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Some Fixed Point Results for Contractive Type Conditions in

Cone b-Metric Spaces and Applications
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Abstract: In this paper, we establish some fixed point results for contractive type condi-
tions in the framework of complete cone b-metric spaces and give some applications of our
results. The results presented in this paper generalize, extend and unify several well-known

comparable results in the existing literature.
Key Words: Fixed point, contractive type condition, cone b-metric space, cone.

AMS(2010): 47H10, 54H25.

81. Introduction

Fixed point theory plays a basic role in applications of many branches of mathematics. Finding
fixed point of contractive mappings becomes the center of strong research activity. Banach
proved a very important result regarding a contraction mapping, known as the Banach con-
traction principle [2] in 1922.

In [3], Bakhtin introduced b-metric spaces as a generalization of metric spaces. He proved
the contraction mapping principle in b-metric spaces that generalized the famous contraction
principle in metric spaces. Since then, several papers have dealt with fixed point theory or
the variational principle for single-valued and multi-valued operators in b-metric spaces (see [4,
5, 11] and references therein). In recent investigation, the fixed point in non-convex analysis,
especially in an ordered normed space, occupies a prominent place in many aspects (see [14,
15, 17, 20]). The authors define an ordering by using a cone, which naturally induces a partial
ordering in Banach spaces.

In 2007, Huang and Zhang [14] introduced the concept of cone metric spaces as a gen-
eralization of metric spaces and establish some fixed point theorems for contractive mappings
in normal cone metric spaces. Subsequently, several other authors [1, 16, 20, 23] studied the
existence of fixed points and common fixed points of mappings satisfying contractive type con-
dition on a normal cone metric space. In 2008, Rezapour and Hamlbarani [20] omitted the
assumption of normality in cone metric space, which is a milestone in developing fixed point
theory in cone metric space.

Recently, Hussain and Shah [15] introduced the concept of cone b-metric space as a general-

1Received July 23, 2017, Accepted February 8, 2018.
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ization of b-metric space and cone metric spaces. They established some topological properties
in such spaces and improved some recent results about K K M mappings in the setting of a cone
b-metric space. In this paper, we give some examples in cone b-metric spaces, then obtain some

fixed theorems for contractive type conditions in the setting of cone b-metric spaces.

Definition 1.1([14]) Let E be a real Banach space. A subset P of E is called a cone whenever
the following conditions hold:)

(c1) P is closed, nonempty and P # {0};

(c2) a,b € R, a,b>0 and x,y € P imply ax + by € P;

(cs) PO (=P) = {0}

Given a cone P C E, we define a partial ordering < with respect to P by x <y if and only
if y—x € P. We shall write x < y to indicate that x <y but x # y, while v < y will stand for
y—x € P°, where P° stands for the interior of P. If PY # () then P is called a solid cone (see

[22]).

There exist two kinds of cones- normal (with the normal constant K) and non-normal ones

([12]).
Let E be a real Banach space, P C E a cone and < partial ordering defined by P. Then
P is called normal if there is a number K > 0 such that for all z,y € P,

0 <z <yimply [z] < Kllyl, (1.1)
or equivalently, if (Vn) z, <y, < 2z, and
lim z, = lim 2, =z imply lim ¥, = z. (1.2)
The least positive number K satisfying (1.1) is called the normal constant of P.

Example 1.2([22]) Let E = C[0,1] with ||z]| = ||z]|ec + [|2']|cc on P = {z € E : z(t) > 0}.
This cone is not normal. Consider, for example, x,,(t) = % and y,(t) = % Then 0 < z,, < yp,
and limy, o0 Y = 0, but ||z,,|| = maxsepo1) |5 | + maxepo ) [t" 7 = L +1 > 1; hence z,, does

not converge to zero. It follows by (1.2) that P is a non-normal cone.

Definition 1.3([14,24]) Let X be a nonempty set. Suppose that the mapping d: X x X — E

satisfies:

(d1) 0 < d(z,y) for all z,y € X with x #y and d(z,y) =0 & x=y;
(d2) d(z,y) = d(y,z) for all z,y € X;
(d3) d(.I,y) S d(.I,Z) + d(Z,y) fOT all T, Y,z € X.

Then d is called a cone metric on X and (X, d) is called a cone metric space [14].

The concept of a cone metric space is more general than that of a metric space, because

each metric space is a cone metric space where F =R and P = [0, +00).

Example 1.4([14]) Let E=R?* P={(z,y) eR*:2>0,y>0}, X =Randd: X x X - F
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defined by d(z,y) = (| — y|, |z — y|), where @ > 0 is a constant. Then (X, d) is a cone metric
space with normal cone P where K = 1.

Example 1.5([19]) Let E =2, P = {{zn}n>1 € E : 2, > 0, for all n}, (X, p) a metric space,
and d: X x X — FE defined by d(z,y) = {p(z,y)/2"}n>1. Then (X,d) is a cone metric space.

Clearly, the above examples show that class of cone metric spaces contains the class of
metric spaces.

Definition 1.6([15]) Let X be a nonempty set and s > 1 be a given real number. A mapping
d: X x X — F is said to be cone b-metric if and only if, for all x,y, z € X, the following
conditions are satisfied:

(b1) 0 < d(z,y) with x #y and d(z,y) =0 & © =1y;
(b2) d(xvy) = d(yvx);
(bs) d(x,y) < sld(z,z) + d(z, y)].

The pair (X, d) is called a cone b-metric space.

Remark 1.7 The class of cone b-metric spaces is larger than the class of cone metric space
since any cone metric space must be a cone b-metric space. Therefore, it is obvious that cone

b-metric spaces generalize b-metric spaces and cone metric spaces.

We give some examples, which show that introducing a cone b-metric space instead of a
cone metric space is meaningful since there exist cone b-metric space which are not cone metric
space.

Example 1.8([13]) Let E = R* P = {(z,y) € E: 2 > 0,y > 0} C E, X = R and
d: X x X — FE defined by d(z,y) = (|Jz — y|?, oz — y|?), where « > 0 and p > 1 are two
constants. Then (X, d) is a cone b-metric space with the coefficient s = 27 > 1, but not a cone

metric space.

Example 1.9([13]) Let X = ¢ with 0 < p < 1, where # = {{z,,} CR: Y 07, |za|P < co}.
1

Let d: X x X — R defined by d(z,y) = (2211 |z, —yn|p) " where x = {z,}, y = {yn} € .

Then (X,d) is a cone b-metric space with the coefficient s = 2!/? > 1, but not a cone metric

space.
Example 1.10([13]) Let X = {1,2,3,4}, E =R? P = {(z,y) € E: 2 > 0,y > 0}. Define
d: X xX — E by
(lz =yl lz—y[™h) ifz#y,
0, ifx=uy.

d(xv y) =

Then (X,d) is a cone b-metric space with the coefficient s = g > 1. But it is not a cone

metric space since the triangle inequality is not satisfied,
d(1,2) > d(1,4) +d(4,2), d(3,4) >d(3,1) +d(1,4).

Definition 1.11([15]) Let (X,d) be a cone b-metric space, x € X and {z,} be a sequence in
X. Then
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o {x,} is a Cauchy sequence whenever, if for every ¢ € E with 0 < ¢, then there is a
natural number N such that for all nym > N, d(xpn, Tm) < ¢;

o {z,} converges to x whenever, for every ¢ € E with 0 < ¢, then there is a natural number
N such that for alln > N, d(z,,x) < c. We denote this by lim, o0 T, =  or 2, — & as

n — 0.

o (X.d) is a complete cone b-metric space if every Cauchy sequence is convergent.

In the following (X, d) will stands for a cone b-metric space with respect to a cone P with

PO £ () in a real Banach space F and < is partial ordering in F with respect to P.

Definition 1.12([10]) Let (X,d) be a metric space. A self mapping T: X — X is called quasi

contraction if it satisfies the following condition:
d(Tw, Ty) < hmax {d(z,y), d(z, Tx), d(y, Ty), d(z, Ty), d(y, Tx) }
for all x,y € X and h € (0,1) is a constant.

Definition 1.13([10]) Let (X,d) be a metric space. A self mapping T: X — X is called Ciric

quasi-contraction if it satisfies the following condition:

d(z,T d(y, Ty) d(z,T d(y,T
(T, Ty) < hmax{d(x,y% (2, Tz) +d(y, Ty) d(@,Ty) +dly, I)}
2 2
for all z,y € X and h € (0,1) is a constant.

The following lemmas are often used (in particular when dealing with cone metric spaces

in which the cone need not be normal).

Lemma 1.14([17]) Let P be a cone and {a,} be a sequence in E. Ifc € int P and 0 < a, — 0

as n — 00, then there exists N such that for alln > N, we have a, < c.

Lemma 1.15([17)) Letz,y, z € E, ifx <y and y < z, then ¢ < z.

Lemma 1.16([15]) Let P be a cone and 0 < u < ¢ for each ¢ € int P, then u = 0.
Lemma 1.17([8]) Let P be a cone, if u € P and u < ku for some 0 < k < 1, then v = 0.

Lemma 1.18([17]) Let P be a cone and a < b+ ¢ for each c € int P, then a <b.

82. Main Results

In this section we shall prove some fixed point theorems of contractive type conditions in the

framework of cone b-metric spaces.

Theorem 2.1 Let (X,d) be a complete cone b-metric space with the coefficient s > 1. Suppose
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that the mapping T: X — X satisfies the contractive type condition:

d(Tz,Ty) < oad(x,y)+ Bd(z,Tz) +vd(y, Ty)
+pld(z, Ty) + d(y, Tx)] (2.1)

for all x,y € X, where a, 8,7, > 0 are constants such that sa+ 3+ sy + (s> +s)u < 1. Then
T has a unique fixed point in X .

Proof Choose xg € X. We construct the iterative sequence {x,}, where x,, = Tx,_1,
n > 1, that is, x,11 = Tz, = T" xg. From (2.1), we have

d(@pi1,2n) = d(TTp, TTp_1)
ad(ZTp, Tn—1) + Bd(Tn, Txn) + vd(Xpn—1, TTn-1)
+uld(xn, Tep—1) + d(@p—1,Txy)]
ad(Zp, Tn_1) + Bd(Tn, Tni1) + vd(Tpn_1,Tn)
+p[d(@n, 2n) + d(Tn—1, Tpni1)]
= ad(zn,Tn-1) + Bd(xn, Tni1) + yd(Tn—1, Tn)
+pd(xp—1, Tpi1)
ad(xy, Tp—1) + Bd(Xpn, Tnt1) + Yd(Xp-1,Tn)
+spld(zn—1,2n) + d(@n, Tpi1]
= (a+75+sp)d(Tn, Tn-1)

+(B+ sp)d(Tn, Tnt1). (2.2)

IN

IN

This implies that

IN

a+v+s
d($n+1,$n) (#

1 _ 6 — S‘LL)d(:EnufEn—l)
= Ad(zn,Tpn-1) (2.3)

where
\— (a—|—’y+su)
S \1—p—su/’

As sa+ B+ sy + (s2 +s)u < 1, it is clear that A < 1/s.

Similarly, we obtain
d(xp-1,Tn) < ANd(Tp—2,Tn_1). (2.4)

Using (2.4) in (2.3), we get
d(Tpi1,20) <N d(Tp_1,Tn_2). (2.5)
Continuing this process, we obtain

d(Tpi1,Tn) < A" d(z1, 20). (2.6)
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Let m > 1, p > 1, we have

A(@m; Tmip) < S[d(@m, Tmr1) + A(Tmg1, Tmp)]
= 8d(Tm, Tm+1) + 5d(Trmi1, Trntp)
< 8d(@my Tmr) + S [A(@mr1, Tng2) + d(@m2, Trp)]
= 8d(Tm, Tmi1) + 82d(Timi1, Tmt2) + S2d(Tmt2, Tmp)
< sd(Tom, Tmir) + 82d(@mat1, Tmao) + 2d(Tma2, Tmis)
4+ 4 Sp_ld(;vm+p_1,;vm+p)
< sA™d(21,20) + 2N (21, w0) + PN d (21, 0)

oo SPEMTPT (2 2g)
= AL+ sA+ PN+ 3N o (sA)P T d (21, 7o)

{1€§ZA}dC“”IO)

Let 0 < ¢ be given. Notice that [fi\:;] d(x1,29) — 0 as m — oo for any p since 0 < sA < 1.

Making full use of Lemma 1.14, we find mgy € N such that

{ SA™

T S)\}d(xl,xo) <Le

for each m > mg. Thus
SA™

1—sA
for all m > 1, p > 1. So, by Lemma 1.15, {x,} is a Cauchy sequence in (X, d). Since (X,d) is
a complete cone b-metric space, there exists uw € X such that x,, — u as n — co. Take ng € N

such that d(x,,u) < % for all n > ng. Hence,

d(xmaxm—i-p) < [ :|d($1,.’[:0) <K €

d(Tu,u) < s[d(Tu,Txy,) + d(Tx,,u))
= sd(Tu,Txy) + sd(Txn,u)
< s{ad(u, ) + fd(u, Tu) + yd(@0, Ta,)

+pld(u, Txy) + d(z,, Tu)]} + sd(Tpt1,u)

s{ad(u, Zn) + Bd(u, Tu) + vd(Tn, Tny1)

+uld (1, T 1) + dl@n, Tw)] } + sd(wn i1, 0)
= s(a+p+ Dd(zy,u) + s(8+ p)d(Tu,u). (2.7)
This implies that
sla+p+1)
1—5(8+p)

for each n > ng. Then, by Lemma 1.16, we deduce that d(T'w,u) = 0, that is, Tu = u. Thus u
is a fixed point of T

d(Tu,u) < ( ) < g,

Now, we show that the fixed point is unique. If there is another fixed point u* of T such
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that Tu* = u*, then from (2.1), we have

du,u*) = d(Tu,Tu")

< ad(u,u*) 4+ Bd(u, Tu) + vyd(u*, Tu")
+uld(u, Tu™) + d(u*, Tu)]

< ad(u,u*) + Bd(u,u) + yd(u*,u*)
+uld(u, u*) + d(u*, u)]

= (o4 2p)d(u,u”)

< (sa+ B+ sy + (s° + s)p)d(u,ub).

By Lemma 1.17, we have u = u*. This completes the proof. O

Remark 2.2 Theorem 2.1 extends Theorem 2.1 of Huang and Xu in [13] to the case of weaker
contractive condition considered in this paper.

From Theorem 2.1, we obtain the following result as corollaries.

Corollary 2.3 Let (X,d) be a complete cone b-metric space with the coefficient s > 1. Suppose
that the mapping T: X — X satisfies the contractive condition:

d(Tz,Ty) < ad(z,y)
for all x,y € X, where a € [O, %) is a constant. Then T has a unique fixed point in X .

Proof The proof of Corollary 2.3 is immediately follows from Theorem 2.1 by taking
B =~ = u=0. This completes the proof. O

Corollary 2.4 Let (X,d) be a complete cone b-metric space with the coefficient s > 1. Suppose
that the mapping T: X — X satisfies the contractive condition:

d(Tz,Ty) < PBld(z,Tz)+d(y,Ty)]
for all x,y € X, where § € {0, ILJFS) is a constant. Then T has a unique fixed point in X .

Proof The proof of Corollary 2.4 is immediately follows from Theorem 2.1 by taking
a=pu=0and 8 =+. This completes the proof. O

Corollary 2.5 Let (X,d) be a complete cone b-metric space with the coefficient s > 1. Suppose
that the mapping T: X — X satisfies the contractive condition:

d(Tz,Ty) < pld(z, Ty) + d(y, T)]
for all x,y € X, where u € {O, ﬁ) is a constant. Then T has a unique fixed point in X .

Proof The proof of Corollary 2.5 is immediately follows from Theorem 2.1 by taking
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« = [ =+ =0. This completes the proof. |

Remark 2.6 Corollaries 2.3, 2.4 and 2.5 extend Theorem 1, 3 and 4 of Huang and Zhang [14]

to the case of cone b-metric space without normal constant considered in this paper.

Remark 2.7 Corollary 2.3 also extends the well known Banach contraction principle [2] to

that in the setting of cone b-metric spaces.

Remark 2.8 Corollary 2.4 also extends the Kannan contraction [18] to that in the setting of

cone b-metric spaces.

Remark 2.9 Corollary 2.5 also extends the Chatterjea contraction [7] to that in the setting of

cone b-metric spaces.

Remark 2.10 Theorem 2.1 also extends several results from the existing literature to the case

of weaker contractive condition considered in this paper in the setting of cone b-metric spaces.

Theorem 2.11 Let (X, d) be a complete cone b-metric space with the coefficient s > 1. Suppose
that the mapping T: X — X satisfies the contractive type condition:

d(Tx, Ty) < ad(x,y) + pd(x, Ty) + vd(y, T'x) (2.8)

for all xz,y € X and «a, 3,7 > 0 are constants such that sa + s(1 + s)y < 1. Then T has a
unique fized point in X.

Proof Choose xg € X. We construct the iterative sequence {x,}, where x,, = Tx,_1,
n > 1, that is, 2,11 = T2, = T" wg. From (2.8), we have

d(Xpt1,2n) = d(Tz,,Tx,-1)

ad(Tpn, Tn-1) + Bd(@n, TTn-1) + vd(Tn-1,T2n)
ad(Tpn, Tn-1) + Bd(Tn, Tn) + Yd(Tn—1,Tnt1)
(
[

A

)
Oéd(In, $n,1) + 'Yd Tn—1, InJrl)
)

IN

ad(xn, Tn-1) + sy[d(@n—1,2n) + d(Tpn, Tpi1)]

(a+ sy)d(xn, Tp—1) + $Yd(Tn, Tny1)- (2.9)

This implies that

o+ sy
1— sy

o+ 8y
p:(1 )
— 5y

As sa+ s(s+ 1)y < 1, it is clear that p < 1/s.

d(Tpi1,Tn) < ( )d(xn,xn_l) = pd(Xpn,Tpn_1), (2.11)

where

Similarly, we obtain
d(xp—1,2n) < pd(p_2,Tn-1). (2.11)
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Using (2.11) in (2.10), we get
A(Tpi1,20) < P2 d(XTn_1,Tn_2). (2.12)
Continuing this process, we obtain
d(xpy1,xn) < p"d(x1, ). (2.13)

Let m,n > 1 and m > n, we have

d(xp,zm) < sld(@n, Tnt1) + d(@nt1, Tm))
= sd(Tn, Tnt1) + 5d(Tni1, Tm)
< sd(Tn, Tpir) + 82 d(Tny1, Trao) F d(Tng2, 2m))
= sd(@n, Tni1) + S2d(Tni1, Tnio) + 52d(Tnio, Tm)
< sd(xp, Tpy1) + 82d(Tni1, Tog2) + $3d(Tnyo, Tois)
o ST (1, )
< sp™d(zy,wo) + 82" T (wy, 20) + 82 p" (21, w0)

—+ -+ Smpn+m71d($1, xo)
= sp"[L+sp+ 70> +5°p° + -+ (sp)™ " d(1, m0)

< [l

Let 0 < &1 be given. Notice that {f_pzp} d(z1,29) — 0 as n — oo since 0 < sp < 1. Making

full use of Lemma 1.14, we find ng € N such that

fer

11— Sp}d(:tl,fto) < €1

for each n > ng. Thus
sp”
1—sp

A( Xy Tn) < [ }d(xl,xo) <L e

for all n,m > 1. So, by Lemma 1.15, {x,} is a Cauchy sequence in (X,d). Since (X,d) is a
complete cone b-metric space, there exists v € X such that z,, — v asn — co. Taken; € N

such that d(x,,v) < % for all n > n;. Hence,

d(Tv,v) < s[d(Tv,Tz,) + d(Tzy,v)]
= sd(Tv,Tzy) + sd(Tzp,v)
< slad(v,xy) + Bd(v, Tay) + vd(xn, T)] + sd(Tpt1,v)
slad(v, x,) + Bd(v, Xpt1) + Yd(Tp, TV)] + sd(zpi1,v)
= s(a+ D)d(v,z,) + syd(Tv,v). (2.14)
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This implies that
s(a+1)

1—svy
for each n > ny. Then, by Lemma 1.16, we deduce that d(Tv,v) = 0, that is, Tv = v. Thus v
is a fixed point of T.

d(Tw,v) < ( )d(xn,v) < €1,

Now, we show that the fixed point is unique. If there is another fixed point v* of T such
that Tv* = v*, then from (2.8), we have

d(v,v*) = d(Tv,Tv")

ad(v,v*) + Bd(v, Tv*) + vd(v*, Tv)
ad(v,v*) + Bd(v,v™) + vd(v*, v)
(a+ B+ 1)d(v,v°)

(sa+ s(1 4 s)y)d(v,v").

A

IN

By Lemma 1.17, we have v = v*. This completes the proof. O

Theorem 2.12 Let (X, d) be a complete cone b-metric space with the coefficient s > 1. Suppose

that the mapping T: X — X satisfies the following contractive condition: there exists

d(z,Tx) +d(y,Ty) d(xz,Ty)+ d(y,Tx) }

u(e,y) € {d(z.y), N , -

such that
d(Tz,Ty) < ku(z,y), (2.15)

for all x,y € X, where k € [0,1) is a constant with ks < 1. Then T has a unique fixed point in
X.

Proof Choose zp € X. We construct the iterative sequence {x,}, where x, = Tz,_1,
n > 1, that is, x,11 = Tz, = Tz, From (2.15), we have

d(Txzy,, Txp—1)
Eu(zn, xn-1) < - < k" u(z1,x0). (2.16)

d($n+17 {En)

IN

Let m,n > 1 and m > n, we have

d(xp,zm) < sld(@n, Tnt1) + d(Tnt1, Tm))]
= sd(Tpn,Tny1) + sd(Tpi1, Tm)
< sd(wn, tng) + 2 [d(@ng1, Toge) + ATy, T
= sd(tp, Tni1) + 52d(Tng1, i) + 82d(Tni2, Tm)
< sd(xp, Tpir) + 52d(Tni1, Tog2) + 82d(Tnpo, Togs)

44+ Sn—i—m 1d($n+m—17$m)



Some Fixed Point Results for Contractive Type Conditions 11

IN

sk™u(z1, x0) + s2k" M u(zy, xo) + 3k 2u(xy, 20)

o SRy (2, 20)

= sk"[1 + sk + s%k* + 5%k + -+ (sk)™ Hu(zy, m0)

[ sk™
1—sk

}u(xl, xo)-

Let 0 < r be given. Notice that

{ sk™

ot

as n — oo since 0 < k < 1. Making full use of Lemma 1.14, we find ng € N such that

{ sk™

T Sk}u(xl,xo) <Lr

for each n > ng. Thus
n

A(Zp, Trm) < {18

— Sk}u(:vl,xo) Lr

for all n,m > 1. So, by Lemma 1.15, {z,} is a Cauchy sequence in (X,d). Since (X,d) is a
complete cone b-metric space, there exists p € X such that z, — p asn — co. Take n; € N

such that d(z,,p) < m for all n > ny. Hence,

d(Tp,p) < sld(Tp,Tzn)+ d(Tzy,p)]
= sd(Tp,Txzy,) + sd(Txy,p)

< sku(p,zn) + sd(zpi1,p)
< skd(p,zpn) + sd(xn,p)
This implies that
d(Tp,p) < r,

for each m > my. Then, by Lemma 1.16, we deduce that d(T'p,p) = 0, that is, Tp = p. Thus p
is a fixed point of T.

Now, we show that the fixed point is unique. If there is another fixed point ¢ of T such
that Tq = g, then by the given condition (2.15), we have

d(p,q) = d(Tp,Tq) < ku(p,q) = kd(p, q).

By Lemma 1.17, we have p = ¢. This completes the proof. O

Theorem 2.13 Let (X, d) be a complete cone b-metric space with the coefficient s > 1. Suppose
that the mapping T: X — X satisfies the following contractive condition:

d(Tz,Ty) < h max{d(z,y),d(z,Tz),d(y, Ty)} (2.17)
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for all z,y € X, where h € [0,1) is a constant with sh < 1. Then T has a unique fized point in

X.

Proof Choose zp € X. We construct the iterative sequence {x,}, where x, = Tz,_1,
n > 1, that is, 41 = Tz, = T" g, From (2.17), we have

d(xn—i-l ) xn)

Similarly, we obtain

d(Txy, Txn—1)

< hmax{d(xn, Tn-1),d(@n, Txn),d(xn-1,TTHn-1)}
= hmax{d(zn,Tn_1),d(Tn, Tni1), d(Tpn_1,7n)}
< hd(.’L’n,.’Iin_l).

d(xn—laxn) < hd(xn—% xn—l)-

Using (2.19) in (2.18), we get

d($n+17 xn) S h2 d(xnfla $n72)-

Continuing this process, we obtain

d(Tpt1,Tn) < B d(z1, 20).

Let m,n > 1 and m > n, we have

d(xp, Tm)

IN I IA

IN

IN

@

1—sh

s[d(@n, Tni1) + d(Tng1, Tm))

d(Zn, Tny1) + sd(Tny1, Tm)

(
d(x xn-i-l) [d(xn-i-l ) xn+2) + d(xn+2u xm)]
AT, Trg1) + 82d(Tni1, Tng2) + 52d(Tpyo, Tom)
(

$d(p, Tny1) + 2d(@ni1, Tny2) + °d(Tnt2, Tnis)

-+ 5n+m_1d($n+m—la xm)

sh™d(x1,x0) + s*R" T d (21, 20) + s°R"2d (21, 20)

st Smhn+m_1d($1, .I())

sh™[1 + sh 4 s*h? + s*h® + - - - 4 (sh)™ ]d(z1, x0)

hn
5 :|d($1,$0).

Let 0 < ¢ be given. Notice that

as n — oo since 0 < h < 1. Making full use of Lemma 1.14, we find Ny € N such that

{ sh™

1-— sh}d(xl’xo) -0

{ sh™

T Sh}d(xl,xo) <c

(2.18)

(2.19)

(2.20)

(2.21)
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for each n > Ngy. Thus
sh™

1—sh

A( Xy Tn) < [ }d(azl,xo) <ec

for all n,m > 1. So, by Lemma 1.15, {z,} is a Cauchy sequence in (X,d). Since (X,d) is a
complete cone b-metric space, there exists ¢ € X such that x,, — ¢ as n — co. Take N; € N

such that d(z,,q) < (h+1) for all n > NN;. Hence,

d(Tq,q) < sld(Tq,Tx,)+ d(Tzy,q)]

sd(Tq,Txy) + sd(Txy, q)

sh max{d(q, z,),d(zn, Txy),d(q,Tq)} + sd(zn+1,q)
= sh max{d(q,zn), d(Tn, Tn+1),d(q, Tq)} + sd(Tn+1,9)
shd(q,zpn) + sd(zn, q)

= s(h+1)d(zn,q).

IN

IN

This implies that
d(Tq,q) <c,

for each n > N;j. Then, by Lemma 1.16, we deduce that d(T'q,q) = 0, that is, Tq = ¢q. Thus ¢
is a fixed point of T

Now, we show that the fixed point is unique. If there is another fixed point ¢’ of T' such
that T'¢' = ¢/, then by the given condition (2.17), we have

d(Tq,Tq')

h max{d(q,q'),d(q,Tq),d(¢', Tq)}
h max{d(q,q'),d(q,q),d(q",q")}

h max{d(q,q'),0,0}

hd(q,q')

d(q,q")

IA

IN

By Lemma 1.17, we have ¢ = ¢’. This completes the proof. O

Example 2.14([13]) Let X = [0,1], E = R?, P = {(z,y) € E : 2 > 0,y > 0} C E and
d: X x X — E defined by d(z,y) = (|x —y|P, |z —y|P) for all z,y € X where p > 1 is a constant.
Then (X,d) is a complete cone b-metric space. Let us define 7: X — X as T(z) = iz — 122

2 1
for all x € X. Therefore,

AT2,Ty) = (ITa~Typ, Tz~ TyP)
= (’%x— ——(a:—y)(x+y)p, %(I—y)—%(x—y)@*'y)p)
- (|x—y|P]——§<x+y>p,|x—y|f’.]§—§<x+y>p)
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Hence 0 € X is the unique fixed point of T.

Other consequence of our result for the mapping involving contraction of integral type is
the following.

Denote A the set of functions ¢: [0,00) — [0, 00) satisfying the following hypothesis:
(h1) ¢ is a Lebesgue-integrable mapping on each compact subset of [0, 00);

(h2) for any € > 0 we have [~ ¢(t)dt > 0.

Theorem 2.15 Let (X,d) be a complete cone b-metric space (CCbMS) with the coefficient
s > 1. Suppose that the mapping T: X — X satisfies:

d(Tz,Ty) d(z,y)
/ vtdt < B / w(t)dt
0 0

for all x,y € X, where 3 € [0,1) is a constant with sf < 1 and ¢» € A. Then T has a unique
fixed point in X .

Remark 2.16 Theorem 2.15 extends Theorem 2.1 of Branciari [6] from complete metric space

to that setting of complete cone b-metric space considered in this paper.

83. Applications

In this section we shall apply Theorem 2.1 to the first order differential equation.
Example 3.1 X = C([1,3],R), E=R? o> 0 and

dw,y) = (sup fa(t) —y(®)F, @ sup [a(t) — y()*)

te(1,3] te(l1,3]

for every z,y € X, and P = {(u,v) ER?: u, v > O}. Then (X,d) is a cone b-metric space.
Define T: X — X by

T(x(t) =4+ /j (x(u) + u2)e“_5du.

For z,y € X,

AT, Ty) = ( sup [T(®) ~TWOF, @ swp [TE0) - TEOF)
< / |(z(u) — y(u))|>e 2du, a/ |(z (u))|%e _Qdu)
= 2e 2d(x
< eild(:z,y).

Thus for a = % <1, 8 =+ = p =0, all conditions of Theorem 2.1 are satisfied and so T
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has a unique fixed point, which is the unique solution of the integral equation:

t
xz(t) =4 + / (x(u) + u2)e“_5du,
1
or the differential equation:
(1) = (x(t) n t?)et*, tel1,3], z(1) = 4.

Hence, the use of Theorem 2.1 is a delightful way of showing the existence and uniqueness

of solutions for the following class of integral equations:

¢+ [ Ko, wdu=s(t) € C(p.q) B").

Now, we shall apply Corollary 2.3 to the first order periodic boundary problem

dx
= F(t,(1)) (3.1)

where F': [—h,h] x [u— 0, + 0] is a continuous function.

Example 3.2([13]) Consider the boundary problem (3.1) with the continuous function F and
suppose F(z,y) satisfies the local Lipschitz condition, i.e., if |z] < h, y1,y2 € [u— 6, + 6], it

induces
|F'(z,y1) — F(2,y2)| < Ly — yal.

Set M = max(_p )« [u—6,u+0) | F(2,y)| such that h* < min{6/M? 1/L?}, then there exists
a unique solution of (3.1).

Proof Let X = F = C([-h,h]) and P = {u € E : u > 0}. Putd: X x X — FE as
d(x,y) = f(t) max_p<i<p |2(t) —y(t)|* with f: [~h, h] — R such that f(t) = e’. It is clear that
(X,d) is a complete cone b-metric space.

Note that (3.1) is equivalent to the integral equation
t
x(t) = p —I—/ F(u, z(u))du.
0
Define a mapping T': C([—h, h]) = R by z(t) = p + fot F(u,z(u))du. If

z(t),y(t) € B(u, f0) = {p(t) € C([=h,h]) : d(u, ) < f0},
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then from
d(Tz, T ))d F d ’
Taty) = @) pa, | [ P - [ Ryl
2
= ﬁai)éh‘/ (u, z(u F(u,y(u))]du‘
< B2 _ 2
< h f()_gg};th(u,:v(u)) F(u,y(u))|
< p272 _ 2 _ 1272
< WL max o(u) —y(u)]” = h"L7d(z, y),
and
d(Tz,p) = ing)ih‘/ (u, z( du
< B2 2 - 12172¢ <
< W _max [F(ua(u)]” < WM< [0,

we speculate T': B(u, f0) — B(u, f0) is a contraction mapping.

Lastly, we prove that (B(u, f0),d) is complete. In fact, suppose {z,} is a Cauchy sequence
in B(u, f0). Then {z,} is a Cauchy sequence in X. Since (X,d) is complete, there is ¢ € X
such that z, — ¢ (n — 00), So, for each ¢ € int P, there exists N, whenever n > N, we obtain
d(zn,q) < c. Thus, it follows from

d(p,q) < d(zn, p) +d(p,q) < f0+c

and Lemma 1.18 that d(u, ¢) < f6, which means g € B(u, f6), that is, (B(u, f0),d) is complete.
Thus, from the above statement, all the conditions of Corollary 2.3 are satisfied. Hence T has
a unique fixed point z(t) € B(u, f0) or we say that, there exists a unique solution of (3.1). O
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81. Introduction

Connected almost contact metric manifold was classified by S.Tanno [13], as those automor-

phism group has maximum dimension. He has given following classifications:

(1) Homogeneous normal contact Riemannian manifolds with constant ¢ holomorphic
sectional curvature if the sectional curvature of the plane section containing &, say K (X, &) > 0;

(i1) Global Riemannian product of a line (or a circle) and a Kaehlerian manifold with
constant holomorphic sectional curvature, if K(X,¢) = 0;

(#4i) A warped product space RX;C,, if K(X,&) < 0.

Manifold of class (¢) has Sasakian structure. The manifold of class (i7) are characterized
by a tensorial relation admitting a cosymplectic structure. The manifold of class (iii) are
characterized by some tensorial equations, attaining a Kenmotsu structure.

An almost paracontact structure (¢, &,7n) satisfying ¢ = I — 7 ® € and n(§) = 1 on a
differentiable manifold was introduced by Sato [11] in 1976. After him Takahashi [14] in 1969,
gave the notion of almost contact manifold equipped with an associated pseudo-Riemannian
metric. Later on, motivated by these circumstances, M.M.Tripathi et.al.([15]) has drawn a
relation between a semi-Riemannian metric ( not necessarily Lorentzian ) and an almost para-

contact structure, and he named this indefinite almost paracontact metric structure an (e)-

1Received August 2, 2017, Accepted February 10, 2018.
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almost paracontact structure, where the structure vector field £ will be spacelike or timelike
according as € = 1 or e = —1. Authors have discussed (€)- almost paracontact manifolds and
in particular (€)- Sasakian manifolds in([15]).

