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N*C*— Smarandache Curves of Mannheim Curve Couple

According to Frenet Frame

Siileyman SENYURT and Abdussamet CALISKAN
(Faculty of Arts and Sciences, Department of Mathematics, Ordu University, 52100, Ordu/Turkey)

E-mail: senyurtsuleyman@hotmail.com

Abstract: In this paper, when the unit Darboux vector of the partner curve of Mannheim
curve are taken as the position vectors, the curvature and the torsion of Smarandache curve
are calculated. These values are expressed depending upon the Mannheim curve. Besides,

we illustrate example of our main results.

Key Words: Mannheim curve, Mannheim partner curve, Smarandache Curves, Frenet

invariants.

AMS(2010): 53A04

§1. Introduction

A regular curve in Minkowski space-time, whose position vector is composed by Frenet frame
vectors on another regular curve, is called a Smarandache curve ([12]). Special Smarandache

curves have been studied by some authors .

Melih Turgut and Sitha Yilmaz studied a special case of such curves and called it Smaran-
dache T By curves in the space E{ ([12]). Ahmad T.Ali studied some special Smarandache curves
in the Euclidean space. He studied Frenet-Serret invariants of a special case ([1]). Muhammed
Cetin , Yilmaz Tuncer and Kemal Karacan investigated special Smarandache curves according
to Bishop frame in Euclidean 3-Space and they gave some differential goematric properties of
Smarandache curves, also they found the centers of the osculating spheres and curvature spheres
of Smarandache curves ([5]). Senyurt and Caligkan investigated special Smarandache curves in
terms of Sabban frame of spherical indicatrix curves and they gave some characterization of
Smarandache curves ([4]). Ozcan Bektag and Salim Yiice studied some special Smarandache
curves according to Darboux Frame in E? ([2]). Nurten Bayrak, Ozcan Bektag and Salim Yiice
studied some special Smarandache curves in E3 [3]. Kemal Taskoprii, Murat Tosun studied

special Smarandache curves according to Sabban frame on S? ([11]).

In this paper, special Smarandache curve belonging to a* Mannheim partner curve such

as N*C* drawn by Frenet frame are defined and some related results are given.

1Received September 8, 2014, Accepted February 12, 2015.
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§2. Preliminaries

The Euclidean 3-space E® be inner product given by
() =af + a3+ a3

where (z1,72,23) € E3. Let o : I — E3 be a unit speed curve denote by {7, N, B} the
moving Frenet frame . For an arbitrary curve o € E3, with first and second curvature, £ and

7 respectively, the Frenet formulae is given by ([6], [9])

T = kN
N' = —xkT+7B (2.1)
B’ = —7N.

For any unit speed o : I — E3, the vector W is called Darboux vector defined by
W =71(s)T(s) + k(s) + B(s).

If consider the normalization of the Darboux C' = WW, we have

7(s)
W

cos p = @, sin p =
Wl

C = sin pT'(s) 4 cos pB(s) (2.2)

where Z(W,B) = ¢. Let a : I — E3 and o* : I — E? be the C?— class differentiable unit
speed two curves and let {T'(s), N(s), B(s)} and {T*(s), N*(s), B*(s)} be the Frenet frames of
the curves o and «o*, respectively. If the principal normal vector N of the curve « is linearly
dependent on the binormal vector B of the curve o*, then («) is called a Mannheim curve and
(o*) a Mannheim partner curve of («). The pair (o, a*) is said to be Mannheim pair ([7], [8]).
The relations between the Frenet frames {T'(s), N(s), B(s)} and {T*(s), N*(s), B*(s)} are as

follows:
T* = cos0T —sinfB

N* =sin 0T + cos B (2.3)
B*=N
cosf = @
. y ds* (2.4)
sin@ = \r7* —
ds

where Z(T,T*) = 6 ([8]).

Theorem 2.1([7]) The distance between corresponding points of the Mannheim partner curves

in B3 is constant.
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Theorem 2.2 Let (o, *) be a Mannheim pair curves in E3. For the curvatures and the torsions

of the Mannheim curve pair (a, a*) we have,

dsx
k= T"sinf—
(2.5)
S%
= — * 9—
T 7" cosf—-
and
., do , K
R = — = —
ds* ATV E2 4+ 72
(2.6)
dsx
* = inf — 0)—
7 = (ksind — 7 cos )ds

Theorem 2.3 Let (a,a*) be a Mannheim pair curves in E3. For the torsions T of the

Mannheim partner curve o we have

Theorem 2.4([10]) Let (o, *) be a Mannheim pair curves in E3. For the vector C* is the
direction of the Mannheim partner curve o we have
9/

1
o 1L

\/1+(”97I”)2 \/1+(”97I”)2

where the vector C is the direction of the Darboux vector W of the Mannheim curve .

N (2.7)

83. N*(C*— Smarandache Curves of Mannheim Curve Couple According to

Frenet Frame

Let (a,a*) be a Mannheim pair curves in E® and {T*N*B*} be the Frenet frame of the
Mannheim partner curve a* at o*(s). In this case, N*C* - Smarandache curve can be defined

by
_ L

V2

Solving the above equation by substitution of N* and C* from (2.3) and (2.7), we obtain

(cosO||W || +sindy/0% + |W|2)T + 0'N + (cos01/6"% + |[W||2 — sind||W|) B

0% + |||

B1(s) (N*+C). (3.1)

Bi(s) =

(3.2)
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The derivative of this equation with respect to s is as follows,

wl Y  0'kcosd w _ W "I
[( e/2+uw||2) cosf ATIIW]TJF{M ( e/2+||wu2) 7 }N

2
[( |w] )’\/f’”ﬂlwz} +f<<0’2+nw2>[ " (ol )%

Tp,(s) =

-2
NERTE o AT[WI AW NN AE

_

i
0 ksin 6 Wl 1
- sinf| B
[ATW” (Wunww

_|_

2
( W )’\/e/2+||vv\2 4 ROCHIWIR) | g _2( W] )/i (3.3)
VORHIW v MW | XrTTW] VorRHwir ) 7 '

In order to determine the first curvature and the principal normal of the curve (3 (s), we

formalize
\/5[(7“‘1 cos @ + 12 sin0)T + 73N + (—r7 sin 6 + 73 cos G)B}
Tll(s) = 2 2
( 4] )’\/e'unwuz L RECHW) | e 2( Lwi )/L
\/9/2+HW”2 07 AT||[W| AT|[W| \/9/2+HW”2 07
where

) 2(£)2<[( W )/\/9’2+|IW||2]’>( o )
_( o'k )[( W] )/\/9'2+|W|2H( W] )/\/9’2+|IW||2]’
MW oo s e 0 NrZRaTTE 1
(——2 )2_(£)l( 1wl )'W“IWIQM( Wiy
\/9'2+”W”2}’>( W] )( 0 )_[( W] )’
2

/
f VO IW2 e 4 w2 0 + W]

S ) - G ) - G ()
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X\/9’2+|W|2]2( W] )+2( o'k )[( W] )/\/H’QJrIIWIIT3
0 Jor e N e e 0
(\/9/2’|TI|IW||2)(\/9’2 i/IWIQ)H(%)[( 9/2H1V|HW|2)I - ;’”WHQ}

( W] )2_( 0'x )2{( W] )’\/9'2+|W|2]2( W] )
e o) (G ome) o G
2 i) () o | ) 2
G ) o) ) 7 )
{( W] )\/m]( v )+( 0'r )[( W] )
N A W o A L Y
0% + W2 0 LI W] /0% + [[W]|272
PR ) (o) [y T
+<%>l[<¢%)/ H/QZ’HWHT(WJ+W||w|2)(¢e/2j|w|2)

(9’5 )[( W] )/\/9'2+|W|2]<[( W] )/\/9’2+|IWIIT’>
D N e e 0 N o
i) )G - (i) (=) )

( W] )_[( W] )/VG/QJF”W”T(E)I( 0'x )( W )
e ) W) ) (s

3
AN w2 o Ok \3
2= (m;q){( 9,2+”W”2) z ] ( /79,2+”W”2)+3()\T||;V||)
[( W ’\/9/2+|W|2} o IEYILAT 0’k
/9’2+||W||2) 0’ ( /9’2—|—|W|2) AT ()\T||W||)
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W]

Vo + 1wy

(o)

9/
LAY W]

__/\T

() (=) ()
et ewt O eyt ATV

( W] f\/9’2+|W|“( 0 2 Ok \?
L /6"2+||W||2) 0 | /6"2+||W||2) (/\THWH)

2
W]

Vor+iwie

W]

K 2

e

0/

y

=°(

+3(
W

li
Yo

VT

0/

)+ (=)

AT

Vor+iwye

W] LAY W]

O+ W2
9/

(Sl
e

0/

1wl
Vo +iwe

W]

(
) -

) {(\/m)

W] )’

0k
)67 {(\/9'2 e
9/

K

VT

v Nk

K 0k \2, K

)(

W]

)’

AT|[W|
Ok 4 o
\/9,2+|W|2)_( 7T) ”(muﬁzu

Wi

&+ 3() GO [(

0% + |W|

W]
)’\/9'2+|W|2}( )
DO 0%+ W2

0’k

RV (A L4 Y
2(57) {(\/m) o

T

/
il )2()\_/:')/ B 2()\7'0”;[/”)

oAy T Ly (e

Vor+iwe

2
e~ o)

(L )/W“/HWHQ]’( Py () (A=)
Vo + I f Jor+wp’ AT o2 e
0’2+||W||2H( W )/\/9’2+|W|2]'( W] )( %

G N 0 VR + IR N Jor w2
+(i)[( |wi )fWHWlQH( ] )’\/9’2+IIW||2}’

AL Jo s w o Vo IwP o
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9/

9/

Vor+iwe

W]

Vor+iwe
Vor +iwe

Nl ) )

o) () o ] () -6
ATIWIZL fo w2 o Jorewip’ T
[( W )/vo’%nwnzr( W )2_(1)2[( W y
Vo +Iwe o Jorewip’ AT e e
9'2+|W|2]2( o ) o o' )[( W )'v9’2+llWllT
o Jorewp’  SAIWIIL for o
() 2| (L )/W’QHlWllT( i)
VO + (w2 AT Jor g w2 o VO + (w2
(——2 )_1){( | )fWHWI?H( Wiy
02 4wz AT Jor? w2 v VO + (w2
0 + Wy 0 0 0 W
o - (A_F;) (/\TH;/H)(/\TH;/H)/ + (A%)(mn,vivn) {(m)
0% + W2y’ 0 Ok \' Wi\
. (m)*(wnfvﬁvn) (A_i)[(\/m)
0% + [|W|27 o o 0k ' W] /
0 _(\/W)Jr(mgm)(mgm) {( 92+”W”2)
VO W12 Wl _( 0'x {( Wi\ 92+|W|2]2
0 (\/m) /\THWH) \/m) 7
(A ()
VO Iw2 o2 4 w2
The first curvature is
o VAT ) |
1 9 ) , 2
([(\/G'ZZVI%P)/W} + o [”KW” - Q(Je/!ivuwz)%b




8 Stileyman SENYURT and Abdussamet CALISKAN

The principal normal vector field and the binormal vector field are respectively given by

(r1cosf + 72 8in )T + 73N + (—77 sin 0 + 72 cos 0) B

Ng, = :

” VZ 4% 4

&1 &2 &3

Bg,(s) = =T+ 2N + 2B,
61( ) 54 54 54
where

€1 =rmcosf WL\ IWIL o cogps | —n (VLY 1wl
1 2 024+ ||W||2 [ 2 AT 157 1 02 +||W||2 [

/
= 1wl = 0’k :
=T ——— T Sln9
3( 02+ |W|2 +73 AW

b2 =11 {(V@/ﬂmvv?) B ATelafll}

/ /

= i Wi W K - K - Wl W]

=73 sinf (Hi) -S4+ s —n|————
53 2 |: /9/2+HW”2 0’ AT 1Ix7 1 /672 4 ||W||2 6’
/

= Wl ) -0k
T — T COS@

3( /9/2+HW”2 + 3>\THW||

VoW 2 v AW

§a =

e 2 (ther) 7))

In order to calculate the torsion of the curve (31, we differentiate

¢ o feomo([(221 )/W}/ y
_{( W] )/Jmf lhdl _( . ),>+
Vo +we v o I
~ o Wi IR
+s1n0<(/\T|II/{V|){(\/m) o ]\/m+()\_fi)

o MW AT

2
((7’12—1-7’_22—#7"_32)[( W )/\/9/2+IIW1 +(T—lz+7,—22+7,—32)f<(9’2+||WH2)

[( Wil ),,/9/2+|IW||2} W _( o' )2_(,{)2>]T

O+ W2 O+ W2
LA {( W) )'W + IWIQ]’ W]
‘2

o 0%+ W] g 0% + W2
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(o )f\/0'2+||wnzf _ ”JN

!/
02+ |W|? 0 +w

2
o[y ey
02 + W2 o 02 + |2

[ m} w (o,
( 0 + |W|2) v \/m ()\THWH)
—i—cosH(( 0 )[( W )/\/m} 0’ 3

+
MV Jor e qwip” 7 oWz

! 9I2+||W||2 0r 2 K \2
[( = |2) 0’ } a1 |2_()\T||W||) _(F)>

B>.

0 + W] 0 + W]
and thus . )
" _ (t1 cos@ + tosin@ + t3)T + tsN + (tacos O — t1 sin @ + t3)T
1 \/§ )
where

T [( | )fv9’2+llwll2}” 0 _3[( Wiy
Joreiwi’ 0 et By er e
0° + |W|2] [( Iwi )m} Iwi
4 NCGEIIE v Vo + (w2
Wi ORIV 0 \"
- ) | ()
Jerew’ Jorewz I
~( 0'r )2[( W )/\/9’2+IIW|IT o - 0'x )
‘2

)\T”W” 9/2 4 HW| 9/ 9/2 4 ||W||2 )\T”W” AT

[ | /\/9’2+|IWII2} | +( Or_\» (O (2
(\/m) 0 e )\7-||W||) (/\THWH) T

fy — 2( 0'x ){( W] )’\/9I2+|W|T/ o’ _2( 0’k )

B LA e T I T
[ W] f\/9’2+IIWllT Wi _ (o N
( /79,2+”W”2) o o2 1w (/\THWH)(/\THWH)
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+( o' ){( W] 2)/\/9’2+|W|2]’ o K

+(57)
)\T”WH 9,2 + HW| 0’ 9/2 + ||W||2 AT

[( W )/,/9/2+|IW||2} [l +2(£)[( W] ),
Jorewi’ 0 et T o e

\/9’2+|W|2]’ W] +2{( W )/\/9’2+|W|2]2
2 |2

4 02 4+ ||W] 02+ W) o’

0’ K K

\/m o 3(;)(%)

ty = <( olﬁ)i[( W]l )’m}_g[(w),
AT[W /A AT m 0 m
S | (P RGP

WL VIR 1wl /e IRy
() - ) |

0/

o+ W) o+ W2 4
+[( 1w )/W’QHIWHT) WL (0 g
oz’ o2+ w2 ATV AT

KR

3 K \n
—(/\—T) + (;)
The torsion is then given by

det(B}, 87, B")
T = —
ST B ABR

Q
61 = \/iﬂ_;

where

K o\2 Wi gilidl K Wi 17w O'r 2
O = -2t (— t1— -t
! 1()\7-) ( /0’2+|\W|\2) 6’ + A ( /0’2+|\W|\2) 62 1()\THWH>

(YW (O 4 [( Ly I o

to
VOZ W/ AW/ T 0% + WP 0 02 + W2
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W T 0's W]l ' 0’ \? W]l LAY
() | ¢ -2 t: - ta(—
{( /0’2+|\W|\2) 3()n'HWH) <\/9’2+||W||2> 3()n'HWH) <\/912+HWH2> 3()\7)
_ W Loy (O Wl VORHIWIRY w0
( 9’2+||W||2) t2()\7') (ATHWH)tQ ( /9’2+||W||2> 0 /072 + W2 ()\T||W||)
Wl ’\/9’2+||W||2}2 v K { W ’\/9’2+HW|\2}/ v
t —_—— +to—
2{<¢9'2+|W|2> g T WIE AT ( 9'2+HWH2> o 0= +IWI
72 272 2 ’
i{( Il )/\/9 + W] } W] n {( 4 )’} ol || n 2<A79”;V”)’

I O e S I AV T s
W w0k K W] W] K W] '
( /0’2+|\W|\2) 0 (ATHWH)t ( /0’2+|\W|\2) 0 —h AT(ATHW”)( 0’2+|\W\2>
K W] } ’ 0's 2 { W] VO + IIWIIT WP
tHi—|(———) | +t
IAT{( 9’2+||W||2) <ATIIWII) <\/9’2+HW|\2> 0’ 07 + W2
0k \', kK 'k K 2
—t2<AT|\W|\> () + <AT|\W|\)t3(F) ()\ HWH) ’
12 T W] ’ 2
QO — i{( 2IIWII )} +i{( 2HWH ) 0 +,HWH} 2HWH _< 0 )
R VRN TS B NV T Z VEZEIWEE AW

Wi VT W K \2 W W 4 2k ks
K\/W) 0’ }_ (E) <W) 0’ +<)\THW|\> (E)J“(E) )
+<i{( [ )f\/e' +|\W|\1 _(i)’{( [ )w +|W|2H<¢ Wiy

AT LNV 1 [WP2 v AT LNV W2 v 07 + W]
¢a'2+|W|T_< AL ——— )’{( W] )w'unwuﬁ
o’ AW o2+ wz - \Aar[W| VO + W2 ¢’
_iK W )’\/9’2+IIW||2r_< 0'x ){( W )’\/9’2+HWH2}' Wl
N TW v W LN WP v NGEEk
. 2
BN ALY [IW]| VoW R)? 0'k Ky 0’k
<)\T||W||) + {( /79’2+HWH2) o +<)\THW|\>( )|+ <)\T||W||)
{( (14l ) \/19’2+||W||2}2 4 + (5 { W ) \/9’2+|W|2}2 W
VET WP o N T AV v VET WP
(< )2{( vy 0'2+HW\2} { Wiy 0'2+|\W|\2}
AT([W| VO + W2 ¢’ NEETER ¢’
0’ 0’k \3 0"k K\2 K\ Kk (W ’
[ R (A I (N | B | B, . 0
Wu”w”z*(ATHWH) +</\T||W||)()\T) (57) 37 ( /79/2+|‘WH2)

Example 3.1 Let us consider the unit speed Mannheim curve and Mannheim partner curve:

a(s) = —=(—coss,—sins, s), a*(s) = —=(—2coss,—2sins, s)-

V2 V2

The Frenet invariants of the partner curve, a*(s) are given as following

1
T*(s) = E(?sins,—?coss,l),
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1

N*(s) = ﬁ(sins,coss,—Q)
B*(s) = (coss,sins,0)
2 2 2 2
C*(s) = (=sins+ —=coss,——coss+ ——=sins, —
\ 2v2
K (S) = T
) V2
T (S) = ?

In terms of definitions, we obtain special Smarandache curve, see Figure 1.

1
Figure 1 5 = W ((5+2V5)sins + 10 cos s, (5 — 2v/5) cos s + 10sin s, —9v/5)
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81. Introduction

A metric space X is a CAT(0) space if it is geodesically connected and if every geodesic triangle
in X is at least as ‘thin’ as its comparison triangle in the Euclidean plane. It is well known that
any complete, simply connected Riemannian manifold having non-positive sectional curvature
is a CAT(0) space. Fixed point theory in a CAT(0) space was first studied by Kirk (see [19,
20]). He showed that every nonexpansive (single-valued) mapping defined on a bounded closed
convex subset of a complete CAT(0) space always has a fixed point. Since, then the fixed
point theory for single-valued and multi-valued mappings in CAT(0) spaces has been rapidly
developed, and many papers have appeared (see, e.g., [2], [9], [11]-[13], [17]-[18], [21]-[22], [24]-
[26] and references therein). It is worth mentioning that the results in CAT(0) spaces can be
applied to any CAT (k) space with k < 0 since any CAT (k) space is a CAT(m) space for every
m >k (see [T).

Let (X,d) be a metric space. A geodesic path joining x € X to y € X (or, more briefly,
a geodesic from z to y) is a map ¢ from a closed interval [0,7] C R to X such that ¢(0) = =,
c(l) = y and d(c(t),c(t)) = |t = ¢/| for all t,¢' € [0,]]. In particular, ¢ is an isometry, and
d(xz,y) = . The image « of ¢ is called a geodesic (or metric) segment joining = and y. We say
X is (i) a geodesic space if any two points of X are joined by a geodesic and (ii) a uniquely
geodesic if there is exactly one geodesic joining « and y for each x,y € X, which we will denoted
by [z,y], called the segment joining x to y.

A geodesic triangle N(x1, T2, x3) in a geodesic metric space (X, d) consists of three points
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in X (the vertices of A) and a geodesic segment between each pair of vertices (the edges of A).
A comparison triangle for geodesic triangle A(x1, 29, 73) in (X, d) is a triangle A(x1, 72, 23) =
A (71,T2,73) in R? such that dgz(7;,7;) = d(z;,z;) for i,j € {1,2,3}. Such a triangle always
exists (see [7]).

1.1 CAT(0) Space

A geodesic metric space is said to be a CAT(0) space if all geodesic triangles of appropriate
size satisfy the following C'AT'(0) comparison axiom.

Let A be a geodesic triangle in X, and let A C R? be a comparison triangle for A. Then
A\ is said to satisfy the CAT(0) inequality if for all #, € A and all comparison points 7,7 € A,

d(z,y) < dg2(T, 7). (1.1)

Complete CAT(0) spaces are often called Hadamard spaces (see [16]). If z,y1,y2 are points
of a CAT(0) space and yp is the mid point of the segment [y1,y2] which we will denote by
(y1 ® y2)/2, then the CAT(0) inequality implies

® 1 1
d? (CC, L 5 y2) < = d(z,) + 3 d*(z,y2) — = d*(y1, ). (1.2)

The inequality (1.2) is the (C'N) inequality of Bruhat and Tits [8]. The above inequality was
extended in [12] as

E(z,or® (1 —a)y) < ad(z,2)+ (1 —a)d*(z,y)
—a(l — a)d*(z,y) (1.3)

for any o € [0,1] and z,y,z € X.

Let us recall that a geodesic metric space is a CAT(0) space if and only if it satisfies the
(CN) inequality (see [7, page 163]). Moreover, if X is a CAT(0) metric space and z,y € X,
then for any « € [0, 1], there exists a unique point ax @ (1 — a)y € [z, y] such that

d(z,ax® (1 — @)y) < ad(z,x) + (1 — @)d(z,y), (1.4)

for any z € X and [z,y] = {az ® (1 — )y : a € [0,1]}.
A subset C of a CAT(0) space X is convex if for any z,y € C, we have [z,y] C C.
We recall the following definitions in a metric space (X, d). A mapping T: X — X is called

an a-contraction if
d(Tz,Ty) < ad(z,y) forallz, y € X, (1.5)

where a € (0,1).
The mapping T is called Kannan mapping [15] if there exists b € (0, §) such that

d(Tz,Ty) < bld(z, Tz) + d(y, Ty)] (1.6)

for all z,y € X.
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The mapping T is called Chatterjea mapping [10] if there exists ¢ € (0, 3) such that
d(Tz,Ty) < cld(z,Ty) + d(y, Tx)] (1.7)

for all z,y € X.
In 1972, Zamfirescu [29] proved the following important result.

Theorem Z Let (X,d) be a complete metric space and T: X — X a mapping for which
there exists the real number a, b and ¢ satisfying a € (0,1), b, ¢ € (0, %) such that for any pair
x, y € X, at least one of the following conditions holds:

(21) d(T2,Ty) < ad(z,y);

(22) d(Tx, Ty) < bld(z, Tz) + d(y, Ty)];

(23) d(Tx,Ty) < cld(z, Ty) + d(y, Tx))].

Then T has a unique fized point p and the Picard iteration {x,}52, defined by
Tnt1 =Txn, n=0,1,2,...

converges to p for any arbitrary but fived ¢ € X.

An operator T' which satisfies at least one of the contractive conditions (z1), (z2) and (z3)
is called a Zamfirescu operator or a Z-operator.

In 2004, Berinde [5] proved the strong convergence of Ishikawa iterative process defined by:
for zy € C, the sequence {z,}52, given by

Tn+1 = (1 - an)xn + anTyna

Yn = (1 = Bn)xn + BT, n >0, (1.8)

to approximate fixed points of Zamfirescu operator in an arbitrary Banach space E. While

proving the theorem, he made use of the condition,
[Tz =Tyl <6 |lz -yl +26 ||z — Tl (1.9)

which holds for any z, y € F where 0 < § < 1.
In 1953, W.R. Mann defined the Mann iteration [23] as

Unt+1 = (1 — ap)un + anTun, (1.10)

where {a,} is a sequence of positive numbers in [0,1].
In 1974, S.Ishikawa defined the Ishikawa iteration [14] as

Snt1 = (1 — an)sn + anTty,

tn = (1= bn)sn + bpnTsp, (1.11)

where {a,} and {b,} are sequences of positive numbers in [0,1].
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In 2008, S.Thianwan defined the new two step iteration [27] as
Upt1 = (1 — an)wn, + anTwy,

wy, = (1 = bp)n + by Trp, (1.12)
where {a,} and {b,} are sequences of positive numbers in [0,1].
Recently, Agarwal et al. [1] introduced the S-iteration process defined as

Tn+1 = (1 — an)Txy + anTyn,

Yn = (1 = b))y + by, Ty, (1.13)

where {a,} and {b,} are sequences of positive numbers in (0,1).

In this paper, inspired and motivated [5, 29], we employ a condition introduced in [6] which
is more general than condition (1.9) and establish fixed point theorems of S- iteration scheme
in the framework of CAT(0) spaces. The condition is defined as follows:

Let C be a nonempty, closed, convex subset of a CAT(0) space X and T: C — C a self
map of C. There exists a constant L > 0 such that for all z, y € C, we have

d(Tz, Ty) < eL 4T [§d(z, y) + 26 d(z, Tx)} : (1.14)

where 0 < ¢ < 1 and e* denotes the exponential function of z € C. Throughout this paper, we

call this condition as generalized Z-type condition.
Remark 1.1 If L = 0, in the above condition, we obtain
d(Tz,Ty) < dd(z,y) +26d(z, Tx),

which is the Zamfirescu condition used by Berinde [5] where

5:max{a, b CC},O§5<1,

1-b"1-
while constants a, b and ¢ are as defined in Theorem Z.

Example 1.2 Let X be the real line with the usual norm ||.|| and suppose C' = [0, 1]. Define
T:C — C by Tx = x—;rl for all z,y € C. Obviously T is self-mapping with a unique fixed

point 1. Now we check that condition (1.14) is true. If z,y € [0,1], then |Tz —Ty|| <
el llz=T=l[§ ||z — y|| + 20 ||z — Tz||] where 0 < § < 1. In fact

Tz —Ty| =

T —y
2

and

1T 5 o — || + 26 ||o — Ta)| | = 177 1[5 )2 — ) + 8 - 1) ]
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Clearly, if we chose 2 = 0 and y = 1, then contractive condition (?7?) is satisfied since

T2 — Tyl =

r—y
2

and for L > 0, we chose L = 0, then
eEIe= Tl g o — || + 26 |lo — Ta| | = 172 1[5 o — )l + 510 - 1]

= %1/2)(26) = 25, where 0 <4 < 1.
Therefore

172 — Ty| < === 512 — || + 26 || — Ta] |-

Hence T is a self mapping with unique fixed point satisfying the contractive condition
(1.14).

Example 1.3 Let X be the real line with the usual norm |.|| and suppose K = {0,1,2,3}.
Define T: K — K by
{szz if 2=0

=3, otherwise.

Let us take z =0, y = 1 and L = 0. Then from condition (1.14), we have

[y
IN

A5(1) +25(2)]
< 1(58) = 56

which implies § > 1. Now if we take 0 < § < 1, then condition (1.14) is satisfied and 3 is of

course a unique fixed point of T'.

