\

SCIENTIA MAGNA

e

| m———-

An international journal

i
!
\

Edited by School of Mathematics
Northwest University, P.R.China



Vol. 17, No. 1, 2022 ISSN 1556-6706

SCIENTIA MAGNA

An international journal

Edited by

School of Mathematics
Northwest University

Xi’an, Shaanxi, China



Information for Authors

Scientia Magna is a peer-reviewed, open access journal that publishes
original research articles in all areas of mathematics and mathematical
sciences. However, papers related to Smarandache’s problems will be

highly preferred.

The submitted manuscripts may be in the format of remarks, conjectures,
solved/unsolved or open new proposed problems, notes, articles,
miscellaneous, etc. Submission of a manuscript implies that the work
described has not been published before, that it is not under consideration
for publication elsewhere, and that it will not be submitted elsewhere

unless it has been rejected by the editors of Scientia Magna.

Manuscripts should be submitted electronically, preferably by sending a

PDF file to ScientiaMagna@hotmail.com.

On acceptance of the paper, the authors will also be asked to transmit the

TeX source file. PDF proofs will be e-mailed to the corresponding author.



Contents

Kuldeep Kaur Shergill and Sukhwinder Singh Billing: Differential Sandwich-Type
results for meromorphic starlike functions 1
B. Osoba: Smarandache nuclei of second Smarandache Bol loops 11

Chaoping Chen and Xiao Zhang: Error estimates of BBP- and Ramanujan-type series

22
Fengjiao Qiao and Huixue Lao: On general divisor sums involving the coefficients of
triple product L-functions 36
He Zhu and Huixue Lao: Dirichlet density on sets of primes for linear combinations of
Hecke eigenvalues 45
Rasul Rasuli: Intuitionistic fuzzy subalgebras, ideals and positive implicative ideals of
BCI-algebras under norms 54
J. D. Bulnes, N. Islam and J. Lépez-Bonilla: Leverrier-Takeno and Faddeev-Sominsky
algorithms 7
S. M. Shahidul Islam and A. A. K. Majumdar: A note on the Smarandache LCM
function 85
S. M. Shahidul Islam and A. A. K. Majumdar: A note on the pseudo Smarandache
square-free function 90

Andrzej Walendziak: Some remarks on UP-algebras and KU-algebras 102
Rasul Rasuli: T-fuzzy G-submodules 107

ii



Scientia Magna
Vol. 17 (2022), No. 1, 1-10

Differential Sandwich-Type results for
meromorphic starlike functions

Kuldeep Kaur Shergill * and Sukhwinder Singh Billing?

!Department of Mathematics, Sri Guru Granth Sahib World University
Fatehgarh Sahib-140407(Punjab), INDIA
E-mail: kkshergilll6@Qgmail.com
2Department of Mathematics, Sri Guru Granth Sahib World University
Fatehgarh Sahib-140407(Punjab), INDIA

E-mail: ssbilling@gmail.com

Abstract In the present paper, we obtain a generalized criterion for meromorphic starlike
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81. Introduction and preliminaries

Let H denote the class of functions analytic in open unit disk E = {z : |2|] < 1} and
let H[a,n] denote the subclass of H consisting of functions of the form f(z) = a + anz™ +
any12" 4+ -+ where a € C,n € N. The class of analytic functions f, normalized by the
conditions f(0) = f'(0) — 1 = 0 is denoted by A.

Let ¥ be the class of functions of the form

1 o0
f(Z) = ; + ;anzna

which are analytic in the punctured unit disc Eg = E\ {0}, where E = {z : |2] < 1}.

A function f € ¥ is said to be meromorphic starlike of order « if f(z) # 0 for z € Ey and

Zf’(2)>
§R( > a, 0<a<l;zeR).
) ( :
The class of such functions is denoted by MS*(a) and write MS* = MS*(0) - the class of

meromorphic starlike functions.

If f is analytic and g is analytic univalent in open unit disk E, we say that f(z) is subordinate to
g(z) in E and written as f(z) < g(z) if f(0) = g(0) and f(E) C g(E). To derive certain sandwich-

type results, we use the dual concept of differential subordination and superordination.
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Let ®:C? x E — C (C is the complex plane) and h be univalent in E. If p is analytic in E

and satisfies the differential subordination

@(p(2), 2p'(2); 2) < h(2), 2(p(0),0;0) = h(0), (1)

then p is called a solution of the differential subordination (1). The univalent function ¢ is called
a dominant of differential subordination (1) if p < ¢ for all p satisfying (1). A dominant ¢ < ¢
for all dominants ¢ of (1), is said to be the best dominant of (1).

Let U : C?2 x E — C (C is the complex plane) be analytic and univalent in domain C? x E, h
be analytic in [, p is analytic and univalent in E, with (p(2),2p'(2);2) € C? x E for all z € E.
Then p is called a solution of first order differential superordination if it satisfies

h(z) < ¥ (p(2), 2p'(2); 2), h(0) = ¥(p(0), 0; 0). (2)

An analytic function ¢ is called a subordinant of differential superordination (2) if ¢ < p for all
p satisfying (2). A univalent subordinant ¢ that satisfies ¢ < ¢ for all subordinants ¢ for (2), is
said to be the best subordinant of (2).

In the literature of meromorphic functions, many authors have been successfully used the tech-
nique of differential subordination to obtain the results involving meromorphic functions.
Nunokawa and Ahuja [2] proved the following result.
Theorem 1.1. Let a <0 and~y > 0. If
. (200 —2a% + ya
rex (B,

then f € MS*(a)
Ravichandaran et al. [6] proved the following results.
Theorem 1.2. Let ¢(z) be univalent and ¢(z) # 0 in E and
() 2q'(2)

oz) /
(ii) m[uzq (2) _zd(z) q(z)] >0 forz €E, v #0.

¢(z)  a(z) v
If f(z) €2 and

is starlike univalent in E, and

_ [(1 ) Z]{;S) +q (1 + Z}f/’;i«?)ﬂ <) - qu’(z)

then )

f(2)

< q(2)

and q(z) is the best dominant.
Theorem 1.3. Leta <0, v#0. If f(z) € ¥ and

21'(2) SdC) | IREL ECEIERLENE 2)22
f(z) f'(z) 1—2az — (1 —2a)z2

-1 =)

+'y<1+

2P
then éRf(z)
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Roshian and Ravichandaran [4] proved the following results.

/
Theorem 1.4. Let q(z) be univalent in E and ZC‘I](Z) be starlike in E. If f € ¥, satisfies
2f'(z)  2f"(2) 2q'(2)
o — <1+(1-a)p— ,
R O R e

then L (l—alp
z TP fl(z
—a—() <aq(2),
pfe(z)
and q(z) is the best dominant.

Theorem 1.5. Let -1 < B< A<L1. If f € X satisfies
f(z) 2f"2) (A—B)z

FE O FE YT At An( B

then
2of(s) (14 A)

oz (+Ba)

The main objective of this paper is to generalize the results of above nature and obtain certain
sandwich-type results for starlike functions.

We shall use the following lemmas to prove our results.

Lemma 1.1. (/5])Let q be univalent in E and let 0 and ¢ be analytic in a domain D containing
a(E), with d(w) # 0, when w € q(E). Set Qu(2) = 2¢'(2)0la()], h(z) = Ola()] + Q1 () and
suppose that either

(i) h is convezx, or

(ii) Q1 is starlike.

In addition, assume that

zh’(z)) ,
i) R > 0 for all z in E.
(i) (Ql(z) 4

If p is analytic in E, with p(0) = ¢(0), p(E) C D and

0lp(2)] + 2p'(2)¢lp(2)] < 0la(2)] + 24 (2)d[a(2)], 2 € E,

then p(z) < q(z) and q is the best dominant.

Definition 1.1.  We denote by Q the set of functions p that are analytic and injective on
E\ B(p), where

() = {¢ < 08 i p(z) = oo}

and are such that p'(¢) # 0 for ¢ € OE\ B(p).
Lemma 1.2. ([1]) Let q be the univalent in E and let 6 and ¢ be analytic in a domain D
containing q(E). Set Q1(z) = z¢'(2)plq(?)], h(z) = 0[q(z)] + Q1(z) and suppose that
(1)Q1(z) s starlike in E; and
/
(#9)R (0 (Q(Z))> >0, for z € E.

$(q(2))
if p € H[q(0),1] N Q, with p(E) C D and 0[p(2)] + 2zp'(2)d[p(2)] is univalent in E and

0[q(2)] + 2¢' (2)9lq(2)] < O[p(2)] + 20’ (2)d[p(2)], z € E,

then q(z) < p(z) and q is the best subordinant.
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§2. Main Results

Theorem 2.1. Let q, q(z) # 0, be a univalent function in E satisfying therein the condition
, 2q"(z) 2q'(2)
() R(1+ +(vy—1) >0,

q'(z) q(2)
y 2q"(2) 24 (2) oo d—a)y o all
(u)&%<1+ 70 +(v-1) e + (v+ 1)g(z) + 5 )>0f Ilz€R.

If fex, ZJ]:ES) #0, z € E, satisfies the differential subordination
SOV (140 (L 2 G1Y)
(-57) (+e(Fd -5
< azq'(2)q"H(2) + ag" " (2) + (1 - @)q"(2), (3)
where a, 7y are complex numbers with o # 0, then _fo;S) =< q(2) and q is the best dominant.
Proof. On writing p(z) = —Z}[gz), the subordination (3) becomes:

azp/(2)p" 1 (2) + ap T (2) + (1= a)p”(2) < azd'(2)¢" 7 (2) + ag" (2) + (1 - a)q"(2). (4)

Let us define the functions 6 and ¢ as follows:

O(w) = aw’™ + (1 —a)w’ and ¢w)=aw’!
Clearly, the functions 6 and ¢ are analytic in domain D = C\ {0} and ¢(w) # 0 in D. Now,
define the function h as follows:
h(z) = 0 ()47 (2) + ad () + (1 - )7 (2), o)
Differentiate (5) and simplifying a little, we get

(z) L 2q"(2) L 2d(2)
) =1+ e +(y-1

where Q1(2) = azq/(2)¢"(2). In view of given conditions (i) and (ii), we have Q; is starlike

in E and W)
%<Q1(2)> >0, z € E.

In view of lemma 1.2 and subordination (3), we have

(I—a)y
) + (v + 1)g(z) + "

0lp(2)] + 2p'(2)¢lp(2)] < 0a(2)] + 24’ (2)d[q(2)]-
This completes the proof of our theorem. O

Theorem 2.2. Let q, q(z) # 0, be a univalent function in E such that

‘ zq"(2) 24 (2)
(1) %<1+ 70 +(y-1) ) ) >0,

(i1) R ((7 + 1)g(z) + (1_0[0()7) >0 for all z € E.
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If f e X, _#@) € H[q(0),1] N Q with 2f2) # 0, z € E, satisfies the differential superordi-

_ f(z) f(z)
nation

azq'(2)g" " (2) + g (2) + (1 - a)q"(2)

_ZJ”(Z’))7 ( (Zf”(Z) B Zf’(2)>> _h
<(-F) (+e (5 -25)) = )

where «,y are complex numbers with « # 0, then q(z) < — ZJJ:ES) and q is the best subordinant.
Proof. Setting p(z) = — Z},f;i;), the superordination (6) becomes:

azq'(2)g" 71 (2) +ag"(2) + (1 = a)q" (2) < azp/ (2)p" " (2) + ap? T (2) + (1 = a)p(2). (7)
By defining the functions § and ¢ and )1 same as in case of Theorem 2.1 and observing that

0'(q(2)) (1—a)y
=(v+1q(z) + ——.
Sa(z) IO
The use of lemma 1.2 along with (7) completes the proof on the same lines as in case of Theorem
2.1.

O

On combining Theorem 2.1 and Theorem 2.2, we obtain the following sandwich-type theorem.
Theorem 2.3. Suppose «,~y are complex numbers with « # 0 and suppose that q1,q2(q1 #
0,g2 # 0, z € E) are univalent functions in E such that ¢ satisfies the conditions (i) and (ii)
!/
of Theorem 2.2 and g2 follows the conditions (i) and (i) of Theorem 2.1. If f € 3, —Z]{((?
z
2f'(z) ‘ ‘ ‘ : .
) #0, z € E, satisfies the differential sandwich-type condition
z

azqy(2)a] " (2) + ag] T (2) + (1 = a)g] (2) < h(2)

-(55) {7 )
< azgy(2)g3 " (2) + g3 (2) + (1 - a)g3 (2),

2f'(2)
f(z2)

the best subordinant and the best dominant.

S

H[q1(0), 1] N Q with

where h is univalent in E, then ¢1(z) < — < q2(z). Moreover q1 and g2 are, respectively,

Deductions
1+ (1—2)\)z

If we consider the dominant ¢(z) = ,0 < X\ < 1, a little calculation

yields that this dominant satisfies the conditions of Theorem 2.1 in the following
particular cases. Select ¥ =1 in Theorem 2.1, we get the following result.
Corollary 2.1.  Suppose that a(0 < a < 1) is a real number and if f €

Y, ZJ{;S) # 0 in E, satisfies

(o) e G 7))
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20((1 — 2)\)z 1+ (1-20z2)° 1+ (1—2)\)z
(1—2)? ( 1—z ) +(1-a) 1—z 7
e Fe) 1+ (-2
2f'(z + (1 —=2)\)z
f(z) = 1—2

. Qe fEMS(N), 0< A< L.

1
Taking o = 5 A = 0 in above corollary, we get:

Corollary 2.2. If f € X, Z}C;S) # 0w E, satisfies
_zf’(z)> ( lzf”(z)_zf’(z)) 1422
56 (5 - 76 < as
then f € MS™.
Selecting v = —1 in Theorem 2.1, we have:

Corollary 2.3. Suppose that a be a real number such that o € (—o0,0) U1, o0]
/
and let f € 3, 1) # 0 E, satisfy

1)
) )
1+a(f@>‘2f@>><a+x1—mu—w> 2a(1 - \)e
_z2f'(2) L+ (1=2\)z (14 (1—=2)\)2)%
e

then
Cz2fi(z) 1+ (1 -2N)z

f(z) B 1—2z

ie. fE€MS*(N), 0< A< 1.

Taking v = 0 in Theorem 2.1, we have:

Corollary 2.4. If fe X, Z}f;g) # 0 in E, satisfies
z2f"(2) 2f'(2) al(l+(1—=2))z) 2a(1 — M)z
tra (Tt -2 ) - R T

where o 18 a non-zero complex number. Then

C2fi(z) 1+ (1 -2))z
f(2) B 11—z 7

ie. feMS (M), 0<A<1.
Selecting a = 1, A = % in above corollary, we get the following result:
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2f'(2)
f(2)

2f"(2) _QZf/(Z) 1+z

Corollary 2.5. If fe X,

# 0 in E, satisfies

Yre e 1w
then ) .
2f'(z
B f(2) = 1—2’
re. f€ MS*(%), z e E.
1+az

When we consider the dominant ¢(z) = , —1 <a <1, alittle calculation

1—=2
yields that it satisfies the conditions of Theorem 2.1 in following special cases and
consequently we obtain the next results.

Setting v = 1 in Theorem 2.1, we have the following corollary.

Corollary 2.6.  Suppose that o(0 < o < 1) is a real number and if f €

Y, ZJ{;S) # 0 in E, satisfies

) e G =50}

a(l+a)z (1+az>2+<1_a)1+az

(1—2)2 1—=2 11—z’
then /
1
AR 1ter g _1ca<i
flz)  1-=z
Selecting v = —1 in Theorem 2.1, we have:

Corollary 2.7. Suppose that o be a real number such that a € (—o0,0)U[1, 00)

and let f € X, Z;ég) # 0 in E, satisfy
(L2 50
e (5 -5 L =2 allta):
_z2f'(2) 1+az (1+az)?’
f(2)
then

2f'(z)  1l+4az
~ f(2) ST

, 2€E, —1<a<l.
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Taking v = 0 in Theorem 2.1, we have:

Corollary 2.8. If f € X, 1) # 0 i E, satisfies
f(2)
N 2f"(2) zf’(z)) L a(l+az) a(l+a)z
tra (05 -5 s -er R 2

then
z2f'(z)  1+az

f(2) ST

, 2z€E, —1<a<l,.

§3. Sandwich-type Results

In this section, we apply Theorem 2.3 to find certain sandwich-type results which
2f'(2)
f(z)

subordinant ¢;(z) = 1 + az and the dominant ¢»(z) = 1+ 02,0 < a < b, in

give the best subordinant and the best dominant for — . By selecting the

Theorem 2.3, we deduce, below, some criteria for starlike functions. Keeping
v =1 in Theorem 2.3, we obtain:

Corollary 3.1. Suppose a,a,b are real numbers such that 0 < o < 1,0 < a <
. 2f'(z) o z2f'(2) :
b<1.If f € ¥ is such that ) € H[1,1]NQ, with — 8 # 0 and satisfies
z z

the condition

14 (14 2a)az + aa’2? < —% (1 ta (Z]{/;EZZ)) - 22;1&?))

<1+ (1+2a)bz +ab’2? z€E,
/ " /
where —Zf (2) (1 + « (Zf (2) — 2Zf <Z>>) 15 univalent in K, then

f(z) f'(2) f(z)
2f'(2)
l4+az < — <1+ 0z.
f(z)
Example 3.1. Fora =1,a=1/10,b =9/10 and f same as in above corollary,
we obtain:
3 1, z2f'(z) z2f"(z) z2f'(2) 27 81 ,
AP S 1 —2 14+ =22 (8
107 " 100” o e 2 ) Sttt e ®
then ) 2) 9
2f(z
1+ — — 14+ —=z. 9
+ 197~ ) <1+ 0% 9)

8
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Writing v = —1 in Theorem 2.3, we obtain:

Corollary 3.2. Let a,a,b be real numbers such that o € (—o00,0) U (1,00),0 <
. 2f'(2) o 2f'(2)
a<b< 1 If f€X is such that — € H[1,1] N Q, with # 0 and
” | 1) 1)
o ()
& ; & 15 univalent in E, then
_2['(2)
f(2)
" /
L (W2 AT
a+1—a+ aaz f(2) f(2) <a+1_a+ abz L el
l+az (1+az)? _2f'(2) 1+bz (1+4az)? ’
f(2)
implies
/
1+az < _zf(z) <1+0bz, z€E.
f(z2)
Writing v = 0 in Theorem 2.3, we obtain:
Corollary 3.3.  Suppose a is a non-zero complex number and a,b are real

numbers such that o € (—00,0) U (1,00),0 < a < b < 1. If f € ¥ is such

_Zf/(Z) wi L(z) an azfﬁ(g) B Zf/(Z) i
that ) € H[L 1 NQ, with 7(2) 70 d1+< f(z) ’ f(Z))

univalent in E, then

" /
b
1+ aaz + aaz <1+< 2 (Z)—sz(z)><1—i—o¢bz+L z € E,

(1 +a2) TrE TG (1+az)
implies
!
1+az< _zf(z) <1+0bz, z€E.
f(z)
Example 3.2. Fora=1,a=1/4,b =3/4 and f same as in above corollary,
we obtain:
1 z2f'(2) 2f"(z) z2f'(2) 3 3z
14 - — 1 -2 14+ - 1
Tt ST e Y ) SV i (0
then . ) 5
2f'(z
1+ - — 14+ -2z 11
+77 f(z)< +7 (11)
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81. Introduction

A groupoid (Q,-) is a non- empty set () with a binary operation ” -7 on @ such that
z-y € Q for all x,y € Q. If the equations: a-x = b and y-a = b have unique solutions z,y € @
for all a,b € @, then (Q,-) is called a quasigroup. Let (Q,-) be a quasigroup and there exist
a unique element e € @ called the identity element such that for all x € Q,x-e =e-x = x,
then (Q,-) is called a loop. At times, we shall write zy instead of = - y and stipulate that - has
lower priority than juxtaposition among factors to be multiplied. Let (Q, ) be a groupoid and
a be a fixed element in @, then the left and right translations L, and R, of a are respectively
defined by L, = a- 2 and 2R, = x - a for all z € ). It can now be seen that a groupoid (@, -)
is a quasigroup if its left and right translation mappings are permutations. Since the left and
right translation mappings of a quasigroup are bijective, then the inverse mappings L' and
Rt exist.

Let

a\b=bL,' and  a/b=aR;’
and note that
a\b=c<=a-c=b and a/b=c<c-b=a.

Thus, for any quasigroup (@, -), there exist another two new binary operations; right division (/)
and left division (\) for any fixed a € Q. Consequently, (Q,\) and (Q, /) are also quasigroups.
Using the operations (\) and (/), the definition of a loop can be restated as follows.
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A loop (Q,-,/,\,e) is a set G together with three binary operations (-), (/), (\) and one
nullary operation e such that

1. a-(a\b) =b, (b/a)-a=">for all a,b € Q,
2. a\(a-b) =0, (b-a)/a=>btor all a,b € Q and
3. a\a=b/bore-a=uaforallabeq.

We also stipulate that (/) and (\) have higher priority than (-) among factors to be mul-
tiplied. For instance, a - b/z and a - b\z stand for a(b/z) and a(b\z) respectively.

In a loop (Q, ) with identity element e, the left inverse element of a € @ is the element
xzJy = a® € Q such that a* - @ = e while the right inverse element of a € G is the element
xJ, = a” € G such that a - a” = e. For more on quasigroups and loops, check Jaiyéold [13],
Pflugfelder [5] and Shcherbacov [3]

Smarandache concept in groupoid was first introduced and studied by (W . B Vasantha
Kandasamy [18], 2002). In her first paper [20] and her book on Smarandache concept in the
study of loops [19], where she initially defined Smarandache loop (S-loop) as a loop with at
least a subloop which forms a subgroup under the binary operation of the loop, have started
gaining more attractive attention of researchers.

(Muktibodh, [24,25].2005, 2006 ) defined Smarandache quasigroup as a non trivial subset
H of a quasigroup (G,-) such that (H,-) is an associative subquasigroup of the quasigroup
(G,").

Immediately after the work of Muktibodh, (Jaiyéold. [6], 2006) presented a study on holo-
morphic structures of loop under Smarandache concept. The paper revealed that a loop is
a Smarandache loop if and only if its holomorph is a Smarandache loop and he furthered
announced that the statement is also true for some weak Smarandache loops such as inverse
property, weak inverse property but false for others (conjugacy closed, Bol, central, extra, Burn,
A- homogeneous except if their holomorphs are nuclear or central.

In (Jaiyéold . [8,9], 2006) carried out a comprehensive study on parastrophic invariants of
Smarandache quasigroups and presented a ground view of the studies of universality of some
Smarandache loops of Bol -Moufang type. It was shown in [9] that Smarandache quasigroup
(loop) is universal if all its f, g—principal isotopes are Smarandache f, g— principal isotopes.

(Jaiyéold . [10-12,14,15], 2008) in furtherance to his exploit, presented more character-
izations of Smarandache concept in the study of quasigroup(loop) structures. In particular,
Smarandache isotopic quasigroup and holomorphic study of Smarandache automorphic and
cross inverse property loops was investigated in the same manner as the isotopy theory was
carried out for groupoids, quasigroups and loops. The same author in [15] introduced the study
of double cryptography using the concept of Smarandache Keedwell Cross inverse quasigroup.

In [16,17], the author furthered his exploration of Smarandache quasigroups(loops) theo-
ry by classifying the structures into first Smarandache quasigroup(loop) and second Smaran-
dache quasigroup(loop). The author announced that the most comprehensive study in the Bol
Moufang-type identities called Bol loop falls into the second class of Smarandache loops. Hence,
the second Smarandache loop is a particular case of the first Smarandache loops and a second

Smarandache Bol loop is a generalised form of Bol loops.

12
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In (Osoba et al. [21,22] , 2018) studied relationship of multiplication groups and isostroph-
ic quasigroups and some algebraic characterisations of middle Bol loops while the algebraic
connections between left and middle Bol loops and their cores were presented in [23]. More
results on the algebraic properties of middle Bol loops were further investigated by (Oyebo and
Osoba, [26]).

Furtherance to earlier studies, this research is therefore presented to establish the connec-
tions between right left(middle) Smarandache nuclei. Characterisation of Smarandache nuclei
of second Smarandache Bol loop were introduced. Some results in this study agreed with or
generalised the results in classical cases. In particular, this paper revealed that if (Gg,-) is
a second Smarandache Bol loop, then SN,(Gx) = SN,(Gru), SN,(Gr) € SNx(Gy) and
SN,(Gg) = SZ(Gy). In addition, if s € S2,dM(Gg) then (L, Ry, RsLs) € S15:AUT (G, )
. It was shown that if the special loop is S2,4BL, then SN\ (Gg) N SN,(Gy) C S2naM (Gr),
SNP(GH) N SzndM(GH) - SN)\(GH) and SN#(GH) N SzndM(GH) - SNP(GH)

§2. Preliminaries

Theorem 2.1. [Jaiyeola, [16]] Let the special loop (Gu,-) be a SanaBL. Then, SopqBL
satisfies SopgRIPL and SopqRAPL

Definition 2.2. A special loop (Gm,-) is called a second Smarandache automorphic
inverse loop (S2ngAIPL) if (s-x) "' =s"t- 27! foralls€ H and x € G

Lemma 2.3.[Jaiyeola, [16]] Let (Gg,-) be a special loop.

1. if (A, B,C) € 52,4RAUT(Gy,-) and Gy has the So,qRIP, then
(C,J,BJ,, A) € S2paRAUT(GH, )

2. if (A,B,C) € S2,dRAUT(Gy,-) and Gy has the Sa,qLIP, then
(J;\AJ;\, C, B) € SgndLAUT(GH, )

Theorem 2.4. [Jaiyeola, [16]] Let (G, -) be a special loop. (Gm,-) is a S2nqaBL if and
only if (R;Y, LRy, Rs) € S1sAUT (G, ).

Definition 2.5. Let (Gpy,-) be special groupoid(quasigroup). The Smarandache left, right
and middle nucleus are denoted by SN,(Gr), SN,(Gr) and SN, (G) respectively.

