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Keywords Analytic function, parabolic starlike function, uniformly convex function, differential sub-
ordination, multiplier transformation.

2010 Mathematics Subject Classification 30C80, 30C45.

81. Introduction and preliminaries

Let A, denote the class of functions of the form

flz) =2+ Z arz®,  (peN;z€E)
k=p+1
which are analytic and p-valent in the open unit disk E = {z : |z| < 1}. Obviously, A; = A,
the class of all analytic functions f, normalized by the conditions f(0) = f'(0) — 1 = 0. Let the
functions f and g be analytic in E. We say that f is subordinate to g in E (written as f < g), if
there exists a Schwarz function ¢ in E (i.e. ¢ is regular in |z]| < 1,¢(0) = 0 and |¢(z)| < |z| < 1)
such that
f(2) = 9(6(2)), |2] < 1.

Let ® : C2 x E — C be an analytic function, p an analytic function in E with (p(2), zp’(2); 2) €
C? x E for all z € E and h be univalent in E. Then the function p is said to satisfy first order

differential subordination if
®(p(2), 2p'(2); 2) < h(2), ®(p(0),0;0) = h(0). (1)

A univalent function ¢ is called a dominant of the differential subordination (1) if p(0) = ¢(0)
and p < ¢ for all p satisfying (1). A dominant ¢ that satisfies § < ¢ for all dominants ¢ of (1),
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is said to be the best dominant of (1). The best dominant is unique up to a rotation of E.
A function f € A, is said to be p-valent starlike of order a(0 < a < p) in E if

R (i{;i?) >a,z € E.

Let S () denote the class of p-valent starlike functions of order a. Write S;(0) = S, the class
of p-valent starlike functions.

A function f € A, is said to be p-valent convex of order (0 < a < p) in E if it satisfies the

R (1 n ZJ{;;?) >a,z ek

Let the class of such functions be denoted by /C,(c). Let IC,(0) = K,, the class of p-valent

convex functions.

condition

A function f € A, is said to be p-valent parabolic starlike in E if
R (105 |20,
f(2) f(z)

Let S7, denote the class of p-valent parabolic starlike functions. Write S} = Sp, the class of

,2 € E.

parabolic starlike functions.
A function f € A, is said to be uniformly p-valent convex in E if

zf”(2)> 2f"(2)
R <1 + >

f'(2) f'(2)
and is denoted by UC'V,, the class of uniformly p-valent convex functions and Let UCV; = UCYV,

—-(p-1)

the class of uniformly convex functions.

For f € A,, we define the multiplier transformation I,(n, \) as
oo

k+ A

I,(n, A =2P —_—

SN =+ Y (2

n
) arz", where A > 0,n € Z.
k=p+1

Recently, Billing [2-6] and Singh et al. [15, 16] investigated the operator I,(n,A) and ob-
tained certain sufficient conditions for starlike and convex functions. Earlier, this operator
was studied by Aghalary et al. [1]. In 2003, Cho and Srivastava [8] and Cho and Kim
[7] investigated the operator Ij(m,)\), whereas Uralegaddi and Somanatha [17] studied the
operator I;(n,1). The operator I1(n,0) is the well-known Saldgean [14] derivative operator
D" f(2) :z+2k”akzk,n € Ng =NU{0} and f € A.
k=2
Let S,,(«) denote the class of functions f € A for which
(2t
Dr[f1(2)
In 1989, Owa, Shen and Obradovi¢ [12] studied this class and proved the following result.
Theorem 1.1. Forn € Ny. if f € A satisfies

‘D“WW@
Dr{f](z)

>>a,z€E,0<a<1.

- ~1

6‘% r<<1—a>1‘2‘3(1‘36”“2)/3“61&
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Later on, Li and Owa [9] extended this result by proving the following result.
Theorem 1.2. Forn € Ny, if f € A satisfies

for some a(0 < a <1/2) and f(0 < g < 1) then §R<

DR f](2)

Dr[f](2)

Y

N[

2

-1 ’
2P(1—a)ft7, I<a<l

| D" 7)(2) .

’B 1-—a)(2-a)f, 0<a<
D" [f](z)

for some a(0 < a < 1),8 >0 and v > 0 with B+ > 0, then f € Sp(a), n € Ny. Let
Sn(p, A\, @) denote the class of functions f € A, for which

L(n+ 1Y)[f)(2)
%( 1,(m VA (2)

In 2008, Billing et al. [15] investigated the above class and proved the following sufficient

>>a,z€]E,0§a<p.
p

condition for a multivalent function to be a member of this class.
Theorem 1.3. Let f € A, satisfy

v

L(n+1,N)[f1(2) Ip(n+2,N)[f1(2)
Ly(n, M[f1(2) I(n+1,M[f](2)

for some real numbers o, and v such that 0 < o < p, > 0,v > 0,8+~ > 0, then f €
Sn(p, A, ), where n € Ny and

-1

B
‘ <M(p7>\7057/677)’Z€E’

ozﬂy @ 1 B p
(1=5) (-5 +mhy) » 0sasy,

a7+6 1 B p
(1—;) (HW)’ 2<a<p.

For f € A,, we define a class S,,(p, A) consisting of functions which satisfy

5 (Ip(n + 1,/\)[f](z)> S |l + LA F](2)
Ip(n, A)[f](2) Ip(n, M[f](2)
where A > 0,n € Ny. Note that So(p,0) = Sp and Si(p,0) = UCYV,,. Define the parabolic

domain 2 as under
Q={u+iv:u>(u—p)?+v2}

o01=p+ 2 (s (157))

maps the unit disk E onto the domain 2. Hence the condition (2) is equivalent to

L(n+ 1L f](2)
Ip(n, M)[f1(2)

M(p?A7a7ﬁ77) =

_p7Z€E7 (2)

Clearly the function

=< q(2)

where ¢(z) is given above.
Ronning [13] and Ma and Minda [10] studied the domain Q and the above function ¢(z) in a
special case where p = 1. In the present paper, we obtain sufficient conditions for a function

f € A, to be a member of class S,(p,\). As consequences of our main result, we obtain
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sufficient conditions for parabolic starlikeness, starlikeness, uniform convexity and convexity of

multivalent/univalent analytic functions.

To prove our main results, we shall use the following lemma of Miller and Mocanu ( [11], p.132).
Lemma 1.1. Let q be a univalent in E and let 0 and ¢ be analytic in a domain D

containing q(E), with ¢(w) # 0, when w € q(E). Set Q(z) = z¢'(2)dlq(2)], h(z) = 0q(2)] + Q(2)

and suppose that either

(i) h is convez, or

(i) Q is starlike.

In addition, assume that

zh’(z)) .

i) R > 0 for all z in E.

iy (gt ) 05

If p is analytic in E, with p(0) = q(0), p(E) C D and

Olp(2)] + 2p'(2)¢lp(2)] < Ola(2)] + 24’ (2)¢la(2)], 2 € E,

then p(z) < q(z) and q is the best dominant.

§2. Main Result

In what follows, all the powers taken are principal ones.
Theorem 2.1. Let ¢(z) be a univalent function in B such that

(i) R {1 L2 (7 - 1) Zq/(z)} >0

q
q'(2)

B q(2)
(ii) R [1 + Zj,/;(z’j) + (g = 1) Z;];Z’? + (1 + g) (p+ )\)q(z)} > 0.

If f € A, satisfies

I(n+ L)\ (Lo +2,))[f)(2)) N ORA Y
Crmsme) (Eoryng) <o (0 535) o

then
Ip(n +1,M)[f](2)

Ip(n, N)[f](z)
where A\ > 0,n € Ny and 3,7 are complex numbers such that 5 # 0.

L(n+1,N)[f1(2)
Ly(n, M[f1(2)

(we) (u6e) + “”()f < (alo)" (a6:) + (q”())ﬁ

< q(2),z € E,

Proof. On writing = u(z), in (3), we obtain:

(p+MNu p+ N)g
. Z+1 M )3+ q(2)7 " '2q'(2)
(u(2)) TEY (q(2))7 ™" + TESY

Let us define the function 8 and ¢ as follows:
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and .
Therefore,
(e — 1) (2)

Q(2) = ¢(q(2))2q'(z) oY)

and N
11, 9(2)7 7 e (2)
h(z) = 0(q(2)) + Q(2) = (a(2))7 ™" + TSy
2Q'(2) 2"(z) (v \ =)

On differentiating, we obtain ) =1+ 700 + (5 1) ) d

70 1 e () s (1 5) e

h/
In view of the given conditions, we see that Q is starlike and # (ZQ ((Z))) > 0.
z

Therefore, the proof, now follows from Lemma 1.1.

Remark. Setting A =0 and p =1 in Theorem 2.1, we have the following result.
Theorem 2.2. If f € A satisfies

(A7) (i) <o (w382 e

then
D[ f](2)
Dr[f](z)

where n € Ny and 3,7 are complex numbers such that 5 # 0.

< q(2),z € E,

83. Applications

2 1+vz\\°
Remark 3.1.  When we select the dominant q(2) = 14+ — (log (1 f)) in Theorem
™ -z

2.1, a little calculation yields that

zww+(v])mv> 14z vz

q(2) q(2) - 2(1 — 2) (1—z)log(1+‘/5)

vz

B

1+

1VE <1+ﬁ)
T —z g —\/z
+(v 1> 2(1-2) 1z

b (e ()

q'(z) B q(2)
14z NE +(’y_> 7724(\1/_2z)10g<1t£)
5 () O )

ot
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+(1+;) (p+A) 1—&-:2(105;(11_@))2].

Thus for B,y € R such that 5> < 1 5 < 3, we notice that q(z) satisfies the condition (i) and (ii)
of Theorem 2.1. Therefore, we zmmedzately arrive at the following result.
Theorem 3.1. Let v and B be real numbers such that %3 < % < % If f € A, satisfies

(s (Rrids) <{e 5 (= (22) )

(1)

then f € S,(p, A), where A > 0,n € Ny.
Setting A = n = 0 in Theorem 3.1, we get the following result.

Corollary 3.1. Let v and (8 be real numbers such that => < g < s. If f € A, satisfies

<;f;:::;>”{;<1+Z;i';z>>}ﬁ<{H;<log<1fé>>2}”

B

,z €,

P 1+va\\2 z)log( ﬁ)
1+7T2<10g<1_\/§>) +p—|—£€<log(}f‘/f))2

R

then f € Sp.
Setting p = 1 in above corollary, we get:

Corollary 3.2. Let v and B be real numbers such that %3 < % < % If f € A satisfies

(Y (1020 1 2 (o (1))}
NG ) ?

1+
14 2 (g (LEVEY) | 705 =718\
2 & 1—4/z 1+
1+f(log( Z))
then f € Sp.

Setting A = 0,7 = 1 in Theorem 3.1, we obtain the following result
Corollary 3.3. Let v and 8 be real numbers such that == < < s. If f € A, satisfies

GO} G050 fﬁfé'z'f)) f-

e 2 ea(222)))

m

,2 €E,

§
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2 (1)) D) ]
TNV e (s (22))

,2 € E,

S

then f € UCV,.
Setting p = 1 in above corollary, we get:
Corollary 3.4. Let v and B be real numbers such that 773 < % < % If f € A satisfies

(14 OV (1 B2 12 (1 (1))

B

,z €,

I3

NE
2 1+4/2 2 7r2(1 z) 10g< \/;)
1+ — |log =z +
T i 1+ 5 (log ( f))
then f € UCYV.
1
Remark 3.2. When we select the dominant q(z) = 1+Z

N

i Theorem 2.1, a little

calculation yields that

w'() (v N 1tz (v ) 2
b +<‘1> @) _1—z+<ﬁ 1)1—z2

142005 (7 - 1) iGN <1+ ;) (p+ Na(z) = T_rz + (; - 1) 13722

¥ 1+2
1+ = A .
+< +ﬁ>(p+ )1_Z
Clearly, q(z) satisfies condition (i) and (ii) of Theorem 2.1 for v = =1 or v = 0. For
v =8 =1, Theorem 2.1 yields:
Theorem 3.2. If f € A, satisfies

I(n+2>\)[f]() 1+2)° 22
Ip(n, A)[f1(2) (1—2) (p+)\)(1_z)2,Z€E,

then
I(n+1 Mfl(z) 14z

L NE) 12

where A > 0,n € Ny.
Setting A = n = 0 in Theorem 3.2, we get the following result.
Corollary 3.5. If f € A, satisfies

L (1) < () e

then f € S,.

Setting p = 1 in above corollary, we get:
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Corollary 3.6. If f € A satisfies

SO (14 LOY (1) 2 e

then f € S*.
Setting A = 0,n = 1 in Theorem 3.2, we obtain the following result.
Corollary 3.7. If f € A, satisfies

32f"(2)  Z22f"(2) L2 (1—|—z)2 2pz

Yre TR 1—2) Ta-»

2,zE]E,

then f € K.
Setting p = 1 in above corollary, we get the following condition for convexity.
Corollary 3.8. If f € A satisfies

3zf"(z)  22f"(2) 1+2)\2 2z
1 E
TR TG \i-e) Tt
then f € K.
For v = 0, Theorem 2.1 reduces to:
Theorem 3.3. If f € A, satisfies
I 2 1 2
L2 V)G 1+ s em
L+ LAAG T—: GprN1-2)
then
L+ LG 14z
=< ,2 €E,
LG 1-z
where A > 0,n € Ny.
Setting A = n = 0 in Theorem 3.3, we get the following result.
Corollary 3.9. If f € A, satisfies
zf"(z)  p(l+z) 2z
1 E
L I R (e M
then f € S,.
Setting p = 1 in above corollary, we obtain the following result.
Corollary 3.10. If f € A satisfies
2f"(z)  1+z 2z
1 =< E
B E IS TR (s B
then f € S*.
Setting A = 0,n = 1 in Theorem 3.3, we get:
Corollary 3.11. If f € A, satisfies
22f"(2) + 22f"(2)  p(1+2) 2z
1 < ,z €E,
B R L I T (R i

then f € Kp.
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Setting p = 1 in above corollary, we have the following result.
Corollary 3.12. If f € A satisfies

22f"(2) + 22f"(2) 14z 2z

1+ f1(z)+ zf"(2) l—z—’_l—z’?7

z €E,

then f € K.

Remark 3.3. When we select the dominant q(z) = €* in Theorem 2.1, a little calculation

yields that
2" () (v_ )zq’(z)z vz
e T e T

2q"(2) ('y ) 2q'(2) ( 'y> vz y
1+ +(<-1 {1+ L) p+Nex) =1+ Z 4+ (14 <) (p+Nes.
7 37 e §) PN =145 5) 0+
Thus for 8,7 € R such that 0 < % < 1, we notice that q(z) satisfies the condition (i) and (ii)
of Theorem 2.1. Therefore, we immediately arrive at the following result.

Theorem 3.4. Let v and B be real numbers such that 0 < % < 1. If f € A, satisfies

(i) (s < (v 5) e

then
Ip(n + 1L, N)[f](2)

Ip(n, M[f1(2)

<e*,z€E,

where A > 0,n € Ny.
Setting A = n = 0 in Theorem 3.4, we get the following result.
Corollary 3.13. Let v and 8 be real numbers such that 0 < % < 1. If f € A, satisfies

Gra) {0 Z;<i§))}6 <o (e p)ﬁ,z €E,
then f € St

Setting p = 1 in above corollary, we obtain the following condition for starlikeness.
Corollary 3.14. Let v and 8 be real numbers such that 0 < % < 1. If f € A satisfies

<z]{(g>>v (1 + ij(i?)ﬁ (e +2) 2 CE,

IS

then f € S*.
Setting A = 0,7 = 1 in Theorem 3.4, we get:
Corollary 3.15. Let v and 8 be real numbers such that 0 < % < 1. If f € A, satisfies

(oo )] (L (o 2L o3 e

then f € Kp.
Setting p = 1 in above corollary, we get:
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Corollary 3.16. Let v and 8 be real numbers such that 0 < % < 1. If f € A satisfies

() (Y <

then f € K.
Remark 3.4. When we select the dominant q(z) =1+ az;0 < a < 1 in Theorem 2.1, a
little calculation yields that

1+Z¢@)+<7__>Zj@):1+<7_1> az

e 3 ) 3 1+az
B ()4 (e ()

+<1+Z>@+Axr+m)

Thus for B,y € R such that v = 0, we notice that q(z) satisfies the condition (i) and (ii) of
Theorem 2.1. Therefore, we immediately get the following result.
Theorem 3.5. If f € A, satisfies

Ip(n +2,M)[f](2) az
<l4+az+ ,2 € R,
L+ L) b+ N1 +a2)
then
I(n+1,N[f1(2)
<1+4az,z€E,
Ip(n, A)[f1(2)
where A > 0,n € Ny.
Setting A = n = 0 in Theorem 3.5, we get the following result.
Corollary 3.17. If f € A, satisfies
zf"(z) az
1 1 —_— E
+ 70 <p(l+az)+ a +az)’z ek,
then f € S,.
Setting p = 1 in above corollary, we obtain the following result.
Corollary 3.18. If f € A satisfies
z2f"(2) az
1 1 E
+ 702) <1+az+ 1+az,z€ ,
then f € S*.
Setting A = 0,7 = 1 in Theorem 3.5, we get:
Corollary 3.19. If f € A, satisfies
22f"(2) + 22" (2) az
1 < p(1 —_— E
PO PO eyt e R

then f € ICp.

Setting p = 1 in above corollary, we obtain the following result for convex functions.
Corollary 3.20. If f € A satisfies

22f"(2) + 22" (2) az

)+ 207 (2) -<1+az+1+az

,2 €E,

1+

then f € K.

10
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Abstract In this paper, the authors introduce a new type of connected spaces called pre
generalized b -connected spaces (briefly pgb-connected spaces) in topological spaces. The
notion of pre generalized b -compact spaces is also introduced (briefly pgb-compact spaces) in
topological spaces. Some characterizations and several properties concerning pgb-connected

spaces and pgb-compact spaces are obtained.
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§1. Introduction

Topological spaces are mathematical structures that allow the formal definitions of con-
cepts such as connectedness, compactness, interior and closure. In 1974, Das [4] defined the
concept of semi-connectedness in topology and investigated its properties. Compactness is one
of the most important, useful and fundamental concepts in topology. In 1981, Dorsett [6] in-
troduced and studied the concept of semi-compact spaces. In 1990, Ganster [7] defined and
investigated semi-Lindelof spaces. Since then, Hanna and Dorsett [10], Ganster and Mohammad
S. Sarsak [8] investigated the properties of semi-compact spaces. The notion of connectedness
and compactness are useful and fundamental notions of not only general topology but also of
other advanced branches of mathematics.

Ganster and Steiner [9] introduced and studied the properties of gh-closed sets in topologi-
cal spaces. Benchalli et al [2] introduced gb - compactness and gb - connectedness in topological
spaces. Dontchev and Ganster [5] analyzed sg - compact space. Later, Shibani [14] introduced
and analyzed rg - compactnes and rg - connectedness. Crossely et al [3] introduced semi -
closure. Vadivel et al [15] studied rga - interior and rga - closure sets in topological spaces.
The aim of this paper is to introduce the concept of pgb-connected and pgb-compactness in
topological spaces.



Vol. 13 On pgb - Connectedness and pgb - Compactness in Topological Spaces 13

§2. Preliminary Notes

Definition 2.1. A subset A of a topological space (X,T), is called pre open [11], if
A C int(cl(A)). The complement of pre open set is said to be pre closed set . The family
of all pre open sets (respectively pre closed sets) of (X,T) is denoted by PO(X,T)/[respectively
PCL(X,T)].

Definition 2.2. A subset A of a topological space (X,T), is called pre generalized b-
closed set [12] (briefly pgb-closed set) if bel(A) C U whenever A CU and U is pre open in X.
The complement of pgb-closed set is called pgb-open. The family of all pgb-open [respectively
pgb-closed] sets of (X, 7) is denoted by pgb — O(X, 1) [respectively pgb — CL(X,T)].

Definition 2.3. A subset A of a topological space (X,T) is called b-open set [1] if
A C cl(int(A)) Uint(cl(A)). The complement of b-open set is b-closed sets. The family of all
b-open sets (respectively b-closed sets) of (X, T) is denoted by bO(X, 1) (respectively bCL(X,T))

Definition 2.4. The pgb-closure of a set A, denoted by pgb—Cl(A) [15] is the intersection
of all pgb-closed sets containing A.

Definition 2.5. The pgb-interior of a set A, denoted by pgb — int(A) [13] is the union
of all pgb-open sets containing A.

83. pgb-Connectedness

In this section, we introduce pre generalized b - connected space and investigate some of
their properties.

Definition 3.1. A topological space X is said to be pgb-connected if X cannot be expressed
as a disjoint of two non - empty pgb-open sets in X. A subset of X is pgb-connected if it is
pgb-connected as a subspace.

Example 3.2. Let X = {a,b,c} and let 7 = {X, p,{a}}. It is pgb-connected.

Theorem 3.3. For a topological space X, the following are equivalent.

(i) X is pgb-connected.
(i) X and ¢ are the only subsets of X which are both pgb-open and pgb-closed.
(iii) Each pgb-continuous map of X into a discrete space Y with at least two points is constant

map.

Proof. (i) = (ii) : Suppose X is pgb - connected. Let S be a proper subset which is both
pgb - open and pgb - closed in X. Its complement X — S is also pgb - open and pgb - closed.
X =SU (X —9), a disjoint union of two non empty pgb - open sets which is contradicts (i).
Therefore S = ¢ or X.

(ii) = (i) : Suppose that X = AU B where A and B are disjoint non empty pgb - open subsets
of X. Then A is both pgb - open and pgb - closed. By assumption A = ¢ or X. Therefore X
is pgb - connected.

(ii) = (iii) : Let f : X — Y be a pgb - continuous map. X is covered by pgb - open and pgb
- closed covering {f’l(y) ty € Y}. By assumption f~!(y) = ¢ or X for each y € Y . If
f(y) = ¢ for all y € (Y) , then f fails to be a map. Then there exists only one point y € Y
such that f~1(y) # ¢ and hence f~!(y) = X. This shows that f is a constant map.
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(iii) = (ii) : Let S be both pgb - open and pgb - closed in X. Suppose S # . Let f: X =Y
be a pgb - continuous function defined by f(S) = {y} and f(X — S) = {w} for some distinct
points y and w in Y. By (iii) f is a constant function. Therefore S = X. O

Theorem 3.4. FEuvery pgb - connected space is connected.

Proof. Let X be pgb - connected. Suppose X is not connected. Then there exists a proper non
empty subset B of X which is both open and closed in X. Since every closed set is pgb - closed,
B is a proper non empty subset of X which is both pgb - open and pgb - closed in X. Using by
Theorem 3.3, X is not pgb - connected. This proves the theorem. O

The converse of the above theorem need not be true as shown in the following example.
Example 3.5. Let X = {a,b,c} and let 7 = {X, p,{a},{c},{a,c}}. X is connected but

not pgb - connected. Since {a},{b,c} are disjoint pgb - open sets and X = {a} U {b, c}.
Theorem 3.6. If f: X — Y is a pgb - continuous onto and X is pgb - connected, then

Y is connected.

Proof. Suppose that Y is not connected. Let Y = AU B where A and B are disjoint non -
empty open set in Y. Since f is pgb - continuous and onto, X = f~1(A)U f~1(B) where f~1(A)
and f~!(B) are disjoint non - empty pgb - open sets in X. This contradicts the fact that X is

pgb - connected. Hence Y is connected. O

Theorem 3.7. If f: X — Y is a pgb - irresolut and X is pgh - connected, then Y is pgb

- connected.

Proof. Suppose that Y is not pgb connected. Let Y = AU B where A and B are disjoint non
- empty pgb open set in Y. Since f is pgb - irresolut and onto, X = f~1(A) U f~(B) where
f71(A) and f~1(B) are disjoint non - empty pgb - open sets in X. This contradicts the fact
that X is pgb - connected. Hence Y is pgb - connected. O

Definition 3.8. A topological space X is said to be Ty, - space if every pgb - closed set
of X 1is closed subset of X.

Definition 3.9. Suppose that X is Tpq, - space then X is connected if and only if it is
pgb - connected.

Proof. Suppose that X is connected. Then X cannot be expressed as disjoint union of two non
- empty proper subsets of X. Suppose X is not a pgb - connected space. Let A and B be any
two pgb - open subsets of X such that X = AU B, where ANB =@ and A C X, B C X. Since
X is Tpgp - space and A, B are pgb - open. A, B are open subsets of X, which contradicts that
X is connected. Therefore X is pgb - connected.

Conversely, every open set is pgb - open. Therefore every pgb - connected space is connected. O

Theorem 3.10. If the pgb - open sets C' and D form a separation of X and if Y is pgb

- connected subspace of X, then Y lies entirely within C' or D.
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Proof. Since C' and D are both pgb - open in X, the sets CNY and D NY are pgb - open in
Y. These two sets are disjoint and their union is Y. If they were both non - empty, they would

constitute a separation of Y. Therefore, one of them is empty. Hence Y must lie entirely C' or
D. O

Theorem 3.11. Let A be a pgb - connected subspace of X. If A C B C pgb — cl(A) then

B is also pgb - connected.

Proof. Let A be pgb - connected and let A C B C pgb — cl(A). Suppose that B = C cupD is
a separation of B by pgb - open sets. By using Theorem 3.10, A must lie entirely in C' or D.
Suppose that A C C, then pgb — cl(A) C pgb — cl(B). Since pgb — ¢l(C) and D are disjoint,
B cannot intersect D. This contradicts the fact that C' is non empty subset of B. So D = ¢
which implies B is pgb - connected. O

Theorem 3.12. A contra pgb - continuous image of an pgb - connected space is connect-
ed.

Proof. Let f: X — Y is a contra pgb - continuous function from pgb - connected space X on
to a space Y. Assume that Y is disconnected. Then Y = AU B, where A and B are non empty
clopen sets in Y with ANB = ¢. Since f is contra pgb - continous, we have f~1(A) and f~*(B)
are non empty pgb - open sets in X with f~1(A)U f~3(B) = f"Y(AUB) = f~}(Y) = X and
YA N f~YB) = f~Y (AN B) = f~}(¢) = . This shows that X is not pgb - connected,
which is a contradiction. This proves the theorem. O

84. pgb - Compactness

Definition 4.1. A collection {Aa T € A} of pgb -open sets in a topological space X is
called a pgb - open cover of a subset B of X if B C | {Aa o€ A} holds.

Definition 4.2. A topological space X is pgb - compact if every pgb - open cover of X
has a finite sub - cover.

Definition 4.3. A subset B of a topological space X is said to be pgb - compact relative to
X, if for every collection {Aa o€ A} of pgb - open subsets of X such that B C | {Aa o€ A}
there exists a finite subset Ag of A such that B C |J {Aa o€ AO},

Definition 4.4. A subset B of a topological space X is said to be pgb - compact if B is
pgb - compact as a subspace of X.

Theorem 4.5. FEvery pgb - closed subset of pgh - compact space is pgb - compact relative
to X.

Proof. Let A be pgb - closed subset of a pgb - compact space X. Then A€ is pgb - open in X.
Let M = {Ga o€ A} be a cover of A by pgb - open sets in X. Then M* = M U A€ is a
pgb - open cover of X. Since X is pgb - compact, M* is reducible to a finite sub cover of X,
say X = Ga1 UGaa UGa3 U ... UGagm U AS, Gor € M. But A and A€ are disjoint. Hence
AC Gy UGaa UGa3 U ... UGam Gar € M, this implies that any pgb open cover M of A
contains a finite sub - cover. Therefore A is gb - compact relative to X. That is, every pgb -

closed subset of a pgb - compact space X is pgb - compact. O
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Definition 4.6. A function f : X — Y is said to be pgb - continuous if f=*(V) is pgb -
closed in X for every closed set V of Y.

Theorem 4.7. A pgb - continuous image of a pgb - compact space is compact.

Proof. Let f : X — Y be a pgb - continuous map from a pgb - compact space X onto a
topological space Y. Let {A, : & € A} be an open cover of Y. Then {f7(4;) :i € A} isa
pgb - open cover of X. Since X is pgb - compact, it has a finite sub - cover say {fﬁl(Al), fL
i € AM(A),...,f"Y(An)}. Since f is onto {A1, As,..., An} is a cover of Y, which is finite.
Therefore Y is compact. O

Definition 4.8. A function f : X — Y is said to be pgb - irresolute if f~1(V') is pgb -
closed in X for every pgb - closed set V of Y.

Theorem 4.9. Ifa map f: X — Y is pgb - irresolute and a subset B of X is pgb -
compact relative to X, then the image f(B) is pgb - compact relative to 'Y .

Proof. Let{A, : @ € A} be any collection of pgb - open subsets of Y such that f(B) C |J{4q :
o €A} C. Then B C J{f '(A4s) : @ € A}. Since by hypothesis B is pgb - compact relative
to X, there exists a finite subset Ag € A such that B C |J{f '(Aa) : @ € Ag}. Therefore we
have f(B)UJ C {(A4a) : @ € Ao}, it shows that f(B) is pgb - compact relative to Y. O

Theorem 4.10. A space X is pgb - compact if and only if each family of pgb - closed

subsets of X with the finite intersection property has a non - empty intersection.

Proof. Given a collection A of subsets of X, let C = {X — A: A € A} be the collection of their
complements. Then the following statements hold.

(a) A is a collection of pgb - open sets if and only if C is a collection of pgb - closed sets.

(b) The collection A covers X if and only if the intersection [ . C of all the elements of C' is
empty.

(¢) The finite sub collection {A;, As,... Ay} of A covers X if and only if the intersection of the
corresponding elements C; = X — A; of C' is empty. The statement (a) is trivial, while the (b)
and (c) follow from De Morgan’s law.

X — (Uaes Aa) = Naes (X = Ay). The proof of the theorem now proceeds in two steps,
taking contra positive of the theorem and then the complement.

The statement X is pgb - compact is equivalent to : Given any collection A of pgb - open
subsets of X, if A covers X, then some finite sub collection of A covers X. This statement is
equivalent to its contra positive, which is the following.

Given any collection A of pgb - open sets, if no finite sub - collection of A of covers X, then
A does not cover X. Let C be as earlier, the collection equivalent to the following:

Given any collection C of pgb - closed sets, if every finite intersection of elements of C' is
not - empty, then the intersection of all the elements of C' is non - empty. This is just the

condition of our theorem. O

Definition 4.11. A space X is said to be pgb - Lindelof space if every cover of X by pgb

- open sets contains a countable sub cover.
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Theorem 4.12. Let f : X = Y be a pgb - continuous surjection and X be
pgb - Lindelof, then Y is Lindelof Space.

Proof. Let f : X — Y be a pgb - continuous surjection and X be pgb - Lindelof. Let {V,}
be an open cover for Y. Then {f~!(V,)} is a cover of X by pgb - open sets. Since X is pgb
- Lindelof, {f~1(V,)} contains a countable sub cover, namely {f~!(Van)}. Then {V,,} is a
countable subcover for Y. Thus Y is Lindelof space. O

Theorem 4.13. Let f: X — Y be a pgb - irresolute surjection and X be pgb - Lindelof,
then Y is pgb - Lindelof Space.

Proof. Let f: X — Y be a pgb - irresolute surjection and X be pgb - Lindelof. Let {V,} be an
open cover for Y. Then {f~1(V,)} is a cover of X by pgb - open sets. Since X is pgb - Lindelof,
{f~Y(V4)} contains a countable sub cover, namely {f~*(V,,)}. Then {V,,} is a countable
subcover for Y. Thus Y is pgb - Lindelof space. O

Theorem 4.14. If f : X — Y is a pgb - open function and Y is pgb -Lindelof space,
then X is Lindelof space.

Proof. Let {V,} be an open cover for X. Then {f(Va)} is a cover of Y by
pgb - open sets. Since Y is pgb Lindelof, {f(V,)} contains a countable sub cover, namely
{f(Van)}. Then {V,,} is a countable sub cover for X. Thus X is Lindelof space. O
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Abstract In this paper, we state integral representation of the partial sum L, (z,a) =

> (n+a)" of the Hurwitz Zeta function ¢(—u, a) and proof. Use the partial sum formula
0<u<lz
of integral representation to get three results, improve and generalize results of Srivastava

and Choi on the asymptotic formula for the sum of the v—th derivative of ¥: 3 ™) (k).
k<z

Second give an asymptotic expansion for ¢’ (—m, a). Third give the formula of double gamma
function of Barnes.
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§1.Introduction and Proposition

In paper [1], many authors give many integral formulas of some Series by Zeta Partial
Summation ion, In paper [2], Professor S.Kanemitsu exhibit the importance and usefulness of

the Partial Summation formula by applying it to the sum.

L, (z,a) = Z (n+a)"

0<u<z

In a Similar setting which appeared in the pursuit of the divisor problem [2] . In pa-
per [3], professor Li give the formula %Lu (z,a) and many beautiful formulas. In book [6]
we gave the formula dd—;zLu (z,a). In this paper, we state integral representation of the par-

tial sum L, (z,a) = 5. (n+ a)“of the Hurwitz Zeta function ((—u,a), by use L, (z,a) =
0<u<lz
> (n+a)", we give three importent results.
0<u<zx

We use the following notation.
Notation s = o + it — the complex variable.
I'(s)= 0+°° e~ 't*~1dt —the gamma function (o > 0),
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P (s) = %’ (s) = (logT (s))'~ the digamma function,
Both of which are meromorphically continued to the whole complex plane with simple poles

at non-positive integers;

((s,a) = +zo:o m— Hurwitz Zeta function, o > 1, a > 0 the power taking the principal
value. "

¢ (s) = ((s,1) —the Riemann Zeta function, both of which are continued meromorphically
over the complex plane with a simple pole at s =1 .

B () the generalized Bernoulli polynomial of degree r in x, defined through the gener-

ating function

o “+oo
(ez—i1> et =y %B,«Q) (x) 2™ (|z| < 27) satisfying the addition formula
r=0

—+o0
,
B @y =3 | | B @B W) @

r=0

(3], Formula (24),p.61) with the properties B = B{*) (0) , BY (x) = B, (z),B") = B,,
where B, (z) and B, = B, (0) are the r— th Bernoulli polynomial and the r— th Bernonlli
number defined by (1) with o = 1.

B, (z) = B, ({z}) the r—th periodic Bernonulli polynomial.

Propsitionl. Let L, (z,a) = Y. (n+a)".
0<u<z
Then, for any | € N with [ > Reu + 1,Rea > 0 we have

! T
Lu (.73, Cl) = Z T r (U + 1) (—1) E(x) (.73 + a)u_r_t,_l

+oo l
* r! F(u+1—r)/_ Bl(t)(t+a)U7dt (2)
u+1
+ u+1(x+a) +C(~u,a), u# —1
log (z + a) — ¥ (a), v —1

Also the asymptotic formula

L, (Z’,a) = Z (_r]'-) . ﬁ . E(x) (:L’ + a)ufrJrl +0 (xReufl)

u+1
N U+1(x+a)++§(—u,a), u#—1 )

log (z +a)—v(a), u=—1

hods true as * — +o0o. On the other hand, formula (2) with = 0 yields the integral

representation
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l 2
1 -1 U
¢(~u,a) =a" — ¥t — g 7( ) Bpat !

Which is true for all u # 1,and [ can be any natural number satisfying [ > Rewu + 1; the
integral being absolutely convergent in the region Reu < [ — 1, where it is analytic except at
u = —1.

