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Almost vg—continuity
S. Balasubramanian

Department of Mathematics, Government Arts College (Autonomous),
Karur, 639005, (T. N.), India

E-mail: mani55682Qrediffmail.com.

Abstract The object of the present paper is to study the basic properties of almost
vg—continuous functions.

Keywords rg—open sets, vg—continuity, vg—irresolute, vg—open map, vg—closed map, vg
—homeomorphisms and almost vg—continuity.

AMS-classification Numbers: 54C10; 54C08; 54C05.

§1. Introduction

In 1963 M. K. Singhal and A. R. Singhal introduced Almost continuous mappings. In 1980,
Joseph and Kwack introduced the notion of (8, s)-continuous functions. In 1982, Jankovic in-
troduced the notion of almost weakly continuous functions. Dontchev, Ganster and Reilly
introduced a new class of functions called regular set-connected functions in 1999. Jafari in-
troduced the notion of (p, s)-continuous functions in 1999. T. Noiri and V. Popa studied some
properties of almost-precontinuity in 2005 and unified theory of almost-continuity in 2008. E.
Ekici introduced almost-precontinuous functions in 2004 and recently have been investigated
further by Noiri and Popa. Ekici E.; introduced almost-precontinuous functions in 2006. Ah-
mad Al-Omari and Mohd. Salmi Md. Noorani studied Some Properties of almost-b-Continuous
Functions in 2009. Recently S. Balasubramanian, C. Sandhya and P. A. S. Vyjayanthi intro-
duced v—continuous functions in 2010. Inspired with these developments, I introduce a new
class of functions called almost-rg—continuous fnctions and obtain its basic properties, preser-
vation Theorems of such functions and relationship with other types of functions are verified.

In the paper (X,7) or simply X means a topological space.

§2. Preliminaries

Definition 2.1. A C X is called

(i) closed if its complement is open.

(ii) regular open [pre-open; semi-open; a-open; S-open] if A = (A)° [A C (A)°; A C (A°);
A C ((A°))°; A C ((A)°)] and regular closed [pre-closed; semi-closed; a-closed; (-closed] if
A= AO[(A%) C A; (A)° C A; (A)°) C 4; (A2)° C A.

(iii) v—open [ra—open] if 30 € RO(X)3 0 C AC O [0 C A C a(O0)].
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(iv) semi-f—open if it is the union of semi-regular sets and its complement is semi-6—closed.

(v) g-closed [resp: rg-closed] if A C U whenever A C U and U is open in X.

(vi) sg-closed [resp: gs-closed] if s(A) C U whenever A C U and U is semi-open{open} in
X.

(vii) pg-closed [resp: gp-closed; gpr-closed] if p(A) C U whenever A C U and U is pre-
open{open; regular-open} in X.

(viii) ag-closed [resp: ga—closed; rga-closed] if a(A) C U whenever A C U and U
is{a—open; ra—open}open in X.

(ix) Bg-closed if 3(A) C U whenever A C U and U is semi-open in X.

(x) vg-closed if v(A) C U whenever A C U and U is v—open in X.

Note 1. From the above definitions we have the following interrelations among the closed

sets.
g-closed  gs-closed

! 1 AN
rga—closed — rg-closed — l/g—Closed «— sg-closed « [Bg-closed
T T T T T
" ra—closed — v—closed ) T

Regular closed — m—closed — closed — a—closed — semi closed — (—closed

< LN N

mg-closed pre-closed — w—closed # ga—closed

N N
gp-closed — pg-closed rw—closed

Definition 2.2. A function f: X — Y is called

(i) contra—[resp: contra-semi-; contra-pre-;contra-nearly-;contra-ra—; contra-a—; contra-
(B—; contra-w—; contra-pre-semi-; almost ¥—| continuuos if inverse image of every regular open
set in Y is closed [resp: semi-closed; pre-closed; regular-closed; ra—closed; a—closed; B—closed;
w—closed; pre-semi-closed; v—closed] in X.

(i) almost pre-[resp: almost f—; almost A—]continuous if f~* (V') is preclosed [resp: f—closed;
A—closed] in X for every regular open set V in Y.

Lemma 2.1. If V is an open [r-open] set, then sCly(V) = sCI(V') = Int(Cl(V)).

83 Almost rg-continuous maps

Definition 3.1. A function f: X — Y is said to be almost vg—continuous if the inverse
image of every regular open set is vg—open.

Note 2. Here after we call almost vg— continuous function as al.vg.c function shortly.

Theorem 3.1. The following are true:

(i) fis al.vg.c. iff inverse image of each regular closed set in Y is vg—closed in X.

(ii) If fis vg.c., then fis al.vg.c. Converse is true if X is discrete space.

(iii) Let fbe al.rg.c. and r-open, and A € vGO(X) then f(A) € vGO(Y).

(iv) If fis v—open [r-open] and al.vg.c.[al.rg.c.], then f~1(U) € vGC(X) if U € vGC(Y).

Remark 1. 3.1(iii) is false if r-open is removed from the statement as shown by:

Example 1. Let X =Y = R and f be defined by f (x) = 1 for all x € X then X is
vg—open in X but f(X) is not vg—open in Y.
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Theorem 3.2. (i) fis al.vg.c. iff for each z € X and each Uy € vGO(Y,f (x)), A €
vGO(X,z) and f (A) C Uy.

(ii) fis al.vg.c. iff for each z € X and each V € RGO(Y, f(z)), 3U € vGO(X,x) 3 f(U) C
V.

Proof. Let Uy € RC(Y) and let = € f'(Uy). Then f (x) € Uy and thus 3 4, €
vGO(X,x) and f(A,) C Uy. Then z € A, C f ' (Uy) and f*(Uy) = UA,. Hence f ' (Uy) € v
GO(X).

Remark 2. We have the following implication diagram for a function f: (X,7) — (Y, 0)

al.g.c al.gs.c

N 1 N
al.rga.c — al.rg.c — al.Vg.c «— al.sg.c « al.Bg.c
T T T T T
al.ra.c — — — alv.e \, T T

al.nearly.c. — al.wr.c — al.c — al.a.c — al.s.c — al.fB.c

e LN\ N
al.wg.c al.p.c — al.w.c ¢ al.ga.c
N N\
al.gp.c < al.pg.c al.rw.c

Theorem 3.3. (i) If RaC(X) = vgC(X) then f is al.ra.c. iff f is al.vg.c.

(ii) If vgC(X) = RC(X) then f is al.r.c. iff f is al.vg.c.

(iii) If vgC(X) = aC(X) then f is al.a.c. iff f is al.vg.c.

(iv) If vgC(X) = SC(X) then f is al.sg.c. iff f is al.vg.c.

(v) If vgC(X) = BC(X) then f is c.fg.c. iff f is al.vg.c.

Example 2. X =Y = {a,b,c};7 = {¢,{a},{b},{a,b}, X} and o = {¢, {a},{b,c}, Y}.
Let f be identity function, then f is al.vg.c; al.sg.c; al.gs.c; al.ra.c; al.f.c; al.v.c; al.s.c; but not
al.gp.c; al.pg.c; al.rg.c; al.gr.c; al.g.c; al.gpr.c; al.ga.c; al.ag.c; al.rga.c; al.a.c; al.p.c; al.c; and
r-irresolute.

Example 3. X =Y = {a,b,c};7 = {¢,{a},{a,b}, X} and o0 = {¢,{a},{b,c},Y}. Let
f be identity function, then f is al.gpr.c; al.ra.c; but not al.vg.c; al.sg.c; al.gs.c; al.3.c; al.v.c;
al.s.c; al.gp.c; al.pg.c; al.rg.c; al.gr.c; al.g.c; al.ga.c; al.ag.c; al.rga.c; al.a.c; al.p.c; al.c; and
rirresolute.

Example 4. X =Y = {a,b,¢,d} : 7 = {¢,{a}, {b},{a,b}, X} and 0 = {9, {a}, {b}, {a, b},
{a,b,c},Y}. Let fbe identity function, then f is al.gpr.c; al.ra.c; al.vg.c; al.sg.c; al.gs.c; al..c;
al.v.c; al.s.c; al.gp.c; al.pg.c; al.rg.c; al.gr.c; al.g.c; al.ga.c; al.ag.c; al.rga.c; al.a..c; al.p.c; al.c;
and r-irresolute.

Example 5. Let X =Y = {a,b,c};7 = {$,{a},{a,b}, X} and 0 = {¢, {a}, {b}, {a,b},Y}.
Let fbe defined as f(a) = b; f(b) = ¢; f(c) = a, then f is al.gpr.c; al.ra.c; but not al.vg.c; al.sg.c;
al.gs.c; al.0.c; al.v.c; al.s.c; al.gp.c; al.pg.c; al.rg.c; al.gr.c; al.g.c; al.ga.c; al.ag.c; al.rga.c; al.a.c;
al.p.c; al.c; and r-irresolute. Let f be identity map. then f is al.vg.c; al.sg.c; al.gs.c; al.rg.c;
al.gr.c; al.gpr.c; al.gp.c; al.g.c; al.rga.c; al.ag.c; but not al.ra.c; al.g.c; al.v.c; al.s.c; al.gp.c;
al.pg.c; al.g.c; al.ga.c; al.a.c; al.p.c; al.c; and rirresolute.

Example 6. Let X =Y = {a,b,c};7 = {¢, {a}, {b},{a,b}, X} and 0 = {¢, {a},{a,b}, Y}.
Let fbe defined as f(a) = c; f(b) = a; f(c) = b, then f is al.gpr.c; al.ra.c; al.vg.c; al.sg.c; al.gs.c;
al.f.c; al.v.c; al.s.c; al.gp.c; al.pg.c; al.rg.c; al.gr.c; al.g.c; al.ga.c; al.ag.c; al.rga.c; al.a.c; al.p.c;
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al.c; and r-irresolute. under usual topology on & both al.c.g.c; al.rg.c; are same and both al.sg.c;
al.vg.c; are same.

Theorem 3.4. Let f; : X; — Y; be al.vg.c. for i =1,2. Let f: X1 x Xo — Y7 X Y3 be
defined as follows: f (z1,22) = (fi(z1), fo(z2)). Then f: X1 x X3 — Y7 x Y3 is al.vg.c.

Proof. Let U; x Uy C Y} x Yy where U; € RO(Y;) for i = 1,2. Then f (U x Uy) =
N U)x f3 1 (Us) € vGO(X1 % X3), since f; 1 (U;) € vGO(X;) fori = 1,2. Now if U € RO(Y; x
Ya), then f1(U) = f1(UU;), where U; = Uj x Ui. Then f1(U) = Uf 1 (U;) € vGO(X; x X»),
since f~*(U;) is vg—open by the above argument.

Theorem 3.5. Let h : X — X; x Xy be alvg.c, where h(z) = (h1(x),ha(z)). Then
hi : X — X; is al.vg.c for i =1, 2.

Proof. Let U; € RO(X;). Then Uy x X5 € RO(X; x Xs), and h=}(U; x X3) € vGO(X).
But k7Y (U;) = h='(Uy x X»), therefore hy : X — X, is al.vg.c. Similar argument gives
ho : X — Xs is al.vg.c. and thus h; : X — X is al.vg.c. fori=1,2.

In general we have the following extenstion of Theorem 3.4 and 3.5.

Theorem 3.6. (i) If f: X — IIY), is al.vg.c, then Pyof: X — Y} is al.vg.c for each A € A,
where P, is the projection of ITY) onto Y.

(i) f: TIX) — IIY) is al.vg.c, iff f, : X\ — V) is al.vg.c for each X € A.

Note 3. Converse of Theorem 3.6 is not true in general, as shown by the following example.

Example 7. Let X = X; = X5 =[0,1]. Let f; : X — X; be defined as follows: fi(z) =1
fo<z< % and fi(z) =0 if % <z <1 Let fo: X — Xo be defined as follows: fa(z) =1 if
0<z< % and fy(z) = 0 if % <z < 1. Then f; : X — X, is clearly al.vg.c for ¢« = 1,2, but
h(z) = (fi(@1), f2(w2)) : X — X1 x X3 is not al.vg.c., for S1(1,0) is regular open in Xy x X5,
but hfl(S%(l,O)) = {3} which is not vg—open in X.

Remark 3. In general,

(i) The algebraic sum and product of two al.vg.c functions is not al.vg.c. However the
scalar multiple of a al.vg.c function is al.vg.c.

(ii) The pointwise limit of a sequence of al.rvg.c. functions is not al.rvg.c. as shown by the
following example.

Example 8. Let X = X; = X5 =[0,1]. Let f1 : X — X3 and fo : X — X5 are defined
as follows: fi(z) =2 if 0 <z < and fi(z) =0if § <2 < 1;fo(x) =0if 0 <z < % and
fol@)=1if 3 <z <1.

Example 9. Let X =Y = [0,1]. Let f, is defined as follows: f,(x) =z, for n > 1 then
fis the limit of the sequence where f(x) =0if 0 <z <1 and f(z) =1 if x = 1. Therefore f is
not al.vg.c. For (1,1] is open in Y, fhl((%, 1]) = (1) is not vg—open in X.

However we can prove the following theorem.

Theorem 3.7. Uniform Limit of a sequence of al.vg.c. functions is al.vg.c.

Problem. (i) Are sup{f, g} and inf{f, g} are al.vg.c. if f, g are al.vg.c.

(ii) Is Catng.c(X, R), the set of all al.vg.c. functions, (1) a Group. (2) a Ring. (3) a Vector
space. (4) a Lattice.

(iii) Suppose f; : X — X;(i = 1,2) are alvg.c. If f: X — X; x X5 defined by flz) =
(fi(x), fo(x)), then f is al.vg.c.

Solution. No.
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Theorem 3.8. (i) If fis vg—irresolute and g is al.vg.c.[al.g.c|, then go fis al.vg.c.

(ii) If fis al.vg.c.[v.c; r.c.] and g is continuous [resp: nearly continuous] then go fis al.vg.c.

(iii) If fand g are r-irresolute then go fis al.vg.c.

(iv) If fis al.vg.c.[al.rg.c; v.c; r.c.] gis al.rg.c and Y is rTy space, then go fis al.vg.c.

Theorem 3.9. If fis vg—irresolute, vg—open and vGO(X) = 7 and g be any function,
then go f: is al.vg.c iff ¢ is al.vg.c.

Proof. A € RO(Z). Since g is al.vg.c. g 1(A) € vGO(Y) = f (g1 (A)) = (go )~ (A) €
vGO(X), since fis vg—irresolute. Hence go fis al.vg.c. Ounly if part: Let A € RO(Z).
Then (go f)7'(A) is a vg—open and hence open in X[by assumption]. Since f is vg—open
flgoH~(A) =g 1 (A)is vg—open in Y. Thus g is al.vg.c.

Theorem 3.10. If g : X — X x Y, defined by ¢(z) = (z,f(z))Vz € X be the graph
function of f: X — Y. Then ¢ is al.vg.c iff fis al.vg.c.

Proof. Let V € RC(Y), then X x V = X x V0 = X0 x V0 = (X x V)0. Therefore,
X xV € RC(X xY). Since g is al.vg.c., then f (V) = g7 (X x V) € vGC(X). Thus, f is
al.vg.c.

Conversely, let z € X and F € RO(X xY, g(z)). Then FN({z} xY) € RO({z} xY, g(z)).
Also {z} x Y is homeomorphic to Y. Hence {y € Y : (x,y) € F} € RO(Y). Since fis al.vg.c.
U{f ') : (z,y) € F} € vGO(X). Further € U{f '(y) : (z,y) € F} C g '(F). Hence
g (F) is vg—open. Thus g is al.vg.c.

Definition 3.2. fis said to be M-vg—open if the image of each vg—open set of X is
vg—open in Y.

Example 10. fin Example 1 is not M-rvg—open.

Corollary 3.3. (i) If f is vg—irresolute, M-vg—open and bijective, g is a function. Then
gis al.vg.c. iff go fis al.vg.c.

(ii) If f be r-open, al.vg.c. and g be al.vg.c., then go f is al.vg.c.

Remark 4. In general, composition of two al.vg.c. functions is not al.vg.c. However we
have the following example:

Example 11. Let X =Y = Z = {a,b,c} and 7 = {¢, {a}, {b}, {a, b}, X }; 0 = {&, {a}, {b,c},
Y}, and n = {¢, {a}, {b}, {a,b}, Z}. Let fbe identity map and g be be defined as g(a) = ¢; g(b)
= ¢; g(c) = a; are al.vg.c. and go fis also al.vg.c.

Theorem 3.11. Let X,Y, Z be spaces and every vg—open set be r-open in Y, then the
composition of two al.rg.c. maps is al.vg.c.

Note 4. Pasting Lemma is not true with respect to al.vg.c. functions. However we have
the following weaker versions.

Theorem 3.12. Let X and Y be such that X = AUB. Let f/, : A—>Y and g/)5p: B—Y
are al.rg.c. functions such that f () = g(z),Vz € AN B. Suppose A and B are r-open sets in
X and RO(X) is closed under finite unions, then the combination o : X — Y is al.vg.c.

Theorem 3.13. Let X and Y be such that X = AUB. Let f/, : A—>Y and g/)5p: B—Y
are al.vg.c. maps such that f (x) = g(z), Vo € AN B. Suppose A, B are r-open sets in X and
vGO(X) is closed under finite unions, then the combination «: X — Y is al.vg.c.

Proof. Let F € RO(Y), then a ' (F) = f {(F)U g '(F) € vGO(X) where f}(F) ¢
vGO(A) and ¢g~'(F) € vGO(B) = f'(F) and g '(F) are vg—open in X[since rgO(X) is
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closed under finite unions|. Hence « is al.vg.c.

Theorem 3.14. The following statements are equivalent for a function f:

(1) fis al.vg.c;

(2) fY(F) € vGO(X) for every F € RO(Y);

(3) for each x € X and each F € RO(Y, f(x)), 3aU € vGO(X,z) > (U) C F

(4) for each x € X and each V € RC(Y) non-containing f (x), 3 K € vGC(X) non-
containing x > f (V) C K;

(5) fH(int(c(@))) € vGO(X) for every G € RO(Y);

(6) f 1 (cl(int(F))) € vGC(X) for every F € RC(Y).

Proof. (1)&(2): Let F € RO(Y). Then Y — F € RC(Y). By (1), f'(Y — F) =
X — fY(F) € vGC(X). We have f*(F) € vGO(X) and so f }(F) € I/GO(X) Reverse can be
obtained similarly.

(2)=(3): Let F € RO(Y,f(z)). By (2), f '(F) € vGO(X) and 2 € f '(F). Take U =
fY(F). Then fU) C F.

(3)=(2): Let F € RO(Y) and z € f}(F). From (3), 3 U, € vGO(X,z) > U C f*(F).
We have f(F) = Uy,ep1(p) Ue € vGO(X).

(3)<(4): Let V € RC(Y) not containing f(x). Then, Y =V € RO(Y, flx)). By (3),3U €
vGO(X,x) 3 (U)CY —V. Hence, U C f (Y —=V) € X —f (V) and then f1(V) C X —U.
Take H = X — U, then H is a vg—closed set in X non-containing x. The converse can be shown
easily.

(1) (5): Let G € o. Since (G)° € RO(Y), by (1), f *((G)°) € vGO(X). The converse can
be shown easily.

(2)<(6): It can be obtained similar as (1)< (5).

Example 12. Let X = {a,b,c},7 = {¢, {a},{b},{a,b},{a,c}, X} and 0 = {9, {a}, {b},{aq,
b}, X}. Then the function fdefined on X as f(a) = b; f(b) = ¢; f(c) = a; is al.vg.c. But it is
not regular set-connected.

Example 13. Let X = {a,b,c}, 7 = {¢,{a}, {a,b},{a,c}, X} and 0 = {9, {a}, {b}, {a,b},
X} and fon X be the identity function. Then f is al.vg.c. function which is not c.vg.c.

Theorem 3.15. If fis al.vg.c., and A € RO(X)[A € RC(X)], then fi, : A — Y is al.vg.c.

Proof. Let V € RO(Y) = f/_Al(V) = f"HV)N A€ vGC(A). Hence f), is al.vg.c.

Remark 5. Every restriction of an al.vg.c. function is not necessarily al.vg.c. in general.

Theorem 3.16. Let f be a function and ¥ = {U, : « € I} be a vg—cover of X. If for
each a € I, fiy, is al.vg.c., then fis al.vg.c.

Proof. Let ' € RO(Y). fy, is alvg.c. for each a € I, frUla(F) € vGOyy,. Since
Ua € vGO(X), fi) (F) € vGO(X) for each a € I. Then [~ (F) = Upe; fipn, (F) € vGO(X).
This gives f is an al.vg.c.

Theorem 3.17. Let fand g be functions. Then, the following properties hold:

(1) If f is c.vg.c. and g is regular set-connected, then go fis al.vg.c.

(2) If f is vg.c. and g is regular set-connected, then go fis al.vg.c.

(3) If f is c.vg.c. and g is perfectly continuous, then go fis v.c. and c.vg.c.

Proof. (1) LetV € RO(Z). Since g is regular set-connected, g~ (V) is clopen. Since f is
cvg.c., g Y V) = (go /H~Y(V) is vg—open and vg—open. Therefore, go fis al.vg.c.



Vol. 7 Almost vg—continuity 7

(2) and (3) can be obtained similarly.

Theorem 3.18. If fis a surjective M-vg—open[resp: M-vg—closed] and g is a function
such that go fis al.vg.c., then g is al.vg.c.

Proof. Let V € RC(Z). Since go fis al.vg.c., (go )~ (V) = f o g }(V) is vg—open.
Since f is surjective M-vg—open, f(f ' o g~ (V) = g~ *(V) is vg—open. Therefore, g is al.vg.c.

Theorem 3.19. If fis al.vg.c., then for each point z € X and each filter base A in X
v—converging to x, the filter base f(A) is rc-convergent to f(x).

Theorem 3.20. Let fbe a function and x € X. If there exists U € vGO(X,z) and f; is
al.vg.c. at x, then f is al.vg.c. at x.

Proof. Suppose that F' € RO(Y, f(z)). Since f is alvg.c. at z, 3V € vGO(U,x) >
fV) = (fip)(V) C F. Since U € vGO(X, x), it follows that V € vGO(X,z). Hence f is al.vg.c.
at x.

Theorem 3.21. For f, the following properties are equivalent:

(1) f is (vg, s)-continuous;

(2) f is al.vg.c;

(3) £ (V) is vg—open in X for each f-semi-open set V of Y;

(4) fH(F) is vg—closed in X for each f-semi-closed set F of Y.

Proof. (1)=(2): Let F € RO(Y) and = € f '(F). Then f(z) € F and F is semi-open.
Since f is (vg, s)-continuous, 3U € vGO(X,z) > (U) C F = F. Hence z € U C f }(F)
which implies that = € v(f ' (F))°. Therefore, f*(F) C vg(f '(F))° and hence f'(F) =
v(gf 1(F))°. This shows that f*(F) € vGO(X). It follows that f is al.vg.c.

(2)=-(3): Follows from the fact that every f-semi-open set is the union of regular closed
sets.

(3)<(4): This is obvious.

(4)= (1): Let z € X and V € SO(Y, f(x)). Since V is regular closed, it is f-semi-open.
Now, put U = f*(V). Then U € vGO(X, ) and f(U) C V. Thus f is (vg, s)-continuous.

84. Covering and separation properties

Theorem 4.1. (i) If fis al.vg.c.[resp: al.rg.c| surjection and X is vg—compact, then Y is
nearly compact.

(ii) If fis al.vg.c., surjection and X is vg—compact [vg—lindeloff] then Y is mildly compact
[mildly lindeloff].

Theorem 4.2. If fis al.vg.c.[al.rg.c.], surjection and

(i) X is locally vg—compact, then Y is locally nearly compact [resp: locally mildly com-
pact.]

(ii) X is vg—Lindeloff [locally vg—lindeloft], then Y is nearly Lindeloff [resp: locally nearly
Lindeloff; locally mildly lindeloff].

(iii) If fis al.vg.c., surjection and X is s-closed then Y is mildly compact [mildly lindeloff].

(iv) X is vg—compact [resp: countably vg—compact] then Y is S-closed [resp: countably
S-closed].

(v) X is vg—Lindelof, then Y is S-Lindelof and nearly Lindelof.
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(vi) X is vg—closed [resp: countably vg—closed], then Y is nearly compact [resp: nearly
countably compact].

Theorem 4.3. (i) If fis al.rvg.c. surjection and X is vg—connected, then Y is connected.

(ii) If X is vg—ultra-connected and fis al.rvg.c. and surjective, then Y is hyperconnected.

(ii) The inverse image of a disconnected [rg—disconnected] space under a al.vg.c, [almost
vg—irreolute| surjection is vg—disconnected.

Proof. If Y is not hyperconnected. Then 3V € ¢ 3 V # A. Then there exist disjoint
non-empty regular open subsets B; and By in Y. Since f is al.vg.c. and onto, A; = fl(Bl)
and Ay = fl(Bg) are disjoint non-empty rg—open subsets of X. By assumption, the v—ultra-
connectedness of X implies that A; and A, must intersect, which is a contradiction. Therefore
Y is hyperconnected.

Theorem 4.4. If fis al.vg.c., injection and

(i) Y is UT;, then X isvg —T;,i=0,1,2.

(ii)) Y is UR;, then X isvg — R;, i =0, 1.

(iii) If fis closed; Y is UT;, then X is vg — T;, i = 3, 4.

(iv) Y is UC[resp : UD;], then X is vg — Ti[resp : vg — D;], i = 0,1, 2.

Theorem 4.5. If fis al.vg.c.[resp: al.g.c.; al.sg.c.; al.rg.c] and Y is UTy, then the graph
G(f) of f is vg—closed in the product space X x Y.

Proof. Let (z1,22) € G(f) = y # f(z) = 3 disjoint clopen sets V and W > flx) € V and
y€ W. Since f is al.vg.c., U € vGO(X) > x € U and f(U) C W. Therefore (z,y) € U xV C
X xY — G(f). Hence G(f) is vg—closed in X x Y.

Theorem 4.6. If fis al.vg.c.[al.rg.c] and Y is UTs, then A = {(z1,22)|f(x1) = flz2)} is
vg—closed in the product space X x X.

Proof. If (z1,22) € X x X — A, then flzq) # flzz) = I disjoint V; € CO(o) > flz;) € V},
and since f is al.vg.c., f (V) € vGO(X,z;) for each j = 1,2. Thus (z1,22) € f (V1) x
FHVa) € vGO(X x X) and f (Vi) x f1(Va) € X x X — A. Hence A is vg—closed.

Theorem 4.7. If fis al.rg.c.{al.g.c}; gis al.vg.c; and Y is UTy, then E = {z € X : flx) =
g(x)} is vg—closed in X.

Theorem 4.8. If fis an al.vg.c. injection and Y is weakly Hausdorff, then X is vg;.

Proof. Suppose Y is weakly Hausdorfl. For any z # y € X,3V,W € RC(Y) > flz) €
V,f(y) € V,f(z) € W and f(y) € W. Since fis al.vg.c., f (V) and f~*(W) are vg—open subsets
of X such that z € f ' (V),y & f ' (V),z € f (W) and y € f*(W). Hence X is vg;.

Theorem 4.9. If for each x7; # x5 in a space X there exists a function f of X into a
Urysohn space Y such that f(z1) # f(z2) and f is al.vg.c, at 1 and zs, then X is vgs.

Proof. Let 21 # x5. Then by the hypothesis 3 a function fwhich satisfies the condition of
this theorem. Since Y is Urysohn and f(x1) # f(x2), there exist open sets Vi and V5 containing
flxy) and f(xs), respectively, > V; NV = ¢. Since f is al.vg.c. at x;, 3U; € vO(X, ;) > f(U;) C
V; for i = 1,2. Hence, we obtain U; N Us = ¢. Therefore, X is vgs.

Corollary 4.1. If fis an al.rg.c, injection and Y is Urysohn, then X is vgs.
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§1. Introduction

The concept of completely induced fuzzy topological (CIFT) space was introduced by R. N.
Bhowmik and A. Mukherjee [5/. These spaces were defined with the notions of completely lower
semi-continuous (CLSC) functions introduced in R. N. Bhowmik and A. Mukherjee [4. The
concept of completely induced bifuzzy topological space was introduced by Anjan mukherjee
Bl In this paper the concept of completely induced intuitionistic bifuzzy topological space is
introduced and some of their basic properties are studied. We construct some weaker axioms,
by using the concepts of regular open sets in a bitopological space (X, S1,52) and that of its
corresponding completely induced intuitionistic bifuzzy topological space (X, 7(S1),7(S2)) are

shown.

We use P-denotes pairwise (P-regular stands for pairwise regular). If A is a subset of an

ordinary topological space then we denote its characteristic function by x,.
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§2. Preliminaries

Definition 2.1. (i) [*7 The function from a topological space (X, S) to the real number
space (R, o) is called a completely lower semicontinuous (in short CLSC) function at zg € X iff
for each € > 0, there exists a regular open neighbourhood N(z) such that 2 € N(xo) implies
f(z) > f(mg) — € or equivalently iff for each a € R, {x € X : f(x) > a} is a union of regular
open sets.

(ii) 1) The characteristic functions of a regular open set is CLSC.

Definition 2.2.1°/ The family 7(S) of all CLSC functions from a fuzzy topological space
(X, S) to the unit closed interval I = [0,1] forms a fuzzy topology called completely induced
fuzzy topology (CIFT) and is denoted 7(5). The space (X, 7(S5)) is called completely induced
fuzzy topological (CIFT) space.

Definition 2.3.1° A fuzzy subset p in a CIFT space (X, 7(S)) is fuzzy open (resp. fuzzy
closed) iff for each r € I, the strong r-cut, o.(u) = {z € X;u(x) > r} (resp. weak r-cut
W, (p) = {x € X;u(x) > r}) is a union of regular open set (resp. is a intersection of regular
closed sets) in the topological space (X, S).

Proposition 2.1.[8] Let A;(i € I) be fuzzy sets in X, let B;(i € I) be subsets of X, let

€ [0,1]. Then the following relations hold:

(1) 0r(Ues A0) = Uses o2(4).

(2) Wel(ier A5) = Naer Wr(A0).
(3) o (ﬂlGIA ) C mzel or(A;).

() WU 40 U W 4
() XU,, B: = Uier xB:-
(6)
(7)
(8

(=2}

anel :nie]XB
7) os(rxp,) = B; for 0 < s <r.

) Ws(rxs,;) = Bfor0<8<7‘

Proposition 2.2.80 Let f: X — Y be a function, let A and A, (i € I) be fuzzy sets in Y
and let B be a subsets of Y. Then the following relations hold:

(1) £ 0, (4)) = o, (F1(A)).

(2) FLW(A)) = Wy (fL(A)).

(3) 71 Xs) = X, 1 -

(4) F7H Uier(A0) = User £71(A).

Definition 2.4.[ (i) Let X be a nonempty set. If r € Iy, s € I are fixed real number,
such that r 4+ s < 1 then the intuitionistic fuzzy set x, s is called an intuitionistic fuzzy point
(in short IFP) in X given by

(rys), if z=xp;

T s(Tp) =
g 0,1), ifz#,.

for x, € X is called the support of x, 5. where r denotes the degree of membership value and
s is the degree of non-membership value of z, ;.

(ii) An intuitionistic fuzzy point x, s is said to be belong to an intuitionistic fuzzy set A if
7 < pi,(z) and s =7, (z).
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(ili) An intuitionistic fuzzy set A in an intuitionistic fuzzy topological space (X,S) is
intuitionistic fuzzy open iff for all intuitionistic fuzzy point z,., € A, there exists a basic
intuitionistic fuzzy open set U € T, such that =, s € U C A.

(iv) An intuitionistic fuzzy singleton z,, € X is an intuitionistic fuzzy set in X taking
value r € (0,1] and s € [0,1) at x and 0 ~ elsewhere.

(v) Two intuitionistic fuzzy point or intuitionistic fuzzy singleton are said to be distinct if
their support are distinct. (i.e z, # x4)

Definition 2.5.8 Let (X, S, S2) be a bitopological space and (7(S;)) (i=1,2) be the set
of all completely lower semi-continuous defined from X into the closed unit interval I = [0, 1].
Then 7(.5;) is a fuzzy topology in X. The triple (X, 7(S1), 7(S2)) is called a completely induced
bifuzzy topological (CIBFT) space.

Definition 2.6.1° A function f : (X,S) — (Y, K) from a topological space (X,S) to
another topological space (Y, K) is called R-map iff the inverse image of each regular open
subset of Y is regular open in X.

Definition 2.7.1l A CIBFT space (X, 7(S1),7(S2)) is said to be pairwise fuzzy Tp(in short
P-F Tp) iff for any distinct fuzzy points p,q in X, there exists a fuzzy set p € 7(51) U 7(S2)
such that pe p, gNp=0o0rqge pu, pNpu=0.

Definition 2.8.0] A CIBFT space (X, 7(S1),7(S2)) is said to be pairwise fuzzy T; (in
short P-F T1) iff for any two distinct fuzzy points p, ¢ there exists a u; € 7(S1) U 7(S2) and
to € 7(S1) UT(S2) such that p € py, gN gy =0 o0r g € po, pN s = 0.

Definition 2.9.) A CIBFT space (X,7(S1),7(S2)) is called a P-fuzzy regular space iff
for each 7(S;) fuzzy open subset § of X is a union of 7(S5;) fuzzy open subsets d,,’s of X such
that ¢l(d,) C 6 for each n.

§3. Completely induced intuitionistic bifuzzy topological

space

Definition 3.1. The family 7(5) of all CLSC functions from a topological space (X, S)
to the unit closed interval I = [0, 1], forms an intuitionistic fuzzy topology called completely
induced intuitionistic fuzzy topology (in short CIIFT) and it denoted by 7(S). The space
(X, 7(9)) is called a CIIFT space.

Definition 3.2. Let (X, S7,52) be a bitopological space and 7(S;), (i = 1,2) be the set
of all completely lower semicontinuous defined from X into the closed unit interval I = [0, 1].
Then 7(S5;), (i = 1,2) is an intuitionistic fuzzy topology in X. The triple (X, 7(S1),7(S2)) is
called a completely induced intuitionistic bifuzzy topological space.

Definition 3.3. An intuitionistic fuzzy subset A in a CIIFT space (X, 7(5)) is intuition-
istic fuzzy open, (resp. intuitionistic fuzzy closed) iff for each («, 8) € I, the strong («, §)-cut

O (4) = {2 € X|p, (2) > @ and 1 (x) < B}

(resp. Weak (a, 8)-cut) W p)(A) = {z € X|p,(z) > o and ya(x) < 5}

is a union of regular open (resp. is a intersection of regular closed) in the topological space
(X, 9).
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Definition 3.4. Let (X, 7(S1),7(S2)) and (Y, 7(K1),7(K2)) are the completely induced
intuitionistic bifuzzy topological spaces. The function f : (X, 7(S1),7(S2)) — (Y, 7(K1), 7(K2))
is said to be pairwise intuitionistic fuzzy continuous (in short P-IF continuous) iff the mapping
(X, 7(8:)) — (Y, 7(K;)) (i = 1,2) are intuitionistic fuzzy continuous.

