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Abstract Let n > 1 be an integer, the function t(°)(n) denote the number of e-squarefree e-

divisors of n. In this paper, we will study the mean value of (£(*)(n))? over cube-full numbers,

that is
> (t9(n))* =Dt (n))* fa(n).

n<x n<z

n is cube — full

Keywords exponentially squarefree, exponential divisors, Dirichlet convolution.
2010 Mathematics Subject Classification 11N37.

§1. Introduction

An integer n = p{*p5?---ptr is called k-full number if all the exponents a1 > k, ag >

k, -+, ar > k, when k = 3. n is called cube-full integers, i.e.

1, nis cube-full ,
fs(n) =

0, otherwise .

Let n > 1 be an integer of canonical form n = pj*p3? - - - p?. The integer d = plflng <o pbr
is called an exponential divisor (e-divisor) of n, if b;|a; for every ¢ € 1, 2, --- | r. The integer
n > 1 is called exponentially squarefree (e-squarefree) if all the exponents ay, ag, -+, a, are

squarefree. The integer 1 is also considered to be e-squarefree.

Many scholars are interested in researching the divisor problem and have obtained a large
number of good results. But there are many problems hasn’t been solved. For example, F.
Smarandache gave some unsolved problems in his book Only problems, Not solutions! [4],
and one problem is that the integer d = plflpg"‘ ---pbr is called an e-squarefree e-divisor of
n=pi*ps?---ptr > 1, if bilas, -+, byla, and by, ---, b, are squarefree. Note that the integer

1 is e-squarefree and it is not an e-divisor of n > 1. There is the exponential analogues of
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the functions representing the number of squarefree divisors of n (i.e. 6(n) = 2" where
w(n) =r). Let
t(e) (n) — 2‘*)(0‘1) e 2‘”(‘17")7

i, a2

where n = pJ'p5>---p% > 1. The function ¢(¢)(n) is multiplicative and ¢(¢)(p?) = 2¢(@) for
every prime power p®. Here for every prime p, t(¢)(p) = 1, t(3)(p?) = t)(p?) = t)(p*) =
t(p°) =t (") =2, %) =4,

L. Téth [1] proved the following results:
(1) The Dirichlet series of t(¢)(n) is of form

X

t(e)

(s)C(25)V (s), Rs > 1,

where V(s) = > nf is absolutely convergent for Rs > 1.
n=1
(2) 1 1
Z t©(n) = Crx + Cox? + O(217°)

n<z

for every € > 0, where Cy, Cy are constants given by

w(a) _ gw(a—1)
C1:—H<1++Z2 2 1>

2w(a _ 2w(a 1) _ 2w(a72) 4 2w(a73)
C2¢—C(>H<1+Z 2 )

b3

b

logt(®)(n) log1 1
lim sup ogt*(n)loglogn = —log2.
n—oo log n 2

The aim of this paper is to establish the following asymptotic formula for the mean value
of the function ¢(¢)(n) over cube-full numbers.

Theorem 1.1 We have the asymptotic formula

S ()’ =25 Quilogz) + 2t Qualogz) + 23 Qrs(logx) + O(20F)

n <z

n is cube — full
where Q1 5(t), k=1, 2, 3 are polynomials of degree 3 in t, o9 = 0.1911 ---
Natation Through out this paper, € always denotes a fixed but sufficiently small positive
constant.

§2. Some Lemmas

Lemma 2.1 Let f(m), g(n) are arithmetical functions such that

J
S f(m) =" 2% Py(log) + O(x®) .

m<x j=1
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> lg(n)| = 0@")
n<x
where aq > ag > ag > - > ay > a > [ > 0. Pj(t) are polynomials in t. If h(n) =
de(m)g(d); then
B J
> h(n) =) x*Q;(logz) + O(*) ,
n<x Jj=1
where Q;(t) are polynomials int, (j=1,--- ,J).

Lemma 2.2 The Dirichlet series of (t¢)(n))? is of form

where G(s) = i
n=1
Proof.

>

n=1

n is

g9(n)

©) (n))2
> w — (Y(38)CH(45)CM(55)G(s), Rs > 1,

cube — full

is absolutely convergent for Rs > %.

(t(m)* _ i () (n))* f3(n)

n is cube — full

=1

3

p
4

= ("(35)¢" (4s)¢! (55)G(s),

where G(s) = io:
n=1

g(n)

is absolutely convergent for fs > é, and

> lg(n)| < wste

n<zx
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Lemma 2.3 Let % <o <1, t>tyg>2, we have

((o+it) < 75 logt.

Proof. See E. C. Titchmarsh [3]. O

Lemma 2.4 Let % <o <1, define

4 1 5
- Z <2
mo) = 345 7 7=y
(0) = e P o<
M) =6 60 54 7 =60
(o) 92112 a_ 3
o)== ———— J— o _
859 —9480° 60 - 14
o) — 12408 3_ .5
4537 — 48900 4 -6
() — 1321 5_ T
™M)= 031 — 10440 6 778
98 7
= —_— - < .
m(o) = s, < <0< 091501
240 — 9
= 2077 091591 <o <1-—-e
m(e) (40 —1)(1—0)’ <O €
Proof. See A. Tvi¢ [2]. O

Lemma 2.5

> d(3,3,3,3,4,4,4,4,5,5,5,5;n) = 25 Py 1 (log z) + 2% Py 5(log z) + 2% Py 3(log ) + O(a”°**),

n<zx

where o9 = 0.1911 ---, Py 4(t), k=1, 2, 3 are polynomials of degree 3 in t.

Proof. By perron’s formula, we have

W=

1 T

biT 2 e
S@) =3 d(nd(n) = — /b (4(38)C4(45)C4(53)8ds+0< - )

27T'L —iT

n<z

where b = % +e¢€, T = x¢ cis a very large number of fixed numbers. % <o < % According

to the residue theorem, we have

S(x) = 25 Py 1 (log z) + 7 Py y(log ) + x5 Py s(logz) + I + I + Is + O(1) ,

1 oo—it s

h=go | Bt ) ds
L= GO+M43 144 (55) o d
2—% C(S)C(S)C(S)?&

og—it
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Jo = — 4 —ds.
5= g [, G B9 T
Since og > 13—6 +9, (s =0 +iT), and by Lemma 2.3, we have,

,l-‘re
L+ < / IC(30 + 3dT)|*|¢ (40 + 4T)|*|¢ (50 + 5iT)|*x° T~ do

oo
1 é i % %+e
<in / + + / + /
o J3Jy

x |¢(30 4 3iT)[*|¢ (4o + 4iT)[*|¢ (50 + 5iT)[*2° do

1
_ 5 4(1—30) | 4(1—40) | 4(1—50)
<<T1+€/T 5 T— s T3 2%
oo
1 1
_ 4 4(1—30) |, 4(1—40) _ 3 4(1-30)
+T 1*6/ T = T3 2%o+T 1+f/ T3 2%do

1

1
boe
—|—T71+5/ x%do
1
B teq—d+e L—1te 1—24e L—1+4e L ieq—14e
Lzie T T 45T 57 a7 37 43T + 37T

1
Lien—5
gster—ote

where § is very small normal number, § > e.
T
L <z [ 1+ / IC(30 + 3it)[*|¢ (4o + 4it)|*|¢ (5o + bit)|*tdt | .
1
According to the partial integral formula, we have
T
I = / IC(30 + 3it)|*|¢ (4o + 4it)|*|¢ (50 + 5it)|*dt < T,
1

If p; >0, (i =1,2,3) are real number, and p% + p% + p% =1, by Holder’s inequality, we have
T W[ T b [ T s
L < / 1C(300 + 3it)|*Prdt / |C(40g + 4it)|*P2dt / |C(500 + Bit)|[*P2dt | .
1 1 1

So, we have to prove

T
/ |¢(30¢ + 3it)|*Prdt < T |
0
T
/ |C (40 + 4it)|*P2dt < T |
0

T
/ |¢(500 + bit)|*P2dt < T e |
0

Let m(300) = 4p1, m(4og) = 4p2, m(50¢) = 4ps, since m(?‘foo) + m(ffgo) + m(gao) =1, and

from Lemma 2.4, we have o9 = 0.1911---. O
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83. Proof of Theorem 1.1

Let
e = T e,
4 4 4 _ . d(3,373,3,4,4,474,5,5,5,5;71)
¢ (35)¢" (4s)¢" (5s) = ; o
such that
fn)= > d(3,3,3,3,4,4,4,4,5,5,5,5;m)g(d). (3.1)

n=md

From Lemma 2.5 and the definition of d(3,3,3,3,4,4,4,4,5,5,5,5;m), we get

> d(3,3,3,3,4,4,4,4,5,5,5,5:m) = 23 Py ; (log z) +27 Py 5(log z) +5 Py 3(log z) +O(x7°7°) |

m<zx
(3.2)
where P; (t), (k=1,2,3) are polynomials of degree 3 in ¢. In addition, we have
1 €
> lg(n)| = O(zste) . (3.3)
n<z
Combining (3.1), (3.2), (3.3) and Lemma 2.1, we have
Z f(n) = 23Q11(log ) + 2% Q1 2 (log ) + 5 Q1 3(log ) + O(x”°+) (3.4)

n<lz

where Q1 x(t), (k=1,2,3) are polynomials of degree 3 in ¢.

