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Abstract In the following text, the main aim is to distinguish some relations between Smarad-
che semigroups and (topological) transformation semigroups areas. We will see that a transfor-
mation group is not distal if and only if its enveloping semigroup is a Smarandache semigroup.
Moreover we will find a classifying of minimal right ideals of the enveloping semigroup of a

transformation semigroup.

Keywords A—minimal set, distal, Smarandache semigroup, transformation semigroup.

§1. Preliminaries

By a transformation semigroup (group) (X, S,7) (or simply (X, S)) we mean a compact
Hausdorff topological space X, a discrete topological semigroup (group) S with identity e and
a continuous map 7 : X x S — X (w(x,s) = xs (Vo € X,Vs € 5)) such that:

1) Ve e X, ze=uz,

Ve e X, Vs,t €S, z(st) = (xs)t.

In the transformation semigroup (X, S) we have the following definitions:

1. For each s € S, define the continuous map 7° : X — X by zrn® = zs (Vz € X),
then E(X,S)(or simply E(X)) is the closure of {7%| s € S} in XX with pointwise convergence,
moreover it is called the enveloping semigroup (or Ellis semigroup) of (X, S). We used to write
s instead of 7° (s € S). E(X,S) has a semigroup structure [1, Chapter 3|, a nonempty subset K
of E(X,S) is called a right ideal if KE(X,S)C K, and it is called a minimal right ideal if none of
the right ideals of E(X,S) be a proper subset of K. For each peE(X), L, : E(X)— E(X) with
L,(q) = pg (g € E(X)) is continuous.

2. Let a € X, A be a nonempty subset of X and K be a closed right ideal of E(X,S)[2,
Definition 1]:

1) We say K is an a—minimal set if: oK = aE(X,S), K does not have any proper subset
like L, such that L is a closed right ideal of E(X,S) and aL = aE(X,S). The set of all
a—minimal sets is denoted by M x g(a).
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2) We say K is an A — minimal set if: ¥b € A bK = bE(X, S), K does not have any proper
subset like L, such that L is a closed right ideal of E(X,S) and bL = bE(X, S) for all b € A.
The set of all A — minimal sets is denoted by Mx g)(A).

3) We say K is an A —minimal set if: AK = AE(X,S), K does not have any proper subset
like L, such that L is a closed right ideal of E(X,S) and AL = AE(X, S5).

The set of all A — minimal sets is denoted by ﬁ(xs)(A). M(x,5)(A4) and M(x g)(a) are
nonempty.

3. Let a € X, A be a nonempty subset of X [2, Definition 13]:

1) (X, 9) is called distal if E(X, S) is a minimal right ideal.

2) (X, 8) is called a—distal if M(x g)(a) = {E(X, S)}.

3) (X, S) is called AMdistal if M x.g)(A) = {E(X, 5)}.

1) (X, S) is called AMdistal if M x 5)(4) = {E(X, 5)}.

4. Let a € X, A be a nonempty subset of X and C be a nonempty subset of E(X,S), we
introduce the following notations F(a,C) = {p € Clap = p}, F(A,C) = {p € C|Vb € Abp = p},
F(A,C) = {p € C| Ap = A}, J(C) = {p € C|p® = p} (the set of all idempotents of C),
M(X,8) = {0 # B C X|VK € Mx)(B) J(F(B,K)) # 0}, and M(X,S) = {0 # B C
X|Mx.5)(B) #0 A (VK € M(x,5)(B) J(F(B, K)) # 0)}.

In the following text in the transformation semigroup (X, S) suppose S acts effective on
X, i.e., foreach s, t € S'if s # ¢, then there exists x € X such that xs # xt. Moreover consider
S is a Smarandache semigroup if S has a semigroup structure which does not provides a group
structure on S, although S has at least a proper subset with more than one element, which

carries a group structure induced by the action considered on S [3, Chapter 4].

§2. Proof of the theorems

Theorem 1. Transformation group (X,G) (with |G| > 1) is not distal if and only if
E(X, @) is a Smarandache semigroup.

Proof. If E(X,G) is a Smarandache semigroup if and only if it is not a group (since
G C E(X,G)), and by [1, Proposition 5.3], equivalently (X, G) is not distal.

Theorem 2. In the transformation semigroup (X, S5), ifa € A C X, and S is a Smaran-
dache semigroup, then we have:

1. E(X, S) is a Smarandache semigroup if and only if (X, S) is not distal;

2. If F(a,E(X)) is a Smarandache semigroup, then (X, S) is not a—distal,

3. If A € M(X) and F(A, E(X)) is a Smarandache semigroup, then (X, S) is not AM distal;

4. If A e ﬁ(X) and F(A, E(X)) is a Smarandache semigroup, then (X, S) is not AM distal.

Proof.

1. If (X,S) is not distal, then E(X) is not a group (see [1, Proposition 5.3]), S is a
Smarandache semigroup thus there exists a group A C S C E(X, S), such that |A] > 1.

2, 3, 4. Use [2, Theorem 18] and a similar method described for (1).

Lemma 3. In the transformation semigroup (X,S) if I a minimal right ideal of E(X)
(resp. (S), then at least one of the following statements occurs:

1) I is a Smarandache semigroup;
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2) I is a group (or equivalently |J(I)| = 1);

3) I=J(I).

Proof. In the transformation semigroup (X, .S) if I is a minimal right ideal of E(X) (resp.
B3S), then {Iv:v € J(I)} is a partition of I to some of its isomorphic subgroups, and for each
v € J(I), Iv is a group with identity v (see [1, Proposition 3.5]).

Theorem 4. In the transformation semigroup (X, S), at least one of the following state-
ments occurs:

1) For each I minimal right ideal of E(X), I is a Smarandache semigroup;

2) For each I minimal right ideal of E(X), I is a group (or equivalently |J(I)| = 1);

3) For each I minimal right ideal of E(X), I = J(I).

Proof. We distinguish the following steps:

Step 1. If I and J are minimal right ideals of E(X,S) and v € J(J), then L,|; : [ — J
is bijective, since where exists v € J(I) with uv = u and vu = v ([1, Proposition 3.6], thus
Lo|J o Ly|; = idy.

Step 2. If I and J are minimal right ideals of E(X,S) and I is a Smarandache semigroup,
then there exists H C I such that H is a group with more than one element, suppose u be the
identity element of H, then Iu is a subgroup of I with identity v and Iu # u, choose v € J(J)
such that wv = u and vu = v, vIu(= L,(Iu)) is a subgroup of J with identity v, moreover
|[vIu| = [Tu| > |H| > 1 and since L,|; : I — J is bijective and Tu # I, thus vIu # J, therefore
J is a Smarandache semigroup.

Step 3. If there exists minimal right ideal I of E(X) such that I is a group, it means
|J(I)| = 1, since for each minimal right ideal J of E(X), we have |J(J)| = |J(I)|, thus J has a
unique idemppotent element say v. {Jv} = {Jw : w € J(J)} is a partition of J to some of its
isomorphic subgroups, thus Jv = J is a group.

Step 4. If none of minimal right ideals of E(X) satisfies items 1 and 2 in Lemma 3, then
by Lemma 3, all of them will satisfy item 3 in Lemma 3.

Using Lemma 3, will complete the proof.

Example 5. Let X = {1 : n € N} U {0} U{-1,—2} with the induced topology of R;
S = {php? :i,j € NU{0}} with discrete topology, where ¢ : X — X and ¢ : X — X such
that:

-1 r=-2

-1
| r=-neN

x x €{0,-1,-2}

0 zeX-{-1,-2

and ¥° = ¢ = idx, then S is a Smarandache semigroup(under the composition of maps) since
A = {1,idx} is a subgroup of S, moreover in the transformation group (X,S5), E(X) = S.

Example 6. If X = [0,1] with induced topology of R, and G := {f : [0,1] — [0,1] is
a homeomorphism} with discrete topology, then E(X, G) is a Smarandache semigroup since it
contains G and it is not a group, note that if:

0 0<z<3}
Trp = 1 5
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Abstract For any positive integer n, the famous F.Smarandache LCM function SL(n) is
defined as the smallest positive integer k such that n | [1, 2, ---, k], where [1, 2, ---, kK]
denotes the least common multiple of 1, 2, ---, k. The main purpose of this paper is using
the elementary methods to study the value distribution properties of the function SL(n), and

give an interesting asymptotic formula for it.

Keywords F.Smarandache LCM function, value distribution, asymptotic formula.

81. Introduction

For any positive integer n, the famous F.Smarandache LCM function SL(n) defined as the
smallest positive integer k such that n | [1, 2, ---, k], where [1, 2, ---, k] denotes the least
common multiple of 1, 2, ---, k. For example, the first few values of SL(n) are SL(1) = 1,
SL(2) = 2, SL(3) = 3, SL(4) = 4, SL(5) = 5, SL(6) = 3, SL(7) = 7, SL(8) = 8, SL(9) = 9,
SL(10) = 5, SL(11) = 11, SL(12) = 4, SL(13) = 13, SL(14) = 7, SL(15) = 5, SL(16) = 16,
SL(17) = 17, SL(18) = 9, SL(20) = 5, ------ . About the elementary properties of SL(n),
some authors had studied it, and obtained many interesting results, see reference [2], [3], [4]
and [5]. For example, Murthy [2] showed that if n be a prime, then SL(n) = S(n), where
S(n) denotes the Smarandache function, i.e., S(n) = min{m : n|m!, m € N}. Simultaneously,
Murthy [2] also proposed the following problem:

SL(n)=S(n), S(n)#n? (1)

Le Maohua [3] completely solved this problem, and proved the following conclusion:

Every positive integer n satisfying (1) can be expressed as

n=12 or n=7p{'py?---prp,
where p1, p2, - -+, pr, p are distinct primes, and a1, as, - -+, @, are positive integers satisfying
p>pszaz:1a 2a e, T
Lv Zhongtian [4] studied the mean value properties of SL(n), and proved that for any fixed
positive integer k and any real number x > 1, we have the asymptotic formula

I This work partly supported by the N.S.F.C.(10671155).
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w2 z? M oe a2 x2
SL(n)=— - — L O ———
z<:,. ) 12 Inz * ; In'z N <lnk+1x> ’
where ¢; (i =2, 3,--- , k) are computable constants.

Ge Jian [5] studied the value distribution of [SL(n) — S(n)]?, and proved that

2 2 3 b C; ZL'%
S5z - s = 3¢ (3) o 2 +O<m>’

i
n<x i=1 In‘z

(MY

where ((s) is the Riemann zeta-function, ¢; (¢ = 1, 2,---, k) are constants. The main purpose
of this paper is using the elementary methods to study the value distribution properties of
SL(n), and prove an interesting asymptotic formula. That is, we shall prove the following
conclusion:

Theorem. For any real number z > 1, we have the asymptotic formula

Z 1= Qﬁ[“ro(%)],
neN
SL(n)<xz
where N denotes the set of all positive integers.
From this Theorem we may immediately deduce the following:
Corollary. For any real number 2 > 1, let w(x) denotes the number of all primes p < z,

then we have the limit formula

im Z 1 =2.

neN
SL(n)<z

§2. Proof of the theorem

In this section, we shall prove our theorem directly. Let x be any real number with z > 2,

then for any prime p < z, there exists one and only one positive integer «(p) such that
pa(p) <z< pa(p)-i-l.

From the properties of SL(n) and [2] we know that if n = pi" p5? - - - p2* be the factorization
of n into primes powers, then

SL(n) = max{pi", po*, -, p;"}. (2)

Let m = H p“P). Then for any integer d|m, we have SL(d) < z. For any positive integers

p<z
wand v with (u,v) =1, if SL(u) <z, SL(v) < z, then SL(uv) < x. On the other hand, for any

SL(n) < z, from the definition of SL(n) we also have n|m. So from these and the properties

of the Dirichlet divisor function d(n) we have
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Zln(l + a(p))
Z 1 = Zl:H(l—Fa(p)):epr . (3)

nenN dlm p<zx
SL(n)<z

From the definition of a(p) we have a(p) < }2—; < a(p)+1or

> In(1+a(p)

Il
—_
=}
N
[
_|_
L —
8
| I
N——

p<w p<z
Inx Inx
= > 1n<1+LD+ Z 1n< +LHPD. (5)
p<i5- 5o <p<z

Now we estimate each term in (5). It is clear that

Inx zlnlnx
> 1n<1+anD<< > Inlne < === (6)

n’x
PS5 PS5

— In“x — In“x

1 2Inl
If 732: <p<uazx thenl< il <1+ _chmr . So from the famous Prime Theorem
In“x Inp Inz —2Inlnz

x x
() = m+0(ln2x>

In(1+y)~y, as y—0,

and

we have

] Inl
3 1n(1+[1§z]) - Y m2+of X I;nr;w

ln% x <p§$ ln% x <])S£C lng x <p§x
x rinlnzx
- W2 —+0(T"). (7)
Inz In“z

Combining (3), (5), (6) and (7) we may immediately obtain

Z 1 = omz[1ro(E)],

neN
SL(n)<xz

where N denotes the set of all positive integers. This completes the proof of Theorem.

The corollary follows from
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w(x)

Z 1 — 21"!‘0(1';‘1’;’”) —9y O (hllnx)

Inz
neN
SL(n)<z

as r — OQ.
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Abstract In this paper, we give an extension of Davenport’s theorem.

Keywords Davenport’s theorem, Wronskian.

81. Introduction

In 1965, Davenport discovered a relation among polynomials as follows.
Theorem 1.1. Let f, g be polynomials over C[z] such that f2 — ¢° # 0, then we have

1
5 degg < deg(f? — ¢*) — 1.

There were some results which have a connection with this theorem. For example, in [2,
Theorem 1.5], Hu-Yang derived an inequality for k functions f{ﬂ cee ,i‘ but they consid-
ered the case the functions f{l, cee f]ik have no common zeros. In this paper we generalize
Davenport’s theorem as the following.

Theorem 1.2. Let F' an algebraically closed field of characteristic 0. Given polynomials

fi, -+, fu(k > 2) with coefficients in F' and positive integers [; (1 < j < k) such that
k

<y < <lpand Y I; < kly+k(k—1). Suppose that, f{*, -+, fi* are linearly
j=1

independent over F', then we have

k

k
I—Zk_l maxdeg(fjl-j)gdeg ijl-j —w. (1)
j=1

— 1 [ 1<i<k
=

For the case k = 2, I = 2, Io = 3, fi = f, f2 = —g, from Theorem 1.2 we obtain

Davenport’s Theorem.

§2. Proof of the main theorem

Let f is a rational function, we write f in the form:

_h

f_f27
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where f1, fo are polynomial functions are non-zero and relatively prime on F[x]. The degree
of f, denoted by deg f, is define to be deg fi — deg f>.
Let a € F, we write f in the form:

N9
f——(f a)ng

and g1(a)ga(a) # 0, then [ is called the order of f at a and is denoted by u%. We have the
following easily proved properties of 1i%.

Lemma 2.1. Let f, g be two polynomials and a € F, we have

a) Pfg 2 min(pf, wg),

b) uy = u + ug,

©) 1y =~ -

Lemma 2.2. Let <p be a the rational function on F' and let the derivatives order k of ¢

satisfy the following p(*) # 0. Then

fge = —min(ug, k) + pg.

Proof. Let p(z) = (z — )™ Q where f(z), g(z) are relatively prime and f(a)g(«) # 0.
Then, we have

w'(x):(x_a)m_lmf(x)g(%‘) (33—04)2(f’( )g(x) — f(z)g (z))

By pg =0, we have
ue >m—1.
]

Therefore

prgr = =14 pg.
From this, we obtain

o = —k+ pg,

and we have

P = —min(ug, k) + pg.

Let f is a polynomial in F[z] and f = (z—a1)" --- (x—ay)™, where ay, --- , ay are distinct
zeros of f and [y, - -+, [} are integers, forn € N, we set g = (x—al)mi“(”’ ... (x—ak)mi“(”’ )|
we denote 7, (f) = degg.

Lemma 2.3. Let fo, --+, fot1 be (n+2) be polynomials in F[z] have no common zeros
and gg, -, gn+1 be polynomials such that fogo, -+, fngn be linearly independent over F',
and

Jogo + -+ fugn = fat19n+1-
Then
n+1 n+1
n(n+1)
o max deg(fig5) < 3 Z deg(g;) R

J=0
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Proof. Since fogg, -+, fngn are linearly independent, then the Wronskian W of fygo,
-+, fngn is not vanish. We set
P = W(f()g()a ) fngn)
fogo - fagn 7

0= fogo - fat19n+1
W(ngOa B fngn)

Hence we have
frt19n+1 = PQ.

Thus,
f o f n+1
deg fri1gni1 = deg 0 ntl + deg g; + deg Q. 2
F1dn+l W(f0907 T fngn) Jz:;) ! ( )
We first prove
n+1
Jor far1

deg W fogo -+ Fugn) ";T(m'

Suppose that, « is a zero of fof1 -+ fnt1, by the hypothesis, there exists v,0 <v <n+1,
such that f, # 0. By the hypothesis, fogo + -+ + fngn = fnt19n+1, we have

o _ a
1% fofng1 = [ fofo—1fuq1Fngr
W(fog0, fngn) W(fog0, fu—19v—1:Fo19v41: " Fnt19n41)
n+1

_ E a
- gy = BW (fogo, s fu19u—1:fot19ut1s s Fat1gnt1)’
j=0

W(fogo, -+ fuo—19v—1, fuot19v+1, s fat+1gn+1) is the sum of following terms
Sfaggao (falgal)/ e (fangozn)(n)a
Where o; € {0, -+, n+ 1}\{r},d = £1. By using Lemma 2.2, we have

(03
‘ufaogoco (fal Goq )/"‘(fangan )(n)

2 Z (u?a]‘ Jo; min{n’ ’Lt‘ijgj }>
fi(a)=0
= Y (w5, + g, —minfnoug, +ug, )
fi(a)=0
« «@ : « : «
> Z (”faj + Hga, ~ mln{n,,ufaj} — mln{mugaj })
fi(a)=0

n+1

> Z,u?‘j - Z min{n, u§, }.
=0

0<j<n+1,f;(a)=0

By Lemma 2.1, we have

(o7 « 3 «
MW(ngOV“7fl/—1gu—1vf1/+lgu+11'“afn+1gn+1) Z Z/ij o Z mln{n’ 'u’fj}
3=0 0<j<n+1,£;(a)=0
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Hence,
B pogpn S Z min{n, pf }.
W (fo90: " +fnan) OSanJrl,fj(a):O
By the definition of degree of a rational function, we have,
+1
fO o fn+1 3
deg < Tn fz . 3
Next, we will prove that
1
deg P < _@_
Here, we have a summa of following terms
53198)" (f5,98.)"
fﬂlgﬁl T fﬁngﬁn
We have
I (n) ' (n)
deg ((fﬁlg,@l) (f8.95..) ) — deg Joos) \ ., dog <(fﬁngﬁn) )
f5:95, - f5.95. f6.95: f6.96..
n(n+1
= —(1+2+---—|—n)=—¥,
Therefore,
1
deg P < _@. (4)
From (2), (4), (5), we have
n+1 n+1
n(n+1
deg frni1 < Zrn(fj) + Zdeg(gj) - %
j=0 j=0
Similar arguments apply to the polynomial fy, f1, - -, fn, we have
n+1 n+1
n(n+1)
Osglgagﬂdeg(fjgj) < Zrn(fj) + Z deg(gj) = ——5—
7=0 7=0
Proof of the theorem 1.2.
We set fo = fit4-- -—l—f]lj and h = (f1, -+, fr) thus there exists polynomials go, g1, - - , gk
such that fo = goh'*, fi = g1h, -+, fx = grh and
go = glll +géth2_l1 4. _;'_gékhlk—ll'
We set for simplicity max deg f;j = fé“. Lemma 2.3 implies
1<5<k
k k
lopla—l 1 k(k—1)
deggohte™" < rp_1(g0) + Zrk,l (gjj) + le —kly | degh — —
j=1 j=1
k k
k(k—1
< deggo+ (k- I)Z:ldeggj + lej — kly | degh — (T>
j= j=
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Hence,
k
deggerh' < deggoh™ + (k1) Zdeggjh +degh't — degh't — k(k — 1) degh
j=1
& k(k — 1)
+ sz —kly | degh — ———
Jj=1
: k(k — 1)
< degfo+ (k1) Zdegfj + lej — ki — k(k = 1) | degh— =——
J
2 k(k — 1)
- ant sz k=1) ki | degh — ———=.
Jj=1
Thus,
k k
k-1 k(k—1
- Z i deg fhe < deg fo + le —kly —k(k—1) | degh — %
j=1 j=1
k
By the hypothesis, we have Z l; — kly — k(k —1) <0. From this, it follows that
j=1
k

kl;1 max deg( )<

1<j<k -

IIMw
—
N—

Jj=1

Theorem 1.2 is proved.
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Abstract The main purpose of this paper is using the estimate for character sums and the
analytic method to study the hybrid power mean of the character sums and Kloosterman

sums, and give an interesting mean value formula for it.

Keywords Character sums, Kloosterman sums, hybrid power mean formula.