1. The Smarandache left nucleus of Gy is define as SNx(Gp,:) = SNA(G)NH ={s€ H:
s xy=sx-y for all z,y € G}

2. The Smarandache right nucleus of Gy is define as SN,(Gg,-) = SN,(G)NH = {s €
H:zy-s=uwzy-s for dlz,y € G}

3. The Smarandache middle nucleus of Gy is define as SN, (Gp,-) = SN, (G)NH = {s €
H:xz- -sy=uxs-y for al z,y € G}

4. The Smarandache nucleus of (Gr) is define as SC(Gy) = SN(Gw,-) N SN,(Gg,-) N
SN,.(Gw,-)

5. The Smarandache center SZ of Gy is define as SZ(Gy,") = {s € H : s-x = x -
s for all x € G}, where SN is the Smarandache nucleus of (Gg,-)

13



14 B. Osoba No. 1

Definition 2.6. Let (Gg,-) be a special quasigroup(loop). A mapping ¢ € SSY M (Gg)

18 called a

1. second Smarandache semi-automorphism(Say,qSemi-automorphism) if and only if ep = e
and (sy - s)p = (s¢ - yp)so for ally € G and all s € H

2. second right Smarandache pseudo-automorphism (Sonq right pseudo
-automorphism) of Gy if and only if there exists ¢ € H such that (¢,dR., pR.) €
Sond RAUM (G +) where ¢ is the second Smarandache companion (Sang companion) of
¢. The set of such ¢s is denoted by S RAUM (G, ) = S2q RAUM (G ).

Definition 2.7. Let the special loop (Gu,-) be a SanaBL. The second Smarandache
Moufang part (SenaM(Gr)) of (G, -) is define as
SonaM (Gg)= {for all s € H : (s-ys)x = s(y - sx) for all z,y € G}

83. Main Results

Lemma 3.1. Let (Gg,-) be a special loop. The following hold.
1. if s € SN,(Gq), then (I,Rs,R;) € S150AUT(Gp,-) for alls € H
2. if s € SN, (Gp), then (R;', Ls,I) € S15tAUT(Gp,-) for all s € H
3. if s € SNA(Gpg), then (Lg, I, L) € S15:AUT(Gp,+) for all s € H

Proof. 1. s€ SN,(Gp) & vz-s =w-25 < x-2R; = (v2)Rs < (I, Ry, Rs) € S1546AUT (G, )
forall s € H and =,z € G.

2. Let s € SN, (Gy) & as-z=x-s2 & xRz =x2Ls & x2=aR; ' 2Ls & (R;', L, I) €
S15t6AUT (Gy,-) for all s € H and z,z € G.

3. Let s € SN)\(Gp) © sx-z2=s-x2 axLls- 2= (x2)Ls & (I, Ls, Ls) € S156AUT (G, )
forall s € H and =,z € G.
O

Lemma 3.2. Let ¢ be a second right Smarandache pseudo- automorphism of a special loop
(Gg,-) with second Smarandache companion c. Then, ¢~ is also a second right Smarandache

pseudo- automorphism.

Proof. If ¢ is a second right Smarandache pseudo- automorphism with second Smarandache

companion c, then

(¢v (;SRcu ¢Rc) € S2ndRAUM(GH7 )

So, the inverse (¢, pR., pR.) "t = (71, R71p™ 1 R71p™1) € SoaRAUM (G gr-) Let

(0 RO RO = (¢ ¢ Re, 6T R,) € S20aRAUM (G, -) (1)

14
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To complete the proof, we only need to show that (1) hold. That is, R;1¢p~! = ¢ 'R, for
all c € H. Let t € G, then tR;1¢p~! = t¢~!R,. Setting t = tc, give

(te)R7 '™ = (te)p 'R > tp ' =t - cH 'R, = ap 'R, = e,

where e is Smarandache identity element. From (1), we have (¢!, ¢ 1 R., ¢ 71 R.) € S2,d RAUM (G, -)
forallce H

O
Lemma 3.3. Let (Gy,-) be a special loop.
1. if (Gy,) is a SanaRIP of (G, "), then 2*" =z and 2° = 2> for allz € G
2. if (Gpy,-) is a SonaLIP of (G,-), then 2 = and 2° = 2> forallx € G
3. (Gu,-) has S2,qRIP & R, = R;!
4. (Gr,-) has SopqLIP & Lyt = L7
5. if (Gu,-) is a SopnaRIP, then J\RsJ, = Ly—1 for all s € H
6. if (Gu,-) is a S2paLIP, then JyLsJ, = Rg-1 for all s € H
Proof. 1. Consider the expression (sz - x)(x”)?, then
(sx - P)(z)? = s(xp)”zsm:>x”2 :x=>Jp2 =I=>Jp_1 =J,=Jh=J,
2,4 RIP
2. Consider the expression (27 - zs)(z*)?, then
(2 - xs) (™M) = (z*)s = x5 = N == Ji=I=-1=J,=Jy=J,
2,4 LIP
3.ys-sl=ysyRRy1 =y& RR,1 =14 R =Ry
4. N svr=z ol Ly =x < LLyr =1 L7 =L,
5. xJ\RsJ, = (z*s)P = sTHa DY) t=s"lo=aL,
SsnaRIP
6. xJyLsJ, = (sz*)? = (x ) sl =as ! =aR,
SonaLIP
U

Theorem 3.4. Let the special loop (Gg,-) be a SongBL. Then
SNy(Gr) = SN,.(GH)

Proof. Let (G,-) be a Sa,4BL. Suppose that s € SN,(Gp), then
(xs-z)s =x(sz-s) = (x-s2)s

for all s € H, and z,z € G. So, xs-z =« - sz. Thus s € SN,(Gy) for all s € H.

15
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Conversely, Suppose that s € SN, (Gg), then
x(sz-s)=(xs-z)s = (x-s2)s
Thus, s € SN,(Gg) for all s € H. O
Theorem 3.5. Let the special loop (Gg,-) be a SongBL with a So,qAIPL. Then,
1. SN,(Gu) C SNA(GH)
2. SN,(Gg) = SZ(Gw)
Proof. Let J;) :x+ 27! where € G. Using Lemma 3.3 and Ss,,4AIP,
xRy J, = (z7'-s)t=a- s =zR,
Since in Theorem 3.4 (Gpg,-) is a S,qRIPL, it give
JRJ, = R, (2)

forall s € H and z € G.
Let s € SN, (Gp), recalling Lemma 3.1, (R;*, Ly, I) € S15;AUT (G, ). Use Lemma 2.3
on Lemma 3.1 since (Gg,-) is a Sa,qRIPL, give
A= (I,J,L;'J), R;") € S3pa RAUT(Gpg,-). Since in Theorem ,
SN.(Gu) = SN,(Gh),
then s € SN,(Gg). So B= (I, Rs, Rs) € S15:RAUT (G, -) for all s € SN,(Gg).
The product, AB = (I, J,L71J, R-Y)(I, Ry, Ry) = (I, JLL VT, Ry, RTVR) = (1, J0 LTV Ry, 1)

» Y ps » Y pHs » Y pHs
is also first Smarandache autotopism of Gg. So,

_ p-1
J;LSJ,’J =R, (3)

From (2) and (3), we have Ly = R, for all s € SN,(Gg). In addition, suppose that SC(Gg) =
{s € H: sz =xs for all x € G},
then

s € SN,(Gg) C SC(Gr)

Analogously, let s € SN,(Gg). Using Theorem 3.4 and s € SN,(Gy) C SC(Gp), we have
S TZ=XZ-S=T-2S=T-SZ=ILS-Z2=ST-%
for all s € H and z,z € G. So, s € SNx\(Gg). Thus,
SN,(Gg) € SC(Gu) NSNA(GH)

Hence,

SNP(GH) - SC(GH) N SN)\(GH) n SNP(GH) = SZ(GH)
But, SZ(GH) - SNP(GH) ThUS, SNP(GH) = SZ(GH) O

16
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Remark 3.6. In detains, under the hypothesis of Theorem 3.2, SN,(Gg) C SNA(Gg) N
SC(Gpg). It does not apparent seems to be true that

SN,(Gr) = SNA(Gr) N SC(Gr)
Let s € SNA\(Gy)NSC(Gy), then Ry = Ly and
(Ls, I, Ls) = (Rs, I, Ry) € S154.AUT (G g, -) (4)
Since (G, -) is a Sana(Gg)BL, by Theorem 2.4,
(R', LsRs, R) = (R', RY, Ry) € S14AUT (G, ) (5)

Using (4) in (5), give (I, R?,R?) = (I,Ry2, Ry2) € S14AUT(Gpy,-) for all s € H. Thus,
s € SN,(Gr)

Theorem 3.7. Let special loop (Gp,-) be a SapngBL with second Smarandache Moufang
part SonaM(Gr) of (Gu,-). Then, the following are equivalent:

1. s € SogM(Gp).
2. (Ls,Rs, RsLs) € S$15:AUT(Gp, -)
Proof. Suppose that s € So,,qM(Gg) for all s € H, we have

(s-ys)z = s(y - sz) (6)

Lst)yer=s1 szseoallyr=1v& Lily1 =e¢ &

Put y = 57! in (6), we get sz = s(s~
Ls_l =Lg1.

Consequently, L;! = L,-1 and L,-1Lg = e, that is
s-slr=ux (1)

for all s € H, and z € G.
Replacing = by s~z in (6) and use (7), give (s - ys)(s~
z,y € G. So,

lz) = s-yx for all s € H and

yRsLs . st*1 = (y‘r)L‘? =

A= (RsLs, L1, Ls) € S154AUT(Gy,-). Since (Gg,-) is a second Smarandache Bol loop, by
Theorem 2.4, (R;', L,R,, R,) € S1:AUT (G, ).
Let B=

(Rsst Ls—l ) Ls)(Rgla LsRsv Rs) = (Lsa LsRsLs—l 5 RsLs) S SlstAUT(GH7 )
for all s € H. So, for all a,b € G, we have
aLg-bLsRsL,—1 = (ab)Ry Ly (8)

Set a = e in (8), give
bLsRsL,1Ls =b0R,Ls < L;Rs = RsLy

17
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So, use the last equality in (8), give a new form of B as B= (Ls, Rs, RsLs) € S15tAUT (G, -)
for all s € H. Thus, 2 hold.
Now, suppose that 2 hold, for all a,b € G we have

aL, - bR, = (ab)R,L,

for all s € H. Set b=-¢, we get LiRs = RsLs.
Let C= (Ls, LsRsLs—1,RsLg) € S15:AUT(Gp,-) for all s € H.
Using Theorem 2.4, the product

(R;17 LSR57 Rs)il(LSa LsRsLs*1 ) RsLs) = (RSLS? L571,Ls) S SlstAUT(GHa )
for all s € H. That is, for all a,b, € G, we have
(s-as)(s~'b) =s-ab 9)

Let b — (sb) in 9, give
(s-as)b=s(a- sb)

for all s € H. Thus, 1 hold U
Theorem 3.8. Let the special loop G, +) be a SapngBL. Then
1. SNA(Gu)NSN,(Gu) C S2naM(GH)
2. SN,(Gr) N SonaM(Gr) € SNA(Gr)
3. SN, (Gr) N S2,aM(Gr) € SN,(Gr)

Proof. 1. Using Lemma 3.1. Let A = (I, Ry, Rs), B = (Ls,I,Ls) and C = (Lg, Rs, RsLy)
where A, B and C are all first Smarandache autotopisms of Gy for all s € H. Under the

componentwise multiplication, we have AB = C, that is
(I, Rs, Rs)(Ls, I, Ls) = (Ls, Rs, RsLs) € S150AUT (G, )
Thus, SN\(Gx) N SN,(Gr) C SanaM(Grr)
2. Under the componentwise multiplication, give

(I, R, Ry)(Ls, Ry, RyLs) = (Lg, R2,R2L,) = (Ls,1,Ls)(I, R2, R?)

Thus, SNP(GH) n SgndM(GH) - SN)\(GH)
3. Under the componentwise multiplication, we have
(R;Y, Ls,I)(Ls, Rs, RsLs) = (R, 'Ly, LsRs, Rs L) = (I, Rs, Rs)(R; ' Ls, Ls, L)

Thus, SN,(Gu) N SenaM(Gr) € SN,(Gr)

18
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Remark 3.9. Theorem 3.8 revealed that under the componentwise multiplication, when-
ever any two of A, B and C are first Smarandache autotopisms of the special loop (G, -), then
the third is also.

Theorem 3.10. Let the special loop G, -) be a SonaBL and ¢ be a second Smarandache

right pseudo-automorphism of Gy with second Smarandache companion c. Then
1. SNA(Gp)p = SNA(Gg) and ¢ is a first Smarandache automorphism of SN (G )
2. SN,(Gr)¢p = SN,(Gr) and ¢ is a first Smarandache automorphism of SN,(Gr)

Proof. Let ¢ be a second Smarandache right pseudo-automorphism of G with second Smaran-
dache companion ¢ (S2,q — companion). Let a € SN, (G ).

ag - (x¢ - (y¢-c)) = ad- ((xy)¢-c) = (a-zy)¢-c
= (az-y)¢-c=(ax)p- (yo- )

Thus,

ag - (x¢- (yp-c) = (ax)¢- (yo - c) (10)

for all c € H and z,y € G. Put y = ¢ 1¢~! in (10), give

ap- 26 = ()¢ (11)
Thus, ¢ is first Smarandache automorphism of Gy, -) for all a € SNy (G) N H and z € G.
Putting (12) in (10), give
¢-(x¢- (yo-c)) = (ad-z¢) - (yo-¢)

Thus, SN (Gg)¢p € SNx(Gg). Since in Lemma 3.2, ¢~ is also second right Smarandache
pseudo-automorphism of Gy, -), we have SNx(Gm)¢p = SNA(Gr)

Similarly, one can also obtain that SN,(Gx)¢ = SN,(Gg) and ¢ is a first Smarandache
automorphism of SN,(Gp) for all s € H and z,y € G.
O

Theorem 3.11. Let the special loop Gy, -) be a SonaBL and ¢ be a second Smarandache

right pseudo-automorphism of Gy with second Smarandache companion c¢. Then
1. ¢ is a second Smarandache semi-automorphism.

2. SonaM(Gr)p = S2naM(Gr) if 1 is a second Smarandache right pseudo-automorphism
of (Gu-)

Proof. Let s € So,qM(Gg) for all s € H. Then

s¢- [yp(s¢ - (z¢- )] = s - [y¢((s2)¢ - )]
=s¢- [(y-s2)¢- )] = [s(y- sx] o= [(s ys)z]¢-c= (s ys)¢- (z¢-c)
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for all s € H and z,y € G.
Thus, 5¢ - [y¢(sd - (z¢- )] = (s-ys)¢ - (x¢- ). Let a = x¢ - ¢ in the last equality, give

¢ - [yp(s¢-a] = (s-ys)d-a (12)

for all s € H and z,y € G.
Let a = e in (12), we get

s¢- (yo-s6) = (s-ys)o (13)

Thus, ¢ is a second Smarandache semi-automorphism. Put (13) in (12), get

s¢- [yp(s¢-a| = [s¢- (yp - s9)]-a

For all s € H. Then, s¢ € S2,4M (G ) whenever s € So,aM (Gp).
For the fact that ¢! is also second Smarandache right pseudo-automorphism of (G -), give

SonaM(Gr)p = S2naM(Gh)

for all s € H and =,y € G. O
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§1. Introduction

With the aid of the powerful PSLQ algorithm [3,4], Bailey, Borwein and Plouffe [2] estab-

lished an amagzing series for m:
o0

1 4 2 1 1
S N - — - . 1
T ;)W <8k:+1 8k+4 8k+t5 8k+6) (1)

The formula is significant as it permits the computation of the nth hexadecimal digit of w
without calculation the preceding n— 1 digits. Also in [2], these authors presented the following
series:

oo

9 1 16 24 8 . ;
™= g%@ ((6k+1)2 TOk+22 (k13  (Ck+a2 (6k+5>2>' ?

Since the publication of [2], formulas of similar form have been discovered and have become

known as BBP-type series. A base-b BBP-type formula is a convergent series formula of the

type

_— k)
“= ,; brq(k)’

where p(k) and ¢(k) are integer polynomials in k (see [1] and [4, pp. 54 and 128-129]). Bailey [1]
and Borwein and Bailey [4, 128-129] gave a collection of such series.

Ramanujan [6] gave 17 series for 1/7 which are of the following form:

T Y C T Y NPR CE
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where s € {1/2,1/4,1/3,1/6} and the parameters z, a,b are algebraic numbers. One example

1S

11 (M) a2k +5 ii 2k 342k+5_i§:((2k)!)342k+5
B k) 212k T 16 '

"1 4 2 1 1
5”’:Zw€(8k 1 8k+4 8k+5 8k 6>’
— + + + +

- 9 Z i 16 7 24 _ 8 7 6 " 1
T8 6a \(Gh+ 12 (6k+2)2  (Gk+3)7  (6k+4)2  (6k+5)?
and

1 S ((2k)!)? 42k + 5

r= 16 (kDS 4096% -
k=0

Mortici [5] considered the error estimates and proved that for all integers n > 1,

1 1
21 <= < s
(64n2 + 184n + 114 + 215 )16" (64n2 4 184n + 114)16™
) <Yp— 72 < 4
8(108n? + 348n + 5 + 500055 ) 647 " 8(108n? + 348n + 233647
and
m 1 (2)
Pr’ < ; —Pn < P’
where
W _ (2n+2)1)? 128 1280 N 32
" 16((n + 1)1)64096m L \ 3 27 9(9n + 19)
and
@ _ ((2n+2)1)3 @n 1280 128(n + 1)
P = 16((n + 1)!)640967+1 \ 3 27 324n2 +1008n + 677 )

Using the Maple software, from (8), (9) and (10) we find, as n — oo,

g Lfrowmo a1
T Pn=96n 1 64n2 51213 ' 409607 )

, 1 (1 20 &7 (1
n— = — - —
L 647 | 9612 864n3 ' 10368n% nd

1 (2n))3n (2 7 32 320 1
— == —— = — 7 + — = +O0 (=) ¢-
m 16(n!)64096™ | 3 27n  8ln2  729n3 n?

Using the Maple software, formula (13) is given in the appendix.

and

(4)

(10)

(13)

In this paper, we develop the formulas (11), (12) and (13) to produce complete asymptotic

expansions, and then establish the asymptotic inequalities for m — 8, ¥» — 7% and % — Pn-

The numerical values given in this paper have been calculated via the computer program

MAPLE 13.
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§2. BBP-type series

Theorem 2.1. Asn — oo, we have

1 [e] )\k
U TP s
1 ( 1 23 415 7091 123871 2321003 ) (14)

=167 \64n2  512n° | 409604 32768n°  262144nS 200715207 |

where the coefficients Ay, (k > 2) are given by the recurrence relation

1
)\2 = 674 and
k—1
1 k—1
_ (—1)k—7d
" 15{;_2:&( (20

for k> 3.

Proof. In view of (11), we can let

w—ﬁnwiiﬁ as m — oo
16"k_2nk ’

where A, (k > 2) are real numbers to be determined. Denote
I oA
X, =nm—p, and Y, =— 2k

- n k
16 ="

We can let X,, ~ Y, and
AX, =Xp41 — Xy ~Y1 — Y, =AY, as n — oco.

We have

1 120n2 + 391n + 318
167+ (4n + 7)(8n + 9)(8n + 13)(2n + 3)

AXn = 571, - 5n+1 =

1 1 1 L !
= — - + - é -
1671 ( Sn(l+47)  2n(1+50)  Sn(l+g3) 4n(l+ 2359)

| S N 4 A L S I AN IVA E AN BV A
= gt 2V 1(8 (5) —3(5) 5(5) i) )@ 0o
=2

Direct computation yields

= x )\k< 1)’“ N Vi (—k) 1
;::Q(n—l—l)k kz_gnk n kzﬂn ;} j)nd
0o ) ook
=y k+j—1\1 h (k—1) 1
YD VEH (MM FES 9 SVE V(i
k=2 j=0 k=2j=2
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We then obtain

oo k
1 (k-1 1
AY, = 1o ;;:2 ;:2 A (—1) <k _j) 16Ak ¢ . (18)

Equating coefficients of the term n~* on the right-hand sides of (16) and (18) yields
" 1(7 k-1 19 k-1 +1 13 k-1 +1 3 k-1
8\ 4 2\8 8\ 8 4\2

~ (k=1
:Z)\j(—l)k_J(kj)—16)\k for k>2.

j=2

For k = 2 we obtain \y = 6—14, and for £ > 3 we have

(30T

k
(k-1
Aj(—1)F ](k—j) — 15X,

1

—9

[

which gives the desired formula (15). The proof of Theorem 2.1 is complete. O

Theorem 2.2. For all integers n > 1, we have

BY <= B < B, (19)
where
5(1):i 1 B 23 n 415 B 7091
" 16 \ 64n2  512n3  4096n*  32768nS°
and
6(2)_i 1 _ 23 n 415 _ 7091 n 123871
T 16 \64n2  512n3 1 4096nt  32768n5  262144n6 )’

Proof. For n > 1, let

Tp =T — Pp — ﬂ’r(Ll) and y, =7 — B, — IB'I(L2)'
By (14), we have

lim z, = lim y, = 0.
n—oo n—oo

In order to prove (19), it suffices to show that the sequence {z,,} is strictly decreasing and {y, }
is strictly increasing for n > 1. Direct computation yields

Tn+1 — Tn = Bn - BnJrl + Br(y,l) - 'ELIJZI
_ Pg(n)
524288n°(8n 4 9)(2n + 3)(8n + 13)(4n + 7)(n + 1)316™

25



26 Chaoping Chen and Xiao Zhang No. 1

and
Yn+1 — Yn = ﬁn - Bn+l + 67(12) - B»,(izl
_ Py(n)
4194304n5(8n 4 9)(2n + 3)(8n + 13)(4n + 7)(n + 1)6167”
where
Pg(n) = 118916160n° + 1077123864n" 4 4233436082n° + 9449307021n°
+ 13127042608n* + 11639027744n> + 6435166400n>
+ 2027757648n + 278761392
and

Py(n) = 2228162880n° + 22006726904n° 4 96209251962n 4 244893891841n°
+ 400582591808n° + 436904487312n* + 317620640864n°
+ 148305960784n2 + 40341894144n + 4869616752.

Hence, we have, for n > 1,
Tpt1 < T, and  Ypy1 > Yn.
The proof of Theorem 2.2 is complete. O

Remark 2.1. For all integers n > 1, we have

B <7 — B < BP, (20)
where
B“”*i 1 23 N 415 7091 N 123871 2321003
T 16m \ 64n2 51203 T 4096nt  32768n® | 262144nS  2097152n7 )

Following the same method as was used in the proof of Theorem 2.2, we can prove the left-hand
side of (20). Here, we omit the proof. For n > 20, the inequalities (20) are sharper than the
inequalities (8). Write (20) as

T < T < Sp, (21)
where
T = Pn + ﬁ,(f) and s, = B, + B,(LQ).
For n =10 in (21), we have

10 = 3.1415926535897932384 . . .,
510 = 3.1415926535897932385 . . ..

We then get the approximate value of m,

T~ 3.141592653589793238.

26
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The choice n = 100 in (21) yields the approximate value of ,

T ~3.14159265358979323846264338327950288419716939937510
58209749445923078164062862089986280348253421170679
8214808651328230664709384460955058.

Theorem 2.3. As n — oo, we have

= LS R
" 64m —~ nk
1 1 29 n 827 _ 7831 n 1121965 _ 6580343 n
T 647 \96n2  864n3  10368nt  46656n5  3359232n6  10077696n7 )’
(22)
with the coefficients uy (k > 2) given by the recurrence relation
k—1
1 1 k-1
—— =_—{64 (—1)k— 23
O N AT W) G2t (23)
where
k k
(—=Dk(k —1) 7 4
=————=| — 31363200 ( = 36018675 | =
I = 75464166400 6) © 3
3\" 5\* 11\"
+ 9486400 3 + 5762988 3 — 793800 5
for k > 3.

Proof. In view of (12), we can let

2 1 O

~ 6an Lk
6 k=2

Yp — T as n — oo,

where py, (k > 2) are real numbers to be determined. Denote

We can let I,, ~ J,, and
Al =1Ip41 — Iy~ Jpy1 — Iy =1 AJ, as n — 0.

Direct computation yields

b Qs(n)
647 1204(6n + 7)2(3n + 4)2(2n + 3)2(3n + 5)2(6n + 11)2’

AIn =Tn+1 — Tn =
where

Qs(n) = 76444252 + 4469234400 + 1124695053n? + 1595519856n° 4 13983375060

27



28 Chaoping Chen and Xiao Zhang No. 1

+ 776449152n° + 26705894415 + 5206809617 + 4408992n8.

We find
@s(n)
1204(6n + 7)2(3n + 4)2(2n + 3)2(3n + 5)%(6n + 11)2
_9 27 1 27 _9
_ 32 256, __©4 1024 512
(6n+7)2  (Bn+4)2  (2n+3)2  (Bn+5)?2  (6n+11)2
_9 27 1
_ 32 256 64
(6n)2(1+2)2  (Bn)2(1+3,)*  (20)2(1 + 5,)?
27 _9
i 1024 517
G+ ) 602+ 202
(o)
_ Z Ik
=
k=2
where

1)k —1 k 4\"
G = ()(){ ~ 31363200 (g) + 36018675 (3>

5464166400
k k k
3 5 11
+ 9486400 (2> + 5762988 (3) — 793800 (6) }

We then obtain

64" AL, = — kzﬁ 6;‘%. (24)
Using (17), we find
n+1 _ S ¢ k—j (k=1 1
64" LA, = kzﬁ ;M(—l) (k j) — Gdpp o~ (25)

Equating coefficients of the term n =% on the right-hand sides of (24) and (25) yields

k
k-1
—64qx, = Zﬂj(*l)kﬂ <k 3 j> —64py  for k> 2.
j=2

L
96°

k-1 k1
—6dqr = Zﬂj(—l)k_] (k B j) — 634k,
=2

which gives the desired formula (23). The proof of Theorem 2.3 is complete. O

For k = 2 we obtain us = and for £ > 3 we have

Following the same method as was used in the proof of Theorem 2.2, we can prove Theorem
2.4 below. Here, we omit the proof.

Theorem 2.4. For all integers n > 1, we have

W < =7 <P, (26)

28
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where
(1)_i 1 B 29 n 827 B 7831 n 1121965 B 6580343
= 647 \ 96n2  864n3  10368nt  46656n°> = 3359232n6 1007769617
and
2) 1 1 29 827 7831 1121965
Tn' = =, - + - +
64™ \ 96n2  864n3  10368n?  46656n° = 3359232n6

Remark 2.2. For n > 44, the inequalities (26) are sharper than the inequalities (9).