1.2 Modified Two-Step Iteration Schemes in CAT(0) Space

Let C' be a nonempty closed convex subset of a complete CAT(0) space X. Let T: C — C
be a contractive operator. Then for a given x1 = z¢ € C, compute the sequence {x,} by the
iterative scheme as follows:

Tn+1 = (1 — an)Txy @ anTyn,

Yn = (1 = bp)xn ® b, Ty, (1.15)

where {a,} and {b,} are sequences of positive numbers in (0,1). Iteration scheme (1.15) is
called modified S-iteration scheme in CAT(0) space.

Vnt1 = (1 - an)wn @ anTwnu

wy, = (1 = bp)n ® by Ty, (1.16)

where {a,} and {b,} are sequences of positive numbers in [0,1]. Iteration scheme (1.16) is called
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modified S.Thianwan iteration scheme in CAT(0) space.
Sn+1 = (1 - an)sn @ anTtnu

tn = (1= bn)spn ® bpyTsp, (1.17)

where {a,} and {b,} are sequences of positive numbers in [0,1]. Iteration scheme (1.17) is called
modified Ishikawa iteration scheme in CAT(0) space.

We need the following useful lemmas to prove our main results in this paper.
Lemma 1.4([24]) Let X be a CAT(0) space.
(1) Forz,y € X and t € [0,1], there exists a unique point z € [x, y| such that
d(z, z) =td(z, y) and d(y, z) = (1 — t)d(z, y). (A)

We use the notation (1 — t)x @ ty for the unique point z satisfying (A).

(#1) For xz,y € X andt € [0,1], we have

d(1-txaty,z) < (1—t)d(z,z) +td(y, 2).

Lemma 1.5([4]) Let {pn} 0, {an}5%q, {rn}2 be sequences of nonnegative numbers satisfying

the following condition:
P41 < (1= 8p)pn +qn + 10, Y20,

where {s,}32, C [0,1]. If EZO:O Sp = 00, limy—00 ¢ = O(s,) and EZOZQTTL < o0, then

§2. Strong Convergence Theorems in CAT(0) Space

In this section, we establish some strong convergence theorems of modified two-step iterations

to converge to a fixed point of generalized Z-type condition in the framework of CAT(0) spaces.

Theorem 2.1 Let C be a nonempty closed convex subset of a complete CAT(0) space X and
let T: C — C be a self mapping satisfying generalized Z-type condition given by (1.14) with
F(T) # 0. For any zo € C, let {x,}52, be the sequence defined by (1.15). If 3. a, = 00

and Y o anby = 00, then {x,}52, converges strongly to the unique fized point of T

Proof From the assumption F(T) # (), it follows that T has a fixed point in C, say u.
Since T satisfies generalized Z-type condition given by (1.14), then from (1.14), taking = u
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and y = x,, we have

d(Tu,Tx,) < ebdwTw ((5d(u Tn) + 26 d(u, Tu))

ek d(wu) ((5 d(u, ) + 26 d(u, u))

L (5 d(u, ) + 20 (O)),

which implies that
d(Txp,u) < dd(xpn,u). (2.1)

Similarly by taking = v and y = y,, in (1.14), we have
d(Tyn,u) < 0 d(yn, u), (2.2)

Now using (1.15), (2.2) and Lemma 1.4(ii), we have

d(Yn,u) = d((1=bp)xy @ byTxy,,u)
< (1 =bp)d(zp,u) + by d(Txy, u)
< (1 =by)d(zn,u) + bpd d(zn, u)
= (1 —=by+ by 0)d(zp,u). (2.3)

Now using (1.15), (2.1), (2.3) and Lemma 1.4(ii), we have

) = d((1=an)T0 & anTym,u)
S 1— an) (TCCn, ) + and(Ty’n.v 'LL)
< 1-— an)5 d(iEn, ) + and d(ynv ’U,)
<

(1 =9d)ap]d(xn,u) + and[l — (1 — §)by]d(zn, u)
(1 =90)an + and(l — (1 = 06)by)]d(zn,u)

(

(

(1 = an + an 8)d(xn,u) + and(l — by + by, 6)d(xn, u)

[1-

[1-

[1—={( = d)an +0(1 = 8)anbn}d(zn,u) = (1 — pn)d(zn,v) (2.4)

where p, = (1 — 6)an + 6(1 — 6)apb,. Since 0 < 6 < 1; ayn, by, € (0,1); D07 jan = co and
Yoo o anby = 00, it follows that Y | un, = co. Setting p,, = d(xy, u), s, = py, and by applying
Lemma 1.5, it follows that lim,_,c d(zn,u) = 0. Thus {x,}22, converges strongly to a fixed
point of T'.

To show uniqueness of the fixed point u, assume that uy, us € F(T') and uy # uz. Applying
generalized Z-type condition given by (1.14) and using the fact that 0 < § < 1, we obtain

d(ul, UQ)

d(Tuy, Tus)
oL d(ur,Tur) {5 d(uy,uz) + 28 d(uq, Tul)}

IN

oL d(ui,ur) {5 d(uy,u2) + 28 d(uq, m)}
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_ eL(o){gd(ul,uQ)JrQé(O)}
= 5d(u1, UQ) < d(’LLl, ’LLQ),

which is a contradiction. Therefore u; = ug. Thus {z,}72, converges strongly to the unique
fixed point of T. O

Theorem 2.2 Let C be a nonempty closed convex subset of a complete CAT(0) space X and
let T: C — C be a self mapping satisfying generalized Z-type condition given by (1.14) with
F(T) # 0. For any zo € C, let {x,}52 be the sequence defined by (1.16). If Y07 an = oo,
then {zn}52 converges strongly to the unique fized point of T.

Proof The proof of Theorem 2.2 is similar to that of Theorem 2.1. |

Theorem 2.3 Let C be a nonempty closed convex subset of a complete CAT(0) space X and
let T: C — C be a self mapping satisfying generalized Z-type condition given by (1.14) with
F(T) # 0. For any zo € C, let {x,}52, be the sequence defined by (1.17). If 30" a, = 00
and 307 o anby = 00, then {x,}22 ) converges strongly to the unique fized point of T.

Proof The proof of Theorem 2.3 is also similar to that of Theorem 2.1. O

If we take L = 0 in condition (1.14), then we obtain the following result as corollary which
extends the corresponding result of Berinde [5] to the case of modified S-iteration scheme and
from arbitrary Banach space to the setting of CAT(0) spaces.

Corollary 2.4 Let C be a nonempty closed convex subset of a complete CAT(0) space X and
let T: C — C a Zamfirescu operator. For any xo € C, let {x,}22 be the sequence defined by
(1.15). If Y0 s an =00 and Y7 anby = 00, then {x,} converges strongly to the unique fized
point of T.

Remark 2.5 Our results extend and improve upon, among others, the corresponding results
proved by Berinde [3], Yildirim et al. [28] and Bosede [6] to the case of generalized Z-type
condition, modified S-iteration scheme and from Banach space or normed linear space to the
setting of CAT(0) spaces.

83. Conclusion

The generalized Z-type condition is more general than Zamfirescu operators. Thus the results
obtained in this paper are improvement and generalization of several known results in the

existing literature (see, e.g., [3, 6, 28] and some others).
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Abstract: Let G = (V, E) be a graph. A subset S of V is called a Smarandachely antidegree
equitable k-set for any integer k, 0 < k < A(G), if |deg(u) — deg(v)| # k, for all u,v € S.
A Smarandachely antidegree equitable 1-set is usually called an antidegree equitable set.
The antidegree equitable number AD.(G), the lower antidegree equitable number ade(G),
the independent antidegree equitablenumber AD;.(G) and lower independent antidegree

equitable number ad;c(G) are defined as follows:

AD.(G) = maz{|S|: S is a mazimal antidegree equitable set in G},
ade (@)

=min{|S|: S is a mazimal antidegree equitable set in G},
AD;e(G) = maz{|S|: S is a mazimal independent and antidegree equitable set in G},

adie(G) = min{|S| : S is a mazimal independent and antidegree equitable set in G}.
In this paper, we study these four parameters on Smarandachely antidegree equitable 1-sets.
Key Words: Smarandachely antidegree equitable k-set, antidegree equitable set, antide-

gree equitable number, lower antidegree equitable number, independent antidegree equitable

number, lower independent antidegree equitable number.

AMS(2010): 05C69

§1. Introduction

By a graph G = (V, E) we mean a finite, undirected graph with neither loops nor multiple
edges. The number of vertices in a graph G is called the order of G and number of edges in
G is called the size of G. For standard definitions and terminologies on graphs we refer to the
books [2] and [3].

In this paper we introduce four graph theoretic parameters which just depend on the basic
concept of vertex degrees. We need the following definitions and theorems, which can be found
in [2] or [3].

Definition 1.1 A graph G1 is isomorphic to a graph Ga, if there exists a bijection ¢ from
V(G1) to V(G2) such that uwv € E(G1) if, and only if, p(u)p(v) € E(G2).

If G is isomorphic to Go, we write G; = G5 or sometimes G7 = Gs.

1Received June 16, 2014, Accepted February 18, 2015.
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Definition 1.2 The degree of a vertexr v in a graph G is the number of edges of G incident
with v and is denoted by deg(v) or dega(v).

The minimum and maximum degrees of G are denoted by §(G) and A(G) respectively.

Theorem 1.3 In any graph G, the number of odd vertices is even.
Theorem 1.4 The sum of the degrees of vertices of a graph G is twice the number of edges.

Definition 1.5 The corona of two graphs G1 and Ga s defined to be the graph G = G1 o Ga
formed from one copy of G1 and |V (G1)| copies of Go where the it" vertex of Gy is adjacent to
every vertex in the it" copy of Gs.

Theorem 1.6 Let G be a simple graph i.e, a undirected graph without loops and multiple edges,

with n > 2. Then G has atleast two vertices of the same degree.
Definition 1.7 Any connected graph G having a unique cycle is called a unicyclic graph.

Definition 1.8 A graph is called a caterpillar if the deletion of all its pendent vertices produces
a path graph.

Definition 1.9 A subset S of the vertex set V in a graph G is said to be independent if no two

vertices in S are adjacent in G.

The maximum number of vertices in an independent set of G is called the independence
number and is denoted by Gy(G).

Theorem 1.10 Let G be a graph and S C V. S is an independent set of G if, and only if,
V — 8 is a covering of G.

Definition 1.11 A clique of a graph is a mazimal complete subgraph.
Definition 1.12 A clique is said to be mazimal if no super set of it is a clique.

Definition 1.13 The vertex degrees of a graph G arranged in non-increasing order is called
degree sequence of the graph G.

Definition 1.14 For any graph G, the set D(G) of all distinct degrees of the vertices of G is
called the degree set of G.

Definition 1.15 A sequence of non-negative integers is said to be graphical if it is the degree

sequence of some simple graph.

Theorem 1.16([1]) Let G be any graph. The number of edges in G the degree equitable graph

£ (55 (4)

=9 i=0+1

of G, is given by

where, S; = {v|v € V, deg(v) =i or i+ 1} and S;' = {vjv € V, deg(v) = i}.
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Theorem 1.17 The maximum number of edges in G with radius v > 3 is given by

n? —4dnr + 5n + 4r2 — 6r
5 .

Definition 1.18 A vertex cover in a graph G is such a set of vertices that covers all edges of
G. The minimum number of vertices in a vertex cover of G is the vertex covering number a(QG)

of G.

Recently A. Anitha, S. Arumugam and E. Sampathkumar [1] have introduced degree eq-
uitable sets in a graph and studied them. “The characterization of degree equitable graphs”
is still an open problem. In this paper we give some necessary conditions for a graph to be
degree equitable. For this purpose, we introduce another concept “Antidegree equitable sets”

in a graph and we study them.

82. Antidegree Equitable Sets
Definition 2.1 Let G = (V, E) be a graph. A non-empty subset S of V' is called an antidegree
equitable set if |deg(u) — deg(v)| # 1 for all u,v € S.

Definition 2.2 An antidegree equitable set is called a maximal antidegree equitable set if for

every v € V — S, there exists at least one element u € S such that |deg(u) — deg(v)| = 1.

Definition 2.3 The antidegree equitable number AD.(G) of a graph G is defined as AD.(G) =

max{|S|: S is a maximal antidegree equitable set}.

Definition 2.4 The lower antidegree equitable number ad.(G) of a graph G is defined as

ade(G) = min{|S|: S is a mazimal antidegree equitable set}.

A few AD.(G) and ad.(G) of some graphs are listed in the following:

() For the complete bipartite graph K,, ,, we have

AD. (Ko ) = m+n if |m —n| # 1,
mazx{m,n} if lm—n|=1
and
m+n if |m —nl| #1,
ade(Kpmn) = | |7

min{m,n} if |m—n|=1.
(it) For the wheel W,, on n-vertices, we have

n ifn #5,
4 ifn=>5

AD(W,) =
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and
n if n #5,

ad.(W,) =
1 ifn=35.

(#4¢) For the complete graph K,,, we have AD.(K,,) = ad.(K,) =n — 1.

Now we study some important basic properties of antidegree equitable sets and independent

antidegree equitable sets in a graph.

Theorem 2.5 Let G be a simple graph on n-vertices. Then

i) 1<ad.(G) < AD.(G) < n;
it) AD.(G) =1 if, and only if, G = Ky;
iii) ade(Q) = ade(G), AD.(G) = AD.(G).
i) ade(G) =1 if, and only if, there exists a vertex u € V(G) such that |deg(u)—deg(v)| =
1 for allveV —{u};

(v) If G is a non-trivial connected graph and ad.(G) = 1, then AD.(G) =n—1 and n
must be odd.

(
(
(
(

Proof (i) follows from the definition.

(i4) Suppose AD.(G) =1 and G # K;. Then G is a non-trivial graph and from Theorem
1.6 there exists at least two vertices of same degree and they form an antidegree equitable set
in G. So AD.(G) > 2 which is a contradiction. The converse is obvious.

(i17) Since degg(u) = (n — 1) — degg(u), it follows that an antidegree equitable set in G is
also an antidegree equitable set in G.

(1v) If ad.(G) = 1 and there is no such vertex v in G, then {u} is not a maximal antidegree
equitable set for any v € V(G) and hence ade(G) > 2 which is a contradiction. The converse is

obvious.

(v) Suppose G is a non-trivial connected graph with ad.(G) = 1. Then there exists a vertex
u € V such that |deg(u) — deg(v)] =1, Vv € V — {u}. Clearly, |deg(v) — deg(w)| = 0 or 2,
Vv, weV—{u}. Hence, AD.(G) = |V — {u}| = n — 1. It follows from Theorem 1.4 that

(n — 1) is even and thus n is odd. O

Theorem 2.6 Let G be a non-trivial connected graph on n-vertices. Then 2 < AD.(G) <n
and AD.(G) = 2 if, and only if, G = Ky or Py or Py or L(H) or L?(H) where H is the
caterpillar Ts with spine P = (v1v2).

Proof By Theorem 2.5, for a non-trivial connected graph G on n-vertices, we have 2 <
AD.(G) < n. Suppose AD.(G) = 2. Then for each antidegree equitable set S in G, we have
|S| < 2. Let D(GQ) = {dy,da,...,di}, where di < dy < d3 < --- < dj. As there are at least
two vertices with same degree, we have k < n — 1. Since AD.(G) = 2, more than two vertices
cannot have the same degree. Let d; € D(G) be such that exactly two vertices of G have degree

d;. Since the cardinality of each antidegree equitable set S cannot exceed two, it follows that
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ey di—3,d;—2,d;+2,d;+3,d;+4, - - - donot belong to D(G). Thus D(G) C {d;—1,d;,d;+1}.

Case 1. Ifd; —1,d; + 1 do not belong to D(G) then D(G) = {d;} and the degree sequence
{d;,d;} is clearly graphical. Thus n = 2 and d; = 1 which implies G = K».

Case 2. If d;, —1,d; +1 € D(G), then the degree sequence {d; — 1, d;,d;,d; + 1} is graphical.
Thus n = 4 and d; = 2 which implies G = L(H), where H is the caterpillar T5 with spine
P= (’Ulvg).

Case 3. Ifd;—1 € D(G) and d; +1 does not belong to D(G), then d; —1 may or may not repeat
twice in degree sequence. Thus degree sequence is given by {d;—1,d;,d;} or {d;—1,d;—1,d;,d;}.
The first sequence is not graphical but the second sequence is graphical. Thusn =4 and d; = 2
which implies G = Py.

Case 4. If d; — 1 does not belong to D(G) and d; + 1 € D(G), then the degree sequence is
given by {d;,d;,d; + 1} or {d;,d;,d; + 1,d; + 1}. Both sequences are graphical. In the first case
n = 3, d; = 1 which implies G = P,, and in the second case n = 4, d; = 1 or 2 which implies
G = P3 or G = L?(H) respectively.

The converse is obvious. O

Theorem 2.7 If a and b are positive integers with a < b, then there exists a connected simple
graph G with ad.(G) = a and AD.(G) = b except when a=1 andb=2m+1, m € N.

Proof If a = b then for any regular graph of order a, we have ad.(G) = AD.(G) = a.
If b = a + 1, then for the complete bipartite graph G = kg 441 we have ad.(G) = a and
AD.(G)=a+1=b. If b>a+2,a>2 and b > 4, then for the graph G cousisting of the
wheel W;,_1 and the path P, = (vivavs...v,) with an edge joining a pendant vertex of P, to
the center of the wheel Wj,_1, we have ad.(G) = a, AD.(G) =b. If a =1 and b =2m, m € N,
then the graph consisting of two cycles C,,, and C,, 1 along with edges joining i*" vertex of C,,
to it vertex of Cy,y1, we have ad.(G) = 1 = a and AD.(G) = 2m = b.

Figure 1
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For a = 2 and b = 4 we consider graph G in Figure 1, for which ad.(G) = 2 and AD.(G) =
4. Also, it follows from Theorem 2.5 that there is no graph G with ad.(G) = 1 and AD.(G) =
2m + 1. |

Theorem 2.8 Let G be a non-trivial connected graph on n vertices and let S* be a subset of V
A—-§
such that |deg(u) — deg(v)| > 2 for all u,v € S*. Then 1 < |S*| < [T] + 1 and also, if S*

is a mazimal subset of V' such that |deg(u) —deg(v)| > 2 for all u, v € S*, then S = U Sdeg(v)

veES*
is a mazimal antidegree equitable set in G, where Sjeq(yy = {u € V : deg(u) = deg(v)}.

Proof For any two vertices u,v € S*, d(u) and d(v) cannot be two successive members of
A={0,0+1,0+2,...,0 + k= A} and D(G) C A. Hence

[P 4] [251]

Ifa,be S =1J,cg+ Sdeg(v), then it is clear that either |deg(a)—deg(b)| = 0 or [deg(a)—deg(b)| >
2 and hence S is an antidegree equitable set. Suppose u € V' — S. Then deg(u) # deg(v) for
any v € S*. So, u do not belong to S* and hence |deg(u) — deg(v)| = 1 for all v € S. This
implies that S is a maximal antidegree equitable set. O

Theorem 2.9 Given a positive integer k, there exists graphs G1 and G2 such that ad.(G1) —
ade(G1 —e) =k and ad. (G2 — €) — ad.(G2) = k.

Proof Let G1 = Kjito. Then ad.(G1) = k+ 2 and ad.(G1 — e) = 2, where e € E(G1).
Hence ad.(G1) — ade(G1 — €) = k. Let G be the graph obtained from Cyy1 by attaching one
leaf e at (k + 1)*" vertex of Cyy1. Then ad.(Go — €) — ad.(G2) = k. O

Theorem 2.10 Given two positive integers n and k with k < n. Then there exists a graph G
of order n with ad.(G) = k.

Proof If k < 5, then we take G to be the graph obtained from the path P, = (v1v2v3 . . . V)
and the complete graph K,,_j by joining v; and a vertex of K,,_; by an edge. Clearly, ad.(G) =
k. If k > 3, then we take G to be the graph obtained from the cycle C by attaching exactly
one leaf at (n — k) vertices of Cy. Clearly, ad.(G) = k. m

83. Independent Antidegree Equitable Sets

In this section, we introduce the concepts of independent antidegree equitable number and lower

independent antidegree equitable number and establish important results on these parameters.

Definition 3.1 The independent antidegree equitable number AD;o(G) = mazx{|S] : S C

V,S is a maximal independent and antidegree equitable set in G}.

Definition 3.2 The lower independent antidegree equitable number ad;.(G) = min{|S| :
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S is a maximal independent and antidegree equitable set in G}.

A few AD;. and ad;. of graphs are listed in the following.
() For the star graph K7, we have, AD;.(K1,,) =n and ad;e(K1,) = 1.

(i4) For the complete bipartite graph K, , we have AD;(Ky ) = maz{m,n} and
adie(Km n) = min{m,n}.
(#4¢) For any regular graph G we have, AD,;.(G) = ad;.(G) = B,(G).

The following theorem shows that on removal of an edge in G, AD;.(G) can decrease by

at most one and increase by at most 2.
Theorem 3.3 Let G be a connected graph, e = uwv € E(G). Then
ADle(G) —1 S ADle(G - 6) S ADZB(G) + 2.

Proof Let S be an independent antidegree equitable set in G with |S| = AD;.(G). After
removing an edge e = wv from the graph G, we shall give an upper and a lower bound for
ADie (G — e).

Case 1. If u,v does not belong to S, then S is a maximal independent antidegree equitable

set in G — e as well as in G. Hence, AD,.(G —¢e) = AD;.(G).

Case 2. If u € S and v does not belong to S, then S — {u} is an independent antidegree
equitable set in G — e. Hence, AD;.(G —¢e) > |S — {u}| = AD;c(G) — 1. Thus, AD;.(G) —1 <
ADie (G - 6).

Now, Let S be an independent antidegree equitable set in G — e with |S| = AD;.(G — e).

Case 3. Ifu,v € S, then S — {u,v} is an independent antidegree equitable set in G. Hence,
by definition AD;(G) > |S — {u,v}| = AD;c(G — e) — 2.

Case 4. If u € S and v does not belong to S, then S — {u} is an independent antidegree
equitable set in G. Hence, by definition AD;.(G) > |S — {u}| = AD;e(G — ¢€) — 1.

Case 5. If u, v do not belong to .S, then S is an independent antidegree equitable set in G.
Hence, by definition AD;.(G) > |S| = AD;(G —e). It follows that AD;.(G) > AD;.(G —e)—2.
Hence,

AD;.(G) =1 < AD;e(G —€) < AD;i(G) + 2. O

Theorem 3.4 Let G be a connected graph. AD;.(G) = 1 if, and only if, G = K,, or for any
two non-adjacent vertices u,v € V, |deg(u) — deg(v)| = 1.

Proof Suppose AD;.(G) = 1.
Case 1. If G = K, then there is nothing to prove.

Case 2. Let G # K, and u, v be any two non-adjacent vertices in G. Since AD,;.(G) = 1,

{u,v} is not an antidegree equitable set and hence |deg(u) — deg(v)| = 1. The converse is
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obvious. O

Theorem 3.5 Let G be a connected graph. ad;.(G) = 1 if, and only if, either A =n—1 or

for any two non-adjacent vertices u,v € V, |deg(u) — deg(v)| = 1.

Proof Suppose ad;.(G) = 1, then for any two non-adjacent vertices v and v, {u,v} is not
an antidegree equitable set.

Case 1. If A =n — 1, then there is nothing to prove.

Case 2. Let A <n—1, and u, v be any two non-adjacent vertices in G. Then {u, v} is not

an antidegree equitable set and hence, |deg(u) — deg(v)| = 1.

The converse is obvious. O

Remark 3.6 Theorems 3.4 and 3.5 are equivalent.

84. Degree Equitable and Antidegree Equitable Graphs

After studying the basic properties of antidegree equitable and independent antidegree equitable
sets in a graph, in this section we give some conditions for a graph to be degree equitable.
We recall the definition of degree equitable graph given by A. Anitha, S. Arumugam, and E.
Sampathkumar [1].

Definition 4.1 Let G = (V,E) be a graph. The degree equitable graph of G, denoted by G
is defined as follows:V (G9) = V(G) and two vertices u and v are adjacent vertices in G if,
and only if, |deg(u) — deg(v)| < 1.

Example 4.2 For any regular graph G on n vertices, we have G% = K,,.

Definition 4.3 A graph H is called degree equitable graph if there exists a graph G such that
H = Gie,

Example 4.4 Any complete graph K, is a degree equitable graph because K, = G for any
regular graph G on n-vertices.

Theorem 4.5 Let G = E) be any graph on n vertices with radius r > 3. Then

v,
(i) 1< Bo(G%) < v/n?—dnr +5n + 4% — 6r.
(i) Bo(G) < [252] + 1, where A = A(G) and § = §(G).

Proof (i) Let A be an independent set of G such that |A| = Bo(G?). Then A is an

antidegree equitable set in G and hence

Bo(G)

Z dega(v) > Z dega(v) = Z 20 — 1 = [p*(G).

veV veEA =1
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By Theorem 1.17 it follows that

2(n2—4nr+5n+4r2—6r
2

) > Bo*(G*).

Therefore,

1 < Bo(G%) < /n? — 4nr + 5n + 4r2 — 6r.

(ii) We know that every independent set A in G9¢ is an antidegree equitable set in G' and hence
by Theorem 2.8,

A < [LG);&(G)] +1.

Therefore,

This completes the proof. O

Theorem 4.6 Let H be any degree equitable graph on n vertices and H = G for some graph

G. Then AG) — 5(0)
/v;degc(v) < [f} +1

where A is an independent set in G such that |A| = By(G9).

Proof We know that if A is an independent set in H then it is an antidegree equitable set

in G. Hence,

Bo(H)
Z dega(v) < Z 20 —1=6*(H).
vEA £=1
By Theorem 4.5 ,
Zdegc(v) < ({w} + 1) .

vEA

/UEZAdegG(v) < [M} +1. O

We introduce a new concept antidegree equitable graph and present some basic results.

Therefore,

Definition 4.7 Let G = (V, E) be a graph. The antidegree equitable graph of G, denoted by
G defined as follows: V(G29¢) = V(G) and two vertices u and v are adjacent in G if, and

only if, |deg(u) — deg(v)| # 1.

Example 4.8 For a complete bipartite graph K,, ,, we have

Kmin if [m—mn|>2,0r=0
K,UK, iflm—-n|=1.

Gade _
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Definition 4.9 A graph H is called an antidegree equitable graph if there exists a graph G such
that H = Gade,

Example 4.10 Any complete graph K, is an antidegree equitable graph because K, = G

for any regular graph G on n-vertices.

Theorem 4.11 Let G be any graph on n vertices. Then the number of edges in G is given

by
A—-1 I A 1
n |5l 55| 54|
(6)-2(3) (%) 2 (%)
1=8 1=0+1
where S; = {v| v € V degg(v) =i or i+ 1}, Si' = {v| v € V degs(v) =i}, A = A(G) and

5 = 8(G).

Proof By Theorem 1.16, we have the number of edges in G?% with end vertices having

the difference degree greater than two in G is
A

B-% ()2 ()

and also, the number of edges in G®¥ with end vertices having the same degree is
f;c&n
; 2 )
=4
Hence, the total number of edges in G is

A—-1 A / A I

" |5l || |53
B-E(2)- 5 ()50
=4 1=0+1 =0
A

(-2 (- () =2 (V) D

Theorem 4.12 Let G be any graph on n vertices. Then

(i) (G*%) < /n(n —1);

(i1) a(Gee) < [A58] + 1, where A = A(G) and § = §(G).

Proof Let A C V be the set of vertices that covers all edges of G%. Then A is an
antidegree equitable set in G. Hence,

a(Gade)
Z dege(v) > Z 20 — 1 = a*(G%).
vEA =1

Therefore,

2 (M=) 2w
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(G < \/n(n —1).
Since, the set A is an antidegree equitable set in GG, by Theorem 2.8, we have

|A] < [%} +1.