Definition 3.5.8! A function f : (X,S1,S:) — (Y, K1, Ky) from a bitopological space
(X, S1,S2) to another bitopological space (Y, K1, K3) is said to be a P-R-map iff the function
f:(X,8:) — (Y,K;) (i =1,2) are R-maps.

Proposition 3.1. Let (X,S51,52) and (Y, K3, K>) be two bitopological spaces. Then
f (X, 51,5) = (Y, K1, K2) is P-R-map iff f: (X,7(51),7(52)) — (Y, 7(K1),7(K3)) is P-IF
continuous.

Proof. Let A = (x,u,(x),v,(x)) € 7(K;) (i = 1,2) and (o, 8) € I by the Definition
3.3, the strong (a, 8)-cut of A, o, . (A) is a union of regular open sets in (Y, K;) (i = 1,2).
Now f: (X,S1,52) — (Y, K1, Ky) is a P-R-map. Hence f~'(o, , (4)) = O'(aﬁ)(fil(A)) (by
propositon 2.2) is a union of a regular open sets in (X,S;) (i = 1,2). Thus f~*(4) € 7(S;),
which implies f : (X,7(S1),7(S2)) — (Y, 7(K1),7(K2)) is P-IF-continuous.

Conversely, let B be a regular open subset in (Y, K;) (i = 1,2). Then by Definition 2.1(ii),
Yo € T(Ki)(i = 1,2). Now [ (B) = {z € X : x,(f(z) = 1.} = { € X : [ (sy, () > a
and f(n, (@) < B}= {0 € X ¢ oy, (f(@)) > o and 2, (F(2)) < B} = o,y (F (xa)
Since x, € 7(K;), by P-TF-continuous of f, f~'(x,) € 7(S;). Thus o, , (f~'(x;)) is a union
of regular open sets in (X, S;). Since union of regular open sets is regular open set, f~1(B) is
regular open in (X, S;) (i =1,2). Hence [ : (X, S1,S52) — (Y, K1, K3) is a P-R-map.

84. Intuitionistic bifuzzy separation axioms

Definition 4.1. A bitopological space (X,S7,S53) is said to be pairwise almost Ty (in
short P-A Tj) iff for any x,,, x4 € X such that x, # x,, there exists a regular open set A on S;
satisfying =, € A, x, € A or there exists a regular open set A on Sy satisfying z, € A4, =, &€ A.

Definition 4.2. Let A = (z, u, (z),v, (z)) be an intuitionistic fuzzy set of X. A completely
induced intuitionistic bifuzzy topological (CIIBFT) space (X, 7(S1), 7(S2)) is said to be pairwise
intuitionistic fuzzy Tp (in short P-IF Tp) iff for any distinct intuitionistic fuzzy point x5, Ty » €
X, there exists a A € 7(S1)U7T(S2) such that z,.s € A, 2, ,NA=0.0r zy, € A, z, ;NA=0..

Definition 4.3. A bitopological space (X, S, 52) is said to be pairwise almost T3 (in short
P-A Ty) iff for any z,,z, € X such that z, # x4, there exists a regular open subset A € S;
and B € Sy, such that x, € A, x4 ¢ A and 24 € B, 2, € B.

Definition 4.4. Let A = (z,pu,(x),v,(x)) and B = (x,u,(x),v,(x)) are the intu-
itionistic fuzzy sets of X. A completely induced intuitionistic bifuzzy topological (CIIBFT)
space (X, 7(S1),7(S2)) is said to be pairwise intuitionistic fuzzy T3 (in short P-IF T3) iff for
any distinct intuitionistic fuzzy points z,; and x,,, there exists a A € 7(S1) U 7(S2) and
B € 7(S1) UT(S2) such that z, s € Az, NA=0, and 4, € B,z s N B =0..

Proposition 4.1. Let (X, S1,52) be a bitopological space, then the following statements
are equivalent:

(i) (X, S1,S2) is a P-A-Tj space.
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(ii) (X, 7(S1),7(S2)) is a P-IF Ty space.

Proposition 4.2. Let (X, S1,52) be a bitopological space, then the following statements
are equivalent:

(i) (X, S1,952) is a P-A-T} space.

(i) (X,7(S1),7(S2)) is a P-IF T space.

Proof. (i) = (i1)

Let , s, Ty, be two distinct intuitionistic fuzzy point in X. Since (X, S1,S2) is a P-A-T
space and z, # x4 there exists two p-regular open subsets A and B on X, such that z, € A,
zg € Aand z, € B, g € B. It is clear that x, : X — [0,1] is a CLSC function thus
X, € 7(S:) (1 = 1,2), also zy,,, & X, because z,.,(zq) D x,4(rq) = 0~(zqy &€ A). To show
that z,, N x, = O~. Suppose x,, N x, # O0~, this implies x,(x4) D 0~ which gives z, € A,
a contradiction, therefore xz, , N, = 0~. Similarly we can show that the other case, when
zq € Bz, & B and 2, s(xp) N x5 (zp) = 0~. Thus (X, 7(51),7(52)) is a P-IF T} space.

(ii) = (i)

Let x,, x4 be two distinct points in X. Since (X, 7(S1),7(S2)) be a P-IF T} space, z, s and
Zy,v are the two intuitionistic fuzzy points in X for which there exists an intuitionistic fuzzy
set Ay = (2,11, (2),7,, (x)) € T(S1) UT(S2) and By = (z, i, (), 75, (x)) € 7(51) UT(52),
such that z,, € Ay, zyp N A1 = 0. and xy, € B1, 2,5 N By = 0., by (i) = (i) Since
Ay € T(S1)UT(82), for (o, B) € I 0 a,p)(A1) is a union of regular open sets in (X, 5;) (i = 1,2),
hence regular open in (X, ;) which contains x;, but not x¢, let A =0, 4)(A41) if , A then
Zrs(Tp) DO X4(zp) = O~, which is contradiction, z,, € A;. To show that z,, N A = 0~.
Suppose ,,, N A1 # 0., this implies 4;(x4) D 0~ which gives 2, € A a contradiction, therefore
Ty N Ay = 0. Similarly we can show that z,, N B; = 0~ and z; € B, z, ¢ B. Thus
(X, 51, 52) is a P-A-T} space.

Definition 4.5. A bitopological space (X, S1,.52) is called a P-almost regular space iff for
each S; regular open subsets A of X is a union of S;regular open subsets A;’s of X, such that
cl(A;) C A for each j.

Definition 4.6. Let A = (z,u,(x),7v,(x)) be an intuitionistic fuzzy set of X. A com-
pletely induced intuitionistic bifuzzy topological (CIIBFT) space (X, 7(S1),7(S2)) is a pairwise
intuitionistic bifuzzy regular (in short P-IBF-regular) space iff for each 7(.S;) open subset A of
X is a union of 7(S5;) open subset of A;’s of X, such that IFcl(A;) C A for each j.

Proposition 4.3. A completely induced intuitionistic bifuzzy topological space (X, 7(S1),
7(S2)) is P-IBF-regular space iff the bitopological space (X, S1, S2) is a P-almost regular space.

Proof. Let (X, 7(S1),7(S2)) is a P-IF regular space and A be a p-regular open subset in
(X,8:) (1 =1,2). Then x, € 7(S;) (¢ = 1,2), by Definition 2.1 (ii). Thus x, = UA;, where
A;’s are 7(S;) open subsets with IFcl(A;) C x,. Now for each (o, 5) € I,

J

A =00,0(JA4) =Uown(4)),

by Proposition 2.1 (i) where o A;) is a union of P-regular open set in (X, .5;) for each j,

@
hence union of regular open set is regular open in (X, S;) for each j. Also

(0o 5 (A7) € Wia ) (l(A)WV, 5 (Xa) = A
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Thus (X, S1,52) is a pairwise almost regular space.

Conversely, let (X, S1, S2) be a pairwise almost regular space and let B = (z, p, (x), v, (x)) €
7(S;) (i = 1,2). Then for each (a,3) € I, o
(i=1,2). Now

(a5 (B) is a union of regular open sets in (X, .5;)

U(aﬁ)(B) = U Uj,

where Ujs are regular open subsets in (X, S;) (i = 1,2) with cl(U;) C 0(a,5)(B). By decompo-
sition theorem (8.

A = U (@, B)Xoa.5(B)
(a,B)€I

= U (Oé,ﬁ)XUjUj: U (Oé,ﬂ)UXUj

(a,B)€I (a,B)€I

U U@ s)x,,,

(.B)ET j

where (a,ﬁ)xuj € 7(S;) with

(@, BTFel(xy,) = (@ B)X e,y S A

Hence (X, 7(S1),7(S2)) is a P-IF-regular space.
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81. Introduction

Lotfi Zadeh 2% first introduced the idea of fuzzy subsets. After Zadeh different varia-
tions/generalisations of fuzzy subsets were made by several authors. Pawlak ['8] introduced the
idea of rough sets. Nanda [!”) and Coker [l gave the definition of fuzzy rough sets. Atanassov
(I introduced the idea of intuitionistic fuzzy sets. Combining the ideas of fuzzy rough sets
and intuitionistic fuzzy sets T. K. Mandal and S. K. Samanta (!4 introduced the concept of
intuitionistic fuzzy rough sets (briefly call IFRS, Definition 1.15). On the other hand fuzzy
topology (we call it topology of fuzzy subsets) was first introduced by C. L. Chang . Later
many authors dealt with the idea of fuzzy topology of different kinds of fuzzy sets. M. K.
Chakroborti and T. M. G. Ahsanullah [l introduced the concept of fuzzy topology on fuzzy
sets. T. K. Mondal and S. K. Samanta introduced the topology of interval valued fuzzy sets in

[16] and the topology of interval valued intuitionistic fuzzy sets in %,

In this paper, we introduce the concept of topology of intuitionistic fuzzy rough sets and
study its various properties. In defining topology on an IFRS from the parent space, we have
observed that two topologies are induced on the IFRS and accordingly two types of continuity

are defined.
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§2. Preliminaries

Unless otherwise stated, we shall consider (V, B) to be a rough universe where V is a
nonempty set and B is a Boolean subalgebra of the Boolean algebra of all subsets of V. Also
consider a rough set X = (X, Xy) € B% with X C Xy. Moreover we assume that Cx be the
collection of all IFRSs in X.

Definition 1.1.'7) A fuzzy rough set (briefly FRS) in X is an object of the form A =
(A, Ay) , where Ay, and Ay are characterized by a pair of maps Ay : X;, — L and Ay : Xy —
L with Ap(z) < Ay(x),Vo € X1, where ( £,<) is a fuzzy lattice (ie complete and completely
distributive lattice whose least and greatest elements are denoted by 0 and 1 respectively with
an involutive order reversing operation ’ : £ — L).

Definition 1.2.['" For any two fuzzy rough sets A = (A, Ay) and B = (B, By) in X.

(i) Ac Bift Ar(z) < Br(z),Vo € X1, and Ay(x) < By(x),Vz € Xy.

(i) A= Biff AC B and B C A.

If {A; : i € J} be any family of fuzzy rough sets in X, where A; = (A;r, A;r7), then

(ili) £ = U, Ai where Er(x) = VA;r(z),Vo € X1, and Ey(x) = VAiu(z),Vr € Xy.

(iv) F =), A; where Fr(z) = NA;r(2), Vo € X, and Fy(z) = Ny (z), Vo € Xy.

Definition 1.3.4 If A and B are fuzzy sets in X, and Xy respectively where X C Xp.
Then the restriction of B on X, and the extension of A on Xy (denoted by B~y and A.y
respectively) are defined by Bsr(z) = B(z), Yz € X and

A(x), Ve e Xr;

A =
<l Veex 1A},  Vz e Xy — Xy

Complement of an FRS A = (Ap, Ay) in X are denoted by A = ((A)r, (A)y) and is defined

by (A)r(x)= (Ausr) (z), Vo € X, and (A)y(z) = (AL<v)'(z), Vo € Xy. For simplicity we
write (Az, Ay ) instead of ((4)z, (A)r).

Result 1.4. If X; = Xy, then for any FRS A( = (AL,AU)) in X( = (XL,XU)), A=A

Remark 1.5. Following example shows that, if X # Xy, then A may not be equal to A.

Example 1.6. Let Xy = X U{a}, a ¢ X. Let A = (A, Ay) are defined by Ay (z) =
0,Vr € X1, and Ay (x) =0,z € X1; Ay(a) = 0.3. Then A =1 = (1, 1y), the whole FRS in
X and hence A =0 = (0z,0y), the null FRS in X. Thus A # A .

Theorem 1.7. If A is any FRS in X (= (X1, Xy)), then A = A.

The proof is straightforward .

Theorem 1.8.1 If A, B,C, D and B;, i € J are FRS in X, then

(i) AC Band C C D implies AUC C BUD and ANC C BN D.

(i) AC B and B C C implies A C C.

(i) ANBC A, BC AUB.

(iv) AU(N; Bi) =N;(AUB;) and AN (; Bi) =U;(AN By).

(vy ACB= ADB.

(vi) U; B: =N, Bi and N, B; = U, B:.

Theorem 1.9.0'Y) If A be any FRS in X, 0 = (0r,0y) be the null FRS and 1 = (11, 1)
be the whole FRS in X, then (i) 0 C A C 1 and (ii) 0=1,1=0.
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Notation 1.10. Let (V,B) and (V;,B;) be two rough universes and f : V. — Vj be a
mapping .

If f(A) € By,V\ € B, then f maps (V,B) to (Vi,B;) and it is denoted by f : (V,B) —
(Va, By).

If f~Y(u) € B, Vuu € By, then it is denoted by f~!: (V1,B1) — (V, B).

Definition 1.11.1'" Let (V,B) and (V4,B1) be two rough universes and f : (V,B) —
(V1, By).

Let A= (Ap,Ay) beaFRSin X . Then Y = f(X) € B? and Y, = f(X1), Yu = f(Xv).

The image of A under f, denoted by f(A4) = (f(AL), f(Ay)) and is defined by

JAALD () =V{AL(z):z e Xp N (y)}, Ve Yy

and
f(AU)(y) = \/{AU(QT) rx e Xpn f_l(y)}, Vy e Yy.

Next let f: V — V; be such that f=*: (V1,B1) — (V, B).

Let B = (Br,By) be a FRS in Y where Y = (Y,Yy) € B? is a rough set. Then
X = f71(Y) € B%, where X, = f~1(Y1), Xy = f~1(Yy). Then the inverse image of B, under
f, denoted by f~1(B) = (f~*(Br), f~'(By)) and is defined by

FHBL)(z) = Br(f(x)),Vz € X1

and
f~Y(Bv)(z) = By(f(x)),Vz € Xy.

Theorem 1.12.'4 If f : (V,B) — (V1, B;) be a mapping, then for all FRSs A, A; and A,

in X, we have

(i) £(A) > F(A).

(il) Ay C A2 = f(41) C f(A2).

Theorem 1.13.1" If f: V' — V} be such that =1 : (Vi,B;) — (V,B). Then for all FRSs
B, B;,i1 € Jin Y we have

(i) fH(B) = f1(B).

(i) Bi C By = f~'(B1) C fH(B2).

(iii) If g : V4 — Vi be a mapping such that g=* : (Va, Ba) — (Vi,B1), then (gof)~1(C) =
g7 HC)), for any FRS C in Z where Z = (Z,, Zy) € B3 is a rough set and gof is the
composition of g and f.

(iv) 71 U; Bi) = U, fH(Ba).

V) f7HO Bi) =N, f~H(By).

Theorem 1.14." If f : (V,B) — (V1, B1) be a mapping such that f~! : (Vi,B1) — (V, B).
Then for all FRS A in X and B in Y, we have

() B = 1(f(B)).

(i) A C f(f(A)).

Definition 1.15.'% If A and B are two FRSs in X with B ¢ A and A C B, then the
ordered pair (4, B) is called an intuitionistic fuzzy rough set(briefly IFRS) in X. The condition
A C B and B C A are called intuitionistic condition (briefly IC).
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Definition 1.16.1Y Let P = (4, B) and Q = (C, D) be two IFRSs in X. Then

i) PcQit AcCand BD D.

(i) P=Qif PCQand Q C P.

(iii) The complement of P = (A, B) in X, denoted by P’, is defined by P’ = (B, A).

(iv) For IFRSs P; = (A;,B;) in X,i € J, define U,c; Pi = (U;es Ai,Niey Bi) and
ﬂiEJ P = (ﬂieJ Ai, UiEJ Bi).

Theorem 1.17.'% Let P = (A,B), Q = (C,D), R= (E,F) and P; = (A;, B;),i € J be
IFRSs in X, then

i) PNP=P=PUP.

(i) PNQ=QNP; PUQR=QUP.

i) ( PNQ)NR=PN(QNR); (PUR)UR=PU (QUR).

(ivy PNQ C P,Q C PUQ.

(v)yPcQand Q C R= P CR.

(vi) P, cQ,YieJ= U, P CQ.

(vii) QC P,Vie J = Q C e, P
(vil)) QU (Nyes Pi) = MNies (QU Pz)~
(59 @1 (Ui P) = Usey (QN Py,

(x) (P') = P.
x)PCcQ&eQ CP.
(1) (Usey PY' = Nicy P and (Niey PY = Usey P

Definition 1.18.1"4 0* = (0,1) and 1* = (1,0) are rebpectlvely called null IFRS and whole
IFRS in X. Clearly (0*)' = 1* and (1*)" = 0*.

Theorem 1.19.1' If P be any IFRS in X, then 0* ¢ P C 1*. Slightly changing the
definition of the image of an IFRS under f given by Samanta and Mondal ! we give the
following:

Definition 1.20. Let (V, B) and (V4, B;) be two rough universes and f : (V,B) — (V1,B1)
be a mapping. Let P = (A4, B) be an IFRS in X(= (X1, Xy)) and Y = f(X) € B3, where
Yy = f(X1) and Yy = f(Xy). Then we define image of P, under f by f(P) = (f (A), f(B)),
where f (A) = (f(AL), f(Av)), A = (AL, Ay) and f(B) = (Cr,Cy) (where B = (B, By)) is
defined by

Cr(y) = MBr(z) :x € Xp N [~ (y)}, Yy € Vi

Culy) = MBu(z):w € Xpnf~Hy)}, Yy € Yi;
U =
/\{BU(IC) X € XUﬂffl(y)}, Vye Yy —Yr.

Definition 1.21.11 Let f : V' — V; be such that f=!: (V4,B,) — (V,B). Let Q = (C, D)
be an IFRS in Y, where Y = (Y7,Yy) € B? is a rough set. Then X = f~1(Y) € B2,
where X; = f~1(Yz) and Xy = f~1(Yy). Then the inverse image f~1(Q) of Q, under f, is
defined by f~H(Q) = (f~1(C), (D)), where f~1(C) = (f~'(C1), f~(Cv)) and f~1(D) =
(f~(Dr). 1 (Dv))-

The following three Theorems 1.22, 1.23, 1.24 of Samanta and Mondal ' are also valid
for this modified definition of functional image of an IFRS.
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Theorem 1.22. Let f : (V,B) — (V1,B1) be a mapping. Then for all IFRSs P and Q, we
have

() £(P") > (f(P))"

(i) P c Q= f(P) C £(Q).

Theorem 1.23. Let f : V — Vi be such that f=1: (Vi,B;) — (V,B). Then for all IFRSs
R, S and R;,i € JinY,

() 1 (R) = (F A (R).

(i) Rc S= f~Y(R) C f~XS).

(iii) If g : V4 — Va be a mapping such that g=! : (Va, B2) — (V1,B1), then (gof)™ 1 (W) =
g7t (W)) for any IFRS W in Z, where Z = (Z1,Zy) € B3 is a rough set, gof is the
composition of g and f.

(V) f Uies Bi) = Uses fHRD).

(v) ffl(ﬂie‘; Ri) =Nicy FH(R).

Theorem 1.24. Let f : (V,B) — (V1, B1) be a mapping such that f=1: (V4,B1) — (V, B).
Then for all IFRS P in X and R in Y, we have

() R = £(f(R)).

(i) P C A (P)).

Theorem 1.25. If P and @ be two IFRSs in X and f : (V,B) — (V1,B1) be a mapping,
then f(PUQ) = f(P) U £(Q).

The proof is straightforward.

Corollary 1.26. If Py, P5,--- , P, be IFRSs in X, then f(PLUP,U---UP,) = f(P)U
f(P) U U f(Py).

The proof follows by extending the Theorem 1.25.

Theorem 1.27. If P, @ be two IFRSs in X and f : (V,B) — (V1, B1) be a mapping, then
F(PNQ)C f(P)NfQ).

The proof is straightforward.

Note 1.28. If f: (V,B) — (V1,B1) be one-one, then clearly f(P N Q)= f(P)N f(Q).
But in general f(PNQ) # f(P) N f(Q), which can be shown by the following example.

Example 1.29. Let V ={z,y}, Xpo =Xv =V, X = (X, Xv), Vi ={a}, YL =Yy =
Vi, Y = (YL, Yy).

Let f:V — Vj be defined by f(z) = f(y) = a.

Let P = (({z/0.4,y/0.3},{z/0.4,4/0.4}), ({/0.2,y/0.4}, {x/0.3,y/0.4})),

Q = (({z/0.3,y/0.4},{x/0.3,y/0.4}), ({2/0.3,y/0.2},{x/0.3,y/0.3})).

Clearly P, @) are IFRSs in X.

PnQ@=(({x/0.3,y/0.3},{x/0.3,4/0.4}), ({x/0.3,y/0.4},{x/0.3,35/0.4})).
Therefore f(PNQ) = (({a/0.3},{a/0.4}), ({a/0.3},{a/0.3})),

#(P) = (({a/0.4}, {a/0.4}), ({a/0.2}, {a/0.3})),

7(Q) = (({a/0.4}, {a/0.4}), ({a/0.2}, {a/0.3})).

So f(P)N f(Q) = (({a/0.4},{a/0.4}), ({a/0.2},{a/0.3})).
Therefore f(PNQ) # f(P)N f(Q).
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§3. Topological space of IFRSs

Definition 2.1. Let X = (X1, Xy) be a rough set and 7 be a family of IFRSs in X such
that

(i) 0%, 1* €.

(il) PNQ e, VP, Q€.

(iii) P em,i € A= Ujea P € 7.
Then 7 is called a topology of IFRSs in X and the pair (X, 7) is called a topological space
of IFRSs in X. Every member of 7 is called open IFRS. An IFRS C is called closed IFRS if
C’ € 7. Let F denote the collection of all closed IFRSs in (X, 7). If 77 = {0*,1*}, then 77 is a

topology of IFRSs in X. This topology is called the indiscrete topology. The discrete topology
of IFRSs in X contains all the IFRSs in X.

Theorem 2.2. The collection F of all closed IFRSs satisfies the following properties:
(i) 0%,1* € F.

(i) PQeF=PUQEF.

(iii) e Fic A= ea P e F.

The proof is straightforward.

Definition 2.3. Let P be an IFRS in X. The union of all open IFRSs in (X, 7) contained
in P is called the interior of P in (X, 7) and is denoted by Int,P. Clearly Int,P is the largest
open IFRS contained in P and P is open iff P = Int.P.

Definition 2.4. Let P be an IFRS in X. The closure of P in (X, 7), denoted by cl, P,
is defined by the intersection of all closed IFRSs in (X, 7) containing P. Clearly cl.P is the
smallest closed IFRS containing P and P is closed iff P = ¢l P.

Theorem 2.5. (i) cl.0* = 0%,

(ii) el (el P) = ¢l P.

(ili) P C Q = cl; P C cl; Q.

(iv) cd(PUQ) =, PUcd.Q.

(v) cd(PNQ) Ccl,PNe Q.

The proof is straightforward.

Definition 2.6. Let (X, 7) and (Y, u) be two topological spaces of IFRSs and f : (V,B) —
(V1,B1) be a mapping such that f=% : (V4,B1) — (V,B). Then f : (X,7) — (Y,u) is said
to be IFR continuous if f~1(Q) € 7, VQ € u. Unless otherwise stated we consider (X,7)
and (Y, u) be topological spaces of IFRSs and f : (V,B) — (V1,B1) be a mapping such that
71 (Vi Br) — (V. B).

Theorem 2.7. The following statements are equivalent :

(i) f: (X,7) — (Y,u) is IFR continuous.

(i) f71(Q) is closed IFRS in (X, ), for every closed IFRS @ in (Y, u).

(iii) f(clP) C cly(f(P)), for every IFRS P in X.

The proof is straightforward.
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84. Topology on an IFRS

Definition 3.1. Let P € Cx. Then a subfamily T of Cx is said to be a topology on P if
)QeT=QcCP.
i)o*,PeT.
11) P,PoeT=PNP,eT.
v) BbeTic A= UcaPieT.
Then (P, T) is called a subspace topology of (X, 7).
Theorem 3.2. Let 7 be a topology of IFRSs in X and let P € Cx. Then 1 = {PNR:
R € 7} is a topology on P.

(i
(i
(i

The proof is straightforward.

Every member of 7y is called open IFRS in (P, 7). If Q € 71, then Q' is called a closed
IFRS in (P,71), where Q@ = PN Q'. We take 0* as closed IFRS also in (P, 7). Let Cy =
{Qp=PNQ :Qem}U{0}

Theorem 3.3. C is closed under arbitrary intersection and finite union.

The proof is straightforward.

Remark 3.4. Let S € 7. Then S, = PN S’ € C;. Now

(Sp)p=Pn(Sp) =Pn(PNS)Y=PnNn(PUS)=(PNnP)US,
since S C P.
(Sp)p =(PNP)YJ(PNR), for some R e T
(Sh)p = PN (P UR).
Thus (S%)» need not necessarily belongs to 71.
((Sp)p)p =P ((Sp)p)
=PNn(PNPHYUS)
=PNn((PNP)YNS)
=PNn(PPupP)ns)
=PnS =8, €.

Clearly the collection 75 = {(Sp)p = (PNP)US : S € 11} U{0*} form a topology of IFRSs on
P of which C is a family of closed IFRSs. But C} is also a family of closed IFRSs in (P, 7).
Thus 3 two topologies of IFRSs 71 and 75 on P. 7y is called the first subspace topology of
(X,7) on P and 7 is called the second subspace topology of (X, 7) on P. We briefly write, 7
and 79 are first and second topologies respectively on P, where there is no confusion about the
topological space (X, 7) of IFRSs.

Note 3.5. Let P € Cx and 71, 72 be respectively first and second topologies on P. i.e.,

n={PNR:RerT}

and
n={PNPHYUS:Senr}uUu{0*}
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={PN(P'UR): ReT}U{0*}.

If 7 be an indiscrete topology of IFRSs in X, then 3 = {P,0*} and 7 = {P,0*, PN P’}.
Thus 71 C 72 (11 # T2).

If 7 be discrete topology, then ; = {S € Cx : SC P}, n={S€Cx:PNP CSC
P}u{0*}. Thus 7o C 7y.

Note 3.6. Let R € Cx such that R C P. The closure of R in (P, 1) and (P, 72) be denoted
by ¢l R, cl., R respectively.

clTleﬂ{G}):G’p DR, Gern} = n{PﬁG':PﬁG/ DR, Gemr}
PN(({G':G'>R; Gen})
PO({(PNQ): (PNQY DR QeT))
= PN(({P'UQ :PUQ DR; Qer})
PP U(HQ:Q >R Qer})
PN (P'Uc,R)
= (PNnP)YU(Pndc,R).

Since closed IFRS in (P, 71) and in (P, 72) are same,
cnR=cl,RC(PNP)YU(PNc,R).
Following example shows that, in general
cd,R#(PNP)YU(PNd,R).

Example 3.7. Let X1 # ¢, Xy = X U{a}(a € Xr) be two crisp sets with X C Xy .
Then X = (X, Xy) is a rough set.
Let C = (Cr,Cy),D = (Dy, Dy) are defined by

CL(I') =0.7= CU(i),V‘f € Xz,

CU(CL) = 0.5,
DL(JJ) =03= DU(x),Vx e Xy,
DU(CL) =0.3.

Then Q = (C,D) is an IFRS in X = (X, Xp).
Let 7 = {0*,1%, Q).
Then (X, 7) is a topological space of IFRSs.
Let A= (AL, Ay), B = (B, By) are defined by

AL(JJ) =0.5,Vx € X1, AU(JZ) =0.6,Vzx € Xy,

By(x) = 0.4 = By(z),Vz € X1, By(a)=0.4.
Then P = (A,B) is an IFRS in X.
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Define ; = {PNS:Ser}
Then 7 is the first topology on P.
Let M = (M, My) and N = (Np,, Ny) are defined by

Mp(z) = 0.4 = My (z),Vo € X1, My(a) =04,

NL(I') =0.6= NU(SL')7V£C € XL, NU(CL) =0.5.

Then R = (M, N) is an IFRS in X such that R C P.
Now ¢l R = closure of R in (P,71) = PN(({P'UQR : PPUQ DR; Qe}) (seeNote
3.6).
Now
P'Uu(0*)Y =P Ul*=1"D>R,

PU(1*) =P U0* =P 3R,

since A ¢ N.
PuQ@ =(BUD,ANC)DR.

Thus cl, R=PN(1*N(P'UQ))=PnN (P UQ) = (F,G), say.
Therefore

FL(JT) =04 = FU(J?),VQ,‘ S XL, FU(G,) = 0.4, GL(.Z‘) =0.5

and
GU({E) =0.6,Vx € X, GU((I) =0.5.

clR = Closure of R in(X,7) = ﬂ{Q; cQiDOR; QeT)

Now (0*) =1*DR; (1*) =0*2 R; Q" 5 R, since C ¢ N.
Thus cl,R = 1*.

Therefore (PN P )U(PNcl;R)=(PNP)YU(PN1*)=(PNP)UP=P=(AB).
Clearly (F,G) C (A, B) and (F,G) # (A, B).

Thus cl,, R is a proper subset of (PN P')U (P Ncl R).

§5. Continuity of a mapping over IFRSs

Definition 4.1. Let (X, 7) and (Y, u) be two topological spaces of IFRSs and P € Cx.
Let 71 and w; are first topologies on P and f(P) respectively. Then f : (P, 7)) — (f(P),u1) is
said to be IF Ry continuous if PN f~1(Q) € 71,VQ € uy.

Theorem 4.2. Let (X,7) and (Y,u) be two topological spaces of IFRSs in X and Y
respectively and P € Cx and let 71 and wu; be first topologies on P and f(P) respectively. If
f:(X,7) = (Y,u) is IFR continuous, then f : (P,7) — (f(P),u1) is IFR; continuous.

The proof is straightforward.

Remark 4.3. The converse of the Theorem 4.2 is not necessarily true. This is shown by
the following example.

Example 4.4. Let V = {z,y}, X, =Xy =V, Vi ={a}, YL =Yy =11.
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Let f: V — V] be defined by f(z) = f(y) = a.
Let Q = (({x/0.2,4/0.3},{x/0.2,y/0.4}), ({x/0.3,y/0.2},{x/0.3,y/0.3})),
= (({=/0.3,y/0.2},{x/0.3,y/0.4}), ({/0.3,y/0.1}, {2/0.3,y/0.4})),
T=QUR=(({z/0.3,y/0.3},{2/0.3,y/0.4}), ({z/0.3,y/0.1},{z/0.3,4/0.3})),
S=QNR=(({x/0.2,y/0.2},{x/0.2,y/0.4}), ({x/0.3,3/0.2},{x/0.3,35/0.4})).
Clearly 7 = {0*,1*,Q, R, T, S} forms a topology of IFRSs in X = (X, Xy).
Let P = (({2/0.2,4/0.3},{2/0.2,4/0.5}), ({z/0.3,y/0.3},{x/0.3,y/0.4}))

Therefore @ = PN Q = (({x/0.2,y/0.3},{2/0.2,y/0.4}), ({x/0.3,5/0.3}, {x/0.3,y/0.4})),
R=PNR=({x/0.2,5/0.2},{x/0.2,4/0.4}), ({x/0.3,4/0.3}, {x/0.3,y/0.4})),
T=PNT=(({z/0.2,9/0.3},{x/0.2,5/0.4}), ({/0.3,4/0.3},{/0.3,5/0.4})) = Q,
S=PnNnS=({x/0.2,y/0.2},{x/0.2,y4/0.4}), ({x/0.3,y/0.3},{z/0.3,y/0.4})) = R

Thus 71 = {0%, P,Q, R} forms a first topology on P.

Let Q = (({a/0.3}, {a/0.4}), ({a/0.2},{a/0.3})),
R = (({a/03}, {a/0.4}), ({a/0.1}, {a/0.3})),

S :~(({a~/0.2}~, {a/0.4}),({a/0.2},{a/0.3})).
SoSCQCR.

Clearly u = {0*,1%,Q, R, S} forms a topology of IFRSs in Y = (Y7, Yy).

Now f(P) = (({a/o 3}, {a/0.5}), ({a/03}, {0/0.3})).

Therefore Q f( )N Q = (({a/0.3},{a/0.4}), ({a/0.3},{a/0.3})),
R=f(P)N (({G/O 3},{a/0.4}), ({a/0.3},{a/0.3})) = Q,

S=f(P)NnS = (({a/0.2},{a/0.4}), ({a/0.3},{a/0.3})).
Thus u; = {0%, f( ), Q, S} forms a first topology on f(P).
Now PN f~Y0*)=PN0*=0"€r, PnfYf(P)=Pecmn,
PN Q) = (({2/0.2,5/0.3}, {2/0.2,y/0.4}), ({x/0.3,5/0.3}, {/0.3,5/0.4})) = Q € 7,
P f7H(S) = (({2/0.2,y/0.2}, {2/0.2,4/0.4}), ({2/0.3,y/0.3}, {/0.3,4/0.4})) = R € 7.
Thus f: (P, 7)) — (f(P),u1) is IFR; continuous.

Since f71(Q) = (({2/0.3,y/0.3}, {x/0.4,y/0.4}), ({/0.2,y/0.2}, {x/0.3,4/0.3})) &
but Q € u , it follows that

f(X,7) = (Y,u)

is not IFR continuous.

Definition 4.5. Let (X,7) and (Y, u) be two topological spaces of IFRSs in X and Y
respectively and P € Cx and let 9, us be second topologies on P and f(P) respectively. Then
[ (P,12) — (f(P),us) is said to be IF Ry continuous if PN (P’ U f~1(Q)) € 12, VQ € us.

Theorem 4.6. Let (X,7) and (Y,u) be two topological spaces of IFRSs in X and Y
respectively and P € Cx. Let 71 and wu; be first topologies on P and f(P) respectively and
7o, u2 be second topologies on P and f(P) respectively.