§3. Ramanujan-type series for 1/7
Theorem 3.1. As n — oo, we have

1 (nh'n S
=P TR (al)oH0967 2

3 27n T 8In  720n® 656104 6561n°

(n))Pn [2 7 32 320 3256 3806
= 16(n!)64096"

46730 652264 L 7137977 (27)
59049n8  531441n7 = 3188646n8 ’
where the coefficients vy, (k > 0) are given by the recurrence relation
2 7
V==, V) =———
0 3’ 1 27’
64 153 49 5
= (DR o k- ——— K
"k~ 63 {( ) (512 " 1024”1024 )
k—1
1 (k-1 1 k—2
1)~
B () 5]
k k—j . .
U+ (k—j—1
_1)k e 9
* , =1) 512 k—j—1¢ (28)
Jj=2£=0
for k > 2.
Proof. In view of (13), we can let
1 (2n)1)%n = v
— — P~ 76(71[)6409671 Z nk' as mn — oo,

where v, (k > 0) are real numbers to be determined. Denote

i (20))*n &
n=— _ " Pn d n = .
Un=2=pn and Vo=q50 1)54096 £ Z nk

We can let U,, ~ V,, and

AU, :=Upy1 —Up ~Vpr1 =V, = AV, as n— oo

29



30 Chaoping Chen and Xiao Zhang No. 1
We have
(2n+2)1)3 42(n+1)+5
AUvn = Pn — Pn = -
P Pl = 06 (n+ 1)1)S 40967+1
(e n)3n  (42n +47)(2n +1)3
16 (n!)64096"  512n(n + 1)3
(2n)")3n 21 1 /47 175 17 5
—_—— — | — - . 29
16 - (n!)64096™ + 512\ n  n+1 * (n+1)2 + (n+1)3 (29)
Direct computation yields
47 175 17 5 128 & 49 5 1
— - =-— DR (153 + =k - SE? ) —. 30
n n—|—1+(n+1)2+(n—|—1)3 n +k§::2( ) ( +2 2 )nk (30)
Substituting (30) into (29) yields, as n — oo,
16 - (n!)%4096™ N
— AU, ~ —— + — — 1
((2n))3n v 4 Z nk’ (31)
where
153 49 5
R B e T AU > 9.
pe=(=1) (512+1024k 1024k)’ k22
We have
AV (Cn+2))3(n+1) = w ((2n))3n i Iz
" 16((n + 1)!)640967+1 = (n+1)F  16(n!)04096" < nk

el

o ((2n))Pn (2n+1)3 i i Vi
~16(n!)64096™ | 512n(n + 1)2 pa n+ Lk Lk [
It is easy to see that

(2n+1)3 1 1 5 1
512n(n+1)2 512 n n+1l (n+1)?2

1 4 (— )k+4 —a
—512<8‘n+ - )‘Z

k=2

where

; Jj)n
k=0 k=0 k=0 j=0
_iuki( 1y k+j—1 1_§:bk
N nk j n nk’
k=0 7=0 k=0

30
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where

We then obtain, as n — oo,

16(n!)%4096™ @n+1)3 & " "
WAVﬂ - 512n(n + 1)2 Z (n+ 1) - Z oy

k=0 k=0
o 0 0 ) k
_Z%Z%_Z&_Z S ajbe; — v 1 (32)
nk k nk A BN VS
k=0 k=0 k=0 k=0 | j=0

Equating coefficients of the term n~* on the right-hand sides of (31) and (32), we obtain

21 b 1 2
—— = Q, — UVn = —UVpn — UV :}1/ = —
32 0v0 0 64 0 0 0 3,

AR S (T D
4 = aopY1 a10¢ vy = 64V1 128 o v vy = 277

and for k > 2,

k k

Pr = Zajbk_j — v = agbg + a1bg—1 + Zajbk_j — Vg,
=0 =2

1 o k—1\ 1 a
S = (—1)F—3 b b
Vg pk+64 E vi(—1) (k—j) 1287 1+]§=2ag k—j>

15 k1 1 1 k
- _ il (1) U — — b Do
Vg i + ol E vi(=1) (kg) + i 128bk 1 +j§:2%bk s

k—1 k
64 1 (k=1 1
_2)_ 72:._1 —j b § o
V=3 ) TPt a2 (Y (kj) 1og Kt T 2L WPk
j=0 j=2
which gives the desired formula (28). The proof of Theorem 3.1 is complete. O

By using the formula (28), we now show how easily we can determine vy’s in (27). We

obtain the first few coefficients \; as follows:

2 7
V==, ) =—=—
0 37 1 273
8,1 1 32
2T T T M TR
17 1 1 5 320
V3= —-o — oVg+ oV — —oxlV2 = —

42 72 28 126 729’

31



32 Chaoping Chen and Xiao Zhang No. 1

poo2 1 2 19 1 _ 3256
7504 630 504 ' 25277 18 ° 6561
SR SO USSR N § SO GO .
5 168 56 ° 168 ' 87" 84 14 " 6561
_£+i L, 4, 48 T 11 46730
Yo = 2520 T 12" T 91 T 16872 T 82" T 12677 T 59049°
B 101 noooB 28 % 1 73 13 652264
YT o5 T 5040 T 126" T 84 T 560 T 247 T 25277 T 1267 T T 531441
_3,t, _1, +§U_EV o s, . u, 5 7807
8 T 420 T RN T o522 T 1683 T o1t T 504 T 2870 T 1277 T 3188646

We note that the values of vy (for k = 0,1,2,3) here are equal to the coefficients of 1/n* (for
k=0,1,2,3) in (13), respectively.
Theorem 3.2. For all integers n > 1, we have

P < — = pn <ol (33)
and
(5)<*—p <, (34)

where

@ (@n))Pn (2 7 32 320 3256 3896)

Pu’ = T6(n1)o4006" \3 ~ 27n T 8InZ  720n% © 65610t  6561n0

@ ((2n))Pn (2 7 32 320 3256 3896 46730)

16(n!)64096" \ 3 27n T 8102 72907 T 65610t 6561n5 | 5904910

5) _ ((2n)!)3n (2 7 32 320 3256 3896 46730 652264)

" T 16(nl)540067 \3 270 | 8In?  729n3 | 6561nd  6561n5 | 50040nS  531441n7

and

6) =
" 16(n!)54096™

37 970 T8I 720n° T 656104
3896 46730 652264 7137977 >

((2n)))3n (2 732 320 3256

 6561n° * 59049n6  531441n7 * 3188646n8

Proof. We only prove inequality (33). The proof of (34) is analogous. For n > 1, let
1 1
Op == —pn—piP and 9, =—=—p,—p.
T T
We have

lim 6,, = lim 9, =
n—oo n—oo

In order to prove (33), it suffices to show that the sequence {6,,} is strictly decreasing and {¢,,}

is strictly increasing for n > 1. Direct computation yields

(3) (3)

Ont1— 0n = pn — pni1+py’ — Pnt1

32
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(2n)N)3n  (42n+47)(2n + 1)3
16 - (n1)54096"  H12n(n + 1)3
L (s (2_7+ 32 320 3256 3896)
16(n!)64096™ \ 3  27n  8In2  729n3  6561n*  6561nd
(@) (@n+2)@n+ 1) (1+1)
16(n!)54096"  4096(n + 1)° n

27T 3 30 36 389
3 27(n+1)  8l(n+1)2 729(n+1)3 ' 6561(n+1)*  6561(n + 1)
((2n)))°n Ps(n)

16 - (n!)54096" 41990405 (1 + 1)7
and
19n+1 — Oy = Pn — Pnt1 + ,0(4) - [)514)
(@) (42n+4T)2n+ 1)
16 - (n1)54096"  H12n(n + 1)3
C(@n))n g T, 32 3% 325 3896 46730
16(n')64096” 27n  81n2  729n3  6561nt  6561n®  59049nS

C(2n))n ((2n+2)(2n+1))3 <1+1)

16(n')64096" 4096(n + 1)0 n
(2 LB 30 325
327 n+1 81(n+1)2  729(n+1)3 ~ 6561(n + 1)4
3896 46730
T 6561 (n+ 1)° | 59049(n + 1)6)
((2n)1)*n Pr(n)

"~ 16 - (n!)64096™ 1511654405 (n + 1)8

where
Ps(n) = 249344 + 1537024n + 3961856n> + 5475328n> + 4290732n* 4 1816203n° + 327110n°
and

Py (n) = 11962880 + 86726656n + 270651392n2 4 4719616001 + 497662976n"
+ 318319755n° + 11497079015 + 18263392n”.

Hence, we have, for n > 1,
9n+1 < Hn and 'l9n+1 > 1971
The proof of Theorem 3.2 is complete. O

Remark 3.1. For n > 14, the inequalities (34) are sharper than the inequalities (10).
Write (34) as

Up < T < Up, (35)
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where

=—— and v, = —
Pn + Pn Pn + Pn

For n =10 in (35), we have

u1p = 3.1415926535897932384626433831 . . .,
v10 = 3.1415926535897932384626433838 . . ..

We then get the approximate value of m,
7~ 3.141592653589793238462643383.
The choice n = 100 in (35) yields the approximate value of m,

T ~3.14159265358979323846264338327950288419716939937510
58209749445923078164062862089986280348253421170679
82148086513282306647093844609550582231725359408128
48111745028410270193852110555964462294895493038.

Appendix A. A derivation of formula (13)

Using the Maple software, we find, as n — oo,

W (@) (2n+2)(2n+1))° (128n+1280+ 32 )
P = 16(n1)54096"  (n + 1)54096 3 27 9(9n + 19)
__(@en)h’n {2_ 7 32 320 26041 }
16(n!)64096" |3 27n  81n2  729n3 = 52488n

and

o) = (2n)h)?  ((2n+2)(2n+1))3 (128 1280 128(n+1) )

16(n!)64096"  (n + 1)64096 3 "7 797 T 324n% + 1008n + 677
(@n))Pn (2 7 | 32 320 | 3256
16(n!)54096™ o

3 270 V812 T 7200 T 65610t

We then obtain the following asymptotic formula for % — Pn:

1 (@)m f2 7 82 30 (1 .
——pp=—— - —t+ = — — — |7, n — oo.
7 " T 16(n1)540067 |3 27n | SIn?  T20m° n
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Abstract In this paper, we consider general divisor problems involving the coefficients of
triple product L-function L(f X g X h,s) attached to holomorphic cusp forms f(z), g(z) and
h(z) of even integral weight k for the full modular group SL(2,Z).

Keywords divisor problem, shifted convolution, triple product L-function.
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§1. Introduction and Main results

Throughout this paper, I' = SL(2,Z) is the full modular group. Let H} be the set of
primitive holomorphic cusp forms of even integral weight &k for I'. Let Af(n), \y(n) and Ax(n)
be the normalized Fourier coefficients of holomorphic Hecke cusp forms f(z) € Hy ,g(2) € H,
and h(z) € Hy,, respectively. f(z) has the following Fourier expansions at the cusp oo,

Z)\f n 2 627712

By the Hecke operators theory, for integers m > 1 and n > 1, A;(n) is real and multiplicative.
In 1974, Deligne proved that

[ A(n) [< d(n), (1)

where d(n) is the divisor function.
For Re(s) > 1, the Hecke L-function associated with f(z) is defined by

= S I (1- 22 (1 202)

where oy (p) and By (p) satisfy

As(p) = ap(p) +Bs(p),  as()Br(p) = las(p)| = |Bs(p)| =
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For any fixed integer j > 1, we define

L(f, S)j _ Z A])f(”).

It’s easy to find that

Nigm) = > Ap(na)Ap(na) - Ap(ny).

n=ninz--nj;

The sums > A; f(n) has been studied by many researchers. Hecke [2] firstly gave the

n<z
result

> ap(n) < w3t

n<lzx

Furthermore, Wu [13] proved that

Z)\f x5 ( (logz)°,

n<x

where § = —0.118.... Moreover, Landau’s classical results implied that
Z)\Jf ) < pBE e
n<z

Recently, Lii [6] showed that

n<x
and
-3
S s, 53
n<x
For f(z) € H} ,9(z) € H}, and h(z) € Hj_, the associated triple product L-function is
given by

L % g ) = Y 2l
n=1

1 1 1 1-m m 1-u u 1-v v\ —1
_ g )T Br ()" og (0) By (0) e (P) " Br ()"
I s )

p

where Re(s) > 1.

Then i
L(f xgxh 5).7:ZM
) Z o
for Re(s) > 1. We can show that
)\jyfngh(n) - Z /\fxgxh(nl))\fxgxh(nz)...)\fxgxh(nj)-

n=ninz---n;
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For f(z) = g(z) = h(z), Liu [5] established

S Njppsp(n) < at e

n<zx

In this paper, our first aim is to investigate the sums

Si(@) =Y N rxgxn(n), 2)
n<x
where f(z),¢g(z) and h(z) are different.
Theorem 1.1. For any e > 0 and j > 1, we have

S;(z) < x5 e,

Some scholars studied the shifted convolution sums which plays an important role in many
aspects, such as subconvexity and unique ergodicity. The shifted convolution sums of GL(3)
Fourier coefficients was first investigated by Pitt [12]. Based on the work of [8], Lii and Wang [9]

recently gave the upper bounds for shifted convolution sums of coefficients of L(f, s)7,

ST daphasn+l) < NSTEHS, N3t < H < N'7F

I<H N<n<2N

ST0% Nsmssn+ ) < NEFEHE NI < H < N'TE

I<H N<n<2N

and for j >4

S S Al ) < R N < g
I<H N<n<2N

In fact, the proof of [9] would apply to any L-function for which analogous subconvexity
and moment estimates are known. The argument is structured in such a way that improved
moment estimates would immediately yield an better result. Motivated by this, our second aim

is to study the averages of shifted convolution sums of triple product L-function,

Si(NH) =3 > N pugen(m)Aj xgun(n+1), 3)

I<H N<n<2N

where f(2),g(z) and h(z) are different. Then we have the following result.
Theorem 1.2. Suppose 1 < H < N. For anye >0 and j > 1, we have

S;(N,H) < Nutt Hae,

wherelgHgN%J.

§2. Preliminaries

In this section, we will give some lemmas for the proof of Theorem 1.1 and Theorem 1.2.
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A series of works [1,3,11] established the automorphy and cuspidality of the triple product
1 X e X T3, where 71, 7y and 73 are unitary automorphic cuspidal representations of GLa(Q 4)
with Fourier coefficients A, (n) (i = 1,2,3). Hence we know L(f x g X h,s) is automorphic
and it’s also a general L-function (see [10]). We can get the following averaged and individual
convexity bounds of L(f x g X h, s) with degree 8 by Lemma 2.5 of [7].

Lemma 2.1. Suppose f(z) € H}; ,g(2) € Hy, and h(z) € H};, we have

2T
/ |L(f x gxh,o+it) |2 dt < Tm>{80-0)1}+e (4)
T

L(f x g X hyo +it) < (14 | t [)1(0-o)+e 5

uniformly for % <o< 14, T>1and|t|>1.
Lemma 2.2. Suppose that the series f(s) = > an,n~
n>1
and |a,| < A(n), where A(n) is a positive monotonously increasing function of n and

8 converges absolutely for o > 1

Z lann™ =0 ((c —1)7°), o— 17"

n>1
for some a > 0. The formula

1T x® xb 2A(2z) Inx
=g [y 10500 () <0 ()

n<z

holds truly for 1 <b<by, T >2 and x = N + % (the constants in O-symbols depend on by ).

Proof. See Karatsuba and Voronin [4] pp. 334-336. O

8§3. Proof of Theorem 1.1.

Suppose f(z) € Hj ,g(2) € H}, and h(z) € Hj are different. Since L(f x g x h,s) is

automorphic, there is no pole for fe(s) > 1. By Lemma 2.2, we can express (2) in the form

1 1+e+iTL . jxsd plte
Sj(l’)m/HEiT (f xgxh,s) 5 5+0( T >7

where T is a parameter to be chosen later.
The line of integration can be shifted to the parallel segment Re(s) = % + ¢ by Cauchy

Residue Theorem ,

1 Tte+iT 14e+iT Tte—iT e plte
Sj(x):,(/ —|—/ +/ )L(fxgxh,s)ﬂds—f—O( )
2mi 1peiT I qetiT 1+e—iT s T

xl-i—e
:=J1+J2+J3+O( T )

(6)

39
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By (4) and (5), J1 becomes
) T
J1 <<!L‘§+E/
1
+e 1 1 Nj—2
<z? logT max — max L(fxgxh,§+5+zt)-7

T1<T 1 Tl <t<T
T:
8 /
SN

2

L(fxgxh,= +5+zt) "l 4 ot

2
L(f xgxh,= +5+zt) dt}+m5+5

<grteT?i=l 4 gate,
For the integral over the horizontal segments, we also use (5) to get

1+e
Ty + Js <</ 27 | L(f x g X hyo +4T) [ T~ \do
be
< max IUT4j(1fU)+eT71
%+e§a§1+e
1+¢

1 .

s+eq2j—1+4¢e
4+ 27T .
T

<

Taking T' = x%f, we obtain that
Hlye
Ji+ o+ I3 U . (7)

Now inserting (7) into (6), we can get the result of Theorem 1.

84. Proof of Theorem 1.2.

For j > 1, we change the order of summations of (3) to get

SiNH) =" " N pxgxn(mAj pxgxn(n+1)

I<H N<n<2N

Z Ajofxgxh(n Z/\J Fxgxn(n+1).

N<n<2N I<H

By Lemma 2.2 and Cauchy Residue Theorem, it follows that

Z)\ f><g><h n+l Z )\ f><g><h Z)\ f><g><h

I<H m<n+H m<n
1 it , ds Nite
— L(f xgxh, 3( H)® — S)— O
o [ EE g xhap (s - nt) 20 (B0

1 $+e+iT 1+e+iT T+e—iT ]
:2(/ -‘r/ +/ )L(fxgxh7s)3 (9)
TN JLte—iT 1qetiT 14e—iT
d N1te
x ((n+H) = n )S+O< - )

N1+6
:ZIl+IQ+I3+O< T )
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We can estimate I + I3 by (5) to get

1+ 1+
N Ndrepri-ite —NT N

I+ 13«

where T'< N %
Inserting (10) into (9), we have

1 .
1 ptetil ) ) N\ ds Nl+e
D Nisxgxn(n+1) = 7/1 L(f x g x h,s)J((n+H)é —né)5+0( - ) .
2

I<H 2 g vemit

Taking (11) into the second equation of (8), it can be easily seen that

T+e+iT )
S;(N,H) < Z Aj,fngh(n){ ! /l L(fxgxh,s)j((n+H)sns)d$}

211 ; S
N<n<2N +e—iT

N1+8
+ T Z | A gxgxn(n) |
N<n<2N

=Gy (N, H) + Go(N, H).
The Deligne’s bound (1) and multiplicative property of Ayxgxn(n) imply that

N2+£
Go(N,H) <«
For G1(N, H), we change the order of integration and summation to get
1 T+e+iT _ ds
Gi(N,H) = %[ _ L(f x g x h,s)’ Z Aj,fngh(”)((”+H)s - ”S)?-
3 te—iT N<n<2N

Using Abel transformation to the sum over n, then

> Nisxgxn(n) ((n +H)* — ns>

N<n<2N

S ((1 n g) _ 1) N, fxgxn(n)n®

N<n<2N

:(<H£V)s_1> S Aseen()n®

N<n<2N
2N 1
a s\ dz
+SH/N <1+:L'> ( Z )‘jvagxh(n)n)ﬁ,
N<n<z

Inserting (15) into (14), we have

T+etiT ) s
G1(N, H) :%/; L(f x g x h,s)’ <(1 + %) - 1) < Z /\j,fxgxh(n)ns>

+e—1iT N<n<2N

1 L+eriT (2N . H\!
+ — sH-L(f xgxh,s)!| 1+ —
2mi l4e—iT JN €T

s\ dx ds
X( > )‘j,fngh(n)n‘>x25

N<n<lz
:=G1(N,H) + Gi (N, H).

41

ds

S

(16)
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By Newton-Leibniz formula, we get

+s+zT
Gl(N,H) / / L(f x gxh,s)
2m

+e—iT (17)
(1 + 7) ( Z A, fxgxh(m) s)dsd@.
N<n<2N
Moreover, (16) and (17) imply that
H T 1 J ) )
Gl(N’ H) < N inwa<X2N/T L<f X g X h7 5 + e+ Zt) Z )\j,f><g><h(n)n§+5"” dt.
N<n<lzx
(18)

Applying Lemma 2.2, the inner summation of (17) can be written as

1yeqit 1 2 ter2iT 1 . j
Z Aj’fXth(n)nz :% L fxgxh,sl— (§+g+2t)

Ne<n<z 3 te—2iT
ds Niate
X Nsl) @)
( S1 + ( T ’
where —T <t < T and 2 <T < N is a parameter to be chosen later.

By Cauchy Residue Theorem, we change the line of integration to the parallel with fe(s) =
1 to obtain

i it
Y " Ajprgxn(n)nz Tt
N<n<lz

1 1+e+42iT 3 +e+2iT 1+e—2iT 1 J
:{/ +/ +/ }L(fxgxh,sl—(—i—s—i—it))
210 J1te—2iT 14e+2iT 2 4e—2iT 2
19)
d N3+e (
)0 (45)
S1 T

Ni+te
:=H,+ Hy + H3+ O T .

Similarly, for Hy + Hs, we use (5) to get
Hy+ Hy < NT% 1 4 N3T1 « N3T 1, (20)

where we suppose T < N7,
Taking (20) into (19), then

l+€+it 1 14+e+2:T 1 ‘ J
Z Aj fxgxh(n)n? “om L{fxgxh,s — (5 +€+Zt)

N<n<x 14+e—2¢T
N§+s
< (o Nsl>d81+o< i )
S1 T

42

(21)
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(18) and (21) imply that

14e42iT
Gl(N,H)<<f max / /
1

N N<N<2N e 2T
1 J
L(fxgxh,sl—(Q—i—ez—i—it)) ( N“)
H (T 1 I NE+e
+N/_T L(fxgxh,2+€+it)

:=FEy (N, H) + E5(N, H).

J

(fxgxh —I—zs—i—zt)

dSl dt

S1

dt

By (5), it follows that

s < [ ([
(/.

<HTY,

2L
)

1 J
L(fxgxh,2+s+it>

1 J
L(fxgxh,Q—f—s—f—i(tl—t))

1+ |tq]

For E5(N, H), we have
Es(N,H) < %N%“T?ﬂ'*l = HNzteT2-1,
(22), (23) and (24) imply that
G1(N,H) < HTY + HN3+ 7% -1,
Inserting (13) and (25) into (12) to get
S;(N,H) < HTY 4+ HNz+T%~1 4 N2>tep-1,
Noting T < N 4%', hence we deduce that
S;(N,H) < Nutt g,

where we take T = N & T [[5#1 5 This completes the proof of Theorem 1.2.
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Abstract Let f and g be two holomorphic cusp forms for the full modular group SL(2,7Z).
Denote by Ar(n) and A\y(n) the Hecke eigenvalue of f and g, respectively. In this paper, we are

interested in Dirichlet density on sets of primes for linear combinations of Af(n) and Ag(n).
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§1. Introduction and Main results

Let H}; be the set of Hecke primitive eigencuspforms of even integral weight k& > 2 for the
full modular group SL(2,Z). Suppose that f € H} is an eigenfunction of Hecke operators,

Tof = As(n)f,

where the Hecke operators is defined by
1 a\k az+b
T, =— - .
(1)) \/ﬁa;n(d> b%df( d )

Then the primitive cusp form f has the following Fourier expansion at the cusp oo

(kgl) 627rniz

)

F(z) =) Ag(n)n

here A¢(n) € R and Af(1) = 1. From the theory of Hecke operators, for all integers m,n > 1,
As(n) is real and satisfies the Hecke multiplicity:

M) = Y (5, 8
d|(m,n)

Hence Af(n) is not only the n-th normalized Fourier coefficient of f but also the normalized

eigenvalue of T),, abbreviated Hecke eigenvalues in this paper.
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Now we recall the definition of Dirichlet density. A set E of primes has Dirichlet density
(or analytic density) v > 0 if and only if

1 1
)DETN) DERIPRES
p? p®
peE P
In this paper, we write 6(E) = ~.

Kowalski et al. [4] firstly showed if the sign of A j (p) is the same as A\;(p) for any primes up

to the exceptional set of Dirichlet density at least then f = g. Motivated by [4], Chiriac [1]

32 J
successfully proved that

SN (P) < M@ > ;

S({pIX}(p) < A2(p)}) = —

for p € P, where P is the set of all primes and f,g € H} are different.
Very recently, based on the work of [1], Lao [5] considered the Hecke eigenvalues at prime
powers, i.e., for p € P,

M@M@ﬁ<&@ﬂbzuﬁbp, 1<j<s,
6qmﬁ@0<ﬁ@wnzliﬁﬁﬁ, 1<j<u,

where f,g € H are different.

Chiriac and Jorza [2] were able to prove the density bound for the set {v]a < Aja,(m1) +
A2ay,(m2) < b} in the context of unitary cuspidal representations that satisfy the Ramanujan
conjecture. Recently, by using ideas of Chiriac [1], Gao [3] obtained the Dirichlet densities for
the set {p|As(p) +mAy(p) +n < 0} and {p|A}(p) +mAZ(p) +n < 0}. In this paper, We further
consider the Hecke eigenvalues at prime powers and generalize the results of Gao [3].

Theorem 1.1. Let f,g € Hj; be two different cusp forms. Then

14+m?—n(j+ 1)1+ |m|)
T2+ D)@+ 1+ (G +Dm| —n)(1 + |m])’

S({pIAs () + mAg () + 1 < 0}) >

2
where m € R and —(j +1)(1 4+ |m|) <n < m

Theorem 1.2. Let f,g € H}} be two different cusp forms.

. X 20 N2 02 s 2.
(i) Form >0 and —(j + 1)2(1+m) <n < _u ﬂ)%;jr(?j)gﬁ%”ﬂ +i

S({pI\F (") + mA2(p?) +n < 0})
>( + j)m* + (25 + 45)m + (° + 2j)n + (2 + 2j)mn + 5> +J
- n(j+1)2(1+m)

(ii) Form <0 and —(j +1)> <n < (+1)m” +j(1+§;7zf)m i =

S({pIAF(P) + mAL(p’) +n < 0})
(]+1)m + (1 =32 =25)m + (—j% — 2j)n + mn — 52 —]
(+1D2(=(+1)*m —n)(1—m)
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§2. Preliminaries

In this section, we will recall and establish some preliminary results which are used to
prove Theorems 1.1 — 1.2.

