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Abstract Let n > 1 be an integer, the function t(e)(n) denote the number of e-squarefree e-

divisors of n. In this paper, we will study the mean value of (t(e)(n))2 over cube-full numbers,

that is ∑
n ≤ x

n is cube − full

(t(e)(n))2 =
∑
n≤x

(t(e)(n))2f3(n).

Keywords exponentially squarefree, exponential divisors, Dirichlet convolution.
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§1. Introduction

An integer n = pa11 p
a2
2 · · · parr is called k-full number if all the exponents a1 ≥ k, a2 ≥

k, · · · , ar ≥ k, when k = 3. n is called cube-full integers, i.e.

f3(n) =

1, n is cube-full ,

0, otherwise .

Let n > 1 be an integer of canonical form n = pa11 p
a2
2 · · · parr . The integer d = pb11 p

b2
2 · · · pbrr

is called an exponential divisor (e-divisor) of n, if bi|ai for every i ∈ 1, 2, · · · , r. The integer

n > 1 is called exponentially squarefree (e-squarefree) if all the exponents a1, a2, · · · , ar are

squarefree. The integer 1 is also considered to be e-squarefree.

Many scholars are interested in researching the divisor problem and have obtained a large

number of good results. But there are many problems hasn’t been solved. For example, F.

Smarandache gave some unsolved problems in his book Only problems,Not solutions! [4],

and one problem is that the integer d = pb11 p
b2
2 · · · pbrr is called an e-squarefree e-divisor of

n = pa11 p
a2
2 · · · parr > 1, if b1|a1, · · · , br|ar and b1, · · · , br are squarefree. Note that the integer

1 is e-squarefree and it is not an e-divisor of n > 1. There is the exponential analogues of
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the functions representing the number of squarefree divisors of n (i.e. θ(n) = 2ω(n), where

ω(n) = r). Let

t(e)(n) = 2ω(a1) · · · 2ω(ar),

where n = pa11 p
a2
2 · · · parr > 1. The function t(e)(n) is multiplicative and t(e)(pa) = 2ω(a) for

every prime power pa. Here for every prime p, t(e)(p) = 1, t(e)(p2) = t(e)(p3) = t(e)(p4) =

t(e)(p5) = t(e)(p7) = 2, t(e)(p6) = 4, · · · .
L. Tóth [1] proved the following results:

(1) The Dirichlet series of t(e)(n) is of form

∞∑
n=1

t(e)(n)

ns
= ζ(s)ζ(2s)V (s), <s > 1,

where V (s) =
∞∑
n=1

v(n)
ns is absolutely convergent for <s > 1

4 .

(2) ∑
n≤x

t(e)(n) = C1x+ C2x
1
2 +O(x

1
4+ε)

for every ε > 0, where C1, C2 are constants given by

C1 :=
∏
p

(
1 +

1

p2
+

∞∑
a=6

2ω(a) − 2ω(a−1)

pa

)
,

C2 := ζ

(
1

2

)∏
p

(
1 +

∞∑
a=4

2ω(a) − 2ω(a−1) − 2ω(a−2) + 2ω(a−3)

pa2

)
.

(3)

lim sup
n→∞

log t(e)(n) log log n

log n
=

1

2
log 2.

The aim of this paper is to establish the following asymptotic formula for the mean value

of the function t(e)(n) over cube-full numbers.

Theorem 1.1 We have the asymptotic formula∑
n ≤ x

n is cube − full

(t(e)(n))2 = x
1
3Q1,1(log x) + x

1
4Q1,2(log x) + x

1
5Q1,3(log x) +O(xσ0+ε) ,

where Q1,k(t), k = 1, 2, 3 are polynomials of degree 3 in t, σ0 = 0.1911 · · · .
Natation Through out this paper, ε always denotes a fixed but sufficiently small positive

constant.

§2. Some Lemmas

Lemma 2.1 Let f(m), g(n) are arithmetical functions such that

∑
m≤x

f(m) =

J∑
j=1

xαjPj(log x) +O(xα) ,

2
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n≤x

|g(n)| = O(xβ) ,

where α1 ≥ α2 ≥ α3 ≥ · · · ≥ αJ > α > β > 0. Pj(t) are polynomials in t. If h(n) =∑
n=md

f(m)g(d), then

∑
n≤x

h(n) =

J∑
j=1

xαjQj(log x) +O(xα) ,

where Qj(t) are polynomials in t, (j = 1, · · · , J).

Lemma 2.2 The Dirichlet series of (t(e)(n))2 is of form

∑
n ≤ x

n is cube − full

(t(e)(n))2

ns
= ζ4(3s)ζ4(4s)ζ4(5s)G(s), <s > 1,

where G(s) =
∞∑
n=1

g(n)
ns is absolutely convergent for <s > 1

6 .

Proof.

∞∑
n = 1

n is cube − full

(t(e)(n))2

ns
=

∞∑
n=1

(t(e)(n))2f3(n)

ns

=
∏
p

(
1 +

(t(e)(p))2f3(p)

ps
+

(t(e)(p2))2f3(p2)

p2s
+

(t(e)(p3))2f3(p3)

p3s
+

(t(e)(p4))2f3(p4)

p4s
+ · · ·

)

=
∏
p

(
1 +

(t(e)(p3))2

p3s
+

(t(e)(p4))2

p4s
+

(t(e)(p5))2

p5s
+ · · ·

)

=
∏
p

(
1 +

(2ω(3))2

p3s
+

(2ω(4))2

p4s
+

(2ω(5))2

p5s
+ · · ·

)
=
∏
p

(
1 +

4

p3s
+

4

p4s
+

4

p5s
+ · · ·

)
= ζ(3s)

∏
p

(
1 +

3

p3s
+

4

p4s
+

4

p5s
+ · · ·

)
= ζ4(3s)

∏
p

(
1 +

4

p4s
+

4

p5s
+ · · ·

)
= ζ4(3s)ζ4(4s)ζ4(5s)G(s),

where G(s) =
∞∑
n=1

g(n)
ns is absolutely convergent for <s > 1

6 , and

∑
n≤x

|g(n)| � x
1
6+ε .

3
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Lemma 2.3 Let 1
2 ≤ σ ≤ 1, t ≥ t0 ≥ 2, we have

ζ(σ + it)� t
1−σ
3 log t.

Proof. See E. C. Titchmarsh [3].

Lemma 2.4 Let 1
2 < σ < 1, define

m(σ) =
4

3− 4σ
,

1

2
< σ ≤ 5

8
,

m(σ) =
19

6− 6σ
,

35

54
< σ ≤ 41

60

m(σ) =
2112

859− 948σ
,

41

60
< σ ≤ 3

4

m(σ) =
12408

4537− 4890σ
,

3

4
< σ ≤ 5

6

m(σ) =
4324

1031− 1044σ
,

5

6
< σ ≤ 7

8

m(σ) =
98

31− 32σ
,

7

8
< σ ≤ 0.91591

m(σ) =
24σ − 9

(4σ − 1)(1− σ)
, 0.91591 < σ ≤ 1− ε.

Proof. See A. Ivić [2].

Lemma 2.5∑
n≤x

d(3, 3, 3, 3, 4, 4, 4, 4, 5, 5, 5, 5;n) = x
1
3P1,1(log x) + x

1
4P1,2(log x) + x

1
5P1,3(log x) +O(xσ0+ε),

where σ0 = 0.1911 · · · , P1,k(t), k = 1, 2, 3 are polynomials of degree 3 in t.

Proof. By perron’s formula, we have

S(x) =
∑
n≤x

δ(n)d(n) =
1

2πi

∫ b+iT

b−iT
ζ4(3s)ζ4(4s)ζ4(5s)

xs

s
ds+O

(
x

1
3+ε

T

)
,

where b = 1
3 + ε, T = xc, c is a very large number of fixed numbers. 1

6 < σ0 <
1
5 . According

to the residue theorem, we have

S(x) = x
1
3P1,1(log x) + x

1
4P1,2(log x) + x

1
5P1,3(log x) + I1 + I2 + I3 +O(1) ,

I1 =
1

2πi

∫ σ0−it

b−it
ζ4(3s)ζ4(4s)ζ4(5s)

xs

s
ds,

I2 =
1

2πi

∫ σ0+it

σ0−it
ζ4(3s)ζ4(4s)ζ4(5s)

xs

s
ds,

4
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I3 =
1

2πi

∫ b+it

σ0+it

ζ4(3s)ζ4(4s)ζ4(5s)
xs

s
ds.

Since σ0 >
3
16 + δ, (s = σ + iT ), and by Lemma 2.3, we have,

I1 + I3 �
∫ 1

3+ε

σ0

|ζ(3σ + 3iT )|4|ζ(4σ + 4iT )|4|ζ(5σ + 5iT )|4xσT−1dσ

�T−1
(∫ 1

5

σ0

+

∫ 1
4

1
5

+

∫ 1
3

1
4

+

∫ 1
3+ε

1
3

)
× |ζ(3σ + 3iT )|4|ζ(4σ + 4iT )|4|ζ(5σ + 5iT )|4xσdσ

�T−1+ε
∫ 1

5

σ0

T
4(1−3σ)

3 +
4(1−4σ)

3 +
4(1−5σ)

3 xσdσ

+ T−1+ε
∫ 1

4

1
5

T
4(1−3σ)

3 +
4(1−4σ)

3 xσdσ + T−1+ε
∫ 1

3

1
4

T
4(1−3σ)

3 xσdσ

+ T−1+ε
∫ 1

3+ε

1
3

xσdσ

�x 3
16+εT−δ+ε + x

1
5T−

1
5+ε + x

1
4T−

2
3+ε + x

1
3T−1+ε + x

1
3+εT−1+ε

�x 1
3+εT−δ+ε ,

where δ is very small normal number, δ > ε.

I2 � xσ0

(
1 +

∫ T

1

|ζ(3σ + 3it)|4|ζ(4σ + 4it)|4|ζ(5σ + 5it)|4t−1dt

)
.

According to the partial integral formula, we have

I4 =

∫ T

1

|ζ(3σ + 3it)|4|ζ(4σ + 4it)|4|ζ(5σ + 5it)|4dt� T 1+ε.

If pi > 0, (i = 1, 2, 3) are real number, and 1
p1

+ 1
p2

+ 1
p3

= 1, by Hölder’s inequality, we have

I4 �

(∫ T

1

|ζ(3σ0 + 3it)|4p1dt

) 1
p1
(∫ T

1

|ζ(4σ0 + 4it)|4p2dt

) 1
p2
(∫ T

1

|ζ(5σ0 + 5it)|4p3dt

) 1
p3

.

So, we have to prove ∫ T

0

|ζ(3σ0 + 3it)|4p1dt� T 1+ε ,∫ T

0

|ζ(4σ0 + 4it)|4p2dt� T 1+ε ,∫ T

0

|ζ(5σ0 + 5it)|4p3dt� T 1+ε ,

Let m(3σ0) = 4p1, m(4σ0) = 4p2, m(5σ0) = 4p3, since 4
m(3σ0)

+ 4
m(4σ0)

+ 4
m(5σ0)

= 1, and

from Lemma 2.4, we have σ0 = 0.1911 · · · .

