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Abstract: In this work, we study k−type (k ∈ {0, 1, 2, 3}) slant helices with non-zero

Bishop curvature functions due to Bishop frame in E4. General helix is a 0−type slant helix

within the notation of this study. We characterize all of slant helices in terms of Bishop

curvatures in E4.

Key Words: Bishop frame, regular curves, general helix, slant helix, Euclidean 4-space.

AMS(2010): 53A04.

§1. Introduction

In the local differential geometry of space curves, it is well-known that a general helix is a curve

whose tangent makes a constant angle with a non-zero constant vector field (the axis of the

helix). Moreover, the necessary and sufficient condition for a curve is a general helix if and only

if the ratio of the curvature and the torsion of that curve is constant. A slant helix is defined as

a curve whose principal normal vector makes a constant angle with a fixed direction by Izumiya

and Takeuchi in E3 [7]. Some characterizations of a slant helix are investigated in [9]. Ali and

Turgut have generalized the slant helix to Euclidean n-space En and have given some properties

for a non-degenerate slant helix [2]. Öztürk et.al. have considered the focal representation and

some properties of focal curves with their curvatures of k-slant helices in Em+1 [11]. Further,

some characterizations of slant helices in different spaces such as Minkowski and Galilean are

studied [12, 13, 14, 16].

Most of the study of curves are done by using Frenet-Serret frame in classical differential

geometry in Euclidean space. In [4], Bishop defined an alternative over Frenet frame for a curve

and called it Bishop frame. The advantage of Bishop frame is well-defined when the curve has

a vanishing second derivative in 3-dimensional Euclidean space E3 unlike Frenet frame. Also,

Bishop frame is used in many applications such as engineering, computer aided design, DNA

analysis etc. After defining this useful alternative frame, many studies have been done by

1Received August 23, 2019, Accepted March 2, 2020.
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mathematicians using it [3, 8, 15]. Özçelik et. al. have been introduced the parallel transport

frame of the curve in 4-dimensional Euclidean space E4 [10].

The present study aims to determine the characterize all of slant helices in terms of Bishop

curvatures in E4 with the help of the literature.

§2. Preliminaries

Here, the basic definitions and theorems for the theory of curves in Euclidean 4-space E4 are

given for the next section (A more complete elementary treatment can be found in [5], [6]).

The standard flat metric in Euclidean 4-space E4 is given by

〈 , 〉 = dx2
1 + dx2

2 + dx2
3 + dx2

4,

where (x1, x2, x3, x4) is a rectangular coordinate system of Euclidean 4-space E4. The norm of

an arbitrary vector a ∈ E4 is given by ‖a‖ =
√
〈a, a〉. The curve α is called an unit speed curve

if a velocity vector v of α satisfies ‖v‖ = 1. For vectors v, w ∈ E4, it is said to be orthogonal if

and only if 〈v, w〉 = 0. Let α = α(s) be a regular curve in Euclidean 4-space E4. If the tangent

vector field of this curve forms a constant angle with a constant vector field U , then this curve

is called a general helix or an inclined curve.

Denote by {T,N,B,E} the moving Frenet-Serret frame along the curve α in the space E4.

For an arbitrary curve α in Euclidean 4-space E4, the following Frenet-Serret formulae is given

with respect to the first curvature κ, the second curvature τ and the third curvature σ in [6]


T ′

N ′

B′

E′

 =


0 κ 0 0

−κ 0 τ 0

0 −τ 0 σ

0 0 −σ 0




T

N

B

E

 ,

where T,N,B and E are called the tangent, the principal normal, the first and the second

binormal vectors of the curve α, respectively.

Theorem 2.1([14]) Let α = α(t) be an arbitrary curve in Euclidean 4-space E4 with above

Frenet-Serret equations. Frenet-Serret apparatus of α can be written as follows:

T =
α′

‖α′‖
, (2.1)

N =
‖α′‖2 α′′ − 〈α′, α′′〉α′∥∥∥‖α′‖2 α′′ − 〈α′, α′′〉α′∥∥∥ , (2.2)

B = µN ∧ T ∧B2, (2.3)
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E = µ
T ∧N ∧ α′′′

‖T ∧N ∧ α′′′‖
, (2.4)

κ =

∥∥∥‖α′‖2 α′′ − 〈α′, α′′〉α′∥∥∥
‖α′‖4

(2.5)

τ =
‖T ∧N ∧ α′′′‖ ‖α′‖∥∥∥‖α′‖2 α′′ − g(α′, α′′)α′

∥∥∥ (2.6)

and

σ =

〈
α(IV ), E

〉
‖T ∧N ∧ α′′′‖ ‖α′‖

, (2.7)

where µ is taken −1 or +1 to make +1 the determinant of the matrix [T,N,B,E].

Bishop frame is also referred to as parallel transport that is an orthonormal frame formed

by transporting in parallel each component of the frame. The parallel transport is formed with

tangent vector and any convenient arbitrary basis for the remainder of the frame (for details,

see [4], [10]). Then, the relations between Frenet-Serret frame and parallel transport frame for

the curve α : I ⊂ R→ E4 are given as follows:

T (s) = T (s),

N(s) = cos θ(s) cosψ(s)M1 + (− cosφ(s) sinψ(s) + sinφ(s) sin θ(s) cosψ(s))M2

+(sinφ(s) sinψ(s) + cosφ(s) sin θ(s) cosψ(s))M3,

B(s) = cos θ(s) sinψ(s)M1 + (cosφ(s) cosψ(s) + sinφ(s) sin θ(s) sinψ(s))M2

+(− sinφ(s) cosψ(s) + cosφ(s) sin θ(s) sinψ(s))M3,

E(s) = − sin θ(s)M1 + sinφ(s) cos θ(s)M2 + cosφ(s) cos θ(s)M3.

The parallel transport frame equations are expressed as [10]
T ′

M ′1

M ′2

M ′3

 =


0 k1 k2 k3

−k1 0 0 0

−k2 0 0 0

−k3 0 0 0




T

M1

M2

M3

 , (2.8)

where k1, k2, k3 are curvature functions according to parallel transport frame of the curve α,

and their expression as follows:

k1 = κ cos θ(s) cosψ(s),

k2 = κ(− cosφ(s) sinψ(s) + sinφ(s) sin θ(s) cosψ(s)),

k3 = κ(sinφ(s) sinψ(s) + cosφ(s) sin θ(s) cosψ(s)),
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where

θ′ =
σ√

κ2 + τ2
, ψ′ = −τ − σ

√
σ2 − θ′2√
κ2 + τ2

, φ′ = −
√
σ2 − θ′2
cos θ

,

and Frenet curvature functions are given as follows:

κ(s) =
√
k2

1 + k2
2 + k2

3, τ(s) = −ψ′ + φ′ sin θ, σ(s) =
θ′

sinψ
,

and

φ′ cos θ + θ′ cotψ = 0,

in terms of the invariants of parallel transport frame.

§3. On k-Type Slant Helices Due to Bishop Frame in Euclidean 4-Space E4

Definition 3.1 Let α = α(s) be a curve parametrized by arc-length with {T,M1,M2,M3} a

Bishop frame in E4. If there exists a non-zero constant vector field U in E4 such that 〈Mk, U〉 6= 0

is a constant for all s ∈ I, where M0 = T, then α is said to be k−type (k ∈ {0, 1, 2, 3}) slant

helix, and U is called axis of α.

Theorem 3.2 Let α = α(s) be a unit speed curve with non zero Bishop curvatures k1, k2, and

k3 due to Bishop frame in E4. There is no 0−type slant helix (general helix) due to Bishop

frame in E4.

Proof Let α = α(s) be 0−type slant helix in E4 and the axis of the curve be U. Then, we

have that

〈T,U〉 = c1(s) = constant (3.1)

along the curve α. Differentiating (3.1) with respect to s and using Bishop frame, we know that

k1 〈M1, U〉+ k2 〈M2, U〉+ k3 〈M3, U〉 = 0,

which implies that the unit vector U lies on the subspace spanned by {T} and therefore, it can

be written as

U = c1(s)T. (3.2)

Differentiation of (3.2) gives

c1k1M1 + c1(s)k2M2 + c1(s)k3M3 = 0.

Since the vectors {M1,M2,M3} are linearly independent, we have c1 = 0 which yields

U = 0. (3.3)

Since the result (3.3) contradicts with the definition of U , we claim that there is no 0−type

slant helix (general helix) due to Bishop frame in E4. �
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Theorem 3.3 Let α = α(s) be a unit speed curve with non zero Bishop curvatures k1, k2, and

k3 due to Bishop frame in E4. Then α is a 1−type slant helix if and only if the function

−c0
k1

k3
− c1

k2

k3
(3.4)

is a constant, and c0 = const. and c1 = const.

Proof Let α = α(s) be 1−type slant helix in E4 and U be a fixed non-zero direction. Then

we have

〈M1, U〉 = c0(s), c0(s) ∈ R (3.5)

along the curve α. Using (3.5) and Bishop frame formulae, we have

−k1 〈T,U〉 = 0,

which implies that the unit vector U lies on the subspace spanned by {M1,M2,M3} and it can

be written as

U = c0(s)M1 + a(s)M2 + b(s)M3. (3.6)

Differentiation of (3.6) gives

(−c0k1 − ak2 − bk3)T + a′M2 + b′M3 = 0.

Since the vectors {T,M2,M3} are linearly independent, we have

−c0k1 − ak2 − bk3 = 0,

a′ = 0,

b′ = 0.

(3.7)

From (3.7), we obtain

a = c1, b = −c0
k1

k3
− c1

k2

k3
,

where c1 is constant.

Conversely, if (3.4) holds, we can find a fixed non zero vector U satisfying 〈M1, U〉 =constant.

We consider the axis as

U = M1 +M2 −
(
k1

k3
+
k2

k3

)
M3. (3.8)

Differentiating U with the help of (3.4) gives U ′ = 0. This means that U is a constant

vector. As a result, α is a 1−type slant helix in E4. �

Using Theorem 3.3, we have the following result.

Corollary 3.4 Let α = α(s) be a 1−type slant helix with non zero Bishop curvatures k1, k2,
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and k3 due to Bishop frame in E4. Then the axes of α are obtained by

U = c0M1 + c1M2 + (−c0
k1

k3
− c1

k2

k3
)M3,

where c0, c1 are constants.

Theorem 3.5 Let α = α(s) be a unit speed curve with non zero Bishop curvatures k1, k2, and

k3 due to Bishop frame in E4.Then α is a 2−type slant helix if and only if the function

−c0
k2

k3
− c1

k1

k3
(3.9)

is a constant, and c0 = const. and c1 = const.

Proof Let α = α(s) be 2−type slant helix in E4 and U be a fixed non-zero constant

direction. Then we have

〈M2, U〉 = c0(s), c0(s) ∈ R (3.10)

along the curve α. Differentiating (3.10) with respect to s and using Bishop frame, we have

−k2 〈T,U〉 = 0,

which implies that the unit vector U lies on the subspace spanned by {M1,M2,M3} and can

be decomposed as

U = a(s)M1 + c0(s)M2 + b(s)M3. (3.11)

Differentiation of (3.11) gives

(−ak1 − c0k2 − bk3)T + a′M2 + b′M3 = 0.

Since the vectors {T,M2,M3} are linearly independent, we have

−ak1 − c0k2 − bk3 = 0,

a′ = 0,

b′ = 0.

(3.12)

From (3.12), we obtain

a = c1, b = −c0
k2

k3
− c1

k1

k3
,

where c1 is constant.

Conversely, if (3.9) holds, we can find a fixed non zero vector U satisfying 〈M1, U〉 =constant.

We consider the axis as

U = M1 +M2 +

(
k2

k3
+
k1

k3

)
M3. (3.13)

Differentiating U with the help of (3.9) gives U ′ = 0. This means that U is a constaant
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vector. As a result, α is a 2−type slant helix in E4. �

Using Theorem 3.5, we have the following result.

Corollary 3.6 Let α = α(s) be a 2−type slant helix with non zero Bishop curvatures k1, k2,

and k3 due to Bishop frame in E4. Then the axes of α are obtained by

U = c1M1 + c0M2 + (−c0
k2

k3
− c1

k3

k3
)M3,

where c0, c1 are constants.

Theorem 3.7 Let α = α(s) be a unit speed curve with non zero Bishop curvatures k1, k2, and

k3 due to Bishop frame in E4. Then α is a 3−type slant helix if and only if the function

−c1
k1

k2
− c0

k3

k2
(3.14)

is a constant, and c0 = const. and c1 = const.

Proof Let α = α(s) be 3−type slant helix in E4 and U be a fixed non-zero direction. Then

we have

〈M3, U〉 = c0(s), c0(s) ∈ R (3.15)

along the curve α. Using (3.15) and Bishop frame formulae, we have

−k3 〈T,U〉 = 0,

which implies that the vector U lies on the subspace spanned by {M1,M2,M3} and can be

written as

U = a(s)M1 + b(s)M2 + c0(s)M3. (3.16)

Differentiation of (3.16) gives

(−c0k1 − ak2 − bk3)T + a′M2 + b′M3 = 0.

Since the vectors {T,M2,M3} are linearly independent, we have

−ak1 − bk2 − c0k3 = 0,

a′ = 0,

b′ = 0.

(3.17)

From (3.17), we obtain

a = c1, b = −c1
k1

k2
− c0

k3

k2
,

where c1 is constant.

Conversely, if (3.4) holds, we can find a fixed non zero vector U satisfying 〈M1, U〉 =constant.
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We consider the axis as

U = M1 +

(
−k1

k2
− k3

k2

)
M2 +M3. (3.18)

Differentiating U with the help of (3.14) gives U ′ = 0. This means that U is a constant

vector. As a result, α is a 3−type slant helix in E4. �

From the above theorem, we have the following result.

Corollary 3.8 Let α = α(s) be a 3−type slant helix with non zero Bishop curvatures k1, k2,

and k3 due to Bishop frame in E4.Then the axes of α are obtained by

U = c1M1 +

(
−c1

k1

k2
− c0

k3

k2

)
M2 + c0M3,

where c0, c1 are constants.

§4. Conclusion

The properties of k−type (k ∈ {0, 1, 2, 3}) slant helices with non-zero Bishop curvature functions

with Bishop frame in E4 are obtained. General helix (0−type slant helix) that does not exist

according to Bishop frame in E4 is given. All of slant helices are characterized in terms of

Bishop curvatures in E4 in this paper.
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§1. Introduction

The concept of a gamma ring was presented as a generalization of the classical rings. This

gamma ring was first introduced by Nobusawa [1] in 1964, which is currently known as ΓN -

ring. After two years it was more broadly generalized by Bernes [2] in the sense of Nobusawa

[1], which is now known as the Γ-ring. It is shown that a Γ-ring need not be a ring, but a

Γ-ring is more general than rings [1], and also that every ΓN -ring is a Γ-ring [2]. From its

beginning, the various important theories of the classical rings were extended and generalized

to the theories of Γ-rings [3,4]. Such theories have been attracted much international attentions

as an emerging areas of research to the modern algebraists to enrich the areas of algebras.

Recently, many researchers determine a number of basic properties of Γ-rings with creative and

productive remarkable results [5, 6, 7, 8, 9, 10, 11].

Borut Zalar [12] studied on centralizers of semiprime rings and shown that Jordan cen-

tralizers and centralizers of this rings coincide. Using the concept of centralizers, Vukman

[13,14] established a number of results on prime and semiprime rings. Such results and ideas

have been extended to prime and semiprime Γ-rings in different aspects such as centralizers

and θ-centralizers [7, 9, 11, 15, 16], Jordan centralizers and Jordan θ-centralizers [17,18] and

centralizers with involutions [19].

The Lie ideals and Jordan derivations of prime rings was studied in [20, 21, 22, 23], and

1Supported by University Grant Commission of Bangladesh.
2Received October 11, 2019, Accepted March 4, 2020.
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these works have been extended to Lie ideals of prime Γ-rings of Jordan derivations [8, 23, 24]

and Jordan k-derivations [25]. In fact, a number of significant results of classical ring theories

were developed in prime and semiprime Γ-rings with Lie ideals and Jordan structures [6,26].

However, the research on centralizers of prime and semiprime gamma rings with Lie ideals is

still an unexplored area and it would be of interest to further works. Thus the aim of this

article is to extend the results of [7] to the Lie ideals in prime and semiprime Γ-rings.

§2. Preliminaries

Let M and Γ be additive abelian groups. If there exists a mapping (a, α, b)→ aαb of M × Γ×
M →M , which satisfies the conditions

(i) aαb ∈M ;

(ii) (a+ b)αc=aαc+bαc, a(α+ β)c=aαc+aβc, aα(b+ c)=aαb+aαc;

(iii) (aαbβc=aα(bβc) for all a, b, c ∈M and α, β ∈ Γ,

then M is called a Γ-ring.

Let M be a Γ-ring. Then M is said to be prime if aΓMΓb=(0) with a, b ∈M , implies a=0

or b=0, and semiprime if aΓMΓa=(0) with a ∈M implies a=0. An additive subgroup U of M

is said to be a Lie ideal of M if [u, x]α ∈ U for all u ∈ U , x ∈M and α ∈ Γ. Furthermore, M is

said to be commutative Γ-ring if aαb=bαa for all a, b ∈M and α ∈ Γ. Moreover, the set Z(M)

={a ∈M : aαb = bαa for all α ∈ Γ, b ∈M} is called the centre of the Γ-ring M .

If M is a Γ-ring, then [a, b]α=aαb−bαa is known as the commutator of a and b with respect

to α, where a, b ∈M and α ∈ Γ. It has the basic commutator identities

[aαb, c]β = [a, c]βαb+ a[α, β]cb+ aα[b, c]β ,

[a, bαc]β = [a, b]βαc+ b[α, β]ac+ bα[a, c]β ,

for all a, b, c ∈M and α, β ∈ Γ. One consider the following assumption [7],

(A) ................. αbβc = aβbαc,

for all a, b, c ∈ M , and α, β ∈ Γ, which will extensively use through the paper. According to

the assumption (A), the above two identities reduce to

[aαb, c]β = [a, c]βαb+ aα[b, c]β ,

[a, bαc]β = [a, b]βαc+ bα[a, c]β .

For existence of such a Γ-ring M , we present the following example.

Example 2.1([5], Example 1.1) Let R be an associative ring with the unity element 1. Let M =

M1,2(R) and Γ =


 n.1

0

 : n is an integer

. Then M is a Γ-ring. A simple verification

shows that M satisfies the assumption (A).



12 Md Fazlul Hoque and Akhil Chandra Paul

An additive mapping T : M → M is called a left (right) centralizer if T (aαb) = T (a)αb

(resp. T (aαb) = aαT (b)) for all a, b ∈M and α ∈ Γ. A centralizer is an additive mapping which

is both a left and a right centralizer. For any fixed a ∈M and α ∈ Γ, the mapping T (x) = aαx

is a left centralizer, and T (x) = xαa is a right centralizer. We shall restrict our attention on left

centralizer, since all results of right centralizers are the same as left centralizers. An additive

mapping T : M → M is Jordan left(right) centralizer if T (xαx) = T (x)αx(T (xαx) = xαT (x))

for all x ∈ M and α ∈ Γ. Every left centralizer is a Jordan left centralizer but the converse

is not in general true. An additive mappings T : M → M is called a Jordan centralizer if

T (xαy + yαx) = T (x)αy + yαT (x), for all x, y ∈ M and α ∈ Γ. Every centralizer is a Jordan

centralizer but Jordan centralizer is not in general a centralizer.

§3. Left Centralizers of Prime Gamma Rings

Lemma 3.1 Let M be a Γ-ring and U a Lie ideal of M such that uαu ∈ U for all u ∈ U and

α ∈ Γ. If T : M → M is an additive mapping satisfying the relation T (uαu) = T (u)αu for all

u ∈ U and α ∈ Γ, then

(a) T (uαv + vαu) = T (u)αv + T (v)αu;

(b) T (uαvβu+ uβvαu) = T (u)αvβu+ T (u)βvαu;

(c) T (uαvβu) = T (u)αvβu;

(d) T (uαvβw + wβvαu) = T (u)αvβw + T (w)βvαu,

for all u, v, w ∈ U and α, β ∈ Γ.

Proof By the definition of Lie ideal U , uαu ∈ U for all u ∈ U and α ∈ Γ. Thus we have,

uβv + vβu = (u+ v)β(u+ v)− uβu− vv ∈ U for all u, v ∈ U and β ∈ Γ. Therefore

T (uαv + vαu) = T ((u+ v)α(u+ v))− T (uαu)− T (vαv)

= T (u+ v)α(u+ v)− T (u)αu− T (v)αv

= T (u)αu+ T (u)αv + T (v)αu+ T (v)αv − T (u)α− T (v)αv

= T (u)αv + T (v)αu.

Hence

T (uαv + vαu) = T (u)αv + T (v)αu. (3.1)

Since uβv + vβu ∈ U for all u, v ∈ U and β ∈ Γ, we replace v by uβv + vβu in relation

(3.1), we obtain

T (uα(uβv + vβu) + (uβv + vβu)αu) = T (u)α(uβv + vβu) + T (uβv + vβu)αu

⇒ T (uαuβv + uαvβu+ uβvαu+ vβuαu) = T (u)α(uβv + vβu) + T (u)βvαu+ T (v)βuαu

⇒ T (uαvβu+ uβvαu) + T (uαu)βv + T (v)βuαu

= T (u)αuβv + T (u)αvβu+ T (u)βvαu+ T (v)βuαu

⇒ T (uαvβu+ uβvαu) = T (u)αvβu+ T (u)βvαu. (3.2)
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Hence (b) proved.

By using the assumption (A) in the above relation (3.2), we obtain

2T (uαvβu) = 2T (u)αvβu.

Thus for the 2-torsion freeness of M , we have

T (uαvβu) = T (u)αvβu. (3.3)

Putting u = u+ w in the relation (3.3), we obtain the result (d). �

Define Bα(u, v) = T (uαv)−T (u)αv for all u, v ∈ U and α ∈ Γ. Then we have the following

remarks and lemmas.

Remark 3.1 It is clear that Bα(u, v) is an additive mapping such that Bα(u, v)+Bα(v, u) = 0.

Remark 3.2 It is also clear that T is a left centralizer if and only if Bα(u, v) = 0.

Lemma 3.2 Let M be a 2-torsion free Γ-ring and U be a Lie ideal of M such that uαu ∈ U for

all u ∈ U and α ∈ Γ. If T : M → M is an additive mapping satisfying the relation T (uαu) =

T (u)αu for all u ∈ U and α ∈ Γ, then Bα(u, v)βwγ[u, v]δ = 0 and [u, v]δβwγBα(u, v) = 0.

Proof First, we compute

x = T (2(uαv)βwγ2(vδu) + 2(vαu)βwγ2(uδv)) (3.4)

in two different ways. Then using Lemma 3.1 (c) in (3.4), we have

x = 4T (u)αvβwγvδu+ 4T (v)αuβwγuδv, (3.5)

and using Lemma 3.1 (d) in (3.4), we have

x = 4T (uαv)βwγvδu+ 4T (vαu)βwγuδv. (3.6)

Comparing (3.5) and (3.6), we obtain

4{(T (uαv)− T (u)αv)βwγvδu+ (T (vαu)− T (v)αu)βwγuδv} = 0

⇒ 4{Bα(u, v)βwγvδu+Bα(v, u)βwγuδv} = 0

⇒ 4{Bα(u, v)βwγvδu−Bα(u, v)βwγuδv} = 0.

Hence, we have

4Bα(u, v)βwγ[u, v]δ = 0.

Therefore, by the semiprimeness of M , we obtain

Bα(u, v)βwγ[u, v]δ = 0
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for all u, v, w ∈ U and α, β, γ, δ ∈ Γ.

Similarly, we can easily prove that

[u, v]δβwγBα(u, v) = 0

for all u, v, w ∈ U and α, β, γ, δ ∈ Γ. �

Lemma 3.3([8],Lemma 2) Let U 6⊆ Z(M) be a Lie ideal of a 2-torsion free prime Γ-ring M

and a, b ∈M such that aαUβb = 0. Then a = 0 or b = 0.

Lemma 3.3 Let U be a commutative Lie ideal of a 2-torsion free prime Γ-ring M . Then

U ⊆ Z(M).

Proof For u ∈ U , m ∈ M and α ∈ Γ, we have [u,m]α ∈ U . Since U is commutative,

[u, [u,m]α]β = 0 for all β ∈ Γ. Now for x, y ∈ M and γ ∈ Γ, replace xγy for m, we obtain

[u, [u, xγy]α]β = 0. By using (A), we have [u, xγ[u, y]α + [u, x]αγy]β = 0, ⇒ [u, xγ[u, y]α]β +

[u, [u, x]αγy]β = 0, ⇒ xγ[u, [u, y]α]β + [u, x]βγ[u, y]α + [u, x]αγ[u, y]β + [u, [u, x]α]βγy = 0,

⇒ [u, x]βγ[u, y]α + [u, x]αγ[u, y]β = 0. After some calculation and using the assumption (A),

we have 2[u, x]αγ[u, y]β = 0. Since M is 2-torsion free, thus [u, x]αγ[u, y]β = 0.

Putting y by yδm for all m ∈M , we have [u, x]αγ[u, yδm]β = 0. This implies [u, x]αγyδ[u,m]β+

[u, x]αγ[u, y]βδm = 0, ⇒ [u, x]αγyδ[u,m]β = 0. Hence by primeness of M , [u, x]α = 0 or

[u,m]β = 0. If [u, x]α = 0, then U ⊆ Z(M) and if [u,m]β = 0, then also U ⊆ Z(M). �

Theorem 3.1 Let U be a Lie ideal of a 2-torsion free prime Γ-ring M such that uαu ∈ U for

all u ∈ U and α ∈ Γ. If T : M → M is an additive mapping such that T (uαu) = T (u)αu for

all u ∈ U and α ∈ Γ, then T (uαv) = T (u)αv for all u, v ∈ U and α ∈ Γ.

Proof If U is a commutative Lie ideal of M , then by Lemma 3.4, U ⊆ Z(M). Therefore,

by Lemma 3.1(d), we have

T (uαvβw + wβvαu) = T (u)αvβw + T (w)βvαu. (3.7)

Since U is commutative, we have uαv = vαu. Therefore

T ((uαv)βw + wβ(uαv)) = T (uαv)βw + T (w)βuαv. (3.8)

Comparing (3.7) and (3.8), and using uαv = vαu, we obtain

(T (uαv)− T (u)αv)βw = 0,

which yields that Gα(u, v)βw = 0. Since w ∈ U , [w,m]γ ∈ U for all m ∈ M and γ ∈
Γ. Replacing w by [w,m]γ , we obtain Gα(u, v)β[w,m]γ = 0. This implies Gα(u, v)βwγm −
Gα(u, v)βmγw = 0. Hence the relation becomes Gα(u, v)βmγw = 0 for all u, v, w ∈ U , m ∈M
and α, β, γ ∈ Γ. Since U 6= 0, in view of the Lemma 3.3, Gα(u, v) = 0.

If U is not commutative, then U 6⊆ Z(M). In this case, we have from Lemma 3.2,
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Bα(u, v)βwγ[u, v]δ = 0. Putting u = u+x for all u ∈ U , we have (Bα(u, v)+Bα(x, v))βwγ([u, v]δ+

[x, v]δ) = 0. This implies Bα(u, v)βwγ[x, v]δ +Bα(x, v)βwγ[u, v]δ = 0.

Now,

Bα(u, v)βwγ[x, v]δµzγBα(u, v)βwγ[x, v]δ

= −Bα(u, v)wγ[x, v]δµzγBα(x, v)βwγ[u, v]δ = 0.

Therefore, by Lemma 3.3, we have Bα(u, v)βwγ[x, v]δ = 0 for all x ∈ U . Similarly, using

v = v + y, we obtain Bα(u, v)βwγ[x, y]δ = 0 for all y ∈ U . And by Lemma 3.3, we obtain

Bα(u, v) = 0 or [x, y]δ = 0. If [x, y]δ = 0, then U is commutative which shows a contradiction

that U 6⊆ Z(M). Therefore Bα(u, v) = 0. �

Corollary 3.1 Let M be a 2-torsion free prime Γ-ring and T : M → M be a Jordan left

centralizer. Then T is a left centralizer.

§4. Left Centralizers of Semiprime Gamma Rings

Lemma 4.1 Let U be a commutative Lie ideal of a 2-torsion free semiprime Γ-ring M . Then

U ⊆ Z(M).

Proof For u ∈ U and x ∈ M , we have [u, [u, x]α]α = 0. Repacing x = xγy, we

have [u, [u, xγy]α]α = 0. This implies [u, xγ[u, y]α + [u, x]αγy]α = 0, ⇒ [u, x]αγ[u, y]α +

xγ[u, [u, y]α]α + [u, [u, x]α]αγy + [u, x]αγ[u, y]α = 0, ⇒ [u, x]αγ[u, y]α + [u, x]αγ[u, y]α = 0,

i.e., 2[u, x]αγ[u, y]α = 0. Hence by 2-torsion freeness, we have [u, x]αγ[u, y]α = 0. Replacing y

by yδx, we have [u, x]αγ[u, yδx]α = 0. This implies, [u, x]αγ[u, y]αδx + [u, x]αγyδ[u, x]α = 0,

that is, [u, x]αγyδ[u, x]α = 0 for all y ∈ M . Since M is semiprime, [u, x]α = 0, which shows

that U ∈ Z(M). �

Lemma 4.2 Let U be a Lie ideal of a 2-torsion free Γ-ring M satisfying the assumption

(A), then T (U) = {x ∈ M : [x,M ]Γ ⊆ U} is both a subring and a Lie ideal of M such that

U ⊆ T (M).

Proof Since U is a Lie ideal of M , so we have [U,M ]Γ ⊆ U . Thus U ⊆ T (U). Also, we

have [T (U),M ]Γ ⊆ U ⊆ T (U). Hence T (U) is a Lie ideal of M .

Suppose that x, y ∈ T (U), then [x,m]α ∈ U and [y,m]α ∈ U , for all m ∈M and α ∈ Γ.

Now, [xαy,m]β = xα[y,m]β + [x,m]βαy ∈ U . Hence [xαy,m]β ∈ U , for all x, y ∈ T (U),

m ∈M and α, β ∈ Γ. Therefore, xαy ∈ T (U). �

Lemma 4.3 Let U 6⊆ Z(M) be a Lie ideal of a 2-torsion free semiprime Γ-ring M . Then there

exists a nonzero ideal K = MΓ[U,U ]ΓΓM of M generated by [U,U ]Γ such that [K,M ]Γ ⊆ U .