Let f € Hf be a cusp form. The i-th symmetric power L-function attached to f is defined
by

L(sym'f,s) =[] H ( )" Br )™ >_1, Rs > 1, (2)

S
p m=0 p

where af(p) and By (p) are two complex numbers satisfying

ar(p)Br(p) = lar(p)l = Bs(p) =1,  Ar(p) = ay(p) + Bs(p). (3)

We express it as a Dirichlet series:
. 7 _ sym* symI
L(sym f,s)—;ins H(l—FZ ), Rs > 1,
where Agymif(n) is a real multiplicative function, and

%

m=0

Let f,g € H} be two different cusp forms, Rankin-Selberg L-function attached to sym?’f
and sym?g is defined by

L(sym'f x sym’g, s) = [ | H H (1 - )by )" e o) " Py()" >_ , Rs>1.
(5)

p m=0m'=

For Rs > 1, we expand it into a Dirichlet series

i j S A 79 sym® symJi g v
L(sym'f x sym’g, s) = Z%‘Zm() H <1+Z y f>< ymig(P ))7 (6)
n=1

where Agymi fxsymig(n) is real and multiplicative. By the multiplicative property and the defi-

nitions of (3) and (4), it’s easily seen that

Asymifxsymﬂg Z Z af l mﬂf ) a!]( )jimlﬂg(p)m, :)‘symif(p)Asymjg(p)v (7)

m=0m’=0

where i, j are positive integers.
Lemma 2.1. Let f € H} be a Hecke cusp form. Then for j > 1, we have

() <j+1,

and
INHp)) < (G +1)%
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Proof. Using (3) and (4), we can easily obtain the conclusion. O

Lemma 2.2. Let f € H{ be a Hecke cusp form. Then for j > 1, L(sym? f,s) has an
analytic continuation as an entire function in the whole complex plane C (see Lemma 1 of [6]).

According to Lemma 2.2 and a series of definitions of (4) — (7), it is not hard to deduce
that for j > 1,

A
S M) _on), s (8)
pS
P
Lemma 2.3. Let f,g € H} be two different cusp forms. Then fori,j > 1, L(sym®f x
sym’g, s) has an analytic continuation as an entire function in the whole complex plane C. In
particular, when f = g, L(sym®f x sym?g, s) has simple poles at s = 0,1 (see Lemma 2 of [6]).

Hence, when f = g, we have

S UINE) _svL o on), st (9)
P a d
In other cases, we get ‘ '
ZM —0(1), s—1%. (10)
p*
P

The next lemma follows plainly from [6, Lemma 7].
Lemma 2.4. Let f,g € H}; be two cusp forms. Then
1) when f = g, we have

23V \2 (1]
Z)‘f(p];?g(p]) :(j+1)22%+0(1), s — 1%, (11)
P P
2) when f # g, we have
23V N2 (1]
ZAf(p];ig(pj) =Z;+O(1), s 1%, (12)
P I3

Lemma 2.5. Let f,g € H}} be two different cusp forms. Then for j > 1, we have

T (Af(;.vj)Jrﬂ;?g(pj)w2 - (1+m2+n2)2% +0(1), s—1t,
Z (Afz(pj)+ﬂ;/s\g(pj)+n)2 :H(m,n)zl%-FO(l% s 1+t

p p

where
H(m,n) = (j +1)m* +n®+2m+2n+2mn+ (j + 1).

Proof. We have

Ar(P7) +mA (p7) +n)?
Z ps

7)) +mEAL(P7) 4 2mA (07N (D7) + 20X (p7) + 2mndg (p7) + n?

p
A
_Zp: .
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According to Lemma 2.4 and a series of results (8) — (10), we obtain

S
p p p

Similarly, we get that as s — 17,

(MG (@7) +mAZ(p) +n)?
5 0
() +mPAL(p7) 4+ 2mAF(p))NS (D7) + 200G (p7) + 2mn Ay (p7) 4 n?

p
N
> £

1
:((j+1)m2+n2+2m+2n+2mn+(j+1)>ZE+O(1),
p

§3. Proof of Theorem 1.1

Proof. Let
A= {pAs (') +mAg(p’) +n < 0}

for any fixed m,n € R and define
A(f,9,0) = Ap(07) +mAg (p7) + .

Let 6(A) be the Dirichlet density of A, we know that 0 < 6(A4) < 1. Then we have the

following inequations
min A(f, g,p) <0,

peP
A(f,g,p) > 0.
max A(f,g,p)
Then by Lemma 2.1, we have

~(+1) =G+ Dlml+n <0,
J+14+ G+ 1)m|+n>0.

By a straightforward calculation, we get
—(+ DA+ |m]) <n <G+ 1)1+ [m]). (13)
On the one hand, for p € A, we have

A(f,9,p) <0.

Then we obtain
[A(f,9,0)] = =2p (P) = mAg(p) =1 < (5 + D)(1 + [m]) — n. (14)
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Hence

> ALED) < (G4 pm) ) Y 1)

S
pEA p pEA

On the other hand, for p ¢ A, we konw that

A(f,9,p) > 0.

It follows from Lemma 2.1 that
|A(f,9:0)l = A () + mAg(P) +n < (+ 1)1+ [m]) + n. (16)

Using (16), we deduce that as s — 17,

ZA2<fvgap> S((j+1)(1+|m|)+n)ZA(fagvp)

YR vin P
iy )4 Alf.9:p)  ~~ Alf 9.p)
=(G+ 1A+ |m|) + )(Ep: pe 1;4 ps )
o )+ A(f,9,p) |A(f. 9. p)|
=((G+ 1)1+ |m]) + )<; o +p€ZA = )

From (8), we have

S s
p p p p

ZA%M:ZAf(ijmA-"(pj””=n2;+o<1>, s— 1%, (17)

Combining (14) with (17) yields

A2 1 1
3 ANL9D) (1 1)(1 + m]) + ) S =+ Himn) Y —+0(1),  s—1%, (18)
pgA p P p peAp

where
Hi(m,n) = (j +1)*(1 + |m])* —n.

By (15) and (18), it is shown that as s — 17
A? 1 1
ZM <n((G+ D1+ ml) +n) Y — + Ha(m,n) Y — +0(1), (19)
p p v P peAp

where

Hy(m,n) =2(j + 1)(1 +|m|)((5 + (1 + [m]) —n).

Applying Lemma 2.5 on the left-hand side in (19), we can see that

Zi> 1+m? —n(j+1)(1+]|m]|) le-i-O(l), s 1t

p* T2+ D)A+|m)((+ 1)1+ |m|]) —n) &~ p

pEA P

Hence, we get
1+m?—n(j+ 1)1+ |m|)

2(j + DA+ [m)((G + DA +[m]) —n)

0(A) >

50
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o1

Then, in order to 6(A) > 0, we need

1+m?—n(+1)(1+|m|)

26+ DA+ )G+ DA m) —m)

According to the above inequality and (13), we have

1+m?

—GANA+ M) <n < ATy

This completes the proof of Theorem 1.1.

84. Proof of Theorem 1.2
Proof. For fixed m,n € R, the set B is defined by
B = {p\}(¥’) + mX3(p’) +n < 0}

and let
B(f.9.p) = \;(0") + mAL(p) + n.

We only consider the case m > 0, since the case m < 0 is similar. Let §(B) be the analytic

density of B, we need to limit §(B), such that 0 < §(B) < 1. Then

min B(f,g,p) <0,

peP
B >0
max (f,g9,p) >0,

By Lemma 2.1 and a simple calculation, we have
—(j+1)*1+m)<n<0.

Firstly, for p € B, we get
B(f,9,p) <0.

It is easy to see that
|B(fvgap)| = _)\?‘(lﬁ) — m)\g(]ﬂ) —n < -—-n.

Hence, we obtain

Z f,gp 22

peEB p peB
Then, for p ¢ B, we have
B(f,9,p) > 0.

Therefore, one can find that
IB(f,9,p)| = N2(p?) +mA2(p7) +n < (j+ 1)>(1+m) +n

ol

(23)
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From (23), we show that as s — 17,

> B(f,9,p) (G120t m) ) T B(f,9,p)

p¢B ps B oy ps
:(<j+1)2<1+m)+n)<zw_z

p peEB
—(<j+1)2(1+m)+n)(zw+z

P P peB

By (9) and (19), we deduce that

B? 1 1
Z 7(f,sg,p) < Hg(m,n)z — + Ha(m,n) Z — +0(1),
p¢B p P p pEBp

where
Hy(m,n) =((j +1)*(L +m) +n)(1 +m+n),

Hy(m,n) =—n((j +1)*(1+m) +n).

Combining (22) with (24) implies

2
S0 LD < ytmn) 3+ Hy(mm) Y+ O)
P P » P pe I

where
Hs(m,n) = —n(j +1)*(1 4 m).

By Lemma 2.5, we obtain

0(B) >

B(f,gm))

pS
IB(f,g,p)l)
P '

s — 1T,

(72 + 7)m? 4+ (252 + 45)m + (2 + 2j)n + (2 + 2j)mn + j2 + j

n(j+1)2(1 +m)

To ensure §(B) > 0 it suffices that

(U +9)m* + (24 + 4j)m + (7 + 2))n + (7% + 2f)mn+ * +j

n(j+1)*(1+m)

From (20) and (26), we have

(G+Dm?+ (1 -4 =2)m—j°—

—Gj+1)2%<n<
G+1)7<n Ry ———

This finishes the proof of Theorem 1.2.
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Abstract In this paper, as using norms(7" and C'), we introduce the concepts of intuitionistic
fuzzy subalgebras, intuitionistic fuzzy ideals and intuitionistic fuzzy positive implicative ideals
of BC'I-algebras and present some fundamental properties of them. Also we investigatem them
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§1. Introduction

In 1965, Zadeh[31] introduced the notion of a fuzzy subset of a set as a method for repre-
senting uncertainty in real physical world. The idea of intuitionistic fuzzy set was first published
by Atanassov[2, 3] as a generalization of the notion of fuzzy sets. Imai and Iseki introduced the
notion of BCT-algebra[5]. Tougeer and Aslam Malik[30] considerd the intuitionistic fuzzifica-
tion of the concept of BCI-positive implicative ideals in BCI-algebras and investigated some
of their properties. The author by using norms, investigated some properties of fuzzy algebraic
structures[8-29]. In this work, we define the concepts of intuitionistic fuzzy subalgebras, intu-
itionistic fuzzy ideals and intuitionistic fuzzy positive implicative ideals of BC'I-algebras under
t-norm 7T and t-conorm C and obtaine some basic properties of them. Next we show the char-
acterization properties of them with subalgebras, ideals and implicative ideals of BC'I-algebras.
Finally, we consider them under intersections, direct products and BCI-homomorphisms(image

and preimage) and prove some basic properties of them.

§2. Preliminaries
In this section we cite the fundamental definitions and results that will be used in the
sequel.

Definition 2.1.([30]) an algebra (X, x, 0) of type (2,0) is called a BCI-algebra if it satisfies
the following conditions:
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x
O0x(zxy)=(0x*z)*(0xy)

8) 0 (0 (z*y)) =0 (y )

for all xz,y,z € X.

In a BCl-algebra, we can define a partial ordering ” <7 by z < y if and only if x xy = 0.

(
(
(
(
(
(
(
(

(9) x <yimpliesz*xz <yxzand zxy < zxx
(10) (x*2)* (y*x2) <z x*y
for all z,y,z € X.

Definition 2.2.([6]) A non-empty subset I of a BCI-algebra X is called an ideal of X if
(1)oel,

(2) zxy eI and y € I imply that € I for all z,y € X.

Definition 2.3.([6]) A non-empty subset I of a BCI-algebra X is said to be a positive
implicative ideal of X if it satisfies:

(1) 0el,
(2) ((xxz)*x2)x(y*xz)elTand y € I imply x %z € I,
for all z,y,z € X. 3

Definition 2.4.([30]) A non-empty subset I of a BCI-algebra X is called subalgebra of
Xifrzxyelforal z,y€el.

Definition 2.5.([30]) A mapping f : X — Y of BCI-algebras is called a homomorphism
if f(zxy) = f(z)* f(y), for all z,y € X.

Definition 2.6.([7]) Let X be an arbitrary set. A fuzzy subset of X, we mean a function
from X into [0,1]. The set of all fuzzy subsets of X is called the [0, 1]-power set of X and is
denoted [0, 1]X. For a fixed s € [0,1], the set pus = {x € X : u(x) > s} is called an upper level
of 11 and the set py = {z € X : u(z) <t} is called a lower level of p.

Definition 2.7.([2, 3]) Let X be a nonempty set. A complex mapping A = (ua,va) :
X — [0,1] x [0, 1] is called an intuitionistic fuzzy set (in short, IF'S) in X if ug +v4 < 1 where
the mappings ua : X — [0,1] and v4 : X — [0, 1] denote the degree of membership (namely
wa(z)) and the degree of non-membership (namely v4(z)) for each € X to A, respectively. In
particular fx and Uy denote the intuitionistic fuzzy empty set and intuitionistic fuzzy whole
set in X defined by Ox(z) = (0,1) ~ 0 and Ux(x) = (1,0) ~ 1, respectively. We will denote
the set of all [F'Ss in X as [FS(X).

Definition 2.8.([7]) Let ¢ be a function from set X into set Y such that A = (pa,v4) €
IFS(X) and B = (up,vg) € IFS(Y). For all z € X,y € Y, we define

e(A)y) = (p(pa)),p(va)(y))
(sup{pa(z) |z € X, p(z) =y}, inf{va(z) |z € X,p(x) =y}) if o '(y) #0
(0,1) if o~ y) =10
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Also ¢~ 1(B)(z) = (¢~ (up)(2), ¢ (vB)(2)) = (uB(#(2)), vB(P(2))).
Definition 2.9.([4]) A t-norm T is a function T : [0,1] x [0,1] — [0, 1

four properties:

(T1) T(z,1) = = (neutral element),

(T2) T(z,y) < T(z,z) if y < z (monotonicity),

(T3) T(z,y) = T(y,x) (commutativity),

(T4) Tz, T(y, 2)) =

for all z,y,2 € [0,1].
It is clear that if 1 > x9 and y1 > yo, then T'(z1,y1) > T(x2,y2).

] having the following

T(T(z,y), z) (associativity),

Example 2.1. (1) Standard intersection t-norm T, (z,y) = min{z, y}.
(2) Bounded sum t-norm Tp(x,y) = max{0,z +y — 1}.
(3) algebraic product t-norm T,(z,y) = xy.
(4) Drastic t-norm
y ifz=1
Tp(z,y) =4 z ify=1

0 otherwise.

(5) Nilpotent minimum ¢-norm

min{z,y} ifx+y>1
Tom(w,y) =
0 otherwise.

(6) Hamacher product T-norm

0 ifz=y=0
THO (Jj’y) = 2y
T+y—xy

otherwise.

The drastic t-norm is the pointwise smallest t-norm and the minimum is the pointwise
largest t-norm: Tp(z,y) < T'(x,y) < Twin(z,y) for all z,y € [0, 1].

Definition 2.10.([4]) A t-norm C is a function C' : [0,1] x[0, 1] — [0, 1] having the following
four properties:

(1) C(x,0) =

(2) C(z,y) < (xyz)

(3) Cla,y) = Cly, ),

(4) C(z,C(y, 2)) = C(C(=,y), 2) ,

for all z,y,z € [0,1].
We say that T and C be idempotent if for all z € [0, 1] we have T'(x,x) = z and C(z,z) = z.
Example 2.2. The basic t-conorms are

Cm(xa y) = max{:z; y}7

Cb('r7y) = min{la x + y}
and

Cp(z,y) =z +y—zy
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for all z,y € [0,1].
Sp, is standard union, € is bounded sum, C), is algebraic sum.
Definition 2.11.([8]) Let A = (ua,va) € IFS(X) and B = (up,vp) € IFS(X). Define

ANB= (/LAQB,I/AQB) X - [O, 1]

as panp(x) = T(ua(z), pp(x)) and vanp(z) = C(va(x),vp(x)) for all z € X.
Definition 2.12.([8]) Let A = (pua,va) € IFS(X) and B = (up,vp) € IFS(Y). The
cartesian product of A and B is denoted by A x B: X x Y — [0,1] is defined by

(A X B)((E,y) = ((:U’A7VA) X (:U’vaB))(xvy) = (NAXB7VAXB)(m7y)

= (axB(®,y),vaxp(®,y)) = (T(pa(z), pB(Y)), C(va(z),ve(Yy)))

for all (z,y) € X x Y.
Lemma 2.1.([1]) Let C be a t-conorm and T be a t-norm. Then

C(C(:L‘, y)a C(wa Z)) = C(C(:L‘, w)’ C(ya Z))a

and
T(T(z,y),T(w,2)) = T(T(x,w), T(y,2)),

for all z,y,w, z € [0,1].

§3. (T,C)IFS(X),(T,C)IFI(X),(T,C)IFPII(X)

Definition 3.1. Let A = (pua,v4a) € IFS(X) then A is called an intuitionistic fuzzy
subalgebra of BCI-algebra X under norms(¢t-norm 7" and ¢-conorm C') if
(1) pa(zxy) = T(palz), pay)),
(2) va(z + ) < Clwale), va(y))
for all z,y € X.
Denote by (T, C)IFS(X), the set of all intuitionistic fuzzy subalgebras of BC'I-algebra X under
norms ( t-norm 7" and ¢-conorm C).

Example 3.1. Let X = {0,a,b,c} be a set given by the following Cayley table:

*

0 a b c
0j]0 0 0 O
a 0 O
a 0
clc ¢ ¢

Then (X, *,0) is a BCI-algebra.
Define fuzzy subset ua : (X, *,0) — [0, 1] as

pa(z) =

0.55 ifx=0,a,c
025 ifx=5>
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and

va(z) =

0.15 ifx=0,a,c
0.45 ifxz=0b.

Let T(a,b) = T,(a,b) = ab and C(a,b) = Cp(a,b) = a +b — ab for all a,b € [0,1] then
A= (a,va) € (T,C)IFS(X).

Proposition 3.1. Let A = (pa,va) € IFS(X) and T,C be idempotent. Then A =
(ta,va) € (T,C)IFS(X) if and only if the set

Asp={x e X : A(z) D (s,t)}
be either empty or a subalgebra of X for every s,t € [0,1].

Proof. Let A= (pua,va) € IFSN(X) and z,y € As,. Then

pa(xxy) = T(pa(z), paly)) = T(s,s) = s
and

va(rxy) < Cva(z),valy) <C(tt) =t

Az *xy) = (pa(z *y),valz xy)) 2 A(s, t)

thus z *y € A, and so A, will be a subalgebra of X for every s,t € [0, 1].

Conversely, let A, ; is either empty or a subalgebra of X for every s,t € [0,1]. Let s =
T(ua(x),pa(y)) and t = C(va(z),va(y)) and z,y € Az As Ag, is a subalgebra of X so
x*y € Ag ¢ and thus

pa(@xy) >s="T(ua(z),pa(y))

and
va(zxy) <t=Cva(z),va(y))

s0 A= (pa,va) € (T,C)IFS(X). O

Proposition 3.2. Let A = (ua,va) € (T,C)IFS(X) and T,C be idempotent. Then
A(0) D A(z) for all z € X.

Proof. Let x € X. Then

1a(0) = pa(z xx) = T(pa(z), pa(z)) = palz)

and
va(0) =va(zxz) < Cva(z),va(z)) =va(z)

thus
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Definition 3.2. Define A = (ua,v4) € IFS(X) is an intuitionistic fuzzy ideal of BCI-
algebra X under norms(t-norm 7' and t-conorm C) if it satisfies the following inequalities:
(1) 1a(0) > pa(e),
(2) pa(z) = T(pa(z *y), pa(y)),
(3) va(0) < va(a),
(4) va(z) < Cvalz *y),valy)),
for all z,y € X.
Denote by (T,C)IFI(X), the set of all intuitionistic fuzzy ideals of X under norms(t-norm T
and t-conorm C).
Example 3.2. Let X = {0,a,1,2,3} be a set given by the following Cayley table:

¥*10 a 1 2 3
0j0o 0 3 2 1
ala 0 3 2 1
171 1 0 3 2
213 2 1 0 3
313 3 2 1 0

Then (X, *,0) is a BCI-algebra. Define A = (ua,va) € IFS(X) as

to ifx = O,
palz) =1 t; ifzx=a,

ty ifz=1,2,3,

and
sg ifxz=0,
valz) = s1 ifz=a,

so ifx=1,2,3,

with g > t1 > t5 and sg < 51 < s such that 0 < ¢; +s; <1 and t;, s; € [0, 1].

Let T(a,b) = Ty(a,b) = ab and C(a,b) = Cp(a,b) = a+ b — ab for all a,b € [0,1] then
A= (a,va) € (T,O)IFI(X).

Proposition 3.3. Let A = (ua,va) € IFS(X) and T,C be idempotent. Then A =
(a,va) € (T,C)IFI(X) if and only if the

A ={z e X : Ax) D (s,t)}
be either empty or an ideal of BCI-algebra X for every s,t € [0, 1].

Proof. Let A = (pa,va) € (T,C)IFI(X) and z,y € X. Then p4(0) > pa(z) > s and v4(0) <
va(z) <tso A(0) = (1a(0),v4(0)) D (s,t) and then 0 € A, ;. Alsolet zxy € A, and y € A, .
Then

pa(x) >T(pa(z*y), paly)) > T(s,s) =s
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and

(z) < Clvalz xy),valy)) < Ct,1) =t
then A(z) = (pa(z),va(x)) D (s,t) thus x € A 4. Then Ag; will be an ideal of BCI-algebra
X for every t € [0, 1].
Conversely, let A, be either empty or an ideal of BCI-algebra X for every s,¢ € [0,1]. Let
s =T(palr*y),pa(y)) and t = C(va(z *y),va(y)) with zxy € A;, and y € A, ;. Then
x € Ay thus

pa(x) = s =T(pa(xxy), naly))

and

IN

va(z) <t=Cva(z xy),va(y))
s0 A= (jua,va) € (T,C)IFI(X). O

Proposition 3.4. Let A = (ua,v4) € (T,C)IFI(X) and x xy < z. Then pa(z) >
T(pa(y), pa(z)) and va(z) < C(va(y),va(z)) for all z,y,z € X.

Proof. Aszxy <zso (xxy)*z=0for all z,y,z € X. Then

pa(z) = T(pa(z*y), pa(y))
> T(T(pal(z *y) * 2), pa(2)), pa(y))
=T(T(pa(0), pa(2)), pa(y))
=T(pa(z), naly))
=T(na(y), pa(z))

thus pa(z) > T(pa(y), pa(z)). Also

va(z) < C(va(z *y),va(y))
< C(Cwal(zxy) * 2),va(2)), valy))
= C(C(va(0),va(2)), va(y))
= C(va(z),va(y))
= C(va(y),va(z))
sova(z) < Cva(y),va(z)). O

Proposition 3.5. Let A = (ua,va) € (T,C)IFI(X) and z < y for all z,y € X. Then
A(z) 2 A(y).

Proof. Since x <y so xxy =0 for all z,y € X. Then

pa() > T(pa(z*y), pa(y)) =T(pa(0), pa(y)) = pa(y)

and
va(z) < Cvalz*y),va(y)) = C(ra(0),valy)) = valy)
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therefore

Az) = (palx),va()) 2 (paly), vay)) = Ay).

Following proposition provides that every (T, C)IFI(X) is (T, C)IFS(X).
Proposition 3.6. Let A = (ua,v4) € (T,C)IFI(X). Then A = (ua,va) € (T,C)IFS(X).

Proof. We know that = *xy < z and from Proposition 3.2 we get that A(z xy) D A(x). Now

pa(@xy) 2 pa(x) = T(pa(x*y), pa(y)) = T(pa(x), paly))
and
va(zxy) <va(x) < Cvalz xy),valy)) < Cva(z),valy))
and then A = (ua,va) € (T,C)IFS(X). O
Remark 3.1. The converse of Proposition 3.6 may not be true. For example in Example
3.1we have that A = (ua,va) € (T, C)IFS(X) but since pa(b) = 0.25 2 T(pa(b*a), pa(a)) =
T(ua(a), pa(a)) = ia(a) = 055 50 A = (ua,va) & (T,C)IFI(X).
As under a condition every (T,C)IFS(X) is (T,C)IFI(X).

Proposition 3.7. Let A = (ua,va) € (T,C)IFS(X). If pa(z) > T(pa(y),pa(z)) and
va(x) < C(va(y),va(z)) and xxy < z for all z,y,z € X, then A = (ua,va) € (T,C)I[FI(X).

Proof. As Proposition 3.4 we get that pa(0) > pa(z) and v4(0) < va(z). Asz* (x xy) <y so
Az *

)
pa(e) = T(pa(zxy),pay)) and va(z) < C(va(z *y),va(y)). (From the hypothesis)
Then A = (pa,va) € (T,C)IFI(X). O

Proposition 3.8. Let A = (ua,v4) € IFS(X). Then
A= (a,va) € (T.O)IFI(X) <= DA = (. jia) € (T, C)IFI(X)
and 7 A= (va,va) € (T,C)IFI(X)
such that iy =1 —pu4g and vy =1 —vy4.

Proof. Let z,y € X. Let A = (pa,va) € (T,C)IFI(X) then

pa(0) > pa(x) (1)
and
pa(@) > T(pa(z*y), pay)) (2)
also
#a(0) =1—pa(0) <1 —pa(x) = pia(z) (3)
and
pa(x) =1—pa(x) <1—=T(pa(r*y), pa(y)) = C(alz *y), a(y)) (4)
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thus AA = (pa,pia) € IFIN(X).

