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Abstract: A Smarandache-Fibonacci triple is a sequence S(n), n > 0 such that
S(n) = S(n — 1) + S(n — 2), where S(n) is the Smarandache function for integers
n > 0. Clearly, it is a generalization of Fibonacci sequence and Lucas sequence. Let
G be a (p,q)-graph and {S(n)ln > 0} a Smarandache-Fibonacci triple. An bijection
f:V(G) — {5(0),5(1),5(2),...,5(q)} is said to be a super Smarandache-Fibonacci grace-
ful graph if the induced edge labeling f*(uv) = |f(u) — f(v)| is a bijection onto the set
{5(1),5(2),...,5(q)}. Particularly, if S(n),n > 0 is just the Lucas sequence, such a label-
ing f:V(G) — {lo,l1,l2,--- ,la} (a € N) is said to be Lucas graceful labeling if the induced
edge labeling fi1(uwv) = |f(u) — f(v)] is a bijection on to the set {l1,l2, -+ ,lq}. Then G is
called Lucas graceful graph if it admits Lucas graceful labeling. Also an injective function
f:V(G) = {lo,l1,l2,--+ 1} is said to be strong Lucas graceful labeling if the induced edge
labeling f1(uv) = |f(u) — f(v)| is a bijection onto the set {l1,l2,...,lq}. G is called strong
Lucas graceful graph if it admits strong Lucas graceful labeling. In this paper, we show
that some graphs namely P,, P;L —e, Smn, Fn@QP,, CnhQP,, K1, ®2P,, C3@Q2P, and
C,QK; 5 admit Lucas graceful labeling and some graphs namely K1 , and F, admit strong

Lucas graceful labeling.

Key Words: Smarandache-Fibonacci triple, super Smarandache-Fibonacci graceful graph,

Lucas graceful labeling, strong Lucas graceful labeling.

AMS(2010): 05C78

§81. Introduction

By a graph, we mean a finite undirected graph without loops or multiple edges. A path of
length n is denoted by P,. A cycle of length n is denoted by C,,.G™" is a graph obtained from
the graph G by attaching a pendant vertex to each vertex of G. The concept of graceful labeling
was introduced by Rosa [3] in 1967.

A function f is a graceful labeling of a graph G with ¢ edges if f is an injection from

1Received November 11, 2010. Accepted February 10, 2011.
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the vertices of G to the set {1,2,3,---,q} such that when each edge wv is assigned the la-
bel |f(u)— f(v)], the resulting edge labels are distinct. The notion of Fibonacci graceful
labeling was introduced by K.M.Kathiresan and S.Amutha [4]. We call a function, a Fi-
bonacci graceful labeling of a graph G with ¢ edges if f is an injection from the vertices of
G to the set {0,1,2,...,F,}, where F, is the ¢'" Fibonacci number of the Fibonacci series
FL=1,F,=2F;=3,F, =5,..., and each edge uv is assigned the label |f(u) — f(v)|. Based
on the above concepts we define the following.

Let G be a (p,q) -graph. An injective function f : V(G) — {lo,l1,1l2, -+ ,l.}, (a € N),
is said to be Lucas graceful labeling if an induced edge labeling fi(uv) = |f(u) — f(v)] is a
bijection onto the set {l1,l2, - ,l;} with the assumption of lop = 0,11 = 1,13 = 3,13 = 4,14 =
7,15 =11,--- . Then G is called Lucas graceful graph if it admits Lucas graceful labeling. Also
an injective function f : V(G) — {lo, 11,12, - , 14} is said to be strong Lucas graceful labeling if
the induced edge labeling fi(uv) = |f(u)— f(v)| is a bijection onto the set {l1,l2,--- ,ls}. Then
G is called strong Lucas graceful graph if it admits strong Lucas graceful labeling. In this paper,
we show that some graphs namely P,,, P —e, Sy, F,QP,, C,QP,, K, ®2P,, C5Q2P,
and C,QK; 5 admit Lucas graceful labeling and some graphs namely K ,, and F}, admit strong
Lucas graceful labeling. Generally, let S(n), n > 0 with S(n) = S(n — 1) + S(n — 2) be a
Smarandache-Fibonacci triple, where S(n) is the Smarandache function for integers n > 0. An
bijection f: V(G) — {S5(0),5(1),5(2),...,5(q)} is said to be a super Smarandache-Fibonacci
graceful graph if the induced edge labeling f*(uv) = |f(u) — f(v)| is a bijection onto the set

82. Lucas graceful graphs

In this section, we show that some well known graphs are Lucas graceful graphs.

Definition 2.1 Let G be a (p,q) -graph. An injective function f :V(G) — {lo, 11,12, ,1a, },
(a € N) is said to be Lucas graceful labeling if an induced edge labeling fi(uv) = |f(u) — f(v)] is
a bijection onto the set {l1,la,--- 1} with the assumption of lo = 0,11 = 1,10 =3,l3 =4,l4 =
7,05 =11,---,. Then G is called Lucas graceful graph if it admits Lucas graceful labeling.

Theorem 2.2 The path P, is a Lucas graceful graph.

Proof Let P, be a path of length n having (n + 1) vertices namely v1, va, v3, -+ , Un, Upt1-
Now, |V(P,)| = n+ 1 and |E(P,)| = n. Define f : V(P,) — {lo,l1,l2, ,la,},a € N by
flu;) =liy1,1 <i <n. Next, we claim that the edge labels are distinct. Let

E = {filvivig1) : 1 < i <n} ={|f(vi) = fvita)| : 1 i <n}
= {If(v1) = f(va)l,[f(v2) = fva), -, [f(vn) = fvnt1)], }
= {“2 - l3| ) |l3 - l4| y T 7|ln+1 - ln+2|} = {117127 T 7ln}'

So, the edges of P, receive the distinct labels. Therefore, f is a Lucas graceful labeling.

Hence, the path P, is a Lucas graceful graph. O
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Example 2.3 The graph Ps admits Lucas graceful Labeling, such as those shown in Fig.1
following.

ly I3 lg ls lg l7 ls

ll 12 13 l4 l5 16

Fig.1
Theorem 2.4 P —e,(n > 3) is a Lucas graceful graph.

Proof Let G = P} —e with V(GQ) = {uy,u2, -+ ,unt1} U{ve, v3, - ,vp41} be the vertex
set of G. So, |V(G)| = 2n+1 and |E(G)| = 2n. Define f : V(G) — {lo, 11,12, ,la, },a € N,
by
flui) =l2i1,1<i<n+1 and f(vj) =ly;-1),2<j<n+1

We claim that the edge labels are distinct. Let

Er = {filvivit1) 11 <i<np={[f(ui) — f(uir1)] : 1 < i <}
= {If(u1) = fu2)],[f(uz) = fus)l, -, | f(un) = funt1)[}
= Al =1l lls = I5], - [lan—1 = longa |} = {2, lay -+ S l2n

Ey = {filuivj):2<1i, j<n}
= {[f(u2) = f(v2)|; | f(uz) = fvs)l, -+ s |f(uns1) = fons1)]}
= {lls—lal,[ls = lals- -+ s l2n1 = lonl} = {li 13, -+ l2n—1 )

Now, E = Ey U Ey = {ly,1l3, - ,lan—1,lan}. So, the edges of G receive the distinct labels.
Therefore, f is a Lucas graceful labeling. Hence, P;F — e, (n > 3) is a Lucas graceful graph. [J

Example 2.5 The graph Pg+ — e admits Lucas graceful labeling, such as thsoe shown in Fig.2.

la ly lg ls lio li2 lia lis
Iy I3 ls l7 lg I l13 li5
lo ly lg ls lio lig lia lis
Fig.2

Definition 2.6([2]) Denote by Sy, such a star with n spokes in which each spoke is a path of
length m.

Theorem 2.7 The graph Sy, is a Lucas graceful graph when m is odd and n = 1,2(mod 3).
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Proof Let G =S,,, and let V(G) = {u; 1<i<mand1<j5< n} be the vertex set of
Smn- Then |V(G)| = mn + 1 and |E(G)| = mn. Define f: V(G) — {lo,l1,l2, - ,la, },a € N
by

flug) =lgfori=1,2,--- ;m—2 and i = 1(mod 2);
f (ué) =ln(i—1)42j-1,1 <j<nfori=1,2,--- ,m—1and i = 0(mod 2);

f(u;) =lpiy2-25,1<j<nandfors=12,--- ,g,
F(u") = lyim—1)42(j+1)—3s,35 —2 < j < 3s.
We claim that the edge labels are distinct. Let
Bo= U {h@u)i= U {If(w)-f(u)}
El(in:ulad 2) iEl(in:ul)d 2)
= U {o-teonl= U {weom)
El(in:ulad 2) El(in:ulad 2)
= {11512n+1al4n+1a"' 7ln(m—l)+l} )
m—1 . m—1 )
B o= U {hwa)= U {If@) -7}
iEl(ir:uljd 2) iEl(ir:uljd 2)
m—1 m—1
= U {|lo_lnz|} = U {lnz} = {l2n714n7"' 7ln(m71)}
izl(in:mi)d 2) izl(in:mi)d 2)
Es = U {fl(u}u3+l):1§j§n—1}

=1
i=1(mod 2)
m—2 - -
B U 7)) —f(ujn):1<i<n-1}
iEl(in:ulyd 2)
m—2
B U {[lnGi-1y25-1 = ln-1y42j1] 1 1< j < —1}
iEl(in:ulyd 2)
m—2
- U {lngi—1)425:1<j<n—-1}
i=1(mod 2)
m—2
- U {ln(i71)+2a ln(i71)+4, eyl ln(i71)+2(n71)}
i=1(mod 2)
= {l2lant2, s bngm-3)+2} U {las lonas - s bngmez)a} U

U {l2n—27 l4n—27 ceey ln(m73)+2n72} )
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m—2
= U {A@u):1<i<n—1}
i=1(mod 2)
m—2 ) )
= U {lf@)—flu)]:1sj<n-1}
i=1(mod 2)
m—2
= U {llni—2j42 — lni—2;] : 1 < j<n—1}
i=1(mod 2)
m—2
= U {lni—2j41:1<j<n-—-1}
i=1(mod 2)
m—2
= U {lni—17 lni—37 t 7lni7(2n73)}
i=1(mod 2)

= {loan—1,lon—3, I3, lan—1,lan—3, s lon43, Lnm—1)—1,*** + In(m—1)—(2n—3) } -

For n = 1(mod 3), let

Es

n—1

-

U {f1 (u;” uﬁl):3s—2§j§3s—1}

s=1

%

U A7 (") = £ (ua)] 35 -2 <5 < 35— 1}
s=1

n—1

5
U {|tatm=1)+2j—3542 — ln(m—-1)+2j—3s4+4] : 3s =2 < j <3s— 1}
s=1

n—1 n1
3 BER

U {lnm—1)42j-3s12:35s—2<j<3s—1} = U {lnm—1)+35—1> ln(m—1)+3s5+1}
s=1 s=1

{ln(m71)+27 ln(m71)+47 ln(m71)+57 ln(m71)+77 ol m—g, lmn} .

We find the edge labeling between the end vertex of st loop and the starting vertex of

(s+ 1) loop and s =1,2,-- -,

By =

n—1

. Let

n—1 n—1

U {’fl (ug; ug;ﬂ)}} = U {’f(ug;) _f(ugéﬂ)}}
{1f (ug®) = f ()], 1 (ug?) = £ )] (ugh) = F@io)l - | f (uny) = F (up)] }

{’ln(m71)+5 - ln(mfl)+4‘ ) ‘ln(mfl)+8 - ln(m71)+7

ln(mfl)JrnJrl - ln(mfl)Jrn’ }

R

{ln(m71)+37 ln(m71)+67 T 7ln(m71)+n71} = {ln(mfl)+37 ln(m71)+67 T 7lnm—1} .
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For n = 2(mod 3), let

By = |J{fi(uuly)3s—2<j<3s—1}

= U lr @) —rp)]:3s-2<j<3s—1}

= {|lnim=1)+2j—3542 — ln@m—-1)+2j-3s+4] : 3s =2 < j < 3s—1}

n—1

= =
= U {ln(m-1)+2j-3s13 135 —2<j<3s—1} = U {ln(m-1)135—1>ln(m—1)+3s+1}

s=1 s=1
= {ln(mfl)+27 ln(m71)+47 ln(m71)+57 ln(m71)+77 T ln(m71)+n727 ln(mfl)Jrn} .
We determine the edge labeling between the end vertex of s** loop and the starting vertex
-1
of (s 4+ 1)t loop and s = 1,2,3, ..., n 3

Let By = |J{h (gt = U {7 @i -7 @)}
s=1 s=1
= {If ) = F @) f gy = F @] ) = )] f () = f ()]}

- {|ln(m—l)+5 - ln(m—1)+4‘ ’ |ln(m—1)+8 - ln(m—1)+7| y T |ln(m—l)+n+1 - ln(m—l)-{-n‘}

- {ln(m—l)+3a ln(m—1)+67 T ;lnmfl} .

6 6 , ,
Now,E = |J E; if n = 1(mod 3) and F = (U EZ-) UE;UE; if n = 2(mod 3). So the
i=1 i=1

edges of Sy, (when m is odd and n = 1, 2(mod 3)), receive the distinct labels. Therefore, f is
a Lucas graceful labeling. Hence, Sy, is a Lucas graceful graph if m is odd, n = 1, 2(mod 3).
O

Example 2.8 The graphs S5 4 and S5 5 admit Lucas graceful labeling, such as those shown in
Fig.3 and Fig 4.

la la ls
1-3 1-5 l7
Ly
lg l7 lo
l10 ha | l14 .
I l13 l15
hs hs I X
l14 Lo l1o
hs lao l1g )
l1g l21 l20
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lo N lo ls

ls I s I
ly lz ls l3

ls ls ly la
112 . 114 116 ll8

113 115 ll? 119
lig li7 lis li3

l1g li6 l14 li2
l22 log la3 l2s

I3 las log las

Fig.4

Definition 2.9([2]) The graph G = F,,QP,, consists of a fan F,, and a path P, of length n

which is attached with the maximum degree of the vertex of F,.
Theorem 2.10 F,,,QP, is a Lucas graceful labeling when n = 1,2 (mod 3).

Proof Let v1,v2, ..., Um, Um+1 and ug be the vertices of a fan Fj,, and uy,us, - -- ,u, be the
vertices of a path P,. Let G = F,,,QP,,. Then |V(G)| =m +n+ 2 and |E(G)| =2m +n+ 1.
Define f : V(G) — {lo,l1,l2, - ,la, },a € N, by f(ug) = lo, f(vi) = loi—1,1 < i < m+ 1.
For s = 1,2,--- ,n—l or n;2
lom+2j—3s43,35 —2 < j < 3s.

according as n = 1(mod 3) or n = 2(mod 3), f(u;) =

We claim that the edge labels are distinct. Let

By = {fiviviy1) : 1 <i<m} ={|f(vi) = f (viz1)] : 1 <@ <m}
= {lloi—1 —l2iqa] : 1 <0 <m}

{121' : 1§Z§m}:{12,l4, 7l2m}7

Ey = {filuovy) :1<i<m+1} = {|f(u) — f(vi)| 1 <i<m+1}
{|l0_12i—1| : 1§z§m+1}
= {loic1:1<i<m+1} ={l1,13, - ,lomy1}

and

Bz = {f1 (uou1)} = {|f(uo) — f(w)[} = {llo = l2m+2]} = {lom+2}
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-1
For s = 1,2,3,-~,n and n = 1(mod 3), let

3
-

3
E, = U {fl(ujaujJrl)535—2§j§35—1}

s=1

3

3
-

I
C

{1£(uy) = Flugn)] 35 —2 < j < 35— 1}

»
Il
=

3

=
= U {llom+2j+3—3s — lom+2j45-3s| 135 —2 < j <3s—1}

s=1

n—1

= U (lom+2j44—3s 1 3s —2<j <3s—1)

s=1

= {lamg2j—2:4<5 < 5}U{l2m+2j—5 :7<5< S}U
U{l2m+2j—n+4 imn—3<j<n-—-2}

= A{lom+e; lomys} U {lomro, lomy11} U o U {lomin—2,l2min}

= {lam+6: lam+8s lam+9, lam+11, 5 loman—2, lamn }

We find the edge labeling between the end vertex of st loop and the starting vertex of

-1
(s+ 1) loop and s = 1,2,3,--- ,nT ,n = 1(mod 3). Let

n—1 n—1

3

By = JA{h@yu):i=3st=J () = Fluger)] 5 = 3s}

n—1

3
= U {|l2m+2j+3—35 - l2m+2j+5—35| ] = 35}

s=1

= {|lam+2j — lom+2j—1| 1 7 = 3} U{|lom+2j—3 — lom42j—a| : j = 6} U e
UAll2m2 — lam2j-1] 1§ =n— 1}

= {lamt2j—2:7 =3} U{lams2j—5: =6} U, -+ ,U{lami2j-nt3:j=n—1}

- {l2m+4; l2m+7; tee ;l2m+n+1} .

Fors:1,2,3,---,n_

2
and n = 2(mod 3), let

n—2

3
E4 = U {fl(uj Uj+1)13$—2§j§3$—1}
s=1

= U {If(u;) = flujs1)] :3s —2<j<3s—1}
s=1

3
= U {llom+2j+3—3s — lom+2j45-3s| 135 —2 < j < 3s—1}

s=1
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T
= U (lom+2j4a—3s 135 —2< 7 <3s—1)

s=1
= {lomy2j—2:4<j < 5}U{12m+2j75 :7<j < 8}U

U {lom42j-nta :n—3<j<n-—2}
- {12m+67 12m+8} U {12m+97 lQerll} U tee U {12m+n72; l2m+n}

= {lam+6, lam+8:2m+9 > lom+11, 5 lomtn—2, lamn }

We determine the edge labeling between the end vertex of s** loop and the starting vertex

-2
of (s + 1) loop and s = 1,2,3, ..., nT, n = 2(mod 3). Let
n-2
By = | {f (wup) 5 =3s}
s=1
n-2 n-2
3 3
= U Uf(ug) = fujpr)| 1 5 = 3s} = U {llamy2j43-3s — lomy2j45-3s| 1 j = 38}
= s=1

= {llom+2j — lom+2j—1]| : j =3} U {llam+2j—3 — loam+2j—a| : j = 6} U e
U {llom+2j—n+4 — lom+2j—n+5| : 5 =n —1}
= {lamt2j—2:J =3} U {lami2j—5: j =6} U . U {lomi2j—(n-3y: j=n—1}

= {lomta, lom+7, ooy lomgns1 -

Now, E = U E; if n = 1(mod 3) and E = <U E>UE4UE5 if n = 2(mod 3). So, the

edges of F,,, @P (whenn = 1,2(mod 3)) are the distinct labels. Therefore, f is a Lucas graceful
labeling. Hence, G = F,,@QP, (if n = 1,2(mod 3)) is a Lucas graceful labeling. O

Example 2.11 The graph F5s@QP; admits a Lucas graceful labeling shown in Fig.5.

lo ly lg lg lio

Fig.5

Definition 2.12 ([2]) The Graph G = C,,QP,, consists of a cycle Cp, and a path of P, of
length n which is attached with any one vertex of Cp,.
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Theorem 2.13 The graph C,,QP,, is a Lucas graceful graph when m = 0(mod 3) and n =
1,2(mod 3).

Proof Let G = C,,,QP, and let uy,uq, - - ,uy, be the vertices of a cycle C,,, and vi,ve, -+ , Uy, Up41
be the vertices of a path P, which is attached with the vertex (u; = v1) of C,,. Let V(G) =
{ur = v1 }U{ug,ug, -, um} U{va,v3, ..., 05, vnt1} be the vertex set of G. So, |[V(G)| =m+n
and |E(G)| = m + n. Define f: V(G) — {lo,l1, -+ ,la}, a € N by f(u1) = f(v1) =lo; f(ui) =
lyi—6,35—1<j<3s+1fors=1,23,- % i =23, m; f(v;) = lygaj_sr, 37 — 1 <

1
j§3r+1forr=1,2,---,% and j = 2,3,--- ,n+ 1.

We claim that the edge labels are distinct. Let

Ev = {fi(u1 u2)} ={|f (u1) = f (u2)|} = (llo — l1]) = {ls },

By {f1 (w; ujy1) :3s =1 <i < 3s and Upms1 = u1}

[l
L=k

e

= U {f1 (ui) — fui+1) : 3s =1 <4 < 3s and umi1 = u1}
s=1

= {If(u2) = f(us)l,[f(us) = flua)l, s |f (um) = f(Ums1)]}
= {lli =1l [ls = Is], la = ls[ [le = Is| -+ s |lm — lol}
= {lo,l, 15,07, L}

We determine the edge labeling between the end vertex of s*" loop and the starting vertex

of (s + 1) loop and s = 1,2, ..., % — 1. Let

m__q m__q

By = U {f1(uss+1 uss42)} = U {|f(uss+1) — f(uss+2)|}
s=1 s=1
= {If(ua) = flus)|, | f(ur) = flus)|, - | f(um—2) = f(um-1)|}
= {lls = la|,|ls = lz|,- s llm—1 = ln—2|}
= {6, lmes),

{fi(vr v2)} = {|f(v1) = f(w2)l} = {llo = lmta—s|} {llo — linta—sl}
{llo = lms1l} = {llo = lnt1l} = {Im+1} -

E,

For n = 1(mod 3), let
n—1

3
B = U {fi(vj vjy1):3r =1 <5 <3r}

r=1

n—1

= U {If(vj) = flvje)]:3r =1 <5 < 3r}
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{1f(v2) = fus)l, [f(vs) = flua)l, - [f (1) = f(va)[}

= {llmya—3 = lmr6-3]sllmr6—3 = lnis—3l, llmr10-6 — lmr12-6|, [lmr12-6 — lmy14-6/,
oy lmton—2-n+1 — lmt2n—nt1l}

= {llmt1 = bntal s llmts = lnssl s llmta = el e — sl - 5 [lmn—1 — lnnsa |}

= {lm+2u lm+47 lm+57 lm+77 ce 7lm+n} .

We calculate the edge labeling between the end vertex of " loop and the starting vertex
-1
Of(r—l—l)thloopandr:1,2,---,n . Let

B = U {f1(v3r41 v3ry2)} = U {If(vsrs1) = fvsri2)|}
r=1 r=1
= Alf(va) = f(vs)], [f(vr) = flvs)] -+, | f(vn—2) — f(vn-1)|}

= {|lmts—3 — lm+10—6|s lmt14—6 — lmt16-9| >, [lm+2n—a—n+2 — lmt2n—2—n+1|}
= A{llm+s = lmtal ) llmss = lmazl, -+ 5 llman—2 — lmynl}
= btz lmt6: lmto, - s lmin—1}

For n = 2(mod 3), let

By = J{fv)3r—1<i<3ry = J {If(v;) = Flvj11)| :3r— 1< j <31}
r=1 r=1

= {If(w2) = f(v3)],|f(vs) = flva)|, -, [f(vn-1) = fvn)|}
= {|llmta-3 — lmt6-3|s llms6-3 — lm+8—3| ; |lm+10—6 — lm+12—6| s [lm+12—6 — Im+14—6] ,
T |lm+2n—2—2n+1 - lm+2n—n+1|}

- {lm+2u lm+47 lm+5u lm+77 ceey lm—i—n} .

We find the edge labeling between the end vertex of r** loop and the starting vertex of
-2
(r+1)th100pandr=1,2,---,n . Let

n—2 n—2

’

B = U{fl(vsm vmz)}:U{lf(vgrﬂ)—f(vm)u
r=1 r=1
= {lf(va) = f(s)],|f(vr) = fws)l, - | f(vn—2) = f(vn-1)[}

- {|lm+873 - lm+1076| ) |lm+1476 - lm+1679| P |lm+2n747n+2 - lm+2n727n+1|}
= {{lm+s — lmal s lmss — Izl [lmtn—2 — lntnl}
= {lm-i-?n lm+67 lm+97 Tty lm-l—n—l}

6 4 , ,
Now, E = | E; if n = 1(mod 3) and E = <U EZ) UFE5UFEg if n = 2(mod 3). So,
= i=1
the edges of G receive the distinct labels. Therefore, f is a Lucas graceful labeling. Hence,

G = C,,QP, is a Lucas graceful graph when m = 0(mod 3) and n = 1, 2(mod 3). O
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Example 2.14 The graph Co@QP; admits a Lucas graceful labeling, such as those shown in
Fig.6.

Fig.6

Definition 2.15 The graph K , ® 2P,, means that 2 copies of the path of length m is attached

with each pendent vertex of Ki .
Theorem 2.16 The graph K1, © 2Py, is a Lucas graceful graph.

Proof Let G = Ky, ®2P,, with V(G) = {ui:0<i<n}U{ Z(Jl), fj) 1<i<n, 1<y
<m-—1}and E(G )—{u0u1.1<z<n}u{u Wi v() 1<z<ncmd1<j<m—1}u
{Uilj) (,1J)+1’U1(2J) vlg?j)-i-l 1<i<nand1<j<m-— 1}. Thus |V(G)| = 2mn +n + 1 and
|E(G)| = 2mn + n.

For i = 1,2,--- ,n, define f : V(G) — {lo,l1,l2,- - ,la},a € N, by f(ug) = lo f(u;) =
l2m+1)(i—1)+2; f(vf,lj)) = lemini-1+2+1, 1 < Jj < m and f(vfj)) = lemini-1)+2j4+2, 1 <
7 < m.

We claim that the edge labels are distinct. Let

{f1 (uo i)} = (J{If (wo) — f (ui)}

B =
=1 i=1
= ULl —lemma-l} = U {lemmnenie}
=1 =1
By = J{no) Ao}
=1

) - £}

|

N
Il
-

{| £ - sl



E,
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U {llem+1)-142 — lem+n—1+3| > [lemtn)-1+2 — lem+1)i—1)+4| }
=1

U {lem+1)i-1)+1> lemr1)-1)+3 )

i=1

{llv l3} U {l2m+2; l2m+4} U {l2mn+n72m+17 lan+n72m+3}

{lla 12m+2; tee ;l2mn+n72m+17 l3; l2m+4; tee 712mn+n72m+3} 9
1

{f‘(UE? U£?+1}

3

-

i=1 | j=1

n m—1 .

U U {’f f(vz(,j)-l-l’}

=1 Jj=1

n m—1

U {|lem+1)-1)+2j41 — lem+1)(i-1)+25+3] }
i=1 | j=1

n m—1

U U {lemiese12}

i=1 | j=1

S

U{ 2mt1)(i—1)+45 L@m41) (i—1)4+65 " » L@m+1)(i—1)+2m |

{la,l6, - s lom} U {lmi )44 Lamt1) 16>+ s Lem1)(i—1)+2m } U

o U {lem+ 1) (-1 44, lemr1)(n—1)+6:*** » L@m+1)(n—1)+2m }

{147 e 712777,7 12m+57 e 7l4m+17 e 71(2m+1)(n71)+47 l(2m+1)(n71)+67 e 7l2mn+n—1} 9
n m—1
LJ { J ,J+1}
i=1 | j=1
n m—1
2

U {‘f f(UE,j)Jrl‘}
i=1 | j=1
n m—1
U {Jlemin-1+242 = lamini-1+24a}
i=1 | j=1

m—1

U {lamt1)i—1)+2j+3

j=1

Hat

S

U{ 2m41)(i=1)+5 L@m4+1)(i=1) 47> L@mA1)(i—1)$2m+1 )

{5, lom+1} U {lomt145: omt147, 0+ lomt1+2mt1}

U {lemt1)(n—1)45 lEmt1)(n—1)4+7: "+ L@m+1)(n—1)+@m+1) }

13

{Is,+  lamt1, lamtes 5 lamats 5 L@mt 1) (n—1) 45> Lema1 (=147, L@mt1)4n ) -
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4
Now, E = |J E; = {ll,lg, ...71(2m+1)n}. So, the edge labels of G are distinct. Therefore,
i=1
f is a Lucas graceful labeling. Hence, G = K ,, © 2P, is a Lucas graceful labeling. O

Example 2.17 The graph K; 4 ©® 2P, admits Lucas graceful labeling, such as those shown in
Fig.7.

l36 l37,
I35 l36

l34 l359
ls3 l34

l32 [334

l5 l7 ly
TR s

ls lr ly

17 16
l1g li7
/19 g
Fig.7

Theorem 2.18 The graph C3Q2P,, is Lucas graceful graph when n = 1(mod 3).

Proof Let G = C3Q2P, with V(G) ={w; : 1 <i<3}U{u;: 1 <i<n}U{v;:1<i<n}
and the vertices ws and ws of C5 are identified with v; and w; of two paths of length n
respectively. Let E(G) = {wjw;y1 : 1 <4 <2} U{ujuipr,vvi41 : 1 < i < n} be the edge set of
G. So, |[V(G)] = 2n + 3 and |E(G)| = 2n + 3. Define f : V(G) — {lo,l1,l2,+ ,la},a ¢ N
by f(w1) = lnta; f(wi) = lngs—i, 1 <@ < n+1; f(vj) = luyayej—3s, 38 —2 < j < 3s for
§=1,2, .y and f(v;) = lnsasaj_3s 35 —2<j <3s—1 for s = ”T_l +1.
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We claim that the edge labels are distinct. Let

E U {filuiui1} = U {1 (ui) = f(uita)]}

= U {llgs—i = lngs—i—1]} = U {lnts—i — lng2—il}
i=1 i=1

- U{anrlfi}: {ln;lnfla"' 711}5

E, = {_f1(ulw1),f1(w1v1),f1(v1ul)}
= {If(w1) = flw)], [f(wr = fo)], [f(v1) = f(w)l}

= {|ln+2 - ln+4| P |ln+4 - ln+3| s |ln+3 - ln+2|} = {ln+37 ln+27 ln—i—l} .

Fors=1,2,---, ——

n—1

3
E3 = U{fl(vjvj+1):33—2§j§35—1}
s=1

n—1

- O{|f(Uj)_f(Uj+1)|:35—2§j§38_1}

= {lf(1) = f2)l, [f(v2) = fua)|} U{[f(va) = f ()], [ £ (vs) = fve)l}
|\ J {1 Was) = F(on-2)] |f (vn2) = fon-1)]}

= {lln+s = lnsl s llnss — gl U {llnss — bnrsl s lnss — Inraol}
- JHl2n—1 = lansal s llang1 — lonsal}

= {lnras b} J{Inrr laro} - (U lons lon2} -

We find the edge labeling between the end vertex of st loop and the starting vertex of
-1
(s+1)" loop and 1 < s < nT Let

Ey = {fi(vjuj1) 1§ =3s} = {|f(v;) = f(vj+1)| : j = 3s}
= {If(v3) = f(va)l,[f(ve) = flvz)|,- | f(vn-1) — fun)]}
= A{llnt7 = lnvel s llnt10 = lnsol s -+ s [langs — longal} = {5, 08, -+ l2nt1} -

-1
Fors:nT—Fl,let

Es = {filvju(j+1) 15 =3s =2} = {|f(vj) = f(vj41)| : j = n}
= A{lf(vn) = fons1)|} = {llntat2n-n—2 — ln+atont2—n—2[}
= Allon+2 — lan+al} = {l2nts}-
5
Now, E = |J E; = {l1,l2,...,lan+3}. So, the edge labels of G are distinct. Therefore, f is

s=1

a Lucas graceful labeling. Hence, G = C3Q2P, is a Lucas graceful graph if n = 1(mod 3). O



16 M.A.Perumal, S.Navaneethakrishnan and A.Nagarajan

Example 2.19 The graph C3@2P, admits Lucas graceful labeling shown in Fig.8.

lg Vige V2o, U3y V4, Us
e . . . .
N o il o
ls ¢wn I5
w36 Iy lq s L2
l7 Ul l4 U l3 us 12 Uq ll Us
Fig.8

Theorem 2.20 The graph C,, QK1 2 is a Lucas graceful graph if n = 1(mod 3).

