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Abstract In this paper we introduce the concept of a new class of an ordered intuitionistic
fuzzy bitopological spaces. Besides giving some interesting properties of these spaces. We also
prove analogues of Uryshon’s lemma and Tietze extension theorem in an ordered intuitionistic
fuzzy bitopological spaces.
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-tuitionistic fuzzy Gs-a-locally Te-ordered space, almost pairwise intuitionistic fuzzy Gs-a-lo
-cally T»-ordered space and strongly pairwise intuitionistic fuzzy Gs-a-locally normally order
-ed space.
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81. Introduction

The concept of fuzzy sets was introduced by Zadeh 121, Fuzzy sets have applications in
many fields such as information % and control '], The theory of fuzzy topological spaces was
introduced and developed by Chang ¢/, The concept of fuzzy normal space was introduced by
Bruce Hutton . Atanassov [ introduced and studied intuitionistic fuzzy sets. On the oth-
erhand, Coker |7} introduced the notions of an intuitionistic fuzzy topological space and some
other concepts. The concept of an intuitionistic fuzzy a-closed set was introduced by Biljana
Krsteshka and Erdal Ekici (4. G. Balasubramanian 2! was introduced the concept of fuzzy Gy

(8]

set. Ganster and Relly used locally closed sets °! to define LC-continuity and LC-irresoluteness.

The concept of an ordered fuzzy topological spaces was introduced and developed by A. K. Kat-

Bl was introduced and studied the concepts of an ordered

saras (9. Later G. Balasubmanian
L-fuzzy bitopological spaces. In this paper we introduced the concepts of pairwise intuitionistic
fuzzy Gs-a-locally Ti-ordered space, pairwise intuitionistic fuzzy Gs-a-locally Ts-ordered space,
weakly pairwise intuitionistic fuzzy Gs-a-locally Th-ordered space, almost pairwise intuitionis-
tic fuzzy Ggs-a-locally Th-ordered space and strongly pairwise intuitionistic fuzzy Ggs-a-locally

normally ordered space are introduced. Some interesting propositions are discussed. Urysohn’s
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lemma and Tietze extension theorem of an strongly pairwise intuitionistic fuzzy Gs-a-locally

normally ordered space are studied and estabilished.

§2. Preliminaries

Definition 2.1.7) Let X be a nonempty fixed set and I is the closed interval [0, 1]. An
intuitionistic fuzzy set (IFS) A is an object having the form A = {{z, pa(z), ya(x)): z € X},
where the mapping pa : X — I and y4 : X — I denote the degree of membership (namely
1a(z)) and the degree of nonmembership (namely v4(x)) for each element z € X to the set
A respectively and 0 < pa(z) + va(xz) < 1 for each z € X. Obviously, every fuzzy set A on a
nonempty set X is an IF'S of the following form, A = {(z, pa(x), 1 — pa(z)): = € X}. For
the sake of simplicity, we shall use the symbol A = (x, pa, va) for the intuitionistic fuzzy set
A={(z, pa@), val2): =€ X},

Definition 2.2.[7 Let X be a nonempty set and the IF'Ss A and B in the form A =
{{z, pa(@), 1a(@) : € X}, B={(, up(x), (@)} : € X}. Then

(i) AC Biff pa(z) < pp(x) and ya(z) > yp(z) for all z € X,

(i) A= {(z, 7a(2), pa(2)): v € X}.

Definition 2.3.(") The IFSs 0. and 1. are defined by 0.={(z, 0, 1) : = € X} and
1Lo={(z, 1, 0): z € X}.

Definition 2.4.[7) An intuitionistic fuzzy topology (IFT) on a nonempty set X is a family
7 of IF'Ss in X satisfying the following axioms:

(i) O~, 1. €,

(i) Gy NGy € 7 for any Gy, Go € T,

(iii) UG; € 7 for arbitrary family {G; |i € I} C 7.

In this case the ordered pair (X, 7) or simply by X is called an intuitionistic fuzzy topo-
logical space (IFT'S) on X and each IF'S in 7 is called an intuitionistic fuzzy open set (IFOS).
The complement A of an IFOS A in X is called an intuitionistic fuzzy closed set (IFCS) in
X.

Definition 2.5.71 Let A be an IFS in IFT'S X. Then

int(A) = U{G | Gisan IFOS in X and G C A} is called an intuitionistic fuzzy interior
of A;

cdA=({G|Gisan IFCS in X and G D A} is called an intuitionistic fuzzy closure of A.

Definition 2.6.[4 Let A be an IFS of an IFTS X. Then A is called an intuitionistic
fuzzy a-open set (IFa0S) if A C int(cl(int(A))). The complement of an intuitionistic fuzzy
a-open set is called an intuitionistic fuzzy a-closed set (I FaCS).

Definition 2.7.I7 Let (X, 7) and (Y, ¢) be two IFTSs and let f : X — Y be a function.
Then f is said to be fuzzy continuous iff the preimage of each IFS in ¢ is an I[F'S in 7.

Definition 2.8.131 A L-fuzzy set p in a fuzzy topological space X is called a neighbourhood
of a point « € X, if there exists an L-fuzzy set pu; with p1 < p and pq(xz) > 0. It can be shown
that a L-fuzzy set p is open <= p is a neighbourhood of each x € X for which u(x) > 0.

Definition 2.9.1%! The L-fuzzy real line R(L) is the set of all monotone decreasing elements
A € LT satisfying V{A(t) | t € R} = 1 and A{A(t) | t € R} = 0, after the identification of
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A, w € LB ff N(t—) = pu(t—) and A\(t+) = p(t+) for all t € R where A(t—) = A{A(s) | s < t}
and A\(t+) = V{A(s) | s > t}.

Definition 2.10.0] The natural L-fuzzy topology on R(L) is generated from the subbasis
{L:, R |t € R}, where Li[A]=A(t—)" and R;[A\]=A(t+)’.

Definition 2.11.5] A partial order on R(L) is defined by [\] < [u] < A(t—) < p(t—) and
A(t+) < p(t+) for all t € R.

Definition 2.12.13] The L-fuzzy unit interval I(L) is a subset of R(L) such that [\] € I(L)
if A(t) =1 for 0 <t and A(t) =0 for ¢ > 1. It is equipped with the subspace L-fuzzy topology.

Definition 2.13.5! Let (X, 7) be an L-fuzzy topological space. A function f: X — R(L)
is called lower (upper) semicontinuous if f=1(R;)(f~1(L¢)) is open for each t € R. Equivalently
f is lower (upper) semicontinuous < it is continuous w. r. t the right hand (left hand) L-
fuzzy topology on R(L) where the right hand (left hand) topology is generated from the basis
{Ri |t € R}({L, |t € R}). Lower and upper semi continuous with values in I(L) are defined
in the analogous way.

Definition 2.14.[3! A L-fuzzy set ) in a partially ordered set X is called

(i) Increasing if z < y = A(x) < A(y),

(ii) Decreasing if x <y = A(z) > A(y).

Definition 2.15.1l Let ( X, T') be a fuzzy topological space and A be a fuzzy set in X.
Then A is called fuzy Gs if A = A2, \; where each \; € T. The complement of fuzzy G; is
fuzzy F,.

Definition 2.16.8] A subet A of a space (X, 7) is called locally closed (briefly lc) if
A =CnND, where C is open and D is closed in (X, 7).

§3. Ordered intuitionistic fuzzy Gs-a-locally bitopological

spaces

In this section, the concepts of an intuitionistic fuzzy Gs set, intuitionistic fuzzy a-closed
set, intuitionistic fuzzy Gs-a-locally closed set, upper pairwise intuitionistic fuzzy Ggs-a-locally
Ti-ordered space, lower pairwise intuitionistic fuzzy Ggs-a-locally Ti-ordered space, pairwise
intuitionistic fuzzy Gs-a-locally Ti-ordered space, pairwise intuitionistic fuzzy Gs-a-locally
Tr-ordered space, weakly pairwise intuitionistic fuzzy Gg-a-locally Th-ordered space, almost
pairwise intuitionistic fuzzy Gs-a-locally Th-ordered space and strongly pairwise intuitionistic
fuzzy Gs-a-locally normally ordered space are introduced. Some interesting propositions and
characterizations are discussed. Urysohn’s lemma and Tietze extension theorem of an strongly
pairwise intuitionistic fuzzy Gs-a-locally normally ordered space are studied and estabilished.

Definition 3.1. Let (X, T) be an intuitionistic fuzzy topological space. Let A =
(x, wa, va) be an intuitionstic fuzzy set of an intuitionistic fuzzy topological space X. Then
A is said to be an intuitionistic fuzzy Gs set (in short, IFG;S) if A = (N2, A;, where each
A; €T and A; = (x, pa,, Ya,)-

The complement of intuitionistic fuzzy Gy set is said to be an intuitionistic fuzzy F, set
(in short, IF'F,S).
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Definition 3.2. Let (X, T) be an intuitionistic fuzzy topological space. Let A =
(x, wa, v4) be an intuitionistic fuzzy set on an intuitionistic fuzzy topological space (X, T).
Then A is said be an intuitionistic fuzzy Gs-a-locally closed set (in short, [FGs-a-lcs) if
A = BnNC, where B is an intuitionistic fuzzy Gs set and C is an intuitionistic fuzzy a-closed
set.

The complement of an intuitionistic fuzzy Gs-a-locally closed set is said to be an intuition-
istic fuzzy Gs-a-locally open set (in short, I FGs-a-los).

Definition 3.3. Let (X, T) be an intuitionistic fuzzy topological space. Let A =
(x, 1A, v4) be an intuitionistic fuzzy set in an intuitionistic fuzzy topological space (X, T'). The
intuitionistic fuzzy Gs-a-locally closure of A is denoted and defined by IFGs-a-lcl(A)={B:
B = (x, pp, vp) is an intuitionistic fuzzy Gs-a-locally closed set in X and A C B}.

Definition 3.4. Let (X, T) be an intuitionistic fuzzy topological space. Let A =
(x, 1A, v4) be an intuitionistic fuzzy set in an intuitionistic fuzzy topological space (X, T'). The
intuitionistic fuzzy Gs-a-locally interior of A is denoted and defined by I FGs-a-lint(A)=J{B:
B = {(x, pp, vp) is an intuitionistic fuzzy Gs-a-locally open set in X and B C A}.

Definition 3.5. An intuitionistic fuzzy set A = (x, pa, va) in an intuitionistic fuzzy
topological space (X, T) is said to be an intuitionistic fuzzy neighbourhood of a point 2 € X,
if there exists an intuitionistic fuzzy open set B = (z, up, vg) with B C A and B(z) 2 0..

Definition 3.6. An intuitionistic fuzzy set A = (x, pa, v4) in an intuitionistic fuzzy
topological space (X, T') is said to be an intuitionistic fuzzy Gs-a-locally neighbourhood of a
point x € X, if there exists an intuitionistic fuzzy Gs-a-locally open set B = (x, up, vp) with
B C A and B(z) 2 0~.

Definition 3.7. An intuitionistic fuzzy set A = (x, pa, v4) in a partially ordered set
(X, <) is said to be an

(i) increasing intuitionistic fuzzy set if < y implies A(z) C A(y). That is, pa(x) < pa(y)
and ya(x) > va(y).

(ii) decreasing intuitionistic fuzzy set if x < y implies A(z) D A(y). That is, pa(x) > pa(y)
and y4(z) < va(y).

Definition 3.8. An ordered intuitionistic fuzzy bitopological space is an intuitionistic
fuzzy bitopological space (X, 71, T2, <) (where 71 and 75 are intuitionistic fuzzy topologies on
X ) equipped with a partial order <.

Definition 3.9. An ordered intuitionistic fuzzy bitopological space (X, 11, 12, <) is said
to be an upper pairwise intuitionistic fuzzy Tj-ordered space if a, b € X such that a £ b, there
exists an decreasing 7 intuitionistic fuzzy neighbourhood or an decreasing 75 intuitionistic fuzzy
neighbourhood A of b such that A = (x, pa, v4) is not an intuitionistic fuzzy neighbourhood
of a.

Definition 3.10. An ordered intuitionistic fuzzy bitopological space (X, 71, 72, <) is said
to be an lower pairwise intuitionistic fuzzy Ti-ordered space if a, b € X such that a £ b, there
exists an increasing 71 intuitionistic fuzzy neighbourhood or an increasing 7o intuitionistic fuzzy
neighbourhood A of a such that A = (x, pa, v4) is not an intuitionistic fuzzy neighbourhood
of b.

Definition 3.11. An ordered intuitionistic fuzzy bitopological space (X, 71, 72, <) is



ot

Vol. 8 A view on separation axioms in an ordered intuitionistic fuzzy bitopological space

said to be an pairwise intuitionistic fuzzy Ti-ordered space if and only if it is both upper and
lower pairwise intuitionistic fuzzy Tj-ordered space.

Definition 3.12. An ordered intuitionistic fuzzy bitopological space (X, 71, T2, <) is
said to be an upper pairwise intuitionistic fuzzy Gs-a-locally Tj-ordered space if a, b € X such
that a £ b, there exists an decreasing 71 intuitionistic fuzzy Gs-a-locally neighbourhood or an
decreasing 75 intuitionistic fuzzy Gs-a-locally neighbourhood A = (x, pa, va) of b such that
A is not an intuitionistic fuzzy Gs-a-locally neighbourhood of a.

Definition 3.13. An ordered intuitionistic fuzzy bitopological space (X, 71, 72, <) is
said to be an lower pairwise intuitionistic fuzzy Gs-a-locally Tj-ordered space if a, b € X such
that a £ b, there exists an increasing 7 intuitionistic fuzzy Gs-a-locally neighbourhood or an
increasing 7 intuitionistic fuzzy Gs-a-locally neighbourhood A = (x, pa, va) of a such that
A is not an intuitionistic fuzzy Ggs-a-locally neighbourhood of b.

Definition 3.14. An ordered intuitionistic fuzzy bitopological space (X, 71, T2, <) is
said to be an pairwise intuitionistic fuzzy Gs-a-locally Ti-ordered space if and only if it is both
upper and lower pairwise intuitionistic fuzzy Ggs-a-locally Tj-ordered space.

Proposition 3.1. For an ordered intuitionistic fuzzy bitopological space (X, 71, 72, <)
the following are equivalent:

(i) X is an lower (resp. upper) pairwise intuitionistic fuzzy Gs-a-locally Tj-ordered space.

(ii) For each a, b € X such that a £ b, there exists an increasing (resp. decreasing) 71
intuitionistic fuzzy Gs-a-locally open set or an increasing (resp. decreasing) 7» intuitionistic
fuzzy Gs-a-locally open set A = (x, pa, va) such that A(a) > 0 (resp. A(b) > 0) and A is not
an intuitionistic fuzzy Gs-a-locally neighbourhood of b (resp. a).

Proof. (i)=(ii) Let X be an lower pairwise intuitionistic fuzzy Gs-a-locally T;-ordered
space. Let a, b € X such that a £ b. There exists an increasing 71 intuitionistic fuzzy Gs-o-
locally neighbourhood (or) an increasing 7o intuitionistic fuzzy Gs-a-locally neighbourhood A
of a such that A is not an intuitionistic fuzzy Gs-a-locally neighbourhood of b. It follows that
there exists an 7; intuitionistic fuzzy Gs-a-locally open set (i = 1 or 2), A; = (z, pa,, v4,)
with A; C A and A;(a) = A(a) > 0. As A is an increasing intuitionistic fuzzy set, A(a) > A(b)
and since A is not an intuitionistic fuzzy Gs-a-locally neighbourhood of b, 4;(b) < A(b) implies
Ai(a) = A(a) > A(b) > A;(b). This shows that A; is an increasing intuitionistic fuzzy set and
A; is not an intuitionistic fuzzy Gs-a-locally neighbourhood of b, since A is not an intuitionistic
fuzzy Gs-a-locally neighbourhood of b.

(ii)=(i) Since A; is an increasing 71 intuitionistic fuzzy Gs-a-locally open set or increasing
Ty intuitionistic fuzzy Gs-a-locally open set. Now, A; is an intuitionistic fuzzy Gs-a-locally
neighbourhood of a with A;(a) > 0. By (ii), A; is not an intuitionistic fuzzy Gs-a-locally
neighbourhood of b. This implies, X is an lower pairwise intuitionistic fuzzy Ggs-a-locally
Ti-ordered space.

Remark 3.1. Similar proof holds for upper pairwise intuitionistic fuzzy Ggs-a-locally
Ti-ordered space.

Proposition 3.2. If (X, 71, 72, <) is an lower (resp. upper) pairwise intuitionistic fuzzy
Gs-a-locally Ty-ordered space and 71 C 71, 7 C 75, then (X, 7, o*, <) is an lower (resp.

upper) pairwise intuitionistic fuzzy Gs-a-locally Tj-ordered space.
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Proof. Let (X, 71, 72, <) be an lower pairwise intuitionistic fuzzy Gs-a-locally T;-ordered
space. Then if a, b € X such that a £ b, there exists an increasing 71 intuitionistic fuzzy Gs-
a-locally neighbourhood or an increasing 7o intuitionistic fuzzy Gs-a-locally neighbourhood
A= {(x, pa, ya) of a such that A is not an intuitionistic fuzzy Gs-a-locally neighbourhood of
b. Since 71 C 71 and 72 C 75. Therefore, if a, b € X such that a £ b, there exists an increasing
7% intuitionistic fuzzy Gs-a-locally neighbourhood or an increasing 7»* intuitionistic fuzzy
Gs-a-locally neighbourhood A = (x, pa, 7v4) of a such that A is not an intuitionistic fuzzy
Gs-a-locally neighbourhood of b. Thus (X, 7%, 72*, <) is an lower pairwise intuitionistic fuzzy
Gs-a-locally Ti-ordered space.

Remark 3.2. Similar proof holds for upper pairwise intuitionistic fuzzy Ggs-a-locally
Ty -ordered space.

Definition 3.15. An ordered intuitionistic fuzzy bitopological space (X, 71, T2, <) is
said to be an pairwise intuitionistic fuzzy Th-ordered space if for a, b € X with a £ b, there
exist an intuitionistic fuzzy open sets A = (x, pa, v4) and B = (z, pp, vp) such that A is an
increasing 7; intuitionistic fuzzy neighbourhood of a, B is an decreasing 7; intuitionistic fuzzy
neighbourhood of b (i, j =1, 2 and i # j) and AN B =0..

Definition 3.16. An ordered intuitionistic fuzzy bitopological space (X, 11, 72, <) is said

to be an pairwise intuitionistic fuzzy Gs-a-locally Th-ordered space if for a, b € X with a £ b,
there exist an intuitionistic fuzzy Gs-a-locally open sets A = (x, pa, va) and B = (z, up, vB)
such that A is an increasing 7; intuitionistic fuzzy Gs-a-locally neighbourhood of a, B is an
decreasing 7; intuitionistic fuzzy Gs-a-locally neighbourhood of b (i, j =1, 2 and i # j) and
ANB=0..

Definition 3.17. Let (X, <) be a partially ordered set. Let G = {(z, y) e X x X |z <
y, y = f(z)} . Then G is called an intuitionistic fuzzy graph of the partially ordered <.

Definition 3.18. Let (X, T') be an intuitionistic fuzzy topological space and A C X be a

subset of X. An intuitionistic fuzzy characteristic function of A = (x, pa, va) is defined as

1, if ze€A,

xa(z) = ,
0~, if x¢A.

Definition 3.19. Let A = (x, pa, 7a4) be an intuitionistic fuzzy set in an ordered
intuitionistic fuzzy bitopological space (X, 71, T2, <). Then for ¢ =1 or 2, we define

I, —Gs —a—1li(A) = Iincreasing 7; intuitionistic fuzzy Gs — a — locally interior of A
= the greatest increasing 7; intuitionistic fuzzy Gs — o — locally

open set contained in A.

D,, — Gs —a — li(A)

decreasing 7; intuitionistic fuzzy G5 — a — locally interior of A
= the greatest decreasing 7; intuitionistic fuzzy Gs — o — locally

open set contained in A.
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I, — Gs —a—Ic(A) = increasing 7; intuitionistic fuzzy G§ — a — locally closure of A
= the smallest increasing 7; intuitionistic fuzzy Gs — o — locally

closed set containing in A.

D, —Gs—a—1c(A) = decreasing 7; intuitionistic fuzzy Gs — a — locally closure of A
= the smallest decreasing 7; intuitionistic fuzzy G5 — o — locally

closed set containing in A.

Notation 3.1. (i) The complement of the characteristic function xq, where G is the
intuitionistic fuzzy graph of the partial order of X is denoted by x4

(ii) I7,-Gs-a-lc(A) is denoted by I;(A) and D;,-Gs-a-lc(A) is denoted by D;(A), where
A = (x, pa, v4) is an intuitionistic fuzzy set in an ordered intuitionistic fuzzy bitopological
space (X, 11, 12, <), fori, j =1, 2 and i # j.

(iii) Ir,-Gs-a-li(A) is denoted by 1;°(A) and D,,-Gs-a-li(A) is denoted by D;°(A), where
A = (x, pa, va) is an intuitionistic fuzzy set in an ordered intuitionistic fuzzy bitopological
space (X, 11, T2, <), fori, j=1, 2 and i # j.

Proposition 3.3. For an ordered intuitionistic fuzzy bitopological space (X, 11, 72, <)
the following are equivalent:

(i) X is a pairwise intuitionistic fuzzy Gs-a-locally Ty-ordered space.

(ii) For each pair a, b € X such that a £ b, there exist an 7; intuitionistic fuzzy Gs-a-locally
open set A = (x, pta, va) and 7; intuitionistic fuzzy Gs-a-locally open set B = (z, up, vB)
such that A(a) >0, B(b) >0 and A(z) > 0, B(y) > 0 together imply that = £ y.

(iii) The characteristic function x¢, where G is the intuitionistic fuzzy graph of the partial
order of X is a 7*-intuitionistic fuzzy Gs-a-locally closed set, where 7* is either 71 X 75 or 79 X 7y
in X x X.

Proof. (i)=(ii) Let X be a pairwise intuitionistic fuzzy Gs-a-locally Tz-ordered space.
Assume that suppose A(x) > 0, B(y) > 0 and « < y. Since A is an increasing 7; intuitionistic
fuzzy Gs-a-locally open set and B is an decreasing 7; intuitionistic fuzzy Gs-a-locally open
set, A(z) < A(y) and B(y) < B(z). Therefore 0 < A(z) N B(y) < A(y) N B(z), which is a
contradiction to the fact that AN B = 0. Therefore z £ y.

(ii))=>(1) Let a, b € X with a £ b, there exists an intuitionistic fuzzy sets A and B
satisfying the properties in (ii). Since I;°(A) is an increasing 7; intuitionistic fuzzy Gs-a-locally
open set and D;°(B) is an decreasing 7, intuitionistic fuzzy Gs-a-locally open set, we have
I,°(A) N D;°(B)=0~. Suppose z € X is such that I;°(A)(z) N D;°(B)(z) >0. Then I,°(A)
>0 and D;°(B)(z) >0. If z < z <y, then = < z implies that D;°(B)(z) > D;°(B)(z) >0 and
z <y implies that I,°(A)(y) > I,°(A)(z) >0 then D;°(B)(z) >0 and I;°(A)(y) >0. Hence by
(ii), # £ y but then z < y. This is a contradiction. This implies that X is pairwise intuitionistic
fuzzy Gs-a-locally Ts-ordered space.

(i)=(iii)) We want to show that yg is an 7 intuitionistionic fuzzy Gs-a-locally closed
set. That is to show that x& is an 7" intuitionistionic fuzzy Gs-a-locally open set. It is
sufficient to prove that xe is an intuitionistionic fuzzy Gs-a-locally neighbourhood of a point
(z, y) € X x X such that xg (x, y) > 0. Suppose (z, y) € X x X is such that xg (z, y) > 0.
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That is xg(x, y) < 1. This means x¢(z, y) = 0. That is (z, y) € G. That is £ y. Therefore
by assumption (i), there exist intuitionistic fuzzy Gs-a-locally open sets A and B such that A
is an increasing 7; intuitionistic fuzzy Gs-a-locally neighbourhood of a, B is an decreasing 7;
intuitionistic fuzzy Gs-a-locally neighbourhood of b (i, j =1, 2 and ¢ # j) and AN B = 0~.
Clearly Ax B is an I FT* Gs-a-locally neighbourhood of (x, y). It is easy to verify that Ax B C
Xg- Thus we find that xg is an 7% IFGs-a-locally open set. Hence (iii) is established.

(iii)=(i) Suppose z £ y. Then (z, y) € G, where G is an intuitionistic fuzzy graph of the
partial order. Given that yg is an 7 intuitionistic fuzzy Gs-a-locally closed set. That is x&
is an 7* intuitionistic fuzzy Gs-a-locally open set. Now (z, y) € G implies that x&(z, y) > 0.
Therefore xz is an 7* intuitionistic fuzzy Gs-a-locally neighbourhood of (z, y) € X x X.
Hence we can find that 7* intuitionistic fuzzy Ggs-a-locally open set A x B such that A x B
C xg and A is an 7; intuitionistic fuzzy Gs-a-locally open set such that A(x) > 0 and B
is an 7; intuitionistic fuzzy Gs-a-locally open set such that B(y) > 0. We now claim that
I,°(A) N D,;°(B)=0~. For if z € X is such that (I,°(4) N D;°(B))(z)> 0, then I,°(A)(z) N
D;°(B)(z) > 0. This means I,°(A)(z)> 0 and D;°(B)(2)> 0. And if a < z < b, then z < b
implies that I;°(A)(b)> I,°(A)(z)> 0 and a < z implies that D;°(B)(a)> D;°(B)(z)> 0. Then
D;°(B)(a)> 0 and I,°(A)(b)> 0 implies that a £ b but then a < b. This is a contradiction.
Hence (i) is established.

Definition 3.20. An ordered intuitionistic fuzzy bitopological space (X, 71, T2, <) is
said to be a weakly pairwise intuitionistic fuzzy Ts-ordered space if given b < a (that is b < a
and b # a), there exist an 7; intuitionistic fuzzy open set A = (x, pa, va) such that A(a) >0
and 7; intuitionistic fuzzy open set B = (x, up, vyp) such that B(b) >0 (i, j =1, 2 and i # j)
such that if z, y € X, A(x) > 0, B(y) > 0 together imply that y < z.

Definition 3.21. An ordered intuitionistic fuzzy bitopological space (X, 71, 72, <) is said
to be a weakly pairwise intuitionistic fuzzy Gs-a-locally Tr-ordered space if given b < a (that is
b < a and b # a), there exist an 7; intuitionistic fuzzy Gs-a-locally open set A = (x, pa, va)
such that A(a) > 0 and 7; intuitionistic fuzzy Gs-a-locally open set B = (z, g, vg) such that
B(b) >0 (i, j =1, 2 and i # j) such that if z, y € X, A(z) > 0, B(y) > 0 together imply
that y < x.

Definition 3.22. The symbol z || y means that z <y and y < z.

Definition 3.23. An ordered intuitionistic fuzzy bitopological space (X, 71, 72, <) is
said to be a almost pairwise intuitionistic fuzzy Th-ordered space if given a || b, there exist an
7; intuitionistic fuzzy open set A = (x, pa, va) such that A(a) > 0 and 7; intuitionistic fuzzy
open set B = (z, up, vg) such that B(b) > 0 (¢, j =1, 2 and ¢ # j) such that if z, y € X,
A(z) > 0 and B(y) > 0 together imply that z || y.

Definition 3.24. An ordered intuitionistic fuzzy bitopological space (X, 11, 72, <) is said
to be a almost pairwise intuitionistic fuzzy Gs-a-locally Tr-ordered space if given a || b, there
exist an 7; intuitionistic fuzzy Gs-a-locally open set A = (x, pa, v4) such that A(a) > 0 and
7; intuitionistic fuzzy Gs-a-locally open set B = (x, pp, yp) such that B(b) >0 (i, j =1, 2
and 7 # j) such that if z, y € X, A(z) > 0 and B(y) > 0 together imply that z || y.

Proposition 3.4. An ordered intuitionistic fuzzy bitopological space (X, 71, 72, <) is a

pairwise intuitionistic fuzzy Ggs-a-locally Ts-ordered space if and only if it is a weakly pairwise
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intuitionistic fuzzy Gs-a-locally Th-ordered and almost pairwise intuitionistic fuzzy Gs-a-locally
Ts-ordered space.

Proof. Let (X, 71, 7, <) be a pairwise intuitionistic fuzzy Gs-a-locally T-ordered space.
Then by Proposition 3.3 and Definition 3.20 it is a weakly pairwise intuitionistic fuzzy Gs-a-
locally Th-ordered space. Let a || b. Then a £ b and b £ a. Since a £ b and X is a pairwise
intuitionistic fuzzy Gs-a-locally Ts-ordered space. We have 7; intuitionistic fuzzy Gs-a-locally
open set A = (x, 14, va) and 7; intuitionistic fuzzy Gs-a-locally open set B = (z, up, vB)
such that A(a) > 0, B(b) > 0 and A(z) > 0, B(y) > 0 together imply that £ y. Also
since b £ a, there exist 7; intuitionistic fuzzy Gs-a-locally open set A*=(x, pa~, ya~) and 7;
intuitionistic fuzzy Gs-a-locally open set B*=(x, up+, vp+) such that A*(a) > 0, B*(b) > 0
and A*(x) > 0, B*(y) > 0 together imply that y £ . Thus I,°(A N A*) is an 7; intuitionistic
fuzzy Gs-a-locally open set such that I;°(ANA*)(a) > 0 and I;°(B N B*) is an 7; intuitionistic
fuzzy Gs-a-locally open set such that I;°(B N B*)(b) > 0. Also I,°(AN A*)(z) > 0 and
I;°(BN B*)(y) > 0 togetherimply that x || y. Hence X is a almost pairwise intuitionistic fuzzy
Gs-a-locally Th-ordered space.

Conservely, let X be a weakly pairwise intuitionistic fuzzy Ggs-a-locally Ts-ordered and
almost pairwise intuitionistic fuzzy Gg-a-locally Ts-ordered space. We want to show that X is
a pairwise intuitionistic fuzzy Gs-a-locally Th-ordered space. Let a & b. Then either b < a or
b % a. If b < a then X being weakly pairwise intuitionistic fuzzy Gs-a-locally Th-ordered space,
there exist 7; intuitionistic fuzzy Gs-a-locally open set A and 7; intuitionistic fuzzy G5-a-locally
open set B such that A(a) > 0, B(b) > 0 and such that A(z) > 0, B(y) > 0 together imply
that y < z. That is £ y. If b £ a, then a || b and the result follows easily since X is a almost
pairwise intuitionistic fuzzy Gs-a-locally T5-ordered space. Hence X is a pairwise intuitionistic
fuzzy Gs-a-locally Ty-ordered space.

Definition 3.25. Let A = (z, pa, va) and B = (z, pp, vp) be intuitionistic fuzzy sets
in an ordered intuitionistic fuzzy bitopological space (X, 71, 72, <). Then A is said to be an
7; intuitionistic fuzzy neighbourhood of B if B C A and there exists 7; intuitionistic fuzzy open
set C = (z, pc, Yo) such that BC C C A (i=1or 2).

