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Abstract: In this paper, we introduce some special Smarandache curves according to
Bishop frame in Euclidean 3-space E3. Also, we study Frenet-Serret invariants of a special

case in E3. Finally, we give an example to illustrate these curves.
Key Words: Smarandache curve, Bishop frame, Euclidean spacetime.

AMS(2010): 53A04, 53A05.

§1. Introduction

In the theory of curves in the Euclidean and Minkowski spaces, one of the interesting problems
is the characterization of a regular curve. In the solution of the problem, the curvature functions
x and 7 of a regular curve have an effective role. It is known that the shape and size of a regular
curve can be determined by using its curvatures « and 7 ([7],[8]). For instance, Bertrand curves
and Mannheim curves arise from this relationship. Another example is the Smarandache curves.
They are the objects of Smarandache geometry, that is, a geometry which has at least one
Smarandachely denied axiom [1]. The axiom is said to be Smarandachely denied if it behaves
in at least two different ways within the same space. Smarandache geometries are connected
with the theory of relativity and the parallel universes.

By definition, if the position vector of a curve § is composed by the Frenet frame’s vectors
of another curve a, then the curve § is called a Smarandache curve [9]. Special Smarandache
curves in the Euclidean and Minkowski spaces are studied by some authors ([6], [10]). For
instance, the special Smarandache curves according to Darboux frame in E? are characterized
in [5].

In this work, we study special Smarandache curves according to Bishop frame in the Eu-
clidean 3-space E3. We hope these results will be helpful to mathematicians who are specialized

on mathematical modeling.

1Received August 23, 2016, Accepted February 2, 2017.
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§2. Preliminaries

The Euclidean 3-space E* provided with the standard flat metric given by
(, ) =dx?+do3 + dx3,

where (21, 22, £3) is a rectangular coordinate system of E3. Recall that, the norm of an arbitrary
vector v € E? is given by |jv|| = /|{v,v)]. A curve « is called an unit speed curve if velocity
vector o of satisfies ||o/|| = 1. For vectors u,v € E? it is said to be orthogonal if and only if
(u,v) = 0. Let o = o(s) be a regular curve in E*. If the tangent vector field of this curve forms
a constant angle with a constant vector field U, then this curve is called a general helix or an

inclined curve.

Denote by {T, N, B} the moving Frenet frame along the curve « in the space E*. For
an arbitrary curve o € E?, with first and second curvature, x and 7 respectively, the Frenet

formulas is given by ([7]).

T'(s) 0 x 0 T(s)
N'(s) |=| - 0 7 N(s) | (1)
B'(s) 0 -7 0 B(s)

where (T, T) = (N,N) = (B,B) = 1, (T,N) = (T, B) = (N, B) = 0. Then, we write Frenet
invariants in this way: T'(s) = o/(s), &(s) = [|T'(s)|, N(s) = T'(s)/k(s), B(s) = T(s) x N(s)
and 7(s) = — (N(s), B'(s)).

The Bishop frame or parallel transport frame is an alternative approach to defining a
moving frame that is well defined even when the curve has vanishing second derivative. One
can express Bishop of an orthonormal frame along a curve simply by parallel transporting each
component of the frame [2]. The tangent vector and any convenient arbitrary basis for the

remainder of the frame are used (for details, see [3]). The Bishop frame is expressed as ([2],

[4])-

T'(s) 0 k1(s) ka(s) T(s)
Ni(s) | =] —ki(s) O 0 Ni(s) |- (2)
Ni(s) —ka(s) 0 0 Na(s)

Here, we shall call the set {T, N1, Na} as Bishop trihedra and k1 (s) and k2(s) as Bishop curva-
tures. The relation matrix may be expressed as

T(s) 1 0 0 T(s)
s) | =1 0 cosd(s) —sind(s) N(s) | (3)
s) 0 sind(s) cosd(s) B(s)
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where ko
¥(s) = arctan (k—l), ki #£0
(s) = ~ 22 @

K(s) = VEi(s) + k3(s)

Here, Bishop curvatures are defined by

k1(s) = k(s) cos¥(s),

(5)
ka(s) = k(s) sin¥(s).

Let a = «a(s) be a regular non-null curve parametrized by arc-length in Euclidean 3-space
E? with its Bishop frame {T, N1, N2}. Then TNy, T N2, N1 N2 and T N1 No-Smarandache curve
of a are defined, respectively as follows ([9]):

B = Blols) = —=(T(:) + Mi(s),
B = Blols) = —=(T(s) + Nals),
B = Blols) = —=(Nils) + Na(s)).
B = Blols) = o=(T() + Ni(s) + Nas))

§3. Special Smarandache Curves According to Bishop Frame in E3

Definition 3.1 A regular curve in Fuclidean space-time, whose position vector is composed by

Frenet frame vectors on another regular curve, is called a Smarandache curve.

In the light of the above definition, we adapt it to regular curves according to Bishop frame

in the Euclidean 3-space E* as follows.

Definition 3.2 Let o = a(s) be a unit speed regular curve in E° and {T, Ny, Ny} be its moving
Bishop frame. T N1-Smarandache curves are defined by

B = B(p(s)) = % (T(s) + Ni(s) (6)

Let us investigate Frenet invariants of T'Nj-Smarandache curves according to a = af(s).

By differentiating Eqn.(6) with respected to s and using Eqn.(2), we get

g By _ 1

S dods ﬁ(_le+klNl+k2N2)u (7)
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and hence T 4+ ko N ol
TB:_l -i-121+2227 (8)
\2ki + k3
where

dp [2k3 + k3
il Y (et WL 2 9
ds 2 )

In order to determine the first curvature and the principal normal of the curve B, we

formalize

- Tdp 5 dp QT+ 6N+ 6Ny

B~ B 3 (10)
dgp ds ds (2k%+k%)2

where
(o= [k1(2kiky + kokh) — (2kF + k3)(K] + kT + &3)],
Co = [(2KF + k3) (K] — kD) — k1 (2k1 k] + kaky)], (11)
Cs = [(2k3 + k3) (k) — kika) — ko (2k1 K] + Kak))].

Then, we have

V2
T = w(C1T+C2N1 +C3N2)- (12)

So, the first curvature and the principal normal vector field are respectively given by

VIVE+E+E (13)

(2k2 + £2)?

ke = ||Ts] =

and
_ QT+ GNi+ BNy

Ng (14)
VE+E+E
On other hand, we express
T Ni N
1
TsxNg=—| -k ki ky |, 15
Y 1 K1 k2 (15)
G G G
where p = \/2k? + k3 and ¢ = \/(? + (3 + (3. So, the binormal vector is
1
By =~ A1 = RG] T + [baGs + kG N1 + G+ GV | (16)
In order to calculate the torsion of the curve B, we differentiate Eqn.(7) with respected to
s, we have
1
B = —={ (K 4K o Kaka 4 7 [k = RG]+ B — kako] No . (17)
and thus

VlT + V2N1 + I/QNQ

B/// — ,
V2

(18)
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where
vi = —[k{ + ki (3k1 + ko) + ko (k1 + k2) — k1 (kT + k3)],
ve = kY — k1 (k3 + 3K; + kiks), (19)
vy =kl — kikh — ko (k? + 2K] + kikz).

The torsion is then given by:

ﬁ[(k% — kD) (k1vs 4 kovn) + k1 (kh — kike)(v1 + ve) 4 (K 4 kL + kike) (kivs — k27/2)]
(k1K — K, k)2 + [kuks + ko (K] + kika)]” + k2(2k2 + kiko)?

™ = (20)

Corollary 3.1 Let o = a(s) be a curve lying fully in E* with the moving frame {T, N, B}. If a
is contained in a plane, then the Bishop curvatures becomes constant and the T Ny-Smarandache

curve is also contained in a plane and its curvature satisfying the following equation

V2R + 1) + (8 + k3)2]
2k? + k3 '

B =

Definition 3.3 Let o = a(s) be a unit speed reqular curve in E° and {T, N1, Ny} be its moving
Bishop frame. T Na-Smarandache curves are defined by

1
V2

Remark 3.1 The Frenet invariants of T'Ny-Smarandache curves can be easily obtained by the

B =B(p(s)) = (T(s) n NQ(S)). (21)

apparatus of the regular curve oo = a(s).

Definition 3.4 Let o = a(s) be a unit speed regular curve in E° and {T, Ny, No} be its moving
Bishop frame. N1Ns-Smarandache curves are defined by

_ L

B = B(p(s)) 7

(Mi(s) + Na(s)). (22)

Remark 3.2 The Frenet invariants of NjNo-Smarandache curves can be easily obtained by

the apparatus of the regular curve a = a(s).

Definition 3.5 Let o = a(s) be a unit speed regular curve in E° and {T, Ny, N2} be its moving
Bishop frame. T N1Na-Smarandache curves are defined by

B = B(p(s)) = % (7(5) + Ni(s) + Nas)). (23)

Remark 3.3 The Frenet invariants of T'N; No-Smarandache curves can be easily obtained by
the apparatus of the regular curve a = «fs).

Example 3.1 Let a(s) = %( — cos s, —sins, s) be a curve parametrized by arc length. Then

it is easy to show that T'(s) = %(sin s,—coss, 1), k= % # 0, tanh = —% # 0 and ¥(s) =

%s + ¢, ¢ = constant. Here, we can take ¢ = 0. From Eqn.(4), we get ki(s) = % cos (%),
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ka(s) = \/iisin (%) From Eqn.(1), we get Ni(s) = /kl(s)T(s)ds, Ny(s) = /kg(s)T(s)ds,

then we have

B V2
Mls) = (mc

Figure 1 The curve a = «(s).

In terms of definitions, we obtain special Smarandache curves, see Figures 2 - 5.

Figure 2 T Ni;-Smarandache curve.
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Figure 3 T No-Smarandache curve.

Figure 4 N;Ns-Smarandache curve.
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Figure 5 T N;Ny-Smarandache curve.

84. Conclusion

Consider a curve a = a(s) parametrized by arc-length in Euclidean 3-space E* that the curve
a(s) is sufficiently smooth so that the Bishop frame adapted to it is defined. In this paper, we
study the problem of constructing Frenet-Serret invariants {T, Ng, Bg, k5, 75} from a given
some special curve B according to Bishop frame in Euclidean 3-space E® that posses this curve
as Smarandache curve. We list an example to illustrate the discussed curves. Finally, we hope

these results will be helpful to mathematicians who are specialized on mathematical modeling.
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Abstract: The energy of a signed graph X is defined as ¢(3) = Y I, |\, where
A1, A2, -+, Ap are the eigenvalues of ¥. In this paper, we study the spectra and energy
of a class of signed graphs which satisfy pairing property. We show that it is possible to
compare the energies of a pair of bipartite and non-bipartite signed graphs on n vertices
by defining quasi-order relation in such a way that the energy is increasing. Further, we
extend the notion of extended double cover of graphs to signed graphs to find the spectra
of unbalanced signed bipartite graphs and also we construct non-cospectral equienergetic

signed bipartite graphs.

Key Words: Signed graph, Smarandachely signed graph, signed energy, extended double
cover(EDC) of signed graphs, equienergetic signed bipartite graphs.

AMS(2010): 05C22, 05C50.

81. Introduction

A signed graph is an ordered pair ¥ = (G,0), where G is the underlying graph of ¥ and
o: E — {+1,—1}, called signing (or a signature), is a function from the edge set E(G) of
G into the set {+1,—1}. It is said to be homogeneous if its edges are all positive or negative
otherwise heterogeneous, and a Smarandachely signed if |e;y —e_| > 1, where ey, e_ are
numbers of edges signed by +1 or —1 in E(G), respectively. Negation of a signed graph is the
same graph with all signs reversed. In figure, we denote positive edges with solid lines and
negative edges with dotted lines.

The adjacency matrix of a signed graph is the square matrix A(X) = (a;;) where (7, j) entry
is +1if o(v;v;) = +1 and —1 if o(v;v;) = —1, 0 otherwise. The characteristic polynomial of the
signed graph ¥ is defined as ®(X : A) = det(A] — A(X)), where I is an identity matrix of order
n. The roots of the characteristic equation ®(X : \) = 0, denoted by A1, A2, -+, A, are called
the eigenvalues of signed graph . If the distinct eigenvalues of A(X) are Ay > A2 > -+ > A,

and their multiplicities are my, mo, -+, m, then the spectrum of ¥ is
A Ao oA
Spec(X) = ! ? "
mip Mo ... ... Mp

1Received August 16, 2016, Accepted February 3, 2017.
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Two signed graphs are cospectral if they have the same spectrum. The spectral criterion

for balance in signed graph is given by B. D. Acharya as follows:

Theorem 1.1([1]) A signed graph is balanced if and only if it is cospectral with the underlying
graph. i.e. Spec(X) = Spec(G).

The sign of a cycle in a signed graph is the product of the signs of its edges. Thus a cycle
is positive if and only if it contains an even number of negative edges. A signed graph is said
to be balanced if all of its cycles are positive otherwise unbalanced.

In a signed graph ¥, the degree of a vertex v is defined as sdeg(v) = d(v) = ds (v) +dy (v),
where d; (v)(dg (v)) is the number of positive(negative) edges incident with v. It is said to be
regular if all its vertices have same degree. The net degree of a vertex v of a signed graph ¥
is di (v) = df;(v) — dg (v). Tt is said to be net-regular of degree k if all its vertices have same
net-degree equal to k.

Spectra of graphs is well documented in [5] and signed graphs is discussed in [7, 8, 9, 11].
For standard terminology and notations in graph theory we follow D. B. West [15] and for
signed graphs we follow T. Zaslavsky [16].

If A1, A2, , A, are the eigenvalues of X, then e(X) = >°" ; |A\;|. Two signed graphs 3,
and Yo are said to be equienergetic if £(X1) = e(32). Naturally, cospectral signed graphs are
equienergetic. Equienergetic signed graphs are constructed in [3, 13].

The cartesian product X7 X 3o of two signed graphs 31 = (V1, F1,01) and 3o = (Va, Ea, 02)
is defined as the signed graph (V4 xVa, E, o) where the edge set E is that of the Cartesian product
of the underlying unsigned graphs and the signature function o for the labeling of the edges is
defined by

T R .
o2(vj,vp), ifi=k

The Kronecker product of ¥ @ 32 of two signed graphs ¥ = (V4,Eq,01) and Yo =
(Va, Ea,09) is the signed graph (Vi x Vi, E, o) where the edge set E is that of the Kronecker
product of the underlying unsigned graphs and the signature function o for the labeling of the
edges is defined by o((ui, vj)(uk, v1)) = o1(us, ug)oz2(vs, vy).

Generally, quasi-order relation is used to compare the energies of bipartite graphs. In this
paper, we use quasi-order method to compare the energies of two signed graphs of order n which
are bipartite and unbalanced non-bipartite signed graphs. Fundamental question in the energy
theory is to find the maximal and minimal energy graphs over a significant class of graphs. It
is natural to find for signed graphs also. Here we give maximum energy signed graphs which
belong to the class of pairing property. Further, we study the spectra and energy of extended
double cover (EDC) of signed graphs and also construct non-cospectral equienergetic signed

bipartite graphs.

§2. Energy of Signed Graphs in A,

A graph G is a bipartite graph if and only if \; = =X, 114, for 1 <i < %(n — 1). This result
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is known as pairing theorem by Coulson and Rushbrooke [6]. But non-bipartite signed graphs
also satisfy pairing property and examples are given in [3]. The class of signed graphs satisfying

pairing property we denote it as A,,.

The following result is given by Bhat and Pirzada in [3] which gives the spectral criterion
of signed graphs on A,,.

Theorem 2.1 Let ¥ be a signed graph of order m which satisfies the pairing property. Then

the following statements are equivalent:

(1) spectrum of ¥ is symmetric about the origin;

n
2

(2) @s(N) = A" + > (=1)Fbor A" 2k where by, are mon-negative integers for all k =
k=1

1727"' ) L%J)
(3) X and —X are cospectral, where —X. is the signed graph obtained by negating sign of
each edge of X.

’_
[I—

Now it is possible to define a quasi-order relation over A,, in such a way that the energy is
increasing. Note that A, consists of signed bipartite as well as unbalanced non-bipartite signed

graphs which satisfy pairing property.

Definition 2.2 Let 31 and Yo be two signed graphs of order n in A,. From Theorem 2.1 we

can exrpress

13]
Pu(A) = A"+ ) (=1)FbyrA"2F

0|3

k=1
where boy, are mon-negative integers for all k = 1,2, -, {%J If bar(21) < boi(32) for all k
where 1 < k < {%J then we can write X1 < Yo. Further, if bop(X1) < bar(B2) for all k where

1<k< L%J then we write 31 < 9. Hence
21 = 22 = 5(21) < 5(22),

Y1 <Y => E(El) < 6(22),

which implies that the energy is increasing in a quasi order relation over A,,.

In [13], it is shown that Coulson’s Integral formula remains valid for signed graphs also.

Theorem 2.3([13]) If X is a signed graph then the energy of signed graph ¥ is

+oo iAG (i
CRY N

Following result is the consequence of Coulson’s Integral formula for signed graphs.
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Corollary 2.4 Let X be a signed graph. Then

(%) = 1 /+OO %ln [A’“¢z(§)] .

— 00

Theorem 2.5 Let ¥ € A,,. Then the energy of a signed graph can be expressed as

1 [t on
(X)) == =i 1+Z Vbor(Z)AZF | dA.

T™J -

and if ¥1,%9 € A, and X1 < Xy then e(X1) < e(X2).

Proof Coulson’s Integral formula can be expressed as

Since ¥ € A,,, from Theorem 2.1 we can deduce

bx (%) = (/Z\—Z) 1+ Z )*bar (2) A

and substituting in the above expression, we get

. [ 3]
(X)) = %/_Oo %ln i"(1+;(—1)’“b%(z)/\2’f) d\
1/+m L _1+%( Voo (Z)NFF | A
= = in 2k
T ) oo A Pt

But % p-v. f7 )\—l n[i"]dA = 0 where p.v. is the principal value of Cauchy’s integral.

Hence (X) is a monotonically increasing function on the coefficients of bax(X). m

Now the question is which signed graphs are having maximum signed energy in A,.

Theorem 2.6([14]) Let X be a signed graph with n vertices and m edges, then

V2m -+ n(n — 1)] det(A(S) P/ < £(5) < V2mn.

Corollary 2.7 £(X) = v/2mn = ny/7 if and only if 27X = (£)2 = rl,,, where r is the mazimum
degree of ¥ and I, is the identity matriz of order n.

Proof Notice that £(X) = n/7r if and only if there exists a constant ¢ such that |\;|> = ¢ for
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all i and ¥ is an r-regular signed graph. Hence equality holds if and only if £7% = (¥)2 = tI
and t =r. |

The following two examples are given by the present author in [12, 14].

Example 2.8 Following unbalanced signed cycle, we denote it as (C ).

U1 7U2

V4 JI-’Ug

Fig.1 Signed cycle with maximum signed energy

0 1 0 1

_ 1 0 -1 0
A(C4 ) = 1 o0 1
1 0 1 0

The characteristic polynomial is ¢(C; ) = A* —4A\? +4 and Spec (C; )={(v/2)2, (—V/2)?}€
A,. Hence £(C; ) = 4v/2 = ny/7.

Example 2.9 Following unbalanced signed complete graph, we denote it as (Kg ).

Fig.2 Signed Complete graph with maximum signed energy

0 1 1 -1 1 -1
1 0 1 1 -1 -1
AKD) = 1 1 0o -1 -1 1
-1 1 -1 0 -1 -1
1 -1 -1 -1 0 -1
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which is a symmetric conference matrix having the characteristic polynomial ¢(Kz) = N> —
1503 + 75\ — 125 and Spec A(K; )={(/5)%,(=v5)*}€ A,. The signed energy of e(K; ) =
6v/5 = ny/r.

Lemma 2.10([3, 8]) Let X1 and 3o be two signed graphs with eigenvalues A1, Aa, -+, Ap, and
M1y 2,05 g - Then

(1) the eigenvalues of £1 X ¥g = Xj + pj, for alli=1,2,--- ,n1,5=1,2,--- ,ng;

(2) the eigenvalues of X1 Q Xo = Aipj, foralli =1,2,--- ,n1,j =1,2,--- ,ng.

Theorem 2.11 There exists an infinite family of signed graphs having mazimum signed enerqgy
m A,

Proof Let X1,%s be two signed graphs in A,, with orders n; and ns having maximum
energies n./71, N24/T2 respectively. The Kronecker product of ¥; Q) o is a symmetric matrix
of order niny. From Lemma 2.10, 31 Q) Y2 has maximum energy ning./rirs. O

Here we note that maximum energy signed graphs belong to the class of A,,.

83. Spectra of Signed Biparitite Graphs in A,,.

In [2], N. Alon introduced the concept of extended double cover of a graph. Here we extend this
notion to signed graphs in order to establish the spectrum of various signed bipartite graphs.

The ordinary spectrum of EDC of graph is given by Z. Chen in [4].

Lemma 3.1([4]) Let A1, Az, -+, Ay be the eignenvalues of the graph G. Then the eigenvalues
of extended double cover of graph are £(A +1),£(Xa+ 1), -, £(A\y +1).

Now we define extended double cover of signed graph ¥ as follows:

Definition 3.2 Let ¥ be a signed graph with vertex set {vi,ve, - ,v,}. Let ¥* be a signed
bipartite graph with V(X*) = {v1,ve, -+ ,Upn,u1,us, -+ ,Un  where,

1) v; 4s adjacent to u; and either o(viu;) = +1 or o(vu;) = —1;
2) v; is adjacent to u; if v; is adjacent to v; in ;

3) o(viuy) = +1 if o(vv;) = +1 and o(viu,) = —1 if o(vv;) = —1.
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us

Fig.3 Extended double covers of signed graph 3.

Then ¥* is known as extended double cover of signed graph of signed graph ¥ and in short we
write it as EDC of ¥. Since we get two EDCs of signed graph, we denote it as X7 if o(v;u;) = +1
and 33 if o(vu;) = —1.

We need the following Lemma from [10] for further investigation.

Ay A
Lemma 3.3([10]) Let A = AO Al be a symmetric 2 X 2 block matriz. Then the
1 Ao

spectrum of A is the union of the spectra of Ag + A1 and Ag — Ay.

The following Lemma gives the relation between the spectrum of a signed graph and its
EDC of signed graph.

Lemma 3.4 Let A1, A2, -+ , A\, be the eigenvalues of a signed graph then the spectrum of EDCs
of signed graph is

(1) Spee=D) = { £ +1). Qo +1), - £ +1D) |
(2) Spec(zz) = { :I:(Al - 1)5 i(AQ - 1)5 e 7:|:(An - 1) }
Proof Let the adjacency matrix of the signed graph ¥ be A. Then the adjacency matrix of
. . 0 A+1 0 A-1T . . .
EDC of signed graph of X is or , where [ is an identity
A+1 0 A-1T 0

matrix.
From Lemma 3.3, it is clear that the eigenvalues of ¥* are +(\; + 1) if o(v;u;) = +1 and
+(\; — 1) if o(v;u;) = —1 for each eigenvalue X of X. |

Theorem 3.5 Let ¥ be a connected signed graph. Then X7, X5 and (X x K3) are co-spectral
if and only if ¥ belongs to the class of A,.

Proof Let A1, Aa,---, A, be the eigenvalues of a signed graph 3 then
@) Spee() = { £u+1), £Oo+1), - EOa+1) }
() Spee(z3)= { £ —1), £Oe—1), - QA1) |
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(iii) Spec(Sx Ko) = { (M £1), (1), ... (n£D) }
So, Spec(X%) = Spec(X3) = Spec(X x K3) if and only if \; = —Apq1-4, fori=1,2,--- n.
Hence the proof. O

Now we give spectra of various signed bipartite graphs.

Proposition 3.6 Let (P,)} and (P,)3 be the extended double covers of signed path P,. Then
the spectrum is
+(2cos Tt + 1)

(1) Spee(P,)i = nH Cimleen
n

+(2cos-TL — 1
@ Spee(p)s = [ FEOTTD ) g
n
Remark 3.7 If ¥ is a signed path then EDCs of signed paths are balanced. Hence EDCs of
signed paths are having same energy as underlying graph.

Proposition 3.8 Let C;f (C,) be the positive(negative) signed cycles on C,,. Then the spectrum
of EDCs are respectively

(1) If n is odd, then Spec(C;)i = [£(2c0s2Z +1),i=1,2,--- ,n] and Spec(C}); =
[1(2005% —-1),i=1,2,--- ,n} ;

(2) Ifn is even, then (i)Spec(C, )i = [i(2cosw +1),i=1,2,--- ,n} and Spec(C,, )5 =
[1(2005% —-1),i=1,2,--- ,n].
If the signed graph is +K,, then EDCs of + K, are (K,,) = + K, and (K,)5. Spec(K,, )

= {#£n,0?"~?}. Following result gives the spectrum of (K, )3 which is an unbalanced net-regular

signed complete bipartite graph.
Proposition 3.9 Let (K,)5 be the EDC of +K,,. Then the spectrum of (Ky)3 is

. 2k k2
Spec(Ky,)5 = ,
n—1 1 1 n—-1

where k = d*(K,)5 =n — 2.
Remark 3.10 From above Proposition 3.9, e(K,)5 = 2(3n — 8).

Theorem 3.11([13]) The spectrum of heterogeneous unbalanced signed complete graph (K°)

18

5—n 14 4cos(2x
Spec(K") = &) ,i=1,--- ,n—1
1 1

where (K is a net reqular signed complete graph defined on +K,.
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Proposition 3.12 If (K“'); and (K"")3 are the net-reqular signed complete bipartite graphs
of EDCs of K'®*. Then the spectrum is

(1)
+k (2 + 4 cos(2Z
Spec(K); = ( ) ,i=1,---,(n—-1),
1 n—1
where k = (6 —n) gives net reqularity of (Kt);.
(2)
+k  £(1 + 4cos(EL))
1 n—1

Spec(K )5 =

where k = (4 —n) gives net reqularity of (K"")3.

From the above Propositions, we are having the following result.

Theorem 3.13 EDCSs of signed graphs are net-regular if and only if signed graph ¥ is net-

regular.

§84. Equienergetic Signed Graphs in A,

Here we construct equienergetic signed bipartite graphs on 4n vertices which are non-cospectral

and equienergetic.

Theorem 4.1 There ezists a pair of non-cospectral equienergetic signed bipartite graphs on 4n

vertices where n is odd and n > 3.

Proof Let X be a signed cycle of order n and of odd length with eigenvalues A1, Aa, -+, Ay
and let the extended double covers of signed graph ¥ be X7 and X3.

Case 1. If ¥ is balanced then

2 N

Spec(¥) = ,i=1,---,n—1.
1 n-1
By Lemma 3.4,

£3 +(N+1) )

Spec(X7) = ,i=1,--- ,n—1.
1 n—1

and

+1 +(\—1

Spec(X3) = ( ) ,i=1,---,n—1.
1 n—1

Hence X7 and X35 are non-cospectral bipartite signed graphs on 2n vertices where n is odd
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and X7 is balanced and X3 is unbalanced.

Further, let Hy, H> and K7, K5 be second iterated extended double cover signed graphs of
3% and X3 respectively. By Theorem 3.5, Spec Hy = Spec Hy and Spec K1= Spec K. Let
Spec S = Spec H; = Spec Hy and Spec T= Spec K; = Spec Ko.

+(4) £2) £(EXi+1)+1)

Spec(S) = ,i=1,--- ,n—1.
11 2(n — 1)
and
+(2) £(0) £(£(N -1 1
Spec(T) = @ ) (& )+ ,i=1,--- ,n—1.
11 2(n — 1)

Hence S = (X7)* and T = (X%)* are non-cospectral bipartite signed graphs on 4n vertices

where n is odd.
n—1

e(S)=2[4+2+> [N +1)+1],

saj:2p+o+githr—n+1n

=1

If £(S) = &(T) then 4 = Z?:_llﬂ +(N—1)+1]—]£(N+1)+1]), then we know that

n—1
4= (12 = Ml + Nl =[x+ 20— D),
i=1
n—1
4= (1N =21 =X +2)).
i=1
Since ¥ is a balanced signed cycle \; = 2003%, i=1,---,n—1,
n—1
4= Z(|20059i — 2| — |2cos; + 2|),
i=1
n—1
1= Z(sinz(—l) —cos*(=)),
1=1
1n—l
—1= 3 ; 2cosb;
Since S A\ = —2, 50 £(S) = (7).
Case 2. If ¥ is unbalanced then
-2 N )
Spec(X) = ,i=1,--- ,n—1.
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By Lemma 3.4,
+1 £\ +1
Spec(X7) = ( ) ,i=1,--- ,n—1.
1 n—1
and
+3 £\ -1
Spec(X3) = ( ) ,i=1,--- ,n—1.
1 n—1
By a similar argument as in Case 1, we get €(S) = (T'). Hence the proof. O

Example 4.2 Consider the signed graphs ¥} and X3 as shown in Fig.3. By Lemma 3.4, the

characteristic polynomials of X7 and X5 are
#(B7) = A +2°(A=2*A+1)(A - 1)
¢(23) = X (A +3)(A - 3)
The characteristic polynomials of (¥7)*and (3%)* are
G(B7)" = NXA+1)?*A=1)*A+3)*(A = 3)*(A +2)(A - 2),
p(E3) =N+ D' A - A+ A - DA +2)(A—2).
Hence Spec(X3)* # Spec(X3)* but e(X7)* = e(X3)* = 20.
Another example of equienergetic signed bipartite graphs on 4n vertices is given below.