5
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§3. Proof of Theorem 1.1

Let

ζ4(3s)ζ4(4s)ζ4(5s)G(s) =

∞∑
n=1

f(n)

ns
, <s > 1,

ζ4(3s)ζ4(4s)ζ4(5s) =

∞∑
n=1

d(3, 3, 3, 3, 4, 4, 4, 4, 5, 5, 5, 5;n)

ns

such that

f(n) =
∑
n=md

d(3, 3, 3, 3, 4, 4, 4, 4, 5, 5, 5, 5;m)g(d). (3.1)

From Lemma 2.5 and the definition of d(3, 3, 3, 3, 4, 4, 4, 4, 5, 5, 5, 5;m), we get∑
m≤x

d(3, 3, 3, 3, 4, 4, 4, 4, 5, 5, 5, 5;m) = x
1
3P1,1(log x)+x

1
4P1,2(log x)+x

1
5P1,3(log x)+O(xσ0+ε) ,

(3.2)

where P1.k(t), (k = 1, 2, 3) are polynomials of degree 3 in t. In addition, we have∑
n≤x

|g(n)| = O(x
1
6+ε) . (3.3)

Combining (3.1), (3.2), (3.3) and Lemma 2.1, we have∑
n≤x

f(n) = x
1
3Q1,1(log x) + x

1
4Q1,2(log x) + x

1
5Q1,3(log x) +O(xσ0+ε) , (3.4)

where Q1.k(t), (k = 1, 2, 3) are polynomials of degree 3 in t.

By Lemma 2.2, we have

(t(e)(n))2f3(n) =
∑
n=md

d(3, 3, 3, 3, 4, 4, 4, 4, 5, 5, 5, 5;m)g(d) = f(n).

Then we complete the proof of Theorem 1.1.
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Abstract In this study, we introduce a generalization of Pell-Lucas matrix sequence called

bi-periodic Pell-Lucas matrix sequence by bi-periodic Pell-Lucas numbers. We find generating

function and Binet formula for this matrix sequence. We investigate the relationships between

bi-periodic Pell matrix sequence. We also find various sum formulas and some properties for

this matrix sequence.

Keywords Pell-Lucas Sequence, Generating Function, Binet Formula, Matrix Sequences.

2010 Mathematics Subject Classification 11B39, 11B83, 15A24, 15B36.

§1. Introduction

In the literature, you can encounter various special integer sequences, which are used in

almost every kind of sciences. Special integer sequences are often used by combinatorics and

number theory which are popular fields of mathematics One of the well-known special integer

sequences is the Pell-Lucas sequence. The Pell-Lucas sequence denoted by {qn}∞n=0 is defined

recursively by qn = 2qn−1 + qn−2, with starting values q0 = 2, q1 = 2 for n ≥ 2 in [1, 2].

There are many generalizations of the special sequences. One of them is bi periodic number

sequences. Edson and Yayenie defined firstly the bi periodic Fibonacci sequence in [3, 4]. The

contribution of Edson and Yayenie is noteworthy on bi-periodic sequences. After them many

mathematicians studied new bi-periodic sequences. Bilgici studied bi periodic Lucas sequence

in [5]. Similarly, Uygun and Karatas found some properties of the bi-periodic Pell and Pell-Lucas

sequences in [8, 10]. Uygun and Owusu defined bi-periodic Jacobsthal and Jacobsthal Lucas

sequences in [6,9]. Verma and Bala introduced bivariate bi-periodic Jacobsthal and Jacobsthal

Lucas polynomials in [13]. In [7], Coskun and Taskara carried out bi-periodic sequences to

matrix theory and defined the bi-periodic Fibonacci and Lucas matrix sequences. Uygun and

Owusu, in [11], found the basic properties of matrix representation of the bi-periodic Jacobsthal

sequence. Uygun, in [12] defined the matrix representation of the bi-periodic Jacobsthal-Lucas

sequence. Soykan studied k-circulant matrices with the generalized third order Pell numbers

in [14]. Here, firstly we introduce bi-periodic Pell sequence and bi-periodic Pell-Lucas sequence.

Using the elements of the bi-periodic Pell-Lucas sequence, we define bi-periodic Pell-Lucas
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matrix sequence. We find generating function and Binet formula for this matrix sequence. We

investigate the relationships between bi-periodic Pell matrix sequence. We also obtain some

properties and sum formulas for this matrix sequence.

Definition 1.1. For any two non-zero real numbers a and b, the bi-periodic Pell sequence

in [10] denoted by {Pn}∞n=0 is defined recursively by

P0 = 0, P1 = 1, Pn =

 2aPn−1 + Pn−2, if n is even

2bPn−1 + Pn−2, if n is odd
n ≥ 2,

The recurrence equation of the bi-periodic Pell sequence is given as

x2 − 2abx− ab = 0

and the roots of this equation are

α = ab+
√
a2b2 + ab, β = ab−

√
a2b2 + ab

Definition 1.2. For any two non-zero real numbers a and b, the bi-periodic Pell-Lucas

sequence in [8] denoted by {Qn}∞n=0 is defined recursively by

Q0 = 2, Q1 = 2a, Qn =

 2bQn−1 +Qn−2, if n is even

2aQn−1 +Qn−2, if n is odd
n ≥ 2,

Q0 = 2, Q1 = 2a, Q2 = 4ab+ 2, Q3 = 8a2b+ 6a, Q4 = 16a2b2 + 16ab+ 2.

Lemma 1.1. We have the following properties for α and β

(2α+ 1)(2β + 1) = 1

α+ β = 2ab, αβ = −ab

(2α+ 1) =
α2

ab
(2β + 1) =

β2

ab
,

−(2α+ 1)β = α, −(2β + 1)α = β.

Definition 1.3. Bi-periodic Pell matrix sequence {P̃n(a, b)}∞n=0 is defined by

P̃n(a, b) =

 2aP̃n−1(a, b) + P̃n−2, if n is even

2bP̃n−1(a, b) + P̃n−2, if n is odd

with starting values

P̃0(a, b) =

 1 0

0 1

 , P̃1(a, b) =

 2b b
a

1 0

 .

8
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The bi-periodic Pell matrix sequence {P̃n(a, b)}∞n=0 satisfies the following properties

P̃2n(a, b) = (4ab+ 2)P̃2n−2(a, b)− P̃2n−4(a, b),

P̃2n+1(a, b) = (4ab+ 2)P̃2n−1(a, b)− P̃2n−3(a, b).

The entries of the bi-periodic Pell matrix sequence are the elements of the bi-periodic Pell

number sequence as

P̃n =

 (
b
a

)ξ(n)
Pn+1

b
aPn

Pn
(
b
a

)ξ(n)
Pn−1

 .

[15]

§2. Bi-periodic Pell-Lucas Matrix Sequence

Definition 2.1. Bi-periodic Pell-Lucas matrix sequence {Q̃n(a, b)}∞n=0 is defined by

Q̃n(a, b) =

 2bQ̃n−1(a, b) + Q̃n−2, if n is even

2aQ̃n−1(a, b) + Q̃n−2, if n is odd

with starting values

Q̃0(a, b) =

 2a 2

2ab 2a

 , Q̃1(a, b) =

 a(4ab+2)
b 2b

2a2

b 2ab

 .

In this study, we use P̃n for P̃n(a, b) and similarly Q̃n for Q̃n(a, b). The bi-periodic Pell-Lucas

matrix sequence {Q̃n}∞n=0 satisfies the following properties

Q̃2n = (4ab+ 2)Q̃2n−2 − Q̃2n−4

Q̃2n+1 = (4ab+ 2)Q̃2n−1 − Q̃2n−3

Theorem 2.1. The entries of the bi-periodic Pell-Lucas matrix sequence are the elements

of the bi-periodic Pell-Lucas number sequence as

Q̃n(a, b) =

 (
a
b

)ξ(n)
Qn+1 Qn

a
bQn

(
a
b

)ξ(n)
Qn−1

 .

Proof. We obtain the proof by means of mathematical induction. For n = 0, 1 the assertion is

satisfied. Let the equation is true for n = k, where k ∈ Z+

Q̃k (a, b) =

 (
a
b

)ξ(k)
Qk+1 Qk

a
bQk

(
a
b

)ξ(k)
Qk−1


9
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For n = k + 1; we have

Q̃k+1 =

 2aQ̃k(a, b) + Q̃k−1 if k is even

2bQ̃k(a, b) + Q̃k−1 if k is odd

= (2b)ξ(k)(2a)1−ξ(k)Q̃k + Q̃k−1

= 2bξ(k)a1−ξ(k)

 (
a
b

)ξ(k)
Qk+1 Qk

a
bQk

(
a
b

)ξ(k)
Qk−1


+

 (
a
b

)ξ(k−1)
Qk Qk−1

a
bQk−1

(
a
b

)ξ(k−1)
Qk−2



=



 2aQk+1 + a
bQk 2aQk +Qk−1

a
b (2aQk +Qk−1) 2aQk−1 + a

bQk−2

 , k is even 2aQk+1 +Qk 2bQk +Qk−1
a
b (2bQk +Qk−1) 2aQk−1 +Qk−2

 , k is odd

=

 (
a
b

)ξ(k+1)
Qk+2 Qk+1

a
bQk+1

(
a
b

)ξ(k+1)
Qk


Thus, we get the result.

Lemma 2.1. The followig relations between bi-periodic Pell sequence and bi-periodic

Pell-Lucas sequence are satisfied

Qn+1 +Qn−1 = (ab+ 1)Pn

Pn+1 + Pn−1 = Qn

Theorem 2.2. The followig relations between bi-periodic Pell matrix sequence and bi-

periodic Pell-Lucas matrix sequence are satisfied

b

a

(
Q̃n+1 + Q̃n−1

)
= (ab+ 1)P̃n

P̃n+1 + P̃n−1 =
b

a
Q̃n

Theorem 2.3. The determinant of the the elements of the bi-periodic Pell-Lucas matrix

sequence is

det Q̃n = (−1)n+1(4ab+ 4)
(a
b

)1+ξ(n)
(Cassini Property) By the determinant of the bi-periodic Pell-Lucas matrix sequence,

we get the Cassini property for the the bi-periodic Pell-Lucas number sequence as(a
b

)2ξ(n)
Qn+1Qn−1 −

a

b
Q2
n = (4ab+ 4)

(
−a
b

)1+ξ(n)
10
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Theorem 2.4. The following properties are also satisfied by the bi-periodic Pell-Lucas

matrix sequence

i
(
b
a

)ξ(n)
Q̃n = P̃nQ̃0 = Q̃0P̃n =

(
a
b

)ξ(n+1)
(P̃n+1 + P̃n−1)

ii
(
b
a

)ξ(n+1)
Q̃n+1 = P̃1Q̃n = Q̃nP̃1 =

(
a
b

)ξ(n)
P̃n+2 + P̃n)

iii P̃mQ̃n =
(
b
a

)ξ(m)ξ(n+1)
Q̃m+n

iv Q̃mQ̃n =
(
a
b

)2−ξ((m+1)(n+1))
(ab+ 1)P̃m+n

v Q̃n−rQ̃n+r =
(
a
b

)(−1)nξ(r)
Q̃2
n

vi Q̃n−rQ̃n+r =
(
a
b

)2−ξ(r+1)
(ab+ 1)P̃2n

vii Q̃m0 P̃mn =
(
b
a

)bm+1
2 cξ(n) Q̃mn

viii P̃n1 = 1
4(ab+1)

(
b
a

)1+ξ(n)+bn
2 c Q̃nQ̃0

ix P̃n1 =
(
b
a

)bn+1
2 c Q̃n

Proof. We demonsrate only two proofs of them. The other proofs are made by similar way. For

the proof of iii)

P̃mQ̃n = P̃m

(a
b

)ξ(n)
P̃nQ̃0 =

(a
b

)ξ(n)( b
a

)ξ(mn)
P̃m+nQ̃0

=
(a
b

)ξ(n)−ξ(mn)( b
a

)ξ(m+n)

Q̃m+n =

(
b

a

)ξ(m)ξ(n+1)

Q̃m+n

For the proof of iv) we use this property P̃mP̃n =
(
b
a

)ξ(mn)
P̃m+n

Q̃mQ̃n =
a

b
(P̃m+1 + P̃m−1)

a

b
(P̃n+1 + P̃n−1)

=
(a
b

)2  ( ba)ξ((m+1)(n+1))
P̃m+n+2 +

(
b
a

)ξ((m+1)(n−1)
P̃m+n

+
(
b
a

)ξ((m−1)(n+1))
P̃m+n +

(
b
a

)ξ((m−1)(n−1))
P̃m+n−2


=

(a
b

)2−ξ((m+1)(n+1))

[P̃m+n+2 + 2P̃m+n + P̃m+n−2]

=
(a
b

)1−ξ((m+1)(n+1)) [
Q̃m+n+1 + Q̃m+n−1

]
=

(a
b

)2−ξ((m+1)(n+1))

(ab+ 1)P̃m+n

If it is done the arrangements, we get the desired result.