On the other hand, the study of slant submanifolds in complex spaces was initiated by
B.Y.Chen as a natural generalization of both holomorphic and totally real submanifolds in
([4]). After him, A.Lotta in 1996 extended the notion to the setting of almost contact met-
ric manifolds [8]. Further modifications regarding semislant submanifolds were introduced by
N.Papaghiuc [10]. These submanifolds are a generalized version of CR-submanifolds. After him,
J.L.Cabrerizo et.al. ([2]) extended the study of semislant submanifolds of Kaehler manifold to
the setting of Sasakian manifolds. The idea of hemislant submanifold was introduced by Carri-
azo as a particular class of bislant submanifolds, and he called them antislant submanifolds in
[3]. Recently, B.Sahin extended the study of pseudo-slant submanifolds in Kaehler setting for
their warped product. Totally umbilical proper slant submanifold of a Kaehler manifold has

also been discussed in [12].

This paper contains the analysis about slant and pseudo-slant submanifolds of an (¢)-para
Sasakian manifold. Section (1) is introductory. Section (2) gives us a view of (¢)-para Sasakian
manifold. In section (3) we have obtained some results on a totally umbilical proper slant
submanifold M of an (e)-para Sasakian manifold. Finally, in section (4) we have derived some
conditions for the integrability of the distributions on the hemislant submanifolds of an (¢)-para

Sasakian manifold.

§2. Preliminaries

Let M be an n-dimensional almost paracontact manifold [11] endowed with an almost para-
contact structure (¢, &, n) consisting of a tensor field ¢ of type (1, 1), a structure vector field &
and 1-form 7 satisfying:

¢*=1-n®¢, (2.1)
n§) =1, (2.2)
¢(§) =0 (2.3)
and
no¢=0 (2.4)

for any vector field X,Y € M. A semi-Riemannian metric [9] on a manifold M, is a non-
degenerate symmetric tensor field g of type (0,2). If this metric is of index 1 then it is called
Lorentzian metric ([1]). Let g be semi-Riemannian metric with index 1 in an n-dimensional

almost paracontact manifold M such that,
§(¢X,9Y) = g(X,Y) — en(X)n(Y), (2.5)

where e= +1 or —1. Then M is called an almost paracontact metric manifold associated with

an (e)-almost paracontact metric structure (¢,&,n,g,€)([?]). In case, if index (g) = 1 then an
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(e)-almost paracontact metric manifold is defined as a Lorentzian paracontact manifold and
if the metric is positive definite, then an (e)-almost paracontact metric manifold is the usual
almost paracontact metric manifold [?].

The condition (2.5) is equivalent to

9(X,0Y) = g(6X,Y) (2.6)

equipped with
9(X,§) = en(X). (2.7)

From (2.7), it can be easily observed that

9(&¢) =€, (2.8)

i.e. structure vector field £ is never lightlike. We define
O(X,Y) = g(X,6Y) (2.9)

and we can obtain

o(X,8) =0. (2.10)
From (2.9), we can also calculate
(Vx®)(Y,2) = g(Vx9)(V, Z) = (Vx®)(Z,Y). (2.11)
An (e)-almost paracontact metric manifold M satisfying
20(X,Y) = (Vxn)(Y) + (Vyn)(X) (2.12)

¥ X,Y € TM, then M is called an (¢)-paracontact metric manifold ([15]).

An (€)-almost paracontact metric structure (¢, &, 7, g, €) is called an (€)-S-paracontact met-

ric structure if

Vxé=epX (2.13)

for V X € TM. A manifold endowed with an (€)-S-paracontact metric structure is called

an (€)-S-paracontact metric manifold. Equation (2.13) can be written as
B(X,Y) = g(6X,Y) = eg(Vx&,Y) = (Vxn)(¥) (2.14)

for V X,V € TM.

An (e)-almost paracontact metric structure is called an (¢)-para Sasakian structure if the

following relation holds

(Vx)(Y) = —g(¢X,9Y)E — en(Y)¢* X, (2.15)

where V is the Levi-Civita connection with respect to g on M. A manifold equipped with an
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(e)-para Sasakian structure is called an (e)-para Sasakian manifold.
From the definition of contact CR-submanifolds of an (e)-paracontact Sasakian manifold

we have

Definition 2.1([7]) An n-dimensional Riemannian submanifold M of an (€)-para Sasakian
manifold M is called a contact CR-submanifold if

(1) & is tangent to M ;

(79) there exists on M a differentiable distribution D : © — D, C T,(M), such that D,
is invariant under ¢; i.e., ¢D, C D,, for each x € M and the orthogonal complementary
distribution D* : x — DX C T, (M) of the distribution D on M is totally real; i.e., D+ C
T-(M), where Tp(M) and T;(M) are the tangent space and the normal space of M at x.
D (resp.Dr) is the horizontal (resp. wertical) distribution. The contact CR-submanifold
of an (€)-para Sasakian manifold is called £-horizontal (resp. &-vertical) if &, € D, (resp.
& € D) for each x € M.

Let TM and T+M be the Lie algebras of vector fields tangential to M and normal to
M respectively. h and A denote the second fundamental form and the shape operator of the
immersion of M into M respectively. If V is the induced connection on M, the Gauss and

Weingarten formulae of M into M are characterized by
VxY = VxY +h(X,Y), (2.16)

VxV =—-AyX + VN (2.17)

for any X,Y in TM and N in T+ M. V+ is the connection on normal bundle and Ay is the

Weingarten endomorphism associated with N by
g(Av X)Y) = g(h(X,Y), V). (2.18)
For any x € M and X € T, M we decompose it as
¢X =TX + NX, (2.19)

where TX € T,M and NX € T;-M.
Similarly for V € T;-M we know

¢V =tV +nV, (2.20)

where tV (resp.nV) is vertical (resp. normal) component of ¢V
Now, for any X,Y € T M, comparing the tangential and normal parts of (@X@Y by PxY

and QxY respectively. After having some brief calculation, we obtain
PxY = (VxT)Y — Axy X — th(X,Y), (2.21)

QyY = (VxN)Y + h(X,TY) — nh(X,Y) (2.22)
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for any X, Y € TM.
Again for any V € T+M, denoting tangential and normal parts of (@X@V by PxV and
QxV respectively, we have

PxV = (@Xt)V — A X + TA\/X, (223)

QyV = (Vxn)V + h(tV, X) + NAy X, (2.24)

where the covariant derivatives of T', N,t and n are given by

(VxT)Y = VxTY —TVxY, (2.25)

(VxN)Y = VxNY — NVyY, (2.26)

(Vxt)V = VxtV —tV£V, (2.27)

(Vxn)V =VxnV —nVxV V¥V XY € TM,V € T+ M. (2.28)

A submanifold M of an almost contact metric manifold M is called totally umbilical if
hMX,Y)=g(X,Y)H (2.29)

for any X,Y € I'(T'M), where H is the mean curvature. A submanifold M is said to be totally
geodesic if h(X,Y) =0 for each X,Y € I'(T'M) and is minimal if H =0 on M.

§3. Slant Submanifolds

The slant submanifold of a para contact Lorentzian manifold were first defined by [5]. Hereafter,
for a submanifold M of an almost contact manifold, authors in [6] assumed that the structure
vector field ¢ is tangential to the submanifold M, whence the tangent bundle T'M can be

decomposed as

(@)TM =DEH < ¢ >,

where the orthogonal complementary distribution D of < £ > is known as the slant distribution
on M and < € > is the 1-dimensional distribution on M spanned by the structure vector field
&, and they also assumed that (X, X) >0 VX € TM\&. Let M be an immersed submanifold
of M. For any ¢ € M and X € T, M, if the vectors X and £ are linearly independent, then
the angle (X)) € [0,7/2] between ¢X and T, M is well defined, if (X ) does not depend on the
choice of z € M and X € T, M, then M is slant in M. The constant angle (X) is then called
the slant angle of M in M by [5] and which in short we denote by Sla(M). If y is ¢-invariant
of the normal bundle T+M, then

(WT*M =FTM® < > .

Defining the endomorphism P : TM — TM, whose square P2 will be denoted by Q. Then
the tensor fields on M of type (1, 1) determined by these endomorphism will be denoted by the
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same letters, respectively P and Q.

It is proved the following theorem in [6]:

For a proper slant submanifold M of an (€)-para Sasakian manifold M with slant angle 6,
then

QX = A(X —n(X)e). (3.1)

From this theorem we can state our next theorem,

Theorem 3.1 Let M be a submanifold of an (€)-para Sasakian manifold M such that € € TM.
Then, M is slant iff there exists a constant X € [0,1] such that

T2 = MI - n(X)¢). (3.2)

Furthermore, in such case, if 6 is the slant angle of M, then \ = cos*6. Hence for a slant

mamnifold we have

9(TX,TX) = cos*0(g(X,Y) — en(X)n(Y)), (3.3)
g(NX,NY) = sin*0(g(X,Y) — en(X)n(Y)) (3.4)

forY X, Y e TM.
Proof Follows from [5]. O

Assuming M to be totally umbilical proper slant submanifold of an (¢)-para Sasakian

manifold, we can obtain the following theorem.

Theorem 3.2 Let M be a totally umbilical proper slant submanifold of an (€)-paracontact
Sasakian manifold M, then for any X € TM following conditions are equivalent:

(i) H e

(i) g(Vrx&, X) = e[| X[ = n*(X)].

Proof For any X € TM we know h(X,TX) = g(X,TX)H = 0. Then from (2.16) and
(2.17) and the structure equation of (¢)-para Sasakian manifold for any vector field X € TM,
we calculate

0 = ¢(VxX+h(X, X)) - VxTX + AyxX - VxNX (3.5)
—9(6X, 6 X)E — en(X)$* X.

After using (2.19), and on comparing the tangential component we obtain

0 = ZTVxX —VxTX +th(X,X)+ Anx X — g(X, X)¢ (3.6)
+2en?(X)€ — en(X) X.

As M is totally umbilical submanifold then the term Ay x X becomes X g(H, NX), so using
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this fact above equation takes the form

0 = TVxX - VxTX +th(X,X)+ Xg(NX, H) + g(X, X)tH (3.7)
+9(X, X)¢ = 2en*(X)€ + en(X) X.

If H € p then from (3.6) we get
TVxX — VxTX = —||X[]*¢ + 2en(X)[2n(X)¢ — X]. (38)
Taking the inner product in (3.7) by £ we obtain
9(VxTX, &) =1*(X) — e | X||". (3.9)
Replacing X by T X, we derive
9(VrxT?X,€) =P (TX) — || TX|I" (3.10)
Then from equation (3.3) and (3.4) we calculate
cos*0g(X, Vrx€) — cos”In(X)g(&, Vrx€) = —cos 0[e|| X||* — n*(X)]. (3.11)
Therefore we can conclude that
9(X, Vrx€) —n(X)g(&, Vrx&) = el | X||* = n*(X). (3.12)

Now we know that g(&, &) = e. Taking the covariant derivative of this equation with respect
to TX for any X € TM, we obtain

which implies g(Vrx&,€) = 0. Hence (3.8) becomes
9(X, Vrx§) = e[ X||* = (X). (3.14)

This proves part (i) of the theorem. If (3.9) holds then equation (3.6) implies H € u. This
proves theorem (3.2).
Now if €||X|[|* — n2(X) = 0, then from (3.9), we conclude

9(X,Vrx§) =0. (3.15)
Replacing X by TX we have by using (3.3), we get

g(TX7 szXg) = g(vcosze(an(X)E)ga TX) =0. (316)
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Then the above equation becomes
c0s*0g(Vx &, TX) + cos*0n(X)g(Ve&, TX) = 0. (3.17)
From the structure equation (2.4) we have V¢& = 0. Thus we can write
cos*0g(Vx&,TX) = 0. (3.18)

Thus from equation (3.10) we get either M is an anti-invariant submanifold or Vx& = 0
i.e. ¢ is a Killing vector field on M or M is trivial. If £ is not Killing then we can take at least
two linearly independent vectors X and T'X to span Dy i.e. the dimM > 3.

From above discussion we can conclude the following theorem.

Theorem 3.3 Let M be a totally umbilical slant submanifold of an e-para Sasakian manifold
M such that || X||> = n2(X) on M then one of the following statements is true:

(i) HeT(w);
(ii) M s an anti-invariant submanifold;
(#4¢) If M is a proper slant submanifold then dimM > 3;
(tv) M s trivial;
(

v) & is a Killing vector field on M.

Next we prove

Theorem 3.4 A totally umbilical proper slant submanifold M of an (€)-para Sasakian manifold
M s totally geodesic if VxH € T'(u) for any X € TM.

Proof As M is an (e)-paracontact Sasakian manifold we have
(Vx@)Y = Vx¢Y — ¢VxY. (3.19)

From the fact that ¢Y = TY + NY and M is an (e)-paracontact Sasakian manifold we

infer

VxTY + VxNY = TVxY + NVxY + ¢h(X,Y) — g(¢X,4Y)¢ (3.20)
—en(Y)d* X.

Using (2.25), (2.26) and (2.29) we obtain

VxTY +h(X,TY) — AxyX + VxNY =TVxY + NVxY (3.21)
+9(X,Y)oH — g(¢X, 9Y )¢ — en(Y)d* X.

Taking inner product with ¢H and using the fact that H € I'(u), from (2.5) and (2.29) we
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get

9(X,TY)g(H,6H) + g(VxNY,0H) = g(X,Y)||H| (3.22)
—g(¢X, 9Y)g(¢H, €) — en(Y)g(¢> X, ¢H).

Now we consider
VxoH = ¢VxH + (Vxd)H. (3.23)

Using the covariant derivative of V

~AygX +Vx¢H = -TApX — NAgX +tVxH (3.24)
+nVx H — g(¢X, $H)E — en(H)¢* X,

Taking inner product with NY, for any Y € I'(T'M) and as the submanifold considered is

always tangent to & we obtain
9(Vx¢H, NY) = —g(NAp X, NY) + g(nVx H,NY) — en(H)g(¢"X, NY). (3.25)
Since nV% H € T'(1), then by (3.5) the above equation takes the form

g(VxoH,NY) = —sin’ [g(AgX,Y) —en(AuX)n(Y)] (3.26)
—en(H)g(6* X, NY).

Using (2.17), (2.18) and (2.29) and having some brief calculations we obtain

g(VxoH,NY) = —sin®0[g(X,Y) —en(X)n(Y)] || H| (3.27)
—en(H)g(¢* X, NY).

The above equation can be written as

g(VxNY,0H) = sin’0[g(X,Y) = en(X)n(Y)] ||H| (3.28)
+en(H)g(¢X, NY).

Again using the fact that H € T'(u) and by Weingarten formula we have

g(VxNY,¢H) = sin®0[g(X,Y) —en(X)n(Y)]|| H| (3.29)
+en(H)g(¢*X, NY).

From (3.14) and (3.21) we get

sin?0g(X,Y) — en(X)n(V)]||H| + en(H)g(@*X.NY) = g(X,V)|H|®  (3.30)
—en(Y)g(¢*> X, ¢H).

The equation (3.22) has a solution if H = 0. Hence M is totally geodesic in M. m
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84. Hemislant Submanifolds

A.Carriazo [3] introduced hemi-slant submanifolds as a special case of bislant submanifolds and
he called them pseudo-slant submanifolds. This section deals with a special case of hemislant

submanifolds which are totally umbilical.

Definition 4.1([5,16]) A submanifold M of an (e)-para Sasakian manifold M is said to be
a hemislant submanifold if there exist two orthogonal complementary distributions D1 and Do

satisfying the following properties:

(i) TM=D1 P D P <& >;
(73) Dy is a slant distribution with slant angle 0 # 7/2;
(iii) Do is totally real i.e., Dy C T+M.

A hemislant submanifold is called proper hemislant submanifold if 6 # 0, 5. Further if
i is ¢-invariant subspace of the normal bundle T+, then for pseudo-slant submanifold, the

normal bundle T M can be decomposed as
T*M =NDi@PND P <>

In this section we will derive some of the integrability conditions of the involved distribu-

tions of a hemislant submanifold, which play a crucial role from a geometrical point of view.

Theorem 4.1 Let M be a hemislant submanifold of an (¢)-paracontact Sasakian manifold M
then g([X,Y],€) =0 for any X,Y € D1 @ Ds.

Proof We know
9(X,0Y) =g(Y,0X), Vx¢=epX. (4.1)

Taking inner product with ¥ we obtain

9(Vx&,Y) = eg(9X,Y). (4.2)
We can write

9(VxY,§) = —eg(¢X,Y). (4.3)
Interchanging X, Y we get

9(Vy X, §) = —eg(¢Y, X). (4.4)

Subtracting equations (4.3) and (4.4) and using (4.1) we have
9([X,Y],§) = 0. (4.5)

This completes the proof. O

From Theorem (4.1) we can deduce the following corollaries.
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Corollary 4.1 The distribution D1 @ Do on a hemislant submanifold of an (€)-para Sasakian

manifold M is integrable.

Corollary 4.2 The distribution D1 and Dy on a hemislant submanifold of an (€)-para Sasakian

manifold M is integrable.

Proposition 4.1 Let M be a hemislant submanifold of an (€)-para Sasakian manifold M, then

for any Z, W € Dy, the anti-invariant distribution Do® < & > is integrable iff

ApzW — Ayw Z + V5 ¢oW — Vi ¢ Z — en(W)Z + en(Z)W = 0.

Proof For any Z,W € Dy @ ¢ we know
VoW = (V29W) + V2 W = (VzW) + ¢V W + ¢h(Z, W).
Using (2.16) and (2.17) we have
—Agw Z + VoW = (Vz0W) + ¢V 2 W = (Vz¢W) + ¢V 2 W + ¢h(Z, W).

Interchanging Z and W, we obtain

—AgzW + Vi dZ = (VwoZ) + ¢VwZ = (VwoZ) + ¢Vw Z + oh(W, Z).

Then from (4.7) and (4.8) we calculate
ApzW — Asw Z +V56W = ViyoZ = (Vz6W) — (VwoZ) + 62, W).
From (2.15) we obtain
AyzW — Ayw Z + VoW — Vi ¢ Z = [ Z, W] — en(W)$*Z + en(Z) > W.
Taking inner product with ¢X, for any X € Dy we obtain

9(ApzW — Agw Z + V5 ¢W — Vi ¢ Z, ¢ X)

Thus from (2.5) the above equation takes the form

9(B[Z, W], 0X) = g(AgzW — AywZ + V3¢W — VipoZ —en(W)Z
+en(Z)W, ¢ X).

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)

The distribution Dy @ < £ > is integrable iff the right hand side of the above equation is

Zero.
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Proposition 4.2 Let M be a hemislant submanifold of an (e)-para Sasakian manifold M, then
the anti-invariant distribution D1 @ < & > is integrable iff
(Y, TX)+VyNX — h(X,TY) - VxNY € 1

forall XY e D1 P < & >.

Proof For any X,Y € D; @&, we have

PX,Y] = ¢[VyX —VxY]=VyTX +VyNX — VxTY
—VxNY —en(Y)$?*X + en(X)o?Y. (4.13)
O[X,Y] = VyTX+h(Y,TX)—- AnxY + VENX — VxTY — h(X,TY)

+ANY X — VENY —en(Y)¢? X + en(X)p?Y. (4.14)

Taking the product with ¢Z, for any Z € Dy, we obtain on solving

99X, Y],02) = g(h(Y,TX),02) +g(VyNX,0Z) - g(h(X,TY),$Z)
~9(VxNY,6Z) — en(Y)g(X —n(X)¢, 62)
+en(Y)g(Y —n(Y)E, ¢2). (4.15)
9([X, Y], Z) = g(h(Y,TX) + VENX — h(X,TY) — VENY, 62). (4.16)
Thus our assertion follows from equation (4.16). O

Theorem 4.2 Let M be a hemislant submanifold of an (€)-para Sasakian manifold M, then at

least one of the following statements is true:

(i) dimDy=1;
(ii) H € p;
(7i1) M is proper slant.
Proof For any Z,W € T M, we have

(Vz2oW) + (VwoZ) = =29(6Z, 6W)§ — en(2)p*W + en(W)¢* Z. (4.17)
If we assume the vector fields Z, W € Ds, then the above equation reduces to

(V20)W + (Vo) Z +29(6Z, oW)E = 0. (4.18)

In particular if we take the above equation for one vector Z € Ds, i.e

(V29)Z +9(6Z,$2)& = 0. (4.19)
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Again using (2.6) we have
(V29)Z +12][*¢ = 0. (4.20)

Therefore the tangential and normal components of the above equation are Pz Z = || Z]|*¢
and Q;Z = 0 respectively. From (2.21) and tangential component of (4.20) we get
(V2T)Z = =TV 32 = AnzZ +th(Z,Z) — || Z|*¢. (4.21)
Taking the product with W € Dq, we get from (2.18)

9g(TNzZ, W) = g(h(Z,W),NZ) + g(th(Z,Z),W). (4.22)

Using the fact that M is totally umbilical submanifold and for any W &€ Da, then the

above equation takes the form
9(Z,W)g(H,NZ) + || Z|*g(tH,W) = —g(TV 22, W) = 0. (4.23)

Thus the equation (4.10) has a solution if either dimDy = 1 or H € p or Dy = 0, i.e. M is
proper slant. O

From the above conclusions we can obtain the following theorem

Theorem 4.3 Let M be a totally umbilical hemislant submanifold of an (€)-para Sasakian

manifold M. Then at least one of the following statements is true:

(1) M is an anti-invariant submanifold;
(i) g(Vrxé, X) = e[| X|* = n*(X)];
(#i1) M is totally geodesic submanifold;
(iv) dim Dy=1;
(v) M is a proper slant submanifold.

Proof If H # 0 then from equation (3.19), we can conclude that the slant distribution
Dy, =0 i.e. M is anti-invariant submanifold which is case (¢). If Dy # 0 and H € p, then
from theorem (3.2) we get (i7) for any X € TM. Again if H € p then by theorem (3.4), M is
totally geodesic. Lastly if H ¢ pu, then the equation (4.23) has a solution if either dimDy = 1
or Doy = 0. Hence the theorem follows. O

Next we have the following theorem.
Theorem 4.4 Let M be a submanifold of an almost contact metric manifold M, such that
Ee€TM. Then M is a pseudo-slant submanifold iff there exists a constant A € (0, 1] such that

(i) D={X € TM|T?X = —\X} is a distribution on M;
(i) For case X € TM, orthogonal to D, TX = 0.

Furthermore in this case A = cos?6, where § denotes the slant angle of D.

Proof: Follows from [11]. O
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Again we prove

Theorem 4.5 Let M be a hemi-slant submanifold of an (e)-para Sasakian manifold M. Then

VQ =0 iff M is an anti-invariant submanifold.
Proof Considering the distribution Dy @ < £ >, from (4.4) we can write
T?X = \(X —n(X)¢). (4.24)
Denoting the slant angle of M by 6. Then, replacing X by VxY, we obtain from (4.24)
QVxY = cos?0[VxY — n(VxY)E]. (4.25)
for any X,Y € Do @ < € >. After taking the covariant derivative of equation (4.24) we have
VxQY = cos’0[VxY —n(VxY)E) = g(Y, Vx&)E = n(Y)VxE]. (4.26)
Adding equations (4.25) and (4.26) we obtain

(VxQ)Y = cos?0[VxY —n(VxY)E) 4+ g(Y,eTX)E +n(Y)eT X]
—c0s*0V xY + cos?On(VxY)E (4.27)

for any X, Y € Do P < € >.
Here we observe that g(Y,TX)é +TXn(Y) # 0. Therefore (VxQ) = 0 iff § = 5 holds in
Dy < £ >. Again D; is anti-invariant by definition. Thus, the theorem follows. |

85. An Example

Let us give an example of a three dimensional submanifold of (e)-paracontact Sasakian manifold
which is pseudo slant so as to verify the above results. Let R® be a 3-dimensional Euclidean

space with a rectangular coordinates (z,vy, z), we put

n=dy &= (5.1)

We define the (1, 1) tensor ¢ as:

0 0 0 0 0
¢(%) =5 ¢(£) = 9 ¢(8—y) =0 (5.2)

z

and we define the Riemannian metric g as
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Hence we can easily see that (¢,&,n,g) is an (€)-paracontact Sasakian manifold on R?.

The vector fields e; = %, eg = 8%, e3 = %, forms a frame of TM. We have
pe1 =e3, ¢ea =0, ges =e;.

Let D1 =< e >, Dy =< e; > and £ =< e3 >. We know

9(¢X,Y)

COS 4(¢X7 Y) = W

Suppose X € D; and Y € TM. Then we can write X = Kes where K is a scalar and

Y = re; + ses + tes where r, s,t are scalars. Notice that
9(0X,Y) = g(gea, re; + ses + tez) = rg(0,e1) + sg(0, e2) + tg(0,e3) = 0.

Hence cos/(¢X,Y’) = 0 implies § = 7 Hence the distribution D; is anti-invariant.
Again let us assume U € Dy and V € TM. Then we can write U = ae, where a is a scalar

and V = kej + les + mes where k, [, m are scalars. Using the formula above we get that
g(oU, V) = g(é(aer), ker + leg + mes) = am.

Hence cosZ(¢U, V)=constant. So we have obtained that the distribution Dy is slant.
In this case, the distribution D; is anti-invariant while D5 is slant. Hence the submanifold
under consideration is hemislant.
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§1. Introduction

For all terms and definitions, not defined specifically in this paper, we refer to [4, 8, 13] and
and for the topics in signed graphs we refer to [14, 15]. Unless mentioned otherwise, all graphs

considered here are simple, finite, undirected and have no isolated vertices.

1.1 An Overview of Set-Valued Graphs

Let X be a non-empty set and P(X) be its power set. A set-labeling (or a set-valuation) of a
graph G is an injective function f : V(G) — P(X) such that the induced function f® : E(G) —
P(X) is defined by f®(uv) = f(u)® f(v) V uv € E(G), where @ is the symmetric difference of
two sets. A graph G which admits a set-labeling is called an set-labeled graph (or a set-valued
graph)(see [1]).

A set-indexer of a graph G is an injective function f : V(G) — P(X) such that the induced
function f® : F(G) — P(X) is also injective. A graph G which admits a set-indexer is called
a set-indexed graph (see [1]).

1Received July 27, 2017, Accepted February 12, 2018.
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Several types of set-valuations of graphs have been introduced in later studies and their

properties and structural characteristics of such set-valued graphs have been done extensively.

1.2 Preliminaries on Signed Graphs

An edge of a graph G having only one end vertex is known as a half edge of G and an edge of
G without end vertices is called loose edge of G.

A signed graph (see [14, 15]), denoted by X(G,0), is a graph G(V, E) together with a
function o : E(G) — {+,—} that assigns a sign, either + or —, to each ordinary edge in G.
The function o is called the signature or sign function of §, which is defined on all edges except
half edges and is required to be positive on free loops.

An edge e of a signed graph ¥ is said to be a positive edge if o(e) = 4+ and an edge o(e)
of a signed graph X is said to be a negative edge if o(e) = —. The set ET denotes the set of all
positive edges in ¥ and the set £~ denotes the set of negative edges in X.

A simple cycle (or path) of a signed graph ¥ is said to be balanced (see [3, 9]) if the product
of signs of its edges is +. A signed graph ¥ is said to be a balanced signed graph if it contains
no half edges and all of its simple cycles are balanced. It is to be noted that the number of all
negative signed graph is balanced if and only if it is bipartite.

Balance or imbalance is the basic and the most important property of a signed graph. The
following theorem, popularly known as Harary’s Balance Theorem, establishes a criteria for

balance in a signed graph.

Theorem 1.1([9]) The following statements about a signed graph are equivalent.

(i) A signed graph X is balanced;
(i) 3 has no half edges and there is a partition (V1,Va) of V(X) such that E- = E(V1, Va);

(#41) ¥ has no half edges and any two paths with the same end points have the same sign.

Some balancing properties of certain types of signed graphs have been studied in [6, 7].

A signed graph ¥ is said to be clusterable or partitionable (see [14, 15]) if its vertex set can
be partitioned into subsets, called clusters, so that every positive edge joins the vertices within
the same cluster and every negative edge joins the vertices in the different clusters. If V(X)
can be partitioned in to k subsets with the above mentioned conditions, then the signed graph
3 is said to be k-clusterable. In this paper, we study the 2-clusterability of signed graphs only.

Note that 2-clusterability always implies balance in a signed graph ¥. But, the converse
need not be true. If all edges in ¥ are positive edges, then X is balanced but not 2-clusterable.

In this paper, we introduce the notion of set-valuations of signed graphs and study the

properties and characteristics of such signed graphs.

82. Set-Labeled Signed Graphs

Motivated from the studies on set-valuations of signed digraphs in [2], and the studies on integer
additive set-labeled signed graphs in [11], we define the notion of a set-labeling of a signed graph
as follows.
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Definition 2.1 Let X be a non-empty set and let ¥ be a signed graph, with corresponding
underlying graph G and the signature o. An injective function f : V(X)) — P(X) is said to
be a set-labeling (or set-valuation) of ¥ if [ is a set-labeling of the underlying graph G and
the signature of ¥ is defined by o(uv) = (=1)/WSIWI A signed graph ¥ together with a
set-labeling f is known as a set-labeled signed graph (or set valued signed graph) and is denoted
by Ef.

Definition 2.2 A set-labeling f of a signed graph ¥ is said to be a set-indexer of ¥ if f is a
set-indexer of the underlying graph G.

If the context is clear, we can represent a set-valued signed graph or a set-indexed signed
graph simply by ¥ itself. In this section, we discuss the 2-clusterability and balance of set-valued
signed graphs.

The following theorem establishes the existence of set-valuations for all signed graphs.

Theorem 2.3 FEvery signed graph admits a set-labeling (and a set-indexer).

Proof Let ¥ be a signed graph whose vertex set is given by V(%) = {v1,va,--- ,v,}. Let
X ={1,2,3,--- ,n}. Define a set-valued function f : V(X) — P(X) such that f(v;) = {i},
where 1 < i < n. Clearly, f is an injective function. Then, f®(v,v;) = {4,j},V uwv € E(G).

Note that f@ is also an injective function and hence f is a set-indexer of X. |

We say that two sets are of same parity if they are simultaneously even or simultaneously
odd. If two sets are not of same parity, then they are said to be the sets of opposite parity. The
signature of an edge of a set-valued signed graph can be determined in terms of the set-labels
of its end vertices, as described in the following theorem.

Theorem 2.4 An edge e of a set-labeled signed graph is a positive edge if and only if the

set-labels of its end vertices are of the same parity.

Proof Let f be a set-labeling of a given signed graph ¥. Assume that, an edge e = v;v;
be a positive edge in . Then, |f(v;) & f(v;)] = |f(vi) — f(vj)| + |f(v;) — f(vi)| is an even
number. That is, |f(v;) — f(v;)] and |f(v;) — f(v;)| are simultaneously even or simultaneously

odd. Hence, we need to consider the following cases.

Case 1. Assume that both |f(v;) — f(v;)| and |f(v;) — f(v;)| are even. That is, both
|f(vi) = f(vi) N f(v;)] and | f(v;) — f(vi) N f(vy)| are even. Then, we have

Subcase 1.1 Let |f(v;)| be an even integer. Then, since |f(v;) — f(v) N f(v;)] = | f(vi)| —
|f(vi) N f(v;)], we have |f(v;) N f(v;)] must also be even. Hence, as |f(v;) — f(vi) N f(v;)] =
[ f(vi)| = | f(vs) N f(v;)| is even, we have | f(v;)] is even.

Subcase 1.2 Let |f(v;)| be an odd integer. Then, since |f(v;) — f(v;) N f(v;)| = | f(vi)]| —
|f(vi) N f(v;)] is even, we have |f(v;) N f(v;)| must be odd. Hence, as |f(v;) — f(vi) N f(v;)| =
| f(vi)| — | f(vs) N f(v;)| is even, we have |f(v;)| is odd.

Case 2. Assume that both |f(v;) — f(v;)| and |f(v;) — f(v;)| are odd. That is, both |f(v;) —
fvi) N f(vy)] and |f(vy) = f(v;) N f(v;)| are odd. Then, we have
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Subcase 2.1 Let |f(v;)| be an even integer. Then, since |f(v;) — f(v;) N f(v;)] is odd, we
have |f(v;) N f(v;)| must be odd. Hence, as |f(v;) — f(v;) N f(v;)] is odd, we have |f(v,)| is

even.

Subcase 2.2 Let |f(v;)| be an odd integer. Then, since |f(v;) — f(v;) N f(v;)| is odd, we

have [f(vi) N f(v;)] must be even. Then, as | f(v;) = f(vi) OV f(v;)] = |f(v;)] = [f(vi) N f(v5)] i
odd, we have |f(v;)| is odd. O

As a contrapositive of Theorem 2.4, we can prove the following theorem also.

Theorem 2.5 An edge e of a set-labeled signed graph is a negative edge if and only if the

set-labels of its end vertices are of the opposite parity.

The following result is an immediate consequence of Theorems 2.4 and 2.5.

Corollary 2.6 A set-valued signed graph ¥ is balanced if and only if every cycle in ¥ has even

number of edges whose end vertices have opposite parity set-labels.

Proof Note that the number of negative edges in any cycle of a balanced signed graph is

even. Hence, the proof is immediate from Theorem 2.5. O

The following theorem discusses a necessary and sufficient condition for a set-valued signed
graph to be 2-clusterable.

Theorem 2.7 A set-valued signed graph is 2-clusterable if and only if at least two adjacent

vertices in X have opposite parity set-labels.

Proof First, assume that at least two adjacent vertices in the set-valued signed graph X
have opposite parity set-labels. If e = v;v; be an edge of ¥ such that f(v;) and f(v;) are of
opposite parity, then o(v;v;) = —. Then, we can find (U;, Us) be a partition of V(X) such that
U, contains one end vertex of every negative edge and U, contains the other end vertex of every
negative edge. Therefore, ¥ is 2-clusterable.