Corollary 1. For any | € N with | < Reu+ 1, a > 0 we have

d3 u 3
%Lu (z,a) = (n+a)“log” (z + a)
osne
!
+ 2f" (u,r)loga+3f (u,r) f' (u,r) + f" (u,7)}

(=)' T(ut1) [+
I T(ut1-10)

+ f (u, 1) log (z + a) + f" (u, 1)} dt

+ Bi() (@ +a)" " {[f (w, 1) +log (2 +a)]* + 3 (u, 1) f (u,)

+ u+1 3 + u+1 6 + u+1
7@ " —i)l log® (z + a) — (ZL +a1))2 log? (z + a) + (EUu +a1))3 log (z + a)
+ 6(1‘ + a)qul "
- - C (—'LL, a’) u # 1
(u+1)*
THog! (7 + a) + 73 (a) u=1
(5)

@)f(ur)=dw+1)=¢u+2-r)f(u,l)=¢w+1) =¥ u+1-1),

Loos 14 T Bi(t) 3 4
vs3 (a) = %log a— Zlog a— 0 Gta)? (log® (t + a) — 3log™ (t +a)) dt

For proof of propsitionl and corollaryl, we give some lemmas
Lemma 14, Suppose that f is of the Class C” in the closed interval [a,b] (a < b).then

/f

_?Hl/l%®fm& ()

b) [ (b) = By (a) [~ (a))

a<n<b
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Lemma 2!, For any complex u and a > 0

d—zLu(x,a): Z (n +a)"log® (n+ a)

du
o<nLx
l T
F(U+ 1) (71) u—r+1
= BT‘
;I‘(u—i—Q—r) 7!l (@) (z+a)

{@+1) =g (u+2-0)+log(@+a)’
+ ¢ (u+1) =9 (u+2-1)}

0 T(a too
+ ul) F{u(+~;i)r)/gc Bi(t) (t+a)"

{w@+1) - v @+1-1+log(@+a)
+ ¢ (u+1) =9 (u+1-10)}dt

(@+a)"™ 2z +a)""
Wlog (r+a)— Wlog (x+a)
u+1
' 2<fu1a1)>3 +¢" (-u,0) ut -l @
%10%3 (z +a) + 72 (a) u=-1

Now we prove the propsitionl
Since the r—th derivative of f (t) = (t +a)" is

r . u u—r __ F(u+1) u—r
ro={ Je-nere T = i s+ (8)
We derive from (6) that
w\ [y wmtg, N~ Dtl) (-1
Ly (z,a) = (=)' ) B, (1) (t+a) ldt—gr(u127r) B, (z)a !
LT+l (<) w1 (D" D41y [T .
+Z:1F(u+2—r) o B (z) (z+a)" " 4 I F(u+1—l)/w B (t)(t+a)" " "dt
1 u+1 1 u+1
BT B et e R S (9)
log (z 4+ a) — loga, u=—1

For any natural number [ > $(u) + 1.

Now we note that the last integral is in (9) clearly O (z%(*)=!) by the mean value theorem
for partial integration. Thus, taking the limit as @ — +oo the case when R (u) < —I, we
conclude that the constant term on the right-hand side of (9) must coincide with the left-hand

side.
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lim L, (z,a) = ((—u,a)

Tr—r00
That is, (4) follows.
Then, by analytic continuation; (4) can be show n to hold true for all u € C\ {-1}.
At the same time, this gives a generic definition of ¢ (—u, a);

N ! ,
Fu+1) (—1) _
u u+1 u—r+1
¢(— ua)#gr;((;)(n—i—a) N+ ;F . (N +a) >(10)
Where [ € N satisfies [ > R(u) + 1

On the other hand, for v = —1. Formula (9) implies that the constant term is

1 B >0
1 ro—r a —l—i
loga + 50 E T +/O By(t)(t +a)~"'dt

r=2
Which must be equal to

N
Jim_ <Z (n+a)~" —log (N + a)) ,

n=0

Which we denote by y(a) = vo(a).

Upon replacing the constant term by ¢ (—u,a) in ( 9) gives (2), which then entails (3)
on replacing the integral by the above estimate O (mm(“)_l). This completes the proof of
Propsitionl.

Now we give the proof Corollary 1.

From lemma2 (7)

When u # —1. Let

l r
= Z I ( j—;i T) (77"1!) B, (z) (x+a)" "

{W)(qul)fw(u+27l)+log(a:+a)]2+1//(u+1)f¢'(u+271)}

+oo
/ E(t)(tJra)“*l{[w(u+1)fz/;(quQfl)+log(:c+a)]2+z//(u+1)71//(u+1—l)}dt

wra” {log (z + a)}* — A+t {log (z + a)}* + Az +a)™

Ms(u) = w1 (u+ 1)2 (u+ 1)3

+¢" (—u,a)
So & Lu (2, a) = My (u) + Ms(u) + Ms(u).
We give derivation

3

g L (@) = M (u) + Mj(u) + M (u)
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When u # —1.
% (F(Fu(i;i)r)> = F(Fu(j-;i)r) (W(u+1) = (u+2—7)}
d F(’U,—Fl) F(u+1)
d“<T(u4r1—1)> TTrl-D) Wpu+1) = u+1-10)}

Let f(u,7) =9 (u+1)—¢(u+2—r),fu,l)=v¢p(u+1)—¢(ut+1-1)

w—rg1 T (u + 1)
Pu+2-7)

{( (w7 +1og (2 + @) + 2f (w, ) loga+ 37 (w,r) f (u,r) + 1" (w,7) |

l r
- Z (;1!) B, () (z + a)u—r+1m {[f (u,7) +log (z + a)]® + 2f' (u,r) loga

+3f(w, ) f (u,r) + f7(u, )}
(-1)" T(u+1)
I T(ut1-1)

+o0
[ B®era {7 wd +log(e+ ) +37 (D £ (wd) + f (wDlog (o +a) + 7 (w)} o

M’g(u) =

)u+1 3($ + a)u-i-l 6(1’ + a)u-‘rl

M'3(u) = (:Ic;r%log3 (x+a)— (ot 1)2 log? (z + a) + W log (v + a)
u+1
— 6((Jf’u‘:_a1))4 ¢ (—u, a)

We now complete the proof Corollary 1.

§2. Application of Proposition 1

In [3 p.13-24], many professors gave special values of 1(z) and the polygammma (™ (2),

the formula (66) of [3 p.24] gave 3 v/(2), in this paper, by proposition 1, we give > ¥())(k).
k=1 k<

Theoreml. For n € N, v, z € R, we have

1 o AN
mxl C(v)+U<Bl(x)+2>x L u£0,1
>_ v (k) = (=)l § alogz — o —((0) - (Bl(l“) + ;) logz, v=0
k<z
Stoga -1+ (Bil) + 5 ) o v =1

l r o
+(D””%v+r2ﬂ§:rbih)<r_2l>B§Nhﬁ+lﬁ:”T+1+O@3“ml) (11)

T

Where we recall from notion, the definition of B* (x):

BP(z+1)= i: (;) B, (1) By,

k=0
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For prove theorem 1, we give lemmas3.

Lamma 3®. we have

_ 1\ — 1 < . r+1 _ _
Bi(x) + 5 ) Br(x) = (=)t Bk Bi(@) + Bra(r)  (12)
2 r+1 P k
Now we prove theoreml.
In formula (54 ) of [3 p.22]
© (z4+m @) ( 13
P )= Z:: GrEo) (13)

whence that

> (k) v'Z pers ¢ (14)

k<Lz

summing (14) over k < x, we obtain

Z ,ll)(v) (k) U' Z (Z nv—H kv1+1> + ’@/JU(].)[LC}
k<Lz k<x \n=1

= [y Y L @) et )l

v n<k<Le
After changing the order of summation. Since . Y. 1= [z] —n+ 1.,we see that the firist

n<k<Le
term reduces to (—1)Yv! ([x]L_,_1 (z) — L_,, (z)), Taking into account that [3 p.22]

WY (1) = { (~1)"Hol¢ (v 1), v #£0

-y, v=20
We can get
S0 (k) = (—1)°0! (@)L y1 () = Loo(a) - St lal, v #0 (15)
k<z y[z], v=0

Use [z] =z — (Bi(x) + 3), we apply (8) to obtain
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No. 1

1
— V(1 +v)z + ﬁmﬂ’“, v#0,1
U —

+(=1)"! x(logx+7) —x—¢(0), v=0
x(—x_l +¢(2) —logz—7), v=1
— 1 1
Bi(z)+ ) (—+C1+v)), v#0
+(_1)v+1 | ( i) < v )
(Bl(ac) + 2) (logx+7), v =10
— 1
Cl4+v)z+ (Bi(z)+5 ), v#0
o (uo+3)

10 (xRe(—U)—l)

Where the first and the second terms combine to yield

L= [ —v—1\_
rpury & <r2 )Bru)x“*l,

While the third term may be written as

L= [ —v—1 _ o
(_DU“!Z( 7«1) <r—2 ><31 (33)-1—;) By (z)x™" 7!

Hence we transform (16) into

(16)

1, 1 /= 1\ _
- - v _ B - v 01
o e L (Bl + 5o v £0,
— 1
> (k) = (=1)F ! —wlogw+7+€(0)+(31(w)+> logz, v =0
k<Lz 2
_ 1\
+logx+~v+1— Bl(m)—’_i x ,v=1

e S () (e e

T

1 1
—a' T+ ((1+v) eV v #£0,1
—v v—1

+(=1)%! (logsv—i—w)—av—C(O)7 v=20

x ¢(2) logxf'y),vzl
1 1
§ (—U+C(1+v))7v7é0

v+1 '
1
+2 (logz+7v), v=0
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= 1
(L+v)e+ (Bi(z)+5 ), v#0
—(—1)”’[}! < 2)

— 1
YT + (Bl(x) + 2) v, v =

+0 (ame0) o)

Applying Lemma 3, we may transform the penultimate term further. Since the third factor

—v—r+1 is

1 n = r—k [T 3 o 1 s T _
r(r+1) (Br(x) + Z (=1) (k) Br—kBk(x)> ST e+ . (k) By (1) Bi(),

k=0 k=

of x

T

By (1) Bl+? (x+y) = ];::O (;) B,‘g‘(x)Bf_k(y), equal to — r+1 B2 ({z} + 1),

we conclude that the penultimate term in (17) is

r—2

Uk ALy gy g |
(-1)%!2( D ( >Bf({:c}+1)m_”_r+1

Substiting this in (3 #) completes the proof.

83. Application of Corollary 1

In [2].[6].[7]and [8] gave many fomulas related hurwitz zeta function and ¢’ (—m, a),"” (—m, a),
we use this formulas give """ (—m, a).

Theorem 2. For m € NU {0}, Rea > 0 and m + 2 <1 € N. We have

¢" (=m,a)
3 3 m+1 3 m+1 5 m—+1 6am+1
= —qa’log”a + log°a — ——log“a — ———< loga — —
& +18 (m+1)* s (m+1)* 8 (m+1)*
l T T—l 3
(-1) m! a1 1 loga
B, m—r+ S | —2
+; T mr -y ;m+k4+1+°g“ Z (m+k—r+1)>
r—1 r—1 1 r—1
- k 1 k 12+Z k 1 )
ki=1ko=1 (m+ky—r+1)(m+k —r+ i (m+k—r+ )
! T
(-1t m! 1/+°° 1 1
+ a™ B (t) 7+loga -3
I (m—=10) 0 ;mﬂf—l klzmzl (m+ky—r+1)(m+k —r—+1)°
l
— 5 loga + dt
,;(mw & Z (m+k—1) )

In for proof of theorem 2 we give lemma 4.
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Lemmad4. For m € NU{0}, Rea > 0 and m +2 <! € N. We have

1 1
!
-m,a) = ——a IOgCL—

1 l r—1 ) r—m—9 1
4+ — Z Br (71)] . am7r+1
m+1 ) pard j =7

Now we give proof of theorem 2.

From [3]

Y+ -9 ()= (#0)

We any easily deduce that

(2v) ) (v) S 1
) (z4+m) =" (z) =(-1) V!];(z+k 1)”+1
So
r—1 1
f(u7r)=w(u+1)—¢(U+2—r)=;u+k4+1
r—1
f(u,l)fw(u+1)fw(u+1fl)*2ﬁ
k=1
r—1
) - 1
filwr) = (utk—r+1)
r—1 1
fh==2
r—1 1 r—1 1

fu,r) =2 —)Q,f (u,l)szZlm

(18)

(19)
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Let 2 =0, B, (z) = By, u # —1

Z (n+ a)"log (z 4 a) = a*log’a

0<n<lx
(1) I'(u+1) — 1 ’ loga
= B, a“mr —— tloga| -2y —>———
; 7! F(u+2-71) <kz_:1u+k—r+1 & Z (u+k—r+1)°
r—1 r—1 1 r—1
_3 + - -
klzlkgzl (Wtky—r+1) (utk —r+1)° kz:l +k:—r+1) }

3
(D' Tu+1) o [T S IR 1
T T /0 Bi(®) <;u+kl+bga> 3ZZ(u+k2_Z)(u+kl_l)2

ki=1ko=1
l l
1 1
—Z&+ S S O
(u+k—l) :1(u+k—l)

ut1 3qutl Gautl 6aut!
+ 2 loga— LZMgQa + aig loga — a74 — (" (~u,a)
u+1 (u+1) (u+1) (u+1)
When v — m
Fu+1) m! Fu+1)  m!
FT'u+2—-7r) (m+1-r)!" T(w+l1-1) (m-1)!
Then
¢" (=m,a)
m+1 3 m—+1 6 m—+1 6 m—+1
= —a®log’a + log’a — “721%2@ - aig loga — a74
+1 (m+1) (m+1) (m+1)
1 r r—1 3
(-1) m) _— 1 loga
+ B, am T —— +loga | —2
Tz:; d (m+1—r)! ;m—&-k—l—!—l 8 Zm+k—r+1)

r—1

) _
—3 2+Z >
1 ket (m4+ke—r+1)(m+k —r+1) Pt m+/<:—r+1)

l l l

+ (_l)lim! a™ ! /+OOB(t) 271 +loga | —3 Z Z 1
I (mfl)' 0 : m+k—1 s m+k2—r+ )(m+/€1—r+1)2

k=1 k=1 ko=1
—Z loga—kz mtk—1) )dt

We now complete the proof of theorem 2.

(m+k—

In [3, p.94-96] some proofers gave some formulas of double Gamma function, in this term
we give noe formula theorem 3.
Theorem3. With I';(a)(= G(a)~!) denoting the double gamma (or the G—) function of

Barnes, we have for a,b > 0

/000 Bi(t)log iigdt = —log 52((2)) + (1 —a)logI'(a)+ (b—1)logI'(b)

+ (a210ga—b210gb) — i (a2 —b2) —%(aloga—blogb)

1
2
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Proof of theorem: in [9 (1.3)] for Reu < 0, u # —1, we have

1 1 1
1 _ u+11 _ m+1 _ ~ ul
¢ (—uya) 7u+1a oga 7(u+1)2a 50" loga
—/ (1 +ulog(t +a))B; (t)(t +a)* *dt (21)
0

By Abels continuity theorem for infinite integrals, take the limit as u — 1 of the difference
¢'(—u,a) — ¢'(—u,b), we can get

¢'(-1,a) — '(-1,b) = = (a*loga — b*logb) — i (a® — %)

-3 (aloga — blogb) —/ Bi(t)log
0

—_ N

t+a
t+b

dt (22)
formula (33) 0f [10 p.94]
Iy(a) = A{T(a)}' " exp {—112 + C'(—l,a)} (a>0)

A is indicates the Glaisher-Kinkelin constant [3 p94] formula [38]
Form (3.2)we get

(~1,a) - % — Ty(a)log A + (a — 1) log I'(a)
So

FQ (a)
La(b)

¢'(=1,a) = ¢'(—1,b) = log +(a—1)logT'(a) — (b—1)logI'(b) (23)

From (22) and (23), we can get Theorem 3.
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§1. Introduction and preliminaries

Let

oo
f(81752) = Z Am,n e(>\m$1+ltns2) ) (sj =0j + it]ﬁ ] = 1a2) (1)

m,n=1

be a Dirichlet series of two complex variables s; and sy where a,,’s € C and sequence of

exponents \,,’s, p,'s € R satisfy

D<A < A<...< )\, —>00asm— o0

and O0<p; <po<...<py —00asn— oo.

along with
1
lim sup log(m + n) =0 (2)
m,n— oo )\m + n
and N
1 m.n AmA nA
limsupog [@m.n| + Lt 2 =0 (3)
m,n— oo Am + un

where A; > 0, A > 0 denote maximal abscissa of convergence. Here we take logt z = 0 if

x < 1and log™ z = logx if # > 1. The series (1) converges in the domain

d = {(0’1+it1,0’2—|—it2) E(C220'1 <A1,O’2 <A2,—oo<t1,t2 <OO}.
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If D1 and Dy are two positive numbers such that

1 m,n
108 [@m.n| — —D; as m — oc. (4)
Am + fn
and .
108 || — —Dy as n — oo. (5)
>\7n + Hn
Then take D = min(D1, Ds)
1 m,n
lim sup M =-D (6)

Suppose the series given by (1) converges absolutely in the left half plane 01,02 < D then the

series is called Dirichlet series analytic in half plane. Observe that xp includes all functions f

represented by (1) satisfying (2), (3), and (6). In the given paper we will write x instead of xp.
It

51552 E am,n (A €1+/Ln92)

m,n=1

aIld g S1, 32 E b e(>‘7n31+ﬂns2)

m,n=1

then the binary operations in x are defined as follows

o0
Fs1,82) +9(s1,82) = D (G + byn,) €Ot Hens2)
m,n=1
o0
g'f(sla 82) = Z (£~am,n) e()\mSI—HMISZ)
m,n=1

It is also clear that x defines a linear space over C.
The norm in y is defined as
o0

1= 3" amale@ T2 for every 01,05 < D. (7)

m,n=1

Let x be the topology generated by the family of norms {||f|| ; o1,02 < D}. Then from [1]
X is complete, metrizable and locally convex and this topology is equivalent to the topology

generated by invariant metric e, where

o0

1 \f—gouk, ool
b) = 9k : : 8
e(f.9) kz::lzk L+ [If = gions ool Y

where

0<O‘j71 <O’j72<...<0'j7k—>Dj ask—>oo,j:1,2.

It can be easily verified that the topology induced by e on x is the same as induced by the
sequence {||...,05kll, i =1,2; k=1,2...}.

33
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Daoud in his papers [1] worked on entire Dirichlet series of two variables having finite order
point. Kamthan in [3] considered different classes of entire functions represented by Dirichlet
series in several variables and proved results on continuous linear functionals.

In [2] bornological properties for the space of entire Dirichlet series in several complex
variables have been discussed. So far many researchers have worked on Dirichlet series which
can be seen in [4] - [5]. The aim of the present work is to project various new aspects for the

Dirichlet series in two variables.

§2. Definitions

Following definitions are required to prove the main results. For the definitions of terms
used refer [6] - [7].

A sequence {d,, ,} C X will be linearly independent if Z Afmn}dimmny = 0 implies
m,n=1
afm,ny = 0 for all m,n > 1, that is for all sequences {a, } of complex numbers for which

Z A fm,n}d{m n} CONverges in x.
m,n=1

The sequence {d,, »} C x spans a subspace xo of x, if xo consists of all linear combinations
oo oo

Z a{m,n}d{m’n}, such that Z a{m)n}d{mm} converges in x.
m,n=1 m,n=1
A sequence {d, } C x which is linearly independent and spans a closed subspace x¢ of x, will

be a base in xo. If {e;,n} C x such that e, ,(s) = el@1Am +o21n) then clearly {emn} is a base
in .

A sequence {d,,»} C x will be a proper base if it is a base and it satisfies the condition
o0

that for all sequences {a,,,} of complex numbers Z Qp,ndm,n converges in x if and only if

m,n=1
)

E Qm n€m,n CONVeErges in x.
m,n=1

83. Main Results

Theorem 2.1. With respect to the usual addition and multiplication defined x becomes

a FK-space.

Proof. In order to prove this theorem we need to show that y is complete under the norm
defined in (7). Let {f,} be any cauchy sequence in y where

o0
fp(‘917 82) — § a“'SrI:,)n e()\'rnsl"l'ﬂnb?)
m,n=1

Then for a given € > 0 we can find a constant M such that
Ifp = foll<e ¥V pg=M

34
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that is
o0
Z |a(p) - agg?n| elatAm T o2tn) ¢ Y p g > M.
m,n=1

This shows that {a&ﬁ?n} forms a cauchy sequence for all values of m,n > 1. Hence

pl;n;oa(p) = Gm,n ¥V m,n > 1.

Letting ¢ — o0,

oo
3 102, — g A ) < p > M.

m,n=1
Thus f, — f as p = oo.
o0
Now we need to show that f = Z Um,n €mn € X-

m,n=1

We can choose o; such that D < o; + €, i = 1,2. Keeping p fixed we have
] < =PIty > Ay

Then

|G| < |a(p) — G| + |a(p)

= |am n‘ < ce—(F1Am +o2pn) + =D+ Am~+pn)
Hence for all m,n > My = max(M, M) we have

IOg |am n| < _

lim su

(o)
Thus f = Z Qm,nem,n € X and this completes the proof. O

m,n=1

Theorem 2.2. (i) A continuous linear functional ¥ on x(o1,02) is of the form

|dim.n]
=Y o f= Y “mn%n’f‘md(’my’f{mmm

m,n=1 m,n=1
is bounded for all m,n > 1.

(i) A continuous linear functional ¥ on x(o1,02) is of the form
o oo

B |  ldm,
Z dm,n Amn 5 f - Z Gm,nCm,n Zf and Only Zf{e(o'l)\m-'ro'zun)

m,n=1 m,n=1
is bounded for some 01,00 < D.

Proof. Let 1) be continuous linear functional on (s, 0,). Then ¥(f) = Z Aon O, [ =

m,n=1

Z @ n €m,n Where dp, , = ¥(en,. ). Hence there exists a constant .S such that

m,n=1

[N < Slfll(o1.02) forall f e x.

35
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Take f=enmn = elo1Am +to2in) ¢ this implies that

|dmn] < S elo1Am +o21m) for m,n > 1.

Conversely, let f be defined as before and consider ¢(f) = Z A Gm.n, Where

m,n=1

dm n . . .
{M} is bounded and hence ¥(f) does exist. Since
e\T1Am T 02/n

%S 0o
‘ Z am,ndm,n| < Z |am,ndm,n|
m,n=1 m,n=1
e}
< S Z |amn|e(01>\m+azun)
m,n=1
< +o00.

Thus % is a continuous linear functional on (4, +,). This proves the first part of theorem and
the proof of second part follows from the part (7). O

Theorem 2.3. A necessary and sufficient condition that there exists a continuous linear

transformation ¢ : x — x with Y(emn) = Qmn, m,n = 1,2,... is that for each 01,00 < D

i log ||am,n||(01,02)
im sup

m,n — oo /\m + Hn

< D.

Proof. Let there exist a continuous linear transformation ¢ from x into x with
¢(em,n) =0mn , M, = 1,2,...

Then for a given o; there exists a 0,1 such that (o7, 0'l1 < D) and 0/2 corresponding to o such
that (09,05 < D)

[(emmliionay < Pllemnllyr gy = Pe@dn oz

This implies
10g Hw(em,n)H(Ol,U’z) < 1OgP (Ul)‘m + UQ,U/n)
s +
Am + Hn Am + Hn Am + Hn

I log ||am,n||(61,d2)
im sup

m,n — 0o Am + Hn

<01 <D

or

log [|am,n

|(0170'2) <oy <D

lim su

Conversely let the given condition hold.

o0
Let f = Z Am,n €m,n € X. Then there exists a € > 0 such that

m,n=1

10g ||t | (or,02)

< D —€ for all > M ,n >N
JW—— e for all m > Mj(e),n > Ni(e)

36
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ltm,nll(o1,00) < eP=IAm 1) for all m > My(e),n > Nyi(e).

Choose § > 0 such that § < ¢, then
lam,nl(or,00) < eTPFIAm +1n) for all m > My(6),n > Ny(d).

Hence one gets

l(01,00) < e0=Cm +1n) for all m > max{M(e), M2(5)} ,n > max{Ny(e), N2(3)}.

|am,n| ||Olm,n

oo

Thus E |am7n|||am,n|\(al,02) is convergent as o1, 09 is arbitarily less than D.

m,n=1

o0
We find that Z Qm,n Om,n is convergent in x. Hence there exist a transformation ¢ :

m,n=1

o0
X — x such that ¥(f) = Z @ n O, for each f € x. Then 1 is linear and (e, n) =
mmn=1
O for m,n = 1,2,... Now for given 01,02 < D there exists § > 0 such that

log ||am,n||(01,172)

< D—-¢ forallm > M,n > N.
Am"’ﬂn

This implies
ltmnll(or,00) < eP=0Cm+tn) for allm > M, n > N

Further we have

lmnlloy00) < PO Fb0) for all myn > 1.

Hence

o0
NI < P Y7 g PO i) = P p_s.

m,n=1

Thus ¢ is continuous. O

84. Proper Bases and their Characterizations

To prove the main result on proper bases we first need to prove two lemmas.

Lemma 2.4. Let {amn} C x. Then the following three properties are equivalent
IOg Ham,n”(dl,tfz)

A) lim sup < Dforallo1,00 < D.
( )m,n—>oo Am + Hn f
o0
(B) For all sequences {am n} of complex numbers the convergence of Z A n €m,n IMplies
m,n=1
o0
the convergence of Z A Qo 00X
m,n=1
oo
(C) For all sequences {am.n} of complex numbers the convergence of Z A n €m,n IMplies
m,n=1

that {amn Qm n} tends to zero in x.
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Proof. Let us assume (A) holds then from the above proof it is clear that there exists a contin-
uous linear transformation ¢ : x — x with ¥(em.n) = @mn , m,n = 1,2,...By continuity of

v,

o0 m n
TP IR HTEER (1D ol syt
,

m,n=1 wi=1 wa=1

SN Dol o seRTa)

w1:1 'LUQ:I

o
= § Am,n Cm,n-

m,n=1

Hence (A) = (B). Clearly (B) = (C) from the proof of sufficiency part of theorem ??. We
now need to prove (C) = (A).
Assume that (C) is true and (A) is false. Then for some o, 0y < D,

log ||0‘m,n | ool
hmsup ( 17 2) Z D

m,n — 0o Am + Hn

Hence there exists a sequence {mg, } and {n,} of positive integers, such that

log [|atmy, g, (0! o 1 1
lim sup Tk ke 7(91,5) >D— — — —forall k1, ks = 1,2,...
k1,ka — 00 AnLkl + Hny, /fl k2

Define {am} as

67<D7(ﬁ+712))()\7”k1 Fhney) for ko Jke = 1,2,. ..

Um,n =
0 for m # myg, , n # nyg,

So we have

|amk - |6(Ul)\mk1 Jr‘:TZ‘M"’W) = ei(Di(ﬁJr%dHn))/\"”kl_ei(Di(ﬁJr%Jra?))u"k'z
Uy Thg

1 1 1 1
There exists k1 , ko large suchthat D—( — + — + 07 ) > 0andD—| — 4+ — 4+ 02| > O.
ky ) k1 )

This implies Z |Gy, nk, |e(01Amk1 Tozin,) converges in y for all oy, 03 < D. But
k1 ks =1
|amk Nk |Hamk Nk H(O'l 02) > e <D_(ﬁ * %))(Amkl +an2) . e(D_(Tll + %))(/\mkl +Mnk2)
1’ 2 1’ 2 ’ -
= 1

Thus {am,, nk, @ms, ny, } does not tend to zero in x which is a contradiction. Hence (C) =
(A). O

Lemma 2.4. The following three conditions are equivalent for any sequence
{@mn} C x.
log [|am,nll (04,0
(a) lim {liminf g [am.nll, 2)} > D.

01,00 =D | mn— oo m +,Un
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o0

(b) For all sequences {am n} of complex numbers the convergence of E Qi O, I X IMplies
m,n=1
oo
the convergence of E A €mon I X-
m,n=1

(c) For all sequences {am n} of complex numbers {am namn} tends to zero in x implies the
oo

convergence of Z Amn €mon 110X

m,n=1
Proof. 1t is clear that (¢) = (b). We shall prove that (b) = (a) and (a) = (¢).
Firstly we suppose that (b) holds and (a) does not hold. Therefore

1 o1,0
lim {liminf 0‘5|O‘m””(>} .

01,00 — D | m,n— oo )‘m + Hn

Since |[|...[(,,0,) increases as (o1, 02) increases this implies for each (01,02) < D,

10 m,n 01,0
i 18I0l

M i = < D for all (oq,02) < D.

If n and v be two positive number then there exists an increasing sequence {m,, }, {n,,} such
that

log Hamrl My |(a1702)

Am + Hn

< D-n—n

Then
o, n, ooy < €PTID ey +iny),

Let 01 < 1, 62 < ~y then define {am, »} as

e~ (P=01=02)Qmey +tnry) for pypy = 1,2,
Am,n =
0 for m # my, , n # ny,

Then for every (01,09) < D,

0o oo
Yo lamallamalloney = D lamey e l@m, o0
m,n=1 r1,ro=1
0o
< Z eP=1=) Ay +hnpy) o=(D=81=82)Ampy +piny,)

r1,r2=1

o0
— Z o1 +82=(+7)) Ampy + by )
T’l,’l‘zzl
and the last series is convergent since d; + d2 < 71 + 7. Hence for the sequence {amn},
oo
Z GOy, CONVETEES 1N X (0y,09) for each (01,02) < D thus converges in .
m,n=1

But we have

o0 o0

§ |G elo1Am +oapn) lam, n |e(o'1>\mr1 +o2pn,., )
; § ry My

m,n=1 r1,re=1
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o0
- } : e~ (P=01=82) Ay + finry) (@1 Ampy +O2pin,,)

’I“1,’I”2:1
oo
_ E 6(01+51*D+52)>\mr1 .6(02+52*D+51)#nr2 )

r1,r2=1
Given 67,092 choose 01,09 < D such that (o1 + 01 +02) > D and (02 + 92 +61) > D

thus the last series is divergent for o1, 05. Hence Z Gm n€m,n does not converge in x which
m,n=1
contradicts (b). Hence (b) = (a).

To prove (a) = (c) we assume that (a) is true but (c) is not true. Hence there exists a
(o)

sequence {am, } of complex numbers for which @, v tends to zero in x but E A nCmn
m,n=1
does not converge in x. This implies that

li IOg |am,n
imsup ————
m,n — oo )\m + pn

> —D + 41 + bo.

Hence for 01,02 > 0 there exists a sequence {my, } and {ng,} of integers such that

‘amkl,nkz | > 6(7D+61+52)(>\mk1 +l‘nk2).
Now we choose a positive number o1, o9 such that. We can also find o1 = 01(n) and 05 = 02(7)
such that ol |
og ||
lim inf 208 [[%m,nll > D—n—n.

mn—00 Ay +

Hence there exists M = M (v) and N = N(n) such that

IOg ”amm”(zn,az)
Am + pn

> D—2np—2v forallm > M,n> N.

Therefore

e(_D+51+52)(>‘mk1 + Mgy ).e(D_Zn_Q'Y)(Amkl + Nnkz )

Y

|amz€1 Mk ‘ Hamkl Mg ”(01,02)

_ =2y +hing) (8220 Oy, F sing)

which tends to co as k1, ke — 00, since §; > 2n and dp > 2.
This shows {am.n Gm,n} does not tend to zero in x and this is a contradiction. Therefore
we conclude that (a) = (c). O

The main result that follows from above lemma is stated as
Theorem 2.6. A base in a closed subspace x, of x is proper if and only if condition (a)
and (A) are satisfied.
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81. Introduction

In order to deal with uncertainties, the idea of fuzzy sets and fuzzy set operations was
introduced by L. A. Zadeh in his classical paper [16] in the year 1965. This inspired mathe-
maticians to fuzzify Mathematical Structures. The first notion of fuzzy topological space had
been defined by C. L. Chang [3] in 1968. Since then much attention has been paid to general-
ize the basic concepts of general topology in fuzzy setting and thus a modern theory of fuzzy
topology has been developed. In 1989, A. Kandil [9] introduced the concept of fuzzy bitopo-
logical space as an extension of fuzzy topological space and as a generalization of bitopological
space. The concepts of Volterra spaces have been studied extensively in classical topology in
[4], [5], [6], [7] and [8]. The concept of pairwise fuzzy Volterra spaces and pairwise fuzzy weakly
Volterra spaces in fuzzy setting was introduced and studied by the authors in [14]. In this paper
we study under what conditions a fuzzy bitopological space becomes a pairwise fuzzy Volterra
space and pairwise fuzzy Baire space, pairwise fuzzy submaximal space, pairwise fuzzy P-space
and pairwise fuzzy hyperconnected space are considered for this work.

§2. Preliminaries

Now we introduce some basic notions and results used in the sequel. In this work by (X, T)
or simply by X, we will denote a fuzzy topological space due to Chang (1968). In this work by
(X,T1,Tz) or simply by X, we will denote a fuzzy bitopological space due to A. Kandil.

Definition 2.1. Let A and p be any two fuzzy sets in a fuzzy topological space (X, T).
Then we define :

(i) AV p: X = [0,1] as follows : (AV p)(x) = max {A(x), u(x)}.

(ii) AAp: X = [0,1] as follows : (A A p)(z) = min {A(x), pu(x)}.
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(iii) p =A< p(r) =1- Ax).

For a family {)\;/i € I} of fuzzy sets in (X,T), the union ¢ = V;\; and intersection
d = Ay A; are defined respectively as ¥(z) = sup;{\i(x),x € X} and 6(z) = infi{\i(x),z € X}.

Definition 2.2.[1] Let (X,T) be a fuzzy topological space. For a fuzzy set A of X, the
interior and the closure of A\ are defined respectively as int(A) = V{u/p < A, u € T} and
dN) =AMp/A<pl-—peT}.

Lemma 2.1.[1] Let A be any fuzzy set in a fuzzy topological space (X, T). Then 1—cl(\) =
nt(l —A) and 1 —int(\) = cl(1 — N).

Definition 2.3.[2] Let (X,T) be a fuzzy topological space and A be a fuzzy set in X.
Then A is called a fuzzy Gs-set if A = A2, \; for each A; € T

Definition 2.4.[2] Let (X,T) be a fuzzy topological space and A be a fuzzy set in X.
Then A is called a fuzzy Fi-set if A = V2, A; foreach 1 —\; € T

Definition 2.5.[14] A fuzzy set A in a fuzzy bitopological space (X,T1,T5) is called a
pairwise fuzzy open set if A € T;, (i = 1,2). The complement of a pairwise fuzzy open set in
(X, T, Ty) is called a pairwise fuzzy closed set in (X, Ty, Ts).

Definition 2.6.[14] A fuzzy set A in a fuzzy bitopological space (X,Ty,T5) is called a
pairwise fuzzy Gs-set if A = A2\, where ()\;)’s are pairwise fuzzy open sets in (X, Ty, Th).

Definition 2.7.[14] A fuzzy set X in a fuzzy bitopological space (X,Ty,T5) is called a
pairwise fuzzy Fy-set if X\ = V§2, \;, where ();)’s are pairwise fuzzy closed sets in (X, T3, T5).

Definition 2.8.[10] A fuzzy set A in a fuzzy topological space (X, T) is called fuzzy dense
if there exists no fuzzy closed set p in (X, T) such that A < u < 1. That is., cl(\) = 1.

Definition 2.9.[11] A fuzzy set A in a fuzzy bitopological space (X,T1,T5) is called a
pairwise fuzzy dense set if clp, clp, (A) = 1 = clp,clp, (N).

Definition 2.10.[10] A fuzzy set A in a fuzzy topological space (X,T) is called fuzzy
nowhere dense if there exists no non-zero fuzzy open set p in (X,T') such that p < cl(A). That
is., intcl(A) = 0.

Definition 2.11.[12] A fuzzy set A in a fuzzy bitopological space (X, Ty, T») is called a
pairwise fuzzy nowhere dense set if intr, clr, (X)) = 0 = intp,cly (N).

Definition 2.12.[12] Let (X,T1,7T2) be a fuzzy bitopological space. A fuzzy set A in
(X,T1,T3) is called a pairwise fuzzy first category set if X = V{2, (Ag), where Ay’s are pairwise
fuzzy nowhere dense sets in (X,T1,75). A fuzzy set in (X,T1,T>) which is not pairwise fuzzy
first category is said to be a pairwise fuzzy second category set in (X, Ty, Ts).

Definition 2.13.[12] If A is a pairwise fuzzy first category set in a fuzzy bitopological
space (X, Ty, T»), then the fuzzy set 1 — X is called a pairwise fuzzy residual set in (X, Ty, T3).

§3. Pairwise fuzzy Volterra spaces

Definition 3.1.[14] A fuzzy bitopological space (X, Ty, T») is said to be a pairwise fuzzy
Volterra space if clr, ( AN (M) =1, (i = 1,2), where (\;)’s are pairwise fuzzy dense and
pairwise fuzzy Gs-sets in (X, T1,T3).