Also
va(0) < va(z) (1)
and
va(z) < Clva(z+y),va(y)) (2)
and
vA(0) =1-v4(0) > 1—va(z) =va(z) (3)
and
va(@) =1-va(@) 21— Cvalz xy),valy)) = TWalz *y),valy)) (4)

thus VA = (Va,va) € IFIN(X).
Conversely, let AA = (ua,pa) € (T,C)IFI(X) and VA = (V4,v4) € IFIN(X) then we will
have that A = (ua,va) € (T,C)IFI(X). O

Definition 3.3. We say that A = (ua,va) € IFS(X) is an intuitionistic fuzzy positive
implicative ideal of BCT-algebra X under norms(t-norm 7" and t-conorm C) if it satisfies the
following inequalities:

(1) 124(0) > pia(a),
(2) pa(ex2) = T(pa(((z * 2) x 2) * (y * 2)), pa(y)),
(3) va(0) < wval(z),
(4) vae 2) < Clual((@+2) + 2) * (y % 2)), va(y)),
for all x,y,z € X.
Denote by A = (pua,va) € (T,C)IFPII(X), the set of all intuitionistic fuzzy positive implica-
tive ideals of BCI-algebra X under norms(t-norm 7" and ¢-conorm C).
Example 3.3. Let X = {0, 1,2,3} be a set given by the following Cayley table:

*

0
1
2

w N = OO

3
3
3
3
0

w O O O |N

1
0
0
2
3

3

Then (X, *,0) is a BCI-algebra. Define A = (ua,v4) € IFS(X) as

1 ifz=0,3
pa(r) = _
t ifz=1,2
and
0 ifz=0,3
va(r) =
s ifx=1,2

such that 0 < ¢+ s <1and¢s € (0,1). Let T(a,b) = Tp(a,b) = ab and C(a,b) = Cp(a,b) =
a+b— ab for alla,b € [0,1] then A = (ua,va) € (T,C)IFPII(X).

62



Vol. 17 Intuitionistic fuzzy subalgebras 63

Proposition 3.9. Let A = (ua,va) € IFS(X) and T,C be idempotent. Then A =
(a,va) € (T,C)IFPII(X) if and only if the set

Agi={re X : Ax) D (s,t)}
be either empty or a positive implicative ideal of BCI-algebra X for every s,t € [0, 1].

Proof. Let A = (pa,va) € (T,C)IFPII(X) and A,y = {x € X : A(z) D (s,t)} be not
empty then for any z € A, we have pa(xz) > s and va(z) < t so pa(0) > pa(z) > s and
v4(0) <wva(z) <t thus A(0) D (s,t) which means that 0 € A, ;.

Alsolet ((zxz)*z)* (y*z) € Asy and y € Ay 4. Then

pa@x 2) = T(pal(@ +2) + 2) % (y ), 1aly)) = Ts, s) = s

and
va@x2) < Cwal((@x2) # 2) % (y* 2)),va(y) < Ot 1) = ¢

thus = * z € As ;. Then A, is a posive implicative ideal of X for every s,t € [0, 1].
Conversely, let A, ; be not empty and be a positive implicative ideal of X for every s,t € [0, 1].
Then for any x € As; we have A(0) D (s,t) then A(0) D (s,t) and so pa(x) > s and va(x) <t.
Let s = T(pua(((x*2)*2)* (y*2)),n4a(y)) and t = C(wa(((z x 2) x 2) x (y * 2)),va(y)) with
((xxz)xz)*(yxz) € Agy and y € Agy. Thus z x z € A, ;. Therefore

pa(axz) > s=T(pa(((z*2) *2) % (y * 2)), pa(y))

and
va(@xz) <t =Cva(((z*z)x2) * (y* 2)),va(y))
so A= (ua,va) € (T,C)IFPII(X). O

We prove that every (T,C)IFPII(X) will be (T,C)IFI(X) as following proposition.
Whereas the converse of this proposition may not be true. For this consider the following
example.

Proposition 3.10. If A = (ua,v4) € (T,C)IFPII(X), then A = (pa,va) € (T,C)IFI(X).

Proof. Let x,y,z € X and A = (ua,va) € (T,C)IFPII(X). Then
(1) pa(0) = pa(z),

(2) pal(zz) 2 T(pa(((z*2) * 2) * (y * 2)), na(y)),

(3) va(0) < va(z),

(D) va(zx2) <Cwa(((z=2)*2)* (y*2)),vay)).

Now in (2) and (4) let z = 0 then

~ Y~~~

pra(z +0) = T(pa(((z + 0) % 0) * (y % 0)), pa(y))

and
va(z*0) < Cva(((z*0)%0)x (y=0)),va(y))

which mean that

pa(x) > T(pa(z*y), paly))
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and
va(x) < Clvalz xy,va(y))-
Therefore A = (pa,va) € (T,C)IFI(X). O

Example 3.4. Consider the BCI-algebra X = {0, 1,2, 3, 4} with the following caley table:

*10 1 2 3 4
0{0 0 0 0 O
111 0 1 0 O
212 2 0 0 O
313 3 3 0 0
414 3 4 1 0

Then (X, *,0) is a BCI-algebra. Define A = (ua,v4) € IFS(X) as

1 ifz=0,2
pa(z) = _
t ifr=1,34
and
0 ifz=0,2
va(z) =
s ifz=1,3,4

such that 0 < ¢t +s < 1 and t,s € (0,1). Let T(a,b) = Tp(a,b) = ab and C(a,b) =
Cp(a,b) = a+ b — ab for all a,b € [0,1] then A = (ua,va) € (T,C)IFI(X) but A =
(na,va) ¢ (T,C)IFPII(X) because: as we let © = 4,z = 3,y = 2 so from pa(z *z) >
T(pa(((xxz)x2)*(y*2)),na(y)) we get that t > 1 and this is a contradition with ¢, s € (0,1).
Proposition 3.11. If A = (ua,va) € (T,C)IFPII(X), then AA = (ua, tia) € (T,C)IFPII(X).

Proof. Let z,y,2 € X. As A= (ua,va) € (T,C)IFPII(X) so
1a(0) > palz) (1)
and then 1 — 4(0) <1 — pa(x) then

1ia(0) < pia(z).  (2)

Also
pa(@ s z) 2 T(pa(((z* 2) * 2) * (y * 2)), pa(y)), (3)
thus
1= pa(@*z) <1 =T(pa(((z*2) * 2) * (y % 2)), pa(y))
then
pia(@x z) < C(1— pa(((z*2) * 2) x (y * 2)), 1 — pa(y))
then
pia(w s z) < Clua(((wxz)« 2) = (Y 2)),0a).  (4)
Now (1)-(4) give us that AA = (pa,pia) € (T,C)IFPII(X). O
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Proposition 3.12. If A = (ua,va) € (T,C)IFPII(X), then VA = (Va,va4) € (T,C)IFPII(X).
Proof. Let z,y,z € X. As A= (ua,va) € (T,C)IFPII(X) so
va(0) < wa(z) (1)

and then 1 —v4(0) > 1 —v4(x) then

Also
va(w*z) <Cval((wx2)x2) x (y*2)),valy))  (3)
thus
L—wva(zxz) 21— Cva(((z*2) * 2) * (y * 2)), va(y))
then
va(e*2) 2 T(1 —va(((z+ 2) % 2) % (y * 2)), 1 = va(y)))
then
va(exz) > T(Wa(((z * 2) x 2) x (y * 2)),valy))- (4)
As (1)-(4) so sy A = (ua, tia) € IFPIIN(X). O

Proposition 3.13. A = (ua,va) € (T,C)IFPII(X) if and only if AA = (ua,pa) €
(T,C)IFPII(X) and VA = (va,v4) € (T,C)IFPII(X).

Proof. Use Proposition 3.11 and Proposition 3.12. O

84. (T,C)IFS(X),(T,C)IFI(X),(T,C)IFPII(X) under inter-
sections, cartesian products and homomorphisms

Proposition 4.1. Let A = (ua,v4) € (T,C)IFS(X) and B = (up,vp) € (T,C)IFS(X).
Then ANB e (T,C)IFS(X).

Proof. Let x,y € X. Then

pans(@xy) =T(pa(x*y), pe(x *y))

(T(pa(z), pa(y), T(up(x), np(y)))
(T(pa(x), pp()), T(pa(y), kB (Y)))
( (z),

HANB\T), LANB (y))

v

T(pua(x T
T

|
e B B

thus
pans(@*y) > T(ans(), pansY)).

Also
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(z)
C(va(z),vp(x)),C(ra(y),ve(y)))
= C(vans(®),vanB(Y))
then
vans(® *y) < C(vans(),vanp(y))-
Thus AN B = (panp,vans) € (T,C)IFS(X). O

Proposition 4.2. Let A = (pa,va) € (T,C)IFI(X) and B = (up,vp) € (T,C)IFI(X).
Then ANB e (T,C)IFI(X).

Proof. Let z,y € X. Then
(1)
1anB(0) = T(1a(0), up(0)) = T(pa(z), up(x)) = pans(z)
thus
panB(0) > panp(w).

(na(x), pp(x))

(T(pa(z*y), pa), T(us(x*y), ue(y)))
(T(pa(z*y), pp(@*y)), T(pa(y), uB(y)))
( ), tans(Y))

panp(x) =T

v
54 94

ptans(z*y

SO

/LAmB(lU) > T(MAOB(UU * y)a ,UAmB(y))-

vanB(0) = C(va(0), up(0)) < C(va(z),vp(x)) = vans(x)

SO
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then

vans(®) < C(vans(T * ), vanp(y))-

Now (1)-(4) give us that AN B = (panp,vanp) € (T,C)IFI(X). O

Proposition 4.3. Let A = (pa,va) € (T,C)IFPII(X)and B = (up,vp) € (T,C)IFPII(X).
Then ANB e (T,C)IFPII(X).

Proof. Let x,y,z € X. Then

(1)
tanp(0) = T(1a(0), pp(0) > T(pa(z), pp(x)) = pans(x)
thus
panB(0) > pans(x).
(2)

panp(@ * z) = T(palz x z), pp(z * 2))
2 T(T(pa(((z * 2) % 2) * (y % 2)), pa®)), T (@ % 2) * 2) * (y * 2)), B (Y)))
= T(T(pal((z* 2) x 2)  (y * 2)), ua(((2 * 2) * 2) * (y * 2))), T(na(y), ps(Y)))
= T(panB(((z* 2) * 2) * (y * 2))), panB(Y))

SO

panB(@* 2) > T(panp(((7x 2) * 2) * (y * 2))), pans(y))-

vanB(0) = C(va(0), up(0)) < C(va(z),vp(x)) = vans(x)

vanp(0) < vans(a).
(4)
Vans (@ * 2) = Clva(a ), vp(w * 2))
< C(Cwa(((w % 2) % 2) % (y* 2)),va(), Cua(((z  2) % 2) % (y * 2)), w5 (1))
= C(Cwal((w ) % 2) * (y* 2)).vs(((2 % 2) * 2) * (4 % 2))), Cvaly). v5(y)))
= Cwans(((@ % 2) * 2) % (y* 2)), vans(y))

SO

vang(@ x 2) < C(wanp(((z* 2) x 2) * (y x 2))),vanB(Y))-

Now (1)-(4) give us that AN B = (pans,vans) € (T,C)IFPII(X). O

Proposition 4.4. Let A = (ua,va) € (I,C)IFS(X) and B = (up,vg) € (T,C)IFS(Y).
Then A x B € (T, C)IFS(X x Y).
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Proof. Let (z1,v1), (z2,y2) € X x Y. Then

(axp)((z1,91) * (22,92)) = (Haxp) (@1 * T2, Y1 * Y2)

=T (pa(z1*22), pB(Y1 * y2))

2 T(T(pa(xr), pa(2)), T(up (Y1), ns(y2)))
=T(T(pa(z1), (1)), T(nalz2), pB(y2)))
=T(paxs(T1,y1), axp(T2,y2))

thus
paxB((x1,y1) * (22,92)) = T(axs(T1,91), paxB(T2,y2))-
Also

(vaxp)((@1, 1) * (22, y2)) = (vaxB) (@1 * T2, Y1 * y2)

(va(@y * @2),vp(y1 * y2))
(C(va(z1),va(w2)), C(ve(y1), v(y2)))
(C(valz1),ve(y1)), C(va(z2), vB(y2)))
(

VAxB(Il,yl), VA><B(1'27y2))

then

vaxp((z1,y1) * (x2,y2)) < C(vaxs(x1,y1), vaxs(x2, y2)).

Therefore
A X B = (paxp,vaxp) € (T,C)IFS(X xY).

O

Proposition 4.5. Let A = (ua,va) € (T,C)IFI(X) and B = (up,vp) € (T,C)IFI(Y).
Then A x B € (T,C)IFI(X x Y).

Proof. Let (z,y) € X x Y. Then

paxp(0,0) =T (pa(0), up(0)) > T(pa(w), up(y)) = paxs(z,y)

and
vaxs(0,0) = C(ra(0),v5(0)) < C(va(z), ve(y)) = vaxs(@,y).

Also let z; € X and y; € Y for i = 1,2. Now

paxs(z1,91)

(

(T(pa(rr * 22), pa(z2)), T(p (Y1 * y2), pB(Y2)))
(T(pa(rr *2), pp (Y1 * y2)), T(pa(z2), pB(Y2)))
(

MAxB(CC1 * Xg, Y1 * y2),ﬂA><B($2a92))
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=T(paxs((z1,y1) * (22,92)), taxs(T2,y2))

thus
MAxB(!Cl,yl) > T(NAXB((fl,yl) * (fcz,y2)),quB($27y2))~

Also

vaxs(Zi,y1)

L1k T2,Y1 * y2), VAxB(332,y2))

— o~

(z1,91) * (T2, Y2)), vaxB(T2,y2))

thus

vaxs(®1, 1) < C(waxs((@1,11) * (T2,Y2)), vaxB(®2,92))-

Therefore
A X B = (paxp,vaxp) € (T,C)IFI(X xY).

O

Proposition 4.6. Let A = (ua,va) € (T,C)IFPII(X)and B = (up,vp) € (T,C)IFPII(Y).
Then A x B € (T,C)IFPII(X x Y).

Proof. Let (z,y) € X xY. Then

paxp(0,0) =T (1a(0), n5(0)) > T(pa(x), up(y)) = paxs(z,y)

and
vaxs(0,0) = C(ra(0),vp(0)) < C(va(z),ve(y)) = vaxs(z,y).

Also let (z1,22), (y1,Y2), (21,22) € X x Y. Then
MAXB((CCh xz) * (21, 22)) = MAxB(xl * 21,2 % 22) = T(MA(JH * 21),MB(9€2 * 22))

> T(T(pa(((w1 % 21) * 21) * (Y1 % 21)), pa(y1)), T(p(((z2 * 22) * 22) * (y2 * 22)), B (y2)))
=T(T(pa(((z1 % 21) * 21) * (y1 % 21)), B (((w2 * 22) * 22) * (Y2 * 22))), T(pa(y1), kB (y2)))
= T(MAxB(((fl * Zl) * 21) * (y1 * 2’1), ((932 * 22) * 22) * (yz * ZZ))a,uAXB(ylayQ))

=T(naxp((((z1,22) * (21, 22)) * (21, 22)) * ((y1, y2) * (21, 22))), pax5(Y1,Y2))

therefore

MAXB(<x1,$2)*(Zlaz2>) > T(MAXB((((x17x2)*(zl732))*<Zlaz2)>*((y17y2)*(31722)))’MA><B(ylay2)>-

Also

VAXB((1'1,$2) * (21722)) = VAxB(Z‘1 * 21,22 * Z2) = C(VA(xl * Zl)7VB($2 * 22))
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< C(Cral((my* 21) % 21) * (y1 * 21)),va(y1), C(vp(((w2 * 22) * 22) * (y2 * 22)),vB(Y2)))
= C(Cwal((z1 % 21) x 21) * (42 * 21)), vB(((22 * 22) * 22) * (y2 * 22))), C(va(y1), vB(42)))
= Cwaxn(((z1 % 21) x 21) * (y1 * 21), (w2 * 22) * 22) * (y2 * 22)), vaxB(Y1,Y2))
= Cwaxs((((z1,22) * (21, 22)) * (21, 22)) * (Y1, y2) * (21, 22))), vax B (Y1, Y2))
therefore
vaxp((r1,22)%(21, 22)) < C(vaxp (w1, 22)%(21, 22))*(21, 22)) (Y1, y2) (21, 22))), vax B (Y1, ¥2))-

Therefore
Ax B = (paxp,vaxp) € (T,C)IFPII(X xY).

O

Proposition 4.7. If A = (ua,va) € (T,C)IFS(X) and ¢ : X — Y be a homomorphism
of BCI-algebras, then p(A) € (T,C)IFS(Y).

Proof. Let y1,y2 € Y and x1, 22 € X such that ¢(z1) = y1 and ¢(x2) = y2. Then
o(pa)(yr * y2) = sup{pa(zy * z2) | 21,22 € X, 0(x1) = y1, 0(x2) = 2}

> sup{T'(pa(x1), pa(ze) | 21,22 € X, 0(21) = Y1, p(2) = Yo}
= T(sup{pa(z1) | v1 € X, p(x1) = y1},sup{pa(r2) | 22 € X, p(22) = y2})

=T(o(na)y), e(pa)(y2))

thus
o(pa)yr *y2) = T(p(pa)(yr), p(pa)(y2))-

Also
o(wa)(yr *y2) = inf{va(m *2z2) | 1,22 € X, 0(x1) = y1, p(x2) = Yo}

< inf{C(va(x1),va(x2) | 21,22 € X, p(x1) = y1,0(r2) = y2}
= C(inf{pa(z1) | 71 € X, p(x1) = 1 }, inf{va(z2) [ 22 € X, p(22) = y2})

= C(p(va)(y1), p(pa)(y2))

p(va)(yr *y2) < Cle(va)(yr), p(va)(yz2)).
Then ¢(A) = (¢(pa), ¢(va)) € (T,C)IFS(Y). O

Proposition 4.8. If B = (ug,vg) € (T,C)IFS(Y) and ¢ : X — Y be a homomorphism
of BCI-algebras, then ¢~ 1(B) € (T,C)IFS(X).

70



Vol. 17 Intuitionistic fuzzy subalgebras 71

Proof. Let x1,x2 € X. Then

o N (uB)(z1 % x3) = pp(p(x1 * x2))
= pp(p(z1) * p(z2))
> T(pp(p(21)), 1uB(e(22)))
=T (up)(x1), ¢~ (up)(22))
thus
¢~ (u) (@1 x 22) > T(e™ () (21), ¢~ (1uB) (22))-
Also
o~ (vB) (21 * 22) = vp(p(21 * 22))
= vp(p(r1) * p(2))
< Cvp(p(@1)), v(p(22)))
= Cle™ (vp) (1), ¢~ ' (vB)(22))
then
¢~ (va) (@1 x2) < Cle~ (vp)(21), ¢~ (vB)(22))-
Therefore o~'(B) = (¢~ (un), ¢~ (vB)) € (T, C)IFS(X). O

Proposition 4.9. If A = (ua,va) € (T,C)IFI(X) and ¢ : X — Y be a homomorphism
of BCI-algebras, then p(A) € (T,CYIFI(Y).
Let v € X and y € Y with ¢(x) = y. Now

©(pa)(0) = sup{pa(0) [ 0 € X,0(0) =0} > sup{pa(z) | v € X, p(z) =y} = p(na)(y)

thus
P(pa)(0) > p(pa)(y)

and
@(ra)(0) = inf{r4(0) [ 0 € X,(0) =0} <inf{va(z) |z € X, p(z) =y} = p(ra)(y)

then
©(r4)(0) < p(va)(y).

Also let x, 21 € X such that p(z) =y, (1) = y1. Then

o(pa)(y) = sup{pa(z) [z € X, p(z) = y}

> sup{T(ua(z *21), pa(z1)) | 2,21 € X, 0(x) = y,0(x1) =91}
=T(sup{pa(z *z1) | 7,21 € X, () = y,0(x1) = y1 },sup{palz1) [ 21 € X, p(z1) = 11 })

=T(sup{pa(z*z1) | 2,21 € X, p(x*x1) =y *y1},sup{pa(z1) | 21 € X, p(x1) = y1}
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= T(p(pa)(y*y1), p(a)(y1))
therefore
(pa)(y) = T(o(pa)(y = y1), p(pa)(yr))-
And
e(wa)(y) = nf{va(z) |z € X, o(z) = y}
< inf{C(va(z *21),va(z1)) | 2,21 € X, () =y, 0(x1) = y1 }
= C(inf{va(z *21) | ,21 € X, p(z) =y, p(z1) = y1 },inf{va(z) | 21 € X, p(21) = y1})
= C(inf{va(z* 1) | 7,21 € X, p(x x 21) = yxy1 }, inf{va(z1) | 21 € X, p(21) = y1 }
= C(p(va)(y*y1), p(va)(y1))
thus
e(va)(y) < Cle(wa)(y = y1), o(va)(y1))-

Therefore p(A) = (p(ra), (va)) € (T,C)IFI(Y).
Proposition 4.10. If B = (up,vp) € (T,C)IFI(Y) and ¢ : X — Y be a homomorphism
of BCI-algebras, then ¢~ (B) € (T,C)IFI(X).

Proof. Let x € X. Then

and

Let z,x; € X. As

¢~ (ue)(x) = nB(p(2))
>T(uB(sO( ) * (1)), B (p(21)))
=T (up(p(x * 1)), B (P(21)))
=T (o Hup) (@ *21), 0~ (uB)(21))

¢~ (up) (@) = T(o™ (up) (@ * 1), (up) (1))

and
¢~ (vB)(z) = vp(p(2))
< Cv(e(z) * p(z1)), ve(p(21)))
= Cva(p(z * 21)),vB(p(21)))
= O™ (vp) (@ * 1), (vB)(21))
thus
¢ wp) (@) < Cle™ (wp) (@ *a1), ¢~ (vB)(21))-
Therefore o~ (B) = (¢~ (1), ¢~ (v5)) € (T, C)IFI(X). O
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Proposition 4.11. If A = (ua,va) € (T,C)IFPII(X) and ¢ : X — Y be a homomor-
phism of BCTI-algebras, then ¢(A) € (T,C)IFPII(Y).
Let x € X and y € Y with ¢(z) = y. Now

©(pa)(0) =sup{pa(0) | 0 € X,¢(0) = 0} > sup{pa(z) | z € X,o(z) =y} = ¢(pa)(y)

thus
©(pa)(0) > @(pa)(y)

and

@(ra)(0) = inf{r4(0) | 0 € X, p(0) =0} < inf{va(z) [z € X, p(z) =y} = ©(va)(y)
then
©(ra)(0) < o(va)(y).
Also let x; € X such that ¢(x;) = y; and i = 1,2, 3. Then

(pa)(yr * y2) = sup{pa(zr * 22) | 2 € X, o(2;) =y}

= sup{T (a(((@1 * w2) * 22) * (w3 * 22)), pa(ws)) | #; € X, p(w;) =y}
= T(sup{pa(((z1*x2)*22) % (w3%22)) | @i € X, 0(wi) =yi},sup{pa(as) | x5 € X, p(x3) = y3})
= T(p(pa)(((y1 *y2) * y2) * (Y3 * y2)), p(pa)(ys))
therefore
e(pa)(yr *y2) = T(p(pa)(((y1 * y2) *y2) * (y3 * y2)), () (ys))-

And
e(va)(y1 * y2) = inf{va(zr * 22) | 2; € X, () = yi}

< inf{C(va(((w1 * x2) * x2) * (x3 * v2)), pa(®3)) | ¥ € X, p(x:) = yi}
= C(inf{va(((z1 * x2) % x2) * (23 x 22)) | i € X, p(2:) =y}, inf{va(as) | x5 € X, p(x3) = y3})
= C(p(a)(((y1 * y2) * y2) * (y3 * y2)), p(va)(ys))
therefore
e(va)(yr * y2) < Cle(va)(((y1 * y2) * y2) * (Y3 * y2)), p(va)(y3))-

Therefore p(A) = (p(pa), p(va)) € (T,C)IFPII(Y).
Proposition 4.12. If B = (up,vp) € (T,C)IFPII(Y) and ¢ : X — Y be a homomor-
phism of BCI-algebras, then ¢~!(B) € (T,C)IFPII(X).

Proof. Let x € X. Then

and

Let xq, 29,23 € X. As
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©)(((z1 * 22) * 22) * (v3 * 22)), pB(P(73)))
o N (up)(((x1 % x2) % m2) * (w3 % 22)), 0~ ' (1B)(73))

SO

o N (pup) (w1 % w2) = T(e~ (uB)(((x1 * 22) * 22) * (23 % 12)), 0~ ' (uB)(23)).

Also

I * 132))

5

(
= vp(p(r1) * p(z2))

1
< Clvp(((p(z1) * @(x2)) * p(x2)) * ((x3) * ©(22)))), vB(P(23)))
= Cvp(@)(((z1 * z2) * 22) * (23 % 22)), vB(p(23)))
= C(p~ H(wp) (w1 % w2) ¥ @) * (23 % 22)), 0~ ' (vB) (23))
¢~ (va)(z1 ¥ x2) < O~ (vB) (w1 % x2) * x2) * (23 % x2)), 0 (vB) (23)).
Therefore o~ 1(B) = (¢~ (ug), ¢ (v)) € (T,C)IFPII(X). O
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81. Introduction
For an arbitrary matrix A,x, = (Aij) its characteristic polynomial [1-3]:
PN =N+ N L ap A an, (1)

can be obtained, through several procedures [1,4-8], directly from the condition det (A";—\d}) =
0. The method of Leverrier-Takeno [4,9-13] is a simple and interesting technique to construct
(1) based in the traces of the powers A™, r = 1,...,n.

On the other hand, it is well known that an arbitrary matrix satisfies its characteristic

equation, which is the Cayley-Hamilton-Frobenius identity [1-3,14]:
A"+ a AV 4 ap_1 A+ a, = 0. (2)

If A is non-singular (that is, det A # 0), then from (2) we obtain its inverse matrix:

1
A71 = — — (Anl + a1An72 + ...+ a/n—11> ) (3)

Qn
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where a,, # 0 because a,, = (—1)" det A.

Faddeev-Sominsky [15-24] proposed an algorithm to determine A~! in terms of A" and
their traces, which is equivalent [23] to the Cayley-Hamilton-Frobenius theorem (2) plus the
Leverrier-Takeno’s method to construct the characteristic polynomial of a matrix A. In Sec.
2, we use the Faddeev-Sominsky’s procedure to deduce the Lanczos expression [25] for the
resolvent of A [20,21,26,27], that is, the Laplace transform of exp (tA) [28].