If f:(P,m1) — (f(P),u1) is IF Ry continuous, then
f:(P,m2) — (f(P),uz) is IF Ry continuous.
Proof. Let f : (P,71) — (f(P),u1) is IFR; continuous. Let @ € uy. If @ = 0*, then
PN (PPUf1Q)) =PNP €m. Solet Q # 0*. Then Q = (f(P)N (f(P)))UR, for some
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R € uq. Therefore

Q) = fHU@P)NEFP))UFH(R)
= (FUE@)YNFHUEP) N UFTHR)
= (@O P U FTHR).

Therefore P’ U f~1(Q) = P’ U f~1(R) and hence PN (P'U f~1(Q)) = PN (P'U f~YR)) =
(PNPYU(PNfY(R)). Since f: (P,71) — (f(P),u1) is IFR; continuous and R € uy, we
have PN f~1(R) € 7y. Thus (PN P )U (PN f~1(R)) € 2 and hence PN (P'U f~1(Q)) € 7.
Thus f: (P, 72) — (f(P),uz) is IF Ry continuous.

Remark 4.7. The converse of the Theorem 4.6 is not necessarily true. This can be shown
by the following example.

Example 4.8. Let V = {z,y,2}, Xp = {z,y}, Xv =V, Vi = {a,b}, 0.15inY;, =
{a}, Yy =11.

Define £ : V= Vi by f(z) = f(y) = a, /() = b.

Let @ = (({=/0.3,y/0.4},{2/0.4,y/0.5,2/0.2}), ({x/0.2,y/0.5},{x/0.3,4/0.5, 2/0.4})),

Let R = (({z/04,y/0.3},{z/0.4,4/0.5,2/0.2}), ({x/0.3,y/0.4},{x/0.3,y/0.5, 2/0.3})),

T =QUR = (({x/0.4,y/0.4},{2/0.4,4/0.5,2/0.2}), ({2/0.2,4/0.4},{2/0.3,4/0.5, 2/0.3})),

S =QNR = (({x/0.3,y/0.3},{x/0.4,4/0.5,2/0.2}), ({2/0.3,y/0.5},{2/0.3,y/0.5,2/0.4})).
Clearly 7 = {0*,1*,Q, R, T, S} forms a topology of IFRSs in X = (X, Xy).

Let P = (({z/0.2,y/0.4},{x/0.4,4/0.4,2/0.3}), ({/0.3,y/0.4},{x/0.3,y/0.4, z/0.5})),

Q= PnQ = (({r/0.2,y/0.4},{2/0.4,5/0.4,2/0.2}), ({x/0.3,4/0.5},{2/0.3,5/0.5, 2/0.5})),

R=PNR = (({2/0.2,y/0.3},{2/0.4,y/0.4,2/0.2}), ({x/0.3,4/0.4},{x/0.3,4/0.5,2/0.5})),

T = POT = (({2/0.2,/0.4}, {x/0.4,1/0.4,2/0.2}), ({2/0.3,5/0.4}, {£/0.3,4/0.5, 2/0.5})

S =PnS = (({x/0.2,y4/0.3},{x/0.4,y/0.4,2/0.2}), ({x/0.3,y/0.5},{x/0.3,3/0.5,2/0.5})
Thus 7 = {0*, P,Q, R,T,S} forms a first topology on P.
Clearly PNP' = (({/0.2,y/0.4},{x/0.3,4/0.4, 2/0.3}), ({/0.3,4/0.4},{2/0.4,45/0.4, z/0.5})).
Q= (PNPHUQ = (({2/0.2,y/0.4},{x/0.4,y/0.4,2/.3}), ({x/0.3,5/0.4}, {x/0.3,y/0.4,2/0.5})),
R=(PNP")UR = (({/0.2,y/0.4},{x/0.4,5/0.4,2/0.3}), ({x/0.3,y/0.4},{x/0.3,y/0.4,2/0.5}))
Similarly it can be proved that T = (PN P)UT =Q, S=(PnP)Hus=Q.
Thus 7, = {0*, PN P', P,Q} forms a second topology on P. o

Ijet Q = (({a/0.4},{a/0.5,b/0.2}), ({a/0.2},{a/0.3,b/0.4})),

1:2 = (~({a/~0.4}, {a/0.5,b/0.2}), ({a/0.3},{a/0.3,b/0.3})),

7: = C:2 u 133 = (({a/0.4},{a/0.5,b/0.2}), ({a/0.2},{a/0.3,b/0.3})),

S=QNR= (({~a/~0.4~},;{a/0.5, b/0.2}), ({a/0.3},{a/0.3,b/0.4})).
Clearly u = {0*,1*,Q, R, T, S} forms a topology of IFRSs in Y = (Y, Yy).

Now f(P) = (({a/0.4},{a/0.4,0/0.3}), ({a/0.3},{a/0.3,b/0.5})).
There~fore (f(P))’~: (({a/0.3},{a/0.3,0/0.5}), ({a/0.4},{a/0.4,b/0.3})).

Q = f(P)N Q = (({a/0.4},{a/0.4,b/0.2}), ({a/0.3},{a/0.3,b/0.5})), i

R=f(P)NR= (({a/0.4},~{a/0.4, b/0.~2}), (~{a/~0.3}, {a/O.?i, b/0~.5})) =Q. i
Similarly it can be checked that T’ = f(P)NT = Q, S = f(P)NS = Q. Thusu; = {0*, f(P),Q}
forms a first topology on f(P).

),
).
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Now f(P)N(f(P)) = (({a/O.%}, {a/0.3,0/0.3}), ({a/0.4},{a/0.4,b/0.5})).
Therefore @ = (f(P) N (f(P))")UQ = (({a/0.4},{a/0.4,b/0.3}), ({a/0.3}, {a/0.3,b/0.5})).
Thus us = {O fP)yn(f(p)) (P),Q} forms a second topology on f(P).

)n ;
It is clear that PN (P’ U f~1(0*)) = PN (P'U0*) = PN P €1y,

PO(PUSHAP)N(f(P)) =P (P U HAP)N(fHfP)) =PNP e,
PN(P'Uf™ (f( ) =Pemr
and since f~ (g) (({z/0.4,y/0.4},{x/0.4,y/0.4,2/0.3}), ({2/0.3,y/0.3},{x/0.3,4/0.3,2/0.5}))

it follows that
PO(PUINQ)
= (({x/0.2,5/0.4},{x/0.4,4/0.4,2/0.3}), ({x/0.3,4/0.4}, {2/0.3,y/0.4,2/0.5}))
=Q €.
Thus f : (P, 7'2) (f(P),uz) is IF Ry continuous.
Now PNf~HQ) = (({2/0.2,y/0.4}, {x/0.4,y/0.4,2/0.2}), ({x/0.3,y/0.4}, {/0.3,y/0.4, 2/0.5}))
& 11, but Q € uy.

Thus f: (P,71) — (f(P),u1) is not IFR;y continuous.

Corollary 4.9. If f: (X,7) — (Y,u) is IFR continuous, then f : (P,72) — (f(P),uz2) is
IF R continuous, where the symbols have usual meaning.

The proof follows from Theorems 4.2 and 4.6.

Remark 4.10. The converse of the corollary 4.9 is not true, which can be shown by the
following:

(i) In Example 4.8, note that
f_l(C:Q) = (({z/0.4,y4/0.4},{x/0.5,4/0.5,2/0.2}), ({/0.2,4/0.2}, {2/0.3,4/0.3, 2/0.4}))
but @ € u. Thus f : (X,7) — (Y,u) is not IFR continuous, but f : (P,m2) — (f(P),u2)
is IF Ry continuous.

(ii) In Example 4.4, note that
f o (Pm) — (f(P),uy) is IFRy continuous and hence f : (P, 7o) — (f(P),us2) is IFRy
continuous, but f : (X,7) — (Y, u) is not IFR continuous.
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Abstract Denote the nth prime number by p,,. In this note we show a limit theorem involving
the product of powers of prime numbers: If a sequence a, has the limit a, under some

conditions, we show that p5*/ ¥/pi! - - - pa" has the limit e®.

Keywords Prime, arithmetic function, asymptotics.

§1. Introduction

Denote the nth prime number by p,. The prime number theorem (see e.g. [2]) indicates
the following asymptotics:

Pn ~ nlnn, (1)

as n — oo; i.e. lim,_, p,/(nlnn) = 1.
The first Chebyshev’s function is defined as

6(x) =) Inp, (2)
p<z
where the sum extending over all primes p that are less than or equal to x. A classical estimate
for Chebyshev’s function is the following lemma.
Lemma 1.1.13 There exists a positive constant ¢ > 0 such that for all z > 1,

0(z) — 2 < —

(3)

By virtue of Lemma 1.1, we establish a limit theorem involving the product of powers of

5
In“x

primes in the present note.

Theorem 1.2. Let {a,},>1 be a real-valued sequence. Let amax(n) = max{ai,...,an,}
and amin(n) = min{aq, . ..,a,} such that
lm amax(n) = Um amin(n) =a € R, (4)
and )
max — Umin = | 5
o) ()] = 0 () )
as n — 0o. Then u
apn - N €a, (6)
n pll .. pn"

as 1 — OQ.
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§2. Proof of Theorem 1.2

In this section, we present a proof of Theorem 1.2. We will need the following asymptotics:

Lemma 2.1.[1:4]

Pn
Inp, — 2% -1, 7
np, = (7)

as 1 — OQ.

First note that it follows from (4) that lim, . a, = a. To prove (6), it suffices to show

P
| ]~ (8)
o

as n — 00, which is tantamount to

ajlnp; +---+a,Inp, o

nl n 9

anInp - 9)
Since

amin(n)(lnpl+"'+1npn) a1 1np1+"'+anlnpn
n - n
< amax(n)(Inpy + -+ + lnpn)’ (10)
n

we obtain

arlnp; + - +apnp, _ (1+0(55)) ab(pa) (11)
n n ’

by using the assumptions (4), (5) and the definition (2).

Therefore, we obtain

aylnp; +---+apInp, AnDn = QnPn

anlnpn = = aplnp, — +
n n n

~ailnpi +---+aylnp,

n
1
= aplnp, — GnPn 4 SnPn _ (1+0(5z)) apn

n n n

+(1+o(17;%n))apn - (1—|—0(1nl;;))a0(pn). 12

In view of (12), Lemma 2.1 and the fact that a, — a as n — oo, it would be sufficient to

show

(i)
anpn _ (1+0(55)) apn
n n

— 0, (13)
and

(i)

(1—|—0(ﬁ))apn B (1—|—0(%))a9(p”) o (14)
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as n — oo.
For (i), we recall that p,, = (14+0(1))nlnn by (1). The limit (13) then follows immediately.

As for (ii), we have

[pn = 0(pn)| Pn_ (15)
n nln® p,
by Lemma 1.1. It follows easily from (1) that
Pn 1
~ . 16
nin’p, Inp, (16)
Combining (15) and (16), we have

as n — oo, which is equivalent to (14). Thus, the proof of Theorem 1.2 is complete.
Finally, we remark that if we take the sequence a,, = 1 above, we easily recover Theorem
2.1 in [4].

References

[1] P. Dusart, The kth prime is greater than k(lnk + Inlnk — 1) for & > 2, Math. Comp.,
68(1999), 411-415.

[2] A. E. Ingham, The Distribution of Prime Numbers, Cambridge University Press, Cam-
bridge, 1990.

[3] J. B. Rosser, L. Schoenfeld, Approximate formulas for some functions of prime numbers,
Ilinois J. Math., 6(1962), 64-94.

[4] J. Sandor, A. Verroken, On a limit involving the product of prime numbers, Notes
Number Theory Discrete Math., 17(2011), 1-3.



Scientia Magna
Vol. 7 (2011), No. 3, 34-38

Switching equivalence in symmetric
n-sigraphs-1V

P. Siva Kota Reddy', M. C. Geetha’ and K. R. Rajanna

Department of Mathematics, Acharya Institute of Technology,
Soldevanahalli, Bangalore, 560090, India

E-mail: pskreddy@acharya.ac.in rajanna@acharya.ac.in

Abstract An n-tuple (ai,az,...,an) is symmetric, if ax = an—x+1,1 < k < n. Let H, =
{(a1,a2,...;an) : ax € {+,—},ak = an—k+1,1 < k < n} be the set of all symmetric n-
tuples. A symmetric n-sigraph (symmetric n-marked graph) is an ordered pair S, = (G, 0)
(Sn = (G,p)), where G = (V,E) is a graph called the underlying graph of S, and o :
E — H, (u:V — Hy) is a function. In this paper, we define the antipodal symmetric n-
sigraph A(S») = (A(G), o) of a given symmetric n-sigraph S, = (G, o) and offer a structural
characterization of antipodal symmetric n-sigraphs. Further, we characterize symmetric n-
sigraphs S, for which S,, ~ A(S,) and S,, ~ A(S,) where ~ denotes switching equivalence and
A(S,) and S, are denotes the antipodal symmetric n-sigraph and complementary symmetric
n-sigraph of S,, respectively.

Keywords Symmetric n-sigraphs, symmetric n-marked graphs, balance, switching, antipod

-al symmetric n-sigraphs, complementation.

§1. Introduction

Unless mentioned or defined otherwise, for all terminology and notion in graph theory the
reader is refer to [3]. We consider only finite, simple graphs free from self-loops.

Let n > 1 be an integer. An n-tuple (a1, as, ..., ay) is symmetric, if ay = ap_g+1,1 <k < n.
Let H, = {(a1,a2,...,a,) : ax € {+,—},ak = apn—g+1,1 < k < n} be the set of all symmetric
n-tuples. Note that H,, is a group under coordinate wise multiplication, and the order of H,, is
2™, where m = [§].

A symmetric n-sigraph (symmetric n-marked graph) is an ordered pair S, = (G, o) (S, =
(G, ), where G = (V, E) is a graph called the underlying graph of S, and ¢ : E — H,
(u:V — Hp) is a function.

In this paper by an n-tuple/n-sigraph/n-marked graph we always mean a symmetric n-
tuple/symmetric n-sigraph/symmetric n-marked graph.

An n-tuple (ai,as,...,a,) is the identity n-tuple, if a, = +, for 1 < k < n, otherwise it is
a non-identity n-tuple. In an n-sigraph S,, = (G, o) an edge labelled with the identity n-tuple

is called an identity edge, otherwise it is a non-identity edge.
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Further, in an n-sigraph S, = (G, o), for any A C E(G) the n-tuple o(A) is the product
of the n-tuples on the edges of A.

In [8], the authors defined two notions of balance in n-sigraph S,, = (G, o) as follows (See
also R. Rangarajan and P. S. K. Reddy P):

Definition. Let S,, = (G,0) be an n-sigraph. Then,

(i) Sy, is identity balanced (or i-balanced), if product of n-tuples on each cycle of S,, is the
identity n-tuple, and

(ii) S, is balanced, if every cycle in S,, contains an even number of non-identity edges.

Note. An i-balanced n-sigraph need not be balanced and conversely.

The following characterization of i-balanced n-sigraphs is obtained in [8].

Proposition 1.1. (E. Sampathkumar et al.l¥! ) An n-sigraph S,, = (G, o) is i-balanced
if, and only if, it is possible to assign n-tuples to its vertices such that the n-tuple of each edge
uv is equal to the product of the n-tuples of u and v.

Let S, = (G,0) be an n-sigraph. Consider the n-marking u on vertices of S,, defined as
follows: each vertex v € V, u(v) is the n-tuple which is the product of the n-tuples on the
edges incident with v. Complement of S,, is an n-sigraph S,, = (G,0°), where for any edge
e=w € G, o°(uww) = p(u)p(v). Clearly, S, as defined here is an i-balanced n-sigraph due to
Proposition 1.1.

In [8], the authors also have defined switching and cycle isomorphism of an n-sigraph
Sn = (G, 0) as follows: (See also [4,6,7,11-17])

Let S, = (G,0) and S, = (G',0’), be two n-sigraphs. Then S,, and S, are said to be
isomorphic, if there exists an isomorphism ¢ : G — G’ such that if uv is an edge in S,, with
label (a1, asg, ..., ay,) then ¢(u)p(v) is an edge in S!, with label (a1, as, ..., an).

Given an n-marking p of an n-sigraph S,, = (G, 0), switching S, with respect to p is
the operation of changing the n-tuple of every edge wv of S,, by p(u)o(uv)u(v). The n-sigraph
obtained in this way is denoted by S, (S, ) and is called the p-switched n-sigraph or just switched
n-sigraph.

Further, an n-sigraph S,, switches to n-sigraph S/, (or that they are switching equivalent
to each other), written as S, ~ SJ,, whenever there exists an n-marking of S, such that
S,.(Sn) = 5),.

Two n-sigraphs S, = (G,0) and S), = (G',0’) are said to be cycle isomorphic, if there
exists an isomorphism ¢ : G — G’ such that the n-tuple o(C) of every cycle C in S, equals to
the n-tuple o(¢(C)) in SJ,.

We make use of the following known result.

Proposition 1.2. (E. Sampathkumar et al.l®! ) Given a graph G, any two n-sigraphs

with G as underlying graph are switching equivalent if, and only if, they are cycle isomorphic.

§2. Antipodal n-sigraphs

Singleton 1% has introduced the concept of antipodal graph of a graph G as the graph
A(G) having the same vertex set as that of G and two vertices are adjacent if they are at a
distance of diam(G) in G.
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Motivated by the existing definition of complement of an n-sigraph, we extend the notion
of antipodal graphs to n-sigraphs as follows: The antipodal n-sigraph A(S,) of an n-sigraph
Sn = (G, o) is an n-sigraph whose underlying graph is A(G) and the n-tuple of any edge
wo in A(S,) is p(u)p(v), where p is the canonical n-marking of S,,. Further, an n-sigraph
Sn = (G, 0) is called antipodal n-sigraph, if S,, = A(S!)) for some n-sigraph S/,. The following
result indicates the limitations of the notion A(S,,) as introduced above, since the entire class
of i-unbalanced n-sigraphs is forbidden to be antipodal n-sigraphs.

Proposition 2.1. For any n-sigraph S, = (G,0), its antipodal n-sigraph A(S,,) is -
balanced.

Proof. Since the n-tuple of any edge wv in A(S,) is p(u)u(v), where u is the canonical
n-marking of S,,, by Proposition 1.1, A(S,,) is i-balanced.

For any positive integer k, the k* iterated antipodal n-sigraph A(S,,) of S, is defined as

follows:
AO(Sn) =S, Ak(Sn) = A(Ak_l(Sn)).

Corollary 2.2. For any n-sigraph S, = (G,0) and any positive integer k, A¥(S,) is
i-balanced.

In [1], the authors characterized those graphs that are isomorphic to their antipodal graphs.

Proposition 2.3. For a graph G = (V, E), G = A(G) if and only if G is complete.

We now characterize the n-sigraphs that are switching equivalent to their antipodal n-
sigraphs.

Proposition 2.4. For any n-sigraph S,, = (G, 0), S, ~ A(S,) if, and only if, G = K, and
Sy, is i-balanced signed graph.

Proof. Suppose S, ~ A(S,,). This implies, G =2 A(G) and hence G is K,. Now, if S, is
any n-sigraph with underlying graph as K,, Proposition 2.1 implies that A(S,,) is i-balanced
and hence if S,, is -unbalanced and its A(S,,) being i-balanced can not be switching equivalent
to S, in accordance with Proposition 1.2. Therefore, S,, must be i-balanced.

Conversely, suppose that S, is an i-balanced n-sigraph and G is K. Then, since A(S,,)
is i-balanced as per Proposition 3 and since G = A(G), the result follows from Proposition 2
again.

Proposition 2.5. For any two n-sigraphs S, and S; with the same underlying graph,
their antipodal n-sigraphs are switching equivalent.

Proposition 2.6. (Aravamudhan and Rajendran ! ) For a graph G = (V,E),
G = A(G) if, and only if, i). G is diameter 2 or ii). G is disconnected and the components of
G are complete graphs.

In view of the above, we have the following result for n-sigraphs:

Proposition 2.7. For any n-sigraph S,, = (G, 0), S, ~ A(S,,) if, and only if, G satisfies
conditions of Proposition 2.6.

Proof. Suppose that A(S,) ~ S,. Then clearly we have A(G) = G and hence G satisfies
conditions of Proposition 2.6.

Conversely, suppose that G satisfies conditions of Proposition 2.6. Then G = A(G) by
Proposition 2.6. Now, if S;, is an n-sigraph with underlying graph satisfies conditions of Propo-
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sition 2.6, by definition of complementary n-sigraph and Proposition 2.1, S,, and A(S,,) are
i-balanced and hence, the result follows from Proposition 1.2.

The following result characterize n-sigraphs which are antipodal n-sigraphs.

Proposition 2.8. An n-sigraph S,, = (G, o) is an antipodal n-sigraph if, and only if, S,
is i-balanced n-sigraph and its underlying graph G is an antipodal graph.

Proof. Suppose that S, is i-balanced and G is a A(G). Then there exists a graph H
such that A(H) = G. Since S, is i-balanced, by Proposition 1.1, there exists an n-marking
u of G such that each edge uv in S, satisfies o(uv) = p(u)p(v). Now consider the n-sigraph
S" = (H, o), where for any edge e in H, ¢’(e) is the n-marking of the corresponding vertex in
G. Then clearly, A(S]) 2 S,,. Hence S, is an antipodal n-sigraph.

Conversely, suppose that S, = (G,o0) is an antipodal n-sigraph. Then there exists an
n-sigraph S, = (H,0’) such that A(S]) = S,. Hence G is the A(G) of H and by Proposition
2.1, S, is i-balanced.

§3. Complementation

In this section, we investigate the notion of complementation of a graph whose edges have
signs (a sigraph) in the more general context of graphs with multiple signs on their edges. We
look at two kinds of complementation: complementing some or all of the signs, and reversing
the order of the signs on each edge.

For any m € H,,, the m-complement of a = (a1, ag, ..., a,) is: a™ = am. For any M C H,,,
and m € H,, the m-complement of M is M™ = {a™ :a € M}.

For any m € H,, the m-complement of an n-sigraph S, = (G, o), written (S*), is the
same graph but with each edge label a = (aq, as, ..., a,) replaced by a™.

For an n-sigraph S, = (G, o), the A(S,,) is i-balanced (Theorem 3). We now examine, the
condition under which m-complement of A(S,,) is i-balanced, where for any m € H,.

Proposition 3.1. Let S,, = (G,0) be an n-sigraph. Then, for any m € H,, if A(G) is
bipartite then (A(S,))™ is i-balanced.

Proof. Since, by Proposition 3.1, A(S,,) is i-balanced, for each k, 1 < k < n, the number
of n-tuples on any cycle C in A(S,) whose k' co-ordinate are — is even. Also, since A(G) is
bipartite, all cycles have even length; thus, for each k, 1 < k < n, the number of n-tuples on any
cycle C in A(S,) whose k" co-ordinate are + is also even. This implies that the same thing is
true in any m-complement, where for any m € H,,. Hence (A(S,,))" is i-balanced. The following
result due to B. D. Acharya [l gives a characterization of graphs for which L(G) = N(G).

Proposition 2.4 & 2.7 provides easy solutions to two other signed graph switching equiva-
lence relations, which are given in the following results.

Corollary 3.2. For any n-sigraph S,, = (G,0), S, ~ A((Sp)™).

Corollary 3.3. For any n-sigraph S,, = (G, ), S, ~ A((S,)™).

Problem 3.4. Characterize n-sigraphs for which

1) (Sp)™ ~ A(Sy).

i) (5™ ~ A(S,).
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Abstract In this paper we introduce a new class of sets called (1,2)" — mga™*-closed set
in bitopological spaces and study some of their properties. Further we discuss and study
(1,2)" —mga™*-continuous functions in bitopological spaces. Also we investigate (1,2)* —mwga™*-
irresolute functions in bitopological settings.
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§1. Introduction and preliminaries

In 1970, Levine 6 introduced the concept of generalized closed sets as a generalization
of closed sets in bitopological spaces. Using generalized closed sets, Dunham [ introduced
the concept of the closure operator cl* and a new topology 7* and studied some of their
properties. Further A. Pushpalatha et al 849 have developed the concept 7*-generalized
closed sets, 7*-generalized continuous maps and strong forms of 7*-generalized continuous maps
in topological spaces. The author [l introduced (1,2)* —mga-closed sets in bitopological spaces.
The purpose of the present paper is to study a new class of sets called (1,2)* —rga**-closed sets
in bitopological spaces. Further we discuss and study (1,2)* — mga**-continuous functions in
bitopological spaces. Also we study (1,2)* —mwga**-irresolute functions in bitopological settings.

Throughout this paper by a space X we mean it is a bitopological space. We recall the
following definitions which are useful in the sequel.

Definition 1.1.°/ A subset space (X, 71, 72) is said to be 7y g-open if S = AU B where
A€ T and B € 5. A subset S of X is said to be

(1) 71 o-closed if the complement of S is 7 2-open.

(2) 11,2-clopen if S is both 7y 2-open and 7 o-closed.

Definition 1.2.1° Let S be a subset of the bitopological space (X,71,72). Then

(1) The 71 o-interior of S, denoted by 71 2-int (S) is defined by |J {G : G C S and G is

T1,2-0Open}.
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(2) The 71 o-closure of S, denoted by 712 — ¢l(S) is defined by () {F : S C F and F is
T1,2-closed }.

Remark 1.3.0! T1,2-open sets need not form a topology.

Definition 1.4.0°] A subset A of a bitoplogical space (X, 7, 72) is called

(1) (1,2)*-regular open if A = 7y o-int(7 2 — cl(A4)).

(2) (1,2)* — c-open if A C 7y o-int(71,90 — cl(T1,2 — int(A))).

The complement of the sets mentioned above are called their respective closed sets.

Definition 1.5.[1 A subset A of a bitoplogical space (X, 11,72) is called (1,2)* — mga-
closed if (1,2)* — acl(A) C U whenever A C U and U is 71,2 — m-open in X. The complement
of the respective set is called the respective open set.

The class of all (1,2)* — a-open (resp.(1,2)* — mga-open) subsets of X is denoted by
(1,2)* — aO(X) (resp. (1,2)* — 1GaO(X)).

Definition 1.6.[2 A function f: X — Y is called

[1] (1,2)* —mga-continuous if the inverse image of every o1 o-closed set in Y is (1,2)* —mga-
closed in X.

[2] (1,2)* — mga-irresolute if the inverse image of every (1,2)* —mwga-closed in Y is (1,2)* —
mga-closed in X.

Definition 1.7.12/ Let S be a subset of the bitopological space (X, 71, 72). Then

(1) The (1,2)* — a—interior of S, denoted by (1,2)* — a —int(S) is defined by |J {G : G C
S and G is (1,2)* — a-open}.

(2) The (1, 2)* — a—closure of .S, denoted by (1,2)* — a—cl(S) is defined by () {F : SC F
and F' is (1,2)* — a-closed}.

Definition 1.8.12 Let S be a subset of the bitopological space (X, 71,72). Then

(1) The (1, 2)* —mga-interior of S, denoted by (1, 2)* —mga-int (S) is defined by | {G : G C
S and G is (1,2)* — mga-open}.

(2) The (1,2)* — mga-closure of S, denoted by (1,2)* — wga-cl(S) is defined by ({F : S C
F and Fis (1,2)* — mga-closed}.

Definition 1.9.[71 A function f : X — Y is called strongly —(1,2)* — mga—continuous if
the inverse image of every (1,2)* — mga—open set in Y is 7y 2-open set in X.

§2. (1,2)* — mga™*-closed sets

Definition 2.1. For the subset A of a bitopological space X, the (1,2)* — mga-closure
operator (1,2)* — cl* is defined by the intersection of all (1,2)* — mga-closed sets containing A.

Definition 2.2. For the subset A of a bitopological space X, the bitopology 77 5 is defined
by 71 ,={G : (1,2)* — cl*(GY) = G°}.

Definition 2.3. For the subset A of a bitopological space X, the (1,2)* — a-closure of A
(briefly (1,2)* — acl(A)) is defined by the intersection of all (1,2)* — a-closed sets containing
A.

Next we introduce the concept of (1,2)* — mga**-closed sets in bitopological spaces.

Definition 2.4. A subset A of a bitopological space X is said to be (1,2)* — mga™*-
closed if (1,2)* — ¢l* C U whenever A C U and U is i o-open in X. The complement of
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(1,2)* — mga™*-closed set is called the (1,2)* — mga™**-open set.

Theorem 2.5. Every 7 o-closed set in X is (1,2)* — mga**-closed set.

Proof. Let G be a 77 ,-open set. Let A C G. Since A is 7y o-closed, 712 —cl(A) = AC G.
But (1,2)* — cl*(A) C 11,2 — cl(A). Thus, we have (1,2)* — cl*(A) C G whenever A C G and
G is 7{ 5-open. Therefore, A is (1,2)* — mga™*-closed set.

Theorem 2.6. Every 71 o-closed set in X is (1,2)* — mga™*-closed set.

Proof. Let G be a 71 5-open set and A C G, since A is 77 y-closed, (1,2)*—cl*(A) = A C G.
Thus we have (1,2)* — cl*(A) € G whenever A C G and G is 7{,-open. Therefore, A is
(1,2)* — wga**-closed set.

Remark 2.7. Every (1,2)* — a-closed set in X is (1,2)* — mga**-closed set. But the
converse need not be true as shown by the following example.

Example 2.8. Let X = {a,b,¢,d}, 1 = {¢,X,{a},{d}, {a,d},{c,d},{a,c,d}}, o =
{#,X,{a,c}}. Then {a, b, d} is (1,2)* — mga**-closed set, but not (1,2)* — a-closed set in X.

Remark 2.9. From the above results and example, we have the following implications.

(0.2 ]
N\ 1 7

’ (1,2)* — mga**-closed set ‘

Theorem 2.10. For any two sets A and B, (1,2)*—cl*(AUB) = (1,2)* —cl*(A)U(1,2)* —
cl*(B).

Proof. Since A C AUB, we have (1,2)*—cl*(A4) C (1,2)*—cl*(AUB) and since B C AUB,
we have (1,2)* — cl*(B) C (1,2)* — cl*(AU B). Therefore (1,2)* — cl*(A) U (1,2)* — cl*(B) C
(1,2)* = cI*(AU B). Also, (1,2)* — cl*(A) and (1,2)* — cl*(B) are 11 2-closed sets. Therefore,
(1,2)* — cl*(A) U (1,2)* — cl*(B) is also 7 o-closed sets. Again, A C (1,2)* — cl*(A) and
B C (1,2)* —cl*(B) implies AUB C (1,2)* —cl*(A)U(1,2)* — cl*(B). Thus, (1,2)* —cl*(A)U
(1,2)* — cl*(B) is a 1 2-closed set containing AU B. Since (1,2)* — cl*(A U B) is the smallest
71,2-closed set containing AU B we have (1,2)* —cl*(AUB) C (1,2)* —cl*(A)U(1,2)* — cl*(B).
Thus, (1,2)* —cd*(AUB) = (1,2)* — d*(4) U (1,2)* — cl*(B).

Theorem 2.11. Union of two (1,2)* — mga**-closed sets in X is a (1,2)* — mga™*-closed

sets in X.

Proof. Let A and B be two (1,2)* — mga**-closed sets. Let AU B C G, where G is
71 9-open. Since A and B are (1,2)* — mga**-closed sets, (1,2)* —cl*(A)U(1,2)* —cl*(B) C G.
But by Theorem 2.10, (1,2)* — cl*(AU B) = (1,2)* — cl*(4) U (1,2)* — cI*(B). Therefore,
(1,2)* = cl*(AUB) C G. Hence AU B is a (1,2)* — mga™**-closed set.

Theorem 2.12. A subset A of X is (1,2)* —rga**-closed if and only if (1,2)* —cl*(A)— A
contains no non-empty 7y o-closed in X.

Proof. Let A be a (1,2)" — mga**-closed set. Suppose that F'is a non-empty 77 ,-closed
subset of (1,2)* — cl*(A) — A. Now F' C (1,2)* — cl*(A) — A. Then F C (1,2)* —cl*(A) N A°,
since (1,2)* — cl*(A) — A C (1,2)* — cl*(A) — AN A°. Therefore F C (1,2)* — cl*(A4) and
F C A°. Since F° is a 71 y-open set and A is a (1,2)* — mga™*-closed, (1,2)* —cl*(A) C F*.
That is, FF C ((1,2)* — cl*(A))°. Hence F C (1,2)* — cl*(A) N ((1,2)* — cl*(A))® = ¢. That is,
F = ¢, a contradiction. Thus, (1,2)* — cl*(A) — A contains no non-empty 77 ,-closed in X.

Conversely, assume that (1,2)* — c/*(A) — A contains no non-empty 77 ,-closed set. Let
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A C G, Gis 7{ 5-open suppose that (1,2)*—cl*(A) is not contained in G, then (1,2)* —cl*(A)NG*
is a non-empty 7 ,-closed set of (1,2)" — cl*(A) — A which is a contradiction. Therefore,
(1,2)* — cl*(A) C G and hence A is (1,2)* — mga**-closed.

Corollary 2.13. A subset A of X is (1,2)* —mga**-closed if and only if (1,2)*—cl*(4)— A
contains no non-empty 7 2-closed in X.

Proof. The proof follows from the above theorem and the fact that every 7 2-closed set
is 71 5-closed set in X.

Corollary 2.14. A subset A of Xa**-closed if and only if (1,2)* — ¢l*(A) — A contains no
non-empty 71 2-open in X.

Proof. The proof follows from the above theorem and the fact that every 7; 2-open set is
71 g-open set in X.

Theorem 2.15. A subset A of X is (1,2)* — mga**-closed and A C B C (1,2)* — cl*(A),
then B is (1,2)* — mga™*-closed set in X.

Proof. Let A be a (1,2)* —mga™*-closed set such that A C B C (1,2)*—cl*(A). Let U be a
71 9-open set of X such that B C U. Since A is (1,2)* —mga™*-closed, we have (1,2)* —cl*(4) C
U. Now (1,2)* —cl*(A) C (1,2)*—cl*(B) C (1,2)* —cl*((1,2)* —cl*(A)) = (1,2)* —cl*(A) C U.
That is, (1,2)* — cl*(B) C U, U is 7{ 5-open. Therefore, B is (1,2)* — mga**-closed set in X.

The converse of the above theorem need not be true as seen from the following example.

Example 2.16. Let X = {a,b,c}, 71 = {¢, X, {a}}, 2 = {¢, X, {b}}. Let A = {c} and
B = {a,c}. Then A and B are (1,2)* — mga**-closed sets in X. But A C B is not a subset of
(1,2)* — cl*(A).

Example 2.17. Let A be a (1,2)* — mga™-closed in X. Then A is (1,2)* — mga-closed if
and only if is (1,2)* — cl*(A) — A is 71 5-open.