Proof Let G = C,QK; 2 with V(G) = {u; : 1 <i<n}U{v1,v}, E(G) = {uwit1 :
1 <i<n—1 U{upu1, upvn, unva}. So, |V(G)| =n+2and |E(G)| =n+2. Define f : V(G) —
{lo,l1,l2, ..., 1o} ,a e N by f(ur) =0, f(v1) =ln, f(v2) = lngs; flug) =loi—ss, 3s—1 <0 <
3s+1fors=1,2,..., n_—4 and f(u;) = lai—3s, 3s —1 < i < 3s for s = Ly We claim that
the edge labels are distinct. Let s

By = {fi(wiu2), fi(usv1), fi(unve), fi(unui)}
= {[f(u1) = f(u2)], [f(un) = flo1)], | f(un) = flo2)], | f(un) = fv1)l}
= {llo = Ul [lnt1 = lul, [lng1 = bl 1 — lol}
- {llalnflaln+2yln+1}7
E2 = U {fl UZUZJrl :3s—1 S 7 S 38}
s=1

n4
= U {I1f(us) = fuig1)| :3s =1 <4 < 3s}

= {If(u2) = f(ua)l, | (us) = flun) H LI (us) = Fuo)] [ f(us) = f(ur) [}
A\J A (ns) = )l |f (un—a) = fun-3)[}

= {lh =l lls = ANl = Tl 16 — 1s[3} |
A J s = bacal s s = Laal}

= {3} J s - U lns s} = {losla I, bz -+ D5, s}

We determine the edge labeling between the end vertex of s** loop and the starting vertex
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—4
of (s + 1) loop and 1 < s < nT Let

Es

{fi(uivisr) 2 i =3s+ 1} = {|f(us) — fuiy1)| 1 =35+ 1}
{If(ua) = fus)| ;[ f(uz) = flus)],- - [ f (Un-3) = fun—2)l}

= {|ls—3 —lio—sl, lia—6 —li6—90|, -, [lon—6—n+a — lon—a—n+1|}

= {|l5 - l4| ’ |18 - l7| PR |ln72 - ln73|} = {lg,lg, e ,ln,4} .
For s = "T_l, let

E4 = {fl(uiuiH) :3s—1 S 7 S 38}

= {[f(ui) = f(uig1)] : 35 =1 < i < 3s}

= {lf(un—2) = flun—0)|, [f(un-1) = f(un)[}

- {|l2n747n+1 - l2n727n+1| ) |l2n727n+1 - 12n7n+1|}
= {lln-3 = ln-1l, [ln—1 = lnga |} = {ln—2,ln}

4
Now, E = | E; = {l1,12, ..., lnt2}. So, the edge labels of G are distinct. Therefore, f is a

i=1
Lucas graceful labeling. Hence, G = C,,QK] 5 is a Lucas graceful graph. O

Example 2.21 The graph C10@QK; 2 admits Lucas graceful labeling shown in Fig.9.

Fig.9

83. Strong Lucas Graceful Graphs

In this section, we prove that the graphs K ,, and F}, admit strong Lucas graceful labeling.

Definition 3.1 Let G be a (p,q) graph. An injective function f : V(G) — {lo,l1,l2,--- .14}
is said to be strong Lucas graceful labeling if an induced edge labeling fi(uv) = |f(u) — f(v)| is
a bijection on to the set {l1,l2,...,lq} with the assumption of lo = 0,11 = 1,la = 3,l3 =4, =
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7,05 =11,---,. Then G is called strong Lucas graceful graph if it admits strong Lucas graceful
labeling.

Theorem 3.2 The graph K, ,, is a strong Lucas graceful graph.

Proof Let G = Ky, and V = V4 UV, be the bipartition of K; , with V4 = {u1} and
Vo = {uy,uz, ..., unt. Then, |V(G)| =n+1and |E(G)| = n. Define f : V(G) — {lo, 11,12, ..., 1}
by f(uo) =lo, f(u1) =11,1 <i < n. We claim that the edge labels are distinct. Notice that

E = {fituour) :1<i<n}={f(uo) = f(u):1<i<n}
= {If(uo) = flur)l,|f(uo) — f(uz)l|, ..., [ f(uo) = f(un)[}
= {llo=Ul,llo = la|,. [lo = ln]} = {l1,12, ..., In}

So, the edges of G receive the distinct labels. Therefore, f is a strong Lucas graceful labeling.

Hence, K1, n the path is a strong Lucas graceful graph. 0

Example 3.3 The graph K; g admits strong Lucas graceful labeling shown in Fig.10.

lo

Fig.10

Definition 3.4([2]) Let uy,ug, ..., Un, unt1 be the vertices of a path and ug be a vertex which
is attached with wy, ug, ..., Up,Uny1. Then the resulting graph is called Fan and is denoted by

F,=P,+ K.
Theorem 3.5 The graph F,, = P, + K1 is a Lucas graceful graph.

Proof Let G = F, and uy,us, ..., Un, Un+1 be the vertices of a path P, with the central
vertex ug joined with uy, ug, ..., U, un+1. Clearly, [V(G)| = n+ 2 and |E(G)| = 2n + 1. Define
f : V(G) — {lo,ll,lg, ...,l2n+1} by f(UQ) = lo and f(uz) = lgi_l, 1 S ) S n 4+ 1. We claim that
the edge labels are distinct.

Calculation shows that

By = {fi(wiuit1) : 1 <i<n} = {|fowi) — f(uir1)] : 1 <i <n}
= {If(ur) = fu2)l; [f(u2) = fua)l, s | f(un) = f(uns1)l}
= {|li =3\l = 5], ..., |lan—1 — lont1|} = {l2, la, ...y lan },
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E2 = {fl(uoul) 01 S ) S n —+ 1} = {|f(’u0) - f(uz)l 01 S ) S n -+ 1}
{1/ (uo) = f(ua)l, [f (uo) = fu2)l, s |f (uo) = funta)[}
{|ZO — ll|, |lo — lg|, veey |lo — 12n+1|} = {ll,lg, ...,12n+1}.

Whence, E = Ey U Ey = {l1,la, ..., lan, lan+1 - Thus the edges of F,, receive the distinct labels.
Therefore, f is a Lucas graceful labeling. Consequently, F,, = P, + K; is a Lucas graceful
graph. 0

Example 3.6 The graph F7 = P; + K; admits Lucas graceful graph shown in Fig.11.

Iy
la
I3

la
ls

Fig.11
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metrical systems in mathematical sciences.

Key Words: Smarandache sequence, labeling, Smarandache beauty, graph, group,

Smarandache system, combinatorial system, CC conjecture.

AMS(2010): 05C21, 05E18

81. Sequences

Let ZT be the set of non-negative integers and I' a group. We consider sequences {i(n)|n € Z*}
and {g, € T'|n € ZT} in this paper. There are many interesting sequences appeared in literature.
For example, the sequences presented by Prof.Smarandache in references [2], [13] and [15]
following:

(1) Consecutive sequence

1,12,123, 1234, 12345, 123456, 1234567, 12345678, - - -;

(2) Digital sequence

1,11,111,1111,11111, 11111, 1111111, 11111111, - - -

(3) Circular sequence

1, 12,21, 123,231,312, 1234, 2341, 3412, 4123, - - -;

(4) Symmetric sequence

1,11,121,1221, 12321, 123321, 1234321, 12344321, 123454321, 1234554321, - - -;

(5) Divisor product sequence

1Reported at The 7th Conference on Number Theory and Smarandache’s Notion, Xian, P.R.China
2Received December 18, 2010. Accepted February 18, 2011.
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1,2,3,8,5,36,7,64,27,100, 11, 1728, 13, 196, 225, 1024, 17, 5832, 19, - - -;

(6) Cube-free sieve

2,3,4,5,6,7,9,10,11,12, 13, 14, 15,17, 18, 19, 20, 21, 22, 23, 25, 26, 28, 29, 30, - - -.

He also found three nice symmetries for these integer sequences recently.

First Symmetry

1x8+1

12 x 8+2

123 x 8+ 3

1234 x 8+ 4
12345 x 8 +5
123456 x 8 + 6
1234567 x 8 + 7
12345678 x 8 + 8
123456789 x 8 4+ 9

Second Symmetry

1x9+4+2
12x9+3

123 x9+4

1234 x9+5

12345 x 9+ 6
123456 x 9+ 7
1234567 x 948
12345678 x 94+ 9
123456789 x 9+ 10

Third Symmetry

1x1

11 x 11

111 x 111
1111 x 1111
11111 x 11111

9

98

987

9876
98765
987654
9876543
98765432
987654321

11

111

1111

11111
111111
1111111
11111111
111111111
1111111111

1

121
12321
1234321
12345431
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111111 x 111111 = 12345654321
1111111 x 1111111 = 1234567654321
11111111 x 11111111 = 13456787654321
111111111 x 111111111 = 12345678987654321

Notice that a Smarandache sequence is not closed under operation, but a group is, which
enables one to get symmetric figure in geometry. Whence, we also consider labelings on graphs

G by that elements of groups in this paper.

82. Graphs with Labelings

A graph G is an ordered 3-tuple (V(G), E(G); I(G)), where V(G), E(G) are finite sets, called
vertex and edge set respectively, V(G) # 0 and I(G) : E(G) — V(G) x V(G). Usually, the
cardinality |V(G)| is called the order and |E(G)| the size of a graph G.

A graph H = (V4, E1;1h) is a subgraph of a graph G = (V, E;1) if Vi CV, F; C E and
I : By — Vi x V4, denoted by H C G.

Example 2.1 A graph G is shown in Fig.2.1, where, V(G) =
{e1,e2,e3,€e4,€5, €6, €7, €8,€9, 10} and I(e;) = (v;,v;),1 < i < 451(es)
= (v3,v4) = (v4,v3),(es) = I(e7) = (v2,v3) = (v3,v2), I(eg) = I(eg) =

{1)1,1)2,1)3,1)4}, E(G) =
= (v1,v2) = (v2,v1), I(es)
(’1)4,’01) = (’Ul,’U4).

€1 €2
U1 €5 V2
€6
€9 €10 €r
Vg €s U3
€4 €3
Fig. 2.1

An automorphism of a graph G is a 1 — 1 mapping 0 : V(G) — V(G) such that
O(u,v) = (6(u),8(v)) € E(G)

holds for V(u,v) € E(G). All such automorphisms of G form a group under composition
operation, denoted by AutG. A graph G is vertez-transitive if AutG is transitive on V(G).
A graph family Fp is the set of graphs whose each element possesses a graph property P.

Some well-known graph families are listed following.
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Walk. A walk of a graph G is an alternating sequence of vertices and edges u1,e1, us, €,

© €y Up, With e; = (uz,uiqq) for 1 < i <mn.

Path and Circuit. A walk such that all the vertices are distinct and a circuit or a cycle is
such a walk w1, e1,ug,ea, -+, €n, Up, with u3 = u,, and distinct vertices. A graph G = (V, E;I)

is connected if there is a path connecting any two vertices in this graph.
Tree. A tree is a connected graph without cycles.

n-Partite Graph. A graph G is n-partite for an integer n > 1, if it is possible to partition
V(G) into n subsets Vi, Vs, -+, V,, such that every edge joints a vertex of V;to a vertex of
Vi, j #14, 1 <4,j <n. A complete n-partite graph G is such an n-partite graph with edges
wv € E(G) for Yu € V; and v € Vj for 1 < 4,5 < n, denoted by K(p1,p2,--- ,pn) if |Vi| = p; for
integers 1 < i < n. Particularly, if |V;| = 1 for integers 1 < ¢ < n, such a complete n-partite

graph is called complete graph and denoted by K.

K (4,4) Ke

Fig.2.2
Two operations of graphs used in this paper are defined as follows:

Cartesian Product. A Cartesian product G; x Go of graphs G; with G is defined by
V(G1 x G2) = V(G1) x V(G2) and two vertices (u1,uz2) and (v1,v2) of G1 x Gy are adjacent if
and only if either u1 = v and (ug,v2) € E(G2) or us = ve and (u1,v1) € E(Gy).

The graph Ky x Py is shown in Fig.2.3 following.

u

1 2 3 4 5 6
Ko
P

A%
u Uz us Ug us Ug
U1 V2 U3 Vg Us Ve

KQ X P6

Fig.2.3
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Union. The union GUH of graphs G and H is a graph (V(GUH), E(GUH),I(GUH)) with
VGUH)=V(G)UV(H), E(GUH)=FE(G)UE(H) and I(GUH)=I1(G)UI(H).
Labeling. Now let G be a graph and N C Z*. A labeling of G is a mapping I : V(G) U

E(G) — N with each labeling on an edge (u,v) is induced by a ruler r(lg(u),lg(v)) with

additional conditions.
Classical Labeling Rulers. The following rulers are usually found in literature.

Ruler R1. r(lg(u),lg(v)) = |lg(u) — lg(v)].

2
2
5 4 3 2 1 1 3
5) 0 4 1 3 2 1 0 3
4
4
Fig.2.4

Such a labeling l¢ is called to be a graceful labeling of G if i¢(V(G)) € {0,1,2,--- ,|V(G)|}
and l¢(E(G)) ={1,2,--- ,|E(G)|}. For example, the graceful labelings of Ps and S 4 are shown

in Fig.2.4.

Graceful Tree Conjecture (A.Rose, 1966) Any tree is graceful.

There are hundreds papers on this conjecture. But it is opened until today.
Ruler R2. r(lg(u),lg(v)) =lg(u) + lg(v).

Such a labeling I on a graph G with ¢ edges is called to be harmonious on G if I¢(V(G)) C
Z(modq) such that the resulting edge labels Ig(E(G)) = {1,2,---,|E(G)|} by the induced
labeling lg(u,v) = lg(u) + lg(v) (modq) for ¥(u,v) € E(G). For example, ta harmonious
labeling of Py are shown in Fig.2.5 following.

Fig.2.5

Update results on classical labeling on graphs can be found in a survey paper [4] of Gallian.

Smarandachely Labeling Rulers. There are many new labelings on graphs appeared in

International J.Math.Combin. in recent years. Such as those shown in the following.

Ruler R3. A Smarandachely k-constrained labeling of a graph G(V, E) is a bijective mapping
f:VUE —{1,2,.,|V]|+ |E|} with the additional conditions that |f(u) — f(v)| > k whenever



Sequences on Graphs with Symmetries 25

wo € E, |f(u) — f(uwv)| > k and |f(uv) — f(vw)| > k whenever u # w, for an integer k > 2.
A graph G which admits a such labeling is called a Smarandachely k-constrained total graph,
abbreviated as k — CTG. An example for k =5 on P7 is shown in Fig.2.6.

e O O O U O

Fig.2.6

The minimum positive integer n such that the graph G U K,, is a k — CTG is called k-
constrained number of the graph G and denoted by t;(G), the corresponding labeling is called
a minimum k-constrained total labeling of G. Update results for ¢;(G) in [3] and [12] are as

follows:
2 if n=2,
(1) ta(P)={ 1 if n=3,
0 else.

(2) t2(C,) =0if n >4 and t5(Cs) = 2.
(3) t2(Kp) =0ifn>4.
2 4if n=1 and m=1,
(4) t2(K(m,n))=q 1 if n=1 and m > 2,
0 else.
0 if k<ko,
(5) th(Pn)=4 2(k—ko)—1 if k>ko and 2n = 0(mod 3),
2(k — ko) if k>ko and 2n =1 or 2(mod 3).
0 if k<ko,
(6) th(Cn) =4 2(k—ko) if k>ky and 2n =0 (mod 3),
3(k—ko) if k>ko and 2n =1 or 2(mod 3),

where ko = | 221 ]. More results on #;(G) cam be found in references.

Ruler R4. Let G be a graph and f : V(G) — {1,2,3,---,|V]| + |E(G)|} be an injection.
For each edge e = uv and an integer m > 2, the induced Smarandachely edge m-labeling f& is
defined by

iy _ | S+ f(v)
fs(e) = { m :
Then f is called a Smarandachely super m-mean labeling if f(V(G)) U {f*(e) : e € E(G)} =
{1,2,3,---,|V] + |[E(G)|}. A graph that admits a Smarandachely super mean m-labeling is

called Smarandachely super m-mean graph. Particularly, if m = 2, we know that

fu) + f(v)

F@O=9 s ¥ s +1
2

if f(u)+ f(v) is even;

if f(u)+ f(v) is odd.
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A Smarandache super 2-mean labeling on PZ is shown in Fig.2.7.

4 6 12

Fig.2.7

Now we have know graphs P,, C,, K,,K(2,n), (n > 4), K(1,n) for 1 <n <4, C,, X P,
for n > 1, m = 3,5 have Smarandachely super 2-mean labeling. More results on Smarandachely

super m-mean labeling of graphs can be found in references in [1], [11], [17] and [18].

83. Smarandache Sequences on Symmetric Graphs

Let 13 : V(G) — {1,11,111,1111,11111, 111111, 1111111, 11111111, 111111111} be a vertex la-
beling of a graph G with edge labeling [2,(u, v) induced by {2,(u)l2 (v) for (u,v) € E(G) such that
I5(E(G)) = {1,121,12321,1234321, 123454321, 12345654321, 1234567654321, 123456787654321
12345678987654321}, i.e., [2(V (G)UE(G)) contains all numbers appeared in the Smarandachely
third symmetry. Denote all graphs with lé labeling by .#°. Then it is easily find a graph with
a labeling lé in Fig.3.1 following.

1
le——1
121

111 12321 111
1111 1234321 1111
11111 123454321 11111
111111 12345654321 111111
1111111 1234567654321 1111111
11111111 123456787654321 11111111
111111111 12345678987654321 111111111

Fig.3.1

Generally, we know the following result.

n

Theorem 3.1 Let G € £°. Then G = |J H; for an integer n > 9, where each H; is a
i=1

connected graph. Furthermore, if G is vertex-transitive graph, then G = nH for an integer

n > 9, where H is a vertex-transitive graph.

Proof Let C(i) be the connected component with a label ¢ for a vertex u, where i €
{1,11,111,1111, 11111, 111111,1111111, 11111111, 111111111}. Then all vertices v in C/(¢) must
be with label [2,(v) = i. Otherwise, if there is a vertex v with [2(v) = j € {1,11,111,1111, 11111,
111111,1111111,11111111,111111111}\ {¢}, let P(u,v) be a path connecting vertices u and v.
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Then there must be an edge (z,y) on P(u,v) such that I2(z) = i, [2(y) = j. By definition,
i x j & 12(E(G)), a contradiction. So there are at least 9 components in G.
Now if G is vertex-transitive, we are easily know that each connected component C(7) must

be vertex-transitive and all components are isomorphic. 0

The smallest graph in .#? is the graph 9K5 shown in Fig.3.1. It should be noted that each
graph in .Z? is not connected. For finding a connected one, we construct a graph @k following
on the digital sequence

1,11, 111, 1111, 11111, -+ - ;11 -+ - 1.
——

k
by
A\ / / ’
V(Qr) ={1,11, -+ 1L L} {110, 1117,
k k
E(@k) ={(1,11---1),(z,2"), (z,y)|z,y € V(@) differ in precisely one 1}.

k

Now label z € V(Q) by lg(x) = lg(2’) = z and (u,v) € E(Q) by lg(u)lg(v). Then we have
the following result for the graph @k.

Theorem 3.2 For any integer m > 3, the graph ij is a connected vertex-transitive graph of

order 2m with edge labels
lg(E(@)) ={1,11,121,1221,12321, 123321, 1234321, 12344321, 12345431, - - - },

i.e., the Smarandache symmetric sequence.

Proof Clearly, @m is connected. We prove it is a vertex-transitive graph. For simplicity,
= =/ . ~ -5 —
denote 11---1, 11---1' by 7 and 7, respectively. Then V(Q,,) = {1,2,--- ,m}. We define an
i i

operation + on V(Qy) by

F+l= 11---1 and kK41 =k+1l, & =Fk
k+Il(modk)

for integers 1 < k,1 < m. Then an element 7 naturally induces a mapping

" Tz +i, for TEV(Qm)

It should be noted that i* is an automorphism of @m because tuples T and g differ in precisely
one 1 if and only if z 4+ 4 and y + ¢ differ in precisely one 1 by definition. On the other hand,

the mapping 7 : T — 7' for VT € is clearly an automorphism of C,jm. Whence,
G =(71,i*|1<i<m) = AutQu,

which acts transitively on V(Q) because (y —z)*(T) =7 for 7,7 € V(Qm) and 7: T — T'.
Calculation shows easily that

l(E(Qn)) = {1,11,121, 1221, 12321, 123321, 1234321, 12344321, 12345431, - - - },
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i.e., the Smarandache symmetric sequence. This completes the proof. O

By the definition of graph @m, w consequently get the following result by Theorem 3.2.

Corollary 3.3 For any integer m > 3, va ~ Cp X Ps.

The smallest graph containing the third symmetry is @9 shown in Fig.3.2 following,

1
1 121 <&

12321 c%
1234321 c?#,_

T 1
123454321 0‘4\

12345654321 cs
1111111 £56 1234567654321
1111111 €7 123456787654321
111111111 12345678987654321

1111111
111111111

Fig.3.2

where ¢; = 11, o = 1221, 3 = 123321, ¢4 = 12344321, c5 = 12344321, c5 = 1234554321,
ce = 123456654321, c7 = 12345677654321, cg = 1234567887654321, co = 123456780987654321.

84. Groups on Symmetric Graphs

In fact, the Smarandache digital or symmetric sequences are subsequences of Z, a special infinite

Abelian group. We consider generalized labelings on vertex-transitive graphs following.

Problem 4.1 Let (T;0) be an Abelian group generated by x1,--- ,xn. Thus T' = (x1,x2,

< & |Wh,---).  Find connected vertex-transitive graphs G with a labeling lg : V(G) —
{1p,x1, 22, - ,2n} and induced edge labeling lg(u,v) = lg(u) o lg(v) for (u,v) € E(G) such
that

lc(E(G)) = {11‘,:17%,.%1 ) :172,173,:172 0X3,"* ,Tp_10 xn,xi}

Similar to that of Theorem 3.2, we know the following result.

Theorem 4.2 Let (T';0) be an Abelian group generated by x1,x2, -+ , 2, for an integer n > 1.
Then there are vertez-transitive graphs G with a labeling lg : V(G) — {1r,z1,22, -+ ,xn} such
that the induced edge labeling by lg(u,v) = lg(u) o lg(v) with

lG(E(G)) = {11—‘7‘@%7:'[;1 o $2,$%,$2 OX3, ** ,Tp—-1° x’nwxi}

Proof For any integer m > 1, define a graph Q\mm,k by

m—1 m—1 m—1
V(Qunk) = <U U@m) U ( Uy w® [y]) U-U ( U U“Mz])
1=0

i=0 i=0
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where {U®[z],v@[y],--- , WO []}| = k and

UOa] = {ag) a2},
vmwzuw“@%w,,%n

for integers 0 < ¢ <m — 1, and

E(Qmn) = E|JE: | Bs,

where E; = (;vl Y (i)), - ,(zl(z) xll)) |0<I<n—-1,0<i<m-1}, By ={ (;vl ,:El(ﬁr)l)
(yl(z)vyl(i)l) . ,(zl(z) zl(_?l) [0 <1< n—1,0<i<m-—1, where [ +1 = (modn)} and

={@” 2™, 0 ) @ AT S U= 1, 02 i S m— 1, where i 41 =
(modm)}. Then is clear that Qmm,k is connected. We prove this graph is vertex-transitive. In

fact, by defining three mappings
9 - Il(%) (4) (l) (4) (4) (4)

IEIASE “Yisn A T A
T xl(l) —y (Z) ,zl(i) — xl(l),
o Il(z) . l’z(ZH)a yl(z) . yl(i—i-l), . 7Zl(i) . Zl(H_l)v

where 1 <1 <n, 1 <i<m, i+ 1(modm), |+ 1(modn). Then it is easily to check that 6,
and o are automorphisms of the graph Q\mm,k and the subgroup (4,7, 0) acts transitively on

V(Q\m,n,k)-

Now we define a labeling l@ on vertices of @m,n,k by

(") = lg(us”) =+ = lg(=¢") = 1,
o) =lgw) = =l5(z{") =, 1<i<m, 1<1<n.

Then we know that I¢(E(G)) = {1r, z1, 22, -+ ,x,} and
Ic(B(G)) = {1r, 22,21 0 w9, 22,20 023, -+ ,Tp_1 0 Tp, 2> }. O
Particularly, let T be a subgroup of (Z111111111, X) generated by
{1,11,111,1111, 11111, 111111, 1111111, 11111111, 111111111}

and m = 1. We get the symmetric sequence on a symmetric graph shown in Fig.3.2 again.
Let m = 5,n = 3 and k& = 2, i.e., the graph @573,2 with a labeling Ig : V(@&g)g) —
{1r,x1,x2,x3, x4} is shown in Fig.4.1 following.

Denote by Ng[z] all vertices in a graph G labeled by an element 2 € T'. Then we know
the following result by Theorem 4.2. The following results are immediately conclusions by the
proof of Theorem 4.3.

Corollary 4.3 For integers m,n > 1, Q\mm,k ~ C,, X Cp x C.



30 Linfan Mao

Corollary 4.4 |Ng  [z]| =mk for Vo € {1p,z1, - 2} and integers m,n, k > 1.
1r 1r
T 1
T1
1 g —
I xl
} /I/IQ N 2
1 T
x 2
Lo 3
T3 Tq s Tq
Ty
4
Xy Ty
Fig.4.1

85. Speculation

It should be noted that the essence we have done is a combinatorial notion, i.e., combining math-
ematical systems on that of graphs. Recently, Sridevi et al. consider the Fibonacci sequence
on graphs in [16]. Let G be a graph and {Fy, F1, Fs,--- , Fy,---} be the Fibonacci sequence,
where F, is the ¢! Fibonacci number. An injective labeling lg : V(G) — {Fy, F1, Fa, -+ , F,}
is called to be super Fibonacci graceful if the induced edge labeling by lg(u,v) = |lg(u) —lg(v)]
is a bijection onto the set {Fi, Fs,---, F,} with initial values Fy = F; = 1. They proved a
few graphs, such as those of C,, ® P,,, C), ® K1 ,,, have super Fibonacci labelings in [18]. For
example, a super Fibonacci labeling of Cg @ Py is shown in Fig.5.1.

Fg F8 F7

Fio Iy
Fr Fr F: F) F: F
Fuy P 6 5 3 4 D 1
I Fy Iy F; I Fy
Fy Fip

Fo™ g, Fip

Fig.5.1

All of these are not just one mathematical system. In fact, they are applications of Smaran-
dache multi-space and CC conjecture for developing modern mathematics, which appeals one
to find combinatorial structures for classical mathematical systems, i.e., the following problem.

Problem 5.1 Construct classical mathematical systems combinatorially and characterize them.
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For example, classical algebraic systems, such as those of groups, rings and fields by combina-

torial principle.

Generally, a Smarandache multi-space is defined by the following.

Definition 5.2([6],[14]) For an integer m > 2, let (31;R1), (B2;R2), -+, (Zm;Rm) be m

mathematical systems different two by two. A Smarandache multi-space is a pair (i,ﬁ) with

Y = 62“ and R = GRZ
i=1 i=1

Definition 5.3([10]) A combinatorial system €¢ is a union of mathematical systems (X1;R1),
(B2;R2), -+, (Bm; Rm) for an integer m, i.e.,

s
M

C
X

99”(;:(_

with an underlying connected graph structure G, where

We have known a few Smarandache multi-spaces in classical mathematics. For examples,
these rings and fields are group multi-space, and topological groups, topological rings and
topological fields are typical multi-space are both groups, rings, or fields and topological spaces.
Usually, if m > 3, a Smarandache multi-space must be underlying a combinatorial structure G.
Whence, it becomes a combinatorial space in that case. I have presented the CC conjecture
for developing modern mathematical science in 2005 [5], then formally reported it at The 2th
Conference on Graph Theory and Combinatorics of China (2006, Tianjing, China)([7]-[10]).

CC Conjecture(Mao, 2005) Any mathematical system (X;R) is a combinatorial system
%G(lij,l S i,j S m)

This conjecture is not just an open problem, but more likes a deeply thought, which opens
a entirely way for advancing the modern mathematical sciences. In fact, it indeed means a

combinatorial notion on mathematical objects following for researchers.

(1) There is a combinatorial structure and finite rules for a classical mathematical system,
which means one can make combinatorialization for all classical mathematical subjects.

(2) One can generalizes a classical mathematical system by this combinatorial notion such
that it is a particular case in this generalization.

(3) One can make one combination of different branches in mathematics and find new
results after then.

(4) One can understand our WORLD by this combinatorial notion, establish combinatorial
models for it and then find its behavior, for example,

what is true colors of the Universe, for instance its dimension?

and - - -. For its application to geometry and physics, the reader is refereed to references [5]-[10],

particularly, the book [10] of mine.
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Abstract: A simple graph G = (V| E) admits an H-covering if every edge in F belongs to
a subgraph of G isomorphic to H. We say that G is Smarandachely pair {s,{} H-magic if
there is a total labeling f : VUFE — {1,2,3,---,|V| + |E|} such that there are subgraphs
H, = (Vi,E1) and Hy = (V2, E2) of G isomorphic to H, the sum Y f(v)+ > f(e) =s

veEV] ecEy
and Y. f(v)+ > f(e) =1 Particularly, if s =, such a Smarandachely pair {s, [} H-magic
vEVH ecEo
is called H-magic and if f(V) = {1,2,---,|V|}, G is said to be a H-supermagic. In this

paper we show that edge amalgamation of a finite collection of graphs isomorphic to any

2-connected simple graph H is H-supermagic.
Key Words: H-covering, Smarandachely pair {s,!} H-magic, H-magic, H-supermagic.

AMS(2010): 05C78
§1. Introduction

The concept of H-magic graphs was introduced in [3]. An edge-covering of a graph G is a family
of different subgraphs Hy, Ho, ..., Hj such that each edge of F belongs to at least one of the
subgraphs H;,1 < i < k. Then, it is said that G admits an (Hy, Ha,..., Hy) - edge covering.
If every H; is isomorphic to a given graph H, then we say that G admits an H-covering.

Suppose that G = (V, E) admits an H-covering. We say that a bijective function f :
VUE —{1,2,3,---,|V|+ |E|} is an H-magic labeling of G if there is a positive integer m(f),
which we call magic sum, such that for each subgraph H' = (V’, E’) of G isomorphic to H,
we have,f(H') = > v f(v) + > .cp fe) = m(f). In this case we say that the graph G
is H-magic. When f(V) = {1,2, |V|}, we say that G is H-supermagic and we denote its
supermagic-sum by s(f).

We use the following notations. For any two integers n < m, we denote by [n,m], the set

of all consecutive integers from n to m. For any set I C N we write, > I = > x and for any
zel
integers k, I+ k = {x+k : x € I}. Thus k+[n,m] is the set of consecutive integers from k+n to

1Received December 29, 2010. Accepted February 20, 2011.



34 P.Jeyanthi and P.Selvagopal

k+m. It can be easily verified that Y (I+k) = > I4+k|I|. P = {X;, Xo,---, X, } is a partition
of a set X of integers with the same cardinality then we say P is an n-equipartition of X. Also
we denote the set of subsets sums of the parts of Pby > P = {>>X1,>" Xo,---,> X, }.Finally,
given a graph G = (V, E) and a total labeling f on it we denote by f(G) =3 f(V)+ > f(E).

§2. Preliminary Results

In this section we give some lemmas which are used to prove the main results in Section 3.

Lemma 2.1 Let h and k be two positive integers and h is odd. Then there exists a k-

h—1)(hk+k+1
equipartition P = {X1, Xo,--- , X3} of X = [1, hk] such that > X, = ( J(hk +k+1) +r

2
(h—l)(hk+k+1)+

for1 <r <k. Thus, > P is a set of consecutive integers given by Y P = 5

[1, k].

Proof Let us arrange the set of integers X = [1, hk] in a h x k matrix A as given below.

1 2 e k=1 k
n+1 n+2 e 2%k—1 2k

A= 0+ 1 m+2 - 3k—1 3k
(h—=1k+1 (h—=1)k+2 --- hk—1 hk

hxk

That is, A = (a;;)nxk Where a;; = (1 — Dk +jfor 1 <i<hand1<j<k Forl<r<kEk,
define X, = {a; /1 <i < 22} U{aip—rq1/2E2 <i < h}. Then

h,;rl h
E Xr = E Qi + E Qi k—r+1
i— . h+3
=1 i=n4
h41

N|

h
=> (i=Dk+r Y (i-Dk+k—r+1

= g
h2k — k-
_ +h—k 1+7°
2
h—1)hk+k+1
:( )(2+ +)—|—T for 1<r<k.