11
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Theorem 2.5. (Generating function) Let us suppose that Q̃i are coefficients of a

power series with center at the origin and that Q̃(x) is the sum of this series. The generating

function Q̃(x) for the bi-periodic Pell-Lucas matrix sequence is in the following

Q̃(x) =

∞∑
i=0

Q̃ix
i =

Q̃0 + Q̃1x+ x2
(

2bQ̃1 − (4ab+ 1)Q̃0

)
+ x3

(
2aQ̃0 − Q̃1

)
1− (4ab+ 2)x2 + x4

Proof. The generating function Q̃(x) for the bi-periodic Pell-Lucas matrix sequence is displayed

as

Q̃(x) =

∞∑
i=0

Q̃ix
i =

∞∑
i=0

Q̃2ix
2i +

∞∑
i=0

Q̃2i+1x
2i+1

= Q̃0(x) + Q̃1(x)

We have for the even terms of the series

Q̃0(x) = Q̃0 + Q̃2x
2 +

∞∑
i=2

Q̃2ix
2i.

We multiply Q̃0(x) by −(4ab+ 2)x2 and x4 respectively

−(4ab+ 2)x2Q̃0(x) = −(4ab+ 2)Q̃0x
2 − (4ab+ 2)

∞∑
i=2

Q̃2i−2x
2i.

x4Q̃0(x) =

∞∑
i=0

Q̃2ix
2i+4 =

∞∑
i=2

Q̃2i−4x
2i.

By these equalities, we obtain the following function of the matrix for even powers of the series

[1− (4ab+ 2)x2 + x4]Q̃0(x) = Q̃0 + Q̃2x
2 − (4ab+ 2)x2Q̃0

+

∞∑
i=2

(Q̃2i − (4ab+ 2)Q̃2i−2 + Q̃2i−4)x2i

Q̃0(x) =
Q̃0 + x2

(
2bQ̃1 − (4ab+ 1)Q̃0

)
1− (4ab+ 2)x2 + x4

.

Similarly for odd powers of the series, we get

Q̃1(x) = Q̃1x+ Q̃3x
3 +

∞∑
i=2

Q̃2i+1x
2i+1

−(4ab+ 2)x2Q̃1(x) = −(4ab+ 2)x3Q̃1 − (4ab+ 2)

∞∑
i=2

Q̃2i−1x
2i+1

x4Q̃1(x) =

∞∑
i=0

Q̃2i+1x
2i+5 =

∞∑
i=2

Q̃2i−3x
2i+1

12
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By these equalities, we obtain

[1− (4ab+ 2)x2 + x4]Q̃1(x) = Q̃1x+ Q̃3x
3 − (4ab+ 2)x3Q̃1

+

∞∑
i=2

(
Q̃2i+1 − (4ab+ 2)Q̃2i−1 + Q̃2i−3

)
x2i+1

Q̃1(x) =
Q̃1x+ x3(2aQ̃0 − Q̃1)

1− (4ab+ 2)x2 + x4
.

By combining the results, we complete the proof

Q̃(x) = Q̃0(x) + Q̃1(x)

=
Q̃0 + Q̃1x+

[
2bQ̃1 − (4ab+ 1)Q̃0

]
x2 +

[
2aQ̃0 − Q̃1

]
x3

1− (4ab+ 2)x2 + x4
.

Theorem 2.6. (Binet Formula) The Binet formula for the bi-periodic Pell-Lucas matrix

sequence is

Q̃n = (Q̃0)1−ξ(n)(Q̃1)ξ(n)
α2bn

2 c+1 − β2bn
2 c+1

(ab)b
n
2 c(α− β)

+(aQ̃0)ξ(n)(bQ̃1 − 2abQ̃0)1−ξ(n)
α2bn

2 c − β2bn
2 c

(ab)b
n
2 c(α− β)

or

Q̃n = b1−ξ(n)(Q̃1 − 2aQ̃0)ξ(n)
αn − βn

(ab)b
n
2 c(α− β)

+aξ(n)Q̃0
αn+1 − βn+1

(abb
n+1
2 c(α− β)

.

Proof. By the generating function for the bi-periodic Pell-Lucas matrix sequence, we have

Q̃(x) =
Q̃0 + Q̃1x+ x2

(
2bQ̃1 − (4ab+ 1)Q̃0

)
+ x3

(
2aQ̃0 − Q̃1

)
(x2 − (2α+ 1)) (x2 − (2β + 1))

=
Ax+B

x2 − (2α+ 1)
+

Cx+D

x2 − (2β + 1)

By the equality we find the coefficients as

A+ C = 2aQ̃0 − Q̃1

−A(2β + 1)− C(2α+ 1) = Q̃1

A =
(2α+ 1)aQ̃0 − αQ̃1

α− β

13



14 Sukran Uygun and Ersen Akinci No. 1

C =
βQ̃1 − (2β + 1)aQ̃0

α− β

B +D = 2bQ̃1 − (4ab+ 1)Q̃0

−B(2β + 1)−D(2α+ 1) = Q̃0

B =
b(2α+ 1)(Q̃1 − 2aQ̃0)− αQ̃0

α− β

D =
b(2β + 1)(−Q̃1 + 2aQ̃0) + βQ̃0

α− β
We know that by Maclauren series expansion

Ax+B

x2 − C
= −

∞∑
n=1

AC−n−1x2n+1 −
∞∑
n=1

BC−n−1x2n.

If we apply this expansion to the fraction Ax+B
x2−(2α+1) , we obtain

Ax+B

x2 − (2α+ 1)

=
−1

α− β

( ∞∑
n=1

(2α+ 1)aQ̃0 − αQ̃1

(2α+ 1)n+1
x2n+1 +

∞∑
n=1

b(2α+ 1)(Q̃1 − 2aQ̃0)− αQ̃0

(2α+ 1)n+1
x2n

)
,

and if we apply this expansion to the fraction Cx+D
x2−(2β+1) , we obtain

Cx+D

x2 − (2β + 1)

=
−1

α− β

( ∞∑
n=1

βQ̃1 − (2β + 1)aQ̃0

(2β + 1)n+1
x2n+1 +

∞∑
n=1

b(2β + 1)(−Q̃1 + 2aQ̃0) + βQ̃0

(2β + 1)n+1
x2n

)
.

Firstly, we examine the series with even powers

E(x) = − 1

α− β

∞∑
n=1

 (2β + 1)n+1
(
b(2α+ 1)(Q̃1 − 2aQ̃0)− αQ̃0

)
+(2α+ 1)n+1

(
b(2β + 1)(−Q̃1 + 2aQ̃0) + βQ̃0

) x2n
= − 1

α− β

∞∑
n=1

 (2β + 1)nb(Q̃1 − 2aQ̃0) + (2β + 1)nβQ̃0

+(2α+ 1)nb(−Q̃1 + 2aQ̃0)− (2α+ 1)nαQ̃0

x2n
= − 1

α− β

∞∑
n=1

 β2n

(ab)n b(Q̃1 − 2aQ̃0) + β2n+1

(ab)n Q̃0

+ α2n

(ab)n b(−Q̃1 + 2aQ̃0)− α2n+1

(ab)n Q̃0

x2n
=

1

α− β

∞∑
n=1

[
α2n − β2n

(ab)n
(bQ̃1 − 2abQ̃0) +

α2n+1 − β2n+1

(ab)n
Q̃0

]
x2n.

Then, we examine the series with odd powers

O(x) = − 1

α− β

∞∑
n=1

 −α(2β + 1)n+1Q̃1 + aQ̃0(2β + 1)n

+β(2α+ 1)n+1Q̃1 − aQ̃0(2α+ 1)n

x2n+1

14
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=
1

α− β

∞∑
n=1

−β
2n+1

(ab)n
Q̃1 − aQ̃0

β2n

(ab)n
x2n+1

+
1

α− β

∞∑
n=1

α2n+1

(ab)n
Q̃1 + aQ̃0

α2n

(ab)n
x2n+1

=
1

α− β

∞∑
n=1

(
Q̃1

α2n+1 − β2n+1

(ab)n
+ aQ̃0

α2n − β2n

(ab)n

)
x2n+1

Q̃(x) =

∞∑
i=0

Q̃ix
i =

∞∑
i=0

Q̃2ix
2i +

∞∑
i=0

Q̃2i+1x
2i+1

=
1

α− β

∞∑
n=1

(
Q̃1

α2n+1 − β2n+1

(ab)n
+ aQ̃0

α2n − β2n

(ab)n

)
x2n+1

+
1

α− β

∞∑
n=1

[
α2n − β2n

(ab)n
(bQ̃1 − 2abQ̃0) +

α2n+1 − β2n+1

(ab)n
Q̃0

]
x2n

Q̃n =
(
Q̃0

)1−ξ(n) (
Q̃1

)ξ(n) α2bn
2 c+1 − β2bn

2 c+1

(ab)b
n
2 c(α− β)

+(aQ̃0)ξ(n)(bQ̃1 − 2abQ̃0)1−ξ(n)
α2bn

2 c − β2bn
2 c

(ab)b
n
2 c(α− β)

For all n ≥ 0, from the definition of generating function, and by combining the sums, we get

the desired result.

Theorem 2.7. For any positive integer n, and ab 6= 0, the sum of the first n terms of

the bi-periodic Pell-Lucas matrix sequence is computed as

n−1∑
k=0

Q̃k =

(bQ̃n + aQ̃n−1)ξ(n)(bQ̃n−1 + aQ̃n)1−ξ(n)

−bQ̃1 + 2abQ̃0 − aQ̃0

2ab
.

Proof. If n is even, it’s obtained that by using Binet formula

n−1∑
k=0

Q̃k =

n−2
2∑

k=0

Q̃2k +

n−2
2∑

k=0

Q̃2k+1

=

n−2
2∑

k=0

Q̃0

(ab)
k

α2k+1 − β2k+1

α− β
+

n−2
2∑

k=0

bQ̃1 − 2abQ̃0

(ab)
k

α2k − β2k

α− β

+

n−2
2∑

k=0

Q̃1

(ab)
k

α2k+1 − β2k+1

α− β
+

n−2
2∑

k=0

aQ̃0

(ab)
k

α2k − β2k

α− β
.