Definition 3.26. Let A = (x, pa, v4) and B = (x, up, vp) be intuitionistic fuzzy sets
in an ordered intuitionistic fuzzy bitopological space (X, 71, 72, <). Then A is said to be an 7;
intuitionistic fuzzy Gs-a-locally neighbourhood of B if B C A and there exists 7; intuitionistic
fuzzy Gs-a-locally open set C = (z, puc, vo) such that BC C C A (i =1 or 2).

Definition 3.27. An ordered intuitionistic fuzzy bitopological space (X, 71, T2, <) is
said to be a strongly pairwise intuitionistic fuzzy Gs-a-locally normally ordered space if for
every pair A = (x, pa, va) is an decreasing 7; intuitionistic fuzzy Gs-a-locally closed set and
B = (z, pp, yB) is an decreasing 7; intuitionistic fuzzy Gs-a-locally open set such that A C B
then there exist decreasing 7; intuitionistic fuzzy Gs-a-locally open set Ay=(x, pa,, va,) such
that A C A1 C D;(A1) CB (i, j =1, 2 and i # j).

Proposition 3.5. An ordered intuitionistic fuzzy bitopological space (X, 71, 72, <) the

following are equivalent:

(i) (X, 11, 72, <) is a strongly pairwise intuitionistic fuzzy Gs-a-locally normally ordered

space.
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(ii) For each increasing 7; intuitionistic fuzzy Gs-a-locally open set A = (z, pa, v4) and
decreasing 7; intuitionistic fuzzy Gs-a-locally open set B = (x, up, ) with A C B there
exists an decreasing 7; intuitionistic fuzzy Gs-a-locally open set A; such that A C A; C IFGs-
a-lel;, (A1) CB (i, j=1, 2 and i # j).

Proof. The proof is simple.

Definition 3.28. Let (X, 71, 72, <) be an ordered intuitionistic fuzzy bitopological space.
A function f: X — R([) is said to be an 7; lower™(resp. upper*) intuitionistic fuzzy Gs-a-
locally continuous function if f~1(R;) (resp. f~*(L;)) is an increasing or an decreasing 7; (resp.
7;) intuitionistic fuzzy Gs-a-locally open set, for each t € R (i, j =1, 2 and i # j).

Proposition 3.6. Let (X, 7, 72, <) be an ordered intuitionistic fuzzy bitopological
space. Let A = (x, pa, ya) be an intuitionistic fuzzy set in X and let f: X — R(I) be such
that

1 it  t<o,
flx)(t) =< Az), if 0<t<l,
0, if t>1.

for all z € X. Then f is an 7; lower™ (resp. 7; upper™®) intuitionistic fuzzy Gs-a-locally contin-
uous function if and only if A is an increasing or an decreasing 7; (resp. 7;) intuitionistic fuzzy
Gs-a-locally open (resp. closed) set (i, 7 =1, 2 and i # j).

Proof.
1, if t <0,
ST R) =4 Az), it 0<t<l,
0, if t>1.

implies that f is an 7; lower™ intuitionistic fuzzy Gs-a-locally continuous function if and only

if A is an increasing or an decreasing 7; intuitionistic fuzzy Gs-a-locally open set in X.

1, it t<o0,
UL =8 A), it 0<t<l,
0, it > 1.

implies that f is an 7; upper* intuitionistic fuzzy Gs-a-locally continuous function if and only if
A is an increasing or an decreasing 7; intuitionistic fuzzy Gs-a-locally closed set in X (¢, j =1, 2
and i # 7).

Proposition 3.7. (Uryshon’s lemma) An ordered intuitionistic fuzzy bitopological
space (X, 71, T2, <) is a strongly pairwise intuitionistic fuzzy Gs-a-locally normally ordered
space if and only if for every A = (x, pa, va) is an decreasing 7; intuitionistic fuzzy closed set
and B = (x, up, vp) is an increasing 7; intuitionistic fuzzy closed set with A C B, there exists
increasing intuitionistic fuzzy function f : X — I'suchthat A C f~1(L;) C f~}(Ry) C Band f
is an 7; upper* intuitionistic fuzzy Gs-a-locally continuous function and 7; lower™ intuitionistic
fuzzy Gs-a-locally continuous function (i, j =1, 2 and i # j).

Proof. Suppose that there exists a function f satisfying the given conditions. Let C' =
(x, pe, yo)=f"Y(L) and D = (z, pp, vp)=f"1(R;) for some 0 < ¢t < 1. Then C € 7
and D € 7; and such that A C C C D C B. It is easy to verify that D is an decreasing
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7; intuitionistic fuzzy Gs-a-locally open set and C' is an increasing 7; intuitionistic fuzzy G-
a-locally closed set. Then there exists decreasing 7; intuitionistic fuzzy Gs-a-locally open
set C7 such that C C C; C Di(Cy) € D (i, j = 1, 2 and i # j). This proves that X
is a strongly pairwise intuitionistic fuzzy Gs-a-locally normally ordered space. Conversely,
let X be a strongly pairwise intuitionistic fuzzy Gs-a-locally normally ordered space. Let
A be an decreasing 7; intuitionistic fuzzy Gs-a-locally closed set and B be an increasing 7;
intuitionistic fuzzy Gs-a-locally closed set. By the Proposition 3.6, we can construct a collection
{C, |t €I} C 7y, where C = (z, puc,, vc,), t € I'suchthat A C Cy C B, IFGs-a-lel-, (Cs) C Cy
whenever s <t, AC Cy C; = Band C; =0 fort <0, C; =1~ for t > 1. We define a function
[+ X —Iby f(z)(t) = Ci_(z). Clearly f is well defined. Since A C Cy_, C B, for t € I. We
have A C f~'(Ly) € f~'(Ro) € B. Furthermore f~'(R;) = U, ,_, Cs is an 7; intuitionistic
fuzzy Gs-a-locally open set and f~!(L;) = Nes1-¢Cs = Nys1_¢ IFGs-a-lcl;,(Cs) is an 7;
intuitionistic fuzzy Gs-a-locally closed set. Thus f is an 7; lower™ intuitionistic fuzzy Gs-a-
locally continuous function and 7; upper® intuitionistic fuzzy Gs-a-locally continuous function
and is an increasing intuitionistic fuzzy function.

Proposition 3.8. (Tietze extension theorem) Let (X, 71, 7, <) be an ordered
intuitionistic fuzzy bitopological space the following statements are equivalent:

(i) (X, 1, 72, <) is a strongly pairwise intuitionistic fuzzy Gs-a-locally normally ordered
space.

(ii)) If g, h : X — R(I), g is an 7; upper® intuitionistic fuzzy Gs-a-locally continuous
function, h is an 7; lower” intuitionistic fuzzy Gs-a-locally continuous function and g C h,
then there exists f : X — R(I) such that ¢ C f C h and f is an 7; upper* intuitionistic fuzzy
Gs-a-locally continuous function and 7; lower™ intuitionistic fuzzy Gs-a-locally continuous
function(, j =1, 2 and i # j).

Proof. (ii)==(i) Let A = (z, pa, va) and B = (x, pup, vg) be an intuitionistic fuzzy
Gs-a-locally open sets such that A C B. Define g, h: X — R(I) by

1, if  t<o0,
glz)(t) =< A(z), it 0<t<l1,
0, if t>1.
and
1, if t <0,
h(z)(t) =< B(z), if  0<t<l,
0, if t>1.

for each x € X. By Proposition 3.6, g is an 7; upper™* intuitionistic fuzzy Gs-a-locally continuous
function and h is an 7; lower™ intuitionistic fuzzy Gs-a-locally continuous function. Clearly,
g C h holds, so that there exists f : X — R(L) such that ¢ C f C h. Suppose t € (0, 1).
Then A = g ' (Ry) C f~Y(Ry) C f~Y(L¢) € h~*(L;) = B. By Proposition 3.7, X is a strongly
pairwise intuitionistic fuzzy Gs-a-locally normally ordered space.
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(i)=(ii) Define two mappings 4, B: @Q — I by A(r) = A, = h™}(R,) and B(r) =
B, = g~ Y(L;), for all r € Q (Q is the set of all rationals). Clearly, A and B are monotone
increasing families of an decreasing 7; intuitionistic fuzzy Gs-a-locally closed sets and decreasing
7; intuitionistic fuzzy Gs-a-locally open sets of X. Moreover A, C B, if r < r’. By Proposition
3.5, there exists an decreasing 7; intuitionistic fuzzy Gs-a-locally open set C' = (z, puc, y¢) such
that A, C IFGs-a-lint.,(C,), IFGs-a-lcl;,(C) C IFGs-a-lint.,(C,), IFGs-a-lcl,, (C,) C
B, whenever r < 1’ (r, v’ € Q). Letting V; = (,,C, for t € R, we define a monotone
decreasing family {V; | t € R} C I. Moreover we have I FGs-a-lcl,, (V) C IFGs-o-lint., (V)
whenever s < t. We have,

Uv = UNa=2UNs=UNey '@ =Us @y=g"(UJ L)

teR teER Tt teRT<t teER Tt teR teR
= 1..

Similarly, (,cz V¢ = 0~. Now define a function f : (X, 71, 72, <) — R(L) satisfying the
required conditions. Let f(z)(t) = Vi(x), for all x € X and ¢t € R. By the above discussion,
it follows that f is well defined. To prove f is an 7; upper® intuitionistic fuzzy Gs-a-locally
continuous function and 7; lower™ intuitionistic fuzzy Gs-a-locally continuous function (i, j =
1, 2 and i # j). Observe that J,., Vs = U, [ FGs-a-lint;, (V) and [,5, Vs = [,5; [ F'Gs-a-
lely, (V). Then f~Y(Ry) = U,oy Vs = U,sy IFGs-a-lint., (V) is an increasing 7; intuitionistic
fuzzy Gs-a-locally open set. Now f~1(L;) = (o, Vs = Nyoy IFGs-a-lcl, (V;) is an decreasing
7; intuitionistic fuzzy Gs-a-locally closed set. So that f is an 7; upper™ intuitionistic fuzzy Gs-o-
locally continuous function and 7; lower™ intuitionistic fuzzy Gs-a-locally continuous function.
To conclude the proof it remains to show that g C f C h. Thatis g~ (L;) C f~1(L¢) € h=(Ly)
and g_l(Rt) C f_l(Rt) C h™1(R;) for each t € R. We have,

=N C=NNe"To=N1B<NC=V.=f"

s<t s<tr<s s<tr<s s<tr<s s<t
and

T - (V= (NG N = () )5 = () ) = 5 T
s<t s<tr<s s<tr<s s<tr<s s<t

Similarly, we obtain

-Usm)=UUs'@n=-UUBcUUT=Uv=s"

s>t s>tr>s s>tr>s s>tr>s s>t
and
@ =Uv=UUTeUT =Y Un @) = U @) =1 (@)
s>t s>tr>s s>tr>s s>tr>s s>t

Hence the proof.

Proposition 3.9. Let (X, 71, 7, <) be a strongly pairwise intuitionistic fuzzy Gs-a-
locally normally ordered space. Let A € 7y and A € 75 be crisp and let f : (A4, 7 /A, 7o/A) — I
be an 7; upper® intuitionistic fuzzy Gs-a-locally continuous function and 7; lower™ intuitionistic
fuzzy Gs-a-locally continuous function (i, j = 1, 2 and ¢ # j). Then f has an intuitionistic
fuzzy extension over (X, 7, 7o, <) (that is, F': (X, 71, 72, <) — I).

Proof. Define g: X — I by
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gx) = f(z), if z€A; g(x)=[Ag], if x¢ A
and also define h: X — I by
h(z) = f(x), if x€ A; h(x)=[A1], if ¢ A
where [Ap] is the equivalence class determined by Ay : R — I such that
Ao(t) =1, if £ <0; Ag(t)=0., if t>0
and [A4] is the equivalence class determined by A; : R — I such that
Ai(t)=1., if t<1; Ay(t)=0~, if t> 1.

g is an 7; upper* intuitionistic fuzzy Gs-a-locally continuous function and h is an 7; lower™
intuitionistic fuzzy Gs-a-locally continuous function and ¢ C h. Hence by Proposition 3.8,
there exists a function F': X — I such that F' is an 7; upper® intuitionistic fuzzy Gs-a-locally
continuous function and 7; lower” intuitionistic fuzzy Gs-a-locally continuous function and
g(x) C h(z) C f(x) for all z € X. Hence for all x € A, f(z) C F(x) C f(z). So that F is an
required extension of f over X.
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Abstract In this paper will be accomplished by presenting the following se-
1

quence  spaces {x €x®: P-limg e >0 3% apt (((m +n)! |mmn|)m+n> = 0} and

{a: €N isupy >0 > Jai f (|@mal ) < oo}7 where f is a modulus function and

A is a nonnegative four dimensional matrix. We shall established inclusion theorems between

these spaces and also general properties are discussed.

Keywords Gai sequence, analytic sequence, modulus function, double sequences.
2000 Mathematics subject classification: 40A05, 40C05, 40D05.

§1. Introduction

Throughout w, x and A denote the classes of all, gai and analytic scalar valued single

sequences, respectively.

We write w? for the set of all complex sequences (¥,,,), where m, n € N, the set of

positive integers. Then, w? is a linear space under the coordinate wise addition and scalar

multiplication.

Some initial works on double sequence spaces is found in Bromwich . Later on, they

were investigated by Hardy 8/, Moricz ['2], Moricz and Rhoades 3!, Basarir and Solankan |

Tripathy 2% Colak and Turkmenoglu [, Turkmenoglu ??, and many others.

Let us define the following sets of double sequences:

M, (t) == {(zmn) cw?: sup |9:mn\t’”" < oo},

m, neEN

Cp(t) := {(xmn) ew?: p-lim |2y, —I|" =1 for some [ € (C} ,

m, n— oo

Cop (1) == {(Cﬂmn) cw?: p-lim |2, bmn 1} ,
m, n— 00
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m=1n=1

£a)i= {wm) € u?s £ fol < o).

Cop () := Cp (1) (N M () and Covy (1) = Cop (1) (1M (1),

where t = (t;,n) is the sequence of strictly positive reals t,,, for all m, n € N and p -
lim,,, p—co denotes the limit in the Pringsheim’s sense. In the case ¢,,, = 1 for all m, n €
N; My (t), Cp(t), Cop (t), Ly (t), Cpp (t) and Copp () reduce to the sets My, Cp, Cop, Lu, Cop
and Copp, respectively. Now, we may summarize the knowledge given in some document re-
lated to the double sequence spaces. Gékhan and Colak 2728 have proved that M, (t) and
Cp (t), Cyp (t) are complete paranormed spaces of double sequences and gave the a-, -, - duals
of the spaces M, (t) and Cp, (t). Quite recently, in her PhD thesis, Zelter [2%) has essentially
studied both the theory of topological double sequence spaces and the theory of summability
of double sequences. Mursaleen and Edely [ have recently introduced the statistical conver-
gence and Cauchy for double sequences and given the relation between statistical convergent
and strongly Cesaro summable double sequences. Nextly, Mursaleen 3! and Mursaleen and
Edely 132 have defined the almost strong regularity of matrices for double sequences and ap-
plied these matrices to establish a core theorem and introduced the M-core for double sequences
and determined those four dimensional matrices transforming every bounded double sequences
x = (z,1) into one whose core is a subset of the M-core of z. More recently, Altay and Basar [33]
have defined the spaces BS, BS (t), CSp, CSpp, CS, and BV of double sequences consisting of
all double series whose sequence of partial sums are in the spaces M,,, M, (t), Cp, Cpp, C, and
L., respectively, and also examined some properties of those sequence spaces and determined
the a-duals of the spaces BS, BV, CSp, and the §(¥)-duals of the spaces CSp, and CS, of
double series. Quite recently Basar and Sever [¥¥ have introduced the Banach space Ly of
double sequences corresponding to the well-known space ¢, of single sequences and examined
some properties of the space £L,. Quite recently Subramanian and Misra [35] have studied the
space x4, (p, ¢, u) of double sequences and gave some inclusion relations.

Spaces are strongly summable sequences were discussed by Kuttner 2, Maddox *3 and
others. The class of sequences which are strongly Cesaro summable with respect to a modulus
was introduced by Maddox 'Y as an extension of the definition of strongly Cesaro summable
sequences. Connor 4 further extended this definition to a definition of strong A-summability
with respect to a modulus where A = (a, ) is a nonnegative regular matrix and established
some connections between strong A-summability, strong A-summability with respect to a mod-
ulus, and A- statistical convergence. In [45] the notion of convergence of double sequences was
presented by A. Pringsheim. Also, in [46] — [49] and [50] the four dimensional matrix trans-
formation (Az), , = >_ " D207 @i Tmy, was studied extensively by Robison and Hamilton.
In their work and throughout this paper, the four dimensional matrices and double sequences
have real-valued entries unless specified otherwise. In this paper we extend a few results known
in the literature for ordinary (single) sequence spaces to multiply sequence spaces. This will be
accomplished by presenting the following sequence spaces:

{w X’ Polim 30 - afi S (((m 4 m)! [an]) 757 ) = o}

m=0n=0
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and

oo oo
{x €A% iulz Z Z apg' f (|xmn|%+n> < Oo}a

> ¥ m=0m=0

where f is a modulus function and A is a nonnegative four dimensional matrix. Other impli-
cations, general properties and variations will also be presented.
We need the following inequality in the sequel of the paper. For a, b > 0and 0 < p < 1,
we have
(a+b)P <aP +bP. (1)

The double series E:no,n:1 Zmn 18 called convergent if and only if the double sequence ($.,1,)
is convergent, where s,,, = >_;"" ) zi;(m, n € N) (see [1]).
1/m+n

A sequence & = () is said to be double analytic if sup,,,,, [Zmn| < 00. The vector

space of all double analytic sequences will be denoted by A2. A sequence & = (Z,,,) is called

double gai sequence if ((m +n)! [zpn])/ ™"

— 0 as m, n — oo. The double gai sequences
will be denoted by x2. Let ¢ = {all finite sequences} .

Consider a double sequence z = (z;;). The (m, n)*" section 2™ of the sequence is defined
by zlmnl = oSy for all m, n € N; where S5 denotes the double sequence whose only
non zero term is a ﬁ in the (i, j)th place for each i, j € N.

An FK-space or a metric space X is said to have AK property if (Sy,p) is a Schauder
basis for X. Or equivalently z[™" — 2.

An FDK-space is a double sequence space endowed with a complete metrizable; locally
convex topology under which the coordinate mappings z = (zx) — (Zmn)(m, n € N) are also
continuous.

Orlicz [19] used the idea of Orlicz function to construct the space (LM ) . Lindenstrauss and
Tzafriri 1% investigated Orlicz sequence spaces in more detail, and they proved that every Orlicz
sequence space {j; contains a subspace isomorphic to £, (1 < p < 00) . subsequently, different
classes of sequence spaces were defined by Parashar and Choudhary ', Mursaleen et al.['4],
Bektas and Altin 13, Tripathy et al.?!l, Rao and Subramanian '8!, and many others. The
Orlicz sequence spaces are the special cases of Orlicz spaces studied in [9].

Recalling [16] and [9], an Orlicz function is a function M : [0, co) — [0, co) which is
continuous, non-decreasing, and convex with M (0) =0, M (z) > 0, for x > 0 and M (z) — oo
as x — oo. If convexity of Orlicz function M is replaced by subadditivity of M, then this
function is called modulus function, defined by Nakano '®! and further discussed by Ruckle 1]
and Maddox "] and many others.

An Orlicz function M is said to satisfy the As-condition for all values of u if there exists
a constant K > 0 such that M (2u) < KM (u) (u > 0). The As-condition is equivalent to
M (fu) < KM (u), for all values of u and for £ > 1.

Lindenstrauss and Tzafriri 1% used the idea of Orlicz function to construct Orlicz sequence

space

EM:{wa: ZM(Ix—p"")<oo, forsomep>0}.
k=1
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The space £;; with the norm
(oo}
Iz :mf{p>o; ) M(M) <1},
k=1 r

becomes a Banach space which is called an Orlicz sequence space. For M (¢) =P (1 < p < 00),
the spaces ;s coincide with the classical sequence space £,,.

If X is a sequence space, we give the following definitions:

(i) X = the continuous dual of X,

o0

(ii) X« = {a = (amn): Y. |@mnTmn| < 0o, for each x € X} ,

m,n=1

o0

(iii) X? =<3 a = (@mn): Y. GmnZmn is convegent, for each z € X} ,
m,n=1

M, N

Y GmnTmn

mn m,n=1

(iv) X7 = {a = (@mn) :sup > 1

< 00, foreachajeX},
(v) Let X be an FK-space D ¢; then X/ = {f(%mn) 1 fe X/},

(vi) X0 = {a = (@mn) : SUp |amnxmn\1/m+” < o0, for each z € X} ,
X XP X7 are called a- (or Kothe-Toeplitz) dual of X, - (or generalized-K 6the-Toeplitz)
dual of X, ~- dual of X, §- dual of X respectively. X is defined by Gupta and Kamptan 24,
It is clear that 2 C X# and X* C X7, but X* C X7 does not hold, since the sequence of
partial sums of a double convergent series need not to be bounded.

The notion of difference sequence spaces (for single sequences) was introduced by Kizmaz
[36] as follows

Z(A)={z=(zy) cw: (Azy) € Z},

for Z = ¢, ¢y and o, where Axy = xp — xpy1 for all k& € N. Here w, ¢, ¢g and £, denote
the classes of all, convergent, null and bounded sclar valued single sequences respectively. The

above spaces are Banach spaces normed by
[#]| = |z1| + sup [Azg| .
E>1

Later on the notion was further investigated by many others. We now introduce the following
difference double sequence spaces defined by

Z(A) ={z = (zmn) € w?: (Azmn) € Z},

2 2
where Z = A y X and A-Tmn = (xmn *xmn+l) - (zm+1n *xm+ln+1) = Tmn — Tmn+1 —

Tmt1n + Tmains1 for all m; n € N.

§2. Definitions and preliminaries

Throughout the article w? denotes the spaces of all sequences. y%, and A%, denote the
Pringscheims sense of double Orlicz space of gai sequences and Pringscheims sense of double

Orlicz space of bounded sequences respecctively.
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Definition 2.1. A modulus function was introduced by Nakano ®!. We recall that a
modulus f is a function from [0, co) — [0, o0), such that

(i) f(z) =0 if and only if z =0,

(i) f(z+y) < f(z)+ f(y), forallz >0, y >0,

(iii) f is increasing,

(iv) f is continuous from the right at 0. Since |f () — f (v)| < f (Jx — y|) , it follows from
condition,

(v) that f is continuous on [0, 00) .

Definition 2.2. Let p, ¢ be semi norms on a vector space X. Then p is said to be stronger
that ¢ if whenever (z,,,) is a sequence such that p (z,,,) — 0, then also ¢ (,,) — 0. If each
is stronger than the others, the p and ¢ are said to be equivalent.

Lemma 2.1. Let p and ¢ be semi norms on a linear space X. Then p is stronger than ¢ if
and only if there exists a constant M such that g(z) < Mp(x) for all x € X.

Definition 2.3. A sequence space E is said to be solid or normal if (@nTmn) € E
whenever (z,,,) € E and for all sequences of scalars (qm,y,) with |am,| < 1, for all m, n € N.

Definition 2.4. A sequence space E is said to be monotone if it contains the canonical
pre-images of all its step spaces.

Remark 2.1. From the two above definitions it is clear that a sequence space E is solid
implies that E is monotone.

Definition 2.5. A sequence E is said to be convergence free if (y,.,) € E whenever
(Zmn) € FE and Xy, = 0 implies that y,, = 0.

By the gai of a double sequence we mean the gai on the Pringsheim sense that is, a double
sequence & = (L) has Pringsheim limit 0 (denoted by P-lim x=0) such that ((m 4+ n)! |zmnl)
= 0, whenever m, n € N. We shall denote the space of all P- gai sequences by x2. The
double sequence x is analytic if there exists a positive number M such that \xjk\fﬁ < M for
all j and k. We will denote the set of all analytic double sequences by AZ.

Throughout this paper we shall examine our sequence spaces using the following type of
transformation:

Defintion 2.6. Let A = (a}j}?) denote a four dimensional summability method that maps
the complex double sequences x into the double sequence Az where the k, /- th term to Ax is

as follows:

(Az) = 22 3 af Tmn,

m=1n=1

such transformation is said to be nonnegative if a];" is nonnegative.

The notion of regularity for two dimensional matrix transformations was presented by Sil-
verman and Toeplitz and [51] and [52] respectively. Following Silverman and Toeplitz, Robison
and Hamilton presented the following four dimensional analog of regularity for double sequences
in whcih they both added an adiditional assumption of boundedness. This assumption was made
because a double sequence which is P-convergent is not necessarily bounded.

Definition2.7. The four dimensional matrix A is said to be RH-regular if it maps every

bounded P-gai sequence into a P-gai sequnece with the same P-limit.
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In addition to this definition, Robison and Hamilton also presented the following Silverman-
Toeplitz type multidimensional characterization of regularity in [50] and [46]:
Theorem 2.1. The four dimensional matrix A is RH-regular if and only if
RH; : P]; lizm apy” = 0 for each m and n,
' o0 o0
RHy: P-lim ). > ai" =1,
k, £ p=1n=1

o0
RHj : P]; lizm > |apyt| = 0 for each n,
) m=1
&)
RHy : P]; lizm >~ lapy*| = 0 for each m,
) n=1

&S} o0
RHs: ) ) aj)* is P-convergent and
m=1n=1
RHyg : there exist positive numbers A and B such that " |af}"] < A.
m, n>B

Definition 2.8. A double sequence (%,,,) of complex numbers is said to be strongly
A-summable to 0, it P-limy, ¢, af® ((m +n)! |2, — 0])77 = 0.

Let o be a one-one mapping of the set of positive integers into itself such that o™ (n) =
o(e™ (n)), m=1, 2, 3, --- . A continuous linear functional ¢ on A? is said to be an invariant
mean or a o-mean if and only if

(i) ¢(x) > 0 when the sequence z = (Zpy) has Ty, > 0 for all m, n.

(ii) ¢(e) = 1 where

1, 1, 1
1, 1, 1

€= b
1, 1 1

) 3

(iii) A({Zo(m),o(n) }) = ¢({@mn}) for all z € A2
For certain kinds of mappings o, every invariant mean ¢ extends the limit functional on the
space C' of all real convergent sequences in the sense that ¢(x)=lim x for all z €C' consequently
CCV,, where V, is the set of double analytic sequences all of those - means are equal.

If = (Tmn), set Tz = (T2)Y"™ ™ = (Zy(m), o(n))- It can be shown that

V, = {x € A%: im tpn(2,)'™ = Le uniformly in n, L = U—lim(mmn)l/m"'"},
m—0oQ

where
($n+TiL'n+"'+men)1/m+n

ton () = g . (2)

We say that a double analytic sequence x = () is o- convergent if and only if x € V.
Definition 2.9. A double analytic sequence x = (x,,,) of real numbers it said to be o-

convergent to zero provided that

P 1
P- lim% S |x0m(k), omey| 7" BT O =0, uniformly in (K, £).
P, q m=1n=1
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In this case we write os-lim x=0. We shall also denoted the set of all double o-convergent
sequences by V2. Clearly V2 C A2

One can see that in contrast to the case for single sequences, a P-convergent double se-
quence need not be o-convergent. But, it is easy to see that every bounded P-convergent
double sequence is convergent. In addition, if we let o (m) =m+ 1 and o (n) = n+ 1 in then

o-convergence of double sequences reduces to the almost convergence of double sequences.

The following definition is a combination of strongly A-summable to zero, modulus function
and o-convergent.

Definition2.10. Let f be a modulus, A = (a}}*) be a nonnegative RH-regular summa-
bility matrix method and

1, 1, 1
1, 1, 1
e =
1, 1, 1

We now define the following sequence spaces:

X2 (4, f)
= {x ex’: P- hmz Z ary") (k) + 0™ (O) [zom k), aw)D”’""“)l*”"‘“ 0},
m=0n=0
A (A, f)
= {x e A% supz Z (azd™) |xa-7n(k-) o-n(g)D D < oo}.
m=0n=0

If f (x) = x then the sequence spaces defined above reduce to the following:

X* (4)
= {IGX : P- hmZ Z af") (6™ (k) + 0™ (O)! [2om iy om (0 |) TTTFTD 0}
m=0n=0
and
A% (4)
= {x e A?: supz Z apy”) |xam(k) gn(5)|)”m““)1+""“) < oo}.
m=0n=0

Some well-known spaces are defined by specializing A and f. For example, if A = (C, 1, 1) the
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sequence spaces defined above reduces to x? (f) and A? (f) respectively

X2 (f)
| ket )
= {a: ex?:P- hm— f(( (O)! |gcgm(k)7 O'"(Z)|) T D — 0} ’
m=0n=0
A% (f)
k—1 £—1 .
= c A% . N TR .
{x Silepke pID I LR 00}

As a final illustration, let A = (C, 1, 1) and f (z) = z, we obtainthe following spaces:

1

k—
1
X2 = {xex P—hm— Z
m=0

1

L—
Z ")) ’xom(k), an(@bm _ 0}

n=0
and
k—1 £—1
2 _ 2 T (R)F o ()
g _{xEA SUPMmZo;)‘%"w (|7 <Oo}

§3. Main results

In this section we shall establish some general properties for the above sequence spaces.
Theorem 3.1. x? (A, f) and A% (A, f) are linear spaces over the complex filed C.
Proof. We shall establish the linearity x? (A, f) only. The other cases can be treated in
a similar manner. Let = and y be elements in % (A, f). For A and p in C there exist integers
M) and N, such tht |A| < M) and |p| < N,. From the conditions (ii) and (iii) of Definition
2.1, we granted the following
>

m=0n

1
TR FT D)

(@) F ((a™ (k) + 0™ () [Azomy, on(e) + BYom k), on(e)])

Mg

Il
o

oo

D @) £ (@™ (k) 4+ 0™ (D)) [Zompy, oniey]) T

m=0n=0

oo 0o L
+Nu Z Z (@) [ ((a™ (k) + 0™ () |Yom k), on(ey|) T PFTO

m=0n=0

NE

< M,

for all k and ¢. Since x and y are x? (A, f), we have A\ + uy € X% (A, f). Thus x% (A, f) is a
linear space. This completes the proof.