Proof. Let A be a (1,2)* — mga™*-closed set in X. Then (1,2)* — ¢I*(A) = A and so

(1,2)* — cl*(A) — A = ¢. Which is 77 ,-open in X. Conversely, suppose (1,2)* — cl*(A) — A
is 77 5-open in X. Since A is (1,2)* — mga™*-closed, by the Theorem 2.12, ( 2)" —c*(A) - A
contains no non-empty 7y ,-closed set in X. Then (1,2)* — cl*(A) — A = ¢. Hence A is

(1,2)* — mga-closed.
Theorem 2.18. For z € X, the set X — {x} is (1,2)* — mga**-closed or 7{ 5-open.
Proof. Suppose X — {z} is not 7{5-open. Then X is the only 77 ,-open set containing
X — {z}. This implies (1,2)* — cl*(X — {z}) C X. Hence X — {z} is a (1,2)* — mrga**-closed
in X.

83. (1,2)" — mga™-continuous functions

Definition 3.1. A function f : X — Y is said to be (1,2)* — mga**-continuous if the
inverse image of every oy o-closed V of Y is (1,2)* — mga™**-closed in X.

Definition 3.2. A space X is called (1,2)* —mga™ — T} jo- space if every (1,2)* — Tga™*-
closed set is (1,2)* — a-closed set.

Definition 3.3. Every (1,2)* — mrga**-continuous function defined on a (1,2)* — rga™* —
T' /9~ space is every (1,2)* — a-continuous function.

Theorem 3.4. Let f : X — Y be a function then the following statements are equivalent.
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[1] fis (1,2)* — mrga™*-continuous function.

[2] The inverse image of every oj o-open set in Y is also (1,2)* — mga™*-open set in X.

Proof. Straight forward.

Remark 3.5. Composition of two (1, 2)* —rga**-continuous functions need not be (1,2)*—
mga**-continuous function.

Example 3.6. Let X = {a,b,¢,d},Y = Z = {a,b,c} and let f : X — Y and
g : Y — Z be the identity maps. 11={¢, X, {a}, {d}, {a,d},{c,d},{a,c,d}}, o={0, X, {a,c}},
o1={¢, X, {a}}, oo={¢, X,{a,b}}, m={d, X,{c}}, ma={¢, X,{b}}. Then clearly, f and g are
(1,2)* —mga**-continuous, but gof is not (1,2)* —rga**-continuous. Since (gof)~t({a}, {a,c}) =
{a},{a,c} are not (1,2)* — mga**-closed set in X.

Theorem 3.7. If a function f: X — Y is (1,2)*-continuous then it is (1,2)* — mga™*-
continuous but not conversely.

Proof. Let f: X — Y be (1,2)*-continuous. Let V be a 07 2-closed set in Y. Since f is
(1,2)*-continuous, f~1(V) is 71 o-closed in X. Since every 71 o-closed set is (1, 2)* —mga**-closed
set in X. Thus, f is (1,2)* — mrga™*-continuous function.

The converse of the theorem need not be true as seen from the following example.

Example 3.8. Let X =Y = {a,b,c,d} and f : X — Y be the indentity map.
n={¢, X,{a,b,d}}, a={¢, X, {a},{b},{a,b}}, 1={9, Y, {a},{a,b,c}}, o2={9, X, {a, b, d}}.
Then f is (1,2)* — mga**-continuous, but not (1,2)*-continuous. Since for the oy o-closed set
{d} in Y, f~1({d}) = {d} is not 71 a-closed set in X.

Theorem 3.9. If a function f : X — Y is strongly —(1,2)* — mga—continuous then it is
(1,2)* — mga™*-continuous but not conversely.

Proof. Let f : X — Y be strongly (1,2)*-continuous. Let F' be a o7 s-closed set in Y.
Then F¢ is (1,2)* — mga—open in Y, since f is strongly—(1,2)* — mga—continuous, f~!(F®)
is 71 9-open in X. But f~Y(F¢) = X — f~}(F). Therefore f~(F) is 712-closed in X. By
Theorem 2.5, f~1(F) is (1,2)* — mga**-closed in X. Thus, fis (1,2)* — mga**-continuous
function.

The converse of the theorem need not be true as seen from the following example.

Example 3.10. In Example 3.8, f is (1, 2)* —rga™*-continuous, but not strongly—(1, 2)*—
mga—continuous. Since for the (1,2)* — rga—open set {a,b,c} in Y, f~1({a,b,c}) = {a,b,c}
is not 71 o—open set in X.

Next we introduce a new class of functions called (1,2)* — wrga™*-irresolute functions which
is introduced in the class of (1,2)* — mga**-continuous functions. We investigate some basic
properties also.

Definition 3.11. A function f : X — Y is said to be (1,2)* — mga™*-irresolute if the
inverse image of every (1,2)* — mga**-closed set V of YV is (1,2)* — mga**-closed set in X.

Theorem 3.12. A function f : X — Y is (1,2)* — mga**-irresolute if and only if the
inverse image of every (1,2)* — mrga**-open set in Y is (1,2)* — mrga™*-open in X.

Proof. Assume that f is (1,2)* — wga**-irresolute function. Let A be any (1,2)* —
mga**-open set in Y. Then A® is (1,2)* — mga**-closed in Y. Since f is (1,2)* — mga**-
irresolute, f~1(A°) is (1,2)* — mga**-closed in X. But f~1(A¢) = X — f~1(A) and so f~1(A)
is (1,2)* — mga**-open in X. Hence the inverse image of every (1,2)* — rga**-open set in Y is
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(1,2)* — mga™*-open in X.

Conversely, assume that the inverse image of every (1, 2)* —mga™* -open set in Y is (1,2)* —
mga**-open in X. Let A be any (1,2)* — mga**-closed in Y. Then A is (1,2)* — mga**-open
in Y. By assumption, f~1(A°) is (1,2)* — mga**-open in X. But f~1(A4°) = X — f~(A4) and
so f71(A) is (1,2)* — mga**-closed in X. Therefore, fis (1,2)* — mga**-irresolute function.

Theorem 3.13. If a function f is (1,2)* — wga™*-irresolute then (1,2)* — mga™*-
continuous.

Proof. Assume that f is (1,2)* — mga**-irresolute. Let F' be any o1 2-closed set in Y. By
Theorem 2.5, F is (1,2)* — mga**-closed set in Y. Since f is (1,2)* — mga**-irresolute, f~1(F)
is (1,2)* — mga**-closed in X. Therefore f is (1,2)* — mga™*-continuous.

Converse of the theorem need not be true as seen from the following example.

Example 3.14. Let X =Y = {a,b,¢,d}, let f : X — Y be the indentity map.
n={¢, X, {a},{a,b,d}}, no={¢, X, {b}}, o1={¢,Y, {a},{a.b,c}}, 02={¢, X {a,b,d}}. Then f
is (1,2)* — mga**-continuous, but not (1,2)* — wga**-irresolute. Since for the {a}, {b}, {a,b}
are (1,2)* — mga**-closed set in Y but not (1,2)* — mga**-closed set in X.

Theorem 3.15. Let X, Y and Z be any bitopological spaces. For any (1,2)* — mga™*-
irresolute function f : X — Y and any (1,2)* — mga™* -continuous function g : ¥ — Z, the
composition gof : X — Z is (1,2)* — mga**-continuous.

Proof. Let F be any n; >-closed set in Z. Since g is (1,2)* — mga**-continuous, g~ (F) is
(1,2)* —mga**-closed in Y. Since fis (1,2)* —wga**- irresolute, f~1(g~1(F)) is (1,2)* —rga**-
closed in X. But f~1(g=*(F)) = (gof) ' (F). Therefore g o fis (1,2)* — mga**-continuous.

Theorem 3.16. Let f: X — Y and ¢g: Y — Z be two functions. Then

[1] g o fis (1,2)* — mga**-continuous if g is (1,2)*-continuous and f is (1,2)* — mga™**-
continuous.

[2] g o fis (1,2)* — mga™*-continuous if g is (1,2)* — mga™*- continuous and f is (1,2)* —
mga*-irresolute.

Proof. Follows from definitions.

Definition 3.17. A function f : X — Y is said to be pre-(1,2)* — mrga™*-continuous if the
inverse image of every (1,2)* — a-closed V of Y is (1,2)* — mga**-closed in X.

Theorem 3.18. For a function f : X — Y, the following implications hold. (1,2)*—mga™*-
irresolute — pre-(1,2)* — mga™*-continuous — (1,2)* — mga**-continuous.

However, the converse of the above are not always true as the following example shows.

Example 3.19. Let X =Y = {a,b,c,d}, let f: X — Y be the indentity map. 7={¢,
X, {av C}’ {C’ d}’ {a" G, d}}’ T2:{¢a X, {CL}, {d}7 {a7 d}}7 01:{¢v Y, {a}v {C}v {a’ C}’ {av ¢ d}}’ 02:{¢v
X,{a,b,d}}. Then fis (1,2)* —rga*™*-continuous, but not pre-(1,2)* —rga**-continuous. Since
f~1({d}) = {d} is not (1,2)* — mrga**-closed in X.

Example 3.20. Let X =Y = {a,b,¢,d}, m={¢, X, {a,c},{c,d}, {a,c,d}}, n={0, X, {a},
{b},{a,b}}, o1={0,Y,{b},{a,b}}, 02={0, X, {a},{a,b,d}}. Define a map f : X — Y by
fla) = b, f(b) = ¢, f(c) = d, f(d) = a. Then f is pre-(1,2)* — wga**-continuous, but not
(1,2)* — mga**-irresolute. Since Since f~!({a,d},{b,d},{a,b,d}) = {c,d},{a,c},{a,c,d} are
not (1,2)* — rga**-closed in X.
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§1. Introduction

T. M. Nour introduced slightly semi-continuous functions during the year 1995. After him
T. Noiri and G. I. Ghae further studied slightly semi-continuous functions on 2000. During
2001 T. Noiri individually studied slightly g—continuous functions. C. W. Baker introduced
slightly precontinuous functions. Erdal Ekici and M. Caldas studied slightly ~y—continuous
functions. Arse Nagli Uresin and others studied slightly d—continuous functions. Recently S.
Balasubramanian and P. A. S. Vyjayanth studied slightly v—continuous functions. Inspired with
these developements we introduce in this paper a new vairety of slightly continuous functions
called slightly gpr—continuous function and study its basic properties; interrelation with other
type of such functions available in the literature. Throughout the paper a space X means a

topological space (X, 7).

82. Preliminaries

Definition 2.1. A C X is called

(i) r-closed if A = AD,

(i) g-closed [resp: rg-closed] if A C U, whenever A C U and U is open in X.

(iii) gp-closed [resp: gpr-closed] if p(A) C U, whenever A C U and U is open [resp:
regular-open] in X.

(iv) ag-closed if a(A) C U, whenever A C U and U is open in X.

Note 1. We have the following interrelation among different closed sets.
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closed — g-closed — ag-closed — gp-closed — gpr-closed

AN /

regular-closed — — rg-closed

none is reversible

Definition 2.2. A function f: X — Y is said to be

(i) nearly-continuous if inverse image of each open set is regular-open.

(ii) nearly-irresolute if inverse image of each regular-open set is regular-open.

(iil) weakly continuous [resp: weakly nearly-continuous; weakly pre-continuous] if for each
x € X and each open set (V, f(x)), there exists an open[resp: regular-open; preopen] set (U, ) 2
flU)CV.

(iv) slightly continuous [resp: slightly semi-continuous; slightly pre-continuous; slightly
[—continuous; slightly ~v—continuous; slightly a—continuous; slightly r-continuous; slightly
v—continuous; slightly g-continuous; slightly sg-continuous; slightly pg-continuous; slightly
(Bg—continuous; slightly vg—continuous; slightly a.g—continuous; slightly rg-continuous; slightly
vg—continuous] at # € X if for each clopen subset V in Y containing f(z),3U € 7(X)[3U €
SO(X);3U € PO(X);3U € O(X);3U € vO(X);3U € aO(X);3U € RO(X); U € vO(X); 3
UeGO(X);AU € SGO(X); U € PGO(X); U € BGO(X); U € vGO(X); U € aGO(X);3
U € RGO(X);3U € vGO(X);] containing x such that fU) C V.

(v) slightly continuous [resp: slightly semi-continuous; slightly pre-continuous; slightly
[—continuous; slightly ~vy—continuous; slightly a—continuous; slightly r-continuous; slightly
v—continuous; slightly g-continuous; slightly sg-continuous; slightly pg-continuous; slightly
(Bg—continuous; slightly yvg—continuous; slightly ag—continuous; slightly rg-continuous; slightly
vg—continuous] if it is slightly-continuous [resp:slightly semi-continuous; slightly pre-continuous;
slightly G—continuous; slightly y—continuous; slightly a—continuous; slightly r-continuous;
slightly v—continuous; slightly g-continuous; slightly sg-continuous; slightly pg-continuous;
slightly Sg—continuous; slightly vg—continuous; slightly a.g—continuous; slightly rg-continuous;
slightly vg—continuous| at each =z € X.

Definition 2.3. X is said to be a

(i) compact [resp: nearly-compact; pre-compact; mildly-compact] space if every open [resp:
regular-open; preopen; clopen| cover has a finite subcover.

(ii) countably-compact [resp: countably-nearly-compact; countably-pre-compact; mildly-
countably compact| space if every countable open [resp: regular-open; preopen; clopen| cover
has a finite subcover.

(iil) closed-compact [resp: closed-nearly-compact; closed-pre-compact] space if every closed
[resp: regular-closed; preclosed] cover has a finite subcover.

(iv) Lindeloff [resp: nearly-Lindeloff; pre-Lindeloff; mildly-Lindeloff] space if every open
[resp: regular-open; preopen; clopen] cover has a countable subcover.

(v) Extremally pre-disconnected [briefly e.p.d] if the preclosure of each preopen set is
preopen.

Definition 2.4. X is said to be a

(i) Ultra T, space if for each z # y € X3U € CO(X) containing either x or y.
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(ii) Ultra Ty space if for each z # y € X3U,V € CO(X) such that z € U — V and
yeV -U.

(iii) Ultra Ty space if for each z # y € X3U,V € CO(X) such that z € U; y € V and
Unv =a¢.

Note 2. CO(U,z) represents U is a clopen set containing x. Similarly we can write
GPRO(X, x).

§3. Slightly gpr—continuous functions

Definition 3.1. A function f: X — Y is said to be

(i) slightly gpr—continuous at z € X if for each V € CO(Y, f(z)),3U € GPRO(X,z) >
.

(ii) slightly gpr—continuous function if it is slightly gpr—continuous at each z € X.

Note 3. Here after we call slightly gpr—continuous function as sl.gpr.c function shortly.

Example 3.1. X =Y ={a,b,c};7 = {¢,{a}, {b},{a,b}, X} and o0 = {¢, {a}, {b,c}, Y }.

(i) Let f defined by fla) = ¢; f(b) = a; and f(c) = b; is sl.gpr.c.

(ii) Let fis identity function, then f is not sl.gpr.c.

Example 3.2. X =Y = {a,b,c};7 = {¢,{a},{a,b}, X} and 0 = {¢, {a}, {b,c},Y}. Let f
is identity function, then f is sl.gpr.c.

Theorem 3.1. The following are equivalent.

(i) fis sl.gpr.c.

(ii) £ 1 (V) is gpr—open for every clopen set V in Y.

(iii) f~1(V) is gpr—closed for every clopen set V in Y.

(iv) fgpr(A)) C gpr(f(A)).

Corollary 3.1. The following are equivalent.

(i) fis sl.gpr.c.

(ii) For each x € X and each clopen subset V' € (Y, f(x))3U € GPRO(X,z) 3 fU) C V.

Theorem 3.2. Let ¥ = {U; : i € I} be any cover of X by regular open sets in X. A
function fis sl.gpr.c. iff f/y, : is sl.gpr.c., for each i € I.

Proof. Let i € I be an arbitrarily fixed index and U; € RO(X). Let = € U; and
V € CO(Y, fy,(x)). Since fis sl.gpr.c., 3U € GPRO(X,z) > f(U) C V. Since U; € RO(X), by
Lemma 2.1 z € UNU; € GPRO(U;) and (f,y,)UNU; = AUNU;) C fU) C V. Hence fy, is
sl.gpr.c.

Conversely Let z € X and V € CO(Y,f(z)), 3i € I > x € U;. Since f, is sl.gpr.c,
U € GPRO(U;,x) 3 f;y,(U) C V. By Lemma 2.1, U € GPRO(X) and f(U) C V. Hence fis
sl.gpr.c.

Theorem 3.3. (i) If fis gpr—irresolute and g is sl.gpr.c.[sl.c.], then go fis sl.gpr.c.

(i) If fis gpr—irresolute and g is gpr.c., then go fis sl.gpr.c.

(iii) If fis gpr—continuous and g is sl.c., then go fis sl.gpr.c.

(iv) If fis rg-continuous and g is sl.gpr.c. [sl.c.], then go fis sl.gpr.c.

Theorem 3.4. If fis gpr—irresolute, gpr—open and GPRO(X) = 7 and g be any function,
then go f: X — Z is sl.gpr.c. iff ¢ is sl.gpr.c.
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Proof. If part: Theorem 3.3 (i). Only if part: Let A be clopen subset of Z. Then
(go H7Y(A) is a gpr—open subset of Xand hence open in X [by assumption]. Since f is
gpr—open f(gof)~L(A) is gpr—open Y = g~1(A) is gpr—open in Y. Thus g : Y — Z is sl.gpr.c.

Corollary 3.2. If fis gpr—irresolute, gpr—open and bijective, ¢ is a function. Then g is
sl.gpr.c. iff go fis sl.gpr.c.

Theorem 3.5. If g: X — X x Y, defined by g(z) = (x, f(x))Vx € X be the graph function
of f: X =Y. Then gis sl.gpr.ciff fis sl.gpr.c.

Proof. Let V € CO(Y), then X x V is clopen in X x Y. Since g is sl.gpr.c., f (V) =
fH(X x V) € GPRO(X). Thus fis sl.gpr.c.

Conversely, let x € X and F be a clopen subset of X XY containing g(x). Then FN({z}xY)
is clopen in {z} x Y containing g(x). Also {} x Y is homeomorphic to Y. Hence {y € Y :
(z,y) € F} is clopen subset of Y. Since fis sl.gpr.c. U{f '(y) : (z,y) € F} is gpr—open in X.
Further z € J{f *(y) : (z,y) € F} C g~ *(F). Hence g~(F) is gpr—open. Thus g is sl.gpr.c.

Theorem 3.6. (i) If f: X — IIY), is sl.gpr.c, then Py o f: X — Y, is sl.gpr.c for each
A € A, where Py is the projection of I1Y) onto Y.

(i) f: TIX) — IIY) is sl.gpr.c, iff f : Xx — Y, is sl.gpr.c for each A € A.

Remark 1. (i) Composition of two sl.gpr.c functions is not in general sl.gpr.c.

(ii) Algebraic sum and product of sl.gpr.c functions is not in general sl.gpr.c.

(iii) The pointwise limit of a sequence of sl.gpr.c functions is not in general sl.gpr.c.

Example 3.3. Let X =Y =[0,1]. Let f, : X — Y is defined as follows f,(z) = =z, for
n=1,2,3,..., then fdefined by fle) =0if 0 <2 <1 and flz) =1 if z = 1. Therefore each f,
is sl.gpr.c but f is not sl.gpr.c. For (%, 1] is clopen in Y, but fl((%, 1]) = {1} is not gpr—open
in X.

However we can prove the following:

Theorem 3.7. The uniform limit of a sequence of sl.gpr.c functions is sl.gpr.c.

Note 4. Pasting lemma is not true for sl.gpr.c functions. However we have the following
weaker versions.

Theorem 3.8. Let X and Y be topological spaces such that X = AUB and let f/A tA—-Y
and g,p : B — Y are sl.r.c maps such that f(x) = g(x) Yz € AN B. Suppose A and B are
r-open sets in X and RO(X) is closed under finite unions, then the combination o : X — Y is
sl.gpr.c continuous.

Theorem 3.9. Pasting lemma Let X and Y be spaces such that X = AU B and let
frar A=Y and g/ : B — Y are sl.gpr.c maps such that flz) = g(z) Vo € AN B. Suppose
A, B are r-open sets in X and GPRO(X) is closed under finite unions, then the combination
a: X —Yis sl.gpr.c.

Proof. Let F € CO(Y), then o '(F) = fY(F)U g~ '(F), where f'(F) € GPRO(A)
and ¢~ (F) € GPRO(B) = f ' (F); g '(F) € GPRO(X) = f "(F)Ug ' (F) € GPRO(X) |by
assumption]. Therefore a=1(F) € GPRO(X). Hence o : X — Y is sl.gpr.c.

Theorem 3.10. (i) If f is sl.rg.c, then f is sl.gpr.c.

(ii) If f is sl.gp.c, then f is sl.gpr.c.

(iii) If f is sl.ag.c, then f is sl.gpr.c.

(iv) If f is sl.g.c, then f is sl.gpr.c.
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(v) If f is sl.c, then f is sl.gpr.c.

(vi) If f is sl.r.c, then f is sl.gpr.c.

Note 5. From Definition 3.1 and Note 1 we have the following implication diagram for
closed maps.

closed map — g-closed map — ag-closed map — gp-closed map — gpr-closed map

AN /

regular-closed map — —— rg-closed map

none is reversible

Note 6. Converse implication is true if GPRO(X) = RO(X).

Theorem 3.11. If f is sl.gpr.c., from a discrete space X into a e.p.d space Y, then f is
W.p.C.

Example 3.4. In Example 3.1(ii) above [ is sl.v.g.c; sl.sg.c; sl.gs.c; sl.ra.c; sl.v.c; sls.c.
and sl.3.c; but not sl.g.c; sl.rg.c; sl.gr.c; sl.pg.c; sl.gp.c; sl.gpr.c; sl.ga.c; sl.ag.c; sl.rga.c; sl.r.c;
sl.p.c; sl.a.c; and sl.c;

Example 3.5. In Example 3.2 above f is sl.ra.c; and sl.gpr.c; but not sl.v.g.c; sl.sg.c;
sl.gs.c; sl.v.c; sl.s.c; sl.B.c; sl.g.c; sl.rg.c; sl.gr.c; sl.pg.c; sl.gp.c; sl.ga.c; sl.ag.c; sl.rga.c; sl.r.c;
sl.p.c; sl.a.c; and sl.c.

84. Covering and separation properties of sl.gpr.c. func-

tions

Theorem 4.1. If fis sl.gpr.c.[resp: sl.rg.c] surjection and X is gpr—compact, then Y is
compact.

Proof. Let {G; : i € I} be any open cover for Y. Then each G, is open in Y and hence
each G is clopen in Y. Since fis slgpr.c., f1(G;) is gpr—open in X. Thus {f *(G;)} forms
a gpr—open cover for X and hence have a finite subcover, since X is gpr—compact. Since f is
surjection, Y = f(X) = |J!_; G;. Therefore Y is compact.

Corollary 4.1. If fis slv.c.[resp: slr.c] surjection and X is gpr—compact, then Y is
compact.

Theorem 4.2. If fis sl.gpr.c., surjection and X is gpr—compact [gpr—lindeloff] then Y is
mildly compact [mildly lindeloff].

Proof. Let {U; : i € I} be clopen cover for Y. For each z € X,3a, € I 3 f(z) € U,,
and 3V, € GPRO(X,z) > fiV,) C U,,. Since the family {V; : i € I} is a cover of X by
gpr—open sets of X, there exists a finite subset Iy of I 3 X C {V, : & € Iy}. Therefore
Y cU{(Ve):z€lp} CU{Ua, : © € Ip}. Hence Y is mildly compact.

Corollary 4.2. (i) If fis sl.rg.c [resp: sl.g.c.; sl.r.c] surjection and X is gpr—compact
[gpr—lindeloff] then Y is mildly compact [mildly lindeloff].

(ii) If fis sl.gpr.c.[resp: sl.rg.c; sl.g.c.; sl.r.c] surjection and X is locally gpr—compact{resp:g
pr—Lindeloff; locally gpr—lindeloff}, then Y is locally compact{resp: Lindeloff; locally linde-
loft}.
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(iii) If fis sl.gpr.c., surjection and X is semi-compact [semi-lindeloff] then Y is mildly
compact [mildly lindeloft].

(iv) If fis sl.gpr.c., surjection and X is f—compact [S—lindeloff] then Y is mildly compact
[mildly lindeloff].

(v) If fis sl.gpr.c.[sl.r.c.], surjection and X is locally gpr—compact{resp: gpr—Ilindeloff;
locally gpr—lindeloff} then Y is locally mildly compact{resp: locally mildly lindeloff}.

Theorem 4.3. If fis sl.gpr.c., surjection and X is s-closed then Y is mildly compact
[mildly lindeloff].

Proof. Let {V; : V; € CO(Y);i € I} be a cover of Y, then {f *(V;) : i € I} is gpr—open
cover of X [by Thm 3.1] and so there is finite subset Iy of I, such that {f *(V;) : i € Iy} covers
X. Therefore {(V;) : i € Iy} covers Y since [ is surjection. Hence Y is mildly compact.

Corollary 4.3. If fis sl.rg.c [resp: sl.g.c.; sl.r.c.] surjection and X is s-closed then Y is
mildly compact [mildly lindeloft].

Theorem 4.3. If fissl.gpr.c.,[resp: sl.rg.c.; sl.g.c.; sl.r.c.] surjection and X is gpr—connecte
-d, then Y is connected.

Proof. If Y is disconnected, then Y = AU B where A and B are disjoint clopen sets in Y.
Since f is sl.gpr.c. surjection, X = f (V) = f*(A) U f Y(B) where f}(A) f*(B) are disjoint
gpr—open sets in X, which is a contradiction for X is gpr—connected. Hence Y is connected.

Corollary 4.4. The inverse image of a disconnected space under a sl.gpr.c.,[resp: sl.rg.c.;
sl.g.c.; sl.r.c.] surjection is gpr—disconnected.

Theorem 4.4. If fis sl.gpr.c.[resp: sl.rg.c.; sl.g.c.], injection and Y is UT;, then X is gpr;,
i=0,1,2.

Proof. Let 21 # x2 € X. Then f(1) # flxe) € Y since f is injective. For Y is UT>3V; €
CO(Y) 3 f(x;) € V; and NV; = ¢ for j = 1,2. By Theorem 3.1, z; € f'(V;) € GPRO(X) for
j=1,2and Nf (V) = ¢ for j = 1,2. Thus X is v — g.

Theorem 4.5. If fis sl.gpr.c.[resp: sl.rg.c.; sl.g.c.], injection; closed and Y is UT;, then X
is gprg;, 1 = 3,4.

Proof. (i) Let x € X and F be disjoint closed subset of X not containing x, then f(x)
and f(F') are disjoint closed subset of Y, since f is closed and injection. Since Y is ultraregular,
f(z) and f(F) are separated by disjoint clopen sets U and V respectively. Hence z € f~(U);
FCfiv), i) Y(v) e GPRO(X) and f~Y(U)N f~(V) = ¢. Thus X is gprgs.

(ii) Let F; and f(F}) are disjoint closed subsets of X and Y respectively for j = 1,2, since
f is closed and injection. For Y is ultranormal, f(F;) are separated by disjoint clopen sets V;
respectively for j = 1,2. Hence F; C f*(V;) and f*(V;) € GPRO(X) and Nf~1(V;) = ¢ for
7 =1,2. Thus X is gprg.

Theorem 4.6. If fis sl.gpr.c.[resp: sl.rg.c.; sl.g.c.], injection and

(i) Y is UC;[resp: UD;] then X is gprC;[resp: gprD;], i =0,1,2.

(ii) Y is UR;, then X is gpr — R;, i =0, 1.

Theorem 4.7. If fis sl.gpr.c.[resp: sl.rg.c.; sl.g.c; sl.r.c] and Y is UTs, then the graph
G(f) of f is gpr—closed in the product space X x Y.

Proof. Let (z1,22) € G(f) = y # f(x) = 3 disjoint clopen sets V and W 3> flz) € V
and ye W. Since f is sl.gpr.c., 3U € GPRO(X) > x € U and f(U) C W. Therefore (z,y) €
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UxV CXxY —G(f). Hence G(f) is gpr—closed in X x Y.

Theorem 4.8. If fis sl.gpr.c.[resp: slrg.c.; sl.g.c; slr.c] and Y is UTs, then A =
{(z1,z2)|f(x1) = flw2)} is gpr—closed in the product space X x X.

Proof. If (z1,22) € X x X — A, then flz1) # f(xe) = I disjoint V; € CO(Y) 3 flz;) € V},
and since f is sl.gpr.c., f'(V;) € GPRO(X,x;) for each j = 1,2. Thus (z1,22) € f (V1) x
F1(Va) € GPRO(X x X) and f (V1) x f1(Va) € X x X — A. Hence A is gpr—closed.

Theorem 4.9. If fis sl.r.c.[resp: sl.c.]; ¢ is sl.gpr.c.[resp: sl.rg.c; sl.g.c|; and Y is UTs,
then F = {x € X : flx) = g(z)} is gpr—closed in X.

Conclusion

In this paper we defined slightly-gpr—continuous functions, studied its properties and their

interrelations with other types of slightly-continuous functions.
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81. Introduction

In decision making process sometimes domination concept may not be necessary to have
the consent of all but a majority opinion will do. In any democratic set up, the party which
has majority of seats is given the opportunity to rule the state. All these lead to the concept
of Majority Domination.

By a graph G = (V, E) [l we mean a finite undirected graph without loops or multiple
edges. The open neighborhood of v is defined to be the set of vertices adjacent to v in G, and
is denoted as N(v). Further, the closed neighborhood of v is defined by N[v] = N(v) U {v}.
The closed neighborhood of a set of vertices S is denoted as N[s] = UsesN]s].

Definition 1.1.14) A subset S C V of vertices in a graph G = (V, E) is called a Majority
Dominating Set if at least half of the vertices of V' are either in S or adjacent to elements of S.
(i e) |N[S > [61].

A majority dominating set S is minimal if no proper subset of S is a majority dominating
set. The minimum cardinality of a minimal majority dominating set is called the majority
domination number and is denoted by vy (G). The maximum cardinality of a minimal majority

dominating set is denoted by I'p/(G). Also, Majority dominating sets have super hereditary
property.
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Example 1.1.

U1 U3 V4 Ug V11 V15

- v
(%) Vs v’[)7 Vg V10 V12 V14 16
L v1r

Ve * V13

In this graph G, the following are some minimal majority dominating sets.

Dy = {vs,v12}, D2 = {va,v7,v9}, D3 = {v1,v10,v15}, D4 = {v1,v8,v11,v16} and D5 =
{v1,vs8,v11,v13,v17} with cardinality |D;| = 2, |Ds| = 3 = |Ds|, |D4| = 4 and |D5| = 5.
vum(G) =2 and T'y(G) = 5.

Majority Domination Number of Graphs

Proposition 1.1.14 Let G = Ky, Kpn,m <n,Kyp,_1,Dys, F, and W,. Then vy (G) = 1.

Proposition 1.2.14 Let G = C), p > 3. Then vy/(G) = [2].

Corollary 1.3. Let G = P,, p > 2. Then v (G) = [£].

Theorem 1.4. Let C be a caterpillar with exactly one pendent edge at each internal

vertex, p > 5. Then vy (C) = [£].

Theorem 1.5. Let C be a caterpillar of order p with exactly k pendent edges at each
internal vertex. Then v/ (C) = [m—‘

Proof. Since vy (C) > for any graph G, A(G) = k + 2 where k denotes the
gl

p
2(k+3)—‘

number of pendents at each vertex of the spine. Therefore vy (C) > [ﬁ—‘

Let D = {u17u2,u3,...,u( - )]}, such that N[w;] N Nlu;| = ¢ for u;,u; € D,i # j. This
2(k+3

is possible since we can choose the middle vertices of disjoint sets of three consecutive vertices

starting from the left most pendent vertex on the spine. Therefore |[N[D]| = (k + 3) [

Then

D
2(k+3)_"

L if p=0(mod2(k + 3))
P45tk if p=1(mod 2(k + 3))
LT Ry if p=2 d2(k+3
VD] = 24+2+ if p=2(mod 2(k +3))
%4_% if p=2(k+3)— 1(mod 2(k + 3)).

Hence D is a majority dominating set of C'. Therefore vy (C) < |D| = [2(%;3)]

Hence 17 (C) = {ﬁ]
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§2. Characterisation of minimal majority dominating sets

Theorem 2.1. Let S be a majority dominating set of G. Then S is minimal if and only

if for every v € S either condition (i) or (ii) holds.
(i) [N[S]| > [] and |pn[v, S]| > [N[S]| — [§].
(ii) [N[S]| = [&] and either v is an isolate of S or pn[v, S]N (V — S) # ¢.

Proof. Suppose that |[N[S]| > [E]. Let v € S. Since S is minimal majority dominating
set, S — {v} is not a majority dominating set. Therefore |[N[S —v]| < [§]. But [N[S —v]| =
IN[S]| = |pn[v, S]]....... (1). It implies that |N[S]| — |pn[v, S]| < [£]. Thus condition (i) holds.

Let |N[S]| = [£]. Suppose that v is neither an isolate of S nor has a private neighbor
in (V —5). That is, pn[v,S] = ¢. Then |N[S — v]| = |N[S]| — |pn[v,S]| = |[N[S]| = [g},
which implies S — {v} is a majority dominating set, a contradiction to that S is minimal. Thus
condition (ii) holds.

Conversely, let S be a majority dominating set and suppose that (i) or (ii) holds. If S is
not a minimal majority dominating set, then |[N[S — v]| > [£] for some v € S. Then by (1),
IN[S]| = |pn[v, S]| > [E&]. Therefore |pn[v, S]| < |N[S]| — [E], a contradiction to condition (i)
for some v € S.

Next, Similarly if [N[S — v]| > [Z] for some v € S implies that [N[S]| — |pn[v, S]| > [2].
Then by (1), N[S]| > |pn[v,S]| + [E]. If v is an isolate of S, then v € pn[v,S]. Therefore
lpn[v, S]] = 1. If pnfv, S]N (V — S) # ¢ then also |pn[v,S]| > 1. Hence |N[S]| > [5] + 1, a
contradiction to condition (ii) for some v € S. Thus S is a minimal majority dominating set.

Theorem 2.2.Y Let G be a graph of order p. Let G # K,, when p is odd. If S is a
minimal majority dominating set then (V —S) is a majority dominating set.

Theorem 2.3. Let G = (V, E) be any graph. Then vy (G) < {@—‘

Proof. Let D be a « set of G. Then |N[D]| = V(G). Let D = Dy U Dy, where |Dq| =
[4€2], D] = [ 22| Now, N[D] = (N[Dy] — N[Ds)) U N[D,]. That is, [N[D]| = [N[Dy] -
N[D;]|U|N[D]|. Then either [N[D1]—N[Dy]| > [&] or [N[Ds]| > [5]. If IN[D5]| > [%], then
D; is a majority dominating set. If [N[D1] — N[Ds]| > [§], then [N[D1]| > [%]. That implies,
D, is a majority dominating set. Therefore yp/(G) < |Dq| = {@—‘ or v (G) < |Do| =
V(TG)J Hence vy (G) < [@—I

Construction 2.4. In fact, the difference between (G) and v (G) can be made very
large. For every integer k > 0, there exists a graph G such that {%G)—‘ —vu(G) = k.