Proof First, we have to prove that if [U,U ]Γ = 0, then U ⊆ Z(M). Let [U,U ]Γ = 0.

Then for all a ∈ U , α ∈ Γ, we have [u, [u, x]α]α = 0 for all x ∈ M . Then using the proof

of Lemma 4.1, we obtain U ⊆ Z(M), which is a contradiction. Thus, let [U,U ]Γ 6= 0. Then
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K = MΓ[U,U ]ΓΓM is a nonzero ideal of M generated by [U,U ]Γ. Let x, y ∈ U , m ∈ M

and α, β ∈ Γ, we have [x, yβm]α, y, [x,m]α ∈ U ⊆ T (U). Hence by Lemma 4.2, [x, y]αβm =

[x, yβm]α − yβ[x,m]α ∈ T (U).

Also, we can show that mβ[x, y]α ∈ T (U) and therefore, we obtain [[U,U ]Γ,M ]Γ ⊆ U . That

is, [[[[x, y]α,m]α, s]α, t]α ∈ U for all m, s, t ∈M and α ∈ Γ. Hence [[x, y]ααmαs−mα[x, y]ααs+

[s,m]αα[x, y]α − [sα[x, y]α,m]α, t]α ∈ T (U). Since [x, y]ααmαs, sα[x, y]α, [s,m]αα[x, y]α ∈
T (U). Thus, [mα[x, y]ααs, t]α ∈ U for all m, s, t ∈M and α ∈ Γ. Hence [K,M ]Γ ⊆ U . �

Lemma 4.4 Let U 6⊆ Z(M) be a Lie ideal of a 2-torsion free semiprme Γ-ring M and a ∈
U . If aαUβa = {0} for all α, β ∈ Γ, then aαa = 0 and there exists a nonzero ideal K =

MΓ[U,U ]ΓΓM of M generated by [U,U ]Γ such that [K,M ]Γ ⊆ U and KΓa = aΓK = {0}.

Proof If aαUβa = {0} for all α, β ∈ Γ, then aα[a, aδm]αβa = 0 for all m ∈M and δ ∈ Γ.

Therefore,

0 = aα(aαaδm− aδmαa)βa

= aαaαaδmβa− aαaδmαaβa

= aαaδaαmβa− aαaδmβaαa

Since aαaδa = 0, we have (aαa)δmβ(aαa) = 0 and hence aαa = 0 for semiprimeness of M .

Now, we obtain aα[kγa,m]µβuαa = 0 for all k ∈ K, m ∈M , u ∈ U and α, β, µ ∈ Γ. Therefore

0 = aα(kγaµm−mµkγa)βuαa

= aαkγaµmβuαa− aαmµkγaβuαa

= aαkγaµmβuαa

Thus, we have aαkγaµmβ[k, a]γαa = 0. This implies that aαkγaµmβ(kγa − aγk)αa = 0 and

hence aαkγaµmβkγaαa − aαkγaµmβaγkαa = 0. Hence by using (A) and aαa = 0, we have

(aαkγa)µmβ(aαkγa) = 0. Hence aαkγa = 0 for semiprimeness of M . Thus we find that

(aαk)ΓMΓ(aαk) = 0. Hence aαk = 0 for all k ∈ K, that is, aαK = {0}. Similarly, we have

Kαa = {0}. �

Lemma 4.5 Let U 6⊆ Z(M) be a Lie ideal of a 2-torsion free semiprme Γ-ring M and a, b ∈ U
and α, β ∈ Γ.

(i) If aαUβa = {0}, then a = 0;

(ii) If aαU = {0} (Uαa = {0}), then a = 0;

(iii) If uαu ∈ U for all u ∈ U and aαUβb = {0}, then aαb = 0 and bαa = 0 for all α ∈ Γ.

Proof (i) By Lemma 4.4, we have Kαa = MΓ[U,U ]ΓΓMαa = {0} and aαa = 0 for all
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α ∈ Γ. Thus for all x, y ∈M and α, β ∈ Γ, we have

0 = [[a, x]α, a]γβyαa

= [aαx− xαa, a]γβyαa

= aα[x, a]γβyαa− [x, a]γαaβyαa

= aαxγaβyαa− aαaγxβyαa− xγaαaβyαa+ aγxαaβyαa

= aαxγaβyαa+ aγxαaβyαa

= 2aαxγaβyαa.

By the 2-torsion freeness ofM , we have, aαxγaβyαa = 0. Hence, we obtain aαxγaβyαaδxγa =

0. By using the assumption (A), we have (aαxγa)βyδ(aαxγa) = 0 for all y ∈M . This implies

(aαxγa)βMδ(aαxγa) = 0. Hence, by semiprimeness of M , we have aαxγa = 0 for all x ∈ M
and α, γ ∈ Γ. Again, by semiprimeness of M , we obtain a = 0.

(ii) If aαU = {0}, then aαUβa = {0} for all β ∈ Γ. Thus, by (i), we have a = 0. Semilarly,

if Uαa = {0}, then a = 0.

(iii) If aαUβb = {0}, then we have (bγa)αUβ(bγa) = {0} and hence, by (i), bγa = 0, for

all γ ∈ Γ. Also, (aγb)αUβ(aγb) = {0} if aαUβb = {0} and hence aγb = 0. �

Theorem 4.1 Let U 6⊆ Z(M) be a Lie ideal of a 2-torsion free semiprime Γ-ring such that

uαu ∈ U for all u ∈ U and α ∈ Γ. If T : M →M be an additive mapping satisfying the relation

T (uαu) = T (u)αu for all u ∈ U and α ∈ Γ, then T (uαv) = T (u)αv for all u, v ∈ U and α ∈ Γ.

Proof Since U 6⊆ Z(M), we have from Lemma 3.2,

Bα(u, v)βwγ[u, v]δ = 0

By linearing u, we obtain

Bα(u, v)βwγ[x, v]δ +Bα(x, v)βwγ[u, v]δ = 0

for all x ∈ U . Now,

Bα(u, v)βwγ[x, v]δµzνBα(u, v)βwγ[x, v]δ

= −Bα(u, v)βwγ[x, v]δµzνBα(x, v)βwγ[u, v]δ

= 0

for all z ∈ U . Hence, by Lemma 4.5(i),

Bα(u, v)βwγ[x, v]δ = 0.

Similarly, linearizing v, we obtain

Bα(u, v)βwγ[x, y]δ = 0.
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for all y ∈ U . Hence the similar proof of the Theorem 2.1 in [7], we obtain the required result.

�

Corollary 4.1 Let M be a 2-torsion free semiprime Γ-ring and T : M → M be a Jordan left

centralizer. Then T is a left centralizer.

Example 4.1 Let R be a commutative ring with a unity element 1 having the characteristic 2.

Let M = M1,2(R) and Γ =


 n.1

n.1

 : n ∈ Z,n is not divisible by 2

. Then M is a Γ-ring.

Let N = {(x, x) : x ∈ R} ⊆M .

Now for all (x, x) ∈ N , (a, b) ∈M and

 n

n

 ∈ Γ, we have

(x, x)

 n

n

 (a, b)− (a, b)

 n

n

 (x, x)

= (xna− bnx, xnb− anx)

= (xna− 2bnx+ bnx, bnx− 2anx+ xna)

= (xna+ bnx, bnx+ xna) ∈ N.

Therefore, N is a Lie ideal of M .

References

[1] N. Nobusawa, On the Generalization of the Ring Theory, Osaka J. Math., 1(1964), 81-89.

[2] W.E. Bernes, On the Γ-rings of Nobusawa, Pacific J.Math., 18(1966), 411-422.

[3] L. Luh, On the theory of simple Gamma rings, Michigan Math.J., 16(1969), 65-75.

[4] S. Kyuno, On prime Gamma ring, Pacific J.Math., 75(1978), 185-190.

[5] Y. Ceven, Jordan left derivations on completely prime gamma rings, C.U.Fen-Edebiyat

Fakultesi,Fen Bilimleri Dergisi(2002)Cilt 23 Sayi 2.

[6] A.C.Paul and S Uddin, Lie and Jordan structure in simple gamma rings, J. Physical

Sciences, Vol.14(2010), 77-86.

[7] M.F. Hoque and A.C. Paul, On Centralizers of Semiprime Gamma Rings, International

Mathematical Forum, Vol.6(2011), No.13, 627-638.

[8] A.K. Halder and A.C. Paul, Jordan left derivations on Lie ideals of prime gamma rings,

Punjab Uni. J. Math., Vol. 44(2012), 23-29.

[9] Z. Ullah and M. A. Chaudhary, On K-centralizers of semiprime gamma rings, International

J. of Algebra, 6(2012), 1001-1010.

[10] K. K. Dey, A.C.Paul and I. S. Rakhimove, Generalized derivations in semiprime gamma

rings, International J. of Math. Mathematical Sci., Vol.2012, 270132.

[11] M.F. Hoque and A.C. Paul, Prime Gamma Rings with Centralizing and Commuting Gen-

eralized derivations, International Journal of Algebra, Vol. 7(13) (2013), 645-651.



Left Centralizers on Lie Ideals in Prime and Semiprime Gamma Rings 19

[12] B. Zalar, On centralizers of semiprime rings, Comment.Math. Univ. Carolinae, 32(1991),

609-614.

[13] J. Vukman, Centralizers in prime and semiprime rings, Comment. Math. Univ. Carolinae,

38, (1997), 231-240.

[14] J. Vukman, Centralizers on semiprime rings, Comment. Math. Univ. Carolinae, 42,

2(2001), 237-245.

[15] M.F. Hoque and A.C. Paul, Centralizers on prime and semiprime gamma rings, Italian J.

Of Pure and Applied Mathematics, Vol. 35 (2015), 575-586.

[16] M.F. Hoque and A.C. Paul, The θ-Centralizers of Semiprime Gamma Rings, Research

Journal of Applied Sciences, Engineering and Technology, 6(22), (2013) , 4129-4137.

[17] M.F. Hoque and A.C. Paul, The Jordan θ-centralizers of semiprime gamma rings with

involution, International J. Math. Combin., Vol.4 (2013), 15-30.

[18] S. M. Slih and B M. Hammad, Jordan higher centralizer on Γ-rings, International Mathe-

matical Forum, 8(11) (2013), 517-526.

[19] M.F. Hoque, F. S. Alshammari and A.C. Paul, Left centralizers of semiprime gamma rings

with involution, Applied Mathematical Sciences, Vol. 8, (2014) , 4713-4722.

[20] R. Awtar, Lie ideals and Jordan derivations of prime rings, Proc. Amer. Math. Soc.,

90(1984) 1, 9-14.

[21] M. Ashraf adn N. U. Rehman, On Lie ideals and Jordan left derivations of prime rings,

Arch. Math. (Brno), 36(2000), 201-206.

[22] W. Cortes and C. Haetinger, On Lie ideals and left Jordan σ-centralizers of 2-torsion free

rings, Math. J. Okayama Univ., Vol. 51(2009), 111-119.

[23] M. Hongan, N.U. Rehman and R.M. Al-Omary, Lie ideals and Jordan triple derivations in

rings, Rend. Sem. Mat. Uni. Padova, Vol.120 (2011), 147-156.

[24] N.U. Rehman and M. Hongan, Generalized Jordan derivations on Lie ideals associate with

Hochschild 2-cocycles of rings, Rend. Circ. Mat. Palermo, Vol.60(2011), 437-444.

[25] A.C.Paul and A. Nazneen, Jordan k-derivations on Lie ideals of prime Γ-rings, Universal

J. Comp. Math., Vol.2(1)(2014), 17-21.

[26] M.M. Rahman and A.C.Paul, Jordan derivations on Lie ideals of prime Γ-rings, Mathe-

matical Theory and Modelling, Vol.3(3) (2013), 128-135.



Math.Combin.Book Ser. Vol.1(2020), 20-32

Ruled Surfaces According to Parallel Trasport Frame in E4
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Abstract: In this paper, we studied the ruled surface generated by a straight line in parallel

transport frame moving along a curve in four dimensional Euclidean space and we obtained

Gaussian and mean curvatures. Some results and theorems related to be developable and

Chen surfaces were given. As a result we gave a special example of ruled surfaces in E4.

Key Words: Ruled surface, Gaussian curvature, developable surface.
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§1. Introduction

Differential geometry of ruled surfaces has been studied in classical geometry using various

approaches (see [11] and [15]). They have also been studied in kinematics by many investigators

based primarily on line geometry (see [4], [20] and [21]). Developable surfaces are special ruled

surfaces [14]. On the motion of the Frenet vectors and ruled surfaces in the Minkowskı 3- space

have been investigated and developable ruled surfaces are given for the special cases in [22]:

Later ruled surfaces in the Minkowskı 3-space according to Bishop frame has been studied in

[23].

The study of ruled hypersurfaces in higher dimensions have also been studied by many

authors (see, e.g. [1]). Although ruled hypersurfaces have singularities, in general there have

been very few studies of ruled hypersurfaces with singularities [13]. The 2-ruled hypersurfaces

in E4 is a oneparameter family of planes in E4, which is a generation of ruled surfaces in E3 (see

[19]). In 1936 Plass studied ruled surfaces imbedded in a Euclidean space of four dimensions.

Curvature properties of the surface are investigated with respect to the variation of normal

vectors and a curvature conic along a generator of the surface [17]. A theory of ruled surface

in E4 was developed by T. Otsuiki and K. Shiohamain [16]. Afterwards Superconformal ruled

surfaces in E4 have been investigated by Bayram et all (see [2]). The authors agree to the terms

of this Copyright Notice, which will apply to this submission if and when it is published by

this journal (comments to the editor can be added below). The Frenet frame is constructed

for the curve of 3 -time continuously differentiable non-degenerate curves. But, curvature may

vanish at some points on the curve. That is, second derivative of the curve may be zero. In

1Received October 24, 2019, Accepted March 5, 2020.
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this situation, we need an alternative frame in E3. Therefore In [3], Bishop defined a new frame

for a curve and he called it Bishop frame which is well defined even if the curve has vanishing

second derivative in 3 dimensional Euclidean space.

The advantages of the Bishop frame and the comparable Bishop frame with the Frenet

frame in Euclidean 3 space was given by Bishop [3] and Hanson [10]. In Euclidean 4-space E4,

we have the same problem for a curve like being in Euclidean 3 space. That is, one of the ith

(1 < i < 4) derivative of the curve may be zero. In this situation, we need an alternative frame.

So, Using the similar idea, Gökçelik et all. Considered such curves and construct an alternative

frame [9]. They gave parallel transport frame of a curve and introduced the relations between

the frame and Frenet frame of the curve in 4 dimensional Euclidean space.

In this paper, using the method in a paper of Yüksel [23], we obtained some characterization

for ruled surfaces according to parallel transport frame in 4-dimensional Euclidean space.

§2. Basic Concepts

A normal vector field V (s) which is perpendicular to its tangent vector field T (s) said to be

relatively parallel vector field if its derivative is tangential along the curve α(s). For a given

curve if T (s) is given unique, we choose any convenient arbitrary basis which consist of relatively

parallel vector field {M1(s),M2(s),M3(s)} of the frame, they are perpendicular to T (s) at each

point [9].

Let α : I → R ⊂ E4 be arbitrary curve in the Euclidean 4-space E4. Recall that the

curve α(s) is parameterized by arclength function s if 〈α′(s), α′(s)〉 = 1, where 〈 , 〉 is the inner

product of E4 given by

〈X,Y 〉 = x1y1 + x2y2 + x3y3 + x4y4

for each X = (x1, x2, x3, x4), Y = (y1, y2, y3, y4) ∈ E4. In particular, the norm of a vector

X ∈ E4 is given by ‖X‖ =
√
〈X,X〉. Let {T,N,B1, B2} be the moving Frenet frame along

the unit speed curve α. Then T,N,B1 and B2 are the tangent, the principal normal, first

and second binormal vectors of the curve, respectively. If it is a space curve, then this set of

orthogonal unit vectors, known as the Frenet-Serret frame, has the following properties
T ′

N ′

B′1

B′2

 =


0 κ 0 0

−κ 0 τ 0

0 −τ 0 σ

0 0 −σ 0




T

N

B1

B2


where, κ, τ and σ denote principal curvature functions according to Serret- Frenet frame of

the curve α, respectively. We use the tangent vector T (s) and three relatively parallel vector

fields M1(s),M2(s) and M3(s) to construct an alternative frame. We call this frame a parallel

transport frame along the curve α. The reason for the name parallel transport frame is because

the normal component of the derivatives of the normal vector field is zero. We shall call the set
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{T,M1,M2,M3} as parallel transport frame and

k1 = 〈T ′,M1〉 , k2 = 〈T ′,M2〉 , k3 = 〈T ′,M3〉

as parallel transport curvatures. Parallel transport frame of a curve and the relations between

the frame and Frenet frame of the curve in 4 dimensional Euclidean space using the Euler angles

are given as follow.

Theorem 2.1([9]) Let {T,N,B1, B2} be a Frenet frame along a unit speed curve α : I → R ⊂ E4

and {T,M1,M2,M3} denotes the parallel transport frame of the curve α. The relation may be

expressed as

T = T (s),

N = cos θ(s) cosψ(s)M1 + (− cosφ(s) sinψ(s) + sinφ(s) sin θ(s) cosψ(s))M2

+(sinφ(s) sinψ(s) + cosφ(s) sin θ(s) cosψ(s))M3,

B1 = cos θ(s) sinψ(s)M1 + (cosφ(s) cosψ(s) + sinφ(s) sin θ(s) sinψ(s))M2

+(− sinφ(s) cosψ(s) + cosφ(s) sin θ(s) sinψ(s))M3,

B2 = − sin θ(s)M1 + sinφ(s) cos θ(s)M2 + cosφ(s) cos θ(s)M3.

The alternative parallel frame equations are
T ′

M ′1

M ′2

M ′3

 =


0 k1 k2 k3

−k1 0 0 0

−k2 0 0 0

−k3 0 0 0




T

M1

M2

M3

 (1)

where k1, k2, k3 are principal curvature functions according to parallel transport frame of the

curve α and their expression as follows

k1 = κ cos θ(s) cosψ(s),

k2 = κ(− cosφ(s) sinψ(s) + sinφ(s) sin θ(s) cosψ(s)),

k3 = κ(sinφ(s) sinψ(s) + cosφ(s) sin θ(s) cosψ(s)),

where

θ′ =
σ√

κ2 + τ2
, ψ′ = −τ − σ

√
σ2 − θ2

√
κ2 + τ2

, φ′ = −
√
σ2 − θ2

cos θ

and the following equalities hold
κ(s) =

√
k2

1 + k2
2 + k2

3,

τ(s) = −ψ′ + φ′ sin θ,

σ(s) = θ′

sinψ ,

θion cos θ(s) + θ′ cotψ = 0.

(2)
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§3. Ruled Surfaces in E4 According to Parallel Transport Frame

Let M be a smooth surface in E4 given with the patch X(u, v) : (u, v) ∈ D ⊂ E2. The tangent

space to M at an arbitrary point p = (u, v) of M span {Xu, Xv}. In the chart (u, v) the

coefficients of the first fundamental form of M are given by

E = 〈Xu, Xu〉 , F = 〈Xu, Xv〉 , G = 〈Xv, Xv〉 ,

where 〈 , 〉 is the Euclidean inner product. We assume that g = EG− F 2 6= 0, i.e., the surface

patch X(u, v) is regular.

A ruled surfaceM in a Euclidean space of four dimension E4 may be considered as generated

by a vector moving along a curve. If the curve C is represented by

α(u) = (f1(u), f2(u), f3(u), f4(u))

and the moving vector by

β(u) = (g1(u), g2(u), g3(u), g4(u)),

where the functions of the parameter u sufficiently regular to permit differentiation as may be

required, of any point p on the surface, with the coordinates Xi, will be given by

M : Xi(u, v) = α(u) + vβ(u), (3)

where if β(u) is a unit vector (i.e. 〈β, β〉 = 1), v is the distance of p from the curve C in the

positive direction of β(u). Curve C is called directrix of the surface and vector β(u) is the

rulling of generators [18]. If all the vectors β(u) are moved to the same point, they form a cone

which cuts a unit hypersphere on the origin in a curve. This cone is called a director-cone of

the surface. From now on we assume that α(u) is a unit speed curve and 〈α′(u), β(u)〉 = 0.

Proposition 3.1 ([2]) Let M be a ruled surface in E4 given with parametrization (3). Then

the Gaussian curvature of M at point p is

K = −1

g

{
〈Xuv, Xuv〉 −

1

E
〈Xuv, Xu〉2

}
. (4)

Proposition 3.2([2]) Let M be a ruled surface in E4 given with parametrization (3). Then the

mean curvature of M at point p is

4‖H‖ =
1

g2


〈Xuu, Xuu〉 − 1

E 〈Xuu, Xu〉2

+ 1
G 〈Xuv, Xu〉 [2 〈Xuv, Xv〉+ 〈Xuv, Xu〉]

− 2
EG 〈Xuv, Xu〉 〈Xuv, Xv〉 〈Xu, Xv〉

 . (5)

For a vanishing mean curvature of M , we have the following result of ([17], page 17).

Corollary 3.3([17]) The only minimal surfaces in E4 are those of E3, namely the right helicoid.
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In [5], B.Y. Chen defined the allied vector field a(v) of a normal vector field v. In particular,

the allied mean curvature vector field is orthogonal to H. Further, B.Y. Chen defined the A-

surface to be the surfaces for which a(H) vanishes identically. Such surfaces are also called Chen

surfaces [7]. The class of Chen surfaces contains all minimal and pseudo-umbilical surfaces, and

also all surfaces for which dimN1 ≤ 1, in particular all hypersurfaces. These Chen surfaces are

said to be trivial A-surfaces [8]. In [18], B. Rouxel considered ruled Chen surfaces in En. For

more details, see also [6] and [12].

Theorem 3.4([19]) A ruled surface in En (n > 3) is a Chen surface if and only if it is one of

the following surfaces:

(i) a developable ruled surface;

(ii) a ruled surface generated by the n-th vector of the Frenet frame of a curve in En with

constant (n− 1)-st curvature;

(iii) a “helicoid” with a constant distribution parameter.

3.1 One Parameter Spatial Motion in E4

Let α : I → E4 be a unit speed curve and {T,M1,M2,M3} g be its parallel transport frame

where {T,M1,M2,M3} are the tangent, principal normal, first binormal, second binormal

vectors of the curve α, respectively. The two coordinate systems {O;T,M1,M2,M3} and

{O′; e1, e2, e3, e4} are orthogonal coordinate systems in E4 which represent the moving space H

and the fixed space H ′ respectively.

Let A be a unit vector

A ∈ Sp{T,M1,M2,M3} and A = a1T + a2M1 + a3M2 + a4M3

such that

〈A,A〉 = 1

We can obtain the Gaussian curvature of the ruled surface generated by a straight line A

of the moving space H. The tangent space to M at an arbitrary point P = X(u, v) of M is

spanned by

Xu = α′(u) + vβ′(u), Xv = β(u).

Further, the coefficient of the first fundamental form becomes

E = 〈Xu, Xu〉 = (1− v (a2k1 + a3k2 + a4k3))
2

+ v2a2
1

(
k2

1 + k2
2 + k2

3

)
,

F = 〈Xu, Xv〉 = a1,

G = 〈Xv, Xv〉 = 1

and

g = EG− F 2 = (1− v (a2k1 + a3k2 + a4k3))
2

+ a2
1

(
v2
(
k2

1 + k2
2 + k2

3

)
− 1
)
.
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Hence, taking into account (4), the Gauss curvature is an obtain as follow.

K =
W1

W2
, (6)

where

W1 = −
[
(a2k1 + a3k2 + a4k3)

2
+ a2

1κ
2
] [

(1− v (a2k1 + a3k2 + a4k3))
2

+ v2a2
1κ

2
]

+
[
− (a2k1 + a3k2 + a4k3) + v

(
(a2k1 + a3k2 + a4k3)

2
+ a2

1κ
2
)]2

W2 = (1− v (a2k1 + a3k2 + a4k3))
2

+a2
1

(
v2κ2 − 1

) (
(1− v (a2k1 + a3k2 + a4k3))

2
+ v2a2

1κ
2
)
.

3.2 Special Cases

Let M be a ruled surface given by the parametrization (3) and A be the director vector of the

base curve α.

3.2.1 The Case A = T

In this case, a1 = 1, a2 = a3 = a4 = 0. Thus, from (6) we obtain Gaussian curvature as follows

KT = − 1

v2(1 + v2κ2)
.

Hence the following corollary is hold.

Corollary 3.5 According to the parallel transport frame in E4 there is no developable ruled

surface.

3.2.2 The Case A = M1

In this case, a2 = 1, a1 = a3 = a4 = 0. Thus, from (6)

KM1
= 0.

Hence the following theorem is hold.

Theorem 3.6 During the one-parameter spatial motion H/H ′ the ruled surface in the fixed

space H ′ generated by the M1 line of the curve α(s) in the moving space H is developable.

We have the following result of Theorem 3.4.

Corollary 3.7 During the one-parameter spatial motion H/H ′ the ruled surface in the fixed

space H ′ generated by the M1 line of the curve α(s) in the moving space H is Chen surface.

3.2.3 The Case A = M2
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In this case, a3 = 1, a1 = a2 = a4 = 0. Thus, from (6)

KM2
= 0.

Hence the following theorem is hold.

Theorem 3.8 During the one-parameter spatial motion H/H ′ the ruled surface in the fixed

space H ′ generated by the M2 line of the curve α(s) in the moving space H is developable.

We have the following result of Theorem 3.4.

Corollary 3.9 During the one-parameter spatial motion H/H ′ the ruled surface in the fixed

space H ′ generated by the M2 line of the curve α(s) in the moving space H is Chen surface.

3.2.4 The Case A = M3

In this case, a4 = 1, a1 = a2 = a3 = 0. Thus, from (6)

KM3 = 0.

Hence the following theorem is hold.

Theorem 3.10 During the one -parameter spatial motion H/H ′ the ruled surface in the fixed

space H ′ generated by the M3 line of the curve α(s) in the moving space H is developable.

We have the following result of Theorem 3.4.

Corollary 3.11 During the one-parameter spatial motion H/H ′ the ruled surface in the fixed

space H ′ generated by the M3 line of the curve α(s) in the moving space H is Chen surface.

3.2.5 The Case A ∈ Sp{T (u),M1(u)}

In this case, a3 = a4 = 0. So, the director vector A is given by

A = a1T + a2M1, a2
1 + a2

2 = 1.

In this case, Gauss Curvature of the ruled surface is given by

KA =
W 12

1

W 12
2

,

where,

W 12
1 = −

(
a2

2k
2
1 + a2

1κ
2
) [

(1− va2k1)
2

+ v2a2
1κ

2
]

+
[
−a2k1 + v

(
a2

2k
2
1 + a2

1κ
2
)]2

W 12
2 =

(
(1− va2k1)

2
+ a2

1

(
v2κ2 − 1

))(
(1− va2k1)

2
+ v2a2

1κ
2
)
.
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The ruled surfaces is developable if and only if KA = 0. Thus,

−
(
a2

2k
2
1 + a2

1κ
2
) [

(1− va2k1)
2

+ v2a2
1κ

2
]

+
[
−a2k1 + v

(
a2

2k
2
1 + a2

1κ
2
)]2

= 0

or

a2
1κ

2 = 0,

which implies that a1 = 0 because of κ 6= 0. However, if a1 = 0, this is the case of A = M1.

3.2.6 The Case A ∈ Sp{T (u),M2(u)}

In this case, a2 = a4 = 0. So, the director vector A is given by

A = a1T + a3M2, a2
1 + a2

3 = 1.

In this case, Gauss Curvature of the ruled surface is given by

KA =
W 13

1

W 13
2

,

where,

W 13
1 = −

(
a2

3k
2
2 + a2

1κ
2
) [

(1− va3k2)
2

+ v2a2
1κ

2
]

+
[
−a3k2 + v

(
a2

3k
2
2 + a2

1κ
2
)]2

W 13
2 =

(
(1− va3k2)

2
+ a2

1

(
v2κ2 − 1

))(
(1− va3k2)

2
+ v2a2

1κ
2
)
.

The ruled surfaces is developable if and only if KA = 0. Thus

−
(
a2

3k
2
2 + a2

1κ
2
) [

(1− va3k2)
2

+ v2a2
1κ

2
]

+
[
−a3k2 + v

(
a2

3k
2
2 + a2

1κ
2
)]2

= 0

or

a2
1κ

2 = 0,

which implies that a1 = 0 because of κ 6= 0. However, if a1 = 0, this is the case of A = M2.

3.2.7 The Case A ∈ Sp{T (u),M3(u)}

In this case, a2 = a3 = 0. So, the director vector A is given by

A = a1T + a4M3, a2
1 + a2

4 = 1.

In this case, Gauss Curvature of the ruled surface is given by

KA =
W 14

1

W 14
2

,
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where,

W 14
1 = −

(
a2

4k32 + a2
1κ

2
) [

(1− va4k3)
2

+ v2a2
1κ

2
]

+
[
−a4k3 + v

(
a2

4k
2
3 + a2

1κ
2
)]2

W 14
2 =

(
(1− va4k3)

2
+ a2

1

(
v2κ2 − 1

))(
(1− va4k3)

2
+ v2a2

1κ
2
)
.

The ruled surfaces is developable if and only if KA = 0. Thus

−
(
a2

4k32 + a2
1κ

2
) [

(1− va4k3)
2

+ v2a2
1κ

2
]

+
[
−a4k3 + v

(
a2

4k
2
3 + a2

1κ
2
)]2

= 0

or

a2
1κ

2 = 0,

which implies that a1 = 0 because of κ 6= 0. However, if a1 = 0, this is the case of A = M3.

3.2.8 The Cases A ∈ Sp{M1(u),M2(u)}
⋂
Sp{M1(u),M3(u)}

⋂
Sp{M2(u),M3(u)}

In this cases, the Gauss curvatures are zero. Hence the ruled surfaces generated by A ∈
Sp{M1(u),M2(u)}, A ∈ Sp{M1(u),M3(u)} and A ∈ Sp{M2(u),M3(u)} Bishop vectors respec-

tively are developable.

3.2.9 The Case A ∈ Sp{T (u),M1(u),M2(u)}

In this cases, a4 is zero. So, the director vector A is given by

A = a1T + a2M1 + a3M2, a2
1 + a2

2 + a2
3 = 1.