By Lemma 2.2, we have
(9 (n))* fa(n) = Y d(3,3,3,3,4,4,4,4,5,5,5,5;m)g(d) = f(n).
n=md

Then we complete the proof of Theorem 1.1.
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Abstract In this study, we introduce a generalization of Pell-Lucas matrix sequence called
bi-periodic Pell-Lucas matrix sequence by bi-periodic Pell-Lucas numbers. We find generating
function and Binet formula for this matrix sequence. We investigate the relationships between
bi-periodic Pell matrix sequence. We also find various sum formulas and some properties for
this matrix sequence.

Keywords Pell-Lucas Sequence, Generating Function, Binet Formula, Matrix Sequences.
2010 Mathematics Subject Classification 11B39, 11B83, 15A24, 15B36.

§1. Introduction

In the literature, you can encounter various special integer sequences, which are used in
almost every kind of sciences. Special integer sequences are often used by combinatorics and
number theory which are popular fields of mathematics One of the well-known special integer
sequences is the Pell-Lucas sequence. The Pell-Lucas sequence denoted by {g,}52, is defined
recursively by ¢, = 2¢n—1 + ¢n_2, with starting values ¢o = 2,¢1 = 2 for n > 2 in [1,2].
There are many generalizations of the special sequences. One of them is bi periodic number
sequences. Edson and Yayenie defined firstly the bi periodic Fibonacci sequence in [3,4]. The
contribution of Edson and Yayenie is noteworthy on bi-periodic sequences. After them many
mathematicians studied new bi-periodic sequences. Bilgici studied bi periodic Lucas sequence
in [5]. Similarly, Uygun and Karatas found some properties of the bi-periodic Pell and Pell-Lucas
sequences in [8,10]. Uygun and Owusu defined bi-periodic Jacobsthal and Jacobsthal Lucas
sequences in [6,9]. Verma and Bala introduced bivariate bi-periodic Jacobsthal and Jacobsthal
Lucas polynomials in [13]. In [7], Coskun and Taskara carried out bi-periodic sequences to
matrix theory and defined the bi-periodic Fibonacci and Lucas matrix sequences. Uygun and
Owusu, in [11], found the basic properties of matrix representation of the bi-periodic Jacobsthal
sequence. Uygun, in [12] defined the matrix representation of the bi-periodic Jacobsthal-Lucas
sequence. Soykan studied k-circulant matrices with the generalized third order Pell numbers
in [14]. Here, firstly we introduce bi-periodic Pell sequence and bi-periodic Pell-Lucas sequence.

Using the elements of the bi-periodic Pell-Lucas sequence, we define bi-periodic Pell-Lucas
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matrix sequence. We find generating function and Binet formula for this matrix sequence. We
investigate the relationships between bi-periodic Pell matrix sequence. We also obtain some
properties and sum formulas for this matrix sequence.

Definition 1.1. For any two non-zero real numbers a and b, the bi-periodic Pell sequence
in [10] denoted by {P,}52 is defined recursively by

2aP, 1+ P,_2, if n is even
Py=0, P =1, P,= ! 2, if n>2,

20P, 1+ Pn_o, ifn is odd N
The recurrence equation of the bi-periodic Pell sequence is given as
22 — 2abx —ab =0

and the roots of this equation are

a=ab+vVa2b?+ab, B=ab— a2b%+ab

Definition 1.2. For any two non-zero real numbers a and b, the bi-periodic Pell-Lucas
sequence in [8] denoted by {Qn}5% is defined recursively by

2bQ—1 + Qn_2, if n is even
Qo=2, Q1=2a, Q= On-1+ Qn-z, if n>2,
20Qn—1 + Qn_2, if n is odd

Qo=2, Qi=2a Qy=4ab+2, Q3=8a*b+6a, Q4= 16a%b>+ 16ab+ 2.

Lemma 1.1. We have the following properties for a and 3

2a+1)(28+1) = 1
a+p = 2ab, af = —ab
_ a2 _ /62
2a+1) = p 28+1) = e
—2a+1) = « -2+ Da = B.

Definition 1.3. Bi-periodic Pell matriz sequence { Py (a,b)}2%, is defined by

2aP,_1(a,b) + Py_o, if n is even

P, (a,b) = N N
2bP,_1(a,b) + P2, if n is odd
with starting values
_ 10 . 26 2
PO(avb): ’ Pl(aab): ¢
0 1 1 0
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The bi-periodic Pell matriz sequence { P, (a,b)}2>, satisfies the following properties

]52n(a, b) = (4ab —+ 2)15271,2(0,, b) — }52”,4 (a, b),

P2n+1(a, b) = (4ab + 2)?27,,_1(0,7 b) — Pgn_g(a, b)
The entries of the bi-periodic Pell matriz sequence are the elements of the bi-periodic Pell
number sequence as

PR O
n Pn (g

a

‘p,
)5(") P,

[15]

§2. Bi-periodic Pell-Lucas Matrix Sequence

Definition 2.1. Bi-periodic Pell-Lucas matriz sequence {Qn(a, b)}o2 is defined by

. 20Qn—1(a,b) + Qn_a, if n is even

Qn(a,b) = ~ ~ . .
20Qn—1(a,b) + Qu_s, if n is odd
with starting values
- 20 2 - atadr2) 9
QU(a7b) = P Ql(a7b> = 242
2% 2a = 2%

In this study, we use P, for Py,(a,b) and similarly Q,, for Qn(a,b). The bi-periodic Pell-Lucas

matriz sequence {Qn},‘;ozo satisfies the following properties

(4ab + 2)Q2n—2 - QZTL—4
(4ab + 2)Qan—1 — Q2n—3

QQn

Q2n+1

Theorem 2.1. The entries of the bi-periodic Pell-Lucas matriz sequence are the elements

of the bi-periodic Pell-Lucas number sequence as

- Qi Qa
Qn(a,b) = n
“Qn (5 Qua

Proof. We obtain the proof by means of mathematical induction. For n = 0,1 the assertion is

satisfied. Let the equation is true for n = k, where k € Z+

- ()™ Qusa Qn
O O oI
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For n =k + 1; we have

2aQp(a,b) + Q1 if k is even
26Qp(a,b) + Q1 if k is odd
= (20)*M(20)'"*MQy + Q-

Qr+1 =

a\&(K)
_ g [ (5) Qr o
k
L (%)E( )Qkfl
k—1
(%)E( )Qk Qk—l
k—1
5@k (%)5( )Qk72
20Qk+1 + $Qk 2aQk + Qr_1
2(2aQk + Qr—1) 2aQk—1+ FQr—2
2aQr+1 + Qk 20Qk + Qr_1
%(Zka + Qk—l) 2an—1 + Qk;_g
k+1
a a\E(k+1
5 @r+1 (E)E( o

Thus, we get the result. O

+

, kis even

, k is odd

Lemma 2.1. The followig relations between bi-periodic Pell sequence and bi-periodic

Pell-Lucas sequence are satisfied

Qn+1+Qn—1 = (ab+1)Pn
Pn+1+Pn—1 = Qn

Theorem 2.2. The followig relations between bi-periodic Pell matriz sequence and bi-

periodic Pell-Lucas matrix sequence are satisfied

b/~ ~ -
E (Qn+1 + Qn—l) = (ab + I)Pn
3 3 b -
Pn+1 + Pn—l = aQn

Theorem 2.3. The determinant of the the elements of the bi-periodic Pell-Lucas matriz

sequence is

- 1+€&(n)
det O, = (=1)"*+(4ab + 4) (%)

