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Further results on mean graphs
R. Vasukif and A. Nagarajan?

1 Department of Mathematics, Dr. Sivanthi Aditanar College of Engineering,
Tiruchendur 628215, Tamil Nadu, India
1 Department of Mathematics, V. O. Chidambaram College, Thoothukudi 628008,
Tamil Nadu, India
E-mail: vasukisehar@yahoo.co.in  nagarajan.voc@gmail.com

Abstract Let G(V,E) be a graph with p vertices and g edges. For every assignment
f:V(@G) — {0,1,2,3,...,q}, an induced edge labeling f* : E(G) — {1,2,3...,q} is de-
fined by

w7 if f(u) and f(v) are of the same parity,

[ (w) =

W , otherwise.

for every edge uv € E(G). If f*(E) = {1,2,...,q}, then we say that f is a mean labeling of
G. If a graph G admits a mean labeling, then G is called a mean graph. In this paper we
study the meanness of the splitting graph of the path P, and Ca,(n > 2), meanness of some
duplicate graphs, meanness of Armed crown, meanness of Bi-armed crown and mean labeling

of cyclic snakes.

Keywords Mean labeling, splitting graphs, duplicate graphs, armed crown, cyclic snake.

§1. Introduction

Throughout this paper, by a graph we mean a finite, undirected, simple graph. Let G(V, E)
be a graph with p vertices and ¢ edges. For notations and terminology we follow [1].

Path on n vertices is denoted by P, and cycle on n vertices is denoted by C,. K, is
called a star and it is denoted by S,,. The graph Ky x K5 x K> is called the cube and it is
denoted by Q3. The Union of two graphs G; and G5 is the graph G1 UG, with V(G1UG,) =
V(G1)UV(G3) and E(G1UG3) = E(G1)UE(G2). The union of m disjoint copies of a graph G
is denoted by mG. The H—graph of a path P, is the graph obtained from two copies of P,
with vertices v, vs,...,v, and uy,us, ..., u, by joining the vertices Unt1 and Ung1 by an edge
if n is odd and the vertices vn g and un if n is even.

A vertex labeling of G is an assignment f : V(G) — {0,1,2,...,q}. For a vertex labeling
f, the induced edge labeling f* is defined by

f(uwv) = W for any edge uv in G, that is,
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f(w+f(v)
2 )

flu)+f(v)+1
2

. if f(u) and f(v) are of same parity,
fH(uw) =

, otherwise.

A vertex labeling f is called a mean labeling of G if its induced edge labeling f* : E —
{1,2,...,q} is a bijection, that is, f*(F) = {1,2,...,q}. If a graph G has a mean labeling,
then we say that G is a mean graph.

The mean labeling of the following graph is given in Figure 1.

1 10 9 17
3 12 11 19
) 4 13 14
0 . . - 20
7 6 15 16
Figure 1.

The concept of mean labeling was introduced by S. Somasundaram and R. Ponraj in [4].
In [2, 4, 5], they have studied the mean labeling of some standard graphs. Also some standard

results are proved in [3, 6].

In this paper, we have established the meanness of the splitting graph of the path and the
cycle Cy, for n > 2. Also we discuss about the meanness of some duplicate graphs and the

meanness of Armed crowns, Bi-armed crowns and cyclic snakes.
We use the following results in the subsequent theorems:
Theorem 1.4 The cycle C,, is a mean graph, n > 3.
Theorem 2.5 If p > ¢ + 1, then the (p, q) graph G is not a mean graph.

§2. Meanness of the splitting graph

Let G be a graph. For each point v of a graph G, take a new point v’. Join v’ to those
points of G adjacent to v. The graph thus obtained is called the splitting graph of G. We
denote it by S’(G).

Here we prove the meanness of the splitting graph of the path P, for n > 2 and the cycle
Cy, for n > 2.

Theorem 3. S’(P,) is a mean graph.

Proof. Let vy,vs,...,v, be the vertices of P, and vy,va,...,v,, v],v5, ..., 0, be the
vertices of S’(P,). S’(P,) has 2n vertices and 3(n — 1) edges.
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We define f: V((S'(P,)) — {0,1,2,...,¢} by
f(v2i41) =2i,0 < < { J

Flos) =2n—1+2(i—1),1< bJ

n—1
fyi ) =2n—2+2i,0<i< { J,

Fh) =2i—1,1<i< gJ

It can be verified that the label of the edges of S’(P,) are 1,2,...,q and hence S’(P,) is
a mean graph.
For example, the mean labelings of S’(P;1) and S’(Py4) are shown in Figure 2.

20 1 22 3 24 5 26 7 28 9 30
0 21 2 23 4 25 6 27 8 29 10
S'(Py1)
26 1 28 3 30 5 32 7 34 9 36 11 38 13
0 27 2 29 4 31 6 33 8 35 10 37 12 39
S'(P1y)
Figure 2.

Theorem 4. S’(Cs,) is a mean graph.

Proof. Let vy,vs, ..., vs, be the vertices of the cycle Cs,, and vy, va, . .., Vo, V], V5, ..., V4
be the vertices of S'(Cay,).

Note that S’(Cs,) has 4n vertices and 6n edges.

Now we define f: V(5'(C2,)) — {0,1,2,...,q} as follows:

n

4i, 0< 5l

f(v2ip1) = ) bJ
5+4((n—1)—1), L%J 1<i<n-1L1
dn + 2+ 4i — 4, 1<i< |2,

flv2i) = _ [ﬂ
dn 4+ 3+ 4(n — 1), [2]+1<i<n.
4TL+4Z, OSZS ﬂa

f(”lzi+1): . bJ
dn+5+4((n—1)—1), 2] +1<i<n-1
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. 2+ 45 —4, 1<i<[%],
f(vy;) = ) .
3+ 4(n — 1), [2]+1<i<n.
It can be verified that the labels of the edges of S’(Cs,) are 1,2,3,...,q.
Hence S’(Cy,) is a mean graph.

For example, the mean labeling of S’(C14) is shown in Figure 3.

S'(Cha)

Figure 3.

The mean labelings of the splitting graph of K 1, K1 2 and K 3 are shown in the following
Figure 4.

K>@><>

S/(K1,1) S(K12 S K13

)

Figure 4.
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§3. Meanness of Duplicate Graphs

Let G be a graph with V(G) as vertex set. Let V' be the set of vertices with |V'| = |V].
For each point @ € V, we can associate a unique point a’ € V’. The duplicate graph of G
denoted by D(G) has vertex set VU V'. If a and b are adjacent in G then a’b and ab’ are
adjacent in D(G).

For example, D(S5) = 2S5 is shown in the following Figure 5.

SS D(S5) = 255
Figure 5.

In this section we characterize the meanness of some Duplicate graphs.

Theorem 5. Duplicate graph of a path is not a mean graph.

Proof. Let P, be a path. D(P,) = 2P,. D(P,) is disconnected and it has 2n vertices and
2n — 2 edges. Therefore D(P,) is not a mean graph for any n by Theorem 2.

Theorem 6. The disconnected graph 2C,, for n > 3 is a mean graph.

Proof. The graph 2C,, has 2n vertices and 2n edges. Let vi,vd, ... vl be the vertices of
the first copy of C,, and v?,v3,...,v2 be the vertices of the second copy of C,,.

We define f: V(2C,,) — {0,1,2,...,2n} as follows:

Case (i). Suppose n is odd say n = 2k + 1.

Jo) i—1, 1<i<k,
v;) =

i, k+1<i<2k
flop)=n+1,

n+2(i—1), 1<i<k+1,
f}) =

2n—2(i — (k+2), k+2<i<2k+1.

Case (ii). Suppose n is even say n = 2k.

Fo) i—1, 1<i<k,
v;) =
i, E+1<i<2k—1.
flog) =n+1
n+2(—1), 1<i<k+1,
f}) =

2n—1-2(—(k+2), k+2<i<2k
It can be verified that the label of the edges of the graph are 1,2,3,...,2n.
Hence 2C), for n > 3 is a mean graph. For example the mean labelings of 2C% and 2Cy are

shown in Figure 6.
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e

| e 2 e

6 \ 12\ //13 é'\ ?_//3 1>\

20, 20

%\g/g
'

v

'

£

Figure 6.

Corollary 1. Duplicate graph of the cycle C), is a mean graph.
Proof. D(C,) = Cs, when n is odd. But Cy, is a mean graph by Theorem 1 and
D(C,) = 2C,, when n is even. 2C,, is a mean graph by Theorem 6. Therefore D(C,,) is a mean

graph.

Theorem 7. mQ)s is a mean graph.

Proof. For 1 < j < m, let v{,vg, .. j be the vertices in the j** copy of Q3. The graph
m@)3 has 8m vertices and 12m edges. We deﬁne f:V(mQs) —{0,1,2,...,12m} as follows.

When m = 1, label the vertices of Q3 as follows:

0 4

12 11

For m > 1, label the vertices of mQ@Q3 as follows:

f)=12-1), 1<j<m
Fl)=12(—1)+i, 2<i<4,1<j<m
f@)=12G-1)+8, 1<j<m

fWh) =12 -1)+9, 1<j<m-—1
flel) =12 —-1) 411, 1<j<m-1
fwl)=12j+1, 1<j<m-1

fg) =12m — 2, f(v¥*) = 12m — 1 and f(vd") = 12m. It can be easily verified that the
label of the edges of the graph are 1,2,3,...,12m.

Then mQ3 is a mean graph. For example, the mean labeling of 3Q3 is shown in Figure 7.
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0 4 12 16 24 28

13 11 25 23 36 35

Figure 7.

Corollary 2. Duplicate Graph of Q3 is a mean graph.
Proof. D(Q3) = 2Q3 which is a mean graph by Theorem 7.
Theorem 8. Let @ be the quadrilateral with one chord. Duplicate graph of ) is a mean

graph.
Proof. The following is a mean labeling of D(Q).
2 10
[ ]
3 9
4 6
0 8
Figure 8.

Theorem 9. Duplicate graph of a H—graph is not a mean graph.

Proof. Let G be a H—graph on 2n vertices. D(G) = 2G. D(G) is disconnected and it
has 4n vertices and 4n — 2 edges. Therefore D(G) is not a mean graph by Theorem 2.

By Theorem 2 we have the following result.

Theorem 10. For any tree T, D(T) = 2T which is not a mean graph.

84. Meanness of special classes of graphs

Armed crowns are cycles attached with paths of equal lengths at each vertex of the cycle.
We denote an armed crown by C,, © P,, where P,, is a path of length m — 1.
Theorem 11. C,, © P,, is a mean graph for n > 3 and m > 2.

Proof. Let uy,us,...,u, be the vertices of the cycle C},. Let vjl, v]z, ... vj" be the vertices
of P, attached with u; by identifying vi" with u; for 1 < j < n.

The graph C,, © P,,, has mn edges and mn vertices.

Case (i) n = 0(mod 4)

Let n = 4k for some k. we define f : V(C, © P,) — {0,1,2,...,q = mn} as follows.

For 1 <i<m,
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i—1+4(j—1)m, if jisodd, 1 <j <2k,
o) m—i+(j—1)m, if jis even, 1 < j < 2k,
U. =
J i+ (j—1)m, if jisodd, 2k +1<j <4k —1,

m+1—i+(—1)m, if jis even, 2k +1 < j <4k — 1.

fh) =k —1)m+2i—1, 1<i<[Z].

fp) =@k —1)m+2i, 1<i< |2

It can be verified that the label of the edges of C), © P,,, are 1,2,3,...,mn. Then f is a
mean labeling of C,, © P,,.

Case(ii) n = 1(mod 4)

Let n = 4k + 1 for some k. we define f : V(C, © B,) — {0,1,2,...,q9 = mn} as follows.

For 1 <i<m,

m—1i+(j—1)m, if jisodd, 1 <j <2k,
i—1+(j—)m, if j is even, 1 < j < 2k,
ma1l—it(—1m, ifjisodd, 2k+1<j<d4k+1,
i+ (j—1)m, if jiseven, 2k +1<j <4k + 1.

It is easy to check that the edge labels of C,, © P,, are 1,2,3,...,q and hence C,, © P, is
a mean graph.

Case(iii) n = 2(mod 4)
Let n = 4k + 2 for some k. we define f: V(C, © B,) — {0,1,2,...,qg = mn} as follows.
For 1 <i <m,

i—1+(—1)m, if jisodd, 1 <j<2k+1,
Foh) m—i+ (j—1)m, if jiseven, 1 <j <2k+1,
V. =
! i+ —1)m, if 7 is odd, 2k +2 < j < 4k + 1,

m+1—i+(—1)m, if j is even, 2k +2 < j <4k + 1.
fWiio) =@k +1)m+2i—1, 1<i<[Z].
JORET) =k +m+2i, 1<i<|%].
It can be checked that the label of the edges of the given graph are 1,2,3,...,mn. Hence
f is a mean labeling.

Case(iv) n = 3(mod 4).

Let n=4k—1,k=1,2,3..., wedefine f : V(C,,OPF,,) — {0,1,2,...,g = mn} as follows.
For 1 <i<m,

m—1i+(j—1)m, if jisodd, 1 <j <2k —1,
i—14(—1)m, if jiseven, 1 <j <2k—1,
m+1—i+(j—1)m, if j is odd, 2k < j <4k —1,
i+ (j—1)m, if j is even, 2k < j < 4k — 1.
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It can be verified that the labels of the edges of C), © P, are 1,2,3,...,q = mn. Then f

is clearly a mean labeling.

Hence C), © P,, is a mean graph for n > 3 and m > 1.

For example the mean labelings of C15 © Ps and Cy; © Ps are shown in Figure 9(a) and
9(b).

Ci20Ps

Figure 9(a).
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58 6 17 18 29

28

27

OI

611

62

63

644

650

660

Ci10F

Figure 9(b).

In the case of m =1, C,, © P,, = C},, which is a mean graph by Theorem 1.
Bi-armed crown C,, © 2P,, is a graph obtained from a cycle C,, by identifying the pendent

vertices of two vertex disjoint paths of same length m — 1 at each vertex of the cycle.

Theorem 12. The bi-armed crown C,, © 2P, is a mean graph for all n > 3 and m > 2.

: : 1,2 .3 1,2
Proof. Let C,, be a cycle with vertices u1, ug, ..., u,. Let V15 V51, V51, - -, U] and )y, vy,
’U?Q, ..., vj3 be the vertices of two vertex disjoint paths of length m — 1 in which the vertices

vy and vj are identified with u; for 1 <j <n.
Case(i) n is odd. Let n = 2k +1 for some k. We define f : V(C, ©2P,;,) — {0,1,2,...,q}
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by
JWh) = G-+ @Em-1DG-1), 1<j<k1<i<m.
(U(k+11) -1+ 2m-1k 1<i<m-—1
(U(k+1 1) =m+(2m—1)k.
fi)=i+(@m-1)(G 1), k+2<j<2k+1,1<i<m.

pomeion _ ] ime2@noNG-D, dsjski<ism
72 itm—1+@m-1)(G-1), k+1<j<2k+1,1<i<m.

It can be verified that the label of the edges of C,, © 2P,, are 1,2,3...,q. Then f is a
mean labeling.

Case(ii) n is even. Let n = 2k for some k. We define f : V(C,, © 2P,,) — {0,1,2,...,q}

as follows.

i—1+2m-—-1)(7—-1), 1<j<k 1<i<m
i+ (2m—1)(j—1), k4+1<j<2%k—-1,1<i<m.

FWig) =i+ @m—1)(2k—1),1<i<m—1.
F01) =i+ 1+ (2m —1)(2k — 1).

Fomi—) = itm-2402m-1)(G-1), 1<j<k1<i<m
! itm—1+@m-1)(G—-1), k+1<j<2%k-1,1<i<m.

F0iggyy) =200 = 1) +m+ (2m — 1)(2k — 1),1 < i < [m/2].

f(vzg;r)éfi):2i_1+m+(2m—1)(2k‘—1), <i S\_m/2J

It is easy to check that the edge labels of C,, © 2P, are 1,2,3,...,q. Then f is clearly a
mean labeling.

Hence C), © 2P,, is a mean graph for n > 3 and m > 2.

For example the mean labelings of C7 © 2P, and Cg © 2P5 are shown in Figure 10.
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8
0 ! 170 418
1 7 \ 20
10 16
019 25
6 15 \
1 20 ¢ 24
3% 5
129 #14 21% A 93
s 22
51 41 39
B3$ 449 424/ 440 33
31
54 48 .\ 43 39 34
52 30
47
44 38 35 29
50 46
45 37 36 28
Cs © 2P;5
Figure 10.

The cyclic snake mC,, is the graph obtained from m copies of C,, by identifying the vertex
Ug42, in the j' copy at a vertex vy, in the (j + 1) copy when n = 2k + 1 and identifying
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the vertex vg41; in the jth copy at a vertex v1j41 in the (j + 1)t copy when n = 2k.
Theorem 13. The graph mC,,—snake, m > 1 and n > 3 has a mean labeling.
Proof. Let V1,025, Un, be the vertices of mC,, for 1 < j < m.
We prove this result by induction on m. Let m = 1. Label the vertices of C,, as follows:
Take

2k, if n is even,

2k + 1, if n is odd.
Then f(v;,) =2i—2,1<i<k+1

n—2r+3, 2<r<k, if n is even,

f(vk r ):
(ke n—2r+4, 2<r<k+1, if n is odd.

Therefore C,, is a mean graph.

Let m = 2. The cyclic snake 2C), is the graph obtained from 2 copies of C,, by identifying
the vertex v(y49), in the first copy of C), at a vertex v;, in the second of copy of C,, when
n = 2k + 1 and identifying the vertex v(,1), in the first copy of C,, at a vertex vy, in the
second copy of C,, when n = 2k.

Define a mean labeling g of 2C), as follows:
g(vi1) = f(vil)a]- S l g n.

g(viz) = f(vi,) +n,2<i<n.

Thus 2C,, —snake is a mean graph.

Assume that mC,—snake is a mean graph for any m > 1. We will prove that
(m + 1)C,,—snake is a mean graph by giving a mean labeling of (m + 1)C,,.

Then the resultant labeling is a mean labeling of (m + 1)C,,—snake. Hence the theorem.

For example, the mean labelings of 6C5—snake and 5Cs—snake are shown in Figure 11.
9
9 > 7//4‘\ 2 14 \ / \ / \
' 24 254 30

\/\8\/\/\/\/

6C5-Snake
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5C6-Snake

Figure 11.
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Abstract An integer d = [[}_, pfi is called the exponential divisor of n = [[;_, pi* > 1 if
bilai for every i € {1,2,---,s}. Let 7(9(n) denote the number of exponential divisors of n,
where 7(¥(1) = 1 by convention. The aim of this paper is to establish a short interval result

for —r-th power of the function 7(®) for any fixed integer r > 1.

Keywords The exponential divisor function, arithmetic function, short interval.

§1. Introduction

Let n > 1 be an integer of canonical from n = []}_, p{*. An integer d = []}_, Pl is called
the exponential divisor of n if b;|a; for every i € {1,2,--- s}, notation: d|.n. By convention
1.1

Let 7(¢)(n) denote the number of exponential divisors of n. The function 7(¢) is called
the exponential divisor function. The properties of the function 7(¢) is investigated by several
authors (see for example [1], [2], [3]).

Let 7 > 1 be a fixed integer and define Q.(z) := >, .. (7(®)(n))~". Recently Chenghua
Zheng 1] proved that the asymptotic formula -

N
Q@) = Az + a2 log® 23 dy(r)log ™ x + Olog ™V ) (1)
3=0
holds for any fixed integer N > 1, where do(r),d1(r),- - ,dn(r) are computable constants, and

A =[O+ 3 @) = =) o)

p(L

The aim of this short note is to study the short interval case and prove the following.
Theorem. If 2572 <y < z, then

S )T = Ayt (o E 2t ), 3)

rz<nlz+y

where A, is given by (2).
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Throughout this paper, € always denotes a fixed but sufficiently small positive constant.

Suppose that 1 < a < b are fixed integers, the divisor function d(a, b; k) is defined by

d(a,b; k) 21

k= n1n2

The estimate d(a, b; k) < k<" will be used freely. For any fixed z € C, C*(s)(Rs > 1) is defined
by exp(zlog((s)) such that log1 = 0.

§2. Proof of the theorem

Lemma 1. Suppose s is a complex number (fs > 1), then

e} e) .
Z = ()¢ (25)¢ (4s) M (),

where ¢, = 27771 +2727=1 _ 37" > () and the Dirichlet series M (s) := >~ gflf)

n=1

convergent for s > 1/5.
Proof. Here T(e)(n) is multiplicative and by Euler product formula we have for o > 1

that,

) CAICOINN o (PO 1) g G 0) ALV ) A 1)

— - S ps pQS p?)s
- 1;[(1+p15+i;:+i;: ?;T:- )
= ()¢ (2s) H<1 - ;f T )

= ((s)¢% T TH(28)C T (45) M (s).

Sowe get ¢, =27 "1 42721 37" and M (s) := > 0L 9(n) . By the properties of Dirichlet

n=1 ns

series, the later one is absolutely convergent for Res > 1/5.
Lemma 2. Let k£ > 2 be a fixed integer, 1 < y < x be large real numbers and

B(z,y; k,€) := Z 1.

Then we have
B($7 yﬂ k7 6) << yx_e + [L‘ﬁ log xT.

Proof. This is just a result of k-free number [4].
Let a(n),b(n),c(n) be arithmetic functions defined by the following Dirichlet series (for

Rs > 1),
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n

S 2 s)ms),

b

nS

—~

n)

= C2_T71(S)7

NE

n=1

Z Cf;l) _ C—cr(s).

Lemma 3. Let a(n) be an arithmetic function defined by (2), then we have

Z a(n) = A1z + O(as%“),

n<zx

where Ay = Ress—1((s)M(s).

Proof. Using Lemma 1, it is easy to see that

Z lg(n)| < z5t€.

n<x

Therefore from the definition of g(n) and (2), it follows that

Yoam) = Y gn)=3 gn) Y 1

n<x mn<z n<z m< 2
= Yo +0(1) = Az + 0 *),
n<z

and A; = Res;=1((s)M (s).

Now we prove our Theorem. From Lemma 3 and the definition of a(n), b(n), c¢(n), we get

(O (n))™" = Z a(ny)b(ng)e(ns),

n:nlngng

and
a(n) < n<,b(n) < n<,e(n) < n .
So we have
Qr(z+y) —Qr(z) = > a(ni1)b(n2)c(ns)
z<ninini<z+y

> 00 +>),
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where

<[]

By Lemma 3 we get

>

where A, = Res;—1F(s).

if e < 1/4.

Similarly we have

= > b(na)e(n) > a(m),
ng < a€ o <ng <Y
ng < o€ n2mn3 n3m3
= > |a(n1)b(n2)c(ns),
w<n1n%n% <z+4+y
ng > x€
= Z |a(n1)b(na)e(ns)|.
x < "1"%"% <z+4+uy
ng > x€
Aly X l_;r
= Z b(nz2)c(ns)( %n4 ((n%n3)° )
ny < €
ng < a€

= A+ O(yx_é + x%+%€)7

For ¥3 we have by Lemma 2 and (6) that

Z (7”&1 n2n3)62

x<n1n§n§§z+y

Y o<
’ ng > x€

< < Z 1

© < nindni <ety
ng > x€

2
= xe E

w<n1n%§m+y
ng > x€

< 2* B(z,y;2,¢)
< .T2€2 (yx—e + x%—‘—é)
< ya® T 4 piticlogn

< yx_% +x%+%6’

Z Lyr 5 +astie
3

Now our theorem follows from (7)-(11).
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Abstract The main purpose of this paper is to studied the mean value properties of some

new sequences, and give several mean value formulae and their applications.
Keywords New sequences, mean value, asymptotic formula, applications.

81. Introduction

For any monotonous increasing arithmetical function g(n), we define two sequences h(n)
and f(n) as follows: h(n) is defined as the smallest positive integer k such that g(k) greater
than or equal to n. That is, h(n) = min{k : g(k) > n}. f(n) is defined as the largest positive
integer k such that g(k) less than or equal to n. That is, f(n) = max{k : g(k) < n}. Further
more, we let

Sn = (h(1) + h(2) +--- + h(n))/n;

+h(n))
L= (f() + f(2) +-- + f(n))/m:
Ky = {/h(1) +h(2) + -+ h(n);
Ly = /) + f2) +---+ [(n).

In references [1], Dr. Kenichiro Kashihara asked us to studied the properties of I,,, S,,, K,

and L,. In references [3] and [4], Gou Su and Wang Yiren studied this problem, and obtained
some interesting results. In this paper, we will use the elementary and analytic methods to
study some similar problems, and prove a general result. As some applications of our theorem,
we also give two interesting asymptotic formulae. That is, we shall prove the following:

Theorem. For any positive integer k, let g(k) > 0 be an increasing function, we have

sn—znzjb(/M s as [ w0 dt+o<M>>,

M-1 M-1

Su 1 (Mz— [ gy dt— [ (=) g'(t) dt+ O (M)
Lo n\ Ma— [Mg(e)dt— [M(t—[t])g(t) dt+0O (M)

and
Ky (Mae— [ g) de— [T (= () g'(8) dt + O (M) )
Ln Mz — [M gty dt— [}t~ [thg() dtvO1) )

IThis paper is supported by the N. S. F. of P.R.China.
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As some applications of our theorem, we shall give two interesting examples. First we
taking g(k) = k™, that is h(n) = min{k : k™ > n} and f(n) = max{k: k™ < n}. Then we
have

Corollary 1. Let g(k) = k™, then for any positive integer n, we have the asymptotic
formulae

Sn—In:1+0(n*%), n :1+O(n*%)7

alRg

and

ke K'I
KL:l—FO(l), limﬁzl, lim — =1.
L n

Next, we taking g(k) = €*, that is h(n) = min{k : €* > n} and f(n) = max{k: e* <n},

then we have:

Corollary 2. Let g(k) = €*, then for any positive integer n, we have the asymptotic

Sn 1 K, 1
no_ el =1 l
I, 1+O<lnn>’ L, +O<n>’

formulae

§2. Proof of the theorem

In this section, we shall use the Euler summation formula and elementary method to
complete the proof of our theorem. For any real number z > 2, it is clear that there exists one
and only one positive integer M such that g(M) < x < g(M + 1). So we have

Yohn) = > 3 )+ D> hn)

n<zx k=1g(k—1)<n<g(k) g(M)<n<z
= > hm+ D> hm+-+ > hn)
9(0)<n<g(1) 9(1)<n<g(2) g(M)<n<z

M
= D k(g(k) =gk = 1)) + M (z — g(M)) + O (M)
k=1
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oD = D> [

(]

~

g
I

n<z k=1 g(k)<n<g(k+1) z<n<g(M+1)
= Y fm+ D> f) 4+ > f(n)
g(1)<n<g(2) 9(2)<n<g(3) g(M)<n<g(M+1)

—M(g(M+1)—=z)

M
= > k(gk+1)—g(k)) = M (g(M +1) - x)
k=1

M+1
= (M+1D)g(M+1)= > gk)—M(g(M+1)-2)
k=2
M M
~ Ma- /1 o(t) di — /1 (t—[]) g'(t) dt + O (M). )
In order to prove our theorem, we taking = n in (1) and (2), by using the elementary method
we can get
Sw=To = o () +AE) 4 b)) = = (F) + F2) o+ ()
M M
- - (/Mlg(t) dt+/M71 (t— () g'(t) dt+O(M)> . (3)
Then we have
S, Max— [ gty dt— [ (- [t]) g'(t) dt + O (M)

I fofl (t) dt*fl (t —[t]) ¢'(t) dt + O (M)

and

Ky _ Mz . ( ) dt — [ 1(t— ) g'(t) dt + O (M)\ "
L, Mz — f1 ) dt — fl — ) g () dt +0O (M)

This completes the proof of our theorem.

