 G = CayFp(V;vi,va, -+ ,vy,) is symmetric if and only if vi(x) = v;(x~1) for
alzeV, i=1,2,--- ,n.

Proof Suppose that G is symmetric. Then for any z € V,
vi(z) = v(z 7 2?) = Ri(z,2%) = Ry *(z,2%) = Ri(2?, ) = vi(a to ) = v (z7Y).

Therefore, v;(z) = v;(z71).
Conversely, suppose that v;(z) = v;(z~1) for all x € V. Then for any x,y € V, R;(z,y) =

vi(z7ly) = vi((@7ly) ") = vy~ ') = Ry

proof is complete. 0

(y,x). This implies that, R is symmetric. Hence the

Theorem 2.7 G = CayFp(V;vi,ve,- -+ ,vy) is transitive if and only if for every i,j and for
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any x,y € V,vi(z) Avi(y) < vi(xy) for some k.

Proof First assume that G is transitive. That is, for every 7,j, R; o R; < Ry, for some k.
For z,y € V,

(@) A vyy) < V() Ay M) s 2 € V)
=V{Ri(1,2) ARj(z,zy) : z € V}
=R;oR;(1,zy)
< Ri(1,zy) = vi(ay).

That is, v;(z) A v;(y) < vi(zy) for some k.
Now let for any z,y € V and ¢, j, v;(x) A v;(y) < vi(zy) for some k. Then,

(Rio Rj)(z,y) = V{Ri(z,2) AR;j(z,y) : z € V}
=V{vi(z72) Avj(z7ty) 1 2 € V}
<V{u((z™'2)(z ") : 2 €V}

= (e y) = Ry(z,y).
Thus, R; o R; < Ry, for some k. This completes the proof. O
Theorem 2.8 G = CayFp(V;vi,va, - ,vy) is complete if and only if Uv;,™ = V.

Proof First assume that G is complete. That is UR;7 =V x V. Clearly, Uy;& C V. Now
let € V. Then (1,2) € R;,* for some i. That is, R;(1,z) > 0, which implies, v;(z) > 0.
Thus, € Uy;, . Therefore, V C Uy;, . That is, Uy, ™ = V.

Conversely, assume Uv;, ™ = V. Let (z,y) € VxV. Thenz,y e V=a"lyecV=a"lyec
Uviot = 271y € ;T for some i. Then, v;(z~'y) > 0. That is, R;(x,y) > 0 which implies
(z,y) € Rio™. Hence, V x V C UR;, ™. Therefore,

URiT =V xV.

This completes the proof. O

Let Ay, be the set of all elements z € V of the form = = x5 - - x), where x; € uiar for

n
some i = 1,2,--- ,n. Then [¥] is defined as [J] = U Ag. Let By be the set of all elements
k=1
y € V of the form y = y1ys - - - yx, where y; € (v; A l/i_l)a'_ for some i = 1,2,--- ,n. Then [[¢]] is

defined as [[9]] = LnJ Bjy,.
k=1

Theorem 2.9 G = CayFp(V;vy,va,--- ,vp) is connected if and only if V = [J)].

Proof First assume that G = CayFp(V;vi,va, -+ ,vy) is connected. Clearly, [J] C V.
Now let € V. Then there exists a path from 1 to x say, (1,y1,y2, -,y = «). Then, for
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some i, R;, (1,y1) > 0, that is, y1 € v;t,. Also, yj_flyj € ijfo,for j=2,3,---,k. This implies

1

that o € Ay, since, z = (Ly1)(y; 'y2)(y5 'y3) -~ (v, yk). Therefore, z € U Ay, = [¢]. Hence,

k=1

vV =14].

Conversely, assume that V = [J]. Let z,y € V. Then z = 27ty € V, implies, z € [J] =
n
U Ap. Then z = 2120+ 2. Then 1, 21,2129, ,2122 -+ 2, = z is a path from 1 to z. Then
k=1
T,T21, L2122, - ,TZ122 -+ 2k = Tz = y is a path from x to y, implies G is connected. This
completes the proof. O

Theorem 2.10 G = CayFp(V;vy,va, -+ ,vp) is weakly connected if and only if V = [[9]].

Proof Assume G be weakly connected. Clearly, [[¢]] C V. Let z € V. Then there exist

a weak path say, 1,271,292, -+ ,2; = z from 1 to . Then, lz; € (v V yfll)sr, xflxg €
(Vi, V 1/2‘_21)3'7 ooy wptg € (v, Vi), which clearly implies that
z €| B = [[W]).
k

Hence, V € [[9]].

Conversely, assume that V = [[¢]]. Let z,y € V, implies 2 = 27ty € V. Therefore,
z € [[¥]]. Then there exist elements z; € (v, \/u;l)g', j=1,2,---,k, such that z = 2122 - - - 2,
for some k € {1,2,--- ,n}. Then 1,21, 2129, -+ ,2122 - 2 = 2 is a weak path from 1 to z and
hence x,rz1,x2129, - ,T2122 - 2, = Tz = y is a weak path from = to y. Therefore, G is
weakly connected. This completes the proof. O

Theorem 2.11 G = CayFp(V;v1,va, -+ ,vy) 48 partially ordered if and only if

(1) vi(1) =1 for some i;
(1) for every i,j and for any x,y € V,v(x) Av;(y) < vg(zy) for some k;
(i73) {z :v(z) =v(z™h)} = {1} foralli=1,2,--- ,n.

Theorem 2.12 G = CayFp(V;vy,va, -+ ,vp) is quasi-ordered if and only if

(1) v (1) =1 for some i;

(13) for every i,j and for any x,y € V,v(x) Av;(y) < vg(zy) for some k.

Theorem 2.13 G = CayFp(V;vi,ve,- -+ ,vy) is a Hasse diagram if and only if G is connected

and v (2129 Tm) =0, k=1,2,--- | n, for any collection x1,xa,- - , Ty, of vertices in V with
m>2 and v, (x;) >0 for j=1,2,--- ,m.
Proof Suppose G is a Hasse diagram. Since Vi (z;)>0forj=1,2,---,m, (1,z1,z122, ",

XZ1Xo - Tpy) is a path from 1 to x125 - - - &,,. Now since G is a Hasse diagram, Ry (1, 2122 - - )
=0 for all k. Therefore vg(x122- - xy) =0forall k =1,2,--- n.

Conversely suppose, G is connected and vy (z1z2 - ) =0, k=1,2,--- ,n, for any col-
lection 21,2, -+ , 2y, of vertices in V' with m > 2 and v;;(z;) > 0 for j = 1,2,--- ,m. Let
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(xo,21, + ,&ym) be a path in G from z1 to x,,, m > 2. Then Ry, (zg,x1) > 0, Ri,(x1,22) >
0, -+, Ry, (Tm—1,2Tm) > 0 which implies, v;, (x5 1) > 0, vy, (27 22) >0, -+ vy, (2,1 j2m) >
0. Thus, by assumption, Vk(xalxlmflmg e x;{l Tim) = I/k(xalmm) = 0. Therefore, Ry (zo, Zm) =
0 for all k =1,2,--- ,n. Hence, G is a Hasse diagram. This completes the proof. O
Theorem 2.14 For k=1,2,--- ,n,let Ay be the set of all products of the form v v;, ---v;, =
{z129 - 2} 1 5 € Vij(‘)*‘,j =1,2,---,k}. If G=CayFp(V;vi,v2,- - ,vy) has finite diameter,

then the diameter of G is the least positive integer m such that

¢= |J A

A€A,,

Theorem 2.15 G = CayFp(V;vy,va, -+ ,vy) 15 a tree if and only if V = [[V]] and 1 & [I].

Definition 2.16([6]) Let (S, ) be a semigroup. Let A be a fuzzy subset of S. Then A is said
to be fuzzy sub-semigroup of S if for all a,b € S, A(ab) > A(a) N A(b).

Definition 2.17 Let (S,%) be a semigroup and let vi,va,--- v, be mutually disjoint fuzzy
subsets of S. The fuzzy sub-semigroup generated by vi,vs,--- v, is the smallest fuzzy sub-
semigroup of S which contains vi,va,- -+ V. Let us denote it by (V(123...n))-

Theorem 2.18 Let (S,*) be a semigroup and let vy,va, -+ , vy, be mutually disjoint fuzzy

subsets of S. Then the fuzzy subset (v(123...n)) is precisely given by (V(123..n))(T) = \/{Z/j1 (z1) A
Vi, (x2) A -+ vji(xg) 1 ¢ = z12 - - - T with a finite positive integer k,x; € S and vj,(x;) > 0 for

some j; =1,2,--- ,n} foranyx € S.

Proof Let v/ be the fuzzy subset of V defined by v/(z) = V{v;, (x1) Avj, (z2) A+ - Ay, (Tm) -

T = T1ToX3 " Loy, Lj; € 1/;r ,me{1,2,3,--- ,n}} for any x € V. If y € V, by definition of v/,
it is clear that v'(y) > v;, (y) where ji € {1,2,--- ,n} and v;, (y) > 0. Thus, we have v;, <1/
for all j;. This implies that v/ contains vq,vs, -+ ,vy,. Let z,y € V. If vj,(x) =0 or vj,(y) =0,

then vj,(x) A v, (y) = 0. Then, v'(zy) > v;,(z) Av;,(y). Again, if v;,(z) # 0 and v, (y) # 0,
then by definition of v/, we have v/(zy) > v}, (x) Av;,(y). Hence v/ is a fuzzy sub semigroup of
V containing v;,i € {1,2,--- ,n}. Now let A be any fuzzy sub semigroup of V containing v;,i €
{1,2,---,n}. Then, for any z € V with = z12223... T, ©; € ijo, fori=1,2,---,n,m €
{1,2,3,--- ,n} we have A(x) > A(z1) NA(z2) A+ ANA(xh,) > v, (1) Avjy (T2) A - A, (@),
which implies that A(z) > V{v;, (1) Avj,(22) A - Avj, () @ & = 212223 Ty, T, €
I/;:O,m €{1,2,3,--- ,n} for j; € {1,2,...,n} for any x € V. Therefore, A(z) > v/(z) for all
x € V. Thus, v = (V(123..m)). That is, (V(123..n)) (@) = V{vj, (1) Avj,(m2) A+ Ay, (@)
T = T1T2T3 " Tm, Ty, € V;:o,m €{1,2,3,--- ,n}} for any z € V. O
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Abstract: A Finsler space is said to have reversible geodesics if for every one of its oriented
geodesic paths, the same path traversed in the opposite sense is also a geodesic. In this
work, we study a class of special Finsler metrics F' called arctangent Finsler metric, which
is a special (o, 8)-metric, F = a + ,Barctan(g) + €f (e # 0 are constant), where « is a
Riemannian metric and g is a 1-form. The conditions for an arctangent Finsler space (M, F)
to be with reversible geodesic are obtained. Further, we study some geometrical properties
of F' and prove that the arctangent metric F' induces a generalized weighted quasi-distance

dr on M.
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81. Introduction

An interesting topic in Finsler geometry is to study the reversible geodesics of a Finsler metric.
Recall that, a Finsler space is said to have reversible geodesics if for every one of its oriented
geodesic paths, the same path traversed in the opposite sense is also a geodesic. In the last
decade many interesting and applicable results have been obtained on the theory of Finsler
spaces with reversible geodesics. In [7], Crampin gives necessary and sufficient conditions for a
Finsler metric (M, F') to be with reversible and strictly reversible geodesics, respectively.
Reversible geodesic of («, 8)-metric and two dimensional Finsler spaces with («, §)-metric
were studied by Masca, Sabau and Shimada ([8],[9]). In [6], Sabau and Shimada have given some
important results on reversible geodesics. In [10], Shanker and Baby have exhaust reversible

geodesics for generalized (v, 8)-metric.

82. Preliminaries

Let F" = (M, F) be a connected n-dimensional Finsler manifold and let TM = Uyep T M

denotes the tangent bundle of M with local coordinates u = (X,Y) = (z¢,y%) € TM, where

. i O
t=1,--- 7n7y:ylaxi-

1Received August 25, 2019, Accepted March 8, 2020.
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If v : [0,1] — M is a piecewise C*° curve on M, then its Finslerian length is defined as

Li(y) = / Fly(),4(8))dt (2.1)

and the Finslerian distance function dp : M x M — [0,00) is defined by dr(p,q) = inf,L,
where infimum is taken over all piecewise C*° curves v om M joining the points p,q € M. In

general, this is not symmetric.

A curve v : [0,1] = M is called a geodesic of (M, F') if it minimizes the Finslerian length
for all piecewise C'*° curves that keep their endpoints fixed. We denote the reverse Finsler
metric of F as F' : TM — (0,00), given by F(z,y) = F(z,—y). One can easily see that F is
also a Finsler metric.

Lemma 2.1 A Finsler metric is with a reversible geodesic if and only if for any geodesic ~y(t)
of F, the reverse curve ¥(t) = (1 —t) is also a geodesic of F'.

Lemma 2.2 Let (M, F) be a connected, complete Finsler manifold with associated distance
function dF : M x M — [0,00). Then, dp is a symmetric distance function on M x M if and

only if F' is a reversible Finsler metric, i.e., F(x,y) = F(z, —y).

Lemma 2.3 A smooth curve v : [0,1] — M is a constant Finslerian speed geodesic of (M, F)
if and only if it satisfies 5 + 2G*(y(t),4(t)) = 0, i = 1,...,n, where the functions G* : TM —R
given by

G'(x,y) = Ty(a, y)y'y’ (2:2)

with

gis(agsj sk agjk)

ij(x,y) =2 ok oxJ oxs

Remark 2.4 Tt is well known [3] that the vector field

0 92

=y oxt oy’

is a vector field on T'M, whose integral lines are the canonical lifts 5(t) = (v(¢),¥(t)) of the
geodesics of . This vector field I is called the canonical geodesics spray of the Finsler space
(M, F) and G are called the coefficients of the geodesics spray T

Definition 2.5 If F and F are two different fundamental Finsler functions on the same
manifold M, then they are said to be projectively equivalent if their geodesics coincide as set
points.

Lemma 2.6 A Finsler structure (M, F) is with a reversible geodesic if and only if F and its

reverse function F are projectively equivalent.

The main purpose of the current paper is to determine the reversible geodesics for special
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Finsler metrics F' called arctangent Finsler metric, which is a special («, 8)-metric,

F=a+ ﬁarctan(é) + €/ (e # Oare constant),
@
where « is a Riemannian metric and § is a 1-form. The paper is organized as follows:

Starting with preliminary definitions on reversible geodesics in section two, in section three,
we obtain the conditions for an arctangent Finsler space to be with reversible geodesics (see
Theorem 3.1). in section four, we prove that if F' is projectively flat then it is with reversible
geodesics (see Theorem 4.2). In section five, we study metric structures associated to F and
prove that the arctangent metric F' induces a generalized weighted quasi-distance function dg
on the manifold M (see Theorem 5.2).

83. Reversible Geodesics of Arctangent Finsler Metric

Consider a Finsler space (M, F') with a special («, 8)-metric
F=a+p arctan(ﬁ) + ¢f3. (e # 0 are constant),
!

where a = \/a;;y’y’ is a Riemannian metric and 3 = b;(z)y’ is a 1-form.
The necessary and sufficient condition for F' to have a reversible geodesic is [6]

sOF _OF _
dyt  dxi

(3.1)

where T is the reverse of T, the geodesic spray of F, moreover I is geodesic spray for F. The
necessary and sufficient condition for F' to have strictly reversible geodesics is I'F = 0. Now
F=a+ Barctan(g) +€B. Then F = o + Barctan(g) —€B, 50 F = F + 2¢.

We have

) ) 1
TF,; — Fyi :arctan(g)(rﬁyi = Bai) + §<1+()2
B

:(arctan(g) + — (Hl(g)z) + 6) (fﬁy’ = Bai),

(07

)(fﬁy‘ - ﬁzl) + e(f‘/@yb - Bm‘)

ISy

Notice that for the spray I, we have

ob;  0b;
Oxd Ozt

f‘ﬁyl - ﬂa:l = ( )ij

So we get

nyi —F, = (arctan(f) + 5(1_’_1[3)2) + 6) ( ob; 0b; )yj. (3.2)
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Now,

{arctan(i) + §<H1(5)2> + e}

can not be zero. Therefore, from equation (3.1) and (3.2) we conclude that F is with reversible

b b\
(8wj - 6:&) v =0

i.e., F is with reversible geodesic if and only if 3 is closed 1-form. Hence, we have the following

geodesics if and only if

theorem

Theorem 3.1 Let (M, F) be an arctangent Finsler space with F defined by the Riemannian
metric « = \/a;;y'yl and 1-form B = b;y'. Then F is with a reversible geodesic if and only if
B is a closed 1-form on M.

84. Projective Flatness of Arctangent Finsler metric

A Finsler space (M, F) is called (locally) projectively flat if all its geodesics are straight lines [4].
An equivalent condition is that the spray coefficients G* of F' can be expressed as G* = P(x,y)y?,
where P(z,y) = %%yk. An equivalent characterization of projective flatness is the Hamels

relation [5].

2
PE_ . OF _

dxmoyt? T ok
Proposition 4.1 Let (M, F) be an arctangent space with F defined by the Riemannian metric

a = \/a;;y'yl and 1-form B = b;y'. Then F is projectively flat if and only if F is projectively
flat.

Outline of the Proof Recall (see Theorem 3.1 of [6]) that if F' = Fy+€/3 is a Finsler metric,
where Fj is an absolute homogeneous («, 3)-metric, then any two of the following properties
imply the third one:

(a) F is projectively flat;

(b) Fy is projectively flat;

(c) B is closed.

In our case 3
F = o+ Barctan(=) + €8 = F + 283,
«

where 5
F = a+ Barctan(=) — €8
a

which is absolute homogeneous.

Proof of Proposition 4.1 Let (M,F) be projectively flat, then by Hamels relation for
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projective flatness, we have

2
PE . OF _

AxmOyk Y Oxk
Thus we have

O%(F 4 2¢B) ,,  O(F +2¢B)
magk  J T % =0,
ox™ Oy Jr
PF . oF 28 . 98
meay’“y e + 26(8xm8y’fy a @)

PE . OF (826 m 86)
5o F :

&Emayky C ok T
Since ( is closed, Then we have

PF . oF
dzmayk? T gk

Therefore F is projectively flat.
Conversely, suppose that F is projectively flat. Since F' is projectively flat, therefore F
will satisfy Hamels equation

PF . OF
Faam5y — a7 =0
OxmOyk Oxk

So we have

O*(F —2€p) ,, O(F —2eB)

OxmOyk v Oxk =0,

o’r . OF 0?8 . 0B
8xm8yky C Oxk E(axmﬁyky B W) =9

O*F . OF 0’8, 0B
(‘33:’”8yky © Oxk 26(8mm8yky B W)

Since ( is closed, Then we get:

2
PE_ . OF _

Ox™mOyk 4 Oxk

Therefore F' is projectively flat. O

Theorem 4.2 Let (M, F) be be an arctangent space with F defined by the Riemannian metric
a = /a;;y'y’ and 1-form B = biyt. If F is projectively flat, then it is with a reversible geodesic.