(Cassini Property) By the determinant of the bi-periodic Pell-Lucas matriz sequence,
we get the Cassini property for the the bi-periodic Pell-Lucas number sequence as

(%)25(”) Qn+1Q@n-1 — %Qi = (4ab+4) (—%)1+5(n)

10
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Theorem 2.4. The following properties are also satisfied by the bi-periodic Pell-Lucas
matriz sequence

()T Q= PuQo = QB = (§) (Baa + B
i ()5 Quyr = Plc?n:@nz%:(%)““) Poia+ Po)
i men:( )E(m)f(m—l Qm+n

v Qu@n = (5)" Y (ab 4 1) P

v QuerQuir = (3) 7 Q2

.~ ~ a)2—E(r+1 ~
Vi QurOpir = (2)775 (ab+1) Py,

vii Qg P = (&)L 1 G

e Bn H+En)+| 2] A A
viii P] :m( ) L% JQnQO

ix IB{L:(Q)L + JQn

Proof. We demonsrate only two proofs of them. The other proofs are made by similar way. For
the proof of i)

e = 1) = G () e

Qo =
§(n Elmetn) b EIEm+D)
( ’m—i—n = 5 Qm—i—n

For the proof of iv) we use this property P,P, = ( )g(mn) Pm+n
~ ~ a  ~ ~ a  ~ ~
Qan = E(Pm+1+mel)g(Pn+l +Pn71)
5((m+1)(n+1)) E((m+1)(n—1) 7
Pm+n+2 + ( ) Pern

>
v

b
D) p e e

2— 5((m+1)(n+1)) - -
) m+n+2 + 2Pm+n + Pm+n72]

Ol
-
<

e o e

1-¢((m+1)(n+1)) - ~
) {Qm—i—n—i—l + Qm+n—1}

2—¢((m+1)(n+1)) )
(3) (ab+ 1) P

If it is done the arrangements, we get the desired result. O

11
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Theorem 2.5. (Generating function) Let us suppose that Q: are coefficients of a
power series with center at the origin and that Q(w) is the sum of this series. The generating

function Q(I) for the bi-periodic Pell-Lucas matriz sequence is in the following

Qo + Q1 + 22 (2b@1 — (4ab + 1)@0) + 23 (2(1@0 - Ql)
- 1— (4ab+ 2)a? + 24

as
Q) = > Q' =Y Qur*+ Z Qaipr2> !
i=0 i=0 i=0
= Qo(x) + Qi(x)

We have for the even terms of the series

Qo(x) = Qo + Q2a” + Z Qaiz”
i=2
We multiply Qo(z) by —(4ab+ 2)2? and z* respectively

—(4ab + 2)2%Qo(x) = —(4ab + 2)Qoz* — (4ab + 2) Z Qai_o2.

=2

oo o0
2'Qo(x) =Y Qo™ =" Qo sa™
i—2

=0

By these equalities, we obtain the following function of the matrix for even powers of the series
[1— (4ab+2)a* +2*]Qo(x) = Qo+ Qoa® — (dab+ 2)2*Qo
+ Z(sz — (4ab + 2)Q2i—2 + Qai—4)z™

Qo+ a* (26Q1 — (4ab+ 1)Qo)
1 — (4ab + 2)x? 4 x4 ’

Qo(x) =

Similarly for odd powers of the series, we get

Ql(m) = le + Q3x3 + Z Q2i+1x2i+1
i=2
—(4ab+2)2%Qi(x) = —(4ab+2)z3Q1 — (4ab+2 Z a2t
i=2
:L‘4Q1(;L‘) = Z Q2i+1332i+5 = Z Q21_3I2i+1

=0

12
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By these equalities, we obtain
[1— (4ab+2)z® + 2*Q1(z) = Qi+ Qs2® — (4ab + 2)2°Q,
+ Z (inﬂ — (4ab +2)Qai—1 + sz;s) 2!
i=2
Qi+ 2°(2aQ0 — Q1)

Qi) = 1— (4dab+ 2)x2 + x4~

By combining the results, we complete the proof

Q(z) = Qo(z)+Q:(z)
Qo + Q1 + [2bQ1 — (4ab + 1)@0} z? + [26@0 - QJ 23
1 — (4ab + 2)a2 + x4 '

O

Theorem 2.6. (Binet Formula) The Binet formula for the bi-periodic Pell-Lucas matriz
sequence 1s

] 2Lzl plz)n

Qn = (Q )le(n)(Ql)é(n) .
’ (@) %](a— )

3 3 3 2)3] _ g2%]
) (pey. 1-¢(n) @ &
+(aQo)""™ (bQ1 — 2abQo) @) (a—3)

or

On = b6y — 2a00)E™ 0‘"—5

(ab)L#) (o — )

an+1 _ Bn+1

(@l (0 - )

+a§(”) QO

Proof. By the generating function for the bi-periodic Pell-Lucas matrix sequence, we have

Qo + le + 1’2 (2bQ1 — (4ab + 1)@0) + x3 (2&@0 — Ql)
(0 = 2o+ 1) (2 - 25+ 1))
Az + B Cx+D
22— 2a+1) 22-(28+1)

Qz) =

By the equality we find the coefficients as

A+ C 2aQo — Q1
—A28+1)—C2a+1) = Q

(20 4+ 1)aQo — aQ

A = P

13
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o o— BQ1 — (28 + 1)aQo

a—f3
B+D = 2bQ; — (4ab+1)Qq
—B(28+1)—-D(2a+1) = Qo

b(2a + 1)(Q1 — 2aQ0) — aQo

B =
a—p3

D — b(26 + 1)(—Q1 + 2aQo) + Qo
a—f

We know that by Maclauren series expansion

z;lzijB ZAC—n 12041 ZBC_"_le”.

n=1

If we apply this expansion to the fraction %, we obtain

Ax+ B
22— (2a+1)
_ 1 i (20 +1)aQo — Q1 5041 N i b2 +1)(Q1 — 2aQ0) — Qo 5,
a—pB\ = (2a + 1)1 — (2a + 1)1 ’
and if we apply this expansion to the fraction %, we obtain
Cx+ D
2 —(26+1)
1 Z BQ1 = (26 +1)aQo sni1 i b(28 +1)(=Q1 +2aQ0) + Q0 5,
26 + 1 n+1 — (2B + 1)n+1 .

Firstly, we examine the series with even powers

[ (284 1) (b(2a +1)(G1 — 20Q0) — aQo ) o
20+ 1" (b(28 + 1)(=Q1 + 20Q0) + 50 )

(284 1)"b(Q1 — 2aQo) + (28 + 1)"BQo o
| +(2a + 1)"b(—Q1 + 2aQo) — (200 + 1)"aQq

Q
g»—t
NE

3
Il
-

E(x) = -

I

|

Q
g —_
K

n=1
0o | 2n g2t x
a0 G .
a- 5 n=1 +(ab ( Ql + 2QQO) ab)” QO
1 0 a _ ﬁQn 5 ~ a2n+1 _ /32n+1 ~ 5
= —2 - & "
A T 0 2+ )

n=1

Then, we examine the series with odd powers

Olz) =

Z —a(268+ 1)1 Qy + aQo(28 + 1) 2201

o= 5 = | 4820+ 1)1y — aQo(20 + 1)

14
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_ 1 = BQn—HN 6 2n1
= nZ—a Q1 — aQo ™

2n-+1 _ 2n

1 - a 277,+1
YoTh X T @ T @i

n=1
1 ) N a2n+1 o BQnJrl ~ a2n _ 62n It
e (Ql @y P ) ’

=0 =0

0
B 1 s B 2n+1 B2n+1 ﬁQ _—
= a—BZ<Q e <b>n )x :
52

2n+1 _ 52n+1 B

=O° 5271 «a
Z ab (le 2abQ0) (ab)"QO] z?"

