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§1. Introduction and preliminaries

Let Ap denote the class of functions of the form

f(z) = zp +

∞∑
k=p+1

akz
k, (p ∈ N; z ∈ E)

which are analytic and p-valent in the open unit disk E = {z : |z| < 1}. Obviously, A1 = A,

the class of all analytic functions f, normalized by the conditions f(0) = f ′(0)− 1 = 0. Let the

functions f and g be analytic in E. We say that f is subordinate to g in E (written as f ≺ g), if

there exists a Schwarz function φ in E (i.e. φ is regular in |z| < 1, φ(0) = 0 and |φ(z)| ≤ |z| < 1)

such that

f(z) = g(φ(z)), |z| < 1.

Let Φ : C2×E→ C be an analytic function, p an analytic function in E with (p(z), zp′(z); z) ∈
C2 × E for all z ∈ E and h be univalent in E. Then the function p is said to satisfy first order

differential subordination if

Φ(p(z), zp′(z); z) ≺ h(z),Φ(p(0), 0; 0) = h(0). (1)

A univalent function q is called a dominant of the differential subordination (1) if p(0) = q(0)

and p ≺ q for all p satisfying (1). A dominant q̃ that satisfies q̃ ≺ q for all dominants q of (1),
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is said to be the best dominant of (1). The best dominant is unique up to a rotation of E.
A function f ∈ Ap is said to be p-valent starlike of order α(0 ≤ α < p) in E if

<
(
zf ′(z)

f(z)

)
> α, z ∈ E.

Let S∗p (α) denote the class of p-valent starlike functions of order α. Write S∗p (0) = S∗p , the class

of p-valent starlike functions.

A function f ∈ Ap is said to be p-valent convex of order α(0 ≤ α < p) in E if it satisfies the

condition

<
(

1 +
zf ′′(z)

f ′(z)

)
> α, z ∈ E.

Let the class of such functions be denoted by Kp(α). Let Kp(0) = Kp, the class of p-valent

convex functions.

A function f ∈ Ap is said to be p-valent parabolic starlike in E if

<
(
zf ′(z)

f(z)

)
>

∣∣∣∣zf ′(z)f(z)
− p
∣∣∣∣ , z ∈ E.

Let SpP denote the class of p-valent parabolic starlike functions. Write S1P = SP , the class of

parabolic starlike functions.

A function f ∈ Ap is said to be uniformly p-valent convex in E if

<
(

1 +
zf ′′(z)

f ′(z)

)
>

∣∣∣∣zf ′′(z)f ′(z)
− (p− 1)

∣∣∣∣ , z ∈ E,

and is denoted by UCVp, the class of uniformly p-valent convex functions and Let UCV1 = UCV,

the class of uniformly convex functions.

For f ∈ Ap, we define the multiplier transformation Ip(n, λ) as

Ip(n, λ)[f ](z) = zp +

∞∑
k=p+1

(
k + λ

p+ λ

)n
akz

k,where λ ≥ 0, n ∈ Z.

Recently, Billing [2–6] and Singh et al. [15, 16] investigated the operator Ip(n, λ) and ob-

tained certain sufficient conditions for starlike and convex functions. Earlier, this operator

was studied by Aghalary et al. [1]. In 2003, Cho and Srivastava [8] and Cho and Kim

[7] investigated the operator I1(n, λ), whereas Uralegaddi and Somanatha [17] studied the

operator I1(n, 1). The operator I1(n, 0) is the well-known Sălăgean [14] derivative operator

Dnf(z) = z +

∞∑
k=2

knakz
k, n ∈ N0 = N ∪ {0} and f ∈ A.

Let Sn(α) denote the class of functions f ∈ A for which

<
(
Dn+1[f ](z)

Dn[f ](z)

)
> α, z ∈ E, 0 ≤ α < 1.

In 1989, Owa, Shen and Obradovic̆ [12] studied this class and proved the following result.

Theorem 1.1. For n ∈ N0. if f ∈ A satisfies∣∣∣∣Dn+1[f ](z)

Dn[f ](z)
− 1

∣∣∣∣1−β ∣∣∣∣Dn+2[f ](z)

Dn+1[f ](z)
− 1

∣∣∣∣β < (1− α)1−2β
(

1− 3

2
α+ α2

)β
, z ∈ E,

2
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for some α(0 ≤ α ≤ 1/2) and β(0 ≤ β ≤ 1) then <
(
Dn+1[f ](z)

Dn[f ](z)

)
> α i.e. f ∈ Sn(α).

Later on, Li and Owa [9] extended this result by proving the following result.

Theorem 1.2. For n ∈ N0, if f ∈ A satisfies

∣∣∣∣Dn+1[f ](z)

Dn[f ](z)
− 1

∣∣∣∣γ ∣∣∣∣Dn+2[f ](z)

Dn+1[f ](z)
− 1

∣∣∣∣β <
 (1− α)γ( 3

2 − α)β , 0 ≤ α ≤ 1
2 ,

2β(1− α)β+γ , 1
2 ≤ α < 1.

for some α(0 ≤ α < 1), β ≥ 0 and γ ≥ 0 with β + γ > 0, then f ∈ Sn(α), n ∈ N0. Let

Sn(p, λ, α) denote the class of functions f ∈ Ap for which

<
(
Ip(n+ 1, λ)[f ](z)

Ip(n, λ)[f ](z)

)
>
α

p
, z ∈ E, 0 ≤ α < p.

In 2008, Billing et al. [15] investigated the above class and proved the following sufficient

condition for a multivalent function to be a member of this class.

Theorem 1.3. Let f ∈ Ap satisfy∣∣∣∣Ip(n+ 1, λ)[f ](z)

Ip(n, λ)[f ](z)
− 1

∣∣∣∣γ ∣∣∣∣Ip(n+ 2, λ)[f ](z)

Ip(n+ 1, λ)[f ](z)
− 1

∣∣∣∣β < M(p, λ, α, β, γ), z ∈ E,

for some real numbers α, β and γ such that 0 ≤ α < p, β ≥ 0, γ ≥ 0, β + γ > 0, then f ∈
Sn(p, λ, α), where n ∈ N0 and

M(p, λ, α, β, γ) =


(

1− α
p

)γ (
1− α

p + 1
2(p+λ)

)β
, 0 ≤ α ≤ p

2 ,(
1− α

p

)γ+β (
1 + 1

(p+λ)

)β
, p

2 ≤ α < p.