Proof. Let G be the graph obtained from K ar42 by dividing each edge exactly once.
Then (G) =2k + 2 and v (G) = 1.

Theorem 2.5. y,/(G) = v(G) if and only if G has a full degree vertex.

Proof. Assume that y3/(G) = v(G). Suppose A(G) # p — 1, then v(G) # 1. Let D be
a y-set of G. Then |D| > 2. Let D = D; U Dy where Dy # ¢ and Dy # ¢, D1 N Dy = ¢.
Since [N[D]| = p, [N[D1]| > [E]| or |[N[D5]| > [2]. Hence D; or D, is a majority dominating
set. =  Yu(G) < |D1| or ya(G) < |Dsl. Since Dy # ¢ and Dy # ¢, vi(G) < |D| = v(G), a
contradiction. Hence A(G) = p — 1. The converse is obvious.
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§3. Some results for v,,(G)

Proposition 3.1.[4 Let G be any graph with p vertices. Then vy;(G) = 1 if and only if
there exists a vertex of degree > {ﬂ - 1.

Theorem 3.2.[4 Let G be a graph of order p and G ;é K,. Then 1 < vy (G) < L%J

Proposition 3.3. v,,(G) = [5-‘ if and only if G = K, p > 3.

Theorem 3.4. For any graph G,

() [sachres | < (@),

(i) 1e(G) < [ 2] — A(G) i AG) < [2] -

(iil) ypm (G) =1 < {%(G)—‘ if A(G) > [51 — 1. The bounds are sharp.

Proof. (i) Let D = {vi,v2,v3,...,v,,,} be a yp-set. Then

|<Zd +m (G

veD

[J < IN[D]| <Y AG) +7m(G) =y (G)(A(G) +1).
veD

Since vy (G) is an integer, var(G) > [W—‘.

(ii) Let A(G) < [E] — 1. Let v be a vertex of maximum degree A(G). Let S be a subset
of V(@) containing v such that SN N(v) = ¢ and |S| = PV(G”—‘ A(G).
dominating set of cardinality [5] — A(G). Hence 7 (G) < [5] — A(G).

(iii) Let A(G) > [2] —1. Then yp(G) = 1. Since A(G) < (p—1), p—A(G) > 1. Therefore
[%(G)] > 1=yu(G).

For G = C7, G = K1 -1 and G = Pg, the bounds are sharp.

Theorem 3.5.14 Let G be a graph without isolates. Then vy (G) < [2].

Theorem 3.6. Let G be a connected graph with §(G) > 2 and order p > 3. Then
v (G) = {ﬂ if and only if G = C3,C4,C7,Cs, Ky or K4 —e.

Proof. Let v (G) = [E]. Let §(G) > 2

Case (i): If A(G) > (%] — 1, then y3/(G) = 1. Then vy (G) = [%] =1, therefore p = 3
or 4. Since G is connected and §(G) > 2, G = C3 or Cy or K4 or Ky —e.

Case (ii): Let A(G) < [5] — 1. Then by Theorem 3.4, 7(G) < [5] — A(G). Let a
vertex v such that d(v) > 3. Then the vertex v is with a vertex u of degree 2 in G — N[v], v,u

Then S is a majority

dominates 6 points. For dominating {§—| — 6 points, it requires atmost [%] — 3 points. Therefore
|D| = [%] =3+ 2. Then v (G) < [5] — 1, a contradiction. Hence d(v) < 2 for all v € V(G).
Since G has no pendent vertices, d(v) = 2 for all v € V(G). Therefore G is a cycle. For Cp,
vy (G) = {%1. Therefore, ya(G) = [2] if and only if p=3,4 or p=7,8. Hence G = Cy,Cr
or Csg.
The converse is obvious.

Corollary 3.7. Let G be a connected graph with §(G) = 2, p is even, p > 4 and
(@) = [Z2]. Then i (GH) = [22].

Proposition 3.8. Let G be a connected graph with §(G) = 1 and order p = 4n+ 2. Then
Y (G) = {%‘ if and only if G = Ks.
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Proof. Let vy/(G) = [2]. Since vu(G) < [@—‘7 {@—‘ > [2]. Since [B] =n + 1,

{@—‘ > n+1. It implies that v(G) > 2n+1 = §. But v(G) < §. Therefore v(G) = £. Hence
G = H™ for some connected graph H. Let A(G) > 3. Since O(G) is even, O(G) > 4. Since
O(G) =4n+2,0(G) > 6. Then O(H) = 2n+1 > 3. Take any set S of n vertices of H. Since H
is connected, |Ng[S]| > n+ 1. It implies that |Ng+[S]| > 2n+ 1. Hence v (G) < |S| = n. But
v:m(G) = n + 1, a contradiction. Therefore O(G) < 6. It gives that O(G) =2 = G = Ks.
The converse is obvious.

Theorem 3.9. For any connected graph G with p vertices p > 2, vy (G) = p — k(G),
where k(@) is a vertex connectivity of G if and only if G is a complete graph of order p.

Proof. Let vy(G) = p — k(G). Let u be a vertex such that d(u) = A(G) = |N(u)|.
Since N[V (G) — N(u)] = V(G), (V(G) — N(u)) is a majority dominating set of G. Therefore
(V(G) — N(u)) € D(G), D(G) is the set of all majority dominating sets of G. Hence vy (G) <
|[V(G)—N(u)| = p—A(G). Then by hypothesis, p—x(G) < p—A(G). This implies k(G) > A(G).
Since k(G) < §(G) < A(G), k(G) =0(G) = A(G). Therefore G is regular say s-regular.

Let u be any vertex of k-regular graph G. Then (x + 1) vertices are dominated by w. If
(k+1) < [5] then ({u}US) is a majority dominating set where S is a set of [£]—(k+1) vertices
disjoint from N[u]. Therefore vps(G) < 1+ [E] — (k + 1). By hypothesis, (p — k) < [E] — &
which is a absurd result. Hence (k+1) > [%] and (k + 1) vertices are dominated by only one
vertex u. Therefore v (G) =1=p—k and kK = p— 1. Thus G is a complete graph of order p.
The converse part is obvious.

Corollary 3.10. For any connected graph G with p vertices p > 2, v (G) = p — A(G),
where A(G) is a edge connectivity of G if and only if G is a complete graph of order p.

Theorem 3.11. For any tree T, vy (T) + A(T) = p if and only if T is a star.

Proof. Let vy (T) + A(T) = p. Let v € V(T) such that d(v) = A(T). If A(T) < [5] -1,
then by theorem (3.4), var(T) < [5] — A(T) and yi(T) + A(T) < [5], a contradiction.
Therefore A(T) > [£] — 1. In this case yp(T) = 1. It implies that A(T') = p — 1. Hence T is
a star. The converse is obvious.

Proposition 3.12. Given any two positive integers r, p with r < (ﬂ , there exists a graph
G with vy (G) = r and |V(G)| = p.

Proof. Let p =4r +1, ¢ > 0. Let G = K, 11, U @ —-1)K; U |£|Ki. Then
V(G)= [5]+2+(2r—1)2+|%] =4r+t. Let D = {vy,v2,...,0, }, where vy is the center of the
star Kl,[g]ﬂ’ Vg, ..., Uy are the centers of (r—1) stars which are Ky’s. [N[D]| = 2r+[t] = [2].
Then D is a majority dominating set and v (G) < r. If D’ is a set with (r — 1) vertices then
IN[D']| < 2r + [£] — 2 < [%]. Therefore no subset of V(G) with (r — 1) vertices is a majority
dominating set. It implies that vas(G) > r.

Hence vy (G) = .
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Abstract In this article, the author defines the generalized difference double paranormed
sequence spaces w? (M, A", p,q), w2 (M,A",p,q) and w2 (M, A", p,q) defined over a semi-
normed sequence space (X, q), where A" is generalized difference operator. The author also
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81. Introduction

Let I, ¢ and ¢, be the Banach spaces of bounded, convergent and null sequences x = ()
with the usual norm ||z|| = supy, |2zx|. Kizmaz ' introduced the notion of difference sequence

spaces as follows:
X(A)={x=(zr): (Azg) € X}

for X = I, ¢ and ¢,. Later on, the notion was generalized by Et and Colak °! as follows:
X (A™) ={z=(zx): (A™xp) € X}

for X =l, c and ¢,, where A™x = (A™xy) = (Amflzk - Am’lxkﬂ), A% = 2 and also this

generalized difference notion has the following binomial representation:

m
A"z = Z (—1)i (T) T4, for all k€ N.

i=0

Subsequently, difference sequence spaces were studied by Esi [, Esi and Tripathy [5],
Tripathy et.al '3 and many others.

An Orlicz function M is a function M : [0,00) — [0,00), which is continuous, convex,
nondecreasing function define for > 0 such that M(0) = 0, M(z) > 0 and M () — oo as
x — oo. If convexity of Orlicz function is replaced by M(x 4+ y) < M (z) + M (y) then this
function is called the modulus function and characterized by Ruckle [!7). An Orlicz function M
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is said to satisfy Ag—condition for all values u, if there exists K > 0 such that M (2u) < KM (u),
u > 0.
Remark 1.1. An Orlicz function satisfies the inequality M (Ax) < AM (z) for all A with
0< A<
Lindenstrauss and Tzafriri 'Y used the idea of Orlicz function to construct the sequence
space
- ||
Iy = : M| — | < oo, fors >0,
M (zk) ,; < . ) 0o, for some 7
which is a Banach space normed by

@)l :inf{r >0 iM ("’;"') < 1}.

k=1

The space [ is closely related to the space l,, which is an Orlicz sequence space with
M (x) = |z|?, for 1 < p < oo.

In the later stage different Orlicz sequence spaces were introduced and studied by Tripathy
and Mahanta 121, Esi 2 Esi and Et B!, Parashar and Choudhary % and many others.

Let w? denote the set of all double sequences of complex numbers. By the convergence of
a double sequence we mean the convergence on the Pringsheim sense that is, a double sequence
x = (x,;) has Pringsheim limit L (denoted by P — lima = L) provided that given ¢ > 0
there exists N € N such that |zj; — L| < ¢ whenever k,l > N 7. We shall describe such an
x = (zk,) more briefly as “P—convergent” . We shall denote the space of all P—convergent
sequences by ¢2. The double sequence z = () is bounded if and only if there exists a positive
number M such that |z ;| < M for all k¥ and . We shall denote all bounded double sequences
by 12,.

§2. Definitions and results

In this presentation our goal is to extend a few results known in the literature from ordinary
(single) difference sequences to difference double sequences. Some studies on double sequence
spaces can be found in 8-10.

Definition 2.1. Let M be an Orlicz function and p = (px,;) be a factorable double
sequence of strictly positive real numbers. Let X be a seminormed space over the complex
field C with the seminorm ¢. We now define the following new generalized difference sequence

spaces:
B m.on AT — L Pk,
w? (M, A", p,q) = {x = (zy) € w?: P —lim (mn) " Z {M (W)] =0,
" k=11=1

for some p > 0 and L} ,

2 r 2 . Ny q (Amzp ) \ 17
ws (M,A",p,q) =< x = (zx,) € w*: P—lim(mn) ZZ M| ——= =0,

k=11=1 p

for some p > 0} ,
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and

mon Pkl
go (M7 A", p, Q) = {$ = (Jfk,l) cw?: Sup mn -1 Z { (xk,l))] < 0,

m,n k=11=1

for some p > O} )

-1 -1 -1 -1 1
where A"z = (Arl‘k,g) = (AT Tp,1 — A" Thi+1 — A" Tpt1, + A" $Ic+1,l+l) R (A xk’l) =
(Azgy) = (Tky — This1 — Thi1,g + Tht10+1), A%z = (21,) and also this generalized difference

double notion has the following binomial representation [6!:

=S50 ()

=0 j=0

Some double spaces are obtained by specializing M, p, ¢ and r. Here are some examples:

@) U M(x)=a,7r=0,py; =1forall k,l € N, and ¢g(x) = |z|, then we obtain ordinary

2

2 2
double sequence spaces w*, w; and wZ,

(ii) If M(x) = x, r = 0 and ¢(x) = |z|, then we obtain new double sequence spaces as
follows:
w? (p) = {:17 = (zpy) €w?: P —lim (mn) ™" ZZ |z, — L))" =0, for some L}
o k=11=1
wg(p)z {xZ(xk,l) cw?: P—hm (mn) 122 (|zxa]) p’” = },
k=1 1=1
and
wgo(p):{x:(mk,l)EwQ: sup (mn) IZ :ckl|p’°’l<oo}.
o k=1 1=
(iii) If r = 0 and ¢(z) = |z|, then we obtain new double sequence spaces as follows:
) B B - . o m n |5Ek,l o L| Pk, B
w” (M,p) =z = (zg,1) € w*: P—lim(mn) ZZ M|————- =0,
o k=11=1 P
for some p > 0 and L} ,
2 2 . SINAY |zl \ 17
w D) =T = (Tgy) €W : — lim (mn =0,
2(M,p) (o) € w? s P—Tim (mn)™ 303 | r (125 0
o k=11=1 P
for some p > 0} ,
and
2 _ _ 2. IV |zra \ 17
w5, (M,p) =< = = (x,;) € w :sup (mn) ZZ M - < 00, for some p >0 .
mn k=11=1

(iv) If r = 1 and g(z) = ||, then we obtain new double sequence spaces as follows:

2 2 . -1 7 |A$kl—L| Pk,
w* (M,A,p) =< z=(x,;) € w : P—lim(mn) ZZ LY R i —0,

p
for some p > 0 and L} ,
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wi(M,A,p):{x:(xk,l)EwQ: P—hm (mn) 122[ (

k=11=1

for some p > 0} ,

and
e |Azy |\ 17
w2 (M,A,p) =S = (21,): sup(mn) Z { ( )] < o0, for some p >0,
mn k=11=1

where (Azp) = (Thy — Thi41 — Tht1,l + Thop1,i41)-

§3. Main results

Theorem 3.1. Let p = (px,;) be bounded. The classes of w? (M, A", p, q), w? (M, A", p,q)
and w2, (M, A", p, q) are linear spaces over the complex field C.

Proof. We give the proof only w2 (M, A", p,q). The others can be treated similarly. Let
z = (z1),y = (yr1) € w2 (M, A", p,q). Then we have

1 m n r Q(Arﬁﬂk,l) q Pkl
sup (mn) Z Z M| ——= < 00, for some p; >0 (1)
mn k=11=1 " P1 .
and
i [ Q(Arykl))_pk’l
sup (mn) M| —= < 00, for some ps >0 2
sup () Y3 [ar (1700 2 ®

b
Il
_

-~

=1t

Let o, 8 € C be scalars and p = max (2 || p1,2]5] p2). Since M is non-decreasing convex

o () (52
ol (r )] fu ()],

where D = max (1,2H), H = supy, ; pr < oo. Now, from (1) and (2), we have

sup (mn)~! zm: zn: [M <q (am (&931;),1 + ﬂm,z)))]m < o0,

function, we have

[M (q (Ar (Oéxk’éz + ﬁyk,l)))]pk’l

IN

Therefore ax + By € w2, (M, A", p,q). Hence w2, (M, Ar,p, q) is a linear space.
Theorem 3.2. The double sequence spaces w?(M,A",p,q), w?(M,A",p,q) and

w2, (M, A", p,q) are seminormed spaces, seminormed by
Arl‘k,l
[ ((zr1)) Zq Tk, +Zq x1) +inf<p>0: SUPM T <1l,.
k=1 1=1

Proof. Since ¢ is a seminorm, so we have f ((z,)) > 0 for all z = (x,); f (6?) =0 and
F((Azky)) = |A f ((zg,)) for all scalars .
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Now, let © = (2x,), ¥ = (yx.1) € w2 (M, A", p,q). Then there exist p1, p2 > 0 such that

AT
k,l P1

AT
sup M <q (ykl)> <1
k,l P2

Let p = p1 + p2. Then we have,
A" A"

(o (2228)) < (2 (o (222

k,l p p1tp2) ki P1

+ ( p1 ) sup M

P1tp2) kil

f (@r) + () Zq Tk,1 + Yk,1) +Z (10 + Y1)
=1

AT’
+inf{pp1+p2>0:supM<q(w>) gl}
k.l

A'I’
<Zq Tk, +Zq Ty —i—mf{p1>0 supM< ( x“))gl}

and

Since p1, p2 > 0, so we have,

k=1 4!
+Zq Yk,1 +ZCI Y1, +1nf{p2>0 SUPM( (Nykl>>§1}
k=1 =1 P2
=f (1) + f ((yka)) -

Therefore f is a seminorm.

Theorem 3.3. Let (X,q) be a complete seminormed space. Then the spaces
w? (M, A", p,q), w2 (M,A",p,q) and w2, (M,A",p,q) are complete seminormed spaces semi-
normed by f.

Proof. We prove the theorem for the space w? (M, A", p,q). The other cases can be
establish following similar technique. Let 2° = (xk l) be a Cauchy sequence in w2 (M, A", p,q).
Let € > 0 be given and for » > 0, choose x, fixed such that M (%) > 1 and there exists
m, € N such that

. . £
f ((:ﬂ}cl -, l)) < —, for all 4,5 > m,.
' TTo
By definition of seminorm, we have

r ) r ) AT{Ei _ Arl.j
ZQ(%J)—FZQ(%{J)+inf{p>0: supM(q <M>> §1}<
k=1 1=1 kil

P

(3)

Txo

This shows that ¢ (m}“) and ¢ (x]”> (k,1 < r) are Cauchy sequences in (X, q). Since (X, q) is
complete, so there exists zy,1,21,; € X such that

lim ¢ (zk 1) = x)1 and hm q (a:l l) =z, (k,l1<m).

17— 00
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Now from (3), we have
AT (3321 - xfcl)

RY(CIRER)

- ..
a(am (o —af,)) £ 500 =5, forall i = m.
o

TZo

M o
2

§1§M( ),foralli,jZmo. (4)

This implies

So, q (AT (le)) is a Cauchy sequence in (X, ¢). Since (X, ¢) is complete, there exists zj; € X

such that lim; A" (mfcl) =y, forall k,I € N. Since M is continuous, so for ¢ > m,, on taking

limit as j — oo, we have from (4),

AT (x;c,l) — hmj—>oo Arzi,l AT (zz’l) — Ty
M|q <1=Mlg| —22 )| <1
p p

On taking the infimum of such p’s, we have
f ((3321 - l’k,z)) < g, for all i > m,.

Thus (3321 — xw) € w2 (M,A",p,q) . By linearity of the space w2 (M, A", p,q), we have for
all i > m,,
(wr) = (2hy) — (@), — 21,) € Wl (M, A7, p,q).

Thus w? (M, A", p,q) is a complete space.

Proposition 3.4. (a) w? (M,A",p,q) C w2, (M,A",p,q),

(b) w3 (M,A",p,q) C wi, (M, A", p,q).

The inclusions are strict.

Proof. It is easy, so omitted.

To show that the inclusions are strict, consider the following example.

Example 3.5. Let M(z) =P, p > 1, r = 1,q(x) = |z|, px; = 2 for all k, | € N and
consider the double sequence

0, if k+11is odd;
Tkl =
k, otherwise.

Then

- 2k +1, if k+1is even;
A Tkl =
—2k —1, otherwise.

Here z = (zx,;) € w2 (M, A", p,q), but = (z,) ¢ w? (M, A", p,q).

Theorem 3.6. The double spaces w? (M, A", p,q) and w2 (M, A", p, q) are nowhere dense
subsets of w2, (M, A", p,q) .

Proof. The proof is obvious in view of Theorem 3.3 and Proposition 3.4.

Theorem 3.7. Let r > 1, then for all 0 < i < r, 22 (M, Al p, q) C 22 (M, A", p,q), where

2?2 = w?, w? and w2, . The inclusions are strict.



Vol. 7 Some new generalized difference double sequence spaces via Orlicz functions 65

Proof. We establish it for only w? (M, AT p, q) C w2 (M,A",p,q). Let z = (zx,) €
w? (M, AT p, q). Then

p

m n Q(Ar_ll‘kl) Pk,1
P —lim (mn)~" Z Z M| ——= =0, for some p > 0. (5)

’ k=11=1 P
and
m n (AT 1 ) Pr+1,1+1
th(mn)IZZlM< )] =0
" k=11=1 P
Now for
ATz = (A"apy) = (A apy — A e — AT e+ A e 4)

we have

Pk,

st o (o (352 ””’”)H(N (B ()

<o (o (% 2”““))}” (]
P b))

o {fimtar (o (S5 )] o (o (B )]
+{(mn)_1M<q(Ar 1xkl+1>) Phit1 { )1M<q(w>)rmm}

from which it follows that z = (zx;) € w?(M,A",p,q) and hence w? ( M,A™1 p, q) C
w2 (M, A", p,q). On applying the principle of induction, it follows that w? (M Al p, ) C
w2 (M, A", p,q) for i =0,1,2,....,r — 1. The proof for the rest cases are similar. To show that
the inclusions are strict, consider the following example.

Example 3.8. Let M(z) = 2P, r = 1, q(z) = |z|, pxy = 1 for all k odd and for all
! € N and p; = 2 otherwise. Consider the sequence © = (zy,) defined by z),; = k + 1 for
all k,1 € N. We have A"z, = 0 for all k,l € N. Hence z = (z,;) € w2 (M,A,p,q) but
x = (zx1) € wi (M, p,q).

Theorem 3.9. (a) If 0 < infy; pr; < pry < 1, then 22 (M, A", p,q) C 22 (M, A", q),
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(b) If 1 < pry < supy; pey < 00, then 22 (M, A", q) C 2% (M, A""* p,q), where Z? = w?,
w2 and w%
Proof. The first part of the result follows from the inequality

(52 s [0

k=11=1 k=11=1

and the second part of the result follows from the inequality

S [M <q (ATW)) < ) 3OS e <q (Amm,l)> |

Pkl

p p

Theorem 3.10. Let M; and M5 be Orlicz functions satisfying As—condition. If § =

limy o0 M%(t) > 1, then 22 (My, A", p,q) = 2% (My o My, A", p, q), where 2? = w?, w? and w2,

Proof. We prove it for 22 = w? and the other cases will follows on applying similar

techniques. Let z = (x3,) € w? (M1, A", p,q), then

Let 0 < e <1 and § with 0 < § < 1 such that Ms (t) < e for 0 <t < ¢. Let

A"z
oo (22)

(Mo (ype,) "5 = [M ()P + [Ma (yr,n)]P* (6)

where the first term is over y,; < ¢ and the second is over yj; > 6. From the first term in (6),

and consider

using the Remark
[MQ (yk,l)]pk‘l < [MQ (2)]H [(yk,l)]pk’l' (7)
On the other hand, we use the fact that

Ykl ykl
<= <1 —
Yk, 5 + 5

Since M5 is non-decreasing and convex, it follows that

1 1 9
M (yr,1) < Ms (1 + ygl) < 5]\42 2) + §M2 ( Zigkl) '

Since M, satisfies As—condition, we have

1 1
My (yr1) < iKyg’l M; (2) + iKy’;’ M, (2) = Ky’;’l M, (2).

Hence, from the second term in (6)
(M3 (yx,))"™™" < max (1, (KM, (2) 5*1)’1) (o)) ®)

By (7) and (8), taking limit in the Pringsheim sense, we have z = (z;) € w2 (Ma o My, A", p,q).
Observe that in this part of the proof we did not need 8 > 1. Now, let § > 1 and =z =
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(vky) € w2 (Mq,A",p,q). Since 3 > 1 we have My (t) > Bt for all t > 0. It follows
that © = (z) € w2 (Myo My, A", p,q) implies x = (z,;) € w2 (M1,A",p,q). This implies
wg (My o My, A", p,q) = wj (M, A", p,q).

Theorem 3.11. Let M, M; and M be Orlicz functions, ¢, ¢; and g be seminorms. Then

(i) 22 (M1, A", p,q) N 2% (Ma, A", p,q) C 22 (M + Mo, A", p, q).

(ii) 2° (M, A", p,q1) N 2> (M, A", p,q) C 2* (M, A7, p,q1 + g2).

(iii) If q; is stronger than g, then 2% (M, A", p,q1) C 2% (M, A", p, q2), where 22 2

= w?, w?
and w2,

Proof. (i) We establish it for only 2% = w?. The rest cases are similar. Let x = (zy,;) €
w2 (M1, A", p,q) Nw? (Ma, A", p,q). Then

e q(Amz)\ 17!
P — hm (mn) Z Z —_ =0, for some p; > 0,

P1

k=11=1
ol Ar Pkl
P —lim (mn)~! Z Z [ (Mﬂ =0, for some p2 > 0.
m,n 2
k=11=1

Let p = max (p1, p2). The result follows from the following inequality

oo (5] <o (T2 e (0 (52)) )

The proofs of (ii) and (iii) follow obviously.

The proof of the following result is also routine work.

Proposition 3.12. For any modulus function, if ¢; = (equivalent to) g¢o, then
22 (M, A" p,q1) = 22 (M, A", p, q2), where 22 = w?, w? and w2,
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81. Introduction

In 1966, K. Iseki introduced the notion of a BCI-algebras which is a generalization of BCK-
algebras. He defined a BCl-algebra as an algebra (X, *,0) of type (2,0) satisfying the following
conditions:

(BCI1) ((xxy)*(x*x2))*(2xy) =0, (BCI2) (x* (z*y))*xy =0, (BCI3) xxxz =0, (BCI 4)
zxy=0=yx*zx imply x =y, (BCL5) %0 =0 imply x =0, for all z,y,z € X. If (BCI 5) is
replaced by (BCI 6) Oxa = 0 for all z € X, the algebra (X, *,0) is called BCK-algebra. In 1983,
Hu and Li introduced the notion of a BCH-algebras which is a generalization of the notions
of BCK-algebra and BCl-algebras. They have studied a few properties of these algebras and
defined a BCH-algebra as an algebra (X, ,0) of type (2,0) satisfying the following conditions:
(BCH1) z+x2=0,(BCH2) (z*xy)*xz=(z*x2z)xy, (BCH3) zxy=0=yxzimply z =y,
for all z,y,z € X. In 1999 Ahn and Kim introduced the notion of a QS-algebras. They defined
a QQS-algebra as an algebra (X, *,0) of type (2,0) satisfying the following conditions: (QS 1)
xxx =0, (QS2) z+x0 =1, (QS3) (z*xy)*xz = (xx2)*y, (QS4) (z*xy)*(zxz)) = (zxy), for all
x,y,z € X. They presented some properties of QS-algebras and G-part of QS-algebras. In 2007,
A. Walendziak introduced the notion of a BF-algebras, ideal and a normal ideal in BF-algebras.
He defined a BF-algebra as an algebra (X, *,0) of type (2,0) satisfying the following conditions:
(BF 1) zxxz =0, (BF 2) xx0 =2, (BF 3) 0% (x*xy) = yx*x, for all x,y,z € X. He also studied
the properties and characterizations of them. In 2010, Megalai and Tamilarasi introduced the
notion of a TM-algebra which is a generalization of BCK/BCI/BCH-algebras and the several
results are presented. They defined a TM-algebra by a TM-algebra is an algebra (X, x,0) of
type (2,0) satisfying the following conditions: (TM 1) %0 =z, (TM 2) (x*y)* (x*z) = z*y,
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for any z,y,z € X.
In this paper, we introduce a new algebraic structure, called SU-algebra and a concept
of ideal in SU-algebra. We also describe connections between such ideals and congruences.

Moreover, the relations of SU-algebra and the other algebra structure are investigated.

§2. The structure of SU-algebra

Definition 2.1. A SU-algebra is an algebra (X, *,0) of type (2,0) satisfying the following
conditions:

(1) (@)% (@5 2) * (y#2) =0,

(2) zx0 ==z,

(3) if x *y = 0 imply = =y,
for all z,y,2z € X.

From now on, X denotes a SU-algebra (X, *,0) and a binary operation will be denoted by
juxtaposition.

Example 2.2. Let X = {0, 1,2, 3} be a set in which operation * is defined by the following:

*10 1 2 3
0j0 1 2 3
111 0 3 2
212 3 0 1
313 2 1 0

Then X is a SU-algebra.
Theorem 2.3. Let X be a SU-algebra. Then the following results hold for all z,y, z € X.

(

(2)

(3)

(4) ((zy)z)y =0,
(5) ((z2)(y2))(zy) = 0,

(6)

(7) xzy = z if and only if y = 0.

Proof. Let X be a SU-algebra and z,y,z € X.

(1) zz = (x)0 = ((«0)(x0))(00) = 0.

(2) Since (zy)(yz) = ((zy)0)(yx) = ((zy)(zz))(yz) =0
and (yz)(zy) = ((y2)0)(zy) = ((y2)(yy))(zy) = 0,2y = yx.
3)0z=20==z.

(4) ((y)x)y = ((zy)(x0))(y0) = 0.

(5) ((2)(y2))(zy) = ((22)(2y))(zy) = 0.

(6) Assume 2y = 0. Then (z2)(yz) = (27)(zy) = ((22)(2))(0) = ((22)(zy))(xy) = 0.
Conversely, let (zz)(yz) = 0. Then zy = (0)(zy) = ((x2)(y2))(zy) = 0.
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(7) Assume zy = z. Then y = (0)y = (zz)y = ((zy)z)y = 0.
Conversely, let y = 0. Since 0 = ((zy)z)y = ((xy)x)0 = (zy)z, 2y = x.

Theorem 2.4. Let X be a SU-algebra. A relation < on X is defined by x < y if zy = 0.
Then (X, <) is a partially ordered set.

Proof. Let X be a SU-algebra and let z,y,z € X. 1) Since zz = 0,z < x. 2) Suppose
that ¢ < y and y < 2. Then xy = 0 and yz = 0. By Definition 2.1 (3) , x = y. 3) Suppose
that # < y and y < z. Then zy = 0 and yz = 0. By Definition 2.1.(1), 0 = ((zy)(z2))(yz) =
(0(22))0 = 0(zz) = zz. Hence x < z. Thus (X, <) is a partially ordered set on X.

Theorem 2.5. Let X be a SU-algebra. Then the following results hold for all z,y, z € X.

(1) z <y if and only if y < z.

(2) £ <0 if and only if x = 0.

(3) if x <y, then 22 < yz.

Proof. Let X be a SU-algebra and z,y,z € X.

(1) Clearly, < y if and only if y < z.

(2) Suppose that < 0. Then 0 = 20 = . Conversely, let = 0. Then 0 = 00 = 0.
Hence z < 0.

(3) Let x < y. Then zy = 0. By Theorem 2.3 (6), (zz)(yz) = 0. Hence zz < yz.

Theorem 2.6. Let X be a SU-algebra. Then the following results hold for all z,y,z € X

(1) (zy)z = (z2)y.

(2) z(yz) = 2(yx).

(3) (zy)z = 2(y=).

Proof. Let X be a SU-algebra and z,y,z € X.

(1) Since ((z9)(@2))(y2) = 0, (zy)(z2) < y2.

By Theorem 2.5 (3), ((zy)(zz))u < (yz)u, for all u € X.

By Theorem 2.5 (1), (yz)u < ((xy)(xz))u.

We substitute zu for x, zz for z and ((xu)y)zu for u, then we have

ye)[(zw)y)zu] < [((@u)y)(@u)@2)][(@u)y)=d
< [(zu)(zz)](zu) (by Definition 2.1 (1) and Theorem 2.4.)
=0 (because zu = uz and Definition 2.1 (1)).

By Theorem 2.5 (2), [y(z2)][((zxu)y)zu] = 0. Thus y(zz) < ((zu)y)zu.

By Theorem 2.5 (1), ((zu)y)zu < y(zz).

We substitute z for u and xy for z, then we have

(@2)yll(zy)2] < y((zy)) = (2(z9))y = (zy)z)y = O (by Theorem 2.3 (4)).

By Theorem 2.5 (2), [(z2)y][(zy)z] = 0. Hence (zy)z = (x2)y.

(2) 2(yz) = (yz)z = (yx)z = 2(yz).

(3) (zy)z = (yx)z = (y2)o = x(yz).

Theorem 2.7. Let X be a SU-algebra. If 2z = yz, then x = y for all z,y, z € X.

Proof. Let X be a SU-algebra and let z,y,z € X.

Suppose that zz = yz. Then x = 20 = z(22) = (22)z = (y2)z = y(22) = y0 = y.

Theorem 2.8. Let X be a SU-algebra and @ € X. If ax = z for all z € X, then a = z.

Proof. Let X be a SU-algebra, a € X and ax = x for all z € X. Since ax = ¢ = Ox,
a = z (by theorem 2.7).
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§3. Ideal and congruences in SU-algebra

Definition 3.1. Let X be a SU-algebra. A nonempty subset I of X is called an ideal of
X if it satisfies the following properties :

(1)oel.

(2)if (xy)z €l and y € I for all z,y,z € X, then zz € I.

Clearly, X and {0} are ideals of X.

Example 3.2. Let X be a SU-algebra as defined in example 2.2. If A = {0, 1}, then A is
an ideal of X. If B = {0, 1,2}, then B is not an ideal of X because (1%1)*2=0%x2=2¢€ B
but 12 =3¢ B.

Theorem 3.3. Let X be a SU-algebra and I be an ideal of X. Then

()ifzye T andy eI thenz eI for all z, y € X.

(2)ifzyeTandx €I, theny eI forall z, y € X.

Proof. Let X be a SU-algebra and I be an ideal of X.

(1) Let zy € I and y € I. Since (zy)0 =2y € [ and y € I, = 20 € I (by definition 3.1).

(2) It is immediately followed by (1) and Theorem 2.3 (2).

Theorem 3.4. Let X be a SU-algebra and A; be ideal of X for i = 1,2,--- ,n. Then

n

ﬂ A; is an ideal of X.

i=1

Proof. Let X be a SU-algebra and A; be ideal of X for i =1,2,--- ,n. Clearly, 0 € ﬂ A;.
i=1

Let z,y,z € X be such that (zy)z € ﬂ A; and y € ﬂ A;. Then (zy)z € A; and y € A, for all
i=1 i=1
i=1,2,--- ,n. Since A; is an ideal, zz € A; for all i = 1,2,--- ,n. Thus xz € m A;. Hence
i=1

() Ai is a ideal of X.
i=1
Definition 3.5. Let X be a SU-algebra. A nonempty subset S of X is called a SU-

subalgebra of X if xy € S for all z,y € S.

Theorem 3.6. Let X be a SU-algebra and I be an ideal of X. Then I is a SU-subalgebra
of X.

