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Harmonic Flow’s Dynamics on Animals in Microscopic Level

With Balance Recovery

Linfan MAO
1. Chinese Academy of Mathematics and System Science, Beijing 100190, P.R.China
2. Academy of Mathematical Combinatorics & Applications (AMCA), Colorado, USA

E-mail: maolinfan@163.com

Abstract: Actually, different models characterize things in the world, particularly, animals
dependent on the microscopic level. However, there are no a mathematical subfield char-
acterizing animals or human beings ourselves in such a level globally unless local elements
such as points or spaces in classical sciences. Could we establish a mathematics describing
animal’s microscopic behaviors globally? The answer is affirmative. In fact, an animal or a
human is nothing else but a skeleton or a topological graph under the electron microscope
and generally, there always exist a universal connection between things, no matter which is
an organic or inorganic matter in philosophy. We have found a new kind of mathematical
elements, i.e., continuity flows or topological graphs G with each edge labeled by a vector
and 2 end-operators of Banach space % holding with the continuity equation at vertices
which globally characterizes the dynamic behavior of self-adaptive systems. However, the
12 meridians with treatment theory in Chinese medicine indicates that there is also a har-
monic flow model, i.e., G with L? : (v,u) € E <6) — (L(v,u), —L(v,u)), L(v,u) € & on
human body which alludes that the Euler-Lagrange dynamic equation is more rightful for
characterizing the dynamic behavior of animals in the microscopic level. In this paper, we
establish such a mathematical theory on harmonic flows with dynamics, including Banach
harmonic flow space closed under action of differential, integral operators. A few well-known
results such as those of Banach theorem, closed graph theorem and Hahn-Banach theorem
are generalized with extended Euler-Lagrange equation and balance recovery on harmonic
flows. All of these results form elementary dynamics on harmonic flows for characterizing

the behavior of self-adaptive systems, particularly, the animals or human beings.

Key Words: Harmonic flow, mathematical element, Banach space, harmonic flow dynam-

ics, Smarandache multispace, mathematical combinatorics, Chinese medicine.

AMS(2010): 05C21,05C78,15A03,34B45,34K06,37N25,46A22,46B25,92B05.

81. Introduction

Today, as the time passed into 21st century, a fundamental question on the function of math-
ematics is in front of scientists, i.e., what is the nature of mathematics on reality of things?

And what is its the original intension, is it just the minority’s intellectual game on notations?

1Received August 8, 2018, Accepted February 20, 2019.
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Certainly not because its original intension or nature is revealing the reality of things in the
world. However, this aim is forgotten along with the development of mathematics in depth for
many years ([24]).

As is well known, all mathematical elements came from the understanding of things by hu-
man’s 5 sensory organs such as these of hearing, sight, smell, taste or touch, and also dependent
on the observing is from macroscopic to microscopic or microscopic to macroscopic. The macro-
scopic recognizing is elementary but basic with an essential cognition in the microscopic. For
example, an animal anatomy P is shown in Fig.1 in which we know that an animal is consist-
ing of systems. For example, let p; =nervous, pe =circulatory, us =immune, 4 =endocrine,
s =digestive, ug =respiratory, uy =urinary and pg =reproductive systems with pug=epithelial

tissue.

Forelock Withers _ Diaphragm _ Colon

Muzzle

Trachea _ -
4 - -._l Cecumn

L Small

intestine

Lungs

Heart _ Stomach

Fig.1

Whence, an animal P is understand by

PZNlUMU"'UMg (1.1)

in the macroscopic, which is nothing else but a Smarandache multispace ([8]-[10]) or parallel
universes ([25]). But if we hold on P in the microscopic level, we know that all of its organic
systems are consisted of cells, the smallest unit of life ([30]) and a cell is consisting of cytoplasm
enclosed within a membrane that envelops the cell, regulates what moves in and out, maintains
the electric potential of this cell and furthermore, inheres in a cytoskeleton, i.e., a stable and

dynamic network of interlinking protein filaments that extend from the cell nucleus to the cell
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membrane, gives the cell’s shape and structure such as those shown in Fig.2.

Let A (u;) be the dynamic network of y; in cells at time ¢. Then, an animal P is underlying
a complex network

P = ()| JA ()| A (119) (1.2)

in the microscopic at time ¢, which is a complex network ([3], [4]).

Similarly, the divisibility of matter initiates human beings to search elementary constituting
cells of matter, i.e., elementary particles such as those of quarks, leptons with interaction
quanta including photons and other particles of mediated interactions, also with those of their
antiparticles ([26]), and unmatters between a matter and its antimatter which is partially
consisted of matter but others antimatter in the microscopic. Even though a free quark was
never found in experiments, we can also get similar equalities (1.1) and (1.2) in theory such as
those shown in Fig.3, where (a) a meson composed of a quark with an antiquark, (b) a baryon

consisted of 3 quarks and (¢) a particle composed of 5 quarks, respectively.

@)
@
@)

(a) (b) (0)

Fig.3

Notice that all these known characters on a thing P can not exist in isolation no matter
which is organic or not, and the equality (1.2) is a complex network, or abstractly, a labeled
graph G* in space because they are indeed consisting of P. This fact also implies that we
should find typical labeled graphs, called continuity flows and reviews them to be mathematical
elements for revealing the reality of things ([19]) which can globally characterizes the dynamic
behavior of things in the world.

Definition 1.1([22-23]) A continuity flow (a};L,M) is an oriented embedded graph G ina
topological space # associated with a mapping L : v — L(v), (v,u) — L(v,u), 2 end-operators
Al L(v,u) — LA (v,u) and AL, : L(u,v) — LAG (u,v) on a Banach space B over a field

F such as those shown in Fig.4 following

AL, L(v, u) At

Fig.4

with L(v,u) = —L(u,v), AL, (—L(v,u)) = —LA%u(v,u) for Y(v,u) € E(E')) holding with
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continuity equation
N
Z LA (v,u) = L(v) for YveV (G)

uENg(v)
and all such continuity flows are denoted by Y.

Certainly, the continuity flows is such a mathematical element that its vertex equations
maybe non-solvable ([11]-[14]). However, it indeed characterizes the reality of things, no matter
what is organic or not. In fact, an independent energy system, including automobile, aircraft and
animals is nothing else but a continuity flow, and there are monographs and papers published on
continuity flows 5’; L, < | with constraint conditions. For examples, the dynamic behavior of
complex network, i.e., A = 1y for A € o/ with a number field Z or R is discussed in monographs
[5] and [6]; an elementary 6-ﬂ0w theory, i.e., A = 1y for A € o/ is established in [15]-[17]
with applying to elementary particles; the action flows, i.e., x, is a constant v, dependent on v
with applying to n-biological systems in [20]-[23] and an elementary theory on continuity flows
is established in [22]-[23] with synchronization.

Lung meridian

Larce intestine
neridian

Stonach meridian

Spleen meridian

Heart neridian

Snall intestine
neridian

Sanjiao neridian

Pericardiun neridian

Urinary blandder
neridian

Kidney neridian
Gall bladder meridian

Liver meridian

Fig.5

However, all of these results can not immediately characterize the regulatory or recovery
mechanism of animals, particularly, the human body which means that we should furthermore
find typical continuity flows for animals. It should be noted that preserving the balance Yin
(Y~) with Yang (Y1) of a human body is the fundamental ruler, and there are 12 meridians
in a human body which which completely reflects the physical condition in traditional Chinese
medicine, i.e., the lung meridian of hand-TaiYin (LU), the large intestine meridian of hand
YangMing (LI), the stomach meridian of foot-YangMing (ST), the spleen meridian of foot-
TaiYin (SP), the heart meridian of hand-ShaoYin (HT), the small intestine meridian of hand-
TaiYang (SI), the urinary blandder meridian of foot-TaiYang (BL), the kidney meridian of
foot-ShaoYin (KI), the pericardium meridian of hand-JueYin (PC), the sanjiao meridian of
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hand-ShaoYang (SJ), the gall bladder meridian of foot-ShaoYang (GB), the liver meridian of
foot-JueYin (LR) in Standard China National Standard (GB 12346-90), i.e., the Body Model
for Both Meridian and Extraordinary Points of China, such as those in Fig.5, and similarly, the
12 meridians on animals such as the gall bladder meridian on a horse is shown in Fig.6.

By the treatment theory in the traditional Chinese medicine ([29]), if there is a point on
one of the 12 meridians in which {¥Y =, Y ¥} are imbalance, this person must be in illness, and in
turn, there must be points on the 12 meridians in which {Y =, YT} are imbalance for a patient,
and the main duties of a doctor is to find out which points on which meridians are imbalance
with Y~ more than Y or Y™ more than Y, and then by the natural ruler of the universe
in traditional Chinese culture, i.e., reducing the excess with supply the insufficient, the doctor
regulates these meridians by acupuncture or drugs so that points balance in {Y~,Y "} again.
This treatment theory naturally induced a subclass of continuity flows, called harmonic flow
labeling each edge of a topological graph G by a 2-tuple vectors (v, —v) following.

Definition 1.2 A harmonic flow (6, L,d) is an oriented embedded graph G ina topological

space . associated with a mapping L : v — (L(v),—L(v)) for v € E (6) and L : (v,u) —
(L(v,u), —L(v,u)), 2 end-operators A}, At with

AL (L(v,u), —L(v,w)) — (LAL (v, 1), — L% (v,u)) :

AL+ (L, ), = L(v,w)) = (LA (0,0), =LA (v,0) )
L(v,u) = —L(u,v) for¥(v,u) € E (E") on a Banach space B holding with continuity equation

Z LA (v,u) = L(v)

uENg(v)

forYveV (6), and all such harmonic flows are denoted by %%
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Clearly, a harmonic flow is naturally a continuity flow because of

S o+ Y (<% ww) = L) - L) =0

u€Ng(v) uENg(v)

for Vv € (E’)) and in fact, it is balanced at every where on G such as those shown in Fig.7,
where a,b,c € R hold with a = b+ c.

(av _a)

(a, —a) (€.=¢) (b, ~b)

(ba _b)
Fig.7

In this paper, we always assume that all end-operators in &7 are both linear and continuous.

In this case, the result following on linear operators of Banach space is well-known.

Theorem 1.3([3]) Let %1, P> be Banach spaces over a field F with norms || - ||1 and || - ||2,
respectively. Then, a linear operator T : 81 — PBo is continuous if and only if it is bounded,

or equivalently,
IT| := sup T2 < +o00.
0#AVESR: vl

The main purpose of this paper is to establish the dynamic theory on harmonic flows
globally, an open problem for establishing graph dynamics in [7] including Banach harmonic
flow space closed under action of differential, integral operators. A few well-known results such
as those of Banach theorem, closed graph theorem and Hahn-Banach theorem are general-
ized with extended Euler-Lagrange equation and balance recovery on harmonic flows which
is motivated by traditional Chinese medicine. We denote a continuity flow GL with L
(v,u) — (Li(v,u),La(v,u)) by G for emphasizing L? mapping edges to % x %, where
Li(v,u), La(v,u) € Z and all 2-tuple flows GL with L2 : E (5) — B X B by Y.

For terminologies and notations not mentioned here, we follow references [1] for mechanics,
[3] for functional analysis, [4] for biological mathematics, [5]-[6] for complex network, [10] for

combinatorial geometry, and [9], [27] for Smarandache systems and multispaces.

§2. Banach Harmonic Flow Spaces

2.1 Commutative Rings over Graphs

Let ¢ be a closed family of graphs G under the union operation and let £ be a linear space
— o =3,
(%; +, ), or furthermore, a commutative ring (%; +, -) over a field .#. For VGL2, G'E” e G2,
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define
crea - (@\@) UEnd) U@
Gr.Grt = a\—?)ﬁu(aﬂa’ L”Qu((?\a)”
and N

where A\ € % and

L2 (v,u) — (Li(v,u), La(v,u)), L' : (v,u) — (L'1(v,u), L's(v,u)),

L2+ L7 (v,u) = (Li(v,u) + Li(v,u), La(v,u) + L(v,u)),
L? . L (v,u) = (Li(v,u) - L (v,u), La(v,u) - Ly(v,u)),
M- L*(w,u) = (A Li(v,u), X - La(v,u))

(2.1)

(2.2)

with substituting end-operator A : (v,u) — Af, (v,u) + (A, (v,u) or A: (v,u) — Af,(v,u)-
(AN, (v,u) for (v,u) € E (6(](?’) in GL* + G'L” or G- G'Y” and Ly (v,u), La(v,u),

Li(v,u), Ly(v,u) € B for V(v,u) € E (5) or B ((?)

Define
Li(e), ifeeE (E’k \ 61)
Ly(e) = L2(e), ifecE(Gi\GCh) .
Li(e)oLi(e) ife€eFE (5k ﬂ@l)
and
Li(e), 1fe€E(6>k\ (61U55))
Li(e), ifeeFE (61 \ (5k UE’S))
Lg(e), ifeeE(EJ)S\ (5KU5[))
hs(e) = 0 Lyy(e), ifec B ((GiNG)\C,) |
L2 (e), ifecE ((Eik m@s) \5’1)
L. (e), 1feeE((Zflmé’s \ka)
Li(e)°L#(e)°L%(e) ife€ E (E% N Zﬁl ﬂ65>
where o is the operation 4+, — or - and 6k, Z:’l, 5’5 €Y.

- ’
Clearly, if E’LQ, G'V* € G, with linear end-operators AF , A+

VU uv?

(2.4)

(2.5)

then GL* + G'L", GL* .

(?Lm and \- GL° ¢ 42, ie., g is closed under operations (2.1)-(2.3). Furthermore, for

— — — . . .
VG, G, Gs €9 calculation shows the operations “4” and “-” satisfy
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(1) commutative, i.e., G —|— GLL =Gl 4 Géi and G+ GZLZ = 5%12 E')kk because of
cieor - (G0@) " U@ENe) U @G
= (@1@) U@N3) U@ E)"
— GH 4+ aH,
Grglt - (Gnd) U@Ne) U@ )"
- (@08 U(ENE) Y@ E)
=L? RL?
= G -G*

(2) associative, i.e., (6}L2 + G ) 555 = Z:’j (amz + Gk ) and (Zfii EZL?) .
E’)SLg = E’)ik _>L2 ) and dlstrlbutlve ie. 5’52 (6L2 + G ) GL2 6L2—|—5>L2 E*)Lz
and (GL’“ + GLL> 5 s = —>L’“ G —i— GLZ . 555 if # is furthermore a commutative ring
(%B;+, ) because of

(@H+af)+a - (GUa)"+a - (G.Uaa.) ™
- G+ (G U@’S)L“ =Gyt (G dr),
(@t . @f).ar = (G.Ud)™-a¥=(a.Jays.)™
- G (GJa.) " =att (arar)
and
G (Zjii 4 Zle?) _ GE. (ak Ual)Lm _ (55 (ak Ual))L;w)

- (G.U@) "U(@.Ua) =gt gt v ar g,
Similarly, we can check that (ﬁfi + 5f?) - 6?2 = 652 5L2 + 5L2 5}L2
(3) There are a unique zero flow O, i.e., O(v,u) = {0,0} in (9%:; +) and a unique unit zero
— —= — —
1,ie., 1(v,u) ={1,1} for V(v,u) € E (%) in (92;-) such that 0 + G = G + 0 = GV*°
and 1-5L2 = 5L2 -1 = E')Lz;
(4) For el € Yz there is a unique flow G~7* such that GL° + G-I = O;
(5) A scalar multiplication “- defined by (2.3) associating a flow G i Y and a scalar
—
o € F with a flow a- GL” € %z in such a way that

() () - 5L2 = ag(as - Eﬁz) for ay,as € F;
(¢) a- (Gk’“—i—G ):a-6£i+a-5}f?fora€9;
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(d) (a1+a2)-6L2 =a1'6L2+042'5>L2 for k1,ks € Z.

In conclusion, we know that (92, +) and (942, -) are respectively a commutative group, a
commutative semigroup with unit if % is a commutative ring, and (42, +,-) is a linear space
if # is so. We therefore get the following result.

Theorem 2.1 If¥ is a closed family of graphs under the union operation and A a linear space
(B;+,-), then, all pair flows (Yg2;+,-) is a linear space, and furthermore, a commutative ring
if B is a commutative ring (B;+,-) over a field F.

2.2 Banach Harmonic Flow Space
For VG1° e Gz with L?(e) = (Li(e), La(e)), e € E (@) define

H—>L2

G

= > (L@l +IL2(e)ll) (2.6)
eEE(a)
. . =12 RL2 RL?
where 4 is a Banach space (%; +, -) over a field .# with anorm || - ||. Then, for VG*", G .*, G
€ Y we are easily know that

(1) HE')N ’ >0 and H5L2H =0 if and only if Li(e) = 0 and La(e) = 0, i.e., ar — 0.
(2) H65L2 = ¢ HE¥>L2H for any scalar £ € .Z;
() |G + @H|| < | G5 + |G| because of

+ G,

—)L2 —>L2
k 1

Yo (ULm@l+ L@+ > (La@ll + L)

€€E(6k\6z) eeE(al\ak)

+ > (IEka(e) + Li(e)] + 1 Lka(e) + Lia(e)])
eGE(@kﬂal)

< Yo k@l + L@+ > (L@l + [ Lae)l)
GEE(ak\al) GEE(al\ak)
+ > (@l + ke + [ La(e)] + [ Liz(e)])
8€E<6kﬂal)
- ot e
by ||[vi + va|| < [|vi| + ||v2]| for Vvi,ve € B. Therefore, || - | is also a norm on “ege.
2 2
Furthermore, if 4 is a Hilbert space with an inner product ( - , - ), for v@ﬁk,ﬁfl € Y2,

define

(GG = 3 (La(©), Lu(@) + (Liale), Lis(e)) (2.7)
cer(TuN T

—

Clearly, (GyF UG, G ) = (G @) +(G1T, G )it B (Gh) N E(Gr) =0 and
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@fiﬁLiz, E')L2> = <5£i1 , §L2> + <5£i2,5}L2> by definition (2.9), and we are easily know
also that
(1) For el € b2,

(@@ = (L1(e), La(e)) + (La(e). La(e))) = 0
()

eeE
and <E’)L2, 6L2> =0 if and only if Li(e) =0, La(e) = 0, i.e., G = 0.

—[2 =

(2) For V@fi, 5%12 € b2, <6£i,5}f?> = <Gl L, G£i> because of

(GEGH) = S (a0, Lu@) + (Lrale), Lia(e))

a
Py
Ql
™ 2
al

(<Ll1(€)a Li1(e)) + (Liz(e), Lk2(€)>>

|

eEE(Gkﬂaz)

for (v1,va) = (va, V1), v1, vy in Hilbert space A.
N

(3) For 5?, 5%12 € Yy and \ € F, <5£i, /\ﬁlL?)> = <5£i, GZLZQ> because of

(@HaaH) = (GH @)

by definition (2.7).

(4) For GV G4 GH € 9, <g£i +5’f?,5@2> _ <5>£k GL2> n <5’f?,5’w> be-
cause of

(@ varany = ((@Ua)" @)
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[
T~
Ql
=5
Ql
&
~~—”"
_|_
P
Ql
RN
Ql
&
~~—"

by definition (2.9). Whence, (422; +, -) is also an inner product space and a normed space with

e

- (@)

for V@LQ S g@2.

e L7 AL} . =L AL} .
Definition 2.2 For G.*, G' € Y2, the distance between G.*, G is defined by

—IL2 =12 —2 — 2 —I2 —_I2
a(Gi e = | -ar| = e+ @t

(2.8)

Clearly, (92; +, -) is also a distance space by Definition 2.2 with previous properties (1) —
(3) or (1) — (4) of Banach or Hilbert space, respectively.
2 2
Definition 2.3 A sequence v@fl,aj?, e ,5}52 in g2 is called Cauchy sequence if for any

number € > 0, there always exists an integer N(g) such that

—r2 —r2
|G -G <

for integers k,1 > N(e).

_>L2 s =1 . .
Let {Gn"} be a Cauchy sequence of 92 and Il = (J G. Notice that ¢ is closed under
Gey

2
operation union by assumption. We know that il € ¢ is finite and embed each Efﬁn into a
i
subflows T1%* € ¥ by defining

£2(0) L%(e) if ee E (5n) )
n €)=

{0,0} if ee E(ﬁ’\@’n)
Clearly,

G —gur| = |- w| - o

Il
[
&~
E
[
=
|
&
[
O
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72 72
Now, for Ve > 0 if ‘ GLi — GLi|| < ¢ for integers k,I > N(g) then there must be

szl(e)—zll(e)u < ¢ and Hikz(e) ~ (e

< ¢ for integers k,l > N(e), i.e., {E%} is a

Cauchy sequence for Ve € E (ﬁ), which is convergent in Z by assumption. Without loss of

generality, let lim E?I = (Lo1, Lo2) = L%. Then, lim E')ﬁ = lim HLn = ﬁnhmooL ﬁ)LS,
n—oo

n—oo n—oo

2
ie., {65"} is convergent in ¥z2 by definition. We therefore get the result following.

Theorem 2.4 If 9 is a closed family of graphs under the union operation and B a Banach
space (B;+,-), then, Gz with linear operators AL, AL forV(v,u) € E ( U 6) is a Banach

GeY
space, and furthermore, if B is a Hilbert space, G2 is a Hilbert space too.

We have known that all continuity flows E’)L form a Banach or Hilbert space ¥4 respect
-, =
to that % is a Banach or Hilbert space in [24] and [25]. By definition, (GiL, GJL) € 92 for

—)L —)L . . _>L 4+ . . . . . —)L
G, G} € 9p. Notice that a harmonic flow G € ¢z is isomorphic to a continuity flow G~ €
G because flows (LA (v, 1), —LA% (v, u)) is isomorphic to LA (v, u) for ¥(v,u) € E (6)

Thus, all harmonic flows %g}f is in fact a Banach or Hilbert subspace of ¢2 by Theorem 2.4.

Theorem 2.5 If¥ is a closed family of graphs under the union operation and % a Banach space

(B;+,-), then, all harmonic flows Gz with linear operators Ay, A, for¥V(v,u) € E ( U 5)
Ge¥
under operations + and - form a Banach or Hilbert space respect to that % is a Banach or Hilbert

space with inclusions
%% C {fé C Y.

2.3 Operators on Banach Harmonic Flow Space

Definition 2.7 Let T : %g}f — %% be an operator on Banach harmonic flow space %g}f over a
field #. Then, T is linear if

2 2 2 2
T (AGH 1 uGH) =1 (GH) 4 1 (GH)
=L RL} + P . =L . .
for VG &, G € 95 and N\, € F, is continuous at G° if there always exist a number 6(e)
Ve > 0 such that
for Ve such tha . s
|z (&) -2 (E5)] <=
—>L2

if H6L2 - Gy° (¢), bounded if HT (GL )H < §HGL H for VGl e gi with a constant

¢ € [0,00) and furthermore, a contractor if

[z (6) -m (@) ¢k - e

for V@fi, 5%12 € 9L with £ € [0,1).
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Theorem 2.8(Fixed Harmonic Flow Theorem) If T : g; — g; is a linear continuous con-

—
tractor, then there is a uniquely harmonic flow GL € g%f such that
T(GX) =G

—>L2 + . —r2
Proof Let G0 € 95 be a harmonic flow. We define a sequence {Gn"} by

Gy =r(cn),
Gkt (E’ff) =12 (G*),

— 772
We prove the sequence {G ﬁ"} is a Cauchy sequence in ¥ + . By assumption T is a contrac-

tor, there is a constant £ € [0,1) such that HT( L2> - (_)L2>H < g‘
VGé’“, GlLl € %Qf We therefore know that

—r2 —72 — 2

—>L2 —>L2
’ for

—=L? =1L
m+1

m—+1 m—1 m
—)Lgn—l —>L?n72 2 Lgn 1 —)L3n72
= H ( m—1 ) -T Gm—2 < 5 m—1 Gm—2
— L2 — 2
< ...ngHgll_GLo ,

where m > 1 is an integer. Applying the triangle inequality, we generally know that

H@ﬁj _aLi < Ha’fni _ 5 3 H —’Lfl
< (§m+§m—l ++§n—l « HGLl _ GLO
L o £ oo

_>L2
n

2
with m > n and 0 < £ < 1. Consequently, Hé’ﬁr -Gy

(e

. . 2
is a Cauchy sequence convergent to a harmonic flow G~ € {f; because of

nh_)rrgo Z Lﬁj“(v,u),— Z Lf“t‘(v,u)

uGNan (v) ueNan (v)

= | lim Z Lﬁj“(v,u),— lim Z Lfﬁ“(v,u) = (L(v),—L(v))

uGNan (v) uGNan (v)
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_
for Vv e V (G) Notice that

sl sl -e

@t n (@)

< HE’LQ Gl _Gr

Thus, if m — oo, we get that HE')LZ —-T (Enz) H =0,ie, T (ﬁLQ) = E')Lz.
If there is another harmonic flow 5’”2 € g%f holding with T (57L’2) = E')Lz, by

)

@ - @

fr(@) (@) << -3

7 —
it is true only in the case of Gl = G’L ie., GL is unique. |

Theorem 2.9 A linear operator T : ?i — %%f is continuous if and only if it is bounded.

Proof If T is bounded, then
—>L2 -2 —>L2
v (@) -7 (@r)| - |r(cii-gr)
L2 RL? + i .
for a constant § € [0,00) and VG %, G,' € 4 by definition. Let d(¢) = g with £ # 0. Clearly,
— — — —
|7 (Gt -Gt | <eit|Gr -G

that T is bounded.
—72

Now, if T is continuous but unbounded, there must be a sequence {G ,LL"} in %%f such

<@ -ar

< d(e), i.e., T is continuous. If £ = 0 then it is obvious

2

L2 n L2
Let G*En = —Gu" . Then HGn
n

— L2
H G’Vln

1
= —, which implies that
n

o [ (08| = o[

L2 1 . oy
HT (G*n") H = — 0if n — co. However, by definition

—)L2 —)L2
oy G HT )| @
|z (@)= 7 o = aem ="
e
. L2 . . + .
a contradiction. Thus, such a sequence {G n"} can not exists in 45 and T is bounded. O

The following results generalize the Banach inverse mapping theorem, closed graph theorem

in classical Banach space to Banach harmonic flow space.

Theorem 2.10(Banach) Let T : %;1 — %;;2 be a linear continuous operator with Banach

spaces %y and PBs. If T is bijective then its inverse operator T1 is continuous.

Proof Clearly, the inverse operator T~! exists by the assumption that T is bijective.
— —
For integers n € ZT, let O,, = {GL2 € %g}fl ‘HGL2 < n} and M,, = T(0,). Notice that

U On =95 i . Whence, ¥ i = U T(0,). We prove that T~ is continuous which follows by
n=1

n=1
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3 claims following.

Claim 1. there is an integer ng such that the closure of M,,, is closed, i.e., Cl (M) = My,
—72
in sphere B (Gg ,r0> = {GL2 ’GL - GDL0 < ro} C %;352.
If Claim 1 is not true, there always exists a closed sphere B’,, in the interior of closed sphere
B,, of %2352 such that B, (M, = 0 for integers n > 1. Now let By be a closed sphere of %;352.
Then there is a closed sphere By C By with By (| M1 = 0. Similarly, there is a closed sphere

By C By with By [} M2 = (0. Continuing this process, we get a sequence {B,} of closed spheres
with B, D B,41.
Without loss of generality, assume the diameter Diam (B,,) — 0 with B,, # B, 1 asn — oo.
— 72
We can always choose harmonic flow G ,LI" € B, — B,,—1 and get a harmonic flow sequence
—L? + =L%2Y . —L? 3L? .
{Gn"} of %@2. Clearly, {Gn"} is a Cauchy sequence for d (Gn", G,,{") < Diam (B,,) — 0

—72 —7r2
as m — oo if n > m. Thus, there is a harmonic flow Géo"o € ) B, but Ggo“’ Z U My, a
n>1 n>1

contradiction to %i = U (On)-

—=r2
Define \g = :T?) and By, = { GF

< /\0}. By Claim 1, M; C By, .
Claim 2. CIl(M;) = M.
Clearly, if E’Lz € B,, then 650 + noaLz, 5’50 - n06L2 €eB (653,1"0). Whence, there
—=L3 L2 .
are sequence {Gk’“} and {lek} in B,,, such that
. —>Li = Lo =2 . —;Li = Lo =12
khnoloT(Gk):GO +noG~ and klin;oT(Gk):Go +noG*™ .
Whence, we get that

— 2 —)Lz _)LQ 61‘% _aLi —>L2
T (G -G ) =200G - ie, T k) =G
n

—L? =12

Clearly, Y -9" ¢ 0,. We know that CI (M;) =
LetOi:{GI? ‘GL2 5 }autldIB%i0 {
are easily know that C1 (T (O%>) =T (Oiﬂ> in c

e

< 2%} for integers n > 1. We

3

closed sphere B, by Claim 2.

20
I

Claim 3. T (01) D Bx,.
2
aL? : . AL?
In fact, let G GB)\O. Notice that CZ( (O%)) :T(O%) in Bx,. Thereis Gi* € O%
2
such that HGL —T( )H < 3¢, ie., el T(aff) €By. Similarly, by CI (T (O4)) =
2

T (O 212) in on we know that there is GL2 S O% such that HE')L2 -T (ﬁff) -T (_>L2)
2

<

2
;‘—g, GL2 -T (6L + G )H < 2—3. Continuing this process, we generally know that
2 2
there is a harmonic flow sequence 65 } with 65” €0 1 for integers m > 1 such that
=2 =L? | L2 =2 Ao
HG T(GH+ Gy 4+ G )H_2n+1 (2.9)
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by mathematical induction. Notice that

n 2 — n o —r2
We therefore know that > GlL is convergent in O;. Denoted by G5 = 3" GZL
i=1 i=1

, i.e., 5}5 S
=72 =72
O:. By the continuous assumption of T, we get immediately that G** =T (G L ) by letting
n — oo in (2.9), which implies that T (O1) O B, , i.e., O3 > T~ (BAD)
2

Z,
Now we prove T~! is bounded. Let O # GL* ¢ %; Clearly, = —’ﬁ—( 70’ we know
that
—r2 —r2
M GF M GF
Sl IR TChan IR S R Tcka |
2| G 2|[c
Whence we get that
7 (@) < 5, [
Ao
i.e., T~! is bounded. Applying Theorem 2.9 we know that T~ is continuous. O

Definition 2.11 Let T : %%?1 — %;352 be a linear continuous operator with Banach spaces %,
PBy. The graph of T in %%2 is defined by

GrapT = { (6L2, T (6L2)) ’ Gl ¢ %;1}
and T is closed if Cl(GrapT) = GrapT, i.e., a closed subspace.

Theorem 2.12 Let T : %g}fl — %g}i be a linear operator with Banach spaces %y, $Bs. Then T
. . . . —L? + . . L2 =L

is closed if and only if for any harmonic flow sequence {Gn"} €Yy, with lim Gp" = Gy €
n—oo

@, lm T(Gi) =G vz, and T(Gy?) =GV,

n—oo

—L

L2 . . =L
Proof For (G ,GT ) € Cl(GrapT), there is a harmonic flow sequence { Gn”} such that
—>L2

—L? —>L2 2 .. — L2
(Gn , T ( )) — (GO , GL ) as n — oo by definition. We therefore get that G,» — G°

L —2 —)L2 —I2 —>L2
and T (Gn ) — G asn—oo. IfT (Gn") = G, then (GOO, G ) € GrapT. We know
that GrapT is a closed subspace, i.e., T is a closed operator.
2
Conversely, if T is a closed operator, let {65"} be a harmonic flow sequence in %g}a with

=L?2 =2 . =L
(Gn ,T( )) — (G o GL ) € GrapT as n — oo by definition. Whence, T(GOO) =
. This completes the proof.

Theorem 2.13(Closed Graph Theorem) If T : %g}fl — %;2 is a closed linear operator with

Banach spaces B, PBo, then T is continuous.

— - — —
Proof Notice that %%fl @%%2 with norm H GLZH + HG’L2 H for VGL* € %;351, G'L e %%2 is
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~ — 2 — 9 — 0
also a Banach space with subspace GrapT by definition. Define T : (GL , T (GL )) — GEL
for GL° ¢ %g}f . Clearly, T is bijective from GrapT to %g}f . By Theorem 4.10, we know that

1 1

T~ is continuous or bounded, i.e.,

[T (@) =l (@) =[e*

+[r (@) < [==]fle*

—r2 ~ —r2
We therefore get that HT (GL )H < HT_lH HGL , i.e., T is bounded and continuous by
Theorem 2.9. a

Notice that harmonic flow spaces %ggl and ¢ ’;}2 are both labeled graph families. A har-

monic flow space %g}fl is isomorphic to %’;}2 if there is a linear continuous operator T : %;1 —
— —
g’éz of bijection with T : GL* € gL -Gt e 4% such that
b1 H2

T (AZ;Luv (L(U, U), —L(’U, u))a AI’L}) = (A/'UJrua (L/(U, U), —L/(’U, u))a A/:v)
for V(v,u) € E (6) The following result characterizes isomorphic harmonic flow spaces.