In this case,

KA =
W 123

1

W 123
2

,

where,

W 123
1 = −

[
(a2k1 + a3k2)

2
+ a2

1κ
2
] [

(1− v (a2k1 + a3k2))
2

+ v2a2
1κ

2
]

+
[
− (a2k1 + a3k2) + v

(
(a2k1 + a3k2)

2
+ a2

1κ
2
)]2

W 123
2 =

(
(1− v (a2k1 + a3k2))

2
+ a2

1

(
v2κ2 − 1

))(
(1− v (a2k1 + a3k2))

2
+ v2a2

1κ
2
)
.

The ruled surfaces is developable if and only if KA = 0. Thus

−
[
(a2k1 + a3k2)

2
+ a2

1κ
2
] [

(1− v (a2k1 + a3k2))
2

+ v2a2
1κ

2
]

+
[
− (a2k1 + a3k2) + v

(
(a2k1 + a3k2)

2
+ a2

1κ
2
)]2

= 0

or

a2
1κ

2 = 0,

which implies that a1 = 0 because of κ 6= 0. However, if a1 = 0, this is the case of A ∈
Sp{M1(u),M2(u)}.
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3.2.10 The Case A ∈ Sp{T (u),M1(u),M3(u)}

In this cases, a3 is zero. So, the director vector A is given by

A = a1T + a2M1 + a4M3, a2
1 + a2

2 + a2
4 = 1.

In this case,

KA =
W 124

1

W 124
2

,

where,

W 124
1 = −

[
(a2k1 + a4k3)

2
+ a2

1κ
2
] [

(1− v (a2k1 + a4k3))
2

+ v2a2
1κ

2
]

+
[
− (a2k1 + a4k3) + v

(
(a2k1 + a4k3)

2
+ a2

1κ
2
)]2

W 124
2 =

(
(1− v (a2k1 + a4k3))

2
+ a2

1

(
v2κ2 − 1

))(
(1− v (a2k1 + a4k3))

2
+ v2a2

1κ
2
)
.

The ruled surfaces is developable if and only if KA = 0. Thus

−
[
(a2k1 + a4k3)

2
+ a2

1κ
2
] [

(1− v (a2k1 + a4k3))
2

+ v2a2
1κ

2
]

+
[
− (a2k1 + a4k3) + v

(
(a2k1 + a4k3)

2
+ a2

1κ
2
)]2

= 0

or

a2
1κ

2 = 0,

which implies that a1 = 0 because of κ 6= 0. However, if a1 = 0, this is the case of A ∈
Sp{M1(u),M3(u)}.

3.2.11 The Case A ∈ Sp{T (u),M2(u),M3(u)}

In this cases, a2 is zero. So, the director vector A is given by

A = a1T + a3M2 + a4M3, a2
1 + a2

3 + a2
4 = 1.

In this case,

KA =
W 134

1

W 134
2

,

where,

W 134
1 = −

[
(a3k2 + a4k3)

2
+ a2

1κ
2
] [

(1− v (a3k2 + a4k3))
2

+ v2a2
1κ

2
]

+
[
− (a3k2 + a4k3) + v

(
(a3k2 + a4k3)

2
+ a2

1κ
2
)]2

W 134
2 =

(
(1− v (a3k2 + a4k3))

2
+ a2

1

(
v2κ2 − 1

))(
(1− v (a3k2 + a4k3))

2
+ v2a2

1κ
2
)
.



30 Esra Damar, Nural Yüksel and Murat Kemal Karacan

The ruled surfaces is developable if and only if KA = 0. Thus

−
[
(a3k2 + a4k3)

2
+ a2

1κ
2
] [

(1− v (a3k2 + a4k3))
2

+ v2a2
1κ

2
]

+
[
− (a3k2 + a4k3) + v

(
(a3k2 + a4k3)

2
+ a2

1κ
2
)]2

= 0

or

a2
1κ

2 = 0,

which implies that a1 = 0 because of κ 6= 0. However, if a1 = 0, this is the case of A ∈
Sp{M2(u),M3(u)}.

3.2.12 The Case A ∈ Sp{M1(u),M2(u),M3(u)}

In this cases, a1 is zero. So, the director vector A is given by

A = a2M1 + a3M2 + a4M3, a2
2 + a2

3 + a2
4 = 1.

In this case,

KA =
W 234

1

W 234
2

,

where,

W 234
1 = − (a2k1 + a3k2 + a4k3)

2
(1− v (a2k1 + a3k2 + a4k3))

2

+
[
− (a2k1 + a3k2 + a4k3) + v (a2k1 + a3k2 + a4k3)

2
]2

W 234
2 = (1− v (a2k1 + a3k2 + a4k3))

2
(1− v (a2k1 + a3k2 + a4k3))

2
.

The ruled surfaces is developable if and only if KA = 0. Hence the following theorem is

hold.

Theorem 3.12 During the one-parameter spatial motion H/H ′ the ruled surface in the fixed

space H ′ generated by A ∈ Sp{M1(u),M2(u),M3(u)} line of the curve α(s) in the moving space

H is developable.

We have the following result of Theorem 3.4.

Corollary 3.13 During the one-parameter spatial motion H/H ′ the ruled surface in the fixed

space H ′ generated by A ∈ Sp{M1(u),M2(u),M3(u)} line of the curve α(s) in the moving space

H is Chen surface.

Example 3.14 Let α be a smooth closed regular curve in E4 given by the arclength param-

eter with curvatures k1, k2, k3 and the parallel transport frame {T,N1, N2, N3}. The parallel
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transport equation of α are given as follows:
T ′ = k1M1 + k2M2 + k3M3

M ′1 = −k1T

M ′2 = −k2T

M ′3 = −k3T

Let α be a curve as above and consider the ruled surface

Mi = X(u, v) = α(u) + vNi, i = 1, 2, 3. (7)

Then, by using of (1) it is easy to calculate that mean curvatures of these surfaces. See Table

1 for details.

Surface Mean Curvature (H)

M1
k2

2 + k2
3

4(1− vk1)2

M2
k2

1 + k2
3

4(1− vk2)2

M3
k2

1 + k2
2

4(1− vk3)2

Table 1

Hence following results are obtained.

Corollary 3.15 Let α be a smooth closed regular curve in E4, and let M1,M2,M3 be ruled

surfaces given by the parametrization (7). In that case there is no minimal surfaces among the

surfaces of M1,M2,M3.
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§1. Introduction

Digraph Structure Let V be a non-empty set and S1, S2, · · · , Sk are relations on V which

are mutually disjoint, then G′ = (V, S1, S2, · · · , Sn) is a digraph structure. In addition, if

S1, S2, · · · , Sk are symmetric and irreflexive, then G′ = (V, S1, S2, · · · , Sk) is a graph structure,

see [2] for details.

Let G be a group and S1, S2, · · · , Sn be mutually disjoint subsets of G. Then the Cayley

digraph structure of G with respect to S1, S2, · · · , Sn is defined as the graph structure X =

(G;E1, E2, · · · , En), where Ei = {(x, y) : x−1y ∈ Si} [1]. In case, a digraph structure with only

one connection set is the usual Cayley digraph. So a Cayley digraph structure is a generalization

of the Cayley digraph.

Fuzzy Digraph Structure Let G′ = (V, S1, S2, · · · , Sk) be a graph (digraph) structure

and µ, ρ1, ρ2, · · · , ρk be fuzzy subsets of V, S1, S2, · · · , Sk respectively such that ρi(x, y) ≤
µ(x) ∧ µ(y), for all x, y ∈ V and i = 1, 2, · · · , k. Then G = (µ, ρ1, ρ2, · · · , ρk) is a fuzzy graph

(digraph) structure of G′ [8], such that ρi(x, y) ≤ µ(x)∧µ(y), for all x, y ∈ V and i = 1, 2, · · · , n.

Then G = (µ, ρ1, ρ2, · · · , ρn) is a fuzzy digraph structure of G′.

Let V be a non-empty set, µ be fuzzy subset of V and R1, R2, . . . , Rn be mutually disjoint

fuzzy relations on µ. Then G = (µ,R1, R2, · · · , Rn) is a fuzzy digraph structure on V . In

case µ = χV , where χV is the characteristic function on V , then the fuzzy digraph structure

(µ,R1, R2, · · · , Rn) is simply denoted by G = (V ;R1, R2, · · · , Rn).

A fuzzy digraph structure G = (V ;R1, R2, · · · , Rn) is called (i) trivial if Ri ≡ 0 for all

i, (ii) reflexive if for all x ∈ V,Ri(x, x) = 1 for some i, (iii) symmetric if Ri = R−1
i for

all i, (iv) transitive if for every i and j, Ri ∧ Rj ≤ Rk for some k, (v) a Hasse diagram if

for every positive integer m ≥ 2 and for every x1, x2, · · · , xm of V with Ri(xj , xj+1) > 0

for all j = 0, 1, 2, · · · ,m − 1, implies Ri(x0, xm) = 0 for all i, and (vi) complete if for any

1Received July 12, 2019, Accepted March 6, 2020.
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x, y ∈ V,Ri(x, y) > 0, for some i = 1, 2, · · · , n. A walk of length k in a digraph structure is an

alternating sequence W = x0, e0, x1, · · · , ek, xk, where ej = (xj , xj+1) and Ri(ej) > 0 for some

i. A walk W is called a path if all the vertices are distinct. We use notation x0, x1, x2, · · · , xk
for the walk W. A walk is called a circuit if its first and last vertices are the same, but no

other vertex is repeated. A weak path is a sequence x1, x2, · · · , xm of distinct vertices of V

such that for j = 1, 2, · · · ,m − 1, Ri ∨ R−1
i (xj , xj+1) > 0 for some i = 1, 2, · · · , n. Distance

between two vertices x and y in G is the length of the shortest path from x to y and is

denoted by d(x, y). Diameter of the fuzzy digraph structure G, denoted by d(G), is defined

by d(G) = maxx,y∈Gd(x, y). A fuzzy digraph structure G = (V ;R1, R2, · · · , Rn) is called

(i) connected (strongly connected ) if y is connected to x for all x, y ∈ V , and (ii) weakly

connected if any two vertices can be joined by a weak path, that is, the fuzzy digraph structure

G′ = (V ;R1 ∨R−1
1 , R2 ∨R−1

2 , · · · , Rn ∨R−1
n ) is connected. A weakly connected fuzzy digraph

structure G = (V ;R1, R2, · · · , Rn) with out any circuits is called a tree.

The present work is a generalisation of the work in [6] in which Madhavan Namboothiri

N.M. et al. introduced a class of Cayley fuzzy graphs induced by groups.

§2. Cayley Fuzzy Digraph Structure

Definition 2.1 Let V be a group and ν1, ν2, · · · , νn be mutually disjoint fuzzy subsets of

V . Then, Cayley Fuzzy Digraph Structure of V with respect to ν1, ν2, · · · , νn is defined as

(V ;R1, R2, · · · , Rn) where Ri(x, y) = νi(x
−1y) and is denoted by CayFD(V ; ν1, ν2, · · · , νn).

The subsets ν1, ν2, · · · , νn are called connection fuzzy subsets of CayFD(V ; ν1 , ν2, · · · , νn). In

case, a Cayley fuzzy digraph structure with only one connection set is usual Cayley fuzzy graph.

Theorem 2.2 G = CayFD(V ; ν1, ν2, · · · , νn) is vertex-transitive.

Proof Let a and b be any two arbitrary elements in G. Define ψ : V → V by ψ(x) = ba−1x

for all x ∈ V . Clearly, ψ is a bijection onto itself. Furthermore, we have, for each x, y ∈ V,

Ri(ψ(x), ψ(y)) = Ri(ba
−1x, ba−1y)

= νi((ba
−1x)−1(ba−1y))

= νi(x
−1y) = Ri(x, y).

Hence, the proof is complete. �

Theorem 2.3 Cayley fuzzy digraph structures are regular.

Proof Let G = CayFD(V ; ν1, ν2, · · · , νn) be a cayley fuzzy digraph structure. Let u, v ∈ V .

Since Cayley fuzzy digraph structures are vertex transitive, there exist an automorphism say,

f on G such that, f(u) = v and Ri(f(x), f(y)) = Ri(x, y) for any x, y ∈ V and i = 1, 2, · · · , n.
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Then the in-degree of u,

ind(u) =
∑
x∈V

n∑
i=1

Ri(x, u) =
∑
x∈V

n∑
i=1

Ri(f(x), f(u))

=
∑
x∈V

n∑
i=1

Ri(f(x), v) =
∑

f(x)∈V

n∑
i=1

Ri(f(x), v)

=
∑
y∈V

n∑
i=1

Ri(y, v) = ind(v).

Similarly, we can prove that outd(u) = outd(v). Therefore, G is in-regular and out-regular.

Now to prove that G is regular we just need to show that ind(1) = outd(1).

ind(1) =
∑
x∈V

n∑
i=1

Ri(x, 1) =
∑
x∈V

n∑
i=1

νi(x
−1)

=
∑
x∈V

n∑
i=1

νi(x) =
∑
x∈V

n∑
i=1

Ri(1, x) = outd(1).

Therefore, G is regular. �

Theorem 2.4 G = CayFD(V ; ν1, ν2, · · · , νn) is a trivial graph if and only if νi ≡ 0 for all i.

Proof By definition, G is trivial if and only if Ri ≡ 0 for all i. This implies that νi ≡ 0 for

all i. �

Theorem 2.5 G = CayFD(V ; ν1, ν2, · · · , νn) is reflexive if and only if νi(1) = 1 for some i.

Proof Assume that G = CayFD(V ; ν1, ν2, · · · , νn) is reflexive. Then for every x ∈
V, Ri(x, x) = 1 for some i. This implies that νi(x

−1x) = νi(1) = 1 for some i.

Conversely, let νi(1) = 1 for some i, say i = k. This implies that for each x ∈ V, Rk(x, x) =

νk(x−1x) = νk(1) = 1. That is G is reflexive. �

Theorem 2.6 G = CayFD(V ; ν1, ν2, · · · , νn) is symmetric if and only if νi(x) = νi(x
−1) for

all x ∈ V, i = 1, 2, · · · , n.

Proof Suppose that G is symmetric. Then for any x ∈ V ,

νi(x) = ν(x−1x2) = Ri(x, x
2) = Ri

−1(x, x2) = Ri(x
2, x) = νi(x

−1x−1x) = νi(x
−1).

Therefore, νi(x) = νi(x
−1).

Conversely, suppose that νi(x) = νi(x
−1) for all x ∈ V . Then for any x, y ∈ V , Ri(x, y) =

νi(x
−1y) = νi((x

−1y)−1) = νi(y
−1x) = Ri(y, x). This implies that, R is symmetric. Hence the

proof is complete. �

Theorem 2.7 G = CayFD(V ; ν1, ν2, · · · , νn) is transitive if and only if for every i, j and for
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any x, y ∈ V, νi(x) ∧ νj(y) ≤ νk(xy) for some k.

Proof First assume that G is transitive. That is, for every i, j, Ri ◦ Rj ≤ Rk for some k.

For x, y ∈ V,

νi(x) ∧ νj(y) ≤ ∨{νi(z) ∧ νj(z−1(xy)) : z ∈ V }

= ∨{Ri(1, z) ∧Rj(z, xy) : z ∈ V }

= Ri ◦Rj(1, xy)

≤ Rk(1, xy) = νk(xy).

That is, νi(x) ∧ νj(y) ≤ νk(xy) for some k.

Now let for any x, y ∈ V and i, j, νi(x) ∧ νj(y) ≤ νk(xy) for some k. Then,

(Ri ◦Rj)(x, y) = ∨{Ri(x, z) ∧Rj(z, y) : z ∈ V }

= ∨{νi(x−1z) ∧ νj(z−1y) : z ∈ V }

≤ ∨{νk((x−1z)(z−1y)) : z ∈ V }

= νk(x−1y) = Rk(x, y).

Thus, Ri ◦Rj ≤ Rk for some k. This completes the proof. �

Theorem 2.8 G = CayFD(V ; ν1, ν2, · · · , νn) is complete if and only if ∪νi◦+ = V .

Proof First assume that G is complete. That is ∪Ri+◦ = V × V . Clearly, ∪νi+◦ ⊆ V . Now

let x ∈ V . Then (1, x) ∈ Ri◦
+ for some i. That is, Ri(1, x) ≥ 0, which implies, νi(x) ≥ 0.

Thus, x ∈ ∪νi◦+. Therefore, V ⊆ ∪νi◦+. That is, ∪νi◦+ = V .

Conversely, assume ∪νi◦+ = V . Let (x, y) ∈ V ×V . Then x, y ∈ V ⇒ x−1y ∈ V ⇒ x−1y ∈
∪νi◦+ ⇒ x−1y ∈ νi◦+ for some i. Then, νi(x

−1y) ≥ 0. That is, Ri(x, y) ≥ 0 which implies

(x, y) ∈ Ri◦+. Hence, V × V ⊆ ∪Ri◦+. Therefore,⋃
Ri◦

+ = V × V.

This completes the proof. �

Let Ak be the set of all elements x ∈ V of the form x = x1x2 · · ·xk, where xj ∈ νi+0 for

some i = 1, 2, · · · , n. Then [ϑ] is defined as [ϑ] =

n⋃
k=1

Ak. Let Bk be the set of all elements

y ∈ V of the form y = y1y2 · · · yk, where yj ∈ (νi ∧ ν−1
i )+

0 for some i = 1, 2, · · · , n. Then [[ϑ]] is

defined as [[ϑ]] =

n⋃
k=1

Bk.

Theorem 2.9 G = CayFD(V ; ν1, ν2, · · · , νn) is connected if and only if V = [ϑ].

Proof First assume that G = CayFD(V ; ν1, ν2, · · · , νn) is connected. Clearly, [ϑ] ⊆ V .

Now let x ∈ V . Then there exists a path from 1 to x say, (1, y1, y2, · · · , yk = x). Then, for
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some i, Ri1(1, y1) > 0, that is, y1 ∈ ν+
i10. Also, y−1

j−1yj ∈ ν
+
ij0
,for j = 2, 3, · · · , k. This implies

that x ∈ Ak, since, x = (1.y1)(y−1
1 y2)(y−1

2 y3) · · · (y−1
k−1yk). Therefore, x ∈

n⋃
k=1

Ak = [ϑ]. Hence,

V = [ϑ].

Conversely, assume that V = [ϑ]. Let x, y ∈ V . Then z = x−1y ∈ V , implies, z ∈ [ϑ] =
n⋃
k=1

Ak. Then z = z1z2 · · · zk. Then 1, z1, z1z2, · · · , z1z2 · · · zk = z is a path from 1 to z. Then

x, xz1, xz1z2, · · · , xz1z2 · · · zk = xz = y is a path from x to y, implies G is connected. This

completes the proof. �

Theorem 2.10 G = CayFD(V ; ν1, ν2, · · · , νn) is weakly connected if and only if V = [[ϑ]].

Proof Assume G be weakly connected. Clearly, [[ϑ]] ⊆ V . Let x ∈ V . Then there exist

a weak path say, 1, x1, x2, · · · , xk = x from 1 to x. Then, 1x1 ∈ (νi1 ∨ ν−1
i1

)+
0 , x−1

1 x2 ∈
(νi2 ∨ ν−1

i2
)+
0 , · · · , x

−1
k−1xk ∈ (νik ∨ νik)+

0 , which clearly implies that

x ∈
⋃
k

Bk = [[ϑ]].

Hence, V ∈ [[ϑ]].

Conversely, assume that V = [[ϑ]]. Let x, y ∈ V , implies z = x−1y ∈ V . Therefore,

z ∈ [[ϑ]]. Then there exist elements zj ∈ (νij ∨ ν−1
ij

)+
0 , j = 1, 2, · · · , k, such that z = z1z2 · · · zk,

for some k ∈ {1, 2, · · · , n}. Then 1, z1, z1z2, · · · , z1z2 · · · zk = z is a weak path from 1 to z and

hence x, xz1, xz1z2, · · · , xz1z2 · · · zk = xz = y is a weak path from x to y. Therefore, G is

weakly connected. This completes the proof. �

Theorem 2.11 G = CayFD(V ; ν1, ν2, · · · , νn) is partially ordered if and only if

(i) νi(1) = 1 for some i;

(ii) for every i, j and for any x, y ∈ V, νi(x) ∧ νj(y) ≤ νk(xy) for some k;

(iii) {x : ν(x) = ν(x−1)} = {1} for all i = 1, 2, · · · , n.

Theorem 2.12 G = CayFD(V ; ν1, ν2, · · · , νn) is quasi-ordered if and only if

(i) νi(1) = 1 for some i;

(ii) for every i, j and for any x, y ∈ V, νi(x) ∧ νj(y) ≤ νk(xy) for some k.

Theorem 2.13 G = CayFD(V ; ν1, ν2, · · · , νn) is a Hasse diagram if and only if G is connected

and νk(x1x2 · · ·xm) = 0, k = 1, 2, · · · , n, for any collection x1, x2, · · · , xm of vertices in V with

m ≥ 2 and νij (xj) > 0 for j = 1, 2, · · · ,m.

Proof SupposeG is a Hasse diagram. Since νij (xj) > 0 for j = 1, 2, · · · ,m, (1, x1, x1x2, · · · ,
x1x2 · · ·xm) is a path from 1 to x1x2 · · ·xm. Now since G is a Hasse diagram, Rk(1, x1x2 · · ·xm)

= 0 for all k. Therefore νk(x1x2 · · ·xm) = 0 for all k = 1, 2, · · · , n.

Conversely suppose, G is connected and νk(x1x2 · · ·xm) = 0, k = 1, 2, · · · , n, for any col-

lection x1, x2, · · · , xm of vertices in V with m ≥ 2 and νij (xj) > 0 for j = 1, 2, · · · ,m. Let
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(x0, x1, · · · , xm) be a path in G from x1 to xm, m ≥ 2. Then Ri1(x0, x1) > 0, Ri2(x1, x2) >

0, · · · , Rim(xm−1, xm) > 0 which implies, νi1(x−1
0 x1) > 0, νi2(x−1

1 x2) > 0, · · · , νim(x−1
m−1xm) >

0. Thus, by assumption, νk(x−1
0 x1x

−1
1 x2 · · ·x−1

m−1 xm) = νk(x−1
0 xm) = 0. Therefore, Rk(x0, xm) =

0 for all k = 1, 2, · · · , n. Hence, G is a Hasse diagram. This completes the proof. �

Theorem 2.14 For k = 1, 2, · · · , n,let Ak be the set of all products of the form νi1νi2 · · · νik =

{x1x2 · · ·xk : xj ∈ νij+
0
, j = 1, 2, · · · , k}. If G = CayFD(V ; ν1, ν2, · · · , νn) has finite diameter,

then the diameter of G is the least positive integer m such that

G =
⋃

A∈Am

A.

Theorem 2.15 G = CayFD(V ; ν1, ν2, · · · , νn) is a tree if and only if V = [[ϑ]] and 1 6∈ [ϑ].

Definition 2.16([6]) Let (S, ∗) be a semigroup. Let A be a fuzzy subset of S. Then A is said

to be fuzzy sub-semigroup of S if for all a, b ∈ S, A(ab) ≥ A(a) ∧A(b).

Definition 2.17 Let (S, ∗) be a semigroup and let ν1, ν2, · · · , νn be mutually disjoint fuzzy

subsets of S. The fuzzy sub-semigroup generated by ν1, ν2, · · · , νn is the smallest fuzzy sub-

semigroup of S which contains ν1, ν2, · · · , νn. Let us denote it by 〈ν(123···n)〉.

Theorem 2.18 Let (S, ∗) be a semigroup and let ν1, ν2, · · · , νn be mutually disjoint fuzzy

subsets of S. Then the fuzzy subset 〈ν(123···n)〉 is precisely given by 〈ν(123···n)〉(x) = ∨
{
νj1(x1)∧

νj2(x2) ∧ · · · νjk(xk) : x = x1x2 · · ·xkwith a finite positive integer k, xi ∈ S and νji(xi) > 0 for

some ji = 1, 2, · · · , n
}

for any x ∈ S.

Proof Let ν′ be the fuzzy subset of V defined by ν′(x) = ∨
{
νj1(x1)∧νj2(x2)∧· · ·∧νjm(xm) :

x = x1x2x3 · · ·xm, xji ∈ ν+
ji◦
,m ∈ {1, 2, 3, · · · , n}

}
for any x ∈ V . If y ∈ V , by definition of ν′,

it is clear that ν′(y) ≥ νjk(y) where jk ∈ {1, 2, · · · , n} and νjk(y) ≥ 0. Thus, we have νjk ≤ ν′

for all ji. This implies that ν′ contains ν1, ν2, · · · , νn. Let x, y ∈ V. If νji(x) = 0 or νji(y) = 0,

then νji(x) ∧ νji(y) = 0. Then, ν′(xy) ≥ νji(x) ∧ νji(y). Again, if νji(x) 6= 0 and νji(y) 6= 0,

then by definition of ν′, we have ν′(xy) ≥ νji(x) ∧ νji(y). Hence ν′ is a fuzzy sub semigroup of

V containing νi, i ∈ {1, 2, · · · , n}. Now let A be any fuzzy sub semigroup of V containing νi, i ∈
{1, 2, · · · , n}. Then, for any x ∈ V with x = x1x2x3 . . . xm, xi ∈ ν+

ji◦
, for i = 1, 2, · · · , n,m ∈

{1, 2, 3, · · · , n} we have A(x) ≥ A(x1)∧A(x2)∧ · · ·∧A(xm) ≥ νj1(x1)∧νj2(x2)∧ · · ·∧νjm(xm),

which implies that A(x) ≥ ∨{νj1(x1) ∧ νj2(x2) ∧ · · · ∧ νjm(xm) : x = x1x2x3 · · ·xm, xji ∈
ν+
ji◦
,m ∈ {1, 2, 3, · · · , n} for ji ∈ {1, 2, . . . , n} for any x ∈ V . Therefore, A(x) ≥ ν′(x) for all

x ∈ V . Thus, ν′ = 〈ν(123···n)〉. That is, 〈ν(123···n)〉(x) = ∨
{
νj1(x1) ∧ νj2(x2) ∧ · · · ∧ νjm(xm) :

x = x1x2x3 · · ·xm, xji ∈ ν+
ji◦
,m ∈ {1, 2, 3, · · · , n}

}
for any x ∈ V . �
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Abstract: A Finsler space is said to have reversible geodesics if for every one of its oriented

geodesic paths, the same path traversed in the opposite sense is also a geodesic. In this

work, we study a class of special Finsler metrics F called arctangent Finsler metric, which

is a special (α, β)-metric, F = α + β arctan( β
α

) + εβ (ε 6= 0 are constant), where α is a

Riemannian metric and β is a 1-form. The conditions for an arctangent Finsler space (M,F )

to be with reversible geodesic are obtained. Further, we study some geometrical properties

of F and prove that the arctangent metric F induces a generalized weighted quasi-distance

dF on M .

Key Words: Reversible Geodesics, weighted quasi metric.

AMS(2010): 58B20, 53B40.

§1. Introduction

An interesting topic in Finsler geometry is to study the reversible geodesics of a Finsler metric.

Recall that, a Finsler space is said to have reversible geodesics if for every one of its oriented

geodesic paths, the same path traversed in the opposite sense is also a geodesic. In the last

decade many interesting and applicable results have been obtained on the theory of Finsler

spaces with reversible geodesics. In [7], Crampin gives necessary and sufficient conditions for a

Finsler metric (M,F ) to be with reversible and strictly reversible geodesics, respectively.

Reversible geodesic of (α, β)-metric and two dimensional Finsler spaces with (α, β)-metric

were studied by Masca, Sabau and Shimada ([8],[9]). In [6], Sabau and Shimada have given some

important results on reversible geodesics. In [10], Shanker and Baby have exhaust reversible

geodesics for generalized (α, β)-metric.

§2. Preliminaries

Let Fn = (M,F ) be a connected n-dimensional Finsler manifold and let TM = ∪x∈MTxM
denotes the tangent bundle of M with local coordinates u = (X,Y ) = (xi, yi) ∈ TM , where

i = 1, · · · , n, y = yi ∂
∂xi .

1Received August 25, 2019, Accepted March 8, 2020.
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If γ : [0, 1]→M is a piecewise C∞ curve on M , then its Finslerian length is defined as

LF (γ) =

∫ 1

0

F (γ(t), γ̇(t))dt (2.1)

and the Finslerian distance function dF : M ×M → [0,∞) is defined by dF (p, q) = infγL,

where infimum is taken over all piecewise C∞ curves γ om M joining the points p, q ∈ M . In

general, this is not symmetric.

A curve γ : [0, 1] → M is called a geodesic of (M,F ) if it minimizes the Finslerian length

for all piecewise C∞ curves that keep their endpoints fixed. We denote the reverse Finsler

metric of F as F̃ : TM → (0,∞), given by F̃ (x, y) = F (x,−y). One can easily see that F̃ is

also a Finsler metric.

Lemma 2.1 A Finsler metric is with a reversible geodesic if and only if for any geodesic γ(t)

of F , the reverse curve γ̃(t) = γ(1− t) is also a geodesic of F .

Lemma 2.2 Let (M,F ) be a connected, complete Finsler manifold with associated distance

function dF : M ×M → [0,∞). Then, dF is a symmetric distance function on M ×M if and

only if F is a reversible Finsler metric, i.e., F (x, y) = F (x,−y).

Lemma 2.3 A smooth curve γ : [0, 1] → M is a constant Finslerian speed geodesic of (M,F )

if and only if it satisfies γ̈ + 2Gi(γ(t), γ̇(t)) = 0, i = 1, ..., n, where the functions Gi : TM →R

given by

Gi(x, y) = Γijk(x, y)yiyj (2.2)

with

Γijk(x, y) =
gis

2
(
∂gsj
∂xk

+
∂gsk
∂xj

− ∂gjk
∂xs

).

Remark 2.4 It is well known [3] that the vector field

Γ = yi
∂

∂xi
− 2Gi

∂

∂yi

is a vector field on TM , whose integral lines are the canonical lifts γ̃(t) = (γ(t), γ̇(t)) of the

geodesics of γ. This vector field Γ is called the canonical geodesics spray of the Finsler space

(M,F ) and Gi are called the coefficients of the geodesics spray Γ.

Definition 2.5 If F and F̃ are two different fundamental Finsler functions on the same

manifold M , then they are said to be projectively equivalent if their geodesics coincide as set

points.

Lemma 2.6 A Finsler structure (M,F ) is with a reversible geodesic if and only if F and its

reverse function F̃ are projectively equivalent.