Proof. Let X be a SU-algebra and I be an ideal of X. Let x,y € I. By Theorem 2.3
(4), ((xy)x)y = 0 € 1. Since I is an ideal and z € I, (xy)y € I. Since I is an ideal and
yel, zyel

Definition 3.7. Let X be a SU-algebra and I be an ideal of X. A relation ~ on X is
defined by = ~ y if and only if xy € I.

Theorem 3.8. Let X be a SU-algebra and I be an ideal of X. Then ~ is a congruence
on X.

Proof. A reflexive property and a symmetric property are obvious. Let z,y,z € X.
Suppose that  ~ y and y ~ z. Then zy € I and yz € I. Since ((x2)(zy))(zy) =0 € I and I
is an ideal, (zz)(yz) = (x22)(zy) € I. By Theorem 3.3 (1), xz € I. Thus « ~ z. Hence ~ is an
equivalent relation.
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Next, let x,y,u,v € X be such that x ~ u and y ~ v. Then xu € [ and yv € I. Thus
ur € I and vy € I. Since ((zy)(zv))(yv) = 0 € I and Theorem 3.3 (1) , (zy)(zv) € I.
Hence zy ~ av. Since ((uv)(ux))(ve) = 0 € I and Definition 3.1 (2), (uv)(vz) € I. Since
ve = zv, (w)(va) = (wv)(av). Hence (uv)(zv) € I and so zv ~ uv. Thus zy ~ wv. Hence ~
is a congruence on X.

Let X be a SU-algebra, I be an ideal of X and ~ be a congruence relation on X. For
any € X, we define [z]; = {y € X|z ~ y} = {y € X|zy € I}. Then we say that [z]; is an
equivalence class containing x.

Example 3.9. Let X be a SU-algebra as defined in example 2.2. It is easy to show that
I ={0,1} is an ideal of X, then [0]; = {0,1}, [1]; = {0,1}, [2]; = {2.3}, [3]; = {2,3}.

Remarks 3.10. Let X be a SU-algebra. Then

1.z €lz]y foral z € X,

2. [0]; = {z € X|0 ~ z} is an ideal of X.

Theorem 3.11. Let X be a SU-algebra, I be an ideal of X and ~ be a congruence relation
on X. Then [z]; = [y]; if and only if x ~y for all z, y € X .

Proof. Let [x]; = [y];. Since y € [y]1, y € [z];. Hence z ~ y. Conversely Let  ~ y. Then
y ~ x. Let z € [z];. Then x ~ z. Since y ~ z and = ~ z,y ~ z. Hence z € [y];. Similarly, let
w € [y]r. Then w € [z];. Therefore [z]r = [y]r.

The family {[z];|z € X} gives a partition of X which is denoted by X/I. For x,y € X we
define [x]7[y]r = [zy];. The following theorem show that X/I is a SU-algebra.

Theorem 3.12. Let X be a SU-algebra and I be an ideal of X. Then X/I is a SU-algebra.

Proof. Let [z]1, [y]5, [2]r € X/I.

(1) ([e]rlyl ) (elrl=z10))(yli[2]r) = ([wyli[z2]0)[yz]r = [((zy)(22))(y2)]r = [0]1-

(2) [2]:[0]7 = [x0]; = [=]1.

(3) Suppose that [z];]y
Hence zy € [0];. Since [0]7 is an ideal, x ~y. Hence [z]; = [y];. Thus X/I is a SU-algebra.

Ir = [0]z. Then [zy]; = [0]; = [yz];. Since zy € [zy];,0 ~ zy.

84. Classification of a SU- Algebra

In this section, we investigated the relations between SU-algebra and the other algebras
such as BCI-algebra, TM-algebra, BCH-algebra, QS-algebra and BF-algebra.

Theorem 4.1. Let X be a SU-algebra. Then X is a BCl-algebra.

Proof. Let X be a SU-algebra and z,y,z € X. Since zy = yz, ((ay)(zz))(zy) =
((zy)(zz))(yz) = 0. Since 20 = z and Oy = y, (z(zy))y = ((z0)(zy))(0y) = 0. By Theo-
rem 2.3 (1) , zz = 0. Suppose that xy = yx = 0. Then = = y (by Definition 2.1 (3)). Hence X
is a BCl-algebra.

By theorem 4.1, every SU-algebra is a BCl-algebra but the following example show that
the converse is not true.

Example 4.2. Let X = {0,1,2,3} be a BCI-algebra in which operation * is defined by
the following:
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w N = O

w NN R OO
w N O O
N O W W N
S W NN W

Then X is not SU-algebra because (0% 1) % (0%2)) % (1%x2) = (0%0)*3=0%3=2#0.

Theorem 4.3. Let X be a BCl-algebra and zy = yx for all x;y € X. Then X is a
SU-algebra .

Proof. Let X be a BCl-algebra and yz = zy for all z,y € X. Let x,y,z € X. Then
((zy)(z2))(yz) = ((zy)(zz))(zy) = 0 ( by BCI 1). Since X is a BCl-algebra, 0 = z. Suppose
that zy = 0. Then yzr = xy = 0. Thus x = y. Hence X is a SU-algebra.

Theorem 4.4. Let X be a SU-algebra. Then X is a TM-algebra.

Proof. Let X be a SU-algebra and z,y, z € X. Then (zy)((zy)(z2)
= ((zy)(z2))(yz) = 0. Hence (zy)(zz) = zy. By definition 2.1.(2),
TM-algebra.

By theorem 4.4, every SU-algebra is a TM-algebra but the following example show that

((zy)(22))(2y)

):
20 = . Hence X is a

the converse is not true.
Example 4.5. Let X = {0,1,2,3} be a TM-algebra in which operation * is defined by
the following:

w N = O

w N o= OO
w N O O
O N W N
S W W N W

Then X is not SU-algebra because ((1+0)* (1%2)) % (0%2) = (1%x2)x3=2%x3=3#0.

Theorem 4.6. Let X be a TM-algebra and zy = yz, for all z,y € X. Then X is a
SU-algebra.

Proof. Let X be a TM-algebra and zy = yx for all z,y € X. Let z,y,z2 € X.
Then ((zy)(x2))(yz) = ((zy)(z2))(zy) (because yz = zy). By TM 2, (zy)(zz) = zy and so
((zy)(z2))(zy) = 0. Hence ((xy)(xz))(yz) =0. By TM 1, 20 = x. Suppose that xy = 0. Then
yr = xy = 0. Thus z = y (because X is a TM-algebra, vy = 0 = ya imply = = y). Hence X is
a SU-algebra.

Theorem 4.7. [ Megalai and Tamilarasi.(2010)]

(1) Let X be a TM-algebra. Then X is a BCH-algebra.

(2) Let X be a BCH-algebra and (zy)(zz) = zy for all x,y, z € X. Then X is a TM-algebra.

Corollary 4.8. Let X be a SU-algebra. Then X is a BCH-algebra.

Theorem 4.9. Let X be a BCH-algebra X and (ay)(yz) = (x2) for all 2,y,z € X. Then
X is a SU-algebra.
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Proof. Let X be a BCH-algebra and z,y, z € X be such that (zy)(yz) = (zz). Then
((zy)(y2))(xz) = 0. By BCH 2,((zy)(x2))(yz) = ((zy)(yz))(zz) . Hence ((zy)(z2))(yz) = 0.
Since X is a BCH-algebra, 0 = x Suppose that xy = 0. Then yz = zy = 0. Thus z =y (by
BCH 3). Hence X is a SU-algebra.

Theorem 4.10. Let X be a SU-algebra. Then X is a QS-algebra.

Proof. Let X be a SU-algebra and z,y, z € X. By Theorem 2.3 (1), zz = 0. By Definition
2.1 (2), 20 = z. By Theorem 2.6 (3), (zy)z = (zz)y. Since ((zy)(x2))(zy) =0, (zy)(zz) = (zy).
Hence X is a QS-algebra.

By Theorem 4.10, every SU-algebra is a QS-algebra but the following example show that
the converse is not true.

Example 4.11. Let X = {0, 1,2} be a QS-algebra in which operation * is defined by the
following:

Then X is not SU-algebra because 1 %2 =0 but 1 # 2.

Theorem 4.12. Let X be a QS-algebra and xy = yx for all z,y € X.

Then X is a SU-algebra.

Proof. Let X be a QS-algebra and zy = yx for all x,y € Xb. Let z,y,z € X. By QS
1 and QS 4, ((zy)(z2))(zy) = 0 . Hence ((zy)(xz))(yz) = 0 (because zy = yz). By QS 2,
20 = z. Since X is a QS-algebra, zy = 0 imply z = y. Hence X is a SU-algebra.

Theorem 4.13. Let X be a SU-algebra. Then X is a BF-algebra.

Proof. Let X be a SU-algebra and z,y,z € X. By Theorem 2.3 (1), zx = 0. By Definition
2.1 (2), 0 = z. By Theorem 2.3 (3), 0(xy) = 2y = yz. Hence X is a BF-algebra.

By theorem 4.13, every SU-algebra is a BF-algebra but the following example show that
the converse is not true.

Example 4.14. Let X = (R, *,0) be a BF-algebra where R be the set of real numbers
and operation * is defined by the following:

z if y=0
rxy=9q9 y if =0

0 otherwise.

Then X is not SU-algebra because 1 x2=0=2x%1 but 1 # 2.

Theorem 4.15. Let X be a BF-algebra satisfies

(1) (ey)(@2) = =,

(2) if zy = 0 imply = =y for all z,y,z € X.

Then X is a SU-algebra.

Proof. Let X be a BF-algebra and z,y, z € X satisfying (zy)(xz) = yz and zy = 0 imply
x =y. Since (zy)(xz) = yz, ((zy)(x2))(yz) = 0. By BF 2, 0 = z. Hence X is a SU-algebra.
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§1. Introduction

The concept of fuzzy sets was introduced by Zadeh 9. Atanassov [ introduced and
studied intuitionistic fuzzy sets. On the other hand, Cocker ! introduced the notions of
intuitionistic fuzzy topological space, intuitionistic fuzzy continuity and some other related
concepts. The concept of an intuitionistic fuzzy semi 6 continuity in an intuitionistic fuzzy
topological space was introduced and studied by I. M. Hanafy, A. M. ABD El. Aziz and T.

M. Salman [, G. Balasubramanian [

introducd and studied the concept of fuzzy Gy set.
M. Caldas, S. Jafari and T. Noiri [ were introduced the toplogical properties of g-border, g-
frontier and g-exterior of a set using the concept of g-open sets. In this paper we introduced
intuitionistic fuzzy regular Gy set, intuitionistic fuzzy regular Gs spaces, intuitionistic fuzzy
regular G5 border, intuitionistic fuzzy regular Gs frontier and intuitionistic fuzzy regular Gy
exterior. Besides many properties and basic results, properties related to sets and spaces are

established. Suitable examples are given wherever necessary.

§2. Preliminaries

Definition 2.1.[1 Let X be a non empty fixed set and I the closed interval [0,1]. An
intuitionistic fuzzy set (IFS), A is an object of the following form A = {(z, pa(z),va(x)) : 2 €
X}, where the mapping ps : X — I and y4 : X — I denote the degree of membership (namely
pa(z)) and the degree of non membership (namely y4(z)) for each element x € X to the set
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A respectively and 0 < py(x) + va(z) < 1 for each x € X. Obviously, every fuzzy set A on a
nonempty set X is an IFS of the following form A = {(x, pa(z),1 — pa(x)) : x € X}. For the
sake of simplicity, we shall use the symbol A = (z, pa(z),va(z)) for the intuitionistic fuzzy set
A= {(z, pa@),7a(2) 0 € X)}.

Definition 2.2.[) Let A and B be IFS’s of the form A = {(z, pa(z),va(z)) : € X} and
B = {{z,up(x),yp(x) :}x € X}. Then

(i) AC Bif and only if pa(z) < pup(z) and va(z) > vp(z).

(i) A = {{2,74(2), pa(e)) : € X}.

(i) AN B = {{z, pa(zx) A pp(x),va(x) V 18(2)) : 7 € X}.

(iv) AU B = {(z, pa(x) V pup(z),va(2) ANyp(2)) s 0 € X}

Definition 2.3.[Y) The IFSs 0. and 1. are defined by 0. = {(x,0,1) : x € X} and
1. = {{z,1,0) : z € X}.

Definition 2.4.05! An intuitionistic fuzzy topology (IFT) in Coker’s sense on a non empty
set X is a family 7 of IFSs in X satisfying the following axioms.

(T1) 0. 1. € 7.

(Ty) Gy NGy € 7 for any G1,G2 € T.

(T5) UG, € 7 for arbitrary family {G;/i € I} C 7.

In this paper by (X, 7) or simply by X we will denote the Cocker’s intuitionistic fuzzy
topological space (IFTS). Each IFSs in 7 is called an intuitionistic fuzzy open set (IFOS) in X.
The complement A of an IFOS A in X is called an intuitionistic fuzzy closed set (IFCS) in X.

Definition 2.5.0! Let A be an IFS in IFTS X. Then

int A=U{G/G is an IFOS in X and G C A} is called an intuitionistic fuzzy interior of A.

cl A=nN{G/G is an IFCS in X and G D A} is called an intuitionistic fuzzy closure of A.

Definition 2.6.5 Let (X, T) be a fuzzy topological space and A be a fuzzy set in X. X is
called fuzzy Gs set if A\ = /\zjfo \; where each \; € T.

The complement of a fuzzy Gy is a fuzzy F, set.

Proposition 2.1.5 For any IFS A4 in (X, 7) we have

(i) cl(A) = int(A).

(ii) int(A) = cl(A).

Definition 2.7.008] Let A be an IFS of an IFTS X. Then A is called an

(i) intuitionistic fuzzy regular open set (IFROS) if A = int(cl(A)).

(ii) intuitionistic fuzzy semi open set (IFSOS) if A C cl(int(A)).

(iil) intuitionistic fuzzy 3 open set (IFBO0S) if A C cl(int(cl(A))).

(iv) intuitionistic fuzzy preopen set (IFPOS) if A C int(cl(A)).

(v) intuitionistic fuzzy « open set (IFaOS) if A C int(cl(int(A))).

Definition 2.8.168 Let A be an IFS in IFTS. Then

(i) Bint(A) = U{G/G is an IFBOS in X and G C A} is called an intuitionistic fuzzy
(B-interior of A.

(ii) Bel(A) = N{G/G is an IFGCS in X and G D A} is called an intuitionistic fuzzy £
-closure of A.

(iil) ints(A) = U{G/G is an IFSOS in X and G C A} is called an intuitionistic fuzzy semi
interior of A.
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(iv) cs(A) = N{G/G is an IFCS in X and G D A} is called an intuitionistic fuzzy semi
closure of A.

Definition 2.9.% A fuzzy topological space (X, T) is said to be fuzzy § — Ty /2 space if
every gff-closed set in (X, T) is fuzzy closed in (X, T).

§3. Intuitionistic fuzzy regular G set and it’s properties

Definition 3.1. Let (X, T) be an intuitionistic fuzzy topological space. Let A = {(z, pa(x),
va(z)) : & € X} be an intuitionstic fuzzy set of an intuitionistic fuzzy topological space X.
Then A is said to be an intuitionistic fuzzy Gs set (inshort, IFGsS) if A =)
A; €T and A; = {(z, pa, (), v4,(x) s x € X)}.

The complement of an intuitionistic fuzzy Gs set is an intuitionistic fuzzy F, set (inshort,
IFE,S).

Definition 3.2. Let (X, T) be an intuitionistic fuzzy topological space. Let A = {{(z, pa(x),

;1 Ai where each

va(x)) : x € X} be an intuitionistic fuzzy set of an intuiionistic fuzzy topological space X. Then
intuitionistic fuzzy o closure of an intuitionistic fuzzy set A is denoted and defined by

IFcl,(A) =N { K/K = {{z, ux(z), vk (x)) : « € X} is an intuitionistic fuzzy F, set in X
and A C K}.

Remark 3.1. Every intuitionistic fuzzy closed set is an intuitionistic fuzzy F, set.

Definition 3.3. Let (X, T) be an intuitionistic fuzzy topological space. Let A = {(z, pa(z),
va(z)) : © € X} be an intuitionistic fuzzy set of an intuiionistic fuzzy topological space X. Then
intuitionistic fuzzy o interior of an intuitionistic fuzzy set A is denoted and defined by

IFint,(A) = U{ G/G = {(z, uc(x),v¢(z)) : * € X} is an intuitionistic fuzzy G5 set in
X and G C A}.

Remark 3.2. Every intuitionistic fuzzy open set is an intuitionistic fuzzy Gs set.

Definition 3.4. Let (X, T) be an intuitionistic fuzzy topological space. Let A = {(z, pa(x),
va(z)) : © € X} be an intuitionistic fuzzy set of an intuiionistic fuzzy topological space X. Then
intuitionistic fuzzy regular closure of an intuitionistic fuzzy set A is denoted and defined by:

IF rcl(A) = N { K/K = {{(z,ux(x),yx(x)) : « € X} is an intuitionistic fuzzy regular
closed set in X and A C K}.

Definition 3.5. Let (X, T') be an intuitionistic fuzzy topological space. Let A = {(z, pa(x),
va(z)) : © € X} be an intuitionistic fuzzy set of an intuiionistic fuzzy topological space X. Then
intuitionistic fuzzy regular interior of an intuitionistic fuzzy set A is denoted and defined by

IF rint(A) = U { G/G = {(z, pc(z),va(z)) : * € X} is an intuitionistic fuzzy regular
open set in X and G C A}.

Definition 3.6. Let (X, T) be an intuitionistic fuzzy topological space. Let A = {(z, pa(z),
va(x)) : x € X} be an intuitionistic fuzzy set of an intuiionistic fuzzy topological space X. Then
A is said to be an intuitionistic fuzzy regular G set (inshort, IFrG4S) if there is an intuitionistic
fuzzy regular open set U = {{z, py(x),vv(x)) : © € X} such that U C A C IFel,(U).

The complement of an intuitionistic fuzzy regular G set is said to be an intuitionistic fuzzy
regular F, set (inshort,I F'rF,S).
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Definition 3.7. Let (X, T) be an intuitionistic fuzzy topological space. Let A = {(z, pa(x),
va(z)) : © € X} be an intuitionistic fuzzy set of an intuiionistic fuzzy topological space X. Then
intuitionistic fuzzy regular Gy closure of an intuitionistic fuzzy set A is denoted and defined by
IFrGscl(A) =N { K/K = {{z,ux(x), vk (x)) : ® € X} is an intuitionistic fuzzy regular F, set
in X and A C K}.

Proposition 3.1. Let (X,T) be an intuiionistic fuzzy topological space. For any two
intuitionistic fuzzy sets A = {{z, pa(x),va(x)) : x € X} and B = {{z, up(z),v5(x)) : z € X}
of an intuitionistic fuzzy topological space (X, T), the following are valid.

(i) IFrGscl(0.) = 0..

(ii) If A C B then IFrGscl(A) C IFrGscl(B).

(iil) IFrGscl(IFrGscl(A)) = IFrGscl(A).

Definition 3.8. Let (X, T) be an intuitionistic fuzzy topological space. Let A = {(z, pa(x),
va(x)) : x € X} be an intuitionistic fuzzy set of an intuiionistic fuzzy topological space X. Then
intuitionistic fuzzy regular G interior of an intuitionistic fuzzy set A is denoted and defined by
IFGsint(A) = U { G/G = {{z,pc(x),ve(x)) : © € X} is an intuitionistic fuzzy regular Gs set
in X and G C A}.

Proposition 3.2. Let (X,T) be an intuiionistic fuzzy topological space. For any two
intuitionistic fuzzy sets A = {(z, pa(z),va(x)) : x € X} and B = {{z,up(z),v5(z)) : z € X}
of an intuitionistic fuzzy topological space (X, T'), the following are valid.

(i) If A is an intuitionistic fuzzy regular Gs then A = IFrGsint(A).

(ii) If A is an intuitionistic fuzy regular G, then IFrGsint(IFrGsint(A)) = IFrGsint(A).
(i) IFrGsint(A) = IFrGscl(A).

(iv) TFrGscl(A) = IFrGsint(A).

(v) If A C B then IFrGsint(A) C IFrGgint(B).

Remark 3.3. (i) Let A be an intuitionistic fuzzy set. Then

IFrint(A) C IFrGsint(A) C A C IFrGscl(A) C IFrcl(A).

il) IFrGscl(A) = A if and only if A is an intuitionistic fuzzy regular F, set.
iil) IFrGscl(1.) = 1.

iv) IFrGsint(0~.) = O~.

v) IFrGsint(1.) = 1.

Proposition 3.3. Let (X,T) be an intuiionistic fuzzy topological space. For any intu-

~~ o~~~

itionistic fuzzy set A = {(x, ua(z),va(x)) : x € X} of an intuitionistic fuzzy topological space
(X, T), the following statements are equivalent:

(i) A be an intuitionistic fuzzy regular G5 set.

(i) BC ACIFcl,(B) and A= ANIFcl,(B), for some intuitionistic fuzzy regular open
set Bin (X, T).

(iii) A C IFcl,(A), for any intuitionistic fuzzy set A in (X, T).

Proposition 3.4. Every intuitionistic fuzzy regular open set is an intuitionistic fuzzy
regular Gy set.

Remark 3.4. The converse of the Proposition 3.4 need not be true. See Example 3.1.



Vol. 7 A view on intuitionistic fuzzy regular Gs set 81

Example 3.1. Let X = {a,b} be a non empty set, A = (z,(%.55), (i%.5%5)) and

B = (z,(& 35) (7%5.5%))- Then the family 7' = { 0, 1., A, B} of intuitionistic fuzzy sets of

X is an intuitionistic fuzzy topology on X. Clearly (X, T) is an intuitionistic fuzzy topological

space.Here A and B are intuitionistic fuzzy regular open sets in (X,T"). Then,

<x’ (&7072)7 (ﬁ’OibG)) g <$7 (0%3’&)7 (Oizl’%» g <-T7 (&’Oiil)a (&’%»

Let C = (x, (0%“3,(%4), ((ﬁ,%». Clearly C' is an intuitionistic fuzzy regular G set, but it is not
an intuitionistic fuzzy regular open set. Hence intuitionistic fuzzy regular G; set need
not be an intuitionistic fuzzy regular open set.

Definition 3.9. Let (X, T') be an intuitionistic fuzzy topological space. Let A = {(z, pa(x),
va(z)) : © € X} be an intuitionistic fuzzy set of an intuiionistic fuzzy topological space X. Then
A is said to be an intuitionistic fuzzy regular semi open set (inshort,IFrSOS) if there is an intu-
itionistic fuzzy regular open set U = {(x, uu(z),vv(x)) : € X} such that U C A C IFcl(U).

The complement of an intuitionistic fuzzy regular semi open set is said to be an intuitionistic
fuzzy regular semi closed set (inshort, IFrSCS).

Definition 3.10. Let (X,T) be an intuitionistic fuzzy topological space. Let A =
{{z,pa(x),va(x)) : * € X} be an intuitionistic fuzzy set of an intuiionistic fuzzy topologi-
cal space X. Then A is said to be an intuitionistic fuzzy regular 8 open set (inshort, IFr30S)
if there is an intuitionistic fuzzy regular open set U = {{z, uy(z),vv(x)) : © € X} such that
UCACIFBU).

The complement of an intuitionistic fuzzy regular 3 open set is said to be an intuitionistic
fuzzy regular § closed set (inshort, IFr3CS).

Remark 3.5. Intuitionistic fuzzy regular G set and intuitionistic fuzzy regular semi open
set are independent to each other, as can be seen from the following Examples 3.2 and 3.3.

Example 3.2. Let X = {a,b} be a non empty set.

A:<x7([)(.173’07l?zi)7( .5)7(%’&»'

Then the family 7= { 0, 1., A, B} of intuionistic fuzzy sets is an intuitionistic fuzzy topology

;o)) and B = (z, (5,

on X. Clearly (X, T) is an intuitionistic fuzzy topological space. Here A and B are intuitionistic

fuzzy regular open sets in (X, T). Now,

(@, (550200 (5 6! € 4o (o5.00): (S0te)) € (o (a5.ck0)s (8o

‘0—
\@

)-

CAD
O
O
ot

Let C = (x, (%,0%)7 (&,&)} Here C is an intuitionistic fuzzy regular G5 set in (X, T).
Now CZS<<33’ (()(173707};4)7 (ﬁvoie))) = <x7 (oisa&) (0a5a06)> Then,

(@, (35 .2t0)s (53)) € (@ (55520 (81.88) € (o (5., (g ok

Clearly C is not an intuitionistic fuzzy regular semi open set in (X, 7). Hence intuitionistic

[=2]

fuzzy regular G;s set need not be an intuitionistic fuzzy regular semi open set.

Example 3.3. Let X = {a} be a non empty set.Consider the intuitionistic fuzzy sets
(An), n=0,1,2,3... as follows. We define the intuitionistic fuzzy sets A,, = {{z, pa, (z), 74, (x)) :
zreX,n=0,1,2,..} by

pa, (x) = Tong7 and va, () =1— TonTT-
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Then the family T = { 0, 1., A, : n = 0,1,2,...} of intuitionistic fuzzy sets in X is an
intuitionistic fuzzy topology on X. Clearly (X,T) is an intuitionistic fuzzy topological space.

Let A = (2, (5500008 ): (5099992
it is not an intuitionistic fuzzy regular Gs set in (X, T).

)) be an intuitionistic fuzzy regular semi open set in (X, T) but

Remark 3.6. Intuitionistic fuzzy regular Gy set and intuitionistic fuzzy regular 8 open
set are independent to each other, as can be seen from the Examples 3.4 and 3.5.
Example 3.4. Let X = {a,b} be a non empty set.

A= <$, (()(.17470%)’ (ﬁu)ibg» and B = <l‘, (ﬁa%% (ﬁ70i4)>

Then the family T'= { 0., 1., A, B } of intuitionistic fuzzy sets in X is an intuitionistic
fuzzy topology on X. Clearly (X,T) is an intuitionistic fuzzy topological space. Here A is an

intuitionistic fuzzy regular open set in (X,T'). Now,

(@ (g0:): (5.5 € (@ (5oaba)s () € o (sl (ke

Let C = (7, (¢%,5%). (7% ,5%)). Here C is an intuitionistic fuzzy regular Gs set in (X, T).

0.5°0.4 0.570.3
Now IFBel((z, (i&,): (% 25)) = (. (o). (5 ity))- Then,

Clearly C is not an intuitionistic fuzzy regular 3 open set in (X, T).
Hence intuitionistic fuzzy regular G5 set need not be an intuitionistic fuzzy regular
(3 open set.

Example 3.5. Let X = {a} be a non empty set.Consider the intuitionistic fuzzy sets
(An), n=0,1,2,3... as follows. We define the intuitionistic fuzzy sets 4,, = {{z, pa, (x), 74, ()) :
zreX,n=0,1,2,..} by

pa, (@) = 157 and 74, (2) = 1 — 5057

Then the family "= { 0~, 1,4, : n = 0,1,2,...} of intuitionistic fuzzy sets is an intuitionistic

fuzzy topology on X. Clearly (X,T') is an intuitionistic fuzzy topological space. Let A =

(, (5906008 )» (5996993 )) e an intuitionistic fuzzy regular 3 open set in (X,T) but it is not an
intuitionistic fuzzy regular Gs set in (X, T).

Definition 3.11. (X,T) be an intuitionistic fuzzy topological space and Y be any intu-
itionistic fuzzy subset of X. Then Ty = (A4/Y : A € T) is an intuitionistic fuzzy topological
space on Y and is called an induced or relative intuitionistic fuzzy topology. The pair (Y, Ty )
is called an intuitionistic fuzzy subspace of (X,T) : (Y,Ty) is called an intuitionistic fuzzy
open intuitionistic fuzzy closed intuitionistic fuzzy regular G intuitionistic fuzzy subspace if
the charecteristic function of (Y, Ty) viz xy is an intuitionistic fuzzy open / intuitionistic fuzzy
closed intuitionistic fuzzy regular Gy set respectively.

Proposition 3.5. Let (X,T) be an intuitionistic fuzzy topological space. Suppose Z C
Y C X and (Y,Ty) is an intuitionistic fuzzy regular G, intuitionistic fuzzy subspace of an
intuitonistic fuzzy topolgical space (X,T). If (Z,T7) is an intuitionistic fuzzy regular G,
intuitionistic fuzzy subspace in an intuitionistic fuzzy topological space (X,T') < (Z,Ty) is an
intuitionistic fuzzy regular Gy intuitionistic fuzzy subspace of an intuitionistic fuzzy topological
space (Y, Ty).
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Definition 3.12. An intuitionistic fuzzy topological space (X, T) is said to be intuitionistic
fuzzy regular G5 T /5 space if every intuitionistic fuzzy regular G set is an intuitionistic fuzzy
open set.

Definition 3.13. An intuitionistic fuzzy topological space (X,T) is said to be an intu-
itionistic fuzzy regular G5 S (resp. 3, a and pre) space, if every intuitionistic fuzzy regular G
set is an intuitionistic fuzzy semi (resp. 3, « and pre) open set.

Proposition 3.6. Every intuitionistic fuzzy regular G5 T /o space is an intuitionistic fuzzy
regular G5 S space.

Remark 3.7. The converse of the Proposition 3.6 need not be true. See Example 3.6.

Example 3.6. Let X = {a,b} be a non empty set.

A= (2, (g%:03) (¢408)) and B = (2, (t4,5%): (¢5:5%9))-

0.370.2 0.4°0.3

Then the family 7' = { 0., 1., A, B } of intuitionistic fuzzy sets in X is an intuitionistic fuzzy
topology on X. Clearly (X,T) is an intuitionistic fuzzy topological space. Here A and B are
intuitionistic fuzzy regular open sets in (X,T). Since every intuitionistic fuzzy regular G set
in (X, T) is an intuitionistic fuzzy semi open set, (X,T) is an intuitionistic fuzzy regular G5 S

space. Now, Let C = (x, (%,0%), (%0 %)) be any intuitionistic fuzzy set.

(@ (¢%5:03) (F%105)) € (2. (F5:92) (¢502)) € (= (3508 ): (63792)):

Now C' is an intuitionistic fuzzy regular Gs set in (X, T) but it is not an intuitionistic fuzzy
open set in (X,T). Hence (X,T) is not an intuitionistic fuzzy regular Gs T/, space. Thus
intuitionistic fuzzy regular G5 S space need not be an intuitionistic fuzzy regular
Gs Ty, space.

Proposition 3.7. Every intuitionistic fuzzy regular G T /o space is an intuitionistic fuzzy
regular G 3 space.

Remark 3.8. The converse of the Proposition 3.7 need not be true. See Example 3.7.

Example 3.7. Let X = {a,b} be a non empty set.

A= (2, (g%:03) (c%508)) and B = (2, (54,5%3): (¢4:52))-

0.3°0.2/°\0.5°0.3 0.4°0.3/1\0.4
Then the family T = { 0, 1., A, B} of intuitionistic fuzzy sets in X is an intuitionistic fuzzy
topology on X. Clearly (X,T) is an intuitionistic fuzzy topological space. Here A is an
intuitionistic fuzzy regular open set in (X, T). Since every intuitionistic fuzzy regular G set in
(X,T) is an intuitionistic fuzzy (8 open set, (X, T) is an intuitionistic fuzzy regular G5 (3 space.

Now, Let C' = (x (0a3,0b2) (0% %)) be any intuitionistic fuzzy set.

0
(o () (%)) € (@ (ol (.5 € (o () ()

Cleraly C is an intuitionistic fuzzy regular Gy set in (X, T') but it is not an intuitionistic fuzzy
open set in (X, 7). Hence (X,T) is not an intuitionistic fuzzy regular Gs T/, space. Thus
intuitionistic fuzzy regular G5 0 space need not be an intuitionistic fuzzy regular
Gs Ty, space.

Proposition 3.8. Every intuitionistic fuzzy regular G5 « space is an intuitionistic fuzzy
regular G5 S space.

Remark 3.9. The converse of the Proposition 3.8 need not be true. See Example 3.8.

Example 3.8. Let X = {a,b} be a non empty set.
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A= (z, (0?5>&)7 (ﬁvol})» and B = (z, (0%1’&)7 (ﬁ’ol.)s»'

Then the family T = { 0, 1, A, B} of intuitionistic fuzzy sets in X is an intuitionistic fuzzy
topology on X. Clearly (X,T) is an intuitionistic fuzzy topological space. Here A and B are
intuitionistic fuzzy regular open sets in (X,T). Since every intuitionistic fuzzy regular G set
in (X, T) is an intuitionistic fuzzy semi open set, (X, T) is an intuitionistic fuzzy regular G5 S
_a_ L) (& b
0.50.4/>\0.470.4
b b b b b b
(@, (5%02) (51705 € (@ (55:04) (53504 € (@ (55:05) (53704

Now C' is an intuitionistic fuzzy regular Gs set in (X,T) but it is not an intuitionistic fuzzy

space. Now, Let C' = (z, ( )) be any intuitionistic fuzzy set.

a open set in (X,T). Hence (X,T) is not an intuitionistic fuzzy regular G5 a space. Thus
intuitionistic fuzzy regular Gs S space need not be an intuitionistic fuzzy regular
G5 «a space.

Proposition 3.9. Every intuitionistic fuzzy regular Gs pre space is an intuitionistic fuzzy
regular G5 3 space.

Remark 3.10. The converse of the Proposition 3.9 need not be true. See Example 3.9.

Example 3.9. Let X = {a,b} be a non empty set.

A= (@, (3550 (Gian) and B = (& (F1.05) (595

Then the family 7' = { 0., 1., A, B} of intuitionistic fuzzy sets in X is an intuitionistic fuzzy
topology on X. Clearly (X,T) is an intuitionistic fuzzy topological space. Here A and B are
intuitionistic fuzzy regular open sets in (X, T). Since every intuitionistic fuzzy regular G set
in (X,T) is an intuitionistic fuzzy @ open set, (X,T) is an intuitionistic fuzzy regular G5 g

0%”5,0%), (0‘_’—4,%)) be any intuitionistic fuzzy set
(o, (520 (20) € (o (520 (S2)) € (o (52 ()

Clearly C is an intuitionistic fuzzy regular Gs set in (X,T') but it is not an intuitionistic fuzzy

space. Now, Let C = (z, (

pre open set in (X, T). Hence (X, T) is not an intuitionistic fuzzy regular G5 pre space. Thus
intuitionistic fuzzy regular G5 [ space need not be an intuitionistic fuzzy regular

G pre space.

84. Intuitionistic fuzzy regular Gs; border, intuitionistic
fuzzy regular G; frontier and Intuitionistic fuzzy regular

(G5 exterior

Definition 4.1. Let (X,T) be an intuitionistic fuzzy topological space and let A =
{{z,pa(x),va(x)) : * € X} be an intuitionistic fuzzy set in an intuitionistic fuzzy topological
space (X,T). The intuitionistic fuzzy regular border of an intuitionistic fuzzy set A in an
intuitionistic fuzzy topological space (X, T) is denoted and defined as
IF rb(A) = AN IF rcl(A).