Proposition 3.1. If A is a pairwise fuzzy open set in a fuzzy bitopological space (X, T, T»)
such that clr,(A) =1, (i = 1,2), then 1 — X is a pairwise fuzzy nowhere dense set in (X, Ty, T5).
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Proof. Let A be a pairwise fuzzy open set in a fuzzy bitopological space (X, Ty, T») such that
cr,(A) =1, (i =1,2). Then, we have intp, (A) = A, intr,(A) = X and cr,(A\) =1, (i =1,2).
Now intp,clr, (1 — A) =1 —cpintp,(A) =1 —cp(A) =1—1=0. Also, intp,clp (1 —A) =
1 —dpintr,(A) =1 —dcp(A) =1—1=0. Hence intpclr,(1 — X) = 0 = intp,clp, (1 — A).
Therefore 1 — ) is a pairwise fuzzy nowhere dense set in (X, T1,T5).

Theorem 3.1.[15] If X is a pairwise fuzzy Gs-set such that clp,(A\) = 1, (¢ = 1,2), in
a fuzzy bitopological space (X,T1,T>), then 1 — X is a pairwise fuzzy first category set in
(X, T, Ty).

Definition 3.2.[12] A fuzzy bitopological space (X, T1,T3) is called a pairwise fuzzy Baire
space if intr, (V21 (A\x)) = 0, (i = 1,2), where (A)’s are pairwise fuzzy nowhere dense sets in
(X,T1,T»).

Proposition 3.2. If the pairwise fuzzy first category sets are pairwise fuzzy closed sets
in a pairwise fuzzy Baire space (X, T1,T3), then (X,T1,T5) is a pairwise fuzzy Volterra space.

Proof. Let A, (k =1 to c0) be pairwise fuzzy Gs-sets such that cly, (A\x) =1, (1 = 1,2)
in a pairwise fuzzy Baire space (X, Ty, T»). Then, by theorem 3.1, (1 — \g)’s are pairwise fuzzy
first category sets in (X, T7,7T%). Then, by hypothesis, (1 — Ag)’s are pairwise fuzzy closed sets
in (X,Ty1,T3). Hence (\g)’s are pairwise fuzzy open sets in (X, T1,T5). Now (Ag)’s are pairwise
fuzzy open sets in (X, Ty, T3) such that clr,(A\x) = 1, (i = 1,2). Hence, by proposition 3.1,
(1—Ag)’s are pairwise fuzzy nowhere dense sets in (X, Ty, T5). Since (X, T1,T5) is a fuzzy Baire
bitopological space, intr, (Vi2., (1=Ax)) = 0. Then intr, (1-A72;(Ay) ) = 0. This implies that

lfclTl( zozl()\k)) = 0. Hence we have clr, (/\,;“;1()%)) = 1. Now clr, (Aiozl(/\k)) <, (/\,]c\’:1

()\k)) implies that 1 < clTi(/\QI:1 ()\k)). That is., CZT,;(/\ivzl ()\k)> = 1. Since dg, (M) = 1,
(i =1,2) cpclr, (M) = clpy (1) = 1 and dp,clp, (M) = cl, (1) = 1. Hence (Ag)’s are pairwise
fuzzy dense sets in (X,Ty,Ty). Therefore, we have clTi< AN ()\k)) =1, (i = 1,2) where
(A\k)’s are pairwise fuzzy dense and pairwise fuzzy Gs-sets in (X, Ty, T5). Hence (X, T1,T5) is a
pairwise fuzzy Volterra space.

Proposition 3.3. If the pairwise fuzzy residual sets are pairwise fuzzy open sets in a
pairwise fuzzy Baire space (X, Ty, Ts), then (X,T1,T3) is a pairwise fuzzy Volterra space.

Proof. Let the pairwise fuzzy residual sets (Ag)’s (k = 1 to 00) be pairwise fuzzy open sets
in a pairwise fuzzy Baire space (X,T7,T2). Then (1 — \;)’s are pairwise fuzzy first category
sets in (X, T1,T5) such that (1 — A\g)’s are pairwise fuzzy closed sets. Hence, by proposition 3.2,
(X,T1,Ts) is a pairwise fuzzy Volterra space.

Theorem 3.2.[12] If ) is a pairwise fuzzy nowhere dense set in a fuzzy bitopological space
(X, Ty, Ts), then 1 — X is a pairwise fuzzy dense set in (X, Ty, Ts).

Proposition 3.4. If pairwise fuzzy first category sets are pairwise fuzzy nowhere dense
sets in a fuzzy bitopological space (X, T1,T5), then (X, T7,7T5) is a pairwise fuzzy Volterra space.

Proof. Let (Ax)’s (k=1 to 00) be pairwise fuzzy Gs-sets such that clp, (M) =1, (1 =1,2)
in a fuzzy bitopogical space(X, Ty, Ts). Then, by theorem 3.1, (1 — \g)’s are pairwise fuzzy first
category sets in (X, Ty, T»). By hypothesis, (1 — A\g)’s are pairwise fuzzy nowhere dense sets in
(X,T1,T5). Hence V2 (1 — Ag) is a pairwise fuzzy first category set in (X, T7,T5). Again, by
hypothesis, V2, (1 — ) is a pairwise fuzzy nowhere dense set in (X,77,7%). Then, we have
intr, clr, ( Ve, (11— /\k)) =0 and intr,clp ( Ve, (1 - )\k)) = 0. Now intp, ( Ve, (1 - )\k)) <



Vol. 13 A short note on pairwise fuzzy Volterra spaces 45

intr, (czTZ(vggl(l—Ak))) implies that intz, (V2 (1-A)) < 0. That is., intz, (Vi (1-Ag)) =
0. Hence intr, (1 — A2, (Ax)) = 0. This implies that 1 — clp, ( A2, (Ax)) = 0. That is.,
clry (A2 (M) = 1. Similarly, we will prove that clz, (A2, (Ax)) = 1. Hence clz, (A2, (M) =
1, (i =1,2). Now clg,(Ax) = 1 implies that clp, clr, (Ax) = 1 and clp,cly, (Ax) = 1. Hence (Ag)’s
are pairwise fuzzy dense sets in (X, Ty,7T). Now clT,L.( AR ()\k)) < clTi( AN ()\k)) implies
that clr, ( An_; (Ax)) = 1. Hence clr, ( AL_; (\x)) = 1, (i = 1,2) where (\;)’s are pairwise
fuzzy dense and pairwise fuzzy Gs-sets in (X, Ty, T5). Therefore (X,T1,T5) is a pairwise fuzzy
Volterra space.

Definition 3.3.[15] A fuzzy set A in a fuzzy bitopological space (X,Ty,T5s) is called a
pairwise fuzzy o-nowhere dense set if \ is a pairwise fuzzy F,-set in (X,Ty,T3) such that
intp, int, () = intpintr, (A) =0

Proposition 3.5. If int7, ( Vi, (Ay)) = 0, where the fuzzy sets (A;)’s (k =1 to N) are
pairwise fuzzy o-nowhere dense sets in a fuzzy bitopological space (X, T, T»), then (X,T1,T3)
is a pairwise fuzzy Volterra space.

Proof. Suppose that intr, ( V2, (Ax)) = 0, where (\;)’s are pairwise fuzzy o-nowhere
dense sets in (X,Ty,T3). Then, we have 1 — inty, ( Vi, (\y)) = 1. This implies that
cr, (1 = V2, (Ax)) = 1 and hence we have clg, ( A2, (1 — Ap)) = 1 — (A). Since (A\)’s
are pairwise fuzzy o-nowhere dense sets in (X, T,T3), (\x)’s are pairwise fuzzy F,-sets such
that intp, intp, (A\,) = 0 and intpinty, (M) = 0. Then (1 — A\g)’s are pairwise fuzzy Gs-
sets and 1 — intpintp,(A\x) = 1 and 1 — intpinty, (Ax) = 1. Hence (1 — A\g)’s are pairwise
fuzzy Gs-sets and clr,cly, (1 — A\;) = 1 and clpcly (1 — A;) = 1. Hence, from (A), we have
dr, (M (1= X)) =1, (i = 1,2) where (\)’s are pairwise fuzzy dense and pairwise fuzzy
Gs-sets in (X, Ty, Ts). Therefore (X,Ty,T») is a pairwise fuzzy Volterra space.

Definition 3.4.[14] A fuzzy bitopological space (X, Ty, T5) is called a pairwise fuzzy P-
space if countable intersection of pairwise fuzzy open sets in (X, T3, T5) is pairwise fuzzy open.
That is., every non-zero pairwise fuzzy Gs-set in (X, Ty, T») is pairwise fuzzy open in (X, Ty, T5).

Proposition 3.6. If the fuzzy bitopological space (X, T1,T5) is a pairwise fuzzy Baire and
pairwise fuzzy P-space, then (X,T3,T5) is a pairwise fuzzy Volterra space.

Proof. Let (A;)’s (k = 1 to N) be pairwise fuzzy Gs-sets in a fuzzy bitopological s-
pace (X,Ty,T») such that clr,(Ag) = 1, (¢ = 1,2). Then dpeclr,(A;) = cr (1) = 1 and
clpyclp, (M) = cr, (1) = 1. Since (X, T, T?) is a pairwise fuzzy P-space, the pairwise fuzzy Gs-
sets (Ag)’s (k=1 to N) are pairwise fuzzy open sets in (X,77,73). Then, (A¢)’s (k=1to N)
are pairwise fuzzy open sets in (X,T1,75) such that cly,(A\x) = 1, (¢ = 1,2). By proposi-
tion 3.1, (1 — Ag)’s are pairwise fuzzy nowhere dense sets in (X,T},T»). Since (X,T},T3) is
a pairwise fuzzy Baire space, intr, ( Vo, (ua)) = 0, where (uq)’s are pairwise fuzzy nowhere
dense sets in (X,T7,7). Let us take the first N(uqo)’s as (1 — Ag) in (X,7T7,72). Then,
intr, (Vie, (1 — M) < intr, (V3 (k) implies that intr, ( VA_; (1 — Ay)) = 0. Hence
cr, (A; (M) =1, (i = 1,2) where (\;)’s are pairwise fuzzy dense and pairwise fuzzy Gs-sets
in (X,Ty,T5). Therefore (X,Ty,T5) is a pairwise fuzzy Volterra space.

Definition 3.5.[13] A fuzzy bitopological space (X, T}, T») is said to be a pairwise fuzzy
submazimal space if for each fuzzy set A in (X, Ty, T5) such that clp,(A\) =1, (i =1,2), then A
is a pairwise fuzzy open set in (X, T}, T5).
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Proposition 3.7. If the fuzzy bitopological space (X,T1,T3) is a pairwise fuzzy Baire
space and pairwise fuzzy submaximal space, then (X, T}, Ts) is a pairwise fuzzy Volterra space.

Proof. Let (Ax)’s (k = 1 to N) be pairwise fuzzy Gs-sets in a fuzzy bitopological space
(X,T1,T3) such that clp(Ag) = 1, (i = 1,2). Since (X,T1,T5) is a pairwise fuzzy submax-
imal space, the pairwise fuzzy dense sets (A;)’s (k = 1 to N) are pairwise fuzzy open sets
in (X,T1,T2). Then, (Ax)’s (k = 1 to N) are pairwise fuzzy open sets (X,T1,T3) such that
cr, (M) =1, (i = 1,2). By proposition 3.1, (1 — Ax)’s are pairwise fuzzy nowhere dense sets
in (X,Ty,T»). Since (X,T1,T3) is a pairwise fuzzy Baire space, intr, ( Ve, (1)) =0, (i =
1,2), where (uq)’s are pairwise fuzzy nowhere dense sets in (X, T7,T5). Let us take the first
N(pa)'s as (1 — A) in (X, T1,T2). But intr, ( Vil (1 — X)) < intq, ( VEZ (ta)). Now
intr, (Va_; (1 —Ag)) = 0 implies that intr, (1 — AY_;(Ag)) = 0. Then 1 —cly, (A, (A\x)) = 0.
That is., clr, (AR_; (M) = 1, (i = 1,2) where (\j)’s are pairwise fuzzy dense and pairwise
fuzzy Gs-sets in (X, T1,T5). Therefore (X, T1,T5) is a pairwise fuzzy Volterra space.

Definition 3.6.[15] A fuzzy bitopological space (X, T1,T5) is called a pairwise fuzzy hy-
perconnected space if A is a pairwise fuzzy open set, then clr,(A\) =1, (i =1,2).

Proposition 3.8. If the fuzzy bitopological space (X, Ty, Ts) is a pairwise fuzzy submaxi-
mal space and pairwise fuzzy hyperconnected space, then (X, Ty, T») is a pairwise fuzzy Volterra
space.

Proof. Let (Ax)’s (k = 1 to N) be pairwise fuzzy Ggs-sets in a fuzzy bitopological space
(X,T1,T») such that clr,(A\x) =1, (i =1,2). Now clg, (A\x) = 1 implies that clp clr,(Ag) =1 =
clp,clp, (Ag). Since (X,T1,Tz) is a pairwise fuzzy submaximal space, clr,(A\;) = 1, (i = 1,2)
implies that (Ag)’s are pairwise fuzzy open sets in (X,T7,75). That is., Ay € T;. Now A\, € T;
implies that AY_, (A\y) € T3, (i = 1,2). Also since (X, T1,T») is a pairwise fuzzy hyperconnected
space, clr, (Ap_; (M) =1, (i = 1,2) where (\)’s are pairwise fuzzy dense and pairwise fuzzy
Gs-sets in (X, Ty, Ts). Therefore (X, Ty,T?) is a pairwise fuzzy Volterra space.
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Abstract Given a graph G with n vertices and m edges, the term energy of graph

E(G) was introduced by Gutman in chemistry, due to its relevance to the total m—electron

energy of carbon compounds. In 1971 McClelland obtained both lower and upper bounds

for m—electron energy. An improved upper bound was obtained by Koolen-Moulton in 2001.

The lower and upper bounds for £(G) obtained in this paper are better than McClelland and

Koolen-Moulton bounds. Also we obtained an upper bound for graph energy in terms of n

asé'(G)S%[l—i—\/@].

Keywords Adjacency matrix, graph spectrum, energy of a graph.
2010 Mathematics Subject Classification 05C50, 05C69.

81. Introduction and preliminaries

Let G = (V, E) be a simple undirected graph with n vertices and m edges. For any v;eV,
the degree of the vertex v;, denoted by d; or d(v;), is defined as the number of edges that are
incident to v;. A graph G is said to be r-regular if each vertex of G have same degree r. A
graph G is bipartite of degree r1 and 79, if the vertex set, V is partitioned into disjoint subsets
X and Y such that no two vertices of X (orY’) are adjacent. A regular bipartite graph is a
bipartite graph if each vertex has same degree. A bipartite graph G is semi-regular bipartite if
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it is bipartite and each vertex in the same partition has same degree. Clearly regular bipartite

graph is semi regular bipartite graph (ry = r3).
Given a graph G, the energy of G defined by

5(G)=Z|>\i\

where Ay > Ay > .-+ > ), are the eigenvalues of G which are obtained from its adjacency
matrix. The studies on graph energy can be found in many papers, see e.g. [4-6]. For detailed

survey on applications on graph energy, see papers [1-3].

Koolen and Moulton obtained upper bounds, [10], for graph energy in terms of m and n

as

E(G) < 277” +4/(n— 1)(2m - (2%”)2) for 2m >n (1.1)

and obtained an upper bound for bipartite graph [11] as

n n

4 2m.\ 2
s <4 \/(n - 2)(2m - 2(—7”) ) for 2m > n. (1.2)
Also they proved that for a graph G with n vertices
£(G) < g(l + V).

Here in this paper we have shown that the upper bound (1.1) can be modified to a better
bound for all classes of graphs with n? > 4m. Further results on upper bounds can also be seen
in [7].

McClelland gave the following bounds for the energy of a graph

V2m 4 n(n — 1)|det(A)|F < £(G) < vVamn, (1.3)

[12]. The lower bound obtained in this paper is better than the McClelland bounds. Kinkar
Ch. Das et. al. also obtained an improvised lower bound for non-singular graphs, [8]. J. H.
Koolen et. al. have improvised McClelland bounds in the paper [9].

82. Discussion and Main results

The following is a very useful tool on the eigenvalues:

Lemma 2.1. Let G be a graph with n > 3 vertices and m edges. For respectively largest and

smallest eigenvalues Ay and X\, of G, we have

M+, < 2y =2)
n

49
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Proof. For n eigenvalues \; > Ao > -+ > )\, of G, it is well known that

n

D> X =0 and iA?:Qm.

i=1 i=1

Applying the Cauchy-Schwarz inequality for (Ag, As, -, A,—1) and (1,1,---,1), where n > 3,
—_———

n—2 times

we obtain
n—1 n—1 n_1
() < (X)(>Xn).
=2 i=2 i=
ie.,
A+ 2)? < (n—2)(2m — AT — \2).
Hence
(n—2)2m > (A +X)?+ (n—2)(AF +A2)
= M +M)2n—1)=2(n—2)A\,.
But
A+ A >
2
which implies that
“AMA, > _(>\1 + /\n)2
Hence
(n—2)2m > (A +M\)*(n—1)—2(n— 2)%
= (M +\)%%.
Thus Ay + A, < 24/ 2022, -

We use the above lemma to find an upper bound for the width Ay — A,, of the spectrum:

Corollary 2.1. For a graph G with n > 3 vertices and m edges,
A=A < 2v2, ) D — 2).
n

Proof. Applying the Cauchy-Schwarz inequality for the ordered pairs (A1, —A,) and (1,1), we
have
[1(A) + 1(=A)]? < (L +1)(AT + A7)

implying that

M—An < V2YM X2
S \/E()\l + /\n)
< 2v2/Z(n-2).
Thus the width of the spectrum of a graph G can be at most 2v/2 m(n —2). O
n

50
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Using Ay + An < 20/ =(n—2) and A — Ay < 2v2,/ = (n — 2), we find that
n n

A€ (14 V) [ D - 2)

for n > 3 which is an upper bound for the largest eigenvalue.

83. Upper bound for the energy of a graph

Theorem 3.1. Let G be a graph with n > 3 vertices and m edges. If n?> > 4m, then

5(G)§2;n+\/?+ (n—2)(2m—2—m—@). (3.1)

Equality holds iff G is gKQ.

Proof. Applying the Cauchy-Schwarz inequality to (|Aa|, |As], -+, [An—1]) and (1, 1, -+, 1),
— ——
n—2 times

we have

n—1 2 n—1 n—1

() < () (X e)

i=2 i= i=2

and hence
(EG) = Ml = [\ < (n = 2)(2m — M| = [Aa]?).

Therefore

E(G) < Ml + Pl + /(0 = 2)2m — ]2 — [Aa]?).

Let now |\1]| = =, |\,| = y. We maximize the function

flay) =a+y+/(n—2)2m -2 —y?).
Differentiating f(z,y) partially wrt = and y, respectively, we obtain
z(n—2 y(n —2
fz =1 ( ) ’ fy =-1— ( )
\/(n —2)(2m — 2?2 — y?)

V(n—2)2m — 22 — y?)
Vn —2(2m — y?) o= _\/n—2(2m—x2)
’ Y 2m—a? =)l

(2m —a? — )}
vn —2zy
(2m —a? — )%

For maxima or minima, consider the equations f, = 0 and f, = 0 which together imply that

f:cac:_

f:vy:_

’(n—1)+y?>=2m and 3*(n—1)+2%=2m.

2

Solving the above equations, we obtain the values of z and y as x =y = 4/ At this point,
n

the values of foa, fyy, foy and A = fop fyy — (fey)? are

vVn—2(n-1) vn—2(n-1)

V-2 s N

o1

fww:_
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Vn—2
V2 (0 —2)

2m
Therefore f(x,y) attains its maximum value at © =y =4/ —. Thus the maximum value is
n

/2 /2 /2
equal to f( —m, —m> = v2mn. But f(x,y) decreases in the intervals om <z < ymand
n n n

/2
0<y< om < v/m. Since n? > 4m, we get that
n

\/%gmsws\/ﬁ OsAnls\/%S\/ﬁ
n n n
() = (32 B < (3 2)

n(n? +3 — 3n) >0

and A:m_

fry:*

Nlw

also holds. Thus

and hence
£G) < 2;”+ﬁ+\/(n—2)(2m— 2m _ 4;;;2)
< V2mn.
For the graph G ~ %Kz (n=2m), £(G) = n and hence the equality holds. O

Now we show that the above bound is an improvisation of Koolen-Moulton bounds:
Take

gz, y) =z +y++/(n—1)2m — a2 — ?).

2
Then clearly f(z,y) < g(z,y) for all (z,y) in the given region of z and y. Further for 2 = —m,
n

we have

m m m?2
PR =2yt fin =2y (am = )

2 4m?2
But f(—m, y) decreases in the interval 0 <y < 4/2m — . Since n? > 4m,
n

n2
2
0<y</2™ <\ /om— 4%
n n
also holds. Thus f(%”, %") < f(%,O) But

=
5
o
=
=]
o]
=
le)
wm
=+
=
V]
—t+
\
/-~
[\&)
313
[\&)
E
N———
A
Na)
VS
[\
3[3
(e
N———
V)
=
oL
=
=
B
=
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As in the above proof when y = x,

f(z,z) =2z 4+ /(n — 2)(2m — 222).

But f(z,z) decreases in the interval 277” < 2 < y/m. Since n? > 4m,

2
\/ m<7<|>\1\<\/>

2m 2m \ 2 . .
also holds. Thus we get £(G) < 2(7> +1/(n—2) (Qm - 2<7> ) We claim that this
bound is better than Koolen-Moulton bound.

Take

glz,y) =2 +y+/(n—1)2m — 22 — y2).
Then clearly f(z,y) < g(x,y) for all (z,y) in the given region. Taking x = ™, we get

7 ) = T#wv(2mmff—w

But f (%7 y) decreases in the interval 0 <y < 4/ 5. Since n? > 4m, the inequality

2m _ 2m 4m?
0<y<y/—<— </ 2m— —
n n n
also holds. Thus f(Qm Qm) < f( ) But f(sz,O) g( :L”,O) and g(22,0) = 22 4+
\/(n -1) (Qm — 4;’32) which together imply that f( :l") <g 277”, O) and

8@ < -2 (em-2(2

< Ty (n—1)(2m—(

Theorem 3.2. Let G be a graph with n vertices. Then

£(G) <

n—2]

1
2y

2

Proof. By previous theorem, for n? > 4m, we have

£(G) < 2(277") + \/(n—Z)(Qm—2<27T)2).

We maximize the right hand side in terms of m. Let

o) =24\ Jin (2 — ().

Then clearly

93
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For maxima, from ¢'(x) = 0, we get

/n2 n?2
{1+~/"sz~

[SIEERNT

Note that for all classes of graphs with n? > 2m, Koolen and Moulton bound is better
than the bound in (3.1).

Clearly, the bound in (3.2) improves the Koolen and Moulton bound in terms of n:

£(G) < [1+¢ﬁ].

n
2
Illustrations

The following table illustrates that the upper bound (3.1) is better than Koolen and Moul-
ton bounds (1.1) for graphs with n? > 4m.

o4
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Graph-1
Graph-2 Graph-3
rap rap Graph-4
° A ° A X
Graph-5 Graph-6 Graph-7 Graph-8
o
 J
Graph-9 Graph-10 Graph-11 Graph-12
Graph-13 Graph-14 Graph-15 Graph-16
Graph-17 Graph-18 Graph-19
FIGURE-1
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Graphs | m | n | Energy | K.M. Bound Improved Improved K.M. Bound
K.M. Bound for | A\ |=| A\p |

Graph 1 | 3 | 4 | 4.472136 4.854102 4.8460652

Graph 2 4 14 4 5.4641016 5.4142136 4
Graph 3 2 |4 4 4 4 4
Graph 4 | 3 | 4 4 4.854102 4.846052

Graph 5 | 5 | 5 | 6.472136 6.8989795 6.8783152

Graph 6 | 6 | 5 | 6.340173 7.3959984 7.3433059

Graph 7 | 5 | 5 | 5.841693 6.8989795 6.8783152

Graph 8 | 4 | 5 6 6.2647615 6.2590236

Graph9 | 1 | 5 2 3.112932 3.1109165 3.0449944
Graph 10 | 6 | 5 4.8990 7.3959984 7.3433059 6
Graph 11 | 4 | 5 4 6.2647615 6.2590236 6.1393877
Graph 12 | 4 | 5 5.2263 6.2647615 6.2590236 6.1393877
Graph 13 | 6 | 6 8 8.324555 8.313193 8
Graph 14 | 7 | 6 | 7.6568542 8.8738056 8.1943351

Graph 15 | 8 | 6 6.9282 9.3333 9.2885363 8
Graph 16 | 7 | 6 | 7.4641016 8.8738056 8.8497351

Graph 17 | 8 | 6 | 8.1826945 9.333 9.2885363

Graph 18 | 8 | 6 | 8.0457827 9.333 9.2885363

Graph 19 | 7 | 6 7.6569 8.8738056 8.8497351 8.1943351

Table-1.1

84. Lower bounds for energy

Theorem 4.1. Let G be a non-singular graph. Then

E(G) > n|detA

Equality holds iff G is 5Ky (n=2m) .

Proof. For the eigenvalues Ay > Ay > ---

1
n,

> A, of G (or its adjacency matrix A), it is well

known that |det(A4)] = |A1A2--- A,|. Since G is non singular, we know that | det(A)| # 0.

Applying the Cauchy-Schwarz inequality for n terms a; = /|\;| and b; = 1 for all i =

1,2, -

, n, we have

> VN <
=1

96
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o7

Hence we get

VEG) > Z?—\l/ﬁm

But

A+ /Ao + - An w

n
implying that

n( |)\1)\2---)\n\)%
= .

&(@) =

Therefore £(G) > n|detA|%

For the graph G ~ 2K, (n = 2m),det(4) = 1 and hence the equality is true.

Theorem 4.2. Let G be a graph with n > 1 vertices and m edges and let 2m > n. Then

1

2m (0= 1)|det(4)| =T

_1
n 2m n—1
n

E(G) >

Further the equality holds if (i) G is isomorphic to K, (i) G is isomorphic to %Kz (n =2m).

Proof. Using the Cauchy-Schwarz inequality for y/|Aa], \/|As], -+, /| ] and (1,1

have

ng J (im)(n—l)

and equivalently

> Vi < (5@ - i) - )

and hence
D iz VN
E(G) — |\ | > ==—2——.
(@) =] > =22
But
Ao| + /| 3| + - Anl =
>
n—1 —( ‘)‘2)\3 )‘n|>

implying that

Hence we get

E@) = al+ (=1 (Phads-hal)

= Il (0= D)

o7

, 1), we
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Let |A1| = « and choose

| det(A)[\ ey
Then L
f(z) =1 [4HAITD
x (n—1)
and

n|det(A D)
f(x) = %
(n—1)z =D

For maxima or minima, the equation f’(x) = 0 gives the value 2 = | det(A)|. At this point,

7 n -1
'(a) = o det(A)]F 20, n 2
Thus the function f(z) is minimum at z = |det(4)|* and the minimum value is equal to
f(|det(A)|7) = n|det(A)|*. But
2m AP+ A2 P4+ A 2
n n

S DaltPelttdal

> [ MAgce-Anlr.

1

This implies that |det(A)|= < 22 since 2m > n and 2% < |\;|. Therefore the function is

increasing in the interval |detA ¥ < 277" < |A1] € v/2m. Therefore

CHE f(%m)
and |
£(G) > 2 4 (n=Dldet(A)| T
Also

7 1s isomorphic to K,,, then |det =n—1and == = n — 1, and hence =
) If G is i hi K, then |det(A 1 and 2;” 1 d h &G
2(n—1).

(#4) If G is isomorphic to ﬁKQ (n = 2m), then the eigenvalues are 1 (with multiplicity %
each) implying that £(G) = n. O

2m | (n—1)|det(A)] D)
— 1
n (22)7

Theorem 4.3. Let G be a graph with m edges and n (> 3) vertices such that 2m > n. Then

Minimizing the lower bound £(G) >

in terms of n gives £(G) >

n|det Al .

£(G) > Q(Qﬁ) 4 (n — z)QI d;tn(iﬂniz.

n
Equality holds iff G is isomorphic to § Ko (n = 2m) or K .

98
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Proof. For n — 2 entries of eigenvalues (v/|X2], \/|As], -+, V/|An=1]) and (1,1,---,1), apply
—_————

n—2 times

the Cauchy-Schwarz inequality

st (TiMI)(n—?)

and hence

ZM<\/( Pl = ) (0= 2

implying that

VE@ -~ \A1|—|M>Z W

But the arithmetic mean is greater than or equal to the geometric mean, we get

-2 (VIR )™
Vn—2

\/E(G) - |>‘1‘ - |/\n| >
and therefore we obtain
| det(A)|\ 7tz
EG) > M+ A+ (n—2) —F .
(@) 2 Ml + ol + (0= 2) (5 T)

Put [A1| = z and |\, | = y. We minimize the right side of the above function. Let

fz,y) =x+y+(n_2)(M)ﬁ_

Ty
Then
1 —(n—1) 1 —(n—-1)
fo=1—|det(A)|72y(zy) =, f, =1~ |det(A)|72x(xy) "2 ,
1 /n—1 —(2n—3) 1 /n—1 —(2n—=3)
fow = 1 det( )72 (20 )y2ay) TFT, fyy = |det(A)| 72 (B )a?(ay) "
and
L (o)
= | det(A)|77 2L
| det(A)] P

To find the maxima or minima, use the equations f, = 0 and f, = 0 which gives
zy=T = |det(A)|7 T and yz=T = |det(A)|7T

# and y = |det(A)|=. At this point, the values of

Solving these equations gives = = |det(A)

fazs fyya fxy and A = fmfyy - (fxy)2 are

o = fuy = (g ) et ()]

1 -1
fzy = m| det(A) n

and

n —2
>
5 )l det(4)] % >0,

99
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for all n # 2. The minimum value is then equal to

f(|det(A)|%, |det(A)|%) — n|det(A)

1

1
n

But |det(A)|w < 22 < [\ < V2m and 0 < |\, < |det(A)[= < 2m < \/2m. For 2m > n,

f(x,y) increases in the intervals |det(A)[= < 2 < p<V2mand 0 <y < |det(A)]w < 2m

1

V2m, ie., f(z,y) increases in the intervals |det(A)|[= < 22 < |\| < v2m and 0 < |\,

| det(A)

¥ < 277" < v2m. Thus

Fnb ) = r( )
> (2 |det(a)7)
> f(|det(A)%, det(A)

Hence we get

£(G) > 2(7

2
n 2m n—2
n

Also

ES
n |,

Qm) n (n— 2)|det(A)|m'

IN A

(i) If G is isomorphic to gKg (n = 2m), then G has eigenvalues 1 (with multiplicity %

each) implying £(G) = n.

(ii) If G is isomorphic to K, ,, then G has eigenvalues £n and 0 with multiplicity 2n — 2

giving £(G) = 2n.

O

Note that we can now prove that this bound improves the McClelland bound: Consider

the function

| det(A4)[7

2
2m -2y
n

2m

o(m) =2(=2) + (n—2)

n

For a fixed n, we show that ¢'(m) > 0 and ¢”(m) > 0 by differentiating in terms of m:

o m) = 2 _ 4 det(A)| T 1

— \/2m + n(n — 1)] det(A)|

n

2
Since |det(A)|% < Tm7 we get

|det(A)|7= 1
<=
2m \ "2 - n2
(%)
and as 2m > n,
1 1
< =

60

" n(Q—m)f _\/2m+n(n—1)|det(A)|
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Thus ¢'(z) > 0. Also

/!

4| det(A)

1
n—2)

1

(n—2)(

2m
n

= (2mtn(n - 1) des(A)]7)F

Clearly ¢ (m) > 0. Thus ¢(m) is an increasing function which implies that

2(%’") +(n—2)

[det(4)]7= \/2m +n(n — 1) det(A)

_1_
n—2

2m n—2
n

1
n,

The above bound in Theorem 4.3 can be minimized by differentiating with respect to m

to get the lower bound for £(G) in terms of n:

E(G) > nldetAl=.

Table—1.2 below gives us an improvisation of the lower bound for the graph classes in

Figure—1
Graphs ‘ m ‘ n ‘ Energy | McClelland Bound | Improved McClelland Bound
Graph 1 | 3 | 4 | 4.472136 4.2426407 4.3333
Graph 2 4 14 4 2.8284271 4
Graph 3 2 |4 4 4 4
Graph4 | 3 | 4 4 2.4494897 3
Graph 5 | 5 | 5 | 6.472136 6.0324256 6.3811016
Graph 6 | 6 | 5 | 6.340173 3.4641016 4.8
Graph 7 | 5 | 5 | 5.841693 3.1622777 4
Graph 8 | 4 | 5 6 5.8643123 5.9630236
Graph 10 | 6 | 5 4.8990 3.4641016 4.8
Graph 11 | 4 | 5 4 2.8284271 3.2
Graph 12 | 4 | 5 5.2263 2.8284271 3.2
Graph 13 | 6 | 6 8 7.7215304 8
Graph 14 | 7 | 6 | 7.6568542 6.6332496 7.2852813
Graph 15 | 8 | 6 6.9282 4 5.333333
Graph 16 | 7 | 6 | 7.4641016 3.7416574 4.6666667
Graph 17 | 8 | 6 | 8.1826945 6.78233 7.7828231
Graph 18 | 8 | 6 | 8.0457827 4 5.3333333
Graph 19 | 7 | 6 7.6569 6.6332496 7.2852813
Table-1.2
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§5. Brief summary and conclusion

In this paper, we find some lower and upper bounds for the energy of graphs. Attempt-

s are continuously being made by researchers to improve these bounds. The lower and upper

bounds obtained in this paper are improved versions of McClelland and Koolen-Moulton bound-

S.
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§1. Introduction

The concept of fuzzy sets was introduced by Zadeh [1] as a method for representing un-
certainty. A fuzzy set A in a space of points X is characterized by a membership function
which is denoted by fa(x) for any point « in X. This function is associated with a real number
ranging between 0 and 1. The value of the function f4 at x represents the membership value
of x in A. Extensions of fuzzy sets were proposed to treat imprecision such as interval valued
fuzzy sets [2], intuitionistic fuzzy sets [3], L-fuzzy sets [4] and bipolar valued fuzzy sets [5], [6].
In [7], the authors investigates the similarities and differences between the representations of
interval-valued fuzzy sets, intuitionistic fuzzy sets and bipolar-valued fuzzy sets. Interval valued
fuzzy sets represents the membership degree by an interval value that reflects the uncertainty
in assigning membership degrees. Intuitionistic fuzzy sets describes membership degree with a
membership degree and a non-membership degree. In bipolar valued fuzzy sets, the member-
ship degrees represent the degree of satisfaction to the property corresponding to a fuzzy set
and its counter property. The membership degree in a bipolar valued fuzzy set range between
the interval [0,1] and [—1,0]. If the membership degree is 0 this means that the elements are
irrelevant to the corresponding property, if the membership degree is in the interval (0, 1] then
elements satisfy the property and if the membership lies in [—1,0] then the elements satisfy
implicit counter property. Many studies have been done on bipolar fuzzy sets. For example,
in [8] bipolar fuzzy structure of BG-subalgebras has been studied. Also, the bipolar fuzzy
subalgebras and closed ideals of BC H-algebra and BCK/BCI-algebras has been introduced
in [9], [10] respectively. More precisely, fuzzy extensions has been investigated in G-algebra.

In [11] intuitionistic fuzzy G-subalgebras of G-algebras is considered and some characterization
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of intuitionistic fuzzy G-algebras are given. In [12] the L-fuzzification of G-subalgebras are
considered and a characterization of L-fuzzy G-algebras is given.

In this paper, we complete the studies of fuzzy extensions in G-algebra. We study G-
subalgebras and closed ideals of G-algebra based on bipolar valued fuzzy sets. The paper is
organized as follows: In Section 2, we give basic definitions and propositions on G-algebra and
fuzzy sets. In Section 3, we introduce bipolar valued fuzzy G-subalgebras and investigate some
of its properties. Moreover, we give characterizations for bipolar valued fuzzy G-subalgebras. In
Section 4, we introduce the notions of bipolar valued fuzzy ideals/closed ideals of G-algebra and
the relations between bipolar valued fuzzy G-subalgebras and bipolar valued fuzzy ideals/closed

ideals of G-algebra has been investigated.