- L\ 1€ &) o2lE ] g2lE ]
Q= (@) (@) .
CORCE)
- - . 23] _ 52(3]
+(aQ0)5(”)(bQ1 _ 2abQ0)1*5(”)%
(ab)L#) (- )
For all n > 0, from the definition of generating function, and by combining the sums, we get
the desired result. O

Theorem 2.7. For any positive integer n, and ab # 0, the sum of the first n terms of

the bi-periodic Pell-Lucas matrixz sequence is computed as

(b@n + a@n—l)é(n) (an—l + a@ﬂ)l—{(n)
—bQ1 + 2abQo — aQq
2ab

i
L

ilng

E
I

Proof. If n is even, it’s obtained that by using Binet formula

n-1 nst
YOk = Z Qakt1
k=0 k=0

n=-2 n-2 ~

& Qo okl g+l N i bQ1 — 2abQg a2* — 32
s (ab)k a—p —o (ab)k a—p
n-2 n=2 ~
N 22: Ql a2k+l _ ﬁ2k+1 N 2 GQO a2k _ ﬁ2k
a—pf o (ab)f a—p
By using the sum of geometric series, it’s computed that

Z Or = Qo "t —a (ab)% B gt —p (ab)%
P (ab)2 ™" (a — B) (a? —ab) (B* — ab)

15
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bQ1 —2abQo [ am — (ab)? Bt = (ab)?
(ab)? ' (a—p) | (@*—ab) (8% — ab)
N o} [+l — o (ab)% B prtt — 6(ab)%
(@)* ' (@-p8) | (a®—ab) (8% — ab)

n

L a [a" — (ab)? B — (ab)?
(@) (@—p8) | (@®>—ab)  (B2—ab) |

After some algebraic operations, the following result is evaluated

4(ab)*** (a - B)

4(ab)**? (a - —(ab)? (a® — ?)

QO [_a262(an71 o ﬁnfl) + ab(an+1 _ 6n+1)]

b@1 — 2abQs [ a2 ("2 — §2) 4 ab(a” — §) ]
8)

+ Ql [_a2b2<an—l _ Bn—l) + ab(an—i-l _ Bn—i—l)]

4(ab)*** (o= )

+4 (ab) 22 (o — —(ab)? (a2 — B?)

By the definition of the Pell-Lucas matrix sequence, it is obtained that

_ 26Qu1 +2aQ, — 2bQ1 + 4abQy — 2aQo

n—1
ch:o @ = 4ab

Similarly if n is odd, we obtain

n—1 3

i
.

0 k=0

b
Il

N
Qr =) Qar+ Y Qup1
k=0

aQO [ _a2b2(an72 _ ,8"72) + ab(a” _ Bn) ]
B)

I Gy g2kl n b0y — 2abOy a2t — 32+

n—3

+
N\

By using the sum of geometric series, it’s computed that

(ab)f  a-p = (ab)

Ql a2k+1 g2kt f a@o a2k _ 32k

= (ab)" a—p = (ab)" a—p

a—p

n—1 ~ it .
= Qo o™ —a(ab)  F — f(ab)”
kz::oQk - (ab)%l (a—pB) l (a? —ab) (5% — ab)
+ bQ1 — 2abQy | ™! — (ab)"T+1 B gnl (ab)n%l
(ab)nT_1 (= B) (a? —ab) (B2 — ab)
p" -8 (ab)%

N Q. [a" - a(ab)%

(ab) 7 (a—p) [ (0% —ab)

16

(82 — ab)

|

|
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I aQo ant — (ab)% B —(ab) =N
(@)= (a—p) | (@®—ab) (3% — ab)
After some algebraic operations, the following result is evaluated
- Lgo [*a%z(an -B8"+ ab(a”+2 _ 6n+2)]
4 (ab) 2 (a — ﬂ)
bQ1 — 2abQo —a®b*(a" ! — g1 +ab(a T — gt

1) T (a =) | (@) (02— 47

Lo [—a®b* (0" % = "7%) + ab(a” — 5")]
4(ab) 7 (a—p)

n CLQO _a2b2(an—3 _ Bn—S) + ab(an—l _ Bn—l)

4(ab)"F (a—pB) | —(ab)"* (a2 - p?)

By the definition of the Pell-Lucas matrix sequence, it is obtained that

= A  Qui1— Quo1 + Qn — Quoz — 2bQ1 + 4abQo — 2aQ
Z @ 4ab
k=0

bQn + aQyn—1 — bQ1 + 2abQqy — aQo

2ab
By the above two results, we get
- ~ &(n) - . 1-¢&(n) - - -
it (0Qu+aQu) T (bQur+aQn) T~ Qs+ 2abQ0 — aQo
@r = 2ab
k=0

O

Lemma 2.2. For any positive integer n, the sum of the first n terms of the bi-periodic
Pell matriz sequence is computed as in [1]]

”Z_:IPQ _ %p2n+2 + Py — Pop_g — %1527172 _ (1+ 2ab)(af31 - 2Clbf—:’o)
e 16ab(ab + 1) 8(ab + 1)

Theorem 2.8. For any positive integer n, and ab # 0, the sum of the first n terms of
the bi-periodic Pell-Lucas matriz sequence is computed as

n—1 b 2¢ (k) _ n—1 2 _ n—1 ~
(a) Q= Y (RQ) =Y B
k=0 k=0 k=0
B QQ (Z)l—f(n) pzn + (%)f(n) ]52n (g)ﬁ(n) Py, (é)l—f(n) ‘1527172
- 16ab(ab + 1)
2 (1 + 2ab)(aPy, — 2abPy)
—&o

8(ab+1)

17
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Theorem 2.9. For any positive integer n, we have

n—1 ~ 1 _ Qnia + Qn-1 _ ﬁh + S::g

zn—3 xn—1

Qr _
kz:% ekt —a?(dab+2) +1 +24Qo + 2°Q1 + 2%(2aQ1 — 4abQo — Qo) + 2(bQo — Q1)

Proof. If n is even, we get

n—2 n—2
n—1 ~ 2 A 2 A
Z Qr Z Q2k n Z Q2r+1
Lk 22k TR
k=0 k=0 k=0

By the Binet formula, we have

n—2

2 QO Oé2k+1 _ ﬂ2k+1 an le _ QQbQO a2k: _ ﬂ2k

a Z (abx?)F a—p " (abx?)* a—p

k=0 k=0
2 O)  a2ktl _ g2kt 2 aOy a2k — g2k

> b2 a-B ba?)t a—pF
o T (abx?) o T (abx?)

By using the sum of geometric series, it’s computed that

nil Qr 7 Qo o™t — o (abe)% pgrtl — g (aba:Q)%
P ek g2 (gh) 2 (o — B) a? — aba? B2 — abx?
bQ1 — 2abQ [am — (abe)% B - (abe)%
"2 (ab)? (= B) | o2 — abx? [? — aba?
Ql [t — o (abx2) B grtl — (abxz) 2
21 (ab) 2 ! (o — ) a? — abz? (% — aba?
aQO [an — (abxz)% [ — (abmz)%
a1 (ab)? " (a—B) | o —abx? B —aba? |

a2b2(an—1 _ ﬁn—l) _ abe(an—i-l _ ﬁn—i—l)
Qo + (abe)%—H (= B) — (abe)% ab(a — B)
22 (ab) 2 (a — B) xt —22(dab+2) + 1

i a2b2(an72 _ 67172) _ abe(an _ Bn)

bQ1 — 2abQo + (ame)% (a? — B?)
22 (ab) 2 T (a — B) xt —22(4ab+2) + 1

a2b2(an—1 _ Bn—l) _ abe(an-‘rl _ Bn-i-l)
01 + (abe)%H (—p) — (abxz)% ab(a — B)
zn—1 (ab)%—H (a — B) xt —22(dab+2) + 1

18
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+a2b2( n—2 Bn—2) _ abx2(a" _ Bn)
+ CLQO (a’bx ) ( 62)
a1 (ab) T (a — B) x4 —22(dab+2) + 1

By the definition of the Pell-Lucas matrix sequence, it is obtained that

3

1 _Quna + Qn-1 _ Qn_2

xn—3 an—1 mn 4 + zn—2

zt —2?(dab+2) +1 +2*Qo + 23Q1 + 2%(2aQ;1 — 4abQo — Qo) + x(bQo — Q1)

Hk‘;gz

=
Il
o

Similarly if n is odd, we obtain

— ns
n—1

Q Q Q2k+1
k—0?:k 7+Zx2k+1
no1 n-1 .
— Z Qo a2kt g2t n 2L bQ1 — 2abQo a*F — B
— (abx?)" a—p —o (aba?)" a—p
”53 O a2kl gl 2 00, o2k _ g2k
+ 2\k o — ﬂ + 2k o — ﬂ ’
o T (abx?) o T (abx?)

By using the sum of geometric series, it’s computed that

n—1

nt1 nt1
Ko Qo at? — o (abx2) 2 g2 -3 (abx2) 2
‘T B (abm2)% (a—B) a? — abz? B2 — abx?