Conversely, assume that 3 is 2-clusterable. Then, there exist two non-empty subsets U
and Uy of V(X) such that U; UU; = V(X). Since ¥ is a connected signed graph, at least one
vertex in U; is adjacent some vertices in U, and vice versa. Let e = v;v; be such an edge in ¥
Since X is 2-clusterable, e is a negative edge and hence f(v;) and f(v;) are of opposite parity.
This completes the proof. O

Theorem 2.8 Let f be a set-indezxer defined on a signed graph ¥ whose underlined graph G is
an Fulerian graph. If ¥ is balanced, then

Z |f®(e)| =0 (mod 2).

ecE(X)

k
Proof Let the underlying graph G of ¥ is Eulerian. Then, G = |J C;, where each C; is a
i=1
cycle such that C; and C; are edge-disjoint for ¢ # j. Let E; be the edge set of the cycle C;.
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Since f is a set-indexer of 3, we have f(E;) N f(E;) =0, for i # j. Hence, we have

RNCIED D INIC)] (1)

e€E(§) i=1 e, €E;

Consider the cycle C;. Let A; be the set all positive edges and B; be the set of all negative
edges in the cycle C;. Then, the set-labels of edges in A; are of even parity and those of edges
in B; are of odd parity. That is, |f¥(e)] = 0 (mod 2) for all e € A; and hence we have

Z |f(e)] =0 (mod 2). (2)

e€A,;

Since ¥ is balanced, the number of negative edges in C; is even. Therefore, the number of
elements in B; must be even. That is, the number of edges having odd parity set-labels in C;

is even. Therefore, being a sum of even number of odd integers, we have

> If(e)] =0 (mod 2). (3)

e;€EB;

From Equations (2) and (3), we have

YoIfE@l= Y 1fe)l+ Y 1f(e)l =0 (mod 2). (4)

eckE; e;€EA; e, €B;

Therefore, by Equations (1) and (4), we can conclude that

Z |f®(e)] =0 (mod 2). O

e€E(8)

From the above results, we infer the most important result on a set-valued signed graph
as follows.

Theorem 2.9 If a signed graph ¥ admits a vertex set-labeling, then X is balanced.

Proof Let ¥ be a signed graph which admits a set-labeling. If all vertices of ¥ have the
same parity set-labels, then by Theorem 2.4, all edges of ¥ are positive edges and hence X is
balanced.

Next, let that ¥ contains vertices with opposite parity set-labels. Let A; be the set of all
vertices with odd parity set-labels and B; be the set of all even parity set-labels. First, assume
v; be a vertex in A; whose adjacent vertices are in B;. Then, v; is one end vertex of some
negative edges in X. If v; is not in a cycle of X, then none of these negative edges will be a part
in any cycle of X.

If v; is an internal vertex of a cycle C, then it is adjacent to two vertices, say v; and vy,
which are in B;. Hence, the edges v;v; and v;v;, are negative edges. If two vertices v; and v;
are adjacent in the cycle C, then v; is adjacent to one more vertex, say vy and the vertex v;

is also adjacent to one more vertex v; and in the cycle C, the edges v;v;, and v;v; are negative
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edges and the edge v;v; is a positive edge. If the vertices v; and v; are not adjacent, then also
each of them induce two negative, which may not be distinct always. However, in each case
the number of negative edges will be even. This condition can be verified in all cases when any
number element of A; are the vertices of any cycle C in ¥. Hence, the umber of negative edges

in any cycle of a set-labeled signed graph is even. Hence, ¥ is balanced.

Hence, in this case, the number negative edges in C' will always be even. |

It is interesting to check whether the converse of the above theorem is valid. In context of
set-labeling of signed graphs, a necessary and sufficient condition for a signed graph ¥ is to be
balanced is given in the following theorem.

Theorem 2.10 A signed graph X is balanced if and only if it admits a set-labeling.

Proof The proof is an immediate consequence of Theorems 2.4 and 2.9. O

In view of Theorems 2.4 and 2.10, we have

Theorem 2.11 Any set-labeled signed graph is balanced.

§3. Conclusion

In this paper, we have discussed the characteristics and properties of the signed graphs which
admit set-labeling with a focus on 2-clusterability and balance of these signed graphs. There
are several open problems in this area. Some of the open problems that seem to be promising

for further investigations are following.

Problem 3.1 Discuss the k-clusterability of different types of set-labeled signed graphs for
k> 2.

Problem 3.2 Discuss the balance, 2-clusterability and general k-clusterability of other types
of set-labeling of signed graphs such as topological set-labeling, topogenic set-labeling, graceful

set-labeling, sequential set-labeling etc.

Problem 3.3 Discuss the balance and 2-clusterability and general k-clusterability of different
set-labeling of signed graphs, with different set operations other than the symmetric difference

of sets.

Further studies on other characteristics of signed graphs corresponding to different set-
labeled graphs are also interesting and challenging. All these facts highlight the scope for
further studies in this area.
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81. Introduction

In 1968, Yano and Sawaki [20] introduced the notion of quasi conformal curvature tensor C' on

a Riemannian manifold M and is given by

C(X,Y)Z = aR(X,Y)Z+b[S(Y,2)X — 8(X,2)Y +g(Y, 2)QX — g(X, Z)QY]

r a
_ 2 %} Y. Z2)X — g(X, 2)Y 1.1
T Lo + 2| 9V 2)X — g(xX, 2)Y) (L1)
for all X, Y € TM, where a and b are constants and r is a scalar curvature. If a = 1 and
b= —ﬁ, then quasi conformal curvature tensor reduces to conformal curvature tensor.

The extended form of quasi conformal curvature tensor [8] is given by
Co(X.Y)Z = C(X,Y)Z = n(X)C(EY)Z —n(Y)C(X.Z - n(Z)C(X.Y)e.  (12)

On the other hand Tanno [19] introduced a class of contact metric manifolds for which the
characteristic vector field £ belongs to the k-nullity distribution for some real number k. Such

manifolds are known as N (k)-contact metric manifolds. The authors Blair, Kim and Tripathi [2]

1Received August 20, 2017, Accepted February 15, 2018.
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gave the classification of N(k)-contact metric manifold satisfying the condition Z(§, X)-Z = 0.
Also quasi conformal curvature tensor on a sasakian manifold has been studied by De et al.,
[11]. Recently in [10], the authors study certain properties of N (k)-contact metric manifold

endowed with a concircular curvature tensor.

Motivated by these studies the present paper is organized as follows: After giving prelimi-
naries and basic formulas in Section 2, we study &-extended quasi conformally flat N (k)-contact
metric manifolds in Section 3 and we found that the manifold is n-Einstein and also it admits a
n-parallel Ricci tensor. In fact Section 4 is devoted to the study of extended quasi-conformally
semi-symmetric N (k)-contact metric manifold and proved that the manifold is either locally
isometric to B! x S™(4) or it is extended quasi-conformally flat. Then, in Section 5, we con-
sider extended quasi conformal pseudo-symmetric N (k)-contact metric manifold and we found
that the manifold reduces to n-Einstein. Finally in the last section, we discuss N (k)-contact
metric manifolds satisfying conditions Ce(¢, X)- R =0 and Ce(&, X)- S =0

§2. Preliminaries

A (2n+ 1)-dimensional smooth manifold M is said to be a contact manifold if it carries a global
differentiable 1-form 7 which satisfies the condition n A (dn)™ # 0 everywhere on M. Also a
contact manifold admits an almost contact structure (¢, &, n), where ¢ is (1, 1)-tensor field, £ is

a characteristic vector field and 7 is a global 1-form such that

P =—IT+n®E nE) =1, ¢ =0, n-¢=0. (2.1)

An almost contact metric structure is said to be be normal if the induced complex structure
J on the product manifold M x R is defined by,

7 (x.5) = (6x - s ).

is integrable, where X is tangent to M, t is the coordinate of R and f is a smooth function on
M x R. Let g be the Riemannian metric with almost contact structure (¢, &, n) i.e.,

9(0X, ¢Y) = g(X,Y) = n(X)n(Y).
From (2.1), it can be easily seen that

9(X,90Y) = —g(6X,Y),  g(X,§) = n(X), (2.2)

for all X,Y € TM. An almost contact metric structure is called contact metric structure
if g(X,8Y) = dn(X,Y). Moreover, if V denotes the Riemannian connection of g, then the
following relation holds;

Vxé=—-¢X — phX. (2.3)

A normal contact metric manifold is a Sasakian manifold. An almost metric manifold is
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Sasakian if and only if
(Vxo)Y = g(X,Y){ —n(Y)X,

where V is the Levi-Civita connection of the Riemannian metric g.

As a generalization of both R(X,Y)¢ = 0 and Sasakian case, the authors Blair, Koufogior-
gos and Papantoniou [4] introduced the idea of (k, u)-nullity distribution on a contact metric
manifold and gave several reasons for studying it. The (k, p)-nullity distribution N(k, u) of a
contact metric manifold M is defined by

N(k,p): p— Np(k,p) ={Z2 € T,M : R(X,Y)Z = (K + ph)(g(Y, 2)X — g(X, 2)Y)},

where (k, ) € R?. A contact metric manifold with £ € N(k, u) is called a (k, ut)- contact metric
manifold. If y = 0, the (k, u)- nullity distribution reduces to k- nullity distribution [19]. The
k- nullity distribution N (k) of a Riemannian manifold is defined by

N(k): p— Ny(k) ={Z € T,M : R(X,Y)Z = kl[g(Y, Z)X — g(X, Z)Y]}, (2.4)

k being a constant. If the characteristic vector field £ € N(k), then we call a contact metric
manifold as N (k)- contact metric manifold [2]. If k£ = 1, then the manifold is Sasakian and if
k = 0, then the manifold is locally isometric to the product E"*1 x S™(4) for n > 1 and flat

for n =1 [3]. In an N(k)-contact metric manifold, the following relations holds:

R(X,Y){ = k[n(Y)X —n(X)Y], (2.5)

R(& X)Y = k[g(X,Y)E —n(Y)X], (2.6)
S(X,)Y) = 2(n—1)g(X,Y)+2(n—1)g(hX,Y)

+[2nk — 2(n — D)n(X)n(Y), (2.7)

S(X,€) =2nkn(X), Q&=2nk¢. (2.8)

Also in an N(k)-contact metric manifold, extended quasi conformal curvature tensor sat-

isfies the following;:

C.(X,Y)E = [a m - k) +2b (%:1 nk)] n(Y)X — n(X)Y)
-b[n(Y)QX — n(X)QY], (2.9)
C.(6,X)Y = {a k— m) +2b <nk— 2n7"+ 1)] (V)X
—n(X)n(Y)E) +bln(Y)QX — 2nkn(X)n(Y)¢] = —Ce(X, )Y, (2.10)
C.(,)X = 0, (2.11)
N(Ce(X,Y)E) = n(Ce(é, X)Y) =n(Ce(X,€)Y) = n(Ce(X,Y)Z) = 0. (2.12)

By virtue of (1.2), let {e;} be an orthonormal basis of the tangent space at each point of
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the manifold and using (1.1) and (2.8), we get

2n
S 9(Culen, Y)Z,e0) = Lg(¥, Z) + MS(Y, Z) + No(Y )W), (2.13)
i=1
where,
r2n—1) s a r a
L = br—2nk)— |————=(—+2b)| — |k 2nkb — —— (— +2b
(r = 2nk) {2n+1 (2n+ )] [“+ " 2n+1(2n+ )]
M = a+b2n-3)
and

N = 4nkb — (4n — 3) {ak + 2nkb — 24 2b)} — 2b(r — 2nk).

— (
2n+1 \2n

Definition 2.1 A (2n+1)-dimensional N (k)-contact metric manifold M is said to be n-Einstein

if its Ricci tensor S is of the form
S(X,Y) =ag(X,Y) + Bn(X)n(Y),

for any vector fields X and Y, where o and (8 are constants. If =0, then the manifold M is
an Einstein manifold.

Definition 2.2 In a (2n + 1)-dimensional N (k)-contact metric manifold, if the Ricci tensor S
satisfies (Vi S)(¢X,dY) = 0, then the Ricci tensor is said to be n-parallel.

In [1], Baikoussis and Koufogiorgos proved the following lemma.

Lemma 2.1 Let M be an n-Einstein manifold of dimension (2n + 1)(n > 1). If £ belongs to
the k-nullity distribution, then k =1 and the structure is Sasakian.

§3. ¢-Extended Quasi Conformally Flat N(k)-Contact Metric Manifolds

Definition 3.1 A (2n + 1)-dimensional N (k)-contact metric manifold is said to be &-extended
quasi conformally flat if

Co(X,Y)E=0 for all X,Y € TM. (3.1)

Let us consider &-extended quasi conformally flat N(k)-contact metric manifold. Then
from (3.1) and (2.9), it can be easily seen that

0 = [a (m - k) +2b (271: - - nk)] (n(Y)X — n(X)Y) (3.2)
- (Y)QX —n(X)QY].
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Taking inner product of (3.2) with respect to W, we get

0 = |o(Grms )+ 20 (G k) | (09 W) = n(X)g(v9)

= bn(Y)S(X, W) —n(X)S(Y,W)].

On plugging Y = ¢ in above equation, gives

S(X, W) = Ag(X, W) + Bn(X)n(W), (3.3)
where
A= [m (5= +2) —2nk—k—ﬂ and B = [mm%—ﬁ (%+2b)].

Hence we can state the following:

Theorem 3.1 A (2n+1)-dimensional {-extended quasi conformally flat N(k)-contact metric

manifold is an n-FEinstein manifold.

Hence in view of Lemma 2.1 and above result, we can state the following result:

Corollary 3.1 Let M be a (2n+1)-dimensional -extended quasi conformally flat N (k)-contact

metric manifold, then k =1 and the structure is Sasakian.
Replacing X and W by ¢X and ¢W in (3.3) and using (2.1), we obtain
S(6X, W) = M'g(¢ X, oW). (3.4)

Now taking the covariant derivative of (3.4) with respect to U, yields

(Vus)ox,0m) = ) (L

b2n+1) \2n 2b) 9(X, oW).

If we consider N (k)-contact metric manifold with constant scalar curvature, then above

equation becomes
(VuS)(¢X, W) = 0.

Hence this leads us to the following result:

Corollary 3.2 A (2n+ 1)-dimensional -extended quasi conformally flat N (k)-contact metric

manifold with constant scalar curvature admits a n-parallel Ricci tensor.

§4. Extended Quasi-Conformally Semi-Symmetric N(k)-Contact Metric Manifold

Let us consider an extended quasi-conformally semi-symmetric N (k)-contact metric manifold
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ie.,

R, X)-Ce =0.
Then the above condition turns into,

0 = R(X)C(U V)W = Co(R(E, XU, V)W (4.1)
_ée(Uv R(f, X)V)W - ée(Uv V)R(é.a X)W

In view of (2.6), equation (4.1) can be written as

0 =k [g(X,CeU,VIW)E = n(ClU, VW)X — g(X, U)Cel&, VIW

+ 0(U)C (X, VIW = g(X,V)C(U. W +n(V)Ce(U, X)W
— 9(X, W)CL(U, V)E + n(W)Ce(U, V)X] . (4.2)

Which implies that either £ = 0 or

9(X, Ce(U, VIW)E = n(Ce(U, V)W) X = g(X,U)Ce(&, V)W +n(U)Ce(X, V)W
— 9(X, V)Co(U, OW + n(V)Ce(U, X)W — g(X, W)Ce (U, V)E +n(W)Ce (U, V)X | = 0.
Now taking inner product of above equation with £ and then using (2.12), we get
9(X, C(U, V)W) = 0.

Which implies that C.(U, V)W = 0. Hence we can state the following:

Theorem 4.1 An extended quasi-conformally semi-symmetric N (k)-contact metric manifold
is either locally isometric to E"t1 x S™(4) for n > 1 and flat for n = 1 or the manifold is

extended quasi-conformally flat.

§5. Extended Quasi Conformal Pseudo-Symmetric N(k)-Contact Metric Manifold

Definition 5.1 A (2n+1)-dimensional N (k)-contact metric manifold M is said to be extended

quasi conformal pseudo-symmetric if

(R(X,Y) - Co)(U,VIW = L [(X AY) - Ce)(U, V)W, (5.1)

holds for any vector fields X, Y, U, V, We T M, where Lg s function of M. The endomorphism
X NY is defined by
(XAY)Z=g(Y,2)X —g(X, 2)Y. (5.2)

Now we prove the following result:

Theorem 5.1 Let M be a (2n + 1)-dimensional extended quasi conformal pseudo-symmetric
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N (k)-contact metric manifold. Then either Lée =k or the the manifold is n-FEinstein.

Proof Let us consider a (2n + 1)-dimensional extended quasi conformal pseudo symmetric
N (k)-contact metric manifold. Taking Y = ¢ in (5.1), we get

(R(X,€) - CHUVIW = Lg [(X 7€) - Co) (U, V)W]. (53)
By virtue of (5.2) and (2.12), right hand side of above equation becomes

Le [—9(X, Ce(U, V)W)E = n(U)Ce(X.V)W + g(X,U)Ce (&, V)W — n(V)Ce(U, X)W (5.4)

+9(X, V)Ce(Uu §)W —n(W)Ce(U, V)X + Q(Xv W)Ce(Uv V)g]

In view of (2.5), left hand side of (5.3) gives

NU)CAXVIW + g(X,U)Ce(&, V)W —n(V)Co(U, X)W  (5.5)

k[—g(X,Ce(U,V)W)E

+9(X,V)Ce(U, W —n(W)Ce(U, V)X + g(X, W)Ce (U, V)E].
By considering (5.5) and (5.4) in (5.3) with V' = &, we get

(Le, = B)[=9(X, Ce(U, W) = n(U)Co(X-OW + g(X,U)Ce (&, OW (5.6)
~(€)Ce (U, X)W + g(X, )Ce(U, OW — n(W)Ce(U, )X + g(X,W)Ce(U,£)€] = 0.

By using (2.9)-(2.11) in (5.6), we have either (Lg —k) =0 or

Co(U, X)W

[a (k - m> +2b (nk - ﬁ)] (n(W)g(X,U)¢ (5.7)
2n(U)n(X)mW)E +nU)n(W)X + g(X, W)n(U)§ — g(X, W)U}
bln(W)S(X,U)§ — dnkn(U)n(X)n(W)E + n(U)n(W)QX

2nkg(X, W)n(U)§ — (X, W)QU].

+ o+

On contracting (5.7) with respect to U and then using (2.13), we have

S(X, W) = Ag(X, W) + B'n(X)n(W),

where,
1 r(3—4n) / a
A = ———— [2-2n)k —2n)2nkb— ——— (— +2b) — 2rb
a+b(2n —3) [( n)ka+ (6 = 2n)2n 2n+1 (2n+ ) T}’
B o= — Y un—3) (kat2nkb— (5= +2b) ) +26r — 120kb|
a+b(2n —3) 2n+1 \2n

Thus M is a n-Einstein manifold. O
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§6. N(k)-Contact Metric Manifold Satisfying C.(¢, X)- R=0 and C.(£,X) - S =

First we consider an N (k)-contact metric manifold satisfying C. (¢, X) - R = 0. Now it follows
from above condition that

= C.(&, X)R(U, V)Y — R(C.U,V)Y — R(U,C.(¢, X)V)Y — R(U,V)C.(&, X)Y.  (6.1)

By virtue of (2.10) in (6.1), gives

S A

— nO)RX, V)Y —n(X)R(E, )Y] ) (U, X)Y = n(X)R(U,£)Y]
- ()[R, V)X - n(X)R(U, )5]}+b{77( (U, VIV)[QX — 2nkn(X)¢]
= U)RQX, V)Y = 2nkn(X)R(E,V)Y] = n(V)[R(U, QX)Y

= 2nkn(X)R(U, Y] = n(YV)[R(U, V)QX — 2nkn(X)R(U, V)]

} V)X - (X (6.2)

Considering U = ¢ in (6.2), gives

0 = Jo(b- gy ) + 2 (k- 5 )| RE VMK - 008 63)
— [ROXVIY = g(X)R(E VY] = n(V)R(E X)Y = n(X)R(E Y]
(R(
|

— ()[R V)X = n(X)R(E V)EN} + b{n(R(E V)Y)[QX — 2nkn(X)E]
= [RQX, V)Y = 2nkn(X)R(&, V)Y] = n(V)[R(S, QX)Y
— 2kn(X)R(E, Y] —n(Y)[R(S,V)QX — 2nkn(X)R(S, V)E]}-
Taking inner product of (6.3) with respect to £ and then by virtue of (2.5) and (2.6), we

obtain
0="Fkn(Y)[S(V,X)—A"g(V,X) - B"n(V)n(X)], (6.4)

where A” = |52 (£ +26) — 20k — 52| and B = [4nk + 52 — ;or s (& 4 20)).
Since for an N (k)-contact metric manifolds n(Y) # 0, then (6.4) yields either £ = 0 or

S(V,X) = A"g(V, X) + B"n(V)n(X).
This leads us to the following;:

Theorem 6.1 Let M be a (2n + 1)-dimensional N(k)-contact metric manifold satisfying the

condition C. (&,X)-R=0. Then M reduces to n-FEinstein manifold or it is locally isometric to
E" x S™(4) for n > 1 and flat for n = 1.

Next we prove the following result:

Theorem 6.2 Let M be an (2n + 1)-dimensional N (k)-contact metric manifold satisfying
Co(¢,X)- S =0. Then the Ricci tensor S is given by the equation (6.7).—
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Proof Let us consider an N (k)-contact metric manifold satisfying the condition C. (& X)-

S = 0. Then it can be easily seen that
S(Cel&, X)Y, W) + S(Y, Ce(€, X)W) = 0. (6.5)

By virtue of (2.10), it follows from above equation that

0= {a (k - m) +2 <nk - %LH)] ((Y)[S(X, W) — n(X)S(E, W)] (6.6)
+n(W)S(Y, X) —n(X)S(Y, )]} + b{n(Y)[S(QX, W) — 2nkn(X)S(§, W)]

+n(W)[S(Y,QX) — 2nkn(X)S(Y, )1}

On plugging Y = ¢ in (6.6) and making necessary calculation, we have

S(QX, W) =MS(X,Y) + Nn(X)n(W), (6.7)
where,
M = L(iwb)—%—mk
 [2n+1\2n b ’
2nk3a 2nkr a
N = 22— (— 4+2)].
{ L YO R (3, + )}
Hence the proof. O
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§1. Introduction

Approaches to fuzzy boundary value problems can be of two types. The first approach as-
sumes that the derivative in the boundary value problem can be considered as a derivative of
fuzzy function. This derivative can be Hukuhara derivative or a derivative in generalized sense
[1,2,11,12]. The second approach is based on generating the fuzzy solution from crisp solution.
In particular case, this approach can be of three ways. The first one uses the extension principle
[3]. The second way uses the concept of differential inclusion [10]. In the third way the fuzzy
problem is considered to be a set of crisp problem [6,7].

In this paper, the eigenvalues and the eigenfunctions of the homogeneous fuzzy Sturm-
Liouville problem are examined under the approach of Hukuhara differentiability. It is seen
that applied method for this examination is different according to given boundary conditions.
Therefore, the eigenvalues and the eigenfunctions of the problem are examined under the three

different situation and the examples are given for this situations.

82. Preliminaries

In this section, we give some definitions and introduce the necessary notation which will be

used throughout the paper.

1Received June 28, 2017, Accepted February 16, 2018.
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Definition 2.1([11]) A fuzzy number is a function u : R — [0,1] satisfying the following

properties:
i) w is normal;
1) u is conver fuzzy set;

(
(
(4i1) u is upper semi-continuous on R;

(iv) cd{z e R|u(x) > 0} is compact where cl denotes the closure of a subset.

Let Rp denote the space of fuzzy numbers.

Definition 2.2([12]) Let u € Rp. The a-level set of u, denoted , [u]”™, 0 < a < 1, is
[W]* ={z €eRJu(x) > 0}.
If a =0, the support of u is defined
W’ =cl{zr eR|u(z)>0}.

The notation, denotes explicitly the a-level set of w. The notation, [u]® = [u,,Us] de-
notes explicitly the a-level set of u.We refer to u and @ as the lower and upper branches of u,

respectively.
The following remark shows when [u,,, %] is a valid a-level set.

Remark 2.3([11]) The sufficient and necessary conditions for [u,,, W] to define the parametric

form of a fuzzy number as follows:

(1) wu, is bounded monotonic increasing (nondecreasing) left-continuous function on (0, 1]
and right-continuous for a« =0 ,

(49) Uy is bounded monotonic decreasing (nonincreasing) left-continuous function on (0, 1]
and right-continuous for @ = 0,
(#91) uy < U, 0 < a < 1.

Definition 2.4([13]) If A is a symmetric triangular numbers with supports |a,a], the a—level
st of (A" is (41" = [a+ (%52) 0 (%5%) o]

Definition 2.5([12]) For u,v € Rp and A € R, the sum u + v and the product Au are defined
by [u+v]" = [u]® + [v]%, M]® = A[u]®, Ya € [0,1] , where means the usual addition of two
intervals (subsets) of R and X [u]” means the usual product between a scalar and a subset of R.

The metric structure is given by the Hausdorff distance
D:Rp XRF—>R+U{O}, ([10])

by

D (u,v) = sup max{|u, — v,|,|Ua — Tal}-
a€l0,1]
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Definition 2.6([13]) Let u,v € Rp. If there exists w € Rp such that u = v + w, then w is

called the Hukuhara difference of fuzzy numbers u and v, and it is denoted by w = u & v.

Definition 2.7([11]) Let f : [a,b] — Rp and ty € [a,b] . We say that fis Hukuhara differential at
to, if there exists an element f (ty) € Ry such that for all h > 0 sufficiently small, 3f (to + h)©
f(to), f(to) © f (to — h) and the limits

g LTSS ) S lo=h) e

h—0+ h h—0+ h

Here the limits are taken in the metric space (Rp, D).

Theorem 2.8([5]) Let f : I — Rp be a function and denote [f (t)]” = [ia ), f, @], for
each a € [0,1]. If f is Hukuhara differentiable, then ia and f, are differentiable functions and

[ o] =] ®.7.0)

Definition 2.9([9]) Let f: A CR — R be a function. f+ and f~ are not the negative function
defined as

The function f* and f~ are called the positive piece and negative piece of f, respectively.

§3. The Eigenvalues and the Eigenfunctions of the Sturm-Liouville Fuzzy Problem
According to the Boundary Conditions

Let

Ly = p@)y +q(@)y, p (x)=0,
A,B,C,D > 0, A2+ B?+#0and C%+ D? #0.

(I) Consider the eigenvalues of the fuzzy boundary value problem

Ly+ X y=0, x € [a,}] (3.1)
Ay (a) + By (a) =0, (3.2)
Cy (b) + Dy (b) =0. (3.3)

Let be functions ¢_, ¢, @4, ¥, the solution of the fuzzy boundary value problem (3.1)-
(3.3). The eigenvalues of the fuzzy boundary value problem (3.1)-(3.3) if and only if are consist
of the zeros of functions W, (\) and W, (A\) , where ([8])

W, () =W (6,.8,) (#X) =6, (@), (@3~ 6, (#)) 6, (@),
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Wa (A) =W (da,¥a) (2,A) = dg (2,0) ¥ (2, 0) = Y (2, ) g (2, ).
Example 3.1 Consider the fuzzy Sturm-Liouville problem
v+ =0, y(0)=0, y(1)+y (1) =0. (3.4)

Let be A = k2, k >0,
¢ (z,\) = sin (kz)

be the solution of the classical differential equation y” + Ay = 0 satisfying the condition y (0) = 0

" o = (cosb) + 5 Yo+ (s ) = 5 ) in )

be the solution satisfying the condition y (1) =1, 3 (1) = —1. Then,
(6@ = |8, (1), 8o (@, 3)] = [,2 = o] sin (ka) (3.5)

is the solution of the fuzzy differential equation y// + Ay = 0 satisfying the condition y (0) = 0
and

[ (@, ] = [, (@), (@ 0)] = 0,2 = a] ¥ (2,3) (3.6)

is the solution satisfying the condition y (1) = 1, y (1) = —1. Since the eigenvalues of the fuzzy
Sturm-Liouville problem (3.4) are zeros the functions W, (A\) and W, (), W, ()\) is obtained
as

W, (\) = a*{(—kcos (k) —sin (k) sin? (kz) + (ksin (k) — cos (k)) cos (kx) sin (kx) +

+ (—kcos (k) — sin (k)) cos? (kx) — (ksin (k) — cos (k)) cos (kz) sin (kx)}
W, (\) = —a? (kcos (k) + sin (k)

—

and similarly W, ()) is obtained as
Wa(A) = — (2= ) (kcos (k) +sin (k)) .

From here, yields
W_, (X)) =0= kcos(k)+sin(k) =0,

—

Wa (A) =0 = kcos(k)+sin (k) = 0.

Computing the values k satisfying the equation k cos (k) + sin (k) = 0, we have
k1 = 2.028757838, ko = 4.913180439, ks = 7.978665712, ks = 11.08553841, - - -

We show that this values are k,,, n = 1,2,--- Substituing this values in (3.5),(3.6), we
obtain

[P (2)]" = |n,, (), Pna (ZC):| = [, 2 — o sin (k,) ,
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[V (2)]% = | () g ()] = [@,2 — a (sin (kp) — %T“) sin (k,z) .

As
[, 2 — a] (sin (kpx)) T
and N
[, 2 — @] ((Sin (kn) — cosk(kn)) sin (kn:t)> , bn ()]
and [, (x)]" are a valid a—level set. Let be k,x € [(n— 1) m,n7], n=1,2,---

(i) If n is single, sin (k,x) > 0 . Then [¢, (z)]” is a valid a—level set.

(%) If n is double, sin (k,z) < 0. Also, since = € [0,1], k,, € [(n — 1) 7, n7], and according
Coi(f") < 0 for n is double. Then [/, (z)]” is a valid a—level set.

to Fig.1, sin (k) — =52
Consequently, k,z € [(n—1)m,nr|, n=1,2,---

(i) If n is single, the eigenvalues are \,, = k2, with associated eigenfunctions

[yin (2)]% = [0, 2 — o] sin (kna) ,

(i) If n is double, the eigenvalues are \,, = k2, with associated eigenfunctions

[y2n (2)]Y = [0, 2 — ] (sin (kn) — cosk(nkn)) sin (kn) ,

(iii) If a = 1, the eigenvalues are \,, = k2, with associated eigenfunctions

[y (2)]" = sin (kpz) .

. . . . s(k
Fig.1 The graphic of the function f (k) = sin (k) — %
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(IT) Consider the eigenvalues of the fuzzy boundary value problem,

Ly+Xy=0, x € (a,b) (3.7)
Ay (a) = By (a), (3.8)
Cy (b) = Dy (b). (3.9)

6@ M) = [8, @2),8, @3]

is the solution of the fuzzy differential equation (3.7) satisfying the conditions y(a) = B ,
y (a) = A and
[ (2 0] = |8, (.0) ¥ (2, )]

is the solution satisfying the conditions
y(b)=D, y (b)=C.

Hence, the method which is applied for the fuzzy boundary value problem (3.1)-(3.3) is valid
for the problem (3.7)-(3.9).

Example 3.2 Consider the fuzzy Sturm-Liouville problem

’

y +dy=0,y5(0)=0y (1)=y(1). (3.10)

Let A = k2, k > 0. Then,
6 (z, )] = {Qa (€, \), 8., (z, A)] = [@,2 — a] sin (kz) (3.11)

is the solution of the fuzzy differential equation y// + Ay = 0 satisfying the condition y (0) = 0
and

[ (M) = [, (@), (@ 0)] = 0,2 = a] ¥ (2,3) (3.12)

is the solution satisfying the condition 3 (1) = y (1), where
b (2, \) = (cos (k) — #) cos (k) + <sin (k) + C"s‘kﬂ) sin (kz) .

Since the eigenvalues of the fuzzy Sturm-Liouville problem (3.10) are zeros the functions
W, (A\) and W, ()\), we obtained

W, () = —a? (kcos (k) —sin (k)), Wa (A) = — (2 —a)® (kcos (k) — sin (k)).
Computing the values k satisfying the equation k cos (k) — sin (k) = 0, we have
k1 = 4.493409458, ki = 7.725251837, k3 = 10.90412166, k4 = 14.06619391, ...

We show that this values are k,, n = 1,2,---. Substituting this values in (3.11), (3.12),
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we obtain

[6n @) = |9n,, (¥), Fue (0)] = 0,2 = a] sin (kna)
cos (k)

n

[V (2)]" = {w_"a (), ng, (x)] =[a,2 — (sin (kn) + ) sin (k,x) .

Let kpz € [(n—1)m,nn], n=1,2,---

(i) If m is single, sin (k,z) > 0 . Then [¢, (z)]” is a valid a—level set.

(%) If n is double, sin (k,z) < 0. Also, since x € [0,1], k,, € [(n — 1) 7, n7] and according
to Fig.2, sin (k,) + %f") < 0 for n is double. Then [, (x)]” is a valid a—level set.

Consequently, k,xz € [(n—1)m,n7], n=1,2,---

i) If n is single, the eigenvalues are )\, = k2, with associated eigenfunctions
n
[y1n (2)]" = [, 2 — a] sin (kn)
(i) If n is double, the eigenvalues are )\, = k2, with associated eigenfunctions

cos (ky)

n

[Yon (7)) = [, 2 — a] (sin (kn) + ) sin (knz) ,

(iii) If a = 1, the eigenvalues are \,, = k2, with associated eigenfunctions

[y (2)]* = sin (kpz) .

Fig.2 The graphic of the function f (k) = sin (k) + #

(ITI) Consider the eigenvalues of the fuzzy boundary value problem

Ly+ Xy =0, z € (a,b), (3.13)

—Ay(a)+ By (a) =0, (3.14)
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—Cy (b) + Dy (b) = 0. (3.15)

Let be [y]* = [ga,ya} the general solution of the fuzzy differential equation (3.13). From
the boundary condition (3.14)

’

—A {ga (a,N\),7, (a, /\)] + B {ga (a,N),7, (a, )\)] =0.

Using the Hukuhara differentiability, the fuzzy arithmetic and -[y]* = {—ya, —ga}, we
obtained
|47, (a,X) + By, (a,)),~ Ay, (a,)) + BT, (a,\)] = 0.

From here, the equations
— A7, (a,\) + By (a,\) =0 (3.16)

—Ay_(a,\) + B7, (a,\) =0 (3.17)

are obtained. So we can not decompose the lower solution and upper solution. Therefore we
can not find the function ¢_(x,A) satisfying the condition (3.16) and the function Do (2, N)
satisfying the condition (3.17) of the fuzzy differential equation (3.13). Consequently, there is
not the function

6@ M) = [8, @), 80 @3]

satisfying the condition (3.14) of the fuzzy differential equation (3.13). Similarly, there is not

the function

[ @ N = [, @), P (@)

satisfying the condition (3.15) of the fuzzy differential equation (3.13).

Therefore, the method which is applied for the fuzzy boundary value problem (3.1)-(3.3)
is not valid for the problem (3.13)-(3.15).