(h—1)(hk+k+1)
2
Example 2.2 Let h = 9, k = 6 and X = [1,54]. Then the partition subsets are X; =
{1,7,13,19,25,36,42,48,54}, Xo = {2,8,14,20,26,35,41,47,53}, X3 = {3,9,15,21,27, 34,
40, 46,52}, X4 = {4,10,16,22, 28, 33,39, 45,51}, X5 = {5,11,17, 23, 29,32, 38,44, 50} and Xs =

h—1)(hk+k+1
{6,12,18,24, 30,31, 37,43,49}. 3 X _ (1) 2+ +1)

Hence, Y P =

+[1,]. O

+r=244+7r for 1 <r <6.
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Lemma 2.3 Let h and k be two positive integers such that h is even and k > 3 is odd.

Then there exists a k-equipartition P = {X1, Xa, -, Xi} of X = [1,hk] such that > X, =
(h—1)(hk+k+1)

+r for 1 <r < k. Thus,y P is a set of consecutive integers given by
h—1)(hk+k+1
g (=Dt k+ D)
2
Proof Let us arrange the set of integers X = {1,2,3,--- ,hk}in a h X k matrix A as given
below.

+ [1, k).

1 2 e k=1 k
n+1 n+2 e 2%k—1 2%k

A= o+ 1 n+2 - 3k—1 3k
(h—1k+1 (h—=1)k+2 --- hk—1 hk

hxk
That is, A = (a; ;)nxk Where a; ; = (i — Dk +jfor 1<i<hand1<j <k Forl<r<kEk,

h h
define Y, = {a; /1 <i < E}U {ai7k77«+1/§ +1<i<h-—1}. Then

L h—1
E Y, = E a;r+ E Qi lo—r+1
i=1

i=h41

4 h—1
=Y {i-Dk+r}+ > {i-Dk+k—r+1}

i=L41
k(h—1)*+h—k—2
= +T
2
For 1 < r < k, define X, = Y,,) U{(h — 1)k + n(r)}, where 0 and 7 denote the per-
k—2 1 k-1
koar+l for 1<r<——
mutations of {1,2,---,k} given by o(r) = ;. —22r+1 ka1 2 and n(r) =
—5 for —— <r<k
k-1
2r for 1<r< 5
. Then
2r — k  for k+1 <r<k

* ‘

N
>
|

ZYG(T) + (h=1)k+=(r)
k(h—1)2+h—k—2

= 5 +o(r)+ (h— 1Dk +n(r)

k(h—1)2+h—k—2+k—2r+1

+(h=1Dk+2r for 1<pr<kd
L X = k(h—1)23h—k—2 3k—22r+1 - On
5 +(h—Dk+2r—k for El<r<k

h—1(hk+Ek+1
simplification we get > X, = ( ) 5 tEk+1) +7r for 1 < r < k. Hence, > P =
h—1)(hk+k+1
( )(2+ L ) 0
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Example 2.4 Let h = 6,k = 5 and X = [1,30]. Y3 = {1,6,11,20,25}, Y5 = {2,7,12, 19, 24},
Ys = {3,8,13,18,23}, Yy = {4,9,14,17,22}and Vs = {5, 10, 15,16, 21}. By definition the parti-
tion subsets are, X, = Y,y U{(h — 1)k +n(r) for 1 <r <5. Xy = {2,7,12,19,24,27}, X, =
{1,6,11,20,25,29}, X5 = {5, 10,15, 16,21, 26} X, = {4,9, 14,17, 22,28} X; = {3,8,13, 18, 23, 30},

h—1)(hk+Ek+1
NOW,ZXTZ( )(2+ ha )+r=90+rfor1§r§5.

Lemma 2.5 If h is even, then there exists a k-equipartition P = {X1, X, -+, Xk} of X =

h(hk+1

[1, hk] such that > X, = hhk +1)
h(hk+1)

equal to ——.
¢ 2

for 1 < r < k. Thus, the subsets sum are equal and is

Proof Let us arrange the set of integers X = {1,2,3,--- , hk}in a h x k matrix A as given
below.

1 2 e k=1 k
n+1 n+2 e 2%k—1 2%k

A= o+ 1 m+2 - 3k—1 3k
(h—1k+1 (h—1k+2 --- hk—1 hk

hxk
That is, A = (a;;)nxk Where a;; = (1 — Dk +jfor 1 <i<hand1<j<k Forl<r<kEk,
define X, = {a;,/1 <i < 2YU{a;p—ry1/%+1<i<h—1}. Then

3 h
E Xr = E Qg r + E Qi k—r+1
=1

i=2+1
LI hoo h(hk + 1)
=> {i—Dk+r}+ > {-Dk+k—r+1}= —
i=1 i=h+1
h(hk + 1
Thus, the subsets sum are equal and is equal to % O

Example 2.6 Let h = 6, k = 5 and X = [1,30]. Then the partition subsets are X; =
{1,6,11,20,25,30}, Xo = {2,7,12,19,24,29}, X3 = {3,8,13,18,23,28}, X4 = {4,9,14,17,
h(hk +1
92,27} and X5 = {5,10,15,16,21,26}. Now, " X, = %ﬂ —93for1<r<5.
k

Lemma 2.7 Let h and k be two even positive integers and h > 4. If X = [1,hk+1] — {5 +1},
h2k — k-

+3h—k 2+7°

2

+ [1,k].

there exists a k-equipartition P = { X3, Xo,--- , X} of X such that Y X, =
hk+3h—k—2
2

Proof First we prove this lemma for h = 2 and we generalize for any even integer h > 4.

for 1 <r <Ek. Thus > P is a set of consecutive integers

Case 1: h=2.
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X =[1,2k+1] — {5 +1}. For 1 <r < k, define

{E+1-rk+1+2r} for
{%—1—2—7“,27“} for

IN
<
IN

X, =

=< N

[STE R
+
—_
IA
IA
o~

Hence7ZXT=%+2+rf0r1§r§k.
Case 2: h >4

k
Let Y =[1,2k+1] — {§+ 1} and Z = [2k+2,hk+1]. Then X =Y U Z. By Case 1, there
exists a k-equipartition P; = {Y7,Ya,--- , Y} of Y such that

3k
ZYT:7+2+T for 1<r<k (1)

Since h — 2 is even, by Lemma 2.5, there exists a k-equipartition

Py = {Z;,Zb,---, Z}} of [1,(h — 2)k] such that 3 Z/ = (h = 2)(hk2_ 26+ D) o1 <r<k.
Adding 2k+1 to [1, (h—2)k], we get a k-equipartition Py = {Z1, Zs,- -+ , Zx} of Z = [2k+2, hk+
1] such that 3" Z, = (h — 2)(2k + 1) + (h = 2)(]“;_ 2k+1)
for 1 <r < k. Then,

for1<r<k. Let X, =Y,UZ,

Y Xe = Y YUY 7,

h?k +3h —k —2

= 5 +r for 1<r<k.

h%k +3h — k — 2
2
Example 2.8 Let h = 6, k = 6 and X = [1,37] — {4}.Then the partition subsets are X; =
{3,9,14,20,31,37}, Xo = {2,11,15,21,30,36}, X5 = {1,13,16,22,29,35}, X, = {7,8,17,23,

28,34}, X5 = {6,10,18,24,27,33} and Xg = {5,12,19,25, 26, 32}. Now,

h2k +3h —k — 2
Y X, = +2 +r=113+7

Hence, Y P is a set of consecutive integers + [1, k]. O

forl1 <r <6.

Lemma 2.9 Let h and k be two even positive integers. If X = [1,hk + 2] — {1,; + 2}, there
h2k +5h —k — 2
2

+[1,K).

exists a k-equipartition P = {X1, Xo,--- , Xy} of X such that > X, =
h?k +5h —k —2
2

Proof First we prove this lemma for 1 = 2 and we generalize for any even integer h > 4.

+r for

1<r<k. Thus > P is a set of consecutive integers

Case1: h=2

k
X=[1,2k+2]—{1,§+2}. For 1 < r <k, define

k
{§+1—r,k+2+2r} for

IN
<
IN

X, =

5 Nl

IN
>

o
+
[
IN

k
{37+3—r,2r—|—1} for
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k
Hence, >~ X :%—l—él—i—rforlgrgk.

Case 2: h>4

k
Let Y =[1,2k+ 2] — {1,5 +2} and Z = [2k 4+ 3,hk 4+ 2]. Then X =Y U Z. By Case 1,
there exists a k-equipartition P; = {Y7,Ya,---, Y%} of Y such that

3k
Zn:7+4+r for 1<r<k (2)

Since h — 2 is even, by Lemma 2.5, there exists a k-equipartition
h—2)(hk — 2k +1
By — (70,2}, , 71} of [L,(h — 2)k] such that 3" 72/ — =2 - D e 1 <7 < k.
Adding 2k+2 to [1, (h—2)k], we get a k-equipartition Py = {Z1, Zs,- -+ , Zx} of Z = [2k+3, hk+
(h—2)(hk — 2k +1)
2] such that > 7, = (h —2)(2k+2) + 5 for1<r <k Let X, =Y, UZ,
for 1 <r < k. Then,

>

Y Yud 7,

h2k+5h—k—2
= + 5 +r for 1<r<k.

h2k +5h — k — 2
2
Example 2.10 Let h = 6, k = 6 and X = [1,38] — {1,5}.Then the partition subsets
are X, = {4,10,15,21,32,38}, Xo = {3,12,16,22,31,37}, X3 = {2,14,17,23,30,36}, X, =
{8,9,18,24,29,35}, X5 = {7,11,19, 25,28, 34} and X = {6, 13,20, 26,27,33}. Now, 3" X, =
h?k +5h —k —2
2

Hence, Y P is a set of consecutive integers + [1, k] O

+r=119+7rfor1 <r <6.

§3. Main Results

Definition 3.1(Edge amalgamation of a finite collection of graphs, [1]) For any finite collection
(Gy,uv;) of graphs G;, each with a fized edge w;v;, Carlson [1] defined the edge amalgamation
Edgeamal{(G;,u;v;)} as the graph obtained by taking the union of all the G;’s and identifying
their fized edges.

Definition 3.2( Generalized Book) If all the G;’s are cycles then Edgeamal{(G;,u;v;)} is

called a generalized book.

Theorem 3.3 Let H be a 2-connected (p,q) simple graph. Then the edge amalgamation
Edgeamal{(H;,uw;v;)} of any finite collection {H;,u;v;} of graphs H;, each with a fized edge

w;v; isomorphic to H is H-supermagic for all values of p and q.

Proof Let {H;,u;v;} be a collection of n graphs H;, each with a fixed edge w;v; and
isomorphic to a 2-connected simple graph H.
Let G = Edgeamal{(H;, u;v;)} with vertex set V and edge set E. Note that |V| =n(p—2)+2
and |E| = n(qg—1)+ 1. Let H; = (V;, E;) for 1 < i < n. Label the common edge of G as
e =uqws. Let V! =V, — {wy,we} and B = FE — {e} for 1 <i < n.
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Case 1: nisodd
Subcase (i): p is even and ¢ is odd

Since p — 2 and ¢ — 1 are even by Lemma 2.5 there exists n-equipartitions P} = { X7, X},
X/} of [1,(p—2)n] and Py = {Y{,Y,--- , Y.} of [1, (q — 1)n] such that

ZX/_ (p—2)( pn—2n+1 Zy,_ —1)( qn—n+1)
2

Add 2 to each element of the set [1, (p—2) ] and (p—2)n+3 to each element of the set [1, (g—1)n].
We get n-equipartitions Py = {X1, Xo, -+, X, } of [3,pn —2n + 3] and Py = {¥1,Y>, -+, Y, }
of [pn — 2n+ 4, (p+ g — 3)n + 3] such that

2)(pn — 2n + 1) D gn—n+1
S Xi=(p- 22+(p Xp” nt C S Y= (¢-Dpn— 2n+3)+(q )(qg ntl)

Define a total labeling f : V U E — [1,(p+ q — 3)n + 3] as follows:

flw)) = 1 and f(ws) =2.
fle) = pn—2n+3.

fv)y = X; for 1<i<n.

f(E) = Ypiy1 for 1<i<n.

FUH) = flw)+ f(wa) + fle)+ > FV)+ D f(E]

= f(w1)+fw2 + f(e +ZX/+ZY7£ il

= constant.
Since H; 2 H for 1 < i < n, G is H-supermagic.
Subcase (ii): p is odd and ¢ is even

Since p—2 and ¢—1 are odd, by Lemma 2.1 there exists n-equipartitions P} = { X1, X5, -+,

X/ }of [1,(p—2)n] and P, = {Y{,Yy,--- , Y/} of [1,(¢ — 1)n ]suchthat
_ (p—3)(pn—n+1) _ )(gn +1)
S x; : i Y= el

for 1 <i < n. Add 2 to each element of the set [1, (p — 2)n] and (p —2)n + 3 to each element
of the set [1, (¢ — 1)n]. We get n-equipartitions Py = { X1, Xo,---, X, } of [3,pn — 2n + 3] and
Py ={Y1,Ys,- -, Y,} of [pn —2n+ 4, (p + ¢ — 3)n + 3] such that

> Xi=(p- 22+(p—3)(p7;—n+1 S Yi=(¢-1)(pn—2n+3)+ w“'
for 1 <i<n. Deﬁneatotallabelingf:VUEa[,(p+q_3)n+3] as follows:

flw)) = 1 and f(wz)=2.

fle) = pn—2n+3.

fV)) = Xi for 1<i<n.

f(E) = Yo for 1<i<n.
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Then for 1 <i <n,

FUH) = flw)+ f(wa)+ fle)+ > FV)+ D f(E]

= flwn)+ flw2) + Fle)+ > X[+ D Y iy

- Mt RS (- e 3

= constant.

Since H; = H for 1 < i < n, G is H-supermagic.
Subcase (iii): p and ¢ are odd
Since p — 2 is odd, by Lemma 2.1 there exists an n-equipartition P} = {X7, X4,--- , X/}
-3 — 1
of [1, (p— 2)n] such that > X/ = (p=3)pn=—n+1)
n is odd, by Lemma 2.3 there exists an n-equipartition Py = {Y{,Yy,--- Y} of [1,(q — 1)n]
-2 1
such that > Y/ = w +ifor 1 < i < n. Add 2 to each element of the set
[1,(p — 2)n] and (p — 2)n + 3 to each element of the set [1, (¢ — 1)n]. We get n-equipartitions

Py ={X1, X2, -+, X} of [3,pn—2n+3] and Py = {Y1, Y, -+ , Y, } of [pn—2n+4, (p+q¢—3)n+3]
such that

+1 for 1 <4 <mn. Since ¢ — 1 is even and

(p=3)(np—n+1)

doXi = (p-2)2+ 5 +1,
v o= (q—1)(pn—2n+3)+(q_2)(2ﬂ+z

for 1 <4 < n. Define a total labeling f: VUE — [1,(p + ¢ — 3)n + 3] as follows:

fa) = 1 and  flws) =2
fle) = pn—2n+3.

fV) = X; for 1<i<n.

fE) = Y, g for 1<i<n.

FUH) = flw)+ flwa) + fle)+ > FVI)+ > f(E]

= flw)+ flw) + fle)+ D X[ +) Y 1y

_ nlp+a)? +p;q+5(”_1) —(n—1)(2p+ 3q)

= constant.

Since H; & H for 1 < i < n, G is H-supermagic.
Subcase (iv): p and g are even

Since p — 2 is even and n is odd, by Lemma 2.3 there exists an n-equipartition P} =

-3 — 1
(X1, X0, X!} of [1,(p— 2)n] such that S x7 = L=@R=nEY gy o 2
Since ¢ — 1 is odd, by Lemma 2.1 there exists an n-equipartition P, = {Y¥{,Yy,--- Y} of
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[1,(g — 1)n] such that > Y/ = la=2)gn+1) +ifor 1 <i<mn. Add 2 to each element of the
set [1, (p —2)n] and (p — 2)n + 3 to each element of the set [1, (¢ — 1)n]. We get n-equipartitions
Py ={X1,Xo, -, X, } of [3,pn—2n+3] and Py = {¥1,Y>, -+ , Y, } of [pn—2n+4, (p+q—3)n+3|
such that

ZX (p— 22+(p—3)(p7;—n+1 ZY (g—1)(pn—2n+3)+ —(q—2)(2qn—|—1)+l

for 1 <4 < n. Define a total labeling f: VUE — [1,(p+ g — 3)n + 3] as follows:

flw) = 1 and f(wy)=2.
fle) = pn—2n+3.

fV)y = X; for 1<i<n.
f(E) = Yo for 1<i<n.

FUH) = flw)+ f(wa)+ fle)+ > FV)+ D f(E]

= flwn)+ flw2) + fle)+ > X[+ D Y 1y

- Mt et (- e 3

= constant.

Since H; 2 H for 1 < i < n, G is H-supermagic.
Case 2: n is even
Subcase (i): p is even and ¢ is odd

The argument in Subcase(i) of Case (1) is independent of the nature of n. Hence we get
G is H-supermagic.
Subcase (ii): pis odd and g is even

The argument in Subcase(ii) of Case (1) is independent of the nature of n. Hence we get
G is H-supermagic.
Subcase (iii): p and ¢ are odd

Since p — 2 is odd, by Lemma 2.1 there exists an n-equipartition P} = {X7, X},--- , X/}

-3 - 1
of [1,(p — 2)n] such that 3" x7 = L= 3n=n+1)
are even, by Lemma 2.7 there exists an n-equipartition P, = {Y{,Yy,--- Y/} of [1,(¢ — 1)n +
—1)2n+3(¢—1)—n—2

1]—{g+1}suchthat sy A= (2" ) =n =2 i for1<i<n Add 2 to each
element of the set [1, (p — 2)n] and (p — 2)n + 2 to each element of the set [1,(q — 1)n]. We
get n-equipartitions P; = {X1, Xo,---, X,,} of [3,pn — 2n + 3] and Py = {V7,Y5,---,Y,} of
pn—2n+3,(p+q—3)n+3]—{(p—2)n+ g + 3} such that

44 for 1 < i <mn. Since ¢g—1 and n

Y Xi=(p-22+ (p_3)(pg_n+1)+i,
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—1)2 —1)—n—2
> Yi=(q—D(pn—2n+2)+ (g )”+3(2q )—n

for 1 <4 < n. Define a total labeling f: VUE — [1,(p+ g — 3)n + 3] as follows:

+1

flw)) = 1 and f(ws) =2.
fle) = (P—Q)n—i-g—i—&

vy = X; for 1<i<n.

f(E) = Yyiy1 for 1<i<n.

Then for 1 <i <n,

FUH) = flwy)+ flwa) + fle)+ > FVI)+ D F(E))
Flwr) + flwa) + fle) + D X/ + Y Vi iy

np+q)?+pt+aq (n
2
= constant.

—1)(2p+ 3¢ —3)

Since H; & H for 1 < i < n, G is H-supermagic.
Subcase (iv): p and g are even

Since p — 2 and n are even, by Lemma 2.9 there exists an n-equipartition P; = {X7, X5,
(p—2)°n+5p—2)—n—2

LX) of [1,(p—2)n+2]—{1,g—|—2} such that 3> X; = : +i for
1<i<n.
Since ¢ — 1 is odd, by Lemma 2.1 there exists an n-equipartition Py = {Y{,Yy,--- Y./} of

[1,(¢g—1)n]and > Y/ = % +ifor 1 <i<n. Add (p—2)n+ 3 to each element of the
set [1, (¢—1)n]. We get an n-equipartition Py = {Y7,Ya,--- , ¥, } of [pn—2n+4, (p+q—3)n+3)
such that > Y; = (¢ — 1)(pn — 2n + 3) + % + 1 for 1 < i < n. Define a total labeling
f:VUE —=[1,(p+q—3)n+ 3] as follows:

flw) = 1 and f(wy) = g 42,
fle) = pn—2n+3.

fV)) = Xi for 1<i<n.

f(E) = Yo for 1<i<n.

Then for 1 <i <n,

FUH) = flwy)+ flwa) + fle)+ > FVI)+ D F(E)
= flwi) + f(w2) + f(e +ZX/+ZY1; il

= n(p+Q)2+p+q—(n—l)(2p+3q—3)

= constant.

Since H; & H for 1 < i < n, G is H-supermagic.
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Hence, the edge amalgamation Edgeamal{(H;,u;v;)} of any finite collection {H;, u;v;} of
graphs H;, each with a fixed edge u;v; and isomorphic to H is H-supermagic for all values of
p and q. O

Illustration 3.4 Let Hqi,Hs,H3,H, and Hs be five graphs isomorphic to the wheel W, =
C4 + K; and their fixed edges given by dotted lines. Then the Edge amalgamation graph
Edgeamal{(H;,u;v;)} of the given collection is Wy-supermagic with supermagic sum 303.

Fig.1

Illustration 3.5 Let Hi,H>,Hs and H,4 be four graphs isomorphic to H and their fixed edges
given by dotted lines. Then the Edge amalgamation graph Edgeamal{(H;,u;v;)} of the given

collection is H-supermagic with supermagic sum 300.

Fig.2
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Definition 3.6(Book with m-gon pages) Let n and m be any positive integers with n > 1 and
m >3 . Then, n copies of the cycle C,, with an edge in common is called a book with n m-gon
pages. That is, if {Gi,u;v;} is a collection of n copies of the cycle C,, each with a fized edge
u;v; then Edgeamal{(G;,u;v;)} is called a book with n m-gon pages.

A book with 3 pentagon pages is given below.

Fig.3

Corollary 3.7 Books with n m-gon pages are Cy, -supermagic for every positive integers
n > land m > 3.

Illustration 3.8 Cs-supermagic covering of a book with 3 hexagon pages is given below. The

supermagic sum is 167.

Fig.4

Theorem 3.9 Let H; = K, with vertex set V(H;) = {vi,vir : 1 <1 < k} and the edge set
E(H;) =4{vivir : 1 <r <k} where 1 <i <k and G be a graph obtained by joining a new vertex

w with vi1,v21,- -+ ,vk1. Then G is Ky j-supermagic.

Proof Let V; = {vj,vir : 1 <7 < k}and E; = {Vivj, : 1 <r <k} forl <i<Ek.
Then the vertex and edge set of G = (V, E) are given by V = U_ V; U {v} and E = U}_,E; U
{vvr,vvg, -+ ,vvE}. Also |V| = k? +k+ 1 and |E| = k? + k. Let Vi1 = {w,v1,ve, -+ , v}
and Ey1 = {wvy,wve, -+ ,wug} and Higy1 = (Vit1, Frt1) be the graph with vertex set Vi1
and edge set Eji+1. Note that any edge of E belongs to at least one of the subgraphs H; for
1<i<k+1. Since H; = K, for 1 <7 <k +1, G admits a K; j-covering.
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Case 1: k£ is odd

Since k + 1 is even, by Lemma 2.3, there exists a k-equipartition P = {X;, X5, -+, Xi} of
X =1, (k + 1)k] such that

(k+1
> X—;)—i—i for 1<i<k (3)
. . e . kE+1
It can be easily verified from the definition of X, in Lemma 2.3 that — = 1) k+o(r) € X,
for 1 <r < k, where ¢ denotes the permutation of {1,2,---  k} given by
k—2 1 k—1
o ++ for 1<r< —
o(r) = )
3k —2 1 k
# for ; <r<k

k+1
Construct X1 = {<%—1) k+o(r):1<r<k}u{k®+k+1}.

> Xy = Z[(%—l)k—l—a(ﬂ] +k+k+1

K2(k—1)  k(k+1)

= E+k+1
gty HE ke
k(k+1)2
:%—l—k—l—l (4)
From (1) and (2) we have
k(k+1
ZX— + REED? 0 g 1<i<hid (5)

As k is odd, by Lemma 1, there exists a k + 1-equipartition Q" = {Y{, Y5, -, Y/ |} of the

E—-D[(k+1)2+1
set Y =[1,k(k + 1)) suchthatZYi'z( Il 2+ s ]+if0r1§i§k+1.

Adding k? + k+1 to [1,k(k + 1)], we get a k + 1-equipartition Q = {Y¥7,Y2, -+, Yii1} of
the set Y = [k% + k + 2,2k? + 2k + 1] such that

SOV = k(K 4 k+1) + (k_l)[(k2+1)2+1] +i for 1<i<k+1 (6)

Define a total labeling f : VU E — [1,2k% + 2k + 1] as follows:

(i) flw)=k*+Fk+1.

(i) f(V;) = X; with f(v;) = (% - 1) k+o(r)for1 <i<k+1.

Then for 1 <i<k+1,
Zf +Zf ZXi+ZYk+2—i

74k3+5k2+5k+2
= 5 ,
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which is a constant. Since H; =2 Ky, for 1 <i <k +1, G is K; y-supermagic.
Case 2: k is even
Since k + 1 is odd, by Lemma 1,there exists a k-equipartition P = {X;1, Xa, -+, X;} of
X =1, (k + 1)k] such that
k(k+1
> Xi= +)+i for 1<i<k (7)

k+2
It can be easily verified from the definition of X,. in Lemma 2.3 that <% — 1> k+r € X, for

k k k+2
1<r< and (E—l)k—kreX for§+1<r<k: Constructh+1—{<%—1>k+r:

wl?rwl?r

I<r

I /\

}U{(E—1>k+r g+1<r<k}u{k2+k+1}

k

ZXk-}-l:i[(#—l)kﬁ-T‘] +y [(g—l>k+r} +E+k+1

r=1 541
zkz(k2_1)+k(k2+1)+k2+k+1
=WT+1>2+1§+1 (8)
From (5) and (6) we have
S = S k“) Yi for 1<i<k+1 9)

As k is even, by Lemma 2.3, there exists a k + l-equipartition Q" = {Y{,Y5,---,Y; ,} of

the set Y = [1,k(k + 1)] such that Y V/ = w +iforl <i<k+1. Adding

k> +k+1 to [1,k(k + 1)], we get a k + l-equipartition Q = {Y3,Ya,--+,Ysy1} of the set

Y = [k* + k + 2,2k? 4+ 2k + 1] such that

(k=D[(k+1)*+1]
2

Define a total labeling f : VU E — [1,2k% + 2k + 1] as follows:

(i) flw)=k*+Fk+1.

SOV = k(R 4 k4 1) + +i for 1<i<k+1 (10)

(i) f(V;) = X; with f(v;1) = <¥ —1>k+r for 1 <i< g and f(v;1) = <§ —1) k+r

k
for 5 +1<e<k.

Then for 1 <i<k+1,

f(Hy) =232 f(Vi) + 2 f(Eq)

=YX+ > Yiyo,
 Ak® 4+ 5k? + 5k + 2
- 5 ,
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which is a constant. Since H; = K;  for 1 <i < k41, G is K; p-supermagic. Thus, in both

4k3 4+ 5k% + 5k + 2
the cases G is K p-supermagic with supermagic sum s(f) = + 2+ ha .

Illustration 3.10

Fig.1. G- is K s-supermagic with supermagic sum 236.

39 26
24
25 78 71
SN 3% a4 553 @23
31 . 1
7 /6 12 4 23
82 45 11 39
Ry 17 9
18 2 9
1 7 80 76
£4 50 1 65
0 22
307 68 &5 Y 60 40
P e 8 20 21 .
36 ] 49 . 34
55\ 49 0 3
qa 41 56 66
14 RS s
74 28
67
29 35 15

Fig.2. G- is K ¢-supermagic with supermagic sum 538.

O
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Abstract: For a give finite connected graph I, a group H of automorphisms of I" and a finite
group A, a natural question can be raised as follows: Find all the connected regular coverings
of I having A as its covering transformation group, on which each automorphism in H can
be lifted. In this paper, we classify all the connected regular covering graphs of the cube
satisfying the following two properties: (1) the covering transformation group is isomorphic
to the elementary Abelian p-groups; (2) the group of fibre-preserving automorphisms acts

edge-transitively.

Key Words: Connected graph, graph covering, cube, Smarandachely covering, regular

covering.

AMS(2010):
§81. Introduction

All graphs considered in this paper are finite, undirected and simple. For a graph I', we use
V(T), E(I"), A(T') and Aut(T") to denote its vertex set, edge set, arc set and full automorphism
group, respectively. For any v € V(T'), by N(v) we denote the neighborhood of v in T'. For an
arc (u,v) € A(T"), we denote the corresponding undirected edge by wv.

A graph T is called a covering of the graph I' with projection p : I' — T if there is a
surjection p : V(I') — V(I) such that pln@) + N(9) — N(v) is a bijection for any vertex
v € V(') and & € p~!(v). The graph [ is called the covering graph and T is the base graph.
Ap: [ — I is called to be a Smarandachely covering of T" if there exist u,v € V(I') such that
lp~'(u)| # |p~(v)|. Conversely, if [p~*(v)| = n for each v € V(I'), then such a covering p is
said to be n-fold. Each p~1(v) is called a fibre of . An automorphism of T which maps a fibre
to a fibre is said to be fibre-preserving. The group K of all automorphisms of T which fix each
of the fibres setwise is called the covering transformation group. A covering p : [ — T is said
to be regular (simply, A-covering) if there is a subgroup A of K acting regularly on each fibre.
Moreover, if T' is connected, then A = K.

A purely combinatorial description of a covering was introduced through a voltage graph

ISupported by NNSF(10971144) and BNSF(1092010).
2Received December 23, 2010. Accepted February 23, 2011.
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by Gross and Tucker [4,5] and also a very similar idea was appeared in Biggs’ monograph [1,2].
Let A be a finite group. An (ordinary) voltage assignment (or, A-voltage assignment) of T is
a function ¢ : A(T') — A with the property that ¢(u,v) = ¢(v,u)~! for each (u,v) € A(T).
The values of ¢ are called wvoltages, and A is called the woltage group. The graph T' x4 A
derived from ¢ is defined by V(I' x4 A) = V(I') x A and E(T' x4 A) = {((u,9), (v, (u,v)g)) |
(u,v) € EI"), g € A}. Clearly, the graph I x4 A is a covering of the graph I' with the first
coordinate projection p : I' x 4y A — I', which is called the natural projection. For each v € V(I'),
{(u,g) } g € A} is a fibre of ' x4 A. Moreover, by defining (u, ¢’)? := (u,g’g) for any g € A
and (u,g") € V(I' x4 A), A can be identified with a fibre-preserving automorphism subgroup of
Aut(T x4 A) acting regularly on each fibre. Therefore, p can be viewed as a A-covering. Given
a spanning tree T' of the graph I', a voltage assignment ¢ is called T-reduced if the voltages
on the tree arcs are identity. Gross and Tucker ([4]) showed that every regular covering of a
graph I' can be derived from an ordinary 7T-reduced voltage assignment ¢ with respect to an
arbitrary fixed spanning tree T of T.

An automorphism « of I' can be lifted to an automorphism & of a covering graph T if
p& = ap, where p is the covering projection from T to T. We say a subgroup of H of Aut(T")
can be lifted if each element of H can be lifted.

For a given finite connected graph I'; a group H of automorphisms of I and a finite group
A, a natural question can be raised as follows: Find all the connected regular coverings of I'
having A as its covering transformation group, on which each automorphism in H can be lifted.
In [3], Du, Kawk and Xu investigate the regular coverings with A = Z}!, an elementary Abelian
group and get some new matrix-theoretical characterizations for an automorphism of the base
graph to be lifted, and as one of the applications, they gave a classification of all connected

regular coverings of the Petersen graph with the covering transformation group Z”, whose

fibre-preserving automorphism subgroup acts arc-transitively. ’
In this paper, we use the same method to classify all the connected regular covering graphs
of the cube satisfying the following two properties: (1) the covering transformation group is
isomorphic to the elementary Abelian p-group; (2) the group of fibre-preserving automorphisms
acts edge-transitively.
The cube is identified with the graph ' as shown in Figure (a). Fix a spanning tree T in

T as shown in Figure (b). Let V4 = {2,6,4,7,3,5}. Then the induced subgraph I'(V7) is a line

as shown in Figure (c).
5 2 5 2
N>y~ 7

Figure (a): the graph I'; (b) a spanning tree T" of I".