=

B

=
Il

- . nt1 nt1
bQ1 — 2abQq ™t — (abz?) 2 Bt — (abz?) @

(abx2)% (a— B) a? — abx? B B2 — abx?
- r n=1 n=1
N Q1 a” —« (abe) 2 B B8 — B (abx2) 2
x (abx?) nzd (a—B) a? — abx? 82 — abx?
. : n-1 n=1
N aQO 05”*1 _ (abe) 2 ﬂnfl _ (ab$2) 2
z (abxz)? (a—B) a? — abx? B2 — abx?

After some algebraic operations, the following result is evaluated

a2b2(an _ l@n) _ abx2(an+2 _ 5n+2)

_ Qo +(aba?) T (a - B) — (aba?)"? abla - B)
I (ab)% (a—p) xt —22(dab+2) + 1

19



20 Sukran Uygun and Ersen Akinci No.

I a2b2(an1 — 1) — qba?(amtl — grtly

by — 2060y | H(aba?) T (02— B?)
xnfl(ab)nTH ((a— B) xt —22(dab+2) + 1

a2b2(an72 _ Bn72) _ asz(an _ ﬂn)

01 + (aba:Q)"TJrl (a—B) — (abe)nT_l ab(a — )
+xn72 (ab)nT-H ((a—B) xt —22(dab+2) + 1
[ a2b2 (a3 — Bn3) — aba?(an—! — gr1)
. aQo + (aba?) 7 (a? — B7)
=2 (OLI,)”T+3 ((a—B) zt — x2(4ab+2) + 1

By the definition of the Pell-Lucas matrix sequence, it is obtained that

@ 1 Socp — Gasy g Gug Qo
k=0 ah ot = (dab+2) + 1| Qo + 230 + 22(2aQ — 4abQo — Qo) + 2(2bQy — Q1)

We find the same results either n is even or odd number.
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Abstract Let n > 1 be an integer and q,(f) (n) be the characteristic function of exponentially
k-free integers. In this paper, we shall study the mean value of exponentially k-free integers
over square-full number, that is

> (0m) =3 (67 fm)

n<z n<z
n is square-full

where f2(n) is the characteristic function of square-full integers, i.e.

fa(n) =

1, n is square-full;
0, otherwise.

Keywords square-full number, Dirichlet convolution, mean value, divisor function.

2010 Mathematics Subject Classification 11N37.

81. Introduction

The study of different forms of n is an interesting problem in number theory. It is well
known that a natural number n is called k-free (k > 2 fixed) if in the canonical decomposition
n=pi'ps?---pi we have a; < k—1,...,a, < k—1. Also the natural number n is called k-full
ifag > k,as >k, -+ ,a, > k. Toth [3] defined the integer n to be exponentially k -free integer
if all the exponents a; (1 < i < r) are k-free, i.e. n is not divisible by the k-th power of any
prime (k > 2). Also the integer n is called exponentially k -full integer if all the exponents
a; (1 <i<r)are k-full.

Let q,(:)(n) denote the characteristic function of exponentially k-free integers. Therefore
q,(ce) (n) = 1 when n is exponentially k -free integer and zero otherwise. Many authors have stud-

ied the properties of the exponential divisor function, for example, [2-5]. For the exponential
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divisor function q,(f) (n), Té6th [3,4] proved the following result:

> () = Dy + 0 (21 5(2) ),

n<z

where

M=Hé+i“@many

a
P a=2k p

and ¢x(n) denoting the characteristic function of k-free integers.

In this paper, we study the mean value of exponentially k -free integers over square full
numbers.

Theorem For some D > 0, k > 3,

)" LBl
Z (Qk (n)) —TJJ +Wm

n<x
n is square-full

[N
SN—
—~
[N
SN—

+0 (ab exp (~D(1og)? (loglogz) ) .

where

1 1 1
G(s) = H (1 - p2ts - p@F+1D)s + p(2F+3)s +- ) )

p

which is absolutely convergent for Rs > é + €.

Corollary If the Riemann Hypothesis is true, then for some D > 0, we have

Z (q](f)(n))r = ()¢ (%)x% + ¢ (é)x% +0 (x474 exp <Dlogx>> .

¢(3) ¢(2) loglog x

n<x
n is square-full

Notation Throughout this paper, € always denotes a fixed but sufficiently small positive
constant.

§2. Some lemmas

In order to prove our theorem, we need the following lemmas.
Lemma 2.1. Let

d(2,3;k) = Z 1.

n2m3=k

Then we have

with

Proof. See Chapter 14.3 and Theorem 14.4 of [1]. O

23
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Lemma 2.2. Let f(n) be an arithmetical function, and satisfy
Zf ZQT%P (logz) + O (= Z|f (z* log" x) ,
n<x j=1 n<x

where a3 > ag > -+~ >a; >1/k>a>0,r >0,Py(t), -+, P(t) are polynomials in ¢ of degrees

not exceeding r, and k£ > 1 is a fixed integer. If

h(n) =Y u(d)f (n/d*),

d*|n

then
l
Z h(n) = Z z% Rj(logz) + (),
n<xz j=1
where Ry(t),- -, R;(t) are polynomials in ¢ of degrees not exceeding r, and for some D > 0,

§(x) < z/*exp ((—D(log 2)3/5 (log log x)_1/5)> .

If the Riemann hypothesis is true, then for some D > 0, we have

1
0(x) < z¢exp (Dng)

loglog x
where
_ 201 —a
"~ 2ka; —2ka+ 1
Proof. See Theorem 14.2 of [1]. O

Lemma 2.3. Let s be a complex number, then we have

> (47m) C(EC3)

n=1 ns B C(GS)
n is square-full
where the Dirichlet series G(s) = [], (1 — p;ks - p<2’€1+1>s + p(2k1+3)s + - ) is absolutely con-

vergent for Rs > % +e.

Proof. Let

OFN E G OT S (n "
F(s):= Z (qk n(s )> :Z (qk (7):( )) (Rs > 1),

n=1 n=1
n is square-full

where fo(n) is the characteristic function of square-full integers.

24
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Obviously the function q,(ce) (n) is multiplicative, and for every prime power p®, we have

o) =aq” () =a *) =...=q” (pzkfl) = 1,q" (pzk) = 0. Then
(e) (e) !
o q " (n) < (g, (n)f2(n)
F(S): :: (kns) :::( n82 )
n=1 n=1
n is square-full

1 1 1 1 1
=((25)C(3s) 1;[ <1 Tpbs PR pFDs + PEESE + p(2k+4)s)

p2ks
25)¢(3
s
((6s)
where G(s) =[], (1 - pzlk,s - p<2k1+1>5 + p@kl”)s + - ) and it is absolutely convergent for s >
3+ e with k > 3. O

83. Proof of Theorem 1.1

Now we prove the Theorem. From Lemma 2.3, we have known that

o0 q(e)(n) " < <
F(S) _ Z ( kns ) o C(QC()()-CS()S )G(S),

n=1

n is square-full

where G(s) is absolutely convergent for Rs > § + .

Define -
G(s) := Z 97(;:)

and

nS

H(s) = ((25)((35)G(s) = ) hgj) =3 2on=mi 42390 0y

n=1

Then we can get

Y oh(n) =Y d2.3m)g(l) =D g() Y d(2,3;m).

n<x mil<z <z m<?

~8

25
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From Perron’s formula, residue theorem and Lemma 2.1, we can get

3 2
Zd(2,3;n)g<2) xé+c(3> x%+0(x%). (1)
n<z

Then from (1) and Abel integral formula, we have the relation

2o =2 c(5) () +<(5) ) +o (7))

From Perron’s formula and Lemmas 2.2 and 2.3, we can get

op v _CBIEE) , CBIEE)
Z (qk (n)) —T?))x +TZ‘

n<xz
n is square-full

+0 (x% exp (—D(logx)%(loglogm)_é)) .

If the Riemann hypothesis is true, then for some D > 0, we have

1
0(z) < z¢exp o -
log log x

where
201 —a

T Yka; —2%ka+ 1

Then we can get the result of Corollary.
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Abstract A graph associated to a finite group is a way to analyze some properties of a group
graphically. Many graphs of groups have been constructed according to the properties of the
groups such as the commuting and non-commuting graphs. Besides, a Roman dominating
function (in brief RDF ) of a graph I" with vertex set V(I') and edge set E(I"), defined as a
function f from the set V(I") to the set of numbers {0, 1,2} in which for any vertex u € V(I")
with f(u) = 0 there is at least a vertex v € V(I') with f(v) = 2 is adjacent to u. The
summation of the values f(u) for all the vertices of I is defined by the weight of the RDF
f. Meanwhile, the Roman domination number (in short RDN) of I, yz(T"), is the minimum

weight of an RDF defined on I' [1]. Based on that, the Roman domination polynomial (RDP)
2p )
of a graph I" on p vertices is defined by R(T", z) = Z r(T,7)z’, where r(T, j) is the number

i=7r(G)
of RDFs of I with weight j [2]. In this paper, the RDPs of commuting and non-commuting

graphs associated to dihedral groups with order 2n are computed and some examples are given
to illustrate the results.