. + .. . 1+ . _>L2 _;L/2 .
Theorem 2.14 A harmonic flow spaces G4 s isomorphic to Gz, with T : G* — G if

and only if 4 =9’ and B is isomorphic to Bo.

Proof Clearly, if T : 91 — 9> is an isomorphism and ¥4 = ¥’, there is an identical
mapping id : G € 4 — G € 4’. We are easily know that the operator T =T oid : ffél — 54’;}2
— —
with T : GE* — G’ is an isomorphism between %ngl and %’%z.

: + /:t . . . . _)LZ —;L/2
Conversely, if T : 95 — 9’5 is an isomorphism with T : G* — G"* ", we know that

T (Al (L(v,u), —L(v,u)), AL) € G¥° — (A’j,uu (L’(v’,u’),—L’(vxu’)),A’j,U,) e GY,

T (A, (L0 ), =L (0 ), AT ) € GF = (Al AL(v,0), ~L(v,w)}, AL) € G
which naturally induces
T, : {L(v,u),u e Na(v)} —{L'(V,u),u € Na(v’)} ,

— —
i.e., an isomorphism T, : v' € V (G) —v eV (G') preserving the adjacency of vertices. We

therefore know that G and G’ are isomorphic, i.e., 4 = 94'.

Notice that an isomorphism T is linear continuous. By Theorem 4.10 we know that T~*
is continuous also. Thus, T, T~ induce operators Ty, : {L(v,u) € %} — {L'(v',u) € %},
Tl {L'(v,u') € Ba} — {L(v,u) € B} for edges (v,u) € E(a)), (W,u') e E(a) and
both of them are bijective. Consequently, T, is also linear continuous with a continuously
inverse T}, i.e., preserving the topology on %; and %3. Whence, T,, is an isomorphisms

vu o’

between Banach spaces %; and % for (v,u) € E (E’)) by definition. |

Certainly, there maybe existed more than one norm on a harmonic flow space g;, We need

to distinguish them by the equivalence following.
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Definition 2.15 Let |- |1 and |- ||2 be two norms in 9%. If there are positive numbers K1, K»
such that
1o, <6, < x| e*
1 2

1

for GL* € 9%, then the norms -1l d] - id to b wal @
% 1 and || - ||2 are said to be equivalent on 4.

Theorem 2.16 Let || - ||1, || - ||2 be norms defining Banach spaces on ?f; If there is a positive
—>L2 —>L2 —>L2 + .
number K such that ’G H <K H G H for G* €95, then || - ||1 and | - ||2 are equivalent.
2 1 :

Proof Denoted by %;351, %%32 the Banach spaces with norm || - ||y or || - ||2, respectively.
+ + L2 oL? orL? + T
Define an operator I: 95 — ¢, by I (G ) = G" for VG € 9, . Clearly, s linear and
bijective.
|l aL? oL OL? + : :
Now, if H G H <K HG H for G € 95 , then I is bounded. Applying Theorem 2.10
2 1
(@), <
LS

we know that I~! is continuous, i.e., bounded by Theorem 2.9. Whence,

el ete I3

—1
<y

-2
ie., Gt H by definition. We get that
2

’
2

g <|ler| < ke
([T 1 2=

1

—72 —712
Notice that the far or near degree of Gf" and G lLl is measured by the sum of norms on
edges in Definition 2.2. Sometimes, we also need it to measure by the residue norms on vertices

such as the synchronization of complex networks, i.e., the conception following.

oy —L? 3L? + . —=L? 3L? . =L?
Definition 2.17 For VG /%, G|' € 95, the distance D (Gk’“, G, l) between vertices of G *

=L? . . =L? =L? RL?:  =-L? .
and G is defined by the sum of vertices norms of G,* — G, = G.*+ G, ™, ie.,

(GG = Y g
vev(GLUT))

, (2.10)

where,

2(v) or L?(v) if v
Loy = | O or ) s ev(

4 . . — L2 L7 . .
Clearly, (%gg ; D) is not a distance space because we have D (Gk’“, G" ) = 0 if the residue

. . AL} AL}
flows on vertices in G ', G

_)Li
k

are a constant. However, we can measure the near degree of

— 72
and G le by norms on edges, i.e., it is stronger than that on vertex for harmonic flows.

=L2 RL? + . =L? =L} .
Theorem 2.18 For VG, *, G € 95, if all end-operators on G)* and G| are linear con-

tinuous, then there exists a constant ¢ > 0 such that

D (G, 81) < ([art -
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Proof By Theorem 1.3 we know that there are positive constants ¢}, c2, E R such that
HLl (v, u)|| < || Li(v,u)|| and HL2 v (v, u) H < 8" || La(v, w)|| for V(v,u) € G if the end-

operator A7, is linear continuous. Without loss of generality, let
cmax L VU 0U Val
(G ) :max{cl o5t lv,ueV (G)}
— — — .
and H = G |J G;. We are easily know that

((@hE) = ¥ Iaol= XY || e

vev( ) veV( )UEN—’(

> 2 Il

vev () “eNz )

—  9omax (ﬁL;ll) Z ||Ll;ll(v7u)||

(v,u)EE(ﬁ)

- e (@) (@07

IN

Lia

by the assumption. We therefore get that

4(G4, 1) <o (G4 - Y

. — —\ L .
with ¢ = 2¢max (Gk U Gl) . This completes the proof. |

A linear operator T : %%fl — %%32 is a functional if %%32 = R or C, and there is a fundamental
question on functionals should be answered, i.e., are there really linear continuous functionals
on harmonic flow spaces %g}f? Certainly, its answer is affirmative by results following.

oy } + . . . =12 L2 =12
Definition 2.19 A functional p : 95 — R is sublinear if p (G +dG ) <p (G ) +
P (5’”2) and p (a5L2> =ap (ﬁLz) for 5)L2, 57L’2 € %%f and a > 0.
We can similarly extend the Hahn-Banach theorem, i.e., the existence of functionals in a

Banach space to the harmonic flow space g%f following.

Theorem 2.20(Hahn-Banach) Let %%E be a harmonic flow subspace of %%f and let I : %%E —
C be a linear continuous functional on jf; Then, there is a linear continuous functional

F: %% — C hold with
(1) F(G¥) =F (GF) if G** e o
2) |7 = 1.

Proof The proof is consisting of claims following.
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Claim 1. If there is a linear functional F : f%f@# — R and a sublinear functional p : g; —

: ar? Yol % ar? + : : . =gt
R with F ( G <plG for G* € %, then there exists a linear functional F': 47 — R
such that F(G1') = F (G¥) it G¥ e o and F(G¥') <p(GV) it GV e 9.

2 2
Let 65“ € YL\ AL and KL = {aﬁgo +6L2‘a 6R,5L2 Ef%’fg}, a linear space

spanned by 5’5 g and jf; For V@LQ, 5; L” ¢ j‘fgg calculation shows that
(@) R (@) = F(G0 -G <p(@0 - G)

IN

p(G¥ + 553) +p (—5”'2 - 553) :

i.e.

(-G - TE) -k (@) <p (@ + TH) - P (37).
. =L L2 . . . +
Notice that G**, G are arbitrarily selected in J#;. There are must be

sup {—P(—aL’Z_Eﬁé%)_F(aL”)}g inf {(6 2_‘_65%)_1;(6@2)}7

. =2
L ent ey

which enables one to choose a number ¢ hold with

w (- H) r(@)) zex_pr {07438 (@)

Lt
and define a functional F’ by F’ (é_*’L“) =ac+ F (E')L2) for G*L™° ¢ %i@

—72
Clearly, F’ is indeed a linear functional on %i@ because %i@ is linear spanned by G g 0

and 2. We prove
# P , —I2 =2 —r2 =
F (aGO“—i—G )Sp(aGOD—i—G ), (2.11)

and without of loss of generality, assume a # 0 because the assertion is obvious if a = 0.

Now if a > 0, by
—r2 — 72
GF GT
« «

F (04653 + @H) <p (a@ég + E')L2> ,

we are easily know that

i.e., (2.11) is true, and if @ < 0, by

we can know that (2.11) hold also. Whence, F’ is a linear extension of F by 65 g. All such
— — —
extensions of F’ are denoted by 2 (F), i.e., F’ (GL2) =F (GLz) for GL* e A5 and all

extensions F’ of F further with F’ (ﬁﬁ) <p (Eﬁz) for GL* € € (F) are denoted by J2(F).
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We define an order < in JZ(F) by:

For Fy, Fy € #(F), if #(F)) C #(Fy) and Fy (6L2) _yoy (6L2) for GV e (),
then Fy is precedent of Fy, denoted by Fy < Fj.

Then (ﬁF}, <) is a partial order set.
Let #(F) C f(F) be with (.# (F'); <) an order subset and let

2(F) = |J #2w).
Fe(F)

Notice that for G° € 2(F) there must be a 5 (F') such that GI e € (F). By this fact,
we can define a linear functional F' on Z(F) by F (5L2) =F (5}L2) if GL* e € (F). Since
M (F) is an order set we know such a F is a uniquely linear functional with F (6L2) <p (6L2)
on #(F). Thus, F € 2(F) and it is an upper bound of .Z (F).

By Zorn’s Lemma, there is a maximal element F in j‘ﬁf/(F) with s (f‘) = %%f Otherwise,
let 653 € %g}f &4 (ﬁ), then we can extend F to a linear space spanned by 7 (Fv) with 5’537

contradicts to the maximality of F. We therefore know that ¢ (ﬁ) = %%f

Claim 2. If F : %@; — C is a linear continuous functional on %@E, then there is a
linear continuous functional F : %%f — C hold with F (EMQ) =F (6L2) if 5)L2 € j‘f;; and
|7] = e

Let F (GY) = R (GF) +iF, (GF) for G € 5, where Fy, By : 25 — R and
i? = 1. Notice that

i(R(GF) +iR (GF)) =iF (GF) = F (iG") = 1 (iG¥) +iR (iGF).
We know that Fj (z’a}ﬁ) = —F (6L2>. Let p (5’L2) = |F| HﬁLzH Then p (5}L2> is a

linear functional with

£ (0) < (@) <iri e

-+ (0"

on f%fg, i.e., Fy is holding with conditions of Claim 1. We know that F; can be extended to a
. ) . + . =2 =2 L2 +
linear functional Fp on ¥ with Fig (G ) <p (G ) for G* €95.

Define
F (E’Lz) = Fip (5’L2) +iFy (5’L2) = Fi (5’L2) Py (z'Zsz) . (2.12)

~ —
We prove F' is a linear continuous functional satisfying conditions of Claim 2. For GL € %%,
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calculation shows that

F(iG")

Fio (iGY) = iR (-G¥) = Fio (iGY") +iF0 (iG)
i(Fo (G1) =ik (G11)) =iF (G7).
Whence, for Yo + ias € C we have

2 (QE’L2) - F ((a1 +m2)5’L2) — i Fio ( L2) +asFy ( L2)
= aFuo (G +iasFi (GF) =aF (GV),

. = s . . + . =2 = (A2
ie., F'is a linear functional on ¢¥7. By Claim 1 we know that Fg (G ) =K (G ) and
P (GF) = o (7). i 7 (G7) = F (GF) it G2 € 12
Clearly, F is continuous by definition. We show that Hf‘H = ||F|. Let § = arg F (5L2).
~ (=2 ~ [(—=r2
By definition, F (GL ) - HF (GL )

G

Notice that Hﬁ (ﬁLQ) H > 0 is a real number, we know that

€. Therefore,

‘ —e F (ﬁLz) =F (e—i96L2) = Fip (e—i96L2) —1Fip (ie‘ieaL2) .

[ (@) = (e 70) < (e #0) = 11 [

Whence, HﬁH < ||F||. However, Hﬁ” > ||F| for 95 > 5. We get HFVH = ||FJ|. O

Corollary 2.21 Let %%f be harmonic flows space with O # 653 € g%f Then, there always

. . . . . =L3 —L3 4
exists a linear continuous functional F with |F|| =1 and HF (GOO) ’ = H Gyl on 9.

Proof Define jfi = {aé’“’ o€ (C} and a liner functional F (aé’ég) =« H@ga
5. Clearly, (GL )H = |o H—>L2 = H _>L2
|F|| =1 on #% with F (G “) = G Lo, By Theorem 2.20, F can be extended to 4. O

2

5)L2H if 5L2 = aE’LO We know that

ar? + ral’% ; ; . +
Corollary 2.22 For G* € 95, if I (G ) = 0 hold with all linear functionals F on 9
then GL° = 0.

§3. Harmonic Flow Dynamics

3.1 Harmonic Flow Calculus

Let G&° e 42 with L? : (v,u) — (Li(v,u), La(v,u)) for (v,u) € E (6L2>. We transform L2

to L% : (v,u) — Li(v,u) +iLa(v,u), i.e., a complex vector and particularly, a complex number
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if 4 = C, where i = y/—1, which enables one to establish calculus on harmonic flows.

Definition 3.1 Let D be a boundary subset of C" = {(z1,22, - ,zn)|x; € C,1 < i <n},
% = C(D) of differentiable functions on D and all end-operators in o satisfying [A, aii] =0
for VA € o/ . Define n differential operators 0; : 92 — 92, 1 <i<mn by

aL2
Oz ,

aGY =3

dGL?
dz

72 =72
and denoted by if D C C for GL™ € 92 in which the integral flow of G*~ € 9% along a
curve C ={ z(t) | a <t < B } of length< +o0 is defined by

/ GLldy = Glo L7z,
c

—>Li =

For G )%, G, ¢ € 92 and A, u € C, calculation shows that
0; (Aﬁii + u@f?) ) (5’2@ + 5’7“2)

o (@ @) U (@n @) U@ne) ™)
(@06) ™ U(@na) ™ U@.na)

oL3 arL?
Tk il
A ox +u Oz

=12 =L .. AL2 =L . . . .
and 0;G* — 0G,° if G — G,°, i.e., linear continuous on the boundary domain D for
integers 1 < i < n. Similarly, we can also show that the integral operator f ¢ 1s linear continuous

on the boundary domain D. We get the following result.

Theorem 3.2 All partial differential operators 0; and the integral operator fC are linear con-

tinuous on 9%, and furthermore, on %g}f for integers 1 < i < n.

Proof We have shown that each 0; is linear continuous for integers 1 < i < n. Now, we
—>L2 —>L2 2 . —>L2 2 . . . . .
prove that 9;G*", [ G* dz € 95 if G € ¥, i.e., hold with the continuity equations on
—=
vertices. In fact, by assumption GL" € 92 and [A, %] =0 for VA € & there must be

+ +
Z (Lf’“‘ (v,u) + iL?’“‘ (U,u)) = Ly(v) +iLa(v)
uGN@('U)

—
for Vv e V (G ) by definition. Whence,

Y (L;“fu(v,u)ﬂfzg‘?u(v,u)): 3 (aiLfvfu(v,u)+z'al-L§‘3u(v,u))
uENg(v) u€Ng(v)

= Z (((%Ll)A:r“ (’U, U) +1 (@LQ)AL (’U, u)) = 61'.[/1 (’U) + iaiLz(U),
uENg(v)
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ie., 0;: g% — g% for integers 1 < i < n.

. —>L2 + .
Now, if G* € 9, then we are easily know that
AN (LAL (v, u) — iLA% (o, u)) = 8;L(v) — i0;L(v),
uENg(v)
ie., 0;: %%f — %%f for integers 1 < i < n.
Similarly, we can also show that the integral operators

/:?fé—ﬂ{% and /:%%f—%ﬁ%f
g R :

—
are linear continuous and hold also with the continuity equation on vertices of G. |

. — 1.2
Now, if ddG
z

exists, then L~ L2(v,u), a complex function for ¥(v,u) € E (5) also ex-

ists. Let L?(v,u)(z) = MV“(x,y) + iN"“(z,y) for (v,u) € E (6), where z = z + iy and
M(z,y), N(x,y) € R2. Applying the Cauchy-Riemann equations in complex analysis, we are
easily know that

AP OM 0N _ON oM _OM oM _ON _.oN

= o er "oy oy " or oy oy om

By definition,

Prels _ adej — O +igY _ aGM +i85>N7
dz ox ox
daL2 —rdr? — N _ ;M 66]\] . 661\4
= G dz — G dy oy — —1 .
dz y Oy
—r2 / /
Similarly, if ddGZL = (?L 2, ie., dE')L2 = (?L 2dz, then 5L2 is called the primitive flow of

(? L and denoted by [ 6L2dz. Calculation shows that

/ O, — Qlobde _ @) L%dslp—[ L2dz| _ /E’H
c

_/5w
B

[e3

and particularly,

/ E’)dez =0
c

if C is the boundary curve of a simply connected domain on R? and furthermore,

T om

= ¢

c (—=z

5L2(Z)— 1 /6L2(C)

with z € D if G* is differentiable on D and continuous on Cl(D) = D + C by definition. We

therefore generalize a few well-known results of complex analysis to 42 following.
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Theorem 3.3 Let D C C be a domain with boundary curve C and # = C(D). Then,

(1)(C-R Equations) A flow Gl ¢ 92 or %g}f is differentiable ot x + iy = z € D if and

only if _ - _ _
OGM B OGN und OGN _ OGM

ox dy Ox dy

where L*(v,u)(2) = M (z,y) + iN"(z,), K}"(z,), K§"(2,) € R? for (v,u) € E (G and
both of them differentiable at (x,y);
(2)(Cauchy) If D is simply connected on R? and flow Gl e 92 or ff%f is differentiable

on D, then
8
/6L2dz:/6L2 _/6L2
° B

where z(a) and z(B) are two points on C and particularly, / Gl = O;
c

)
[e3

(3)(Cauchy Integral Formula) If Gl e 92 or %%f is differentiable on D and continuous
on Cl(D) =D + C, then

Gt L /W(o

(Z) o o C_Z dCa

2w

where z € D.
3.2 Harmonic Flow Dynamics

A self-adaptive system is naturally a harmonic flow over its underlying skeleton or a topological
graph Zﬁ, particularly, an animal or a human, and all animals are in motion, internal, external
or both which motives the harmonic flow dynamics, i.e., harmonic flow’s status ar [t] changes
on time ¢ for fields such as those of life or social systems. For example, the differential d—)%:[t]
can be viewed as the harmonic change rate of a national economy, both in the internal and
external if one models a notional economy by harmonic flow Gr [t], which is more scientific

than that of the current rate of GDP, the gross domestic product of a country.

As it is well-known, the dynamic behavior of a self-adaptive system S, particularly, an
animal or a human consisting of subsystems can be characterized by Lagrangians with continuity
equations holds. If S is characterized by a harmonic flow Gr [t] with all subsystems by edges of
ar [t], this fact implies that Lagrangians on edges of ar [t] hold with the continuity equation
at vertices, i.e., if L? : (v,u) — L(v,u)[t] — iL(v,u)[t] for (v,u) € F (6) then GL° [t] is a

— 2 to
harmonic flow with L(v,u)[t] € R for edges (v,u) € E (5) Whence, deLt [ and I§L2dt
t1

both are existed in %Qf by Section 3.1.
Now, if

L [L2(t,x(),%(1)] : (v,u) € E (6) — L [L2(t,x(t), %(t)) (v, u)]

is a differentiable functional with [.Z, A] = 0 for A € 7, there must be G2l ex®x®)] ¢ %%,
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N
i.e., hold with the continuity equations on vertices of G, where x = (1,22, -+ ,x,). Consider

the variational action

/ L[L7 (1 x(0)5(0)] gy (3.1)

N
on a harmonic flow G~° [t] € 9%. By variational calculus we know that

ta

s7[GF ] = / S22 x0.51)] g
t1
_ e osoln_ iz £ (- 448 omae

According to the Hamiltonian principle there must be §.J {E’)Lz [t]} =0,ie.,

/tQ 2 _do¥
th 1 8@ dt 8:1:1 (

i=

) Szidt = 0 (3.2)
v,u)

for (v,u) € E (5}) However, this can be only happened only if each coefficient of dz; is 0 in
(3.2), i.e

02 doZ

=0, 1<i<n (3.3)
(v,u)

for (v,u) € E (6) which results in Euler-Lagrange equations on el [t] following.

Theorem 3.4 If L(t,x(t),%(t))(v,u) is a Lagrangian on edge (v,u) and £ [L?(t,x(t),%(t))] :
(v,u) — L [L*(t,x(t), %(t))(v,u)] is a differentiable functional on a harmonic flow el [t] for
(v, )EE(G) with [£,A] =0 for A € &, then
9G¥ dad*
8:@» dt 8:51 - ’

Let the polynomial expansion of £ be

21 _ dZ >, 1 d"Z 2 2
LI =20+ qggz| Pt prggae| ) e ((@)7) 0 69)
on L? with an approximation
2] _ i 2 ey L "L 2ym
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of m terms. Calculation shows that

0L 4z oL? 1 ame oym—1 OL?
= - = e (L) =
Jx;  d(L?)|,_, Ox; (m —DVd(L*)™ |, _, ox;
and
doY 4 £8L2+m+ 1 A"y d (Lz)mfla_ﬂ
dt 0i;  d(L?)|,_, dt Oi; (m — D)V d(L2)™ |, _, dt 0x; )
Whence,
04 dog _ ¥ | (9L dOL*\
8:@» dt 8:51 - d/(LQ) L—=0 8:51 dt 6:1'01-

1 dng
Yo Dla@)r

2 m—1 8L2 _ i 2 m—1 8L2 -
(e - (e gr)) o

for (v,u) € E ?) and integers 1 < i < n. Particularly, if . is linear dependent on L2, we get

the following conclusion.

Corollary 3.5 If.% is linear dependent on L?, then

9G"” 4 aG"

=0, 1<i<n.

Corollary 3.5 enables one to define the Lagrangian of a harmonic flow Gr [t] by & [5’L2 [t]} :
(v,u) — L(v,u) — iL(v,u) for Y(v,u) € E (6) which is generally dependent on L(v,u),
(v,u) € E (5) in Theorem 3.4. If it is independent on L(v,u), (v,u) € E (6), we get

an interesting result following.

Corollary 3.6(Euler-Lagrange) If the Lagrangian £ [6L2 [t]} of a harmonic flow Gr [t] is
independent on (v,u), i.e., all Lagrangians L*(t,x(t),x(t))(v,u), (v,u) € E (5) are synchro-

—
nized, then the dynamic behavior of GL’ [t] can be characterized by n equations

0L dOL _

0, 1<i<n, (3.6)

— —
which are essentially equivalent to the Fuler-Lagrange equations of bouquet BlL2 € Blz, i.e,

dynamic equations on a particle P.

For example, let

n

L Lt x(),%(1)(v,u)] = eid? — Y cyming,

i=1 1<i,j<n
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which is independent on (v,u) €€ E (5’) Then

02 _dog
6:51- dt 6:1'01-

= 2Cijxj — QCZ.IZ
We get a system of n differential equations

lel:'l — Z Cl;Ty = 0,
§#1

CQiQ - Z Co5T5 = 0,
772

for harmonic flow G*° [t] by Corollary 3.6. The solvability of equations (3.4) is answered in
results following.

Theorem 3.7 Let G € 9 and n > 1 be an integer. A Cauchy problem

oX X _9’°X -
f(X’X’a_zl’.“’m’ax1612’.“)_0’ (37)
X = G
is solvable in a boundary domain D C %étn if and only if the Cauchy problem
X, Xy 07Xy —
]‘-(XaXvua dzy 0 B, 0 6118902"”) = 0, u e Ng(’u),
Azfu Azfu Aj;u (v) 3
Xouy '+ Xoup * +-- + Xvup(‘;) = L(v), u; € Na(v), 1 <i < p(v), (3.8)

X'U’u.i

x0 Lo(vaui)v 1 <i< p('U),

A At AL,
Ly (v,u1) + Ly "2 (v,u2) + - - + L 7O (, up(v))) = Lo(v)

is solvable in D|, for Vv € V (5), where D, p(v) denote respectively the domain of D con-

straint on the closure neighborhood N (v) U{v} and the valency of v in 6, and particularly, if
the solution of

(3.9)

2
F (X, )(vu7 a)('uu aXvu 0 Xvu ) -0

8ZE1 v 8In 78I18$27“.
. . . =1 . _>L2 +

is linearly dependent on the initial value Lo(v,u) for V(v,u) € E (G) with G0 € Y5, and
[;—xi,A] =0 for A€ o, then (3.7) is solvable on D C 9z,.

Proof Clearly, if (3.7) is solvable in D C gcim without loss of generality, let the solution
be 5’L2, then G holds with (3.8). Conversely, if (3.8) is solvable in D, for Yv € V (5)),
then there are solutions X, on edges (v,u) € E (6), hold with the continuity equations on

. —>L2
vertices of G* .
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Now, if the solution X, of

2
F (x, Xous 0 X OXvu 0" Xou ) =0

81?1 ’ ’ 8:1?n 785E18$27

is linearly dependent on the initial value Lo (v, u) for V(v,u) € E (6), there is a linear functional
H such that X = H (x, Lo(v,u)) holds with (3.9).
Notice that G6 € @z, and [aa—xi, A] =0 for A € & by assumption. We know that

S LA (w,u) = L30)

uENGo(v)

forveV (E’)) by definition. Whence,

HLow) =8| S %" wuw| = Y (HL0w)""

uENG((v) uENGo(v)
i.e., hold with the continuity equation at vertex v for v € V (E’)) Therefore, if we define
L?:v— H (Lo(v)) forveV (5’) and L? : (v,u) — H (x, Lo(v,u)) for (v,u) € E (6), we get
a harmonic flow G-° € %z, which holds with (3.7). i
Theorem 3.7 enables one to extend solutions of differential equations in a domain D C C"

to %éi if the solution is linearly dependent on initial values. For example, we have know the
solution of the heat equation

is linearly dependent on the initial values X (x,t9) = ¢(x) in R™ x R if ¢(x) is continuous and

bounded in R™, where ¢ is a non-zero constant in. We get the conclusion following.

Val Ly L2 + ‘ o)
Corollary 3.8 Let G € 4 with G*0 € 9. p and n > 1 be an integer. If [5-,A] =0 for
A € o, then the Cauchy problem

with X|i=¢, = Gt e ff;,t is solvable on a domain D C 93, 5 if Lo(v,u) is continuous and
bounded in R™ for (v,u) € E (6)

§84. Balance Recovery

N
A flow GL° maybe not continuity. Even it is, it maybe not harmonic. How to transform a
non-continuity or non-harmonic flow to a continuity or harmonic flow, i.e., balance recovery?
We consider this problem in the following.
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Definition 4.1 Let G- be a flow with L*(v,u) = (L1 (v,u), La(v,u)), Li(v,u), La(v,u) € B
— —

for¥(v,u) € B (G) andv € V ([ G). Define an action operations O on v, i.e., input or output

an additional flow A at vertex v with O(v) = (A, A), where A € B such as those shown in Fig.8

following.
O(v): Input Operation O(v): Output Operation
Fig.8
Observation 4.2 If a continuity flow E')L is influenced externally by Ay, As, - -+ , A, respectively

— —
on vertices v; € V ( G ) , 1 < i < s which results in an imbalanced flow G, we can offset
—
inputs —A;, —As, -, —As on vertices v; € V (G) , 1 <4 < s and obtain the continuity flow
—
G'T immediately.

—

Denoted by w (GL) the number of acted vertices by O and o (5L) the number of con-

servation vertices in G ~. Then Observation 4.2 implies the following result.
— — —
Proposition 4.3 w(GL) —l—o(GL) = ‘G‘

— —
A continuity flow GL’ maybe not a harmonic flow even for the circuit C' such as those

shown in Fig.9,

(a,)

U1 V2
(a,b (a,b)
Ty T MR CROM

Fig.9

where a # —b, which naturally brings about the following problem.

Problem 4.4 Can a flow el (continuity or not) be transformed to a harmonic flow, i.e.,
—
balanced at everywhere by input and output operations O on vertices of G ? And generally, if a
—
flow GL’ [t] evolves on the time t, can it be transformed to a harmonic flow by action O within

interval [t1,t2] of times?

The answer of this problem is affirmative, which in fact consists of the foundation of

traditional Chinese medicine theory.
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Theorem 4.5 For a flow Gr (continuity or not) over a Banach space B with [A, %] =0
and {A, fto } =0 for A € o, there are input or output operations O on vertices of G which

= —

transforms G to a harmonic flow, i.e., balanced on everywhere, and generally, if Gr’ [t] is
—

continuous on time t holding with a harmonic flow GL’ [0], then there are input or output

— —
operations O on vertices of G which transforms GL [t] to a harmonic flow on time t.

Proof Notice that L? : (v,u) — (L1 (v,u), La(v,u)) with Li(v,u), La(v,u) € A. First, it
—
is clear that a non-continuity flow G L* can be transferred to a continuity flow. Without loos
—
of generality, let v € V (G ) be such a vertex with

Z L’f”“(v,u);é Z L’f‘””(w,v), or Z Lf”“(v,u);ﬁ Z L‘;w”(w,v).

uev (@) wev (@) uev (@) wev(d)
Then, we can let O act on v by input O(v) = (S1, S2) with

S= Y - Y ),

uev (G) wev (@)
Sy = Z Ly (v,u) — Z L (w,v).
uev (@) wev (@)

Clearly, v becomes a conservation vertex after such an action. Notice that such action can

. . .= L2 . . - .2
be acted on all non-conservation vertices in G* and get a continuity flow G* finally.

— — — 0 —
Second, there exists a labeled graph G~ on G such that G + G % is a harmonic flow.
—
Define a labeling L' on G by
(_Ll(v,u) + Lg(v,u), _Ll(v, u) + Lg(v,u)> i ue N,
L': (v,u) — 2 2
(0,0) otherwise.

Then, calculation shows that

L*+L': (v,u) — (Ll(v,u) RO ; LQ(U’U), Lo(v,u) — La(v,w) —; LQ(U’U))
_ (Ll(v, u) = La(v,u)  Li(v,u) — Lg(v,u))
2 ’ 2 ’

— —
i.e., the flows on the edge (v,u) are in balance which implies that GL” + G is harmonic.

For Vv e V (6) let

v — Z L (w, v) 4+ Li" (w, v) B Z L (v, u) + L5 (v, u)

B 2 2
weN ~(v) u€N*(v)
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and define O(v) = (V,, V,) on the vertex v with allocation

<_ Li(v,u) + La(v,u)  Lyi(v,u) + La(v, u)> 7

2 ’ 2
( Li(w,v) + La(w,v)  Li(w,v) + La(w, v))
2 ’ 2

respective on edges (v, u) for u € N~ (v) and (w,v) for w € N*(v). Clearly, O transforms els

(Ll(v,u) — Lo(v,u)  Li(v,u) — Lg(’U,U))

to a flow with

2 ’ 2

on edges (v, u) for V(v,u) € E (5’) Whence, we get a harmonic flow.

. _)L2 . . . . . . _)L2 .
Now, if G~ [t] is continuous on time ¢ holding with a harmonic flow G* [0], we consider

the differential flow p
d =12 =
dt (G [t]) =G

S

(£214)

and apply the method of the previous. For Vv € V (5) we define

, (L, 0)) + & (L w,0)10)
VU - wENZ(v) 2

4 (L (o, u)[t]) + & (L3 (v, w)[t]
_ Z d ( ! )2 d ( 2 )7

u€N+(v)

ie, V) in & (5L2 [t]) and let O’ (v) = (V,, V2)) on vertex v with allocation

(_ 4 (L) + & Lawwlt) & (Lo, 0] + 4 (Lz(v,u)[t]))
2 ’ 2 ’

a (La(w,0)[t]) + & (La(w,v)[t]) g (La(w,0)[t]) + & (Lz(wav)[t])>

2 ’ 2

respective on edges (v,u) for u € N~ (v) and (w,v) for w € NT(v) in this case. Clearly,
O :veV (5’) — O'(v) transforms 4 (5’L2 [t]) to a flow with

(% (L, u)[t]) = & (Lo, w)t]) & (La(w,u)t) — & <L2<v,u>m>>
2 ’ 2

on edges (v, u) for V(v,u) € E (5’) Now, considering the integral flow

/

s _,jt‘%(Lz[t])dt
L — 0
7 (G [t]) dt =G ,

&.|Q.
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_
we immediately get a harmonic flow on time ¢ by that GL’ [0] is a such one. O

Theorem 4.5 implies that for any continuity flow Gr [t] with

0w [uf ]

N

for A € & there are always input or output operations O on vertices vy, vs, - - ,vs of G which
— —

transforms a G L’ [t] to a harmonic flow if G£°[0] is a harmonic flow, and these vertices do not

=72
dependent on G [t] is variable or not.
Definition 4.6 A vertexv eV (5L2 [t]) is zero-acted on time t if O(v) = 0.