Example 4.3 Consider the signed graphs ¥ and X5 as shown in Fig.3. By Lemma 2.10, the
characteristic polynomials of (X7 x K5) and (X3 x K») are

P(E] x K2) = NN+ 12N = 1)°(A +3)*(A = 3)) (A + 2)(\ — 2),
(25 x Ko) = A+ 1)* (A = DA+ 4) (A — 4) (A +2)(A — 2).
Hence Spec(Xf x Ka) # Spec(Eh x K3) but (X% x K3) = (X5 x K») = 20.
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Abstract: In this paper, we give an alternate and simple proofs for Sear’s three term
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identities stated by Ramanujan in his lost notebook.
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§1. Introduction

In 1951 Sears [15] has established the following useful three term transformation formula for

302 series.

Theorem 1.1

i a,b,c)n (ef )n _ (bye/a, fla,ef /bC)oo o= (a,e/b, f/b)n
(g,e, f)n \abc (e, f,b/a,ef /abc)so = (g,aq/b,ef /bc),
L (ae/b f/b ef/ac)e — _(be/a, fla)n .
(er frafbref fabe)on 2= Ta,bafaref fach

n=0

where |q] <1, i} <1 and as usual
abc

o0

(@)oo = (a59)00 = [ [ (1 — ag™),
n=0
(@)oo . .

= (a;q)p i= ———— t
(@)n == (a;¢)n () n is an integer,
(ab a2,ag, - 7am)n = (al)n(az)n(ag)n s (am)n, n s an integer or oo.

1Received February 2, 2016, Accepted February 5, 2017.
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Recently, Liu [9] has established (1.1) by parameter augmentation method. This formula
was used by Agarwal [1] to deduce an identity of Andrews [2, Thoerem 1] which was instrumental

in deriving sixteen partial theta function identities of Ramanujan found in his lost notebook
[4], [11].

The main objective of this paper is to give an alternate proof for (1.1) and to give proofs
for Jackson’s 3¢9 transformation formula and for a nonterminating form of the g-Saalschiitz
sum found in [5] by using g-exponential operator techniques. And also we give a simple proof
for a nonterminating form of the ¢-Vandermonde sum. Also we obtain a number of interesting

applications of these formulas.

We first list some definitions and identities that we use in the remainder of this paper. For
any function f, the g-difference operator Dy, is defined by

f(a) — f(aq)

a

Dga{f(a)} =

The g-shift operator 7, is defined by

na{f(a)} = f(ag)

and the operator 6, is given by
0o =n"'Dya.
The operator identity T'(bDg,q) [9] is defined by

oo

T(bDy.a) = Z qu’ (1.2)

n=0

and the basic identity for T'(bD,,) operator is

T(bDW){( L }:( (absti )oe (1.3)

as, at; q)oo as, at, bs, bt; ¢) o

The Cauchy operator T'(a,b; Dy ) [6] is defined by

oo

T(a,b; Dy.c) )™ (1.4)

The two basic identities for the Cauchy operator (1.4) are

. 1 _ (abt; @)oo
T(a,b; D) { (Ct;q)m} = Giag <L (1.5)

T(a,b;Dw){ (cv; q)oo } B ((abs €V q) oo i a,cs,v/t), (bt)". (1.6)

(cs, ct; q)oo bs, cs, ct; q) oo = (g, cv, abs),,
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The g-exponential operator R(bDy ) [7] is defined by

R(bDga) = Y Dy, (1.7)
—= (@D
The two basic identities for R(bD, ,) are
1 (bt; @)oo
R(bD, . = 1.8
(Da.e) {(at;q)oo} (at: ¢)oo (18)
and
(GU;Q)OO o oo U/t b/a’ n
RbPae) { (at, as; q)oo )oo Z (¢,b8)n (at)"™ (19)

n=0

The ¢-binomial theorem [5, equation(I1.3), p.354] is given by

3 (@ _ (a2)o0 (1.10)
2 @7
Heine’s transformations for o¢q-series [5, equation(II1.1), (II1.2), p.359] is given by
3 (@ B _ 5’ o2) Z (1.11)
— (¢, ) =
The Rogers-Fine identity [12, equation(12), p.576] is given by
= (a . (0, 020/ B)u" """ 7 )
. (1.12)

The Sears’ transformation for g¢o-series [5, equation (111.9), p.359] is given by

3 de (/e 8¢/B7) 00~ (@, 6/8,6/)n (€)™
g 8, €)n (045’7> — (e,0¢/aB7) 0o ng() (4,0,0¢/57)n (a) : (1.13)

The three-term 2¢; transformation formula [5, equation (III1.31), p.363] is given by

3 (@ B)n _n _ (@B2/7, 4/7)os Z W/Oémq/aBZ) (@)

(@M~ (@2/7, ¢/) — (¢,7q/az)n v

n=0

__(Bua/r0fes02/a.¢?/02)e S~ (06/7 50/ D
(7/61,561/%q/a,az/v,yq/az)m; G2 (1.14)

The Jackson’s transformation [3, p. 526] is given by

oo

Z ((Z:f)):zn — O‘Z ) Z a 7/6 ( ) qn(nfl)/Q' (115)

(?)oo = (v,02,0)n

n=0
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The Ramanujan’s [10, Ch. 16] definition of the theta function is

f(a,b) = Z gD/ 2pnn=1)/2. lab| < 1.
The Jacobi’s triple product identity [8] is given by
s 2
> qv = (—qz-0/% ¢ "), 2 F0.

n=—oo

If we set ¢z = a,q/z = b in (1.17), we obtain

f(a,b) = (—a;ab)oo(—b; ab) oo (ab; ab) oo,

25

(1.16)

(1.17)

(1.18)

which is the Jacobi’s triple product identity in Ramanujan’s notation [10, Ch.16, entry 19]. It

follows from (1.16) and (1.18) that [10, Ch. 16, entry 22]

o _ 22 (3@ )
Pl =T —1+2;q (@ )(—0% D)

— 3y _ - n(n+1)/2:m

W(q) = f(a,4°) ;q G
Fa) = f-a.—a*) = D (1" = (g:0)

and
X(@) = (—;6*) -
The Ramanujan’s functions are given by [4], [11]
Go(g) = (% 0% (¢% %o = Y (=1)"¢* = p(—¢"),
Ho(q) = (0:¢%)00 (0% %) o (0% ¢®)oe = > (=1)"¢*" 72" = f(~q,~¢")

and

Jo(q) = (=3 0")oo (0% 0")oo (6% ¢*)oe = Y _ "2 = f(q.¢°).
n=0

§2. Main Theorems

In this section, we prove the main results.

(1.19)

(1.20)

(1.21)

(1.22)

(1.23)

(1.24)

(1.25)

Proof of Theorem 1.1. Setting « =b,8 =a/c,y = ¢b/c and z = ¢q in (1.14), we obtain
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= (b,a/c), o= (a,¢/b)oo q/a n
,;) (@-a0/)n”’ ~ (e /b Z ( )
(a/e,c/b,b)oo (c,a/b)n
~ (b/c,a/b,c) Z (q,qc/b)n (21)

On using g-binomial theorem for the first series on the right side of (2.1), we obtain

(bya/c), a/c c/b,b)so (c;a/b)n . (a,¢/b)ss
Z qb/C (b/C G/b C)oo Z qc/b - (07 a/b)oo (22)

Divide the identity (2.2) throughout by (a/c, ¢/b,b)s to obtain

(@)oo - q"
(b,c,a/bya/c)ss (b, c/b Z “ (q, qb/c (ag™/¢) oo

o0

)nq
+ B 2 el bnad T 23)

Applying T'(d, e; Dg.q) to both the sides of the identity (2.3) and using (1.5) and (1.6), we
obtain

(a,de/b)o > (d,a/b,c), eN™ 1 = (D)n(deq™/¢)ooq™

(b,c,a/bya/c,e/b)so Z (¢,de/b,a), ( ) ~ (b,¢/b)oo = (g, qb/c)n(ag™/c,eq™/c) oo
f S @uldeq/Da”

(€:b/¢)oc £ (4, 9¢/b)n(ag™ /b, eq™ /b)oo

M

n=0

(2.4)

HM

Multiply the identity (2.4) throughout by (b,¢,a/b,a/c,e/b)oo/(a,de/b)s to obtain

= (d, (d,a/b,c)n reN™ _ (c,a/be/b,de/c)s = (b,a/c,e/c)n
Z (g,de/b,a), ( ) ~ (a,c/b,e/c,de/b) s — (q, qb/c,de/c)nq

(b,a/¢)0o (c,a/b,e/b), n
(a,b/¢)oo Z (q,qc/b,de/b), e (2.5)

n=0

Change a to A, b to C, cto B, d to A/D and e to E in (2.5) to obtain

7;3 (Q7AaAE/CD)n (B>
_ (B,A/C,E/C,AE/BD)s ~~ (C,A/B,E/B),
" (AB/C,E/B,AE]CD)x ~ (q,Cq/B,AE/BD),"

(C.A/B)w < (B.A/C.E/C),
(4,C/B)x 2= (4, Bq/C, AE/CD),

n

q". (2.6)
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Setting « = B, 3= A/D, vy=A/C, 6§ = A and e = AE/CD in (1.13), using the resulting
identity on the left side of (2.6) and then multiplying the resulting identity throughout by
(E/B,AE/CD)x/(E,AE/BCD); change A to e, B to b, C to a, D to ¢ and E to f in the
resulting identity, we obtain (1.1). O

Remark 1. The identity (2.3) can be used to prove Lemma 2.1 of Somashekara, Narasimha
Murthy and Shalini [13], which played a key role in giving a unified approach to the proofs of

the reciprocity theorem of Ramanujan and its generalizations.

Remark 2. The identity (2.3) can also be used to prove Theorem 2.2 of Somashekara, Kim,
Kwon and Shalini [14], which played a key role in giving proofs for ten identities of Ramanujan

found in his lost notebook [4].

Theorem 2.1([5, equation II1.5, p. 359]) We have

s (a,b)n ,,  (abz/c)os > (a,e/b,0)n

2. T T 0200 & (aiccq/be)n
(a,bz,¢/b)xo > (z,abz/c,0)y, 7
(¢,2,¢/b2)o0 “= (q,b2,b2q/¢)n

Proof Applying R(dDy,,) to both the sides of the identity (2.3) and using (1.8), (1.9), we
obtain

(d/c)os (b,d/a), fa\® 1 = (D)n(dq"/)es
(b,c,a/¢)00 Z (g,d/c)n ( ) (b, ¢/b)ss = (¢,bq/¢)n(aq™/ )

Ly (@udg"/D)e
i (¢;b/¢)so z;) (q,cq/b)n(aqn/b)mq . (2.8)

Multiply the identity (2.8) throughout by (b, ¢,a/¢)so/(d/¢)s to obtain

- (b,d/a)n a\N™ (€)oo - (b,a/c,0), n

2 (g,d/c)n (b)  (¢/b)o = (g,a/c,dfc)y
(bya/c,d/b)os ~= (c,a/b,0),
(a/bvb/cad/c)oo "0 (unQ/bvd/b)n

q". (2.9)

Change a to az, b to a, ¢ to abz/c and d to abz in (2.9) to obtain (2.7). m

Theorem 2.2([5, equation I1.23, p. 356]) We have

= (a,b)n (¢/c,a,b)o0 > (aq/c,bq/c)n n_ (q/c,abq/c)ss 7
Z q + (¢/q,aq/c,bq/c)oo 7;3 (4, ¢%/)n qa = (ag/c,bg/c)m (2.97)

n=0
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Proof Change lower case letters to upper case letters in (2.2) and then change B to a,
A/C to b and Bq/C to c to obtain (2.9%). O

Theorem 2.3([5, equation 11.24, p. 356]) We have

(a,b,c)n (q/e,a,b,c,qf /€)oo (aq/e,bq/e,cq/e)n ,
Z (@.c)n’ " (e/g.aqfe.baje,cale, ] ; (¢.¢*/e.af [
_ (q/e,f/a,f/b,f/c)oo
= (aafebafe.cafe, o’ (210

where ef = abcq.
Proof Divide (2.3) throughout by (a) to obtain
1 > (0)ng"
(b,c,a/bya/c)ss (b, c/b g (q,qb/c)n(ag™/c,a)so
= (c)ng"

e b/c 2 G aelDlaq o) (2.11)

Applying T'(dDy,,) to both the sides of the identity (2.11) and using (1.3), we obtain

(od/he)ec 3 (b)n(adq™ /) n
(b,c,a/b,afc,d/b,d/c)os (b c/b ; (q,bq/c)n(aq™/c,a,dgm/c,d)so q
3 (¢)n(adq" /b)os .
" (Cv b/c)oo Z (q, C]C/b)n(aq”/b7 a, dq"/b, d)oo q . (2.12)

n=0

Multiply the identity (2.12) throughout by (a,b,d,a/c,c/b,d/c)so/(ad/c)oo to obtain

i (bya/c,d/c)ng”  (c/b,b,a/c,d/c,ad/b)os ~= (c,a/b,d/b)nq"
= (¢,bq/c,ad/c)n ~ (b/c,c,a/b,d[b,ad/c)oc = (q,qc/b,ad/b)n
_ (¢/b,ad/be,d, )
"~ (c,a/b,d/b,ad/c)s

(2.13)

Change lower case letters to upper case letters in (2.13) and then change B to a, A/C to
b, D/C to ¢, Bq/C to e and AD/C to f to obtain (2.10). O

§3. Some Applications of Main Results

In this section, we derive some interesting special cases of the main identities. These special
cases are found to be analogues to some identities of Ramanujan found in his lost notebook [4],
[11].
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Setting a = C,b=B/A,c=D and z = A in (2.7), we obtain

n

i CB/A (BC/D)s ~~ (C,AD/B),
A= B/D). & W.D.aD/B)."

(B,C,AD/B)s ~=~ (A,BC/D),
(A,D,D/B)s Z (¢,B,qB/D),

n=0

q". (3.1)

Change B to 3, C to 7, D to 7q and then let A — 0 in (3.1) to obtain

i nﬁn n(n— 1)/2 ﬂ/q()o Z q"
~ n(l=7¢")  (B/70)s0 = (¢:Dn Tq2/ﬂ) (1—7q")
(1- 5/(1)( )oo q"
+ . 3.2
(ra/B)os M@mwmmmw> 32
Change ¢ to ¢% and set 7 = —1 and 8 = —¢® in (3.2) to obtain
o0 n 249n ( q:q oo q2n
nz_% Ju(l+¢) (qq) Z (¢ @)2n—1(1 — ¢*)
2n+1
q q 0o
Z 1 _ q4n+2) (33)
Use (1.22) to obtain
i n 242n _ X(q) i q2n
= (% P)n-1(1—q*)  x(— q) = (4:9)2n—1(1 = ¢*)
St 2n+1
z:: (¢ @)2n (1 — ¢*n+2)’
Setting « = B/A,8 =C,v =D and z = A in (1.11), we obtain
ZBMC —E wZA%?c. (3.4)
n=0 n=0 4

Using (3.4) in (3.1) and then multiplying the resulting identity throughout by (A, D)so /(B, C) oo,

we obtain

oo

- D/O A _ (A,D,BC/D)« (C,AD/B),,
Z ~ (B,C,B/D)w Z (¢. D, Dq/B),!
(AD/B)os s~ (4, BC/D),
(B/D)ss = (¢,B.,qB/D)x

n

n=0

q". (3.5)

Change ¢ to ¢°> and set A = t,B = —aq®,C = —a and D = —ag? in (3.5) and then let
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t — 0; divide the resulting identity throughout by (1 + ag), we obtain

e 2n
z:: 1 + ag®")
o0 2n+1

Z (45 @)2n+1(1 + ag?+1)’

> &

= (—aq; ¢ )ns1

(3.6)

In Rogers-Fine identity, change ¢ to ¢%, set @ = 0,8 = —aq® and z = —a; multiply the
resulting identity throughout by 1/(1 + aq) to obtain

i _ i 2nq2n +n _ i 2nq2n +n
= (—aq; P)ntr = (P )nra(—aq; P = (-0 Q)2n2
_ a2nq2n2+n((1 + aq2n+1) _ aq2n+1)

"0 (—a;q)2n+2

s 2n 2n +n oo 2n+1 2n24+3n+1 oo n(n+1)/2
§ T Y § . (3.7)
— (—a;q)2n+1 "0 —a;q)2n+2 0 —@;q)nt1

Use (3.7) in (3.6) and also use (1.21) to obtain

2n

( Z 1 + ag®")

n=0

n(n+1)/2

00
y e
n=0 q n+l

2 2n+1

(=) & q
f(=q) z:: (¢ @)2n+1(1 + ag®" 1)’

(3.8)
Change q to ¢%, set A =1, B = aq*,C = —aq and D = —aq® in (3.5) and let t — 0 in the

resulting identity; multiply the resulting identity throughout by 1/(1 — aq) and also use (1.21)
to obtain on some simplifications

oo
g aq7

In Rogers-Fine identity, replace g by ¢2, set & = 0, 8 = aq® and z = —aq and then multiply

_q2) o0 q2n
~0) 2 T = A 39

n+1

the resulting identity throughout by 1/(1 — ag) to obtain

o nnn Oo(l)n2n2n+2n

> PO e

"0 (aq; ¢*)n+1 _n:() (@*¢*; q")nt

(3.10)

Use (3.10) in (3.9) to obtain

o ( 1)77, on 2n%+2n 2n

a"q >
Z ; 1 — a2qin+2)’ (3.11)

= (@ q )

Change ¢ to ¢2, set A = t,B = a¢®>,C = —aq and D = —ag® in (3.5) and multiply the
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resulting identity throughout by 1/(1 — ag) to obtain

i _ () i (~t:¢%)ng™
— (aq;6?)n+1 2(—q2;q2)oo < (g% 4)n(1+aq2"+1)

e 2n

Set a = —1 and ¢t = ¢ in (3.12) to obtain

oo

= (" (@0 (=4 *)ng™"
,;) (~:¢)n+1 2(=0% 60 2= Z ¢ (g% q*)n (1 — 1)

N (—4:0%) o i(q (4 ¢*)ng®™

2(=4%¢%)oo Y )n(l+ g th)

Z q4,q nl aq?"“)'
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(3.12)

(3.13)

In Rogers-Fine identity, replace ¢ by g2, set @ = z = g and 8 = —¢3; multiply the resulting

identity throughout by 1/(1 + ¢) to obtain

0 . h2 n o
Z (((L'q 271(1 _ Z(_l)nq2n(n+l)'

=GP =

Use (3.14) in (3.13) and also use (1.19), (1.20) and (1.21) to obtain

= _1\n,2n(n+1) _ f(_q) - ( a4; 4 )
QZ( D = f(=q) z:: (q4,q4)n(1—q2"“)
>

(4:6*)ng

(q47 )n(l +q2n+1)'

n (3.5), set A=¢q,B = —aq,C =7 and D = a?q to obtain

i aq/T N T/aq,aqoo
- (- 1/ a,—aq, T (g, a2
1/a Z —agq, —q/a T
In Rogers-Fine identity, set a = a%q/7, 3 = —aq and z = 7T to obtain

2 2n+1

i (@®a/T)n_n _ i (-1)"(a%q/T)na"q"™ (1 — a®¢*+!)

(T)n-l-l

(3.14)

(3.15)

(3.16)

(3.17)
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Use (3.17) in (3.16) and then let 7 — 0 in the resulting identity to obtain

n

a3n n(3n+1)/2(1 _ 42,20+l — (QQQ)oon(—Q) S q
Z (1=a%™) f aq71/a) Z “ (¢,0*q)n

(
(

1/a Z aq,—q/a

Set a = 1 in (3.18) to obtain

’ﬂ

Z qn(3n+l)/2(1 _ q2n+1
n=0

l\D|P—‘

wh L

In (1.11), set ¥ = 2 = ¢ and then o = 0, 8 = 0 to obtain

— i — n n n+1)/2
nz:;) (@)% z::

Use (3.20) in (3.19) and also use (1.20) to obtain

e

n n feav(=9) 1 g
Zq 3+1)/2 2+1) +§Z

In (3.16), let 7 — 0 to obtain

n a2n n(n+1)/2

 (16%)x ¢
B (—1/a, —aq)oo 3 (¢,0%q)n

n=0

2=

n=0

l/a Z —aq, —q/a

Set a = 1 in (3.21) to obtain

0 n q" (n+1)/2 f3(_q) 0 q" 1 > q"
= + =
Z_: f(1,9) nz:% (@7 2 ,;) (—a)7
The left side of (3.22) yields
q" n+1)/2 n(2n+1) (n+1)(2n+1)

o0
n=0 n=0 -4 q 2n+1

— q
Z QQ2n Z
oo

_ q (2n+1)((1 + q2n+1) _ q2n+1) 00 qn(2n+1)
n=0 (=& @)2nt1

n=

0 (—Q;Q)2n+1'

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)



On Transformation and Summation Formulas for Some Basic Hypergeometric Series 33

Use (3.23) in (3.22) to obtain

N R A Gt R L
ne0 (—¢;@Q)2nt1 f(1,q) HZ:O (q)2 T ) 7;0 (—q)2 (3.24)
Use (3.20) in (3.24) to obtain
) qn(2n+1) B fS(_q) 0 n s 1 00 "
Z (= Q2nt1  f(1,q) Z( " + 2 Z (—q)2" (3.25)

n=0 n=0 n=0 n

Use the definition of 1 to obtain

) f(gip(—g) | T
Z ) 52::

—4q; q 2n+1

In (3.5), replace q by ¢%, set A = ¢?>, B = —aq®,C = 7 and D = a?¢?; multiply the resulting
identity throughout by 1/(1 + aq) to obtain

o0
/Tq n (q GQ7_qT/aq [e%e] 2n
Z = Z e
= (—ag;¢?) (= aq,T—Q/aq (¢, 0¢*: ¢?)
- . .
q/a 7?) /a q?) ( aq; q )nJrl

In Rogers-Fine identity, replace q by ¢2, set a = a?¢*/7, 3 = —aq®, z = 7 and then multiply
the resulting identity throughout by 1/(1 + agq) to obtain

aziq (0 +a? ()t

i (( 2/7_ q _ i 2/7_ q )nT anq2n(n+1)(1 _ a2q4n+2)' (327)

n=0

Use (3.27) in (3.26) and then let 7 — 0 to obtain

oo
Zaan 3n2 F2(] gl = (%, 0%¢% ¢*) Z "
(—q/a, —ag; q2)oo < (¢, 0%¢% ¢%)n
2n
93 ) - (3.28)
q/a 7?) —aq;q n+1( ?/a;q%)n

In (3.5), replace q to ¢2, set A = ¢*>, B = —¢3, D = ¢* and then let C — 0; multiply the
resulting identity throughout by 1/(1 + ¢) to obtain

nnJrn 2n

i _ (@)% i 14 i (3.29)
(—5:¢*)% = (% %3 = (

n+1 "+1
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In (2.10), replace ¢ by ¢°, set a = q,b = ¢*,c = ¢*,e = ¢®and f = ¢” to obtain

(%440 (¢*,q% 4% %q n+1(q ¢%)ng®+3

z:% (43,45 ¢5) (1 — ¢On+1) - (4,45 ¢°) Z 6) 11 (¢5; ¢%)n (1 — gb7H4)
o (@5%)3 (6% ¢%) s

= e () (3:30)

Use (1.21), (1.23) and (1.24) to obtain on some simplifications

- 0*¢9nd™ (=) o~ (46%)n+1(%5¢%)ng" TP

nz% q?’, 1q%)n (1 — g% *h)  He(q) ,;) (4% ¢%)n+1(g% ¢%)n (1 — ¢o7 1)

_ Gi(9)HE(9) f(=4%)

T CIEEa) (331
n (2.10), replace ¢ by ¢3, set a = c = —q,b = e = —¢? and f = ¢> to obtain

- Hn(qq (4% 4%)% qqi(f"“

,;) i (q,q HZO LI

:(—q;q) ( 0*14°)3. (4% )% (3.32)

(9% a*)2. (6% @)%

Use (1.25) to obtain

i (~¢:q )nq3n+( ¢:4¢°) q ¢°)% Z (% a)na’ T (@3
= (@) (q )% Nor1 (605334
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81. Introduction

Let S(n),n > 0 with S(n) = S(n — 1) + S(n — 2) be a Smarandache-Fibonacci triple, where
S(n) is the Smarandache function for integers n > 0. Particularly, let S(n) be F(n) or L(n),

we get the Fibonacci or Lucas sequence as follows:

A Fibonacci sequence
1,1,2,3, 5,8, 13, 21, 34, 55, 89, 144, 233,--- , F,,---
is defined by the recurrence relation
F,=F, 14+ F,—2, (n>3),

with Fy = F» = 1, where F,, is the n-th term of the Fibonacci sequence (F,) (Leonardo
Fibonacci, 1202). The Fibonacci sequence is named after Italian mathematician Leonardo of
Pisa, known as Fibonacci. The name “Fibonacci Sequnce” was first used by the 19th- century

number theorist Edouard Lucas. Some recent generalizations for the Fibonacci sequence have

1Received May 17, 2016, Accepted February 8, 2017.
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produced a variety of new and extended results, [1],[5],[6],[9],[13].
A Lucas sequence
2,1, 3, 4, 7, 11, 18, 29, 47, 76, 123, 199, 322,--- , L,,, - --
is defined by the recurrence relation

Ln = Lnfl + Ln72 y (n P 3)7

37

with L1 =2, Ly = 1, where L,, is the n-th term of the Lucas sequence (L,,) (Frangois Edouard

Anatole Lucas, 1876). There are a lot of generalizations of the Lucas sequences,[15],[16],[17].

The generalized Fibonacci sequence defined by

H,=H, 1+ Hy, 2, (n = 3)

(1.1)

with Hy = p, Hy = p+q where p, ¢ are arbitrary integers [3]. That is, the generalized Fibonacci

sequence is
p,p+q, 2p+q, 3p+2q, 5p+3q, 8p+5q,-+ ,(p—q)Fn + qFnir, -
Using the equations (1.1) and (1.2) , it was obtained

HnJrl - an +pFn+1
Hyio=pF,+(p+q) Fns1.

For the generalized Fibonacci sequence, it was obtained the following properties:

H? | +H}=(2p—q)Hop1—eFop_1,

Hr21+1 —Hi_ 1 = (2p — q)Han — € Fon,
H, 1H,1 — H?=(-1)"e,
Hypip = Hy A Fr+ HyFoy (0> 3)
Hpyiy Hygir = Hiyyy = (V1) e B2,
Hj o +eF. =pHoni,
Hy Hyj1qr — Hyes Hygrgsi1 = (—1)" e FFrypoqa
[2Hp1Hpyo] ® + [HyHyis) ? = [2Hnp1 Hogo + Hi ) 2

HnJrr + (_1>THn7T
Hy,

— Lr41 + (—I)TFT71

where e = p? — pq — ¢°.

(1.2)

(1.3)
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Also, for p=1,q= 0, we get the following well-known results:

Fﬁ_l + F,f = Fy,—1, (Catalan), (1.13)
Fo 1 F,1 —F?>=(-1)", (Simpson or Cassini), (1.14)
F2 |+ F2=Fs,q1 (Lucas). (1.15)

In this paper, we will define the generalized Lucas, the generalized complex Lucas and the

generalized dual Lucas sequences respectively, denoted by G, , C,,, D, .