Definition 4.2. Let (X,T) be an intuitionistic fuzzy topological space and let A =

{{z, pa(x),va(x)) : x € X} be an intuitionistic fuzzy set in an intuitionistic fuzzy topological
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space (X, T). Then intuitionistic fuzzy regular G5 border of an intuitionistic fuzzy set A in an
intuitionistic fuzzy topological space (X,T) is denoted and defined as
IF rGsb(A) = AN IF rGscl(A).

Definition 4.3. Let (X,T) be an intuitionistic fuzzy topological space and let A =
{{z, pa(x),va(x)) : € X} be an intuitionistic fuzzy set in an intuitionistic fuzzy topological
space (X,T). Then intuitionistic fuzzy regular frontier of an intuitionistic fuzzy set A in an

intuitionistic fuzzy topological space (X, T') is denoted and defined as
IFrFR(A) = IFrcl(A) N IFrcl(A).

Definition 4.4. Let (X,T) be an intuitionistic fuzzy topological space and let A =
{{z, pa(x),va(z)) : x € X} be an intuitionistic fuzzy set in an intuitionistic fuzzy topological
space (X, T). Then intuitionistic fuzzy regular G frontier of an intuitionistic fuzzy set A in an
intuitionistic fuzzy topological space (X,T') is denoted and defined as
IF 1GsFR(A)= IF rGscl(A) N IF rGscl(A).

Proposition 4.1. Let (X,T) be an intuiionistic fuzzy topological space. For any intu-
itionistic fuzzy set A = {(x, pa(z),va(x)) : € X} of an intuitionistic fuzzy topological space
(X,T), the following statements hold.

(i) IF rGsb(A) C IF rb(A).

(ii) IF rGsFR(A) C IF rFR(A).

(i) IF 1Gsb(A) C IF rGsFR(A).

(iv) IF 1G5FR(A) = IF r1G;FR(A).

(v) IF rGsFR(IF rGsint(A)) C IF rGsFR(A).

(vi) IF rGsFR(IF rGscl(A)) C IF rGsFR(A).

Definition 4.5. Let (X,T) be an intuitionistic fuzzy topological space and let A =
{{z, pa(x),va(x)) : x € X} be an intuitionistic fuzzy set in an intuitionistic fuzzy topological
space (X,T). Then intuitionistic fuzzy regular exterior of an intuitionistic fuzzy set A in an
intuitionistic fuzzy topological space (X, T) is denoted and defined as IF rExt(A)=IF rint(A).

Definition 4.6. Let (X,T) be an intuitionistic fuzzy topological space and let A =
{{z, pa(x),va(x)) : € X} be an intuitionistic fuzzy set in an intuitionistic fuzzy topological
space (X,T). Then intuitionistic fuzzy regular Gy exterior of an intuitionistic fuzzy set A in
an intuitionistic fuzzy topological space (X,T) is denoted and defined as IF rGsExt(A)=IF
rGsint(A).

Proposition 4.2. Let (X,T) be an intuiionistic fuzzy topological space. For any intu-
itionistic fuzzy set A = {(x, ua(z),va(x)) : x € X} of an intuitionistic fuzzy topological space
(X,T), the following statements hold.

(i) IF rExt(A) C IF rGsExt(A).

(i) IF 1GsExt(A) = IF rGsint(A) = TFrGacl(A).

(iii) IF rGsExt(IF rGsExt(A)) = IF rGsint(IF rGscl(A)).

(iv) If A C B then IF rGsExt(A) D IF rGsExt(B).

(v) IF rGsExt(0.)= 1..

(vi) IF rGsExt(1.)= O..
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§1. Introduction and preliminaries

The concept of the fuzzy set was introduced by Zadeh [® in his classical paper. Fuzzy sets

have applications in many fields such as information [ and control [6. In 1996, Andrijevic [

introduced a new class of generalized open sets called b-open sets into the field of Topology.

Later on Caldas. M and Jafari. S [2! investigated some applications of b-open sets in topological

spaces. The concept of semi-connectedness in fuzzy topological spaces was introduced by Uma.

M. K, Roja. E and Balasubramanian. G [7]. In this paper, making use of r-fuzzy b-open sets,

we introduce the concept of b-connectedness in the sense of Sostak. A. P 5. Further, several

fundamental properties and characterizations of the spaces are introduced.

Throughout this paper, let X be a non-empty set, I = [0,1] and Iy = (0,1]. For a €

Ia(x) =a, for all z € X.

Definition 1.1.1°] A function T': IX — T is called a smooth fuzzy topology on X if it

satisfies the following conditions:

(a) T(0)=T(1) = 1.

(b) T(p1 A pg) > T(pa) AT (pa2) for any puy, po € I

(C) T(\/ier‘;u’i) > /\,;epT(ﬂi) for any {:U'i}ier € IX'

The pair (X,T) is called a smooth fuzzy topological space.
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Remark 1.1. Let (X,T) be a smooth fuzzy topological space. Then, for each r € I,
T, ={ue€I* :T(u) >r} is Chang’s fuzzy topology on X.

Proposition1.1.13 Let (X,T) be a smooth fuzzy topological space. For each r € I,
X € I an operator Cp : IX x Iy — IX is defined as follows:

CrNr)=Mp:pu>NT(1 —p) >}

For A\, € IX and r, s € Iy, it satisfies the following conditions:

(1) Cr(0,r) =0.

(2) A< Cr(A, 7).

(3) Cr(\, )V Cp(p,r) = Cr(AV p, 7).

(4) Cr(A\,7r) < Cr(A, ), ifr <s.

(5) Cr(Cr (A, r),r) = Cr(A,T).

Proposition 1.2.5] Let (X,T) be a smooth fuzzy topological space. For each r € Iy,
A € IX an operator Iy : IX x Iy — I is defined as follows:

Ir(Ar) =V{p:p <NT(n) =1}

For A\, € IX and r, s € Iy, it satisfies the following conditions:
(1) Ir(T =X\, r) =1—Cp(\, 7).

YA Ip(p,r) = Ip (A A p,r).
5) Ir(A\,r) > Ir(N\, s), if r < s.
A1), r) = Ir(A, 7).

§2. Fuzzy b-connected spaces and fuzzy super b-connected

spaces

Definition 2.1. Let (X, T) be a smooth fuzzy topological space. For A € I and r € Iy:

(1) A is called r-fuzzy b-open if A < Cp(Ir(A,7),7)V Ip(Cr (A, ), 7).

(2) The complement of an r-fuzzy b-open set is r-fuzzy b-closed.

(3) The r-fuzzy b-interior of A, denoted by b — Ir(A,r) is defined by
b—Ir(A\r)=\{p: p <\ upis r-fuzzy b-open}.

(4) The r-fuzzy b-closure of A, denoted by b — C (A, r) is defined by
b—Cr(A71) = A{p: p> A pis r-fuzzy b-closed}.

Remark 2.1. Let (X,T) be a smooth fuzzy topological space. Every A € IX with
T(1— X\, r)>ris r-fuzzy b-closed and hence b — Cr(\,r) < Cr(\, 7).

Definition 2.2. A smooth fuzzy topological space (X,T) is fuzzy b-connected iff it has
no r-fuzzy b-open sets A\; # 0 and Ay # 0 such that A\; + Ay = 1.

Proposition 2.1. A smooth fuzzy topological space (X, T) is fuzzy b-connected iff it has
no A # 0 and Ay # 0 such that Ay + Ao = 1,6 — Cr(A1,7) + Ao = A1 +b— Cr(Xe,7) = 1.
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Definition 2.3. Let (X,T) be a smooth fuzzy topological space and let A C X. Then A
is said to be a fuzzy b-connected subset of X if (A,T4) is a fuzzy b-connected space as a fuzzy
subspace of (X, T).

Proposition 2.2. Let (X,T) be a smooth fuzzy topological space and let A be a fuzzy
b-connected subset of X. If A; # 0 and Xy # 0 are r-fuzzy b-open sets satisfying A\; + X = 1,
A1, A2 € IX and r € Iy then either \; /A or \y/A = 1.

Definition 2.4. Let (X,7T) be a smooth fuzzy topological space and let A\;, Ay € IX and
r € Iy. A1 and \g are said to be fuzzy b-separated if b—Cp (A1, 7)+ A2 < Tand A\ +b—Cr(Aa,7) <
1.

Proposition 2.3. Let {A,}aer be a family of fuzzy b-connected subsets of (X,T) such
that for each o and 3 in I' with o # 3, 14, and 14, are not fuzzy b-separated from each other.
Then (J,cp

Proof. Suppose that Y = (J,p Aq is not a fuzzy b-connected subset of X. Then there
exist r-fuzzy b-open sets A1, Ao € IY with A; # 0, A2 # 0 and A; +A\g = 1. Fix ag € T, then A4,,
is a fuzzy b-connected subset of Y as it is in X. By Proposition 2.2, either A\; /Aq, = 14, /Aq oOr
A2/Aa, = 1a,/Aq. Without loss of generality, we shall assume that X1 /Aqs, = 14, /Aa, = 1.

Define p1 and pe on X as follows:

A, is a fuzzy b-connected subset of X.

)\1(1'), T € Y;
p(z) =
0, rx e X/Y.
Xo(x), x€Y];
p2(z) =

0, x e X/Y.

Now p1/Y = A1. This implies b — Cr(u1/Y,r) = b — Cr(Ay, 7). Similarly b — Cp(pe/Y,r) =
b—Cr(A2,r). Further, 14, < p1. Therefore, b—Cr(1a,, ,7) <b—Cr(u1,7). Let a € I' — axp.
Now A, is a fuzzy b-connected subset of Y. Then either \;/A, =1 or Ay/A, = 1. We shall
show that Ao/A, # 1a,/As. Suppose that Ao/A, = 14, /Aq. Now 14, < pg. Therefore
b—Cr(la,,r) < b— Cr(pua,r). Since b — Cr(A1,7) + Ao = A\ + b — Cr(Aag,7) = 1 it follows
that b — Cp(p1,7) + p2 < 1 and py + b — Cp(pg,7) < 1. Now, b — Cr(la,,,r) +1a, <
b—Cr(p1,r) +p2 < 1Tand b~ Cr(la,,r) + 14, <b—Cr(pg,r) +p < 1. This implies
la,, and 14, are fuzzy b-separated from each other, contradicting the hypothesis. Hence
A2/As # 1a,/As. Therefore \i/Ay = 14, /A, for each a € T. This implies A\; = 14_. But
A1 + A2 = 1, hence A\y(z) = 0 for every x € Y. But Ay # 0. This implies that Y is not a fuzzy
b-connected subset of X is false.

Proposition 2.4. Let A and B be any two subsets of a smooth fuzzy topological space
(X,T) such that 14 <1p <b—Cp(la,r) and if A is a fuzzy b-connected subset of X, then so
is B.

Proof. Let us suppose that B is not a fuzzy b-connected subset of X. Then there exist
r-fuzzy b-open sets A\, Ao € I such that A\1/B #0,)2/B # 0 and

A\1/B+Xe/B =1. (1)
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To show that A\;/A # 0. If \/A =0, then A\; + 14 < 1. This implies A\; + b — Cr(14,7) < 1.
Now A1 + 15 < A +b—Cp(la,r) < 1. So Ay + 1 < 1. This implies A;/B = 0, which is a
contradiction. Therefore A\;/A # 0. Similarly A2/A # 0. Now by (1) and 14 < 1p, we find that
A1/A + A2/A = 1. This implies that A is not a fuzzy b-connected subset of (X,T'), which is a
contradiction.

Proposition 2.5. If {A, }aer is a family of fuzzy b-connected subsets of a smooth fuzzy
topological space (X,T) and (), Aa # ¢, then |J
(X,T).

Definition 2.5. A smooth fuzzy topological space (X, T) is called fuzzy super b-connected
if it has no r-fuzzy b-open sets A1 # 0 and Ay # 0 such that A\; + Ay < 1.

Proposition 2.6. If (X, T) is a smooth fuzzy topological space, then the following state-

acr Aa is a fuzzy b-connected subset of

ments are equivalent

(1) (X,T) is fuzzy super b-connected.

(2) b— Cr(\,7) =1, for every r-fuzzy b-open set 0 # A € IX.

(3) b— Iz (A7) = 0, for every r-fuzzy b-closed set 1 # \ € IX.

(4) (X, T) has no r-fuzzy b-open sets \; # 0 and \g # 0, such that b — Cp(A,7) + Ag =
A +b—Cr(Ag,r) =1.

(5) (X, T) has no r-fuzzy b-closed sets A\; # 1 and Ay # 1, such that b — I7(A1,7) + Ag =
A +b—Ir(Ag,7) =1

Definition 2.6. Let (X, T) be a smooth fuzzy topological space and let A C X. A is said
to be fuzzy super b-connected subset of X if (A, T4) is a fuzzy super b-connected space as fuzzy
subspace of (X, T).

Proposition 2.7. Let (X,T) be a smooth fuzzy topological space. Let A be a fuzzy
super b-connected subset of X. If there exist r-fuzzy b-closed sets A1, Ao € IX such that
T=M+X=X+1—X=1,then \j/A=Tor \y/A=1.

Proposition2.8. Let (X,7T) be a smooth fuzzy topological space and let A C X be a
fuzzy super b-connected subset of X such that 1,4 is a r-fuzzy b-open set in (X, T). If A € IX
is a r-fuzzy b-open set, then either 14 < Xor1lg <1 — A\

Proposition 2.9. Let {O,}aca be a family of subsets of a smooth fuzzy topological Space
(X,T). If Naeca Oa # ¢ and each O, is r-fuzzy super b-connected subset of X, then J

is also a fuzzy super b-connected subset of X.

ocEA

Proposition 2.10. Let (X, T) be a smooth fuzzy topological space. If A and B are fuzzy
super b-connected subsets of X with b — I7(1g/A,r) #0 or b — Ir(1a/B,r) # 0, then A|JB
is a fuzzy super b-connected subset of X.

Proof. Suppose that Y = A|J B is not a fuzzy super b-connected subset of X. Then there
exist 7-fuzzy b-open sets A1, Ay € IX such that A\;/Y # 0,X2/Y # 0 and /Y + \p/Y < T.
Since A is a fuzzy super b-connected subset of X, either \;/A = 0 or A\y/A = 0. Without loss
of generality, assume that A2/A = 0. Since B is a fuzzy super b-connected subset we have
() M/A#D (2)M/B#0  (3) Aa/A=0 (4) \/B=0.

Therefore, we get (5) \i/A+b— Ir(1p/A,r) < 1. If b— Ip(1p/A,r) # 0, then (1) and (5)
implies that A is not a fuzzy super b-connected subset of X. Similarly if b — I7(14/B,r) # 0,
then (2) and \o/B+b—Ir(14/B,7) <1 implies that B is not a fuzzy super b-connected subset
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of X, which is a contradiction.

Proposition 2.11. Let (X,T) be a smooth fuzzy topological space. If {A,}aer is a
family of fuzzy super b-connected subsets of X and A,cp1a, # 0, then U, Aq is a fuzzy
super b-connected subset of X.

Proposition 2.12. Let (X,T) be a smooth fuzzy topological space. Suppose that X is
fuzzy super b-connected and C'is a fuzzy super b-connected subset of X. Further, suppose that
X\C contains a set V such that 1y /X\C is a r-fuzzy b-open set in the fuzzy subspace X\C of
X. Then CJV is a fuzzy super b-connected subset of X.

Proof. Suppose that Y = C'|JV is not a fuzzy super b-connected subset of X. Then there
exist r-fuzzy b-open sets A; and Ap such that A\;/Y # 0, \o/Y # 0 and A\ /Y +X2/Y < 1. Now
C is a fuzzy super b-connected subset of X. Then either \;/C =0 or \y/C = 0. Without loss
of generality, we assume that A\;/C = 0. Then \;/V # 0. Let Ay € I be defined as follows

)\1(1'), HS V;

Av(z) =
0, x e X/V.

Now, Ay = A\ A 1y and hence Ay is r-fuzzy b-open. We show that b — Cr(Ay,7) # 1. Now,
A/Y + X/Y <1 implies Ay + Ag < 1. Further, b — Cr(Ay,7) <b—Cp(1 — Ag,7r) =1 — Aa.
Hence b — Cr(Ay,r) # 1 as Ay # 0. Thus (X, T) is not a fuzzy super b-connected space which
is a contradiction.

Proposition 2.13. Let (X, T) be a smooth fuzzy topological space. If A and B are subsets
of X such that, 14 <1 <b—Cr(la,r) and A is a fuzzy super b-connected subset of X, then
B is also a fuzzy super b-connected subset of X.

83. Fuzzy strongly b-connected space

Definition 3.1. A smooth fuzzy topological space (X,T) is said to be fuzzy strongly
b-connected, if it has no r-fuzzy b-closed sets A1 # 0, A2 # 0 such that Ay + Xy < 1.

If (X, T) is not fuzzy strongly b-connected, then it is called as fuzzy weakly b-connected.

Proposition 3.1. A smooth fuzzy topological space (X, T) is said to be fuzzy strongly
b-connected, if it has no r-fuzzy b-open sets A # 1, u # 1, such that A + pu > 1.

Proposition 3.2. Let (X,T) be a smooth fuzzy topological space and let A C X. Then
A is a fuzzy strongly b-connected subset of X iff for any r-fuzzy b-open sets A1, Ao € I with
A+ Ao > 14, either 14 < A or 14 < Ao.

Proposition 3.3. If F is a subset of a smooth fuzzy topological space (X, T') such that 1
is r-fuzzy b-closed in X, then X is fuzzy strongly b-connected implies that F' is fuzzy strongly
b-connected.

Proof. Suppose that F' is not fuzzy strongly b-connected. Then there exist r-fuzzy b-closed
sets A1, Ao € IX such that (i) A\;/F # 0, (ii) A\o/F # 0 and (iii) \;/F + Xo/F < 1. Now (iii)
implies that (A A1r) + (A2 Alr) < 1. (i) and (ii) implies that A\; A 1 # 0 and M\ A 1 # 0.
Hence (X, T) is not fuzzy strongly b-connected, which is a contradiction.

Definition 3.2. Let (X,T) and (Y,S) be any two smooth fuzzy topological spaces and
let f:(X,T)— (Y,S) be a onto mapping. Then f is said to be a M-fuzzy b-continuous map if
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f71(N) is an r-fuzzy b-open set for each r-fuzzy b-open set A € IV .

Proposition 3.4. Let (X,T) and (Y, S) be any two smooth fuzzy topological spaces. If
(X, T) — (Y, S) is M-fuzzy b-continuous then (X,T) is fuzzy/ fuzzy super/ fuzzy strongly
b-connected implies (Y, S) is fuzzy/ fuzzy super/ fuzzy strongly b-connected.

Definition 3.3. Let (X,T) and (Y, S) be any two smooth fuzzy topological spaces and
let F: (X,T) — (Y,S) be a mapping. For each a € IV, the fuzzy dual F* of F is defined as
F*(0) = sup{B € IX Ja > F(B)}.

Definition 3.4. Let (X,T) and (Y, S) be any two smooth fuzzy topological spaces and let
F:(X,T) — (Y,S) be a mapping. F is called fuzzy upper* (lower*) b-continuous iff for each
A€ IY with S(A) > r(S(T— ) >7), u € IX is such that F(u) < X is r-fuzzy b-open (b-closed).

Proposition 3.5. Let F' be a mapping from a smooth fuzzy topological space (X,T) to
another smooth fuzzy topological space (Y, S). Then

(1) F is fuzzy upper* b-continuous iff A{F*(a) : o < A} is r-fuzzy b-open for S(1—\) > r,
AeI¥ and r € I.

(2) F is fuzzy lower* b-continuous iff A{F*(a) : a < p} is r-fuzzy b-closed for S(u) > r,
weIY and r € Iy.

Proof. (1)Suppose that S(T—\) >r, A€ IY and r € I. F is fuzzy upper* b-continuous

& p € I such that F(u) <1 — X is r-fuzzy b-open.

& {p e IX: F(u) <~} is r-fuzzy b-open for any v < \.

e NpelX:Fu) <v,y <A} is r-fuzzy b-open.

< N{F*(7) : v < A} is r-fuzzy b-open for S(1—\) >r, A e IY.

(2) The proof of (2) is similar to (1).

Proposition 3.6. Let (X,T) and (Y, S) be any two smooth fuzzy topological spaces and
let F: (X,T) — (Y,S) be a mapping. If A{F(u):p € IX} #0, then

(1) S(T— F(p)) > r, for each pu € I°*.

(2) F is fuzzy upper* b-continuous.

(3) The subset A is fuzzy b-connected for each 0 # A € IX is such that 14 = A{F(u) :
pn< AL

(4) The subset B is fuzzy b-connected for each v € IY with 15 = A{F*(n) : n < 7} is
fuzzy b-connected.

Proof. Let § = A{F(p):p€I¥} and r = 1.

1, X=0,1;
T\ =

0, otherwise.

1, 6=0,1;
S(0) = %, 0=(<9;

0, otherwise.

b

(1) For each p € I, S(1 — F(u)) > r because F(u) > 6.
(2) Let S(¢) > r, then § > (. Then there exist u € IX such that F(u) < ¢ is r-fuzzy

b-open and hence F is fuzzy upper* b-continuous.
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(3) For each 0 # A € IX and the subset A with 14 = A{F(u): u <A}, 1a#0or 14 #1.
This implies A is fuzzy b-connected.
(4) Obvious.
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Abstract Let G be a (p, q) - graph. An injective function f : V(G) — {lo, 1,12, ...,la}(a € N),
is said to be Lucas graceful labeling if an induced edge labeling fi(uv) = |f(u) — f(v)| is a
bijection onto the set {l1,l2,...,1q}. Then G is called Lucas graceful graph if it admits Lucas
graceful labeling. Also an injective function f : V(G) — {lo, 11,12, ...,lq} is said to be strong
Lucas graceful labeling if the induced edge labeling f1(uv) = |f(u)— f(v)| is a bijection onto the
set {l1,l2,...,1¢}.Then G is called strong Lucas graceful graph if it admits strong Lucas graceful
labeling. In this paper, we show that some graphs namely, Cy, Cr(ﬁ, FT(Lt)7 Ch,Q2P, Kin©®
Cs, C3Q2P,, C,QK;, B(m,n), Sm .QC: and Sg)n admit strong Lucas graceful labeling.

Keywords Graceful labeling, Lucas graceful labeling, strong Lucas graceful labeling.

§1. Introduction

By a graph, we mean a finite undirected graph without loops or multiple edges. A path
of length n is denoted by P,. A cycle of length n is denoted by C,,. GT is a graph obtained
from the graph G by attaching a pendant vertex to each vertex of G. The concept of graceful
labeling was introduced by Rosa [ in 1967.

A function f is a graceful labeling of a graph G with g edges if f is an injection from
the vertices of G to the set {1,2,3,...,q} such that when each edge uv is assigned the label
|f(u) — f(v)], the resulting edge labels are distinct. The notion of Fibonacci graceful labeling
was introduced by K. M. Kathiresan and S. Amutha 4. We call a function, a Fibonacci
graceful labeling of a graph G with ¢ edges if f is an injection from the vertices of G to the
set {0,1,2,..., F,}, where F is the ¢*" Fibonacci number of the Fibonacci series Fy = 1, Fy =
2,F3 =3,F, =5,..., and each edge uv is assigned the label |f(u) — f(v)|. Based on the above
concepts, we define the following [°!.

Let G be a (p, q) -graph. An injective function f : V(G) — {lo,l1,l2,...,1o} (a € N), is said
to be Lucas graceful labeling if an induced edge labeling f1 (uv) = |f(u)—f(v)] is a bijection onto
the set {l1,l2,...,1;} with the assumption of lp =0, l; =1, Iy =3,l3 =4,l4 = 7,15 = 11, AL
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Then G is called Lucas graceful graph if it admits Lucas graceful labeling. Also an injective
function f : V(G) — {lo, 1,12, ..., 1} is said to be strong Lucas graceful labeling if the induced
edge labeling fi(uv) = |f(u) — f(v)| is a bijection onto the set {l1,ls,...,{;}. Then G is called
strong Lucas graceful graph if it admits strong Lucas graceful labeling.

In this paper, we show that some graphs namely, C),, C,(Lt), F,(Lt), C,Q2P, K ,0Cs,C3Q2F,,
C,QKy , B(m,n), Sy, »@C; and Sr(rtl)n admit strong Lucas graceful labeling.

§2. Main Results

In this section, we show that some special graphs are strong Lucas graceful graphs.

Definition 2.1.° Let G be a (p, ¢)-graph. An injective function f : V(G) — {lo, 11,12, -, l4}
is said to be strong Lucas graceful labeling if the induced edge labeling fi(uv) = |f(u) — f(v)]
is a bijection onto the set {l1,1ls,...,1;} with the assumption of lo = 0,11 =1,y =3,l3 =4,l4 =
7,15 =11,... [, Then G is called strong Lucas graceful graph if it admits strong Lucas graceful
labeling.

Theorem 2.2. C,(n > 3) is a strong Lucas graceful graph when n = 0(mod 3).

Proof. Let G = C,,.

Let u,ug, ..., un, be the vertices of C,. So, |[V(G)| = n and |E(G)| = n.

Define f : V(G) — {lo, 11,12, ..., 1n} by f(u1) = .

For s =1,2,..., 5 — 1, f(us) = lai—35, 3s =1 <i <35 +1,

For s = %, f(u;) = lgi—3s, 3s —1 <14 < 3s.

Next, we claim that the edge labels are distinct

Let By = {fi(uviua}
= {lf(w) = f(u2)l}
= {llo—4ul}
= {h}

For s =1

Let Eo = {fi(wui41):2<i<3}

{1f (u2) = Fus)l, | f(us) — f(ua)l}
{lln =I5l [ls — I5]}

{la,l4}.

Let Ez = {fi(uss+1usst2)}
= {fi(uaus)}
= {[f(ua) = fus)[}
= {lls = l|}
= {ls}.
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For s =2

{1f(us) = f(us)|, [ f(us) — f(uz)l}
{1la —lel, |le — Is]}

= {ls,l7}.

Let Es = {fi(ugst1ussio}
= {fi(urus)}
= {1 ) — Fus))
= {lls —lz[}
= {lg}.

In the same way, we find Eg, E7, Eg, etc.

Fors:%fl

Let Ex2_1y = {fi

= {If(w) -

= {lf

(uiuir1) :3s —1 <4 < 3s}
= {fi(uiuiy1) :n—4<i<n-—3}
(

(

flui)|:n—4<i<n-3}

un—a) = f(un—3)|; |f(un—3) = f(un—2)[}

= {|ln75 - ln73|; |ln73 - ln71|}
= {ln747 ln72}~

Let E2(§—1)+1

= {filujujs1) :i=n—2}

{1f(ui) = fluisr)[:i=n—2}
{|f(un—2) - f(un—l)‘}

= {|ln71_lnf2‘}
- {ln73}‘
For s:ﬁ
3
Let ET" = {fi(vitit1) :n—1<i<n}
= {[f(w) = fluit1) :n—1<i<n}
= {If(un—1) = f(un)], [f(un) = f(un+1)[}
= {f(un—1) = fun); | fun) = f(u1)}

= {|ln—2

_ln|7|ln - ZO|}

= {ln—laln}-
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2n
NOW, FE = Uszl Ez = {117 ZQ, ey ln}
So, the edges of C,,,n = 0(mod 3), receive the distinct labels. Therefore, f is a strong
Lucas graceful labeling. Hence, C,,, n = 0(mod 3), is a strong Lucas graceful graph.

Example 2.3. (13 admits strong Lucas graceful Labeling.

lo Iy I3 l5 ly lg ls
bkl b sl
lig lg
his? 17
li7 ls
lig? *lg
lis l1o
li6 X l1a X li2 X 113 X 1 X lg
li7 l1s l1s l14 l12 lio I
Fig. 1 Cig

Definition 2.4.12 The graph C,gt) denotes the one point union of ¢ copies of a cycle C,.

Theorem 2.5. Cf,t) is a strong Lucas graceful graph, when n = 0(mod 3).

Proof. Let G = C\). Let V(G) = {uO}U{ le{u;} :1<i<tand3s—1<j<3s+ 1}
be the vertex set of G.

Then |V(G)| = (n — 1)t + 1 and |E(G)| = nt.

Define f : V(G) — {lo,l1,12, ..., lne} by f(ud) =1o for i =1,2,3, ..., t.

For s =1, 2, g 1, () = L1y p2j3ss 35— 1< j<3s+1and fori=1,2,3,.,t.

For s = %, f(u;) = ln(i—1)+2j-3s» 38 —1 < j <3sandfori=1,2,3, ...t

Next, we claim that the edge labels are distinct.

Let Bg = {filur'us™):1<i<t}U{fi(ui‘u,?):1<1i<t}
= {If(w’) = fluz")] : 1< i < FU{]f(w") = flun')] 1 <0 <t}
t

= Uf (") = Flu) [} U 1f (") = flun)}

= U{{|lo = lngi—ny1l} U {llo — lnil}}

i=1

= U{{ln(i—l)-H} U{lni}}
i=1

For s =1

t

Bl = U@ nymnystin-nyi-1ypie) 2 <5 <3}
=1

t
= U{| f(uzn—l)(i—l)-&-j) - f(u%n—l)(i—1)+j+1) |12 <j <3}

i=1
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For s =2

Let

Let

t

= U{| In(i—1)+2j—3s — In(i—1)+2j4+2-3s |1 2 < j < 3}
i1
¢

= U{| In(i—1)42j—3 = In(i—1)42j-1 |1 2 < j < 3}
i=1

t
= Ullna—1)42: lni—1)44}
=1

t

EY = (J{A (1) imtystinmnyi—nin) 25 = 4}
=1

t
= U{‘ f(uinfl)(ifl)Jrj) - f(“2n71)(i71)+j+1) - j =4}
i=1

t
= U{\ ln(i71)+2j735 - ln(i71)+2j+2735 |: j =4}

i=1

= Al lni—1)+5 = ln@i—1)+4 |}

t
= U {ln(i71)+3}

i=1

= {l3,lns3,longss o bne—1)43)-

t

= J{h 1)1 tnn)-1)4j41) 15 <5 <6}
=1

t
= U{| f(uznfl)(ifl)qtj) - f(uznfl)(ifl)Jerrl) l:5<j <6}
i=1

t

= U{| In(i—1)+2j-3s = Ini—1)4+2j42-3s |1 5 < j < 6}

i=1

= {llngi—1)42j—6 = In(i—1)42j—4 | 5 < j < 6}

¢
= U{ln(i71)+2j75 :5<j <6}

i=1

t
= Ullna=1)45 lni—1)+7}
=1

- {157 ln+57 12n+57 SERE) ln(t—l)-‘r5a l77 ln+7a 12n+7a BERE) ln(t—1)+7}'

t
E; = U{fl(uén—l)(i—1)+juzn—1)(i—1)+j+1) 1j=T}
i=1

= Al lng2, lontas - - bne—1y 12, las bnga, longas - bnge—1y 4t
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2_q

Let ES

t
U{‘ f(ufn—l)(i—l)ﬂ') - f(uzn—l)(i—l)+j+1) :j =T}
i=1

t
= U{\ ln(i71)+2j73s - ln(i71)+2j+2733 |1 Jj= 7}
i=1

t
= U{\ In(i—1)+2j—6 — In(i—1)+2j42—0 |1 J = T}
=1

t

= U{\ In(i—1)+2j—6 = In(i—1)+2j+2—7 |: J = T}
i=1

t
= U{\ In(i—1)+8 = ln@i—1)+7 |}
i=1

t
= U{ln(i—1)+6}
i=1

= Alo,ln+6,l2n+6s -5 lnt—1)461-

t
U{fl (uznf1)(i71)+juz(n71)(i71)+j+1) tn—4<j<n-3}
i=1

t
U{| f(uzn—l)(i—l)-i—j) - f(uzn—l)(i—l)-&-j-&-l) lin—4<j<n-3}
i=1

t

U{| In(i—1)+2j-3s = In(i—1)42j42-3s ! n —4 < j <n—3}
i=1
¢

U{ln(i71)+2n78fn+3+1 — ln(i—1)42n—6—n+34+1}
i=1
t
U{ln(i71)+n74a ln(i71)+n72}
i=1
t
U{lniféla lni72}

=1
{ln747 l2n747 ey lnt747 ln727 12n727 C) lnt72}~

t
= U{fl(’U’?nfl)(i71)+juzn71)(i71)+j+1) 1j=n-—2}
i=1

t
U{| f(uzn—l)(i—l)-i-j) - f(uzn—l)(i—1)+j+l) :j=n-2}
i=1

t

U{| In(i—1)+2j—38s — In(i—1)+2j+2-3s |: ] =n — 2}
i=1



100 M. A. Perumal, S. Navaneethakrishnan and A. Nagarajan No. 3

t
U{' ln(i—1)+2(n—2)—n+3 - ln(i—1)+2(n—2)+2—n |}
i=1

t
= U{ln(ifl)%»nfl - ln(i71)+n72}
=1

t
= U{ln(i71)+n73}
=1

= U{ln173}
i=1

= {ln-3,lon—3,.. ., lns—3}.

For s =2

3
n t . .
Let Bf = (J{A 1o sUinnyo1yji1) 14 =1}
i=1
t . .
= U{| f(uznfl)(ifl)ﬁﬁ') - f(uénfl)(ifl)%»jjtl) |l j =n}
i=1
t
= U{l ln(i71)+2n727n - ln(i71)+2n72+27n ‘}
i=1
t
= U{| ln(i—1)4n—2 = ln(i=1)+n |}
i=1
t
= U{ln(i—l)—i-n—l}
i=1
t
= Ui}
i=1
= {lo-t,lon—1,. - lnt—1}-
Now,

n

n

(E;‘UE;) ek

C ek

E =

i=1

So, the edges of C’,gt), n = 0 (mod 3), receive the distinct labels. Therefore, f is a strong
Lucas graceful labeling. Hence, Cth), n =0 (mod 3), is a strong Lucas graceful graph.

Example 2.6. Cg) admits strong Lucas graceful labeling.
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Fig. 2 3

Definition 2.7.2! The graph F7(Lt) denotes the one point union of ¢ copies of a fan F,.

Theorem 2.8. Fét) is a strong Lucas graceful graph.

Proof. Let G = F,gt). Let V(G) = {ué 1<i<tand 0<j< n} be the vertex set of
FY. Now, [V(G)| = nt + 1 and [E(G)| = (2n — 1)t.

Define f: V(G) — {lo, 11,12, ... ln—1y¢} by: f(ul) = f(uo) =lo,1 <i <t

Fori=1,2,....,t,and i =1 (mod 2), f (u;) =li—1)2n-1)+2j-1, 1 <j <n.

Fori=1,2,...,t,and i =0 (mod 2), f (u;) = li—2)2n—1)+2(n—14j), 1 <Jj <n.