Example 3.3 Consider the fuzzy Sturm-Liouville problem

’

y +dy=0,y(0)=0,y (1)—y(1)=0. (3.18)

Let be [y]* = [ya,ya} and A = k%, k > 0. Then, the lower and upper solutions of the

fuzzy diferential equation in (3.18) are
y (2,A) = c1 (o) cos (kx) + 2 (a) sin (kz) , (3.19)

Uy (@, A) = ¢3 () cos (kx) 4+ ¢4 (o) sin (kz) . (3.20)

From the boundary conditon y (0) = 0

y, (0,3) =c1(a) =0, Fo (0,)) = c3 () = 0.
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From the boundary conditon ' (1) —y (1) = 0,

Y (L) =T (LX) =0, Ty (1L,A) — g, (1,3) =0

and from here, we obtain the system of equations

y; (L,A) =7, (1,\) = ke (o) cos (k) — cq () sin (k) = 0,
o (1LA) —y_ (1)) = kea (a) cos (k) — ¢z (a) sin (k) = 0.

If
kcos(k) —sin(k) 2 o i _
—sin (k) kcos (k) = koo™ (B) —sin” (k) =0,

there is the non-zero solution of the system of equation. Computing the values k satisfying this

equation, we have

k1 = 2.028757838, ko = 4.493409458, k3 = 4.913180439, k4 = 7.725251837, - - -

We show that this values are k,,, n = 1,2, --- Substituing this values in (3.19), (3.20), we obtain
Y, (@) =c2(a)sin(kn), Ypqo (¥) = ca (o) sin (kpz)

[y ()] = [9,, (@) T ()]

As
9, (@) 07,0 ()
e 2 0, S < Oandy (z) < Tpq (7)),

[yn (x)]" is valid a—level set. Then k,z € [mm, (m + 1)7], m =0,1,---

(z) If m is double, since sin (k,z) > 0, it must be ac;gl) >0, acgéo‘) <0and ¢z (a) < eq (),

(i) If m is single, since sin (k,z) < 0, it must be 8cgéa) <0, ac(;gx) >0 and ¢z (@) > ¢4 ().
Consequently, k,x € [mm,(m+ 1) x|, m=0,1,---
(i) If m is double, the eigenvalues are \,, = k2, with associated eigenfunctions

[y1n (2)]% = [c2 (a) sin (k) ca (a) sin (knz)],

for ¢z (o) and ¢4 (o) satisfying the inequalities 8cgéa) >0, 605(

%) <0 and ¢ (@) < ¢4 ().

(63

(ii) If m is single, the eigenvalues are \,, = k2, with associated eigenfunctions

[y2n (2)]* = [c2 (a) sin (k) cq (o) sin (knz)],

for ¢z (o) and ¢4 (o) satisfying the inequalities 8cgéa) <0, Bcé;(ia) > 0 and ¢z () > ¢4 ().

(u31) If 8cgéa) =0, 8c§éa) =0 and ¢ (@) = c3 = ¢4 = ¢4 (), the eigenvalues are \,, = k2,
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with associated eigenfunctions

[yn (2)]" = sin (knz) .
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Abstract: The purpose of present paper to determine the Finsler spaces due to deformation
of special Finsler («, 3) metrics. Consequently, we obtain the nonholonomic frame with the
help of Riemannian metric o® = a;;(x)y’y’, one form metric 8 = b;(z)y* and Douglas metric
L(a, B) = (a + Ba—z) such as forms

I L(e, ) = af,
52 3
(oc—‘r—)ﬂ:aﬁ—‘r—.
o o

The first metric of the above deformation is obtained by the product of Riemannian metric

IL. L(a, B)

and one form and second one is the product of Douglas metric and 1-form metric.

Key Words: Finsler space, («, 3)-metrics, Riemannian metric, one form metric, Douglas

metric, GL-metric, nonholonomic Finsler frame.
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§1. Introduction

P.R. Holland [1], [2] studies about the nonholonomic frame on space time which was based on
the consideration of a charged particle moving in an external electromagnetic field in the year
1982. In the year 1987, R.S. Ingarden [3] was the first person, to point out that the Lorentz force
law can be written in above case as geodesic equation on a Finsler space called Randers space.
Further in 1995, R.G. Beil [5], [6] have studied a gauge transformation viewed as a nonholonomic
frame on the tangent bundle of a four dimensional base manifold. The geometry that follows
from these considerations gives a unified approach to gravitation and gauge symmetries.

In the present paper we have used the common Finsler idea to study the existence of a
nonholonomic frame on the vertical sub bundle VIM of the tangent bundle of a base manifold
M. In this case we have considered the fundamental tensor field might be the deformation of
two different special Finsler spaces from the («, 3)- metrics. First we consider a nonholonomic
frame for a Finsler space with («, 3)- metrics such as first product of Riemannian metric and 1-

form metric and second is the product of Douglas metric and 1-form metric. Further we obtain

1Received August 2, 2017, Accepted February 20, 2018.
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a corresponding frame for each of these two Finsler deformations. This is an extension work of
Toan Bucataru and Radu Miron [10], Tripathi [14, 16] and Narasimhamurthy [15].

82. Preliminaries

An important class of Finsler spaces is the class of Finsler spaces with(c,3)-metrics [11].

Definition 2.1 A Finsler space F™ = {M, F(x,y)} is called with («,5)-metric if there exists a
2-homogeneous function L of two variables such that the Finsler metric F' : TM — R is given
by

F*(z,y) = L{a(z,y), Bz, y)}, (2.1)

where &®(z,y) = a;;(2)y'y?, a is a Riemannian metric on the manifold M, and B(z,y) = b;(z)y*

is a 1-form on M.

The first Finsler spaces with («,3)—metrics were introduced by the physicist G. Randers
in 1940, are called Randers spaces [4]. Recently, R.G. Beil suggested a more general case by
considering, a;;(x) the components of a Riemannian metric on the base manifold M, a (z,y) > 0
and b (z,y) > 0 Two functions on TM and B (z,y) = B; (z,y) (dz*) a vertical 1-form on TM.
Then

9ij(x,y) = a(z,y)ai;(v) + b(z,y) Bi(z,y) Bj(,y).

Now a days the above generalized Lagrange metric is known as the Beil metric. The metric
tensor g;; is also known as a Beil deformation of the Riemannian metric a;;. It has been studied
and applied by R. Miron and R.K. Tavakol in General Relativity for a(x,y) = exp(20(z,y))
and b = 0. The case a(x, y) = 1 with various choices of b and B; was introduced and studied
by R.G. Beil for constructing a new unified field theory [6]. Further Bucataru [12] considered
the class of Lagrange spaces with («,()-metric and obtained some new and interesting results
in the year 2002.

A unified formalism which uses a nonholonomic frame on space time, a sort of plastic defor-
mation, arising from consideration of a charged particle moving in an external electromagnetic
field in the background space time viewed as a strained mechanism studied by P. R. Holland.
If we do not ask for the function L to be homogeneous of order two with respect to the (a,3)
variables, then we have a Lagrange space with («,3)-metric. Next we defined some different
Finsler space with («,3)-metrics.

1 0%F%
2 9y 0y
into account the homogeneity of o and F' we have the following formulae:

Further consider g;; = the fundamental tensor of the Randers space(M,F). Taking

il a5 Oa
p _ay - ayj7 pl_ Z]p _8yz7

1. iy . 0L

ll = —y'=g¥ —ll = i‘l] = e R bi, 2.2
TV =9 gt =96l = 55 + (2.2)

1 , , ,
"= =p“l'l; =p'p; = 1;U'p; = g;plli =

L'
L L o’
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B B
biPl = —,bzlZ = —
o} L
with respect to these notations, the metric tensors a;; and g;; are related by [13],
L 1] L
gij(x,y) = ~aij + bl + Pibj — —pipj = E(aij — pip;) + lil;. (2.3)

Theorem 2.1([10]) For a Finsler space (M,F) consider the metric with the entries:

i o i a
V=30 -t ) (2.0

defined on TM. Then Y; = in(a?ﬂ)’ 7€1,2,3,---,n is a nonholonomic frame.

Theorem 2.2([7]) With respect to frame the holonomic components of the Finsler metric tensor
aqp 15 the Randers metric g;j, i.e,
9ij = Y'Y augs. (2.5)

Throughout this section we shall rise and lower indices only with the Riemannian metric
a;;(z) that is y; = a;;y7, 8* = a*b;, and so on. For a Finsler space with (a,3)-metric F?(z,y) =
L{a(z,y), B(z,y)} we have the Finsler invariants [13].

_ior 1oL 1 PL. 1 PL_10L 2.6)
p1_2a8a’p0_2862’p71_2aaa66’p72_2a2 0?2 o da’’ ’

where subscripts 1, 0, -1, -2 gives us the degree of homogeneity of these invariants.

For a Finsler space with («, 3)-metric we have
p_18+ p—2a® =0 (2.7)

with respect to the notations we have that the metric tensor g;; of a Finsler space with (o,3)-

metric is given by [13]
9ij(x,y) = paij(x) + pobi(x) + p_1{bi(x)y; + bj(x)yi} + p—2viy;- (2.8)

From (2.8) we can see that g;;is the result of two Finsler deformations

1
I aij — hij = pai; + P (p—1bi + p—2yi)(p—1b; + p—2y;),
-2

1
IT.  hij — gij = hij + E(pop,l — p%1)bib;. (2.9)

The nonholonomic Finsler frame that corresponding to the I** deformation (2.9) is accord-

ing to the theorem (7.9.1) in [10], given by

_ g 2 _ _
Xj = vpd; - @{x/ﬁ +y/p+ %}(pflbz + p—2y")(p-1b; + p—2y;), (2.10)
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where B? = a;;(p-1b" + p_ay")(p-1b; + p_2y;) = p> 1b* + Bp_1p_a.

This metric tensor a;; and h;; are related by
hij = XFXjan. (2.11)

Again the frame that corresponds to the I, 4 deformation (2.9) given by

i i 1 p—2C i,
Yj = 6j — E{lﬂ: \/1+ (7)}1) iy (2.12)

pop—2 — P>y

where C? = h;;b'b) = pb® + p—;(p,le + p_23)2.

The metric tensor h;; and g;; are related by the formula

Gmn = Y,E YT hyj. (2.13)

Theorem 2.3([10]) Let F?(z,y) = L{a(x,y), 8(z,y)} be the metric function of a Finsler space
with («,) metric for which the condition (2.7) is true. Then

i _ yiyk
Vi = XiY;

is a nonholonomic Finsler frame with X and ij are given by (2.10) and (2.12) respectively.

§3. Nonholonomic Frames for Finsler Space with Deformed (a, 8) Metric

In this section we consider two cases of nonholonomic Finlser frames with special («, 3)-metrics,
such an I** Finsler frame product of Riemannian metric, one form metric and I1™? Finsler frame

product of Douglas metric and 1-form metric.

3.1 Nonholonomic Frame for L = af

In the first case, for a Finsler space with the fundamental function L = o the Finsler invariants
(2.6) are given by

154
= _— =0
P1 20" Po ’
1 B
P = o P27 e
1
2 212 2
B = 4a4(a b — B°). (3.1)

Using (3.1) in (2.10) we have

4 4
~ s 4a262 [\/7 [3-1a ﬁ] ) (3.2)
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Again using (3.1) in (2.12) we have

| 2502 it
Vi =8 - ml{1Ey1+ 10D, (3.3)

where C% = 2202 — b= (a2b? — %)%

Theorem 3.1 Let L = af be the metric function of a Finsler space with (a, ) metric for
which the condition (2.7) is true. Then

i _ yivk
Vi = X1y,
is nonholonomic Finsler Frame with X}, and ij are given by (3.2) and (3.3) respectively.

2 3
3.2 Nonholonomic Frame for L = (o + 6—)6 =af+ 6—
o

In the second case, for a Finsler space with the fundamental function L = (a+ %2) 8 =af+ %3

the Finsler invariants (2.6) are given by

_ Ble? =57 _ 36
P11 = 2(13 B Po = o 5
-3 3 —a?8
Pt = Taas 0 PR T oas
a2_362 0421)2—52
B2 = | )4628 ). (3.4)

Using (3.4) in (2.10) we have

ﬁz a _ 352 ﬁz
\/ 404662 \/

pla? - 62 250 i B
+\/ (a2a3 )+ (352a_ 70" - a2y (b = —5u5)- (3.5)
Again using (3.4) in (2.12) we have,

’ i 1 afBC? i
V=8 el 1+ g, (3.6)

where 02 — 5(0122(1—352)()2 3 g g (a2b? — 32)2.

Theorem 3.2 Let L = (a + %2)6 = qaf + %3 be the metric function of a Finsler space with
(a,3) metric for which the condition (2.7) is true. Then

i _ yiyk
Vi = xi;

is monholonomic Finsler Frame with X} and ij are given by (3.5) and (3.6) respectively.
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84. Conclusions

Nonholonomic frame relates a semi-Riemannian metric (the Minkowski or the Lorentz metric)
with an induced Finsler metric. Antonelli and Bucataru ([7], [8]) has been determined such a
nonholonomic frame for two important classes of Finsler spaces that are dual in the sense of
Randers and Kropina spaces [9]. As Randers and Kropina spaces are members of a bigger class
of Finsler spaces, namely the Finsler spaces with («,3)-metric, it appears a natural question:
does how many Finsler space with(a,3)-metrics have such a nonholonomic frame? The answer
is yes, there are many Finsler space with (a, §)-metrics.

In this work, we consider the Douglas metric, Riemannian metric and 1-form metric we
determine the nonholonomic Finsler frames. But, in Finsler geometry, there are many(«, 3)-

metrics in future work we can determine the frames for them also.
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Abstract: In this paper we find out the homology of a type of octahedron with six vertices,
twelve edges and eight faces and have shown that it is analogous with the homology of a
chain complex 0 — R% — R!? — R® — 0 and also find out the singular homology and

the Euler characteristic of this type of octahedron which is equal to > dimpg(Hn(S)), where
n=0

S is a octahedron.
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81. Introduction

Homology classes were first defined rigorously by Henri Poincaré in his seminal paper “Analysis
situs” in 1895 referring to the work of Riemann,Betti and von Dyck. The homology group was
further developed by Emmy Noether [1] and, independently, by Leopold Vietoris and Walther
Mayer [2] in the period 1925-28.

In mathematics (especially algebraic topology and abstract algebra), homology is a certain
general procedure to associate a sequence of abelian groups or modules with a given mathemat-
ical object such as a topological space or a group. So, in algebraic topology, singular homology
refers to the study of a certain set of algebraic invariants of a topological space X, the so-called
homology groups H,,(X). Intuitively spoken, singular homology counts, for each dimension n,
the n-dimensional holes of a space.

The abstract algebra invariants such as ring,field were used to make concept of homology
more rigorous and these developments give rise to mathematical branches such as homological
algebra and K-Theory.

Homological algebra is a tool used to prove nonconstructive existence theorems in algebra
(and in algebraic topology). It also provides obstructions to carrying out various kinds of
constructions; when the obstructions are zero, the construction is possible. Finally, it is detailed
enough so that actual calculations may be performed in important cases.

Let f and g be matrices whose product is zero. If g.v = 0 for some column vector v, say,
of length n, we can not always write v = f.u for some row vector u. This failure is measured
by the defect

d=n—rank(f) —rank(g).

1Received August 4, 2017, Accepted February 23, 2018.
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Let R be a ring and let U, V and W be the modules over R. In modern language, f and g

represent linear maps

U Vv g w

with gf = 0, and d is the dimension of the homology module

H = ker(g)/f(U)

Given an R-module homomorphism f : A — B, one is immediately led to study the

kernel ker f and image imf. Given another map g : B — C, we can form the sequence

A—1 B—2 0, (1)

where A, B and C are the modules over R. We say that such a sequence is exact (at B) if
ker(g) = im(f). This implies in particular that the composite gf : A — C is zero and finally

brings our attention to sequence (1) such that gf = 0.

The word polyhedron has slightly different meanings in geometry and algebraic geometry.
In elementary geometry, a polyhedron is simply a three-dimensional solid which consists of a
collection of polygons, usually joined at their edges. In [4], S. Dey et al. studied homology of
a type of heptahedron. Here we consider polyhedron octahedron with eight faces, six vertices

and twelve edges.

In this paper, first we find out that homology of a type of octahedron is analogous to
the homology of a chain complex, 0 — R” — R'? — R7 — 0 and we also find out the
matrices of this complex. Next we show computationally, Ha(S) = H(S) 2 R and H1(S) =0

and the Euler characteristic of this type of octahedron which is equal to > dimp(Hy(S)).

n=0

82. Homology of a Octahedron

We can obtain a chain complex from a geometric object. We refer to the Weibel’s book [3] for

some details of the construction. We illustrate it with a octahedron S in Fig.1 following.

Fig.1
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Level the vertex set of S as V' = {v1, va, v3,v4, U5, U6 } and then the twelve edges e, €23, €34,

€41, €15, €25, €35, €45, €16, €26, €36, €46, Where e;j=e;; for 4,7 =1,2,3,4,5,6 can be ordered as

E = {{1}1,’02}, {1)2,’03}, {’037’04}7 {’047’01}7 {vla 1)5}, {v2a 1)5},

{vs, vs}, {va, v5}, {v1,v6}, {va, v6}, {vs, ve }, {va,v6}}

and seven faces f1, fo, f3, fa, f5, f6, f7, fs can be ordered as

F = {{U17U27U5}7{U27U37U5}7{U37U47U5}7

{U47U17U5}7 {'U17U27 Uﬁ}a {'U2u U3, Uﬁ}a {'U4u U1, UG}}-

Let R be a ring and let C;(S) be the free R-module on the set V, E, F, respectively. Define
maps Jy, 01, 02: F' — FE by removing the first, second, and third vertices, respectively except
first face for each map. For the first face we define each map in such a way so that we can

construct the homology. So, dy, 01, 02 are given by

o :f1 — eas 01 :f1 — e1s Oz :f1 — e12
Ja — e3s5 Ja — eas Ja — ea3
f3 — eus f3 — e3s5 f3 — €3
Ja— es fa — eus Jfi— eq
fs — €26 fs — e fs — e12
fo — €36 Jo — €26 fo — ea3
Jr — eus Jr — es6 fr— e3
Jr— e fr— e fr—en

The set maps 0; yield £ + 1 module maps Cp, — Cy_1, which we also call 0;, their
alternating sum d; = ¥(—1)%9; is the map Cy, — Cx_1, where (0 < i < k < n) in the chain
complex C. We can then define the map

dy =00 — 01+ 0r: Cy — Cy,
which is given by

f1 — ea5 —e15 +e12
fo — e35 — eas + €23
f3 — eq45 —e35 +e34
fa— e15 —ea5 +eq
f5 — €26 — €16 + €12

fe — e36 — ea6 + €23
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fr — es6 — €36 + €34

fs — e16 — €46 + €1

We can define maps dy,01 : E — V by removing the first,

Therefore we have

o :€12
€23
€34
€41
€15
€25
€35
€45
€16
€26
€36

€46

— Vg
— Vg
— U4
— U1
— Vs
— Vs
— Vs
— Vj
— Vg
— Vg
— Vg

— Vs

We can define map d; = 9y — 07 from

€12
€23
€34
€41
€15
€25
€35
€45
€16
€26
€36

€46

81 €12
€23
€34
€41
€15
€25
€35
€45
€16
€26
€36

€46
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second vertices, respectively.

— U1
— Vg
— Vg
— U4
— U1
— Vg
— Vg
— U4
— U1
— Vg
— Vg

— U4

C1 to Cpy, and it is given by

— Uy
— V3
— U4
— U1
— Vj
— Vj
— Vj
— Vs
— Vg
— Vg
— Vg

— Vs

—
— g
—vs
_—
—
— g
— 3
_—
— v
— g
— 3

— vy

By viewing Cyp = R®, C; = R', and C; = R®, the maps d; and dy are given by the
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following matrices

10 0 1 -1 0 0 0 -1 0 0 0 |
1 -1 0 0 0 -1 0 0 0 -1 0 0
R A
o 0 1 -1 0 0 0 -1 0 0 0 -1
o 0 0 0 1 1 1 1 0 0 0 0
0o 0o 0 0 0 0 0 0 1 1 1 1 |
and ) )
1 0 0 0 1 0 0 0
o 1 0 0 0 1 0 0
o 0 1 0 0 0 1 0
o 0 0 1 0 0 0 1
10 0 1 0 0 0 0
| Tt 0o 0 0 0 0 0
0O 1 -1 0 0 0 0 0
0 0 1 -1 0 0 0 0
o 0 0 0 -1 0 0 1
o 0 0 0 1 -1 0 0
0o 0 0 0 0 1 -1 0
0 0 0 0 0 1 1 -1|

Because dids is easily computed to be zero matrix, the sequence

d2 dl

O

Cl OO — 0

is a complex. We compute the homology V,,(S) of this complex with the help of Matlab. By

Finding the column space of di, we find im(d;). This space has a basis consisting of the vectors
{(-1,1,0,0,0,0), (0,-1,1,0,0,0),(0,0,-1,1,0,0),(-1,0,0,0,1,0),(—1,0,0,0,0,1) }.
We note that by adding (0,0,0,0,0,1) that we get a basis for R®. Therefore
Cy/im(d;) = R.

Thus

~

Vo(S) =
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Now, ker(d;) has a basis

(]" 17 ]" 17 ]" 17 ]‘)’
(]‘507 O’ 170507 ]‘)’

(0,0,1,0,0,0,0),

(O, 07 O, 07 O, 17 O),
Again, im(dy) has a basis

{(1,0,0,0,0,0,0,0),
(0,0,1,0,0,0,0),
(0,0,0,0,1,0,0),
(0,0,0,0,0,0,1),

(-1,0,0,1,-1,0,0),

(0,1,-1,0,0,0,—-1),

(0,—1,-1,-1,0,0,0), (0,1,0,0,0,0,0,0),

(07050705_15_15_1)5 (0705070517050)7

(17 O’ 17 ]" 07 ]" 1)7
(17 O’ 07 O’ 07 O’ 0)7

(0,0,0,1,0,0,0),

(0,0,0,0,0,0,1)

(0,1,0,0,0,0,0),
(0,0,0,1,0,0,0),
(0,0,0,0,0,1,0),
(0,0,0,0,—-1,—-1,-1)
(1,-1,0,0,0,-1,0),
(0,0,1,-1,1,1,1)}
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If u; are the basis vectors of ker(d; ),then the following vectors of im(ds) can be constructed

in the following way:

~1,0,0,1,-1,0,0) is
1,-1,0,0,0,—1,0) is
0,1,-1,0,0,0,—1) is
0

(
(
(0,1

(0,0,1,—-1,1,1,1) s

U9 — Ug + U1z + w10 + U11,
Ug — U — UL1,
Ug — U7 — U2 and

U7 —ug + Ui + U2 + U11.

The rest of the elements of im(dz) can be found in ker(dy).

Thus we see that im(dz) = ker(d;). Therefore, V;1(S) = 0. Finally, ker(dz) has a basis of

one element {(—1,-1,—1,—1,1,1,1,1)}. So, V5(S) = kerdy = R. To summarize, the singular

homology V,,(S) of the Octahedron is

Vo(S) =
Vi(s) =
Va(S) =

Va(S) =R,
0,
0 if n>3.

The Euler characteristic is a fundamental invariant for the classification of surfaces, so it is

particulary useful that it can be calculated with homological algebra. The Euler characteristic
of such surface H is v — e + f, where v is the number of vertices, e is the number of edges and

f is the number of faces. Now, the Euler characteristic of octahedron is 2, which is equal to

> dimpg(V,(S)). This is the same as the Euler Characteristic of a sphere as a octahedron is

n=0
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homeomorphic to a sphere, so it is homotopic to a sphere.

83. Conclusion

One can find the homology of other polyhedron like prism, decahedron etc.
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Abstract: A new graph characteristic, even modular edge irregularity strength of graphs is
introduced. Estimation on this parameter is obtained and the precise values of this parameter
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§1. Introduction

Let G = (V, E) be a simple graph, having at most one isolated vertex and no component of
order 2. A map that carries vertex set (edge set or both) as domain to the positive integers
{1,2,--- ,k} is called vertex k-labeling (edge k-labeling or total k-labeling). Well-known param-
eter irregularity strength of a graph introduced by Chartrand et al. [6]. A simple graph G
is called irregular if there exists an edge k-labeling A : E(G) — {1,2,---,k} such that the
weight of a vertex v under the labeling defined by wy(v) = > A(uv), are pairwise distinct. The
minimum value of k, for which G is irregular, called irregularity strength of G denoted by s(G).

The parameter irregularity strength of a graph is attracted by numerous authors. Aigner
and Triesh [1] proved that s(G) < n—1if G is a connected graph of order n, and s(G) < n+1
otherwise. Nierhoff [15] refined their method and showed that s(G) < n — 1 for all graphs with
finite irregularity strength, except for K3. This bound is tight e.g. for stars. In particular
Faudree and Lehel [8] showed that if G is d-regular (d > 2), then [24=1] < 5(G) < [2] +9,
and they conjectured that s(G) < [%W + ¢ for some constant ¢. Przybylo in [16] proved that
s(G) < 165 + 6. Kalkowski, Karonski and Pfender [12] showed that s(G) < 6% + 6, where §
is the minimum degree of graph G. Currently Majerski and Przybylo [13] proved that s(G) <
(44 0(1))% 4 4 for graphs with minimum degree 6 > y/nInn. Other interesting results on the
irregularity strength can be found in [3, 4, 5, 7, 9]. For recent survey of graph labeling refer
the paper [10].

1Received April 18, 2017, Accepted February 25, 2018.
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Ali Ahmad et al.[2] introduced edge irregularity strength of a graph as follows: Consider
a simple graph G together with a vertex k-labeling x : V(G) — {1,2,---,k}. The weight
of an edge zy in G, denoted by wt(zy) = x(z) + x(y). A vertex k-labeling is defined to be
an edge irregular k-labeling of the graph G if for every two different edges e and f there is
wt(e) # wt(f). The minimum & for which the graph G has an edge irregular k-labeling is called
the edge irregularity strength of G, denoted by es(G). The lower bound of es(G) was given by
the following inequality

es(G) = max{ {E(Gﬁ)—i—l-‘ ,A}
where A is the maximum degree of graph G. Ibrahim Tarawneh et al. [11], determined the
exact value of edge irregularity strength of corona graphs of path P, with P», P, with K; and
P, with S,,.

Martin Baca et al. [14] introduced modular irregularity strength of a graph. An edge
labeling ¢ : E(G) — {1,2,-- -, k} is called modular irreqular k-labeling if there exists a bijective
weight function o : V(G) — Z,, defined by o(x) = > ¢(ay) called modular weight of the vertex
x, where Z,, is the group of integers modulo n and the sum is over all vertices y adjacent to
2. They defined the modular irregularity strength of a graph G, denoted by ms(G), as the
minimum k for which G has a modular irregular k-labeling.

Motivated by the edge irregularity strength of graphs we introduce a new parameter,
an even modular edge irregularity strength of graph, a modular version of edge irregularity
strength.

Let G = (V, E) be a (n, m)-graph together with a vertex k-labeling p : V(G) — {1,2,--- , k}.
Define a set of edge weight W = {wt(uv) : wt(uv) = p(u) + p(v),V uv € E}. Vertex labeling
p is called even modular edge irreqular labeling if there exists a bijective map ¢ : W — M
defined for each edge weight wt(uv) there corresponds an element x € M such that wt(uv) = z
(mod 2m), where M = {0,2,4,---,2(m — 1)}. We define the even modular edge irregularity
strength of a graph G, denoted by emes(G), as the minimum k for which G has an even modular
edge irregular labeling. If there doesn’t exist an even modular edge irregular labeling for G, we
define emes(G) = co. Generally, if M = {0,p,2p,---,(m — 1)p} for a prime number p, such a
modular edge irregular labeling is called a Smarandache p-modular edge irregular labeling and
the minimum & for which G has a Smarandachely p-modular edge irregular labeling is denoted
by emes?(G). Clearly, emes?(G) = emes(G).

The main aim of this paper is to show a lower bound of the even modular edge irregularity

strength and determine the precise values of this parameter for some families of graphs.

82. Main Results

Following theorem gives the lower bound of even modular edge irregularity strength of a graph.

Theorem 2.1 Let G be a (n,m)-graph. Then emes(G) > m.

Proof Let G be a (n,m)-graph together with an even modular edge irregular labeling
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p:V(G) = {1,2,--- ,k}. Consider the even edge weights of G, there should be an edge e such
that wt(e) =0 (mod 2m). Since the weight of e must be at least 2m, emes(G) > m. i

Lemma 2.1 Let (di,da,- - ,d,) be the degree sequence of a graph G and let (I1,ls,...,1,)
be the corresponding vertex labels of an even modular edge irreqular labeling of G. Then the
sum of all the edge weights denoted as S is equal to the sum of the product of degree with its
corresponding labels, that is,

ecE

Lemma 2.2 In any even modular edge irreqular labeling of C.,, labels of all vertices are of same
parity.

Proof By definition, weight of an edge is sum of the labels of its end vertices. To obtain

an even edge weight, both the labels must be either odd or even, and hence all the vertex labels

of C), are of same parity. O

Theorem 2.2 Let C, be a cycle of order n > 3. Then

n+1, ifn=0 (mod4),

, fn=1 d4),

emes(Cy) n if n (mod 4)
n+2, ifn=3 (mod4),
00, ifn=2 (mod 4).

Proof Let V(Cy,) = {v; : i = 1,2,--- ,n} be the vertex set and let E(C),) = {e; =
vivi+1 1 4 = 1,2,--- ,n} be the edge set of the cycle C,,. Define the vertex labeling p : V —
{1,2,--- ,n+ 2} as follows:

plv) =2i-1,1<i< |7]
If n=0,1 (mod 4), then, for 1 <i < %],

2¢—1, 1iisodd
p(Vnt1-i) =q -
20+ 1, 1iiseven

If n =3 (mod 4), then for 2 < i < [%],

2i—1, 1iisodd
p(Vnt2—i) = N
20+ 1, 1iiseven

We can easily check that the above labeling p, is an even modular edge irregular labeling
of C,,. Thus,
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n+1, ifn=0 (mod 4)
emes(Cp) < ¢ n, ifn=1 (mod 4)
n+2, ifn=3 (mod4)

Now let us find the lower bound of emes(C,,) as follows:

Case 1. Supposen =0 (mod 4). Consider the set of even edge weights W(C,,) = {2,4,6,-- -,
2n}. To obtain the weight 2 for an edge, we must assign label 1 to both of its end vertices, and
hence all the vertices of C),, must receive odd labels by Lemma 2.2. Since the heaviest weight
is 2n, emes(Cy) > n + 1.

Case 2. Suppose n =1 (mod 4). By Theorem 2.1, emes(C,,) > n.

Case 3. Suppose n =3 (mod 4). Assume that the cycle C,, has the set of even edge weights

W(C,) = {2,4,---,2n}, then % is even, where S is the sum of the weights. Since the least

weight is 2, by Lemma 2.2 all the vertex labels of C;, must be odd and hence Y. l; is odd,

which is a contradiction to 37 l; = 2

Assume that C,, has the set of even edge weights W(C,,) = {4,6,---,2n + 2}. Now the
sum of the labels,

by Lemma 2.1.

zn:l-—ﬁ— (n+1)(n+2)_1
1211_2_ 2

is odd and hence each label must odd. Heaviest weight 2n + 2 can be obtained by assigning the
label at least m + 2. Thus, emes(C,) > n + 2.

Case 4. Suppose n =2 (mod 4). If the cycle C,, has an even modular edge irregular labeling,
then the sum of the edge weights S = 2 (mod 4), and hence % is odd. When n = 2 (mod 4),

sum of the labels Y-, I; is even, which is a contradiction to Y- | I; = 5. Thus, emes(Cy) = oo,

if n =2 (mod 4). O
Theorem 2.3 Let P, be a path of order n > 2. Then

n, if mis odd

n—1, if nis even.

Proof Let V(P,) = {v; :i=1,2,--- ,n} be the vertex set and let E(P,) = {e; = v;vi41 :
1 =1,2,--- ,n} be the edge set of the path P,.
Define the vertex n-labeling 6 : V' — {1,2,--- ,n} as follows:

For 1 <i<n,

i, iis odd

1—1, 1iiseven.

Clearly, 0 is an even modular edge irregular labeling of P,. Thus, the upper bound of
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emes(P,) can be obtained as follows:

n, if n is odd
emes(P,) <
n—1, if nis even.

Let us find the lower bound of emes(P,).

Case 1. Assume that n is odd. Consider the optimal even edge weight W(P,) = {2,4, -,
2(n — 1)}. Since the least weight is 2, all the vertices of P,, must receive odd labels. To obtain
the heaviest weight 2(n — 1), we must assign vertex label at least n. Thus, emes(P,) > n.

Case 2. Assume that n is even. In this case, the lower bound can be obtain directly from
Theorem 2.1. O

Theorem 2.4 Let K1, be a star graph of order n+1,n > 1. Then emes(K1,,) = 2n — 1.

Proof Let V(Ki,) = {z,v; : i = 1,2,--- ,n} be the vertex set and let E(K1,) = {e; =
av; i =1,2,---,n} be the edge set of the path K ,,.
Define the vertex labeling Ay : V' — {1,2,--- 2n — 1} as follows:

)\1(.%) = 1,

)\1(’01) :2Z—1,1 SZS?’L

From the above even modular edge irregular labeling A;, upper bound of emes(K; ) is
obtained as follows, emes(K; ) < 2n — 1.

Consider the optimal even edge weights W (K7 ,) = {2,4,...,2n}. Since the least weight
is 2, the vertex x must be label with 1. To obtain the heaviest weight 2n, we must assign label

at least 2n — 1 to other end vertex. Thus, emes(K7 ) > 2n — 1. Hence the theorem. O

Theorem 2.5 Let Ko ,, be the complete bipartite graph of order n+2,n > 2. Then emes(Ks ) =
2n + 1.

Proof Let V(Ka.,) = {z,y,v; : i = 1,2,--- ,n} be the vertex set and let E(K2,) =
{zvi,yv; 11 =1,2,--- ,n} be the edge set of the complete bipartite graph Ko ,,.
Define the vertex labeling Ay : V' — {1,2,--- 2n + 1} as follows:

Xe(x) =1, Xo(y)=2n+1

)\2(’01) :2Z—1,1 SZS?’L

From the above even modular edge irregular labeling A2, upper bound of emes(Ks ) is
obtained as follows: emes(Ks,) < 2n + 1.