§2. Leverrier-Takeno technique
If we define the quantities:

a=1, s,=trA* k=12 ..,n (4)

then the approach of Leverrier-Takeno [4,9-13] implies (1) wherein the a; are determined with
the Newton’s recurrence relation:

ra, + $1a,_1 + $2Gr_9 + ... + $p_1a1 + s, =0, r=12,...,n (5)
therefore:
a; = —s1, 2lay=(s1)*>—s2, 3laz= —(s1)>+ 35155 — 2s3,
4 qy = (51)4 — 6(81)282 + 85183 + 3(82)2 — 654, (6)

5l a5 = —24s5 — (51)° + 10(s1)%s2 — 20(51)%s3 — 15(52)%s1 + 305184 + 205953, etc,

in particular, det A = (—1)"a,, that is, the determinant of any matrix only depends on the
traces s,, which means that A and its transpose have the same determinant. In [29-31] we find

the general expression:

S1 k—1 0 0
S9 S1 k—2 0
—1)k
ai = ( ki') 5 k= ]-a , 1, (7)
Sk—1 Sk—2 o1
Sk Sk—1 e 51

which allows reproduce the values (6).

We can exhibit a relation to determine the coefficients a; via the complete Bell polynomials
[8,32-40], in fact, we have the following representation [8]:

m! a,, = Ym( — 0lsy, —1lsg, —2ls3, —3!s4, ccc, —(m — 2)!5p 1, —(m — 1)!sm). (8)
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such that [37, 41]:

therefore:

("o Dz (")
-1 (")
0 -1
Vi (1, T2, ooy ) =
0 0
0 0

(G E A I ey
(noz)zm—2 (Ri3)omo
() ESOE O | E
) (9)
(o)1 (1)
-1 (o)1

Yo=1, Vi =1, Yo =2a%+z,

Yy =} +3miws + a3, Ya=a]+6xivy+4xws+ 335 + a4,

Y; = ﬁ + 10 xi’xz + 10 SU%l'g + 15 xlxg + 5 x124 + 10 zo23 + T5,

(10)

We see that (8) and (10) imply (6) if we employ z1 = —$1, T2 = —S2, 3 = —2s3, T4 = —654,

Ty = —2485,

... It is simple to prove that (9) with z; = —(k — 1)! s; gives (7), thus the coef-

ficients of the characteristic polynomial (1) are generated by the (exponential) complete Bell

polynomials.

In the Newtons formula (5) the quantities s, are known, and the a; are solutions of the

triangular linear system [42-44]:

then:

1 0 0
S1 2 0
S9 S1 3
Sp—1 Sn—2 Sn-3
ay
(429

Anxn (aj)nxl =

0

0

0

S1 n
1

=_A"!
Sn

79

a1
az

as

S1
52

53

(12)



80 J. D. Bulnes, N. Islam and J. Lépez-Bonilla No. 1

which gives the opportunity to invert a triangular matrix via interesting algorithms applying
the Faddeev-Sominsky method [15-24], matrix multiplication [45,46] or binomial series [47].
§3. Faddeev-Sominsky procedure

The Faddeev-Sominsky’s technique to obtain A1 is a sequence of algebraic computations
on the powers A” and their traces, in fact, this algorithm is given via the following instructions:

B, = A, q1 = tr By, Ci=DB1—aql,

1
By =C A, QQ:§‘51“327 Cy = By — qo21,

(13)
B, = Cn72 Aa gn—1 = n—1 tr anlv Cnfl =B,1— QHfl-[v
1
B, =C,_1 A, Gn = — tr By,
n
then: .
A7l = = C, . (14)

For example, if we apply (13) for n = 4, then it is easy to see that the corresponding ¢, imply (6)
with ¢; = —a;, and besides (14) reproduces (3). By mathematical induction one can prove that
(13) and (14) are equivalent to (3), (4) and (5), showing [23] thus that the Faddeev-Sominsky’s
technique has its origin in the Leverrier-Takeno method plus the Cayley-Hamilton-Frobenius

theorem.

From (13) we can see that [26]:
Cp=AP+a1 AR 14 ap A2 4 a1 A+arl, k=1,2,...n—1, C,=B,—q, =0, (15)
and for k=n — 1:
Cror = A"+ a1 A" 2+ A" P+t ap oAt ap 1] ® —a, AT

in harmony with (14) because a,, = —¢,. The property C,, = 0 is equivalent to (2); if A is
singular, the process (13) gives the adjoint matrix of A [2,3,16], in fact, Adj A = (=1)"*1C,,_;.

If the roots of (1) have distinct values, then the Faddeev-Sominsky’s algorithm allows

obtain the corresponding eigenvectors of A [6]:
Aﬁk = )\kﬁka k= 1,2, ey N, (16)
because for a given value of k, each column of:

Q=T+ A\ 72C + o+ Cry (17)
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satisfies (16) [16,18,27], and therefore all columns of Q) are proportional to each other, that
is, rank Qi = 1 [18]; we note that @ = Q(\x) with the participation of the matrix:

Qz) = T 42" 20 + 2" 30+ 4+ 2C, 0+ Ch . (18)

By synthetic division of two polynomials [1]:

n—1
zp(j))\ = ;{) ()\’" +a N T a2+ Lt ar A+ ar> 2V

then under the change A — A we obtain the Lanczos expression [25] for the resolvent of a
matrix [20,21,26,27]:

1 1 &
d—A p(2)
if A is non-singular, then [19] for z = 0 implies (14). McCarthy [48] used (19) and the Cauchy’s
integral theorem in complex variable to show the Cayley-Hamilton-Frobenius identity indicated

in (2); the relation (19) is the Laplace transform of exp (tA) [28].

1
P = (19)
0

r=

On the other hand, Sylvester [49-52] obtained the following interpolating definition of
f(A):
- A— I
7A=Y o0 15— (20)
- . Aj k
Jj=1 k#j
which is valid if all eigenvalues are different from each other. Buchheim [53] generalized (20) to
multiple proper values using Hermite interpolation, thereby giving the first completely general

definition of a matrix function. From (19) and (20) for f(s) = 1/(z—s) we deduce the properties:

0= 11 ;j__AA’fk (A= nI), Q= i (4- 1)

J=1 k=1,k#j k=1,k#j

Q= [ (Aj - Ak)ﬁj, (21)
k=1,k#j
hence the eigenvectors of A showed in (16) also are proper vectors of the matrices Q;. Besides,
from (16) and (21):

AQia = T (W=M)NG=X Qi AQ =X (22)

k=1,k+j
that is, each column of Q; is eigenvector of A with proper value A;. The resolvent (19) implies
the relation (A—z1)Q(z) = —p(2)I, then (A—AxI) Q(Ax) = —p(Ax)I = 0in according with (22).

From the Sylvester’s formula (20) with f(z) = p(z) we obtain p(A) = 0, which is the
Cayley-Hamilton-Frobenius theorem indicated in (2). If f(z) = €'*, then (20) allows to con-
struct exp (tA) that, in particular, is valuable to determine the motion of classical charged
particles into a homogeneous electromagnetic field, and to integrate the Frenet-Serret equation-
s with constant curvatures [54]. In [51,55] we find that the book of Frazer-Duncan-Collar [56]

81



82 J. D. Bulnes, N. Islam and J. Lépez-Bonilla No. 1

emphasizes the important role of the matrix exponential in solving differential equations and
was the first to employ matrices as an engineering tool, and indeed the first book to treat
matrices as a branch of applied mathematics.
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Abstract For any integer k > 1, denoting by [1,2,- - , k] the least common multiple (LCM)
of the integers 1 through k, the Smarandache LCM function, denoted by SL(n), is defined
as the minimum k& such that n divides [1,2,...,k]. Also, the pseudo Smarandache function,

m(m+1)
—a -

denoted by Z(n), is defined as the minimum m such that n divides This paper

considers two Diophantine equations involving the functions SL(n) and Z(n), namely, the
equations Z(n) = SL(n) and Z(n) + SL(n) = n.
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§1. Introduction and preliminaries

The pseudo Smarandache function Z(n), introduced by Kashihara [1], is defined as follows:
Z(n) = min {m : n divides W}
Some elementary properties of Z(n) have been studied by Kashihara [1], Ibstedt [2], Ashbacher
[3] and Majumdar [4, 5]. For a recent review of the pseudo Smarandache function, we refer the
reader to Liu [6].
The Smarandache LCM function, denoted by SL(n), is defined as
SL(n) = min {k > 1:n divides [1,2,--- , K]},
where [1,2,--- | k] is the least common multiple (LCM) of the integers 1,2, --- , k for any k > 1.
The reader is referred to Xiaolin Chen [7] for a brief survey on the Smarandache LCM
function. An explicit expression of SL(n), due to Murthy [8], is given in the following lemma.
Lemma 1.1. Let n = p'p5? ---p&" be the (unique) representation of the integer n in terms
of its r prime factors p1,pa,- - ,pr. Then,
SL(n) = max {pi*,p3*, -+ ,pp"}.
Clearly, SL(p) = p for any prime p > 2. Using Lemma 1.1, we may derive the following
values of SL(n) :
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Murthy [8] proposed the solution of the Diophantine equation S(n) = SL(n), where S(n)
is the Smarandache function. The complete solution of the equation has been given by Maohua
[9]. This paper considers the following two Diophantine equations:

Z(n) = SL(n), (1.1)

Z(n)+ SL(n) = n. (1.2)
In connection with the equation (1.1), we would need the following results, proofs of which are
given in Majumdar [4].
Lemma 1.2. Let p(> 3) be a prime and let n(> 1) be an integer such that 2n divides p + 1.
Then, Z(np) = p.
Lemma 1.3. Let p(> 3) be a prime and let n(> 1) be an integer such that 2n divides p? + 1.
Then, Z(np?) = p2.

Xin Xu [10] considers the Diophantine equation (1.2). This paper follows a simple approach
to the solution of the equation. To do so, we would need the following result. Theorem 4.2.2
in Majumdar [4] gives a method of finding Z(pq), where p and ¢(> p) are distinct primes. We
follow the same method to find Z(2¥p®) for some special cases in the lemma below.
Lemma 1.4. Let the integer n be of the form n = 2¥p®, where p > 3 is a prime, and k > 1
and a > 1 are integers. Then,
(i) Z(n) = p~(2F — 1), if 2% divides (p® — 1) but 2¥*! does not divide (p® — 1),
(ii) Z(n) = 2F(p™ — 1), if p* divides (2¥ — 1),
(iii) Z(n) = p® — 1, if 28+ divides (p® — 1).
Proof. Since
Z(n) = Z(2¥p®) = min {m : 2¥p® divides W},
the following two possibilities may arise :
Case 1. When 2¥*! divides m, p® divides (m + 1).
In this case, there are integers x > 1 and y > 1 such that
m =21z m+1=pry,
which lead to the combined Diophantine equation :
p%y — 28y =1, (1)
Case 2. When 2¢+! divides (m + 1), p* divides m.
Then, there are integers z > 1 and y > 1 such that
m+1 =21z m=py,
so that the combined Diophantine equation is
2kl — poy = 1. (2)
Now, we consider the following three possible cases.
(i) Let 2% divide (p® — 1) but 2¥*1 does not divide (p® — 1). Then,
p* — 1 = 2*b for some integer b > 1,b # 2.
Therefore, the equations (1) and (2) can be recast as
(2%b + 1)y — 281y = 1,281y — (2% + 1)y = 1,
that is,
28 (by — 22) +y =1, (3)
2F (2 —by) —y = 1. (4)
In this case, the minimum solution, obtained from (4), is as follows :
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20 —by =1,y =2F -1,
Thus, the minimum m is m = p®y = p*(2¥ — 1).
(i) Let p® divide (2% — 1). Here,
2k — 1 = p®c for some integer ¢ > 1.
Then, the equations (1) and (2) become
Py —2(p%c+ Do =1,2(p% + 1)z —p®y = 1,
that is,
p*(y — 2cx) — 2z =1, (5)
p*(2cx —y)+ 22 =1. (6)
The minimum solution, obtained from (5), is
y—2cx =120 =p* — 1.
Consequently, the minimum m is m = 2F+lz = 2F(p® — 1).
(iii) Let 2*+1 divide (p® — 1). Then,
p* — 1 = 2F+1q for some integer a > 1.
Then, from the equations (1) and (2), we get
(2FHla + 1)y — 2kl = 1,281y — (28 lg + 1)y = 1,
that is,
M (ay —x) +y = 1, (7)
28 (2 —ay) —y =1. (8)
Therefore, the minimum solution is obtained from (7) with
y=1lay—2x=0.
Hence, the minimum m is given by m = p® — 1.
All these complete the proof of the lemma.
Lemma 1.5. For any integer a > 1, (1) 3 divides 22¢ — 1, (2) 3 divides 22¢~% + 1.
Proof. The proof is by induction on a. The results are true for a = 1. So, we assume that the
results hold true for some integer a. Now, writing
22(a+1) _ 1 = 4(22* — 1) + 3,
it follows, by the induction hypothesis, that 3 divides 22(**1 — 1. Again, since
92041 4 1 — 4(22¢-1 4 1) — 3,
we see that 2221 4 1 is divisible by 3. All these complete the proof by induction.
Lemma 1.6. For any integer a > 1, (1) 22 divides 5% — 1, (2) 22 divides 52* — 1.
Proof. The proof is by induction on a. The result is true for a = 1. So, we assume that the
result is true for some integer a. Now, since
59t — 1 =5(5% — 1) + 4,
it follows, by the induction hypothesis, that 22 divides 5t — 1. Again, since
52(a+1) 1 = 25(5% — 1) + 24,
we see that 52(t1D — 1 is divisible by 23. All these complete the proof.
Example 1.1. Since 23 divides 3% — 1, by part (i) of Lemma 1.4, Z(23.3%) = 32(2% — 1) = 63.
Also, by part (iii) of Lemma 1.4, Z(22.3%) = 32 — 1 = 8. Again, since 3 divides 22 — 1, using
Lemma 1.5, we get, by part (ii) of Lemma 1.4, Z(22.3) = 8, Z(2%.3) = 32.
Example 1.2. Since 22 divides 5 — 1, by part (i) of Lemma 1.4, Z(22.5) = 15. Again, since 5
divides 2% —1, by part (ii) of Lemma 1.4, Z(2%.5) = 64. Finally, noting that 23 divides 52 —1, and
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24 divides 5% — 1, we get Z(22.5%) = 24, Z(23.5%) = 175, Z(23.5%) = 624 and Z(2%.5%) = 9375.

§2. Main Results

This section gives the solutions of the Diophantine equations (1.1) and (1.2), posed in
Section 1. First, we consider the equation (1.1). The following theorem shows that the equation
possesses infinite number of solutions.

Theorem 2.1. n = kp is a solution of the Diophantine equation Z(n) = SL(n), where p(> 3)
is a prime and k(> 1) is an integer such that 2k divides (p + 1).

Proof. Let n = kp, where p(> 3) is a prime and 2k divides (p + 1). Then, clearly, p > n, so
that, by Lemma 1.1, SL(n) = max{k,p} = p. Now, appealing to Lemma 1.2, the theorem is
proved.

From Theorem 2.1, note that, in particular,

Z(2p) = SL(2p) = p for any prime p(> 3) such that 4 divides (p + 1).

Note that, any p satisfying the condition above must be of the form p = 4a + 3(a > 1). A few
examples are given below.

Z(6) = SL(6) = 3, Z(14) = SL(14) = 7, Z(22) = SL(22) = 11.
It may be mentioned here that, if p(> 3) is a prime and k(> 1) is an integer such that 2k
divides (p? + 1), then by virtue of Lemma 1.3 and Lemma 1.1,

Z(kp?) = p* = SL(kp?).
Thus, for example, Z(5.3%) = SL(5.3%) = 32, Z(5.7%) = SL(5.7%) = 7%, Z(13.5%) = SL(13.5%) =
52.
Theorem 2.2. The Diophantine equation Z(n) 4+ SL(n) = n has the solution
n = 2Fp®,

where 2F and p® satisfy one of the two conditions (i) and (ii) of Lemma 1.4.
Proof. With n = 2¥p® by Lemma 1.1, SL(n) = max{2* p®}. Now, if the condition (i) of
Lemma 2.1 is satisfied, then p® > 2¥, while 2¥ > p® if the condition (ii) of Lemma 2.1 holds.

In either case, the given equation is satisfied.
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Smarandache-type arithmetic function, and is defined as the minimum integer m(> 1) such
that n divides m™. This paper derives some properties of Z,,(n). Some relationships involving
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function Z(n) have been established.
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§1. Introduction

The pseudo Smarandache square-free function, denoted by Z,,(n), is defined as the smallest

integer m(> 1) such that n divides m™ (see, Russo [1]). That is

Zy(n) = min m : n divides m™, n > 1.
An alternative definition, due to Smarandache [2] is that, Z,,(n) is the largest square-free integer
that divides n (that is, the square-free kernel of n). Recall that an integer N(> 0) is called
square free if for some prime p,p divides N but p? does not divide N.

Some of the properties of Z,,(n) have been studied by Russo [1], who also posed several
open problems, some of which were later addressed by Maohua [3], Guan [4] and Li [5]. Russo [1]
also provides a table of values of Z,,(n) for 1 < n < 100. The first few values of Z,(n) are
listed below.

Zw(1) = 1, Zu(2) = 2, Zo(3) = 3, Zuw(4) = 2, Zu(5) = 5, Zo,(6) = 6,

Zu(T) =T, Zo(8) = 2, Z0p(9) = 3, Zo,(10) = 10, Zy,(11) = 11, Z,,(12) = 6,

Zw(13) = 13, Zyy (14) = 14, Zy(15) = 15, Zu(16) = 2, Zu(17) = 17.

Since n divides n™ for any integer n(> 1), it follows that
Zyw(n) <nforalln>1. (1.1)
An explicit expression of Z,,(n) is given in the theorem below (see Russo [1] and Maohua [3]).

Theorem 1.1. Let n = p{'p3? - - - p&r be the (unique) representation of the integer n in terms
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of its r prime factors p1,pa, -+, pr(a1, a2, -+, a, being non-negative integers). Then,

Zw (n) =pip2 - Pr-
From Theorem 1.1, we see immediately that the range of the function Z,(n) is the set of all
square-free integers. Using Theorem 1.1, we may derive the following result.
Lemma 1.1. Z,,(n) is even if and only if n is even.
Proof. Note that, in Theorem 1.1, Z,,(n) is even if and only if one of the r prime factors is 2,
and in such a case, n is also even.

An immediate consequence of Lemma 1.1 is that the equation Z,(n + 1) = Z,,(n) has no
solution. Some of the properties of the function Z,(n) are given in the following corollary.
Corollary 1.1. The following properties hold :

(1) Zy(n)=p1p2...p, for some distinct primes py, pa, ..., p, if and only if n is of the form
n=p{ps? ... p? for some non-negative integers oy, ag, ..., Qy,

Zw(n) > 1foralln>1and Z,(n) =1if and only if n = 1,

0

Z’#(")SlforanynZL

Z(.) is multiplicative, that is, for any pair of positive integers n and m with (n,m) =1,
Zy(nm) = Zy,(n)Zy,(m),
(7) Zy(.) is not additive, that is, it is not true that
Zwn+m)=Zy,(n) + Z,(m) for any positive integers n and m.
Proof. See Russo [1].

Recall that an arithmetic function f(n) is called completely multiplicative if
f(nm) = f(n)f(m) for all integers n(> 1) and m(> 1).
The pseudo Smarandache square-free function Z,,(n) is one of the few Smarandache-type func-
tions that is multiplicative; however, note that Z,(n) is not completely multiplicative. For
example,
Zw (4) =2 7£ ZU)(2)ZU)(2)'
The Smarandache function, denoted by S(n), is defined as follows :
S(n) = min {m : n divides m!}.
The function S(n) has been studied to some extent by Ashbacher [6] and Sandor [7]. Some more
results may be found by Majumdar [8, 9], which also summarizes the significant contributions
of other researchers as well. For a recent review of the pseudo Smarandache function may be
found in Liu [10].
The pseudo Smarandache function Z(n), introduced by Kashihara [11], is defined as follows :
Z(n) = min {m : n divides %}
Some of the properties of the function Z(n) have been studied by Kashihara [11], Ibstedt [12],
Ashbacher [13] and Majumdar [8, 9]. A recent review of the pseudo Smarandache function may
be found in Liu [14].

This paper studies some interesting properties of the pseudo Smarandache Square-free
function Z,,(n). This is done in Section 3, where some relationships between the function Z,,(n)
and each of the functions S(n) and Z(n) are established. Some of the problems addressed here

were listed as open problems in Russo [1]. Some background materials are given in Section 2.
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We conclude the paper with some remarks and open problems in the final Section 4.

§2. Background Material

In this section, we give some background material that would be needed later. We start
with the lemma below, whose proof is simple and is omitted here.
Lemma 2.1. For any integer n > 1,

ged(n,n+1) =1,gcd(2n +1,2n+3) =1, ged(2n,2(n + 1)) = 2.
Lemma 2.2. For any integer k > 1, 3 divides 22F — 1.
Proof. The proof is by induction on k. The result is clearly true for £k = 1. So we assume that
the result is true for some k. Now, writing 22(5t1) — 1 as follows
22(k+1) 1 = 4(22F — 1) 4 3,

we see that 3 divides 22(F*1) — 1, so that the result is true for k + 1 as well.
Corollary 2.1. For any integer k > 1, 3 does not divides 22%+1 — 1.
Proof. Since 2281 — 1 = 2(22% — 1) 4 1, the result follows by virtue of Lemma 2.2.

The two lemmas below gives the forms of S(n) is some particular cases of n. The proofs

of the lemmas may be found in Majumdar [8].

Lemma 2.3. Let n = p{"p5? ... p? be the (unique) factorization of n in terms of its r primes
factors p1, pa,, ..., pr (Where a1, aq, ..., @, are non-negative integers). Then,

S(n) = maz{S(pi"), S(p3*), .-y S}

Corollary 2.2. S(p1,ps,...,pr) = maz{p1, p2, ..., pr} for any distinct primes p1,pa, ..., p,.
Lemma 2.4. For any prime p(> 2), S(p) = p, S(p?) = 2p, S(p?) = p? = S(pP™1).

The following lemma gives the expressions of Z(2p) and Z(3p) for some particular cases of
the prime p. For proof of the lemma, we refer the reader to Majumdar [8].
Lemma 2.5. The following results hold :
(1) Z(2p) = p for any prime p(> 3) such that 4 divides (p + 1),
(2) Z(3p) = p for any prime p(> 5) such that 3 divides (p + 1).

The two lemmas below, due to Majumdar [8], give explicit expressions of Z(2%),
Z(p")(p = 3), Z(3.22%), Z(5.2%), Z(5.24%+1) and Z(7.23%).
Lemma 2.6. For any integer k > 1,
(1) Z(2%) = 21 — 1, (2) Z(p*) = p* — 1 for any prime p > 3.
Lemma 2.7. For any integer k > 1,
(1) Z(3.22k) _ 22k+17 (2) Z(5.24k) — 24k+2,Z(5.24k+1) — 24k+2’ (3) Z(7.23k) — 3.93k+1

Given a multiplicative function f(n), we can form another multiplicative function using
the lemma below.
Lemma 2.8. Let f(n) be a multiplicative function. Let

Fn)= 3% f).
d divides n
Then, the function F'(n) is multiplicative.

Proof. See, for example, Gioia [15] or Hardy and Wright [16, Theorem 265].
Example 2.1. Given the multiplicative function Z,,(n), using Lemma 2.8 above, we can form

the following new multiplicative function G(n) :
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Gn)= > Zu(d).
d divides n
Thus, for example, since for any prime p(> 2) has just two divisors, namely, 1 and p, with

Zw(1) =1 and Z,,(p) = p, it follows that
G(p) = 1+ p for any prime p(> 2).
Similarly, to find G(pq), where p and ¢ are distinct primes, note that the only divisors of pq are
1,p,q and pq, so that
G(pq) =1+ p+ q+ pq for any two distinct primes p and q.
Again, since the only divisors of p* (where p(> 2) is a prime and k is any positive integer) are
1,p,p?, ..., p*, it follows that
G(p*) = 1 + kp for any prime p(> 2).
Thus, for example, G(1) = 1,G(2) = 3,G(3) = 4,G(4) = 5,G(5) = 6 and G(6) = 12. Note
that, as expected, G(2.3) =12 = G(2)G(3) = 3 x 4.

The main results of the paper are given in the next section.

§3. Main Results

This section gives some interesting properties satisfied by the function Z,,(n). By equation
(1.1), Z(2n) < 2n for any integer n > 1. However, we can prove the result below.
Lemma 3.1. If n(> 2) is an even integer, then Z,,(2n) < n.
Proof. Let

n=2%p"py* .. opRr
where p1,pa, ..., pr are r odd (distinct) prime factors of n. Then, by Theorem 1.1,
Zy(2n) = 2p1p2...pr < 1.
From the proof of Lemma 3.1, we see that
Zw(2n) < 2n for any odd integer n(> 3).

Another immediate consequence of Lemma 3.1 is the following.

with o > 1; a1, a9, ..., > 0,

Corollary 3.1. Z,(2(p—1)) < p—1 for any prime p > 3.
The following result is mentioned in Russo [1]. We give here a more general proof.

Lemma 3.2. k(> 1) being an integer, neither of the equations
Zw(n) Zw(n+1) —k

Zo(ntD) =k or Zw (1)

has a solution.
Proof. Since (n,n+ 1) =1, let

(e 2P es:]

n=p{'py’ ... prr,n+1= qf1q§2 qu,
where p1, pa, ..., Pr, 41, G2, -, G5 are (r+ s) number of distinct primes, and aq, as, ..., . > 0 (not

all of which are zero) and 1, Ba, ..., Bs > 0 (not all zero) are non-negative integers. Then,

Zw(n) _ pip2...pr
Zy(n+1) 419245’

which shows that the ratio on the R.H.S. cannot be an integer (since, for example, the prime ¢;

does not divide any of the r primes in the numerator). By similar reasoning, Zgz(:z:)l) cannot
be an integer.
Lemma 3.3. Each of the inequalities Zf"(”rgi)l) < 1 and Zf’“(”éi)l) > 1 is satisfied for an infinite

number of integers n.

Proof. Let n = 2° for & > 1. Then, Z,(n) = 2. Now, since any prime factor of n+1 is greater
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than or equal to 3, it follows that Z,(n + 1) > 3. Therefore, with this n,

Zw (1) 2
Zo(ntl) = ZuGoT0) <1 for any o > 1.

Next, let n+1 = 27 for 8 > 1. Then, Z,(n+1) = 2, Z,,(n) = Z,(2° — 1) > 3. Then, with this

n,

B_
Z?TEZ)U = Zw(2 U > 1 for any 8 > 1.