§2. Preliminaries

Definition 2.1 [13, Definition 2.1] A G-algebra is a system (X,#,0) where X is a non-

empty set, x a binary operation and 0 a constant satisfying the following axioms:
(1) xxx=0,
(2) xx(xxy)=uy, forallz,ye X.

Proposition 2.2 [13, Proposition 2.1] If (X, *,0) is a G-algebra, then the following con-
ditions hold:

(1) zx0=uz,
(2) 0x(0xz)=ux, forany x € X.

Proposition 2.3 [13, Proposition 2.2] Let (X,*,0) be a G-algebra. Then, the following
conditions hold for any x,y € X,

(1) (zx(zxy))*xy=0,
(2) xzxy=0= x=y,
(8) Oxzx=0%xy = z=y.

Theorem 2.4 [13, Theorem 2.6] Let X be a G-algebra. Then the following are equivalent,
forallx,y,z € X:

(1) (zxy)*xz=(v*2)*y.
(2) (zxy)*(zxz)=zxy.

Theorem 2.5 [13, Theorem 2.7] Let X be a G-algebra. Then the following are equivalent,
forall x,y,z € X:

(1) (zxy)*(zx2)=zxy.
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Lemma 2.6 [13, Lemma 2.1] Let (X,*,0) be a G-algebra. Then a xx = a *y implies
x =y, for any a,x,y € X.

Definition 2.7 [13, Definition 3.3] A G-algebra (X, *,0) satisfying (x x y) x (z x t) =
(x*2)*(y=t) for any x,y,z and t € X is called a medial G-algebra.

Lemma 2.8 [13, Lemma 3.1] If (X, *,0) is a medial G-algebra then for any x,y and z
€ X the following holds:

(1) (zxy)*xx=0xy.
(2) xx(yxz)=(xxy)=*(0x*z2).
(3) wx(yxz)=(z*z)*y.

A non-empty subset S of a G-algebra X is called a subalgebra of X if x xy € S, for all
x,y € S.

Definition 2.9 [1] Let X be the collection of objects x then a fuzzy set A in X is defined
as: A = {(z, fa(z)) | © € X} where fa(x) is called the membership values of x in A and
falz) €10,1].

Definition 2.10 [10] Let X be non-empty set with objects x. A bipolar fuzzy set [ in
X is an object having the form f = {(x, fT(x), f~(x)) | z € X}, where f* : X — [0,1] and
f~: X = [-1,0] are maps.

If f*(z) # 0 and f~(x) = 0 then x is regarded as having only positive satisfaction degree
to the property corresponding to the bipolar fuzzy set f. If fT(z) = 0 and f~(x) # 0 then =
does not satisfy the property of f and satisfies the counter property of f. For an element x, it
possible to have fT(z) # 0 and f~(z) # 0 which means that the membership function of the
property overlaps of its counter property over some elements of X.

If f1 = {(z, fi (x), f; (2))} and fo = {(z, f5 (), f5 (¥))} are two bipolar fuzzy sets on X
then the intersection and the union of two bipolar fuzzy sets are given as follows:

Anfe = (F(@)0f (@), fi (@) nf; (@)

= {min{f;"(z), f; ()}, max{fy (), f5 (2)}},
fUfe = (@)U (), fi (@)U f; (@)

= {max{f (2), 3" (2)}, min{f (), f5 (2)}}.

§3. Bipolar fuzzy G-subalgebra

In this section we introduce bipolar fuzzy G-subalgebras and we give characterizations
of it with examples. For the rest of the paper we will denote the bipolar valued fuzzy set
f=A{(z, fT(x), f~(2)) |z € X} by f=(f",f) and X for the system (X, x,0) for shortness.

Definition 3.1 Let f be a fuzzy set in a G-algebra X. Then f is called a fuzzy G-subalgebra
of X if, f(x*y) > min{f(z), f(y)}, for all z,y € X, where f(z) is the membership value of x
in X.

Definition 3.2 Let X be a G-algebra and let f be a bipolar fuzzy set in X. Then the f is
a bipolar fuzzy G-subalgebra if, for all x,y € X the following are satisfied:
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(1) fH(zxy) =min{f*(z), f*(y)},
(2) [~ (@xy) <max{f~(z), f~(y)}.

Example 3.3 Consider the G-algebra X where X = {0,1,2} and * is defined by Cayley
Table 1. Let f = (fT,f7) be a bipolar fuzzy set in X where f* and f~ are defined as follows:

Table 1:
x| 0 1 2
0|0 2 1
111 0 2
212 1 0

0.66, x € {0,2};
051, z=1.

~0.57, x€{0,2};
—0.36, = =1.

[ (@) =

Then f is not a bipolar fuzzy G-subalgebra of X as f1(0x2) = f¥(1) = 0.51 whereas
min{f*(0), f7(2)} = min{0.66,0.66} = 0.66 i.e. f(0x2) # min{f(0), fT(2)}.

Example 3.4 Consider the G-algebra X where X = {0,1,2,3,4,5,6,7} and * is defined
by Cayley Table 2. Let f = (fT, f7) be bipolar fuzzy set in X where f* and f~ are defined by:

Table 2:

«|0 1 2 3 4 5 6 7
00 2 1 3 4 5 6 7
111 0 3 2 5 4 7 6
2/2 3 01 6 7 4 5
33 2107 6 5 4
414 5 6 7 0 2 1 3
5/!5 4 7 6 1 0 3 2
6|6 7 4 5 2 3 0 1
77 6 5 4 3 2 1 0
) = 0.74, z€{0,1,2,3};

0.52, otherwise.
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—0.57, x€{0,1,2,3};
—0.36, otherwise.

(@) =

Then by direct computations we find that f is a bipolar fuzzy G-subalgebra of X.

In the next theorems we give characterizations for a bipolar fuzzy set of a G-algebra to be
a bipolar fuzzy G-subalgebra.

Theorem 3.5 Let A be a non-empty subset of a G-algebra X and let f = (f*,f7) be a
bipolar fuzzy set in X defined by

Y1, ifxr€A;
fH() = ,
Yo, otherwise,
o 61, Zfl‘ S A,’
f(x) =

b2, otherwise,

where y1 > o in [0,1] and §; < d9 in [—1,0]. Then f is a bipolar fuzzy G-subalgebra of X if
and only if A is a G-subalgebra of X.

Proof. 7=". Suppose that f is a bipolar fuzzy G-subalgebra of X. For z,y € A we have

[ xy) = min{f* (), f*(y)} = min{y1, 1} = 7 and f~(z*y) < max{f~(2),f~(¥)} =
max{dy,01}. Hence, z *y € A and so A is a G-subalgebra.
7<”. Suppose A is a G-subalgebra of X. We have the following cases:

Case(1) x andy € A. If z,5y € A then z xy € A. Hence f*(z xy) = = min{f*(x), fT(v)}
and f~(zxy) =0 = max{f~(x), f~(y)}.

Case(2) v ¢ Aory & A. o & Aory € A then fT(z*xy) > v = min{f*(z), fT(y)}
and f~(x xy) < §y = max{f~ (z), f (y)}. Hence, in both cases, f is a bipolar fuzzy
G-subalgebra of X.

O

Theorem 3.6 Let X be a medial G-algebra and A a non-empty subset of X. If f =
(fT, f7) is a bipolar fuzzy set in X defined by:

) = v, ifforac€ A, zxa=(0x%a)x*(0xx);

Y2,  otherwise,

f (@) = 01, ifforac A, xxa=(0xa)*(0xz);

b2, otherwise,

where x € X, 1 > v in [0,1] and 61 < b2 in [—1,0]. Then f is a bipolar fuzzy G-subalgebra of
X.

Proof. Let z,y € X and a € A Then (xxy)*xa=0x% (0« (xxy))*xa=(0*a)* (0 (x*y)) as

X is medial. We consider two cases.
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Case(1) If zxa = (0xa)*x (0xz) and y*a = (0*a)* (0*y) and so fT(x*xy) = 7 =
min{f*(2), f*(y)} and [~ (v xy) = 61 = max{f~(2), [~ (y)}.

Case(2) Ifzxa # (0xa)x(0xz) or yxa # (0xa)x(0*y). Then f+(z*y) > v = min{f*(x), fT(v)}
and f~ (2 *y) < dy = max{f~(z), [~ (y)}.

Hence f is a bipolar fuzzy G-subalgebra of a medial G-algebra. O

Proposition 3.7 Let f = (f*,f7) be a bipolar fuzzy G-subalgebra in a G-algebra X.
Then, for x € X, f+(0) is an upper bound of f¥(x) and f~(0) is a lower bound of f~(z).

Proof. Let x € X. Then, as f is a bipolar fuzzy G-subalgebra in X, we have f(0) = fT(zxz) >
min{f*(z), ff(z)} = f*(z) and f~(0) = f~ (2*z) < max{f~(z), f~(z)} = f~ (). This proves
the proposition. O

Theorem 3.8 Let f = (fT, f7) be a bipolar fuzzy G-subalgebra in X. If there exists a se-
quence T, in X where n is positive integer such that limg_, o f1(zn) =1 and limy_ o0 [~ (25) =
—1, then fT(0) =1 and f~(0) = —1.

Proof. From Proposition 3.7, fT(0) > f*(x), for all z € X and so f*(0) > f*(z,). Therefore,
1> fT(0) > limg oo [T (zpn). As limg oo fT(2,) = 1 we have fT(0) = 1. Similarly, we can
show that f~(0) = —1. O

Proposition 3.9 Let f = (f*,f) be a bipolar fuzzy G-subalgebra in X. Then, for all
xeX, fH(0xz)> fr(x) and f~(0xx) < f~ ().
Proof. For z € X, we have f*(0xx) > fT(z) as fT(0*x) > min{f*(0), fT(x)} = min{f*(z *
x), fH(z)} > min{min{f*(z), fF(2)}, fT(z)} = fT(x). It can be shown that f~(0xx) < f~(x)
similarly. O

Next we show that the intersection of two bipolar fuzzy G-subalgebras is a bipolar fuzzy
G-subalgebra.

Theorem 3.10 Let f; = (fi7, f;) and fo = (f5, f5 ) be two bipolar fuzzy G-subalgebras
in a G-algebra X. Then f1 N fa is a bipolar fuzzy G-subalgebra in X.

Proof. Suppose that fi and fy are bipolar fuzzy G-subalgebras in X and let z and y € f1 N fo.
Then z,y € f1 and z,y € fo. We have f1 N fo = (f;i7 N £, f{ N f; ) where

Anfy = min{ff (zxy), £ (2 *y)}

min{min{f;" (z), f" (y)}, min{f" (z), £ () }}
= min{min{f;" (z), f" (=)}, min{ ;" (v), f3" () }}
min{f" N f3" (@), " N f3 (W)}

vV

frnfy = max{fy (xxy),fy (xxy)}
< max{max{f; (), fi (y)}, max{fs (), f5 (y)}}
= max{max{f; (z), f; (x)}, max{f1 (), 5 (y)}}
(

max{f; N fy (x), fi N fy (y)}.
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O

The union of two bipolar fuzzy G-subalgebras need not be a bipolar fuzzy G-subalgebra
as shown in the next example.

Example 3.11 Consider the G-algebra X where X = {0,1,2,3,4,5,6,7} with Cayley
Table 2. Let f1 = (fi7, fi) and fa = (f57, f5 ) be bipolar fuzzy sets in X where fi", fi, f5 and

fy are defined as follows:

0.74, z €{0,1,2,3};

1 (2) = .
0.52, otherwise,
B -0.57, = €{0,3};
fi(@) = .
—0.11, otherwise.
+(2) = 0.84, x€{0,4};
0.30, otherwise,
B —0.30, z€{0,1,2,3};
[y (z) =

—0.20, otherwise.

Using Theorem 8.5, we know that fi and fo are bipolar fuzzy G-subalgebras. We have
[T U £ (3% 4) = max{f;" (3% 4), (3% 4)} = max{f;"(7), £/ (7)} = max{0.52,0.30} = 0.52
whereas min{ f;* U £, (3), f;7 U f57(4)} = min{0.74,0.84} = 0.74 and hence f;" U fif (3 x4) =
0.52 # 0.74 = min{f;" U f57(3), i U fi7(4)}. This proves that the union of two bipolar fuzzy
G-subalgebras need not be a bipolar fuzzy G-subalgebra.

84. Bipolar fuzzy ideal

In this section we introduce the bipolar fuzzy ideal and study some of its properties then
we investigate the relation between bipolar fuzzy G-subalgebra and Bipolar fuzzy ideal/closed
ideal.

Definition 4.1 A subset I of a G-algebra X is called an ideal of X if:

(1) 0¢el,
(2) xxyelandy €l impliesx € 1.

An ideal I is said to be a closed ideal of X if x € I implies 0 xx € I.
Definition 4.2 A bipolar fuzzy set f = (f, f7) in a G-algebra X is called a bipolar fuzzy
ideal of X if:

(1) f7(0) = f*(z) and f7(0) < f~ (),
(2)  fH(x) = min{f*(zxy), [F(y)}
(3) [ () Smax{f~(zxy), [~ (y)}.
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Definition 4.3 A bipolar fuzzy set f = (f*, f7) in a G-algebra X is called a bipolar fuzzy
closed ideal of X if:

(1) fH(0xz) > f*(z) and f~(0x2) < f~(2),
(2)  fH(z) Zzmin{f*(z*y), fT ()}
(3) [~ (z) <max{f~(zxy), f~ ()}
Proposition 4.4 Let f = (fT, f~) be a bipolar fuzzy ideal of a G-algebra X. If zy =0
then f*(x) = f*(y) and f~(z) < f~(y).
Proof. The proof is direct. O

Theorem 4.5 FEvery bipolar fuzzy ideal of a G-algebra X is a bipolar fuzzy G-subalgebra
of X.

Proof. Let f = (fT,f7) be a bipolar fuzzy ideal of a G-algebra X. As x * (x xy) xy = 0
then from Proposition 4.4, f*(z* (xxy)) > f*(y) and f~(z x (z*y)) < f~(y). Hence, using
Definition 4.2, [+ (z % (z+y)) > f*(y) > min{f+(z (%) xy), /* (4)} = min{ f+(0), f+(3)} >
min{ f+(z), /7 (4)}. We also have f~(z % (2 %)) < f~(y) < max{f~ (e 5 (x+3) xy), [~ ()} =
max{f(0), f~(y)} < max{f~(z), f~(y)}. Therefore f is a bipolar fuzzy G-subalgebra. O

Proposition 4.6 FEvery bipolar fuzzy G-subalgebra satisfying f+(z) > min{ f T (x*y), fT(y)}
and f~(z) <max{f (z*y), f (y)} is a bipolar fuzzy closed ideal.

Proof. Direct to prove. O

Theorem 4.7 Let f = (fT, f7) be a bipolar fuzzy G-subalgebra of a medial G-algebra X
such that for z,y € X, fH(yxx) > fr(z*xy) and f~(y*x) > f~(x xy) then f is a bipolar
fuzzy closed ideal of X.

Proof. As z = x*0 we have fT(z) = fT(xx0) > fH(0xz) > fT((y*xy)*x) > fH((y*x)*y) as
X is medial. Then f*((y*x)*y) > min{f*(y*z), fT(y)} > min{f*(z*y), fT(y)}. Similarly
f(r) <max{f (x*y), f (v)}. Hence with Proposition 3.9, f is a bipolar fuzzy closed ideal
of X. O
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Abstract In this paper, we define the concept of Ac-sets (resp. Ve-sets) of a topological space
i.e., the intersection of e-open (resp. the union of e-closed) sets. We study the fundamental
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§1. Introduction and preliminaries

In general topology, the arbitrary intersection of open sets is not open and the arbitrary
union of closed sets is not closed. These properties motivated Maki [9] to introduce the concepts
of A-sets and V-sets in topological spaces. Several topologists like Miguel Caldas Cueva, Saeid
Jafari, Govindappa Navalagi, Erdal Ekici, Noiri, Baker, Moshokoa and Julian Dontchev [3-7]
have contributed more articles on the above sets.

Recently, In 2008, Erdal Ekici [8] introduced a new class of generalized open sets called
e-open sets into the field of topology. This class is a subset of the class of semipreopen sets [2].
In this paper to introduce the concept of A.-sets (resp. V.-sets) which is the intersection of
e-open (resp. the union of e-closed) sets. We also investigate the notions of generalized A.-sets
and generalized V.-sets in a topological space (X, 7). Moreover, we present a new topology
7/ on (X, 7) by utilizing the notions of A.-sets and V.-sets. In this connection, we examine
some of the properties of this new topology.

Throughout the present paper, the spaces X and Y mean topological spaces. For a subset
A of a space X, Cl(A) and Int(A) represent the closure of A and the interior of A, respectively.
A subset A of a space X is said to be regular open (regular closed) if A = Int(CI(A)) (resp.
A = Cl(Int(A))) [10]. The o-interior of a subset A of X is the union of all regular open sets of
X contained in A and it is denoted by Ints(A) [11]. A subset A is called d-open if A = Ints(A).
The complement of a d-open set is called d-closed. The J-closure of a set A in a space (X, T)
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is defined by {z € X : AN Int(Cl(B)) # ¢, B € tandx € B} and it is denoted by Cls(A4). A
subset A of a space (X, 7) is called e-open [8] if A C ClInts(A))UIntCls(A)) and e-closed [8] if
ClInts(A)) N IntCls(A)) C A. The e-closure of a set A, denoted by eCl(A), is the intersection
of all e-closed sets containing A. The e-interior of a set A denoted by elnt(A), is the union of
all e-open sets contained in A.

The family of all e-open (resp. e-closed) sets in (X, 7) will be denoted by eO(X, T) (resp.
eC(X,T)).

Proposition 1.1. [§]

(1) The union of any family of e-open sets is e-open.
(2) The intersection of an open and an e-open set is an e-open set.

Lemma 1.1. [8] The e-closure eCl(A) is the set of all x € X such that ON A # ¢ for
every O € eO(X, x), where eO(X, z)={U |z €U, U € eO(X, 7)}.

Definition 1.1. /9] Let X be a space and A C X. Then AY = J{F : F C A and F is
closed } and A» = ({U : AC U and U is open }. Moreover, A is said to be V-set if A= AV
and A is said to be N-set if A= A",

82. A.-sets and V .-sets

Definition 2.1. Let A be a subset of a topological space (X, 7). We define the subsets
A"e and AVe as follows:

Are =N{O\NO 2D A, O€eO(X, 1)} and AVe=J{F \ FCA, FeeeO(X, 71)}.

Proposition 2.1. Let A, B and {Bx : X € Q} be subsets of a topological space (X, T).

Then the following properties are valid:
(i) " = ¢ and ™ = g.

(1) XVe = X and X" = X.

(i11) B C B”e.

(w) If A C B, then A™ C B"e and AVe C BVe.
(v) BV* C B.

(UZ) (B/\e)/\e = B¢ and (Bve)v"‘ = BVe,

o | U m| = U B
AEQ AEQ
(viii) If A € eO(X, T), then A = ANe.
(i) (BY = (B

(z) If B € eC(X, 1), then B = BYe.
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mﬂm&rgmmﬂm&rgnwf

AEQ AEQ AEQ AEQ

Ve
o U] 2 U By
AEQ AEQ
(ziii) BVe C BY and B¢ D B".

Proof. The proofs of (i), (ii), (iii) and (v) are clear by Definition 2.1.
(iv) Suppose that © ¢ B”<. Then there exists a subset O € eO(X, 7) such that O D B
with 2 ¢ O. Since B D A, thus x ¢ A" and thus A" C B”e. Similarly AVe C BVe.

(vi) Follows from (iii), (v) and Definition 2.1.

/\55
(vii) Suppose that there exists a point x such that x ¢ [ U B,\} . Then, there exists a

AEQ
subset O € eO(X, 7) such that |J By C O and z ¢ O. Thus, for each A € Q we have z ¢ B{*.
AEQ
This implies that x ¢ |J By*.
AEQ
Conversely, suppose that there exists a point x € X such that = ¢ J B;\\e. Then by

AEQ
Definition 2.1, there exists subsets Oy € eO(X, 7) (for each A € Q) such that z ¢ Oy, By C O,.
Let O = |J O,. Then we have that z ¢ |J Oy, U Br C O and O € eO(X, 7). This
AEQ AEQ AEQ

Ne

implies that = ¢ { U BA] . Thus the proof of (vii) is complete.
AEQ

(viii) By Definition 2.1 and since A € eO(X, 7), we have A" C A. By (iii), we have that

Ale = A.
(ix) (BVe)e = N{F¢/F°¢ 2 B¢, F¢e€eO(X, 7)} = (B)"e.

(x) If B € eC(X, 1), then B¢ € eO(X, 7). By (vii) and (viii), B¢ = (B¢)"e = (BVe)".
Hence B = BVe.

(xi) Suppose that there exists a point  such that x ¢ () By°. Then, there exists A €
AEQ

such that ¢ By°. Hence there exists O € eO(X, 7) such that O O By and = ¢ O. Thus

Ae Ae
x ¢ { N B)\] . This implies that [ N BA} C (N B.¢. Similarly, we can easily prove that
AEQ AEQ AEQ

[m BA}VC c N By

= el = [((y2)) ]
-[(nm)
2[g,e0]
-[g,e00]
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(xiii)  Follows from Definition 1.1 and Definition 2.1. O

Definition 2.2. In a topological space (X, T), a subset B is a N.-set (resp. Ve-set of
(X, 7)), if B = B¢ (resp. B = BY¢). By Ac(resp. V.), we denote the family of all N.-sets
(resp. V.-sets) of (X, 7).

Remark 2.1. By Proposition 2.1 (vii) and (x), we have that :

(i) If B € eO(X, 7), then B is a Ne-set.
(ii) If B € eC(X, T), then B is a Ve-set.

The converses of the above Remark 2.1 need not be true as shown by the following examples.
Example 2.1. Let X ={a, b, ¢} and 7 ={X, ¢, {a}, {b}, {a,b}}, then

(i) {a, b} is a Ac-set in (X, T) but it is not eO(X, 7).

(i) {c} is a Ve-set in (X, 7) but it is not eC(X, T).

Theorem 2.1.

(i) The subsets ¢ and X are A.-sets and V.-sets.

(i) Every union of Ne-sets (resp.V.-sets) is a Ne-sets (resp.V.-sets).
(i4i) Every intersection of Nc-sets (resp. Ve-sets) is a No-sets (resp. Ve-sets).
(iv) A subset B is a N.-set if and only if B® is aV.-set.

Proof. (i) and (iv) are obvious.
(ii) Let {Bx : A € Q} be a family of A.-sets in a topological space (X, 7). Then by
Definition 2.2 and Propostion 2.1(vii),

U B =U By =l B

AEQ AEQ A€Q

(iii) Let {Bx : A € Q} be a family of A.-sets in (X, 7). Then by Proposition 2.1 (xi) and

Definition 2.2,
[( B\ € (] By = () Bx

AEQ AEQ A€Q
Hence by Proposition 2.1 (iii), (| Ba=[[) Bx]"c. 0
AeQ A€Q

Remark 2.2 By Theorem 2.1, A, (resp. V.) is a topology on X containing all e-open
(resp. e-closed) sets. Clearly (X, A.) and (X, V.) are Alexandroff spaces [1], i.e, arbitrary
intersections of open sets are open.

Definition 2.3. A topological space (X, ) is said to be e-Ty if for each pair of distinct
points x and y of X, there exists a e-open set U, containing r but not y and an e-open set
Uy containing y but not x. It is obvious that (X, 7) is e-T1 if and only if for each x € X, the
singleton {x} is e-closed.

Theorem 2.2. For a topological space (X, T), the following properties are equivalent:

(i) (X, 1) ise-Ty.
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(i) Every subset of X is a Ae-set.
(#ii) Every subset of X is a V¢-set.

Proof. It is obvious that (ii) < (iii).

(i) = (ili) : Let A be any subset of X. Since A = |J{ {2z} | € A}, A is the union of
e-closed sets, hence a V,.-set.

(iii) = (i) : Since by (iii), we have that every singleton is a union of e-closed sets, i.e. it is
e-closed, then (X, 7) is a e-T} space. O

83. gA.-sets and gV .-sets

In this section, by using the A.-operator and V.-operator, we introduce the classes of
generalized A.-sets (= gA.-sets) and generalized V.-sets (= gV.-sets) as an analogy of the sets
introduced by Maki [9].

Definition 3.1. In a topological space (X, T), a subset B is called a ghe-set of (X, T)
if BN C I whenever B C F and F is e-closed.

Definition 3.2. In a topological space (X, T), a subset B is called a gV.-set of (X, T)
if B¢ is a ghe-set of (X, 7).

Remark 3.1. We shall see, however, that we obtain nothing new according to the
following results.

Proposition 3.1. For a subset B of a topological space (X, T), the following properties
hold:

(i) B is a ghc-set if and only if B is a A.-set.
(i) B is a gVe-set if and only if B is a V.-set.

Proof. (i) Every A.-set is gAe-set. Now, let B be a gA.-set. Suppose that x € B”<\B. Since
for each € X, the singleton {z} is e-open or e-closed. If {x} is e-open, then X\{z} is e-closed.
Since B C X\{z}, we have B"= C X\{z} which is a contradiction. If {z} is e-closed, X \{z}
is e-open and B C X \{z}. Therefore, we have B"e C X\{x}. This is a contradiction. Hence
B¢ = B and B is a A.-set.

(ii) This is proved in a similar way. O

§4. The associated topology 7/

A

In this section, we define a closure operator C”*¢ and the associated topology 7”¢ on the

topological space (X, 7) by using the family of A.-sets.
Definition 4.1. For any subset B of a topological space (X, T), define

CM(B)=(W{U : BCU, U€eA.} and IntYe(B)=J{F : B2 U, F € V,}.
Proposition 4.1. For any subset B of a topological space (X, T),

(a) B C C(B).
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(b) C"(B%) = (Int”*(B))".
(c) C"<(¢) = ¢

(d) Let {By : X € Q} be a family of (X, 7). Then |J C"<(By\) =C"(|J B)).
AEQ AEN

(¢) CM<(C"+(B)) = C"<(B).
(f) If A C B, then C"e(A) C C"<(B).
(9) If B is a Ac-set, then C"<(B) = B.
(h) If B is a V-set, then Int"<(B) = B.

Proof. (a), (b) and (c): Clear.

(d) Suppose that there exists a point x such that z ¢ C”<( |J By). Then, there exists a
AEQ
subset U € A, such that |J By C U and = ¢ U. Thus, for each X €  we have x ¢ C"<(B,).
AEQ
This implies that z ¢ |J C"e(B,).
AEQ

Conversely, we suppose that there exists a point z € X such that z ¢ |J C”¢(B,). Then,
AEQ

there exists subsets Uy € A, for all A € Q, such that @ ¢ Uy, By C Ux. Let U = |J U,.
AEQ

From this and Proposition 2.1(vi), we have that ¢ U, |J Bx C U and U € A.. Thus,
AEQ
T ¢ C/\e( U B)\)
AEQ

(e) Suppose that there exists a point x € X such that z ¢ C”<(B). Then, there exists a
subset U € A, such that x ¢ U and U D B. Since U € A, we have C<(B) C U. Thus, we
have z ¢ C”<(C"<(B)). Therefore C"<(C"¢(B)) C C"¢(B). The converse containment relation
is clear by (a).

(f) Clear.

(g) By (a) and Definition 4.1, the proof is clear.

(h) By Definitin 4.1, (g) and (b) hold. O

Then we have the following.

Theorem 4.1. C”¢ is a Kuratowski closure operator on X.

Definition 4.2. Let "¢ be the topology on X generated by C™e in the usual manner,
i.e.,7e = {B : B C X, C"(B¢) = B°}. We define a family p"c by p*e = {B : B C X,
C"+(B) = B}.

By Definition 4.2, p"e ={B:B C X, B¢ € 1/*<}.

Proposition 4.2. Let (X, 7) be a topological space. Then,

(a) "¢ ={B: B C X, IntV¢(B) = B}.
(b) Ne = pe.
(c) Ve =T1"e.

(d) If eC(X, T) = 1", then every A.-set of (X, T) is e-open (i. e., eO(X, T) = A.).
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(e) If every Ae-set of (X, T) is e-open (i.e., Ae C eO(X, 7)), then "¢ = {B: BC X, B =
BVe}.

(f) If every Ne-set of (X, T) is e-closed (i.e., A C eC(X, 7)), then eO(X, T) = 7.

Proof. (a) By Definition 4.2 and Proposition 4.1, if A € X then A € 7"¢ if and only if
Che(A¢) = A°, if and only if (Int¥<(A))¢ = A¢, if and only if Int¥<(A) = A if and only if
Ae{B:BCX,Int"(B) = B}.

(b) Let B be a subset of X. By Proposition 2.1 (viii), eO(X, 7) C A, and

ChB)=({U|BCU UeA}C({U|BCU, UeceO(X, 1)} = B".

Therefore, we have C¢(B) C B”¢. Now suppose that x ¢ C"¢(B). There exists U € A, such
that BC U and z ¢ U. Since U € A, U =U" =({V | U CV € eO(X, 7)} and hence there
exists V € eO(X, 7) such that U CV and x ¢ V. Thusx ¢ V and B CV € eO(X, 7). This
shows that = ¢ B”<. Therefore, B C C”¢(B) and hence B« = C"<(B), for any subset B of
X. By the definitions of A, and p”¢, we obtain A, = p”c.

(c) Let B € 7"<. Then C"¢(B°) = B¢ and B° € p"¢. By (b) B¢ € A, and B¢ = (B)"e.
Therefore, by Proposition 2.1 (ix), B¢ = (BV¢)¢ and B = BYe. This shows that B € V..
Consequently, we obtain 7"¢ C V.. Quite similary, we obtain 7*¢ D V. and hence V, = 7.

(d) Let B be any A.-set. ie., B € A.. By (b), B € p”e thus, B¢ € 7"<. From the
assumption, we have, B¢ € eC(X, 7) and hence B € eO(X, 7).

(e) Let AC X and A € 7"¢. Then by Definitions 4.1 and 4.2,

A€ = (e (AC)
— (U : UDA°Uen)
={U : UD AU €eO(X, 1)}
= (a7)

Using Proposition 2.1 (ix), we have A = AVe.i. e., A€ {B: BC X,B= BV}

Conversely, if A € {B : B C X,B = BV} then by Proposition 3.1 (ii), A is a gV,-set.
Thus A € V.. By using (c), A € 7/e.

(f) Let A C X and A € 7"*¢. Then

A= (CM(A))° = (WU :A°CU, UeA}) = {U°: U C AU e}

Conversely, if A € eO(X, 1), then by (b), A € A.. By assumption, A € eC(X, 7). By using
(c), Aerhe. O

Proposition 4.3. IfeO(X, 1) =7"¢, then (X, 7"¢) is a discrete space.

Proof. Suppose that {z} is not e-open in (X, 7). Then {z} is e-closed in (X, 7). Thus {z} € 7"¢
by Proposition 4.2 (c¢). Suppose that {z} is e-open in (X, 7), then {z} € eO(X, 7) = 7.
Therefore, every singleton {z} is 7¢-open and hence every subset of X is 7/*¢-open. O

Conclusion: The concepts of A.-sets and V.-sets are used to characterize the e-closed
and e-open sets. Also the basic operators namely C”¢ and IntVe operators are studied using
the above sets.
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81. Introduction

Sostak [11] introduced the notion of fuzzy topology as an extension of Chang [2] and
Lowen’s [8] fuzzy topology. Later on he has developed the theory of fuzzy topological spaces
in [12] and [13]. Popa [9] introduced the notion of rarely continuity as a generalization of weak
continuity [6] which has been further investigated by Long and Herrington [7] and Jafari [4,5].
Recently Vadivel and Elavarasan [16] introduced the concept of r-fuzzy regular semi open and
fuzzy regular semi continuous functions in fuzzy topological spaces in the sense of Sostak’s. In
this paper, we introduce the concepts of rarely fuzzy regular semi continuous functions in the
sense of Sostak’s [11] is introduced. Some interesting properties and characterizations of them

are investigated. Also, some applications to fuzzy compact spaces are established.

§2. Preliminaries

Throughout this paper, let X be a nonempty set, I = [0, 1] and I, = (0, 1]. For
A€ IX, XNz) = ANforall z € X. For z € X and t € Iy, a fuzzy point z; is defined by
t ify==x
xe(y) = 4 Let Pt(X) be the family of all fuzzy points in X. A fuzzy point x; € A
0 ify#ux.
iff ¢ < A(z). All other notations and definitions are standard, for all in the fuzzy set theory.
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Definition 2.1. [11] A function 7 : IX — I is called a fuzzy topology on X if it satisfies
the following conditions:

(01) 7(0) = 7(1) = 1,
(02) T(\/ier pi) = /\7:51“ 7(pi), for any {pi}ier C I,
(03) T(p1 A p2) > 7(pa) A7(p2), for any pa, po € I

The pair (X, 7) is called a fuzzy topological space (for short, fts ). A fuzzy set X is called an
r-fuzzy open (r-fo, for short) if T(A) > r. A fuzzy set X is called an r-fuzzy closed (r-fc, for
short) set iff T — X is an r-fo set.

Theorem 2.1.  [3] Let (X, 7) be a fts. Then for each A € I and r € Iy, we define an
operator Cy : IX x Iy — IX as follows: C.(\, r) = N{p € I* : X< pu, 7(1—p) >r}. For
X, w € IX and r,s € Iy, the operator C; satisfies the following statements:

(C1) C-(0,7) =0,

(C2) X < Cr(A, 1),

(C3) Cr(A, )V Cr(p, 1) = Cr(AV p, 1),
(C4) C-(A, 1) < Cr(A, ) ifr <,

(C5) C+(Cr(A, 1), 1) = Cr (A, 7).

Theorem 2.2.  [3] Let (X,7) be a fts. Then for each A € IX and r € Iy, we define
an operator I, : IX x Iy — I* as follows: I, (\, v) = \/{p € I’X : up < X\, 7(u) > r}. For
X, € IX and r,s € Iy, the operator I, satisfies the following statements:

(1) L) =T,

(12) I (N, r) < A,

(13) I:(N, ) N (p, 7) = L-(AAp, 1),

(1) L r) <L ) if s <,

(15) LI\, 1), 1) = L\, 7).

(I6) LA = X\r)=1—-Cr(\,7r) and C.(1 = \,r) =1—I.(\, 1)
Definition 2.2. [10] Let (X, 7) be a fts, N € IX and r € Iy. Then

(1) a fuzzy set X is called r-fuzzy regular open (for short, r-fro) if X = L. (Cr(\,7),7).

(2) a fuzzy set X is called r-fuzzy reqular closed (for short, r-frc) if A = Cr(I-(\,r),7).
Definition 2.3. [16] Let (X, 7) be a fts and A € IX, r € Iy. Then

(1) X is called r-fuzzy reqular semi open (for short, r-frso) if there exists r-fro set u € I’ and

<A< Cr(p,r).

81
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(2) X is called r-fuzzy regular semi closed (for short, r-frsc) if there ewists r-frc set yu € I
and I (p,r) < A < p.

(3) The r-fuzzy reqular semi interior of A, denoted by RSI.(\,r), is defined by RSI (A1) =
Ve IX | w<\ pisr-frso }.

(4) The r-fuzzy reqular semi closure of A, denoted by RSC,(\, 1) is defined by RSC,(\,r) =
M IX | > A puis rfrse )

Definition 2.4. [15] Let f : (X, 7) = (Y, o) be a function and r € Iy. Then f is called
fuzzy regular continuous if f~1(\) is r-fro set in I for each A € IV with o(\) > 7.

Definition 2.5. [16] Let (X, 7) and (Y, n) be fts’s. Let f : X =Y be a mapping. Then
f is said to be:

(1) fuzzy regular semi irresolute (resp. fuzzy reqular semi continuous) iff f~*(p) is r-frso for
each r-frso set € IY (resp. p € IV, n(p) >r).

(2) fuzzy regular semi irresolute open (resp. fuzzy regular semi open) iff f(X\) is r-frso in'Y
for each r-frso set A\ € IX (resp. A\ € IX, 7(\) > 7).