=72 =72
Theorem 4.7 Let G [t] be a continuity flow on time t. Then, all vertices of G [t] are

zero-acted.

Proof By the proof of Theorem 4.5, a vertex v € V (6L2 [t]) is zero-acted, i.e., O(v) =0
if and only if

LAwe (w,v)[t] + Litwe (w, v)[t] LA (v, u)[t] + Lt (v,u)t]
Z 1 2 _ Z 1 2 _
weN ~(v) 2 u€N+(v) 2

Notice that

Z L (w, v) Z Lt (v, u)]t], (4.1)

weN ~(v) uweNt(v)
Z L (w, v) Z L (v, u)]t] (4.2)
weN ~(v) weNT(v)

by definition. We naturally know that

3 Ly (w,v)[t] + Ly (w, 0)[t] _ 3 Li (@, w)lt] + Ly (v, w)lt].
weN ~(v) 2 u€N*(v) 2

Adding (4.1) with (4.2) and divided the sum by 2, we get the result. O

Notice that O(v) = 0 does not implies there are not needed action O onv € V (aLQ [t]) for

— —

transforming G ©° [t] to a harmonic flow, for instance the continuity flow C 7LL2 shown in Fig.9.
But, how to hold on a zero-action O?7 In fact, we can not realize O just one input or output
action on v. In this case, O is decomposed into 2 actions, i.e., O = O1 + Oy with

Oy —— 3 Aol Iyt wol] o,y Bl L el
weN~ (v) wENT (v)

and each O; or O3 action on v allocates respectively

<_ Lyt (w, )[t] + L3 (w,0)[] L3 (w, v)[t] + L (w, v)[t])
2 ’ 2
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on edges (w,v), w € N~ (v) and

(wa (v, w)[t] + Ly (v, w)[t] L (v, w)[t] + Ly (v, u)[t])
2 ’ 2

on edges (v,u), u € N*(v), such as those shown in Fig.10.

01 Ol

|

0, Oy

Fig.10

=72 =72
However, a calculation immediately enables one getting the numbers w (P L ) and w (C L ) .

) dt
Ae d, thenw (1—D>7L12 [t]) =1and w (852 [t]) =11if 1_D>,Ll2 [0] and 852 [0] are harmonic.

Theorem 4.8 If 1—D>52 [t] and 852 [t] are continuity flows with [A, 4] = 0, [A,fto ] =0 for

Proof This fact is an immediate conclusion by calculation. Assuming flows of ?’),Lf [t] shown

in Fig.11 in time ¢ with a; # —b; for integers 1 < i < n,

(_ Avjvg(@1)F+Avivp(01)  Avjuy(ai)+Avg vy (b) )
2 ? 2

(al,bl) (ag,bg) (an—2abn—2xan—labn—l)

U1 Vg U3 Un—2 Un—1 Un,

Fig.11

we can calculate flows on its edges by an input action

O(’Ul) = (_ A'UI'U2 (al) _2|' A'UI'U2 (bl) 7 _Av1v2 (al) _2|' Av1v2 (bl))

on vertex vy. In fact, the flow on edge (v, v2) is

a_a1+b1b_a1+b1 _ al—bl _al—bl
1 2 s V1 2 2 ) 92 .

Then, we can determine flows on edges (va,v3), -+ , (Un—2,Vn—1), (Un—1, Un) by the conservation

laws on vertices va,v3,- -+ ,v,—1. For example, let the flows on edge (va,v3), -+, (Vn—2,Vn, ),
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(Un—1,vn) be (ab,bh), -+, (al,_q,bl o), (al,_q1,bl ), respectively. Then, we must know that

aiy — by

Ay, (al ;bl> = Avyus (alz) and Ay, (_ ) = Avyus (blz)a

by the conservation law on vertex va, i.e., Ayyp, (a5) = —Apyu,s (b5) or Ayyy, (@ +b5) = 0.
There must be a) = —b) by the linearity assumption on end-operators in /. Continuing this
process on vertices vs, - - - , vp—1, we finally get af = —b%,--- ,al,_o = —bl,_,andal,_; = —b,_;,

— — 2
i.e., a harmonic flow on P,. Whence, @ (P,Ll [t]) =1.

— 2 L2
Similarly, we know that w (C L [t]) =1 by a zero-action O on any vertex of C'L". This

completes the proof. O

The proof of Theorem 4.8 enables one to know that a vertex v with of p(v) = 2 is not

needed in the calculation of w (5L2 [t]) We introduce a conception following.

Definition 4.9 If@> is a graph, the topological neighborhood NP(v) on vertex v € V (5}) 18

defined to be all vertices in G connecting v with an induced path of G. If p(v,u) is such a path

for u € NP(v), the induced subgraph { ({v} UV (p(u,v))) \{u} | w € NP(v)}), denoted by [v],
—

is called the claw graph on v in G.

— — — 2
Clearly, if all p(v,u) = P2 in G, NP(v) = N(v), and if GL” is a continuity flow with all

L2
induced paths connecting vertex v € (ﬁLz) balanced, then (Zﬁ \ {[v] p}) is also a continuity

flow by the proof of Theorem 4.8. This fact enables one to get w (E’LQ [t]) following.

Theorem 4.10 If Gar [t] is a continuity flow on a connected graph G of order> 3, then there

-
are vertices v',v? ... vk €V (G[t]) such that
— k1 — k2 — ks —
1 2 k
B\ {1, 0,0} - (U U7 U (UP). as
i=1 j=1 =1
k1 ko —
where n; > 3,n; > 2,k; > 0 for integers 0 < i < 2, ko + > . n; + > nj + k3 = ‘G‘ and
i=1 j=1

w (6“ [t]) < ko + k1 + ko, which implies that
w (5“2 [t]) = min {ko + k1 + k| all triad ko, k1, ks holds with equality (4.3)}

. _>L2 . .
if G=7[0] is harmonic.

— — — — 9
Proof Clearly, there are only 2 continuity graphs C'3 and P 3 if ’G ’ =3and w (GL [t]) =
— — — - =
1 by Theorem 4.8. If ‘G‘ =4, forYoeV (G), we know that G\ {[v],} = P3, C3, the disjoint
union of Py with P or 3 isolated vertices and w (GL2 [t]) =1 or 2, i.e., the result is true for

. —
integers ‘G‘ < 4.
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Suppose the result is true for all graphs E’) with ’5” < k. We prove it is also true in the
case of ’E’)‘ < k+ 1. The proof is divided into 2 cases following.
—
Case 1. G is 2-connected.

In this case, for Yo € V (5) G \ {[v]p} is connected. By the induction assumption, there

: 1,2 ko iy 73
are vertices v*,v<,--- ,v" in G such that

(G \ {11, [v

5{;\’
=
o
=
——
[
PR
(G
Ql
3
N———
-
(G
~l
3
_
(_\
b
ol
N———

ie.,

&\ {ul [vl],,v[vﬂp,---v[v’%],,}:(:Ul?m)U f_ﬁ U(ﬁ_ﬁ)

Applying Theorem 4.8, we immediately know that w (E’M [t]) < (ko + 1) + k1 + k2 by the
initial condition and the result follows.

_
Case 2. G is 1-connected.

In this case, there is a cut vertex v € V (5}) such that G \ {[v]p} is a disjoint union of

s connected blocks B, Bo,---, Bs, s > 2. It is obvious that ‘Bi < k. Without of loss of
generality, assume o2 ... %o in B, such that
k1 (B;) k2(B;) k3(B;)
Bi \ { |:v11:| , |:,U12:| T |:'Ulk0:| } = C"Li U P’rlj U Pl s
p p p i=1 j=1 =1

— 9 — — —
ie., @ (BlL [t]) < ik, (Bl) + k1 (Bl) + ko (Bl) by the induction assumption for integers
1 <i <'s. Whence,

I
-
Ql —
a
®
Q
3
(@
&
®
)
3
hul N———
(@
&g
Cs
s
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S — S — s —
where k1 = 3 ki (Bz-), ke =S ks (Bi) and ks = 3 ks (Bi), ie.,
=1 =1 =1

\ ({Mp}u (L_J{[] ] W’““]p}))
(b u(0Ju(or)

k2
=1 j—

Ql

j=1

which implies that (E’LQ [t]) < (ko+ 1)+ k1 + ko by the induction assumption, Theorem 4.8

and initial condition with kg = 3 ik, (ﬁz)

i=1
Combining Cases 1 and 2, we know w (5L2 [t]) < ko + k1 + ko is true for all graphs G

and follows with

w (EﬁLz [t]) = min {ko + k1 + ks | all triad ko, k1, ks holds with equality (4.3)} .

This completes the proof.

We immediately get a corollary on the number of w (5“ [t]) by Theorem 4.9.

Corollary 4.11 Let G be _one of gmphs Sln, W1 s k(gl,n), Tk’l(V_[)/l,n), I_{)n, l_()n,m,
Knhn2 nes S > 2, P X P2 and C’ X PQ, where T* (Sl,n) is the topological subdivision
of ?Ln by subdividing k times, T* l(Wl_,n) is the graph obtained by respectively subdividing k
times on spoke edges, | times on wheel edges in W1 ,. Then, @ (5“ [t]) 18 shown in Table 1

if ar satisfies [A ,dt} =0, {A, fto ] =0 for A€ o and ar [0] is harmonic.

G G n, k w<E’L2[t])
gly” g)%fn n>2 1
k(g k L?
T S1n T S1n n>3 k>2 1
— =72
Win Wi, n>3 2
k(707 k(117 L
T Win T Win n>3k<2 2
— =72
K, Ky n>3 n—2
— —72
Knm Kiym m>n,n#*2 n
l_{>n,m I_()ﬁQm m=n=2 1
K : KL >3 25— 3
2, ,2(s times) 2,--+,2(s times) S S
— —72
Knl,n2,~--,ns Knl’n%...,ns 3<7’l1 < <7'Ls,5>3 ni +ne + + Ns—1

Table 1

— —
For a tree T, there is only one path u — v connecting 2 vertices u,v in T'. We can get an
— —
efficient way for getting the number w (TL2 [t]) Let V3 (T) be all vertices v of valency> 3
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connecting with a leaf by a path in T. Clearly, T'\ V3 (?) is still a tree, and we can recursively

define
1 (7) -1 (7).
v (T) = va(T\ v (T)),
() = (10 (U (7)) )

m .
where m is the minimum number such that T \ (U V3 (?)) is a path P or an empty set.
i=0
. P m (T . m—1 .
Notice that if 7'\ | U V¥ (T) is not empty, there must be a vertex v € V; adjacent to
i=0
— m e
an internal vertex of P, |P| > 3. Otherwise, T \ (U Vi (T)) must be empty by definition,
o i=0
a contradiction. Denoted by V>3 = |J V¥ (T), |V>3| = n3. By Theorem 4.10, we get a result
i=0

—r2
on the number of w (TL ) following.
Corollary 4.12 Let ? be a tree with vertices of valency> 3. Then
w (T)Lz [t]) =nz+ns
. _>L2 . d 0 —)L2 . .
if T satisfies [A, E} =0, {A,ft ] =0 for A€ o/ and T*"[0] is harmonic, where

1, otherwise.

ns =

Proof Notice that ? \ V>3 is an empty set or a path, and all vertices in V>3 should be

acted by input or output operations O. Otherwise, there must be vertices of valency> 3 in

m .
T \ ( U v (?)), contradicts to the assumption on number m. Whence, we get that
i=0

w (?Lz [t]) = ns3 + ns. O
— . . = y y . . . . =1
Let C'), = viva - - - vpv1 be a circuit and let P, = ujub---upy, be a path disjoint with C,.

Define a graph C',, © P, by identifying v1 with uy, and if P}, = ujuy - tpy,, 1 <i < s are
—
s distinct paths and disjoint with C,, define

ZJ"Q??M (- ((C.OPL)OPL) -~ OF:).

— —. —
i.e., identifying C',, with paths Pj, one by one, each with different identified vertices on C'y,.
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Similar to Corollary 4.12 we get the following result.

Corollary 4.13 For integers n > 3,m; > 2 and s < n, there are

w <8nél_3>jn>L it = s if d(vi,vigr) > 1, i(mod s);
=1 (3] if d(vi,vita) =1, i(mod s)

harmonic.

— —\L? — —\L? = s = L
Corollary 4.14 w Pn X P2 [t]])=n—1, @ (Cn X Pg) t])=nif| Cn O Pi,,

L2
satisfies [A, 4] = 0, [A,fto } =0 for A€ o and (I_D)n X ﬁg) [0], (8n X

are harmonic.

Proof Clearly, there are 2(n — 2) vertices of valency 3, and 4 vertices of valency 2 in
1—D>n X 1—D>2. Notice that there are no vertices with valency> 3 in graph G \ {vt, w2, vk}
i.e., any vertex of valency> 3 should be acted itself by an action O or adjacent to acted vertices
in Theorem 4.10. Whence, there are n — 2 vertices should be acted by an input or output
operation O at least. But, if there are just n — 2 such acted vertices, there are must be a vertex
of valency 3 or a circuit in the resulted subgraph by deleted these n — 2 vertices, i.e., there are
an additional vertex should be acted also. By Theorem 4.10,

w((?nxﬁz)ﬁ[t]) >n—2+1=n-1

— —
Now, let P,, = vivg---v, and Po = ujus.

Case 1. If n = 0(mod 2), let O act on vertices (ve, u1), (vs, uz), (va,u1), -+, (Up—2,u1) of

— — — —

P, x Ps, then P, x PQ\{[(UQ, w)), s (w3, u2)], s [(vayun)], s [(vnr, uz)]p} is an empty set.
— —\L? — —\ L7

Whence, w ((Pn X Pg) [t]) < n—1 by Theorem 4.8. Therefore, w ((Pn X Pg) [t]) =

n — 1 in this case.

Case 2. If n = 1(mod 2), let O act on vertices (ve,u1), (vs, uz), (va, 1), -+, (Up—2,u1) of
— — — — o=
P, x Pa, then Pp x Pa\ {[(vz,u)], . [(v5,u2)], . (02, 01)], -+ [(0n-2,u1)], } is T, e,

— —\L? — — L
w((an Pg) [t]) <n—2+41=n—1by Theorem 4.8. We getw((an Pg) [t]) =
n — 1 in this case.

Similarly, let 8,1 = V1V - - - Up v and I_D)g = ujus. Then, there are 2n vertices of valency 3
in 6) X ]_3)2 The action O should be acted on n vertices of 8 X ?2 at least because if O acts
on vertices less than n, then there must be an integer 7,1 < i < n such that (vz,ul) (U17u2)
both in the resulted graph G’ by deleted claw graphs on these acted vertices in C X Pg, ie.,

O must acts on (v;—1,u1), (Viy1,u1) and (vi—1,u2), (Vit1,u2) (mod n). Otherwise, one of the
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valence of (v;,u1), (v;, u2) must be 3 in 6’, i.e., there are additional vertices in G’ should be
acted also by Theorem 4.10. However, if O must acts on (v;—1,u1), (viy1,u1) and (v;—1,us),

(vig1,u2) but not on (v, u1), (vi,us) for (mod n), there are must be 2[4] > n acted vertices,
— — \L?
ie., w ((On X Pg) [t]> > n.

Let O act on vertices (vi,u1), (ve,u1), -+, (Un—1,u1), (Un,u2) of 8n X ]_32. Then, the
— —
resulted graph Cp, x Ps\ {[(vl,ul)]p sy un)], s (a1 un)],, [(vn,u2)]p} is a path P,_1.

Similar to the proof of Theorem 4.8 we know such a path is already harmonic after the final
—

— L? — —\ L
action O, i.e., @ nX Pag < n. We therefore get @ nX Pag =n.
tion O, i <(o P ) [t]) < n. We therefore get ((c P ) [t]> O

85 Harmonic Flow Model with Healing in Chinese Medicine

Today, we all known that a human body maybe invaded by wind, cold, hot, humidity, dry and
fire in the nature which maybe result in that a human gets sick. As we have introduced in the
first section there are 12 meridians, i.e., LU, LI, ST, SP, HT, SI, BL, KI, PC, SI, GB and LR
meridians on a human body such as those shown in Fig.12 by the Standard China National
Standard (GB 12346-90), whose combined with du meridian (DU) and ren meridian (RN) on
anterior or posterior thoracic vertebrae consist of the 14 main meridians of a human body.

STS
BL10
I oJ2ZU SXID
P BLlg jo3s11
|| GB1 |t
I STI[ L —
{ Siis o
' 1
KI27 Lu1 ST
Lr14 &
P21
BLA(
- GB1j PQo | sj1
HT9 LU11 SIl

KIl LR1 SP1 ST45 GB44BL67
Fig.12 12 Meridians of Human Body

All of these 12 meridians are left-right symmetric with RN, DU meridians on the central
axis of a human body and run with the whole life of a human, i.e., a human s sicked if and
only if there exist acupoints on meridians of body which are imbalanced. For the recovery of
a patient, the traditional Chinese doctor applies acupuncture needles inserting in acupoints
on meridians for a while, then pulling out for constraint the ruler of reducing the excess with
supply the insufficient by quickly or slowly and the staying time for recovery of the {Y =, Y}
balance. However, it is surprised the western doctor that there are no more need of medicines

unless acupuncture needles on acupoints of body for the healing of an illness such as those
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shown in Fig.13.

Fig.13

The traditional Chinese medicine treatment theory is the recovery of the {¥Y =, Y *} balance
on a human body which is essentially equivalent a human body to nothing else but a harmonic
— —
flow GL” over a non-connected graph G as follows:

(1) Paths: LU, LI, SP, HT, SI, KI, PC and LR meridians;

(2) Trees: GB, ST and SJ meridians;

(3) C, O Py © Pp,: BL meridian.

Certainly, the 14 meridians do not run separately but conjointly in the human body. But

how do they run? There are 2 viewpoints on this question at least in traditional Chinese

medicine:

View 1.(Inner Canon of Emperor, [29]) Hand Yin meridians: from the chest to the hand,
Hand Yang meridians: from the hand to the head and Foot Yang meridians: from the head to
the foot, Foot Yin meridians: from the foot to the chest such as those shown in Fig.14,

LU, HT, PC
V1 V2
LI, SI, SJ
SP, KI, LR
(=)
ST, BL, GB
Fig.14

where vy =chest, vo =hand, v3 =head and vy =foot. Furthermore, a Taoist priest Mr.Zhu
spoke his seeing inside in one of danada breathing that all these meridians are with Yin and
Yang in pair, i.e., {LU, LI}, {ST,SP}, {HT,SI}, {BL,KI}, {PC,SJ}, {GB, LR}, but the
RN meridian and DU meridian are run respectively themselves in 2 cycles ([30]), coincident
with the requirement of Chinese Qigong for getting through the RN meridian with the DU

meridian.

View 2.(National Standard of 14 Meridian Pictures) The 12 meridians run from the chest
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to the hand, then to the head, then to the foot and then to the chest, connected respectively
the first of later meridian with the end of the former meridian such as those shown in Fig.15,

LU LI ST SP HT

SJ PC KI BL
Fig.15

where v; =chest, vo =hand, v3 =head and vsy =foot. Therefore, there are only 2 connected
- = —
graphs G1, G2 by View 1 and 1 connected graph G 3 by View 2 such as those shown in Fig.16.

— — — — —
P, P, Pn, Py P,
— =
P
Py, P B, b
— — -
sz Pkg Pks
—
— 62 GB
G
Fig.16

where ]—3>k denotes the path of length k — 1 with a direction and integers k; > 4 for 1 <¢ < 7.
Notice that there is always a harmonic flow 852 [0] for a healthy human and w (E’),le [t]) =

72
1, w (P,L, [t]) = 1 by Theorem 4.8.

. =L? =L2 = L2
Applying Theorem 4.10, we know that w (G1 ! [t]) <2,w (G2 2 [t]) <4and w (G2 2t]) <
7. Thus, we acupuncture 1 needle if the imbalance appears on LU, LI, SP, HT, SI, KI, PC or LR
meridian and 2 needles on original acupoints of a human body if the imbalance appears on GB,
ST or SJ meridian at the early of illness, but if it is on the BL meridian or it develops serious,
i.e., the imbalance is on meridians more than 3 there are needed simultaneously 3 needles on

acupoints for a while at least for a patient recovery.
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Abstract: In this study, we give definition of null quaternionic slant helices by defini-
tion of slant helices in Euclidean 3-space. Besides, relationships between curvatures of null
quaternionic curves are given for null quaternionic slant helices in Minkowski 3-space F3. In
other section, we give definition of null quaternionic W-slant helix in Minkowski 4-space Ej.
We obtain that in which case curve is null quaternionic W-slant helix. Moreover, we have

relationships between the curvatures of null quaternionic W-slant helix.
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§1. Introduction

In differential geometry of curves, a curve of constant slope or general helix in Euclidean 3-space
E3 is defined by the property that the tangent makes a constant angle with a fixed straight line.
As other definition, a necessary and sufficient condition that a curve be a general helix is that
the ratio of curvature to torsion be constant [8,10,11]. In 2004, Izumiya and Takeuchi defined
slant helices and conical geodesic curve. In the light of definition, slant helices are adapted to
more spaces and surfaces constructed on slant helices by the researchers [1,6,9,12,13,15].

The quaternions were firstly introduced by Hamilton. Later, quaternions were very popular
for researcher and many books were written about them. These papers are very important
for examining differential geometry of quaternionic curves [7,14]. In 1987, the Serret-Frenet
formulas for a quaternionic curve in E® and E* was defined by Bharathi and Nagaraj [2] and
then in 2004, Serret-Frenet formulas for quaternionic curves and quaternionic inclined curves
have been defined in Semi-Euclidean space by Coken and Tuna [3]. In 2015, they defined
Serret-Frenet formulas for null quaternionic curves in semi-Euclidean spaces [4,5].

In this paper, we give the definition of null quaternionic slant helices in Minkowski 3-space
F3 and null quaternionic W-slant helices in Minkowski 4-space Ef. We examine that in which
case curve is null quaternionic W-slant helix or null quaternionic slant helix. Besides, we get

relationships between the curvatures of these slant helices.

1Received July 9, 2018, Accepted February 22, 2019.
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§2. Preliminaries

In this section, we give basic concepts related to the semi-real quaternions. For more detailed
information, we refer ref. [5,6].

The set of semi-real quaternions is given by
Q={q qg=aes +bes+ces+d; a,b,c,de IR}
where e1,ea,e3 € E}, h(ei,e;) = e(e;), 1<i<3and
ei X e; = —e(€;),

e; x e; = e(ei)e(ei)er € E3.

The multiplication of two semi real quaternions p and ¢ are defined by
P X q=58pSq+SpVy+ S,V +h(Vy, Vo) +V, ANV,

where S, and V), is show scaler and vectoral parts of quaternion p.

Herein, we have inner and cross products in semi-Euclidean space E5. ¢ = ae;+bea+cez+d

andaq = —ae; — beg — ces + d are semi real quaternion and its conjugate, respectively and inner
product h are defined by ([5])

h(p,q) = = [e(p)e(aq) (p X aq) + £(q)e(ap) (¢ X ap)]

N =

The three-dimensional semi-Euclidean space E3 is identified with the space of null spatial

quaternionic curves {'y €qQ B3| Ytay= 0} in an obvious manner,

3

v(s) = Z%(s)ei, 1<4<3.
i=1

where {I,n,u} are Frenet frames of the null quaternionic curves in E} and ey be timelike vector.
Then, the Frenet formulae are

I 0 0 k l
n | = 0 0 7 n (2.1)
u’ -7 —k 0 u

where k and 7 are curvatures of null spatial quaternionic curve and
h(l,l)="h(n,n)=h({,u)=h(n,u)=0, h(l,n)=h(u,u) =1. (2.2)

Note that | and n are null vectors and u is a spacelike vector. Herein, the quaternion
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product is given by ([5])

xn=—-1—-u, nxl=—-14u, nXu=-n, uxXn=n
(2.3)

uxl==l, Ixu=Il, uxu=-1, Ixl=nxn=0

3

Let v(s) = v1e1 + y2€2 + 73e3 be a quaternionic curve in E$. An orthonormal basis of Ef
is {e1, ea,e3,e4 = 1} and let es be timelike vector and 8 = vy1e1 + y2e2 + Y3€3 + a4 be a null
quaternionic curve in Ef defined over the interval I and {L, N, U, W} be the Frenet components

of 8 in E}. Then, Frenet formulae are given by

r 0 0 0 K L
N’ 0 0 + N
U’ T+p O 0 0 U
w’ p K 0 0 w
where K is the first curvature of 3 in Ef. Here,
h(L,L)=h(N,N)=h(L,U)=h(N,U)=h(W,U)=0 (2.5)

hUU)=h(W,W)=1, h(L,N)=-1, h(N,W)=h(L,W)=0

where L and N are null vectors, U and W are spacelike vectors for which the quaternion product
is given by ([6])

LxN=1-U,NxL=1+U, NxU=N, UxN=-N
UxL=L,LxU=-L, UxU=-1, LxL=NxN=0

§3. Null Quaternionic Slant Helices in E?}

In this section, we give definition of null quaternionic slant helices by using definition of the
slant helices. Besides, relationships between curvatures of null quaternionic curves are given for
null quaternionic slant helices.

Definition 3.1 Let v(s) be a null quaternionic curve in Minkowski 3-space. If principal normal
vector u of v makes a constant angle 6 by a constant direction v , then, the curve v is called

null quaternionic slant helix.

Theorem 3.1 Let y(s) be a null quaternionic curve in E. If v is null quaternionic slant helix

in E3. Then, following results are obtained:

(1) Ifv=al+bn+cu, a,b,c € IR is spacelike and plane spanned by u and v is timelike,

1
v=al+bn+(cosb) u, ab= §sin29
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(2) Ifv=al+bn+cu, a,b,c € IR is spacelike and plane spanned by v and v is spacelike,

—sinh®¢ 1 - cosh®#
v=al+bn+ (coshf) u, ab= 81; = C;s

3) Ifv=al+bn+cu, a,b,c € IR is timelike,

— cosh? 6

v=al+bn+ (sinhf) u, ab= 5

where u is principal normal vector of v and 6 is constant angle between principal normal vector

u and constant direction v.

Proof Let 7 be null quaternionic slant helix in E3. Then, principal normal vector u of v

make a constant angle 6 by a constant direction v. Suppose that constant direction v is
v=al+bn+cu, abcelR. (3.1)
Therefore, by using the quaternionic inner product, we have
h(u,v) =h(u,al +bn+ cu) = ah (u,l) +bh (u,n) + ch (u,u),

h(u,v) =c. (3.2)

(H)Ifv=al+bn+cu, a,b,c € IR is spacelike and spanned plane by u and v is timelike,

since principal normal vector u is spacelike, we write that
h(u,v) = ¢ = cosf. (3.3)
Since constant direction v is spacelike, we have

h(v,v) = ab h(l,n) +ba h(n,1) + c® h (u,u)

(3.4)
= 2ab + c*
From (3.3), we obtain the desired equality
1.,
v=al+bn+ (cosb) u ab:ism 6. (3.5)

(2) Ifv=al+bn+cu, a,b,c € IR is spacelike and spanned plane by u and v is spacelike,

since principal normal vector u is spacelike, we write that
h (u,v) = ¢ = cosh 6. (3.6)

Since constant direction v is spacelike and from (3.4), we have the desired equality.

3)Ifv=al+bn+cu, a,b,c€ IR is timelike, since principal normal vector u is spacelike,
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we write that
h(u,v) = ¢ =sinhé. (3.7)

Since constant direction v is timelike and from (3.4), we find the desired result. O

Theorem 3.2 Let v(s) be a null quaternionic curve in E3. v is null quaternionic slant helix
in E3 if and only if
7b + Kka = 0. (3.8)

Proof Let v be null quaternionic slant helix, Then, principal normal vector u of v make a

constant angle 6 by a constant direction v,
h (u,v) = constant. (3.9)
By taking the derivation of (3.9), we get

h(u',v) =h (=7l — Kn, v)

(3.10)
=h(—1l—kn, al+bn+cu)

h(u',v) =—=1bh(l,n) — kah(n,l) =0. (3.11)

Therefore, we obtain the equation (3.8).

Conversely, we suppose that equation (3.8) is provided. By using the Frenet formulae, from
(3.10) and (3.8), we obtain that h (u’,v) = —7b — ka = 0. Thus, it is clear that

h (u,v) = constant.

This means that ~ is null quaternionic slant helix. |

§4. Null Quaternionic W-Slant Helices in E7}

In this section, we obtain that in which case curve is null quaternionic W-slant helix. Besides,
we have relationships between the curvatures of null quaternionic W-slant helix.

Definition 4.1 Let 5(s) be a null quaternionic curve in Minkowski 4-space. If binormal vector
W of B makes a constant angle 6 by a constant direction v . Then, the curve 3 is called null

quaternionic W-slant heliz.

Theorem 4.1 Let 3(s) be a null quaternionic curve in Ef. If B is null quaternionic W-slant

heliz in EY. Then, following results are obtained:
() Ifv*=aL+bN+cU+dW, a,b,c,d € IR is spacelike and plane spanned by W and
v* 1s timelike,
v* =aL+bN +cU+ (cosf) W, 2ab—c* = —sin?6
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(2) Ifv* =aL+bN+cU+dW, a,b,c,d € IR is spacelike and plane spanned by W and
v* is spacelike,
v* =aL+bN+cU+ (cosh) W, 2ab— c? =sinh? 6

B)Ifv*=aL+bN+cU+dW, a,b,c,d€ IR is timelike,
v  =aL+bN+cU+ (sinh) W, 2ab— c? = cosh?#

where u is principal normal vector of v and 6 is constant angle between principal normal vector

u and constant direction v.

Proof Let (3 be null quaternionic W-slant helix in Ef. Then, binormal vector W of 3

make a constant angle 6 by a constant direction v*. Suppose that constant direction v* is
v =aL+bN+cU+dW, a,b,c,d€ IR. (4.1)
Thus, by using the quaternionic inner product, we get
h(W,v*) =d. (4.2)
(HIfv*=aL+bN+cU+dW, a,b,c,d € IR is spacelike and plane spanned by W and
v* is timelike, since binormal vector W is spacelike, we write that
h (W,v*) = cosé. (4.3)
Since constant direction v is spacelike, we have

h(v*,v*) =ab h(L,N)+ba h(N,L) + 2 h(U,U) + d2 h (W, W)
= —2ab+ 2+ d? : (4.4)
=1

From (4.2), (4.3) and (4.4), the proof is completed.

2) v =aL+bN+cU+dW, a,b,c,d € IR is spacelike and plane spanned by W and

v* is spacelike, since binormal vector W is spacelike, we have
h (W,v*) = cosh 6. (4.5)

Since constant direction v* is spacelike, we have equality (4.4). From (4.2), (4.4) and (4.5),
the desired result is found.

B)Ifv* =aL+bN+cU+dW, a,b,c,d € IR is timelike, since binormal vector W is
spacelike, we write that
h(W,v") = sinh 6. (4.6)
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Since constant direction v* is timelike, we obtain that
h(v*,v*) =ab h(L,N)+ba h(N,L)+ 2 h(U,U) +d>h (W, W) (47)
=-2ab+c2+d*=-1 . .
From (4.2), (4.6) and (4.7), the proof is completed. O

Theorem 4.2 Let 5(s) = 71 e1 + 2 €2 + v3 €3 + Y4 e4 be null quaternionic curve in Ei‘, Then,
0 is null quaternionic W-slant heliz if and only if

pb=—-Ka. (4.8)

Proof Suppose that 8 be null quaternionic W-slant helix in Ef. Then, binormal vector

W of B make a constant angle 6 by a constant direction v*. Constant direction v* is
v =aL+bN+cU+dW, a,b,c,d € IR.

Thus, we get equation (4.2). By differentiating equation (4.2) according to arclength parameter

s and using the Frenet formulae of null quaternionic curves, we have
(W', v*) + h(W,v*) = 0,

h(W',v*) = h(p L+ K N, v*) = 0, (4.9)
p h(L, v*) + K h(N, v*) =0,
pb (L, N)+ K ah(N, L) = 0, (4.10)
pb =—-Ka.

Conversely, we have equality (4.8). Suppose that the inner product of binormal vector W
of § and a constant direction v* is function F(s). By differentiating of the inner product, we
get that

—pb —Ka = F'(s).