This implies
a(Gade) S |:¥:| + 1. O
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Abstract: In this study, we present a new approach the natural lift curves for the spher-
ical indicatrices of the timelike Bertrand mate of a spacelike curve on the tangent bundle
T (S%) or T (Hg) in Minkowski 3-space and we give some new characterizations for these

curves. Additionally we illustrate an example of our main results.
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§1. Introduction

Bertrand curves are one of the associated curve pairs for which at the corresponding points of
the curves one of the Frenet vectors of a curve coincides with the one of the Frenet vectors
of the other curve. These special curves are very interesting and characterized as a kind of
corresponding relation between two curves such that the curves have the common principal
normal i.e.; the Bertrand curve is a curve which shares the normal line with another curve. It
is proved in most texts on the subject that the characteristic property of such a curve is the
existence of a linear relation between the curvature and the torsion; the discussion appears as
an application of the Frenet-Serret formulas. So, a circular helix is a Bertrand curve. Bertrand
mates represent particular examples of offset curves [11] which are used in computer-aided
design (CAD) and computer-aided manufacturing (CAM). For classical and basic treatments
of Bertrand curves, we refer to [3], [6] and [12].

There are recent works about the Bertrand curves. Ekmekei and Ilarslan studied Nonnull
Bertrand curves in the n-dimensional Lorentzian space. Straightforward modication of classical

theory to spacelike or timelike curves in Minkowski 3-space is easily obtained, (see [1]). Izumiya
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and Takeuchi [16] have shown that cylindrical helices can be constructed from plane curves and
Bertrand curves can be constructed from spherical curves. Also, the representation formulae
for Bertrand curves were given by [8].

In differential geometry, especially the theory of space curves, the Darboux vector is the
areal velocity vector of the Frenet frame of a space curve. It is named after Gaston Darboux who
discovered it. In terms of the Frenet-Serret apparatus, the Darboux vector can be expressed as
w = 7t + kb . In addition, the concepts of the natural lift and the geodesic sprays have first
been given by Thorpe (1979). On the other hand, Caliskan et al. [4] have studied the natural
lift curves and the geodesic sprays in Euclidean 3-space R® . Bilici et al. [7] have proposed the
natural lift curves and the geodesic sprays for the spherical indicatrices of the involute-evolute
curve couple in R3. Recently, Bilici [9] adapted this problem for the spherical indicatrices of
the involutes of a timelike curve in Minkowski 3-space.

Kula and Yayh [17] have studied spherical images of the tangent indicatrix and binormal
indicatrix of a slant helix and they have shown that the spherical images are spherical helices.
In [19] Siiha et. all investigated tangent and trinormal spherical images of timelike curve lying
on the pseudo hyperbolic space H3 in Minkowski space-time. iyigﬁn [20] defined the tangent
spherical image of a unit speed timelike curve lying on the on the pseudo hyperbolic space H?
in R$.

Senyurt and Caligkan [22] obtained arc-lengths and geodesic curvatures of the spherical
indicatrices (T*) , (N*),(B*) and the fixed pole curve (C*) which are generated by Frenet
trihedron and the unit Darboux vector of the timelike Bertrand mate of a spacelike curve with
respect to Minkowski space R} and Lorentzian sphere S? or hyperbolic sphere HZ. Furthermore,
they give some criteria of being integral curve for the geodesic spray of the natural lift curves
of this spherical indicatrices.

In this study, the conditions of being integral curve for the geodesic spray of the the natural
lift curves of the the spherical indicatrices (T*) , (N*),(B*) are investigated according to the
relations given by [8] on the tangent bundle T (512) or T (HOQ) in Minkowski 3-space. Also, we
present an example which illustrates these spherical indicatrices (Figs. 1-4). It is seen that the
principal normal indicatrix (N*) is geodesic on S7 and its natural lift curve is an integral curve

for the geodesic spray on T’ (S%)

82. Preliminaries

To meet the requirements in the next sections, the basic elements of the theory of curves and
hypersurfaces in the Minkowski 3-space are briefly presented in this section. A more detailed
information can be found in [10].
The Minkowski 3-space R$ is the real vector space R3endowed with standard flat Lorentzian
metric given by
g = —dx} + da3 + dz3,

where (21,72, 23) is a rectangular coordinate system of R} . A vector V = (v, vq,v3) € R? is
said to be timelike if g(V,V) < 0, spacelike if g(V,V) > 0 or V = 0 and null (lightlike) if
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g(V,V) =0 and V # 0 .Similarly, an arbitrary I' = ' (s) curve in R} can locally be timelike,
spacelike or null (lightlike), if all of its velocity vectors I are respectively timelike, spacelike or
null (lightlike), for every t € I C R. The pseudo-norm of an arbitrary vector V € R$ is given by
VI = 1/]g(V,V)]. T is called a unit speed curve if the velocity vector V of T satisfies || V|| = 1.
A timelike vector V' is said to be positive (resp. negative) if and only if v; > 0 (resp.v; <0 ).

Let T' be a unit speed spacelike curve with curvature x and torsion 7. Denote by
{t(s),n(s),b(s)} the moving Frenet frame along the curve I" in the space R}. Then ¢,n and b

are the tangent, the principal normal and the binormal vector of the curve I', respectively.

The angle between two vectors in Minkowski 3-space is defined by [21]

Definition 2.1 Let X and Y be spacelike vectors in R} that span a spacelike vector subspace,
then we have |g(X,Y)| < || X||||Y]] and hence, there is a unique positive real number ¢ such
that

lg(X,Y)| = [ X[[[[Y[|cosep.

The real numbery is called the Lorentzian spacelike angle between X and Y .

Definition 2.2 Let X and Y be spacelike vectors in R} that span a timelike vector subspace,
then we have |g(X,Y)| > | XYl and hence, there is a unique positive real number ¢ such
that

9(X,Y)] = | X|[|Y |lcoshe.

The real number ¢ is called the Lorentzian timelike angle between X and Y .

Definition 2.3 Let X be a spacelike vector and Y a positive timelike vector in R3, then there

is a unique non-negative real number ¢ such that
l9(X,Y)| = [ X][[[Y][sinhe.
The real number ¢ is called the Lorentzian timelike angle between X and Y .

Definition 2.4 Let X and Y be positive (negative) timelike vectors in RS, then there is a

unique non-negative real number ¢ such that
9(X,Y) = [ X|[[Y[lcoshep.
The real number ¢ is called the Lorentzian timelike angle between X and Y .

Case I. Let I' be a unit speed spacelike curve with a spacelike binormal. For these Frenet
vectors, we can write

TxN=-B, NxB=-T, BxT=N

where 7 x” is the Lorentzian cross product in space R3. Depending on the causal character of

the curve I, the following Frenet formulae are given in [5].

T=kN, N=xkT +7B,B=7N
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The Darboux vector for the spacelike curve with a spacelike binormal is defined by [11]:
w=—7T+ kB

If b and w spacelike vectors that span a spacelike vector subspace then by the Definitionl.

we can write

k = |jw| coshe
T = ||lw| sinh,
where [Jw||* = g (w, w) = 72 + K2,

Case II. Let I' be a unit speed spacelike curve with a timelike binormal. For these Frenet

vectors, we can write

TxN=B, NxB=-T, BxT=—-N

Depending on the causal character of the curve I' , the following Frenet formulae are given
in [5].
T=kN, N=—-kT+717B,B=71N

The Darboux vector for the spacelike curve with a timelike binormal is defined by [11]:
w=7I—-kKB

There are two cases corresponding to the causal characteristic of Darboux vector w.

(i) If |x| < |7| , then w is a timelike vector. In this situation, we have
k = |lw|sinhe
7 = |lw| cosh,
where |Jw||* = —g (w,w) = 72 — k2. So the unit vector ¢ of direction w is
1 .
¢ = ——w = sinh ¢T — cosh pB.
[[w]|
(i1) If |k| > |7|, then w is a spacelike vector. In this situation, we can write
k = |jw| coshe
T = |jwl| sinhep,

where |Jw||* = g (w, w) = k2 — 72. So the unit vector ¢ of direction w is

c = sinh ¢T" — cosh pB.

=—w
]

Proposition 2.5([13]) Let « be a timelike (or spacelike) curve with curvatures k and 7. The
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curve is a general helix if and only if T is constant.

Remark 2.6 We can easily see fromequations of the section Case I and Case II that: — = tan ¢,

+ = tanh (or T = coth gp) , if ¢ =constant then « is a general helix.

Lemma 2.7([9]) The natural lift @ of the curve « is an integral curve of the geodesic spray X

if and only if « is a geodesic on M.

Definition 2.8 Let o = (a(s);T(s),N (s),B(s)) and 5= (8 (s*);T* (s*),N*(s*),B* (s%))
be two regular non-null curves in R3. o (s) and B (s*) are called Bertrand curves if N (s) and
N* (s*) are linearly dependent. In this situation,(a, 3) is called a Bertrand couple in R3. (See

[1] for the more details in the n-dimensional space).

Lemma 2.9 Let « be a spacelike curve with a timelike binormal. In this situation, 0 is a

timelike Bertrand mate of «. The relations between the Frenet vectors of the («, 3) is as follow

T sinh® 0 cosh@ T
N* | = 0 1 0 N | ,g(T,T*) = sinh 6 = constant, [8].
B* coshd 0 sinh@ B

Definition 2.11([10]) Let S? and HZ be hypersphere in R}. The Lorentzian sphere and

hyperbolic sphere of radius 1 in are given by
512 = {V = (v1,v2,v3) € R? : g(‘/’V) - 1}

and

H§ ={V = (v1,v2,v3) €R} : g(V,V) = -1}
respectively.
Definition 2.12([9]) Let M be a hypersurface in R} equipped with a metric g. Let TM be
the set U{T, (M) :p € M} of all tangent vectors to M. Then each v € TM is in a unique

T, (M), and the projection 7 : TM — M sends v to p. Thus 7= (p) = T, (M). There is a
natural way to makeT M a manifold, called the tangent bundle of M.

A wector field X € x (M) is exactly a smooth section of TM, that is, a smooth function
X : M — TM such that mo X = idys .

Definition 2.13([9]) Let M be a hypersurface in R3. A curve o : I — TM is an integral
curve of X € x (M) provided & = X, ; that is

— (a(s)) = X (a(s)) for all s € I,[10]. (1)

Definition 2.14 For any parametrized curve o« : I — T M, the parametrized curve given by
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@ (8) la(s) (2)
is called the natural lift of o on T M. Thus, we can write

da d

T (& (5) lags)) = Darsyc (s) (3)

where D is the standard connection on R3.

Definition 2.15([9]) For v e TM , the smooth vector field X € x (T M) defined by

X (v) =eg(v,S ()€ |ags), € =9(§,6) (4)

is called the geodesic spray on the manifold T M, where € is the unit normal vector field of M
and S is the shape operator of M.

83. Natural Lift Curves for the Spherical Indicatrices of Spacelike-Timelike Bertrand
Couple in Minkowski 3-Space

In this section we investigate the natural lift curves of the spherical indicatrices of Bertrand
curves («, () as in Lemma 2.9. Furthermore, some interesting theorems about the original
curve were obtained depending on the assumption that the natural lift curves should be the

integral curve of the geodesic spray on the tangent bundle T (5’12) orT (HOQ) .

Note that D and D are Levi-Civita connections on S2 and H2 , respectively. Then Gauss

equations are given by the followings

Let D, D and D be connections in R3, S? and HZ respectively and ¢ be a unit normal

vector field of S? and HZ. Then Gauss Equations are given by the followings

DxY = DxY +eg(S(X),Y)€ DxY = DxY +2g(S(X),Y)§e=g(€.9)
where ¢ is a unit normal vector field and S is the shape operator of S7 (or H3).

3.1 The natural lift of the spherical indicatrix of the tangent vector of 3

Let (a, ) be Bertrand curves as in Lemma 2.9. We will investigate the curve « to satisfy the
condition that the natural lift curve of 37+ is an integral curve of geodesic spray, where Bz is
the tangent indicatrix of 3. If the natural lift curve Bz is an integral curve of the geodesic

spray, then by means of Lemma 2.9. we get,

ol

ﬁT* 6T* = 07 (5)

where D is the connection on the hyperbolic unit sphere HZ and the equation of tangent
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indicatrix is Bp« = T*. Thus from the Gauss equation we can write
DBT*BT* = DBT*BT* +eg (5 (5T) 7BT*) T e=gyg (T*uT*) =-1
On the other hand, from the Lemma 2.9. straightforward computation gives

dBr~ ds . ds
= h6 ho) N
ds dsp. (ksinh @ + 7 cosh f) =

Bre =ty =

Moreover, we get

ds _ 1 b N
dsp-  msinhf + rcoshg’ ©

- v T+ s B
Kk sinh § + 7 cosh @ ksinh § + 7 cosh @

Dyt =

and g (S (t7+),tp) = —1.

Using these in the Gauss equation, we immediately have

KR T

l:) e = — T B —
b+ VT rksinh @ + 7 cosh 6 +f<asinh9+Tcosh6‘

T

From the Eq. (5) and Lemma 2.9.ii) we get

K T
- —sinh6 | T —coshf | B
( ksinh 6 + 7 cosh § S ) + <f<asinh9+7cosh9 o8 >

Since T, N, B are linearly independent, we have

K T

 ksinh6 + 7 cosh 6 —sinh¢ =0, ksinh 6 + 7 cosh 0 — coshf = 0.

It follows that,

kcosh® + 7sinhf =0 (6)
T
— = —cothf 7
- co (7)

So from the Eq. (7) and Remark 2.6. we can give the following proposition.

Proposition 3.1 Let (o, 8) be Bertrand curves as in Lemma 2.9. If o is a general heliz, then
the tangent indicatriz Br- of (B is a geodesic on H{.

Moreover from Lemma 2.7. and Proposition 3.1 we can give the following theorem to
characterize the natural lift of the tangent indicatrix of 8 without proof.

Theorem 3.2 Let (o, 3) be Bertrand curves as in Lemma 2.9. If a is a general heliz, then

the natural lift B~ of the tangent indicatriz Bp- of B is an integral curve of the geodesic spray
on the tangent bundle T (HE).

3.2 The natural lift of the spherical indicatrix of the principal normal vectors of (§

Let Bn+ be the spherical indicatrix of principal normal vectors of 3 and By- be the natural lift
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of the curve . If fy- is an integral curve of the geodesic spray, then by means of Lemma 2.7.
we get,
Dy tne =0, (8)

that is
Diy.tne = Dy tne +eg (S (En-)  tn-) N¥, e = g (N*,N*) =1

On the other hand, from Lemma 2.9. and Case II. i) straightforward computation gives
Bn+ = ty- = —sinh T + cosh B

Moreover we get

_<pcoshgp —nsinhgp+rcoshgpN+¢sinhgp

Dy, tn- =
N (W Wl Wl

B and g(S(tN*),tN*) =1

Using these in the Gauss equation, we immediately have

Y cosh g Ysinh ¢
T+ B.
W] gl

Dy tye = —

Since T, N, B are linearly independent, we have

pcoshp gbsinhgoio
Wil ’ Wl
It follows that,
¢ =0, (9)
r
— = constant. (10)
K

So from the Eq. (10) and Remark 2.6. we can give the following proposition.

Proposition 3.3 Let (o, 8) be Bertrand curves as in Lemma 2.9. If o is a general heliz, then

the principal normal indicatriz Bn- of [ is a geodesic on S?.

Moreover from Lemma 2.7. and Proposition 4.3. we can give the following theorem to
characterize the natural lift of the principal normal indicatrix of 8 without proof.

Theorem 3.4 Let (o,3) be Bertrand curves as in Lemma 2.9. If « is a general heliz, then
the natural lift By~ of the principal normal indicatriz of By~ is B an integral curve of the
geodesic spray on the tangent bundle T (Slz)

3.3 The natural lift of the spherical indicatrix of the binormal vectors of

Let 8+ be the spherical indicatrix of binormal vectors of 5 and S~ be the natural lift of the
curve 3g- . If Bp- is an integral curve of the geodesic spray, then by means of Lemma 2.7. we
get

Dyytpe =0, (11)
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that is
DtB*tB* = DtB*tB* +€g (S (tB*) ,tB*)B*,E = g(B*,B*) = 1

On the other hand, from Lemma 2.9.ii) straightforward computation gives

ds

SB*

tpx = (kcosh@ + 7sinh §) N

Moreover we get
ds 1

= t
dsp-  rcosh@ + rsinh@ ©

:J\/v7

r T+ T B
Kk cosh@ + 7sinh 6 Kk cosh@ + 7sinh 6

Dy tpr =

and g (S (t5) s tp+) = —1.

Using these in the Gauss equation, we immediately have

K T

tex "B Kk cosh @ + 7sinh 0 Kk cosh@ + 7sinh 0

+ B*

From the Eq. (11) and Lemma 2.9.ii) we get

K T
- ho | T inh8 | B =0.
< ﬁcosh9+7sinh9+cos > +<IiCOSh9+TSinh9+Sln ) 0

Since T, N, B are linearly independent, we have

K

_mcoshﬁ—l—TsinhH
T

Kk cosh@ + 7sinh 6

+coshd = 0

+sinhd = 0

it follows that
ksinh @ + 7coshf =0 (12)

.
— = —tanhd 13
- an (13)

So from the Eq. (13) and Remark 2.6. we can give the following proposition.

Proposition 3.5 Let («,8) be Bertrand curves as in Lemma 2.9. If o is a general heliz, then

the binormal indicatriz B~ of B is a geodesic on S?.

Moreover from Lemma 2.7. and Proposition 4.5. we can give the following theorem to

characterize the natural lift of the binormal indicatrix of § without proof.

Theorem 3.6 Let (o, 3) be Bertrand curves as in Lemma 2.9. If « is a general helix, then the
natural lift Br- of the binormal indicatriz Br- of  is an integral curve of the geodesic spray
on the tangent bundle T' (Slz)

From the classification of all W-curves (i.e. a curves for which a curvature and a torsion

are constants) in (Walrawe, 1995), we have following proposition with relation to curve.
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Proposition 3.7 (1) If the curve o with k =constant >0 , 7 =0 then « is a part of a circle;

(2) If the curve « with k =constant >0 , T =constant # 0 , and |7| > K then o is a part

of a spacelike hyperbolic heliz,

O‘(S):% (Iisinh (\/Ks) V12K, k cosh (\/fs)), K =71%—- k%

(3) If the curve « with kK =constant > 0, T =constant # 0 and |7| < Kk, then « is a part of

a spacelike circular heliz,

a(s):% (\/7’2—Ks,/§cos (\/Es) , K sin (\/Es) ,Ws,), K = k2 — 12,

From Lemma 3.1 in Choi et al 2012, we can write the following proposition.

Proposition 3.8 There is no spacelike general helix of spacelike curve with a timelike binormal

in Minkowski 3-space with condition || = |k|.

Example 3.9 Let a(s) 2% (sinh (\/gs) ,2v/3s, cosh (\/gs))be a unit speed spacelike hyperbolic
helix with

T = ? (cosh (\/gs) ,2,sinh (\/gs))
N = (Sinh (\/gs) ,0, cosh (\/gs)) , k=1land T =2

B = ? (2 cosh (\/gs) ,1,2sinh (\/gs))

In this situation, spacelike with spacelike binormal Bertrand mate for can be given by the

equation

)= (v ) s (43 252 (3 3 o (1)) 2

For \ = @, we have

B(s) = <g sinh (\/gs) %s % cosh (\/§S)> .

The straight forward calculations give the following spherical indicatrices and natural lift
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curves of spherical indicatrices for 3,

Br- = ? (ﬁ cosh (\/§8> ,2,v/7sinh (\/35))

By = (Sinh (\/gs) ,0, cosh (\/35))
Opx = ? (—2 cosh (\/gs) , g, —2sinh (\/35))

Br- = ? (\/7 sinh (\/gs) ,0,v/7 cosh (\/gs))
Bne = (cosh (\/55) ,0,sinh (ﬁs))
Bp = -2 (sinh (\/33) ,0, cosh (\/gs))

respectively, (Figs. 1-4).

45

Figure 1. Tangent indicatrix 37« for Bertrand mate of o on H?
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Figure 3. Binormal indicatrix 8z~ for Bertrand mate of o on S?
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Figure 4. Principal norma indicatrix Sy and its natural lift curve By~ on S?
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§1. Introduction

Chen in 1990 [2] initiated the study of slant submanifold of an almost Hermitian manifold as
a natural generalization of both holomorphic and totally real submanifolds. After this many
research papers on slant submanifolds appeared. The notion of slant immersion of a Riemannian
manifold into an almost contact metric manifold was introduced by A. Lotta in 1996 [5]. He
studied the intrinsic geometry of 3-dimensional non-anti-invariant slant submanifolds of K-
contact manifold. Further investigation regarding slant submanifolds of a Sasakian manifold
[8] was done by Cabrerizo et al. in 2000. Khan et al. in 2010 defined and studied slant
submanifolds in Lorentzian almost paracontact manifolds [14].

The idea of hemislant submanifold was introduced by Carriazo as a particular class of
bislant submanifolds, and he called them antislant submanifolds in [9]. Recently, in 2009 totally
umbilical slant submanifolds of Kaehler manifold was studied by B.Sahin. Later on, in 2011
Siraj Uddin et.al. studied totally umbilical proper slant and hemislant submanifolds of an
LP-cosymplectic manifold [21].

Our present note deals with a special kind of manifold i.e. Lorentzian («)-Sasakian man-
ifold. At first we give some introduction about the development of such manifold. An almost
contact metric structure (¢, £, 7, g) on M is called a trans-Sasakian structure [17] if (M X R, J, G)
belongs to the class Wy [11], where J is the almost complex structure on (M X R) defined by

d d
) = (6X — fn(X)

(JvX E)
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for all vector fields X on M and smooth functions f on M x R , G is the product metric on
M X R. This may be expressed by the condition

(Vxo)Y = alg(X,Y)E+n(Y)X] + Blg(6X,Y) — n(Y)pX],

for some smooth functions o and § on M in [1], and we say that the trans-Sasakian structure
is of type (o, 3). A trans-Sasakian structure of type (a, () is a-Sasakian, if § = 0 and « a
nonzero constant [13]. If a = 1, then a-Sasakian manifold is a Sasakian manifold. Also in
2008 and 2009 many scientists have extended the study to Lorentzian («)-Sasakian manifold in
[22], [18]. In this paper we have studied some special properties of totally umbilical hemislant

submanifolds of Lorentzian («)-Sasakian manifold.

82. Preliminaries

An n-dimensional Lorentzian manifold M is a smooth connected paracontact Hausdorff mani-
fold with a Lorentzian metric g, that is, M admits a smooth symmetric tensor field g of type
(0,2) such that for each point p € M, the tensor g, : T,M x T,M —— R is a non-degenerate
inner product of signature (—,+,+,---,+), where T, M denotes the tangent vector space of
M at p and R is the real number space. A non-zero vector v € T, M is said to be timelike if
it satisfies g,(v,v) < 0 [16]. Let M be an n-dimensional differentiable manifold. An almost
paracontact structure (¢,&,1,g), where ¢ is a tensor of type (1,1), £ is a vector field, n is a

1-form and g is Lorentzian metric, satisfying following properties :
P*X =X +nX)E, nop=0, =0, n(¢)=-1, (2.1)

9(@X,8Y) = g(X,Y) + n(X)n(Y), g(X,§) = n(X). (2.2)

for all vector fields X,Y on M. On M if the following additional condition hold for any
X, Y eTM,
(Vx9)Y = afg(X,Y)§ +n(Y)X], (2.3)

where V is the Levi-Civita connection on M , then M is said to be an Lorentzian a-Sasakian
manifold (Matsumoto, 1989 [15], [22]).

Let M be a submanifold of M with Lorentzian almost paracontact structure (¢,&,7,g)
with induced metric ¢ and let V is the induced connection on the tangent bundle 7'M and V+
is the induced connection on the normal bundle T+M of M.

The Gauss and Weingarten formulae are characterized by
VxY = VxY +h(X,Y), (2.5)

VxN = —AnX + V%N, (2.6)

for any X, Y € TM, N € T+ M, h is the second fundamental form and Ay is the Weingarten
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map associated with N via

For any X € I'(T'M) we can write,
oX =TX + FX, (2.8)

where T'X is the tangential component and F'X is the normal component of ¢ X. Similarly for
any N € I'(T+M) we can put
oV =tV + fV, (2.9)

where tV denote the tangential component and fV denote the normal component of ¢V. The

covariant derivatives of the tensor fields T" and F' are defined as

(Vx@)Y = VxoY — ¢pVxY V X, Y eTM, (2.10)
(VxT)Y =VxTY —TVxY VY X,Y € TM, (2.11)
(VxF)Y =V%FY —FVxY, YV X,Y € TM. (2.12)

From equation (2.3), (2.5), (2.8), (2.9), (2.11) and (2.12) we can calculate
(VxT)Y = alg(X,Y)§ +n(Y)X] + Apy X +th(X,Y), (2.13)

(VxF)Y = —h(X,TY) + fh(X,Y). (2.14)

A submanifold M is said to be invariant if F' is identically zero, i.e., $X € T'(T M) for any
X € T(TM). On the other hand, M is said to be anti-invariant if 7' is identically zero, i.e.,
¢X € T(T+M) for any X € I'(TM).

A submanifold M of M is called totally umbilical if

B(X,Y) = g(X,Y)H, (2.15)
for any X,Y € I'(TM). The mean curvature vector H is denoted by H =
Zle h(ei,e;), where k is the dimension of M and {e1,ea,e3, -+, ek} is the local orthonormal

frame on M. A submanifold M is said to be totally geodesic if h(X,Y) = 0 for each X,Y €
I'(TM) and is minimal if H =0 on M.

§3. Slant Submanifolds of a Lorentzian (alpha)-Sasakian Manifold

Here, we consider M as a proper slant submanifold of a Lorentzian («)-Sasakian manifold M.
We always consider such submanifold tangent to the structure vector field &.

Definition 3.1 A submanifold M of M is said to be slant submanifold if for any x € M and
X € T, M\ &, the angle between ¢pX and T, M is constant. The constant angle 6 € [0,7/2] is
then called slant angle of M in M. If 0 = 0 the submanifold is invariant submanifold, if 6 = /2
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then it is anti-invariant submanifold and if 0 # 0,w/2 then it is proper slant submanifold.

From [20] we have

Theorem 3.1 Let M be a submanifold of an Lorentzian («)-Sasakian manifold M such that
€ TM. Then M is slant submanifold if and only if there exists a constant A € [0, 1] such that

T? =XI+n®¢). (3.1)
Again, if 0 is slant angle of M, then \ = cos? 0.

From [20], for any X,Y tangent to M, we can easily draw the following results for an
Lorentzian ()-Sasakian manifold M,

9(TX,TY) = cos®0{g(X.Y) +n(X)n(Y)}, g(FX,FY) = sin’0{g(X,Y) +n(X)n(¥)}.
Definition 3.2 A submanifold M of M is said to be hemi-slant submanifold of a Lorentzian

(a)-Sasakian manifold M if there exists two orthogonal distribution Dy and Do on M such that

(a) TM = D1 @ Da® < € >;
(b) The distribution D is anti-invariant i.e., Dy C T*+M;
(¢) The distribution Do is slant with slant angle 6 # /2.

If p is invariant subspace under ¢ of the normal bundle TM , then in the case of hemi-slant

submanifold, the normal bundle T+M decomposes as
T+M =< pu > ®©pD* @ FDy.
The curvature tensor of an Lorentzian («)-Sasakian manifold is defined as [4]
R(X,Y)Z =VxVyZ - VyVxZ—VxyZ. (3.2)
For the curvature tensor we can compute by using the equations (2.10) and (3.2) the relation

R(X.Y)¢Z = ¢R(X,Y)Z+a%g(Y,Z2)pX —og(X,Z)pY (3.3)
—a?g([X,Y], 2)pX + ag(X,Vy Z)E + an(Vy Z)X
—ag(Y,Vx2)¢ — an(Vx 2)Y — an(Z)VxY

+an(Z)Vy X — an(2)[X, Y]+ ag(VxY, 2)¢ + ag(Vy X, Z)E.