For f ∈ Ap, we define a class Sn(p, λ) consisting of functions which satisfy

<
(
Ip(n+ 1, λ)[f ](z)

Ip(n, λ)[f ](z)

)
>

∣∣∣∣Ip(n+ 1, λ)[f ](z)

Ip(n, λ)[f ](z)
− p
∣∣∣∣ , z ∈ E, (2)

where λ ≥ 0, n ∈ N0. Note that S0(p, 0) = SpP and S1(p, 0) = UCVp. Define the parabolic

domain Ω as under

Ω = {u+ iv : u >
√

(u− p)2 + v2}.

Clearly the function

q(z) = p+
2p

π2

(
log

(
1 +
√
z

1−
√
z

))2

maps the unit disk E onto the domain Ω. Hence the condition (2) is equivalent to

Ip(n+ 1, λ)[f ](z)

Ip(n, λ)[f ](z)
≺ q(z)

where q(z) is given above.

Ronning [13] and Ma and Minda [10] studied the domain Ω and the above function q(z) in a

special case where p = 1. In the present paper, we obtain sufficient conditions for a function

f ∈ Ap to be a member of class Sn(p, λ). As consequences of our main result, we obtain

3
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sufficient conditions for parabolic starlikeness, starlikeness, uniform convexity and convexity of

multivalent/univalent analytic functions.

To prove our main results, we shall use the following lemma of Miller and Mocanu ( [11], p.132).

Lemma 1.1. Let q be a univalent in E and let θ and φ be analytic in a domain D
containing q(E), with φ(w) 6= 0, when w ∈ q(E). Set Q(z) = zq′(z)φ[q(z)], h(z) = θ[q(z)] +Q(z)

and suppose that either

(i) h is convex, or

(ii) Q is starlike.

In addition, assume that

(iii) <
(
zh′(z)

Q(z)

)
> 0 for all z in E.

If p is analytic in E, with p(0) = q(0), p(E) ⊂ D and

θ[p(z)] + zp′(z)φ[p(z)] ≺ θ[q(z)] + zq′(z)φ[q(z)], z ∈ E,

then p(z) ≺ q(z) and q is the best dominant.

§2. Main Result

In what follows, all the powers taken are principal ones.

Theorem 2.1. Let q(z) be a univalent function in E such that

(i) <
[
1 +

zq′′(z)

q′(z)
+

(
γ

β
− 1

)
zq′(z)

q(z)

]
> 0

(ii) <
[
1 +

zq′′(z)

q′(z)
+

(
γ

β
− 1

)
zq′(z)

q(z)
+

(
1 +

γ

β

)
(p+ λ)q(z)

]
> 0.

If f ∈ Ap satisfies(
Ip(n+ 1, λ)[f ](z)

Ip(n, λ)[f ](z)

)γ (
Ip(n+ 2, λ)[f ](z)

Ip(n+ 1, λ)[f ](z)

)β
≺ (q(z))γ

(
q(z) +

zq′(z)

(p+ λ)q(z)

)β
, (3)

then
Ip(n+ 1, λ)[f ](z)

Ip(n, λ)[f ](z)
≺ q(z), z ∈ E,

where λ ≥ 0, n ∈ N0 and β, γ are complex numbers such that β 6= 0.

Proof. On writing
Ip(n+ 1, λ)[f ](z)

Ip(n, λ)[f ](z)
= u(z), in (3), we obtain:

(u(z))γ
(
u(z) +

zu′(z)

(p+ λ)u(z)

)β
≺ (q(z))γ

(
q(z) +

zq′(z)

(p+ λ)q(z)

)β
,

or

(u(z))
γ
β+1 +

u(z)
γ
β−1zu′(z)

(p+ λ)
≺ (q(z))

γ
β+1 +

q(z)
γ
β−1zq′(z)

(p+ λ)
.

Let us define the function θ and φ as follows:

θ(w) = w
γ
β+1

4
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and

φ(w) =
w

γ
β−1

(p+ λ)
.

Therefore,

Q(z) = φ(q(z))zq′(z) =
q(z)

γ
β−1zq′(z)

(p+ λ)

and

h(z) = θ(q(z)) +Q(z) = (q(z))
γ
β+1 +

q(z)
γ
β−1zq′(z)

(p+ λ)
.

On differentiating, we obtain
zQ′(z)

Q(z)
= 1 +

zq′′(z)

q′(z)
+

(
γ

β
− 1

)
zq′(z)

q(z)
and

zh′(z)

Q(z)
= 1 +

zq′′(z)

q′(z)
+

(
γ

β
− 1

)
zq′(z)

q(z)
+

(
1 +

γ

β

)
(p+ λ)q(z).

In view of the given conditions, we see that Q is starlike and <
(
zh′(z)

Q(z)

)
> 0.

Therefore, the proof, now follows from Lemma 1.1.

Remark. Setting λ = 0 and p = 1 in Theorem 2.1, we have the following result.

Theorem 2.2. If f ∈ A satisfies(
Dn+1[f ](z)

Dn[f ](z)

)γ (
Dn+2[f ](z)

Dn+1[f ](z)

)β
≺ (q(z))γ

(
q(z) +

zq′(z)

q(z)

)β
, z ∈ E,

then
Dn+1[f ](z)

Dn[f ](z)
≺ q(z), z ∈ E,

where n ∈ N0 and β, γ are complex numbers such that β 6= 0.

§3. Applications

Remark 3.1. When we select the dominant q(z) = 1+
2

π2

(
log

(
1 +
√
z

1−
√
z

))2

in Theorem

2.1, a little calculation yields that

1 +
zq′′(z)

q′(z)
+

(
γ

β
− 1

)
zq′(z)

q(z)
=

1 + z

2(1− z)
+

√
z

(1− z) log
(

1+
√
z

1−
√
z

)

+

(
γ

β
− 1

) 4
√
z

π2(1−z) log
(

1+
√
z

1−
√
z

)
1 + 2

π2

(
log
(

1+
√
z

1−
√
z

))2
1 +

zq′′(z)

q′(z)
+

(
γ

β
− 1

)
zq′(z)

q(z)
+

(
1 +

γ

β

)
(p+ λ)q(z)

=
1 + z

2(1− z)
+

√
z

(1− z) log
(

1+
√
z

1−
√
z

) +

(
γ

β
− 1

) 4
√
z

π2(1−z) log
(

1+
√
z

1−
√
z

)
1 + 2

π2

(
log
(

1+
√
z

1−
√
z

))2
5
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+

(
1 +

γ

β

)
(p+ λ)

[
1 +

2

π2

(
log

(
1 +
√
z

1−
√
z

))2
]
.