From (4.8), we obtain that F'(s) is a constant. That is, § is the null quaternionic W-slant
helix in Ef. O

Theorem 4.3 If the curve 3 is null quaternionic W-slant heliz in Ef. Then, curvatures of

null quaternionic W-slant helixz is provided that

2dpK +cK (1 +p) —bp' —a K' = 0. (4.11)

Proof If the curve 3 is null quaternionic W-slant helix in Ef. Then, we have equation
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(4.8). By differentiating (4.9), we obtain that
p h(L,v*) + ph(L',v*) + K'h(N,v*) + K h(N',v*) = 0. (4.12)
By substituting Frenet formulae in (4.12), we have
—bp' +pKh(W,v*) + K' (—a) + Kh((T +p)U + pW,v*) =0 (4.13)

and the desired equation is found. O
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Abstract: A dominating set D of G which is also a resolving set of G is called a metro
dominating set. A metro dominating set D of a graph G(V, E) as a unique metro dominating
set (in short an UM D-set) if [N (v) N D| =1 for each vertex v € V — D and the minimum
cardinality of an UM D-set of G is the unique metro domination number of G. In this paper,

we determine unique metro domination number of circulant graphs.
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81. Introduction

All the graphs considered in this paper are simple, connected and undirected. The length of
a shortest path between two vertices v and v in a graph G is called the distance between u
and v and is denoted by d(u,v). For a vertex v of a graph, N(v) denotes the set of all vertices
adjacent to v and is called open neighborhood of v. Similarly, the closed neighborhood of v is
defined as N[v] = N(v) U {v}.

Let G(V,E) be a graph. For each ordered subset S = {v1,vs, -+ ,vr} of V, each vertex
v € V can be associated by a vector of distances denoted by I'(v/S) = (d(s1,v),d(s2,v),- -,
d(sk,v)). The set S is said to be a resolving set of G, if I'(v/S) # I'(u/S), for every u,v €
V — S. A resolving set of minimum cardinality is the metric basis and cardinality of a metric
basis is the metric dimension of G. The k-tuple, I'(v/S) associated to the vertex v € V
with respect to a Metric basis S, is referred as a code generated by S for that vertex v. If
I(v/S) = {v1,v2, - , vk}, then vy, ve, -+, vg are called components of the code of v generated
by S and in particular v;, 1 < i < k, is called i*"-component of the code of v generated by S.

A dominating set D of a graph G(V, E) is the subset of V having the property that for
each vertex v € V — D there exists a vertex v in D such that uv € E. Generally, a set D CV
of G is said to be a Smarandachely k-dominating set if each vertex of G is dominated by at

least k vertices of S with & > 1. Clearly, a dominating set is a Smarandachely 1-dominating

1Received April 22, 2018, Accepted February 24, 2019.
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set. A dominating set D of G which is also a resolving set of G is called a metro dominating
set or in short an M D — set. A metro dominating set D of a graph G(V, E) as a unique metro
dominating set (in short an UM D-set) if |[N(v) N D| = 1 for each vertex v € V — D and
the minimum cardinality of an UM D-set of G is the unique metro domination number of G,
denoted by v,3(G).

Metric dimensions and locating dominating sets of certain classes of graphs were studied
in [1-14].

82. Resolvability of Circulant Graphs

A graph whose vertex set is {v;|i € ZT} and two vertices v; and v; are adjacent if and only if
i—j (mod n) € C, for a given C C Z,, with 0 ¢ C, is called a circulant diagraph. If the set
C has the property that C' = —C, then the underlying graph is called circulant graph, and we
denote it by X, A, where |C| = A. The set C is referred to as a connected set. The circulant
graph X,, A is a A-regular graph. In this paper, we consider a family of circulant graph X, 3

) %7
We state the following lemma whose proof follows directly by the definition of domination,
and is most helpful to find UMD-sets.

with connection set C'= {1,2,n — 1}, where n is even.

Lemma 2.1 In the circulant graph X, 3, n is even, with connection set C = {1, M = 1}, a

vertex v; dominates v;_1, vi+1 and Vitz, where 7 + % is under modulo n.

Now we consider G = X, 3, n is even, where the connection set C' = {1,%,n —1}. Let S
be a dominating set of G. Then by Lemma 2.1, a vertex v; € S can dominate at most 3 vertices

in V. — S. Hence |V — S| < 3|5]|. Therefore,

VI = IS <3IS| =4I| > [V] = |s] > 7.

Thus we have the following lemma.

Lemma 2.2 For any positive even integer n,

Let R be a set of two or more vertices of the principal cycle. Consider two distinct vertices
u and v of R. Let P, P’ be two distinct uv-path on the principal cycle. The vertices u and v
are said to be neighboring vertices if u and v are the only vertices of S contained in one of the
paths P, P'. If P (or P’) is the path containing only w,v from S, then the set of all vertices
of P —{u,v} is called a gap of S determined by v and v and is denoted by 7. The number of
vertices in the gap is called order of the gap and is denoted by o(7).

Notice that it is shown that X 3 with a unique metro dominating set S = {v;, Vit4, Viys,

Vit15, Vit19, Vit23, Vit24, Vitas p in Figure 1. We observe that v;, v;44 are neighboring vertices
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of S and the gap determined by v; and v; 4 is of order 3. Similarly, the gap determined by v;4g
and v;415 is of order 6. The gap between v;494 and v;195 is of order 0 or empty gap.

Figure 1 Circulant graph Xo 3 with C' = {1,13,25}.

Consider G = X, 3, n is even. Let S be a UMD-set of G. Suppose there is a gap of S of
order 1. Let u,v be two neighboring vertices and w be the only vertex of the gap. Then w is

dominated by both u and v and hence w is not uniquely dominated. Thus, we have

Lemma 2.1 If~ is a gap of a UMD-set S of the graph G = X,, 3, then 0(~y) # 1.

In the discussion to follow, we want to find suitable gaps of a dominating set S, so that
S becomes a UMD-set. Gaps of order 4 or more will introduce gaps of order 0 and thereby
increase |S|; for, consider a gap 7 of order 4 between the neighboring vertices v; and v;15.
Vertices in the gaps are v;y1,vi42,v;43 and v;44. Vertices v;11 and v;44 are dominated by v;
and v;15 respectively. It is therefore obvious that v; 42 and v;43 should be dominated by v;242
and v;434+2. Thus, vijor2 and vi4342 belongs to S. The gap between them is empty. Hence
|S] is increased.

If all the gaps of S are of order 3, then |S] is the least; for, if v;, v;14 € S and are neighboring
vertices, then the gap determined by them is of order 3. As v;41 and v;13 are dominated by v;
and v; 44 respectively, the vertex v; ;o has to be dominated by Vitotz. Thus, Vitatzn € S.

Observe that v}z 44 is dominated by v;y4. Therefore, we take vitz46 € S, so that viyz 16
and Vit n 4o are neighboring vertices of a gap of order 3. As Vit 146 dominates v;4¢, we include
vits in S so that v; 14 and v;4g are neighboring vertices of gap of order 3. Thus, S = {v;, v;14,
Vit2+%, Vits, o}

If the above set of vertices has v; + 5§ — 2 as the last vertex, then the above sequence of
vertices in .S terminates at v;_4. In this case each vertex in S is uniquely dominating exactly
3 vertices in V — S. Thus by Lemma 2.1, | S| is the least. This leads to the lemma.

Lemma 2.4 A dominating set S of X, 3 has a least |S|, when each gap of S is of order 3.

Lemma 2.5 If G is a graph of order n having a dominating set S such that every gap of S is
of order 3, then n = 4(mod 8).
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Proof If every gap is of order 3, then Vit 246, Vit 2410, ", Vi—q Ar€in S. Hence 5+4k+2 =
0 (mod n)=n =4 (mod 8). O

Note that when n = 4 (mod 8), there are exactly 7 gaps of order 3 on the principal cycle.
Also observe that % is an odd integer. From these we conclude the following result.

Lemma 2.6 When n = 0(mod 8), n > 8, there is at least one gap of order less than 3.

In a circulant graph G = X, 3, let v;, viy1,- -, Vit (n—1), Vitn = v; (subscripts increase in
anti-clockwise direction) form the principal cycle. Each vertex v;, on the principal cycle, also

lies on two other cycles:
(1) vi,vign,vign1,...,vi11,v; (Clockwise) and
(2) Vi, Vign, Vign g1, Vi1, U (anti-clockwise).
Length of these cycles is § + 1. Hence maximum distance between any two vertices on

these cycles is % (% + 1), if & +1is even and is % (%) if & + 1 is odd. Thus we have

Lemma 2.7 Ifx and y are any two vertices of Xy 3 then d(z,y) =k < [%]

Note that the subscripts of the vertex names are in Z,, i.e. congruent modulo n.

Lemma 2.8 Ifn > 8 and n =0 (mod 4), then for a fized i, {vi, vit4,vitn 2} is a resolving
set.

Proof For the cases, n = 12,16 and 20, it is easy to see that the set S is a resolving set.
We prove the case when n > 20. Suppose that x and y are vertices on the principal cycle such

that d(v;, ) = d(v;,y). Then there are four cases, in each case k < [%].

Case 1. z=v;— and y = V4.

In this case we see that d(viya,y) = |k—4[. If k < §—4, then d(viy4,7) = k+4 # d(viya,y);
If k> % —4, then d(viyq,x) = 5 +1—(k+4) =5 —k—=3 #d(viga,y) forif L —k -3 =k —4,

then 2k = % +1=k= % + %, which is not possible as n = 0 modulo 4. Thus v;44 resolves x

and y.

Figure 2. Circulant graph Xss 3.
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Case 2. z=vjp24p1 and y = Vi 2 (k—1)-

If k < 5, then d(vitq,x) = 6—k and d(vi44,y) = 4+k. Now6—k =4+k=>2k=2=k=1
which is not possible. Hence d(vit4, ) # d(vit4,y); If kK > 5, then d(vit4, ) = k — 4, which is
not equal to d(v;+4,y). Thus v;44 resolves z and y.

Case 3. z=v;_; and y = Vig 2 (k—1)-

If k < [§]—4, then we have d(vit4,2) = 4 +k and d(viy4,y) = 4+ k. But d(vitz42,7) =
3+k#dvignio,y) =k+ 11 7 —4 <k <% then d(vips,z) = 5 —k — 3 = d(vit4,y) and
d(vitn19,7) # d(viyn12,y). Hence in all the cases, vij n 12 resolves x and y.

Case 4. If z =v;4n 11 and y = v, then d(viya,y) = |k — 4.

If k < 5, then d(vit4,2) = 6 —k #£ d(viya,y); If k > 5, then d(viq4,2) =k —4 = d(vit4,y).
However, d(vitny2,7) =k — 3 # d(vit n12,y) = k — 1. Hence v;4 n 12 resolves x and y.

Note that the Theorem 1 of Muhammad Salman et al in [6], states that for all n > 4 and

n = 0 (mod 4), the metric dimension of X,, 3 > 2. Hence {v;, vi14, vi+%+2} is a resolving set.
Hence the lemma. O

Lemma 2.9 For any integer n > 8 and n = 2(mod 4), the set {v;, vi+4,vi+%+2,vi+%+6} 5 a

resolving set.

Proof The cases where n < 22 follows easily. We now suppose n > 22 and, x and y are

two vertices of G such that d(v;,z) = d(v;,y). Then there are four cases in each case k < 2+2,

Case 1. z=v;—; and y = V4.

In this case d(vit4,y) = | —4|. If k < ™2 — 4, then d(viya,2) = k+ 4 # d(viya,y); If
k> 242 — 4 then d(viys,z) = % — k — 3. Now d(vit4,y) = d(viys,2) = k—4=2% -k —3=
k= "TJFQ- Itk = HTH, d(vz‘+g+2al’) =k-3# d(vi+%+27y) =k-1
Case 2. z=vj4z4p-1 and y = Vign—(k—1)-

If k£ <5, dvita,z) =6 — k # d(vita,y) = k + 4; except when kK = 1. But when k=1, z
and y coincide. Now if 5 < k < 222 then d(vipa,y) =k — 4 # d(vigs, ) = k + 4.

Case 3. z=v;—p and y = vy 2 (k-1

When k < 282 — 4, d(viya, ) = 4+ k and d(viya,y) = 4+ k. But d(viyz42,2) =
3+ k # dviyz42,9y) = k + 1, and when ”T‘LQ 4 <k < ™2 d(vigs, ) = 2 —k—3 and

d(viys,y) = 5 —k — 3. However d(vit 2 42,7) = 5 —k —2 and d(viy 2 42,y) =k + 1.
Nowﬂ—k—22k+1é2k:ﬂ—3:>k——
If k # "7, then v;y 2 4o resolves z and y; If k = —, then d(viyz46,7) = 5 —k — 6 and

d(vl+§+6,y) = 5 — k — 4, which are not equal. Hence v;4z ¢ resolves z and y.
Case 4. = = Vit 4k—1 and y = vi4k.

If k <5, then d(visa,z) = 6 — k # d(vi_a,y) = [k —4|; If 5 < k < 2E2, then d(vit4, ) =
k—4 =d(vits,y). But d(vi+%+2,x) =k—-3# d(vi+%+2,y) =k — 1. Thus v;y 2 resolves =
and y.
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Now by the Theorem 2 of Muhammad Salman et al [6], we have for all n > 6 and n = 2
(mod 6), the metric dimension of the graph X,, 3 > 3.
Hence the set {v;, vi+4,vi+%+2,vi+%+6} as per the above four cases becomes a resolving

set. Hence the lemma. O

84. Algorithm to Extend Circulant Graphs and Resolving Sets

We give an algorithm, which constructs new circulant graph from the old one by increasing its

order and extending the its resolving set to suit for the newly constructed one (as in Figure 3).

Figure 3. Algorithmic construction of X, g3 from X, 3.

Input: The graph X, 3 and a metric basis S with |S| = k.

Step 1: Select two neighboring vertices on the principal cycle with a gap of 3. Let v; and v;14 be
the vertices. Then v;, viy4 and vip 240 € S.

Step 2: Delete the edge v;v;11. Add four vertices vj_ |, vj 5, vj 5 and v, between the vertices
v; and v;11. Join the vertices to get the edges vivj, |, Vi, v o, Vi oV 3, Vi, 3Vi , and
’U£+41)i+1.

Step 3: Delete the edge v 2v;y2 1. Add four vertices vertices v§+%+1, vz’-+%+2, vz’-+%+3 and
vz’-+%+4 between the vertices v;z and v;+ 2 41. Join these vertices to get the edges vi%v§+%+l,
Vipn Vi e yor Vign poVipags Vipa aVips s AN Uiyn Ui

. 1 1 . / . / . / . /
Step 4: Join these 8 vertices to get the edges, Vi 1Vjy n 41, Vi42Vj 0 19, Vi43V;4 n 4 3aNd VipaVjyn g
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Step 5: Add v, and v;yn 2 into S.

Output: The graph X153 and a metric basis S with |S| =k + 2

§4. Unique Metro Domination Number of X, 3

In this section we completely determine unique metro domination number of 3-regular circulant

graphs in the form of following sequence of theorems.

Theorem 4.1 Ifn > 8 is an even integer and n =6 or 4 (mod 8), then v,3(Xn3) = {ﬂ

Proof We consider two cases separately following.
Case 1. n=4 (mod 8) and n > 8.

We first take the smallest possible n, that is n = 12. Define S = {v;, v;14, vi+%+2} for any
i, 1 <1i < 12. In view of Lemma 2.8, the set S so defined is a resolving set. Further, each gap
is of order 3. Hence S is uniquely dominates V' —S. So, by Lemma 2.2, v,3(X12,3) > {%1 and
here |S| = 3. Thus, S is a UMD-set. Therefore, 7,3(X12,3) = [%], when n = 12.

Now we apply the algorithm to construct the next cases for n. At each time algorithm

increases the order by 8 and |S| by 2. Hence 7,5(Xnis3) = [3] +2 = [22].
Case 2. n =6 (mod 8) and n > 8.

For the least possible n = 14, by Lemma 2.8, it follows that the set {v;, vit4, Vit 2 42, Vit 216}
resolves V' — D. Now from Lemma 2.2, 7,3(Xp,3) > {ﬂ = 4. There is a gap of order 0 in S.
The middle vertex vy, of a gap of order 3 is dominated by vgz € S. Hence S is a UMD-set.

We apply the algorithm on X14.3. It increases n = 14 to n = 22. It also increases |S| by 2.
Hence v,3(X22,3) = [%] Repeated application of the algorithm gives the theorem. O

Theorem 4.2 Ifn is any even integer, n > 8 andn =0 or2 (mod 8), then v,3(Xn3) = [2]+1.

Proof We prove the theorem in two different cases as follows:
Case 1. n =0 (mod 8).

The graph X3 is the graph of least possible order in this case. Invoking Lemma 2.4,
consider a gap of order 3, having v; and v;;+4 as the neighboring vertices. Then v;, v;44, and
Vit 2 € S.

This leads to a gap of order 5 between v;14 and viyzi2 in which viy6, vit7 are not
dominated and a gap of order 5 between VitZ4o = Uit10 and v; in which v;_o and v;_3 are
not dominated. As {%1 =4, S contains a minimum of 4 vertices by Lemma 2.2. If v;46 € S,
then v;45 is not uniquely dominated. If v;17 € S, then v;_1 is not uniquely dominated and
if v;_3 € S, then v;4+5 is not uniquely dominated. Hence none of v;1¢,v;t7,v;—2,v;—3 can be
included in S. If v;_1 € S, then v;_5 and v;47 € V — S are uniquely dominated. Similarly if

viys € S, then v;6 and v;—3 in V — S are uniquely dominated. However |S| = 5 and is not
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possible to reduce it to 4. (Because each gap of order 5 can be converted to two gaps of order
2, But it will have |S| = 5).

Hence 7,3(Xn,3) = 5. Application of algorithm now will increase the order by 8 and |S]
increases by 2. Therefore v,5(Xn,3) = [%] + 1.

Case 2. n =2 (mod 8).

As in Case 1, we take v;, vi14 and vy 242 € S. If vipn 6 € S, then it leaves a gap of order
2 between v; and v;_3 and a gap of order 6 between v; ;4 and Vit 2o In this gap of order 6,
the vertices v;45, Vite, Vi+9 and v;410 are uniquely dominated. If v;47 € S, then v;_o and v;4¢
are not uniquely dominated. If v;;g € S, then v;_; and v;19 are not uniquely dominated. If
we include v;_o and v;_7 in S, then the domination of all vertices in V' — S is unique. However
|S| = 6. It can not be reduced to 5 = [ﬂ If the gap of order 6 between v; 14 and v;y17 is
converted into 2 gaps by including v, g € S, then v;_1 is not uniquely dominated. Similarly
including v;;4 fails. Hence 7,3(Xn,3) = 6. As before we apply algorithm to conclude the rest

of the theorem. O
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81. Introduction

The notion of Kenmotsu manifold was defined by K. Kenmotsu in 1972 [9]. Then several works
have been done on Kenmotsu manifold by G.Pitis [20] in 1988; J.B.Jun, U.C.De and G.Pathak
[8] in 2005; C.S. Bagewadi and Venkatesha in 2007.

An interesting topic in the differential geometry is the theory of submanifolds in space
endowed with additional structures [4], [5]. B.Y.Chen in 1990 initiated the study of slant
manifold of an almost Hermitian manifold as a natural generalization of both holomorphic
and totally real submanifolds. N.Papaghiuc have studied semi-invariant submanifolds in a
Kenmotsu manifold [17], [18]. He also studied the geometry of leaves on a semi-invariant -
submanifolds in a Kenmotsu manifolds [18]. Afterwords in 1994, N.Papaghiuc introduced a class
of submanifolds in an almost Hermitian manifold, called the semi-slant submanifolds, which
includes the class of proper CR-submanifolds and slant submanifolds. Then in 1996, A. Lotta
extended the notion of slant immersions in the setting of almost contact metric manifold. Later
slant submanifolds of K-contact and Sasakian manifolds have been characterized by Cabrerizo,
Carriazo and Fernandez in some papers (1999-2002).

1Received April 21, 2018, Accepted February 26, 2019.
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The idea of hemi-slant submanifold was given by Carriazo as a particular class of bislant
submanifolds and he called them anti slant submanifolds. After him B.Sahin in 2009 mentioned

anti-slant submanifolds as hemi-slant submanifolds.

82. Preliminaries

Let M @nt1) (g, €,1,§) be an almost contact Riemannian manifold where ¢ is a tensor field of
type (1,1), € is a vector field and 7 is a 1-form and § is the induced Riemannian metric on M

satisfying
no¢=0, ¢=0, n(§) =1, (2.1)
P*X = —X + (X, (2.2)
9(X,€) = n(X), (2.3)
9(6X, ¢Y) = g(X,Y) = n(X)n(Y), (2.5)
for all vector fields X,Y on M. Now if
(Vx9)Y = —n(Y)sX — g(X,6Y)g, (2.6)
Vxé =X —n(X)E, (2.7)
V is the Riemannian connection of §, then(M, ¢, &, 7, §) is called a Kenmotsu manifold.
In Kenmotsu manifold the following relations hold [9]:
(Vxn)Y = §(¢X,¢Y), (2.8)
R(X, V)€ = n(X)Y — (¥)X, (2.10)
S(X,§) = —2nn(X), (2.12)

where R is the Riemannian curvature tensor and S is the Ricci tensor.

Let M be a submanifold of M with Kenmotsu structure (¢,&,n,§) with induced metric
g and let V is the induced connection on the tangent bundle TM and V= is the induced

connection on the normal bundle T+ M of M.

The Gauss and Weingarten formulae are characterized by

VxY = VxY +h(X,Y), (2.14)
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VxN = —AyX + V%N, (2.15)

for any X, Y € TM, N € T+ M, h is the second fundamental form and Ay is the Weingarten
map associated with N via

The mean curvature H is denoted by

k
1
H = E;h(ei,ei), (2.17)
where k& is the dimension of M and {ej,es,e3, - ,er} is the local orthonormal frame on M.
For any X € I'(T'M) we can write,
oX =TX +FX, (2.18)

where T'X is the tangential component and F'X is the normal component of ¢ X. Similarly for
any V € I'(T+M) we can put
oV =tV + fV, (2.19)

where tV denote the tangential component and fV denote the normal component of ¢V. The

covariant derivatives of the tensor fields T, F,t and f are defined as

(VxT)Y =VxTY — TVxY, (2.20)
(VxF)Y = VxFY — FVxY, (2.21)

(Vxt)V = VxtV —tVxV, (2.22)
(Vx )V =VxfV - [VxV, (2.23)

for all X,Y € TMand for all V. € T+M. A submanifold M is said to be invariant if F is
identically zero, i.e., X € I'(TM) for any X € I'(TM). On the other hand, M is said to be
anti-invariant if 7' is identically zero, i.e., X € I'(T+M) for any X € I'(TM).

A submanifold M of M is called totally umbilical if

hMX,Y) =g(X,Y)H, (2.24)

for any X,Y € I'(T'M), where H is the mean curvature. A submanifold M is said to be totally
geodesic if h(X,Y) =0 for each X,Y € I'(TM) and is minimal if H =0 on M.

Now to study slant submanifolds let M be a Riemannian manifold,isometrically immersed
in an almost contact metric manifold (]\Zf ,0,€,m,9) and € be tangent to M.Then the tangent
bundle TM decomposes as TM = D® < £ > where D is the orthogonal distribution to £.Now
for each nonzero vector X tangent to M at x,such that X is not proportional to &,,we denote
the angle between ¢X and D, by 0(X).M is said to be slant submanifold if the angle 8(X) is
constant,which is independent of the choice of z € M and X € T, M— < &, >. The constant
angle # € [0,7/2] is then called slant angle of M in M. If § = 0 the submanifold is invariant
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submanifold, if § = 7/2 then it is anti-invariant submanifold and if 8 # 0, 7/2 then it is proper
slant submanifold.
According to A. Lotta [16], when M is a proper slant submanifold of M with slant angle 6
then
T?X = —cos®0(X — n(X)¢), (2.25)

for all X € T'(T'M).
Cabrerizo et. al. [2] extended the above result into a characterization for a slant subman-

ifold in a contact metric manifold.

Theorem 2.1 Let M be a slant submanifold of an almost contact metric manifold M such
that £ € T(TM). Then M is slant submanifold if and only if there exists a constant X € [0, 1]
such that T? = —\(I — n ® £). Furthermore, in such case, if 6 is the slant angle of M, then
A = cos®.

This theorem has the following consequences:
9(TX,TX) = cos*(g(X,Y) — n(X)n(Y)), (2.26)

g(FX,FY) = sin*0(g(X,Y) = n(X)n(Y)) (2.27)

for all X,Y e T(TM).

83. Hemi-slant Submanifolds of Kenmotsu Manifold

A.Carriazo [3] introduced hemi-slant submanifolds as a special case of bislant submanifolds and

he called them pseudo-slant submanifolds.

Definition 3.1([10]) A submanifold M of a Kenmotsu manifold M is said to be a hemi-slant
submanifold if there exist two orthogonal complementary distributions D? and D+ satisfying

the following properties from:

(1) TM =D’ & D*& < € >;
(2) DY is a slant distribution with slant angle 0 # 7/2;
(3) D* is totally real i.e., D+ C T+ M.

A hemi-slant submanifold is called proper hemi-slant submanifold if 6 # 0, 7.

It is clear from above that CR-submanifolds and slant submanifolds are hemi-slant sub-
3

In the rest of the paper, we use M as hemi-slant submanifold of a Kenmotsu manifold M.

manifolds with slant angle # = T and DY = 0, respectively.
If we denote the dimensions of the distribution D+ and DY by m; and my respectively, then
we have the following cases:

(7) If mg = 0 then M is anti-invariant submanifold;

(4i) If my =0 and 0 = 0, then M is an invariant submanifold;

(#4¢) If mq = 0 and 6 # 0, then M is a proper slant submanifold with slant angle 6;
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(iv) If myma # 0 and 6 € (0, %), then M is a proper hemi-slant submanifold.

Suppose M to be a hemi-slant submanifold of a Kenmotsu manifold manifold M, then for
any X € TM, we put
X:P1X+P2X+77(X)§ (31)

where P; and P, are projection maps on the distribution D+ and D?. Now operating ¢ on

both sides of above equation, we arrive at
¢X = dP1X + ¢ X +n(X)gE.
Using (2.1) and (2.18) we have

TX+FX =FPX+TPRX+FPRX.

Comparing we get
TX =TP,X, FX =FP X + FPX.

If we denote the orthogonal complement of ¢T'M in T+ M by u, then the normal bundle
T+ M can be decomposed as

T*M=FD") @ F(D) @ <pu>, (3.2)

as F(D+) and F(D?) are orthogonal distributions. Now g(Z, W) = 0 for each Z € D* and
W € DY. Thus by (2.5) and (2.18) we obtain

g(FZ, FX)=g(¢Z,¢X) =g(Z,X) =0,

which shows that the distributions F(D*) and F(D?) are mutually perpendicular. In fact, the

decomposition (3.2) is an orthogonal direct decomposition.

In this section we will derive some results on involved distributions of a hemi-slant sub-

manifold, which play a crucial role from a geometrical point of view.

Theorem 3.1 Let M be a hemi-slant submanifold of Kenmotsu manifold M then
AswZ = AgzW +n(Z2)oW —n(W)oZ

for all Z,W € D*.

Proof On using (2.16) we get

9(AswZ,X) = g(h(Z,X), W) = —g(¢h(Z,X), W)
= —g(¢VXxZW)+g(¢VxZ,W) =—g(¢VxZ,W)
= —9(Vx¢Z — (Vx$)Z,W)
= —9(Vx¢Z, W) +g((Vx9)Z,W).
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Again using (2.6) and (2.15) we obtain
9(Agw 2, X) = —g(=As2X + Vx0Z, W) + g9(=1(2)6X — 9(X,02)¢, W)
After some steps of calculations we get
9(Asw Z, X) = g(h(W, X), ¢Z) + 1(Z)g(eW, X) — g(¢Z, X)n(W)
= 9(ApzW +0(Z)¢W —n(W)éZ, X).

Hence the theorem. O

Theorem 3.2 Let M be a hemi-slant submanifold of Kenmotsu manifold M. Then the distri-
bution D® @ D+ is integrable if and only if g([X,Y],€) =0 for all X,Y € D’ © D*.

Proof For X,Y € DY @ D+ we have
g([X,Y],€) = g(VxY,€) — g(Vy X, &) = —g(Vx&,Y) + g(VyE, X)

= —g(X —n(X)&Y) +g(Y —n(Y)§, X) = 0.
Since TM = D? @ D@ < € >, therefore [X,Y] € DY @ D*. So, DY @ D* is integrable.

Conversely, let D? @ D+ is integrable. Then for all X,Y € D® D+ [X,Y] € D@ D*.
As TM = DY @ D+ @ < £ > therefore g([X,Y],€) = 0. O

Theorem 3.3 Let M be a hemi-slant submanifold of Kenmotsu manifold M. Then the anti-
invariant distribution D+ is integrable if and only if n(Z)FW = n(W)FZ for any Z,W € D*.

Proof For Z,W € D+ we have from (2.6),
(V2O)W = —n(W)oZ — g(Z, $W)E. (33)
After some steps of calculations and using Gauss and Weingarten formula we can obtain
—ApwZ + N5 FW =TV ;W — FN ;W — th(Z, W) — fh(W, Z) (3.4)

=-—nWTZ—-n(W)FZ — g(Z, TW + FW)E.

Comparing the tangential components, we have
—ApwZ =TV W —th(Z,W) = —n(W)TZ — g(Z, TW)E. (3.5)
Interchanging Z and W, we get

—Ap W = TVwZ —th(W, Z) = —(Z)TW — g(W, TZ)¢. (3.6)
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Subtracting equation (3.6) from (3.5) and using the fact that h is symmetric we get
ApwZ — ApzW +T (VW —=VwZ) =nf(W)TZ + g(Z, TW), —n(Z)TW — g(W, TZ)E. (3.7)

Notice that D+ is integrable iff [Z, W] € D*. Now D+ is anti-invariant, i.e. D+ C T+M.
Hence T(Z) =0, T(W) =0, T[Z,W] = 0.

Again from (4.7)
ApwZ — ApzW +T[Z, W] = 0. (3.8)

So D% is integrable <= Apw Z — Ap;W = 0. By Theorem 3.1 we get the result. O

Theorem 3.4 Let M be a hemi-slant submanifold of Kenmotsu manifold M. Then the slant
distribution D? is integrable if and only if

P (VxTY —VyTX + R, TX)Y — R, TY)X) =0 (3.9)

for any X,Y € D?.

Proof We denote by P, and P, the projections on D+ and D? respectively. For any vector
fields X,Y € D’ we have from (2.6),

(Vx9)Y = —n(Y)$X — g(X, 9Y)E. (3.10)
On applying (2.14), (2.15), (2.18) and (2.19) we get

(Vx0)Y = VxTY +h(X,TY) = Apy X+ V5 FY — (TVxY + FVxY) = (th(X,Y)+ fh(X,Y)).

(3.11)
Therefore from (3.10) and (3.11)
VxTY + WX, TY)— ApyX +VxFY — (TVxY + FVxY)
— (th(X,Y) + fR(X,Y)) = —n(Y)(T + F)X — g(X, (T + F)Y)¢. (3.12)
Comparing the tangential components
VxTY — Apy X —TVxY —th(X,Y) = —n(Y)TX — g(X,TY)E. (3.13)
Interchanging X and Y and subtracting from above equation we obtain
VxTY = VyTX —Apy X + ApxY —TVxY +TVy X (3.14)

= (V)TX +0(X)TY — g(X,TY)é + g(Y. TX)E.

From (2.11) we get

VXTY = VyTX — Apy X + ApxY = TVxY + TVy X = —R(§, TX)Y + R(§,TY)X. (3.15)
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Since X,Y € DY, FX =0 and FY = 0. Hence applying P; to both sides of above equation

we conclude our theorem. O

Theorem 3.5 Let M be a hemi-slant submanifold of Kenmotsu manifold M. If the leaves of
D= are totally geodesic in M, then

g(h(Z, X), FW) + g(th(Z,W),X) =0 (3.16)
for all X € DY and Z,W € D*.
Proof From (2.6),(2.14) and (2.15) we get
V206W +h(Z, W) — Apw Z+VEFW — ¢V W — oh(Z, W) = —n(W)dZ — g(Z, sW)E. (3.17)

Comparing the tangential components and on taking inner product with X € D?, we

obtain
~9(Arw Z, X)) — g(th(Z, W), X) — g(TV zW, X) = 0. (3.18)

The leaves of D are totally geodesic in M if for Z, W € D+ VzW € D+.So TV zW = 0.
Hence we have
—g(ArwZ, X) = g(th(Z, W), X) = 0. (3.19)

This completes the proof. O

Theorem 3.6 Let M be a totally umbilical hemi-slant submanifold of Kenmotsu manifold M.
Then at least one of the following holds:

(i) dim D+ =1;
(ii) H € 13

(i4t) M is proper hemi-slant submanifold.
Proof In a Kenmotsu manifold for any 2 € D+ we have from (2.6),
(V20)Z = —0(2)$Z — g(Z, 6 Z)E. (3.20)
Using (2.14) and (2.18) we obtain
VeFZ - ¢(NzZ+h(Z,2)) = —n(Z2)FZ — g(Z, FZ)E. (3.21)
Since Z € D+, TZ = 0. Now from (2.15),(2.18) and (2.19)
~ApzZ +N5FZ —FN2Z —th(Z,Z) — fh(Z,2) = —n(Z2)FZ — g(Z,FZ)¢. (3.22)
Comparing the tangential components

—ApzZ —th(Z,Z) =0. (3.23)
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Taking inner product with W € D~ we get on using the fact that M is totally umbilical

submanifold
9(g(Z,W)H,FZ) + g(tg(Z, Z)H, W) = 0. (3.24)

After some brief calculations we get
9g(Z,W)g(H,FZ) = 0. (3.25)
Hence either g(Z, W) =0 or g(H,FZ) =0. If g(Z,W) = 0 then either Z =0 or Z = W.