Now we prove Corollary 1. Taking g(k) = k™ in our theorem, for any real number z > 2,

it is clear that there exists one and only one positive integer M satisfying M™ < z < (M +1)™
That is, M =z + O(1). So from our theorem we have

> h(n) Z > hm)+ D h(n)

n<x k=1 (k—1)m<n<k™ Mm<n<lzx

M-—1 M—-1
fo/o ¢m dtf/o (t—[t]) (t™) dt + O (M)

1 m+1
My — —— (M -1 M™).
7= (M= 1™ 401

Since M = zw + O(1), so we have the asymptotic formula

> h(n) x"‘# +0(a).

n<lz
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Similarly, we have

> fn)

n<x

I
=
8

|

M M
/‘mwﬁf/ (t— [f) g'(t) di + O (M)
1 1

1
= Mz——— (M-1)""+0M™)
m+

m—+1

s 1 _1(
n

S _ Mz — O_tmdt ( [t]) (&™) dt + O (M)
n Mz — tmdt—fl —[t]) ™) dt + O (M)
m +0
_ m;rlnmﬂ ()_1+O( )
m+ O(n)
+1
on m +0(n)\"
ﬁ: m+41 — () _1+O<>
Ly, i +O(n
n . Kn
lim =2 =1, lim —2%=1
neoo I, 7 neeo L,

Now we prove Corollary 2. Taking g(k) = e*

in our theorem. For any real number z > 2,
it is clear that there exists one and only one positive integer M satisfying eM < z < eM+1,

that is M = Inz + O(1). Then

M-1 M-1
Zh(n) = Mac—/o e dt—/O (t—1[t]) (e dt + O (Inz),

n<x
and
M M
S i) = Mac—/ ¢! dt—/ (t— ) () dt + O (Inz).
et 1 1
Therefore,
o Moo Mo - l(t[t])(et)’dtJrO(ln:z:)1+O< | >
In M:r:—fl et dt — fl (et) dt + O (Inx) Inn
K, 1)\~
Doy - -1 -
i - (o) —eeld)
and
fim 71 fm 7% =1

This completes the proof of our corollaries.
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Abstract The integer d = [[}_, p’f is called an exponential divisor of n = [];_, pi* > 1 if

bila; for every ¢ € {1,2,--- ,s}. The exponential convolution of aithmetic functions is defined
by
FOom= > - > =fr-png@s o),
bici=aq brer=anp

where n = []_, p;*. The inverse of the constant function with respect to () is called the
exponential analogue of the M&bius function, which is denoted by p<e>. The aim of this paper

is to establish a short interval result for the function pu(®.

Keywords The exponential divisor function, generalized divisor function, short interval.

§1. Introduction

Let n > 1 be an integer of canonical from n = [[;_, p{*. The integer n = []}_, p?i is called
an exponential divisor of n if b;|a; for every i € {1,2,--- s}, notation: d|.n. By convention
1.1

Let u®(n) = p(a1)---p(a,) here n = [[;_, pi*. Observe that [u(?)| = 0 or || = 1,
according as n is e-squarefree or not. The properties of the function ;(¢) is investigated by
many authors. An asymptotic fomula for A(z) := Y, . pu(?(n) was established by M. V.
Subarao 2 and improved by J. Wu [II. Recently Lészlé Téth 3 proved that

Alx) = m(u)e + O(ah exp(—c(log 2)2), (1)

where

m(’ue) — H(l + Z (:u‘(a) _p/i(a — 1))), (2)
p a=2

and 0 < A < 9/25 and ¢ > 0 are fixed constants.
The aim of this paper is to study the short interval case and prove the following
Theorem. If x5+3¢< y < x, then

S 1O n) = m(u)y + Ofya— ¢ + ¥ ¥,

z<n<z+y

where m(u®) is given by (2).
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Notation. Throughout this paper, € denotes a sufficiently small positive constant. u(n)

denotes the Mobius function. For fixed integers 1 < a < b, the divisor function d(a,b;n) is

defined by
d(a,b;n) := Z 1.
n:n‘fng
§2. Proof of the theorem
Lemma 1. Suppose Rs > 1, then we have
= 9 (n s
Ply= Y 0 B g, )

n® ¢*(25)¢(5s)

n=1

g(n)

where the Dirichlet series G(s) := Z is absolutely convergent for Res > 1/5.
n=1

Proof. Since () (n) is multiplicative, by Euler product formula we get for o > 1 that

Z‘X’ ©(n H 1 2 3
n—1luns() N p(1+u7§3)+/;9(28)+'[;(35)+”.)
L _ 1 11 1
- 1;[(1_?) 1;[(1 ps)(1+ps p2s p35+ )

= C(S) 1;[(1 - p25 p4s pSS + )
B ¢(s) 2 4 5
(*(25)((5s) 1;[(1 T i S )
_ (s)
) s
where 5 A 5
G(S) :H(1+p65_ps _p7s_p2s +p8s_p3s +)

P
It is easily seen that G(s) can be written as a Dirichlet series, which is absolutely convergent

for Rs > 1/5.
Lemma 2. Let k > 2 be a fixed integer, 1 < y < z be large real numbers and

B(x,y; k,€) : = Z 1.

m<n7nk’§x+y

m > x€

Then we have
B(z,y; ky€) < ya~¢ + 71 log z.

Proof. See [4].
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Let a(n), b(n) be arithmetic functions defined by the following Dirichlet series (for s > 1),

Lemma 3. Let a(n) be the arithmetic function defined by (2), then we have

Y a(n) = Aye + 0¥ ),

n<x

where Ay = Ress=1((s)G(s).

Proof. According to Lemma 1, it is easy to see that

> lg(n)] < x5,

n<z

Therefore from the definition of a(n) and g(n), it follows that

Yoam) = Y gm)=) gn) Y 1

n<zx mn<z n<x m< 2
X ;_,’_6
= Z g(n)[g] = Az + O(z57°).
n<x

Now we prove our Theorem. From (1), the definitions of a(n) and b(n) we get that

,u(e) (n) = Z a(n1)b(ne)u(ns),

n:nlngng

thus
Alz+y) —Ax) = > a(n1)b(nz)p(ns)
z<ninini<z+y
S5 )
1 2 3
where

e g <mEag
= > |a(n1)b(ns)],
2 1<n1n%ng <z4+vy
ng > x€
2. = > latm)b(n)
3 2,5

z <mninjny <w+y
ng > x€

(2)

(3)
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By Lemma 3 we get easily that

S o= X st (5% 05 )

1 no<z€ nz<xe 273
= Ay Y bna)ny? D plng)ng® + O(xE9))
na<z€ nz<xe

Ay + O(yxz™  + mé+%6),

where A = Ress—1F(s) = m(u°).
It is easily seen that the estimates

2
a(n) € n,

and
b(n) = > pna)p(ne) < d(1,15n) < ne,

—n2,2
n_n1n2

hold, which combining the estimate d(1,5;n) < n¢ and Lemma 2 gives

o< Y (umy)T

z<ninini<z+y
2
< zf E 1
z<ninin}<z+y
2
< 2% E d(1,5;n1)
z<nini<z+y

< 37252 (yx_e + x%—&-e)
< yrTE 4 asTic
Similay we have
Z <yr~F4astee
3

Now our theorem follows from (5)-(8).
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Abstract Consider the wavelet estimator of a semi-parametric regression model with fixed
design points when errors are a stationary p-mixing sequence. The wavelet estimators of
unknown parameter and non-parameter are derived by the wavelet method. Under proper

conditions, weak convergence rates of the estimators are obtained.
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§1. Introduction
Consider a semi-parametric regression model
yi=zif+g(ti) te, i=12- n (1)

where 2; € R, t; € [0,1], {(zs,t;), 1 <i<n} is a deterministic design sequence, 3 is an
unknown regression parameter, g(-) is an unknown Borel function, the unobserved process
{e;,1 < i< n} is a stationary p-mixing sequence and satisfies Fe; =0, i =1,2,--- ,n.

In recent years, the parametric or non-parametric estimators in the semi-parametric or
non-parametric regression model have been widely studied in the literature when errors are
a stationary mixing sequence (example [1]-[4]). But up to now, the discussion of the wavelet
estimators in the semi-parametric regression model, whose errors are a stationary p-mixing
sequence, has been scarcely seen.

Wavelets techniques, due to their ability to adapt to local features of curves, have recently
received much attention from mathematicians, engineers and statisticians. Many authors have
applied wavelet procedures to estimate nonparametric and semi-parametric models ([5]-[7]).

In this article, we establish weak convergence rates of the wavelet estimators in the semi-
parametric regression model with p-mixing errors, which enrich existing estimation theories and
methods for semi-parametric regression models.

Writing wavelet scaling function ¢(-) € S, (g-order Schwartz space), multiscale analysis of
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concomitant with L?(R) is V,,,. And reproducing wavelet kernel of V;, is

Ep(t,s) = 2™ Eo(2Mt,2™s) = 2™ Y (2™t — k)p(2™s — k).
keZ

When £ is known, we define the estimator of g(-),
o) = Y- = :0) [ En(t.5)ds
i=1 Ai

where A; = [s;-1, ;] is a partltlon of interval [0, 1] with ¢; € A;, 1 <4 < n. Then, we solve the

minimum problem gnlg Z (yi — i — go(t, 8))2.
€

Let its resolution be ,Bn, we have

n
B = 5,23 &l (2)
i=1
~ i ~
where &; = x; — acij ' (tiy8)ds, §; = yi — Zyij m(ti, 8)ds, isz?

J_
Finally, we can define the estimator of g(-),

300 & gult 0u) = 3 S =) [ Battos )

§2. Assumption and lemmas

We assume that C and C;, ¢ > 1 express absolute constant, and they can express different

values in different places.

2.1. Basic assumption

Al
A2
A3
4

(-) € HY(v > 1/2) satisfies y-order Lipschitz condition.
has compact support set and is a g-regular function.
( ) — 1‘ =¢(§), £ — 0, where ¢ is Fourier transformation of ¢.

max( —8i-1) = O(n‘l),lrélax |Z;] = O(2™).

=

A5 Cl < 52 “/n < Cq, where n is large enough.
6) | Z ifa CEn(t,s)ds| = A, t € [0,1], where A is a constant that depends only on ¢.

(A1)
(A2)
(A3)
(A4)
(A5)
(A6)

>

2.2. Lemmas

Lemma 1.8 Let ¢(-) € S,. Under basic assumptions of (A1)-(A3), if for each integer
k > 1, de > 0, such that
2m
£ |Enlt,5)] < N

Ck
Eo(t,s)| < —F S S B
) 1Bo(t. )| < 1+t —s 14+2m |t —sff
(ii) sup [y |Em(t, s)|ds < C.
t,m

Lemma 2.1 Under basic assumption (A1)-(A4), we have
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n

(II)Z(I En(t,s)ds)* = O(37).

Lemma 3.13] Under basic assumption (A1)-(A5), we have

> (t) [ Bult,s)ds gt

’fA m(t,8) ds‘ O(%%);

sup =0(n""7)+O(1y),n — oo.

where
(7)o 12, (1/2<a<3/2),

Tm = \/E/Qm, (Oé = 3/2),

1/2m, (a > 3/2).
Lemma 4.0 (Bernstein inequality) Let {x;,i € N} be a p-mixing sequence and F|z;| =
0.{ani, 1 <i<n} is a constant number sequence. {z;} < d;, a.s.. 8, = Y. an;x;, then for

i=1

Ve > 0, such that

P(|sy| > ) < Crexp{—te +2Cot* A+ 2(L+ 1) + 21In(p(k)) } .

where constant C do not depend on n, and Cy = 2(1+26)(1+8 > p(i)), A = Z aZ,d?, t > 0.

p ng i
=1

l and k satisfy the following inequality

20k <n <2(l+ 1)k, tk- 1r£1a<x |anid;| < <

| =

§3. Main results and proofs

Theorem 1. Under basic assumption (A1)-(A6), if > p(i) < oo, A, = max(n™",7m),
i=1

m 3

and if 3 d = d(n) € N, such that dA,, — oo, ﬁ — 0 and AL — 0,
then, we have
Bn =B = Op(An), (4)
g(t) — g(t) = Op(As). (5)
Proof. It is obvious that
Bn - ﬂ = ~;2(Z:1i‘z‘éz + lejlgl)
:5772[2 Tie; — Zfz Z €j fA_Em(tus)dS+ szgz] (6)

’ i=1

o
Il
=
<.
Il
—

where €; = e; — Z €; fA, Em(tivs)dsa 9i = gi — Z 9j fA t’Lvs dS

Since |By,| =

A n
= Z biei .
i=1
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Hence
(‘Bln| > nAn) = ( > nAn)

Z bieiI(le;| < d)‘ > nA,) + P(

i bieil(le;] > d)' >qah,) (D
=1

where d = d(n) € N.
By assumption (A4) and (A5), we have

n . . n . 2m
< ) sz Z (S;2 i)Qb?Sm?XSnQM'ZSani:O(n)-

If further d =t = k in Lemma 4, then the conditions of Lemma 4 suffice.

|bi] =

By applying Markov’s inequality and the conditions of Theorem 1, we have

E(

> bieil(les| > d)‘) Eei- 3 b Eei- ) (n~'i;) - (ns,?) o
i=1 i=1 '
< = <
nA, - dnh, dnh, — dA,

s
i
Il
!
i
.
)

By Lemma 4, we have

P(Jn1) < Crexp{—tA,n+ Cot? A+ 2(1+ 1) + 2In(p(k)) }
< Ciexp {—dAnn + Cod?A +2(1 + 1)} .

Since
- 2m(
A=) bid>="—

So

d?A  2md? I+1 n/2k+1 n+2d n 1

= — O7 S = = —|— _— O,
dA, ni,, dA,, dA,, 2d2A,, 2d2A,,  dA,,
2
Therefore M;)%M — 0.
Hence d
P(Jn1) < Cy - exp {—ZAnn} —0 (d — 00). (9)

Thus, we have shown
Bln - Op(An)~ (10)

Write b; = 3. S, 2% fA m(ti, s)ds.
=1
Then |Bgn| = | Z bj€j|.
j=1

Note that

< E,, — -2 -1 E,,

6] < z:: max/ (t;,8)ds = nS Zwl max/ (t;,8)ds = O(— - ),
n n n _ n ~ n om
Sr=> s;%/A Em(ti, s)ds)® <Y (8,%%:) .m?xZ/A Epm(ti,s)ds < C - 2772
=1 g i=1 j=1"74

j=1 i=1
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Similarly to the proof of Bj,,, we obtain
B2n - Op(An)~ (11)

Consider now Bs,,. By assumption (A6) and Lemma 3, we have
o | < G2 = 1. 5l = -
Bonl < S72 D20 5 = O(n™7) + Ol (12)

Thus, by (6), (10), (11) and (12), the proof of (4) is completed.
It is easy to see the following decompositions:

_f 2i(8 = Bn) [, Em(t,s)ds

=1

sup lg(t) — g(t)| < sup 9o (t, B) — g(t)| + sup

Ssup fA m(t,8)ds — ()’—I—sup EelfA m(t, 8)ds (13)
‘6 ﬂn sup mz tsds‘—T1+T2+T3
By Lemma 2, it is clear that
T, =0Mn"7) + O(1m)- (14)

Analogous to the proof of (4), and note that (13), (14) and (A6), it is clear that
9(t) = 9(t) = Op(An).
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Abstract The purpose of this paper is to study the concept of generalize derivations in the
sense of Nakajima on semi prime rings, we proved that a generalize Jordan derivation (f,9)
on a ring R is a generalize derivation if R is a commutative or a non commutative 2-torsion
free semi prime with 9 is symmetric hochschilds 2-cocycles of R. Also we give a necessary
and sufficient condition for generalize derivations (f,d1), (¢g,02) on a semi prime ring to be

orthogonal.

Keywords Prime ring, semi prime ring, generalize derivation, derivation, orthogonal deriva-
tion.

§1. Introduction

Throughout R will represent an associative ring with Z(R). R is said to be 2-torsion free
if 2z =0, € R implies = 0. As usual the commutator zy — yx will be denoted by [z,y]. We
shall use the basic commutator identites [zy, z] = [z, 2]y + [y, 2] and is [z,yz] = y[z, y]+ [z, y]z.
Recall that a ring R is prime if aRb = 0 implies that either a = 0 or b = 0, and R is semi
prime if aRa = 0 implies ¢ = 0. An additive mapping d: R — R is called derivation if
d(ab) = d(a)b+ad(b) for all a,b € R. And d is called Jordan derivation if d(a?) = d(a)a+ ad(a)
for all @ € R. In [3], M. Bresar introduced the definition of generalize derivation on rings as
follows: An additive map g: R — R is called a generalize derivation if there exists a derivation
d: R — R such that g(ab) = g(a)b + ad(b) for all a,b € R (we will call it of type 1). It is
clear that every derivation is generalize derivation, and an additive map J: R — R is called
Jordan generalize if there exists a derivation d: R — R such that J(a?) = J(a)a + ad(a) for
all a € R (we will call it of type 1). An additive map 9: R x R — R be called hochschild
2-cocyle if z(y, z) — O(xy, z) + O(x,yz) — O(x,y)z = 0 for all z,y,z € R, the map 0 is called
symmetric if 9(z,y) = d(y, z) for all x,y € R. Tt is clear that every Jordan derivation is Jordan
generalize derivation, and every generalize derivation is Jordan generalize derivation, and since
Jordan derivation may be not derivation, so Jordan generalize derivation, may be not generalize
derivation in general. The properties of this type of mapping were discussed in many papers
(MLELD - especially, in [2], M. Ashraf and N. Rehman showed that if R is a 2-torsion free
ring which has a commtator non zero divisor, then every Jordan generalize derivation on R is
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generalize derivation. In [7], Nurcan Argac, Atsushi Nakajima and Emine Albas introduced the
notion of orthogonality for a pair f, g of generalize derivation, and they gave several necessary
and sufficient conditions for f, g to be orthogonal. Nakajima [ introduced another definition of
generalize derivation as following: An additive mapping f: R — R is called generalize derivation
if there exist a 2 -coycle 9: Rx R — R such that f(ab) = f(a)b+af(b)+9(a,b) for all a,b € R (we
will call it of type 2). And is called Jordan generalize derivation if f(a?) = f(a)a+af(a)+d(a,a)
for all a € R (we will call it of type 2). In this paper we work on the generalize derivation (of
type 2), we will extend the result of ([1], Theorem 1) and also we give several sufficient and
necessary conditions which makes two generalize derivation (of type 2) to be orthogonal. For a
ring R, let U be a subset of R, then the left annihilator of U (rep, right annihilator of U) is the
set a € R such that aU = 0 (res, is the set a € R such that Ua = 0). We denote the annihilator
of U by Ann(U). Note that U N Ann(U) = 0 and U & Ann(U) is essential ideal of R.

§2. Preliminaries and examples

In this section, we give some examples and some well-known lemmas we are needed in our
work.

Example 2.1. Let R be aring d : R — R be a derivation and 0 : R X R — R defined
by 9(a,b) = 2d(a)d(b) and g : R — R is defined as follows g(a) = d(d(a)) for all a € R.
gla+b) =d(d(a+0b)) =d(d(a) +d(b)) = d(d(a)) + d(d(b)) = g(a) + g(b) for all a,b € R.

And, g(ab) = d(d(ab)) = d(d(a)b + ad(b)) = d(d(a)b) + d(ad(b)) = d(d(a))b + d(a)d(b) +
d(a)d(b) + ad(d(b)) = g(a)b+ag(b) + 2d(a)d(b) = g(a)b+ ag(b) + d(a,b) for all a,b € R. Hence,
g is generalize derivation (of type 2) on R .

The following Example explains that the definition of generalize derivation (of type 2) is
more generalizing than the generalize derivation (of type 1).

Example 2.2. Let (f, d) be a generalize derivation on a ring R then the map (f,9) is
generalize derivation, where d(a,b) = a(d — f)(b) for all a,b € R.

Lemma 2.1.°1 Let R be a 2-torsion free ring, (f,d) : R — R be generalize Jordan
derivation, then f(ab+ ba) = f(ab) + f(ba) = f(a)b+ af(b) + O(a,b) + f(b)a+ bf(a) + (b, a)
for all a,b € R.

Lemma 2.2.°/ Let R be a 2-torsion free ring and (f,d) : R — R be generalize Jordan
derivation the map S: R x R — R defined as follows: S(a,b) = f(ab) — (f(a)b+af(b)+ I(a,b)
for all a,b € R. And the map [ |: R X R — R defined by [a,b] = ab — ba for all a,b € R, then
the following relations hold

(1) S(a,b)cla,b] + [a,b]cS(a,b) =0 for all a,b € R.

(2) S(a,b)[a,b] =0 for all a,b € R.

Lemma 2.3. Let R be a 2-torsion free ring, (f,d) : R — R be generalize Jordan derivation
the map S : R x R — R defined as follows: S(a,b) = f(ab) — (f(a)b+ af(b) + 0(a,b)) for all
a,b € R, then the following relations hold

(1) S(ay + az,b)=S(a1,b) + S(az,b) for all aj,az,b € R.

(2) S(a,by +b2)=S(a,b1) + S(a,bs) for all a,by,bs € R.

(5]
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Proof.
(1) S(a1 +az2,b) = f((a1 +a2)b) — (f(ar + a2)b+ (a1 + a2) f(b) + (a1 + a2, b))
= f(a1d) + f(a2b) — (f(a1)b+ f(az)b+ a1 f(b) + a2 f(b)
+8(a1, b) + 8(&2, b))
= fla1b) — (f(a1)b+ a1 f(b) + O(a1,b)) + f(azb) — (f(az2)b
+az f(b) + 9(az, b))
= S(al,b)+5(ag,b).
(2) S(a,b1 +b) = f a(b1 + bg)) — (f(a)(b1 +b2) +af(by + b2) + 0(a, b1 + b2))

(

= flab1) + f(ab2) = (f(a))b1 + f(a)b2 + af(b1) + af(b2) +
d(a,by) + 9(a, bs)

= f(abi) = (f(a))b1 +af(b1) + 9(a,b1) + f(ab2) — f(a)bs
+af(b2) + O(a,bs)

= S(a,b1) + S(a,bs).

Lemma 2.4.[1 If R is a 2-torsion free semi prime ring and a, b are elements in R then the
following are equivalent.

(i) a xb=0 for all z in R.

(i1) b x a =0 for all z in R.

(#91) a x b+ b x a =0 for all x in R. If one of them fulfilled, then ab = ba = 0.

83. Generalize Jordan derivations on a semi prime rings

In this section, we extend the result proved by Nakajima ([1], Theorem 1(1), (2))by adding
condition.
Theorem 3.1. If R is a commutative 2-torsion free ring and (f,9) : R — R be a generalize
Jordan derivation then (f,d) is a generalize derivation.
Proof. Let S(a,b) = f(ab) — f(a)b —af(b) — O(a,b) for all a,b € R. And by Lemma (2.1)
we have S(a,b) + S(b,a) =0. So
S(a,b) = =5(b,a). (1)

And, f(ab—ba) = f(a)b+ af(b) + d(a,b) — f(b)a — bf(a) — O((b,a). Since R is commutative.
Then

S(a,b) = f(ab) = f(a)b — af(b) — 0(a,b) = f(ba) — bf(a) — f(b)a — O(b,a) = S(b,a). (2)

From (1) and (2), we get 25(a,b) = 0. And since R is 2-torsion free ring, so S(a,b) = 0. Hence
f is a generalize derivation.
Theorem 3.2. Let R be a non commutative 2-torsion free semi prime ring and (f,9) :

R — R be a generalize Jordan derivation then (f,9) is a generalize where 0 is symmetric.
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Proof. Let a,b € R, then by Lemma (2.2,(1)) S(a,b)c[a,b] + [a,b]cS(a,b) = 0, for all

¢ € R. And since R is semi prime and by Lemma (2.4), we get S(a,b)c[a,b] = 0 for all ¢ € R,
it is clear that S are additive maps on each argument, then:

S(a,b)clr,y] =0forallz,y,c € R. (1)

Now,

28(z, y)wS(z,y) = S(z,y)w(S(z,y) + S(z,9))S(x, y)w(S(z,y) — S(y,z))
= S, y)w(f(z,y) — (f(@)y +xf(y) + 9(z,y))
—(f(yx) = (f(y)r —yf(z) — Ay, x))

Since 0 is symmetric, so d(z,y) = d(y, x), then

28(z,y)wS(z,y) = Sz, y)w(f(z,y) — f(@)y—zf(y) — flyz) + f(y)z +yf(2))
= S(z,y)w((f(zy) — flyz) + [f(y), 2] + [y, f(2)])
= Sz, y)w(f(zy —yz) + [f(y). 2] + [y, f(2)])
= Sz, y)wf(zy —yz) + Sz, y)wlf(y), 2] + S(z,y)wly, f(z)].

By equation (1), we get 2S(z,y)wS(z,y) = S(z,y)wf(zy — yx) = S(z,y)w(f(x)y +
xf(y) + Oz, y) — f(y)x — yf(x) — O(y,x)) Since 9 is symmetric. Thus 25(x,y)wS(x y)
Sz, y)w(lf (@), yl + [z, f(¥)]) = S(z, y)w[f(x),y] + S(z, y)w[z, f(y)]. Then by equation (1), w
get 25(z, y)wS(x,y) = 0 for all z,y,w €€ R, and since R is 2-torsion free, so S(x,y)wS(z, )
0 for all z,y,w € R, since R is prime ring Thus, S(z,y) = 0 for all z,y € R, then f(zy) =
f@)y+xf(y)+ O(x,y). Hence, f is generalize derivation on R.