Thus for β, γ ∈ R such that −34 < γ
β <

3
2 , we notice that q(z) satisfies the condition (i) and (ii)

of Theorem 2.1. Therefore, we immediately arrive at the following result.

Theorem 3.1. Let γ and β be real numbers such that −34 < γ
β <

3
2 . If f ∈ Ap satisfies

(
Ip(n+ 1, λ)[f ](z)

Ip(n, λ)[f ](z)

)γ (
Ip(n+ 2, λ)[f ](z)

Ip(n+ 1, λ)[f ](z)

)β
≺

{
1 +

2

π2

(
log

(
1 +
√
z

1−
√
z

))2
}γ

1 +
2

π2

(
log

(
1 +
√
z

1−
√
z

))2

+
1

(p+ λ)

4
√
z

π2(1−z) log
(

1+
√
z

1−
√
z

)
1 + 2

π2

(
log
(

1+
√
z

1−
√
z

))2

β

, z ∈ E,

then f ∈ Sn(p, λ), where λ ≥ 0, n ∈ N0.

Setting λ = n = 0 in Theorem 3.1, we get the following result.

Corollary 3.1. Let γ and β be real numbers such that −34 < γ
β <

3
2 . If f ∈ Ap satisfies

(
zf ′(z)

pf(z)

)γ {
1

p

(
1 +

zf ′′(z)

f ′(z)

)}β
≺

{
1 +

2

π2

(
log

(
1 +
√
z

1−
√
z

))2
}γ

1 +
2

π2

(
log

(
1 +
√
z

1−
√
z

))2

+

4
√
z

π2(1−z) log
(

1+
√
z

1−
√
z

)
p+ 2p

π2

(
log
(

1+
√
z

1−
√
z

))2

β

, z ∈ E,

then f ∈ SpP .
Setting p = 1 in above corollary, we get:

Corollary 3.2. Let γ and β be real numbers such that −34 < γ
β <

3
2 . If f ∈ A satisfies

(
zf ′(z)

f(z)

)γ (
1 +

zf ′′(z)

f ′(z)

)β
≺

{
1 +

2

π2

(
log

(
1 +
√
z

1−
√
z

))2
}γ

1 +
2

π2

(
log

(
1 +
√
z

1−
√
z

))2

+

4
√
z

π2(1−z) log
(

1+
√
z

1−
√
z

)
1 + 2

π2

(
log
(

1+
√
z

1−
√
z

))2

β

, z ∈ E,

then f ∈ SP .
Setting λ = 0, n = 1 in Theorem 3.1, we obtain the following result.

Corollary 3.3. Let γ and β be real numbers such that −34 < γ
β <

3
2 . If f ∈ Ap satisfies

{
1

p

(
1 +

zf ′′(z)

f ′(z)

)}γ {
1

p

(
1 +

2zf ′′(z) + z2f ′′′(z)

f ′(z) + zf ′′(z)

)}β
≺

{
1 +

2

π2

(
log

(
1 +
√
z

1−
√
z

))2
}γ

6
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1 +
2

π2

(
log

(
1 +
√
z

1−
√
z

))2

+

4
√
z

π2(1−z) log
(

1+
√
z

1−
√
z

)
p+ 2p

π2

(
log
(

1+
√
z

1−
√
z

))2

β

, z ∈ E,

then f ∈ UCVp.
Setting p = 1 in above corollary, we get:

Corollary 3.4. Let γ and β be real numbers such that −34 < γ
β <

3
2 . If f ∈ A satisfies

(
1 +

zf ′′(z)

f ′(z)

)γ (
1 +

2zf ′′(z) + z2f ′′′(z)

f ′(z) + zf ′′(z)

)β
≺

{
1 +

2

π2

(
log

(
1 +
√
z

1−
√
z

))2
}γ

1 +
2

π2

(
log

(
1 +
√
z

1−
√
z

))2

+

4
√
z

π2(1−z) log
(

1+
√
z

1−
√
z

)
1 + 2

π2

(
log
(

1+
√
z

1−
√
z

))2

β

, z ∈ E,

then f ∈ UCV.
Remark 3.2. When we select the dominant q(z) =

1 + z

1− z
in Theorem 2.1, a little

calculation yields that

1 +
zq′′(z)

q′(z)
+

(
γ

β
− 1

)
zq′(z)

q(z)
=

1 + z

1− z
+

(
γ

β
− 1

)
2z

1− z2

1 +
zq′′(z)

q′(z)
+

(
γ

β
− 1

)
zq′(z)

q(z)
+

(
1 +

γ

β

)
(p+ λ)q(z) =

1 + z

1− z
+

(
γ

β
− 1

)
2z

1− z2

+

(
1 +

γ

β

)
(p+ λ)

1 + z

1− z
.

Clearly, q(z) satisfies condition (i) and (ii) of Theorem 2.1 for γ = β = 1 or γ = 0. For

γ = β = 1, Theorem 2.1 yields:

Theorem 3.2. If f ∈ Ap satisfies

Ip(n+ 2, λ)[f ](z)

Ip(n, λ)[f ](z)
≺
(

1 + z

1− z

)2

+
2z

(p+ λ)(1− z)2
, z ∈ E,

then
Ip(n+ 1, λ)[f ](z)

Ip(n, λ)[f ](z)
≺ 1 + z

1− z
, z ∈ E,

where λ ≥ 0, n ∈ N0.

Setting λ = n = 0 in Theorem 3.2, we get the following result.

Corollary 3.5. If f ∈ Ap satisfies

zf ′(z)

f(z)

(
1 +

zf ′′(z)

f ′(z)

)
≺ p2

(
1 + z

1− z

)2

+
2pz

(1− z)2
, z ∈ E,

then f ∈ S∗p .
Setting p = 1 in above corollary, we get:

7
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Corollary 3.6. If f ∈ A satisfies

zf ′(z)

f(z)

(
1 +

zf ′′(z)

f ′(z)

)
≺
(

1 + z

1− z

)2

+
2z

(1− z)2
, z ∈ E,

then f ∈ S∗.
Setting λ = 0, n = 1 in Theorem 3.2, we obtain the following result.

Corollary 3.7. If f ∈ Ap satisfies

1 +
3zf ′′(z)

f ′(z)
+
z2f ′′′(z)

f ′(z)
≺ p2

(
1 + z

1− z

)2

+
2pz

(1− z)2
, z ∈ E,

then f ∈ Kp.
Setting p = 1 in above corollary, we get the following condition for convexity.