The first few terms of the sequence {m}a | are
272 22 2 2

3’ 57317733 65 1297 "
. Zw (2
and the first few leading terms of the sequence {1”(7}?21 are
3 7 15 31 21 127

2993 29 99 9 9 1t
Zw(n) oo
while the first few terms of the sequence { > cEsy oo =1 are
12325672 3 1011 6

2737225262 77273>10° 112 613> " *

Lemma 3.4. For any € > 0, however small, there is an integer n(> ) such that 2 (n)
Proof. Let n = 2* for some integer k(> 1). Then, ZwT(n) =% = 5. Therefore given real
number € > 0, choose k > _% + 1. With this n and k,
Zw (n) _
= 2k T <€

For example, if e = 0.001, then choose n = 2! so that Zuw (") = 2% < 0.001.
Lemma 3.5. |Z,(n+ 1) — Z,,(n)| is unbounded.
Proof. Let n be a prime of the form n = 4m + 3, m > 1, so that (by Corollary 1.1) Z,(n) =
4m + 3. Now, by Lemma 3.1, Z,,(n + 1) \/W Therefore,
| Zw(n+1)— Z,(n)| = Zy(n) — Zy(n+1) >4m+3 —/2(m+ 1),

which may be made arbitrarily large by the proper choice of m such that n = 4m + 3 is prime.
Lemma 3.6. The equation Z,,(mn) = m*Z,(n) has an infinite number of solutions.
Proof. Clearly, the equation is trivially satisfied when m = 1. So, we assume that m > 2. To
find a solution of the equation

Zy(mn) = mFZ,(n) (3.1)
we proceed as follows : Let ged(m,n) = 1, so that Z,,(mn) = Z,,(m)Z,(n). Then, the equation
(3.1) takes the form Z,,(m)Z,(n) = m*Z,(n), so that we must have Z, (m) = m*. Then, by
Theorem 1.1, k£ = 1; moreover, m must be square-free. Thus,

k =1, m is a square-free integer, n is any integer with ged(m,n) =1
is a solution of the equation (3.1). In particular, k = 1,m = 2,n = p (p > 3 being a prime) is
a solution of the equation (3.1), which shows that the equation possesses an infinite number of
solutions.
Lemma 3.7. None of the equations below has a solution :
(1) Zy(n).Zy(n+1) = Zy(n + 2),
(2) Zw(n) =Zy(n+1).Zy(n+2),
(3) Zy(n).Zy(n+1) = Zy(n+ 2).Zy(n + 3).
Proof. To prove part (1), we assume that the equation is satisfied for some n, and then we
would reach to a contradiction. Now, since ged(n + 1,n + 2) = 1, let
n+1=q¢"¢” ¢ n+2=r70 07,
so that the equation takes the form
Zy(N)q1q2-.-qs = T172...7¢,

and we arrive at a contradiction (since neither of the s primes g1, ga, ..., ¢s divides any of the ¢
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primes 71,72, ..., Tt).
To prove part (2), let the equation be satisfied for some n. Now, letting
n=ppst.pd, n+1=q"¢". ¢
the equation becomes
P1P2--Pr = q142.--Gs Zw(n + 2),
and we reach to a contradiction.
To prove part (3), let the equation be satisfied for some integer n. Then, letting
n4+1=q¢"¢” ¢ n+2=r0 07,
we get
Zw(n)q1q2...qs = 117214 Ly (n + 3).

Now, by Lemma 2.1, if n is odd, so also is n + 2 with (n,n + 2) = 1; on the other hand, if n is
even, so also is n + 2 with ged(n,n + 2) = 2. In either case, none of the ¢ primes ri,rg, ..., 1
divides Z,,(n), and we arrive at a contradiction.
Lemma 3.8. The equation [Z,(n)]* = kZ,,(kn) has an infinite number of solutions.
Proof. There is nothing to prove if k = 1. So, let k > 2. Now, we prove that ged(k,n) # 1.
For otherwise, the equation, after simplification (since Z,,(n) # 0), becomes

[(Zo(n))F~t = kZ, (k).
Since in the equation above, only square-free prime factors of the integers n and k appear, we
must have k = 2, so that

Zp(n) = 2Z,(2) = 4.
But there is no integer n satisfying the above condition. Hence, gcd(k,n) # 1.
Now, let p be a prime factor of k. Since Z,,(kn) is square-free, the prime factor of k appears on
the R.H.S. of the equation as (at most) second power. Thus, k£ < 2. With k& = 2, the equation
reads as

[Zw(n)]Q = 2Z,(2n),
where n must be even. Then, n cannot have any prime factor greater than 2. Letting n =
2% « > 1, it is easy to verify that the above equation is satisfied.
The proof above shows that, any (non-trivial) solution of the equation [Z,(n)]* = kZ,(kn)
must be of the form k£ =2,n = 2% a > 1 being an integer.

As has been mentioned in Russo [1], the equation Z,(n) = n has an infinite number of
solutions, namely, n = p, where p(> 2) is a prime. However, we have the following result.
Lemma 3.9. If £ > 2, then the following equation has no solution :

[Zw()]F + [Zw(n)]FL + ...+ Zy(n) = n.
Proof. If possible, let the equation have a solution of the form
n = pitpy*..ppr
for some integer k(> 2), where p1, pa, ..., p, are the distinct prime factors of n, and a1, aq, ..., a;
are all non-negative integers. Then, substituting in the equation, we get, after canceling out
the common factor p;ps...p, on both sides,
(P1p2---pr)* "+ (P1p2p) P72 4+ 1= pi T Ipge T pee
Then, we must have a; — 1 =0=as — 1 = ... = o, — 1. But then we have
(prp2--pr)F =1+ (P1p2--2)¥ 2 + o+ prpa..pr =0,
which is absurd.
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Since S(p) = p = Z,(p) for any prime p(> 2), it follows that the Diophantine equation
S(n) = Z,(n) has an infinite number of solutions. Russo [1] asks for composite n satisfying the
S(n) = Zy(n). The lemma below answers his question.

Lemma 3.10. Let n = 2p? where p(> 3) is a prime. Then, S(n) = Z,(n).
Proof. By Theorem 1.1, Z(n) = 2p. Now, by Lemma 2.3 and Lemma 2.4,

S(n) = maz{S(2),S(p?)} = S(p*) = 2p for all p > 3.
Hence, S(n) = Z,(n).

A more general solution to the equation S(n) = Z,,(n) has been given by Guan [4]. The
following five lemmas gives more relationships involving S(n) and Z,,(n). The first two lemmas
show that each of the inequalities Z,,(n) > S(n) and Z,(n) < S(n) is satisfied for an infinite
number of integers n.

Lemma 3.11. There is an infinite number of integers n satisfying the inequality Z,,(n) > S(n).
Proof. Let p and ¢ be two primes with g > p > 2. Then, using Corollary 2.2,

Zw(pa) = pg > q = S(pq).
Thus, with such p and g, n = pq satisfies the given inequality.

Note that, we can find other n satisfying the inequality Z,(n) > S(n). For example,
n = pqr also satisfies the inequality, where p, ¢ and r are distinct primes with r > ¢ > p > 2.
Lemma 3.12. There is an infinite number of n satisfying the inequality S(n) > Z,(n).
Proof. We have, using Lemma 2.4,

S(p?) =p* >p=Zu,(p").

Therefore, n = pP satisfies the given inequality.
Since S(pPTt) = p? > p = Z,(pPT1), we see that n = pP*! also satisfies the inequality S(n) >
Zw(n).
Lemma 3.13. There is an infinite number of integers n such that S(Z,(n)) = Z,(S(n)).
Proof. Let p and ¢ be two primes with ¢ > p > 2. Then,

S(Zw(pg)) = S(pa) = ¢, Zw(S(pa)) = Zw(a) = q,
so that S(Zw(pq)) = Zuw(S(pq)).
Lemma 3.14. The inequality Z,,(S(n)) > S(Z,(n)) is satisfied by an infinite number of n.
Proof. Let p(> 3) be any prime. Then, by Lemma 2.4,

Zw(S(p%)) = Z*(2p) = 2p, S(Zu(p®)) = S(p) = p.
Thus, with n = p? (p > 3 being a prime), the inequality Z,,(S(n)) > S(Z,(n)) is satisfied.
Lemma 3.15. The inequality Z,,(S(n)) < S(Z,(n)) is satisfied by an infinite number of n.
Proof. Let p and ¢ be two primes with ¢ > p(> 3) such that p> > 2¢. Then, by Lemma 2.3
and Lemma 2.4,

S(pPq*) = maz{S(p”), S(¢*)} = maz{p?,2q} = p?,
so that

Zu(S(0"4*)) = Zuw(p?) = p, S(Zuw(p"¢*)) = S(pg) = q.

Thus, with this n = pPq¢?, the inequality Z,,(S(n)) < S(Z,(n)) is satisfied.

It may be mentioned here that, given any prime p(> 3), there always exists another prime
q(> p) such that p? > 2¢. To see this, it is sufficient to consider the case when p and q = p + 2
are the twin primes. Now,
p? > 2(p + 2) if and only if p > 3.
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The following five lemmas involve the two functions Z(n) and Z,(n).
Lemma 3.16. The equation Z,,(n) = Z(n) has no solution.
Proof. If possible, let n = p{*p52...p%" be a solution of the given equation, where, without
any loss of generality the r prime factors of n satisfies the inequality p; < py < ... < p,., and
a1, Qa, ..., q, are non-negative integers. Then,

Z(n) = p1p2---Pr,

so that, by definition, pips...p, is the minimum integer such that n divides
Hence, we must have a; =1 = ay = ... = @, so that n has the form n = pi1ps...p,.. If p1 = 2,
then n = 2ps...p, cannot divide ps...p, (p1p2...pr+1). On the other hand, if all the prime factors

of n are odd, then n = p1ps...p, divides plm"'pT(pzlm“'pT_l) so that Z(n) < pips...p, — 1, and
we reach to a contradiction.
Though the equation Z,,(n) = Z(n) has no solution, the two lemmas below prove that each of
the inequalities Z,,(n) > Z(n) and Z,,(n) < Z(n) is satisfied by an infinite number of n.
Lemma 3.17. There is an infinite number of integers n satisfying Z,,(n) > Z(n).
Proof. Let p > 3 be a prime such that 4 divides (p + 1). Then, using Lemma 2.5,
Zw(2p) =2p >p=Z(2p).
Thus, with such p,n = 2p satisfies the given inequality.
Lemma 3.16 finds the integer n such that Z,(n) > Z(n). We can find more such n. For
example, let n = 3p, where p(> 5) is a prime such that 3 divides (p + 1). Then, using Lemma
2.5, we get
Zw(3p) = 3p >p = Z(3p).
Lemma 3.18. There is an infinite number of n satisfying the inequality Z(n) > Z,(n).
Proof. Using Lemma 2.6, we get
Z(2F) =281 —1>2=7,(2F) for any k > 1.
Let p(> 3) be a prime. Then, using Lemma 2.6, we get
Z(pF) =p* —1>p= Z,(p*) for any k > 2.

This provides a second example of n such that Z(n) > Z,,(n). Note that

Zu(2(2)) = Zu(3) =3 = 2(2) = Z(Zu(2)), Z0(Z(3)) = Zu(2) = 2 = Z(3) = Z(Zu(3))
The following lemma proves more.
Lemma 3.19. The equation Z,,(Z(n)) = Z(Z,(n)) has an infinite number of solution n.
Proof. Let p be an odd prime such that 4 divides (p + 1). Then, using Lemma 2.5,

Zuw(Z(2p)) = Zw(p) = p, Z(Zw(2p)) = Z(2p) = p,
so that for such p, Z,,(Z(2p)) = Z(Z,(2p)).
It is possible to construct other examples of n such that Z,,(Z(n)) = Z(Z,(n)). For example,
let p(> 5) be a prime such that 3 divides (p 4+ 1). Then, using Lemma 2.5,
Zw(Z(3p)) = Zuw(p) = p = Z(Zw(3p)) = Z(3p).
Lemma 3.20. There is an infinite number of integers n satisfying Z(Z,(n)) > Z,(Z(n)).
Proof. By Lemma 2.7, for any k > 1,
Z(Z,(3.2%%)) = Z(3.2) = 3, Z,,(Z(3.2%F)) = Z,,(2%+1) = 2.
Therefore, Z(Z,,(3.2%%)) > Z,,(Z(3.22F)) for all k > 1.
To find other n such that Z(Z,(n)) > Z,(Z(n)), note that, by Lemma 2.7, for any k > 1,
Z(Z,(5.2%%)) = Z(5.2) = 4, Z,,(Z(5.2*F)) = Z,,(2*++2) = 2,
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so that Z(Z,,(5.2%%)) > Z,(Z(5.2*)). Again, since

Z(Z,(5.2%41)) = Z(5.2) = 4, Z,,(Z(5.2%+1)) = Z,,(24+2) = 2,
we see that Z(Z,(5.2*11)) > Z,,(Z(5.2*)). Finally, since for any k > 1,

Z(Zy(7.23%)) = Z(7.2) = 7, Z,,(Z(7.2%F)) = Zw(3.23F+1) = 3.2,
it follows that Z(Z,(7.2%%)) > Z,,(Z(7.23F)).
Lemma 3.21. There is an infinite number of integers n such that Z(Z,(n)) < Z,(Z(n)).
Proof. By Lemma 2.6, k£ > 1,

Z(Z(2%F)) = Z(2) = 3, Z,(Z(2%%)) = Z,,(22FF1 —1).
But, by Corollary 2.1, any prime factor of 22#*! —1 is greater than 3, so that Z,,(22*1 —1) > 5
for all £ > 1. Thus,
Z(Zw(2%)) < Z,y(Z(22F)) for all k > 1.

84. Some Remarks

This paper gives some new results related to the pseudo Smarandache Square-free function
Zw(n). Tt addresses some open problems posed by Russo [1]. In several cases, we found multiple
solutions. For example, two examples are mentioned to illustrate that each of the inequalities
Zw(n) > S(n) and Z,(n) < S(n) has an infinite number of solutions. Thus, we may set the
following problems.

Problem 4.1. Find all values of n such that Z,(n)
Problem 4.2. Find all values of n such that Z,,(n)
Problem 4.3. Find all values of n such that S(Z,(n)) = Z,(S(n)).
Problem 4.4. Find all values of n such that S(Z,(n)) > Z,(S(n)).
Problem 4.5. Find all values of n such that S(Z,(n)) < Z,(S(n)).

(n).

>S5
< S(n).

Lemma 3.16 shows that the equation Z,,(n) = Z(n) has no solution; however, it has been
proved that each of the inequalities Z,,(n) > Z(n) and Z,(n) < Z(n) has an infinite number
of solutions, and in each case, two examples are given. This tempts us to pose the following
problems.

Problem 4.6. Find all values of n such that Z,(n) > Z(n).

Problem 4.7. Find all values of n such that Z,,(n) < Z(n).

Lemmas 3.19-3.21 involve the functions Z(Z,,(n)) and Z,,(Z(n)). Two examples are pro-
vided to demonstrate that Z(Z,,(n)) = Z,,(Z(n)), while in support of the inequality Z(Z,,(n)) >
Zw(Z(n)), four examples have been found. We thus reiterate the following problems.
Problem 4.8. Find all values of n such that Z(Z,,(n)) = Z,,(Z(n)).

Problem 4.9. Find all values of n such that Z(Z,,(n)) > Z,,(Z(n)).
Problem 4.10. Find all values of n such that Z(Z,,(n)) < Z,(Z(n)).

Russo [1] asks the following question.

Problem 4.11. For what values of k(> 2),m(> 2) and n(> 2) does the functional equation
[Zw()]F + [Zw()]EFE + o+ [Zw(n)]? + Ziw(n) = mn (4.1)
has a solution?

We find an answer to Problem 4.11, note that, when k = 1, the equation (4.1) becomes

Z(n) = mn, so that we must have m =1 (since, by (1.1), mn = Z(n) < n). So, let k > 2. We
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now find a partial answer to Problem 4.11 under the assumption that n is a square-free integer,
so that Z(n) = n. Then, the equation (4.1) takes the form

nk+nk71+...+n2+n:mn,
that is,

nFl g nk2 4 4n+1=m, (4.2)
which does not have a solution if m = 1,k > 2. Now, for any k > 2 fixed, the equation (4.2)

. . . . -1
has a solution for any square-free integer n(> 2) if and only if m = 7;

. Thus, for example,
when n = 2, the equation (4.1) has a solution only if m =28 — 1;k = 1,2, -

The following problem, posed by Russo [1], still remains open.
Open Problem 4.1. Solve the equation
Zw(n) + Zy(n+1) = Zy(n+2). (4.3)
Clearly, in the equation (4.3) above, all the three integers n,n + 1 and n + 2 cannot be square
free. Now, the L.H.S. is odd, and hence, Z(n + 2) is odd, so that n + 2 is also odd. Then, Z(n)
and n both are odd. Assuming that
n=piipstpen n 41 =220 gl n+ 2 = r]r (4.4)
we get
P1D2--Pr + 2q1G2...s = T172...T, (4.5)
where the three sets of primes, namely, {p1, pa,...,pr}, {q1, q2, -, ¢s} and {ry,ro,...,7;} are all
odd and distinct with
Yy )t = 28g0 7P+ 1 = pYrpyt . pl + 2. (4.6)
Russo [1] reports that, searching for 1 < n < 1000 such that Z,(n) satisfies (4.3), only six
solutions are found, which are as follows :
Zw(1)+ Zy(2) = Zw(3)7Zw(3) + Zw(4) = Z,(5),
Zow(15) + Zop(16) = Zu(17), Z(31) + Z(32) = Zy (33),
Z0(127) + Z,(128) = Z,,(129), Z,(255) + Z4(256) = Z,(257).
Note that, in all of the above six cases, n + 1 is of the form n + 1 = 2° for some integer 8 > 1.
Searching for 1 < n < 100, the solution of the inequality Z,,(n) > Z,(n+ 1) + Z,,(n + 2), the
following 8 instances have been observed :
Zw(T) > Zy(8) + Z(9), Zw(23) > Z,,(24) + Z,,(25),
Zw(26) > Z,,(27) + Z1(28), Zy (47) > Z,,(48) + Z,,(49),
7., (62) > Z,,(63) + Z,(64), Zyy(74) > Z,,(75) + Z,,(76),
Zw(79) > Z,,(80) + Z,,(81), Z,,(97) > Z,,(98) + Z,,(99).
Thus, we have the following problems.
Open Problem 4.2. Find all values n such that Z,,(n) > Z,(n+ 1) + Z,(n + 2).
Open Problem 4.3. Solve the inequality : Z,,(n) < Zy,(n+1) + Z,(n + 2).
In addition, we have the following open problem, posed by Russo [1].
Open Problem 4.4. Solve the equation
Zw(n) = Zu(n+1) + Zy(n +2). (4.7)
Russo [1] reports that, searching for 1 < n < 1000, no solution of the equation (4.7) has been
found. Note that the R.H.S. of (4.7) is odd, and hence, Z(n) (and n) is odd, so that Z(n + 2)
(and n + 2) is also odd. Assuming solution of the form (4.4), we get

P1DP2---Pr = 2G1G2...qs + T1T2...T¢, (4.8)
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where the primes p1, ps, ..., pr, q1, 92, ..., qs and r1, 79, ..., are all odd and distinct with
)t =280 g B+ 1 = ppSe . pr + 2.
Searching for 1 < n < 100, the solution of Z(n 4+ 1) — Zy(n) = Zy(n + 2) — Zy(n + 1), the

following 14 instances have been found :

2(2) = Zuo(1) = Zu(3) — Zu(2), Z(6) — Zu(5) = Zu(7) — Zu(6),
Z(14) — Z(13) = Zu(15) — Zu(14), Z(22) — Zu(21) = Zu(23) — Zu(22),
Z(30) — Zu(29) = Zu(31) — Zuy(30), Z(34) — Zuy(33) = Zu(35) — Zu(34),
Z(38) — Zu(37) = Zu(39) — Zu(38), Z(42) — Zu(41) = Zy,(43) — Z,,(42),
Z(58) — Zu(57) = Zu(59) — Zoy(58), Z(66) — Zy(65) = Zuy (67) — Z,(66),
Z(70) — Zup(69) = Zu(T1) — Zo(70), Z(78) — Z(T7) = Zu(79) — Zu(T8),
Z(86) — Zuy(85) = Zu(87) — Zu(86), Z(94) — Z4(93) = Zuy(95) — Zo(94).

We now pose the following problem.
Open Problem 4.5. Find all values n such that

Zn+1)—Zy,n)=Zy(n+2)— Zy(n+1). (4.9)
The equation (4.9) is satisfied if the integers n,n 4+ 1 and n + 2 are all square-free. Assuming a
solution of the form

n=pps..pr,n+1=qqa...qs,n+2 = r17r2...7%, (4.10)
we get
P1P2---Dr + r172..7¢ = 2q1G2-..Gs, (4.11)
where p1, D2, ..., Dr, G1, G2, ---, 4s, T1, 72, .., T+ are distinct primes with
q192---qs = p1p2--pr + 1, (4.12)
r1T...T¢ = q1¢2...qs + 1. (4.13)
Without any loss of generality, we may assume that
PL <P < .. <Priq1 < Qo < ... < Q5311 < T < oo < T (4.14)

Now, if ¢1¢2...gs is odd, then pips...p, is even (with p; = 2), so that, ¢1¢2...qs = 2ps...pr + 1.
But then from (4.13), ri7a...ry = 2pa...p, + 2 is even (with r; = 2), so that

2rars...ry = 2pops..pr + 2,
that is,

Tor3...Tt = P2ps...pr + 1,
and we arrive at a contradiction. Hence, q1¢s...qs must be even, say, q1¢2...qs = 2¢243...qs-
In the simplest case, Z,(n + 1) = 2¢q (¢ is a prime), and then Z,(n) = p = 2¢ — 1 and
Zw(n +2) = r = 2q+ 1 are twin primes. For example, corresponding to ¢ = 3, the solu-
tion p = 5,7 = 7 is obtained. Another possibility is that Z,(n + 1) = 2¢,Z,(n) = p =
2q — 1,Zy(n 4+ 2) = rirg = 2¢ + 1. Then, corresponding to ¢ = 7, we get the solution
(Zw(n), Zw(n + 1), Zy(n + 2)) = (13,14,15), while the solution corresponding to ¢ = 19
is (Zw(n), Zw(n + 1), Zy(n + 2)) = (37,38,39). The third possibility is that Z,(n + 1) =
2q, Zyw(n) = p1pa = 2¢ — 1, Z,(n +2) = r = 2g + 1. In this case, corresponding to ¢ = 11,
we get the solution (Z,,(n), Zy,(n + 1), Z,(n + 2)) = (21,22,23), and with ¢ = 29, the so-
lution (Zy(n), Zy(n + 1), Zy(n + 2)) = (57,58,59). Considering the fourth possibility that
Zwn+1) = 2q1q2, Zw(n) = p =212 — 1, Zy(n + 2) = 7 = 2q192 + 1, we get the solutions
(Zw(n), Zw(n+1), Zy(n+2)) = (29,30, 31) corresponding to p = 29, and the solution (41, 42,
43) corresponding to p = 41. The fifth possibility is that Z,(n + 1) = 2¢, Zy,(n) = p1p2 =

100



Vol.

17 A note on the pseudo Smarandache square-Free function 101

29 —1,Zy(n+2) = rirg = 2¢ + 1. Here, corresponding to ¢ = 17,43,47, we get respectively
the solutions (Z,(n), Zw(n + 1), Z,(n + 2)) = (33,34, 35), (85,86,87), (93,94, 95). The sixth
possibility is that Z,(n + 1) = 2¢1¢2, Zw(n) = p1p2 = 2q1g2 — 1, Zyy(n + 2) = r = 2q + 1.
Examples are the solutions (Z,,(n), Z,(n+1), Z,(n+2)) = (65,66, 67), (69, 70,71),(77,78,79),
corresponding to r = 67,71, 79 respectively.
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§1. Introduction

In 1966, K. Iséki [12] introduced BCK algebras as algebras connected to certain kinds of
logics. Hundred of papers and the books [16] and [10] were writen on BCK algebras. To solve
some problems on BCK algebras, in 1983, Y. Komori [13,14] introduced BCC algebras. These
algebras (also called BIKT-algebras) are an algebraic model of BIK*-logic and they have been
widely investigated in literature (see e.g. [2]— [5]). In 2001, G. Georgescu and A. Iorgules-
cu [6] defined pseudo-BCK algebras as a non-commutative extension of BCK-algebras. The
paper [6] contains basic properties of pseudo-BCK algebras and their connections with some
other algebras of logic. Y. B. Jun [11] obtained a characterization of pseudo-BCK algebras. A
symplified axiomatization of these algebras was given by A. Walendziak in [19]. A. Iorgulescu
defined and studied reversed BCK-algebras (cf. part I of [10]) and reversed pseudo-BCK alge-
bras (cf. part II of [10]), see also [9]. The monograph [15] (the habilitation thesis of J. Kiihr)
presents many of the most important results on pseudo-BCK algebras. In 2009, C. Prabpayak
and U. Leerawat [17] introduced KU-algebras. Later on, in 2017, A. Tampan [8] introduced
UP-algebras. Recently, D. A. Romano [18] defined pseudo-UP and pseudo-KU algebras as a
natural generalizations of UP-algebras and KU-algebras, respectively.

In this paper, we show that UP-algebras are the same as Komori’s BCC-algebras and that
KU-algebras are reversed BCK-algebras. Moreover, we prove that pseudo-KU algebras are in

fact reversed pseudo-BCK algebras.

§2. Results

We start with the following
Definition 2.1. ( [8]) An algebra (A, -,0) of type (2,0) is called a UP-algebra if it verifies
the following axioms:
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(UP-1) (y-2) ((z-y)-(z-2) =0,
(UP-2) 0-z=ux,
(UP-3) z-0=0,
(UP4) z-y=0=y-z=z=y.

We consider here the concept of BCC-algebra defined by Y. Komori as follows:

Definition 2.2. ( [13,14]) An algebra (A, —,1) of type (2,0) is called a BCC-algebra if it
verifies the following axioms:

(BCC-1) (y—=2)=(z—=y)—(x—2)=1,
(BCC-2) 1—z=ux,

(BCC-3) z—1=1,

(BCC4) z—y=l=y—saz=—x=y,
(BCC-5) z—az=1.

Remark 2.3. Note that in the papers [2]- [5] on BCC-algebras, the dual notation with -
and 0 is used.