Theorem 3.2. 2 (4, f) is a complete linear topological spaces with the the paranorm

g(x)=sup > > (ag")f (}maﬁn(k)’ gn(l)‘) EHOEEON
k¢ m=0n=0

Proof. For each z € x? (4, f), g(x) is exists. Clearly g(0) = 0, g(—x) = g (), and
g(z+1y) <g(x)+g(y). We now show that the scalar multiplication is continuous. Now observe
the following:

oo 00 1
g(x) =sup > 3 (agy") [ ([Meom k), on()|) TTIFTE < (14 [N]) g (2).

kl m=0n=0
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Where |)\\W denotes the integer part of |)\|m . In addition observe that
g (z) and A approahces 0 implies g (Az) approaches 0. For fixed J, if 2 approaches 0 then g (Ax)
approaches 0. We now show that for fixed x, A approaches 0 implies g (Az) approaches 0. Let
rex (A, f ) thus

p-lim Z Z (afe") f (((Um (k) + ™ () |zgm), a'"([)’)m) =0.

m=0n=0

If |)\|°'m<">1+""<4> < 1land M € N we have:

o> (@ f (((o’“ (k) + 0™ () X |zgmr), UH(Z)DW)
=0
< 2D (az’z”)f(((a’"(k)w”(e))!M%m(k% G,,L(Z)DW)

30 @) 7 (07 () + 0™ (0 Mgy, anip) D).

m>M n>M
Let € > 0 and choose N such that

3 @) 5 (07 (8% " O frmi, o) ) < 6 3)

m=0n=0

for k, £ > N. Also for each (k, ¢) with 1 <k < N,1</¢< N, and since

S 3 @) £ (0™ () + 0" () Jamay, ovi0 ) T ) < v,

m=0n=0

there exists an integer M}, , such that
1
Z Z aké ( (]{1) + o" (f))' |xom(k),o"(€) |) am(k)Jran(l)) <
m>Mpy e n>My 4
Taking M = infy << n(ory1<e<n {Mr,e} , we have for each (k, £) with 1 <k <Nor1 </<N.

S @) £ (07 B + 0" (O [ron sy mi) T ) < £

m>M n>M
Also from (3), for k, £ > N we have

IS U
Z Z (lkg < (k) + 0-71 (E))' |1.17m(k)7 o-n(g) |) ”m(k)‘*"’"(f)) <
m>M n>M

Thus M is an integer independent of (k, £) such that

S @ (07 ) + 0™ ) [y, o)) T ) < F @

m>M n>M

|

N

[N R Ne))

Further for || 7@ < 1 and for all (k, £),

Z Z agg”) ( (k) 4+ 0™ (O))! [ Az gm ), an(€)|)m)

m=0n=0

< SN @) s (07 )+ 0" ) Non ey, o) T )

m>M n>M

+ Z Z ary") ( (k) 4 0™ (0))! [ Az gm k), UWﬂ)W),

m<M n<M
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For each (k, £) and by the continuity of f as A — 0 we have the following:

> D (@) ( (k) A+ ™ (O)! [ Azgm ), W)Dm),

m<M n<M

1
Now a choose § < 1 such that |[A|""™+"® < ¢ implies

2 2 ) ( " (k) + 0" (O) [Azgm, an<e>|)m) <%. (5)

m<M n<M

It follows that Z Z (alym) f(((am (B) + 0™ () [Azgm (i), (,n(@|)7ﬂmw>l+ﬂ"<f>) < ¢ for all

m=0n=0

(k, £). Thus g (A\x) — 0 as A — 0. Therefore x? (4, f) is a paranormed linear topological
space.

Now let us show that x2 (A4, f) is complete with respect to its paranorm topologies. Let
(x%.,,) be a cauchy sequence in x? (A4, f). Then, we write g (z* — ') — 0 as s, t — o0, to
mean, as s, t — oo for all (k, ¢),

1
o™ (k)+o™ (£)
E E (ay") (( (k) + 0" (O) |25 k), on () — Tom k), o—"(Z)D ) — 0. (6)

m=0 n=0

Thus for each fixed m and n as s, t — co. We are granted

and so (z7,,) is a cauchy sequence in C for each fixed m and n. Since C is complete as s — oo
we have x ., — T, for each (mn). Now from Definition 2.9, we have for € > 0 there exists a
natural numbers N such that

Z > @) s (om0 +on o

n =0

1
s t oM (k) +oT (2)
fﬂo.m(k)7 on(e) — xg-'m.(k)) U”(Z)D < €,

s, t >N

for (k, £). Since for any fixed natural number M, we have from Definition 2.10,

> % @i (oo o )T <

m<M ., <wm

s t
Lom(k), on(6) ~ Tom(k), om(0)

s, t >N

for all (k, £). By letting t — oo in the above expression we obtain

Yoo @ (( " (R) 0" (O |T5m k), on(e) — Tom k), o (0)

m<M , < m

1
T (R)+o™ ()
) > < €.

s >N

Since M is arbitrary, by letting M — oo we obtain

1
TR AT (D)
) ><6,

Z Z ag") (( (k) + 0" (0)! »Tim(/c), on(e) — Lom(k), am(£)

m=0n=0
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for all (k, £). Thus g(z° —x) — 0 as s — o0o. Also (z°) being a sequence in x? (A, f) be
definition of x2? (A, f) for each s with

oo o0 ]
mn m n S rmEn
503 @i 1 (((67 040" (0 [y, oni — 2o, anco]) 7T ) =0

as (k, £) — oo thus = € X2 (4, f).
This completes the proof.
Theorem 3.3. Let A = (a}})") be nonnegative matrix such that

sup Z Z (ang")

m=0n=0

and let f be a modulus, then x? (A, f) C A% (A, f).
Proof. Let z € x? (A, f). Then by Definition 2.1 of (ii) and (iii) of the modulus function

we granted the following:

Py
< XX s((em ! [romey, ono — ) T £ (0D D0 3 ()
m=0n=0 m=0n=0

There exists an integer N, such that |0] < N,. Thus we have

DD (a) f (((Um (k) + 0™ () |Tom(k).0m(0)]) “m(’“’}*“"(“)

m=0n=0
< ;);f(((am () + 0™ (O)! 2 .m0y — O]) T ) 4 Ny f (1 ZOZO af")

oo oo
Sllglgp Z Z (apy") < o0

m=0n=0
and = € X2 (A, f), we are granted x € A% (A, f) and this completes the proof.
Theorem 3.4. Let A = (a}}”) be nonnegative matrix such that

SHP Z Z arg")

m=0n=0

and let f be a modulus, then A? (4) C A% (A, f).
Proof. Let x € A? (A), so that

oo o0 1
mn TR T (E)
sup E E any |xﬂm(k)7 an(€)| B+ < 0.
k, ¢ m=0n=0

Let € > 0 and choose § with 0 < § < 1 such that f (¢) < e for 0 < ¢ < 4. Consider,
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(oo} (oo} 1
S S e f ([2om ), onin) D)

m=0n=0
o0 o] 1
J— mn Mk (g
= > o (|xam(k>, o] 7T ”)
m=0 n =0

1
[2om (i), on (o] 7 TTTO <5

oo o0 1
mn oM (L o
+> 2. agg" f (|$am<k>, o (o] T (’”)~
m=0 n=0

2 am (1), a"(a\m >0

Then

oo oo 1

mn TR T (E) mn
Z Z ape" f (‘%m(k), on(ey| 7T ”) € Z Za ) (7)
m=0 n=0 m=0n=0
1
|2 gm (ky, on(ey| TTEFTTED <5

For

1
o™ (k)+o™ (£
|Tom k), on(ey| " OFTE > 6,

we use the fact that

1
TR (O

’xavn(k)7 on(f) |x0-'m.(k)7 on(f)
1
5 < + 5 )

SN E—
[Tom ), on(e| IO <

where [t] denoted the integer part of ¢ and from conditions (i) and (iii) of Definition 2.1,

modulus function we have

1
m) B P ) aﬂ(zg}“ AR Y

7 (|2om), one

R S
T Fo (D)

|om k), om ()

<2f(1) —5

Hence

Z Z U,Z}nf (|370.m(k:)7 0"(€)|m)

n_O

|zmmn | ""+" >4

Z Zake |Zom k), one)| TR D)

m=0n=0

IA

which together with inequality (7) yields the following

oo oo 1
Z Z G,Z?lf (‘.’Eovn(k)7 on(0) ‘ am(k)+6n(£))

m=0 n=0

1
mn o o7
< XY+ LSS rani, anio T

m=0n=0 m=0n=0
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Since
SUP Z Z agg")
m=0n=0
and z € A? (A), we are granted that z € A? (A, f) and this completes the proof.

Definition 3.1. Let f be modulus a}}" be a nonnegative RH-regular summability matrix
method. Let p = (pn) be a sequence of positive real numbers with 0 < p,,, < sup pmn = G
and D = max (1, 2G_1) . Then for ayn, bmn € N, the set of comples numbers for all m, n € N,
we have

J J D
[@an + boun | T < D {agun | T+ by 7 .

Let (X, ¢) be a semi normed space over the field C of complex numbers with the semi norm gq.
We define the following sequence spaces:

X (A, p, a)
=@ ex’: Polim S (i) [ (4 (@™ (B) + 0™ O) [omqpy, o) 7)™
= O7 m=0n=0
A% (4, f.p, ?
=z €A sup Z Z R [ ( (|2om (o, Jyl(z)’)w)rm
< Q. meene

Theorem 3.5. Let f; and f> be two modulus. Then x? (A, f1, p, ¢) X% (A, f2, p, q) C
X2 (Aa fl +f2a D, q)

Proof. The proof is easy so omitted.

Remark 3.1. Let f be a modulus ¢; and ¢2 be two seminorm on X, we have

() XA fop, @) VEA fop, @) SXP(A, f, po o+ a2),

(i) If g; is stronger than o then x2 (A, f, p, ¢1) C X% (A, f, p, ¢),

(iii) If ¢y is equivalent to go then X2 (A, f, p, @1) = X2 (4, f, p, q2).

Theorem 3.6. Let 0 < pypn < 1 for all m, n € N and let {qm”} be bounded. Then

X2(A’ f? T? q)CX(A’ f’p’ )'

Proof. Let
.’IJEXZ(A, f) r7 q)7
oo o0 ; ﬁ .
Z (age" { ( (k) 4 0" (O [T (k) on(e)]) T (e))] . (8)
m=0n=0
Let

Z Z ag" { ( " (k) +a" (£))! ’xam(k), 0"(5)’) "m““)}”n(“)ym ) 9)

m=0n=0
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we have Yimn = Prmn/Tmn- SINCe Prn < Tmp, we have 0 < v, < 1. Let 0 < 4 < Yynp- then

tomns  if (tmn > 1),
0, if (tn < 1),

Umn =

0, if (tmn >1),
tmny if (tmn < 1) .

Umn -

tmn = Umn + Umn, tz%“ = u;ynwl + U;{?Ln

Now, it follows that

Since

o % vy
Um' < Umn < by O S Ugy -

Ymn — oY ¥ v v
tymn = q)mn g lmn - we have t)mm <t + ),

Thus,

IA
[M]8
[M]8
=

m=0n=0

o0 o0
> D (i)
m=0n=0

o0 o0

IN
(]
(]
=
=

IA
]
g

2

&
—

But

Kkt
m=0n=0

Therefore we have

P—kleim Z Z (ag”

m=0n=0

Hence

s

K

( )
( )

5 (4 (0™ 0+ ™ (O [r0m g, o) 75 ) ]
( )
( )
( )

mn

q ((Um (k) 4+ o™ (0)!

1
|Tom k), on(e)|) TTEIFTO

~—

q (o™ (k) + 0™ (0))!

~—

|Zom k), on(o)|

Tmn

Tmn

Tmn

P-lim Z Z (ap) [f (q (((Tm (k) + o™ (0))! |1'gm(k), on () |)W)} =0.

Pmn

) [ (207 (8) + 0" (O [amgey, oni) T )] = 0

zex*(A, f, p, q).
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From (8) and (12) we get z € X2 (4, f, r, q) Cxz € X*(4, f, p, q).

Theorem 3.7. The space = € x? (A, f, p, q) is solid and a such are monotone.

Proof. Let (z,,n) € 2 € X2 (A, f, p, q) and (a,,,) be a sequence of scalars such that,
|atmn| < 1 for all m, n € N. Then

» T Pmn
Z Z (agi™) | f (q ((am (k) + o™ (0))! |Ozmnxgm(k)7 U"(Z)D Py e o) )}
! aam sy, o) ) [N,

Pmn

2.2 @) |f (@ (0™ (k) + o™ (O) |wgma), onm!)m)} N,

IN
(]2
(]2
=
e
- = = =
[}
G}
3
e
_|_
Q
3
=

(
2 2 (o) f(q (o™ (k) + 0™ (O)! |mn@om ), aw)\)m)rm
(

IN

for all m, n € N. This completes the proof.
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Abstract The main purpose of this paper is using the elementary method to study the
hybrid mean value properties of the Smarandache kn digital sequence with SL(n) function
and divisor function d(n), then give two interesting asymptotic formulae for it.

Keywords Smarandache kn digital sequence, SL(n) function, divisor function, hybrid mean

value, asymptotic formula.

§1. Introduction and results

For any positive integer k, the famous Smarandache kn-digital sequence a(k,n) is defined
as all positive integers which can be partitioned into two groups such that the second part is k
times bigger than the first. For example, Smarandache 3n digital sequences a(3,n) is defined
as {a(3,n)} = {13,26,39,412,515,618,721,824,- -}, for example, a(3,15) = 1545. In the
reference [1], Professor F. Smarandache asked us to study the properties of a(k,n), about this
problem, many people have studied and obtained many meaningful results. In [2], Lu Xiaoping

studied the mean value of this sequence and gave the following theorem:

n 9
TE;V a(5,n) 50In10

In [3], Gou Su studied the hybrid mean value of Smarandache kn sequence and divisor

function o(n), and gave the following theorem:

o(n) 32
= -1 0(1),
;CL(k’n) k-20-1n10 ne+0(1)
where 1 < k < 9.

Inspired by the above conclusions, in this paper, we study the hybrid mean value properties

of the Smarandache kn-digital sequence with SL(n) function and divisor function d(n), where

IThis work is supported by Scientific Research Program Funded by Shaanxi Provincial Education Depart-
ment(No. 11JK0470).
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SL(n) is defined as the smallest positive integer k such that n|[1,2,...,k], that is SL(n) =
min{k : k € N,n|[1,2,...,k]}. And obtained the following results:

Theorem 1.1. Let 1 < k < 9, then for any real number x > 1, we have the asymptotic
formula

SL(n)  3x?
2 akn) koo e+ OW).

n<z

Theorem 1.2. Let 1 < k < 9, then for any real number x > 1, we have the asymptotic

formula

d(n)-SL(n)  =*
2 olbn) k2o e+ OQ).

n<z

§2. Lemmas

Lemma 2.1. For any real number x > 1, we have

SL(n) = =z x
=T o (i)

n<lz

Proof. For any real number x > 1, by reference [4] we have the asymptotic formula

7T2 $2 ZL'2
L _ — e — .
ZS (n) 12 lnw+0<]n2x)

n<zx

Using Abel formula (see [6]) we get

2 G [ G ln) @
mi:+o<h§x>+§/lmlt dt+0</1wln12tdt>

= & L0 (hﬁx) .

Lemma 2.2. For any real number = > 1, we have

d(n)~SL(n)77L4 ES x
2 n =18 e 9 \mts )

n<lz

ERSRS

This proves Lemma 2.1.

Proof. For any real number z > 1, by reference [5] we have the asymptotic formula
4 2

Y d(n) - SL(n) = 79?6'11&;3:*0(1;29'

n<lz
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Using Abel formula (see [6]) we get

d(n) - SL(n) 1 (7t a2 x? /’”1 t t2 t2
2~ = almmrolem)) ) Elw o))

l1<n<zx
T =z T ol | 1
= —. 2 10 —=— — — dt+ 0O —— dt
36 Tz | (ln2z>+36/1 me (/1 In?t )
™ T
= _— . — O .
18 1nx+ (1112:1:)

This proves Lemma 2.2.

§3. Proof of the theorems

In this section, we shall use the elementary and combinational methods to complete the
proof of our theorems. We just prove the case of k = 3 and k = 5, for other positive integers
we can use the similar methods.

First we prove theorem 1.1. Let k = 3, for any positive integer x > 3, there exists a positive
integer M such that

33---33 <2 <33---33.
—— ——
M M+1

So

10M — 1 < 3z < 10M+1 1,

Then we have

In 3z 1 In3x 1
—1- — <M — — . 1
In10 0 <10M) - < In10 0(1()M> (1)

By the definition of a(3,n) we have

SRS - SRR B E
' ;.-m;m fé(%

+10M <n<z
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Form (1), (2) and lemma 2.1 we get

1.10k—1
'y Sk Z oSk
n==%1.10k-1 e (10k + 3) 1.10 1Ok + 3) n==%.10k-1 n- (1Ok + 3)
=1 . i

2 1ok -10k-1 1 1
= — . + O _
6 10% + 3 In(1 - 10%) k2

3r? 1 1
- 3-20 k+0(k2) ®)

oo
1
Note that the identity E — = 72 /6 and the asymptotic formula
n

Wl

1 1

1<k<M

where v is Euler’s constant.
Form (1), (2) and (3) we get

s 5L _ ismmui SL() § sLm) l'sz:‘l SL(n)
2 aG) e R S T 2 G
SL(n)
+ Z a(3,n)
LioM<n<g
M M
3m2 1 1
©£=3.20 k+0<;k2>

2
= 3.9 Inlnz + O(1).

Now we prove the case of k = 5, for any positive integer = > 1, there exists a positive

integer M such that

200---00 <2 <199---99.
—— ——
M M+1

So

10M < 5z < 10M+1 — 5,

Then we have

In b5z 1 In bz
——1- — | <M< —. 4
In10 O<1OM>_ <lnlO (%)
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By the definition of a(5,n) we have

LaoM_1
SL(n) 3 SL(n) <X SL(n) <X SL(n) ; SL(n)
>, S Py ey Ry
S, a(5,n) — a(5,n) —a(5,n) = a5 n) ool a(5,n)
SL(n)
NP SRty
£-10M<n<zx
_ Z i SL(n) § SL(n)
o 10+5 <n(10245) '~ < n(10 +5)
P s SL(n)
n n
Y amomyn T 2 aiomriE) (5)
n=%1.10M-1 $10M <n<w
Form (4), (5) and lemma 2.1 we get
OZ SL(n) SL(n) S SL(n)
- (10k k - . (10%
Mo n - (10~ +5) el (10% +5) e (10% +5)
2 1.0k - 1105t 1
— T 5 5 - +0( =
6 10F +5 In(L - 10) k2
3r2 1 1
T 5-20 k+0(k2)

Similar to the proof k = 3, we get

SL(n) SL(n) | s~ SL(n) | <~ SL(n) " SL(n)
Z a(5,n) Z a(5, n)+;a(5,n)+”2220 a(5,n)+ * 72 a(5,n)

n=1

= Inlnz + O(1).

By using the same methods, we can also prove that the theorem holds for all integers
1 <k <9. This completes the proof of theorem 1.1.

Similar to the proof of theorem 1.1, we can immediately prove theorem 1.2, we don’t
repeated here. As the promotion of this article, we can consider the hybrid mean value of
Smarandache kn sequence with other functions such as SL*(n), Sdf (n),o(S(n)), 2(S*(n)), and

obtain the corresponding asymptotic formula.
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§1. Introduction

We denote by J the normalized duality mapping from X into 2X" by

J@)={f X" (z,f) ==l = | I},

where X* denotes the dual space of X and (.,.) denotes the generalized duality pairing.
Definition 1.1.1"1 A mapping 7': X — X with domain D(T) and R(T) in X is called
strongly pseudocontractive if for all x, y € D(T), there exist j(z —y) € J(x —y) and a constant
k € (0, 1) such that
(T~ Ty, j(z— ) < kllz — g

Closely related to the class of strongly pseudocontractive operators is the important class
of strongly accretive operators. It is well known that T is strongly pseudo-contractive if and
only if (I — T') is strongly accretive, where I denotes the identity map. Therefore, an operator
T: X — X is called strongly accretive if there exists a constant k € (0, 1) such that

(Tw =Ty, j(@—y)) = kllz -yl

holds for all z, y € X and some j(z —y) € J(z —y). These operators have been studied and
used by several authors (see, for example [13-20]).

The Mann iteration scheme !, introduced in 1953, was used to prove the convergence of
the sequence to the fixed points of mappings of which the Banach principle is not applicable. In
1974, Ishikawa (7] devised a new iteration scheme to establish the convergence of a Lipschitzian
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pseudocontractive map when Mann iteration process failed to converge. Noor et al. [13]

, gave the
following three-step iteration process for solving non-linear operator equations in real Banach
spaces.

Let K be a nonempty closed convex subset of X and T': K — K be a mapping. For an

arbitrary xo € K, the sequence {z,,}>2, C K, defined by

Tn+1 = (1 - an)xn + anTyn;
Yn = (]- - ﬁn)xn + BnT zp,
zn =1 —v)xn + Txn, n >0, (1)

where {an 152, {8n}52, and {v,}22, are three sequences in [0,1] for each n, is called the
three-step iteration (or the Noor iteration). When ~,, = 0, then the three-step iteration reduces

to the Ishikawa iterative sequence {z,}5>, C K defined by

Tpt+1 = (1 - an)xn + ap Ty,
Yn = (1 = Bn)xp + BuTxp, n > 0. (2)

If B, = vn = 0, then (1) becomes the Mann iteration. It is the sequence {x,}32, C K
defined by

Tpt1 = (1 —ap)zy + apyTx,, n > 0. (3)

Rafiq ['%], recently studied the following of iterative scheme which he called the modified
three-step iteration process, to approximate the unique common fixed points of a three strongly
pseudocontractive mappings in Banach spaces.

Let Ty, 15, T3 : K — K be three mappings. For any given z( € K, the modified three-step
iteration {z,}°>, C K is defined by

Tnitl = (1 - an)xn + anlenv
Yn = (1 - ﬂn)xn + BnTQZna
zn = (1 = Yn)2n + T2, n >0, (4)

where {0, }52 o, {Bn}o2y and {7, }52, are three real sequences satisfying some conditions. It
is clear that the iteration schemes (1)-(3) are special cases of (4).

It is worth mentioning that, several authors, for example, Xue and Fan ['7), and Olaleru and
Mogbademu % have recently used the iteration in equation (4) to approximate the common
fixed points of some non-linear operators in Banach spaces.

In this paper, we study the following iterative scheme f(T1,v,,2,) involving a strong
pseudocontraction T; and a sequence {v,}52, in X: zp € X.

Tpn+1 = f(T17’Un7xn>

= (1-an)z, +a,Thv,, n>0, (5)

where {a,,}52  is a real sequence in [0, 1] to approximate the unique fixed point of a continuous

strongly pseudocontractive map.
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This iteration scheme is called unified iteration scheme because it unifies all the iterative
schemes mentioned therein. For example:

(i) Its gives the Mann iteration as a special case when v, = z,, (n > 0) and T} =T (see
Mann [9]).

(ii) If v, = y, where y, = (1 — Bn)xn + BnTox, and Ty = To = T we have the Ishikawa
iterative scheme (see, Ishikawa [7]).

(iii) If v,, =y, where y,, = (1 = Bn)xn + BnTo2n, 2n = (1 — Yn)xpn + W T32, and Ty =T =
T5 = T we have the Noor iterative scheme defined in (1).

(iv) If v, = yp, where y, = (1 — Bp)zn + BnTozn, 2n = (1 — Y0)Zn + T3z, we have the
modified Noor iterative scheme recently studied by Rafiq '®!, Xue and Fan 7 and Olaleru and
Mogbademu 4.

Moreover, we show that this unified iterative scheme can be used to approximate the
common fixed points of a family of three maps. Thus, our results are natural generalization of
several results.

In order to obtain the main results, the following Lemmas are needed.

Lemma 1.1.1%16] Let F be real Banach space and J : E — 2F" be the normalized

duality mapping. Then, for any x, y € F
o +yl* < lzl* +2 <y, jlz+y) >, Vil +y) € J(z+y).

Lemma 1.2.016] Let (o) be a non-negative sequence which satisfies the following inequal-
ity
Wn41 S (1 - )\n)wn + 5na

where A\, € (0, 1), Vn € N, >>>° | A, = 00 and §,, = o(\,). Then lim,_. a,, = 0.

§2. Main results

Theorem 2.1. Let X be a real Banach space, K a non-empty, convex subset of X and
let 77 be a continuous and strongly pseudocontractive self mapping with pseudocontractive
parameter k € (0, 1). For arbitrary zo € K, let sequence {z,}52, be define by (5) where
{an}22, is a sequence in [0, 1] satisfying the conditions:

oo
nlergoan =0, Zan = 00.
n=1
If
|T1vn — Thzn4a]l — 0,

as n — 00, then the sequence {x,}52, converges strongly to a unique fixed point of T3 € K.
Proof. The existence of a common fixed point follows from the result of Deimling (1978),
and the uniqueness from the strongly pseudocontractivity of 7;. Since T} is strongly pseudo-

contractive, then there exists a constant k such that

(Tha — Thy, j(z—y)) < klz —y|>
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Let p be such that T} p = p. From Lemma 1.1, we have

Tnt1 = P, J(@ng1 = p))
(1- an)xn + a,Tiv, — (1 — ap)p — an, j(Tny1 — p))
(1 —an)(@n — p) + an(T1vn — p), j(@Tn41 — p))
(1 —an)(@n = p), j(Tni1 — p))
+{an(Tion = p), j(Tni1))
= (I—an){en = pj(@ni1 = p))
+an(Thvy — T1Zpt1, 5 (Tne1 — p))

lzns1 = ol =

(
(
=
(

tan(Tizni1 = p, j(Tns1 — p))- (6)
By strongly pseudocontractivity of 17, we get
an(Tiapi1 = p, §(@n41) < anklzni1 — pl%,

for each j(xn4+1 — p) € J(Xnt+1 — p), and a constant k € (0, 1).
From inequality (6) and inequality ab < “2—'2"1727 we obtain that

1
(1 —an)lzn = pllllznts = pll < 50 = an)lln — plI? + llzns1 = pll? (7)
and
an||Tivn — Tixpy1|||Tne1 — pll < (HTlvn Tlfanrlll2 + O‘i”anrl - P||2)- (8)

Substituting (7) and (8) into (6), we infer that

[y

lzns1 = pl* < *((1 — an)?llzn = onll® + l|zns1 — pll)

[\

+5 (||T17fn Ty &1 ||” + ap|ns1 — pl?)

+ankllxn+1 =l (9)
Multiplying inequality (9) by 2 throughout, we have

20zni —pllP < (1 —an)?llen —pl* + lznsr — pll* + 117 yn — TV 2sa |

+a?||zntr = pl? + 20 kl|lznsr — ol
By collecting like terms |z,+1 — p||? and simplifying, we have
(1 =200k — o) |1 — ol < (1= a)zn — pll* + 1 Trvn — Thznsa ||

Since lim,, o[l — 2a,k — 2] = 1 > 0, there exists a positive integer Ny such that
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1 — 2apk — a2 > 0 for n > Ny. Then the inequality above implies that

(1 _O‘n)2 o | Thvn —Tlxn+1||2
%Hxn oI+ 1— 20,k — a2

(1 - 2a, +a? — 1+ 2ka, +a?)

lzns1 = plI* <

< 1 n - 2
< e, )
||T1'Un — Tll'nJrle
1—2a,k —a?
20, ((1 — k) + a) o T — Than
e 1 — —
( 1—2a,k — a2 Mizn = pl”+ 1—2ank —a2
2an(1 _ k) ||T1Un - Tlxn—i-l 2
< iz — ol + |

1 2ank—a2 1—2a,k — a2
| Tyvn — Tin41]?
1 -2,k — a2
||T1vn - T‘lxn+1”2
1—2a,k —a?

< (=201 = k)ln - pl* +

< (1 —an@ =kl —pl* +

It follows from (10) that,

| T1vn — Tingr|)?

1—2a,k—a2 ’

lewir —pI? < (1 awr)lzn —pl* + v > no,

where r = (1 — k) € (0, 1). Put \,, = ray,, w, = ||z, — p||?, 6, = %

Thus, Lemma 1.2 ensures that lim,, . ||z, — p|| = 0. This completes the proof.

(10)

(11)

Theorem 2.2. Let X, T and {z,};2, be as in Theorem 2.1. Suppose {a,}7%, is a

sequence in [0, 1] satisfying conditions of Theorem 2.1 with

anp>m >0, Vn >0,

where m is a constant. Then the sequence {z,}52, converges to the unique fixed point of Tj

and
lon —pl? < (1=mr)zn—pl*+ M
< (U=mr)fao — pl? + TR,

for all n > 0, which implies that
(1—(—=mnr)")
lzn = pll < (1= mr)lwo — pl|* + ————
where M = supﬁ”ﬂvn — T Zna |2
Proof. As in the proof of Theorem 2.1, we conclude that F(T}) = p and
||T1Un - Tlxn+1||2
1—2apk — a2
[T vy — Than g |?
1—2a,k — a2

< (1 -=mr)|x, —pHQ + M.

[Tne1 —pI* < (1= anr)|lzn —pl* +

IN

(1= mr)llzn = pl* +

M = | Ty o0 —Tiznya |

Put A\, = mr, w, = ||z, — p||?, 0p = T oo e

lim;, 00 ||z — p|| = 0.

(12)

. Thus, Lemma 1.2 ensures that
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Observe from inequality (12) that,

o1 =plI> < (1 —mr)llwo —pl* + M,

oz =pl? < (1—mr)|zy —pl> + M
< (L=mn)[(1 —mr)llzo —pl* + M]+ M
= (L—mr)?|zo —plI* + M + M(1L —mr),

lzn —plI> < (1 —mr)™||lzo —pl® + MM’

for all n > 0, which implies that

lzn = pll < (1 = mr)"[lzo — pl* +

This completes the proof.

Theorem 2.3. Let X be a real Banach space, K a non-empty, convex subset of X and
let Ty, T», T5 be continuous. Suppose T3 is strongly pseudocontractive self mapping with
pseudocontractive parameter k € (0, 1). For arbitrary zo € K, let sequence {z,,}22, be define
by (4) where {a,}0%20, {Bntozo, {7n}or, are sequences in [0, 1] satisfying the conditions:

o0
lim «, =0, g Qay, = 00.
n— o0

n=1

If
I T1yn — T1Zny1| — O,

as n — oo, then the sequence {z,}52, converges strongly to a unique common fixed point of
Ty, Ty, Ts.

Proof. If we set v,, = ¥y, in Theorem 2.1. In this case , the desired result follows
immediately from Theorem 2.1.

Remark 2.1. Theorem 2.3 improves and extends Theorem 2.1 of Xue and Fan (2008)
among others in the following ways:

(i) It abolishes the condition that T;(K) is bounded.

(ii) At least one member of the family of Th, T», T3 is strongly pseudocontractive.

(iii) We obtained a convergence rate estimate in Theorem 2.2.
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81. Introduction and preliminaries

Let H denote the family of continuous complex-valued functions which are harmonic in
the open unit disk U = {z € C': |z| < 1} and let A be the subclass of H consisting of functions
which are analytic in U. Clunie and Sheil-Small in [2] developed the basic theory of harmonic
functions f € H which are univalent in U and have the normalization f(0) =0, f.(0) = 1. Such
function may be written as f = h + g, where h and g are members of A. f is sense-preserving
if |¢’'| < |W|in U, or equivalently if the dilation function w = Z—: satisfies |w(z)| < 1 for z € U.

We may write

h(z) =z + Z anz”, g(z) = Z bnz". (1)

Let Sy denote the family of functions f = h + g which are harmonic, univalent, and
sense-preserving in U, where h and g are in A and of the form (1).

For harmonic function f = h 4+ g, we call the h the analytic part and g the co-analytic
part of f. The class Sy reduce to the class S normalized analytic univalent functions in U if
the co-analytic part of f is zero. We denote by Ky, Sy, Cg, the subclass of Sy consisting
of harmonic functions which are respectively convex, starlike, and close-to-convex in U. A
function is said to be starlike, convex and close-to-convex in U if it maps each |z| =7 < 1 onto
a starlike, convex and close-to-convex domain respectively.