Corollary 3.8. If f ∈ A satisfies

1 +
3zf ′′(z)

f ′(z)
+
z2f ′′′(z)

f ′(z)
≺
(

1 + z

1− z

)2

+
2z

(1− z)2
, z ∈ E,

then f ∈ K.
For γ = 0, Theorem 2.1 reduces to:

Theorem 3.3. If f ∈ Ap satisfies

Ip(n+ 2, λ)[f ](z)

Ip(n+ 1, λ)[f ](z)
≺ 1 + z

1− z
+

2z

(p+ λ)(1− z2)
, z ∈ E,

then
Ip(n+ 1, λ)[f ](z)

Ip(n, λ)[f ](z)
≺ 1 + z

1− z
, z ∈ E,

where λ ≥ 0, n ∈ N0.

Setting λ = n = 0 in Theorem 3.3, we get the following result.

Corollary 3.9. If f ∈ Ap satisfies

1 +
zf ′′(z)

f ′(z)
≺ p(1 + z)

1− z
+

2z

(1− z2)
, z ∈ E,

then f ∈ S∗p .
Setting p = 1 in above corollary, we obtain the following result.

Corollary 3.10. If f ∈ A satisfies

1 +
zf ′′(z)

f ′(z)
≺ 1 + z

1− z
+

2z

(1− z2)
, z ∈ E,

then f ∈ S∗.
Setting λ = 0, n = 1 in Theorem 3.3, we get:

Corollary 3.11. If f ∈ Ap satisfies

1 +
2zf ′′(z) + z2f ′′′(z)

f ′(z) + zf ′′(z)
≺ p(1 + z)

1− z
+

2z

(1− z2)
, z ∈ E,

then f ∈ Kp.

8
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Setting p = 1 in above corollary, we have the following result.

Corollary 3.12. If f ∈ A satisfies

1 +
2zf ′′(z) + z2f ′′′(z)

f ′(z) + zf ′′(z)
≺ 1 + z

1− z
+

2z

1− z2
, z ∈ E,

then f ∈ K.
Remark 3.3. When we select the dominant q(z) = ez in Theorem 2.1, a little calculation

yields that

1 +
zq′′(z)

q′(z)
+

(
γ

β
− 1

)
zq′(z)

q(z)
= 1 +

γz

β

1 +
zq′′(z)

q′(z)
+

(
γ

β
− 1

)
zq′(z)

q(z)
+

(
1 +

γ

β

)
(p+ λ)q(z) = 1 +

γz

β
+

(
1 +

γ

β

)
(p+ λ)ez.

Thus for β, γ ∈ R such that 0 ≤ γ
β < 1, we notice that q(z) satisfies the condition (i) and (ii)

of Theorem 2.1. Therefore, we immediately arrive at the following result.

Theorem 3.4. Let γ and β be real numbers such that 0 ≤ γ
β < 1. If f ∈ Ap satisfies

(
Ip(n+ 1, λ)[f ](z)

Ip(n, λ)[f ](z)

)γ (
Ip(n+ 2, λ)[f ](z)

Ip(n+ 1, λ)[f ](z)

)β
≺ eγz

(
ez +

z

p+ λ

)β
, z ∈ E,

then
Ip(n+ 1, λ)[f ](z)

Ip(n, λ)[f ](z)
≺ ez, z ∈ E,

where λ ≥ 0, n ∈ N0.

Setting λ = n = 0 in Theorem 3.4, we get the following result.

Corollary 3.13. Let γ and β be real numbers such that 0 ≤ γ
β < 1. If f ∈ Ap satisfies

(
zf ′(z)

pf(z)

)γ {
1

p

(
1 +

zf ′′(z)

f ′(z)

)}β
≺ eγz

(
ez +

z

p

)β
, z ∈ E,

then f ∈ S∗p .
Setting p = 1 in above corollary, we obtain the following condition for starlikeness.

Corollary 3.14. Let γ and β be real numbers such that 0 ≤ γ
β < 1. If f ∈ A satisfies

(
zf ′(z)

f(z)

)γ (
1 +

zf ′′(z)

f ′(z)

)β
≺ eγz (ez + z)

β
, z ∈ E,

then f ∈ S∗.
Setting λ = 0, n = 1 in Theorem 3.4, we get:

Corollary 3.15. Let γ and β be real numbers such that 0 ≤ γ
β < 1. If f ∈ Ap satisfies

{
1

p

(
1 +

zf ′′(z)

f ′(z)

)}γ {
1

p

(
1 +

2zf ′′(z) + z2f ′′′(z)

f ′(z) + zf ′′(z)

)}β
≺ eγz

(
ez +

z

p

)β
, z ∈ E,

then f ∈ Kp.
Setting p = 1 in above corollary, we get:

9
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Corollary 3.16. Let γ and β be real numbers such that 0 ≤ γ
β < 1. If f ∈ A satisfies(

1 +
zf ′′(z)

f ′(z)

)γ (
1 +

2zf ′′(z) + z2f ′′′(z)

f ′(z) + zf ′′(z)

)β
≺ eγz (ez + z)

β
, z ∈ E,

then f ∈ K.
Remark 3.4. When we select the dominant q(z) = 1 + az; 0 ≤ a < 1 in Theorem 2.1, a

little calculation yields that

1 +
zq′′(z)

q′(z)
+

(
γ

β
− 1

)
zq′(z)

q(z)
= 1 +

(
γ

β
− 1

)
az

1 + az

1 +
zq′′(z)

q′(z)
+

(
γ

β
− 1

)
zq′(z)

q(z)
+

(
1 +

γ

β

)
(p+ λ)q(z) = 1 +

(
γ

β
− 1

)
az

1 + az

+

(
1 +

γ

β

)
(p+ λ)(1 + az).

Thus for β, γ ∈ R such that γ = 0, we notice that q(z) satisfies the condition (i) and (ii) of

Theorem 2.1. Therefore, we immediately get the following result.

Theorem 3.5. If f ∈ Ap satisfies

Ip(n+ 2, λ)[f ](z)

Ip(n+ 1, λ)[f ](z)
≺ 1 + az +

az

(p+ λ)(1 + az)
, z ∈ E,

then
Ip(n+ 1, λ)[f ](z)

Ip(n, λ)[f ](z)
≺ 1 + az, z ∈ E,

where λ ≥ 0, n ∈ N0.

Setting λ = n = 0 in Theorem 3.5, we get the following result.

Corollary 3.17. If f ∈ Ap satisfies

1 +
zf ′′(z)

f ′(z)
≺ p(1 + az) +

az

(1 + az)
, z ∈ E,

then f ∈ S∗p .
Setting p = 1 in above corollary, we obtain the following result.