By using the sum of geometric series, it’s computed that

n−1∑
k=0

Q̃k =
Q̃0

(ab)
n
2−1 (α− β)

[
αn+1 − α (ab)

n
2

(α2 − ab)
− βn+1 − β (ab)

n
2

(β2 − ab)

]

15
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+
bQ̃1 − 2abQ̃0

(ab)
n
2−1 (α− β)

[
αn − (ab)

n
2

(α2 − ab)
− βn − (ab)

n
2

(β2 − ab)

]

+
Q̃1

(ab)
n
2−1 (α− β)

[
αn+1 − α (ab)

n
2

(α2 − ab)
− βn+1 − β (ab)

n
2

(β2 − ab)

]

+
aQ̃0

(ab)
n
2−1 (α− β)

[
αn − (ab)

n
2

(α2 − ab)
− βn − (ab)

n
2

(β2 − ab)

]
.

After some algebraic operations, the following result is evaluated

=
Q̃0

4 (ab)
n
2 +2

(α− β)

[
−a2b2(αn−1 − βn−1) + ab(αn+1 − βn+1)

]
+

bQ̃1 − 2abQ̃0

4 (ab)
n
2 +2

(α− β)

 −a2b2(αn−2 − βn−2) + ab(αn − βn)

− (ab)
n
2 (α2 − β2)


+

Q̃1

4 (ab)
n
2 +2

(α− β)

[
−a2b2(αn−1 − βn−1) + ab(αn+1 − βn+1)

]
+

aQ̃0

4 (ab)
n
2 +2

(α− β)

 −a2b2(αn−2 − βn−2) + ab(αn − βn)

− (ab)
n
2 (α2 − β2)


By the definition of the Pell-Lucas matrix sequence, it is obtained that

n−1∑
k=0

Q̃k =
2bQ̃n−1 + 2aQ̃n − 2bQ̃1 + 4abQ̃0 − 2aQ̃0

4ab

Similarly if n is odd, we obtain

n−1∑
k=0

Q̃k =

n−1
2∑

k=0

Q̃2k +

n−3
2∑

k=0

Q̃2k+1

=

n−1
2∑

k=0

Q̃0

(ab)
k

α2k+1 − β2k+1

α− β
+

n−1
2∑

k=0

bQ̃1 − 2abQ̃0

(ab)
k

α2k − β2k

α− β

+

n−3
2∑

k=0

Q̃1

(ab)
k

α2k+1 − β2k+1

α− β
+

n−3
2∑

k=0

aQ̃0

(ab)
k

α2k − β2k

α− β
.

By using the sum of geometric series, it’s computed that

n−1∑
k=0

Q̃k =
Q̃0

(ab)
n−1
2 (α− β)

[
αn+2 − α (ab)

n+1
2

(α2 − ab)
− βn+2 − β (ab)

n+1
2

(β2 − ab)

]

+
bQ̃1 − 2abQ̃0

(ab)
n−1
2 (α− β)

[
αn+1 − (ab)

n+1
2

(α2 − ab)
− βn+1 − (ab)

n+1
2

(β2 − ab)

]

+
Q̃1

(ab)
n−3
2 (α− β)

[
αn − α (ab)

n−1
2

(α2 − ab)
− βn − β (ab)

n−1
2

(β2 − ab)

]

16
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+
aQ̃0

(ab)
n−3
2 (α− β)

[
αn−1 − (ab)

n−1
2

(α2 − ab)
− βn−1 − (ab)

n−1
2

(β2 − ab)

]
.

After some algebraic operations, the following result is evaluated

=
Q̃0

4 (ab)
n+5
2 (α− β)

[
−a2b2(αn − βn) + ab(αn+2 − βn+2)

]
+

bQ̃1 − 2abQ̃0

4 (ab)
n+5
2 (α− β)

 −a2b2(αn−1 − βn−1) + ab(αn+1 − βn+1)

− (ab)
n+1
2 (α2 − β2)


+

Q̃1

4 (ab)
n+3
2 (α− β)

[
−a2b2(αn−2 − βn−2) + ab(αn − βn)

]
+

aQ̃0

4 (ab)
n+3
2 (α− β)

 −a2b2(αn−3 − βn−3) + ab(αn−1 − βn−1)

− (ab)
n+1
2 (α2 − β2)


By the definition of the Pell-Lucas matrix sequence, it is obtained that

n−1∑
k=0

Q̃k =
Q̃n+1 − Q̃n−1 + Q̃n − Q̃n−2 − 2bQ̃1 + 4abQ̃0 − 2aQ̃0

4ab

=
bQ̃n + aQ̃n−1 − bQ̃1 + 2abQ̃0 − aQ̃0

2ab

By the above two results, we get

n−1∑
k=0

Q̃k =

(
bQ̃n + aQ̃n−1

)ξ(n) (
bQ̃n−1 + aQ̃n

)1−ξ(n)
− bQ̃1 + 2abQ̃0 − aQ̃0

2ab

Lemma 2.2. For any positive integer n, the sum of the first n terms of the bi-periodic

Pell matrix sequence is computed as in [14]

n−1∑
k=0

P̃ 2
k =

b
a P̃2n+2 + P̃2n − P̃2n−4 − b

a P̃2n−2

16ab(ab+ 1)
− (1 + 2ab)(aP̃1 − 2abP̃0)

8(ab+ 1)
.

Theorem 2.8. For any positive integer n, and ab 6= 0, the sum of the first n terms of

the bi-periodic Pell-Lucas matrix sequence is computed as

n−1∑
k=0

(
b

a

)2ξ(k)

Q̃2
k =

n−1∑
k=0

(
P̃kQ̃0

)2
= Q̃2

0

n−1∑
k=0

P̃ 2
k

= Q̃2
0

(
b
a

)1−ξ(n)
P̃2n+2 +

(
b
a

)ξ(n)
P̃2n −

(
b
a

)ξ(n)
P̃2n−4 −

(
b
a

)1−ξ(n)
P̃2n−2

16ab(ab+ 1)

−Q̃2
0

(1 + 2ab)(aP̃1 − 2abP̃0)

8(ab+ 1)

17
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Theorem 2.9. For any positive integer n, we have

n−1∑
k=0

Q̃k
xk

=
1

x4 − x2(4ab+ 2) + 1

 − Q̃n+1

xn−3 + Q̃n−1

xn−1 − Q̃n

xn−4 + Q̃n−2

xn−2

+x4Q̃0 + x3Q̃1 + x2(2aQ̃1 − 4abQ̃0 − Q̃0) + x(bQ̃0 − Q̃1)

 .
Proof. If n is even, we get

n−1∑
k=0

Q̃k
xk

=

n−2
2∑

k=0

Q̃2k

x2k
+

n−2
2∑

k=0

Q̃2k+1

x2k+1
.

By the Binet formula, we have

=

n−2
2∑

k=0

Q̃0

(abx2)
k

α2k+1 − β2k+1

α− β
+

n−2
2∑

k=0

bQ̃1 − 2abQ̃0

(abx2)
k

α2k − β2k

α− β

+

n−2
2∑

k=0

Q̃1

x (abx2)
k

α2k+1 − β2k+1

α− β
+

n−2
2∑

k=0

aQ̃0

x (abx2)
k

α2k − β2k

α− β
.

By using the sum of geometric series, it’s computed that

n−1∑
k=0

Q̃k
xk

=
Q̃0

xn−2 (ab)
n
2−1 (α− β)

[
αn+1 − α

(
abx2

)n
2

α2 − abx2
−
βn+1 − β

(
abx2

)n
2

β2 − abx2

]

+
bQ̃1 − 2abQ̃0

xn−2 (ab)
n
2−1 (α− β)

[
αn −

(
abx2

)n
2

α2 − abx2
−
βn −

(
abx2

)n
2

β2 − abx2

]

+
Q̃1

xn−1 (ab)
n
2−1 (α− β)

[
αn+1 − α

(
abx2

)n
2

α2 − abx2
−
βn+1 − β

(
abx2

)n
2

β2 − abx2

]

+
aQ̃0

xn−1 (ab)
n
2−1 (α− β)

[
αn −

(
abx2

)n
2

α2 − abx2
−
βn −

(
abx2

)n
2

β2 − abx2

]
.

=
Q̃0

xn−2 (ab)
n
2 +1

(α− β)


a2b2(αn−1 − βn−1)− abx2(αn+1 − βn+1)

+
(
abx2

)n
2 +1

(α− β)−
(
abx2

)n
2 ab(α− β)

x4 − x2(4ab+ 2) + 1



+
bQ̃1 − 2abQ̃0

xn−2 (ab)
n
2 +1

(α− β)


a2b2(αn−2 − βn−2)− abx2(αn − βn)

+
(
abx2

)n
2 (α2 − β2)

x4 − x2(4ab+ 2) + 1



+
Q̃1

xn−1 (ab)
n
2 +1

(α− β)


a2b2(αn−1 − βn−1)− abx2(αn+1 − βn+1)

+
(
abx2

)n
2 +1

(α− β)−
(
abx2

)n
2 ab(α− β)

x4 − x2(4ab+ 2) + 1


18



Vol. 18 Bi-Periodic Pell-Lucas Matrix Sequence 19

+
aQ̃0

xn−1 (ab)
n
2 +1

(α− β)


+a2b2(αn−2 − βn−2)− abx2(αn − βn)

+
(
abx2

)n
2 (α2 − β2)

x4 − x2(4ab+ 2) + 1


By the definition of the Pell-Lucas matrix sequence, it is obtained that

n−1∑
k=0

Q̃k
xk

=
1

x4 − x2(4ab+ 2) + 1

 − Q̃n+1

xn−3 + Q̃n−1

xn−1 − Q̃n

xn−4 + Q̃n−2

xn−2

+x4Q̃0 + x3Q̃1 + x2(2aQ̃1 − 4abQ̃0 − Q̃0) + x(bQ̃0 − Q̃1)


Similarly if n is odd, we obtain

n−1∑
k=0

Q̃k
xk

=

n−1
2∑

k=0

Q̃2k

x2k
+

n−3
2∑

k=0

Q̃2k+1

x2k+1

=

n−1
2∑

k=0

Q̃0

(abx2)
k

α2k+1 − β2k+1

α− β
+

n−1
2∑

k=0

bQ̃1 − 2abQ̃0

(abx2)
k

α2k − β2k

α− β

+

n−3
2∑

k=0

Q̃1

x (abx2)
k

α2k+1 − β2k+1

α− β
+

n−3
2∑

k=0

aQ̃0

x (abx2)
k

α2k − β2k

α− β
.

