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PREFACE

In 1996 the author wrote reviews for “Zentralblatt fir Mathe-
matik” for books [1] and [2] and this was him first contact of with
the Smarandache’s problems.

In [1] Florentin Smarandache formulated 105 unsolved problems,
while in [2] C. Dumitrescu and V. Seleacu formulated 140 unsolved
problems. The second book contains almost all problems from [1},
but now every one problem has unique number and by this reason
the author will use the numeration of the problems from [2]. Also,
in [2] there are some problems, which are not included in [1]. On
the other hane, there are problems from [1], which are not included
in [2]. One of them is Problem 62 from [1], which is included here
under the same number.

In the summer of 1998 the author found the books in his library
and for a first time tried to solve a problem from them. After
some attempts one of the problems was solved and this was a power
impulse for the next research. In the present book are collected the
27 problems solved by the middle of February 1999.

The bigger part of the problems discussed in the present book (22
in number) are related to different sequences. For each of them the
form of the n—th member is determined and for all of them except 4
problems - the form of the n—th partial sum. Four of the problems
are proved; modifications of two of the problems are formulated;
counterexamples to two of the problems are constructed.

When the text was ready, the author received from “Zentralblatt
fir Mathematik” Charles Ashbacher’s book [8] for reviewing. The
author read immediatelly the book [8] and he was delighted to see
that only five of the problems on which he had worked are discussed
there and that the approach to these problems is different in both
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books. Reading [8], the author understood that there are other
books related to the Smarandache’s problems [9-13], which he had
not known up to the moment.

The author hopes to prove some other problems from [1] and [2]
in future, but there are problems, for which it is not clear whether
they will be solved in the next years or will share the fate of Fermat’s
Last Theorem.

The author would like to express his acknowledgements to Dr.
Mladen V. Vassilev - Missana and Nikolai G. Nikolov, who read and
corrected the text, to his daughter Vassia K. Atanassova and his
students Valentina V. Radeva and Hristo T. Aladjov for collabora-
tion, to Prof. Vasile Seleacu and Dr. M. L. Perez who encouraged
him to prepare the book, and to Prof. Florentin Smarandache for
the interesting problems which were a pleasant preoccupation for
the author during half an year.

March 6, 1999 Krassimir Atanassov
CLBME - Bulgarian Academy of Sciences
Bulgaria, Sofia-1113, P.O.Box 12
e-mail: krat@bgcict.acad.bg



§1. ON THE 4-th SMARANDACHE’S PROBLEM !

The 4-th problem from [2] (see also 18-th problem from [1]) is
the following:

Smarandache deconstructive sequence:

1, 23, 456, 7891, 23456, 789123, 4567891, 23456789,

123456789, 1234567891,

Let the n-th term of the above sequence be a,. Then we can see
that the first digits of the first nine members are, respectively: 1, 2,
4,7,2,7,4, 2, 1. Let us define the function w as follows:

r|w(r)
0 1
1 1
21 2
3| 4
4| 7
D F-2
6| 7
71 4
8| 2
9| 1

Isee also
K. Atanassov, On the 4-th Smarandache’s problem. Notes on Number Theory
and Discrete Mathematics, Vol. 5 (1999), No. 1, 33-35.



Here we shall use the arithmetic function ¥, discussed shortly in
§16 and detailed in the author’s paper [3] .
Now, we can prove that the form of the n—th member of the
above sequence is
an = b1bs...by,
where

n
b = w(n - [3])
bs = ¥(w(n - [g])+1)

n
b = $((n ~[3])+ 2~ 1).
Every natural number n can be represented in the form
n=9%+r,

where ¢ > 0 is a natural number and r € {1,2,...,9}.
We shall prove by induction that the forms of nine sequential
members @n41, Gni2;e--r Gnt9, Where n = 9g + r, are the following:

Gog41 = 32...9 12..9. 12...5{1
q tx;nes

G9q42 = L23...1 23...1...23...123

o

"

q times

Gsgs3 = 453453 45,3456

'

q times
G9q4q = 386 18:,.0.:. 78...? 7891

=

¢ times



Qgq45 = 3}1 23sedicns 23...123456

q times

Gog4+6 = :(8...6 18...6... 78...(i 789123

. -

¢ times

Qg9q4+7 = 45...345...3 ... 45...34567891

q tf;lles
Ggq+8 = 23...123...1...23...1 23456789

q times

aggt9 = 12..912...9... 12...9

g+1 times
When ¢ = 0 the validity of the above assertion is obvious. Let
us assume that for some natural number q, agg41, @9g42, - Qgq49

have the above forms. Then for agg410, 29411, .- @9g+18 We obtain
the following representations, taking p = ¢ + 1:

G9g410 = Qopp1 = 12...912...9...12..91

P times

agq+11 = Qg9p42 = 2312301 ... 23...128

» times

&9q+12 = G9p+3 = 45..345.3.45..3456

p ti‘IFneS
Gg9q413 = Qgp44 = 18...678...6... 78...6 7891

P tiYnes
Q9q414 = Q9p45 = 231241 .. 23.,,1 23456

-
p times
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G994+15 = Gop4s = 78...678...6... 78...6 789123

] tliles
099416 = Ggpp7 = :153 45..3... 45...?4567891

el

» times
Q9g4+17 = Gg,“ = "o TIY @...12345‘6789
» ti;nes
Q99418 = Ggpig = 29 1.9 12...?