Proof By Hamels relation, we can see that F is projectively flat if and only if F is
projectively flat. This implies that F' and F both are projectively equivalent to the standard
Euclidean metric and therefore F' must be projective to F. Thus F must be with a reversible
geodesic. 0
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85. Weighted Quasi Metric Associated with Arctangent Finsler Metric

It is well known that the Riemannian spaces can be represented as metric spaces. Indeed, for
a Riemannian space (M, «), one can define the induced metric space (M, d,) with the metric

b
do : M x M —[0,00) duo(z,y) = inf a(vy(t),5(t))dt, (5.1)

YE 2y

where I'yy = {7 : [a,b] = M|y is piecewise, v(a) =z, v(b) = y} is the set of curves joining =
and y, ¥(t) is the tangent vector to «y at y(t). Then d,, is a metric on M satisfying the following
conditions:

(1) Positiveness: dy(z,y) > 0if z £y, do(z,2) =0, 2,y € X;

(2) Symmetry: do(z,y) = da(y,2), Yo,y € M;

(3) Triangle inequality: do(z,y) < do(z,2) +do(z,y), Vr,y,z € M.

Similar to the Riemannian space, one can induce the metric dp to a Finsler space (M, F),
given by

dp : M x M — [0,00) dp(x,y) = ér%f/F ))dt, (5.2)
Y Ty

but unlike the Riemannian case, here dp lacks the symmetric condition. In fact, dp is a special
case of quasi metric defined below.

Definition 5.1([1]) A quasi metric d on a set X is a function d : X x X — [0,00) that satisfies
the following axioms:

(1) Positiveness: d(z,y) >0 ifx #y, dz,z) =0, z,y € X;

(2) Triangle inequality: d(z,y) < d(z,z)+d(z,y), Yo,y,z € X;

(3) Separation aziom: d(x,y) =d(y,z) =0 = z=y,Vr,y € X.

One special class of quasi metric spaces are the so called weighted quasi metric spaces
(M, d,w), where d is a quasi-metric on M and for each d, there exists a function w : M — [0, 00),
called the weight of d, that satisfies

(4) Weightability: d(z,y) + w(z) = d(y,x) + w(y), Vz,y € M.

In this case, the weight function w is R-valued, and is called generalized weight.

Theorem 5.2 Let M be an n-dimensional simply connected smooth manifold. Arctangent
Finsler metric F = a + Barctan( )+ €8 (e # 0 are constant) induces a generalized weighted
quasi-distance dp on M.

Proof Consider an arctangent Finsler space (M, F') with F defined by the Riemannian
metric o = y/a;;y%y7 and 1-form B = b;y’. (e # 0 are constant) Let ., € 'y, be a Finslerian
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geodesic, then from (5.2), we have

b
dﬂaw:/ NWW&®Mt

b B
:/ (a+p arctan(a) +eB)dt
llb 5
:/ (a + Barctan(=))dt + ¢ B
a o Yay
_ B
_/mea+ﬁarctan(a)+€[m B. (5.3)

Let us consider a fixed point a € M and define the function w, : M — R,w,(z) = dp(a,z) —
dp(x,a) . From (5.3) it follows that

wa(z) = dr(a,z) — dp(z,a)

:/ a+ﬂarctan(§)+€[{ B

ax ax

_ B, _
Axaa+ﬁarctan(a) e/%mﬁ
—cf s-¢f 5
x Yza

Ya

- _2[Y 3, (5.4)

Ta

where we have used the Stokes theorem for the 1-form 8 on the closed domain D with boundary
0D = gz U%zq. One can see that w, is the anti derivative of 8. This is well defined if and only
if the path integral in right hand side of (5.4) is path independent, that is, 8 must be exact.

Then dg is a weighted quasi-metric with generalized weight w,. Indeed, we have

(a+ﬁarctan(§))+e/ B+e ﬂ—e/ B

Yy Yax ra

@mm+mw=ﬁ

zy

= / (a + Barctan(é)) —¢ B—¢ 3, (5.5)
Yy & Yza Yya

where we have again used the Stokes theorem for the 1-form S on the closed domain with

boundary vez U Yay U Vya-

Similarly,

dp(y, o) +wa(y) =A (a+5arCtan(§)) _/7

B—Aﬁ- (5.6)

yx ya xa

From equations (5.5) and (5.6) we conclude that dp is weighted quasimetric with general-

ized weight w,. This completes the proof. O

Next, recall the following result.



Arctangent Finsler Spaces With Reversible Geodesics 47

Lemma 5.3([1],[2]) Let (M,d) be any quasi-metric space. Then d is weightable if and only if
there exists w : M — [0,00) such that

A, 9) = plasy) + (@) — wlp), e,y € M, (57)

where p is the symmetrized distance function of d. Moreover, we have

L) ()] < play), Yoy e M. (5.8)

The proof is trivial from the definition of weighted quasi-metric.

Remark 5.4 If (M, F) is an arctangent Finsler space with F' = o + Barctan(g) +eB, (e£0

are constant). then the induced quasi-metric dr and the symmetrized metric p induce the same
topology on M. This follows immediately from ([3],[4]).

Remark 5.5 From Lemma 5.3, it can be seen that the assumption of w to be smooth is not

essential.

Next, we discuss an interesting geometric property concerning the geodesic triangles.

Proposition 5.6 Let (M, F) be an arctangent space with F' defined by the Riemannian metric
a = \Ja;jy'yd and 1-form B = byy'. (e # 0 are constant). Then the perimeter length of any

geodesic triangle on M does not depend on the orientation, that is,
dF(xvy) + dF(ya Z) + dF(Z,.’ﬂ) = dF(xv Z) + dF(Zvy) =+ dF(yax)v V:E,y, z€M. (59)

Proof From Theorem 3.1, it follows that the quasi-metric is weightable and therefore (5.7)

holds good. By using this formula an elementary computation proves (5.9). g

References

[1] H.P. A. Kunzi, V. Vajner,Weighted quasi-metrics, Annals New York Acad. Sci., 728(1994),
64-77.

[2] P. Vitolo,A representation theorem for quasi-metric space, Topology Appl., 65(1995), 101-
104.

[3] Z. Shen, Differential Geometry of Sprays and Finsler Spaces, Kluwer Academic Publishers,
Dordrecht, (2001).

[4] Z. Shen,On projectively flat («, 8)-metrics, Canad. Math. Bull., 52(2009), 132-144.

[5] G. Hamel,Uber die Geomtrieen in denen die Geraden die Kiirzeintensind, Math. Ann.,
57(1903).

[6] S.V.Sabau, H. Shimada,Finsler manifolds with reversible geodesics, Rev. Roumaine Math.
Pures Appl., 57(2012), 91-103.

[7] M. Crampin,Randers spaces with reversible geodesics, Publ. Math. Debrecen, 67/3(2005),
401-409.



48 Mahnaz Ebrahimi

[8] I. Masca, S. V. Sabau, H.Shimada, Reversible geodesics for (a, §)- metrics, Intl. J. Math.,
21(2010), 1071-1094.
[9] I. Masca, S. V. Sabau, H. Shimada,Two dimensional («, 8)-metrics with reversible geodesic-
s, Publ. Math. Debrecen, 82(2013), 485-501.
[10] G. Shanker, S. A. Baby,Reversible geodesics of Finsler spaces with a special («, §)-metric,
Bull. Cal. Math. Soc., 109(2017), 183-188.



Math. Combin. Book Ser. Vol.1(2020), 49-61

Laplacian and Signless Laplacian Degree Sum Distance

Energy of Some Graphs

Sudhir.R.Jog and Jeetendra.R.Gurjar

(Gogte Institute of Technology, Udyambag Belagavi Karnataka, 590008, India)
E-mail: sudhir@git.edu, jeetendra.g8@gmail.com
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§1. Introduction

All the graphs considered here are finite simple, connected and undirected. Let G be such a
graph of order n.The degree of a vertex v;, d(v;) is the number of edges incident on it and we
denote d;; as the distance between vertex v; and v;.

Several results on Laplacian energy of graph G are reported in the literature [2, 3, 4, 5,
6]. The signless Laplacian energy is also studied in the literature rigorously [7, 8, 9]. We have
discussed degree sum distance matrix in [1], as DSD(G).

We now define the Laplacian and the signless Laplacian degree sum distance matrix of a

connected graph G as
LDSD(G) = [ldsdlj]

where,

ldeU = —dij(d(vi)—kd(vj)) lfz#j
= 2; ifi=j

and QDSD(G) = [QdeU] Where,

qudij = dij (d(Uz) + d(’l)j)) if 4 7é j
= 2d; ifi=j

1Received October 24, 2019, Accepted March 9, 2020.
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The following are obvious for Lpsp(G) and Qpsp(G).

(1) Both Lpsp(G) and Qpsp(G) are real symmetric, hence their eigenvalues are real.

(2) If 5; and ;, i=1,2,3 -+ , n are eigenvalues of Lpsp(G) and Qpsp(G) respectively then
they can be arranged in non-increasing order as 81 > 82 > - > B, and 1 > 2 > -+ > Y,

respectively.

Definition 1.1 Let G be graph of order n and size m.If 2avd(G) denotes double average degree

2.1 di(G)

of a graph given by, 2==———= then analogous to usual Laplacian and signless Laplacian

n
energy we define the Laplacian and signless Laplacian degree sum distance enerqgy as,

LEpsp(G) =Y |8 — 2avd(G)| and QEpsp(G) =Y |y — 2avd(G)|.
=1 =1

The double average degree is taken to be consistent with the degree sum entries defined in
the matrix defined

Example 1.2 For the graph G given in Figure 1,

Figure 1

4
The double average degree of G is 2 x 3= 4.

2 -4 -6 —6 2 466
Lpsn(G) = -4 6 -5 =5 Qpsp(G) = 4 6 5 5

-6 -5 4 —4 6 5 4 4

-6 -5 —4 4 6 5 4 4
Laplacian degree sum distance eigen- signless Laplacian degree sum distance
values are $; = 11.1686, B2 = 8.065, eigenvalues are v; = 19.0266, v, = 1.0761,
By =8,8s = —11.2342 vy = 0,y4 = —4.1027
LEpsp(G) =]11.1686 — 4| + [8.065 — 4| | QEpsp(G) = |19.0266 — 4| + |4 — 1.0761].
+[8 — 4] 4 [11.2342 + 4| = 30.4678. +]0+ 4] + |4 4+ 4.1027] = 30.0532.

Table 1
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82. Bounds on Laplacian Degree Sum Distance Energy
We introduce the auxiliary Laplacian degree sum distance eigenvalue p;, defined as,
1 n
=Bi—2— E d;.
n-
=1

Lemma 2.1 Let G be a graph of order n, then we have

iuizo and i,u?:2R,
i=1 i=1
where,

Zd2+2z (d; + d;)dy;)?

i=1,1<j

The Laplacian degree sum distance energy of G can be another as

Proposition 2.2 Let G be a graph of order n > 2, then, 2/ R < LEpsp(G) < vV2nR, where
R is defined above.

Proof Consider the equation
n n

SO mil + lugl)? QHZI/uIQ?(Zuz) ]iluj

=1 j=1

N

= 2n2R—2(LEpsp(G))? = 4nR — 2(LEpsp(G))?
from Lemma[2.1].

Note that, N > 0, i.e, 4nR — 2(LEpsp(G))? > 0 which implies, LEpsp(G) < v2nR.
Again from Lemma 2.1 we have (>_ ui)Q = 0, the fact that R>0 and

n n 2
Zuf = (Zm) -2 Z il
=1 =1

1<i<j<n
< 20> gl <> il
1<i<j<n 1<i<j<n
2R < 2 > |mal ]

1<i<j<n
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so that

3

" 2
LE%SD(G) = ( Mi|>
=1

1=

n

= D o lwlP+2 Y il

i=1 1<i<j<n
= 2R+2R=4R.
Then, LEpsp(G) > 2V/R.
Lemma 2.3([10]) Let aj,as,- - ,a, be non-negative numbers, then

n [izai—(nai)}z] SnZai— (Z\/@) <n(n-—1) lizai_(nai);

i=1

Proposition 2.4 Let G be a graph with n vertices and m edges, then

\/QR +n(n—1)A% < LEpsp(G) < \/Z(n —1)R+nAx,
where,

A:

det <LDSD(G) - |fi zn:dz‘| In> ‘ .
i=1

Proof We assume that A # 0, by setting a; = p? where i = 1,2,--- ,n, and

1

1 n n n
P=n nZu?—<Hu? >0
=1 =1

From Lemma 2.3, we have
penyii - (Tt ) <o
i=1 i=1
which can be further expressed as P < 2nR — (LE(G))? < (n — 1)P.
Hence,
P 1zn:2 12[2E Lop A% | =2p —nad
=n|— c — , =n|—2P—A»| =2P —nA~
w2t (L -

By substituting in the above inequality, we obtain desired result.

| S
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Proposition 2.5 If G is any graph of order n and A as defined above, then

\/2R—|— n(n—1)A% < LEpsp(G) < V2Rn.

Proof For lower bound consider,

n n

[LEpsp(G)? =Y (i) = (u)* + 2 il |51

i=1 i=1 1<J

Since AM > GM, we have

1 1
mz willpsl = (H |pillpz]) 7=
it it
n 1
= H(\m|2"*2)m
=1

e 2 2
([T bl ) = A%
i=1

Therefore,
[T 1willies| > n(n — 1A%
i#j
Hence,
[LEpsp(G)]2 > 2R+ n(n — 1)A*,
ie.,

LEpsn(G) > /2R + n(n — 1)A%. (1)

For upper bound we define

X = 3> (il + 1w

i=1 j=1
= DN (Il + 1) +2 (Z ui|uj>
i=1 j=1 i=1

= nZ(ui)2 - HZ(MJ)Z —2 (Z Iuilluﬂ)
@)

= 2nR+2nR —2[LEpsp =4nR — 2[LEpsp(G))?

Since X > 0, we get that
LEDSD(G) S V2Rn. (2)

Combining (1) and (2) we obtain the desired result. O
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83. LEpsp of Some Graphs

Lemma 3.1 If A\, Ao, -+ , A, are the eigenvalues of any matriz P of order n, then the eigen-
values of the matriz kI, £ P are k £ A1, k£ Ao, -+ JkE Ay

Using Lemma/[3.1] one can directly obtain the Laplacian and signless Laplacian degree sum
distance eigenvalues from the degree sum distance eigenvalues for a regular graph G.The degree
sum distance energy is already discussed by the present authors in [1].

In general the Laplacian degree sum distance energy and signless Laplacian degree sum
distance energy are equal for a regular graph G.This is consistent with the equality of Laplacian
and signless Laplacian energy for regular graph G. Hence we discuss graphs which are not

regular.

Lemma 3.2 Let a and b be two arbitrary constants, I is the identity matrix and J is n X n
matriz whose all entries are 1’s. If A = (a — b)I + bJ then the characteristic polynomial of A,
is, N[ — Al =[A—a+b"" 1A —a— (n—1)b.

Theorem 3.3 The Laplacian degree sum distance energy of the complete bipartite graph K,

(&)

2n(m + 3n)(m — 1) 2m(n + 3m)(n — 1)
LEpsp(Kmn) = —— ———
4dmn 4dmn
+ﬁ1+m+n m+n—52,

where 81 and B2 are the roots of the equation

B2 4 2(4mn — 3n — 3m)B + mn(14mn — 24m — 24n — m? — n? + 36) = 0.

Proof In K, ,,, m vertices have degree n and n vertices have degree m.The diameter being

2 the structure of the degree sum distance matrix is

2nl, — 4mA(K,,)  —(m+n)dnxn

Lpsp(Kmn) =
—(m+n)dnxm 2ml,, — 4nA(K,)

where J is matrix of all 1’s and A the adjacency matrix.The Laplacian degree sum distance

polynomial is then given by

(8 —2n)L, + 4mA(K,,) (m+n)Jmxn

|BI - LDSD(Km,n)‘ ==
(m~+n)Jnxm (8 —2m)I, + 4nA(K,)

Using Lemma 3.2 with

R Y N () ()

@= B =) B—dm(n—1)
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we get that
18] — Lpsp(Kmn)| = [B—6n]""'[8—6m]""'[3%+2(4mn — 3n — 3m)3
+mn(14mn — 24m — 24n — m? — n? + 36)].
. dmn .
Using double average degree as, doubleavd(K,, ) = preang we get desired result. O

Corollary 3.4 If m =1, we get star graph K; , whose Laplacian degree sum distance energy
18,
(2n+6)(n—1) 4n 4

" +\n+1*51|+\

where 81 and B2 are roots of the equation,

LEpsp(Ki,) =

n
n+1752|5

(82 +2(n — 3)8 — n(n® — 6n +5)] = 0.

Let K,,+e and K,,—e denote the graph obtained by adding or deleting an edge e respectively
to complete graph K,,, both are of diameter 2.

Theorem 3.5 The LEpsp of K, + e is

2 _ _ > B
LEpsp(,+0) = |A=AEE - - 1) - 2n - 2)en - 2) + | XS
2(n? —n —2) 2(n® —n — 2)
T ) T

where B1,82 and B3 are roots of the equation,

B2 —((2n+2)—2(n—1)(n-3)3% - @n*-1)(n—-3)+4n*(n— 1)+ (2n - 1)*(n - 1)
+(n—1)HB+8n3(n—1)+22n - 1)*(n—1)+4n(n* —-1)2n—1) —2(n —1)3(n — 3) = 0.