By using the sum of geometric series, it’s computed that

n−1∑
k=0

Q̃k
xk

=
Q̃0

(abx2)
n−1
2 (α− β)

αn+2 − α
(
abx2

)n+1
2

α2 − abx2
−
βn+2 − β

(
abx2

)n+1
2

β2 − abx2


+

bQ̃1 − 2abQ̃0

(abx2)
n−1
2 (α− β)

αn+1 −
(
abx2

)n+1
2

α2 − abx2
−
βn+1 −

(
abx2

)n+1
2

β2 − abx2


+

Q̃1

x (abx2)
n−3
2 (α− β)

αn − α (abx2)n−1
2

α2 − abx2
−
βn − β

(
abx2

)n−1
2

β2 − abx2


+

aQ̃0

x (abx2)
n−3
2 (α− β)

αn−1 − (abx2)n−1
2

α2 − abx2
−
βn−1 −

(
abx2

)n−1
2

β2 − abx2

 .
After some algebraic operations, the following result is evaluated

=
Q̃0

xn−1 (ab)
n+3
2 (α− β)


a2b2(αn − βn)− abx2(αn+2 − βn+2)

+
(
abx2

)n+3
2 (α− β)−

(
abx2

)n+1
2 ab(α− β)

x4 − x2(4ab+ 2) + 1


19
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+
bQ̃1 − 2abQ̃0

xn−1 (ab)
n+3
2 ((α− β)


a2b2(αn−1 − βn−1)− abx2(αn+1 − βn+1)

+
(
abx2

)n+1
2 (α2 − β2)

x4 − x2(4ab+ 2) + 1



+
Q̃1

xn−2 (ab)
n+1
2 ((α− β)


a2b2(αn−2 − βn−2)− abx2(αn − βn)

+
(
abx2

)n+1
2 (α− β)−

(
abx2

)n−1
2 ab(α− β)

x4 − x2(4ab+ 2) + 1



+
aQ̃0

xn−2 (ab)
n+3
2 ((α− β)


a2b2(αn−3 − βn−3)− abx2(αn−1 − βn−1)

+
(
abx2

)n−1
2 (α2 − β2)

x4 − x2(4ab+ 2) + 1


By the definition of the Pell-Lucas matrix sequence, it is obtained that

n−1∑
k=0

Q̃k
xk

=
1

x4 − x2(4ab+ 2) + 1

 Q̃n−1

xn−1 − Q̃n+1

xn−3 + Q̃n−2

xn−2 − Q̃n

xn−4

+x4Q̃0 + x3Q̃1 + x2(2aQ̃1 − 4abQ̃0 − Q̃0) + x(2bQ̃0 − Q̃1)


We find the same results either n is even or odd number.
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Abstract Let n > 1 be an integer and q
(e)
k (n) be the characteristic function of exponentially

k-free integers. In this paper, we shall study the mean value of exponentially k-free integers

over square-full number, that is∑
n≤x

n is square-full

(
q
(e)
k (n)

)r
=
∑
n≤x

(
q
(e)
k (n) f2(n)

)r
,

where f2(n) is the characteristic function of square-full integers, i.e.

f2(n) =

 1, n is square-full;

0, otherwise.

Keywords square-full number, Dirichlet convolution, mean value, divisor function.

2010 Mathematics Subject Classification 11N37.

§1. Introduction

The study of different forms of n is an interesting problem in number theory. It is well

known that a natural number n is called k-free (k ≥ 2 fixed) if in the canonical decomposition

n = pa1
1 p

a2
2 · · · par

r we have a1 ≤ k− 1, . . . , ar ≤ k− 1. Also the natural number n is called k-full

if a1 ≥ k, a2 ≥ k, · · · , ar ≥ k. Toth [3] defined the integer n to be exponentially k -free integer

if all the exponents ai (1 ≤ i ≤ r) are k-free, i.e. n is not divisible by the k-th power of any

prime (k ≥ 2). Also the integer n is called exponentially k -full integer if all the exponents

ai (1 ≤ i ≤ r) are k-full.

Let q
(e)
k (n) denote the characteristic function of exponentially k-free integers. Therefore

q
(e)
k (n) = 1 when n is exponentially k -free integer and zero otherwise. Many authors have stud-

ied the properties of the exponential divisor function, for example, [2–5]. For the exponential
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divisor function q
(e)
k (n), Tóth [3, 4] proved the following result:∑

n≤x

q
(e)
k (n) = Dkx+O

(
x1/2

k

δ(x)
)
,

where

Dk =
∏
p

(
1 +

∞∑
a=2k

qk(a)− qk(a− 1)

pa

)
,

and qk(n) denoting the characteristic function of k-free integers.

In this paper, we study the mean value of exponentially k -free integers over square full

numbers.

Theorem For some D > 0, k ≥ 3,

∑
n≤x

n is square-full

(
q
(e)
k (n)

)r
=
ζ
(
3
2

)
G
(
1
2

)
ζ(3)

x
1
2 +

ζ
(
2
3

)
G
(
1
3

)
ζ(2)

x
1
3

+O
(
x

1
6 exp

(
−D(log x)

3
5 (log log x)−

1
5

))
,

where

G(s) =
∏
p

(
1− 1

p2ks
− 1

p(2k+1)s
+

1

p(2k+3)s
+ · · ·

)
,

which is absolutely convergent for <s > 1
8 + ε.

Corollary If the Riemann Hypothesis is true, then for some D > 0, we have

∑
n≤x

n is square-full

(
q
(e)
k (n)

)r
=
ζ
(
3
2

)
G
(
1
2

)
ζ(3)

x
1
2 +

ζ
(
2
3

)
G
(
1
3

)
ζ(2)

x
1
3 +O

(
x

7
44 exp

(
D

log x

log log x

))
.

Notation Throughout this paper, ε always denotes a fixed but sufficiently small positive

constant.

§2. Some lemmas

In order to prove our theorem, we need the following lemmas.

Lemma 2.1. Let

d(2, 3; k) =
∑

n2m3=k

1.

Then we have ∑
1≤k≤x

d(2, 3; k) = ζ

(
3

2

)
x

1
2 + ζ

(
2

3

)
x

1
3 + ∆(2, 3;x)

with

∆(2, 3;x)� x
2
15 .

Proof. See Chapter 14.3 and Theorem 14.4 of [1].

23
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Lemma 2.2. Let f(n) be an arithmetical function, and satisfy

∑
n≤x

f(n) =

l∑
j=1

xajPj(log x) +O (xa) ,
∑
n≤x

|f(n)| = O (xa1 logr x) ,

where a1 ≥ a2 ≥ · · · ≥ al > 1/k > a ≥ 0, r ≥ 0, P1(t), · · · , Pl(t) are polynomials in t of degrees

not exceeding r, and k ≥ 1 is a fixed integer. If

h(n) =
∑
dk|n

µ(d)f
(
n/dk

)
,

then ∑
n≤x

h(n) =

l∑
j=1

xajRj(log x) + δ(x),

where R1(t), · · · , Rl(t) are polynomials in t of degrees not exceeding r, and for some D > 0,

δ(x)� x1/k exp
((
−D(log x)3/5(log log x)−1/5

))
.

If the Riemann hypothesis is true, then for some D > 0, we have

δ(x)� xc exp

(
D

log x

log log x

)
where

c =
2a1 − a

2ka1 − 2ka+ 1
.

Proof. See Theorem 14.2 of [1].

Lemma 2.3. Let s be a complex number, then we have

∑
n=1

n is square-full

(
q
(e)
k (n)

)r
ns

=
ζ(2s)ζ(3s)

ζ(6s)
G(s),

where the Dirichlet series G(s) =
∏

p

(
1− 1

p2ks
− 1

p(2k+1)s
+ 1

p(2k+3)s
+ · · ·

)
is absolutely con-

vergent for <s > 1
8 + ε.

Proof. Let

F (s) :=
∑
n=1

n is square-full

(
q
(e)
k (n)

)r
ns

=

∞∑
n=1

(
q
(e)
k (n)f2(n)

)r
ns

(<s > 1),

where f2(n) is the characteristic function of square-full integers.

24
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Obviously the function q
(e)
k (n) is multiplicative, and for every prime power pa, we have

q
(e)
k (p) = q

(e)
k

(
p2
)

= q
(e)
k

(
p3
)

= . . . = q
(e)
k

(
p2

k−1
)

= 1, q
(e)
k

(
p2

k
)

= 0. Then

F (s) =

∞∑
n=1

n is square-full

(
q
(e)
k (n)

)r
ns

=

∞∑
n=1

(
q
(e)
k (n)f2(n)

)r
ns

=
∏
p

1 +

(
q
(e)
k (p)f2(p)

)r
ps

+

(
q
(e)
k

(
p2
)
f2
(
p2
))r

p2s
+

(
q
(e)
k

(
p3
)
f2
(
p3
))r

p3s

+ · · ·+

(
q
(e)
k

(
p2

k−1
)
f2

(
p2

k−1
))r

p(2k−1)s


=
∏
p

(
1 +

1

p2s
+

1

p3s
+

1

p4s
+ · · ·+ 1

p(2k−1)s

)
=ζ(2s)

∏
p

(
1 +

1

p3s
− 1

p2ks
− 1

p(2k+1)s

)
=ζ(2s)ζ(3s)

∏
p

(
1− 1

p6s
− 1

p2ks
− 1

p(2k+1)s
+

1

p(2k+3)s
+

1

p(2k+4)s

)
=
ζ(2s)ζ(3s)

ζ(6s)
G(s),

where G(s) =
∏

p

(
1− 1

p2ks
− 1

p(2k+1)s
+ 1

p(2k+3)s
+ · · ·

)
and it is absolutely convergent for <s >

1
8 + ε with k ≥ 3.

§3. Proof of Theorem 1.1

Now we prove the Theorem. From Lemma 2.3, we have known that

F (s) =

∞∑
n=1

n is square-full

(
q
(e)
k (n)

)r
ns

=
ζ(2s)ζ(3s)

ζ(6s)
G(s),

where G(s) is absolutely convergent for <s > 1
8 + ε.

Define

G(s) :=

∞∑
n=1

g(n)

ns

and

H(s) := ζ(2s)ζ(3s)G(s) :=

∞∑
n=1

h(n)

ns
=

∞∑
n=1

∑
n=ml d(2, 3;m)g(l)

ns
(<s > 1).

Then we can get ∑
n≤x

h(n) =
∑
ml≤x

d(2, 3;m)g(l) =
∑
l≤x

g(l)
∑
m≤ x

l

d(2, 3;m).
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From Perron’s formula, residue theorem and Lemma 2.1, we can get∑
n≤x

d(2, 3;n) = ζ

(
3

2

)
x

1
2 + ζ

(
2

3

)
x

1
3 +O

(
x

2
15

)
. (1)

Then from (1) and Abel integral formula, we have the relation∑
n≤x

h(n) =
∑
l≤x

g(l)

[
ζ

(
3

2

)(x
l

) 1
2

+ ζ

(
2

3

)(x
l

) 1
3

+O

((x
l

) 2
15

)]

=ζ

(
3

2

)
x

1
2

∑
l≤x

g(l)

l1/2
+ ζ

(
2

3

)
x

1
3

∑
l≤x

g(l)

l1/3
+O

x 2
15

∑
l≤x

|g(l)|
l2/15


=ζ

(
3

2

)
x

1
2

∞∑
l=1

g(l)

l1/2
+ ζ

(
2

3

)
x

1
3

∞∑
l=1

g(l)

l1/3

+O

(
x

1
2

∑
l>x

|g(l)|
l1/2

+ x
1
3

∑
l>x

|g(l)|
l1/3

+ x
2
15

∑
k<x

|g(l)|
l2/15

)

=ζ

(
3

2

)
G

(
1

2

)
x

1
2 + ζ

(
2

3

)
G

(
1

3

)
x

1
3 +O

(
x

1
8

)
.

From Perron’s formula and Lemmas 2.2 and 2.3, we can get∑
n≤x

n is square-full

(
q
(e)
k (n)

)r
=
ζ
(
3
2

)
G
(
1
2

)
ζ(3)

x
1
2 +

ζ
(
2
3

)
G
(
1
3

)
ζ(2)

x
1
3

+O
(
x

1
6 exp

(
−D(log x)

3
5 (log log x)−

1
5

))
.