Consider the even edge weights of K ,, as 2,4, -- - ,4n. Since the least edge weight is 2, all

the vertices must receive odd labels. Therefore, we must assign label at least 2n 4 1, to obtain
the heaviest weight 4n. Hence emes(K2,) > 2n + 1. O

A rectangular graph R,, n > 2, is a graph obtained from the path P,; by replacing each
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edge of the path by a rectangle Cy. Let
V(Ry)={viri=1,2,--- 2n}| fu;:j=1,2,--- ,n+1}
be the vertex set and let

E(Rn) = {’Ugi_l’l)gi 1= 1,2, s ,n} U{uiui_H 1= 1,2, cee ,n}
U{’Ugi_lui 1= 1,2,"- ,n}U{’l)gi_gui Zi:2,3,"' ,7’L+1}

be the edge set of the the rectangular graph R,,. The following theorem gives the precise value

of even modular edge irregularity strength of rectangular graph.

Theorem 2.6 Let R, be a rectangular graph of order 3n+1, n > 2. Then emes(R,,) = 4n+ 1.

Proof Define the vertex labeling av: V — {1,2,--- ,4n + 1} as follows:

alv;)) =2i—1,1<14 < 2n,

afu;))=4i—3,1<i<n+1.

Upper bound emes(R,,) < 4n + 1 can be obtained from the above labeling a.

Consider the even edge weights of R, as 2,4,---,8n. Since the least weight is 2, all the
vertex labels must be odd. Therefore, we must assign label at least 4n+1, to obtain the heaviest
weight 8n. Hence, emes(R,,) > 4n + 1. |

Theorem 2.7 Let tPy, t > 1, denote the disjoint union of t copies of path Py. Then
emes(tPy) = 3t.

Proof Let V(tPy) = {u;; : 1 < i < t,1 < j < 4} be the vertex set and let E(tPy) =
{uinuia, wigu;z, uizug ;1 < i <t} be the edge set of tPy. Define the vertex labeling 5 : V —
{1,2,---,3t} as follows:

Buir) = Bluse) =31 —2,1 <1< t,
Bluiz) = Blua) =3i, 1 <i <t
Clearly, (8 is an even modular edge irregular labeling of ¢P; and hence emes(tPy) < 3t.

The lower bound emes(tP;) > 3t can be obtained directly from Theorem 2.1. Hence, we get
that emes(tPy) = 3t. m|

Theorem 2.8 Let tCs3, t > 2, denote the disjoint union of t copies of cycle Cs3. Then
emes(tCs) = 3t + 2.

Proof Let V(tCs) = {v;; : 1 < i < ¢,1 < j < 3} be the vertex set and let E(tC3) =
{vi1via, Vi2vi3, v1v3 + 1 < i < t} be the edge set of tC5. Define the vertex labeling 6 : V —
{1,2,---,3t + 2} as follows:

. =1 3, i=1
9(1)1'1) = 9(1)1'2) =3i+ 2,1 S ) S t, and 9(1)1'3) =
3t, 2<i<t, 3i+1, 2<i<t,
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Clearly, 0 is an even modular edge irregular labeling of tP, and hence emes(tC3) < 3t + 2.
Consider the optimal edge weights of tCs as 4,6,8,---,6t + 2. Since any two adjacent
vertices of tC3 can not receive the same labels, we must assign label at least 3¢t 4+ 2 to get the
heaviest label 6t + 2. Hence, emes(tCs) > 3t + 2. O

Ladder graph L, = K3 x P,,n > 3 is formed by taking two isomorphic copies of P, and
joining the corresponding vertices by an edge. Let V = {u;,v; : 1 < i < n} be the vertex set
and let

E:{uiulﬂ:lgign—l}U{vile:lgign—l}U{uivizlgiSn}

be the edge set of L,,. The following theorem gives the precise value of even modular edge
irregularity strength of ladder graph.

Theorem 2.9 Let L, = Ko X P,,n > 3 be the ladder graph. Then

3n—2, ifnis odd,
emes(Ly) = /
3n—1, if nis even.

Proof Defined the vertex labeling ¢ : V' — {1,2,--- ,3n — 1} as follows:

3i — 2, if i is odd .
o(u;) = 1<i<n,
3i— 3, if i is even

3i— 2, if iis odd .
P(v;) = 1<2<n.
3i—1, if i is even.

Clearly, ¢ is an even modular edge irregular labeling of L,, and hence

3n —2, if nis odd,
emes(Ly) <

3n —1, if nis even.

Lower bound emes(Ly) > 3n — 2, can be obtained directly from Theorem 2.1, when n is
odd.

Suppose n is even. Consider optimal edge weights of L,, as 2,4,--- ,6n —4. Since L,, has a
span cycle, all the vertices of L,, must receive the labels of same parity. Furthermore, to obtain
the edge weight 2, the corresponding end vertices must be label 1, and hence all the labels must
be odd. Thus emes(L,) > 3n — 1. Hence the theorem. m

§3. Conclusion

In this paper we introduced a new graph parameter, the even modular edge irregularity
strength, emes(G), as a modular version of edge irregularity strength. We determined the exact
value of even modular edge irregularity strength of some families of graphs and a lower bound

of emes is obtained. However, the determination of upper bound is still open.
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Abstract: In the present paper we have studied the Finslerian hypersurfaces and quartic
change of a Finsler metric. The relationship with Finslerian hypersurface and the other which
is finslerian hypersurface given by quartic change have been obtained. We have also proved
that quartic change makes three type of hyper surfaces invarient under certain condition.

These three type of hyper surfaces are hyperplanes of first, second, and third kind.
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§1. Introduction

Let (M™, L) be an n- dimensional Finsler space on a differential Manifold M™, equipped with
fundamental function L(z,y). In 1984 C. Shibata [11] introduced the transformation of Finsler

metric:

L*(x,y) = f(L, B), (1.1)

where 3 = b;y’, b;(z) are the components of a covariant vector in (M",L) and f is positively
homogeneous function of degree one in L and 3. The change of metric is called a - change.
A particular 8- change of a Finsler metric function is a quartic change of metric function is
defined as

L* = (L* + pYHY4, (1.2)

If L(z,y) reduces to the metric function of Riemann space then L*(z,y) reduces to the
metric function of space generated by quartic metric. Due to this reason this transformation
(1.2) has been called the quartic change of Finsler metric.

On the other hand, in 1985, M. Matsumoto investigated the theory of Finslerian hypersur-
face [4]. He has defined three types of hypersurfaces that were called a hyperplane of the first,
second and third kinds.These names were given by Rapesak [8]. Kikuchi [3] gave other name
following haimovichi [1]. In the year 2005, Prasad and Tripathi [7] studied the Finslerian Hy-

1Received July 9, 2017, Accepted February 26, 2018.
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persurfaces and Kropina change of a Finsler metric and obtained different results in his paper.
Again, in the year 2005, Prasad, Chaubey and Patel [6] studied the Finslerian Hypersurfaces
and Matsumoto change of a Finsler metric and obtained different results.

In the present paper, using the field of linear frame ([2, 3, 5]) we shall consider Finslerian
hypersurfaces given by a quartic change of a Finsler metric.Our purpose is to give some relations
between the original Finslerian hypersurface and the other which is Finselrian hypersurface
given by quartic change. We also show that a quartic change makes three types of hypersurfaces

invariant under certain condition.

82. Preliminaries

Let M™ be an n-dimensional smooth manifold and F™ = (M™, L) be an n-dimensional Finsler
space equipped with the fundamental function L(z,y) on M™. The metric tensor g;;(z,y) and
Cartan’s C-tensor Cj;,(x,y) are given by

_ 1 82L2 o 18g”
Gij = ) ayiayja ijk = 2 ayk.

respectively and we can introduce the Cartan’s Connection
CT = (Fj,, Ny, C;-k) in F™.

A hypersurface M™~! of the underlying smooth manifold M™ may be parametrically rep-
resented by the equation z° = z%(u®), where u® are Gaussian coordinates on M"~! and
Greek indices vary from 1 to n — 1. Here we shall assume that the matrix consisting of
the projection factors B, = dz'/0u® is of rank n — 1. The following notations are also
employed: B, = 0%z | Ou*ou”, Bls = v*B,. If the supporting element y* at a point
(u®) of M™1 is assumed to be tangential to M"~!, we may then write y* = B (u)v® i.e.
v is thought of as the supporting element of M"~! at the point (u®). Since the function
L(u,v) = L(z(u), y(u,v)) gives to a Finsler metric of M™~!, we get a n — 1 -dimensional Finsler

space F"1 = (M" 1, L(u,v)).

At each point (u®) of F"~1, the unit normal vector N*(u,v) is defined by
gijBLN7 =0, g;;N'NI =1. (2.1)
If (B&, N;) is the inverse matrix of (B!, N*), we have
BLB] =62, B.N;=0, N'N;=1and B.,BY + N'N; = §..
Making use of the inverse matrix (¢*%) of (gas), We get
BY = g*%gi; B}, Ni = gi;N7. (2.2)

For the induced Cartan’s connection ICT = (Fgw Ng, Cgv) on F™ ! the second funda-
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mental h-tensor H,z and the normal curvature vector H, are respectively given by [8]
Hap = Ni(Blg + Fj BLBE) + MoHg, Hg = Ny(Bls + NiBY), (2.3)

where

M, = Cy, B!, N'N*. (2.4)

Contracting Hyp by v®, we immediately get Hog = Hopv® = Hg. Furthermore the second
fundamental v-tensor M, is given by [10]

Map = Ciju BLBLN®. (2.5)

83. Quartic Changed Finsler Space

Let F™ = (M™, L) be a given Finsler space and let b;(z)dz’ be a one form on M™. We shall
define on M™ a function L*(z,y)(> 0) by the equation (1.2) where we put B(z,y) = b;(x)y’.
To find the metric tensor g;;, the angular metric tensor hj;, the Cartan’s C-tensor C7; of
F*" = (M™, L*) we use the following results.

0B/0y" = b;, OLJOy" =1; 0l;/0y" = L™ hyj, (3.1)
where h;; are components of angular metric tensor of £ given by
hij =Gij — lzlj = L82L/8y18yj

The successive differentiation of (1.2) with respect to 3 and y7 give

L31; + 3%b;
¢ (LA + B4)3/4
x 1 2/74 4 4712
hi; = (XD [L2(L* + BY)hij + 364 L2114
+3L432%b;b; — 3L (1ib; + 1;b:)] (3.3)

From (3.2) and (3.3) we get the following relation between metric tensors of F™ and F*"

. 1
Yu T (T g [L*(L* + B%)gi; + 28" L7l
+B2(3L* + ) 32bib; — 2L B3 (1ib; + 1;b:)]. (3.4)

Differentiating (3.4) with respect to y* and using (3.1) we get the following relation between
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the Cartan’s C-tensor of F™ and F*"

. L? L3
ik = (W)Cﬁk - (W) (hijmk + hjpm; + hkimj)

(B* - L")
(s

>mimjmk,
where m; = b; — (8/L)l;. It is to be noted that
7’)’LzlZ = O, ’I?’leZ = b2 - 62/L2, hijlj = O, hijmj = hwbl = my;,

where m’ = g"m; = b — (3/L)I".

84. Hypersurface Given by a Quartic Change

(3.6)

Consider a Finslerian hypersurface F"~! = (M™~!, L(u,v)) of the F™ and another Finslerian
hypersurface F**~1 = (M"™~!, L*(u,v)) of the F*" given by the quartic change. Let N be the
unit normal vector at each point of F"~! and (B%, N;) be the inverse matrix of (B!, N%). The

functions B!, may be considered as components of n — 1 linearly independent tangent vectors

of F"~1 and they are invariant under quartic change. Thus we shall show that a unit normal

vector N*!(u,v) of F**~1 is uniquely determined by
g5BLNY =0, g N N* =1,
Contrtacting (3.4) by N*N7 and paying attention to (2.1) and I;N* = 0, we have

. ; . L2(L4 +64) +ﬁ2(3L4 +64)(b1N1)2
9i; N'N? = (L* + p4)3/2 '

Therefore we obtain

/AN /AN
g;j<i (L4+64)3 4N )(i (L4+ﬁ4)3 4N_] ):1'

VI2(LA+ BN + (b N )2 V2L + 5% + (b N1 )2

where
7= FA(BL* + ).
Hence we can put
il @t
VIR 50 + TN

where we have choosen the positive sign in order to fix an orientation.

(4.1)

(4.2)
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Using (2.1), (3.4), (4.1) and (4.2) we obtain from the first condition of (4.1),

21,3 g N 52(3L4—|—54) | l] (L4+64)3/4ijj _
(T g e T Ty g e TR ) + (5N

[_
If
—2L3BL; B! + (3L* + )b B =0

then contracting it by v® and using y° = B{v® we get L = 0 which is a contradiction with
assumption that L > 0. Hence b; N = 0. Therefore (4.2) is rewritten as

A + 64)1/4]\]1'

N* = 7 (4.3)

Summary the above, we obtain

Proposition 4.1 For a field of linear frame (B%, By, -+, B _1,N%) of F™ there exists a field
of linear frame (BY,B%,--- Bl | N* = w) such that (4.1) is satisfied along F*"~!

and then b; is tangential to both the hypersurface F™*~1 and F*~1.

The quantities Bf® are uniquely defined along F"~! by
B;ka _ g*aﬁg;_ijé,

where (g**) is the inverse matrix of (g;). Let (B;, N;) be the inverse of (B, N7), then we
have B.Bi” = 68 Bi N = 0, N*N* = 1 and furthermore B!, B* + N*'N* = §}. We also get
N} = g;:N*J which in view of (3.4),(2.2) and (4.3) gives

J

*

B L

We denote the Cartan’s connection of F™ and F*" by (Fj,, N}, C%,) and (Fii, N7, C)
respectively and put DY, = F — FJ, which will be called difference tensor. We choose the
vector field b; in F'™ such that

Diy = Ajpb’ — Bjl', (4.5)

where A;;, and Bj, are components of a symmetric covariant tensor of second order. Since
N;b* =0 and N;I* = 0, from (4.5) we get

N;D!, =0, N;Fji=N;F},, and N;D, =0. (4.6)
Therefore from (3.3) and (4.3) we get

v L

If each path of a hypersurface F"~! with respect to the induced connection is also a path
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of enveloping space F", then F"~1! is called a hyperplane of the first kind [?]. A hyperplane of
the first kind is characterized by H, = 0. Hence from (4.7), we have

Theorem 4.1 If b;(z) be a vector field in F™ satisfying (4.5), then a hypersurface F"~! is a
hyperplane of the first kind if and only if the hypersurface F*™~' is a hyperplane of the first
kind.

Next contracting (3.5) by B N*J N*¥ and paying attention to (4.4), m; N* = 0, hj, NI N* =
1 and h;; B{, N7 =0 we get

* 63 7
Ma = Ma — WmlBa (48)
From (2.3),(4.4) (4.5), (4.6), (4.7) and (4.8), we have
L 3

op = W(Haﬁ - WmiBéHﬁ)- (4.9)

If each h-path of a hypersurface F"~! with respect to the induced connection is also h-
path of the enveloping space F™, then F"~! is called a hyperplane of the second kind [?]. A
hyperplane of the second kind is characterized by H,g = 0. Since H,g = 0 implies that H, = 0,
from (4.7) and (4.9) we have the following

Theorem 4.2 If b;(x) be a vector field in F™ satisfying (4.5), then a hypersurface F™"~ ' is
a hyperplane of the second kind if and only if the hypersurface F*"~! is a hyperplane of the

second kind.
Finally contrcting (3.5) by B}')[BéN*’C and paying attention to (4.3) we have

" L
If the unit normal vector of F"~! is parallel along each curve of F"~1, the F"~! is called
a hyperplane of the third kind [8]. A hyperplane of the third kind is characterized by Hag =

0, Mop = 0. From (4.7), (4.9) and (4.10) we have

Theorem 4.3 If b;(z) be a vector field in F™ satisfying (4.5), then a hypersurface F"~! is a
hyperplane of the third kind if and only if the hypersurface F*"~1 is a hyperplane of the third
kind.
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Abstract: Graph labeling where vertices and edges are assigned values subject to certain
conditions have been motivated by various applied mathematical fields. Most of the problems
in graph labeling are discussed on undirected graphs. Bloom G.S. and Hsu D.F. defined the
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and a class of directed bistar. We also discuss the adjacency matrices of unidirectional paths
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§1. Introduction

Most of the applications in Engineering and Science have undirected graphs are in the prob-
lems.The graph labeling problems are widely focus on undirected graphs.There exists situations
in which directed graphs are playing a key role in some problems. There we using graph labeling
in directed graphs. In 1980,Bloom G.S. and Hsu D.F.([3],[4],[5])extend the concept of graceful
labeling of undirected graphs to digraphs.They investigate the graceful labeling problems of
digraphs. Graceful digraphs are related in a variety ways to other areas of Mathematics.

The underlying graph UG(D) of a digraph D is obtained from D by removing the direction
of each arc in D. Here we consider UG(D) is connected and has no self loops or multiple edges.
In otherwords the digraph D is simply connected. The vertex set and edge set of a simple
connected digraph are denoted by V(D) and E(D) where E(D) = ut, uveV (D). For an arc uv
the first vertex u is its tail and second vertex v is its head.

For all terminology and notations in graph theory,we follow Harary[1] and for all terminol-
ogy regarding graceful labeling,we follow [2]. A connected graph with p vertices and q edges
is called graceful if it is possible to label the vertices of x with pairwise distinct integers f(x)
in {0,1,2,3,--- ¢} so that each edge, xy, is labeled |f(z) — f(y)|, the resulting edge labels
are pairwise distinct (and thus from the entire set {1,2,3,---,¢}). A connected graph with p

vertices and q edges is called odd graceful if it is possible to label the vertices of x with pairwise

1Received August 1, 2017, Accepted February 28, 2018.
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distinct integers f(x) in {0,1,2,3,---,2¢ — 1} so that each edge, xy, is labeled |f(x) — f(y)|,the
resulting edge labels are pairwise distinct (and thus from the entire set {1,3,5,---,2¢ — 1}).

Definition 1.1([4]) A digraph D with p vertices and q edges is said to be digraceful if there
exists an injection f : V(D) — {0,1,2,---,q} such that the induced function f' : E(D) —
{1,2,3,---,q} which is denoted by f'(u,v) = [f(v) — f(u)](modq + 1) for every directed edge
(u,v) is a bijection, where [v](modn) denotes the least positive integer of v modulo n. If the edge
values are all distinct then the labeling is called a digraceful labeling of a digraph. A digraph is
called a graceful digraph if it has a digraceful labeling.

Generally, a Smarandachely H-digraceful graph is such a digraceful graph G that each
subgraph H' < G is a graceful digraph if H" & H. Clearly, a Smarandachely G-digraceful
graph is nothing else but a digraceful graph. Let f be a labeling of a digraph D from V(D)
to {0,1,2,---,q} such that for each arc uwveD, f(uvd) = f(u) — f(v) if f(u)> f(v),otherwise
fud) = g+ 1+ f(u) — f(v).We call f a digraceful labeling of D if the arc label set {f(u?) :
wveE(D)} = {1,2,3,---,q}.Therefore D is called a graceful digraph.

Definition 1.2 A digraph D with p vertices and q edges is said to be odd digraceful if there
exists an ingection f : V(D) — {0,1,2,---,2q — 1} such that the induced function f': E(D) —
{1,2,3,--+,2q — 1} which is denoted by f'(u,v) = [f(v) — f(u)](mod2q) for every directed edge
(u,v) is a bijection,where [v](mod n) denotes the least positive integer of v modulo n.If the edge
values are all distinct then the labeling is called a odd digraceful labeling of a digraph.A digraph
is called a odd graceful digraph if it has a odd digraceful labeling.

Let f be a labeling of a digraph D from V(D) to {0,1,2,---,2¢— 1} such that for each arc
uveD, f(uv) = f(u) — f(v) if f(u)> f(v),otherwise f(uv) = q+ 1+ f(u) — f(v).We call f a odd
digraceful labeling of D if the arc label set {f(u®) : wveE(D)} = {1,2,3,--- ,q}.

Therefore D is called a odd graceful digraph.

In next two sections, we develop a generalized adjacency matrix of unidirectional paths
and alternating paths based on graceful labeling and odd graceful labeling.

82. Adjacency Matrices of Unidirectional Paths

Definition 2.1 Let D be a graph with V(D) = {v1,vs,vs3,- - ,vp}. Then the matriz Ap = [z;]
defined by

+1, if node v; is connected to v; and directed from v; to v;
Zij = § —1, if node v; is connected to v; and directed from v; to v; (0.1)

0, otherwise
is called the adjacency matriz of D.

Definition 2.2 Let D be a digraph with q edges and a labeling
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f:V(D)—{0,1,2,---,q}.Then the (¢ + 1) x (¢ + 1) matriz Mp = [x;;] defined by

+1, ifxy € E(D) for f(x) =1 and f(y) = jdirected from x to y
iy =4 =1, ifyx € E(D) for f(y) =i and f(x) = jdirected from x to y (0.2)

0, otherwise
is called the generalized adjacency matriz of D induced by the labeling f.

The generalized adjacency matrix of the digraph is skew symmetric.The generalized adja-
cency matrix allows all zeros for rows and columns corresponding to missing labels, while in
the adjacency matrix such rows corresponding to vertices of degree zero.If two graphs have the
same adjacency matrix,then they are isomorphic, but if two graphs have the same generalized

adjacency matrix they may not be isomorphic.

Definition 2.3 Let A be a p x p matriz. Then the k'™ diagonal line of A is the collection of
entries Dy, = {ai;/j — i = k},counting multiplicity.

It is clear that 0 < |k| < p— 1. When M = Mp is a generalized adjacency matrix,M
is symmetric and Dy = D_j. The entry £1 corresponding to an edge between vertices v;
and v; lies on the (j — i)*" diagonal line.The main diagonal line is Dy for k& = 0. The odd
diagonal lines are Dy for k = +1,4+3,£5,--- ,+2¢ — 1 and the even diagonal line are Dy for
k=42+4 46, - ,+2q — 2.

Definition 2.4([6]) A finite group (G,.) of order n is said to be sequenceable if its elements
can be arranged in a sequence ag = €,a1,032, - ,An—1 N Such a way that the partial products

bo = ag, b1 = apaq, b = agaqas, - ,b,_1 = apaias - --a,_1 are all distinct.

Definition 2.7 If both the indegree and outdegree of all the internal vertices of a directed path

are one,then it is called unidirectional path and is denoted by 1[—)7;
Theorem 2.1([4]) 1[_)7: on n vertices is graceful if and only if z, is sequenceable.

Theorem 2.2 Let D be a labeled unidirectional path with g edges and let [Mp] be the generalized
adjacency matriz for D. Then D is digraceful if and only if [Mp] has exactly one entry +1 in

each diagonal lines,except the main diagonal line of zeros.

Proof Tt is to be noted that the matrix [Mp] is a staircase shaped matrix and skew
symmetric.The main diagonal line is Dy, for k = 0.

Suppose that [Mp] has exactly one entry +1 in each diagonal lines except the main diag-
onal. Suppose to the contrary that the labeling of D that induces [Mp] is not digraceful. Then
there are distinct edges v,.vs and v;v, with edge labels s —r =t —u = k > 0. This implies
that the sum of all the elements in a;; if j — ¢ = %k is either 2 or 0.In the upper triangular
matrix the sum of a;; is 0 and in lower triangular matrix the sum of a;; is 2 contradicting the
assumption that [Mp] has exactly one entry +1 in each diagonal Dj. Therefore labeling of D

is graceful.
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Let f be an digraceful labeling on D and consider [Mp]. Then, for all k = +1, +3, £5, - - | %¢,
there is exactly one nonzero entry a;; ==+1 for j — i = k, contributing to Dy (k+# 0) since each
edge has a unique label. Then [Mp] has exactly one entry one in each diagonal line except the

main diagonal line. This completes the proof. O

Theorem 2.3 Unidirectional path E: on n vertices is odd digraceful if n is even.

Theorem 2.4 Let D be a labeled unidirectional path with g edges and let [Mp] be the generalized
adjacency matriz for D . Then D is odd digraceful if and only if [Mp] has exactly one entry
+1 in each odd diagonal lines and all the entries are 0 in the even diagonal lines including the

main diagonal line of zeros.

Proof 1t is to be noted that the matrix [Mp] is a staircase shaped matrix and skew
symmetric.The main diagonal line is Dy for k£ = 0. The odd diagonal lines are Dy for k =
+1,43,45, -+ ,4+2¢g — 1 and the even diagonal line are Dy, for k = £2,+4, 4+6,--- , £2q — 2.

Suppose that [Mp] has exactly one entry 1 in each odd diagonal lines and all the diagonal
entries are zero in the even diagonal lines including the main diagonal. Suppose to the contrary
that the labeling of G that induces [Mp] is not odd dIgraceful Then there are distinct edges
Vs and vzv, with edge labels s —r =t —wu = k > 0. This implies that there exists atleast one
even diagonal which has a non zero entry and at least one odd diagonal which has all entries
are zero contradicting the assumption that [Mp] has exactly one entry 1 in each odd diagonal
Dy, for k= +1,£3,4£5,--- ,+2g — 1. Therefore labeling of is odd graceful.

Let f be an odd graceful labeling on G and consider [Mp].Then for all k = £1,+3,£5,-- -,
+2¢ — 1, there is exactly one nonzero entry a;; =+1 such that j — ¢ = k,contributing to Dy,
since each edge has a unique label. Then [Mp] has exactly one entry one in each odd diagonal
line. Also in odd graceful labeling there is no even number edge labeling,so the diagonal line
Dy are 0 for k = +2,+4,+£6,--- , +2¢q — 2. This completes the proof. O

83. Adjacency Matrices of Alternating Paths

Now we consider the adjacency matrix in digraceful labeling of alternating path AP,. An

—
alternating path AP, with p vertices is an oriented path in which any two consecutive arcs

—_— —_—
have opposite directions.Let vy, va,v3,: - ,v, be the vertices of AP, and the arcs of AP, are
— — —— ——— . _— s —— —_— .

V103, V3V3, VU304, - -+ , Up—1Up When p is even or viv3, U3vs, V304, - ,UpVUp—1 When p is odd. An

alternating path A—P,: is digraceful based on the following labeling
fiV(AP,) —{0,1,2,3, -+ ,p— 1} defined by

f(v1) = 0;

flvei)=p—1i fori:1,2,3...,gJ;
-1

f(v2ip1) =i fori:1,2,3,...7{pTJ'

We have the following theorem.

Theorem 3.1 Let D = A—P,; be a labeled alternating path with q edges and let [Mp] be the
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generalized adjacency matriz for D. Then [Mp] has exactly one entry +1 in each diagonals of
the upper triangular matriz and exactly one entry -1 in each diagonals of the lower triangular

matriz if and only if D is digraceful.

Proof Tt is to be noted that the matrix is skew symmetric. First assume that [Mp)]
has exactly one entry +1 in each diagonals of upper triangular matrix and exactly one entry
-1 in each diagonals of lower triangular matrix.Suppose to the contrary that the D is not
digraceful. Then there are distinct edge labels h — g = f —q¢ = k > 0. This implies that the sum
of all the elements in a;; is 0 if j-i = £k, contradicting the assumption.So D is digraceful.

Let f be a digraceful labeling on D and consider [Mp].consider the arc v;0; on D.Since D is
digraceful the labeling on the vertex v; is greater than labeling on v;. Then for all diagonals Dy,
for k = £1,42,£3,-- -, £q there is exactly one nonzero entry a;; = 1 for j > i and a;; = —1
for j < i. a

Now we consider the adjacency matrix in odd digraceful labeling of alternating path A—P,: .
An alternating path A—>Pp is odd digraceful based on the following labeling f : V(A—Pp)) —
{0,1,2,3,---,2p — 3} defined by

f(v1) = 0;
flvai) =2p—2i—1, fori =1,2,3,---, [ £];
flogig1) =24, fori=1,2,3,-- -, Lp—;lJ

Corollary 3.1 Let D = A—>Pp be a labeled alternating path with q edges and let [Mp] be the
generalized adjacency matriz for D. Then [Mp] has exactly one entry +1 in each odd diagonals
of the upper triangular matriz and exactly one entry -1 in each odd diagonals of the lower
triangular matriz if and only if D is odd digraceful. Also all the entries are zero for even diagonal

lines.

84. Adjacency Matrices of Many Orientations of Directed Star

In this section we consider the adjacency matrices of many orientations of directed star.Let
K1, be an orientations of a star Kj ,, on (m + 1) vertices.In ([7]) Bing Yao, Ming Yao and

Hui Cheng proved the following conditions on gracefulness of directed star.

(1) A directed star K ,, is digraceful if m is odd;
(2) A directed star K ,, is digraceful if m is even and one of out-degree and in-degree of

e —
the center w of K ,, must be even.

We have the following theorem based on adjacency matrices on graceful directed stars.

Theorem 4.1 The directed star K1 ., is digraceful if and only if the adjacency matrices are

any one of the following two forms:

(1) There exists exactly one entry 1 or -1 in each diagonal lines except the main diagonal;
(2) There exists both +1 in the diagonals D11 and the remaining diagonal lines have exactly

one entry +1. The main and last diagonal lines have all entries are zeros.



Adjacency Matrices of Some Directional Paths and Stars 95

Proof The adjacency matrix is skew symmetric.The directed star have no self loops,the
entries in the main diagonal line are all zeros. First suppose that the directed star m is
digraceful. The center vertex in the directed star is connected to all the other vertices.The
labeling on the center vertex has either zero or any one of the numbers from 1 to m-1.If the
labeling on the center vertex is zero,then it is connected to all the m labeled vertices.since
each edge have a unique label,in each edge of the adjacency matrix there must exists an entry
+1.Suppose the labeling on the center vertex is other than zero.The labeling on the center vertex
is any one of the numbers from 1 to m—1.If r is the labeling on the center vertex,then there exists
at least two vertices connected to the center vertex have labelings 7 — 1 and r + 1.The diagonal
lines in the adjacency matrix corresponding to these vertices are D11 and they have both +1.
Also there exists a labeling from center vertex to all other remaining vertices.So the remaining
diagonal lines have exactly one entry £1.Since there is no connection between the labeling zero
and m,the last diagonal is zero.Conversly suppose that the adjacency matrix satisfies any one
of the given conditions.The directed star m is digraceful followed by Theorem 2.1. O

85. Adjacency Matrices of a Class of Directed Bistar

A ditree H with diameter three is called a directed bistar. In ([7]), we have the following
description about a class of directed bistars T'(s,t) Dibistar(I): The vertex set and arc set of a
directed bistar T(s,t) are defined as V/(T'(s,t)) = u;, u, v, v; : ie[l, s — 1], je[1, t] and A(T'(s,t)) =
wug, uv, vv; :ig[l, s — 1], je[1, t],respectively,where u is the root of T(s,t).Clearly,the in-degrees
dr(s,t)(u) = 0 and d;(s,t)(v) = 1 and the out degrees df(s,t)(u) = s and df(s,t)(v) = t.In
([7]) it is to be proved that every directed bistar T(214+1,2k-21) defined by Dibistar(I) is digraceful
for integers £ > 1 > 0.

Theorem 5.1 The directed bistar T(21+1,2k-21) defined by dibistar(I) is digraceful if and only
if the adjacency matrices have at least £1 in each diagonal lines except 41 diagonal lines in

which

(1) 2l diagonal entries contains both 1 and -1;

(2) 21 diagonal entries are all zero except the main diagonal.

Proof If | = 0, the directed bistar T(1,2k)is a directed star Kj ox+1. The result follows
from theorem(6). Let v; and vy be the centers of the directed bistar T'(2] + 1, 2k — 21). Suppose
the center vy is connected to 2! vertices and the center vs is connected to 2k-2141 vertices.Since
the bistar is digraceful,each edge has a unique labeling.Let the labeling on vy is zero which is
not connected to 21 vertices. The labeling contributed a non zero entry +1 in each diagonal lines
of the adjacency matrix except the 2/ diagonal lines and the main diagonal. Also the labeling
on v is any integer from 1 to 2k 4+ 1 and it contributed a non zero entry £1 in 2/ diagonal
lines of the adjacency matrix. So the 2/ diagonal entries contains both 1 and —1. The converse

follows from Theorem 2.1. O
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Abstract: Let G be a graph with vertex set V(G), edge set E(G) and d; is the degree

of its i-th vertex v;, then the Randié¢ matrix R(G) of G is the square matrix of order n,
1

whose (i, j)-entry is equal to if the i-th vertex v; and j-th vertex v; of G are adjacent,

and zero otherwise. The Randig énergy [3] RE(G) of the graph G is defined as the sum of
the absolute values of the eigenvalues of the Randi¢ matrix R(G). A subset ED of V(G) is
called an equitable dominating set [11], if for every v; € V(G) — ED there exists a vertex
v; € ED such that v;v; € E(G) and |di(vi) —d;(v;)| < 1. In the contrast, such a dominating
set ED is Smarandachely if |d;(v;) — dj(v;)] > 1. Recently, Adiga, et.al. introduced, the
minimum covering energy Ec(G) of a graph [1] and S. Burcu Bozkurt, et.al. introduced,
Randié¢ Matrix and Randié Energy of a graph [3]. Motivated by these papers, Minimum
equitable dominating Randié¢ energy of a graph REgp(G) of some graphs are worked out

and bounds on REgp(G) are obtained.

Key Words: Randié matrix and its energy, minimum equitable dominating set and mini-

mum equitable dominating Randié energy of a graph.

AMS(2010): 05C50.

§1. Introduction

Let G be a graph with vertex set V(G) and edge set E(G). The adjacency matrix A(G) of
the graph G is a square matrix, whose (7, j)-entry is equal to 1 if the vertices v; and v; are
adjacent, otherwise zero [12]. Since A(G) is symmetric, its eigenvalues are all real. Denote them
by A1, A2,..., A\, and as a whole, they are called the spectrum of G and denoted by Spec(G).
The energy of graph [12] G is

e(G) =i il

The literature on energy of a graph and its bounds can refer [4,8,9,10,12]. The Randié

matrix R(G) = (r;;) of G is the square matrix of order n, where

1Received July 28, 2017, Accepted March 1, 2018.
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, if v; and v; are adjacent vertices in G
(rij) = did;
0, otherwise.
The Randic energy [3] RE(G) of the graph G is defined as the sum of the absolute values of
the eigenvalues of the Randi¢ matrix R(G). Let p1, p2,- -+ , pn be the eigenvalues of the Randié
matrix R(G). Since R(G) is symmetric matrix, these eigenvalues are real numbers and their

sum is zero. Randié energy [3] can be defined as

RE(G) =321, Ipil

For details of Randié energy and its bounds, can refer [2, 3, 5, 6, 7).