Corollary 3.18. If f ∈ A satisfies

1 +
zf ′′(z)

f ′(z)
≺ 1 + az +

az

1 + az
, z ∈ E,

then f ∈ S∗.
Setting λ = 0, n = 1 in Theorem 3.5, we get:

Corollary 3.19. If f ∈ Ap satisfies

1 +
2zf ′′(z) + z2f ′′′(z)

f ′(z) + zf ′′(z)
≺ p(1 + az) +

az

(1 + az)
, z ∈ E,

then f ∈ Kp.
Setting p = 1 in above corollary, we obtain the following result for convex functions.

Corollary 3.20. If f ∈ A satisfies

1 +
2zf ′′(z) + z2f ′′′(z)

f ′(z) + zf ′′(z)
≺ 1 + az +

az

1 + az
, z ∈ E,

then f ∈ K.

10
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Abstract In this paper, the authors introduce a new type of connected spaces called pre

generalized b -connected spaces (briefly pgb-connected spaces) in topological spaces. The

notion of pre generalized b -compact spaces is also introduced (briefly pgb-compact spaces) in

topological spaces. Some characterizations and several properties concerning pgb-connected

spaces and pgb-compact spaces are obtained.
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§1. Introduction

Topological spaces are mathematical structures that allow the formal definitions of con-

cepts such as connectedness, compactness, interior and closure. In 1974, Das [4] defined the

concept of semi-connectedness in topology and investigated its properties. Compactness is one

of the most important, useful and fundamental concepts in topology. In 1981, Dorsett [6] in-

troduced and studied the concept of semi-compact spaces. In 1990, Ganster [7] defined and

investigated semi-Lindelof spaces. Since then, Hanna and Dorsett [10], Ganster and Mohammad

S. Sarsak [8] investigated the properties of semi-compact spaces. The notion of connectedness

and compactness are useful and fundamental notions of not only general topology but also of

other advanced branches of mathematics.

Ganster and Steiner [9] introduced and studied the properties of gb-closed sets in topologi-

cal spaces. Benchalli et al [2] introduced gb - compactness and gb - connectedness in topological

spaces. Dontchev and Ganster [5] analyzed sg - compact space. Later, Shibani [14] introduced

and analyzed rg - compactnes and rg - connectedness. Crossely et al [3] introduced semi -

closure. Vadivel et al [15] studied rgα - interior and rgα - closure sets in topological spaces.

The aim of this paper is to introduce the concept of pgb-connected and pgb-compactness in

topological spaces.
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§2. Preliminary Notes

Definition 2.1. A subset A of a topological space (X, τ), is called pre open [11], if

A ⊆ int(cl(A)). The complement of pre open set is said to be pre closed set . The family

of all pre open sets (respectively pre closed sets) of (X, τ) is denoted by PO(X, τ)[respectively

PCL(X, τ)].

Definition 2.2. A subset A of a topological space (X, τ), is called pre generalized b-

closed set [12] (briefly pgb-closed set) if bcl(A) ⊆ U whenever A ⊆ U and U is pre open in X.

The complement of pgb-closed set is called pgb-open. The family of all pgb-open [respectively

pgb-closed] sets of (X, τ) is denoted by pgb−O(X, τ) [respectively pgb− CL(X, τ)].

Definition 2.3. A subset A of a topological space (X, τ) is called b-open set [1] if

A ⊆ cl(int(A)) ∪ int(cl(A)). The complement of b-open set is b-closed sets. The family of all

b-open sets (respectively b-closed sets) of (X, τ) is denoted by bO(X, τ) (respectively bCL(X, τ))

Definition 2.4. The pgb-closure of a set A, denoted by pgb−Cl(A) [13] is the intersection

of all pgb-closed sets containing A.

Definition 2.5. The pgb-interior of a set A, denoted by pgb − int(A) [13] is the union

of all pgb-open sets containing A.

§3. pgb-Connectedness

In this section, we introduce pre generalized b - connected space and investigate some of

their properties.

Definition 3.1. A topological space X is said to be pgb-connected if X cannot be expressed

as a disjoint of two non - empty pgb-open sets in X. A subset of X is pgb-connected if it is

pgb-connected as a subspace.

Example 3.2. Let X = {a, b, c} and let τ = {X,ϕ, {a}}. It is pgb-connected.

Theorem 3.3. For a topological space X, the following are equivalent.

(i) X is pgb-connected.

(ii) X and ϕ are the only subsets of X which are both pgb-open and pgb-closed.

(iii) Each pgb-continuous map of X into a discrete space Y with at least two points is constant

map.

Proof. (i) ⇒ (ii) : Suppose X is pgb - connected. Let S be a proper subset which is both

pgb - open and pgb - closed in X. Its complement X − S is also pgb - open and pgb - closed.

X = S ∪ (X − S), a disjoint union of two non empty pgb - open sets which is contradicts (i).

Therefore S = ϕ or X.

(ii) ⇒ (i) : Suppose that X = A∪B where A and B are disjoint non empty pgb - open subsets

of X. Then A is both pgb - open and pgb - closed. By assumption A = ϕ or X. Therefore X

is pgb - connected.

(ii) ⇒ (iii) : Let f : X → Y be a pgb - continuous map. X is covered by pgb - open and pgb

- closed covering
{
f−1(y) : y ∈ Y

}
. By assumption f−1(y) = ϕ or X for each y ∈ Y . If

f−1(y) = ϕ for all y ∈ (Y ) , then f fails to be a map. Then there exists only one point y ∈ Y
such that f−1(y) 6= ϕ and hence f−1(y) = X. This shows that f is a constant map.



14 S. Sekar and R. Brindha No. 1

(iii) ⇒ (ii) : Let S be both pgb - open and pgb - closed in X. Suppose S 6= ϕ. Let f : X → Y

be a pgb - continuous function defined by f(S) = {y} and f(X − S) = {w} for some distinct

points y and w in Y . By (iii) f is a constant function. Therefore S = X.

Theorem 3.4. Every pgb - connected space is connected.

Proof. Let X be pgb - connected. Suppose X is not connected. Then there exists a proper non

empty subset B of X which is both open and closed in X. Since every closed set is pgb - closed,

B is a proper non empty subset of X which is both pgb - open and pgb - closed in X. Using by

Theorem 3.3, X is not pgb - connected. This proves the theorem.

The converse of the above theorem need not be true as shown in the following example.

Example 3.5. Let X = {a, b, c} and let τ = {X,ϕ, {a}, {c}, {a, c}}. X is connected but

not pgb - connected. Since {a}, {b, c} are disjoint pgb - open sets and X = {a} ∪ {b, c}.
Theorem 3.6. If f : X → Y is a pgb - continuous onto and X is pgb - connected, then

Y is connected.