The main purpose of the current paper is to determine the reversible geodesics for special
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Finsler metrics F called arctangent Finsler metric, which is a special (α, β)-metric,

F = α+ β arctan(
β

α
) + εβ (ε 6= 0are constant),

where α is a Riemannian metric and β is a 1-form. The paper is organized as follows:

Starting with preliminary definitions on reversible geodesics in section two, in section three,

we obtain the conditions for an arctangent Finsler space to be with reversible geodesics (see

Theorem 3.1). in section four, we prove that if F is projectively flat then it is with reversible

geodesics (see Theorem 4.2). In section five, we study metric structures associated to F and

prove that the arctangent metric F induces a generalized weighted quasi-distance function dF

on the manifold M (see Theorem 5.2).

§3. Reversible Geodesics of Arctangent Finsler Metric

Consider a Finsler space (M,F ) with a special (α, β)-metric

F = α+ β arctan(
β

α
) + εβ. (ε 6= 0 are constant),

where α =
√
aijyiyj is a Riemannian metric and β = bi(x)yi is a 1-form.

The necessary and sufficient condition for F to have a reversible geodesic is [6]

Γ̃
∂F

∂yi
− ∂F

∂xi
= 0, (3.1)

where Γ̃ is the reverse of Γ, the geodesic spray of F , moreover Γ̃ is geodesic spray for F . The

necessary and sufficient condition for F to have strictly reversible geodesics is Γ̃F = 0. Now

F = α+ β arctan(βα ) + εβ. Then F̃ = α+ β arctan(βα )− εβ, so F = F̃ + 2εβ.

We have

Γ̃Fyi − Fxi = arctan(
β

α
)(Γ̃βyi − βxi) +

β

α

( 1

1 + (βα )2

)
(Γ̃βyi − βxi) + ε(Γ̃βyi − βxi)

=
(

arctan(
β

α
) +

β

α

( 1

1 + (βα )2

)
+ ε
)

(Γ̃βyi − βxi),

Notice that for the spray Γ̃, we have

Γ̃βyi − βxi = (
∂bi
∂xj
− ∂bj
∂xi

)yj ,

So we get

Γ̃Fyi − Fxi =
(

arctan(
β

α
) +

β

α

( 1

1 + (βα )2

)
+ ε
)

(
∂bi
∂xj
− ∂bj
∂xi

)yj . (3.2)
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Now, {
arctan(

β

α
) +

β

α

( 1

1 + (βα )2

)
+ ε

}
can not be zero. Therefore, from equation (3.1) and (3.2) we conclude that F is with reversible

geodesics if and only if (
∂bi
∂xj
− ∂bj
∂xi

)
yj = 0,

i.e., F̃ is with reversible geodesic if and only if β is closed 1-form. Hence, we have the following

theorem

Theorem 3.1 Let (M,F ) be an arctangent Finsler space with F defined by the Riemannian

metric α =
√
aijyiyj and 1-form β = biy

i. Then F is with a reversible geodesic if and only if

β is a closed 1-form on M .

§4. Projective Flatness of Arctangent Finsler metric

A Finsler space (M,F ) is called (locally) projectively flat if all its geodesics are straight lines [4].

An equivalent condition is that the spray coefficients Gi of F can be expressed as Gi = P (x, y)yi,

where P (x, y) = 1
2F

∂F
∂xk

yk. An equivalent characterization of projective flatness is the Hamels

relation [5].

∂2F

∂xm∂yk
ym − ∂F

∂xk
= 0.

Proposition 4.1 Let (M,F ) be an arctangent space with F defined by the Riemannian metric

α =
√
aijyiyj and 1-form β = biy

i. Then F is projectively flat if and only if F̃ is projectively

flat.

Outline of the Proof Recall (see Theorem 3.1 of [6]) that if F = F0 + εβ is a Finsler metric,

where F0 is an absolute homogeneous (α, β)-metric, then any two of the following properties

imply the third one:

(a) F is projectively flat;

(b) F0 is projectively flat;

(c) β is closed.

In our case

F = α+ β arctan(
β

α
) + εβ = F̃ + 2εβ,

where

F̃ = α+ β arctan(
β

α
)− εβ

which is absolute homogeneous.

Proof of Proposition 4.1 Let (M,F ) be projectively flat, then by Hamels relation for
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projective flatness, we have

∂2F

∂xm∂yk
ym − ∂F

∂xk
= 0.

Thus we have

∂2(F̃ + 2εβ)

∂xm∂yk
ym − ∂(F̃ + 2εβ)

∂xk
= 0,

∂2F̃

∂xm∂yk
ym − ∂F̃

∂xk
+ 2ε

( ∂2β

∂xm∂yk
ym − ∂β

∂xk

)
= 0,

∂2F̃

∂xm∂yk
ym − ∂F̃

∂xk
= −2ε

( ∂2β

∂xm∂yk
ym − ∂β

∂xk

)
.

Since β is closed, Then we have

∂2F̃

∂xm∂yk
ym − ∂F̃

∂xk
= 0

Therefore F̃ is projectively flat.

Conversely, suppose that F̃ is projectively flat. Since F̃ is projectively flat, therefore F̃

will satisfy Hamels equation

∂2F̃

∂xm∂yk
ym − ∂F̃

∂xk
= 0,

So we have

∂2(F − 2εβ)

∂xm∂yk
ym − ∂(F − 2εβ)

∂xk
= 0,

∂2F

∂xm∂yk
ym − ∂F

∂xk
− 2ε

( ∂2β

∂xm∂yk
ym − ∂β

∂xk

)
= 0,

∂2F

∂xm∂yk
ym − ∂F

∂xk
= 2ε

( ∂2β

∂xm∂yk
ym − ∂β

∂xk

)
.

Since β is closed, Then we get:

∂2F

∂xm∂yk
ym − ∂F

∂xk
= 0

Therefore F is projectively flat. �

Theorem 4.2 Let (M,F ) be be an arctangent space with F defined by the Riemannian metric

α =
√
aijyiyj and 1-form β = biy

i. If F is projectively flat, then it is with a reversible geodesic.

Proof By Hamels relation, we can see that F is projectively flat if and only if F̃ is

projectively flat. This implies that F and F̃ both are projectively equivalent to the standard

Euclidean metric and therefore F must be projective to F̃ . Thus F must be with a reversible

geodesic. �
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§5. Weighted Quasi Metric Associated with Arctangent Finsler Metric

It is well known that the Riemannian spaces can be represented as metric spaces. Indeed, for

a Riemannian space (M,α), one can define the induced metric space (M,dα) with the metric

dα : M ×M → [0,∞) dα(x, y) = inf
γ∈Γxy

∫ b

a

α(γ(t), γ̇(t))dt, (5.1)

where Γxy = {γ : [a, b]→M |γ is piecewise, γ(a) = x, γ(b) = y} is the set of curves joining x

and y, γ̇(t) is the tangent vector to γ at γ(t). Then dα is a metric on M satisfying the following

conditions:

(1) Positiveness: dα(x, y) > 0 if x 6= y, dα(x, x) = 0, x, y ∈ X;

(2) Symmetry: dα(x, y) = dα(y, x), ∀x, y ∈M ;

(3) Triangle inequality: dα(x, y) ≤ dα(x, z) + dα(z, y), ∀x, y, z ∈M .

Similar to the Riemannian space, one can induce the metric dF to a Finsler space (M,F ),

given by

dF : M ×M → [0,∞) dF (x, y) = inf
γ∈Γxy

∫ b

a

F (γ(t), γ̇(t))dt, (5.2)

but unlike the Riemannian case, here dF lacks the symmetric condition. In fact, dF is a special

case of quasi metric defined below.

Definition 5.1([1]) A quasi metric d on a set X is a function d : X×X → [0,∞) that satisfies

the following axioms:

(1) Positiveness: d(x, y) > 0 if x 6= y, d(x, x) = 0, x, y ∈ X;

(2) Triangle inequality: d(x, y) ≤ d(x, z) + d(z, y), ∀x, y, z ∈ X;

(3) Separation axiom: d(x, y) = d(y, x) = 0 ⇒ x = y,∀x, y ∈ X.

One special class of quasi metric spaces are the so called weighted quasi metric spaces

(M,d,w), where d is a quasi-metric on M and for each d, there exists a function w : M → [0,∞),

called the weight of d, that satisfies

(4) Weightability: d(x, y) + w(x) = d(y, x) + w(y), ∀x, y ∈M .

In this case, the weight function w is R-valued, and is called generalized weight.

Theorem 5.2 Let M be an n-dimensional simply connected smooth manifold. Arctangent

Finsler metric F = α + β arctan(βα ) + εβ (ε 6= 0 are constant) induces a generalized weighted

quasi-distance dF on M .

Proof Consider an arctangent Finsler space (M,F ) with F defined by the Riemannian

metric α =
√
aijyiyj and 1-form β = biy

i. (ε 6= 0 are constant) Let γxy ∈ Γxy be a Finslerian
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geodesic, then from (5.2), we have

dF (x, y) =

∫ b

a

F (γ(t), γ̇(t))dt

=

∫ b

a

(α+ β arctan(
β

α
) + εβ)dt

=

∫ b

a

(α+ β arctan(
β

α
))dt+ ε

∫
γxy

β

=

∫
γxy

α+ β arctan(
β

α
) + ε

∫
γxy

β. (5.3)

Let us consider a fixed point a ∈ M and define the function wa : M → R,wa(x) = dF (a, x) −
dF (x, a) . From (5.3) it follows that

wa(x) = dF (a, x)− dF (x, a)

=

∫
γax

α+ β arctan(
β

α
) + ε

∫
γax

β

−
∫
γxa

α+ β arctan(
β

α
)− ε

∫
γxa

β

= ε

∫
γax

β − ε
∫
γxa

β

= −2

∫
γxa

β, (5.4)

where we have used the Stokes theorem for the 1-form β on the closed domain D with boundary

∂D = γax∪γxa. One can see that wa is the anti derivative of β. This is well defined if and only

if the path integral in right hand side of (5.4) is path independent, that is, β must be exact.

Then dF is a weighted quasi-metric with generalized weight wa. Indeed, we have

dF (x, y) + wa(x) =

∫
γxy

(α+ β arctan(
β

α
)) + ε

∫
γxy

β + ε

∫
γax

β − ε
∫
γxa

β

=

∫
γxy

(α+ β arctan(
β

α
))− ε

∫
γxa

β − ε
∫
γya

β, (5.5)

where we have again used the Stokes theorem for the 1-form β on the closed domain with

boundary γax ∪ γxy ∪ γya.

Similarly,

dF (y, x) + wa(y) =

∫
γyx

(α+ β arctan(
β

α
))−

∫
γya

β −
∫
γxa

β. (5.6)

From equations (5.5) and (5.6) we conclude that dF is weighted quasimetric with general-

ized weight wa. This completes the proof. �

Next, recall the following result.



Arctangent Finsler Spaces With Reversible Geodesics 47

Lemma 5.3([1],[2]) Let (M,d) be any quasi-metric space. Then d is weightable if and only if

there exists w : M → [0,∞) such that

d(x, y) = ρ(x, y) +
1

2
[w(x)− w(y)], ∀x, y ∈M, (5.7)

where ρ is the symmetrized distance function of d. Moreover, we have

1

2
[w(x)− w(y)] ≤ ρ(x, y), ∀x, y ∈M. (5.8)

The proof is trivial from the definition of weighted quasi-metric.

Remark 5.4 If (M,F ) is an arctangent Finsler space with F = α + β arctan(βα ) + εβ, (ε 6= 0

are constant). then the induced quasi-metric dF and the symmetrized metric ρ induce the same

topology on M . This follows immediately from ([3],[4]).

Remark 5.5 From Lemma 5.3, it can be seen that the assumption of w to be smooth is not

essential.

Next, we discuss an interesting geometric property concerning the geodesic triangles.

Proposition 5.6 Let (M,F ) be an arctangent space with F defined by the Riemannian metric

α =
√
aijyiyj and 1-form β = biy

i. (ε 6= 0 are constant). Then the perimeter length of any

geodesic triangle on M does not depend on the orientation, that is,

dF (x, y) + dF (y, z) + dF (z, x) = dF (x, z) + dF (z, y) + dF (y, x), ∀x, y, z ∈M. (5.9)

Proof From Theorem 3.1, it follows that the quasi-metric is weightable and therefore (5.7)

holds good. By using this formula an elementary computation proves (5.9). �
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§1. Introduction

All the graphs considered here are finite simple, connected and undirected. Let G be such a

graph of order n.The degree of a vertex vi, d(vi) is the number of edges incident on it and we

denote dij as the distance between vertex vi and vj .

Several results on Laplacian energy of graph G are reported in the literature [2, 3, 4, 5,

6]. The signless Laplacian energy is also studied in the literature rigorously [7, 8, 9]. We have

discussed degree sum distance matrix in [1], as DSD(G).

We now define the Laplacian and the signless Laplacian degree sum distance matrix of a

connected graph G as

LDSD(G) = [ldsdij ]

where,

ldsdij = −dij(d(vi) + d(vj)) if i 6= j

= 2di if i = j

and QDSD(G) = [qdsdij ] where,

qdsdij = dij(d(vi) + d(vj)) if i 6= j

= 2di if i = j

1Received October 24, 2019, Accepted March 9, 2020.
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The following are obvious for LDSD(G) and QDSD(G).

(1) Both LDSD(G) and QDSD(G) are real symmetric, hence their eigenvalues are real.

(2) If βi and γi, i=1, 2, 3 · · · , n are eigenvalues of LDSD(G) and QDSD(G) respectively then

they can be arranged in non-increasing order as β1 ≥ β2 ≥ · · · ≥ βn and γ1 ≥ γ2 ≥ · · · ≥ γn

respectively.

Definition 1.1 Let G be graph of order n and size m.If 2avd(G) denotes double average degree

of a graph given by, 2

∑n
1 di(G)

n
, then analogous to usual Laplacian and signless Laplacian

energy we define the Laplacian and signless Laplacian degree sum distance energy as,

LEDSD(G) =

n∑
i=1

|βi − 2avd(G)| and QEDSD(G) =

n∑
i=1

|γi − 2avd(G)|.

The double average degree is taken to be consistent with the degree sum entries defined in

the matrix defined

Example 1.2 For the graph G given in Figure 1,r
r

r r
Figure 1

The double average degree of G is 2× 4

2
= 4.

LDSD(G) =


2 −4 −6 −6

−4 6 −5 −5

−6 −5 4 −4

−6 −5 −4 4

 QDSD(G) =


2 4 6 6

4 6 5 5

6 5 4 4

6 5 4 4


Laplacian degree sum distance eigen- signless Laplacian degree sum distance

values are β1 = 11.1686, β2 = 8.065, eigenvalues are γ1 = 19.0266, γ2 = 1.0761,

β3 = 8,β4 = −11.2342 γ3 = 0,γ4 = −4.1027

LEDSD(G) = |11.1686− 4|+ |8.065− 4| QEDSD(G) = |19.0266− 4|+ |4− 1.0761|.

+|8− 4|+ |11.2342 + 4| = 30.4678. +|0 + 4|+ |4 + 4.1027| = 30.0532.

Table 1
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§2. Bounds on Laplacian Degree Sum Distance Energy

We introduce the auxiliary Laplacian degree sum distance eigenvalue µi, defined as,

µi = βi − 2
1

n

n∑
i=1

di.

Lemma 2.1 Let G be a graph of order n, then we have

n∑
i=1

µi = 0 and

n∑
i=1

µ2
i = 2R,

where,

R =
1

2

 4

n

n∑
i=1

d2
i + 2

n∑
i=1,i<j

((di + dj)dij)
2

 .

The Laplacian degree sum distance energy of G can be another as

LEDSD(G) =

n∑
i=1

|µi| =
n∑
i=1

∣∣∣∣∣βi − 2
1

n

n∑
i=1

di

∣∣∣∣∣ .
Proposition 2.2 Let G be a graph of order n ≥ 2, then, 2

√
R ≤ LEDSD(G) ≤

√
2nR, where

R is defined above.

Proof Consider the equation

N =

n∑
i=1

n∑
j=1

(|µi|+ |µj |)2 = 2n

n∑
i=1

|µi|2 − 2

(
n∑
i=1

|µi|

) n∑
j=1

|µj |


= 2n2R− 2(LEDSD(G))2 = 4nR− 2(LEDSD(G))2

from Lemma[2.1].

Note that, N ≥ 0, i.e, 4nR − 2(LEDSD(G))2 ≥ 0 which implies, LEDSD(G) ≤
√

2nR.

Again from Lemma 2.1 we have (
∑n
i=1 µi)

2
= 0, the fact that R≥0 and

n∑
i=1

µ2
i =

(
n∑
i=1

µi

)2

− 2
∑

1≤i<j≤n

µiµj

≤ 2
∑

1≤i<j≤n

|µiµj | ≤
∑

1≤i<j≤n

|µi|.|µj |,

2R ≤ 2
∑

1≤i<j≤n

|µi|.|µj |
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so that

LE2
DSD(G) =

(
n∑
i=1

|µi|

)2

=

n∑
i=1

|µi|2 + 2
∑

1≤i<j≤n

|µi|.|µj |

= 2R+ 2R = 4R.

Then, LEDSD(G) ≥ 2
√
R. �

Lemma 2.3([10]) Let a1, a2, · · · , an be non-negative numbers, then

n

[
1

n

n∑
i=1

ai − (

n∏
i=1

ai)
1
n

]
≤ n

n∑
i=1

ai −

(
n∑
i=1

√
ai

)2

≤ n(n− 1)

[
1

n

n∑
i=1

ai − (

n∏
i=1

ai)
1
n

]
.

Proposition 2.4 Let G be a graph with n vertices and m edges, then√
2R+ n(n− 1)∆

2
n ≤ LEDSD(G) ≤

√
2(n− 1)R+ n∆

2
n ,

where,

∆ =

∣∣∣∣∣det
(
LDSD(G)−

[
2

n

n∑
i=1

di

]
In

)∣∣∣∣∣ .

Proof We assume that ∆ 6= 0, by setting ai = µ2
i where i = 1, 2, · · · , n, and

P = n

 1

n

n∑
i=1

µ2
i −

(
n∏
i=1

µ2
i

) 1
n

 ≥ 0

From Lemma 2.3, we have

P ≤ n
n∑
i=1

µ2
i −

(
n∏
i=1

|µi|2
)
≤ (n− 1)P,

which can be further expressed as P ≤ 2nR− (LE(G))2 ≤ (n− 1)P .

Hence,

P = n

 1

n

n∑
i=1

µ2
i −

(
n∏
i=1

µ2
i

) 1
n

 = n

[
1

n
2P −∆

2
n

]
= 2P − n∆

2
n

By substituting in the above inequality, we obtain desired result. �
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Proposition 2.5 If G is any graph of order n and ∆ as defined above, then√
2R+ n(n− 1)∆

2
n ≤ LEDSD(G) ≤

√
2Rn.

Proof For lower bound consider,

[LEDSD(G)]2 =

n∑
i=1

(|µi|)2 =

n∑
i=1

(µi)
2 + 2

∑
i<j

|µi||µj |

.

Since AM ≥ GM , we have

1

n(n− 1)

∑
i 6=j

|µi||µj | ≥ (
∏
i 6=j

|µi||µj |)
1

n(n−1)

=

n∏
i=1

(|µi|2n−2)
1

n(n−1)

= (

n∏
i=1

|µi|
2
n ) = ∆

2
n .

Therefore, ∏
i 6=j

|µi||µj | ≥ n(n− 1)∆
2
n .

Hence,

[LEDSD(G)]2 ≥ 2R+ n(n− 1)∆
2
n ,

i.e.,

LEDSD(G) ≥
√

2R+ n(n− 1)∆
2
n . (1)

For upper bound we define

X =

n∑
i=1

n∑
j=1

(|µi|+ |µj |)2

=

n∑
i=1

n∑
j=1

(
|µi|2 + |µj |2

)
+ 2

(
n∑
i=1

|µi||µj |

)

= n

n∑
i=1

(µi)
2 + n

n∑
i=1

(µj)
2 − 2

(
n∑
i=1

|µi||µj |

)
= 2nR+ 2nR− 2[LEDSD(G)]2 = 4nR− 2[LEDSD(G)]2

Since X ≥ 0, we get that

LEDSD(G) ≤
√

2Rn. (2)

Combining (1) and (2) we obtain the desired result. �
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§3. LEDSD of Some Graphs

Lemma 3.1 If λ1, λ2, · · · , λn are the eigenvalues of any matrix P of order n, then the eigen-

values of the matrix kIn ± P are k ± λ1, k ± λ2, · · · , k ± λn.

Using Lemma[3.1] one can directly obtain the Laplacian and signless Laplacian degree sum

distance eigenvalues from the degree sum distance eigenvalues for a regular graph G.The degree

sum distance energy is already discussed by the present authors in [1].

In general the Laplacian degree sum distance energy and signless Laplacian degree sum

distance energy are equal for a regular graph G.This is consistent with the equality of Laplacian

and signless Laplacian energy for regular graph G. Hence we discuss graphs which are not

regular.

Lemma 3.2 Let a and b be two arbitrary constants, I is the identity matrix and J is n × n
matrix whose all entries are 1′s. If A = (a− b)I + bJ then the characteristic polynomial of A,

is, |λI −A| = [λ− a+ b]n−1[λ− a− (n− 1)b].

Theorem 3.3 The Laplacian degree sum distance energy of the complete bipartite graph Km,n

is

LEDSD(Km,n) =

∣∣∣∣2n(m+ 3n)(m− 1)

m+ n

∣∣∣∣+

∣∣∣∣2m(n+ 3m)(n− 1)

m+ n

∣∣∣∣
+

∣∣∣∣β1 +
4mn

m+ n

∣∣∣∣+

∣∣∣∣ 4mn

m+ n
− β2

∣∣∣∣ ,
where β1 and β2 are the roots of the equation

β2 + 2(4mn− 3n− 3m)β +mn(14mn− 24m− 24n−m2 − n2 + 36) = 0.

Proof In Km,n, m vertices have degree n and n vertices have degree m.The diameter being

2 the structure of the degree sum distance matrix is

LDSD(Km,n) =

 2nIm − 4mA(Km) −(m+ n)Jm×n

−(m+ n)Jn×m 2mIn − 4nA(Kn)


where J is matrix of all 1’s and A the adjacency matrix.The Laplacian degree sum distance

polynomial is then given by

|βI − LDSD(Km,n)| =

∣∣∣∣∣∣ (β − 2n)Im + 4mA(Km) (m+ n)Jm×n

(m+ n)Jn×m (β − 2m)In + 4nA(Kn)

∣∣∣∣∣∣
Using Lemma 3.2 with

a = β − 2m− (m+ n)2(n− 1)

β − 4m(n− 1)
and b = −4n− (m+ n)2(n− 1)

β − 4m(n− 1)
,
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we get that

|βI − LDSD(Km,n)| = [β − 6n]m−1[β − 6m]n−1[β2 + 2(4mn− 3n− 3m)β

+mn(14mn− 24m− 24n−m2 − n2 + 36)].

Using double average degree as, doubleavd(Km,n) =
4mn

m+ n
, we get desired result. �

Corollary 3.4 If m = 1, we get star graph K1,n whose Laplacian degree sum distance energy

is,

LEDSD(K1,n) =
(2n+ 6)(n− 1)

n+ 1
+ | 4n

n+ 1
− β1|+ |

4n

n+ 1
− β2|,

where β1 and β2 are roots of the equation,

[β2 + 2(n− 3)β − n(n2 − 6n+ 5)] = 0.

LetKn+e andKn−e denote the graph obtained by adding or deleting an edge e respectively

to complete graph Kn, both are of diameter 2.

Theorem 3.5 The LEDSD of Kn + e is

LEDSD(Kn + e) =

∣∣∣∣2(n2 − n− 2)

n+ 1
− (2(n− 1)− (2n− 2))(2n− 2)

∣∣∣∣+

∣∣∣∣2(n2 − n− 2)

n+ 1
+ β1

∣∣∣∣
+

∣∣∣∣2(n2 − n− 2)

n+ 1
− β2

∣∣∣∣+

∣∣∣∣2(n2 − n− 2)

n+ 1
− β3

∣∣∣∣ ,
where β1,β2 and β3 are roots of the equation,

β3 − ((2n+ 2)− 2(n− 1)(n− 3))β2 − (4(n2 − 1)(n− 3) + 4n2(n− 1) + (2n− 1)2(n− 1)

+(n− 1)2)β + 8n3(n− 1) + 2(2n− 1)2(n− 1) + 4n(n2 − 1)(2n− 1)− 2(n− 1)3(n− 3) = 0.

Proof In Kn + e one vertex has degree n, one vertex has degree 1 remaining having degree

n− 1, then we have

LDSD(Kn + e) =



2n −(n+ 1) −(2n− 1) . . . −(2n− 1) . . . −(2n− 1)

−(n+ 1) 2 −2n . . . −2n . . . −2n

−(2n− 1) −2n 2(n− 1)
. . . −(2n− 2) . . . −(2n− 2)

−(2n− 1) −2n −(2n− 2) . . . 2(n− 1) . . . −(2n− 2)
...

...
...

...
...

. . .
...

−(2n− 1) −2n −(2n− 2) . . . −(2n− 2) . . . 2(n− 1)


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The Laplacian degree sum distance polynomial is

|βI−LDSD(Kn+e)| =



β − 2n (n+ 1) (2n− 1) . . . (2n− 1) . . . (2n− 1)

(n+ 1) β − 2 2n . . . 2n . . . 2n

(2n− 1) 2(n− 1) β − 2(n− 1)
. . . (2n− 2) . . . (2n− 2)

(2n− 1) 2n (2n− 2) . . . β − 2(n− 1) . . . (2n− 2)

...
...

...
...

...
. . .

...

(2n− 1) 2(n− 1) (2n− 2) . . . (2n− 2) . . . β − 2(n− 1)


Hence,

|βI − LDSD(Kn + e)| = [β − 2(n− 1)− (2n− 2)]
n−2 [

β3 − ((2n+ 2)− 2(n− 1)(n− 3))β2

−(4(n2 − 1)(n− 3) + 4n2(n− 1) + (2n− 1)2(n− 1) + (n− 1)2)β

+8n3(n− 1) + 2(2n− 1)2(n− 1) + 4n(n2 − 1)(2n− 1)

−2(n− 1)3(n− 3)
]
.

Using double average degree as

doubleavd(Kn + e) =
2(n2 − n− 2)

n+ 1
,

we get the desired result. �

Theorem 3.6 The LEDSD of Kn − e is

LEDSD(Kn − e) =

∣∣∣∣2(n− 2)(n+ 1)

n
− 4(n− 1)

∣∣∣∣ (n− 3) +

∣∣∣∣2(n− 2)(n+ 1)

n
− 6(n− 2)

∣∣∣∣
+

∣∣∣∣2(n− 2)(n+ 1)

n
− β1

∣∣∣∣+

∣∣∣∣2(n− 2)(n+ 1)

n
+ β2

∣∣∣∣ ,
where β1 and β2 are roots of the equation

[β2 + (2n2 − 8n+ 4)β − 2(2n3 − 6n2 + 5n− 2)] = 0.

Proof In Kn − e two vertices are of degree n − 2 and remaining are of degree n − 1.

Proceeding in a way similar to Theorem 3.5, whose Laplacian degree sum distance polynomial

of Kn − e is

|βI −LDSD(Kn− e)| = [β− 2(2n− 2)]n−3[β− 6(n− 2)][β2 + (2n2− 8n+ 4)β− 2(2n3− 6n2 + 5n− 2)].

Using double average degree as

doubleavd(Kn − e) =
2(n− 2)(n+ 1)

n
,

we get the desired result. �
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Let Kn be a complete graph of order n then the vertex coalescence of Kn with Kn will be

denoted by KnOvKn and the edge coalescence by KnOeKn. KnOvKn has 2n− 1 vertices and

2× (nC2) edges whereas KnOeKn has 2n− 2 vertices and 2× (nC2 − 1) edges.

Theorem 3.7 The LEDSD of KnOvKn is

LEDSD(KnOvKn) =

∣∣∣∣4n(n− 1)

2n− 1
− 2(n− 1)(n+ 1)

∣∣∣∣+

∣∣∣∣4n(n− 1)

2n− 1
− 4(n− 1)

∣∣∣∣ (2n− 4)

+

∣∣∣∣4n(n− 1)

2n− 1
− β1

∣∣∣∣+

∣∣∣∣β2 −
4n(n− 1)

2n− 1

∣∣∣∣ ,
where β1 and β2 are the roots of the equation,

β2 + (6n2 − 20n+ 14)β − 2(n− 1)(21n2 − 50n+ 29) = 0.

Proof The graph KnOvKn is of diameter 2 has two sets of vertices one at a distance 2

from each other and other at 1.There is one vertex of degree (2n − 2) and remaining (2n − 2)

of degree (n− 1). With suitable labeling the LDSD of KnOvKn takes the form

LDSD(KnOvKn) =

2(2n− 2) −(3n− 3) −(3n− 3) . . . −(3n− 3) −(3n− 3) −(3n− 3) . . . −(3n− 3)

−(3n− 3) 2(n− 1) −2(n− 1) . . . −2(n− 1) −4(n− 1) −4(n− 1) . . . −4(n− 1)

−(3n− 3) −2(n− 1) 2(n− 1) . . . −2(n− 1) −4(n− 1) −4(n− 1) . . . −4(n− 1)

.

.

.
.
.
.

.

.

.
. . .

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.

−(3n− 3) −2(n− 1) −2(n− 1) . . . 2(n− 1) −4(n− 1) −4(n− 1) . . . −4(n− 1)

−(3n− 3) −4(n− 1) −4(n− 1) . . . −4(n− 1) 2(n− 1) −2(n− 1) . . . −2(n− 1)

−(3n− 3) −4(n− 1) −4(n− 1) . . . −4(n− 1) −2(n− 1) 2(n− 1) . . . −2(n− 1)

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
. . .

.

.

.

−(3n− 3) −4(n− 1) −4(n− 1) . . . −4(n− 1) −2(n− 1) −2(n− 1) . . . 2(n− 1)


So that the Laplacian degree sum distance polynomial is

|βI − LDSD(KnOvKn)| =

β − 2(2n − 2) (3n − 3) (3n − 3) . . . (3n − 3) (3n − 3) (3n − 3) . . . (3n − 3)

(3n − 3) β − 2(n − 1) 2(n − 1) . . . 2(n − 1) 4(n − 1) 4(n − 1) . . . 4(n − 1)

(3n − 3) 2(n − 1) β − 2(n − 1) . . . 2(n − 1) 4(n − 1) 4(n − 1) . . . 4(n − 1)

.