§1. Introduction

Let ¢ > 2 be an integer, x denotes a Dirichlet character modulo q. For any integers m and

n, we define the general Kloosterman sums S(m,n, x;q) as follows:

!/

Stmnxia) = Y- x(ale (2T,

q

a=1

where ZI denotes the summation over all a such that (a,q) = 1, aa = 1 mod ¢, x denotes a
Dirichlet character mod ¢ and e(y) = e2™%.

This summation is very important, because it is a generalization of the classical Klooster-
man sums S(m,n, xo;q) = S(m, n; q), where xq is the principal character mod ¢. The various
properties of S(m,n;q) were investigated by many authors. Perhaps the most famous property
of S(m,n;q) is the estimate (see [1] and [2]):

1S(m,n:q)| < d(g)q* (m,n, q)*, (1)

where d(q) is the divisor function, (m,n,q) denotes the greatest common divisor of m, n and
g. If ¢ be a prime p, then S.Chowla [3]and A.V.Malyshev [4] also proved a similar result
for S(m,n, x;p). On the other hand, H.D.Kloosterman [6] studied the fourth power mean of
S(a, 1;p), and proved the identity

p—1
> S*a,1;p) =2p° —3p” —p— 1.
a=1

This identity can also be found in H.Iwaniec [7]. H.Salié [8] and H.Davenport (independently)

obtained the estimate .
p—

> 8%a, 13p) < pt.

a=1

1This work is supported by the N.S.F. (10671155) of P.R.China.
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The main purpose of this paper is using the estimate for character sums and the analytic
method to study the asymptotic properties of the hybrid power mean of the character sums
and the Kloosterman sums:

1D x)

x mod q [n<N

: (2)

and give an interesting mean value formula for it. About the estimate for character sums, the
classical result due to Pélya and Vinogradov (See Theorem 8.21 of [9]) is that the estimates

N+H
> x(n) < g2 logg
n=N+1
hold for all non-principal character x modulo ¢g. H.L.Montgomery and R.C.Vaughan [10] proved
that for any positive integer k,

2k

k
> max |3 x(n)| < éla)-d"
X mod g n<y

X#X0
But for the asymptotic properties of (2), it seems that none had studied it yet, at least we

have not seen such a paper before. However, the problem is very interesting and important,
because it can help us to obtain some important information about the upper bound estimate
for character sums and the general Kloosterman sums.

In this paper, we shall study the asymptotic properties of (2), and use the analytic method
to prove the following two conclusions:

Theorem. Let ¢ > 2 be an integer, N be a fixed real number with 1 < N < ,/g. Then
for any integers m and n with (mn, q) = 1, we have the asymptotic formula

2

> | x| - IStmnoca)* = ¢%(a) - N +0 (g

x mod q [n<N

3
2

- N? ~d2(Q)) :

where ¢(q) is the Euler function, d(q) denotes the Dirichlet divisor function.
Taking ¢ = p be a prime, then from our Theorem we may immediately deduce the following:
Corollary. Let p > 2 be a prime, m and n are two integers with (mn,p) = 1. Then for

any real number N with p* < N < p%*, we have the asymptotic formula
2

2
S D0 xm)] - 1S(m,n,x;p)P ~ N -p?, p— +00,
x mod p [n<N
where € be any fixed positive number.

Using our method we can also give a similar asymptotic formula for the hybrid power mean

of . ,
: zq: x(a)e <ma+”a)

a=1 q

1D xm)

x mod q [n<N

i

but in this case, the constant is very complicate. So we have not give the conclusion in this

paper.
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§2. Proof of the theorem

In this section, we shall complete the proof of the theorem directly. In fact from the

properties of character sums we have

| S(m,n,x;q) > = Z’ Z’ \(ab)e <m(a —b)+n(a— b))

a=1 b=1 q
& L /mb(a—1) +nb(@— 1
— Z X(a)z 6( ( );‘ ( ))
a=1 b=1
_ ¢(q)+Z/X(G)ZI€(mb(a_l);_nb(a_l)>' (3)
a=2 b=1

Now from (3) and the orthogonality relation for character sums we have

2

Yoo x| - Smnx;a) P

x mod g [n<N
>0 x(ww) |dlg) + Z/X(a) Z’e (mb(a —1) ;'nb(a — 1))]
a=2 b=1

x mod qulN v<N

= 0@ Y DD xuw)

x mod gqulN v<N

iy Z, Z, S e (mb(a ~1) ;Lnb(a = 1))
) Sy (mb(vu — 1) + nb(uv — 1)) . (4)

q

Applying the estimate (1) in (4) we have

Yo |12 x| -1 Smnx;q) P

x mod q [n<N

= @) N+0 6@ > S Vi (wv—1,9)2d(q)

u<N v<N
uFv

= P N+0 |t d) 3> Y a
u<Nv<N d|q

uFv dlm—n

= ¢(q) N+0(¢* N*d(q)).

This completes the proof of the theorem.
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Abstract For any positive integer n, let Sp(n) denotes the Smarandache primitive function.

The main purpose of this paper is using the elementary methods to study the number of the

: : 2 2 2 n(n+1)(2n + 1) )
solutions of the equation S,(1%) + Sp(2°) + -+ + Sp(n”) =S, —% ) and give
all positive integer solutions for this equation.

Keywords Square sum, Smarandache primitive function, equation, solutions.

§1. Introduction and Results

Let p be a prime, n be any positive integer. The Smarandache primitive function S,(n) is
defined as the smallest positive integer such that S,(n)! is divisible by p™. For example, Sa(1) =
2,52(2) = S2(3) =4, 52(4) =6,---. In problem 49 of book [1], Professor F.Smarandache asked
us to study the properties of the sequence {S,(n)}. About this problem, Professor Zhang and
Liu [2] have studied it, and obtained an interesting asymptotic formula. That is, for any fixed

prime p and any positive integer n, we have
Sytn)=(p—1)n+0 (L Inn).
Inp

Li Jie [3] studied the solvability of the equation Sp,(1) +5,(2) +- -+ Sp(n) =5, (@), and
gave all its positive integer solutions. But it seems that no one knows the relationship between
the square sum of natural numbers and the Smarandache primitive function. In this paper, we

use the elementary methods to study the solvability of the equation

S,(12) + 5, (22) + -+ S,(n?) = S, (n(n + 1)6(2n + 1)) |

and give all positive integer solutions for it.That is, we will prove the following:

Theorem. Let p be a prime, n be any positive integer. Then the equation

S,(12) + 5, (22) + -+ S,(n?) = S, (n(n + 1)6(2n + 1)) "
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has finite solutions.

(1) If p = 2,3 or 5, then the positive integer solutions of the equation (1) are n = 1,2;
(i) If p =7, then the positive integer solutions of the equation (1) are n = 1,2, 3,4, 5;

(#99) If p > 11, then the positive integer solutions of the equation (1) aren =1, 2, --- , n,,
where n, > 1 is a positive integer, and

; 2 1 2 1 1
ny, = i/?g?—ﬁ—\/gi—m—i—i/?— 9%—@—5 , [z] denotes the biggest inte-

ger < .

§2. Several lemmas

To complete the proof of the theorem, we need the following several simple lemmas.
Lemma 1. Let p be a prime, n be any positive integer, S,(n)denote the Smarandache
primitive function, then we have

=pk, if k<p,
Sp(k) ,
<pk, if k>p.

Proof. (See reference [4]).

Lemma 2. Let p be a prime, n be any positive integer, if n and p satisfying p® || n!, then

=2 [5]

Proof. (See reference [5]).
Lemma 3. Let p be a prime, n be any positive integer. If n > [,/p], then there must
exist a positive integer my, with 1 < my < k*(k =1,2,--- ,n) such that

Sp(12) =mip, Sp(22) = map, - - 7Sp(n2) = Mnp,

k2§§{ }

Proof. From the definition of S,(n), Lemma 1 and Lemma 2, we can easily get the

and

mgp
pi

conclusions of Lemma 3.

§3. Proof of the theorem

In this section, we will complete the proof of Theorem. We discuss the solutions of the

equation Sp(1%) + S,(2%) +--- + S,(n?) = S, <n(n + 1)6(2” +1)

(I) If p = 2, then the equation (1) is Sp(1%)+S2(2%)+- - -+S2(n?) = So (n(

) in the following cases:

n+1)2n+1)
i)
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Ix(1+1)x((2+1)
6

() Ifn =1, Sp(1?) = 2 = Sg(
equation (1).

2
(B) T n =2, 52(12)+52(22):2+3x2=8=52< X(2+1)Z(2X2+1)>7son=2

), so n = 1 is a solution of the

is a solution of the equation (1).

(¢) If n = 3, So(1%) + S2(2%) + S2(2%) =2+ 3 x 246 x 2 = 20, but
IXB+1)x(2x34+1)
6
(d) If n > 3, then from Lemma 3 we know that there must exist a positive integer my, with

1 <my <k?®(k=1,2,---,n) such that

So

= 52(14) = 16, so n = 3 is not a solution of the equation (1).

52(12) = 2m1,5’2(22) = 27’77,2, .. .752(77,2) = 2mn

So we have So(1%) + S2(22) + -+ + Sa(n?) = 2(m1 +ma + -+ + my,).
On the other hand, notice that m; = 1, mo = 3, m3 = 6, then from Lemma 3, we have

i [2(m1 +mo —|—2;--+mn) — 1]

i=1

_ i{Q(m1+m2+...+mn_1)+1}

21
=1

o
2(mi+mo+---+my, —1)+1
_ m1+m2+---+mn—l+z ( 1 2 v ) :|

21

(Y4
N
3
_|_

M8
N’

_l’_
> m
4
(2 [5])
i=1 1
12+22+32+i 2ma +---+§: 20
5 2| %

i=1

12+22+32+42+...+n2
n(n+1)2n+1)
6 )

Y

Y

then from Lemma 2, we can get

n(nt1)(2nt1)
6

| (2(my +ma + - +my) — 1)L

Therefore,

IN

2(mi+ma+ - +my,) —1

5, <n(n+1)6(2n+1))

< 2(mi+me+--+my)
= S9(1%) + S5(2%) + - - + Sa(n?).
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So there is no solutions for the equation (1) in this case.
Hence, if p = 2, the equation (1) has only two solutions, they are n =1, 2.

If p = 3 or 5 using the same method we can easily get if and only if n = 1, 2 are all
solutions of the equation (1).

(II) If p =7, then the equation (1) is

57(12) + 57(22) + -+ 87(’/12) — 57 <n(n + 1)6(271 + 1)> .

Ix(1+1)x((2+1)
6

(@) fn =1, S;(1%) =7 = 57(
equation (1).

), so n = 1 is a solution of the

(b) It n =2, S7(12)+S7(22)7+4><735S7(2X(2+1)2(2X2+1)>,s0n2

is a solution of the equation (1).

(¢) Iftn =3, S7(1%) + S7(2%) + S7(3%) =35 +8x 7 =91 = S; (

so n = 3 is a solution of the equation (1).

3xB+1)x(2x3+1)
)

(d) If n =4, S7(1%) + S7(2%) + S7(3%) + S7(4*) =91 + 14 x 7= 189 =
g (4><(4+1) x (2x4+1)
7

6

n = 5, S7(1%) + S7(2%) + S7(3%) + S7(42) + S7(5%) = 189 + 22 x 7 = 343
g (5 (54+1)x(2x5+1)
7

), so n =4 is a solution of the equation (1).

>, so n =5 is a solution of the equation (1).

(f) If n = 6, S7(12) + S7(22) + S7(3%) 4 S7(4%) 4 S7(5%) + S7(6%) = 343432 x 7 = 567, but
1) % (2 1
x(6+1) x@2x6+ )> = 57(91) = 79 x 7 = 553 < 567, s0 n = 6 is not a solution of

6
the equation (1).

(9) Tfn=17,87(1%)+57(2%) +57(3%) +S7(42) + S7(5%) + S7(6%) S7(7?) = 567443 x 7 = 868,
but

Tx(T+1)x(2x7+1)
S7

6
the equation (1).

> = 57(140) = 122 x 7 = 854 < 868, so n = 7 is not a solution of

(h) If n > 8, from Lemma 3 we know there must be a positive integers my with 1 < my <
kE*(k=1, 2, ---, n) such that

57(12) = 7m1,S7(22) = 7m2, s 757(712) = 7mn

Then we have S7(1%) + S7(2%) + -+ + S7(n?) = 7(my +ma + -+ +m,,).

On the other hand, notice that m; = 1, mo = 4, mg = 8, my = 14, ms = 22, mg =



22 Hai Yang and Ruiqin Fu

No.

32, m7y = 43, mg = 56, from Lemma 3, we have

7i

[7(m1+m2+---+mn)—1}

{7(m1+m2+--~+mn—l)+6]

i=1 &

(mi+mo+---+my—1)+6
= m1+m2+ +mn1+2{( ! 2 71. ) :|
i=2

mi+mo+-+my —1
= mytmg+ +mn—1+2[ 1 = }

Vv
—
&

_|_
g
3|3
N
_|_
—
3
+
g

v
—_
N
—+
[N}
N
+

%

120924 ... 4 p2
nn+1)(2n+1)
G .

From Lemma 2, we may immediately get

n(n+1)(2n+1)
6

Therefore,

IN

s (n(n+1)6(2n+1)>

<

| (T(m1 +ma + - +my) — 1)L

T(my+ma+--+m,) —1

T(mi+ma+---+my)
S7(12) 4+ S7(2%) + - - - + S7(n?).

So there is no any solutions for the equation (1) in this case.

Hence, if p = 7, the equation (1) has only five solutions, they are n =1, 2, 3, 4, 5.

(III) If p > 11 we will discuss the problem in the following cases:

nn+1)(2n+1)

(a) It

< p, solving this equation we can get 1 <n <n, , and

6
s 3p 9p2 1
= \/ > "V T T

where [z] denotes the biggest integer < x

3 ot 11
2 1178 2|’

, then we have

n(n+1)(2n+1)
s, (1

) _n(n+ 1)6(2n + 1)p.
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Noting that n, < [/p] < p, so if 1 <n < ny, then n? < p, from Lemma 1 we have

n(n+1)(2n + 1)p.

Sp(12) 4+ Sp(22) + -+ Sp(n?) = 1*p+ 2%p + - +n?p = 5

Combining above two formulas, we may easily get n =1, 2, ---, n, are the solutions of the

equation S,(12) + S,(22) +--- + 8,(n?) = S, (n(n + 1)6(2n + 1)).

n(n+1)(2n+1)

(b) If n, <n <[/p], that is 6

> p and n? < p, so from Lemma 1 we have

nn+1)2n+1) nn+1)2n+1)
 (Peen) o,

but
n(n+1)(2n + 1)p

Sp(1%) + Sp(2%) + -+ Sp(n®) = ’p+2°p+ -+ +n’p = 5

Hence the equation (1) has no solution in this case.

(c) Let [\/p] =t, if n =[\/p| + 1 =t + 1, that is n? > p, ¢ > 3. Then

Sp(12) + 5p(2%) + - + Sp(n®) = Sp(1%) +5,(2%) + - + Sp(t?) + Sp((t + 1)%)
= 1’p+2%p+ - +p+{ +2t)p
2t3 4+ 92 + 13t
6 p-

If p= 11, that is n = t + 1 = 4, so we have S11(1?) + S11(2%) + S11(3%) + S11(4%) =

2x 3% +9x32+13x3 1)(2n+1
X3 HIXFHIIXS ) 519, but Sy (PPN DY 650y Z 308 < 319, So

6
there is no solution for the equation (1) in this case.

If p = 13, that is n = t + 1 = 4, then we have S13(1?) + S13(22) + S13(3%) + S13(4%) =

2% 3549 x32+13x3 1)(2n + 1
X3 HIXSTHFIIXE g arr put Sy NCRED g a0y — 364 < 377 So

6
there is no solution for the equation (1) in this case.

If p> 17, that is t = [\/p] > 4, and n =t + 1 > 5, notice that

3 2 -

o0 2t° 49t 6+13t Gp

=1 pz
_ 2494186 i i

6 i=1 pi
3 2

263 4+ 9% + 13t | 29t i13t 6

S Ut R o P —
3 2

L 2 92 + 13t

(t+1)(t+2)(2t+3)
5 .
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Therefore,

Sp(n(n+1)(2n+l)> B Sp((t+1)(t+2)(2t+3)>

6 6
- 2t3 +9t2 + 13t — 6
- 6
2t3 + 92 + 13t
< 6

= Sp(1%) + Sp(2%) + - -+ + Sp(n?).
So n = [/p] + 1 is not a solutions of the equation (1).
If n > [\/p] +2=t+2, that is n? > p, t > 3. Then from Lemma 3, we know that there
must exist a positive integers my, with 1 < my < k?(k =1,2,--- ,n) such that
SIJ(12) = nmip, Sp(22) = map, - 7Sp(n2) = Mmnp,
then we have
Sp(1%) 4+ 5,(2%) + -+ - + 8p(n) = (m1 +ma + -+ +mp)p.

On the other hand, notice that m; = 12, my =22, ---, m; = ¢, from Lemma 3, we have

i=1 3
_ i[p(mlererermanpl]
i

p(m1+m2+---+mn—1)+p—1]

1=2 pl
oo [ t(t+1)(2t+1)
—a—p+p—1
> e 143 | SR
=2
i[mt+l+mt+2+"'+mn1:|
i=1 P
o~ [ Mgt + My + o+ my, — 1
Z m1+m2+.+mn+z|: t+1 t+2A mn :|

1A
i=1 p

v
&
+
3
+
+
E
_|_
VR
E
s
_|_
[]¢
<3
N——
_|_
VR
E
:
_|_
gk
E
3
N———
+

AV
WK
<3
I_’B]
+
™
3
I_’Bl
_l’_
]
3
I—%]

12422 4 -+ n?
nn+1)2n+1)

6 .
Then from Lemma 2, we can get

Y

n(n+1)(2n+1)
6

P | (m1+mo+---+my)p—1)L
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Therefore,

IN

5¥(mn+n@n+n>

G (my+mg+ -+ mp)p—1

< (mp+mg+---+my)p
= Sp(12) + S,(2%) + -+ - + Sp(n?).

From the above, we can deduce that if p > 11 and n > [,/p] + 2, then the equation (1) has
no solution.
Now the theorem follows from (I), (IT) and (II1).
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Abstract The main purpose of this paper is to study the relationship between the Riemann
zeta-function and an infinite series involving the Smarandache function e,(n) by using the

elementary method, and give an interesting identity.
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§1. Introduction and Results

Let p be any fixed prime, n be any positive integer, e,(n) denotes the largest exponent of
power p in n. That is, e,(n) = m, if p™ | n and p™*! { n. In problem 68 of [1], Professor
F.Smarandache asked us to study the properties of the sequence {e,(n)}. About the elementary
properties of this function, many scholars have studied it (see reference [2]-[7]), and got some
useful results. For examples, Liu Yanni [2] studied the mean value properties of e,(by(n)),
where b (n) denotes the k-th free part of n, and obtained an interesting mean value formula for
it. That is, let p be a prime, k be any fixed positive integer, then for any real number x > 1,

we have the asymptotic formula

2 o) = ((p’c i)_(zf— N ;’“_—11) o+0(a4),

n<zx

where € denotes any fixed positive number.
Wang Xiaoying [3] studied the mean value properties of Z((n +1)™ —n™)ep(n), and

n<z
proved the following conclusion:

Let p be a prime, m > 1 be any integer, then for any real number x > 1, we have the

asymptotic formula

Do+ )" = ney(n) = =g w4 O (a1

n<z

Gao Nan [4] and [5] also studied the mean value properties of the sequences p® (™) and

pea(®(M) got two interesting asymptotic formulas:

ea(n) %;Ho(x%“), it q>p;
qu - —1 —1 +1 1 .
b :Elna:+(L(7—1)+p2—p)x+0(x2+6), if g=p.

n<z plnp plnp
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and

2 2
$pralbn) ~ CEPAER, (a3+).
¢ +q+1

n<z

where € is any fixed positive number, 7 is the Euler constant.
Lv Chuan [6] used elementary and analytic methods to study the asymptotic properties of

Z ep(n)p(n) and obtain an interesting asymptotic formula:

n<zx
Z ep(n)p(n) = 37}7%2 +0 ($%+€)
3 .
= (p+ )
Ren Ganglian [7] studied the properties of the sequence e,(n) and give some sharper
asymptotic formulas for the mean value Z e’; (n).

n<x
Especially in [8], Xu Zhefeng studied the elementary properties of the primitive numbers
of power p, and got an useful result. That is, for any prime p and complex number s, we have
the identity:

1 <)
;Sz(m_ps—l'

In this paper, we shall use the elementary methods to study the relationship between the
Riemann zeta-function and an infinite series involving e, (n), and obtain an interesting identity.
That is, we shall prove the following conclusion:

Theorem. For any prime p and complex number s with Re(s) > 1, we have the identity

) s~ 1 )
; ns 725;’(71)7])5—1’

n=1

where ((s) is the Riemann zeta-function.