Proof. Suppose that Y is not connected. Let Y = A ∪ B where A and B are disjoint non -

empty open set in Y . Since f is pgb - continuous and onto, X = f−1(A)∪f−1(B) where f−1(A)

and f−1(B) are disjoint non - empty pgb - open sets in X. This contradicts the fact that X is

pgb - connected. Hence Y is connected.

Theorem 3.7. If f : X → Y is a pgb - irresolut and X is pgb - connected, then Y is pgb

- connected.

Proof. Suppose that Y is not pgb connected. Let Y = A ∪ B where A and B are disjoint non

- empty pgb open set in Y . Since f is pgb - irresolut and onto, X = f−1(A) ∪ f−1(B) where

f−1(A) and f−1(B) are disjoint non - empty pgb - open sets in X. This contradicts the fact

that X is pgb - connected. Hence Y is pgb - connected.

Definition 3.8. A topological space X is said to be Tpgb - space if every pgb - closed set

of X is closed subset of X.

Definition 3.9. Suppose that X is Tpgb - space then X is connected if and only if it is

pgb - connected.

Proof. Suppose that X is connected. Then X cannot be expressed as disjoint union of two non

- empty proper subsets of X. Suppose X is not a pgb - connected space. Let A and B be any

two pgb - open subsets of X such that X = A∪B, where A∩B = ϕ and A ⊂ X,B ⊂ X. Since

X is Tpgb - space and A,B are pgb - open. A,B are open subsets of X, which contradicts that

X is connected. Therefore X is pgb - connected.

Conversely, every open set is pgb - open. Therefore every pgb - connected space is connected.

Theorem 3.10. If the pgb - open sets C and D form a separation of X and if Y is pgb

- connected subspace of X, then Y lies entirely within C or D.
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Proof. Since C and D are both pgb - open in X, the sets C ∩ Y and D ∩ Y are pgb - open in

Y . These two sets are disjoint and their union is Y . If they were both non - empty, they would

constitute a separation of Y . Therefore, one of them is empty. Hence Y must lie entirely C or

D.

Theorem 3.11. Let A be a pgb - connected subspace of X. If A ⊂ B ⊂ pgb− cl(A) then

B is also pgb - connected.

Proof. Let A be pgb - connected and let A ⊂ B ⊂ pgb − cl(A). Suppose that B = C cupD is

a separation of B by pgb - open sets. By using Theorem 3.10, A must lie entirely in C or D.

Suppose that A ⊂ C, then pgb − cl(A) ⊂ pgb − cl(B). Since pgb − cl(C) and D are disjoint,

B cannot intersect D. This contradicts the fact that C is non empty subset of B. So D = ϕ

which implies B is pgb - connected.

Theorem 3.12. A contra pgb - continuous image of an pgb - connected space is connect-

ed.

Proof. Let f : X → Y is a contra pgb - continuous function from pgb - connected space X on

to a space Y . Assume that Y is disconnected. Then Y = A∪B, where A and B are non empty

clopen sets in Y with A∩B = ϕ. Since f is contra pgb - continous, we have f−1(A) and f−1(B)

are non empty pgb - open sets in X with f−1(A) ∪ f−1(B) = f−1(A ∪ B) = f−1(Y ) = X and

f−1(A) ∩ f−1(B) = f−1(A ∩ B) = f−1(ϕ) = ϕ. This shows that X is not pgb - connected,

which is a contradiction. This proves the theorem.

§4. pgb - Compactness

Definition 4.1. A collection
{
Aα : α ∈ Λ

}
of pgb -open sets in a topological space X is

called a pgb - open cover of a subset B of X if B ⊂
⋃{

Aα : α ∈ Λ
}

holds.

Definition 4.2. A topological space X is pgb - compact if every pgb - open cover of X

has a finite sub - cover.

Definition 4.3. A subset B of a topological space X is said to be pgb - compact relative to

X, if for every collection
{
Aα : α ∈ Λ

}
of pgb - open subsets of X such that B ⊂

⋃{
Aα : α ∈ Λ

}
there exists a finite subset Λ0 of Λ such that B ⊂

⋃{
Aα : α ∈ Λ0

}
.

Definition 4.4. A subset B of a topological space X is said to be pgb - compact if B is

pgb - compact as a subspace of X.

Theorem 4.5. Every pgb - closed subset of pgb - compact space is pgb - compact relative

to X.

Proof. Let A be pgb - closed subset of a pgb - compact space X. Then Ac is pgb - open in X.

Let M =
{
Gα : α ∈ Λ

}
be a cover of A by pgb - open sets in X. Then M∗ = M ∪ Ac is a

pgb - open cover of X. Since X is pgb - compact, M∗ is reducible to a finite sub cover of X,

say X = Gα1 ∪ Gα2 ∪ Gα3 ∪ . . . ∪ Gαm ∪ Ac, Gαk ∈ M . But A and Ac are disjoint. Hence

A ⊂ Gα1 ∪ Gα2 ∪ Gα3 ∪ . . . ∪ GαmGαk ∈ M , this implies that any pgb open cover M of A

contains a finite sub - cover. Therefore A is gb - compact relative to X. That is, every pgb -

closed subset of a pgb - compact space X is pgb - compact.
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Definition 4.6. A function f : X → Y is said to be pgb - continuous if f−1(V ) is pgb -

closed in X for every closed set V of Y .

Theorem 4.7. A pgb - continuous image of a pgb - compact space is compact.

Proof. Let f : X → Y be a pgb - continuous map from a pgb - compact space X onto a

topological space Y . Let
{
Aα : α ∈ Λ

}
be an open cover of Y . Then

{
f−1(Ai) : i ∈ Λ

}
is a

pgb - open cover of X. Since X is pgb - compact, it has a finite sub - cover say
{
f−1(A1), f−1 :

i ∈ Λ(A2), . . . , f−1(An)
}

. Since f is onto {A1, A2, . . . , An} is a cover of Y , which is finite.

Therefore Y is compact.

Definition 4.8. A function f : X → Y is said to be pgb - irresolute if f−1(V ) is pgb -

closed in X for every pgb - closed set V of Y .

Theorem 4.9. If a map f : X → Y is pgb - irresolute and a subset B of X is pgb -

compact relative to X, then the image f(B) is pgb - compact relative to Y .