82. Generalized Lucas Sequence and Lucas Vectors

In this section, we will define the generalized Lucas sequence denoted by L,,. The generalized
Lucas sequence defined by
L,=L,-14+L,2, (n>23), (2.1)

with Ly =2p — ¢, Ly = p + 2 where p, g are arbitrary integers,[3]. That is, the generalized

Lucas sequence is
2p—q,p+2q,3p+q, 4p+3q,Tp+4q,11p+7q, -, (P~ @)Ln+ qLns1, -+ (22)
Using the equations (2.1) and (2.2) , we get

LnJrl - an +an+1 5

(2.3)
Lnt2 =pLn+ (p+q) Lnta
Putting n = r in (2.3) and using (2.1), we find in turn
Lyy3= (219 +4q )Lr-i-l + (p + Q) L, =H3L,11+ Ho Ly
(2.4)

Lr+4 = (3p—|— 2q) LT+1 + (2p + q) LT = H4Lr+1 + HgLT

So, in general, we have obtain relations between generalized Lucas sequence and generalized

Fibonacci sequence as follows:
Ly =Hyp 1Ly +HpLy 1 (2.5)
Also, certain results follow almost immediately from (2.1)
Lpt2 —2L, —L,—1 =0, (2.6)

Lypt1 — 2L, + Ly g =0, (2.7)
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n—1
Z Loit1 =Lon — (2p —q),
i=0
Zin =Lony1 — (p+29),
i—1

D (Laic1 —Lagi) = —Lon1 —p+3q.
i—1

For the generalized Lucas sequence, we have the following properties:

L2, +1L2 = (2p—q)(Lan—2 + Lay) —er (Lan—2 + Lay),
L2,y —L2_; =(2p—q)(Lans2 — Lon—2) —er, (Lapta — Lon_2),
Ln—l Ln-i—l — Li =5 (_1)n+1 er, ,

L2, +ep L2 = p(Lony2 + Lay),

where er, = p% — pq — ¢°.

Theorem 2.1 If L, is the generalized Lucas number, then

li I[Jn—i-l _ yyes + q
im = ,
n—oo L, qa+(p—q)

where o = (1 +v/5)/2 = 1.618033 - - - is the golden ratio.

Proof We have for the Lucas number L,,,

Ly,
lim o

)
n—oo n

where
a=(1+V5)/2=1618033- -

is the golden ratio [12].

Then for the generalized Lucas number L,,, we obtain

hm LnJrl _ hm anJrl + an _ P + q
n—oo L,  n—ooc gL,y +(P—q)Ln  qa+(p—q)

39

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)
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Theorem 2.2 The Binet’s formula® for the generalized Lucas sequence is as follows;
L,=(aa"+3p") (2.17)
where &= a2p—q)— (p +2q), f= (p+2q) —B2p—q).
Proof The characteristic equation of recurrence relation L, 4o = L,41 +L,, is
t?—t—1=0. (2.18)

The roots of this equation are

(2.19)

wherea+5=1, a—F=+5, af=—1.
Using recurrence relation and initial values Ly = (2p — ¢), L1 = (p + 2¢) the Binet’s

formula for L,,, we get

L,=Aa"+Bp"=[aa"+33"], (2.20)
where
A= Ll—ﬂLo OéLo—Ll
a—p 77 a-p
anda=ap—q)— (p+2q), = @pP+29-82p—q). O

A generalized Lucas vector is defined by
—
Ln = (Ln 5 Ln-{-la Ln+2)
Also, from equation (2.2) it can be expressed as
— — —
Ly :(p_Q)Ln+an+1 (221)

where f)n = (Lpn, Lpny1, Lpyo) and fn+1 = (Lp+1, Lnta, Lnts) are the Lucas vectors.

The product of IL: and X\ € R is given by

— — I —
ALn = (>\an )\Ln+1; A]LnJr2)

2Binet’s formula is the explicit formula to obtain the n-th Fibonacci and Lucas numbers. It is well known
that for the Fibonacci and Lucas numbers, Binet’s formulas are

a — 3"
Fy = 5
a—p
and
L, = a” +ﬁn

respectively, where a+3=1, a—3=+5, af = —1 andox:(l—l—\/g)/27
B=(01-v5) /2,01,
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— —
and L, and L, are equal if and only if

L, = L,
LnJrl - ILlerl
H471-{-2 = I[4771—1-2-

— — — —
Theorem 2.3 Let L, and Ly, be two generalized Lucas vectors. The dot product of L, and Ly,

is given by

e 9
<Ln7 IL4m> = P (5 Fn+m+3 + Ln Lm)

+pq [2 Lytm—1+10 Frpmqa ]

+¢°(5 Fygmt1 + Ly—1Lp—1). (2.22)

Proof The dot product of ]L: = (Ly, Lyg1, Lnyo) and
—
Lm = (Lm, L1, Liny2)  defined by

<H:, L_n:> = LpLy + Lpp1 L1 + Lp ol go.
Also, using the equations (2.1), (2.2) and (2.3), we obtain
L Lin = p* (Ln Lim) + P q[LnLin-1 + Ln—1 Lin] + ¢* (Ln—1 Lm—1), (2.23)
Lont1 L1 = p* (Lnt1 Ling1) + P q[Lont1 L 4 Lo Linta] + ¢ (Lo Lin), (2.24)

Ln+2 ILlm+2 - p2 (Ln+2Lm+2) + pq [Ln+2Lm+1 + Ln+1Lm+2]
+q2 (Ln-i-le-i-l)'

Then, from the equations (2.23), (2.24) and (2.25), we have

(2.25)

<I[Tx:, Hjn)> = p?(LnLy + Lns1Lmg1 + LogoLmis)
+(q) [LnLm—1 + Ln—1Lm + Lyy1 Ly + Ly Lin
+Lyy2Lmi1 + L1 Lim2)
+¢? (Ln-1 Limn—1 + Loy L + Lnt1 Lins1) (2.26)
=p*(5 Fuymis + LnLm)
+(®q) [10Fn+m+2 + 2 Lyjm—1]
+¢*(5 Fugmi1 + L1 Lin—1) .
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Case 1. For the dot product of the generalized Lucas vectors IL:]> and E}HH, we get

— —
<Ln; Ln+1> - LnLn+1 + ILln+1Ln+2 + Ln+2Ln+3
= p2 [5 F2n+4 + LnLnJrl]

(2.27)
+(pq) [10 Fopi3 + 2 Loy |
+¢*[5 Fanqa + Lyp—1 Ly)
and
— —
<LH’LH> = (Ln)2 + (Ln+1)2 + (Ln+2)2
=p’[L} + L}y + L7 o] (2.28)

+(rq)[2LynLy—1+2Lpy1Ly +2Lyyolyi]
+¢*[ Loy + Ly + L7 4.

Then for the norm of the generalized Lucas vector, using identities of the Fibonacci numbers

L%+1 +L721 = 5F2n+1
L31+1 _L721—1 = 5l
Ly~ L = Lp—1Lpyo
L,L, + Ln+1Lm+1 =5 Fn+m+1

we have
— 2 — —> 9 9 5
Ln :<H4n7Ln>:Ln +Ln+1 +H4n+2
= p* [5 Fanss + L2]
+(pq) [2 Fonta +2 Ly L] (2.29)

—|—q2 [5 F2n+1 + L2 ] .

n—1

Case 2. For p=1, ¢ =0, in the equations (2.26), (2.27) and (2.29), we have

— —
<Ln7Lm> - [5Fn+m+3 + Ln Lm] 5
_— —
(LoLati) = [5Fonsa+ Lo L]
and
-
’}Ln =\/5 Fonis + L2

Theorem 2.4 Let H:,) and Hjn) be two generalized Lucas vectors. The cross product ofl[:]> and
—
Ly, is given by

= T n 2 2N (e
Ly XLy =5(=1)"Frern (0" —pq—q°) (1 + 5 — k). (2.30)
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— —
Proof The cross product of L,, x L, defined by

) j k
— —
L,xL, =

n ILln+1 Ln+2

L
Ly Lmt1 L2 (2.31)

=1 (Ln+le+2 - IL4n+2Lm+1)
+.] (Ln+2Lm - Lan+2) + k (LanJrl - LnJrle) .

Now, we calculate the cross products. Using the property L, Lm+1—Lnt1Lm =5(=1)" Fpp

we get
Lpy1Liny2 —Lpgo Ly = 5 (_1)nFm*n (p2 —pPq— q2) =5 (_1)nmen €L, (2-32)

I[171—1-2 Lm - Ln H47n-i-2 =95 (_1)nFm—n (P2 —Dpbq — q2) =5 (_1)nFm—n €r, (233)

and

LpLpmy1—Lpt1 Ly = 5 (_1)n+1Fm—n (p2_p q_q2) =5 (_1)n+1Fm—n er -

(2.34)
Then from the equations (2.32), (2.33) and (2.34), we obtain the equation (2.30).
Case 3. For p =1, ¢ =0, in the equation (2.30), we have
—  —
Ly X Loy = 5(=1)"Fon (i + § — k).
O

Theorem 2.5 Let IL:, IL—>m and I[Tk) be the generalized Lucas vectors. The mized product of these
vectors 1s

<—$ X Lo Jfﬁ> =0. (2.35)

Proof Using IL: = (Lk, Lgt1, Lrt2), we can write,

Ln I[Jn—i-l I[171—1-2
— — —
< n X Ly , k> = ILlm ILMnJrl Lm+2
Lr  Lig41  Ligye
(2.36)
= Lp (Lm+1 L2 — Ling2 Ligy1)
‘HLnJrl (Lm+2 Lk - ILMn Lk+2) + Ln+2 (Lm ILch+1 - ILlerl Lk) .
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Also, using the equations (2.32), (2.33) and (2.34), we obtain

L, (Lypt1 Lo — Lo Lgg1)  +Lpgr (Ligo Lk — Ly, Liyo)
+ Lo (L Lgg 1 — Lg L g1)

= 5(—1)"Fy—mer (L, +Lyy1 —Lpio)

— 5(=1)™ Fomer (Lppa — Lpga) = 0.

(2.37)

Thus, we have the equation (2.35). |

83. Generalized Complex Lucas Sequence

In this section, we will define the generalized complex Lucas sequence denoted by C,,. The

generalized complex Lucas sequence defined by
C,=L,+iL,41, (3.1)

with Co = (2p—¢q) +i(p+2q), Ci =(p+2¢) +iBp+q), Co=0Bp+q) +i(dp+30q),
where p, ¢ are arbitrary integers. That is, the generalized complex Lucas sequence is

(2p—q) +i(p+2q), (p+29) +iBp+q), Bp+q) +i(dp+3q),

(4p+3q) +i(Tp+4q), ..., (p—q+iq)Ln+ (q¢+ ip)Lny1,...

Case 1. From the generalized complex Lucas sequence (C,) for p =1, ¢ = 0 in the equation
(3.2), we obtain complex Lucas sequence (Cy,) as follows:
(Cn) + 2+4,14+43,34+i4, 4447, , Lp+ iLpi1, - .

For the generalized complex Lucas sequence, we have the following properties:

C2+C, =[2p—q)+ilp+29)](Con2+Csyp)

(3.3)
—(2+i)er (Lan—2+ Lan ),
C2o+C, =[2p—q@+ilp+29)](Cany2+Copn2) (3.4)
—(2+4+1i)er (Lant2+ Lon—2),
Cpn1Cpy1 —C2=5(-1)"" (2 4+ i)er, (3.5)

CZy+(2+i)er L2 =[(2p+q)+ (Cony2 +Cay), (3.6)
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where ec = (2 +1i)ep.

84. Generalized Dual Lucas Sequence

In this section, we will define the generalized dual Lucas sequence denoted by DZ. The gener-

alized dual Lucas sequence defined by
DL =L, +eLl,q1, (4.1)

with DF = (2p—¢q) +e(p+2q), Df = (p+2q) + e(3p+4q) where p, q are arbitrary integers.
That is, the generalized dual Lucas sequence is

(2p—q) +eBp+q), (p+2q) +e@Bp+q), Bp+q) +e(dp+3q),
(dp+3q)+e(Tp+44q), (Tp+4q)+ c(11p+7q), (4.2)
o, (p—q+eq)Ln+ (¢+ ep) Lpgr,---

Using the equations (4.1) and (4.2) , we get

DL =(p—q+eq)Ln+ (qg+ep)Lpt1,
DL = (qg+ep)Ln+[p+e(p+ q)] Lo, (4.3)

DEy,=[p+e(p+ ¢)]La+[(p+q)+e(2p+ q)]Lns1.

Case 1. From the generalized dual Lucas sequence (DZ) for p = 1, ¢ = 0 in the equation

(4.2), we obtain dual Lucas sequence (DZ%) as follows:
(DEY : 246, 1436, 344e, 4+7e, T+11e, 11+18¢,---, Ly + € Lpyq,---
For the generalized dual Lucas sequence, we have the following properties:

(DL)Y? + (DL_))? =[(2p—q) + e(p+2q)| DL, _, + D&,
—ep (Lan—2 + Lay) ,

DE)2—DE)? =[@2p—q)+c(p+29 DL, +DE,

—ep (Lant2 — Lon—2),

(DL )2+ ep Ln> = [p+ e(p+ q)]DXopy2 + DE, (4.6)
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Dvli T + (_1)TD1LL/—T
+ DL = L’I" ) (48)

n

where ep = (1+¢)er.

Case 2. From properties of the generalized dual Lucas sequence (DZ) for p =1, ¢ = 0 in the

equations (4.4) - (4.8), we obtain dual Lucas sequence (DL) as follows:

(DEY? + (Df_1)> =2+ e)Df, 5+ D3, — (1+ €) (Lan—a + Lay), (4.9)
(Dra)? = (D7) = 2+ €) Dgpya + Dy = (1+ €) (Langa — Lan-2) (4.10)
(Dry1)? + (14 €) Lp® = (1 + €) (D342 + D3y,) s (4.11)

Dy Dy — (DF)? =5(=1)""" (1+¢), (4.12)

Drlz/ T + (_1)TD7I£—T
+ BT =L,, (4.13)

Theorem 4.1 If DL is the generalized dual Lucas number, then

i Dy (pg) o+ (p*— pa+ ¢*)a+ (pg—q¢?)
n—oo DL 22+ 2q(p—q)a+ (p—q)?

)

where o« = 1.618033 - - -

Proof For the generalized dual Lucas number DX, we obtain
lim Dy —  lim (p—q+eq)Lni1+ (g +ep)Lnio
n—co DF n—oo (p—q+eq)Ln+(q+ep)Lnt

(p* — pq + ¢*)LLys1 + (pg — ¢*)L2 + pgL?2 4

= lim
n—o0 q2Li+1 +2q(p — @) LnLnt1+ (p— q)%L3
+ lim 5(=1)"(p* — pg — ¢*)
n—oo q2L721+1 +2q(p — @) LnLnt1 + (p— @) L3

_ e+ 0P —pat ot (pa—a’) (4.14)

?a? +2q(p — g)a+ (p — q)?

where Ly, 4o = Lyy1 + Ly
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Case 3. For p =1, ¢ =0 in the equation (4.14), we obtain

Theorem 4.2 The Binet’s formula for the generalized dual Lucas sequence is as follows:

DL = (a o™+ 36" (4.15)

where &= (p—q+cq)+alg+ep) andB=(p—q+eq)+pB(qg+p).

Proof 1If we use definition of the generalized dual Lucas sequence and substitute first

equation in footnote, then we get

D =(p—q+eq)Ln+(q+ep)Lntr
=(p—q+eq) (@ +8")+ (g+ep) (@t + 4"

(4.16)
=a"(p—q+eq+aqt+acp) +p5"(p—qt+eq+pBq+pep)
=aa" + B p".
where &= (p—q+¢cq)+a(g+ep) and 3= (p—q+cq)+B(q+cp). O
85. Generalized Dual Lucas Vectors
A generalized dual Lucas vector is defined by
—
Dk = (Dle ) D7L1+1a D7L1+2)
Also, from equations (4.1), (4.2) and (4.3) it can be expressed as
- — —
DY =L,+ely
— — (5'1)

=(p—-qg+eqLo+(¢+ep)Lnp

— —
where L, = (L, , Lyy1, Lpg2) and Ly, = (L, Ly, Lpta) are the generalized Lucas vector
and the Lucas vector, respectively.

—

The product of DY and X\ € R is given by
—L) — —_—
ADy = AL, +eAlnt
— —
and DY and DY are equal if and only if

L, = L,
LnJrl = ILlerl

Ln+2 - ILlm+2



48 Fiigen TORUNBALCI AYDIN and Salim YUCE

Some examples of the generalized dual Lucas vectors can be given easily as:

.
D} = (Df, D%, Df)

= (Lq, Lo, Lg) + (Lo, Ls, Ly)

=(+29) +eBp+q),Bp+q) +e(4p+3q), (4p + 3q) + &(Tp + 4q))

.
D% - (L27 ]L37 L4) + E(L37 ]L4; L5)
=(Bp+q) +e(dp+3q), (4p + 3q) + e(7Tp + 4q), (Tp + 4q) + e(11p + 18¢))

— — —
Theorem 5.1 Let DY and DY, be two generalized dual Lucas vectors. The dot product of DY

—
and DY is given by

<1D7§, ]D>_§n> = P?[(Ln Lo + 5 Fosmss) + €(Ln g1 + Lost Ly + 10 Fppmia) ]
+pq[(5 Lntm + 10 Fypm2)
+&(Ln—1 L + Ly Lyp—1 + 10 Fyy—1 + 20 Foymys) | (5.2)
+¢*[(Ln—1Lm—1+5Fyimy1)
te(Ly_1 Ly + Ly Lin—1 + 10 Fymao) ]

.
. Proof The dot product of DY = (DL, D£+ L Dﬁﬂ) and
]D)lIrJn = (Dvl;zu DﬁH_la D7I;1+2) defined by

oL ML LTL L mL L mL
<Dn7 Dm> = Dan + Dn—i-le—i-l + Dn+2Dm+2
— — _— —_—
- <Ln7Lm> + 5[<Lnuﬂdm+l> + <Ln+luLm>]

where IL:]> = (L, , Lpt1, Lpyo) is the generalized Lucas vector. Also, the equations (2.1), (2.2)
and (2.3), we obtain

—_ — 9
<Ln7 ILm> = p (Ln Lm +5 Fn+m+3)
+q2(Ln—l Lm—l +5 Fn+m+1)

— — 9
< ns IL'm+1> = D (Ln Lerl + 5 Fn+m+4)
+9q (5 Fome1 + 10 Fyimas + L1 L) (5.4)
+q2 (Lnfl Lm + 5 Fn+m+2) 5

and
—— 9
<Ln+1; IL4m> = D (LnJrl Lm + 5 Fn+m+4)
—|—pq(5 Fn+m71 + 10Fn+m+3 —|—Ln mel) (55)
+q2 (Ln mel + 5 Fn+m+2)
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Then from equation (5.3), (5.4) and (5.5), we have the equation (5.2). O

— —_—
Case 1. For the dot product of generalized dual Lucas vectors D} and DY, we get

= <H:,m> + 5{<E:7Ln+2> + <Ln+17Ln+1>}
= p?[(Lp Lps1 + 5 Fopya)

+&(Lp Lypto+ Lpt1 L1 + 10 Fopgs) |
+pq[(5Lyp Ly, + Lypp—1 L1 + 10 Fopy3)
+e(Lnt1 Lnta + 5 Fap + 10 Foppg) |

+@?[(Lp—1 Lp + 5 Fopyi2)

+&(Lp-1 Lpt1+ Ly Ly, + 10 Fop13) ]

—L> L LmL L L L L
<Dn7 Dn+1> = DnDn+1 + ]D) +1Dn+2 + ]D)n+2Dn+3

and N
(DE,BE) = (BE)? + (L) + (DL,
— — —  —

= <H4n ) Ln> +25<Ln ’ LI]+1>
= pQ[(Ln Ln + 5 F2n+3)
+2e(Ly Lng1 + 5 Fonya) ]
+pq[(5 Fan + 10 Fopy2)
+2 E(Ln Ln + Ln,1 Ln+1 + 10 F2n+3)]
+¢*[(Ln—1 Ln—1 + 5 Fan41)
+2 E(Ln_l Ln +5 F2n+2)] .

Then for the norm of the generalized dual Lucas vector 3, we have

— e
IPE[ =/ [(PE.DE)] =/ [@5)? + (DE)* + (L)

=v/P*(Ln Ly + 5 Fony3) + pq(5 Fan + 10 Fapi2)

AP (Lp—1Ln—1+5Foni1)] (5-8)
+/2e{p?(Ln L1+ 5 Fanya) + q(Lyy Ly + L1 Lty 4 10 Foys)

/P (Ln—1Ln +5 Fopy2)}.

Case 2. For p =1, ¢ =0, in the equations (5.2), (5.6) and (5.8), we have

—_— —
<D§, Dg> = [(Lp Loy + 5 Fpymas) + (L Lins1 + Lyt1 Lon + 10 Frya) ],

3Norm of dual number as follows ([2], [14]):

1
HTA)H =vVa+ea*=+va+tea*——,A=a+cea*
2v/a
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PN
<Dn ) Dn+1> = [(Ln Ln—i—l + 5 F2n+4) + E(Ln Ln+2 + Ln—i—l Ln+1 + 10 F2n+5)]

and

= V(LnLn+5F213) +26(Lp Lyt +5Fonya)

(Ln LnJrl + 5 F2n+4)
\/(Ln Ln +5 F2n+3)

(Ln Ln + 5F2n+3) +e€

— — —

Theorem 5.2 Let DL and DY, be two generalized dual Lucas vectors. The cross product of D%
—

and DY is given by

—  —

DEx DY =5(-1)"" F, (1 +e)er (i +35— k). (5.9)

g — — - — e
Proof The cross product of DY = L, + eL,+1 and DX =L, + ¢ Ly, 41 defined by
_i’ —L) —_ — —_ — — —
Dy x Dy = (Ly X Lyy) +e(Ly X Linp1 + Log1 X L)

— —
where L, is the generalized Lucas vector and LL,, X Ly, is the cross product for the generalized
— —
Lucas vectors L, and L,,.
— — — e —
Now, we calculate the cross products L, x Ly, Ly x Ly 41 and
— —

Ln+1 X Lm:
Using the property Ly Lmt+1 — Lnt1Lm = 5(—1)" Fp—pn, we get

— —
Ly XLy =5(=1)"""F,_,(i+j—k)er, (5.10)
— —
Ly X Liny1 =5(=1)"" Fp 1@+ —k)er, (5.11)
and
e —
Lyt XLy =5(=1)""F,_, 1(i+j—k)er. (5.12)
Then from the equations (5.10), (5.11) and (5.12), we obtain the equation (5.9). m

Case 3. For p =1, ¢ =0 in the equations (5.9), we have
—_— —
DE x DE = 5 (—1)™1 Fyy_y (1 +2) (i +j — ).

— — —
Theorem 5.3 Let DY, DY and DY be the generalized dual Lucas vectors. The mized product

of these vectors is

—_— = —
<JD>§ x DY D§> =0. (5.13)
Proof Using the properties
—L’ —L’ — — —_— — ——  —
Dy xDy = (Ly xLy)4+e(Ly X Ling1 + Logr1 X Liyy)
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and
—L) — —
Dy = Lx + € L4,

we can write,
- - 7 — — — — — =
(Dk x Dk, DE) = (Lo x L, L) + £ [(L % Lan, T )
—_ — — —_— - —
+ (L % Lontt, L) + (Lt X Lan, T ).
Then using equations (5.10), (5.11) and (5.12), we obtain

_
<(i+j —k), Lk> = Ly + Lyxq1 — Lyqo =0,

—
<(i +3j—k), Lk+1> =Lygy1 +Lygyo —Lyxy3=0.

Thus, we have the equation (5.13). O
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81. Introduction

Fixed point theory plays a very crucial role in the development of nonlinear analysis. The
Banach [2] fixed point theorem for contraction mapping has been generalized and extended in

many directions. This famous theorem can be stated as follows.

Theorem 1.1([2]) Let (X,d) be a complete metric space and T be a mapping of X into itself
satisfying:
d(Tz,Ty) < ad(z,y), Y,y € X, (1.1)

where « is a constant in [0,1). Then T has a fized point p € X.

The Banach contraction principle with rational expressions have been expanded and some

fixed point and common fixed point theorems have been obtained in [4, 5].

Recently, Azam et al. [1] introduced the concept of complex valued metric space and estab-
lished some fixed point results for mappings satisfying a rational inequality. Complex-valued
metric space is useful in many branches of mathematics, including algebraic geometry, number
theory, applied mathematics; as well as in physics, including hydrodynamics, thermodynamics,
mechanical engineering and electrical engineering, for more details, see, [7, 8].

In this paper, we establish common fixed point results for generalized contraction involving

rational expression in the framework of complex valued metric spaces.

1Received June 24, 2016, Accepted February 12, 2017.
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§2. Preliminaries

Let C be the set of complex numbers and z1, z3 € C. Define a partial order = on C as follows:

z1 3 2o if and only if Re(z1) < Re(za), Im(z1) < Im(z2). It follows that z1 S 29 if one of

the following conditions is satisfied:

(i) Re(z1) = Re(z2), Im(z1) < Im(z2);

(i7) Re(z1) < Re(z2), Im(z1) = Im(z2);

(#3i) Re(z1) < Re(z2), Im(z1) < Im(z2);

(1v) Re(z1) = Re(z2), Im(z1) = Im(z2).

In particular, we will write 21 5 22 if 21 # 22 and one of (i), (ii), or (iii) is satisfied and we

will write 21 < 2o if only (iii) is satisfied. Note that
0 5 21 °<o 29 = |Zl| < |2’2|,

leZQ, Z9 < 23 = 21 < Z3.

The following definition was introduced by Azam et al. in 2011 (see, [1]).

Definition 2.1([1]) Let X be a nonempty set. Suppose that the mapping d: X x X — C

satisfies:

(C1) 0Z2d(z,y) for all z,y € X with x #y and d(z,y) =0 & x=y;
(C2) d(z,y) =d(y,z) for all x,y € X;
(C3) d(z,y) Z d(x,2) +d(z,y) for all z,y,z € X.

Then d is called a complex valued metric on X and (X,d) is called a complex valued metric

space.

Example 2.2 Let X = C, where C is the set of complex numbers. Define a mapping d: X x X —
C by d(z1, 22) = €'|z1 — 22| where 21 = (21,91), 22 = (22,42) and t € [0, F]. Then (X,d) is a

complex valued metric space.

Example 2.3([1]) Let X = C, where C is the set of complex numbers. Define a mapping
d: X x X — C by d(21,22) = 3|21 — 22| where 21 = (z1,y1) and 22 = (22,92). Then (X, d) is

a complex valued metric space.

Example 2.4 Let X = C. Define a mapping d: X x X — C by d(z1,22) = €"®|21 — 22| where
z1 = (z1,y1), 22 = (x2,y2) and a is any real constant. Then (X, d) is a complex valued metric

space.

Definition 2.5 (i) A point x € X is called an interior point of a subset G C X whenever
there exists 0 < r € C such that

B(z,r)={ye X : d(z,y) <r} CG.
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(i) A point x € X is called a limit of G whenever for every 0 < r € C such that

B(w,r) 0 (G = {z}) #0.

(7i1) The set G C X is called open whenever each element of G is an interior point of G.
A subset H C X is called closed whenever each limit point of H belongs to H.

The family F := {B(x,r) : € X,0 < r} is a sub-basis for a Hausdorff topology 7 on X.

Definition 2.6([1]) Let (X, d) be a complex valued metric space. Let {x,,} be a sequence in X
and x € X. Then

(1) {xn} is called convergent, if for every c € C, with 0 < ¢ there exists ng € N such that
for alln > ng, d(xy,z) < c. Also, {xn} converges to x (written as, , — x orlimy,_,oo T, = )
and x is the limit of {x,}.

(i1) {xn} is called a Cauchy sequence in X, if for every ¢ € C, with 0 < ¢ there exists
ng € N such that for all n > ng, d(Tn, Tnitm) < c. If every Cauchy sequence converges in X,

then X is called a complete complex valued metric space.

Definition 2.7([6]) Two families of self-mappings {T;}7, and {S;}7_, are said to be pairwise
commuting if

(u) S S =SSk, k,l € {1,2, s ,n};

(ti) Ty;Sk = SiTi, i € {1,2,...,m} and k € {1,2,--- ,n}.

Lemma 2.8([1]) Let (X,d) be a complex valued metric space and let {x,} be a sequence in X.

Then {xn} converges to x if and only if lim, . |d(xy, z)| = 0.

Lemma 2.9([1]) Let (X,d) be a complex valued metric space and let {x,} be a sequence in X.

Then {xyn} is a Cauchy sequence if and only if lim, o |d(Zn, Tnitm)| = 0.

83. Main Results

In this section we shall prove some common fixed point results under generalized contraction

involving rational expression in the framework of complex valued metric spaces.

Theorem 3.1 Let (X, d) be a complete complex valued metric space. Suppose that the mappings
S, T: X — X satisfy:

(x, Sz)d(x, Ty) + d(y, Ty)d(y, Sz)
d(z,Ty) + d(y, Sx)
+vyd(z,Sz) + §d(y, Ty)
]

+A[d(z, Ty) + d(y, Sz)

d(Se.Ty) 3 adley)+ 8]

~

(3.1)

for all x,y € X, where o, 3, v, §, A are nonnegative reals with a + B +~v+d+2X < 1. Then S
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and T have a unique common fized point in X.