Let the convolution of two complex-valued harmonic functions

fi(z) =z + Z apn 2" + Zghﬁn and fa(z) =z + Z agn 2" + ZB%E"
n=2 n=1

n=2 n=1
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be defined by
f1(2) % fa(z) = (fr x f2)(2) = 2+ Z A1pG2n2" + 251n52n5n~
n=2 n=1

It is noted that the above convolution formula is reduced to the Hadamard product if the
co-analytic part of the functions fi(z) and fo(z) is identically zero. On the convolution of
complex-valued harmonic functions, Ruschweyh and Shell-Small ¥ proved the following:

Lemma 1.1. Let ¢ and ¢ be convex analytic in U. Then, we have the following:

(i) (¢ *¥)(2) is convex analytic in U,

(ii) (¢ * f)(2) is close-to-convex analytic in U if f is close-to-convex analytic in U,

(iil) (¢ 2f") /(o 2)") takes all its values in a convex domain D if f//¢)’ takes all its values
in D.

Lemma 1.2. 2l Let h, g € A,

(1) If |¢'(0)] < |A/(0)] and h + eg is close-to-convex analytic in U for each €(|e| = 1), then
f=h+g€Cy,

(ii) If h + eg is harmonic and locally univalent in U and if h + eg is convex analytic in U
for some €(le| < 1), then f=h+g € Cpy.

Ahuja and Jaharigiri [ proved that:

Lemma 1.3. Let g and h be analytic in U such that |¢’(0)] < |h'(0)] and h + eg is
close-to-convex in U for each €(|¢| = 1) and suppose ¢ is convex analytic in U, then

(¢ +0¢)* (h+7) € Cp,|o| = 1.

Lemma 1.4. ] Suppose h and ¢ are convex analytic in U and g is analytic in U with
|g’(2)| < |W(2)| for each z € U. Then (¢ + €p) * (h+g) € Cg for each |e| < 1.

§2. Main results

Let h*(2) = 28 + 3, 11 an2™, gF(2) =32, ba2, k € N, we now present the main
results.

Theorem 2.1. Let h and g be analytic in U such that |(g*)’(0)| < |(h¥)'(0) and h* + eg”
is close-to-convex in U for each e(|e| = 1. If ¢ is convex analytic in U and ¢ < ¢; h* < h,
then (¢* + (76")) * (B + %) C Cur, vl =1, k€ N.

Proof.
(0" + (36 )+ (BF +75) = (&% +h*) +((76)" +7")
= H'+G".
But
(GO = (8 56" lomo = |26 5 7(6") Lo < 126" w7 (B4 o

(6" % vR®)'| < |(¢ % Yh)| .0
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Using lemma 1.1 (ii) , we obtain for each o = £ that
H" +aG* = (¢ % h*) + (09" + g") = ¢ x (h* + eg").

Thus by the hypothesis that h* + eg¥ is close to convex and using lemma 1.1 (ii) we have
H* + aG* is close-to-convex analytic in U.

This concludes the proof of theorem 2.1.

Theorem 2.2. Let h and ¢ be convex analytic in U and g is analytic in U such that
lg'(2)| < | (2)]. Let g¥ < g, h* < h. Then for each |e| < 1, (¢* + (e¢)¥) * (h¥ + gF) is close to
convex. k € N.

Proof. We write (¢* + (€6)¥) x (h¥ + gF) = (¢* « h¥) + ((9)* x gF) = H* + GF. By lemma
1.1 (i) ¢ and h being convex analytic in U implies H = ¢ * h is convex in U.

But

(GH)'| _ (6" +(g")'| _ | 20" = (¢")
(HFY | = | (¢F * h*) B %qbk*(hk)/ ’
By lemma 1.4, ¢ being convex and %: < 1 implies that fﬁ:jg: < 1. But % <
pxzg’
qﬁ*zZ’ <L

This shows that H*+ G is locally univalent in U. Thus, H* 4G = (¢F+(e0)F)*(h*+(9)")

is close-to-convex in U.
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§1. Introduction

Zadeh © introduced the fundamental concepts of fuzzy sets in his classical paper. Fuzzy
sets have applications in many fields such as information ¥ and control . In mathematics,
topology provided the most natural framework for the concepts of fuzzy sets to flourish. Chang
2l introduced and developed the concept of fuzzy topological spaces. The concept of soft fuzzy
topological space is introduced by Ismail U. Tiryaki [®/. N. Blasco Mardones, M. Macho stadler
and M. A. de Prada [l introduced the concept of fuzzy closed filter, fuzzy 6¢-ultrafilter and the
compactification of a fuzzy topological space.

In this paper soft fuzzy Tl—preﬁlter, soft fuzzy T’ -ultrafilter and soft fuzzy prime T "
prefilter are introduced and studied. Some of their properties are discussed. Soft fuzzy F*
space and soft fuzzy T’ -normal family are established and their properties are discussed. The
soft fuzzy C' structure in soft fuzzy C space is introduced. Also the process of soft fuzzy

structure compactification using soft fuzzy T "_prefilter has been established.

§2. Preliminaries

Definition 2.1.1°] Let X be a set, u be a fuzzy subset of X and M C X. Then, the pair
(1, M) will be called a soft fuzzy subset of X. The set of all soft fuzzy subsets of X will be
denoted by SF(X).

Definition 2.2.0! The relation C on SF(X) is given by (u, M) C (v, N) < (u(z) < v(z))
or (u(x) =~(z) and x ¢ M/N), Va € X and for all (u, M), (v,N) € SF(X).
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Property 2.1.50 If (115, M;)c; € SF(X), then the family {(x;, M;)|j € J} has a meet,
that is greatest lower bound, in (SF(X),C), denoted by

ﬂjEJ(/LJ’,Mj) such that ijJ(Nijj) = (,LL,M),

where
wu(zx) = /\ pi(z), Vee X; M= m M;.
jed jeJ
Property 2.2.°0 If (u;, M;);e; € SF(X), then the family {(u;, M;)|j € J} has a join,
that is least upper bound, in (SF(X),C), denoted by

Ujes(pg, M) such that Uje s (py, My) = (u, M),

where
w(z) = \/ pi(z),Vee X; M= U M;.
jed jed
Definition 2.3.1° For (u, M) € SF(X) the soft fuzzy set (u, M)
the complement of (u, M).
Definition 2.4.1! Let 2 € X and S € I define z,: X — I by

’

(1—p, X|M) is called

) s, ifz=u,
xs(z) =
0, otherwise.

Then the soft fuzzy set (zs, {x}) is called the point of SF(X) with base x and value s.

Definition 2.5.% The soft fuzzy point (z,, {z}) C (i, M) is denoted by (z,., {x}) € (1, M)
and refer to (z,, {z}) is an element of (u, M).

Property 2.3.50 Let ¢ : X — Y be a point function.

(i) The mapping ¢~ from SF(X) to SF(Y) corresponding to the image operator of the
difunction (f, F) is given by

¢~ (n, M) =(v, N), where 7(y) = sup{u(z)/y = ¢(x)} and N = {p(z)/x € M}.

(ii) The mapping ¢ from SF(Y) to SF(X) corresponding to the inverse image of the
difunction (f, F') is given by

@ (7,N) = (yop, 0 '[N]).

Note. ¢~ (4, M) = ¢(p, M) and ¢ (7, N) = ¢~ (7, N).

Definition 2.6.°1 A subset T'C SF(X) is called an SF-topology on X if

(i) (0,¢) and (1,X) € T

(i) (g, Mj) €T, =1, 2, 3,--- ,n =M (u;, M;) € T.

(i) (uj, M;), j € J = Ujes(pu, M;) € T. / /

The elements of T are called soft fuzzy open, and those of T° = {(u, M)/(u, M) € T} is
called soft fuzzy closed.

If T is a SF-topology on X we call the pair (X,T) a SF-topological space (in short,
SFTS).
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Definition 2.7.5) Let T be an SF-topology on X and V an SF-topology on Y. Then a
function ¢ : X — Y is called T — V continuous if (v,N) € V = ¢ (v,N) € T.

Note. T — V continuous is denoted by soft fuzzy continuous.

Definition 2.8.01 A soft fuzzy topological space (X, T) is said to be a soft fuzzy compact
if whenever U;er(Ai, M;) = (1,X), (M, M;) € T, i € I, there is a finite subset J of I with
Ujes(Aj, M;) = (1, X).

8§3. Soft fuzzy closed filter theory

Definition 3.1. Let (X,T') be a soft fuzzy topological space. Let F C T satisfying the
following conditions:

(i) F is nonempty and (0,¢) & F.

(ii) If (p1, M), (2, M) € F, then (u1, M) M (u2, Ma) € F.

(iii) If (4, M) € F and (\,N) € T" with (g, M) C (A, N), then (A, N) € F.

F is called a soft fuzzy closed filter or a soft fuzzy T/—preﬁlter on X.

Definition 3.2. Let (X,T) be a soft fuzzy topological space. Let F be a soft fuzzy T'-
prefilter and let B C F. B is called a soft fuzzy base for F if for each (u, M) € F there is
(v, P) € B such that (v, P) C (u, M).

Definition 3.3. Let (X,T) be a soft fuzzy topological space. Let H C T. Hisa
soft fuzzy subbase for some soft fuzzy T -prefilter if the collection {(p1, M1) M (g, M) M-+ 1
(tn, M)/ (s, M;) € H} is a soft fuzzy base for some soft fuzzy T’ -prefilter.

Property 3.1. Let (X,T) be a soft fuzzy topological space. Let B C T'. Then the
following statements are equivalent:

(i) There is a unique soft fuzzy T -prefilter F such that B is a soft fuzzy base for it.

(ii) (a) B is nonempty and (0, ¢) & B.

(b) If (11, P1), (va, Py) € B, there is (vs, P3) € B with (vs, P3) C (11, Py) M (v2, P2).

Proof. Proof follows from Definition 3.1, Definition 3.2 and Definition 3.3.

Definition 3.4. Let (X,T) be a soft fuzzy topological space. Let B be a soft fuzzy base
satisfying the conditions (a) and (b) in Property 3.1. Then the generated soft fuzzy T”-prefilter
F is defined by

F={(u, M) €T /3(v,P) € Bwith (v, P) C (1, M)}.

Definition 3.5. Let (X,T) be a soft fuzzy topological space. Let G C T' with the
intersection of any finite subcollection from G is nonempty. There exists a unique soft fuzzy
T/—preﬁlter containing G, whose base is the set of all the finite intersections of elements in G.
Such a soft fuzzy T/—preﬁlter is called the soft fuzzy T/—preﬁlter generated by G.

Property 3.2. Let (X,T) be a soft fuzzy topological space. Let F be a soft fuzzy T -
prefilter and (u, M) € T'. The following statements are equivalent:

(i) F U {(u, M)} is contained in a soft fuzzy T'-prefilter.

(ii) For each (v, P) € F, we have (u, M) M (v, P) # (0, ¢).

Proof. Proof is simple.
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Definition 3.6. Let (X,T) be a soft fuzzy topological space. Let F be a soft fuzzy
T -prefilter. F is a soft fuzzy T -ultrafilter if F is a maximal element in the set of soft fuzzy
T'—preﬁlters ordered by the inclusion relation.

Property 3.3. Let (X, T) be a soft fuzzy topological space. Every soft fuzzy T’ -prefilter
is contained in some soft fuzzy T'-ultrafilter.

Proof. Proof is obvious from the above definition.

Property 3.4. Let (X,T) be a soft fuzzy topological space. Let F be a soft fuzzy T'-
prefilter on X. Then the following statements are equivalent:

(i) F is a soft fuzzy T -ultrafilter.

(i) If (p, M) is an element of T" such that (p, M) M (v, P) # (0,¢) for each (v, P) € F,
then (u, M) € F.

(iii) If (u, M) € T" and (u, M) ¢ F, then there is (v, P) € F such that (u, M) N (v, P) =
(0, 9).

Proof. (i)=(ii) Suppose (u, M) € T" and (u, M) (v, P) # (0, $), for each (v, P) € F. By
Property 3.2, there is a soft fuzzy T -prefilter F* generated by F U {(u, M)}. Then F C F*.
Since F is a soft fuzzy T /—ultraﬁlter, F is the maximal element. Hence F = F*, that is
(u, M) € F.

(ii)=(iii) Let (1, M) € T" and suppose (u, M) ¢ F. By assumption, there exists (v, P) € F
such that (p, M) M (v, P) = (0, ¢).

(iii)=(i) Let G be a soft fuzzy T -prefilter with F C G and F # G. Let (u, M) € G such
that (4, M) € F. By assumption, there is (v, P) € F such that (v, P) M (u, M) = (0, ¢). Since
(v, P), (u, M) €G, (v, P)MN (1, M) € G implies that (0, ¢) € G, which is a contradiction. Hence
F = G. Thus F is a maximal soft fuzzy T "_prefilter. Hence F is a soft fuzzy T -ultrafilter.

Property 3.5. Let (X,T) be a soft fuzzy topological space. Let U;, Uy be a pair of
different soft fuzzy T'-ultrafilters on X. Then (Mi(us, M;)) M (My(us, M;)) = (0,¢) for all
(i, M;) € Uy and (pj, M;) € Us.

Proof. Suppose (M;(ui, M;)) M (M (s, M;)) # (0,¢). Then for some z, y € X (A;jpi(z) A
Njpi(z)) > 0 and y € N; M; NN; M.

= pi(z) A pj(xz) >0 and y € M; N M; for all ¢ and j.

= (wi, M;) 01 (g, M;) # (0, 9).

By the above property (u;, M;) € Us and (u;, M;) € Uy for all ¢ and j. Thus Uy = Us.
Which is a contradiction to our hypothesis. Hence (M;(u;, M;)) M (M, (p, M;)) = (0, ¢) for all
(i, M;) € Uy and (pj, M;) € Us.

Definition 3.7. Let (X,T) be a soft fuzzy topological space. Let F be a soft fuzzy T'-
prefilter on X. F is said to be a soft fuzzy prime T" -prefilter, if given (u, M), (v,P) € T such
that (u, M) U (v, P) € F, then (4, M) € F or (v, P) € F.

Property 3.6. Let (X,T) be a soft fuzzy topological space. Every soft fuzzy T’ -ultrafilter
U on X is a soft fuzzy prime T/—preﬁter.

Proof. Let (4, M), (v, P) € T' such that (u, M)Li(v, P) € U. Suppose (u, M), (v, P) & U.
Then there exist (u1, M), (v1,P1) € U with (u, M) 1 (p1, My) = (0,¢) and (v, P)M (11, P1) =
(0,¢). Since (u, M) U (v, P), (1, M), (v1,P1) € U. Since U is a soft fuzzy T’ -ultrafilter,
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(1, M) U (v, P)) 11 (pa, Ma) 11 (11, 1)
ps M) 11 (e, M) U (v, P) 71 (s M) 11 (v, P1)
0,0) 1 (1, P1)) U ((0,0) 1 (pa, M1))

Which is a contradiction to our assumption U is a soft fuzzy T -ultrafilter. Hence (y M)
or (v, P) € U. Thus U is a soft fuzzy prime T" -prefilter.

Property 3.7. Let (X,T) be a soft fuzzy topological space. Let F be a soft fuzzy T'-
prefilter. Let P(F) be the family of all soft fuzzy prime T/-preﬁlters which contains F. Then
F =Ngepr)9- ,

Proof. Let F be a soft fuzzy T -prefilter. Let P(F) be the family of all soft fuzzy prime
T'—preﬁlters which contains F. Therefore

FC ﬂge'p(y:)g. (1)

Let (1, M) € T" such that (u, M) & F. Consider the family £ = {G / G is a soft fuzzy
T -prefilter, F C G and (u, M) € G}. L is an inductive set, therefore there exist maximal
elements. Let U be the maximal element in L.

Let (A1, N1), (A2, No) € T" with (Ay, N1) U (Ag, Na) € U such that (A, Ny), (Ao, No) € U.
Let the family J = {(v, P) € T'/(v, P) U (A2, N2) € U}.

(i) Since (A1, N;) € T" and (A1, N1)U(Ag, No) € U, which implies that (A1, N;) € J. Hence
J is nonempty.

Suppose (0,¢) € J, By definition of J, (A2, N2) € U. Which is a contradiction. Hence
(0,6) ¢ J.

(i) If (1, P1), (v, P2) € J. By definition of 7, (v1,P1) U (Mg, N2) € U and (vo, P) U
(A2, N2) € U. Since U is a soft fuzzy T -prefilter, [(v1, P )L (Ag, Na)| M[(v2, No) U (X2, Na)] € U.

[(lll,Pl) (VQ,NQ)} |_|()\27N2) eu.
= [(v1, P1) N (v, No)] € J.

(iii) If (v, P) € J and (\,N) € T' such that (v, P) C (\,N). Since (v,P) C (), N),
(v, P) U (A2, N3) © (A, N) U (A, N3). Since (v, P) U (Ag, No) € U and U is a soft fuzzy T -
prefilter, (A, N) U (Ag, Na) € U. Which implies (A, N) € J. Thus J is a soft fuzzy T -prefilter.

If (v,P) e U, (v,P)U (Ag,N2) € U. Which implies (v,P) € J. Thus U C J. Since
(AM,N1) € T and (A1, N1) €U. ThusU # J.

Now let K = {(\,N) € T"/(u, M) L (\, N) € U}.

(i) Suppose (0,¢) € K, then by definition of IC, (u, M) € U. Which is a contradiction to
our assumption U € L and (u, M) ¢ U. Hence (0,¢) ¢ K. Since (1,X) € U, which implies
(1, X) € K. Thus K is nonempty and (0, ¢) & K.

(ii) If (A*, N'*), (A\**, N**) € K. By definition of K, (\*, N*)U (s, M) € U and (\**, N**)U
(11, M) € U. Since U is a soft fuzzy T -prefilter,((A*, N*) 11 (A\**, N**) U (i, M) € U. Therefore
(A, N*)n (A, N**) € K.

(iii) If (A\,N) € K and (\*, N*) € T" such that (A*, N*) 3 (\,N), then (\*, N*) € K.
Hence K is a soft fuzzy T -prefilter.
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Now,

(i) F C K follows from F C U and U C K.

(ii) (u, M) ¢ K for (u, M) ¢ U. Thus K € £ and U C K. Maximality of I implies that
U = K. Suppose (u, M) € J. Then (u, M) U (g, Na) € U which implies (Ao, No) € K = U.
Which implies (Ag, N2) € Y. Which is a contradiction to our assumption (A2, N3) & U. Thus
(u, M) & J. Since F C J and (u, M) ¢ J, we have J € L and since Y C J. U # J. Which
is a contradiction to the maximality of &. Thus (A1, N1), (A2, No) € U. Therefore U is a soft
fuzzy prime T'-prefilter and (, M) ¢ U. Thus

NgepF)9 C F. (2)

From (1) and (2), it follows that Ngep7)G = F.

Property 3.8. The following are equivalent for a soft fuzzy topological space (X,T).

(i) (X, T) is soft fuzzy compact.

(ii) For any family of soft fuzzy closed sets {(A;, M;)}ics with the property that Mjep (N,
M;) # (0, ¢) for any finite subset F' of J, we have M;c;(A\;, M;) # (0, ¢).

Proof. (i) =(ii) Assume that (X,T) is soft fuzzy compact. Let {(A\;, M;)}ics be the
family of soft fuzzy closed sets with the property M;cr(A;, M;) # (0,¢) for any finite subset
F of J. Let (u;,N;) = (1, X) — (\;; M;). The collection {(p;, N;)}ies is a family of all soft
fuzzy open sets in (X,T). If (A1, M), (Ao, M2), (A3, M3), -, (An, M,,) are finite number of
soft fuzzy closed sets in {(\;, M;)}ics, then

My (N, M) = (1, X) — U7y (i, Ni)-

Similarly
Micg(Ni, M;) = (1, X) — Ui (e, Ny).

By hypothesis M, (A;, M;) # (0, ¢). Therefore U™, (u;, N;) # (1, X). Since (X, T) is soft
fuzzy compact, Use(pi, Ni) # (1, X). Thus Mies(As, M;) # (0, ¢).

(i) =(i) Assume that (X, T) is not soft fuzzy compact. Let {(u;, N;)}ic.s be a family of soft
fuzzy open sets which is a cover for (X, 7). Since (X, T") is not soft fuzzy compact, there is no
finite subset F' of J such that {(u;, N;)} er is a cover for (X, T'), that is Ujep (15, N;) # (1, X).

Now,

Mier((L,X) = (uy,N;)) = (1L, X) = Ujer(py, Nj)

By hypothesis, M;es((1, X) — (i, N;)) # (0, 6). This implies U;e 7 (pi, Ni) # (1, X), which
is a contradiction. Hence (X, T) is soft fuzzy compact.

Property 3.9. For a soft fuzzy topological space (X,T), the following are equivalent:

(i) (X, T) is soft fuzzy compact.

(i) Every soft fuzzy T -prefilter F satiafies M, anyer(p, M) # (0, ¢).

(iii) Every soft fuzzy prime T" -prefilter F satiafies M, anyer (i, M) # (0, 9).

(iv) Every soft fuzzy T -ultrafilter U satiafies Meu,aneu (i, M) # (0, ).
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Proof. (i)= (ii) Suppose M, anyer(p, M) = (0,¢). Then U, anerl(1, X) — (1, M)] =
(1, X). Since (1, X) — (4, M) € T and (X, T) is soft fuzzy compact, there exist finite subcollec-
tion, {(1, X)— (1, My), (1, X)— (2, Ma), < , (1, X)— (sin, My )} stuch that (1, X)— (s, My) U
(1, X) — (g, Mo) U+~ U (1, X) — (ptn, My,) = (1, X). Which implies (g1, M) M (pg, Ma) 1+ -+ 11
(ttn, My) = (0,¢). Which is a contradiction to our assumption F is a soft fuzzy T -prefilter.
Hence M, aner (1, M) # (0,9).

(ii)=-(iil) Suppose that every soft fuzzy prime T -prefilter F satisfies M, myer(p, M) =
(0, ¢). Since every soft fuzzy prime T/-preﬁlter is soft fuzzy T/—preﬁlter. Which is a contradic-
tion. Hence every soft fuzzy prime 7" -prefilter F satisfies M, anyer (s M) # (0, 0).

(iii)= (iv) Suppose that every soft fuzzy T -ultrafilter U satiafies M, mnyeu(p, M) = (0, 0).
Since every soft fuzzy T -ultrafilter is soft fuzzy prime T/—preﬁlter. Which is a contradiction.
Hence every soft fuzzy T'-ultrafilter U satisfies M, anyer (s M) # (0, 0).

(iv)=-(i) Suppose H is a family of soft fuzzy closed sets on X with finite intersection
property. For each (v, P) € H the family G, py = {(p, M) € T /(u, M) 3 (v, P)}. Then
(v, P) € Gu,py. Let G = U, pyenYu,p). Since H has a finite intersection property, G has
finite intersection property. Thus H and G are soft fuzzy T -prefilters. Thus there exists a
soft fuzzy T -ultrafilter ¢ such that H C G C U. Hence M, anyeu (i, M) E Neanyeg(p, M) £
M, mryer (i, M). Since Mo, anyeu (i, M) # (0, ). Thus M, anyer (i, M) # (0, ¢). Hence H is a
family of soft fuzzy closed sets on X with finite intersection property and M, aryer (i, M) #
(0, ). Which implies (X, T) is soft fuzzy compact space.

Definition 3.8. Let (X,T) be a soft fuzzy topological space. Let (x,{z}) be any soft
fuzzy point. The nonempty collection F(, (s1) = {(u, M) € T [(zs,{z}) € (u, M)} is a
soft fuzzy prime T/-preﬁlter on X, then F,_ (s}) is called soft fuzzy Tl—preﬁlter generated by
(s, {2}).

Definition 3.9. Let (X, T) be any soft fuzzy topological space. The collection T is said to
be a soft fuzzy normal family if given (p1, My), (p2, Ma) € T such that (pq, My) 1 (pe, My) =
(0, ¢), there exist (v1, N1), (v, No) € T" with (v1, Ny)U(va, No) = (1, X), (1, M1)M (1, Ny) =
(0,¢) and (uz, M2) 11 (v2, N2) = (0, 6).

Property 3.10. Let (X,T) be any soft fuzzy topological space and T  be a soft fuzzy
normal family. Every soft fuzzy prime T "_prefilter F is contained in a unique soft fuzzy T'-
ultrafilter.

Proof. Let F be a soft fuzzy prime T/—preﬁlter. Let Uy and Us be soft fuzzy T -ultrafilters
such that F C Uy and F C Us. Suppose Uy # Us. Then there exist (uq,M;) € Uy and
(2, Mz) € Uy with (pq, My) 1 (g, M) = (0,4). Since T is a normal family, there exist
(v1,N1), (v2,Ny) € T with (v1, N1) U (v, No) = (1,X), (u1,M1) M (11, N1) = (0,¢) and
(2, M2) M (v2, N2) = (0,¢). Since (v1,N1) U (v2, N2) = (1,X) and F is a soft fuzzy prime
T -prefilter, (v1,N1) € F or (v2,Ns) € F. Suppose if (v1,Ny) € F, then (v1,Ny) € Uy
and (v1,N1) € Uz. Thus (g1, My) N (v1,N1) = (0,¢) with (u1, My), (v1,N1) € Uy. Which
is a contradiction. Similarly (ve, No) € F, then (v2,N2) € U; and (v9,N2) € Us. Thus
(2, M2) M (v2, Na) = (0,¢) with (p2, M), (v2,N2) € Us. Which is a contradiction. Hence
Uy = Us. Thus every soft fuzzy prime T/—preﬁlter F is contained in a unique soft fuzzy T-
ultrafilter.
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Remark 3.1. Let (X, T) be any soft fuzzy topological space and T be a soft fuzzy normal
family. For every z € X, the soft fuzzy point (z,,{z}), there exists a unique soft 7" -ultrafilter
M(I57{$}) which contains f(ws,{w})~ ,

Proof. Let (v, {r}) be any soft fuzzy point. Then F, (.} is a soft fuzzy T -prefilter
generated by (z,,{z}). By Definition 3.8 and Property 3.10, F(,_ (}) is a soft fuzzy prime
T -prefilter contained in a unique soft fuzzy T "_ultrafilter.

Remark 3.2. Let (X, T) be any soft fuzzy topological space. If (x4, {z}) and (y;, {y}) be
any two soft fuzzy points with @ =y then U, (21) = Uy, (4})-

Proof. Let (X,T) be a soft fuzzy topological space. Let (s, {z}) and (y, {y}) be two
soft fuzzy points with x = y. Assume that U,_ (2}) # Uy, {y})- By Property 3.5 (M (g, M;)) M
(M5 ks, M) = (0,9) for all (ui, M;) € Uy, (a1 and (pj, M;) € Uy, (yy)- Thus (zs,{z}) €
U, 12) and (¥, {y}) € Uy, 4y Since © =y, (x5, {x}) M (yr,{y}) # (0,¢). Which is a
contradiction. Hence U, 121) = Uy, {y})-

Definition 3.10. Let (X,T) be any soft fuzzy topological space. For each z € X, the
collection of soft fuzzy points P, = {(xs, {z})/s € (0,1]}. For each (x5, {z}) € P, the only soft
fuzzy T’ -ultrafilter which contains Fas {z}) is denoted by U”.

Definition 3.11. A soft fuzzy topological space (X, T) is said to be a soft fuzzy F'* space,
if for each z € X there exists a minimum value s € (0, 1] such that the soft fuzzy point (z,, {z})
belongs to T

Proprety 3.11. Let (X,T) be any soft fuzzy F* space and T' be a soft fuzzy normal
family. For each z € X, the soft fuzzy T -ultrafilter %, Ms,My)eu= (i, M;) is atmost a soft
fuzzy point (xg, {z}).

Proof. Let 2 € X. Since (X,T) is a soft fuzzy F* space, there exists a minimum value s €
(0,1] such that (s, {}) € T". By Definition 3.10, (z, {}) € U*. Hence M(,, ar,)eur= (1i, M;) =

(s, {2})-

84. (' structure compactification of a soft fuzzy C space

Let (X,T) be a non-compact soft fuzzy topological space. Let v(X) be the collection of
all soft fuzzy T -ultrafilters on X. Suppose (X,T) is a soft fuzzy F* space and T is a soft
fuzzy normal family. Associated with each (u, M) € T', we define (u, M)* = (u*, M*) where
p* € 17X and M* C y(X). For each U € v(X),

(0,9), ifU #U*, Yo € X and (u, M) ¢ U, M = ¢,
(W (U), M*) = (1,v(X)), ifUAU, Yo e X and (u, M) €U, M =X,
(uw(x),U*), ifJoxe X withtd =U", v € M.

Property 4.1. Under the previous conditions, the following identities hold:

(1) (0%, ¢")x = (0,9)(x)-

(i) (1%, X*)x = (1,7(X)).

(i) (20, {2 = @2, (U7}).

Proof. Proof is obvious from the above definition of (p*, M*).

Notation 4.1. For each U” € v(X), the soft fuzzy point is denoted by (UZ, {UU"}).
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Definition 4.1. A soft fuzzy C structure (in short, SFCst) consists of all soft fuzzy sets
of the form (u*, M*). A soft fuzzy C space (v(X), SFCst) is a space which admits soft fuzzy
C structure.

Definition 4.2. A soft fuzzy C closure of a soft fuzzy set in soft fuzzy C space is defined
by

cos(p*, M*) = n{(v*, P*)/(v*, P*) 3 (u*, M*) and (v*, P*) € SFCst}.

Property 4.2. Let e : X — ~(X) defined by e(z) = U"Vx € X, e(1, X) is soft fuzzy C
dense in soft fuzzy C space (y(X), SFCst) that is close(e(1, X)) = (1,7(X)).

Proof. Let (u, M) be a soft fuzzy set with p € I and M C X. Now (e(u),e(M)) is a
soft fuzzy set in soft fuzzy C' space with e(u) € I7X) and e(M) C v(X) and it is defined for
each U € y(X) as follows:

(u(x),U*), fIzeXs3U=U"and z € M,

(e(u)U),e(M)) = (0, 9), ifU £U*, Ve e X and M = ¢.

Let C = clese(e(1,X)). We know that e(1, X) C C, then for each z € X and U* € y(X),
(1,v(X)) C C. Therefore C = (1,7(X)). Hence clest(e(1,X)) = (1,7(X)). Thus e(1,X) is
soft fuzzy C' dense in soft fuzzy C space.

Definition 4.3. Let (X, T) be a soft fuzzy topological space and (y(X), SFCst) be a soft
fuzzy C space. Then f: (X,T) — (v(X),SFCst) is a soft fuzzy C continuous™ function, if
the inverse image of every soft fuzzy set in (y(X), SFCst) is soft fuzzy closed in (X, T).

Definition 4.4. Let (X,T) be a soft fuzzy topological space and (vy(X), SFCst) is a soft
fuzzy C space. Then f: (X,T) — (v(X), SFCst) is said to be Soft fuzzy C closed* function,
if the image of every soft fuzzy closed set in (X,T) is a soft fuzzy set in (y(X), SFCst).