Let G be a graph with vertex set V(G) = {v1,v2, -+ ,v,} and ED is minimum equitable
dominating set of G. Minimum equitable dominating Randi¢ matrix of G is n X n matrix
Rep(G) = (r4), where

— if v; and v; are adjacent vertices in G;
id;

(rij) =19 1, if i = j and v; € ED;
0, otherwise.

The characteristic polynomial of Rgp(G) is denoted by det(pl— Rep(G)) = |pI—Rep(G)|.
Since Rgp(G) is symmetric, its eigenvalues are real numbers. If the distinct eigenvalues of
Rep(G) are p1 > pg > -+ > p, with their multiplicities are my,mg,- -+, m, then spectrum of
REep(G) is denoted by

SpecRpp(G) = pr P2 0 Pr

mi mo .. my

The minimum equitable dominating Randié¢ energy of G is defined as
REpp(G) =) _ |pil-
i=1
Example 1.1 Let W5 be a wheel graph, with vertex set V(G) = {v1,v2,vs,v4,v5}, and let

its minimum equitable dominating set be ED = {v1}. Then minimum equitable dominating
Randié matrix Rpp(Ws) is

1 - 1 1 _1
L 1 0 1
V12 3 3

Rep(Ws) = \/% : 0 : 0

1 1 1
m 0 3 0 3

1 1 1
vz 3 0 3 0]

—0.6666 0 0.2324 1.4342

SpGCRED(W5) =

1 2 1 1
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The minimum equitable dominating Randié¢ energy of W5 is REgp(Ws) = 2.3332.

§2. Bounds for the Minimum Equitable Dominating Randi¢ Energy of a Graph

Lemma 2.1 If p1,pa,- -, pn are the eigenvalues of Rpp(G). Then

Z pi = |ED|
i=1

and

- 1
;P?: |ED|+2ZM’

1<j

where ED s minimum equitable dominating set.

Proof (i) The sum of eigenvalues of Rgp(G) is

i=1

i=1
(ii) Consider, the sum of squares of p1, pa, ..., pp is,
n n n n
Dt = DD mu i = )+ 3 ry v
i=1 i=1 j=1 i=1 i#j
n
= > (ri)?+2> (i)
=1 1<J
- 1
2
= |ED|+2 O
2ot = IBDI+2) o
=1 1<J

Upper and lower bounds for REgp(G) is similar proof to McClelland’s inequalities [10],
are given below

Theorem 2.2(Upper Bound) Let G be a graph with ED is minimum equitable dominating set.
Then

REpp(G) < |n||ED|+2)

i<j

1
did;

Proof Let p1,pa,---,pn be the eigenvalues of Rgp(G). By Cauchy-Schwartz inequality,

we have
(5] = () (%)

where a and b are any real numbers.
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Ifa; =1, b; = |pi| in (1), we get

<zn:|pz> <Zl ) <Z|m ) [REEp(G)]* <n IED|+2de

=1 =1 i<j

by Lemma 2.1,

REpp(G) < |n ||[ED|+2)

1<j

dd

Theorem 2.3(Lower Bound) Let G be a graph with |ED| is minimum equitable dominating
set and d; is degree of v;. Then

REsp(G) = \/IEDI+2ZM (n—1)D%,

1<J

where D = [T, |pil-

Proof Consider

[REpp(G))* = lz Ipi] Z il + > Il 1pj- (2)

i#J

By using arithmetic and geometric mean inequality, we have

1
n(n—1)

V

lezl ol = [ [I el o)l

1757 i#]
1
n(n—1)
Slpil lpsl = nn—1) <H|p |2 1’)
i#]
2/n
doloillosl = nn—1) <H|pz> : (3)
i#]

Now using (3) in (2), we get

2/n
[REED >Z|p1| +nn_1 <H|p1> )

[REEp(G)]? >|ED|+2Zd (n—1)D%, where D =]]|pil,

i<j i=1

REpp(G) > \/|ED|+2de (n—1)Dx.

1<J
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§3. Bounds for Largest Eigenvalue of Rgp(G) and its Energy

Proposition 3.1 Let G be a graph and p1(G) = mazi<i<n{|pi|} be the largest eigenvalue of
RED(G) Then

1
did;”

1 1
— ||ED|+2 < < [|ED|+2
2| 1ED 2 g | < mi@ < lEDl 2y

Proof Consider,

1
did;

PG = mavicizn {0’} <) loil = |ED|+2)

i=1 i<j

|ED|+2) !

p1(G) dod.
i<j Y

IN

Next,

- 1
npAG) = Yo p = |ED|+2Y ]
i=1 ()

i<j

>
=
8
\Y
|

1 1
ED|+2
> — ||ED[+ ;did‘j

=2
B
Y,

1 1
~ ||ED| +2
~ ||ED]+ ;didj

Therefore,

1 1 1
— ||ED|+ 2 < G)< [|[ED|+2 .
L iEDI+2 Y | <o >_\/| +2Y o

i<j i<j

Proposition 3.2 If G is a graph and n < |ED| + 2Zi<j ﬁ, then
. iQj

2
1 |ED|+2%,_; 74
|ED|+2Zd-d-_< - <j d;d; )
ity

i<j

|[ED|+23;; #dj

REED(G) <
n

(n—1)

Proof We know that,

;ﬁamu&f@_, ;p3=|ED|+2Zdjdj—p% (1)

i<j i<j
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By Cauchy-Schwarz inequality, we have

(£0) < (8) (89).

If a; = 1 and b; = |p;|, we have

<Z Ipi|> < (=1 ol
=2 i=2
[REgp(G) — |pul” < (n—1) [|[ED[+2) dildj _p?

i<j

1
REpp(G) < pi+ |(n—1) |ED|+2Zd_d_—p%
1%y

i<

Consider the function,

1
Flz)=z+ |(n—1) |ED|+2Zd‘d‘—a:2 .
i<j
Then,
x4/ (n—1)

Fl(z)=1- - .
VIEDI +2%; g — a2

Here F(x) is decreasing in

1 1 1
— ||ED|+ 2 — | ,|ED|+2
o |[EPI+ Zdidj |ED|+ Z_didj
1<J - 1<J
We know that F'(z) <0,
xy/(n—1) <o.

\/|ED| +2%; o — 2

We have

1
. \/|ED|+2zi<<jm

n

Since,
ED|+2%,; 7
J a;a; S p17

1
n§|ED|+2§ T and
il

i<j

n
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we have

2 §01§|ED|+2Z

i<j

\/|ED| t25a _ 1EDI4 2 7l

1
n n di dj '

Then, equation (5) become

REgp(G) <

2
|[ED[+237,_; i 1 |[ED|+23,; TT
~ + (n—DIEDHag;m%- ~

84. Minimum Equitable Dominating Randié¢ Energy of Some Graphs

Theorem 4.1 If K,, is complete graph with n vertices, then minimum equitable dominating

Randi¢ energy of Ky, is
3n—295
REpp(K,) =

n—1"

Proof Let K, be the complete graph with vertex set V(G) = {v1, va, ..., v, } and minimum

equitable dominating set is ED = {v1}, we have characteristic polynomial of Rgp(K,) is

-1 —1 -1 —1 -1
p_l n—1 n—1 n—1 n—1 n—1
n—1 P n—1 n—1 n—1 n—1
n—1 n—1 P n—1 n—1 n—1
lpI = Rep(Kn)| =
—1 -1 —1 —1 -1
n—1 n—1 n—1 P n—1 n—1
—1 -1 —1 -1 -1
n—1 n—1 n—1 n—1 P n—1
—1 1 1 -1 —1
n—1 n—1 n—1 n—1 n—1 P

nxn

R, = Ry, — R, k =3,4,--- ,n— 1,n. Then, we get (p—i— ﬁ) common from R3 to R,

and we have

p=1 = o5 o e Sl
—1 —1 -1 —1 —1
n—1 Pon=T 7 =1 W=l a1
0 -1 1 0 0 0
1 n—2

I — Rep(K,)| =

o1 = Rip ()| = (p+ 2 )
0 -1 0 1 0 0
0 -1 0 0 1 0
0 -1 0 0 0 1

nxn
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CL=Cy+C5+4 -+ Cp, we get the characteristic polynomial

n—2
1 2 2n —3 n—3
ol el (p+n—1> {p _(n—1>p+(n—1)]’
—1 (2n—3)—v4n—3  (2n—3)++4n—3
SpecRep(K,) = n—1 2(n-1) 2(n—1)

n—2 1 1

The minimum equitable dominating Randié¢ energy of K, is

3 —5
REpp(K,) = 2 O

n—1"

Theorem 4.2 If S,,(n > 4) is star graph with n vertices, then minimum equitable dominating
Randi¢ energy of S, is
REED(Sn) =n.

Proof Let S,,(n > 4) be the star graph with vertex set V(G) = {v1,v2, -+ ,v,} and

minimum equitable dominating set is ED = {v1, v, -+ ,v,}, we have characteristic polynomial
of RED (Sn) is

-1 —1 —1 -1 -1 —1
p nT Vil Vil Vel Vil
L p-1 0 - 0 0 0
- 0 p-1 - 0 0 0
IpI — Rep(Sn)| =| :
L 0 0 p—1 0 0
- 0 0 0 p—1 0
—L 0 0 0 0 p—1
nxn

. = Rr — Ro, k=3,4,--- ,n. Then taking (p — 1) common from R3 to R,, we get

p—1 ;il % o ;171 ;171 ;il
L p-1 0 0 0 0
0 -1 1 0 0 0
lpI = Rep(Sa)| = (p—1)"°
-1 0 1 0 0
0 —1 0 0 1 0
0 ~1 0 0 0 1

nxn

C,L=Cy+ Cs3+---+ C,. Then, the characteristic polynomial

lpI — Rep(Sn)| = plp—1)"2(p - 2),
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0 1 2
SpGCRED(Sn) =
1 n—-2 1
The minimum equitable dominating Randié¢ energy of S,, is REgp(Sy) = n. O

Theorem 4.3 If Ky, n, where m < n and |m — n| > 2 is complete bipartite graph with m +n

vertices, then minimum equitable dominating Randié¢ energy of K n is REgp(Kmn) = m+n.

Proof Let Ky, n, where m < n and |m — n| > 2 be the complete bipartite graph with
vertex set V(G) = {v1,va,...,0m,u1,u2, - ,U,} and minimum equitable dominating set is

ED = V(G), we have characteristic polynomial of Rgp (K, ») is

B -1 -1 -1 —1
p—1 0 0 0 7= Vmn  Jmn

—1 —1 -1 —1

0 p—1 0 0 Jmn . Vmn mn

-1 R | —1

0 0 p—1 0 Jmn  Jmn Jmn  mn

0 0 0 -1 = ot SR —1

|pI — Rep(Kmn)| = 1 1 1 g 1 v v e
T T v v ool 0 00

\/_77111 :rin \/_77?;" \/_WLL” 0 p_l 0 O

Jm% L 2L JT% 0 o - 0 p-1

r=Rr—Rm, k=1,2,3,--- , m—land R, =Rq— Rm41, d=m+2,m+3,--- ,m+n.
Then, taking (p — 1) common from R; to R,,—1 and Ry, 42 t0 Ryyqn, we get

1 0 0 -1 0 0 0 0
0 1 0 -1 0 0 0 0
0 0 1 -1 0 0 0 0
—1 -1 -1 —1
(p— 1) 0 0 0 =1 7o T Jmn  Vmn
—1 —1 —1 —1 p—l 0 0 0
vmn  y/mn Vvmn  /mn
0 0 -1 1 0 0
0 0 0 0 -1 0 1 0
0 0 0 0 -1 0 0 1
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C;n+1 - Cm+1 + Cm+2 +-- 4+ Cm-i—nu

1 0 0 -1 0 0 0 0
0 1 0 -1 0 0 0 0
0 0 1 —1 0 0 0 0
—n —1 —1 —1
(p— 1) 0 0 0 r-1 7= 7 Jmn v
—1 —1 —1 —1 -1 O O 0
Jmn  Vmn Vmn Vmn P
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

The characteristic polynomial [pI — Rgp(EKmn)l = p(p—1)""""%(p - 2),

0 1 2
1 m+n—-2 1

SpecREp(Kmn) =

The minimum equitable dominating Randié energy of K, », is REgp(Kmpn) =m+n. O

Theorem 4.4 If K, x2, (n > 3) is cocktail party graph with 2n vertices, then minimum equitable

4n—6
n—1

dominating Randi¢ energy of K,x2 is

Proof Let K, x2, (n > 3) be the cocktail party graph with vertex set V(G) = {v1,va, -+ , Un,
U1, U2, , Uy} and minimum equitable dominating set is ED = {v1, u1 }, we have characteristic
polynomial of Rgp(K,x2) is

—1 —1 —1 —1 —1 —1
A-1 0 2n—2  2n-—2 2n—2 2n—2 2n—2 2n—2
1 —1 1 1 1 —1
0 A-1 2n—2  2n—2 2n—2 2n—2 2n—2  2n-2
—1 —1 A 1 1 0 1 —1
2n—2 2n—2 2n—2 2n—2 2n—2 2n—2
-1 -1 -1 A -1 -1 1 1
2n—2 2n—2 2n—2 2n—2 2n—2 2n—2 2n—2
lpI — Rep(Knx2)| =
—1 —1 —1 —1 A —1 —1 0
2n—2 2n—2 2n—2 2n—2 2n—2 2n—2
1 1 0 1 —1 A 1 —1
2n—2 2n—2 2n—2 2n—2 2n—2 2n—2
-1 -1 -1 -1 -1 -1 A -1
2n—2 2n—2 2n—2 2n—2 2n—2 2n—2 2n—2
—1 —1 —1 —1 0 —1 —1 A
2n—2 2n—2 2n—2 2n—2 2n—2 2n—2
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v =Rk — Rz, k=4,5,--- ,nand R, = Ry — Ry1, k=2,3,--- ,n, we get

-1 — -1 -1 -1 -1
A-1 0 2n—2 2nE2 2n—2 2n—2 2n—2 2n—2
1 — -1 1 1 -1
0 A-1 2n—2 2nE2 2n—2 2n—2 2n—2 2n—2
-1 —1 1 1 1 1
2n—2 2n—2 A 2n—2 2n—2 0 2n—2 2n—2
-1 1 -1
0 0 2n—2 A A+ 2n—2 0 2n—2 0 0
IpI—Rep(Knxz2)| = . L . L
0 0 2n—2 A A+ 2n—2 2n—2 0 2n—2
0 0 —A 0 0 A 0 0
0 0 0 0 0 0 A
0 0 0 0 - 0 A
Cl=C3+Cy+---+Cp+Cpy1+-- -+ Cay and C,/C = Ok+Cn+(k_1), k=4,5,---,n+1.
We get
— -1 — — -1
A-1 0 -1 n_711 e n—1 2nE2 e 2ni2 2n—2
—1 —1 -1 —1 —1
0 A-1 -1 n—1 e n—1 2n—2  2n—2 2n—2
-1 —1 (2n—4) -1 —1 -1 —1
2n—2 2n—-2 A= (2n—2) n—1 n n—1 0 T 2n—2  2n—2
0 0 0 A5 0 s 0 0
IpI—Rep(Knxz2)| = L L
0 0 0 0 A+ n—1 2n—-2 0 2n—2
0 0 0 0 0 A 0 0
0 0 0 0 s 0 0 s A
0 0 0 0 s 0 0 s 0 A

The characteristic polynomial

|pI = Rep(Kuxa)| = p" Hp—1) <p+ L)HZ [p2 a (2”_3) e <n_3>] 7

n—1 n—1 n—1

=1 0 1] (@n=3)—vIn=3  (2n-3)+VIn—3
SpeCRED(Knx2) = n—1 2(n—1) 2(n—1)
n—2 n—1 1 1 1

The minimum equitable dominating Randi¢ energy of K« is

4n — 6

REgDp(Kpx2) = o1

where n > 3. O
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Abstract: A super vertex mean labeling f of a (p,q) - graph G(V, E) is defined as an
injection from E to the set {1,2,3,--- ,p+q} that induces for each vertex v the label defined
by the rule f¥(v) = Round <Zﬁ%g)f(e)>, where E, denotes the set of edges in GG that are
incident at the vertex v, such that the set of all edge label and the induced vertex labels is
{1,2,3,--- ,p+ q}. All the cycles, Cp, n > 3 and n # 4 are super vertex mean graphs. Our
attempt in this paper is to show that all the linear cyclic snakes, including kC4, are also
super vertex mean graphs, even though C4 is not an SVM graph. We also define the term

Super Vertex Mean number of graphs.

Key Words: Super vertex mean label, Smarandachely super H-vertex mean labeling,

linear cyclic snakes, SVM number.

AMS(2010): 05C78.

81. Introduction

The graphs considered here will be finite, undirected and simple. The symbols V(G) and E(G)
will denote the vertex set and edge set of a graph G respectively. p and q denote the number
of vertices and edges of G respectively. A graph of order p and size ¢ is often called a (p, q) -
graph.

A labeling of a graph G is an assignment of labels either to the vertices or edges. There
are varieties of vertex as well as edge labeling that are already in the literature. Mean labeling
was introduced by Somasundaram and Ponraj [14]. Super mean labeling was introduced by
D.Ramya et al.[10]. Some results on mean labeling and super mean labeling are given in [5, 6,
9, 10, 11, 13, 14] and [15]. Lourdusamy and Seenivasan [5] introduced vertex mean labeling as
an edge analogue of mean labeling.

Continuing on the same line and inspired by the above mentioned concepts, Lourdusamy
et al. [7] brought in a new extension of mean labeling, called Super vertex mean labeling of
graphs.

82. Super Vertex Mean Labeling

Definition 2.1 A super vertex mean labeling f of a (p,q) - graph G(V, E) is defined as an

1Received February 4, 2017, Accepted March 3, 2018.
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injection from E to the set {1,2,3,- ,p+ q} that induces for each vertex v the label defined
by the rule f'(v) = Round (%)
incident at the vertexr v, such that the set of all edge labels and the induced vertex labels is
{1,2,3,--- ,p+q}.

Furthermore, a super vertex mean labeling f on G is Smarandachely super H-vertex mean
labeling if the induced vertex labels on vertex in H' is {1,2,3,--- ,p(H') + q(H")} for each

subgraph H' = H in G, where p(H') and q(H') are respectively the order and the size of H'.

, where E, denotes the set of edges in G that are

A graph that accepts super vertex mean labeling is called a super vertex mean (hereafter,
SVM) graph. The following results have already been proved in [7] and [8]. We use them for
our further study on the super vertex mean behavior of linear cyclic snakes. Before entering

into the results, we define the term cyclic snakes.

Definition 2.2 A kC,,-snake has been defined as a connected graph in which all the blocks are

isomorphic to the cycle C, and the block-cut point graph is a path P, where P is the path of

minimum length that contains all the cut vertices of a kCy,-snake. Barrientos [13] has proved

that any kC,-snake is represented by a string si,Ss2,S3, - ,Sk—2 of integers of length k — 2,

where the it" integer, s; on the string is the distance between it and i + 1" cut vertices along

the path, P, from one extreme and is taken from S, = {1,2,3,---, L%J} A kC,,-snake is said
n

to be linear if each integer s; of its string is equal to LTJ .

Remark 2.3 The strings obtained from both the extremes are assumed to be the same. A

linear cyclic snake, kC), is obtained from k copies of C), by identifying the vertex v; 4 in the
h

)t

ith copy of C), at a vertex v;411 in the (i + 1) copy of Cp, where 1 < i<k —1and n = 2r

or n = 2r + 1, depending upon whether n is even or odd respectively.

Note 2.4 that v; 41 = vi41,1 for 1 <i < k—1, and we consider this vertex as v;41,1 throughout
this paper.

83. Known Results

We have known results listed in the following.

(1) All the cycles except Cy are SVM graphs([8]);
(2) All odd cycles, Cy, can be SVM labeled as many as {%J ways and every even cycle, Cp,,

except Cy can have |%| —1 types of SVM labelings([8]);

(3) A linear triangular snake, kCs with k blocks is an SVM graph([7]).

84. Linear Cyclic Snakes of Higher Orders

We proceed to prove that other linear cyclic snakes too are super vertex mean graphs.

Theorem 4.1 Linear quadrilateral snakes, kCy with k > 2 blocks are SVM graphs.
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Proof Let kCy be a linear quadrilateral snake with p vertices and g edges. Then p = 3k+1
and g = 4k. Define f : E(kCy) — {1,2,3,--- ,7k+ 1} to be f(ujuit1) =T7iif 1 <i<k—1and
Tk+1i=k When1<i<k-—1andk > 2,

1, ifi=1, and j =1

7i—5, if2<i<k—1,andj=1
fleij)=<7i—1, if1<i<k—1, andj=2
7i, if1<i<k—1,andj=3
7i—4, if1<i<k-—1, and j =4.

When i =k, k > 2 and k is even,

Tk—6, ifj=1,
Tk—3, ifj=2,
Tk—1, ifj=3,
Thk+1, ifj=4.

fleij) =

When i =k, £k > 3 and k is odd,

Tk—5, ifj=1,
Tk—2, ifj=2,
Thk+1, ifj=3,
Tk —4, ifj=4.

fleij) =

It can be easily verified that f is injective. The induced vertex labels are as follows:

When 1 <i<k—1and k > 2,

2, ifi=1, and j = 1,

7i—6, if2<i<k—1, and j =1,
7i—3, if1<i<k—1, and j =2,
7i—2, if1<i<k-—1, and j = 4.

[ (vig) =

When i =k, k£ > 2, and k is even,

Tk—5, ifj=1,
Th—4, ifj=2,
Tk —2, ifj=3,
7k, if j = 4.

[ (vig) =
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When i =k, k£ > 3, and k is odd,

Tk—6, ifj=1,
Tk—3, ifj=2,
7k, if j =3,
Thk—1, ifj=4.

[ (vig) =

It can be easily verified that the set of edge labels and induced vertex labelsis {1, 2, 3, ..., Tk+

1} in two following cases:

Case 1. When k is even,

f(E) = {1,6,7,3,9,13,14,10,16,20,21,27,--- Tk — 12,
Tk — 8,7k — 7,7k — 11,7k — 6,7k — 3,7k — 1, Tk + 1}

and,
(V) =42,4,8,5,11,15,12,18,22,19,--- , 7Tk — 10,7k — 5,7k — 9,7k — 4,7k — 2, 7k}.
Therefore,

FEYUS (V) = {1,2,3,4,---,7k— 12,7k — 11,7k — 10,7k — 9, Tk — 8,
Tk — 7,7k — 6,7k — 5,17k — 4,7k — 3,7k — 2, Tk — 2,7k, Tk + 1}.

Case 2. When k is odd,

f(E) = {1,6,7,3,9,13,-- 7k — 12,7k — 8,
Tk — 7,7k — 11,7k — 5,7k — 2,7k + 1, Tk — 4}

and
fr(v)y=42,4,8,5,---, 7k — 10,7k — 6,7k — 9,7k — 3,7k, 7k — 1}.

Therefore,

FEYUF(V) = {1,2,3,4,---,7k— 12,7k — 11,7k — 10,7k — 9, Tk — 8,
Tk — 7,7k — 6,7k — 5,17k — 4,7k — 3,7k — 2, Tk — 2,7k, Tk + 1}.

Thus it has been proved that the labeling f : E(kCy) — {1,2,3,---,7k + 1} is a super

vertex mean labeling. a

Example 4.2 The super vertex-mean labelings of two linear quadrilateral snakes with 4 and

3 blocks are shown in figures 1 and 2 respectively.
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Figure 2 A super vertex-mean labeling of a linear quadrilateral snake with 3 blocks

Theorem 4.3 All linear pentagonal snakes, kCswith k,k > 2 blocks are SVM graphs.

Proof Let kC5 be a linear pentagonal snake with k, k > 2 blocks of C5. Here p = 4k + 1,
g =5k and p+ q = 9k + 1. Define f : E(kC5) — {1,2,3,--- ,9k + 1} as follows:

When ¢ =1,
5, ifj=1,
2j+4, if2<j<3,
fleij) = o
1, if j =4,
3, if j = 5.
And When 2 <i <k,
9: — 9, ifj=1,

fleij)=X9i+2j—5, if2<j<3,
9i +3j—18, if4<j<5.

It can be easily verified that f is injective. Then, the induced vertex labels are as follows:

When ¢ =1,
4, ifj=1,
) 7, if j =2,
[ (vij) = 7
6, if j =4,
2, if j =5.
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When 2 <i <k,

9 +25-9, if1<;5<2
[Pvij) =49 —2j4+6, if4<j<5
9k, ifi =k, and j = 3.
Clearly it can be proved that the union of the set of edge labels and the induced vertex

labels is {1,2,3,--- ,9k+1}. Therefore, all linear pentagonal snakes kCj are super vertex mean
graphs. |

Example 4.4 A graph given in Figure 3 is an SVM labeling of a linear pentagonal snake with
3 blocks.

Figure 3 An SVM labeling of a linear pentagonal snake, 3C5.

Theorem 4.5 All linear hexagonal snakes, kCg, k > 2 are super vertex mean graphs.

Proof Let kCg be a hexagonal snake with &,k > 2 blocks of Cs. p = 5k + 1 and g = 6k
and p+ ¢ =11k + 1. Define f : E(G,) — {1,2,3,--- ,11k + 1} as follows:

37, ifi=1, and 1 <j <4,
7, ifi=1, and j =5,

flews) = 1,. | %fz'zl', and j = 6, |
117 — 45, if2<i<k, and1<j <2
110435 —11, if2<i<k, and3<j <4,
110 -85+ 37, if2<i<k, and5<j<6.
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It can be easily verified that f is injective. Then, the induced vertex labels are as follows:

116435 —-12, if1<i<k, and1<j <2
8, ifi=1, and j = 3,
v 11 — 5, if2<i<k, and j =3,
foig) = . .
11k, ift ==k, and j =4,
115 — 1, if1<i<k, and j =5,
116 — 7, if1<i<k, and j =6.

Clearly it can be proved that the union of the set of edge labels and the induced vertex
labels is {1,2,3,---,11k 4+ 1}.

Therefore, linear hexagonal snakes, all kCs with k blocks of Cg are super vertex mean
graphs. |

Example 4.6 A graph given in Figure 4 is an SVM labeling of a linear hexagonal snake with
3 blocks.

Figure 4 An SVM labeling of a linear hexagonal snake, 3Cj.

Theorem 4.7 All linear heptagonal snakes, kC7,k > 2 are super vertex mean graphs.

Proof Let kC7 be a linear heptagonal snake with k, k > 2 blocks of C;. p = 6k + 1 and
qg="Tkand p+ ¢ = 13k + 1. Define f : E(G,) — {1,2,3,--- ,13k + 1} as follows:

45 — 1, ifi=1, and 1 <j <3,

30 — 47, ifi=1, and 4 < j <6,
flens) = 1,. | %fz'zl', and j =7, |

13i+25—7, if2<i<k, and1<j <4,

137 — 13, if2<i<k, and j =5,

130425 —21, if2<i<k, and6<j<7.
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It can be easily verified that f is injective. Then, the induced vertex labels are as follows:

2, ifi=1, and j =1,

45 — 3, ifi=1, and 2 <j <3,

32 — 44, ifi=1, and 5< 5 <7,

137 — 10, if2<i<k, and j =1,
Frlogg) =9 .. o .

13i+25 -8, if2<i<k, and2<j <3,

13i — 6, if2<i<k, and j =5,

13i+35—29, if2<i<k, and6<j<7,

13k, ifi=k, and j = 4.

Clearly it can be proved that the union of the set of edge labels and the induced vertex
labels is {1,2,3,---,13k + 1}.

Therefore, all linear heptagonal snakes, kC7 with k blocks of C7 are super vertex mean
graphs. |

Example 4.8 A graph given in Figure 5 is an SVM labeling of a linear heptagonal snake, 3Cr.

6 rg\ 10
©
®
7 / 11 /24\

Figure 4 A Super Vertex Mean Labeling of 3C7 linear snake.

Theorem 4.9 Let kC,, be a linear cyclic snake with k,k > 2 blocks of Cp,m > 8 and n =
O(mod 2). Then kC,, is a super vertex mean graph.

Proof Let kC,, be a linear cyclic snake with k, k > 2 blocks of C,,,n > 8 and n = 0(mod 2).
Let n = 2r,7 > 4. Now, p = (n —1)k+ 1 and ¢ = nk and p+ ¢ = (2n — 1)k + 1. Define
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f:EkC,) —{1,2,3,---,(2n — 1)k + 1} as follows:

fleij) =

37;

45 =3,

4n — 45 + 4,
7

And, the induced vertex labels are as follows:

fP(vij) =

2,

3 —1,

4j =5,

dn — 45 + 6,
4

(2n —1)i — 2n + 3,
(2n — 1)i — 2n + 6,
(2n —1)i — 2n 47,
(2n — 1)i — 2n + 45 — 4,
2n—1)i+2n—4j+7,
(2n — 1)i — 2n + 5,
(2n — 1)k

3

ifi=1, and 1 <j <3,

ifi=1, and4<j<r,

ifi=1,, andr+1<j<n-—2,
ifi=1, and j =n—1,

ifi=1, and j =n,

if2<i<k, and j =1,
if2<i<k, and j = 2,
if2<i<k, and j = 3,
if2<i<k, and4<j<r,
if2<i<k,andr+1<j5<n-1,

ifi =k, and j = n.

ifi=1, and j =1,

ifi=1, and 2 < j <4,
ifi=1,, and5<j <,
ifi=1,, andr+2<j<n-1,
ifi=1, and j =n,
if2<i<k, and j =1,
if2<i<k, and j = 2,
if2<i<k, and j =3,
if2<i<k, and4<j<r,
if2<i<k andr+2<j<n-1,
if2<i<k, and j =n,

ifi=%k, and j =r+1.

We prove the theorem by mathematical induction on r, where n = 2r,r > 4. The above

edge labeling function f(e) and the induced vertex labeling function f¥(v) are expressed in

terms of r as follows:

34, ifi=1, and 1 <j <3,
47 — 3, ifi=1 and4<j<r,
fleij) =<8 —4j+4, ifi=1, andr+1<j<2r—2,
7, ifi=1, and j =2r — 1,
1, ift=1, and j =2r
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and

fleij) =

[ (vig) =
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(4r — 1)i — 4r + 8,
(4r — 1)i — 4r + 4,
(4r — 1)i — 4r + 10,
(4r —1)i —4r 4+ 45 — 2,
(4r — 1)i+4r — 45 + 5,
(4r —1)(i — 1),

2,

37— 1,

4j =5,

8r — 45+ 6,

4,

if2<i<k andj=1,
if2<i<k,
if2<i<k,

if2 <i<k,

and j = 2,
and j = 3,
and 4 <j <,
if 2 <4<k,
ifi =k,

andr+1<j5<2r—1,
and j = 2r.

ifi=1,
ifi=1,
ifi=1,
ifi=1,
ifi=1, and j = 2r,
if2<i<k,

and j =1,
and 2 < j <4,
and 5 <j <,
andr+2<7<2r—1,

and j =1,
if2<i<k,
if2<i<k,
if2<i<k,
if2<i<k,

and j = 2,

and j = 3,
and 4 <j <,
andr+2<j<2r—1,
if2<¢<k, and j = 2r,

ifi=k, and j=7r+ 1.

We prove that the theorem is true when r =4, n = 8.

When r = 4 the linear cyclic snake is a linear octagonal snake with k, k > 2 cycles of Cs.

Now, p = 7k+1 and ¢ = 8k and p+q = 15k+1. Define f : E(kC,) — {1,2,3,---

as follows:

37,

13,

36 — 47,

7,

1,
fleij) = 15i -8,

15i — 12,

15i — 6,

15i — 2,

15i — 45 + 21,

15i — 15,

, 16k +1}
ifi=1, and 1 <j <3,
ifi=1, and j = 4,
ifi=1, and 5 < j <6,
ifi=1, and j =17,
ifi=1, and j =8,
if2<i<k, and j =1,
if2<i<k, and j = 2,
if2<i<k, and j = 3,
if2<i<k, and j =4,
if2<i<k, and5<j<7,

if i =k, and j = 8.
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It can be easily verified that f is injective. The induced vertex labels are as follows:

[ (vig) =

Clearly it can be proved that the union of the set of edge labels and the induced vertex

2,

35— 1,
38 — 4j,
4,

15i — 13,
15i — 10,
15i — 9,
15i — 4,
156 — 4j + 23,
15i — 11,
15k,

labels is {1,2,3,---,15k + 1} as follows:

f(E)

V)

FE) U f(v)

Thus the theorem is true when r = 4.

Now we assume that the theorem is true for r—1,7 > 5 (i.e., for n—2,n > 10). In this case,
p = (n—3)k+1 = (2r-3)k+1and ¢ = (n—2)k = (2r—2)k and p+q = (2n—5)k+1 = (4r—5)k+1.

ifi=1, and j =1,
ifi=1, and 2 < j < 4,
ifi=1,,and 6<j <7,
ifi=1, and j =8,
if2<i<k, and j =1,
if2<i<k, and j = 2,
if2<i<k, and j = 3,
if2<i<k, and j =4,
if2<i<k, and6<j<7,
if2<i<k, and j =8,

if i =k, and j = 5.

={3,6,9,13,16,12,7,1} U
{22,18,24,28,31,27,23,15} -+ - ,

{15k — 8,15k — 12,15k — 6, 15k — 2, 15k + 1,
15k — 3,15k — 7,15k — 15}.
={2,5,8,11,14,10,4} |
{17,20,21,26,29,25,19} |J--- ,
{15k — 13,15k — 10,15k — 9, 15k — 4, 15k — 1,
15k — 5,15k — 11, 15k}.
={1,3,6,7,9,12,13,16} |
{2,4,5,8,10,11,14} U
{15,18,22,23,24,27,28,31} |
{17,19,20,21,25,26,29} J--- ,
{15k — 15,15k — 12, 15k — 8, 15k — 7, 15k — 6,
15k — 3,15k — 2,15k + 1} U
{15k — 13,15k — 11,15k — 10,15k — 9, 15k — 5,
15k — 4,15k — 1,15k}
=1{1,2,3,4,---,29,30,31,--- ,15k — 2,15k — 1,15k, 15k + 1}.
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The induction hypothesis is that the edge labeling,
I E(kCQT_Q) — {1, 2,3, (47‘ — 5)/€ + 1}

defined as follows, is a super vertex mean labeling, where > 5,n > 10, n = 0(mod 2) and
k> 2.