Proof Let z¢ be an arbitrary point in X and define

Togt+1 = STok, Topyo = TTopy1, K=0,1,2,---.

Then from (3.1), we have

d(T2k+1, T2r+2)

This implies that

d(Szok, Txor+1)

[ON

ad(Tok, Takt1)

43 [d(wzm Szop)d(xor, Txor+1) + d(2r+1, Tx2k+1)d(T2k41, ST2k)
d(zok, Tror+1) + d(T2r+1, STok)

+vd(z2k, Stor) + 0 d(xok+1, TTok+1)

A [d(zor, TTopy1) + d(T2k+1, STok)]

= ad(rok, Takt1)
d(x2k, Tart+1)d(T2k, Tant2) + d(T2rt1, Takt2)d(T2k+1, T2k41)
6 ]
d(xok, Tort2) + d(T2r41, Takt1)
+yd(zok, Tornt+1) + 0 d(Takt1, Takt2)

A [d(xok, Tort2) + d(T2k41, T2rt1)]

(a4 B+ v)d(z2k, 2rn+1) + 0 d(T2k+1, T2k+2)

[ON

+A[d(z2k, Tak+1) + d(Takt1, Tar+2)]

= (a+B+v+ Nd(@ok, Tak+1) + (6 + N)d(T2k+1, T2k+2). (3.2)

a+B+y+A

1 — 5 — )\ ) d(ZEQk, I2k+1). (33)

d(@apt1, Topt2) I (

Similarly, we have

d(x2k+2, Tort3)

LA

LA

d(Szort1, Tx2k+2)

ad(Tart1, Tariz)

43 [d(x2k+1y Stopy1)d(xort1, Troky2) + d(Tokt2, TTokt2)d(Tan+2, S$2k+1)}
d(zok+1, TTok42) + d(T2kt2, STak+1)

+v d(z2r+1, STok+1) + 0 d(x2r+2, TTok+2)

+A [d(z2p41, To2p42) + d(T2k42, ST2k11)]

ad(Tak+1, Tak+2)
d(x2k+1, Tok+2)d(Tak+1, Takt3) + d(Takt2, Tort3)d(Takt2, Takt2)
+3
d(T2k+1, T2k+3) + d(T2k+2, T2k+2)
+v d(T2k+1, Takt2) + 0 d(T2kt2, T2k+3)

A [d(x2n+1, Tokts) + d(Tokt2, Takt2)]
(o + B+ v)d(zor+t1, Tort2) + 0 d(T2r+2, T2k+3)
+A[d(z2k+1, Tar+2) + d(T2r+t2, Tart3)]

(a4 B4+~ + Nd(x2r+1, Tart2) + (6 + N)d(T2r+2, T2r+3)- (3.4)
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This implies that

a+B+y+A
d(xop12, Tort3) 3 (&7_7)\) d(T2py1, Takt2)- (3.5)

Putting
a+B+y+A
h=|————).
)

Asa+B+~v+d+2X <1, it follows that 0 < h < 1, we have
A(Tpi1, Tpio) Ihd(@n, i) 3 -+ 3" d(20, 21). (3.6)

Let m,n > 1 and m > n, we have

d(xna xn—i—l) + d(xn—i-la xn+2) + d($n+27 xn+3)
+-- d(Inerflv xm)
,j [hn + hn+1 4 hn+2 Lt hn+m71]d($1,xo)

{1h—nh}d(xl’x°>

A

A(Zp, Tim)

A

and so

=

ld(n, Tm)| < 1—h

} |d(x1,z0)] — 0 as m,n — occ.
This implies that {z,} is a Cauchy sequence. Since X is complete, there exists w € X such
that x,, — w as n — oo. It follows that w = Sw, otherwise d(w, Sw) = z > 0 and we would

then have

d(w, Tapt2) + d(@2nt2, Sw) 3 d(w, Tapi2) + d(Sw, Txon41)

LA A

d(w, Tapi2) + ad(w, Tapy1)
8 [d(w, Sw)d(w, Txont1) + d(xont1, Txont1)d(Tant1, Sw)}
d(w, T$2n+1) + d($2n+1 5 S’w)
+yd(w, Sw) + § d(x2n+1, TTon+1) + A |d(w, Trant1) + d(xont1, Sw)]
= d(w,ZTont2) + ad(w, zant1)
I [d(w, Sw)d(w, Tant2) + d(T2nt1, Tont2)d(Tant1, Sw)}
d(w, ,’E2n+2) + d($2n+1, Sw)
+yd(w, Sw) + § d(x2n+1, Tant2) + A [d(w, X2nt2) + d(T2n41, Sw)].

This implies that

2] < Jd(w,xont2)| + a|d(w, zani1)]
48 {|z||d(w, Tong2)| + [d(T2nt1, Tang2)||d(22n 41, Sw)
|d(w, T2n42)| + |d(z2n41, Sw)|
+7 |2 + 0 |d(@2nt1, Z2nt2)| + A[ld(w, T2ns2)| + |d(@2n41, Sw)]].
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Letting n — oo, it follows that
2] S (v + Nzl < (@ + B+ +30+2))[2] < |2

which is a contradiction and so |z| = 0, that is, w = Sw.

In an exactly the same way, we can prove that w = Tw. Hence Sw = Tw = w. This shows
that w is a common fixed point of S and T'.

We now show that S and T have a unique common fixed point. For this, assume that w*

is another common fixed point of S and T, that is, Sw* = Tw* = w* such that w # w*. Then

dlw,w*) = d(Sw,Tw")

A

. d(w, Sw)d(w, Tw*) + d(w*, Tw*)d(w*, Sw)
avd(w, w”) + [ d(w, Tw*) + d(w*, Sw) ]
+yd(w, Sw) + 6 d(w*, Tw*) + A [d(w, Tw*) + d(w*, Sw)]

. d(w, w)d(w, w*) + d(w*, w*)d(w*, w)

o d(w, w )+6[ d(w, w*) + d(w*, w) ]
+yd(w,w) + 6 d(w*, w*) + A [d(w, w*) + d(w*, w)]

= (a+2))(w,w")

So that |d(w,w*)| < (a + 2A)(w,w*) < |d(w,w*)], since 0 < (& + 2A\) < 1, which is a
contradiction and hence d(w,w*) = 0. Thus w = w*. This shows that S and T have a unique

common fixed point in X. This completes the proof. O

Putting S = T in Theorem 3.1, we have the following result.

Corollary 3.2 Let (X,d) be a complete complex valued metric space. Suppose that the mapping
T: X — X satisfies:

d(Tz,Ty) 3 ad(z,y)+p

~

d(z, Tz)d(z, Ty) + d(y, Ty)d (y,TI)}
d(z,Ty) + d(y, Tx)
+yd(z, Tx) +0d(y, Ty) + Xd(z, Ty) + d(y, Tz)) (3.7)

for all z,y € X, where «, 8, v, 0, A are nonnegative reals with o+ 3 +~v+d+2 < 1. Then T
has a unique fized point in X.

Corollary 3.3 Let (X,d) be a complete complex valued metric space. Suppose that the mapping
T: X — X satisfies (for fixzed n):

d(z, T"z)d(z, T"y) + d(y, T"y)d(y, T"x)
d(z, Try) + d(y, T"x)
+yd(z, T"x) + 6 d(y, T"™y) + Nd(z, T"y) + d(y, T"x)] (3.8)

d(T"x, T"y) 3 ad(z,y)+ 5

for all x,y € X, where o, 3, v, 6, A are nonnegative reals with a +8+v+§+2\ < 1. Then T
has a unique fized point in X.
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Proof By Corollary 3.2, there exists ¢ € X such that T"g = q. Then

d(Tq,q) = d(TT"q,T"q)=d(T"Tq,T"q)
ad(Tq,q)
5 [d(T q,T"Tq)d(Tq,T"q) + d(q,T"q)d(q, T"TQ)}
d(Tq,Tmq) + d(q, T"Tq)
+vd(Tq, T"Tq) +dd(q, T"q) + A [d(T'q,T"q) + d(q, T"T'q)]
= «ad(Tq,q)
5 [d(Tq, I'1T"q)d(Tq,T"q) + d(g, T"q)d(q, TT"q)}
d(Tq,T"q) + d(q, TT"q)
+vd(Tq, TT"q) +dd(q, T"q) + A [d(T'q, T"q) + d(q, TT"q)]
= «ad(Tq,q)
5 [d(Tq, T'q)d(Tq,q) + d(g, 9)d(q, TQ)]
d(Tq,q) +d(q,Tq)
+vd(Tq,Tq) +6d(q,q) + Xd(Tq,q) + d(g,Tq)]
= (a+2)\)d(Tq,q).

A

So that |d(T'q,q)| < (a + 2X)|d(Tq,q)| < |d(Tq,q)|, since 0 < (o + 2)\) < 1, which is a

contradiction and hence d(Tq,q) = 0. Thus T'q = ¢q. This shows that T has a unique fixed
point in X. This completes the proof. O

As an application of Theorem 3.1, we prove the following theorem for two finite families of

mappings.

Theorem 3.4 If {T;}™, and {S;}7, are two finite pairwise commuting finite families of self-
mappings defined on a complete complex valued metric space (X,d) such that S and T (with
T=TTs Ty and S = 5152 ---S,) satisfy the condition (3.1), then the component maps of

the two families {T;}, and {S;}?_, have a unique common fized point.

Proof In view of Theorem 3.1 one can conclude that 7" and S have a unique common fixed
point g, that is, T'(g) = S(g9) = g. Now we are required to show that g is a common fixed
point of all the components maps of both the families. In view of pairwise commutativity of
the families {T;}7, and {5}, (for every 1 < k < m) we can write

Ti(9) = TeS(g) = STk(g9) and Ti(g) = TuT(g) = TTk(g)

which show that Tj(g) (for every k) is also a common fixed point of T and S. By using the
uniqueness of common fixed point, we can write Ty (g) = g (for every k) which shows that g is
a common fixed point of the family {7;},. Using the same arguments as above, one can also
show that (for every 1 <k <mn) Sik(g) = g. This completes the proof. m

By takingTh =Ty =--- =T, =G and S = Sy =--- =85, = F, in Theorem 3.4, we

derive the following result involving iterates of mappings.
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Corollary 3.5 If F and G are two commuting self-mappings defined on a complete complex

valued metric space (X,d) satisfying the condition

d(z, F"z)d(z, G"y) + d(y, G"y)d(y, F"x)
d(x, G™y) + d(y, Frx)
+yd(z, F"x) + 6 d(y, G™y) + A[d(x, G™y) + d(y, F"x)] (3.9)

d(F"z,G"y) Z ad(z,y)+

for all x,y € X, where o, 3, v, §, A are nonnegative reals with o+ 3+ v+ 0 + 2A < 1. Then

F and G have a unique common fized point in X.

By setting m =n and F' = G =T in Corollary 3.5, we deduce the following result.

Corollary 3.6 Let (X,d) be a complete complex valued metric space and let the mapping
T: X — X satisfies (for fized n)

d(x, T"z)d(x, T™y) + d(y, T"y)d(y,T”:z:)}
d(x, T"y) + d(y, Tnx)
+yd(x, T"z) + 5d(y, T"y) + A [d(z, T"y) + d(y, T"x)] (3.10)

AT, T"y) = ad(;c,y)+ﬁ[

for all x,y € X, where o, 3, v, 6, A are nonnegative reals with a + 8+ v+§+2\ < 1. Then T
has a unique fized point in X.

Proof By Corollary 3.2, we obtain p € X such that T"p = p. The rest of the proof is same
as that of Corollary 3.3. This completes the proof. O

By taking « = hand 8 = =06 = XA = 0 in Corollary 3.3, we draw following corollary
which can be viewed as an extension of Bryant (see, [4]) theorem to complex valued metric

space.

Corollary 3.7 Let (X,d) be a complete complex valued metric space. Suppose that the mapping
T: X — X satisfying the condition
d(T"z,T"y) = hd(z,y)

for allz,y € X and h € [0,1) is a constant. Then T has a unique fixed point in X.

The following example demonstrates the superiority of Bryant (see, [3]) theorem over Ba-

nach contraction theorem.

Example 3.8 Let X = C, where C is the set of complex numbers. Define a mapping d: CxC —
C by d(z1,22) = |z1 — ®2| + i|ly1 — ya| where 21 = x1 + iy1, 22 = 22 + iy2. Then (C,d) is a
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complex valued metric space. Define T: C — C as

0, ifz,yeq,

1, if z,y € Q°,

1, ifzeQyeq,
1+i, ifzeQ,yeqQe.

T(x+iy) =

Now for z = % and y = 0, we get

1 1 A
AT(5), T(0) = d(1,0) 3 Md(—5,0) = Z5.

Thus A > /2 which is a contradiction that 0 < A < 1. However, we notice that T2(z) = 0,
so that
0= d(T*(21),T%(22)) 3 Ad(1, 22),

which shows that T2 satisfies the requirement of Bryant theorem and z = 0 is a unique fixed

point of T'.

Finally, we conclude this paper with an illustrative example which satisfied all the condi-

tions of Corollary 3.2.

Example 3.9 Let X = {0, 1,2} and partial order ’ 3’ is defined as = 2 y iff z > y. Let the

complex valued metric d be given as
d(@,y) = |z — y|V2e'T = |o — y(1 +1) for 2,y € X.
Let T: X — X be defined as follows:
1
T(0) = 0,7(;) = 0.7(2) =

Case 1. Take z =1,y =0, T(0) =0 and T(3) = 0 in Corollary 3.2, then we have

d(Tx,Ty) =0 < (%)(a—i—ﬁ—i—w—i—)\).

Thisimpliesthata:ﬁ:*y:Oansz:/\:%orazﬂzfy:%and5:/\:%satisﬁed
all the conditions of Corollary 3.2 and of course 0 is the unique fixed point of T'.

Case 2. Takez =2,y =1, T(2) = 3 and T(3) = 0 in Corollary 3.2, then we have

d(Tz,Ty) = 1;i§a'(3(17m)+6'(¥)+7'(w)
wE ;” +22(1 +1),

This implies that a = =vy=0d= A= % satisfied all the conditions of Corollary 3.2 and of
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course 0 is the unique fixed point of T.

Case 3. Take z =2,y =0, T(2) = 3 and T(0) = 0 in Corollary 3.2, then we have

d(Tz,Ty) = % Sa-2(1+i)+5'(W) “’(3(12“))
D)

2

This implies that a = =y = A= ﬁ and § = 0 satisfied all the conditions of Corollary 3.2
and of course 0 is the unique fixed point of T

§4.

Conclusion

In this paper, we establish common fixed point theorems using generalized contraction involving

rational expression in the setting of complex-valued metric spaces and give an example in

support of our result. Our results extend and generalize several results from the current existing

literature.
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Abstract: Let G be the dihedral group D, and Cay(G, S) is the Cayley graph of G with
respect to S, and let Cg(x) is the centralizer of an element z in G and Z is the orbit of = in
G. In this paper, we prove that if G act on G by conjugation, the vertex induced subgraph
with vertex set Cg(z) of the Cayley graph Cay(G,Z) is either Hamiltonian or it contain

Hamiltonian decompositions. But if n is prime, it is always Hamiltonian.
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cycle, complete graph.

AMS(2010): 05C25.

§1. Introduction

Let (G;-) be a finite group. A Smarandache-Cayley graph of G respect to a pair {S,T} of
non-empty subsets S C G, T C G\ S is the graph with vertex set G and edge set consisting of
pairs (z,y) such that s-2 =t-y, where s € S and t € T. Particularly, let T = {1¢}. Then such
a Smarandache-Cayley graph is the usual Cayley graph Cay(G, S), whose vertex set is G and
edges are the pairs (x,y) such that s -2 = y for some s € S and x # y. Arthur Cayley (1878)
introduced the Cayley graphs of groups and it has received much attention in the literature.
Brian Alspach et al. (2010) proved that every connected Cayley graphs of valency at least three
on a generalized dihedral group, whose order is divisible by four is Hamilton-connected, unless
it is bipartite. Recently Adrian Pastine and Daniel Jaume (2012) proved that given a dihedral
group Dy and a generating subset S, if SN H # ¢, then the Cayley digraph Cay(Dg,S) is

Hamiltonian. In this paper, we denote a group (G;-) by G for convenience.

82. Main Results

In this section we deals with some basic definitions and terminologies of group theory and graph
theory which are needed in sequel. For details see Fraleigh (2003), Gallian (2009) and Diestel
(2010).

1Received June 8, 2016, Accepted February 15, 2017.
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Definition 2.1 Let G be a group. The orbit of an element x under G is usually denoted as T
and is defined as T = {gx/g € G}.

Definition 2.2 Let x be a fized element in a group G . The centralizer of an element x in G ,
Ca(x) is the set of all element in G that commute with x. In symbols, Cg(x) = {g € G/gx =

xg}.
Definition 2.3 A group G act on G by conjugation means gx = grg~* for all x € G.
Definition 2.4 An element x in a group G is called an involution if % = e.

Definition 2.5 The n'" dihedral group D,, is the group of symmetries of the reqular n-gon and
D,, C S, , where S, is the symmetric group of n letters for n > 3 with |D,| = 2n.

The structure of D, is {g,9%, 9% -, 9" ¥,v9,99% yg>, -+ ,yg" 1}, where g denote rota-
tion by 27” and y be any one of reflections (reflections along perpendicular bisector of sides
or along diagonal flips). D, can be represented as G1 U Gy where G1 =< g > and Gy =
{,99,99%,y9>,- -+ ,yg"~'}. We say g and y are generators of D,, and the equations g" =
y? = e, the identity and yg = g™ 'y are relations for these generators. Generally all reflec-
tions are involutions and rotations may or may not. If n is odd, e is the only involution in G
and Go consist of reflections along perpendicular bisector of sides only. Fxcept for e , generally
G and Gy never commute and Gy is non-abelian , but if n is even, g% is the only involution

m G1 which commute Gs.

Definition 2.6 A subgraph (U, F) of a graph (V, E) is said to be vertex induced subgraph if F
consist of all the edges of (V, E) joining pairs of vertices of U.

Definition 2.7 A Hamiltonian path is a path in (V, E) which goes through all the vertices in
(V, E) exactly ones. A Hamiltonian cycle is a closed Hamiltonian path. A graph (V| E) is said

to be Hamiltonian, if it contains a Hamiltonian cycle.

Theorem 2.8 Let G be the dihedral group Dy, p is prime and G act on G by conjugation.
Then for every element x € Gy with x # e , the induced subgraph with vertex set C(x) of the
Cayley graph Cay(G,T) is Hamiltonian.

Proof Given G = Dy, so G ={g,9% ¢ - ,9",v,99,y9% - ,ygP~'}. Since = € Gy, we
have Cg(x) = {x,2%,23,--- ,2P}. Let u € Cg(z). Then uxr = zu for x € G. T is the orbit of
xr € G with 22 # e and G act on G by conjugation, we have T = {z,2P~'}, since Cg(z) is
abelian and yz = 2" 'y. We can choose an element s € T such that s = (uz)x(uz)~!. Now
su = (uz)z(uz) tu = (ur)z(z vy = (uz)(zz7) (v u) = ((uz)e)e = (uz), then there is
an edge from u to ux. Again s(ux) = (uz)z(ur) ‘uz = ((uz)z) = uz?, then there is an edge
from uz to uz? and consequently a path from u to uz?. Continuing in this way, we get a finite
path u — ux — uz® — ux® — -+ — ua? = ue = u in the induced subgraph with vertex set
Ca(z) of the Cayley graph Cay(G, ), which is Hamiltonian. In particular for u = e , we get a

Hamiltonian cycle e —  — 22 — 2% — ... — 2P =e. O

Definition 2.9 A graph (V, E) is said to be complete if for eah pair of arbitrary vertices in
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(V, E) can be joined by an edge. A complete graph of n vertices is denoted as K,,.

Theorem 2.10 Let G be the dihedral group Dapy1 and G act on G by conjugation. Then
for every element x € Ga, the induced subgraph with vertex set Cg(x) of the Cayley graph
Cay(G,T) is K.

Ly, yg, 997, -+, yg®"}. Since

x € G, which is non-abelian, we have Cg(z) = {z,e}. Let u € Cg(z). Then ur = zu for

Proof Given G = Da, 41, so we have G = {g,9%,¢%,-++ , 9

x € (. Since 7 is the orbit of x € G2 and G act on G by conjugation, we have z € T. We

can choose the element s = x € 7 such that s = (uz)z(uz)™t. Now su = (uz)z(uz) tu =

(ux)z(z"tu Yu = (uz)(zz~)(u"tu) = ((uxr)e) = (ux), then there is an edge from u to ux.

! 2 | so there exist an edge from uz to ux? and

2:

ur = ((ux)r)e = ux

Again s(uz) = (uz)x(ux)”
consequently a path from u to uz?. Since 22 = e, we get a Hamiltonian cycle u — uz — uzx
ue = u in the induced subgraph with vertex set C(x) of the Cayley graph Cay(G,T), which

is Ks. O

Corollary 2.11 Let G be the dihedral group Dy, where p is prime and G act on G by conjuga-
tion. Then for every element x € Ga, the induced subgraph with vertex set Cq(z) of the Cayley
graph Cay(G,T) is Hamiltonian.

Theorem 2.12 Let G be the dihedral group D, ,where p is prime and G act on G by conjugation.
Then for x € G with x # e, the induced subgraph with vertex set Cg(x) of the Cayley graph
Cay(G,T) is Hamiltonian.

2

Proof Since |G| = 2p, we have an element x € G such that either 27 = e or z* = e. So

there exists a Hamiltonian cycle © — uzx — ua? — ua®--- — uz? = u by Theorem 2.8 or a

2

Hamiltonian cycle © — uz — ux® = ue = u by Theorem 2.10 in the induced subgraph with

vertex set Cg(z) of the Cayley graph Cay(G,T). O

Definition 2.13 A graph (V, E) is called bipartite if V.=V, UVy with Vi NVa = ¢ , and every
edge of (V, E) is of the form {a,b} with a € Vi and b € V.

Theorem 2.14 Let G be the dihedral group D,, and G act on G by conjugation. Then for every
element x € G with x # e and Cg(x) = G , the induced subgraph with vertex set Cq(x) of the
Cayley graph Cay(G,T) is a bipartite graph on n vertices.

Proof Given G = D, so we have G = {g,9%,¢%,--+, 9", y,99,y9% 99>, - - - ,yg"~'}. Since
r € Gy with Og(z) = G, we have either z = e or z = ¢g%. But z # e. Let u € Cg(x).
Then uzr = zu for all w € G. T is the orbit of x € G; and G act on G by conjugation
,we have Z = {z}. We can choose the element s = z € 7 such that s = (uz)z(uz)~!. Now
by = (uz)z(z7'uHu = (uz)(zz~ ) (utu) = ((ux)e) = (uzx), then there is
1

su = (ux)z(ux)”
an edge from u to uz. Again s(uz) = (ux)x(uz) tur = ((uz)z)e = ux? , then there is an edge
from uz to ux? and consequently a path from wu to uz?. Since x = g%, we have 2 = e. Thus
we get a complete graph u — ux — w in the induced subgraph with vertex set Cg(x) of the

Cayley graph Cay(G,T).
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Let us consider the following cases.

Casel. Ifu=g¢'i=1,2,3,---,n, we get 5 distinct complete graph of two vertices with one
end vertex in {g,¢%,¢% - ,9%} and other in {gZ*!,g5+2 ... ¢"} as shown below.

g — g% = g, 6% = gF? = g? gt = gt = g%, gFT g gE
g" — g% — g".
Case 2. Ifu=yg'i=1,2,3,---,n, we get another 5 distinct complete graph of two vertices

with one end vertex in {yg,yg% vg>, - ,y9% } and other in {yg=*! yg3+2,--- ,yg"} as shown
below.

yg — Y9t = yg,yg® = yg TP —yg® Y9t —y —ygr,ygr T —yg —ygr
yg" —yg2 — yg".
Thus the induced subgraph with vertex set Cg(z) of the Cayley graph Cay(G,T) is a

bipartite graph on n vertices. O

Remark 2.15 By Theorem 2.14 ,the graphs in case.2 have been completely characterized. If
n = pq with p and ¢ are distinct primes, the induced subgraph with vertex set C(z) of the
Caylay graph Cay(G,T) has & distinct complete graphs on two vertices with one end vertex in
{y,yg® - ,yg"~?} and other in {yg,yg*,--- ,yg"~'}.

If n # pq, we get 5 distinct complete graph on two vertices. Out of which 7 graphs have one
end vertex in {y,y9% yg*, -+ ,yg* "2} and other in {yg=,yg2 2, ---  yg" 2} and the remaining
% graphs have one end vertex in {yg,yg°® yg°, -+ ,yg? '} and others in {yg=*t ygs ™3 ...,

yg" '}

Corollary 2.16 Let G be the dihedral group D,,, where n is even and G act on G by conjugation.
Then for the element x = g% € G, the induced subgraph with verter set Cq(z) of the Cayley
graph Cay(G,T) is a bipartite graph on n vertices.

Theorem 2.17 Let G be the dihedral group Dy, and G act on G by conjugation. Then for
every involuted element x € G with Ca(z) # G, the induced subgraph with vertex set Cq(x) of
the Cayley graph Cay(G,T) is Hamiltonian.

Proof Let G = Dy,. So we have G = {g,¢% -+ ,9",v,y9,y9% - ,yg*"~'}. Since
r € G with 22 = e and Cg(z) # G, we have v # e and z # g7. Thus 2 € Go and
Co(z) = {x,e,2g*", g*"}. We decompose G as G;UG, where G} = {2, ¢%, - , ¢} and G| =
{g,9% -+ ,g*1}. Similarly G5 an be decomposed as G, U Gy, where Gy = {y,y92,yg*, -
yg* =2} and Gy = {yg,yg®, - ,yg*"~'}. Since z € Ga, we have either z € G, or z € Gy.
If z € GIQ, it implies that z¢*" € GIQ. From the composition table and also from the relation
yg = g*" "y, we get G1G(G1) ™" = G1GL(G)) ™" = GoGy(G) ™ = G5 Go(Gy) ™" = Gy Thus
7 = Gy. Similarly if x € Gy implies that 29" € Gy . From the composition table it follows that
GGy (G = GGy (G)) ™ = GoGy(Gy) ™t = GaGy(Gy) ™' = Gy and hence 7 = G .

Let u € Cg(x). Then ux = zu for x € G. We can choose two involutions s; and sg in

7 such that s; = (uz)z(ux)~! and sy = (urg®*)xg** (uzg®)~!. Now sju = (ux)x(uz) lu =

(uz)z(z"u"Yu = (uz)(zz~)(u"tu) = ((uxr)e) = (ux), then there is an edge from u to ux.
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271)—1 1 1

Again sp(uz) = (uzg®)zg*" (urg®)1(uz) = (urg®™)z9* (9 v lu"tur = (uxg®)r =

(uz)g?"r = u(xg® )z = u(g*"z)r = (ug®*)z? = ug?", then there is an edge from uz to ug?"* and
consequently a path from u to ug?®. Again s1(ug®) = (uz)z(uz)~(ug?") = (ur)rr~ u"tug?" =
uxg?®, then there is an edge from ug?" to urg?® and consequently a path from u to uxrg?".
Again 5 (urg®™) = (uzg?)2g® (uzg?™) " (uzg®™) = (uzg?)eg™ = (uzg?)g™"s = urg*s =
ux? = ue = u. Thus we get a Hamiltonian cycle v — ux — ug®® — uxg®™ — u in the induced

subgraph with vertex set C¢(z) of the Cayley graph Cay(G,T). In particular for u = e, we get

n n

a Hamiltonian cycle e — x — ¢?" — x2g?" — e. O
Corollary 2.18 Let G be the dihedral group Dy, and G act on G by conjugation. Then for
every © € Gy , the induced subgraph with vertex set Cg(x) of the Cayley graph Cay(G,T) is

Hamiltonian.

Theorem 2.19 Let G be the dihedral group Dy, and G act on G by conjugation. Then for
every involuted element x € G with Cg(x) # G, the induced subgraph with vertex set Cq(x) of
the Cayley graph Cay(G,T U g*") is Ky.

Proof Since x € Dy, with 22 = e and Cg(z) # G by Theorem 2.17, we get a Hamiltonian
cycle u — ur — ug®® — urg®® — wu in the induced subgraph with vertex set Cg(z) of the
Cayley graph Cay(G,Z). To prove that this graph is Ky, it is enough to show that there
exist edges from v — ug®” and ux — uxg®”. We can choose s = ¢?" as ug?"u~"'. Now su =
(ug?u=1)u = ug®®, then there is an edge from u to ug?". Similarly we get an edge from uz to

uzg®", since s(uz) = (ug?" v~ )uzr = ug®*"z = uwg*. O

Corollary 2.20 Let G be the dihedral group Dy, and G act on G by conjugation. Then for
every x € Ga, the induced subgraph with vertex set Cg(x) of the Cayley graph Cay(G,T U g*™)
18 K4.