Definition 4.5. Let (X,T) be a soft fuzzy topological space and (v(X), SFCst) is a soft
fuzzy C space. If f: (X,T) — (v(X), SFCst) is an injective soft fuzzy C' continuous® and f
is soft fuzzy C closed*. Then f is a soft fuzzy C embedding*.

Property 4.3. The function e is a soft fuzzy C embedding* of X into v(X).

Proof. (i) Let z, y € X and = # y then U” # UY. Let (x5, {z}) and (yq, {y}) be two
distinct soft fuzzy points.

(a) If (s, {z}) # (yq, {y}) for cach U € v(X),

Uz Uy, ifIzeX suU=u"

(el )U). =) = 0,9), ifU AU, Vx € X and {z} = ¢.

Similarly,

Uy {uv}), f3ye X suU=uv,

(e(yq)U), e({y})) = 0. €20 £UY, Yy € X and (g} = 6

Therefore e(zs, {z}) # e(yq, {y})-
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(b) If x =y and s # ¢. For each U* € v(X),

e(zs, {z}) = U {U"})
= U {u*})
# Uy, {Uu’})
# ey, {y})-

Hence e is soft fuzzy C one to one function.
(ii) For each (u*, M*) € SFCst and z € X,

e (p(2), M) = (e (" (2)), e (M)
= (W oe(w),e” (M)
(), e (M)

(u(x), M).

Thus e~ !(u*, M*) = (u, M). Thus the inverse image of every soft fuzzy set in SFCst is
soft fuzzy closed in (X, T). Hence e is soft fuzzyC' continuous* function.
(iii) For each U € v(X) and (u, M) € T",

(w(z),U*), ifIdzeX>5U=U" and z € M,
(0,9), ifU AU, Vo e X and M = ¢.

Therefore e(p, M) is a soft fuzzy set in (y(X), SFCst). Hence e is soft fuzzy C closed*
function.

Definition 4.6. Let (y(X), SFCst) be a soft fuzzy C space. LetF C SFCst satisfying
the following conditions:

(i) F is nonempty and (0,¢) & F.

(i) TF (5, M), (3, M) € F, then (f, M7) 1 (3, Mg) € F.

(iii) If (4%, M*) € F and (\*, N*) € SFCst with (u*, M*) T (A*, N*), then (\*, N*) € F.

F is called a soft fuzzy SFCst-prefilter (in short, (T,Y(X))'— prefilter) on y(X).

Definition 4.7. A soft fuzzy C space (7(X), SFCst) is said to be a soft fuzzy C' compact™
space if whenever U;er(AF, M) = (1,v(X)), (A\f, M}) € SFCst, i € I, there is a finite subset
J of I with Uje (A}, M;) = (1,7(X)).

Definition 4.8. A soft fuzzy C space (y(X), SFCst) is soft fuzzy C compact™ space iff for
any family of soft fuzzy sets {(\], M) }ics in SFCst with the property that Mjer(A}, M]) #
(0, ¢) for any finite subset F of J, we have M;ec s (AF, M) # (0, ¢).

Property 4.4. The soft fuzzy C space (v(X), SFCst) is soft fuzzy C compact*.

Proof. Let F be a soft fuzzy SFCst-prefilter on v(X). Let (v, M) € F. Since (v, M) €
SFCst, there is an index family J(, a) such that (v, M) = My, ,, (15, Nj) for (u;, N;) €
T'. Since (v, M) C (1, N) for each j € J ar). Therefore for each (v, M) € F and j €
Jw.anys (15, N;) € F. Consider the family of soft fuzzy closed sets in (X,T), C = {(i,N) €
T /(u*,N*) € F}. Since (1,7(X)) € F, (1,X) € C. Thus C is nonempty.

(i) (0*,¢*) & F implies (0, ¢) & C.
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(ii) If (p1, N1), (p2, No) € C, then (uf, Ny), (43, N3) € F.

By definition of soft fuzzy (TV(X))I—preﬁlter, (ui, N{) 1 (ps, N3) € F. Which implies
(1, N1) M (u2, No) € C. Hence C is a soft fuzzy base for the soft fuzzy T -prefilter on X.

Let Uy be a soft fuzzy T’ -prefilter contains C. Then for each (u,N) e,

(07¢); le/{O #uz, VxGXandu ¢u07 J\fz(yf)7
(M*(Z/[O),N*) = (L’Y(X)), le/[O ;éua:7 Vr € Xandu € Z/{O7 N = )(7
(u(x),Up), ifTxe X >Uy=U" z€N.

This implies

(1,v(X)), iUy #U", Vo € X and N = X,

(W (Uo), N™) = .
w(x), ifdze X sUy=U" and z € X.

(/\ /L*(Z/{O)’ ﬂ N*) = ( /\ :U’*(MO)7 ﬂ N*)
nec NeC preF N*eF

(1,v(X)), ity #U*, Vex € X and N = X,
(Apecu(z),Up), f Tz e XUy =U", € NnecN.

Hence l—](,u,N)EC(/J’* (Z/{O)a N*) 7é (07 ¢)
Now,

|_|(V,M)€.7:<Va M) = '_'(V,M)Gf('_'jer,M) (“;” NJ‘*)
= MNg,nyec(u”, N7).
= I_I(V,M)Ef(’/a M) 7& (07 (rb)

Thus (v(X), SFCst) is a soft fuzzy C compact™ space.

Property 4.5. Let (X,T) be a soft fuzzy topological space, F'* space. Suppose T is
a soft fuzzy normal family. Under these conditions (v(X),SFCst) is a soft fuzzy structure
compactification of (X, T).

Proof. Proof the Property is obtained from Property 4.1 to Property 4.4.
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81. Introduction

The concept of statistical convergence play a vital role not only in pure mathematics
but also in other branches of science involving mathematics, especially in information theory,
computer science, biological science, dynamical systems, geographic information systems, pop-

ulation modelling and motion planning in robotics.

The notion of statistical convergence was introduced by Fast [/ and Schoenberg 3% inde-
pendently. Over the years and under different names statistical convergence has been discussed
in the theory of Fourier analysis, ergodic theory and number theory. Later on it was further
investigated from the sequence space point of view. For example, statistical convergence has
been investigated and linked with summability theory by (Fridy (6], Salat (290, Leindler '], Mur-
saleen and Edely [291, Mursaleen and Alotaibi [21]), topological groups (Cakalli [2]), topological
spaces (Maio and Kocinac [16), measure theory (Millar [*8], Connor, Swardson [?), locally con-
vex spaces (Maddox [15]). In the recent years, generalization of statistical convergence have
appeared in the study of strong integral summability and the structure of ideals of bounded

continuous functions [3I.

The notion of statistical convergence depends on the (natural or asymptotic) density of
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subsets of N. A subset of N is said to have natural density d (E) if

R
0(E) = lim ~ ; xe (k)
exists.

Definition 1.1. A sequence x = (z},) is said to be statistically convergent to ¢ if for every
e >0,

d({keN:|zx—L >c})=0.
In this case, we write S-limx = ¢ or xp — £(S) and S denotes the set of all statistically
convergent sequences.

Karakus '] studied the concept of statistical convergence in probabilistic normed spaces.
The theory of probabilistic normed spaces was initiated and developed in [1], [17], [31], [32] and
further it was extended to random/probabilistic 2-normed spaces 8] by using the concept of
2-norm (7.

Mursaleen 9 introduced the A-statistical convergence for real sequences as follows:

Let A = (A,,) be a non-decreasing sequence of positive numbers tending to oo such that
)\m+1 < >\m + 17 A1 =1

The collection of such sequence A will be denoted by A.
Let K C N be a set of positive integers. Then

6A(K)zlim/\i|{m—)\m+l§j§m:j€K}|
mAm

is said to be A-density of K. In case \,, = m, then A-density reduces to natural density, so Sy
is same as S. Also, since (%) <1, §(K) < \(K), for every K C N.

Definition 1.2.11 A sequence 2 = () is said to be A-satistically convergent or Sy-
convergent to £ if for every € > 0, the set {k € I,,, : |zx, — | > €} has A-density zero. In this
case we write Sy-limz = ¢ or xp — £(S)) and

Sy={z=(xx):FLER, S\-limx = {}.

The existing literature on statistical convergence and its generalizations appears to have

been restricted to real or complex sequences, but in recent years these ideas have been also

s [33]

extended to the sequences in fuzzy normed space and intutionistic fuzzy normed spaces

(12,[13),126.[271.[28] * Further details on generalization of statistical convergence can be found in

[22],]23],[24]

§2. Preliminaries

Definition 2.1. A function f : R — Ry is called a distribution function if it is a non-
decreasing and left continuous with infier f(£) = 0 and sup,cg f(t) = 1. By D™, we denote
the set of all distribution functions such that f(0) = 0. If a € R, then H, € D*, where

1, ift>a,

H,(t) =
) 0, ift<a.
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It is obvious that Hy > f for all f € D*.

A t-norm is a continuous mapping * : [0,1] x [0,1] — [0,1] such that (][0, 1], %) is abelian
monoid with unit one and c*d > axbif ¢ > a and d > b for all a, b, ¢ € [0,1]. A triangle
function 7 is a binary operation on DT, which is commutative, associative and 7(f, Hy) = f
for every f € DT.

In [7], Géhler introduced the following concept of 2-normed space.

Definition 2.2. Let X be a real vector space of dimension d > 1 (d may be infinite). A
real-valued function |[.,.|| from X? into R satisfying the following conditions:

(1) ||z1,z2|| = 0 if and only if #1, x2 are linearly dependent,

(ii) ||z1, x2|| is invariant under permutation,

(iii) ||az1, z2|| = |a|||x1, z2||, for any o € R,

(1¥) Iz + 7, 23| < |J2, z2l] + |17, 23]
is called an 2-norm on X and the pair (X, ||.,.||) is called an 2-normed space.

A trivial example of an 2-normed space is X = R?, equipped with the Euclidean 2-norm
||z1, 22||p = the volume of the parallellogram spanned by the vectors x1, x2 which may be

given expicitly by the formula
[|z1, z2|| g = |det(z;)| = abs (det(< z;, 5 >)),

where x; = (7;1,7;2) € R? for each i =1, 2.

Recently, Golet 18 used the idea of 2-normed space to define the random 2-normed space.

Definition 2.3. Let X be a linear space of dimension d > 1 (d may be infinite), 7 a triangle
and F : X x X — D%. Then F is called a probabilistic 2-norm and (X, F,7) a probabilistic
2-normed space if the following conditions are satisfied:

(P2N7) F(z,y;t) = Ho(t) if « and y are linearly dependent, where F(z, y;¢) denotes the

value of F(z,y) at t € R,
(P2N3) F(z,y;t) # Ho(t) if z and y are linearly independent,
(P2N3) F(z,y;t) = F(y,x;t), for all z, y € X,
(P2Ny4) F(ax,y;t) = F(z,y; ﬁ), for every t >0, a #0 and z, y € X,
(P2N5) F(z +y, z;t) > 7 (F(x, 2;t), F(y, 2; t)) , whenever z, y, z € X.

If (P2Ns) is replaced by (P2Ng) F(xz + y, 2z;t1 + t2) > F(x, z;t1) * F(y, z;t2), for all
r, y, 2 € X and t1, t» € RJ; then (X, F,*) is called a random 2-normed space (for short,
R2NS).

Remark 2.1. Every 2-normed space (X, ||.,.]|) can be made a random 2-normed space in
a natural way, by setting

(i) F(z,y;t) = Ho(t— ||z, y||), for every z, y € X, t > 0 and a*b = min{a, b}, a, b € [0,1],

(ii) F(z,y;t) = m, for every z, y € X, t >0 and axb = ab, a, b€ [0,1].

Definition 2.4. A sequence x = (z1) in a random 2-normed space (X, F,*) is said to be
convergent (or F-convergent) to ¢ € X with respect to F if for each € > 0, § € (0,1) there
exists an positive integer ng such that F(xp — £,2;¢) > 1 — 0, whenever k > ng and for non
zero z € X. In this case we write F-limg x; = £ and £ is called the F-limit of x = (zy).

Definition 2.5. A sequence x = (z1) in a random 2-normed space (X, F,*) is said to be
Cauchy with respect to F if for each ¢ > 0, 8 € (0,1) there exists a positive integer ng = ng(e)

such that F(xy — o, z;€) < 1 — 0, whenever k, m > ng and for non zero z € X.



Vol. 8 On generalized statistical convergence in random 2-normed spaces 61

In [9], Giirdal and Pehlivan studied statistical convergence in 2-normed spaces and in 2-
Banach spaces in [10]. In fact, Mursaleen [20] studied the concept of statistical convergence of
sequences in random 2-normed spaces.

Definition 2.6.12°) A sequence x = (z}) in a random 2-normed space (X, F, %) is said to

SRQN

be statistically-convergent or -convergent to some ¢ € X with respect to F if for each

e> 0,0 € (0,1) and for non zero z € X such that
0({k e N: F(xg —L,z;6) <1-10}) =0.

In other words we can write the sequence (z}) statistical converges to £ in random 2-normed
space (X, F,*) if
1
lim —|{k<m:F(xy—4L,z;6) <1—-6} =0,

m—oo 1M,
or equivalently
S({k e N: Flay, —£,26) >1—-0}) =1,

ie.,
S- klim Fleg —4,ze) = 1.

In this case we write SF2Y —limx = £ and £ is called the S#2V-limit of z. Let S#2V¥(X) denotes
the set of all statistically convergent sequences in random 2-normed space (X, F, *).

In this paper we define and study A-statistical convergence in random 2-normed spaces
which is quite a new and interesting idea to work with. We show that some properties of A-
statistical convergence of real numbers also hold for sequences in random 2-normed spaces. We
find some relations related to A-statistical convergent sequences in random 2-normed spaces.
Also we find out the relation between A-statistical convergent and A-statistical Cauchy sequences

in this spaces.

§3. A-statistical convergence in random 2-normed spaces

In this section we define A-statistically convergent sequence in random 2-normed (X, F, *).
Also we obtained some basic properties of this notion in random 2-normed spaces.

Definition 3.1. A sequence z = (zj) in a random 2-normed space (X, F,x) is said to
be A-satistically convergent or Sy-convergent to ¢ € X with respect to F if for every € > 0,
6 € (0,1) and for non zero z € X such that

Ox({k € Iy, : Flxy — £, 2;6) <1—0}) =0.
In other ways we write

1
lim )\—\{k €l Flag— 4L ze) <1—-0} =0,

or equivalently
h({k el : Flxpy—40,z6) >1—-0}) =1,

ie.
Six- klim Flap — 4L, z¢e) = 1.



62 Bipan Hazarika No. 1

In this case we write SF?N.limz = £ or zp — ((SF*V) and SI2N(X) = {z = (2y) : I L €
R, SF2N_limx = (}. Let STV (X) denotes the set of all A-statistically convergent sequences in
random 2-normed space (X, F,*).

Definition 3.2. A sequence z = (z1) in a random 2-normed space (X, F,*) is said to be
A-statistical Cauchy with respect to JF if for every € > 0, § € (0,1) and for non zero z € X

there exists a positive integer n = n(e) such that for all k, s > n,

5)\({/€€Im1~7:($k*xsaz;5) < 170}):07

or equivalently
O\({k € I : Flay —x5,256) > 1—0}) = 1.

Definition 3.1, immediately implies the following Lemma.

Lemma 3.1. Let (X,F,*) be a random 2-normed space and A = (\,) € A. If z = (x3)
is a sequence in X, then for every £ > 0, 6 € (0,1) and for non zero z € X, then the following
statements are equivalent:

(1) SENdimy 00 1 = £,

(ii) a({k € I : Fm — L, 2;6) <1—-0}) =0,

(i) oA ({k € Ly : Flag — £, z;6) >1—0}) =1,

(iv) Sx-limg o0 F(z — 4, 2;¢) = 1.

Theorem 3.1. Let (X, F,*) be a random 2-normed space and A = (\,,) € A. If = (xy)
is a sequence in X such that Sf\%QN—lim x) = £ exists, then it is unique.

Proof. Suppose that there exist elements {1, {5 ({1 # ¢3) in X such that

SN Jim @y = 6 SN Jim @y = 0.
Let € > 0 be given. Choose r > 0 such that
I-r)«(1-r)>1-=c. (1)

Then, for any ¢ > 0 and for non zero z € X we define
t
Ky(rt) = {k;e[m:]:<xk—€1,z;2> < 1—r},

Ko(r,t) = {ke]m:}'<xk—€2,z;;> <1—r}.

Since SEN_limy o0 2 = ¢ and SE2N-limy_ x = lo, we have 0y(K;(r,t)) = 0 and
In(Ka(r,t)) =0 for all t > 0.

Now let K(r,t) = Ky (r,t) U Ka(r,t), then it is easy to observe that dx(K(r,t)) = 0. But
we have ) (K¢(r,t)) = 1.

Now if k € K¢(r,t), then we have

t t
F(ly — g, z;t) Zf(zkﬂl,z;2> *f(xkﬁg,z;Q) >(1—=r)x(1l—r).

It follows by (1) that
Fly — Ll z;t) > (1 —¢).
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Since £ > 0 was arbitrary, we get F(¢; — f2,2;t) = 1 for all ¢ > 0 and non zero z € X. Hence
b =4s.
Next theorem gives the algebraic characterization of A-statistical convergence on random
2-normed spaces.
Theorem 3.2. Let (X, F,*) be a random 2-normed space, A = (A,) € A and = = (zy)
and y = (yx) be two sequences in X.
(i) If SE2Nlimxy, = £ and c(# 0) € R, then ST*Nlim cx), = cf.
(ii) If SE2Nlimzy, = ¢1 and SN -limyy, = lo, then SE2N-lim(zy, + yx) = 01 + Lo.
Proof of the theorem is straightforward, thus omitted.
Theorem 3.3. Let (X, F, x) be a random 2-normed space and A = (\,) € A. If z = (zy)
be a sequence in X such that F-limzy = £ then SF2N-limxy, = L.
Proof. Let F-limzy = ¢. Then for every € > 0, t > 0 and non zero z € X, there is a
positive integer ng such that
Flag —Cz;t) > 1 —¢,
for all k£ > ng. Since the set
Kt)y={kely,  Flzy—L,zt) <1—c}

has at most finitely many terms. Also, since every finite subset of N has d)-density zero and
consequently we have 8y (K (g,t)) = 0. This shows that STV -limx), = £.
Remark 3.1. The converse of the above theorem is not true in general. It follows from

the following example.

Example 3.1. Let X = R?, with the 2-norm ||z, z|| = |z122 — z221], z = (21, 22), 2 =
(#21,22) and a*b = ab for all a, b € [0,1]. Let F(x,y;t) = m, forall z, z € X, 29 # 0 and
t > 0. Now we define a sequence x = (z,) by

(k,0), ifm—[VAn]+1<Ek<m,
(0,0), otherwise.

Nor for every 0 < e < 1 and ¢t > 0, write

K(g,t) = {ke€ly,  Flog—4Lz;t) <1—¢e} £=(0,0),
t
= {kel,: —<1-
t o] <
te

= {kel,: |z >

1—€>0}

= {kely:m—[VAn]+1<k<m},

so we get

1 1
)\7|K(€,t>| < THI‘;GIm:m—[\/ﬂ]—I—l <k<m}| < [)\)\m}.

Taking limit m approaches to oo, we get

[VAm] _
o =0,

m

1
§(K(e,t)) = lim —|K(e,t)| < lim

m— 00 )\m
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This shows that xj — 0(SF2N (X)).

On the other hand the sequence is not F-convergent to zero as

—t ifm =V +1<k<m,
Flon—tizty= = Jme Tmo WAl ishsm,

A 1, otherwise. B

Theorem 3.4. Let (X, F, *) be a random 2-normed space and A = (\,) € A. If z = (z3,)
be a sequence in X, then S §2N -lim xy, = £ if and only if there exists a subset K C N such that
0n(K)=1and F-limzy = /.

Proof. Suppose first that SfQN—lim xr = {. Then for any t > 0, r = 1,2,3,--- and non
zero z € X, let

A(r,t) = {k €l Flay—4C,zt)>1— 1}
r
and

K(r,t)= {ke]m:f(xkﬁ,z;t) < 11}.
T

Since S§2N—lim x = £ it follows that

ON(K(r,t)) =0.
Now for t >0 and r =1,2,3,--- , we observe that
A(r,t) D A(r + 1,t)

and
Ix(A(r, 1)) = 1. (2)

Now we have to show that, for k € A(r,t), F-limxy = £. Suppose that for k € A(r,t), (zx)

not convergent to £ with respect to F. Then there exists some s > 0 such that
{keln:Flxg—4{ zt) <1—s}
for infinitely many terms x. Let

A(s,t) ={k € I, : Fap — ,2z;t) > 1 — s}

and

1
s>—, r=1,23,---.
r

Then we have

Sr(A(s,1)) = 0.

Furthermore, A(r,t) C A(s,t) implies that §)(A(r,t)) = 0, which contradicts (2) as
Ir(A(r,t)) = 1. Hence F-limzy = £.
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Conversely, suppose that there exists a subset K C N such that §y\(K) = 1 and F-
limzy = ¢.
Then for every € > 0, t > 0 and non zero z € X, we can find out a positive integer n such
that
Flap —Lyz;t) >1—¢

for all £ > n. If we take
K(e,t)={k el : Flzp—L,z;t) <1—¢},

then it is easy to see that
K(E,t) C N — {nk+1,7’lk+27 . }

and consequently
oK (e, 8) <1 1.

Hence SN limzy, = (.

Finally, we establish the Cauchy convergence criteria in random 2-normed spaces.

Theorem 3.5. Let (X, F,*) be a random 2-normed space and A = (\,) € A. Then a
sequence (x) in X is A-statistically convergent if and only if it is A-statistically Cauchy.

Proof. Let (7)) be a A-statistically convergent sequence in X. We assume that ST2N-
limzy, = £. Let € > 0 be given. Choose r > 0 such that (1) is satisfied. For ¢ > 0 and for non
zero z € X define

A(r,t) = {ke]m:}“(xkf,z;;) < 17"} and A°(r,t) = {ke]m:]:(xké,z;;) >1r}.

Since SN —limxy, = ¢ it follows that §,(A(r,t)) = 0 and consequently 0y (A°(r,t)) = 1.
Let p € A°(r,t). Then
f(xk—f,z;%)gl—r. (3)

If we take
B(e,t) ={k € I, : F(xy, — xp, z;t) <1 —¢},

then to prove the result it is sufficient to prove that B(e,t) C A(r,t). Let n € B(e,t), then for
non zero z € X,
Flzn —xp,2;t) <1—¢. (4)

If F(x, — xp,2;t) < 1—e¢, then we have F(x, — £, 2; %) <1 —r and therefore n € A(r,t).
As otherwise i.e., if F(z, —¢,2; %) > 1 —r then by (1), (3) and (4) we get

5

t
1—e>F(zy —xp, 23 t) zf(xn—ﬁ,z;f)*]:(xp—ﬁ,z;2

2
> =r)x(1=r)>1-¢),
which is not possible. Thus B(e,t) C A(r,t). Since 65 (A(r,t)) = 0, it follows that dx(B(e,t)) =
0. This shows that (zy) is A-statistically Cauchy.

Conversely, suppose (z) is A-statistically Cauchy but not A-statistically convergent. Then
there exists positive integer p and for non zero z € X such that if we take

Ale,t) ={k € L, : Flxy, —xp, z;t) <1 —¢€},
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then
Or(A(e,t)) =0

and consequently

ox(A%(e, 1)) = 1. ()

Since

t
]:(xn_xpvz;t) ZQ?(Z‘k—é,Z,i) >1-—c¢,

if F(xp — €, 2;%) > 152, then we have
oZ({k € Ly, : Flan —xp, 25t) > 1 —€}) =0.

ie., 0x(A°(e,t)) = 0, which contradicts (5) as dx(A°(e,t)) = 1. Hence (xy) is A-statistically
convergent.

Combining Theorem 3.4 and Theorem 3.5 we get the following corollary.

Corollary 3.1. Let (X, F,*) be a random 2-normed space and and z = (xy) be a sequence
in X. Then the following statements are equivalent:

(i) = is A-statistically convergent,

(ii) « is A-statistically Cauchy,

(iii) There exists a subset K C N such that §)(K) = 1 and F-limxj, = ¢.
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81. Introduction

Topology is the branch of mathematics, whose concepts exist not only in all branches
of mathematics, but also has the independent theoretic framework, background and broad
applications in many real life problems. A lot of researchers working on the different structures
of topological spaces. In I8, S. Kasahara proved that a T} space Y is compact if and only if for
every topological space X, each mapping of X in Y with a closed graph is continuous. Then

by a similar methods, Herrington and Long (2!

proved that a Hausdroff space Y is H-closed
if and only if for every topological space X, each mapping of X into Y with a strong closed
graph is weakly continuous. It was shown by Joesph [ that, in the results of Herrington
[l “mapping” can be replaced with “bijection” . Moreover, using the characterizations of
compactness mentioned above, Herrington and Long [ obtained that a weakly Hausdroff space
Y is nearly compact if and only if for every topological space X, each mapping of X into Y

8] proved that a Hausdorff space

with a closed graph is almost continuous. Further Thompson
Y is nearly compact if and only if for every topological space X, each mapping of X into Y
with an r-closed graph is almost continuous. N. Levine [7) initiated the study of semi-open sets.
A subset A of a space X is said to be a semi-open set [/}, if there exists an open set O such that
O C A C cl(0O). The set of all semi-open sets is denoted by SO(X). A is semi-closed iff X — A is
semi-open in X. The intersection of all semi-closed sets containing A is called semi-closure ! of
A and is denoted by scl(A). The concept of operation « on a topological spaces was introduced
by S. Kasahara (6. He showed that several known characterizations of compact spaces, nearly
compact spaces and H-closed spaces are unified by generalizing the notion of compactness with
the help of a certain operation of topology 7 into power set of U.. Many reserachers worked on

this operation « intoduced by Kasahara and a lot of material is available in the literature.
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The purpose of this paper is the use of mapping 3 : SO(X) — P(X) from the semi-open
set into power set P(X) of the underlying set X as our main tool, having the property of
monotonicity and A C B(A) for each semi-open sets A, where S(A) denotes the value of A
under 8. Moreover, the operation (§ generalize the notions and characterizations defined and

discussed using the operation « defined and discussed by Kasahara (¢,

§2. (-convergence and (-accumulation

We start with a mapping 8 : SO(X) — P(X) from the semi-open set into power set P(X)
of the underlying set X, having the property of monotonicity (i.e., A C B implies 3(A) C 3(B))
and A C B(A) for each semi-open sets A, where S(A) denotes the value of A under 8. The
mapping [ defined by 8(A) = A for each A € SO(X) is an operation on SO(X) called the
identity operation. The semi-closure operation of course defines an operation on SO(X) and
the composition sint o scl of the semi-closure operation with semi-interior operation sint is
also an operation on SO(X).

Definition 2.1. Let (X, 7) be a topological space and 3 be an operation on SO(X). A
filter base I in X, [-converges to a € X, if for every semi open nbd V of a, there exists an
F €T such that F c V5.

Definition 2.2. Let (X, 7) be a topological space and 3 be an operation on SO(X). A
filter base I' in X, B-accumulates to a € X, if FN VP #£ ¢, for every F € T and for every
semi-open nbd V of a, where V? denotes the value of V under .

For the identity operation 3, the convergence and accumulation contains in G-convergence
and f-accumulate. Furthermore, a-convergence and a-accumulate in the sense of Kasahara [6]
also contains in B-convergence and (-accumulates.

Theorem 2.3. Let (X, 7) be a topological space and  be an operation on SO(X). Then
the following hold:

(i) If a filterbase I' in X, B-converges to a € X, then I' f-accumulates to a.

(ii) If a filterbase I" in X is contained in a filterbase which S-accumulates to a € x, then T
(-accumulates to a.

(iii) If a maximal filterbase in X, S-accumulates to a € X then it S-converges to a.

Proof. The proof is obvious.

Note that regularity of operation « in the sense of S. Kasahara [ follows from the
monotonicity of operation 3.

Theorem 2.4. Let (X, 7) be a topological space and 8 be an operation of SO(X). If a
filter base I in X, (-accumulates to a € X, then there exists a filterbase A in X such that
I' € A and A, B-converges to a.

Proof. It follows form the monotonicity of operation 3 that the set A= {FNVP.FeTl

and a € V € SO(X)} is a filterbase in X. Clearly the filterbase A generated by A’, 8-converges
toaand I' C A.
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83. (-continuous mappings

Let (X, 7), (Y,7 ) be two topological spaces and 3 be an operation on SO(Y). A mapping
f of X into Y is said to be -continuous at a € X, if for every semi-open nbd V of f(a), there
is a semi-open nbd U of a such that f(U) C VA. Clearly f is 3-continuous at a € X if and
only if for every filterbase I' in X converging to a, the filterbase f(I") S-converges to f(a). A
mapping f: X — Y is S-continuous, if f is S-continuous at each point of X.

Theorem 3.1. Let (X,7), (Y, T,) be two topological spaces and 3 be an operation on
SO(Y). If a mapping f of X into Y is B-continuous, then V € SO(Y) and V# = V imply
V) € SO(X). The converse is true if V8 = V8 € SO(Y) for all V € SO(Y).

Proof. Suppose V € SO(Y) and V# = V. Then for each z € f~(G), we can find
semi-open nbd U of x such that f(U) Cc V# = V, which implies U C f~*(V). Therefore
V) € SO(X). Suppose now that VA% = V8 € SO(Y) for all V € SO(Y) and let a € X.
Then for each semi-open nbd U of f(a), the set f~1(U”) € SO(X), since U = UP € SO(Y).
From f(a) € U C UP. It follows therefore that f~!(U”) is semi-open nbd of a. Hence the
proof.

Definition 3.2. Let (X,7), (Y,7) be two topological spaces and 3 be an operation on
SO(Y). The graph G(f) of f : X — Y is -closed if for each (z,y) € (X x Y)\G(f) there exist
semi-open sets U and V containing x and y respectively such that (U x V)N G(f) = ¢.

Now we characterize (3-closed graph which also gives generalization of the Theorem 4 of
[6]. /

Theorem 3.3. Let (X, 7), (Y, 7 ) be two topological spaces, § be an operation on SO(Y)
and f: X — Y be a mapping from (X,7) into (Y, 7 ). The the following are equivalent:

(i) f has a S-closed graph.

(ii) Let a € X and there exists a filterbase I" in X converges to a such that f(I') §-
accumulates to b € Y, then f(a) =b.

(iii) Let @ € X and there exists a filterbase I' in X converges to a such that f(I") S-converges
tobeY, then f(a) =b.

Proof. (i)=(ii) Contrarily suppose that f(a) # b. Then since G(f) is f-closed, there
exists semi-open sets U and V such that a € U, b € V and (U x V?) N G(f) = ¢. Hence we
can find an F € T such that F C U and f(F)NV? # ¢. However this implies f(z) € V? for
some x € F, which yields (z, f(z)) € U x V5. A contradiction.

(ii)=-(iii) This follows directly form Theorem 2.3.