(o] o0
ey(n 1
From this theorem, we can see that E P ( ) and g - denote the same Dirichlet
ns — Ss(n)

n=1

oo [ee]
. . . . ey(n
series. Of course, we can also obtain some relationship between E L (S ) and g , that
n
n=1

1
n=1 S; (TL)
is, we have the following conclusion:

Corollary. For any prime p, we have

§2. Proof of the theorem

In this section, we shall use elementary methods to complete the proof of the theorem.
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Let m = ey(n), if p™ || n, then we can write n = p™nq, where (n1,p) = 1. Noting that,

ep(n) is the largest exponent of power p, so we have

= m=1 ni=1 (pmna)® o P ni=1 ni o P ni—1 i =1 ni
(n1,p)=1 piny plni

i)

3
I
—
3
=
I
—

Since
SERER
— pms ps — p(m+1)s7
1 &< m =
E ’ 7;::1 pms Z p(erl)s
then
T s s s 1
— pms ps — pms ps — p(m — p(m )s
- 1
TS )RS i 8
ps p(m )s — pms
That is,
1) «— m = 1 11
1— — = = — s
( ps>n;pms mZ:1pms psl_p%
SO
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Now, combining (1) and (2), we have the following identity

= ep(n) = m =1 =1
D _ = -
nz::l ns - z:lpms Zn Zﬂ

This completes the proof of Theorem.
Then, noting the definition and properties of S,(n), we have

= 1 = 1
s = s Z L (3)
n=1 Sp(n) m=1 (pm) neN
Sp(n)=mp

and we also have

8

oL (4)

neN
Sp(n)=mp

m=1

nenN
Sp(n)=m

This completes the proof of Corollary.
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Abstract In a recent paper, Muneer [1] introduced the Smarandache inversion sequence.
In this paper, we study some properties of the Smarandache inversion sequence. Moreover,
we find the necessary and sufficient condition such that [SI(n)]?> + [SI(n + 1)]? is a perfect

square.

Keywords Smarandache reverse sequence, Smarandache inversion, perfect square.

81. Introduction

The Smarandache reverse sequence is (see, for example, Ashbacher [2])
1,21,321,4321, 54321, - - - ,
and in general, the n — th term of the sequence is
S(n)=n(n—1)---321.

In connection with the Smarandache reverse sequence, Muneer [1] introduced the concept of
the Smarandache inversion sequence, SI(n), defined as follows :

Definition 1.1. The value of the Smarandache inversion of (positive) integers in a number
is the number of order relations of the form ¢ > j (where ¢ and j are digits of the positive
integers of the number under consideration), with SI(0) =0, SI(1) = 0.

More specifically, for the Smarandache reverse sequence number
S(n)=n(n—-1)---321,
the following order relations hold :

A-Dn>n—-1>--->3>2>1,
(A-2n—1>n—-2>--->3>2>1,

(A—(n—1))2> 1.

Note that, the number of order relations in (A — 1) is n — 1, that in (A — 2) is n — 2, and so
on, and finally, the number of order relation in (A — (n — 1)) is 1. We thus have the following

result :
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-1
Lemma 1.1. SI(n) = %for any integer n > 1.
n(n —1)

Proof. SI(n)=n—-1)+n—-2)+---+1= 5

n
Lemma 1.2. For any integer n > 1, ZSI(I) =
i=1

6
Proof. Using Lemma 1.1,

i=1

ésm) ‘n v ;(ZZ —Z )

n(n? —1) .

{n( +1)(2n—|—1)_ n(n+1)
6 2

Muneer [1] also derived the following results.

|

Lemma 1.3. SI(n+ 1)+ SI(n) = n? for any integer n > 1.

Lemma 1.4. SI(n+1)— SI(n)=n for any integer n > 1.

Proof. Since

n(n+1) _ n(n —1)
2 2

SI(n+1) =

we get the desired result.

+n=SI(n)+n

n(n? — 1).

6

)

Lemma 1.5. [SI(n+1)]> — [SI(n)]? = n3 for any integer n > 1.

Proof. Using Lemma 1.3 and Lemma 1.4,

[SI(n+1)]?—[SI(n)]* = [SI(n+ 1)+ SI(n)][SI(n+1) —

—1\?
Lemma 1.6. SI(n+1)SI(n—1)+ SI(n)= (n(nQ)) for any integer n > 1.

We also have the following recurrence relation.

SI(n)] =

Lemma 1.7. SI(n+1)—SI(n—1)=2n—1 for any integer n > 1.

Proof. Using Lemma 1.4,

SItn+1)—S8I(n—1) = [SI(n+1)SI(n)]+ [SI(n)—

= n+n-1)=2n-1.
Muneer [1] also considered the equation

[SI(n)]* + [SI(n+ 1) = k?

for some integers n > 1, k > 1, and found two solutions, namely, n =7 and n = 8.

(n?)(n) = n®.

SI(n —1)]

(1)

In this note, we derive a necessary and sufficient condition such that (1) is satisfied. This

is given in the next section.

§2. Main Results

We consider the equation

[SI(n)]? + [SI(n+1)]* = k?
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for some integers n > 1, k > 1. By definition,

2 2
[ST(n)]2 + [ST(n + 1)]2 = (””;”) + <”(”2+1)> — %ng(rﬂ 1)

We thus arrive at the following result.

Lemma 2.1. The equation (2) has a solution (for n and k) if and only if (n® +1) is a
perfect square.

Lemma 2.2. The Diophantine equation

%(n2 +1) =k? (3)

has a solution (for n and k) if and only if there is an integer m > 1 such that m? + (m +1)? is
a perfect square, and in that case, n = 2m + 1, k? = m? + (m + 1)2.
Proof. We consider the equation (3) in the equivalent form

n? 4+ 1= 2k?, (4)
which shows that n must be odd; so let
n=2m+ 1. (5)
for some integer m > 1. Then, from (4),
(2m +1)% + 1 = 2k?,

that is, (4m? + 4m + 1) + 1 = 2k2, that is, m? + (m + 1)? = k2.
Searching for all consecutive integers upto 1500, we found only four pairs of consecutive
integers whose sums of squares are perfect squares. These are

(1)32 + 42 = 52, (6)
(2)202 + 212 = 292, (7)
(3)1192 + 1202 = 1692, (8)
(4)6962 + 6972 = 9852. (9)

The first two give respectively the solutions

(a) [SI(7)]*+[SI(8))* = 357

(b) [SI(41)]? + [S1(42))? = 11892,
which were found by Muneer [1], while the other two give respectively the solutions

(c) [SI(239)])% + [S1(240)]? = 403912,

(d) [SI(1393)]% + [S1(1394)])% = 13721052,

The following lemma, giving the general solution of the Diophantine equation % +v? = 22,
is a well-known result (see, for example, Hardy and Wright [3]).

Lemma 2.3. The most general (integer) solution of the Diophantine equation 2% +4y? = 22

is

r=2ab, y=a®>—-0b% z=a>+"b% (10)
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where 2 > 0, y > 0, z > 0 are integers with (z,y) = 1 and z is even, and a and b are of opposite

parity with (a,b) = 1.

Lemma 2.4. The problem of solving the Diophantine equation
m? + (m+1)* = k2,
is equivalent to the problem of solving the Diophantine equations
22— 2% =1.
Proof. By Lemma 2.3, the general solution of the Diophantine equation
(m+1)* + m? = k?

has one of the following two forms :

(a) m =2ab, m+1=a?—b?, k= a?+ b? for some integers a,b > 1 with (a,b) =
() m=a%—-0* m+1=2ab, k= a®+b? for some integers a,b > 1 with (a,b) =

In case (a),
1=(m+1)—m=(a® —b*)?* - 2ab = (a — b)* — 2ab?,

which leads to the Diophantine equation z? — 2y? = 1.
In case (b),

—1=m—(m+1) = (a® — b*)* — 2ab = (a — b)* — 2ab?,

leading to the Diophantine equation z2 — 2y% = —1.

1.

1.

)

(11)

The general solutions of the Diophantine equations 22 —2y? = +1 are given in the following

lemma (see, for example, Hardy and Wright [3]).

Lemma 2.5. All solutions of the Diophantine equation
2% — 2y2 =1
are given by
V2= (1+V2)",
n > 0 is an integer; and all solutions of the Diophantine equation
2? =2y = -1,
are given by
T+ V2y = (1+v2)H,

n > 0 is an integer.

(12)

(13)

Remark 2.1. Lemma 2.5 shows that the Diophantine equation m? + (m + 1)? = k? has

infinite number of solutions. The first four solutions of the Diophantine equation (11) are given

in (6 - 9). It may be mentioned here that the first and third solutions can be obtained from



34 A.A K. Majumdar No. 3

(12) corresponding to n = 1 and n = 2 respectively, while the second and the fourth solutions
can be obtained from (13) corresponding to n = 0 and n = 1 respectively. The fifth solution

may be obtained from (12) with n = 3 as follows :
T+V2y=01+vV2°5=99+70V2 = =99, y="10.

Therefore,
a—b=99, b=70 = a=169,b="70,

and finally,
m = 2ab = 23660, m + 1 = a® — b> = 23661.

Corresponding to this, we get the following solution to (2) :

[SI(47321))% + [SI(47322)]? = 15834079812,

§3. Some Observations

In [1], Muneer has found three relations connecting four consecutive Smarandache inversion
functions. These are as follows :

(1) SI(6)+ SI(7)+ SI(8)+ SI(9) =102

(2) SI(40)+ SI(41)+ SI(42)+ SI(43) =582,

(3) SI(238)+ SI(239)+ SI(240)+ SI(241) = 3382

Searching for more such relations upto n = 1500, we got a fourth one :

(4) SI(1392)+ SI(1393)+ S1(1394) + SI(1395) = 19702.

Since
SI(n—1)+SI(n)+SI(n+1)+SI(n+2) = (n—1)>+ (n+1)%

the problem of finding four consecutive Smarandache inversion functions whose sum is a

perfect square reduces to the problem of solving the Diophantine equation
m? + (m +2)% = k%

In this respect, we have the following result.

Lemma 3.1. If mg, mo + 1 and kg = y/m3 + (mo + 1)? is a solution of the Diophantine
equation
m? + (m+ 1) = k?, (14)
then 2mg, 2(mo + 1) and lp = 2y/m3 + (mo + 1)? is a solution of the Diophantine equation
m? + (m +2)* =12, (15)

and conversely.

Proof. First, let mg, mo + 1 and ko = \/m2 + (mo + 1)? be a solution of (14), so that

m% + (mo + 1)2 = kg, (16)
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Multiplying throughout of (1) by 4, we get
(2mo)? + [2(mo + 1))* = (2ko)?,

so that 2my, 2(mg + 1) and Iy = 2ko is a solution of (15).
Conversely, let mg, mo + 2 and lop = /m + (mo + 2)2 be a solution of (15). Note that,

mg and mg —+ 2 are of the same parity. Now, both mg and mg + 2 cannot be odd, for otherwise,
mo = 1(mod2), mg +2 = 1(mod2) = [2(mod4),
which is impossible. Thus, both mg and mg + 2 must be even. It, therefore, follows that @,

l
% +1 and ko = 50 is a solution of (14).
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Abstract For any fixed positive integer £ > 1 and any positive integer n, let ax(n) and bx(n)
denote the inferior and superior k-power part of n respectively. That is, ax(n) denotes the
largest k-power less than or equal to n, and by (n) denotes the smallest k-power greater than
or equal to n. In this paper, we study the properties of the sequences ax(n) and bx(n), and

give four interesting identities for them.

Keywords Inferior and superior k-power, Riemann zeta-function, multiplicative function.

§1. Introduction and Results

For any fixed positive integer k > 1 and any positive integer n, let a;(n) and bi(n) denote
the inferior and superior k-power part of n respectively. That is, ai(n) denotes the largest k-
power less than or equal to n, and by (n) denotes the smallest k-power greater than or equal to n.
For example, let k = 2, then az(1) = a2(2) = a2(3) =1, a2(4) = a2(5) = a2(6) = a2(7) =4, -,
bg(l) = ].7 b2(2) = b2(3) = b2(4) = 4, b2(5) = b2(6) = b2(7) = b2(8) = 87 -o-.In problem 40 and
41 of [1], Professor F.Smarandache asks us to study the properties of the sequences ax(n) and
bi(n). About these problems, Professor Wenpeng Zhang [3] gave two interesting asymptotic
formulas of the cure part of a positive integer . These are

2 5
Z d(az(n)) = ﬁA:ﬂln?’x + Bzln*z + Cxlnx + Dz + O(x57e)

n<x

2 5

> dlbs(n) = 5 Axln’s + Bain®s + Cwlng + Do + O(x77),
T

n<x

where A, B,C and D are constants; d(n) denotes the Dirichlet divisor function; ¢ is any fixed
positive number. And Jianfeng Zheng [4] gave two asymptotic formulas of the k-power part of
a positive integer. These are

Z d(ak(n)) = %(%)kflexlnkx + Arzinf e 4+ Ap_qzlng + Az + Oz 2Rt |

n<z

1 6 1
Z d(br(n)) = W(ﬁ)k_lexlnkm + Ayxln® oz + -+ Ay _qzlne 4+ Agz 4 O(xt 2+ |
. v

n<lx

where Ag, A1, -+, A are constants, especially when k equals to 2, Ag = 1.

In this paper, we shall use the elementary method to prove the following;:
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Theorem 1. For any complex number s with Res > 2, we have

[eS)
n=1

where ((s) denotes the Riemann zeta-function, and o(n) denotes the Dirichlet divisor function.

k—1

Q

(@5(1) _ N i (s i1 (s — e S L
(e~ 2 Gl m ek ”ﬂ”p =il

—

Theorem 2. For any complex number s with Res > 2, we have

i olbe(m) _ ki:l(—l)k_i“C,iC(ks —i)Clks —k =) ]] {1 + p—<ks—i>p1_pk] .

(be(n)* = P p

Theorem 3. For any complex number s with Res > 2, we have

o~ plan(n) <= i Cks —k —1i)
2 _ch((ksfkfiqtl)’

where ¢(n) denotes the Euler function.
Theorem 4. For any complex number s with Res > 2, we have

L pbe(n) =, heigr i Clks —k— )
2 Guim))* (=1)f +C’“C(ks—k—i+1)'

From the above Theorems, we may immediately deduce the following:

Corollary. For any complex number s with Res > 2, we have

i 0(@2(71)8) _ 5025 —1)0(2s — 2)¢(25s —3) | ((25)¢(25 —1)¢(25 —2)

2= (az(m) C(ds — 1) T sy
= o(ba(n) (25— 1G5 = 2C(2s = 3)  ((28)C(2s — 1)((25—2)
(ba(n))* (s — 1) (s—2)

X p(aa(n)) | C(25—3)  ((25—2)
2 )y = =) T @)

— @(ba(n)) ((25—3) ((2s—2)
Z =2

(ba(n))® €(2s—2) (¢(2s—1)"

§2. A simple lemma

To complete the proof of the theorems, we need the following:
f(n)

n

converges absolutely for Res > o,. If f(n) is a multiplicative

o
Lemma. Assume E
n=1
function, then we have

ifé’:) H[1+j;§f)+fgj)+-~ , (Res > 04).

Proof. (See Theorem 11.7 of [2]).
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§3. Proof of the theorems

Now we complete the proof of the theorems. First we prove Theorem 1. Let Dy (n) = o(n*),

then Dy (n) is a multiplicative function, and

o~ olar(n) a(1%) a(2¥) a(3%)
Z(ak’(cw - Z 1ks + Z oks + Z 3ks +ot

n=1 1k<n<2k 2k <n< 3k 3k<n<4k
U(Nk>
Z Nks +
Nk<n<(N+1)k

Nks
N=1 N=1
kE—1 0o k—1 [e%S)
i N~ o(VF) i N~ De(d)
= ch Z Nks—i = Ck Z Nks—i
1=0 N=1 1=0 N=1
k—1
i Di(p) | Di(p®) Dr(p")
= Z Ck H |:1 + ks—i + p2(ksfz) +oeet pn(ksfi)
1=0 D
k—1 [e%S)
. B B 1— pknJrl
_ Ct 1+ n(ks—1)

_ ZC H1+p B p+p* +- 49"
k p—(ks— z))(l_p (ks—k—i))

- iCiC(kS—i)C(ks—k—i)H [1 +p—(ks—i)1?1—_fzﬂ .
=0 P

It is clear that the right hand side of the above is convergent if Res > 2, and divergent if
Res < 2. This completes the proof of Theorem 1.

Now we come to prove Theorem 2. By the method of proving Theorem 1 we have

—o(bk(n))  _ o(1Y)
Z(bkkn))s - 1ks + Z 2ks + Z

T S AC\ S

Nks
n=1 1k <n<2k 2k <n<3k (N—1)k<n<NFk
B YTt VL
N=1
k—1 k) k—1 o'} D (N)
7 I —q i k
= Z( )k +1C Z Nks—i :Z(_l)k +1Ok Nks—i
i = = =0 N=1
k—1
» 3 1_ kn+1
_ Z(_l)k z+1czH 1+Zp n(ks—i) - — ¥ T ]
=0

k-1 -
= ;(—1)167#10};((153 — i) (ks — k —1) 1;[ {1 +p(ksi)pl_];:| .
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The right hand side of the above is convergent if Res > 2, and divergent if Res < 2. This
complete the proof of Theorem 2.

Using the methods of proving Theorem 1 and Theorem 2 we can also prove Theorem 3 and
Theorem 4.
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Abstract For any fixed positive integer k and any positive integer n, the famous Smarandache
ceil function S(n) is defined as Sk(n) = min{m € N : n | m*}. The main purpose of this
paper is using the elementary method to study the asymptotic properties of Si(n!), and give

an interesting asymptotic formula for it.
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§1. Introduction and results

For any fixed positive integer k and any positive integer n, the famous Smarandache ceil

function Sk(n) is defined as follows:
Sp(n) =min{m € N : n|m"}.

For exemple, the first few values of S3(n) are: S5(1) =1, S3(2) =2, S3(3) =3, S3(4) =
2, S3(5) =5, S5(6) =6, S3(7) =7, S5(8) = 2, S5(9) = 3, S3(10) = 10, S5(11) = 11, Ss(1
6, S3(13) = 13, S3(14) = 14, S3(15) = 15, S53(16) = 4, S3(17) = 17, S3(18) = 6, S3(19) =
19, S5(20) = 10,---.

This function was introduced by Professor F. Smarandache. In reference [1], Ibstedt pre-

sented that Sy(n) is a multiplicative function. That is,
(Va,b € N) (a,b) =1 = Si(a-b) = Sk(a) - Sk(b).

But Sk(n) is not a completely multiplicative function. In fact, (2,4) = 2, if & = 3,

S3(2) = 2, S3(4) = 2, S3(2-4) = S5(8) = 2 # 53(2) - S5(4) = 4 If k = 5, 55(2) = 2,
S5(4) = 2, S5(2-4) = S5(8) = 2 # S5(2) - S5(4) = 4; If k = 2, S5(3) = 3, S»(12) = 6,
Sa(3-12) = S(36) = 6 # Sa(3) - S2(12) = 18; If k = 4, S4(3) = 3, S4(12) = 6, Su(3 - 12) =
S4(36) = 6 # S4(3) - S4(12) = 18. So Si(n) is not a completely multiplicative function.

On the other hand, it is easily to show that Si(p®) = p/*!, where p be a prime and
[2] denotes the least integer greater than xz. So if n = p'py?---p&r is the prime power
decomposition of n, then the following identity is obviously:
S _S (03 N e 2> IS @ 700 N "0le
k(n) = Sk(p7'p3 prT) =D
About the other elementary properties of Si(n), many people had studied it, and obtained

some interesting results. For example, Xu Zhefeng [2] studied the mean value properties of the
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compound function involving 2 and S (n), and proved that for any real number z > 3, we have
the asymptotic formula
Z Q(Sk(n)) =zlnlnx + Az + O (i) ,

Inz
n<lz

1 1
where A = v + Z (ln (1 — ) + ), v is the Euler constant, and Z denotes the sum over
p p
P

P
all the primes.

Sabin Tabirca and Tatiana Tabirca [3] proved that
n=pipz- - ps < Sp(n) =n.

Ren Dongmei [4] studied the mean value properties of the composite function involving
d(n) and Sk (n), she proved that

> d(Sk(n) = WH (1 - pk+1pk1> +C24+0 (x%ﬂ)?

n<x p

where k is a given positive integer with k& > 2, ((s) is the Riemann zeta-function, C is a
computable constant, and € is any fixed positive number.
He Xiaolin and Guo Jinbao [5] proved that for any real number x > 2 and any fixed positive
integer k > 2,
B 62 ¢ (a+ 1)¢(k(a+1) — )

Z 0o (Sk(n)) = (a+ 1)m2 R(a+1)+ O(l»a+%+6)7

n<z

where a > 0,04(n) = Z d®, {(s) is the Riemann zeta-function, € be any fixed positive number,
d|n

1
and R(a+1) = H <1 - prlatD—a _ pk=1)(at1) )

P
In this paper, we use the elementary method to study the asymptotic properties of Sg(n!),

and give an interesting asymptotic formula for it. That is, we shall prove the following;:
Theorem. Let k be a fixed positive integer, then for any integer n > 3, we have the

asymptotic formula
nlnn

In(Sk(n!)) = + O(n).

§2. Some lemmas

To complete the proof of the theorem, we need the following two simple lemmas.

Lemma 1. For any positive integer n > 2, we have

n n
m(n) = on +0 <1n2n> ,

where 7(n) denotes the number of the prime up to n.