Theorem 2.21 Let G be the dihedral group Dynto and G act on G by conjugation. Then for
every involuted element x € G with Cg(x) # G, the induced subgraph with vertex set Co(x) of
the Cayley graph Cay(G,T) is a bipartite graph on four vertices.

Proof Given G = Dyny2, so we have G = {g,¢%,¢%, -+ , 9" "2, y,yg,y9% - ,yg*" '}

Since z € G with 2% = e and Cg () # G, clearly z € G5 and hence Cg(x) = {z, e, g>" 1, zg?" 1},
Since z € Gy , either © € Gy or € Gy , where Gy = {y,yg% - ,yg*"} and G, =

{yg,yg>, - ,yg*" T}, If x € Gy, then xg®" ! € G5”. Since 7 is the orbit of an element

z in Gy and G act on G by conjugation, we get Z = G . Similarly if 2 € Gy”, we have

2g*"t1 € Gy and & = G,. Thus there exist exactly one involution in &N Cg/(x). We can choose

that s € Z such that s = (ux)z(ux)~!.

Let u € Cg(x). Then uz = zu for x € G. Now su = (uz)z(uz) tu = (uz)zr(z " u=)u =

(uz)(zz= Y (utu) = ((uz)e) = (uz), then there is an edge from u to ux. Again s(uw) =

(uz)z(uz)tuz = ((uz)z)e = uz? = ue = u. Thus we get a Hamiltonian cycle u — uz — u in

the induced subgraph with vertex set Cq () of the Cayley graph Cay(G,T). Since |Cq(x)| =4 ,

2n+1

there exist an element other than u and uz in Cg(x). Since ug commute with all reflections,
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we have ug?" ™! € Cg(z). Again s(ug®*!) = (uz)x(ux) " (ug® ) = (uz)(zz=1) (v tu)g?" 1 =
uzg®" Tt and on the other hand s(urg?"*!) = (uz)z(ux) " (uzg®* ) = (ux)(zr=1)(u " tu)zg®*" ! =

ur?g?*tt = ug?" 1. Thus we get another cycle ug?**! — uzg? 1 — ug?**! in the induced

subgraph with vertex set Cg(z) of the Cayley graph Cay(G,Z). Thus the induced subgraph
with vertex set Cg(x) of the Cayley graph Cay(G, ) is a bipartite graph on four vertices. O

Corollary 2.22 Let G be the dihedral group Dynt2 and G act on G by conjugation. Then for
every © € Ga, the induced subgraph with vertex set Cq(x) of the Cayley graph Cay(G,ZT) is a

bipartite graph on four vertices.

Theorem 2.23 Let G be the dihedral group Dynio and G act on G by conjugation. Then for
every involuted element x € G with Cg(x) # G, the induced subgraph with vertex set Cq(x) of
the Cayley graph Cay(G,T U ¢g*"*1) is Hamiltonian.

Proof Since G = Dy,42 and G act on G by conjugation, by Theorem 2.21, for every
z € G with Cg(x) # G, the induced subgraph with vertex set Cg(z) of the Cayley graph
Cay(G,T) is a bipartite graph on 4 vertices with one cycle © — uax — u and another cycle
u 2n+1 2n+1 2n+1 2n+1

g

ug
a Hamiltonian cycle ug in the induced subgraph with
vertex set Cg(x) of the Cayley graph Cay(G,T U g?"+1). O

— uryg — ug

2n+1

. If we add an element g in Z, then we get an edge from u to

2+l , since g?" Ty = ug? ! and ¢*"*t1(ux) = (uz)g®**!. Thus we get

2n+1 2n+1

and ux to uxg

2n+1

— U — uT — uxyg — ug

Corollary 2.24 Let G be the dihedral group Dyni2 and G act on G by conjugation. Then for
every x € G , the induced subgraph with vertez set Cg(x) of the Cayley graph Cay(G,zUg*" 1)

1s Hamiltonian.

Theorem 2.25 Let G be the dihedral group D,,, n is even and G act on G by conjugation. Then
for every x € Go, the induced subgraph with vertex set Ca(z) of the Cayley graph Cay(G,TUg?)

1s Hamiltonian.

Proof Suppose G = Dy, and G act on G by conjugation. Then by Corollary 2.20, for every
x € Gy , the induced subgraph with vertex set Cg(z) of the Cayley graph Cay(G,T U g*") is
Ky4. Also we have if G = Dy,4+2 and G act on G by conjugation, by Corollary 2.24, for every
x € G, the induced subgraph with vertex set Cg () of the Cayley graph Cay(G,Z U g?"*1) is
Hamiltonian. Thus if G = D,,, n is even ,we get for every x € G2, the induced subgraph with
vertex set Cg(z) of the Cayley graph Cay(G,TU g*?) is Hamiltonian. O

Theorem 2.26 Let G be the dihedral group D, and G act on G by conjugation. Then for
x € G with x = g™, the induced subgraph with vertex set Cq(x) of the Cayley graph Cay(G,z)

is Hamiltonian if ged(m,n) = 1.

Proof Given G = D,,, so we have G = {g,9%,¢%, -+ ,9",¥,y9,yg%, - ,yg" '}. Since x € G
with z = g™ and ged(m,n) = 1, we get Cq(z) = {x, 22,23, ,2"} and & = {x, 2" '} . As
in the proof Theorem 2.8, we get a Hamiltonian cycle v — ux — ux? — uz® — -+ — uz"™ =

ue = u in the induced subgraph with vertex set Cg(x) of the Cayley graph Cay(G,T). O
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Theorem 2.27 Let G be the dihedral group D,, and G act on G by conjugation. Then for every
element x € G with x = g™ with Cg(x) # G, induced subgraph with vertex set Cq(z) of the
Cayley graph Cay(G,z) has d Hamiltonian decompositions on % vertices if gcd(m,n) = d.
Proof Given G = D,, , so we have G = {g,9%,¢% -+ ,9"9,99,y9°%, -+ ,yg" 1}. Since
x € G with z = g™ and Cg(z) # G, we have m # % and n. Thus « € G; other than g2 and
g" and hence Cg(z) = {z,2%,2%,--- ;2™ L 2™ 2™t ... 2"} Let u € Cg(z). Then ux = zu
for x € G. 7 is the orbit of z € G and G act on G by conjugation, we have z = {x, 2" 1}.
Choose an element s = x € Z such that s = (uz)z(uz)~!. Now su = (uz)z(uz) tu = (uz),
then there is an edge from u to uz. Again s(ux) = (uz)z(uz) luz = uz?, then there is an
edge from ux to uz? and consequently a path from u to wz?. Continuing in this way, we

2

get a cycle v — uxr — wa? — .-+ — uxd = u in the induced subgraph with vertex set

Cq(z) of the Cayley graph Cay(G,Z). In particular, for u = ¢';i = 1,2,---,n, we get d

Hamiltonian decompositions on Z vertices as g — g™ — glt2m — ... — gIT5° = g
92 N 92+m N g2+2m e g2+% — 927"' ,gd N ngrm N gd+2m NN ngr% _
g, gt — gdtitm o gdil2m o gdtl g g™ — ... — g™ of which the
decompositions when v = ¢* and u = ¢*T? are same. O

Theorem 2.28 Let G be the dihedral group D,, and G act on G by conjugation. Then for every
element x € Gy with x = g™ and x # e , induced subgraph with vertex set Ca(x) of the Cayley

graph Cay(G, ) has d Hamiltonian decompositions on % vertices if ged(m,n) = d.

Proof Given G = D,, and G act on G by conjugation.Then by Theorem 2.27, for every
element © € G with = ¢" with Cg(z) # G, induced subgraph with vertex set C(x) of the
Cayley graph Cay(G, ) has d Hamiltonian decompositions on % vertices if ged(m,n) = d. Also
we have ,by Theorem 2.14, for every z € Gy with & # e and Cg(z) = G , the induced subgraph
with vertex set C(z) of the Cayley graph Cay(G,T) is a bipartite graph on n vertices. Thus
if G = D,, and G act on G by conjugation, for every element x € Gy with z = ¢"™ and = # e,
induced subgraph with vertex set Cg(x) of the Cayley graph Cay(G,Z) has d Hamiltonian

decompositions on 4 vertices if ged(m,n) = d. O
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Abstract: In this study first we worked on the Mannheim curve pair {«, @1 } and Mannheim
curve pair {ahaz} We called a2 as the second order Mannheim partner curve of the
Mannheim curve . We examined the Frenet apparatus of second order Mannheim partner
curve in terms of, Frenet apparatus of Mannheim curve «, with the offset property of second
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81. Introduction

Mannheim curve was firstly defined by A. Mannheim in 1878. A curve is called a Mannheim

. . R . . . .
curve if and only if P is a nonzero constant, k is the curvature and 7 is the torsion.
K

2
Mannheim curve was redeﬁ;ed in [6], if the principal normal vector N of first curve and binormal
vector B; of second curve are linearly dependent, then first curve is called Mannheim curve,
and the second curve is called Mannheim partner curve. As a result they called these new
curves as Mannheim partner curves. For more detail see in [6]. Frenet-Serret apparatus of the
curve o : [ — E® are {T, N, B,k,7}. For any unit speed curve «, the Darboux and modified

Darboux vectors are, respectively ([2],[4])

>
—~
VA
~—

Il

7(8)T (s) + k(s)B (s) , (1.1)
D(s) = %(S)T (s)+B(s). (1.2)
In [7] Mannheim curves are studied and Mannheim partner curve of o can be represented

04(51) = 011(51) + )\(Sl)Bl(Sl) (13)

1Received June 15, 2016, Accepted February 16, 2017.
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for some function A, since N and B are linearly dependent, equation can be rewritten as
ag (8) =a(s) — A(s)N (s), (1.4)

where
—k(s)

(k(s)) + (r(s))*

Frenet-Serret apparatus of Mannheim partner curve ay are {T1, N1, By, k1,71 }. The rela-

A(s) = (1.5)

tionship « and «; Frenet vectors are as follows

T, =cosf T —sinf B
Ny =sinf T + cosf B (1.6)
B; = N.

where Z(T,Ty) = cosf. The first curvature and the second curvature (torsion) are

de 0 K
Ky — — — 7 = — 1.7
! ds1  cosf DV (1.7)
We use dot - to denote the derivative with respect to the arc length parameter of the curve

«. Also

ds 1 —)\Tl
= = = 1.8
dsy cosf  sinf’ (1.8)
for more detail see in [7], or we can write
d 1
S — (1.9)

d_Sl VIFar

82. Second Order Mannheim Partner and Frenet Apparatus

Definition 2.1 Let {a ,a1} and {a1,as} be the Mannheim pairs of a and oy respectively.
We called as ag is a second order Mannheim partner of the curve a. which has the following

parametrization ,
oy = a+ A sinfT — AN + \j cos 6B, (2.1)

where

ag =a(s) —AN(s) and az=a1(s)— A\ N1 (s). (2.2)

Theorem 2.1 The Frenet vectors of second order Mannheim partner asof a Mannheim curve
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«, based on the Frenet apparatus of Mannheim curve o are

To = cosficosf T —sinfy N —cosbysinf B
Ny = sinfycosd T +cosf; N —sinf;sinf B (2.3)
By =sinf T + cosf B.

Proof Let as be second order Mannheim partner of a Mannheim curve a. Also as be the
Mannheim partner of Mannheim partner «1. The Frenet vector fields Ty, N1, By and T, N3, By
which are belong to the curves a; and ao, respectively. It is easy to say that Frenet vectors of

second order Mannheim partner as, based on the Frenet vectors of Mannheim curve a; are

TQ = COS 91 Tl — sin 91 B1
NQ =sin 91 T1 —+ cos 91 B1
By =N,

where Z(T1,T3) = 61. By substituting T7, N1, By we have the equalities in terms of the curve

a.
Ty =cosby (cos T —sinf B) —sinfy N

Ny =sin#; (cosf T —sin€ B) + cosf; N
By =sinf T + cosf B

This completes the proof. Also the following product give us the same equalities;

T cost)y 0 —sinby cos 0 —sinf T
Ny | = | sinfly 0  cosb; sinf 0 cosf N |. o
B 0 1 0 0 1 0 B

Theorem 2.2 Let ap be second order Mannheim partner of a Mannheim curve o.. The curvature
and torsion of the second order Mannheim partner as are
-0 1 —0" At

= = . 2.4
2 cosf cosf;’ i cosf Mk (2:4)

/

Proof Since k1 =
¢

K
and 71 = —, we have the curvature as in the following way
os 6 AT

do, -0}
Ky = —— = —" "
dsy  cosf cos b

Also as in the following way we have the torsion

o K1 - -0’ AT
[ M7 cosOA Kk

We use mark to denote the derivative with respect to the parameter of the curve a. Due
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to this theorem we also get

ds 1

I 2.
dsy  cosf cos b (2:5)

Theorem 2.3 The modified Darbouz vector of Mannheim partner o1 of a Mannheim curve «,
18
- K cos? 6 Kk cosfsin@

Di(s)= == T+ N - == B (2.6)

Proof Similarly from the equation (1.2)

Di(s) = %Tl (s)+ B (s). (2.7)

Substituting the equation (2.7) into equation (1.6)and (1.7), the proof is complete. O

Theorem 2.4 The modified Darboux vector of second order Mannheim partner as of a Mannheim
curve o, s

Dy = AT cos? 01 cos @ fsing )T — AT cos 01 sin 01 N
ALK ALK
A 20, sin6
- (% — o8 9) B. (2.8)
Proof Since
~ T
Dy(s) = K—Zn (s) + Ba (s). (2.9)
Substituting the equation (2.9) into equation (2.3)and (2.4), the proof is complete. O

Theorem 2.5 The offset property of second order Mannheim partner as can be given if and

only if the curvature k and the torsion T of « satisfy the following equation

—0'7Tcosb

1= )
021 + (k2 + 72)2 cos2 0

(2.10)

where 077 + (k* + 72)2 cos? 6 # 0.

’

Proof Notice that k1 = =2 7 = %= with the offset property —r1 = A1 (k§ + 71) and

cos 6’ T

(Wi+7) =
-0’ 1
A= 0 o2 20 (.2, 2\2
cost 927 + cos? 0 (k? + 72)
T cos2 0
N = —0'Tcosb

027 + (k2 + 7'2)2 cos2 6
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This completes the proof. O

Theorem 2.6 The second order Mannheim partner as is not a Mannheim partner curve a.

Proof Since the definition of Mannheim partner curve,
(B (s),N (s)) = ( sin@ T + cosf B,N) =0,

hence N (s) and Bs (s) are linear independent. O

Definition 2.2 Let {a ,a1} , {a1, a2} and {ag,as} be the Mannheim pairs of a , oy and as
respectively. We called as ag is a third order Mannheim partner of the curve «, which has the

following parametrizations,

(65 (S) — )\QNQ (S)
= a+ (Asinf + Agsinficosd) T — (A — Agcosfy) N

as (8)

+ (A1 cosf — Mg sinfy sinf) B, (2.11)
where
o9 =+ A\ sindT — AN + \; cos0B (2.12)
and
A4+ A1+ Ao

is the distance between the arclengthed curves o and as.

Theorem 2.7 The Frenet vectors of third order Mannheim partner as of a Mannheim curve

«, based on the Frenet apparatus of Mannheim curve o are

T3 = (cosfycosbycosf —sinfysinf) T — cosfysinf; N

— (sin 3 cos @ + cos O3 cos By sinf) B

N3 = (sin 63 cos 0y cos + cosfzsinf )T —sinfysinfy N (2.13)

+ (cos B3 cosf — sin Bz cos b sinf ) B

B3 =sinf cosf T + cosfy N —sinf;sinf B

where £(Te, T5) = cos bs.
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Proof Since

T3 cosfly 0 —sinfy
N3 = sinfls 0  cosfy
B3 0 1 0
cosf 0 —sind
X | sinf 0 cosd
0 1 0

we have the proof.

Seyda Kilicoglu and Sitileyman Senyurt

cosf; 0 —sinf,

sinf; 0  cosb;
0 1 0

T

N |,

B

Corollary 2.1 The product of Frenet vector fields of third order Mannheim partner as and

Mannheim curve a, has the following matriz form

cos 65 cos 01 cos

—sin f#y sin 0
sin @5 cos 01 cosf  — sin 6y sin 64
+ cosfysin 6

sin 6 cos 6 cos 61

where [V3] = [T5, N3, B3] and [V] = [T, N, B].

— cos By sin 64

—sin#s cos

— cos 6y cos By sinf

cos B9 cos 6

—sin @5 cos 01 sin 6

—sin#q sin @

(2.14)

Corollary 2.2 Let ag be third order Mannheim partner of a Mannheim curve a. The curvature

and torsion of the third order Mannheim partner as are

9’2 6‘/1)\1,%
R = = |
3 cos @ cos 0, cos sy’ 0" cos 1 AT
Proof We can write
dfs -0,
[{3 = - =
dss  cosf cos By cos by
and
K2 9'1/\111
73

or also since

cos 0 cos 01 cos By =

- )\27’2 - 0’ COS@l)\Q)\T

_9/2

K3

and ,
—0,

cosf cosfy = .
K2

(2.15)
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81. Introduction

Let F™ = (M™,L) be an n—dimensional Finsler space on the differentiable manifold M™,
equipped with the fundamental function L(z,y). B. N. Prasad and Bindu Kumari [1] and C.
Shibata [2] considered the S—change of Finsler metric given by

L (x,y) = f(L, B), (1.1)

where f is positively homogeneous function of degree one in L and 5 and ( given by 3(z,y) =
b;(z) y* is a one-form on M™. The Finsler space (M", L*) obtained from F" by the 3—change
(1.1) will be denoted by F*™. The Homogeneity of f in (1.1) gives

Lfv+08f=f (1.2)

where the subscripts ‘1’ and ‘2’ denote the partial derivatives with respect to L and 3 respec-
tively.
Differentiating (1.2) with respect to L and [ respectively, we get

Lfiit+Bfi2=0 and Lfiz+ Bfa=0.

Hence, we have

i Ji2 fa2

A7 ol

1Received July 19, 2016, Accepted February 18, 2017.
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which gives
fi1 = fw, fao=L, fi2=—FLw,

where the Weierstrass function w is positively homogeneous function of degree —3 in L and f.
Therefore
Lwi + fws + 3w = 0. (1.3)

Again ws is positively homogeneous of degree —4 in L and 3, so

Lwa1 + Bwas + 4ws = 0. (14)

Throughout the paper we frequently use above equations (1.2) to (1.4) without quoting
them. The concept of concurrent vector field has been given by Matsumoto and K. Eguchi [6]
and S. Tachibana [7], which is defined as follows:

The vector field b; is said to be a concurrent vector field if
(i) bij; = — Gij> (i) bil; =0, (1.5)

where small and long solidus denote the h— and v—covariant derivatives respectively.

It has been proved by by Matsumoto that b; and its contravariant components b’ are

functions of coordinates alone. Therefore from (1.5)(ii), we have

Cijrb" = 0.

§2. Fundamental Quantities of F*"

To find the relation between fundamental quantities of F™* and F*", we use the following results
0iB=0b;,  OL=1U,  9;li=L "hy, (2.1)

: 0
where 0; stands for v and h;; are components of angular metric tensor of F™ given by
Y

hij = Ggij — li lj = LajajL

The successive differentiation of (1.1) with respect to y* and y? gives:

7 = fili + fabs, (2:2)
hrj = %h” + fL2wmimj, (23)

where m; = b; — % l;. The quantities corresponding to F*™ will be denoted by putting star on
the top of those quantities.

From (2.2) and (2.3) we get the following relations between metric tensors of F™ and F*"

. _Ih pB

9y = 05 — T lly + (FL% + f3)bibj + p(Libj + 13bi), (2.4)
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where p = (f1f2 — fOLw).
The contravariant components of the metric tensor of F*™ will be dertived from (2.4) as

follows:

. . 3 4w . 2 . .
o = g+ (T - O - Y - e, 9

where we put b* = g¥b;, I' = gYl;, b* = g"b;b; and

ﬁQ
t=f1+ LPwA, A =0~ = (2.6)
Putting ¢ = 3 fow + fow, we find that
(@) 8. = L1+ fam,
(b) 9i fr = —BLwmi,
(c) (ifg = L%wm;, (2.7)
. 3
(d) 81'0} = —wll + wamg,
(e) ;b2 = —2C i
. Qﬁ
(f) 0N = —-2C ; ﬁmi
and
(CL) = _6Lqm’u
(b) Oit = —2L3wC ; + (L3 Aws — 33Lw)m;, (2.8)
3
(C) 1(] = —fqll =+ (4f2(.«)2 =+ 3W2L2 =+ fwgz)mi,
where ‘. denotes the contraction with b%, viz. C_; = Cjx;b'bF.

Differentiating (2.4) with respect to y*, using (2.1) and (2.7), we get the following relation

between the Cartan’s C—tensors (C};

ik = 10y, g;; and Cijp, = 101,9i5):

« _The h h h aL? 2.9
ijk = 7, ik t 2L( igME + NjEms + kzm;)"‘Tmlmymk (2.9)

It is to be noted that
’I?’LllZ = O, mimi =A= mibi, hijlj = 0, hijmj = hijbj = my, (210)

where m’ = g¥m; = b' — Eli.
To find C} = g*”‘C* we We use (2.5), (2.9), (2.10), we get

J*,z =Cy 2ff —( kai + hj—mk + h};mj) 2ff m]mkm
2.11
_gclni_&h‘ni_wmmi S
AT e Ak of2fit

where n' = fL2wb® 4 pl’.
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We have the following relations corresponding to the vectors with components n’ and m?:

Cijkmi = C,jk, Cijkni = fL2wC,jk, mimi = fL2wA. (2.12)

83. The f—Change of C—reducible Finsler Space
Let F™ be a C'—reducible Finsler space. Then [5]

Chjr = (hinjCk + huiCj + hjpCh), (3.1)

n+1

where C}, = Chjkghj.
Using equation (3.1) in equation (2.9), we get

L2
Chjr = (Pkhng + pihnk + prhjr) + (JT MR M, (3.2)
where T
1 p
= —Cf + —mp. 3.3
Pk Tin+1) k+2Lmk (3.3)

Using equation (2.3) in equation (3.2), we get

* L * * *
Chjr = E(pkhhj + pihhk + prbjy) + qnmime + g mpmy + g mimp, (3.4)
where
qL? L3w (3.5)
h = ——Mp — ——DPh- :
q 6 A p

Now suppose that the transformation (1.1) is such that (n+1)(fiws+38Lw?)my, = 6 fLwCh,
then g, = 0. So equation (3.4) reduces to

* L * * *
Chik = I (pehh; + pibhy + prhjy) (3.6)
Cx L
hich will gi ko — that
which wi glven+1 fflpk,so a
* 1 * 7% % 7% %7 %
Chik = nrl 1(Ckhhj + Cihpy + Chhj) (3.7)

Hence F*" is also a C'—reducible. Therefore we have the following result.

Theorem 3.1 Under the 3—change of Finsler metric with the condition (n + 1)(fiws +
3B8Lw?)my, = 6f1wC, the C—reducible Finsler space is transformed to a C—reducible Finsler
space.

In the theorem (3.1) we have assumed that (n+ 1)(fiws + 38Lw?)my, = 6f1wC},. However

if this condition is not satisfied then a C'—reducible Finsler space may not be transformed to
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a C'—reducible Finsler space. In the following we discuss under what condition a C'—reducible

Finsler space is transformed to a C—reducible Finsler space by §—change of Finsler metric.

In both the spaces F™ and F*" are C'—reducible then from (3.1) and its corresponding
equation for F*" we find, on using (2.9), that

Lw
! — [(@umymi. + Qymumi, + Qrmymn) = fi(Conhjk + C.jhn
+C khjn)] = <% — %) (hjkmp + hpymy + hrgm;) (3.8)

L2
+ <q7 — 3fL2w7") MpM; M,

where Qj, = tC), — L3wC j, and r = (n — 2)pt + f1(3p + L3¢/\). Thus, we have the following
result.

Theorem 3.2 A C—reducible Finsler space is transformed to a C—reducible Finsler space by
a B—change of Finsler metric if and only if (3.8) holds.

The condition (3.8) of theorem (3.2) is too complicated to study any geometrical concept
of Finsler space. So we consider that our 8 in S—change of Finsler metric is such that b; is a
concurrent vector field [6] so that C'; = 0, C.; = 0. Hence equation (3.8) reduces to

fLQw(C'hmjmk + ijhmk + Ckmjmh) _ <£ o ffr

5L oL ) (hjkmh + hhjmk

qu 2
+ hppm;) + -5 = 3fwr | mpmimy,.

Contracting this equation with ¢*, we find
2fL3wAC, = {(n+1)(p — ffir) + (¢L? — 6 f*Lwr) A}y my,.

Hence we have the following result.

Theorem 3.3 If a C—reducible Finsler space is transformed to a C—reducible Finsler space
by a concurrent B—change of Finsler metric, then the vector Cy, is along the direction of the

vector my,.

84. The f—Change of v—Curvature Tensor

To find the v—curvature tensor of F*™ with respect to Cartan’s connection, we use the following:

Cljhnk = Cigny - Wi =l hign' = fL2wm;. (4.1)



The 3— Change of Special Finsler Spaces 83

The v—curvature tensors Sy, ., of F*™ [4] is defined as

Shije = CrkCrij — G Cilgr- (4.2)

1]

From (2.9), (2.10), (2.11), (2.12), (2.13) and (2.14) we get the following relation between

v—curvature tensors of F" and F*™ [1]:

_Ih

Shijk = TShijk + dnjdir — dnrdi; + Enp By — EnjEi, (4.3)
where
s pf1 2wp —qf1
dii = Ly =-C ;i — hi; + Lm;m;, 4.4
J t J 2L2\/E J 2\/5 J ( )
p pw —qf1

E,;=———+—hj — ———— Lm;m; 4.5
Ve A N Tl (45)

and s = f fiw.

Now suppose that b; is a concurrent vector field and F™ is an S3—like Finsler space [4],
then C,ij = O,

S
Shijr = Iz (hnkhi; — hnjhix),
where S is any scalar function of z and y.

In view of these equations, we have from (4.3)
S 2 £2 2
_ <ff1 L Pf p

[ - hohii — hiih
higk I3 | 4L%s 4L4fw>( nihig = onghir)

plpw —qf1)  pfi2wp —qfi) (4.6)
— hpim; h; ;
+{ AL f frw iLts (hngmmamm + Ragmam;
— hhkmimj — hijmhmk).
Now suppose that the transformed Finsler space F*™ is also S3—like. Then
* S* * * * *
Shijk = 12 ( hkhij - hhjhik)' (4-7)
Now from (2.3), it follows that
e Y
(hhihi; — hyhiy) = <T (hnkhi; — hijhir) (48)
+ f2f1Lw(hhkmimj + hijmhmk — hhjmkml- — hikmhmj).
In view of (4.6), (4.7) and (4.8), we have
fhS | P S
— - hnehi; — huih;
< 2 Tiths T iife T 12 (nchi; = Pnghir)
(4.9)

N {p(pw —af1)  pfi(2wp—qfi)

ALZf f1w ALts -5 1Lw}(h"’“m”mj

+ hijmhmk — hhjmimk - hikmhmj) =0.
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Contracting (4.9) by g"¢"*, we get

- - —1)(n—2
2 Tirhs T A T I2 >(" Jn=2)

n 2{p(pw —qfi)  pfhiwp—qfi)
4L2f frw 4Lts

(fflS P*fi P’ S*fi
(4.10)

Hence, we have the following result.

Theorem 4.1 If a S3—like Finsler space is transformed to a S3—like Finsler space under the
concurrent 3— change, then equation (4.10) holds.