Figure (c): the induced subgraph I'(V7)
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First, we introduce five families of covering graphs I x 4 Z! of cube I" by giving a T-reduced
voltage assignment ¢. Since ¢ is T-reduced, we only need to give the voltages on the cotree arcs

(see Figure (c)). Let ¢t denote the transposition of a matrix.

(1) X(2,1):=T x¢ Zs, where ¢26 = ¢pa7 = ¢35 = 1 and dag = ¢37 =0,
X(p,1):=I'xy Z,, where p =3 or p = 1(mod 6), 26 = P37 = 1, a6 = ¢35 = 1+F and
@47 = 0.
(2) X(p,2):=T x4 Z2, where ¢o6 = ¢37 = (0,1), ¢u = ¢35 = (1,0) and ¢47 = (0,0).

(3) X(p,3):=T x4 Z3, where ((¢26)", (Par)"; (¢35)") = I3xz, bas = (0,1,—1) and @37 =
(~1,1,0).

(4) X(p,4):=T x4 Z,, where p =3 or p = 1(mod 6), ((d26)", (¢16)", (da7)", (¢37)") = Laxa
1—+v/-3 1+v/-3 1-+/-3
and ¢35 = (Tv ; 5 5 )-
(5) X(p,5):=T xg4 Z7, where ((¢26)", ($a6)", (da7)", (P37)", (¢35)") = Isxs.

-1

Now we state the main theorem of this paper.

Theorem 1.1 Let T be a connected regular covering of the cube I whose covering transformation
group s isomorphic to Z7 and whose fibre-preserving automorphism subgroup G acts edge-
transitively on I'. Then, T is isomorphic to one of the graphs in (1)-(5) listed above. Moreover,
for the graphs X(2,1), X(3,1), X(p,2), X(p,3), X(3,4) and X (p,5), Aut(T) can be lifted, and
so they are 2-arc-transitive; and for the graphs X(p,1) and X(p,4) for p = 1(mod 6), the
subgroup isomorphic to Ayx Zs can be lifted but AutD’ cannot, and so they are arc-transitive, in

particular, all these five families of graphs are vertex transitive.

§2. Algorithm for the Lifting

In this section, we present the algorithm given by Du, Kwak and Xu [3], which deals with
the lifting problem for regular coverings of a graph I' whose covering transformation group is
elementary Abelian.

Throughout this section, let I' be a connected graph and let r=r X Z, be a connected
regular covering of the I'. The voltage group Z,’ will be identified with the additive group of
the n-dimensional vector space V(n,p) over the finite field GF(p). Since T is connected, the
number S(T") = |E(T")| — |[V(T')] + 1 is equal to the number of independent cycles in I" and it is
referred to as the Betti number of T

Let V(T') = {0,1,...,|V(T")| — 1}. For any arc (i, j) € A(T'), by ¢; ; we denote the voltage
on the arc, which is identified with a row vector in V(n,p). An arc (i,j) € A(T) is called
positive (resp. negative) if i < j (resp. i > j). For each subset F' in E(T"), we denote the
set of its arcs, positive arcs and negative arcs by A(F), AT(F) and A~ (F), respectively, so
that A(F) = AT(F)U A~ (F). In particular, if FF = E(T'), we prefer to use A(T'), AT(T") and
A~ (T) to denote A(F), AT(F) and A~ (F), respectively. Fix a spanning tree T in the graph
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I and let Ey = E(T), so that |[E(T") \ Ey| is the Betti number 3(T') of the graph I'. From
now on, the voltage assignment ¢ is assumed to be T-reduced. By the connectedness of f,
{#ij | (i,7) € AT(E(T) \ Eo)} generates the group Z;. Hence, we get n < B(T).

Let E1 be a set of edges such that ¢+ (p,) = {¢i; | (4,5) € AT(E1)} is a basis for the
vector space V(n,p), and let Ey = E(T") \ (Eo U Ey). Let

|Eol =k, |Eil=n and |E3]=m, (1)

so that the number of edges in I is k +n + m.

Let ®q (resp. 1 and ®3) be the k x n (resp. n xn and m X n) matrix with the row vectors
¢i,; for the arcs (i,7) in AT(Ey) (resp. AT(E;) and A1 (E»)), according to a fixed order of the
positive arcs. Since the row vectors of ®; form a basis for V' (n, p), there exists an m X n matrix

M, called a voltage generating matriz of ¢, such that

Py = MO,. (2)
Let
Qg
Q= o,y ) (3)
®,

which is a (k4+n+m) x n matrix over GF(p), called a voltage (assignment) matrix corresponding
to the voltage assignment ¢. If we take ¢ 4+ (g,) so that &g = 0 and 1 = I,,x,, the nxn identity
matrix, then ® is called a reduced form or a T-reduced form of the voltage assignment matrix
®. From now on one may assume that ® is in a reduced form without loss of any generality.

Let V = V(k + n+ m,p) be the (k + n + m)-dimensional row vector space over the field
GF(p). Hereafter, we denote a vector v in 'V by (vg,vi,va) € Z;f ® Z, ® Z,", where the
coordinates of the vector vo (resp. vi and vs) are indexed by arcs in AT (Ey) (resp. AT (E})
and AT (FE3)), according to the same order of row vectors in ®g (®; and ®3).

Given a graph I, its spanning tree T, and a positive cotree arc (u,v), there is a unique
path from v to w in T" which is denoted by [v,- - ,u]. We call the closed walk (u, [v,--- ,u]) the
fundamental cycle belonging to (u,v), and denote it by C(u, v; T'). There are n+m fundamental
cycles in I', where n + m is the Betti number of T'.

Given a graph I' and its spanning tree T, we keep the same order for positive arcs as the

order of row vectors of the voltage matrix ®. For each positive cotree arc (u,v), let p** be the
u,v

k-dimensional row vector over GF'(p) whose (i, j)-coordinate p;;’ indexed by the positive tree

arc (i, J) of the given order is defined as follows:

1 if (¢,7) is in C(u,v; T),
p,j =9 —1 if (j,4)is in C(u,v;T), (4)
0 otherwise.
Let P be the (n + m) x k matrix whose row vectors are p*¥, indexed by the positive cotree

arcs (u,v) of the given order. We call P the incidence matriz for the fundamental cycles of

the graph I' with respect to the tree T'.
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Now we state the algorithm for solving lifting problem for the connected regular coverings

of a graph I" whose covering transformation group is elementary Abelian.

(1st) Choose a fixed spanning tree T' in T' and write down the arcs in AT (Ey), A*(F;) and
AT (F3) in a certain order so that ® = 0, ®; = I,,x,, and 5 = M.

(2nd) Calculate the incidence matrix P for the fundamental cycles of I" with respect to T'.

(3rd) Assume that the voltage generating matrix M = (a;j)mxn, where the entries a;; are
unknowns. Let A = (=M, Lxm)P, —M, I xm), whose columns are indexed by the
arcs in AT (Ep), AT(E1), At (F2) according to the given order. We call the matrix A
the discriminant matriz for a lift of ¢. For convenience, we write Ag = (=M, Inxm)P,
Ay = —M and A = I xm, so that A = (Ag, A1, Ag), as a block matrix.

(4th) Let A = (--+,¢;,,--+), where ¢; ; is the column indexed by (i,j) € AT(T"). For a given

o € Aut(I'), let ¢ ; = ¢;,-1 ;,-1, where we assume that ¢; ; = —c;; for any arc (i, j). Let
A7 = (- ,¢f;, ) for any (i,j) € AT(T), and let (A%)o, (A7); and (A7), denote the

first, the second and the third blocks of the matrix A respectively, as before. Then one
can say that

o can be lifted <= (A%)1 + (A7) M =0 <= A7+ AJM =0. (5)

Proof of Theorem 1.1

Let Fy = E(T) and E = E(T') \ Ey. Give an ordering for the arcs in A*(Ey) and A" (F) as
follows:
AT (Ey) = {15,16,17, 25, 28, 38, 48},

A (E) = {26,46,47,37,35}.

Give fundamental cycles in I' as follows:

C(2,6;T) = (2,6,1,5,2),
C(4,6; T) (4,6,1,5,2,8,4),
C(4,7:T) = (4,7,1,5,2,8,4),
C(3, T) (3,7,1,5,2,8,3),
C(3,5:T) = (3,5,2,8,3).

It is well-known that Aut(I") & Sy x Z3. Take four automorphisms of I" as follows: o =
(243)(567), B = (14)(23)(58)(67), v = (18)(27)(36)(45) and & = (23)(67).

It is easy to check that M =< «, > is subgroup of Aut(I") isomorphic to A4, N =<
M,~ > is subgroup of Aut(T") isomorphic to Ay4xZs, and < N,é >= Aut(T"). Thus we have:

(1) M can be lifted if and only if a and § can be lifted;
(2) N can be lifted if and only if a, 5 and 7 can be lifted;
(3) Aut(I") can be lifted if and only if «, 3, v and ¢ can be lifted.
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Since B(T") = 5, we get n < 5. If n =5, then T is nothing but X (p,5) and by [6, Theorem
2.11], Aut(T") can be lifted. So, in what follows, we assume n < 5 and divide our proof into

four cases for each n with 1 < n < 4.

3.1 The Case of n=1

Suppose that n = 1. Then K = Z, = V(1,p). Since the element (18)(25)(36)(47) of Aut(I')
maps 2, 6,4, 7,3,5t05, 3,7, 4,6, 2, respectively, without loss of any generality, we have the
following three essentially different cases for the set £ and Ea:

(1) By = {26} and FEy = {46,47,37,35};
(2) By = {46} and FE5 = {26,47,37,35};
(3) By = {47} and E5 = {26,46,37,35}.
Case (1): F; = {26} and E; = {46,47,37,35}.
In this case, the incidence matrix is:

(L5) (1,6) (L,7) (25 (28) (3.8) (438

26)( 1 -1 0 -1 0 0 0
ae)l 1 -1 0o -1 1 0 -1
P=@nl| 1 0o -1 -1 1 0 -1
6ol 1 0 -1 -1 1 -1 0
s\ 0 0 0 -1 1 -1 0

Let D = (Dg, D1, D2) be the discriminant matrix with Dy = (=M, I4x4)P, D1 = (—M)
and Dy = (I4x4) with a voltage generating matrix M = (a,b,c,d)!. A direct computation gives
that Do = (=M, I4x4)P is equal to

(1,5) (1,6) (1,7) (2,5 (2,8) (3,8) (4,8)

—a+1 a-1 0 a—1 1 0 —1
-b+1 b -1 b-1 1 0 —1
Do =
—c+1 c -1 c—-1 1 -1 0
—d d 0 d—1 1 —1 0
For an automorphism ¢ of I' can be lifted if and only if
Allj + AgM = (026)0 =+ (646647037035)0M = 0. (6)
Inserting a = (243)(567) to (6), we have
0 = D? + DSM = (026)(1 + (046047037635)0‘]\4

= (c35) + (cascasCagcar) M
a?—a—ab+c

ab—a—0b%>+d

= (Ti5)-

ac—a— be

ad—a—bd+1
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Inserting 3 = (14)(23)(58)(67) to (6), we have

Df + DgM = (c26)? + (capcarcarcas)’ M

=]
|

(e37) + (c17c16C26C28) M
ab—b—ac+d
—a+b>—bc+d

- o, = (yij)-
at+bc—c +d+1

bd —cd+d

Now assume that o and § can be lifted. By y41 = 0, we distinguish two cases: (1) d = 0;
(2) b—c+1=0. If (1) happens, by 41 = 0 and x1; = 0, we have a = 1 and b = ¢. But it
doesn’t satisfy ya1 = 0. If (2) happens, by y11 = 0, we have —a —b+d = 0. By 221 =0, we
distinguish two subcases: (i) a —b+1 = 0; (ii) b = 0. If (i) happens, by (x;;) = 0, we have
that either a =c=0,b=d=1landp=2o0ora=d=2,b=0,c=1and p=3. If (i)
happens, we have ¢ = 1 and a = d. By x11 = 0, we have a®> — a + 1 = 0. Thus the solution of
(i) = (yi;) =0are: a=c=0,b=d=1and p=2; ora:dzliT‘/jg,b:O,c=1and
p=3orp=1(mod 6). Or equivalently,

M; =(0,1,0,1)", p=2;

1+V=3 1+ V3
2 3 ) 3 2

Moy = ( Y, p=3o0rp = 1(mod 6);

1--3 1--3

,0,1, 5 Y, p=3orp = 1(mod 6).

By X(2,1), X(p,1) and X'(p, 1), we denote the covering graphs determined by M7, Moy
and Moo, respectively. In particular, X (p,1) and X’(p, 1) are the same one if p = 3.

Inserting v = (18)(27)(36)(45) to (6), we have

0 = Diy + D;M = (026>’Y + (646647037035)7]\4

(e73) + (es3C52C62C64) M

b—ab+ac—d
b—b? + be

b—bc+c?—1

—a+b—bd+cd

Clearly, the matrices M7, Ms; and Moy satisfy this equation and « can be lifted, and so
the group N can be lifted.
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Inserting 6 = (23)(67) to (6), we have

0 = D%+ DSM = (co6)° + (cagcarcsress)’ M
= (c37) + (carcacascas) M
b—ac+ad—d
a—bc+bd—d
—c4ed—d+1
—cd+d?>—d

Clearly, the matrix M satisfy this equation and ¢ can be lifted. But the matrices M»; and
Moo satisfy this equation and § can be lifted when p = 3. So, for graphs X (2,1) and X(3,1),
Aut(T") can be lifted.

Finally, we show that for p = 1(mod 6), the graphs X(p,1) and X’'(p,1) are isomor-
phic as graphs. Let V := V(X(p,1)) = V(X'(p,1)) = {(5;2) | 1 <1 <8,z € GF(p)}. Let
R = (71%\/7_3), and let ¢ = (18)(25)(36)(47) €Aut(I'). Define a permutation Y on V by
(i;2)T = (i%; (x)R). A direct checking shows that Y is isomorphism from X (p,1) to X'(p,1).

Cases (2) and (3): By a computation similar to case (1), we can get the graph X (p,1) in
case (2) and the graph X (2,1) in the case (3).

3.2 The case of n=2,3, and 4

In this subsection, the case n = 2,3, and 4 will be described briefly.

Case n = 2. In the case, K = Zg =V(2,p). As before, without loss we may assume one of the

following happens:
(1) E, = {46,37} and E, = {26,47,35};
(2) Ei = {26,46} and E» = {47,37,35};
(3) E1 = {26,47} and E = {46,37,35};
(4) By = {26,37} and By = {46,47,35};
(5) By = {26,35} and Ey = {46,47,37};

(6) Ey = {46,47} and E, = {26,37,35}.

For the case of (1), let

ay by

as bz
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be a voltage generating matrix. Then a computation similar to case n = 1 gives that Aut(T")
can be lifted if and only if a; = a2 = by = b3 and by = az = 1. Accordingly, we can get the
graph X(p, 2).

In the Cases of (2), (3), (4), (5) and (6), the group M can not be lifted.

Case n = 3. In this case, K = ZS = V(3,p). Without any loss of generality, we may assume

one of the following happens:
(1) By ={26,47,35} and Fy = {46,37};
(2) Ey ={26,46,47} and Ey = {37,35};
(3) By ={26,46,37} and Fy = {47,35};
(4) By ={26,46,35} and Fy = {47,37};
(5) Fy ={46,47,37} and Ey = {26,35};
(6) Fy ={26,47,37} and Ey = {46, 35}.

For the case of (1), one can show that Aut(I') can be lifted if and only if the voltage

generation matrix

Thus, we get the graph X (p, 3).
In the case (2), (3), (4), (5) and (6), the group M can not be lifted.

Case n = 4. In this case, K = Z;l = V(4,p). Without any loss of generality, we may divide our

discussion into mutually exclusive three cases as followings:

Case (1): Ey = {26,46,47,37} and E, = {35}.

Let D = (Dg, D1, D2) be the discriminant matrix with Dy = (=M, I1x1)P, D1 = (—M)
and Dy = (I1x1) with a voltage generating matrix M = (a,b, ¢, d).

The group Aut(T") can be lifted if and only if

11—y 14+/73 1-y=3
Ml _( 7_17 2 ) 2

5 ), p=3orp = 1(mod 6);

1++v-3 1 1-v-3 1+v-3
2 T 2 ’ 2
By X (p,4) and X'(p,4), we denote the covering graphs determined by M; and Ma, respec-

My = (

), p=3orp = 1(mod 6).

tively. In particular, X (p,4) and X’(p,4) are the same one if p = 3.
For p = 1(mod 6), the graphs X (p,4) and X'(p,4) are isomorphic as graphs. Let V :=
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V(X (p,4) =V(X'(p,4)) = {(G;z,y,2,w) | 1 <i<8 z,y,z,w € GF(p)}. Let

02—1 1 —C2 62—1

o
o
o
|
_

And let and let ¢ = (18)(25)(36)(47) €Aut(T'). Define a permutation Y on V by (i;z,y, z,w)T =
(i (x,y, z,w)R). A direct checking shows that Y is isomorphism from X (p,4) to X'(p,4).

Case (2): By ={26,46,47,35} and Ey = {37}, and {¢26, Pa6, Pa7 @37}, {Pa6, a7, P37 P35} are

linear dependant, hence letting
M = (0,b,¢,0).

Now, one can show that M cannot be lifted.
By a similar computation, in case (3) , F1 = {26,46,37,35} and Fy = {47}, and the group

M can not be lifted.

Combining subsection 3.1 and 3.2, we finish the proof of Theorem 1.1. O
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Abstract: A Smarandache-Fibonacci Triple is a sequence S(n), n > 0 such that S(n) =
S(n—1)+ S(n —2), where S(n) is the Smarandache function for integers n > 0. Certainly,
it is a generalization of Fibonacci sequence. A Fibonacci graceful labeling and a super Fi-
bonacci graceful labeling on graphs were introduced by Kathiresan and Amutha in 2006.
Generally, let G be a (p, ¢)-graph and S(n)|n > 0 a Smarandache-Fibonacci Triple. An bi-
jection f: V(G) — {5(0),5(1),5(2),...,5S(¢)} is said to be a super Smarandache-Fibonacci
graceful graph if the induced edge labeling f*(uv) = |f(u) — f(v)| is a bijection onto the set
{5(1),5(2),...,S5(q)}. Particularly, if S(n), n > 0 is just the Fibonacci sequence Fj, i > 0,
such a graph is called a super Fibonacci graceful graph. In this paper, we show that some

special class of graphs namely Fy, C% and S}, ,, are super fibonacci graceful graphs.

Key Words: Smarandache-Fibonacci triple, graceful labeling, Fibonacci graceful labeling,

super Smarandache-Fibonacci graceful graph, super Fibonacci graceful graph.

AMS(2010): 05C78
81. Introduction

By a graph, we mean a finite undirected graph without loops or multiple edges. A path of
length n is denoted by P,11. A cycle of length n is denoted by C,,. GT is a graph obtained
from the graph G by attaching pendant vertex to each vertex of G. Graph labelings, where
the vertices are assigned certain values subject to some conditions, have often motivated by
practical problems. In the last five decades enormous work has been done on this subject [1].

The concept of graceful labeling was first introduced by Rosa [6] in 1967. A function f is
a graceful labeling of a graph G with ¢ edges if f is an injection from the vertices of G to the
set {0,1,2,...,¢} such that when each edge uv is assigned the label |f(u) — f(v)|, the resulting
edge labels are distinct.

The notion of Fibonacci graceful labeling and Super Fibonacci graceful labeling were in-
troduced by Kathiresan and Amutha [5]. We call a function f, a fibonacci graceful labeling of a
graph G with ¢ edges if f is an injection from the vertices of G to the set {0,1,2,..., F,}, where

1Received November 1, 2010. Accepted February 25, 2011.
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F, is the ¢*" fibonacci number of the fibonacci series Fy, = 1,F, = 2,F3 = 3, Fy = 5,.. ., such that
each edge uv is assigned the labels | f(u) — f(v)], the resulting edge labels are Fy, Fs, .. .,... Fy.
An injective function f : V(G) — {Fy, F1, ..., F,}, where F is the ¢'" fibonacci number, is said
to be a super fibonacci graceful labeling if the induced edge labeling |f(u) — f(v)| is a bijection
onto the set {F1, F, ..., Fy}. In the labeling problems the induced labelings must be distinct.
So to introduce fibonacci graceful labelings we assume F; = 1, Fy = 2, F3 =3, F, =5,..., as

the sequence of fibonacci numbers instead of 0,1,2,--- [3].

Generally, a Smarandache-Fibonacci Triple is a sequence S(n), n > 0 such that S(n) =
S(n—1)+ S(n—2), where S(n) is the Smarandache function for integers n > 0 ([2]). A (p, q)-
graph G is a super Smarandache-Fibonacci graceful graph if there is an bijection f : V(G) —
{5(0),5(1),5(2),...,5(q)} such that the induced edge labeling f*(uv) = |f(u) — f(v)] is a
bijection onto the set {S(1),5(2),...,5(¢)}. So a super Fibonacci graceful graph is a special
type of Smarandache-Fibonacci graceful graph by definition.

We have constructed some new types of graphs namely F,, ® Kffm, Cn® Py, Kin©Ki 2,

F, @ P, and C,, ® K1 ,, and we proved that these graphs are super fibonacci graceful labeling

in [7]. In this paper, we prove that F!, C? and an)n are super fibonacci graceful graphs.

82. Main Results

In this section, we show that some special class of graphs namely F!, C! and S¢, ,, are super

,n

fibonacci graceful graphs.

Definition 2.1 Let G be a (p,q) graph. An injective function f: V(G) — {Fu, F1, Fa,--- , Fy},
where F, is the ¢'"* fibonacci number, is said to be a super fibonacci graceful graphs if the induced
edge labeling f*(uv) = |f(u) — f(v)| is a bijection onto the set {Fy, Fs,..., Fy}.

Definition 2.2 The one point union of t copies of fan F,, is denoted by FY.

The following theorem shows that the graph F is a super fibonacci graceful graph.

Theorem 2.3 F! is a super fibonacci graceful graph for all n > 2.

Proof Let ug be the center vertex of F! and ug, where 1 = 1,2,...,t, j = 1,2,...,n be
the other vertices of F. Also, |V(G)| = nt + 1 and |E(G)| = 2nt — t. Define f : V(F!) —
{Fo,F1,...,F,} by f(uo) = Fo, f(ul) = Foj1, 1 < j < mn. Fori=23,...t f(ul) =
Foni—1y42(j—-1)—(i—2), 1 £ 7 < n. We claim that all these edge labels are distinct. Let E; =
{f*(uoul) : 1 < j <n}. Then

By = {|f(uo) - f(u])|:1<j<n}
= {If(uo) = Fu)|,|f (uo) = fuD)], ..., [f(uo) = F(uy ™M), [f (uo) — f(ul)]}
= {|Fo — Fi|,|Fo — F3|,...,|Fo — Fon—3|,|Fo — Fon—1l}

{F\,F3,...,Fon_3,F5,_1}.
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Let By = {f*(ujul™):1<j<n—1}. Then

Ey = {Iftu]) = fli")|:1<j<n—1}

= {If(w) = F@)] | (ul) = F@d)], - [F@ ™) = fd D] 1 (uy™

= {|F\ — B3|, |F3 — F5|, ..., |Fon—s — Fon_3|, |Fon—3 — Fon—1]}
{F2,Fy,...,Fap_u,Fop_s}.

For ¢ = 2, we know that

By = {f*(uoud):1<j<n}={|f(uo) - f(ul)|:1<j<n}
= {|f(uo) = f(ud)],|f(uo) — fF(ud)], ..., [f(uo) — F(ud ™M), | f(uo) — f(ub)[}
= {[Fo — Fonl, |[Fo — Fontal,- -, |[Fo — Fan—a|, | Fo — Fan—2|}
= {Fon, Fonyo,..., Fan—a, Fan_2},
Ey = {f'(wu}t):1<j<n-1}
= {lf@)) — fy™):1<j<n—1}
= {If(ug) = f@3)],[f(u3) — Fud)],..., | f(ud™?) = flus™ D], [ f(ub™") = f(ud)]}
= {|Fon — Fonyol, | Font2 — Fonyals - o |Fan—6 — Fan—al, |Fan—a — Fan—2|}
= {Font1, Fong3s -y Fan—s, Fan_3}.
For i =3, let E5 = {f*(uou}) : 1 < j <n}. Then
Es = {|f(uo)— f(u})]:1<j<n}
= {|f(uo) = f(ud)],[f(uo) = fF(u3)],-. ., [f(uo) — F(ul™ "), | f(uo) — f(uf)[}
= {|Fo — Fun—1l,|Fo — Fan+1l, .-, |Fo — Fen—sl, | Fo — Fen—3|}
= {Fun—1,Fant1,--., Fon—s,Fon—3}.
Let Bs = {f*(u4ul™):1<j<n—1}. Then
Ee = {lf(u})—fui™):1<j<n-1}
= {If(u3) = f@3)],[f(u3) — Fud)], .- |fu™?) = flui™ D] [ f(us ™) = fug)]}
= {|Fin-1 — Fant1ls | Fant1 — Fanysls - s | Fon—7 — Fon—s|, |Fon—s — Fen—3|}
= {Fun,Fany2,..., Fon—q, Fon—a}
Now, for i =t — 1, let E;_1 = {f*(uoul_,) : 1 < j <n}. Then
By = {If(uo) — flul_y)|:1<j<n}
= {|f(uo) = f(ui_y)], [ f(uo) = fluf_ )| [ f(uo) = flup= "), [f (uo) — f(ufy)[}
= {|Fo — Font—an—t+3], [ Fo — Font—an—t45, - -, |Fo — Fopt—on—t—1], |Fo — Fopt—on—t4+1|}

= {Font—an—t+3, Font—an—t45, - -, Font—on—t—1, Font—on—t41}-

) = flup)l}

61
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Let By 1 = {f*(u]_jult]):1<j<n—1}. Then
E1r = {If(u_) — f@)]:1<j<n—1}

{If (ui—y) = Fi_) ] 1 f (uioy) = Fuizy)],
=R = Faf T L (uf D) = fugog) [}

- {|F2nt74n7t+3 - FQnt74n7t+5|7 |F2nt74n7t+5 - FQnt74n7t+7|7

| Font—2n—t—3 — Font—on—t—1|s [ Font—2n—t—1 — Font—2n—t+1/}
= {Font—an—t+4, Font—an—t+6s - - s Font—2n—t—2, Fopt—on—t}.
4.
Fh .

Fys Fag Fyy Fas Fos Far Fog

F22 Va4 \Fag 28
F21 q F DFl
Fa1 1

Fgg r F2
Fig ¢ Fig 0 F3 F
3

Fis Fi~
F17 F5 F4
Fi6 Fis Fr Fy
Fys ! Fe

18 14 [F12 Fi0 \Fg !

Fr

Iy Fi3 Fio Fi1 g Fo Iy

Fig.1

For i =t, let By = {f*(uoul) : 1 < j <n}. Then
Er = {|f(uo) — f(ul)|:1<j<n}
= {If(uo) — f(up)],1f(uo) — FuP)l, ..., | fluo) — fuf™h)],
| f(uo) — f(u)]}
= {|Fo — Font—2n—t+2|s |Fo — Font—2n—t+als- - -+ |[Fo — Font—t—2|, |Fo — Font—t|}

= {Font—2n—t+2, Font—on—t44, - s Font—t—2, Font—t}.
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Let By = {f*(ulul™):1<j<n—1}. Then

{If(ul) = f@™)]:1<j<n—1}

{IFCut) = F) 1) = F@] - 1 F ™) = Flaf™ D] F ™) = Fluf)[}
= {lFont—2n—t+2 — Font—2n—t+al; [Font—2n—t+4 — Fant—2n—t16l,

oy | Font—t—a — Font—t—2|, | Font—t—2 — Font—¢|}

= {Font—on—t+3, Font—on—t4+5, -, Font—t—3, Font—t—1}.

Ey

Therefore, E = Fy U EoU,...,UE;_1 UE; = {F,Fy,..., Foni—} Thus, the edge labels are

distinct. Therefore, F! admits super fibonacci graceful labeling. O

For example the super fibonacci graceful labeling of F is shown in Fig.1.

Definition 2.4 The one point union of t cycles of length n is denoted by C?.

Theorem 2.5 C! is a super fibonacci graceful graph for n = 0(mod3).

Proof Let ug be the one point union of ¢ cycles and w1, ua, ..., uy,—1) be the other vertices

of CL. Also, |V(G)| = t(n — 1) + 1,|E(G)| = nt. Define f : V(CL) — {Fy, Fi,...,F,} by
f(uo) =Fp. Fori=1,2,...,1, f(u(n—1)(i—1)+(jf1)+1) = Fntfn(i71)72(jfl)7 1<j<2 Fors=

n—3

L2220 =120 0t f(Une1)—1)+j) = Frtm1-n(i—1)—2(j—s—2)+(s—1), 38 < J < 35+ 2.
Next, we claim that the edge labels are distinct.