Proof In K, + e one vertex has degree n, one vertex has degree 1 remaining having degree
n — 1, then we have

[ o —(n+1) —@2n-1) ... —2n-1) ... —(2n—1) ]
—(n+1) 2 —2n —2n —2n
Losn(Ky +¢) = —(2n—1) —2n 2n—1) . —2n-2) ... —(2n-—2)
—(2n—1) —2n —-(2n—-2) ... 2(n-1) ... —(2n-2)
| —(2n-1) —2n -(2n-2) ... =(2n-2) ... 2n-1)
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The Laplacian degree sum distance polynomial is

[ B-2n m+1)  (@n-1) ... (2n-1) (2n —1)
(n+1) B—2 2n 2n 2n
BT Lpsn(Knte)| = (2n—-1) 2(n-1) B—-2(n-1) . (2n —2) ... (2n —2)
(2n—1) 2n (2n —2) oo B=2(n-1) (2n —2)
i 2n—-1) 2(n—-1) (2n —2) (2n —2) B—2(n-1)

Hence,

‘ﬂ] — LDSD(Kn + 6)‘

[8—2(n—1)— (2n—2)]"?[8° = ((2n+2) — 2(n — 1)(n — 3))8?
—(4m* =1)(n—=3)+4n*(n—1)+2n - 1)*(n - 1) + (n — 1)*)
+8n(n — 1) +2(2n — 1)%(n — 1) + 4n(n? — 1)(2n — 1)
—2(n—1)*(n—3)].

Using double average degree as

2(n? —n—2
doubleavd(K,, + €) = 2n”—n-2)

n+1 ’
we get the desired result. O
Theorem 3.6 The LEpgsp of K,, — e is
2(n — 2 1 2(n — 2 1
LEpsp(K, —¢) = ‘(”T)L(n"") A —1)|(n—3)+ ‘(”)(”H —6(n—2)

+

‘2(n—2)(n+1) a4

‘2(n—2)(n+1) + By

)

where 81 and B2 are roots of the equation

(6% + (2n° — 8n +4)8 — 2(2n° — 6n* + 5n — 2)] = 0.

Proof In K, — e two vertices are of degree n — 2 and remaining are of degree n — 1.

Proceeding in a way similar to Theorem 3.5, whose Laplacian degree sum distance polynomial
of K,, —eis

|BI — Lpsp(Kn —e)| = [B—2(2n—2)]" |8 — 6(n—2)][8> + (2n° — 8n+4)8 — 2(2n® — 60> + 5n — 2)].

Using double average degree as

2(n—2 1
doubleavd(K,, — e) = 2n=2)(n+1)

we get the desired result.
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Let K, be a complete graph of order n then the vertex coalescence of K, with K, will be
denoted by K,0,K,, and the edge coalescence by K,O.K,. K,O,K, has 2n — 1 vertices and
2 x (nC3) edges whereas K,,O.K,, has 2n — 2 vertices and 2 x (nCy — 1) edges.

Theorem 3.7 The LEpsp of K,Ou,K,, is

LEpsp(Ko0un) = |*p = —2n =y )|+ | = 1) 2 -
dn(n —1) dn(n —1)
=1 T o |

where B, and Bo are the roots of the equation,

B2 + (6n2 — 20n + 14)3 — 2(n — 1)(21n? — 50n + 29) = 0.

Proof The graph K, O,K, is of diameter 2 has two sets of vertices one at a distance 2
from each other and other at 1.There is one vertex of degree (2n — 2) and remaining (2n — 2)
of degree (n — 1). With suitable labeling the Lpsp of K,,0,K,, takes the form

LDSD(KTLO’UK’I'L) -

[ 2(2n—-2) —-(Bn-3) —-Bn-3) ... —Bn-3 —Bn-3 —-Bn-3 ... —Bn-3)
—(3n —3) 2(n —1) —2(n—-1) ... —2(n-1) —4(n-1) —-4(n-1) ... —4(n-1)
—Bn—-3) —2(n-1) 2(n —1) . —2(n—-1) —4(n-1) —4n-1) ... —4(n-1)
—-3Bn-3) —-2(n-1) -2(n-1) ... 2(n—1) —4(n—-1) —-4(n-1) ... —-4(n-—-1)
—-Bn—-3) —-4(n-1) —-4(n—-1) ... —4(n—-1) 2(n-1) —2(n—-1) ... =2(n-1)
—-Bn—-3) —-4(n-1) —-4(n—-1) ... —4(n-1) —-2(n-1) 2(n — 1) .. —2(n-1)

L - 3n—-3) —-4(n—-1) —-4(n-1) ... —-4(n-1) -2(n-1) —-2(n-1) ... 2(n—1)

So that the Laplacian degree sum distance polynomial is

|/BI - LDSD(K’I’LO’UK’I'L)| -

M B —22n—2) (3n — 3) (3n — 3) o (3n — 3) (3n — 3) (3n — 3) o (3n — 3)
(3n — 3) B —2(n—1) 2(n — 1) o 2(n — 1) 4(n — 1) 4(n — 1) o 4(n — 1)
(3n — 3) 2(n — 1) B—2(n—1) B 2(n — 1) 4(n — 1) 4(n — 1) A 4(n — 1)
(3n — 3) 2(n — 1) 2(n — 1) .. B—2(n-—1) 4(n — 1) 4(n — 1) a(n — 1)
(3n — 3) 4(n — 1) 4(n — 1) o 4(n — 1) B —2(n—1) 2(n — 1) o 2(n — 1)
(3n — 3) 4(n — 1) 4(n — 1) B 4(n — 1) 2(n — 1) B —2(n —1) A 2(n — 1)

L (3n — 3) 4(n — 1) a(n — 1) 4(n — 1) 2(n — 1) 2(n — 1) .. B—2n-1) |

2n—4
1B — Losp(KnOuKn)| = [8—2(n—1)(n+ 1)][8 — 4(n — 1"

x[82 + (6n% — 20n + 14)5 — 2(n — 1)(21n? — 50n + 29)].
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Using double average degree as

dn(n —1)
doubleavd( K, O, K,,) = ———,
oubleavd( ) S

we get the desired result. O

On similar lines we get the Laplacian degree sum distance energy of K,O.K,.

Theorem 3.8 The LEpsp of K,O.K,, is,

2 — —
LEpsp(Kn,0.K,) = ’2 (nnnll> —4(n — 1)‘ (2n —4)

n?—n-—1
2 ———— | —4(2n -3
Hp () e
2_n-1
+p(2) -
n—1

2_n—-1
() -
n—1

where $1 and (o are roots of the equation, 3% +2(n — 1)(3n — 8)B — 4(3n — 4)%(n — 2) = 0.

9

Proof The graph K,O.K, has two sets of vertices one at a distance 2 from each other
and another at distance 1, being of diameter 2. There are two vertices of degree (2n — 3) and
remaining (2n — 4) of degree (n — 1). With suitable labeling the Lpsp of K, O.K,, takes the

form

LDSD(KnOeKn) =

[ 2(2n—-3) —2(2n-3) —-(Bn-4) ... —(Bn-4) —-(Bn-4) —-Bn-4) ... —(3Bn-4) |
—2(2n — 3) 2(2n — 3) —-Bn—-4) ... —Bn—-4) —-Bn-4) —-Bn-4) ... —Bn-4)
—(3n —4) —(3n —4) 2(n—1) ... —2(n-1) —-4(n-1) —-4(n-1) ... —4(n-1)
—(3n —4) —(Bn—-4) —2(n-1) ... 2(n—1) —4(n—-1) —-4(n-1) ... —4(n-1)
—(3n —4) —Bn—4) —4(n—-1) ... —-4(n-1) 2(n —1) —4(n—-1) ... —4(n-—-1)
—(3n —4) —Bn—-4) —4(n—-1) ... —4(n-1) —2(n-1) 2(n—1) .. —2(n-—-1)

L —(Bn—4) —-(Bn—-4) —4(n-1) ... —4(n-1) —-2n-1) —-2(n-1) ... 2(n —1)

So that the Laplacian degree sum distance polynomial is
|B—Lpsp(K,0.K,)| = [B—4(n—1)]*""5[3—4(2n—3)][8*+2(n—1)(3n—8)3—4(3n—4)?(n—2)]
Using double average degree as

2 _p_1
doubleavd(KnO.K») = 2 (n”1> :
p—

we get the desired result. 0
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84. QEpsp of Some Graphs

We now state without proof results on QEpgp which follow on similar lines like LEpgp proved

in previous section.

Theorem 4.1 The signless Laplacian degree sum distance energy of the complete bipartite

graph Ky, ,, is

2n(m —n)(m —1) 2m(m —n)(n —1)
E Konn) =
@ DSD( ’ ) m-+n m+n
dmn B n 4dmn _
m-4+n m m-4+n 020

where ~v1 and o are the roots of the equation

Y2+ 2(n +m — 4mn)y + mn(14mn — m? — n? — 8m — 8n +4) = 0.

Corollary 4.2 If m =1 we get star graph K , whose signless Laplacian degree sum distance

enerqgy is

4n

n+1 Tz

4n
m n+1

-2

QEpsp(Kin) = ’ (n—1)+

4n
n+1|’

where v1 and 1 are roots of the equation, v* — 2(3n — 1)y — n(n? — 6n +5) = 0.

Theorem 4.3 The QEpsp of K, — e is

QBpsp(f, — o) = A=A gy (A0 gy
+'2(n—2)(n—|—1)_% +‘2(11—2(n+1)_72 |

where 1 and v are roots of the equation,y? + (2n% — 8)y + (4n® — 20n? + 30n — 12) = 0.

Theorem 4.4 The QEpsp of K, + e is

2(n? —n+2
QEpsp(K, +e) = ‘()+2(n—1)—(2n—2) (n—2)
n+1
2(n% — 2
+‘W+2(n—1)+(2n—2)(n—2)’
2(n* —n+2) 2(n® —n+2) 2(n? —n+2)
+‘n+1 —71—1—771Jrl —72+7n+1 =73,
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where v1, v2 and 3 are roots of the equation

v —202n+ (n—1)(n —2))y* + (4(n* = 1)(n — 1) — 4n’*(n — 1)
—@2n—1)>%*n—1)—(n+1*+4n)y +2(2n - 1)*(n — 1) +4n3(n — 1)
+(n—1)*=2n(n* - 1)(2n — 1)) = 0.

Theorem 4.5 The QFEpsp of K,O,K, is

4n(n —1) 5 4n(n—1)
= =2 —4 _1)2_
dn(n — 1) dn(n —1)
om—1 N m—1 2

where v, and ¥o are roots of the equation v* —2(n —1)(3n — 1)y + 6(n — 1)3 = 0.

Theorem 4.6 The QEpsp of K,O0.K,, is

where v, and ¥o are the roots of equation 4* — 2n(3n — 5)y + 4(n — 2)(3n% — 6n + 2) = 0.

85. Conclusion

We defined the Lpgp and @Qpgp of a graph, obtained expressions for energy of some graphs.
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§1. Introduction

Fixed point theory is an important part of mathematics. Moreover, it’s well known that the
contraction mapping principle, which is introduced by S. Banach in 1922. During the last few
decades, this theorem has undergone various generalizations either by relaxing the condition on
contractivity or withdrawing the requirement of completeness or sometimes even both.Gahler
[4] first introduce the concept of 2-metric space. Then many authors like Iseki [6], Rhodes
[11], Simoniya [13], etc. investigating the existence of fixed point and common fixed point for
various contractive mappings. Naidu and Prasad [10] prove that every convergent sequences in
a 2-metric space need not be a Cauchy sequence. Recently, M. Akram [2] defined A-contraction
on a metric space and proved some common fixed points theorems. G. Akinbo [1] generalize
the result using the concept of weakly compatible mapping. V.Gupta et al. [5] , M.Saha et
al. [12] also proved fixed point theorems on A-contraction in the 2-metric space. In this paper
we prove some common fixed point theorem for five self mappings by using A-contraction and

weak compatibility.

82. Definitions and Preliminaries

Definition 2.1([4]) Gahler introduce 2-metric space as:

Let X be a non-empty set and let d: X x X x X — [0,00) be such that

1Received October 21, 2019, Accepted March 10, 2020.
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(1) To each pair of point x,y € X with x # y there exists a point z € X such that d(x,y, z) #

(2) d(z,y, z) = Owhen at least two of the three points are equal;
(3) For any x,y,z € X , d(z,y,2) = d(z,z,y) = d(y, z,x);
(4) For any ,y,z,w in X d(z,y,2) < d(z,y,w) + d(z,w, 2) + d(w, y, 2).

Then d is called a 2-metric and (X, d) is called a 2-metric space.

Let X denote a complete 2-metric space unless or otherwise stated instead of (X, d).

Definition 2.2 A sequence {x,} in X is called a Cauchy sequence when d(Zp, Tm,a) = 0 as
n,m — 0.

Definition 2.3 A sequence {x,} in X is said to be converge to an element x in X when
d(xpn,x,a) — 0 as n — oo.

Definition 2.4 A 2-metric space (X, d) is said to be complete if every Cauchy sequence in X

converges to a point of X.

Definition 2.5 Two self maps A and B of a 2-metric space (X,d) are said to be compatible
if lim d(ABz,, BAz,,a) = 0 for all a € X , where {x,} is a sequence inX such that if
n—oo

lim Ax, = lim Bz, = x for some x in X.
n— oo n— oo

Definition 2.6 Let A and B be mappings from a metric space (X, d) into it-self. A and B are
said to be weakly compatible if they commute at their coincidence point i.e, Ax = Bx for some

x in X implies ABx = BAx.

Definition 2.7 On the other hand Akram [2] defined A-contraction as follows:
Let a non-empty set A consisting of all functions « : Ri — Ry satisfying

(1) A is continuous on the set R3 of all triplet of non negative real’s (with respect to the
Euclidean metric on R3);

(2) a < kb for some k € [0,1) whenever a < afa,b,b)or a < a(b,a,b) or a < a(b,b,a) for
all a,b € Ry.

Definition 2.8 A self map T on a 2-metric space X is said to be A-contractions if for each
ue X,
d(Tx, Ty,u) < af{d(z,y,u),d(z, Tz, u),d(y, Ty,u)}

holds for all x,y € X and o € A.
§3. Main Results

Theorem 3.1 Let F,G,S,T and h be five continuous self mappings of a complete 2-metric
space (X, d), such that T(X) C G(X) and S(X) C F(X). Assume h is an injective mapping.
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If S(X) or T(X) is a complete subspace of X and satisfy
d(hSz,hTy,u) < o{d(hGz,hFy,u),d(hGx, hSz,u), d(hFy, hTy,u)} (3.1)

where a € A and for all x,y,u € X. Suppose further that (T, F) and (S, G) are weakly compatible
subspace of X, then (S,G,h) and (T, F,h) have a coincidence point in X. Also, F,G,S,T and

h have a uniquely common fixed point in X.

Proof Here, F,G,S,T and h be self maps of 2-metric space . Let xg be any point in
X and as S(X) C FX), T(X) C G(X) then there exists x1,z2 in X such that Szg = Fa; ,
Txzy = Gxg, Sxo = Fxsz ---. Inductively, we can construct sequences {z,} and{y,} in X such
that

Yn = hSz, = hFx,1 when n is even,

Yn = hTx, = hGxy,12, when n is odd.

Now, we will prove that {y,} is a Cauchy sequence. Assuming n € N is even, then
d(hSxp, hTXpi1,u)

o{d(hGxp, hFxpi1,u), d(hGZp, hSTp, u), d(hFzpi1, hT2xp11,u)} (by (3.1))
a{d(ynfh Yn, ’LL), d(ynfla Yn u), d(yn7 Yn+1, U)} < kd(ynfly Yn, u>7 (32)

d(yna Yn+1, U)

A

where k € [0,1) as a € A.

When, n € N is odd, then
d(hT'zp, hSzpy1,u) = d(RSTpt1, hTx,, w))

o{d(hGxpi1, hFxp,u), d(hGTpi1, hSTpi1,u), d(hFxy, hTx,,uw)} (by (3.1))
a{d(yn) y’n717 U), d(y’ﬂ7 yn+17 u)? d(y’I’L*]J yn, U)} S kd(ynfla y’l’ba U), (33)

d(yna Yn+1, U)

IN

where k € [0,1) (as € A).
Thus, whether n is even or odd, we have
A(Yn, Yn+1, 1) < kd(Yn—1,Yn, v)
for some k € [0,1).

Inductively,

d(yna Yn+1, u) < kd(yn—la Yn, u) < de(yn—Qa Yn—1, u)
o S knd(yOa Y1, u)) (34)

IN

for some k € [0,1).
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Now,

AWYn,Ynt2,u) < dYns Ynt2, Ynt1) + AYns Yns1,w) + d(Yny1; Yny2, w)
1

= d(Yns Yn+2,Yn+1) + Z A(Yn+rs Yntrt1, ). (3.5)
r=0
When n is even,
d(yn, Yn+2, yn+1) = d(yn+17 Yn+2, yn) = d(hT:rn+17 hSmn+2,yn)

d(hSznt2,hTTni1,Yn)

a{d(hGxni2, hFTni1,yn), d(hGTpni2, hSTni2,yn), d(RETny1, A TTni1,yn)}
(by (3.1))

a{d(Yn+1,Yns Yn)s d(Yn+1, Yn+2,Yn), d(Yn, Yn+1,Yn)

= a{0,d(yn+1,Yn+2,Yn),0} <k-0=0.

IN

Similarly, when n is odd we can find d(yn, Ynt2, Ynt+1) = 0.
So, from (3.5) we get

1

d(yna Yn+2, u) < Z d(yn-i-m Yn+r+1, u)
r=0

Similarly proceeding as above we will get

p—1

Z d(yn-‘rm Yn+r+1, u)

r=0
(k‘n + gt + -+ k’”“’_l)d(yner Yn+r+1, u)

= kn(l - kp)/(l - k)d(yn+rayn+r+1au)
< K"/(1 = k)d(Yntr, Yntri1,u)-

IN

d(ym Yn+ps u)

Taking lim on the above inequality we get, limy,_ oo d(Yn; Yntp,w) < 0 as k € [0,1), Which

n— oo

shows that {y,} is a Cauchy sequence in X.

Since, T'(X) is complete then {y, } converges to a point z in T(X), and since, T'(X) C G(X),
then there exists a point ¢ in X such that Gg = z. and as h is injective so

hGq = hz. (3.6)
Now, let hSq # hz and
lim gy, = z (as y, converges to z). (3.7)
n—oo

Now,

d(hSq, hz,u) < d(hSq, hz, hTym) + d(hSq, A TYm, ) + d(RTYm, hz, u). (3.8)
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Now,

d(hSq, hTym,uw) < afd(hGq, hFy,,u),d(hGq, hSq,u),d(hEFym, hRTYm,u)} (by (3.1))
= ofd(hz,hz,u),d(hz,hSq,u),d(hz, hz,u)}
= «{0,d(hz,hSq,u),0} <k-0=0.