If the Riemann hypothesis is true, then for some D > 0, we have

δ(x)� xc exp

(
D

log x

log log x

)
where

c =
2a1 − a

2ka1 − 2ka+ 1
.

Then we can get the result of Corollary.
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Nombres Bordeaux, 7(1995), 133–141.

27



Scientia Magna

Vol. 18 (2023), No. 1, 28-38

On the roman domination polynomial of
the commuting and non-commuting

graphs of the dihedral groups

Akram Alqesmah1, G. Deepak2,*, N. Manjunath3 and R. Manjunatha4

1 Department of Mathematics, Faculty of Education of Tour Albaha, University of

Lahij

Lahij, Yemen

E-mail: aalqesmah@gmail.com
2Department of Mathematics, Bangalore Institute of Technology

K R Road, Bangalore, India

E-mail: deepak1873@gmail.com
3Department of Sciences and Humanities, School of Engineering and Technology,

CHRIST (Deemed to be University)

Begaluru, Karnataka, India

E-mail: manjunath.nanjappa@christuniversity.in
4Department of Mathematics, School of Science, Jain (Deemed to be University)

Bangalore, Karnataka,India

E-mail: manjunathajc@gmail.com

Abstract A graph associated to a finite group is a way to analyze some properties of a group

graphically. Many graphs of groups have been constructed according to the properties of the

groups such as the commuting and non-commuting graphs. Besides, a Roman dominating

function (in brief RDF ) of a graph Γ with vertex set V (Γ) and edge set E(Γ), defined as a

function f from the set V (Γ) to the set of numbers {0, 1, 2} in which for any vertex u ∈ V (Γ)

with f(u) = 0 there is at least a vertex v ∈ V (Γ) with f(v) = 2 is adjacent to u. The

summation of the values f(u) for all the vertices of Γ is defined by the weight of the RDF

f . Meanwhile, the Roman domination number (in short RDN) of Γ, γR(Γ), is the minimum

weight of an RDF defined on Γ [1]. Based on that, the Roman domination polynomial (RDP)

of a graph Γ on p vertices is defined by R(Γ, x) =

2p∑
j=γR(G)

r(Γ, j)xj , where r(Γ, j) is the number

of RDFs of Γ with weight j [2]. In this paper, the RDPs of commuting and non-commuting

graphs associated to dihedral groups with order 2n are computed and some examples are given

to illustrate the results.
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§1. Introduction and preliminaries

All the graphs considered throughout this paper are finite and simple, namely

finite, undirected and have no self-loops or multiple edges. Let Γ = (V,E) be a

graph. The order and size of Γ are denoted respectively by |V (Γ)| = p and |E(Γ)| =
q. As usual the complete graph, null graph, cycles and paths on p vertices are

denoted in this paper as Kp, Kp, Cp and Pp, respectively. The following expressions

dxe and bxc of the positive real number x are denoted respectively to the least

positive integer bigger than or equal to x and the largest positive integer less than

or equal to x.

The join Γ1∨Γ2 of two graphs Γ1 and Γ2, with different vertex sets |V (Γ1)| = p1

and |V (Γ2)| = p2, contains the original graphs Γ1 and Γ2 and every vertex of Γ1 is

linked to each vertex of Γ2 by an edge.

The RDN of a graph Γ = (V,E), γR(Γ), is defined in [3] as the smallest weight,

W (f(V )) =
∑

u∈V (Γ)

f(u), of an RDF f : V (Γ)→ {0, 1, 2} in which for any vertex u

in Γ with f(u) = 0 there is at least a vertex, say v, from the neighbors of u satisfied

that f(v) = 2. For details, the reader is referred to [1].

Recently, Deepak et al. [2] defined the RDP of a graph Γ as

R(Γ, x) =

2p∑
j=γR(Γ)

r(Γ, j)xj ,

where r(Γ, j) is the number of RDFs of Γ with weight j and studied some of its

properties. In addition, the RDPs of paths and cycles are studied in details in [4]

and [5], respectively. The following lemmas present some properties of the RDPs of

graphs that are needed in this paper.

Proposition 1.1 gives the RDP of the null graph Kp.

Proposition 1.1 [2]. Consider Γ to be the null graph Kp on p vertices. Then

R(Γ, x) =

p∑
j=0

(
p

j

)
xp+j = xp

(
1 + x

)p
.

Next, the RDP of a complete graph Kp is given in the following proposition.

Proposition 1.2 [2]. For the complete graph Kp, with p ≥ 2,

R(Kp, x) = xp +

2p∑
j=2

[ b j2 c∑
r=1

(
p

r

)(
p− r
j − 2r

)]
xj .

Now, Proposition 1.3 gives the RDP of the join Γ1 ∨ Γ2.

Proposition 1.3 [2]. Let Γ1, Γ2 be any two graphs with |Γ1| = p1, |Γ2| = p2,

29
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respectively. Then

R(Γ1 ∨ Γ2, x) =

p1∑
r=1

(
p1

r

)[ p1−r∑
t=0

(
p1 − r
t

)( p2∑
s=1

(
p2

s

) p2−s∑
l=0

(
p2 − s
l

))]
x2r+t+2s+l

+
(
1 + x

)p2(
R(G1, x)− xp1

)
+
(
1 + x

)p1(
R(G2, x)− xp2

)
+ xp1+p2 .

Recall that, the following properties of the combination

(
n

r

)
are considered in

the above lemmas.

(i) If r = 0 or r = n, then

(
n

r

)
= 1.

(ii) If r > n, then

(
n

r

)
= 0.

(iii) If r = 1, then

(
n

1

)
= n.

The following proposition presents the RDP of the disconnected graphs.

Proposition 1.4 [2]. Assume the graph Γ = ∪mi=1Γi, where Γ1, . . . ,Γm are

the components of Γ. Then

R(Γ, x) = R(Γ1, x) · · ·R(Γm, x).

Besides, a group consists of a set of elements and an operation combines the

elements of the set to form an element also must be in the set. This operation on

the set satisfies four conditions called the group axioms [6]. A group is called finite

if its set is finite. The dihedral group is an example of a finite non-abelian group.

In the following, the definitions of a center of group, a dihedral group and some

properties of a dihedral group are provided.

Definition 1.1 [7]. Consider G to be a finite group. The subset Z(G) of G

containing all the elements of G which commute with every element in G is called

the center of the group G i.e. Z(G) = {α ∈ G|αy = yα, ∀y ∈ G}.

Next, the definition of a dihedral group and some of its properties are given.

Definition 1.2 [8]. A dihedral group of order 2n where n ≥ 3, denoted by

D2n, is a group of symmetries of a regular polygon, which includes rotations and

reflections. A dihedral group can be presented also as:

D2n
∼=
〈
a, b : an = b2 = e, baba = e

〉
.

Some properties of a dihedral group D2n are presented in the following propo-

sition.

Proposition 1.5 [8]. Consider D2n = {e, a, a2, . . . , an−1, b, ab, a2b, . . . , an−1b}
to be a dihedral group of order 2n. Then D2n has the following properties:
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(i) For odd n,

(a) the center Z(D2n) = {e},

(b) the elements of the form ai, where i = 1, 2, . . . , n − 1, are commute one

to each other and ai do not commute with the elements of the form ajb,

where j = 0, 1, 2, . . . , n− 1,

(c) the elements of the form ajb, where j = 0, 1, 2, . . . , n−1, are not commute

with any element in D2n accept the identity element.

(ii) For even n,

(a) the center Z(D2n) = {e, an
2 },

(b) the non-central elements of the form ai i.e. i = 1, 2, . . . , n− 1 and i 6= n

2
,

are commute one to each other and ai do not commute with the elements

of the form ajb, where j = 0, 1, 2, . . . , n− 1,

(c) each element of the form ajb, where j = 0, 1, 2, . . . , n− 1, is not commute

with any element in D2n accept the identity element and the element of

the form a
n
2 jb.

Meanwhile, the idea of studying algebraic structures by using properties of

graphs is one of the interesting topics in research because of its impressive results

and questions. One of these studies is the study of graphs of groups. Many research-

es are presented on the commuting graph and the non-commuting graph associated

to finite groups. For instance, Vahidi and Talebi [9], Segev and Seitz [10], Raza

and Faizi [11] and Parker [12] studied the commuting graphs related to some spe-

cific groups; while Abdollahi et al. [13], Moradipour et al. [14] and Ahanjideh and

Iranmanesh [15] have studied the non-commuting graphs. In the following, the def-

initions of the commuting graph and the non-commuting graph associated to finite

non-abelian groups are provided. Firstly, the definition of the commuting graph of

non-abelian finite groups is given.

Definition 1.3 [9]. Consider G to be a non-abelian finite group. The com-

muting graph of G, denoted by ΓcomG is a simple undirected graph with vertex set

G− Z(G) and two vertices are adjacent if they commute.

In [16], the commuting graph of dihedral groups, D2n, is stated as follows:

Proposition 1.6 [16]. Let G = D2n be a dihedral group of order 2n, where

D2n
∼=
〈
a, b : an = b2 = e, bab = a−1

〉
and n ≥ 3. Then the commuting graph of

D2n, ΓcomD2n
is given as

ΓcomD2n
=


Kn−1 ∪ nK1, if n is odd;

Kn−2 ∪ n
2K2, if n is even.

Next, the definition of the non-commuting graph of non-abelian finite groups

is presented.
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Definition 1.4 [13]. Let G be a non-abelian finite group. The non-

commuting graph of G, denoted by ΓncomG is a simple graph with vertex set G−Z(G)

and two vertices are adjacent if and only if they do not commute.

The following proposition gives the non-commuting graph of D2n.

Proposition 1.7 [17]. Let D2n = {e, a, a2, . . . , an−1, b, ab, a2b, . . . , an−1b} be
the dihedral group of order 2n. Then the non-commuting graph of D2n, ΓncomD2n

, is

one of the following forms.

(i) If n is odd, then ΓncomD2n
= Kn ∨Kn−1.

(ii) If n is even, then ΓncomD2n
= Un ∨Kn−2, where Un is an (n− 2)-regular graph

with n vertices.

In this paper, the RDPs of the commuting graph and the non-commuting graph

associated to the dihedral groups are found and illustrated by some examples.

§2. Main results

First, the RDP of the commuting graph associated to the dihedral groups, D2n,

is obtained as follows.

Theorem 2.1. Let D2n =
〈
a, b : an = b2 = baba = e

〉
be the dihedral group

of order 2n, where n ≥ 3 and ΓcomD2n
is its CG. Then the RDP of ΓcomD2n

is given as:

(i) If n is odd, then

R(ΓcomD2n
, x) = xn

(
1 + x

)n[
xn−1 +

2n−2∑
j=2

[ b j2 c∑
r=1

(
n− 1

r

)(
n− r − 1

j − 2r

)]
xj
]
.

(ii) If n is even, then

R(ΓcomD2n
, x) = xn

(
x2 + 2x+ 3

)n
2

[
xn−2 +

2n−4∑
j=2

[ b j2 c∑
r=1

(
n− 2

r

)(
n− r − 2

j − 2r

)]
xj
]
.

Proof. By Proposition 1.6, the commuting graph of the dihedral groups D2n is given

as

ΓcomD2n
=


Kn−1 ∪ nK1, if n is odd;

Kn−2 ∪ n
2K2, if n is even.