84. Orthogonal generalize derivations on semi prime rings

In this section, we gave some necessary and sufficient conditions for tow generalized deriva-
tion of type (2), to be orthogonal and also we show that the image of two orthogonal generalize
derivations are different from each other except for both are is zero.

Definition 4.1. Two map f and g on a ring R are orthogonal if f(z)Rg(y) = 0 for all
z,y € R.

Lemma 4.1. If R is a ring 0 : R — R is a hochschild 2-cocycle, S = R @ R, and
0:8 x5 — S defined by 9 : ((x1,11), (22,92)) = (O(x1,22),0) for all (z1,y1), (x2,y2) € S xS
is a hochschild 2-cocycle.

Proof. It is clear that J is an additive map in each argument and ((z1, z2)9((y1,v2), (21, 22))
—0((z1, 22) (Y1, Y2), (21, 22))+0((21, 2), (Y1, y2) (21, 22)) —O((w1, ¥2), (Y1, y2) (21, 22))=(210(y1, 21)
—0(x1y1, 21)+0(x1,y121)—0(x1,91)21,0) = (0,0) for all (x1,z2), (y1,¥2), (#1,22) € SxS. Thus,
0 is a hochschild 2-cocycle.

Theorem 4.1. For any generalize derivation (f, d1) on a ring R there exist tow orthogonal
generalize derivation (h,01), (g,02) on S = R @ R such that h(z,y) = (f(2),0), g(z,y) =
(0, f(y)) for all z,y € R.

Proof. Let h: S — S and g : S — S defined as following h(z,y) = (f(z),0) for all (z,y) €
S, g(z,y) = (0, f(y)) for all (z,y) € S, and let 9; defined as in Lemma 4.1. Now it is clear that
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h, g are additive mapping and h((x,y)(z,w)) = h(zz,yz) = (f(x2),0) =(f(x)z,0)+ (zf(z),0)+
(0(x, 2),0) =(f(x),0)(z, w) + (2, y)(f(2),0)+(8(x, 2),0) =h(z,y)(z, w) + (2, y) (2, w) +0((z,y)
(z,w)). Thus (h, 0) is a generalize derivation on S. In similar way (g, 0) is a generalize derivation
on S, and h(z,y)(m, n)g(z,w) = (£(x),0)(m,n)(0, f(w)) = (0,0) for all (z,y), (m,n), (z,w) €
S. h(z,y)Sg(z,w) =0 for all (x,y), (z,w) € S. Hence h, g are orthogonal generalize derivation
on S.

Theorem 4.2. If (f,01),(g,02) are a generalize derivation on commutative semi prime
ring R with identity, then the following are equivalent:

(i) (f,01) and (g, d2) are orthogonal.

(ii) f(z)g(y) =0 and 0y (x,y)g(w) =0 for all z,y,w € R.

(iii) f(z)g(y) =0 and O2(z,y)f(w) =0 for all z,y,w € R.

(iv) There exist tow ideal U,V of R such that

(a) UNV =0.

(b) f(R) C U and g(R),05(R, R) C V.

Proof. (i) — (i) Since f(z)Rg(y) = 0 for all z,y € R, then by Lemma 2.4, we get

f(x)g(y) = 0 for all z,y € R. Now 0 = f(zy)g(w) = f(x)yg(w) + zf(y)g(w) + 01 (z,y)g(w).
But f(z)yg(w) =0=zf(y)g(w), so 01 (x,y)g(w) =0 for all z,y,w € R.
(i) — (i%4) In similar way of (i) — (i).
(i) — (iv) Let U be an ideal of R generated by f(R) and V = Ann(U), then by Lemma
4.1, UNV =0 and by (ii). d2(z,y)f(w) =0 for all z,y,w € R, and since R is commutative
ring with identity, so it is clear that U = where r; € R,s; € f(R) and n is any positive
integer=0, thus clear that 0s(z,y)U = 0 and since f(x)g(y) = 0 for all z,y € R, then where
r; € R,s; € f(R) and n is any positive integer. g(y) =0, forally € R. Ug(y) =0 for all y € R,
then d3(R, R),g(R) C Ann(U) =V.

(i) — (i) For allz,y,w € R, f(zy)g(w) =0 = f(z)yg(w)+af(y)g(w)+ 1 (x,y)g(w). But
fW)g(w) =0 = 01 (z,y)g(w). So, f(z)yg(w) =0, f(x)Rg(w) = 0. Thus f, g are orthogonal
generalize derivations.

(#41) — (¢) In similar way of (i7) — ().

(iv) — (@) Since f(R) C U, f(R)g(R) = 0, then g(R) C V, Thus, f(R)Rg(R) CUNV,
then f(R)Rg(R) = 0. Hence f, g are orthogonal generalize derivations. This completes the
proof.

Corollary 4.1. If (f,01),(g,02) are a generalize derivation on commutative semi prime
ring R with unity, then f(R) N g(R) = 0.

Proof. By Theorem 4.2 there exists tow ideals U, V of R such that UNV = 0 And
f(R)CUand g(R) CV. f(R)g(R) CUNYV, hence f(R)Ng(R)=0.
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Abstract Let G = (V,E) be a graph with p vertices and ¢ edges and let f : V(G) —
{0,1,2,--- ,g—1,¢+ 1} be an injection. The graph G is said to have a near mean labeling if
for each edge, there exist an induced injective map f*: E(G) — {1,2,--- ,q} defined by

£ (uv) = M’ if f(u) + f(v) is even,
) w’ if f(u)+ f(v) is odd.

The graph that admits a near mean labeling is called a near mean graph (NMG). In this
paper, we proved that the graphs Book B,, Ladder L., Grid P, x P,, Prism P,, x C3 and

L, ® K; are near mean graphs.

Keywords Near mean labeling, near mean graph.

§1. Introduction

By a graph, we mean a finite simple and undirected graph. The vertex set and edge set
of a graph G denoted are by V(G) and E(G) respectively. The Cartesian product of graph
G1(V1, E1)&G5(Va, Es) is G1 X G2 and is defined to be a graph whose vertex set is Vi x V5 and
edge set is {{(u1,v1), (ua,v2)} : either u; = ug and vive € Fy or v1 = v9 and ujug € E1}. The
graphs K , x Kj is book By, P, x K is ladder L,,, P, x P, is grid Ly, ,, Py, X C3 is prism and
L, ® K is corono of ladder. Terms and notations not used here are as in [2].

§2. Preliminaries

The mean labeling was introduced in [3]. Let G be a (p, ¢) graph and we define the concept
of near mean labeling as follows.

Let f: V(G) — {0,1,2,--- ;¢ — 1,q + 1} be an injection and also for each edge e = wv it
induces a map f*: E(G) — {1,2,--- ,q} defined by

fw) + f) if f(u)+ f(v) is even,

F)=3 smtswer |
— if f(u)+ f(v) is odd.
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A graph that admits a near mean labeling is called a near mean graph. We have proved in
4], P,,Cy, Kz, are near mean graphs and K, (n > 4) and K; , (n > 4) are not near mean
graphs. In [5], we proved family of trees, Bi-star, Sub-division Bi-star P,, ® 2K, P,, ® 3K},
P, ® K 4 and P,, ©® K; 3 are near mean graphs. In this paper, we proved that the graphs Book
B,,, Ladder L,, Grid P, x P,, Prism P,, x C3 and L, ® K; are near mean graphs.

§3. Near meanness on product graphs

Theorem 3.1. Book K, X Ky (n-even) is a near mean graph.
Proof. Let K;, x Ko = {V, E} such that

V ={(u,v,u;,v; : 1 <i<n)},
E= {[(Uuz) (U'Ui) 1< S ] U (UU) U [(uzvz) 01 S 7 S n]}

We define f: V — {0,1,2,---,3n,3n + 2} by

f(u) =0,
flw)=3n+2,
flu)=4i-3,1<i< .,
J(tnga z)—4i—1,1§z§g,
o) =2m—2(-1), 1<i< .
fUny1-4) =3n—-2(: — 1) 1§z§g,
The induced edge labelings are
f(uul)f2i71,1<z§g’
[ (un1—;) = 2i, 1<Z§g,
[ (uv;)) =n+i 1§z§g,
« 3n+ 2
f(uw) = 5
3 2
“(Unt1-iVny1-i) = ne +1, 1§z’§§»
+ + 5 5
5
f*(vvi):7n+2—i,1§i§g,
ff(ovpg1-i) =3n+2—14, 1 <i< g

It can be easily seen that each edge gets different label from {1,2,--- ,3n+1}. Hence K ,, X K>
(n is even) is a near mean graph.
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Example 3.2.

Uyq

U4

K1’4 X K2

Theorem 3.3. Book K, x K3 (n-odd) is a near mean graph.
Proof. Let K;, x Ko = {V, E} such that
We define f: V — {0,1,2,---,3n,3n + 2} by

1
flw)=3n+2, Letx:n;_ ,

2i — 1, if1 <i<ux,
flui) =9 . .
21, ife+1<i<n,
fwi)=3n—-4(i—-1), 1 <i<ux,
fpri) =3n—2—-4(i—-1), 1 <i<n-—uzx.
The induced edge labelings are

ffluu;)) =1, 1 <i<n,

(i) = 3“;3 i1<i<u,
£(aw) =
3n+3

I (Ung1-iVng1-i) = 5 +i, 1<i<z -1,

ffov;)) =3n+3-2i, 1 <i<uz,
ffovgy) =3n+2-2i, 1<i<z-—1

It can be easily seen that each edge gets different label from {1,2,--- ,3n+1}. Hence, K7, x Ko

(n is odd) is a near mean graph.
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Example 3.4.

o
o

~—..
.
~—..
.
.

K7 x K>

Theorem 3.5. Ladder L, = P, x K5 is a near mean graph.
Proof. Let V(P, x K3) = {u;,v; : 1 <i<n}.
E(P, x K3) = {[(vitti+1) U (v0;41) : 1 <0 <m— 1] U [(uv;) : 1 < i <nl}.
Define f: V(P, x K3) — {0,1,2,--- ,3n — 3,3n — 1} by
flu))=i-1,1<i<n,
fluo)=2n—-2+414, 1 <i<n-—1,
fop) =3n—1.
The induced edge labelings are
f*(uiqu) = i, 1 S ) S n — ].7
[fuvip) =2n+i—-1, 1<i<n-—1,

[f(uvy)) =n+i—1, 1 <i<n.

Hence, P, x K5 is a near mean graph.

Example 3.6.

0 1 1 9 2 3 3
ul U9 u3 Ug
4 5 6 7
V1 V2 V3 v
4
7 8 8 9 9 10 11

P4><K2
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Theorem 3.7. The Grid graph P, x P, admits near mean labeling.
Proof. Let V(P, x P,) ={u;; : 1 <i<n,1<j<n},

E(P, x P,) = {[(wijuij1) 11 <i<n,1 <j<n—-1U[(ujuiq1j): 1 <i<n—-11<j<

We define f: V — {0,1,2,--- ;¢ —1,q+ 1} by
Fori=1,2,3,--- ,n—1,

fluig) =@ -=1)2n-1)+(j-1), 1<j<n

For i =n,

flunj))=(n=1)2n-1)+ (G -1), 1<j<n-1,

fpn) =2n(n—1) + 1.

The induced edge labelings are

Fori=1,2,3,--- ,n,

fruiguige) =@ —=1)2n-1)+j, 1 <j<n-1
For j =1,2,3,--- ,n,

frluigiuipry) =@ -1D)@2n -1+ (G -1 +n, 1<i<n-1

It can be easily verifty that each edge gets different label from the set {1, 2, -

P, x P, is near a mean graph.

Example 3.8.
0 1 1 ) 2 3 3
11 12 13 U14
4 5 6 7
7 8 9 10 10
U21 U22 U23 U24
11 12 13 14
15 17
14 16 X 17
U31 u32 33 U34
18 19 20 21
U41 U42 43 gy
21 22 22 23 23 24 25

P4><P4

-+, q}. Hence,
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Theorem 3.9. Prism P, x C3 (m > 2) is a near mean graph.
Proof. Let P, x C3 = G(V, E) such that

V= {uivviawi 01 SZS m}7
E = {[uiui_ﬂ) U (Uivi+l) U (wiwiﬂ) 01 S ) S m — l]U
[(wivy) U (vw;) U (uyw;) : 1 <@ <ml}.

We define f: V — {0,1,2,--- ,6m — 4,6m — 2} by

f(ul):O7

f(’Ul):4v

f(wl):27

flwy) =6m — 2, if m is even,
6i—4, i=0mod?2, 2<i<m

flui) =9 , .
6:i—2, i=1mod 2, 3<1¢<m,
6i—4, i=1mod?2, 3<i<m,

flo) =9 ) .
6i—6, i=0mod 2, 2<7<m,
6:—3, i=0mod2, 2<i<m,

flwi) =9 . .
6i—6, i=1mod2, 3<t<m.

fr(uvr) =2,
[ (urug) = 4,
fr(v1wr) =3,
[*(v1v2) =5,
[Huiwy) =1,
frwiwz) = 6,

6i—5, i=0mod?2, 2<i<m,

6i—3, 1=1mod 2, 3<i<m,

6i—5, t=1mod 2, 3<i<m,

f*(viwi):{6i_47 i=0mod 2, 2<1i<m,
6i—3, i=0mod?2, 2<i<m,
6i—4, i=1mod?2 3<i<m,
6

o) =6i—2, 2<i<m-—1,
6 1, 2

[ (wiwiq1) = 6i — 1,
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It is clear that each edge gets unique labeling from the set {1,2,3,---,6m — 3}. Hence, Prism

P,, x C5 is a near mean graph.

Example 3.10.

2 0
wq Uy
4
2
6 3 U1 4
2 0 ws 82 -
1 5
o 4 “ 11| 8 T2
6 3 2 4 6 V2
v 12
9 9 8
- 5 " 17| 13 1 g
8 7 14 U3
11 12 21 21 20
9 6 V2 Wy 16 Uq
1 14
w3 16 U3 23 20 19 24
10 24 18 V4
17| 13 15 | g s 26 28
o1 % 2 22
Wy 21 Uy 29 25 27 30
16 19 26 Us
23 20 24 34 33 32
18] V4 We ug
24 26 28
Wx 99 Us 28
25 27 32 31
26 Vs V6
30

Ps x C5: (m-odd) Ps x C5 : (m-even)

Theorem 3.11. The graph L, ® K7 = (P> x P,) ® K; admits near mean labeling.
Proof. Let L, ® K7 = {V, E} such that

V ={u;,v; : 1 <i<2n},
E = {{ujuiy1) : 1 <i<2n— 1] U (uguen) U [(uw;) : 1 <4 < 2n]
U [wjtznt1—i) : 2 <i<mn-—1]}
We define f: V — {0,1,2,--- ,5n —3,5n — 1} by

flui) =14, 1 <i<nmn,

fupes) =dn—2—1i, 1 <i<mn,
f(v1) =0,
flop) =n+1,
fopg1) =5n —1,
f(van) =4n — 3,
fn—i)=n+2+3i, 1<i<n-—2
fpr1ei)=n+1+43i, 1 <i<n-—2.
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The induced edge labelings are

fr(uvr) =
[ (upvn) =n+1,
[ (Unt1vny1) = 5n — 2,
f(vanugy) = 4n —
) =i+1, 1 <i<n-—1,
[ (ununi1) = 3n
[ (uanpur) = 2n
f*(Untittngit1) = 5n -1, 1<i<n-1,
(uvl):2n+1—z 2<i<n-—1,
f (Upt14iVnt1es) =3n+(1—1), 1 <i<n-—2,
ffujuoni1—i) =2n+(i—1), 2<i<n-—1.

Clearly edges get distinguished labels from {1,2, - -

,q}. Hence L,, ® K is a near mean graph.

Example 3.12. L, 0 K; = (P, x P5) ® K.
V2p16 v
3
0 13 Ye10 Vs
V1 1 9 8 7 6 6
1 2 2 3 3 4 4 5 5
U1 o u3 Uy Us
10 11 12 13 14
10 Ug (g U7 Ue
18 19 19 20 20 21 21 22 22
18 16 3
V10 7 15
17 vg Ve 24
Vg 12 (%rd
15 9

Theorem 3.13. Cuboid Cy x Py, (m > 2) is a mean graph.
Proof. Let Cy X P,, = G(V, E) such that

V(G) = {ui; :
E(GQ) = {[uijuij+1) : 1 <i<m,1<j <3|U
[(uijuiﬂj) 1< <m— 1, 1 S] < 4]}

1<i<m,1<j<4},
[(ui4ui1) 01 Ssz]U
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We define f: V(G) — {0,1,2,--- ,¢—1,q+ 1} by

f(ui1) =0,
flu2) = 2,
fluiz) =4,
fluig) =3,
flui—1)+15, i=0mod 2, 2<i<m,
fluin) = ) )
flui—1)+1, i=1mod?2, 3<i<m,
f(ui—1)+5, i=0mod?2, 2<i<m,
fluiz) = ) )
flui—1)+11, i=1mod 2, 3<i<m,
flui—1)+6, i=0mod?2, 2<i<m,
fluiz) = ) .
flui—1)+10, i=1mod 2, 3<i<m,
flui—1)+6, i=0mod?2, 2<i<m,
f (i)
flu;—1)+10, i=1mod 2, 3<i<m,

fr(uruiz) =1,
f*(u12u13) = 3,
[ (urzu14) = 4,
[ (urauir) = 2,
f(ui—11ui—12) +10, i =0mod 2, 2 <i < m,
uzlu7.2
flui—11ui—12) +6, i=1mod 2, 3<i<m,
flui—12ui—13) +6, i=0mod 2, 2<i<m,
u12u13
flui—12ui—13) +10, i=1mod 2, 3 <i<m,
f(ui—1zui—14) +6, i=0mod 2, 2<i<m,
u13u14
fui—13u;_14) +10, i=1mod 2, 3 <i <m,
f(ui—1au;—11) +10, i =0mod 2, 2 <i<m,
u14u11
flui—1aui—11) +6, i=1mod 2, 3<i<m,
funuipin) =8i, 1<i<m-—1,
Fr(uiguip12) =8 —3, 1 <i<m-—1,
[ (uizuiriz) =8i—1, 1<i<m—1,
Fr(uiguip14) =81 —2, 1<i<m-—1.

It is clear that each edge gets distinct labeling from the set {1,2,--- , ¢}. Hence Cy X P, (m > 2)

is a near mean graph.
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Example 3.14.

35 36 36
Us4 30 Us3

25 2 20}

Ug4 29 93 a3
20 20
U34
19\14 1577433
10 10
U24 u
9 23

7
167 u21 1 U2 3
94 0 18
3 u31 17 Uz2 21
3
34y 27 Ugo 29
32 34
Us1 33 Us2
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Abstract In this paper we will give two different definitions of super-self-conformal sets.
About the first definition, some properties of the dimensions are obtained. About the second
definition, we will prove that the super-self-conformal sets and their generating IF'S are not
defined each other only.

Keywords Super-self-conformal set, Hausdorff dimension, open set condition.

§1. Introduction

Self-similar sets presented by Hutchinson [4] have been extensively studied. See for example
[3], [5], [8], [9].- Let’s recall that. Let X C R™ be a nonempty compact convex set, and there
exists 0 < C' < 1 such that

lw(z) —w(y)| < Clr—vy|, Vr,yelX.

Then we say that w : X — X is a contractive map. If each w; (1 < i < m) is a contractive
map from X to X, then we call (X, {w;};~,) the contractive iterated function systems (IFS).
It is proved by Hutchinson that if (X, {w;}.",) is a contractive IFS, then there exists a unique

nonempty compact set £ C R", such that
m
E = |Jwi(E). (1)

Set E is called an attractor of IFS{w;};~ . If each w; is a contractive self-similar map, then we
call (X, {w;};~,) the contractive self-similar IFS. Set E in (1) is an attractor of {w;},,, and
it is called self-similar set. If each w; is a contractive self-conformal map, then (X, {w;}.~,) is
called the contractive self-conformal IFS, and set E decided by (1) is called self-conformal set,
see [1], [2], [7].

Recently, Falconer introduced sub-self-similar sets and super-self-similar sets. Let {w;};-,
is self-similar IF'S, and let F' be a nonempty compact subset of R™ such that

m

F C | Jwi(F).

This set F is called sub-self-similar set for {w;};-, [, Here if A such that A D U w;(A),
i=1
and A is a nonempty subset of R", then we call A a super-self-similar set. Easy to see that,
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self-similar sets is a class of special sub-self-similar sets. At the same time, Falconer obtained
the formula for the Hausdorff and box dimension of the sub-self-similar sets, if {w;};-, satisfies
the open set condition (OSC). In [11], we gave the definition of sub-self-conformal sets similarly:

Suppose (X, {w;};~,) is a contractive self-conformal IFS, and a nonempty compact subset
of X, F satisfies the condition

Then we call F a sub-self-conformal set for{w;};~,. And we obtained the formula for their
Hausdorff and box dimension.

In this paper, we will give two definitions of super-self-conformal sets. At the same time
we will discuss their different properties respectively.

We organize this paper as follows. In section 2, we will give the first definition:

Definition 1. Let (X, {w;},",) is a contractive self-conformal IFS with attractor E. If A

is a non-empty compact subset of E satisfying

m
AD | Jwi(4),
i=1
then we call A a super-self-conformal set.
At the same time, we obtain the property about the dimensions of super-self-conformal
sets under this definition. Next, we give the second definition:
Definition 2. Let (X, {w; }.~,) be contracting conformal IFS. If A is a non-empty compact

set satisfying

then we call A a super-self-conformal set.
Here we will consider the relations of the super-self-conformal sets and its generating IF'S.
Our main results are:
Theorem 1. Let (X, {w;};~,) be contracting conformal set with attractor E. If A is a

non-empty compact subset of E satisfying

And dimy A = s then dimgE = dimpFE = s and H*(A) < oo.

Theorem 2. Let (X, {w;}/";) be a contractive conformal IFS. Then the super-self-
conformal set generated by {w;}.", is uncountable. Conversely, There exists a super-self-
conformal set A which its generating IF'S is uncountable. Moreover, the attractor for each IFS

is different.

§2. Proofs of the main results

Here, we discuss the super-self-conformal sets defined by Definition 1 first. We will get the

property of the dimensions.
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Lemma 1.7 Let E be a non-empty compact subset of R™ and let ¢ > 0 and ry > 0.
Suppose that for every closed ball B with centre inE and radius » < ry there is a mapping
g : E — E N B satisfying

ar |z —y| < lg(x) — g(y)l, (z,y € E).

Then, writings = dimy E, we have that H*(F) < 4°a~* < o0 and dimgzE = dimpFE = s.
Lemma 2. Let (X, {w;};",) be a self-conformal contractive IFS with {|w}(z)|}]", satis-
fying
0 < inf |w}(x)| < sup|wj(x)| < 1, for each 1 < i < m,
z T

and OSC. Let E be the self-conformal set for (X, {w;},~,). Then dimy(E) = dimgz(E) =
1

L *
dimp(F) = s, here s satisfying 7(s) = klim (Z |w’1(x)|g) = 1. Moreover, 0 < H*(F) < 0.

The Theorem 1.1 in [1] and Theorem 2.7 in [7] give the results.
Theorem 1. Let (X, {w;};~,) be contracting conformal set with attractor E. If A is a
non-empty compact subset of E satisfying

i=1

And dimy A = s then dimgF = dimpFE = s and H*(A) < co.

Proof. If z € A C E, and r is small enough. Write ryi, = 1rn<1ré |wi(z)|, there exist a
z,1<i<m
sequence (i1,42,- - ,i) such that x € w;, ow;, o---owj;, (A) for all k. Choose k so
Pain + 7 < |w], (@)] - [wi, (@)] - |w, (@)] - [A] <.

Then w;, o w;, o ---ow;, : A — AN B(z,r) is a ratio at least rmim |A|”' 7 so Lemma 1 and
Lemma 2 give equality of the dimensions and H*(A4) < cc.
Here we must point out that by the hypothesis A C E, we have A = E. In fact,

E= ﬁ wh(A) C w(A) = O w;(A) C A.
k=1 i=1

So we get rid of the condition A C E, and lead to the second definition.

In this part, we are interesting in this question: Are the super-self-conformal and its
generating IFS defined each other only? Theorem 2 will give the answer.

Let E be an attractor of a contractive conformal IFS (X, {w;}]~,). We write

k

A = | Jwr(x),
n=1|I|
AO = khm Ak,
A(X)=AgUE.

Lemma 3. Ay is exist, and A(X) is a compact set.
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m

Proof. For Aj, are monotone increasing sets, and X is a compact subset of R, and {w;},_;

is a contractive conformal IF'S, so Ay = klim Ay, is exist. Moreover,
— 00
o0
Ap = lim Ay, = U Ay,
k—oo P

then Ay is a bounded set. To prove the compactness of A(X), we just need to prove that A(X)
is close.

Let z; € A(X), (1 =1,2,---), then {x;} C E or {z;} C Ag. (We may choose sub sequence
of {z;} for necessary.)

When {z;} C E. E is compact, so g € E.

When {z;} C Ap. For any ¢ > 1, we have x; € Ag. Then there exist an unique ! = ()
such that x; € Ap\Ar_1. We write

lo =max {l(i): 4 >1}.

If Iy < o0, then x; € A;, for any i. We know that zo € A(X), for 4;, is compact.
If Iy = oo, then there exist y; € X and I; € ¥ such that

lim wr, (y;) = wo.

It shows that xg € E. So zg € A(X).

From [10], we can find a similar proof.

Lemma 4. There exists a super-self-conformal set A which generating IFS is uncountable.
Moreover, the attractor for each IFS is different.

Proof. Consider the following IFS on A = [0,1] :

wy(x) = %xz, wo(x) = r2? + (1 —1).

Here r € (O, %} Obviously,
AD wl(A) @] U)Q(A)

A is a super-self-conformal set generated by these IFS. It has uncountable selection for r, so
the generating IFS of A is uncountable. Clearly, every choice such that IFS satisfies OSC. For
each IFS, the Hausdorfl dimension of the attractor is s, here s satisfies 7(s) = 1. It means s
change with r. Therefore each IFS has different attractor.