Using the above value and taking lim we get from (3.8)
n—oo

d(hSq, hz,u) < d(hSq,hz,hz) + 0+ d(hz,hz,u) =04+ 0+0=0.
So,
hSq = hz. (3.9)

Now, from (3.6) and (3.8) we get that
hGq = hz = hSq. (3.10)

Since S(X) C F(X), we know that there exists a point v € X such that Fv = 2z or
hFv = hz, i.e.,
hFv = hSq = hz = hGq. (3.11)

Now,
d(hz,hTv,u) = d(hSq,hTv,u)
<  of{d(hGq, hFv,u),d(hGq, hSq,u),d(hFv, hTv,u)} (by (3.1))
= ofd(hz,hz,u),d(hz, hz,u),d(hz, A'Tv,u)}
= «a{0,0,d(hz,hTv,u)} <k-0=0.

So, hTv = hz as w is a arbitrary point in X. Thus,
hFv = hTv = hz = hGq = hSq. (3.12)

As, (F,T) and (5, G) are weakly compatible pair, then F,T" are commute at v and S, G
are commute at ¢. So that,

hFz = F(hz) = F(hTv) = T(hFv) =T(hz) = hTz
and
hSz = S(hz) = S(hGq) = G(hSq) = G(hz) = hGz( by (3.12)). (3.13)

Now

)

d(hSz,hz,u) = d(hSz,hTv,u) < a{d(hGz,hFv,u),d(hGz,hSz,u),d(hFv,hTv,u)} (by (3.1))
=  a{d(hsz, hz,u),d(hSz,hSz,u),d(hz, hz,u)} (by (3.12) & (3.13))
= ofd(hsz,hz,u),0,0} <k-0=0.
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So, hSz = hz, i.e., Shz = hz..

Thus,
hz is a fixed point of S. (3.14)

From (3.13) we get, hSz = hz = hGz = Ghz, i.e.,
hz is a fixed point of G. (3.15)

Now,

d(hz,hTz,u) = d(hSz, hTz,u)

o{d(hGz, hFz,u),d(hGz, hSz,u),d(hFz, hTz,u)} (by(3.1))
af{d(hz,hTz,u),d(hz, hz,u),d(hTz, hTv,u)}
af{d(hz,hTz,u),0,0} < k---0=0.

IA

So, hTz = hz and Thz = hz = hFz = Fhz (by (3.13)). Thus,
hz is a fixed point of 7" and F. (3.16)
As h is an injective function so, hz = z i.e.,
z is a fixed point of h. (3.17)

From (3.14), (3.15), (3.16) and (3.17), we get that z is a fixed point of S, G, T, F' and h.

To prove the uniqueness, let r be another fixed point of S, G, T, F' and h such that r # z.
Then,

d(z,r,u) = d(hSz hTr,u) < o{d(hGz, hFr,u),d(hGz,hSz,u),d(hFr,hTr u)}
af(z,r,u), (z,2z,u), (r,r,u)} = a{(z,7,1),0,0} <k-0=0.

So z =r, i.e.,z is a unique common fixed point of S, G, T, F' and h. d

Theorem 3.2([1],[5]) Let F,G,S and T be continuous self mappings of a complete 2-metric
space (X,d), such that T(X) C G(X) and S(X) C F(X). If S(X) or T(X) is a complete
subspace of X and satisfy

d(Sz,Ty,u) < o{d(Gz, Fy,u),d(Gz, Sz, u), d(Fy, Ty, u)}, (3.18)

wherea € A and for all x,y,u € X. Suppose further that (T, F) and (S,G) are weakly compatible
subspace of X, then (S,G) and (T, F) have a coincidence point in X. Also, F,G,S and T have

a common unique fixed point in X.

Proof 1f we put h = I, the identity mapping in our main results, then the theorem
immediately follows. O



68 Krishnadhan Sarkar

Theorem 3.3 LetF,G,S,T and h be five continuous self mappings of a complete 2-metric
space (X,d) and let{S,}52, and {T,,}2, be sequence on S and T such that T,(X) C G(X)
and Sp(X) C F(X). Assume h is an injective mapping. If S(X) or T(X) is a complete subspace
of X and satisfy

d(hSiz, hT;y,u) < a{d(hGz, hFy,u), d(hGz, hS;z,u), d(hFy, KTy, u)}, (3.19)

where a« € A and for all x,y,u € X. Suppose further that (T,,,F) and (S,,G) are weakly
compatible subspace of X, then (S,,G,h) and (T, F,h) have a coincidence point in X. Also,

F.G,S,, T, and h have a common unique fized point in X.

Proof For any arbitrary x¢p € X and n = 0,1,2,3--- following a similar argument as in
Theorem 3.1 we can define a sequence {y},} in X such that

yr, = hSpx, = hFw,
when n is even and
yh, = hTyx, = hGTy o,
when n is odd.
Now, for each i =1,3,5,--- and j = 2,4,6,---, we get from (3.19)
A(yis Yir,w) < kd(yi_y, yi, u)
and
d(y;7 y;‘-‘,—la ’LL) S kd(yj—la yja ’LL),

ie.,

d(y:w y;H-l?u) S kd(y;z—lvy;uu)a n= 17 27 e

By induction ( as in the proof of Theorem 3.1) we have

A(Yps Yny1,w) < k"d(yg, y1,u)

for some k € [0,1). Consequently sequence {y/,} is Cauchy in X. The rest of the proof is similar
to the corresponding part of the proof of Theorem 3.1. g

Conclusion Our main result is a generalization and improve result of the existing results in
this literature. We generalize the results of G. Akinbo [1], M.Saha and D. Dey [2], and many
others.
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81. Introduction

The notion of quasi Einstein manifold was introduced in a paper [8] by M.C.Chaki and R.K.Maity.
According to them a non-flat Riemannian manifold (M",g),(n > 3) is defined to be a quasi

Einstein manifold if its Ricci tensor S of type (0,2)satisfies the condition
S(X,Y)=ag(X,Y)+bA(X)A(Y) (1.1)
and is not identically zero,where a, b are scalars, b # 0 and A is a non-zero 1-form such that
9(X,U) = A(X), VX e TM, (1.2)

U being a unit vector field. In such a case a,b are called the associated scalars. A is called
the associated 1-form and U is called the generator of the manifold. Such an n-dimensional
manifold is denoted by the symbol(QE),,.

Again, in [15], U.C.De and G.C.Ghosh defined generalized quasi Einstein manifold. A
non-flat Riemannian manifold is called a generalized quasi Einstein manifold if its Ricci-tensor

S of type (0,2) is non-zero and satisfies the condition

S(X,Y) = ag(X,Y) + bA(X)A(Y) + cB(X)B(Y) (1.3)

1Dr. N.Basu is supported by the project of The Bhawanipur Edu. Soc. College, Kolkata.
2Received October 11, 2019, Accepted March 12, 2020.
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where a, b, ¢ are non-zero scalars and A, B are two 1-forms such that
g(X,U)=A(X) and ¢g(X,V)=B(X), (1.4)
where, U,V being unit vectors which are orthogonal, i.e,
g(U, V) =0. (1.5)

This type of manifold are denoted by G(QFE),.
Chaki introduced super quasi Einstein manifold [10], denoted by S(QF),,, where the Ricci

tensor S of type (0,2) which is not identically zero satisfies the condition
S(X,Y) =ag(X,Y) +bA(X)A(Y) + c[A(X)B(Y) + A(Y)B(X)] + dD(X,Y) (1.6)

where a,b, ¢,d are non-zero scalars of which, A, B are two non zero 1-forms defined as (1.4)
and U,V being mutually orthogonal unit vector fields, D is a symmetric (0,2) tensor with zero

trace which satisfies the condition
DX, U)=0 VXeTM. (1.7)

In such case a, b, ¢, d are called the associated scalars, A, B are called the associated main
and auxiliary 1-forms, D is called the associated tensor of the manifold. Such an n-dimensional
manifold shall be denoted by the symbol S(QE).,.

In the recent papers [2],[4], A.Bhattacharyya and T.De introduced the notion of mixed
generalized quasi Einstein manifold. A non-flat Riemannian manifold is called a mixed gener-
alized quasi-Einstein manifold if its Ricci tensor S of type (0,2) is non-zero and satisfies the
condition

S(X,Y) =ag9(X,Y) + bA(X)AY )+ cB(X)B(Y) + d[A(X)B(Y) + B(X)A(Y)] (1.8)
where a, b, ¢, d are non-zero scalars,
g(X,U)=A(X) and ¢(X,V) = B(X) (1.9)

g(U,V) =0 (1.10)

where, A, B are two non-zero 1-forms, U and V are unit vector fields corresponding to the
1-forms A and B respectively. If d = 0, then the manifold reduces to a G(QFE),. This type of
manifold is denoted by MG(QE),.

We introduced mixed super quasi Einstein manifolds [5],[11],[18]. A non-flat Riemannian
manifold (M™, g),(n>3) is called mixed super quasi Einstein manifold if its Ricci tensor S of

type (0,2) is not identically zero and satisfies the condition

S(X,Y) = ag(X,Y)+bA(X)A(Y) + cB(X)B(Y)
Fd[AX)B(Y) + B(X)A(Y)] + eD(X,Y) (1.11)
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where a, b, ¢, d, e are non-zero scalars, A, B are two non zero 1-forms such that
g(X,U)=A(X) and ¢g(X,V)=B(X) vX e TM, (1.12)

and U,V being mutually orthogonal unit vector fields, D is a symmetric (0,2) tensor with zero

trace which satisfies the condition
D(X,U) =0. vV X. (1.13)

In such case a, b, ¢, d, e are called the associated scalars, A, B are called the associated main
and auxiliary 1-forms, D is called the associated tensor of the manifold.Such an n-dimensional
manifold shall be denoted by the symbol M S(QE),.

82. Preliminaries

We know in a n-dimensional (n > 2) Riemannian manifold the covariant quasi conformal
curvature tensor is defined as ([3],[7],[17])

C(X,Y,Z,W) = G4R(X,Y,Z,W)+0b[S(Y,Z)g(X,W) - S(X, Z)g(Y,W)
FolY, 2)g(@X, W) — gX, W)g(@v.w)] - LT
+20][g(Y, Z)g(X, W) — g(X, Z)g(Y, W)] (21)
where
g(C(X,Y)Z, W) =C(X,Y, Z,W). (2.2)

The projective curvature tensor is denoted by P(X,Y,Z, W) and in a V,(n > 2) it is
defined as

P(X,Y,2,W) = R(X,Y. Z, W) — %[S(Y, 2)g(X, W) — S(Y,W)g(X,W)].  (2.3)

83. Ricci-Pseudo Symmetric Mixed Super Quasi Einstein Manifold

An n-dimensional semi-Riemannian manifold (M™, g) is called Ricci -pseudo symmetric [12] if
the tensor R.S and Q(g,S) are linearly dependent, where

(R(X,Y).S)(Z,W)=-S(R(X,Y)Z,W) - S(Z,R(X,Y)W), (3.1)
Q(g,9)(Z,W; X Y)=-S(XAY)ZW)-S(Z,(XANY)W) (3.2)

and
(XANY)Z=9(Y,Z2)X —g(X,2)Y (3.3)

for vector fields X,Y, Z, W on M™, R denotes the curvature tensor of M™ [19].
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The condition of Ricci-pseudo symmetricity is equivalent to the relation
(R(X7Y)S)(Z7 W) :LSQ(gaS)(ZVWvay)v (34)

which holds on the set
Usz{meM:S#Zgatx},
n

where Ly is some function on U, [19]. If R.S = 0 then the manifold is called Ricci-semi
symmetric. Every Ricci-semi symmetric manifold is Ricci-pseudo symmetric but the converse
is not true [1],[6],9],[12],[13],[19].

Theorem 3.1 In a Ricci-pseudo symmetric mized super quasi Einstein manifold the following
relation holds
R(X,Y,U,V) = L[A(Y)B(X) — A(X)B(Y)].

Proof Let the manifold be Ricci-pseudo symmetric. Then from (3.1) and (3.4) we get
Using (3.2) in (3.5), we get

+9(Y,W)S(X, Z) — g(X, W)S(Y, Z)].

Since the manifold is a mixed super quasi Einstein manifold, Using the well - known
properties of curvature tensor R we obtain

Y

+d[A(R(X,Y)Z)B(W) + B(R(X,Y)Z)A(W) + A(R(X,Y)W)B(Z) + B(R(X,Y)W)A(Z)]
+e[D(R(X,Y)Z,W) + D(R(X, Y)WZ)]

= Ls{olg(Y, 2)A(X)AW) = g(X, Z)a(Y)A(W) + g(Y, W) A(X)A(Z) — g(X, W)A(Y
+clg(Y, 2)B(X)B(W) — g(X, Z) B(Y)B(W) + g(Y,W)B(X)B(Z) — g
+dlg(Y, 2)AX)B(W) + g(Y, Z) B(X)A(W) — g(X, Z2)A(Y)B(W) — g
+9(Y, W)AX)B(Z) + g(Y, W)A(Z) B(X) — g(X, W)A(Y)B(Z) — g(X, W) A(Z) B(Y)]
+elg(Y, 2)D(X, W) — g(X, Z)D(Y, W) + g(Y, W) D(X, Z) — g(X, W)D(Y, Z)]}. (3.7)

B[A(R(X,Y)Z)A(W) + A(R(X, Y)W)A(Z)] + ¢[B(R(X,Y)Z)B(W) + B(R(X,Y)W)B(Z)]
( )+
(X

AA

(W (X, w
( (X, 2)B
Putting Z =W = U in (3.7) we obtain

2d{R(X,Y,U,V)} = L;{2d[A(Y)B(X) — A(X)B(Y)]} = 0.

Since d # 0, we get
R(X,Y,U,V) = L;JAY)B(X) — A(X)B(Y)]. (3.8)

Hence the theorem follows. O
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84. Ricci-Semi Symmetric Mixed Super Quasi-Einstein Manifold

An n-dimensional manifold (M™",g) is called semi-symmetric [13] if R(X;Y)-S =0,V X,Y,

where R(X;Y’) denotes the curvature operator.

Theorem 4.1 In a Ricci-semi symmetric mized super quasi Finstein manifold satisfy the
condition
(a+b)R(X,Y,U,U) +dR(X,Y,U,V) =0.
it Proof We know

(R(X,Y).8)(Z2,W) = —S(R(X,Y)Z,W) — S(Z,R(X,Y)W) and R(X,Y).S =0

which implies
S(R(X,Y)Z, W)+ S(Z,R(X, Y)W = 0.

ie.,

ag(R(X,Y)Z, W) + bA(R(X,Y)Z)A(W) + ¢B(R(X,Y)Z)B(W)
+d{A(R(X,Y)Z)B(W) + B(R(X,Y)Z)A(W)} + eD(R(X,Y)Z, W)

+ag(R(X, Y)W, Z) + bA(R(X,YYW)A(Z) + ¢cB(R(X,Y)W)B(Z)
+d{A(R(X,Y)W)B(Z) + B(R(X,Y)W)A(Z)} + eD(R(X,Y)W, Z) = 0. (4.1)

Putting Z =W =U in (4.1) we get
(a+b)A(R(X,Y)U) + dB(R(X,Y)U) = 0.

(a+D)R(X,Y,U,U) +dR(X,Y,U,V) = 0. (4.2)

Hence the theorem follows. O

§5. Mixed Super Quasi Manifolds Satisfying the Condition C - S =0

Theorem 5.1 In a mized super quasi Einstein manifold with the condition C - S = 0 satisfy

(a +b)aR(X,Y,U,U) + daR(X,Y,U, V) +d(a; + by + ¢1)[A(X)B(Y) — A(Y)B(X))
+dey (a1 4 by + 1) [AX)B(Y) — A(Y)B(X)] = 0.

Proof From condition C.S = 0 we get

S(C(X,Y)Z, W)+ S(Z,C(X, Y)W =0
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for all vector fields X, Y, Z, W on (M", g), i.e.,

ag(C(X,Y)Z, W) + bA(C(X,Y)Z)A(W) + cB(C(X,Y)Z)B(W)

(
+d{A(C(X,Y)Z)B(W) 4+ B(C(X,Y)Z)A(W)} + eD(C(X,Y)Z, W)

+ag(C(X, Y)W, Z) + bA(C(X,Y)YW)A(Z) + cB(C(X,Y)W)B(Z)

FA{A(C(X,Y)W)B(Z) + B(C(X,Y)W)A(Z)} + eD(C(X,Y)W, Z) = 0. (5.1)

Putting Z =W = U in (2.7) we obtain
(a+0)C(X,Y,U,U) +dC(X,Y,U, V) = 0. (5.2)
Using (1.11) in (2.1) and putting Z = W = U we get
C(X,Y,U,U) = 4R(X,Y,U,U). (5.3)

Using (1.11) in (2.1) and putting Z = U and W =V we obtain

C(X,Y,U V) = aR(X,Y,U,V)+ (a1 + b +c1)[AX)B(Y) — A(Y)B(X)]
+e1[A(X)D(Y, V) — A(Y)D(X, V)], (5.4)
where
r.oa , ,
ap = _{ﬁ[n — + 2b] — 2ab},
by = bl;, = cé, dy = db and e; = eb.

Using (5.3) and (5.4) in (5.2) we get

(a+b)aR(X,Y,U,U) + daR(X,Y,U,V)+d(a; + by + c1)[AX)B(Y) — A(Y)B(X)]
+ dei(ay + by + ¢1)[A(X)B(Y) — A(Y)B(X)] = 0. (5.5)

Corollary 5.1 In a mized super quasi Einstein manifold with the condition P.S = 0 satisfying
the condition (a +b)R(X,Y,U,U) +dR(X,Y,U,V) = 0.
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Abstract: An L(3,2,1)-labeling of a graph G is an assignment f from the vertex set V(G)
to the set of non-negative integers such that |f(z) — f(y)| = 3 if z and y are adjacent,
|f(z)— f(y)| = 2 if z and y are at distance 2, and |f(z) — f(y)| = 1 if x and y are at distance
3, for all z and y in V(G). The L(3,2, 1)-labeling number k(G) of G is the smallest positive
integer k such that G has an L(3,2, 1)-labeling with &k as the maximum label. In this paper,
we determine the L(3,2,1)-labeling number for fan, double fan, wheel, friendship graph in

terms of the maximum degree of the graphs.

Key Words: L(3,2,1)-labeling, channel assignment, wheel, k-number.
AMS(2010): 05CTS.