Replacing ”-” by ”—” and ”0” by ”1” in (UP-1)-(UP-4), we obtain (BCC-1)-(BCC-4).
Observe that (BCC-5) follows from (BCC-1) and (BCC-2). Indeed, putting z = y = 1 in
(BCC-1), we get (1 — z) —» ((1 = 1) — (1 — 2)) = 1. Hence, by (BCC-2), we have z — z =1,
that is, (BCC-5) holds. Conversely, replacing ”—" by ”-” and ”1” by ”0” in (BCC-1)-(BCC-4),
we obtain (UP-1)—(UP-4). Then, we have the following

Theorem 2.4. An algebra is a UP-algebra if and only if it is a BCC-algebra.

The notion of KU-algebra was defined by C. Prabpayak and U. Leerawat as follows:

Definicja 2.5. ( [17]) An algebra (A, -,0) of type (2,0) is called a KU-algebra if it verifies
the following axioms: (UP-2)—(UP-4) and
(KU-1) (y-z)-((z-2)-(y-2)) =0.

Now, we recall the definition of a BCK-algebra.

Definicja 2.6. An algebra (A4,x*,0) of type (2,0) is called a BCK-algebra ( [12]) if it
verifies the following axioms:

(1) ((z5p)+ (25 2) * (@ y) =0,
(2) (zx(zxy))*y=0,

(3) z*xz =0,

4) zxy=0=yxoz =z =y,

(5) 0xx=0,

or, equivalently, ( [7]) verifies the axioms:

(BCK-1) ((zxy)*(zxz))* (zxy) =0,

(BCK-2) zx0=rz,

(BCK-3) 0xx2=0

(BCK4) zxy=0=yxzx=—x=y.

The reversed BCK-algebra is obtained by reversing the operation *, that is, by replacing
x xy by y — x for all z,y. We obtain the following definition:

Definicja 2.7. ( [10]) A reserved BCK-algebra is an algebra (A,—,0) of type (2,0)
verifying the following axioms:

(BOK-1') (5= 2)- (& = 2) > (y = 2)) =0,
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(BCK-2) 0—z==x
(BCK-3") z—0=0,
(BCK4) z—y=0=y—oz=—z=y.

Remark 2.8. R. A. Borzooei and S. Khosravi Shoar [1] defined and investigated dual
BCK-algebras. Note that these algebras are the same as reserved BCK-algebras.

Combining Definitions 2.5 and 2.7, we get

Theorem 2.9. A KU-algebra is in fact a reserved BCK-algebra.

D. A. Romano introduced the following notion:

Definicja 2.10. ( [18]) A pseudo-KU algebra is a structure (A, <,-,#,0), where < is a
binary relation on a set A, - and * are binary operation on A and 0 is an element of A, verifying
the following axioms:

(pKU-1) y-z<(z-2)x(y-2),yxx<(z*xz)-(y*2z),

(pKU-2) 0-2=0xz ==,

(PKU-3) z <0,

(PKUA4) (z<yandy<z)=z=y,

(pKU-5) z<y<=z-y=0<=zxy =0,

or, equivalently, it is an algebra (A4, -, *,0) of type (2,2,0) verifying the axioms:

( ) (ez)x((@-2)x(y-2) =0, (yxz) - (xx2)-(y*z)) =0,
( ) 0-z=0xz=uz,
(pKU-3) z-0=z%x0=0,
( ) zry=0=yrz=uz=y,
( z-y=0<xxy=0.
Now we recall the notion of pseudo-BCK algebra introduced by G. Georgescu and A.
Torgulescu as follows:
Definicja 2.11. ( [6]) A pseudo-BCK algebra is a structure A = (A, <, *,0,0), where < is

a binary relation on A, * and o are binary operations on A and 0 is an element of A, verifying

the axioms:

(A1) (zxp)o(s+2) <oy, (z0p)*(z00) <zoy,
(A-2) 0<ux,

(A-3) (z<y and y<z) = z =y,

(A4) z<yorxy=0<x0y=0,

(A5) wx(zoy) <y, zo(rry) <y,

(A-6) z <.

Lemma 2.12. (Theorem 1.6 (9) of [6]) A pseudo-BCK algebra satisfies
(A-7) zx0=x=200.

Proposition 2.13. A structure A = (A, <,%,0,0) is a pseudo-BCK algebra if and only if
it satisfies (A-1)—(A-4) and (A-T).

Proof. Let A satisfy (A-1)—(A-4) and (A-7). Putting y = 01in (A-1), we get (2*0)o(zxz) <
xx0and (z00)*(zox) <xo0. Applying (A-7), we obtain zo (z*xz) <z and z* (zoz) < z,
that is, (A-5) holds. To prove (A-6), we first put y = 0 in (A-5). Then = * (z 0 0) < 0. Hence,
using (A-7), we have z x x < 0. By (A-2), 0 < z * 2. From (A-3) we conclude that z x z = 0.
Applying (A-4), we see that x < x. Thus A satisfies (A-6).
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Conversely, let A be a pseudo-BCK algebra. By definition and Lemma 2.12, (A-1)—(A-4)
and (A-7) hold in A. O
According to the above proposition, we say that (A, %, 0,0) is a pseudo BCK-algebra if it
verifies
( ) ((zxy)o(zxz))o(zxy)=0,((zoy)x(z0z))*(xoy) =0,
( ) zx0=x=2x00,
(pBCK-3) 0xx=0=00uz,
( ) zxy=0=yox=z=y,
(pBCK-5) zxy=0<=zo0y=0.
The reversed pseudo-BCK algebra is obtained by reversing the operations % and o, i.e., by
replacing z xy by y — x and x oy by y ~ z, for all ,y (see [9] or [10]). We have
Definicja 2.14. A reversed pseudo-BCK algebra is an algebra (A, —, ~~,0) of type (2,2,0)
verifying the following the axioms:
(PBCK-1")  (y = @) ~ ((x = 2) ~ (y = 2))

0
(y~z) = ((z~2) = (y~2) =0,
(pBCK-2) 00— z=2=0~ z,
(pBCK-3") z—=0=0=z~ 0,
(pBCK4") z—=y=0=y~z=xz=y,
(

pBCK-5) z—>y=0<=z~y=0.
Combaining Definitions 2.10 and 2.14, we obtain
Theorem 2.15. A pseudo-KU algebra is in fact a reversed pseudo-BCK algebra.
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§1. Introduction

In mathematics and abstract algebra, group theory studies the algebraic structures known
as groups. The concept of a group is central to abstract algebra: other well-known algebraic
structures, such as rings, fields, and vector spaces, can all be seen as groups endowed with
additional operations and axioms. Groups recur throughout mathematics, and the methods of
group theory have influenced many parts of algebra. Linear algebraic groups and Lie groups are
two branches of group theory that have experienced advances and have become subject areas
in their own right. Various physical systems, such as crystals and the hydrogen atom, may be
modelled by symmetry groups. Thus group theory and the closely related representation theory
have many important applications in physics, chemistry, and materials science. Group theory
is also central to public key cryptography. In mathematics, a module is one of the fundamental
algebraic structures used in abstract algebra. A module over a ring is a generalization of the
notion of vector space over a field, wherein the corresponding scalars are the elements of an arbi-
trary given ring (with identity) and a multiplication (on the left and/or on the right) is defined
between elements of the ring and elements of the module. Thus, a module, like a vector space,
is an additive abelian group; a product is defined between elements of the ring and elements of
the module that is distributive over the addition operation of each parameter and is compatible
with the ring multiplication. Modules are very closely related to the representation theory of
groups. They are also one of the central notions of commutative algebra and homological al-
gebra, and are used widely in algebraic geometry and algebraic topology. A vector space (also
called a linear space) is a collection of objects called vectors, which may be added together and
multiplied ("scaled”) by numbers, called scalars. Scalars are often taken to be real numbers, but
there are also vector spaces with scalar multiplication by complex numbers, rational numbers,

or generally any field. The operations of vector addition and scalar multiplication must satisfy
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certain requirements. Euclidean vectors are an example of a vector space. In mathematics, giv-
en a group G, a G-module is an abelian group M on which G acts compatibly with the abelian
group structure on M. This widely applicable notion generalizes that of a representation of G.
Group (co)homology provides an important set of tools for studying general G-modules. The
term G-module is also used for the more general notion of an R-module on which G acts linearly
(i.e. as a group of R-module automorphisms). Representation theory (G-module theory) has
had its origin in the 20" century. In the 19*" century, groups were generally regarded as subsets
of some permutation set, or of the set GL(V') of automorphisms of a vector space V, closed
under composition and inverse. Only in the 20" century was the notion of an abstract group
formed, making it possible to make a distincton between properties of the abstract group and
properties of the particular realizatior as a subgroup of the permutation group or GL(V'). Most
of the problems in economics, engineering, medical science, environments etc. have various
uncertainties. We cannot successfully use classical methods to solve these uncertainties because
of various uncertainties typical for those problems. Hence some kinds of theories were given like
theory of fuzzy sets, i.e., which we can use as mathematical tools for dealing with uncertainties.
In 1965, Zadeh [33] introduced the concept of fuzzy subset as a generalization of the notion of
characteristic function in classicalset theory. Shery Fernadez introduced and studied the notion
of fuzzy G-modules in [4]. The triangular norm, T-norm, originated from the studies of proba-
bilistic metric spaces in which triangular inequalities were extended using the theory of T-norm.
Later, Hohle [6], Alsina et al. [2] introduced the T-norm and the S-norm into fuzzy set theory
and suggested that the T-norm be used for the intersection and union of fuzzy sets. Since then,
many other researchers have presented various types of T-norms for particular purposes [5,32].
In practice, Zadeh’s conventional T-norm, A and \/, have been used in almost every design for
fuzzy logic controllers and even in the modelling of other decision-making processes. However,
some theoretical and experimental studies seem to indicate that other types of T-norms may
work better in some situations, especially in the context of decisionmaking processes. The au-
thor by using norms, investigated some properties of fuzzy algebraic structures [10] - [29]. Here
in this paper, we introduced fuzzy G-submodules under t-norms and some related results like
intersection, sum and direct sum of them has also been discussed. Also some of their properties

has been investigated under G-module homomorphisms.

§2. Preliminaries

Throughout the paper, Q, R, C will always be rational, real and complex numbers, respec-
tively.
Definition 2.1. (See [8]) Let R be a ring. A commutative group (M, +) is called a left

R-module or a left module over R with respect to a mapping
o RXxM—>M

if forall ,s € Rand m,n € M,
(1) r.(m+n) =rm+rn,
(2) r.(s.m) = (rs).m,
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(3) (r+s).m =r.m+ s.m.

If R has an identity 1 and if 1.m = m for all m € M, then M is called a unitary or unital left
R-module.

A right R-module can be defined in a similar fashion.

Definition 2.2. (See [8]) Let M be an R-module and N be a nonempty subset of M.
Then N is called a submodule of M if N is a subgroup of M and for all » € R,a € N, we have
ra € N.

Definition 2.3. (See [3]) Let G be a finite group. A vector space M over a field K is
called a G-module if for every g € G and m € M, there exist a product ( called the action of G
on M ) m.g € M satisfyirlg the following axioms:

(1) m.lg =m,Vm € M ( 1g being the identity element in G),
(2) m.(g.h) = (m.g).h ,Ym e M : g,h € G and
(3) (k1my + kamo).g = ki(my.g9) + ka(ma.g) Vmy,me € M : g € G : ky, ke € K.

Example 2.1. Let G = {1,—1,i,—i} and M = C™ with n > 1. Then M is a vector spacc
over C and under the usual addition and multiplication of complex numbers, we can show that
M is a G-module.

Remark 2.1. The operation (m, g) — m.g defined above may be called a right-action of
G on M and M may be said to be a right G-module. In a similar way, we can define left-action
and left G-module. We shall consider all G-modules as left G-modules.

Definition 2.4. (See [3]) Let M be a G-module. A vector subspace N of M is a G-
submodule if N is also a G-module under the same action of G. Thus N is G-submodule of
G-module M if and only if NV is submodule of M and N be a G-module.

Example 2.2. Let Q be the field of rationals and G = {1,—1} and M = R. Then M is a
G-module over Q. Now for each r ¢ Q we get that N = Q(r) is a G-submodule of M.

Definition 2.5. (See [7]) Let M and N be G-modules. A mapping f: M — M is a
G-module homomorphism if
(1) f(kimi + kama) = k1 f(ma) + ka2 f (m2)

(2) f(gm) = gf(m)
for all my,mom € M and kq,ks € K and g € G.

Definition 2.6. (See [9]) Let X a non-empty sets. A fuzzy subset p of X is a function
w: X — [0,1]. Denote by [0,1]X, the set of all fuzzy subset of X.

Definition 2.7. (See [31]) A fuzzy set u of a non-empty set M is a mapping p : M — [0, 1].
For any o € [0,1], the set U(p, o) = {z € M : p(z) > a} and L(p,a) = {x € M : u(z) < a}
are, respectively, called the upper a-level cut and the lower a-level cut of .

Definition 2.8. (See [9]) Let f be a mapping from R-module M into R-module N.
Let p € [0,1]™ and v € [0,1]". Define f(u) € [0,1]Y and f~1(v) € [0,1]M as Vy € N,
f()(y) = sup{u(z) |z € M, f(z) = y} if f7(y) # 0 and f(p)(y) = 0 if f~(y) = 0. Also
Vo € M, f~1(0)(z) = v(f(2)).

Definition 2.9. (See [1]) A t-norm T is a function T : [0,1] x [0,1] — [0, 1] having the
following four properties:

(T1) T(x,1) = x (neutral element),
(T2) T(z,y) < T(z,z) if y < z (monotonicity),
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(T3) T'(z,y) = T(y,x) (commutativity),
(T4) T(x,T(y,2)) = T(T(x,y), z) (associativity),
for all z,y,z € [0,1].
We say that T be idempotent if T'(x,z) = « for all x € [0, 1].
It is clear that if 1 > a9 and y; > yo, then T(x1,y1) > T(x2,y2).
Example 2.3. (1) Standard intersection T-norm 7T, (x,y) = min{x, y}.
(2) Bounded sum 7T-norm Tj(z,y) = max{0,z +y — 1}.
(3) algebraic product T-norm T (z,y) = zy.
(4) Drastic T-norm
y ifx=1
Tp(z,y) = r ify=1

0 otherwise.

(5) Nilpotent minimum 7T-norm

min{z,y} ifx+y>1
TnM (SU, y) =
0 otherwise.

(6) Hamacher product T-norm

0 ifz=y=0
THo(xuy) =

Y otherwise.
T+y—xy

The drastic t-norm is the pointwise smallest {-norm and the minimum is the pointwise largest
t-norm: Tp(z,y) <T(z,y) < Tmin(z,y) for all z,y € [0,1].
Lemma 2.1. (See [1]) Let T be a t-norm. Then

T(T(I7 y)v T(wa Z)) = T(T(:L', U)), T(ya Z))a

for all z,y,w, z € [0,1].

Definition 2.10. (See [30]) The intersection of fuzzy subsets p; and g in a set X with
respect to a t-norm 7" we mean the fuzzy subset y = p; N pe in the set X such that for any
reX

w(@) = (p1 N p2)(x) =T (1 (x), po()).

§3. Main Results

Definition 3.1. Let G be a finite group and M be a G-module over K, which is a subfield
of C. Then a fuzzy G-module on M under t-norm T (T-fuzzy G-submodule of M) is a fuzzy
subset p : M — [0, 1] such that
(1) plaz +by) = T(u(x), u(y))

(2) ulgm) = p(m)

110



Vol. 17 T-fuzzy G-submodules 111

foralla,be K:z,ye M :m e M and g € G.
Denote by TFG(M), the set of all T-fuzzy G-submodules of M.

Example 3.1. Let G = {1,—1} and M = R* is a vector space over real field R. Then M
is a G-module over R. Define 1 : M — [0,1] by

1 ifx; =0,Vi
0.60 if atleast one x; =0

p(x) =

where x = (21, 9, 73, 24) € R* such that z; € R. If T be standard intersection t-norm 7'(a, b) =
T (a,b) = min{a, b} for all a,b € [0, 1], then p € TFG(M).

Example 3.2. Let F be a field, K be an extension field of F' and a € K. Let F(a) be the
field obtained by adjoining a to F as F(a) = {bg + bia + bea® + ...} with b; € F. If G = (a), be
the cyclic group generated by a, then M = F(a) will be G-module. Define p: M — [0, 1] by

1 ifx=0
u(x) = 0.5 ifzeF—{0}
025 ifz € Fla)— F.
Let T be bounded sum ¢-norm 7'(a,b) = Tp(a,b) = max{0,a + b — 1} for all a,b € [0, 1] then
e TFG(M).
Example 3.3. Consider the G-module M = C over the field R where G = {£1}
Define p: M — [0, 1] by

1 ifz=0
w(z) =14 0.65 ifz€ R~ {0}
045 ifze C—R.
Let T be algebraic product t-norm T'(z,y) = Tp(z,y) = zy for all z,y € [0,1] then p €
TFG(M).
Proposition 3.1. Let M be a G-module over K and p be a fuzzy set of M. If u € TFG(M)
and T be idempotent t-norm, then U(u, @) will be G-submodule of M.

Proof. If U(u,«) = ), then nothing to prove. Therefore, suppose that U(u,a) # 0, and
let z,y € U(p,a) and a,b € K. Then p(z) > o and p(y) > o« and as u € TFG(M) so
wlazx +by) > T(u(x), w(y)) > T(a,a) = « and then p(ax + by) > a so ax + by € U(p, «). Also
u(gx) > p(x) > a and then gz € U(p, ). Thus U(u, «) is G-submodule of M. O

Proposition 3.2. Let uy, us € TFG(M). Then (u1 N p2) € TFG(M).

Proof. Let x,y € M and a,b € K and g € G.
(1)

(11 N p2)(ax + by) = T (1 (ax + by), pa(az + by))
> T(T(pa(x), pa(y)), T (pa (), p2(y)))
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=T (T(pa (), p2(2)), T(pa(y), n2(y)))  (from Lemma 2.1)
= T((p O p2) (), (2 N0 p2)(y))-
(2)
(11 N p2)(g2) = T(pa(g), pa(ge)) = T(pa (), po(2)) = (1 N pa) ().
Thus (1 Npe) € TEG(M). O
Corollary 3.1. Let {y; |i € I, =1,2,...,n} CTFG(M). Then so is Nier,, fi-

Proposition 3.3. Let f: M — N be a G-module epimorphism. If 4 € TFG(M), then
f(n) € TEG(N).

Proof. Let y1,y2 € N and a,b € K.
(1)

f(p)(ayr + bya) = sup{p(azs + bxs) | x1,22 € M, f(az1) = ay1, f(bza) = bya}
= sup{p(az1 + br2) | 1,22 € M, af(x1) = ay1,bf(x2) = by2}
> sup{T'(u(21), p(x2)) | 21,32 € M, f(21) = 11, f(22) = 42}
= T(sup{u(z1) | f(z1) =y}, sup{p(z2) | f(22) = y2})
=T(f (1) (y1), f (1) (y2))-

(2) Let y € N and g € G.

() (gy) = sup{u(gz) | v € M, f(gx) = gy}

= sup{p(gz) | x € M,gf(x) = gy}
sup{p(z) | € M, f(z) = y}
f() ().

Therefore f(u) € TFG(N). O

v

Proposition 3.4. Let f: M — N be a G-module homomorphism. If v € TFG(N), then
f~Y(v) e TFG(M).

Proof. Let x1,22 € M and a,b € K. Then
(1)

W) (axy + bag) = v(f(azy + bxa))

(f(az1) + f(ba2))

(af(z1) +bf(22))

(w(f (1), v(f(z2))

(F W) (@), f7H () (2)).

AV ||
N 8§ X X
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(2) Let 2 € M and g € G. Then
F W) (gz) = v(f(gx) = v(gf(2)) > v(f(z)) = [~ (v)(2).
Hence f~1(v) € TFG(M). O
Definition 3.2. The sum of two i1, uy € TFG(M) is defined as follows:

(1 + p2)(x) = sup{T (11 (y), p2(2)) | v =y + 2 € M}.

Proposition 3.5. Let ui, puo € TFG(M). Then (11 + pe) € TFG(M).

Proof. (1) Let 1, x2,y1,Y2, 21,22 € M and a,b € K. Then
(1 + pz)(azy + bxz)

= sup{T' (1 (ay1 + byz), p2(azy + bza)) | axy + bxre = ayy + by + az; + bza}
= sup{T(T'(p1(y1), 11 (y2)), T(p2(21), p2(22))) | axy + bra = ayy + azy + by + bza}
= sup{T(T (1 (y1), p1(y2)), T(p2(21), p2(22))) | azy = ayy + azy, brg = bys + bza}
= sup{T(T (1 (1), w1 (y2)), T (p2(21), p2(22))) | 21 = y1 + 21,02 = Y2 + 22}

( from Lemma 2.1)
= sup{T(T(p1 (1), p2(21)), T (11 (y2), p2(22))) | 21 + 22 = 1 + 21 + Y2 + 22}
= T(sup{T (p1(y1), p2(21)) | 21 = y1 + 21) }, sup{T (11 (y2), p2(22)) | w2 = y2 + 22})

=T ((p1 + p2) (1), (1 + p2)(x2)).

(2) Let z,y,z € M and g € G.

(1 + p2)(gz) = sup{T (11(gy), p2(g2)) | gr = gy + gz}
sup{T (11 (y), p2(2)) |z =y + z}
(11 + p2)(x).

Y

Therefore (1 + p2) € TEFG(M). O

Proposition 3.6. Let M be a G-module and N be a subset of M. Let

1 ifzeN
pz) = .
a ifxé¢N

with a € [0,1). Then p € TFG(M) if and only if N is a G-submodule of M.
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Proof. Let p € TFG(M) and we prove that N is a submodule of M. Let z,y € N C M and
a,b € K. Now

plaz +by) 2 T(u(x), p(y)) =T(1,1) =1

so p(ax 4+ by) = 1 and then ax + by € N.

Also let g € G and then p(gx) > p(x) =1 so pu(gx) =1 and then gz € N.

Therefore N is a submodule of M and since N be a subset of M so N will be N is a G-submodule
of M.

Conversely, let N is a submodule of M and we prove that p € TFG(M). Suppose z,y € M
and a,b € K and we investigate the following conditions:

(1) If x,y € N, then

plaz +by) =1>1=T(1,1) =T (), u(y))-

(2) For any x € N and y ¢ N then az + by ¢ N and so

plaz +by) = o > 0="T(1,0) = T(u(x), u(y))-

(3) Let ¢ N and y € N then ax + by ¢ N and then

plaz +by) = a =2 0="T(0,1) = T(u(x), u(y)).

(4) Finally, if 2,y € N, ax + by ¢ N and so

plaz +by) = a > 0="T(0,0) = T(u(z), u(y)).

Therefore from (1)-(4) we have that

plaz +by) > T(pu(x), 1(y))-

Now let z € M and g € G. Then we have:

(1) If x € N then gz € N and then u(gz) =1 > p(z).

(2) If ¢ N, then gz ¢ N and so u(gz) =0 > 0= u(z).

Therefore from (1) and (2) we have that p(gx) > u(x).

Hence u € TFG(M). O

Proposition 3.7. Any n-dimensional G-module M has a T-fuzzy G-module p with | p |=
n+ 1 where | p | is called level cardinality of pu.

Proof. Let B = {mq,mg,...m,} hc the basis for M. Then p: M — [0, 1] with
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1 feg=cg=..=¢,=0
% ifcg #0,c0=c3=...=¢, =0
% ifeo £0,c3=...=¢, =0
i ifes #£0,c4=c5=...=¢, =0
plermy + coma + ... + cpmy) =
%4»1 ife, #0
then p € TFG(M) with | p|=n + 1. O

Example 3.4. Let G = {£1} and M = R* be G-module over field K = R. Let B =
{m1 = (1,0,0,0),ms = (0,1,0,0),m3 = (0,0,1,0), my = (0,0,0,1)} be the standard ordered
basis for M. Define y : M — [0,1] by

1 ifecg=c=c3=¢c4=0

% ifer #0,c0=c3=c4 =0
pleimy +cama + ..+ cumy) = L ifea £0,c3 =04 =0

i if c3 #£0,c4 =0

% if ¢y #0.

Let T be algebraic product t-norm T'(z,y) = T,(z,y) = zy for all z,y € [0,1] then p € TFG(M)
with | p |= 5.

Remark 3.1. The above construction can be extended to infinite dimensional G-modules
also.

Proposition 3.8. Let M be a G-module over K and M = @7, M;, where M; are G-
submodules of M. Define p : M = @, M; — [0,1] by u(m = >"m;) = AN{wi(mi) : i =
1,2,3,...,n} where A denote minimum [infimum]. If u; € TFG(M;), then u € TFG(M).

Proof. Let x = > "m; and y = 377 m; and a,b € K and g € G. Then
(1)

plaz +by) = p(ad mi+by_ my)
i J

= ,u(z am; + Z bm;)
i J

= /\{ui(ami +bm;):4,7=1,2,3,...,n}
> N {T(ui(mi,my) 1,5 =1,2,3,...,n} (Since p; € TFG(M;))
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= n(Y_ gmi)

?

= /\{ui(gmi) 1i=1,2,3,...,n}
> Afpi(mi) :i=1,2,3,...,n} (Since p; € TFG(M;))

= /\{ui(mi) :1=1,2,3,...,n}
= p(z).
Therefore p € TFG(M). O

Remark 3.2. In thc above proposition, if 44;(0) are all equal then we have p(0) = A{u:(0) :
i=1,2,3,...,n} = u;(0) for all .

Definition 3.3. The T-fuzzy G-module ;x on M = @], M;, in Proposition 3.8 with
1(0) = p;(0) for all i is called the direct sum of the T-fuzzy G-modules p;, and is denoted by
o= D -

Example 3.5. Let G = {£1} and M = C over R. Then M is a G-module. We have
M = M; & My, where M7 = R and My = iR. Let T be algebraic product t-norm T'(x,y) =
T,(z,y) = xy for all z,y € [0, 1]. Define p : M — [0, 1] as

1 ifz=y=0
watiy) =9 3 ifa#0,y=0
3 ify#0,
then p € TFG(M). Also define
J251 ZMl — [0,1] as
1 ifx=0
p(z) = .
5 ifz#0,
and
ta 2 My — [0,1] as
1 ify=0
py) =9 |
3 lfy#07

then p; € TFG(M;) and ps € TFG(Ms). Also we obtain that u = g @ us.
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