85. The f—Change of T—Tensor

The T—tensor of Finsler space F™ is defined by [3]:

Thijk = LChijli + nCijk + LiChjk + 1jChik + lChijs (5.1)
where 50
Chijilr = th” — CrijChy, = ChrjCh — Chin Cly. (5.2)

To find the T'—tensor of F*", first of all we find

*

C* _ aOhZJ C* C*r C* *7 C* *7
hij”k_ ayk — YrigYhk T YhrjYik T YhirYiks

where || denotes v—covariant derivative in F*". The derivatives of m; and h;; with respect to
y* are given by

B
—ﬁhik - Elimlw

. 1
8k(h”) = QOijk — E(llhjk =+ ljhkz)

3kmi =
(5.3)

From (2.7), (2.8), (2.9) and (5.3), we get

oC; _ SJ10Chi;
oy* L Oy*

_ P8 P
2L3 212

+ hprlimg + hiplpmy + hjglimp, + hiplymy + hijlpmyg 4+ hilimy

+ %(C}n’jmk + Cijemp + Cinpgmi + Cinpgmyj)

(hijhnk + hnjhie + hinhji) + (hjrlnm; + hpklim;

+ hihljmk + hijlkmh =+ hjhlkmi + hhilkmj) — %(hijmhmk (54)

+ hjpmimi + hpimimy + higmimy, + hjpmamy, + hppgmm;)

qL
— 7(limjmhmk + mpmymy, + lymymgmy + lemgmgmy,)
2

+ 7(4f2w2 + 3L%W? 4 fwoy) MMM M.
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From equation (2.9), (2.10), (2.11) and (2.12), we have

fh

Crij Ok = 7~ CrigChx + 57 P (Chjwmi + g + Chigmi,

fflL2

2L

+ Cijemn) + %(C.ijhhk + Chrhij) — ——C4;C pi

2 2
p*A L*(qf1 — 2pw)
PO b+ 2L 2P
toappy et 2t
p(p + L3 qA) p?
PP 2 92) i, hagmam;) + ——
aLf aamemmn i) + o

+ hhkmimj + hjkml-mk + hjkml-mh + hihmjmk + hikmjmh)

L2{2pqt + (¢f1 = 2pw)(2p + LPqA)}
Af fit

(C.iympmy + C pmimy)
(5.5)

(hijmemy,

mimmp k.

From equation (5.4) and (5.5), we get

. I
Criille = 222

p(2fpt + LQPA)
B 4fL3t
fip? + f1LPpg A + 3p?
4Lf 1t

+ h; ikM;mp + thmek + h; kmlmh

th; |k (OhZJmk + O’L]kmh + Ohjkml + O’Lhkmj)

(hijhnk + hrghik + hanhgi) — <%

) (hijmemp, + hpgmim; + hjmamy
2L2 {In(hjrm,
+ hiymy + higm;) + Ui (hpemi + higmp, + hinmi) + L (hpemy;

L
+ hjkmh + hhjmk) + lk(hijmh + hjhmi + hhimj)} — %(limjmhmk

+ Lmpmamy + lymsmgmy + lemgmmy,) — th(O’Lj huk + Chjhi
L%w
+ C pihij + Cikhny + Chihji + Cjphpi) + fflf(c.ijc,hk

L2(qf1 — 2pw)
2t
+ Cpymimy + Cigmimy, + C pimymy + Cjpmpm;)

+ CpiCik + CpiC1) — (C.iymemp + C pemym;
L2
+ 7(4f2w2 +3L2%W% + fwas)

 3L2{2pgt + (qf1 — 2pw)(2p + L3qA\)}
4f fit

mim;imping.

Using equations (2.2), (2.9) and (5.6), we get the following relation between T'—tensors of
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Finsler spaces F™ and F*™:

2
N + fOLw
Thijk = %Thijk + W(C}n‘jmk + Cijemn + Chjpmy;

2L2 w
+ Cinkmy) + %(C.UC.M +CniCak + CniCyk) — ggf
(Clijhnk + Cnwhig + Copjhir + Cakhing + Cnilje + C jihni)

L*(gfr —2
_ M(Cz]mkmh + C',hkmimj + C.hjmimk

2fBt + L*pA
+ Cigmimp + Cpimymy + C jpmpm;) — p(f%gtp)(hijhhk (5.7)
fBa | fin* + HLPpgA +3p*  pfe
hisha + hinhir) — 222 _bp2
+ hnjhir + hinhji) (2 + AL fit i
(higmgmp + hpgmimg + hjpmimyg + hgemgmy, + hpimgmy
2

L 417
+ hjkml-mh) + |:f7(4f2(.U2 + 3L2%w? + fWQQ) + 2f2q

3L*{2pgt + (qf1 — 2pw)(2p + L3qA)}
— 4f1t mimmpmyg.

If b; is a concurrent vector field in F™, then C;; = 0. Therefore from (5.7), we have
. 2 218t + L2pA
Thijk = %Thzjk - W(fmhhk + hnjhik + hinhijk)

_ ({Ba St [iLPpas 307 ph
2 ALfit L

(hijmkmh + hpemimg + hjnmimy + higmimp, + hpimjmy

L? 417
+ hjkmimh) + [%(4]02&}2 +3L%w% + fwzg) + 2f2q

3L%{2pgt + (qfr — 2pw)(2p + L3qA\)}
_ 4f1t mim;impmyg.

If b; is a concurrent vector field in F™, with vanishing T'—tensor then T'—tensor of F*" is
given by

. 2fpt + L?pA
Ty = _W(%hhk + hnjhik + hinhjr)

B (@ L f1p?+ AilPpgd +3p° P_f2>

2 4L f1t L
(hijmkmh + hppmimg + hipmymy, + higgmgmy, + hpimgmy, (5.9)

L? 4L?
+ hjkmimh) + |:fT (4f2(.¢J2 + 3L2%w? + fLUQQ) + 2f2q

3L2{2pgt + (qf1 — 2pw)(2p + L3qA)}
— 4f1t mym;mping.
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Abstract: The peripheral distance matrix of a graph G of order n with k peripheral vertices
is a square symmetric matrix of order k x k, denoted as D,-matrix of G and is defined as
D, (G) = [dij], where d;; is the distance between two peripheral vertices v; and v; in G. The
peripheral distance energy of a graph G is the sum of the absolute values of the eigenvalues
of Dp-matrix of G. The sum of the distances between all pairs of peripheral vertices is a
peripheral Wiener index of a graph G. In this paper, we study some preliminary facts of
D,p-matrix of G and give some bounds for peripheral distance energy of a graph G. Specially
the bounds are presented for a graph of diameter less than 3. Bounds of peripheral distance

energy in terms of peripheral Wiener index are also obtained for graphs of diam(G) < 2.

Key Words: Distance, peripheral Wiener index, peripheral distance matrix, peripheral

distance energy.

AMS(2010): 05C12, 05C50.

81. Introduction

Let G be a connected, nontrivial graph with vertex set V(G) and edge set F(G) and let
|[V(G)| = n and |E(G)| = m. Let u and v be two vertices of a graph G. The distance d(u,v|G)
between the vertices u and v is the length of a shortest path connecting u and v. If u = v then
d(u,v|G) = 0. The eccentricity e(v) of a vertex v in a graph G is the distance between v and
a vertex farthest from v in G. The diameter diam(G) of G is the maximum eccentricity of G,
while the radius rad(G) is the smallest eccentricity of G. A vertex v with e(v) = diam(G) is
called a peripheral vertex of G. The set of peripheral vertices of G is called as periphery and is
denoted as P(G).

We claim that the adjacency matrix of a graph is the distance based matrix such that the
entries of adjacency matrix are 1 if the distance between two vertices is 1 and 0 otherwise.

The distance matriz of a graph G is defined as a square matrix D = D(G) = [d;;], where
d;; is the distance between v; and v; in G. For the application and the background of the
distance matrix on the chemistry, one can refer to [1, 32].

Peripheral distance matrix or D,-matrix, D, of a graph G is defined as, D, = D,(G) =

1Received June 10, 2016, Accepted February 24, 2017.
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[d;j], where d;; is the distance between two peripheral vertices v; and v; in G. The eigenvalues
Wiy o, - -+ g of the Dp-matrix are said to be D,-eigenvalues of G denoted by D, — spec(G).
Since D,-matrix of G' is symmetric, all of its eigenvalues are real and can be arranged in a
non-increasing order as g1 > pe > --- > up. Recalling the definition of peripheral distance
matrix, a graph G of order n with k peripheral vertices, the peripheral distance matrix of G is

a (k x k) matrix, whose entries are as follows:
Dy(G) = [dis] = [d(vi,v;)]; where vi,v; € P(G).

The peripheral distance energy (D,-energy (in short)) of a graph G is defined as the sum

of the absolute values of D,- eigenvalues of D,-matrix of G. i.e,
k
Ep, (@) = 3 |l (1)
i=1
The form of (1) is chosen so as to be fully analogous to the definition of graph energy [5, 6, 9].
E=E(G)=>_ |\l (2)
i=1

where A1, Ag, - -+ , A, are the ordinary eigenvalues [3], i.e the eigenvalues of the adjacency matrix
A(G). Observe that the graph energy E(G) in past a few years has been extensively studied
and surveyed in Mathematics and Chemistry [8, 11, 14, 18, 19, 20, 21, 22, 25, 26, 27, 29, 30,
31, 33]. Through out the paper |P(G)| = k with labellings v, ve, - -+ , vk, where 2 < k < n.

The characteristic polynomial of D,(G) is the det(ul — D,(G)), it is referred to as a
characteristic polynomial of G and is denoted by ¥(G; ) = cop® +cr b~ + couF =2 + -+ ¢y
The roots pi, pt2,- - -, ix of the polynomial ¢(G; ) are called the eigenvalues of D,(G). The
eigenvalues of D,(G) are said to be the peripheral distance eigenvalues (or Dp-eigenvalues (in
short)) of G. Since D,(G) is a real symmetric matrix, the D,-eigenvalues are real and can
be ordered in non-increasing order, p; > pg > -+ > pg. Then the D,-spectrum of a graph
G is the set of eigenvalues of D,(G), together with the multiplicities of D,-eigenvalues of
D,(G). If the Dp-eigenvalues of D,(G) are p1 > po > --- > py and their multiplicities are

m(p1), m(us2), -+, m(ug), then we shall write
D,—spec(G) = 22 M2 T Mk
m(pr) m(uz) -+ m(uk)

For example, let G be a graph as shown in Fig.1. Then

v V2 U3
vy 0 3 3

D, (G) =
V2 3 0 2
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Clearly, the characteristic polynomial of G is ¥(G; ) = —p? + 22u + 36, whose D,,- eigen-
values are 1 + /19, 1 — /19 and —2. Hence Ep -energy of G is 10.7178.

U1

Us

V2
U3

Fig.1 G is a graph of order n = 6 with k = 3 peripheral vertices.

This paper is organized as follows: In the forthcoming section some preliminary facts of
peripheral distance matrix D, (G) of G are obtained. In section 3 bounds of peripheral distance
energy in terms peripheral Wiener index are deduced. In section 4 bounds for the peripheral
distance energy are established. In the last section the smallest peripheral distance energy of a

graph is obtained thereby posing an open problem for the maximum peripheral distance energy.

§2. Preliminary Results

Lemma 2.1 Let G be a graph of order n with k peripheral vertices and let p1, o, -+ , i be its

peripheral distance eigenvalues. Then,

k
1=1
k
2) D owt=2 Y (dy)
i—1 1<i<j<k

k k
Proof Since, Z"“ = trace[D,(G)] but d;; = 0 in D,(G), therefore, Z"“ =0.
i=1 i=1
For i =1,2,--- ,k, the (i,4)!" entry of [D,(G)]? is equal to
k

k
Y dijdii =Y (dig)?
=1

Jj=1
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since D, (@) is symmetric. Therefore,

k
Zuf = trace[D,(G)]?
i=1

=1 j=1 1<j
k
2
i=1 i<j

O

Lemma 2.2 Suppose G is a graph of order n and size m with k peripheral vertices having the

diam(G) < 2. Then,
k n k
2= 2 — 6m.
;u 6<2) + (2> 6m

Proof In the peripheral distance matrix D, of G there are z = 2m — 2{(n — k)k +

W} elements equal to unity, and y = k(k — 1) — x elements equal to two. Therefore,

k
Zuiz = trace[D,y(G))?
- kok
= D ) (i)’ =2 (dy)?
k
— S = @17 )2
i=1
= ()% + (k(k — 1) — 2).2?
— 4k(k—1) -3z
= 4k(k—-1)-3{2m+k(k—1)—n(n—-1)}

= k(k—1)+3n(n—1)—6m

b n k
2 = 2( ) —6m.
;u 6<2)+ (2> 6m

§3. Preliminary Results with Respect to Peripheral Wiener Index

Definition 3.1([4, 7]) The thorn graph of the graph G , with parameters ty,ta, - - , t, is obtained
by attaching t; new vertices of degree one to the vertex v; of the graph G;i =1,2,--- . n. The
thorn graph of the graph G will be denoted by G*, or if the respective parameters need to be
specified, by G*(t1,ta, - ,tp).

Definition 3.2([7, 28]) The thorn graph of the graph G obtained by attaching t new vertices of
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degree one to all the vertices v; of the graph G is denoted by GT1.

If we partition the vertex set V(G) of a graph into two sets, with peripheral vertices in
one set and non-peripheral vertices in other. Then the sum of the distances between all pairs

of peripheral vertices is the peripheral Wiener index of a graph G. More formally

PWIG) = Y d(vi,vlG), (4)

1<i<j<k

where G is an (n, m)-graph with k peripheral vertices and v;,v; € P(G).

Theorem 3.3([17]) Suppose G is a graph of order n and size m with k peripheral vertices

having diam(G) < 2. Then,
PWI(G) = (Z) + (S) —m. (5)

Theorem 3.4 Suppose G is a graph of order n and size m with k peripheral vertices having
the diam(G) < 2. Then, for Gt

tk

k
S o= {4k +14 <Z> +18 <2) - 14m} 12 — dkt.
=1

Proof In the peripheral distance matrix D,(G'!) there are z; = kt elements equal to
0, z2 = k(t? — t) elements equal to 2, z3 = t2{2m + 2(5) — 2(})} elements equal to 3 and
x4 = t2{2(}) — 2m} elements equal to 4. Therefore,

kt
Sp? = tracelD, (G2
=1

kt kt
= D> (dy)*=2) (diy)®
=1 j—=1 i<j
— Zuf = ($1).02 + (:102).22 + ($3)32 + ($4).42

- e ol ) s (o) o)
- -y fonea) () e o) o)
S O e G A RO R

k
= 4kt? — 4kt + 18mt? + 18 (2>t2 —18 <2) 2 4+ 32 <2) — 32mt?

kt
: {4k +14 <g) + 18(5) - 14m} £2 — 4kt. (6)
=1

ling
E
(&)
I
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O

Corollary 3.5 Suppose G is a graph of order n and size m with k peripheral vertices having
the diam(G) < 2. Then, for Gt

tk
S o = {4k + 4(];) + 14PWI(G)} % — 4kt
1=1

Proof The proof follows directly from Theorems 3.3 and 3.4. O

Proposition 3.6 Suppose G(n,m) is a graph with k peripheral vertices and diam(G) < 2.
Then,

zk: wi = 6PWI(G) — 4<§>,

i=1

where PWI(G) is the peripheral Wiener index of G.

Proof From the Lemma 2.2 we have,
b n k
;uﬁ 6(2)+2(2>—6m
n k k k
6(2) +2(2) —6m+4(2) _4(2)
n k k
{6)+ ()i -)

6 {PWI(G)} — 4(’;)

from Theorem 3.3. O

84. Bounds for the Peripheral Distance Energy

Theorem 4.1 Suppose G is a graph with k peripheral vertices. Then

2% (dy)* < Ep,(G) < |2k (dy)". (7)

1<j i<j

Proof We have from Cauchy-Schwarz inequality

(B) < () (&)
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Put a; = 1 and b; = |p;| then

(Epn (G = (Z |ui|>

IA
<
l =~
—_
N———
<
i
IS
)
N———

i=1
= k [2) (dy)
from Eq.(3) and
[Ep.(G)] < |2k Y (di)>. (8)

We have from the definition

k 2
[Ep,(G)* = <Z |m|> =3 2> |l
i—1 i—1 i<j
= 2 Z(dij)2 +2 Z il

[Epn (G)? =2 (dij)* + > |mallsl, (9)
i<j i£]

[Epp (G)? =2 (dij)® =Y lpmalls- (10)
i<j i+

Also, we know that

k 2 %
[Ep.(G)? = (Z |Mi|> > il =2 (dij)?
i=1 i=1 i<j
— [Ep,(G)* > 2 (dij)
= [Ep,(G)] = 1/2Z(Clz‘j)2~ (11)
Inequations (8) and (11) complete the proof. m|

Corollary 4.2 Suppose G is any graph with k peripheral vertices and diam(G) = d. Then,

k(k—1) < Ep,(G) < dkE—1.

Proof Since d(v;,v;) = d;; > 1, for i # j and totally (g) pairs of peripheral vertices in G
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form lower bound of Corollary 4.2.

Eon(@) = [2 3 (a2 20 ()
1)

k(
2 3

Ep,(G) > VE(k - 1). (12)

Also, d(vj,v;) = di; < d, for i # j and totally (g) pair of peripheral vertices in G form

= 2.1.

upper bound of Corollary 4.2.

k
Ep.(G) < |2k Z(dij)2 <[ 2.k [d)? (2)
1<jJ
— Q'k'[de(ki_l)
2
Ep,.(G) <dk~Nk-—1. (13)
Inequations (12) and (13) complete the proof. i

Theorem 4.3 Suppose G is any graph with k peripheral vertices. Then,

(1) /251, (d)? + k(k — A2 < Bp, (G);

(2) Epp(G) < 3X0ey(dy)? + \/(k = DY (dy)? = (3 X (dig)?)7),

where A is the absolute value of the determinant of the peripheral distance matriz Dp(G).

Proof We know that, for non-negative numbers the arithmetic mean is not smaller than

the geometric mean.

V

1 "D k D
D UZ TSN ) (2770 B (H |Mi|2<k_1>>
=1

i#j i#£]

k 2/k
(_H Iml> = [det(D,(G)/* = (2)*

= Y il > Kk —1).(A)
i#]
= [Ep. (G -2 (dij)? > k(k—1).(a)""
[Ep, (G > k(k—1).(A)" +23 (dy)?,

1<j
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k
B0, (C)] 2 \/k<k 1A 423 () (19
1<j
Therefore, the equation (14) proves lower bound.

To prove the upper bound we follow the ideas of Koolen and Moulton [18, 19], who obtained
an analogous upper bound for ordinary graph energy F(G). By applying the Cauchy-Schwartze
inequality to the two (k — 1) vectors (1,1,---,1) and (Ju1], |p2l, -, |p]) we get.

(gw)Q < (k-1) <éu2>

(Ep, () —m)® < (k—1) (2D (dy)* -
1<j
Ep,(G) < m+ |(k=1) (2> (dy)?*—ui

i<J

Define the function

flx)=z+ [(k-1) 22 i) —

i<j

we set x = p1 and bear in mind that p; > 1.

From Equation (3) we get 22 = p? < 2Z(dij)2 = z < 2Z(dij)2'
i<j \/ i<j

Now f'(z) = 0 implies, = = . Therefore f(z) is a decreasing function in the
z<J
interval
2
p (dZJ)Q Sr<2 (dw)Q
i<j 1<J
and
2 2
= D ()" <2 ) (dig)* <
i<j 1<Jj
Hence
2
P < £ 250 (a?
i<j
Hence the proof. O

Theorem 4.4 Suppose G is a graph of order n and size m with k peripheral vertices having
the diam(G) < 2. Then,

(0(5) +20) -om <o ) () o)
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Proof From Theorem 4.1 we have

23 (dij)’ < Ep,(G) < [2.k.) (dij)?
i<j i<j
and next from Lemma 2.2,
2 b n k
2Z(dij) :;Ni2:6(2)+2<2>_6m-

i<j

By replacing the 2 d;i 2 by 6(5) + 2 ¥) — 6m. in Ineq.7 gives the proof. O
J 2 2

Corollary 4.5 Suppose G is a graph with diam(G) < 2. having k peripheral vertices. Then,

Jorwr@-4(5) < 0,0 < e {srwiie) -4(§)

where PWI(Q) is the peripheral Wiener index of a graph G.

Proof The proof follows from Theorem 4.1 and Proposition 3.6. O

Theorem 4.6 Suppose G is any graph with k peripheral vertices and diam(G) < 2. Then,

5+2(3 ) A% < Bo, (6) < 18} + = Dis - Gesh2)

where A is the absolute value of the determinant of the peripheral distance matriz Dp(G) and
S=6(3) +2(5) — 6m.

Proof The proof follows from Theorem 4.3 and Lemma 3.4. |

Corollary 4.7 Suppose G is any graph with k peripheral vertices and diam(G) < 2. Then,

,/S+2(’;)A2ﬂ€ < Ep,(G) < %{S} + \/<k— IS~ (%{S}P]a

where A is the absolute value of the determinant of the peripheral distance matriz Dp(G),
S=6PWI(G)— 4(5) and PWI(Q) is the peripheral Wiener index of a graph G.

Proof The proof follows from Theorem 4.3 and Proposition 3.6. O

Theorem 4.8 Suppose G is a graph of order n and size m with k peripheral vertices having

the diam(G) < 2. Then,
VT < Ep, (GT) < /Kt {T},
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where T = {4k + 14(3) +18(5) — 14m } ¢ - 4kt

Proof The proof follows from Theorem 4.1 and Lemma 2.2. |

Corollary 4.9 Suppose G is a graph of order n and size m with k peripheral vertices having

the diam(G) < 2. Then,
VT < Ep,(GTY) < /Et{T},

where T = {4k + 4(]2“) + 14PWI(G)} t? — 4kt and PWI(G) is the peripheral Wiener index of
a graph G.

proof The proof follows from Theorem 4.1 and Corollary 3.5. O

Theorem 4.10 Suppose G is any graph with k peripheral vertices and diam(G) < 2. Then,

\/T n 2(";) M < Bp, (GV) < (T} + J (kt — 1T~ (T2

where A is the absolute value of the determinant of the peripheral distance matriz Dp(G")
and T = {4k +14(3) +18(5) - 14m} 2 — 4kt.

proof The proof follows from Theorem 4.3 and Lemma 3.4. O

85. The Smallest Peripheral Distance Energy of a Graph

By studying the bounds for peripheral distance energy, there arise a common question that,
which n vertex graphs with k& peripheral vertices have the smallest and greatest peripheral
distance energy. Among all n-vertex connected graphs with &k peripheral vertices the complete

graph is the unique graph with the smallest peripheral distance energy.

Theorem 5.1 The complete graph K,—i with k peripheral vertices is the graph with smallest
peripheral distance energy, which is equal to 2(k — 1).

Proof Let G be a graph with k peripheral vertices and Kj be a complete graph on k
peripheral vertices. Let A be a peripheral distance matrix of K. B be a peripheral distance
matrix of G with the D-eigenvalues fiq, ft2, - - , pti. Clearly A and B are non-negative matrices
and obviously 0 < A < B. Now, from the fact that if 0 < A < B then p(A4) < p(B). And for
the complete graph, p(A) =n — 1 and Ep(Kj) = 2(k — 1) hence,

2k—1) = 20(4) < 20(B)

k
P(B)+Z|/Lz‘|-

IN
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By using Perron Frobenius theorem, it implies that p(B) is a positive eigenvalues. Hence,

K
2(k-1) < Z lnil = Ep, (G).

But
2(k—1) = Ep,(Ky) < Ep,(G).

Hence, we conclude that the peripheral distance energy of a graph with k£ peripheral vertices
is greater than the peripheral distance energy of a complete graph on k vertices. This proves
that among k peripheral vertices graphs complete graph has the smallest peripheral distance
energy = 2(k — 1). O

Since, distance matrix D of a complete graph is equal to peripheral distance matrix D,, of
a complete graph, also distance energy Ep of a complete graph is equal to peripheral distance
matrix Ep, of a complete graph, therefore this also settles the conjecture posed by Ramane et al.
in [24]. However, in [2], the authors have given the direct reason for the proof of the conjecturer
in [24]. Since, we do not have a sufficient stuff to prove graph with greatest peripheral distance
energy, but the graph with k peripheral vertices such that all the peripheral vertices are at the
distance d (= diam(G)) from each other is certainly deserve to be seriously considered graph.

In this connection it looks plausible to pose an open problem:

Open Problem The graph G with k peripheral vertices such that all of its peripheral vertices
are at the same distance d (= diam(G)) from each other has mazimum peripheral distance

energy.
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§1. Introduction

In 1971 Matsumoto [5] introduced the transformation of Finsler metric
L(z,y) — L(z,y) + biy' (1.1)

and obtain the relation between the imbedding class numbers of a tangent Riemannian spaces
to (M™, L) and a Finsler space (M™, L) which is obtained by the transformation of the Finsler
metric L by the relation given by in the equation (1.1). Since a concurrent vector field is a func-
tion of (z) i.e., position only, assuming b;(x) as a concurrent vector field, Matsumoto [6] studied
the R3-likeness of Finsler spaces (M™, L) and (M™, L). Singh and Prasad [14,11] generalized
the concept of concurrent vector field and introduced the semi-parallel and concircular vector
fields which are functions of (x) only. Assuming b;(z) as a concicular vector field, Prasad, Singh
and Singh [11] studied the R3-likeness of (M™, L) and (M™, L).

If L(z,y) is a metric function of Riemannian space then L(z,y) reduces to the metric
function of Rander’s space. Such a Finsler metric was first introduced by G. Randers [13]from
the standpoint of general theory of relativity and applied to the theory of the electron microscope
by R. S. Ingarden [3] who first named it us Randers space. The geometrical properties of this
space have been studied by various workers [2, 7, 9, 12, 15].. In 1970 Numata [10] has studied
the properties of (M™, L) which is obtained from Minkowski space (M", L) by transformation

1Received August 18, 2016, Accepted February 21, 2017.
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(1.1). In all those works the function b;(z) are assumed to be functions of (x) only.

In 1980, Izumi [4] while studying the conformal transformation of Finsler spaces, introduced
the h-vector b; which is v-covariantly constant with respect to Cartan’s connection CT' and
satisfies the relation

LCliby, = phi

Thus the h-vector b; is not only a function of (x) but it is also a function of directional arguments
satisfying L('?jbi = ph;;. The purpose of the present paper is to obtain the relation between
imbedding class numbers of tangent Riemannian spaces to (M™, L) and (M™, L*) where L*(x,

y) is obtained from the transformation of L(x, y) is given by

L*(x,y) — L(z,y) + B(z,y), (1.2)

where 3(z,y) = bi(x,y)y’, i.e. bi(x,y) is the function of position and direction both.

§2. An h-Vector in (M™, L)

Let b; be a vector field in the Finsler space (M™, L). If b;(z,y) satisfies the conditions
bil; =0, (2.1)

LClby, = phij, (2.2)

then the vector field b; is called an h-vector [4]. Here |; denotes the v-covariant derivative with
respect to y* in the case of Cartan’s connection CT, Clhj is the cartan’s C-tensor, h;; is the

angular metric tensor and p is given by

LC;

Py (2.3)

where C7 is the torsion tensor given by C%; g7%.

Lemma 2.1([4]) Ifb; is an h-vector then the function p and are independent of y.

Since The v-covariant derivation of b = ¢%b;b; and the fact that ¢*/ is v-covariantly
constant yield
bOb = g"bib; |-

In the view of (2.1) we have
kb = 0.

Thus we have

Lemma 2.2 The magnitude b of an h-vector is independent of y.

From (2.1), Ricci identity [8] and the fact that Sipj, = gnrSiy is skew-symmetric in h and
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7 we have
bilj |k — bilkl; = —Sibn = 0.

Thus we have

Lemma 2.3 For an h-vector b; we have Shijkbh = 0, where Shsji are components of v-curvature

tensor of Cartan’s connection CT.

The concept of concurrent vector field in (M™, L) has been introduced by Tachibana [16]
and its properties have been studied by Matsumoto [6]. A vector field b; in (M™, L) is said to

be concurrent if it satisfies the condition (2.1) and

bijj = —9ij (24)

where |; denotes h-covariant differentiation with respect to z* in the sense of Cartan’s connection
V] P

CT.
Applying Ricci Identity [8]

biljlk = bilr; = —bn Pl — biinCli — biln Py,
and using (2.1) and (2.4) we have
Pi];‘kbh + Cijk =0.

Since Pim i = gthi’;k is skew-symmetric in 7 and m, contraction of above equation with

bt = g%b; gives Ci;ib' = 0. Hence we have the following

Lemma 2.4 An h-vector b; with p # 0 is not a concurrent vector field.

83. Properties of the h-Randers Finsler Space

Let b; be an h-vector in the Finsler space (M™, L) and (M™, L*) be another Finsler space whose
fundamental function L*(x,y) is given by (1.2).

Since b; is an h-vector, from (2.1) and (2.2), we get
8jb1 = Lilphij, (31)
which after using the indicatory property of h;; yields (%ﬂ =b;.