Proof. See reference [6].
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Lemma 2. Let n > 2 be any positive integer, then we have the asymptotic formula,

Z np _ Inn 4+ O(1).

p<n

Proof. See reference Theorem 4.10 of [6].

83. Proof of the theorem

In this section, we will complete the proof of our theorem. In fact, for any positive integer
n>1, let

BN 2 e 2 a
n!—pl V2R 2o

then from the properties of Si(n), we have

o1 o2
In(Sp(nh) = In(p " ph* -

= [ p+T

It is clear that (see reference [6] Theorem 3.14),

Q2

k

)

an2+'~-+(k

a:i[@] i=1,2,---1.

j=1 pz

n<zx

m(Si(n) = > %Z Lf

p<n j=1
1[11’,’12]
= > Z 2 o | e+ O
p<n Jj=1
_n 1 1
- 7 4 Inn
K I)Snp_ p<n p[lnp (p—1)
= —— | lnp+ O(n)
k -1
p<n
n 1 1
= - - Inp+ O(n).
k P p(p—1) )

-

In p,..

Noting that, if p? > n, then {Tﬂ =0, Inp = O(z), so from Lemma 1 we can write
p
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Noting that,

1 1 1
Z:p(p*l) :Zp:p(pfl) _Zp(pfl)’

p<n p>n
but
Inp . Inn
< =0(1),
2551 < 21~ OW
S oy o),
Splp—1) = plp-1) n
SO I
n np
In (Sk(n))) = ¢ > - O(n).
p<n
Combining Lemma 2 and the above formula we may immediately get the asymptotic for-
mula I
In (Sp(n))) = o 4 O(n).
This completes the proof of the theorem.
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Abstract In this paper, a fuzzy relaxed approach for multi-objective transportation problem
is presented by using - -operator which allow some degree of compensation between aggregated
membership functions. It is shown that solutions obtained by this way are efficient. As the
solvability of the resulting problem is not generally guaranteed , we turn the resulting prob-
lem to new single objective linear programming by inequalities, and the optimal compromise
solution is obtained. Simultaneously we avoid the computation of parameter . Numerical

examples are given to demonstrate the efficiency and practicality of the proposed method.
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§1. Introduction

The application of fuzzy set theory to human decision making has received considerable
attention by a number of authors since the pioneering work of Bellman and Zadeh. We present
in this paper an approach related to Zimmermann’s and using the ~-operator is to combine
fuzzy objective in the sense of the ‘fuzzy OR’. It is shown that solutions obtained by this
way are efficient. As the solvability of the resulting problem is not generally guaranteed and
the computation of optimal compensation degree ~ is difficulty (Li(2002)), a fuzzy relaxed
approach is proposed for multi-objective transportation problem . In this approach, we turn
the resulting problem to new single objective linear programming by inequalities, the optimal
compromise solution is obtained. Simultaneously the compensation degree v of v -operator is
avoided. Illustrative numerical examples demonstrated the efficiency and practicality of the
proposed approach.

§2. Multi-objective linear transportation problem

Consider a transportation situation having m origins (or sources) O;(i = 1,2,...,m) and
n destinations D;(j = 1,2,...,n). Let a; be the quantity of a homogeneous product which
we want to transport to n destinations D; to satisfy the demand for b; units of the product
there. A penalty ij is associated with transportation of a unit of the product from source ¢

to destination j for k-th penalty criterion. The penalty could represent transportation cost,
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delivery time, quantity of goods delivered, under-used capacity, etc.. A variable z;; represents
the unknown quantity to be transported from origin O; to destination D;.

A transportation problem can be represented as a multi-objective linear programming

problem:
minZ; = » Y Chaij(k=1,2,...,K). (1)
i=1 j=1
S.t.
n
inj:ai,izl,Q,...,m, (2)
j=1
inj:bj,jzl,Q,...,n, (3)
i=1
2i; >0, i=1,2,....,m, j=1,2...,n, (4)

where a; > 0 for all i,b; > 0 for all j,CF > 0 for all (i,j), and » a; = » b, (balanced
i=1 j=1
condition).

m n
Notice that the balanced condition Z a; = Z b; is both a necessary and sufficient con-
i=1 j=1
dition for the existence of a feasible solution of the (2)-(4).

The multi-objective transportation problem is considered as a vector-minimum problem.
For each objective Zi, two values Uy and Ly is the upper bound and lower bound of Z,
respectively. Ly is the aspired level of achievement for k- th objective, Uy the highest acceptable
level of achievement for k-th objective, dy, = Uy — Ly, the degradation allowance or leeway, for

k-th objective. Uy and Ly can be determined as following for each objective Zj, respectively,
1
U = ?(Zlk+Z2k+-~'+ZKk)a Ly = Zkk, k=1,2,..., K,

Zij = Zi(xD), (i,j=1,2,...,K,), 2D(i =1,2,..., K) is the isolated optimal solution of the
k-th objective function.

§3. Fuzzy relaxed approach to multi-objective transporta-

tion problem using vy-operator

Let X denote the feasible region satisfying all of the constraints of the problem (1). More-
over, we have the following concept.

Definition.(Pareto optimal solution) z; € X is said to be a Pareto optimal solution if
and only if there does not exist another 25 € X such that Zx(z1) > Zg(z2) forallk =1,2,... . K
and Zy(x1) > Zi(x2) for at least one k.
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The membership function for the k-th objective function Zj is defined as

1 if Zy < Ly,
pe(r) = § 1= Z=p if Ly < Zi < Uy, (5)
0 it Zp > Uy
K
Let F = ﬂ (support ux)# ¢, where support pp = {x|ur(x) > 0}. The decision maker wishes
k=1

to obtain a solution satisfying Ly < Zp < Uy. Zimmermann’s fuzzy programming appears
to be an ideal approach for obtaining the optimal compromise solution to a multi-objective
transportation problem. However, due to the ease of computation, the aggregate operator
used in Zimmermann’s fuzzy programming is the ‘min’ operator, which does not guarantee a
non-dominated solution. Usually we have two methods to overcome this shortcoming. Firstly,
constructing a new compensatory operator which comprehensives the non-compensatory opera-
tor ‘min’ used to represent the ‘logical AND’ and the compensation operator ‘max’ used to
represent the ‘logical OR’, for example, M.K.Luhandjula (1982) presented the fuzzy approach
for the linear maximum problem using the min-bound sum operator; Secondly, constructing
new operators which are named the ‘fuzzy AND’ and ‘fuzzy OR’.

In this paper, we define the fuzzy decision as the following Werners-compensatory operator,
which represents ‘fuzzy OR’.

D={(z,pp@))lz € F}, pp =7, _ c i K},UkJF(l* mm{ Z,Uk}

Using this operator to solve problem (1)-(4), we have the following programming

. 1— 6
max fyke{l,nélf.l.,K}'uk+ ( mln{ Zuk}] ) (6)
s.t. x € F. Although the solution obtained by (6) is efficient for (1), it is not always easy to

solve (6) by available methods. Assume o = ke{l 2 ' [k, = min {1, Z bk }, then we turn

the (6) into the following
1
max(l — y)a + VEB. st.our < a,

where k=1, 2, ..., K, Z“k >06,6<1,zeX.
k=1
Lemma 1. Suppose Ly, and Uy, finite and L < Uy. If z is solution of (6), then x is efficient
for (1).

Proof. Suppose z optimal for (6) and non-efficient for (1). Then there exists 2’ € X so
that Zx(2') < Zk(x), k=1,2,..., K and Zy(z') < Zy(zx) for at least one k. We have

Zk(LZ}/) — Uk > Zk(:zz) — Uk k _ 1 2
Ly —U, — Liy—U ’ ey
Zy(2") — Uy N Zy(z) — Uy
Lk—Uk Lk_Uk

L k=1,2,... K,
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for at least one k.
As 0 < v < 1, we have

Zk(l‘/) — Uk > in Zk(df) — Uk

7ke{l,z,“.,K} Ly —Ux = "ke{12,...,K} Lp—Ug

and

It results that
o Zi(@) = Uy 1. X Zu(a!) — Uy,
Zew ) Yk 1 —~)— 1 Zr ) TR
Ve B LT, T g ; Li — Uy
1,

. Zk(l') - Uk 1
SR\ FR 1—
” WkE{lrgl,-r-l-yK} Ly — U =7

This contradicts the fact that optimal for (6).
Lemma 2. If (z*,a*, 5*) is optimal for (7), then

ot 7 =i (St |

Proof. Suppose (z*,a*,3*) is optimal for (7) and o™ # min  px(z*), Let o =
ke{1,2,...,K}

i { }Mk( *) then o > a*. (z*,a*, (B*) verifies the constraints of (7) and vya* + (1 —
clion,

1
)75 < 70/ + (1 - 'y)?ﬁ*, this contradicts the fact that (z*,a*,8*) is optimal for (7).

= min { Z i (x } can be proved in the same way.

Pr0p051t10n x* is optimal for (6) if and only if (z*, a*, 8*), where

K
* * * — . 1 *
o= (), 6 mln{ ,kg:luk(x )}

is the solution to the problem (7).
Proof. (a) Necessity. If z* is optimal for (6), then

K
1
. ) - . )
v p(E) + V)Kmln{ 7;%(96 )} (7)
1 K
> i 1 —~)— mi 1 .
—’Yke{llgl’?7K}Mk($)+( ’Y)Kmm{ ,;Mk(x)} (8)

Suppose that (z*,a*, *) with
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is not optimal for (7). There exists (z/, o/, 3') # (z*, a*, 5*), so that

pe(z’) <o, k=1,2,..., K,

K

dom@)=p, B <1, ' €F,

k=1

v + (1 —7)§5 <7ya' +(1 —W’)Eﬂl~

It results that

K
1
: / 1 _ 7 : 1 /
Vke{l,rgl,?,K}uk(x)+( V)Kmm{ ’kz_l'uk(x)}

1

> / 1 -~ =g

> ya' +( V)Kﬁ
1

> et 4 (1= ) f"

K
1
. SUNTRIDR B .
vke{gljir}qmuk(x )+ ( W)Kmm{ ,k§:1uk(x )},

which contradicts (8).
(b) Sufficiency. If (*,a*, 8*) is optimal for (7), by the Lemma 1 we have

K
ot = min z*), fF =minq 1, %) 3.
i ), 8 { > )}

Suppose x* is not optimal for (6), there exists a’ so that

K
1
. ! 1 _ 7 : 1 /
ey )0 i {13 )
K

Let
!

K
= i ! "= min{ 1 !
o ke{FI’?’K}Hk(x)a B mm{ ,g_luk(:ﬁ)},

(2, o/, ") verifies the constraints of (7) and

10!+ (1 =) > 70" + (1)

This contradicts the fact that (z*, a*, §*) is optimal for (7).
Although the problem (7) has above properties, it is difficulty to solve (7) and find the

compensation degree v of y-operator. So, we use the following inequalities

B = (1= E + 7B (1= Datrgh,
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a fuzzy relaxed approach using the  -operator is proposed. In order to solve (7), we only solve
the following single objective linear programming

K

8
—, s.t. > <1 X.
N ©)

We obtain the optimal solution y = (3%, x!) for (10), where

1 _ 1 1 1 1 1 1 1
€T = ($117x123"'7x17nx217"-3I2n7"'7mml7"'7$mn)7

The optimal solution objective values Z' = (Z},Z3,..., Z},) with respect to z'. Let

K
! . ’ ; . ,
@ = kE{l,Hél,n’K} :u‘k(x )7 ﬂ = min {17 gfluk(x )} )

(2, o, ") is a solution of the problem (7). By Proposition, the optimal compromise solution
2* and objective values for (1) is * = 2’ and Z* = Z’, respectively.

Algorithm.

Step 1. Solve the multi-objective transportation problem as a single objective transporta-
tion problem by taking one of the objectives at one time.

Step 2. From the results of Stepl, find the lower bound Ly and upper bound Uy, values for
the objective Zj.The membership function for the objective function Zj, is defined by (5).

Step 3. Applying Werners-compensatory operator proposed by (6) for the multi-objective
transportation, we get the following programming problem (7).

Step 4. Solve the problem (8). If the solution to above (8) does not exist, Uy := Uy +
%(Uk —Lyg), go to step 3. The optimal solution and objective values of the problem(8) is denoted
by x! and Z!, respectively. The optimal compromise solution 2* and objective values for (1) is

x* = 2! and Z* = Z!, respectively , for the original problem (1) are obtained.

84. Numerical example

min21 =211 + 41’12 + 51‘13 + 4£U21 + 6.53922 + 5%23, (10)

minZQ = 21‘11 + 3$12 + 41‘13 + o1 + 9.1722 + 6I23,

I’I’liH23 = 4.%11 + 21’12 + 101’13 + 3$21 + 81’22 + 23,

3 3
s.t. Zl’lj = ].]., Zl’gj = 15,
J=1 j=1
2 2 2
Zxﬂ =1, sz‘z =10, Zwi:s =9,
i=1 i—1 i—1

zi; >0, i=1,2; j=1,2,3.
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Applying the fuzzy relaxed approach proposed, We obtain the optimal compromise solution
and optimal objective value asked on MATLAB 7.0 platform

2* = (1.5554,9.2798,0.1648, 5.4446,0.7202, 8.8352),

Z* =(Z7,7Z5,7%) = (110.1343,96.5471, 57.3598).
But applying fuzzy programming approach of A.K.Bit s[8] and Uy values in Rakesh (2000):
[]]c = max{Zlk, ng, ey Zkk}7 we get:

z* = (2.8140,8.1860, 0, 4.1860, 1.8140, 9),

7% = (27,75, 23) = (109.0930, 104.6977, 63.6977).

Applying Algorithm (Rakesh et al (1997)), we obtain the following solution:
¥ = (2.3448,8.6552, 0, 4.6552, 1.3448, 9),

7% = (73,23, 73) = (109.3275,101.4136, 60.4136).

Applying Algorithm (Rakesh et al (1997)), but in Rakesh (1987) U, = max{Zx, Zok, - -, ZKk},
we get :
x* = (2.8138,8.1862,0,4.1862,1.8138,9),

7% = (ZF, 7%, Z3) = (109.0930, 104.6977, 63.6977).

Above results show that the solutions obtained is nearer to the ideal solution (107,89,51)
than the solutions (109.3275, 101.4136, 60.4136), (109.0930, 104.6977, 63.6977) and (109.0931,
104.6966, 63.6966). Hence, we have obtained the better optimal compromise solution by the

fuzzy relaxed algorithm with a new upper Uy.

§5. Concluding remarks

In this paper, we suggested a fuzzy relaxed approach for the multi-objective transportation
problem by using 7y-operator which allow some degree of compensation between aggregated
membership functions. As the solvability of the resulting problem is not generally guaranteed,
we turn the resulting problem to the single objective linear programming by inequalities, the
optimal compromise objective values are obtained. Simultaneously the compensation degree ~y

of y-operator is obtained.
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§1. Introduction and Results

For any positive integer n and m > 2, the Smarandache-type function B,,(n) is defined as

the largest m-th power dividing n. That is,
B,,(n) = max{z™ : 2™ | n}(¥n € N¥).

For example, By(1) =1, B2(2) =1, B3(3) =1, Ba(4) = 2, B2(5) =1, Ba(6) =1, B2(7) =1,
Bs(8) = 2, B2(9) = 3, --- . This function was first introduced by Professor Smarandache. In
[1], Henry Bottomley presented that B,,(n) is a multiplicative function. That is,

(Va,b € N)(a,b) =1 = Bp(a-b) = Bp(a) - Bn(b).

It is easily to show that B,,(p®) = p"™, a = im +1, (i > 0,0 <1 < m), where p is a prime.
So, if n = pJ*pg? .- p2r is the prime powers decomposition of n, then the following identity is
obviously:
B (n) = B (p'p5? -+ pfr) = pimpg™ - pp ™,
where o; =i;m+1; (i; > 0,0 <I; <m).
Similarly, for any positive integer n and any fixed positive integer m, we define another

Smarandache function C,,(n) as following:
Cm(n) =max{x € N : 2™ | n}(Vn € N¥).

Obviously, Cy,(n) is also a multiplicative function.
From the definition of B,,(n) and C,(n), we may immediately get

B (n) = Cp(n)™.
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Now let &k be a fixed positive integer, for any positive integer n, we define the arithmetical

function 0 (n) as following:
dr(n) =max{d:d|n,(d k) =1}

For example, d2(1) = 1, 02(2) = 1, 62(3) = 1, 62(4) = 1, 63(6) = 2,---. About the
elementary properties of this function, many scholars have studied it and got some useful results
(see reference [2], [3]). In reference [2], Xu Zhefeng studied the divisibility of §x(n) by ¢(n), and
proved that ¢(n) | 8x(n) if and only if n = 2237, where a > 0, 3 > 0, a, 3 € N. In reference
[3], Liu Yanni and Gao Peng studied the mean value properties of dy(b,,(n)), and obtained an
interesting mean value formula for it. That is, they proved the following conclusion:

Let k and m are two fixed positive integers. Then for any real number x > 1, we have the
asymptotic formula

2

n)) = 5574(2771) pm+1 $%+€

n<zx

where € denotes any fixed positive number, ((s) is the Riemann zeta-function, and H denotes

plk
the product over all different prime divisors of k.

Let A denotes the set of all positive integers n satisfying the equation B,,(n) = 0r(n).
That is, A = {n € N, B,,,(n) = 6;x(n)}. In this paper, we using the elementary method to study
the convergent property of the Dirichlet series involving the set A, and give several interesting
identities for it. That is, we shall prove the following conclusions:

Theorem 1. Let m > 2 be a fixed positive integer. Then for any real number s > 1, we
have the identity:

> 1 (1 - 71Ls )2
> o =S [[ "5
=1 plk pe

3 3
m
bS

Theorem 2. For any complex number s with Re(s) > 2, we have the identity:

2. B (n) (1— k)2
> =Cms =) [
n=1 p|k: ps
neA

where ((s) is the Riemann zeta-function, and H denotes the product over all primes.
P

§2. Proof of the theorems

Now we complete the proof of our Theorems. First we define the arithmetical function

a(n) as follows:
1, if ne A,
a(n) =
0, if otherwise.
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For any real number s > 0, it is clear that

1 a(n) <=1
Z;:Z e <Z;7
n=1 n=1

n=1 =
neA
= 1 > 1
and Z — is convergent if s > 1, thus Z — is also convergent if s > 1. Now we find the set A.
ns ns
n=1 n=1
neA

From the definition of B,,(n) and d;(n) we know that B;,(n) and d;(n) both are multiplicative
functions. So in order to find all solutions of the equation B,,(n) = dx(n), we only discuss the
case n = p®. Let a = im + 1, where i >0, 0 < < m, then B,,(n) = p'™. If n = p%, (p,k) =1,
now & (n) = p®, then the equation B,,(n) = dx(n) has solution if and only if « = im, ¢ > 0.
If n = p*, p| k, now dix(n) = 1, then the equation B,,(n) = dx(n) has solution if and only if
a=10,0<l<m.

Thus, by the Euler product formula, we have

NgE
A
I

]
7 N
—
+

Q
S
+

Q
=N |~
CI:D’UM
+
+
SREN
=
S
=
7l
+
N——

S 3
M
pNgn

p ptk
1 s 1
- 1
plk ps ka pms
1 3\2
- 1 (1 W)
o H 1 1L H _ 1
p P plk ps
(1- L)
= ((ms) H 1_- L
plk p?

This completes the proof of Theorem 1.

Now we come to prove Theorem 2. Let s = ¢ + it be a complex number. Note that

o B,,
B, (n) < n, so it is clear that Z Bm(n)
n

—— is an absolutely convergent series for Re(s) > 2, by

n=1



ot
Ut
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the Euler product formula and the definition of B,,(n) we get

i Bn(n) _ H (1+ B (p) + B (p?) +>

— ns . ps p25
neA
Bun(p) | Bu(p?) B (p™ 1)
= H(1+ g T T e
plk
Bm m Bm 2m
[1(1+ 2o ) )
pik P e
= [[(1+=+5 : ) 11 (1 +—+
s s (m—1)s ms 2ms
ik p p p ik p
1
_ H 1 - pms ]. -
1
b LT pie LT e
132
_ H 1 . (1 - pmle)
pl*pmsfl |k 1=
(1-==)?
= ms=D ][]
plk p°

This completes the proof of Theorem 2.
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Abstract We exhibit expressions, in terms of Pauli matrices which directly generate Lorentz

transformations in special relativity.

Keywords Pauli matrices, Lorentz transformations.