Theorem 2. Let (X,{w;}]";) be a contractive conformal IFS. Then the super-self-
conformal set generating by {w;}.", is uncountable. Conversely, There exists a super-self-
conformal set A which generating IFS is uncountable. Moreover, the attractor for each IFS is
different.

Proof. Let (X, {w;};",) be a contractive conformal IFS with attractor E. And suppose

m
X be a compact subset of R". A = A(X) be defined as above. i.e. A D (J w;(A). To prove
i=1

that A is the super-self-conformal sets for (X, {w;}.~,), we need to assure A is compact only.
By Lemma 3 it does. At the same time, there is uncountable super-self-conformal set generated
by (X, {w;}~,), for X is arbitrary.

In addition, Lemma 4 gave the proof of the last part of the theorem.
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Abstract In this paper, we studied the tubular W-surfaces that satisfy a Weingarten condi-
tion of type aki1 + bke = ¢, where a, b and ¢ are constants and k; and k2 denote the principal

curvatures of M and M; in Euclidean 3-space E® and Minkowski 3-space E3, respectively.

Keywords Tubular surface, Weingarten surfaces, principal curvtures, Minkowski 3-space.

§1. Introduction and preliminaries

Classically, a Weingarten surface or linear Weingarten surface (or briefly, a W-surface) is
a surface on which there is a nontrivial functional relation ® (k1,k2) = 0 between its principal
curvatures ki and ko or equivalently, there is a nontrivial functional relation ® (K, H) = 0
between its Gaussian curvature K and mean curvature H. The existence of a nontrivial func-
tional relation ®(A, B) = 0 such that ® is of class C! is equivalent to the vanishing of the

corresponding Jacobian determinant, namely, 86(2’13)) = 0, where (A4, B) = (k1,k2) or (K, H)

[4,5],

The set of solutions of this equation is also called the curvature diagram or the W —diagram
of the surface. The study of Weingarten surfaces is a classical topic in differential geometry, as
introduced by Weingarten in 1861. If the curvature diagram degenerates to exactly one point
then the surface has two constant principal curvatures which is possible only for a piece of
a plane, a sphere or a circular cylinder. If the curvature diagram is contained in one of the
coordinate axes through the origin then the surface is developable. If the curvature diagram is
contained in the main diagonal k; = k5 then the surface is a piece of a plane or a sphere because
every point is an umbilic. The curvature diagram is contained in a straight line parallel to the
diagonal ky = —ky if and only if the mean curvature is constant. It is contained in a standard
hyperbola k; = é if and only the Gaussian curvature is constant [4.

D. W. Yoon and J. S. Ro studied tubes of (X,Y)-Weingarten type in Euclidean 3-space,
where X,Y € {K,H, K} 1. In this work we study Weingarten surfaces that satisfy the
simplest case for @, that is, that ® is of linear type: aki +bks = ¢, where a, b and ¢ are constant
with a2 + b # 0.

Following the Jacobi equation and the linear equation with respect to the principal curva-

tures k1 and ko, an interesting geometric question is raised: Classify all surfaces in Euclidean
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3-space and Minkowski 3-space satisfying the conditions
D(k1,ke) =0, (1.1)

ak1 + bkg =, (12)

where k1 # ko and (a, b, ¢) # (0,0,0).
The Minkowski 3-space E} is the Euclidean 3-space E? provided with the standard flat
metric given by
(,)=—dxy +dxs + das.

where (x1, 72, 23) is a rectangular coordinate system of E$. Since ( ,) is an indefinite metric,
recall that a vector v € E} can have one of three Lorentzian causal characters: it can be
spacelike if (v,v) > 0 or v = 0, timelike if (v,v) < 0 and null (lightlike) if (v,v) =0 and v # 0.
Similarly, an arbitrary curve o = a(s) in E$ can locally be spacelike, timelike or null (lightlike),
if all of its velocity vectors a/(s) are respectively spacelike, timelike or null (lightlike) 24,

Minkowski space is originally from the relativity in Physics. In fact, a timelike curve
corresponds to the path of an observer moving at less than the speed of light. Denote by
{T, N, B} the moving Frenet frame along the curve a(s) in the space Ej.

We denote a surface M in E3 and E} by
M (s,t) = (mq (s,t),ma (s,t),mg3 (s,t)) .

Let U be the standard unit normal vector field on a surface M defined by

Ms N My

U=t
1My A M|

Then, the first fundamental form I and the second fundamental form II of a surface M are
defined by
I = Eds? + 2Fdsdt + Gdt?,

and
IT = eds® + 2fdsdt + gdt?,

respectively, where
E= <MS7MS>) F= <MS7Mt>a G = <MtaMt>-
€= <Mssa U>7 f = <Mst7 U>a g= <Mtt7U>'
[3,4]. On the other hand, the Gaussian curvature K and the mean curvature H are given by

-2 Eg—2F
9= ana = B9 2ET 1 Ge

k=g 2(EG — F?)

respectively. The principal curvatures k; and ko are given by

ky=H+VH?-K, ky=H—+/H?2 - K.

In this paper, we would like to contribute the solution of the above question, by studying

this question for tubes or tubular surfaces in Euclidean 3-space E® and Minkowski 3-space E3.
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§2. Tubular surfaces of Weingarten type in Euclidean 3-

space

Definition 2.1. Let « : [a,b] — E3 be a unit-speed curve. A tubular surface of radius

A > 0 about « is the surface with parametrization
M(s,0) = a(s) + A[N(s) cos0 + B(s)sinf] ,a < s < b [1],

We denote by « and 7 as the curvature and the torsion of the curve . Then Frenet
formulae of «(s) is defined by

T'=kN, N = —-xT+7B, B ' =—7N.
Furthermore, we have the natural frame {M,, My} given by
My, = (1—XkcosO)T — (Arsinf) N + (Arcosf) B,
My = —(Asinf) N + (Acosf) B.
From which the components of the first fundamental form are
E=X72+(1-Xkcosh)?, F=Xr1, G=2\.

The unit normal vector field U is U = —Ncosf — Bsinf. The components of the second

fundamental form of M are given by
e=—-M?—(kcos) (1 — Xkcosf), f=Ar, g=A\

On the other hand, the Gauss curvature K, the mean curvature H are given by

K cos (1 —2\kcosb)
K—__ feost g L= 2ARC0SO)
A(1— Akcos®)’ 2X (1 — Ak cos )

respectively. The principal curvatures are given by

1 (1= Akcosb)

ki=~, ko=————"—"—. 2.1
DS 2 (1 — Ak cos ) (2.1)
Differentiating k; and ko with respect to s and 6, we get
kis =0, kg =0, (2.2)
k' cos 6 Kk sin
kos = — kop = (2.3)

(=14 Ak cosh)?’ (=1 + Arcosh)?
Now, we investigate a tubular surface M in E?® satisfying the Jacobi equation ®(ki, ko) = 0. By
using (2.2) and (2.3), M satisfies identically the Jacobi equation kjskag — k1pkas = 0. Therefore,
M is a Weingarten surface. We have the following theorem:
Theorem 2.2. A tubular surface M about unit-speed curve in E3 is a Weingarten surface.
We suppose that M is a linear Weingarten surface in E3. Thus, it satisfies the linear
equation aky + bka = c¢. Then, by (2.1) and (2.2) we have

(cA—b—a)Akcosf+a—ch=0.
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Since cos 6 and 1 are linearly independent, we get
(A=b—a)Ak =0, a=c),

which imply
—bAk = 0.

If b # 0, then kK = 0. Thus, M is an open part of a circular cylinder in Euclidean 3-space. We
have the following theorem and corollary:

Theorem 2.3. Let M be a tubular surface satisfying the linear equation ak, + bky = c.
If b £ 0 and A # 0, then it is an open part of a circular cylinder in Euclidean 3-space.

Corollary 2.4.

i. The surface M can not be minimal surface.

11. The Mean curvature of the surface M is constant if and only if the curve a(s) is a
straight line.

#1i. The parallel surface of M is still a tubular surface.

. The surface M has not umbilic points.

§3. Tubular surfaces of Weingarten type in Minkowski 3-

space

Definition 3.1. Let « : [a,b] — E} be a unit-speed spacelike curve with timelike principal

normal. A tubular surface of radius A > 0 about « is the surface with parametrization
M (s,0) = a(s) + A[N(s) cosh 6 4+ B(s) sinh 6],

a < s < b, where N(s), B(s) are timelike principal normal and spacelike binormal vectors to «,
respectively [2].

Then Frenet formulae of a(s) is defined by
T =kN, N =kT +71B, B =71N,

where (T,T) = ( B,B) =1, ( N,N) = -1, (T,N) = ( N, B) = ( T, B) = 0 [2l. Furthermore,
we have the natural frame { My, Mg} given by

Mls
Mg

(1 4+ Ak cosh @) T + (Arsinh @) N + (A7 cosh §) B,
(Asinh @) N + (Acosh6) B.

From which the components of the first fundamental form are
E=M724 (14 Axcosh)?®, F=X\7, G=M.

The timelike unit normal vector field U; is U; = N cosh§ + Bsinh 6. Since ( Uy,U;) = —1, the
surface M, is a spacelike surface. The components of the second fundamental form of M; are
given by

e=—(M?+ (kcosh®) (14 Akcoshf)), f=-Ir, g=—\
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On the other hand, the Gauss curvature K, the mean curvature H are given by

K cosh (1 4+ 2Xk cosh )

A(1+ Ak coshf)’ " 2X\(1+ Mkcoshh)’

respectively. The principal curvatures are given by

K cosh 6 1

ki = — ko = ——. 3.1
! 1+ Arcoshf’ 2 A (3.1)
Differentiating k; and ko with respect to s and 6, we get
k' cosh K sinh 0
s=————————>5, kb=, (3.2)
(1+ Ak cosh®) (14 Ak cosh )
kos =0, kop = 0. (3.3)

Now, we investigate a tubular surface M; in E} satisfying the Jacobi equation ®(ky,ks) = 0.
By using (3.2) and (3.3), M; satisfies identically the Jacobi equation kjskog — k1gkas = O.
Therefore, M; is a Weingarten surface. We have the following theorem:

Theorem 3.2. A tubular surface M; about unit-speed spacelike curve with timelike
principal normal in Minkowski 3-space is a Weingarten surface.

We assume that a tubular surface M; is a linear Weingarten surface in E3, such that, it

satisfies the linear equation akj + bky = ¢. Then, by (3.1) we have
(b—a—cX) Akcoshf +b—cA=0.
Since cosh § and 1 are linearly independent, we get
(b—a—cA\)A=0, b=c)\,

which imply
—aik = 0.

If a # 0, then x = 0. Thus, M; is an open part of a circular spacelike cylinder in Minkowski
3-space. We have the following theorem and corollary.

Theorem 3.3. Let M; be a tubular surface satisfying the linear equation ak; + bke = c.
If @ # 0, then it is an open part of a circular spacelike cylinder in Minkowski 3-space.

Corollary 3.4.

i. The surface M7 can not be minimal surface.

ii. The Mean curvature of the surface M; is constant if and only if the curve a(s) is a
spacelike straight line.

#5i. The parallel surface of M, is a spacelike tubular surface.

1. The surface M; has not umbilic points.

Definition 3.5. Let a : [a,b] — E$ be a unit-speed spacelike curve with spacelike principal
normal. A tubular surface of radius A > 0 about « is the surface with parametrization

Ms(s,0) = a(s) + A[N(s) cosh — B(s) sinh 6],

a < s <b, where N(s), B(s) are spacelike principal normal and timelike binormal vectors to a,

respectively (21
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Frenet formulae of «(s) is defined by
T'=kN, N = —-xT+7B, B =71N,

where (T,T) = ( N,N) =1, ( B,B) = -1, {T,N) = ( N,B) = { T, B) = 0 [2l. Furthermore,
we have the natural frame {Mag, Moy} given by

Mss = (1= Akcosh)T — (Arsinh@) N + (A7 cosh6) B,

Msy = (Asinhf) N — (Acosh) B.

From which the components of the first fundamental form are
E=-)724(1- ) ecosh)?, F=X\7r G=-\.

The spacelike unit normal vector field Uy is Us = N cosh — Bsinh 6. Since ( Uz, Us) = 1, the
surface My is a timelike surface. Hence the components of the second fundamental form of M,
are given by

e = (M?+ (kcoshf) (1 — Akcoshf)), f=-Ar, g=A

On the other hand, the Gauss curvature K, the mean curvature H are given by, respectively

Kk cosh 0 _ —1+2X\kcoshd
A (1 — Ak coshf)’ ~ 2X (1 — Akcosh @)’

The principal curvatures are given by

1 Kk cosh 0

m DN ha = 1— Axcosh@’ (34)
Differentiating k1 and ko respect to s and 6, we get
kls = 07 kl@ = 07 (35)
k' cosh 6 K sinh 6
kos = kog = (3.6)

(1- )mcosh&)w (1- Ancosh&)Q'
Now, we investigate a tubular surface My in E® satisfying the Jacobi equation ®(ky,ks) = 0.
By using (3.5) and (3.6), M, satisfies identically the Jacobi equation kiskog — k1gkas = O.
Therefore, M, is a Weingarten surface. We have the following theorem:

Theorem 3.6. A tubular surface M> about unit-speed spacelike curve with spacelike
principal normal in Minkowski 3-space is a Weingarten surface.

We suppose that My is a linear Weingarten surface in Ej. Then, it satisfies the linear

equation aky + bks = c. Thus, by using (3.4), we obtained
(a+b+ch\)Akcoshf® —a—ch=0.
Since cosh 6§ and 1 are linearly independent, we get
(a+b+cA) A =0, a=—c,

which imply
bAk = 0.
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If b # 0, then kK = 0. Thus, M is an open part of a circular timelike cylinder in Minkowski
3-space. We have the following theorem and corollary.

Theorem 3.7. Let M, be a tubular surface satisfying the linear equation ak, + bks = c.
If b # 0 and X # 0, then it is an open part of a circular timelike cylinder in Minkowski 3-space.

Corollary 3.8.

i. The surface M5 can not be minimal surface.

ii. The mean curvature of the surface My is constant if and only if the curve a(s) is a
spacelike straight line.

#5i. The parallel surface of M is a timelike tubular surface.

iv. The surface M5 has not umbilic points.

Definition 3.9. Let a : [a,b] — E} be a unit-speed timelike curve. A tubular surface of
radius A > 0 about « is the surface with parametrization

M;3(s,0) = a(s) + A[N(s) cosd + B(s)sinb],

a < s < b, where N(s), B(s) are spacelike principal normal and spacelike binormal vectors to
a, respectively 2.
Then Frenet formulae of a(s) is defined by

T'=kN, N =kT +71B, B'=—7N,

where ( T,T) = -1, ( NyN)={(B,B)=1, (T,N) = ( N,B) = ( T, B) = 0. Furthermore, we
have the natural frame {Mss, M3g} given by

MSS
M3

(14+Xscos@) T — (Arsinf) N + (At cosb) B,
— (Asinf) N + (Acos0) B.

From which the components of the first fundamental form are
E=X7%— (14 Xsicos)?, F=X\7, G=\.

The spacelike unit normal vector field Us is Us = N cosf + Bsinf. Since ( Us,Us) = 1, the
surface M3 is a timelike surface. Thus the components of the second fundamental form of M3
are given by

e=(=Ar*+ (kcosO) (1 + Akcosf)), f=—Ar, g=—A.

On the other hand, the Gauss curvature K, the mean curvature H are given by, respectively

K cosf 14+ 2X\kcosf

~ A(1+ Mkcos®)’ T 2XM(1+ Akcosf)

The principal curvatures are given by

1 K cosf

k= v, ky= ST
! P 1+ Mscosf

Differentiating k; and ko with respect to s and 6, we get

kis =0, kig=0, (3.8)
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k' cos @ Kksin @

[P L T A
? (14 Ak cosf)? 20 (14 Ak cos6)”

Now, we investigate a tubular surface M in E? satisfying the Jacobi equation ®(ki, ko) = 0.
By using (3.8) and (3.9), M3 satisfies identically the Jacobi equation kiskos — kigkos = O.
Therefore, M3 is a Weingarten surface. We have the following theorem:

Theorem 3.10. A tubular surface M3 about unit-speed timelike curve in Minkowski
3-space is a Weingarten surface.

Assume that a tubular surface Mz in E$ is a linear Weingarten surface. Then it satisfies
the linear equation aky + bks = ¢. Thus, by using (3.7), we obtained

(a+b+4+cA)Akcosf+a+ch=0.
Since cos @ and 1 are linearly independent, we get
(a+b+cAN) A =0, a=—c,

which imply
bAk = 0.

If b # 0, then k = 0. Thus, M3 is an open part of a circular timelike cylinder in Minkowski
3-space. We have the following theorem and corollary.

Theorem 3.11. Let M3 be a tubular surface satisfying the linear equation ak; + bks = c.
If b # 0, then it is an open part of a circular timelike cylinder in Minkowski 3-space.

Corollary 3.12.

1. The surface M3 can not be minimal surface.

ii. The mean curvature of the surface M3 is constant if and only if the curve «a(s) is a
timelike straight line.

#i1. The parallel surface of M3 is a timelike tubular surface.

1. The surface M3 has not umbilic points.
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§1. Introduction

For standard terminology and notion in graph theory we refer the reader to Harary [4; the
non-standard will be given in this paper as and when The study of minimal surfaces played a
formative role in the development of mathematics over the last two centuries. Today, minimal
surfaces appear in various guises in diverse areas of mathematics, physics, chemistry and com-
puter graphics, but have also been used in differential geometry to study basic properties of
immersed surfaces in contact manifolds.

Minimal surface, such as soap film, has zero curvature at every point. It has attracted the
attention for both mathematicians and natural scientists for different reasons. Mathematicians
are interested in studying minimal surfaces that have certain properties, such as completed-
ness and finite total curvature, while scientists are more inclined to periodic minimal surfaces
observed in crystals or biosystems such as lipid bilayers.

Weierstrass representations are very useful and suitable tools for the systematic study of
minimal surfaces immersed in n-dimensional spaces. This subject has a long and rich history.

(191 Tn the literature

It has been extensively investigated since the initial works of Weierstrass
there exists a great number of applications of the Weierstrass representation to various domains
of Mathematics, Physics, Chemistry and Biology. In particular in such areas as quantum field
theory 18], statistical physics ['%, chemical physics, fluid dynamics and membranes %!, minimal
surfaces play an essential role. More recently it is worth mentioning that works by Kenmotsu
(10] " Hoffmann !, Osserman (%, Budinich ), Konopelchenko (11 and Bobenko B4 have
made very significant contributions to constructing minimal surfaces in a systematic way and
to understanding their intrinsic geometric properties as well as their integrable dynamics. The
type of extension of the Weierstrass representation which has been useful in three-dimensional

applications to multidimensional spaces will continue to generate many additional applications
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to physics and mathematics.
In this paper, we study minimal surfaces for simply connected immersed minimal surfaces
in the special three-dimensional Kenmotsu manifold K with n-parallel ricci tensor. We consider

the Riemannian left invariant metric and use some results of Levi-Civita connection.

§2. Preliminaries

Let M?"*1 (¢,£,m,9) be an almost contact Riemannian manifold with 1-form 7, the as-
sociated vector field &, (1.1)-tensor field ¢ and the associated Riemannian metric g. It is well

known that (2!

¢ =0, n(§)=1, n(¢X)=0, (2.1)
¢ (X) = =X + 1(X)¢&, (2.2)
g(ng):n(X)v (23)
9(¢X,9Y) =g(X,Y) =n(X)n(Y), (2.4)

for any vector fields X, Y on M. Moreover,
(Vx9)Y =—n(Y)o(X)-g(X,0Y)E, XY ex(M), (2.5)
Vx§=X-n(X)¢, (2.6)

where V denotes the Riemannian connection of g, then (M, ®,&,n,g) is called an almost Ken-
motsu manifold 2.

In Kenmotsu manifolds the following relations hold [2I:

VxnY =g(¢X,9Y), (2.7)

§3. Special three-dimensional Kenmotsu manifold K with
n-parallel ricci tensor
Definition 3.1. The Ricci tensor S of a Kenmotsu manifold is called n-parallel if it satisfies
(Vx5) (8Y,0Z) =0.
We consider the three-dimensional manifold
K = {(z1,22,23) € R : (1, 22,25) # (0,0,0)},

where (21, 22, z3) are the standard coordinates in R3. The vector fields

0 0 0
€1 =T33 €2=T35 93:—33387
3

1
8561 3562 (3 )

are linearly independent at each point of K. Let g be the Riemannian metric defined by

glei,e1) = glez,e2) = g(es,e3) = 1 (3.2)
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gler,ea) = g(ea, e3) = g(es,e1) =1

The characterising properties of x(K) are the following commutation relations:
[e1,e5] =0, [e1,e3] =e1, [ez,e3] =es. (3.3)
Let n be the 1-form defined by
n(Z) = g(Z,es), for any Z € x(M).
Let be the (1.1) tensor field defined by
p(e1) = —ez, P(e2) = e, ¢(e3) =0.

Then using the linearity of and g we have

77(63) = 1; (34)
0*(Z2) = —Z + n(Z)es, (3.5)
9(9Z,oW) = g(Z, W) —n(Z)n(W), (3.6)

for any Z,W € x(M). Thus for e3 = &, (¢,£,n,g) defines an almost contact metric structure
on M.

The Riemannian connection V of the metric g is given by
29(VxY.2) = Xg(Y.Z)+Yg(ZX)~ Zg(X,Y)
which is known as Koszul’s formula.

Proposition 3.2. For the covariant derivatives of the Levi-Civita connection of the left-

invariant metric g, defined above the following is true:

0 0 (3]
V=10 0 e |, (3.7)
0

where the (i,j) -element in the table above equals Ve, e; for our basis
{ex, k=1,2,3} = {e1,eq,e5}.
Then, we write the Kozul formula for the Levi-Civita connection is:

29(Ve,€j,e1) = ij.

From (3.7), we get
Li; =2, L3, =2. (3.8)
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84. Weierstrass representation formula in special three-
dimensional Kenmotsu manifold K with »n-parallel ricci ten-

sor
3> C K be a surface and p : ¥ — K a smooth map. The pull-back bundle p*(TK) has a
metric and compatible connection, the pull-back connection, induced by the Riemannian metric

and the Levi-Civita connection of K. Consider the complexified bundle E =p*(TK) ® C.

Let (u,v) be local coordinates on X, and z = u+iv the (local) complex parameter and set,

as usual,

0 1/0 .0 0 1/0 .0

(’)z_2<6u_lav>’ az—z(au“av) (41)

Let 0 0 0 0
P 9 99 _

u T B <8u |p) T Ov lp= 9 (81} Ip) ’ (4.2)

and o9 1(dp .0
_, % _ (9% 0P
0= p:= 0z 2 (8u Z(‘?v)' (43)

Let now p : ¥ — K be a conformal immersion and z = u+iv a local conformal parameter.
Then, the induced metric is

ds?* = N2 (du® — dv®) = \?|dz|?, (4.4)

and the Beltrami-Laplace operator on K, with respect to the induced metric, is given by

0 0 0 0

A=\ +=—-). 4.
(3u8u+61}8v) (45)
We recall that a map g : ¥ — K is harmonic if its tension field
7(p) = traceVdyp = 0. (4.6)

Let {x1,x9,23} be a system of local coordinates in a neighborhood U of M such that
UN@(X) # 0. Then, in an open set G C X

9
= — 4.7
¢ gcb o) (47)

for some complex-valued functions ¢; defined on G. With respect to the local decomposition

of ¢, the tension field can be written as

= o Op 0k | O
Q)= Api+aa Y I S (4.8)

- . Ox;’
4 J,k=1

where I’; .. are the Christoffel symbols of K.
From (4.3), we have

_ 87, i i I a
o) =AY b g

jk=1 g
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The section ¢ is holomorphic if and only if

3
0\ [0 O B
V& @%z) =S { T Ve )

Using (4.3), we get

3
2\ O¢p; 0 _ 0
Vi (2%» _Z{ azaxﬁwwmijaxi}'

)

Making necessary calculations, we obtain

.9 D o 9
v, (zqsa):z S

%

Thus, ¢ is holomorphic if and only if

0¢; i T .
—+ > Td0n =0, i=1,23. (4.9)
7.k

a

Theorem 4.1. (Weierstrass representation) Let K be the group of rigid motions of Eu-
clidean 2-space and {x,22,23} local coordinates. Let ¢;, 7 = 1,2,3 be complex-valued
functions in an open simply connected domain G C C which are solutions of (4.9). Then, the

map
pj(u,v) = 2Re (/ @dz) (4.10)

is well defined and defines a maximal conformal immersion if and only if the following conditions

are satisfied :

3 3
> 0ijdik #0and Y gijdior =0.

jk=1 jik=1

Let us expand YT with respect to this basis to obtain

3
T=> tre . (4.11)
k=1

Setting
0
¢:Z¢>ia—$i :Zwiei, (4.12)

for some complex functions ¢;,v; : G C C. Moreover, there exists an invertible matrix A =
(Ajij), with function entries A;; : p(G) NU — R, 4,j = 1,2, 3, such that

i = ZAz‘j%'- (4.13)
J

Using the expression of ¢, the section ¢ is holomorphic if and only if

o 1 . ‘
o t3 > Ly =0, i=1,2,3. (4.14)
7.k
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Theorem 4.2. Let 9;, j = 1,2,3 , be complex-valued functions defined in a open simply

connected set G C C , such that the following conditions are satisfied :

i) + [wal® + [is]” #0,

i yf +¥3 + ¢35 =0,

iii. ¢; are solutions of (4.14).

Then, the map p : G — K defined by

pi(u, 1}) = 2Re / ZAij¢de (415)
20 j

is a conformal minimal immersion.
Proof. By Theorem 4.1 we see that p is a harmonic map if and only if p satisfy (4.15).

Then, the map @ is a conformal maximal immersion.

Since the parameter z is conformal, we have

(r,1) =0, (4.16)
which is rewritten as
Vf + 93 + 93 = 0. (4.17)
From (4.17), we have
(Y1 — itho) (¢ + ith) = —¥3, (4.18)

which suggests the definition of two new complex functions

Q.= ,/%(wl_mz), o= —%(¢1+i1/)2). (4.19)

The functions  and ® are single-valued complex functions which, for suitably chosen

square roots, satisfy

P =0 — 92,
Py =i (02 4 @%), (4.20)
by = 200.
Lemma 4.3. If T satisfies the equation (4.14), then

QQ; — ¢0; = — (|| 2Q — |9 QD) , (4.21)
QQ: + ;= (|| 2Q + |9 QD) , (4.22)

Proof. Using (4.14) and (4.20), we have

) _
T~ B,
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% — _@ s
oz T
005,
0z '

Substituting (4.20) into (4.24), we have (4.21)-(4.23).