(3) fuzzy regular semi irresolute closed (resp. fuzzy regular semi closed) iff f(X\) is r-frsc in
Y for each r-frsc set A\ € IX (resp. A€ IX, 7(1—)\)>r).

(4) fuzzy regular semi irresolute homeomorphism iff f is bijective, f and f=1 are fuzzy reqular

semi irresolute.

Definition 2.6. [1] Let (X,7) be a fts and r € Iy. For A\ € IX, X is called an r-fuzzy rare
set if I.(\,r) =0.

Definition 2.7. [1] Let (X, 7) and (Y, n) be a fts’s. Let f : (X, 7) = (Y, 1) be a
function. Then [ is called

(1) weakly continuous if for each p € I, where o(p) > r, r € I, f~H(p) < L(f~1(Co (1, 7)),7).

(2) rarely continuous if for each u € IY, where o(u) > r, r € Iy, there exists an r-fuzzy rare
set X\ € IV with p+ Cy(\,7) > 1 and p € I, where 7(p) > r such that f(p) < uV .

Proposition 2.1.  [1] Let (X, 7) and (Y, o) be any two fts’s, r € Iy and f : (X, 7) —

(Y, o) is fuzzy open and one-to-one, then [ preserves r-fuzzy rare sets.

§3. Rarely fuzzy regular semi continuous functions

Definition 3.1. Let (X, 7) and (Y, o) be a fts’s, and [ : (X, 7) = (Y, n) be a function.
Then f is called

(1) rarely fuzzy regular continuous [14] if for each p € IY, where a(u) > v, r € Iy, there
exists an r-fuzzy rare set X\ € IY with p+ Cy(X\,7) > 1 and a r-fro set p € I’X such that

flp) < VA
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(2) rarely fuzzy reqular semi continuous if for each pu € IY, where o(u) > r, v € Iy, there
exists an r-fuzzy rare set X € IV with p+ Cy(\,7) > 1 and an r-frso set p € IX, such

that f(p) < pV A.

Remark 3.1.

(1) Every weakly continuous function is rarely continuous [1] but converse need not be true.

(2) Every fuzzy regular continuous function is fuzzy reqular semi continuous but converse need

not be true.

(3) Ewery rarely fuzzy reqular continuous function is rarely fuzzy reqular semi continuous but

converse need not be true.

(4) Every fuzzy regular semi continuous function is rarely fuzzy reqular semi continuous but

converse need not be true.

(5) Every rarely fuzzy regular continuous function is rarely continuous but converse need not

be true.

From the above definition and remarks it is not difficult to conclude that the following

diagram of implications is true.

weakly continuous —rarely continuous -e— rarely fr-continuous

.

fr-continuous —»frs-continuous —» rarely frs-continuous

Diagram - |

Example 3.1. Let X = {a,b,c} =Y, u, 6 € I, X € IV withr € Iy are defined as \(a
0.5, A(b) = 0.5, A(¢c) = 0.6; p(a) =04, p(b) =0.5,u(c) =0.6; §(a) =0.4,0(b) =0.5,5(c) =

We define smooth topologies 7,0 : I — I as follows:

1 if xe{0,1}, .
3 fA=un,

T(\) = ? ' oc(AN)=1q4%
3 Zf )\ = (57 0
0 otherwise.

if A € {0,1},
PFA= A,

otherwise.

) =
A.

Forr = %, then the function f is fuzzy regqular semi continuous but not fuzzy regular continuous.

Since the fuzzy set X is r-fo set in' Y, f~1(\) is r-frso set, because there exists a r-fro set yu € I

such that p < X\ < C(u,r). But A is not r-fro set.
Example 3.2.

Let X = {a,b,c} =Y. Define u, § € I, \y € IV as follows: p(a) =

0.4, u(b) = 0.5, u(c) = 0.6; d(a) =0.4,0(b) = 0.5,6(c) = 0.4; Ai(a) =0.8, A\1(b) = 0.6, Ai(c) =
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0.8. Define the fuzzy topologies T, o : I — I as follows:

1 ifAx=0orl, _
1 4fA=0o0rl,
3 ifA=un, L
TR TN M ={3 irr=n
L oifa=4,
2 0 otherwise.
0 otherwise,

Letr =1/2. Let f : (X,7) — (Y,0) be defined by f(a) = a, f(b) =b, f(c) =cand )\, € IV with
o(A1) > 1, Aa € IV be an 1/2-fuzzy rare set defined by Aa(a) = 0.6, Aa(b) = 0.8, Aa(c) = 0.8
and a r-frso set X € I is defined by A(a) = 0.5, A\(b) = 0.5, \(¢) = 0.6, f(A\) = (0.5, 0.5, 0.6) <
A1 Vg = (0.8, 0.8, 0.8). Then f is rarely fuzzy regular semi continuous but not rarely fuzzy
regular continuous, because X\ € IX is not r-fro set.

Example 3.3. In Example 3.2, [ is fuzzy rarely continuous but not rarely fuzzy regular
continuous. Since N\ € IY with o(\) > r, Ay € IY be an 1/2-fuzzy rare set defined by
A2(a) = 0.6, A2(b) = 0.8, X2(c) = 0.8 and a r-fo set p with 7(p) > r, f(u) = (0.4, 0.5, 0.6) <
A1V Ay = (0.8, 0.8, 0.8) and also r-fo set § with 7(§) > r, f(6) = (0.4, 0.5, 0.4) < Ay VA =
(0.8, 0.8, 0.8).

Example 3.4. In Example 3.2, [ is rarely fuzzy reqular semi continuous but not fuzzy
reqular semi continuous. Since A1 € Y with o(A\1) > r, there exist a r-fro set p € X such that
p <A & Cr(p,r), f7H(A1) is not r-fuzzy regular semiopen set in X.

Definition 3.2. Let (X, 7) and (Y, o) be a fts’s, and [ : (X, 7) = (Y, n) be a function.
Then f is called weakly fuzzy regular semi continuous if for each r-frso set € IV, r € I,
P < LN (Co () 7).

Definition 3.3. A fts (X, 7) is said to be fuzzy RST jo-space if every r-frso set X €
IX, r €Iy is r-fro set.

Theorem 3.1. Let (X, 7) and (Y, o) be any two fuzzy topological spaces. If f : (X, 1) —
(Y, o) is both fuzzy regular semi open, fuzzy reqular semi irresolute and (X, 7) is fuzzy RST) /o

space, then it is weakly fuzzy regular semi continuous.

Proof. Let A € IX r € Iy with 7(\) < r. Since f is fuzzy regular semi open f(\) € IV
is r-frso. Also, since f is fuzzy regular semi irresolute, f~1(f(\)) € IX is r-frso set. Since
(X, 1) is fuzzy RSTy,, space, every r-frso set is r-fro set and also every r-fro set is r-fo set,
now, 7(f~1(f(\))) > r. Consider f~1(f(\)) < f~H(Co(f(N\),r)) from which I-(f~1(f(N)),r) <
L(fH(Co(f(A),r)),r). Since T(f7H(f(N)) = 7, f7HF(N) < L(fH(Co(f(A), 7)), 7). Thus f

is weakly fuzzy regular semi continuous. L

Definition 3.4. Let (X,7) be a fts. A FRS-open cover of (X,7) is the collection
{\i € I, N is r-frso, i € J} such that \/;,c; A =1.

Definition 3.5. A fts (X, 7) is said to be FRS-compact space if every FRS-open cover
of (X, 1) has a finite sub cover.

Definition 3.6. A fts (X, ) is said to be rarely FRS-almost compact if every F RS-open
cover {\; € I, X\; is r-frso, i € J} of (X,T), there exists a finite subset Jo of J such that
ViesAi Vpi = 1 where p; € IX are r-fuzzy rare sets.
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Theorem 3.2. Let (X, 7) and (Y, o) be any two fts’s, r € Iy and f : (X, 7) — (Y, o)
be rarely fuzzy reqular semi continuous. If (X, 1) is FRS-compact then (Y, o) is rarely FRS-

almost compact.

Proof. Let {\; € IV, i € J} be FRS-open cover of (Y,o). Then 1T = V;e;s\;. Since f
is rarely fuzzy regular semi continuous, there exists an r-fuzzy rare sets p; € IY such that
i + Cu(pi,7) > T and an r-frso set p; € IX such that f(u;) < A\ V p;. Since (X, 7) is FRS-
compact, every FRS-open cover of (X,7) has a finite sub cover. Thus 1 < V,ej,pi. Hence
1= f(1) = f(Viesotti) = Vieso f(1i) < ViesAi V pi. Therefore (Y, o) is rarely FRS-almost
compact. ]

Theorem 3.3. Let (X, 7) and (Y, o) be any two fts’s, r € Iy and [ : (X, 7) — (Y, o)
be rarely fuzzy reqular continuous. If (X, 7) is FRS-compact then (Y, o) is rarely FRS-almost

compact.

Proof. Since every rarely fuzzy regular continuous function is rarely fuzzy regular semi contin-

uous, then proof follows immediately from the Theorem 3.2.. O

Theorem 3.4. Let (X, 7), (Y, o) and (Z, n) be any fts’s, r € Iy. If f : (X, 7) = (Y, 0)
be rarely fuzzy reqular semi continuous, fuzzy reqular semi open and g : (Y, o) — (Z, n) is fuzzy

open and one-to-one, then go f : (X, 7) — (Z, n) is rarely fuzzy reqular semi continuous.

Proof. Let A\ € I with 7(\) > r. Since f is fuzzy regular semi open f(A\) € IV with o(f()\)) >
r. Since f is rarely fuzzy regular semi continuous, there exists an r-fuzzy rare set p € IV
with f(\) 4+ Cy(p,7) > 1 and an r-frso set u € IX such that f(u) < f(A) V p. By the
proposition 2.1., g(p) € IZ is also an r-fuzzy rare set. Since p € IV is such that p < v for all
v € IV with o(y) > r, and g is injective, it follows that (g o f)(A) + Cy(g(p),7) > 1. Then
(g0 /)w) =g(f(w) < g(f(X)Vp) < g(f(N)Vglp) < (g0 f)(A)Vg(p). Hence the result. [

Theorem 3.5. Let (X, 7), (Y, o) and (Z, n) be any fts’s,r € Iy. If f: (X, 7) = (Y, o)
be fuzzy regular semi open, onto and g : (Y, o) — (Z, n) be a function such that gof : (X, 7) —

(Z, m) is rarely fuzzy regqular semi continuous, then g is rarely fuzzy regular semi continuous.

Proof. Let A € I and p € IY be such that f(A) = p. Let (go f)(A) =~ € IZ with n(y) > r.
Since (go f) is fuzzy regular semi continuous, there exists a rare set p € IZ with y+C,(p,7) > 1
and an r-frso set § € IX such that (gof)(§) < yVp. Since f is fuzzy regular semi open, f(§) € I¥
is an r-frso set. Thus there exists a r-fuzzy rare set p € I? with v+ Cy(p,r) > 1 and an r-frso
set f(6) € IV such that g(f(5)) <~V p. Hence g is rarely fuzzy regular semi continuous. [

Theorem 3.6. Let (X, 7) and (Y, o) be any two fuzzy topological spaces, r € Iy. If
[ (X, 7) = (Y, o) is rarely fuzzy reqular semi continuous and (X, 7) is fuzzy RST jo-space,

then f is rarely fr-continuous.

Proof. The proof is trivial. O
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Definition 3.7. A fts (X, ) is said to be rarely F RS-Ty-space if for each pair \, u € I*
with X # p there exist r-frso sets py, pa € IX with p1 # pa and a r-fuzzy rare set v € IX with
p1+Cr(vy,r) >1 and pa + Cr(y,7) > 1 such that X < p1 Vv and u < pa V.

Theorem 3.7. Let (X, 7) and (Y, o) be any two fuzzy topological spaces, r € Iy. If
(X, 1) = (Y, o) is fuzzy reqular semi open and injective and (X, 7) is rarely FRS-Ty
space, then (Y, o) is also a rarely FRS-Ts space.

Proof. A\, u € I with X\ # p. Since f is injective, f(\) # f(u). Since (X, 7) is rarely FRS-
Ty-space, there exist r-frso sets pi, pz € IX with p; # po and a r-fuzzy rare set v € I with
p1+ Cr(v,7) > 1 and ps + Cr(y,7) > 1 such that A < p; Vv and p < pg V. Since f is
fuzzy regular semi open, f(p1), f(p2) € IY are r-frso sets with f(p1) # f(p2). Since f is fuzzy
regular semi open and one-to-one, f(v) is also an r-fuzzy rare set with f(p1)+Cy(v,r) > 1 and
f(p2) + Co(7y,7) > 1 such that f(N) < f(p1 V) and f(u) < f(p1 V7). Thus (Y, o) is rarely
FRS-Ts-space. O
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Abstract Let n > 1 be an integer. The integer d = [];_, p?i is called an exponential divisor
of n =[[;_,pi, if bi | a; for every i € 1,2,---,s. Let 7(&)(n) denote the exponential divisor
function. In this paper, we will study the mean value of exponential divisor function over

square-full numbers, that is

S (#Pm) = (1 () fa(n),

n is square— full

where f2(n) is the characteristic function of square-full integers, i.e.

1, n is square-full,
fa(n) =

0, otherwise.

Keywords Dirichlet convolution; Asympototic formula; Exponential divisor function.

§1. Introduction

Many scholars are interested in researching the divisor problem, and they have obtained a
large number of good results. However, there are many problems hasn’t been solved. American-
Romanian number theorist Florentin Smarandache [6] introduced hundreds of interesting se-
quences and arithmetical functions. In 1991, he published a book named only problems, not solutions!,
and one problem is that, a number n is called simple number if the product of its proper divisors
is less than or equal to n. Generally speaking, n = p, or n = p?, or n = p>, or pg, where p and
q are distinct primes. The properties of this simple number sequence hasn’t been studied yet.
And other problems are introduced in this book, such as proper divisor products sequence and
the largest exponent (of power p) which divides n, where p > 2 is an integer.

In the definition of exponential divisor: suppose n > 1 is an integer, and n = Hf pit. If

d= Hf pf satisfies b; | a;,4 = 1,2,- - -,t, then d is called an exponential divisor of n, notation
d |e n. By convention 1 | 1.
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J.Wu [4] improved the above result got the following result:
Z 7 (n) = A(z) + Bz? + O(x% log ),
n<z

where

AZI;[<1+Z a_1)>,

a=2

5o H(”Z dla—1)— d’(a—2)+d(a—3)>'

p3

M.V.Subbarao [2] also proved for some positive integer r,

D) ~ A,

n<z

where

AT:IZI<1+

s}
i1[]e
~—
o8
—~
=
SN—
=
|
—~
QL
—~
Q
|
L
N~—
S~—
-
v

L.Toth [3] proved

> (7O n)" = A (2) + 27 Py _s(log x) + O(a" %),

n<x
where Pyr_o(t) is a polynomial of degree 2" — 2 in ¢, u, = 3171:_}
Similarly to the generalization of dj(n) from d(n), we define the function 7'( )( ):
79m) = ] dulas).k > 2,

pitln

Obviously when k = 2, that is 7(¢)(n). Tée) (n) is obviously a multiplicative function. In this
paper we investigate the case k = 3, i.e. the properties of the function Tée)(n).

In this paper, we will study the asymptotic formula for the mean value of the function
(Tée) (n))? over square-full numbers.

Theorem 1.1. We have the asymptotic formula

Y (19(m)? = at Ry(logx) + O(a 1o +e),

n is square— full

where Rg(t) is a polynomial of degree 8 in t.
Notation. Throughout this paper, ¢ always denotes a fixed but sufficiently small positive

constant.
§2. Some lemmas
lemma 2.1. Let
T?Ee)(”) = H ds(ai),

pitln
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No.

then we have

319 (m))? = °(25)G (s),

where the infinite series G(s) =Y .o, % is absolutely convergent for Rs > %.

Proof. By Euler’s product formula, we can get

i (57 (m)? _ i (157 (m)* fo(n)

n=1 n® n=1 n®
n s square— full
_ H (1 + d3(2) f2(p?) + d3(3) f2(r*) + d3(4) fo(p*) 4. .dg(r)ﬁ(pr))
p2S p3s p45 prs

p

32 3 62 32
H<1+2S+35+++~-~>
. p

D p45 p55

9
= ¢?(2s) (1+p35+~~->
= (*(25)G(s),

where the infinite series G(s) := Y-, QT(LZ) is absolutely convergent for Rs > 1.

lemma2.2. Suppose k > 2 is an integer. Then

Dy(z) = Z di(n) =2y cjlogz)’ + O(z***),

o
Ju

n<zx

<
I
o

where c; is a calculable constant, € is a sufficiently small positive constant, ay, is the infimum

of numbers oy, such that

Ak(.ﬁb) = Z dk(n) — -TPk—l(lOgJ?) < Z»Oék+€7

n<z
and
<131 <43
246 P g
o 3k —4 <k<S8
k > 4k ) = = O,
35 41 7
< — < — < —
a9754, a10761;a117107
k—
< ——, 12< k<25,
W= ==
k—1
< ——, 26< k<50
ak_k+47 >~ = )
31k — 98
51 <k <57
W=y ’
Tk — 34
k > 58
[07 3 7 -

(2)
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lemma2.3. Let

then we have

D(27 o 'az;z) = I%Pk_l(logx) + O(zawrs)’
N——
k

where, the definition of ay, is as above.

Proof. Recall that

by hyperbolic summation formula, we have

D(2, Zd )= Y di(m

k n<lx m2<z

from lemma 2.2, we can get

D(2a T 2;”) = $%Pk_1(10g ;z:) —+ O(IQkJrE)’
~—
k

where ¢, is as defined in lemma 2.2. O

lemma2.4. Suppose f(m),g(n) are arithmetical functions such that

J

Zf( ZxJP (logz) + O(x Z|g z?),

m<x j=1 n<z

where o > o > -+ > oy > > >0, P(t) is a polynomial in t, if h(n) =5, _ . f(m)g(d),
then

J
Z h(n) = Zxa-fQj(logx) + O(x"),

n<x Jj=1

where Q;(t) j=1,---,J is a polynomial in t.

83. Proof of Theorem 1.1

Proof. From lemma 2.1, we have G(s) = Y72 £ () iy absolutely convergent for Rs > 7, and

n=1 ns
then

Let
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where

From lemma 2.3, we have

Zf Zd - 2:n) = 22 Qs(log z) + O(x165 ).

n<z n<z 9

where Qs(logz) is a polynomial in logx of degree 8, «y, is defined in lemma 2.2. From

(37 (n)) =Y fm

n=ml

lemma 2.1, we have

From lemma 2.4, we complete the proof of Theorem 1.1. U
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Abstract We study the resonance phenomenon between divisor function and exponential
functions of the form e(an?), where 0 # a € R and 0 < 8 < 1. An asymptotic formula is

established for the nonlinear exponential sum

Z d(n)e(an®)

n~X
n=!l mod q

when 3 = 1 and |a] is close to %,k czr.
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§1. Introduction and main results

Let d(n) denote the number of divisors of n. The properties of divisor function d(n) attract
many researchers’ interest, and they have got many generalization of the divisor problem ( for
example, see [3], [4]). However, there are many problems hasn’t been solved. For example,
F.Smarandache gave some unsolved problems in his book only problems, not solutions! ( see
[5]). Here we focus our attention on the resonance between divisor function and exponential
functions.

In 1916, Hardy [6] studied the sum

S(X,t)= > n rd(n)e V"

1<n<X
and showed that, if ¢ # 47¢'/? for any positive integer ¢, then
S(X,t) = o(X?)
and, if t = 47w¢'/? for some integer ¢, then

S(X,t) = A+ 0dla) vy o(X?)

as X — oo. The above result can be seen as the resonance phenomenon between divisor function

and exponential functions. Recently, Sun and Wu [14] considered a similar problem and proved
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when |a|B3X" < g, then

Z d(n)e(an®) < (Ja|fXP) "1 X log X,
n<X

and when |a|3X? > g, then

< [28 =175 (Ja|BX )1+, if
= Ha,qn(a,q)X%d(q)q’% + 0 (|Oz|%X%+€ + \04|’1X%+5) , if

£

Z d(n)e(an?) ’

n<X

B
B

Y

N~ N~

where K4,y = 1 or 0 according to if there exists a positive integer g satisfying
lal —2/g < X2, 1<]a| < VX,

and
1 —sgn(a)i

2
5 / uTie (sgn(a) (lal — 2/q) \/uX) du.
1
In 1973, Saburé Uchiyama [16] considered the sum
Ul X)=Ula,X,q)= Y n dn)e(avn) (a>0),

1<n<X
n=!l( mod q)

n(a,q) =

where ¢ and [ are integers with ¢ > 1,0 <[ < ¢, and showed that, if o # ¥ for any integer
k, then
U(a, X) = Oy (log X),

and if a = ¥ for some integer k, then

X7 + O4(log X),
qzk

U(a, X) =

e

provided that o > 4¢3, where

o(k;q,l) = S k,ml;),
(k; q,1) ; (m q
and S(m,n;q) denotes the Kloosterman sum.

Motivated by the above results, we study the resonance phenomenon between divisor func-
tion and exponential functions over arithmetic progressions. To do this, using a different method
we establish an asymptotic formula when § = % and || is close to 27\/%, k € Z*, and obtain
a new result when § # % Our main instruments are Voronoi formula, the estimation of ex-
ponential sums and the weighted stationary phase. Due to the orthogonality of the additive
characters, we can obtain the Kloosterman sum after applying the Voronoi summation formula,
which let us can use Weil’s bound to get the saving in the g-aspect.Our result is the following
theorem.

Theorem 1.1. Suppose X > 1, 0< <1 and 0 # o € R. Suppose also l,q € N and
I<qg< X3
(i) For |a|BX? < \é—q}, one has

Z d(n)e(an®) < ¢>** (|0¢|BX5)_1 Xlog X.

n~X
n=l mod g
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(ii) For |a|3X? > ‘é—f and 3 # %, one has

Y dn ) < g2 te28 — 177 (joIBX7) 7

n~X
n=l mod ¢

(i4i) For |a|BXP > 2£r)1( and B =%, if la| < % or |a| > ‘/TY one has

S dne(an®) < (glal) X,
n~X
n=l mod ¢q
zf% <l|al < TX one has
Z d(n)e(an®) = = ZE a,ng)k 5X%d(nk)5(—l,—nk;k)n;%
nX k\q

n=l mod ¢
+0 ((gla)¥ex+e),

where

Elany) = W/ju-ie (Sgn(a) (|a _ 2\{?) m) du,

—i, if a>0,
1, if a<,

€x S

and 0, = 1 or 0 according to whether there is a positive integer ny, for klq satisfying

|kla] — 2¢/ng| < X 7=

or not.

§2. Some lemmas

To prove Theorem 1.1, we need quote some lemmas. First, we introduce some notations.

Let the Kloosterman sum be defined as
* md + nd
S ;) = E—
(m,n;c) Z e ( - ) ,
d mod ¢

where the sum is extended over a reduced set of residues modulo ¢ and d denotes the inverse

of d modulo ¢. Then the famous Weil’s bound of Kloosterman sum gives
|S(m,n;c)| < (m,n, c)%c%d(c).

Let K, and Y, denote the standard K-Bessel function and Y-Bessel function, respectively.
Then we have the following Voronoi formula (see [7]).
Lemma 2.1. Suppose that 0 < a < b, (h,k) =1, f(x) € C'[a,b], Then

kz/d(n)f(n)e( ) G3+Zd ( ) +Zd ( ) s(n), (2.1)

a<n<b
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where G, G4(y) and Gs(y) are the following integral transforms:

b
Gs3 = / (logz + 2y — 2log k) f(zx)dz,

Gily) = -2 [ ¥ (4#,?) f(@)da,

Gats) =4 | K (4#?) f(@)da,

where Za<n<b/ means that if a or b is an integer then the first or the last term in the sum
(1.1) is ha_lve_d, and 7y is Fuler’s constant.
We need the following lemma for asymptotic expansions of the Bessel functions (see [1]).
Lemma 2.2. Suppose that z > 0, Then

Kolz) — \/Zez 1+0(")1), (2:9)

Yo(z) = ) = {sm (=~ %) = é cos (= - %) +0 (22)} . (2.3)

w4

We also need the following result (see [15, Lemmas 4.3 and 4.5]).

Lemma 2.3. Let G(z) and F(zx) be real function in [a,b] with G(x)/F'(x) monotonic.
Suppose that |G(x)] < M.
(i) If F'(z) > u>0 or F'(z) < —u <0, then

b
/ G(z)e(F(x))de < %

(i) If F"(x) > v >0 or F"'(z) < —v <0, then

b
/ G(z)e (F(x))dx < %

§3. Proof of theorem 1.1

In this section, we give the proof of Theorem 1.1. Using the formula of the Ramanujan

sum

d any q ql|n,
%Ze(d) 0, qtn,

a=1
(a,d)=1
we obtain

> d<n>e(om’3)=;%h%ﬁdk*e(—}:)%dm)e(’Z‘)qanﬁ), 3.1)

n=l mod g

where the " means the summation is restricted by (h,k) = 1.
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Let A > 1 and 0 < ¢(x) < 1 be a C* function supported on [1,2], which is identically
lon[1+ A1 2— A1 and satisfies ¢")(z) < A" for r < 0. Using the well-known bound
> <z d(n) < zlogz, we have

mzxd(n)e (T) e (an?) = id(n)e (hk”> W(n)+ O <§ logX) : (3.2)

where

Applying Lemma 2.1 with f(n) = W(n)we have

kid(n)e (hk”> W(n) = Gs + id(n)e (-’Z‘) Galn) + f: d(n)e (’Z‘) Gs(n), (3.3)

n=1

where

Gs :/ (logz + 2y —2log k) W (x) dz,
0

Git) =2 [ %o (“ﬁy ) W (2) de,

k

Gs(y) = 4/000 Ko (47T‘k/@> W (z) da.

Now, we estimate the contributions from these three terms Gg, G4(n) and Gs(n) to (3.1),
respectively. First, we estimate the contribution from the term G3. Changing variables x = Xt

and applying (7) in Lemma 2.3, we have

2
G3 = X/ (log X +logt + 2y — 2log k) ¢(t)e (a(tX)?) dt
1

log X
|| BXP

— (jalBX?) " Xlog X.

< X

Thus the contribution from G3 to (3.1) is

1 . h\ 1
22 ()
k|g h mod k
1 . h\ 1 _
€LT 3 o) ) X x (34)
k|q h mod k
< ¢ (|a|BX?) T X log X.

Second, we estimate the contribution from the term G5(n). Using (2.2) in Lemma 2.2 with
]
k

, we have

Ko (4%@) - 2\1/51{%(@)-% exp (-“ﬁ) {1 +0 (k(xy)—%)}.

z =
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Inserting it into G5(y), for y > 1 we obtain
_Vardyt [ ot Amyry V(5 e (an?
Gs(y) = V2kzy /0 T4 exp ( ’ >{1+O<k(zy) )}QS(X)e(az ) da

2X 4 Ve
< k%gf% / o exp < T :Ey) dz
x k
477\/)Ty)
A .

< k%X%y_% exp (—

Applying the Weil’s bound of Kloosterman sum and using the well-known bound Zn<z d(n)? <«
xlog® x, we can derive that the contribution from Gs(n) to (3.1) is

*Z v ( )}Cid(n)e ("kh) Gs(n)

k\q h mod k
S S dm)S (~4m:K) Gl
k|q n=1
<< Z Z d(n)[S (~1,n; k) [kZ X Tn~ % exp <_4”‘£ﬁ>
k|q n=1
k|q n=1
= CYdxt Y (nidmnt 0 (X)
qu n<k2X—1+e
< - Z d(k Xi Z |d(n)|? Z (I,n, k) n-3% 10 (X—loo)
k|q n<k2X—1+e n<k2X—1+e
< qrteXeE.

Last, we turn to estimate the contribution from the term G4(n). Using (2.3) in Lemma 2.2, we

have L 1—;
—1 i - —1 iz - -5
Y(2) = gz (€ —ie7) = o (e i) 0 (7F).
Inserting it into G4(y) with z = drvTy ¥ Y we get
ks [ 1 2./ 2./
Guily) = (a Jr;) /0 (zxy) % ¢ (Y) e (axﬁ) (e ( kﬂ:y) —ie <— ]fy)> dx
k% 1— o0 3 2./ 2./
+ 2(.327:)/0 (zy) 4¢(*>6(ax’8) (e( kxy) +ze< ]jy))dm

Changing variable z = X2, we obtain
Galy) = (1+i)k%X%y—1/ t2¢ (12) e (aX127) (e (2Vkth> — e (—QVkXy) t) dt
0
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_~_%;i))(%y—% /OOO t—%qs(tQ)e (aXBtQB) (e (2\/;(7?}10 + ie (—2\/;@> t) dt

+0 <2k3X1y3/ =3¢ (12) dt>
0
0

= Gu(y) + (kiX—%y_%),

where
1 1 2vX 2vX
Gu(y) = ark2 X1y~ 1 (P+ < A y> —iPy (— 3 y>>
(3.6)
Fakixtyt (oo (BAY) Lip (2
k k
with L
0,1:1+Z., a2 = 32_7:7
and -
Py(w) = / 526 (12) e (aX P17 + wt) dt. (3.7)
0
The contribution from O-term to (3.1) is
1 * Rl 1 & nh\ s 1 _s
gz Z e(—k)kZd(n)e <I€> k2X"an"a
k|g h mod k n=1
(3.8)

1 1 1,91 _5
—_—— — — . 2 4 4
= kg . Eld(n)S( Ln;k)k2k*X " 1n

7 n=

<L gitexate,

The integral Py (w) defined in (3.7) has been studied by Ren and Ye [13] and Sun and Wu [14].
Here, we just briefly recall their estimates. Due to the differences in parameters, we shall choose

them carefully later to get the g-aspect saving. Let
f(t) = aXPt?P 4wt
Then we have
I = 206XPt2P 1 L w
= sgn(a) (2\a|ﬁXﬁt26_1 + sgn(a)sgn(w)|w|) ,
f(t) = 2a8(28 — 1) XPt28-2,

If ow > 0 or
1
aw <0 but |w|¢ §|oz|ﬁX5,4|a|ﬁX/3 , (3.9)

then for all ¢ € [1,1/2], we have

f(t) > max{|a|BX7, [w|}, f'(t) < |a|pXP.
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Noting that ¢(u) is supported on [1,2], we have
\/5 1
Py (w) :/ t£2¢(t%)e (aXPt* + wt) dt.
1

By partial integration we have, for w satisfying (3.9),

Al—l
Py (w) < o l=1,2 (3.10)
max {|a] 8X5, |w]}

Letw = :&:27\/;(7. Then |w| € [§|a|B8X7?, 4|a|3X?] means that y € [1—16 (|| Bk)? X251 4 (|a| BK)? Xzﬁ‘l].

For convenience, we write
I := 71 ol Bk 2X2ﬁ ! 4 (|a /3/{3 2)(2’6 !

For y =n ¢ I, by (3.6) and (3.10), we have

Gu(y) < (KX Ty 4R Xdy 1) Ri(Xp,0), (3.11)
where
Al—l
Ri(X,9,k) < ——=, 1=12 (3.12)
/53)

Therefore the contribution from Gy(n) with n ¢ I to (3.1) is

2 T () i e () Gt

k|g h mod k n¢l
la N # (3.13)
< é > % > d(n)S(—1, —n; k) (k2 X in ™7 + k2 X 10" %)Ry(X,y, k).
klg = m=1
Let Y = k?A2X 1. Using (3.12) with
,_J L sy
2, n>Y,
we get that (3.13) is
<iy % >~ dm)S(=1 -~ k)] (kX kX A0 ) kX0
1 klg = n<Y
+1 Z% S dm)[S(— —n: B)] (K2 X0k 4 kXA ) ARRX (3.14)
4 klq n>Y
=: X1 + X,
For X1, we have
I 1
Sio= =Y 2 > dm)S(—1—nik) (k2 XAn T + kEX A0
q
klg n<lY
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< de kX5 N d(n)(n, 1, k)En "

k|q n<Y
+= Zd kKX~ 3" d(n)(n, 1, k)2n~H
k:\q n<Y

< giTEARTE,

d*(n) < zlog®z and the Weil’s bound for

d(n)? . .
Kloosterman sum. Analogously, since the series anl n(fi)g is convergent, so we obtain

where we have used the well-known bound }, .

Y, < q%+€A%+E.
Thus, the contribution of (3.14) is
< qrTEAETE, (3.15)

Now we can get our first conclusion. If |a|3X*? < \F , then INZ* =0, by (3.3) — (3.5), (3.8)
and (3.15), choosing
X3

ol

A=gq~

)

we have

Z d(n 5y < >t (|alBXP) " X log X, (3.16)
n=l mod g
which proves (i) in Theorem 1.1.
For y = n € I, noting the trivial estimate flﬂ tt2¢ (t2) e(f(t))dt < 1, and then inserting

it into (3.1), we obtain the contribution of the second term in the right of (3.6) is

< = Z Zd —n k) k2 X in"

k|q nGI (317)
< g7t (|oBX7)*TE

e

For the first term in the right of (3.6), we use (3.10) to bound the terms with aw > 0 and

obtain
r (22Y) -, (—2\/,;’(7) — o [ (i)t + Oy (X, ),

where
—i, a>0,
€o = b (3.18)
1, a<0,
and
2v/X
A0 = i) = sanfa) (Jalx%e2? - 220, (3.19)

Since the contribution from the O-term is absorbed by (3.17), we only need to estimate

a1 1 V2 1
LS XY di) k)n*z/l Bo()e (f1(t,n) dt. (3.20)

klg nel
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To estimate (3.20), we consider two cases according to 8 = % or not.
Case 1. Ifpg# %, we have

(1) = sgn(a)|al(28) (28 — 1) XPt?72 > |a|B(28 — 1)XP, for t € [1,V?2]
By partial integration and (i¢) in Lemma 2.3, we have

_1
2

\/5 1
[ e (e de < (l328 - 1)X7)
Therefore (3.20) is

< (lalB2s — )x#)"* xi1 Zk‘l“Zd S(=l,—n; k)n~ ¥
g nel (3.21)

1 _1 1+
< q2*28 =177 (jalpx?) "

which proves (i7) in Theorem 1.1.
Case 2. If 8= %, let

H,=2"klo|X?, 1<r<ro= {1og2 (k|a|X%>] +1,

and define
A(H,) = {n L H, X7 < |kla| — 2V < 2H7,X*%}_

Then it is easy to get that
|A(H,)| < Hyk|o|X 5.

Furthermore for n € A(H,), we have
2y/n
01 =jol - 22| x> s
Then using (i) in lemma 2.3, we obtain

\/5 1
/ o(2)e (f2(1)) dt < H ',
1

that is

/00 t%¢(t2)e (sgn(a) (kla| — 2v/n) \/)?t) dt < H; 'k.

0
Noting the trivial bound d(n) < n°, then in this case the contribution of (3.20) is

< = Zk X4+EZH— ST d)|S(=1,—n;k)|n~H

k|q ne€A(H,)
3.22
< - Zk2+exi+€ZH la|2k2) 7 kA e|A(H,)| (3:22)
qu

<« qFteXEte|a)ite,

Let
Iy = {n: |kla| = 2v/n| < Xﬁé},
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then it is easy to know that
[Io] < Kla|X 3.

Now, the remaining work is to estimate
al 1 3 1 V2 1 2
ca— Y kTIXE Y d(n)S(—1,—n;k)n " / t2¢(t2)e (f1(t,n)) dt. (3.23)
q 1
k‘q nelnly

If |of < %, then Iy = (. In this case, (3.23) vanishes.
If |oof > ‘/T?, using the trivial bound d(n) < n¢, the contribution of (3.23) is

1
SN kX > d(n)|S(~1, —n; k)|n~3
q
kla |kla|—2vm|<x ™3
1 : el
< ;Z kT X | Tk (K2 ]of?)"
klq

< ¢ XaTe|af2te,

(3.24)

we prove the first part of (¢i¢) in Theorem 1.1.
If % <lal < g, then there exists at most one integer n, which we write n = ny, satisfying

|kla| —2v/n| < X2
for every k|g. Therefore (3.20) becomes

1 1 v2 1
%% > okkT2 X A d(ng)S (1, —ngs )y, * / t2p(t*)e (f1(t,nx)) dt
k|q !