Definition 3.3 A submanifold of an arbitrary Lorentzian («)-Sasakian manifold which is totally

umbilical and has a nonzero parallel mean curvature vector [10] is called an Extrinsic sphere.

84. Main Results

This section mainly deals with a special class of hemi-slant submanifolds which are totally



Totally Umbilical Hemislant Submanifolds of Lorentzian (c)-Sasakian Manifold 53

umbilical. Throughout this section we have considered M as a totally umbilical hemi-slant

submanifold of Lorentzian («)-Sasakian manifold. We derive the following.

Theorem 4.1 Let M be a totally umbilical hemi-slant submanifold of a Lorentzian («)-Sasakian

manifold M such that the mean curvature vector H €<y >. Then one of the following is true:

(i) M is totally geodesic;

(13) M is semi-invariant submanifold.

Proof For V € ¢D+ and X € Dy, we have from (2.3), (2.5),(2.6) and (2.10)
alg(X, V)E+n(V)X] = VoV +g(X,¢V)H + pAv X — ¢V V. (4.1)

Since the distributions are orthogonal and from the assumption that H € pu, above equation
can be written as

9(VxV.H) = g(V,VxH) = 0. (4.2)

This implies Vi%H € pu @ FDy. Now for any X € Dy, we obtain on using the Gauss and
Weingarten equations

alg(X, H)¢ +n(H)X] = Vx¢H — Agp X + ¢AnX — ¢V H. (4.3)
Now, using the assumption that , M is totally umbilical we have
an(H)X = Vx¢H — Xg(H,¢H) + ¢Xg(H, H) — ¢V H. (4.4)
On using equation (2.8) we calculate
an(H)X =Vx¢H +TXg(H,H) + FXg(H,H) — $V+H. (4.5)
Taking inner product with FX € F Dy,
an(H)g(X,FX) = g(Vx¢H, FX) + g(FX,FX)g(H,H) — g(¢VxH, FX). (4.6)
From Theorem 3.1 the equation becomes
an(H)g(X, FX) = g(Vx¢H, FX) = sin®0|[H|P|| X||* + g(¢Vx H, FX) = 0. (4.7)

If either H # 0 then Dy = {0}, i.e. M is totally real submanifold, and if Dy # {0}, M is totally

geodesic submanifold or M is semi-invariant submanifold. For any Z € D+ from (2.13) we get

ViTZ ~TN 22 = alg(Z, 2)¢ +1(Z2)Z) + Apz Z + th(Z, Z). (4.8)
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Taking inner product with W € D+ the above equation takes the form

g(VzTZ,W) = g(TV 22, W) = «alg(Z,2)9(&; W) +n(Z)g(Z, W) (4.9)
+9(ApzZ, W) + g(th(Z, Z), W).

As M is totally umbilical hemi-slant submanifold and using (2.7) we can write
9(V2TZ,W) = g(TV 2Z,7) = ag(Z,W)g(H, FZ) + g(tH, W) || Z||*. (4.10)
The above equation has a solution if either H € y or dim D+ = 1. a

If however, H does not belong to p then we give the next theorem.

Theorem 4.2 Let M be a totally umbilical hemi-slant submanifold of a Lorentzian («)-Sasakian
manifold M such that the dimension of slant distribution Dy > 4 and F is parallel to the

submanifold, then M 1is either extrinsic sphere or anti-invariant submanifold.

Proof Since the dimension of slant distribution Dy > 4, therefore we can select a set of
orthogonal vectors X,Y € Dy, such that g(X,Y) = 0. Now by replacing Z by TY in (3.4) we
have for any X,Y,Z € Dy,

RX,Y)JTY = ¢R(X,Y)TY + o?g(Y,TY)pX (4.11)
—%g(X, TY)pY — ?g([X,Y],TY)

+ag(X,VyTY )¢ + an(VyTY)X

—ag(Y,VxTY)¢ — an(VxTY)Y.

Now using equation (2.3) and (3.1) we obtain on calculation

R(X,Y)FTY 4 cos’0R(X,Y)Y = ¢R(X,Y)TY +’g(Y,TY)pX (4.12)
—?g(X, TY)pY — o?g([X,Y],TY)
+ag(X,VyTY )¢ +an(VyTY)X
—ag(Y,VxTY)¢ — an(VxTY)Y.

Again if F' is parallel, then above equation can be written as

FR(X,Y)TY 4+ cos’0R(X,Y)Y = ¢R(X,Y)TY +?g(Y,TY)pX (4.13)
—?g(X, TY)pY — ?g([X,Y],TY)
+ag(X,VyTY)¢ 4+ an(VyTY)X
—ag(Y,VxTY)¢ — an(VxTY)Y.

Taking inner product with N € T+ M, we obtain on using (3.3) and the orthogonality of
X and Y vectors,

cos*0|[Y |[Pg(Vx H,N) =0
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The above equation has a solution if either § = 7/2 i.e. M is anti-invariant or VxH =
0V X € Dy. Similarly for any X € D1® < £ > we can obtain VxH = 0, therefore Vx H =
0V X € TM i.e. the mean curvature vector H is parallel to submanifold, i.e., M is extrinsic

sphere. Hence the theorem is proved. O

Now we are in a position to draw our main conclusions following.

Theorem 4.3 Let M be a totally umbilical hemi-slant submanifold of a Lorentzian («)-Sasakian
manifold M. then M s either totally geodesic, or semi-invariant, or dim D = 1, or Extrinsic
sphere, and the case (iv) holds if F is parallel and dim M > 5.

Proof The proof follows immediately from Theorems 4.1 and 4.2. |
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Abstract: In this paper, we give a construction theorem about the translational hull
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81. Introduction

Let S be a semigroup. A mapping A from a semigroup S to itself is a left translation of S if
A(ab) = (Aa)b for all elements a, b of S; a mapping p from S to itself is a right translation of S if
(ab)p = a(bp) for all elements a,b of S. A left translation A and right translation p are linked if
a(Ab) = (ap)b for all a,b of S, in this case, the pair (), p) is a bitranslation of S. The set A(S) of
all left translations of S and the set P(.S) of all right translations of S are semigroups under the
composition of mappings. The translational hull of S is the subsemigroup £(.5) of A(S) x P(S)
of all bitranslations of S. A left translation A is inner if A = A\, for some a € S, where A,z = ax
for all z € S; an inner right translation p, is defined dually; the pair m, = (A4, pa) is an inner
bitranslation and the set II(.S) of all inner bitranslations is the inner part of Q(S) (actually an
ideal of Q(S5)).

The translation hull of semigroups plays an important role in the algebraic theory of
semigroups. It is an important tool in the study of ideal extensions. For more related details
of translational hulls, the reader is referred to [1], [4], [5], [7],[14],[15]..

In order to generalize regular semigroups, new Green’s relations, namely, the Green’s *-

relations on a semigroup have been introduced as follows ([11], [12]):
L*={(a,b) € S x S : (Va,y € SY)ax = ay < bx = by},

R* = {(a,b) € S x S: (Vz,y € S')za = ya & zb = yb},
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H*=L"NR",
D =L*VTR",
(a,b) € T* & J*(a) = J*(b),

where J*(a) and J*(b) are the principal *— ideals generated by a and b respectively.

In [3], Fountain investigated a class of semigroups called abundant semigroups in which
each L£*—class and each R*—class of S contain at least an idempotent. And from which,
we know that, the class of regular semigroups are properly contained in the one of abundant
semigroups.

According to [3], a semigroup in which every idempotent is primitive is said to be a primitive
semigroup, and an abundant semigroup S is called a completely J*—simple semigroup if S itself
is primitive and the idempotents of S generate a regular subsemigroup of S. Clearly, completely
J*—simple semigroups extend completely simple semigroups studied by Clifford and Petrich in
[2].

Later on, Ren and Shum [16] investigated the structure of superabundant semigroups, and
generalized the corresponding results of completely regular semigroups in [15].

On the other hand, in order to further generalize completely regular semigroups [super-
abundant semigroups] in the class of rpp semigroups, Guo, Shum and Gong [10] introduced the
so-called (x, ~)-Green’s relations on a semigroup S. The relations £~ and R*"™ are respec-
tively defined as £* and R. The intersection and the join of £*™~ and R*"™ are respectively
denoted by H*~ and D*"~ . The relation J*" is defined by the rule that a7*"~b if and only
if J*~(a) = J*™~(b), Where, for any a,b € S, aRb if and only if for all e € E(S), ea = a if and
only if eb = b, and J*"~(a) is the smallest ideal containing a and saturated by £~ and R*"™.

According to [10], a semigroup S is called an r-ample semigroup if S is £*~-abundant and
R*~-abundant, here we call that S is o-abundant, if every equivalence o-class of S contains
idempotents of S. An r-ample semigroup is called a super-r-ample semigroup, if S is H*™-
abundant. The class of super-r-ample semigroups forms a proper extension class of the class of
superabundant semigroups. It was shown in [10] that R*"™ usually is not a left congruence on
S even if S is anR*~-abundant semigroup, but in a super-r-ample semigroup S, the relation
R*™ is a left congruence on S.

In [9], the authors defined a class of completely J*™~-simple semigroups, and give the
structure of such semigroups which extended the celebrated Rees theorem for completely simple
semigroups. According to [9], a super-r-ample semigroup S is called a completely J*™~-simple
semigroup if S is J*~-simple. Clearly, a completely J*-simple semigroup must be completely
J ™ -simple.

Note from [15] and [1] that, the translational hulls of completely simple semigroups and
completely J*—simple semigroups have been solved, so naturally, we will quote such a question:
what is the translational hull of completely J*~—simple semigroups, do we have some similar
results with the ones of completely J*~—simple semigroups or completely simple semigroups?

In this paper, we will set out to discuss the above question, and finally establish a construc-
tion theorem about the translational hull of completely J* "~ —simple semigroups which extend

the translational hulls of completely J*—simple semigroups and completely simple semigroups.
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For notations and terminologies not mentioned in this paper, the readers are referred to
[5],[9] or [10].

82. Main Results

Definition 2.1 ([6], Definition 1) Let M[T;I,A; P] be a Rees matriz semigroup and P the
A x I matriz over a left cancellative monoid T'. Then P is said to be normalized at 1 if there
is an element 1 € I N A such that p1; = px1 = e for alli € I, X € A, where e is the identity of
the left cancellative monoid T. Furthermore, the Rees matriz semigroup M[T; 1, A; P] is called

normalized if P is normalized.

Lemma 2.2 ([6], Theorem 1) Let T be a left cancellative monoid with an identity element e
and I, A be nonempty sets. Let P = (py;) be a A x I matriz where each entry in P is a unit
of T. Suppose that P is normalized at 1 € I N A. Then the normalized Rees matriz semigroup
M = M[T;1,A; P] is completely J*~ —simple semigroup.

Conversely, every completely J*~—simple semigroup is isomorphic to a normalized Rees
matriz semigroup M = MI[T; I, \; P] over a left cancellative monoid T .

By Lemma 2.2, we know that if S is a completely J*~— simple semigroup, then it can be
isomorphic to a normalized Rees matrix semigroup M = M[T; I, A; P] over a left cancellative
monoid 7. Hence, to discuss the translational hulls of completely 7*~ —simple semigroups, we
can also consider the cases of normalized Rees matrix semigroups M = M|[T; I, A; P] over a

left cancellative monoid T for convenience.

In the following, we will establish the translational hull of a normalized Rees matrix semi-
group M = MI[T; 1, A; P] over a left cancellative monoid T'. Before we give our main result, it

will be useful to make use of the following notation.

Notation We set M[T;I,A; P] with P normalized at 1 € I x A and denoted by e the
identity of T. Let T(S) = {(F,t,®) €T (I)xTxT(A)| for all i € I, p € A, puritpio; =
Pu.F1tppe} with multiplication (F, ¢, ®)(F ¢, ®") = (FF ,tpg gyt , @) for all i € I and
X € A, where T (I) (T(A)) means the semigroup of all full transformations on I (A) and all of

the transformations are written on the left (right).

Theorem 2.3 Let S = M[T;I,A; P] with P normalized, each entry in P is a unit of T,and
let e be the identity of T. Define a mapping o from Q(S) to T(S) by

o (Ap) = (Ft,®) ((Ap) €Q(S))
where F,t and ® are defined by the requirements

Ai,e, 1) = (Fi,---,--+) €S, (1)
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(1767M)P=("'="'=M‘1’)€S- (3)

Further define a mapping T from T(S) to (S) by
T (B @) — (Ap) (Frt,®) € T(5)),
where X\ and p are defined by the formulas
A b ) = (Pitprashp) ((oho) €5), (4)
(i, hy w)p = (i, hpy,pit, p®) (37, p) € ). (5)
Then o and T are mutually inverse isomorphisms between 2(S) and T(S).
Proof We will show the theorem by the following steps.
(i) o is a mapping.
Let (A, p) € Q(S). For any (i, h,u) € S, we have
A by 1) = Al(i, B 1) (L e, 1)) = G, by DI(L €12,

so that A(¢, h, 1) = (J, h/,u) for some j € I and ' € T. Similarly, we have (i, h, 1w)p = (4, n', v)
for some K’ € T and v € A. In the following, we will use the above statements repeatedly. In

particular, we may define s; and r, by
Ai,e, 1) = (Fi,s;,1) (i €1),
(Le,u)p=(1,ru,p®) (A€ A).
By the definition of ¢ in this theorem, we have ¢t = ;. Also, notice that
(1,6, Dpl(is e, 1) = (1,4,1®) (i, e, 1) = (1, tprai, 1),
(Le, [Nt e,1)] = (1,e,1)(Fi, 84, 1) = (1, 84, 1),
we have s; = tp1p,;. Thus,

)‘(iu hop) = )‘[(iv e,1)(1,h, M)] = [)‘(7;7 €, 1)](17 h, /1')
= (F’L,S“l)(l,h,ﬂ) = (Fi7tp1<1>,i71)(17h7/1’)
= (Fi,tp1q>7ih,ﬂ).

This proves (4). With a similar argument, we can establish (5). Hence,
(15 €, :u)[)\(lv €, 1)] = (17 €, H)(FZ, tpl@,ia 1) = (Lp,u,Fitplcb,ia 1)7

[(17 e, N)P](% €, 1) = (1apu,F17 /L(I))(Z, €, 1) = (17pu,Fltqu>,iu 1)
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Since (A, p) € Q(S), we have p, pitp1s,; = Pp,F1tPus,i, and then (F,t,®) € T(S), and (i) holds.
(#9) T is a mapping.
Let (F,t,®) € T(S), and let A and p be defined as (4) and (5) respectively. Then for
(i, hy 1), (4, k,v) € S, we have

[/\(Zahnu)](jvkay) = (Fivtplé,iha,u)(jvkay) = (Fiatplé,ih'p,ujkvy)
)‘(27 hpujku V) = )‘[(27 ha M)(]u ka V)]

Hence, A is a left translation. Similarly, we can show that p is a right translation. Further, on

the one hand,

(Z.a hv H) [/\(.]7 ka V)] = (Zv ha ,LL)(F], tpl@,jka V) = (Zv hp#,thplq>,jk7 V)a (6)

on the other hand,

[(27 h7 N)P] (.77 k? V) = (27 hpu,Fltu /1'(1))(.77 k? V) = (Z, hpu,Fltqu),jka V)u (7)

and notice that (F,t,®) € T(S), we can immediately obtain that (6) and (7) are equal. And
then (A, p) € Q(S). Thus, 7 is a mapping from 7'(S) to 2(S), and (i¢) holds.
(#9t) o7 is an identity mapping on Q(S5).

Let (A, p) € Q(S), and let (A, p)or = (F,t,®)7 = (X', p') so that X' (i, h, ) = (Fi, tpra,ih, ).
By the proof of (i), we know (4) holds for A,thus, we have A = \". Similarly, we have p = p.
Hence, (#ii) holds.

(tv) 7o is an identity mapping on T'(S).

Let (F,t,®) € T(S), and let (F,t,®)70 = (A, p)o = (F,t,®"). Then (4) and (5) are
satisfied, and thus A(i,e, 1) = (Fi,tp1o,1,1), (1,e,1)p = (1,pu rit, n®). By (1),(2) and (3), we
immediately obtain that F' = F ,, t= t,, and ® = . Consequently, 7o is the identity mapping
on T(S).

(v) 7 is a homomorphism.

Let (F,t,®)7 = (\,p), (F',t,®)r=(X,p), and (FF ,tp4 gyt ,®® )7 = (£,7). On the
one hand, we have

AN (4, h, ) = )‘(Fliatlpl@,ihnu) = (FF,Z.atp1q>,F/it,p1q>/,ihvﬂ)- (8)
On the other hand ,
5(7’5 hv:u) = (FF,iatpl{),F,ltlpl'@{)l,ih’lu’)' (9)

Since (F',t,®") € T(S), we have pl@,F/it/pl<I>',i = pl(b’Fllt/pl(M,/)i, and then (8) and (9) are
equal. That is, AN = £. Similarly, we can prove that pp/ = 1. Therefore, 7 is a homomorphism.
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(vi) Analogous with the proof of (v), we can prove that o is a homomorphism.

Summing up the six steps above, we have shown that both ¢ and 7 are isomorphisms. 0O

Remark 2.4 From Theorem 2.3, we know that, under the isomorphism, the translational hull
of a normalized Rees matrix semigroup M = MIT’; I, A; P] over a left cancellative monoid T can
regard as the semigroup 7'(.5), whose elements and multiplications are defined in the Notation.
And then by Lemma 2.2, the translational hull of a completely [J*™~-simple semigroup can be

also regarded as this form up to isomorphism.

Further, from Remark 1 in [9], we know that if S is an abundant semigroup, then R*~=R*.
Hence S is a completely J* "~ -simple semigroup if and only if S is a completely J*-simple
semigroup; S is a left cancellative monoid if and only if S is a cancellative monoid. If S is a
regular semigroup, then R*~=R* L*~=L*. Hence S is a completely J*~-simple semigroup
if and only if S is a completely simple semigroup; S is a left cancellative monoid if and only if
S is a group.

Now, if we let left cancellative monoid T be a cancellative monoid in Theorem 2.3, then
we can immediately get the translational hull of a completely J*—simple semigroup which is
the main theorem in [1].

Corollary 2.5 Let S = MIT; 1, A; P] with P normalized, each entry in P is a unit of cancella-
tive monoid T ,and let e be the identity of T. Define a mapping o by

o:(Ap) = (Ft,®) ((Ap) €Q(S))

where F,t and ® are defined by the requirements

Ai,e, 1) = (Fi,---,---) €S, (1)
(1,6,1)p=(---,t,---)€5, (2)
(1,6,M)p=('-',-",[1,‘1))€5. (3)

Further define a mapping T by
TH(F5L®) = (Ap) ((Ft,®) € T(9)),
where X\ and p are defined by the formulas
Ay by 1) = (Fistpraih, i) - ((i,hy ) €5),  (4)

(ivhvﬂ)p = (ivhpuyFltuﬂq)) ((thﬂ) € S) (5)

Then o and T are mutually inverse isomorphisms between Q(S) and T(S).

Also, if we let T be a group G in Theorem 2.3, then we can immediately get the translational
hull of a completely simple semigroup which is the Theorem IIL.7.2 in [15].
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Corollary 2.6 Let S = M[G;I,A; P] with P normalized, and let e be the identity of group G.
Define a mapping o by
o:(Ap) = (F.g,®) (A p) €Q(S))

where F, g and ® are defined by the requirements

Ai,e,1) = (Fi,-- ) (1)
(1,6,1)/):(-",9,'--) (2)
(17€7N)p:("'7"'7/ﬂ1)) (3)

Further define a mapping T by
T:(Fg,®) = (A p) ((Fg,®) €T(5)),
where X\ and p are defined by the formulas
A(is by p) = (Fi, gpra,ih, 1) - (i, h,p) € ), (4)

(7'7 hu N)P = (7'7 hpu,Flga M(I))u (27 ha M) € S) (5)

Then o and T are mutually inverse isomorphisms between (S) and T(S).
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Abstract: A graph G is called (7,2, k)-regular graph if each vertex of G is at a distance 1
away from r vertices of G and each vertex of G is at a distance 2 away from k vertices of G [9].
This paper suggest a method to construct a ((m+2(n—1)),2, (m—1)(2n—1)))-regular graph
Hy of smallest order 2mn containing a given graph G of order n > 2, and its complement G¢
as induced subgraphs, for any m > 1. Also, in this paper we calculate the topological indices
Wiener index W, hyper Wiener index WW, degree distance DD, variance of degrees, first,

second and third Zagreb indexes of the graphs H4 which we constructed in this paper.
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81. Introduction

In this paper, we consider only finite, simple, connected graphs. For basic definitions and
terminologies we refer Harary [7] and J.A.Bondy and U.S.R.Murty [4]. We denote the vertex
set and edge set of a graph G by V(G) and E(G) respectively. The degree of a vertex v is the
number of edges incident at v. A graph G is regular if all its vertices have the same degree.

For a connected graph G, the distance d(u, v) between two vertices u and v is the length of
a shortest (u,v) path. Therefore, the degree of a vertex v is the number of vertices at a distance
1 from v, and it is denoted by d(v). This observation suggests a generalization of degree. That
is, dq(v) is defined as the number of vertices at a distance d from v. Hence d;(v) = d(v) and
Ngy(v) denote the set of all vertices that are at a distance d away from v in a graph G. That is,
N;(v) = N(v) and Na(v) denotes the set of all vertices that are at a distance 2 away from v in
a graph G and closed neighbourhood Nv] = N(v) U {v}.

The concept of distance d-regular graph was introduced and studied by G.S. Bloom, J.K.
Kennedy and L.V.Quintas [3]. A graph G is said to be distance d-regular if every vertex of G
has the same number of vertices at a distance d from it. A graph G is said to be (d, k)-regular

1Received August 12, 2014, Accepted February 22, 2015.
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graph if dy(v) =k, for all v in V(G). A graph G is (2, k) regular if da(v) = k, for all v in V/(G).
The concept of the semiregular graph was introduced and studied by Alison Northup [2]. We
observe that (2, k) - regular graph and k - semiregular graph are the same. A graph G is said
to be (r,2, k)-regular if d(v) = r and da(v) = k, for all v € V(G).

An induced subgraph of G is a subgraph H of G such that E(H) consists of all edges of
G whose end points belong to V(H).In 1936, Konig [8] proved that if G is any graph, whose
largest degree is r, then there is an r-regular graph H containing G as an induced subgraph.
In 1963, Paul Erdos and Paul Kelly [6] determined the smallest number of new vertices which
must be added to a given graph G to obtain such a graph. We now suggest a method that may
be considered an analogue to Konig’s theorem for (r, 2, k)-regular graph.

With this motivation, already we have constructed a (m+n—2),2, (m—1)(n—1))-regular
graph S of order mn containing a given graph G of order n > 2 as an induced subgraph, for any
m > 1 [12]. In this paper, our main objective is to construct a ((m+2(n—1)),2, (m—1)(2n—1))-
regular graph of smallest order 2mn containing the given graph G of order n > 2, and its

complement G¢ as induced subgraphs, for any m > 1.

§2. (r,2,k)-Regular Graph

Definition 2.1 A graph G is called (r,2,k)-reqular if each vertex in graph G is at a distance
one from exactly r-vertices and at a distance two from exactly k vertices. That is, d(v) = r and

da(v) =k, for all v in G.

Example 2.2 A few (r,2, k)-regular graphs are listed following.
(1) The Peterson graph is a (3, 2, 6)-regular graph .
(2) A complete bipartite graph K, ,, is a (n,2, (n — 1))-regular graph.

Observation 2.3 For any n > 1, the smallest order of (n, 2, (n — 1))- regular graph containing

the complete bipartite graph K, ,, of order 2n is K, ,, itself.
The following facts can be verified easily.
Observation 2.4([9]) If G is (r,2, k)-regular graph, then 0 < k < r(r — 1).

Observation 2.5([10]) For any r > 1, a graph G is (r, 2, r(r — 1))-regular if G is r-regular with
girth at least five.

Observation 2.6([11]) For any odd r > 3, there is no (r, 2, 1)-regular graph.
Observation 2.7([11]) Any (r,2, k)-regular graph has at least k 4+ r 4+ 1 vertices.

Observation 2.8([11]) If r and k are odd, then (r,2, k)-regular graph has at least k + r + 2

vertices.

Observation 2.9([12]) For any m > 1, every graph G of order n > 2 is an induced subgraph
of (n+m —1,2,(mn — 1))-regular graph H of order 2mn.

Observation 2.10([13]) For any m > 1, every graph G of order n > 2 is an induced subgraph
of (n+m —2,2,(m —1)(n — 1))-regular graph H of order mn.
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§3. Minimal (1,2, k)-Regular Graphs Containing Given Graph and
Its Complement as an Induced Subgraph

In this section we construct a smallest (r,2, k)-regular graphs containing given graph and its

complement as an induced subgraph.

Theorem 3.1 For a graph G of order n > 2, there exists a (m +2(n—1),2,(m —1)(2n —1))-
regular graph Hy of order 2mn such that G and G¢ are the induced subgraphs of Hy.

Proof Let G be a graph of order n > 2, G and G° has the same vertex set {v} : 1 <1i < n}.
Take a graph G’ which is isomorphic to G¢. The vertex set of G’ is denoted as {u} : 1 <
i < n} and u} corresponds to vi(1 < i < n). Let G; = GUG’'. Then V(G1) = {v},u} :
1 <i < n}. Let G¢(2 <t < m) be the (m — 1) copies of Gy with the vertex set V(G;) =
{whut : 1 < i < n}, for (2 <t <m)and vf,ul(2 <t < m) correspond to v},ul(l < i <

n) respectively. The desired graph Hy has the vertex set V(Hy) = |J V(Gt), and edge set
t=1
E(H4) = U E(Gt) UE1 UE2 UE3 UE4 UE5, Where,
t=1
Ey = U et el s elel ¢ BG( <G <), (1< i< )

E, = U{vk o7 (1<i<m—1),1<j<m—1)},

b
Il
—
-

E; = tL:Jl {uzuf"’l,u;”u} cujui ¢ B(G)(1<j<n),(j+1<i<n)},
Ey= UJ{uu7 - (1<i<m—1),(1<j<m—1i)},

k=1

m—1
Es = {vguf“,v;”u} :(1<i,5<n)}.

t=1

The resulting graph Hy contains G; as an induced subgraph. More over in Hy, (1 < t <
m),d(vl) =m+2(n — 1), for (1 <i < n). Then Hy is m + 2(n — 1), regular graph with 2mn
vertices. Hence H, contains G and G¢ as induced subgraphs. In Hy,d(v;) = d(v}) = d(u;) =
d(ul) =m+2n—2,1 < <n. To find the da degree of each vertex in Hy, the following cases

are examined.

Case 1. t=1.Ifv € V(Gy), then v € V(G) (or) v € V(G).

Subcase 1.1 If v € V(G), then v = v}, for some j. Let vj € V(Hy) — N[ ¢]. Then v} and vj

are non-adjacent vertices in Hy. By our construction, v is adjacent to v? and v? is adjacent
to v}. Then d(vj,v}) = 2. Hence vj € Na(v] ) This 1mphes that V(H4) N} € Na(v}). If

vj € Na(v}), then v} is non- adjacent with v}. This implies that vj € V(Hy) — N[v}]. Hence

Na(v}) =V (Hy) — N[v}], (1 <i<n)and da(v}) = (m —1)(2n — 1), (1<i<mn).
Subcase 1.2 If v € V(G'), then v = uj}, for some j.

Let uj € V(Hy) — N[u;j]. Then, uj and u} are non-adjacent vertices in Hy. By our con-
struction, uj is adjacent to uf and 7 is adjacent to u;. Then d(uj, 1) = 2. Hence uj € Na(u 1)
This implies that V(Hys) — N{uj] € Na(uj). if uj € No(u}), then uj is non—adjacent with u}
Hence uj € V(Hy) — Nlu}]. This implies that Ng( 1) = V(Hs) — N[u}], (1 < i < n) and
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do(u}) = (m—1)2n—1),(1 <i < n).