(iii)=-(i) Contrarily suppose that (i) is not true. Then there exists a (a,b) € (X x Y)\G(f)
such that (U x VP)NG(f) # ¢ for every semi open nbd U of a and for every semi open nbd V' of
b. Since 3 is monotone follows that T' = {U N f~1(VA):a € U € SO(X) and be V € SO(Y)}
is a filterbase in X. Clearly I" converges to a and f(I') S-converges to b. Which implies that
(iii) does not hold. This completes the proof.

Definition 3.4. Let (X, 7), (Y, T/) be two topological spaces, 3 be an operation on SO(Y'),
then f: X — Y is said to be (-subcontinuous, if for every convergent filterbase I' in X, the
filterbase f(T') B-accumulates to some point of Y.

Note that, by Theorem 2.3(i), a S-continuous mapping is S-subcontinuous. For converse

implication, we have the following theorem:
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Theorem 3.5. Let (X, 1), (Y, 7'/) be two topological spaces, 8 be an operation on SO(Y).
If f is B-subcontinuous mapping of X into Y with a (-closed graph, then f is S-continuous.

Proof. Contrarily suppose that f is not §-continuous. Then there exists a a € X and a
filterbase I in X converges to a such that f(I") does not B-converges to f(a). Hence there exists
a semi-open nbd V of f(a) such that f(F)N VP8 # ¢, where V#° denotes the complement of
VA8 in Y. Clearly, T is contained in the filter A generated by A’, and so A converges to a. But
f(A) does not f-accumulate to f(a). On the other hand, since f is S-contnuous, the filterbase
f(A) B-converges to some b € Y. By Theorem 3.3, we have f(a) = b, which is absurd. This

completes the proof.

84. (-compact

Definition 4.1. Let (X, 7) be topological space and 8 be an operation on SO(X). A
subset A of X is said to be (-compact, if for every open cover C' of K there exists a finite
subfamily {G1, G2, , Gy} of C such that A ¢ U, G7.

Definition 4.2. Let (X, 7) be topological space and 8 be an operation on SO(X). Then
space X is said to be (-regular, if for each x € X and for each semi open nbd V of z, there
exists a semi open nbd U of x such that U c V.

Clearly compact space (X, 7) is S-compact. For the converse, we prove the following.

Theorem 4.3. Let (X, 7) be topological space and 3 be an operation on SO(X). If (X, 1)
is B-regular space then (X, 7) is compact.

Proof. Let C be a semi open cover of X. Then S-regularity of X implies that the set
D of all V € SO(X) such that VP C U for some U € D is a semi open cover of X. Hence
X =UL, Vf for some V4, Vo, -+, V,, € D. For each i € {1,2,--- ,n}, there exists a U; € D
such that Viﬁ C U;. Therefore, we have X = U?:l G;. This is completes the proof.

Theorem 4.4. Let (X, 7) be topological space and § be an operation on SO(X). Then
the following are equivalent:

(i) (X, 7) is S-compact.

(ii) Each filterbase in X [-accumulates to some point of X.

(iii) Each maximal filterbase in X [-converges to some point of X.

Proof. (i)=-(ii) Contrarily suppose that there exists a filterbase I" in X which does not
[-accumulate to any point of X. Then for each = € X, there exist a F, € I' and semi open
nbd V, of x such that F, NV}’ = ¢. Since the family {V, : # € X} is a semi open cover of
X. Since X is S-compact then we have X = U?:I V£ for some x1, x2, -+, x, € X; but
then NI, F,, # ¢ and consequently we have F, N me # ¢, for some m € {1,2,--- ,n}, a
contradiction.

(ii)=-(iii) Since each filterbase is contained in a maximal filterbase in X. This follows
directly form (iii) of Theorem 2.3.

(iii)=-(ii) This is obvious.

(ii)=(i) Contrarily suppose that (ii) holds and that there exists a semi open cover C of X
such that X # J, G? for any finite {G1,Ga,---, Gy} C C. Let I’ denote the set of all sets
of the form N, G¥" where n € Z* and G; C C and G? denotes the complement of G? in
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X. then since T is filterbase in X, it S-accumulates to some a € z. But then a ¢ G for some
G € C and so GP° €T yields a contradiction G°* NG # ¢. This completes the proof.

Theorem 4.5. Let (X,7), (Y, 7'/) be two topological spaces and 8 be an operation on
SO(Y) and f : X — Y be a mapping from (X,7) into (Y,7 ). If (X,7) is compact and f is
[-continuous, then f(X) is B-compact.

Proof. Let C be a semi open cover of f(X). Denote by D the set of all U € SO(X) such
that f(U) c VP for some V € C. Then by B-continuity of f D is semi open cover of X. Hence
X =U;, U; for some Uy, Us, ---, U, € D. For each i € {1,2,--- ,n}, we can find a V; € C
such that f(U;) C Vf Therefore we have f(X) C JI, Vf. Hence the proof.

Theorem 4.6. If (Y, 7 ) is a f-compact space for some operation § on SO(Y), then every
mapping f of any topological space (X, 7) into Y is S-subcontinuous.

Proof. Let I" be a convergent filterbase in X. Then by Theorem 4.4, the filterbase f(T")
(B-accumulates to some point in Y. Thus f is -subcontinuous.

Theorem 4.7. Let f be a mapping of a topological space (X, 7) into another topological
space (Y, T/) and @ be an operation on SO(Y). If (Y, T/) is B-compact and f has a [-closed
graph, then f is B-continuous.

Proof. By Theorem 4.6, f is -subcontinuous and hence it is f-continuous by Theorem

3.5. Hence the proof.

References

[1] S. G. Crossely and S. K. Hilderbrand, Semi Closure, Texas J. Sci., 22(1971), 99-112.

[2] L. L. Herrington and P. E. Long, Characterizations of H-closed Spaces, Proc. Amer.
Math. Soc., 48(1975), 469-475.

[3] L. L. Herrington and P. E. Long, A Characterizations of H-closed Urysohn Spaces,
Rend. Circ. Mat. Palermo, 25(1976), 158-160.

[4] J. E. Joseph, On H-closed and Minimal Hausdorff Spaces, Proc. Amer. Math. Soc.,
60(1976), 321-326.

[5] S. Kasahara, Chracterizations of Compactness and Countable Compactness, Proc.
Japan Acad., 49(1973), 523-524.

[6] S. Kasahara, GOperation-Compact Spaces, Math. Japon., 24(1979), 97-105.

[7] N. Levine, Semi-open sets and semi continuity in topological spaces, Amer. Math.,
70(1963), 36-41.

[8] T. Thompson, Characterizations of nearly compact spaces, Kyungpook Math J., 17(1977),
37-41.



Scientia Magna
Vol. 8 (2012), No. 1, 73-78

A common fixed point theorem in Menger space
S. Chauhant, B. D. Pant* and N. Dhiman®

1 R. H. Government Postgraduate College,Kashipur, 244713,
U. S. Nagar, Uttarakhand, India
I Government Degree College, Champawat, 262523,
Uttarakhand, India
# Department of Mathematics, Graphic Era University,
Dehradun, Uttarakhand, India

E-mails: sun.gkv@gmail.com badridatt.pant@gmail.com

Abstract Al-Thagafi and Shahzad ! introduced the notion of occasionally weakly compatible
mappings which is more general than the notion of weakly compatible mappings. The aim of
the present paper is to prove a common fixed point theorem for occasionally weakly compatible
mappings in Menger space satisfying a new contractive type condition. Our result never
requires the completeness of the whole space (or any subspace), continuity of the involved
mappings and containment of ranges amongst involved mappings. An example is also derived
which demonstrates the validity of our main result.
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81. Introduction

Karl Menger 19 introduced the notion of probabilistic metric space (shortly, PM-space),
which is a generalization of the metric space. The study of this space was expanded rapidly
with the pioneering works of Schweizer and Sklar 2122,

In 1986, Jungck ' introduced the notion of compatible mappings in metric spaces. Mishra
[17] extended the notion of compatibility to probabilistic metric spaces. This condition has
further been weakened by introducing the notion of weakly compatible mappings by Jungck
and Rhoades '213], The concept of weakly compatible mappings is most general as each pair of
compatible mappings is weakly compatible but the reverse is not true. In 2002, Aamri and El-
Moutawakil " introduced the well known concept (E.A) property and generalized the concept
of non-compatible mappings. The results obtained in the metric fixed point theory by using the
notion of non-compatible mappings or (E.A) property are very interesting. Lastly, Al-Thagafi
and Shahzad [ introduced the notion of occasionally weakly compatible mappings which is
more general than the concept of weakly compatible mappings. Several interesting and elegant
results have been obtained by various authors in this direction [2, 3, 5-10, 14, 15, 18-20, 25].

In the present paper, we prove a common fixed point theorem for occasionally weakly

compatible mappings in Menger space satisfying a new contractive type condition. Our result
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improves many known results in the sense that the conditions such as completeness of the
whole space (or any subspace), continuity of the involved mappings and containment of ranges

amongst involved mappings are completely relaxed.

82. Preliminaries

Definition 2.1.[22] A triangular norm T (shortly t-norm) is a binary operation on the unit
interval [0, 1] such that for all a, b, ¢, d € [0,1] and the following conditions are satisfied:

(i) T(a,1) = a,

(ii) T(a,b) = T(b,a),

(iii) T(a,b) < T(e,d) for a < e, b < d,

(iv) T (T(a,b),c) =T (a, T(b,c)).

Examples of t-norms are:
Tar(a,b) = min{a, b}, Tp(a,b) = a.b and Tr(a,b) = max{a+b—1,0}.
Now t-norms are recursively defined by T! = T and
T (21, Tpy1) = T(T" Hay, -+, 20), Tng1)-

Definition 2.2.[22l A mapping F : R — Rt is called a distribution function if it is non-
decreasing and left continuous with inf{F(¢) : t € R} = 0 and sup{F(¢) : t e R} = 1.

We shall denote by < the set of all distribution functions while H will always denote the
specific distribution function defined by

0, ift<o,

H(t) =
1, ift>o0.

Definition 2.3.[22l A PM-space is an ordered pair (X,F), where X is a non-empty set
and F is a mapping from X x X to &, the collection of all distribution functions. The value
of F at (z,y) € X x X is represented by F,. The function F, , are assumed to satisfy the
following conditions:

(i) Fry(0) = 0,

(i) Fgy(t) =1 for all t > 0 if and only if x =y,

(i) Foy(t) = Fya(t),

(iv) Foo(t) =1,F, y(s) =1= Fpy(t+s)=1,forallz, y, z€ X and ¢, s > 0.

The ordered triple (X,F,T) is called a Menger space if (X,F) is a PM-space, T is a
t-norm and the following inequality holds:

Fry(t+8) > T(Fyp 2(t), Fy(s)),

for all z, y, z € X and t, s > 0. Every metric space (X, d) can be realized as a PM-space by
taking F : X x X — < defined by F, ,(t) = H(t — d(z,y)) for all z, y € X.
Definition 2.4.[?% Let (X, F,T) be a Menger space with continuous t-norm T.
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(i) A sequence {z,} in X is said to be convergent to a point x in X if and only if for
every € > 0 and A > 0, there exists a positive integer N (e, A) such that Fy,, ,(e) > 1 — X for all
n > N(e A).

(ii) A sequence {z,} in X is said to be Cauchy if for every € > 0 and A > 0, there exists a
positive integer N (e, A) such that F . (€) >1— A for all n, m > N(e, A).

(iii) A Menger space in which every Cauchy sequence is convergent is said to be complete.

Definition 2.5.1'" Two self mappings A and S of a Menger space (X, F,T) are said to
be compatible if Fasy, saqz, (t) — 1 for all t > 0, whenever {z,} is a sequence in X such that
lim,, oo Az, = lim,_, Sx, = z for some z € X.

Definition 2.6.['% Let A and S be two self mappings of non-empty set X. A point z € X
is called a coincidence point of A and S if and only if Az = Sz. In this case w = Az = Sz is
called a point of coincidence of A and S.

Definition 2.7.1'% Two self mappings A and S of a non-empty set X are said to be weakly
compatible if they commute at their coincidence points, that is, if Ax = Sz for some =z € X,
then ASxz = SAx.

Remark 2.1.04 If self mappings A and S of a Menger space (X,F,T) are compatible
then they are weakly compatible but converse is not true.

Definition 2.8." Two self mappings A and S of a non-empty set X are occasionally
weakly compatible if and only if there is a point x € X which is a coincidence point of A and
S at which A and S commute.

Lemma 2.1.1'Y Let X be a non-empty set, A and S are occasionally weakly compatible
self mappings of X. If A and S have a unique point of coincidence, w = Az = Sz, then w is
the unique common fixed point of A and S.

Proposition 2.1.123] A binary operation T : [0,1] x [0,1] — [0, 1] is a continuous t-norm
and satisfies the condition

lim, oo T2, (1 —af(t)) =1,

where o : RT — (0,1). Tt is easy to see that this condition implies lim,, ., a™(t) = 0.

83. Result

Theorem 3.1. Let (X, F,T) be a Menger space with continuous t-norm T. Further, let
A, L, M and S be self-mappings of X and the pairs (L, A) and (M, S) be each occasionally

weakly compatible satisfying condition:

Froay(t) 21— a(t) (1 = Fag,sy(t)) , (1)

for all z, y € X and every ¢ > 0, where o : RT — (0, 1) is a monotonic increasing function.
If
lim,, 00 T2, (1 — ai(t)) =1.

Then there exists a unique point w € X such that Aw = Lw = w and a unique point z € X

such that Mz = Sz = z. Moreover, z = w, so that there is a unique common fixed point of
A, L, M and S.
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Proof. Since the pairs (L, A) and (M, S) are occasionally weakly compatible, there exist
points u, v € X such that Lu = Au, LAu = ALu and Mv = Sv, MSv = SMv. Now we show
that Lu = Mv. By putting « = u and y = v in inequality (1), we get

FLu,JWv(t) Z 1- Oé(t)(]- - FAu,Sv(t))
—a(t)(1 - FLu,Mv(t))
(t) (

> 1_atu—a—am1 Frumo(t)))}
= 1-a ()1 = Fru,mo(t))
> >1—a"(t)(1 = Fraam(t) — 1.

Thus, we have Lu = Mwv. Therefore, Lu = Au = Mwv = Sv. Moreover, if there is another point
z such that Lz = Az. Then using the inequality (1), it follows that Lz = Az = Mv = Swv, or
Lu = Lz. Hence w = Lu = Au is the unique point of coincidence of L and A. By Lemma 2.1,
w is the unique common fixed point of L and A. Similarly, there is a unique point z € X such

that z = Mz = Sz. Suppose that w # z and taking = v and y = z in inequality (1), we get

Frum:(t) > 1—a(t)(1 = Faus-(t)),
Fu(t) = 1—a)(l—Fyu:()
> 1—a(t){l- (1 —a(t)(1 = Fu:(t)))}
= 1-a*(t)(1— Fy.(1))
> >1—a"(t)(1 - Fy,:(1) — L.

Thus, we have, w = z. So w is the unique common fixed point of the mappings A, L, M and
S.
Now, we give an example which illustrates Theorem 3.1.

Example 3.1. Let X = [0,1] with the metric d defined by d(z,y) = |r — y| and for each
€ [0, 1] define

t .
)= e H0
T,y .
0, ift =0,

for all z, y € X. Clearly (X, F,T) be a Menger space, where T is a continuous ¢t-norm. Define
the self mappings A, L, M and S by

xz, ifo<ax<i, Lofo<e<i,
L(z) = 1_ Y Ax)={ ? 1_ -2
1, ifsg<a<l 0, ifg<x<l1.
1 1 1 1
5, f0<z< 3, s, if0<z<s3,
May=q 2 TETER gy PRS0
L, ifsg<z<1 T ifs<zr<L

Then A, L, M and S satisfy all the conditions of Theorem 3.1 with respect to the distribution
function Fy ,.

First, we have
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and

M( ):%:S(%) and MS(%):%:SM(%L

that is, L and A as well as M and S are occasionally weakly compatible. Also % is the unique
common fixed point of A, L, M and S. On the other hand, it is clear to see that the mappings
A, L, M and S are discontinuous at % Moreover, this example does not hold any condition
on the containment of ranges amongst involved mappings.

By choosing A, L, M and S suitably, we can deduce corollaries for a pair as well as for a
triod of self mappings. The details of two possible corollaries for a triod of mappings are not
included. As a sample, we outline the following natural result for a pair of self mappings.

Corollary 3.1. Let (X, F,T) be a Menger space with continuous ¢t-norm T. Further, let
A and L be self mappings of X and the pair (L, A) is occasionally weakly compatible satisfying

condition:

Frony() 21— a(t) (1 = Fagay(t)), (2)

for all z, y € X and every t > 0, where o : RT — (0, 1) is a monotonic increasing function.
If

lim,, oo T52, (1 — af(t)) = 1.

Then A and L have a unique common fixed point in X.
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Abstract In this paper we introduce the strongly generalized difference
Vo™ [A, A", p, f]

= {xz(xmn)ewZ: lim Al Y [f(\Ai((mm)szm)rin

7,8— 00

I =0},

mn€lys

Van2 2 [A, A" p, f]
= {m = (Tmn) € w? sgp/\;gl Z [f (’AZ (Amxmn)ﬁ

mn€lys

Pi(mn
) < oo},
i(mn)

where f is a modulus function and A; = @ik, 0) is a nonnegative four dimensional matrix of
complex numbers and p;(mn) is a sequence of positive real numbers. We also give natural
relationship between strongly generalized difference V', A2 [A, A™ p, f]-summable sequences
with respect to f. We examine some topological properties of V2,2 A2 [A, A™, p, f] spaces and
investigate some inclusion relations between these spaces.

Keywords De la Vallee-Poussin mean, difference sequence, gai sequence, analytic sequence,
modulus function, double sequences.

2000 Mathematics subject classification: 40A05, 40C05, 40D05.

§1. Introduction

Throughout w, x and A denote the classes of all, gai and analytic scalar valued single
sequences, respectively.

We write w? for the set of all complex sequences (Z,,,), where m, n € N, the set of
positive integers. Then, w? is a linear space under the coordinate wise addition and scalar
multiplication.

Some initial works on double sequence spaces is found in Bromwich (4. Later on, they
were investigated by Hardy 6/, Moricz [1%, Moricz and Rhoades ', Basarir and Solankan [,
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18] Colak and Turkmenoglu 1/, Turkmenoglu 29 and many others.

Tripathy |

Quite recently, in her PhD thesis, Zelter (24 hag essentially studied both the theory of
topological double sequence spaces and the theory of summability of double sequences. Mur-
saleen and Edely [2°! have recently introduced the statistical convergence and Cauchy for double
sequences and given the relation between statistical convergent and strongly Cesaro summable
double sequences. Nextly, Mursaleen [26] and Mursaleen and Edely ?7) have defined the almost
strong regularity of matrices for double sequences and applied these matrices to establish a
core theorem and introduced the M-core for double sequences and determined those four di-
mensional matrices transforming every bounded double sequences & = (x;x) into one whose
core is a subset of the M-core of z. More recently, Altay and Basar (28] have defined the spaces
BS,BS (t),CSp,CShp, CS, and BY of double sequences consisting of all double series whose se-
quence of partial sums are in the spaces M, M, (t),Cp, Cpp, Cr and L,,, respectively, and also
examined some properties of those sequence spaces and determined the a-duals of the spaces
BS,BV,CSy, and the §(¥)-duals of the spaces CSp, and CS, of double series. Quite recently
Basar and Sever [?! have introduced the Banach space L, of double sequences correspond-
ing to the well-known space ¢, of single sequences and examined some properties of the space
L,. Quite recently Subramanian and Misra [ have studied the space x2, (p,¢,u) of double
sequences and gave some inclusion relations.

Spaces are strongly summable sequences were discussed by Kuttner 132, Maddox 3 and
others. The class of sequences which are strongly Cesaro summable with respect to a modulus
was introduced by Maddox ! as an extension of the definition of strongly Cesaro summable
sequences. Connor 34 further extended this definition to a definition of strong A-summability
with respect to a modulus where A = (a, ) is a nonnegative regular matrix and established
some connections between strong A-summability, strong A-summability with respect to a mod-
ulus, and A-statistical convergence. In [35] the notion of convergence of double sequences was
presented by A. Pringsheim. Also, in [36]-[40] the four dimensional matrix transformation
(Az)y = D1 Yone O Tmn was studied extensively by Robison and Hamilton. In their
work and throughout this paper, the four dimensional matrices and double sequences have
real-valued entries unless specified otherwise. In this paper we extend a few results known in
the literature for ordinary (single) sequence spaces to multiply sequence spaces. A sequence
& = (@i(mn) is said to be strongly (V2,Az) summable to zero if ¢, (|z]) — 0 as r,s — oo,

Let A = (aigkng be an infinite four dimensional matrix of complex numbers. We write
Ax = (A (2)2 i A () =Y >0, (azgzng))) Zmn converges for each i € N.
Let p = (pmn) be a sequence of positive real numbers with 0 < P, < SUPpms = G and

let D = max (1, QG_l) . Then for a,,,, bmn € C, the set of complex numbers for all m, n € N

we have

|amn+bm7l‘ﬁ SD{|amn|ﬁ+\bmn|ﬁ}- (1)

The double series

is convergent, where s,,, = >;""" ) 2i;(m,n € N) (see [1]).

o —1 Tmn is called convergent if and only if the double sequence (Sm)

1/m+n

A sequence & = (x,5,) is said to be double analytic if sup,,,, |Zmn| < 00. The vector

space of all double analytic sequences will be denoted by A2. A sequence x = (Z,,,) is called
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double gai sequence if ((m + n)! [z )/ ™"

— 0 as m,n — oo. The double gai sequences will
be denoted by x2. Let ¢ = {all finite sequences} .

Consider a double sequence x = (z;;). The (m, n)" section zI™" of the sequence is defined
by zmnl = > le’zozij%ij for all m, n € N, where 3;; denotes the double sequence whose only
non zero term is a ﬁ in the (i,j)th place for each i, j € N.

The notion of difference sequence spaces (for single sequences) was introduced by Kizmaz

Bl as follows:
Z(A)={x=(zx) €ew: (Axyg) € Z},

for Z = ¢, ¢y and o, where Axy = xp — x4 for all £ € N. Here w, ¢, ¢g and £, denote
the classes of all, convergent, null and bounded sclar valued single sequences respectively. The

above spaces are Banach spaces normed by
lz]| = |z1] 4+ supg>y [Azy| .

Later on the notion was further investigated by many others. We now introduce the

following difference double sequence spaces defined by
Z(A) = {x = (Tyn) € W2 : (AZpn) € Z},

where Z = A%, x? and A%pn = (Tmn — Tmnt1) — (Tmain — Tmtintl) = Tmn — Tmnil —
Tontin + Tmiing for all m, n € N, A™z,,,, = AA™ 1z, for all m, n € N, where A™x,,,, =
A" — A i — A g AT 4 g, for all my noe N

Definition 1.1. A modulus function was introduced by Nakano 3. We recall that a
modulus f is a function from [0,00) — [0, 00), such that

(i) f () =0 if and only if x = 0,

(ii) f(z+y) < f(z)+ f(y), forallz =0,y >0,

(iii) f is increasing,

(iv) f is continuous from the right at 0.
Since |f (x) — f (W)| < f (Jx — y|), it follows from condition (iv) that f is continuous on [0, o).

Definition 1.2. The double sequence A2 = {(G;,pus)} is called double A2 sequence if
there exist two non-decreasinig sequences of positive numbers tending to infinity such that
Bri1 < Br+1, f1 =1and psy1 < ps + 1, p1 = 1. The generalized double de Vallee-Poussin

mean is defined by

trs = Urs (xmn) = i Z(m7n)617‘s Tmn,

where A\,s = 8- pus and Iis ={(mn) :r =G, +1<m<rs—pus+1<n<s}.
A double number sequence = (Tp,) is said to be (Va, Az)-summable to a nunmber L if
P-lim,s t.s = L. If A5 = rs, then then (Va, Ay)-summability is reduced to (C, 1, 1)-summability.

§2. Main results

Let A = (aZEZnZ;)) is an infinite four dimensional matrix of complex numbers and p

(pi(mn)) be a double analytic sequence of positive real numbers such that 0 < h = inf; pj(nn) <
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SUp; Pi(mn) = H < 00 and f be a modulus. We define

VQXZ)\Z [Aa Am,pa .ﬂ

= {a: = (Tpn) € W limns_,oo)\,fsl Z [f (‘Ai ((m+ n)A™ )™

mné&l,g

)=o),

‘/2A2/\2 [Aa Amapv f]

= {33 = (Trmn) € W2 sup, A, Z [f (‘Al (Amxmn)ﬁ

mne€l,g

Pi(mn)
)} < oo,

where A; (A™z) =3 _ >, ZEZLZ A" T

Theorem 2.1. Let f be a modulus function. Then Vy,e A2 [A, A™ p, f] is a linear space
over the complex field C.

Proof. Let z, y € V2X2A2 [A,A™ p, f] and a, p € C. Then there exists integers D, and

D,, such that |« wim < D, and |

we haVe
>\ m r [ <
nel, s

mwzw

mne€l,s

+DDfIA Y l (

mn€l,

o < D,,. By using (1) and the properties of modulus f,

>‘| Pi(mn)
>‘| Pi(mn)

Pi(mn)
Z Z i aZEZLZ)) ((m+ n)!Amxmn)#ﬂ )]
m=1n=1
This proves that V2,22 [A, A™,p, f] is linear. This comples the proof.
Theorem 2.2. Let f be a modulus function. Then the inclusions V2 A2 [A,A™ p, f] C
Van2?2 [A, A™ p, f] hold.
Proof. Let z € Vgxz)‘2 [A, A™, p, f] such that x — (V2X2>‘2 [A, A™, p, f]) . By using (2),

r(mn m 1
> Z aiti ) ((m +n)A™ (O n + pmn)) 7

m=1n=1

NS amEaly) (m 4 ) ATy, wEE

m=1n=1

IN

— 0, asr,s — o0.

we have
_1 1 Pi(mn)
sup A, [f(AZ ((m+n)A™z )™ "ﬂ
rs mné€l,g
_ Pi(mn)
= sup A} [f (‘Az m+ n)!A™ xmn)’"*" —0—1—0‘)]
rs mn€l,
_1 Pi(mn)
< Dsup\} [f (’Al m 4 n) A"z, ) T — OD}
s mné€l,g
+Dsup At Y [f(joprienm
rs mné€l, s
_1 Pi(mn)
< Dsup) { (’AZ m+ n)!A™ xmn)m+" —OD}
s mné€l,gs

+Tmax {£(0)", £ (10)"'}

< Q.
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Hence z € Vo272 [A, A™ p, f]. Therefore the inclusion V;‘2 [A,A™ p, f] C Vap?2 [A,A™, p, f]
holds. This completes the proof.
Theorem 2.3. Let p = (pi(mn)) € A2. Then Va2 A2 [A, A™ p, f] is a paranormed space

1
)T
where M = max (1,sup; p;)
Proof. Clearly g (—z) = g (). It is trivial that ((m + n)!Amxmn)ﬁ = 0 for zy,, = 0.
Hence we get g (0) = 0. Since £2 < 1 and M > 1, using Minkowski’s inequality and definition

9(@) = 5w, (A Spuner,, [ (|4 (0m+ m)1Am ) 75

of modulus f, for each (r,s), we have

L1
M

<>\rsl Z [f(‘Ai((ern)!Am(xmmLymn))ﬁ

mn€l,

)
)
)

Now it follows that g is subadditive. Let us take any complex number a. By definition of

g~

< (A;; S [ (s (o mparay,)

mné€l,s

L
M

+<A;; > 17 (J4s (0m+ ATy

mné€l,s

modulus f, we have

g~

1

glaz) = sup (A:sl > [ (s (- myrarawy,)

T8

)

mné€l,s

< Kiig(z),

where K =1+ [|a|ﬁ] ([It]] denotes the integer part of ¢). Since f is modulus, we have z — 0
implies g (ax) — 0. Similarly  — 0 and o — 0 implies g (cx) — 0. Finally, we have z fixed
and a — 0 implies g (ax) — 0. This comples the proof.
Theorem 2.4. Let f be amodulus function. Then V2?2 [A, A™, p] C Vo, 22 [A,A™, p, f].
Proof. Let z € V3,22 [A,A™, p]. We can choose 0 < § < 1 such that f (t) < e for every
t € [0,00) with 0 < ¢ < 4. Then, we can write

Y [ (A mpar) 7w )]
mné€l,,

= A}t Z {f (’Al ((m 4+ ) Az, ) ™

mn € Irs

) i| Pi(mn)
)]pi(mn)

1
A ((m + n)! A zmn) m+n' <s

A > (£ (|4 (On+ mpasma,) =

mn € Irs

1

A ((m 4+ n)1AMgmn) mtn | > §

max {f (", f (e)H} + max {1, (2f (1) 6*1)H} A

IN
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)]pi(mn)

* 3 L7 (|4 (m 4+ m)1a™ ) 70

mn € Irs

1
A ((m 4+ n)!A™zmn) m+n ‘ > 48

Therefore x € Va,2 A2 [A, A™, p, f]. This completes the proof.
Theorem 2.5. Let 0 < p;(mn) < i(mn) and {%} be bounded. Then Vgiz [A,A™ q, f] C
V2X2)\2 [Aa Amypv f}

Proof. Let
HAS VQXZ)\Z [AvAva7f]v (2)
)\;51 Z |:f (‘Az ((m+ n)!Amxmn)m}Fn )}qi(mn) — 0 asr,s— 0. (3)
mné€l,s
9i(mn
Let t; = A} = [f (’Az ((m—l—n)!Amxmn)ﬁ )} o 0 asr,s — o0 and Yi(mn) =
Pi(mn)

P Since pimn) < Gitmn), We have 0 < 7y < 1. Take 0 < 7y < Yj(mn)- Define u; = ¢;(t; >

1), U; = O(ti < 1) and v; = O(ti > 1), v; = ti(ti < 1). t; = u; + vy, tzi(mn) = uzi(m") + U:i(mn).
Now it follows that

Yi(mn) . . Yi(mmn) ¥
U, <wu; <t; and v, <. (4)

Yi(mn)
)} 4i(mn)
)
Pi(mn)

)} qi(mn)) Ti(mn)
qi(mn)
)

i.e., ti%‘(mn) _ uzi(mn) +/U;/i(mn)7 t:i(mn) S ti +’Ui)\ by (4)7

(Ar_sl Z {f (‘Ai ((m+ n)!Amajmn)ﬁ
mnéel,g

< Ny {f(’Ai((m+n)!Amzmn)m+n

mné€l,s

(Arsl Z {f (‘Az ((m+n)A™zp,) miw

mné€l,

< N8 [ (A (on o e, e

mn€l,.
_ ) m ﬁ Pi(mn)
(A,; mnze‘; 17 (|4 (m+ mya™ ) e ) )
_ 4 m BRI LEGES
< A MZEI 17 (|4 (m - mpram a7 )|
But (/\T_S1 Y mnel,. [f (’Ai ((m 4+ n)A™ ) i D} qj(mn)) — 0 asr,s — 0. By (3), therefore

1 Pi(mn
()\r_sl mnel,. [f (‘Ai ((m~+n)IA" 2y, ) ™ )} ( )) — 0 as r,s — oo. Hence

HARS V2X2)\2 [A7Amap7 f] . (5)

From (2) and (5), we get V22 [A,A™ ¢, f] C V2,22 [A,A™ p, f]. This completes the proof.
Theorem 2.6. (i) Let 0 < inf p; < p; < 1. Then VQXQAQ [A,A™ p, f] C Vgxz)‘2 [A, A™, f],
(ii) Let 1 < p; < supp; < oo. Then V2X2>‘2 [A,A™ f] C V2X2A2 [A, A™ p, f],
(iii) Let 0 < p; < ¢; < oo for each i. Then V2X2>\2 [A,A™ p, f] C V2X2)‘2 [A,A™ q, f].
Proof. The proof is a routine verification.
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81. Introduction and preliminaries

Let A be the class of all functions f which are analytic in the open unit disk E = {z €
C : |z| < 1} and normalized by the conditions that f(0) = f/(0) —1 = 0. Thus, f € A has the

Taylor series expansion

fz)=2+ Z apz”.
k=2

Let A, denote the class of functions of the form f(z) = 2 + Z apz’, pe N= {1,2,3,---},

k=p+1
which are analytic and multivalent in the open unit disk E. Note A; = A. For f € A,, define

the multiplier transformation I,(n, A) as
o0
k+ A
LN =2+ S (55

) arz®, (A >0,n € Ny = NU{0}).
k=p+1

The operator I,(n, \) has been recently studied by Aghalary et al.l'l. I;(n, 0) is the well-known
Saliagean [0 derivative operator D", defined for f € A as under:

D'f(z)=z+ Z kagz".
k=2

For two analytic functions f and g in the unit disk E, we say that f is subordinate to g
in E and write as f < g if there exists a Schwarz function w analytic in E with w(0) = 0 and
|lw(z)| < 1, z € E such that f(z) = g(w(z)), z € E. In case the function g is univalent, the
above subordination is equivalent to: f(0) = ¢g(0) and f(E) C g(E).
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Let ® : C2 x E — C be an analytic function, p be an analytic function in E such that
(p(2), 2p'(2); 2) € C?2 x E for all z € E and h be univalent in E. Then the function p is said to
satisfy first order differential subordination if

@(p(2), 2p'(2); 2) < h(z), ®(p(0),0;0) = h(0). (1)

A univalent function ¢ is called a dominant of the differential subordination (1) if p(0) = ¢(0)
and p < ¢ for all p satisfying (1). A dominant ¢ that satisfies § < ¢ for each dominant ¢ of (1),
is said to be the best dominant of (1).