Definition 3.1 Let M™ be an n-dimensional differentiable manifold and F™ be a Finsler space
equipped with a fundamental function L(z,y), (y* = @*) of M™. A change in the fundamental
function L by the equation (1.2) on the same manifold M™ is called h-Randers change. A space

equipped with fundamental metric L* is called h-Randers changed Finsler space F*™.
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Now differentiating (1.2) with respect to y* we have
l:-‘ =1; + b;, (3.2)

where l; = §;L is the normalized supporting element in (M™, L) and I} = d;L* is the normalized
element of support in (M™, L*). The quantities of (M™, L*) will be denoted by starred letter.
Now differentiating (3.2) with respect to y’ then the angular metric tensor hi; = (’%lf is given
by

hi; = ohij, (3.3)

where 0 = LL71(1 + p). Hence we have
95 = 09i5 + (1 — o)lily + (Libj + 1;bi) 4 biby. (3.4)

From (3.4) the relation between the contravariant components of the fundamental tensors

can be derived as follows
g =0 — (14 p*)o 3 (1 = b* — )"l — (1 + p)o 2(I'Y + 17bY), (3.5)
where b is the magnitude of the vector b;.

From the lemma (2.1) and (3.2) we have

l;. (3.7)

p
i=bi——
" L
Now differentiating (3.3) with respect to * (3.2), (3.6), (3.3) and the fact

3khij = 2Cijk - L_l(hiklj + hjkli)a

we have B h h
* i Mk kT kiTlj
Ciie = 0Cijn + (1 + p)— J2L L. (3.8)

From the definition of m;, it is evident that

(a) m;l?, (b) m;bt = b? — g—z =m'm, (3.9)

(C) hijmi = hijbi = my, (d) Cgmh = L_lphij. '
From (2.1), (3.5), (3.8) and (3.9) we have

o - (hijmT + h;’I”I’LZ + h:m]) 1
¢ = O+ 5L+ - E[{P
L 82 L ,
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Proposition 3.1 Let F*™ = (M™, L*) be an n-dimensional Finsler space obtained from the
h-Randers change of the Finsler space F™ = (M™, L), then the normalized supporting element
l¥, angular metric tensor hj;, fundamental metric tensor g;; and (h)hv-torsion tensor Chik of

F*" are given by (3.2), (3.83), (3.4) and (3.8) respectively.

Proposition 3.2 Let F*™ = (M™, L*) be an n-dimensional Finsler space obtained from the
h-Randers change of the Finsler space F™ = (M™, L), then the reciprocal of the fundamental
metric tensor g;; is given by (3.5).

The curvature tensor Sp;j; of (M™, L*) is given by
Sltijk = Oltkmci*jm - O;{jm :km (3-11)
From the equation (3.8) and (3.10), we have

(1+p)
2L
(1+p)
4LL*
+2hpmim; + higmymy, + hipmgmy, + hjpmgmy,

—I—hjhmimk}, (3.12)

C;;kmC;*jm = aOhkmC{? + Ozhijhhk + {C’ijkmh + Chjkmi

+Chikmj + Chijmy} + {2h;;mpmy,

where a = % 2 (b% - g—z) Thus from (3.11) we have

Shijk = 0Shijk + hijdnk + hardi; — higdjn — hnjdir, (3.13)

1
where dij = %hij + J—Lﬂmlm]

If we define the tensor A;; and B;; as

hi; +d;; hii —d;;
Ai‘ _ My 1] , B1 _ ) , 3.14
J \/5 J \/5 ( )
then S,tijk is written as
Shijk = 0Shijk — (AnjAix — AnrAij) + (BnjBir, — BniBij)- (3.15)

Thus we have

Proposition 3.3 Let F** = (M™ L*) be an n-dimensional Finsler space obtained from the
h-Randers change of the Finsler space F™* = (M™, L), then the curvature tensor S,tijk 18 given
by (3.15).

If |; denotes v-covariant differentiation with respect to y7 in (M™, L*) then we have

(hijli — hirl;)

hijle — hixlj = 7 ; (3.16)
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(mily —myl;)

mi|j - mj|i = 7 y (317)
dily — digl;
dij|k—dik|j:7( JkL kj). (3.18)
Hence from (3.14), (3.16) and (3.18), we get
(Bijlk — Bikly)
Aijle — Airlj = — 7 (3.19)
Al — Akl
Bijlk — Bikl; = (Aighe — Auly), (3.20)

L
§4. Imbedding Class Numbers of Tangent Riemannian Space to (M", L) and (M™, L*)

The tangent vector space M to M™ at every point z is regarded as n-dimensional Riemannian
space (M}, g,) with Riemannian metric g, = gij(z,y)dy’dy’. Thus the component C}; of
Cartan’s C-tensor are the Christoffel symbols associated with g, i.e.

i1 : :
ik =39 "(-Okgjn + 9;9nk + Ongjn)-

Hence C;k defines the Riemannian connection on M. It is observed from the definition if Sz
that the curvature tensor of the Riemannian space (M}, g,) at a point . The space (M}, g;)

equipped with such a Riemannian connection will be called the tangent Riemannian space.

In the theory of Riemannian space, we know that any n-dimensional Riemannian space
V™ can be imbedded isometrically in a Euclidean space of dimension @ If n + r is the
lowest dimension of the Euclidean space in which V" is imbedded isometrically then the integer
r is called imbedding class number of V". The fundamental theorem of isometric imbedding
[1] states that the tangent Riemannian n-space (MY, g,) is locally imbedded isometrically in

an Euclidean n + r space if and only if there exist » numbers, and A = +1, r symmetric tensor
r(r—1)
2

Hp);; and covariant vector fields Hpgy; = Higpyi, @ = 1,2,3,---,r satisfying the

Gauss equations,

Shijr = SigmaX py{ H pyn; H(pyir — Hpynk H(pyij }»

where summation is given over P.

The Codazzi equations
Hpyijlk = Hpyirlj = @ {H @i Hopk — H@inH@r)s
where summation is given over (Q and Ricci-Kuhne equations

Hpqyili = Hpg)ili + EAm){H(rr)iH (rQ);
—Hrp)Hipqg)i} + 9" {HpyniHQ)r; — Hipyn HQywi} = 0-
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For a special case when (M7, g,) is of imbedding class 1, the above equations reduce to
Shijk = MHpjHix, — HpHij), (4.1)
Hijli — Hi|; = 0. (4.2)
Since Shijkyk =0, from (3.21), we have
HyjHyg — HpoH;; =0
contracting above equation by 3, we have
HyjHoo — HpoHoj = 0,

which implies that Ho; = 0 or H;; = H&)thoHoj. In the latter case we get Spijr = 0. In the
theory of spaces of imbedding class 1, [17] introduced the concept of type number ¢, which is
the rank of matrix || H;; || provided to the rank is more than 1. If the rank is 0 or 1, then
S vanishes. Therefore if (M, g,) is of imbedding class 1, the second fundamental tensor H;;
satisfies H;;47 = 0 and thus the type number t is less than n.

Again by virtue of Lemma 2.3 and equation (4.1), we get
Hy;Hyy, — Hyp Hijb" = 0.
From this equation we have
Hpb" Hyy, — Hpb" Hijb? = 0.
This gives

Hp b Hyj b7

Hyb" =0 Hiy, = 4
hk y Oor k H b

In the latter case Shiji = 0. Thus for an imbedding class 1, Hpib* = 0. Now we shall put

H(*l)ij = \/EHZ']‘, ET =g, (43)
H(*2)ij = Aij, g5 = —1, 4.4
H(*S)ij = Bij; E§ = 1, 4.5

then from (3.15) and (4.1), we get
S}tijk = EA*P{H(*P)th(*P)ik - H(*P)hhH(*P)ij}v

where summation is varies from P = 1,2,3. Thus the above equation is noting but Gauss
equation of (M, g*).
Now we put
H(*21)z' = _H(*lz)z‘ =0, (4.6)
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H(*sl)z‘ = _H(*13)z' =0, (4.7)
* * 1
H(32)i = _H(23)i = Zli (4.8)

and using (4.2), (4.3), (3.3), Lemma 2.1 and the fat that H;o = 0, we get
H(*l)ij|7€ - H(*l)ik|j =0. (4.9)
Again in view of (4.4), (4.5), (4.6), (4.7) and (4.8), equations (3.19) and (3.20) reduce to
Hayijle = Higyirli = ZAUH ()i H @2y — HigyinH (@2);1 4.10

Hgyigle = Higyirli = BAUH ()i Higay — HigyinH (@3)5} 411
where summation is varies from Q = 1,2, 3.

The equations (4.9), (4.10) and (4.11) are the Codazzi equations of (M7, g¥). Now we have

to verify Ricci-Kuhne equations, we have from (3.10),

lilj = L hijpp-—[{p+ L") 71 (0? = 75
from which we get [;|; — [;]; = 0. Hence from (4.10), we get
H(*sz)z‘|j - H(*zs)ﬂi =0,
which are the Ricci-Kuhne equations of (M7, g*) as
Thus from above we have

Theorem 4.1 Let F** = (M™,L*) be an n-dimensional Finsler space obtained from the h-
Randers change of the Finsler space F™ = (M™, L), then if the tangent Riemannian n-space
(M2, gs) to (M™, L) is of imbedding class 1, then the tangent Riemannian n-space (M}, g,) to
(M™,L*) is at most of imbedding class 3.
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81. Introduction

Networks appear in many different applications and settings. The most common networks are
telecommunication networks, computer networks, the internet, road and rail networks and other
logistic networks. In all applications, vulnerability and reliability are crucial and important
features. Network designers often build a network configuration around specific processing,
performance and cost requirements. But there is little consideration given to the stability of
the networks communication structure when under the pressure of link or node loses. This lack
of consideration makes the networks have low survivability. Therefore, network design process
must identify the critical points of failure and be able to modify the design to eliminate them
[18].

A network can be modeled by a graph whose vertices represent the stations and whose edges
represent the communication lines. Vulnerability measures the resistivity of the network to the
disruption of its operation due to the failure of certain stations or communication links. Losing
links or nodes eventually lead to a loss of the effectiveness of the network. Communication
networks must be constructed so as to be as stable as possible, not only with respect to the initial
disruption, but also with respect to the possible reconstruction of the network. Many graph

1Received April 7, 2016, Accepted February 25, 2017.
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theoretical parameters have been used in the past to describe the stability of communication
networks, including connectivity, integrity, toughness and binding number. However, these
parameters do not take into account the effect that the removal of a vertex has on the neighbors
of that vertex. If a station is destroyed, the adjacent stations are betrayed and become useless
to the network as a whole. The neighbor integrity is a measure of the vulnerability of graphs to
the disruption caused by the consecutive removal of a vertex and all of its adjacent vertices [8,
9, 10, 15] a probabilistic basis. However, sometimes it is important to take subjective reliability
estimates into consideration. Among the relevant issue of importance, we are particularly
interested in one of the vulnerabilities. That is, in an unfriendly external environment, how
vulnerable is such a distributed system to certain external destruction and how much computing

power can be sustained in the face of destruction.

The concept of network vulnerability is motivated by the design and analysis of networks
under a hostile environment. Several graph theoretic models under various assumptions have
been proposed for the study and assessment of network vulnerability. Graph integrity, intro-
duced by Barefoot et al. [4, 5], is one of these models that has received wide attention [2,
11].

In 1994, Margaret B. Cozzens and Wu [7] introduced a new graph parameter called the edge-
neighbor-integrity. They consider the edge analogue of (vertex )neighbor-integrity a measure
of the vulnerability of graphs to disruption caused by the removal of edges, their incident
vertices, and all of their incident edges. The integrity of a graph G = (V| E), which was
introduced as a useful measure of the vulnerability of the graph, is defined as follows: I(G) =
min{|S|+m(G—5) : S C V(G)}, where m(G — S) denotes the order of the largest component.
Barefoot, Entringer and Swart defined the edge-integrity of a graph G with edge set E(G) by
I'(G) = min{|S| + m(G — S) : S C E(G)}. The weak integrity was introduced by Kirlangic
[14] and is defined as I,,(G) = min{|S| + m.(G — S) : S C V(G)}, where m.(G — S) denotes
the number of edges in a largest component of G — S. Let u be a vertex in G. N(u) = {v €
V(G)lu # v,v and u are adjacent} is the open neighbourhood of u, and N[u] = {u} U N(u)
denotes the closed neighborhood of u. A vertex u in G is said to be subverted if the closed
neighborhood N (u) is deleted from G. A set of vertices S = {uy,us, -+ ,un} is called a vertex
subversion strategy of G if each of the vertices in S has been subverted from G. Let G/S be the
survival-subgraph when S has been a vertex subversion strategy of G. The closed neighborhood
of a vertex subset S, N[S], is UyesN[u]. Hence G/S = G — N[S] = G — (UyesNJu]). The
vertex-neighbor-integrity of a graph G, VNI(G), is defined to be VNI(G) = mingcy ) {|S| +
w(G/S)}, where S is any vertex subversion strategy of G, and w(G/S) is the maximum order
of the components of G/S. The edge e = (v,w) in G is said to be subverted if the edge e,
all of its incident edges, and the two ends of e, namely v and w, are removed from G. (For
simplicity, an edge e = (v, w) is subverted if the two ends of the edge e, namely v and w, are
deleted from G.) A set of edges R = {e1,ea, - , e} is called an edge subversion strategy of G
if each of the edges in R has been subverted from G. Let G/R be the survival-subgraph when
R has been an edge subversion strategy of G. The edge-neighbor-integrity of a graph G, is
defined to be ENI(G) = mingcpe){|R| +=(G/R)}, where R is any edge subversion strategy

of G, and @w(G/RN) is the maximum order of the components of G/R. We now introduce
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a new measure of stability of a graph G in this sense and it is called pure edge-neighbor-
integrity. Formally, the pure edge-neighbor-integrity PENI(G) of a graph G is defined as
PENI(G) = mingc g(a){|R] + @e(G/R)}, where R is any edge subversion strategy of G' and
we(G/R) is the number of edges of a largest component of G/R. Any set  with property that
PENI(G) = |R| + we(G/R) is called a PENI— set of G. [z] is the smallest integer greater
than or equal to x. |z| is the greatest integer less than or equal to z.

By a graph G = (V, E), we mean a finite undirected graph without loops or multiple
edges, with vertex set V(G) = {v1,v2, - ,vp}. The distance between the vertices v; and v,
is the length of the shortest path joining v; and v;. The shortest v;v; path is often called a
geodesic. The diameter of a connected graph G is the length of any longest geodesic, denoted
by diam(G). The order and size of G are denoted by p and ¢, respectively. We use Bondy
and Murty [6, 12] for terminology and notations not defined here. In general, the degree of a
vertex v in a graph G is the number of edges of G incident with v and it is denoted by degv.
The maximum (minimum) degree among the vertices of G is denoted by A(G), (§(G)). We
denote the minimum number of edges in edge cover of G ( i.e., edge cover number ) by a;(G)
and the minimum number of edges in independent set of edges of G (i.e., edge independence
number) by 81 (G). A vertex of degree one is called a pendant vertex. The symbols «(G), &(G),
A(G), and B(G) denote the vertex cover number, the connectivity, the edge-connectivity, and
the independence number of G, respectively.

A subset X of E is called an edge dominating set of G if every edge not in X is adjacent
to some edge in X. The edge domination number +/'(G) of G is the minimum cardinality taken
over all edge dominating sets of G [16].

The line graph L(G) of G has the edges of G as its vertices which are adjacent in L(G)
if and only if the corresponding edges are adjacent in G [12]. In the present work, the basic
properties of pure edge-neighbor-integrity and of PENI—sets are explored, bounds and rela-
tionship between pure edge-neighbor-integrity and other graphical parameters are considered.
Finally, the pure edge-neighbor-integrity of binary operations of some graphs are determined.

We need the following to prove main results.
Lemma 1.1([13]) If D C E(G), then L(G — D) = L(G) — D.

Theorem 1.1([14]) If a graph G of order n is isomorphic to a cycle graph or a tree, then
L,(G)=I(G) — 1.

Theorem 1.2([12]) For any graph G, £(G) < AG) < §(G).
Lemma 1.2 For any graph G, 51(G) < a(G).

Theorem 1.3([1]) For any connected graph G of even order p, ¥' = & if and only if G is

isomorphic to Ky or Kz ».

Theorem 1.4([2]) The integrity of

(a) the complete graph K, is p;
(b) the complete bipartite graph K, , is 1 +min{m,n}.
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§2. Main results

Proposition 2.1 (a) For any complete graph K,, PENI(K,) = \_%J;
(b) For any path P, with p >3, PENI(P,) = [2\/p + 2] —
(¢) For any cycle Cy,

1, /pr =3;
PENI(C))={ 2, ifp—4 :

(d) For the star K1 p—1, PENI(K; p_1)=1;

(e) For the double star Sy ., PENI(Sy m) =1;

(f) For the complete bipartite graph K, pm, PENI(Ky, ) = min{n, m}
(9) For the wheel graph Wy ,_1, p > 5, PENI(W1,-1) = [2,/p] —

Remark 2.1 (1) If H is a subgraph of G, then PENI(H) < PENI(G);

(2) Pure edge-neighbor integrity of a connected graph for p > 2, takes its minimum value
at K1 p—1 and its maximum value at K, complete graph;

(3) 0< PENI(G) <q.

Lemma 2.1 If G is a non-trivial graph, then for allv € V(G), PENI(G—v) > PENI(G)—1
the bound is sharp for G = Ky4.

7

Proposition 2.2 (a) If G has enough components close in size to the largest one, then
PENI(G) = w.(G). In particular, if G = pH with p > w.(H), then PENI(G) = w.(H);

(b) Suppose that G is disconnected and m(G) = k, if G has at least k — 1 components of
order k, then empty set is an PENI(G)-set of G.

Lemma 2.2 If R is PENI-set of G, then w.(G/R) = PENI(G/R) and ¢ is PENI-set of
G/R.

Proof Let R is PENI-set of G and ®* be PENI-set of G/®. Thus

IR| + w.(G/R) PENI(G)
we(G/(RURY)) + [RU R
IR| + @ [(G/R)/R*] + [R*]

\R| + PENI(G/R).

IIA

So, w.(G/R) < PENI(G/R), but w.(G/R) > PENI(G/R). This completes the proof. O
Lemma 2.3 If D C E(G),PENI(L(G — D)) = PENI(L(G) — D)).
Proof The proof follows by Lemma 1.1. O

Theorem 2.1 If G is a simple graph such that G = L(G), then PENI(G) = PENI(L(G)) =
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PENI(G) if and only if G = Cys or G is the graph shown in the Figure 1.

Figure 1 G

Proposition 2.3 If a connected graph G is isomorphic to its line graph, then PENI(G) =
PENI(L(G)). But the converse is not true, for example the graph G is given in the following
Figure 2.

G L(G)
Figure 2 G and L(G)

Notice that PENI(G) =2 = PENI(L(G)), but G and L(G) are not isomorphic.

Lemma 2.4 Let G be a connected graph of order at least 3. If PENI(G) = 1, then the diameter
of G is < 3.

Proof The diameter of G is > 4 is Supposed, then G contains a path Ps. Hence for any
edge e in G,w.(G/e) > 1, and for any two edges e; and ey in G, w.(G/{e1,e2}) > 0. Thus
EENI(G) > 2, a contradiction. Hence, the diameter of G is < 3. O

Lemma 2.5 For any a graph G, PENI(G) = VNI(L(G)).

Proof Since every edge dominating set in GG is a dominating set in the line graph of G, the
set of edges S that satisfies PENI(G) equal to the set of vertices S that satisfies VNI(L(G)),
this completes the proof. O

Lemma 2.6 For any (p,q) graph G, fﬁ] < PENI(G) < q — 1, where A" denotes the

mazimum degree of an edge in G.

Observation 2.1 For any connected graph G, PENI(G) = ¢ — (1 if and only if G & P,,3 <
p<6,G=ps, G=C4or G in the Figure 3.

Figure 3 G
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Corollary 2.1 For any connected (p,q) graph, PENI(G) = p—q if and only if G is isomorphic
to K1 p—1 or Sy m.

Observation 2.2 Let G be a graph, and let ® be PENI-set of G such that |R| = 1, then the
following hold

(a) PENI(G) = 1;

(0) [E =R = > e deg(e);

() A(G) =q—1
Corollary 2.2 For any connected graph G of even order p, PENI(G) = & if and only if G is

isomorphic to K, or Kp».

Theorem 2.2 For any integer n > 1, there does not exist any graph G satisfy PENI(G) =
I(G) =~'(G) =n.

Proof Let G be a graph of order p. By Theorem 1.3 and Corollary 2.2, PENI(G) =
=7'(G) if pis even and G = K, or G = Ky », but from Theorem 1.4, I(K,) = p, and

(Kz »)= %+ 1. Hence the result. m

b
2
I 2

Theorem 2.3 For any integer k > 1, there exists a graph G of size ¢ > k with PENI(G) =
v(G) =k, where v(Q) is domination number.

Proof The result is true for k = 1,2, since G; = K5, Gy = K3 have the desired property.
For k > 3, consider the graph GG;, which is obtained from k disjoint copies of the complete graph

th

K3 and joining the vertex v; in the i'" copy with the vertex v;y1 in the (i + 1)** copy, and

joining the vertex w; in the i*" copy with the vertex w; in the (i + 1)** copy. The graph G3

U1 V2 V3
v U1 w1 Uy W2 W

Figure 4 Gj

shown in Figure 4.

Consider D = {vy,va,v3, -+ ,v;} be a dominating set for Gy, and |D| = k. Let’s claim that
set D is a minimum dominating set. Since each v;,2 <1i < k — 1, is adjacent to w;_1 and u;. If
v; is removed from set D, then w;_1 and u; will not be dominated by any vertex. Hence D is a
minimum domination set. Therefore, v(Gy) = k. Consider ® = {(v1,v), (v, w1), (v, wa), -,
(vi,wi—1),1 < i < k}. Then |R| = k, and w.(Gr/R) = 0. Therefore, PENI(Gy) < |R| +
we(Gr/R) = k. Consider R = {(v1,v), (va,w1), (vs,w2), ..., (Vi—1,wi—2),1 < i < k}. Then
|R1| = k — 1, and w.(Gr/R1) = 4, this implies that |R1| + we(Gr/R1) > |R| + we(Gr/R). If
we(Gr/R) =1, then |R| > k. Thus, PENI(Gy) > k + 1. Therefore, PENI(G}) = k. 0

Corollary 2.3 For every integer n > 1, there exists graph G with PENI(G) = n.
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Lemma 2.7 Let G be a graph of order p, PENI(G) =0 if and only if G 2 K.

Theorem 2.4 For any graph G of order p, PENI(G) < I,(G) < I'(G).

Proof Clearly, I,(G) < I'(G). If G is complete, then PENI(G) = |§] < |p—1| = L,(G).
G is non-complete is supposed and S" = {u1,ug, - ,up} be an I,-set of G. Then S is a vertex
cut-set of G, and u;, where 1 < ¢ < p, is not an isolated vertex of G. Let & = {(u;, v;) € E(G)/
for some vertex v; € V,u; € S’, where i =1,2,--- p} thus |R| = |S’| = p. Therefore,

G/%:G_{ulvu%'” , Up, V1, V2, - 7U;D}
=G - (S/U{’Ui S V(G)/(uz,vl) S %,ui S Sl}) - G—Sl,

it follows that w.(G/R) < m.(G — S’), then

PENI(G) < R + @.(G/R)
<18 + me(G — §') = L,(G). 0

Observation 2.3 If PENI(G) = I,(G), then the induced subgraph of G, < S > must be a
null graph, where S is an I,,-set of G. But the converse is not true, for example in the graph
in Figure 5. S = {u1, uz,us} is an I,-set of G is noted. Therefore, I,,(G) = 4 and R = {e1,e2}
isa PENI-set of G. Thus PENI(G) = 2. < S > is a null graph, but I,(G) # PENI(G).

U1

€2 €1
us

Figure 5

Lemma 2.8 If diam(L(G)) =1, then PENI(G) = 1.

Proof Since diam(L(G)) = 1, then G is either K3 or K; ,_1. Hence the result. m
Remark 2.2 If G is a graph with o(G) =1, PENI(L(G)) = | §].
Theorem 2.5 For any graph G, VNI(G) < PENI(G) + 1.

Proof Let ® = {(u1,v1), (u2,v2), -, (un,v,)} be a PENI-set of G, let S be a set of
one end vertex of each edge in ®. Thus |S| < |R| and {u1,ug, - ,Un, V1,02, - , 00} T N[S].
Therefore G/S =G — N[S] C G — {u1,ug, -+ ,Un,v1,02, -+ , 0} = G/R, and |S| +w(G/S) <
IR|+w(G/R) < [R|+w(G/R)+1 = PENI(G)+1. So VNI(G) = mingcy ) {|S|+w(G/S)} <
|| +w(G/S") < PENI(G) + 1. O
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Theorem 2.6 For any graph G, PENI(G) > ENI(G) — 1.

Proof Let ® be a PENI-set of G. Since ENI(G) < |R| + w(G/R) and w(G/R) <
we(G/R) + 1, for every R C E(G), hence the result. O

Theorem 2.7 For any graph G and e € E(G), PENI(G —¢e) > PENI(G) — 1.

Proof Let ®* be a PENI-set of G — e, and PENI(G — ¢e) = |R*| + w((G — e)/R*),
let R** = R* U {e}. Then |R**| = |R*| + 1. Then R** is PENI-set of G and w.(G/R**) =
we(G/e)/R*) Therefore,

PENI(G) < |R™|+w@w(G/R*™)
IR*| + we[(G/e)/R*] + 1
PENI(G —¢) + 1.

IA

Then PENI(G —¢) > PENI(G) — 1. O

Theorem 2.8 For any graph G, PENI(G) < a1 (G).

Proof Let ® be PENI-set of G such that PENI(G) = |R| + @w.(G/R) and let C be a
minimum edge covering of G. Since each vertex of GG is an end vertex of some edge in C, we
have G/C = ¢ and w.(G/C) = 0.

Thus

PENI(G) IR + e (G/R)

< C]+@e(G/C) = [C] = an(G). o
Theorem 2.9 For any graph G, PENI(G) < 31(G).

Proof Let R be PENI-set of G such that PENI(G) = |R| + w.(G/R) and let M be a
maximum matching in G. It is clear G/M = ¢ or a set of isolated vertices, hence w.(G/M) = 0.
Then

PENI(G) = |R|+@(G/R)
< M|+ w(G/M)=|M|=0/(G). O
Theorem 2.10 For any graph G, PENI(G) < a(G).

Proof The proof follows from Lemma 1.2 and Theorem 2.9. |

Theorem 2.11 For any tree T, PENI(T) > §(T).

Proof Let R be a PENI-set of T such that PENI(T) = |R|4+ w(T/R). Then w.(T/R)

>
5(T/R) > 6(T) — |R], So, PENI(T) = |R| + we(T/R) > |R| + 8(T) — |R| = 8(T). 0

Lemma 2.9 For any tree T, PENI(T) > XT).
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Proof The proof follows from Theorems 2.11 and 1.2. O

Lemma 2.10 For any tree T, PENI(T) > s(T).

Proof The proof follows from Lemma 2.9 and Theorem 1.2. |

Notice that aq(G), 51(G) and a(G) are upper bounds of PENI(G), while §(G), \(G) and
k(@) are lower bounds of PENI(G).
However, the independence number 3, has no such relationship with PENI(G). For example,

(1) PENI(K1,) < B(K1n);
(2) PENI(Kp) > B(Kp);
n=m=[(Knm), fn=m;

(3) PENI(Kp ) =
min{n,m} < B(Knm), if n#m.

Corollary 2.4 For any graph G, PENI(G) < | §].

Proof Let M be a maximum matching of G. Then |M| = 3,(G) < |5]. Two cases are
discussed.

Case 1. If 31(G) = |£], then G/M = ¢ (if p is even) or a single vertex (if p is odd), hence
PENI(G) < M| +w.(G/M) = [8].

Case 2. If 3,(G) < [§], then by Theorem 2.9, we have PENI(G) < 31(G) < [§]. 0

Theorem 2.12 For any graph G, PENI(G) > (@1 - 1.

Proof Let ® = {(u1,v1), (u2,v2), -, (un,vn)} be a PENI-set of G. So PENI(G) =
|R| + we(G/R) = n + w.(G/R).

Let S* = {uj,ug, -+ ,upn,v1,02, -+ ,0,}. Since N may not be edge independent in G,
|S*| < 2n. Then
I(G) = minscy){|S|+m(G - 9)}
< 1S+ m(G—S5") <2n+ w(G/R) + 1
< 2(n4 w(G/RN))+1=2PENI(G)+1.
Therefore, PENI(G) > [H&)] — 1. O

Corollary 2.5 For any graph G, PENI(G) > (@]

§3. Pure-Edge Neighbor Integrity of Some Graph Operators

Definition 3.1([12]) The (Cartesian)product G x H of graphs G and H has V(G) x V(H) as
its vertex set and (u1,uz2) is adjacent to (vi,ve) if either uy = vy and us is adjacent to va or

Uy = vy and uy s adjacent to vi.
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Theorem 3.1 For a graph Ko X P,

By, s even;
PENI(Ks x P) =1 2 P
p—;l +1, pisodd.