K2

Case 2. 2<t<m—1. Ifve V(G;), then v =1} (or) v = u}, for some j.

Subcase 2.1 If v = v and if v} € V(H,) — N[v}], then v/ and v} are non-adjacent vertices
in Hy. By our construction, v} is adjacent to vf and v} is adjacent to v}. Then d(v},v;) = 2.
Hence v} € Ny(v}). This implies that V(Hs) — N[vj] € Na(v}). If v} € Np(v}), then, v} is

non-adjacent with v}. This implies that v¢ € V(Hy) — N[v}]. Hence Na(v}) = V(H,) — N[v}],
(1<i<n)and da(v}) =(m—1)2n—1),(1 <i<n).

Subcase 2.2 If v = v and if u} € V(Hy) — N(uj], then u} and u} are non-adjacent vertices in
H,. By our construction, u} is adjacent to uft and u!™! is adjacent to u}. Then d(uf,ui) = 2.
Hence u} € Ny(u;). This implies that V(Hy) — N[uj] € Na(uj). If u’ € No(uj), then, u} is

non-adjacent with u;. Hence u’ € V(Hy) — N{u;]. This implies that Na(uj) = V(Hy) — Nlu}],
(1<i<n)andda(ul) =(m—1)2n—1),(1 <i <n).

Case 3. t=m. If v e V(Gy), then v =127" (or) v =u]" for some j.

Subcase 3.1 If v = v}" and if v}* € V(Hy) — N[v;], then v* and v} are non-adjacent vertices
in H,. By our construction, vf" is adjacent to v;" and v]" is adjacent to v}. Then d(v}",v}) = 2.
Hence v € Na(vj). This implies that V(Hy) — N[vj] C Na(v}). If 0" € Na(v}), then vf* is
non-adjacent with v}. Hence v/ € V(H4) — N[v}]. This implies that No(v}) = V (H4) — N[v}],
1<i<nanddy(v})=(m—1)2n—1),(1 <i<n).

Subcase 3.2 Ifv =u}" and if u}]* € V(H,) — Nluj], then u}* and u; are non-adjacent vertices
in Hy. By our construction, uj" is adjacent to u;" and u;" is adjacent to u}. Then d(ul", ul) = 2.
Hence uf* € Na(v;). This implies that V(Hs) — N{ug] C No(u;). If u* € Na(uj), then uf* is
non-adjacent with ;. Hence uf* € V(Hy) — N(uj]. This implies that No(uj) = V (Hzs) — Nlu;],
1 <i<nandda(ul)=(m—1)(2n—1),(1 <i < n). Similarly for (1 <t < m)ds(v!) = da(ul) =
(m—-1)2n—1),(1 <i<mn). Hyis (m+2(n—1),2,(m — 1)(2n — 1))-regular graph of order

2mn containing a given graph G of order n > 2 and its complement as induced subgraphs. O

Corollary 3.2 For any m > 1, the smallest order of (m +2(n—1),2,(m —1)(2n — 1))-regular

graph containing a given graph of order n > 2 and its complement is 2mn.

Proof For the graph Hy constructed in Theorem 3.1 is (m +2(n —1),2,(m —1)(2n — 1))-
regular graph of order 2mn. Suppose Hy is (m + 2(n — 1),2, (m — 1)(2n — 1))-regular graph of
order 2mn — 1. Then, for each v; € Hy, da(v;) = (m — 1)(2n — 1) and d(v;) = m + 2(n — 1).
Hence Hy has at least ((m —1)(2n—1) + (m +2(n — 1) + 1) = 2mn vertices, a contradiction.0

Y 2 T Y z

\

Figure 1

Corollary 3.3 FEvery graph G of order n > 2, and its complement G¢ are the induced sub-graphs
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of (2n,2,(2n — 1))-regular graph of smallest order 4n.

In Figure 1, Corollary 3.3 is illustrated for G = K3, in which the graph G is induced by

the vertices z, v, 2.

Corollary 3.4 FEwvery graph G of order n > 2, and its complement G¢ are the induced subgraphs
of 2n+1,2,2(2n — 1))-regular graph of smallest order 6n.

z Yy z Yy x z x Yy z

G=K, G°=KS G =Ks G = KS§
Figure 2

In Figure 2, Corollary 3.4 is illustrated for G = K5 and G = K3, in which the graph G
and G¢is induced by the vertices x,y for G = K5. In the second graph, the graph G and G¢is
induced by the vertices z,y, z for G = K3.

Corollary 3.5 FEwvery graph G of order n > 2, and its complement G¢ are the induced subgraphs
of (2n+ 2,2,3(2n — 1))-regular graph of smallest order 8n.

Corollary 3.6 FEvery graph G of order n > 2, and its complement G¢ are the induced subgraph
of (2n+ 3,2,4(2n — 1))-regular graph of smallest order 10n.

Remark 3.7 There are at least as many (m+2(n—1),2, (m—1)(2n—1))-regular of order 2mn
as there are graphs G of order n > 2. If m = 2,3,4,5, ..., then there are (2n,2, (2n—1)), (2n+
1,2,2(2n—1)),(2n +2,2,3(2n — 1)), (2n + 3,2,4(2n — 1)), ... regular graphs of smallest order
4n,6n,8n,10n,12n ... respectively containing any graph G of order n > 2 and its complement

as induced subgraphs.

84. Topological Indices of the Graph H,

The topological indices Wiener Index W, Hyper Wiener Index WW | Degree Distance DD,
Variance of degrees, The first Zagreb index, The second Zagreb Index and the third Zagreb
Index of the graph Hy, which was constructed in Theorem 3.1 are calculated in this section.

Topological index Top(G) of a graph G is a number with this property that for every graph
H isomorphic to G, Top(G) = Top(H). For historical background, computational techniques
and mathematical properties of Zagreb indices and Wiener, Hyper Wiener one can refer to
[21,22,23,24,25].

The graph Hy is (m + 2n — 2,2, (m — 1)(2n — 1))-regular graph having 2mn vertices and
mn(m + 2n — 2)) edges with diameter 2. Also, for each v € Hy, da(v) = (m — 1)(2n — 1) and
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d(v) = m+2n — 2.

Computation of W, WW and DD for Hy is done by using the following theorem [14]:

Let G be a graph with n vertices, m edges and with diameter 2, then

(1) W(G) =n(n —1) —m;
(2) WW(G) =3/2(n(n—1)) — 2m;

(3) DD(G) = 4(n — 1)ym — My(G).

The Wiener index W is the first and important topological index in chemistry which was
introduced by H. Wiener in 1947 to study the boiling points of parafins. This index is useful

to describe molecular structures and also crystal lattice that depends on its W value.

Definition 4.1 The Wiener index, W(G) of a finite, connected graph G is defined to be
1
W(G) = 3 E d(u,v), where d(u,v) denotes the distance between u and v in G.

Wiener Index of a graph Hy = W(Hy) = 2mn(2mn — 1) — ((mn)(m + 2(n — 1))
= mn(dmn—2—m—2n+2) = (mn)(4dmn — (m + 2n))

The Hyper Wiener index WW was introduced by Randic. The Hyper Wiener Index WW is

used as a structure descriptor for predicting physicochemical properties of organic compounds.

Definition 4.2 The Hyper Wiener index WW (G) of a finite, connected graph G is defined to
1
be WW(G) = E(Wl (G) +Wa(Q)), where Wi(G) = W(G) and Wx(G) = 3. da(k) (k) is called

the Wiener-type invariant of G associated to a real number.

Hyper Wiener Index of a graph Hy, = WW(Hy)

(3/2)(2mn(2mn — 1) — 2mn(m +2(n — 1)))
= (mn)(6mn —3 —2m —4n+4)

(mn)(6mn — (2m +4n) + 1)

The Zagreb indices were introduced by Gutman and Trinajestic [7,10,14].
Definition 4.3 The oldest and most investigated topological graph indices are defined as: First

Zagreb index M, (G) = ZUGV(G)(dg(’U))z, second Zagreb index Ma(G) = _,,.c p(e)(da(v)da (v))
and third Zagreb index M3(G) =Y |d(u) — d(v)|,uv € E(G).
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The Zagreb Indices of graph H, are

1. My(H,)

Z (w)d(u Zd 2 = 2mn((m +2n —2)?)
> d(u)d(v ) w € E(Hy)
(mn)(m+2(n—1)(m+2(n—1)(m+2(n—-1)
= (mn)((m+2(n—1))%)

3. May(Hy) = > |d(u) —d(v)||,uv € E(H,)

> lm+2(n— 1)) — (m+2(n— 1)) = 0.

2. My (Hy)

Definition 4.4([4]) The degree distance (Schultz index) of G was introduced by Dobrynin
and Kochetova and Gutman as a weighted version of the Wiener index defined as DD(G) =
> (d(u) + d(v))d(u,v). It is to be noted that DD(G) and W (G) are closely mutually related for

certain classes of molecular graphs.
The degree distance of graph Hy is
DD(H,) = 42mn—1)(mn)(m +2(n—1)) — M1(H,y)

= 2mn(m+2n — 2)[2(2mn — 1) — (m + 2n — 2))
= 2mn(m+ 2n — 2)[4mn — (m + 2n)]

Definition 4.5([13]) The status, or distance sum of a vertex v in a graph is defined by s(v)
= > d(u,v), where d(u,v) is the distance between the vertices u and v and u # v. The status

sequence of a graph consists of a list of the stati of all the vertices.

Since diameter of H,4 is two, the status of a vertex v in Hy is

s(v) (m+2n—1)+2(m—-1)2n—-1)

m+2n—2+4+4mn—2m —4n+ 2 = 4mn — 2(m + n)

Definition 4.6 A graph is said to be self-median, or SM, if the stati of its vertices are all equal.
Every vertex in Hy has the same status 4mn — 2(m + n). Whence, Hy is a self-median
graph.

85. Open Problems

For further investigation, the following open problem is suggested:

(1) Construct (r,m, k)-regular graphs containing a given graph G and its complement of
order n > 2, as induced subgraph, for m > 3.
(2) Construct (r,m, k)-regular graphs containing a given graph G and its complement of

order n > 2, as induced subgraph, for all values of k.
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81. Introduction

For standard terminology and notation in graph theory we refer Harary [6] and Zaslavsky [20]
for signed graphs. Throughout the text, we consider finite, undirected graph with no loops or
multiple edges.

Given a graph I' and a positive integer ¢, the t-path graph (T'); of T is formed by taking a
copy of the vertex set V(I') of T, joining two vertices v and v in the copy by a single edge e = uv
whenever there is a u — v path of length ¢ in I'. The notion of ¢-path graphs was introduced by
Escalante et al. [4]. A graph G for which

T), =T (1)

has been termed as t-path invariant graph by Esclante et al. in [4], Escalante & Montejano [5]
where the explicit solution to (1) has been determined for ¢ = 2,3. The structure of ¢-path
invariant graphs are still remains uninvestigated in literature for all ¢ > 4.

The line graph L(T') of a graph ' = (V, E) is that graph whose vertices can be put in
one-to-one correspondence with the edges of I' so that two vertices of L(I") are adjacent if, and
only if, the corresponding edges of I' are adjacent.

The jump graph J(T) of a graph I' = (V, E) is L(T), the complement of the line graph
L(T) of T (see [6]).

A Smarandachely k-signed graph is an ordered pair S = (G,o0) (S = (G,pu)) where
G = (V,E) is a graph called underlying graph of S and o : E — (€1,€2, -+ ,€) (u:V —

1Received June 9, 2014, Accepted February 26, 2015.



On Signed Graphs Whose Two Path Signed Graphs are Switching Equivalent to Their Jump Signed Graphs 75

(81,82, - ,€k)) is a function, where each g; € {+,—}. Particularly, a Smarandachely 2-signed
graph is called abbreviated to signed graph, where I' = (V, E) is a graph called underlying
graph of ¥ and o : E — {+,—} is a function. We say that a signed graph is connected if its
underlying graph is connected. A signed graph ¥ = (T, o) is balanced, if every cycle in ¥ has
an even number of negative edges (See [7]). Equivalently, a signed graph is balanced if product
of signs of the edges on every cycle of ¥ is positive.

Signed graphs ¥; and Y5 are isomorphic, written X7 = 3o, if there is an isomorphism
between their underlying graphs that preserves the signs of edges.

The theory of balance goes back to Heider [8] who asserted that a social system is balanced
if there is no tension and that unbalanced social structures exhibit a tension resulting in a
tendency to change in the direction of balance. Since this first work of Heider, the notion
of balance has been extensively studied by many mathematicians and psychologists. In 1956,
Cartwright and Harary [3] provided a mathematical model for balance through graphs. For
more new notions on signed graphs refer the papers (see [12-17, 20]).

A marking of ¥ is a function ¢ : V(I') — {4, —}. Given a signed graph ¥ one can easily
define a marking ¢ of ¥ as follows: For any vertex v € V(X),

Cwy= I otu),

wveE(X)

the marking ¢ of ¥ is called canonical marking of 3.

A switching function for ¥ is a function ¢ : V. — {4+, —}. The switched signature is
o¢(e) := ¢(v)o(e)((w), where e has end points v, w. The switched signed graph is ¥¢ := (£]0¢).
We say that ¥ switched by (. Note that ¥¢ = X7¢ (see [1]).

If X CV ,switching ¥ by X (or simply switching X) means reversing the sign of every
edge in the cut set F(X, X¢). The switched signed graph is . This is the same as X¢ where
¢(v) :== — if and only if v € X. Switching by ¢ or X is the same operation with different
notation. Note that XX = ¥X°.

Signed graphs ¥ and Yo are switching equivalent, written 31 ~ X5 if they have the same
underlying graph and there exists a switching function ¢ such that Eg 2 ¥5. The equivalence

class of ¥,
] :={¥:¥ ~ 3%},

is called the its switching class.

Similarly, ¥; and X5 are switching isomorphic, written 31 & Yo, if ¥ is isomorphic to a
switching of ¥5. The equivalence class of X is called its switching isomorphism class.

Two signed graphs X1 = (I'1,01) and Yo = (T'2,02) are said to be weakly isomorphic (see
[18]) or cycle isomorphic (see [19]) if there exists an isomorphism ¢ : I'y — I'y such that the

sign of every cycle Z in 31 equals to the sign of ¢(Z) in ¥3. The following result is well known
(see [19]).

Theorem 1.(T. Zaslavsky, [19]) Two signed graphs X1 and 3o with the same underlying graph

are switching equivalent if and only if they are cycle isomorphic.
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In [11], the authors introduced the switching and cycle isomorphism for signed digraphs.
The notion of ¢-path graph of a given graph was extended to the class of signed graphs by
Mishra [9] as follows:

Given a signed graph ¥ and a positive integer t, the t-path signed graph (X); of ¥ is formed
by taking a copy of the vertex set V(X) of ¥, joining two vertices u and v in the copy by a single
edge e = uv whenever there is a u — v path of length t in S and then by defining its sign to be

— whenever in every u — v path of length t in ¥ all the edges are negative.

In [13], P. S. K. Reddy introduced a variation of the concept of t-path signed graphs studied
above. The motivation stems naturally from one’s mathematically inquisitiveness as to ask why
not define the sign of an edge e = uv in (X); as the product of the signs of the vertices u and
v in X. The t-path signed graph (X); = ((I'),0’) of a signed graph ¥ = (T',0) is a signed
graph whose underlying graph is (T'); called t-path graph and sign of any edge ¢ = wv in (X); is
w(u)p(v), where p is the canonical marking of ¥. Further, a signed graph ¥ = (T, 0) is called
t-path signed graph, if ¥ 2 (X');, for some signed graph ¥’. In this paper, we follow the notion
of t-path signed graphs defined by P. S. K. Reddy as above.

Theorem 2.(P. S. K. Reddy, [13]) For any signed graph ¥ = (T, 0), its t-path signed graph
(2)¢ is balanced.

Corollary 3. For any signed graph ¥ = (T', o), its 2-path signed graph (X)2 is balanced.

The jump signed graph of a signed graph S = (G, o) is a signed graph J(S) = (J(G),d’),
where for any edge ee’ in J(S5), o’ (ee’) = o(e)o(e’). This concept was introduced by M. Acharya
and D. Sinha [2] (See also E. Sampathkumar et al. [10]).

Theorem 4.(M. Acharya and D. Sinha, [2]) For any signed graph ¥ = (T, 0), its jump signed
graph J(X) is balanced.

§2. Switching Equivalence of Two Path Signed Graphs and Jump Signed Graphs

The main aim of this paper is to prove the following signed graph equation
(E)2 ~ J(2).
We first characterize graphs whose two path graphs are isomorphic to their jump graphs.

Theorem 5. A graph T' = (V, E) satisfies (T')2 = J(T') if, and only if, G = Cy or Cs.

Proof Suppose I is a graph such that (I')2 = J(I"). Hence number of vertices and number
of edges of I' are equal and so I' must be unicyclic. Let C' = C,, be the cycle of length m > 3
inT.

Case 1. m =3.

Let V(C) = {u1,us,usz}. Then C is also a cycle in (T')s, where as in J(T'), the vertices
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corresponds the edges of C are mutually non-adjacent. Since (T')2 = J(T'), J(I') must also
contain a C'3 and hence I' must contain 3K, disjoint union of 3 copies of K5. Whence I' must

contain either I'y,I's or I's as shown in Figure 1 as induced subgraph.

ALA

Figure 1.

Subcase 1.1 If T contains I's or I's. Let v be the vertex satisfying d(v,C) = 2. Since
d(v,C) = 2 there exists a vertex u in T adjacent to v and a vertex in C' say u;. Now, in (I')2,
the vertex v is not adjacent to u. Since C is also a cycle in (') and w is adjacent to u; in
T, the vertices w uz and ug forms a cycle C’ in (I')2. Further, the vertex v is not adjacent to
C’. Hence, T' contains H = C3 U K as a induced subgraph. But since IV = K 3 which is a
forbidden induced subgraph for line graph L(T') and J(I') = L(T), we must have (I") 2% J(I).

Subcase 1.2 If T' contains I'y. Then by subcase(i), I' = I'y. But clearly, (T')2 2 J(T).
Case 2. m > 4.

Suppose that m > 4 and there exists vertex v in I' which is not on the cycle C. Let
C = (v1,v2, V3,04, ..., U, v1). Since I' is connected v is adjacent to a vertex say, v; in C. Then
the subgraph induced by the vertices v;_1,v,v;11 and v; in (I')y is K3 U K;. Now the graph
KoK, is K 1,3 which is a forbidden induced subgraph for L(I") = m Hence I is not a jump
graph. Hence I" must be a cycle. Clearly (T')2(Cy) = 2K5 = J(Cy4) and J(C5) = (T')2(C5) = Cs
it remains to show that for I' = C,, with m > 6 does not satisfy J(Cy,) = (I')2(Ch,), for m > 6.

Suppose that m > 6. Then clearly every vertex in J(C,,) is adjacent to at least m —2 > 4
vertices where as in (I')2, degree of every vertex is 2. This proves the necessary part. The

converse part is obvious. |

We now give a characterization of signed graphs whose two path signed graphs are switching
equivalent to their jump signed graphs.

Theorem 6. For any signed graph ¥ = (I',0), (X)2 ~ J(X) if, and only if, the underlying
graph I is either Cs or Cy.

Proof Suppose that (X)y ~ J(X). Then clearly, (I')2 = J(T"). Hence by Theorem 5, T’
must be either C4 or Cs.

Conversely, suppose that X is a signed graph on Cy or C5. Then by Theorem 5, (I')y 2 J(T).
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Since for any signed graph X, by Corollary 3 and Theorem 4, (X)2 and J(X) are balanced, the
result follows by Theorem 1. O

Remark The only possible cases for which (X)s = J(X) are shown in Figure 2.

Figure 2.
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81. Introduction

Unless mentioned or otherwise, a graph in this paper shall mean a simple finite graph without
isolated vertices. For all terminology and notations in Graph Theory, we follow [5] and all
terminology regarding to sequential labeling, we follow [3]. Graph labelings where the vertices
are assigned values subject to certain conditions have been motivated by practical problems.
Labeled graphs serves as useful mathematical models for a broad range of applications such as
coding theory, including the design of good radar type codes, synch-set codes, missile guidance
codes and convolutional codes with optimal autoconvolutional properties. They facilitate the
optimal nonstandard encodings of integers.

Labeled graphs have also been applied in determining ambiguities in X-ray crystallographic
analysis, to design a communication network addressing system, in determining optimal circuit
layouts and radio astronomy problems etc. A systematic presentation of diverse applications of
graph labelings is presented in [1].

Let G be a (p, q)-graph. Let V(G), E(G) denote respectively the vertex set and edge set
of G. Consider an injective function g : V(G) — X, where X = {0,1,2,---,q} if G is a tree
and X = {0,1,2,---,q — 1} otherwise. Define the function f*: E(G) — N, the set of natural
numbers such that f*(uv) = f(u) + f(v) for all edges wv. If f*(E(Q)) is a sequence of distinct
consecutive integers, say {k,k+ 1, -,k + g — 1} for some k, then the function f is said to be
sequential labeling and the graph which admits such a labeling is called a sequential graph.

Another labeling has been suggested by Graham and S Loane [4] named as harmonious

1Received January 21, 2014, Accepted February 27, 2015.
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labeling which is a function h : V(G) — Z,, ¢ is the number of edges of G such that the induced
edge labeling given by ¢*(uv) = [g(u) + g(v)] (mod ¢q) for any edge uv is injective.

The notion of prime labeling of graphs, was defined in [6]. A graph G with n-vertices is
said to have a prime labeling if its vertices are labeled with distinct integers 1,2, - -+ ,n such that
for each edge uv the labels assigned to w and v are relatively prime. Such a graph admitting a
prime labeling is known as a prime graph. Generally, a Smarandache common k-factor labeling
is such a labeling with distinct integers 1,2,---,n such that the greatest common factor of
labels assigned to u and v is k for Yuv € E(G). Clearly, a prime labeling is nothing else but a
Smarandache common 1-factor labeling. A graph admitting a Smarandache common k-factor
labeling is called a Smarandache common k-factor graph. Particularly, a graph admitting a

prime labeling is known as a prime graph in references.

Notation 1.1 (a,b) = 1 means that a and b are relatively prime.

§2. Cycle Related Graphs

In [2], showed that every cycle with a chord is graceful. In [9] proved that a cycle C,, with a
chord joining two vertices at a distance 3 is sequential for all odd n,n > 5. Now, we have the

following theorems.

Theorem 2.1 FEvery cycle Cy,, with a chord is prime, for all n > 4.

Proof Let G be a graph such that G = C}, with a chord joining two non- adjacent vertices
of C,, for all n greater than or equal to 4. Let {v1,va, - ,v,} be the vertex set of G. Let
the number of vertices of G be n and the edges be n 4+ 1. Define a function f : V(G) —
{1,2,---n} such that f(v;) = 4,9 =1,2,---,n. It is obvious that (f(v;), f(viy1)) = 1 for all
i=1,2,---,(n—1). Also (1,n) =1 for all n greater than 1. Now select the vertex v; and join

this to any vertex of C,,, which is not adjacent to vy, G admits a prime labeling. O

Theorem 2.2 FEvery cycle C,,, with [n%] —1 chords from a vertex is prime, for all n greater
than or equal to 5.
Proof Let G be a graph such that G = C,, n greater than or equal to 5. Let {v1,va,...,v,}

be the vertex set of G. Label the vertices of C,, as in Theorem 2.1. Next select the vertex vs.

By our labeling f(v2) = 2. Now join vs to all the vertices of C,, whose f-values are odd. Then

it is clear that there exists exactly ["771] — 1 chords, and G admits a prime labeling. O
1 2
3
11
10 4
9 5
8

7 6

Figure 1
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Remark 2.1 From Theorem 2.1, it is clear that there is possible to get n — 3 chords and
Theorem 2.2 tells us there are ["771] — 1 chords. Thus the bound n — 3 is best possible and all
other possible chords of less than these two bounds.

Example 2.1 Figure 1 gives the prime labeling of C; with 4-chords.

Theorem 2.3 The graph C,, + f(l_,t is sequential for all odd n,n > 3.

Proof Let v1,va,--,v, (nis odd) be the set of vertices of C}, and w, uy, ua, - -, us be the
t + 1 isolated vertices of Kl,t' Let G =C,, + Kl,t and note that, G has n + t + 1 vertices and
n(2 +t) edges.

Define a function f: V(G) — {0,1,2,---, 251 + tn} such that

1
flvaic) = i—1, fori:l,z,...,n;—
floz) = n2 +1, fori:1,27...’n2
3
flur) = En—l
-1
and flug)) = nz +nii =23, ,t

We can easily observe that the above defined f is injective. Hence f becomes a sequential
labeling of C,, + f(lyt. Thus C,, + f(l_’t is sequential for all odd n, n > 3. O

Corollary 2.4 The graph C,, + K1, is harmonious for all odd n > 3.
Proof Any sequential is harmonius implies that C,, + Kj ¢ is harmonius, n > 3. O

Theorem 2.5 The graph C,, + K1)17t is sequential and harmonius for all odd n,n > 3.
Theorem 2.6 The graph C,, + Kl,l,l,t is sequential and harmonius for all odd n, n = 3.

Example 2.2 Figure 2 gives the sequential labeling of the graph Cs + K1 1 1 3.

Figure 2
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Theorem 2.7 The graph C,, + K1,17,,,71)t 1s sequential as harmonius for odd n, n > 3.

Theorem 2.8 The graph C, +Kl,m,n is sequential and harmonius for all odd n, n > 3,m > 1.

83. On Join of Complete Graphs

In [7], it is shown that L,, + K; and B,, + K; are prime and join of any two connected graphs

are not odd sequential. Now, we have the following.

Theorem 3.1 The graph K, + Ko is prime forn > 4.

Proof Let G = K1 ,, + K2. We can notice that G has (n + 3)-vertices and (3n + 2)-edges.
Let {w,v1,ve, - ,v,} be the vertices of Kj , and {u1,u2} be the two vertices of K. Assign
the first two largest primes less than or equal to n + 3 to the two vertices of Ks. Assign 1 to
w and remaining n values to the n vertices arbitrarily, we can obtain a prime numbering of
Ky, + K. O

Corollary 3.1 The graph K, + Ky is prime for all n > 4.

84. Product Related Graphs

Definition 4.1 Let G and H be graphs with V(G) = Vy and V(H) = V,. The cartesian product
of G and H is the graph GOH whose vertex set is V4 X Va such that two vertices u = (z,y) and
v=(a',y") are adjacent if and only if either v = &’ and y is adjacent to y' in H ory =1y and
x is adjacent to &’ in G. That is, u adj v in GOH whenever [t = x’ and y adj y'] or [y =y’

and x adj ']

In [8] A.Nagarajan, A.Nellai Murugan and A.Subramanian proved that P,0K,, P,0P,

are near mean graphs.

Definition 4.2 Let P, be a path on n vertices and K, be a complete graph on 4 vertices. The
Cartesian product P, and K4 is denoted as P,0K4 with 4n vertices and 10n — 4 edges.

Theorem 4.1 The graph P,0K, is sequential, for allmn > 1.

Proof Let G = P,0Ky. Let {v;1,vi2,vi3,0i4/i = 1,2,--- ,n} be the vertex set of G.
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Define a function f: V(G) — {0,1,2,--- ,5n — 1} such that

n+1

f(v2i—1,1) =100 —6 1§i<g ifnisevenorlgigT if n is odd.
1

V9i_19) = i— ; gigﬁ ifnisevenorlgigi if n is odd.
Fosi2) =106 -1) 5 1<i< :
1

v9;_1.3) = 101 — ; \i\ﬁ ifnisevenor1<i<n+ if n is odd.
8)=10i-9 ; 1<i<g .
1

Voi_1.4) = 107 — ; \z\ﬁ ifnisevenor1<i<n+ if n is odd.
A)=10i-8 ; 1<i<g .
—1

fvgi1) =100 —4 1<z’<g ifnisevenor1<i<n2 if n is odd.
—1

Fogin) =10i—1 1<z’<g ifnisevenor1<i<n2 if n is odd.
-1

Floaig) =10i =3 1<z’<g ifnisevenor1<i<n2 if n is odd.

and

-1

Fogia) =10i =5 1<i<g if nis even or 1 <i < = if n is odd.