In space time an event is represented by (z7) = (ct,x,y,2), 7 = 0,...,3, with the metric
(g9jr) = Diag(1,—1,—1,—1). If it is necessary to employ another frame of reference, then the
new coordinates " are connected with 27 via the linear transformation:

& = Lix", (1)

where the Lorentz matrix L verifies the restriction:

ngerg = Yab, (2)
because the Minkowskian line element must remain invariant under L, that is, 2”2, = 2" x,..
From (2) we see that L has six degrees of freedom, which permits to work with four

complex numbers «, 3,7,d such that ad — By = 1, then the components of homogeneous

Lorentz transformation L can be written in the form [1]-[4]:

LY = 5(aa” + BB* + 7" +86), LY = 5(a"B+779) +c.c.,

LY = i(a*B+76) + cc., L§ = 3(aa” = BB* + 7" — 86%),

Ly = 3(a*y + B*8) + cc., Li = 3(a*6 + By*) + cc.,

Ly = $(a*0 + By*) + c.c., Ly = 3(a*y = 78) + cc., (3)
L} = L(ay* — B%6) + cc., L7 = §(ad* + By*) + c.c.,

L3 = i(a*s — B*y) + cc., L3 = L(ay* + B%6) + c.c.,

L = 3(aa” + Bp* — 77" —60%), L} =3(a*B—7%d) +cc.,

L} = L(a*B—7%8) + c.c., L = L(aa* — BB* —yv* + 66%),

where c.c. means the complex conjugate of all the previous terms. Therefore, any 2 x 2 complex
matrix [5]-[8]:
a 3
U= , DetU = ad — py =1, (4)
v 6
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generates one Lorentz matrix through (3).
The following relations, which are not explicitly in the literature, give us directly all the

components (3):

Ly = —5U" 000, U, u0=1.23,
Lg = %O;TQjT7 U = 07"'a37 (5)
LY = =30, 1 RI*, v=123,
such that:
OZ* *
t= ") @e=vvt R=U"D, (6)
ﬁ* (5* ~

with the Infeld-van der Waerden symbols [9]:

1 0 0 1
(Oab) = (anb) = l = ) (U;b) = (_01 ab) =0z = 5
0 1 1 0
0 1 0 ")
7
(o—gb) = (_02115) = =0y = ; (Jab) = (_UBab) =0 = y
—i 0 0 -1

where 0, j = x,y, z are the known Pauli matrices [6]-[8], [10].
The expressions (5) are originals and they show explicitly a direct relationship between L

and U, which may be useful in applications of spinorial calculus [9] in Minkowski spacetime.
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Abstract For any positive integer n, the F.Smarandache LCM function SL(n) is defined
as the smallest positive integer k such that n | [1,2,--- k], where [1,2,--- ,k] denotes the
least common multiple of 1,2, --- | k. The main purpose of this paper is using the elementary
methods to study the mean value properties of P(n)SL(n) and p(n)SL(n), and give two

sharper asymptotic formulas for them.
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§1. Introduction and Results

For any positive integer n, the famous F.Smarandache LCM function SL(n) defined as the
smallest positive integer k such that n | [1, 2, ---, k], where [1, 2, ---, k] denotes the least
common multiple of 1, 2, ---, k. For example, the first few values of SL(n) are SL(1) = 1,
SL(2) =2, SL(3) =3, SL(4) =4, SL(5) =5, SL(6) =3, SL(7) =7, SL(8) =8, SL(9) =9,
SL(10) = 5, SL(11) = 11, SL(12) = 4, SL(13) = 13, SL(14) = 7, SL(15) = 5, ---. About the
elementary properties of SL(n), some authors had studied it, and obtained some interesting
results, see reference [2] and [3].

For example, Lv Zhongtian [4] studied the mean value properties of SL(n), and proved
that for any fixed positive integer k£ and any real number z > 1, we have the asymptotic formula

w2 a2 K ¢ - 2 22
Lin) = = - = L T
n;s (n) =33 lner; o +O<lnk+1x>’

where ¢; (i =2,3,---,k) are computable constants.
Jianbin Chen [5] studied the value distribution properties of SL(n), and proved that for
any real number x > 1, we have the asymptotic formula

5 2 ) x3 x3
So(s200) P =3¢ () 1 +0 (m) ,

n<z

where ((s) is the Riemann zeta-function, and P(n) denotes the largest prime divisor of n.
The main purpose of this paper is using the elementary methods to study the mean value
properties of P(n)SL(n) and p(n)SL(n), and give two sharper asymptotic formulas for them.

That is, we shall prove the following two conclusions:
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Theorem 1. For any real number z > 1, we have the asymptotic formula

k _ 3
P(n)SL(n) = 2* - G +O<x),
2 PmSLm =23 3+ 0|

n<z

where P(n) denotes the largest prime divisor of n, and ¢; (i = 1,2,--- ,k) are computable
constants.

Theorem 2. For any real number = > 1, we have the asymptotic formula

3 p(n)SL(n) = 2* - Ek: " yo <,f+1x> ,

e ] In"z In
where p(n% denotes the smallest prime divisor of n, b; (i = 1,2, - , k) are computable constants
and b; = 3
Whether there exist an asymptotic formula for ; 5{) é?jl) and 7;( S{JL((nn)) is an open

problem.

§2. Proof of the theorems

In this section, we shall use the elementary methods to complete the proof the theorems.
First we prove Theorem 1. In fact for any positive integer n > 1, let n = p{"p5? - - pS* be

the factorization of n into prime powers, then from [2] we know that
SL(n) = max{p}", p3*, -, ps°}- (1)

Now we consider the summation

Z P(n)SL(n). (2)
n<w
We separate all integer n in the interval [1, z] into four subsets A, B, C and D as follows:

A: P(n) > /nand n=m- P(n), m < P(n);

B: n3 < P(n) < vnand n=m- P2(n), m < n3;

C: ni < p1 < P(n) < v/nand n=m-p; - P(n), where p; is a prime;

D: P(n) < ns.

It is clear that if n € A, then from (1) we know that SL(n) = P(n). Therefore, by the

Abel’s summation formula (See Theorem 4.2 of [6]) and the Prime Theorem (See Theorem 3.2
of [7]):

K
a; - T T
w(x):z +O<lnk+1x) ’

i
= In' x

where a; (i =1,2,...,k) are computable constants and a; = 1.
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We have

> P(n)SL(n

neA

where ((s) is the Riemann zeta-function, by =

Similarly, if n € C, then we also have SL(n) =

Z P(n)SL(n

neC

where h; (1 =1,2,---

Z P(n)* =

neA

> -

m-p<x
m<p

2 2 ¥

m<Em<p<E

x
m

2ym(y)dy + O (m?’)l

)

m

3
x
=0 <m3 Snftl =

Kb, 23
3 i
z° - — + 0 ,
Z In* 2 (hﬁl€Jr1 x)

1
3’ b; (i=2,3,-- ,k) are computable constants.

P(n). So

> -

mp1p<w
m<p1<p

1 =
m<z3 mM<p1<y/7x

PR IEND DI

mgm% m<p1<4/ = <P
2 < x >
A
D)
p1m2 pim
3
T
+0 | —————
m31n*tt z
m

p1

~ pn(p) — / 1 2yw<y>dy]

, k) are computable constants.

Now we estimate the error terms in set B. Using the same method of proving (3),we have

> P(n)SL(n

neB

Finally, we estimate the error terms in set D. For any integer n € D, let SL(n)

> -

m-p2<x

3
> > »
m<a¥ m<p<\/Z

k 2
2 €; X
z© - E — + 0
In*z <lnk+1x>

O(2?). (5)

=p®. We
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assume that o > 1. This time note that P(n) < n%, we have

Y Pm)SL(n) = Y ptrt< D p

nebD mp®<x
1 1
a>1,p<z3 a>1,p<z3
2c
< p 1
pSe  mSgk
a>1l,p<z3
7
< E Pt L xB. (6)
Pz
1
a>1,p<z3

Combining (2), (3), (4), (5) and (6) we may immediately obtain the asymptotic formula

> P(m)SL(n) = > P(n)SL(n)+ > P(n)SL(n)

n<x neA neB
+ Y P(n)SL(n)+ > P(n)SL(n)
neC neD
o z3
3 i
ZZ:; In*z <1nk+1 x>
where P(n) denotes the largest prime divisor of n, and ¢; (i = 1,2,--- ,k) are computable

constants.
This proves Theorem 1.

Now we prove Theorem 2. We separate all integer n in the interval [1, z] into four subsets

A, B, C and D as follows: A: n=1; B: n=p* a>1;C: n=p{"p3?, a; > 1, (i = 1,2); D:
n=nppy?--p%, ;> 1, (i=1,2,---,5), s > 3. p(n) denotes the smallest prime divisor of
n, p(1) = 0 and SL(1) = 1. Then we have

Y p(n)SL(n) =Y p(n)SL(n)+ Y p(n)SL(n) + Y p(n)SL(n). (7)

n<x neB neC neD

Obviously if n € B, then from (1) we know that SL(n) = p®. Therefore,

Z p(n)SL(n) Z o = sz n Z o

neB p*<w p<w Pz
a>2
xT
_ 2 _ 20
= z%r(x) /§2y7r(y)dy+0 > >
2 2§a§1n1p§mé

= 2n(x) - /x 2ym(y)dy + O (:v%)

- A Y20 _ 8)
- . i In* g )’ (

where by = =, b; (i =2,3,--- , k) are computable constants.

Wl =
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If n € C, then n = p{" p3?, where p; < p2, and SL(n) > /n, so we have

> pm)SL(n) = > SLpyps*)p

neC pflpgzgm
11
— 2 a1 1
= X X Mmt Y Y Mim<at (9)
P SVE Py S P SVE P < i

Finally, we estimate the error terms in set D, this time, n = p{"'p3? - - - p®, where s > 3.
Therefore, n3 < SL(n) <+/n, and p(n) < ns, so we have
Z p(n)SL(n) < Z nin? Lz, (10)

neD n<x

Combining (1), (7), (8), (9) and (10) we may immediately obtain the asymptotic formula

k
b; x3
E nSLn:zg-E ! —|—O< >,
p( ) ( ) P lnzx 1nk+1l‘

n<z

where p(n) denotes the smallest prime divisor of n, and by = =, b; (i = 2,3,--- , k) are com-

1
3 )
putable constants.

This completes the proof of Theorem 2.
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Abstract In the uniformly smooth Banach spaces, we discuss Ishikawa iterative approxima-
tion problem of fixed points for multi-valued ¢—strongly pseudo-contract mappings. Firstly
we proved the strong convergence theorem of Ishikawa iterative sequence with error approx-
imation multi-valued ¢—strongly pseudo-contract mappings, then the theorem of Ishikawa
iterative with error convergence strongly to the unique solutions of the equation f € Tz
and f € Tx 4 = for multi-valued ¢p—strongly accretive are proved. Our results extend and

generalize the results in reference [1].

Keywords ¢—strongly pseudo-contract, ¢p—strongly accretive, fixed point, iterative sequence.

§1. Introduction and preliminaries

Let X be a real Banach space with norm || - || and dual X*. F(T) denote the set of all fixed
points of T. The normalized duality mapping J : E — 2% is defined by: J(z) = {f € X* : (x,
£ =zl - I£Il; |zl = [ fI}- Where (-, -) denotes the generalized duality pairing.

It is well known that if X is uniformly smooth, then J is uniformly continuous on bounded
subset of X. We denote the single-valued normalized duality mapping by j.

Definition 1. Let X be an arbitrary real Banach space and K be a nonempty subset in
X. Suppose that T : K — 2K is a multi-valued mapping.

1) T is said to be strongly accretive. If Va,y € K and V¢ € Tz, Vn € Ty, there exist a
j(xz—vy) € J(x —y) such that (¢ —n,j(z—1vy)) > k||x —y||>. Where k& > 0 is a constant. Without
loss of generality we assume k € (0,1).

2) T is said to be ¢—strongly accretive. If Va,y € Kand V€ € Tx, Vi € Ty, such that
(€—n,i(x—y)) > o(|lz —y|)|lz —y||. Here exists a j(x —y) € J(x —y) and a strictly increasing
function ¢ : [0,4+00) — [0, +00) with ¢(0) = 0.

3) T is said to be strongly pseudo-contractive. If I — T is strongly accretive. Where I
denotes the identity mapping.

IFoundation item: The project supported by the Shanxi Natural Science Foundation (2005A21).
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4) T is said to be ¢p—strongly pseudo-contractive. If I — T is ¢p—strongly accretive. Where
I denotes the identity mapping. This implies that Vz,y € K and V¢ € Tx, Vn € Ty such that
(€—n,j(@—1)) < o —ylI* - é(lz — yl) o — |l Here exists aj(x —y) € J(@ —y) and a strictly
increasing function ¢ : [0, 4+00) — [0, 4+00) with ¢(0) = 0.

Definition 2. (1) Let X be an arbitrary real Banach space and K be a nonempty subset
of X. Suppose that T : K — 2% is a multi-valued mapping. {a,}, {3,} are two real sequence
in[0,1], then for any given xg € K, the sequence {x, } defined by

Tnt1 € (1 — an)xpn + anTyn + tn,

1
Yn € (1 = Bn)xn + BTy + va(n > 0). @

is called the Ishikawa iterative sequence with error for T. Where {u,}, {v,} are two bounded
sequence in K.
(2) If B, = ap(¥n € N) in (1), the sequence {z,} defined by

Tna1 € (1 —ap)x, + anTx, + uy(n > 0) (2)

is called the Mann iterative sequence with errors for . Where {u,, } is bounded sequence in K.

Recently, the questions of Ishikawa iterative approximation of fixed points for multi-valued
p—strongly pseudo-contract mappings have been studied by many authors [1-8]. Zhang* proved
the strong convergence theorem which generalizes some results [3-8].

The purpose of this paper is to extend Theorem 2.1 in [1] in the following ways:

(1) The assumption that K is bounded have be removed.

(2) The assumption of the uniformly continuity of have be removed.

(3) The methods of proof have be improved.

And we investigate the problem of Ishikawa iterative sequence approximating to the unique
solution of the equation f € Tz and f € Tx+x for multi-valued ¢p—strongly accretive mapping.

We need the following lemmas.

Lemma 1.[2] Let X be real Banach space. For Vz,y € X, there exist a j(z—y) € J(z—y)
such that ||z —yl||? < ||2]|?+2(y,j(x-y)). Where J : X — 2% is the normalized duality mapping.

Lemma 2. Let X be real Banach space and K be a nonempty subset of X. T : X — 2%
is a multi-valued ¢—strongly accretive mapping. Vf € K, the mapping S : K — 2% defined by
Sex=f—-—Tr+x UVe,ye Kand V€ € Tx, Vn € Ty, here exists a j(x —y) € J(x —y) and a
strictly increasing function ¢ : [0, +00) — [0, +00) such that (€—n, j(x—y)) > ¢(|lz—yl)|lz—yl|,
such as the mapping S : K — 2K is a multi-valued ¢—strongly pseudo-contractive.

Proof. T : K — 2K is a multi-valued ¢— strongly pseudo-contractive for V¢ € Sz, Vn € Sy,
here exists & € Tz, m € Ty, j(x —y) € J(x — y) such that ({ —n,j(z —y)) ={((f —& +z) —
(= +9), (@ — ) = {2 — .3z — 1)) — 2 — i@ — )} <z —yll” — S(llz -yl — .
Hence S : K — 25 is a multi-valued ¢—strongly pseudo-contractive.

The following results extend the theorem 2.1 in [1].

§2. Main Results

Theorem 1. Suppose that X is an uniformly smooth real Banach space and K be a
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nonempty closed convex subset of X. T : K — 2K is a multi-valued ¢—strongly pseudo-
contractive and the range R(T) is bounded. Let {u,}, {vn} are two bounded sequence in K,
{an}, {Bn} are two real sequences in [0,1] satisfying the conditions: (1) o, — 0, 8, — 0(n — 00)

Zan = 00; (2) |lun|l = olan),l|vn]] — 0(n — o). If F(T) = {x € K : x € Tz} # 0, then
n=0

Vrg € K , the Ishikawa iterative sequence with errors {z,} defined by (1) strongly converges to
the unique fixed point of T' in K.

Proof. Let ¢ € F(T) # 0, then F(T) = {q}. If p € F(T), then p € Tp. Moreover there
exist some j(z—y) € J(z—y) such that [[p—q||* = (p—q,j(p—q)) < [p—al*—d(llp—al))llp—4ll.
It follows that ¢(||p — ¢l)|lp — ¢|l < 0. From the definition 1, we know that p = ¢. It implies
that F(T) = {q}.

Let {x.}, {yn} is the Ishikawa iterative sequence defined by (1), there exists &, € T, and
Nn € TYn, such that

Tp+1 = (]- - Oén)xn + ApMn + U,

Yn = (1 - ﬁn)xn + ann + Un-

By using Lemma 1, we have,

(3)

lznt1 =gl = (1= on)(@n — @) + an(nn — ) — un?
< (L= an)?llzn = ql® + 200 (0 — 4, (@01 — @) + 2(un, (@01 — )
= (1= an)?llzn — qlI* + 200 (00 — ¢, 3 (@nt1 — @) = j(Yn — @)
20 {1 — 4,3 — @) + 2ot §(@ns1 — 1)) (1)
Because ||u,| = o(ay, ), hence there exists d,, — 0(n — o00) such that ||u,|| = @6, (Vn > 0).

Let 0 < 0, < 1(Vn > 0). The range R(T) is bounded. Let My = sup ||€ —ql|| + ||zo — gl + 1.
First we proof: EER(T)
l2n — qll < Mi(¥n > 0). (5)
If n = 0, it is easily seen that (5) holds. Suppose that for n (5) holds. For n 4 1, we obtain
[2nt1—all = 11— an)(zn —q) + an(nn — q) — unl|
< (A =an)llzn — gl + anlllnm — qll + 6n] < M.

[yn —@nll = (1= Ba)zn + Bubn + vn — on|
< Bullzn = &nll + [lonl
< Balllen = all + 116 — alll + ol
< 2B, M+ [Jun]l.
Thus
[yn — 2| — O(n — o0). (6)

Since ||yn — gl < llyn — x|l + ||zn — ¢, then the sequence {y, — ¢}32 is bounded in K. Now
let M = M; + sup ||y, — q|. We have
n>0

|| - an(xn - Q) + an(nn - Q) — Up + ﬂn(xn - Q) - ﬂn(gn - Q) - Un”
< 2[on + Bl M + |lunll + |lon|| = 0(n — o0).

[(@n1 —q) = (yn — Dl
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Because X is uniformly smooth, then j is uniformly continuous on bounded subset of X, we
obtain ”](xn—l-l - Q) - j(yn - Q)” - O(TL - OO) Let €n = <77n - qaj(xn—&-l - Q) - J(yn - q)>
We have e, — 0(n — o0). Since T is ¢— strongly pseudo-contractive mapping. Then it follows

form (4) that
lZnt1 — Q||2 <(1- an)QHxn - QHZ + 2anen + 200 ||yn — QH2

—20,0(|lyn — ql) lyn — all + 2[Jun]] - |21 — ql|-

Hynfqnz H(lfﬂn)xn+ﬂn£n+vn7qnz

IN

<(1- ﬁn)QHxn - QI|2 + ZﬂnMQ + QHUHHM

Substituting (8) into (7), we have

lznsr = al® < (1= an)llzn = gll* + 20men + 200 (1 = B)?[l2n — ql®

[(@n — @) = Bn(zn — @) + Bn(€n — @) + Un||2
(1 - Bn)2”$n - Q||2 + 2ﬁn<£n - qaj(yn - Q)> + 2<Un7j(yn - q>>

+ 205 (26, M2 + 2]l [|M) = 205y — all)llyn — all + 2]unll - |znts — gl

< lwn = qlI* = and([[yn — al)llyn — all + cn[An — 6(lyn — all)llyn — 4lll,

where A, = (a,, +282)M? + (4]|v, || + 26,)M + 2e,,.
Since

lim a, = lim 3, =0,
n—oo n—oo

and as n — oo, |lv,|| — 0, §, — 0, e, — 0.
We obtain \,, — 0(n — o0). We show that

inf lyn —all = 0.

If not assume that

infllyn —qll =6 >0,
that for every n > 0, ||y, — ¢|| > 6 > 0, hence

(|l — alDllyn — qll = #(6)d > 0.

Since
lim A, =0,

n—oo
we see that, there exists some fixed Ny € N, such that

An < ¢(0)9,

for all n > Nj.
From (9), for every n > Ny, we have

ns1 = al® < |z = qll* = ane(6)0.

(9)
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Leads to -
G(6)8 Y an < llzn, — gl
n=Np

which is in contradiction with the assumption that

00
E y, = 00.
n=0

Hence there exists a subsequence ||y, — ql|;=; of ||yn — ¢/~ such that ||y,, —q|| — 0(i — c0).
Using (6), we have
[2n; =gl = 0(i — oo).