2

ay 1.3 -1 1 1
:eafz&fk: 2X4d(nk)S(—l,—nk;k)nk4/ u e fi(uz,ng) ) du

2455 1 (7 (o)) (3.25)
+0 (kAT X () (k) )

1 1 3 1

= 625(0[,7%) k™2 X 1d(ng)S (—1, —ny; k) ny, * + O(1),

klq

where

€ (o) = 250 “ute (sen(e) (jal = 27 ) V&) au,

and 0 = 1 or 0 according to whether there is a positive integer nj or not.

When 8 = 3 and % <lal < g, we note that g|a| < v X. Recalling a; = 1+ i and

—i, a>0,

€q =

1, a<0,

from (3.22) — (3.25), we can conclude that (3.20) is equal to

1 1 3 _1 1. 1.,
ézf(a,nk)k*fXZd(nk)S(fl, —ng;k)ng * + O ((‘1|04|)2+ Xt ) ; (3.26)
klq

which proves the second part of (i) in Theorem 1.1.
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Abstract In this paper we consider the mean value of hybrid arithmetic function of the form
A% (n)a®(n)¢°(n), where Af(n) is the n-th Fourier coefficients of the holomorphic cusp form f,
o(n) is the sum-of-divisors function, ¢(n) is the Euler’s totient function. In detail, we prove
that for any € > 0,

> X5 ()" ()6 (n) = o+ Pilog w) + O+ B4,

n<z
where b, c € R.

Keywords Arithmetic function, Cusp form, Automorphic L-function, Fourier coefficients.
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81. Introduction

Throughout this paper, let £ > 1 be an even integer, and H;; be the set of all normalized
Hecke primitive eigencuspform of weight k for the full modular group SL2(Z). Each f € H}
has a Fourier expansion at the cusp oo

f(z) = Z )\f(n)n% eminz,
n>1
Here A¢(n) is the eigenvalue of normalized Hecke operator T;,. Then A¢(n) is real and satisfies

the multiplicative property. For any integers m > 1 and n > 1, we have

M) = 3 A ()

df(m,n)
It is worth mentioning that the Fourier coefficients are very meaningful subject. In 1974,

Deligne [2] proved the Ramanujan-Peterson conjecture
[Ar(n)] < d(n),

where d(n) is the Dirichlet divisor function.
The Hecke L-function of f € HJ is defined:

L(f,s) = Z /\fT(:l), Re(s) > 1.



106 Shan Cui and Ai Liu No. 1

Rankin [7] proved that
Z An) < z'/3(logz)~°,

n<z

where 0 < 6 < 0.06.

In this paper we estimate the sum of n;z )\?c (n)a®(n)¢¢(n), where o(n) is sum of divisor

function, ¢(n) is Euler’s totient function andib, ¢ € R. We establish the following result.

Theorem 1. Let b,c € R, then for any € > 0,

S(@) = 30 Ni(m)a ()6 (n) = 2?1 Py(log ) + O (a8 <)

n<z

where Py(t) is a polynomial in t of degree 4 and O-constant depends on f.

§2.Preliminaries

This section is devoted to give some preliminary results for the proof of Theorem 1.
Lemma 2.1. For anye > 0, % <o <1, and |t| > 2, we have

(o +it) <o (14 | ¢ ]ymaeliz(i=o)0},
L(sym! f,0 + it) <g.o (1+ | ¢ [ymosti5 (=)0},
Lisym! f x sym' f, 0 +it) <o (14 | ¢ [reet 720000,

where L (symj 7 s) 1s the symmetric power L-function, and L (symjf x sym'f, s) is the Rankin-
Selberg L-function.

Proof. See [1] and chapter 5 of the literature [4], respectively. O

Lemma 2.2. Fori,j = 1,2,3,4, and for any ¢ > 0, T > Ty (where Ty is sufficiently

large ), we have the estimate

2T
J;

. 1
L (sym-7f x sym'f, 3 +e+ z't)

2 .
dt <Lzt T%"'e,

o1
L(symjf,z—i—a—&—it)

2

G+ (i+1)
dt <5 T2 T2,

2T
/;

Proof. For the proof of Lemma 2.2, we can see section 1 of [6], respectively. O
oo

Lemma 2.3. Suppose F(s) = Y aflf) converges absolutely for o > 1 and a(n) < A(n),
n=1

where A(n) is monotonically increasing and af;:) =0 (ﬁ) with a > 0 as o — 17, If
n=1

b>1andm:N+%withN€N, then for T > 2,

Y a(n) = Qjm, /beT F(s)%sds +0 (T(bxbl)a) + (W) .

—iT
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Proof. The proof of the Lemma is given in section 1.2.1 of [5]. O

Lemma 2.4. Let f € H} and \f(n) denote its n-th normalized Fourier coefficient. Define

Z )¢( )—Ll(s—b—c)H(s),

then F(s) can be decomposed into
F(s) = L(sym*f x sym®f,s —b—c)L*(sym*f,s —b—c) L3 (sym? f,s —b—c)¢*(s —b—c)H(s),
where H(s) is analytic and bounded for Re(s) > b+ c+ 1.

X A6(n)ob(n)¢c(n) . .. . 5 c
Proof. F(s) = ngl “—————— is the Dirichlet series of /\‘]’c (n)ab(n)¢c(n). Each of A¢(n), o(n)

and ¢(n) satisfies the multiplicative property, thus )\?(n)ab(nwc(n) is multiplicative. Hence
we can write F(s) as a product over primes F(s) =[] fp(s).
P

Therefore we obtain

B i )\?(pk)ab(pk)¢c(]9k)
fo(s) —1; T
L A§<p>a;<sp>¢c<p> . A?<p2>a;<f>¢0<p2> L

Referring to Deligne [6], for arbitrary prime p, we can write af(p) and By (p) for

Ar(p) = ap(p) + Br(p), loy (p)| = ap(p)Bs(p) =

For j > 1, we have

) a J+1 _ J+1 J
)\f(p)J _ f( ) 6f(p) Zaf j mﬂf )

=B
Then,
()= (p 0 2 2 c
@80 o -1 () @ e+ - p)
fp(s) = 1+ > Pz N
_ 1 ) +Br)" (1) e — 1)
ps
. (a?(p) +az(p)Br(p) + ﬂfc(p))6 (P> +p+1)°(p* —p)° .
=
6 b c
- 14 (Oéf(lgs‘ffi(?)) (1 n 21)) (1 B ]10> ) <pb+cfafl +p2(b+670')> .
Therefore,
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F(s) =] (1 N a$(p) + 603 (p) + 15@?(1’);_2&; 156%(p) + 661 (p) + B%(p)

() -2 o)

4 2 5 A
=L(sym*f x sym®f,s —b—c) [ | (1 + day(p) + 12af(p);;1:t 1255(p) + 45¢(p)
p

() (-3 rot)

=L(sym*f x sym®f,s — b — c)L*(sym* f, s — b — c)L¥(sym* f,s — b — c)

X H <1+ % (1+ 1>b (1 - 1>C+O (pg(b+c—o))>
» p p p

=L(sym*f x sym®f,s — b — c)L*(sym* f, s — b — ¢) L3 (sym?f,5s —b —¢)(°(s — b —¢)

D ((0-2) (-3 o)

=L(sym*f x sym®f,s — b — c)L*(sym* f, s — b — ¢) L3 (sym?>f,5s — b — ¢)(°(s — b — c)H(s),

where H (s) is absolutely convergent in Re (s) > b+ c+ 3. O

§3. Proof of Theorem 1

. — 6 b c — \6 b c
Proof. We apply Lemma 2.3 to the sum S(z) = ngx At(n)a®(n)¢c(n), let f(n) = AG(n)o”(n)¢c(n).
We know that f(n) < Bn’*t°*¢ and B is a real constant depending on e. Referring to Lemma

2.3, for Re (s) > b+ c+ 1, we have

1 btc+1+e+iT ©© s 14+e B(2x)btete]
Sx) = — o <:'j17__1> o) (x (22) ng>
271 btctlte—iT el ns S Ts ¢ T
1 b+c+1+4e+iT 75 l‘b+c+1+6
= Li(s—b—c)H(s)Zds+ 0 () : (3.1)
27 Jpyer1ve—iT $ T

where
Li(s—b—c) = L(sym* fxsym?f, s —b—c)L*(sym* f,s —b—c) L} (sym?f,s —b—c)(* (s —b—c),

and T with 1 < T < z is a parameter to be specified later.

Our aim is to estimate the integral in (3.1). So we consider the closed contour I'":

1
I=b+c+14+e—iT,b+c+1+e+iT), II:[b+c+1—|—€—|—iT,b—|—c+§—|—8—|—iT],
1 . 1 , 1 , .
III:[b+c+§+5+zT7b+c+§+£—zT], IV:[b+c+§+5—zT,b+c+1+6—@T].
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Let s s
I :/Ll(s—b—c)H(s)x—ds, I, :/ Ll(s—b—c)H(s)m—ds,
1 s 11 s
xS xS
Is = / Li(s—b—c)H(s)—ds, I, :/ Li(s—b—c)H(s)—ds.
II1 s v s
By the residue theorem, we have
1 1 x® 1
—0L = — | Li(s—b—c¢c)H(s)—ds— — L2+ I3+ 1
o ! omi Jo TG H(s)~rds = 55T+ Is + 1)
1
= zb+c+1P4(10g x) — % (12 + I3 + 14) y (32)

where Py(t) is the polynomial of degree 4 in t.
For I, and 14, according to Lemma 2.1, we get

1+e xb+c+o‘

I+ I L /1) ————=d
2+ 1y K /§+s 1o+ )b+c+o+iT o

1+E :L_o'
xbte / Li(o 4 iT)==do
1 T

<
+e
I+e 15 , 5 3 13 x
< xb+c/ T(7+§><4+§><8+E><5)(170)+€7d0,
1 T
3te

o
631 X
< zP*t¢ max T =
$+e<o<l+e T 1

< pbretlte
T
I3, using Lemmas 2.1-2.2 and the Cauchy inequality, we obtain

1 1
L (sym4f><sym2f, 3 +e+ it> L4 <sym4f, 3 +e+ it> L8 <sym2f, 3 +e+ it)

btcts+e
x 2 4 pbretite

Fo

T
.
1

1 1
x(P (= +e+it) Hib+c+ - +e+it
3 al 2 )\b+c+§+e+z‘t|

1 1
L (sym4f x sym?f, 3 —|—€—|—it> LA (sym4f, 3 —|—£—|—it)

)

=

T
< xb+c+%+e/
1
x L® (smef, 5 +e+ it) ¢s (2 + e+ it) ‘tdt 4 gbtetite

1 )
C(2+€+Zt>

1 1
zb+c+ 5te 4 l,b+c+ 5te 10g T max — max
1<7, <T T1 %StSTl

<
. 4 2, 1 2 2, 1 4 2, 1
X /T L sym® fxsym”f, §+<€+it L= | sym=f, §+5—|—it L* | sym=f, §+€+it
21
’ 1
T 1 1 2 2
X /T L? (symzf,2+5+it) L* (symzf,2+5+it) dt
T1
< zb+c+%+e+zb+c+%+aT%
< ghretster iy
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2 3
dt>

1

(3.4)
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According to (3.2)-(3.4), we have

btc+1+e+iT
1 305

Ll(S)H(S)%dSbe“HRl(log x)+O(mb+c+é+ET21)+O<

xb+c+1+5
T

270 Joyer14e—iT
. 21
Taking T = z 52, we get
631

S(x) = 2P 1 Py(log z) + O (xb+c+m+e) .

This completes the proof of Theorem 1.
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Abstract Let R(n) denote the number of representation of the natural number n by qua-
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§1. Introduction
Fomenko [4] considered the problem on the distribution of integral points on
PidT =yt (k> 2), (1)

described by the asymptotic formula for r,%(n), where z;,y; € Z, 1 < i <k, n € NT, and
n<z
ri(n) denotes the number of representations of the natural number n as the sum of k squares

of integer. Distribution of integral points on cones of the form (1) has a long history (see [4]).
Fomenko [4] and Miiller [10,11], by the Rankin-Selberg convolution method, that for k > 3

3 ri(n) = e+ Anle),
n<lz

with a certain constant ¢ = ¢(k) > 0 and Ag(x) denotes the error term of this asymptotic
formula, and the error term behaves as

Ak(l') < x(k—l)iﬁ%g_
Fomenko [5] improved the estimate for k = 4

Ay(z) < 2*(log gc)§ .

In this paper we are interested in the representation number of n by quaternary quadratic
form f(x1,22,73,24) = 22 + 23 + 5(z3 + 22). We denote the number of representations of the

natural number n by

R(n) = R (n = f(x1,%2,73,24)) .
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We establish the following results.

Theorem 1. For x > 2, we have

Z R(n) = 71%2)1‘2 +0 (m(logm)%) .

n<x

Theorem 2. For x > 2, we have

Z R%*(n) =C12* + 0 (acQ(loga:)%l> ,

n<z

where Cy is a constant.

§2. Preliminaries

In this section we will briefly recall some fundamental facts about holomorphic cusp forms
and automorphic L-functions, and also give some lemmas which will be used in the proof of our
results.

Let N be a positive integer, and ¢ be a primitive Dirichlet character modulo N. Denote
by H(N) the set of all normailzed Hecke primitive eigencuspforms of even integer weight k for

the congruence modular group

b
To(N) =1 [ o] €512 e = 0modN) o
C

where SL3(Z) denote the full modular group.
For f € Hi(N), it has the Fourier expansion at the cusp co

f(z)= Z af(n)e(nz) (32 >0),

where e(z) := exp(2miz). By the work of Deligne [2] on the Ramanujan-Petersson Conjecture
k—1

lap(n)| <d(n)nz,  n=>1,

where d(n) is the divisor function.
The Hecke L-function attached to f € Hy(N) is defined for 0 = Rs > (k +1)/2 by

L(f,s)=Y “J;l(s”).

According to [1], for any prime number p, we have

=TI ) M) (3

p p

where a,, and 3, are two complex conjugates and satisfy a, + 8, = a(p) and a,,8, = ¥(p)p* L.

Lemma 2.1. Let x be a primitive character modulo q.
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(i) For any e > 0,
L(o +it, ) < (q(ft] + )i robe, 2)

uniformly for 1/2 <o <1 and t > 1 with ¢ < t2.
(ii) For T > 2, ¢ > 1, and |o — 1/2| < (2001log ¢T) 1,

% T
3 / Lo+ it.x) 't < o(q)T(log qT)" (3)

x mod ¢

where Z denotes the sums of primitive characters, and p(n) is the Euler function.
x mod ¢

Proof. (i) was proved in Heath-Brown [7], and (ii) was proved in Pan and Pan [12]. O

Lemma 2.2. Let f € Hp(N) and x be a primitive character modulo q. For any € > 0,

we have

/TQT |L(sym?f @ x, 0 + it)[2dt <. (qT)>R-7)+e (4)
uniformly for k —1/2 <o <k and T > 1. Moreover,

L(Smef ®x,0+it) <z (q(|t| + 1))maX{%(kfa),o}+s 5)
uniformly fork —1+e <o <k+e.

Proof. From Shimura [14] we learn that L(sym?f ® ¥, s) satisfies a functional equation, so it
is a general L-function introduced by Perelli [13]. Then from Theorem 4 in [13] we deduce
the estimate (4). The convexity bound (5) can be obtained by standard arguments similar to
Lemma 2.4 in Jiang and Lii [9]. O

k—1

Now we study the distributions of af(n), af(n)o(n), and a? (n), where a¢(n) = Af(n)n =z
and o(n) = >_d.
d|n

Lemma 2.3. For f € Hp(N) and x > 2, we have

Z ar(n) =0 (x%%(log :1:)_0'1185) ) (6)

n<x

>~ apm)o(n) = 0 (25 (loga) 1) | (7)
where the O-constants depend on f.
Proof. We know from Theorem 2 in Wu [18] that for f € Hy(N) and = > 2,

Sy(x) = Z Af(n) =0 (x%(log 1:)411185) , 8)

n<z

where the O-constant depends on f.
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By Abel’s partial summation formula and (8), we have
- z N/ _
Z af(n) = Sf(x):v% —/ S¢(u) (u%) du =0 (xLﬁ(logx)_O‘ll%) .
n<lz 1
With the same method, it’s easy to get
Z af(n)n =0 (:c%(log m)_0'1185) . (9)
n<x

By the Rankin-Selberg convolution method, Dirichlet convolution, and (9), we conclude
that

> asmo(n) = 0 (x4 (log ) 011,

n<x

where the O-constant depends on f. This completes the proof. O

Lemma 2.4. Let f € H,(N), for any e >0 and x > 2, we have

Z a%(n) = Coz® + 0 (xk7%+g) ’

n<zx

where Cy is a constant and the O-constant depends on f.

Proof. By the Rankin-Selberg convolution method in chapter 13 of [8], we have
oo —1 _ —1
Za?(n) :H 1_ a?(p)ﬁﬁ(p) 1_ O‘?“(p) <1_ Oéf(p)ﬁf(p)) 2 1_ ﬂ?(p)
— ns . p2s ps ps ps

_ L(sym?*f,s)L(s +1—k, )
B L(2s + 2 — 2k, 9?)

= Ll(S),

Clearly L=1(2s + 2 — 2k, 1?) is absolutely convergent and has free from zeros for Rs > (2k —
1)/2+ ¢, L(sym?f,s)L(s + 1 — k,1)) has one simple pole at s = k in the whole s-plane.
By Perron’s formula, we have

9 1 /bHT x® zb 2 A(2z) log x
E = — L _ —_— _—
n<w a3 (m) 2mi Jyir 1#) a8+ 0 Tb—1) O T ’

where T" with 10 < T < z is a parameter to be specified later and a« = 1, b = k + ¢, and
A(n) = n*~1*2. Then we have

1 k+e+iT 5 Z‘k+€
2
- T _
g ay(n) 27Ti/k Li(s) . ds+ O ( T )

n<z +e—iT

We move the line to Rs = (2k — 1)/2 + . By Cauchy’s residue theorem, we have

S (o = Res {92} 40 (£7)

n<x
2k—1_ __ 2k—1 . .
1 o +e—iT > +e+iT k+e+iT 8 (10)
+ i + + Ly(s)—ds
™ k+e—iT 2kl e T 2k e s

2 2

X LL’k+E
= Cox"+ 11+ I+ I3+ O T ,
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where C5 is a constant.
For I, using (3) and (4), we have

I, < z 2T tepititi-l 4 ¥ e ¥ e

For the integrals over the horizontal segments, using (2) and (5), we have

ki, T o xk-‘rs
L+ 13k max T2 —r | < .
%«ksgaglwre

Combining (10)—(12), we have

-t o ser) o 55).

n<x

Taking T = x%, we obtain

The proof is complete.

Finally, we give some facts about o(n).
Lemma 2.5. Letn=pi"'py?---p'r, we have

1 _pm1+1 1 _p5n2+1 1— p:‘nwﬁ—l

o(n) = 1

1-—pm 1—p2 1—p-

Proof. This fact was proved in Tichmarsh [16].

Lemma 2.6. Forx > 2,

éa(n) = gZEZ +0 (x(log x)%> .
And
o%(n) = L(g)x?’ +0 (mQ(logm)%) .
n<x 6
Moreover

where the O-constant is independent of x and t,

i) = 3 2L o) = 30 P = 0 o).

aln kln
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and for k| n

Bukin) = 3 Alfgbn[ S(n)zH(l—Fpil),

m=1
(m,n/k)=1
where @(n) is the Euler function.

Proof. These facts were proved in Walfisz [17] and Ramaiah and Suryanarayana [15], respec-
tively. O

§3. Proof of Theorem 1

Proof. Elstrodt, Grunewald and Mennicke [3] proved the following result:

R(n)= - (0’1(77,,4) + 501 (%,4) + 2a(n)) ,

where o1(a,k) := > d, o1(a,k) =0 if a is not a natural number, a(n) is defined by
d|a,ktd

e}
n*(22)n*(10z) = Z a(n)e?™ "z, Iz > 0.
n=1

Note that 1%(22)n?(102) is the normalized cusp form of weight 2, and 7(z) is defined in the
half-plane H = {z : &z > 0} by the equation

o0

n(z) =e(57) [T (1 —em2).

n=1
By virtue of
n
o1(n, k) := Z d=Zd— Z d=o(n)—ko (E) ,
d|n,ktd d|n d|n,k|d
we obtain

R(n) = ga(n) — ?0’ (%) + 2320 (g) — ?0 (%) + ga(n).

Now R(n) is divided into four cases.
Case 1 if4¢n, 54n, 201 n, then

Rin) = 2o(n) + Sa(m). (16)

R(n) = ga(n) - ?a (5)+ ga(n) (17)
Case 3 if41n, 5| n, 201 n, then
R(n) = %U(n) + ?a (3)+ ga(n) (18)
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Case 4 if4|n,5]|n, 20| n, then

n<lx n<xz n<lz n<x
4|n 5|n
80 ( n ) 8
- = ol—=)+= E a(n)
n<lx 20 3 n<lz
4|n,5|n

=:51—S5y+ 53— 54+ Ss.

By (13), we have

Combining (20)—(25), we obtain

Z R(n) = T—;xQ +0 (aﬁ(logx)%) .

n<z

The proof of Theorem 1.1 is complete.

84. Proof of Theorem 2

Proof. From (16)—(20), it is easy to get

3" R*(n) :% 3 o%(n) - % 3 o(n)o (g) + ? o(n)o (g)

n<x n<x n<x n<x
4|n 5|n
640 64 256
-5 X oo (g5) + 5 L olmatm + =7 300 (3)
n<zx n<z n<zx
4|n.5|n - 4in

117
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640 n n 2560 n n 256 n
o (@) () X (D)) - e (1)
4|n,5|n 4|n,5|n 4|n
400 9 (T 3200 n n 320 n
5 27 (5) -5 X o(5)o(zx)+ 5 2o (5)am
n<x n<x n<x
5|n 4|n,5|n 5|n (26)
6400 ,/my 1280 n 64 —
o 2 P lg) T X o (5g) e+ e
n<x n<x n<x
4|n,5|n 4|n,5|n
=:56 — S7+4+ Ss — Sy + Si0 + S11 — S12 + Si3
— S14 + S15 — S16 + S17 + S18 — S19 + S20-
By (14), we have
1 4
Se = 56 Mo?(n) - ng’) 2+ 0 (IQ(log x)) , (27)
2 1
S = ? o?(ky) = 02%3) >+ 0 (xQ(log x)g) ) (28)
ka<%
400 8¢(3 5
Si5 = 5 o?(ks) = 42—(7) 5+0 (1’2(10g$)§) , (29)
ks<%
6400 2((3
s18= S0 S o2 = 2007 4 0 (2201050)7). (30)
9 27
ke< 355
Using Lemma 2.5 and Lemma 2.6, we have
12 12
Sy = 78 o(n)o (g) - 78 3 o(d)o(4* o3 (ke)
n<x kr<4&
4ln Mkr,a>1
128 _ (31)
=9 Z o(4%)o(4°7) Zx o?(kr) — Zm o? (k)
1SO‘§12§Z k7<3& koa<7&
4|ky
=C32° + 0 (xQ(log x)§> ,
where C3 is a constant.
Similarly, we have
160
Sg = — o(n)o (ﬁ) =Cu2*+0 <x2(log x)%) , (32)
9 5
nse
- 640 n - 3 2 11
S = o 2 o(n)o (%) =Cs2°+ 0 (ac (logz)s ) , (33)
4|n,5|n
Sio = 640 Z o (2) o (E) =Csz® +0 (mQ(log m)%) (34)
9 = 4 5 ’
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2 11
Sis = ? Z o ()7 (55) = Cra® + 0 (+*(0g ) %), (35)
4|n,5|n
2 11
Si6 = 3700 Y o (g) o (%) = Csa®+ 0 (#*(log2) ), (36)
n<x
4|n,5|n
where Cy, Cs, Cg, C7, and Cg are constants.
Choosing k = 2 in (7), we have
64
S0 = 5 ;g(n)a(n) =0 (x%(log x)_0'1185) ) (37)
256
S14 = o o (%) a(n) =0 (I%(log 1')70'1185) ) (38)
n<z
4Tn
2
Si7 = 390 Z: o (g) a(n) =0 (x%(log z)™° 1185) ) (39)
5Tn
12
Sy = 0 (55) an) = O (¥ (toga) =011 (40)
9 =~ 20
4|n,5|n
On taking k£ = 2 in Lemma 2.4, we have
64
Sop = — Z 2(n) = Coz® + O (x%+a) , (41)
9
n<x
where Cy is a constant.
We get from (26)—(41) that
S Rn) = Cia*+ 0 (x2(1ogx)%) ,
n<x
where C is a constant. The proof of Theorem 1.2 is complete. O
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Abstract Let n > 1 be an intrger, f-c<e)(n) denote the maximal e-squarefree e-divisor of n.

In this paper, we shall establish a short interval result for the function () (n).
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§1. Introduction and preliminaries

Many scholars are interested in researching the divisor problem, and they have obtained a
large number of good results. However, there are many problems hasn’t been solved. For exam-
ple, F.Smarandache gave some unsolved problems in his book Only problems, Not solutions!
[3], and one problem is that, a number n is called simple number if the product of its proper
divisors is lass than or equal to n. Generally speaking, n = p,or n = p?, or n = p3, or pq, where
p and ¢ are distinct primes. The properties of this simple number sequence hasn’t been studied
yet. And other problems are introduced in this book, such as proper divisor products sequence

and the largest exponent (of power p) which divides n, where p > 2 is an integer.

S i S i
Let n > 1 be an integer of canonical from n = [] p¢ . The integer d = [] p?" is called an
i=1 i=1
exponential divisor of n if b;|a; for every i € {1,2--- s}, notation: d|.n. By convention 1]|.1.
The integer n > 1 is called e-squarefree, if all exponents aq,---as are squarefree. The
integer 1 is also considered to be e-squarefree. Consider now the exponential squarefree expo-

S .
. . . . . . . .
nential divisor (e-squarefree e-divisor) of n. Here d = [] p? is called an e-squarefree e-divisor of
i=1

S 4 . . .

n=[]p? >1,if bi|ay - -bs|as, by - - - bs are squarefree. Note that the integer 1 is e-squarefree
i=1

but is not an e-divisor of n > 1. Let x(¢)(n) denote the maximal e-squarefree e-divisor of n. The

function x(®) (n) is called the maximal e-squarefree e-divisor function, which is multiplicative

and if n = J] p® > 1, then (see[1])
=1

(2

KO (n) = prla) ... prlan)
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where £(¢)(n) = [] p. The function £(¢)(n) is multiplicative and £(¢) (p®) = p*(®) for every prime
pln
power p. Hence for every prime p, (9 (p) = p, £{9) (p?) = p?, (9 (p®) = p*, £ (p*) = p?---
Many authors have investigated the properties of the function x(¢)(n), see [4] and [5].
Recently L. Téth [1] proved that the estimate

1+N(a 1)

> K n) H 1+Zp )22 + O(at 8(x)),

n<z

where
§5(x) = 64 (x) == exp(—A(log z)? (log log z) %),

A is a positive constant.
The aim of this short text is to study the short interval case and prove the following.
Theorem If 2572 < y < z, then

T+y .
Z k€ (n) = (g;((j))/ tdt + O(yz~2) + O (x5 +39).
r<n<z+y T

Natation Through out this paper, € is always denotes a fixed but sufficiently small positive

constant.

§2. Proof of the theorem

In order to prove our theorem, we need the following lemmas.

Lemma 1. Suppose s is a complex number (Rs > 1), then

- H(e) s—1
Z - C((45 — 4>) Gls),
z

Z is absolutely convergent for Rs > 7

where the Dirichlet series G(s) =

Proof. Here £(¢)(n) is multiplicative and by Euler product formula we have for (Rs > 1) that,

8

+)

ps p25 p35 p4s p55
2 3 2 5
:H(1+I%+p + P PPy
P

) _ H(l N () (p) n k() (p?) N n(e)(pB) . K (ph) . K€ (p%)

p2s pds p4s p5s

1
1 1 1 = 1
:H(1+ps—1+p2€2+p3s 3+ps— +p595+ )
p
1 1
1 1— L
_ p? p?
—C(S—l)H(Hp%fﬁ; +omes )
p
1
((s—1) 1 -4
— 14+ —— 4+ P ...
C(4s — 4) 1;[( Ty e t )
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C(s—1)
= ——==G(s).
(5=
(oo}
So we get G(s) = . 97(12) and by the properties of Dirichlet series, it is absolutely convergent
n=1
for Rs > % O
Lemma 2.

1
Z n = §$2 + O(z).
n<x

Proof. This is easily from partial summation formula. O

Let f(n), h(n) be arithmetic functions defined by the following Dirichlet series (for s > 1).

S _ s - 1y6es), 1)

= (45 —4).

i h(n)
— n4a
Lemma 3. Let f(n) be an arithmetic function defined by (1), then we have

S f(n) = %ﬁc@) +0().

n<x

Proof. From Lemma 1 the infinite series ) gr(;;) converges absolutely for Rs > g, it follows
n=1
that
Z g(n) < 1.
n<lz
Therefore from the definition of f(n) and Lemma 2, we obtain
o fn)y=> m-g(k)
n<x n<lz
=2 9k) 3 m
k<zx m< ¢
1 rx\2
=S gk |5 (7) +0(1) +O(x)
2 \k
k<zx
L,
O
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Lemma 4.

Then we have

No.
Let k > 2 be a fixed integer, 1 <y < x be large real numbers and

B(x,y; kye) := Z 1.

z<nm® <z+y
m>xz*©

B(x’ y; k, 5) Lyr 4+ x2k+1 logz

Proof. This Lemma is very important when studying the short interval distribution of 1-free
number, see [2].

Next we prove our Theorem. From Lemma 4 and the definition of f(n), h(n), we get

and

So we have

Qr+y) —Qx)

where

In view of Lemmad3

2

By Lemma 4, we have

O

h(n) = d_1(n)n* < n**e,

Y fk)h(m)

n=km*

> f(kh(m)=) +0 (Z) (2)
n<km*<z+y

Z > hm ),Z f(k),

m<xe

Z Z |f(E)h(m)].

(3)
z<nm® <ac+y

m>x©

G(2
(2
2)
(4)

/:ﬂj tdt+0(1) + O (ﬂi))

/ tdt + O(yx~2) + O(x°).

,@\ \EAM

Iy

Y Y 1
2

r<km*<z+ty
<z (yac_6 + ;vé"re)

L yz T 4 goTae,
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Now from (2)-(5), we obtain

T+ )
Z ) (n) = ?((j)) / ytdt + O(ym_%) + O(gc%‘*‘%f).
z<n<zty z
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Abstract Let n > 1 be an integer, the function t(e)(n) denote the number of e-squarefree

e-divisors of n. In this paper, we will study the mean value of t(e)(n) over cube-full numbers,

that is
Yoo t9m) ="t ) fs(n)

n<ew n<z

n is cube — full
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§1. Introduction and preliminaries

An integer n = p{*p5?---pir is called k-full number if all the exponents a1 > k, ag >

k, -+, ar > k, when k = 3. n is called cube-full integers, i.e.

1, nis cube-full ,

fa(n) =14 "

0, otherwise .

Let n > 1 be an integer of canonical form n = pJ*'p3? - - - p¢r. The integer d = plilpg2 copbr
is called an exponential divisor (e-divisor) of n, if b;|a; for every ¢ € 1, 2, -+, r. The integer
n > 1 is called exponentially squarefree (e-squarefree) if all the exponents a;, as, ---, a, are
squarefree. The integer 1 is also considered to be e-squarefree.

Many scholars are interested in researching the divisor problem and have obtained a large
number of good results. But there are many problems hasn’t been solved. For example,

F.Smarandache gave some unsolved problems in his book Only problems, Not solutions! [5],

and one problem is that the integer d = p?lpgz ---plr is called an e-squarefree e-divisor of
n=pps? - -ptr > 1 ifbilas, -+, brla, and by, ---, b, are squarefree. Note that the integer

1 is e-squarefree and it is not an e-divisor of n > 1. There is the exponential analogues of the

functions representing the number of squarefree divisors of n (i.e. 8(n) = 2°("), where w(n) =
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). Let
no) (n) = gw(ai) .. gw(ar)

where n = p{'p5>---p% > 1. The function ¢(¢)(n) is multiplicative and ¢(¢)(p?) = 2¢(@) for
every prime power p®. Here for every prime p, t(¢)(p) = 1, t(3)(p?) = t()(p?) = t)(p*) =
A (p°) =t (p7) = 2, 1) (p°) = 4,

L.T6th [2] proved the following results:
(1) The Dirichlet series of t(¢)(n) is of form

i

6)

C(s)¢(28)V (s), Rs > 1,

8

where V(s) =
(2)

Z t©(n) = Crz + Cox? + O(x%“)

n<z

for every € > 0, where C7, C5 are constants given by

1 e 2w(a) _ 2w(a—1)
Cl:H<1+p2+Z pa )

p a=6

(s

2w(a _ w(a—l) _ 2w(a—2) 4 2w(a—3)>

a=4 p%
(3) "
log t'® log1 1
lim sup 0g ) (n) loglog n = —log?2.
n— o0 logn 2

The aim of this paper is to establish the following asymptotic formula for the mean value
of the function ¢(¢)(n) over cube-full numbers.

Theorem 1.1 We have the asymptotic formula

Z ) (n) = x%Ql,l(log x)+ x%Ql,g(log x)+ J;%Ql,g(log x)+ zt + O(z70te) |

n<a

n is cube — full

where Q1,5(t), k=1, 2, 3 are polynomials of degree 1 in t, o9 = % = 0.151055839 ---.

Natation Through out this paper, € always denotes a fixed but sufficiently small positive
constant.

§2. Some Lemmas

Lemma 2.1 Let f(m), g(n) are arithmetical functions such that

J
S f(m) =" 2% Py(log) + O(x®) .

m<x j=1
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> lg(n)l = 0@") |

n<x
where a1 > s > ag > ---ay > a > [ > 0. Pj(t) are polynomials in t. If h(n) =

2. [f(m)g(d), then

n=md
J
> h(n) =) a*Q;(logz) + O*) ,
n<x j=1
where Q;(t) are polynomials int, (j=1,--- ,J).

Lemma 2.2 The Dirichlet series of t\9)(n) is of form

©(n
> B0 eageun@encee. R > 1

n is cube — full

ns

where G(s) = Y 90 s absolutely convergent for Rs > i
n=1

Proof.

n is cube — full

_ tP)fsp) | @) 0 000N | ) seY
- H (1 + ps + p25 + p3s + p4s + >

te)(p3 te) (pt te)(pd
L 20w 1900 (p)+m>

w(3)  gw(4)  9uw(5)
=11 (1 + + + + - )

pSS p4s pSS

—C2(33)C2(45)H<1+2+12+'~'>

5s 6 s
» p p p

= (*(3s)C%(45)¢(59) [ | (1 + }% PRI )

6s 7s
- p p

= (%(35)C%(45)¢%(5s) H (1 + 1% — I% +- )

p
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= (*(35)C*(45)¢*(55)¢ (65) G (s)

o0
where G(s) = 3 g,(::) =[I(1 — -2 + ) is absolutely convergent for Rs > %, and
n=1 P

> lg(n) < atte.

n<x
O
Lemma 2.3 Let 3 <o <1, t >ty > 2, we have
Clo+it) < s log t.
Proof. See E.C.Titchmarsh[4]. O
Lemma 2.4 Let % <o <1, define
4 1 5
— Z < Z
mo) = 355 5 7=y
(o) = 19 B ot
e 54 =7 =60
(o) 2112 a _ 3
o)== —m8 — o —
859 — 9480 60 ~ 4
(o) = 12408 3__ .5
4537 — 48900’ 4 -6
(0) = 4324 5_ T
") T 1031 — 104407 6 758
98 7
= - < 0.91591
m(o) 31— 325" 8<J*09 59
240 — 9
= 7 0.91591 <1-
M) = G T =) SosiTe
Proof. See A. Ivi¢[3]. O

Lemma 2.5

Z d(3,3,4,4,5,5,6;n) = m%Pl,l(log x)+ x%Pl,g(log x) + x%PLg(log:c) Lo+ O(z70%€)

n<x

where oy = % = 0.151055839 ---, P (1), k=1, 2, 3 are polynomials of degree 1 in t.