(a) Clearly we can see that f is injective.

(b) Also, max,ecv f(v) = max{max; 10i—6; max; 10(:i—1); max; 10i—9; max; 10i—8; max; 10i
—4; max; 10i — 1; max; 10i —3; max; 10i —5} = 5n—1. Thus, f(v) = {0,1,2,...,5n—1}. Finally,
it can be easily verified that the labels of the edge values are distinct positive integers in the

interval [1,10n — 4]. Thus, f is a sequential numbering. Hence, the graph G is sequential. O

Example 4.1 Figure 4 gives the sequential labeling of the graph P4O0Ky.

4 0
1 2
6 9
7 5
14 10
11 12
16 19
17 15
Figure 3

Corollary 4.1 The graph P,0K, is harmonius, for n > 2.
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Abstract: For any vertex z in a connected graph G of order p > 2, a set S; C V(G) is an
z-monophonic set of G if each vertex v € V(G) lies on an  — y monophonic path for some
element y in S;. The minimum cardinality of an z-monophonic set of G is the z-monophonic
number of G and is denoted by m4(G). A subset T, of a minimum z-monophonic set Sy of
G is an a-forcing subset for S, if Sy is the unique minimum z-monophonic set containing 7.
An z-forcing subset for S, of minimum cardinality is a minimum x-forcing subset of S,. The
forcing x-monophonic number of Sy, denoted by fm, (Sz), is the cardinality of a minimum
z-forcing subset for S;. The forcing x-monophonic number of G is fm, (G) = min{ fm. (Sz)},
where the minimum is taken over all minimum z-monophonic sets S; in G. We determine
bounds for it and find the forcing vertex monophonic number for some special classes of
graphs. It is shown that for any three positive integers a, b and ¢ with 2 < a < b < ¢, there
exists a connected graph G such that fm,(G) = a, mz(G) = b and cm.(G) = c for some

vertex = in G, where ¢cm,(G) is the connected z-monophonic number of G.

Key Words: monophonic path, vertex monophonic number, forcing vertex monophonic
number, connected vertex monophonic number, Smarandachely geodetic k-set, Smaran-
dachely hull k-set.

AMS(2010): 05C12

§1. Introduction

By a graph G = (V, E) we mean a finite undirected connected graph without loops or multiple
edges. The order and size of G are denoted by p and ¢ respectively. For basic graph theoretic
terminology we refer to Harary [6]. For vertices 2 and y in a connected graph G, the distance
d(z,y) is the length of a shortest  — y path in G. An 2 — y path of length d(z,y) is called an
x —y geodesic. The neibourhood of a vertex v is the set N(v) consisting of all vertices v which
are adjacent with v. The closed neibourhood of a vertex v is the set N[v] = N(v){J{v}. A

vertex v is a simplicial vertex if the subgraph induced by its neighbors is complete.

1Received April 8, 2014, Accepted February 28, 2015.
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The closed interval I[x,y] consists of all vertices lying on some = — y geodesic of G, while

for S CV, I[S] = U I[z,y]. A set S of vertices is a geodetic set if I[S] = V', and the minimum
z,yeS
cardinality of a geodetic set is the geodetic number g(G). The geodetic number of a graph was

introduced in [1,8] and further studied in [2,5]. A geodetic set of cardinality g(G) is called a
g— set of G. Generally, for an integer k > 0, a subset S C V is called a Smarandachely geodetic
k-set if I[S|JSt] =V and a Smarandachely hull k-set if I;,(S|JS™) =V for a subset ST C V
with |ST| < k. Let k = 0. Then a Smarandachely geodetic 0-set and Smarandachely hull O-set
are nothing else but the geodetic set and hull set, respectively.

The concept of vertex geodomination number was introduced in [9] and further studied in
[10]. For any vertex z in a connected graph G, a set S of vertices of G is an z-geodominating
set of G if each vertex v of G lies on an © — y geodesic in G for some element y in S. The
minimum cardinality of an z-geodominating set of G is defined as the x-geodomination number

of G and is denoted by ¢,(G). An z-geodominating set of cardinality ¢, (G) is called a g, — set.
A chord of a path P is an edge joining any two non-adjacent vertices of P. A path P

is called a monophonic path if it is a chordless path. A set S of vertices of a graph G is a
monophonic set of G if each vertex v of G lies on an = — y monophonic path in G for some
z,y € S. The minimum cardinality of a monophonic set of G is the monophonic number of G
and is denoted by m(G).

The concept of vertex monophonic number was introduced in [11]. For a connected graph
G of order p > 2 and a vertex x of G, a set S, C V(G) is an z-monophonic set of G if each
vertex v of G lies on an x — y monophonic path for some element y in S,. The minimum
cardinality of an z-monophonic set of G is defined as the z-monophonic number of G, denoted
by m4(G). An z-monophonic set of cardinality m,(G) is called a m, — set of G. The concept
of upper vertex monophonic number was introduced in [13]. An z-monophonic set S, is called
a minimal z-monophonic set if no proper subset of S, is an z-monophonic set. The upper
z-monophonic number, denoted by m7} (G), is defined as the minimum cardinality of a minimal
z-monophonic set of G. The connected x-monophonic number was introduced and studied in
[12]. A connected z-monophonic set of G is an x-monophonic set S, such that the subgraph
G|[S.] induced by S, is connected. The minimum cardinality of a connected z-monophonic set
of G is the connected x-monophonic number of G and is denoted by c¢m,(G). A connected
a-monophonic set of cardinality cm,(G) is called a cm, — set of G.

The following theorems will be used in the sequel.

Theorem 1.1([11]) Let = be a vertex of a connected graph G.

(1) Every simplicial vertex of G other than the vertex x (whether x is simplicial vertex or

not) belongs to every m, — set;

(2) No cut vertex of G belongs to any m, — set.

Theorem 1.2([11]) (1) For any vertex x in a cycle Cp(p > 4), my(Cp) = 1;
(2) For the wheel Wy, = K1 + Cp—1(p > 5), mz(Wp) =p—1 or I according as x is K1 or

x is in Cp_1.
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Theorem 1.3([11]) Forn > 2, m,(Q,) = 1 for every vertex x in Q.

Throughout this paper G denotes a connected graph with at least two vertices.

82. Vertex Forcing Subsets in Vertex Monophonic Sets of a Graph

Let x be any vertex of a connected graph G. Although G contains a minimum z-monophonic set
there are connected graphs which may contain more than one minimum z-monophonic set. For
example, the graph G given in Figure 2.1 contains more than one minimum z-monophonic set.
For each minimum z-monophonic set S, in a connected graph G there is always some subset
T of S, that uniquely determines S, as the minimum z-monophonic set containing 7". Such
sets are called ”vertex forcing subsets” and we discuss these sets in this section. Also, forcing
concepts have been studied for such diverse parameters in graphs as the geodetic number [3],

the domination number [4] and the graph reconstruction number [7].

Definition 2.1 Let x be any vertex of a connected graph G and let S, be a minimum x-
monophonic set of G. A subset T of S, is called an x-forcing subset for Sy if S, is the unique
minimum z-monophonic set containing T'. An x-forcing subset for S, of minimum cardinality
is a minimum z-forcing subset of S,. The forcing z-monophonic number of S,, denoted by
fm. (Sz), is the cardinality of a minimum z-forcing subset for S,. The forcing x-monophonic
number of G is fm,(G) = min{fm,(Sz)}, where the minimum is taken over all minimum

x-monophonic sets S, in G.

Example 2.2 For the graph G given in Figure 2.1, the minimum vertex monophonic sets,
the vertex monophonic numbers, the minimum forcing vertex monophonic sets and the forcing

vertex monophonic numbers are given in Table 2.1.

{w}, {y} {z}
{w}, {y}, {z}

t {u,r,w}, {u,r,y}, {u,r z}
r {u, w}, {u,y}, {u, 2}

Vertex Minimum my(G) | Minimum forcing | fm, (G)
T 2x-monophonic sets z-monophonic sets
u {1y}, {r. 2}, {r, s} 2 {y}, {2} s} 1
v {u,r gy} {u,r 2} {u,rsh |3 {y}: {z} {s} 1
w {u,r} 2 0 0
Yy {u,r} 2 0 0
z {u,r} 2 0 0
s {u,r} 2 0 0
3 1
2 1

Table 2.1
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y .
wl *S
% v t o
Figure 2.1

Theorem 2.3 For any vertex x in a connected graph G, 0 < fn, (G) < my(G).

Proof Let x be any vertex of G. It is clear from the definition of f,,, (G) that f,,, (G) > 0.

Let S, be a minimum z-monophonic set of G. Since fp, (Sz) < my(G) and since fp,, (G) =

min { fm, (Sz) : Sy is a minimum z-monophonic set in G}, it follows that f, (G) < m.(G).
Thus 0 < fr,, (G) < m,(G). O
w Y
u v z

t S
Figure 2.2

Remark 2.4 The bounds in Theorem 2.3 are sharp. For the graph G given in Figure 2.2,
S = {u, z,t} is the unique minimum w-monophonic set of G and the empty set ¢ is the unique
minimum w-forcing subset for S. Hence f,,,(G) = 0. Also, for the graph G given in Figure
2.2, 51 = {y} and Sz = {z} are the minimum u-monophonic sets of G and so m,(G) = 1. It is
clear that no minimum u-monophonic set is the unique minimum u-monophonic set containing
any of its proper subsets. It follows that f,,, (G) = 1 and hence fpn,, (G) = m,(G) = 1. The
inequalities in Theorem 2.3 can be strict. For the graph G given in Figure 2.1, m,(G) = 2 and
fmo (G) =1. Thus 0 < fp,, (G) < my(G).

In the following theorem we characterize graphs G for which the bounds in Theorem 2.3

are attained and also graphs for which f,, (G) = 1.

Theorem 2.5 Let x be any vertex of a connected graph G. Then
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(1) fm.(G) =0 if and only if G has a unique minimum x-monophonic set;

(2) fim, (G) = 1if and only if G has at least two minimum x-monophonic sets, one of which
i a unique minimum z-monophonic set containing one of its elements, and

(3) fm.(G) = my(G) if and only if no minimum z-monophonic set of G is the unique

minimum x-monophonic set containing any of its proper subsets.

Definition 2.6 A vertex u in a connected graph G is said to be an x-monophonic vertex if u

belongs to every minimum x-monophonic set of G.

For the graph G in Figure 2.1, S1 = {u,r,y}, S2 = {u,r, 2z} and S3 = {u,r, s} are the
minimum v-monophonic sets and so v and r are the v-monophonic vertices of G. In particular,
every simplicial vertex of G other than x is an z-monophonic vertex of G.

Next theorem follows immediately from the definitions of an z-monophonic vertex and

forcing z-monophonic subset of G.

Theorem 2.7 Let x be any vertex of a connected graph G and let F,,, be the set of relative
complements of the minimum x-forcing subsets in their respective minimum x-monophonic sets

i G. Then ﬂFG}-m F is the set of z-monophonic vertices of G.

Theorem 2.8 Let x be any vertex of a connected graph G and let M, be the set of all x-
monophonic vertices of G. Then 0 < fn, (G) < my(G) — | My|.

Proof Let S, be any minimum x-monophonic set of G. Then m,(G) = |S;|, M, C S, and
S, is the unique minimum a-monophonic set containing S, — M, and so fp,, (G) < |S, — M| =
my (G) — | Myl U

Theorem 2.9 Let z be any vertex of a connected graph G and let Sy be any minimum z-

monophonic set of G. Then

(1) no cut vertex of G belongs to any minimum xz-forcing subset of Sy;

(2) no z-monophonic vertex of G belongs to any minimum x-forcing subset of Sy .

Proof (1) Since any minimum z-forcing subset of S, is a subset of S, the result follows
from Theorem 1.1(2).

(2) Let v be an a-monophonic vertex of G. Then v belongs to every minimum z-monophonic
set of G. Let T' C S, be any minimum z-forcing subset for any minimum z-monophonic set S,
of G. If v € T, then T' =T — {v} is a proper subset of T such that S, is the unique minimum
a-monophonic set containing 7" so that 7" is an z-forcing subset for S, with |T”| < |T|, which

is a contradiction to T' a minimum z-forcing subset for S,. Hence v ¢ T |

Corollary 2.10 Let x be any vertex of a connected graph G. If G contains k simplicial vertices,
then fm,(G) <mg(G) —k+1.

Proof This follows from Theorem 1.1(1) and Theorem 2.9(2). m

Remark 2.11 The bound for f,, (G) in Corollary 2.10 is sharp. For a non-trivial tree 7" with
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k end-vertices, f,, (T)=0=m.(T) —k+ 1 for any end-vertex = in T.

Theorem 2.12 (1) If T is a non-trivial tree, then fp, (T) =0 for every vertex x in T;
(2) If G is the complete graph, then fm, (G) =0 for every vertexr x in G.

Proof This follows from Theorem 2.9. |
‘ 0 if p=3,4
Theorem 2.13 For every vertex x in the cycle Cp(p > 3), fim, (Cp) = .
L ifp=5
Proof Let Cj : ui,ug,--- ,up,u; be a cycle of order p > 3. Let = be any vertex in C),

say = u;. If p =3 or 4, then C, has unique minimum z-monophonic set. Then by Theorem
2.5(1), fm,(Cp) = 0. Now, assume that p > 5. Let y be a non-adjacent vertex of z in C,.
Then S, = {y} is a minimum z-monophonic set of C,,. Hence C}, has more than one minimum
z-monophonic set and it follows from Theorem 2.5(1) that f,,, (Cp) # 0. Now it follows from
Theorems 1.2(1) and 2.3 that f,,, (G) = m,(G) = 1. O

Theorem 2.14 For any vertex x in a complete bipartite graph K, n(m,n > 2), fim, (Kmn) = 0.

Proof Let (V1,V2) be the bipartition of K,,,. If € V4, then S, = V4 — {z} is the
unique minimum z-monophonic set of G and so by Theorem 2.5(1), f,,(G) = 0. If z € V4,

then S, = Vo — {z} is the unique minimum z-monophonic set of G and so by Theorem 2.5(1),
fm. (G) =0. O

Theorem 2.15 (1) If G is the wheel W, = K1 + Cp—1(p = 4,5), then fn,(G) = 0 for any
vertex x in Wpy;
(2) If G is the wheel W), = K1 + Cp_1(p > 6), then f,,(G) =0 or 1 according as z is K1

orx isin Cp_1.

Proof Let Cp_1 :uj,ug, -+ ,up—1,u1 be a cycle of order p — 1 and let u be the vertex of
K;.

(1) If p =4 or 5, then G has unique minimum z-monophonic set for any vertex z in G
and so by Theorem 2.5(1), fn.. (G) = 0.

(2) Let p > 6. If x = u, then S, = {ug,ug, -+ ,up—1} is the unique minimum z-
monophonic set and so by Theorem 2.5(1), fn,(G) = 0. If x € V(Cp—1), say x = ug, then
Si = {u;} (3 <i < p-—2)is a minimum z-monophonic set of G. Since p > 6, there is more than
one minimum z-monophonic set of G. Hence it follows from Theorem 2.5(1) that f,, (G) # 0.
Now it follows from Theorems 1.2(2) and 2.3 that f,,, (G) = m,(G) = 1. O

0 o n=2

Theorem 2.16 For any vertex x in the n-cube Qn (n > 2), then fum_ (Qn) = .
1 if n>3

Proof If n = 2, then @,, has unique minimum z-monophonic set for any vertex x in @,
and so by Theorem 2.5(1), f,(Qn) = 0. If n > 3, then it is easily seen that there is more than

one minimum z-monophonic set for any vertex z in @,. Hence it follows from Theorem 2.5(1)
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that fi,, (@Qn) # 0. Now it follows from Theorems 1.3 and 2.3 that fp,, (Qn) = m.(Q,) =1. O

The following theorem gives a realization result for the parameters fp,_ (G), m;(G) and
m}(G).

Theorem 2.17 For any three positive integers a, b and ¢ with 2 < a < b < ¢, there exists a
connected graph G with [, (G) = a, mz(G) =b and m} (G) = ¢ for some vertex x in G.

Proof For each integer 7 with 1 < ¢ < a —1, let F; : ugs, u1,4,u2,,us,; be a path of order
4. Let Cg : t,u,v,w,x,y,t be a cycle of order 6. Let H be a graph obtained from F; and Cg by
joining the vertex x of Cg to the vertices ug; and us; of F;(1 <i <a—1). Let G be the graph
obtained from H by adding ¢ — a new vertices y1, Y2, , Ye—b, V1, V2, - * , Up—q and joining each
yi(1 <i < c—b) to both u and y, and joining each v;(1 < j < b — a) with x. The graph G is
shown in Figure 2.3.

U1,q—1 U2,a—1

Figure 2.3

Let S = {v1,v9, - ,vp—q} be the set of all simplicial vertices of G. For 1 < j < a —1,
let S; = {u1j,us;}. If b =c, then let S; = {u,v,t}. Otherwise, let S, = {u,v}. Now, we
observe that a set S, of vertices of G is a m,-set if S, contains S and exactly one vertex from
each set S;(1 < j < a) so that m,(G) > b. Since S, = S\ {u,u11,u19, -, U141} i an
a-monophonic set of G, we have my(G) = b.

Now, we show that f,,, (G) =a. Let Sy = S|J{u,u11,u1,2,"++ ,u1,4—1} be a my-set of G
and let T, be a minimum z-forcing subset of S,. Since S is the set of all z-monophonic vertices
of G and by Theorem 2.8, f,,. (G) < m,(G) — |S| = a.
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If |T;| < a, then there exists a vertex y € S, such that y ¢ T,. It is clear that y € S; for
some j =1,2,--- ,a, say y = ur1. Let S, = (Sp — {u11}) U {ug1}. Then S, # S, and S, is
also a minimum z-monophonic set of G such that it contains 7., which is a contradiction to T
a minimum z-forcing subset of S;. Thus |T;| = a and so fp, (G) = a.

Next, we show that m} (G) = ¢. Let U, = SU{u11,u1,2, s U1,a—1,691,Y2, s Ye—b -
Clearly U, is a minimal z-monophonic set of G and so m} (G) > c¢. Also, it is clear that every
minimal z-monophonic set of G contains at most ¢ elements and hence m} (G) < c. Therefore,
m}(G) =c. O

x

The following theorem gives a realization for the parameters f,, (G), m,(G) and em,(G).

Theorem 2.18 For any three positive integers a, b and ¢ with 2 < a < b < ¢, there exists a
connected graph G with fp, (G) = a, my(G) =b and em,(G) = ¢ for some vertex z in G.

Proof We prove this theorem by considering three cases.
Case1l. 2<a<b<ec.

For each integer ¢ with 1 < i < a —1, let F; : y1,u1,4,u2,4,y3 be a path of order 4. Let
P._pi2 : y1,Y2,Y3, -+ ,Ye—bt2 be a path of order ¢ — b+ 2 and let P : vy, v2,v3 be a path of
order 3. Let H; be a graph obtained from F;(1 < i < a — 1) and P._pt2 by identifying the
vertices y; and ys3 of all F;(1 <i < a—1) and P._pyo. Let Hs be the graph obtained from
H; and P by joining the vertex v, of P to the vertex yo of H; and joining the vertex vz of P
to the vertex y3 of Hi. Let G be the graph obtained from Hs by adding b — a new vertices
21, 22, .-y Zb—q and joining each z;(1 < i < b— a) with the vertex y._p 2. The graph G is shown
in Figure 2.4.

Ul,a—1 U2,a—1

(7 T =12 Ys Ya Ys
U1 U3
V2
Figure 2.4
Let = yo and let S = {21,232, -, 2p—a} be the set of all simplicial vertices of G. For

1<j<a-1,1letS; = {ui,,uz,} and let S, = {v2,v3}. Now, we observe that a set S, of
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vertices of G is a my-set if S, contains S and exactly one vertex from each set S;(1 < j < a).
Hence m,(G) > b. Since S; = SU{ve,u11,u1,2," - ,u1,4—1} is an z-monophonic set of G with
|S.| = b, it follows that m,(G) = b.

Now, we show that f,,,(G) = a. Let S = S|J{ve2,u1,1,u1,2, ..., u1,4-1} be a my-set of G
and let T, be a minimum z-forcing subset of S;. Since S is the set of all z-monophonic vertices
of G and by Theorem 2.8, f,,.(G) < m.(G) —|S| = a.

If |T;| < a, then there exists a vertex y € S, such that y ¢ T,. It is clear that y € S; for
some j =1,2,--- ,a,say y = uj,1. Let S; = (Sy — {u11})U{u2,1}. Then S; # S, and S; is
also a minimum z-monophonic set of G such that it contains 7, which is a contradiction to T
an z-forcing subset of S;. Thus |T;| = a and so f,, (G) = a.

Clearly, S| {vs, u2,1,u2,2, ** ,U2,0a-1,Y3, Y4, " * - , Ye—bt2} is the unique minimum connected

a-monophonic set of G, we have em,(G) = c.
Case 2. 2<a=b<candc=0b+1.

Construct the graph Hy in Case 1. Then G = Hs has the desired properties (S is the
empty set).

Case 3. 2<a=b<candc>b+2. Foreachiwithl <¢<a-—1,let F;:yi,u;1,ui2, Y3
be a path of order 4. Let P.—g41 : Y1,Y2,Y3,"** ,Ye—a+1 b€ a path of order ¢ — a + 1 and let
Cs : v1,v9,v3,v4, 05,01 be a cycle of order 5. Let H be a graph obtained from F; and P,_,4+1
by identifying the vertices y; and y3 of all F;(1 <i <a—1) and P._,41. Let G be the graph
obtained from H by identifying the vertex ye—qt1 of P._q41 and vy of C5. The graph G is
shown in Figure 2.5. Let x = yo.

Ul,a—1 U2,a—1

Us V4
U1

Y1 T =Yz Y3 Y4 Ye—at

(%) V3

Figure 2.5

For1<j<a-—1,letS; ={ui;,uz;} and let S, = {v3,v4}. Now, we observe that a set
Sy of vertices of G is a my-set if S, contains exactly one vertex from each set S;(1 < j < a)
so that m,(G) > a. Since S; = {vs,u1,1,u1,2, "+ ,U1,4—1} IS an z-monophonic set of G with

S| = a, we have m,(G) = a.
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Now, we show that f,,, (G) = a. Let Sy = {vs,u1,1,u1,2, -+ ,u1,4—1} be a my-set of G and
let T, be a minimum a-forcing subset of S,. Then by Theorem 2.3, f,,,. (G) < m.(G) = a.

If |T,| < a, then there exists a vertex y € S, such that y ¢ T,. It is clear that y € S; for
some j =1,2,--- ,a,say y = uj,1. Let S; = (Sy —{u11})U{u1,2}. Then S; # S, and S; is
also a minimum z-monophonic set of G such that it contains 7., which is a contradiction to T
an z-forcing subset of S;. Thus |T;| = a and so f,, (G) = a.

Let S = {vo,v3,u2,1,U2,2, s U2,a-1,Y3, Y4, " ** »Ye—a+1}. 1t is easily verified that S is a

minimum connected z-monophonic set of G and so em,(G) = c. O

Problem 2.19 For any three positive integers a, b and c with 2 < a < b = ¢, does there exist
a connected graph G with fn_ (G) = a, mz(G) =b and em;(G) = ¢ for some vertex x in G?
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Abstract: A graph G with p vertices and ¢ edges is said to have a skolem difference odd
mean labeling if there exists an injective function f : V(G) — {1,2,3,---,4¢ — 1} such
that the induced map f* : E(G) — {1,3,5, -+, 2g — 1} defined by f*(uwv) = [W-‘
is a bijection. A graph that admits skolem difference odd mean labeling is called a skolem
difference odd mean graph. In this paper, we investigate skolem difference odd mean labeling

of some H-graphs.
Key Words: Skolem difference odd mean labeling, skolem difference odd mean graph.
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81. Introduction

Throughout this paper, by a graph we mean a finite, undirected and simple graph. Let G(V, E)
be a graph with p vertices and ¢ edges. For notations and terminology we follow [1].

Path on n vertices is denoted by P,. Ki ., is called a star and is denoted by S,,. The
bistar By, , is the graph obtained from K by identifying the center vertices of K ,, and K;
at the end vertices of K5 respectively. The H-graph of a path P,, denoted by H,, is the graph
obtained from two copies of P, with vertices vy,vs, -+ ,v, and ui,us, -+ ,u, by joining the
vertices Unt1 and Unt if n is odd and the vertices vz 41 and ugz if n is even. The corona of
a graph G on p vertices vy, vz, - , v, is the graph obtained from G by adding p new vertices
U1, Uz, ..., U, and the new edges u;v; for 1 < ¢ < p. The corona of G is denoted by G ® K;.
The 2-corona of a graph G, denoted by G ® S5 is a graph obtained from G by identifying the
center vertex of the star Ss at each vertex of G. The disjoint union of two graphs GG; and Gs is
the graph G7 U G with V(G1 UG2) = V(G1) UV (G2) and E(G1 UGs) = E(G1) U E(G2).

The concept of mean labeling was introduced and studied by S. Somasundaram and R.
Ponraj [5]. Some new families of mean graphs are studied by S.K. Vaidya et al. [6]. Further
some more results on mean graphs are discussed in [4,7,8]. A graph G is said to be a mean
graph if there exists an injective function f from V(G) to {0,1,2,- - , ¢} such that the induced
map f* from E(G) to {1,2,3,---,q} defined by f*(uv) = {w—‘ is a bijection.

1Received June 4, 2014, Accepted March 2, 2015.
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In [2], K. Manickam and M. Marudai introduced odd mean labeling of a graph. A graph G
is said to be odd mean if there exists an injective function f from V(G) to {0,1,2,3,---,2¢—1}
such that the induced map f* from E(G) to {1,3,5, - ,2g—1} defined by f*(uv) = [M]

is a bijection. Some more results on odd mean graphs are discussed in [9,10].

The concept of skolem difference mean labeling was introduced and studied by K. Murugan
and A. Subramanian [3]. A graph G = (V, E) with p vertices and ¢ edges is said to have skolem
difference mean labeling if it is possible to label the vertices x € V' with distinct elements f(x)
from 1,2,3,--- ,p + ¢ in such a way that for each edge e = wv, let f*(e) = [M} and
the resulting labels of the edges are distinct and are from 1,2,3,---,¢. A graph that admits a

skolem difference mean labeling is called a skolem difference mean graph.

The concept of skolem difference odd mean labeling was introduced in [11]. A graph with
p vertices and ¢ edges is said to have a skolem difference odd mean labeling if there exists an
injective function f : V(G) — {1,2,3,---,4q — 1} such that the induced map f* : E(G) —
{1,3,5,---,2¢q — 1} defined by f*(uv) = {M—‘ is a bijection. A graph that admits a

skolem difference odd mean labeling is called a skolem difference odd mean graph.

A skolem difference odd mean labeling of By 7 is shown in Figure 1.

1 47

Figure 1

In this paper, we prove that the H-graph, corona of a H-graph, 2-corona of a H-graph are
skolem difference odd mean graph. Also we prove that union of any two skolem difference odd

mean H-graphs is also a skolem difference odd mean graph.

§2. Skolem Difference Odd Mean Graphs

Theorem 2.1 The H-graph G is a skolem difference odd mean graph.

Proof Let vy,va, -+ ,v, and u,us, -+ ,u, be the vertices of the H-graph G. The graph
G has 2n vertices and 2n — 1 edges.
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Define f: V(G) — {1,2,3,--- ,4¢g — 1 = 8n — 5} as follows:

26— 1, 1 <i<nandiisodd
fu) = _ _ N
8n —2i—1, 1 <i<nandiiseven
6n —2i—1, if nisodd, 1 <7 <mn and i is odd
Flu) 2n +2i—1, if nisodd, 1 <i<n and i is even
U;) =
2n +2i — 1, if niseven, 1 <i<n and ¢ is odd
6n —21—1, if nis even, 1 <i<n and 7 is even.