We have
Ve > 0,3ig € N, Vi > io, [|zn, —q| <e. (10)
Suppose that lim o, = lim G, = 0, [Ju,|| — 0(n — o0), |Jvn]] — 0(n — o) and

lim )\, = 0, then there exists some Ny € N(Ny > Ng). Vn > Ny, such that 0 < o, < 1557,
n—oo
0< ﬁn < ﬁv ||u7l|| < %7 ||U’ﬂ|| < %7 0< )\” < ¢(%)E

Now we want to prove that

[T, 41— qll <e. (11)

asn; > Ny for all K € N and Vi > ig. Then k =1, if ||xn, 11 — ¢|| > €, then Vn; > Ny,
Hxni“rl - QH = H(an - q) Jrani(ﬂm - wm) +un1‘, < ”xm - q” +ani Mn; — Tn; + Hum

Hence ”xnl - q” > |xni+1 - q| — On, ||y — Tngll — ||un7. >e—2M 166M - % = %8 > 0,
”ynl - q” = ”(1 - 6m)xnl + Bﬂlgnz + Un; — q”
2 Nlan, = all = Builléns — @n |l = llon, ||
3 € e 1
> —e—2M ——=—->0.
= 16M 8 2°

Using (9), (10) and definition 1, we have,

62 < ||$m'+1 - C]||2 < me - qH2 +)‘m‘a7’bi - 2am¢(|‘ym - q”)”ym - q‘

< 52+0‘ni¢(§)5_20¢m¢(€ —_—

< 5)5 =
This is a contradiction. Suppose that ||z, +1 — ¢|| < €, we show that ||zp,+r+1 — ¢|| < e. If not,

assume that ||z, +x+1 — q|| > €, then

g g
lZn,+x — all = [1Zn 4041 — ll = stk 1Mnis e — Toggnll = U, 1kl > € —2M 16M 8 = 15 >0

3 € 15 1
1Ytk = all = Tn+x — qll = Brs+kllénivr — Tnivrll — llvn 45l > yChe 2M16M “3=3°” 0

0
(N
IN

1%, +k41 — al” < 2,4 — all® + Ay, — 200,450 ([Yn, 46 — 2D [Yni+r — 4l

€ NG
< 24 Oém,+k¢(§)5 - 2amk¢(§)§ =%,

which is a contradiction. So we can deduce that lim ||z, — ¢|| = 0.
n—oo
This completes the proof.
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§3. Ishikawa iterative process for solution of the equation

Theorem 2. Suppose that X is an uniformly smooth real Banach space and K be a
nonempty convex subset in X. T : K — 2% is a multi-valued ¢—strongly accretive mapping,
where {ay, },{0,} are two real sequences in [0, 1], and {u, },{v,} are two bounded sequences in

K satisfying the condition:

(1) a, — 0,8, — 0(n — o), Zan = 00;
n=0
(2) |lun|l = o(an),|[vnll — 0(n — 00). Vf € K, for every x € K, the mapping S : K — 2K
defined by Sz = f — Tx + x. The range R(S) is bounded. If F(S) # 0, then for Yz, € K, the

Ishikawa iterative sequence with errors {x,,} defined by

Tnt1 € (1 — an)@n + @nSYn + tn,
yn S (1 - ﬁn)xn + 67153371 + Un,

strongly converges to the unique solution of equations f € Tx.

Proof. Let ¢ € F(S) # ¢, then ¢ € S(q) = f — Tq+ q. We have f € Tq. Since T is
a multi-valued ¢-strongly accretive mapping. By lemma 2, the mapping S : K — 2% defined
by Sz = f — Tx + z is a multi-valued ¢-strongly pseudo-contractive. Since the range R(S) is
bounded, by theorem 1, {z,,} strongly converges to the unique fixed point ¢ of S in K, then the
sequence {x, } strongly converges to the unique solution ¢ of equations f € T'z. This completes
the proof.

Corollary. Suppose that X is an uniformly smooth real Banach space and K be a
nonempty convex subset in X. T : K — 2K is a multi-valued ¢—strongly accretive mapping,
where {ay,}, {8,} are two real sequences in[0,1], and {u,}, {v,} are two bounded sequence in

K satisfying the conditions:

(1) ap = 0,8, = 0(n — 00), Y ay, = oo;
n=0
(2) lun|| = olan), ||vnll = 0(n — 00). Vf € K, for every x € K, the mapping S : K — 2K
defined by Sz = f —Txz. The range R(S) is bounded. If F(S) # 0, then Vz, € K, the Ishikawa
iterative sequence with errors {z,} defined by

Tnt1 € (1 — ap)zy + @ Syn + tn,
Yn S (1 - Bn)xn + anxn + Un,

strongly converges to the unique solution of equations f € Tx + «.

Proof. Let T' = I + T, it follows f € Tx + « and f € T'z. By the theorem 2, the
sequence {z,} strongly converges to the unique solution of equations f € T x. The sequence

{x,} strongly converges to the unique solution of equations f € Tx + x.

This completes the proof.
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Abstract In this paper, we study the divisibility of the Smaradache combinatorial sequence
of degree r, and prove that there has only the consecutive terms 1, 2, 3 of the Smarandache

combinatorial sequence of degree 3 are pairwise coprime.

Keywords Smarandache combinatorial sequences, divisibility, congruence.

§1. Introduction and Results

Let r be an integer with r > 1. We define the Smarandache combinatorial sequence of
degree r as SCS(r) = {a(r,n)}s2, , where a(r,n) =n (n =1,2,--- ,r), and a(r,n) (n > r) is
the sum of all the products of the previous terms of the sequence taking r terms at a time. In
[1], Murthy asked that how many of the consecutive terms of SC'S(r) are pairwise coprime. Le
Maohua [2] study the divisibility of the Smaradache combinatorial sequence of degree two, and

obtained the following conclusion:
e For any positive integer n , we have a(2,n + 1) = 0(mod a(2,n)).
e There has only the consecutive terms 1, 2 of SC'S(2) are pairwise coprime.

In this paper, we use the elementary method to study the divisibility of the Smaradache
combinatorial sequence of degree r and prove the following results:
Theorem. Let a(r,n) =b(n), if n > r, then we have

SO 10300 S R
! =0 7 1:72: Tn—1-
where

n—1
I= {(7‘1,7“2,"' ,Tnf1)|2n- =r 0<mr < r},
i=1
any r components of the vector (r1,72,-+,7n—1) can’t equate to 1 at the same time.

Corollary 1. Let n, r are two positive integers, if n > r, then we have
a(r,n + 1) = 0(mod a(r,n)).

By the above corollary 1, we may immediately obtain the following corollary.
Corollary 2. There has only the consecutive terms 1, 2, 3 of SC'S(3) are pairwise coprime.
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§2. A simple lemma

To complete the proof of the theorem, we need the following simple lemma.

Lemma. Let r, ry, ro---r, are positive integers and by, bs,--- ,b, are arbitrary real
numbers, we have
. 7!
(bi+botetba) = >

ridrototrn=r
0<r;<r

T T T'n ;o A
mbllbz2"'bn 5 (Z— 172, 7n). (1)

Proof. We use induction on n.

The formula (1) is true for n = 1. If n = 2, then we have

. . rl 7! . .
The right hand of (1) = b} + mbl by + mbl 2+ 40

o
=0

= (by + b2)" = the left hand of (1)

Therefore, the formula (1) is true for n = 2. Assume that the lemma is true for n < k, if

n =k + 1, then we have

7! . .
11.72 TE 1.V k+1
S e B bR
r1:ro. Tk41-
ritreto T = T
0<r;<r
7! 17T TR
- Z rlrgl ey b1'by” -+ by
r1t+rot+-trp=r . ' :
0<r;<r
r—1)!
+ C! § ¥b?b§2~-~b2’“bk+1
" rilrgl oy
ritrotodrp=r—1
0<r;<r—1
(r—2)!
C2 § N priprz L pTEp2
+ r 'I"l!T’Q!""I"k! 172 k k+1+
r1+rotrp=r—2
0<r;<r—2
+ Cr71 1 pripte ... ka b’r‘—l + br
T T‘l'TQ""Tkl 1 Y2 k “k+1 k+1
ridrotodr=1 <’ :
Og’h‘,gl

= (b1 +by+ -+ b)) +CHby + by + -+ )" by
+ CZbi4bo+ - +by) Zbp g+
+ CI b ba e BB B

= Zci(bl—ﬁ-bz—i--“-l-bk)r_i b1

=0
= (b1 +b2+ -+ bgy1)"

Thus, the lemma is proved.
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§3. Proof of the theorem

In this section, we shall complete the proof of the theorem. Let a(r,n) = b(n), then from
the definition of SCS(r) we know that b(1) = 1,b(2) = 2,--- ,b(r) = r. If n > r, then we get

from (1) that

n—1 r
(Z b(’)) = Z rilrg) - " r brl( )b (2) s bt (n - 1)-
i=0 "

rit+rototr, =7 _1
0<r; <r

By the definition of SC'S(r) and formula (2), we have

1 i ' 7!
b(n) = { (Z b(z)) le:m

1

B ()62 (0 1>},

i=0
where
n—1
I= {(7“1,7”27--- )| Y =, 0 < r} )
i=1
any r components of the vector (r1,ra, - ,r,_1) can’t equate to 1 at the same time.

Thus, the theorem is proved.

From the formula (2), we also have

bin+1) = 1'{<Zb ) —zjjWb“(l)b”(2)---b”(n)},

where
J{(T.laTé, arn)‘zri:rv OSTQST},
i=1
any 7 components of the vector (r1,r2, -+ ,7,) can’t equate to 1 at the same time.
Since
b(n+1)—b(n)
1 - . ' T' T T T = - '
= ZMU) —Zmb L) (2) 0™ (n) — (Zb(z)> ]
=0 J =0
IS ) 1)
J— ... n—1 n —
7! - rilrgl e or,q!
b(n) = o (r—1)!
n r—1)!
= b(i — ——p" ()b (2) - b (n—1
(r=1)t (?—; (Z)> ;7“1!7”2!'“7“”_1! (Wo=(2) (n—1)
where )
K= {(7‘1,7"2,~~~ ,rn_1)|Zri =r—1,0<r,<r-— 1},
i=1
any r — 1 components of the vector (r1,72,--- ,r,—1) can’t equate to 1 at the same time.
Hence

b(n+1) —b(n) = Cb(n),

(2)



Vol. 3 On the divisibility of the Smarandache combinatorial sequence 73

where C' = a(r — 1,n) is a constant.

Using the properties of congruence, we have
a(r,n + 1) = 0(mod a(r,n)).

Thus, the corollary 1 is proved .
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Abstract For any positive integer n, the Smarandache Superior Prime Part P,(n) is the
smallest prime number greater than or equal to n; For any positive integer n > 2, the
Smarandache Inferior Prime Part pp(n) is the largest prime number less than or equal to
n. The main purpose of this paper is using the elementary and analytic methods to study

the asymptotic properties of I—n, and give an interesting asymptotic formula for it, where
In ={pp(2) + pp(3) + -+ pp(n)}/n and Sy = {P,(2) + Pp(3) + - + Pp(n)}/n.
Keywords Smarandache superior prime part, Smarandache inferior prime part, mean value,

asymptotic formula.

§1. Introduction and results

For any positive integer n > 1, the Smarandache Superior Prime Part P,(n) is defined as

the smallest prime number greater than or equal to n. For example, the first few values of P,(n)
are Pp(1) =2, Py(2) =2, Py(3) =3, Py(4) =5, Pp(5) =5, P,(6) =7, P,(7) =7, Pp(8) =11,
P,(9) = 11, P,(10) = 11, P,(11) = 11, P,(12) = 13, P,(13) = 13, P,(14) = 17, P,(15) = 17,
For any positive integer n > 2, we also define the Smarandache Inferior Prime Part
pp(n) as the largest prime number less than or equal to n. Its first few values are p,(2) = 2,
pp(3) = 3, pp(4) = 3, pp(5) = 5, pp(6) =5, pp(7) =7, pp(8) = 7, pp(9) = 7, pp(10) = 7,
pp(11) = 11, ---. In the book “Only problems, Not solutions” (see reference [1], problems
39), Professor F.Smarandache asked us to study the properties of the sequences {P,(n)} and
{pp(n)}. About these problems, it seems that none had studied them, at least we have not
seen related results before. But these problems are very interesting and important, because
there are close relationship between the Smarandache prime part and the prime distribution

problem. Now we define

L= {pp(2) + pp(3) + - + pp(n)}/n,

and
Sy ={Py(2)+ P,(3) +--- + Py(n)}/n.

In problem 10 of reference [2], Kenichiro Kashihara asked us to determine:

(A). If lim (S, — I,,) converges or diverges. If it converges, find the limit.

Sn . . -
(B). If lim 7 converges or diverges. If it converges, find the limit.
n—oo n
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For the problem (A), we can not make any progress at present. But for the problem (B),
we have solved it completely. In fact we shall obtain a sharper result.

In this paper, we use the elementary and analytic methods to study the asymptotic prop-

erties of ==, and give a shaper asymptotic formula for it. That is, we shall prove the following
n
conclusion:

Theorem. For any positive integer n > 1, we have the asymptotic formula

%zlJrO(n’%).

From this theorem we may immediately deduce the following;:
Corollary. The limit S,,/I,, converges as n — oo, and

lim 2% = 1.
oo T,

This solved the problem B of reference [2].

§2. Some lemmas

In order to complete the proof of the theorem, we need the following several lemmas.
First we have

Lemma 1. For any real number z > 1, we have the asymptotic formula

23
Z (pn+1 - pn)2 < $18+87

Pn+1<T

where p,, denotes the n-th prime, ¢ denotes any fixed positive number.

Proof. This is a famous result due to D.R.Heath Brown [3] and [4].

Lemma 2. Let x be a positive real number large enough, then there must exist a prime
P between z and z + 2.

Proof. For any real number x large enough, let P, denotes the largest prime with P, < x.

Then from Lemma 1, we may immediately deduce that

(Pn - }anl)2 < x%Jra’

or
P,— P, , < z3.
So there must exist a prime P between x and x + z3.
This proves Lemma 2.
Lemma 3. For any real number x > 1, we have the asymptotic formulas
1, 5
ZPp(n) =5 +0 (xS) ,
n<lz
and

> ppln) = 507 + 0 (aF)

n<zx
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Proof. We only prove first asymptotic formula, similarly we can deduce the second one.
Let Py denotes the k-th prime. Then from the definition of P,(n) we know that for any

fixed prime P,, there exist P41 — P, positive integer n such that P,(n) = P,.

So we have
Spm) = Y Pu(Puya— P
n<x P,ii1<z
1 5 5 1 9
= 5 Z (Pn+1_Pn>_§ Z (Pn+1_Pn)
Ppi1<zx P,i1<z
1 1 9
— §P2(x) -2- > (Pay1—Po)’,
Pn+1S:E

where P(z) denotes the largest prime such that P(z) < z.
From Lemma 2, we know that

Plz)=x2+4+0 (ac%) .
Now from (1), (2) and Lemma 1, we may immediately deduce that
1 1
ZPp(n) =5 2?40 (osg) +O(I%+E) =3 -9:2+O<z%).
n<zx

This proves the first asymptotic formula of Lemma 3.

The second asymptotic formula follows from Lemma 1, Lemma 2 and the identity

pr(n) = an(Pnfpn—l)

n<lz P,<x
1 9 9 1 9
= 3 (P2—-P2,)+ 3 > (Po—Paa)
P,<z pn<w
- 1P?(gc)+1 > (Po—Poy)’
2 2 P,<x ! " .

83. Proof of the theorem

In this section, we shall complete the proof of the theorem. In fact for any positive integer

n > 1, from Lemma 3 and the definition of I,, and S,, we have
L= @)+ pyf3) -y} =+ 30240 (n)| = G+ 0 (n),
and
Sy = {Py(2) + Py(3) + -+ Py(n)}/n = % BnQ +0 (n)} = n+0(n).
Combining (3) and (4), we have

n7%n+0(n%)7 o
Zii%n-}O(n%) 71+O(n >

n
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This completes the proof of Theorem.

The corollary follows from our Theorem as n — oc.
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Abstract Using Schauder fixed point theorem,the existence of solutions to the Dirichlet

problem Au = f(z,u), u|oq = 0 is obtained.
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§1. Introduction
Consider the Dirichlet problem
(P) Au = f(z,u),x € Ryu=0,z € OR.

Where € is a bounded neighborhood of R™ with smooth boundary f : O x R — R is a
caratheodory mapping. On research of this problem, most articles always exert some given
conditions on nonlinear term f, then obtain the existence of solutions with calculus of variations,
see [1],[2],[3]. In [4], the author exerted Hartman conditions on nonlinear term f studied the
case n = 1( also see [5]), where Schauder fixed point theorem is used and the existence of
solutions for problem (P) is obtained. In this paper, we generalize the method of [4] into more

ordinary problem (P) for the case n > 1).

§2. The preparing knowledge and the lemma

Assume |- |p is the norm of LT () space and || - || is the norm of HE () space, which can

be induced from the following definition of inner product
(u,vy = /QVu - Vudz,u,v € H}(Q).
Suppose A; is the first characteristic value of —A\, then the inequality of Poicare
/Qu2dx < Ail/g\vuﬁdx,u € Hi(Q). (1)

holds.
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Lemma. Vh € L*(Q), there is a unique solution s(h) to the problem
(Po) Au —u = h(z),ulsq = 0.

Where the mapping S : L2(Q2) — H}(Q) is continuous S maps the bounded set of L?(2) into
the bounded set of H}(Q).
Proof. Obviously, the solutions of problem (FP) are equal to the critical points of func-

tional Jp(u) , where

() = /Q [%WUP + 1 h()u(o)lde,u € HY(Q) )

Thus we can easily know that Jp is a strictly convex and lower semi-continuous coercive func-
tional. We can also conclude that the unique minimum point uq is a weak solution of problem
(Py) and every minimal sequence (Vi )ren of functional Jy(u) strongly converges to ug, where
u € H(Q). Define mapping S as following:

S L*() — HY(Q),h— S(h) = up.

If (hi)ken € L2(£) is a sequence converging to h and uy = S(h) is a minimum point of

Jh, , then (ug)ren is bounded in H{ () space and we have

Tu(uo) < Tnlur) = Jn, (ug) + /Q (h — hy)uda

IN

Jhk (UO) -+ /Q(h — hk)ukdx
= Jh(UQ) + /Q(h — hk)(uk — ”u,o)d$

So (ug)ren is also a minimal sequence of J, and strongly converges to ug , where uy €
H}(Q). Thus the mapping S : L?(Q) — HJ(£2) is continuous.
Finally, if |h|o < R, where R is a positive number, then from J,(S(h)) < J,(0) = 0 and

ug = S(h), we can obtain

Vul? u?
Q Q

So the norm ||ug|| is bounded. The proof is complete.

§3. Main results
Theorem. If
|f(x,t)] < Cy + Cslt|, Vo € Q,Vt € R, (3)

where C1,Cs, R > 0, such that

/ f(z,u) - udz >0, (4)
Q
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for all w € L?(Q2) and |u|]z = R, then the problem (P) has at least a solution u such that
Proof. Define a mapping Pg : L?*(Q) — L%(f2), where Pr(u) = u when |uls < R and

Ru

Pr(u) = 7 when [ulz > R. We can easily conclude that the mapping Pg is continuous and

bounded in L?(Q) space. Consider the problem
Au—u = f(z, Pr(u)) — Pr(u) = fr(z,u),

where ulpq = 0. Obviously, problem (P) is equal to problem (P) when |u|]z < R. From the
lemma, we know that the Dirichlet problem Au—wu = h(z) has a unique solution S(h) for every
h € L?(2), where u|pn = 0. So seeking for solutions of the problem (Py) is equal to solving this
fixed point problem

u==SoNy,(u), (5)

where h € L?*(Q) and Ny, is a Nemisky operator concerned with fr . Continuously applying
the lemma and (3) we can prove that S o Ny,is a completely continuous operator from L?(Q)
to L?(2) and So Ny, is bounded in L?(2) space. Using Schauder fixed point theorem we know
that u is a solution of problem (P;). If |u]s < R, then u is a solution of the problem (P). Now
we prove |ulz < R with the reduction to absurdity.

Suppose |u]z > R, then we have

/ |Vu|*dx /(—Au u)dx
Q Q

Further, we have

and

— | f(z, Pr(u)) - udx <0.
Q

Then

/Q[_uz_f(x’PR(“))'“ﬁm da < 0.

This contradicts the fact
/ Vulde > MJul2 > MR > 0,
Q

Thus |u|z < R. The proof is complete.
Conclusion. If we modify condition (4) of the theorem to f(x,u)-u > 0, where u € L*(Q)
and |u|a = R, then the problem (P) has at least a solution such that |uls < R.
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is a polynomial of degree n in x.