Corollary 4.4.
Q; = || P (4.25)

Corollary 4.5.
. =10/ Q. (4.26)

Theorem 4.6. Let  and ® be complex-valued functions defined in a simply connected
domain G C C. Then the map p : G — K , defined by

p1(u,v) = Re </ 3 [ 4 7] dz) :

20

©2(u,v) = Re ( / ) izs (Q° — @%) dz) : (4.27)

20
p3(u,v) = —Re (/ (2x3f2<1))dz> ,
20
is a conformal minimal immersion.
Proof. Using (4.12), we get

¢1 = T3Y1, P2 = x3Y2, P3 = —T3Y3. (4.28)

From (4.10) we have the system (4.27). Using Theorem 4.2 p : G — K is a conformal

minimal immersion.
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Iterative method for the solution of linear
matrix equation AXB' + CYD! = F !
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College of Mathematics and Statistics, Tianshui Normal University,
Tianshui, Gansu 741001, P.R.China
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Abstract In this paper, we obtain indirectly the solution of matrix equation AXBT +
CY DT = F, by establishing iterative method of the constrained matrix equation MZNT = F
with PZP = Z, where M = (A, C)U, N = (B, D)U, and the matrix P related to orthogonal
matrix U is symmetric orthogonal. Furthermore, when matrix equation AXBT +CY D™ = F
is consistent, for given matrices Xo, Yp, the nearness matrix pair (X, Y) of matrix equation
AXBT + CYDT = F can be obtained. Finally, given numerical examples and associated
convergent curves show that this iterative method is efficient.

Keywords Iterative method, matrix equation, least-norm solution, generalized centro-symm

-etric solution, optimal approximation.

§1. Introduction

Some notations will be used. Let R™*™ be the set of all m x n real matrices, OR™*"™ and
SOR™™ be the sets of all orthogonal matrices and symmetric orthogonal matrices in R™*",
respectively. For a matrix A = (ay,as,...,a,) € R™*" a; € R™,i=1,2,...,n. Let AT, tr(A)
and R(A) be the transpose, trace and the column space of A, respectively. The symbol vec(-)
denotes the vec operator, i.e., vec(A) = (al,al,... al)T. Define < A, B >= tr(BT A) as the

inner product of matrices A and B with appropriate sizes, which generates the Frobenius norm,

ie ||A| = V<A, A> = \/tr(ATA). A® B stands for the Kronecker product of matrices A
and B.

In this paper, we consider the following problems.

Problem I. Given A € R™*P, B € R"*P, C € R™*1, D € R4, F € R™ ", find
X € RP*P|Y € R1%? such that

AXBT +cYyD? = F. (1)

Let Sg be the solution set of matrix equation (1).

1This work is supported by the Science Foundation Project of Education Department of Gansu Province
(No. 0808-04) and the Science Foundation Project of Tianshui Normal University (No. TSB0819).
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Problem II. When Sg is not empty, for given Xy € RP*?, Yy € R7%4, find (X,Y) € Sg
such that

X.Y) - (X0, Y| = i X.Y) — (X0, Yo
[(X,Y) — (Xo, Yol (ngsEll( ,Y) — (Xo, Yo) |l

There have been many elegant results on the matrix equation AX BT + CY DT = F or its
particular forms, with unknown matrices X and Y. Such as, the matrix equation AX—-YB =C
has been investigated by Baksalary and Kala [1], Flanders and Wimmer [2] have given the
necessary and sufficient conditions for its consistency and general solution, respectively. For
the matrix equation (1), the solvability conditions and general solution have been derived in
[3, 5, 6] by means of g-inverse, singular value decomposition (SVD), generalized SVD (GSVD)
(4] or the canonical correlation decomposition (CCD) of matrix pairs, respectively. Especially,
the symmetric solution of matrix equation AXAT + BY BT = C has been represented in [7]
by GSVD. In addition, as the particular form of matrix equation (1), Peng et al. [8, 9]
have respectively obtained the symmetric solution and the least-squares symmetric solution
of AXB = C by iterative methods based on the classical Conjugate Gradient Method; Y. X.
Peng et al. [10] have considered the symmetric solution of a pair of simultaneous linear matrix
equation A1 XB; = C1, A3 X By = (. Moreover, the generation solution of matrix equation
AXB +CXTD = E and AXB + CYD = F have also been studied by establishing iterative
method in [11, 12]. For any initial iterative matrix, they have showed that the associated
solutions can be obtained within finite iteration steps in the absence of roundoff errors.

The optimal approximation Problem II occurs frequently in experimental design, see for
instance [13, 14]. Here the matrix pair (Xo, Yp), may be obtained from experiments, and does
not satisfy usually the needed forms and minimum residual requirements. Whereas the matrix
pair (X , f’) is the ones that satisfies the needed forms and the minimum residual restrictions.

Motivated by the iterative methods presented in [8-11], in this paper, we reconsider the
above two problems by another way that is different from that mentioned in [12]. By choosing
an arbitrary unitary matrix U, Problem I is equivalently transformed into solving the matrix
equation MZNT = F with PZP = Z constraint, where M = (A, C)U, N = (B, D)U, and P
related to U is a given symmetric and orthogonal matrix, then Problem I and Problem II can be
transformed equivalently into Problems A and B (which will be stated rearwards), respectively.
For the Problems A and B, we will find their solutions by establishing iterative algorithm, then,
the solutions of Problems I and II can be obtained naturally.

We need the following conception (see [15] for details).

Definition 1.1. Given matrix P € SOR™*™, we say that a matrix A € R™*" is generalized
centro-symmetric (or generalized central anti-symmetric) with respect to P, if PAP = A (or
PAP = —A). The set of n X n generalized centro-symmetric (or generalized central anti-
symmetric) matrices with respect to P is denoted by CSRE*" (or CASRE ™).

Obviously, if P = J, J = (en,€n_1,...,€2,61), where e; is the i*" column of identity
matrix I,,, the generalized centro-symmetric matrices become centro-symmetric matrices which
are widely applied in information theory, numerical analysis, linear estimate theory and so on
(see, e.g., [16, 17, 18]).

Definition 1.2. Let matrices M, N € R**!, where s,t are arbitrary integers. We say that
matrices M, N are orthogonal each other, if tr(MTN) = 0.
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The symmetric orthogonal matrices have been discussed in many literatures, and they

possesses special structural peculiarity, which can be represented as follows.

1
Lemma 1.1.1% If P ¢ SOR™!, and p = rank(i(ll + P)), then P can be expressed as
1
p=uT| " U, (2)
~1,

where ¢ =1 —p, U € ORY¥L.

Employing Lemma 1.1 and Definition 1.1, we get the following assertion.
Lemma 1.2. Given symmetric orthogonal matrix P with the form of (2). Then A €
C’SR;XZ if and only if

A=UT U,

where X € RP*P| Y € R7*Y are arbitrary.

For arbitrary orthogonal matrix U € R'*!, let symmetric orthogonal matrix P satisfy

p= rank(#) (the order of unknown matrix X in (1)) as in Lemma 1.1. Denote
M = (AC)U e R, N = (B D)U € R"*,
then
X
z=U"T U e CSRY!,

Y
where A, B,C, D are the matrices mentioned in Problem I, and X € RP*P Y € RI*9. Tt is
easy to verify that the solvability of matrix equation (1) is equivalent to that of the constrained

matrix equation

MZNT = F,Z € CSR%. (3)

Therefore, for above matrices M, N, F', Problem 1 and Problem II can be transformed equiva-
lently into the following Problems A and B, respectively.

Problem A. Given M € R™! N € R™! F € R™*" and P € SOR™!, find Z € CSRY"
such that (3) holds.

Xo

Problem B. Let matrix Zy = UT U e C’S’Rlﬁl7 where Xg, Yy as in Problem

Yo
11, find Z € S, such that

1Z = Zy|| = min 1Z = Zoll,

where S stands for the solution set of Problem A.

This paper is organized as follows. In section 2, an iterative algorithm will be proposed to
solve Problem A, and the solution to Problem I can be obtained naturally. In section 3, we will
find the solution to Problem II by using this algorithm. In section 4, some numerical examples

will be given to validate our results.
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§2. The iterative method for solving Problem I

The iterative algorithm for Problem I (A) can be expressed as follows.

Algorithm 2.1.

Step 1: Input matrices A € R™*P, B € R"*P, C € R™*9, D € R"*4, F € R™*™, and
partition P € SOR™! as in (2). Let M = (A C)U € R™*!, N = (B D)U € R"™. For

X 0
arbitrary matrices X; € RP*P, Y], € R9%9, denote Z; = UT ! U.
0 Y

Step 2: Calculate
Ry =F—-MZ,NT,
1
P = §(MTR1N +PMTR,NP),

k:=1.

Step 3: Calculate

Lyy1 = Zp + | B ||2Pk-
[l Pe |2

Step 4: Calculate
Ryy1=F —MZ, 1 NT

| Ry || T
=Ry — MP,NT,
SO Pl
1 T T ||Rk+1H2
Py = §(M Ry 1N+ PM Rk+1NP) + ka.

If Rpy1 =0, or Rgq1 # 0, Pyy1 = 0, stop. Otherwise, let k& := k + 1, go to Step 3.

Remark 1. (a) It is clear that X;, P, € CSRE*" in Algorithm 2.1.

(b) If R, = 0 in the iteration process, then Zj is a solution of Problem A. Based on the
analysis in section I, a solution pair (X}, Y%) of Problem I can be derived from

X
Uz, Ut = i
Yk

In the sequel, we analysis the convergency of Algorithm 2.1.
Lemma 2.1. The sequences {R;}, {F;} (i =1,2,...), generated by Algorithm 2.1, satisfy

that

IR LRI 511
Pals 1P R[]

Proof. From Lemmas 1.1, Algorithm 2.1, we obtain

tr(RL . R;) = tr(RI'R;) tr(PLP;) + tr(PIPj_y). (4)

tr((MP,N")'R;] = tr(P'MTR;N)
. _PiT <MTR]-N + PMTR;NP N MTR;N — PMTR]-NPH

2 2
_ . (prMTR;N + PMTR;NP
v 2

[ R;?
= {r PiT <P| J P;_

I 7R
| R,
R

= r(P'P) — tr(P Pj_1).
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Therefore,
" IR:|? )"
tT’(RH_le) = tr Rz - ||P||2MF)ZN Rj

= tr(Ri, R;) — HRiHQtr[(MP»NT)TR»]

R P Ak ' !
IRl | Rill*| R, T
= tr(Ri,R;) — tr(PTP;) + = YNy (pT P, _y).
A2 PP R - | !

Thus the proof is completed.
The following conclusion is essential for our main results.
Lemma 2.2. The sequences {R;}, {P;} generated by the iterative method satisfy that

Proof. We prove this conclusion by induction.

When k = 2, resorting to Lemma 1.1, Algorithm 2.1 and the proof of Lemma 2.1 yields

| Ry |

tr(RYR)) = tr(RTRy) — 2 ||2tr[(MP1NT)TR1)
= tr(R'R —Mt PP =0 6
= T( 1 1) || P, ||2 ’I"( 1 1) — Y ( )

tr(P{ Py) = tr

M"R,N + PM"R,NP  |[Rolf” , TP
2 [ .

[R2]?
IR

= tr(RAMP,NT) + tr(PTPy)

%“”PIHZ | Ra|?
[ R |? | R[]
- 0. (7)

tr(P{ P1)g

(R1 — Ra)| +

= tir [R

Assume that (5) holds for k = s, that is, tr(PTP;) =0, tr(PTP;)) =0, =1,2,...,s — 1.
We can verify similarly to (6) and (7) that ¢tr(R?,, R,) = 0, and tr(PZL , Ps) = 0.

Now, it is enough to prove that tr(RL, | R;) =0, and ¢tr(PL,P;) = 0.

In fact, when j = 1, noting that the assumptions and Lemma 2.1 implies that

R 2
tr(RY,\R1) = tr(RTRy)— ” Ps”2 tr(MP,NT)TR))
R,|]?
R,|]?
- ||||P |”2 tr(P M" R, N)
| Rs ||

T —
”PSH2tr(PS P) =0,
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and

MTRs 1N + PMTR, NP el N\
tr(PL P) = tr ( RoniN + Rt +”R “! PS> P
2 [l Rsl
_ T T [ T
= tr[R, ,(MPN )]+7HR 2 tr(P; Pp)
P 2
= ||||R11||||2tT[Rz+1(R1 — Ry)]
_— (8)

Moreover, when 2 < j < k, we obtain from Lemma 2.1 that

IR R ]I [122511
tr(RT, | R;) = tr(RTR;) — tr(PTP) + ——
M AR O VAT T

Similar to the proof of (8), we get tr(PL ,P;) = 0.

Hence, the conclusion holds for all positive integers k. The proof is completed.

Lemma 2.3. Suppose that Z is an arbitrary solution of Problem A, then for the sequences
{Zy}, {Px} generated by Algorithm 2.1, we have that

t’I‘(PSTPj,ﬂ =0.

tr[(Z — Zi)T P =|| Ri ||?, k=1,2,.... 9)

Proof. When k=1, From the Algorithm 2.1 and Lemma 2.2, noting that Zy € CSRIPXZ,

we can obtain

tr((Z — 2))TP) = %tr[(z ~Z)T(MTRN + PMTR,NP)]

= %tr[NTRlTM(Z ~ 7))+ PNTRTMP(Z - 7,)]
= tr[RIM(Z — Z,)N™]

= tr(RT(F - MX,NT)]

= [IR.*.

Assume that equality (9) holds for k = s, then

, r , IR "
tr[(Z_Zs-i-l) PS] = tr Z—Zs— ||P ||2Ps Py
— Z_ 7 TP _ ||RS||2 PTP
- tT[( S) S] ||PH2tr( s S)

= | R|* — IR
= 0.



Vol. 6 Iterative method for the solution of linear matrix equation AXBT + CYDT = F 7

Moreover,

_ MTR, N +PMTR, A NP |Rqy1|?
tr[(Z — Zog1)TPoa] = tr {(Z— ZS“)T( = 5 4 ””R+|1||2 Ps)]
1 _ _
= §tr[NTRST+1M(Z ~Ze41) + PNTRL, \MP(Z — Zy11))

| Rs1l?
[ 2252

R M(Z — 2N

= tr[RL,(F - MX,1N")]

= [IRssall”.

+ tr [(Z — Zy41)" Py

Therefore, we complete the proof by the principle of induction.

Theorem 2.1. If Problem A is consistent, for arbitrary initial iterative matrix Z; €
C’SR?Z, we can obtain a solution of matrix equation (1) within finite iteration steps.

Proof. Suppose that mn < [2. Then, when Problem A is consistent (so is Problem I),
we can obtain its solution at most mn + 1 iterative steps. In fact, if R; # 0, i =1,2,...,mn,
Lemma 2.3 implies that P; # 0, we can compute Z,,,, 11, Rmnt1 by Algorithm 2.1, which satisfy
that ¢tr(R, 1 R;) =0, tr(RF'R;) = 0, where 4,j = 1,2,...,mn, i # j. Hence, the sequence
{R;} consists of an orthogonal basis of matrix space R™*", and we gain Rn+1 = 0, i.e., Zmnt1
is a solution of Problem A. Furthermore, from Remark 1(b), the solution of Problem I can also
be obtained.

From Theorem 2.1, we deduce the following conclusion.

Corollary 1. Problem A is inconsistent (Problem I, either) if and only if there exists a
positive integer k, such that Ry % 0 but P, = 0.

Lemma 2.4.18) Suppose that the consistent linear equations My = b has a solution
Yo € R(MT), then yq is the least-norm solution of My = b.

Theorem 2.2. Suppose that Problem A is consistent, let initial iterative matrix Z; =
MTHN + PMTHNP, where arbitrary H € R™*™, or especially, Z; = 0 € R**!, by the iter-
ative algorithm, we can obtain the unique least-norm solution Z* to Problem A within finite

iteration steps. Moreover, the least-norm solution dual (X*, Y*) of Problem I can be presented
by UZ*UT = X
y*

Proof. From the Algorithm 2.1 and Theorem 2.1, let initial iterative matrix Z; =
MTHN + PMTHNP, where H is an arbitrary matrix in R™*", then a solution Z* of Prob-
lem A can be obtained within finite iterative steps, which takes on in the form of Z* =
MTGN 4+ PMTGNP. Hence, it is enough to prove that Z* is the least-norm of Problem
A.

Consider the following matrix equations with Z € C'S Rl;l

MZNT = F,
MPZPNT = F.

Obviously, the solvability of which is equivalent to that of matrix equation (3).
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Denote vec(Z*) = z*, vec(Z) = z, vec(F) = f, vec(H) = h, then above matrix equations

can be transformed equivalently as

NeM f

(10)
(NP)® (MP) f

w
I

In addition, by the notations, Z* can be rewritten as

T T
NeoM h N®M

€ER
(NP)® (MP) h (NP)® (MP)
which implies from Lemma 2.4 that z* is the least-norm solution of the linear systems (10),
moreover, Z* is that of matrix equation (3). Furthermore, from the analysis in section I, the

matrices product UZ*UT must be block-diagonal with two blocks, e.g. X*, Y*, and they
consists of the least-norm solution pair (X*, Y*) of Problem I

§3. The solution of Problem II

Suppose that the solution set of Problem I is not empty. For given matrix (X, Yp) in

Xo

Problem II, that is, given Zy = UT U € CSRY! in Problem B, if (X,Y) € Sg

X
(e, Z=UT U € S), we have that
Y

AXBT+CYDT = F & MZNT = F & M(Z—-2y)NT = (F-MZ,NT) & MZNT = F (11)

In the last equation, we denote 7 =27- Zo and F=F— MZyNT.

If we choose initial iterative matrix Z; = MTHN + PMTHNP, where H € R™ " is
arbitrary, or especially, let Z; = 0 € R™! then the unique least-norm solution Z* of matrix
equation (11) can be obtained by Algorithm 2.1. Furthermore, Theorem 2.2 illuminates that
the solution dual (X,Y) of Problem II can be obtained by

U(Z* + Zo)UT = X - (12)

84. Numerical examples

In this section, some numerical examples tested by M AT LAB software will be given to

illustrate our results.

Example 4.1. Input matrices A, B,C, D, F, U, for instance,
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28 17 24 13 14 21 20 27 11 13 12 11
15 21 15 28 26 20 25 24 15 18 16 10
A 12 14 20 15 11 22 B 10 13 20 25 11 22 ’
22 13 11 16 12 19 22 14 11 16 17 19
20 30 13 17 10 18 10 20 13 27 10 15
10 32 14 22 17 12 16 31 14 23 27 10
10 11 11 13 12 11 25 27 10 10 22 11
25 14 15 18 15 10 21 24 11 18 30 20
o 10 13 10 15 11 13 D- 12 19 17 10 11 12 ’
12 14 11 16 17 17 22 15 12 16 18 10
10 10 13 17 10 15 28 12 11 10 10 14
16 31 14 12 17 11 16 11 12 18 17 20
35 27 18 16 12 10
20 24 10 13 50 26
e 42 19 37 21 35 22
28 22 42 26 18 24
18 10 11 10 23 16
26 10 12 32 33 22

In view of the sizes of above matrices, choose arbitrary matrix in OR'?*'2, for example,

-1

o O O O O O o o o o o<

0

o O O O o o o = o o

0

o O O O O o o o = o

0

0

o O O O o o o

0

\
—

o O O O o o o o o

0

0

o O O O O =, O o o o©

0

o O O o o o

o o o O

0

0

o O O = O O o o o o

0

0

o O O o o o o

o O O O O o O o o o

I
_

0

0

0
0
0
0
0
0
0
0
0
0
1

o O O O o o o o o

o |
[ary

0

Then let p = 6 in Lemma, 1.1, the symmetric orthogonal matrix is P = U diag(Is, —I)U.

However, R; (i=1,2,...) will unequal to zero for the influence of calculation errors in the iterative

process. Therefore, for arbitrary positive number € small enough, e.g., ¢ = 1.0e — 010, the iteration

stops whenever ||Rx|| < €, and Z is regarded as a solution of Problem A. Meanwhile, we know from
Theorem 2.2 that (X, Yk) is a solution pair of Problem I.

Let Z1 = 0, by Algorithm 2.1 and 102 (< 12 x 12) iteration steps, we can get the solution of
Problem I, that is,
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0.0566 —0.0335 0.0756 —0.0361 0.0385 —0.0566
0.0164 —0.0343 —0.0893 0.0661 —0.0100 —0.0378
gy — 0.0120 0.1044 —0.0010 —0.0720 —0.0385 0.0230 7
—0.0041 0.1070 —0.0404 0.0356 0.0630  —0.0459
0.0075 —0.1075  0.0049 0.0468 —0.1084 —0.0479
—0.0419  0.0151 0.0503 0.0136 —0.0736  0.0692
0.0506 —0.0671 —0.0326 0.0232  0.0250  0.0623
0.0222  0.0942 —0.0144 0.1981 —0.1183 —0.1316
Yigs — 0.0357 —0.0246 —0.0116 0.0200 —0.0054 0.0132 7
0.0267 0.0071 0.0194 —0.0276 —0.0348 —0.0021
—0.0910 0.0720  0.0143  0.1255 —0.0327 —0.0315
—0.0562 0.0676 0.0430 0.0412 —-0.0717 —0.0509

and ||Rio2|] = 9.9412¢ — 011 < e.
In this case, the convergent curve can be protracted (see Figure 1) for the Frobenius norm of the
residual (MZNT — F).

|
N

log10(IMZN-F{|)
A

-6

-10

—12 ! !
(0]

1
20 40 60 100 120
iteration number

80

Figure 1. Convergence curve for the Frobenius norm of the residual.

In addition, for given matrices X¢ and Yy in Problem II,
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let Zo =UT )(()0 ;) U, Writing Z = Z — Zy, and F = F — MZoN". Applying Algorithm 2.1 to
matrix equation (11), \(jve obtain its least-norm solution
—5.8153 —0.2782  4.7702 0 —0.8438 —3.6153
2.3393 2.7852 2.7168 0 2.0293 3.8334
2.0181 1.5966 —4.6136 0 —7.8829 —3.3454
0 0 0 0.8932 0 0
3.5404 2.8399  —2.4268 0 0.9133  —3.6829
e _ 2.5268 2.1881 —1.1341 0 —2.4191  4.6972
0 0 0 1.3810 0 0
0 0 0 5.5758 0 0
—3.4825 —2.8830 0.0799 0 1.3228  —0.2273
0 0 0 —2.0380 0 0
0 0 0 —1.2799 0 0
0 0 0 3.0779 0 0
0 0 —5.9629 0 0 0
0 0 2.0185 0 0 0
0 0 —0.7883 0 0 0
1.3495 —1.5618 0 —1.8001 1.5674 —1.8388
0 0 —1.7462 0 0 0
0 0 —1.3801 0 0 0
—0.6582  0.6536 0 —3.1742 0.3432 —1.2151 ’
—4.3037 —0.9233 0 —1.1176  6.6026 7.3582
0 0 —0.7266 0 0 0
3.6177 2.1986 0 —4.7265 —0.3212 —6.2395
—1.9036  1.5179 0 4.1862 —3.2106  4.2403
0.6987 —1.9882 0 —4.0467 3.9708 —1.6224
Hence, it follows from equality (12) that the unique optimal solution pair (X,Y) of Problem II

can be expressed as

—1.8153  —3.8438  2.2298 —1.7218 3.0371  —4.3847

1.5404 0.9133 —-0.5732  1.1601 0.2538 0.6829

%o 5.9819 1.8829 —0.6136  3.5966  —4.2117  0.6546
—8.3393 —10.0293 —2.2832 —6.2148 5.9815 —3.1666

5.5175 9.3228 1.9201 —-1.1170 -6.7266  6.2273
—10.5268 —4.5809 —4.1341 -—-2.8119 8.3801 —0.3028
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—4.6582  5.3464 —1.6190 0.7849 —11.1742  —9.3432
12.3037 —2.9233 —4.5758 —16.3582  3.1176 11.6026
—1.6505 1.5618 —3.1068 1.1612 6.1999 —3.5674
5.6987  —5.0118 9.0779 —3.6224 —12.0467 —10.9708
5.6177 —7.1986 —10.0380 —15.2395 —6.7265 5.3212

—5.0964  3.5179 —1.7201 —-8.2403 —10.1862 —12.2106
Example 4.2. Let M and N be a 100 x 100 matrix with element M;; = 7(1’T1‘+1)’ (1, =
1,2,...,100) and a 100 x 100 tri-diagonal matrix with diagonal elements equal to 4 and off-diagonal

~h
Il

elements equal to (—1, —%, e —9—19) and (1, %, ey %), respectively, and P be a matrix with second-
diagonal elements equal to 1 and all other elements equal to 0. Let F = MZN7T, where Z be 100 x 100
matrix with all elements 1. Then the matrix equation (3) is consistent since the above matrix Z is
one of its solutions. Using Algorithm 2.1 and iterating 350 (< 10000) steps, we paint the convergence

curve in Figure 2 for the Frobenius norm of the residual (MZNT — F).

10g10(||MZN-F]])
|
N
T
1

—12}

L L L L
50 100 150 200 250 300 350
iteration number

Figure 2. Convergence curve for the Frobenius norm of the residual.

From the convergency curve in Figure 2, we can see that the iterative algorithm in this paper is
efficient.

The following example subjects to the conclusion in Corollary 1.

Example 4.3. Input matrices B, D, F,U, P as in Example 4.1, let A = C' = ones(6), and denote
M= (A, C)U, N = (B, D)U.

Making use of Algorithm 2.1 solves Problem 1. Let initial iterative matrix Z; = 0 € R®*%, we get
from the 7th iteration that
||R7|| = 5.0321e + 003 > || P7|| = 2.9759.

From Corollary I, we know that matrix equation (1) is inconsistent.
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Abstract A Smarandachely k-signed digraph (Smarandachely k-marked digraph) is an or-
dered pair S = (D, o) (S = (D, un)) where D = (V, A) is a digraph called underlying digraph
of Sand o : A — (€1,€2,...,€;) (1 : V — (€1,€2, ..., €x)) is a function, where each €; € {4, —}.
Particularly, a Smarandachely 2-signed digraph or Smarandachely 2-marked digraph is called
abbreviated a signed digraph or a marked digraph. In this paper, we define the Smarandachely
antipodal signed digraph X(D) of a given signed digraph S = (D, o) and offer a structural
characterization of antipodal signed digraphs. Further, we characterize signed digraphs S for
which S ~ A(S) and § ~ A(S) where ~ denotes switching equivalence and A (S) and S are
denotes the Smarandachely antipodal signed digraph and complementary signed digraph of S
respectively.