Proof. By perron’s formula, we have

S(z) =Y d(n)d(n) = 2% /b

n<z

b+iT 8 x§+e
C2(35)Cz(45)C2(53)C(65);ds + O(T)

—iT
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where b = % +e¢e, T = x° cis a very large number of fixed numbers. % < og < %. According
to the residue theorem, we have

S(x) = x%Plyl(log x) + xiPM(log x) + :c%PLg(logx) +oab 4+ L+L+1I34+0(1),

1 oo—it .
h=omi ), ((35)¢*(45)C (55)¢ (65) —ds
I, — 1 oo+it 23 24 25 6 xsd
2= 501 ), & B UIC(E5)G(65) s
I3 = L btit C2(38)<2(48)C2(53)C(68)£Sd5
T 2mi oo+it S

Since oy > % +9, (s =0 +1iT), and from Lemma 2.3, we have,

ite
L+ < / |C(30 + 3iT)|?|¢ (40 + 4iT)|?|¢ (50 + 5iT)|?|¢ (60 + 6iT)|2° T~ do

g0

s 3 i 3 3te
<T~ / +/ +/ +/ +/
o Jz g Jr g

3

x |¢(30 4 3iT) |*|¢ (40 + 4iT) |*|¢ (50 + 5iT)|*|¢ (60 + 6iT)|x° do

1
_ 6 2(1-380) , 2(1—40) , 2(1—50) , (1—60)
<T 1+6/ T== tT = s tTw 2%

0

ol

q

=

-

1

1
_ 2(1—30) |, 2(1—40) |, 2(1—50) _ 4 2(1—30) |, 2(1—40)
+T 1*6/ T3 *t7 35 73 2%o+T 1*6/ T3 735 2%o

6 5
1 1
1 1ie
_ 3 2(1-30) _ 3
+T 1+6/ T3 2%do+T 1+6/ z%do
1 1
1 3

L g7T e 4 e T3+ 4 psT8+Fe fpaT—6+e 4 pap-ite 4 gzt

1
lyen—s
&L g3tep—ote

where § is very small normal number, § > e.
T
I < z%° (1 + / |C(30 + 3iT) || (4o + 44T) || (50 + 5iT)|?|¢ (60 + 6z'T)|t‘1dt> .
1
According to the partial integral formula, we have

T
I4:/ 1C(30 + 34T)|2|¢ (4o + 44T) || (50 + 5iT)|?|¢ (60 + 6iT)|dt < T Fe.
1

If p; >0, (i =1,2,3,4) are real number, and p% + p% + p% + p%; = 1, by Holder inequality, we
have

T /T 75 [ T F
I < ( / (300 + 3iT)|2p1dt> ( / (4o + 4iT)|2”2dt> ( / (500 + 5iT)|2p3dt>
1 1 1
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1

T P4
( / ¢ (600 + 6iT)|p4dt> .
1

So, we have to prove

T
/ 1C(30¢ + 3iT)|*Prdt < T
0

T
/ 1C(4og + 44T |*P2dt < T
0

T
/ 1C(500 + 5iT)|*P2dt < T
0

T
/ |¢(60g + 6iT)[Padt < T .
0

Let m(30¢) = 2p1, m(4dog) = 2p2, m(bog) = 2ps, m(60g) = p4, since
2 1
moq) | m(6a0)

166652796
§3. Proof of Theorem 1.1
Let -
C?(35)¢%(45)C%(55)¢ = Z , Rs > 1,
(3¢ (45)2(55)G(69) = 32 2 3’3’4’i;5’ 205,
such that .

fln)= > d(3,3,4,4,5,5,6:m)g(d).

n=md

From Lemma 2.5 and the definition of d(3, 3,4,4,5,5,6;m), we get

2
m(300)
=1, and from Lemma 2.4, we have oy = 20423878 — (151055839 - - -

2
+ m(4og) +

O

(3.1)

Z d(3,3,4,4,5,5,6;m) = SC%PLl(lOgI)‘FIE%PLQ(lOgI)+$%P173(10g$)+$%+O(I’UO+6) , (3.2)

m<zx
where Py ;(t), (k=1,2,3) are polynomials of degree 1 in ¢. In addition, we have
> lg(n)| = O(z7+°) .
n<x

Combining (3.1), (3.2) and (3.3), and applying Lemma 2.1, we have

Z f(n) = Jc%QLl(log x) + xiQLg(log x) + x%QLg(log x)+ z® + O(z7°%¢) |

n<x

where Q1 x(t), (k=1,2,3) are polynomials of degree 1 in ¢.

From Lemma 2.2, we have

©(n)fs(n) = Y d(3,3,4,4,5,5,6;m)g(d) = f(n).

n=md

Then we complete the proof of Theorem 1.1.
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Abstract Let Af(n) be the n-th normalized Fourier coefficient of a holomorphic Hecke

)
eigenform f(z) € Sk(I'). In this paper, we study the asymptotics for double sum involving

Fourier coefficient A?« (n) of cusp forms, where i = 2,4, 6, 8.
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81. Introduction

Automorphic forms and automorphic L-functions are important tools in modern number
theory. Let Si(T") be the space of holomorphic cusp forms of even integral weight k for the full
modular group I' = SL(2, Z). Let f(z) be an eigenfunction of all the Hecke operators belonging
to Si(T'). Then the Hecke eigenform f(z) has the following Fourier expansion at the cusp oo

) =3 ag(myermin,
n=1

where we normalize f(z) such that a¢(1) = 1. Instead of af(n), one often considers the normal-

ized Fourier coefficient

>~
<
S
~
I
Q
[y
S
~

=1 -
n

We know that Ar(n) is real and satisfies the multiplicative property

M) = 30 A (5)

d|(m,n)

where m > 1 and n > 1 are any integers.
The Fourier coefficients of cusp forms are interesting objects. In 1974, P. Deligne [3] proved

the Ramanujan-Petersson conjecture
[ Ar(n) [<d(n), n=>1,

where d(n) is the divisor function.
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In 1990, Rankin [4] considered the sum of the Fourier coefficients of cusp forms, and proved
that

Z)\f <3 (logz)~?,

n<z

where 0 < ¢ < 0.06.
Rankin [5] and Selberg [6] studied the average behavior of A\}(n) over natural numbers and

Z )\?(n) =cx+ Oy, (:c%“) .

n<z

showed that, for any ¢ > 0

Subsequently, Lii [8]- [9] further studied the higher moments of Af(n), and proved that

> 0r) = g + -+ 0y (557

n<x

Z:/\6 =xP, 10g$)+0f8( %1—&-5)’
n<x

> M(n) = 2Pis(logz) + Oy (x7+) ,
n<x

where P;(z) is a polynomial of degree i in x.

In this paper, we will study asymptotics for double sums which involve the Fourier coeffi-
cient of cusp forms.

Theorem 1.1 Let k € N, then

(i) for any Riemann integrable function f : [0,1] — R, the following equality holds

. ] 2 2
1 -
wggo:rPl logx Zﬂf( ))\ >\ / 1)

(ii) if w : [0,1] — R is Riemann integrable, vy : [0,1] — [0,1],--- v : [0,1] — [0,1] are all
continuous functions, with v1(1)---vg(1) # 0, the following equality holds

. 1 Z ] log, (i5) logy, (i4) 2/\\2 (5
oo xP;(logz) : v (x U1 ( log, Uk log;, © /\f(z))\f(J)

ij<x

1
z/ w(t- vy - vg)dt,
0

(iii) #f vo : [0,1] — R is Riemann integrable, v1 : [0,1] — R,---,v; : [0,1] = R are all
continuous functions, with v1(1)---vg(1) # 0, the following equality holds

. 1 ij log, (ij) 104 (23) \ y2/:\\2(
00 Py (log ) Z v (x) vt ( log, = vk log;, Ar(DAr)

ij<x

:v1(1)~-vk(1)/0 vo(t)dt,

where Py (x) is a polynomial of degree 1 in x.
Theorem 1.2 Let k € N, then
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(i) for any Riemann integrable function f : [0,1] — R, the following equality holds

. Z] 4 4
1 J—

(ii) if w : [0,1] — R is Riemann integrable, v1 : [0,1] — [0,1],--- , vk : [0,1] — [0,1] are all
continuous functions, with v1(1)---vk(1) # 0, the following equality holds

L i, (1081(i)) 1084 (i5) \ \ 4/ y4 (s
lim — G, (s (logkl) ) yaioy
mlmo xpg(log 1‘) Z w ( x v ( ]ogl T Uk logk T f(z) f(j)

1
:/ w(t- vy - vg)dt,
0

(iii) #f vo : [0,1] — R is Riemann integrable, vy : [0,1] — R,---,v; : [0,1] — R are all
continuous functions, with v1(1)---vg(1) # 0, the following equality holds

: 1 ij log, (ij) 1084 (23) \ ya 7y va (s
lim —— 4 =R RN I =1 A4
o0 xPs(log ) ZZ v (x) vt ( log, = vk log;, « ArDX;(9)

Jj<z

—uy(1) v (1) / vo(t)dt,

where P3(x) is a polynomial of degree 3 in x.
Theorem 1.3 Let k € N, then

(i) for any Riemann integrable function f :[0,1] — R, the following equality holds

. ) 6 6
rlggonglogx Zf( )A /\ /f

(ii) if w : [0,1] = R is Riemann integrable, vy : [0,1] — [0,1],--- v : [0,1] — [0,1] are all
continuous functions, with v1(1)---vg(1) # 0, the following equality holds

L i, (logi(ij) 10g1, (i) \ \ y6\ 16
lim ———— -~ i BNV IR 05K\
o N xPy(log x) Z v (;p U1 ( log, = Uk log,, @ A (@A} ()

ij<x

1
:/ w(t- vy - vg)dt,
0

(iii) if vo : [0,1] — R is Riemann integrable, vy : [0,1] — R,---,v; : [0,1] — R are all
continuous functions, with v1(1)---vg(1) # 0, the following equality holds

~ 1 ij logy(i7) 10915\ 6 6,
lim ———— - \
500 xPy(logx) l;:m vo <x> vt < logix Uk logrt HORYE)

1
—or(1)--ou(1) | wolt)at,

where Py(x) is a polynomial of degree 9 in x.
Theorem 1.4 Let k € N, then
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(i) for any Riemann integrable function f : [0,1] — R, the following equality holds
1 ZARY 8 /
lim —— )\ )\
z—oo 1 Py7(log ) Z f ( x > )

(ii) if w : [0,1] — R is Riemann integrable, vy : [0,1] — [0,1],--- v : [0,1] — [0,1] are all
continuous functions, with v1(1)---vk(1) # 0, the following equality holds

: 1 ij [ log,(ij) logy, (i) 8 \\8 (5
im — = =3 ACPAR IO =T, A
b0 xPy7(log x) ”z;x v ( z < log; z vk log;, © Ap(0)A7 ()

1
:/ w(t- vy - vg)dt,
0

(iii) #f vo : [0,1] — R is Riemann integrable, v; : [0,1] — R, - ,v; : [0,1] = R are all
continuous functions, with v1(1)---vk(1) # 0, the following equality holds

i 1 i log, (i) log; (35)\ \8 /18
lim ————— = und VYA IV a1 AT0A
v2r50 2 Pyr(log 1) UZ:I o (a:) . < log; @ Y\ g, A5 ()

1
— (1) vk(l)/ vo(b)dt,

0

where Por(x) is a polynomial of degree 27 in x.

§2.Preliminaries

In this section, we are devoted to give some preliminary results for the proofs of Theorems.

Lemma 2.1 Let h: (0,00) — R be a function, satisfying exists x¢o > 0 with h(z) > 0 for
all x > xo, and h is differentiable on (zo,00) and xli)rrgo x,}f(/ia)c) =1. Letke N, A,BC N and
v:AX B —[0,00) be such that its double summatory function is equivalent to h. Then

(i) for any Riemann integrable function f :[0,1] — R the following equality holds

lim ﬁ 3 f(]> o(i, ) = / oyt

ij<x
(i,j)€AXB

(ii) if w : [0,1] — R is Riemann integrable, vi : [0,1] — [0,1],--- , vk : [0,1] — [0,1] are all
continuous functions, with v1(1)---vk(1) # 0, the following equality holds

ij<w
(i,j)€EAXB

1
:/ w(t - vy - vg)dt,
0
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(iii) #f vo : [0,1] — R is Riemann integrable, v1 : [0,1] — R,---,v; : [0,1] = R are all
continuous functions, with v1(1)---vg(1) # 0, the following equality holds

ij<z
(i,j)€AXB

:vl(1)~~~vk(1)/0 vo(t)dt.

Proof. Statements (i)-(iii) follow Corollary 2 in M. Banescu and D. Popa [1]. O

Lemma 2.2 The following evaluations hold

> @ON () = 2Py (loga) + O (419)), (21)
ij<x
Z )\;’E(i))\‘}(j) =zP;(logx) + O (mij“) ) (2.2)
ij<x
> AG@ONG() = 2Py(loga) + O (w1 19), (23)
ij<x
> @A () = wParlog ) + 0 (238+9), (2.4)
ij<z
where P;(x) is a polynomial of degree i in x.
Proof. By the hyperbola method of Dirichlet, we have
. . . X 2
>NEONG) =2 Y MOF (5) - (F(Va)’, (2:5)

ij<a i<V

_ 20\ . _ £ . S o .
where F(z) = igc A$(i) = cx + R(x) with R(z) = O (x5 ) According to Abel’s summation
formula (see Apostol [10]), we have

A2 (i x
Z fi():/l %d Z)\%(t)

t<u
- ;;mt) +f (eut 0 (ut+)) Lyau (2.6)
t<zx

=c+0 (a:*%“) +clogzx + /w 0] (u*%ﬂ) du.
1

Denote O (u_%‘*‘e) by f(u), we obtain

/11; o (u—%+s) du = /19“ Fu)du = /100 Fu)du — /:o F(u)du.

We learn that | f(u) |< cu™ 5+, and J;° f(u)du is convergent. There exists a M > 0, such

that .
/1 0 (u_%Jrs) du=M+ O (x_%+€> . (2.7)
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Further (2.6) gives

5.
5 /\f.(Z) :clogx+cl+0(x—§+a)'

i<z
We deduce
>N () = X 26 (¢ +0(21))
i<z Y < !
i<ve icvs o

= cz(logz) + 'z + O (x%“) + Ri(2),

3.
i<ve i
Using the Abel’s summation formula, we have

where Ry(z) = O [ 25t 3 Af(i)) .

A2 (i Ty
S [t X0

i<z 1 t<u

=caite 40 (%) + §/ (cu_%_s +0 (u_l)) du
5N

2
< z5te,

Thus Ry(z) = O <x§+€ > )\z(i)> =0 (:v%), and (2.8) gives

S+e

i<yz
Z )\?(z)F (%) =cxlogz+ O (x). (2.9)
i<vz

In addition
(F(V@)* = cx +0 (2379). (2.10)
From (2.9) and (2.10) , we obtain (2.1). Similarly, we get (2.2) - (2.4). O

8§3. Proof of Theorems

In this section, we only give the proof of Theorem 1.1. The proofs of remaining Theorems
are similar to that of Theorem 1.1. In order to avoid repetition, we omit them.

Proof. Let h(z) = zP;(logx), where Pj(x) is a polynomial of degree 1 in . Then there exists
2o > 0 with A(xz) > 0 for all © > x, and h is differentiable on (z(,c0). Further

W (x) = Pi(log ) +c,

thus W Pl
zh/(z) lim & 1(logz) + « _

z—oo h(x)  z—oo  xP(logx)
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According to Lemma 2.2, the double summatory function of v(i,j) = )\?(z))\?c (7) is equivalent
to h, namely,
> N ()AF) ~ aPi(logz),  (z— o0).

ij<z
i,JeEN
From Lemma 2.1, we get

(i) for any Riemann integrable function f : [0,1] — R, the following equality holds

7Y 2 2
xlimoxPl (log x) Zf( )A DAF /f

(ii) if w : [0,1] — R is Riemann integrable, vy : [0,1] — [0,1],--- ,vg : [0,1] — [0,1] are all
continuous functions, with vy (1) -- - vx(1) # 0, the following equality holds

rllngom o (w o (kff;f”)> - (1?(%;5;))) 20)

ij<x

1
z/ w(t - vy - vg)dt,
0

(iii) if vp : [0,1] — R is Riemann integrable, vy : [0,1] — R,--- v : [0,1] — R are all
continuous functions, with v1(1) - - vx(1) # 0, the following equality holds

. 1 ij log, (ij) 10g1.(i5) \ 2\ \2 (s
1 i oLV L ok\)
Jim 2P (log.2) Z Vo (x) v1 ( log, = Vg log,, & )\f(l)/\f(J)

=v1(1)---vk(1)/0 vo(t)dt.

This completes the proof of Theorem 1.1. O

84. Applications of Theorems

In this section we give the applications of theorems.
Corollary  For any function f : [0,1] — R such that t — tf(t) is Riemann integrable,
the following equalities hold

SN,
A Py (log ) :/0 Lf ()t
> (%) AF@)NG() 1
. ij<x o
A zP;(log ) _/0 L),
. ijzxf (2) AFDAG() 1
zlggo xPy(log ) :/0 L (6)dt,
C FE)NONG
ij<x o
Ilingo J,‘P27(10gl‘) 7/0 tf(t)dt
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Proof. The statement follows from Corollary 7 (ii) in M. B&nescu and D. Popa [2]. O
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§1. Definition and simple properties

For any positive integer n, the famous Smarandache LCM function SL(n) is defined as
the smallest positive integer k such that n | [1,2,--- k], where [1,2,--- k] denotes the least
common multiple of 1,2, --- | k.

Some elementary properties of SL(n) can be found in [20].

M. Le [12]. For any positive integer n, let S(n) be the Smarandache function. Every

positive integer n satisfying

can be expressed as

n=12 or n=p'pg?. - prrp,

where p1,pa2, -+ ,pr,p are distinct primes and oy, s, -+ , . are positive integers satisfying
p>pit (1=1,2,-- 7).
Q. Wu [26]. Conjecture. There is no any positive integer n > 2 such that

1
% SL(d)

is an integer, where Z denotes the summation over all positive divisors of n.
dn
1) Let n = p?lng ---pr be the factorization of n into primes powers, where p; < p2 <
co- < ppr. If ag =1, then the conjecture is true.
2) For any integer n > 1, if SL(n) is a prime, then the conjecture is true.
3) Let p be a prime and « be any positive integer. If n = p®, then the conjecture is true.
4) If n is a square-free number (n > 1, and any prime p | n = p*> { n), then the conjecture

18 true.
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W. Zhu [42]. 1) For any integer n > 1, if
> 51w
2= SL(d)

is an integer, where Z denotes the summation over all positive divisors of n, then n is a
d|n
Square-full number (for any prime p, p | n = p? | n).

1
%@u@

is an integer, where Z denotes the summation over all positive divisors of n, then n is a
d|n
Cubic-full number (for any prime p, p | n = p* | n).
3) For any integer n > 1 with (n,6) =1, if

1
%;ﬂ@

2) For any odd number n > 1, if

is an integer, where Z denotes the summation over all positive divisors of n, then n is a 5-full
d|n
number (for any prime p, p | n = p° | n).

Conjecture. For any positive integer n,
Z :
™ SL(d)

is an integer, where Z denotes the summation over all positive divisors of n, if and only if

d|n
n=1,36.

L. Wu and S. Yang [25]. 1) Let p be a prime and n = 4p*. Then n = 36 if and only if
Z 1
o SL(d)

is an integer, where Z denotes the summation over all positive divisors of n.
d|n
2) Let n = 4p*ps? - - - po be the factorization of n into primes powers, where p; < py <

1
- < pr. Ifr > 2 and p1 > 5, then ZST@Z) is not an integer, where Z denotes the
d|n dln

summation over all positive divisors of n.

G. Feng [7]. 1) For any real number x > 1, we have the asymptotic formula

Z 1 = ons[ro(ias)].
neN
SL(n)<z

where N denotes the set of all positive integers.
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2) For any real number x > 1, let w(x) denotes the number of all primes p < x, then we

have the limite formula

7 (x)

lim Z 1 =2.

SL(n)<z
L. Zhang, X. Zhao and J. Han [34]. Letp > 17 be a prime. Then

SL(2P +1) > 10p+1,  SL(2" —1) > 10p+ 1.

§2. Mean values of the Smarandache LCM function

X. Du [6]. Letk be any fized positive integer. Then for any real number x > 1, we have
the asymptotic formula
2 2

x? x x z2
SL(n) = Az’ 4 c;— 4+ cog—5— + -+ +c +O( >,
Z ( ) 11113) 211,12:1; kh’lkl' lnk-‘rlz

n<z

1 1
where A = = Z ——, and¢; (i=1,2,--- k) are computable constants.
2 p2—1

p
Z.Lv [19]. 1) Let k > 2 be a fized integer. Then for any real number x > 1, we have the

asymptotic formula

72 x? i z?
SL(n)=— — : o
Z () 12 Inz * Z In*x N <1Hk+1 x) ’
n<x =2
where ¢; (i =2,3,--+ ,k) are computable constants.

2) For any real number x > 1, we have the asymptotic formula

772 (Ez 1'2

n<z

Y. Liu and J. Li [15]. For any real number x > 1, we have the asymptotic formula

ZlnSL(n) =zlnz+ O (z).

n<lz
L. Cheng [5]. For any positive integer n, the arithmetical function Q(n) is defined as

_ 0, if n=1,
i) = !
aipr +agpa + -+ appy, if n>1 and n=pitpy*-pir.
Let k > 2 be any fized positive integer. For any real number x > 1, we have the asymptotic

formula

S Qn)SL(n) = zk: SELANP (m’i x) :

3
n<az = 'z
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where ¢; (1 =1,2,--- k) are computable constants.
Y. Zhao [39]. For any positive integer n, the arithmetical function Q(n) is defined as

Qn) = 0, if n=1,

aypr +aope + -+ appr, if n>1 and n=pitpy? .- por.

Let k > 2 be any fized positive integer. For any real x > 2 we have the asymptotic formula

— 2 4 5\ x? Mook x3

e In

where ((s) is the Riemann zeta function and ¢; (i = 2,3,--- k) are computable constants.
W. Lu and L. Gao [18]. For any positive integer n, the arithmetical function Q(n) is
defined as

a 0, if n=1,
aipr +agpy + -+ aepy, if n>1 and n=pyips?--prr.

Let k > 2 be any fized positive integer. For any real x > 2 and B > 1 we have the asymptotic

formula
2641 k 2841 2841
— 8 2 28 +1 T2 CGx 2 rTz
L(n) —Q = . . : =
n<x =2
where ((s) is the Riemann zeta function and ¢; (i =2,3,--- k) are computable constants.

X. Li [16]. 1) Let k be any fized positive integer. For any real number x > 1, we have

the asymptotic formula

3

S P(n)SL(n) = 2*- Ek: “ 40 (m’f“x) ,

(]
n<wz o n'z

where P(n) denotes the largest prime divisor of n, and ¢; (i = 1,2,--- k) are computable
constants.
2) Let k be any fized positive integer. For any real number x > 1, we have the asymptotic

formula
"ob x3
n)SL(n) =2 - ! +O<),

;p( JSL(n) Zln’x In**t g

n<lz i=1
where p(n) denotes the smallest prime divisor of n, b; (i =1,2,--- , k) are computable constants

1

and by = —.

Y. Xue [27]. Let P(n) denote the largest prime divisor of n, and let p(n) denote the
smallest prime divisor of n. For any real number x > 1 and any positive integer k, we have the

asymptotic formula

k C; 1’3
S (P(n) ~ pn)SLn) = ¢(3) 2+ 30 0 <m) ,
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1
where ((s) is the Riemann zeta function, ¢c1 = =, ¢; (1 =2,3,--- , k) are computable constants.
J. Chen [4]. Let P(n) denote the largest prime divisor of n. For any real number x > 1,
we have the asymptotic formula

Y (SL(n) - P(n))* = 2C5(2)Zz +0 (””) .

—_—

2
n
n<e In” x

where ((s) is the Riemann zeta function.
L. Zhang and X. Zhao [33]. Let P(n) denote the largest prime divisor of n, and let
k > 1 be any fized positive integer. For any real x > 1 and > 1 we have

9c (2841 255 k2841 2841
Z(SL(n)—P(n))’BZC(Q)x—I-ZCw +0<”32 )

n<z (286+1)Inx ~ In'z In®
where ((s) is the Riemann zeta function and ¢; (i =2,3,--- k) are computable constants.
G. Lu [17]. Letd(n) = Zl denote the Dirichlet divisor function, and let k > 2 be any
d|n

fixed positive integer. For any real x > 2 we have the asymptotic formula

4 2 k 2

™ T x?
dn)SL(n) = — - — + 4+ 0 ,
g (n)SL(n) 36 Inzx glnlx (lnkﬂx)
where ¢; (i =1,2,--- k) are computable constants.
J. Peng, J. Guo, B. Li and X. Tuo [22]. Letd(n) =Y 1 denote the Dirichlet divisor
d|n
function, and let k > 2 be any fized positive integer. For any real x > 1 we have the asymptotic
formula
at 2? » c;ix? x?
dn)SL(n) = — - — + — + 0 ,
72 (WSLM = 35 g ;mzx <1nk+1x>
where ¢; (i =2,3,--+ ,k) are computable constants.
J. Fu and H. Liu [8]. Define o,(n) = Zda, a>1. Let k > 2 be any fized positive

d|n
integer. For any real x > 2 we have the asymptotic formula

a+2 k e 2 Jad 2
S oa(n)sLn) = SO TR +Z%i++0(+)7

2+ a)lnzx = In In" g

n<zx
where ((s) is the Riemann zeta function and ¢; (i =1,2,--- k) are computable constants.

W. Huang [10]. For any positive integer n, define

0, if n=1,
F(k,n) =
anph +aoph + -+ appk, if n>1 and n=pypy? .- pit.
Let N be any fized natural number. For any real x > 1 we have the asymptotic formula

k 2 k41 Al Ci a1
> (SL*(n) — F(k,n))" == Z1ni+1x+0 v )
=1

e In
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2

where ¢; (i =1,2,--+ k) are computable constants and ¢c; = —.

Q. Zhao and L. Gao [36]. For any positive integer n, the prime factor sum function
w(n) is defined as
1, if n=1,
pr+p2t-tpr, if n>1 and n=pytpy*--pp.

For any real x > 2 we have the asymptotic formula

3" SL(nyw(n) = D% +0 ( i > ,

2
n<e In“z

1 1
where D = 3 Z 3 is a computable constant.

n<Vz
Q. Zhao, L. Gao and L. Ai [37]. For any positive integer n, the prime factor sum

function w(n) is defined as

1, if n=1,
pr+pet-+pe, if n>1 and n=pi'py*---ppr.
For any real x > 2 we have the asymptotic formula

S (s2n) -y = 2 B)eE st (ol
5lnzx ]nk+1 T ’

B
n<lx =2 In"z

where ((s) is the Riemann zeta function and ¢; (i = 2,3,--- , k) are computable constants.
M. Zhu [41]. Let k > 2 be any positive integer. For any real x > 1 we have the
asymptotic formula

k 2
¢ T
A(n)SL(n) = 2?2 .1—|—0< >7
> AmSLe =Y e+ 0 (o
. 1
where ¢; (i =1,2,3,--- ,k) are computable constants, ¢; = 3 and

Inp, if n=p* pisaprime a>1,
A(n) =

0, otherwise.

B. Li, J. Guo and J. Peng [13]. Define a function SM(n) as follows:

1,
SM(n) =

max{ap1, Qopa, -, 0rprt, if n>1 and n=pitpy* - pir.

if n=1,
Let k > 2 be any fized positive integer. For any real x > 2 we have the asymptotic formula

5 k 5 5
2 g § T2 cir? T2
Z (SLn) = SM(n))" = 5C <2> Inz +; In‘z o (lnk+1x> ’

n<zx
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where ¢; (i = 2,3, -, k) are computable constants and ((s) is the Riemann zeta function.
Y. Yang and G. Ren [32]. Define a function SM(n) as follows:

SM(n) =4 st
n)=
max{alplaa2p27"' 7arpT}7 Zf n>1 and n:p‘f‘lpgﬂpgr

For any real number x we have the asymptotic formula
SL(n)—SM - Ol —
3 (snim —snn)? = 26 () o+ (111233) ,

where ((s) is the Riemann zeta function.
X. Wang and L. Gao [24]. For any positive integer n, the famous pseudo-Smarandache
function Z(n) is defined by

Z(n) —min{m: n’w m e N}.

Let k > 2 be any fized positive integer. For any real x > 2 we have the asymptotic formula

3 ko .3 3
S Z(n)SL(n) = Cg(i)lz +Y o0 (hl,fﬂ x) :

n<e anx

where ((s) is the Riemann zeta function and ¢; (i =1,2,--- k) are computable constants.
L. Zheng and L. Gao [40]. Let S(n) denote the Smarandache function and let o, (n)

denote the divisor function o (n) = Zd”‘, a > 1. Let k be any fized positive integer. For any
d|n
real or complexr number a and real number x > 3 we have the asymptotic formula

20 (a4 3) ¢ (3)zo+3 k rots oa+3
> alm) (51n) - S(y? = 2DV e g (;ﬂ)

n<x =2

where ((s) is the Riemann zeta function and ¢; (i =2,3,--- k) are computable constants.

83. Mean values of the Smarandache LCM function over sequences
k(k+1
H. Liu and S. Lv [14]. Define Z(n) = min {k: in < (;)} Let k > 2 be any fized
positive integer. For any real number x > 1, we have the asymptotic formula

2 (22)% k ci(2x)2 ]
SL(Z + +O0 | —/——— |,
Z T 18 I V2x Z In’ v2z In* !y

n<z i=

where ¢; (i =2,3,---, k) are computable constants.
J. Chai and L. Gao [1]. Define U(n) = min{k:n < k(2k —1),k € N}. Let k > 2 be

any fized positive integer. For any real number x > 1, we have the asymptotic formula

72 (22)F G~ o(22)3 o}
D SLWUM) = g o=t D e T O | e |

n<z
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where ¢; (1 =1,2,--- k) are computable constants.
J. Chai, L. Gao and L. Tuo [2]. Let P(n) denote the largest prime divisor of n, and
let k > 2 be any fixed positive integer. For any real number x > 3, we have the asymptotic

formula

5) a3 x3 205
S (SEan(m) - (k= Py = 2L 2 o () +0 (’“ ) ,

Inz
n<e In“ x

where ((s) is the Riemann zeta function, and ax(n) denotes the k-th power complements of n.
W. Huang [9]. Define

up(n) = min{m—l—;m(m—l)(r—2):n§m+;m(m—l)(r—2),reN,r23},

vp(n) max {m—i— %m(m— H(r—2):n>m+ %m(m— H(r—2),reN,r> 3}.

Let k be any fixed positive integer. For any real number x > 1, we have the asymptotic formula

w2 @2 —2)2)F (2 — 2)2)3 s
SL(uy(n)) = . + +0|—-1,
72 (ur () 18(r—2)* 1, 2 ; ', /-22 In" g

2 2r —2)x)? kCz 2(r — 2)a)2 vt
S SHw ) = g A+ 3 +O<1nk+1>’

nx In r—2 i=2 Il \/ r—2

where ¢; (i =1,2,--- k) are computable constants.

Z. Lai [11]. Define
d|n
d<n

Let k > 2 be any fized positive integer. For any integer x > 1, we have the asymptotic formula

S SLun) = Sy o2
2 Pd T Thr Sy n* )’
k
(rt —1272)22 d;x? x?
SL S L " Lo ——
n;c (ga(n)) 72Inz +7Z:;1nza:+ )’

where ¢; (i =2,3,---,k), d; (1=2,3,--- k) are computable constants.
X. Zhao, L. Zhang, H. Xu and R. Guo [38]. Let A denote the set of the simple
numbers. For any real number x > 2, we have the asymptotic formula

B k+1 k+1 k+1
> SL*(n) * e +O<"T3 >,

= (k+1)lnz  (k+1)2mn*z In” z
neA

1 E/x1nl
Zilenlneri\/En nx+0<\/5>7
=~ SL(n) Inx Inx
neA

where k is a nonnegative real number, and B,C, D, E are computable constants.
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§4. Other functions and sequences related to the Smarandache LCM function
X. Pan [21].  Define L(n) = [1,2,---,n]. For any positive integer n, we have the

asymptotic formula
L(n? Inn)3
(n) =e+ O |exp —c(nin)1 ,
H P (Inlnn)s

p<n?

where H denotes the production over all prime p < n?.
p<n?
For any positive integer n, the famous Smarandache LCM dual function is defined by

SL*(n) =max{keN: [1,2,--- k] | n}.

SL*
C. Tian and N. Yuan [23]. 1) For any real number s > 1, the series Z ( ) is

n=1
absolutely convergent, and

* 0o

= SL
Z:l (n)

(p°—1)
%:12- als

a=1

where ((s) is the Riemann zeta function, Z denotes the summation over all primes.

p
2) For any real number x > 1, we have the asymptotic formula

Z SL*(n) =cx+ O (ln2 z),

n<zx

1
where ¢ = Z Z 1 5. ]) 15 a constant.

a=1 p
B. Chen [3]. Let w(n) denote all the different prime factor numbers of n. For any

positive integer n,

[Isc @) +1=2v
d|n

(e

has solutions if and only if n = p®, where « > 1 and p > 3 is a prime.

For any positive integer n, the dual function of Smarandache LCM function is defined by

ST(n) , if n=1,
n) =
min{p{*,ps?, -+ ,p2r}, if n>1 and n=p'py?-- por.

X. Yan [28]. For any real number x > 1, we have the asymptotic formula

SLn)  « O(ac(lnlnx)2>.

SL(n) "Iz * In?

n<lz
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H. Zhao and Z. Ye [35]. 1) Let k be any fixed positive integer. For any real number
x > 1, we have the asymptotic formula
22 22
+O0 | —F——1,
P ln T <lnk+1x>

> Sin
1
-, k) are computable constants, and ¢; = =

n<z

where ¢; (1 =2,3, -

2) Let p(n) denote the smallest prime divisor of n, and let k be any fized positive integer
For any real number x > 1, we have the asymptotic formula

s -0

n<x

where ¢; (i =2,3,--

2
-, k) are computable constants, and ¢; = —
X. Yan [29].

Let p(n) denote the smallest prime divisor of n, and let k be any fized
positive integer. For any real number x > 1, we have the asymptotic formula

k 5 5
3" (L) —pn)* =% v 0 (;) 7

k+1
e s In* z T

where ¢; (i =1,2,--

-, k) are computable constants, and ¢ = —
Y. Yang [30].

Let p(n) denote the smallest prime divisor of n, and let k be any fixed
positive integer. For any real number x > 1, we have the asymptotic formula

Y %
n<zx 2 ] In

2 k=1 9 2
> p(n) nSL(n) = = ad +O<“T )
where ¢; (i =1,2,--- ,k — 1) are computable constants.
. k(k+1)
Y. Yang [31]. 1) Define Z(n) = minqk:n < —

. For any real number x > 1,
we have the asymptotic formula

3" SL(Z(n)) - SL(Z(n)) = 20° o<f”2>.

n<e In 22 1n2 T

k(k+1
) Define Z(n) = min{k in < (2H} For any real number x > 1, we have the

asymptotic formula
Z gL(Z(n)) _ 2z L0 (xlnlnx>.

2
In“z
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§1. Definition and simple properties
For any positive integer n, the Smarandache double factorial function Sdf (n) is defined as

the smallest positive integer m such that n | m!!, where

2x4x---xm, if 2|m,
mll = (1.1)
1x3x--xm, if 2¢m.

By the definition of Sdf(n), it is easy to show that Sdf(1) = 1 and Sdf(n) > 1if n > 1.
M. Le, Q. Yang, T. Wang, H. Li gave many properties for the value of Sdf (n).
M. Le [7]. 1. If2{n and

— 21,02 ag
n=py'py° Py

is the factorization of n, where p1,pa,...,pr are distinct odd primes and ay,as,...,ar are

positive integers, then

Sdf (n) = max (Sdf (p™), Sdf (p3?), ..., Sdf (pi*)) -

2. If2 | n and

n = 2%,

where a,ny are positive integers with 21 ny, then
Sdf (n) < max (Sdf(2),2S5df (n1)) -
3. Let p be a prime and let a be a positive integer. Then we have

p | Sdf (p*).
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4. Let p be the smallest prime divisor of n. Then we have
Sdf (n) > p.