Owa 1], studied the class B(a, ) of functions f € A satisfying the following inequality

p(LEUEY s
Owa [, proved that if f € B(a, 3), then R <f(z)> > 1+ QO[ﬁ, zeE.
z 14 2«

Liu ¥, studied the class B(\, a, p, A, B) which is analytically defined as under:

B\ a,p, A, B) = {f €Ay (1) (J:E,’,Z))Q+A;J;((§)) (fz(j)>a A ﬁéi}

where a >0, A >0, —1<B<1and A # B.
Liu B!, investigated the class B(X\, a,p, A, B) to find the dominant F' such that

(f(@)a < F(2),

2P

whenever f € B(\, a,p, A, B).

As a special case of our main result, we, here, obtain the function h such that f € A,,

(1-N\) (f(2)>a ) <M>a < h(z), z €E,

2P pf(z) \ 2P

satisfies

then

(f(z)> <1+Az, —1<B<A<LI1.
2P 1+B

fz)

Lecko [ also made some estimates on , f € Ain terms of certain differential subor-
dinations.

In the present paper, we study a certain differential subordination involving the multiplier
transformation I,(n, A), defined above. The differential operator studied here, unifies the above
mentioned differential operators. Our results generalize and improve some know results. We
also obtain certain new results.

To prove our main result, we shall make use of the following lemma of Miller and Macanu
4]

Lemma 1.1. Let ¢ be univalent in E and let § and ¢ be analytic in a domain D containing
q(E), with ¢(w) # 0, when w € ¢(E). Set Q(z) = 2¢'(2)¢[q(2)], h(z) = 0lq(2)] + Q(z) and
suppose that either

(i) h is convex, or
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(i) @ is starlike.
In addition, assume that
zh'(2)
(iii) R o) >0, z€E.
If p is analytic in E, with p(0) = ¢(0), p(E) C D and

0lp(2)] + 2p'(2)[p(2)] < Ola(2)] + 2¢' (2)dla(2)],

then p(z) < ¢q(z) and ¢ is the best dominant.

§2. Main results

In what follows, all the powers taken are the principle ones.
Theorem 2.1. Let o and 8 be non-zero complex numbers such that % (5/«) > 0 and let

s, (BN

B
- ) #0, z € E, satisfy the differential subordination
z

L NN [ Bt L)) 1+ As a  (A-B)z
( 2P ) P " Ip(n, A) f(z) ST B: T Bp+ N+ B2

then

B
(Ip(n’)\)f(z)> < 1+AZ, —1<B<AKL1, z€E.

2P 1+ Bz

1+Az

5. 18 the best one.

The dominant

2P

LN\ [ et L@ e
( P ) |:1 + Ip(m)\)f(z) :| - ( )+ B+ N (2). (3)

8
I,(n, A
Proof. Write u(z) = (M) . A little calculation yields that

Define the functions # and ¢ as under:
«

Blp+A)

Obviously, the functions 6 and ¢ are analytic in domain D = C and ¢(w) # 0, w € D. Setting

f(w) =w and ¢(w) =

q(z) = iigz, —1<B< A<1, z€E and defining the functions Q and h as follows:
oy B e o Q (A-B)z
and
B B ! foo 14+ Az « (A—B)z
) = 8(a(a)) + Q) = () + 355720 ) = 1o+ T (B @

A little calculation yields

(45) -5 {1+ 480) - (5t) oo
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i.e., @ is starlike in E and

%(Zh/(z)) :%(qu”(z) —&-(p—l—/\)ﬁ) :%(1—&) +(p+ AR (i) >0, z €E.

Q(2) q(2) @ 1+ Bz

Thus conditions (ii) and (iii) of Lemma 1.1, are satisfied. In view of (2), (3) and (4), we have

0lu(2)] + zu'(2)9[u(2)] < Olq(2)] + 2¢'(2)Bla(2)]-

Therefore, the proof follows from Lemma 1.1.
For p = 1 and A = 0 in above theorem, we get the following result involving Séalagean
operator.
Theorem 2.2. If a, ( are non-zero complex numbers such that ®(8/a) > 0. If f €
B
D’I’L
A, <f(z)> #£0, z € E, satisfies

z

, —1<B<A<LI1, z€E,

(an(z))ﬁ {1 _CH_aD”“f(z)] 1+42 o (A-B)z

z Dnf(z) 1+ Bz  B(1+Bz)?
then 5
D" f(z) 1+ Az
E.
( z “1iB €
The dominant iigz is the best one.

§3. Dominant for f(z)/2*, f(z)/z

In this section, we obtain the best dominant for f(z)/2z” and f(z)/z, by considering par-
ticular cases of main result. Select A = n = 0 in Theorem 2.1, we obtain:

Corollary 3.1. Suppose «, (3 are non-zero complex numbers such that R (8/«) > 0 and

B
if feAp, <f(z)> #0, z € E, satisfies

ya4

(- a) (f(z))ﬂ+azf’(z) (f@))ﬂ L 1+4: a (A-B):

— E
2P pf(z) \ 2P 1—|—Bz+pﬁ (1+ Bz)?’ e

then

B
(f(z)> <1+Az,—1§B<A§1,zeE.
zP 1+ Bz

Taking 5 =1 in above theorem, we obtain:

Corollary 3.2. Suppose « is a non-zero complex number such that ®(1/a) > 0. If

feA,, ) #0, z € E, satisfies
zP
f(z) f'(z) 14Az «a(A-DB)z
(1-a) o +apzp_1 < 1+ B> +p(1+Bz)2’ z €E,
then

f(z) B 1+ Az

—1<B<A<1 E.
zP 1+ Bz’ sb<asl z€
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On writing o = 1 in Corollary 3.1, we get:
B
Corollary 3.3. Let 8 be a complex number with R (5) > 0 and let f € A, (f(z)) #+
0, z € E, satisfy

z2f'(z) [ f(2) S AyP 1 (A-B)z
o () =

MZP)2 1<B<A<1, z€E
1+B2 " ppi+Bry =P sAsh2ER

then

(f(z))ﬂ DR R

2P 1+B2 ~
Selecting a = = 1/2 in Corollary 3.1, we get:

Corollary 3.4. If f € A,, 1(z) # 0, z € E, satisfies

2P

f() z2f'(2) 2(14+ Az) 2 (A-B)z
1 - E
2P +pf(z) = 1+ Bz +p(1—i—Bz)2’Z6 ’
then
1) 1+A< —1<B<A<1, z€E.
2P 14+ Bz

Taking p = 1 in Corollary 3.2, we have the following result.
Corollary 3.5. If « is a non-zero complex number such that (1/a) > 0 and if f €
A 1) #0, z € E, satisfies

(1-@@ 1+A42 (A-B)z

1+Bz+a(1+Bz)2’

+af'(z) < —1<B<A<1, z€E,
then
f(z) - 1+ Az

T
z 1+ Bz
Writing @ = 1 in above corollary, we obtain:

Corollary 3.6. If f € A, @ # 0, z € E, satisfies

e E.

1+Az (A-B)z

f'(e) = 1+ Bz + (1+ Bz)?’

—1<B<A<1, z€E,

then
f(z) 1+ Az

=TT 5
z 1+ Bz
Setting p = 1 in Corollary 3.3, we have the following result:

z € E.

B
Corollary 3.7. If 3 is a complex number with $ (3) > 0 and if f € A, (f(;)> #0, z €

E, satisfies

F'()(f(z)P~t 1+A2 1(A-B)z
2P-1 1+BZ+B(1+BZ)2’

—1<B<A<1, z€E,

then

(f(z))ﬂ Jltds o

z 1—|—Bz’z
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Setting p = 1 in Corollary 3.1, we obtain the following result that corresponds to the main
result of Shanmugam et al. [7].
Corollary 3.8. If o, ( are non-zero complex numbers such that R (8/a) > 0. If f €

B
A, (fiz)) #0, z € E, satisfies

(1_a)(f(z))ﬂ+azf’(z) (f(z))ﬂ<1+Az a (A—B)z CE.

z f(2) z 1+Bz+5(1+Bz)2’z

then

B
1+ A
1) =< + z, —1<B<A<I1, z€E.
z 1+ Bz

§4. Dominant for f/(z)/2""', f(2)

In this section, we find the best dominant for f'(z)/2’~! and f’(z) as special cases of main
result. Select A =0 and n = 1 in Theorem 2.1, we obtain:

Corollary 4.1. Let «, 8 be non-zero complex numbers such that R (8/a) > 0 and let

/ B
feA, < / (i)1> #0, z € E, satisfy
pzP

oo (£12)" 8 1+ 19 (L) <Lt B o

then

/ B8
1+ A
f(f) LI 1 <cB<A<1, :€E
pzP—1 1+ Bz

Taking 8 =1 in above theorem, we obtain:

Corollary 4.2. Suppose « is a non-zero complex number such that R (1/a) > 0. If

'(2)

feA,, e #0, z € E, satisfies
! ! 1 1 A A_B
(1_a)f(f)+gf(j) L4 A1) +A4z  a( )2 ek,
pzP~1  p2 zp—1 f'(2) 1+ Bz p(1+4 Bz)?
then

1) p+ A2)

—1<B<AK<1 E.
a1 S 1t Bs ST TASHES

On writing @ = 1 in above corollary, we get:

!
Corollary 4.3. If f € A,, ];legf )1 40, z € E, satisfies

FE) I P A | A= B

=< , —1<B<A<1, z€E,
2p=1 P2 1+ Bz (1+ Bz)? - =57

then
fG)  pli+ A2)
zp—1 1+ Bz

, z € E.

Taking p = 1 in Corollary 4.2, we have the following result:
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Corollary 4.4. If a is a non-zero complex number such that ®(1/a) > 0 and if f €
A, f'(z) # 0, z € E, satisfies
1+ Az (A—B)z

! " -1<B<A<I1 E
f(z) +azf (Z)<1+Bz+a(1+Bz)2’ <B<A<1, z€E,

then
1+ Az

_raz E.
1182 °€

f'(z) <
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§1. Introduction

Let X be an arbitrary real Banach Space and let J : X — 2% be the normalized duality
mapping defined by

J(@)={fe X" : <z, f>=z|>=|f|?}, Vo€ X, (1)

where X* denotes the dual space of X and < .,. > denotes the generalized duality pairing
between X and X*. The single-valued normalized duality mapping is denoted by j.

Let K be a nonempty subset of X. A map T': K — K is strongly pseudocontractive if
there exists k € (0, 1) and j(xz —y) € J(z — y) such that

(Tx =Ty, j(z —y)) <kl|z—y|? Vz, y € K. (2)

A map T: K — K is strongly accretive if there exists k € (0, 1) and j(x —y) € J(x —y) such
that

(Sz — Sy, jlo—y) = klz —ylI*, Vo, y € K. (3)

In (2), take k = 1 to obtain a pseudocontractive map. In (3), take k = 0 to obtain an accretive
map.

Recently, Zhang [ studied convergence of Ishikawa iterative sequence for strongly pseudo-
contractive operators in arbitrary Banach spaces under the condition of removing the restriction
of any boundedness. In fact, he proved the following theorem:

Theorem 1.1. Let X be a real Banach space, K a non-empty, convex subset of X and

let T be a continuous and strongly pseudocontractive self mappings with a pseudocontractive
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parameter k € (0, 1). For arbitrary xo € K, let Ishikawa iteration sequence {x,}5° be defined
by

Tpt1 = (1 — ap)zn + anTyn,
Yn = (1 - ﬂn)xn + BTy, (4)
where a;,, B, € [0, 1], and constants a, 7 € (0, 1 — k) are such that

0<a<a,<l—k-—7,n>0, (5)

If || Ty — Txpi1|| — 0 as n — oo, then the sequence {z,,}5° converges strongly to a unique
fixed point of T' € K; Moreover,

I = pll < (1 = ar)" o — p]2 + (L= DM

where M = sups||Tyn — Txni1 .

This result itself is a generalization of many of the previous results (see [4] and the references
therein).

Let p > 2 be fixed. Let T; : K — K, 1 <14 < p, be a family of maps. We introduce the

following modified multi-step Noor iteration:

Tpy1 = (1 — ap)zn + a,Tiyl,
Yy =1 =)z, +al Tyttt i=1,--- ,p—2,

Pl = (1= ab Yz, +ah Ty, (6)
where the sequences {a,}, {af} (i =1,---,p—2), in [0, 1) satisfies certain conditions. It is
clear that the iteration defined by (6) is a generalization of the Ishikawa iteration (4).

Let F(1y,---,T,) denote the common fixed points set with respect to K for the family

T1,---,Tp. In this paper, following the method of proof of Zhang (4]

, We prove a convergence
results for iteration (6), for strongly pseudocontractive maps when the iterative parameter
oy, satisfies (5). These results extend and equally improve the recently obtained results from
[4]. We give numerical example to demostrate that the modified multi-step Noor iteration (6)
converges faster than the Ishikawa iteration [,

Lemma 1.1.1% Let X be real Banach Space and J : X — 2%~ be the normalized duality

mapping. Then, for any x, y € X,
lz+yl? < llz]? +2 <y, jlx+y) > Vil +y) € J(@+y).

Lemma 1.2.0] Let {a,} be a non- negative sequence which satisfies the following inequal-
ity
Pn+1 S (]- - )\)pn + 6n7

where A\, € (0, 1), Vne N, > A, = 00 and 8, = o(\,). Then lim,_. &, = 0.
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§2. Main results

Theorem 2.1. Let p > 2 be fixed, X be a real Banach space and K a non-empty, convex
subset of X. Let T; be a strongly pseudocontractive map and T5,---,7, : K — K, with
pseudocontractive parameter k € (0, 1), such that F(Ty,---,T,) # ¢. If a, 7 € (0, 1 — k),

€ [0, 1) satisfies (5), o € K, and the following condition is satisfied:

lim [Ty, — Tops1] =0, (7)
n—oo
then the iteration (6) converges strongly to a unique common fixed point of T4, - - , T}, which

is the unique fixed point of T7.

Moreover,

lzn — pll < ((1 = 2a7)"||z0 — ,0||2 + ((1 — (1 =2ar)")M [

where M = SUP{WHlen — Th@pi1]?}.

Proof. Since Tj is strongly pseudocontractive, then there exists a constant k so that
(T —Thy, 5z —y)) < kllz -yl
Let p be such that Typ = p. From Lemma 1.2, we have

[Zn1 = pl* = (@nt1 = p,j(@ns1 = p))
(1- Oén)l'n +anTiyn — (1 — an)p — an, j(@ns1 — p))
(1 = an)(@n — p) + an(Tayn — p), § (@01 — p))
(1= an)(@n = p), j(@ns1 — p))
Han(T1yn — p), 1 (Tnt1))
= (—an)(@n—pJj(@ns1 —p))
+an(Tiyn — T12n41, §(@nt1 — p))

+an (T1Znt1 — 0, j(Tns1 — p))- (8)

(
(
=
(

By strongly pseudocontractivity of 77, we get

an(T1 21— p, J(@ng1)) < ankllrpir — P”za

for each j(zn4+1 — p) € J(@nt1 — p), and a constant k € (0, 1).
a’+b2
2

From inequality (8) and inequality ab < , we obtain that

1
(1= an)llzn = plllenis = pll < 5 (1= an)llzn = plI* + |20t = pll” (9)

and

anl|Tiyn = Tizna[l[l2ns1 — pll < (I\len Tyana|* + oqllznss — pll)- (10)
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Substituting (9) and (10) into (8), we infer that

1
lzars = pl* < (0= an)’llzn = anl® + 2ns = pII*)

1
+5(ITyn = Tiznia|* + g lensr = ol*)

k|| — ol
Multiplying inequality (11) by 2 throughout,we have
20zne1 —pl* < (1= an)?llzn = pl® + 2041 — ol

HITiyn — Tiznga | + o |zngs — pl|?
20, k|01 — pl*.

By collecting like terms ||z,+1 — p||?> and simplifying, we have
(1= 2ank — O‘i)llxn-i-l -l <(1- O‘n)QHZ'n - pH2 + 1 T1yn — Tizpi1?,
using (5), we obtain

1—ap)? < 1-2a,+a,(1-k—7)=1—aq, —kr

< 1-=2ank —ap,m <1—2a,k—a?

n’

thus
(1—ay)?
[2ni1 = pl* < mﬂ% —pl?
JrHlen — Tyan g |?
1—2apk —a2 ’
for all n > 0.

Since k, ay, € (0, 1) and constants a, 7 € (0, 1 — k) we have
l—a, >k+T

From (13), one can have

1 < 1 < 1
1—2apk—a2 = (1—ay)?  (k+71)%

(13)

(15)

(16)
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From the above and (14) we have
(1—ay)?
1—2a,k—a2

(1 — 0n)?(1 — @ (2k + ) + an(2k + )

||T1yn - Tlx7L+1 H2

_ 2

l#nss = ol <

+HT1yn — T g1 |?
1—2a,k — a2
an(2k + )
= (1-a,)?(1+ m)llxn - pl?
1T1yn —T1$n+1||2
1—2a,k — a2
an(2k + a,) (1 — ay)?
= ((1_O‘n)2+ bl _pH2

1—2a,k — a2

1T1yn — Tlxn+1||2
1—2a,k — a2

< (1= an)?+ an(2k + ap)|z, — p|?
| Tvyn — T1@p41 ]2
1—2apk — a2
= (1=20n(1—k—an)|zn — p|)?
| Tvyn — T1@p41 ]2
1—2apk — a2
< (1-20n(1—k—(1—k—1)))||zn — ol

1T yn — Tini1]?
(k+7)2

T —T; 2
— (1 _ 2an7—)||xn - p||2 + || 1Yn 1J3n+1||

(k+71)2
| T1yn — Trtn 1 |
< (1-2ar)||z, —p|* + o) , (17)
for all n > 0. Set A = 2at, p, = ||zn — pl|?, 0n = %

Lemma 1.2 ensures that x, — p as n — oo, that is, {x,} converges strongly to the unique
fixed point p of the Tj.
Observe from inequality (17) that

lzr = pl? < (1 —2a7)|lzo —plI* + M

lz2 = pl* < (1 —2a7)|lz1 —pl* + M
< (1 -2a7)[(1 - 2a7)||xo — p||> + M] + M
= (1 -2a7)*||zo —p|* + M + M(1 - 2ar)

|z —plI2 < (1= 2ar)"||zo — p||? + E=E20m) py,
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for all n > 0, which implies that

(1—-(1-2ar)™)

M),
2at

lzn = pll < (1 = 2a7)||lzo — pl|* +

where M = sup{(k_‘_%)QHlen — Tz}
This completes the proof.

Remarks 2.1. Theorem 2.1 improves and extends Theorem 1 of Zhang ¥ in the following
sense:

(i) The continuity of the map is not necessary.

(ii) We replaced Ishikawa iterative process by a more general modified multi-step Noor
iterative process.

(iii) We obtained a better convergence estimate.

We counsider iteration (6), with Tz = f; + (I — S;)z, 1 < ¢ <pand p > 2, I the identity
operator, {a,}, {af} (i=1,---,p—2),1in [0, 1) satisfying (5):

Tni1 = (1= o) zn + an(f1 + (T = S1)yl),
yy, = (1= al)mn + o (fiyr + (I = Sip)yn ™), i=1,--- ,p—2,
g_l = (1 — ag_l)xn + aﬁ_l(fp—l + (I - Sp)xn) (18)

Theorem 2.1 lead to the following result.

Theorem 2.2. Let p > 2 be fixed, X be a real Banach space , T} : X — X be a strongly
pseudocontractive map and Ss,---,5, : X — X, such that the equation S;z = f;, 1 <i < p,
have a common solution. If a, 7 € (0, 1 — k), a;, € [0, 1) satisfies (5), and condition (7) is
satisfied, then the iteration (18) converges strongly to a common solution of S;x = f;, 1 <i < p.
Moreover,

(1— (1 - 2ar)")M

= pll < (1= 2a7)" |z — p|> 5 >0,
[n = pll < (1 = 2a7)"[lzo — pl|” + ( S0r )2, n=0
where M = SUP{W”len — Thxp i}
§3. Numerical examples

Let K=[0, c0) and X=(—o00, o) with the usual norm.

The map T : K — K is given by

To=—r VYzeK (19)
= it a) x .

Then the following can easily be verified:

(i) T is strongly pseudocontractive map.

(i) F(T) = {0}.

We give an example where the modified multi-step Noor iteration (6) converges faster than
the Ishikawa iteration (4) with {a;,} in both iterations, satisfying condition (5).
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Case *. Consider Ty = T, Ty = 2z, p = 2 and the initial point £y=0.5. Suppose {ay}
satisfies (5) such that a,, = 0.7, Vn € N.

Using a Python program, we observe that our assumption (case *) converges faster and

better towards the fixed point p = 0 as shown in below Table 1.

Table 1: Numerical Results of Iteration

Iteration modified Noor Ishikawa
Step 10 0.00402 0.11729
Step 15 0.00046 0.08388
Step 18 0.00012 0.07157
Step 19 0.00008 0.06822
Step 20 0.00005 0.06517
Step 25 0.0000 0.05324
Step 1000 - 0.00143
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81. Introduction

Let k£ be a positive integer, for arbitrary integers h and m, n, the generalized Dedekind
sums S(h, m,n, k) is defined by

. sa\ - [ah
S(hym,n,k) =" B, (E) B, (k> ,
where
_ B, (z — [z]), if x is not an integer,
0, if # is an integer,
with By, (z) the Bernoulli polynomial. Some arithmetic theorems of generalized Dedekind sums

have been studied in [1-2]. For simple examples:
For any positive number ¢, we have

S(gh,m,n, qk) = S(h,m,n, k).

m—1

For a prime p, n an odd positive number, we have

p—1
. 1 1
ZS(}L + Zk7m7n7pk) = <pm+n_2 +p> S(hamvna k) - FS(ph,m,n,k)

i=1
Particularly, when p = 2, we have

1
2m+n72

S(h+ k,m,n,2k) = < —|—2> S(h,m,n, k) — S(2h, m,n, k) — S(h,m,n, 2k).

anl

IThe work is supported by N.S.F. (No. 11171265) of P. R. China.
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Partial sums method plays an important role in modern number theory. The common
types of sumsy _. f(n) are those in which f is a “smooth” function that is defined for real
arguments x. In this paper, we use it in the process of estimating sums of Generalized Dedekind

sums, namely

> ' S(h,m,n, k).

h<N
The basic idea for handling such sums is to approximate the sum by a corresponding
integral and investigate the error made in the process. The following important result, known
as Euler’s summation formula, gives an exact formula for the difference between such a sum
and the corresponding integral.
Euler’s summation formula. Let 0 < y < z and suppose f(¢) is a function defined on

the interval [y, z] and has a continuous derivative there. Then

x y
S s = [ fodes [ ef @+ {uh) - b ),
y<N<z Y i
where {t} denotes the fractional part of ¢, i.e., {t} =t — [t].

In 2006, Yiwei Hou studied the Dedekind Sums for m = n, namely S(h,m,n,k) =
S(h,n,k). They gave the following fomulas:

Let k be an integer with k£ > 3. Then for any positive real number N,

(i) If n > 1 is an odd number, then

n.2
Sk = e cemcmk T -

h<N plk
+O (N—nk2+s + N2nk_—2n+1+s + Nnk—n+1+5) .

(ii) If n is a positive even number, then

S k) = ek -

h<N plk
+0 (N—|— N—nk2+6 + N27Lk—2n+1+s + Nnk_7L+1+E)_

Together with the method in Yiwei Hou 1%, the estimates of the character sums and the
mean value theorems of Dirichlet L-function, we give two asymptotic formulas, namely

Theorem 1.1. Let k be an integer with k£ > 3. Then for any positive real number N, we
have

(i) If m > 1, n > 1 are odd numbers, then
, _ 2m!n! —m
Z S(h,m,n,k) = WC(m—l—n)((m)kH(l—p )

h<N
+O (N*Wlk2+€ + NernkfmfnJrlJrE +Nnk7n+1+€) )
(ii) If m, n are positive even numbers, then
2mln!
> Shomon,k) = s Cm o m)em)k [] (- p7)

(2imr)mtn
h<N plk

+0 (N—|— N—mk2+s + Nm+nk—m—n+1+5 + N7lk—n+1+€) .
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Where Z’ denotes the summation over all h < N such that (h,k) = 1, i> = —1, ¢ is a
h<N
sufficiently small positive real number which can be different at each occurrence. These results

are obviously nontrivial for k* < N < k'~¢.

§2. Some lemmas

To complete the proof of the theorem, we need the following lemmas:
Lemma 2.1. Let k > 3 be an integer. Then for any integer h with (h,k) = 1, we have
the identities

(i) For m, n positive odd numbers,

4m!n! dmtn _ _
Shymns k) = o Z ) > X(=h)L(m, x)L(n,%).
mod d
X>(<*1):*1

(ii) For m, n positive even numbers,

4mlin! dmtn 4min!

fm+n—1 2”{- m—+n Z ¢ ) Z (7h)L(m’X)L(H’X)iwé(m)é.(n)

x mod d
x(=1)=1

S(h,m,n, k) =

Where x denotes a Dirichlet character modulo d, L(n, x) denotes the Dirichlet L-function cor-

responding to x, ¢(d) and {(s) are the Euler function and Riemann zeta-function, respectively.
Proof. See reference [9].

Lemma 2.2. Suppose that k, @ and X are positive integers, ¢ > 2, ¢|k, then for any real

number ¢° < N < ¢'~¢ and any integers t > s > 2, we have the asymptotic formula

Y Y X@LeLhy = @c(wwas)H(l—pﬂ)H(l—p*S)
a<N X mod q plg plk
(a.R)=1 x(“1)=(~1)*

+0 (s(an o+ 2 )

Proof. (1) If A = 1(mod2), y is an odd character mod ¢, Abel’s identity implies that

+oo
x / A(x,y) .

s+1
n<q Yy *
Loy S X)L [TY B
( 7X) - mt + q Zt_;’_l 2,
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where A(y,y) = Z x(n), B(x,z) = Z x(m). Thus

q<n<y L<m<z
+oo
_ _ _ x(n Alx,y
S x@ieortn = Y e (LM [T Ak,
x mod ¢ x mod ¢ n<q q Yy
x(—1)=-1 xX(—1)=-1
x(m) " B(X, 2)
X . s + t/g g, dz
B _ x(n) x(m)
= > X e e
x mod q n<q m<e
x(=1)=-1
- x(n)  B(x, 2)
- X ;i q X(a) n<q e (ﬁ Zt+1 )

b Y [ W (/:OO Dy

Yt (/q*“’ Ay(zi,iy)dy) </;°° B(x.2) .

x mod g
x(=1)=-1

= M+ Ms+ M3+ My
say. We then have
Z Z x(a)L(s, x)L(t,x) = Z (My + My + Mz + My).

a<N x mod g a<N
(a;k)=1 x(-1)=-1 (a,k)=1

We need to estimate My, My, M3 and M, respectively.
(i) For (g, mn) =1,

16(q), if n=mmodq,

Z x(n)x(m) =< —16(q), if n=-mmodygq,
X%(jrf;)i 4 0, otherwise.

We can deduce that when a > 2,

_ x(n) X(m
M, = g x(a) . t)
n m
x mod g n<q mg%
x(=1)=-1

1 S, 11 S, 1
= 0@ Y =50 ) —

n<g m<L n<g m<L

n=ma mod q n=—ma mod q

= O s 5900)

mt(m

~

m<

2la
3
N

ola
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m=1

+0 (¢(q)“t (a= + (g)_3)> +0

t

o) ()
q =
- o) ol
o325 ) o

)a
a
= 55 H)E( -0 (58 +0 (g i)

while in the case a = 1, the result holds with the last O-term not appearing. So that

S oM o= @C(sﬂ)ﬂu—p—s—t) > 4o ‘bq(fj) S

asnN plq asN as<N
(a,k)=1 (a,k)=1 (a,k)=1
9(q) a’
+0 (2)
! 2@2@, (¢—ald])®
(a,k)=1
Note that
1 S
Y. o = la-r) ot (3)
a< plk
(a,k)=1
and
t
a t 1 t d(q —u) t
> m<<N > 2 SN Y <N (4)
2<aN a uLg—1 aN u<Lqg—1
(a,k)=1 g—a[i]=u

where d(g — u) is the divisor function. Inserting (3) and (4) into (2), we have

Sy o= @g(sﬂ)qs)ﬂ(l—p*t)H(l—pﬂ

a<N plg plk
(a,k)=1

+0 (“ﬂgj’)qwt) +0 (dg)N~*TY). (5)



106 Hangzhou Ma No. 1

S £ % (2 (
a<N as<N x mod ¢ n<q a

(a,k)=1 (ak)=1 x(~1)=-1

= Y Y e (XN

a<N x mod g n<q
(a,k)=1 x(-1)=-1

LDIEIDS x(a)( ij?)

asN x mod ¢
(ak)=1 x(~1)=—1

= >t > xl) Xé?)

as<N x mod g n<q
(ak)=1 x(~1)=—1

Note that

q
< sb(q)Z% zt% > S o1]de

n<q N 1<as<N L<m<z<q+i
(a,k)=1
n=tma mod q
1 [?Nzg° #(q)
< ¢(q)2—s/ e <N (7)
n<q x q ¢

where we have used the fact that for any fixed positive integers [ and m, the number of the

solutions of equation an = lg + m (for all positive integers a and n) is < ¢~.