.

.

.

.

.

.

.

.

.
.
.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

(3n − 3) 2(n − 1) 2(n − 1) . . . β − 2(n − 1) 4(n − 1) 4(n − 1) . . . 4(n − 1)

(3n − 3) 4(n − 1) 4(n − 1) . . . 4(n − 1) β − 2(n − 1) 2(n − 1) . . . 2(n − 1)

(3n − 3) 4(n − 1) 4(n − 1) . . . 4(n − 1) 2(n − 1) β − 2(n − 1) . . . 2(n − 1)

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.
.
.

.

.

.

(3n − 3) 4(n − 1) 4(n − 1) . . . 4(n − 1) 2(n − 1) 2(n − 1) . . . β − 2(n − 1)



|βI − LDSD(KnOvKn)| = [β − 2(n− 1)(n+ 1)][β − 4(n− 1)]2n−4

×[β2 + (6n2 − 20n+ 14)β − 2(n− 1)(21n2 − 50n+ 29)].
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Using double average degree as

doubleavd(KnOvKn) =
4n(n− 1)

2n− 1
,

we get the desired result. �

On similar lines we get the Laplacian degree sum distance energy of KnOeKn.

Theorem 3.8 The LEDSD of KnOeKn is,

LEDSD(KnOeKn) =

∣∣∣∣2(n2 − n− 1

n− 1

)
− 4(n− 1)

∣∣∣∣ (2n− 4)

+

∣∣∣∣2(n2 − n− 1

n− 1

)
− 4(2n− 3)

∣∣∣∣
+

∣∣∣∣2(n2 − n− 1

n− 1

)
− β1

∣∣∣∣+

∣∣∣∣2(n2 − n− 1

n− 1

)
− β2

∣∣∣∣ ,
where β1 and β2 are roots of the equation, β2 + 2(n− 1)(3n− 8)β − 4(3n− 4)2(n− 2) = 0.

Proof The graph KnOeKn has two sets of vertices one at a distance 2 from each other

and another at distance 1, being of diameter 2. There are two vertices of degree (2n− 3) and

remaining (2n − 4) of degree (n − 1). With suitable labeling the LDSD of KnOeKn takes the

form

LDSD(KnOeKn) =

2(2n− 3) −2(2n− 3) −(3n− 4) . . . −(3n− 4) −(3n− 4) −(3n− 4) . . . −(3n− 4)

−2(2n− 3) 2(2n− 3) −(3n− 4) . . . −(3n− 4) −(3n− 4) −(3n− 4) . . . −(3n− 4)

−(3n− 4) −(3n− 4) 2(n− 1) . . . −2(n− 1) −4(n− 1) −4(n− 1) . . . −4(n− 1)

.

.

.
.
.
.

.

.

.
. . .

.

.

.
.
.
.

.

.

.
.
.
.

−(3n− 4) −(3n− 4) −2(n− 1) . . . 2(n− 1) −4(n− 1) −4(n− 1) . . . −4(n− 1)

−(3n− 4) −(3n− 4) −4(n− 1) . . . −4(n− 1) 2(n− 1) −4(n− 1) . . . −4(n− 1)

−(3n− 4) −(3n− 4) −4(n− 1) . . . −4(n− 1) −2(n− 1) 2(n− 1) . . . −2(n− 1)

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

. . .
.
.
.

−(3n− 4) −(3n− 4) −4(n− 1) . . . −4(n− 1) −2(n− 1) −2(n− 1) . . . 2(n− 1)


So that the Laplacian degree sum distance polynomial is

|β−LDSD(KnOeKn)| = [β−4(n−1)]2n−6[β−4(2n−3)][β2+2(n−1)(3n−8)β−4(3n−4)2(n−2)]

Using double average degree as

doubleavd(KnOeKn) = 2

(
n2 − n− 1

n− 1

)
,

we get the desired result. �
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§4. QEDSD of Some Graphs

We now state without proof results on QEDSD which follow on similar lines like LEDSD proved

in previous section.

Theorem 4.1 The signless Laplacian degree sum distance energy of the complete bipartite

graph Km,n is

QEDSD(Km,n) =

∣∣∣∣2n(m− n)(m− 1)

m+ n

∣∣∣∣+

∣∣∣∣2m(m− n)(n− 1)

m+ n

∣∣∣∣
+

∣∣∣∣ 4mn

m+ n
− γ1

∣∣∣∣+

∣∣∣∣ 4mn

m+ n
− γ2

∣∣∣∣ ,
where γ1 and γ2 are the roots of the equation

γ2 + 2(n+m− 4mn)γ +mn(14mn−m2 − n2 − 8m− 8n+ 4) = 0.

Corollary 4.2 If m = 1 we get star graph K1,n whose signless Laplacian degree sum distance

energy is

QEDSD(K1,n) =

∣∣∣∣ 4n

n+ 1
− 2

∣∣∣∣ (n− 1) +

∣∣∣∣γ1 −
4n

n+ 1

∣∣∣∣+

∣∣∣∣γ2 −
4n

n+ 1

∣∣∣∣ ,
where γ1 and γ1 are roots of the equation, γ2 − 2(3n− 1)γ − n(n2 − 6n+ 5) = 0.

Theorem 4.3 The QEDSD of Kn − e is

QEDSD(Kn − e) =

∣∣∣∣2(n− 2)(n+ 1)

n

∣∣∣∣ (n− 3) +

∣∣∣∣2(n− 2)(n+ 1)

n
+ 2(n− 1)

∣∣∣∣
+

∣∣∣∣2(n− 2)(n+ 1)

n
− γ1

∣∣∣∣+

∣∣∣∣2(n− 2)(n+ 1)

n
− γ2

∣∣∣∣ ,
where γ1 and γ2 are roots of the equation,γ2 + (2n2 − 8)γ + (4n3 − 20n2 + 30n− 12) = 0.

Theorem 4.4 The QEDSD of Kn + e is

QEDSD(Kn + e) =

∣∣∣∣2(n2 − n+ 2)

n+ 1
+ 2(n− 1)− (2n− 2)

∣∣∣∣ (n− 2)

+

∣∣∣∣2(n2 − n+ 2)

n+ 1
+ 2(n− 1) + (2n− 2)(n− 2)

∣∣∣∣
+

∣∣∣∣2(n2 − n+ 2)

n+ 1
− γ1

∣∣∣∣+

∣∣∣∣2(n2 − n+ 2)

n+ 1
− γ2

∣∣∣∣+

∣∣∣∣2(n2 − n+ 2)

n+ 1
− γ3

∣∣∣∣ ,
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where γ1, γ2 and γ3 are roots of the equation

γ3 − 2(2n+ (n− 1)(n− 2))γ2 + (4(n2 − 1)(n− 1)− 4n2(n− 1)

−(2n− 1)2(n− 1)− (n+ 1)2 + 4n)γ + 2((2n− 1)2(n− 1) + 4n3(n− 1)

+(n− 1)4 − 2n(n2 − 1)(2n− 1)) = 0.

Theorem 4.5 The QEDSD of KnOvKn is

QEDSD(KnOvKn) =

∣∣∣∣4n(n− 1)

2n− 1

∣∣∣∣ (2n− 4) +

∣∣∣∣2(n− 1)2 − 4n(n− 1)

2n− 1

∣∣∣∣
+

∣∣∣∣4n(n− 1)

2n− 1
− γ1

∣∣∣∣+

∣∣∣∣4n(n− 1)

2n− 1
− γ2

∣∣∣∣ ,
where γ1 and γ2 are roots of the equation γ2 − 2(n− 1)(3n− 1)γ + 6(n− 1)3 = 0.

Theorem 4.6 The QEDSD of KnOeKn is

QEDSD(KnOeKn) =

∣∣∣∣2(n2 − n− 1

n− 1

)∣∣∣∣ (2n− 5) +

∣∣∣∣2(n2 − n− 1

n− 1

)
− (2n− 4)(n− 1)

∣∣∣∣
+

∣∣∣∣γ1 − 2

(
n2 − n− 1

n− 1

)∣∣∣∣+

∣∣∣∣γ2 − 2

(
n2 − n− 1

n− 1

)∣∣∣∣ ,
where γ1 and γ2 are the roots of equation γ2 − 2n(3n− 5)γ + 4(n− 2)(3n2 − 6n+ 2) = 0.

§5. Conclusion

We defined the LDSD and QDSD of a graph, obtained expressions for energy of some graphs.
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§1. Introduction

Fixed point theory is an important part of mathematics. Moreover, it’s well known that the

contraction mapping principle, which is introduced by S. Banach in 1922. During the last few

decades, this theorem has undergone various generalizations either by relaxing the condition on

contractivity or withdrawing the requirement of completeness or sometimes even both.Gahler

[4] first introduce the concept of 2-metric space. Then many authors like Iseki [6], Rhodes

[11], Simoniya [13], etc. investigating the existence of fixed point and common fixed point for

various contractive mappings. Naidu and Prasad [10] prove that every convergent sequences in

a 2-metric space need not be a Cauchy sequence. Recently, M. Akram [2] defined A-contraction

on a metric space and proved some common fixed points theorems. G. Akinbo [1] generalize

the result using the concept of weakly compatible mapping. V.Gupta et al. [5] , M.Saha et

al. [12] also proved fixed point theorems on A-contraction in the 2-metric space. In this paper

we prove some common fixed point theorem for five self mappings by using A-contraction and

weak compatibility.

§2. Definitions and Preliminaries

Definition 2.1([4]) Gahler introduce 2-metric space as:

Let X be a non-empty set and let d : X ×X ×X → [0,∞) be such that

1Received October 21, 2019, Accepted March 10, 2020.
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(1) To each pair of point x, y ∈ Xwith x 6= y there exists a point z ∈ X such that d(x, y, z) 6=
0;

(2) d(x, y, z) = 0when at least two of the three points are equal;

(3) For any x, y, z ∈ X , d(x, y, z) = d(x, z, y) = d(y, z, x);

(4) For any x, y, z, w in X ,d(x, y, z) ≤ d(x, y, w) + d(x,w, z) + d(w, y, z).

Then d is called a 2-metric and (X, d) is called a 2-metric space.

Let X denote a complete 2-metric space unless or otherwise stated instead of (X, d).

Definition 2.2 A sequence {xn} in X is called a Cauchy sequence when d(xn, xm, a) → 0 as

n,m→ 0.

Definition 2.3 A sequence {xn} in X is said to be converge to an element x in X when

d(xn, x, a)→ 0 as n→∞.

Definition 2.4 A 2-metric space (X, d) is said to be complete if every Cauchy sequence in X

converges to a point of X.

Definition 2.5 Two self maps A and B of a 2-metric space (X, d) are said to be compatible

if lim
n→∞

d(ABxn, BAxn, a) = 0 for all a ∈ X , where {xn} is a sequence inX such that if

lim
n→∞

Axn = lim
n→∞

Bxn = x for some x in X.

Definition 2.6 Let A and B be mappings from a metric space (X, d) into it-self. A and B are

said to be weakly compatible if they commute at their coincidence point i.e, Ax = Bx for some

x in X implies ABx = BAx.

Definition 2.7 On the other hand Akram [2] defined A-contraction as follows:

Let a non-empty set A consisting of all functions α : R3
+ → R+ satisfying

(1) A is continuous on the set R3
+ of all triplet of non negative real’s (with respect to the

Euclidean metric on R3);

(2) a ≤ kb for some k ∈ [0, 1) whenever a ≤ α(a, b, b)or a ≤ α(b, a, b) or a ≤ α(b, b, a) for

all a, b ∈ R+.

Definition 2.8 A self map T on a 2-metric space X is said to be A-contractions if for each

u ∈ X,

d(Tx, Ty, u) ≤ α{d(x, y, u), d(x, Tx, u), d(y, Ty, u)}

holds for all x, y ∈ X and α ∈ A.

§3. Main Results

Theorem 3.1 Let F,G, S, T and h be five continuous self mappings of a complete 2-metric

space (X, d), such that T (X) ⊂ G(X) and S(X) ⊂ F (X). Assume h is an injective mapping.
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If S(X) or T (X) is a complete subspace of X and satisfy

d(hSx, hTy, u) ≤ α{d(hGx, hFy, u), d(hGx, hSx, u), d(hFy, hTy, u)} (3.1)

where α ∈ A and for all x, y, u ∈ X. Suppose further that (T, F ) and (S,G) are weakly compatible

subspace of X, then (S,G, h) and (T, F, h) have a coincidence point in X. Also, F,G, S, T and

h have a uniquely common fixed point in X.

Proof Here, F,G, S, T and h be self maps of 2-metric space . Let x0 be any point in

X and as S(X) ⊂ FX), T (X) ⊂ G(X) then there exists x1, x2 in X such that Sx0 = Fx1 ,

Tx1 = Gx2, Sx2 = Fx3 · · · . Inductively, we can construct sequences {xn} and{yn} in X such

that

yn = hSxn = hFxn+1 when n is even,

yn = hTxn = hGxn+2, when n is odd.

Now, we will prove that {yn} is a Cauchy sequence. Assuming n ∈ N is even, then

d(yn, yn+1, u) = d(hSxn, hTxn+1, u)

≤ α{d(hGxn, hFxn+1, u), d(hGxn, hSxn, u), d(hFxn+1, hTxn+1, u)} (by (3.1))

= α{d(yn−1, yn, u), d(yn−1, yn, u), d(yn, yn+1, u)} ≤ kd(yn−1, yn, u), (3.2)

where k ∈ [0, 1) as α ∈ A.

When, n ∈ N is odd, then

d(yn, yn+1, u) = d(hTxn, hSxn+1,u) = d(hSxn+1, hTxn, u))

≤ α{d(hGxn+1, hFxn, u), d(hGxn+1, hSxn+1, u), d(hFxn, hTxn, u)} (by (3.1))

= α{d(yn, yn−1, u), d(yn, yn+1, u), d(yn−1, yn, u)} ≤ kd(yn−1, yn, u), (3.3)

where k ∈ [0, 1) (as ∈ A).

Thus, whether n is even or odd, we have

d(yn, yn+1, u) ≤ kd(yn−1, yn, u)

for some k ∈ [0, 1).

Inductively,

d(yn, yn+1, u) ≤ kd(yn−1, yn, u) ≤ k2d(yn−2, yn−1, u)

≤ · · · ≤ knd(y0, y1, u)) (3.4)

for some k ∈ [0, 1).
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Now,

d(yn, yn+2, u) ≤ d(yn, yn+2, yn+1) + d(yn, yn+1, u) + d(yn+1, yn+2, u)

= d(yn, yn+2, yn+1) +

1∑
r=0

d(yn+r, yn+r+1, u). (3.5)

When n is even,

d(yn, yn+2, yn+1) = d(yn+1, yn+2, yn) = d(hTxn+1, hSxn+2,yn)

= d(hSxn+2,hTxn+1,yn)

≤ α{d(hGxn+2, hFxn+1, yn), d(hGxn+2, hSxn+2, yn), d(hFxn+1, hTxn+1, yn)}

(by (3.1))

= α{d(yn+1, yn, yn), d(yn+1, yn+2, yn), d(yn, yn+1, yn)}

= α{0, d(yn+1, yn+2, yn), 0} ≤ k · 0 = 0.

Similarly, when n is odd we can find d(yn, yn+2, yn+1) = 0.

So, from (3.5) we get

d(yn, yn+2, u) ≤
1∑
r=0

d(yn+r, yn+r+1, u).

Similarly proceeding as above we will get

d(yn, yn+p, u) ≤
p−1∑
r=0

d(yn+r, yn+r+1, u)

= (kn + kn+1 + · · ·+ kn+p−1)d(yn+r, yn+r+1, u)

= kn(1− kp)/(1− k)d(yn+r, yn+r+1, u)

≤ kn/(1− k)d(yn+r, yn+r+1, u).

Taking lim
n→∞

on the above inequality we get, limn→∞ d(yn, yn+p, u) ≤ 0 as k ∈ [0, 1), Which

shows that {yn} is a Cauchy sequence in X.

Since, T (X) is complete then {yn} converges to a point z in T (X), and since, T (X) ⊂ G(X),

then there exists a point q in X such that Gq = z. and as h is injective so

hGq = hz. (3.6)

Now, let hSq 6= hz and

lim
n→∞

yn = z (as yn converges to z). (3.7)

Now,

d(hSq, hz, u) ≤ d(hSq, hz, hTym) + d(hSq, hTym, u) + d(hTym, hz, u). (3.8)
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Now,

d(hSq, hTym, u) ≤ α{d(hGq, hFym, u), d(hGq, hSq, u), d(hFym, hTym, u)} (by (3.1))

= α{d(hz, hz, u), d(hz, hSq, u), d(hz, hz, u)}

= α{0, d(hz, hSq, u), 0} ≤ k · 0 = 0.

Using the above value and taking lim
n→∞

we get from (3.8)

d(hSq, hz, u) ≤ d(hSq, hz, hz) + 0 + d(hz, hz, u) = 0 + 0 + 0 = 0.

So,

hSq = hz. (3.9)

Now, from (3.6) and (3.8) we get that

hGq = hz = hSq. (3.10)

Since S(X) ⊂ F (X), we know that there exists a point v ∈ X such that Fv = z or

hFv = hz, i.e.,

hFv = hSq = hz = hGq. (3.11)

Now,

d(hz, hTv, u) = d(hSq, hTv, u)

≤ α{d(hGq, hFv, u), d(hGq, hSq, u), d(hFv, hTv, u)} (by (3.1))

= α{d(hz, hz, u), d(hz, hz, u), d(hz, hTv, u)}

= α{0, 0, d(hz, hTv, u)} ≤ k · 0 = 0.

So, hTv = hz as u is a arbitrary point in X. Thus,

hFv = hTv = hz = hGq = hSq. (3.12)

As, (F, T ) and (S,G) are weakly compatible pair, then F, T are commute at v and S,G

are commute at q. So that,

hFz = F (hz) = F (hTv) = T (hFv) = T (hz) = hTz

and

hSz = S(hz) = S(hGq) = G(hSq) = G(hz) = hGz( by (3.12)). (3.13)

Now,

d(hSz, hz, u) = d(hSz, hTv, u) ≤ α{d(hGz, hFv, u), d(hGz, hSz, u), d(hFv, hTv, u)} (by (3.1))

= α{d(hsz, hz, u), d(hSz, hSz, u), d(hz, hz, u)} (by (3.12) & (3.13))

= α{d(hsz, hz, u), 0, 0} ≤ k · 0 = 0.
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So, hSz = hz, i.e., Shz = hz..

Thus,

hz is a fixed point of S. (3.14)

From (3.13) we get, hSz = hz = hGz = Ghz, i.e.,

hz is a fixed point of G. (3.15)

Now,

d(hz, hTz, u) = d(hSz, hTz, u)

≤ α{d(hGz, hFz, u), d(hGz, hSz, u), d(hFz, hTz, u)} (by(3.1))

= α{d(hz, hTz, u), d(hz, hz, u), d(hTz, hTv, u)}

= α{d(hz, hTz, u), 0, 0} ≤ k · · · 0 = 0.

So, hTz = hz and Thz = hz = hFz = Fhz (by (3.13)). Thus,

hz is a fixed point of T and F. (3.16)

As h is an injective function so, hz = z i.e.,

z is a fixed point of h. (3.17)

From (3.14), (3.15), (3.16) and (3.17), we get that z is a fixed point of S,G, T, F and h.

To prove the uniqueness, let r be another fixed point of S,G, T, F and h such that r 6= z.

Then,

d(z, r, u) = d(hSz, hTr, u) ≤ α{d(hGz, hFr, u), d(hGz, hSz, u), d(hFr, hTr, u)}

= α{(z, r, u), (z, z, u), (r, r, u)} = α{(z, r, u), 0, 0} ≤ k · 0 = 0.

So z = r, i.e.,z is a unique common fixed point of S,G, T, F and h. �

Theorem 3.2([1],[5]) Let F,G, S and T be continuous self mappings of a complete 2-metric

space (X, d), such that T (X) ⊂ G(X) and S(X) ⊂ F (X). If S(X) or T (X) is a complete

subspace of X and satisfy

d(Sx, Ty, u) ≤ α{d(Gx,Fy, u), d(Gx, Sx, u), d(Fy, Ty, u)}, (3.18)

whereα ∈ A and for all x, y, u ∈ X. Suppose further that (T, F ) and (S,G) are weakly compatible

subspace of X, then (S,G) and (T, F ) have a coincidence point in X. Also, F,G, S and T have

a common unique fixed point in X.

Proof If we put h = I, the identity mapping in our main results, then the theorem

immediately follows. �
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Theorem 3.3 LetF,G, S, T and h be five continuous self mappings of a complete 2-metric

space (X, d) and let{Sn}∞n=1 and {Tn}∞n=1 be sequence on S and T such that Tn(X) ⊂ G(X)

and Sn(X) ⊂ F (X). Assume h is an injective mapping. If S(X) or T (X) is a complete subspace

of X and satisfy

d(hSix, hTjy, u) ≤ α{d(hGx, hFy, u), d(hGx, hSix, u), d(hFy, hTjy, u)}, (3.19)

where α ∈ A and for all x, y, u ∈ X. Suppose further that (Tn, F ) and (Sn, G) are weakly

compatible subspace of X, then (Sn, G, h) and (Tn, F, h) have a coincidence point in X. Also,

F,G, Sn, Tn and h have a common unique fixed point in X.

Proof For any arbitrary x0 ∈ X and n = 0, 1, 2, 3 · · · following a similar argument as in

Theorem 3.1 we can define a sequence {y′n} in X such that

y′n = hSnxn = hFxn+1

when n is even and

y′n = hTnxn = hGxn+2,

when n is odd.

Now, for each i = 1, 3, 5, · · · and j = 2, 4, 6, · · · , we get from (3.19)

d(y′i, y
′
i+1, u) ≤ kd(y′i−1, y

′
i, u)

and

d(y′j , y
′
j+1, u) ≤ kd(y

′

j−1, y
′

j , u),

i.e.,

d(y′n, y
′
n+1, u) ≤ kd(y′n−1, y

′
n, u), n = 1, 2, · · ·

By induction ( as in the proof of Theorem 3.1) we have

d(y′n, y
′
n+1, u) ≤ knd(y′0, y

′
1, u)

for some k ∈ [0, 1). Consequently sequence {y′n} is Cauchy in X. The rest of the proof is similar

to the corresponding part of the proof of Theorem 3.1. �

Conclusion Our main result is a generalization and improve result of the existing results in

this literature. We generalize the results of G. Akinbo [1], M.Saha and D. Dey [2], and many

others.
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§1. Introduction

The notion of quasi Einstein manifold was introduced in a paper [8] by M.C.Chaki and R.K.Maity.

According to them a non-flat Riemannian manifold (Mn, g),(n ≥ 3) is defined to be a quasi

Einstein manifold if its Ricci tensor S of type (0,2)satisfies the condition

S(X,Y ) = ag(X,Y ) + bA(X)A(Y ) (1.1)

and is not identically zero,where a, b are scalars, b 6= 0 and A is a non-zero 1-form such that

g(X,U) = A(X), ∀X ∈ TM, (1.2)

U being a unit vector field. In such a case a, b are called the associated scalars. A is called

the associated 1-form and U is called the generator of the manifold. Such an n-dimensional

manifold is denoted by the symbol(QE)n.

Again, in [15], U.C.De and G.C.Ghosh defined generalized quasi Einstein manifold. A

non-flat Riemannian manifold is called a generalized quasi Einstein manifold if its Ricci-tensor

S of type (0,2) is non-zero and satisfies the condition

S(X,Y ) = ag(X,Y ) + bA(X)A(Y ) + cB(X)B(Y ) (1.3)

1Dr. N.Basu is supported by the project of The Bhawanipur Edu. Soc. College, Kolkata.
2Received October 11, 2019, Accepted March 12, 2020.
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where a, b, c are non-zero scalars and A,B are two 1-forms such that

g(X,U) = A(X) and g(X,V ) = B(X), (1.4)

where, U, V being unit vectors which are orthogonal, i.e,

g(U, V ) = 0. (1.5)

This type of manifold are denoted by G(QE)n.

Chaki introduced super quasi Einstein manifold [10], denoted by S(QE)n, where the Ricci

tensor S of type (0,2) which is not identically zero satisfies the condition

S(X,Y ) = ag(X,Y ) + bA(X)A(Y ) + c[A(X)B(Y ) +A(Y )B(X)] + dD(X,Y ) (1.6)

where a, b, c, d are non-zero scalars of which, A,B are two non zero 1-forms defined as (1.4)

and U, V being mutually orthogonal unit vector fields, D is a symmetric (0,2) tensor with zero

trace which satisfies the condition

D(X,U) = 0 ∀ X ∈ TM. (1.7)

In such case a, b, c, d are called the associated scalars, A,B are called the associated main

and auxiliary 1-forms, D is called the associated tensor of the manifold. Such an n-dimensional

manifold shall be denoted by the symbol S(QE)n.

In the recent papers [2],[4], A.Bhattacharyya and T.De introduced the notion of mixed

generalized quasi Einstein manifold. A non-flat Riemannian manifold is called a mixed gener-

alized quasi-Einstein manifold if its Ricci tensor S of type (0,2) is non-zero and satisfies the

condition

S(X,Y ) = ag(X,Y ) + bA(X)A(Y ) + cB(X)B(Y ) + d[A(X)B(Y ) +B(X)A(Y )] (1.8)

where a, b, c, d are non-zero scalars,

g(X,U) = A(X) and g(X,V ) = B(X) (1.9)

g(U, V ) = 0 (1.10)

where, A,B are two non-zero 1-forms, U and V are unit vector fields corresponding to the

1-forms A and B respectively. If d = 0, then the manifold reduces to a G(QE)n. This type of

manifold is denoted by MG(QE)n.

We introduced mixed super quasi Einstein manifolds [5],[11],[18]. A non-flat Riemannian

manifold (Mn, g),(n≥3) is called mixed super quasi Einstein manifold if its Ricci tensor S of

type (0,2) is not identically zero and satisfies the condition

S(X,Y ) = ag(X,Y ) + bA(X)A(Y ) + cB(X)B(Y )

+d[A(X)B(Y ) +B(X)A(Y )] + eD(X,Y ) (1.11)
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where a, b, c, d, e are non-zero scalars, A,B are two non zero 1-forms such that

g(X,U) = A(X) and g(X,V ) = B(X) ∀X ∈ TM, (1.12)

and U, V being mutually orthogonal unit vector fields, D is a symmetric (0,2) tensor with zero

trace which satisfies the condition

D(X,U) = 0. ∀ X. (1.13)

In such case a, b, c, d, e are called the associated scalars, A,B are called the associated main

and auxiliary 1-forms, D is called the associated tensor of the manifold.Such an n-dimensional

manifold shall be denoted by the symbol MS(QE)n.

§2. Preliminaries

We know in a n-dimensional (n > 2) Riemannian manifold the covariant quasi conformal

curvature tensor is defined as ([3],[7],[17])

C̃(X,Y, Z,W ) = áŔ(X,Y, Z,W ) + b́[S(Y,Z)g(X,W )− S(X,Z)g(Y,W )

+g(Y, Z)g(QX,W )− g(X,W )g(QY,W )]− r

n
[
á

n− 1

+2b́][g(Y,Z)g(X,W )− g(X,Z)g(Y,W )] (2.1)

where

g(C(X,Y )Z,W ) = C̃(X,Y, Z,W ). (2.2)

The projective curvature tensor is denoted by P̃ (X,Y, Z,W ) and in a Vn(n > 2) it is

defined as

P̃ (X,Y, Z,W ) = Ŕ(X,Y, Z,W )− 1

n− 1
[S(Y,Z)g(X,W )− S(Y,W )g(X,W )]. (2.3)

§3. Ricci-Pseudo Symmetric Mixed Super Quasi Einstein Manifold

An n-dimensional semi-Riemannian manifold (Mn, g) is called Ricci -pseudo symmetric [12] if

the tensor R.S and Q(g, S) are linearly dependent, where

(R(X,Y ).S)(Z,W ) = −S(R(X,Y )Z,W )− S(Z,R(X,Y )W ), (3.1)

Q(g, S)(Z,W ;X,Y ) = −S((X ∧ Y )Z,W )− S(Z, (X ∧ Y )W ) (3.2)

and

(X ∧ Y )Z = g(Y, Z)X − g(X,Z)Y (3.3)

for vector fields X,Y, Z,W on Mn, R denotes the curvature tensor of Mn [19].
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The condition of Ricci-pseudo symmetricity is equivalent to the relation

(R(X,Y ).S)(Z,W ) = LsQ(g, S)(Z,W ;X,Y ), (3.4)

which holds on the set

Us = {x ∈M : S 6= r

n
g at x},

where Ls is some function on Us [19]. If R.S = 0 then the manifold is called Ricci-semi

symmetric. Every Ricci-semi symmetric manifold is Ricci-pseudo symmetric but the converse

is not true [1],[6],[9],[12],[13],[19].

Theorem 3.1 In a Ricci-pseudo symmetric mixed super quasi Einstein manifold the following

relation holds

R(X,Y, U, V ) = Ls[A(Y )B(X)−A(X)B(Y )].

Proof Let the manifold be Ricci-pseudo symmetric. Then from (3.1) and (3.4) we get

LsQ(g, S)(Z,W ;X,Y ) = −S(R(X,Y )Z,W )− S(Z,R(X,Y )W ). (3.5)

Using (3.2) in (3.5), we get

S(R(X,Y )Z,W ) + S(Z,R(X,Y )W ) = Ls[g(Y, Z)S(X,W )− g(X,Z)S(Y,W )

+g(Y,W )S(X,Z)− g(X,W )S(Y,Z)].