As Z is arbitrary taken from D™, so if Z = 0 then D+ = 0. And if Z = W then dim D+ = 1.
Now, if g(H, FZ) =0, then H € p. ]

84. An Example of Hemi-slant Submanifold of a Kenmotsu Manifold

Let us consider a 9-dimensional submanifold M of R? defined by [7]
(u1, —v/2u2, ugsinby, uacosty, scoslls, —cosbs, ssinbly, —sinba, z).

The independent vector fields

L0
1= 8(1717
0 0
= — 2— + sinfi—— + cosf
\/ 8y1 18 i) 18y2
e3 = costly — D25 + sznﬁga o’
eq = —ssinf 9 + sinb + scosb 9 — cost
t > D > s > 024 2 Oys’
0
es =& = 9

span the tangent bundle of M. Let ¢ be the (1,1) tensor field defined by

0 0 0 0 0
= —_— )= —— = < <
o) = 7y gy = g gy =0 1S iS4,
For any vector field
0 0 0
X =g Ty, e

where 4, j € {1,2,3,4}.

After calculations we have
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S
zaxi M]aij
o 2
8:1?1' ujayj

9(dX, dY) = NiX] + pjpt

DX = -\

X +nX)§=—-X\i

Again

n(X)n(Y) ="

Therefore we can see that ¢?>X = —X + n(X)¢ .Moreover equation (2.1) and (2.5) are also
satisfied. Hence (¢,7,€,¢g) is an almost contact structure.

By direct calculation we can infer D? = span{e;, ez} ia a slant distribution with slant angle
0= cos’l(%). Since ¢ez and ¢ey are orthogonal to M, D+ = span{es,es} is an anti-invariant
distribution. Thus M is a 5— dimensional proper semi-slant submanifold of R° with (¢, 7, £, g).

Let V be the Levi-Civita connection on R9. [e1, e2]f = 0. By similar calculation we get
lei,e;] =0, 4,7 € {1,2,3,4,5}. We can also calculate that

g(er,e1) = g(es,e3) = 1,g(e2,e2) =3,

9(64764) = 82 + 179(65765) = 17
glei,ej) =0for i # j.

By using Koszul formula for g we can find the values of V.,e; and verify (2.6) and (2.7).
Therefore (¢,n, &, g) is a Kenmotsu manifold.

Let 2/, w’ € D+ so 2/ = Aze3 + Mgeq, w' = pses + pgeq for some A3, Ay, pis, 4.

n(z)p(w') = g(Azes + \geq, e5) X {—;u;sin@za%s + M4003923%4 + 0%3(”360392 — S148tnb) +
%(ugsin%—kscos&gu@} = 0. Similarly we compute n(w’)¢(z’") = 0 which indicates n(z")p(w’) =
nw ) (").

Now g([es,e4],e5) = g(les, ea],e1) = g([es, ea], e2) = 0. Therefore [e3,e4] € D*. Hence
D+ is integrable.
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§1. Introduction

Since Tutte’s papers on enumerating planar maps in [21-23] were published in the early 1960’s,
the enumerative theory has been developed greatly up to now. Eulerian maps have played a
crucial role in enumerative map theory. In particular, Tutte’s sum-free formula [22] for the
number of eulerian planar maps, all of whose vertices are labelled and contain a distinguished
edge-end, with a given sequence of (even) vertex valencies was an essential stepin obtaining his
ground-breaking formula for counting rooted planar maps by number of edges [23]. Several new
results on the subject have been published since then (see, e.g. [1-20, 24]).

Here we deal with the enumeration of rooted nearly 2-regular loopless planar maps with
the valency of the root-face, the numbers of nonrooted vertices and inner faces as three param-
eters. Several explicit expressions of its enumerating functions are obtained and one of them is
summation-free.

A map is a connected graph cellularly embedded on a surface. A map is rooted if an edge
and a direction along that edge are distinguished. If the root is the oriented edge from u to
v, then u is the root-vertex while the face on the right side of the edge as seen by an observer
on the edge facing away from u is defined as the root-face. A map is called Eulerian if all the
valencies of its vertices are even. A nearly 2-regular map is a rooted map such that all vertices
probably except the root-vertex are of valency 2. It is clear that a nearly 2-regular map is also

an Eulerian map. In this paper, maps are always rooted and planar.

1Supported by NNSFC under Grant No. 10371033, No. 11571044 and the Natural Science Foundation
Project of CQ under Grant No. cstc2014jcyjA00041.
2Received May 17, 2018, Accepted February 28, 2019.
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For a set of some maps .#, the enumerating function discussed in this paper is defined as

f///(lU,y,Z): Z xl(M)yp(M)Zq(M)7 (1)
Me#

where (M), p(M) and ¢(M) are the root-face valency, the number of nonrooted vertices and
the number of inner faces of M, respectively.

Furthermore, we introduce some other enumerating functions for .# as follows:

galzy) =Y !y,

Me#

hoaly,z) =y y?M0 2000,
Me#

Hal)= 3 50, )
Me#

where (M), p(M) and ¢(M) are the same in (1) and n(M) is the number of edges of M, that

is

g/g(x,y) :f%(xayvy)a h//{(y,Z):f//{(l,y,Z),
Hay(y) =9.4(1,y) = ha(y,y) = fa(l,y,9) (3)

For the power series f(x), f(z,y) and f(z,y, z), we employ the following notations:
OLf(x), OLY f(x,y) and 95" f(x,y,2)

to represent the coefficients of z! in f(z), z'y? in f(z,y) and 2'yP29 in f(x,y, z), respectively.

Terminologies and notations not explained here can be found in [10].

§2. Functional Equations

In this section we will set up the functional equations satisfied by the enumerating functions
for rooted nearly 2-regular loopless planar maps.

Let & be the set of all rooted nearly 2-regular loopless planar maps with convention that
the vertex map ¥ is in & for convenience. For any M € & — 4, it is obvious that each edge of M
is contained in only one circuit. The circuit containing the root-edge is called the root circuit
of M, and denoted by C(M).

It is clear that the length of the root circuit is no more than the root-face valency, and

&=&+Jé&, (4)
i>2

where

& ={M | M € &,the length of C(M) is i} (5)
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and &) is only consist of the vertex map .

It is easy to see that the enumerating function of &y is

fg’o($,y,2) =1 (6)

For any M € & (i > 2), the root circuit divides M — C(M) into two domains, the inner
domain and outer domain. The submap of M in the outer domain is a general map in &, while
the submap of M in the inner domain does not contribute the valency of the root-face of M.
Thus, the enumerating function of &; is

f&(%yaz) = xl l_lzhfa (7)
where h = he(y, 2) = fe(l,y, 2).

Theorem 2.1 The enumerating function f = fe(x,y,z) satisfies the following equation:

where h = he(y,2) = fe(1,y, 2).

Proof By (4), (6) and (7), we have

f=1+> o'y 'zhf
i>2
22yzhf

=1
* 1—ay’

which is equivalent to the theorem. O

Let y = z in (8). Then we have

Corollary 2.1 The enumerating function g = gg(z,y) satisfies the following equation:

s- (1 ”H) o)

B 1—xzy

where H = Hg(y) = g&(1,y).

Let £ =1 in (8). Then we obtain

Corollary 2.2 The enumerating function h = he(y, z) satisfies the following equation:

yzh?* + (y — Dh—y+1=0. (10)

Further, let y = z in (10). Then we have
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Corollary 2.3 The enumerating function H = Hg(y) satisfies the following equation:

vH* + (y—1)H -y +1=0. (11)

83. Enumeration

In this section we will find the explicit formulae for enumerating functions f = fg(z,y,2),9 =

ge(x,y),h = he(y,z) and H = Hg(y) by using Lagrangian inversion.

By (10) we have

Let

0

mv =n(l —0n). (13)

y:

By substituting (13) into (12), one may find that

1
= 14
—on (14)
y (13) and (14), we have the following parametric expression of h = he(y, 2):
0
y=1yg *=n1-0n),
1
h = 15
T—on (15)
and from which we get
1
—7 0 1—26n
A _ | 1+6 — L 16
(0,m) 11,29977 (1 + 9)(1 _ 9,'7) ( )
—0n

Theorem 3.1 The enumerating function h = hg(y, z) has the following explicit expression:

(p—1)! P ,4q
‘”ZZ T "

p>1q= 1

Proof By employing Lagrangian inversion with two parameters, from (15) and (16) one
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may find that

B (p.q) (L 6)P~1 (1 — 26
he(y.z) =Y 94 (1 — On)a+2 '

p,q>0
) (1+0)P~ (p-1.q-1) (L + 0"
_1+z[ 0 L gty v LD ]
®. ) ( +2 (8,m) _ +2
pq>1 K o) K (1 —6n)a
- 1!

=1+ ap UL+ o)1yt =1+ yPz4,
which is just the theorem. O

In what follows we present a corollary of Theorem 3.1.

Corollary 3.1 The enumerating function H = Hg(y) has the following explicit expression:

)l (n—q—1)!
=1+ Y. (18)
,;z:: '(n—2q)!(q—1)!
Proof 1t follows immediately from (17) by putting y = z and n = p + gq. |
Now, let
£(1+9)
) (19)

By substituting (15) and (19) into Equ. (8), one may find that

1

f= 1 _ &m0
1+E0

(20)

By (15), (19) and (20), we have the parametric expression of the function f = fg(z,y, 2)

as follows:

_&(1+0) 0

Tt VT it
1

=n(l—0n), [f= W- (21)
1+66

According to (21), we have
1 * 0
R - 142)59 i . 1—26n (22)
€8m) = T+ T A+ +0)1 -0y
O * 1—207]

1—6n
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Theorem 3.2 The enumerating function f = fe(x,y,z) has the following explicit expression:

p ptq min{[%],q}
k(2g—k—-—1\/l—-k—-1
VSRS Wb D VI T [ Paen

p>1q=11=2 —max x{1, [l+q7p-‘}

p—Il+k—-1 L pq
X(p—q—l+2k x'yPza. (23)

Proof By using Lagrangian inversion with three variables, from (21) and (22) one may find
that

Z 6(222‘1)) 1+§9)l 1(1+9)p - 1(1_2977) lypzq
n

(2,9, 2
L,p,q>0 (1 — On)at? {1 _ 52977(1+9)]

(1+£6)
min{| £].p,q} Ck—
-y j{qu 8@—2&p—kﬂ—k)(14_§9y M
Lo (€,0,m) (1 — fn)atl
x (1+ 9)p_l+k_1 (1 — 20m)xlyP 21

pt+q min{|$],q} I—k—1
ey > ()

p,g>11=2 k=max{1,l—p}

(p—l+k,q—k) (1 + e)p—l-l-k—l(l — 2977)
(0.m) (1 — fn)a+t

p+q min{|L].q} I—k—1
ey ()

p,q>1 1=2 k=max{1,l—p}

(p—l+k,q—k) (1+ 9>p7l+k71
X 3(9 -
\1) (1 — 977)¢Z+1

(p—I+k—1,q—k—1) (1+9)P*l+kfl oo
_26(0777) W Ty z

p ptq min{|£],q}

B 2 —k—1)k (1—k—1
yyy YRR

p>1g=11=2 k=max{1, |'l+q7p-|}
% ag—q—l+2k(1+9)p I+k— 1xlypzq

p pt+q min{[%|,q}

2 —k— 1)k (l—k—1
=3y > S ()

p21q=11=2 p—max{1,[ 427}
—l+k-1
y P + xlypzq,
p—q—1+2k

which is what we wanted. O

x 0

lypzq

Finally, we give a corollary of Theorem 3.2.
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Corollary 3.2 The enumerating function g = gg(x,y) has the following explicit expression:

n 7] min{|§ ],q}

ey =1+ Y3 S0

n221=2 ¢=1 p=max{1,[ *2="1}

n—qg—Il+k-1\ ,
" 24
><(n—2q—l—|—2/€ vy (24)
Proof Tt follows soon from (23) by putting y = z and n = p + q. O
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§1. Introduction

Fixed point theory is an important part of mathematics. Moreover, its well known that the
contraction mapping principle, which is introduced by S. Banach in 1922.

During the last few decades, this theorem has undergone various generalizations either
by relaxing the condition on contractivity or withdrawing the requirement of completeness or
sometimes even both.

In 2000, Branciari [1] obtained a very interesting generalization of metric space by changing
the structure of the space. He, replaced the triangle inequality of a metric space by an inequality
involving three terms instead of two called quadrilateral inequality. He, proved the Banach fixed
point theorem in such space. Recently, many fixed point results have been established for this
interesting space ([3],[7],[8],[9]). As such, any metric space is a generalized metric space, but
the converse is not true [1].

Recently, many researchers have interested in generalizing fixed point theorems to coinci-
dence point theorems and common fixed point theorems. Choudhury and Kundu [2] established
the (¢, o, 3)-weakly contraction principal to coincidence point and common fixed point results
in partially ordered metric spaces. In a recent paper Isik and Turkoglu [3] proved common fixed

point for (¢, o, 3)-weakly contractive mappings in generalized metric spaces for two mappings.

1Received April 12, 2018, Accepted March 1, 2019.
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The aim of this paper to prove a common fixed point for (¢, a, 3) -weakly contractive

mappings in generalized metric space of four self mappings.

§2. Preliminaries

Definition 2.1([1]) Let X be a non-empty set. A function d: X x X — [0,00) is said to be a

generalized metric on X if the following conditions are satisfied:
(1) d
(2) d
3)d

The pair (X, d) is called a generalized metric space abbreviated to g.m.s .

0 iffc =1y for all z,y in X;
d(y,z) for all z,y in X;
< d(xz,u) + d(u,v) + d(v,y) for all z,y,u,v in X.

z,

(z,9)
(z,9)
(z,9)
(

€T,

Definition 2.2([1]) Let (X,d) be a g.m.s and let (x,) be a sequence in X and xz € X.

(1) (zn) is a g.m.s. convergent to x if and only if d(zn,x) — 0 as n — oo;

(2) x, is a gm.s. Cauchy sequence if and only if for each €> 0 there exists a natural
number n(e) such that d(x,, m) < € for alln > m > n(e);

(3) (X,d) is called a complete g.m.s if every g.m.s. Cauchy sequence is g.m.s. convergent
mn X;

We denote by U the set of functions 1 : [0,00) — [0, 00) satisfying the following hypotheses:

(¥1) ¥ is continuous and monotone non decreasing;
(¥2) ¥(t) = 0 if and only if t=0.
We denote by ¢ the set of function « : [0,00) — [0, 00) satisfying the following hypotheses:

(al) « is continuous;
(a2) a(t) =0 if and only if t=0.
We denote by T the set of function (3 : [0,00) — [0,00) satisfying the following hypotheses:

(B1) B is lower semi continuous;
(82) B(t) = 0 if and only if t=0.

Definition 2.3([3]) Let A and B be mappings from a metric space (X,d) into itself. A and
B are said to be weakly compatible mapping if they commute at their coincidence point i.e,
Ax = Bx for some x in X implies ABx = BAx.

Lemma 2.1([3]) Let ay, be a sequence of non negative real numbers. If
P(ant1) < alan) - Blan) (4)
forallm € N, wherep € ¥V, a € ¢, B €T and
() —at)+ B(t) >0 for all t > 0, (B)

then the following hold:
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(1) ap+1 < ap if ap > 0;

(2) an, — 0 as n — oco.

Proof (1) Let, if possible a,, < a1 for some n € N then using the monotone property of
U and from (A) we have, ¥(a,) < ¥(ant1) < a(an) — B(an), which implies that a,, = 0 by (B)
a contradiction with a,, > 0. Therefore, for all n € N, ap4+1 < ay, .

(2) By (1) the sequence a, is non-increasing, hence there is a > 0 such that a,, — a as
n — oo letting n — oo in (A), using the lower semi continuity of 8 and the continuities of ¥
and «, we obtain 1(a) < a(a) — B(a), which by (B) implies that a = 0. m

83. Main Results

Theorem 3.1 Let (X,d) be a Hausdorff and complete g.m.s. and let f,g,h and J be four
mappings of X into itself and f(X) C h(X), g(X) C J(X). Without loss of generality, assume

h, J are continuous, f and J, g and h both are compatible satisfying the following condition

P(d(fz,gy) < a(M(z,y)) — B(M(z,y)), (1)

where M (x,y) = max{d(Jz, hy),d(fz, Jx),d(gy, hy),d(fz,hy)} for all x,y € X, where ¢y C ¥,
a C ¢ and B C T satisfying condition (B). Then, f,g,h and J have a unique common fized
point in X.

Proof Notice that f(X) C h(X) and g(X) C J(X). Let o be any point in X. Then,
there exists sequences (z,) and (y,) such that y, = fz, = htpt1 , Ynt1 = 9Tnt1 = JTnia,
n=20,1,2,3,--- . Now,

V(A(Yn, Ynt1)) = Y(A(f2n, gTni1)) < a(M(2,y)) — B(M(z,y)), (2)
where,

M(I, y) = max{d(an, hInJrl)a d(f{En, an)a d(gInJrl; thnJrl); d(fxru hanrl)}
max{d(yn—1,Yn)s A(Yn:Yn-1), AYn+1,Yn) A(Yn, Yn) }
= max{d(yn—lvyn)vd(ynuyn—l)ad(yn-i-layn)ao}

If possible, let d(Yn, Yn+1) > 0 and d(Yn, Yn+1) > d(Yn—1,yn). Then from (2) we get that

Y(A(Yns Ynt1)) < a(d(Yn, Yn+1)) — BA(Yn, Ynt1))- (3)

By Lemma 2.1, each number in the sequence y, is non negative and real. Hence there
exists a > 0 such that y,, — a as n — oo in (3). Using the lower semi continuity of 5 and the
continuities of ¢ and a, we obtain ¢(a) < a(a) — f(a). However, (B) implies a = 0, which is a

contradiction. So d(Yn, Ynt+1) < d(Yn—1,Yn)-
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From (2) we get that

’@[J(d(ynu yn+1)) < a(d(yn—luyn)) - ﬁ(d(yn—la yn))

According to Lemma 2.1 we know that ¢ (an+1) < a(ay,) — B(ay,) for all n € N, where ¢ C U,
a C ¢and f CT and ¢(t) — a(t) + 8(t) > 0 for all ¢ > 0. Thus, ap+1 < ay if a, > 0 and

an, — oo. Therefore,

d(YnsYnt1) < d(Yn-1,yn) and nlglgo d(Yn»Yn+1) = 0. (4)

Now, we prove that y, is a g.m.s Cauchy sequence. If y, is not a g.m.s Cauchy sequence,
then there exists e > 0, for which we can find a sub sequence y,, and y,,, of y, with my > ny > k
such that

d(Yny,> Ymy,) > € (5)

and corresponding to ng, we can choose my in such a way that it is the smallest integer with
my, > ny satisfying (4) and
d(ynk ’ ymk—l) < €. (6)

Applying (5) and (6) and the rectangular inequality, we get that

€ < dYny> Ymr) < AYnpr Yni_y) + dWny_y s Ymi_y) + AYmy_y > Yy, )- (7)

Applying (4) we get that
€ S d(ynk71 9 ymk—l) (8)

and
d(ynk,1 ’ ymk,l) S d(ynk,1 ’ ynk) + d(ynk I ymk) + d(ymk ) ymk,l)-

By (4) and (6) we have that
AWy Ymi_y) S €. (9)

From (8) and (9) we know that
A(Ynye— 1 Ymy—y) = € (10)

Applying (4) and (10) in (7) we get that
€ < dYni, Ym,.) < € Le, d(Yn,, Ym,) = €. (11)

Now,
V(dYn,, ymi)) = V(A fn,, gom,)) < (M (z,y)) — B(M (z,y)),
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where,

M(;E? y) = max{d(ank ) hxmk)v d(fx"lk ) ank)’ d(gxmk ) hxmk)v d(fx’ﬂk ) hxmk)}

= max{d(Yn,, Ymy)> A Yny.> Yrx_1)s A Ymp Ymy)> AYny > Yy )}
= max{e0,0,e} (by (11) and (4)).

we therefore get that ¢ (e) < a(e) — S(e) and € = 0 by lemma 2.1, which is a contradiction as
we assume that € > 0. Then it follows that y, is a g.m.s Cauchy sequence and hence y,, is
convergent in the complete g.m.s space (X, d). Let lim,—ooyn = 2, i€,

lim fx, = limn—ooh®ni1 = liMn—oogTnt1 = liMp—ood Tnia = 2. (12)

n—oo

Notice that J is a continuous function, we know that
P(d(fJzn, gni1)) < a(M(z,y)) — B(M (z,y)), (13)
where,
M(z,y) = max{d(JJxy, hxnt1),d(J fxn, JTxy), d(gxni1, henit), d(J fo,, heni1)}
Let n — oo in the above. We get that

M(z,y) = max{d(Jz,z),d(Jz,Jz),d(z,2),d(Jz,2)}
= max{d(Jz,2),0,0,d(Jz,z)}
d(Jz, z).

Let n — oo on both sides in (12). We know that ¢(d(Jz, z)) < a(d(Jz, z)) — B(d(Jz, 2)).
By Lemma 2.1 we have d(Jz,2) =0, i.e.,

Jz =z (14)

Now,
(d(fz,g7n41)) < a(M(z,y)) — B(M(z,y)), (15)

where,
M(.I, y) = max{d(Jz, hInJrl)a d(fZ, JZ)? d(g'rn+15 hInJrl)v d(fZ, hInJrl)}

by (1) and (14). Now, taking n — oo on above we get that

M(z,y) = max{d(z,z2),d(z,2),d(z,2),d(fz 2)}
= max{0,0,0,d(fz,2)} =d(fz,z).

Similarly, let n — oo in (14) on both sides we get that

P(d(fz,2)) < ald(fz,2)) = Bd(fz, 2)).



86 Krishnadhan Sarkar and Kalishankar Tiwary

Applying Lemma 2.1 we get that d(fz,z) =0, i.e.,
fz==z (16)
So, from (14) and (16) we know that
Jz=fz=z. (17)
Similarly as h is continuous in X we can prove
hz =gz = z. (18)
From (17) and (18) we get that
Jz=fz=hz=gz==z. (19)

So z is a common fixed point of f, g, h and J.

Now, we prove that z is unique. If w(# z) is another fixed point. Notice that

Y(d(z,w) = P(d(fz, gw)) < a(M(z,y)) — BM(z,y)), (20)
where,

M(z,y) = max{d(Jz, hw),d(fz, Jz),d(gw, hw),d(fz, hw)}
= max{d(z,w),d(z,z),d(w,w),d(z,w)} = maz(d(z,w),0,0,d(z,w)),

which enables us to get that ¥ (d(z,w) < a(d(z,w)) — B(d(z,w)) from (20). By Lemma 2.1 we
get d(z,w) =0, i.e., z = w. Thus the fixed point z is unique. O

84. Conclusion

The main result is an extension of the result [3] to the set of generalized metric space. This

paper is also a generalization of many existing results in this literature.
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Abstract: For any non-trivial Abelian group A under addition a graph G is said to be
A-magic if there exists a labeling f : E(G) — A — {0} such that, the vertex labeling f*
defined as f*(v) = 3" f(uv) taken over all edges uv incident at v is a constant. An A-magic
graph G is said to be Zy-magic graph if the group A is Zj, the group of integers modulo &
and these graphs are referred as k-magic graphs. In this paper we prove that the graphs such
as cycle of generalized peterson, shell, wheel, closed helm, double wheel, triangular ladder,
flower and lotus inside a circle are Zi-magic graphs and also prove that if G is Zg-magic
graph and n is even then C'(n.G) is Zi-magic.

Key Words: A-magic labeling, Zi-magic labeling, Zi-magic graph, cycle of graphs,
Smarandachely A-magic.
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§1. Introduction

Graph labeling is currently an emerging area in the research of graph theory. A graph labeling
is an assignment of integers to vertices or edges or both subject to certain conditions. A detailed
survey was done by Gallian in [6]. If the labels of edges are distinct positive integers and for
each vertex v the sum of the labels of all edges incident with v is the same for every vertex
v in the given graph then the labeling is called a magic labeling. Sedldcek [8] introduced the
concept of A-magic graphs. A graph with real-valued edge labeling such that distinct edges
have distinct non-negative labels and the sum of the labels of the edges incident to a particular
vertex is same for all vertices. Low and Lee [7] examined the A-magic property of the resulting
graph obtained from the product of two A-magic graphs. Shiu, Lam and Sun [9] proved that
the product and composition of A-magic graphs were also A-magic.

For any non-trivial Abelian group A under addition a graph G is said to be A-magic
if there exists a labeling f : E(G) — A — {0} such that, the vertex labeling f* defined as
fT(w) =3 f(uv) taken over all edges uv incident at v is a constant. Otherwise, it is said
to be Smarandachely A-magic, i.e., |{fT(v),v € V(G)}| > 2. An A-magic graph G is said to

1Received August 8, 2018, Accepted March 2, 2019.
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be Zi-magic graph if the group A is Zj, the group of integers modulo k. These Zj-magic
graphs are referred to as k-magic graphs. Shiu and Low [10] determined all positive integers
k for which fans and wheels have a Zj-magic labeling with a magic constant 0. Motivated
by the concept of A-magic graph in [8] and the results in [7], [9] and [10] Jeyanthi and Jeya
Daisy [1]-[5] proved that some standard graphs admit Z;-magic labeling. Let G be a graph
with n vertices {uy,us,...u,} and consider n copies of G as G1,Ga,...G, with vertex set
V(G;) = {ul :1 <i<n,1<j<n}. The cycle of graph G is denoted by C(n.G) is obtained
by identifying the vertex ujl of G with u; of G for 1 <i <n,1 < j < n. In this paper we study
the Zp-magic labeling of some cycle of graphs and also prove that if G is Zi-magic graph and
n is even then C(n.G) is Zi-magic. We use the following definitions in the subsequent section.
Definition 1.1 A generalized peterson graph P(n,m), n > 3,1 < m < 5 18 a 3 reqular
graph with 2n vertices {ui,ug,  Un,v1,v2...0,} and edges (u;v;), (Uitit1), (ViVigm) for all

1 < i < n, where the subscripts are taken modulo n.

Definition 1.2 A shell S, is the graph obtained by taking n — 3 concurrent chords in a cycle
Cy. The vertex at which all the chords are concurrent is called the apez.

Definition 1.3 The wheel W, is obtained by joining the vertices vy, v, - v, of a cycle C, to
an extra vertex v called the centre.

Definition 1.4 The closed helm CH,, is the graph obtained from a helm H, by joining each

pendent vertex to form a cycle.

Definition 1.5 A double wheel graph DW,, of size n can be composed of 2C,, + K1, that is
it consists of two cycles of size n, where the vertices of the two cycles are all connected to a

common hub.

Definition 1.6 The triangular ladder graph TL,, n > 2 is obtained by completing the ladder
Py x P, by adding the edges v jve j+1 for 1 < j < mn. The vertex set of the ladder is {v1 j,va; :
1<j<nj.

Definition 1.7 The flower Fl,, is the graph obtained from a helm H, by joining each pendent

vertex to the central vertex of the helm.

Definition 1.8 A lotus inside a circle LC,, is a graph obtained from the cycle Cy, : ui,usa, . . . Un, U1
and a star Ky, with the central vertex vo and the end vertices vi,ve, - ,v, by joining each u;

and uiy1(mod n).

82. Main Results

Theorem 2.1 Let G be a Zy-magic graph with magic constant b then C(n.G) is Zy-magic if n

s even.

Proof For any integer b € Zi. Let v1,vs,- v, be the vertices of the cycle C,,. Let G be
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any Zg-magic graph with magic constant b. Therefore f*(v) = b(mod k) for all v € V(G).
For any integer a € Z, — {0}, define the edge labeling g : E(C(n.G)) — Z;, — {0} as follows:

a for 7 is odd,
g(viviy1) = .
k—a foriis even,

and g(e) = f(e) for other e € E(C(n.@)). Then the induced vertex labeling g* : V(C(n.G)) —
Zy is gt (v) = b(mod k) for all v € V(C(n.G)). Hence g is constant and it is equal to
b(mod k). Notice that C'(n.G) admits Z,-magic labeling when n is even, then it is therefore a
Z-magic graph. a

Theorem 2.2 Let G be a Zy-magic graph with magic constant b then C(n.G) is Zx-magic if k

s even.

Proof For any integer b € Zy. Let v1,vs,- - v, be the vertices of the cycle C,,. Let G be
any Z-magic graph with magic constant b. Therefore f*(v) = 0(mod k) for all v € V(G).

For any integer a € Z; — {0}, define the edge labeling g : E(C(n.G)) — Z; — {0} to be
g(vivig1) = 5 for 1<i<n—1, glvav) = £, g(e) = f(e) for other e € E(C(n.G)).

Then the induced vertex labeling g™ : V(C(n.G)) — Zi is g*(v) b(mod k) for all
v € V(C(n.G)). Hence gt is constant and it is equal to b(mod k). Since C(n.G) admits
Zi-magic labeling when k is even, then it is a Zi-magic graph. O

Theorem 2.3 The graph C(n.C,) is Zi-magic except r is even, n is odd and k is odd.

Proof Let the vertex set and the edge set of C(n.C,) be V(C(n.Cp)) = {v : 1
r, 1 <j<n}and B(C(n.Cy)) = {vjvl,; : 1<i<r—1i<j<n}U{viv]: 1
n} U{U{U{H p 1<) <n—1}U{vfol )
Case 1. ris odd.

For any integer a € Zj — {0}, define the edge labeling f : E(C(n.C;)) — Z, — {0} as

follows:

. k—a foriis odd,1<j<n,
f(U'L U'L+1) .. .
a foriis even, 1 <j<n,
f(v{v{“) =afor1<j<n-1,
foivl) = a.
Then the induced vertex labeling f* : V(C(n.C.)) — Zi is ft(v) = 0(mod k) for all
v e V(Cn.Cy)).

Case 2. ris even.
Subcase 2.1 n is even.

The cycle C,. is Zi-magic with magic constant zero when r is even. Therefore by theorem

2.1 it is Zi-magic.
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Subcase 2.2 n is odd and k is even.

By Theorem 2.2 it is Zj-magic.

Hence f7 is constant and it is equal to 0(mod k). Since C(n.C,.) admits Zg-magic labeling,
then it is a Zi-magic graph. O

The example for Z;5-magic labeling of C(5.C7) is shown in Figure 1.

Figure 1 Z;5-magic labeling of C'(5.C7)

Conjecture 2.4 The graph C(n.C,) is not Zy-magic when r is even, n is odd and k is odd.
Observation 2.1 The graph C(n.Cyp,,Cy, -+ ,Cyp,) is Zy-magic when ny,ng, - --n; are odd.

Theorem 2.5 The cycle of generalized peterson graph C(n.P(r,m)) is Zi-magic except r is

even, n is odd and k is odd.

Proof Let the vertex set and the edge set of C'(n.P(r,m)) be respectively V(C(n.P(r,m))) =
(vl - 1<i<nr 1<j<n}and E(C(n.P(r,m))) = {ulv] : 1<i<nr 1<j<
n}U{ufufH 1<i<r—1, 1§j§n}U{u-Zu{: 1§j§n}U{vaf+m: 1<i<r, 1<5<
n} where the subscripts are taken modulo r.

Case 1. ris odd.

For any integer a such that k& > 3a, define the edge labeling f : E(C(n.P(r,m))) — Zr—{0}
as follows:
f(vf_vffm) =aforl1<i<r 1<j<m,
fwlv])=k—2afor1<i<r 1<j<n,
o 3a foriis odd, 1 <j <n,
flduly) = -
k—a foriis even,1<j <n,
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fluw™) =k —2afor 1 <j<n—1and f(uful) =k — 2a.
Then the induced vertex labeling f* : V(C(n.P(r,m))) — Zy is f*(v) = 0(mod k) for all
v € V(C(n.P(r,m))).

Case 2. r is even.
Subcase 2.1 n is even.

The graph P(r,m) is Zi-magic with magic constant zero. Therefore by theorem 2.1 it is

Z-magic.
Subcase 2.2 n is odd and k is even.

By theorem 2.2 it is Zi-magic in this case.