5. The equality
Sdf(n) =n

holds if and only if n satisfies one of the following conditions:
(i) n=1,9.
(ii) n = p, where p is a prime.

(iii) n = 2p, where p is a prime.

6. Let p be a prime, and let N(p) denotes the number of solutions x of the equation

Sdf(x) =p, z € N.

For any positive integer t, let p(t) denotes the t—th odd prime. if p = p(t), then

t—1

N(p) = [J(ali) + 1),

i=1

where

=3 ([par) ~ oape) ) i= 12t

m=1

7. Let a,b be two positive integers. Then we have

Sdf (a) + Sdf (b), if 2]la and 2|0,
Sdf(ab) < ¢ Sdf(a) + 2Sdf (b), if 2|a and 21D,
25df(a) + 2Sdf(b) — 1, if 2ta and 271b.

8. For any positive integer m,n, k, all the solutions (m,n, k) of the equation
Sdf (mn) = m"* x Sdf (m)

are given in the following four classes:
(i) m = 1,n and k are positive integers.
(i) n=1,k=1,m=1,9,p or 2p, where p is a prime.
(iii) m =2,k = 1,n is 2 or an odd integer with n > 1.
(iv) m=3,k=1,n=3.
9. For any positive integer n,k with n > 1,k > 1. The equation

(Sdf (n))* = k x Sdf (nk)

has only the solutions (n, k) = (2,4) and (3,3).
10. The equation
Sdf (n)! = Sdf (n!)

has only the solutions n = 1,2, 3.
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11. For any positive integer n, we have

Sdf(nl) < n, if n=12
2n, if n>2.

Q. Yang, T. Wang and H. Li [20]. 1. For any positive integer n, we have

n, if n=1,2,
Sdf(n!) < ¢ 2(n—1), if n=2%a>1,
2n, otherwise .
2. The equality
Sdf(n!) =n

holds if and only if n = 1,2, 3.

3. For any positive integer n, we have

nogp 1
Sdf (n!) — n’
df (n!
4. For any € > 0, there exists no positive integer n such that Sdf (n) <e
n
5. For any positive integer n, we have
Sdf (n), if n=12,
Sdf (Sdf(n!)) = ¢ Sdf(2(n—1)), if n=2%a>1,
Sdf (2n), otherwise .
The properties for Sdf(2n) have also been studied.
6. If 2{n, and
n=pi'pyt Pyt
where p1,pa2,...,pk are distinct odd primes and a1, as, ..., a, are positive integers, then
Sdf (2n) = 2max (Sdf (p™*), Sdf (p3?), . .., Sdf (pp¥)) -
7. If2|n and

n = 2%,

where a,ny are positive integers with 21 ny, then
Sdf (2n) < max (25df(2%),45df (nq)) .
8. Let p be the smallest prime divisor of n. Then we have
Sdf (2n) > 2p.

9. the equation
Sdf(2n) = 2n
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holds if and only if n =1 orn be a prime.

Many problems and conjectures proposed by Russo have been stuied by M. Le, it is as
follows.

M. Le [7]. 1. For any positive integer n, we have

n

Sdf (n)

n
< =42
,8-1-

2. If n = (2r)!), where r is a positive integer with r > 20, then
Sdf (n) < n°*t.
By the above inequality, the following conclusion has been proved.
3. If n = (2r)!), where r is a positive integer with r > 20, then the inequalities

Sdf (n) 1 1 1 1 1 1

n no73’  n x Sdf(n) <@ ont Sdf (n) S i/

are false.

4. For any positive integer €, there exist some n such that
Sdf (n)
n

5. The difference |Sdf (n + 1) — Sdf (n)| is unbounded.
6. The following infinite series satisfy

<e.

N =D
S_;Sdf(n)_oo'

7. The following infinite product satisfy

- 1
pP= =0.
}1 Sdf (n)

§2. Mean values of the Smarandache double factorial function
C. Dumitrscu and V. Seleacu [1]. For any real number > 1, and any fived positive
integer k, then

.133 b C".T3 33'3
> (san) - P = P + 3o ).

i k+1
n<e P In" z log T

where P(n) is the largest prime factor of n, ((n) denotes the Riemann Zeta-function. c¢;(i =
1,2,...,k) are computable constants.
J. Gao and H. Liu [4]. 1. Ifz > 2, then for any positive integer k we have

ZAl(n)Sdf(n)—x2<;+:zjllogzx)+O( o >

k
e log” x
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where
logp, if m is a prime p,
Ai(n) = ,
0, otherwise .
and a,,(m=1,2,...,k —1) are computable constants.

2. If x > 2, then for any positive integer k we have

ZA(n)Sdf(n)szGJrilo‘;Ziw)+o( v )

k
ot log" x

where A(n) is the Mangoldt function.
Z. Xu [18]. Let P(n) denotes the largest prime factor of n, S(n) denotes the smallest
positive integer m such that n | m! ( S(n) is called the Smarandache function), then for any

real number x > 1, we have the asymptotic formula

> (S(n) — P(n)’ = X *O( )

3lnzx ]nzgj

n<x

where ¢(n) denotes the Riemann Zeta-function.
J. Wang [12]. 1. For any real number x > 1 and any fized positive integer k, we have

the asymptotic formula

a3 k C; 3 a3
> (Sdf(n) — P(n))? = %m +Y ——+ O<m>,

i
n<z = 'z
where all ¢; are computable constants.
2. For any real number x > 1 and any fized positive integer k, we have the asymptotic

formula

a3 k [ a3 8
> (Sdf(n) — S(n))? = %m + Z + O<1n’f+1x)'

%
n<zx 1=2 In‘ z

H. Shen [10]. 1. For any real number x > 2 and any fixed positive integer k, we have

the asymptotic formula

rlnz rzlnz
ZSdf(n) ~ Inlnz +0 ((lnlnx)2> '

n<x

J. Ge [5]. For any real number x > 1, we have the asymptotic formula

> (Sdf(n) - 3+(2_1)HP(n)>2 = § ' C(%) ' 1351:5 +O<x3)’

In?z
n<zx

where all ¢; are computable constants.
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X. Wang [13]. For any positive integer k > 4, there exist infinite number of positive

integer arrays (my,ma, ..., my) satisfy the following equation
k k
Sdf ([T mi) = _ Sdf (m).
i=1 i=1

B. Zhang [22]. 1. For any real number > 1 and any fized positive integer k > 2,r, we

have the asymptotic formula

aan r cixk—i-l k1
S (sain) - P = i S+ Y o ).
=2

8(k+1) Inz In' z In

n<lz

2. For any real number x > 1 and any fixed positive integer k > 2,1, we have the asymptotic

formula

k k+1 L k+1

n<zx

X. Fan, X. Zhu and X. Yan [2]. 1. For any real number x > 2 we have the asymptotic

formula
Z In Sdf (n) = zlnx + O(x).
n<z
2. For any positive integer n > 1, we have
n  InSdf(k) 1

k=2 Ink
=== nr -1 —).
n +O(lnn)

3. For any positive integer n > 1, we have

Zn In Sdf (k)
n— o0 n

4. For any positive integer n > 1, we have

Sdf (n) 1

=0(—)=1

6(n) O(lnn) ’
where O(n) = Z In Sdf (k).
k<n
5. For any positive integer n > 1, we have
- Sdf(n) _
TR

M. Zhu [24]. For any real number x > 2, we have the asymptotic formula

T2 g2 x?
ZSdf(n)—M~m+O< )

2
e In“z
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X. Fan and X. Yan [3]. For any real number © > 2 and any fized positive integer k,

we have the asymptotic formula

5r2  x? P ein? x?
Sd, =— — 4+ O | —
n;m f(n) 48 lnx—'—;lnlfﬂ + (lnk-'rlx) )
where e;(1 = 1,2,..., k) are computable constants.

The famous pseudo-Smarandache function Z(n) is defined as the smallest positive integer
m such that n < m(m + 1)/2, that is Z(n) = min{m : m € N,n <m(m + 1)/2}.

W. Lu, L. Gao and H. Hao [8]. For any real number x > 1 and any fixed positive

integer k > 2, we have the asymptotic formula

oo (22)3 k a;(22)2 x3
> Sdf(Z(n)) = 81 \/EJFZ zm+0 <1nk+1x>v

n<lz

no

where a;(t = 1,2,..., k) are computable constants. Specifically, when k = 1, then for any real

number x > 1 we have

72 27)3 T2
> sarz) = T 20 o0 (m) -

n<x

L. Wang [11]. The function U(n) is defined as the smallest positive integer k such that
U(n) = min{k : £ € Nyn < k(2k — 1)}. For any real number x > 1 and any fized positive
integer j > 2, we have the asymptotic formula

2 % I p, 2 z3
Sdf ( il :
n; rum) =15 N “— In' 23: /" )
where b;(i =1,2,...,k) are computable constants.

W. Huang [6]. 1. The famous pseudo-Smarandache function U,(n) and U(n) are defined
as

U*(n):min{m:m€N+,n<m+;m(m—l)-(r—2),r€N+,r>3},
U(”)maX{m:m€N+,n2m+;m(m1)~(r2),T€N+,r23}.

For any real number x > 1 and any fized positive integer k > 2,7 > 3, we have the following

asymptotic formula

s (208 G~ di(20)8 o3
ngf(U*(")) T —2 1nfx+;1 ‘ﬁx+0<1nk+1x>’

s (20)F @ ei(22)} o}
;S;Sdf(U(n)) N T2\/T — 2 Inv2x + ; In’ V2 +0 (111’“'1 z) ’

where d;, e;(1 =1,2,.... k) are computable constants.
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2. For r =6 we have

3

572 fi(2z)2 x2
ZSdf(U*(n)) M'ln\fx Zln \fﬂb‘_FO(ln}”lﬂ?)7

n<zx
52 (22)3 r hi(2x)3 z3
Sdf(U(n)) = —- + - +0 ,
T; fUn) 144 1n+2z ; In® 2z In* !y
where fi,hi(i=1,2,...,k) are computable constants.

3. The pseudo-Smarandache function Z,(n) and Z(n) are defined as
-1
Z.(n) :max{m:m€N+,n <m+ m(m2)}
—1
Z(n) :min{m:mEN"',an—i—m(nﬁ;)}.

For any real number x > 1 we have the following asymptotic formula

~ b7? (22)2 z2
> Sdf(Z.(n)) = w'ln\/ﬁJFO(ln%)’

n<x
B 577r2 (2x)2 x3
nzngdf(Z(n)) = 1n\/ﬂ+0<1n2x>'

W. Lu and L. Gao [9]. 1. For any real number x > 2 and any fized positive integer
k> 2,r, when B > 1 we have the asymptotic formula

s CB+1) 2Pt a2
Z (Sdf(n) = P(n))” = 26413+ 1) Inx * Z In’z <lnk+lzzz>

n<x =2

where all a; are computable constants.
2. Let k be any fixed positive integer , k > 2, then for any real number or complex number
a and any real number x > 2, when 8 > 1 we have

> da(n) (Sdf (n) — P(n)” =

n<z

(1+29¢(B+1)C(B+1—a) 2+ Ix bahtl (:pﬁﬂ)

2613 +1) Iz * s In’z InF+!

where d,(n) is the divisor function, and all b; are computable constants.

§3. Mean values of the Smarandache triple factorial function

For any positive integer n, the Smarandache triple factorial function d3¢(n) is defined to
be the smallest integer such that d3¢(n)!!! is a multiple of n.

Q. You [21]. 1. Ifx > 2, then for any positive integer k we have

1 el a x?
A1 (n)d3( 2= m @)
Z 1 f(n) ==z (2+Z_ logmx>Jr <logkx>’

n<z
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where
logp, if m is a prime p,
Ai(n) = _
0, otherwise .
and am(m =1,2,...,k — 1) are computable constants.

2. If x > 2, then for any positive integer k we have

ZA(n)de(n)x2<;+:§10§zx)+0( - >

k
<w log” x

where A(n) is the Mangoldt function.

§4. The dual function of the Smarandache double factorial function, and other
generalizations

The analogue of Smarandache double factorial function is defined as
Sdf1(22) = min{2m € N : 2z < 2m)!!}, z € (1, 00),

Sdf1(2x 4+ 1) =min{2m+1eN: (2x+1) < 2m+ D!}, z € (1, 00),

which is defined on a subset of real numbers. Clearly Sdfi(n) = m if z € ((m — 1)!!, m!!] for
m > 2, therefore this function is defined for = > 1.
M. Zhu [23]. For any real number x > 2, we have

> Sdfi(n)

n<z

22 Inw (x(lnw)(lnlnlnx))

" Inlnz (Inlnx)?

N. Yuan [19]. 1. The Smarandache t—factorial function Sy(t,n) is defined as the
smallest positive integer m such that m!, is divisible by n¥, that is
Si(t,n) = min{m € N : n¥ | m!;},
where m!; denotes
mly=mx(m—1t)x--- X (t+1i) xi,m=i(mod t),i=0,1,...,t— 1.
For any real number x > 2 and any positive integer t, we have the following asymptotic formula

bEE=3)+3IT o* | (L) if 2]t

2.
Z Sk;(t ’I’L) _ 24 , Inz In® x
) k_ w2 g2 22 A

2. For any real number x > 2 and any positive integer k, we have the following asymptotic

formula

km? 22 x?

n<lz n<lz



Vol. 13 A survey on Smarandache notions in number theory IV: Smarandache double factorial function 163

3. For any real number x > 2 we have

7.[.2 2 2
N si2n) =Y Sdf(n) = 7241;*0( o )

n<zx n<zx In®z

The dual function of the Smarandache double factorial function S**(n) is defined as

5% (n) max{2m : (2m)!! | n,m € Nt} n be an even number
n)=
max{2m —1: (2m — 1)!! |[n,m € NT}, n be an odd number ,
where
2m)l! = 2x4x---x(2m),
@2em—-1I = 1x3x---x(2m-1).

oo A(n)S**(n)

ns

Y. Wang [14]. 1. For any complex number s, when Re s > 1, we have )~
is a convergent series, and

n)S** (n) ¢'(s)  In2 2 1\"" 23 1\
Z e () () )

where ((s) denotes the Riemann Zeta-function, ¢'(s) is the differential coefficient of ((s).
2. For any complex number s, when Re s > 1, we have

. S** )
lﬂ(S—lZ )—17

let s = 2,4, we have the following equations

= A(n)S**(n) lnn 31n2 ln3

; n? T o Z 4
i S** (n) 90 h17n+431n2+h173
— ComtAand 640 0 407

Y. Wang [15]. 1. For any real number x > 1, we have

3 (5% (n))? = (14e1/2 - g 4 72‘1 (2m1+1)n>”3 + o( (1111;;)4)

n<x

2. For any real number x > 1 and k > 0, we have

Zn (S**(n))° = 1 14e'/? — 3—1—7%# " Lo 2k Iz \*
k+1 = (2m+ 1 Inlnz '

n<zx

3. For any real number x > 1 and k > 1, we have

o0

(5 (n)* _ 1 123 1 - SVATRY
D =g e 2*7;(2m+1)!!x Ol \ame) )

n<z
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Y. Wang [16]. For any real number x > 1, we have

> (57 (m)? = 1539” + O( (hljrfx)g)

n<x

Y. Wang and T. Wang [17]. 1. For any real number x > 1 and any fized number
1l > 0, we have the asymptotic formula

1 > 1 nz \°
l *ok 4 _ 1 1/2 1+1 l )
> nt(5*(n)) 2(”1)( 05 + 6de +32;7(2m+1)” s+ ol (o

n<x

2. For any real number x > 1 and any fired number [ > 0(l # 1), we have

(S*(n)t 1 12 =1 L Inz \°
> A S D 105 + 6de +32;(2m+1)”x +0(a7 (=) )

3. For any real number x > 1 we have

3 (57 () = ;<105 +64el/2 4 32”21 m)x + 0( (111?517)5)

n<x

4. For any real number x > 1, we have

3 (Can0) <105+64e1/2 +32§;<2ml+1)”>xé +O(x5 ( b )5)

1 ]
n l]l nr
n<x
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§1. Smarandache simple function

For any prime p and any positive integer k, let Sp(k) denote the smallest positive integer
such that p | S,(k). Then S, (k) is called the Smarandache simple function of p and k.

M. Le [13]. For any p and k, we have p | Sp(k) and k(p — 1) < Sp(k) < kp.

M. Zhu [30]. On the subset of real numbers, we define additive analogues of Smarandache

simple function Sp(x) as follows:
Sp(xz) =min{m € N : p* <ml},z € (1, 00),

Sy(z) =max{m € N :m! <p“},x € [l,00).

1. For any real number x > 2, we have

1 Inl
Sp(x)xnp+o(:cnnx)'

Inz In?

Obuviously, we have

S,(z) = Si(x)+1, if € (ml(m+1)) (m=>1),
’ Sy (), if = (m+1)! (m>1).

2. For any real number x > 2, we have

N zlnp zlnlnz
Sy(x) = +O( 3 )

Inz In“z
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M. Zhu [31]. Define additive analogues of Smarandache simple function
Sp(n) =min{m € N :p" <m!l}, ne (1,0),
?;(n) =max{m € NT:m!l <p"}, ne (1,0).

1. Let p be a fixed prime, for any real number x > 1, we have

w2 z? lnp 2zlnp . _
ZU § . 3 Inz In ( Inz ) +O(ln :1:)’ if a=1,
o = at+1 a+1 po+l
¢(a+1) 291 In® p 2zlnp + .
n<z a+1 ln“Jrl In Inx +0 111“+1 ’ ,Lf « 7& L.

2. Let p be a fized prime, for any real number x > 1, we have

7 z°lnp 2zlnp ] B
Z Ua(g;(n)) - C?)(()/—li-nl)zal'*-l (a-%—lillz ) N O2c<vllrrl1 w> 7 a+1 Zf ‘- 1’
nsw a+1 Inot1 g L 1 ( ln:rp) + O <1n0‘+1 ) s Zf 6% # 1.

H. Liu [14]. On a subset of real numbers, we define additive analogues of Smarandache

simple function p(z) as follows:
p(z) = min{m € N4 : p* <ml!}, z € (1,00),
p*(x) =max{m € Ny :m! <p”}, z€]l,00).

1. For any real number x > 1, we have

g(;:—ll) m;ﬂ?ap [ln [mhllnxp} _ m} +O 2], if a>1,
Yooalp) = § HEE [m[52] - 4] + Owina), fa=1,
n< > <
1<u o) a®1n p [ln [whllrﬂ _ TH] +O0[&], ifo<a<l

where ((s) is the Riemann zeta-function, oo(n) is the divisor function.

2. For any real number x > 1, we have

o z*t1 In® zln .

C(aj_ll) In® 11 £ [ln |: 1111ij| - oz+1j| +0 [ ] ) Zf a > 17
dooal'm) = | HEEE|n [ﬁ;“f} 3| + 0@ ma), if a=1,
n<lz o 2ot e zln .

- (aj_ll) l]rl"‘*11 mp [ln |: lrllzpj| - TH] +0 [ln:c] ’ Zf 0<a<l

H. Liu [15]. 1. Let p be a fized prime, then for any real number x > 1, we have

Zd z(lnz — 2Inlnz) + O(z Inp).
n<x
2. Let p be a fized prime, then for any real number x > 1, we have

Z d(p*(n)) = z(lnx —2Inlnz) + O(xInp).

n<z
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H. Liu [16]. 1. Let p be a fized prime, for any real number x > 1, we have

Zd z(Inz —Inlnx) + o(z).

n<zx

2. Let p be a fized prime, then for any real number x > 1, we have

Zd z(Inz — Inlnz) 4 o(x).

n<x

H. Liu and M. Zhu [17]. 1. Let p be a fived prime, then for any real number x > 1,
we have

Zd z(lnz —2Inlnz) + O(x).

n<x

2. Let p be a fized prime, then for any real number x > 1, we have

z d(p*(n)) = z(lnz — 2Inlnz) + O(x).

n<lz

§2. Smarandache summands function
For any positive integer n and fixed integer k£ > 1, define Smarandache summands function
S(n, k), AS(n, k) as follows:
S(nk)= > (n—ik),

|n— k1\<n
i=0,1,2

AS(n, k) = g |n — ik|.
|n—ki|<n
i=0,1,2---

J. Wang [25]. 1. For any complez number s with Re(s) > 2, then

= S(n,4
Z:ln

where ((s) is Riemann zeta-function.

)Z;[l_;l]qs—m; [1—2311] (),

2. For any complex number s with Re(s) > 3, then

S P

>~

n=1
Specifically, if s = 4, then
i 7r2 + 5t
P 604
3. For any complex number s with Re(s) > 3, then

Z S(n*,16) [;+2511} {1—2812] 4(3_2)+[;+2511} [1—215] ¢(s)-

n=1
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Specifically, if s = 4, then

4. For any complex number s with Re(s) > 3, then

g:l S(n?,6) :% {1 - 31_2} ((s—2) +§ {1 - 31] C(s)-

nS

Specifically, if s = 4, then

31 218t

n

— S(n%6) 4m? 167
Z 4 -
n=1

5. Let p > 2 be a prime, for any complex number s with Re(s) > p, then

§W=;[l—?ﬁ1ﬁ] ((s—p+1)+ {1—;] [1—;8} ¢(s).

Y.Zhao [32]. 1. Let k > 1 be a fized integral number, then for any integral number

r > 1, we have

1\k
> S(n,k) = i {1 - 3+2(k1)] 2+ R(z, k),

n<zx
where |R(z, k)| < Zk? + 2Ex.

2. Let k > 1 be a fixed integral number, then for any integral number x > 1, we have

1 1 74 (=1)F
> AS(n,k) = %x?’ +7 {1 + +2(k)} 22 + Ry(x, k),

n<z
where |Ry(z, k)| < 1K + Tha + & + %,
J. Chen [1]. 1. For any complex number s, if Re(s) > 3, then

> A2 s —9) 4 grcls ),

2571

where ((s) is Riemann zeta-function.
2. For any complex number s, if Re(s) > 5, then

R |

ns 4 = 28 8 2s-1

n=1

Specifically, if s =6, then

nt 48 * 5760 * 43008

iAS(n2,8) 72 497t xS
n=1

3. For any complex number s, if Re(s) > 5, then

iwzi((s—@—i—[l-ﬁ- ! }C(s—2)+[1—1} ¢(s).

ns 2 251

n=1
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Specifically, if s = 6, then
i AS(n?,4) 7T72 . 1774 . 6
ot 24 2830 3840

4. For any complex number s, if Re(s) > 5, then

i 7‘45(3}2’6) = %C(s —4)+ B + 351_1} ((s—2) +§ {1 - 39] ¢(s).

n=1

Specifically, if s = 6, then

+

i AS(2n%,6)  7©* 837t N 145675
— 9 10935 2066751

5. Let p > 2 be a prime, for any complex number s with Re(s) > p, then

i %S—l,p) 1 {1 B ps;m} <(8_2p+2)+{1 _ ﬂ {1 - pslpl] C(s—p+1)+% [1 ~ 1] (s).

" s
n=1 p

W. Huang [9]. Letn,k > 1 are two integers, m > 0 is a fixed integer. Then we difine
Smarandache summands function AS(n,m,k) as follows:

AS(n,m, k) Z|n—kz

Let k > 1 and m > 0 are fized integral numbers, for any arbitrary integral number x > 1,
then we have

ZASnmk: 67€+f+R(xk:)

n<x
2 2
where |R(9c,kz)|S%—i—kTm—l—(g"—k—i—m—&—%—%—%—ﬁ)x.

§3. Smarandache power function

Define Smarandache power function SP(n) as follows:
SP(n)=min{m:n | m™,m e N}.

Z. Xu [27]. 1. For any real number x > 1, we have

> SP(n) = %xQ 11 (1 - p(le)> +0 (x*JF) ,

n<zx

where H denotes the product of all prime, € is an arbitrary positive number.

P
2. For any real number x > 1, we have

S 6(SP(n)) = H< p+1)>+0(x3+6),

n<z
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where ¢ is Euler function.

3. For any real number x > 1, we have

Z A(SP(n)) = 6x1;1x+<1272672(’4(2))x+0(xé+6),

™ ™ s

n<zx

where d(n) and ((s) denote Dirichlet divisor function and Riemann zeta-function, respectively,
~ is Fuler constant.

H. Zhou [33]. For any complex number s with Re(s) > 1, we have

[\~

w
+
[
[

e n 1 ( ) 2°—1¢(s)’ Zf k=12,

— 241 1 _ 2°—1 g
Z SP “(SP(nF))s 25-1¢(s) Z if k=3,
n=1 2°41 1

2°—1 3°—1 : _
25 1 C(S) 4s + gs Zf k; - 47 57

where p(n) denotes the mébius function.

Specifically, taking s = 2 and 4, we deduce that

- . if k=1,2,
Z ( l)n_llu(n) _ 10 3 Zf k=3
o (SP(nk))? w2 ~ 16° =9
B-_3+8 if k=45
and
. Ly, if k=12,
Z(_l) /’L(n) — g_ﬁ Zf k=3
< (SP(nh))* ™ 256 ’
n= 102 15 80 .
74 T 256 6561° Zf k = 4,5

Y. He [10]. We have

5 i o)

3 iy == +0 (A7),

B. Cheng [2]. We define the Dirichlet divisor function for the Smaracdache power

sequence as following: SD(n) = o (SP(n)), where or(n Z d® is the divisor functions and
dln
k> 0.

Let k be any real number with k > 0, then for any real number x > 1, we have
k + ].) k41
() = DAL o (vt
Z ) . (k + 1)

n<z
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where SD(n) = o, (SP(n)), ((s) is the Riemann zeta-function, and € denotes any fived positive
number.
Specifically, taking k =1, then

ZSs f:r +O< )»

n<x

where Ss(k) = o(SP(k)) denotes the Dirichlet divisor function for the Smaracdache power

sequence.
Y. Yang and M. Fang [28]. For the Smarandache power function SP(k), we have

2
i Sl— where :OC 71 2 = 0041
g gy = O where 51 Z<¢<SP<k>>> 2 (Z_: ¢<SP(k>>>

k=1
W. Huang and J. Zhao [11]. 1. For any random real number x > 3 and given real

number k (k > 0), we have

Ssrmr = D (k) o).

HZ:I(SPT(L”))’“_ C(k+1) kH( p+1)+0(xk+§+é>)’

where ((k) is the Riemann zeta-function, € denotes any fized positive number, and H denotes
p
the product over all primes.

2. For any random real number x > 3 and given real number K > 0, we have

> (SPm)F = W 11 <1 - (11> +O (a5,

n<lx p +p)pk

Specifically, we have

> (SP(n))? = 44(2%)35% 11 (1 S e (x1+6)> )

it S o)

e p3(p+1
3. For any random real number x > 3, and k = 1,2,3. We have

D> _(SP(m) = 2H< p+1)+0(x2+6>>’

n<lz

S (SP())? =2 31‘[(1 p+1)+o(x3+e)>’

n<z

> (SP(n) —” 4]‘[( p+1)+o(:p%+€)>.

n<z




174 Y. Song No. 1

4. For any random real number x > 3, We have

> oSP)) = ity ‘““H( o o))

n<zx

where ¢(n) is the Euler function.

5. For any random real number x > 3, We have

Z d((SP(n))*) = BoxIn* z 4+ ByzIn* ' 2 + Boan* 22+ .-+ By_ixlnz + Bra + O(x%“),

n<zx

where d(n) is Dirichlet divisor function and By, By, Ba,- -+ , Bix_1, By is computable constant.
P. Ren, Y. Wang and S. Deng [22]. 1. For any real number x > 3 and fized real
number k,l (k> 0,1 > 0), we have

7;wnl(SP(n)) (k;i(lkjll LA H ( p)) ) ($k+l+%+e) ’
;n SP (k E%j‘l ! H ( )) L0 (ajk—l-i-%.i,_e) 7

where ((s) is the Riemann zeta-function, € denotes any fized positive number, and H denotes

P
the product over all primes.

2. For any real number x > 3 and fized real number k' > 0, we have

Z(SP( ))% :wan <1_,1/1)> —l—O(x%“).

n<z (1 +p

Specifically, we have

3. For any real number x > 3 and fixed real number, we have

2 m(SPm) = z+2 HQH( 1+p))+0(m1+g+5)’

n<zc

n<x

Z n'(SP(n))* = 15(73_4>Il+41;[ (1 — ]?3(11—&-]?)) +0 (xl+%+5> .

n<lz
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L. Gao and Y. Ma [6]. If the product of all true divisors of n less than or equal to n,

then n is called simple number. We have

Z 2xlnlnx 4D T n zlnlnx
RPN et
— S( SP Inx Yng In? z ’
n<x
_ 2znl Inl
ZSS’P xnnm+D2z +O<xn2n9:),
~ Inx Inx In“z

n<x

where A denotes the set of simple numbers, S(n) is Smarandache function.

84. Smarandache exponent function
For any fixed prime p and positive integer n, Smarandache exponent function e,(n) as
follows:

ep(n) = max{a : p* | n}.

H. Liu and W. Zhang [18]. Let p be a prime, ey(n) denotes the largest exponent (of
power p) which divides n, a(n,p) = Z ep(k). For any prime p and any fized positive integer

k<n
n, we have
Za(mp) :nlnlnn+cn+cli+62%+-~-+ck Z —|—O< knl ) ,
Inn In“n In"n In*ttn
p<n
where k is any fived positive integer, ¢;(i = 1,2,--+,) are some computable constants.

C. Lv [3]. Letp be a prime, ep(n) denotes the largest exponent of power p which divides

n. Let p be a prime, m > 0 be an integer. Then for any real number x > 1, we have

5 ) = 2Ly ma + O™ ),

n<x

where ap(m) is a computable constant.

Specifically, taking m = 1,2,3, for any real number x > 1, we have

D
Zep(n)*p_

n<z

e + O(log® ),

1
Z ei(n) = Lﬁ: + O(log® ),

= (r—1)
2
3 p*+4p+1 4
> S e 1 .
2 (m) =" g+ Olleg )

C. Lv [4]. Letp be a prime, ¢(n) is the Euler totient function. Then for any real number
x > 1, we have

S ey (n)o(n) = ﬁwz + Oz,

n<x
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N. Gao [7]. 1. Let p and g are two primes, then for any real number x > 1, we have

2 2
calbm) — 4" FPAYP 50 dte
Zp @?+qg+1 ( );

n<zx

where € is any fized positive number.
2. Let q be a prime, then for any real number x > 1, we have

> pr et = gz + O,
n<zx

where € is any fixed positive number.
X. Wang [26]. Let p be a prime, m > 1 be an integer, then for any real number x > 1,

we have

m m m _ 1
D ()" = nMep(n) = =g O ),
’I‘L7”§I

T. Zhang [34]. Let n be any positive integer, Py(n) denotes the product of all positive

divisors of n. That is, Py(n) = Hd and let p be a prime, a,(n) denotes the largest exponent
P
(of power p) such that p®™) | n.

Let p be a prime, then for any real number x > 1, we have

zle (-1 -1 -+ 4" +p* ~2p+Dinp

plp—1) plp—1)* 0@,

> ap(Pa(n)) =

n<z

where v is the Euler constant, and € denotes any fixed positive number.

Specifically, taking p = 2, 3,for any real number x > 1, we have

L 2y —65In2—1
Z az(Pd(n)) = §l‘lnm + %CE I O(x%+6),
n<x

1 —137In3 —4
Za3(Pd(n)) = éxlnach %l’ﬁ*O((ﬂ%‘“ﬁ
n<x

N. Gao [8]. Letp and q are primes with ¢ > p. Then for any real number x > 1, we

have
™ pram _ i O, if 4> p,
= _ — 1 .
n<r ;’lnlpxlnx—&— (;’m;('y—l)—i—%)x—i—O(szre)’ if q¢=p.

where € is any fixed positive number, v is the Fuler constant.
X. Pan and P. Zhang [20]. 1. For any prime p and complex number s with Re(s) > 1,

= ep(n) _ — 1 ¢(s)
; ns _;S;(n)_psfl’

where ((s) is the Riemann zeta-function.

we have

2. For any prime p, we have
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Z. Qu [21]. For any real number x > 1 and fized integer t > 1,
if t>1, then
(P +p—2)¢(t+1)
(p—=DE* 1)

> ep(n)oy(n) =

n<lz

M+ Ozt Inw),

if t=1, then

(p+2)7* ,

Z ep(n)oy(n) = mx + O(zn®z).

n<z

W. Huang [12]. Let p,q be primes, k > 2 be a fized positive integer, n be an arbitrary
positive integer, Ax(n) be k-th complement number of n, ((s) be Riemann zeta-function. For

any real number x > 1, we have

z+O(w3te),

$ palnn) — gl 4 phTlghm2 g ph=2gk=3 4 4y
R AR A R |

n<z

where € is an arbitrary positive integer.

Specifically, if k =2 or k = 3, let p,q be primes, for any real number x > 1, we have

ealAz(n) — P 50 dte
dop O,

n<z

2 2
calAs(m) — CHXPAHP 5 L
27 ?+q+1 (27).

n<z

G. Ren [23]. 1. Let ¢ > 3 be any fized positive integer, then for any real number x > 1,
we have

S e(n) = - = -+ O(log ).

n<z
2. If ¢ > 3 be any fized positive integer, k > 2 is an integer, then we have
k _g—1 k+1
Z eq(n) = TBq(k)m + O(log" ™" x),

n<x

1

67

B, (k) = = ((T)Bq(lﬂ— 1)+ (§>Bq(k—2) ot (kL)Bq(n + B, (0) + 1) .

Specifically, taking ¢ = p1p2 in Theorem 1, where p1,ps are two fixed distinct primes, for

where By (k) is given by the recursion formulas: By(0) =

any real number x > 1, we have

x
Z epip () = pipa— 1 + O(log z).

n<x
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kv, where v is a

Y. Liu and P. Gao [19]. For any positive integer n, we have n = u
k-power free number. Let bi(n) be the k-power free part of n. Let p be a prime, k be any fized

positive integer. Then for any real number x > 1, we have

ko kE—1 1
S ep(bi(n)) = ((pk e 1) ot O,

n<x

where € denotes any fixed positive number.

Specifically, taking k = 2, for any real number x > 1, we have

Z ep(bp(n)) = ler 1% + O($%+e).

n<x

G. Ren [24]. Let p and q be two distinct primes, then for any real number x > 1, we

have

— x %+e
Zepq(n)—pq_l +O0(x27),

n<zx
where € is any fived positive number.

W. Zhang [35]. For any fixed prime p and any real number x > 1, we have

Z ap(Sp(n)) = ﬁx + O(In® z).

n<z

Specifically, taking p = 2,3, for any real number x > 1, we have

Z a(Sa(n)) = 3z + O(In® z),

n<x

Z as(Ss5(n)) = z + O(In® z).

n<zx
J. Zhao [36]. Let p be a prime, then for any real number x > 1, we have

Y ep(n) = Clp, k)ay(k)at + O +),

neA

6k 1 L
C@’k):ﬂz(l‘p_];;l“)H(”w(qi-l))’

q

where

apy(k) is a computable positive constant, € > 0 is any fized real number, and H denotes the

q
product over all prime q.

Q. Yang and M. Yang [29]. Define for any two primes p and q with (p,q) = 1, let
epg(n) denotes the largest exponent of power pg which divides n. That is

epg(n) = max{a : (pg)* | n,a € N*}.
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Let p and q are two primes with (p,q) = 1, then for any real number x > 1, we have

3" epg(n) = Cpgkat + 0@ +),
n<x

neA

where

_(p-1(g-1)— n
Cra = pq 2 (pa)™

n=1
is a computable positive constant, and € denotes any fized positive number.

J. Du [5]. Define arithmetical function bpg(n) = Zepq (?) pq(t). Let p and g are two

tin
distinct primes, then for any real number x > 1, we have

rlnz 1 —2v — pq + 2pgy — 2pqIn(pq) 1
E by.(n) = + CC+O(CC2+€),
pq( ) (pq — 1)2 (pq — 1)3

n<x

where € is any fixed positive number, and vy is the Fuler constant.
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