§1. Introduction

In this era of communication technology, the growth of FM radio and televisions are increasing
day by day. We have to assign a channel (non-negative integer) to each television station in
a set of given stations such that there is no interference between stations and the span of the
assigned channels is minimized. The level of interference between any two television stations
correlate with their locations. If stations are closer then the interference is more and their
broadcast will be disturbed. Thus, the channel assignment problem is a mathematics problem
in which we have to assign a channel to each station in a set of given stations such that there
is no interference in the broadcast, which is optimal.

Hale introduced a graph model of the channel assignment problem in 1980 [1]. Robert
modified this with stations which are ”close” and ”very close” which correspond to stations
at distance two and stations at distance one in graph theoretic terms [2]. The mathematical
abstraction of this problem was introduced by Griggs and Yeh as L(2,1) problem [3]. An
L(2,1)-labeling of a graph G is an assignment f from the vertex set V(G) to the set of non-
negative integers such that |f(z) — f(y)| > 2 if z and y are adjacent and |f(z) — f(y)| > 1 if
and y are at distance 2, for all  and y in V(G). But, practically, interference among channels
may go beyond two levels. Liu and Shao modified the above problem, by considering stations

IReceived August 9, 2019, Accepted March 14, 2020.
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at distance 1, 2 and 3 and it was called as L(3,2,1) problem [4].

An L(3,2,1)-labeling of a graph G is an assignment f from the vertex set V(G) to the set
of non-negative integers such that |f(z) — f(y)| = 3 if  and y are adjacent, |f(z) — f(y)| = 2
if z and y are at distance 2, and |f(z) — f(y)| = 1 if z and y are at distance 3, for all x and y
in V(G). The L(3,2,1)-labeling number k(G) of G is the smallest positive integer k such that
G has an L(3,2,1)-labeling with k as the maximum label.

Here, we consider only a simple, finite, connected, undirected graph without loops or
multiple edges. For standard terminology and notation, we follow Bondy and Murty [5] or
Murugan [6].

82. Known Results

Jean Clipperton et al., [7] determined the L(3,2,1)-labeling number for paths, cycles, cater-
pillars, n-array trees, complete graphs and complete bipartite graphs. Ma-Lian Chia et al.,[8]
determined the L(3,2,1)-labeling number for Cartesian product of paths and cycles, and the
power of paths. Also, they presented upper bounds for the L(3, 2, 1)-labeling numbers of general
graphs and trees. Shao [9] determined bounds for the L(3,2,1)-labeling numbers for Kneser
graphs, extremely irregular graphs, Halin graphs. Liu and Shao [4] proved that for a planar
graph G, k(G) < 15(A? — A + 1), where A is the maximum degree of G.

83. Results

Theorem 3.1 The L(3,2,1)-labeling number of a fan F,,, n > 5, is k(F,) = 2n + 1.

Proof The proof is divided into two cases following.
Case 1. n is even.

Consider a fan F,, = P, + K1, where vi,vg, -+, vz, w1, w2, -+ ,wz are the vertices of P,
and u denotes the vertex of Kj.

Define f : V(F,) — NU {0} such that

flog)) = 4i—1 if i=1,2,---,
flw) = 4i+1 if i=1,2,---,
flu) = 0.

D[S I3
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First, we consider adjacent vertices.

|f(vi) = f(viga)] 4i—1—4@GE+1)—1)|=4>3, i=1,2---,2-1,

[f(vi) = f(u)] = 4i—-123, i=1,2,--,2,
|f(wi) = f(wipr)] = Mi+1—(A6G+1)+1)|=4>3, i=1,2,---, 21,
[f(wi) = f(w)] = 4i+12>3, i=1,2, %,
[f(vg) = flw)] = [4(5) —1—(4+1)|=2n—6| >3 (since n > 5).

Also, since the labels of wv;s and w;s are increasing by 4, distance 2 and
distance 3 conditions are satisfied. Therefore, f is a L(3,2,1)-labeling and so k(F,) < 2n + 1.
Since the maximum degree of F,, is n, k(F,) > 2n+ 1 [8]. Hence k(F,,) = 2n + 1.

Case 2. n is odd.

Consider a fan F,, = P,, + K, where vy, vo, - - - s Ungd, Wi, Wa, -+, Wno1 are the vertices of
P,, and u denotes the vertex of Kj.
Define f : V(F,,) = NU {0} such that

flo;) = 4i—-1 if i=12,.. 2
fw)) = 4i+1 if i=1,2,---,25% and
flu) = 0.

First we consider adjacent vertices.

1f(vi) = fuis1)] = J4di—1—(A@GE+1)—1)=4>3 i=1,2--- 25 —1,
[fvi) = f(u)] = 4i—12>3, i=1,2,...,mEL
|f(w;) = flwip)] = |[4i+1—-(@AGE+1)+1)[=4>3, i=1,2.. 255 -1,
If(ws) — f(u)] = 4i+1>3, i=1,2,-- 251,
[f(vas) = flw)] = [4("51) —1—(4+1)[ =]2n— 4] > 3 (since n > 5).

Also, since the labels of v;s and w;s are increasing by 4, distance 2 and distance 3 conditions
are satisfied. Therefore, f is a L(3,2,1)-labeling and so k(F},) < 2n + 1. Since the maximum
degree of F,, is n, k(F),) > 2n+ 1 [8]. Hence k(F,,) =2n + 1. O

Theorem 3.2 The L(3,2,1)-labeling number of a double fan DF,, n > 5, is k(DF,) = 2n+3.

Proof The proof is divided into two cases following.
Case 1. n is even.

Consider a double fan DF,, = P, + 2K, where v1,v9, -+ ,Un, wy,ws, -+ ,w= are the
) 9 ) 9 2 ) ) ) b 2
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vertices of P,, u and w denote the vertices of 2K .
Define f : V(DF,) — NU{0} such that

flo) = 43i-1) if i=1,2,--,2,
flw)) = 244(-1) if  i=1,2,---,2,
f(u) = 2n+41 and
flw) = 2n+3.
First we consider adjacent vertices. For ¢ =1,2,---, 3 — 1,
1f(v;) = flis)| = 4G — 1) = {(4(i +1 = 1) = 1)} = | — 4] > 3.

Fori=1,2,...

700 = f@)] > |fw) = Fwg)| = [2n+1—{a (5 -1) | =5>3.

Fori=1,2,...,5,
Fori=1,2,...,2% — 1,

Fori=1,2,...,%,

) = f(wi)] > [f(w) = fwy)| = 2n+1-{2+4(5-1)}| =8>3

Fori=1,2,...,3,
[F(w) = fws)] > [f(w) = flwy)| = [2n+3-{2+4(5-1)}] =523

F(vg) — fwr)| = ‘4 (g - 1) —2‘ —|2n—6|>3 sincen > 5.

Also, since the labels of v;s and w;s are increasing by 4, distance 2 and distance 3 conditions
are satisfied. Therefore, f is a L(3,2,1)-labeling and so k(DF,,) < 2n + 3.

Consider the subgraph K ,, such that u is the central vertex and vy, vo, - - - VL, W1, W,
wx are the end vertices of Kj,. Since the k-number of K, is 2n + 1 and in any optimal
labeling, u receives 0 or 2n + 1 [8] and so, in DF,,, w cannot assume any integer in [0, 2n + 1]
as label. Thus, w has to be labeled at least with 2n + 3. That is, k(DF,,) > 2n + 3. Hence,
k(DF,) =2n+ 3.

Case 2. nis odd.

Consider a double fan DF,, = P, + 2K, where v1,v2,- - ,Unt1, Wy, Ws, - ,Wn-1 are the
2 2



K-Number of Special Family of Graphs

vertices of P,, u and w denote the vertices of 2K .

Define f : V(DF,) — NU {0} such that

flu) = 4(i—1) if i=1,2,--, 2
flwy) = 244(—-1) if i:1,27...,n747
flu) = 2n+1 and
f(w) = 2n+3.
First we consider adjacent vertices. For ¢ =1,2,--- | n;rl —1,
f(vi) = Foipn)| = 4G — 1) = {46 +1 - 1)} = | — 4] = 3.

[f(u) = foi)] = |f(u) = fong)] =

2n+1—{4<”+1—1>}‘:3.
2
2n+3—{4<";1—1>}‘=5>3.

If(wi) — f(wig)| = 124+4(G—1) —{2+4(G+1 -1} =|—4] > 3.

Fori=1,2,---, %%,

[f(u) = flwi)| = |f(u) = fwna)| =

[f(w) = f(wi)| = [f(w) = flwas)| =

n+1

[F(0ags) = flaun)| = ‘4 (

—1> —2‘:|2n—4|>3 since n > 5.

2n+3—{2+4<”;1—1>}’:7>3.
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Also, since the labels of v;s and w;s are increasing by 4, distance 2 and distance 3 conditions

are satisfied. Therefore, f is a L(3,2,1)-labeling and so k(DF,,) < 2n + 3.

Consider a subgraph K ,, such that u is the central vertex and vy, va, -+, Vnt1, wi, wa, -+,
2

wn-1 are the end vertices of K ,. Since the k-number of K; ,, is 2n + 1 and in any optimal

2
labeling, u receives 0 or 2n + 1 [8] and so, in DF,,, w cannot assume any integer in [0, 2n + 1]
as label. Thus, w has to be labeled at least with 2n + 3. That is, k(DF,) > 2n + 3. Hence,

k(DF,) = 2n + 3.

O
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Theorem 3.3 The L(3,2,1)-labeling number of a wheel W,,, n > 6, is k(W,) = 2n + 1.

Proof The proof is divided into two cases following.
Case 1. n is even.

Consider a wheel W,, = C,, + K1, where v1,v2, -+, vz, wi,ws, -+ ,wz are the vertices of

C,, and u denotes the vertex of Kj.

Define f : V(W,,) = NU {0} such that

flo) = 4i—1 if i=1,2,---,2,
flw;)) = 4i+1 if i=1,2,---,% and
fw) = o.
First we consider adjacent vertices.
[f(i) = floign)] = [4i—1—(AG+1)=1)[=]—-4]>3, i=12.--,%,
[f(wi) = flwiga)| = [i+1-(@@+1)+1)|=|-423, i=1,2---,3,
|[f(ve) = f(w1)] = [2n—1-5/=2n—-62>3 (since n > 6),
|[f(wz) = f(v1)] = [2n+1-3[=2n—-22>3 (since n > 6),
[f(u) = o)l = [f(u) = flu)] =3, i=12--,3,
[f(u) = flwi)| = [f(u) = flw)| =5, =123

Also, since the labels of v;s and w;s are increasing by 4, distance 2 and distance 3 conditions
are satisfied. Therefore, f is a L(3,2,1)-labeling and so k(W,,) < 2n + 1. Since the maximum
degree of W, is n, k(W,,) = 2n + 1. Hence k(W,,) = 2n + 1.

Case 2. nis odd.

Consider a wheel W,, = C,, + K1, where vy, w,va, "+ ,Un-1, W1,Ws, - ,Wn-1 are the
2 2

vertices of C,, and u denotes the vertex of Kj.
Define f : V(W,,) — NU {0} such that

= 4i—1 if i=1,2,---,21

) s T
flw;)) = 4i+1 if i=1,2,.-- 21
flw) = 2n+1,
fw) = o0
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First we consider adjacent vertices.

[f(i) = floip)] = Hi—1-(4@G+1)-1)[=42>3,
i=1,2,- 050 1,
) — flwie)| = Wit1—(@GE+1)+1) =] -4 >3,
i=1,2,--, 050 1,
|f(vnT_1)—f(w1)| = 2n—2-1-5/=2n—-82>3, (since n > 6),
|f(wan)—f(v1)| = 2n—2+1-3|=2n—42>3, (sincen > 6)
)~ f@)l > ) — f) =3, =12 5
Also,
[f(u) = flw)| = 2n+1,
[f(w) = fle)] = 2n+1-3=2n-2,
|f(w) = f(v2)] = 2n+1—-7=2n—6.

Also, since the labels of v;s and w;s are increasing by 4, and w lies between vy and ve with
label 2n + 1, distance 2 and distance 3 conditions are satisfied. Therefore, f is a L(3,2,1)-
labeling and so k(W,,) < 2n + 1. Since the maximum degree of W,, is n, k(W,,) > 2n+1 [8].
Hence k(W) = 2n + 1. O

Theorem 3.4 The L(3,2,1)-labeling number of a friendship graph FS,, is k(F'S,) = 4n + 1.

Proof The proof is divided into two cases following.

Case 1. n is even.

Consider a friendship graph F'S,, = nKs + K7, where vy,vs, -+ ,v,, wy,Wws, -+ , W, are
the vertices of F'S,, such that v; and v;y1, ¢ = 1,3,--- ,n — 1 are adjacent and w; and w;41,
1=1,3,--- ,n—1 are adjacent. Also u denote the vertex of K;.

Define f : V(FS,,) = NU {0} such that

flo)) = 4i—1 if i=1,2,--,n,
flw) = 4i+1 if i=1,2,--n,
fu) = 0.
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First we consider adjacent vertices.

1f(0i) = flviza)] = [4di—1—(A@G+1)—1)=|-4>3, i=1,2,---,n—1,
|fwi) — flwipa)] = [4i+1—@AGE+1)+1)|=|-4>3,i=1,2,--- ,n—1,
If(u) = fo)] > |f(u)— flo1)| =3, i=1,2,--,n,
|fu) = flwi)] = [f(u) = flwi)| =5, i=1,2,---,n.

Also, since the labels of v;s and w;s are increasing by 4, distance 2 and distance 3 conditions
are satisfied. Therefore, f is a L(3,2,1)-labeling and so k(F'S,) < 4n + 1. Since the maximum
degree of F'S, is 2n,

E(FS,) >2(2n)+1=4n+1.

Hence k(F'S,,) = 4n + 1.

Case 2. n is odd.

Consider a friendship graph F'S,, = nKs + Ki, where vy,va, -+ ,Up—1, W1, W, , Wyt
are the vertices of F'S,, such that v; and v;y1,7=1,3,--- ,n—1 are adjacent and w; and w;1,
i1=1,3,--- ,n are adjacent. Also u denote the vertex of K;.

Define f : V(FS,,) = NU{0} such that

flu) = 4i-1 if i=1,2--- n-1,
flw)) = 4i+1 if i=1,2,-,n-2,
flwp—1) = 4n—1,

flw,) = 4n -3,
flwpy1) = 4dn+1,

fu) = o.

First we consider adjacent vertices.
[f(vi) = floip)] = Mi—1-(4(i+1)-1)|=|-4[=3,
1=1,3,5,...,n—2,

|fwi) = flwigr)] = [4i+1-(40GE+1)+1)[=]|—4] >3,
i=1,3,5,...,n—4,

|f(wn—2) = f(wp—1)| = [d4n—T7—(4n—1)| =|—6] > 3,
[f(wn) = flwngr)] = [dn—=3—(n+1)|=[—-4[>3,
[f(w) = o)l = [f(u) = flu)l =3, i=1,2-,n—1,

| (u) = f(wi)]

WV

|f(u) = f(wi)| =5, i=1,2,--- ,n+1.
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Also, since the labels of v;s (i < n—1) and w;s (i < n—2) are increasing by 4, distance 2 and
distance 3 conditions are satisfied. Therefore, f is a L(3,2,1)-labeling and so k(F'S,,) < 4n+ 1.
2(

Since the maximum degree of F'S,, is 2n, k(F'S,) > 2(2n) + 1 = 4n + 1. Hence

k(FS,)=4n+1. O

84. Conclusion

Understanding the importance of channel assignment problem, researchers have contributed
more on L(2,1)-labeling. In a pragmatic approach, conditions on distance two and distance one
is not sufficient for channel assignment problem and so L(3, 2, 1)-labeling has its own importance

and this work will encourage researchers towards this.

References

[1] W.K.Hale, Frequency assignment: theory and application, Proc.IEEFE, 68(1980), 1497-
1514.

[2] F.S.Roberts, T-colorings of graphs: recent results and open problems, Discrete Math.,
93(1991), 229-245.

[3] J. R. Griggs and R. K. Yeh, Labeling graphs with a condition at distance 2, STAM J.
Discrete Math., 5 (1992), 586-595.

[4] Jia-Zhuang Liu and Zhen-dong Shao, The L(3,2,1)-labeling problem on graphs, Mathe-
matica Applicata, 17(4) (2004), 596-602.

[5] J. A. Bondy and U. S. R. Murty, Graph Theory, Springer, 2008.

[6] M. Murugan, Topics in Graph Theory and Algorithms, Muthali Publishing House, Chennai,
Revised Edition 2018.

[7] Jean Clippeton, Jessica Gehrtz, Zsuzsanna Szaniszlo and Desmond Torkornoo, L(3,2,1)-
labeling of Simple Graphs, VERUM, Valparaiso University, 2006.

[8] Ma-Lian Chia, David Kuo, Hong-ya Liao, Cian-Hui Yang and Roger K.Yeh, L(3,2,1)-
labeling of Graphs, Taiwanese Journal of Mathematics, Vol.15, No.6 (2011), 2439-2457.

[9] Zhen-dong Shao, The L(3,2,1)-labeling problem on graphs, J. Qufu Normal University,
30(3) (2004), 24-28.

[10] M. Murugan, Radio Number for special family of graphs with diameter 2, 3 and 4, Inter-

national J.Math. Combin., Vol.3(2015), 99-104.



Math.Combin. Book Ser. Vol.1(2020), 86-89

Computing the Number of

Distinct Fuzzy Subgroups for the Nilpotent p-Group of Dy x C4

S. A. Adebisi', M. Ogiugo 2 and M. EniOluwafe3

1. Department of Mathematics, Faculty of Science, University of Lagos, Nigeria
2. Department of mathematics,School of Science, Yaba College of Technology, Lagos, Nigeria

3. Department of mathematics,Faculty of Science, university of Ibadan, Nigeria

E-mail: adesinasunday@yahoo.com, ekpenogiugo@gmail.com, michael.enioluwafe@gmail.com

Abstract: In this paper, the explicit formulae is given for the number of distinct fuzzy
subgroups of the cartesian product of the dihedral group of order 2™ with a cyclic group of

order four, where n > 3.

Key Words: Finite p-Groups, nilpotent Group, fuzzy subgroups, dihedral Group,

inclusion-exclusion principle, maximal subgroups.

AMS(2010): 20D15, 60A86.