, where T,,,(z) is a first-kind Chebyshev polynomial,
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Here we consider the first-kind Chebyshev polynomials T, (x), « € [—1, 1], defined by [1-3],

To(z) =1, Ty(z) = z, To(x) = 222 — 1, T3(x) = 42 — 3z,

Ty(z) = 8z* — 822 + 1, T5(z) = 1625 — 2023 + 5z, - --

then,
o) =1, C2) = 2(1 + 2),
U = e+1)?, U =822(1+2), (2)
CEl = 162" +162° — 4% —dz 41,
that is,
Wn,l(:ﬁ)zw, n=1,2,-- (3)

are polynomials of degree (n — 1) in z, in fact, (1) can be written [4] in terms of the Gauss
hypergeometric function,

1 1-
T(o) = £ (-, i g 257
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thus it is evident that [1 — T,,(x)] accepts to (1 — z) as factor, which is showed in (2). From

(3) and (4) we can obtain the expression,

n

27 n-+r

z—1)1, n=1,2, - 5
n+r oy ( ) ()

Wn,l(x) =n

=1
where we have explicitly to Wm as a polynomial of degree m in x,

Wozl, W1:2x+27 W2:4x2+4x+x,

W = 823 + 822, W, = 1624 + 1623 — 422 —dx + 1,---
On the other hand, we know that [5], [6]:
T, (cos 0) = cos(nb), x = cos(6) (7)

therefore,

sin?(n £
T,=1-2 sin2(ng) =1-2 sin2(g)bsin2(?§)),

=1—(1—-cos0)2mnK,(0) =1— (1 —z)27nK,,
F F

being K, the Fejér Kernel [4]-[8],
F

1 sin*(n%)
K,(0) = —— 2" —0.1.2.--- 9
Fl( ) 2mn sin2(g) ’ " B )

of great importance in Fourier series. Then (3) and (8) imply the interesting relationship,

Win—1(z) = 2nmK,, (0), x = cosb, (10)
F

that is, the Fejér Kernel generates to Wn which are new in the literature and that we name
fifth-kind Chebyshev polynomials.
In [2]-[9], we find the Chebyshev polynomials of fourth-kind,
sin(n + 3)6
Wy (z) = (‘792) = 27K, (0), x = cosb, (11)
sin(5) D
where appears the Dirichlet Kernel K, [4]-[6], [8]. Thus (11) makes very natural the existence
D

of (10), and then each Kernel has its corresponding Chebyshev- like polynomials.
We also have the Chebyshev polynomials of the second and third kinds [1], [2], [9],

sin(n + 1)0

sin 6

cos(n + %)0
0

cos(3)

Un(z) = , Vale) = (12)
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however, it is important to note the fundamental character of our polynomials Wm because
they generate the four kinds,

To(z) =14 (x — 1)Wp—1(2), Wi (z) = Wy (x) — W1 (2),
214 1)U () = W2 () — W1 (2, (13

(1+2)Vp(2) =2+ (2 — )[W(2) + W1 (2)]-

In other work we will investigate themes as recurrence, generating function, interpolation

properties, Rodrigues formula etc., for the Chebyshev polynomials Wn introduced in this paper.
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§1. Introduction and Results

Many results have been obtained on value distribution of random Dirichlet series, see [1].
Recently, Professor Sun proved that random Taylor series of finite order almost surely (a.s.) do
not have deficient function in [2]. But for random Drirchlet series, the corresponding result has
not been studied. In this paper, the problem on random Dirichlet series in the right-half plane
will be discussed.

Consider Drichlet series

o0

F(s) = ane™*, (s=az+it), (1)

n=0
where a, € Cand 0 < \g < A} < --- < A\, < --- ] 400, which satisfy the following conditions

——In|a, _
lim Injan] = 0; im — = D < +oo. (2)

n—oo n—oo n

n

Then the abscissas of convergent and the abscissas of absolute convergent of series (1) are both
zero. Thus f(s) defined by (1) is an analytic function in the right-half plane.
Set
M(xz, f) =sup{|f(z+it)]; —oo <t < +o0}.

Then the order of Dirichlet series (1) is defined as

—InTInT M(z, f)
m ———— " =90
z—0t In =

oo
Suppose also that {(£2;, Aj, P;)} is a infinite sequence of probability space, {(£2 = H Q, A=
3=0
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H A;, P= H P;)} is the product probability space. In this paper, we shall prove the following
j=0 j=0
theorem:

Theorem. Suppose that random Dirichlet series

ful(s) = Z an X (wy e (3)
n=0
satisfies the condition (2) and the following conditions:
1)
lim ()‘n-‘rl - /\n) =h > 0; (4)
2)
— Intlntla,
i nnzlanl e 4o, (5)

n=ocoln A\, —In* InT |a,|

3) In the probability space (2, A, P) (w € 2){X,, = X,,(w)} is a sequence of non-degenerate,

independent complex random variables of the same distribution and verifying

0< E(|X,(w)?) = 0% < +oo.

Then the series (3) almost surely(a.s.) do not have deficient function.

§2. Some lemmas

In order to derive our main result, we need the following lemmas.
Lemma 1.([2]) Under the above hypotheses on {X,(w)}, we have

1) Ju,d € (0,1) such that Vc € C,j € N, we have

Pi(|X;(wj) —cl <2u) <d < 1

2) Yw € Q (a. s.), 3N = N(w) such that when n > N, we have| X, (w)| < n;

3) For all subsequence {n,} — oo,

lim "Q’ [ Xn, (W) =1. a.s.
p—o0

Lemma 2. Suppose that series (1.1) satisfies (1.2), then

=p. (0<p<+00)

Proof. By Theorem 3.3.1 of [1], we have

In* Int M(z, f)
. o
et Inl P BT I,
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On the other hand,

lim o™ I jan| __p & lim ™ In" Jan | =p (0<p<+00)
n—oo In An 1 +p n—ooln A\, — 1Il+ 1n+ ‘an‘ —7 g '
Therefore

and the proof is complete.
Lemma 3.([1]) Suppose B is a horizontal half strip in {s; Res > 0} with width large than

2
%. For the Dirichlet series given by (1), which satisfies the conditions (2) and (4), we have

In* In* M(x, f, B)

z—0t In L ’
xr

where M (z, f, B) = sup{|f(z + it)| : s = = + it € B}.
¢
Set

= Hs) =, ()
SZH_I(Z)Zii—i. (7)

It is well known that the linear fractional transformation (6) maps the right-half plane
Res > 0 onto the open unit disk {z : |z| < 1}, and maps the point s = 1 onto the origin z = 0.
Its inverse transformation (7) maps {z : |z| < 1} onto the right-half plane Res > 0.

Let

9(z) = FH T (2)) = > ape 210,
n=0

Then ¢(z) is an analytic function in {z : |z| < 1}.
Lemma 4. For g(z) = f(H1(2)) = 3 ane 7 () we have
n=0

—IntInt M(r,g)
m —————— =p,
r—1- In

1—r
where p € (0,+00) is the order of f(s) defined by (1).
Proof. Let
AB:&:x+ﬁ:x>QM<%q>%}
Without loss of generality, we suppose that = satisfies 0 < z < 1. Fix = € (0,1), since

1_ 2 2 1—
VAP +E g0« oty

1 (y — +00), then there is ¢ > 0, such that
(1+2)2+¢ lt+z+y

(1—2)2+¢? - l—z+c¢
(1+2)2+¢> l1H+a+tc

<1

l—-z+c¢

= . Then
l+z+c¢

Let r

1 1—
x:w, andz — 0" ©r—1".
1+7r
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Set
D(r)={z:|z| <r}; B(z)={s: Res>uz,lt| <q}.

For any s € B(xz) — B(1), we have

~ls—1] /(1 - Res)?+ > - VI —2)2+¢2
s+l O FRes2+82 T O+ +¢?

Thus z = H(s) maps B(x) — B(1) into a subset of D(r). Therefore

2]

B(z) — B(1) c H Y(D(r)).

For z € D(r) ,i. e. |z| <,

H1(z) = 1+z (1+2)(1-2) _ 1—2i]mz—|z|2'
1—2 |1 — z|? 1—2Rez + |z|?
Then P ]
1—|z 1—|z 1—r x
ReH ™ '(z) = = :
c (2) 1—2Rez+|z|? “ 14+ |z| = 14+r 1+4c¢
Denote A(z) = {s: Res > x}. Then H *(D(r)) C A(li—i—c)’ and
B(x) — B(1) € H1(D(r)) C A(——). (8)
1+ec
So
M(‘T,f,B)SM(T,g)SM(m,f) (0<.’E<1)
Thus I In M2
—_InlnM(z, f, B) < T 1n1n1M(r,19) T 11 (t5- f) .
z—0+ —Inz T—)l_fln% e—0t —In 5 —In(1 +¢)

Combining Lemma 3, we have

—Inln M(r,g)
lim ———— =p,
r—1- In T—r

and the proof is complete.
Lemma 5.([5]) If g(z) is an analytic function in {z : |z| < 1}, then

1m
r—1- In

nnM(r,g)  ——WIT(rg)  —mnM(rg)
e e R T

According to Lemma 4 and Lemma 5, we have

InT(r,g)

r—1- In

p—1<p =

1—r

Lemma 6. For the Dirichlet series fi(s) = Z ane % fo(s) = Z bpe o, (s = x+it),
n=0 n=0
which satisfy the conditions (2), we have

fis) = fa(s) e an =0, (n=0,1,2,--),
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where {a,}, {b,} C C.
Proof. We only need to prove the necessity. Let

F(S):fl(s)_f2(5):Z(an e ch Ans, (9)

n=0

By (2), for € > 0, when n is sufficiently large,
lan] < €M<, |by| < e*®

Then |c,| < |ay| + |bn| < 2¢*€. When ¢, # 0,

In fen| <0, nmAﬁ:D<+oo.

n—0o0 n—oo n

n

By means of Valiron Formula, the abscissa of convergence and the abscissa of absolute
convergence are equal to or smaller than zero, and the abscissa of uniformly convergence x, <
0 < +o0.

If the coefficients of the series (9) are not all zero, then F(s) converges absolutely on z > 0.
The maximum item of F(s) verifies m(z) > 0, (x >0 > z,). By [1], M(z) > m(x) > 0, which
contradicts F'(s) =0, and the proof is complete.

83. Proof of the theorem

By Lemma 1 and Lemma 2, we have that for any w = (wp,w1,ws, - +) € Q(a.s.), f.(s)
defined by (3) is an analytic function of order p € (1,+00) in the half-plane.
Set
|5n| n In* In* |6,
= e M Tim f011m——D<+oo lim < p},
90(2) = Jo(H1(2)) = D~ anX(wn)e 70, (10)
n=0

p(2) = P(H(2)) and &(p') = {p = BH () € U(p)}. Then Yoo = (w13, ) € O
(a. 8.), gw(z) is an analytic function in unit disc of order p’ € (0,00). ®(p’) is the set of all
analytic functions in unit disc with the order smaller than p’ and complex numbers.

We now prove that: If the function (10) satisfying the conditions (2), (4) and (5), then
almost surely g,,(z) do not have deficient function, i. e.

Pl w:inf limm' eEP(p)| <1, =0
' r—1- T(r,g.) g p e

Choose § € (0,p/3) and A > 0. Let

In" In™ |3,
In)\, —InTIn" |5,

(o, A) = {p = w(H (=) : & € T(p - 30), <p-2n>A) (1)
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Choose positive integer p. Let E = E(p,A,¢) denote a set of w in probability space in
which g, (z) has deficient function ¢ € ®(p’, A) with deficient number larger than 1 Notice
that - P

U U UE®wAdca
6>0A=1p=1
is a set in which g, (z) has deficient function. Obviously, we only need to prove that Ve > 0,
P(E(p,A,d)) <e.
Since
—— InTIn" |ua,|

lim =p,
n—coln X\, — In* In" |ua,| r

we can choose an increasing sequence of positive integer {n(t)}$2; such that n(1) > A and

In* In*t [uan,, |

> p—€. (12)

Tt
A, —In™In™ |uay,, |

g

n
Choose N > —2*L Then (p+1)dN < e, where u,d are constance in Lemma 1.

Ind
Denote
- n(N) _ 00
a=J]o 9= ][] 9.
=0 j=n(N)+1

For w* = (w:(N)Jrl,wr*L(N)Jr27 ) € Q, denote T’ = I'(w*) as a set verifying: if

W= (wévwiv T 7"‘};1(N)) €,
i —1 n(N) -1
then function Z an X (wr)e Mt () 4 Z an X (w)))e 7 (2) have deficient function
n=n(N)+1 n=0

1
© € P(p’, A) with deficient number larger than —.
p

We shall prove for p + 2 elements,

w(k) = (wo(k)vwl(k)a to 7wn(N)(k)) € F7 k= 1,2,---,p+2

there is k1,ko € {1,2,--- ,p+ 2}, (k1 # k2) such that for all j € {n(1),n(2), -+ ,n(N)}, we
have
[ X (wj (k1)) = Xji(w;(k2))| < 2u.

Otherwise, there is p + 2 functions

) n(N)
gr(2z) = Z aan(wZ)e_A"Hfl(z) + Z aan(wn(k:))e_’\"Hfl(z), (k=1,2,--- ,p+2).
n=n(N)+1 n=0

They have deficient function

of =D Ba(k)e 1D e @(p,A), (k=1,2,+,p+2).

n=0
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o0

Thus function g = Z anXn (wfl)e_’\"Hfl(Z) have at least p + 2 deficient function:
n=n(N)+1

n(N)
YR = cp? - Z an X (wp (k))e A H 1(Z), (k=1,2,--- ,p+2).
n=0

And for all k,1 € {1,2,--- ,p+2}, (k#1), thereis j = j(k,1) € {n(1),n(2),--- ,n(N)} such
that
| X (w; (k) = X;(w; ()] = 2u.

Then | X;(w;(k))a; — X;(w;(1))a;| > 2ula;|. By (12), we have

p—e
ulaj| > exp{A;" "}

By (11), ) )
1B, < e 1,0] < expAFT T,

Then »
18;(k) — B;(D] < 18;(k) +18;(D)] < 2exp{AT 7 }.

Choose € : 0 < € < 2§. Therefore
p—28
18;(k) = B ()| < 2exp{A/™ 7"} < 2ulay| < |X;(w;(k))a; — X;(w;(1))ag].

By Lemma 6, ¢ # ¢, i. e., the p + 2 small functions above are different. But by

Zhuang Qitai Theorem in [3], g has at most p 4 1 different small function. Thus we arrive at a

contradiction.
- n(N) -
Let P = H P;. When P(I') =0, ' C Q= 0. Or there are p + 1 elements
j=1
w(k) = (wo(k)awl(k)7 T awn(N)(k)) S k= 1,2, ,p+1,
such that for any other elements (if there is), W = (wp, w1, - - ,wn(N)) € I', we have

p+1
we (@ 1X(w;(k) = Xj(w)| < 2u, j=n(1),n(2), - ,n(N)}.
k=1

By its independence and Lemma 1,

p+1n(N)

Pr) < S ] Plwr € Qi@ = (wo,wi,- -+ swnqwy) €T
k=1 t=0
p+1 N

< Y I Paw{wn € Qa1 X @a (k) = Xogo) (@n(e)] < 2u}
k=1t=1
< (p+1)dY <e. (13)
In other words, if w = (wo,wo,wo, ) = (@0, w) € E = E(p,A,§) C Q, then

U = (wo, w1, w2, -+ ,wp(wy) €L =T(@). (14)
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By Fubini-Levi Theorem, see [4], combining (13) and (14) , we have

P(E) = E(1p)= n}gnoo/ /1EPO (dwo) Py (dwy) - - - P (dwrm)
= n}gnoo/ / (V)41 (dwn(N)y41) - m (dwpm) / /lEPO dwo) - - Py (dwn ()
< "}gnoo/ / (N +1(dwn(N)41) -+ - P (dwr) / /ero dwo) - - Py (dwn ()
< (p+1) Nﬂ}gnoo/ /P (N1 (dwn(nys1) - Prldwp) <e.
Thus by f.(s) = f.(H~1(2)), we can obtain the conclusion of Theorem, and the proof is
completed.
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Abstract For any positive integer n, the Pseudo-Smarandache-Squarefree function Zw(n) is
defined as the smallest integer m such that m™ is divisible by n. That is, Zw(n) = min{m :
nlm™, m € N }, where N denotes the set of all positive integers. The main purpose of
this paper is using the elementary methods to study a limit problem related to the Pseudo-
Smarandache-Squarefree function Zw(n), and give an interesting limit theorem.

Keywords Pseudo-Smarandache-Squarefree function, mean value, limit.

§1. Introduction and Results

For any positive integer n, the Pseudo-Smarandache-Squarefree function Zw(n) is defined
as the smallest integer m such that m™ is divisible by n. That is, Zw(n) = min{m : n|m™, m €
N }, where N denotes the set of all positive integers. For example, the first few values of
Zw(n) are Zw(l) =1, Zw(2) = 2, Zw(3) =3, Zw(4) = 2, Zw(5) =5, Zw(6) =6, Zw(7) =7,
Zw(8) = 2, Zw(9) = 3, Zw(10) = 10, Zw(11) = 11, Zw(12) = 6, Zw(13) = 13, Zw(14) = 14,
Zw(15) = 15, ---. Obviously, the Pseudo-Smarandache-Squarefree function Zw(n) has the
following properties:

(1) If p be a prime, then Zw(p) = p.

(2) If m be a square-free number (m;1, and for any prime p, if p|m, then p? { m), then

Zw(m) =

(3) pr be any prime and k > 1, then we have Zw(p*) = p.

(4) Zw(n) < n.

(5) The function Zw(n) is multiplicative. That is, if (m, n) = 1, then Zw(mn) =

Zw(m)Zw(n).

(6) The function Zw(n) is not additive. That is, for some positive integers m and n,
Zw(m +n) £ Zw(m) + Zw(n).

According to the above properties, the Zw(n) function is very similar to the Mobius func-

tion:

n if n is a square free number;
Zw(n)=4¢ 1 if and only if n = 1;

Product of distinct prime factors of n  if n is not a square-free number.
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o0
1
On the other hand, we can easily deduce that E ——— is divergent . In fact for any prime
—~ Zw(n)

=1 1
p, we have Zw(p) = p. So that ; Zal] > xhi)nw%; = +00.

About the other elementary properties of Zw(n_), some authors also had studied it, and
obtained some interesting results, see references [1], [2], [5], [7] and [8]. Simultaneously, F.
Russo [1] proposed some new problems, two of them as follows:

=
Problem 1: Evaluate limit };[2 7210(”)
) w(k)
Problem 2: Evaluate lim , where 0(k) = Z In (Zw(n)).

k—oo 0(k) et

The problem 1 had been solved by Maohua Le [2]. But for the problem 2, it seems that none
had studied it yet, at least we have not seen such a paper before. The problem is interesting,
because it can help us to obtain some deeply properties of the Pseudo-Smarandache-Squarefree
function Zw(n). The main purpose of this paper is using the elementary methods to study
this problem, and give an interesting limit theorem for it. That is, we shall prove the following
conclusion:

Theorem. For any positive integer k > 1, let Zw(n) and 0(k) are defined as the above,

then we have the asymptotic formula

Zw(k) Zw(k) B 1
0(k) 3" (Zw(n) X <lnk) '

n<k

From this theorem we may immediately deduce the following:

Corollary. For any positive integer k, we have the limit

Zw(k)

Koo (k) =0

It is clear that our corollary solved the problem 2.

8§2. Proof of the theorem

To complete the proof of the theorem, we need the following an important Lemma.

Lemma. For any real number x > 1, we have the asymptotic formula

S k)] = 2+ 0 (V).

n<z

where p(n) denotes the Mébius function.
Proof. For any real number x > 1 and positive integer n, from the properties of the

Mobius function p(n) ( See reference [3] ):

u(n)| = uld),

d?|n
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and note that

we have

This proves our Lemma.

1
O

f: pu(n)

n=1

Now, we shall use this Lemma to complete the proof our theorem. In fact note that for

any square-free number n, Zw(n) = n, we have

o(k) =

A%

Y

So from Lemma and (1) we have

%

o(k)

v

n<k

> Ju(n) nn

n<k

> Ju(n)In(VE)

VE<n<k

1

5k >
VE<n<k

1

gk [ D um)] = Y lun (1)
n<k n<vk

%lnk (Z |p(n

n<k

= > u(n)l)

n<vk
1 6 NG

%k-lnk—kO(\/E-lnk).
™
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Note that Zw(n) < n, from (2) we may immediately deduce that

0 < Zw(k) < k _0 (1)
0(k) = k- -Ink+OWk-Ink) Ink

w0 =0 (wr)

This completes the proof of Theorem.

or

The corollary follows from our theorem as — oo.
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Abstract For any positive integer n, the Pseudo-Smarandache function Z(n) is defined as the
e k(k+1) . . k(k+1)
smallest positive integer k such that n | — That is, Z(n) = minq k : n|T .
The main purpose of this paper is using the elementary methods to study the mean value
p(n)

Z(n)
smallest prime divisor of n.

properties of , and give a sharper asymptotic formula for it, where p(n) denotes the
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§1. Introduction and Results

For any positive integer n, the Pseudo-Smarandache function Z(n) is defined as the smallest

k(k+1 k(k+1
positive integer k such that n | % That is, Z(n) = min {kz : n|%

N denotes the set of all positive integers. For example, the first few values of Z(n) are Z(1) =1,
Z(2)=3,Z(3)=2,Z(4)=7,Z(5) =4, Z(6) =3, Z(7) =6, Z(8) = 15, Z(9) = 8, Z(10) = 4,
Z(11) = 10, Z(12) = 8, Z(13) = 12, Z(14) = 7, Z(15) = 5, ---. About the elementary
properties of Z(n), some authors had studied it, and obtained many valuable results. For

, n € N p, where

example, Richard Pinch [3] proved that for any given L > 0, there are infinitely many values

of n such that
Z(n+1)

Z(n) > L.

Simultaneously, Maohua Le [4] proved that if n is an even perfect number, then n satisfies

The main purpose of this paper is using the elementary methods to study the mean value
p(n)
Z(n)’
following conclusion:

and give a sharper asymptotic formula for it. That is, we shall prove the

properties of

Theorem. Let k be any fixed positive integer. Then for any real number x > 1, we have

the asymptotic formula

k
p(n) T a;z z
) T 2 : . 0

Z(n) lnx+i:2 lnla:Jr (lnk'H:Z:>7
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where p(n) denotes the smallest prime divisor of n, and a; (i = 2, 3, --- , k) are computable

constants.