35, ifi=1, and1<j<3,

45 — 3, ifi=1, and4<j<r-—1,

8r — 45 —4, ifi=1, andr <j <2r—4,

7, ifi=1, and j = 2r — 3,

1, ifi=1, and j = 2r — 2,
f(eij) =< (4r — 5)i — 4r + 12, if2<i<k andj=1,

(47 — 5)i — 47 + 8, if2<i<k andj=2,

(47 — 5Yi — dr + 14, if2<i<k, and j =3,

(4r—5)i—dr+4j+2, if2<i<k, and4d<j<r-—1,

(4r =5)i+4r—4j+1, if2<i<k, andr <j<2r-—3,

(4r —=5)(i — 1), ifi==k, and j =2r — 2.

and the induced vertex labeling is,

2, ifi=1, and j =1,
3j—1, ifi=1, and 2 < j < 4,
45 — 5, ifi=1, and5<j<r—1,
8r—4j — 2, ifi=1, andr+1<j<2r—3,
4, ifi=1, and j = 2r — 2,
v Jur—si—arsT, if2<i<k, andj=1,
filoeg) = (47 — 5)i — 4r + 10, if2<i<k and j =2,
(4r — 5)i — 4r + 11, if2<i<k, and j = 3,
(4r — 5)i — 4r + 44, if2<i<k, and4<j<r-—1,
(4r —5)i+4r—45+43, if2<i<k, andr+1<j<2r-—3,
(4r —5)i — 4r + 9, if2<i<k, and j =2r —2,
(4r — B)k, ifi=k, and j =r.

Now we prove that the result is true for any r. If we replace r with r + 1 in the above

mapping we get,

37, ifi=1, and 1 <j <3,
fleij) =145 -3, ifi=1, and4<j <,
8r—4j+4, ifi=1 andr+1<;5<2r—2
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and
7, ifi=1, and j = 2r — 1,
1, if i =1, and j = 2r,
(4r —1)i — 4r + 8, if2<i<k andj=1,
CJur—vi-4rta, if2<i<k andj=2,
flews) = (4r — 1)i — 4r + 10, if2<i<k andj=3,
Ar—1)yi—4dr+4j—2, if2<i<k, and4<j<r,
(dr —1)i+4r—4j+5, if2<i<k, andr+1<j<2r-—1,
(4r—1)(i —1), ifi==Fk, and j = 2r.
and,
2, ifi=1, and j =1,
35 — 1, ifi=1, and 2 < j < 4,
4j =5, ifi=1, and5<j <,
8r — 4 + 6, ifi=1, and r+2<j<2r—1,
4, ift=1, and j = 2r,
4r — 1)i — 4r + 3, if2<i<k, and j =1,
[ (vig) =

4r —1)i — 4r + 6, if2<i<k, and j =2,
Ar —1)i —dr +7, if2<i<k, and j =3,

dr —1)i+4r—45+7, #2<i<k andr+2<j5<2r—1,
4r — 1)i — 4r + 5, if2<i<k, and j = 2r,
4r — 1)k, ift==k, and j=7r+ 1.

( )
( )
( )
(dr—1)i—4r+45—4, if2<i<k and4d<j<r,
( )
( )
( )

This is equivalent to the original labeling in terms of n, which is given in the beginning of
the proof, and it is clear that f(E)U f*(V) ={1,2,3,--- ,(dr—1)k—1, (4r— 1)k, (4r—1)k+1}.
Thus the theorem is proved by mathematical induction. |

Example 4.10 A graph given in Figure 6 is an SVM labeling of a linear cyclic snake 2C5.

7 12 16 20
(0)—10)—(1s)

® ® ® 31 @ 35 6-7\ 39 /4-1\ 43

) I\ & BN

() —()—15)

OO 29 34 38 12y u

26 \Z 32 o 36 Z/ 40

Figure 5 A super vertex mean labeling of a linear cyclic snake 2C1s.

Theorem 4.11 Let kC,, be a linear cyclic snake with k,k > 2 blocks of Cp,,m > 9 and n =
1(mod 4). Then kC,, is a super vertex mean graph.

Proof Let kC,, be a cyclic snake with &k, k > 2 blocks of C,,,n > 9 and n = 1(mod 4). Let
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n=2r+1,r>4,and r = 2s,s > 2 so that n =4s+ 1. Now p = (n — 1)k + 1 and ¢ = nk and

p+q=(2n—1)k+ 1. Define f : E(kC,) — {1,2,3,---

n?
2j +n—1,
2j —n — 2,

2n—1)i —n+ 25 — 2,
2n—1z—n—|—2j—1
fleij) =
2n —1)i —

2n —1)i —2n+1,
2n —1)i —3n+ 25 — 3,

,(2n — 1)k + 1} as follows:

ifi=1, and j = 1,

ifi=1,, and2<j<r+1,
ifi=1, andr+2<j<n,
if2<i<k, and j =1,
if2<i<k, and2<j<r-—3,
if2<i<k,andr—2<j<r-—1,
if2<i<k, andr<j<r+1,
if2<i<kn#9andj=r+2,
if2<i<k,n=9and j=r+42,
if2<i<k, and j =7r+ 3,
if2<i<k,andr4+4<j<n+1-s,

2n —1)i —3n+ 25 — 2,

(

( )
( )
( )i
( )
(2n —1)i —
( )
( )
( )
( )i

and, the induced vertex labels are as follows:

When ¢ =1, and n > 9,

if2<i<k,andn+2-s<j<n-1,
7 — if2<i¢<k, and j =n.

n—1, if j =1,
" 2j4+n—2, if2<j5<r
fo(viy) = .
n+1, if j=r+2,
2j — 16, ifr+3<j<n.
and when 2 <i <k, and n =9,
17 — 13, if j=1,
170435 — 14, if2<j<4,
171, if j =5 andi=k,
f(vij) = 17i = 3, if j =6,
22, if j=17,
19, if j =8,
23, if j =9.

and when 2 <i <k, and n > 13,

(2n—1)i —3r—1,
(2n—1)i —n+2j—3,

[ (vig) =

if j=1,
if2<;j<r-3
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ifr—2<j53<r—-1,

if j=m,

ifi=k, and j=r+1,
ifj=r+2,
ifj=r+3,

ifr+4<j<n+1-s,
ifn+2—-s<j<n-1,

if j =n.

123

We can easily prove the theorem by the technique of mathematical induction on s. The

remaining of the proof is left as an exercise.

O

Theorem 4.13 Let kC,, be a linear cyclic snake with k,k > 2 blocks of Cn,n > 11 and

n = 3(mod 4). Then kC,, is a super vertex mean graph.

Proof Let kC,, be alinear cyclic snake with k, k > 2 blocks of C,,,n > 11 and n = 3(mod 4).
Let n=2r+1,r >5,and r =2s+ 1,8 > 2 so that n = 4s + 3. Now, p = (n — 1)k + 1 and
g=nkand p+q=(2n — 1)k + 1. Define f : E(kC,) — {1,2,3,---,(2n — 1)k + 1} as follows:

fleij) =

47— 1,
dn — 45 + 2,

L,

(2n —1)i — 2n+2j + 7,
(2n —1)i — 2n + 45 + 1,
(2n —1)i — 3r + 3§ — 2,
(2n —1)i+2n — 45 + 2,
(2n —1)i — 2n + 1,
(2n —1)i — 4dn +2j + 7,

and, the induced vertex labels are as follows:

[ (vig) =

2,
45 — 3,
An — 45 + 4,

(2n —1)i — 2n + 4,

2n — 1)i — 1,

)
(2n — 1)i — 2n + 2j + 6,
(2n —1)i—2n+4j — 1,
( )

ifi=1 and 1 <5<,

ifi=1, andr+1<j<2r

ifi=1, and j = n,

if2<i<k,
if2<i<k,
if2<i<k,
if2<i<k,
if2<i<k,
if2<i<k,

and 1 <j <3,
and4<j<r-—1,
andr <j<r+1,
and r+2<75<2r—2,
and j = 2r — 1,

and 2r < j <n.

ifi=1, and j =1,

ifi=1, and2<j5<r,

ifi=1, andr+2<j <n,

if2<i<k, and j =1,

if2<i<k, and2<j<3
if2<i<k, and4<j<r,
if2<i<k, and j=r—+2
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and
i+2n—45+4, if2<i<k andr+3<5<2r—2,

(

(2n —1)i —2n + 8, if2<i<k, and j =2r —1,
fP(vij) =14 (2n—1)i —2n + 3, if 2<i<k, and j = 2r,

(2n —1)i —2n + 6, if2<i<k, and j =2r+1,

(2n — 1)k, ifi=k, and j =7+ 1.

We can easily prove that the above labeling is an SVM labeling of kC,,, where k > 2 blocks
of Cy,,n > 11 and n = 3(mod 4), by using the technique of mathematical induction on s, where
n = 4s + 3. Thus the theorem can easily be proved. O

85. Super Vertex Mean Number

The concept of super vertex mean number arises from the earlier concepts such as, mean
number, super mean number etc. M.Somasundaram and R.Ponraj have introduced the term
mean number of a graph [16] and they have found the mean number of many standard graphs.
Later on, A.Nagarajan et.al. introduced the concept of super mean number of a graph [9] and
proved the existence of it for any graph by finding out the limit values of it. Encouraged by
their works we introduce this new concept which we like to name as super vertex mean number
or SVM number.

Definition 5.1 Let f be a an injective function of a (p,q) - graph G(V, E) defined from E to

the set {1,2,3,--- ,n} that induces for each vertex v the label defined by the rule f¥(v) = Round

Leem, F(0)
d(v)

F(EYU (V) C{1,2,3,--- ,n}. If n is the smallest positive integer satisfying these conditions

together with the condition that all the vertex labels as well as the edge labels are distinct, then n

), where E, denotes the set of edges in G that are incident at the verter v. Let

is called the super vertex mean number (or SVM number) of the graph G(V, E), and is denoted
by SV (G).

Observation 5.2 It is observed that SV,,(G) = p + g, for all SVM graphs G whose order is p
and size is ¢. And for other graphs G, SV,,,(G) > p+ g + 1. For graphs containing an isolated
vertex or a leaf, the super vertex mean number is not defined.

Therefore, for any (p, q) — graph G, p+ ¢ < SV,,(G) < oo. For example, the SVM number
of Cy, SV, (Cy) =9.

86. Conclusion

In this paper, we have proved that all the linear cyclic snakes are super vertex mean graphs.
In the case of super mean labeling, the vertex analogue of SVM, it was easy to obtain a
general formula for linear cyclic snakes as well as other cyclic snakes represented the string
S1,82,83, -+ ,Sk—2, where each s; need not be equal. This is because when we calculate the

induced edge label for an edge, by finding the average of the labels of the two vertices which are
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the end points of that particular edge, we need to consider only those two vertices. Therefore
the average remains the same as in the case of cycles.

But for super vertex mean labeling, when we find the induced vertex labeling of the con-
necting vertices of a cyclic snake we have to consider four edges that are incident on those
vertices to get the average. Thus it becomes pretty difficult to obtain a general formula for
cyclic snakes represented the string si, $2, 83, - , Sg_2, where each s; need not be equal. An-
other possibility emerges is that we try to explore the SVM labeling of K C' — snakes, which is
defined as a connecting graph in which each of the & many blocks is isomorphic to a cycle C,
for some n and the block - cut point graph is a path. As in the case of kC,, — snakes, a kC
—snake too can be represented by a string of integers, s1, s2, -+, — k — 2. It remains still an

open problem to label a kC —snake which has either equal s; or different s;.
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Abstract: This paper introduces equal degree graphs of simple existed graphs. These
graphs exhibited some properties which are co-related with the older one. We characterize
graphs for which their equal degree graphs are connected, completed, disconnected but not
totally disconnected. We also obtain several properties of equal degree graphs and spec-
ify which graphs are isomorphic to equal degree graphs and complement of equal degree
graphs. Furthermore, the relation between equal degree graphs and degree Prime graphs is
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81. Introduction

The evaluations of new graphs are involving sets of objects and binary relations among them.
So the construction and preparation of graphs varies author to author, and thus it is difficult to
pin point its formulation to a single source. Thus the graphs discovered many times, and each
discovery being independent of the other. For this reason, there are various types of graphs
each with its own definition.

Many authors, starting from 2003, the parameters vertex degree and degree sequence of
graphs were used again in Graph theory, and several types of graphs have been introduced. In
this sequel we have introduced equal degree graphs of various simple graphs and characterized
their properties.

For any finite group G, the definition and notation of degree graph of a simple group was
introduced by Lewis and white [5]. This graph is defined as follows: Let G be a finite group
and let cd(G) be the set of irreducible character degrees of G. Then the degree graph A (G)
is the graph whose set of vertices is set of primes that divide degrees in ¢d(G), with an edge

between p and ¢ if pg divides a for some a € cd(G).

1Received September 25, 2017, Accepted March 6, 2018.
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In [6], the authors introduced the degree pattern of a finite group G and denoted by D(G),
where D(G) = (deg(p1),deg(p2),- - ,deg(pk)), here p1 < pa < --- < py, are distinct primes in
prime decomposition of n. Further, the authors S.F.Kapur, Albert and Curtiss [7] introduced
the notation D(G) for degree sets of connected graphs, trees, planner and outer planner graphs.
According to these authors, the notation D(G) is a degree set of degrees of vertices of G.

The authors Manoussakis, Patil and Sankar [8] was proved that for any finite non empty
set S of non negative integers, there exist a disconnected graph G such that D(G) = S, and
also the minimum order of such a graph is determined.

There are several ways to produce new graphs from the existing graphs in Graph theory.
Recently the authors M.Sattanathan and R.Kala [1] introduced a special way to produce the
degree prime graph DP(G) for any finite simple undirected graph G. The PD(G) of a graph
G having the same vertex set of G and two vertices are adjacent in PD(G) if and only if their
unequal degrees are relatively prime in GG. By the motivation of these degree prime graphs,
we construct and study the equal degree graphs of simple graphs with usual notation D(G).
We suspect that these graphs will be used to solve many computational problems in computer
engineering and applied sciences.

Throughout this paper, G and D(G) represent finite simple undirected graphs having
without loops and without multiple edges of same order. We have introduced degree graph D(G)
of G, which is defined as a graph with same vertex set as G and two vertices of G are adjacent
in D(G) if and only if their degrees are equal in G. In this paper we studied interrelations
between G and D(G), and hence we obtain several properties and their consequences of D(G)
with illustrations and examples. Further we characterize G for which D(G) either is connected,

disconnected, totally disconnected or complete.

§2. Basic Definitions and Notations

In this section we consider basic definitions and their graph theoretical notations. Throughout
the text, we consider G is an abstract graph structure which is a finite undirected graph without
loops and multiple edges. We represent G as G = G(V, E) with vertex set V = V(G) and edge
set E = E(G). We are only going to deal with finite graphs, so we define |V| = n to the order
of G and |E| = m to be the size of G where n and m are called graph parameters. Further if
there is an edge e in G between the vertices u and v, we briefly write e = uv or e = (u,v) and
say edge e joins the vertices u and v. A vertex is said to be isolated if it is not adjacent to any
other vertex.

The complement of a graph G(V, E) is the graph G¢(V, E€) having the same vertex set as
G, and its edge set E° is the complement of E, that is, uv is an edge of G¢ if and only if uv is
not an edge of G. A complete graph of order n is denoted by K,. A graph of order n with no
edges in an empty graph and is denoted by N,, = K which isomorphic to totally disconnected.
A path of length n is denoted by P,. A cycle of length n(n > 3) is a cycle of length n and is
denoted by C,.

We now turn to graphs whose vertex sets can be partitioned in special ways. A graph G

is a partite graph if V(G) can be partitioned into subsets, called partite sets. A graph G is
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a k—partite graph if V(G) can be partitioned into k subsets Vi, Va, -+, V} (partite sets) such
that wv is an edge of G if u and v belongs to different partite sets. In addition, if every two
vertices in different partite sets are joined by an edge, then G is a complete k—partite graph.
If |Vi| = mn; for 1 < i < k, then we denote this complete k—partite graph by K, ny,... n,. Thus

) K110 =2 Ky

) Knnisa complete bipartite;

) K1, is a Star;

) Kn, n, is a complete bipartite.

In a graph G, the degree of a vertex u is the number of edges of G which are incident
to w and denoted by d(u), deg(u) or degg(u). A graph is regular if all its vertices are of the
same degree and r—regular if all of its vertices are of degree r. A 3—regular graph is a cubic
graph Qg. If d;;1 < i < n, be the degree of the vertices v; of a graph G then the sequence
d(G) = (d1,ds,- -+ ,d,) is the degree sequence of G. Usually, we order the vertices so that the
degree sequence is monotonically increasing, that is, §(G) =dy < dy < --- < d,, = A(G). Also
two graphs with the same degree sequence are said to be degree equivalent.

We need the following results for preparing equal degree graphs.

Theorem 2.1([2]) The sum of the degrees of graphs is even, being twice the number of edges.
Theorem 2.2([2]) In any graph there is an even number of vertices of odd degree.

Theorem 2.3([2]) If di,ds, -+ ,d, is the degree sequence of some graph, then, necessarily
Zl 1di is even, and 0 < d; <n —1 for 1 <i < n. But converse is not true.

Theorem 2.5(]2]) Let G be a graph of order n > 2, then d(G) contains at least two numbers

are same.

Theorem 2.6([2]) Let G be a r-regular graph of order n. Then |E(G)| = %

Theorem 2.7([3]) Let G be a r-regular graph of order n. Then G is (n —r — 1)-reqular graph

of order n.

Theorem 2.8([3]) A graph is 1—regular if and only if it is of even order and is the disjoint

. !
union of some Kys.

If n = 1, then G is called trivial graph, otherwise G is called non-trivial graph. In this

paper we consider non-trivial graphs only. For further details and notations we refer [4].

§3. Equal Degree Graphs

We have already mentioned that the best known parameters of a graph are order and size. But
another parameter of a graph is degree of a vertex which is a meaningful to have a term for the
number of edges meeting at a vertex. By using this parameter we define equal degree graph as

follows.
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Definition 3.1 Let G be a simple graph with vertex set V. = {1,2,--- ,n},n > 1, Then the
equal degree graph of G is D(G) having the same vertex set as G and two vertices u,v € V are
adjacent in D(G) if and only if dega(u) = dega(v).

Generally, we know Smarandachely k-degree graphs DG of a graph G in which vertices
u,v € V are adjacent if and only if |degg(u) — degg(v)| = k for integers k < A(G) — §(G) and
Smarandachely degree graph SG in which u, v are adjacent if |degs(u) — dega(v)| > 1. Clearly,
DG = DG. The definition of equal degree graphs should be noted that the following.

1. D(G) is a non-trivial graph;

2. D(G) has at least one edge;
3. D(G) is also a simple undirected graph having without multiple edges.

The following Fig.1 shows that simple graphs and their equal degree graphs of order 4.

1 1
4 2 4 2
3 3
1 1
4 3 4 2
3 3
1 1
4 2 4 \\v 2
3 3
Graphs Equal Degree Graphs

Fig.1 Graphs and their equal degree graphs

We now characterize graphs G for which D(G) is either regular or not. The following

propositions are immediate.

Proposition 3.2 For any graph G, the graph D(G) is never a 0—regular graph.

Proof Suppose D(G) is a 0—regular graph. Then its degree sequence is d(D(G)) =
(0,0,---,0) for any graph G. This shows that D(G) is isomorphic to empty graph, and thus
D(G) is a trivial graph, which is a contradiction to the definition of equal degree graphs. Thus

the result follows. O
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Remark 3.3 (i) D(G) is l-regular if and only if D(G) is a graph of order 2. (i7) D(G) is
1-regular if and only if G is a graph of order 4 and d(G) = (0,0,1,1) or (2,2,3,3).

Proposition 3.4 For any graph G of order n > 4, D(G) is never 1—regular. In particular,
D(G) is never 2,3,- -, (n — 2)-regular.

Proof Suppose G is a graph with size n > 4. We show that D(G) is not 1—regular. Assume
that D(G) is 1—regular. Then the degree sequence of G is d(D(G)) = (1,1,---,1)(n times).

even, if n is even

(I+1+---4+1)(n times) =
odd, if nis odd

Case 1. If nis odd, then 1+ 1+ ---+ 1(n times) is odd, which contradicts to the Theorem
2.2. So in this case the result is not true.

Case 2. If nis even, then 1+ 1+ --- + 1(n times) is odd, which is impossible because the

graph D(G) does not contain an even number of vertices of same odd degree.

From the above cases our assumption is not true, and hence D(G) is never 1—regular for
any graph G of order n > 4. a

Remark 3.5 Similarly we can show that D(G) is never 2-regular, 3-regular,- - -, (n — 2)-regular
but it should be (n — 1)-regular.

Theorem 3.6(Fundamental Theorem) For any graph G of order n, the degree graph D(Q) is

either complete or disconnected but not totally disconnected.

Proof Suppose D(G) is totally disconnected. Then obviously D(G) is isomorphic to N,,.
But by the definition of degree graph, D(G) is never isomorphic to N,. Hence D(G) is not
totally disconnected.

Now we prove that D(G) is either complete or disconnected. Suppose D(G) is disconnected.
Then there is nothing to prove. If possible assume that D(G) is connected, then the Proposition
3.4 and Remark 3.5 shows that D(G) is (n — 1)-regular, and hence D(G) is complete. m

84. Complete Equal Degree Graphs

In this section we are going to prove that the equal degree graphs are complete. Further we
characterize graphs G for which D(G) is complete and also we show that G = D(G).

Proposition 4.1 The degree graph of regular graph is complete.

Proof Let V be a vertex set of r-regular graph G. Then the degree sequence of G is
d(G) = (r,r,--- ,r), that is, d(i) = r for each 1 <7 < n. We show that D(G) is complete. For
this let 4,5 € V, i # j, then deg(i) = r and deg(j) = r. Therefore, deg(i) = deg(i), for all
i # j in V(G). Thus i and j are adjacent in D(G). This shows that every two distinct pair of
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vertices is joined by an edge in D(G). Hence D(G) is complete. O

This proposition has a number of useful consequences.

Corollary 4.2 Let G be a connected graph of order n > 4. Then D(QG) is either complete or
disconnected.

Proof The proof is divided into cases following.

Case 1. Suppose G is a connected regular graph of order n > 4. Then, by the Proposition
4.1, D(G) is complete.

Case 2. Suppose G is a connected but not regular. Then the degree sequence of G contains
at least two distinct positive integers, say s and ¢. That is, if u,v € G, then deg(u) # deg(u)
implies v is not adjacent to v in D(G). Hence D(G) is disconnected. O

Corollary 4.3 For each n > 1, we have

(i) D(Kn) = Kn;
(i1) D(Cy) = K
(iii) D(N,) = Kon;
(iv) D(Kpn) = Kan;
(v) D(Qs) = Ks.

Proof (i) The complete graph K, is (n — 1)-regular, and thus D(K,) = K.

(74) For each n > 3, the cycle C,, is 2-regular. Hence D(C,,) = K.

(#4¢) For each, the empty graph N,, is O-regular graph. Hence D(N,,) = K.

(7v) Since the completed bipartite graph K, , is n-regular and the order of K, , is 2n.
Thus D(K,, ) = Ko,

(v) Qs is 3-regular of order 8, and thus D(Qg) = Ks. m

Corollary 4.4 Let G° be the complement of r-reqular graph G of order n, then D(G) =
D(G%) 2 K,.

Proof We deduces this consequence from the Theorem 2.6 and Proposition 4.1 as follows.
We know that G is r-regular graph of order n if and only if G¢ is (n —r — 1)-regular graph
of same order n. Thus the Proposition 4.1 shows that D(G) 2 K, if and only if D(G°) & K.

Hence D(G) = D(G°) 2 K. O

Corollary 4.5 Let G be any graph of order n. For fired m € Z, if there exists an integer n
such that deg(v) = mn for each vertex v of G. Then, D(G) = K.

Proof Obviously follows from Proposition4.1, since G is mn-regular graph of order n.
We now characterize the graphs G which attain bounds for |E(D(G))|. We know that

n(n—1)

0<[E(G)] = —
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for any simple graph G of order n > 1. But the following result specifies that the bounds for
[E(D(G))I. O

n(n—1)
—

Proof From the definition of equal degree graphs, |V(G)| = |V(D(G))| = n, and n > 1.
For any non-trivial graph G, we have deggu < (n — 1) for each v € V(G). This is also true in
D(G), that is, degp(gyu < (n — 1) for each u € V(D(G)). From Theorem2.1 we have

Theorem 4.6 If G is any graph of order n > 1, then 0 < |E(G)| <

n(n—l).

AB(D@) = Y  deg(u) = 2E(D(G)) < n(n—1) = |E(D(G))| < 5

deV(D(G))

It is one extreme of the required inequality. At the other extreme, a degree graph D(G)
may possess at least one edge at all. That is, |[E(D(G))| # 0. Hence

0<jm(@) < ML,

Remark 4.7 The above inequality says that the following two specifications for D(G):

(1) D(G) or D(G®) has at least one edge or at most (%) edges;
(2) D(G) is never totally disconnected. In particular, D(G) 2 N, for each G of order
n> 1.

Corollary 4.8 Let G be a r-reqular graph of order n > 1. Then
n

B(@)| =" and |B(D(G)) = (Z)

Proposition 4.9 Let G be a graph of order n. Then |E(G)| = |E(D(Q))| if and only if G and
D(G) are (r — 1)-regular graphs.

Proof Let G be a r-regular graph of order n > 1. By the Corollary 4.7,

rn n
B@) =3 and 1EDE)] = (3)
Therefore,
™ n . n(n—2)
|E(G)| = |E(D(G))| < —=— = & —=——"&=n-1G
2 2 2 2
is (n — 1)-regular, and hence D(G) is also (n — 1)-regular. m

Proposition 4.10 If G is a complement of G, then D(G®) = D(G).

Proof Let G¢ be the complement of a graph G of order n > 1. Then the following cases

arise on the regularity of G.
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Case 1. Suppose G is a regular graph. Then the result obviously follows from Proposition
4.1.

Case 2. Suppose G is not a regular graph. We show that D(G°) = D(G). If possible assume
that D(G¢) # D(G), then the following three subcases arise.

Subcase 2.1 If V(D(G®)) # V(D(G)) then obviously V(G¢) # V(G), which is a contra-
diction to the fact that V(G¢) = V(G).

Subcase 2.2 If E(D(G®)) # E(D(G)), then V(D(G®)) + V(D(G)) = ™21 This shows
that either D(G) or D(G®) has at most @ edges, which is a contradiction to the fact that
D(G) or D(G°) has at most u edges.

Subcase 2.3 If V(D(G°)) # V(D(G)), E(D(G®)) # E(D(Q)), then trivially it is not true

from cases 2.1 and 2.2.

From the above three subcases 2.1, 2.2 and 2.3, we conclude that D(G¢) # D(G) is not
true. Hence D(G¢) = D(QG). O

Remark 4.11 The converse of the above result is not true. For example, D(N,,) = D(N£) but
N,, # NE.

Theorem 4.12 Let G1 and Ga be same regular graphs of order n. Then D(G1) = D(G3). But

converse 1s not true.

Proof Suppose G and G2 be regular graphs of same order n > 1. By the Proposition 4.1,
D(Gy) 2 K, and D(G2) = K,,, and thus D(G1) = D(G2). But converse of this result is not
true. This illustrates the Figure 2. Consider the graphs GG; and G2 on four vertices and their
degree graphs. |

AP

DG) DG G, G

Fig.2 Graphs G1, G2, D(G1) and D(G3).

Theorem 4.13 Let G and G2 be graphs of same order n > 1 such that d(G1) = d(Gz). Then
D(G;1) = D(G3). But converse is not true.

Proof Suppose G and Ga be non-regular degree equivalent graphs of same order n > 1.
Then their degree sequences are equal. That is, d(G1) = d(G1) = (d1,da,- - ,d,) where
di <dy <+ <dp, 0<d; <n—1 for each 1 < i < n. By the definition of degree graphs, G,
and G2 (G1 # G2) are both realize same degree graph, that is, D(G1) = D(G2).
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Converse of the Theorem 4.13 is not true, in general. For the degree sequences d(G1) =
(2,2,2,2) and d(G2) = (3,2,3,2), we have D(G1) = D(G2) implies that d(G1) # d(G2). O

Theorem 4.14 If G1 and G2 are two graphs such that G1 = Ga, then D(G1) = D(G2). But

the converse is not true.

Proof Suppose G1 = G5. Then there exists an isomorphism ¢ from G; onto G2. We show
that D(G1) = D(G3). For this let (u,v) € E(D(G1)), then by the definition of degree graphs,
dege,u = dega,v = dega,p(u) = dega,p(v) = (p(u), p(v)) € E(D(G2)) = D(G1) = D(G2).

But converse of this result is not true. For example, D(N4) = D(Cy) but Ny 2 Cy. O

85. Disconnected Equal Degree Graphs

In this section we characterize the graphs G for which D(G) is disconnected.

Theorem 5.1 Let G be a graph of order n+ k. Then D(G) & K,, U Ny, where n is the number

of vertices of same degree and k is the number vertices of unequal degree.

Proof Let |[V(G)| = n+ k.Then V can be partitioned into two subsets S; and Sz such that

S1 = {u1,ug, -+ ,up} and Sy = {v1,va, -+ ,vx} where deggu; = deggu; for all 1 <i#j<n
and degau; # deggu; for all 1 < i # j < k. By the definition of Degree graphs, < S; >= K,
and < Sy >2 N. Hence D(G) = K,, U Ny. |

This theorem gives the following consequences.

Corollary 5.2 D(P,) =< 51 > U < Sg > where < S1 > Ky and < So > K,,_s.

Proof Let vy and v,41 be the internal and external vertices of the path P, : viejvsesvs
-+ UpenUny1. Then the vertex set V = V(P,) can be partitioned two disjoint sets S; and So
such that S1 = {v1,v,41} and Sy = {v1,va, -+ ,v,}.

Case 1. In this case deggvi = degguny1 # deggu; for j = 2,3,..,n. This shows that there
exists only one edge between vy and v,41 in Sy, and which are not adjacent to the vertices in
So. Thus the degree graph of S; is an induced sub graph < S; > which is isomorphic to K.

Case 2. Suppose v;,v; € Sy for every ¢ # j. Then deggv; = deggv; = 2 # 1 = deggvi =
degavn+1 for each i # j such that 2 < 4,5 < n. Thus the degree graph of Ss is also an induced
subgraph < S; > which is isomorphic to K, _s.

Case 3. Suppose u € S; and v € Sy. Then there is no edge between u and v in the equal
degree graph whose vertex set is V =57 U S5 since deggu = 1 # 2 = deggv.

From the cases 1, 2 and 3 we conclude that D(P,) is disconnected with two disjoint
components < S7 > and < Sy >. O

The proofs of the following consequences are obvious.

Corollary 5.3 The following results on D(G) are true:
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(1) D(K1,n) = K1 U Kp_1;
(2) D(Kn1;n27”'7nk) = Knl U an U---u Knk;'
(3) D(Wn) =K UK, _1.

Corollary 5.4 Let G be a graph of order p+ q. Then D(G) = K, U K, where p is the number

of vertices of same degree and q is the number of vertices of another same degree.

Corollary 5.5 Let T be a tree of order ny + na +ns. Then D(T) = K,,, U K,,, U K,,, where
ny is the number of pendent vertices, no is the number of non-pendent vertices of same degree

and n3 is another non-pendent vertex of another same degree.

Theorem 5.6 Let D be a connected Euler graph. Then D(G) is either complete or disjoint

union of complete components.

Proof Consider the two cases on the regularity and non-regularity of a connected Euler
graph G.
Case 1. Let G be a regular graph. The Proposition 4.1 shows that D(G) is complete.

Case 2. Let G be a non- regular graph of order ny + no 4+ - - - + ng. Then n; is the number
of vertices of degree 2, ny is the number of vertices of degree 4, and so on ny, is the number of
vertices of degree 2k. The Theorem 5.1 shows that D(G) is isomorphic to the disjoint union of
complete components K,,,, Ky,, -+, Kp,. Hence D(G) = K,,, UK,, U---UK,,. O

Example 5.7 For each n > 3, the cycle C, is a regular Euler graph, and thus D(C,,) = K,.

Example 5.8([3]) The graphs D13 and Mg are the Davids and Mohammeds graphs of order
12 and 16 respectively, which are non-regular Euler graphs, and their Degree graphs D(Dg) =
Kg U Ké and D(Mq1) = K4 U K;, which are disconnected graphs.

Theorem 5.9 Let G be a simple graph of order n > 4. Then D(D(G)) = D(G) < G is

r-reqular graph.

Proof For any simple graph G of order n > 4, we have G is r-regular & D(G) = K,,
by the Proposition 4.1 & D(D(G)) & D(K,) & D(D(G)) = K,(since D(K,) = K,) <
D(D(@)) = D(Q). O

§6. Relation Between D(G) and DP(G)

In [1], the authors M. Sattanathan and R. Kala introduced Degree prime graphs and studied
their characterizations. According to these authors DP(G) is a graph whose vertex set is same
as V(@) and u,v € V(G) are adjacent in DP(G) if and only if

deggu # deggv, ged(deggu, deggv) = 1.

In this paper, we are going to study the relation between D(G) and DP(G). Fundamentally

we observe that the following:
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For any graph G, we have

(1) D(G) # DP(G);

(2) D(DP(G)) # DP(D(G)).

But the following result specifies that the relation between D(G) and DP(G) for some
graphs G.

Theorem 6.1 If G is either totally disconnected, regular or complete, then D(G) = (DP(G))°.

Proofv For any totally disconnected, regular or complete graph G, we know that D(G) =
K, and DP(G) = N,. But K,, = N¢. This shows that the required result is obviously true.
Bozx

Here, we present an open problem following;:

Problem 6.2 Let G be a graph. Then

(1) Find the cardinality of the set S = {G : D(QG) is complete };
(2) Find the cardinality of the set S = {G: D(D(G)) = D(G)};
(3) For the finite family of graphs {G;}, show that

n

Up@)=n <Ln) GZ—> and (n] D(G;) =D <(n] GZ—> ;

i=1

(4) Find the graph G such that D(D(--- (D(G))---))(n times)= G.
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Abstract: Let G be a (p,q) graph. Let f be a function from V(G) to the set {1,2,--- , k}
where k is an integer 2 < k < |V(G)|. For each edge uv assign the label r where
r is the remainder when f(u) is divided by f(v) (or) f(v) is divided by f(u) accord-
ing as f(u) > f(v) or f(v) > f(u). f is called a k-remainder cordial labeling of G if
lvp (i) —vr(j)| < 1,45 € {1, -+, k}, where vs(z) denote the number of vertices labeled with
z and |ef(0) —ef(1)] < 1 where ef(0) and ef(1) respectively denote the number of edges
labeled with even integers and number of edges labelled with odd integers. A graph with
admits a k-remainder cordial labeling is called a k-remainder cordial graph. In this paper
we investigate the 4- remainder cordial behavior of grid, subdivision of crown, Subdivision

of bistar, book, Jelly fish, subdivision of Jelly fish, Mongolian tent graphs.