We find the edge labeling between the vertex wug and starting vertex of each copy of

(U(nfl)(i,1)+1). Let E1 = {f*(UOU(nfl)(i,1)+1) 01 < ) < t} Then

Er = {lf(uo) = f(um—1y-1)+1)] : 1 < i <t}
= {lf(uwo) = f(ur)l, | f(wo) = fun)l,- .- | f(wo) = f(unt—2n—t+3)l,
|f(uo) = f(unt—n—t42)[}
= {|Fo = Fut|, [Fo = Fat—nls - -, [ Fo = Fanl, [Fo — Ful}
= {Fu, Frt—n,..., Fon, Fpn}

Now we determine the edge labelings between the vertex u(,—_1)(;—1)+1 and the vertex

U(n—1)(i—1)42 of each copy. Let Ea = {f*(u(n_1)(i-1)41%(m-1)(i—1)12) : 1 <@ < t}. Then

Ey = {lf(um-1)i-1)41) = Fu@m-1)i-142)| : 1 <i < t}
= {If(u1) = f(u2)], [f(un) = f(uns1)ls- -,
| f(unt—2n—1+3) = f(unt—2n—11a)|, |f (unt—n—1+2) = f(tnt—n—t+3)[}
= A|Fnt — Funt—2|, | Fnt—n — Fut—n—2ls -, |Fon — Fon—a|, |Fn — Frn_2|}
= {Fu-1,Fnt—n-1, .-, Fon_1,Fn_1}

We calculate the edge labeling between the vertex w,_1)(;—1)42 and starting vertex u,—1y(i—1)+3
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of the first loop. Let E3 = {f*(u(n—1)(i—1)4+2U(n-1)(i—=1)+3) : 1 <4 < t}. Then

By = {|f(um-1y-1+2) = flum-1y-143) 1 <i <t}
= {If(u2) = f(ua)|, [f (unt1) — flunt2)], [f(u2n) — fluznt1)ls- ..,
| f(unt—2n—1+4) = f(tnt—2n—145)], [f (unt—n—1+3) = f(Unt—n—t+4)[}
= {|Fni—2 — Fu—1|, |Frt—n—2 — Fri—n—1ls | Fri—2n—2 — Fnt—an—1],
ooy | Fon—2 — Fop—1|, |Fn—2 — Frn-1l}
= {Fui-3,Fut—n-3,Fnt—on-3,..., Fon_3,Fn_3}.

t
NOW, for s = 1, let E4 = .Ul{f*(u(’ﬂ—l)(i—1)+ju(n—1)(i—1)+j+1) 03 < _] < 4} Then

7=

Ey = U {lf@m-1)i-1)45) = Flum-na-1++1)| 3 <j <4}
= A{lf(us) = f(ua)l, [f(ua) = f(us)[}
U{[f (un+2) = f(unts)], | f(unts) = flunsa)| PV, ..o
U{1f (unt—2n—t+5) = f(unt—2n—t+6)], [ f(Unt—2n—t+6) — f(Unt—2n—1+7)[}
U{1f (unt—n—t+4) = f(tnt—n—t+5); | f(Unt—n—t+5) = f(Unt—n—t+6)[}
= A|Fu-1 — Fu-3l,|Fut—3 — Fui—s|}
U{|Fnt—n—1 — Fut—n—3|s [ Frnt—n—3 — Fnt—n—s|}
Uy .oy U{|Fon—1 — Fon—3|, |[Fon—3 — Fon—s|}
U{|Fn—1 - Fn—3|7 |Fn—3 - Fn—5|}
= {Fu—o, Fui—a} U{Fnt—n—2, Fnt—n—atU, ...,
U{Fon—2, Fon_a} U{F,_o, Fh_4}

For the edge labeling between the end vertex (u(,—1)(;—1)+5) of the first loop and starting

vertex (u(,—1)(i—1)+6) of the second loop, calculation shows that

E; = {If(up-1yi-1)+5) = fW@m-1)i-1)46)] : 1 <i <t}
= {lf(us) = f(ue)l, | f(un+a) — funys)l, -,
| f(unt—2n—147) = f(tnt—2n—148)|, [f (unt—n—t+6) = f(Unt—n—t+7)[}
= {|Fut—s5 — Fat—al, | Fnt—n—5 — Fat—n—al,. . [Fon—5 — Fop_al, |Fr5 — Fr_4l}
= {Fui—6,Fnt—n—6,---, Fon—6,Fn—6}

For s = 2, let E5 = Ug:l{f*(u(nf1)(1'71)+ju(n71)(i71)+j+1) : 6 < j < 7} Then
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Bs = Uiy {lf(um-1)i-1)+5) = flum-1yi-1)411) : 6 <j <7}
= {[f(ue) — f(ur)l,|f(ur) — f(us)|}
U{[f (un+s) — funte)l, [ f(unte) = flunsn)[ PV, ...
Ulf (unt—2n—t+8) = f(unt—2n—t49)], |f (tnt—2n—t+9) = f(tunt—2n—t+10)[}
U{If (Unt—n—t+7) = f(unt—n—t+8)[, [ f (Unt—n—t+8) = [ (tnt—n—t+9)|}
= {Fu-a1— Fui—ols [Fnt—6 — Fui—sl}
Ul Fnt—n—a — Fat—n—sl, [Fat—n—6 — Fnt—n—s|}
U,y U{|Fon—a — Fon—¢l, | Fon—6 — Fon—s|}
U{[Fn—a — Fagl, [Fr—6 — Fnsl}
= A{Fut—s5 Fne-1t U{Fnt—n—s, Fat—n-7}U, ...,
U{Fen—s5, Fan—7} U{Fy5, Fn7}

Similarly, for finding the edge labeling between the end vertex (u(,—1)(i—1)+s) of the second
loop and starting vertex (u,—1)(i—1)+9) of the third loop, calculation shows that

Es = {If(um-1i-1)+8) = F@m-1yi-1+0)| : 1 <i <t}
= {[f(us) = f(uo)l|, [f(unt7) — f(unts)ls---,
| f(unt—2n—t+10) = f(unt—2n—t411)]s | f (Unt—n—t+9) — f(Unt—n—t410)[}
= {|Fut—s8 = Fat—ls | Fnt—n-8 = Fat—n—1l,. .., |Fon—g — Fan_1,
|Frs — Fn_7l}
= {Fu-9,Fnt—n—9,...,Fon_9, Fn_o},

n— .
For s = —— —1,let Euzs_y = Uiy {f* (t(n-1) (i~ 1)+sU%n-1) (i~ 1)+j+1) 17— 6 < j <n—5}.
Then
Eos = U_{lf(um-1)6-1+5) = fW@m-1yi-1)+j+1)| :n =6 < j <n—5}

= {|f(un-6) = f(un—s)|; | f(un—s) = f(un—a)[}
U{[f (uzn—7) — f(uzn—)l, | f (uzn—s) — f(uzn—s)[}U, ...,
U{[f (unt—n—t—1) = f(unt—n—t-3)| |f (Unt—n—t-3) = f(unt—n—t—2)[}
U{[f (unt—t—5) — flunt—t—a)l; | f(unt—t—a) = f(unt—t—3)[}

= {|Fat—n+s = Fut—ntels [Frt—nt+6 = Ft—n+al} U{|Fni—2nts — Fat—2n+6l,
|Fnt—2n+6 — Fni—2nta}Us .o U{|Fais — Favels [Fre — Foyal}
U{|Fs — Fsl, [Fs — Fal}

= {Fut—n+7s Frt—nts} U {Fni—2nt7, Fni—onts U, ..., U{Fnqr, Fugs}
U{Fr, F5}
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We calculate the edge labeling between the end vertex (u(n,l)(i,1)+n,4) of the ("T_‘O’ — 1)th

loop and starting vertex (u(,—1)(i—1)+n—3) of the (252)" loop as follows.

Ens | = Af(wm-1)i-1)+n-1) = FWmn-1)-1)tn-3)| : 1 <i <t}
= {lf(un-1) = flun=3)|,[f(u2n—s) — fuzn-a)l, ...,
|f(unt—n—t+2) = f(unt—n—t-1)], [f (Uni—t—3) = f(tnt—1—2)[}
= {|Fnt—n+6 = Fut—nisl, [ Fnt—2nva — Fai—onysls- - -,
|Frta — Fnysl, |[Fu — F5}
= {Fut—nt4, Frt—on+3,- -, Fnis, F5}

n ¢ .
For s = ——, let En_s = ‘Ul{f*(u(n—1)(i—1)+ju(n—1)(i—l)+j+1) tn—3<j<n-2}hL
Then -

Ens = U {lf(wm-1)i-1+5) = fu@m-1g-1+j+1)l :n =3 <j<n—2}
= {lf(un-3) = flun—2)|,|f(un—2) — flun—1)[}
U{lf(u2n—a) — f(uzn-3)l, [f (uzn—3) — f(uzn—2)}U, ...,
Ulf (unt—n—t-1) = f(unt—n—t)| |f (Unt—n—t) = f(unt—n—t+1)[}
UL f (unt—t—2) = flunt—t—1)]s |f (unt—t—1) — f(unt—e)|}
= A{lFat—n+5 — Fat—n+sl, [Fat—nt+s — Fui—nt1l}
U{Fnt—2n+5 — Fut—2n+3ls [Fnt—2n+3 — Fui—ans1l}U, .. .,
U{IFnss = Fugsls [Fags — Foga [} U{|Fs — F3), [F5 — Fi[}
= {Fut—n+a, Fat—nto} U{Fat—2nt4, Far—2n42}U, ..,
U{Frt4, Frya} U{Fy, F5}

Calculation shows the edge labeling between the end vertex (u,—1)(i—1)4n—1) of the (”T*P’)Td

loop and the vertex ug are

E* = {[f(um-1)(i-1)4n-1) — fluo)| : 1 <i <t}
= {lf(un-1) = fluwo)l, | f(uzn—2) — fuo)l;. ..,
|f(unt—n—t41) — f(uo)l, | f(une—t) — f(uo)l}
= A{[Fat—n+1 — Fol, [Fai—2n+1 — Fol,- ., [Faga — Fol, [F1 — Fol}
= {Fut—n+1, Fnt—on+1, -, Fni1, F1}.

Therefore,

E = (BIUEU,...,UExs)U(BjUEU,...,UEL s JUE"
E 3
= {F17F27"'5Fnt}

Thus, the edge labels are distinct. Therefore, C! admits a super fibonacci graceful labeling. [J
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Cg :

Fs ¥7 Iy Fe¢ F; Fs Fy Fip F11 F1g Fag F14 F1g Fi3
Fio
9

F F1a

5 7
1Fig

FyFg Fs Fy F; Fo Iy Fig Fi7 Fig Fis Iy Fig Fis

Fig.2

For example the super fibonacci graceful labeling of C3 is shown in Fig.2.

Definition 2.6([4]) Let Sy, n stand for a star with n spokes in which each spoke is a path of
length m.

Definition 2.7 The one point union of t copies of Sy, n is denoted by ann

Next theorem shows that the graph an)n is a super Fibonacci graceful graph.

Theorem 2.8 S!  is a super fibonacci graceful graph for all m,n, when n = 1(mod3).

m,n

Proof Let vy be the center of the star and vé-, i =1,2,...,mt, j = 1,2,...,n be the
other vertices of S}, ,,. Also, [V(G)| = mnt + 1 and |E(G)| = mnt. Define f : V(S},,) —

{Fo, F1,...,F;} by f(vo) = Fy. Fori=1,2,...,mt, f(v;) = Fpnt—n(i-1)—2(j-1), 1 < j < 2.
For i = 1,2,...,mt, F(’U;) = Font—2j—n—-1)—n(i-1), n — 1 < j < n. For s = 1,2,...,"7_4,
i=1,2,... mt

f(v;) = Frnt—1-n(i—1)—2(j—s—2)+(s—1)> 35 < j < 35+ 2. We claim that all these edge labels are
distinct. Let By = {f*(vov}) : 1 < i < mt}. Calculation shows that

(v])]: 1 <i<mt}

Er = A{[f(v) -

fi)l <
= {If(wo) = f(o1)|, | (v0) = F(W),-- . [ f(wo) = fo{™TH)],
[ (vo) = f(u™)I}
= {|FO_ant|7|FO_ant7n|7---7|FO_F2n|;|FO_Fn|}

= {antyantfnv'-'7F2n7Fn}-
Let By = {f*(viv}) : 1 <i < mt}. Then

Ey = {|f(v]) = f(vb)]: 1 <i<mt}
= {If (1) = F)| [f(07) = F@)]s - [F@TY) = Flo5™ )],
|f (™) = flo5)]}
= {|Font — Font—2l, [Fnt—n — Font—n—2l, -+, | Fan — Fan_al|, | Fn — F_a|}
= {Font—ts Font—nts- -, Fon_1,Fu_1}
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For the edge labeling between the vertex v and starting vertex v} of the first loop, let
E3 = {f*(vivi) : 1 <i < mt}. Calculation shows that

By = {[f(v5) = f(v)| : 1 <i<mt}
= {If(w3) = Fa)l[f(v3) = F@, - [F5™ 1Y) = Fog )],
|f(05™) = f(03") [}

= A{|Fmnt—2 — Font—1l, [ Fmnt—n—2 — Fmnt—n—1l -+ [Fan—2 — Fon—1],
|Fr—2 — Fo1]}

= A{Fmnt-3, Fnt—n—3,- -, Fon_3,F,_3}.

For s =1, let By = U™ {f*(vivl ;) : 3 < j <4}. Then

By = UM{[f(v)) = flujy)] 13 <5 <4}

= {If(3) = FD)|:|f(vi) = F)[} U{f(03) = F)], [f(vD) = F(03)]}
Uy U{IF (03770 = F DY) = flog™ D1}
U{[f(05") = F)] | f (o) = Fu3™)[}

= {[Fmnt—1 — Fnnt—3|, [Fmnt—3 — Fnnt—s|}
U{|Fmnt—n—1 = Frnt—n-3l, |[Fmnt—n—3 — Frnt—n—s|}
U,...,U{|Fon—1 — Fon—3s|, |Fon—3 — Fon—5|}
U{[Fr-1 — Fo—sl, [Fn-3 — Frsl}

= A{Fmnt—2, Font—a} U{Fmnt—n—2, Fmint—n—a}U, ... ,U{Fap_o, Fop,_4}
U{F,—2, Fr—4}.

We find the edge labeling between the vertex vi of the first loop and starting vertex v§ of
the second loop. Let Ej = {f*(vivg) : 1 <i < mt}. Then

E; = A{lf(v) = flvp)| : 1 <i <mt}
= {If@3) = Fe)l [F(3) = FR)ls- s [FE™ ™) = Fog™ )],
| (vg") = f(og™)]}

= A{|Fmnt—5 — Frnt—al; | Frnt—n—5 — Fnt—n—al, .- ., | Fon—5 — Fan_4,
|Frnos — Fr_al}

= {Font—6: Frnt—n—6: - - -+ Fan—g, Fn_g}.

For s =2, let E5 = U™ {f*(vivl ;) : 6 < j < T}. Then
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Bs = UZ{If(v)) = f(vj1)| : 6 <j < T}
= {If(wg) = Fw)|; 1S (v7) = fog) [} U{If () = f0D)], If (v7) — F(R)I}
Upeooyee o AL ™1 = FPTHL 7Y = fg 1}

U{1f(vg") = FF)] [ F(7") = F(og™)]}

= {|Fmnt—4 — Fant—6l, | Fmnt—6 — Fmni—s|} U {|Frnt—n—a — Frnt—n—sl,
|Frnt—n—6 — Fnnt—n—s|}, ..., U{|Fan—a — Fan—¢|, [Fon—6 — Fan—s|}
U{[Fr—a — Fasl, [Fa—6 — Fn—sl}

= A{Fmni—5, Font—7} U{Fmnt—n-5, Frnt—n—7}U, .. ., U{ Fon—s, Fon_7}
U{F,—s5, Fp—7}.

Let B2 = {f*(vivi) : 1 < i < mt}. Calculation shows that the edge labeling between the

vertex vg of the second loop and starting vertex v} of the third loop are

By = {|f(vg) = f(v§)| : 1 <i <t}
= {If(vg) = F@o)l:[f(vE) = F@),- - |F(0g™™Y) = flog )],
|f(vg") — f(vg™) [}
= {|Fmnt—8 = Frnt—7|, | Frnnt—n—8 — Fmnt—n—7l5- - -,
|Fan—8 — Fan—7|, [Fn—g — Fr7|}

- {ant79; ant7n797 ) F2n79; Fn79}-
For s = ——~ _ Llet Exa_ = U {f* (vt 1) :n—7<j <n—6}. Then

Enoa = U {1 (0)) = fF(05)| :in =T <j <n—6}
= {If(va_y) = Foa_e)l:|f (vn_g) = Fon_s)}
U{|f(U721—7) (U721 )l 1 (vi_g) — f(vi_5)}
SU{F Rt = Fobs D I (ot = Flonss I
U{|f(vn77) - (Unjﬁ)lv |f(vn76) - (’Un75)|}
= {|Fmnt-n+9 — Fnnt—nt7|, [Fnnt—n+7 — Frnt—n+5}
U{|Fmnt—2n+9 — Fmnt—2n47)s [ Fmnt—2n+7 — Fnt—2n+5}
U, U{[Fago — Fasrl [Favr — Fags|}
U{|Fo — Fr[,|F7 — F5[}
= {Funnt—n+8: Fnnt—n+6} U {Fmnt—2n+8, Frnt—2n+6 U, - . -,
U{Frss, Frve} U{Fs, Fo}.

Similarly, for the edge labeling between the end vertex v?_. of the ("T"l —

starting vertex v},_, of the (25%)" loop, let En s = (0 5v,_y) : 1 < i <mt}. Calcula-

1)*" loop and
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tion shows that

E"4 1 = {|f(

-3

nes) = fon_g)] 1 < < mt}
= {If(vp_s) = Flon_o)l,|F (v 5) G|
[F o) = Fop a1 (opts) = Flop o)}
= {|Fmnt—n+5 = Fmnt—n+6l, [Fnnt—2n+5 — Fnnt—2n+6,
|[Fnts — Fasol, [F5 — Fol}

— {ant—n+4u ant—2n+47 ey Fn+4u F4}
n—4 mt * (01800 .
Now for s = 5 let En_s = 91{f (vivt, ;) :n—4 <j<n-—3} Then

BEns = UZ{|f(v)) = f(vjpq)]in—4<j<n-3}
= {Ifn_a) = flon_s)|;[f(vn_3) = fvn_5)I}
U{If (vi—a) = fon_s)|, [ f (vn_s) = f(vn_o)[} U
AR = FS YL (ot h) = flons I}
U{|f(vn74) = F)l 1 f (nts) = flonta)l}
= A{lFmnt—n+6 = Fmnt—ntals [Fmnt—nta = Frnt—ni2|}
Ul Finnt—2n+6 — Fnnt—2n+4l; | Fnnt—2n+4 — Fnnt—2n+2}
U, U{[Fase — Fgals [Frga — Frgol}
U{|Fs — Ful,|Fy — Fa[}
= {Fmnt—nts; Font—n+3} U{Fmnt—2nt5, Font—2n43}tU, . .,
U{Ft5, Frqs} U{Fs, F5}.
We find the edge labehng between the end vertex vf_, of the ("5~ 4)rd Joop and the vertex
_1. Let Bf = {f*(vi_ov%_1) : 1 <i<mt}. Then
B = {If(v_2) — flop_p)|: 1 <i <mt}
= {If(n-z) = Fon- )l [F (07 -2) = Fn-)ls- - 1 F (055") = for 7)),
|F(ots) = Flopt)l}
= {[Font—n+2 = Font—n+3l, [Fmnt—2n+2 = Frnt—2n43], - -,
|Frto — Fogsl, [F2 — F3l}
= {Funt—nt1; Fnnt—2n41, - -+, Fay1, F1}.
Let B3 = {f*(vi_;v}) :1<i<mt}. Then
By = {[f(vn_1) = fup)| s 1< i < mt}
= {lf(vp_1) = flo)l If @Wh_y) = f0R)],-
FntTh) = Fop ™D [ f(ontty) = Fo)[}
= {lFnnt—n+3 = Font—nt1|, [Fmnt—2043 — Font—2n41l, - - -,
|[Fnts — ol [F5 — Fi}

— {ant—n+2u ant—2n+27 ey Fn+27 F2}
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Therefore,
E = (BiUEU,...,UEx4)U (E; UE%U,...,UE}Q%_l) UEfUE;
= {F,F....,Font}
Thus, an)n admits a super fibonacci graceful labeling. O

For example the super fibonacci graceful labeling of Sg_j is shown in Fig.3.

Fyo Fya Fyo Fgo Fuy Fyo Fzg Fzg Fzr Fze I3z Farlsg

F?:5 F34fj33 Fao 1314 Py F32 Fyy 30 By F31 Fyy F2o

Fy
Fr Fia\Fa s pop e oy For Fog Fos poy o3 Fpy Foa g I
tr; 114 P Fo1
Fe Fi3 20
IF5 lF12 |F19
L I, 18
1 Fs E ' Fao
Fs Fra Fio
1F, Fiq P Fig
Fs Fio Fir
1Ey *Fy ' Fie
F1 Fy F15
113 e P Fi7
Fa .Fg 'F16
‘F Iy Fis
Fig.3

Theorem 2.9 The complete graph K, is a super fibonacci graceful graph if n < 3.

Proof Let {vg,v1,...,vn—1} be the vertex set of K,. Then v;(0 < i <n — 1) is adjacent
to all other vertices of K,,. Let vy and v, be labeled as Fj and Fj, respectively. Then v, must
be given F,_; or F,_o so that the edge vivy will receive a fibonacci number F,_5 or F,_;.
Therefore, the edges will receive the distinct labeling. Suppose not, Let vy and v; be labeled as
Fy and F, or Fy and Fy;_ respectively. Then vy must be given F;_; or F;_» so that the edges
vove and vyve will receive the same edge label F,,_5, which is a contradiction by our definition.

Hence, K, is super fibonacci graceful graph if n < 3. O
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81. Introduction

A drawing of a graph G on a surface S is such a drawing with no edge crosses itself, no adjacent
edges cross each other, no two edges intersect more than once, and no three edges have a
common point. A Smarandache \°-drawing of G on S is a drawing of G on S with minimal
intersections A°. Particularly, a Smarandache 0-drawing of G' on S, if existing, is called an
embedding of G on S. Along the Kurotowski research line for determining the embeddability
of a graph on a surface of genus not zero, the number of forbidden minors is greater than a
hundred even for the projective plane, a nonorientable surface of genus 1 in [1].

However, this paper extends the results in [3] which is on the basis of the method established
in [3-4] by the author himself for dealing with the problem on the maximum genus of a graph
in 1979. Although the principle idea looks like from the joint trees, a main difference of a tree
used here is not corresponding to an embedding of the graph considered.

Given a graph G = (V, E), let T be a spanning tree of G. If each cotree edge is added
to T as an articulate edge, what obtained is called a protracted tree of GG, denoted by T. An
protracted tree T is oriented via an orientation of T’ or its fundamental circuits. In order to
guarantee the well-definedness of the orientation for given rotation at all vertices on G and
a selected vertex of T', the direction of a cotree edge is always chosen in coincidence with its
direction firstly appeared along the the face boundary of T. For convenience, vertices on the
boundary are marked by the ordinary natural numbers as the root vertex, the starting vertex,
by 0. Of course, the boundary is a travel on G, called a tree-travel.

In Fig.1, (a) A spanning tree T' of Kj5(i.e., the complete graph of order 5), as shown by
bold lines; (b) the protracted tree T' of T'.

1Received December 25, 2010. Accepted February 22, 2011.
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1
a @]
0 b
. 2
v B
A
d 5
2
4 o 3
() T (b) T

Fig.1
§2. Tree-Travels

Let C = C(V;e) be the tree travel obtained from the boundary of T with 0 as the starting
vertex. Apparently, the travel as a edge sequence C' = C(e) provides a double covering of
G = (V, E), denoted by

C(Vse) = 0Pu,i,vi, Piy iy iy Piy it Vit Piy i Vit Pig 20 (1)

-/
2,7

where € = |E]|.
For a vertex-edge sequence () as a tree-travel, denote by [Q]cg the edge sequence induced
from @ missing vertices, then Ceg = [C(V; €)]cg is a polyhegon(i.e., a polyhedron with only one

face).

Example 1 From 7 in Fig.1(b), obtain the thee-travel
C(V;e) = 0Py 80Ps140Py14,180P13,200
where vg = vg = V14 = v18 = V99 = 0 and

Pog = a1a2a_11636_11747_11a—1;
P8,14 = b2535712/\4/\712b71;
P14118 = 630'40'713071;

Pigo0 = ddd ™.

1

For natural number ¢, if av;a™" is a segment in C, then a is called a reflective edge and

then v;, the reflective vertex of a.
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Because of nothing important for articulate vertices(1-valent vertices) and 2-valent vertices
in an embedding, we are allowed to restrict ourselves only discussing graphs with neither 1-
valent nor 2-valent vertices without loss of generality. From vertices of all greater than or equal
to 3, we are allowed only to consider all reflective edges as on the cotree.

If v;, and v;, are both reflective vertices in (1), their reflective edges are adjacent in G and
Jes 1 [P,
then the transformation from C to

vy = vy and vy = viy, [P

iy ig Jeg = 0, but neither v;; nor vy is a reflective vertex,

il il
i,

A O(V, 6) = OPO,ilvil Pz/lvz/z Uiz 3271'/1 ’Uill Pi11i2 Ui/z ]31-/2700. (2)

Vi ,Vig
is called an operation of interchange segments for {v;,,v;, }.

Example 2 In C = C(V;e)) of Example 1, vo = 2 and vy = 3 are two reflective vertices, their

reflective edges o and 3, vg = 2 and v15 = 3. For interchange segments once on C, we have
Ao 3C = 0Py 22Py 153P192P5 43Pi5,200 (= Ch).
where

P072 =ala (: P1;0,2);
Py15 = 0307 120MA712b710e3 (= Pras);
Pyg = ydy a1 0b2 (= Pisa3);

)

Py =a 18 (= Piisis);

)

P15120 = 040_136_10d4d_1 (: P1;15120).

Lemma 1 Polyhegon A, ,,Ceg is orientable if, and only if, Ceg is orientable and the genus

of A Ceg is exactly 1 greater than that of Cg.

Vi Vig

Proof Because of the invariant of orientability for A-operation on a polyhegon, the first
statement is true.
In order to prove the second statement, assume cotree edges o and (3 are reflective edges

at vertices, respectively,v;, and v;,. Because of

Cog = Ao 'BBB'CDE

where
Aa = [Py, Jeg; @ ' BB = [P, iy )eg;
e = [Pis it legs D = [Piy iy leg;
E =[Py i ]eg,
we have
Aoy, 0, Ceg = AaDB™'Ca™ ' BBE

~top ABCDEafa~ 371, (Theorem 3.3.3 in [5])
= Cegafa™ 71 (Transform 1, in §3.1 of [5]).
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Therefore, the second statement is true. O

If interchange segments can be done on C successively for k times, then C' is called a k-tree
travel. Since one reflective edge is reduced for each interchange of segments on C and C has at
most m = |3/2] reflective edges, we have 0 < k < m where § = §(G) is the Betti number(or
corank) of G. When k = m, C' is also called normal.

For a k-tree travel Cy(V;e,e 1) of G, graph Gy, is defined as

k

Gk = TU[Eref mET — Z{ej, 63}] (3)

j=1

where T is a spanning tree, [X] represents the edge induced subgraph by edge subset X, and
e € Erer, € € Ef, {ej, e;} are, respectively, reflective edge, cotree edge, pair of reflective edges

for interchange segments.

Example 3 On C, in Example 2, v;3 = 3 and v1,;5 = 4 are two reflective vertices, v1,;3 = 3

and v1;10 = 4. By doing interchange segments on C, obtain
As3.4C1 = 0P1,0,103P1,17,194P1:12,153P1:10.124P1;19,200 (= C2)
where

Pl;O,lO = a1a2b_10c3ﬁ_11747_11a_10b26(: P2;O,10)§
Pri719 = ¢ 10d(= Pa.10,12);
Prisir = a 20711830407 (= Pai2.17);
Pi.1012 = 6 12X\(= Pa17,19);
Pi.19.20 = d~ (= Pa19.20)-

Because of [Pag,16]eg N [P2;12,19]cg # O for va,12 = 4 and va,19 = 4, only va,s = 4 and
v2,16 = 4 with their reflective edges v and o are allowed for doing interchange segments on Cs.
The protracted tree T in Fig.1(b) provides a 2-tree travel C, and then a 1-tree travel as well.

However, if interchange segments are done for pairs of cotree edges as {3,v}, {0, A} and
{a, o} in this order, it is known that C is also a 3-tree travel.

On C of Example 1, the reflective vertices of cotree edges 5 and ~y are, respectively, v4 = 3
and vg = 4, choose 4 = 15 and 6’ = 19, we have

Ny 6C = 0P1,043Pi.4 84P1.8.173P1;17,194P1,19,200(= C1)
where

P04 = Pos; Prag = Pis19; Pig 17 = Fe15;

Pi.1719 = Pys; Pi;19,20 = Pro,20.

On (1, subindices of the reflective vertices for reflective edges § and A are 5 and 8, choose
5 =17 and & = 19, find

N58C1 = 0Po,0,53Pa;5, 74 Ps.7 163 P2;16,194P2;19,200(= C2)
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where

P.0,12 = P1y0,12; Poi12,14 = Priiv19; Pojiair = Praars
Pr.a7.19 = Pr1;12,145 P2;19,20 = P1:19,20-

On (s, subindices of the reflective vertices for reflective edges o and ¢ are 2 and 5, choose
2’ =18 and 5’ = 19, find

Ap 8Co = 0Ps,0,23Ps.2.34 P53 163P3,16,194P3:19,200(= C3)
where

P399 = Pay0.2; Poa3 = Pais19; P3:3,16 = P2;5,18;

Ps.16,19 = Pa;257 P3.19,20 = P2;19,20-

Because of 3(K5) = 6, m =3 = [3/2]. Thus, the tree-travel C' is normal.

This example tells us the problem of determining the maximum orientable genus of a graph
can be transformed into that of determining a k-tree travel of a graph with & maximum as shown
in [4].

Lemma 2 Among all k-tree travel of a graph (G, the maximum of k is the maximum orientable

genus Ymax(G) of G.

Proof 1In order to prove this lemma, the following two facts have to be known(both of

them can be done via the finite recursion principle in §1.3 of [5]!).

Fact 1 In a connected graph G considered, there exists a spanning tree such that any

pair of cotree edges whose fundamental circuits with vertex in common are adjacent in G.

Fact 2 For a spanning tree T" with Fact 1, there exists an orientation such that on the
protracted tree 7', no two articulate subvertices(articulate vertices of T') with odd out-degree

of cotree have a path in the cotree.

Because of that if two cotree edges for a tree are with their fundamental circuits without
vertex in common then they for any other tree are with their fundamental circuits without
vertex in common as well, Fact 1 enables us to find a spanning tree with number of pairs of
adjacent cotree edges as much as possible and Fact 2 enables us to find an orientation such
that the number of times for dong interchange segments successively as much as possible. From

Lemma 1, the lemma can be done. ]

83. Tree-Travel Theorems

The purpose of what follows is for characterizing the embeddability of a graph on a surface of

genus not necessary to be zero via k-tree travels.

Theorem 1 A graph G can be embedded into an orientable surface of genus k if, and only if,

there exists a k-tree travel Cy(V';e) such that Gy, is planar.
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Proof Necessity. Let pu(G) be an embedding of G on an orientable surface of genus k.
From Lemma 2, ;(G) has a spanning tree T with its edge subsets Ey, |Eo| = 8(G) — 2k, such
that G = G — E; is with exactly one face. By successively doing the inverse of interchange
segments for k times, a k-tree travel is obtained on G. Let K be consisted of the k pairs of
cotree edge subsets. Thus, from Operation 2 in §3.3 of [5], Gy, = G—K = G — K + E, is planar.

Sufficiency. Because of G with a k-tree travel Ci(V;e), Let K be consisted of the k pairs of
cotree edge subsets in successively doing interchange segments for k times. Since Gy = G — K
is planar, By successively doing the inverse of interchange segments for k times on C(V;e) in
its planar embedding, an embedding of G on an orientable surface of genus k is obtained. [

Example 4 In Example 1, for G = K5, C is a 1-tree travel for the pair of cotree edges o and
B. And, G; = K5 — {a, f} is planar. Its planar embedding is

[40~'3¢710d4]eg = (0~ e d);

[4d~0a1v4]eq = (d" ary);

[304N"123]cg = (0A"18); [0e35 1207 0]eg = (e5 107 1);
20y a1 0b2]eg = (M ta D).

By recovering {a, 8} to G and then doing interchange segments once on C, obtain C;. From
C1 on the basis of a planar embedding of G;, an embedding of G on an orientable surface of

genus 1(the torus) is produced as

[Ao™ 3¢ 0d4)eq = (0 e d); [4d ™ 0alvd]eg = (d tay);
[304aN"12633 " a " t0b2a 183]eg = (cA 158 a2 B);
(0630712671 0]eg = (5107 1); [2My 'a2]eg = (MW @),

Similarly, we further discuss on nonorientable case. Let G = (V, E), T a spanning tree,
and
C(V, 6) = 0P07i’l}i,Pi)jUij72€O (4)

is the travel obtained from 0 along the boundary of protracted tree T. If v; is a reflective vertex
and v; = v;, then

AeC(Vse) = 0Py 0Py 'v; Py 20 (5)

is called what is obtained by doing a reverse segment for the reflective vertex v; on C(V;e).

If reverse segment can be done for successively k times on C, then C' is called a k-tree
travel. Because of one reflective edge reduced for each reverse segment and at most (§ reflective
edges on C, we have 0 < k < § where § = §(G) is the Betti number of G(or corank). When
k= p, C(or G) is called twist normal.

Lemma 3 A connected graph is twist normal if, and only if, the graph is not a tree.

Proof Because of trees no cotree edge themselves, the reverse segment can not be done,
this leads to the necessity. Conversely, because of a graph not a tree, the graph has to be with

a circuit, a tree-travel has at least one reflective edge. Because of no effect to other reflective
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edges after doing reverse segment once for a reflective edge, reverse segment can always be
done for successively 8 = ((G) times, and hence this tree-travel is twist normal. Therefore,

sufficiency holds. g

Lemma 4 Let C' be obtained by doing reverse segment at least once on a tree-travel of a

graph. Then the polyhegon [A;C]eg is nonorientable and its genus

~ 2g(C)+1, when C orientable;
9([LeCleg) = .
9(C)+ 1, when C nonorientable. (6)

Proof Although a tree-travel is orientable with genus 0 itself, after the first time of doing
the reverse segment on what are obtained the nonorientability is always kept unchanged. This
leads to the first conclusion. Assume Cqg is orientable with genus g(C')(in fact, only g(C) =0
will be used!). Because of

[AiCleg = AEBTIEC
where [Py ;leg = AE, [P jleg = €' B and [P} Jeg = C, From (3.1.2) in [5]
[AiCleg ~top ABCEE.
Noticing that from Operation 0 in §3.3 of [5], Crseg ~top ABC, Lemma 3.1.1 in [5] leads to
9([2eCleg) = 29([Cleg) + 1 =29(C) + 1.
Assume Cq, is nonorientable with genus g(C). Because of
Cog = AEETIBC ~yop ABC,

9([AeCleg) = g(C) + 1. Thus, this implies the second conclusion. O

As a matter of fact, only reverse segment is enough on a tree-travel for determining the

nonorientable maximum genus of a graph.