»+1 times

a0
To the above sequence {a,} we can juxtapose the sequence
n=]

{¥(a,)} for which we can prove (as above) that its basis is
=1
[1,5,6,7,2,3,4,8,9].
The problem can be generalized, e.g., to the following form:

Study the sequence {an}32,, which s—th member has the form
a, = EE...&, .
where byby...b, x € {1,2, w9} and

by = (s~ [5])

bs = $(w/(s - [5]) +1)

bok = $(w'(s - [g]) +sk-1),



11

and here
w'(r)
1

Yk +1)
{3k +1)
Y(6k + 1)
¥(10k + 1)
P(15k + 1)
P(21k+ 1)
P(28k + 1)
%(36k + 1)

© 00 I O D =

For example, when k = 2:

12, 3456, 789123, 45678912, 3456789123, 456789123456,

789123456789 12, 3456789 123456789,

123456789 123456789, ...

To the last sequence {a,}32, we can juxtapose again the se-

quence {1(a,)}3, for which we can prove (as above) that its basis
is 3,9,3,6,3,6,9,8,9].
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§2. ON THE 16-th SMARANDACHE’S PROBLEM ?

The 16-th problem from [2] (see also 21-st problem from [1]) is
the following:

Digital sum:

0,1,2,3,4,5,6,7,8,9,1,2,3,4,5,6,7,8,9,10,2,3,4,5,6,7,8,9, 10, 11,

3,4,5,6,7,8,9,10,11,12,4,5,6,7,8,9, 10,11,12, 13,

g—

5,6,7,8,9,10,11,12,13,14, .. (1)

(d,(n) is the sum of digits.)
Study this sequence.

First we shall note that function d, is the first step of another
arithmetic (digital) function ¢, discussed in details in the author’s
paper (3] and shortly - in §16.

After applying of this function over the set of the natural num-
bers, or over the above sequence, we obtain the sequence

0,1,2,3,4,5,6,7,8,9,1,2,3,4,5,6,7,8,9,10,2,3,4,5,6,7,8,9, ..

10,11,3,4,5,6,7,8,9,...10,11,12,4,5,6,7,8,9, ...

2see also
K. Atanassov, On the 16-th Smarandache’s problem. Notes on Number Theory
and Discrete Mathematics, Vol. 5 (1999), No. 1, 36-38.
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On the other hand, in [3] (shortly in §16) another function (¢) is
introduced. After its applying over the set of the natural numbers,
or over the above sequence, we obtain the sequence

911)21314?5"6! 7,839493721 3,4)5|6’ 7’8?g$},2l374,5! 6" 7] 8’9;] i

and the set [1,2,3,4,5,6,7,8,9] is called a basis of the set of the
natural numbers about .

Below we shall show the form of the general term of the sequence
from the Smarandache’s problem. Let its members are denoted as
41,43, ..., Gy, .... The form of the member a, is:

o0
n
a,=n-9 Y |[—].
k=1 [10k

(2)
The validity of (2) can be proved, e.g., by induction. It is ob-
viously valid for n = 1. Let us assume that for some n (2) is true.

For n there are two cases.
Case 1: n# 99 ...9 (m > 1). Therefore
N’

m times
n+1<99...9
m times
and
e n ©® n41l
Z [_k] = ¥ | 3 ])
k=1 10 k=1 10
from where
oo n o n+1
a =a,+1=n-9. £ [—]|+1=(n+1)-9. ;
= k=1 10"] ( ) k=1 [ 10‘& ]
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Case 2: n=99 ... 9. Therefore

m times
n+1=100..0
-times

and

¢.+1=1=100...0-99...9=100...9—9.(1 00..0

m times m times m times m-1 times
- +1 00..0 +...1)
m-2 times
> 100...0 ® n+4l1
=100...0-9. ¥ [—1]= 1)-9. ¥ .
g0..0 m[m*] (n+1) :==1[10“]
m times

Therefore (2) is true.

The second important question, which must be disccused about
the sequence (1), is the validity of the equality d,(m) + d,(n) =
d,(m + n). Obviously, it is not always valid. For example

dy(2) +d,(3) = 2+ 3 =5 = d,(5),

but
d,(52) + d,(53) = 7+ 8 = 15 # 6 = d,(105).
The following assertion is true

[ du(m) + dy(n), if dy(m) + dy(n) < 9.max((%{m)]

dy(m+n) = ¢ [4e{rn)y)

| di(m) + dy(n) - 9.max({ 4Gy, (%2{my), otherwise
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The proof can be made again by the method of induction.

Let
Ri=k+(k+1)+ ...+ (k+9) = 10k + 45.

Obviously, Ry is the sum of the elements of the k~th group of (1).
Therefore, the sum of the first » members of (1) will be

)
Sa= I Rk+[ ]+([10}+1)+ +([ ]+n 10[ ]—1)
k=0

-5[ 33 ]+3)+(n—10[ ])[ ]+-(n 10[ o

(n=10[3] - 1),

ie.,

B 5[;) ]+8)+(n—-10[ ])( 4.[%]).

This equality can be proved directly or by induction.