§2. Proof of the theorem

In order to complete the proof of the theorem, we need the following several useful lemmas.
Lemma 1. For any prime p > 3, we have identity Z(p) =p — 1.

Proof. See reference [5].

Lemma 2. For any prime p > 3 and any k € N, we have Z (pk) =pF -1

Proof. See reference [5].

Lemma 3. For any positive n, Z(n) > y/n.

Proof. See reference [3].

Now, we shall use these lemmas to complete the proof of our theorem. We separate all

integer n in the interval [1, z] into four subsets A, B, C and D as follows:

A: Q(n) = 0, this time n = 1;

B: Q(n) =1, then n = p, a prime;

C: Q(n) = 2, then n = p? or n = p1ps, where p; (i = 1, 2) are two different primes with
Dp1 < p2;

D: Q(n) > 3. This time, p(n) < n¥, where Q(n) = Q (pI*p5? - p¥) =1 +ag+- -+ as.
In fact in this case, we have p?(n) < p(™(n) < n and thus p(n) < ns.

Let p(n) denotes the smallest prime divisor of n, then we have p(1) =0, Z(1) =1 and
> Ay,
necA (TL)

So we have

p(n) p(n) p(n) p(n)
2 7 = 2 2y T2 ) T 2 20y 1)

From Lemma 1 we know that if n € B, then we have Z(2) = 3 and Z(p) = p — 1 with
p > 2. Therefore, by the Abel’s summation formula (See Theorem 4.2 of [8]) and the Prime
Theorem (See Theorem 3.2 of [9]):

k
a; - T T
=y =40 :
W(Cﬂ) Pt <1nk+1 I’)

In*z

where k be any fixed positive integer, a; (i = 1, 2, ..., k) are computable constants and a; = 1.
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We have
p(n) p__2 p
RO R IS Do
= 4n) = Zp) 3 = Z(p)
p=3
=y o)
pﬁwp_
1
= D 1+) =7 +00
p<z p<z
x " x
= —+ O ) 2
Inz ;wx (lnk+1$> @)
where a; (i =2, 3, ---, k) are computable constants.

Now we estimate the error terms in set D. From the definition of Q(n) we know that
p(n) < n3 if n € D. From Lemma 3 we know that Z(n) > y/n, so we have the estimate

ZP

nebD

5

8. (3)

m

Finally, we estimate the error terms in set C. For any integer n € C, we have n = p? or

n = pip2. If n = p?, then from Lemma 2 we have

P 2 P
— =+ ——— < Inlnz. (4)
2 2 _
PO} R R Dy
N k(k+1)
If n = p1po, let Z (p1p2) = k, then from the definition of Z(n) we have p1ps | —

If p1p2 | k, then

Z << Z Z h < vz -Inlnz. (5)

1P2
p1p2<x p1<vz P1<p2<3% p p
Z(p1p2)=k, pipz2|k

If p1ps | K+ 1, then we also have the same estimate as in (5).
If py | k+ 1 and pa | k, let k = tpy — 1, where ¢t € N, then we have

LD V2 e <z . (6)
~ Z (p1p2) tp1 _1
p1p2<z p1 <z t<z

If p1 | k and po | K+ 1, then we can also obtain the same estimate as in (6).
From (4), (5) and (6) we have the estimate

p(n)

7 < Vz-Inlnz. (7)

neC

Combining (1), (2), (3) and (7) we may immediately deduce the asymptotic formula

S U T S rmt LRt o rer 7

neA

k
T a;x T
- ‘ o)
Inx +¢Z it (lnk+1x)’

= In*z

:@\/—\
3 =

\./ ‘
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where a; (i =2, 3, ---, k) are computable constants.

This completes the proof of Theorem.

Some notes:

For any real number x > 1, whether there exist an asymptotic formula for the mean values

2 7 ™ 2 B

n<zx

are two open problems, where P(n) denotes the largest prime divisor of n.
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Abstract The problem of solving BBM equation can be converted into a nonlinear algebra
equations by supposing its exact solution form. In this paper, applying above method, a class

of exact solution to BBM equation is obtained.

Keywords BBM equation, traveling wave solution, exact solution.

§1. Introduction

BBM equation
Up + Uy + Uty + Py, =0 (1)

is a mathematical model presented in studying the long wavelength problem of Hydrodynamic
in 1970’s by Benjamin-Bona-Mahong, Where P(P < 0) is dispersion coefficient,and it is more
exact than KdV equations [1]. Recently, a lot of exact solutions of equation (1) are obtained
by homogeneous balance method [2], trigonometric function method [3] and so on, where some
solutions are the form of polynomial with the function of tangent, cotangent, tanh, coth etc.
For the exact solitary wave solution of many non-linear mathematical equations of physics with
rational fraction form of hyperbolic function, so we want to get the exact solution of equations

(1) in this way.

§2. Introduction of Method

Let
u(z,t) = u(€) = u(z + Ct) (2)
be a traveling wave solution of the equation
F(u,ug, Uy, Uy, +) =0, (3)

where C' is undetermined coeflicient of wave velocity. Substitute (3) into (2), we obtain the

following ordinary differential equation with independent variable &

Glugu i) = 0. (4)

I This research is supported by the SF of education department of Gansu province (0608-04).
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Let

u(€) = aom (a%)?™ 4+ agp,—1 (%)™ -+ 4 q
= bom (€96)2™M 4 by, 1 (ea8)2m=1 4 ... 1 b,

(5)

be the solution of equation(4), where m is obtained by homogeneous balance method and
a;,bi(i = 0,1,---,2m) is undetermined coefficients. Substitute (5) into (4) and set the co-
efficient of e® is zero for any power, then we can obtain a nonlinear algebra equations with
undetermined coefficients a;, b;(i = 0,1, -+ ,2m), o, C. The equations can be solved by Mathe-
matica or Maple software. And then the exact solution of equation (2) can be obtained through
back substituting the solution of the equations into (5) and setting & = = + C't.

§3. The exact solution of the BBM equation

Assume equation (1) has a traveling wave solution of the form (3). Substitute (3) into (2),
we get

SO+ Pu’(©) =0, (0

If the solution of equation (6) has the form of (5), then we can obtain m = 1 by the method of

(14 C)u(§) +

homogeneous balance. So let

a(e®)? + b(e®) + ¢

1O = Fe g 4

(7)

where a,b, ¢, g, h,a are undetermined coefficients. Substitute (7) into (6) and set the coeffi-
cient of e is zero for any power, we obtain the following nonlinear algebra equations with
undetermined coefficients a, b, ¢, g, h,a, P,C.

3ch? +2Cch? = 0,

2Caf? + 3af? =0,

3bh% + 2Cbh? — 2PCa’chg + 2PCa”bh? + 6eph + 4Cegh = 0,

6¢fh — 2PCacg® + 6bgh + 8PCa’ah? 4 4Cbgh — 8PCa’cfh

+4Ccfh + 3ah? 4 2Ccg* = 0,

6¢fg + 4Cbgh + 6bgh + 6 PCa’agh + 4Cagh + 6agh — 12PCca’bfh

+4Ccfg + 3bg® + 6PCa’cfg + 2Cbg? = 0,

4Cafh — 8PCo’afh + 2PCa’ag?® + 6bfg + 2Ccf? + 3ag® + 2Cag?

+6agh 4+ 4Cbfg — 2PCa*bfg + 3cf* + 8PCa’cf? = 0,

4Cafg+ 6afg+ 2Pca®bf? + 3bf% + 2Cbf? — 2PCa® = 0. (8)
By mathematical software of Maple we obtain the following nine kinds solutions of equa-

tions (8).

3+2C
Case 1: a:b:g:h:O7C:C,f:f,c:c,a:a,P:—L.
8Ca?

3+2C
Case 2: a:c:g:h:07a:a,C:C7b:b,f:f,P:—L.
2C a2
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2
Case3:a:h:O,a:a,C:C,f:f,g:g,b:j,P:fw.
g 2Ca?

b 3
Case4:c:h:O,a:a,f:f,g:g,P:P,b:b,a:?f,C:—E.

34+ 2C
Case5:b:fzhzO,fzf,gzg,aza,C:c,a:6’%,P=3—%—éaQ.
CaSGGZb:C:f:gzo,h:h’a:a7C:C’a:a7P:_L.

5 5y
Case7:c:f=O,b=b,g=g,hzh,C:C,a:a,P:—2—20[2,;z5.
CaseS:P:0,a2a7b:b,c:c,f:f7g:g,h:h7a:a,C:—5.

3
Case9: P=Pe=c[=fg=gh=ha=aC=—a=%p-%

Substituting those solutions into (7) and setting & = x 4+ C't, we can get the exact solution

of equation (1).
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Abstract For any positive integer n, let n = pJtpy? ---ps* be the factorization of n into
prime power, the famous F.Smarandache LCM function SL(n) is defined as SL(n) = min{k :
ke N, n|[1, 2, ---, k]} = max{p{*,p52, - ,ps*}, where N denotes the set of all positive
integers. The main purpose of this paper is using the elementary method to study the solu-
tions of an equation involving the two Smarandache LCM dual functions, and give the exact

expression of the solutions for this equation.
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81. Introduction and result

For any positive integer n, the famous F.Smarandache LCM function SL(n) is defined as
the smallest positive integer k such that n | [1, 2, ---, k], where [1, 2, ---, k] denotes the
least common multiple of all positive integers from 1 to k. That is,

SL(n) =min{k: ke N, n|[1, 2, ---, k]}.

The first few value of Smarandache LCM function SL(n) are SL(1) =1, SL(2) = 2, SL(3) = 3,

SL(4) = 4, SL(5) = 5, SL(6) = 3, SL(7) = 7, SL(8) = 8, SL(9) = 9, SL(10) = 5, SL(11) = 11,

SL(12) = 4, SL(13) = 13, SL(14) = 7, SL(15) = 5, SL(16) = 16, SL(17) = 17, SL(18) = 9,

SL(20) =5, ---. About the elementary properties of SL(n), many people had studied it, and

obtained some interesting results, see references [1], [2], [3], [4] and [5]. For example, Murthy [2]

proved that if n is a prime, then SL(n) = S(n), where S(n) = min{m : n|m!, m € N} denotes
(o7

the F.Smarandache function. In fact for any positive integer n > 1, let n = p{'p3? - - p%= be

the factorization of n into prime power, then from [2] we know that
SL(n) = max{p7", p5*, -, p¢°}-
Simultaneously, Murthy [2] also proposed the following problem:
SL(n)=S(n), Sn)#n? (1)

Le Maohua [3] solved this problem completely, and proved the following conclusion:
Every positive integer n satisfying (1) can be expressed as

(eapes]

n=12 or n=p{'p3*- - prp,
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where p1, po2, -+, pr, p are distinct primes and a1, a9, -+, o, are positive integers satisfying
p>p7,a172:1a 2a e, T
In [6], we define the Smarandache LCM dual function SL*(n) as follows:

SL*(n) =max{k: ke N, [1, 2, ---, k] | n}.

It is easy to calculate that SL*(1) = 1, SL*(2) = 2, SL*(3) = 1, SL*(4) = 2, SL*(5) = 1,
SL*(6) =3, SL*(7) =1, SL*(8) =2, SL*(9) = 1, SL*(10) = 2, - - -. Obviously, if n is an odd
number, then SL*(n) = 1. If n is an even number, then SL*(n) > 2. We also study the mean
value distribution property of SL*(n) and give a sharper asymptotic formula for it, namely for
any real number x > 1,

Z SL*(n) =c-z+O0(In’z),

n<zx

1
where ¢ = Z Z a]) is a constant.
y P

a=1 p

In [7], Yanrong Xue defined another Smarandache LCM dual function SL(n) as follows:
SL(1) =1, and if n = p{'ps? - - - p& be the factorization of n into prime power, then

ST(TL) - mln{pl ) p2 s T pgr}7
where p; < pa < --- < p, are primes. She solved a conjecture involving function SL(n) which
is to say that there is no any positive integer n > 1 such that Z SL(n) is an positive integer.
n
dln

Both SL*(n) and SL(n) are called the Smarandache LCM dual function of SL(n). But
about the relationship between this two dual functions, it seems that none had studied it yet,
at least we have not seen such a paper before. Obviously if n # 1 is an odd number, then
SL*(n) = 1 and SL(n) > 1, so for any odd number n # 1, SL*(n) < SL(n). But if n = 6m
with 2 1 m, 3 { m, then SL*(n) > 3,SL(n) = 2, so there exists infinite positive integers n such
that SL*(n) > SL(n). It is natural to ask whether there exist positive integer n satisfying the

equation:
SL*(n) = SL(n). (2)

In this paper, we use the elementary method to study this problem, and give an exact
expression of the solutions for the equation (2). That is, we shall prove the following

Theorem. Every positive integer n satisfying (2) can be expressed as

n=1 or n_ H pO‘(P) a1 0‘2. -p?"",
2<p<Fpm

where F,, be a Fermat prime, r > 0 be any integer; a(p) are positive integers such that
pa(p) >FM7 2<p<Fm;pl >Fma 04@‘207 ’Lzly 27 e, T

§2. Some useful lemmas

To complete the proof of the theorem, we need the following several lemmas.
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Lemma 1. For any positive integer n, there exist a prime p and a positive integer a such

that the identity
SL*(n) =p* — 1.

Proof. See reference [3].

Lemma 2. If 2! + 1 is prime, then [ is a power of 2.

Proof. See reference [5].

Lemma 3. For any prime ¢ and odd prime p, if p® — 1 = ¢° for any given integers
a>1, 8 >1,then ¢ =2 and p be a Fermat prime. Namely, there exists a integer m such that
p=22" +1.

Proof. Because p is an odd prime, so ¢° = p* — 1 is an even number, hence ¢ = 2.
Consequently p* — 1 = 27, that is p* = 2% 4+ 1. Assume that p — 1 = 2'¢, where 2 { ¢, then
p=2+1,s0

p* =244+ 1) =00 + CL2% + - 4 C2(2)* = 2° 41,

hence

CLolt 4 ... + 02 (2')™ = 2°.
Since ¢ divide every term of the left side, so ¢ divide the term of the right, namely ¢ | 2%, but
t is an odd number, hence ¢t = 1. That is to say p = 2! + 1, from Lemma 2, there exists an

integer m such that p = 22" + 1. This completes the proof of Lemma 3.

§3. Proof of the theorem

In this section, we shall complete the proof of the theorem. It is easy versify n = 1 is a
solution of the equation (2).

(A). If n be an odd number larger than 1.

From the definition of SL*(n) and SL(n) we have SL*(n) = 1, but SL(n) > 1. Hence
SL*(n) < SL(n).

(B). If n be an even number.

Assume that n = 27 - s, where s is an odd number. From Lemma 1, there exists a prime p
and a positive integer a such that SL*(n) = p* — 1. Assume that SL(n) = ¢°.

(i) If p = 2, then SL*(n) = 2% —1. This time, we have 2 —1 = ¢, then from the definition
of SL*(n) we deduce that 2% — 1 | n, at the same time, from the definition of SL(n) we also
have 2 — 1 < 27, so 2* < 27, but 27 | n, which implies 2% | n, so SL*(n) > 2%*. This is a
contradiction.

(ii) If p > 3. Assume that p* — 1 = ¢”, from Lemma 3 we have p = F,, = 22" +1, a
Fermat prime. Next we will show that o = 1.

If a > 2, then p®~! < p® — 1. For one hand, from the definition of SL*(n) and SL*(n) =
p® — 1 we have p* —1 | n, so p®~! | n, on the other hand, from the definition of SL(n) we have
SL(n) < p*~! < p®—1= SL*(n), this is a contradiction. Hence a = 1. Consequently every
positive even integer n satisfying (2) can be expressed as

n=(F,—1) H PP perpaz o
2<p<Fp,
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where F,, be a Fermat prime, r > 0 be any integer; a(p) are positive integers such that
pa(p) >Fm7 2<p<F’m7pz>Fma 041‘207 Zzlv 27 e, T
Associating (A) and (B), we complete the proof of Theorem.
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Abstract For any positive integer n, the Smarandache prime additive complement function
SPAC(n) is defined as the smallest integer £ > 0 such that n + k is a prime. The main
purpose of this paper is using the elementary method to prove that it is possible to have k as
large as we want k, k—1, k—2, ---, 2, 1, 0 included in the sequence {SPAC(n)}.

Keywords The Smarandache prime additive complement, sequence.

§1. Introduction and Results

For any positive integer n, the famous Smarandache prime additive complement function
SPAC(n) is defined as the smallest integer k& > 0 such that n + k is a prime. The first few

value of this sequence are:
1,0,0,1,0,1,0,3,2,1,0,1,0,3,2,1,0,1,0,3,2,1,0, 5, 4, 3, 2, 1, 0,---.

In the book “Only problems, not solutions”, Professor F.Smarandache asked us to study
the properties of the sequence {SPAC(n)}. He also proposed the following problem:
Problem A. If it is possible to have k as large as we want

k, k—1, k=2, k-3, ---, 2,1, 0(odd k)

included in the sequence {SPAC(n)}.In reference [6], Kenichiro Kashihara proposed another
problem as follows:
Problem B. Is it possible to have k as large as we want

k,k—1, k—2, k—3,---,2,1,0(evenk)

included in this sequence.

About these two problems, it seems that none had studied them yet, at least we have not
seen such a paper before. The problems are important and interesting, because there are close
relationship between the sequence {SPAC(n)} and the prime distribution. The main purpose
of this paper is using the elementary method to study these two problems, and proved that
they are true. That is, we shall prove the following;:

Theorem. It is possible to have the positive integer k as large as we want
ky k—1, k—2, k-3, ---,2,1,0

included in the sequence {SPAC(n)}.
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§2. Proof of the theorem

In this section, we shall prove our theorem directly. Let k£ and n are positive integers with
n >k + 1, here k as large as we want. Let P be the smallest prime such that P > n!+n. It is
clear that P—1, P—2,---, P—k,---,nl4+mn, ---, n! + 2 are all composite numbers. Now we

consider k 4 1 positive integers:
p—k,p—k+1, p—k+2 ---, p—1, p
The Smarandache prime additive complements of these numbers are
SPAC(p—k)=k, SPAC(p—-k—-1)=k-1, ---, SPAC(p—1)=1, SPAC(p) =0.

Note that the numbers k, k—1, k—2, ---, 1, 0 are included in the sequence {SPAC(n)}. So
the Problem A and Problem B are true.
This completes the proof of the theorem.
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Abstract For any positive integer n, the famous F.Smarandache function S(n) is defined as
the smallest positive integer m such that n|m!. That is, S(n) = min{m : m € N, n|m!}.
The main purpose of this paper is to introduce some new unsolved problems involving the
Smarandache function and the related functions.

Keywords Smarandache function, F.Smarandache LCM function, F.Smarandache dual

function, Pseudo-F.Smarandache function.

§1. Introduction and Results

For any positive integer n, the famous F.Smarandache function S(n) is defined as the
smallest positive integer m such that n|m!. That is, S(n) = min{m : m € N, n|m!}. About the
properties of S(n), there are many people had studied it, and obtained a series conclusions, see
references [1], [2], [3] and [4]. Here we introduce two unsolved problems about the Smarandache
function, they are:

Problem 1. If n > 1 and n # 8, then Z

d|n
the summation over all positive divisors of n.

Problem 2. Find all positive integer solutions of the equation ZS(d) = ¢(n), where
d|n

1
S@d)

is not a positive integer, where E denotes
d|n

¢(n) is the Euler function.
For any positive integer n, the F.Smarandache LCM function SL(n) is defined as the

smallest positive integer k such that n|[1, 2, ---, k], where [1, 2, ---, k] is the smallest
common multiple of 1, 2, ---, k. About this function, there are three unsolved problems as
follows:

Problem 3. If n > 1 and n # 36, then Z is not a positive integer.
d|n

1
SL(d)

Problem 4. Find all positive integer solutions of the equation Z SL(d) = ¢(n).
d|n

IThis work is supported by the N.S.F. (10671155) of P.R.China.
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Problem 5. Study the mean value properties of In SL(n), and give an asymptotic formula

for Z In (SL(n)).

n<z
For any positive integer n > 1, let n = p"'p5? - - - pp* denotes the factorization of n into

prime power, we define function S(n) = max{aip;, asps,---,axpr}, and S(1) = 1. There are

two unsolved problems about this function as follows:

Problem 6. If n > 1 and n # 24, then Z is not a positive integer.
d|

L
- 5d)
Problem 7. Find all positive integer solutions of the equation Z S(d) = ¢(n).

d|n
For any positive integer n, the dual function S*(n) of the Smarandache function is defined
as the largest positive integer m such that m!in. That is, S*(n) = max{m : m € N, mln}.
About this function, there are two unsolved problems as follows:
Problem 8. Find all positive integer solutions of the equation Z S*(d) = ¢(n).
d|n
Problem 9. Study the calculating problem of the product HS*(d), and give an exact

d|n
calculating formula for it.

For any positive integer n, the Pseudo-F.Smarandache function Z(n) is defined as the
largest positive integer m such that (1+243+---4+m)|n. That is, Z(n) = max{m : m €
N, W\n} For this function, there is an unsolved problem as follows:

Problem 10. Study the mean value properties of Z(n) , and give an asymptotic formula

for Z Z(n).

n<x
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