Therefore by using Proposition 1.4, the RDP of ΓcomD2n
is given as

R(ΓcomD2n
, x) =


R(Kn−1) ·

(
R(K1)

)n
, if n is odd;

R(Kn−2) ·
(
R(K2)

)n
2 , if n is even.

Also by Proposition 1.1, R(K1) = x(1 + x) and by Proposition 1.2, R(K2) =

x2(x2 + 2x+ 3). Hence again using Proposition 1.2, the result is obtained.

32



Vol. 18 On the RDP of commuting and non-commuting graphs of dihedral groups 33

In the following example, the result in Theorem 2.1 part (i) is illustrated .

Example 2.1. Let D10 = {e, a, a2, a3, a4, b, ab, a2b, a3b, a4b} be the dihe-

dral group of order 10, where n = 5. By Proposition 1.6, the CG of the dihe-

dral groups D10 is ΓcomD10
= K4 ∪ 5K1. By using Definition 1.3 and Proposition

1.5, the vertex set and the edge set of ΓcomD10
are given respectively by V (ΓcomD10

) =

{a, a2, a3, a4, b, ab, a2b, a3b, a4b} and

E(ΓcomD10
) =

{
(a, a2), (a, a3), (a, a4), (a2, a3), (a2, a4), (a3, a4)

}
.

Therefore, ΓcomD10
is shown as in the following figure.

a a2

a3b

a3a4

a2b

b ab

a4b

Figure 1: The CG of D10

Now by Theorem 2.1, the RDP of ΓcomD10
is obtained by

R(ΓcomD10
, x) =x5

(
1 + x

)5[
x4 +

8∑
j=2

[ b j2 c∑
r=1

(
4

r

)(
4− r
j − 2r

)]
xj
]

=x5
(
1 + x

)5[
x4 + x2

1∑
r=1

(
4

r

)(
4− r
2− 2r

)
+ x3

1∑
r=1

(
4

r

)(
4− r
3− 2r

)

+ x4
2∑
r=1

(
4

r

)(
4− r
4− 2r

)
+ x5

2∑
r=1

(
4

r

)(
4− r
5− 2r

)
+ x6

3∑
r=1

(
4

r

)(
4− r
6− 2r

)

+ x7
3∑
r=1

(
4

r

)(
4− r
7− 2r

)
+ x8

4∑
r=1

(
4

r

)(
4− r
8− 2r

)]
=x5

(
1 + x

)5[
x4 + 4x2 + 12x3 + (12 + 6)x4 + (4 + 12)x5 + (0 + 6 + 4)x6

+ (0 + 0 + 4)x7 + x8

]
=x7

(
1 + x

)5[
x6 + 4x5 + 10x4 + 16x3 + 19x2 + 12x+ 4

]
=
(
1 + 5x+ 10x2 + 10x3 + 5x4 + x5

)(
x13 + 4x12 + 10x11 + 16x10 + 19x9

+ 12x8 + 4x7
)

=x18 + 9x17 + 40x16 + 116x15 + 244x14 + 388x13 + 468x12 + 420x11 + 271x10

+ 119x9 + 32x8 + 4x7.

The polynomial is represented graphically as in Figure 2.
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Figure 2: The graph of R
(
ΓcomD10

)
In the following theorem, the RDP of the non-commuting graph associated to

the dihedral groups D2n when n is an odd integer, is found.

Theorem 2.2. Let D2n =
〈
a, b : an = b2 = baba = e

〉
be the dihedral group

of order 2n, where n ≥ 3 is an odd integer, and ΓncomD2n
be its non-commuting graph.

Then the RDP of ΓncomD2n
is given as:

R(ΓncomD2n
, x) =

n∑
r=1

(
n

r

)[ n−r∑
t=0

(
n− r
t

)( n−1∑
s=1

(
n− 1

s

) n−s−1∑
l=0

(
n− s− 1

l

))]
x2r+t+2s+l

+
(
1 + x

)n−1
[ 2n∑
j=2

[ b j2 c∑
r=1

(
n

r

)(
n− r
j − 2r

)]
xj
]

+ xn−1
(
1 + x

)n[(
1 + x

)n−1 − 1

]
+ x2n−1.

Proof. By Proposition 1.7 part (i), the non-commuting graph of the dihedral groups

D2n, ΓncomD2n
, is given as ΓncomD2n

= Kn ∨ Kn−1. Therefore by Proposition 1.3, the

RDP of ΓncomD2n
is given by:

R(ΓncomD2n
, x) =

n∑
r=1

(
n

r

)[ n−r∑
t=0

(
n− r
t

)( n−1∑
s=1

(
n− 1

s

) n−s−1∑
l=0

(
n− s− 1

l

))]
x2r+t+2s+l

+
(
1 + x

)n−1
(
R(Kn, x)− xn

)
+
(
1 + x

)n(
R(Kn−1, x)− xn−1

)
+ xn+n−1.

Hence by using Proposition 1.1 and Proposition 1.2, the RDP of ΓncomD2n
is presented

as

R(ΓncomD2n
, x) =

n∑
r=1

(
n

r

)[ n−r∑
t=0

(
n− r
t

)( n−1∑
s=1

(
n− 1

s

) n−s−1∑
l=0

(
n− s− 1

l

))]
x2r+t+2s+l

+
(
1 + x

)n−1
[ 2n∑
j=2

[ b j2 c∑
r=1

(
n

r

)(
n− r
j − 2r

)]
xj
]
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+ xn−1
(
1 + x

)n[(
1 + x

)n−1 − 1

]
+ x2n−1,

which completes the proof.

Next, Example 2.2 illustrates Theorem 2.2.

Example 2.2. Let D6 = {e, a, a2, b, ab, a2b} be the dihedral group of order

6, where n = 3. By Proposition 1.7, the non-commuting graph of the dihedral

groups D6 is ΓncomD6
= K3 ∨K2. By using Definition 1.4 and Proposition 1.5, the

set of vertices and the set of edges of ΓncomD6
are given respectively by V (ΓncomD6

) =

{a, a2, b, ab, a2b} and

E(ΓncomD6
) =

{
(b, ab), (b, a2b), (b, a), (b, a2), (ab, a2b), (ab, a), (ab, a2), (a2b, a), (a2b, a2)

}
.

Therefore, ΓncomD6
is shown as in the following figure.

b

ab

a2a2b

a

Figure 3: The non-commuting graph of D6

Now by Theorem 2.2, the RDP of ΓcomD6
is obtained by

R(ΓncomD6
, x) =

3∑
r=1

(
3

r

)[ 3−r∑
t=0

(
3− r
t

)( 2∑
s=1

(
2

s

) 2−s∑
l=0

(
2− s
l

))]
x2r+t+2s+l

+
(
1 + x

)2[ 6∑
j=2

[ b j2 c∑
r=1

(
3

r

)(
3− r
j − 2r

)]
xj
]

+ x2
(
1 + x

)3[(
1 + x

)2 − 1

]
+ x5

=3

2∑
s=1

(
2

s

) 2−s∑
l=0

(
2− s
l

)
x2+2s+l + 6

2∑
s=1

(
2

s

) 2−s∑
l=0

(
2− s
l

)
x3+2s+l

+ 6

2∑
s=1

(
2

s

) 2−s∑
l=0

(
2− s
l

)
x4+2s+l + 3

2∑
s=1

(
2

s

) 2−s∑
l=0

(
2− s
l

)
x5+2s+l

+

2∑
s=1

(
2

s

) 2−s∑
l=0

(
2− s
l

)
x6+2s+l + x3

(
1 + x

)3(
x+ 2

)
+
(
1 + x

)2[
x6 + 3x5 + 6x4 + 7x3 + 3x2

]
+ x5

=6x4 + 6x5 + 3x6 + 12x5 + 12x6 + 6x7 + 12x6 + 12x7 + 6x8

+ 6x7 + 6x8 + 3x9 + 2x8 + 2x9 + x10 +
(
1 + x

)2(
x5 + 3x4 + 2x3

)
+
(
1 + x

)2(
x6 + 3x5 + 6x4 + 7x3 + 3x2

)
+ x5

=x10 + 5x9 + 15x8 + 30x7 + 45x6 + 50x5 + 34x4 + 15x3 + 3x2.
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The polynomial is represented graphically as in Figure 4.

Figure 4: The graph of R
(
ΓcomD6

)
Next, Theorem 2.3 presents the RDP of the non-commuting graph associated

to the dihedral groups D2n when n is an even integer.

Theorem 2.3. Let D2n =
〈
a, b : an = b2 = baba = e

〉
be the dihedral group

of order 2n, where n ≥ 3 is an even integer, and ΓncomD2n
be its non-commuting graph.

Then the RDP of ΓncomD2n
is given as:

R(ΓncomD2n
, x) =

n∑
r=1

(
n

r

)[ n−r∑
t=0

(
n− r
t

)( n−2∑
s=1

(
n− 2

s

) n−s−2∑
l=0

(
n− s− 2

l

))]
x2r+t+2s+l

+
(
1 + x

)n−2
[ 2n∑
j=3

[ b j2 c∑
r=1

(
n

r

)(
n− r
j − 2r

)]
xj
]

+ xn−2
(
1 + x

)n[(
1 + x

)n−2 − 1

]
+ x2n−2.

Proof. By Proposition 1.7 part (ii), the non-commuting graph of the dihedral groups

D2n, ΓncomD2n
, is given as ΓncomD2n

= Un ∨Kn−2, where Un is an (n− 2)-regular graph

on n vertices. Thus by Proposition 1.3, the RDP of ΓncomD2n
is given by:

R(ΓncomD2n
, x) =

n∑
r=1

(
n

r

)[ n−r∑
t=0

(
n− r
t

)( n−2∑
s=1

(
n− 2

s

) n−s−2∑
l=0

(
n− s− 2

l

))]
x2r+t+2s+l

+
(
1 + x

)n−2
(
R(Un, x)− xn

)
+
(
1 + x

)n(
R(Kn−2, x)− xn−2

)
+ x2n−2.

By Proposition 1.1, R(Kn−2, x) = xn−2
(
1+x

)n−2
. Now, the remaining is the RDP

of the graph Un, R(Un, x). By Proposition 1.7 part (ii), the graph Un is an (n− 2)-

regular graph on n vertices. Therefore, γR(Un) = 3. Thus by the definition of the

RDP of graph

R(Γ, x) =

2p∑
j=γR(Γ)

r(Γ, j)xj
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(recall that p is the number of vertices of a graph Γ), for any 3 ≤ j ≤ 2n there

are

b j2 c∑
r=1

(
n

r

)(
n− r
j − 2r

)
Roman dominating function of the graph Un with weight j,

where r is the number of vertices of Un which taking the value 2 under a Roman

dominating function of Un. Also, there is one more Roman dominating function of

Un with weight n when all the vertices of Un taking the value 1. Hence,

R(Un, x) = xn +

2n∑
j=3

[ b j2 c∑
r=1

(
n

r

)(
n− r
j − 2r

)]
xj ,

and the proof is complete.

§3. Conclusion

In this paper, the RDP of the commuting graph and the non-commuting graph

associated to the dihedral groups are obtained. Furthermore, some examples are

given to illustrate the results with three dimension representation for the polyno-

mials.
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Abstract Let λf (n) be the nth normalized Fourier coefficient of holomorphic Hecke cusp

form f(z). Let L(s, sym2 f) be the corresponding symmetric square L-function associated to

f(z). Let λsym2 f (n) be the nth normalized Fourier coefficient of L(s, sym2 f). In this paper,

we prove that ∑
n≤x

λ9
sym2f (n) = xP1(log x) +O

(
x

47718
47723

+ε
)
,

where P1(t) is a polynomial in t with degP1(t) = 231.