Key Words: k-Remainder cordial labeling, Smarandache k-remainder cordial labeling,
grid, subdivision of crown, subdivision of bistar, book, Jelly fish, subdivision of Jelly fish,

Mongolian tent.

AMS(2010): 05C78.

81. Introduction

We considered only finite and simple graphs.The subdivision graph S (G) of a graph G is
obtained by replacing each edge uv by a path uwv. The product graph G; XG> is defined as
follows:

Consider any two points u = (u1,u2) and v = (vi,v2) in V = V; x V5. Then u and v
are adjacent in G X G2 whenever [u; = v; and ug adj wvs] or [us =wve and uy adj vi]. The
graph P, x P, is called the planar grid. Let G1, G2 respectively be (p1,q1), (p2,g2) graphs.
The corona of G; with G5, G; ® G> is the graph obtained by taking one copy of G1 and p;
copies of Gy and joining the i*" vertex of G; with an edge to every vertex in the i*” copy of
G2. A mongolian tent M, , is a graph obtained from P,, x P, by adding one extra vertex
above the grid and joining every other of the top row of P, x P, to the new vertex. Cahit [1],
introduced the concept of cordial labeling of graphs. Ponraj et al. [4, 6], introduced remainder

cordial labeling of graphs and investigate the remainder cordial labeling behavior of path, cycle,

1Received February 4, 2017, Accepted March 8, 2018.
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star, bistar, complete graph, S(K1 ), S(Bnn), S(W,), P2, P2\J K1 n, P2\UBnn, PoU By,
P,UK1n, KinUS(E1n), KinUS(Bnn), S(K1n)JS(Bnn), etc., and also the concept of
k-remainder cordial labeling introduced in [5]. In this paper we investigate the 4-remainder
cordial labeling behavior of Grid, Subdivision of crown, Subdivision of bistar, Book, Jelly fish,

Subdivision of Jelly fish, Mongolian tent, etc,. Terms are not defined here follows from Harary
[3] and Gallian [2].

82. k-Remainder Cordial Labeling

Definition 2.1 Let G be a (p,q) graph. Let f be a function from V(G) to the set {1,2,---  k}
where k is an integer 2 < k < |V(G)|. For each edge uv assign the label v where r is the
remainder when f(u) is divided by f(v) (or) f(v) is divided by f(u) according as f(u) > f(v)
or f(v) > f(u). The labeling f is called a k-remainder cordial labeling of G if |v(i) — vy ()] <1
and lep(0) —ep(1)] < 1, otherwise, Smarandachely if |vs(i) —vs(5)] > 1 or lef(0) —ep(1)] > 1
for integers i,5 € {1,---,k}, where vp(x) and es(0), es(1) respectively denote the number
of vertices labeled with x, the number of edges labeled with even integers and the number of
edges labelled with odd integers. Such a graph with a k-remainder cordial labeling is called a

k-remainder cordial graph.

First we investigate the 4—remainder cordial labeling behavior of the planar grid.

Theorem 2.2 The planar grid P, x P, is 4—remainder cordial.

Proof Clearly this grid has m—rows and n—columns. We assign the labels to the vertices

by row wise.
Case 1. m =0 (mod 4)

Let m = 4t. Then assign the label 1 to the vertices of 15,274 ... " rows. Next we move
to the (t+1)" row. Assign the label 4 to the vertices of (t+1)"", (t+2)h, ... (2t)!" rows. Next
assign the label to the vertices (2t + 1) row. Assign the labels 2 and 3 alternatively to the
vertices of (2t + 1)" row. Next move to (2t 4+ 2)!" row. Assign the labels 3 and 2 alternatively
to the vertices of (2t + 2)*" row. In general i*" row is called as in the (i — 2)*" row, where
2t + 1 <4 < 3t. This procedure continued until we reach the (4t)th TrOw.

Case 2. m =1 (mod 4)

As in Case 1, assign the labels to the vertices of the first, second, --- , (m — 1) row. We
give the label to the m'" row as in given below.

Subcase 2.1 n =0 (mod 4)

Rotate the row and column and result follows from Case 1.

Subcase 2.2 n =1 (mod 4)

Assign the labels 4,3,4,3,--- ;4,3 to the vertices of the first, second, - - - , ("T_l)th columns.

Next assign the label 2 to the vertices of ("TH)“‘ column. Then next assign the labels 2,1,2,1,-- -,
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ndd ndd . (3 —2)" columns. Assign the remaining vertices.

2,1 to the vertices of 5

Subcase 2.3 n =2 (mod 4)

Assign the labels 4,3,4,3,--+,4,3 to the vertices of 15t,2"% ... (252)" columns. Next
assign the label 2 to the vertices of (%)th column. Then next assign the labels 2,1,2,1,---,2,1
to the verticesof 541,542, -+, (2?” — )th columns. Finally assign the label 1 to the remaining

vertices of n**column.

Subcase 2.4 n =3 (mod 4)

Assign the labels 4,3,4,3,--- ,4,3 alternatively to the vertices of 15, 274 ... | ("Tﬂ)th
columns. Then next assign the labels 1,2,1,2,--- to the vertices of ”T*B, ”T%, SRR (27” — )th

columns. Finally assign the label 1 to the remaining vertices of n'" column. Hence f is a
4—remainder cordial labeling of P, x P,.

All other cases follow by symmetry. |

Next is the graph Ky + mKj.

Theorem 2.3 If m =0,1,3 (mod 4) then Ky + mK; is 4—remainder cordial.

Proof Tt is easy to verify that Ko + mK; has m + 2 vertices and 2m edges. Let V(Ks +
mKy) ={u,u;,v:1<i<m}and E(Ks +mK;) = {uv,uu;,vu; : 1 <i < m}.

Case 1. m =0 (mod 4)

Let m = 4t. Then assign the label 3,3 respectively to the vertices u,v. Next assign

the label 1 to the vertices wj,uo,--- ,uir1. Then next assign the label 2 to the vertices
Uty2, Ut4+3, -+ ,Uat+1. Lhen followed by assign the label 3 to the vertices uosyo, Uotts, ..., Ust.
Finally assign the label 4 to the remaining non-labelled vertices ussy1, ust42, - , Ugs-

Case 2. m =1 (mod 4)

As in Case 1, assign the labels to the vertices u,v,u;, (1 < i < m —1). Next assign the
label 2 to the vertex u,,.

Case 3. m =3 (mod 4)

Assign the labels to the vertices u,v,u;, (1 < i < m — 2) as in case(ii). Finally assign
the labels 3,4 respectively to the vertices u,,—1, 4. The table given below establish that this
labeling f is a 4—remainder cordial labeling.

Nature of m er(0) | er(1)

m=0 (mod4) | m+1 m

m =1 (mod 4) m m+1

m =3 (mod 4) m m+1

Table 1

This completes the proof. O
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The next graph is the book graph B,,.

Theorem 2.4 The book B, is 4—remainder cordial for all n.
Proof Let V(By,) = {u,v,u;,v; : 1 <i<n} and E(B,) = {wv,uu;,vv;, u;v; : 1 <i < n}.
Case 1. n is even

Assign the labels 3,4 to the vertices u and v respectively. Assign the label 1 to the vertices

u1,uz, -+ ,uz and assign 4 to the vertices um 1, um 19, -+, up. Next we consider the vertices
v;. Assign the label 2 to the vertices vi,va, - ,vz. Next assign the label 3 to the remaining
vertices vz 1,vz 49, ", Uy, respectively.

Case 2. nis odd

Assign the labels 3,4 to the vertices v and v respectively. Fix the labels 4,2, 1 to the ver-

tices u1, ug, -+ ,uz41 and also fix the labels 3,1, 2 respectively to the vertices vy, va, -+, vz 41.
Assign the labels to the vertices wug, us, - ,u, as in the sequence 2,1,2,1...,2,1. In similar
fashion, assign the labels to the vertices v4,vs,- -+ ,v, as in the sequence 3,4,3,4...,3,4. The

table 2 shows that this vertex labeling f is a 4— remainder cordial labeling.

Nature of n | ef(0) | ef(1)

n is even m+1 m
n is odd m m+1
Table 2
This completes the proof. O

Now we consider the subdivision of B, ,,.

Theorem 2.5 The subdivision of B, ,, is 4—remainder cordial.

Proof Let V(S(Bpn)) = {u,v,us,vi,wi,z,x; 0 1 < i < n}and E(S(Bp.n)) = {uu,, vv;,
ww;, &, ux, xv 1 <4 < n}.It is clearly to verify that S(B,, ,) has 4n + 3 vertices and 4n + 2
edges.

Assign the labels 1,4, 3 to the vertices u, x and v respectively. Assign the labels 1,3 alter-
natively to the vertices uy,us, -+ ,u,. Next assign the labels 2,4 alternatively to the vertices
w1, W, ,Wy,. We now consider the vertices v; and z;. Assign the labels 2,4 alternatively
to the vertices vy,va, -+ ,v,. Then finally assign the labels 3,1 alternatively to the vertices

T1,%2, - ,Tn. Obviously this vertex labeling is a 4—remainder cordial labeling. O

Next, we consider the subdivision of crown graph.

Theorem 2.5 The subdivision of C,, ® Ky is 4—remainder cordial.

Proof Let ujug...u, be a cycle C,. Let V(C,, ® K1) = V(Cp, U{vi : 1 < i@ < n})
and E(C,, ® K1) = E(Cy, | J{ui,v; : 1 < i < n}).The subdivide edges w;u; 41 and w;v; by a;
and y; respectively. Assign the label 2 to the vertices u;, (1 < ¢ < n) and 3 to the vertices
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2, (1 <i < n). Next assign the label 1 to the vertices y;, (1 < ¢ < n). Finally assign the label
4 to the vertices v;, (1 <4 < n). Clearly, this labeling f is a 4—remainder cordial labeling. O

Now we consider the Jelly fish J(m,n).

Theorem 2.6 The Jelly fish J(m,n) is 4—remainder cordial.

Proof Let V(J(m,n)) = {u,v,z,y,u;,v; : 1 <i<mand 1< j<n}and E(J(m,n)) =
{uu;, vu;, uz,uy,vr,vy : 1 <i <mand 1 < j <n}. Clearly J(m,n) has m + n + 4 vertices
and m +n + 5 edges.

Case 1. m =n and m is even.

Assign the label 2 to the vertices ui,uso, - - ;uz and assign the label 4 to the vertices
Uzy1,Uzyo, 0, Up. Next assign the label 1 to the vertices vy, vz, -+, vz and assign 3 to
the vertices vz i1,v242,...,v,. Finally assign the labels 3,4,2,1 respectively to the vertices

Uy Ty Y, V.
Case 2. m =n and m is odd.

In this case assign the labels to the vertices u;,v;(1 <i <m — 1) and u,v,z,y as in Case

1. Next assign the labels 2,1 respectively to the vertices u,, and v,.
Case 3. m # n and assume m > n.

Assign the labels 3,4, 1,2 to the vertices u, x, y, v respectively. As in Case 1 and 2, assign
the labels to the vertices u;, v;(1 <i < n).

Subcase 3.1 m —n is even. Assign the labels to the vertices w11, Unt2, -, Um as in the
sequence 3,4,2,1;3,4,2,1;---. It is easy to verify that u,, is received the label 1 if m —n =0
(mod 4).

Subcase 3.2 m — n is odd. Assign the labels to the vertices u;(n < i < m) as in the
sequence 4,3,2,1;4,3,2,1;---. Clearly, u, is received the label 1 if m —n =0 (mod 4). |

For illustration, a 4—remainder cordial labeling of Jelly fish J(m,n) is shown in Figure 1.

2 2 !

Figure 1

Theorem 2.8 The subdivision of the Jelly fish J(m,n) is 4—remainder cordial.
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Proof Let V(S(J(m,n))) = {u, ui, zi,v,v5,y; : 1 <i<m,1 <j<n}lHw:1<i<7}
and E(S(J(m,n))) = {uu;, wzi,vv,v5y; + 1 < i <m,1 < j < n}J{vwr, vws, wrws, wswe,

WEW7, WsW3, W3V, VW4, WAWT, W27 }.
Case 1. m = n.

Assign the label 2 to the vertices ui,us, - ,u;,; and 3 to the vertices x1,x2, -, Tm.
Next assign the label 1 to the vertices vi,va, -+ , v, and assign the label 4 to the vertices
Y1,Y2, -+ ,Ym. Finally assign the labels 3,2,3,2,3,1,4,4 and 1 respectively to the vertices

U, Wy, Ws, We, Wr, W2, W3, and Wy4.
Case 2. m > n.

Assign the labels to the vertices u, u;, v, v, x;, i, W1, Wa, W3, We, W5, We, w7, (1 < i < n) as
in case(i). Next assign the labels 1,4 to the next two vertices 41, Zn+2 respectively. Then
next assign the labels 1,4 respectively to the vertices x,43, xpt4. Proceeding like this until we
reach the vertex x,,.That is the vertices ©,4+1,Zn+2, Tnt3, Tnta, - are labelled in the pattern
1,4;1,4;1,4;1,4;---. Similarly the vertices u,41, upy2,--- arelabelled as 2,3;2,3;2,3;---,2,3.
The Table 3, establish that this vertex labeling f is a 4—remainder cordial labeling of S(J(m,n)).

Nature of m and n er(0) er(1)
m=n 2n+5 2n+5
m>n m+n+5| m+n+5H
This completes the proof. O

Theorem 2.9 The graph Cét) 18 4—remainder cordial.

Proof Let V(Cét)) = {u,u;,v; : 1 <i<n}and E(Cét)) = {uug, vv;, uv; 1 1 < i < nj.
Assume t > 3. Fix the label 3 to the central vertex uw and fix the labels 1,2, 2, 4, 3, 4 respectively
to the vertices wui, ug, us, v1,ve and vs. Next assign the labels 1,2 to the vertices ug,us. Then
assign the labels 1, 2 respectively to the next two vertices ug, u7 and so on. That is the vertices
U4, Us, Ug, u7 are labelled as in the pattern 1,2,1,2---,1,2. Note that the vertex u,, received
the label 1 or 2 according as n is even or odd. In a similar way assign the labels to the vertices
vy, U5, Vg, U7 as in the sequence 4,3,4,3,4,3,---. Clearly 4 is the label of w,, according as n is
even or odd. The Table 4 establish that this vertex labeling is a 4—remainder cordial labeling
of iV, t > 3.

Nature of n | ef(0) | es(1)

3n 3n

2 2

n is even

n is odd n+1l|n+2

Table 4

For ¢t = 1,2 the remainder cordial labeling of graphs 03(1) and 03(2) are given below in

Figure 2.
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1 4

Figure 2

This completes the proof. O

Theorem 2.10 The Mongolian tent M,, ,, is 4—remainder cordial.

Proof Assign the label 3 to the new vertex.
Case 1. m =0 (mod 4) and n =0,2 (mod 4).

Consider the first row of M,,. Assign the labels 2,3,2,3,---2,3 to the vertices in the first
row. Next assign the labels 3,2,3,2---3,2 to the vertices in the second row. This procedure is

continue until reach the %th row. Next assign the labels 1,4,1,4,--- 1,4 to the vertices in the
5+ 1" row. Then next assign the labels 4,1,4,1,---,4,1 to the vertices in the § + 2" row.

This proceedings like this assign the labels continue until reach the last row.
Case 2. m =2 (mod 4) and n = 0,2 (mod 4).

In this case assign the labels to the vertices as in Case 1.
Case 3. m =1 (mod 4) and n = 0,2 (mod 4).

Here assign the labels by column wise to the vertices of M,,. Assign the labels 2,3,2,3,---2,

3 to the vertices in the first column. Next assign the labels 3,2,3,2---3,2 to the vertices in

nth
2

labels 1,4,1,4,---,1,4 to the vertices in the % + 1" column. Then next assign the labels

4,1,4,1,---,4,1 to the vertices in the 5 + 2" column. This procedure is continue until reach

the second column. This method is continue until reach the column. Next assign the

the last column.
Case 4. m =3 (mod 4) and n = 0,2 (mod 4).

As in Case 3 assign the labels to the vertices in this case. The remainder cordial labeling

of graphs My 4 is given below in Figure 3..
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Figure 3

This completes the proof. O
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Abstract: Let G be an undirected graph with n vertices in which a robot is placed at a
vertex say v, and a hole at vertex u and in all other (n — 2) vertices are obstacles. We refer
to this assignment of robot and obstacles as a configuration C,, of G. Suppose we have a one
player game in which the robot or obstacle can be slide to an adjacent vertex if it is empty
i.e. if it has a hole. The goal is to take the robot to a particular destination vertex using
minimum number of moves. In this article, we give the minimum number of moves required
for the motion planning problem in Lexicographic products of some graphs. In addition,
we proved the necessary and sufficient condition for the connectivity of the lexicographic

product of two graphs.
Key Words: Motion in a graph, lexicographic product graphs, k-factor of graphs.
AMS(2010): 05C85, 05C75, 68R10, 91A43.

81. Introduction

Given a graph G, with a robot placed at one of it’s vertices and movable obstacles at some
other vertices. Assuming that we are allowed to slide the robot and obstacles to an adjacent
vertex if it is empty. Let u,v € V(G), and suppose that the robot is at v and the hole at u and
obstacles at other vertices we refer to this as a configuration C¥. Now we use u <~ v and u <> v
to denote respectively, the robot move and the obstacle move from vertex v to an adjacent
vertex u where u,v € F(G). A simple move is referred to as moving an obstacle or the robot
to an adjacent empty vertex while a graph G is k-reachable if there exists a k-configuration
such that the robot can reach any vertex of the graph in a finite number of simple moves. The
objective is to find a minimum sequence of moves that takes the robot from (source) vertex p
to a (destination) vertex t.

For two vertices u,v € V(G), let dg(u,v) denotes the distance between v and v in G. Most
of the distances used in this article are in G so we use d(u,v) instead of dg(u,v) to represent
the distance between the vertices w and v in G. We denote the complete, complement of a
complete, cycle, path graph and complete graph minus one factor on n vertices by K,,, K,,, Cp,
P, and K,, — I respectively.

The motion planning problem in graph was proposed by Papadimitriou et al [9] where it

was shown that with arbitrary number of holes, the decision version of such problem is NP-

1Received August 26, 2017, Accepted March 10, 2018.
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complete and that the problem is complex even when it is restricted to planar graphs. They
also gave time algorithm for trees. The result in [9] was improve in [2]. Robot motion planning
on graphs (RMPG) is a graph with a robot placed at one of its vertices and movable obstacle at
some of the other vertices while generalization of RMPG problem is the Multiple robot motion
planning in graph (MRMPG) whereby we have k different robots with respective destinations.
Ellips and Azadeh [5] studied MRMPG on trees and introduced the concept of minimal solvable
trees. Auletta et al [1] also studied the feasibility of MRMPG problem on trees and gave an
algorithm that, on input of two arrangements of k£ robots on a tree of order n, decides in
time O(n) whether the two arrangements are reachable from one another. Parberry [8] worked
on grid of order n? with multiple robots while Deb and Kapoor [4,3] generalized and apply
the technique used in [8] to calculate the minimum number of moves for the motion planning

problem for the cartesian product of two given graphs.

The MRMPG problem of grid graph of order n? with n? — 1 robots is known as (n? — 1)-
puzzle. The objective of (n? — 1)-puzzle is to verify whether two given configuration of the grid
graph of order n? are reachable from each other and if they are reachable then to provide a
sequence of minimum number of moves that takes one configuration to the other. The (n? —1)-

puzzle have been studied extensively in [7, 8, 10, 11].

Our work was motivated by Deb and Kapoor [3] whereby they gave minimum sequence
of moves required for the motion planning problem in Cartesian product of two graphs having
girth 6 or more. They also proved that the path traced by the robot coincides with a shortest
path in case of Cartesian product graphs of graphs. In this paper, we consider the case of
lexicographic product graphs. Here we give the minimum number of moves required for the
motion planning problem in the Lexicographic product of two graphs say G and H, where G

and H are specified in each of our cases.

1.1 Lexicographic Product of Graphs

Definition 1.1 The lexicographic product G o H of two graphs G and H is a graph with vertex
set V(G) x V(H) in which (ui,v;) and (up,vq) are adjacent if one of the following condition
holds:

(7’) {uivup} € E(G))
(1) u; = up and {vj,ve} € E(H).

The graphs G and H are known as the factors of Go H. Now onwards G and H are simple
graphs with V(G) = {1,2,3,--- ,m} unless otherwise stated.

Suppose we are dealing with p-copies of a graph G and we are denoting these p-copies of G
by G*, where i = {1,2,3,---,p}. Then for each vertex u € V(G) we denote the corresponding
vertex in the i*" copy G* by u’. The girth of a graph G, denoted by ¢(G) is the length of the

shortest cycle contained in graph G.

Example 1.2 Let G = P, and H = Cy. The graph G o H is shown in Figure 1 below.
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Figure 1 P, o (Cy

Remark 1.3 The Lexicographic product G o H, of graphs G and H, is the graph obtained by
replacing each vertex of G by a copy of H and every edge of G by the complete bipartite graph

Ky, (m)-
1.2 Connectivity of Lexicographic Product of Two Graphs

Here we aim at proving a corollary which Deb and Kapoor [3] mentioned as concerning the

condition for which the lexicographic product G o H is connected.

Proposition 1.4 (See [6]) Suppose that u' and v/ are two vertices in G o H. Then

dg (u,v), if i=jand dg(i)=0
digomn (', v7) = min{dy(u,v),2}, if i=j and dg(i)#0

Theorem 1.5 Let G and H be two non-trivial graphs. Then G o H is connected if and only if

G is connected.

Proof Assume that G o H is connected. We only need to show that graph G is connected.
Given that u,v € V(H) and 4,5 € V(G). Let u' be an arbitrary vertex in G o H. Since
G o H is connected it means that the vertex u’ has an edge with at least a vertex in G o H
(especially in one of the factors in the product graph), let this vertex be v7. Next, by definition
of the lexicographic product graph, for u* and v? to have an edge in G o H then {i,j} € E(G).
Which implies that there is a path between i and j in G. But «’ is an arbitrary vertex in
G o H we conclude that there is a path between each pair of vertices in graph G. Therefore
G is connected. Conversely, suppose that graph G is connected. It suffices us to show that
G o H is connected. Since G is connected it implies that for all ¢,j € V(G) where i and j are
distinct d(i,5) # 0. We shall prove this by contradiction. Assume that the graph G o H is

disconnected. If G o H is disconnected it means that there exist an arbitrary pair of vertices
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(u®,v7) in G o H such that dgoy(u,v?) = 0 for all 4,5 € V(G) and u,v € V(H). Since i and
j are distinct then by Proposition 1.4 we have that dgom (ui,v?) = dg(i,5). But dg(i,j) # 0
therefore dgop (u®, v7) # 0 a contradiction. Since the pair (u’,v7) is arbitrary we conclude that

the product graph G o H is connected. This completes the proof. O

§2. Robot Moves in Lexicographic Product of a Graph and Complement of
Complete Graph

Definition 2.1 An edge u?,v? in G o H is said to be a G-edge if u=wv and {p,q} € E(G).

Definition 2.2 Given two graphs G and H. For any uP,v? € V(G o H),we call the distance
between u and v in H to be the H-distance between u? and v? in Go H. We use dg(u?,v?) and

dg (uP,v?) to denote the G-distance and H -distance between uP v? in G o H, respectively.

Now when there is no confusion about the graph in question G, we use d(u,v) instead of
de(u,v) to represent the distance between u and v in G.

In view of the above definition, we now have this proposition.

Proposition 2.3 Given two graphs G and H. Let {i,7},{j,k} € E(G) and u,v € V(H). Then

dGonui (via uj) = dGOH (via uj)'

Proof To prove this, notice that dgep—qi (v, u?) = 1 which is same as dgom (v, u?).
Each vertex set of copy H® is adjacent to all other vertices in copy H for all {i,j} € E(G)
in Lexicographic product graphs. O

The following two results was given in [4].

Lemma 2.4([4]) Given two graphs G and H. Let {i,j},{j,k} € E(G) such that {i,k} ¢ E(G)
and u,v,w € V(H). Consider the configuration Czj of Go H. Then we require at least three

moves to move the robot from vl to w”.

Lemma 2.5([4]) Given two graphs G and H. Let u,v,w € V(H) such that {u,v},{v,w} €
E(H) and {u,w} ¢ E(H). For some i € V(G), consider the configuration C'; of Go H. Then

minimum of three moves are required to move the robot from v* to w'.

Proposition 2.6 Let G be a graph and H a complement of a complete graph on n vertices.
Let {i,j},{j,k} € E(G) and u,v € V(H). Then starting from the configuration C we need

at least two moves to move the robot to u.

Proof To move the robot from u* to u? before it, the hole is required to move from v* to
u?. This takes just a move since dgop—q: (v%, /) = 1. Then the move u/ <~ u’ takes the robot

to u?. Hence the result follows. O

Corollary 2.7 Let G be any graph and H a complement of a complete graph on n vertices.
Let {i,j},{j, k} € E(G) and u,v € V(H), where u and v are distinct. Then starting from the

configuration C;’] we need at least three moves to move the robot to v*.



150 A. D Akwu and O. Oyewumi

Proof Observe that {v’,v7}, {v7,v*} € E(G o H). For the robot to move to v* before it,

the hole must move from v* to v*. This takes dgop (v?,v*) = 2. Then the move v* <~ vJ moves

the robot from v7 to v*. Hence the result follows. O

Definition 2.8 A robot move in G o H is called a G-move if the edge along which the move
take place is a G-edge.

Definition 2.9 Let T be a sequence of moves that take the robot from u? to v? in GoH. An H-
move (respectively G-move) in T of the robot is said to be a secondary H-move (respectively G-
move) if it is preceded by an H-move (respectively G-move). An H-move (respectively G-move)
in T of the robot is said to be a primary H-move (respectively G-move) if it is preceded by a
G-move (respectively H-move). Also the edge corresponding to a primary G-move (respectively
H-move) in T is said to be a primary G-edge (respectively H-edge). In view of the above

definitions we have the following remark.

Remark 2.10 Given graph G and H a complement of a complete graph on n vertices.

(7) In view of Proposition 2.6, to perform the first move of the robot we require at least 2
moves;
(#4) In view of Corollary 2.7, to perform each secondary move of the robot we require at

least 3 moves.

Theorem 2.11 Let G be a graph and H a complement of a complete graph on n vertices. Let
i,5,k € V(G) and u,v,w € V(H). Then each robot and obstacle moves in a minimum sequence
of moves that takes Cg; to C;”j] in GoH is a G-move. Also such a minimum sequence involves

exactly a number of G-moves of the robot and 3a moves in total, where a = d(i,j) > 1.

Proof Since {u,v},{v,w} ¢ E(H) it means dg(u’,v*) = dg(v’,w’) = 0. The first part of
this lemma follows. Now, let T be a sequence of moves that takes C;’ to C;‘;j in Go H. First,
let z be the number of robot moves in 7. By Proposition 2.6, we need at least two moves to
accomplish the first move of the robot. Observe that each remaining z — 1 robot moves in T is
a secondary G-move. So by Remark 2.10, we need minimum of 3(z — 1) moves to accomplish
the z — 1 secondary G-moves (since the first robot move places the hole at a preceding copy of
the robot). Now, if w’ &£ w® is the 2" robot move in T, it will leave the graph G o H with the
configuration C{{jé Since dgom (W, u?) = 1, so we need minimum of one more move to take the
hole from w® to /. Hence T involves minimum 3z moves. Notice that, the expression 3z takes
the minimum value when z is minimum.

Next, let d(i,j) = a and [i = 49, 11,12,...,4¢ = j| be a path of length a connecting ¢ and
j in G. Then [v® = v v vi2 ... ple = ] is a path of length a in G o H joining v* to w’.

i o" i r 4 0" io T . O in T 4, OF ; ; o
So the sequence of moves u' «— V' «— V0 —— P2 — P — VB — V2 — VM ..y, —

vie & vl <~ u takes the robot from v’ to w’ along this path. Also it involves exactly a
number of G-moves of the robot. Furthermore, from the given sequence above obstacle moves
involves exactly 2 + 2(a — 1) moves. Therefore a minimum sequence of moves T that takes the

configuration C;’ to C;‘j-] involves exactly 3a moves. O
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Theorem 2.12 Let G be a graph and H a complement of a complete graph on n vertices. Let
{i,7} € E(Q) and u,v,w € V(H). Then each robot move in a minimum sequence of moves

that takes sz to Cﬂj; in G o H involves exactly 5 moves.

Proof Combining Proposition 2.6 and Corollary 2.7 gives the result. |

The above Lemma gives the minimum number of moves required to take the robot from a
given factor to itself and to another factor G o H. The proof of this lemma is immediate from
Theorems 2.11 and 2.12.

Lemma 2.13 Consider the graph G o H. Let u,v € V(H) with the initial configuration sz,

where G is any graph and H a complement of a complete graph on n vertices. Then

(i) to move the robot from H' to H® we require at least 5 G-moves;
(i) to move the robot from H'® to H’ we require at least 1 +2(a — 1) + a G-moves. Where
a=d(i,j)>1.

Corollary 2.14 Let G be a path and H a complement of a complete graph on n vertices. Let
i,5,k € V(G) and u,v,w € V(H). Then each robot and obstacle moves in a minimum sequence
of moves that takes sz to CZJ] in Go H is a G-move. Also such a minimum sequence involves

exactly 3a moves in total, where a = d(i,j) > 1.

Proof The proof of this corollary is immediate from Lemma 2.13. O

Corollary 2.15 Let G be a path and H a complement of a complete graph on n vertices. Let
i,7 € V(GQ) and u,v,w € V(H). Then each robot move in a minimum sequence of moves that

takes C;’ to C;“J in G o H involves exactly 5 moves.

proof The proof of this corollary is immediate from Lemma 2.13. |

Note that for such a product (Corollaries 2.14 and 2.15) there is no shortest path. Next,
we consider the case when graph G is a complete graph. We would do this by stating the lemma
below without proof.

Lemma 2.16 Let G be complete and H a complement of a complete graph on n vertices. Let
i,7 € V(G) and u,v,w € V(H). Then starting from configuration C;’:»,

(i) we require at least 5 moves to move the robot to w';

(ii) we require a minimum of 2 moves to move the robot to w*.

§3. Robot Moves in K,, — o H

In this section we investigate a case where graph G is a complete graph minus a 1-factor and

H a complete graph or it’s complement.

Lemma 3.1 Let G be a complete graph minus a 1-factor and H a complete graph (or it’s
complement). Let 1,5 € V(G) but {i,j} ¢ E(G) and u,v € V(H). Then each robot move in a
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minimum sequence of moves that takes C; to C; is a G-move. Also such a minimum sequence

involves exactly 6 mowves.

Proof let T be a sequence of moves that takes Cg to C:f]] . By Proposition 2.6, two moves is
required to move the robot to an adjacent vertex. Next by Corollary 2.7, four additional moves
is required to take the robot and hole to their required destmamon whlle the remalnmg move is

the last move of the hole. So, the sequence T of moves v* <— u* &y < vk & y? E b &

Y
takes the robot and the hole to the required destination, and each move in this sequence is a

G-move. Also T involves exactly six moves. O

Lemma 3.2 Let G be a complete graph minus a 1-factor and H a complete graph (or it’s
complement). Let i,j € V(G) but {i,j} ¢ E(G) and u,v € V(H). Then each robot move in a
minimum sequence of moves that takes C’gj to ng is a G-move. Also such a minimum sequence

involves exactly 6 mowves.
Proof The proof can be drawn in the same line as that of Lemma 3.1. O

Lemma 3.3 Let G be a complete graph minus a 1-factor and H a complement of a complete
graph with n vertices. Leti,j € V(Q) but {i,j} ¢ E(G) andu,v € V(H). Then each robot move
in a minimum sequence of moves that takes C:f] to C;’] is a G-move. Also such a minimum

sequence involves exactly 6 moves.

Proof Let T be a sequence of moves that takes C’]j; to C’gj . By Proposition 2.6, we need
at least 2 moves to accomplish the first G-move of the robot. Notice that the last move of the
robot is also a G-move. Now if v* <~ v™ is the last move of the robot, it will leave the graph
G o H with the configuration C”m and this would require 3 moves. Since dgoy(v™,v7) = 1
so we need minimum of one more move to take the hole from v™ to v/. Therefore T involves

exactly 6 moves. o

Lemma 3.4 Let G be a complete graph minus a 1-factor and H a complete graph. Let i,j €
V(G) but {i,j} ¢ E(G) and u,v € V(H). Then starting from the configuration C’;‘; of GoH,

we require at least 3 moves to move the robot to v'.

Proof For the robot to move to v* before it, the hole must be moved from u/ to v*. This
takes 2 moves since dgop (u’,v") = 2. Then the move v’ <~ u’ takes the robot from u’ to v’.
Hence the result follows O

In view of Lemmas 3.1, 3.2 and 3.3 we have the following theorem.

Theorem 3.5 Consider the graph G o H. Let G be a complete graph minus a 1-factor and H
a graph. Leti,j € V(G) where {i,5} ¢ E(G) and u,v € V(H). According as the hole is either
at the it" or jt" copy of G o H. Then to move the robot from

(i) H' to HI we require 5 moves if H is either K,, or K,;
(ii) H' to H' we require 5 moves if H is K,
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Finally, we have the corollary below which is as a result of Lemma 3.4.

Corollary 3.6 Consider the graph G o H. Let G be a complete graph minus a 1-factor and H
a complete graph. Leti,j € V(G) but {i,j} ¢ E(G) and u,v € V(H). Then to move the robot
from H' to H" we require 3 moves according as the hole is either at the j*" or it copy of Go H

respectively.
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To know what people really think, pay regard to what they do rather than what
they say.

By Rene Descartes, a French philosopher.
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