Keywords Smarandachely k-signed digraphs, Smarandachely k-marked digraphs, balance,

switching, Smarandachely antipodal signed digraphs, negation.

§1. Introduction

For standard terminology and notion in digraph theory, we refer the reader to the classic
text-books of Bondy and Murty ') and Harary et al.l3); the non-standard will be given in this
paper as and when required.

A Smarandachely k-signed digraph (Smarandachely k-marked digraph) is an ordered pair
S =(D,o) (S=(D,un)) where D = (V, A) is a digraph called underlying digraph of S and o :
A — (e1,€s,...,ex) (u:V — (€1,€s,...,€x)) is a function, where each €; € {+, —}. Particularly,
a Smarandachely 2-signed digraph or Smarandachely 2-marked digraph is called abbreviated
a signed digraph or a marked digraph. A signed digraph is an ordered pair S = (D, o), where
D = (V, A) is a digraph called underlying digraph of S and o : A — {+,—} is a function.
A marking of S is a function p : V(D) — {+,—}. A signed digraph S together with a
marking p is denoted by S,,. A signed digraph S = (D, o) is balanced if every semicycle of S
is positive (Harary et al.[3]). Equivalently, a signed digraph is balanced if every semicycle has
an even number of negative arcs. The following characterization of balanced signed digraphs is
obtained by E. Sampathkumar et al.[5].



Vol. 6 Smarandachely antipodal signed digraphs 85

Proposition 1.1.°] A signed digraph S = (D, o) is balanced if, and only if, there exist a
marking p of its vertices such that each arc ut in S satisfies o(ut) = p(u)u(v).

Let S = (D, o) be a signed digraph. Consider the marking u on vertices of S defined
as follows: each vertex v € V, u(v) is the product of the signs on the arcs incident at v.
Complement of S is a signed digraph S = (D, ¢’), where for any arc e = uwv € D, o' (ut) =
w(u)pu(v). Clearly, S as defined here is a balanced signed digraph due to Proposition 1.1.

In ©®!, the authors define switching and cycle isomorphism of a signed digraph as follows:

Let S = (D,o) and S’ = (D', 0’), be two signed digraphs. Then S and S’ are said to be
isomorphic, if there exists an isomorphism ¢ : D — D’ (that is a bijection ¢ : V(D) — V(D)
such that if ud is an arc in D then ¢(u)¢(v) is an arc in D’) such that for any arc € € D,
o(€) = o'(¢(’€)). For switching in signed graphs and some results involving switching refer
the paper 1.

Given a marking u of a signed digraph S = (D, o), switching S with respect to u is
the operation changing the sign of every arc ut of S’ by u(u)o(ud)u(v). The signed digraph
obtained in this way is denoted by S, (S) and is called p switched signed digraph or just switched
signed digraph.

Further, a signed digraph S switches to signed digraph S’ (or that they are switching
equivalent to each other), written as S ~ S’, whenever there exists a marking of S such that
Su(8) =5

Two signed digraphs S = (D, o) and S" = (D', ¢’) are said to be cycle isomorphic, if there
exists an isomorphism ¢ : D — D’ such that the sign o(Z) of every semicycle Z in S equals to
the sign o(¢(Z)) in 5.

Proposition 1.2.[4 Two signed digraphs S; and S, with the same underlying graph are

switching equivalent if, and only if, they are cycle isomorphic.

§2. Smarandachely antipodal signed digraphs

In 2 the authors introduced the notion antipodal digraph of a digraph as follows: For a
digraph D = (V, A), the antipodal digraph X(D) of D = (V, A) is the digraph with V(Z(D)) =
V(D) and A(_A)(D)) = {(u,v) : u,v € V(D) and dp(u,v) = diam(D)}.

We extend the notion of Z(D) to the realm of signed digraphs. In a signed digraph
S = (D,o), where D = (V, A) is a digraph called underlying digraph of S and o : A — {4+, =} is
a function. The Smarandachely antipodal signed digraph Z(S) = (Z(D), o’) of a signed digraph
S = (D, o) is a signed digraph whose underlying digraph is X(D) called antipodal digraph and
sign of any arc e = u® in Z(S), o'(e) = p(u)p(v), where for any v € V, u(v) = H o(uv).

u€EN (v)
Further, a signed digraph S = (D, o) is called Smarandachely antipodal signed digraph, if

S = Z(S’ ), for some signed digraph S’. The following result indicates the limitations of
the notion Z(S’) as introduced above, since the entire class of unbalanced signed digraphs is
forbidden to be antipodal signed digraphs.

Proposition 2.1. For any signed digraph S = (D, o), its Smarandachely antipodal signed
graph A(S) is balanced.
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Proof. Since sign of any arc e = ut in Z(S) is p(u)p(v), where p is the canonical marking
—
of S, by Proposition 1.1, A(S) is balanced.
-
For any positive integer k, the k*" iterated antipodal signed digraph A(S) of S is defined

as follows:

A0(S) =5, AR(S) = A(AR1(S)).

Corollary 2.2. For any signed digraph S = (D, ) and any positive integer k, Z"(S) is
balanced.

In 21, the authors characterized those digraphs that are isomorphic to their antipodal
digraphs.

Proposition 2.3.% For a digraph D = (V, A), D = X(D) if, and only if, D = K.

Proof. First, suppose that D X(D) If (u,v) € A then (u,v) € A(Z(D)) Therefore,
dp(u,v) =1 = diam(D). Since K, is the only digraph of diameter 1, we have D = K.

For the converse, if D = K;,glen diam(D) =1 anifor every pair u,v of vertices in D,
the distance dp(u,v) = 1. Hence, A(D) = K and D = A(D).

We now characterize the signed digraphs that are switching equivalent to their Smaran-
dachely antipodal signed graphs.

Proposition 2.4. For any signed digraph S = (D, o), S ~ _A>(S) if, and only if, D = K
and S is balanced signed digraph.

Proof. Suppose S ~ Z(S) This implies, D & Z(D) and hence D is K;‘._)Now7 if S is any
signed digraph with underlying digra;il as K, Proposition 2.1 implies that A(S) is balanced
and hence if S is unbalanced and its A (S) being balanced can not be switching equivalent to
S in accordance with Proposition 1.2. Therefore, S must be balanced.

Conversely, suppose that S is an balanced signed digraph and D is K. Then, since Z(S)
is balanced as per Proposition 2.1 and since D & Z(D)7 the result follows from Proposition 1.2
again.

Proposition 2.5. For any two signed digraphs S and S’ with the same underlying digraph,
their Smarandachely antipodal signed digraphs are switching equivalent.

Proposition 2.6.2 For a digraph D = (V, A), D = X(D) if, and only if,

i) diam(D) = 2.

ii) D is not strongly connected and for every pair w,v of vertices of D, the distance
dp(u,v) =1 or dp(u,v) = .

In view of the above, we have the following result for signed digraphs:

Proposition 2.7. For any signed digraph S = (D, o), S ~ Z(S) if, and only if, D satisfies
conditions of Proposition 2.6.

Proof. Suppose that X(S) ~ S. Then clearly we have X(D) =~ D and hence D satisfies
conditions of Proposition 2.6.

Conversely, suppose that D satisfies conditions of Proposition 2.6. Then D =2 Z(D) by
Proposition 2.6. Now, if S is a signed digraph with underlying digraph satisfies conditions of
Proposition 2.6, by definition of complementary signed digraph and Proposition 2.1, S and
_A)(S) are balanced and hence, the result follows from Proposition 1.2.

(6]

The notion of negation n(S) of a given signed digraph S defined in 1 as follows: 1(.S) has

the same underlying digraph as that of S with the sign of each arc opposite to that given to it



Vol. 6 Smarandachely antipodal signed digraphs 87

in S. However, this definition does not say anything about what to do with nonadjacent pairs
of vertices in S while applying the unary operator 7(.) of taking the negation of S.

Proposition 2.4 & 2.7 provides easy solutions to two other signed digraph switching equiv-
alence relations, which are given in the following results.

~

(n(5))

Corollary 2.8. For any signed digraph S = (D, o),
o (n(S))

S~A :
Corollary 2.9. For any signed digraph S = (D, o), S ~ A .

Problem. Characterize signed digraphs for which

i) n(s) ~ A(S).

— —

ii) n(S) ~ A(S).

For a signed digraph S = (D, o), the X(S) is balanced (Proposition 2.1). We now examine,
the conditions under which negation n(S) of X(S) is balanced.

Proposition 2.10. Let S = (D, o) be a signed digraph. If X(G) is bipartite then n(X(S))
is balanced.

Proof. Since, by Proposition 2.1, X(S) is balanced, if each semicycle C in X(S) contains
even number of negative arcs. Also, since _A>(D) is bipartite, all semicycles have even length;
thus, the number of positive arcs on any semicycle C in A (S) is also even. Hence 77(2(5’)) is

balanced.

§3. Characterization of Smarandachely antipodal signed

graphs

The following result characterize signed digraphs which are Smarandachely antipodal signed
digraphs.

Proposition 3.1. A signed digraph S = (D, o) is a Smarandachely antipodal signed
digraph if, and only if, S is balanced signed digraph and its underlying digraph D is an antipodal
graph.

Proof. Suppose that S is balanced and D is a _A)(D) Then there exists a digraph H such
that Z(H) = D. Since S is balanced, by Proposition 1.1, there exists a marking p of D such
that each arc wv in S satisfies o(ut) = p(u)u(v). Now consider the signed digraph S’ = (H, ¢'),
where for any arc e in H, o'(e) is the marking of the corresponding vertex in D. Then clearly,
X(S’ ) = S. Hence S is an Smarandachely antipodal signed digraph.

Conversely, suppose that S = (D, o) is a Smarandachely antipodal signed digraph. Then
there exists a signed digraph S’ = (H,0’) such that X(S’) =~ S. Hence D is the A(D) of H
and by Proposition 2.1, S is balanced.
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Abstract A Smarandachely k-signed graph (Smarandachely k-marked graph) is an ordered
pair S = (G,0) (S = (G, ) where G = (V, E) is a graph called underlying graph of S and
oc:E — (e1,€2, -+ ,€e) (u:V — (€1,e2, -+ ,€)) is a function, where each & € {+,—}.
Particularly, a Smarandachely 2-signed graph or Smarandachely 2-marked graph is called
abbreviated a signed graph or a marked graph. E. Prisner Ol in his book Graph Dynamics
defines the t-path step operator on the class of finite graphs. Given a graph G and a positive
integer t, the t-path step graph (G): of G is formed by taking a copy of the vertex set V(G)
of G, joining two vertices v and v in the copy by a single edge e = uv whenever there exists a
u — v path of length ¢ in G. Analogously, one can define the Smarandachely t-path step signed
graph (S): = ((G)t,0’) of a signed graph S = (G, o) is a signed graph whose underlying graph
is (G)¢ called t-path step graph and sign of any edge e = uv in (S): is p(u)u(v). It is shown
that for any signed graph S, its (S): is balanced. We then give structural characterization
of Smarandachely t¢-path step signed graphs. Further, in this paper we characterize signed
graphs which are switching equivalent to their Smarandachely 3-path step signed graphs.
Keywords Smarandachely k-signed graphs, Smarandachely k-marked graphs, signed graphs,
marked graphs, balance, switching, Smarandachely t-path step signed graphs, negation.

§1. Introduction

For standard terminology and notion in graph theory we refer the reader to Harary [4;
the non-standard will be given in this paper as and when required. We treat only finite simple
graphs without self loops and isolates.

A Smarandachely k-signed graph (Smarandachely k-marked graph) is an ordered pair S =
(G,0) (S = (G,p)) where G = (V, E) is a graph called underlying graph of S and o : E —
(€1,€2, - ,€) (u:V — (€1,€a, -+ ,€)) is a function, where each €; € {+, —}. Particularly, a
Smarandachely 2-signed graph or Smarandachely 2-marked graph is called abbreviated a signed
graph or a marked graph. A signed graph S = (G, o) is balanced if every cycle in S has an even
number of negative edges (Harary [3]). Equivalently a signed graph is balanced if product of
signs of the edges on every cycle of S is positive.

A marking of S is a function p : V(G) — {+,—}; A signed graph S together with a

marking p by S,,. Given a signed graph S one can easily define a marking p of S as follows:
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For any vertex v € V(5),

pw)= T o).
u€N (v)

the marking p of S is called canonical marking of S.

The following characterization of balanced signed graphs is well known.

Proposition 1.1.1% A signed graph S = (G, 0) is balanced if, and only if, there exist a
marking p of its vertices such that each edge wv in S satisfies o(uv) = p(u)p(v).

Given a marking p of S, by switching S with respect to p we mean reversing the sign of
every edge of S whenever the end vertices have opposite signs in 5#[1] . We denote the signed
graph obtained in this way is denoted by S, (5) and this signed graph is called the p-switched
signed graph or just switched signed graph. A signed graph S switches to a signed graph So
(that is, they are switching equivalent to each other), written Sy ~ S, whenever there exists a
marking p such that S,,(S1) = Ss.

Two signed graphs S1 = (G,0) and Sy = (G’,0’) are said to be weakly isomorphic
(Sozdnsky [7] ) or cycle isomorphic (Zaslavsky [8]) if there exists an isomorphism ¢ : G — G’
such that the sign of every cycle Z in S; equals to the sign of ¢(Z) in Sz. The following result
is well known:

Proposition 1.2.[8l Two signed graphs S; and Sy with the same underlying graph are
switching equivalent if, and only if, they are cycle isomorphic.

§2. Smarandachely t-path step signed graphs

Given a graph G and a positive integer t, the t-path step graph (G); of G is formed by
taking a copy of the vertex set V(G) of G, joining two vertices u and v in the copy by a single
edge e = uv whenever there exists a u — v path of length ¢ in G. The notion of t-path step
graphs was defined in [9], page 168.

In this paper, we shall now introduce the concept of Smarandachely ¢-path step signed
graphs as follows: The Smarandachely t-path step signed graph (S); = ((G)¢,0’) of a signed
graph S = (G, o) is a signed graph whose underlying graph is (G); called t-path step graph and
sign of any edge e = uv in (5); is p(u)p(v), where y is the canonical marking of S. Further,
a signed graph S = (G, o) is called Smarandachely t-path step signed graph, if S = (S'),, for
some signed graph S’

The following result indicates the limitations of the notion of Smarandachely ¢-path step
signed graphs as introduced above, since the entire class of unbalanced signed graphs is forbidden
to be Smarandachely t-path step signed graphs.

Proposition 2.1. For any signed graph S = (G, 0), its (S); is balanced.

Proof. Since sign of any edge e = uv is (S); is p(u)p(v), where p is the canonical marking
of S, by Proposition 1.1, (S); is balanced.

Remark. For any two signed graphs S and S’ with same underlying graph, their Smaran-
dachely t-path step signed graphs are switching equivalent.

Corollary 2.2. For any signed graph S = (G, o), its Smarandachely 2 (3)-path step signed
graph (S)2 ((9)s) is balanced.
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The following result characterize signed graphs which are Smarandachely ¢-path step signed
graphs.

Proposition 2.3. A signed graph S = (G, o) is a Smarandachely ¢-path step signed graph
if, and only if, S is balanced signed graph and its underlying graph G is a t-path step graph.

Proof. Suppose that S is balanced and G is a t-path step graph. Then there exists a
graph H such that (H); & G. Since S is balanced, by Proposition 1.1, there exists a marking
u of G such that each edge e = uv in S satisfies o(uv) = p(u)u(v). Now consider the signed
graph S’ = (H, o), where for any edge e in H, o’(e) is the marking of the corresponding vertex
in G. Then clearly, (S"); = S. Hence S is a Smarandachely t-path step signed graph.

Conversely, suppose that S = (G, 0) is a Smarandachely ¢-path step signed graph. Then
there exists a signed graph S’ = (H, ¢’) such that (S"); = S. Hence G is the t-path step graph
of H and by Proposition 2.1, S is balanced.

§3. Switching invariant Smarandachely 3-path step signed
graphs

Zelinka [ prove hat the graphs in Fig. 1 are all unicyclic graphs which are fixed in the
operator (G)s, i.e. graphs G such that G = (G)s. The symbols p, g signify that the number of
vertices and edges in Fig. 1.

Proposition 3.1.1% Let G be a finite unicyclic graph such that G = (@)3. Then either G
is a circuit of length not divisible by 3, or it is some of the graphs depicted in Fig. 1.

\\\\\\\\\
\\\\\\\\\
\\\\\\\\\
\\\\\\\\\
\\\\\\

Fig.1.

In view of the above result, we have the following result for signed graphs:

Proposition 3.2. For any signed graph S = (G, 0), S ~ (5); if, and only if, G is a cycle
of length not divisible by 3, or it is some of the graphs depicted in Fig. 1 and S is balanced.

Proof. Suppose S ~ (S)3. This implies, G = (G)3 and hence by Proposition 3.1, we see
that the G must be isomorphic to either C,,, 4 < m # 3k, k is a positive integer or the graphs
depicted in Fig. 1. Now, if S is any signed graph on any of these graphs, Corollary 4 implies
that (S)s is balanced and hence if S is unbalanced its Smarandachely 3-path step signed graph
(S)s being balanced cannot be switching equivalent to S in accordance with Proposition 1.2.
Therefore, S must be balanced.
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Conversely, suppose that S is a balanced signed graph on C,,, 4 < m # 3k, k is a positive
integer or the graphs depicted in Fig. 1. Then, since (S)3 is balanced as per Corollary 2.2 and
since G = (G)s in each of these cases, the result follows from Proposition 1.2.

Problem. Characterize the signed graphs for which S 2 (9)3.

The notion of negation 1(S) of a given signed graph S defined by Harary ¥l as follows: 7(S)
has the same underlying graph as that of S with the sign of each edge opposite to that given
to it in S. However, this definition does not say anything about what to do with nonadjacent
pairs of vertices in S while applying the unary operator 7(.) of taking the negation of S.

For a signed graph S = (G, o), the (S); is balanced (Proposition 2.1). We now examine,
the condition under which negation of (S), (i.e., n((S):)) is balanced.

Proposition 3.3. Let S = (G,0) be a signed graph. If (G); is bipartite then n((S):) is
balanced.

Proof. Since, by Proposition 2.1, (S); is balanced, then every cycle in (S); contains even
number of negative edges. Also, since (G); is bipartite, all cycles have even length; thus, the
number of positive edges on any cycle C in (S); are also even. This implies that the same thing
is true in negation of (S);. Hence n((S):) is balanced.

Proposition 3.2 provides easy solutions to three other signed graph switching equivalence
relations, which are given in the following results.

Corollary 3.4. For any signed graph S = (G,0), n(S) ~ (9); if, and only if, S is
unbalanced signed graph on Co,, 41, m > 2 or first two graphs depicted in Fig. 1.

Corollary 3.5. For any signed graph S = (G, o), (n(S))s ~ (S)s.
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Abstract For any positive integer n, the Smarandache power function SP(n) is defined as the

smallest positive integer m such that n|m™, where m and n have the same prime divisors. The

main purpose of this paper is to study the distribution properties of the k —th power of SP(n)

by analytic methods, obtain three asymptotic formulas of 3 (SP(n))*, = @©((SP(n))*) and
n<aw

n<z <
3" d(SP(n))* (k> 1), and supplement the relate conclusions in some references.

n<x

Keywords Smarandache power function, the k — th power, mean value, asymptotic formula.

§1. Introduction and results

For any positive integer n, we define the Smarandache power function SP(n) as the smallest

positive integer m such that n|m™, where n and m have the same prime divisors. That is,
SP(n) = min {m :n|lm™,m € NT, Hp = Hp}
plm pln

If n runs through all natural numbers, then we can get the Smarandache power function se-
quence SP(n): 1,2,3,2,5,6,7,4,3,10,11,6,13,14,15,4,17,6,19, 10, - - - , Let n = p{" p5* - - - pp*,

denotes the factorization of n into prime powers. If o; < p;, for all a; (i = 1,2,--- ,7), then
we have SP(n) = U(n), where U(n) = [[ p, ][] denotes the product over all different prime
pln pln

divisors of n. It is clear that SP(n) is not a multiplicative function.

In reference [1], Professor F. Smarandache asked us to study the properties of the sequence
SP(n). He has done the preliminary research about this question literature [2] — [4], has
obtained some important conclusions. And literature [2] has studied an average value, obtained
the asymptotic formula:

> SP(n) = o ];[ (1 - p(ll—l—p)) " o(x%w),

n<z

1This paper was partially supported by National Natural Science Foundation of China (10671155), The
Natural Sciences Funding of Project Shaanxi Province (SJ0O8A28) and The Educational Sciences Funding Project
of Shaanxi Province (2010JK541).
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Literature [3] has studied the infinite sequence astringency, has given the identical equation:

2° +1
s AN~/ 0\ k:1727
o (2° ~1)¢(s)
=1 SP ) (252;4%(8) 28481’ 3 —1 |
k=45

EEN RO

And literature [4] has studied the equation SP(n*) = ¢(n), k = 1,2, 3 solubility (¢(n) is the
Euler function), and has given all positive integer solution. Namely the equation SP(n) = ¢(n)
only has 4 positive integer solutions n = 1,4,8,18; Equation SP(n®) = ¢(n) to have and
only has 3 positive integer solutions n = 1,16,18. In this paper, we shall use the analysis
method to study the distribution properties of the k — th power of SP(n), gave > (SP(n))*,

n<x

> @((SP(n))¥) and > d(SP(n))* (k > 1), some interesting asymptotic formula, has pro-
n<x n<lx
moted the literature [2] conclusion.

Specifically as follows:
Theorem 1.1. For any random real number x > 3 and given real number k (k > 0), we

have the asymptotic formula:

(( 1 Ltey.
(5P = ettt H( o) O

SP(n))* k+1 i4e
;( T(L)) — kH( p+1)>+0(ajk+2+ )7

where (k) is the Riemann zeta-function, ¢ denotes any fixed positive number, and [] denotes
P
the product over all primes.

Corollary 1.1. For any random real number z > 3 and given real number k' > 0 we have

the asymptotic formula:

(5P = mx (- (1> +o(a% ).

e o 1+ p)p*

Specifically, we have

= m (1+p)p=
n T _ QC(%)J;% 1 x%-‘ra
E(SP( DT =52 ];[(1 it é) +O(@e™).

Corollary 1.2. For any random real number z > 3, and k = 1,2, 3. We have the asymp-

1, 1 Stey.
> (SP(n)) = 57 H(l—M) +O0(z37);

n<xz

S (5P(n)? = H( Sy O

n<zx

totic formula:
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> (SP(n) ™ 4H < p)) +O(z27).

n<z

Theorem 1.2. For any random real number x > 3, we have the asymptotic formula:
GRS 1
P(n))* +1 k+i+e
D PSP = (k+1 H + 0" Et),

where ¢(n) is the Euler function
Theorem 1.3. For any random real number = > 3, we have the asymptotic formula:

Zd SP = BozIn* 2 + BizIn*~ x—i—nglnk*zx—k---—s—Bk_lxlnm—Fka—I—O(x%"‘E).
n<zx

where d(n) is the Dirichlet divisor function and By, By, Bs, -+ , Bx—1, By is computable con-
stant.

§2. Lemmas and proofs

Suppose s = o + it and let n = p{'ps*---pp*,U(n) = [[p. Before the proofs of the
pln
theorem, the following Lemmas will be useful.

Lemma 2.1. For any random real number x > 3 and given real number £ > 1 , we have

the asymptotic formula:

g(k+ 1 1.
S0 =g (- e ) +oE
n<z

Proof. Let Dirichlet’s series

> (U(n))*
:Z(

n=1

for any real number s > 1, it is clear that A(s) is absolutely convergent. Because U(n) is the
multiplicative function, if ¢ > k + 1, so from the Euler’s product formula ! we have

A(s) = nz::l
13(;2 ’)
NI

e)ls—h) !
- <<s—2k>rp[<1 w1 )

where ((s) is the Riemann zeta-function. Letting R(k) = [] (1 - M) Ifo>k+

p

L |U(n )\<n\2 WO | < ¢(o — k).
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Therefore by Perron’s formula [/ with a(n) = (UM)*, so =0, b=k+ 3, T = Jik+%,
H(z) =z, B(c) = ¢(oc — k), then we have

1 [T ()5 — k), 2 "
WO =g [ e m M s+ 0,

_ 1
To estimate the main term

1 k:+%+iT <(8)<($ o ]C) 5
2ri k+1—iT ((2s — 2k) h(S)?d&

we move the integral line from s = k + % +4iT to k + % 44T, then the function

C(s)¢(s —k), a°
s —2m) M

have a first-order pole point at s = k + 1 with residue

()¢5 — k)
L) = Effl(g(zsmh@)

L C(s)G(s — k),
= m ((S k= s — 2 h<s)s>

Ck+1) ;4
= ————"~z"" " h(k).
CERREME
Taking T = x’”‘i we can easily get the estimate
1 k+3+iT k+3+iT _k s 2k+1 L
(/ _|_/ )C(S)C(S)h(s)xds <<L=1‘k+§,
2mi\ St 3 it kttoir ) (25 —2k) 5 T
k+5+iT :
L/ ’ wh(s)ﬁds < ghtate,
2mi i1 ar ¢(2s — 2k) s

We may immediately obtain the asymptotic formula

Z(U(n))k (k‘—|—1 k+1H< 1_|_p) ) +O(‘Tk+ * )7

n<x
this completes the proof of the Lemma 2.1.

Lemma 2.2. For any random real number x > 3 and given real number £ > 1, and

positive integer «, then we have

Z (ap)* < In?*+2 g

p*<w
a>p

Proof. Because a > p, so pP < p®* < z, then
Inzx

In
p<—<lnw a< —,
Inp Inp’
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L ok
also, nt =
Z" T E

Z (ap)F = Z Z of <ty Z k+1 < In*tl g Z pk.

pe <z <1 Inz <1 <1
e p<lnz a<lpz e p<Ilnz p<lnz

+ O(z"). Thus,

Considering 7(z) = Y 1, by virtue of [5], n(z) = = 40 (ﬁ) . we can get from the Able
<z Inz In®z

>t =w(a)at —k / m(t)tF 1 dt.
p<z 2
Therefore

In® Ina 4k Ina ok In® z
k= In*~! fk/ —dt / —dt) = In*~1 ).
2P Gy TOWT =k [ At Ol nE PRSI

p<Inz

Thus

S lap)i= >0 pF > ofF < Z k+1 <Fle 3 ph e m? g

P:>§pm p<lnz a<}f;; p<lnw p<lnz

This completes the proof of the Lemma 2.2.