§1. Introduction

In the fuzzy group theory , the classification of the fuzzy subgroups, most especially the finite
p-groups cannot be underestimated. This aspect of pure Mathematics has undergone a dynamic
developments over the years. For instance, many researchers have treated cases of finite abelian
groups (see [2], [3]). The starting point for this concept all started as presented in [5] and [6] .
Since then, the study has been extended to some other important classes of finite abelian and
nonabelian groups such as the dihedral , quaternion, semidihedral, and hamiltonian groups.

Although, the natural equivalence relation was introduced in [7], where a method to deter-
mine the number and nature of fuzzy subgroups of a finite group G was developed with respect
to the natural equivalence. In [1] and [3], a different approach was applied for the classifica-
tion. In this work , an essential role in solving counting problems is played by adopting the
Inclusion-Exclusion Principle. The process leads to some recurrence relations from which the
solutions are then finally computed with ease.

82. Preliminaries

Suppose that (G,-,e) is a group with identity e. Let S(G) denote the collection of all fuzzy
subsets of G. An element A € S(G) is said to be a fuzzy subgroup of G if

1Received September 29, 2019, Accepted March 15, 2020.
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(1) A(ab) = min{A(a),A(b)}, Va,be€ G;

(ii) M(a™1) > A(a) for any a € G.
And, since (a=1)~! = a, we have that A(a™!) = A(a), for any a € G. Also, by this notation and
definition, A(e) = sup A(G) (see Marius [6]), which implies

Theorem 2.1 The set FL(G) possessing all fuzzy subgroups of G forms a lattice under the

usual ordering of fuzzy set inclusion. This is called the fuzzy subgroup lattice of G.

We define the level subset
MGz = {a € G/\(a) > B} for each 8 € [0,1]

The fuzzy subgroups of a finite p-group G are thus, characterized, based on these level subsets.
In the sequel, A is a fuzzy subgroup of G if and only if its level subsets are subgroups in G.
Theorem 2.1 gives a link between FL(G) and L(G), the classical subgroup lattice of G.

Moreover, some natural relations on S(G) can also be used in the process of classifying the
fuzzy subgroups of a finite p-group G (see [6]). One of them is defined by: A ~ ~ if and only if
(AMa) > A(b) <= v(a) > v(b), Ya,be G). Also, two fuzzy subgroups A,y of G and said to be
distinct if A x v.

As a result of this development, let G be a finite p-group and suppose that A : G — [0, 1]
is a fuzzy subgroup of G. Put \(G) = {f1, B, ..., Bk} with the assumption that 5 < [y >
-+ > fg. Then, ends in G is determined by A.

AGg, CAGg, C--- CAGg, =G (2-1)
Also, we have that
Ma) = 8y <=t =max{r/a € A\Gg,.} < a € A\Gs,\\Gg,_,,

forany a € G and t =1,--- , k, where by convention, set A\Gg, = ¢.

§3. Methodology

In the sequel, the method that will be used in counting the chains of fuzzy subgroups of
an arbitrary finite p-group G is described. Suppose that M, My, ..., M; are the maximal
subgroups of G, and denote by hA(G) the number of chains of subgroups of G which ends in G.
By simply applying the technique of computing h(G), using the application of the inclusion-
exclusion principle, we have that:

WG)=2> h) - > h(MrlﬂMrz)—&--“—i—(—l)t_lh(ﬂMr> . 3-1)

1<r;1<ry<t

In [5], the formula (3-1) was used to obtain the explicit formulas for some positive integers n.
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Theorem 3.1([6]) The number of distinct fuzzy subgroups of a finite p-group of order p™ which

have a cyclic mazimal subgroup is

(i) h(Zpn) =2";
(i1) W(Zp X Lyn—1) = h(Myn) = 2" 2+ (n — 1)p].

84. The number of Fuzzy Subgroups for Z, x Z4

Lemma 4.1 Let G be abelian such that G = Zy X Zy. Then, h(G) = 2h(Za X Zy2) = 48.

Proof By the use of GAP (Group Algorithms and Programming), G has three maximal

subgroups in which each of them is isomorphic to Zs X Zs2. Hence, we have that

1
ih(G) = 3h(Z2 X ZQZ) — 3h(Zg X Zgz) + h(ZQ X Z22)
= h(Zg X Z4)
Applying Theorem 3.1, h(Zy X Zg2) = 24. = h(Z4 x Z4) = 48. O

Corollary 4.2 Following Lemma 4.1, h(Zy X Zos ), h(Zg X Zos ), h(Zy X Zio7) and h(Zy X Zos) =
1536, 4096, 10496 and 26112, respectively.

Proposition 4.3 Suppose that G = Zy X Zgn,n > 2. Then, h(G) = 2"[n? + 5n — 2].

Proof G has three maximal subgroups of which two are isomorphic to Zs X Zon and the

third is isomorphic to Z4 X Zon-1. Hence,

W(Zy X Zgn) = 2h(Zy X Lgn) + 2 W(Zy X Zgn—1) + 22h(Zy X Lign—2) + 23h(Zy X Zign—3)
+240(Zg X Dgn—a) + -+ + 2" 2h(Zy X Ly2)

n—2

= 272+ 1)+ ) ((n+1) =)

j=1

1
= 2" (2m+1)+ 3(n=2)(n+3)) = 2" (n? + 5n — 2)
for n > 2. We therefore know that

h(Zy X Zgn—) = 2" H(n—1)*+5(n—1)—2)
2"t (n? + 3n — 6)

for n > 2. This completes the proof. O

Theorem 4.4([4]) Let G = Dan x Cao, the nilpotent group formed by the cartesian product of
the dihedral group of order 2" and a cyclic group of order 2. Then, the number of distinct fuzzy
subgroups of G is given by h(G) = 22"(2n + 1) — 2"+ forn > 3.
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85. The Number of Fuzzy Subgroups for Ds» x Cy

Proposition 5.1 Suppose that G = Don x Cy. Then, the number of distinct fuzzy subgroups of
G is given by

n—3
22" (64n + 173) + 3> _ 20 1H) (20 4 1 — 25)
j=1
forn > 3.
Proof Calculation shows that
1
§h(D2n X 04) = h(Dgn X 02) + 2h(D2n—1 X 04) — 4h(D2n—1 X CQ) + h(Z4 X ZZn—l)

—2h(Z2 X Zzn—l) — 2h(Z4 X Zanz) + Sh(Zg X Zgn—z) + h(Zgn—l) — 4h(ZQn—2)
= (n—3)22""2 4 22" =9 (1460) + 3(2"(2n — 1) 4+ 2" (2n — 3) + 2" T2(2n — 5)
n—3

= (n—3).2""" 4+ 22079(1460) + 3> " 2" (20 + 1 — 2)

j=1

n—3
= 2207P(64n +173) +3) 2" (2n +1 - 2)).
j=1
This completes the proof. O
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§81. Introduction

It is not uncommon that, the theory of retraction has always been one of the interesting topics
in Euclidian and Non-Euclidian space and it has been investigated from the various viewpoints
by many branches of topology and differential geometry [1-6].

Minkowski space is originally derived from the relativity in physics. In fact, a time like
curve corresponds to the path of an observer moving at less than the speed of the light, a
light-like curves correspond to moving at the speed of the light and a space like curves moving
faster than light. The Minkowski 3-space E} is the Euclidean 3-space E3 provided with the
standard flat metric given by g = dz? + dz3 — dz3, where (1, 22, 23) is a rectangular coordinate
system in E}. Since g is an indefinite metric, recall that a vector v € E§ can have one of three
Lorentzian causal characters, it can be space like if g(v,v) > 0 or v = 0, time-like if g(v,v) < 0
and light-like if g(v,v) = 0. Similarly, an arbitrary curve a = a(s) in Ej can be locally space-
like, time like or light-like, if all of its velocity vectors o/(s) are respectively, space-like, time like
or light-like respectively. A curve in Lorentzian space L™ is a smooth map « : I — L™ where [
is the open interval in the real line R. The interval I has a coordinate system consisting of the
identity map u of I. Space-like or time-like curve a(s) is said to be parametrized by arclength
function s, if g(a/(s),a’(s)) = £1. The velocity of « at t € [ is o/ = d‘;—(u“)‘t. Next, v, w in E3}
are said to be orthogonal if g(v,w) = 0. Vectors A curve « is said to be regular if o/(¢) does
not vanish for all in ¢ in I, o € L™ is space like if its velocity vectors o/ are space like for all
t € I, similarly for time like and null. If « is a null curve, we can re-parameterize it such that
(o (t),d/(t)) =0 and o (t) # 0 [3-8].

1Received August 15, 2019, Accepted March 12, 2020.
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§2. Preliminary Notes

Let a(t) be a curve in the space-time in parameterized by arc length function s Lopez [9]. Then
for the unit speed curve «(t) with non-null frame vectors, we distinguish three cases depending

on the causal character of T'(t) and its Frenet equations are as follows

T 0 ws O T
N | = H1VE 0 L2UT N
B 0 H3vT 0 B

We write the following subcases.

Case 1. If a(s) is time-like curve in E3, then T is time-like vector and 1" is space-like vector.
Then p;, 1 <i<3read pu; = pa =1,pu3 = —1 and T, B and N are mutually orthogonal vectors
satisfying the equations g(N,N) =g¢(B,B) =1, g(T,T) = —1.

Case 2. If a(s) is space-like curve in E$, then T is space-like vector, since T"(s) is orthogonal
to the space-like vector T'(s), T'(s) is space-like, time-like or light-like. Thus we distinguish

three cases according to T7(s).

Subcase 2.1. If the vector T"(s) is space-like, N is space-like vector and B is time-like
vector. Then, p;, 1 < i < 3read uy = —1, pue = pg = 1, where T, N and B are mutually
orthogonal vectors satisfying equations g(7,7T) = g(N,N) =1 and ¢(B, B) = —1.

Subcase 2.2 If the vector T"(s) is time-like, N is time-like vector and B is space-like
vector. Then, p;, 1 <i < 3read p1 = po = ps = 1, where T, N and B are mutually orthogonal
vectors satisfying equations ¢(7,7T) = g(B,B) =1 and g(N,N) = —1.

Subcase 2.3 If the vector T"(t) is light-like for all ¢, N(t) = T'(t) is light-like vector
and B(s) is unique light-like vector with g(N, B) = —1 and it is orthogonal to 7. The Frenet

equations have

T 0 1 0 T
N |=]0 vr 0 N
B 1 0 —vr B

Case 3. If a(s) is light-like curve in E§ and B(s) is unique light-like vector such that g(T, B) =
—1 and it is orthogonal to N, the pseudo-torsion is 7 = — (N’, B). Then the Frenet equations

T 0 1 0 T
N = vr 0 1 N
B 0 wvr 0 B

Let o = a(t) be an arbitrary space-like curve in Minkowski space Ef. We have & = vT),

T = % From Frenet equations we have T = vkN. Then k = @ and N = TTK = ﬁ The

vector product of N x T, gives us B = N x T. Using Frenet equations N = vkT — vrB. Thus
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v = ||&(t)|| to have the second curvature, and by inner product we obtain 7 = g (—W, B).

A subset A of a topological space X is called retract of X if there exists a continuous map
r: X — A called a retraction such that r(a) = a for any a € A [2, 3, 6].

Let M and N be two smooth manifolds of dimensions m and n respectively. A map
f: M — N is said to be an isometric folding of M into N if and only if for every piecewise
geodesic path v : I — N the induced path fo~: I — N is piecewise geodesic and of the same
length as v, if f does not preserve the length it is called topological folding [4, 5, 6].

Definition 2.1([9-13)) We name that a heliz is a curve where the tangent lines make a constant
angle with a fixed direction. Helices are characterized by the fact that the ratio /K is constant

along the curve, where 7 and k denote the curvature and the torsion, respectively.

Definition 2.2 Let u = (uy,us,u3) and v = (v1,ve,v3) be vectors in E}, the vector product in
Minkowski space-time E3 is defined by the determinant

€1 ez —€3
UNV=| uy us u3z |,

v U2 U3

where, e1,es and es are mutually orthogonal vectors (coordinate direction vectors), v denotes

speed of the curve.

83. Main Results

Lemma 3.1 Let H = {(acost,asint,bt)} be a heliz in E3. Since <H,H> =a? —b?,

. —asint acost b
v=|H(t)| = a2_b27 T= 5 ) )
A=Vl (ww—W|¢ﬁ—W|ww—w>
a? — ) a?—b% if a? > b
a  — =

W —a? if a? <b?

and (T, T) = 1 if a® > b2, then the heliz H is space-like, and (T, T) = —1 if a®> < b?, then the

heliz H is time-like and a null curve if a®> = b>.

Proof Consider three cases following.

Case 1. Let H = {(acost,asint,bt)} be helix in E}. If a® > b?, then H(t) is a space like
curve. Since T' = % then

T_ —asint acost b
Vie = =l i@l
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and so (T, T) =1, B=T x N,

1
B ={ ———=(bsint,—bcost,—a),, N = {(—cost,—sint,0
et TR )
b

with curvature Kk = %= and torsion 7 = 5. Also
a?—b a’?—b )

2 a

. a .
1) 0 i
< a2—b2> a2 — b2

and T is a space-like vector and the Frenet equations in matrix notions are

T 0 wk O T
N = —vk 0 wr N
B 0 wor O B
= (725 725 7)
= T 0 \/% (—cost, —sint,0)
0 \/a%%b? 0 \/ﬁ(bsint,—bcost, —a)

Case 2. If a® < b%, then the helix H(t) is a time-like curve with (T, T) = —1. Since

—asint acost b
T = ’ ; ’
Ve Vel e
and so N = {(—cost,—sin¢,0)}, B = T x N, then B = ﬁ(bsint,—bcost,—a) with
curvature £ = 3% and torsion 7 = ﬁ. Also, <T,T> = % >0, and T is a space-like

vector and the Frenet equations in matrix notions are

T 0 vk 0 T
N = VK 0 T N
B 0 —vur 0 B
0 gm0 (ot e, )
= \/1)2(1_7(12 0 ﬁ (—cost, —sint,0)
0 \/,)2_7_% 0 s (bsint, ~bcost, —a)

Case 3. The curve is light-like if a®> = b? and we have v = v/a2? — b2 = 0, then the tan-
gent vector T undefined, and so to calculate the Frenet equation of H(t) re-parameterization
by the pseudo arc length s. Let a = b = C% Thus, the equation of the light-like helix
is H(s) = {Z%(cos(cs),sin(cs),cs)}, where the curvature £ = 1, the tangent vector T'(s) =
{1(—sin(cs),cos(cs), 1)}, the normal vector N(s) = T’(s) = {(— cos(cs), —sin(cs),0)}. The

bi-normal vector B(s) is define as follows, since B(s) is a unique light-like vector then (1)
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(B,B) = 0. Also, (2) g(T, B) = —1, and since B is orthogonal to N then (3) (B, N) = 0. From
62

(1), (2) and (3), then B(s) = §(sin(cs), —cos(cs),1), 7 = —(N',B) = 5. Then, the Frenet
equations of H(s) in matrix notation are
T 010 T
N| = |01 N
B 07 0 B
0 1 0 1 (—sin(cs), cos(cs), 1)
_262 0 1 — cos(cs), — sin(cs), 0)
0 _TCZ 0 $(sin(cs), — cos(cs), 1)
This completes the proof. O

Definition 3.2 Assume that H(t) = {(z1(t),z2(t), z3(t), - ,2,(t))} t € domainH (t) is any
non-null curve in Minkowski n-space ET. Then the retraction map of H(t) called projec-
tion retraction with n — 1 dimension defined as r;(H) : {(z1(t),x2(t), z3(t), -,z ()} —

(21(8), 22(t), 23(t), - - 2 (t)) — {(i)} with {(z:)} = {(Lhzi(t),laza(t), -, lnan(t))}, where
ln, =1 whenn =1 andl, =0 whenn # i, i,n € N, t € DomainH .

Theorem 3.3 Let P(t) be a non-pseudo null space-like curve in E3 with curvature k = 1 and
constant torsion T, the projection retraction r;(P) = (x1(t),z2(t),x3(t), -, z,(t)) — {(x;)},
i € {1,2,3}, s € Domainr;(P), then the Frenet apparatus of v;(P) can be formed by Frenet
apparatus of P(t).

Proof Let P(t) = {(acost,asint,bt)} be a non-pseudo null space-like curve P in E} with
constant curvature. For the curve r1(P(t)) = (0,asint, bt), v, = y/a? cos?(t) — b%. So

r1(P(t)) = (acost,asint, bt).

Differentiating this equation with respect to t, the tangent vector

T, (t) = 2 T(t) - <_“Sint,0,o> ,

Up Uy

, N = T T the normal

where, T = = T}, = ™ T, = T(t) — (—acost,0,0). Then, x = [l o = T

v? vy v

vector of r1(P),

2
Nr(t):<v> EN@) - 12(—acost70,0)—1')rT(t).

Uy Ko KypU2

And the bi-normal vector of r1(P) is
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If r1(P) is a null curve and B,.(t) = T, A N,, if r1(P) is a non-null curve. Similarly, we have
the same proof for ro(P(t)) and r3(P(t)). O

Theorem 3.4 Let H(t) = {(acost,asint,bt)} be a heliz in E}. Then the Frenet equations of
the y-z retraction projection 1 (H) = {(0,asint,bt)} and the z-z retraction projection ro(H) =
{(acost,0,bt)} can be formed by the Frenet equations of H(t).

Proof Let H = {(acost,asint,bt)} and r(H) = {(0,asint,bt)} be y-z retraction projec-
tion of H(t) with constant curvature £ # 0 and 7 = 0 then the ratio 7/k = 0 for any projection
plan of 7;(H). Hence, r1(H) is not a helix, 71 (H) = (0,acost,b) and (r1,71) = a? cos?(t) — b*

for all ¢ € domainry (H), and we have three cases following.

Case 1. If a® cos?(t) — b > 0, the retraction r1(H) is a space-like curve with time like vector
NT"

absint
v, = Va2cos?t —b?, kK, =

(a? cos?(t) — bQ)% .