Lemma 5 Any connected graph, except only for trees, has its Betti number as the nonori-

entable maximum genus.

Proof From Lemmas 3-4, the conclusion can soon be done. O

For a k-tree travel C;(V;e) on G, the graph Gy, is defined as

k

G =T\ JBrer =Y _{e;}] (7)

j=1

where T is a spanning tree, [X] the induced graph of edge subset X, and e € Ert and {ej, €},

respectively, a reflective edge and that used for reverse segment.

Theorem 2 A graph G can be embedded into a nonorientable surface of genus k if, and

only if, G has a K-tree travel C;(V;e) such that Gy, is planar.
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Proof From Lemma 3, for k, 1 < k < 3(G), any connected graph G but tree has a k-tree
travel.

Necessity. Because of G embeddable on a nonorientable surface S; of genus &, let ji(G)
be an embedding of G on S;. From Lemma 5, ji(G) has a spanning tree 7" with cotree edge
set By, |Eo| = B(G) — k, such that G = G — Ey has exactly one face. By doing the inverse of
reverse segment for k times, a K-tree travel of G is obtained. Let K be a set consisted of the k
cotree edges. From Operation 2 in §3.3 of [5], Gz =G — K = G— K+ Ey is planar.

Sufficiency. Because of G with a k-tree travel C;(Ve), let K be the set of k cotree edges
used for successively dong reverse segment. Since G = G — K is planar, by successively doing
reverse segment for k times on C3(V;e) in a planar embedding of G;, an embedding of G on a

nonorientable surface S; of genus k£ is then extracted. O

Example 5 On K3 3, take a spanning tree T, as shown in Fig.2(a) by bold lines. In (b), given
a protracted tree T of T. From T, get a tree-travel

C =0Py,112P11,152P15,00 (= Co)
where vy = v13 and
Py11 = c4656 14y3y tdcr0d2e361 67137
Pi1.15 = d”*0albba;
Piso =a 50" a ™t
Because of v15 = 2 as the reflective vertex of cotree edge o and vy = v15,
N3Cy = 0P1;0,112P1;11,152P1;15,00 (= C1)
where
Pro11 = Poa1 = 4055 H4y3y 1e710d2e38187 13
Pra1s = Plhs = a7 "5 1a”"0d;
Piis0=Piso=a '5b 1a "t
Since G7 = K33 — « is planar, from Cy we have its planar embedding
= [5P16,00P,20]eg = (b 'a""cd);
= [3P1s3leg = (7' de);
= [LP13,145P2,43Ps 91]eg = (6 173b);
f4 = [1Py131]eg = (B~ 'e 'd a).

By doing reverse segment on Cp, get C7. On this basis, an embedding of K3 3 on the projective

plane(i.e., nonorientable surface Sy of genus 1) is obtained as

fi= [5P1.16,00P1,020]eg = f1 = (b~ ta"tcd);

fo = [3Pru83leg = f2 = (v "¢ de);

fg [1P1.9112P111,131]eg = be te a7 h);
fi = [0P1,14,152P1,15,165P1;2,43P1,8 91 P1.13140]cg
= (da 6 1yBa™t).




Surface Embeddability of Graphs via Tree-travels 81

Fig.2

84. Research Notes

A. For the embeddability of a graph on the torus, double torus etc or in general orientable
surfaces of genus small, more efficient characterizations are still necessary to be further con-
templated on the basis of Theorem 1.

B. For the embeddability of a graph on the projective plane(l-crosscap), Klein bottle(2-
crosscap), 3-crosscap etc or in general nonorientable surfaces of genus small, more efficient
characterizations are also necessary to be further contemplated on the basis of Theorem 2.

C. Tree-travels can be extended to deal with all problems related to embedings of a graph on

surfaces as joint trees in a constructive way.
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In this paper we determine f(n;E2r+1) and characterize the edge maximal members in
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§81. Introduction

For our purposes a graph G is finite, undirected and has no loops or multiple edges. We denote
the vertex set of G by V(G) and edge set of G by E(G). The cardinalities of these sets are
denoted by v(G) and £(G), respectively. The cycle on n vertices is denoted by C,,. Let G be
a graph and u € V(G). The degree of u in G, denoted by dg(u), is the number of edges of G
incident to u. The neighbor set of u in G is a subgraph H of G, denoted by Ny (u), consists of
the vertices of H adjacent to u; observe that dg(u) = |Ng(u)|. For a proper subgraph H of G
we write G[V (H)] and G-V (H) simply as G[H] and G — H respectively.

Let G; and G5 be graphs. The union G; U G5 of G; and G5 is a graph with vertex set
V(G1) UV (G3) and edge set F(G1) U E(G2). Gy and Gy are vertex disjoint if and only if
V(G1) NV(G2) = @; Gy and Gy are edge disjoint if F(G1) N E(G2) = @. If Gy and G are
vertex disjoint, we denote their union by G; + G2. The intersection G; N G2 of graphs G; and
G2 is defined similarly, but in this case we need to assume that V(G1) NV (G2) # @. The
join G V H of two disjoint graphs G and H is the graph obtained from G; + G2 by joining
each vertex of G to each vertex of H. For a vertex disjoint subgraphs H; and Hy of G we let
E(H1,Hs) ={2y € E(G) : x € V(H1),y € V(H2)} and E(H:, Hs) = |E(H, Hs)|.

Let F1,F2 be two graph families and n be a positive integer. Let G(n;Fi,Fa) be a
Smarandache-Turan graph family consisting of graphs being Fi-free but containing a subgraph

isomorphic to a graph in F» on n vertices. Define

Fn; Fr, Fo) = max{|E(G)| : G € G(n; Fr, Fa)}-

1Received August 25, 2010. Accepted February 25, 2011.
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The problem of determining f(n; Fy, F2) is called the Smarandache-Turdn-type extremal prob-
lem. It is well known that in case Fy = () or F» = {edge} the problem is called the Turdn-type
extremal problem and abbreviated by f(n;F1) and the class by G(n; F1). In this paper we
consider the Turdn-type extremal problem with the odd edge disjoint cycles being the forbid-
den subgraph. Since a bipartite graph contains no odd cycles, we only consider non-bipartite
graphs. For convenience, in the case when F; consists of only one member C,., where r is an

odd integer, we write
Gnsr) =Gy F1),  flmr) = flmFr).

An important problem in extremal graph theory is that of determining the values of the function
f(n; F1). Further, characterize the extremal graphs G(n; F1) where f(n;F1) is attained. For a
given r, the edge maximal graphs of G(n;r) have been studied by a number of authors [1, 2, 3,
6, 7,809, 11].

Let G(n; Far+1) denote the class of graphs on n vertices containing no two (2k + 1)- edge
disjoint cycles. Let

f(n; E2k+1) = max{S(G) :G e Q(n, Egk_;,_l)}.

In this paper we determine f(n; For+1) and characterize the edge maximal members in for

k =1 and 2. Now, we state a number of results, which we use to prove our main results.

Lemma 1.1 ( Bondy and Murty, [4]) Let G be a graph on n vertices. If £(G) > n?/4, then G
contains a cycle of length r for each 3 <r < [(n+ 3)/2].

Theorem 1.2 (Brandt, [5]) Let G be a non-bipartite graph with n vertices and more than
|(n—1)2/4+1]| edges. Then G contains all cycles of length between 3 and the length of the

longest cycle.

Let G*(n) denote the class of graphs obtained by adding a triangle, two vertices of which
are new, to the complete bipartite graph K|(,—2)/2|,1(n—2)/2]. For an example of G*(n), see
Figure 1.

Theorem 1.3 ( Jia, [10]) Let G € G(n;5), n > 10 . Then

E(Q) < L(n — 2)2/4J + 3.
Furthermore, equality holds if and only if G € G*(n).

In this paper we determine f(n, Ear11) and characterize the edge maximal members in
G(n, Eog+1) for k = 1,2, which is the first step toward solving the problem for each positive

integer k.
§2. Edge-Maximal Cs5-Disjoint Free Graphs

In this section we determine f(n, F3) and characterize the edge maximal members in G(n, E3).

We begin with some constructions. Let 2(G) denote to the class of graphs obtained by adding
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00

Figure 1: The figure represent a member of G*(n).

an edge to the complete bipartite graph K|, /2| 1n/27. Figure 2 displays a member of Q(G).

Observe that Q(G) C G(n, Eaky1) and every graph in Q(G) contains [n?/4] + 1 edges. Thus,
we have established that

f(n; Bopyr) > [n?/4] +1 (1)

We now establish that equality (1) holds for & = 1. Further we characterize the edge maximal
members in G(n; E3).

-G

Figure 2: The figure represents a member of Q(G).

In the following theorem we determine edge maximum members in G(n; E3).
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Theorem 2.1 Let G € G(n; E3). Forn > 8,
f(n;Es) < |n?/4] +1.
Furthermore, equality holds if and only if G € Q(G).

Proof Let G € G(n,Es). If G contains no cycle of length three, then by Lemma 1.1,
E(G) < [n?/4] . Thus, £(G) < |[n%/4] + 1. So, we need to consider the case when G has cycles
of length 3. Let zyzzx be a cycle of length 3 in G. Let H = G — {zy,zz,yz}. Observe that H
cannot have cycles of length 3 as otherwise G would have two edge disjoint cycles of length 3.

To this end we consider the following two cases.

Casel: H is not a bipartite graph. Since H contains no cycles of length 3, by Theorem 1.2,
EG) < |(n—1)%/4] + 1.

Now

3]
=
I

S(H)+3
T

Case 2: H is a bipartite graph. Let X and Y be the bipartition of V(H). Thus, £(H) < | X|Y.
Observe | X| + |Y| = n. The maximum of the above is when |X| = |n/2| and |Y| = [n/2].
Thus, £(G) < [n?/4]. Now we divide our work into two subcases.

for n > 8.

Subcase 2.1. All the edges zy, xz, and yz are edges in on of X and Y, say in X. Observe
that for any two vertices of Y, say uw and v, we have that £({z,y, z}, {u,v}) < 5 as otherwise
G would have two edge disjoint cycles of length 3. Thus, £({z,y,2},Y) <2|Y|+ 1. Now,

EG) = &X —{z,y,2},Y) +E{z,y,2},Y) + E({z,y, 2})
< (IX[=-3)[Y|+2/Y[+1+3
< XY= Y| +4< (X]=1)|Y]+4.

Observe | X| + |Y| = n. The maximum of the above equation is when |X| = |(n +1)/2] and
Y| = [(n—1)/2], Thus,

(n—1)2 n?
EG) < | ——— 4 — 1.
(G) < { 1 tA< ||+
Subcase 2.2. At most one of zy, xz and yz is an edge in X and Y. So,

E(G) = EH) +1< V‘;J 41

This completes the proof of the theorem. O

We now characterize the extremal graphs. Through the proof, we notice that the only time
we have equality is in case when G obtained by adding an edge to the complete bipartite graph
K|/2],1n/21- This gives rise to the class Q(G).
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§3. Edge-Maximal C5-Disjoint Free Graphs

In this section we determine f(n; Eaj1) and characterize the edge maximal members in G(n; Fag41)
for k = 2. We now establish that equality (1) holds for & = 2. Further we characterize the
edge maximal members in G(n; E5). To do that we employ the same method as in the above

theorem

Theorem 3.1 Let G € G(n, E5). Forn > 9,
f(n; Es) < Ln2/4j + 1.
Furthermore, equality holds if and only if G € Q(G).

Proof Let G € G(n;Es). If G does not have a cycle of length 5, then by Lemma 1.1,
E(G) < |n?/4]. Thus, £(G) < |n?/4] + 1. Hence, we consider the case when G has cycles
of length 5. Assume x5 ...x521 be a cycle of length 5 in G. As in the proof of the above
theorem, we consider H = G — {e1 = x1x2, €2 = Tax3,...,e5 = r5x1}. Observe that H cannot
have 5-cycles as otherwise G would have two 5 - edges disjoint cycles. Now, we consider two

cases.

Case 1: H is not a bipartite graph. Then, by Theorem 1.3, we have

EH) < [(n—2)%/4] + 1.

Now,
E(G) = EH)+5
(n—2)2 n?
< A BRI
< L 1 +8 < 1 n—+9,
for n > 9, we have
n2
E(G)<{ZJ+1

Case 2: H is a bipartite graph. Let X and Y be the bipartition of V(H). Thus, £(G) <
|X||Y]. Observe |X|+ |Y| = n. The maximum of the above is when |X| = [n/2] and |Y| =
[n/2]. Thus, £(G) < {’Z:J Now, we consider the following subcases.

Subcase 2.1. One of X and Y contains two edges. Observe that those two edges must be
consecutive, say e; and ea. Let z be a vertex in X. If [Ny (z1) N Ny (z2) NNy (x3) NNy (2)| > 4,

then G contains two 5 edges disjoint cycles. Thus,
E{m1,m2,23,2},Y) <3]Y|+3.
So,

E(G) = E(X —m,20,23,2},Y) + E(w1, 22,23, 2},Y) + E(X) + E(Y)
(|X|—4)|Y|+3|Y|+3+2+3
XY= Y]+8 < (I X[-DY|+8

IN

IN
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Observe |X|+ |Y| = n. The maximum of the above equation is when [Y| = [Z31] and
|X|—1=[251]. Thus,

0|05 s

For n > 9, we have

E(G) < {— + 1.

Subcase 2.2. £(X)=1and E(Y)=0o0r £(X)=0and £(Y) =1. Then

EG)<EH)+1<L §J+1

This completes the proof of the theorem. O

We now characterize the extremal graphs. Through the proof, we notice that the only time
we have equality is in case when G obtained by adding an edge to the complete bipartite graph.
This gives rise to the class Q(G).
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§1. Introduction

The theory of curves is a fundamental structure of differential geometry. An increasing interest
of the theory curves makes a development of special curves to be examined. A way for clas-
sification and characterization of curves is the relationship between the Frenet vectors of the
curves. The well known of such curve is Bertrand curve which is characterized as a kind of
corresponding relation between the two curves. A Bertrand curve is defined as a spatial curve
which shares its principal normals with another spatial curve (called Bertrand mate). Another
kind of associated curve has been called Mannheim curve and Mannheim partner curve. A
space curve whose principal normal is the binormal of another curve is called Mannheim curve.
The notion of Mannheim curve was discovered by A. Mannheim in 1878. The articles concern-
ing Mannheim curves are rather few. In [1], R. Blum studied a remarkable class of Mannheim
curves. O. Tigano obtained general Mannheim curves in Euclidean 3-space in [2]. Recently,
H.Liu and F. Wang studied the Mannheim partner curves in Euclidean 3-space and Minkowski
3-space and obtained the necessary and sufficient conditions for the Mannheim partner curves
in [3]. On the other hand, a range of new types of geometries have been invented and devel-
oped in the last two centuries. They can be introduced in a variety of manners. One possible
way is through projective manner, where one can express metric properties through projective
relations. For this purpose a fixed conic in infinity is taken and all metric relations with respect
to the absolute. This approach is due to A. Cayley and F. Klein who noticed that due to
the nature of the absolute, various geometries are possible. Among this geometries, there are
also Galilean and pseudo-Galilean geometries. They are very important in physics. Galilean

space-time plays the same role in non relativistic physics. The Geometry of the Galilean space

1Received October 12, 2010. Accepted February 26, 2011.
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G35 has treated in detail in Roschel’s habilitiation, [4]. Furthermore, Kamenarovic and Sipus
studied about Galilean space, [5]-[6]. The properties of the curves in the Galilean space are
studied [7]-[9]. The aim of this paper is to study the Mannheim partner curves in Galilean
space G3 and give some characterizations for this curves.

§82. Preliminaries

The Galilean space G3 is a Cayley-Klein space equipped with the projective metric of signature
(0,0,4,4+), as in [10]. The absolute figure of the Galilean Geometry consist of an ordered triple
{w, f, I}, where w is the ideal (absolute) plane, f is the line (absolute line) in w and I is the
fixed elliptic involution of points of f, [5]. In the non-homogeneous coordinates the similarity
group Hg has the form

T = a1 + a2x
Y = ag1 + a22% + @23y cOS Y + ag3z sin @ (2.1)
Z = a31 + @322 — a23Y sin © + ag32 cos @

where a;; and ¢ are real numbers, [7].

In what follows the coefficients a12 and ass will play the special role. In particular, for
a1z = agz = 1, (2.1) defines the group Bg C Hg of isometries of Galilean space Gs.

In G35 there are four classes of lines:

i) (proper) non-isotropic lines- they don’t meet the absolute line f.

ii) (proper) isotropic lines- lines that don’t belong to the plane w but meet the absolute
line f.

111) un-proper non-isotropic lines-all lines of w but f.

iv) the absolute line f.

Planes x =constant are Euclidean and so is the plane w. Other planes are isotropic, [6].
The Galilean scalar product can be written as

rixe  , if ;1 A0V 22 #0
y1y2+2122, ’Lf x1:0 /\IQZO

< Up,Ug >=

where uy = (21,91, 21) and uy = (23, y2, 22). It leaves invariant the Galilean norm of the vector
u = (z,y, z) defined by
x , x#0

VyR+22 2 =0.

Let a be a curve given in the coordinate form

[[ul =

o:I — Gs, ICR
t—a(t) = (2(t),y(t), 2(t)

where z(t),y(t),z(t) € C3 and t is a real interval. If 2/(t) # 0, then the curve « is called
admissible curve.

(2.2)
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Let a be an admissible curve in GG3 parameterized by arc length s and given by

a(s) = (s,y(s), 2(s))
where the curvature £(s) and the torsion 7(s) are

k(s) = V/y"2(s) + 22(s)  and T(s)_det[“/(s);‘;‘/(/s()s)’am(S)], (2.3)

respectively. The associated moving Frenet frame is

T(s) = o/(s) = (1,4/(s),2'(5))
N(s) = 70/ (s) = +55(0,5"(5), 2" () (2.4)
B(s) = +55(0,=2"(s)," ().

Here T, N and B are called the tangent vector, principal normal vector and binormal vector

fields of the curve a, respectively. Then for the curve a, the following Frenet equations are given
by

where T, N, B are mutually orthogonal vectors, [6].

83. Admissible Mannheim Curves in Galilean Space G3

In this section, we defined the admissible Mannheim curve and gave some theorems related to
these curves in Gs.

Definition 3.2 Let « and o* be an admissible curves with the Frenet frames along {T, N, B}
and {T*, N*, B*}, respectively. The curvature and torsion of a and o*, respectively, k(s),7(s)
and k*(s),7*(s) never vanish for all s € I in Gs. If the principal normal vector field N of «
coincidence with the binormal vector field B* of o* at the corresponding points of the admissible
curves o and o*. Then « is called an admissible Mannheim curve and o is an admissible
Mannheim mate of a. Thus, for all s € I

a”(s) = a(s) + A(s)N(s). (3.1)

The mate of an admissible Mannheim curve is denoted by (a, a*), (see Figure 1).
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(@) ()

Figure 1. The admissible Mannheim partner curves

Theorem 3.1 Let (o, a*) be a mate of admissible Mannheim pair in Gs. Then function X is

constant.

Proof Let o be an admissible Mannheim curve in G3 and o be an admissible Mannheim
mate of . Let the pair of a(s) and a*(s) be corresponding points of o and a*. Then the curve
a*(s) is given by (3.1). Differentiating (3.1) with respect to s and using Frenet equations,

d *
& _ T4+ NN+ MB (3.2)
S

T

is obtained.
Here and here after prime denotes the derivative with respect to s. Since N is coincident

with B* in the same direction, we have
N(s) =0, (3.3)

that is, A is constant. This theorem proves that the distance between the curve « and its
Mannheim mate «* is constant at the corresponding points of them. It is notable that if o*
is an admissible Mannheim mate of «. Then « is also Mannheim mate of a* because the

relationship obtained in theorem between a curve and its Mannheim mate is reciprocal one. [J

Theorem 3.2 Let o be an admissible curve with arc length parameter s. The curve o is an

admissible Mannheim curve if and only if the torsion T of a is constant.

Proof Let (a,a*) be a mate of an admissible Mannheim curves, then there exists the

relation
T(s) = cos0T*(s) + sin ON*(s) (3.4)
B(s) = —sin0T*(s) 4+ cosN*(s) |
and
T*(S) = coS HT(S) — sin QB(S) (35)

N*(s) =sin0T(s) + cos 0 B(s)
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where 0 is the angle between T and T* at the corresponding points of «(s) and a*(s), (see

Figure 1).
By differentiating (3.5) with respect to s, we get
B = MO Gin kN + cosTN + LA g, (3.6)

Since the principal normal vector field NV of the curve a and the binormal vector field B* of its
Mannheim mate curve, then it can be seen that # is a constant angle.
If the equations (3.2) and (3.5) is considered, then

Arcotf =1 (3.7)

is obtained. According to Theorem 3.1 and constant angle 6, u = Acot# is constant. Then

from equation (3.7), 7 = % is constant, too. Hence the proof is completed. |

Theorem 3.3(Schell’s Theorem) Let (o, &) be a mate of an admissible Mannheim curves with
torsions T and T*, respectively. The product of torsions T and T is constant at the corresponding

points a(s) and a*(s).

Proof Since « is an admissible Mannheim mate of o*, then equation (3.1) also can be

given by
a = ao* — \B*. (3.8)
By taking differentiation of last equation and using equation (3.4),

T = 1 tan6 (3.9)
can be given. By the helps of (3.7), the equation below is easily obtained;

TT* = “‘)\r‘# = constant (3.10)

This completes the proof. O

Theorem 3.4 Let (a,a*) be an admissible Mannheim mate with curvatures k, k* and torsions

7,7° of a and o*, respectively. Then their curvatures and torsions satisfy the following relations

Nk do
Z) K= —s

i) k=T1"%sing
iii) T = —7* L cos .

Proof 1) Let us consideration equation (3.4), then we have
<T,T* >= cosb. (3.11)

By differentiating last equation with respect to s* and using the Frenet equations of o and

a*, we reach

< K(S)N(8) 2 T*(s) > + < T(s), k*(s)N*(s) >= —sinf22.. (3.12)
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Since the principal normal N of « and binormal B* of o* are linearly dependent. By
considering equations (3.4) and (3.12), we reach

K* (s) = _a (3.13)

T ds

If we take into consideration < T,B* >, < B, B* > scalar products and (2.5), (3.4), (3.5)
equations, then we can easily prove i) and 4ii) items of the theorem, respectively.

The relations given in i) and éii) of the last theorem, we obtain

K
— = —tanf = constant.
i

References

[1] R. Blum, A remarkable class of Mannheim curves, Canad. Math. Bull. 9 (1966), 223-228.
[2] O. Tigano, Sulla determinazione delle curve di Mannheim, Matematiche Catania 3 (1948),
25-29.
[3] H. Liu and F. Wang, Mannheim partner curves in 3-space, Journal of Geometry, 88 (2008),
120-126.
[4] O. Roschel, Die Geometrie des Galileischen Raumes, Habilitationsschrift, Leoben, (1984).
[5] Z. M. Sipus, Ruled Weingarten surfaces in the Galilean space, Periodica Mathematica
Hungarica, 56 (2) (2008), 213-225.
[6] I. Kamenarovic, Existence theorems for ruled surfaces in the Galilean space Gs, Rad HAZU
Math. 456 (10) (1991), 183-196.
[7] B. J. Pavkovic and I. Kamenarovic, The equiform differential geometry of curves in the
Galilean space G3, Glasnik Matematicki, 22 (42) (1987), 449-457.
[8] A. O. Ogrenmis, M. Bektag and M. Ergiit, The characterizations for helices in the Galilean
space Gs, Int. J. of Pure and Appl. Math., 16 (1) (2004), 31-36.
9] A.O. Ogrenmisg, M. Ergiit and M. Bektasg, On the helices in the Galilean space G3, Iranian
J. of Sci. Tec, Trans. A., 31 (2) (2007), 177-181.
[10] E. Molnar, The projective interpretation of the eight 3-dimensional homogeneous geome-
tries, Beitrage zur Algebra und Geometrie Contributions to Algebra and Geometry 38 (2)
(1997), 261-288.



Math. Combin.Book Ser. Vol.1 (2011), 94-106

The Number of Spanning Trees in

Generalized Complete Multipartite Graphs of Fan-Type

Junliang Cai

Laboratory of Mathematics and Complex Systems, School of Mathematical Sciences,

Beijing Normal University, Beijing, 100875, P.R. China
Xiaoli Liu
Elementary Education College, Capital Normal University, Beijing, 100080, P.R.China

E-mail: caijunliang@bnu.edu.cn

Abstract: Let Ky 7 be a complete k-partite graph of order n and let K;fﬁ be a generalized
complete k-partite graph of order n spanned by the fan set . # = {Fy,,, Fn,,- -+ , Fy, }, where
n={ni,n2,--,nk}tand n =ny +mng2+---+ ny for 1 < k < n. In this paper, we get the

number of spanning trees in Ky » to be

and the number of spanning trees in K;f% to be

Z 2k—2 d a7l — ﬂmil
HK7=) = nk G TP
(i) = [[ =5
where a; = (d; + v/d? —4)/2 and 3; = (d; — \/d? —4)/2,d; = n — n; + 3. In particular,
Kiz = K;, with t(K17) =0, Knn = Ky with t(K,®) = n" "2 which is just the Cayley’s
formula and K{; = F, with t(Ki%) = (a"' — "7 ")/V/5 where a = (3 + v/5)/2 and
8 = (3 —/5)/2 which is just the formula given by Z.R.Bogdanowicz in 2008.

Key Words: Connected simple graph, k-partite graph, complete graph, tree, Smarandache

(F1, E2)-number of trees.
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§81. Introduction
Graphs considered here are simple finite and undirected. A graph is simple if it contains neither

multiple edges nor loops. A graph is denoted by G = (V(G), E(G)) with n vertices and m edges
where V(G) = {v1,v2,- -+ ,v,} and E(G) = {e1, €2, ,en} denote the sets of its vertices and
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edges, respectively. The degree of a vertex v in a graph G is the number of edges incident with
v and is denoted by d(v) = dg(v).

For simple graphs G; = (V;(G), E;(G)) with vertex set V; = {v;1,via, -+ ,Vin, }, the empty
graphs of order n; are denoted by N,,, = (V;,¢), i = 1,2,--- k. A complete k-partite graph
Kin = Knyngoomp = (V1,Va,--+ , Vi, E) is said to be one spanned by the empty graph set
A ={Nn,, Npy, -+, Np, }, denoted by K"~ or K,‘C/Vﬁ where = {ny,ng,--- ,ni}.

In generally, for the graph set 4 = {G,,,,Gp,, - ,Gn, }, the graph
K=K UG, UGn, U UG, (1)

is said to be a generalized complete k-partite graph spanned by the graph set ¥.

For all graph theoretic terminology not described here we refer to [1]. Let G be a connected
graph and E, E; C E(E) with By # Ey. The Smarandache (Ey, Ey)-numbert®(E;, Es) of trees
is the number of such spanning trees T’ in G with E(T)NE; # 0 but E(T)NE2 = (). Particularly,
if F1 = F(G) and E = (), i.e., such number is just the number of labeled spanning trees of a
graph G, denoted by ¢(G). For a few special families of graphs there exist simple formulas that
make it much easier to calculate and determine the number of corresponding spanning trees.
One of the first such results is due to Cayley [2] who showed in 1889 that complete graph on n

vertices, K,, has n”~2 spanning trees. That is
t(Kp,) =n""2% for n>2. (2)

Another result is due to Sedlacek [3] who derived in 1970 a formula for the wheel on n+ 1
vertices, Wyy1, which is formed from a cycle C,, on n vertices by adding a new vertex adjacent
to every vertex of C),. That is

HWsr) = ( " —2 for n>3. (3)

34 \/5>n N (3 -5
2 2
Sedlacek [4] also later derived a formula for the number of spanning trees in a Mdbius
ladder, M, is formed from a cycle Cs, on 2n vertices ladder vi,vs,- -+ ,v2, by adding edges
V;Up4i for every vertex v;, where ¢ < n. That is
n

HM.) = 5

(2+V3)"+(2—-V3)"+2] for n>2. (4)

In 1985, Baron et al [5] derived the formula for the number of spanning trees in a square

of cycle, C2, which is expressed as follows.
HC2) = nF_{n}, n3>5, (5)

where F_{n} is the n'th Fibonacci Number. Similar results can also be found in [6].

The next result is due to Boesch and Bogdanowicz [7] who derived in 1987 a formula for
the prism on 2n vertices, R,, which is formed from two disjoint cycles C,, with vertex set
V(Cy) ={v1,v2, -, v, } and C, with vertex set V(C/,) = {v},v4, -+, v} by adding all edges
of the form v;v;. That is

tH(Ry) = g[(z V32 —V3)" —2 for n3=3. (6)
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In 2007, Bleller and Saccoman [8] derived a formula for a threshold graph on n vertices,
T, which is formed from that for all pairs of vertices u and v in T, N(u) —v C N(v) —u
whenever d(u) < d(v). That is

s—1
H di T 5+ 1™ (digr + D)™ (ds + 1), (7)
j=k+2

where d(T},) = (dg"l), dg"Z), . ,dgn‘*)) is the degree sequence of T}, d; < d;y1 fori =1,2,--- ,5—
1, k= [%5] and s = [(mod 2).

In 2008, Bogdanowicz [9] also derived a formula for an n-fan on n+ 1 vertices, F,, 1, which

is formed from a n-path P, by adding an additional vertex adjacent to every vertex of P,. That

By B o s ®)

In this paper it is proved that: Let K} 5 be a complete k-partite graph of order n where

is

t(Fn-i-l) =

the vector m = {n1,no, -+ ,ni} and n =ny +ng + --- + ng, for 1 < k < n, then the number of
spanning trees in Ky, 5 is
k
t(Kgm) = nh2 H(n — )it 9)
i=1

Moreover let K ;:J — be a generalized complete k-partite graph of order n spanned by the
fan set F = {F,,, Fp,, -+, Fy,} where m = {n1,n2,--- ,nx} and n = ny +nz + -+ + ny, for

1 < k£ < n, then the number of spanning trees in K,fﬁ is

nlfl mn;—1
—4 (10)

( 2 2k 2H
where Q; = (dZ—F \/d$—4)/2 and 61 = (dz— \/d% —4)/2,611 :n—nz—|—3

In particular, from (9) we can obtain K7 = K¢ with ¢(KS) = 0 and K, 7z = K, with
t(K,) = n"~2 which is just the Cayley’s formula (2). From (10) we can also obtain Kf% =F,
with t(Kfﬁ) = (a1 —p"=1)//5 where o = 1(3+V/5) and 8 = 1(3—/5) which is the formula
(8), too.

§2. Some Lemmas

In order to calculate the number of spanning trees of G, we first denote by A(G), or A =
(@ij)nxn, the adjacency matriz of G, which has the rows and columns corresponding to the
vertices, and entries a;; = 1 if there is an edge between vertices v; and v; in V(G), a;; = 0
otherwise.

In addition, let D(G) represent the diagonal matrix of the degrees of the vertices of G. We
denote by H(G), or H = (hij)nxn, the Laplacian matriz (also known as the nodal admittance
matrix ) D(G) — A(G) of G. From H(G) = D(G) — A(G), we can see that h;; = d(v;) and
hij = —as; if i # j.
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A well-known result states the relationship between the number of spanning trees of a
graph and the eigenvalues of its nodal admittance matrix:

Lemma 2.1([10]) The value of t(G), the number of spanning trees of a graph G, is related to
the eigenvalues A1 (G), A\2(G), -+ , A\ (G) of its nodal admittance matric H = H(G) as follows:

HG) =

SN

[TM@), 0= M(@) < 0(@) < <A, (1)

A classic result of Kirchhoff can be used to determine the number of spanning trees for G.
Next, we state the well-known theorem of Kirchhoff:

Lemma 2.2(Kirchhoft’s Matrix-Tree Theorem, [11]) All cofactors of H are equal and their

common value is the number of spanning trees.