Since the manifold is a mixed super quasi Einstein manifold, Using the well - known

properties of curvature tensor R we obtain

b[A(R(X,Y )Z)A(W ) +A(R(X,Y )W )A(Z)] + c[B(R(X,Y )Z)B(W ) +B(R(X,Y )W )B(Z)]

+d[A(R(X,Y )Z)B(W ) +B(R(X,Y )Z)A(W ) +A(R(X,Y )W )B(Z) +B(R(X,Y )W )A(Z)]

+e[D(R(X,Y )Z,W ) +D(R(X,Y )W,Z)]

= Ls{b[g(Y,Z)A(X)A(W )− g(X,Z)a(Y )A(W ) + g(Y,W )A(X)A(Z)− g(X,W )A(Y )A(Z)]

+c[g(Y,Z)B(X)B(W )− g(X,Z)B(Y )B(W ) + g(Y,W )B(X)B(Z)− g(X,W )B(Y )B(Z)]

+d[g(Y,Z)A(X)B(W ) + g(Y,Z)B(X)A(W )− g(X,Z)A(Y )B(W )− g(X,Z)B(Y )A(W )

+g(Y,W )A(X)B(Z) + g(Y,W )A(Z)B(X)− g(X,W )A(Y )B(Z)− g(X,W )A(Z)B(Y )]

+e[g(Y,Z)D(X,W )− g(X,Z)D(Y,W ) + g(Y,W )D(X,Z)− g(X,W )D(Y,Z)]}. (3.7)

Putting Z = W = U in (3.7) we obtain

2d{R(X,Y, U, V )} = Ls{2d[A(Y )B(X)−A(X)B(Y )]} = 0.

Since d 6= 0, we get

R(X,Y, U, V ) = Ls[A(Y )B(X)−A(X)B(Y )]. (3.8)

Hence the theorem follows. �
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§4. Ricci-Semi Symmetric Mixed Super Quasi-Einstein Manifold

An n-dimensional manifold (Mn, g) is called semi-symmetric [13] if R(X;Y ) · S = 0,∀ X,Y ,

where R(X;Y ) denotes the curvature operator.

Theorem 4.1 In a Ricci-semi symmetric mixed super quasi Einstein manifold satisfy the

condition

(a+ b)Ŕ(X,Y, U, U) + dŔ(X,Y, U, V ) = 0.

it Proof We know

(R(X,Y ).S)(Z,W ) = −S(R(X,Y )Z,W )− S(Z,R(X,Y )W ) and R(X,Y ).S = 0

which implies

S(R(X,Y )Z,W ) + S(Z,R(X,Y )W = 0.

i.e.,

ag(R(X,Y )Z,W ) + bA(R(X,Y )Z)A(W ) + cB(R(X,Y )Z)B(W )

+d{A(R(X,Y )Z)B(W ) +B(R(X,Y )Z)A(W )}+ eD(R(X,Y )Z,W )

+ag(R(X,Y )W,Z) + bA(R(X,Y )W )A(Z) + cB(R(X,Y )W )B(Z)

+d{A(R(X,Y )W )B(Z) +B(R(X,Y )W )A(Z)}+ eD(R(X,Y )W,Z) = 0. (4.1)

Putting Z = W = U in (4.1) we get

(a+ b)A(R(X,Y )U) + dB(R(X,Y )U) = 0.

(a+ b)Ŕ(X,Y, U, U) + dŔ(X,Y, U, V ) = 0. (4.2)

Hence the theorem follows. �

§5. Mixed Super Quasi Manifolds Satisfying the Condition C̃ · S = 0

Theorem 5.1 In a mixed super quasi Einstein manifold with the condition C̃ · S = 0 satisfy

(a+ b)áŔ(X,Y, U, U) + dáŔ(X,Y, U, V ) + d(a1 + b1 + c1)[A(X)B(Y )−A(Y )B(X)]

+de1(a1 + b1 + c1)[A(X)B(Y )−A(Y )B(X)] = 0.

Proof From condition C̃.S = 0 we get

S(C̃(X,Y )Z,W ) + S(Z, C̃(X,Y )W = 0
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for all vector fields X,Y, Z,W on (Mn, g), i.e.,

ag(C̃(X,Y )Z,W ) + bA(C̃(X,Y )Z)A(W ) + cB(C̃(X,Y )Z)B(W )

+d{A(C̃(X,Y )Z)B(W ) +B(C̃(X,Y )Z)A(W )}+ eD(C̃(X,Y )Z,W )

+ag(C̃(X,Y )W,Z) + bA(C̃(X,Y )W )A(Z) + cB(C̃(X,Y )W )B(Z)

+d{A(C̃(X,Y )W )B(Z) +B(C̃(X,Y )W )A(Z)}+ eD(C̃(X,Y )W,Z) = 0. (5.1)

Putting Z = W = U in (2.7) we obtain

(a+ b)Ć(X,Y, U, U) + dĆ(X,Y, U, V ) = 0. (5.2)

Using (1.11) in (2.1) and putting Z = W = U we get

Ć(X,Y, U, U) = áŔ(X,Y, U, U). (5.3)

Using (1.11) in (2.1) and putting Z = U and W = V we obtain

Ć(X,Y, U, V ) = áŔ(X,Y, U, V ) + (a1 + b1 + c1)[A(X)B(Y )−A(Y )B(X)]

+e1[A(X)D(Y, V )−A(Y )D(X,V )], (5.4)

where

a1 = −{ r
n

[
á

n− 1
+ 2b́]− 2ab́},

b1 = bb́, c1 = cb́, d1 = db́ and e1 = eb́.

Using (5.3) and (5.4) in (5.2) we get

(a+ b)áŔ(X,Y, U, U) + dáŔ(X,Y, U, V ) + d(a1 + b1 + c1)[A(X)B(Y )−A(Y )B(X)]

+ de1(a1 + b1 + c1)[A(X)B(Y )−A(Y )B(X)] = 0. (5.5)

Corollary 5.1 In a mixed super quasi Einstein manifold with the condition P̃ .S = 0 satisfying

the condition (a+ b)Ŕ(X,Y, U, U) + dŔ(X,Y, U, V ) = 0.
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Abstract: An L(3, 2, 1)-labeling of a graph G is an assignment f from the vertex set V (G)

to the set of non-negative integers such that |f(x) − f(y)| > 3 if x and y are adjacent,

|f(x)−f(y)| > 2 if x and y are at distance 2, and |f(x)−f(y)| > 1 if x and y are at distance

3, for all x and y in V (G). The L(3, 2, 1)-labeling number k(G) of G is the smallest positive

integer k such that G has an L(3, 2, 1)-labeling with k as the maximum label. In this paper,

we determine the L(3, 2, 1)-labeling number for fan, double fan, wheel, friendship graph in

terms of the maximum degree of the graphs.
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AMS(2010): 05C78.

§1. Introduction

In this era of communication technology, the growth of FM radio and televisions are increasing

day by day. We have to assign a channel (non-negative integer) to each television station in

a set of given stations such that there is no interference between stations and the span of the

assigned channels is minimized. The level of interference between any two television stations

correlate with their locations. If stations are closer then the interference is more and their

broadcast will be disturbed. Thus, the channel assignment problem is a mathematics problem

in which we have to assign a channel to each station in a set of given stations such that there

is no interference in the broadcast, which is optimal.

Hale introduced a graph model of the channel assignment problem in 1980 [1]. Robert

modified this with stations which are ”close” and ”very close” which correspond to stations

at distance two and stations at distance one in graph theoretic terms [2]. The mathematical

abstraction of this problem was introduced by Griggs and Yeh as L(2, 1) problem [3]. An

L(2, 1)-labeling of a graph G is an assignment f from the vertex set V (G) to the set of non-

negative integers such that |f(x)− f(y)| > 2 if x and y are adjacent and |f(x)− f(y)| > 1 if x

and y are at distance 2, for all x and y in V (G). But, practically, interference among channels

may go beyond two levels. Liu and Shao modified the above problem, by considering stations

1Received August 9, 2019, Accepted March 14, 2020.
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at distance 1, 2 and 3 and it was called as L(3, 2, 1) problem [4].

An L(3, 2, 1)-labeling of a graph G is an assignment f from the vertex set V (G) to the set

of non-negative integers such that |f(x)− f(y)| > 3 if x and y are adjacent, |f(x)− f(y)| > 2

if x and y are at distance 2, and |f(x)− f(y)| > 1 if x and y are at distance 3, for all x and y

in V (G). The L(3, 2, 1)-labeling number k(G) of G is the smallest positive integer k such that

G has an L(3, 2, 1)-labeling with k as the maximum label.

Here, we consider only a simple, finite, connected, undirected graph without loops or

multiple edges. For standard terminology and notation, we follow Bondy and Murty [5] or

Murugan [6].

§2. Known Results

Jean Clipperton et al., [7] determined the L(3, 2, 1)-labeling number for paths, cycles, cater-

pillars, n-array trees, complete graphs and complete bipartite graphs. Ma-Lian Chia et al.,[8]

determined the L(3, 2, 1)-labeling number for Cartesian product of paths and cycles, and the

power of paths. Also, they presented upper bounds for the L(3, 2, 1)-labeling numbers of general

graphs and trees. Shao [9] determined bounds for the L(3, 2, 1)-labeling numbers for Kneser

graphs, extremely irregular graphs, Halin graphs. Liu and Shao [4] proved that for a planar

graph G, k(G) 6 15(∆2 −∆ + 1), where ∆ is the maximum degree of G.

§3. Results

Theorem 3.1 The L(3, 2, 1)-labeling number of a fan Fn, n > 5, is k(Fn) = 2n+ 1.

Proof The proof is divided into two cases following.

Case 1. n is even.

Consider a fan Fn = Pn +K1, where v1, v2, · · · , vn2 , w1, w2, · · · , wn
2

are the vertices of Pn

and u denotes the vertex of K1.

Define f : V (Fn)→ N ∪ {0} such that

f(vi) = 4i− 1 if i = 1, 2, · · · , n2 ,

f(wi) = 4i+ 1 if i = 1, 2, · · · , n2 and

f(u) = 0.



K-Number of Special Family of Graphs 79

First, we consider adjacent vertices.

|f(vi)− f(vi+1)| = |4i− 1− (4(i+ 1)− 1)| = 4 > 3, i = 1, 2, · · · , n2 − 1,

|f(vi)− f(u)| = 4i− 1 > 3, i = 1, 2, · · · , n2 ,

|f(wi)− f(wi+1)| = |4i+ 1− (4(i+ 1) + 1)| = 4 > 3, i = 1, 2, · · · , n2 − 1,

|f(wi)− f(u)| = 4i+ 1 > 3, i = 1, 2, · · · , n2 ,

|f(vn
2

)− f(w1)| = |4
(
n
2

)
− 1− (4 + 1)| = |2n− 6| > 3 (since n > 5).

Also, since the labels of vis and wis are increasing by 4, distance 2 and

distance 3 conditions are satisfied. Therefore, f is a L(3, 2, 1)-labeling and so k(Fn) 6 2n+ 1.

Since the maximum degree of Fn is n, k(Fn) > 2n+ 1 [8]. Hence k(Fn) = 2n+ 1.

Case 2. n is odd.

Consider a fan Fn = Pn +K1, where v1, v2, · · · , vn+1
2

, w1, w2, · · · , wn−1
2

are the vertices of

Pn and u denotes the vertex of K1.

Define f : V (Fn)→ N ∪ {0} such that

f(vi) = 4i− 1 if i = 1, 2, · · · , n+1
2 ,

f(wi) = 4i+ 1 if i = 1, 2, · · · , n−1
2 and

f(u) = 0.

First we consider adjacent vertices.

|f(vi)− f(vi+1)| = |4i− 1− (4(i+ 1)− 1)| = 4 > 3, i = 1, 2, · · · , n+1
2 − 1,

|f(vi)− f(u)| = 4i− 1 > 3, i = 1, 2, · · · , n+1
2 ,

|f(wi)− f(wi+1)| = |4i+ 1− (4(i+ 1) + 1)| = 4 > 3, i = 1, 2, · · · , n−1
2 − 1,

|f(wi)− f(u)| = 4i+ 1 > 3, i = 1, 2, · · · , n−1
2 ,

|f(vn+1
2

)− f(w1)| = |4
(
n+1

2

)
− 1− (4 + 1)| = |2n− 4| > 3 (since n > 5).

Also, since the labels of vis and wis are increasing by 4, distance 2 and distance 3 conditions

are satisfied. Therefore, f is a L(3, 2, 1)-labeling and so k(Fn) 6 2n + 1. Since the maximum

degree of Fn is n, k(Fn) > 2n+ 1 [8]. Hence k(Fn) = 2n+ 1. �

Theorem 3.2 The L(3, 2, 1)-labeling number of a double fan DFn, n > 5, is k(DFn) = 2n+ 3.

Proof The proof is divided into two cases following.

Case 1. n is even.

Consider a double fan DFn = Pn + 2K1, where v1, v2, · · · , vn2 , w1, w2, · · · , wn
2

are the
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vertices of Pn, u and w denote the vertices of 2K1.

Define f : V (DFn)→ N ∪ {0} such that

f(vi) = 4(i− 1) if i = 1, 2, · · · , n2 ,

f(wi) = 2 + 4(i− 1) if i = 1, 2, · · · , n2 ,

f(u) = 2n+ 1 and

f(w) = 2n+ 3.

First we consider adjacent vertices. For i = 1, 2, · · · , n2 − 1,

|f(vi)− f(vi+1)| = |4(i− 1)− {(4(i+ 1− 1)− 1)}| = | − 4| > 3.

For i = 1, 2, . . . , n2 ,

|f(u)− f(vi)| > |f(u)− f(vn
2

)| =
∣∣∣2n+ 1−

{
4
(n

2
− 1
)}∣∣∣ = 5 > 3.

For i = 1, 2, . . . , n2 ,

|f(w)− f(vi)| > |f(w)− f(vn
2

)| = |2n+ 3− 2n+ 4| = 7 > 3.

For i = 1, 2, . . . , n2 − 1,

|f(wi)− f(wi+1)| = |2 + 4(i− 1)− {2 + 4(i+ 1− 1)}| = | − 4| > 3.

For i = 1, 2, . . . , n2 ,

|f(u)− f(wi)| > |f(u)− f(wn
2

)| =
∣∣∣2n+ 1−

{
2 + 4

(n
2
− 1
)}∣∣∣ = 3 > 3.

For i = 1, 2, . . . , n2 ,

|f(w)− f(wi)| > |f(w)− f(wn
2

)| =
∣∣∣2n+ 3−

{
2 + 4

(n
2
− 1
)}∣∣∣ = 5 > 3.

|f(vn
2

)− f(w1)| =
∣∣∣4(n

2
− 1
)
− 2
∣∣∣ = |2n− 6| > 3 since n > 5.

Also, since the labels of vis and wis are increasing by 4, distance 2 and distance 3 conditions

are satisfied. Therefore, f is a L(3, 2, 1)-labeling and so k(DFn) 6 2n+ 3.

Consider the subgraph K1,n such that u is the central vertex and v1, v2, · · · , vn2 , w1, w2, · · · ,
wn

2
are the end vertices of K1,n. Since the k-number of K1,n is 2n + 1 and in any optimal

labeling, u receives 0 or 2n+ 1 [8] and so, in DFn, w cannot assume any integer in [0, 2n+ 1]

as label. Thus, w has to be labeled at least with 2n + 3. That is, k(DFn) > 2n + 3. Hence,

k(DFn) = 2n+ 3.

Case 2. n is odd.

Consider a double fan DFn = Pn + 2K1, where v1, v2, · · · , vn+1
2

, w1, w2, · · · , wn−1
2

are the
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vertices of Pn, u and w denote the vertices of 2K1.

Define f : V (DFn)→ N ∪ {0} such that

f(vi) = 4(i− 1) if i = 1, 2, · · · , n+1
2 ,

f(wi) = 2 + 4(i− 1) if i = 1, 2, · · · , n−1
2 ,

f(u) = 2n+ 1 and

f(w) = 2n+ 3.

First we consider adjacent vertices. For i = 1, 2, · · · , n+1
2 − 1,

|f(vi)− f(vi+1)| = |4(i− 1)− {4(i+ 1− 1)}| = | − 4| > 3.

For i = 1, 2, · · · , n+1
2 ,

|f(u)− f(vi)| > |f(u)− f(vn+1
2

)| =
∣∣∣∣2n+ 1−

{
4

(
n+ 1

2
− 1

)}∣∣∣∣ = 3.

For i = 1, 2, · · · , n+1
2 ,

|f(w)− f(vi)| > |f(w)− f(vn+1
2

)| =
∣∣∣∣2n+ 3−

{
4

(
n+ 1

2
− 1

)}∣∣∣∣ = 5 > 3.

For i = 1, 2, · · · , n−1
2 − 1,

|f(wi)− f(wi+1)| = |2 + 4(i− 1)− {2 + 4(i+ 1− 1)}| = | − 4| > 3.

For i = 1, 2, · · · , n−1
2 ,

|f(u)− f(wi)| > |f(u)− f(wn−1
2

)| =
∣∣∣∣2n+ 1−

{
2 + 4

(
n− 1

2
− 1

)}∣∣∣∣ = 5 > 3.

For i = 1, 2, · · · , n−1
2 ,

|f(w)− f(wi)| > |f(w)− f(wn−1
2

)| =
∣∣∣∣2n+ 3−

{
2 + 4

(
n− 1

2
− 1

)}∣∣∣∣ = 7 > 3.

|f(vn+1
2

)− f(w1)| =
∣∣∣∣4(n+ 1

2
− 1

)
− 2

∣∣∣∣ = |2n− 4| > 3 since n > 5.

Also, since the labels of vis and wis are increasing by 4, distance 2 and distance 3 conditions

are satisfied. Therefore, f is a L(3, 2, 1)-labeling and so k(DFn) 6 2n+ 3.

Consider a subgraph K1,n such that u is the central vertex and v1, v2, · · · , vn+1
2

, w1, w2, · · · ,
wn−1

2
are the end vertices of K1,n. Since the k-number of K1,n is 2n + 1 and in any optimal

labeling, u receives 0 or 2n+ 1 [8] and so, in DFn, w cannot assume any integer in [0, 2n+ 1]

as label. Thus, w has to be labeled at least with 2n + 3. That is, k(DFn) > 2n + 3. Hence,

k(DFn) = 2n+ 3. �
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Theorem 3.3 The L(3, 2, 1)-labeling number of a wheel Wn, n > 6, is k(Wn) = 2n+ 1.

Proof The proof is divided into two cases following.

Case 1. n is even.

Consider a wheel Wn = Cn +K1, where v1, v2, · · · , vn2 , w1, w2, · · · , wn
2

are the vertices of

Cn and u denotes the vertex of K1.

Define f : V (Wn)→ N ∪ {0} such that

f(vi) = 4i− 1 if i = 1, 2, · · · , n2 ,

f(wi) = 4i+ 1 if i = 1, 2, · · · , n2 and

f(u) = 0.

First we consider adjacent vertices.

|f(vi)− f(vi+1)| = |4i− 1− (4(i+ 1)− 1)| = | − 4| > 3, i = 1, 2, · · · , n2 ,

|f(wi)− f(wi+1)| = |4i+ 1− (4(i+ 1) + 1)| = | − 4| > 3, i = 1, 2, · · · , n2 ,

|f(vn
2

)− f(w1)| = |2n− 1− 5| = 2n− 6 > 3 (since n > 6),

|f(wn
2

)− f(v1)| = |2n+ 1− 3| = 2n− 2 > 3 (since n > 6),

|f(u)− f(vi)| > |f(u)− f(v1)| = 3, i = 1, 2, · · · , n2 ,

|f(u)− f(wi)| > |f(u)− f(w1)| = 5, i = 1, 2, · · · , n2 .

Also, since the labels of vis and wis are increasing by 4, distance 2 and distance 3 conditions

are satisfied. Therefore, f is a L(3, 2, 1)-labeling and so k(Wn) 6 2n+ 1. Since the maximum

degree of Wn is n, k(Wn) > 2n+ 1. Hence k(Wn) = 2n+ 1.

Case 2. n is odd.

Consider a wheel Wn = Cn + K1, where v1, w, v2, · · · , vn−1
2

, w1, w2, · · · , wn−1
2

are the

vertices of Cn and u denotes the vertex of K1.

Define f : V (Wn)→ N ∪ {0} such that

f(vi) = 4i− 1 if i = 1, 2, · · · , n−1
2 ,

f(wi) = 4i+ 1 if i = 1, 2, · · · , n−1
2 ,

f(w) = 2n+ 1,

f(u) = 0.
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First we consider adjacent vertices.

|f(vi)− f(vi+1)| = |4i− 1− (4(i+ 1)− 1)| = 4 > 3,

i = 1, 2, · · · , n−1
2 − 1,

|f(wi)− f(wi+1)| = |4i+ 1− (4(i+ 1) + 1)| = | − 4| > 3,

i = 1, 2, · · · , n−1
2 − 1,

|f(vn−1
2

)− f(w1)| = |2n− 2− 1− 5| = 2n− 8 > 3, (since n > 6),

|f(wn−1
2

)− f(v1)| = |2n− 2 + 1− 3| = 2n− 4 > 3, (since n > 6)

|f(u)− f(vi)| > |f(u)− f(v1)| = 3, i = 1, 2, · · · , n−1
2 ,

|f(u)− f(wi)| > |f(u)− f(w1)| = 5, i = 1, 2, · · · , n−1
2 .

Also,

|f(u)− f(w)| = 2n+ 1,

|f(w)− f(v1)| = 2n+ 1− 3 = 2n− 2,

|f(w)− f(v2)| = 2n+ 1− 7 = 2n− 6.

Also, since the labels of vis and wis are increasing by 4, and w lies between v1 and v2 with

label 2n + 1, distance 2 and distance 3 conditions are satisfied. Therefore, f is a L(3, 2, 1)-

labeling and so k(Wn) 6 2n+ 1. Since the maximum degree of Wn is n, k(Wn) > 2n+ 1 [8].

Hence k(Wn) = 2n+ 1. �

Theorem 3.4 The L(3, 2, 1)-labeling number of a friendship graph FSn is k(FSn) = 4n+ 1.

Proof The proof is divided into two cases following.

Case 1. n is even.

Consider a friendship graph FSn = nK2 + K1, where v1, v2, · · · , vn, w1, w2, · · · , wn are

the vertices of FSn such that vi and vi+1, i = 1, 3, · · · , n − 1 are adjacent and wi and wi+1,

i = 1, 3, · · · , n− 1 are adjacent. Also u denote the vertex of K1.

Define f : V (FSn)→ N ∪ {0} such that

f(vi) = 4i− 1 if i = 1, 2, · · · , n,

f(wi) = 4i+ 1 if i = 1, 2, · · · , n,

f(u) = 0.



84 M. Murugan and M. Suriya

First we consider adjacent vertices.

|f(vi)− f(vi+1)| = |4i− 1− (4(i+ 1)− 1)| = | − 4| > 3, i = 1, 2, · · · , n− 1,

|f(wi)− f(wi+1)| = |4i+ 1− (4(i+ 1) + 1)| = | − 4| > 3, i = 1, 2, · · · , n− 1,

|f(u)− f(vi)| > |f(u)− f(v1)| = 3, i = 1, 2, · · · , n,

|f(u)− f(wi)| > |f(u)− f(w1)| = 5, i = 1, 2, · · · , n.

Also, since the labels of vis and wis are increasing by 4, distance 2 and distance 3 conditions

are satisfied. Therefore, f is a L(3, 2, 1)-labeling and so k(FSn) 6 4n+ 1. Since the maximum

degree of FSn is 2n,

k(FSn) > 2(2n) + 1 = 4n+ 1.

Hence k(FSn) = 4n+ 1.

Case 2. n is odd.

Consider a friendship graph FSn = nK2 + K1, where v1, v2, · · · , vn−1, w1, w2, · · · , wn+1

are the vertices of FSn such that vi and vi+1, i = 1, 3, · · · , n− 1 are adjacent and wi and wi+1,

i = 1, 3, · · · , n are adjacent. Also u denote the vertex of K1.

Define f : V (FSn)→ N ∪ {0} such that

f(vi) = 4i− 1 if i = 1, 2, · · · , n− 1,

f(wi) = 4i+ 1 if i = 1, 2, · · · , n− 2,

f(wn−1) = 4n− 1,

f(wn) = 4n− 3,

f(wn+1) = 4n+ 1,

f(u) = 0.

First we consider adjacent vertices.

|f(vi)− f(vi+1)| = |4i− 1− (4(i+ 1)− 1)| = | − 4| > 3,

i = 1, 3, 5, . . . , n− 2,

|f(wi)− f(wi+1)| = |4i+ 1− (4(i+ 1) + 1)| = | − 4| > 3,

i = 1, 3, 5, . . . , n− 4,

|f(wn−2)− f(wn−1)| = |4n− 7− (4n− 1)| = | − 6| > 3,

|f(wn)− f(wn+1)| = |4n− 3− (4n+ 1)| = | − 4| > 3,

|f(u)− f(vi)| > |f(u)− f(v1)| = 3, i = 1, 2, · · · , n− 1,

|f(u)− f(wi)| > |f(u)− f(w1)| = 5, i = 1, 2, · · · , n+ 1.
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Also, since the labels of vis (i 6 n−1) and wis (i 6 n−2) are increasing by 4, distance 2 and

distance 3 conditions are satisfied. Therefore, f is a L(3, 2, 1)-labeling and so k(FSn) 6 4n+ 1.

Since the maximum degree of FSn is 2n, k(FSn) > 2(2n) + 1 = 4n+ 1. Hence

k(FSn) = 4n+ 1. �

§4. Conclusion

Understanding the importance of channel assignment problem, researchers have contributed

more on L(2, 1)-labeling. In a pragmatic approach, conditions on distance two and distance one

is not sufficient for channel assignment problem and so L(3, 2, 1)-labeling has its own importance

and this work will encourage researchers towards this.
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§1. Introduction

In the fuzzy group theory , the classification of the fuzzy subgroups, most especially the finite

p-groups cannot be underestimated. This aspect of pure Mathematics has undergone a dynamic

developments over the years. For instance, many researchers have treated cases of finite abelian

groups (see [2], [3]). The starting point for this concept all started as presented in [5] and [6] .

Since then, the study has been extended to some other important classes of finite abelian and

nonabelian groups such as the dihedral , quaternion, semidihedral, and hamiltonian groups.

Although, the natural equivalence relation was introduced in [7], where a method to deter-

mine the number and nature of fuzzy subgroups of a finite group G was developed with respect

to the natural equivalence. In [1] and [3], a different approach was applied for the classifica-

tion. In this work , an essential role in solving counting problems is played by adopting the

Inclusion-Exclusion Principle. The process leads to some recurrence relations from which the

solutions are then finally computed with ease.

§2. Preliminaries

Suppose that (G, ·, e) is a group with identity e. Let S(G) denote the collection of all fuzzy

subsets of G. An element λ ∈ S(G) is said to be a fuzzy subgroup of G if

1Received September 29, 2019, Accepted March 15, 2020.
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(i) λ(ab) ≥ min{λ(a), λ(b)}, ∀ a, b ∈ G;

(ii) λ(a−1) ≥ λ(a) for any a ∈ G.

And, since (a−1)−1 = a, we have that λ(a−1) = λ(a), for any a ∈ G. Also, by this notation and

definition, λ(e) = supλ(G) (see Marius [6]), which implies

Theorem 2.1 The set FL(G) possessing all fuzzy subgroups of G forms a lattice under the

usual ordering of fuzzy set inclusion. This is called the fuzzy subgroup lattice of G.

We define the level subset

λGβ = {a ∈ G/λ(a) ≥ β} for each β ∈ [0, 1]

The fuzzy subgroups of a finite p-group G are thus, characterized, based on these level subsets.

In the sequel, λ is a fuzzy subgroup of G if and only if its level subsets are subgroups in G.

Theorem 2.1 gives a link between FL(G) and L(G), the classical subgroup lattice of G.

Moreover, some natural relations on S(G) can also be used in the process of classifying the

fuzzy subgroups of a finite p-group G (see [6]). One of them is defined by: λ ∼ γ if and only if

(λ(a) > λ(b)⇐⇒ v(a) > v(b), ∀ a, b ∈ G). Also, two fuzzy subgroups λ, γ of G and said to be

distinct if λ× v.

As a result of this development, let G be a finite p-group and suppose that λ : G −→ [0, 1]

is a fuzzy subgroup of G. Put λ(G) = {β1, β2, . . . , βk} with the assumption that β1 < β2 >

· · · > βk. Then, ends in G is determined by λ.

λGβ1
⊂ λGβ2

⊂ · · · ⊂ λGβk = G (2− 1)

Also, we have that

λ(a) = βt ⇐⇒ t = max{r/a ∈ λGβr} ⇐⇒ a ∈ λGβt\λGβt−1 ,

for any a ∈ G and t = 1, · · · , k, where by convention, set λGβ0
= φ.

§3. Methodology

In the sequel, the method that will be used in counting the chains of fuzzy subgroups of

an arbitrary finite p-group G is described. Suppose that M1,M2, . . . ,Mt are the maximal

subgroups of G, and denote by h(G) the number of chains of subgroups of G which ends in G.

By simply applying the technique of computing h(G), using the application of the inclusion-

exclusion principle, we have that:

h(G) = 2

 t∑
r=1

h(Mr)−
∑

1≤r1<r2≤t

h(Mr1 ∩Mr2) + · · ·+ (−1)t−1h

(
t⋂

r=1

Mr

) . (3− 1)

In [5], the formula (3-1) was used to obtain the explicit formulas for some positive integers n.
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Theorem 3.1([6]) The number of distinct fuzzy subgroups of a finite p-group of order pn which

have a cyclic maximal subgroup is

(i) h(Zpn) = 2n;

(ii) h(Zp × Zpn−1) = h(Mpn) = 2n−1[2 + (n− 1)p].

§4. The number of Fuzzy Subgroups for Z4 × Z4

Lemma 4.1 Let G be abelian such that G = Z4 × Z4. Then, h(G) = 2h(Z2 × Z22) = 48.

Proof By the use of GAP (Group Algorithms and Programming), G has three maximal

subgroups in which each of them is isomorphic to Z2 × Z22 . Hence, we have that

1

2
h(G) = 3h(Z2 × Z22)− 3h(Z2 × Z22) + h(Z2 × Z22)

= h(Z2 × Z4).

Applying Theorem 3.1, h(Z2 × Z22) = 24.⇒ h(Z4 × Z4) = 48. �

Corollary 4.2 Following Lemma 4.1, h(Z4×Z25), h(Z4×Z26), h(Z4×Z27) and h(Z4×Z28) =

1536, 4096, 10496 and 26112, respectively.

Proposition 4.3 Suppose that G = Z4 × Z2n , n ≥ 2. Then, h(G) = 2n[n2 + 5n− 2].