Hence f7 is constant and it is equal to O(mod k). Since C(n.P(r,m)) admits Zi-magic

labeling , then it is a Zp-magic graph. O

The example for Zs-magic labeling of C(5.P(5,2)) is shown in Figure 2.

Figure 2 Z5-magic labeling of C'(5.P(5,2))

Conjecture 2.6 The cycle of generalized peterson graph C(n.P(r,m)) is not Zx-magic when

r s even, n is odd and k is odd.

Theorem 2.7 The cycle of shell graph C(n.S,.) is Zi-magic.
Proof Let the vertex set and the edge set of C(n.S,) be respectively V(C(n.S,)) =

{vf 1< <r 1<j<n}and E(C(n.S,)) = {vgvg+l 1 <i<r—1,1<3j

n}U{U;U{ 1 <5< n}U{U{Uf+2 1 <i<r—-31<j < n}U{U{U{H 1
j < n—1}UJ{vtvi}. For any integer a such that k& > (r — 2)a, define the edge labeling

<
<
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f: E(C(n.S,)) — Z — {0} as follows:

f(U{Uf+)—2afOr1<z<r—3 1<j<n,
f@ivd) = fwivl) =afor 1 < j <n,
f(U{jU{jJr)_k—afor2<z<r_1 1<j<n,
fdul™ =k —(r—2afor1<j<n-—1,

flufui) =k — (r - 2)a.

Then the induced vertex labeling f* : V(C(n.S,)) — Z is fT(v) = 0(mod k) for all
v € V(C(n.S;)). Hence f* is constant and it is equal to 0(mod k). Since C(n.S,) admits
Zi-magic labeling , then it is a Zi-magic graph. |

The example for Zz-magic labeling of C'(5.S55) is shown in Figure 3.

Figure 3 Z7-magic labeling of C'(5.S55)

Theorem 2.8 The cycle of wheel graph C(n.W,.) is Zi-magic.

Proof Let the vertex set and the edge set of C'(n.W,) be respectively V(C(n.W,.)) =
{wj,ul © 1<i<r, 1<j<n}and E(CnW,)) ={ulul,,: 1<i<r—1,1<j<
n}U{uf_ujl 1<5< n}U{wJui 1<i<r, 1<y <n}U{uJ AR | <j<n-—1}J{utul}.
For any integer a such that k& > 2(r — 1)a, define the edge labeling f : E(C(n.W,.)) — Z; — {0}

as follows:
f(wu)—Qaf0r2<1,<r 1<j<n,
flwjul) =k —2(r —1afor 1 < j <mn,
flul, ) =k—afor 1<i<r—1,1<j<n,
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fuwlul) =k —afor 1 <j<n,
fdul™) =rafor1<j<n-—-1,
Fugul) = ra.

Then the induced vertex labeling f+ : V(C(n.W,.)) — Zx is fT(v) = 0(mod k) for all
v € V(C(n.W,.)). Hence fT is constant and it is equal to O(mod k). Since C(n.W,.) admits
Zi-magic labeling , the cycle of wheel graph C'(n.W,.) is a Z;-magic graph. O

The example of Z13-magic labeling of C(5.W7) is shown in Figure 4.

Figure 4 Z;3-magic labeling of C'(5.W7)

Theorem 2.9 The cycle of closed helm graph C(n.CH,) is Zy-magic.

Proof Let the vertex set and the edge set of C(n.CH,) be respectively V(C(n.CH,)) =

{wj,ul,z] - 1 <i<r 1<j<n}and E(C(n.CH,)) = {uiuf_H s 1<i<r-—-1,1
jEnpU{ufu] 1< <niUlelel,: 1<i<r—-11<j<nUfefe]: 1<)
nfU{wjael - 1<i<r 1<j<ntUfalul: 1<i<r 1< <n}U{ufu]t s 1<

n— 1} Ufujui}.

Case 1. ris odd.

IN NN

For any integer a such that k > (r 4+ 1)a, define the edge labeling f : E(C(n.CH,)) —
Zy, — {0} as follows:

i i« JEk—a foriis odd, 1<j<n,
flujuiyy) = . .
2a foriis even, 1 <j <mn,
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k—a foriis odd, 1 <j<mn,

f(xzxz+1)_ . 3

a for 7is even, 1 <j <mn,
f(wjx{):k—(r—l)afor1<j<n
f(w<7xg)=af0r2<z<r1<j<n
f(@ju]) = (r+1)afor 1 <j <n,
flaluly=k—afor2<i<r1<j<n,
fldul™y =k — (r=l)a 1)a for1<j<n-—1,
fwwbzk—“§”

Then the induced vertex labeling f* : V(C(n.CH,)) — Z is ft(v) =
v e V(C(n.CH,)).

Case 2. ris even.

95

0(mod k) for all

For any integer a such that k > ra, define the edge labeling f : F(C(n.CH,)) — Z; — {0}

as follows:

j k—a foriis odd, 1 <j<n,
f(uiuerl)_ . .
2a foriis even, 1 <j <n,
, k—a foriis odd, 1 <j<mn,
f(xgxz-i-l)_ .. .
foriis even, 1 <j<mn,
flwjzl) =k —(r—1afor1<j<n,
f(wjxf) afor2<i<r1<j<n,
f(x{u{):( —laforl1 <j<mn,
flalul)=k—afor2<i<r,1<j<n
f(u{ujfrl)—k efor1<j<mn-—1
flugud) =k — .

Figure 5 Zg-magic labeling of C'(3.C' H3)
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Then the induced vertex labeling f* : V(C(n.CH,)) — Zy is ft(v) = 0(mod k) for all
v e V(C(n.CH,)).

Hence f* is constant and it is equal to O(mod k). Since C(n.CH,) admits Zi-magic
labeling , then it is a Z-magic graph. |

The example of Zg-magic labeling of C'(3.C'Hs) is shown in Figure 5.

Theorem 2.10 The cycle of double wheel graph C(n.DW,) is Zy-magic except r is even, n is
odd and k 1is odd.

Proof Let the vertex set and the edge set of C'(n.DW,.) be respectively V(C(n.DW,.))
{Uj,ug 1 <i<r 1<j<n}and E(C(n.DW,)) = {Uivf,viug 1<, 1<5<
n}U{vaerl c1<i<r—1,1<j §n}U{v£v{ 1<y Sn}U{ufuerl c1<i<r—-1,1<

j<nyUfufu] 0 1<5 <n}Ufulul™ 1< <n—1}Ufuiul}.
Case 1. r is odd.

For any integer a such that k > 3a, define the edge labeling f : E(C(n.DW,.)) — Z; — {0}
as follows:

f(vwf):?aforlgigr, 1<j<n,
f(viug):k—Qaforlgigr, 1<j<n,

f(vgvf+1):k—aforlgigr—l,lgjgn,

o 3a foriis odd, 1 <j<n,
f(“i“iﬂ) =
k—a foriis even, 1 <j<n,

fwiv) =k —afor1<j<n,

T

fqui™) =k-2afor1<j<n-1,
fuful) =k — 2a.

Case 2. r is even.
Subcase 2.1 n is even.

The graph DW, is Zi-magic with magic constant zero. Therefore by theorem 2.1 it is
Z-magic.

Subcase 2.2 n is odd and k is even.

By Theorem 2.2 it is Zjx-magic in this case.

Hence f* is constant and it is equal to O(mod k). Since C(n.DW,) admits Zi-magic
labeling , then it is a Z-magic graph. |

The example of Zg-magic labeling of C'(5.DWj5) is shown in Figure 6.
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Figure 6 Zy-magic labeling of C'(5.DW3)

Conjecture 2.11 The cycle of double wheel graph C(n.DW,.) is not Zi-magic when r is even,
n s odd and k s odd.

Obsevation 2.2 The graph C(n.DW,,,, DW,, ..., DW,,) is Z-magic when ni,ng,...n; are
odd.

Theorem 2.12 The cycle of triangular ladder graph C(n.TL,.) is Zy-magic.

Proof Let the vertex set and the edge set of C(n.TL,) be respectively V(C(n.TL,)) =

{u{,vf: 1<i<r 1<j<n}and E(C(n.TLT)):{ugug+1,vgvg+l: 1<i<r—-1,1<j

n}U{ugUfﬂ: 1<i<r-—1, 1§j§n}U{ugUf: 1<i<r, 1§j§n}U{U{U{+1: 1<y
n—1} U {vpwvl}.

IN N

Case 1. ris odd.

For any integer a such that k > 2a, define the edge labeling f : E(C(n.TL,)) — Z, — {0}

as follows:

o 2a foriis odd, 1 <j <mn,
f(UfoH) = =7=
k—a foriis even, 1 <j<n,

i g k—a foriis odd, 1 <j<mn,
fvjvig,) = .. .
a foriis even, 1 <j <n,
fwivl)=k—afor1<j<n,
fulv])=afor2<i<r1<j<n,
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f(u{v%)zk—aforlgjgn,
f(ugvfﬂ)zk—2afor2§i§r—1,1§j§n,
f@lvith =afor1 <j<n-1,

fwi}) = a.

Then the induced vertex labeling f* : V(C(n.TL,)) — Zi is fT(v) = 0(mod k) for all
v e V(C(n.TL,)).

Case 2. r is even.

For any integer a such that k > 2a, define the edge labeling f : E(C(n.TL,)) — Z, — {0}
as follows:

. 2a foriis odd, 1 <j<n,
f(UiUiH) = . )
k—2a, foriis even, 1 <j<mn,
f(vjvj ) = k—a foriis odd,i# (r—1)1<j<nmn,
i Vit1) =

a foriis even, 1 <j <n,

fl_qvl)=afor1<j<n,
f(u{v{)zk—aforlgjgn,
flwlvy=afor2<i<r—21<j<n,
fl_ vl )=k—afor1<j<n,

fulvl) =afor1 <j<n,
f(ugvfﬂ)zk—aforlgigr—Q,lgjgn,

fwl i) =afor1<j<n,
f(v{v{“) =aforl <j<n-—1,

floiol) = a.

Then the induced vertex labeling f+ : V(C(n.TL,)) — Zy is fT(v) = 0(mod k) for all
v € V(C(n.TL,)). Hence fT is constant and it is equal to 0(mod k). Since C'(n.TL,) admits
Zi-magic labeling , then it is a Zi-magic graph. |

The example of Zjp-magic labeling of C'(5.7'L) is shown in Figure 7.
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Figure 7 Z;p-magic labeling of C(5.17'Ls)

Theorem 2.13 The cycle of flower graph C(n.Fl,.) is Zi-magic.

Proof Let the vertex set and the edge set of C'(n.Fl,.) be respectively V(C(n.Fl,.)) =
{vj,vf,ug 1 <i<r 1<j<n}and E(C(n.Fl.)) = {vjvg 1 <i<r, 1<)
n}U{vfuf 1<i<nr, lgjgn}U{vjug: 1<i<m, 1§j§n}U{vgvg+1: 1<

r—1, 1<j<n}Ufviv] 0 1<j<njUfvfo]™: 1<j <n—13U{oo} )

IN A

Case 1. r is odd.

For any integer a such that k > 3a, define the edge labeling f : E(C(n.Fl,)) — Zy — {0}

as follows:

f(vjvg):aforlgigr, 1<j<n,
f(vfug)zaforlgigr, 1<j<n,
f(ugvj):k—aforlgigr, 1<j5<n,
f(v'l-jv'zﬂ) _ a foriis odd, 1 <j<n,
k—3a foriis even, 1 <j<n,

f@hvitY =k —2afor1<j<n-—1,

fwivl) =k — 2a.

Then the induced vertex labeling f* : V(C(n.Fl,)) — Zy is fT(v) = 0(mod k) for all
v e V(C(n.Fl.)).

Case 2. ris even.

For any integer a such that k > 2a, define the edge labeling f : E(C(n.Fl,)) — Zy — {0}

as follows:
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fvjul) =2afor 1 < j<n,
flojvl)=afor2<i<r 1<j<n,
f(v{u{:):2a for 1 < j <mn,
flul)=afor2<i<r 1<j<n,
f(u{vj):k—2afor1§j§n,
f(ugvj):k—af0r2§igr, 1<j5<n,
f(vafﬂ):k—aforlgigr—l, 1<j<n,
f(v%v{):k—a,
f(v{v{Jrl):k—aforlSan—l,

Fpvl) = k—a.

Then the induced vertex labeling f+ : V(C(n.Fl,.)) — Zg is fT(v) = 0(mod k) for all
v € V(C(n.Fl,)). Hence f* is constant and it is equal to 0(mod k). Since C(n.Fl,) admits
Zi-magic labeling , then it is a Zi-magic graph. |

The example of Zs-magic labeling of C(3.Fl3) is shown in Figure 8.

Figure 8 Z;-magic labeling of C(3.F3)

Theorem 2.14 The cycle of lotus inside a circle graph C(n.LC,.) is Z-magic.

Proof Let the vertex set and the edge set of C'(n.LC,.) be respectively V(C(n.LC})) =
{vj,0/ 0 : 1 <i<r 1<j<n}and E(C(nLC,)) = {vjol : 1 <i<r 1<}
YUl - 1<i<r 1<j< n}U{ufUZH c1<i<r—1,1<j<n}U{uiv: 1
j < n}U{uiuf_H 1 r—1,1<j5< n}U{uﬁqu 1 <5< n}U{ujlquJrl 1<y
n—1} U{ufui}.

Case 1. ris odd.

ININ A

For any integer a such that k& > (r — 1)a, define the edge labeling f : E(C(n.LC,)) —
Zy, — {0} as follows:
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fwl) =k —(n—1)afor 1 <j<n,
flojul)=afor2<i<r 1<j<n,
f(v{ujl) (r—2afor 1 <j<n,
f(vzjuf)—k—Qafor2<z<r1<j<n
f(ugvf+1)—afor1<i§r—11<j<n
(ud

i 2a foriis odd, 1 <j <n,
f(uzuz-i-l) .. .
k—a foriis even, 1 <j<n,
fdul™) =k - @ for1<j<mn-1,
flutul) = k - L.
Then the induced vertex labeling f* : V(C(n.LC,.)) — Z is
ft(v) = 0(mod k) for all v € V(C(n.LC,)).

Case 2. ris even.

For any integer a such that k > (r — 1)a, define the edge labeling f : E(C(n.LC,)) —
Zy, — {0} as follows:

fwjv))=k—(n—1)afor1 <j<n,
flojul)=afor2<i<r 1<j<n,
flul) = (r—2)afor 1< j<n,
ful)=k—2afor2<i<r1<j<n,
flulvl,)=afor1<i<r—-11<j<n
(ud

2a foriis odd, 1 <j<n,
f(uiuz-i-l)
k—a foriis even, 1 <j<n,

f(ulquJrl)—k—g—aforlgjgn—l,
flutuy) =k — 3.

Then the induced vertex labeling f* : V(C(n.LC,)) — Zi is fT(v) = 0(mod k) for all
v € V(C(n.LC,)). Hence f7 is constant and it is equal to 0(mod k). Since C(n.LC,.) admits
Zi-magic labeling , then it is a Zi-magic graph. |

The example of Zg-magic labeling of C'(5.LC5) is shown in Figure 9.
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Figure 9 Zs-magic labeling of C(5.LC5)
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§1. Introduction

Throughout this paper, we consider only simple connected graphs. We use dg(v) to denote the

degree of a vertex v in G. Let dg(u,v) denote the distance between two vertices u and v in G and

let w, (@) denote the sum of all distance of vertices of G from v, that is, w,(G) = > dg(v,u)
ueV (G

with w(G) = min {w,(G) :v e V(G)}. @

The topological indices (also known as the molecular descriptors) had been received much
attention in that past decades, and they have been found to be useful in structure-activity
relationships (SAR) and pharmaceutical drug design in organic chemistry see, [2, 3, 7]. Many
researchers also were devoted to study their graphical properties. Indeed, the topological index
of a graph G can be viewed as a graph invariant under the isomorphism of graphs, that is, for
some topological index TI,TI(G) =TI(H) if G = H.

One of the most thoroughly studied topological indices was the Wiener index which was
proposed by Wiener in 1947 [8]. This index has been shown to posses close relation with the
graph distance, which is an important concept in pure graph theory. It is also well correlated
with many physical and chemical properties of a variety of classes of chemical compounds. For
more details, see [1, 4, 5, 6, 9].

The Wiener index of a graph G, denoted by W(G), is defined as
W@ =2 Y dewr)== 3 w.(G)
- 2 G 9 - 2 v N

u,vEV(G) vEV(G)

Hossein-zadeh et al. [12] proposed a new graph descriptor p, called topological efficiency

1Received June 13, 2018, Accepted March 4, 2019.
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index based on minimal vertex contribution w defined for a connected graph G as

oW (G)

P = @ w@

The topological efficiency index of Cgg fullerence graph is computed in [13]. In [12], the
topological efficiency of some product graphs such as Cartesian product, join, corona product,
Hierarchical product, composition are given. In this sequence, here we study the behavior of
a new graph invariants p for some composite graphs such as splice, link and rooted product of

two given graphs are obtained.

82. Splice Graph

For given vertices x € V(G1) and y € V(G2) the splice of G1 and Go by vertices « and y, which
is denoted by S(G1,G2)(z,y), is defined by identifying the vertices z and y in the union of Gy
and G2, see Figure 1. The various topological indices of splice graph are studied in [10, 14].

Figure 1 The splice of C4y and Cy

The proof of the following lemma is easily followed from the structure of splice of graphs
G1 and GQ.

Lemma 2.1 Let Gy andGs are two connected graphs with x € V(G1) and y € V(G2). Then

(1) V(S(G1, Ga)(z,y))| = V(G| + [V(G2)| = 1 and |E(S(G1, G2)(x,y))| = [E(G1)] +
[E(Ga2)l;
(i1) If V(G1) = {u1,ug, -+ ,upn, } and V(G2) = {v1,v2, -+ ,Un, }, then

ds(Gy,G)(wy) (Wis ) = da, (ui, uj),
ds(c,,Ga)(xy) (Wisv5) = da, (ui,©) +da, (v5,y),
ds(Ga,G)(2,y)(Vis V) = da,(vi,vj).

Theorem 2.2 Let G1 and G2 be a connected graph with ny and ns vertices. For wvertices
x € V(G1) and y € V(G2), consider S(G1,G2)(x,y). Then

w(S(G1,Ga)(x,y)) = niwy, (Ga) + nawy, (G1).
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Proof Let V(G1) = {u1,uz2, - ,un, } and V(G2) = {v1,v2,- -+ ,0pn, }. For our convenience
we denote S(G1,G2)(x,y) by G and vgy by the identifying the vertices x and y.

Now we compute the sum of distances between a fixed vertex to all other vertices of G.

Case 1. Let up # vgy € V(G1). Then by Lemma 2.1, for a vertex u; € V(G1), da(uk, u;) =
da, (ug,u;) and for a vertex v; € V(Gz), we have, dg(uk, v;) = dg, (uk, ) + da, (y,v;). Thus

n1—1

(@) = Y dofueu) + 3 doom 1)
= wy, (G1) + wy(G2) + (n2 — 1)dg, (u, ).

Case 2. Let v; # vyy € V(G2). Then by Lemma 2.1, for a vertex v; € V(Ga), da(vk, v;) =
da,(vg,v;) and for a vertex u; € V(G1), we get dg(vg, u;) = dag, (i, y) + da, (z,u;). Thus

no—1 ni
wo (@) = Y da(vk,v5) + Y da(vr, us)
j=1 i—1
= Wy, (GQ) + ww(Gl) + (nl - 1)dG2 ('Ukay)'

Case 3. Let vy € V(G). Then by Lemma 2.1, for a vertices u; € V(G1) and v; € V(Ga),
da(Vey, ui) = da, (z,u;) and dg(vay, vj) = da, (y, v;) Therefore

W, (G) = we(G1) 4wy (Ga).

From Cases 1 and 3, we know that

Wy, — Wy, = Wy, (G1) +wy (G2) + (n2 — 1)dg, (ug, ) — (wz(G1) +wy(G2)) > 0.
From Cases 2 and 3, we get that

Wy, — Wy, = Wy, (G2) +we(G1) + (1 — 1)da, (vk, y) — (wz(G1) +wy(Gz)) > 0.

Therefore, by the above discussion and the definition of w(G), we have that
w(G) = wy(G1) + wy(G2). m|
From [10] that the Wiener index of the splice graph of G and G5 is given by the formula
W(S(G1,G2))(z,y) = W(G1) + W(G2) + (|[V(G1)| = Dwy,, (G2) + ([V(G2)| = Dwy,, (G1).

Using Theorem 2.2 and W (S(G1,G2))(z,y), we obtain the p value of splice of Gy and Gs.

Theorem 2.3 Let Gyand G2 be two graphs with ni and ny vertices. Then

2 (W(Gl) =+ W(Gz) + (n1 — 1)’(01,” (GQ) + (TLQ — 1)wvzy (Gl))

p(S(Gl, G2)(Ia y)) = (nl + nNg — 1) (wm(Gl) + ’LUU(GQ))
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83. Link Graph

A Link of G and G2 by the vertices « and y, which is denoted by L(G1 ~ G2)(x,y), is defined
as the graph obtained by joining z and y by an edge in the union of G; and G2 graph, see
Figure2. The various topological indices of link graph are studied in [10].

Figure 2 The link of Cy and Cy

The proof of the following Lemma is easily follows from the structure of link of the graphs
G1 and GQ.

Lemma 3.1 Let Gy andGs are two connected graphs with x € V(G1) and y € V(Gs). Then

(1) [V(L(G1 ~ G2)(z,y))| = [V(G1)| + [V(G2)| and |E(L(G1 ~ G2)(z,y))| = |E(G1)| +
|E(G2)| +1;
(i1) If V(G1) = {u1,ug,...,un, } and V(G2) = {v1,va,...,0n,}, then

dL(Gy~Go) (@) (Wi ug) = da, (ui,uyj),
dr(GinG)(zy) (Wi ) = da, (wi, ) +da, (v, y) + 1,
dr(Gi~Ga) () (Vi v5) = da, (vi,v;).

Theorem 3.2 Let G1 and Gy be a connected graph with ny and ng vertices. For wvertices
x € V(G1) and y € V(G2), consider L(Gy ~ Ga)(x,y). Then

wm(Gl) + ’LUU(GQ) + ng, if nqy > no.
wm(Gl) + ’LUU(GQ) +nq, if ny < no.

Proof Let V(G1) = {u1,uz, - ,un, } and V(Gz) = {v1,v2, -+ ,Upn, }. For our convenience
we denote L(G1 ~ G2)(x,y) by G. We compute the sum of the distances between a fixed vertex

in G to all other vertices of G.

Case 1. Let up # x € V(G1). Then by Lemma 3.1, for a vertex u; € V(G1), dg(ug,u;) =
da, (ug,u;) and for a vertex v; € V(Gs),dg(uk,v;) = da, (ug, ) + da, (y,v;) + 1. Hence

nlfl

wu, (G) =Y da(uk,u) + i de(uk, vj) = wy, (G1) + wy(G2) + na2(de, (uk, ) + 1).
=1

Jj=1
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Case 2. Let z € V(G1). Then by Lemma 3.1, for a vertex u; € V(G1), da(x,u;) = da, (x, u;)
and for a vertex v; € V(G2),d(x,v;) = dg,(y,v;) + 1. Thus

ni—1 na
we(G) = Z de(z,u;) + ng(ac,vj) = wy(G1) + wy(G2) + na.
i=1 j=1

Case 3. Let vy #y € V(G2). Then by Lemma 3.1, then for a vertex v; € V(Gs), dg (v, v) =
da,(vk, v;) and for a vertex u; € V(Gh),da(vk, wi) = da, (vk, y) + da, (@, u;) + 1. Hence

Wy, (G) = Wy (GQ) + wI(Gl) + nl(dcz (Ukv y) + 1)

Case 4. Let y € V(G2). Then by Lemma 3.1, for a vertex v; € V(Gs), da(y,v;) = da, (y,vj)
and for a vertex u; € V(G1),d(y,u;) = da, (z,u;) + 1. Thus

na—1 n1
wy(G) = > daly,vy) + Y da(y, u) = wy(G2) + we(G1) + na.
j=1 i=1
From Cases 1 and 2, we obtain:
Wy, (G) = wa(G) = wy, (G1) + wy(G2) + n2(da, (uk, x) + 1) = (we (G1) + wy(G2) + n2) >0
and

Wy, (G) = wy(G) = wy, (Ga) + w(Gr1) + na(da, (vr,y) + 1) = (we(G1) + wy (G2) +n1) > 0.

From the above discussion and the definition of w(G), we have

We (G1) + wy(G2) + ng, if ny > no.
wWe (G1) + wy(G2) + n1, if n1 < no.

This completes the proof. O
Recall [10] from that the Wiener index of the link of Gy and G is given by the formula

W(L(G1 ~ G2)(x,y)) = W(G1)+W(Ga2)+|V(G1)| wy (G2)+|V(G2)| we (G1)+|V (G1)] [V (G2)] -

Using Theorem3.2 and W(L(G1 ~ G2))(z,y), we obtain the p value of the link graph of
G1 and GQ.

Theorem 3.3 Let G; be a graph with n; vertices, i = 1,2. Then

2(W(G1)+W(G2)+n1wy(G2)+n2wI(G1)+n1n2)
, if ng > no.

(n1+n2) (wx (G1)+wy(G2)+n2)
p(L(Gy ~ Ga))(z,y) =
2(W(Gl)+W(Gg)+n1wy(Gg)+n2wm(G1)+n1n2

R if n1 < no.
(n1+mn2) (wm (Gl)+wy(G2)+"1)
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84. Rooted Product

The rooted product G1 {G2}, is obtained by taking one copy of Giand |V (G1)| copies of a rooted
graph Gy and by identifying the root vertex v; of the i*” copy of Gy with the it" vertex of Gy,
i =1,2,---,|V(Gy)|, one can observe that |E(Gy {G2})| = |E(G1)| + |V(G1)||E(G2)|, and
V(G {G2})| = [V(G1)||V(G2)]|, see Figure 3 for details. The i*" copy of G is denoted by

Gs,;. The various topological indices of the rooted product are studied in [11].

GOOVQ

Figure 3 The rooted graph Ps {Cy}

The proof of the following lemma is easily follows from the structure of the rooted product
of the graphs G; and Gs.

Lemma 4.1 Let G1 be a simple graph and Ga be a rooted graph with wu;as its root. Then for
a vertex ug, of Gy {Ga} such that uy € V(G1), we have dg,(G,} (ur) = da, (ur)dg, (ui), and for
a vertex vy, of G1{G2} such that vy & V(G1) we have §(G,{G.})(vk) = da,(vo) where vo is the
corresponding vertex in Ga as v; of Ga ;. Moreover

(’L) If uy, u; € V(Gl), then d(Gl{Gg}) (uk,uj) = dGl (uk, Uj),‘

(ii) If ux € V(G), v, € V(Gay), where i = 1,2,...,|V(G1)|, then dg,{a,y) (U, vk;) =
da, (uk, ui) + da, , (i, vr,) = da, (ur, u;) + da, (u, vo) , where u; is the root of Ga;,u is the root
of G2 and vy is the corresponding vertex in G as vy, of Ga;;

(ii1) If vo,, vk, € V(Gay), wherei = 1,2,...,|V(G1)]|, then d(a, (c.1)(vo,, Uk,;) = da, (vo, vk)
,where vy and vy, are the corresponding vertices in Gz as vy, and vo, of G ;

(iv) If v, € V(Gayi),vr; € V(Gay) and 1 <i < j < |V(Gh)|, then dig, (G} (Vi Vk;) =
da,,, (Vk,ui) + da,; (Vk; u5) + da, (ui, ug) = da, (v, w) + dgy (vn, w) + da, (ui, uj), where u; is
root of Ga; and ujis the root of Ga ;. Also vy and v, are the corresponding vertices in Ga as

v, of Gai and vy, of V(Gay), respectively.

Theorem 4.2 Let Gy be a graph with ny vertices and Go be a rooted graph on ns vertices with
root vertex v;. Then

w(G1{G2}) = now(G1) + nw(Ga).

Proof Let V(G1) = {uj,ua, - ,upn, } and V(Gz) = {v1,v2,...,0n,}. Let v; be the root
vertex of Go. We consider the following two cases to find the sum of the distance from a fixed
vertex to all the vertices in G1 {G2}.

Case 1. Let up € V(G1). Then by Lemma 4.1, we havedg, (¢, (uk, ui) = da, (ug, us), if u; €
V(G1) and dg, (@, (uk, vx) = da, (vi, vx) if vp € V(Gax). Moreover, for v, € V/(Ga,),

dGl{Gz}(ukvvk) = dGl (uka ul) + dG2 (Ui,’Uk).

Hence wy, (G) = nawy, (G1) + niw,, (G2).
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Case 2. We consider 3 cases for discussion: (1) vx # v; € V(G2). In this case, by Lemma
4.1, for a vertex vs € V(G2), da, (G.} (Vk, Vs) = dag, (Vk, vs). Thus w,, (G1 {G2}) = wy, (G2); (2)
uy, € V(G1). In this case, dg, (.} (Vk, ur) = dg,(vk,vi) + da, (i, ug). Thus wy, (G1 {Ga}) =
(n1 —1)da, , (vk, vi) +wy, (G1); (3) v € V(Ga,r). In this case, dg,{a,}) (Vk, vr) = da, (Vr, vi) +
da, (Ui, ur) +dg, (vi, v.). Thusw,, (G1 {G2}) = (n1—1)(n2 — 1)da,,, (vk, vi) + (N1 — D)w,, (G2) +
(ng — Dwy, (G1).

The total contribution of vy € V(Ga) is

wy, (G1 {G2}) = wy, (G2)+wy, (G2)n2+da, , (vk, vi) {(n1—1)+(n1—1)(n2—1)} +(n1—=1Dwy, (G2).
From Cases 1 and 2 we have
wy, (G1 {G2}) — wy, (G1 {G2}) > 0.

Hence
w(G1 {G2}) = now(Gh) + n1w(Gy). O

From [11] that the Wiener index of the rooted product of G and Gy is given by the formula
W(G1{G2}) = [V(G2)? W(G1) + [V(G1)| W(Ga) + (IV(G1)* = [V(G2)]) [V (G2)| wy, (Ga),

where v; is a root-vertex of G3. Using Theorem4.2 and W (G, {G2}), we obtain the p value of
rooted product of G; and Gs.

Theorem 4.3 Let Gyand Ga be two graphs with ny and ne be a number of vertices in G1 and
Gy Then
2 (n%W(Gl) + 7’LlW(G2) + (n% — ng)nngi (Gg))

p(G1{G2}) = (n1n2) (n1w(Gs) + naw(Gh))
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§1. Introduction

Let G(V, E) be a simple finite graph. The order of G is the number of vertices of G. A set
S C V is a total dominating set if every vertex v € V is adjacent to at least one vertex in S.
Generally, a set D C V of G is said to be a Smarandachely total k-dominating set if each vertex
of G is dominated by at least k vertices of S with & > 1. Clearly, a total dominating set is a
Smarandachely total 1-dominating set. The total domination number of G, denoted by 7:(G),
is the minimum cardinality of the total dominating sets in G. Let D;(G, i) be the family of
total dominating sets of G with cardinality ¢ and let d(G, i) = |D(G,)|. The polynomial

V(&I

Di(G,z) = Y di(G,i)a’

i=7(G)

is defined as total domination polynomial of G. For more information on this polynomial the
reader may refer to [8]. A root of D:(G,z) is called a total domination root of G. It is easy to
see that the total domination polynomial is monic with no constant term. Consequently, 0 is
a root of every total domination polynomial (in fact, 0 is a root whose multiplicity is the total

domination number of the graph).

1Received June 1, 2018, Accepted March 5, 2019.
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§82. Main Results

2.1 d;~-Number

In this section we find the number of real roots of the total domination polynomial of some
graphs. We are already find out total domination polynomials of complete partite graphs [3]
and square of some graphs (The square of a graph G is the graph with the same set of vertices
as G and an edge between two vertices if and only if there is a path of length at most two
between them, and that graph is denoted by G2.). We are interested to find the number of real

total domination roots of graphs. We define d;-number of a graph G as follows:

Definition 2.1 Let G be a graph. The number of distinct real total domination roots of the
graph G is called d¢-number of G and is denoted by d:(G).

Theorem 2.1 For any graph G, d;(G) > 1.

Proof Tt follows from the fact that 0 is a total domination root of any graph. O

Theorem 2.2 If a graph G consists of m components G1,Gs, ..., Gy, then
d(G) < Zdt(Gi) —m+ 1.
i=1

m

Proof Tt follows from the fact that D:(G,z) = [] D:(Gy, z). ]

i=1
Theorem 2.3 If G and H are isomorphic, then d;(G) = di(H).