§3. Proof of the theorem

In this section, we shall complete the proof of the theorem.
Proof of Theorem 1.1. Let A = {n|n = p{"p3? - p*, a; < pi,i =1,2,--- ,r}. When
n€ A:SP(n)=U(n); When n € Nt : SP(n) > U(n), thus

D (SPm)F =Y (UM =Y [(SPm)* = Um)] < Y (SPn)"

n<x
SP(n)>U(n)

By the [2] known, there is integer o and prime numbers p, so SP(n) < ap, then we can get
according to Lemma 2.2

Y (SPm) < > (ap)f <) > <al®iy

n<x n<x n<zx p%<=z
SP(n)>U(n) SP(n)>U(n) =" Ta>p

Therefore

Z(S’P(n))k - Z(U(n))k < zln? 2y

n<x n<x

From the Lemma 2.1 we have

Sspm)t = o Tl -

k+g4e Ip2k+1
G+ 1@ —— )+ O(x )+ O(zIn*""" 1)

1+p)

n<x

_ C(k"'l k+1H

k+3+e
(RO — )+ O(x ).

1+p)
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This proves Theorem 1.1.

Proof of Corollary. According to Theorem 1.1, taking k = % the Corollary 1.1 can be

7.‘_4

2
obtained. Take k =1,2,3, and ((2) = %,C(ZL) = gg- We can achieve Corollary 1.2. Obviously

so is theorem [2,
Using the similar method to complete the proofs of Theorem 1.2 and Theorem 1.3.
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Abstract The concept of fibonacci graceful labeling and super fibonacci graceful labeling
was introduced by Kathiresan and Amutha. Let G be a (p,q)— graph. An injective function
f:V(G) = {Fy,F\,Fs,...,Fy_1,Fy41}, where Fy 41 is the (¢ + 1) fibonacci number, is said
to be almost super fibonacci graceful graphs if the induced edge labeling f*(uv) = | f(u)— f(v)|
is a bijection onto the set {F1, Fs, ..., Fq} or {F1, F, ..., Fy_1, Fgy1}. In this paper, we show
that some well known graphs namely Path, Comb, subdivision of (Ba,, : w;), 1 <4 < n and
some special types of extension of cycle related graphs are almost super fibonacci graceful
labeling.

Keywords Graceful labeling, Fibonacci graceful labeling, almost super fibonacci graceful

labeling.

§1. Introduction

By a graph, we mean a finite undirected graph without loops or multiple edges. A path
of length n is denoted by P,y1. A cycle of length n is denoted by C,. G is a graph obtained
from the graph G by attaching pendant vertex to each vertex of G. Graph labelings, where
the vertices are assigned certain values subject to some conditions, have often motivated by
practical problems. In the last five decades enormous work has been done on this subject 2.
The concept of graceful labeling was first introduced by Rosa [ in 1967.

A function f is a graceful labeling of a graph G with g edges if f is an injection from
the vertices of G to the set {0,1,2,...,¢} such that when each edge wv is assigned the la-
bel |f(u) — f(v)], the resulting edge labels are distinct. The slightly stronger concept of al-
most graceful was introduced by moulton 5. A function f is an almost graceful labeling of a
graph G if the vertex labels are come from {0,1,2,...,q — 1,¢ + 1} while the edge labels are
1,2,...,q—1,qor 1,2,...,g — 1,q + 1. The notion of Fibonacci graceful labeling and Super
Fibonacci graceful labeling was introduced by Kathiresan and Amutha . We call a function
f, a fibonacci graceful labeling of a graph G with ¢ edges if f is an injection from the vertices
of G to the set {0,1,2,...,F,}, where F, is the ¢*" fibonacci number of the fibonacci series
Fy=1,F,=2F;=3,F,=5,..., such that each edge uv is assigned the labels |f(u) — f(v)],
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the resulting edge labels are F, Fs,. .., Fy. Also, we call super fibonacci graceful labeling, An
injective function f : V(G) — {Fy, F1,..., F,}, where F, is the ¢'" fibonacci number, is said to
be a super fibonacci graceful labeling if the induced edge labeling |f(u) — f(v)| is a bijection
onto the set {Fy, Fy, ..., Fy}. In the labeling problems the induced labelings must be distinct.
So to introduce fibonacci graceful labelings we assume F; = 1, F, =2, F3 =3, F, = 5,..., as
the sequence of fibonacci numbers instead of 0,1, 2, ..., Bl these concepts motivate us to define
the following.

An injective function f: V(G) — {Fy, Fy, Fa, ..., Fy_1, F 41}, where F, 4 is the (¢ + 1)
fibonacci number, is said to be almost super fibonacci graceful if the induced edge labeling
f*(uv) = | f(u) — f(v)] is a bijection onto the set {Fy, Fy, ..., F,}. Frucht [l has introduced a
stronger version of almost graceful graphs by permitting as vertex labels {0,1,2,...,¢—1,¢+1}
and as edge labels {1,2, ..., q}. He calls such a labeling Pseudo graceful. In a stronger version of
almost super fibonacci graceful graphs by permitting as vertex labels { Fy, F1, Fs, ..., Fy—1, Fgq1}
and an edge labels {F, Fa, ..., F,;}. Then such labeling is called pseudo fibonacci graceful la-
beling. In this paper, we show that some well known graphs namely Path, Comb, subdivision
of (Ba,, : w;), 1 <i < n and some special types of extension of cycle related graphs are almost
super fibonacci graceful graph.

§2. Main results

In this section, we show that some well known graphs and some extension of cycle related
graphs are almost super fibonacci graceful graph.
Definition 2.1. Let G be a (p, g) graph. An injective function f: V(G) — {Fo, F1, Fs, . ..

F,_1,F,41}, where F,41 is the (¢ + 1)** fibonacci number, is said to be almost super fibonacci

)

graceful graphs if the induced edge labeling f*(uv) = |f(u) — f(v)| is a bijection onto the set
{F1,Fo,....,F,} or {F1,Fy,...,Fy_1,F 41}
The following theorem shows that the graph P, is an almost super fibonacci graceful graph.
Theorem 2.1. The path P, is an almost super fibonacci graceful graph.
Proof. Let P, be a path of n vertices. Let {uj,us,...,u,} be the vertex set and
{e1,ea,...,e,_1} be the edge set, where e¢; = w;u;11, 1 <i <n.
Case(i): n is odd.
Define f: V(P,) — {Fo, F1,..., Fy_1, Fygp1} by f(wi) = Fu_ogpr), 1 <0 < 253, f(u;) =
Fois1)—n-1),"52 + 1< i <n =3, f(un—2) = Fo, f(un—1) = Fr—a, f(uy) = F,.
Next, we claim that the edge labels are distinct.
Let By = {f*(wjui41) : 1 <i < 253}
Then
. n—3
By o= Alf(w) = fluird)l 11 <i< ——}
= {15 ) — S 1) = )l F g ) — flusss)],
F(as) = fluns )}
= {[Fn-a— Fogl,[Fn6 — Fa-sl,...,|F5 = Fi|, [F1 — F3|}
= {Fn_5,Fpn,..., P, Fy}.
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Let By = {f*(u;uit1) : ”7_3 +1<i<n-3}
Then

By = {lf(ui)_f(ui+1) : nT—Z’.+1 Sign—?)}
= {1 nsa 1) = s ) 1 f(wa ) = Flunsa ),

| (un—a) = f(un—s)|, |f(un—3) = fun—2)[}
= {|Fy — Fy|,|Fy — Fg|,...,|Fnes — Fn—sl|, |Fn—3s — Fo|}

= {Fg,F5,...,Fn_4,Fn_3}.

Let BE5 = {f*(un—2un—1), [*(un—1u,)}.

Then
By = A{[f(un—2) — f(un-1)|, [f(un—1) — f(un)|}
= {|F0_F7l—2|7|Fn—2_Fn|}
= {Fn—2aFn—1}~
Therefore
FE = FE{UEy;UUE;s

— {F,Fy...,Fui}.

Thus, the edge labels are distinct. Therefore, P, admits almost super fibonacci graceful
labeling. Hence, P, is an almost super fibonacci graceful graph.

For example the almost super fibonacci graceful labeling of Ps is shown in Fig. 1.

13 P oy E; Fy
Py : Fy F,  F3 F4

Fig.1

Case(ii) : n is even.

Define f : V(P,) — {Fo,F1,...,Fg_1,Fyp1} by f(wi) = Foyoi-1), 1 < i < "7_4,
f(ui) = Faiyrynt1, 57 +1 <0 <n =3, fun—2) = Fo, f(up—1) = Fu—z, f(un) = Fy.

Next, we claim that the edge labels are distinct.

Let By = {f*(ujuir1) : 1 <i < ”774}

Then

By = {‘f(“i)_f(ui+1)|:1§ignT_4}
= {If(uw) = flu2)l,|f(u2) = flus)l,. ., [flunza_y) = fluns)],
|f(u"T_4) 7f(u"’T‘4+1)|}
= {|Fo_a—Fngl,|Fn6—Fusl,...,|Fs— Fa|,|Fo — F1|}
= {Fh—5,Fur,...,F5, F1}.
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Let E5 = {f*(uiqu) : %_4 +1<1<n— 4}
Then

By = {If(w)~ Sl 1< isn—4)
= {|f(u%+1)_f(u%+2)|’|f(u%+2)_f(u%+3)|7"'7
|fun—s5) = flun—a)|; | f(un—a) — flun—3)|}
= |l - B3|, |[F5 — F5, ..., [Fa7 = Faos|, [Fas — Fusl}
= {F2,Fy,...,Fn_¢,Fn_4}.

Let E3 = {f* (un—Bun—2)a f* (un—Qun—l)a f*(un—lun)}'

Then
Es = {|f(un—3) = f(un—2)], [f(un—2) = f(un-1)l,
|fun—1) = flun)}
= {|Fn—3*F0|a|FO*Fn—2|,|Fn—2*Fn|}
= {Fn—SaFn—QaFn—1}~
Therefore

E = E UF,UE;
= {F\,Fs,...,Fy1}.

Thus, the edge labels are distinct. Therefore, P, admits almost super fibonacci graceful
labeling. Hence, P, is an almost super fibonacci graceful graph.

For example the almost super fibonacci graceful labeling of Py is shown in Fig. 2.

F1 F2 F3 F4 F5
Fy Fy F3 Fy F, Fy

P6:

Fig.2.

Definition 2.2. The graph obtained by joining a single pendant edge to each vertex of
path is called a comb and is denoted by P,, ® K; or P .

Theorem 2.2. The path P} is an almost super fibonacci graceful graph.

Proof. Let ui,uo,...,u, be the vertices of path P, and vi,vs,...,v, be the vertices
adjacent to each vertex of P,,. Also, |[V(G)|=2n and |E(G)| = 2n—1. Define f : V(P,0K;) —
{Fo,F1,Fo,...,Fy_1,Fyr1} by f(u;)) = Fo;, 1 <0 <m—2, f(v;) = Fp1, 1 < i < n—1,
f(un—1) = Fo, f(un) = Fan—2, f(vn) = Fan.

Next, we claim that the edge labels are distinct.

Let By = {f*(ujuit1) :i=1,2,...,n— 3}
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Then

E, = {|f(w)— fluy1):i=1,2,...,n—3}
= {|f(u1) = flu2)],[f(u2) = f(us)l, .-, [f(un—a) — flun—s3)l,
| f(un—3) — flun—2)[}
= {[F2 — Ful,|Fy — Fsl, |[F6 — F3l, ..., |[Fon—s — Fhn—sl,
|Fon—6 — Fan—al}
= {F3,F5,...,Fon_7,Fon_5}.
Let Eo = {f*(uwuit1) :n—2<i<n-—1}.
Then
Ey = {f"(un—2un—1), " (un—1un)}
= {f(un—2) = f(un—1)], [f(wn—1) — f(un)}
= AlFen—a = Fol, |[Fo — Fon-2[}
= {Fop-—a,Fon_2}.

Let E3 = {f*(ulvl)}.

Then
By = {|f(u1) = f(v)[}
= {|F>— R}
= {Fn}
Let E4 = {f*<ui+1vi+1) 01 S 1 S n— 3}
Then
Ey = {[f(uit1) = f(vis1)]: 1 <i<n—3}

= {|f(u2 = f(v2)],[f(u3) = f(v )| S f(un—3) = fon-s)l,
|f(un—2) — f(on-2)[}

= {|Fy— B3], |Fs — F5|,...,|Fon—6 — Fon—1l, [ Fon—a — Fon_s|}

= {Fy,Fy,...,Fon_sg, Fon_g}.

Let Es = {f*(un—1vn-1), f*(unvy)}.

Then
Es = {If(un—l)_f(vn—l)|7|f(un)_f(vn)‘}
= {|Fo — Fon—3|, |Fan — Fon—2|}
= {F2n73aF2n71}'
Therefore

E = EUE,UEsUE,UE;s
{F17F27"'aF2n—1}-
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Thus, the edge labels are distinct. Therefore, P, ® K; admits almost super fibonacci
graceful labeling. Hence, P,, ® K7 is an almost super fibonacci graceful graph.
This example shows that the graph P; ® K7 is an almost super fibonacci graceful graph.

F, F3 F, Fs Iy Fe K Fg Iy

P5 ® K1 H F1 F2 F4 F7 Fg
Py Fj F; Fr Fuo
Fig.3

Definition 2.3. Let K7, be a star with n+ 1 vertices (n > 2). Adjoin a pendant edge at
each n pendant vertex of K ;. The resultant graph is called a extension of K; , and is denoted
by K f‘ n

Next, theorem shows that the graph K 1+ , is an almost super Fibonacci graceful graph.

Theorem 2.3. The graph G' = K is an almost super fibonacci graceful graph.

1,n
Proof. Let (V4,V2) be the bipartion of K ,,, where Vi = {ug} and Vo = {u1,u2,...,upn}
and vy, va, ..., v, be the pendant vertices joined with uy, ug, ..., u, respectively. Also, |V(G)| =

2n+1 and |E(GQ)| = 2n.

Case(i) : n is odd.

Define f: V(G) — {Fo, F1, Fy, ..., Fy_1, Fgp1} by f(uo) = Fo, f(ugi—1) = Fai-3, 1 <i <
2L fugs) = Fugy 1 <0 <250 fugimn) = Fumq, 1 <0 < 2L fug) = Fiyy, 1 < i < 251

Next, we claim that the edge labels are distinct.

Let E1 = {f*('LL(]’U,Qifl)Z 1 S ) S HT-H}

Then

n+1

By {If(uo) — flugi—1)|:1<i < }
{1f(uo) — fur) || fluo) = flus)ls- | fuo) — flun—2)|,|f(uo) — f(un)|}
{|Fo — F1|, |Fo — Fs|,...,|Fo — Fan—sl, |Fo — Fan—1|}

{F17F57"'7F2n757F2n71}-

Let By = {f*(uouz): 1 <i < 271}

Then

B = {lf(u)— flun] i1 <0< o0
= {lf(uo) = f(u2)|,|f(uo) = f(ua)],- .., [ f(uo) — flun—s)|,f(uo) — f(un-1)[}
= {|Fy — Fu|,|Fo — Fs|,...,|Fo — Fan—sl, | Fo — Fan—2|}

= {F47F8a"';F2n—63F2n—2}~

Let E3 = {f*(u%_l’l)gi_l): 1 S 1 S nTH}
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Then

Es = {[f(uzi—1) — f(vai—1)]: 1 <i < nT—H}
= A{If(u) = f(u)l [f(uz) = f(w3)], - [ f(un—2) = f(vn—2)|, [f(un) — f(vn)[}
= {|F\ — B3|, |Fs — Fr|, ..., |Fon—s — Fon—3|, |Fan—1 — Font1l}

{FQ, Fﬁ, . ,an_4,FQn}.

Let By = {f*(ugivg;): 1 <i < 2571}

Then
Ey = {|f(u) = f(v2)]: 1 <i < anl}
= {|f(u2) = f(v2)|,|f(wa) = f(va)],. .., |f(un—3) — f(vn—3)],
| (tn-1) = f(vn-1)[}
= {|Fy— Ba|,|Fs = Fgl, .+ [Fan—6 — Fon—s|, [ Fon—2 — Fon—al}
— {F3,Fy,... Fop_q,Fon_s).
Therefore

E = E1UE2UE3UE4
{F1, Fa,..., Fap).

Thus, the edge labels are distinct. Therefore, K f ,, admits almost super fibonacci graceful
+

1.n 1s an almost super fibonacci graceful graph.

labeling. Hence, K

For example the almost super fibonacci graceful labeling of K 1+ 5 is shown in Fig. 4.

Case(ii) : n is even.

Define f : V(G) — {Fy, F1, Fa, ..., Fy—1, Fgra} by f(uo) = Fo, f(v1) = F1, f(ugi—1) =
Frio, 1 <0 <%, flug) = Faio1, 1 <0 < 5, f(vei) = Faigr, 1 <0 < 5, f(vaic1) = Faia,
2<i<n,

Next, we claim that the edge labels are distinct.

Let By = {f*(uougi—1): 1 <i < G}
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Then
. n
Er = A{[f(uo) = fluzia)| : 1< < 5}
= {lf(uo) = flur)|,[f(uo) = f(us)l|,- .., [f(wo) = flun—3)|,[f(uo) — flun-1)[}
= {|Fo — B, |Fo — Fs|,- .., |Fo — Fan—sl, | Fo — Fan—2|}
= {F2, Fs,..., Fon_g, Fon_2}.
Let E2 = {f*(U(]UQi): 1 S ) é %}
Then
. n
E, = {|f(u0)_f(u2i)|31§2§§}

= {If(uo) — f(u2)],[f(uo) = fua)ls- ., [f(uo) = fun—2)|,f(uo) — f(un)[}
{|Fo = B3|, |Fo — Fy|,...,|Fo — Fan—s|, |Fo — Fon—1|}

{Fs,F7,...,Fon_5,Fo,_1}.

Let E3 = {f*(ulvl)}.
Then

By = A{lf(u) = flo)]}

= {|F>x -~}
= {In}
Let By = {f*(u2i-1v2i-1): 2<i < 3}
Then
Ey = {|f(U2if1) - f(U2i71)| :2<1 < g}

= {[f(us) = f(vs)|; | f(us) = fvs)], .-, [f(un—3) = f(vn-3)l;
|f(un—1) = f(vn-1)[}

= {|Fs — Ful,|Fio — F3l, ..., |Fon—6 — Fon—s|, |Fon—2 — Fon—al}
= {F5,Fy,...,Fap_7,F5,_3}.
Let E5: {f*(UQﬂ)Qi) 01 S 7 é %}
Then
on
Es = A{lf(uzi) = flozi)| : 1 i< 5}
= {If(u2) = fv2)l, [f(ua) = fva)l, s [ f(un—1) = f(vn—1)], [f(un) = fon)[}
= {|F5 — F5|,|Fr — Fo|,...,|Fon—s — Fon—3|, |Fan—1 — Font1l}
= {Fy, Fs,...,Fop_u, Fop}.
Therefore

E = E UB,UE;UFE,UE;
(F1,Fy,..., Fan).
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Thus, the edge labels are distinct. Therefore, K 1+ ,, admits almost super fibonacci graceful
+

1,n

labeling. Hence, K" is an almost super fibonacci graceful graph.

For example the almost super fibonacci graceful labeling of K f‘ , is shown in Fig. 5.

+ .
K174 :

Fig.5

Definition 2.4. The graph G = F,, & P consists of a fan F;, and a path P5 of length two
which is attached with the maximum degree of the vertex of F,.

Theorem 2.4. G = F, @ P3 is an almost super fibonacci graceful graph for
n > 3.

Proof. Let V(G) = U UV, where U = {ug,u1,...,u,} be the vertex set of F,, and
V = {ug = v1, v2,v3} be the vertex set of Ps. Also, |V(G)| =n+3 and |E(G)| = 2n+ 1. Define
fiV(G) = {Fo, FA,Fa, ..., Fy_1,Fgia} by f(uo) = f(v1) = Fo, f(u) = Fam1, 1 < i < n,
F(Wig1) = Fognyiy—2, 1 < < 2.

Next, we claim that the edge labels are distinct.

Let By = {f*(ujuit1): i =1,2,--+ ,n—1}.

Then

By = {|f(w)— fluir1)|:i=1,2,...,n—1}
= A{lf(w) = flu2)l, [f(u2) = f(uz)l, .., | flun—2) = flun-1)l;
|f (un—1) = f(un)[}
= {|F1— F3|,|F5 — F5|,...,|Fon—s — Fon—s|, |Fon—3 — Fon_1]}
= {Fy,Fy,...,Fop_4, Fop_o}.

Let Fy = {f*(uoul) i=1,2,-- 7n}'
Then

By = {|f(u)— f(u)|:i=1,2,...,n}
= {[Fo—Fy|:i=1,2,...,n}

{|Fo — F\|,|Fo — Fsl,...,|Fo — Fan_sl, |Fo — Fan_1|}

{F1,F3,...,Fop_3,Fo,_1}.

Let ESZ{f*(UiUi+1) 1= 1,2}
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Then
Ey = A{[f(v) — f(vig1)] i =1,2}
= {|Fo— Fonyi—1|:i=1,2}
= {|Fo — Fonl, [ Fon — Fonia|}
= {F2n7F2n+1}~
Therefore

F = FE{UFEy;UUE;s
= {Fl,FQ,...,F2n+1}.

Thus, the edge labels are distinct. There, F;,, ® P3 admits almost super fibonacci graceful
labeling. Hence, F,, & Psis an almost super fibonacci graceful graph. This example shows that
the graph F5 @ Ps is an almost super fibonacci graceful graph.

Fy

F5 D P3:

WY
Fy, Fio Yo Fu Fio

Fig.6

Definition 2.5. An (n,2t) - graph consists of a cycle of length n with two copies of t-edge
path attached to two adjacent vertices and it is denoted by C,@Q2PF;.

Next theorem shows that the (n,2t) - graph is an almost super Fibonacci graceful graph.

Theorem 2.5. The (n,2t) graph G, where t = 1, n = 0(mod 3) is an almost super
fibonacci graceful graph.

Proof. Let uy,us,...,u, be the vertices of cycle of length n. Let v,w be the vertices
of paths P; and P» joined with wuy,u, respectively. Also, |V(G)| = |E(G)| = n + 2. Define
Define f : V(G) — {Fo, F1, Fa, ..., Fy_1, Fyp1} by f(u1) = Fo, f(un) = Fuya, f(up—1) = F_q,
f(v) =F1, f(w) = Fyys. For 1 =1,2,..., 222 f(ujy1) = Fo;_30-1), 3l — 2 < i < 3L.

Next, we claim that the edge labels are distinct. We have to find the edge labeling between
the vertex u; and starting vertex wuy of the first loop.

Let By = {f*(uiu2)}.

Then

By = {[f(u1) = f(u2)l}
= {|Fo— P}
= {F}.
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Let E2 = {f*(ui+1ui+2)2 1 < ) < 2}
Fori=1
Then

Ey = {|f"(wit1uip2)] 1 1 <0 <2}
= {[f(uig1) = fluige)| : 1 <i <2}
= A{lf(u2) = f(us)|, | f(us) = f(ua)[}
= A{|F2 = Ful, |Fy — Fe|}
= {3, I

We have to find the edge labeling between the end vertex wu, of the first loop and starting
vertex us of the second loop.

Let
Ey = {f*(usus)}

= |l f(ua) = f(us) [}

= {|Fs—F5 |}

= {Fi}.
Forl =2
Let E3 = {f*(ui+1ui+2) 4 S 1 S 5}
Then

By = {|f(uit1 — fuiy2)| : 4 <0 <5}

{1f(us) — f(ue)l, | f(ue) — f(ur)|}
{|F5 — Fo|, [F7 — Fyl}
= {F§, Fs}.

We have to find the edge labeling between the end vertex w7 of the second loop and starting
vertex ug of the third loop.

Let
Ey = {f*(u7us)}
= | fur) — f(us) [}
= {|Fo—Fs |}
= {F}.
etc.,

Forl:"ng—l

Let Ens_y = {f*(wit1tiq2) : n—8<i<n-—T}
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Then

|

3

|

w
[

I

n3_ {If(uit1) = f(uit2)| :n—8<i<n—T}
{If (un—7) = f(un—6)l; | f(un—6) = f(un—3)[}
= {|Fa—7— Fos|,[Fas — Fasl}
{Fn—¢,Fn_4}.

We have to find the edge labeling between the end vertex u,,_5 of the (”T*B —1)*" loop and
starting vertex u,_4 of the (%52)"? loop.

Let
E}K%?’_l = {f*(un—Sun—4)}
= Al f(un—s) — flun—a) [}
= {| Frn3—Fy4 |}
= {F,_5}
For [ = ”773
Let E% = {f*"(uit1uit2): n —5 <i<n-—4}.
Then
Eos = | f(uit1) = f(tig2) 1 n =5 <i<n-—4}

{I flun—a) = flun—s) [, f(un—3) — f(un—2) |}
{‘Fn—4*Fn—2 ‘,‘Fn—2*Fn |}

{Fn—?n Fn—1}~

Let E* = {f*(un72“n71)» f*(unflun)a f*(unu1)7 f*(unw), f*(ulv)}

Then
E* = A] flun—2) = flun—1) || flun-1) = flun) |, ] f(un) — flu1) |,
| f(un) = f(w) [, f(w) = f(v) [}
= {|Fn*Fn—1 |a|Fn—1*Fn+1 HFn+1*FO‘7‘Fn+1*Fn+3|a|FO*F1 |}
= {Fn—2aFn7Fn+17Fn+2;Fl}-
Therefore
E = (E1UEQU,...,Eans)U(E%UE;U,...,E}L;SA)UE*
3

{F17F27~'~7Fn+17Fn+2}~

Thus, the edge labels are distinct. Therefore, the (n,2t)-graph admits almost super fi-
bonacci graceful labeling. Hence, the (n,2t)-graph G is an almost super fibonacci graceful
graph. This example shows that the graph G = (6,2t) is an almost super fibonacci graceful
graph.