Proof G has three maximal subgroups of which two are isomorphic to Z2 × Z2n and the

third is isomorphic to Z4 × Z2n−1 . Hence,

h(Z4 × Z2n) = 2h(Z2 × Z2n) + 21h(Z2 × Z2n−1) + 22h(Z2 × Z2n−2) + 23h(Z2 × Z2n−3)

+24h(Z2 × Z2n−4) + · · ·+ 2n−2h(Z2 × Z22)

= 2n+1[2(n+ 1) +

n−2∑
j=1

((n+ 1)− j)

= 2n+1(2(n+ 1) +
1

2
(n− 2)(n+ 3)) = 2n(n2 + 5n− 2)

for n ≥ 2. We therefore know that

h(Z4 × Z2n−1) = 2n−1((n− 1)2 + 5(n− 1)− 2)

= 2n−1(n2 + 3n− 6)

for n > 2. This completes the proof. �

Theorem 4.4([4]) Let G = D2n × C2, the nilpotent group formed by the cartesian product of

the dihedral group of order 2n and a cyclic group of order 2. Then, the number of distinct fuzzy

subgroups of G is given by h(G) = 22n(2n+ 1)− 2n+1 for n > 3.
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§5. The Number of Fuzzy Subgroups for D2n × C4

Proposition 5.1 Suppose that G = D2n ×C4. Then, the number of distinct fuzzy subgroups of

G is given by

22(n−2)(64n+ 173) + 3

n−3∑
j=1

2(n−1+j)(2n+ 1− 2j)

for n ≥ 3.

Proof Calculation shows that

1

2
h(D2n × C4) = h(D2n × C2) + 2h(D2n−1 × C4)− 4h(D2n−1 × C2) + h(Z4 × Z2n−1)

−2h(Z2 × Z2n−1)− 2h(Z4 × Z2n−2) + 8h(Z2 × Z2n−2) + h(Z2n−1)− 4h(Z2n−2)

= (n− 3)22n+2 + 22(n−3)(1460) + 3(2n(2n− 1) + 2n+1(2n− 3) + 2n+2(2n− 5)

+ · · ·+ 7(22(n−2)))

= (n− 3).22n+2 + 22(n−3)(1460) + 3

n−3∑
j=1

2n−1+j(2n+ 1− 2j)

= 22(n−2)(64n+ 173) + 3

n−3∑
j=1

2n−1+j(2n+ 1− 2j).

This completes the proof. �
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§1. Introduction

It is not uncommon that, the theory of retraction has always been one of the interesting topics

in Euclidian and Non-Euclidian space and it has been investigated from the various viewpoints

by many branches of topology and differential geometry [1-6].

Minkowski space is originally derived from the relativity in physics. In fact, a time like

curve corresponds to the path of an observer moving at less than the speed of the light, a

light-like curves correspond to moving at the speed of the light and a space like curves moving

faster than light. The Minkowski 3-space E3
1 is the Euclidean 3-space E3 provided with the

standard flat metric given by g = dx2
1 +dx2

2−dx2
3, where (x1, x2, x3) is a rectangular coordinate

system in E3
1 . Since g is an indefinite metric, recall that a vector v ∈ E3

1 can have one of three

Lorentzian causal characters, it can be space like if g(v, v) > 0 or v = 0, time-like if g(v, v) < 0

and light-like if g(v, v) = 0. Similarly, an arbitrary curve α = α(s) in E3
1 can be locally space-

like, time like or light-like, if all of its velocity vectors α′(s) are respectively, space-like, time like

or light-like respectively. A curve in Lorentzian space Ln is a smooth map α : I → Ln where I

is the open interval in the real line R. The interval I has a coordinate system consisting of the

identity map u of I. Space-like or time-like curve α(s) is said to be parametrized by arclength

function s, if g(α′(s), α′(s)) = ±1. The velocity of α at t ∈ I is α′ = dα(u)
du

∣∣∣
t
. Next, v, w in E3

1

are said to be orthogonal if g(v, w) = 0. Vectors A curve α is said to be regular if α′(t) does

not vanish for all in t in I, α ∈ Ln is space like if its velocity vectors α′ are space like for all

t ∈ I, similarly for time like and null. If α is a null curve, we can re-parameterize it such that

〈α′(t), α′(t)〉 = 0 and α′(t) 6= 0 [3-8].

1Received August 15, 2019, Accepted March 12, 2020.
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§2. Preliminary Notes

Let α(t) be a curve in the space-time in parameterized by arc length function s Lopez [9]. Then

for the unit speed curve α(t) with non-null frame vectors, we distinguish three cases depending

on the causal character of T (t) and its Frenet equations are as follows
Ṫ

Ṅ

Ḃ

 =


0 υκ 0

µ1υκ 0 µ2υτ

0 µ3υτ 0




T

N

B

 .

We write the following subcases.

Case 1. If α(s) is time-like curve in E3
1 , then T is time-like vector and T ′ is space-like vector.

Then µi, 1 ≤ i ≤ 3 read µ1 = µ2 = 1, µ3 = −1 and T,B and N are mutually orthogonal vectors

satisfying the equations g(N,N) = g(B,B) = 1, g(T, T ) = −1.

Case 2. If α(s) is space-like curve in E3
1 , then T is space-like vector, since T ′(s) is orthogonal

to the space-like vector T (s), T ′(s) is space-like, time-like or light-like. Thus we distinguish

three cases according to T ′(s).

Subcase 2.1. If the vector T ′(s) is space-like, N is space-like vector and B is time-like

vector. Then, µi, 1 ≤ i ≤ 3 read µ1 = −1, µ2 = µ3 = 1, where T,N and B are mutually

orthogonal vectors satisfying equations g(T, T ) = g(N,N) = 1 and g(B,B) = −1.

Subcase 2.2 If the vector T ′(s) is time-like, N is time-like vector and B is space-like

vector. Then, µi, 1 ≤ i ≤ 3 read µ1 = µ2 = µ3 = 1, where T,N and B are mutually orthogonal

vectors satisfying equations g(T, T ) = g(B,B) = 1 and g(N,N) = −1.

Subcase 2.3 If the vector T ′(t) is light-like for all t, N(t) = T ′(t) is light-like vector

and B(s) is unique light-like vector with g(N,B) = −1 and it is orthogonal to T . The Frenet

equations have 
Ṫ

Ṅ

Ḃ

 =


0 1 0

0 υτ 0

1 0 −υτ




T

N

B

 .

Case 3. If α(s) is light-like curve in E3
1 and B(s) is unique light-like vector such that g(T,B) =

−1 and it is orthogonal to N , the pseudo-torsion is τ = −〈N ′, B〉. Then the Frenet equations
Ṫ

Ṅ

Ḃ

 =


0 1 0

υτ 0 1

0 υτ 0




T

N

B

 .

Let α = α(t) be an arbitrary space-like curve in Minkowski space E3
1 . We have ά = υT ,

T = ά
υ . From Frenet equations we have T́ = υκN . Then κ = ‖T́‖

υ and N = T́
υκ = T́

‖T́‖ . The

vector product of N × T , gives us B = N × T . Using Frenet equations Ń = υκT − υτB. Thus
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υ = ‖ά(t)‖ to have the second curvature, and by inner product we obtain τ = g
(
− Ń−υκTυ , B

)
.

A subset A of a topological space X is called retract of X if there exists a continuous map

r : X → A called a retraction such that r(a) = a for any a ∈ A [2, 3, 6].

Let M and N be two smooth manifolds of dimensions m and n respectively. A map

f : M → N is said to be an isometric folding of M into N if and only if for every piecewise

geodesic path γ : I → N the induced path f ◦ γ : I → N is piecewise geodesic and of the same

length as γ, if f does not preserve the length it is called topological folding [4, 5, 6].

Definition 2.1([9-13]) We name that a helix is a curve where the tangent lines make a constant

angle with a fixed direction. Helices are characterized by the fact that the ratio τ/κ is constant

along the curve, where τ and κ denote the curvature and the torsion, respectively.

Definition 2.2 Let u = (u1, u2, u3) and v = (v1, v2, v3) be vectors in E3
1 , the vector product in

Minkowski space-time E3
1 is defined by the determinant

u ∧ v =

∣∣∣∣∣∣∣∣
e1 e2 −e3

u1 u2 u3

v1 v2 v3

∣∣∣∣∣∣∣∣ ,
where, e1, e2 and e3 are mutually orthogonal vectors (coordinate direction vectors), υ denotes

speed of the curve.

§3. Main Results

Lemma 3.1 Let H = {(a cos t, a sin t, bt)} be a helix in E3
1 . Since

〈
Ḣ, Ḣ

〉
= a2 − b2,

υ = |Ḣ(t)| =
√
|a2 − b2|, T =

(
−a sin t√
|a2 − b2|

,
a cos t√
|a2 − b2|

,
b√

|a2 − b2|

)
,

|a2 − b2| =

 a2 − b2 if a2 > b2,

b2 − a2 if a2 < b2
,

and 〈T, T 〉 = 1 if a2 > b2, then the helix H is space-like, and 〈T, T 〉 = −1 if a2 < b2, then the

helix H is time-like and a null curve if a2 = b2.

Proof Consider three cases following.

Case 1. Let H = {(a cos t, a sin t, bt)} be helix in E3
1 . If a2 > b2, then H(t) is a space like

curve. Since T = Ḣ
υ then

T =

(
−a sin t√
|a2 − b2|

,
a cos t√
|a2 − b2|

,
b√

|a2 − b2|

)
,
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and so 〈T, T 〉 = 1, B = T ×N ,

B =

{
1√

a2 − b2
(b sin t,−b cos t,−a)

}
, N = {(− cos t,− sin t, 0)}

with curvature κ = a
a2−b2 and torsion τ = −b

a2−b2 . Also,

〈
Ṫ , Ṫ

〉
=

a2

a2 − b2
> 0,

∣∣∣Ṫ ∣∣∣ =
a√

a2 − b2

and Ṫ is a space-like vector and the Frenet equations in matrix notions are
Ṫ

Ṅ

Ḃ

 =


0 υκ 0

−υκ 0 υτ

0 υτ 0




T

N

B



=


0 a√

a2−b2 0

−a√
a2−b2 0 −b√

a2−b2

0 −b√
a2−b2 0



(
−a sin t√
a2−b2 ,

a cos t√
a2−b2 ,

b√
a2−b2

)
(− cos t,− sin t, 0)

1√
a2−b2 (b sin t,−b cos t,−a)

 .

Case 2. If a2 < b2, then the helix H(t) is a time-like curve with 〈T, T 〉 = −1. Since

T =

(
−a sin t√
|a2 − b2|

,
a cos t√
|a2 − b2|

,
b√

|a2 − b2|

)
,

and so N = {(− cos t,− sin t, 0)}, B = T × N , then B = 1√
a2−b2 (b sin t,−b cos t,−a) with

curvature κ = a
b2−a2 and torsion τ = b

b2−a2 . Also,
〈
Ṫ , Ṫ

〉
= a2

b2−a2 > 0, and Ṫ is a space-like

vector and the Frenet equations in matrix notions are
Ṫ

Ṅ

Ḃ

 =


0 υκ 0

υκ 0 υτ

0 −υτ 0




T

N

B



=


0 a√

b2−a2 0

a√
b2−a2 0 b√

b2−a2

0 −b√
b2−a2 0



(
−a sin t√
b2−a2 ,

a cos t√
b2−a2 ,

b√
b2−a2

)
(− cos t,− sin t, 0)

1√
b2−a2 (b sin t,−b cos t,−a)

 .

Case 3. The curve is light-like if a2 = b2 and we have υ =
√
a2 − b2 = 0, then the tan-

gent vector T undefined, and so to calculate the Frenet equation of H(t) re-parameterization

by the pseudo arc length s. Let a = b = 1
c2 . Thus, the equation of the light-like helix

is H(s) =
{

1
c2 (cos(cs), sin(cs), cs)

}
, where the curvature κ = 1, the tangent vector T (s) ={

1
c (− sin(cs), cos(cs), 1)

}
, the normal vector N(s) = T ′(s) = {(− cos(cs),− sin(cs), 0)}. The

bi-normal vector B(s) is define as follows, since B(s) is a unique light-like vector then (1)
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〈B,B〉 = 0. Also, (2) g(T,B) = −1, and since B is orthogonal to N then (3) 〈B,N〉 = 0. From

(1), (2) and (3), then B(s) = c
2 (sin(cs),− cos(cs), 1), τ = −〈N ′, B〉 = c2

2 . Then, the Frenet

equations of H(s) in matrix notation are
Ṫ

Ṅ

Ḃ

 =


0 1 0

τ 0 1

0 τ 0




T

N

B



=


0 1 0

−c2
2 0 1

0 −c2
2 0




1
c (− sin(cs), cos(cs), 1)

(− cos(cs),− sin(cs), 0)

c
2 (sin(cs),− cos(cs), 1)

 .

This completes the proof. �

Definition 3.2 Assume that H(t) = {(x1(t), x2(t), x3(t), · · · , xn(t))} t ∈ domainH(t) is any

non-null curve in Minkowski n-space En1 . Then the retraction map of H(t) called projec-

tion retraction with n − 1 dimension defined as ri(H) : {(x1(t), x2(t), x3(t), · · · , xn(t))} →
(x1(t), x2(t), x3(t), · · · , xn(t)) − {(xi)} with {(xi)} = {(l1x1(t), l2x2(t), · · · , lnxn(t))}, where

ln = 1 when n = i and ln = 0 when n 6= i, i, n ∈ N, t ∈ DomainH.

Theorem 3.3 Let P (t) be a non-pseudo null space-like curve in E3
1 with curvature κ = 1 and

constant torsion τ , the projection retraction ri(P ) = (x1(t), x2(t), x3(t), · · · , xn(t)) − {(xi)},
i ∈ {1, 2, 3}, s ∈ Domainri(P ), then the Frenet apparatus of ri(P ) can be formed by Frenet

apparatus of P (t).

Proof Let P (t) = {(a cos t, a sin t, bt)} be a non-pseudo null space-like curve P in E3
1 with

constant curvature. For the curve r1(P (t)) = (0, a sin t, bt), υr =
√
a2 cos2(t)− b2. So

r1(P (t)) = (a cos t, a sin t, bt).

Differentiating this equation with respect to t, the tangent vector

Tr(t) =
υ

υr
T (t)−

(
−a sin t

vr
, 0, 0

)
,

where, T = ṙ
υ , Tr = ṙ1

υr
, Ṫr = Ṫ (t)− (−a cos t, 0, 0). Then, κ = ‖Ṫ‖

υ , N = Ṫ
υκ = Ṫ

‖Ṫ‖ , the normal

vector of r1(P ),

Nr(t) =

(
υ

υr

)2
κ

κr
N(t)− 1

κrυ2
r

(−a cos t, 0, 0)− υ̇rT (t).

And the bi-normal vector of r1(P ) is

Br(s) =
τ

κ
Tr(s)−

1

κ
N ′r(s) =

τ

κ
P ′(s)− 1

κ
P
′′′

(s).
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If r1(P ) is a null curve and Br(t) = Tr ∧ Nr, if r1(P ) is a non-null curve. Similarly, we have

the same proof for r2(P (t)) and r3(P (t)). �

Theorem 3.4 Let H(t) = {(a cos t, a sin t, bt)} be a helix in E3
1 . Then the Frenet equations of

the y-z retraction projection r1(H) = {(0, a sin t, bt)} and the x-z retraction projection r2(H) =

{(a cos t, 0, bt)} can be formed by the Frenet equations of H(t).

Proof Let H = {(a cos t, a sin t, bt)} and r1(H) = {(0, a sin t, bt)} be y-z retraction projec-

tion of H(t) with constant curvature κ 6= 0 and τ = 0 then the ratio τ/κ = 0 for any projection

plan of ri(H). Hence, r1(H) is not a helix, ṙ1(H) = (0, a cos t, b) and 〈ṙ1, ṙ1〉 = a2 cos2(t)− b2

for all t ∈ domainr1(H), and we have three cases following.

Case 1. If a2 cos2(t)− b2 > 0, the retraction r1(H) is a space-like curve with time like vector

Nr,

υr =
√
a2 cos2 t− b2, κr =

ab sin t

(a2 cos2(t)− b2)
3
2

.

From Lemma 3.1 and Theorem 3.3 we get

Tr =

(
0,

a cos t√
a2 cos2(t)− b2

,
b√

a2 cos2(t)− b2

)
,

Nr =

(
0,

b√
a2 cos2(t)− b2

,
a cos t√

a2 cos2(t)− b2

)

and the torsion is τr = 0, κr > 0, Br = (1, 0, 0). Then, the Frenet equations of the retraction

r1(H) in matrix notation are
Ṫ

Ṅ

Ḃ

 =


0 υκr 0

υκr 0 υτ

0 υτ 0




T

N

B



=


0 ab sin t

a2 cos2(t)−b2 0

ab sin t
a2 cos2(t)−b2 0 0

0 0 0



(

0, a cos t√
a2 cos2(t)−b2

, b√
a2 cos2(t)−b2

)
(0, b√

a2 cos2(t)−b2
, a cos t√

a2 cos2(t)−b2
)

(1, 0, 0)

 .

If a2 cos2(t) − b2 < 0, the retraction r1(H) is space-like curve with time like vector Nr,

υr =
√
b2 − a2 cos2 t, κr = ab sin t

(b2−a2 cos2(t))
3
2

. From Lemma 3.1 and Theorem 3.3 we get

Tr =

(
0,

a cos t√
b2 − a2 cos2(t)

,
b√

b2 − a2 cos2(t)

)
,

Nr =

(
0,

−b√
b2 − a2 cos2(t)

,
−a cos t√

b2 − a2 cos2(t)

)
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and the torsion is τr = 0, κr > 0, Br = (1, 0, 0). Then, the Frenet equations of the retraction

r1(H) in matrix notation are
Ṫ

Ṅ

Ḃ

 =


0 υκr 0

υκr 0 υτ

0 −υτ 0




T

N

B



=


0 ab sin t

b2−a2 cos2(t) 0

ab sin t
b2−a2 cos2(t) 0 0

0 0 0



(

0, a cos t√
b2−a2 cos2(t)

, b√
b2−a2 cos2(t)

)
(0, −b√

b2−a2 cos2(t)
, −a cos t√

b2−a2 cos2(t)
)

(1, 0, 0)

 .

If a2 cos2(t)− b2 = 0, then the retraction r1(H) = {(0, a sin t, bt)} is a light like curve and

the Frenet equations of the retraction r1(H) cannot appoints.

Case 2. The helix H = {(a cos t, a sin t, bt)} and r2(H) = {(a cos t, 0, bt)} is x-z retraction

projection of the curve H(t), and 〈ṙ, ṙ〉 = a2 sin2(t) − b2 for all t ∈ domainr2(H). WE have

three cases should be discussed.

If a2 sin2(t)− b2 > 0, then the retraction r2(H) is space-like, υ = |ṙ| =
√
a2 sin2(t)− b2,

T =
ṙ2

υ
=

 −a sin t√
a2 sin2(t)− b2

, 0,
b√

a2 sin2(t)− b2


and 〈

Ṫ , Ṫ
〉

=
−a2b2 cos2(t)(
a2 sin2(t)− b2

)2 < 0,
∣∣∣Ṫ ∣∣∣ =

ab cos t

a2 sin2(t)− b2
,

then Ṫ is time-like, 〈T, T 〉 = 1. So, T is space-like with curvature

κ =
ab cos t(

a2 sin2(t)− b2
) 3

2

, N =

 b√
a2 sin2(t)− b2

, 0,
−a sin t√

a2 sin2(t)− b2


and B = (0,−1, 0), 〈B,B〉 = 1 > 0, which is positively oriented, and the torsion τ = 0. Then,

the Frenet equations of r2(H) in matrix notation are
Ṫ

Ṅ

Ḃ

 =


0 υκr 0

υκ 0 υτ

0 υτ 0




T

N

B



=


0 ab cos t

a2 sin2(t)−b2 0

ab cos t
a2 sin2(t)−b2 0 0

0 0 0



(

a sin t√
a2 sin2(t)−b2

, 0, b√
a2 sin2(t)−b2

)
( b√

a2 sin2(t)−b2
, 0, −a sin t√

a2 sin2(t)−b2
)

(0,−1, 0)

 .
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If a2 sin2(t)− b2 < 0, then the retraction r2(H) is a time-like curve. Since T = ṙ2
υ , so

T =

 −a sin t√
b2 − a2 sin2(t)

, 0,
b√

b2 − a2 sin2(t)

 , 〈T, T 〉 = −1, υ = |ṙ2| =
√
b2 − a2 sin2(t)

and 〈
Ṫ , Ṫ

〉
=

a2b2 cos2(t)(
b2 − a2 sin2(t)

)2 > 0,
∣∣∣Ṫ ∣∣∣ =

ab cos t

b2 − a2 sin2(t)
.

Hence, Ṫ is space-like, 〈T, T 〉 = 1, T is time-like with curvature

κ =
ab cos t(

b2 − a2 sin2(t)
) 3

2

, N =

 −b√
b2 − a2 sin2(t)

, 0,
a sin t√

b2 − a2 sin2(t)


and B = (0,−1, 0), 〈B,B〉 = 1 > 0, which is positively oriented, so the torsion τ = 0. Then,

the Frenet equations of r2(H) in matrix notation are
Ṫ

Ṅ

Ḃ

 =


0 υκr 0

υκ 0 υτ

0 −υτ 0




T

N

B



=


0 ab cos t

b2−a2 sin2(t)
0

ab cos t
b2−a2 sin2(t)

0 0

0 0 0



(

−a sin t√
b2−a2 sin2(t)

, 0, b√
b2−a2 sin2(t)

)
( −b√

b2−a2 sin2(t)
, 0, a sin t√

b2−a2 sin2(t)
)

(0,−1, 0)

 .

If a2 sin2(t)− b2 = 0, then the retraction r2(H) is a light-like curve and the tangent vector

T is undefined, and then the Frenet equations cannot be appointed, see Figure 1 for details.

Figure 1

This completes the proof. �
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Theorem 3.5 Let H(t) = {(a cos t, a sin t, bt)} be a helix in E3
1 . Then the Frenet equations are

variants under the x-y retraction projection r3(H) = {(a cos t, a sin t, 0)},

Proof Let H(t) = {(a cos t, a sin t, bt)} and let r3(H) = {(a cos t, a sin t, 0)} be x-y retraction

projection of the curve H(t). Clearly, 〈ṙ3, ṙ3〉 = a2 > 0 for all t ∈ domainr3(H), and |ṙ3| = a,

T =
ṙ3

υ
= (− sin t, cos t, 0),

where υ = a, 〈T, T 〉 = 1. Then, r3(H) is a space-like curve. And
〈
Ṫ , Ṫ

〉
= 1, i.e., |Ṫ | = 1.

Thus Ṫ is space-like with curvature κ = ‖Ṫ‖
υ = 1

a > 0 and τ = 0, N = (− cos t,− sin t, 0),

B = (0, 0,−1). Then, the Frenet equations in matrix notation are
Ṫ

Ṅ

Ḃ

 =


0 υκr 0

−υκ 0 υτ

0 υτ 0




T

N

B



=


0 1 0

−1 0 0

0 0 0




(− sin t, cos t, 0)

(− cos t,− sin t, 0)

(0, 0,−1)

 .

This completes the proof. �

Corollary 3.6 Let H(t) = {(a cos t, a sin t, bt)} be a helix in E3
1 . Then, the Frenet equations

can not be appointed under the retraction projection r1,2(H) = {((l1)a cos t, (l2)a sin t, (l3)bt)} =

{(0, 0, bt)}, i1 = l2 = 0, l3 = 1, and r1,2(H) is a straight line z = bt.

Proof Let H(t) = {(a cos t, a sin t, bt)} be a helix in E3
1 and let r1,2(H) = {(0, 0, bt)} be a

retraction of the curve H(t) and 〈ṙ1,2, ṙ1,2〉 = −b2 < 0 for all t ∈ domainH, then r1,2(H) is a

time-like curve and |ṙ1,2| = b, T =
ṙ1,2
υ = (0, 0, 1), where υ = a and

〈
Ṫ , Ṫ

〉
= 0, |Ṫ | = 0. Thus,

Ṫ is light-like and T is time-like, the normal and bi-normal vectors N,B are undefined. And

the Frenet equations cannot be appointed. The ratio τ/κ is undefined. Since κ = τ = 0 then

r1,2(H) is a straight line. �

Definition 3.7 Let P (t), P (t) ⊂ E3
1 be any curve in Minkowski 3-space E3

1 , t ∈ R, we have an

arbitrary point, t0 ∈ DomainP 3 I = (δ − t0, δ + t0) with δ > 0, I ⊂ R and δ ∈ R, then there

exists related retractions for every interval I define as rI(P (t)) ⊂ P (t) ⊂ E3
1 .

Theorem 3.8 Let H(t) = {(a cos t, a sin t, bt)} be a helix in E3
1 . Then, the Frenet equations of

the retraction ri(H) = H(f(t)) are different from the Frenet equations of H(t).

Proof Notice that ri(H) = {(a cos f(t), a sin f(t), bf(t))}. Since 〈ṙ, ṙ〉 = ḟ2
(
a2 − b2

)
,

ḟ2 > 0 for all t, the retraction ri(H) of the helix H(t) is a space-like curve when a2 − b2 > 0, a

time-like curve if a2 − b2 < 0 and a null-like curve if a2 = b2. And since the ratio τ/κ = c is a

constant for all t, then the retraction ri(H) is a helix. We have three cases should be discussed.
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Case 1. The curve ri(H) is a space-like retraction helix if a2 > b2, and we have

〈ṙ, ṙ〉 = ḟ2(a2 − b2), υ = ḟ
√
a2 − b2, Tr =

(
−a sin f√
a2 − b2

,
a cos f√
a2 − b2

,
b√

a2 − b2

)
and 〈Tr, Tr〉 = 1. Hence, ri(H) is space-like, Nr = {(− cos f,− sin f, 0)}, B = T ×N and

Br =

{
1√

a2 − b2
(b sin f,−b cos f,−a)

}
with curvature κr = a

a2−b2 and torsion τr = −b
a2−b2 . Also,

〈
Ṫr, Ṫr

〉
=

ḟ2a2

a2 − b2
> 0, |Ṫ | = ḟa√

a2 − b2

and Ṫr is a space-like vector, and the Frenet equations of ri(H) in matrix notation are
Ṫr

Ṅr

Ḃr

 =


0 υκ 0

−υκ 0 υτ

0 υτ 0




Tr

Nr

Br



=


0 aḟ√

a2−b2 0

−aḟ√
a2−b2 0 −bḟ√

a2−b2

0 −bḟ√
a2−b2 0




(
−a sin f√
a2−b2 ,

a cos f√
a2−b2 ,

b√
a2−b2

)
(− cos f,− sin f, 0)

1√
a2−b2 (b sin f,−b cos f,−a)

 .

Case 2. The curve ri(H) is a time-like retraction helix if a2 < b2, and then we have

|ṙ(H)| = ḟ2(
∣∣a2 − b2

∣∣), υ = ḟ
√
b2 − a2, Tr =

(
−a sin f√
b2 − a2

,
a cos f√
b2 − a2

,
b√

b2 − a2

)
and 〈Tr, Tr〉 = −1.

So, Nr = {(− cos f,− sin f, 0)}, B = T × N , Br =
{

1√
b2−a2 (b sin f,−b cos f,−a)

}
, the

basis {T,N,B} is positive oriented because 〈B,B〉 = 1, the curvature is κr = a
b2−a2 and the

torsion is τr = b
b2−a2 . Also,

〈
Ṫr, Ṫr

〉
= ḟ2a2

b2−a2 > 0, and Ṫr is a space-like vector. So, the Frenet

equations of ri(H) in matrix notation are
Ṫr

Ṅr

Ḃr

 =


0 υκ 0

υκ 0 υτ

0 −υτ 0




Tr

Nr

Br



=


0 aḟ√

b2−a2 0

aḟ√
b2−a2 0 bḟ√

b2−a2

0 −bḟ√
b2−a2 0




(
−a sin f√
b2−a2 ,

a cos f√
b2−a2 ,

b√
b2−a2

)
(− cos f,− sin f, 0)

1√
b2−a2 (b sin f,−b cos f,−a)

 .

This completes the proof. �
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Theorem 3.9 Let H(t) = {(a cos t, a sin t, bt)} be a null helix in E3
1 . Then, the Frenet equations

of the retraction ri(H) = H(f(t)) are different from the Frenet equations of H(t).

Proof Let ri(H) be a light-like retraction helix of H(t), re-parameterization by the pseudo

arc length s. So, a = b = 1
c2 , f(t) = cf(s) and the equation of a light-like helix is H(s) ={

1
c2 (cos(cs), sin(cs), cs)

}
, where ri(H) =

{
1
c2 (cos(cf(s)), sin(cf(s)), cf(s))

}
(I) with curvature

κr = 1, the tangent vector

Tr(s) =

{
1

c
(f ′(− sin(cf(s))), cos(cf(s)), 1)

}
, 〈Tr, Tr〉 = 0.

Then ri(H) is a light-like helix and the norma vector is

Nr(s) = T ′r(s) =

{(
−f
′′

c
sin(cf)− f ′2 cos(cf),

f ′′

c
cos(cf)− f ′2, f

′′

c

)}
,

the bi-normal vector Br(s) is defined as follows:

Notice that B(s) is a unique light-like vector then (1) 〈B,B〉 = 0; Also, (2) g(T,B) = 1

and since B is orthogonal to N , then (3) 〈B,N〉 = 0. From (1),(2) and (3), the bi-normal

vector is

Br(s) = {(J,K,L)}

J =
f ′′

f ′3
(tan2(cf) sin(cf)− sec(cf)) +

(
c

2f ′
− f ′′

2cf ′5

)
sin(cf),

K =
f ′′

2cf ′5
cos(cf)− f ′′

f ′3
tan2(cf) cos(cf)− c

2f ′
cos(cf),

L =
f ′′

2f ′3
(tan(cf)− tan2(cf)) +

f ′′

2cf ′5
+

c

2f ′

with torsion

τr = −〈N ′r, Br〉 =
f ′′′

f ′
+
f ′′

2f ′
− 3f ′′

2

f ′2
+ (tan(cf)− tan2(cf))cf ′′ − c2

2
f ′

2

This completes the proof. �

Corollary 3.10 Let H(s) =
{

1
c2 (cos(cs), sin(cs), cs)

}
be a null helix in E3

1 . Then, the Frenet

equations of the retraction ri(H) = H(f(s)) can be formed by the Frenet equations of H(s) if

f ′′(s) = 0.