Next, we claim that the edge labels are distinct.

t
Let E; = U {fl(u§u§+1):1§j§n—1}

1=1
i=0(mod 2)

U (7@ - sl 1<j<n—13

i=1
i=0(mod 2)

t
U {lHen—1G-142j-1 = len—1)-1)42j+1 1 <j <n—1}

i=1
i=0(mod 2)
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t
U {len-1)@-1)+2j : 1 <j<n—1}

iEO(irj;d 2)

t
U Uen-1)(i-1+2 len—1)(i—1)+4> - l(@2n—1)(i=1)+2n }

i=1
i=0(mod 2)

{l2, la2n—1)+2, - len—1)@—1)+2} U {la, la2n—1) 445 -5 L2n—1)(t—1)+4} U
coU{lan—2,la@n—1)42n—2, s l@n—1)(t—1)+2n—2}

t
U {fiufuby):1<j<n—1}

i=1
i=1(mod 2)

U {r@)-feiy)l1<i<n-—1}

=1
i=1(mod 2)

¢
U {l i zn—1)(i—2)+2(n—14+5) = lzn—1)(i-2)+2(n+j) |: 1 <Jj <n—1}

=1
i=1(mod 2)

¢
U {lgn—1)(i-2)+2(n+j)-1: 1 <j<n—1}

i=1
i=1(mod 2)

t
U {l2n—1)(—-2)42n+15 L2n—1)(i-2)+2n+3s -+ L2n—1)(i—2)+4n—3 }

=1
i=1(mod 2)

{lons1, la@2n—1)42n+15 s lan—1)(t—2)+2n+1 } U {l2n+3, la(2n—1)+2n+35 -+

len—1y(t—2)+2n+3t U -+ U{lan—3,l202n—1)44n—3; - l2n—1)(t=2)+4n—3}-

t
U {Alwou)):1<j<n}
iEl(i:;d 2)
t

U Al fluo) — fd) |: 1< j < n}

1=1
i=1(mod 2)

¢
U {1l —len-1)i-1)42j-1) 1 1 < j<n}

i=1
i=1(mod 2)

t
U {len-1)(i-1)+2j-1:1 < j < n}

i=1
i=1(mod 2)

{1, la2n—1)+15 - Lan—1)t=1)+1} U3, la@2n—1)+35 -+ l2n—1)(t=1)+3} U
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cooU{lon—1, la@n—1)42n—15 - L2n—1)(t=1)+2n—1-

t

Let E4, = U {f1(uo ué):lﬁjﬁn}
izogrj;d 2)

= U Alflw) - f@i)1<j<n}

i=1
i=0(mod 2)

t
= U {10 = len-1)(i—2)+2(n-14j) [ 1 < j <n}

i=1
i=0(mod 2)

t
= U Uan—1)(-2)+2n: lEn—1)(i-2)+2n+2s - - s l@n—1)(i—2)+an—2}

i=1
i=0(mod 2)

- {l2na l2n+23 ceey l4n—2} U {12(271—1)-‘,-2717 lQ(Qn—1)+2n+27 sy 12(217,—1)-‘,-477,—2}

U. .. U{lan—1)t—2)s Lizn—1)(t—2)+2n+2> -+ L2n—1) (t—2)+4n—2} -

NOW, EZElUEQUE3UE4

So, the edges of Fy(lt) receive the distinct labels. Therefore, f is a strong Lucas graceful

)

labeling. Hence, Fff is a strong Lucas graceful graph.

Example 2.9. F 4(5) admits strong Lucas graceful labeling.
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Definition 2.10.[] An (n,2t) graph consists of a cycle of length n with two copies of ¢

edge path attached to two adjacent vertices and it is denoted by C,,@2P;.

Theorem 2.11. C,,Q2P;, n > 3, is a strong Lucas graceful graph.

Proof. Let G = C,,@Q2P;. Let V(G) = {u; : 1 <i <n}U{v; : 1 < j <2} be the vertex set
of G. Let E(G) = {wu;y1 : 1 <i<n—1}U{uyu} be the edge set of G. So, |[V(G)| =n+2
and |E(G)| =n+2.

Case (i) Suppose n = 0(mod 3).

Define f: V(G) — {lo, 11,12, ..., lnt2}, by f(u1) = lo.

For s =1,2,...,

n—3
3

(u;) = loiya—3s, 35 —1<i < 3s+1,

For s = %, f(u;) = laito-3s, 35 =1 <0 < 3s. f(v1) =1 and f(v2) = ls.
Next, we claim that the edge labels are distinct.

Let E1

Let E2

= {fi(urvr), fi(uave), fi(uiuz)}

= A{lf(u1) = flo)], | f(uz) = f(v2)], | f(ur) — fluz)}
= {llo = ul,lls = ll,llo — I3[}

= {l,ls,15}.

n—3

= U {fi(uiuit1) : 3s —1 < i < 3s}
s=1

= J () = fluipa)] :3s =1 < i < 3s)
s=1

3
= U {[l2i42—3s — loita—3s| : 35 =1 < i < 3s}
s=1

n—3
3

= U {l2i—3s43 :35s — 1 < i < 3s}

s=1

= {la,le, 7,19, .., ln—2,1n}.

We find the edge labeling between the end vertex of s loop and the starting vertex of (s+1)t"

_ -3
loop and s =1,2,...%5=.

For s =

w|3

Let E3 =

n—3

U {fi(uzsp1usss2)}

s=1
n—3

U {1F (usas) — fuzssa)l}

{1f(ua) = flus)|, | flur) = flus)l, - [f(un—2) = flun—1)[}
{liz =l llio = loly - - - s [lnt1 — lnl}
(s, I, ooy It}

Let E4 = {fl(uiqu) =38 — 1}
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Now, E =0, E; = {l1,1a,. ..

= {[f(wi) = f(uip1)] : i = 3s — 1}

= Alfuns = fual}

= {lan—212-nl2nt2-n}
= {|ln - ln+2|}
= A{lnta}.

Let Es = {fi(uuit1):4=3s}

= Alf(w) = fuig1)] : 7 = 3s}

= {[fun = funial}
= {lant2-nlo}

= {lln+2 —bol}

= {lnta}

f(Ul) = lny2, f(’U2) =ly.
For s =1,2,..22=

5, f(u;) =lai—zs, 3s—1<i<3s+1.

Next, we claim that the edge labels are distinct.

Let E1

Let E2 =

{f1(U1v1)7 fi(uruz), f1(unv2), f1(unv1)}

{1f(ua) = o)l 1 f(ua) = fu2)l s [f (un) —

{lto = lug2!, llo — 1] s [lon—(n—1) = L], |l2n—

{lnro, lis b1, g } -
n—3

3
{f1 (wiui41) : 3s —1 < < 3s}
s=1

:3s—1<1<3s}

Jnt2}. So, the edge labels of G are distinct.
Case (ii) Suppose n = 1(mod 3). Define f : V(G) — {lo,l1,lo,...

7lq} by f(ul) = lO»

Fn)ls 1S (un) = f(01)[}

(nt1) = Inl}

{12,14} U {l5,l7} U {lg,llo} U...u {ln,Q,ln} .

We find the edge labeling between the end vertex of s loop and the starting vertex of (s+1)t"

loop and s = 1,2, ...

Let E3

n—1
-3 -

= {filujuiy1) 11 =3s+ 1}
= A{[f(ui) = flugq1)| 11 =3s+ 1}

= {|f(U4) - f(u5)‘ ) ‘f(u7)a —f(us)| ERLEY) If(un—3) - f(un—Q)l}



106 M. A. Perumal, S. Navaneethakrishnan and A. Nagarajan No. 3

= {{ls =l lls=1l7], ..., |ln=3 — ln—2|}
= {137167~~~7ln74}~

Now, E = Ey UEyUE3 ={l1,la,...,ln42} . So, the edge labels of G are distinct.
Case (iii) Suppose n = 2(mod 3).
Define f : V(G) - {l()allvl2a "'alq} by f(ul) = lO)f(Ul) = ln-‘rlaf(UQ) = ln—17f(un) = ln+2-
For s = 1,2, ceey an2’ f(’LLZ) = lgi_3s, 3s—1<3<3s+ 1.

Next, we claim that the edge labels are distinct.

Let E1 = {fi(wiu2), fi(upu1), fi(un—1v2), fi(unvi)}

= {[f(w) = flu2)l, [ f(un) = flu)], [f(un—1) = flv2)] . | f(un) = f(v1)[}
= {llo = Ul llnt2 = lo|, [ln — ln—1|, [ln+2 = s [}
= {11, Ing2,ln—2,1n}.

Let Eo = U{f1 (uiuir1) : 3s — 1 <4 < 3s}

s=1

- U {1f(ui) = fluipr)] :3s =1 <i < 3s}
s=1

n2
= U{‘lm 35—121+2 35|. S—1<z<33}

= {lgl‘,gsjq :3s—1 S ) S 38}
= {lo,la} U{ls, 7} U U{l—s,ln-1}
- {12;l4vl5al77"'7l7l—37ln—1}-

We find the edge labeling the end vertex of s loop and the starting vertex of (s + 1) loop

and s =1,2,..., %‘2

Let E3 = {fi(wut1):i=23s+1}
= {[f(wi) = fuip1)[ 1 i=3s+ 1}
= {If(ua) = flus)|, | f(ur) = f(ug)l,oos |f(tn-s) = f(un—3)[}
= {lls = U], [ls = lz|, oy |ln-s3 — ln—a|}
= {306,y ln—5}.

Let Ex = {fi(up—1un)}
= {If(un—1) — fun)[}
= {lln = lnyal}
= A{lna}.

Now, E = By U By UE3 U Ey = {l1,l2, ..., lnya}.
So, the edge labels of G are distinct. By observing three cases given above, f is a strong

Lucas graceful labeling. Hence, G = C,,Q2P;, n > 3, is a strong Lucas graceful graph.
Example 2.12. C1,@2P; admits strong Lucas graceful graph.
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la
I

la
1
lo l s
l3 l4
1 6y
L 114

l5‘-.

b |
l
l124 .

K /7
l lg
ha o ls o

——"

111 lg llO

Flg 4 012@2P1

Flg 5 013@2P1
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3
Iy
‘-.15
zg)
11
oly
l1o ls
9
I
] 0
N Iy s
lg l8

Flg 6 014@2P1

Definition 2.13.[2 K, © Cs means that one copy of a cycle C3 is attached with each
pendent vertex of K .

Theorem 2.14. K; , ® Cs is a strong Lucas graceful graph.

Proof. Let G = Ky, ©® C3. Let V(G) = Vi UV, be a bipartition of G, such that
Vi={w,u; :1<i<n}and V3 = {u§1)7u§2) 1< < n}

Let E(G) = {wui,uiugl),uiu?),ugl)ugm 1<i < n} be the edge set of G. So, |V(G)| =
3n+1 and |E(GQ)| = 4n.

Define f : V(G) — {lo, 11,12, lan} by f(w) = lo, f(w) = Ly, f(ul) = ly 5 and
f(u§2)) =lgi_1, 1<i<n.

Next, we claim that the edge labels are distinct.

Let E1 = U{ﬁ(wui)}
= U{\f(w)—f(wzﬂ}
i=1
— U {llo — lail}
— U {lai}
= {_14,18,.--714n}'
Let B, = |J {f1 (umil))}
i=1

= Offrea-s ()

i=1
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U {14 = lai—al}
i=1

= U {lyi—1}
i—1

- {713,177.. lan—1} -
{fl(uz ")}
- O )

Let E3 =

L=

= U i = laical}
i=1

= {l2,lg, s lan—2}.

U (") }
Ul () =7 ()1
{\141 2 = lai1l}

- U l41 3}

= {113157 l4n—3} .

s

Let E4 =

1 C: 1 C: 1

Now, E = FE1UEy; UE3UEy = {l1,l2,l3, ..., lan—3, lan—2, lan—1, lan } -

So, the edge labels of G are distinct. Therefore, f is a strong Lucas graceful labeling.
Hence, G = K, © C3 is a strong Lucas graceful graph.

Example 2.15. K; ¢ © C3 admits strong Lucas graceful labeling.
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Fig. 7 K16 ©Cs

Theorem 2.16. C3Q 2P, is a strong Lucas graceful graph, when n = 0, 2(mod 3).

Proof. Let G = C3Q 2P,. Let V(G) = {w; : 1 <1 <3} U{u;,v; : 1 <j <n+1} be the
vertex set of (G. The vertices of wy and ws of Csz are identified with v; and uy of two paths
of length n respectively. Let V(G) = {w;w;t+1 : 1 < i <2} U {wuipr,viip1 1 <i <n} be the
edge set of G. So, |V(G)| =2n+ 3 and |E(G)| = 2n + 3.

Case (i) Suppose n = 0(mod 3).

Define f : V(G) — {lo, 11,12, ..., lonys} by flw1) = lnga, f(u;) =lpys—i, 1<i<n+1

For n = 0(mod 3) and for s = 1,2,..., %52, f(v;) = ln4at2j-3s, 35—2<j < 3s.

For n = 0(mod 3) and for s = %, f(v;) = lnyar2j-3s, 35 —2 < j < 3s—1and f(v,) =
lo, f(vn+1) = lany3.

Next, we claim that the edge labels are distinct.

Let E, O{fl(uiuiJrl)}
= f{:|Jlf(ui) = flui1)[}
- Q{|ln+3_i—ln+3—i—1|}
= Lnj{ln+1i}
= s}
Let B2 = {fi(uns1w1), fi(wiv1), fi(vitni1)}

= AlF(unt1) = fQwi)], [f(wi) = fo0)], [f(vr) = funs1)]}
- {|ln+2 - ln+4| ) |ln+4 - ln+3‘ ) ‘ln+3 - ln+2|}

- {ln+37ln+2a ln+1} .
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For s =1,2,..., "T_3

n—3

Let Es = O{fl(vjij) :3s—2<j5<3s—1}
s=1
= J{F@)) = fwj41)] :8s =2 < j <3s— 1}
s=1
= {f(v1) = flu2)],[f(v2) = f(vs)|} U{|f(va) — f(v5),
|f(vs) = f(ve) |} ULlf(vn—1) — f(on-3)|, [f(vn-3 — f(vn-2)[}
= {llnts = lnssl llnas — lnyrl} Ullngs — lntsls lnas — lng1ol} U
e U{llngatan—s—n+2 = lntaron—6-n+2|, ln+aron—6-n+2 — lnyaran—a—ns2| }
= {lsaslnge} U{lngr, lngot U o U {lon—1,l2n41 }

= {lntas lng6s lng7s lngos oo lon—1, lang1 }-

We find the edge labeling the end vertex of s** loop and the starting vertex of
(s4+1)"" loop and s = 1,2,..., 2

42
Let Ex = {fi(vjvj+1):j=3s}
= {If(v;) = fvj+1)| : j = 3s}
= {lf(vs) = flwa)],[f(ve) = f(vr)], s [f(vn) = fvnt)[}
= {llnt7 = ln+el s [lnt10 = lnsol s s [lo — lonys[}

- {ln+5; ZTL+87 ceey l?nv 12n+3} .

Now, E = E1UEyUE3U Eq = {l1,la2, ..., lant+3} -
So, the edge labels of G are distinct.
Case (ii) Suppose n = 2(mod 3).
Define f : V(G) — {lo, 11,12, ..., 1o} ae N, by f(w1) = lpnta, f(u;) =lnys—i, 1 <i<n+1.
Fors=1,2,..., "sz, (v;) = lnyatoj—3s, 38 —2 < j <3sand f(vy41) = lo.
Next, we claim that the edge labels are distinct.

Let E; = U{fl(uiui+1}

- U {If(wi) — fuitr)}

— U {lln+3—i — ln+3—i—1]}
i=1

= U {ln-l—l—i}

=1

= {lnaln—la"'all}'

Let B; = {fi(wiw1), fi(wiv1), f1(viug)}
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{1 (ur) = flw))l s [f (wr) = foa)], [ f(v1) = fur) ]}

{|ln+2 - ln+4| ) |ln+4 - ln+3‘ ’ ‘ln+3 - ln+2|}'

= {ln+37ln+2a ln+l} .

For s=1,2,..., "T_Q

n

Let B3 = U

S

3 {fi(vjvj41) :3s—2<j <3s—1}
U If (o) = flwja)] :3s =2 <j < 3s — 1}
= Alf(v1) = Fw)l, [f(v2) = f(v3)[} U{]f(va) = f(v5)],

|f(vs) = f(ve) I} ULl f(vn—a) = f(on-3)|, [f(vn-3 — f(vn-2)[}

= {llnts = lnssls llnts = lns7[} U {|ln+6 — lngs|s [lnts — lntrol} U

e U{llntaton—s—n+2 = lntatan—6-n+2| [ln+at2n—6-n+2 — lntayon—a-ni2| }
= {lnta,lnve} U{lngr, lnpo} U o U{lon—1,lons1}
= Alntas lnt6, lnt7 lngos s lon—1, lany1 )

We find the edge labeling between the end vertex of s loop and the starting

vertex of (S + 1)th 100P and s = 1327 ey TLT—Q

Let Ey = {fi(vjvj41) 7 =3s} U{f1(vnvn+1)}
= A{If(v;) = fluj+)l : § = 3s} U{|f(vn) — fonsa)l}
= A{lf(vs) = flwa)l,[f(ve) = f(vr)|, oo | f(Un—2) = Fon—1)[} U{If(vn) = f(vns1)}

= {ln+5aln+83 "'5l2n312n+3} .

Now, E = E1UEyUE3UEq = {l1,la2, ..., lant+3} -

So, the edge labels of G are distinct. In both the cases, f is a strong Lucas graceful graph.
Hence G = C5@Q2P, is a strong Lucas graceful graph, when n = 0, 2(mod 3).

Example 2.17. (5Q@2P, admits strong Lucas graceful labeling, when n = 0, 2(mod 3).
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Fig. 8 Cg@ 2P6
lz ’ﬁw;_l loy "2 0y Ul Yy By Y0
ls l1o l12 I li3 lo
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Theorem 2.18. C,,QK; , is a strong Lucas graceful graph, when n = 0(mod 3).

Proof. Let G = C,, QK ;. Let V(G) = {u; : 1 <i<n}U{v; : 1 <j <t} be the vertex
set of G. Let E(G) = {u;uiqr1 : 1 <i <n—1} U{upur } U {ugv; : 1 < j <t} be the edge set of
G. So, |V(G)|=n+tand |[E(G)|=n+t.

Define f: V(G) — {lo, 11,12, ..., lntt} by fur) =lo.

For s =1,2,..., anB’ (u;) = lai—3s, 3s —1<i<3s+ 1.

For s = %, flu;) =135, 3 —1 < i< 3sand f(vj) =lpgs,1 < j <2

Next, we claim that the edge labels are distinct.

Let Ey = {fi(uiua), fi(unui)}
= {[f(u1) = flu2)], | f(un) = f(u1)}
= A{llo =l [ln —lo|}
= {llﬁln}

Let Eo = U{fl(ulvj)}

Jj=1

= U7 w) = flepl}

= J{llo —lassl}
i=1
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U {anrj}

= {ln+1aln+27'-'7ln+t} .

Let Eg = U {fl(uiui_,_l) :3s—1 S ) S 35}

i=1
= U {If(u;) = f(uiz1)] : 3s —1 < < 3s}
i=1

= Af(u2) = flus)l, [ f(us = fua)[} UAL1f (un—3) = f(uo)l . [f(us) = flur)[}
Ueee U{[f (un—a) = fun—3)], [f (un—3 = fun—2)[}

= {lli— sl 1l =I5} Ul = I, 6 — 18]} U oo U {lln—s — Ln—s], [ln—3 — Ln—1|}

= {l, i} U{ls,l7} U U {lna, o}

= {lo,la,ls5,l7, 0o ln—a, ln—2}.

We find the edge labeling between the end vertex of st loop and the starting vertex of

th _ -3
(s +1)"" loop and for s = 1,2,..., 5=,

Let B4 = {fi(wusqt1):i=3s+1}
= {[f(w) = fluip1)[ i =3s+ 1}
= {If(ua) = flus)|, | f(ur) = f(ug)l s oo |f (tn—2 = f(un—1)[}
= {|ls —lllls —1l7], s |ln1 — ln—2|}
= {ls,lg, ., ln—3}.

For s =12

Let Es = {fi(uiuit1):9=3s—1}
= {filwitis1) ri=n—1}
= {[f(un—1) = f(un)l}
= Allzn—2-n — lon—nl}
= {lln—2 =}
= {lp-1}-

Now, E = Ei = {l1,12, oy lny ooy It } -

So, the edge labels of G are distinct. Therefore, f is a strong Lucas graceful labeling.
Hence, G = C,,QK; ; when n = 0(mod 3), is a strong Lucas graceful graph.

Example 2.19. (2,QK; 5 admits strong Lucas graceful graph.
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Fig. 10 012@K1’5

Definition 2.20.12) K, with m pendant edges at one end vertex and n pendant edges at

another end vertex is called bistar and is denoted by B(m,n).

Theorem 2.21. The bistar graph B(m,n) is strong Lucas graceful, when m < 3.

Proof. Let G = B(m,n) be a bistar graph with m = 3. Let V(G) = {u; : 0 <i<n}U
{v; : 1 < j < 3} be the vertex set of G. Let E(G) = {uou;} U {ugvo} U {vov; : 1 < j < 3} be

the edge set of G.

So, [V(G)|=n+5 and |E(G)| =n+4.

Define f : V(G) — {lo, 11, la, ..
fj) =lnyayy, 1 <5 <3,

Next, we claim that the edge labels are distinct.

Let E; = U{fl(uoui)}

= U AIFo) = flu)l}
= U {llo — L[}

= U {li}

= {lllea"'aln}'

Let Eo = {fi(uov1), f1(vov1)}

= {lf(uo) = f(w)], [f(vo) — f(vi)l}

yInga} by fug) = lo, f(us) =1, 1 < <n, f(vo) = lnya,
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= {llo = ln+sl, llns2 — lngsl}
= {ln+s, lns1}-
Let Es3 = {fi(viv2), f1(vivs)}
= A[f(v1) = f(v2)],[f(v1) = f(uvs)[}
= Allnt2+1 = logosol s oot — lngotsl}
= A{lln+s = lnal s llnts — lngs |}

= Alny2,lnga}-

Now, E =, Ei = {lilz, ..., lnsa} -
So, the edge label of G are distinct. Therefore, f is a strong Lucas graceful labeling.
Hence, G = B(m,n) is a strong Lucas graceful graph, when m < 3.

Example 2.22. B(3,7) admits strong Lucas graceful labeling.

Iy

li2
11
l Lo l1o
e
ly
lg
ly
6
Fig. 11 B(3,7) Iy

Definition 2.23.12! The graph G = Sm,n@Cy consists of a graph Sy, ,, and a cycle C} is
attached with the maximum degree vertex of S, ,.

Theorem 2.24. S, ,QC, is a strong Lucas graceful graph, when m = 0(mod 2) and
t = 0(mod 3).

Proof. Let G = S,, ,QCy. Let V(G) = {u;j : 1 <i<mand 0 <j<n}U{v,:1 <k <t}
be the vertex set of G and wg is identified with v;.

Let E(G) = {uouin : 1 <i <mPU{u;; wijp1:1<j<n—1}U{vive, v}
U{vpvrs1 : 2 <k <t—1} be the edge set of G. So, |V(G)| = mn +t and |E(G)| = mn +t.

Define f: V(G) — {lo, 11,12, o Linnyt } by fluo) = f(v1) = lo.

Fori=1,2,..m,i=1(mod 2) and j = 1,2, ...n, f(ui;) = lp(i—1)+2j—1-

For i =1,2,...m,i = 0(mod 2).

For j =1,2,...,n, f(u;;) = lni—2jt2.

For s =1,2,..., %, (vk) = lmnt2k—3s, 3s —1 <k <3s+ 1.

For s = %, for) = lnnt2r—3s, 38 —1 <k < 3s.
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Next, we claim that the edge labels are distinct.

Let E1

Let EQ

Let E3

m

- U

=1
i=1(mod

m

- U

=1
i=1(mod

m

- U

i=1
i=1(mod

m

- U

=1
i=1(mod

m

- U

i=1
i=0(mod

m

- U

i=1
i=0(mod

m

- U

=1
i=0(mod

m

- U

i=1
i=0(mod

m

- U

i=1
i=1(mod

m

- U

=1
i=1(mod

m

- U

i=1
i=1(mod

m

- U

i=1
i=1(mod

m

- U

i=1
i=1(mod

= {127145'

{fl(uo ui,l)}

2)

{\f(uo) —f(ui,1)|}

2)

{|lo = lugi—1)+1]}

2)

{ln(i—1)+1}

2)

{1, long1, lang1s oo Lm—2)n41 } -

{fi(uo uin)}

2)

{If (uo) = fluin)l}

2)

{llo = lnal}

2)

{lm‘}

2)

{l2n7l4n7 7lmn} .

n—1

U {A (i wigia)}

j=1

n—1

U {1 (ui ) = fluijea)l}

2)

n—1

U {|ln(i—1)+2j—1 - ln(i—1)+2j+1‘}
2) J=1

n—1
U {ln(i—1)+2j}
j=1

{ln(i—1)+27 ln(i—1)+47 ooy ln(i—1)+2n—2}
2)

oy lon—2} U{lonto, lonta, ooy lan—2}

u..u {l(m72)n+27 l(m72)n+4a D) lmn—2} .
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m

n—1
Let Bo = (J U {fiw uiga)}
isofiljid 2) i=1

m

= U U )~ Flaigl)

i=0(mod 2)

m

n—1
= U U {lni—gjr2 — lni—2;l}
j=1

i=1
i=0(mod 2)

m

= U AU )

i=1 =
1EO(ln10d 2) J=1

m

= U {lnic1lnizg, s i 2n—-3)

=1
i=0(mod 2)

= {lan—1,lon—3, .., I3} U{lan—1,lan—3, ..., lony3}

U..u {lmn—h lmn—Sa ) l(m72)n+3} .

For s =1,2,..23. f(v&) = lmnaok—3s, 35 — 1 <k <3s+ 1.

For s = %7 f(vkr) = lmn+2k73sa 3s—1<k<3s.

Let By = {fi(v1v2), f(vav1)}
= {If(v1) = f(v2)|,[f(vn) = f(v1)[}
- {|IO - lmn+1| ) |lmn+t - l0|}

- {lmn—‘rlalmn_l,_t} .
Let E/2 = {fi(vk vg41:3s— 1<k <3s}
= J{IF@r) = Forsa)] 135 =1 <k < 35}

3
= U {‘lmn+2k—35 - lmn+2k:+2—3s| 13s—1< k < 35}

s=1
t—3

3
= U {lmn+2k73s+1 13s—1<k< 35}

s=1

- {lmn+2; lmn+4} U {lmn+5; lmn+7} u..u {lmn+t—47 lmn+t—2}

- {Zmn+27 lmn+4a lmn+5a lmn-‘r?a cery lmn+t—47 lmn-‘rt—Q} .

We find the edge labeling between the end vertex of st loop and the starting vertex of
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th _ t=3
(s+1)" loop and s = 1,2,...55°.
t—3

=
Let E; = U {f1(vss41 v3s42}
s=1

= {fi(vavs), f1(v7vs), ..., fi(ve—2ve-1)}

= Alf(va) = f(vs)], | f(vr) = f(vs)]ses [f(ve—2) = flve=1)[}

= Allmnts = lmntal s lmnts = bnntrls s [lnntt—1 = lmnte—2|}
= {lmn+3s lnnt6, o, bnntt—3} -

For s =%

Let E, = {fi(vpvps1):k=3s—1}
— {f (o) — Flonsn)| k=35 — 1}
= {lf(vi) = f()l}
= {llmn+2t—2-t = lnny2e—e|}
= {llmntt—2 = lone[}
= Almnte—1}-
Now, E = U?:l (EZ U E;) So, the edge labels of G are distinct. Therefore, f is a strong Lucas

graceful labeling. Hence, G = S, ,,QC} is a strong Lucas graceful graph.
Example 2.25. Sg 5QCy admits strong Lucas graceful labeling.

lys 133
l34 )
32
l33
l34
[35
l36
l37 Isg
138‘“@/“" lag laz los lag

Fig. 12 SG,S@CQ

Definition 2.26.2] The graph S,(q?n denotes the one point union of ¢ copies of Sy, .

Theorem 2.27. Sﬁ?nis a strong Lucas graceful graph, when m = 0(mod 2).

Proof. Let G = S\,. Let V(G) = {ug} U {uj;:1<j<m1<j<nand1<k<t}be
the vertex set of G. Let E(G) = {uoug? 1< < m}U{uftJ)uEt;H 1<i<mand1<j<n-— 1}
be the edge set of G.
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So, [V(G)| = mnt + 1 and |E(G)| = mnt.
Define f : V(G) — {lo,ll,ZQ, n-almnt} by f(’Lbo) = lo.
For k = 17 2, ,t and for ¢ = 1, 2, ...,m,i = l(mod 2), f (Uﬁj) = lmn(k—1)+n(i—1)+2j—17 1 S

Jj<n.

For k=1,2, ...

tand i =1,2,...,m,i = 0(mod 2), f (u¥.) = lLyn(k—1)+ni—2j+2, 1 <j <n.

]

Next, we claim that the edge labels are distinct.

Let E1

Let E2

m

U {f1 (uo “fl)}

i=1
i=1(mod 2)

C~

£
Il
-

m

U {!f Uo)_f(uﬁl)’}

C~

S
Il
-

71(rnod 2)

C~

{!lo mnk 1)+n(i— 1)+1|}

S
I
-

71(xnod 2)

{ U {lmn(k 1)+n(i— 1)+1}
71(:od 2)
{

C-~

S
Il
—

mn(k—1)+1> mn(k 1)+2n+15 -+ almn(k—l)-‘rn(m—Q)-i-l}

HC

{lh l2n+17 ) ln(m72)+1} U {lanrla lmn+2n+17 ) lmn+n(m72)+1}
U {l2mn+17 l2mn+2n+17 ceey lan+n(m72)+1} U...

U {lmn(t—1)+17 lmn(t—1)+2n+17 ceey lmn(t—l)+n(m—2)+1} .

t m
U U {f1 (uo U?l)}
k=1 i2imea )
t m
Us U o) - st
k=1 i= 1(mod 2)
t
U {10 = lmnie—1)+ns]}
k=1
i= 1(mod 2)
t
U mn(k 1)+m}
k=1
i= 1(mod 2)

t

U { mn(k—1)+2n> mn(k 1)+4n» “wlmn(k—l)mn}

{l2n7l4n7 neey mn} U {lmn—i-?na lmn+4n7 seey lmn-i—mn} u...
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U {lmn(t71)+2na lmn(t71)+4na ) lmn(t71)+mn}
= {l2n7 l4n7 eeey lmn} ) {lmn+2n7 lmn+4n7 eeey lanrmn} U...

U {lmn(t71)+2n7 lmn(t71)+4n7 ooy lmnt} .

n—1

L_J U {fiui; i)}

i=1
i=1(mod 2)

U { U {1 (uf) = Flulyi)1}

i=1
{ i=1(mod 2)
{ m n—1

U

U {llmne—1)4ni—1)+2i-1 = bmne—D)4ni—1)+25+1}

~ et ~
k=1 iEl(Lmod 2) j=1
t m n—1
= U U U {bmnte—1)tni-1)125}
k=1 i=1 j=1
i=1(mod 2)
t m n—1
= U { U { U (=1 +n(i=1)4+2> bnn(k=1)Fn(i—1) 44> -+
k=1 i=1 j=1

i=1(mod 2)

lmn(k71)+n(i71)+2n72}}}
t

- U {{lmn(k—1)+2a lmn(k—1)+47 ceey lmn(k—1)+2n—2}
k=1

U {lmn(k—1)+2n42: lmn(k—1) 420445 -+ b (k—1) +an—2}
U {lmn(e— 1) (m—2)n+2> lmn (k—1)+ (m—2)n+45 -+ bmn(k—1)tmn—2 } }

= Alo, g, lon—2,lont2, lontay ooy lan—2, ..y lom—2yn+2> lim—2)n+45 -+ Lnn—2}
{2 b4 --os b 225 Lo 420425 b 2m 45 ooy b2 o> b (mm—2) 21
Lt () oo B2} U o {lmn(—1) 42> bonm (1) 445 -+ Lonm(t—1) 422,

lmn(t—1)+2n+27 lmn(t—1)+(m—2)n+4v ceey lmnt72}'

t m n—1
Let B0 = (Jo U U A v}
k=1 iEO(i;c}d 2) J=1
t m n—1
= U U U {|f(“§,j) - f(“ﬁjﬂ)\}
k=1 iEO(ix?;d 2) J=1
t m n—1
= U U U {|lmn(k71)+ni72j+2 - lmn(k71)+nif2j|}
k=1 i=1 =1

i=0(mod 2)
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t m n—1
U U U {lmn(k71)+ni72j+1}
k=1 |  i=1 j=1
i=0(mod 2)
t m n—1
U U U {lmn(kfl)qtnifla lmn(k71)+ni73a ) lmn(k71)+ni7(2n73) }

=~
Il
MR

i=1 i=1
i=0(mod 2) J

t
U {lmn(k71)+2n717 lmn(k71)+2n73> ) lmn(k71)+3u lmn(kfl)+4n717 lmn(k71)+4n737

=

=1
ey lmn(k71)+2n+35 [x3) lmn(k71)+mn71a lmn(kfl)+mn737 () lmn(k71)+mn72n+3}
{lan—1,l2n—3, - I3, lan—1,lan—3, s l2n 435 -y bnn—15 lmn—3, -5 L — (2n—3) } U
{lmn+2n—17 lmn+2n—37 ceey lmn+37 lmn+4n—17 lmn+4n—3; ceey lmn+2n+3a sy lan—lv
lamn—3; s lamn—(2n—3)} U -« U{lmn(t—1)+4n—15 bnn(t—1)+4n—3> - lmn(t—1)+2n+3

lmnt—la lmnt—?n ey lmnt7(2n73)}

Now, F = EyUEUEsUE,; = {l1,la, ..., Lt }. So, the edges of G are distinct labels. Therefore,

f is a strong Lucas graceful labeling. Hence, G = Sf,?n is a strong Lucas graceful graph.

Example 2.28. Sfi admits strong Lucas graceful labeling.

g2 s s s %o oo ot Hlou b, s
l43 145 l47 y NO J56 57 Vs ll l3 15 l?
ly7 lgs lys ly 1, (I S T - S
ls laa laz Ty s ls ly ly
b0 7N~ l l l
lg4 l36 lgg l4() lg g Y10 o 12 t14
I3
I35 l37 I39 1o 1L o 18 lg li1 l13 lis
l39 l37 I35 33 2p 24T li5 l13 l11
lag ls6 lag U327 l25% l2a® 117% lie l14 l12 l1o

129 l28 121 20

o7 30 |lie f22
lo6e I316 lige l23
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