For the vertex labeling f, the induced edge labeling f* is given as follows:

o) =4n—2i—1, 1<i<n-1
fluuip) =2n—-2i—1, 1<i<n-1

I (vmum) =2n—1 if nis odd and
2 2
fr (’U%_H’U,%) =2n—1 if niseven.

Thus, f is a skolem difference odd mean labeling and hence the H-graph G is a skolem
difference odd mean graph. a

For example, a skolem difference odd mean labeling of H-graphs G; and G2 are shown in

Figure 2.
1 027
35 ® ® 13 1 > 9
5 23 27 » 19
31¢ ® 17 5 » 13
9 e ¢ 19 23 *15
G1 = H5 GQ = H4
Figure 2

Theorem 2.2 For a H-graph G, G ® K; is a skolem difference odd mean graph.

Proof By Theorem 2.1, there exists a skolem difference odd mean labeling f for G. Let
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V1,02, , U, and uq,us, - -+ ,u, be the vertices of G.

Let V(G ® K;) = V(G) U {v],v),. .. v, } U {ul,uf,
and E(G © K1) = E(G) U {vv},uu; : 1 <i<n}.

Case 1. n is odd.
Define g : V(G ® K1) — {1,2,---,16n — 5} as follows:

. _n+1
g(v2i—1) = f(v2im1), 1<i<

-2
-1
g(vei) = f(vai) +8n, 1<i< i 5
1
g(ugi—1) = flugi—1) +8n, 1<i< ";r

g(um‘) = f(u2i)

1
g(vhi 1) = glun) — 4n — 4(i — 1), 1§i§"“2L
/ . . n—1
g(vg;) = g(up—1) +4n+4i, 1<i< 5
1
glud; 1) =gun) —2n+4(i—-1), 1<i< ";’

~1
g(ub)) = glun_1) +2n—4(i—1), 1<i< =

2

For the vertex labeling g, the induced edge labeling g* is given as follows:

g (viviy1) = fH(vvip1) +4n, 1<i<n-—1

9" (wiuir1) = f*(wiuip1) +4n, 1<i<n-—1
g ) =4n+1-2i, 1<i<n
g (wui) =2n+1-2i, 1<i<n
3f

* (vn+1u )

(vn+1 Un+1) + 2.
2 2
Case 2. n is even.

Define g : V(G ® K1) — {1,2,3,--- ,16n — 5} as follows:

g(v2i—1) = f(vai—1), 1<i< g
g(vei) = f(ug;) +8n, 1<i< g

g(ugi—1) = fugi—1), 1<i< g
g(uz;) = f(uzi) + 8n, 1§i§g

g(vh_1) = glun—1) +4n+6 —4i, 1

IN
IN
|3

oy Uy

99
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g(vh;) = g(un) —4n — 2 + 44, 1§¢gg
g(uh; 1) = g(un_1) +2(n+1) —4(i — 1), 1gigg
9uhy) = glun) —2n+1) +4i, 1<i< .

For the vertex labeling g, the induced edge labeling g* is obtained as follows:

g*(Wivit1) = f*(vivig1) +4n
9" (wiviy1) = f*(wivit1) +4n
g (vv)) =4n+1—2i
g (wul) =2n+1—2i
9" (vgiug) =3/ (vg+1uy) +2

Thus, g is a skolem difference odd mean labeling and hence G ® K is a skolem difference

odd mean graph. O

For example, a skolem difference odd mean labeling of H-graphs G1,G2,G; ® K7 and
G2 ® K7 are shown in Figure 3.

1 ?13
1° »27
439 p 31
359 P13
5 23 0 / 1
39 027
31°? *17
9 e ¢ 21
) R 23
G1 = Hs Gy =
ATe—1 13735
39 11 67y—49

49—191 79+—61

35 5 63 53 /

53 M— 75p———65
45— 71 17¢—23

39e—9 21¢——27

G160 K, G2 © K,

Figure 3
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Proof By Theorem 2.1, there exists a skolem difference odd mean labeling f for G. Let

V1,02, ",

! 7vn7

ul,u27...

v, and up, ug, -+ - -

ul, and uf, uf), -

together with {v;v}, vv!, wul, wu : 1 <i<n}.

Case 1.

Define g : V(G ® S2) — {1,2,3,---

For the vertex labeling g, the induced edge labeling ¢g* is given as follows:

Case 2.

n is odd.

n is even.

,24n — 5} as follows:

g(v2i—1) = fvzi1), 1<i< n;— 1
g(va;) = fug) +16n, 1<i< i ; !
g(ugi—1) = flugi—1) +16n, 1<i< n—2i— 1
g(ug) = flug), 1<i< ”; 1
g(vy; ) = glun) —4n —12(i — 1), 1<i< ";L 1
g(Wh) = g(tn_1) +dn—4+12i, 1<i< ”; !
o) = glvhi) —4, 1<i<"E
o) = glh) +4, 1<i< 1
gy 1) = glun) —6n+12(i—1), 1<i< ”;L !
g(uly) = glun_y) +4n +18 —12i, 1<i< ; !
gluy; 1) = gluy; 1) +4, 1<i< n—2|— !
o) = glus) —4, 1<i< 2

g*(vivit1) = fH(vivig1) +8n, 1 <i<n-—1
9" (wiviv1) = f*(uinig1) +8n, 1<i<n-—1
g (vv)) =8n+3—4i, 1<i<n
(o) =8n+1—4i, 1<i<n
g (uul) =4n+3—-4i, 1<i<n
g (wu)=4n+1—-4i, 1<i<n

o (vagrap) =/

(’UH_HUH_H) +4.
2 2

, Uy, be the vertices of G. Let V(G) together with v, v5, - - -
,ulr form the vertex set of G® .Sy and the edge set is E(G)

avna

" "
V1,0,
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Define g : V(G ® S2) — {1,2,3,---,24n — 5} as follows:

. n
9(vaim1) = f(vaima), 1<isg
n
9(vai) = f(vai) +16n, 1<i< g
n
g(ugi—1) = fugi—1), 1<i< 5
gluz) = fluz) +16n, 1<i< 3
gy 1) = g(un_1) +12n+14—12i, 1<i< g
g(vh) = glun) — 120 — 6 +12i, 1<i< g
on
glvg; 1) =glvg; 1) —4, 1<i< 3
n
g(vy;) = g(vy;) +4, 1<i< 5
gy ) = glun_1)+6n+14—12i, 1<i< g
g(ub;) = glun) —6n—6+12i, 1<i< g
n
g(uy; 1) = gluy 1) —4, 1<i< 5
g(uy;) = g(uy;) +4, 1<i< g
1 [ ] P 51
67 ¢ » 21 1 * 17
5¢ 0 47 59 ® » 13
63 ¢ * 25 5 ¢ » 21
9 43 55 ¢ » 39
50 e ¢ 29 g ® 95
139 » 39 51® > 35
55 ¢ ® 33 13 e ¢ 29
17 ° [ ] 35 47 [ 031
Gl = H9 GQ = Hg

Figure 4
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For the vertex labeling g, the induced edge labeling ¢g* is obtained as follows:

g (viviy1) = ff(vivig1) +8n, 1<i<n-—1
g (wivir1) = f*(uiuip1) +8n, 1<i<n-—1
g (vv)) =8n+3—4i, 1<i<n
g (wv!)=8n+1—4i, 1<i<n
g (uui) =4n+3—4i, 1<i<n
g (wul)=4n+1—-4i, 1<i<n
g (Un+1Un)=5 (vn+1u%)+4

Thus, f is a skolem difference odd mean labeling and hence the graph G ® S3 is a skolem
difference odd mean graph. a

For example, a skolem difference odd mean labeling of H-graphs G1,G2, Gy ® S and
G2 ® Sy are shown in Figures 4 and 5.

125
1 195(11:::::
,//////'129

143

139
79

E— st
117

83

It
137

141
71 73

127

\

$211 91 17

123

131 69

A

5 191 87 171

Y

121
67

127

VY
N

89 115
207 25 6 :::::223'5 21 6
93 111
149 129
119 81 16 (:::::::
9 187 153 :::::::’183 133
115 59 85 95
101 :7 203 29 < - 103 :7- 9 25.<:51
105 99
107 161 gq 141
:::::2>>'13 183 - :::::j:>"179 163 s
103 & 97 43
113 :7« 199 33 < 91 :7 13 29 ‘<:
117 43 87 39
95:::::;;517 179 <:::::::173 105:::::::,175 159&:::::::153
91 177 109 157
G1© S G2 © Sy
Figure 5

Theorem 2.4 If Gy and Gs are skolem difference odd mean H-graphs, then Gy U G4 is also a

skolem difference odd mean graph.
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Proof Let V(G1) = {us,v; : 1 <i<n}and V(G2) = {s;,t; : 1 < j < m} be the vertices
of the H-graphs G; and G5 respectively. Then the graph G; U G2 has 2(n 4+ m) vertices and
2(n+m—1) edges. Let f:V(G1) — {1,2,3,--- ,8n—5}and g : V(G2) — {1,2,3,--- ,8m —5}
be a skolem difference odd mean labeling of G; and G5 respectively.

Define h: V(G1 UG3) — {1,2,3,--- ,4¢— 1 =8(n+m) — 9} as follows:

For1<i<nandn>1,

fuy) if ¢ is odd
h(ui) =
flu;) +8m —4 if ¢ is even
flu;)+8m—4 if n is odd and ¢ is odd
flv) if n is odd and 7 is even
h(vi) =
f(vi) if n is even and i is odd
flo;)+8m—4 if n is even and i is even.

For the vertex labeling h, the induced edge labeling h* is given as follows:
For1<i<n—-1landn>1,

h*(uiqu) = *(uiqu) + 4dm — 2

f
h*(vivit1) = f*(vivig1) +4m — 2
(un+1v ) fr (UnTHUnTH)+4m_2 if n is odd and
) =1

(u%+1v% * (u%+1v%) +4m —2 if nis even.

Fori<j<m-landm>1,

h*(sjs541) = 9" (558541)
h*(tjtjy1) = 9" (titj41)

h* (sm+1tm+1) =g (s%t%) if m is odd

h* (smiqtm) =g* (S%Ht%) if m is even.

Thus, & is a skolem difference odd mean labeling of G; U G2 and hence the graph G; U Gs

is a skolem difference odd mean graph. O

For example, a skolem difference odd mean labeling of G; U Gy where G; = Hj3; Go =
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Hs, Gy = Hs; Gy = Hg, Gy = Hy; Go = Hg and G1 = H4; Go = H, are shown in Figures 6-9

following.

1 P27 3 P29
35P P13 37 °15
1 15 1 51
5 23 7 25
19 9 55 9
31 17 339 19
5 11 5 47
G1 = H; g *19 11¢ *21
Go = Hpy Gi UGy = H3 U Hy
Figure 6
1r P13 3°r P15
1 »27 43 p31 1 *71 45 » 33
35P P13 5 :/'17 9P P13 7 :/'19
5 23 39 $27 5 67 41 $29
31% 17 9 21 759 17 119 23
g e 19 35 *93 g e 063 37 * 25
G1 = Hsy Go = Hg G1UG9 = H5 U Hg
Figure 7
1 » 113 3 P '15
43 *31 45 » 33

1 9 5 -/-17 1e 19 7 -/-19
27-/19 39 $27 71 / 63 41 $29
9 9 113 9¢ 21 5 13 11¢ 23

23 ¢ ¢15 35 *93 67 59 37+ 25
Gi1=Hy G2 = Hg G1 UGy = H4UHg

Figure 8
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1 9 1 9 1 9 3 11
27'/‘19 27'/19 55'/47 29'/‘ 21
X l13 5. 113 5 -13 74 ' 15
23 ¢ 15 23 *15 51¢ 43 25°¢ 17
G1=H,y Go = Hy GiUGy=H4UH,
Figure 9
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81. Introduction

In this paper, we consider only finite simple graphs without loops or multiple edges. Let G(V, E)
be a graph with the set of vertices V' and the edge set E. Total coloring x;(G) was introduced by
Vizing [7] and Behzad [1]. They both conjectured that for any graph G the following inequality
holds: A(G) +1 < x¢(G) < A(G) + 2. Tt is obvious that A(G) + 1 is the best possible lower
bound. This conjecture is proved so far for some specific classes of graphs. In general the
equitable total coloring problem is more difficult than the total coloring problem. In 1994, Fu
[4] gave the concepts of an equitable total coloring and the equitable total chromatic number
of a graph. For a simple graph G (V, E), let f be a proper k—total coloring of G

Ty — Ty <1, 4,5 =1,2,...,k.

The partition {T;} = {V; U E; : 1 <i < k} is called a k—equitable total coloring (k—ETC
of G in brief), and
Xet (G) = min {k|k — ETC of G}

is called the equitable total chromatic number [2-6, 10] of G, where Vo € T; = V; U E;, f (z) =
i, i =1,2,--- k. It is obvious that x.(G) > A + 1. Furthermore Fu presented a conjecture
concerning the equitable total chromatic number (simply denoted by ETCC)

Conjecture 1.1([4]) For any simple graph G (V, E),

Xet(G) < A(G) + 2.

1Received September 3, 2014, Accepted March 8, 2015.
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These Researchers in [2, 3, 5, 6, 8-10] have concentrated in providing the equitable total

chromatic number for specific families of graphs.
Lemma 1.2([10]) For any simple graph G (V, E),

Xet (G) > x:(G) > A(G) + 1.
Lemma 1.3([4]) For complete graph K, with order p,

D, p = 1mod 2

Xet (K ) =
g p+1, p=O0mod 2.

Lemma 1.4([3]) For n > 13 the total equitable chromatic number of Hypo-Mycielski Graph,
Xet(HM(W,,)) =n+ 2.

In [9], equitable total chromatic numbers of some join graphs were given. Gong Kun et.al
[2] proved some results on the equitable total chromatic number of W,, V K,,, F,, V K,, and
Sm V K. In 2012, Ma Gang and Ma Ming [6] proved some results concerning the equtiable
total chromatic number of P,, V S,, P, V F,, and P, V W,,.

In the present paper, we find the equitable total chromatic number x.; for the double star
graph K ., and the fan graph F,, ;.

§2. Preliminaries

Definition 2.1 A double star Ky ., is a tree obtained from the star K , by adding a new pen-
dant edge of the existing n pendant vertices. It has 2n+1 vertices and 2n edges. Let V (K1,5.p) =
{v} U{vi,va,...,on} U{us,ug,...,un} and E (K1 pnn) = {e1,€2,...,en} U{s1,52,...,8,}.

Definition 2.2 A Fan graph K,, + P, where P, is path on n vertices. All the vertices of the
fan corresponding to the path P, are labeled from m to n consecutively. The vertices in the fan

corresponding K, is labeled m + n.

§3. Equitable Total Coloring of Double Star Graphs

Theorem 3.1 For any positive integer n,
Xet (Kl,n,n) =n+1.
Proof Let V (Kinn) = {uo} U{u;:1<i <n}U{v;:1<i<n} and E(Kinn) =

{ei:1<i<n}U{s;:1<i<n}, wheree; (1 <i<n)isthe edge ugu; (1 <i<n)ands;(1 <i

< n) is the edge u;v; (1 < i < n). Now we partition the edge and vertex sets in K1 , ,, as follows.
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T, = {e1,Un,Sn—1,Vn—2}

T, = {e2,u1,8n,Un-1}

T3 = {es,ua,v,}

Ty = {es,u3, 51}

T, = {ew,ur—1,5k-3,0%-4} (5 <k <n)
Toy1 = {uo,8n—2,0n-3}

Clearly Ty,T5,T5,T4, T, and T,4; are independent sets of Kj . Also |T1| = |Ta| =
|Tk| = 4(5 <k <n)and |T3] = |T4| = |Tht1| = 3, it holds the inequality ||T;| — |T;|| < 1 for
every pair (¢,7). This implies xet (K1,n,n) < n+ 1. Since the set of edges {e1, ez, ...e,} and ug
receives distinct color, Xet (K1,n,n) > Xt (K1,n,n) > n+1. Hence xet (K1,n,n) > n+1. Therefore
Xet (K1nn) =n-+1. O

§84. Equitable Total Coloring of Fan Graphs

Theorem 4.1 For any positive integer n,m (n > m), then

A+2ifn=m

A+2ifn—m=2
A+1lifn—m=1
n+2ifn—m2>3

Xet (Fm,n) =

Proof Let V (Finp) ={ui: 1 <i<m}U{v; 11 <j<n}tand E (Fnn,) = U{e,;:1<j<n}u
i=1
{e; 11 <j<n—1}, wheree; (1 <j<n-—1)isthe edge vjv;41 (1 < j<n—1)ande,; is the
edge u;v; (1 <i<m,1<j<n). Now we partition the edge and vertex sets of F,,, in the

following cases.

Casel. n=m

T = {ei1i}U{ean,es5n-1,€6n-2,--.,ma}U{vs}

T, = {eiz,e21tU{esn,€6n-1,€7.n-2,---s€ms}U{vs}

T35 = {eis,e22,e31}U{€6n,€7n-1,€8n-2,...,€me}U{vs}
Taa = {e1n-2,€2n-3,...,€m—21}U{v,}

Ta-z = {e1n—1,€2n-2,. -, €m—11}
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Ta—e = {e1n,€2n-1,---3m1}
Ta-1 = {ezn,€3m-1,---,ema} U{v1}
Tan = {esm,eamn—1,---,em3tU{v2}
Tatyr = {62i31§i§LnT_1J}U{U2i111§i§[g-‘}

-1
Tar2 = {62i111§i§ PLT—‘}U{um!lSiS {gJ}

Clearly Th,T%,T5, . . . Ta42 are independent sets of F), ,,. It holds the inequality ||T;| — |T5|] <
1 for every pair (4,7). This implies Xet (Fmn) < A+ 2. Each edge vjvj41 (1 <j<n-—1)is
adjacent with 2m + 2 edges and incident with two vertices,it forms a triangle with atleast one
vertex of {u; : 1 <i <m}. Therefore equitable total coloring needs A + 2 colors.xet (Fm.n)
> xt (Fn) > A+ 2. Hence xet (Fin,n) > A+ 2. Therefore xet (Fn) = A+ 2.

Case 2. n—m=2

T = {eii}U{ean,e3n-1,€1n-2,...,€ma}U{vs}
T, = {eiz,ea1tU{esn;an-1,€5n-2,...,m5}U{va}
T3 = {ei,e22,e31}U{esn,e5n-1,€6n-2,---,€me} U{vs}
Ta—2 = {e1n-2,€2n-3,...,em1}U{v,}
TAfl - {el,nflv 62,7172; sy em,2} U {'Ul}
Tn = {ein,€2n-1,.--;m3} U{va}
-1 -1
TaArr = {u2i1 1<ZSVLTJ}U{€21'11SZ'§{”2 J}
-2 -1
TaAr2 = {um 1§i§Ln2 J}U{emlllﬁiﬁ[%—‘}

Clearly Th,T5,T5, . .. Tat2 are independent sets of F), ,,. It holds the inequality ||T;| — |T5|] <
1 for every pair (4, j). This implies Xet (Fin,n) < A+ 2. Since each edge vjvj41 (1 <j<n-—1)
is adjacent with 2m + 2 edges and incident with two vertices,it forms a triangle with atleast one
vertex of {u; : 1 < i < m}. Therefore equitable total coloring needs A + 2 colors. et (Finn) >
Xt (Fin) > A+ 2. Hence xei (Fn,n) > A+ 2. Therefore xet (Finpn) = A+ 2.

Case3. n—m=1

T {e11}U{ean,e3n-1,€4n-2,...,em 3} U{va}

T, = {eig,e21tU{e3n;an-1,€5n-2,...,ma}U{vs}
T3 = {eis,ez2,e31}U{ean,e5n-1,€6n-2,---,€ms5} U {va}



Ta—2
ThA—1

N

Tayr =

Clearly Tl, Tg, Tg, .
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{e1,n-1,€2n-2,...,€m 1} U{v,}

{el,n; €2 n—1y---, em,Q} U {1)1}

e
e ]

.Ta+1 areindependent sets of F,, ,,. It holds the inequality ||T;| — |T5|] <

1 for every pair (1,j). This implies Xet (Fm,n) < A+ 1. Since at each vertex v; (2 <j <n-—1)

there exist A mutually adjacent edges and v; (2 < j < n — 1) needs one more color. Xet (Fmn) >
Xt (Fin) > A+ 1. Hence xet (Fn,n) > A+ 1. Therefore xet (Finpn) = A+ 1.

Case 4. n—m >3

T =
T, =
Ty =

Th o =
Tnfl =
T, =

Tn+1 -

Tn+2 -

Clearly Tl, Tg, Tg, ce

{e11} U{ean,e3n-1,€4n-2,...,€ma} U{vs}
{e12,e21} U{€3ns€an-1,€5n—-2,---sm,5} U{vsa}
{e13,€22,e31t U{€an,5n—1,€6,n—2,---,me} I {vs}
{e1,n—2,€2.n—3,. . em1} U{vn}

{e1n-1,€2n-2,. .- ema2}t U{v1}
{e1n,€2n—1,---,em 3t U{v2}

{u2i1:1§ig[%1}u{em:1gig V;IJ}
{u2i:1§i§ {%J}u{emlqgig VT_IH

T,+2 are independent sets of Fy,, ,,. It holds the inequality ||T;| — |T;]| <

1 for every pair (i,7). This implies xet (Fm,n) < n + 2. Since at each vertex u; (1 <i <m)

there exist n mutually adjacent edges and wu; (1 < ¢ < m) needs one more color. Xet (F.n)
Xt (Fmn) > n+ 2. Hence Xet (Fin) > n + 2. Therefore xer (Fin) =n + 2.
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81. Introduction

Involute-evolute curve couple was originally defined by Christian Huygens in 1668. In the
theory of curves in Euclidean space, one of the important and interesting problems is the
characterizations of a regular curve. In particular, the involute of a given curve is a well known
concept in the classical differential geometry (for the details see [7]). For classical and basic
treatments of Involute-evolute curve couple, we refer to [1], [5], [7-9] and [13].

The relationships between the Frenet frames of the involute-evolute curve couple have been
found as depend on the angle between binormal vector B and Darboux vector W of evolute
curve, [1]. In the light of the existing literature, similar studies have been constructed on
Lorentz and Dual Lorentz space,[2-4, 10-12].

In this paper, The relationships between dual Frenet frame and Darboux vectors of these

curves have been found. Additionally, some important results concerning these curves are given.

82. Preliminaries

Dual numbers were introduced by W.K. Clifford (1849-79) as a tool for his geometrical investi-

1Received July 2, 2014, Accepted March 10, 2015.
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gations. The set ID = {A =a+e¢ea* | a,a*elR, &% = O} is called dual numbers set. On this

set product and addition operations are described as

(a+eca*)+ (b+eb*) = (a+b)+e(a*+b"),
(a+ea”).(b+¢eb*) = ab+e(ab” +a'd),
respectively. The elements of the set ID3 = Z | Z =a+ ac?* , E, c:;‘ elR?} are called dual

vectors. On this set, addition and scalar product operations are described as
® : ID’xID®—1ID?, A®B= (Z+3> —|—e(a*+b*>,
© : IDxID?*—ID?, X@Z:)\E—l—e()\a*—f—)\*a) :

respectively. Algebraic construction (I D3 ®.ID,+, .,@) is a modul. This modul is called
ID-Modul.

The inner product and vectorel product of dual vectors A, BeID?3 are defined by respec-

(,) : ID*<ID®—1ID <Z,73>_<E,F>+s<<3,bj>+<;*i>>

A : ID?xID*—1ID®, ANB= (ZAZ)H(Z/\bwa*/\Z).

tively,

For Z # 0, the norm HZ of Z =a+ ac?“ is defined by

—
*

3] = J(3.3) =[] +eXprL . 7] 20

The angle between unit dual vectors E and E P = p + ep* is called dual angle and this
angle is denoted by ([6])

—

A, B> = cos® = cosp — ep*sing
Let

a : ICIR—ID?

s — a(s)=al(s)+ea*(s)

be differential unit speed dual curve in dual space ID3. Denote by {T, N, B} the moving dual
Frenet frame along the dual space curve o (s) in the dual space ID3. Then T, N and B are the
dual tangent, the dual principal normal and the dual binormal vector fields, respectively. The

function & (s) = ki + ek} and 7 (s) = ko + k3 are called dual curvature and dual torsion of a,
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respectively. Then for the dual curve a the Frenet formulae are given by,

T (s) = r(s)N(s)
N'(s) = —k(s)T(s)+7(s)B(s) (2.1)
B'(s) = —7(s)N(s)

The formulae (2.1) are called the Frenet formulae of dual curve. In this palace curvature

and torsion are calculated by,
det (T, T T”)
5(5) = (T T)  7(8) = ey

If « is not unit speed curve, then curvature and torsion are calculated by

B Ho/ (s) A (S)H B det (a/ (s),a" (s),a” (s))
VT Twer YT T e e e .

By separating formulas (2.1) into real and dual part, we obtain

t(s) = kin
n(s) = —kit+kob (2.4)
b (s) = —kon
' (s) = kin*+kin
n* (s) = —kit* — kit + kob® + kb (2.5)
b (s) = —ken* —kin

83. Some Characterizations Involute of Dual Curves

Definition 3.1 Let a : I — ID? and B : I — ID? be dual unit speed curves. If the tangent
lines of the dual curve & is orthogonal to the tangent lines of the dual curve B , the dual curve
B is called involute of the dual curve & or the dual curve & is called evolute of the dual curve B
(see Fig.1). According to this definition, if the tangent of the dual curve & is denoted by T and

the tangent of the dual curve E is denoted by T, we can write

<T,I_“> —0 (3.1)

Theorem 3.1 Let a and E be dual curves. If the dual curve B involute of the dual curve a, we

can write

B(s)=a(s)+[(c1 —s)+eco]T(s) , c1,c2elR.
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Proof Then by the definition we can assume that

B(s)=a(s) AT (s) . A(s) = p(s) + e (s) (3.2)

for some function A (s). By taking derivative of the equation (3.2) with respect to s and applying

the Frenet formulae (2.1) we have

g A

where s and s* are arc parameter of the dual curves a and 5 , respectively. It follows that

—ds* dX
T =(1+— )T+ AN 3.3
ds ( + ds) A (8:3)
the inner product of (3.3) with T is
ds* - dX
— <T,T> = (1 + E) (T, T+ \ (T, N) (3.4)

From the definition of the involute-evolute curve couple, we can write

<ij> ~0

By substituting the last equation in (3.4) we get

1+ % ~0 and % (1(s) + en” () = —1 (3.5)

Straightforward computation gives
@ (s)=—1 and p* (s)=0
integrating last equation, we get
w(s)=c1—s and p*(s) =co (3.6)
By substituting (3.6) in (3.2), we get
B(s)—a(s)=[(c1 — 8) +eca) T (s). (3.7)

This completes the proof. O

Corollary 3.1 The distance between the dual curves B and @ is ¢y — s| Feca.