Proof. Let
{
Aα : α ∈ Λ

}
be any collection of pgb - open subsets of Y such that f(B) ⊂

⋃{
Aα :

α ∈ Λ
}
⊂. Then B ⊂

⋃{
f−1(Aα) : α ∈ Λ

}
. Since by hypothesis B is pgb - compact relative

to X, there exists a finite subset Λ0 ∈ Λ such that B ⊂
⋃{

f−1(Aα) : α ∈ Λ0

}
. Therefore we

have f(B)
⋃
⊂
{

(Aα) : α ∈ Λ0

}
, it shows that f(B) is pgb - compact relative to Y .

Theorem 4.10. A space X is pgb - compact if and only if each family of pgb - closed

subsets of X with the finite intersection property has a non - empty intersection.

Proof. Given a collection A of subsets of X, let C = {X −A : A ∈ A} be the collection of their

complements. Then the following statements hold.

(a) A is a collection of pgb - open sets if and only if C is a collection of pgb - closed sets.

(b) The collection A covers X if and only if the intersection
⋂
c∈C C of all the elements of C is

empty.

(c) The finite sub collection {A1, A2, . . . An} of A covers X if and only if the intersection of the

corresponding elements Ci = X − Ai of C is empty.The statement (a) is trivial, while the (b)

and (c) follow from De Morgan’s law.

X − (
⋃
α∈J Aα) =

⋂
α∈J(X − Aα). The proof of the theorem now proceeds in two steps,

taking contra positive of the theorem and then the complement.

The statement X is pgb - compact is equivalent to : Given any collection A of pgb - open

subsets of X, if A covers X, then some finite sub collection of A covers X. This statement is

equivalent to its contra positive, which is the following.

Given any collection A of pgb - open sets, if no finite sub - collection of A of covers X, then

A does not cover X. Let C be as earlier, the collection equivalent to the following:

Given any collection C of pgb - closed sets, if every finite intersection of elements of C is

not - empty, then the intersection of all the elements of C is non - empty. This is just the

condition of our theorem.

Definition 4.11. A space X is said to be pgb - Lindelof space if every cover of X by pgb

- open sets contains a countable sub cover.



Vol. 13 On pgb - Connectedness and pgb - Compactness in Topological Spaces 17

Theorem 4.12. Let f : X → Y be a pgb - continuous surjection and X be

pgb - Lindelof, then Y is Lindelof Space.

Proof. Let f : X → Y be a pgb - continuous surjection and X be pgb - Lindelof. Let {Vα}
be an open cover for Y . Then {f−1(Vα)} is a cover of X by pgb - open sets. Since X is pgb

- Lindelof, {f−1(Vα)} contains a countable sub cover, namely {f−1(Vαn)}. Then {Vαn} is a

countable subcover for Y . Thus Y is Lindelof space.

Theorem 4.13. Let f : X → Y be a pgb - irresolute surjection and X be pgb - Lindelof,

then Y is pgb - Lindelof Space.

Proof. Let f : X → Y be a pgb - irresolute surjection and X be pgb - Lindelof. Let {Vα} be an

open cover for Y . Then {f−1(Vα)} is a cover of X by pgb - open sets. Since X is pgb - Lindelof,

{f−1(Vα)} contains a countable sub cover, namely {f−1(Vαn)}. Then {Vαn} is a countable

subcover for Y . Thus Y is pgb - Lindelof space.

Theorem 4.14. If f : X → Y is a pgb - open function and Y is pgb -Lindelof space,

then X is Lindelof space.

Proof. Let {Vα} be an open cover for X. Then {f(Vα)} is a cover of Y by

pgb - open sets. Since Y is pgb Lindelof, {f(Vα)} contains a countable sub cover, namely

{f(Vαn)}. Then {Vαn} is a countable sub cover for X. Thus X is Lindelof space.
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Abstract In this paper, we state integral representation of the partial sum Lu (x, a) =∑
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(n+ a)u of the Hurwitz Zeta function ζ(−u, a) and proof. Use the partial sum formula

of integral representation to get three results, improve and generalize results of Srivastava

and Choi on the asymptotic formula for the sum of the υ−th derivative of ψ:
∑
k≤x

ψ(υ) (k).

Second give an asymptotic expansion for ζ′′′ (−m,a). Third give the formula of double gamma
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logarithmic derivative.

2010 Mathematics Subject Classification: Primary 26A48, 33B15;

Secondary 26A51, 26D07, 26D10

§1.Introduction and Proposition

In paper [1], many authors give many integral formulas of some Series by Zeta Partial

Summation ion, In paper [2], Professor S.Kanemitsu exhibit the importance and usefulness of

the Partial Summation formula by applying it to the sum.

Lu (x, a) =
∑

0≤u≤x

(n+ a)
u

In a Similar setting which appeared in the pursuit of the divisor problem [2] . In pa-

per [3], professor Li give the formula d
duLu (x, a) and many beautiful formulas. In book [6]

we gave the formula d2

du2Lu (x, a). In this paper, we state integral representation of the par-

tial sum Lu (x, a) =
∑

0≤u≤x
(n+ a)

u
of the Hurwitz Zeta function ζ(−u, a), by use Lu (x, a) =∑

0≤u≤x
(n+ a)

u
, we give three importent results.

We use the following notation.

Notation s = σ + it – the complex variable.

Γ (s) =
∫ +∞

0
e−tts−1dt –the gamma function (σ > 0),
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ψ (s) = Γ′

Γ (s) = (log Γ (s))
′
– the digamma function,

Both of which are meromorphically continued to the whole complex plane with simple poles

at non-positive integers;

ζ (s, a) =
+∞∑
n=0

1
(n+a)s - Hurwitz Zeta function, σ > 1, a > 0 the power taking the principal

value.

ζ (s) = ζ (s, 1) –the Riemann Zeta function, both of which are continued meromorphically

over the complex plane with a simple pole at s = 1 .

B
(α)
r (x) the generalized Bernoulli polynomial of degree r in x, defined through the gener-

ating function(
z

ez−1

)α
ezx =

+∞∑
r=0

1
r!B

(α)
r (x) zn (|z| < 2π) satisfying the addition formula

B(α+β)
r (x+ y) =

+∞∑
r=0

 r

k

B(α)
r (x)B

(β)
r−k (y) (1)

([3], Formula (24),p.61) with the properties B
(α)
r = B

(α)
r (0) , B

(1)
r (x) = Br (x),B

(1)
r = Br,

where Br (x) and Br = Br (0) are the r− th Bernoulli polynomial and the r− th Bernonlli

number defined by (1) with α = 1.

Br (x) = Br ({x}) the r−th periodic Bernonulli polynomial.

Propsition1. Let Lu (x, a) =
∑

0≤u≤x
(n+ a)

u
.