From Lemma 3.1 and Theorem 3.3 we get

acost b
7. = 07 ; s
Va2 cos2(t) — b2 /a2 cos?(t) — b2

N, — 0, b ’ acost
Va2 cos2(t) — b2 /a2 cos2(t) — b2

and the torsion is 7. = 0, k, > 0, B, = (1,0,0). Then, the Frenet equations of the retraction

r1(H) in matrix notation are

T 0 wk, O T
N = VK 0 wr N
B 0 wr 0 B
0 #ﬁf—bz 0 <O’ Va2 Zs;s(i)—bz’ Va2 co:2(t)—b2>
- #&L’z 0 0 (0, Va2 co:2(t)—b2’ \/a2zocsozs(tt)—b2)
0 0 0 (1,0,0)

If a2 cos?(t) — b < 0, the retraction ri(H) is space-like curve with time like vector N,.,
vy = Vb2 —a2cos?t, ky = —2sint___ From Lemma 3.1 and Theorem 3.3 we get

(b2—aZ? cos?(t)) 3

T 0 acost b
" ’ Vb2 —a? cos2(t)’ Vb2 — a2 cos?(t) ’
—b —acost
N, = |0, )
( Vb2 —aZcos?(t) /b2 — a2 cos? (t))
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and the torsion is 7. = 0, k, > 0, B, = (1,0,0). Then, the Frenet equations of the retraction
r1(H) in matrix notation are

T 0 vk, 0 T
N = VK- 0 uT N
B 0 —vr 0 B
absin acost b
0 b2—ab2 Cost2 (t) 0 (07 \/bzfar" cos2(t)’ \/b2fa2 cos?(t) )
_ absint _ _ s
= 0 0 b acost
b%—a cos(t) (07 \/b?—a2 cos2(t)’ \/b2—a2 cos?(t)
! ! (1,0,0)

If a2 cos?(t) — b2 = 0, then the retraction r1(H) = {(0,asint, bt)} is a light like curve and
the Frenet equations of the retraction r1(H) cannot appoints.

Case 2. The helix H = {(acost,asint, bt)} and ro(H) = {(acost,0,bt)} is x-z retraction
projection of the curve H(t), and (7,7) = a®sin?(t) — b? for all t € domainry(H). WE have
three cases should be discussed.

If a?sin?(t) — b2 > 0, then the retraction ro(H) is space-like, v = || = y/a2 sin?(t) — b2,

79 —asint b

T=22- 0,
v \/a2 sin?(t) — b2 \/a2 sin?(t) — b2

and

b

o —a®b? cos?(t) . abcost
<T’T>: . 9 7 <0, ’T’: 2 in2(1) _ h2
(a?sin®(t) — b2) a?sin”(t) — b

then T is time-like, (T,T) = 1. So, T is space-like with curvature

bcost b —asint
a N asin

3 - ) 07
(a2sin®(t) — b2) 2 a?sin®(t) — b2 y/a?sin®(t) — b2

and B = (0,—-1,0), (B, B) =1 > 0, which is positively oriented, and the torsion 7 = 0. Then,
the Frenet equations of ro(H) in matrix notation are

R =

T 0 vk, O T
N = vk 0 wvr N
B 0 wvr 0 B
0 a?iﬁgiﬁf)t—lﬁ 0 <\/a2(slij1i:(i)—b2 0, Va2 sirf)z(t)—lﬂ)
N a? ﬁgg?’;t_w 0 0 (\/aQ sifo(t)be 0, \/ar"_s(iznszir(ltisz)
0 0 0

(0,-1,0)
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If a?sin®(t) — b < 0, then the retraction ro(H) is a time-like curve. Since T = 2 50

—asi b
T asint 0 AT, T) = —1,0 = |irg| = 1/b? — a?sin?(¢)

\/b2 — a2 sin®(t) \/b2 — a2 sin®(t)

and

. b2 cos?(t) : abcost
= T = 5.
<T7 T> (b2 —a? 51n2(t)) ’ ) b% — a?sin®(t)

Hence, T is space-like, (T, T) = 1, T is time-like with curvature

abcost asint

K= -, N =
2 \/b2 — a? sin’( \/ b2 — a2 sin?(

(b2 — a®sin’(t))
and B = (0,-1,0), (B,B) = 1 > 0, which is positively oriented, so the torsion 7 = 0. Then,

the Frenet equations of ro(H) in matrix notation are

T 0 vk, O T
N = VK 0 uT N
B 0 —vr 0 B
0 #ﬁiﬁm 0 <\/b2_—(j12121f12(t)7 7\/b2—a};sm (t))
B 172:152«:7;?2@ 0 0 (\/bz—azbsmm)’ ’\/bzilzlznsinm))
0 0 (0, ~1,0)

If a?sin?(t) — b = 0, then the retraction ro(H) is a light-like curve and the tangent vector
T is undefined, and then the Frenet equations cannot be appointed, see Figure 1 for details.

| 4

X

Figure 1

This completes the proof. O
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Theorem 3.5 Let H(t) = {(acost,asint,bt)} be a heliz in E¥. Then the Frenet equations are

variants under the z-y retraction projection r3(H) = {(acost,asint,0)},

Proof Let H(t) = {(acost,asint, bt)} and let r3(H) = {(acost,asint,0)} be x-y retraction
projection of the curve H(t). Clearly, (r3,73) = a® > 0 for all ¢ € domainrz(H), and |3| = a,

T="1_ (—sint, cost,0),
v

where v = a, (T, T) = 1. Then, r3(H) is a space-like curve. And <T,T> =1, ie., |T] = 1.

Thus T is space-like with curvature x = Hvi” = % > 0and 7 = 0, N = (—cost,—sint,0),

B =(0,0,—1). Then, the Frenet equations in matrix notation are

T 0 wk, O T
N = —vk 0 wr N
B 0 wr 0 B
0 1 0 (—sint, cost,0)
= -1 0 0 (—cost,—sint,0)
0 0 0 (0,0,-1)
This completes the proof. O

Corollary 3.6 Let H(t) = {(acost,asint,bt)} be a heliz in Ej. Then, the Frenet equations
can not be appointed under the retraction projection r 2(H) = {((l1)acost, (Iz)asint, (I3)bt)} =
{(0,0,0t)}, 91 =12 =0, I3 =1, and 11 2(H) is a straight line z = bt.

Proof Let H(t) = {(acost,asint,bt)} be a helix in E} and let r1 o(H) = {(0,0,bt)} be a
retraction of the curve H(t) and (r12,71,2) = —b? < 0 for all ¢ € domainH, then ry(H) is a
time-like curve and i1 2| = b, T = ™2 = (0,0, 1), where v = a and <T,T> =0,|T| = 0. Thus,

v

T is light-like and T is time-like, the normal and bi-normal vectors N, B are undefined. And
the Frenet equations cannot be appointed. The ratio 7/x is undefined. Since k = 7 = 0 then
r1,2(H) is a straight line. O

Definition 3.7 Let P(t), P(t) C E be any curve in Minkowski 3-space E3,t € R, we have an
arbitrary point, to € DomainP > I = (§ — tg,0 +tg) with 6 > 0, I C R and § € R, then there
exists related retractions for every interval I define as r1(P(t)) C P(t) C E3.

Theorem 3.8 Let H(t)

= {(acost,asint,bt)} be a heliz in E}. Then, the Frenet equations of
the retraction r;(H) = H(f(

t)) are different from the Frenet equations of H(t).

Proof Notice that r;(H) = {(acos f(t),asin f(t),bf(t))}. Since (r,7) = f2 (a® — b?),
f2> 0 for all ¢, the retraction r;(H) of the helix H(t) is a space-like curve when a® —b% > 0, a
time-like curve if a? — b? < 0 and a null-like curve if a® = b?. And since the ratio 7/k = c is a
constant for all ¢, then the retraction r;(H) is a helix. We have three cases should be discussed.
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Case 1. The curve r;(H) is a space-like retraction helix if a® > b2, and we have

.. 49,9 9 G ([ —asinf acosf b
(r,7) = f7(a® = b7), v=fVa® - 1? TT_<\/a2—b2’\/a2—b2’\/a2—l)2>

and (T;, T,y = 1. Hence, r;(H) is space-like, N, = {(—cos f,—sin f,0)}, B=T x N and
B, = L bsi b
r = m( Slnfa_ COSf,—a)

with curvature x, = %75 and torsion 7, = ﬁ. Also,

R  ja
<Tr,Tr>—m>0’ \ﬂ—m

and T, is a space-like vector, and the Frenet equations of r;(H) in matrix notation are

T, 0 vk 0 T,
NT = —vk 0 wor N,
Br 0 vr 0 B.
0 ik o (724, s2b, k)
= \/% 0 . \/% (—cos f,—sin f,0)
0 \/% 0 ﬁ(bsm f,—bcos f,—a)

Case 2. The curve r;(H) is a time-like retraction helix if a? < b?, and then we have

. —asinf acos f b )
, U= b2 - (7,27 T’r‘ = ) )
) f (\/62 — a2 Vb2 — a2 Vb2 — a2

+(H)| = f2(|a® —0?

and (T;., T,) = —1.
So, N, = {(—cos f,—sinf,0)}, B=T x N, B, = {\/ﬁ(bsinf7 —bcosf,—a)}, the
basis {T', N, B} is positive oriented because (B, B) = 1, the curvature is k, = =% and the

. . 2 2 .
torsion is 7. = #. Also, (T, T, ,.> = b’;_iaaQ > 0, and T, is a space-like vector. So, the Frenet

equations of r;(H) in matrix notation are

T, 0 wvk O T,
NT = VK 0 T N,
Br 0 —vr O B,
I (G2t S5t )
= \/% 0 . Jbi’fiﬁ (—cos f,—sin f,0)
0 \/% 0 b21_a2 (bsin f, —bcos f, —a)

This completes the proof.
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Theorem 3.9 Let H(t) = {(acost,asint,bt)} be a null heliz in E. Then, the Frenet equations
of the retraction r;(H) = H(f(t)) are different from the Frenet equations of H(t).

Proof Let r;(H) be a light like retraction helix of H(t), re-parameterization by the pseudo
arc length s. So, a = b = %, f(t) = cf(s) and the equation of a light-like helix is H(s) =

{ % (cos(cs),sin(cs), cs) }, where r;(H) = { & (cos(cf(s)),sin(cf(s)),cf(s))} (I) with curvature
Kk, = 1, the tangent vector

7(5) = { S (sin(ef () cos(ef () 1)} (1,.T) =0,

Then r;(H) is a light-like helix and the norma vector is

M) =1 = { (‘f sinfef) — 1" cos(ef), L costef) 1. f) } ’

c
the bi-normal vector B,.(s) is defined as follows:

Notice that B(s) is a unique light-like vector then (1) (B, B) = 0; Also, (2) ¢(7,B) =1
and since B is orthogonal to N, then (3) (B,N) = 0. From (1),(2) and (3), the bi-normal

vector is

Br(s) ={(J, K, L)}

J = j:llz;(taHQ(cf) sin(cf) — sec(cf)) + (2(}, — 22::/5> sin(cf),
K = 25}//5 cos(cf) — J{’/‘; tan?(cf) cos(cf) — 27“ cos(cf),
L= Ltnen - wen v L

with torsion

" " "2
1. =—(N/,B,) = i + A

L f/ 2f/ f/2

2
"o gf/2

+ (tan(cf) — tan’(cf))ef" — 5

This completes the proof. O

Corollary 3.10 Let H(s) = {}(

2
equations of the retraction r;(H) =

/() =0

Proof Let H(s) = {%(cos(cs),sin(cs),cs)} be a null helix in Ef, where

s(cs),sin(cs), cs)} be a null heliz in E}. Then, the Frenet
H(f(s)) can be formed by the Frenet equations of H(s) if

1) = { (con(ef(9) sin(ef (). cs(5) |

with curvature k, = 1. If f”(s) = 0 then f'(s) = ¢; and f(s) = ¢18 + ¢ be a linear function,
where ¢; = 1 and ¢y < 0 are constants. By substituting there conditions in the equations of
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T,.(s), N-(s) and B,.(s) in Theorem 3.9 and applying the value of T'(s), N(s) and B(s) following

S
—~
VA
~
Il
Q=
—
I
w0
=
=}
—
e
»
~
(@)
@}
w0
—~
9]
»
~—
—_
~—
——

Then ,we have r;(H) = { % (cos(cs + c1)),sin(cs + c1,¢s + ¢1) }. The tangent vector of r;(H) is
T.(s) = MT + AaN + A\, where A = (0,0,1 — A1) and A1, Ay are constants. Then the normal
vector of 7;(H) is N,-(s) = 11N + 1o B + v, where v = (0,0, —v5) and vy, v are constants, the
bi-normal vector of r;(H) is B.(s) = mB — n2N + 1, where n = (0,0,1 — ;) and 1,72 are
constants and the curve r;(H) has torsion 7, = %gf’Q = %7, curvature k, = £ = 1. Then,
the Frenet equations of the retraction r;(H) = H(f(s)) can be formed by the Frenet equations
of H(s) if f"(s) =0 and so

T, (s) = MT(s) + AaN(s) + A
N, (s) =vn(s) +12B(s) +v
Br(s) =mB(s) —n2N(s) +1n

This completes the proof. O

Now, we introduce types of conditional foldings of the helix H = {(acost,asint,bt)} in
E3. Clearly, H = {(asint,acost,b)}. Define

b
U : {(acost,asint,bt)} — {acost7asint7t}, m > 1.
m m m

Theorem 3.11 The Frenet equations of the non-null helit H = {(acost,asint,bt)} in E are

invariant under the folding ¥(H) = {% cost, = sint, %t} for integers m > 1.

Proof Let W(H) = {2 cost, % sint, 2t} be a folding of the helix H = {(acost,asint, bt)}

and <\I/,\If> = # (a2 — b2). Since # > 0, this folding is a space-like curve if a®> > b2, a

time-like curve if > < b% and a null curve if a® = b*>. Since H(t) is a helix then the ratio
b

T/k = ¢ is a constant. So the folding ¥(t) has the ratio 7y /ky = 7/k = —2, is also a constant

and then ¥(¢) is a helix. We have three cases should be discussed.

Case 1. The folded helix is space-like if a? > b. So, |¥(t)| = v = (i)g - (%)2 and

—asint acost b
T = 3 ’ 3 TaT = ]-7
v (\/a2 — b2 \/@2 — b2 \/a2 _ b2> < >
1
By = Ty X Ny = {(bsint,—bcost, —a)},
a2 — b2

Ny

{(=cost,—sint,0)}

) ) B . 2 .
with curvature kg = "% and torsion 7y = ﬁ. Also, <Tq;,T\1/> = o9z > 0, [Ty] =
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ﬁ. Thus, Ty is a space-like vector, and the Frenet equations in matrix notation are

T 0 wk O T
N = —vk 0 wor N
B 0 vr 0 B
—asint acost b
0 \/a;sz 0 ( @202 Jaz_p2’ \/a27b2)
= == 0 = (—cost, —sint,0
Va2—b2 Vaz—b2 — COS i, —sIni, )
0 \/a%%bz 0 ﬁ(bsint,fbcost, —a)

Case 2. The folded helix is time-like if a® < b%. Then, we have |H(t)| = \/[a% — b2|, where,
v=1/(5)" - ()" and

Te — <—asint acost b )
v \/b2—a2’\/b2—a2’\/b2—a2 ’

{(—cost,—sint,0)}.

Ny

So, (I, T) = —1 and

B\I,:Tq,qu,:{ (bsint,—bcost,—a)},

B2 — 42

the basis {T, N, B} is positive oriented because (B,B) = 1, T = (\7%, \;%,O). The

] B . ) .
curvature Ky = % and the torsion 7¢ = ﬁ Also, <Tq,,Tq,> = bga_—ag > 0. So, Ty is a

space-like vector, and the Frenet equations in matrix notation are

T 0 wk 0 T
N = VK 0 vT N
B 0 —vr 0 B
0 0 C= = =)
= \/ﬁ 0 \/})2”_7(12 (—cost, —sint,0)
0 \/,72_7_% 0 ﬁ(bsint,—bcost, —a)
This completes the proof. O

Theorem 3.12 Let H = {(acost,asint,bt)} be a null heliz in EY, U(H) = {2 cost, ~ sint, 2t}

a folding of H(t) for integers m > 1. Then, the Frenet equation of U(t) can be formed by the
Frenet equation of H(t).

Proof Let W(t) = {£ cost, & sint, 2t} be afolding of the null helix H = {(acost,asint, bt)},
v = 0. Then, T is undefined, re-parameterization H(t) by the pseduo arc length s. Let
a

=b=%,t = cs. Thus the equation of the light-like helix is H(s) = { % (cos(cs),sin(cs),cs)},

c2
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U(s) = & { % (cos(cs),sin(cs), cs) } with curvature & = 1. The tangent vector is Ty (s) = W(s)
L {1(—sin(cs),cos(cs), 1)}, the normal vector is Ny (s) = T4 (s) = L {(— cos(cs),sin(cs),0)}

m

with the the bi-normal vector defined as follows.
Since By (s) is a unique light-like vector, we know that (1) (B,b) = 0. Also, (2) g(Ty, By) =
—1. Notice that By is orthogonal to Ny, there must be (3) (By, Ny) = 0. From (1), (2) and
3) me
By(s) = 7(8111(65), —cos(es), 1)

and 79 = — (N}, By) = % So, the Frenet equations of folded curve ¥(H) in matrix notation
are
T} 0 1 0 Ty
B(I, 0 7¢ O By
0 1 0 — (—sin(cs), cos(cs), 1)
= = 0 1 L (—cos(cs), —sin(es),0) |,
0 _202 0 ¢ (sin(cs), — cos(cs), 1)
where, kg =k =1, T@:T:_TCZ and
Ty =LT
Ny =1LN
B\p =mB
This completes the proof. O
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Abstract: Let G be a graph. Let f: V(G) — {0,1,2,--- ,k — 1} be a map where k € N
and k > 1. For each edge uv, assign the label |f(u) — f(v)|. f is called k-total difference
cordial labeling of G if [tar(¢) — tar(4)| < 1, 4,5 € {0,1,2,--+ ,k — 1} where ¢4 (z) denotes
the total number of vertices and the edges labeled with z. A graph with admits a k-total

difference cordial labeling is called k-total difference cordial graphs.

Key Words: Difference cordial labeling, Smarandachely difference cordial labeling, star,

path, cycle, bistar, crown, comb.

AMS(2010): 05C78.

§1. Introduction

We consider here finite, simple and undirected graphs only. Ponraj etl., has been introduced
the concept of k-total difference cordial graph in [4]. In [4,5], 3-total difference cordial labeling
path , complete graph,comb ,armed crown, crown , wheel, star etc have been investigate and
also we prove that every graph is a subgraph of a connected k-total difference cordial graphs
in .In this paper we investigate 4-total difference of cordial labeling of some graphs like star,
path, cycle, bistar, crown, comb, etc.