Keywords Symmetric square L-function, Fourier coefficient of cusp form, automorphic L-function.
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§1. Introduction

Let H∗k be the set of all normalized primitive holomorphic cusp forms of even integral

weight k for the full modular group SL2(Z). Then Hecke cusp form f ∈ H∗k can be represented

as the following Fourier expansion at the cusp ∞:

f(z) =
∞∑
n=1

λf (n)n
k−1
2 e(nz),

where we normalize f(z) so that λf (1) = 1. Then λf (n) is real and satisfies the multiplicative

relation as follows:

λf (m)λf (n) =
∑

d|(m,n)

λf (
mn

d2
),

where m ≥ 1 and n ≥ 1 are any integers.

In 1974, Deligne [1] proved the Ramanujan-Petersson conjecture

|λf (n)| ≤ d(n), (1)

where d(n) is the divisor function. Now the average behavior of Fourier coefficients of the cusp

forms, proved by Rankin [20], states that∑
n≤x

λf (n)� x1/3(log x)−δ,
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where 0 < δ < 0.06. In 1990, Ivić [5] obtain the following result:∑
n≤x

λ2f (n) = cx+Of (x
3
8 ).

The analytical properties of λf (n) have also been studied by many other authors, see [7,16,21–

24].

In this paper, we get the sum
∑
n≤x

λ9sym2f (n) by using the method mentioned in [18]. Our

result is the following theorem.

Theorem 1.1. Let f ∈ H∗k , and denote λsym2f (n) be the nth coefficients of the symmetric

square L-function associated with f . Then for any ε > 0, we have∑
n≤x

λ9sym2f (n) = xP1(log x) +O
(
x

47718
47723+ε

)
,

where P1(t) is a polynomial in t with degP1(t) = 231.

§2. Preliminaries

In order to prove this theorem, we will introduce some important definitions and lemmas

in this section. The Hecke L-function attached to f ∈ H∗k is defined by

L(f, s) =

∞∑
n=1

λf (n)

ns
, <(s) > 1.

According to Deligne [1], for any prime number p, there are αf (p) and βf (p) such that

λf (p) = αf (p) + βf (p), |αf (p)| = |βf (p)| = αf (p)βf (p) = 1. (2)

Thus

L(f, s) =

∞∑
n=1

λf (n)

ns
=
∏
p

(1− αf (p)p−s)−1(1− βf (p)p−s)−1. (3)

The Riemann zeta-function is defined by

ζ(s) =

∞∑
n=1

1

ns
=
∏
p

(1− p−s)−1, <(s) > 1. (4)

The jth symmetric power L-function attached to f ∈ H∗k is defined as

L(s, symj f) =
∏
p

j∏
m=0

(1− αf (p)j−mβf (p)mp−s)−1 (5)

for <(s) > 1, it can be represented as a Dirichlet series

L
(
s, symj f

)
=

∞∑
n=1

λsymj f (n)

ns
=
∏
p

1 +
∑
k≥1

λsymj f

(
pk
)

pks

 , (6)
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where λsymj f (n) is real and satisfies the multiplicative property, and

λsymj f (p) =

j∑
m=0

αf (p)j−2m = λf (pj). (7)

In particular, we note that

L
(
s, sym0 f

)
= ζ(s), L

(
s, sym1 f

)
= L(s, f).

From (2), we have

|λsymj f (n)| ≤ dj+1(n), (8)

where dk(n) is the nth coefficient of the Dirichlet series ζk(s).

Lemma 2.1. Let f ∈ H∗k , and denote λsym2f (n) be the nth coefficients of the symmetric

square L-function associated with f . Then for any ε > 0, we introduce

L1(s) =

∞∑
n=1

λ9sym2 f (n)

ns

for <(s) > 1. Then we have

L1(s) =ζ232(s)L603
(
s, sym2f

)
L750

(
s, sym4f

)
L672

(
s, sym6f

)
L468

(
s, sym8f

)
× L258

(
s, sym10f

)
L111

(
s, sym12f

)
L36

(
s, sym14f

)
L8
(
s, sym16f

)
× L

(
s, sym18f

)
U1(s),

where U1(s) is Dirichlet series which converges uniformly and absolutely in the half-plane <(s) >
1
2 .

Proof. For <(s) > 1, the function

L2(s) :=ζ232(s)L603
(
s, sym2f

)
L750

(
s, sym4f

)
L672

(
s, sym6f

)
L468

(
s, sym8f

)
× L258

(
s, sym10f

)
L111

(
s, sym12f

)
L36

(
s, sym14f

)
L8
(
s, sym16f

)
× L

(
s, sym18f

)
can be represented as a Euler product

L2(s) =
∏
p

(1 +
b(p)

ps
+ · · ·+ b(pk)

pks
+ · · · ). (9)

From (4)–(7), we obtain

b(p) =232 + 603λsym2 f (p) + 750λsym4 f (p) + 672λsym6 f (p) + 468λsym8 f (p)

+ 258λsym10 f (p) + 111λsym12 f (p) + 36λsym14 f (p)

+ 8λsym16 f (p) + λsym18 f (p).

(10)

From (7) and (10), it can be checked that

b(p) = λ9sym2 f (p). (11)
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We know that L2(s) converges absolutely in the half-plane <(s) > 1. It is clear that λ9sym2 f (n)

is a multiplicative function, we obtain

L1(s) =

∞∑
n=1

λ9sym2 f (n)

ns
=
∏
p

(1 +
λ9sym2 f (p)

ps
+ · · · ), <(s) > 1. (12)

From (9)–(12), we have

L1(s) =L2(s)×
∏
p

(1 +
λ9sym2 f (p2)− b(p2)

p2s
+ · · · )

=ζ232(s)L603
(
s, sym2f

)
L750

(
s, sym4f

)
L672

(
s, sym6f

)
L468

(
s, sym8f

)
× L258

(
s, sym10f

)
L111

(
s, sym12f

)
L36

(
s, sym14f

)
L8
(
s, sym16f

)
× L

(
s, sym18f

)
U1(s),

where U1(s) is Dirichlet series which converges uniformly and absolutely in the half-plane <(s) >
1
2 .

Lemma 2.2. Let J1 be the interval obtained from J0 by removing the t-intervals of length

(log T )2 on both ends of J0. Then

max
t in J1, σ≥ 1

2

|ζ(s)| ≤ exp(C(log log T )2).

Proof. See [19, Lemma 2].

Lemma 2.3. For any ε > 0, 1
2 ≤ σ ≤ 1, and |t| ≥ 2, we have

L
(
σ + it, sym2 f

)
�f,ε (1 + |t|)max{ 6

5 (1−σ),0}+ε.

Proof. See [15, Corollary 1.2].

Lemma 2.4. For any ε > 0, j ∈ N, we have

L
(
σ + it, symj f

)
�f,ε (1 + |t|)max{ j+1

2 (1−σ),0}+ε.

Proof. From the works of Hecke (see [6]), Gelbert and Jacquet [3], Kim [9] and Kim and Shahidi

[10, 11] we know that L(s, symj f) (j = 1, 2, 3, 4) are automorphy L-functions. More recently,

we know from Nelson’s [18] results that for any j ∈ N, the L(s, symj f) is an automorphy

L-function.

Lemma 2.5. For j ≥ 1 any ε > 0, T ≥ T0 (where T0 is sufficiently large), we have the

estimates ∫ 2T

T

∣∣∣∣L(1

2
+ ε+ it, symj f

)∣∣∣∣2 dt�f,ε T
j+1
2 +ε.

Proof. This is true for (j = 1, 2, 3, 4), see [13, Lemma 2.5]. More recently, Nelson [18] proved

that for any j ∈ N, L(s, symj f) is an automorphy L-function.

42



Vol. 18 On the mean value of the 9-th power sums of Fourier coefficients of symmetric squar L-funtions 43

§3. Proof of Theorems 1.1.

In this section, we give the proof of Theorem 1.1.

Proof of Theorem 1.1. By the Perron formula (see [8, section 4.1]), we obtain

∑
n≤x

λ9sym2 f (n) =
1

2πi

∫ 1+ε+iT

1+ε−iT
L1(s)

xs

s
ds+O(

x1+ε

T
), (13)

where 1 ≤ T ≤ x is a parameter to be chosen later.

Our goal is to estimate the integral in (13), so we use the Cauchy’s residue theorem, we

get ∑
n≤x

λ9sym2 f (n) =
1

2πi

{∫ 1
2+ε+iT

1
2+ε−iT

+

∫ 1+ε+iT

1
2+ε+iT

+

∫ 1
2+ε−iT

1+ε−iT

}
L1(s)

xs

s
ds

+ Ress=1 L1(s)
xs

s
+O

(
x1+ε

T

)
:=I1 + I2 + I3 + xP1(log x) +O

(
x1+ε

T

)
,

(14)

where P1(t) is a polynomial in t with degP1(t) = 231.

For I2 and I3, by lemmas 2.3, 2.4 and 2.5, we have

I2 + I3 � max
1
2+ε≤σ≤1+ε

T ( 6
5×603+

5
2×750+

7
2×672+

9
2×468+

11
2 ×258+

13
2 ×111+

15
2 ×36+

17
2 ×8+

19
2 )(1−σ)x

σ

T

� max
1
2+ε≤σ≤1+ε

T
47723

5 (1−σ)(
xσ

T
)

� max
1
2+ε≤σ≤1+ε

T
47718

5 (
x

T
47723

5

)σ

�x1+ε

T
+ x

1
2+εT

47713
10 .

(15)

For I1, we use lemma 2.1 and Hölder’s inequality to get

I1 �x
1
2+ε max

1≤T1≤T

1

T1

(
max

T1
2 ≤t≤T1

∣∣∣∣∣ζ(s)232L

(
1

2
+ ε+ it, sym2 f

)603

L

(
1

2
+ ε+ it, sym4 f

)750

× L

(
1

2
+ ε+ it, sym6 f

)672

L

(
1

2
+ ε+ it, sym8 f

)468

L

(
1

2
+ ε+ it, sym10 f

)258

× L

(
1

2
+ ε+ it, sym12 f

)111

L

(
1

2
+ ε+ it, sym14 f

)36

L

(
1

2
+ ε+ it, sym16 f

)7
∣∣∣∣∣
)

×

(∫ T1

T1
2

∣∣∣∣L(1

2
+ ε+ it, sym16 f

)∣∣∣∣2 dt
) 1

2

×

(∫ T1

T1
2

∣∣∣∣L(1

2
+ ε+ it, sym18 f

)∣∣∣∣2 dt
) 1

2

�x 1
2+εT−1+( 6

5×603+
5
2×750+

7
2×672+

9
2×468+

11
2 ×258+

13
2 ×111+

15
2 ×36+

17
2 ×7)×

1
2+

1
2×(

17
2 + 19

2 )

�x 1
2+εT

47713
10 .

(16)
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From (14), (15) and (16), we obtain

∑
n≤x

λ9sym2f (n) = xP1(log x) +O

(
x1+ε

T

)
+O

(
x

1
2+εT

47713
10

)
. (17)

Taking T = x
5

47723 in (17), we have∑
n≤x

λ9sym2f (n) = xP1(log x) +O
(
x

47718
47723+ε

)
.

This completes the proof of Theorem 1.1.
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