Lemma 2.3 Let b > 2 be a constant, then the determinant of order m

1 1 1 1
-1 b -1 0
am_ﬁm
12
0 0 o g (12)
0 -1 b -1
0 -~ 0 -1 b—1
mXm

where o = (b+ Vb2 —4)/2, 8= (b—Vb%>—4)/2.

Proof Let a,, stand for the determinant in (12) as above, by expending the determinant

according to the first column we then have

A, = 0o . . T 0 = Cm—1 1 am—1, (13)

0 0 -1 bv-1
mXm
where
b -1 0 0
-1 b6 -1 0
tm=10 . . . 0 =bem—1— -2 (14)

o -+~ 0 -1 b-1

mXxXm

inwhicheyg=1,¢; =b—1and ¢y =b>—b— 1.
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Constructing a function as follows:

= Z ema™, (15)

m=0
then
flz) =1+0b-Dx+ > cpa™
m>=2
=1+ (b — 1)$ + Z (me,1 - Cm,Q)Im
m>=2
+ (b= Dz +ba(f(x) — 1) — 2*f(2),
i.e.

1— m+1 m
I0= = 2" e (16)

where o« = (b+ Vb2 —4)/2 and 8 = (b — vb? —4)/2 which is just the two solutions of the
equation 22 — bz +1 = 0.
Thus, from (11.4) and (11.5) we have

m—+1 m
S (17)
14+«
Since
1 1 1
az = | —1 b —1 =b2—1202+01+60, (18)
0 -1 b-1
from (11.2),(11.6) and (11.7) we can obtain that
m_lc m—1 akJrl 4 ﬂk a™ — Bm
k = =
k=0 prr S a-§
83 Complete Multipartite Graphs
For a complete k-partite graph Kjz of order n where the vector m = {ny, na,---, ni} and
n=ni+ne+--+npforl<k<nwithn >na> - 2ng Let V(Kpz) =V1UVaU-- UV,
be the k partitions of the graph K} 7 such that |V;| =n; for i =1,2,--- ,k. It is clear that for
any vertex v; € V;, d(v;) =n—n; for i = 1,2,--- | k. So the degree sequence of vertices in Ky 7
d(Kigm) = ((n = n1)™, (n —n2)"2, -, (n —ng)"™). (19)

Now, let E; be an identity matrix of order i, I;x; = (1)ix; a total module matrix of order
i x j and O;x; = (0)ix; a total zero matrix of order ¢ x j. Then the diagonal block matrix of

the degrees of the vertices of K 7 corresponding to (12) is

D(Kym) = (Dij)kxk (20)
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where Dy; = (n —n;)Ey, and D;j = Oy, xn; when i # j for 1 <i,j < k. The adjacency matrix
of Ky 7 corresponding to (19) is
A(Kkm) = (Ai)kxks (21)

where A;; = Oy, and A;j = I, xn, when i # j for 1 <i,j <k.
Thus, we have from (13) and (14) the Laplacian block matrix (or the nodal admittance
matrix ) of K »
H(Kkn) = D(Kyn) — A(Kkn) = (Hij)kxk, (22)

where Hy; = (n —n;)Ey, and Hyj = —Ip,xn,; when i # j for 1 <i,j <k. O

Theorem 3.1 Let Kipn be a complete k-partite graph of order n where the vector n =
{ni,ne, - ,np} andn = ny +ng+---+ng for 1 <k < nwthng > ng > -+ = ny.
Then the number of spanning trees of Ky z s

k

H(Kym) = nk—2 H(n — ni)"i_l. (23)
i=1

Proof According to Lemma 2.1, we need to determine all eigenvalues of nodal admittance
matrix H(K}y ) of Kj 7. From (15) we can get easily the characteristic polynomial of H (K} 7)

as follows:

|H(Kkm) — AE| =
(n — Ny — A)Enl _Inl XNo e _I’n«l XNy (24)
_In2><n1 (n — N2 — )\)Enz e _Inz XNy
_Ink XNy _Ink XMno e (n — Nk — )\)Enk

nxn
Since the summations of entries in every column in |H (K 7) — AE| all are — A, by adding
the entries of all rows other than the first row to the first row in |H (K} 7) — AE|, all entries of
the first row then become —\. Thus, the determinant becomes

\H(Kjm) — \E| =

H* % x

ni

—Inyxn, (n —n2 — /\)En2 T -1, XNk

_I’ﬂk XN _Ink Xng e (n —Ng — )\)Enk nxn

where

1 Lism—
gt o— Ix(m—1) (26)
Omy—1)x1 (n—=n1 = N E@, 1

niXni
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and the stars ”*” in (18) stand for the matrices with all entries in the first row being 1. By
adding the entries in the first row to the rows from row n; + 1 to row n in the determinant
(18), it then becomes

|H(Kp7) — AE| =
i, . .
_)\ OHQ XMnq (n —n2 — A)En2 + In2 tee OHQ XNy
Onk Xniq Onk Xno e (n —Ng — )\)Enk + I’Ilk n
ie.
|H(Kiz) = AE| = =MNHL | [] 10— ni = NE,, + L. (27)
1<i<k
From (19) we have
1 Iixn
| ;; _ 1xny _ (’I’L —nq — )\)nlfll (28)
On1><1 (n —ni — )\)Enl
For 1 < i < k we have
n—A (TL—)\)le(nifl)
|(TL—TL1—)\)EM +Im| =
I(nifl)xl (n_ni _)\)Eni—l +Ini—l
ie.
1 I, —
(0 —1i = N En, +Ln,| = (n—)) el
O(m—l)xl (n—ni = A)Enp,—1 (29)
=m—-N(n—-n; — AL
By substituting (21),(22) to (20) we have
k
|H(Kiz) = AE| = =An = N [ [(n = ms — At (30)
i=1

So, from (23) we derive all eigenvalues of H(K}7) as follows: Ay =0 and

(n; — 1)-multiple roots Aiy1(Kpzm) =n—n;, i=1,2,-- k;

b

(k — 1)-multiple root A, (Kj7) = n.

By substituting (24) to (11) we have

[[2i(Kiz) =nt2 H(n — )L (32)
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This is just the theorem. O

Corollary 3.2 (Cayley’s formula) The total number of spanning trees of complete graph K,

18
t(K,) =n""2. (33)
Proof Let k =n, then ny =ng =---=n, =1 and K,, 7 = K,,. By substituting it to (25)
we then have
HE) = t(Ky,z) =n"? [[(n = 1)° =n""2 O
i=1

83. Generalized Complete Multipartite Graphs

For a generalized complete k-partite graph K ,fﬁ of order n spanned by the fan set .% =
{Fn,s Fnyy -+, Fn, } wheren =nj +no+---+ng withng 2ng > 2ngfor 1 <k<n Itis
clear that the degree sequence of vertices of the fan F,, in K ;? .-

dF,)=m—-n;+2,(n—n; +3)" > n—n;+2,n—1) (34)
fori=1,2,--- k. So the degree sequence of vertices of K,fﬁ is
E(Kk%?ﬁ) = (E(Fm)va(Fnz)v 7E(Fnk)) (35)

Now, the diagonal block matrix of the degrees of the vertices of K ,‘? - corresponding to (28)
is
D(K]fﬁ) = (Dij)kxk; (36)
where from (27) we have

D;; =diag{n—n; +2,n—n; +3,--- ,n—n; +3,n—n; +2,n— 1} (37)

and Dj; = Op,xn; When i # j for 1 <i,j <k.
The adjacency matrix of K ;:J — corresponding to (28) is

A(KZS) = (Aij)kxks (38)
where
0 1 1
1 0 1
Ay = (39)
0 1
1 1 -~ 1 0
s XMNyg

and Ajj = In,xn; when i # j for 1 <i,j < k.
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Thus, we have from (29) ~ (32) the Laplacian block matrix (or the nodal admittance

matrix ) of K,fﬁ

H(Klfzﬁ) = D(Klf,zﬁ) - A(Klfﬁ) = (Hij)kxka (40)
where
Hu - Du - Au -

di—1 -1 -1

-1 d; —1 -1
(41)

-1 d; -1
-1 d; -1 -1
-1 -1 - -1 n—1
n; XN;

with d; =n —n; + 3 and H;j = —I,xn, when i # j for 1 <i,5 < k.

Theorem 4.1 Let Kkyn be a generalized complete k-partite graph of order n spanned by the
fan set F = {Fy,,Fpn,, -+, Fn,.} where m = {ni,ng, -+ ,ni} and n = ny +ng + -+ + ny for

1 < k < n, then the number of spanning trees in ka is
ﬁnl—l
( a 2k 2 H (42)

where a; = (d;i +\/d? — 4)/2 and 3; = (d; — \/d? — 4)/2,d; =n —n; + 3.

Proof According to the Kirchhoff’s Matrix-Tree theorem, all cofactors of H (K fﬁ) are
equal to the number of spanning trees t(K;f%). Let H*(K,‘fﬁ) be the cofactor of H(K,‘fﬁ)
corresponding to the entry h,,, of H(K,fﬁ), then

HK7) = [H (Kip)| =
Hyy T _Inl Xng t _Inlx(nk—l)

_Inixnl e Hii e _Inix(nkfl)

_I(nk—l)xm _I("k_l)xni H;k
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where
dp —1 -1

-1 dy -1
-1 dp—1

(nk—1)x(ng—1)

Since the summations of entries in every column in |[H*(K;7.)| all are 1 by adding the
entries of all rows other than the first row to the first row in |H*(K,‘?ﬁ)| the entries of the first
row become 1. By adding the entries in the first row to the rows from row n; +1 to row n — 1

in the last determinant, it becomes from (36) and (37)

H* e * e *
ny
|H*(Klfﬁ)|: Onixnl ‘E[z""*[n7L * ’
O(nk—l)xnl O(nk—l)xni H;:k—l
i.e.
HE ) = [H (K = 1Hy - T [ Ha+ Lol - | H, o, (45)
1<i<k
where
1 1 1 1 1
-1 dy -1 -1
|Hy, | = S ' :
-1 d; -1 -1
-1 dy—1 -1
1 -1 - -1 -1 wn-1
niXni

by adding the entries in the first row to the correspondence entries of the other row in |H; |

we then have

11 1 11
0 di+1 0 1 0

|H:;1|: 1 - .. - 1 ,
1 0 di+1 0 0
1 -1 0 d 0
0 0 0 0 n

niXni
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ie.
1
0
|Hy [=n|1
1
It is clear that
|Hii + In,| =
i.e.
|Hii + In;,| =7

Since the summations of all entries in every column in the last

|Hii + In,| = n®
and
dy,
0
|H;§k71| =1
1

Similarly, we have

Junliang Cai and Xiaoli Liu

1 1
di+1 0
1 0
1
d; 0
0 di+1
1
1
1
0
d; 0
0 di+1
1
1
1

1 1
0 d;+1
1
1
1
0 1
dp+1 0
1 0
1

1
1
1
di+1 0
0 dy
1
0 1
0 d;+1
1 0
1
0 1
0 d;+1
1 0

1
0 1
0 d;+1
1 0
1
dip +1
0

(n1—1)><(n1—1)

—_

S o
o

o
S

TN XNy

1

0

d;
(ni—l)x(ni—l)

determinant, we have

1
1 ;
0
d;
(nifl)x(nifl)
1
1 :
0
d
=) x (ni—1)

(47)
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Hi ul=nl1 . e - (48)

(nk—1)x(nk—1)

0 di+1 0 1

1 10 4
(mi—1)x (ni—1)
or
111 1
1 d -1 0
HES) =n* 2 I o . . . o : (49)
1<i<k
0 -1 d -1
0 - 0 -1 di-1
(mi—1)x (ni—1)

Thus, from (11.1) and (42) we have

n;—1 n;—1
iw _6‘1

HEKZ ) = p2k—2 o i
(K =n*? ] =4—5 (50)
1<i<k

where a; = (d; +/d? —4)/2, B; = (d; — \/d? —4)/2 and d; = n — n; + 3.

This is just the theorem. |
Corollary 4.2 The total number of spanning trees of a fan graph F, is

HF) = (0™ = ) GV
RV

where o = (3++/5)/2 and 3 = (3 —/5)/2.

Proof Let k =1, then ny = n and Kfﬁ = F,,. Substituting this fact into (35), this result
is followed. O
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Abstract: A Smarandachely k-signed graph (Smarandachely k-marked graph) is an ordered
pair S = (G,0) (S = (G, 1)) where G = (V, E) is a graph called underlying graph of S and
oc: E — (e,e2,....,ex) (u: V — (e1,e2,...,€)) is a function, where each € € {+,—}.
Particularly, a Smarandachely 1-signed graph or Smarandachely 1-marked graph is called
abbreviated a signed graph or a marked graph. Singleton (1968) introduced the concept of
the antipodal graph of a graph G, denoted by A(G), is the graph on the same vertices as of
G, two vertices being adjacent if the distance between them is equal to the diameter of G.
Analogously, one can define the antipodal signed graph A(S) of a signed graph S = (G, o)
as a signed graph, A(S) = (A(G),0’), where A(G) is the underlying graph of A(S), and

for any edge e = uwv in A(S), o'(e) = pu(u)u(v), where for any v € V, p(v) = H o(uv).
ueN (v)
It is shown that for any signed graph S, its A(S) is balanced and we offer a structural

characterization of antipodal signed graphs. Further, we characterize signed graphs S for
which S ~ A(S) and S ~ A(S) where ~ denotes switching equivalence and A(S) and S are
denotes the antipodal signed graph and complementary signed graph of S respectively.

Key Words: Smarandachely k-signed graphs, Smarandachely k-marked graphs, signed

graphs, marked graphs, balance, switching, antipodal signed graphs, complement, negation.

AMS(2010): 05C22
81. Introduction

We consider only finite undirected graphs G = (V, E) without loops and multiple edges and
follow Harary [4] for notation and terminology.

A Smarandachely k-signed graph (Smarandachely k-marked graph) is an ordered pair S =
(G,0) (S = (G,p)) where G = (V, E) is a graph called underlying graph of S and o : E —
(81,82, ....,€;) (1 : V — (€1,€2,...,€)) is a function, where each € € {+,—}. Particularly, a
Smarandachely 1-signed graph or Smarandachely 1-marked graph is called abbreviated a signed
graph or a marked graph.

In 1953, Harary published “On the notion of balance of a signed graph”, [5], the first paper
to introduce signed graphs. In this paper, Harary defined a signed graph as a graph whose edge

1Received November 23, 2010. Accepted March 1, 2011.
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set has been partitioned into positive and negative edges. He called a cycle positive if it had an
even number of negative edges, and he called a signed graph balanced if every cycle is positive.
Then he gave both necessary and sufficient conditions for balance.

Since then, mathematicians have written numerous papers on the topic of signed graphs.
Many of these papers demonstrate the connection between signed graphs and different subjects:
circuit design (Barahona [3], coding theory (Solé and Zaslavsky [20]), physics (Toulouse [22])
and social psychology (Abelson and Rosenberg [1]). While these subjects seem unrelated,
balance plays an important role in each of these fields.

Four years after Harary’s paper, Abelson and Rosenberg [1], wrote a paper in which they
discuss algebraic methods to detect balance in a signed graphs. It was one of the first papers
to propose a measure of imbalance, the “complexity” (which Harary called the “line index of
balance”). Abelson and Rosenberg introduced an operation that changes a signed graph while
preserving balance and they proved that this does not change the line index of imbalance. For
more new notions on signed graphs refer the papers ([7]-[11], [13]-[19]).

A marking of S is a function p : V(G) — {+,—}; A signed graph S together with a
marking p is denoted by S,,. Given a signed graph .S one can easily define a marking p of S as
follows: For any vertex v € V(.5),

p(v) = H o(uv),

w€E(S)

the marking p of S is called canonical marking of S. In a signed graph S = (G, o), for any
A C E(G) the sign 0(A) is the product of the signs on the edges of A.

The following characterization of balanced signed graphs is well known.

Proposition 1(E. Sampathkumar, [9]) A signed graph S = (G, o) is balanced if, and only if,
there exists a marking p of its vertices such that each edge uv in S satisfies o(uv) = p(u)u(v).

Let S = (G,0) be a signed graph. Consider the marking p on vertices of S defined
as follows: each vertex v € V, u(v) is the product of the signs on the edges incident at v.
Complement of S is a signed graph S = (G,0’), where for any edge e = uv € G, o' (uv) =
w(u)p(v). Clearly, S as defined here is a balanced signed graph due to Proposition 1.

The idea of switching a signed graph was introduced in [1]in connection with structural
analysis of social behavior and also its deeper mathematical aspects, significance and connec-
tions may be found in [24].

Switching S with respect to a marking p is the operation of changing the sign of every edge
of S to its opposite whenever its end vertices are of opposite signs (See also R. Rangarajan and
P. S. K. Reddy [8]). The signed graph obtained in this way is denoted by S, (S) and is called
u-switched signed graph or just switched signed graph. Two signed graphs S1 = (G, 0) and
Sy = (G’,0') are said to be isomorphic, written as S; 22 Sy if there exists a graph isomorphism
f: G — G’ (that is a bijection f : V(G) — V(G’) such that if uv is an edge in G then
f(u)f(v) is an edge in G’) such that for any edge e € G, o(e) = o'(f(e)). Further a signed
graph S1 = (G, o) switches to a signed graph Sy = (G’,¢’) (or that Sy and S are switching
equivalent) written S ~ Sy, whenever there exists a marking p of S; such that S,(S1) = Ss.
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Note that S7 ~ Ss implies that G = G’, since the definition of switching does not involve change
of adjacencies in the underlying graphs of the respective signed graphs.

Two signed graphs S1 = (G,0) and Se = (G',0’) are said to be weakly isomorphic (see
[21]) or cycle isomorphic (see [23]) if there exists an isomorphism ¢ : G — G’ such that the
sign of every cycle Z in S; equals to the sign of ¢(Z) in Se. The following result is well known
(See [23]).

Proposition 2(T. Zaslavsky, [23]) Two signed graphs S1 and So with the same underlying

graph are switching equivalent if, and only if, they are cycle isomorphic.

§2. Antipodal Signed Graphs

Singleton [11] has introduced the concept of antipodal graph of a graph G as the graph A(G)
having the same vertex set as that of G and two vertices are adjacent if they are at a distance
of diam(G) in G.

Motivated by the existing definition of complement of a signed graph, we extend the notion
of antipodal graphs to signed graphs as follows: The antipodal signed graph A(S) of a signed
graph S = (G, 0) is a signed graph whose underlying graph is A(G) and sign of any edge uv is
A(S) is p(u)p(v), where p is the canonical marking of S. Further, a signed graph S = (G, o) is
called antipodal signed graph, if S = A(S’) for some signed graph S’. The following result
indicates the limitations of the notion A(S) as introduced above, since the entire class of

unbalanced signed graphs is forbidden to be antipodal signed graphs.

Proposition 3 For any signed graph S = (G, 0), its antipodal signed graph A(S) is balanced.

Proof Since sign of any edge wv in A(S) is u(u)p(v), where p is the canonical marking of
S, by Proposition 1, A(S) is balanced. O

For any positive integer k, the k" iterated antipodal signed graph A(S) of S is defined as
follows:

A0(S) = 8, AF(S) = A(AF-1(S))

Corollary 4 For any signed graph S = (G,0) and any positive integer k, A*(S) is balanced.

In [2], the authors characterized those graphs that are isomorphic to their antipodal graphs.

Proposition 5(Aravamudhan and Rajendran, [2]) For a graph G = (V, E), G = A(G) if, and
only if, G is complete.

We now characterize the signed graphs that are switching equivalent to their antipodal

signed graphs.

Proposition 6 For any signed graph S = (G,0), S ~ A(S) if, and only if, G = K, and S is
balanced signed graph.
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Proof Suppose S ~ A(S). This implies, G = A(G) and hence G is K. Now, if S is any
signed graph with underlying graph as K, Proposition 3 implies that A(S) is balanced and
hence if S is unbalanced and its A(S) being balanced can not be switching equivalent to S in
accordance with Proposition 2. Therefore, S must be balanced.

Conversely, suppose that S is a balanced signed graph and G is K. Then, since A(S) is

balanced as per Proposition 3 and since G = A(G), this follows from Proposition 2 again. [

Proposition 7 For any two signed graphs S and S’ with the same underlying graph, their

antipodal signed graphs are switching equivalent.

Proposition 8(Aravamudhan and Rajendran, [2]) For a graph G = (V, E), G = A(G) if, and
only if, i). G is diameter 2 or #). G is disconnected and the components of G are complete

graphs.

In view of the above, we have the following result for signed graphs:

Proposition 9 For any signed graph S = (G,0), S ~ A(S) if, and only if, G satisfies

conditions of Proposition 8.

1%

Proof Suppose that A(S) ~ S. Then clearly we have A(G) = G and hence G satisfies
conditions of Proposition 8.

Conversely, suppose that G satisfies conditions of Proposition 8. Then G = A(G) by Propo-
sition 8. Now, if S is a signed graph with underlying graph satisfies conditions of Proposition
8, by definition of complementary signed graph and Proposition 3, S and A(S) are balanced

and hence, the result follows from Proposition 2. O

The notion of negation 1(S) of a given signed graph S defined in [6] as follows: 1(S) has
the same underlying graph as that of S with the sign of each edge opposite to that given to it in
S. However, this definition does not say anything about what to do with nonadjacent pairs of
vertices in S while applying the unary operator 7(.) of taking the negation of S.

Propositions 6 and 9 provides easy solutions to two other signed graph switching equiva-

lence relations, which are given in the following results.
Corollary 10 For any signed graph S = (G,0), S ~ A(n(S)).
Corollary 11 For any signed graph S = (G, o), S ~ A(n(9)).

Problem 12 Characterize signed graphs for which i) n(S) ~ A(S) or i) n(S) ~ A(S).

For a signed graph S = (G, o), the A(S) is balanced (Proposition 3). We now examine,
the conditions under which negation n(S) of A(S) is balanced.

Proposition 13 Let S = (G,0) be a signed graph. If A(G) is bipartite then n(A(S)) is
balanced.

Proof Since, by Proposition 3, A(S) is balanced, if each cycle C in A(S) contains even
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number of negative edges. Also, since A(G) is bipartite, all cycles have even length; thus, the

number of positive edges on any cycle C in A(S) is also even. Hence n(A(S)) is balanced. O

§3. Characterization of Antipodal Signed Graphs

The following result characterize signed graphs which are antipodal signed graphs.

Proposition 14 A signed graph S = (G,0) is an antipodal signed graph if, and only if, S is
balanced signed graph and its underlying graph G is an antipodal graph.

Proof Suppose that S is balanced and G is a A(G). Then there exists a graph H such
that A(H) = G. Since S is balanced, by Proposition 1, there exists a marking p of G such
that each edge uv in S satisfies o(uv) = p(u)p(v). Now consider the signed graph S’ = (H, o”),
where for any edge e in H, ¢’(e) is the marking of the corresponding vertex in G. Then clearly,
A(S") = S. Hence S is an antipodal signed graph.

Conversely, suppose that S = (G, o) is an antipodal signed graph. Then there exists a
signed graph S’ = (H,0’) such that A(S") = S. Hence G is the A(G) of H and by Proposition
3, S is balanced. O
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Abstract: A graph G is called a k-edges deletable IM-extendable graph, if G — F is IM-
extendable for every F' C E(G) with |F| = k. Denoted by A¢(G) the group connectivity of
a graph G. In this paper, A¢(G) = 3 is gotten if G is a 4-regular claw-free 1-edge deletable
IM-extendable graph.

Key Words: Graph, multi-group connectivity, group connectivity, induced matching.
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§81. Introduction and Lemmas

In 1950s, Tutte introduced the theory of nowhere-zero flows as a tool to investigate the coloring

problem of maps, together with his most fascinating conjectures on nowhere-zero flows. These

have been extended by Jaeger, Linial, Payan and Tarsil in 1992 to group connectivity, the
m

generalized form of nowhere-zero flows. Let G be an undirected graph and A = (U Ai{+:,1<
i=1

i <m}) be an Abelian multi-group. Let A* denote the set of non-zero elements of A. A function
b:V(G) — Ais called an A-valued zero-sum function of G if Yvev(e) bv) =04, 1 <i<m
in G. The set of all A-valued zero-sum function on G is denoted by Z(G, A). We define:
F(G,A) = {f: E(G) — A} and F*(G,A) = {f : E(G) — A*}. Let G' be an orientation of
a graph G. If an edge e € E(G) is directed from a vertex u to a vertex v, then let tail(e) = u
and head(e) = v. For a vertex v € V(G), let E~(v) = {e € E(G') : v = tail(e)}, and

ET(v) = {e € E(GY) : v = head(e)}. Given a function f € F(G, A), define 8f : V(G) — A

by 0f(v) = > fle)— > f(e). A graph G is A-connected if G has an orientation G*
e€Et(v) e€cE~(v) B B

such that for every function b € Z(G, A), there is a function f € F*(G', A) such that b = df.

Let (A) be the family of graphs that are A-connected. The multi-group connectivity of G is
defined as: Ag(G)=min{k | if A is an Abelian group with [A| > k, then G € (A)}. Particularly,

1Supported by NNSFC No.10871021.
2Received December 22, 2010. Accepted March 3, 2011.
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ifm=1,ie., A= (A,+) an Abelian group, such connectivity is called group connectivity.

Let v be a vertex of G, denote N(v) by : N(v) = {u € V(G) —v : wv € E(G)}. Let u
be a vertex of G, denote N?(u) = N(N(u))\(N(u) U{u}). Graph G is called claw-free, if it
doesn’t contain k; 3 as an induced subgraph. Let C* denote the graph with V(CF) = V(C,,),
E(C*) = {uv : u,v € V(C,) and d., (u,v) < k}, where d., (u,v) is a distance between u and v
in C,. Let G be a graph. A triangle-path in G is a sequence of distinct triangles Ty T - -+ T}y,
in G such that for 1 <i < m — 1, the following formula (*) holds:

|[E(T;) NE(Ti+1)|=1 and ET)NET;)=Q ifj>i+1. *)

Furthermore, if m > 3 and (*) holds for all ¢, 1 < ¢ < m, with the additionally taken mod
m, then the sequence is called a triangle-cycle. The number m is the length of the triangle-
path(triangle-cycle). A connected graph G is triangularly connected if for any distinct e, e; €
E(G), which are not parallel, there is a triangle-path T4T5 - - - T, such that e € E(T1) and
e1 € E(Ty,).

Let G be a connected graph, V(G) and E(G) denote its sets of vertices and edges,
respectively. For S C V(G), let E(S) = {uv € E(GQ),u,v € S}. For M C E(G), let
V(M) = {u € V(GQ): there is v € V(G) such that uv € M}. A set of edges M C E(G)
is called a matching of G if they are independent in GG, and no two of them share a common
end vertex. A matching is called perfect if it covers all vertices of G. A matching M is called
induced matching if E(V(M)) = M. G is called induced matching extendable if every induced
matching M of G is contained in a perfect matching of G. For simplicity, induced matching
extendable will often be abbreviated as IM-extendable.

Notations undefined in this paper will follow [1]. In this paper, we give some properties of

the 4-regular claw-free 1-edge deletable IM-extendable and prove that its group connectivity is
3.

Lemma 1.1.([1]) A graph G has a perfect matching if and only if for every S C V(G), o(G—S) <
|S|, Where o(H) is the number of odd components of H.

For group connectivity, some conclusions have reached. For example, complete graphs,
complete bipartite graphs and triangularly connected graphs etc in [2,3,4,5,6]. For more results
about IM-extendable graphs, one can see references [7,8,9,10].

A Ek-circuit is a circuit of k vertices. A wheel Wy, is the graph obtained from a k-circuit
by adding a new vertex, called the center of the wheel, which is joined to every vertex of the
k-circuit. Wy, is an odd(even) wheel if k is odd(even). For a technical reason, a single edge is

regarded as 1-circuit, and thus Wi is a triangle, called the trivial wheel.

Lemma 1.2([6]) (1)Wa,, € (Z3).

(2) Let G = Wapt1, b € Z(G, Z3). Then there exists a (Z3,b)-NZF f € F*(G, Z3) if and only
if b#0.

Lemma 1.3([4]) Let G be a connected graph with n vertices and m edges. Then Ny(G)=2 if
and only if n =1 (and so G has m loops).

Lemma 1.4([3]) Let H < G be Zy-connected. If G/H is Zy-connected, then so is G.
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§2. Main Results

Lemma 2.1 C? is 4-regular claw-free 1-edge deletable connected IM-extendable graph.

Proof Obviously, C2 is 4-regular and claw-free. The following we will prove C? is 1-edge
deletable IM-extendable graph. Supposing the vertices of C3 denoted by v;, 1 <14 < 6, along a
clockwise. Supposing M is an induced matching of an induced graph G[N(u)]. Since G[N (u)]
has four vertices, so |M| < 2. If |M| = 2, u is an isolated vertex of G — V (M), this conflict
with that G is 1-edge deletable IM-extendable graph, thus, |M| < 1. Since E(CZ) = E1 U Es
where Ey = E(Cg), E2 = E'\ Eq, the following discussions are divided into two cases.

Case 1 Deleting one edge in E;. Without loss of generality, suppose deleting edge v;vs.
From the structure of CZ, if M is an induced matching of CZ, then |M| < 2. If let M = vovs
be an induced matching of G — {v1v2}, it extended to a perfect matching {vovs, vivs, vevs }.
Otherwise, let M = {vav4} be an induced matching of G — {v1v2}, it extended to a perfect

matching {vavy, v3v5, V601 }.

Case2 Deleting one edge in Ey. Without loss of generality, let M = {vqv3} be an induced
matching of G — {viv3}, it extended to a perfect matching {vous,vqvs,vgv1}. Otherwise,
let M = {vsvs} be an induced matching of G — {v1v3} , it extended to a perfect matching
{v3v5, Vo204, V601 }. So 062 is a 4-regular claw-free 1-edge deletable connected IM-extendable

graph. O

Lemma 2.2 Let G be a 4-regular claw- free 1-edge deletable connected IM-extendable graph,
then G = CZ.

Proof For a given u € V(G), since G is 4-regular, let N(u) = {x1,22, 23,24}, N?(u) =
N(N @)\ (N(w){u}), f(u) = [EWN(u))], g(N(u) = [N*(u)|.

Since G is 4-regular and claw-free, we have 2 < f(u) < 6. If f(u) = 6, G is isomorphic
to K, there is no perfect matching in K5 which is a contradiction with 1-edge deletable IM-
extendable graph. If f(u) = 5, G[N(u)] is isomorphic to K4 — e. Without loss of generality, let
e =xoxyq and y1 € N(x2) \ ({u} U N(u)). Since G is 4-regular, there exists z € N(y1) \ N(u).
Let M = {y1z,ux1} be an induced matching of G — {x223}. It could not extend to a perfect
matching of G — {x2x3} which is a contradiction. Next we discuss: 2 < f(u) < 4. There are

three cases according to the value of f(u).
Case 1 f(u)=2.

Let 1,22, x5, x4 be neighbor vertices of u, we have three different subcases: Subcase(a)
2129, X223 € E(G); Subcase(b) x122, 324 € E(G); Subcase(c) x122, 2123 € E(G).

For subcases (a), the induced subgraph of G by vertices w, x1, 3, x4 consists of an induced
subgraph k1,3 which contradict with the assumption. For subcase (b), M = {z1z2,z324} is
an induced matching of G — {ux2}, however, u could not included in vertex set of any perfect
matching of G — {ux2} which contradict with the assumption. For subcase (c), the induced
subgraph of G by vertices u, x2, 3, x4 consists of k; 3, which contradicts with the assumption.
Therefore f(u) # 2.
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Case 2 f(u) =3.

G[N (u)] is isomorphic to Py or K3 U K; or K 3, where P, is the path with n vertices.

If G[N (u)] is isomorphic to Py. Supposing x1x2, raxs, 2324 € E(G), then M = {2129, 2324}
is an induced matching of G — {zaz3}, but it does not extended to a perfect matching of
G — {xax3}.