On the other hand,

S X Zxé?) > oxm <Y Y <o),

1<m<z<q+2
x(=1)=-1 n=zxma mod q
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hence

+oo n
) / w@ [ XX x| e

as<N X mod q n<q
(a,k)=1 X( 1)=-1
Al ¢>( )
< ) / - +1d 2 < —2N. (8)
ag<N 4
(a, k) 1

With (7) and (8), we obtain

> M, < Nt c. (9)

as<N
(a, k) 1

(iii) Changing the order of the summation and the integration implies that

+oo v

_ x(m 1

M3 = S/ Z x(a) 7(nt) AQGY) | —7dy-
q x mod q m<2 y

x(—1)=-1

In order to estimate the integrand in M3, we may replace A(x,y) by Z x(n) and get
n<y<q

RO DI I RO ERIE S0 Sl Sl ye

X mod ¢ m< L n<y<q m<ed n<qg mg<e n<g
x(—1)=-1 n=—ma mod ¢q n=ma mod q
< ¢(q).
So that

+oo Z(m
Z My = s Z / Z X(a) ant) Z x(n) ﬁdy

a<N a<N v4 x mod g m<L n<y<q
(a,k)=1 (a,k)=1 X( 1)=-1
9 <l5( )
< > / s+1d y < —~N. (10)
a<N q
(a,k)=

L B ) (]

aEN aEN x mod ¢q
ak)=1 ak)=1
(a.k) (@h)=1 [ Cy—
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+oo +oo
< / / XYY Y xmxma) | v

L<ag<N L£<m<z g<n<y x modq
(a,k)=1 x(=1)=-1

s

<o [T XS S| s

q<a<N q<m<q+q n<q
(a.k)=

n*:ﬁ:ma mod ¢q

+oo +oo
< 4(q / / erld ydz < q¢( 9o, (11)

s+t—1

The lemma for A = 1(mod2) follows from (1), (5), (6), (10) and (11).
(2) If A = 0(mod2), x is an even character mod ¢. Note that when (¢, mn) =1,

1 . _
50(q), if n=+mmody,
x(n)x(m) = *
X mzod q 0, otherwise.
x(=1)=1

Using the same methods as previous, we can easily obtain the lemma for this case. This

completes the proof of the lemma.

§3. Proof of the theorem

In this section, we will complete the proof of the theorem.

(i) If m, n are odd numbers with m, n > 1, we will get from 1) of Lemma 2.1 that

dm+n

In!

’ _ ’ 4mln! . _
Z S(h’m’n’k) - Z km+n—1 2“1— m+n Z ¢ ) Z X(—h)L(m,X)L(TL,X)
h<N h<N x mod d

X(*l):*l
4m!n! dam+n _ ~
= km+n—1 2”‘- m—+n+2 Z Z Z X(h)L(m,X)L(TL,X).
d|k h<N x mod d

x(=1)=-1

From Lemma 2.2, we can deduce that

Z'S(h,m,n,k’)

h<N

mln! mtn
— i O e | Calem +ncm [T -y [T -

Emtn—1(2ir
d|k pld plk
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vofior=n {3} e (3))

2ml!n! m+n —m—n —-m
- g ) S Tl —p ) [la -
d|k pld plk
+O 1 Zdn-‘rl E Bk + de—i-n—i-a E " (12)
km+n—1 d d :
dlk dlk
Note
de+n H(l _p—m—n) _ krn—i—n’ (13)
dlk pld
N —m-+1 N —m-+1 N —m-+1
n—+1 _ n—+1 n+1
Se{l - zefd) e {d
dlk dlk dlk
d>N d<N
Z N Z 1\ 1
< g el
dlk d dlk d
d>N d<N
< N—mk7rL+7L+1+s 4 Nm+nke (14)
and
N\"
de+n+s (d> < ]Vnkm+s7 (15)
dlk

the last O-term of (12) can be estimated as

1 N —m+1 N n
- n+1 ) = m-4n+ v
s (S G} e (T

d|k
< mek2+s +Nm+nk7mfn+1+s +Nnk7n+1+s' (16)

Combining with (12) and (13), we get the first part of the theorem.

(ii) If m, n are positive even numbers, we will get from (ii) of Lemma 2.1 that

Z’S(h,m,n,k)

h<N

dm-i-n

, 4dm/!n! _ ~
= Z km—&-n—l(QZ’ﬂ.)m—i-nZ ¢(d) Z X(—h)L(ﬂLX)L(n,X)

h<N d|k x mod dx(—1)=1

4m!n!

+(27T)m+nC(m)C(n)}
4m/!n! A _ _
= g S @ L KWLM OHnY 0.

h<N x mod d
x(—=1)=1
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Lemma 2.2 indicates that

2min!

le(h7m’n’k) = km+7"_1(2iﬂ')m+n C(m+n)§(m)zdm+n H(l _p—m+n) H(l _p—m)
hEN dlk pld plk
1 N N"
n+1 ) 2% m+n+e ) 21
+O | o dzk:d {d} +dz|k:d {d} +O(N).

We apply the same methods of (i) in the theorem to obtain (ii). This completes the proof
of the theorem.
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Abstract If )\ is a nonzero isolated point of the spectrum of k*-paranormal operator T for
a positive integer k, then the Riesz idempotent operator E of T with respect to A satisfies
E\H =ker(T — X\) = ker(T'— \)* and E, is self-adjoint. We prove that if T' is an algebraically
k*-paranormal operator for a positive integer k, then spectral mapping theorem and spectral
mapping theorem for essential approximate point spectrum hold for T, Generalised Weyl’s
theorem holds for T" and other Weyl type theorems are discussed.

Keywords k*-paranormal, algebraically k*-paranormal, Generalised Weyl’s theorem, Pola-
roid.

§1. Introduction and preliminaries

Let B(H) be the Banach algebra of all bounded linear operators on a non-zero complex
Hilbert space H. By an operator T, we mean an element in B(H). If T lies in B(H), then
T* denotes the adjoint of 7' in B(H). The ascent of T denoted by p(T'), is the least non-
negative integer n such that ker 7" = ker T"*!. The descent of T' denoted by q(T) is the
least non-negative integer n such that ran(T™) = ran(T™*1). T is said to be of finite ascent if
p(T—\) < oo, forall A € C. If p(T) and ¢(T') are both finite then p(T) = ¢(T) ([11], Proposition
38.3), Moreover, 0 < p(Al —T) = q(A —T) < oo precisely when A is a pole of the resolvent of
T.

An operator T is said to have the single valued extension property (SVEP) at )\ € C, if
for every open neighborhood U of \g, the only analytic function f : U — X which satisfies the
equation (AT —T)f(X\) = 0 for all A € U is the function f = 0. An operator T is said to have
SVEP, if T has SVEP at every point A € C. An operator T is called a Fredholm operator if
the range of T denoted by ran(T) is closed and both ker T' and ker T* are finite dimensional and
is denoted by T' € ®(H). An operator T is called upper semi-Fredholm operator, T € &, (H), if
ran(T) is closed and ker T is finite dimensional. An operator T is called lower semi- Fredholm
operator, T' € ®_(H), if ker T* is finite dimensional. The index of a semi-Fredholm operator is
an integer defined as ind(T) = dimker T — dim ker T*. An upper semi-Fredholm operator, with
index less than or equal to 0 is called upper semi-Weyl operator and is denoted by T € ®7 (H).
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A lower semi-Fredholm operator with index greater than or equal to 0 is called lower semi-Weyl
operator and is denoted by T' € ®* (H). A Fredholm operator of index 0 is called Weyl operator.

An upper semi-Fredholm operator with finite ascent is called upper semi-Browder operator
and is denoted by T' € B4 (H) while a lower semi-Fredholm operator with finite descent is
called lower semi-Browder operator and is denoted by T'€ B_(H). A Fredholm operator with
finite ascent and descent is called Browder operator. Clearly, the class of all Browder operators
is contained in the class of all Weyl operators. Similarly the class of all upper semi-Browder
operators is contained in the class of all upper semi-Weyl operators and the class of all lower
semi-Browder operators is contained in the class of all lower semi-Weyl operators. An operator
T is Drazin invertible, if it has finite ascent and descent.

For an operator T and a non-negative integer n, define T}, to be the restriction of T
to R(T") viewed as a map from R(T™) into R(T™). In particular, Tigy = T. If for some
integer n, R(T™) is closed and T}, is an upper(resp. a lower) semi-Fredholm operator, then
T is called an upper(resp. lower) semi-B-Fredhom operator. Moreover if Ty, is a Fredholm
operator, then T is called a B-Fredholm operator. A semi-B-Fredholm operator is an upper or
a lower semi-B-Fredholm operator. The index of a semi-B-Fredholm operator T is the index
of semi-Fredholm operator T]q), where d is the degree of the stable iteration of 7" and defined
as d =inf{n € N;forallm e N, m >n = (R(IT")NN(T)) C (R(T™)NN(T))}. T is called
a B-Weyl operator if it is B-Fredholm of index 0.

The spectrum of T is denoted by o(T'), where

o(T) ={A € C:T — X is not invertible}.
The approximate point spectrum of T is denoted by o,(T"), where
0a(T) ={X € C: T — Al is not bounded below}.
The essential spectrum of T' is defined as
0.(T)={X € C: T — A is not Fredholm}.
The essential approximate point spectrum of T is defined as
oea(T)={N€C:T -\ ¢ 0 (H)}.
The Weyl spectrum of T is defined as
w(T) ={x e C: T — M is not Weyl}.
The Browder spectrum of T' is defined as
op(T) ={X € C: T — X is not Browder}.

The set of all isolated eigenvalues of finite multiplicity of T is denoted by mgo(7") and the
set of all isolated eigenvalues of finite multiplicity of T in o4 (T") is denoted by 7§y (T"). poo(T) is
defined as poo(T) = o(T) —0u(T). E(T) denotes the isolated eigenvalues of T with no restriction
on multiplicity.
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The B-Weyl spectrum opw (T) of T is defined by
opw(T)={\ € C: T — X is not a B-Weyl operator}.
We say that Weyl’s theorem holds for T" 8 if T satisfies the equality
o(T) = w(T) = moo(T)
and a-Weyl’s theorem holds for T 7] if T satisfies the equality

0a(T) = 00a(T) = 8o (T).
We say that T satisfies generalized Weyl’s theorem °! if

o(T) — opw(T) = E(T).
We say that T satisfies property (w) if

0a(T) = 0ca(T) = moo(T)

and T satisfies property (b) if
0a(T) — 060 (T) = poo(T).

By [7], if Generalized Weyl’s theorem holds for T', then Weyl’s theorem holds for T.

An operator T is called normaloid if 7(T) = ||T||, where r(T) = sup{|A| : A € o(T)}. An
operator T is called hereditarily normaloid, if every part of it is normaloid.

An operator T is called polaroid if isoo(T) C 7(T), where w(T') is the set of poles of the
resolvent of T' and iso o (T) is the set of all isolated points of o(T"). An operator T is said to be
isoloid if every isolated point of o(T) is an eigenvalue of T'. An operator T is said to be reguloid
if for every isolated point A of o(T), A\I — T is relatively regular. An operator T is known as
relatively regular if and only if ker T" and T'(X) are complemented. Also Polaroid = reguloid
= isoloid.

K. S. Ryoo and P. Y. Sik defined k*-paranormal operators in [18], k being a positive integer
and showed that *-paranormal operators form a proper subclass of k*-paranormal operators for
k > 3, and k*-paranormal operators are normaloid.

In this paper, we prove that k*-paranormal operators have H property and if 0 # X is an
isolated point of the spectrum of k*-paranormal operator T for a positive integer k, then the
Riesz idempotent operator F of T with respect to A satisfies ExH = ker(T — \) = ker(T — \)*.
We also show that if T is k*-paranormal operator, then T is polaroid and Weyl’s theorem hold
for both T and T™. If in addition T has SV EP, then a-Weyl’s theorem hold for both 7" and
T* and also for f(T') for every f € H(o(T)), the space of all analytic functions on an open
neighborhood of spectrum of 7.

We define algebraically k*-paranormal operators and prove that if T' is algebraically k*-
paranormal, then Generalised Weyl’s theorem hold for 7" and Weyl’s theorem hold for T" and
f(T), for every f € H(o(T)), T is polaroid and hence has SVEP. We prove that if either
T or T* is algebraically k*-paranormal, then spectral mapping theorem holds for essential

approximate point spectrum of T. Other Weyl type theorems are also discussed.
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§2. Definition and properties

In this section, we charecterise k*-paranormal operators and using Matrix representation,
we prove that the restriction of k*-paranormal operators to an invariant subspace is also k*-
paranormal and ker(T — A) C ker(T' — \)*.

Definition 2.1.['81 An operator T is called k*-paranormal for a positive integer k, if for
Tha|| > || T*z|" .
Example 2.1. Let H be the direct sum of a denumerable number of copies of two dimen-

every unit vector x in H, |

sional Hilbert space R x R. Let A and B be two positive operators on R x R. For any fixed

positive integer n, define an operator T'=T4 g, on H on as follows:
T((xla L2, L3, " )) = (Oa A(xl)» A(l'Q)’ T aA(l'n)’ B(xn+1)a T )
Its adjoint T is given by

T*((l‘l,ilig, L35 )) = (A(xQ)a A(l‘g), e ,A(l‘n),B(ilin_H), T )

Let A and B are positive operators satisfying A2 = C and B* = D, where C =

and D = ,then T'="Ty4 B, is of k*-paranormal for k = 1.
2 8

Theorem 2.1.0'8] For k& > 3, there exists a k*-paranormal operator which is not *-
paranormal operator.
Theorem 2.2.1'8 If T is a k*-paranormal operator, then T is normaloid.
Theorem 2.3. An operator T is k*-paranormal for a positive integer k if and only if for
any pu > 0,
TRT* — kp*='TT* 4 (k — 1)p* > 0.

Proof. Let px > 0 and x € H with ||| = 1. Using arithmetic and geometric mean
inequality, we get

1 _
%<u‘k+l \Tk!2xax> + %wm > </f’“+1 !Tk|2$,w>k (pa, ) T
= rtal)?
> |||
= (I'T"z,x).

Hence

o

—k+1 <|Tk’2 x,m> + M(w,x) —(TT*z,z) > 0.

k k
= T*T% — k"' TT* + (k — 1)p* > 0.

Conversely assume that T**T* — kuy*=1TT* + (k — 1)u* > 0.
If |T*z| = 0, then the k*-paranormality condition is trivially satisfied.
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If x € H with |T*z| # 0 and ||z| = 1, taking p = ||T*z||*, we get
[T || > (|7 .

Hence T is k*-paranormal.

Theorem 2.4. If T € B(H) is a k*-paranormal operator for a positive integer k, T

n T

does not have a dense range and T has the following representation: T = b2 on
0 T;

H = ran(T) @ ker(T*), then T3 is also a k*-paranormal operator on ran(T) and T3 = 0.

Furthermore, o(T) = o(T1) |J {0}, where o(T") denotes the spectrum of T

___ . 0
Proof. Let P be the orthogonal projection onto ran(T’). Then ! =TP = PTP.

0 0
Since T is of k*-paranormal operator, by Theorem 2.3,

P(T**T% — kp* =TT + (k — 1)p*)P > 0.

Hence
sk pk k—1 * * k
TERTE — kpb =TT + ToTy) + (k — 1)p* > 0.

Hence
TPFTE = kP VT 4 (k= Dk > kT3P > 0,

Hence T} is also k*-paranormal operator on ran(T).

x
Also for any z = S (T329,29) = (T(I — P)x,(I — P)x) ={((I — P)z, T*(I — P)z) =
T2
0. Hence T5 = 0. By ([10], Corollary 7), o(T1) Uo(T5) = o(T) U 7, where 7 is the union of cer-
tain of the holes in ¢(T") which happen to be a subset of o(771) (o (T3), and o(T1)()o(T3) has
no interior points. Therefore o(T) = o(Th) Jo(T3) = o(T1) U {0}.
Theorem 2.5. If T is k*-paranormal operator for a positive integer k and M is an ivariant

subspace of T', then the restriction 7}y, is k*-paranormal.

A
Proof. Let P be the orthogonal projection onto M. Then =TP = PTP.
Since T is of k*-paranormal operator, by Theorem 2.3,
P(T**TF — kep*1TT* + (k — 1)p*)P > 0.
Hence
TTE — kpb NIy + ToTy) + (k — 1)u® > 0.
Hence
TEPTF — byt YT Ty + (k= D) > k=1 T3 > 0.

Hence T1, i.e., T}ps is also k*-paranormal operator on M.

Theorem 2.6. If T is k*-paranormal operator for a positive integer k, 0 # A € 0,(T) and
. AT _—
T is of the form T = on ker(T — X\) @ ran(T — \)*, then
0 T;
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(i) Ta =0,
(ii) T3 is k*-paranormal.
AT . .
Proof. Let T = on ker(T — A) @ ker(T' — A\)*. Without loss of generality
0 T3

assume that A = 1. Then by Theorem 2.3 for p =1,

X Y
Y* Z

0 < TP — ey 'TT* + (k- 1)k =

where X = —~TyTy, Y = To+ TyTst- - +ToTE ' —kTo Ty and Z = YV + TR TE— kT Ti +(k—1).

X Y
A matrix of the form v >0ifand only if X >0, Z>0and Y = X'/2W 22 for
some contraction W. Therefore 1575 = 0 and T3 is k*-paranormal.
Corollary 2.1. If T is k*-paranormal operator for a positive integer k and (T — A)x = 0
for A # 0 and « € H, then (T'— \)*z = 0.
Corollary 2.2. If T is k*-paranormal operator for a positive integer k, 0 # A € o,(T),

A0 -
then T is of the form T = on ker(T'— ) @ran(T — \)*, where T3 is k*-paranormal

0 T3
and ker(T5 — \) = {0}.

8§3. Spectral properties

If A € isoo(T), the spectral projection (or Riesz idempotent) Ey of T with respect to A
is defined by F) = ﬁ f{)D (2 — T)~tdz, where D is a closed disk with centre at A and radius
small enough such that D(o(T) = {A}. Then ES = E\, ExT = TEx, 0(T\g,u) = {\} and
ker(T' — \) C E\H.

In this section, we show that k*-paranormal operators have (H) property and if A € o(T)
is an isolated point, then Ey with respect to A is self-adjoint and satisfies ExH = ker(T — \) =
ker(T' — A\)*. Weyl’s theorem hold for both T" and T* and if T* has SVEP, then a-Weyl’s
theorem hold for both 7" and T*.

Theorem 3.1. If T is k*-paranormal operator for a positive integer k and for A €
C,o(T)=MXthen T = A

Proof. If A = 0, then since k*-paranormal operators are normaloid ([18], Theorem 9),
T = 0. Assume that A # 0. Then T is an invertible normaloid operator with o(T) = A.
T; = 3T is an invertible normaloid operator with o(Ty) = {1}. Hence T} is similar to an
invertible isometry B (on an equivalent normed linear space) with o(B) = 1 ([12], Theorem 2).
T, and B being similar, 1 is an eigenvalue of 17 = %T ([12], Theorem 5). Therefore by theorem
1.5.14 of [14], Ty = I. Hence T = A.

Theorem 3.2. If T is k*-paranormal operator for some positive integer k, then T is
polaroid.

Proof. If A € isoo(T) using the spectral projection of T with respect to A, we can write
T =T, & Ty where 0(T1) = {A\} and o(T2) = o(T) — {\}. Since T3 is k*-paranormal operator
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and o(T1) = {\}, by Theorem 3.1, T} = \. Since A ¢ o(Tz), To — Al is invertible. Hence both
Ty — A and T — Al and hence T'— AI have finite ascent and descent. Hence A is a pole of the
resolvent of T. Hence T is polaroid.

Corollary 3.1. If T is k*-paranormal operator for some positive integer k, then T is
reguloid.

Corollary 3.2. If T is k*-paranormal operator for some positive integer k, then T is
isoloid.

Theorem 3.3. If T is k*-paranormal operator for a positive integer k and A € o(T) is
an isolated point, then the Riesz idempotent operator E) with respect to A satisfies ExH =
ker(T — \). Hence A is an eigenvalue of T

Proof. Since ker(T — \) C E)H, it is enough to prove that FxH C ker(T — \). Now
o(T\g, i) = {A} and T|g, i is k*-paranormal. Therefore by Theorem 3.1, Tg, y = A. Hence
E\H =ker(T — \).

Theorem 3.4. Let T be a k*-paranormal operator for a positive integer k and A # 0 be an
isolated point in ¢(T"). Then the Riesz idempotent operator Ey with respect to A is self-adjoint
and satisfies EyH = ker(T — \) = ker(T — \)*.

1 Ty

Proof. Without loss of generality assume that A = 1. Let T = 0 on ker(T —
) @ ran(T — \)*. By Theorem 2.6, T» = 0 and T3 is k*-paranormal. Since 1 € isoo(T),
either 1 € isoo(T3) or 1 ¢ o(T3). If 1 € isoo(T3), since T3 is isoloid, 1 € o,(T3) which
contradicts ker(T5 — A\) = {0} ( by Corollary 2.2). Therefore 1 ¢ o(T5) and hence T3 — 1 is
invertible. Therefore T —1 =0 (T3 — 1) is invertible on H and ker(T' — 1) = ker(T — 1)*. Also

(z—1)7t 0 10
dz = . Therefore
0 (2 —T3)7 ! 0 0
E) is the orthogonal projection onto ker(7'— \) and hence E) is self-adjoint.
Let T € L(X) be a bounded operator. T is said to have property (H) if Hy(AM —T) =
ker(A — T), where Ho(T) = {z € X : lim, ||T”:c||1/" = 0}. By [13], ExH = Ho(AI - T).
Hence by Theorem 3.3, k*-paranormal operators have (H) property. Hence by Theorems 2.5,

Ex= ﬁ fBD(ZI_T)_le = %faD

2.6 and 2.8 of [3], we get the following results:

Theorem 3.5. If T is k*-paranormal operator for some positive integer k, then T has
SVEP, p(Al —T) <1 forall A € C and T* is reguloid.

Theorem 3.6. If T is k*-paranormal operator for some positive integer k, then Weyl’s
theorem holds for T" and T™*. If in addition, T* has SV EP, then a-Weyl’s theorem holds for
both T and T*.

Theorem 3.7. If T is k*-paranormal operator for some positive integer k£ and T has
SV EP, then a-Weyl’s theorem holds for f(T') for every f € H(o(T)).

84. Algebraically k*-paranormal operators

In this section, we prove spectral mapping theorem and essential approximate point spectral

theorem for algebraically k*-paranormal operators and also show that they are polaroids.



118 S. Panayappan, D. Sumathi and N. Jayanthi No. 1

Definition 4.1. An operator T is defined to be of algebraically k*-paranormal for a
positive integer k, if there exists a non-constant complex polynomial p(t) such that p(T) is of
class k*-paranormal.

If T is algebraically k*-paranormal operator for some positive integer k, then there exists
a non-contant polynomial p(t) such that p(T') is k*-paranormal. By the Theorem 3.5, p(T) is
of finite ascent. Hence p(T') has SV EP and hence T has SVEP ([14], Theorem 3.3.6).

Theorem 4.1. If T is algebraically k*-paranormal operator for some positive integer k
and o(T) = po, then T — py is nilpotent.

Proof. Since T is algebraically k*-paranormal there is a non-constant polynomial p(t)

such that p(T') is k*-paranormal for some positive integer k, then applying Theorem 3.1,
o(p(T)) = p(o(T)) = {p(ko) } implies p(T') = p(uo)-

Let p(z) — p(po) = a(z — po)™ (2 — )" -+ (2 — pe)** where ju; # pus for j # s.

Then 0 = p(T)=p(o) = a(T—po)*(T—p1)* -+ (T—p)**. Since T—py, T—puz, -+, T—py
are invertible, (T — pg)* = 0. Hence T — pg is nilpotent.

Theorem 4.2. If T is algebraically k*-paranormal operator for some positive integer k,
then w(f(T)) = f(w(T)) for every f € Hol(co(T)).

Proof. Suppose that T is algebraically k*-paranormal for some positive integer k, then
T has SVEP. Hence by ([11], Proposition 38.5), ind(T — \) < 0 for all complex numbers .
Now to prove the result it is sufficient to show that f(w(T)) C w(f(T)). Let A € f(w(T)).
Suppose if A ¢ w(f(T)), then f(T) — A is Weyl and hence ind(f(T) — ) = 0. Let f(z) — A =
(z=XM)(z—=X2)...(z = A\)g(2). Then f(T) — X = (T — X)(T — A2) - (T — X\)g(T) and
ind(f(T) —X) =0=1ind(T — A1) +ind(T — A2) + --- + ind(T — X\,) + indg(T). Since each of
ind(T — \;) <0, we get that ind(T — \;) =0, for all i = 1, 2, --- | n. Therefore T — )\; is weyl
for each i = 1, 2, .-+, n. Hence A\; ¢ w(T') and hence A ¢ f(w(T)), which is a contradiction.
Hence the theorem.

Theorem 4.3. If T or T™* is algebraically k*-paranormal operator for some positive integer
k, then oeq (f(T') = f (0ea(T)) -

Proof. For T € B(H), by [16] the inclusion cc, (f(T)) C f(0ea(T)) holds for every

f € H (o(T)) with no restrictions on T. Therefore, it is enough to prove that f(0eq(T)) C
ea (f(T)).

Suppose if A & o¢q (f(T)) then f(T)— X € ®(H), that is f(T') — A is upper semi-Fredholm
operator with index less than or equal to zero. Also f(T)—\ = c¢(T—a1)(T—az) - - (T—a,)g(T),
where ¢g(T') is invertible and ¢, ay, a9, -+, o, € C.

If T is algebraically k*-paranormal for some positive integer k, then there exists a non-
constant polynomial p(t) such that p(T) is k*-paranormal. Then p(T) has SVEP and hence
T has SVEP. Therefore ind(T — a;) < 0 and hence T'— «; € ® (H) for each i =1,2,--- ,n.
Therefore A = f(as) ¢ f (7ea(T)) . Hence aou ((T)) = f (7.a(T))

If T* is algebraically k*-paranormal for some positive integer k, then there exists a non-
constant polynomial p(t) such that p(T*) is k*-paranormal. Then p(7™) has SV EP and hence
T* has SVEP. Therefore ind(T — ;) > 0 for each i = 1,2, --- ,n. Therefore 0 < X7 ;ind(T —
a;) = ind(f(T) — A) < 0. Therefore ind(T — «;) = 0 for each i = 1,2,--- ,n. Therefore
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T — «a; is Weyl for each i = 1,2,--- ,n. (T — a;) € ®(H) and hence o; ¢ 0co(T). Therefore
A= f(ai) ¢ f(0ea(T)) . Hence oeq (f(T)) = [ (0ea(T))-

Theorem 4.4. If T is algebraically k*-paranormal operator for some positive integer k,
then T is polaroid.

Proof. If A € isoo(T) using the spectral projection of T' with respect to A, we can write
T =T1®Ts where 0(T1) = {A\} and 0(T3) = o(T) —{\}. Since T} is algebraically k*-paranormal
operator and o(T1) = {A}, by Theorem 4.1, T} — AI is nilpotent. Since A ¢ o(Ts), To — Al is
invertible. Hence both Ty — Al and T5 — Al and hence T — AI have finite ascent and descent.
Hence A is a pole of the resolvent of T. Hence T is polaroid.

Corollary 4.1. If T is algebraically k*-paranormal operator for some positive integer k,
then T is reguloid.

Corollary 4.2. If T is algebraically k*-paranormal operator for some positive integer k,
then T is isoloid.

85. Generalised Weyl’s theorem and other Weyl type the-

orems

In this section, we prove Generalised Weyl’s theorem for algebraically k*-paranormal op-
erators and discuss other Weyl type theorems.

Theorem 5.1. If T is algebraically k*-paranormal operator for some positive integer k,
then generalized Weyl’s theorem holds for T

Proof. Assume that A € o(T) —opw (T), then T — X is B-Weyl and not invertible. Claim:
A € 00(T). Assume the contrary that A is an interior point of ¢(7"). Then there exists a
neighborhood U of XA such that dim N(T — u) > 0 for all 4 in U. Hence by ([9], Theorem 10),
T does not have SV EP which is a contradiction. Hence A € 9o (T) — opw (T). Therefore by
punctured neighborhood theorem, A € E(T).

Conversely suppose that A € E(T'). Then X is isolated in o (7). Using the Riesz idempotent
E with respect to A\, we can represent T as the direct sum T = 1(;1 - where o(T7) = {A\}

2

and o(Tz) = o(T) — {\}. Then by Theorem 4.1, T; — X is nilpotent. Since A ¢ o(T3), To — A is
invertible. Hence both T7 — A and T5 — A have both finite ascent and descent. Hence T'— )\ has
both finite ascent and descent. Hence T'— A is Drazin invertible. Therefore, by ([6], Lemma 4.1),
T — X is B-Fredholm of index 0. Hence A € o(T) —opw (T). Therefore o(T) —opw (T) = E(T).

Corollary 5.1. If T is algebraically k*-paranormal operator for some positive integer k,
then Weyl’s theorem holds for 7.

By ([4], Theorem 2.16) we get the following result:

Corollary 5.2. If T is algebraically k*-paranormal for some positive integer k and 7™ has
SV EP then a-Weyl’s theorem and property(w) hold for T.

Theorem 5.2. If T is algebraically k*-paranormal operator for some positive integer k,
then Weyl’s theorem holds for f(T'), for every f € Hol(o(T)).
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Proof. For every f € H(o(T)),

o(f(T)) =moo(f(T)) = f(o(T)=moo(T)) by ([15], Lemma )
= f(w(T)) by Theorem 5.2.
= w(f(T)) by Theorem 4.3.

Hence Weyl’s theorem holds for f(T'), for every f € H(o(T)).

If T* has SVEP, then by ([1], Lemma 2.15), 0.,(T) = w(T') and o(T) = 04(T). Hence we
get the following results:

Corollary 5.3. If T is algebraically k*-paranormal for some positive integer k and if in
addition T* has SV EP, then a-Weyl’s theorem holds for f(T') for every f € H(o(T)).

Corollary 5.4. If T™ is algebraically k*-paranormal for some positive integer k, then
w (f(T)) = f (w(T)).

By ([1], Theorem 2.17), we get the following results:

Corollary 5.5. If T is algebraically k*-paranormal for some positive integer k£ and T™* has
SV EP then property (b) hold for T.

Corollary 5.6. If T is algebraically k*-paranormal for some positive integer k, Weyl’s
theorem, a-Weyl’s theorem, property (w) and property (b) hold for T*.
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