§2. K-Total Difference Cordial Labeling

Definition 2.1 Let G be a graph. Let f : V(G) — {0,1,2,--- | k—1} be a function where k € N
and k > 1. For each edge uv, assign the label |f(u) — f(v)|. f is called k-total difference cordial
labeling of G if |tar(i) —tar(j)| < 1, 4,5 € {0,1,2,--- ,k — 1} where tg(x) denotes the total
number of vertices and the edges labelled with x. A graph with a k-total difference cordial labeling
is called k-total difference cordial graph. Otherwise, if there is a pair {i,j} € {0,1,2,--- ,k—1}
such that |tqr (i) — tqr(§)| > 1,such a labeling is called a Smarandachely k-total difference cordial
labeling of G.

Remark 2.2([6]) 2-total difference cordial graph is 2-total product cordial graph.

IReceived July 13, 2019, Accepted March 16, 2020.
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83. Preliminaries

Definition 3.1 The corona of G1 with G3,G1 ® Ga is the graph obtained by taking one copy
of G and p, copies of Go and joining the ith vertex of G1 with an edge to every vertex in the
it" copy of Gs.

Definition 3.2 Armed crown AC,, is the graph obtained from the cycle Cy, : uyus - - - u,u; with

V(AC,) =V (Ch)U{vi,w; : 1 <i<n} and E(AC,) = E(Cy) U {uivi,viw; : 1 <i <n}.

Definition 3.3 An edge x = wv of G is said to be subdivided if it is replaced by the edges uw
and wv where w is a vertex not in V(Q).If every edge of G is subdivided,the resulting graph is
called the subdivision graph S(G).

Definition 3.4 Jelly fish graphs J(m,n) obtained from a cycle Cy : uxvyu by joining x and y

with an edge and appending m pendent edges to u and n pendent edges to v.

Definition 3.5 Triangular snake T, is obtained from the path P, : ujus ---u, with V(T,) =
V(P,) U{vi:1<i<n—1} and E(T,,) = E(P,) = U{uvi, uip1v; : (1 <i<n—1)}.

Definition 3.6 Double Triangular snake D(T,,) is obtained from the Path Py, : ujus - - - up with
V(D(Ty)) = V(Po) U{viwi: 1< i <n—1} and E(D(Ty)) = E(Py) U {uivi,uiw; : 1< i <
n-— 1}U {viui+1,wiui+1 1<i<n-— 1}_

84. Main Results

Theorem 4.1 Any star K, is 4-total difference cordial.
Proof Let V(K1) ={u,u; : 1 <i<n}and E(Ki,n) = {uu; : 1 <i<n}.
Case 1. n=0 (mod 4).

Let n = 4r,r € N. Assign the label 1 to the central vertex. Next assign the label 0 to the

vertices uj, ug, ..., us, and assign the label 3 to the remaining vertices.
Case 2. n=1 (mod 4).

Let n = 4r + 1,r € N. Assign the label 1 to the central vertex u .We now move to the
pendent vertices.Assign the label 0 to the vertices uy, ug, -+ , u2, and assign the label 3 to the

next remaining vertices uop41, Ugpt2, -+, Uy a0d Ugpyq.
Case 3. n=2 (mod 4).

Let n = 4r 4+ 2,7 € N.In this case assign the label 0 to the vertices ui,ug, -+ ,u9, and
ug,-4+1.Next assign the label 3 to the vertices uo,i2,u2rt3, -+, Ugrro.Finally assign 1 to the

central vertex w.
Case 4. n =3 (mod 4).

As in case (3) assign the label to u, uy,ug, - ,u,—1. Next assign the label 3 to the vertex
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Up,.
Table 1 given below establish that this vertex labeling pattern is a 4-total difference cordial
labeling.

Values of n tdf (0) tdf(l) tdf(2) tdf (3)

n=0 (mod 4) 2r 2r+1 2r 2r

n=1 (mod 4) 2r 2r+1|2r+1 | 2r+1
n=2 (mod4) | 2r+1 |2r+2 | 2r+1 | 2r+1
n=3 (mod4) | 2r4+1 |2r+2 | 2r+2 | 2r+2

Table 1

A 4-total difference cordial labeling of K ,,(n = 1,2,3) is given in Table 2.

Values of n | w | uy | us | ug
1 1|3
2 11013
3 110|313
Table 2
This completes the proof. O

Theorem 4.2 The path P, is 4-total difference cordial for all values of n.

Proof Let P, be the path uy,us, -, Uy.
Case 1. n=0 (mod 4) n > 3.

Let n =47, r € N, Assign the labels 3, 1, 1 and 3 respectively to the vertices uy,us,us,us.Next
assign the labels 3,1,1 and 3 to the next 4 vertices us,ug,u7,ug respectively. Proceeding like
this until we reach the vertex w,. That is in this process the last 4 vertices u,_3,Un_2, Un_1
and u,, receive the labels 3,1,1 and 3.

Case 2. n=1 (mod 4) n > 3.

Let n =4r 4+ 1,r € N. As in Case 1, assign the label to the vertices w1, us, -+ ,un—1. Next
assign the label 3 to the vertex u,,.

Case 3. n=2 (mod 4), n > 3.

Let n = 4r + 2,r € N. Assign the label to the vertices uy,us, - ,u,—1 as in Case 2. Next
assign the label 1 to the vertices u,,.

Case 4. n =3 (mod 4), n > 3.

Let n = 4r + 3,7 € N. Assign the label to the vertices uy,us, -+ ,u,_1 as in Case 3. Next
assign the label 1 to the vertex u,,. This vertex labels is a 4-total difference cordial labels follows
from Table 3 for n > 3.
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Values of n tar(0) | tar(1) | tar(2) | tar(3)
n=0 (mod4) | 2r—1 2r 2r 2r
n=1 (mod 4) 2r 2r 2r 2r+1
n =2 (mod 4) 2r 2r+1|2r+112r+1
n=3 (mod4) | 2r+1 |2r+2 | 2r+1 | 2r+1

Table 3

A 4-total difference cordial labeling of P,(n = 1,2, 3) is given in Table 4.

Values of n | uq | ug | us
1 0
2 0] 2
3 0213
Table 4
This completes the proof. O

Theorem 4.3 The cycle C,, is 4-total difference cordial if n =0,1,3 (mod 4)

Proof Let C,, be the cycle ujus - - u,u;. Assign the label to the vertices uy,us, - ,up,
as in Theorem 4.2. Table 5 given below shows that this labeling of C,, is a 4-total difference
cordial.

Values of n tar(0) | tar(1) | tar(2) | tar(3)
n =0 (mod 4) 2r 2r 2r 2r
n=1 (mod 4) 2r 2r 2r 2r+1
n=3 (mod4) | 2r+1 |2r+2 | 2r+1 | 2r+1
Table 5
This completes the proof. O

Theorem 4.4 The bistar By, is 4-total different cordial for all n.

Proof Let V(By,) = {u,v,u;,v; : 1 <i<n} and E(B, ) = {uw;,vv;,wv : (1 <i<n)}.
Clearly By, » has 2n + 2 vertices and 2n + 1 edges. Assign the label 1 to the central vertices u

and v. Assign the label 3 to the vertices ui,us, -+ ,u, and v;. We now assign the label 1 to
the vertices va,vs, -+ ,vn. Clearly tgr(0) = n, tqr(1) = tqr(2) = tas(3) = n + 1. Therefore f is
a 4-total difference cordial labeling. O

Theorem 4.5 The crown C, ® K7 is 4-total difference cordial labeling for all values of n.

Proof Let C, be the cycle ujug---uyu; Let V(C, © K1)V(Cp) J{vi : 1 <i<n} and
E(C,0Ky) = E(Cp) U {uv; : 1 <i<n}. Assignthelabel 1 to the cycle vertices uy, ug, -+« , ty.
Next we move to the pendent vertices v;. Assign the label 3 to all pendent vertices vy, va, -« , Uy
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Clearly ¢4 (0) = t4r (1) = tqr(2) = tqr(3) = n. Hence f is a 4-total difference cordial labeling. [

Corollary 4.1 All combs are 4-total difference cordial labeling.

Proof Clearly the vertex labeling in theoeam 4.5 is also a 4-total difference cordial labeling
of Pn ® K1 . O

Theorem 4.6 The armed crown AC, is 4-total difference cordial for all n.

Proof Clearly AC,, has 3 vertices and 3n edges. Let the vertex set and edge set as in
Definition 3.2. Assign the label 1 to the all the cycle vertices uy,ug, -+ ,u,. Next we assign

the label 3 to the vertices vy, vo, -+, v,.
Case 1. n is even.

In this case assign the label 3 to the pendent vertices wiwsg - --wz and 1 to the remaining

pendent vertices W21, We42, ", Wn-

Case 2. n is odd.

Assign the label 3 to the vertices wy, wa, - - , Wi and 1 to the vertices Wnts, Wnts ;= W
The table 6 given below establish that this vertex labeling pattern is a 4-total difference cordial
labeling.
Values of n | t4r(0) | tar(1) | tar(2) | tar(3)
. 3 3 3 3
n is even 5 = = =
: 3n+1 3n—1 | 3n—1 3n41
n is odd s s s s
Table 6
This completes the proof. O

Theorem 4.7 The double triangular snake DT, is 4-total difference cordial for all n.

Proof Let the vertex set and edge set as in Definition 3.6.
Case 1. n=0 (mod 3).

Assign the labels 3, 2,3 to the path vertices uy, us, us. Next assign the labels 3,2, 3 to the
next 3 vertices uq, us, ug respectively. Proceeding like this until we reach the vertices u,. That
is in the process the last three vertices u,_s, un_1, u, receive the label 3,2,3. Next assign the
label 0 to the vertices vy, vs, -+ , v, and assign the label 2 to the vertices wy,wa, - , ws,.

Case 2. n=1 (mod 3).

In this case assign the labels to the vertices u;, (1 <7 <mn—1)v;,w;, (1 <i<n-—1)asin

Case 1. Next assign the labels 3,0, 2 respectively to the vetices uy,, vy—1, ws,.
Case 3. n=2 (mod 3).

Asin Case 2 assign the labels to the vertices uy, ug, -+ , Up_1,V1, V2, - Up_o and w1, Wa, + * - Wy _o.
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Finally assign the label 2,0 and 2 to the vertices u,,v,—1 and w,_;. Table 7 given below es-
tablish that this labeling scheme is a 4-total difference cordial labeling of DT,,.

Nature of n tar(0) | tar(1) | tar(2) | tar(3)
n=0(mod3) | 2n—2 | 2n—2 | 2n—1 | 2n—2
n=1(mod3) | 2n—-2|2n—2 | 2n—-2 | 2n—1
n=2 (mod3) | 2n—2 |2n—2 | 2n—1 | 2n —2

Table 7
This completes the proof.
Example 4.1 A 4-total difference cordial labeling of D(Tg) is shown in Figure 1.

0 0 0 0 0

Figure 1

Theorem 4.8 The jelly fish J(n,n) is 4-total difference cordial for all n.

Proof Let Cy be a cycle uzvyu. Let V(J(n,n))=V(Cys) U {us,vi : 1 <i <n}and E(J(n,n))
= E(Cy) U{zy,zu;,yv; : 1 <i < n}. Assign the label 1 to the all cycle vertices u,x,y,v. Next

we move to the pendent vertices. Assign the label 3 to the uy,us, -+ ,u, and vy,v5. Assign the
label 1 to the vs,va, - ,vy,. Since tgr(0) = n+ 3,84 (1) = tgr(2) =tgr(3) =n+2,f is a 4-total
O

difference cordial labeling.

Theorem 4.9 The subdivision of the bistar By, n, S(Bn,n) is 4-total different cordial for all n.

Proof Let V(S(Bnn)) = {t, w,v,us, v, 24,9 0 1 <i <n}and E(S(By.n)) = {uu;, uiz;, vw,
wv, vv;, vy - 1 <4 < n}. Assign the label 1 to the vertices u,w and v.Next assign the label 3

to the vertices uq,us, - -, u;,

T1,%2, - ,x; and v;. We now assign the label 2 to the vertices y1,y2, - ,yn and ve. Finally
assign the label 1 to the vertices vz, va,- -+, vy,. Since tqr(0) = tqr(1) = tgr(3) = 2n+ 1ty (2) =
2n + 2. The labeling f is a 4-total difference cordial labeling. O

Theorem 4.10 P, ® 2K is 4-total difference cordial for all n.
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Proof Let P, be the path uy,us, - ,u,.Let v;,w; be the pendent vertices adjacent to u;

(1 <i<n). Assign the label 1 to the path vertices uy,ug, -+, Up.
Case 1. n is even.

Assign the label 3 to all the vertices v1,v2, -+, v, and wi,wa, -+, wz. We now assign the

label 1 to the vertices wz 1, wz 4o, -, wy.
Case 2. n is odd.

As in Case 1 assign the label to the vertices u;,v;,w; (1 <4 < n). Next assign the label 3
to the vertices u,, and assign the label 1 to the vertex wy,.

Table 8 given below establish that this vertex labeling pattern is a 4-total difference cordial

labeling.
Values of n | taqr(0) | tar(1) | tar(2) | tar(3)
n is even 37” -1 37" 37" 37"
nis odd 3n;1 3n2+1 3n;1 3n;1
Table 8
This completes the proof. O

Theorem 4.11 S(P, ® K1) is 4-total difference cordial for all n.

Proof Let P, be the path uy,us, - u,.Let V(P, ® K1) = V(P,) U{v; : 1 <i<n} and
E(P,0K;) ={u; : 1 <i<n}. Leta; be the vertex which subdivide the edge u;u;41,{1 <i <n —1}
and y; be the vertex which subdivide w;v; : {1 <i<n}. Assign the label 3 to the all path
vertices ui,ug, - ,u, and x1,xs, -, T, and ve. Next we assign the label 1 to the vertices
Y1,Y2, - - - Yn and v1. Finally we assign the label 2 to the remaining vertices vs, vy, - - - v,,. Clear-
ly tqr(0) = tar(1) = tqr(2) = 2n — 1,t4r(3) = 2n. Therefore, f is a 4-total difference cordial
labeling of S(P, ® K3). d

Theorem 4.12 S(C,, ® K1) is 4-total difference cordial for all values of n.

Proof Let Cy, : ujug - - uyug be the cycle. Let V(C,, ©® K1)=V(Cyp)U{vi : (1 <i<n)}
and E(C, ® K1) = E(Cp) U{uiv; : 1 <i <n}.Let a;,y; be the vertices which subdivide the
edges wiu;r1(1 < i <n—1), wwv(l <i<n) respectively. First we assign the label 3 to the
cycle vertices uy,us, - u, and 1,29, - x,. Next we assign the label 1 to the yi, 92, - yn.
Finally assign the label 2 to the all pendent vertices v, v, - v,. Clearly t4r(0) = tgr(1) =
taf(2) = tar(3) = 2n. Therefore f is a 4-total difference cordial labeling of S(C,, ® K7). O

Theorem 4.13 S(AC,,) is 4-total difference cordial for all n.

Proof Let the vertex set and edge set of AC, as in definition 3.2.let z; : (1 < i <
n—1)y:(1<i<n-—1)and z; : (1 <i < n—1) be the vertex which subdivide the edges
wittipr 2 (1 <i<m—1)uv; : (1 <i<n-—1)and v;w; : (1 <i<n—1) respectively. Assign

the label 3 to the vertices wy,us, - ,u, and x1,xs, -+ ,z, and wi,ws, - ,w,. Next assign
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the label 1 to the vertices yi1,¥y2, - ,y,.Then assign the label 2 to the vertices vy,vs, -+ , vy,
and 21,22, 2,. obviously tqr(0) = t4r(1) = tqr(2) = t4r(3) = 3n. Therefore f is a 4-total
difference cordial labeling of S(AC,). O

Example 4.2 A 4-total difference cordial labeling of S(AC,,) is shown in Figure 2.

Figure 2

Theorem 4.14 S(T,) is 4-total difference cordial.

Proof Let the vertex set and edge set of T,, as in Definition 3.7. Let z;,y; and z; be the

vertices which subdivide the edges w;u;y1,u;, v; and u;1qv;, (1 < i < n).
Case 1. n=0 (mod 4)).

Assign the label 3 to the vertices uy, us, - - - uy, and x1, o, - T,_1. Assign the label 1 to the
vertices Y1, Y2 - - - Yn—1. INext assign the label 2, 3,1 and 3 to the vertices z1, 2o, 23, 24 then assign
the label 2,3,1 and 3 to the next 4 vertices z5, zg, 27, 28 respectively. Proceeding like this until
we reach the vertices z,_1. That is in the process the last four vertices are z,,_4, 2n_3, Zn—_2, Zn_1
receive the label 2,3,1,3. Next assign the label 0,2, 3,2 to the vertices 0, 2, 3,2 to the vertices
v1, V2, U3, V4 then assign the label 0,2, 3,2 to the next 4 vertices vs, vg, v7, vg respectively. Pro-
ceeding like this until we reach the vertices v,_1.That is in the process the last 4 vertices

Un—_4,Un_3,VUn_2,U,_1 receive the label 0,2, 3, 2.
Case 2. n=1 (mod 4).

As in Case 1 assign the labels to the vertices u;, (1 <@ < n—1),v;, 24, ¥i, 2i, (1 < i <n—2).

Next assign the labels 3,0, 3,1 and 2respect to the vertices un, Vp—1, Tn_1,Yn—1 and z,_1.
Case 3. n=2 (mod 4).

In this case, assign the labels to the vertices u;, (1 <@ <n—1),v;, %, ¥, 2i, (1 <i <n—2)
as in Case 2. Finally assign the labels 3,2,3,1 and 3 to the vertices uy,,vp—1,Tp—1,Yn—1 and
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zZn—1 respectively.
Case 4. n =3 (mod 4).

As in Case 3, assign the label to u;, (1 < i < n —1)v;,x;,yi, 2, (1 < i <n-—2). Next
assign the labels 3, 3,3, 1 and 1 to the vertices uy, vy 1, Xn_1,Yn_1 and z,_1 respectively. Table

9 given below establish that this vertex labeling pattern is a 4-total difference cordial labeling.

Nature of n tar(0) | tar(1) | tar(2) | tar(3)
n=0 (mod 4) 111}1—8 112—8 11n4—12 11n4—12
n=1 (mod 4) 11179 117279 117275 117};9
n=2 (mod 4) 11714—10 11n4—10 11n4—10 11n4—10
n=3 (mod 4) 112—9 112—9 117}1—9 111'7,4—13
Table 9
This completes the proof. O
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Famous Words

We usually understand the universe by matter, not including antimatter. However, the
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