If G[N(u)] is isomorphic to ki3, obviously G consists of k; 3 as its induced subgraph,
contradiction.

If G[N(u)] is isomorphic to K3 U K, supposing z1xe, 223, 2123 € E(G), then 3 <
g(N(u)) < 6, there are four subcases according to the value of g(N(u)).

Subcase 1. If g(N(u)) = 3, let N%(u) = {y1,%2,y3} then y;xs € E(G) (i = 1,2,3). Since
G is claw-free and 4-regular, then y1y2, y193, y2ys € E(G) and each vertex of x; is adjacent
to only one vertices of y; (where i,j € {1,2,3} are distinct). Without loss of generality, let
x1, %2, x3 are adjacent to yi1,ys2, ys respectively. Let M = {x123,x4y2} be an induced matching

of G — {ux2}. Tt does not extended to a perfect matching of G — {uxs} which is a contradiction.

Subcase 2. If g(N(u)) = 4, let y; € N*(u),i = 1,2,3,4. Since d(x4) = 4, there is three of
yi(1 < i < 4) adjacent to x4, without loss of generality, supposing y;z4 € E(G) (i = 2,3,4).
Because G is claw-free, one have y2ys, y3ya, y2ys € E(G). Obviously y; is adjacent to at least
one vertex of z; (i=1,2,3).

If y; is adjacent to each of z; (i=1,2,3), that is x1y1, x2y1, 2311 € E(G). If y1y4 & E(G),
let M = {x1y1,24y4} be an induced matching of G — {zax3} which could not extended to a
perfect matching of G — {zox3}. If y1ys € E(G), let M = {x1y1,24y3} be an induced matching
of G — {3} which could not extended to a perfect matching of G — {zaz3}.

If y; is adjacent to two vertices of z; (i=1,2,3), without loss of generality, let z1y1, z2y1 €
E(G) and z3y1 € E(G), x5 is adjacent to one of y; (which i € {2,3,4}). If z3ys & E(G), let
M = {xox3,x4y3} be an induced matching of G — {y2y4} which could not extended to a perfect
matching of G — {yaya}. If z3ys € E(G), let M = {zax3,z4ys} be an induced matching of
G — {ux1} which could not extended to a perfect matching of G — {uz1}.

If y; is adjacent to only one of z; (1=1,2,3), without loss of generality, let z1y; € FE(G).
Supposing xaya, x3ys € E(G), let M = {x122,24ys} be an induced matching of G — {uxs}
which could not extended to a perfect matching of G — {ux3}.

Subcase 3. If g(N(u)) = 5, let N2(u) = {y1,Y2,¥3, Y4, V5 } and SUpposing ysx4, a4, ysTs €
E(G). Because G is claw-free, ysya, yays, ysys € E(G). Since no more than two vertices of x;
(1 =1,2,3) is adjacent to y; (j = 1,2), without loss of generality, let z1y1, z2y2 € E(G).

If x3 is adjacent to y; or ye, supposing x3y1 € E(G). Let M = {x 235, x4ys} be an induced
matching of G — {uxs}. It does not extended to a perfect matching of G — {uxs} which is a
contradiction.

If zgy; & E(G) (i=1,2). Without loss of generality, supposing z3ys € E(G). Let M =
{z123,24y5} be an induced matching of G — {uzs} which could not extended to a perfect
matching of G — {uzs}.

Subcase 4. If g(N(u)) = 6, without loss of generality, supposing y;z4 € E(G) (i = 4,5,6).
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Because each vertex of z; (i=1,2,3) has degree 3 in N(u), each of z; (i = 1,2,3) is adjacent
to only one of y; (j = 1,2,3), without loss of generality, let z;y; € E(G) (i = 1,2,3). Let
M = {x1x3,x4y4} be an induced matching of G — {uxs} which could not extended to a perfect
matching of G — {uxzz}. So f(u) # 3.

Case 3 If f(u) =4, G[N(u)] is isomorphic to Cy or K; 3 + e.

If G[N(u)] is isomorphic to Cy4. Since there are only four edges between N(u) and N2 (u),
then 1 < g(N(u)) < 4.

(3.1) If g(N(u)) = 1. Supposing v € N?(u), there exists z;v € E(G) (i = 1,2,3,4), it is
isomorphic to Cz.

(3.2) If g(N(u)) = 2. Supposing y1,y2 € N?(u). There are two subcases. Subcases 1,
there are two vertices adjacent to y1, two vertices adjacent to y». Subcases 2, there are three

vertices adjacent to y;, only one vertex adjacent to ya.

Subcase 1. Supposing x1y1, 2y1, T3y2, Tay2 € E(G), there exists z, satisfying y12 € E(G).
Let M = {x3x4,y12} be an induced matching of G — {x 22} which could not extended to a
perfect matching of G — {x122}.

Subcase 2. Supposing z1y1, Z2y1, T3y1, Tay2 € E(G). However, x4, x3, 21, y2 induced a K 3
which is a contradiction.

(3.3) If g(N(u)) = 3. Supposing y1,y2,y3 € N2(u). Obviously, only two vertices of x;
(1=1,2,3,4) are adjacent to one of y; (i=1,2,3). Without loss of generality, let z;y;, z4y3 € E(G)

(1=1,2,3). x2,21,y2, z3 induced a K 3 which is a contradiction.

(3.4) If g(N(u)) = 4. Supposing y1,y2,y3,ys € N2(u). Without loss of generality, let
z;y; € E(Q) (i =1,2,3,4). x2,21, 41, x4 induced a K 3 subgraph. If G[N(u)] is isomorphic to
Cy, it does not extended to a perfect matching. If G[N(u)] is isomorphic to K7 3+ e, supposing
X122, 2173, T124, T374 € FE(G), since there are only 4 edges between N (u) and N2(u), one have
2 < g(N(u)) < 4. There are three subcases according to the value of g(N(u)).

Subcase 1. If g(N(u)) = 2. Supposing N?(u) = {y1,y2}, then xay1,z2y2 € E(G). Because
G is claw-free, y1y2 € F(G). If both of x3, x4 are adjacent to yi1, let M = {uz1,y1y2} be an
induced matching of G —{z3x4} which could not extended to a perfect matching of G — {x3x4}.
If x3y1,4y2 € E(G), let M = {ux1,y1y2} be an induced matching of G — {x3x4} which could

not extended to a perfect matching of G — {zsx4}.

Subcase 2. If g(N(u)) = 3, supposing N?(u) = {y1,92,y3}. Without loss of generality, let
xay1,x2y2 € E(G). Because G is claw-free, y1y2 € E(G). If both of x3, x4 are adjacent to
y3, let M = {y1y2, z324} be an induced matching of G — {z123}. However, not all vertices of
21,2, u could be included in a perfect matching vertices of G —{z123} which is a contradiction.
If z3ys, x4y2 € E(G), let M = {x123,y192} be an induced matching of G — {z1z2}. However,
not all vertices of za, x4, u could be included in a vertex set of perfect matching of G — {z1x1}
which is a contradiction.

Subcase 3. If g(N(u)) = 4, Supposing N?(u) = {y1,v2,¥3,ya}. Without loss of generality,
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let Zoy1, X2y2, X3Y3, Tays € E(G). Because G is claw-free, y1y2 € E(G). Let M = {z124, Y192 €
E(G)} be an induced matching of G — {uxs} which could not extended to a perfect matching
of G — {uxs}. The lemma 2.2 is proved. O

Lemma 2.3 [f n>5, then C? is Zz-connected.

Proof By the definition of C¥, for n > 5, there exists a subgraph of C? isomorphic to Woy,.
By lemma 1.2, Wy, is Zz-connected. Since C? is triangularly connected, by contracting Way, in

C? and Lemma 1.4, we have C? is Z3-connected. a

Theorem 2.4 The group connectivity of 4-regular claw- free 1-edge deletable IM-extendable
graph is 3.

Proof By applying lemma 2.1 and lemma2.2, 4-regular claw-free 1-edge deletable IM-
extendable graph is C2. From Lemma 2.3, the group connectivity of 4-regular claw-free 1-edge
deletable IM-extendable graph is not more than 3. By lemma 1.3 we conclude the group con-
nectivity of 4-regular claw-free 1-edge deletable IM-extendable graph is more than 2. Therefore,
the group connectivity of 4-regular claw-free 1-edge deletable IM-extendable graph is 3. This
theorem is proved. O
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For standard terminology and notion in graph theory we refer the reader to Harary [2]; the
non-standard will be given in this paper as and when required. We treat only finite simple
graphs without self loops and isolates.

The line graph L(G) of a graph G is defined to have as its vertices the edges of G, with two
being adjacent if the corresponding edges share a vertex in GG. Line graphs have a rich history.
The name line graph was first used by Harary and Norman [3] in 1960. But line graphs were
the subject of investigation as far back as 1932 in Whitney s paper [7], where he studied edge
isomorphism and showed that for connected graphs, edge-isomorphism implies isomorphism
except for K3 and Ki 3. The first characterization (partition into complete subgraphs) was
given by Krausz [5]. Instead, we refer the interested reader to a somewhat older but still an
excellent survey on line graphs and line digraphs by Hemminger and Beineke [4]. An excellent
book by Prisner [6] describes many interesting generalizations of line graphs. In this note we
generalize the line graph L(G) of G as follows:

Let G = (V, E) be a graph of order p > 3, k and r be integers with 1 < r < k < p. Let
U = {51,852, ...,5,} be the set of all distinct connected acyclic subgraphs of G of order k and
U ={T1,T>,...,T,n} be the set of all distinct connected subgraphs of G with size k.

The vertezx (k,r)-graph Li(’km)(G), where 1 < r < k < p is the graph has the vertex set
U where two vertices S; and Sj, ¢ # j are adjacent if, and only if, S; N S; has a connected
subgraph of order r.

The edge (k,r)-graph L?,w)(G), where 0 < r < k < ¢ is the graph has the vertex set U’
where two vertices T; and T}, ¢ # j are adjacent if, and only if, T; NT; has a connected subgraph
of size r.

The Smarandachely (k,r) line graph L(Skyr)(G) of a graph G is such a graph with vertex
set U’ and two vertices T; and Tj, i # j are adjacent if and only if, 7; N T} has a connected
subgraph with order or size r. Clearly, L?k,r)(G) < L(Sk)r)(G) and L‘(ik)r)(G) < L(S,”)(G). In

1Received December 22, 2010. Accepted March 3, 2011.



120 P. Siva Kota Reddy, Kavita. S. Permi and B. Prashanth

Figure 1, we depicted L(G), L{, ,,(G) and L{; ,(G) for the graph G.

13 46
G (&) 12 34 e
23 45
134 345 abd bde gcd
LsalG) 193 A56 Eea(G): o o
234 346 acd cde gfd

Figure.1

One can easily verify that: L3(K;3) = K3, L3(Cp) = Cy, for n > 3, L3(P,) = P,—1 and
L3(Ky) = L(Ky — ¢) = K4.

For any positive integer k, the k" iterated line graph L(G) of G is defined as follows:
LY(G) =G, LF(G) = L(L*1(Q)).

A graph G is a (3,2)-graph if there exists a graph H such that L 2)(H) = G. First we
prove the following result:

Proposition 1 For any graph G, L 2) = L*(G).

Proof First we show that L3 2) ) and L?(G) have the same number of vertices. Let S
be a vertex in L3 2)(G). Then S corresponds to a subgraph of order 3 in G. Say, S consists
of two adjacent edges ab and be. Then corresponding to S we have an edge in L(G) with end
vertices ab and be, and corresponding this edge, we have a vertex say abc in L?(G). Similarly,
we can show that very vertex in L?(G) corresponds to a connected subgraph of order 3. This
proves that L3 2)(G) and L?(G) have the same number of vertices. Now, let Sy and S; be two
adjacent edges in L(32)(G). Then Sy and Sy correspond to two connected subgraphs of order
3 each, having a common edge. These in turn will give two adjacent edges, say e(S1) and e(S2)
in L(G) and this will give an edge in L?(G) with end vertices e(S;) and e(S2). This proves the
result. O

In general one can establish the following result.

12

Proposition 2 Let G be a graph of order p and2 > r <k < p. If A(G) < 2 then L —1)(G)
LE=Y@).

Note that this is true only when A(G) < 2. For example, we find L?{}lq)(Kl,n) =K, =
L(K1.).

Proposition 3 The star K13 is not a 3-line graph.
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Proof Let K3 be a 3-line graph. Then there exists a graph G such that L(K73) = G.
Since K3 has four vertices, G should have exactly four connected subgraphs each of order
three. All connected graphs having exactly four induced subgraphs are as follows: i) Cy, ii) Ky,
iii) K4 — e and iv) Ps. None of these graphs have K 3 as its 3-line graph. O

Clearly, any graph having K 3 as an induced subgraph is not a 3-line graph. Hence, we

have

Corollary 4 K ,, n > 3 is not a 3-line graph.

It is not true in general that the line graph L(G) of a graph G is a subgraph of L3(G). For
example, L3(K7 4) does not contain Ky, the line graph of K 4 as a subgraph.

Problem 5 Characterize 3-line graphs.
A graph G is a self 3-line graph, if it is isomorphic to its 3-line graph.
Problem 6 Characterize self 3-line graphs.

Proposition 7 Let L3(G) be the 3-line graph of a graph G of order p > 3. The degree of a
vertex s in L3(G) is denoted by degs and is defined as follows:

Let S be the subgraph of G corresponding to the vertexr s in L3(G). For an edge x = uv in
S, let d(z) = (deggu + deggv) — (degsu + deggv), where deggu and degsu are the degrees of u
in G and S respectively. Then d(s) = Z d(zx).

S

Proof Consider an edge uv in S. Suppose y = uz is an edge of G at v which is not in S.
Then y belongs to a connected subgraph Sy of cardinality three containing the edge uv which
is distinct form S. Since S and S have common edge, ss; is an edge in L3(G), where s; is the
vertex in L3(G) corresponding to the subgraph S; in G. Similarly, for any edge y1 = vz1 at v
in G which is not in S, we have an edge sse in L3(G). This implies that corresponding to the
edge x = wv in S, we have (deggu — degsu) + (deggv — degsv) edges in L3(G), and hence the
result follows. 0
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81. Introduction

Unlike other areas in mathematics, graph theory traces its beginning to definite time and place:
the problem of the seven bridges of Konigsberg, which was solved in 1736 by Leonhard Euler.
And in 1752 we find Euler’s Theorem for planer graph. However, after this development, little
was accomplished in this area for almost a century [4].

here are many physical systems whose performance depends not only on the characteristics
of the components but also on the relative locations of the elements. An obvious example is an
electrical network. One simple way of displaying a structure of a system is to draw a diagram
consisting of points called vertices and line segments called edges which connect these vertices so
that such vertices and edges indicate components and relationships between these components.
Such a diagram is called linear graph. A graph G is a triple consisting of a vertex-set V(G), an
edge-set E(G) and a relation that associated with each edge two vertices called its endpoints.

82. Definitions and Background

Definition 2.1 An abstract graph G is a diagram consisting of finite non empty set of elements
called vertices denoted by V(G) together with a set of unordered pairs of these elements called
edges denoted by E(G). The set of vertices of the graph G is called the vertex-set of G and the
list of the edges 1is called the edge-list of G [1,5,9,10].

Definition 2.2 An oriented abstract graph is a pair (V,E) where V is finite non empty set
of vertices and E is a set of ordered pairs of distinct elements of E with the property that if
(v,w)eE then (w,v)¢E where the element (v,w) denote the edge from v to w [4,5].

1Received December 22, 2010. Accepted March 3, 2011.
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Definition 2.3 An empty graph is a graph with no vertices and no edges [5].
Definition 2.4 A null graph is a graph containing no edges [9,10].

Definition 2.5 A multiple edges defined as two or more edges joining the same pair of vertices
[1,8,9,10].

Definition 2.6 A loop is an edge joining a vertex to itself [1,8,9,10].
Definition 2.7 A simple graph is a graph with no loops or multiple edges [9].
Definition 2.8 A multiple graph is a graph with allows multiple edges and loops [1,8,9,10].

Definition 2.9 A complete graph is a graph in which every two distinct vertices are joined by
exactly one edge [5,6,9,10].

Definition 2.10 A connected graph is a graph that in one piece, where as one which splits in

to several pieces is disconnected [9].

Definition 2.11 Given a graph G, a graph H is called a subgraph of G if the vertices of H are
vertices of G and the edges of H are edges of G [5,6,8].

Definition 2.12 Let v and w be two vertices of a graph. If v and w are joined by an edges,
then v and w are said to be adjacent. Also, v and w are said to be incident with e then e is said
to be incident with v and w [10].

Definition 2.13 Let G be a graph without loops, with n-vertices labeled 1,2,3,....,n. The
adjacency matriz A(G) is the n X n matriz in which the entry in row i and column j is the

number of edges joining the vertices i and j [10].

Definition 2.14 Let G be a graph without loops, with n- vertices labeled 1,2,3,...., n and m
edges labeled 1,2,3,....,m. The incidence matriz I(G) is the nxm matriz in which the entry in

row i and column j is | if vertex i is incident with edge j and 0 otherwise [10].

§3. Main Results

In this article, we will define new types of graphs as follows:

Definition 3.1 A Smarandache mother-father graph is a graph G in which there are vertices
LuZ, e ut vk w2 ol in Gowith a partition of Vi, va, -+, Vi, of V(G) such that vi,

Uy U Uy, Vo s U v
is important than vi, v is important than vs - - -, and v;- is important than v§+1, -+« important

m 9 m? m Ym? r¥m
than uin forv1i<i<n, j>1, we call vfn, uiml < i < n mother vertices and father vertices.
Particularly, if n = 1 and there are no father vertices in a graph G, we call such a graph G

1-mother graph, seeing Figure 1.
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Um V1 V2 U3 V4

Figure 1

Now we will classify the 1-mother vertex graph with respect to the number of the family

which contacts with the mother vertex as follows:

Definition 3.2 A I-mother vertex graph with n families of vertices is a graph G, which it’s

vertex-set has the form V{vm;v%,v%,vé,-u 03 V3 03,y ;v?,v?,v:’,},-u}, where v],v5, v§, - -

is the i-th family, seeing Figure 2.

Um U1 U2 U3 Vg Vg vz U2 U1 Um v V2 U3 U4
(a) 1 family (b) 2 families
2
v
2 v3 U2
v% 2 3
1 U1
Um v} ’U% v% v} Um v‘f v%
3 o™ /
v 1
; 1 i -~ -
U5 U2
(c) 3 families (d) n families
Figure 2

Definition 3.3 Any edge has vy, as a vertex is called a mother edge.

In Figure 2, there is a one mother edge in (a), two mother edges in (b), three mother edges

in (c¢) and n mother edges in (d).

Note 1) The families of vertices in a 1-mother vertex graph with n families not necessary have

the same number of vertices , seeing Figure 3.

v3
vt
*r— 0
Um U1 v§ v% v% Um v% vg v% v% Um v% v%
1 family 3 families 2 families
Figure 3

2) The following graph is not 1-mother vertex graph, seeing Figure 4.
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Figure 4

Definition 3.4 An empty I-mother vertex graph is an 1-mother vertex graph with no vertices
and no edges.

Definition 3.5 A simple 1-mother vertex graph is an 1-mother vertex graph with no loops and
no multiple edges, seeing Figure 3.

Definition 3.6 A multiple 1-mother vertex graph is an 1-mother vertex graph allows multiple
edges and loops, seeing Figure 5.

3
U2
3
U1
Um U1 v% v% v% Um v% v§ v% v% Um v% v%
1 family 3 families 2 families
Figure 5

Definition 3.7 A connected 1-mother vertex graph is 1-mother vertex graph that in one piece

and the one which splits into several pieces is disconnected,seeing Figure 6.

2 2 2
v3 (5 vy Um vy (25

(a) A connectedl-mother vertex graph with 2 families

(a) A connectedl-mother vertex graph with 2 families

Figure 6

Note The following graph is not disconnected 1-mother vertex graph and also is not 1-mother
vertex graph.

Figure 7
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Definition 3.8 A graph H! is said to be main supgraph of G*, ,where n,i € z* and i < n,
ifV(HL) CV(GR) , B(HL,) C B(GL) and vn € V(H},).

Proposition 3.1 The main supgraph HE, of G, is 1-mother vertex graph.

Definition 3.9 A graph H is a supgraph of G, if V(H) C V(GY,) , E(H) C E(GY,) and
v & V(Hy,).

Proposition 3.2 A supgraph H of G}, is not 1-mother vertex graph.

Example 3.1 As shown in Figure 8, H2 is a main supgraph of G2, and H is a supgraph of
G?,.

0_0 0

2 2 2 2 1 1 2 2 772 ,,2 2
vy U3 vy Gz, Um v vy V3 vy HZ vt Um V3 4 vy

Figure 8

Definition 3.10 An oriented 1-mother vertex graph is a pair (V, E) where V is finite non
empty set of vertices and E is a set of ordered pairs of distinct elements of E with the property
that if (v,w) € E, then (w,v) ¢ E, where the element (v, w) denote the edge from v to w, seeing
Figure 9.

. Q
v3 v% v% Um v% v%
2
G
Figure 9

Definition 3.11 Let G}, be a 1-mother vertex graph, with n-families of vertices. The adjacency
matric A(GY, ) is the (n+1)z(n+1) matriz in which the entry in row i and column j is matriz

its elements are the number of edges joining the families i and j.

Definition 3.12 Let G, be a I-mother vertex graph, with n-families. The incidence matriz I(
GI ) is the (n+1) x n matriz in which the entry in row i and column j is matriz its elements is

lif vertex in family i incident with edge in family j and 0 otherwise.

Example 3.2 The adjacency matrix and the incidence matrix of a 1-mother vertex graph G2,
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as shown in Figure 9 are given by

01 0100 1 11 0 0 0 0
1110 0 0 0 1. 1.0 00
010000 1 0 01 0O
AGF) = 1(G},) =
10 0 0 2 0 0 0 01 10
0 00 2 01 0 0 01 10
100 0 0 1 0| |00 0 0 1 1]

where the symbol 1'in the matrix in the row 1 and column 2 of the incidence matrix means
that there exists a loop at the vertex v}with the edge ef.

Theorem A A complete 1-mother vertex graph is not defined.

Proof Let there exist a complete 1-mother vertex graph. Then this mean that every two
distinct vertices are joined which is contradict with the definition of the 1-mother vertex graph.

Hence the complete 1-mother vertex graph is not define. 0
New we will define the union of any 1-mother vertex graphs as follows:

Definition 3.13 The union of G, and G?, , denoted G?,U G?, is the graph with vertex set
ViUV, and edge set Fy U Es.

Proposition 3.3 The union of any 1-mother vertex graphs is 1-mother vertex graph if v, € V1N
Vs.

Proof Let we have two 1-mother vertex graphs, the union of these graphs has one of two

types.

1) If v, €V N4, ie. the new graph has one mother vertex, then the new graph is

1-mother vertex graph, seeing Figure 10.a.

2) If v, ¢Vy N Vo, ie. the new graph has more than one mother vertex, then the new

graph is not 1-mother vertex graph, seeing Figure 10-b. O
2
U3
2
0 ;
2 2 2 1 vl
vy U3 vy Um U1 union U, O O
H? 4 4 4 3 3
O O U3 vy U] vy v
2 2 2 1 1 v O
V3 vy V] Um v 5 1
2 2 2
Gy, H: UGs,

Figure 10-a
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2 2 2 .
vz U3 U12 Um U1 ynion N O P O O
Hy, O O v w3 v Um vivs v 0P Um vf v)
v% vg vy v?;b v% v% , ,
Gz, H> UGE,
Figure 10-b

The intersection of 1-mother vertex graphs will be defined as follows:

Definition 3.14 The intersection of G3, and Gy, denoted G, N GY, s the graph with vertex
set Vi NV, and edge set £1 N Fs.

Proposition 3.4 The intersection of any number of 1-mother vertex graphs is 1-mother vertex
graph if vy, e Vi NV or ViNVa =¢ and E1 N Es.

Proof Let we have n number of 1-mother vertex graphs, the intersection of these graphs

has one of two types.

1) If v, e ViNVa---NV,,ie. the new graph has one mother vertex, then the new graph

is 1-mother vertex graph, seeing Figure 11-a.
2) If v, ¢ Vi NVa---NV, = ¢, i.e. the new graph is the empty 1-mother vertex graph.

3) fu, ¢ViNVy---NV, # ¢, i.e. the new graph has more than one mother vertex, then

the new graph is not 1-mother vertex graph, see Figure 11-b. O
. N . O
v% v% v% Um v%
HZ Intersection O
Um, ’U%
. O, . O O H2 NG?
v2 02 02w 1 1 m m
3 2 1 m U U2
G

Figure 11-a



130 F. Salama

. <\ . O
vg v% v% Um, v%
H2, Intersection
2 2 2
U3 U3 U1
N 2 2
. . f H2 NGE,
v3 (5 vy Um Ch V3
2
G
Figure 11-b

In this section we will define special types of 1-mother vertex graphs.

Definition 3.15 A spider mother graph S;, is 1-mother vertex graph has the form as shown
in Figure 12.

vi vi
3 2
U3y i
23 5|2
vy v%
m\JU1
V] v}
1 1
2 U3
U3
3 1 4 1
U3 U3 'U4 'U4

(a) Spider mother graph with 3 families (b) Spider mother graph with 4 families

Figure 12

Note The least number of families which the spider graph has is three.

Definition 3.16 A tree mother graph T is 1-mother vertex graph has the form as shown in

Figure 13.
T} T2 T3 T T3

m m m m m

Figure 13



One-Mother Vertex Graphs 131

Example 3.3 The adjacency matrix of the spider graph as shown in Figure 12-a are given by

01001007100
1010100100
0101010010
0010001001
1100010100
0010101010
0001010001
1100100010
00100107101
000100101 0|

the existence of the unit matrix in column I and raw j means that the family in the column I

and the family in the raw j have the relation between the vertices which have the same order.

Definition 3.17 An orbit mother graph is 1-mother vertex graph is a 1-mother vertex graph
containing no edges and the elements in the same family have the same distance from the mother

vertex, seeing Figure 14.

DN —

Figure 14

84. Applications

(1) The solar system is orbit mother graph.

(2) If we illustrate the nervous system by using the graph we find that the nervous system is

1-mother vertex graph, seeing Figure 16.



132

References

[1] L. W. Beineke and R. J. Wilson, Selected Topics in Graph Theory(2), Academic press Inc.

Cranial
(KRAY-noe-ud
nervens go from
your bramn to
your eyens,
mouth, ears,
and other
parts of

your head

Paripheral
(puh-RIF-uh-rul)
nerves go from
your spingl cord
10 your arms,
hands, legs,
and foot

LTD, London, 1983.

[2] A. Gibbons, Algorithmic Graph Theory, Cambridge University Press, com bridge, UK,

1985.

[3] P. J. Giblin, Graphs, Surfaces and Homology, an introduction to algebraic topology, Chap-
man and Hall I, td, London 1977.
[4] R.P. Grimaldi, Discrete and Combinatorial Mathematics, Addison-Wesley publishing Com-

pany. Inc,New York,1994.

[5] J. L. Gross and T. W. Tucker, Topological Graph Theory, Jon Wiley & Sons. Inc, Canada,

1987.

[6] A. T. White, Graph, Groups and Surfaces, Amsterdam, North-Holland, Publishing Com-
pany, 1973.

[7] R. J. Wilson, Introduction to Graph Theory, Oliver & Boyed, Edinburgh, 1972.

[8] R. J. Wilson, J. J. Watkins, Graphs, an introductory approach, a first course in discrete

F. Salama

Figure 16

Contral nerves
ara in your
brain and
spinal cord

Autonomic

(aw- toh-NOM- &)
nerves go from
your spinal cord

1o your ungs,
heart, stomach,
intestines, bladdeor,
and sex argans

mathematics, Jon Wiley & Sons Inc, Canada, 1990.



Perfect understanding will sometimes almost extinguish pleasure.

By A.E.Housman, a British scholar and poet



Author Information

Submission: Papers only in electronic form are considered for possible publication. Papers
prepared in formats, viz., .tex, .dvi, .pdf, or.ps may be submitted electronically to one member
of the Editorial Board for consideration in the Mathematical Combinatorics (Interna-
tional Book Series (ISBN 978-1-59973-146-9). An effort is made to publish a paper duly
recommended by a referee within a period of 3 months. Articles received are immediately put
the referees/members of the Editorial Board for their opinion who generally pass on the same
in six week’s time or less. In case of clear recommendation for publication, the paper is accom-
modated in an issue to appear next. Each submitted paper is not returned, hence we advise
the authors to keep a copy of their submitted papers for further processing.

Abstract: Authors are requested to provide an abstract of not more than 250 words, lat-
est Mathematics Subject Classification of the American Mathematical Society, Keywords and
phrases. Statements of Lemmas, Propositions and Theorems should be set in italics and ref-
erences should be arranged in alphabetical order by the surname of the first author in the

following style:
Books

[4]Linfan Mao, Combinatorial Geometry with Applications to Field Theory, InfoQuest Press,
2009. [12]W.S. Massey, Algebraic topology: an introduction, Springer-Verlag, New York 1977.

Research papers

[6]Linfan Mao, Combinatorial speculation and combinatorial conjecture for mathematics, In-
ternational J.Math. Combin., Vol.1, 1-19(2007).
[9]Kavita Srivastava, On singular H-closed extensions, Proc. Amer. Math. Soc. (to appear).

Figures: Figures should be drawn by TEXCAD in text directly, or as EPS file. In addition,
all figures and tables should be numbered and the appropriate space reserved in the text, with

the insertion point clearly indicated.

Copyright: It is assumed that the submitted manuscript has not been published and will not
be simultaneously submitted or published elsewhere. By submitting a manuscript, the authors
agree that the copyright for their articles is transferred to the publisher, if and when, the
paper is accepted for publication. The publisher cannot take the responsibility of any loss of

manuscript. Therefore, authors are requested to maintain a copy at their end.

Proofs: One set of galley proofs of a paper will be sent to the author submitting the paper,
unless requested otherwise, without the original manuscript, for corrections after the paper is
accepted for publication on the basis of the recommendation of referees. Corrections should be
restricted to typesetting errors. Authors are advised to check their proofs very carefully before

return.



Mathematical Combinatorics (International Book Series) March, 2011

Contents

Lucas Graceful Labeling for Some Graphs

BY M.A.PERUMAL, SNAVANEETHAKRISHNAN AND A.NAGARAJAN......... 01
Sequences on Graphs with Symmetries

BY LINFAN MAO ...ttt e e e e e e 20
Supermagic Coverings of Some Simple Graphs

BY P.JEYANTHI AND P.SELVAGOPAL . ... i 33
Elementary Abelian Regular Coverings of Cube

BY FURONG WANG AND LIN ZHANG. .. ..ot 49
Super Fibonacci Graceful Labeling of Some Special Class of Graphs

BY R.SRIDEVI, SNAVANEETHAKRISHNAN AND K.NAGARAJAN.............. 59
Surface Embeddability of Graphs via Tree-travels

BY YANPEI LIU . ..ottt e e e 73
Edge Maximal C3 and Cs-Edge Disjoint Free Graphs

BY M.S.A.BATAINEH AND M.M.M.JARADAT . ... . i, 82
A Note on Admissible Mannheim Curves in Galilean Space Gj3

BY S.ERSOY, M. AKYIGIT AND M.TOSUN ...ttt 88
The Number of Spanning Trees in Generalized Complete Multipartite Graphs
of Fan-Type BY JUNLIANGE CAI AND XTAOLI LIU ....... ... .. 94
A Note on Antipodal Signed Graphs

BY P.SIVA KOTA REDDY, B.PRASHANTH AND KAVITA SPERMI............ 107
Group Connectivity of 1-Edge Deletable IM-Extendable Graphs

BY KEKE WANG, RONGXIA HAO AND JIANBING LIU ...............coiia... 113
A Note On Line Graphs

BY P.SIVA KOTA REDDY, KAVITA. S. PERMI AND B.PRASHANTH........... 119
One-Mother Vertex Graphs

BY F S AL A M A e 123

ISBN 9781599731469

Ne)

7815991731469