Proof Tt follows from the fact that if G, H are isomorphic then D;(G,x) = Di(H,z). O

Theorem 2.4 For n > 2 the d;-number of the complete graph K, is 1 for even n and 2 for
odd n.

Proof We have the total domination polynomial of K, is
Dy(Kp,z)=(1+2)" —na — 1.

From the above equation it follows that D;(K,,y — 1) =y™ —ny+n —1.. Clearly, y=1is a
double root of Di(K,,y — 1). By De Gua’s rule for imaginary roots, there are at least n — 2
complex roots if n is even and there are at least n — 3 complex roots if n is odd. This give the

result. O

Theorem 2.5 For all m,n the d;-number of the complete bipartite graph K, ., is

1 if both m and n are odd,
dt(Km,n) -

2 otherwise.
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Proof We have the total domination polynomial of K, ;, is
DK, @) = [(1+2)" = 1[(1+2)" —1]. (1)

The result follows from the transformation y = 1 + z in equation (1). O
Theorem 2.6 For m,n > 2 the d;-number of the complete partite graph K, is

2 if nis even,
dt(Kppm)) =4 1 if mis even and n is odd,

2 if both m and n are odd.

Proof We have
Di(Kppmp, ) = (1 4+2)™" —=m(14+2)" +m — 1. (2)

From the equation (2), it follows that D¢(K ),y — 1) = y™" —my" +m — 1. To find the real
roots of y™™ —my™+m—1 = 0, it is enough to find the real roots of f,,,(z) = 2™ —mz+m—1= 0.
Clearly, z = 1 is a double root of f,,(z). If m is even, then by De Gua’s rule for imaginary
roots, there are at least m — 2 complex roots. Therefore z = 1 is the only real root of fp,(2).
But y™ = 1 has exactly two real solutions, namely y = +1 for even n and has exactly one
solution, namely y = 1 for odd n. If m is odd, then by De Gua’s rule for imaginary roots, there
are at least m — 3 complex roots. By the intermediate value theorem, f,,(z) has at least one
real root in (—3,—1). So the roots of f,,(z) are 1 and ¢ € (—=3,—1). But y™ = ¢ has a real
solution only for odd n and that solution is unique. Therefore K, has only one nonzero real
total domination root for even n and if m is even and n is odd, then K[, has no nonzero real
total domination root. Finally, if both m and n are odd K, has exactly one nonzero total

domination root. O

Theorem 2.7 For all n the di-number of the star graph S, is 1 if n is odd and 2 if n is even.
Proof We have the total domination polynomial of \S,, is

Dy(Sp,x) =z((1+z)" —1). (3)

The result follows from the transformation y = 1 + z in equation (3). m

The corona H o G of two graphs H and G is the graph formed from one copy of H and
|V (H)| copies of G, where the i*" vertex of H is adjacent to every vertex in the i*" copy of G.

Theorem 2.8 Let G be a graph of order n without isolated vertices and let H be any graph.
Then the total dominating number (G o H) = n.

Theorem 2.9 Let G be a graph of order n without isolated vertices. Then the total domination
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polynomial of G o K, is
Dy(G o Ky, x) = 2™(1 + x)™".

Proof By above theorem we have v;(Go K,,) = n. If S is a total dominating set of Go K,,,
then V(G) C S. Therefore dy(G o K,,,n) =1 and for n+1 < < n(m + 1),

dt(GoK—m,i):<,mn>. 0

T—"Nn

Theorem 2.10 Let G be a graph of order n. Then the total domination polynomial of K1 0 G

Diy(K10G,z) = Di(Gyx)+z((1+2)" —1).

Proof 1t follows from the facts that total dominating sets of G is a total dominating sets of
K o G and any set of vertices of K7 o G containing the vertex of K is also a total dominating
set. O

The Dutch-windmill graph G% is the graph obtained by selecting one vertex in each of n
triangles and identifying them.

Corollary 2.1 The total domination polynomial of the Dutch-windmill graph G% is
Di(G%,x) = 2™ + 2 (1+ z)*" —1).
Proof Tt follows from the fact that G§ and K; o nKj are isomorphic. O

Theorem 2.11 For all n the di-number of the Dutch windmill graph G% is greater than or
equal to 2.

Proof We have the total domination polynomial of the Dutch windmill graph G% is
Dy(Gh,z) = 2*™ + 2((1 + 2)*" — 1).

Consider,
Dy(G%,—1nn) = (=Inn)* + (-=Inn)((1 —Inn)?" — 1)
= (111”)277' (1 — lnn(%)% + lnnm) .
From Theorem ??, we have D, (G%, —Inn) > 0 for large n. Next we show that D,(G%, —n) < 0.
Consider f(z) = 2?1+ (2n + 1)2®"~2 + (3")2?" =3 4+ ... + 2n. Then

f(=n) = (=1)"1n2"t 4 2n+ 1)n?"2 4 (-1)"3 (22")n2"’3 +...+2n
(_1)2n—1n2n—1 (1 _ 271:—1 + %Z) - .= n22nnl> .

But for sufficiently large n,

2n
ot G) o o
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That is, D,(G%,—n) < 0 for sufficiently large n. By the intermediate value theorem, for
sufficiently large n, D;(G%,x) has a real root in the interval (—n, —Inn). Therefore the Dutch
windmill graph G% has at least two real total domination root and hence d;(G%) > 2. O

Theorem 2.12 For all n, d;((K,, o K1)?) = 1.

Proof We have Dy((K, o K1)?,y—1)=y?" —y" —ny+n. Let f(y) = y*" —y" —ny +n.
Since the number of variations of the signs of the coefficients of f(y) is 2, by Descartes rule,

it has at most two positive real roots. Clearly, y = 1 is a double root of f(y). Now consider,
f(=y).
Case 1. n is odd.

f(=y) = y®" + y™ + ny + n. There is no sign changes, f(y) has no negative real roots.
Therefore the only possible real root of D;((K, o K1)?,z) is zero.

Case 2. nis even.

f(—=y) = y** — y™ + ny + n. Since the number of variations of the signs of the coefficients
of f(—y) is 2, by Descartes rule, it has at most two negative real roots. We claim that f(—y)
has no positive real roots. Let z > 0 be a real root of f(—y). Then 2" — 2" +nz +n = 0. That
is, 22" — 2" = —n(z +1). If 2 > 1, 22" — 2™ > 0, but right side is negative. Therefore z > 1 is
not possible. If 0 < z < 1, then —1 < 22" — 2" < 0, but right side is greater than —1. Therefore
0 < z < 1 is also not possible.

In both cases the only possible real roots of Dy((K, o K1)?,z) is zero. Hence we get the

result. O

A spider graph Sps,+1 is the graph obtained by subdividing each edges once in the star
graph K .

Theorem 2.13 The total domination polynomial of the spider graph Spapy1 is
Di(Span+1,2) = a" ((1 + )"t — 1) :

Proof Let v, V.= {v1,va, -+ ,v,} and U = {uq,us, - ,u,} be the vertices of Spapi1
such that v is adjacent to v; for every ¢ = 1,2,--- ,n and v; and u,; are adjacent for every
i=1,2,--- ,n. It is clear that the total dominating sets of Sp2, 41 are exactly the sets of vertices
n+1)

i

of Span41 properly containing V. Hence v(Spant+1) =n + 1 and di(Spent1,n+14) = ( for

i=1,2,--,n+1 O

Theorem 2.14 For n > 2, the d;-number of the spider graph Span+1 is 1 for even n and 2 for
odd n.

Proof By Theorem 2.13 we have the total domination polynomial of the spider graph
Sp2n+1 is
D, (Spant1,x) = z" ((1 + )"t — 1) . (4)

The result follows from the transformation y =1+ « in (4). O
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The lollipop graph L, is the graph obtained by joining a complete graph K, to a path
Py, with a bridge.

Theorem 2.15 The total domination polynomial of the lollipop graph Ly i is
Di(Lpi,z)=z((1+2)" —1).

Proof Let {v1,va,--,v,} be the vertices of the complete graph K,, and v be the path
Py, and let v is adjacent to v;. Clearly the total dominating sets of L, ; are exactly the set
of vertices of Ly, ; properly containing v1. Therefore , v4(L, 1) = 2 and d¢(Lp1,7) = (ifl) for
2<i<n+1. O

Theorem 2.16 The di-number of the lollipop graph L, 1 is 1 for odd n and 2 for even n.

Proof By Theorem 2.15 we have the total domination polynomial of the lollipop graph
Ln71 is
Di(Lpi,z)=z((1+2)" —1). (5)

The result follows from the transformation y = 1 4+ x in equation (5). ad

The bipartite cocktail party graph B,, is the graph obtained by removing a perfect matching
from the complete bipartite graph K, ;.

Theorem 2.17 The total domination polynomial of the bipartite Cocktail party graph B, is
Di(Bn,z) = (1 +2)" —nz — 1)2.

Proof Let V = {vy,va, - ,v,} and U = {uq,us, -+ ,u,} be the vertices of B,, such that
every vertex v; in V' and every vertex u; in U are adjacent if 4 # j. The total dominating set S of
B,, are exactly the set of vertices of B,, such that S contains at least two v; and at least two u;.
Note that sets of this form are of size greater than or equal to 4. Therefore v;(B,,) = 4. Also for
4<i<n, di(Bn,i)=(3")=2(7) —2(;")), de(Bp,n+1) = (,2)) —2n and for n+2 <i < 2n,
d¢(Bn,i) = (7). O
Theorem 2.18 For n > 2 the ds-number of the bipartite cocktail party graph B, is 1 for even
n and 2 for odd n.

Proof The proof is similar to the proof of Theorem 2.4. O

Theorem 2.19 For n > 3, the total domination polynomial of square of the bipartite cocktail
party graph By, is
Dy(B2,x) = (14 2)*" —n(1+2)* + (n—1).

Proof Let V = {vy,va, - ,v,} and U = {uq,us, -+ ,u,} be the vertices of B,, such that
every vertex v; in V' and every vertex u; in U are adjacent if 7 # j. Clearly, any subset of vertices

of B, of cardinality 2 forms a total dominating set of B2 excluding {v;,u;} for alli = 1,2,--- ,n.
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Therefore v, (B2) = 2, dy(B2,2) = (%) —n and dy(B2,i) = (*") for all 3 <4< 2n. O
Theorem 2.20 The d¢-number of the square of the bipartite cocktail party graph B, is 2 for
n > 3.

Proof We have Dy(B2,y — 1) = y*" — ny? + n — 1. Then by De Gua’s rule for imaginary
roots, there are at least 2n — 4 complex roots. Clearly, y = 1 and y = —1 are double roots of
Dy(B2,y —1). Therefore x = 0 and & = —2 are the only real roots. O

The generalized barbell graph B, , 1 is the simple graph obtained by connecting two
complete graphs K,, and K, by a path P;.

Theorem 2.21 For m < n, the total domination polynomial of generalized barbell graph By, 1
18
Dy(Bmni,z)=[1+z)" —(m—-1z—-1][1+2)" —(n—1)z—1].

Proof Let V = {v1,v2, - ,um} and U = {uy,ua, -+ ,un} be the vertices of By, 1 such
that if ¢ # j every vertices V' are adjacent, every vertices U are adjacent and v,, and u,
is adjacent. The only two element total dominating set of By, n1 iS {vm,un}. Therefore
Ye(Bmn1) = 2 and d(By.n1,2) = 1. Also observe that for 2 < i < 2n, a subset S of vertices
Biyn,1 of cardinality ¢ is not a total domination set if and only if (¢) S C V or (i4) S C U or
(737) S contains one element from V — {v,} and i — 1 elements from U or (iv)S contains one

element from U — {u,} and ¢ — 1 elements from V. Therefore

1 ifi=2
(" = ()= () = =D(") = (m=1)(,",) if3<i<m
di(Bmom1,i) = (Zfll) - (m7jr1) —(n=1)—(m-— 1)(:,11) ifi=m+1
(") = (3) = (m=1)(,") ifm+2<i<n

(mi1) = (m—1) ifi=n+1

(G ifnt2<i<md+n
Hence

Dt(Bm,n,17$) = [(1 + w)m —(m— 1);v — 1] [(1 + :C)" — (n — 1)z — 1] . 0

Theorem 2.22 For m,n > 2; m # n, the d;-number of the generalized barbell graph By, n.1 1S

3 if both m and n are even,
d¢(Bmn,1) =4 5 if both m and n are odd,

4 if m and n have opposite parity.

Proof By Theorem 2.21 we have the total domination polynomial of generalized barbell

graph By, 1 is

Di(Bmni,z)=[1+2)"=(m—-1z—-1][1+2)" —(n— 1)z —1].
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Since there is no real number satisfying both the following equations

I+z)"—(m-1)x—-1=0
14+2)"=(n—-1)xz—-1=0

simultaneously. So it is enough to show that f(z) = 2™ — (n — 1)z + n — 2 has exactly one
nonzero real root for even n and has exactly two nonzero real roots for odd n. Clearly x =1
is a simple root of f(z). For even n, by De Gua’s rule for imaginary roots, there are at least
n — 2 complex roots. Therefore the remaining root is real number different from 1. For odd
n by De Gua’s rule for imaginary roots, there are at least n — 3 complex roots. Observe that
f(=1) > 0 and f(—2) < 0. By the intermediate value theorem, we have f(x) has a root in the
interval (—2, —1). Therefore the remaining roots real numbers different from 1. It remains to
show that f(x) has no double roots. Suppose a € R is a double root of f(z). Then

a®—(n—1a+n—-2=0, (6)

na" ' —(n—1)=0. (7)

Solving these equations we get a = % This implies that a > 0, a contradiction, since
a < 0. So we have the result. m|

The n—barbell graph B, ; is the simple graph obtained by connecting two copies of com-
plete graph K,, by a bridge.

Corollary 2.2 The total domination polynomial of the n-barbell graph By, 1 is
Dy(Bn1) = (1 +2)" = (n— 1)z — 1)%.

Proof 1t follows from the fact that the n-barbell graph B,, ; and the generalized barbell
graph B, 5,1 are isomorphic. O

Corollary 2.3 For n > 2 the d;-number of the n-barbell graph By, 1, is

2 if n is even,

dt(Bn,l) -
3 ifn s odd.

2.2 Total Domination Stable Graphs

In this section we introduce d;-stable and d;-unstable graphs. We obtained some examples of
d-stable and d;-unstable graphs.

Definition 2.2 Let G = (V(G), E(G)) be a graph. The graph G is said to be a total domination
stable graph or simply di-stable graph if all the nonzero total domination roots lie in the left
open half-plane, that is, if real part of the nonzero total domination roots are negative. If G is

not d¢-stable graph, then G is said to be a total domination unstable graph or simply d;-unstable
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graph.
Theorem 2.23 If G and H are isomorphic graphs then G is ds-stable if and if H is d;-stable.

Proof Tt follows from the fact that if G and H are isomorphic graphs then D;(G,x) =
Dt (H, .I) O

Corollary 2.4 If G and H are isomorphic graphs then G is di-unstable if and if H is d;-

unstable.

Theorem 2.24 If a graph G consists of m components G1,Ga, ...,Gm, then G is ds-stable if
and if each G; is dy-stable.

m

Proof Tt follows from the fact that D:(G,z) = [] D:+(Gy, z). ]

i=1

Corollary 2.5 If a graph G consists of m components G1,Ga, . ..,Gn, then G is dg-unstable
if and if one of the G; is di-unstable.

Theorem 2.25 Let G be a graph of order n without isolated vertices. Then G o K,, is d;-stable

for all m,n.

Proof We have the total domination polynomial of G o K,, is
Di(G o Ky x) = 2"™(1 4 2)™™.
Therefore Z(Dy(G o K, x)) = {0, -1}, hence G o K, is ds-stable for all m,n. O

Theorem 2.26 The spider graph Spany1 is di-stable for all n.

Proof We have the total domination polynomial of the spider graph Sps,41 is
D, (Spant1,x) =z ((1 + )"t — 1) )

Therefore

2kmi
Z(D+(Span+1,x)) = {exp (n—l— 1) —1lk=0,1,. ..,n} .

Clearly, real part of all the roots are non-positive. This implies that the spider graph
Span+t1 is dg-stable for all n. O

Theorem 2.27 The lollipop graph Ly is d¢-stable for all n.

Proof We have the total domination polynomial of the lollipop graph L, ; is
Di(Lpi,z)=z((1+2)" —1).

Therefore

Z(Dy(Ln1,2)) = {exp (ka) —1]k=0,1,. n} .
n
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Clearly, real part of all the roots are non-positive. This implies that the lollipop graph
L, 1 is d¢-stable for all n. O

Theorem 2.28 The bi-star graph By, n) is di-stable for all m,n.

Proof We have the total domination polynomial of the bi-star graph By, ) is
Dt(B(m,n)u z) = .%'2(1 + x)m+n'

Therefore
Z(Dt(B(m,n)v'r) = {Oa _1} s

hence the bi-star graph B(,, ) is d;-stable for all m,n. O

Corollary 2.6 The corona graph K o K, is d;-stable for all n.

Proof It follows from the fact that the corona graph K, o K,, and the bi-star graph Bn,n)

are isomorphic. O
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Figure 1 Total domination roots of K,, for 1 <n < 14.

Remarks 2.1 Using maple, we find that the complete graph K, is ds-stable for 1 < n < 14
and is ds-unstable for 15 < n < 30. We have the total domination polynomial of K, is

Dy(K,,z)=(14+2)" —nx — 1.

Put y = 1+ « and consider f(y) = y™ — ny+n — 1. Then y = 1 is a double root of f(y).
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Therefore f(y) = (y — 1)?g(y), where

gy) =y 2+ 2" 43 4+ (n =2y +n— 1.
We have if f(z) = anz™ + an—12™ + ... 4+ ap is a polynomial with real coeflicient satisfying
ap > a1 > ... > ay > 0 then no roots of f(z) liein {z € C: |z| < 1} [6]. Therefore all the roots
z of g(y) satisfy |z| > 1. This implies that all the nonzero roots of D,(K,,z) are out side the
unit circle centered at (—1,0). So we conjectured that the complete graph K, is not d;-stable

for all but finite values of n.

The total domination roots of the complete graph K, for 1 <n <14 and 1 < n < 30 are

shown in Figures 1 and 2 respectively.

Figure 2 Total domination roots of K, for 1 <n < 30.
We use the following definitions and results to prove some graphs which are d;-unstable.

These definitions and theorems are taken from [12].

Definition 2.3 If f,(x) is a family of complex polynomials, we say that a number z € C is a
limit of roots of fn(x) if either f,(z) =0 for all sufficiently large n or z is a limit point of the
set Z(fn(x)), Z(fn(x)) is the set of the roots of the family fy(z).

Now, a family f,(z) of polynomials is a recursive family of polynomials if f,(z) satisfy a

homogeneous linear recurrence

fn(x) = Z ai(x)fn—i (x)v (8)

i=1

where the a;(z) are fixed polynomials, with ax(xz) # 0. The number k is the order of the
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recurrence. We can form from equation (8) its associated characteristic equation
M —ag ()N —ap 2 - —ag(2) =0 9)

whose roots A = A(z) are algebraic functions, and there are exactly k of them counting multi-
plicity.

If these roots, say A1 (x), Aa(z), - - - , A (2), are distinct, then the general solution to equation
(8) is known to be

k
fala) =" ai(@)Xi(@)" (9)
i=1
with the usual variant if some of the \;(x) are repeated. The functions

a1 (z), az(x), -, ag(x)

are determined from the initial conditions, that is, the k linear equations in the «; obtained
by letting n = 0,1,--- ,k — 1 in equation (10) or its variant. The details are available in [12].
Beraha, Kahane and Weiss [12] proved the following results on recursive families of polynomials
and their roots.

Theorem 2.29 If f,(x) is a recursive family of polynomials, then a complex number z is a
limit of roots of fn(x) if and only if there is a sequence (z,) in C such that fn(z,) = 0 for all

n and z, — z as N — oO.

Theorem 2.30 Under the non-degeneracy requirements that in equation (10) no o;(x) is iden-
tically zero and that for no pair i # j is it true that \;(x) = w;(x) for some complex number

w of unit modulus, then z € C is a limit of roots of fn(x) if and only if either

(1) two or more of the A\;(z) are of equal modulus, and strictly greater (in modulus) than

the others; or
(2) for some j, Aj(z) has modulus strictly greater than all the other A\;(z), and o;(z) = 0.
Corollary 2.7(see [2]) Suppose fn(z) is a family of polynomials such that
fu(x) = a1 () A1 ()" + az(@) Ao ()™ + ... + agp(x) A ()" (11)

where the a;(x) and the \;(x) are fized non-zero polynomials, such that for no pair i # j is
Ai(z) = wAj(z) for some w € C of unit modulus. Then the limits of roots of fn(x) are exactly
those z satisfying (i) or (ii) of Theorem 2.30.

Remark 2.2 We have the total domination polynomial of G% is

Dy(Gy,2) = (1 + 2)*" — x + 2°".
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Rewrite Di(G%, ) as

Dy(G§,7) = fan(x) =a(1+2)*" + (—2)(1)*" + (12"

= 041/\%" + OéQ)\%n + ag)\gn,

where oy = x, M =14z, ag = —x, o =1, ag = 1 and A\3 = x. Clearly ay,as and as are
not identically zero and A\; # wA; for i # j and any complex number w of modulus 1. Therefore
the initial conditions of Theorem 2.30 are satisfied. Now, applying part(i) of Theorem 2.30, we

consider the following four different cases:

1) |A1] = |A2] = [As];

(1)
(2) [A1] = [A2] > |As];
(3) A1l = [As] > [A2fs
(4) A2] = [As] > [ M-

Case 1. Assume that |1 + z| = |1| = |z|. Then |z — (—1)| = |x — 0| implies that z lies on the
vertical line z = —1, [z — (=1)| = 1 implies that « lies on the unit circle centered at (—1,0)
and 1 = |z — 0| implies that x lies on the unit circle centered at the origin. Therefore the two
points of intersection, % + z@ are the limits of roots.

Case 2. Assume that |1 4+ z| = |1| > |z|. Then |x — (—1)| = 1 implies that z lies on the unit
circle centered at (—1,0), | — (—1)| > |z — 0] implies that x lies to the right of the vertical line
z = —1. Therefore the complex numbers z that satisfy |z — (—1)| = 1 and R(z) > —1 are the
limits of roots.

Case 3. Assume that |1+ x| = |z| > |1|. Then |z — (=1)| = |z — 0] implies that z lies on the
vertical line z = —% and |z — 0] > 1 implies that x lies outside the unit circle centered at the
origin. Therefore the complex numbers z that satisfy |x| > 1 and R(x) > —% are the limits of
roots.

Case 4. Assume that |1| = |z| > |1 +x|. Then 1 = |x — 0| implies that x lies on the unit circle
centered at the origin and |z — 0| > |x — (—1)| implies that x lies to the left of the vertical line
z = —3. Therefore the complex numbers  that satisfy |z| = 1 and R(z) < —3 are the limits

of roots.

The union of the curves and points above yield that, the limits of roots of the total dom-

ination polynomial of the Dutch windmill graph G% consists of the part of the circle |z] = 1
with real part at most —%, the part of the circle |z + 1| = 1 with real part at least —% and
the part of the line R(z) = —3 with modulus at least 1. So we conjectured that the Dutch

windmill graph G% is d;-stable for all n.

The total domination roots of the Dutch windmill graph G% for 1 < n < 30 are shown in
Figure 3.
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-20 -15 -10 -5

Figure 3 Total domination roots of G% for 1 <n < 30.

Remark 2.3 We have the total domination polynomial of B,, is
Di(Bp,z) = (1 +2)" —nz —1)°.

Because of the same reason as mentioned in Remark 2.1, we conjectured that the bipartite
cocktail party graph B,, is not a d;-stable for all but finite values of n.
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Abstract: A graph G = (V, E) with p vertices and g edges is said to have centered tri-
angular mean labeling if it is possible to label the vertices x € V with distinct elements
f(x) from S, where S is a set of non-negative integers in such a way that for each edge
e=uwv, f*(e) = [w-‘ and the resulting edge labels are the first ¢ centered triangu-
lar numbers. A graph that admits a centered triangular mean labeling is called centered
triangular mean graph. In this paper, we prove that the graphs P,, Kin, Bm,n, coconut
tree, caterpillar S(ni,n2, ns,...,nm), St(ni,n2, ns,...,nm), Bt(n,n,...,n) and P,QP,
_

m times
are centered triangular mean graphs.

Key Words: Mean labeling, Smarndache mean m-labelling, triangular mean labeling,

triangular mean graph, centered triangular mean labeling, centered triangular mean graph.
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81. Introduction

By a graph, we mean a finite, simple and undirected one. The vertex set and the edge set of
a graph G are denoted by V(G) and E(G) respectively. For various graph theoretic notations
and terminology we follow Harary [2] and for number theory Burton[l]. A graph labeling
is an assignment of integers to the vertices or edges or both, subject to certain conditions
and a detailed survey on graph labeling is available in [3]. The concept of mean labeling was
introduced by Somasundaram et al.[6]. A graph G = (V| E)) with p vertices and ¢ edges is called
a mean graph if there is an injective function f that maps V(G) to {0,1,2,---,¢} such that
each edge uv is labeled with w if f(u)+ f(v) is even and W if f(u)+ f(v) is odd
and the resulting labels of the edges are distinct and are 0,1,2, - -- , q. Generally, if each edge uv
is labeled with w if f maps V(G) to {0,1,2,---,q,2,4,---,2¢,--- ,m,2m,4m--- ,qgm}
such that W if f(u)+ f(v) = k(modm) the resulting labels of the edges are distinct
and are 0,1,2,---,q, such a labeling f is called a Smarandache mean m-labeling and G a

Smarandache m-mean graph, where m > 2 is an integer. Particularly, a Smarandache 2-mean

1Received July 13, 2018, Accepted March 8, 2019.
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graph is nothing else but a mean graph. Several papers have been published on mean labeling
and its variations.

Seenivasan et al.[5] introduced the concept of triangular mean labeling in 2007. A triangular
mean labeling of a graph G = (V, E) with p vertices and ¢ edges is an injection f : V(G) —
{0,1,2,3,---,T,} such that for each edge e = wv, the edge labels are defined as f*(e) =
{M—‘ such that the values of the edges are the first ¢ triangular numbers. A graph that
admits a triangular mean labeling is called triangular mean graph.

Recently, the number theory has a strong impact on graph theory. A triangular number[1]
is a number obtained by adding all positive numbers less than or equal to a given positive
integer n. If the n'" triangular number(1] is denoted by T,,, then T,, = in(n +1). A centered
triangular number is a centered figurative number that represents a triangle with a dot in the
center and all other dots surrounding the center in successive triangular layers. If the n'"
centered triangular number is denoted by T, then ¢TI}, = 1(3n? — 3n + 2). The first few
centered triangular numbers are 1, 4, 10, 19, 31, 46, 64, 85, --.

The figurative representations of the first four centered triangular numbers are shown in

Figure 1.

LA A o

Figure 1

The notion of centered triangular sum labeling was due to Murugesan et al.[4] in 2013. Mo-
tivated by the results in [4] and [5] and using the centered triangular concept in number theory
[1] we define a new labeling called centered triangular mean labeling. A graph G = (V, E) with p
vertices and g edges is said to have centered triangular mean labeling if it is possible to label the
vertices € V with distinct elements f(x) from S, where S is a set of non-negative integers such

that for each edge e = uv, f*(e) = 7]((“)?'(”)

] , and the resulting labels of the edges are the
first ¢ centered triangular numbers. A graph that admits a centered triangular mean labeling is
called centered triangular mean graph. In this paper, we prove that the graph P,,, K1 n, Bmn,
coconut tree, caterpillar S(ni,na, ns,--- ,nm), St(ni,n2, nz, -+ ,Nm), Bt(n,n,---,n) and
NS

m times
P,,QP, are centered triangular mean graphs. We use the following definitions in the subse-

quent sequel.

Definition 1.1 The bistar By, , is a graph obtained from Ko by joining m pendant edges to
one end of Ko and n pendant edges to the other end of K.

Definition 1.2 A caterpillar is a tree with a path Py: vi1,v2, - ,Um, called spine with
leaves(pendant vertices) known as feet attached to the vertices of the spine by edges known

as legs. If every spine vertex v; is attached with n; number of leaves then the caterpillar is
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denoted by S(ni,ma, -+, Tun)-

Definition 1.3 The shrub St(ni,na, - ,nm) is a graph obtained by connecting a vertex vy to

central vertex of each of m number of stars.

Definition 1.4 The banana tree Bt(ni,na, -+ ,Nm) is a graph obtained by connecting a vertex

vy to one leaf of each of m number of stars.

Definition 1.5 The graph P,,QP, is obtained from P, and m copies of P, by identifying one
pendant vertex of the i'" copy of P, with i*" vertex of P,, where P,, is a path of length of m—1.

§2. Centered Triangular Mean Graphs

Theorem 2.1 The path P,(n > 1) is a centered triangular mean graph.
Proof Let vi,vs,- -+ ,v, be the vertices of the path P,. Define f: V(P,) — S as follows:
f(Ul) =0,
f(’Uj) = 2(0Tj,1 — CTj,Q + CTj,3 — 4 (—1)jCT1) for 2 g‘] § n.

Let e; = viv;41(1 < i < n— 1) be the edges of P,. For each vertex label f, the induced
edge label f* is defined to be f*(e;) = ¢T; for 1 < i < n—1. Then f is a centered triangular

mean labeling. Hence P, is a centered triangular mean graph. O

The centered triangular mean labeling of Ps is given in Figure 2.

0
p I\

6 14 24

Figure 2

Theorem 2.2 The star graph K1 ,(n > 1) admits centered triangular mean labeling.

Proof Let v be the apex vertex and let vy, v, -+ ,v, be the pendant vertices of the star
K1 . Define f: V(K ,) — S tobe f(v) =0, f(v;)=2cT;forl<j<mn.

For each vertex label f, the induced edge label f* is defined to be f*(vv;) = T for1 < j <
n. Then the induced edge labels are the centered triangular numbers ¢Ty, cTs, c¢I5,--- ,cT,.

Hence K, is a centered triangular mean graph. O

The centered triangular mean labeling of K g is shown in Figure 3.
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Theorem 2.3 The bistar By, n,(m > 1, n > 1)is a centered triangular mean graph.

Proof Let V(Byn) = {u,v,u;,v; : 1 <i<m, 1<j<n}and E(Byn) = {uv, uu;, vv; :
1<i<m,1<j<n} Define f:V(By,,) — S as follows:

fu) =0, f(v) =2,

flu;) =2¢Tiqq for 1 <i<m,

fvj) =2(cThtjs1 — 1) for 1 < j <n.

For each vertex label f, the induced edge label f* is defined as follows:

fH(uw) = 11,

fH(uw;) = cTipq for 1 <i <

f*(vvy) = cTppjpr for 1 < j < n.

Then the induced edge labels are the first m +n + 1 centered triangular numbers. Hence B, »,

m,

is a centered triangular mean graph. a

The centered triangular labeling of By 5 is given in Figure 4.

270

8

20 216
0 2 .
168

38 126

6 . 90

Figure 4

Theorem 2.4 The coconut tree T'(n,m), obtained by identifying the central vertex of the star

K, with a pendant vertex of a path P,, is a centered triangular mean graph.

Proof Let ug,u1,us, -+ ,u, be the vertices of a path, having path length n(n > 1) and
V1, V2, , Uy be the pendant vertices being adjacent with wug. Define f : V(T (n,m)) — S as
follows:

f(uo) =0,

f(ul) = 2CTm+1,
flv) =2cT; for 1 < i < m,
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flu;) =2(cTimij — Tmyj1+ Tmijo — ...+ (=171 4q) for 2 < j < n.
For each vertex label f, the induced edge label f* is defined as follows:
f*(uov;) = T for 1 < i < m,

[ (uour) = T,
fr(ujujp1) = cTmqjpr for 1 <j<n—1.

Then the induced edge labels are the first m + n centered triangular numbers. Hence, coconut

tree admits centered triangular mean labeling. O

The centered triangular mean labeling of T'(3,7) is given in Figure 5.

38
20 P62
8 92
2
28
0

170

48

224

Figure 5
Theorem 2.5 The caterpillar S(ni,na,...,ny) is a centered triangular mean graph.
Proof Let vi,vs,- -+ , v, be the vertices of the path P, and Uf(l <1< ny,

1 < j < m) be the pendant vertices joined with v;(1 < j < m) by an edge. Then

V(S(ni,na, - ,nm)) = {Uj,vf 01 < i<n; 1<j<m}
E(S(nl,nQ,. .. ,nm)) = {Ut’UtJrl,’UJ 01 <ts<m— 1, 1 <1 < nj, 1 §j < m}
We define f: V(S(ni,n2,...,nm)) — S as follows:
f(’Ul) = 0, f(vj) = 2(CTJ‘,1 — CTJ;Q + Cijg — et ( )JCTl) for 2 j m,
f}) =2¢T—14i for 1 <i < ny,
F@]) = 26T 14y gmatin; i + (—1)7712(cTy = Ty + ¢Ts — -+ + (=1)7cTy_q) for

I1<i<njand2<j<m.
For the vertex label f, the induced edge label f* is defined as follows:
ffojujpr) =cljfor 1<j<m—1,
fr(e)) = cTy—14i for 1 <i <y,
f*(e]-) = T 14ni4notdn;_1+i for 1 <j<njand 2 < j <m.