Proof The number of vertices of graph Ky x P, is 2p and the number of edges is 3p — 2.

The graph K; x P, is shown in Figure 6, we have two cases.

Case 1. pis even. Consider R = {e242;,0 < j < &}, [R| = &, and w.((K2 x B,)/RN) = 1.
Therefore,
PENI(K3 x P,) < R + we((Ka x Py)/R) = g +1. (1)

If R is set of any edges such that w.((K2 x P,)/R) =0, then |R| > p—1. So
PENI(Ky x P,) >p—1. (2)

If % is set of any edges such that w,((K2 x P,)/R) > 2, then [R] > §,p > 2. Thus

PENI(K; x P,) > g T2 3)

Therefore, the inequalities (1), (2) and (3) lead to PENI(Ky x P,) = & + 1.

Case 2. pis odd. Consider R = {e242;,0 < j < 252}, |R| = &5+, and w.((K2 x B,)/R) = 1.
Therefore,
-1
PENI(K; x P,) < |R| + @o((Ks x B,)/R) = pT +1. (4)

If R is set of any edges such that w.((K2 x P,)/R) =0, then |R| > p—1. So
PENI(Ky x P,) >p—1. (5)

If R is set of any edges such that w.((K2 X P,)/R) > 2, then |R| > p—;l + 1. Thus

-1
PENI(Ky x P,) > pT +1. (6)
Therefore, these inequalities (4), (5) and (6) lead to PENI(Ky x P,) = p—;l + 1. O
U1 U2 u3 Up—1 Up
- B B ep_l
U1 Vg v3 Up—1 Up

Figure 6 K, x P,
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Theorem 3.2 For a graph Ko x Cj,

£+1, p is even and p > 2;

PENI(Ks x Cp) =
+1 .
P2~ +1, pisoddandp> 3.

Proof The number of vertices of graph K> x C}, is 2p and the number of edges is 3p. The

graph Ko x (), is shown in Figure 7, two cases are considered.

Case 1. pis even. Consider ® = {e142;,0 < j < £}, [R| = &, and w ((K2 x Cp)/R) = 1.
Therefore,

PENI(Ky x Cp) < |R| + we((Ka x Cp)/R) = g +1. (7)

If R is set of any edges such that w.((K2 x Cp)/R) =0, then |R| > p—1. So
PENI(Ky x Cp) > p— 1. (8)
If R is set of any edges such that w.((K2 x Cp)/R) > 2, then |R| > & + 1. Thus
PENI(Ks x C,) > g +3. 9)
Therefore, these inequalities (7), (8) and (9) lead to
PENI(Ks x Cp) = g +1.
Case 2. (i) pis odd, p = 3. Consider S = {e1,e2},|S| = 2, and w.((K2 x Cp)/R)) = 1. Thus,
PENI(K3y x Cp) < |R| + we((K2 x Cp)/R) = 3.
(i1) p > 3, Consider R = {e142;,0 < j < B} |R| = 2L and w.((K2 x P,)/R) = 1.

Therefore,

PENI(Ks x Cy) < |R| + @ ((Ka x C)/R) = # +1 (10)

If R is set of any edges such that w.((K2 x Cp)/R) =0, then |R| > p—1. So
PENI(K; x Cp) >p—1. (11)
If R is set of any edges such that w.((K2 x Cp)/R) > 2, then |R| > #. Thus

1
PENI(Ky x C,) > % +2. (12)

Therefore, these inequalities (10), (11) and (12) lead to

1
PENI(Ky x C) = % +1. 0
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Figure 7 K, x C),

Theorem 3.3 PENI(K; X Ki,-1) = 2.

Proof The number of vertices of graph Ko x K1 -1 is 2p. The set ## = {e} as shown in
Figure 8 is chosen. If we remove the edge e, p— 1 components such that we((K2 X K1 ,-1)/R) =
1, thus |R| + we((K2 x K31 p—1)/R) = 2. Therefore, PENI(K3 x K; ,—1) = 2. If R is set of any
edges such that we((K2 X K1 ,-1)/R) =0, then |R| > p—1. So PENI(Ky x K1,-1) > p—1.

If w((K2 x K1p-1)/R) > 2, then trivially |R| 4+ we((K2 x K1,5-1)/R) > 2. Thus HI (K3 x
Kip_1)=2. O

u

Figure 8 Ky x Ki )1

Definition 3.2([12]) For a simple connected graph G the square of G denoted by G?, is defined
as the graph with the same vertex set as of G and two vertices are adjacent in G? if they are at
a distance 1 or 2 in G.

Theorem 3.4 For a graph Pg,
, if p = 0(mod 3),

31, if p = 1(mod 3),
173;24—1, if p = 2(mod 3).

™ wIg

PENI(P?) =

Proof Let V(P,) = {v1,va,--- ,vp}. Then, |V(P2)| = p and |E(P2)| = 2p — 3. The graph
PZ is shown in Figure 9.
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v L ogy, 2wy 68 owy ea g

Figure 9 P2
An edge set R of P]D2 as below is considered.
(1) If p = 0(mod 3), then p = 3k for some integer k > 1. Consider
= {€2+3i/0 S ) S k — 1} and |§R| = k.

We have, |R| = £, and w.(P2/R) = 0;
(2) If p = 1(mod 3), then p = 3k + 1 for some integer k > 1. Consider

= {€2+3i/0 S ) S k — 1} and |§R| = k.

We have, |R| = 251, and we(P;/R) = 0;
(3) If p = 2(mod 3) then, p = 3k — 1 for some integer k > 1. Consider

R = {61+3i/0§i§ k—l} and |§R| =k.

We have, |R| = p3;2 +1 and w.(P}/R) = 0.
To discuss the minimality of [R[ + w.(P;/R). Consider any edge set %, of P2 such that,
[R1| < |R], then due to the construction of P2 (i.e., to convert P2/®; into disconnected graph,
include at least one edge in R1) must be included. It generates a large value of we(Pp2 /1) such
that,
R| + @ (P7/R) < |Ri| + we(P)/R1) (13)

Let 5 be any edge set of Pp2 such that we(Pg/S?g) > 1. Then
1R| + @e(P)/R) < Ra| + we (P /Ra). (14)
Therefore, these inequalities (13) and (14) lead to
[R| + @e(P7/R) = min{|X| + w.(G/X) : X C E(G)} = PENI(F)). i

Definition 3.3([17]) The lollipop graph L, q is obtained from a complete graph K,_q and a
path Py, by joining one of the end vertices of Py to all the vertices of K,_g4.

Theorem 3.5 For a lollipop graph Ly 4,

PENI(Lyq) = U#J +2Vd+1] -4

Proof The number of the vertices of L,, 4 is p and the number of edges is d— 1+W.
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The graph L, 4 consists of a complete graph of order p — d + 1 and a path of order d — 1. By
Proposition 2.1, it follows that

—d+1
PENI(Ly4) = PENI(Py_1) + PENI(Kp_q41) = U% |+ 2Vd+1]—-4. O

Definition 3.4([17]) A broom graph Bpq consists of a path Py, together with (p — d) end

vertices all adjacent to the same end vertex of Py.

Theorem 3.6 For a broom graph By q,

PENI(B,4) = [2Vd] - 3.

Proof Let V(Bpq) = {u1,u2, - ,uq,v1,V2, - ,Up—q} such that uq,ug, - ,uq is a path
on d vertices and vy, v, -+ ,vp—q are end vertices that are adjacent to u4. An edge e as shown

in Figure 10 is chosen,

U3
.—.—.- o o
U1 Uo us Ud—1 V2
U1

Figure 10 B, 4

and e is deleted, we get p — d 4+ 1 components, namely (p — d) isolated vertices and a path of
order (d — 2). By Proposition 2.1, it follows that

PENI(Bp4) =1+ PENI(Py_2) =14 [2Vd] — 4.

Thus
PENI(B,4) = [2Vd] - 3. m

Corollary 3.1 For any broom graph, if p — d = 2, then

PENI(B,4) = PENI(L(B,.4)).

Definition 3.5([12]) The join of two graphs G1(Vi, E1) and Go(Va, Es), denoted by G1 + Go
consists of verter set V.=V, U Vs, and edge set E = E1 U FEy and all edges joining Vi with Vs.

Theorem 3.7 For a joint graph Ko + Pp,

PENI(Ky+ P,) = [2\/p+2] - 3.
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Proof Let Ky be a complete graph with vertices ui,u2 and P,, a path with vertices
v1,V2, - ,Up. Let G be the graph Ko + P,. Then, V(G) = {u1,u2,v1, -+, 01, |V(G)| = p+2,
and |E(G)| = 3p.

The graph Ky + P, is shown in Figure 11.

Figure 11 K, + P,

Consider 1 = {(u1,u2)}, [R1| = 1. Then, G/R1 = P,, so that w.(G/R1) = p— 1. Let
Ro ={ex = (vk,v641),1 <k <p—1/ex, € PENI — set of P,}. Take E1 = {ey/ex, € PENI —
set of P,} so that |Ra| = |E4]|. Consider ® = £; URy. Thus, |R| = |R1| + |Ra| = || + | E1|
and G/R = P,/E1. So w.(G/R) = we(P,/E1). By Proposition 2.1, we have

1R + @e(G/R) = [Ra| + [Er| + we(Fp/ En)

=|Ri|+PENI(P,) =1+ [2y/p+2]—4 (15)
=[2y/p+2]-3.

To claim that |R| + w.(G/R) is minimum. Suppose R3 is any edge set of G such that
R3 = Ry U{e} and [R3] = 2. Then |R3| + we(G/R3) > |R| + we(G/R). Let N5 be edge set of G
such that R5 = Ry. Then, @.(G/R5) > p. Hence, |Rs|+w@.(G/R5) > [Ra| +p > |RN|+ @ (G/R).
Therefore, from the above discussion, it follows that || + @.(G/R) is minimum. Hence, from
equation (15) and the minimality of |R| + w.(G/R), we have

PENI(Ky+ P,) = [2\/p+2] - 3. O

Theorem 3.8 For a joint graph Ko + C),

b= 15 p:37 47.

PENI(K,+ C,) =

Proof The proof is similar to that of the Theorem 3.7. O

Theorem 3.9 For a joint graph Ko + K,

+2
PENI(K,+ K,) = H’TJ.
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Proof Since Ky + K, = K12 is a complete graph of order p + 2, by Proposition 2.1,

+2

PENI(Kz + Kp) = PENI(K(y1) = | =

] m]
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§1. Introduction

Let G = (V, E) be finite simple graph with n vertices and m edges. The adjacency matrix
of G is the n x n matrix A = A(G), whose entries a;; are given by a;; = 1 if v; and v; are
adjacent, a;; = 0 otherwise. The eigenvalues of A(G) are the eigenvalues of G. The energy
E(G) of a graph G is the sum of the absolute values of the eigenvalues of A(G) [6]. A survey
of development of energy of a graph before 2001 can be found in [7].

Let H be a subgraph of graph G. A Smarandachely vertex coloring respect to H of a graph
G by colors in ¢ is a mapping ¢y : € — E(G) such that pgy(e1) # ¢pu(e2) if e; and eq are
edges of a subgraph isomorphic to H in G. Particularly, if H = G, such a Smarandachely vertex
coloring is the usual vertex coloring of a graph G, i.e., a coloring of its vertices such that no two
adjacent vertices receive the same color. The minimum number of colors needed for coloring of
a graph G is called chromatic number and denoted by x(G).

Recently in [1], Chandrashekar Adiga et al. have introduced the n x n matrix A = A.(G)
of a vertex colored graph G, which is defined as follows: If ¢(v;) is the color of v;, then

1 if v; and v; are adjacent,
ai;j = ¢ —1 if v; and v; are non-adjacent with c¢(v;) = ¢(v;),

0 otherwise.

1Received June 26, 2016, Accepted February 20, 2017.
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The eigenvalues of A.(G) are called color eigenvalues of G. The color energy E.(G) is
defined to be the sum of the absolute values of the color eigenvalues of G. In [1]C.Adiga et
al. have computed the color energy E, (G) of few families of graphs with minimum number
of colors. In [2] they have also derived explicit formulas for the color energies of the unitary

Cayley graph, the complement of the colored unitary Cayley graph and the gcd-graphs.

The main purpose of this paper is to establish some bounds for largest color eigenvalue
and color energy. In literature there are several upper bounds for the spectral radius A\; of a
graph G. For more details see [3], [4], [5] and [8].

§2. Bounds for the Largest Color Eigenvalue

First we prove the following theorem which is useful to obtain bounds for the largest color

eigenvalue of a graph G.

Theorem 2.1 Let G be a colored graph with n vertices and m edges and H be a (n,mq)-graph.
If \1 > Mo > -+ > A\, are color eigenvalues of G and A > > >N are etgenvalues of
H, then

n
Z ANiXi < 24/ (m +m)ma,
i=1
where m.' is the number of pairs of non-adjacent vertices receiving the same color in G.

Proof By Cauchy-Schwarz inequality we have

(Z m;) < (Z A?) (Z A?‘) (21)

In [1], it has been proved that Z M\ =2(m+m.). Tt is well-known that Z X = my. Using
i=1 =1

<Z AM;) < 2v/(m+m)m;. ]
i=1

If we know the spectrum of a graph H with n vertices and m; edges, then we can find an

these in (2.1) we obtain

upper bound for the largest color eigenvalue of the colored graph G with n vertices.

Using the above theorem we establish bounds for the largest color eigenvalue.

Proposition 2.2 If G is a colored (n,m)-graph and Ay > g > -+ > A, are color eigenvalues
of G, then

1 p
AL < o1 V2(m+m)plp — 1) + Z An—pti|
i=2

where p is any integer 1 < p < n.
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Proof Let H = K,|J K;,—p. Then the spectrum of H is

(p—1) 0 -1
1 n—p p—1

Then by Theorem 2.1 we have

A(p—1) + A2(0) + A3(0) + -+ 4+ An—p41(0) + Anppa(=1) + -+ + An(-1)

- 2\/(m + mc;)p(p —1)

Thus,

(p - 1))‘1 < \/Q(m + mc/)p(p - 1) + Z )‘nprri

Hence,

) p
A1 < =1 l\/%m +mc)p(p—1) + Z An—pti | - =
i=2

Remark 2.3 If p = n in the above proposition, then

A < \/2(m+mc/)(n_ D}

n

Remark 2.4 If p = 2 in the above proposition, then
A — A <24/ (m+m).

Proposition 2.5 If G is a colored (n,m)-graph and Ay > Ao > -+ > A, are color eigenvalues

of G, then
k , _
Z)\i < 2(m 4+ m.)k(p 1),
i=1 p

where p is any integer 1 < p <n and k = %.

Proof Let H be a graph with n vertices and k components each is a complete graph K.

Then n = pk and H has M edges. Thus spectrum of H is

(p—1) -1
ko k(p-1)

Then by Theorem 2.1 we have

p-DM+@—-DXa+-+@p—D M+ (D1 + -+ (=D,

< 2\/(m + mc’;kp(p —1) '
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Therefore,
k n
pr\i - Z)\i < \/2(m +mkp(p — 1)
i=1 i=1
and
k ’ _
i=1 p

Remark 2.6 If £ =1 in the above proposition, then

\ < \/2(m+ m)(p—1)

p

Proposition 2.7 If G is a colored (n,m)-graph and Ay > Ao > -+ > A, are color eigenvalues
of G, then

k k
[Z Ai — Z)\nk+i‘| < 2y/(m+m)k,
i=1 i=1
where 1 <k <n and k|n.

Proof Let H be a graph with n vertices and k components each is a complete bipartite
graph K, ;. Then n = k(p+ ¢) and H has kpq edges. Thus, the spectrum of H is

VPa 0 —VPa
ko klp+q-2) k

Then, by Theorem 2.1 we have

VPaA + - VPAAE + (0)Akg1 + - 4 (0) Ak k(prg—2) + (=VPDAkprg-1)+1

+(=vP)An < 2/ (m + m.)kpg.
Therefore,
k k
VPq [Z Ni=D /\nkJri] < 2y/(m +me')kpq
i=1 i=1

and
k k
[Z Ai — Z)\n—kﬂ'] < 2+/(m—+m.)k. O
i=1 i=1

Remark 2.8 If K =1 in the above proposition, then

A1 — A <24/ (m+m.).

§3. Bounds for Color Energy of a Graph

In [1] Adiga et al. have proved the following results.
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Proposition 3.1 If A, \a,..., A\, are color eigenvalues of A.(G), then Z N =2(m+m.),
i=1

where m,' is the number of pairs of non-adjacent vertices receiving the same color in G.

Theorem 3.2 Let G be a connected colored graph with n vertices, m edges, and m.' be number
of pairs of non-adjacent vertices receiving the same color. Then E.(G) < +/2n(m + m.').

Using Proposition 3.1 and the Theorem 3.2 we prove the following result.

Theorem 3.3 Let G be a connected colored graph with n vertices and m edges. Then

2vm+m. < E(G) < 2¢/m(m+m.).

Proof Let A1, Az, ..., A\, be the color eigenvalues of G. Since

i)‘i =0 and i)\f =2(m+m.)
i—1 i=1

we have

Now consider

[E.(G))?

<§:|Ail>2—ilki|§w|

=1 1=

= D lP+2 >0 Nl
i=1 1<i<j<n
ST 42 13NN 2 20m 4 m) + 2(m +ml)

i=1 i<j

Y

by using Proposition 3.1 and equation (3.1). Hence
E.(G) > 2y/m+m/..

From Theorem 3.2, we have E.(G) < 1/2n(m + m.'). Since n < 2m, we have E.(G) <

2y/m(m + m¢'). Thus,

2vm+m. < E(G) < 2y/m(m+m.). O

84. Bounds for Color Spectral Radius and Color Energy

We now establish a lower bound and an upper bound for color spectral radius. Also using these
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bounds we establish bounds for color energy.

Proposition 4.1 Let G be a colored (n, m)-graph and p.(G) = jmax {|Ai|} be the color spectral
radius of G. Then o

Hmtmd) _ (@) < V2immd).

n

Proof Consider

PPe(G) = max {|]\[*}

1<i<n

Z A% =2(m+mc).
i=1

IN

So,

Next consider

n PG = YN
i=1
> 2(m+m.)
we have,
2(m + m,’
pc(G) > g
n
Therefore,

2Hm + me) < pe(G) < V2(m +m.). O

n

Theorem 4.2 Let G be a colored graph and A1, Ao, ..., A, be the color eigenvalues of G. If
n<2(m+m) and \y > W, then

Eﬂ%é%ﬁi@Q+JM—U

n

Proof We have
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By a special case of Cauchy-Schwarz inequality we have

n 2 n
<Z |>\1-|> <n oy N
i1 i=1
Thus,

n 2 n
(Z |AZ-|> <(n—1) Y [N

=2 =2

and hence

(ZM) §\l(n—1) Z"\”Q'

Employing (4.1) in (4.2), we obtain

EG) =\ < y/(n—DR2m+m) - M7,

i.e

EG) £ A+y/(n—DR2m+m) - N7,

Consider the function

F(z) =24 /(n—1)[2(m +m.) — 22].
Then

xy/(n—1)

2(m +mg') — a2

Observe that F(x) is decreasing in (\/ W, V2(m+ mc’)>.

Fl(r)=1-

Since n < 2(m + m,') and 2(%"“/) < A1, we have

! I
2(m+mc) < 2(m+mc) < /\1 < ’2(m+mc’).

n n

Last inequality follows from Proposition 4.1.

Hence

E.(G)

IA
X
3
_|_
3
0\
_|_
_
£
!
=

133

As the proof of the following theorem is similar to that of Theorem 4.2 we omit the proof.
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Theorem 4.3 Ifn <2(m+m.') and 4/ W < pe(@G) < 2(%7"0/) , then

2(m+m.') — <M)T :

n

£.(G) 2 20D |y
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§1. Introduction

Let G be a finite graph and let H < G be a subgraph of G. A Smarandachely vertex coloring
respect to a subgraph H < G by colors in € is a mapping ¢p : € — E(G) such that pg(er) #
v (e2) if e; and eg are edges of a subgraph isomorphic to H in G. Particularly, let H = G.
Then, such a Smarandachely vertex coloring is clearly the usual proper vertex coloring (or
proper coloring) of G, i.e., a coloring ¢: V. — NT on G such that if v and u are adjacent
vertices, then ¢(v) # ¢(u). The chromatic number of a graph G is the minimum number
of colors required in any proper coloring of G. Generally, The notion of acyclic coloring was
introduced by Branko Griinbaum in 1973. An acyclic coloring of a graph G is a proper vertex
coloring such that the induced subgraph of any two color classes is acyclic, i.e., disjoint collection
of trees. The minimum number of colors needed to acyclically color the vertices of a graph G

is called as acyclic chromatic number and is denoted by x.(G).

82. Preliminaries

A sunlet graph on 2n vertices is obtained by attaching n pendant edges to the cycle C,, and
denoted by S,.

1Received July 26, 2016, Accepted February 28, 2017.
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For a given graph G = (V, E)) we do an operation on G by subdividing each edge exactly
once and joining all the non-adjacent vertices of G. The graph obtained by this process is called
central graph [5] of G denoted by C(G).

A line graph [1, 4] of a graph G, denoted by L(G), is a graph whose vertices are the edges
of G, and if u,v € E(G) then wv € E(L(Q)) if u and v share a vertex in G.

A middle graph [3] of G, is defined with the vertex set V(G)U E(G) where two vertices are
adjacent iff they are either adjacent edges of G or one is the vertex and the other is an edge
incident with it and it is denoted by M (G).

The total graph [1 ,3, 4] of G has vertex set V(G) U E(G), and edges joining all elements
of this vertex set which are adjacent or incident in G.

Additional graph theory terminology used in this paper can be found in [1, 4].

In the following sections we find the acyclic chromatic number for the central graph of
sunlet graph C(Sy,), line graph of sunlet graph L(S,,), middle graph of sunlet graph M (S,,) and
the total graph of sunlet graph T'(S,,).

Definition 2.1([2]) An ayclic coloring of a graph G is a proper coloring such that the union

of any two color classes induces a forest.

83. Acyclic Coloring on Central Graph of Sunlet Graph

Theorem 3.1 Let S, be a sunlet graph with 2n vertices, then

Xa(O(Sn)) =n, Vn Z 3.

Proof Let V(S,) = {u1,uz, - ,un}tUJ{v1,v2,--- ,0,} and E(S,) = {e;: 1 <i<n}U
{e}:1<i<n}, where ¢; is the edge v;v;41(1 < i < n —1), e, is the edge v,v; and e} is the
edge v;u;(1 <4 < n). For 1 <i < n, u; is the pendant vertex and v; is the adjacent vertex
to u;. By the definition of central graph V(C(S,)) = V(Sn) U E(Sn) = {ui:1<i<n}
{vi:1<i<n} U {v,:1<i<n}U{u,:1<i<n}, where v and u} represents the edge e;
and e}, (1 < i < n) respectively.

Assign the following coloring for C(S,,) as acyclic:

(1) For 1 < i < n assign the color ¢; to u;, v;;
(2) For 1 <4 <n —1 assign the color ¢;11 to u}; and ¢1 to ul;

(3) For 1 <4 <n —1 assign the color ¢; to v, and ¢, to v].

Thus, x(C(Sn)) = n, for if x.(C(S,)) < n, say n—1. A contradiction to proper coloring since,
Vn, {u; : 1 <i < n} forms a clique of order n. Hence, xo(C(Sy)) = n,¥n > 3. m

84. Acyclic Coloring on Line Graph of Sunlet Graph

Theorem 4.1 Let n > 3 be a positive integer, then xqo(L(Sn)) = 3.
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Proof Let V(S,) = {ui,uz, - ,un}J{vi,v2,- - ,on} and E(S,) = {e;:1< i<n}
U {e}:1<i<n}, where e; is the edge viv;41(1 < i < n —1), e, is the edge v,v1 and
e} is the edge vu;(1 < i < n). By the definition of line graph V(L(S,)) = E(S,) =
{u;:1<i<n}U{v):1<i<n—-1}J{v,} where v and u] represents the edge e; and e,
(1 <i < n) respectively.

Assign the coloring ¢ as acyclic as follows:

(1) For 1 < < 3, assign the vertices v} as o(v}) = ¢;, and for 4 < i < n, let o(v}) = 1 if
i=1mod 3, o(v)) =c if i =2mod 3, o(v}) = ¢3 if i = 0 mod 3;

(2) For 1 < i < n, assign the vertices u with colors c1, ¢z, cs such that o(u}) # o(vi_;)
and o(u}) # o(v}), where v, = vl,.
Thus, x(L(S,)) = 3, Vn > 3.

To the contrary, let x,(L(S,)) < 3, say 2. A contradiction to proper coloring, since, for
{1<i<n-1}, {vg,u’iﬂ,vgﬂ} is a complete graph Ks3. Hence, x.(L(S,)) = 3,Vn > 3. |

85. Acyclic Coloring on Middle Graph of Sunlet Graph

Theorem 5.1 Let n > 3 be a positive integer, then xqo(M(Sy)) = 4.

Proof Let V(Sy,) = {u1,u2, -+ ,un}tJ{v1,v2, -+ ,vn} and E(S,) = {e; : 1 <i <n}|J{e}:
1 <i<n}, where e; is the edge vv;41(1 < ¢ < n — 1), e, is the edge v,v; and €} is
the edge v;u;(1 < i < n). By definition of middle graph V(M(S,)) = V(S,)UE(S,) =
{ui:1<i<niU{vi:1<i<npY{vi:1<i<n}U{u,:1<i<n}, where v and u} repre-
sents the edge e; and e}, (1 <i < n) respectively.

Define the mapping o such that o(V(M(S,))) — ¢; for 1 < i < 4 as follows:

(1) For 1 <i < n, assign the vertices v} as
(vf) = {c1cecs  cicacs - crcacs} if n =0 mod 3,
o(v]) = {cicacs ci1cacs---cieacs o} if n=1mod 3,
(v)) ={c1cacs crcac3 - -creacs  cice} if n =2 mod 3;
(2) Assign o(u;) = o(v;) = ¢4 for 1 <i < n;
(
1 <4 < n where v}, = v),.
Thus, x.(M(S,)) =4, Vn > 3.
To the contrary, let x,(M(S,)) < 4, say 3. A contradiction to proper coloring, since Vn,

3) Assign the vertices u} with ¢1,co, cg such that o(u}) # o(vi_;) and o(u}) # o(v}) for

{vi_y, vl v, u}}, where vy = v}, forms a clique of order 4. Thus o is a proper acyclic coloring

and hence x,(M(S,)) = 3,Vn > 3. m|

86. Acyclic Coloring on Total Graph of Sunlet Graph

Theorem 6.1 Let S,, be a sunlet graph with 2n vertices then for n > 3, x.(T(Sn)) = 6.
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Proof Let V(Sy,) = {u1,u2, -+ ,un}tJ{v1,v2, -+ ,v,} and E(S,) = {e; : 1 <i<n}|J{e}:
1 <4 <n}, where e; is the edge v;v;11(1 < i < n — 1), e, is the edge v,v; and €} is
the edge v;u;(1 < ¢ < n). By the definition of total graph V(T'(S,)) = V(S,)UE(Sn) =
{ui:1<i<n}U{vi:1<i<npU{vi:1<i<n}U{u,:1<i<n}, where v and u} repre-
sents the edge e; and e}, (1 <14 < n) respectively.

Define the mapping o such that o(V(T(S,))) — ¢; for 1 <i < 6 as follows:

(1) For 1 <i <3, let 0(v}) = ¢; and for 4 <i <n, let
(v}) =¢1 if i =1 mod 3,

o(v)) = ¢ if i =2 mod 3,
(vf)

(2) For 1 <4 <3, let 0(v;) = cit3 and for 4 < i <, let

o(vi) = c4 if i =1 mod 3,

(vi)
o(v;) = cs if i = 2 mod 3,
(vi)

Q

v;) = cg if 1 = 0 mod 3;
(3) Let o(u) =o(v)) + 1 for 1 <i < mn;

(4) For 1 <i < n,let o(u;) =o(v;) + 1 and o(u;) = ¢1 if o(v;) = cg.
Thus, X4(T(Sy)) =6 for n > 3.

For 1 < ¢ < 6, the union of any two color classes ¢;—1 and ¢; induces subgraph whose
components are trees, hence by Definition 1.1, o is a proper acyclic coloring and x,(7'(S,)) = 6
for n > 3. O
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In almost every face and every person, they may discover fine feathers and
defects, good and bad qualities.

By Benjamin Franklin, an American polymath and a leading author, printer, political
theorist, politician, freemason, postmaster, scientist, inventor, civic activist, statesman, and

diplomat.
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