Proof Let H(s) =
{

1
c2 (cos(cs), sin(cs), cs)

}
be a null helix in E3

1 , where

ri(H) =

{
1

c2
(cos(cf(s)), sin(cf(s)), cf(s))

}
with curvature κr = 1. If f ′′(s) = 0 then f ′(s) = c1 and f(s) = c1s + c2 be a linear function,

where c1 = 1 and c2 < 0 are constants. By substituting there conditions in the equations of
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Tr(s), Nr(s) and Br(s) in Theorem 3.9 and applying the value of T (s), N(s) and B(s) following
T (s) =

{
1
c (− sin(cs), cos(cs), 1)

}
N(s) = (− cos(cs),− sin(cs), 0)

B(s) = c
2{(sin(cs),− cos(cs), 1)}

Then ,we have ri(H) =
{

1
c2 (cos(cs+ c1)), sin(cs+ c1, cs+ c1)

}
. The tangent vector of ri(H) is

Tr(s) = λ1T + λ2N + λ, where λ = (0, 0, 1 − λ1) and λ1, λ2 are constants. Then the normal

vector of ri(H) is Nr(s) = ν1N + ν2B + ν, where ν = (0, 0,−ν2) and ν1, ν2 are constants, the

bi-normal vector of ri(H) is Br(s) = η1B − η2N + η, where η = (0, 0, 1 − η1) and η1, η2 are

constants and the curve ri(H) has torsion τr = −c2
2 f ′

2
= f ′

2
τ , curvature κr = κ = 1. Then,

the Frenet equations of the retraction ri(H) = H(f(s)) can be formed by the Frenet equations

of H(s) if f ′′(s) = 0 and so 
Tr(s) = λ1T (s) + λ2N(s) + λ

Nr(s) = νN (s) + ν2B(s) + ν

Br(s) = η1B(s)− η2N(s) + η

This completes the proof. �

Now, we introduce types of conditional foldings of the helix H = {(a cos t, a sin t, bt)} in

E3
1 . Clearly, H ′ = {(a sin t, a cos t, b)}. Define

Ψ : {(a cos t, a sin t, bt)} →
{
a

m
cos t,

a

m
sin t,

b

m
t

}
, m > 1.

Theorem 3.11 The Frenet equations of the non-null helix H = {(a cos t, a sin t, bt)} in E3
1 are

invariant under the folding Ψ(H) =
{
a
m cos t, am sin t, bm t

}
for integers m > 1.

Proof Let Ψ(H) =
{
a
m cos t, am sin t, bm t

}
be a folding of the helix H = {(a cos t, a sin t, bt)}

and
〈

Ψ̇, Ψ̇
〉

= 1
m2

(
a2 − b2

)
. Since 1

m2 > 0, this folding is a space-like curve if a2 > b2, a

time-like curve if a2 < b2 and a null curve if a2 = b2. Since H(t) is a helix then the ratio

τ/κ = c is a constant. So the folding Ψ(t) has the ratio τf/κf = τ/κ = − b
a , is also a constant

and then Ψ(t) is a helix. We have three cases should be discussed.

Case 1. The folded helix is space-like if a2 > b2. So, |Ψ(t)| = υ =

√(
a
m

)2 − ( bm)2 and

TΨ =

(
−a sin t√
a2 − b2

,
a cos t√
a2 − b2

,
b√

a2 − b2

)
, 〈T, T 〉 = 1,

BΨ = TΨ ×NΨ =

{
1√

a2 − b2
(b sin t,−b cos t,−a)

}
,

NΨ = {(− cos t,− sin t, 0)}

with curvature κΨ = ma
a2−b2 and torsion τΨ = −mb

a2−b2 . Also,
〈
ṪΨ, ṪΨ

〉
= a2

a2−b2 > 0, |ṪΨ| =
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a√
a2−b2 . Thus, ṪΨ is a space-like vector, and the Frenet equations in matrix notation are


Ṫ

Ṅ

Ḃ

 =


0 υκ 0

−υκ 0 υτ

0 υτ 0




T

N

B



=


0 a√

a2−b2 0

−a√
a2−b2 0 −b√

a2−b2

0 −b√
a2−b2 0



(
−a sin t√
a2−b2 ,

a cos t√
a2−b2 ,

b√
a2−b2

)
(− cos t,− sin t, 0)

1√
a2−b2 (b sin t,−b cos t,−a)

 .

Case 2. The folded helix is time-like if a2 < b2. Then, we have |Ḣ(t)| =
√
|a2 − b2|, where,

υ =

√(
b
m

)2 − ( am)2 and

TΨ =

(
−a sin t√
b2 − a2

,
a cos t√
b2 − a2

,
b√

b2 − a2

)
,

NΨ = {(− cos t,− sin t, 0)}.

So, 〈T, T 〉 = −1 and

BΨ = TΨ ×NΨ =

{
1√

b2 − a2
(b sin t,−b cos t,−a)

}
,

the basis {T,N,B} is positive oriented because 〈B,B〉 = 1, Ṫ =
(
−a cos t√
b2−a2 ,

−a sin t√
b2−a2 , 0

)
. The

curvature κΨ = ma
b2−a2 and the torsion τΨ = −mb

b2−a2 . Also,
〈
ṪΨ, ṪΨ

〉
= a2

b2−a2 > 0. So, ṪΨ is a

space-like vector, and the Frenet equations in matrix notation are
Ṫ

Ṅ

Ḃ

 =


0 υκ 0

υκ 0 υτ

0 −υτ 0




T

N

B



=


0 a√

b2−a2 0

a√
b2−a2 0 b√

b2−a2

0 −b√
b2−a2 0



(
−a sin t√
b2−a2 ,

a cos t√
b2−a2 ,

b√
b2−a2

)
(− cos t,− sin t, 0)

1√
b2−a2 (b sin t,−b cos t,−a)

 .

This completes the proof. �

Theorem 3.12 Let H = {(a cos t, a sin t, bt)} be a null helix in E3
1 , Ψ(H) =

{
a
m

cos t, a
m

sin t, b
m
t
}

a folding of H(t) for integers m > 1. Then, the Frenet equation of Ψ(t) can be formed by the

Frenet equation of H(t).

Proof Let Ψ(t) =
{
a
m cos t, am sin t, bm t

}
be a folding of the null helixH = {(a cos t, a sin t, bt)},

υ = 0. Then, T is undefined, re-parameterization H(t) by the pseduo arc length s. Let

a = b = 1
c2 , t = cs. Thus the equation of the light-like helix is H(s) =

{
1
c2 (cos(cs), sin(cs), cs)

}
,
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Ψ(s) = 1
m

{
1
c2 (cos(cs), sin(cs), cs)

}
with curvature κ = 1. The tangent vector is TΨ(s) = Ψ̇(s) =

1
m

{
1
c (− sin(cs), cos(cs), 1)

}
, the normal vector is NΨ(s) = T ′Ψ(s) = 1

m {(− cos(cs), sin(cs), 0)}
with the the bi-normal vector defined as follows.

Since BΨ(s) is a unique light-like vector, we know that (1) 〈B, b〉 = 0. Also, (2) g(TΨ, BΨ) =

−1. Notice that BΨ is orthogonal to NΨ, there must be (3) 〈BΨ, NΨ〉 = 0. From (1), (2) and

(3),

BΨ(s) =
mc

2
(sin(cs),− cos(cs), 1)

and τΨ = −〈N ′Ψ, BΨ〉 = c2

2 . So, the Frenet equations of folded curve Ψ(H) in matrix notation

are 
T ′Ψ

N ′Ψ

B′Ψ

 =


0 1 0

τΨ 0 1

0 τΨ 0




TΨ

NΨ

BΨ



=


0 1 0

−c2
2 0 1

0 −c2
2 0




1
mc (− sin(cs), cos(cs), 1)

1
m (− cos(cs),− sin(cs), 0)

mc
2 (sin(cs),− cos(cs), 1)

 ,

where, κΨ = κ = 1, τΨ = τ = −c2
2 and 

TΨ = 1
mT

NΨ = 1
mN

BΨ = mB

This completes the proof. �

References

[1] A.E.El-Ahmady, The variation of the density on chaotic spheres in chaotic space-like

Minkowski space time, Chaos, Solitons and Fractals, Vol.31 (2007), 1272-1278.

[2] A.E.El-Ahmady, The deformation retracts and topological folding of Kottler space, Bulletin
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[13] K.İlarslan, O. Boyacıoǧlu, Position vectors of a time-like and a null helix in Minkowski

3-space, Chaos Solitons Fractals, 38 (2008) 1383-1389.



Math.Combin.Book Ser. Vol.1(2020), 105-113

Some Results on 4-Total Difference Cordial Graphs

R. Ponraj

(Department of Mathematics, Sri Paramakalyani College, Alwarkurichi-627412, Tamilnadu, India)

S.Yesu Doss Philip and R. Kala

(Department of Mathematics, Manonmaniam Sundarnar University, Tirunelveli-627012, Tamilnadu, India)

E-mail: ponrajmaths@gmail.com, jesuphilip09@gmail.com, karthipyi91@yahoo.co.in

Abstract: Let G be a graph. Let f : V (G) → {0, 1, 2, · · · , k − 1} be a map where k ∈ N
and k > 1. For each edge uv, assign the label |f(u)− f(v)|. f is called k-total difference

cordial labeling of G if |tdf (i)− tdf (j)| ≤ 1, i, j ∈ {0, 1, 2, · · · , k − 1} where tdf (x) denotes

the total number of vertices and the edges labeled with x. A graph with admits a k-total

difference cordial labeling is called k-total difference cordial graphs.

Key Words: Difference cordial labeling, Smarandachely difference cordial labeling, star,

path, cycle, bistar, crown, comb.

AMS(2010): 05C78.

§1. Introduction

We consider here finite, simple and undirected graphs only. Ponraj etl., has been introduced

the concept of k-total difference cordial graph in [4]. In [4,5], 3-total difference cordial labeling

path , complete graph,comb ,armed crown, crown , wheel, star etc have been investigate and

also we prove that every graph is a subgraph of a connected k-total difference cordial graphs

in .In this paper we investigate 4-total difference of cordial labeling of some graphs like star,

path, cycle, bistar, crown, comb, etc.

§2. K-Total Difference Cordial Labeling

Definition 2.1 Let G be a graph. Let f : V (G)→ {0, 1, 2, · · · , k−1} be a function where k ∈ N
and k > 1. For each edge uv, assign the label |f(u)− f(v)|. f is called k-total difference cordial

labeling of G if |tdf (i)− tdf (j)| ≤ 1, i, j ∈ {0, 1, 2, · · · , k − 1} where tdf (x) denotes the total

number of vertices and the edges labelled with x. A graph with a k-total difference cordial labeling

is called k-total difference cordial graph. Otherwise, if there is a pair {i, j} ⊂ {0, 1, 2, · · · , k−1}
such that |tdf (i)− tdf (j)| > 1,such a labeling is called a Smarandachely k-total difference cordial

labeling of G.

Remark 2.2([6]) 2-total difference cordial graph is 2-total product cordial graph.

1Received July 13, 2019, Accepted March 16, 2020.



106 R. Ponraj, S.Yesu Doss Philip and R. Kala

§3. Preliminaries

Definition 3.1 The corona of G1 with G2,G1 � G2 is the graph obtained by taking one copy

of G2 and p1 copies of G2 and joining the ith vertex of G1 with an edge to every vertex in the

ith copy of G2.

Definition 3.2 Armed crown ACn is the graph obtained from the cycle Cn : u1u2 · · ·unu1 with

V (ACn) = V (Cn)
⋃
{vi, wi : 1 ≤ i ≤ n} and E(ACn) = E(Cn)

⋃
{uivi, viwi : 1 ≤ i ≤ n}.

Definition 3.3 An edge x = uv of G is said to be subdivided if it is replaced by the edges uw

and wv where w is a vertex not in V (G).If every edge of G is subdivided,the resulting graph is

called the subdivision graph S(G).

Definition 3.4 Jelly fish graphs J(m,n) obtained from a cycle C4 : uxvyu by joining x and y

with an edge and appending m pendent edges to u and n pendent edges to v.

Definition 3.5 Triangular snake Tn is obtained from the path Pn : u1u2 · · ·un with V (Tn) =

V (Pn)
⋃
{vi : 1 ≤ i ≤ n− 1} and E(Tn) = E(Pn) =

⋃
{uivi, ui+1vi : (1 ≤ i ≤ n− 1)}.

Definition 3.6 Double Triangular snake D(Tn) is obtained from the Path Pn : u1u2 · · ·un with

V (D(Tn)) = V (Pn)
⋃
{vi, wi : 1 ≤ i ≤ n− 1} and E(D(Tn)) = E(Pn)

⋃
{uivi, uiwi : 1 ≤ i ≤

n− 1}
⋃
{viui+1, wiui+1 : 1 ≤ i ≤ n− 1}.

§4. Main Results

Theorem 4.1 Any star K1,n is 4-total difference cordial.

Proof Let V (K1,n) = {u, ui : 1 ≤ i ≤ n} and E(K1, n) = {uui : 1 ≤ i ≤ n}.

Case 1. n ≡ 0 (mod 4).

Let n = 4r,r ∈ N . Assign the label 1 to the central vertex. Next assign the label 0 to the

vertices u1, u2, . . . , u2r and assign the label 3 to the remaining vertices.

Case 2. n ≡ 1 (mod 4).

Let n = 4r + 1,r ∈ N . Assign the label 1 to the central vertex u .We now move to the

pendent vertices.Assign the label 0 to the vertices u1, u2, · · · , u2r and assign the label 3 to the

next remaining vertices u2r+1, u2r+2, · · · , u4r and u4r+1.

Case 3. n ≡ 2 (mod 4).

Let n = 4r + 2,r ∈ N .In this case assign the label 0 to the vertices u1, u2, · · · , u2r and

u2r+1.Next assign the label 3 to the vertices u2r+2, u2r+3, · · · , u4r+2.Finally assign 1 to the

central vertex u.

Case 4. n ≡ 3 (mod 4).

As in case (3) assign the label to u, u1, u2, · · · , un−1. Next assign the label 3 to the vertex
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un.

Table 1 given below establish that this vertex labeling pattern is a 4-total difference cordial

labeling.

Values of n tdf (0) tdf (1) tdf (2) tdf (3)

n ≡ 0 (mod 4) 2r 2r + 1 2r 2r

n ≡ 1 (mod 4) 2r 2r + 1 2r + 1 2r + 1

n ≡ 2 (mod 4) 2r + 1 2r + 2 2r + 1 2r + 1

n ≡ 3 (mod 4) 2r + 1 2r + 2 2r + 2 2r + 2

Table 1

A 4-total difference cordial labeling of K1,n(n = 1, 2, 3) is given in Table 2.

Values of n u u1 u2 u3

1 1 3

2 1 0 3

3 1 0 3 3

Table 2

This completes the proof. �

Theorem 4.2 The path Pn is 4-total difference cordial for all values of n.

Proof Let Pn be the path u1, u2, · · · , un.

Case 1. n ≡ 0 (mod 4) n > 3.

Let n = 4r, r ∈ N, Assign the labels 3, 1, 1 and 3 respectively to the vertices u1,u2,u3,u4.Next

assign the labels 3, 1, 1 and 3 to the next 4 vertices u5,u6,u7,u8 respectively. Proceeding like

this until we reach the vertex un. That is in this process the last 4 vertices un−3,un−2, un−1

and un receive the labels 3, 1, 1 and 3.

Case 2. n ≡ 1 (mod 4) n > 3.

Let n = 4r+ 1,r ∈ N. As in Case 1, assign the label to the vertices u1, u2, · · · , un−1. Next

assign the label 3 to the vertex un.

Case 3. n ≡ 2 (mod 4), n > 3.

Let n = 4r + 2,r ∈ N. Assign the label to the vertices u1, u2, · · · , un−1 as in Case 2. Next

assign the label 1 to the vertices un.

Case 4. n ≡ 3 (mod 4), n > 3.

Let n = 4r + 3,r ∈ N. Assign the label to the vertices u1, u2, · · · , un−1 as in Case 3. Next

assign the label 1 to the vertex un. This vertex labels is a 4-total difference cordial labels follows

from Table 3 for n > 3.
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Values of n tdf (0) tdf (1) tdf (2) tdf (3)

n ≡ 0 (mod 4) 2r − 1 2r 2r 2r

n ≡ 1 (mod 4) 2r 2r 2r 2r + 1

n ≡ 2 (mod 4) 2r 2r + 1 2r + 1 2r + 1

n ≡ 3 (mod 4) 2r + 1 2r + 2 2r + 1 2r + 1

Table 3

A 4-total difference cordial labeling of Pn(n = 1, 2, 3) is given in Table 4.

Values of n u1 u2 u3

1 0

2 0 2

3 0 2 3

Table 4

This completes the proof. �

Theorem 4.3 The cycle Cn is 4-total difference cordial if n ≡ 0, 1, 3 (mod 4)

Proof Let Cn be the cycle u1u2 · · ·unu1. Assign the label to the vertices u1, u2, · · · , un
as in Theorem 4.2. Table 5 given below shows that this labeling of Cn is a 4-total difference

cordial.

Values of n tdf (0) tdf (1) tdf (2) tdf (3)

n ≡ 0 (mod 4) 2r 2r 2r 2r

n ≡ 1 (mod 4) 2r 2r 2r 2r + 1

n ≡ 3 (mod 4) 2r + 1 2r + 2 2r + 1 2r + 1

Table 5

This completes the proof. �

Theorem 4.4 The bistar Bn,n is 4-total different cordial for all n.

Proof Let V (Bn,n) = {u, v, ui, vi : 1 ≤ i ≤ n} and E(Bn,n) = {uui, vvi, uv : (1 ≤ i ≤ n)}.
Clearly Bn,n has 2n+ 2 vertices and 2n+ 1 edges. Assign the label 1 to the central vertices u

and v. Assign the label 3 to the vertices u1, u2, · · · , un and v1. We now assign the label 1 to

the vertices v2, v3, · · · , vn. Clearly tdf (0) = n, tdf (1) = tdf (2) = tdf (3) = n + 1. Therefore f is

a 4-total difference cordial labeling. �

Theorem 4.5 The crown Cn �K1 is 4-total difference cordial labeling for all values of n.

Proof Let Cn be the cycle u1u2 · · ·unu1 .Let V (Cn � K1)V (Cn)
⋃
{vi : 1 ≤ i ≤ n} and

E(Cn�K1) = E(Cn)
⋃
{uivi : 1 ≤ i ≤ n}. Assign the label 1 to the cycle vertices u1, u2, · · · , un.

Next we move to the pendent vertices vi. Assign the label 3 to all pendent vertices v1, v2, · · · , vn.
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Clearly tdf (0) = tdf (1) = tdf (2) = tdf (3) = n. Hence f is a 4-total difference cordial labeling.�

Corollary 4.1 All combs are 4-total difference cordial labeling.

Proof Clearly the vertex labeling in theoeam 4.5 is also a 4-total difference cordial labeling

of Pn �K1. �

Theorem 4.6 The armed crown ACn is 4-total difference cordial for all n.

Proof Clearly ACn has 3 vertices and 3n edges. Let the vertex set and edge set as in

Definition 3.2. Assign the label 1 to the all the cycle vertices u1, u2, · · · , un. Next we assign

the label 3 to the vertices v1, v2, · · · , vn.

Case 1. n is even.

In this case assign the label 3 to the pendent vertices w1w2 · · ·wn
2

and 1 to the remaining

pendent vertices wn
2 +1, wn

2 +2, · · · , wn.

Case 2. n is odd.

Assign the label 3 to the vertices w1, w2, · · · , wn+1
2

and 1 to the vertices wn+3
2
, wn+5

2
, · · · , wn.

The table 6 given below establish that this vertex labeling pattern is a 4-total difference cordial

labeling.

Values of n tdf (0) tdf (1) tdf (2) tdf (3)

n is even 3n
2

3n
2

3n
2

3n
2

n is odd 3n+1
2

3n−1
2

3n−1
2

3n+1
2

Table 6

This completes the proof. �

Theorem 4.7 The double triangular snake DTn is 4-total difference cordial for all n.

Proof Let the vertex set and edge set as in Definition 3.6.

Case 1. n ≡ 0 (mod 3).

Assign the labels 3, 2, 3 to the path vertices u1, u2, u3. Next assign the labels 3, 2, 3 to the

next 3 vertices u4, u5, u6 respectively. Proceeding like this until we reach the vertices un. That

is in the process the last three vertices un−2, un−1, un receive the label 3, 2, 3. Next assign the

label 0 to the vertices v1, v2, · · · , vn and assign the label 2 to the vertices w1, w2, · · · , wn.

Case 2. n ≡ 1 (mod 3).

In this case assign the labels to the vertices ui, (1 ≤ i ≤ n− 1),vi, wi, (1 ≤ i ≤ n− 1) as in

Case 1. Next assign the labels 3, 0, 2 respectively to the vetices un, vn−1, wn.

Case 3. n ≡ 2 (mod 3).

As in Case 2 assign the labels to the vertices u1, u2, · · · , un−1,v1, v2, · · · vn−2 and w1, w2, · · ·wn−2.
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Finally assign the label 2, 0 and 2 to the vertices un,vn−1 and wn−1. Table 7 given below es-

tablish that this labeling scheme is a 4-total difference cordial labeling of DTn.

Nature of n tdf (0) tdf (1) tdf (2) tdf (3)

n ≡ 0 (mod 3) 2n− 2 2n− 2 2n− 1 2n− 2

n ≡ 1 (mod 3) 2n− 2 2n− 2 2n− 2 2n− 1

n ≡ 2 (mod 3) 2n− 2 2n− 2 2n− 1 2n− 2

Table 7

This completes the proof. �

Example 4.1 A 4-total difference cordial labeling of D(T6) is shown in Figure 1.

r rrr rr
A
A
A
A
AA

r r r r r

r r r rr

0 0 0 0 0

2 2 2 2 2

3 2 3 3 2 3

Figure 1

Theorem 4.8 The jelly fish J(n, n) is 4-total difference cordial for all n.

Proof Let C4 be a cycle uxvyu. Let V (J(n, n))=V (C4)
⋃
{ui, vi : 1 ≤ i ≤ n} and E(J(n, n))

= E(C4) ∪ {xy, xui, yvi : 1 ≤ i ≤ n}. Assign the label 1 to the all cycle vertices u,x,y,v. Next

we move to the pendent vertices. Assign the label 3 to the u1, u2, · · · , un and v1,v2. Assign the

label 1 to the v3, v4, · · · , vn. Since tdf (0) = n+ 3,tdf (1) = tdf (2) = tdf (3) = n+ 2 ,f is a 4-total

difference cordial labeling. �

Theorem 4.9 The subdivision of the bistar Bn,n, S(Bn,n) is 4-total different cordial for all n.

Proof Let V (S(Bn,n)) = {u,w, v, ui, vi, xi, yi : 1 ≤ i ≤ n} and E(S(Bn,n)) = {uui, uixi, uw,
wv, vvi, viyi : 1 ≤ i ≤ n}. Assign the label 1 to the vertices u,w and v.Next assign the label 3

to the vertices u1, u2, · · · , ui,
x1, x2, · · · , xi and v1. We now assign the label 2 to the vertices y1, y2, · · · , yn and v2. Finally

assign the label 1 to the vertices v3, v4, · · · , vn. Since tdf (0) = tdf (1) = tdf (3) = 2n+ 1,tdf (2) =

2n+ 2. The labeling f is a 4-total difference cordial labeling. �

Theorem 4.10 Pn � 2K1 is 4-total difference cordial for all n.
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Proof Let Pn be the path u1, u2, · · · , un.Let vi,wi be the pendent vertices adjacent to ui

(1 ≤ i ≤ n). Assign the label 1 to the path vertices u1, u2, · · · , un.

Case 1. n is even.

Assign the label 3 to all the vertices v1,v2, · · · , vn and w1,w2, · · · , wn
2

. We now assign the

label 1 to the vertices wn
2 +1, wn

2 +2, · · · , wn.

Case 2. n is odd.

As in Case 1 assign the label to the vertices ui,vi,wi (1 ≤ i ≤ n). Next assign the label 3

to the vertices un and assign the label 1 to the vertex wn.

Table 8 given below establish that this vertex labeling pattern is a 4-total difference cordial

labeling.

Values of n tdf (0) tdf (1) tdf (2) tdf (3)

n is even 3n
2 − 1 3n

2
3n
2

3n
2

n is odd 3n−1
2

3n+1
2

3n−1
2

3n−1
2

Table 8

This completes the proof. �

Theorem 4.11 S(Pn �K1) is 4-total difference cordial for all n.

Proof Let Pn be the path u1, u2, · · ·un.Let V (Pn � K1) = V (Pn) ∪ {vi : 1 ≤ i ≤ n} and

E(Pn�K1) = {ui : 1 ≤ i ≤ n}. Let xi be the vertex which subdivide the edge uiui+1,{1 ≤ i ≤ n− 1}
and yi be the vertex which subdivide uivi : {1 ≤ i ≤ n}. Assign the label 3 to the all path

vertices u1, u2, · · · , un and x1, x2, · · · , xn and v2. Next we assign the label 1 to the vertices

y1, y2, . . . yn and v1. Finally we assign the label 2 to the remaining vertices v3, v4, · · · vn. Clear-

ly tdf (0) = tdf (1) = tdf (2) = 2n − 1,tdf (3) = 2n. Therefore, f is a 4-total difference cordial

labeling of S(Pn �K1). �

Theorem 4.12 S(Cn �K1) is 4-total difference cordial for all values of n.

Proof Let Cn : u1u2 · · ·unu1 be the cycle. Let V (Cn � K1)=V (Cn)
⋃
{vi : (1 ≤ i ≤ n)}

and E(Cn �K1) = E(Cn)
⋃
{uivi : 1 ≤ i ≤ n} . Let xi, yi be the vertices which subdivide the

edges uiui+1(1 ≤ i ≤ n − 1) , uivi(1 ≤ i ≤ n) respectively. First we assign the label 3 to the

cycle vertices u1, u2, · · ·un and x1, x2, · · ·xn. Next we assign the label 1 to the y1, y2, · · · yn.

Finally assign the label 2 to the all pendent vertices v1, v2, · · · vn. Clearly tdf (0) = tdf (1) =

tdf (2) = tdf (3) = 2n. Therefore f is a 4-total difference cordial labeling of S(Cn �K1). �

Theorem 4.13 S(ACn) is 4-total difference cordial for all n.

Proof Let the vertex set and edge set of ACn as in definition 3.2.let xi : (1 ≤ i ≤
n − 1),yi : (1 ≤ i ≤ n − 1) and zi : (1 ≤ i ≤ n − 1) be the vertex which subdivide the edges

uiui+1 : (1 ≤ i ≤ n − 1),uivi : (1 ≤ i ≤ n − 1) and viwi : (1 ≤ i ≤ n − 1) respectively. Assign

the label 3 to the vertices u1, u2, · · · , un and x1, x2, · · · , xn and w1, w2, · · · , wn. Next assign
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the label 1 to the vertices y1, y2, · · · , yn.Then assign the label 2 to the vertices v1, v2, · · · , vn
and z1, z2, · · · zn. obviously tdf (0) = tdf (1) = tdf (2) = tdf (3) = 3n. Therefore f is a 4-total

difference cordial labeling of S(ACn). �

Example 4.2 A 4-total difference cordial labeling of S(ACn) is shown in Figure 2.
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Figure 2

Theorem 4.14 S(Tn) is 4-total difference cordial.

Proof Let the vertex set and edge set of Tn as in Definition 3.7. Let xi, yi and zi be the

vertices which subdivide the edges uiui+1,ui, vi and ui+1vi, (1 ≤ i ≤ n).

Case 1. n ≡ 0 (mod 4)).

Assign the label 3 to the vertices u1, u2, · · ·un and x1, x2, · · ·xn−1. Assign the label 1 to the

vertices y1, y2 · · · yn−1. Next assign the label 2, 3, 1 and 3 to the vertices z1, z2, z3, z4 then assign

the label 2, 3, 1 and 3 to the next 4 vertices z5, z6, z7, z8 respectively. Proceeding like this until

we reach the vertices zn−1. That is in the process the last four vertices are zn−4, zn−3, zn−2, zn−1

receive the label 2, 3, 1, 3. Next assign the label 0, 2, 3, 2 to the vertices 0, 2, 3, 2 to the vertices

v1, v2, v3, v4 then assign the label 0, 2, 3, 2 to the next 4 vertices v5, v6, v7, v8 respectively. Pro-

ceeding like this until we reach the vertices vn−1.That is in the process the last 4 vertices

vn−4, vn−3, vn−2, vn−1 receive the label 0, 2, 3, 2.

Case 2. n ≡ 1 (mod 4).

As in Case 1 assign the labels to the vertices ui, (1 ≤ i ≤ n−1),vi, xi, yi, zi, (1 ≤ i ≤ n−2).

Next assign the labels 3, 0, 3, 1 and 2respect to the vertices un, vn−1, xn−1, yn−1 and zn−1.

Case 3. n ≡ 2 (mod 4).

In this case, assign the labels to the vertices ui, (1 ≤ i ≤ n− 1),vi, xi, yi, zi, (1 ≤ i ≤ n− 2)

as in Case 2. Finally assign the labels 3, 2, 3, 1 and 3 to the vertices un, vn−1, xn−1, yn−1 and
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zn−1 respectively.

Case 4. n ≡ 3 (mod 4).

As in Case 3, assign the label to ui, (1 ≤ i ≤ n − 1),vi, xi, yi, zi, (1 ≤ i ≤ n − 2). Next

assign the labels 3, 3, 3, 1 and 1 to the vertices un, vn−1, xn−1, yn−1 and zn−1 respectively. Table

9 given below establish that this vertex labeling pattern is a 4-total difference cordial labeling.

Nature of n tdf (0) tdf (1) tdf (2) tdf (3)

n ≡ 0 (mod 4) 11n−8
4

11n−8
4

11n−12
4

11n−12
4

n ≡ 1 (mod 4) 11n−9
4

11n−9
4

11n−5
4

11n−9
4

n ≡ 2 (mod 4) 11n−10
4

11n−10
4

11n−10
4

11n−10
4

n ≡ 3 (mod 4) 11n−9
4

11n−9
4

11n−9
4

11n−13
4

Table 9

This completes the proof. �
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We usually understand the universe by matter, not including antimatter. However, the

universe consists of matter and antimatter, and the matter contributes only 4.6% to the whole

matter/energy distribution of the universe as physicist verified. Thus, we always understand

the universe by the known matter, i.e., 4.6% not the whole 100% consisting of the universe.

However, we can not conclude the universe is dominated by the matter, and can not claim that

we have hold on the truth face of the universe because all known of humans are a partial or
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