Then the edge labels are the centered triangular numbers

CTlu CT27 T 7CTm—17 CTmu T 7CTm—1+n1+n2,---+nm



Centered Triangular Mean Graphs 131

and also the vertex labels are different. Hence S(ni,na, - ,ny,) is a centered triangular mean

graph.

O

The centered triangular mean labeling of S(3, 5,4, 6) is shown in Figure 6.

216 804
16 270 70 906
126 1014
0 ’ 330 6
14
2 / \ 1128
38 ) 392 626
6 soy 542 1248

Figure 6
Theorem 2.6 The shrub St(ni,na,..

.y Nun) 18 a centered triangular mean graph.

Proof let vo,vj,ug(l < j < m, 1 < i < ny) be the vertices of St(ni,na, -+, Mm).
Then E(St(ni,n2, -+ ,nm)) = {vovj, vjug for 1 < i< mnjand1 < j < m}. Define f :
V(St(ni,n2,-+- ,nm)) — S as follows:

f(’Uo) =0,

fvj) =2cT; for1<j<m,

flul) = 2(cT sy 4notiny_1+i — Ty) for 1 <i<njand 1 < j <m.

Let eg = vjug for 1 <i < njand 1 < j < m. For each vertex label f, the induced edge

label f* is defined as follows:

f*(quj) =cT;for1<j<m,

f*(el) = gy tnotgn;_14i for 1 < j <mand 1 <i < ny.

Then f is a centered triangular mean labeling of St(ni,ng,: -+ ,7m). |

The centered triangular mean labeling of St(4,5,4) is shown in Figure 7.

0
36
60
2
90 8
162 90
126
210 s 324
264
Figure 7
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450

Theorem 2.7 The banana tree Bt(n,n,...,n) is a centered triangular mean graph.
———

m times

Proof Let vo,vj,ug(l < j <m, 1 <i < n) be the vertices of Bt(n,n,---,n). Then
—_————

m times
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E(Bt(n,n,...,n)) = {voul,viu! for1 <i <nand1<j<m}. Define f: V(Bt(n,n,...,n)) —
SN—— N—

m times m times
S as follows:

fwo) =0, f(vj) =2(cTmyj —cT;) for 1<j<m,

flul) = 2¢T; for 1 < j < m,

f(uf) 2(cToms (j—1)(n—1)+i-1 — Tmyj + ;) for 2 <i<nand 1 < j < m.

Let el = vju J for 1 <i<nandl<j < m. Foreach vertex label f, the induced edge
label f* is deﬁned as follows:

(o)) = Ty for 1 < j < m,
FH(jul) = Ty for 1 <j < m,

w
f*(e ) oy (—1)(n—1)+(i—1) for 1 <j<mand 2 <i < n.

Therefore f is a centered triangular mean labeling of Bt(n,n,--- ,n). O
—_——
m times
The centered triangular mean labeling of Bt(3,3,--- ,3) is shown in Figure 8.
——
8 times
704
2426 216 602 264
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»
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2108 1934 o8 5 /1\.
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Figure 8

Theorem 2.8 The graph P,,QP, is a centered triangular mean graph.

proof Let {vj,u;-, 1<i<n, 1< j<m} be the vertices of P,@QP,, with v; = u}, (1<
j < m). Then E(P,QP,,) = { vjvj_kl,u]u Hlo1<ji<m—-1,1<i<n- 1}. Define

j
f:V(P,QP,,) — S as follows:

flup) =0, f(u})=2(cTj1 —cTjo+cTj3—...+ (=1)7cTy) for 2 < j < m,
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fW?) =2cT, f(u})=2(cTmyj1—cTj_14cTjo—...+ (=1)77 ) for 2 < j <m,

f(uz) = 2(CT(i71)m+jfl - CT(z%Q)erjfl + CT(i—B)erj—l -
—l—(—l)i_lCTm.H‘_l) + (—1)i_12(CTj_1 — CTj_2 + CTj_3 — ...+ (—1)jCT1)

for 1 < j < m, 3 <17 < n. For each vertex label f, the induced edge label f* is defined as

follows:

f*(vjvj41) = T for 1 <

j<m—1
[H(utu?) = Ty jq for 1 <
1

3

U5 Jsm,
I (u3u3+1)—chZ+J tfori<j<mand2<i<n—1.
Therefore f is a centered triangular labeling of P,QPF,,. O

The centered triangular mean labeling of P4@QP; is shown in Figure 9.

0 2 6 14
o ® ' »
38 60 86 114
p q
132 158 186 218
» [
266 312 362 414
Figure 9
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Abstract: Let G(V, E) be a graph with p vertices and ¢ edges. A graph G is said to have
an odd mean labeling if there exists a function f : V(G) — {0,1,2,...,2q — 1} satisfying f
is 1 — 1 and the induced map f*: E(G) — {1,3,5,...,2¢ — 1} defined by

f(u);f(v) if f(u)+ f(v) is even

f () = TR L it fy) 4 f(o) ds odd

is a bijection. A graph that admits an odd mean labeling is called an odd mean graph. In
this paper, we discuss the construction of two kinds of odd mean graphs. Here we prove
that (Py;S1) for n > 1, (Pan; Sm) for m > 2,n > 1, (Pn; Cy) for n = 0(mod 4) and m > 1,
(Pr; Q3) for m > 1, [Pm; Cr] for n = 0(mod 4) and m > 1, [Pp; Q3] for m > 1 and [Pry; C,(f)]
for n = 0(mod 4) and m > 1 are odd mean graphs.

Key Words: Labeling, Smarandache m-module labeling, odd mean labeling, odd mean
graph.

AMS(2010): 05C78.

§1. Introduction

All graphs considered here are finite, undirected and simple graph. We follow the basic notations
and terminologies of graph theory as in [3]. Given a graph G, the symbols V(G) and E(G)
denote the vertex set and the edge set of the graph G, respectively. For terminologies and
notations, we follow the reference [7] with some of them mentioned in the following.

A path on n vertices is denoted by P, and a cycle on n vertices is denoted by C,,. The
graph P> X Py X P; is called a cube and is denoted by Q3.

Let C,, be a cycle with fixed vertex v and (P,,; Cy,) the graph obtained from m copies of
C,, and the path P,, : ujus - - - uy, by joining u; with the vertex v of the ith copy of C}, by means
of an edge, for 1 <i < m.

Let Q3 be a cube with fixed vertex v and (Py,; Q3) the graph obtained from m copies of Q3
and the path P, : ujus - - - u,, by joining u; with the vertex v of the i*" copy of Q3 by means
of an edge, for 1 <i < m.

Let Sy, be a star with vertices vy, v1,v2, -+ , Uy and let (Pan;Sy,) be the graph obtained

1Received June 27, 2018, Accepted March 8, 2019.
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from 2n copies of S, and the path P, : ujus---u, by joining u; with the vertex vy of the
4" copy of S, by means of an edge, for 1 < j < 2n, (P,;S;) the graph obtained from n copies
of S1 and the path P, : ujus---u, by joining u; with the vertex vy of the jth copy of S1 by

means of an edge, for 1 < j < n.

Suppose C,, : v1vg - - - v,v1 be a cycle of length n. Let [P,,; C,] be the graph obtained from
m copies of C, with vertices v1,,v1,,+*,v1,,V2,, " ,V2,,"** ,Um, - -+, Um, and joining v;; and

v(i+1), by means of an edge, for some j and 1 <7 <m — 1.

Let Q3 be a cube and [Py,; @3] the graph obtained from m copies of Q3 with vertices
UVlys Ulgy * 5 Ulgs U215 V25, * s U2y *** » Umy, Umgy* * * » Umg and the path P, : ujusg - - - upn, by adding

the edges v1,v2,,V2,V3,, "+ , Um—1,Um, (1.€)V3, Vit1,, 1 <i<m— 1.
Let 07(12) be a friendship graph. Define [Pm; 07(12)} to be the graph obtained from m copies

of 07(12) and the path P, : uy, us,-- - , Uy, by joining u; with the center vertex of the i*" copy of
C,(f) for 1 <i<m.

The graceful labelings of graphs was first introduced by Rosa in 1961 [1] and R.B. Gnana-
jothi introduced odd graceful graphs [2]. The concept of mean labeling was first introduced and
studied by S. Somasundaram and R. Ponraj [8]. Further some more results on mean graphs
are discussed in [6, 7, 10, 11]. The concept of odd mean labeling was introduced and studied
by K. Manickam and M. Marudai [4]. Some more results on odd mean graphs are discussed in
[9, 12, 13].

In [4], R. Vasuki et al. introduced the concept of even vertex odd mean labeling and
studied even vertex odd meanness of some standard graphs. In [5], some construction of even
vertex odd mean graphs are discussed and proved that (P,;S1) for n > 1, (Pay; Sy,) for m >
2,n > 1,(Py;C,) for n = 0(mod 4),m > 1, [Py,;C,] for n = 0(mod 4),m > 1 and [Pm;C,(f)]

for n = 0(mod 4),m > 1 are even vertex odd mean graphs.

A graph G with p vertices and ¢ edges is said to have an even vertex odd mean labeling
if there exists an injective function f : V(G) — {0,2,4,---,2q — 2,2q} such that the induced
map f*: E(G) — {1,3,5,--,2q — 1} defined by

f(uw) + f(v)

F(u) = 222

is a bijection. A graph that admits an even vertex odd mean labeling is called an even vertex odd
mean graph. Generally, if there exists an injective function f : V(G) — {0,m,2m,--- ,mq —
m,mq} such that the induced map f*: E(G) — {m —1,2m —1,3m —1,--- ;mq — 1} defined
by
gy — L0+ 1)
m
is a bijection, G is said to have a Smarandache m-module labeling, where m > 1 is an integer.

Clearly, a Smarandache 2-module labeling is an even vertex odd mean labeling on G.

A graph G is said to have an odd mean labeling if there exists a function f : V(G) —
{0,1,2,---,2q — 1} satisfying f is 1 — 1 and the induced map f* : E(G) — {1,3,5,--- ,2¢— 1}
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defined by
Fuw) = 2 . if f(u) + f(v) is even
JOITSIEL i f(u) + f(v) is odd

is a bijection. A graph that admits an odd mean labeling is called an odd mean graph [4]. An
odd mean labeling of Kj 5 is given in Figure 1.

In this paper, we prove that, the graphs (P,;S1) for n > 1, (Pay; Sy) for m > 2,n > 1,
(Pi; Cy) for n = 0(mod 4) and m > 1, (Pp; Q3) for m > 1, [Py,; Cy] for n = 0(mod 4) and
m > 1, [Py; Q3] for m > 1 and [Pm; C,(f)] for n = 0(mod 4) and m > 1 are odd mean graphs.

2 6 10 14 18

Figure 1

§2. Odd Mean Graphs (P,;;G)

Let G be a graph with fixed vertex v and let (P,,; G) be the graph obtained from m copies of
G and the path Py, : ujus - - - uy, by joining u; with the vertex v of the i** copy of G by means
of an edge, for 1 < i < m. For example, (Py; C4) is shown in Figure 2.

00O C

Figure 2

Theorem 2.1 (Pay;Sy) is an odd mean graph, m > 2,n > 1.

Proof Let w1, us,--- ,us, be the vertices of Ps,. Let v0,,V1;,V2;, "+ ,Um; be the vertices

of the j*" copy of S,,, where vo; is the center vertex, 1 < j < 2n. Define f : V(Pa,; Sim) —
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{0,1,2,---,2¢— 2,2g — 1 = 4n(m + 2) — 3} as follows:

@2m+4)(j—1)+2, 1<j<2nand jis odd

fuy) = _ , N
m — 4, <7< 2n an 1S even

(2m+4)j —4 1<j5<2 dj
Fvo) (2m+4)(j—1), 1<j<2nandjisodd
1)0]. =

2m+4)7 —3 1< j<2nand jis even

( )i =3, J J
Fon) Cm4+4)(G—1)+4i+2, 1<i<m,1<j<2nandjisodd
Ui]. =

(2m +4)(j — 2) + 44, 1<i<m,1<j<2nandjis even.

For the vertex labeling f, the induced edge labeling f* is obtained as follows:

lujujr))=0C2m+4)j—-1, 1<j<2n-1
. Cm+4)(j—-1)+1, 1<j<2nandjis odd
[ (ujv;) = , , .
(2m +4)j — 3, 1 <j<2nandjis even
Cm+4)(j—-1)+2i+1, 1<i<m,1<j<2n
[ (vo,vi;) = and j is odd
Cm+4)(Fj—-1)+2i—1, 1<i<m,1<j<2nandjis even.
It can be verified that f is an odd mean labeling and hence (Pxy,; S;,) is an odd mean graph
for n > 1 and m > 2. For example, an odd mean labeling of (FPgs;.S4) is shown in Figure 3. O

20 26 50
8 12 16

44 68
45 69
6 10 14 18 4 1 30 34 38 42 28 32 36 40 54 58 62 66 52 56 60 64

Figure 3

Theorem 2.2 The graph (P,;S1) n > 1 is an odd mean graph.

Proof Let ui,uz,--- ,u, be the vertices of P,. Let vp, and v1; be the vertices. Define
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f:V(Py;51) — {0,1,2,---,2g —2,2¢ — 1 = 6n — 3} as follows:

65 — 6, 1<j<nandjisodd
fuz) =

65 — 3, 1<j<nandjiseven
f(v()j):6j_4a 1§j§n
65 — 3, 1 <7 <nandjisodd
f(vlj)Z

65 — 17, 1 <75 <nandjis even.
The induced edge labels are obtained as follows:

ff(ujujpr) =6—1, 1<j<n-1

. 65 — 9, 1<j<nandjisodd
f(ujvoj): . . ..
65 — 3, 1 <j<nandjiseven

. 67 — 3, 1<j<nandjisodd
f (vojvlj): . . L
65 — 9, 1<j<nandjis even.

Thus, f is an odd mean labeling. Hence, (P,;S1) is an odd mean graph for any n > 1. For

example, an odd mean labeling of (Ps;S1) is shown in Figure 4. |
0 9 12 21 24 33 36 45
20 g e 14 ¢ 20 p 26 ® 32 38 44
b ) P > )
3 5 15 17 27 29 39 41
Figure 4

Theorem 2.3 (P,,;Cy,) is an odd mean graph, for n = 0(mod 4) and m > 1.

Proof Let v;,,vi,, - ,v;, be the vertices in the i*" copy of Cp,, 1 < i < m and uy,ug, -+ ,Um
be the vertices of Pp,. In (Py,; Cy,), u; is joined with v;; by an edge, for each 4,1 < i < m. Define
f:V(Pyn;Cn) — {0,1,2,--- ,2g — 1 = (2n 4+ 4)m — 3} as follows:

2(n+2)(i—1) ifiisoddand 1 <i<m
flui) =

2(n+2)i—3 ifiisevenand 1 <i<m
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and for 1 < i <m, i is odd,

An+2(i-1)+2,  1<j<i
floi)) =9 2(n+2)(i—1)+2j+3, 2+1<j<nandjisodd
2(n+2)(i — 1) + 24, 5 +2<j<nandjis even

and for 1 <i < m, i is even,

2(n+2)i—2(j+1), 1<j<3
floi) =4 2(n+2)i—2(j+3), 2+1<j<nandjisodd
2(n+2)i—2(j + 1), 5+2<j<nandjiseven.

The induced edge labels are obtained by f*(u;u;t1) = 2i(n+2)—1 for integers 1 < i < m—1,
and for 1 < i <m,iisodd, f*(vi,vi,) =2n+2)(i—1)+n+1, f*(wv,) =2(n+2)(1—1)+1,

F (i vig ) =

and for 1 <i <m, iiseven, f*(v;,v;;) =2(n+2)i —n —3, f*(uv;,) =2(n+2)i — 3,

2n+2)i—(2j+3), 1<

iy vig,0) =
oy 2(n+2)i — (2j +5), 2<

Thus, f is an odd mean labeling and hence (P,,; C,) is an odd mean graph for n = 0(mod 4),
m > 1. For example, an odd mean labeling of (Py; Cs) and (P;; Cy) are shown in Figure 5. O

0 37 40
16 4 2‘4 5‘4
12 s 26 0 52 18
(Py; Cs)
0 21 24 45 48 69 7
68
8 14 32 38 56 62 669 80
9 12 33 36 57 60 81
(Pr; Cy)
Figure 5

Theorem 2.4 (P,,;Qs3),m > 1 is an odd mean graph.
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Proof For 1 < j < 8, let v;; be the vertices in the it copy of Q3,1 < i < m and

Uy, U, - , Uy be the vertices of Py,.

The vertices of (P,; Q3) are denoted as in Figure 6.

’U27
Vag V24
’U21
ul us3 Um —1 Um
: - — — — — — r———
u2
V14 Umq
Umo
v1 v1 Umg Umg Um
8 4 UmS 4
m
’U17 7
Figure 6

Define f : V(Py,;Q3) — {0,1,2,---,2g — 2,2¢ — 1 = 28m — 3} as follows:

287 — 28, 1 <i<mand7is odd
flu) =

281 — 3, 1 <i<mand i is even,

when ¢ is odd,

~
<

<&
I

~

(vi,)=(28i —28)+2j, 1<i<m, j=124
(vi,) =28i—18, 1<i<m
flui,) =28i—20+2j, 1<i<m, j=568
(vi,)=28i—3, 1<i<m
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and when 7 is even,

flu,) =28i— (2j+2), 2<i<m, 1<j<3
floi) =28i— 14, 2<i<m
flu,)=28i—(2j+10), 2<i<m, 5<j<7
f(vig) =280 =30, 2<i<m.

The label of the edge w;u;y1 is 28i — 1,1 <i <m — 1 and for 1 < i < m, the label of the edge

281 — 27 if 7 is odd
UiV =
287 —3 if 7 is even

The label of the edges of the i** copy of Q3 are 28i —3,28i — 5, ...,28i — 25 if i is odd and
281 — 5,28i — 7,...,28; — 27 if ¢ is even. Thus, (P,;Q3),m > 1 is an odd mean graph. For

example, an odd mean labeling of (Ps; Q3) is shown in Figure 7. O

32 88

26 ‘, 42 ) ‘ 98
52 108

0 56 112

53 109

2
24 , 8 80 < 64 136 120
25 8

1 137

58 114

Figure 7

§3. Odd Mean Graphs [P,;;G]

Let G be a graph with fixed vertex v and let [P,,; G] be the graph obtained from m copies of
G by joining v;; and U(i+1), by means of an edge for some j and 1 < i < m — 1. For example,
[Ps; Cy4] is shown in Figure 8.
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00000

Figure 8

Theorem 3.1 [P,;Cy] is an odd mean graph, for n = 0(mod 4) and m > 1.

Proof Let ui,ug,--- ,um be the vertices of Pp,. Let v;,,vi,,- -+ ,v;, be the vertices of the

it" copy of Cp,, 1 < i < m and joining v;; (= u;) and V(i+1), (= ui+1) by means of an edge, for
some j. Define f: V([Py; Cy]) — {0,1,2,--+ ,2¢ — 2,2¢ — 1 = (2n + 2)m — 3} as follows:

for 1 <i <m and 7 is odd,

2n+1)(i-1)+2j—-2, 1<;j<2
floi) =4 2n+1)(i—-1)+2j+1, 2Z+1<j<nandjisodd
2(n+1)(i—1) 4+ 25 — 2, 5+2<j<mnandjiseven
and for 1 <¢ < m and i is even,
fluy)=2(n+1)i—3
floi)) =4 2(n+1)i-2(j+2), 2+1<j<nandjisodd
2(n+ 1)i — 24, 5 +2<j<nandjis even.

The induced edge labels are obtained f*(vi,v(i41),) =2(n+1)i—1,1 <i <m—1 and for
1 <i<m,1iisodd,

. 2(n+ 1)1 — 1)+ 25 — 1, I1<j<3z-1
F(0iyvi40) = . . .
2(n+1)(i—1)+2j+1, 5<j<n—-1
fr(ivi) =2(n+1)i — (n +3)
and for 1 <i < m, 7 is even,
) oGn+1)i—2j—1, 1<j<2-1
f(”ijviuﬂ)): ) ) . :
2(n+1)i — 25 — 3, 5<j<n-1

Thus, f is an odd mean labeling and hence [P,,; Cy,] is an odd mean graph for n = 0(mod 4)

and m > 1. For example, an odd mean labeling of [Ps; Cs] is shown in Figure 9. O
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72

33 36 69
50 38 56 68 86 74
15 4 18 30 51 40 54 66 87 76
46 42 60 64 82 78
22 47 58

83

Figure 9

Theorem 3.2 [P,,;Qs] is an odd mean graph.
Proof For 1 < j < 8, Let v;; be the vertices in the ith copy of Q3,1 < ¢ < m. Then
f:V([Pn;Qs]) — {0,1,2,--- ,2¢g — 2,2¢g — 1 = 26m — 3} as follows:

when ¢ is odd,

6i+2j—28, 1<i<m, j=1,2,4

6i+2j—20, 1<i<m, j=D568
6i—3, 1<i<m,

when i is even,

(viy) =26i—3, 2<i<m

(v;,) =260 —24, 2<i<m, 2<j<3
fvi,)=26i—12, 2<i<m

(vi,) =26i—2j—8, 2<i<m, 5<j<T7
(vig) = 260 — 28, 2 <1i<m.

The label of the edge v;,v(;41), is 260 — 1,1 <4 < m — 1. The label of the edges of the cube
are 267 — 3,261 — 5,- -+ ,26i — 25,1 < i < m. For example, an odd mean labeling of [Py; Q3] is

shown in Figure 10. |
0 49 52 101
54
23 30 75 82
Figure 10

Theorem 3.3 {Pm; 07(12)] is an odd mean graph for n = 0(mod 4) and m > 1.
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Proof Let uy,us, -+ ,umy, be the vertices of P, and each vertex u;,1 < i < m is attached
with the common vertex in the i*" copy of Cff). Let vgj and ’UZ for 1 < 5 < n be the vertices in
the it" copy of C? in which v;, = v ,1 <i<m.Define f : V ([Pm; Cq(lQ)D —{0,1,2,...,2¢—
2,2q — 1 = (4n + 2)m — 3} as follows:

for 1 <i<m,

(4n +2)i — 2(n + j), 1<j<2
F@) (4n+2)(i—1)+2j—-6, 3<j<G+2
V) =
! (4n+2)(i — 1)+ 25 — 3, 2+3<j<nandjisodd
(An+2)(i—1)+2j — 6, 5 +3<j<nandjis even
(An+2)i —2(n—j+2), 2<j<3
fl) =19 (An+2)i—2n+25 -1, 2+1<j<nandjisodd
(An+2)i —2(n—j+2), 5+2<j<mnandjis even.

The induced edge labels are obtained as follows:
for 1 <i < m,

Fri vl = (4n+2)i — (2n + 3)

i1 Vi
fr(wivi) = (4n+2)i —3(n+ 1)
dn+2)(i —1)+ 25 -5, 3< i<y
f*(vgj Ug(]”rl)) = ( A ) +2 J=3
(n+2)(i-1)+2j-3, §+2<j<n
i i+ (An+2)i —2n+ 25 — 1, 1<j<n

i vf) = (n+2)i — (n +3).

Thus, f is an odd mean labeling. Hence, [Pm; C,(f)] is an odd mean graph for n = 0(mod 4)

and m > 1. For example, an odd mean labeling of [P4; C§2)] is shown in Figure 11. O
27 61 95 129
22 26 56 60 90 94
20 31 54 65 88 99
18 1 52 64 86 98
16 50 84
44 48 78 82 112 116
40 36 74 70 108 104
4 38 72 106

Figure 11
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Abstract: A function f is called F— root square mean labeling of a graph G(V, E) with p
vertices and ¢ edges if f: V(G) — {1,2,...,q+ 1} is injective and the induced function f*
is defined as f*(uv) = {\/ MJ for all uv € E(G) is bijective. A graph that admits a
F—root square mean labeling is called a F'—root square mean graph. In this paper, we study
the F'—root mean square meanness of triangular snake,A(T,), D(T»), quadrilateral snake,
A(Qn), D(@n).
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F—root square mean graph.
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§1. Introduction

Throughout this paper, by a graph we mean a finite, undirected and simple graph. Let G(V, E)
be a graph with p vertices and ¢ edges. For notations and terminology, we follow [3]. For a
detailed survey on graph labeling, we refer [2].

The concept of root square mean labeling was introduced and studied by S.S.Sandhya et.
al [4]. Motivated by the works of so many others in the area of graph labeling, the concept of
F—root square mean labeling was introduced by S.Arockiaraj et.al. [1].

A function f is called F'— root square mean labeling of a graph G(V, E) with p vertices and
g edges if f:V(G) — {1,2,--- ,q+ 1} is injective and the induced function f* is defined as

o) = | ELE T

for all uv € E(QG) is bijective. Generally, if f: V(G) — {m,2m,--- ,gm + 1} and

) = | I

for all uv € E(G) is bijective, then f is called a Smarandache m-root mean labeling, where

1Received March 12, 2018, Accepted March 10, 2019.
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m > 1 is an integer. Clearly, a Smarandache 2-root mean labeling is nothing else but the F—
root square mean labeling of G. A graph that admits a F'—root square mean labeling is called

a F'—root square mean graph.

In this paper, we study the F—root mean square meanness of triangular snake, A(T,),
D(T,,), quadrilateral snake, A(Q,,) and D(Q,,).

§82. Main Results

Theorem 2.1 The triangular snake T,,,n > 2 is a F'—root square mean graph.

Proof Let {u;,1 <i<n—1,v;,1 <4 <n} be the vertices and {e;,;1 <i<n—1,a;,1<
i <2(n—1)} the edges of T),. First we label f : V(G) — {1,2,--- ,¢+ 1} on vertices of T;, by
flu))=3i—2if1 <i<n-—1and f(v;) =3i—11if 1 <i < n. Then the induced edge labels
are f*(e;) =3i—1if1<i<n—1,andif 1 <i<2(n-—1),

% 7 is odd

f(ai) = :
' % 1 is even

Hence, f is a F'—root square mean labeling of the graph T;,. Thus the graph triangular snake

Tn,n > 2 is a F'—root square mean graph. O

Theorem 2.2 The alternative triangular snake A(T,),n > 4 is a F—root square mean graph.

Proof Let {u;,1 <i < &,v;,1 <i < n} be the vertices and {e;, 1 <i <n—1,a;1<i<n}
the edges of A(T,). First we label f : V(G) — {1,2,---,q+ 1} of vertices of A(T,) by
fluj)) =4i—2if 1 <i< % andfor 1 <i<mn,

2i—1 1 isodd
fvi) = o
24 1 is even
Then the induced edge labels are respectively f*(e;) =2iif 1 <i<n—1and f*(a;) =2i—1
if 1 <1i < n. Hence, f is a F—root square mean labeling of the graph A(T},,). Thus the graph

Alternative triangular snake A(T),),n > 4 is a F—root square mean graph. O

Theorem 2.3 The double triangular snake D(T,),(n > 2) is a F—root square mean graph.

Proof Let {u;,1<i< n,v;,vi,l <4 <n —1} be the vertices and {a;,1 <i<n—1,b;, ¢,
1 <4 <2(n—1) the edges of D(T,). First we label f : V(G) — {1,2,---,q+ 1} of vertices by
flur) =1, flu2) =4, f(u;)) =5i—4if 3<i<nand f(v;) =6, f(va) =10, f(v;) =5i—1if
3<i<n—14, f(u)) =2, f(uy) = 8, f(u;) = 5i —3if 3 <i <n—1. Then the induced edge
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labels are f*(a1) =2, f*(a;) =5i—2for 2 <i <n—1, f*(by) =1, f*(ba) =3for 3 <i < 2n—2,

523§ is odd

fro)y=9q .2

5i—1

i is even

f (1) =4, f*(c2) =5 and
Fo(e) = 5i;1 1 is odd

2L 1 is even

for 3 <1i < 2n — 2. Hence, f is a F'—root square mean labeling of the graph D(T},,). Thus the
graph double triangular snake D(T},), (n > 2) is a F—root square mean graph. O

Theorem 2.4 The quadrilateral snake @, is a F—root square mean graph.

Proof Let {u;,1 <i<2(n—1),v;,1<i<n} be the vertices and {a;,1 <i<n-—1,b;,1 <
1 <2(n—1),¢,1 <i<n-—1} the edges of Q. First we define f: V(G) — {1,2,...,9+ 1} of
vertices by f(uy) =1, f(uz) =2,

21 7 is odd
flui) =

2t —1 4 iseven

for 3<i<2(n—1), f(v1)

=3, f(v;) = 4i—3 for 2 <i < n. Then the induced edge labels are
respectively f*(a1) =1, f*(a;) =

4i—2for 2 <i<n—1and f*(by) =2, f*(b2) = 3,

. 2i—1 ¢ isodd
[ (bi) = S
2 1 1s even
for 3<i<2(n—1), f*(c1) =4, f*(¢;) =4i—1for 2 <i < n-—1. Hence, f is a F—root square
mean labeling of the graph @,. Thus the graph quadrilateral snake @, is a F—root square
mean graph. a

Theorem 2.5 The alternative quadrilateral snake A(Qy) is a F—root square mean graph.

Proof Let {u;,1 < i <mn,v;,1 <i<n} be the vertices and {a;,1 <i<n—1,b;,1<i<
n,ci, 1 <4 < 5} the edges of A(Q,). We define f : V(G) — {1,2,---,q+ 1} of vertices by
flur) =1, f(u2) = 2,

-l 4 s odd
flui) = 2

1 is even

for 3<i<mnand f(v;) =3,
5 7 is odd

fv) = 2

1 is even

for 2 < ¢ < n. Then the induced edge labels are respectively f*(a1) = 1, f*(a;) = 5i — 3 for
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2<1<n— 1, f*(bl) = 2,f*(b2) =3

523§ is odd

fro)y=9q .2

i is even

for 3 < i <2n-—1), f*(c1) = 4 and f*(¢;) = bi —2 for 2 < ¢ < n—1. Hence, f is a
F—root square mean labeling of the graph A(Q,). Thus the graph alternative quadrilateral
snake A(Q) is a F—root square mean graph. O

Theorem 2.6 The double quadrilateral snake D(Qy), (n > 3) is a F—root square mean graph.

Proof Let {u;,1 <4 <2(n—1),v;,1 <i < n}bethe vertices and {a;, 1 <i<n—1,b;,1 <
i <2(n—1),¢,1<i<n—1}theedgesof D(Q,). Welabel define f : V(G) — {1,2,--- ,q+ 1}
of vertices by f(u1) = 1, f(uz) =4,

2t i is odd
flui) = , .
21—1 14iseven
for 3<i<2n—2and f( 1) =3, f(v;) = 4i—3 for 2 <i < n. Then the induced edge labels
are respectively f*(a1) =1, f*(a;) =4i—2for 2 <i<n-—1and f*(by) =2, f*(b2) =3,

. 2i—1 ¢ isodd
fr(bi) = S
2 1 1S even
for 3<i<2n—2, f*(c1) =4, f*(c2) =5 and f*(¢;) =4i—1for 2 <i <n—1. Hence, f is a
F—root square mean labeling of the graph D(@Q,,). Thus the graph double quadrilateral snake
D(Q.), (n > 3) is a F—root square mean graph. O

References

[1] S.Arockiaraj, A.Durai Baskar and A.Rajesh Kannan, F-root square mean labeling of graphs
obtained from paths, International Journal of mathematical Combinatorics, 2(2017), 92-
104.

[2] J.A.Gallian,A dynamic survey of graph labeling, The Electronic Journal of Combinatorics,
17(2017),#DS6.

[3] F.Harary,Graph Theory, Narosa Publication House Reading, New Delhi 1998.

[4] S.Sandhya, S.Somasundaram and S.Anusa, Root square mean labeling of some more dis-
connected graphs, International Mathematical Forum, 10(1)(2015), 25-34.



150 International Journal of Mathematical Combinatorics

Today, the greatest crisis facing human beings is not the poverty or unfair
allocation of natural resources but the greed with ignorance, and hopefully to
govern the world by their own understanding or a realization dependent on local
or partial perception of the nature such as those the overuse of resources, genetic
engineering and the abusing of farm chemicals, internet, ---, etc., and out of
the crisis needs the human self-awareness, i.e., abandoning their arrogance and
developing harmoniously with the nature.

By Linfan MAQO, a Chinese mathematician.
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