Keywords Roman domination, Roman domination polynomial, commuting graph, non-
commuting graph, dihedral groups.
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§1. Introduction and preliminaries

All the graphs considered throughout this paper are finite and simple, namely
finite, undirected and have no self-loops or multiple edges. Let I' = (V, E) be a
graph. The order and size of I are denoted respectively by |V(T')| = p and |E(T)| =
q. As usual the complete graph, null graph, cycles and paths on p vertices are
denoted in this paper as K, fp, C)p and P,, respectively. The following expressions
[2] and |z] of the positive real number z are denoted respectively to the least
positive integer bigger than or equal to  and the largest positive integer less than
or equal to x.

The join I'1 VI'y of two graphs I'y and T's, with different vertex sets |V (I'1)| = p1
and |V (I'y)| = p2, contains the original graphs I'y and I'y and every vertex of I'; is
linked to each vertex of I's by an edge.

The RDN of a graph I' = (V,E), yr(I'), is defined in [3] as the smallest weight,

Z f(u), of an RDF f: V(T') — {0, 1,2} in which for any vertex u
ueV(T)
in I" with f(u) = 0 there is at least a vertex, say v, from the neighbors of u satisfied

that f(v) = 2. For details, the reader is referred to [1].

Recently, Deepak et al. [2] defined the RDP of a graph T" as

R(T,x)= > »(, )

j=vr(T)

where 7(T, j) is the number of RDFs of I' with weight j and studied some of its
properties. In addition, the RDPs of paths and cycles are studied in details in [4]
and [5], respectively. The following lemmas present some properties of the RDPs of

graphs that are needed in this paper.
Proposition 1.1 gives the RDP of the null graph Fp.

Proposition 1.1 [2]. Consider T to be the null graph fp on p vertices. Then

R(T,z) = Zp: <’7)xf’+j — 2" (1+2)".

i=o M

Next, the RDP of a complete graph K, is given in the following proposition.

Proposition 1.2 [2]. For the complete graph K, with p > 2,

=353 (0) (7))

Now, Proposition 1.3 gives the RDP of the join I'y V I's.

Proposition 1.3 [2]. LetT'y, T's be any two graphs with |T'1| = p1, |T2| = pa,
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respectively. Then

oS L)E OO ERECT

r=1 s=1 =0

Recall that, the following properties of the combination (n) are considered in
r

the above lemmas.

(i) fr =0 or r = n, then (:) =1
(ii) If r > n, then (n) = 0.
T
(iii) If r = 1, then (T) =n.

The following proposition presents the RDP of the disconnected graphs.

Proposition 1.4 [2]. Assume the graph T' = U T';, where T'y,..., Ty, are
the components of I'. Then

R(T,z) = R(Ty,2) -+ R, x).

Besides, a group consists of a set of elements and an operation combines the
elements of the set to form an element also must be in the set. This operation on
the set satisfies four conditions called the group axioms [6]. A group is called finite
if its set is finite. The dihedral group is an example of a finite non-abelian group.
In the following, the definitions of a center of group, a dihedral group and some

properties of a dihedral group are provided.

Definition 1.1 [7]. Consider G to be a finite group. The subset Z(G) of G
containing all the elements of G which commute with every element in G is called
the center of the group G i.e. Z(G) = {a € G|ay = ya, Yy € G}.

Next, the definition of a dihedral group and some of its properties are given.

Definition 1.2 [8]. A dihedral group of order 2n where n > 3, denoted by
Dy, is a group of symmetries of a regular polygon, which includes rotations and
reflections. A dihedral group can be presented also as:

Dy, = <a,b: a" =b =e, baba:e>.
Some properties of a dihedral group Ds,, are presented in the following propo-
sition.
Proposition 1.5 [8]. Consider Do, = {e,a,a?,...,a" "' b,ab,ab,...,a" 1b}

to be a dihedral group of order 2n. Then Ds, has the following properties:
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(i) For odd n,

(a) the center Z(Day,) = {e},

(b) the elements of the form a', where i = 1,2,...,n — 1, are commute one
to each other and a* do mot commute with the elements of the form a’b,
where j =0,1,2,...,n—1,

(c) the elements of the form a’b, where j = 0,1,2,...,n—1, are not commute

with any element in Da, accept the identity element.
(i) For even n,

(a) the center Z(Dy,) = {e,a?},
. n
(b) the non-central elements of the form a* i.e. i=1,2,....,n—1 and i # 5
are commute one to each other and o' do not commute with the elements
of the form a’b, where 7 =0,1,2,...,n —1,
(c) each element of the form a’b, where j = 0,1,2,...,n —1, is not commute

with any element in Dsy, accept the identity element and the element of

the form az7b.

Meanwhile, the idea of studying algebraic structures by using properties of
graphs is one of the interesting topics in research because of its impressive results
and questions. One of these studies is the study of graphs of groups. Many research-
es are presented on the commuting graph and the non-commuting graph associated
to finite groups. For instance, Vahidi and Talebi [9], Segev and Seitz [10], Raza
and Faizi [11] and Parker [12] studied the commuting graphs related to some spe-
cific groups; while Abdollahi et al. [13], Moradipour et al. [14] and Ahanjideh and
Iranmanesh [15] have studied the non-commuting graphs. In the following, the def-
initions of the commuting graph and the non-commuting graph associated to finite
non-abelian groups are provided. Firstly, the definition of the commuting graph of

non-abelian finite groups is given.

Definition 1.3 [9]. Consider G to be a non-abelian finite group. The com-
muting graph of G, denoted by I'?"" is a simple undirected graph with vertex set
G — Z(@) and two vertices are adjacent if they commute.

In [16], the commuting graph of dihedral groups, Da,, is stated as follows:

Proposition 1.6 [16]. Let G = D, be a dihedral group of order 2n, where
Dy, = <a,b: a” =b% =e, bab = a_1> and n > 3. Then the commuting graph of
Doy, TH is given as

K, 1UnKy, ifn is odd;

com __
FDzn -

Kn 2 U5 Ks, ifnis even.

Next, the definition of the non-commuting graph of non-abelian finite groups

is presented.
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Definition 1.4 [13]. Let G be a non-abelian finite group. The non-
commuting graph of G, denoted by '™ is a simple graph with vertex set G—Z(G)
and two vertices are adjacent if and only if they do not commute.

The following proposition gives the non-commuting graph of Ds,,.

Proposition 1.7 [17]. Let Do, = {e,a,a?,...,a" 1, b,ab,a®b,...,a" " 1b} be
the dihedral group of order 2n. Then the non-commuting graph of Day, I'iio™, is

one of the following forms.
(i) If n is odd, then T'H°™ = K, V Ky 1.
(i) If n is even, then T = Up V K, o, where U, is an (n — 2)-regular graph

with n vertices.

In this paper, the RDPs of the commuting graph and the non-commuting graph

associated to the dihedral groups are found and illustrated by some examples.

§2. Main results

First, the RDP of the commuting graph associated to the dihedral groups, D,
is obtained as follows.

Theorem 2.1. Let Dy, = <a,b: a™ = b? = baba = e> be the dihedral group
of order 2n, where n > 3 and '™ is its CG. Then the RDP of '™ is given as:

(i) If n is odd, then

2n—2 r L3 n— 1\ /n—r—1
com _.n n n—1 - -
R(IE™, x) = 2™ (1 + ) [33 + ; [T_1< . )( ia )]xj]

(ii) If n is even, then

2n—4 L%J
com n( .2 5| .n—2 § n—2 n—r—2 j
Ry, x) =a"(2° + 20+ 3) ° {x ' =2 [ ( r )( j —2r )}xﬂ

r=1 J

Proof. By Proposition 1.6, the commuting graph of the dihedral groups D, is given
as
K, 1UnK;, ifnisodd;
=
K, 2 U5 K,, ifniseven.