Vol. 6 Almost super Fibonacci graceful labeling 111

Fy
Fg
2 Fe
Fy
G =(6,2t) : Fs
Fy
F Fs 5
Fig.7

Definition 2.6. The graph G = C3Q@Q2P, consists of a cycle C5 together with the two
copies of path P, of length n, two end vertices uy, v; of P, is joined with two vertices of Cs.

Theorem 2.6. The graph G = (C3Q@Q2P, is an almost super Fibonacci graceful graph
except when n = 2 (mod 3).

Proof. Let V(G) = UUVUW, where W = {wy, w2, w3} be the vertices of C3, U = {wy =
Up, Uy ..y Upt1 ) and V' = {wy = v1,v2,...,v,41} be the vertex set of path P, of length n.
Also, |V(G)| = 2n+ 3 = |E(G).

Case(i) : n =1 (mod 3).

Define f : V(G) — {Fo, F1, Fa, ..., Fy_1,Fy41} by f(ws) = F44, when n = 1 (mod 3),
Funi1-i-1)) = Fagnig), 1 <0 <2, fup—1) = Fo, f(un—2) = Fany1, f(un-3) = Fop—1,f(v;) =
Froizs, 1<i<n+1. Forl=1,2,...,22 f(un—3-;) = Fan_o(i—1)430-1), 3l —2 < i < 3L

Next, we claim that the edge labels are distinct.

Let Eq = {f*(un+1un), f*(untn—1), f*(un—1tn—2), f*(Un—2un—3)}.

Then

Er = A flung1) = flun) || flun) = flun—1) || flun—1) = flun—2) |,
| f(un—2) — f(un—3) [}
= Al Fonta — Fonyo |, | Font2 — Fo |, | Fo — Fons1 || Font1 — Fop—1 [}
= {Font3, Fons2, Fony1, Fon}.

We have to find the edge labeling between the vertex u,, 3 and starting vertex u,_4 of the
first loop.

Let By = {f*(upn—3tn—4a)}
Then

By = A fun—3) = f(un—a) |}
= {| Fon—1— Fon |}
= {Fy—2}.
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Forl=1
Let Ez = {f* (un—3—itn_4—) : 1 <i <2}

Then

Es

= Al flun—s—i) = flun—a—i) [ 1 <0 <2}

= Al flun-a) = fun—s) || flun—s) = f(un-s) [}
= {| Fan — Fon2 |,| Fon—2 — Fon—a |}

= {Fan1, Fon-3}.

We have to find the edge labeling between the end vertex u,,_¢ of the first loop and starting

vertex u,_7 of the second loop.
Let E% = {f*(upn—gun-7)}

Then

Forl=2
= {f*(un-3-ittn—a-;) : 4 <i < 5)}

Let E4

Then

Ey

Ez’l, = {l flun-6) = f(un—7) [}
- {|F2n74*F2n73 |}
= {F2n—5}-

= Al flun—s—i) = flun—s—i) [: 4 <i <5}

= Al f(un—7) = fun—s) .| f(un—s) = f(un—o) [}
= | Fon-3— Fon—s |,| Fon—5 — Fan—7 [}

= {Fon_4,Fon_s}-

We have to find the edge labeling between the end vertex u,,_g of the first loop and starting

vertex u,_19 of the third loop.
Let Ei = {f’k(un,g’u,n,lo)}

Then

etc.,

For [ = "T74 -1
Let E%_l = {f*(un—3—itn-4—i) :n—9<i<n-—8}

Then

En_a
nd_y

Ei = {| f(un—g) - .f(un—lo) |}
{| Fop—7 — Fop_s |}
{Fa—s}.

{I flun-3—i) = f(up—a—;) fn =9 <i<n-—8}
{1 fue) — f(us) || flus) — f(ua) |}

{l Fat10 — Fays |, | Foys — Foie |}

= {Futo, Fnyr}
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We have to find the edge labeling between the end vertex ug of the (”T_‘l — 1) loop and
starting vertex ("T*‘L —1)"? of the third loop.

Let Eﬁ%_l = {f*(uqus)}

Then

Eua o= Al f(ua) = flus) |}
{|Fn+6_Fn+4 |}
= {Fn+5}'

For [ = "T_‘l
Let EanA; = {f*"(up—3—ittp—4—;) :n—6<i<n-—>5}

Then

EL—4

3

{1f(un-3—-i) = f(up—a—i)|:n—6 <i<n-—>5}
{1/ (us) = flu2)], [f(u2) = f(u1)[}

{Fnt7 — Faxsl, [Fats — Faysl}

= {Fut6: Frtal-

Let EY = {f*(Uns1—(i—1)Un—(i-1)) 1 1 = 1}

Then
Eik = {|f(un+1—(i—1)) - f(’Uzn_(l_l))| 1= 1}
= {[f(uns1) — flun)[}
= {|F2n+4 - F2n+2|}
= {Fants}
Let E5 = {f*(wiws3), f*(waws), f*(wiw2)}
Then

E;

{If(w1) = flws)], [f (w2) = flws)], [f(w1) = flw2)[}
= {|Fn+3_Fn+4|v|Fn+2_Fn+4|7|Fn+3_Fn+2|}
= {Fat2, Fis, Fuga )

Let B3 = {f*(vivig1) : 1 < i <n}.

Then
Ey = {[f(vi) = flvig1)|: 1 <i<n}
= {lf(w) = flu)|,[f(v2) = f(w3)l,- -5 [f(vn_1) = fon)], |f(vn) = f(ong1)|}
= {|Fur2 — Foa|, [ Fogr — Bl [Fa — B3|, [F3 — Fyl}
- {Fn7anla~°'7F2vF1}'
Therefore
E = (EluEgu,...,E%)u(EguEiu,...,uE}g_l)u(EfUE;UE;;)
3

{F1,Fs,...,Fonyo, Fopys}.
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Thus, the edge labels are distinct. Therefore, the graph G = C3@2P,, admits almost super

fibonacci graceful labeling. Hence, the graph G = C3@2P, is an almost super fibonacci graceful
graph.

For example the almost super fibonacci graceful labeling of C3@Q2P;q is shown in Fig. 8.
03@2P10:

Fis Fis Fir Fig Fis Fy Fi9g Fou Fy Fa Py

Fip ~ WWW
/ \
F14‘\ /L Fyy
\ /
Fis /Ef’()ﬁ/ Fy  Fy Fr F F Fy F5 F, R

12 F 1 Fy Fs F, Fs F5 Fy Fy F,

Fig.8

Case(ii): when n =0 (mod 3)

Define f : V(G) — {Fo, F1, Fa,...,Fy_1,Fy41} by f(ws) = Fn43, when n = 0 (mod 3),
Jpi1——1)) = Fonoits), 1 <0 <2, f(un—1) = Fo, f(un—2) = Fons1, f(un—3) = Fon_1,
f(u2) = Fuye, flur) = Fpga, f(vi) = Fuoigs, 1 < i < n+1. Forl = 1,2,..., %55,
Jun—3-i) = Fon_agi—1)430-1), 3l =2 < i < 3l

Next, we claim that the edge labels are distinct.

Let B1 = {f*(unt1tn), f* (Untn-1), f (Un-1Un—2), [* (Un—2un—3)}.
Then

El - {| f(un+1) - f(un)|a |f(un) - f(unfl)‘v ‘f(unfl) - f(uan)‘v
| f(un—2) — f(un—3)[}
U Fanta — Fonsal, [Fante — Fol, [Fo — Fansal, [Fant1 — Fon-1l}
= {Fonis, Fonto, Fongt, Fon}
We have to find the edge labeling between the vertex u,,_3 and starting vertex u,_4 of the

first loop.
Let By = {f*(un—3un—4)}

Then
Ey = {|f(un—3)— f(un—a)l}
= {‘F277,—1*F2n|}
= {Fan—2}.
Forl=1

Let E3 = {f*(un_g_iun_4_i) 01 < 1 < 2)}
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Then

By = {|f(un-3-i) = flup-a—3)| : 1 <i <2}
= Alf(un-a) = flun—s)|; | f(un—s) — f(un—s)|}
= {[Fon — Fona|,|[Fon—2 — Fon_a|}
= {Fan—1, Fon-3}.

We have to find the edge labeling between the end vertex u,,_¢ of the first loop and starting
vertex u,_7 of the second loop.

Let B3 = {f*(un—6un—7)}

Then
By = {|f(un—s)— fun—7)|}

= {|F2n—4 - FZn—3|}

= {Fon—s}.
Forl =2
Let By = {f*(un—3—itn—a—;) : 4 <i <5)}.
Then

Ey = {|f(un—s—i) — f(un—a—i)|:4 <i <5}

= {‘f(un77) - f(unfs)lv ‘f(unf8) - f(unfi))l}
= {[Fan—3 — Fan—sl,|Fan—s5 — Fan_7[}
= {Fon—a, Fon—s}
We have to find the edge labeling between the end vertex u,_g of the second loop and

starting vertex u,_1¢ of the third loop.
Let Ef = {f*(un—otn_10)}

Then
Ei = {[f(un—9) = f(un—10)[}
= {‘F2n77_F2n76|}
= {FZn—S}-
etc.

For | = "T_fs -1
Let EnT—671 = {f*(un—3—iun—q—;) :n—11 <i <n—10}.
Then

Ene | = {f(un—3—i) = fup—a—i)| : n—11 < i <n—10}
= A{lF(us) = flur)], | f(ur) = f(ue)[}

= {|Fnt12 — Fat10l, [ Fat10 — Fuys|}
= {Fut11, Fuyol-
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We have to find the edge labeling between the end vertex ug of the (”T_G — 1) loop and
starting vertex us of the (25%)" loop.
Let E}%ﬁ_l = {f*(ugus)}.
Then
Ei%e_l = {|f(ue) — f(us)[}
= {|[Fn+s — Fogol}

= {Fn+7}~
For [ = "?_6
Let E%e = {f*(un—3—ittn—a—;) :n—8<i<n-—T}
Then

Eﬂ

3

{If(un—3-i) = flun-s—i)| :n=8<i<n—T}
{1f (us) = f(ua)l, [ f(ua) — flus)}

= {|Fato = Fasrl, [Fagr — Faisl}

= {Futs: Frtol-

We have to find the edge labeling between the end vertex ug of the (2¢)** loop and the

3
vertex us.
Let
B = {f"(usu2)}
= {If(us) = flu2)[}
= {‘Fn+5 - Fn+6|}
= {Fn+4}-
Let B3 = {f*(uou1), f*(wiws3), f* (waws), f*(wiw2)}.
Then

By = Alf(u2) = f(ur)l, [f(w1) = f(ws)l, [f(wa) = fws)l], | f(w1) = flw2)[}
= {[Fut6 — Foyal, [Faga — Foysls [Fage — Fuyaly [Foga — Fuyol}
= {Fn+5aFn+27Fn+17Fn+3}'

Let B3 = {f*(vivit1) : 1 <i<mn}.

Then
By = {|f(w)~ flopn)|: 1 <i<n)
= A{lf(v1) = flw2)|: [f(v2) = f(3)l,-- - [f (vn-1) = f(n)], [f (vn) = f(vnt1)}
= A{[Fas2 — Fasal, [Fos1 — Fals .., [Fy = Fy|, |[F3 — Fal}
= {Fu,Fno1,...,Fs, F1}.
Therefore
E = (E1UEQU,...,Eans)U(EgUEiU,...,E@_l)U(ETUEQ‘UE;)

= {F,F,...,Fonqo, Fonis}.
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Thus, the edge labels are distinct. Therefore, the graph G = C3@2P,, admits almost super
fibonacci graceful labeling. Hence, the graph G = C3@2P, is an almost super fibonacci graceful
graph.

For example the almost super fibonacci graceful labeling of C5@2Py is shown in Fig.9.

03@2139:
Fs Fis Fu Fis Fis Fir Fg Fy Fy Fap

Fig.9

Definition 2.7. The graph G = Cs,41 © K 2 consists of a cycle Cs, 41 of length 3n + 1
and K o is attached with the vertex w,, of Cs, 1.

The following theorem shows that the graph G' = Cs,, 41 © K; 2 is an almost super fibonacci
graceful graph.

Theorem 2.7. The graph G = Cj,, 41 © K 2 is an almost super fibonacci graceful graph.

Proof. Let V(G) = Vi U Va, where Vi = {uy,us,...,u,} be the vertex set of Cs, 1 and
Vo = {v,w} be the end vertices of K7 5. Also, |V(G)| = |E(G)| =n+ 2.

Define f : V(G) — {Fo, F1, Fa, ..., Fyo1, Fypa} by fug) = Foory, 1 <0 <2, f(u;) =
Faiz, 3 < i <4, f(v) = Fy, f(w) = Foys. For 1 = 1,2,...,%5% ) f(uira) = Faiosiss
3l—2<i<3l.

Next, we claim that the edge labels are distinct.

Let By = {f*(ujuit1) : 1 <@ < 3}.

Then

£y {1 (ui) = fluisr)] - 1 < i < 3}

{1f(ur) = flua)l, | f(uz) — fluz)l, | f(uz) = f(ua)|}
{[Fo — Fal, |[Fo — F|, [F5 — F5[}

= {Fy, I, Fu}.
We have to find the edge labeling between the vertex w4 and starting vertex wus of the first
loop.
Let EQ = {f* (U4U5)}.
Then

Ey, = {|f(ua) — flus)|}
= {|F5 - Fy|}
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Forl=1
Let E3 = {f*(ui+4ui+5) 01 S ) S 2}
Then

Es

{1f(uiga) — fuiss)| :1<i <2}
{1f(us) = f(us)l, | f(us) — fu7)|}
{|Fy — Fg|, |Fs — F3|}

{Fs, I}

We have to find the edge labeling between the end vertex u; of the first loop and starting
vertex ug of the second loop.
Let ESY = {f*(urus)}.

Then
BV = {|f(ur) - flus)l}
= {|Fs— F[}
= {Fs}.
Forl =2
Let E4 = {f* (ui+4ui+5) 04 S ) S 5}
Then

E,

{1f (wiga) = f(uigs)| 14 <i <5}
{1f(us) — fuo)l, | f(ug) — f(uio)|}
{|Fy — Fyl,|Fo — Fu1|}

= {Fg, Fio}

We have to find the edge labeling between the end vertex uig of the second loop and

starting vertex ui; of the third loop.
Let Eil) = {f*(ulouu)}.

Then
B = {|f(uso) — flunn)]}
= {|F11 — Fiol}
= {fv}.
etc.

For [ = "T74 -1
Let E%_l = {f*"(wipauiss5) :m—9<i<n-—8}
Then

{If(uita) = f(uits)| :n—9<i<n—8}
{f (un—s) = fun—a)|, | f(un-a) — fun—3)I}
= {|Fa—6 = Fn-a|; |[F—a — Fr2|}
{Fn-5,Fn_3}.

Ena
nd_g
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We have to find the edge labeling between the end vertex w,,_3 of the (”T_‘l —1)*" loop and
starting vertex u,_s of the (“5%)"? loop.
1 .
Let 135%471 = {f* (Up_3tn_2)}.

Then
By = {1F () — flun2)l}
= {|Fn2— Fosl}
= {Fn-s}
For | = "T"l
Let EnT_4 = {f*(vitatiys) :n—6 <i<n-—>5}
Then
Eua = {|f(uiya) = f(tiys)| :n—6<i<n-—5}
= {[f(un—2) = f(un—1)|; [f(un—1) = f(un)[}
= {[Fn-3 — Facal, [Fao1 — Fagal}
= {Fn-2 Fu}.
Let E* = {f*(unuq), f*(unv), f*(uyw)}.
Then
Er = Af(un) = fua)ls [f (un) = F)1 [f (un) = F(w)[}
= {|Fas1 — Fols [Fas1 = Ful, [Fagr — Foysl}
= AFat1, Foo1, Fosa}
Theorefore
E = (EluEQ,...,uE%)u(Eg”uEﬁ”u,...,uE%_l)uE*

= {F,F,...,Fhi1, Frgal.

Thus, the edge labels are distinct. Therefore, Cs,, 1 © K2 admits almost super fibonacci
graceful labeling. Hence, C,, 11 © K 2 is an almost super fibonacci graceful graph.

This example shows that the graph C7 © K 2 is an almost super fibonacci graceful graph.

Fig
o
r F 5 FG I /
P
4. g ™S F7 9
F:ju"/{ F\ //‘// F 6
/ .\ < ®
F: 8 1 Fy
Cro K, \ Fy
F4 ((\\ ) /!
\\\‘R ,,,,,,,,,, o F 0
3 T
— -
Fy ‘F2
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Definition 2.8. G = K, © K; 2 is a graph in which K 5 is joined with each pendant
vertex of Ky .

Theorem 2.8. The graph G = K, © K; 2 is an almost super Fibonacci graceful graph.

Proof. Let {ug, u1, uz, ..., un} be the vertex set of K ,, and v1,va, ..., v, and wy, ws, ..., Wy
be the vertices joined with the pendant vertices wi,us,...,u, of Kj, respectively. Also,
[V(G)| =3n+1 and |E(G)| = 3n.

Define f : V(G) — {Fy, F1, Fs, ..., Fy_1, Foq1} by f(uo) = Fo, f(w) = F3i—1, 1 <1 <mn,
flu) =Fs;, 1 <i<mn, f(w;) = F3i41, 1 <i<n.

Next, we claim that the edge labels are distinct.

Let By = {f*(uou;) :i=1,2,...,n}.

Then

E, = {|f(u) — fluw)|:i=1,2,...n}
= A{lf(uo) = fu)|;[f(uo) = fu2)l,. .., [ f(uo) = flun—1)],1f(uo) — fun)[}
= {|Fo — F2|,|Fo — F5|,. .., [Fo — Fan—al, [Fo — F3n—1]}
= {F,F5,...,F3n_4,F3,1}.

Let By = {f*(uwv;) :i=1,2,...n}.
Then

By = {|f(u)—f(v)|:i=1,2,...,n}

= Alf(u1) = fui)], [f(u2) = f(o2)],- - [ f(un—1) = fon-1)| | f(un) — f(va) [}
{|Fs — P3|, |Fs — Fgl,. .., | Fasn—a — Fyn_sl, |Fsn_1 — Fan|}
{F\,Fy,...,Fap_5,F3,_5}.

Let B3 = {f*(u,w;) : i =1,2,...n} .
Then

By = {|f(u)— fw)|:i=1,2,...,n}

= {|f(u1) = flw)],|f(u2) = f(w2)], .. |f(un—1) = f(wn-1)|, |f(un) — f(wn)|}
{|Fy — Fy|,|Fs — Fr|, ..., |Fsn—s — Fap_o|, | Fsn_1 — Fani1|}
{F3, Fg,...,F3n_3, F3,}.

Theorefore

E = E,UF,UE;
{F\,Fy,..., F.}.

Thus, the edge labels are distinct. Therefore, K , © K; 2 admits almost super fibonacci
graceful labeling. Hence, K; , @ K2 is an almost super fibonacci graceful graph.

This example shows that the graph K; 30 K 2 is an almost super fibonacci graceful graph.
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Fy

K30 K9t

Definition 2.9. Let u,v be the center vertices of By ,. Let uj,us be the vertices joined
with w and vy, v9, ..., v, be the vertices joined with v. Let wy,ws, ..., w, be the vertices of the
subdivision of edges vv; (1 < i < n) respectively and it is denoted by (Bz, : w;), 1 <i < n.

Theorem 2.9. The graph G = (B2, : w;), 1 < i < n, where n > 2 is an almost super
fibonacci graceful graph.

Proof. Let u,v be the center vertices of By ;. Let uq,us be the vertices joined with « and
V1,2, ...,U, be the vertices joined with v and wy,ws, ..., w, be the vertices of the subdivision
of edges vu; (1 <14 < mn) respectively. Also, |V(G)| =2n+4 and |E(G)| = 2n + 3.

Case(i) : n is odd.

Define f : V(G) — {Fo, F1, Fs, ..., Fy—1, Fgy1} by f(u) = Fapta, f(ur) = Fopga, fluz) =
Fon, f(v) = Fo, f(vai—1) = Fop—aiys, 1 <i < 2L f(vg) = Fopyy, 1 <0 < 251,
fwzic1) = Fap—sigs, 1 <i < 2L fwa) = Fop_giqe, 1 <0 < 2571

Next, we claim that the edge labels are distinct.
Let By = {f*(uu;) : 1 <4 < 2}
Then

Er = {|f(u) = flu)]:1<i<2}
= {|f () = fus)],|f(u) = flu2)|}
= {|Fonto — Fonya|s |[Fonta — Fonl}
= {F2n+3’ F2n+1}~

Let By = {f*(uv)}.

Then
By = A{|f(u)— f(v)l}
= {[Fan+2 — Fol}
= {Fanta}

Let E3 = {f*(’l}wgi_l) 01 < ) < n?l}
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Then

Es

(F(0) = flwn)l 1< i < )

{If(v) = flw)], [f(v) = f(ws)], ..., [f(v) = flwa—2)],[f(v) = flwn)[}
= {|Fo — Fop—1l, [Fo — Fon—sl, ..., |[Fo — F5[, |[Fo — Fi[}

= {Fo,—1,Fon_5,...,F5, F1}.

Let By = {f*(vwy;) : 1 <i < 21},
Then

Ey

{150) = flwa)] 1< i< 22

{1f(v) = flw2)], [f(v) = flwa)l,..., [f(v) = flwn—s)],[f(v) = flwn-1)|}
= {[Fo — Fon—2|,[Fo — Fon—l, ..., |Fo — Fsl, |[Fo — Fa[}
{Fon—2,Fon_¢,...,Fs, Fy}.

Let E5 = {f*(vai—1wai—1) : 1 <i < HTH}

Then

Es = {|f(vai—1) = fwai—1)]: 1 <i < n+1}
= A{lf(v1) = Flwi)l; [f(vs) = f(ws)l, - ., [f(vn—2) = flwn-2)|, |f(vn) = f(wn)[}
= A{lFont1 — Fanoal, [Fon—3 — Fonsl, ..., [F7 — F5[, |[F3 — Fi[}

== {FZnaFQn—47"'aF6aF2}~

Let Eg = {f*(vowg;) : 1 <i < nT_l}
Then

Ee = {|f(U2i)—f(w2i)|:1§Z‘§nT_1}
= {|f(va) = f(wa)|, |f(va) — flwa)|, -, |f(vn=3) — flwn_3)],
|f(vn—1) = flwn-1)[}
= {|Fan—a— Fon—3s|,|Fon-s — Fon—gl|,- .-, |Fs — Fs|, |F2 — F4|}
= {Fon-3,Fon_v,..., 7, F3}.

Theorefore, FE = E1 @] E2 @] E3 @] E4 @] E5 @] E6 = {Fl, F2 e F2n+3}.
Thus, the edge labels are distinct. Therefore, the graph (Ba,, : w;), 1 < ¢ < n admits
almost super fibonacci graceful labeling. Hence, (B2, @ w;), 1 < ¢ < n is an almost super

fibonacci graceful graph.

For example the almost super fibonacci graceful labeling of Bs 5 is shown in Fig. 12.
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Iy
F 14 F 1 Q,-".
o Fus Fo, Iy Fre 16
™. F 9 .74 ///F
Fio Iy e Y6

BQ,S:

ry

Fig.12

Case(ii) : n is even.

Define f : V(G) — {Fo, F1, Fa, ..., Fy—1, Fgy1} by f(u) = Fapto, f(ur) = Fopga, fluz) =
Fon, f(v) = Fo, f(vn) = F1, f(v2ic1) = Fon—aiys, 1 <0 < G, fveg) = Fopoui, 1 <0< 5 — 1,
flwai—1) = Fop_4ig3, 1 <i < G, fwe) = Fon_gip2, 1 <1< 5.

Next, we claim that the edge labels are distinct.

Let By = {f*(uu;) : 1 <14 <2}

Then

By o= {lf(u) = flw)]: 1 <i<2}
= {If(w) = flur), | f(u) = flu2)[}
= A{lFan+2 — Fongal, [Fang2 — Fanl}
= {Fonys, Fong1}

Let By = {f*(uv)}.
Then

Ey = {|f(u) = f(v)|}
= {|Fony2 — Fol}
= {Fani2}

Let E3 = {f’k(’l)w%,l) 01 < 7 < %}
Then

By = {If(0) = f(wain) :1<i < 5)

{1f () = flw)], [ f(v) = f(ws)]s -, [f(v) = flwn-3)|, [f(v) = flwn—1)[}
{[Fo — Fon—1|,|Fo — Fop—sl, ..., |Fo — Fx|,|Fo — F3|}
{F2n717F2n,5, .. .,F77F3}.

Let By = {f*(vwy;) : 1 <i < 271}
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Then
By = {If)— flw)] 1 <i < "0

= {lf(v) = flw2)|,[f(v) = flwa),...,[f(v) = flwn2)|, [f(v) = f(wn)[}
= A{|Fo — Fon_2|,|Fo — Fan—sl, ..., |Fo — Fiol, |Fo — Fs|}
= {Fon—2,Fon—s,..., Fro, Fs}.

Let E5 = {f*(voj_1woi—1) : 1 <i < G

Then
Es = {[f(v2i—1) = flwai—1)|:1<i < g}

{If(v1) = flw)|,[f(vs) = flws)ls s [f(vn—3) — f(wn-3)|,
|f(vn_1) - f(wn—1)|}
{|Fong1 — Fon—1l, |Fon—3 — Fon_s|,...,|Fo — F7|,|F5 — F3l}

{Fon, Fon—a, ..., Fs, Fy}.

— 9}

Let EG = {f*(’ljgiwgi) 01 S 1 S
Then

w[3

Es

{1f(var) = flwz)] : 1< i < 5 —2)

{1f(v2) = f(w2)|, | f(va) = flwa)l, ., | f(vn—a) = f(wn-a)],
|f(vn—2) = flwn—2)[}

{1 Fon—a — Fon—sl, [Fon—s — Fan—¢l,- -, | Fs — Fiol, |Fa — Fs}
{Fon—3, Fon_7,..., Fy, F5}.

Let E; = {f*(vvy), f*(vawn)}.

Then
E; = {‘f(v)_f(vn)|a|f(vn)_f(wn)l}
= {|Fo— B2|,|F> — I}
= {FQ,Fl}.
Theorefore
F = E,UE,UE3UE;UE5UZFEgU E;

= {F,F, -, Fonys}.

Thus, the edge labels are distinct. Therefore, the graph (Ba,, : w;), 1 < ¢ < n admits
almost super fibonacci graceful labeling. Hence, (B2, @ w;), 1 < ¢ < n is an almost super
fibonacci graceful graph.

For example the almost super fibonacci graceful labeling of B; 4 is shown in Fig. 13.
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3274 .

Fig.13
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