Proof By taking the norm of the equation (3.7) we get

d (a (s) ,B(s)) =|c1 — 8| Feco (3.8)
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This completes the proof. O

(o)

Fig.1

Theorem 3.2 Let &,5 be dual curves. If the dual curve B involute of the dual curve a, then

the relationships between the dual Frenet vectors of the dual curves a and 5

= N
—cosPT + sin®B

W=
[l

= sin®T + cos®B

Proof By differentiating the equation (3.2) with respect to s we obtain

B (s) =X (s)N(s) , A= (c1 —s) +eco (3.9)

Thus, the tangent vector of B is found

and

B (9)|| = w (s)

i—‘:

T =N (s) (3.10)
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By differentiating the equation (3.9) with respect to s we obtain
3" = 2T + (m’ — m) N + AwrB

If the cross product B’ A Bﬁ is calculated we have

B'AB" = XNk2rT + \2K°B (3.11)

The norm of vector B’ A 5” is found

FAg H = A2k2\/R2 1 12 (3.12)

For the dual binormal vector of the dual curve B we can write

pag
CNCE

é:

By substituting (3.11) and (3.12) in the last equation we get

T K
T+ B 3.13
VEE+72 VR2 472 (3.13)

E:

For the dual principal normal vector of the dual curve B we can write
N=BAT
and
n L (3.14)

];] = — T +
VK2 + 72 VK2 + 72
Let @ (CI) =ptep*, 2= O) be dual angle between the dual Darboux vector W of a and

dual unit binormal vector B in this situation we can write
T K
sin = ———, cos®=——- 3.15
I<J2 + 7—2 :‘<62 + 7—2 ( )

By substituting (3.15) in (3.12) and (3.13) the proof is completed. O

The real and dual parts of T, ];], B are

T = N
];] = —cos®T + sin®B
B = sin®T + cos®B

is separated into the real and dual part, we can obtain
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|
Il

n?
n = —cosyt + singb,
b o= singt + cospb

*

t = n

_k

n = —cospt® 4 singpb® 4+ ¢* (sinpt + cospb)
Uk

b = sinpt" + cospb® + ¢* (cospt — singb)

On the way
sin® = sin (¢ + ep*) = sing + ep*cosy
cos® = cos (¢ + ep*) = cosp — ep*sing

If the equation

is separated into the real and dual part, we can obtain

p ka

110 P

LA Ty

oy FEH RS = 2hikoki — 2k

o (k3 +k3)?

If the equation
="
cosd =
K% + 72

is separated into the real and dual part, we can obtain

COS = kl
LAy
dng TR 2hukoks - kK — KK

o (k3 +k3)?

Theorem 3.3 Let a,B be dual curves. If the dual curve B involute of the dual curve a

curvature and torsion of the dual curve 3 are

2 B+ ()

=R eRee YT

(3.16)

Proof By the definition of involute we can write

B(s)=a(s)+ T (s) (3.17)
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By differentiating the equation (3.17) with respect to s we obtain

dB ds* /
W = TN TE NN,
47 ds*
DA () =T () + PR ()N (3),
T (s) Cﬁf; — Mk (s) N (s). (3.18)

Since the direction of T (s) is coincident with N (s) we have
T(s)=N{(s). (3.19)

Taking the inner product of (3.18) with T and necessary operation are made we get

ds*

e A (8)| K (s). (3.20)

By taking derivative of (3.19) and applying the Frenet formulae ( 2.1) we have

T(s)=N(s)=T (s) Cf; = —kT +7B. (3.21)
From (3.20) and (3.21), we have
= —xT + 7B
T ()= —c——
EAYOIE
From the last equation we can write
— = —kT' + 1B
N(s)= 2177,
B A YOIRTE)

Taking the inner product the last equation with each other we have

- _ 3 — /KT +7B —kT+7B .
<H(5)N(s),/@(s)N(S)> = <|)\(s)|f$(8)7 |)\(s)|f<a(8)>
Thus, we find
EELACELO)
A2 (s) k2 (s)

We know that
B AB" = NK27T + N2 B.

Taking the norm the last equation, we get

=r*\* (112 + 7'2) .

Faf|
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By substituting these equations in (2.3), we get

0 KA 0
—K2\ (k\) KTA
_ (—I€2)\)/ —K (FL)\)/ —K3N+ (m)\)” — K72\ (FL)\), T+ (IiT)\),
T = — ,
’ 6/ /\ /8//
- KT — KT
T ——
KA (k2 +72)
This completes the proof. O

If the equation (3.16) is separated into the real and dual part, we can obtain

o _ VETR

pki
P T (WPRD) (2kakT + 2koks) — (2kikip?) (KT 4 K3)
! 23k3 /2 + k2 ’
— kyky — kok,
ke = e oy
pky (Kf + k3)
o (klk;* Vo — Kk —kgk’{‘)
ky =

(uk + k1k3p)

[2 (k1K + heak) R (K + k) (ko + Rapet)] (ki — hak, )
(k3 + kk3p)®

Theorem 3.4 Let &,E be dual curves and the dual curve E involute of the dual curve o . If

W and W are Darbouz vectors of the dual curves & and B we can write

W= A—lﬁ (W + <I>/N) (3.22)

Proof Since W is Darboux vector of 3 (s) we can write
Wi(s)=71(s)T(s)+ k(s)B(s) (3.23)

By substituting 7, 7_”, K, B in the last equation, we get

!’ !’
- KT — KT K2 + 72

W (s) = W (s) + W (sin®T + cos®PB) . (3.24)
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By substituting (3.15) in (3.24), we get

_ /_ / 3 5 T B
W(S):&N(Sﬂ_v’i*”' TLERBY
A7) P \ViET e

The necessary operation are made, we get

’

- 7T + kB KT — KT

w = N
== AN )

- 1 KT — KT

W(s)=— (T4 KB+ ———N
=W (T TRt T )

and

’

" 1 (%)
W(S):m W+I<;2—|—T2N

Furthermore, Since
sin® 7,/ VK24 72
cos® k/VEZ+ 12

T_ tan®.
K

By taking derivative of the last equation, we have

<I>/se02<1> = (Z) .
K

By a straightforward calculation, we get

¥ =(3) i
ﬁ/(s):ﬁ(wwbzv),

which completes the proof.

If the equation (3.22) is separated into the real and dual part, we can obtain

— w—l—cp,n
w o= ——
k1
. k1 (w* +<ﬂ’n+</>’*n) — (ki + k) (w+eﬁln)
w = .

p2k?
If the equation (3.24) is separated into the real and dual part, we can obtain

- V2 + k32
w = VA (singt + cospbd) ,
pka
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— k%+k§ . * * * o
o = T(sm(pt + cospb™ + @™ (cospt — singb))
1
kv (ki k* kok®) — k2 ]{52 ke * o
ke (kikT + kok3) ( i+ 2) (uki + p"k1) (singt + cospb) -
ki + k3p2kt

Theorem 3.5 Let a, B be dual curves and the dual curve E involute of the dual curve a . If C
and C are unit vectors of the direction of W and W, respectively

_ q)’ /2 2
C=—— Nt YT ¢ (3.25)
(I)2+1432+7'2 (I)2+Iﬁ}2+7'2

Proof Since 5 the dual angle between W and B we can write

C(s)= sinBT (s) + cosBB (s).

In here, we want to find the statements sinB and COSB, we know that

3 ki : (3.26)

Similarly,
~ RZ 1 12
cosf = # (3.27)
VO'? 4 K2+ 72

Thus we find ,
_ ) _ m

C = T+
VO'2 + k2 + 72 V&2 + k24 72

which completes the proof.

If the equation (3.25) is separated into the real and dual part, we can obtain

- <p,n—|— VE+ k%cj
Vo k2 + k3
¢’n(\/k§+k§)c<¢’¢’*+k1k;+k2k;)

! % ” 2 2 % k1k]+kak3
n* + n+ ki +ksc* + c—
¥ ® L2 N> Vo +k2+k3

C =
NN
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If the equation (3.26) and (3.27) are separated into the real and dual part, we can obtain

/

sinp = —P
R
B (<I>/2 R 72) " — 0o 4 kiki + kokiy
cosp = )

;7 ((I)’Q_FKIQ_'_TQ)%

- k} + k3
cosp = o2 k2 4 g2’
o +ki+k;

roo* 2
(G Rkt k) VETERE = (7 KRB (k] + Rak)
sing = )

_* 3
© (P24 rK2+72)2 ki + k3

Corollary 3.2 Let &,B be dual curves and the dual curve B involute of the dual curve a . If

evolute curve o is helix,

(1) The vectors W and B of the involute curve B are linearly dependent;
(2) C=C;
(3) 3 is planar.
Proof (1) If the evolute curve & is helix, then we have
T ’
— =tan® =consor ® =0
K

and then we have

sind = 0,
cosd = 1.
Thus, we get
o = 0. (3.28)

(2) Substituting by the equation (3.28) into the equation (3.25), we have

Cc=C.
(3) For being is a helix , then we have

% = cons, (%) =0. (3.29)
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On the other hand, from the equation (3.16), we can write

/ ’ /

i _ )\I{(l{;Jr‘r_?) _ (%) K2 . (3 30)
K (”2“'2)% (n2+72)% '
AK
Substituting by the equation (3.29) into the equation (3.30), then we find
7 =0,
which completes the proof. O
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Abstract: A graph G is said to be one modulo N graceful (where N is a positive integer)
if there is a function ¢ from the vertex set of G to {0,1, N, (N +1),2N, (2N +1),--- ,N(¢—
1), N(qg — 1) + 1}in such a way that (i) ¢ is 1 — 1 (44) ¢ induces a bijection ¢* from the edge
set of G to {1, N+1,2N+1,--- ,N(¢—1)+ 1}where ¢" (uv)=|¢(u) — ¢(v)|. In this paper we
prove that arbitrary supersubdivision of disconnected path and cycle P, UC’ is one modulo
N graceful for all positive integer N. Also we prove that the graph P — v,(cl) is one modulo

N graceful for every positive integer N.

Key Words: Graceful, modulo N graceful, disconnected graphs, arbitrary supersubdivi-
sion graphs, P, |JC, and P} — v]il).

AMS(2010): 05C78

§1. Introduction

S. W. Golomb [3] introduced graceful labelling. Odd gracefulness was introduced by R. B.
Gnanajothi [4]. C. Sekar [11] introduced one modulo three graceful labelling. In [8,9], we
introduced the concept of one modulo N graceful where N is any positive integer. In the case
N = 2, the labelling is odd graceful and in the case N = 1 the labelling is graceful. Joseph
A. Gallian [2] surveyed numerous graph labelling methods. Recently G. Sethuraman and P.
Selvaraju [5] have introduced a new method of construction called supersubdivision of a graph.
Let G be a graph with n vertices and t edges. A graph H is said to be a supersubdivision of G
if H is obtained by replacing every edge e; of G by the complete bipartite graph Ks ,, for some
positive integer m in such a way that the ends of e; are merged with the two vertices part of
Ko, after removing the edge e; from G. A supersubdivision H of a graph G is said to be an
arbitrary supersubdivision of the graph G if every edge of G is replaced by an arbitrary Ks .,
(m may vary for each edge arbitrarily). A graph G is said to be connected if any two vertices
of G are joined by a path. Otherwise it is called disconnected graph.

G. Sethuraman and P. Selvaraju [6] proved that every connected graph has some supersub-

1Received July 15, 2014, Accepted March 12, 2015.
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division that is graceful. They pose the question as to whether some supersubdivision is valid
for disconnected graphs. [10] We proved that an arbitrary supersubdivision of disconnected
paths are graceful. Barrientos and Barrientos [1] proved that any disconnected graph has a
supersubdivision that admits an a-labeling. They also proved that every supersubdivision of a

connected graph admits an a-labeling.

In this paper we prove that arbitrary supersubdivision of disconnected path and cycle
P, UC, is one modulo N graceful for all positive integer N. When N = 1 we get an affirmative
answer for their question. Also we prove that the graph P} — ’U](Cl) is one modulo N graceful

for every positive integer N.

82. Main Results

Definition 2.1 A graph G with q edges is said to be one modulo N graceful (where N is a
positive integer) if there is a function ¢ from the vertex set of G to {0,1, N, (N +1),2N, (2N +
1),...,N(g—1),N(qg— 1) + 1} in such a way that (i) ¢ is 1 — 1 (i1) ¢ induces a bijection ¢*
from the edge set of G to {1, N +1,2N +1,...,N(q— 1) + 1}where ¢*(uv)=|d(u) — ¢p(v)|.

Definition 2.2 In the complete bipartite graph Ko ,, we call the part consisting of two vertices,
the 2-vertices part of Ko, and the part consisting of m vertices the m-vertices part of Ks ,,.Let
G be a graph with p vertices and q edges. A graph H is said to be a supersubdivision of G if
H is obtained by replacing every edge e of G by the complete bipartite graph Ko ., for some
positive integer m in such a way that the ends of e are merged with the two vertices part of

Ko m after removing the edge e from G. H is denoted by SS(G).

Definition 2.3 A supersubdivision H of a graph G is said to be an arbitrary supersubdivision
of the graph G if every edge of G is replaced by an arbitrary K, (m may vary for each edge
arbitrarily). H is denoted by ASS(G).

Definition 2.4 Let vy, v, ..., v, be the vertices of a path of length n and ’U;l), vél), ceey v,(ll) be
the pendant vertices attached with vy,vs, ..., v, respectively. The removal of a pendant vertex

v,(cl) where 1 < k <n from Pl yields the graph Pf — v,(gl).

Theorem 2.5 Arbitrary supersubdivision of disconnected path and cycle P, UC,. is one modulo
N graceful provided the arbitrary supersubdivision is obtained by replacing each edge of G by
Koy with m > 2.

Proof Let P, be a path with successive vertices vy, va, -+ ,v, and let ¢; (1 <i<n—1)
denote the edge v;v;11 of P,. Let C, be a cycle with successive vertices v,4+1, Un+2, s Untr
and let ¢;(n + 1 <i <n+r) denote the edge v;v;11.

Let H be an arbitrary supersubdivision of the disconnected graph P, UC, where each edge
e; of P, U, is replaced by a complete bipartite graph Ks,,, with m; > 2 for 1 <i<n -1
and n 4+ 1 <4 < n + 7. Here the edge vy 4,vn41 is replaced by ko ,.—1. We observe that H has
M=2(mi+mo+--+mp_1+Mpt1+ -+ mpyy,) edges.
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(1)

Use
1
”gs)
1
”§2)
® @
U1 (%)
2 m 3 m
”§2) = ng K ”é?,) = ”és ?
ey
45
Figure 1 Supersubdivision of P3 U Cjs
Define
(b(l}z):N(Z—l), 7;:152735"'5”7
¢(v;))=N(i), i=n+1,n+2,n+3,--- ,n+r, and for k=1,2,3,...,m,,
N(M-2k+1)+1 ifi=1
NM-2+9)+1-2N(mi+me+---+mi1+k—1) ifi=23,...n—1
qﬁ(vi’jﬁl)— NM—-14i)+1—=2N(mi+mo+-4+mu_1+k—1) fi=n+1

NM—-14i)4+1=2N[(m1+ma+ -+ mpu_1)+
(Mpg1+-+mi—1)+k—1] fi=n+2n+3,...n+r—1

and for k =1,2,3,- - My, (b(vgfznnﬂ) =Nn+r—k+mpy)+1
From the definition of ¢ it is clear that

{d(vi),i=1,2,--- ,n+r} U{¢(U$)+1),i=1,2,--- ,n+r—1and
k=1,2,3 m} o), 1) k=123 m}

={0,N.2N,--- ,Nin—1)} | {N(n+1),N(n+2),--- ,N(n+r)}

H{NIM = 26+ 1] + 1, N[M — 2m] + 1, N[M — 2my — 2] +1---,

N[M —2(mq +ma) + 2] + 1, N[M — 2(mq + ma) + 1] + 1,

N[M —2(my +m2) — 1]+ 1,...,N[M — 2(m1 + ma +m3) + 3] + 1,

o NIM =3+n—2(mi+mo+---+mu_2)] +1,
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N
N

—1+n—2(m1+m2+ +mn—1+mn+l)]+17"'7
M+3+n—2(mi+ma+ - +mu_1+Mps1 + Mug2)] + 1,

=

M4+2+n—2(mi+mo+- -+ Mmpu_1+mMpt1 +Mmpi2)] + 1,
M+n—2(m1+ma~+ -+ Mp_1+ Mpi1 + Mpi2)] +1,...,
M+44+n—2(m1+ma+--+Mp_1+Mpt1 + Mpt2 + Mprs)] + 1,
M—-24+n+r—2(mi+ma+--+mp_1+ Mpi1+ Mpy2)] + 1,

=2 =2 =

N

NIM—44+n+r—=2[(mi+ma+-+mu_1)+ (Mpt1 +Mny2+ -+ Mpir_2)]] + 1,
SNIM+n+r—=2[(m1+me+ - +mp_1)+ (Mpt1 +Mpyo+ -+ Mppr1)]] +1}

U{N(n—i—r—1+mn+r)+1,N(n+r—2+mn+T)+1,--- ,Nn+r)+1}

M-24+n+r—=2[(mi+mo+--+mu_1)+ (Mpt1 +Mpt2+ -+ mppr—2)]] + 1,

(M
[
[
[
[
[
[
[

Thus it is clear that the vertices have distinct labels. Therefore ¢ is 1 — 1. We compute
the edge labels as follows:

For k= 1,2, ,my1, ¢*(0o1) = () = ¢(v1) | = N(M = 2k + 1) + 1, ¢* (v Jv,) =|
o(v") = d(va) | = N(M - 2k) + 1.

For k=1,2,--- ,m; and i =2,3,--- ,n—1, ¢*(v$)+10i) =] ¢(Usz)+1) —é(v;) | = N(M —
2k+1)—2N(mi+mo—+---+m;_1)+1, ¢*(U§§)+1Ui+1) =| ¢(v§,’§’+1) = ¢(vit1) | = N(M —2k) —
2N(m1—|—m2—|——|—m1,1)+1

Rnk:Lz-'mML¢%ﬁﬁnmwﬂJa¢wﬁmwa—¢wmn|:NM4—%+M—
N (my +ma+ -+ Ma1) + 1, 0 (007 iotnra) = 6O 1 ia) = SVnsz) | = N(M — 2k) —
2N(my+mg+ -+ my_1)+ 1.

For k=1,2,....m;and j=n+2,n+3,--- ,n+7r, ¢*(v ”HUZ) =| ¢(v Z(Ij)ﬂ) o(vi) | =
N(M =2k+1)=2N{(my+ma+- +mn_1)+ (g1 +mniat - +mi) 1, 67 (015 i) =]
S(0*) )= d(vit1) | = N(M—=2k)=2N{(my+mot- - +1mp_1)+ (g1 +masot--—+mi_1)}+1.

* k k
For k=1,2,--- ,mp4r, ¢ (Uv(l-znn-',-lvn-i-r) =| ¢(U7(142r,n+1) = ¢(Vntr) | = N(mpgr — k) + 1,
* k k
" (VL 10n41) =| @O 1) = BWni1) | = Ny +7 =k = 1) + 1.

It is clear from the above labelling that the m;+2 vertices of K5 ,,, have distinct labels
and the 2m; edges of K3 ,,, also have distinct labels for 1 <i<n—-landn+1<i<n+r-—1.
Therefore the vertices of each K3 ;,,1 <7 <n—-1andn+1<4¢<n+r—1in the arbitrary
supersubdivision H of P, UC, have distinct labels and also the edges of each K5 ,,,,1 <i <n-—1
and n+1<i<n+r—1in the arbitrary supersubdivision graph H of P, U C, have distinct
labels. Clearly H is one modulo N graceful. Hence arbitrary supersubdivisions of disconnected
path and cycle P, U C, is one modulo N graceful, for every positive integer V.

Consequently, every disconnected graph has some supersubdivision that is one modulo NV

graceful. O

Example 2.6 A odd graceful labelling of ASS(Ps U Cjy) is shown in Figure 2.
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12
27
14 33
53
19
59
' 10

. ° 8

0 55 2 45 4
47
Figure 2

Example 2.7 A graceful labelling of ASS(P; U C3) is shown in Figure 3.

8
13
23
26
4 ’

4
. °

0 9y 1 19 2

20
Figure 3

Theorem 2.8 For any pendant vertex v,(cl) € V(PF), the graph P — v,(cl) s one modulo N

graceful for every positive integer N.
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Proof Let vi,v9,--- ,v, be the vertices of a path of length n and ’U; ) vél), e ,’U7(11) the
pendant vertices attached with vy, v, - - - , v, respectively. Consider the graph P, — ’U](Cl), where

1< k < n. It has 2n — 1 vertices and 2n — 2 edges.
Case 1. nis even and k is even
Define

N@n—3)+1-2N(i—1) fori=1,2,--

P(v2i-1) = N@n—3)+1-2N(5 -1) - N —2N(i —(

(b(mi):N(Qi—l) fori=1,2,--- 7%,

(1) 2N(n—2)+1-2N(i—1) fori=1,2,---,5—1
¢(U2z) . . i ' . . )
2N(n—2)+1-2N(£ -2)—3N —2N(i— (£ +1)) fori=5+1,5+2,...,2

3

(b(”éi)l) =2N(i—1)fori=1,2,---
From the definition of ¢ it is clear that

’ 2

{¢(U2i—1)7 1= 1727 e 7%}U{¢(U2i)7 1= 1727 e 7%}

. k k k n
U{¢v21 z:1,27-..75—1,5—1-1,5_1_27...,5}

U{¢U21 1 121727"'72}

={N2n-3)+1,N2n—5)+1,--- ,N2n—k—1)+1,N2n—k—2)+1,
N@2n—k—4)+1,...,Nn+1} [ J{N,3N,--- ,N(n— 1)}
UeNn-2)+1,2N(n-3)+1,--- ,N@2n—k)+ 1,N@n—k—3) +1
N@n—k=5)+1,--- ,N(n—1)+1} [ J{0,.2N,...,N(n—2)}

Thus it is clear that the vertices have distinct labels. Therefore ¢ is 1 — 1. We compute
the edge labels as follows.

Fori=1,2, % ¢"(vai_102)=| $(v2i1) — d(va:) |[= N(2n — 4i) + 1, ¢* (vai_r08)) ) =
| ¢(v2i—1) — (vgZ 1) |— N@2n—4i+1)+1.

For i = 15 27 Tty 5_15 Qb* (v2i+1v2i) :| ¢(02i+1)—¢(’02i) |: ]\7(2’fL—4’L—2)—|—17 (b*(véi)vQZ) =
| ¢(Ug)) d(v2;) |= N(2n —4i— 1)+ 1.

Fori = §+1,5+2- 5 ¢ (vsi1vai)=]| $lozi) - #vz) |= N(2n — 4i+ 1) + 1,
0" (vai-105;1)=| G(vai1) = S(vy,Ly) |= N2 —4i +2) + 1, 6" (v vai)=| 9(05;)) — d(v2i) |=
N(2n — 4i) + 1.

Fori=%+1,542 % -1, ¢ (v2ir1v2)=| ¢(vair1) — ¢(vai) | = N(2n — 4i — 1) + 1.

This show that the edges have the distinct labels {1, N +1,2N +1,---, N(¢ — 1) + 1},
where ¢ = 2n — 2. Hence for every positive integer N, PT — v,(cl) is one modulo N graceful if n

is even and k is even.
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Example 2.9 A one modulo 10 graceful labelling of P;f, — Uél) is shown in Figure 4.

171 10 151 30 131 50 121 70 101 9.0
0 161 20 141 40 60 111 80 91
Figure 4

Case 2. nis even and k is odd

Define

b(021) N(2i—1) fori=1,2,--- 51
V2i) =
N(k_2)+N+2N(i_((k;1))) fOTi:%,k—QS,---,%

(b(vgl,l):N(Qn—3)+1—2]\7(z—1) fori:1,2,-~-,%,

sy = VG- fori=L2 kgt
' 2N (E5E — 1) + 3N + 2N (i — (5£3)) fori= ki3 k5 ... 0

G(S)) =2N(n—2) +1-2N@i—1) fori=1,2,---, 2.

The proof is similar to that of Case 1. Hence for every positive integer N, P — U](cl) is one

modulo N graceful if n is even and k is odd.

Example 2.10 A one modulo 4 graceful labelling of P}, — vél) is shown in Figure 5.

85 4 712 69 20 61 28 53 32 45 40

0o 8 8 73 16 65 24 97 49 36 41

Figure 5

Case 3. nis odd and k is even

Define
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o ) N(@2n—3)+1-2N(i—1) fori=1,2,--- %
V2i—1) = )
N(@n—-3)+1-2N(E-1)-N—-2N(G— (£ +1)) fori=%+1,... 252
(b(vgi):N(Qi—l)fori:1,2,...,"7_1,
(1) 2N(n—2)+1—-2N(i—1) fori=1,2,....5-1
¢(U2z) k . & . Kk -1 5
2N(n—2)4+1-2N(5—-2)—3N —-2N(i—(5+1)) fori=5+1,---, 2=
d(wS) ) = 2N(i —1) fori = 1,2,..., 251,
From the definition of ¢ it is clear that
. n ) n—1
{p(v2i-1), i=1,2,---, ),z:1,2,~-~, 5 1
(D) = k k k - n—1
U{¢v21 ’7’_1527"'75_1a§+17§ 7/—1,27"'5 2 }

= {N(2n - )+1,N(2n—5)+1,...,N(2n—k—1)+1,N(2n—k 2) + 1,
N@n—k-4)+1,...,N(n—1)+1} | J{N,3N,...,N(n—2)}

2N —2)+1,2N(n-3)+1,....N@n—k) + L N(2n -k —3) + 1,
N@n—k=5)+1,...,Nn+1} | J{0,.2N,...,N(n—1)}

Thus it is clear that the vertices have distinct labels. Therefore ¢ is 1 — 1. We compute
the edge labels as follows:

Fori=1,2,--- % ¢*(v2i—1V2i)=| d(v2i—1) — P(v2;) | = N(2n — 43) + 1, gb*(in,lvg)_l) =
| ¢(v2i—1) — (véi) DI=N2n—-4i+1)+ 1.

Fori=1,2,--, %=1, ¢* (v2i1102:)=| ¢(v2it1)—P(v2i) | = N(2n—4i—2)+1, " (05 v2;) =
|¢(U$)) d(v2i) | = N@2n—4i—1) + 1.

Fori =%+ 17 S + 2,0, 2 9" (vgim1v2:)=] d(vaim1) — P(v2i) | = N(2n — 4i + 1) + 1,
¢ (v5; v2s) = | $(vsy)) — B(va) | = N(2n — 4i) + 1.

Fori=54+4+1,5+2 27 ¢*(vg1109) = | p(v2i41) — @(va;) | = N(2n — 4i — 1) + 1.

Fori=%+1,54+2,, 5, 6" (vai1v§) ) = | (vai1) —¢(0fi) ) | = N(2n—di+2)+1.

This show that the edges have the distinct labels {1, N +1,2N +1,---, N(¢ — 1) + 1},
(1)

where ¢ = 2n — 2. Hence for every positive integer N, P;” — v, is one modulo N graceful if n
is odd and k is even.

Example 2.11 A one modulo 3 graceful labelling of P;; — ’Uél) is shown in Figure 6.
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70 3 67 9 61 15 55 21 49 27 43 33 37

0 6 64 12 58 18 52 24 46 30 40 36
Figure 6

Case 4. nis odd and k is odd

Define

N(2i—1) fori=1,2,--- 51

2
1)

Plvzi) = N(k=2)+ N +2N(i— (5572)) fori = K1 kg8 . gl

P(v2i1) = N(@2n—3)+1—-2N(i—1) fori =1,2,..., 251,

. c k_l
2N(i—1) fori=1,2,---,%=

(ls(vg)ﬂ) =
2N (5L — 1) + 3N + 2N (i — (&2)) fori= 53 K5 o2t

G(S)) =2N(n —2) +1-2N(i— 1) fori =1,2,..., 251,

The proof is similar to that of Case 3. Hence for every positive integer N, P\ — o' is one

k

modulo N graceful if n is odd and k is odd. |
Example 2.12 A one modulo 5 graceful labelling of P} — Uél) is shown in Figure 7.
96 5 86 15 76 20 66 30 56 40 46
°
0 91 10 81 71 25 61 35 51 45

Figure 7
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§3. Conclusion

Subdivision or supersubdivision or arbitrary supersubdivision of certain graphs which are not
graceful may be graceful. The method adopted in making a graph one modulo N graceful will
provide a new approach to have graceful labelling of graphs and it will be helpful to attack

standard conjectures and unsolved open problems.
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research and dissemination of combinatorial knowledge.



If a man empties his purse into his head, no man can take it away from him,
an investment in knowledge always pays the best interest.

By Benjamin Franklin , an American president.
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