Therefore by using Proposition 1.4, the RDP of I'[f"" is given as
R(Kn_1)- (R(Ky))", if nis odd;
BT, @) =
3

R(K,—2) - (R(K32))?, ifniseven.

Also by Proposition 1.1, R(K;) = x(1 4+ «) and by Proposition 1.2, R(K3) =

2?(2% + 22 + 3). Hence again using Proposition 1.2, the result is obtained. O
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In the following example, the result in Theorem 2.1 part (i) is illustrated .

Example 2.1. Let Djy = {e,a,a? a® a* b,ab,a®b,a®b, a*b} be the dihe-
dral group of order 10, where n = 5. By Proposition 1.6, the CG of the dihe-
dral groups Dy is FCDOIZ = K4 UBb5K;. By using Definition 1.3 and Proposition
1.5, the vertex set and the edge set of ' are given respectively by V(I'g™) =

{a,a?, a3, a*,b,ab,a®b, a®b, a*b} and

BE(gy) = {(a,a%),(a,a®), (a,a®), (a*,a®), (a®,a*), (a®,a*) }.

Therefore, I'Y’" is shown as in the following figure.

b @ @ w
® .4
a’b @ @ .2

Figure 1: The CG of Dy

Now by Theorem 2.1, the RDP of T'J7"" is obtained by
4\ /4—r 2
r)\Jj—2r
5 LA\ (47 LA\ (47
—.5(1 4, .2 - 3 -
20y ()6 0) 2065
3
4—r 6 4 4—r
5—2r>+x;<r><6—2r>

- ()
SIERARES W] feed)]

—27(1+2)° |a* + 42 +122° + (124 6)a* + (4 + 12)2° + (0 + 6+ 4)2°

8 1%
R(CET, @) =2 (1 + 2)° mz[

+(0+0+4)x7+x8}

—2"(1+2)° % + 42° + 102 + 162° + 192 + 122 + 4]

=(14 5z 4 102* 4+ 102* + 52" + 2°) (¢'® + 42'% + 102" + 162'° + 1927
+122% + 427)

=z 4+ 927 + 40216 + 1162° + 2442 + 3882 + 46822 + 4202 + 271210
+ 11927 + 322% + 427,

The polynomial is represented graphically as in Figure 2.
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Figure 2: The graph of R(F“’T)

In the following theorem, the RDP of the non-commuting graph associated to
the dihedral groups D, when n is an odd integer, is found.

Theorem 2.2. Let Do, = <a,b: a™ = b% = baba = e> be the dihedral group
of order 2n, where n > 3 is an odd integer, and I'iy°™ be its non-commuting graph.
Then the RDP of I'R°™ is given as:

i( JIECTIEC) T ()

s= =0

we [E[E ()0

+ x"_l(l + x)n {(1 + x)n_l — 1} +4 g2t

Proof. By Proposition 1.7 part (i), the non-commuting graph of the dihedral groups
Doy, T'p7™, is given as I'y?™ = K, V K,,_1. Therefore by Proposition 1.3, the
RDP of I'j5°™ is given by:

A= Z()@(””’)(Z’ii<”;1>"ji;l(”‘f*))}ww
(1+a)" < (Kn,x) — >+(1+x)”<R(Kn_1,x)z"1>+z”+"1.

Hence by using Proposition 1.1 and Proposition 1.2, the RDP of I';°™ is presented

OECECTE )l

=0
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() [(1 fa) - 1] 2,

which completes the proof. O

Next, Example 2.2 illustrates Theorem 2.2.

Example 2.2. Let Dg = {e,a,a? b,ab,a?b} be the dihedral group of order
6, where n = 3. By Proposition 1.7, the non-commuting graph of the dihedral
groups Dg is I = K3 V K. By using Definition 1.4 and Proposition 1.5, the
set of vertices and the set of edges of I'5°" are given respectively by V(l"%cﬁom) =
{a,a?,b,ab,a?b} and

ETp™) = {(b, ab), (b,a®b), (b, a), (b, a?), (ab, a®b), (ab, a), (ab, a?), (a*b, a), (ab, az)}.

Therefore, I'°™ is shown as in the following figure.

ab

a?b a?

Figure 3: The non-commuting graph of Dg

Now by Theorem 2.2, the RDP of '™ is obtained by

E()[35(3?)@(i)g(gf))}f’*t*“l

3 ()] s o] e
>; (1)t (OE
Sy (S (1) )5 ()
2 (2)3

S
+ (1 + m)2 [m6 + 325 + 62t + 72 + 3$2] + 2°
=62* + 62° + 328 + 122° + 122° + 627 + 1225 + 1227 + 628

<2 ., s) SV 4 (11 ) (o 4 2)
0

+ 627 4 62° + 32 +22° + 227 + 2'0 + (1 + :v)z(x5 + 3z* 4 22%)
+ (1 + 33)2(3:6 +32° + 62 + 72 + 33:2) + 2°
=219 + 529 4+ 152% + 3027 + 4525 4+ 502° + 342* + 1523 + 322,
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The polynomial is represented graphically as in Figure 4.

Figure 4: The graph of R(I'{5™)

Next, Theorem 2.3 presents the RDP of the non-commuting graph associated
to the dihedral groups D, when n is an even integer.

Theorem 2.3. Let D, = <a,b: a™ = b? = baba = e> be the dihedral group

of order 2n, where n > 3 is an even integer, and I'°™ be its non-commuting graph.

Then the RDP of I'i;’™ is given as:
2 n—s—2
—s—=2
( ) Z <n 8 >>} p2rHt+2s+l
1 1=0
2n ]

R %Z%):i@[g(n;r)(“
e 2[R ()G

r=1 s
j=3 -r

ﬁ
k.

+ x”_2(1 + x)n {(1 + x)n72 — 1} + 222

Proof. By Proposition 1.7 part (ii), the non-commuting graph of the dihedral groups
Dy, T'50™, is given as I'y?™ = Up V K, 2, where U, is an (n — 2)-regular graph
on n vertices. Thus by Proposition 1.3, the RDP of I'}y°™ is given by:

w2 () (NG ) 5 (e

r =0

4a)" (R(Un, 2) xn> (ta) <R<Kn_2, ) — x"2> 2?2,

By Proposition 1.1, R(K, _s,z) = 2" 2 (1 +x)n72. Now, the remaining is the RDP
of the graph U,,, R(U,, z). By Proposition 1.7 part (ii), the graph U, is an (n — 2)-
regular graph on n vertices. Therefore, yg(U,,) = 3. Thus by the definition of the

RDP of graph
2p

R(T,x) = Z r(T, j)a’

j=vr(T)

36



Vol. 18 On the RDP of commuting and non-commuting graphs of dihedral groups 37

(recall that p is the number of vertices of a graph T'), for any 3 < j < 2n there
L4 n\(n—r

are Z ( ) ( . ) Roman dominating function of the graph U,, with weight 7,
= \r/\J— 2r

where 7 is the number of vertices of U, which taking the value 2 under a Roman

dominating function of U,,. Also, there is one more Roman dominating function of

U,, with weight n when all the vertices of U, taking the value 1. Hence,

-3 (S ()]

r=1

and the proof is complete. O

§3. Conclusion

In this paper, the RDP of the commuting graph and the non-commuting graph
associated to the dihedral groups are obtained. Furthermore, some examples are
given to illustrate the results with three dimension representation for the polyno-

mials.
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Abstract Let Af(n) be the nth normalized Fourier coefficient of holomorphic Hecke cusp
form f(z). Let L(s,sym? f) be the corresponding symmetric square L-function associated to
f(2). Let Agym2 s(n) be the nth normalized Fourier coefficient of L(s,sym? f). In this paper,
we prove that

> Ny (0) = 2Pi(log @) + O (2175 79)

n<x

where P;(t) is a polynomial in ¢ with degP; (t) = 231.

Keywords Symmetric square L-function, Fourier coefficient of cusp form, automorphic L-function.
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§1. Introduction

Let H} be the set of all normalized primitive holomorphic cusp forms of even integral
weight k for the full modular group SLs(Z). Then Hecke cusp form f € H} can be represented

as the following Fourier expansion at the cusp oo:
i k—1
f(z) =Y Ap(m)n = e(nz),
n=1

where we normalize f(z) so that A;(1) = 1. Then A;(n) is real and satisfies the multiplicative

relation as follows:

N mAs(m) = D7 (),

d|(m,n)
where m > 1 and n > 1 are any integers.

In 1974, Deligne [1] proved the Ramanujan-Petersson conjecture
[Ar(n)] < d(n), (1)

where d(n) is the divisor function. Now the average behavior of Fourier coefficients of the cusp

forms, proved by Rankin [20], states that

Z Ap(n) < 2'/3(logz)~°,

n<z
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where 0 < ¢ < 0.06. In 1990, Ivié [5] obtain the following result:
> Aj(n) = co + Oy (aF).
n<x

The analytical properties of A;(n) have also been studied by many other authors, see [7,16,21-
24).
In this paper, we get the sum Z )\symzf( n) by using the method mentioned in [18]. Our

result is the following theorem.
Theorem 1.1. Let f € H}, and denote Agyn25(n) be the nth coefficients of the symmetric

square L-function associated with f. Then for any € > 0, we have

Z Asgym?f(n) = $P1(10g 33) +0 (1‘%+5> ;

n<z

where Py(t) is a polynomial in t with degP;(t) = 231.

§2. Preliminaries

In order to prove this theorem, we will introduce some important definitions and lemmas
in this section. The Hecke L-function attached to f € H} is defined by

ZAi(n
5 (n)

According to Deligne [1], for any prime number p, there are a(p) and S;(p) such that

s) > 1.

Ar(p) = as(p) + Br(p), |lay(P)| = 18r(p)l = ap(p)Bs(p) = 1. (2)

Thus

SR

The Riemann zeta-function is defined by

ini:rp_ R(s) > 1. (4)

The jth symmetric power L-function attached to f € H} is defined as

=TI = arep=) (1 = Brp)p~) " 3)

J

(s,sym? f) =T TT (0 —ar @B (0)™p~*) " (5)

p m=0

for R(s) > 1, it can be represented as a Dirichlet series

i = >‘s mJ symJ
L (s.symi ) = 3 2o a0 (3 A 00 (6)
n=1 P k>1
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where Agymi £(n) is real and satisfies the multiplicative property, and

J
Ay £(0) = D ap(p)! 7™ = A (p). (7)
m=0
In particular, we note that

L (s,sym0 f) = ((s), L (s,sym1 f) = L(s, f).

From (2), we have
Asymi ¢ (n)| < djy1(n), (8)
where dj(n) is the nth coefficient of the Dirichlet series ¢*(s).
Lemma 2.1. Let f € H}, and denote A\sym25(n) be the nth coefficients of the symmetric

square L-function associated with f. Then for any e > 0, we introduce

= Ag m?2 (n)
Li(s) = Z I nsf
n=1

for R(s) > 1. Then we have

La(s) =C32(s) 503 (s,smef) 1,750 (s,sym4f) 1,672 (s,syme) 468 (s,symgf)
x 258 (s, symwf) Lt (s, symmf) 36 (s, sym14f) 3 (s, symlﬁf)
x L (s,sym'® f) Ui (s),

where Uy(s) is Dirichlet series which converges uniformly and absolutely in the half-plane R(s) >
1

5 -
Proof. For R(s) > 1, the function
Ly(s) :=¢*32(s)L5%3 (s, sym? f) L™ (s, sym4f) L9 (s,sym°f) L4608 (s, symsf)
x L?°8 (s, symlof) L (s7 symlgf) L3S (s, sym14f) L8 (3, symlﬁf)
x L (s, symlsf)

can be represented as a Euler product

From (4)—(7), we obtain

b(p) =232 + 603)\Sym2 f (p) + 750)\Sym4 f(p) + 672)\Sym6 f(p) + 468>\Sym8 I’ (p)
+ 258)‘sym1“ f(p) + 111>‘sym12 f(p) + 36)\sym14 f(p) (10)
+ 8Asym1o f(p) + Asym1s f(p)'

From (7) and (10), it can be checked that
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We know that Lo (s) converges absolutely in the half-plane R(s) > 1. It is clear that \? s(n)

sym?2
is a multiplicative function, we obtain

oS /\9 5 . (n /\9 ]
LI(S)ZZM;J():H(HWer), R(s) > 1. (12)
From (9)-(12), we have
9 2\ 9
Ll(s) :LQ(S) X H(l i )\sym2 f(zQZ b(p ) 4. )

p

:C232(3)L603 (s,sym2f) 1,750 (s,sym4f) 1,672 (s,syme) 1,468 (s,symsf)
x L[58 (5, Symlof) Lt (s, sym12f) L3¢ (5, Sym14f) L8 (5, Symwf)
x L (s,sym" f) U(s),

where Ui (s) is Dirichlet series which converges uniformly and absolutely in the half-plane R(s) >

1 0

Lemma 2.2. Let Jy be the interval obtained from Jo by removing the t-intervals of length
(log T)? on both ends of Jo. Then

maz  |¢(s)| < exp(C(loglog T)?).

t in Jl, O’Z%

Proof. See [19, Lemma 2]. O
Lemma 2.3. For any e > 0, % <o <1, and |t| > 2, we have

Lo+ it, sym? f) <pe (1+ |t|)max{§(1—0):0}+a_

Proof. See [15, Corollary 1.2]. O

Lemma 2.4. For any e >0, 7 € N, we have

L (0 + it symd f) <0 (14 [t)mol55 o) 0} e,

Proof. From the works of Hecke (see [6]), Gelbert and Jacquet [3], Kim [9] and Kim and Shahidi
[10,11] we know that L(s,sym? f) (j = 1,2,3,4) are automorphy L-functions. More recently,
we know from Nelson’s [18] results that for any j € N, the L(s,sym’ f) is an automorphy
L-function. O

Lemma 2.5. Forj>1anye>0,T > T,y (where Ty is sufficiently large), we have the

estimates
2T
A

Proof. This is true for (j = 1,2,3,4), see [13, Lemma 2.5]. More recently, Nelson [18] proved
that for any j € N, L(s,sym’ f) is an automorphy L-function. O

2 .
dt <z ¢ T%"'s.

1 .
L (2 + € + it, sym’ f)
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83. Proof of Theorems 1.1.

In this section, we give the proof of Theorem 1.1.

Proof of Theorem 1.1. By the Perron formula (see [8, section 4.1]), we obtain

S Ny (1) = 5 La(s) ds + O(" ), (13)

n<xz

1 /1+E+’iT s ZC1+E
1

+e—iT

where 1 < T < z is a parameter to be chosen later.

Our goal is to estimate the integral in (13), so we use the Cauchy’s residue theorem, we

. 1 liepiT 1+e+iT Lte—iT o
Aymz () ==— / +/ +/ Ly(s)—ds
Z sym? f 27 Ifeir IeqiT Ide—iT s

n<x
s 1+4e€
+ Res, L1(s)% +0 (x ) (14)

get

T

rlte
=0 + 1+ I3 +$P1(10g$) + 0 ( T ) s

where P (t) is a polynomial in ¢t with degP; (t) = 231.
For Ir and I3, by lemmas 2.3, 2.4 and 2.5, we have

o
L+ls< maz T(g><603+%><750+%><672+%><468+%><258+§><111+175><36+%><8+%)(170)£

%+e§a§1+e T
47723 (1 _ ind
<  max T7F 179(2)
1+e<o<l+e T
47718 X
< max T ( 47723 )U
1 47723
s+teso<l+e T 5
1+¢
< - +I%Jrsj_,zn;om'
(15)

For I, we use lemma 2.1 and Hoélder’s inequality to get

1
I <zt maz ( mazx

603 750
QL (g etitsm? ) L(5+etitsymt s
IST<TTi \ Ziciery 2

2
1 111 1 36 1 7
x L<2—|—5—|—it,sym12 f> L<—|—6—|—it,sym14f) L<2+a+z‘t,sym“’ f> )

2
1
Ty 2 2
X ( / dt)
Ty
2

1
2 2 i
dt X /
T
<<x%+eT71+(g><603+%><750+%><672+%><468+%><258+%><111+% x36+1Ix7)x1+Ix(F+12)

) 672 468 1 258
><L<2+5—|—it,sym6f> L(2+g+it,sym8f) L(Q—i—zs—i—it,symlof)

1
L (2 + e+ it,sym!© f)

1
L (2 + e 4 it,sym'® f)

2

47713

<<1;%+€T 0 .

(16)
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From (14), (15) and (16), we obtain

1+e

S0 () = 2Py (log ) + O (”C

n<zx

) +0 (m%+ET4717013) . (17)

Taking T' = z7772 in (17), we have

Z /\gym2f(n) =zPi(logz) + O (I%Jﬂs) .

n<lz

This completes the proof of Theorem 1.1.
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