Then, for any l ∈ N with l > Reu+ 1,Re a > 0 we have

Lu (x, a) =

l∑
r=1

Γ (u+ 1)

Γ (u+ 2− r)
(−1)

r

r!
Br (x) (x+ a)

u−r+1

+
(−1)

r

r!

Γ (u+ 1)

Γ (u+ 1− r)

∫ +∞

x

Bl (t) (t+ a)
u−l

dt (2)

+


1

u+ 1
(x+ a)

u+1
+ ζ (−u, a) , u 6= −1

log (x+ a)− ψ (a) , u = −1

Also the asymptotic formula

Lu (x, a) =

l∑
r=1

(−1)
r

r!

 u

r − 1

Br (x) (x+ a)
u−r+1

+ O
(
xReu−l)

+


1

u+ 1
(x+ a)

u+1
+ ζ (−u, a) , u 6= −1

log (x+ a)− ψ (a) , u = −1

(3)

hods true as x → +∞. On the other hand, formula (2) with x = 0 yields the integral

representation
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ζ (−u, a) = au − 1

u+ 1
au+1 −

l∑
r=1

(−1)
2

r

 u

r − 1

Bra
u−r+1

+ (−1)
l+1

 u

l

∫ +∞

0

Bl (t) (t+ a)
u−1

dt (4)

Which is true for all u 6= 1,and l can be any natural number satisfying l > Reu + 1; the

integral being absolutely convergent in the region Reu < l − 1, where it is analytic except at

u = −1.

Corollary 1. For any l ∈ N with l < Reu+ 1, a > 0 we have

d3

du3
Lu (x, a) =

∑
06n6x

(n+ a)
u
log3 (x+ a)

=

l∑
r=1

(−1)
r

r!
Br (x) (x+ a)

u−r+1 Γ (u+ 1)

Γ (u+ 2− r)

{
[f (u, r) + log (x+ a)]

3

+ 2f ′ (u, r) log a+ 3f (u, r) f ′ (u, r) + f ′′ (u, r)}

+
(−1)

l

l!

Γ (u+ 1)

Γ (u+ 1− l)

∫ +∞

x

Bl (t) (x+ a)
u−1

{
[f (u, l) + log (x+ a)]

3
+ 3f (u, l) f ′ (u, l)

+ f ′ (u, l) log (x+ a) + f ′′ (u, l)}dt

+



(x+ a)
u+1

u+ 1
log3 (x+ a)− 3(x+ a)

u+1

(u+ 1)
2 log2 (x+ a) +

6(x+ a)
u+1

(u+ 1)
3 log (x+ a)

−6(x+ a)
u+1

(u+ 1)
4 − ζ ′′′ (−u, a) u 6= 1

1

4
log4 (x+ a) + γ3 (a) u = 1

(5)

(2)f (u, r) = ψ (u+ 1)− ψ (u+ 2− r),f (u, l) = ψ (u+ 1)− ψ (u+ 1− l),

γ3 (a) =
1

2a
log3a− 1

4
log4a−

∫ +∞

0

B1 (t)

(t+ a)
2

(
log3 (t+ a)− 3log4 (t+ a)

)
dt

For proof of propsition1 and corollary1, we give some lemmas

Lemma 1[4]. Suppose that f is of the Class C ′ in the closed interval [a, b] (a < b).then

∑
a6n6b

f (n) =

∫ b

a

f (t)dt+

l∑
r=1

(−1)
r

r!

(
Br (b) fr−1 (b)−Br (a) fr−1 (a)

)
+

(−1)
l+1

l!

∫ b

a

Bl (t) f
(l)dt (6)



22 Qianli Yang and Hailong Li No. 1

Lemma 2[5]. For any complex u and a > 0

d2

du2
Lu (x, a) =

∑
06n6x

(n+ a)
u
log2 (n+ a)

=

l∑
r=1

Γ (u+ 1)

Γ (u+ 2− r)
(−1)

r

r!
Br (x) (x+ a)

u−r+1

{
[ψ (u+ 1)− ψ (u+ 2− l) + log (x+ a)]

2

+ ψ′ (u+ 1)− ψ′ (u+ 2− l)}

+
(−1)

l

l!

Γ (u+ 1)

Γ (u+ 1− r)

∫ +∞

x

Bl (t) (t+ a)
u−l

{
[ψ (u+ 1)− ψ (u+ 1− l) + log (x+ a)]

2

+ ψ′ (u+ 1)− ψ′ (u+ 1− l)}dt

+



(x+ a)
u+1

u+ 1
log2 (x+ a)− 2(x+ a)

u+1

(u+ 1)
2 log2 (x+ a)

+
2(x+ a)

u+1

(u+ 1)
3 + ζ ′′ (−u, a) u 6= −1

1

3
log3 (x+ a) + γ2 (a) u = −1

(7)

Now we prove the propsition1
Since the r−th derivative of f (t) = (t+ a)

u
is

fr (t) =

 u

r

 (r − 1)!(t+ a)
u−r

=
Γ (u+ 1)

Γ (u+ 1− r)
(t+ a)

u−r
(8)

We derive from (6) that

Lu (x, a) = (−1)
l+1

 u

l

∫ +∞

x

Bl (t) (t+ a)
u−l

dt−
l∑

r=1

Γ (u+ 1)

Γ (u+ 2− r)
(−1)

r

r!
Br (x) au−r+1

+

l∑
r=1

Γ (u+ 1)

Γ (u+ 2− r)
(−1)

r

r!
Bl (x) (x+ a)

u−r+1
+

(−1)
l

l!

Γ (u+ 1)

Γ (u+ 1− l)

∫ +∞

x

Bl (t) (t+ a)
u−l

dt

+ au +


1

u+ 1
(x+ a)

u+1 − 1

u+ 1
au+1, u 6= −1

log (x+ a)− log a, u = −1

(9)

For any natural number l > <(u) + 1.

Now we note that the last integral is in (9) clearly O
(
x<(u)−l) by the mean value theorem

for partial integration. Thus, taking the limit as x → +∞ the case when < (u) < −l, we

conclude that the constant term on the right-hand side of (9) must coincide with the left-hand

side.
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lim
x→∞

Lu (x, a) = ζ (−u, a)

That is, (4) follows.

Then, by analytic continuation; (4) can be show n to hold true for all u ∈ C\ {−1}.
At the same time, this gives a generic definition of ζ (−u, a);

ζ (−u, a) = lim
N→∞

(
N∑
a=0

(n+ a)
u − 1

u+ 1
(N + a)

u+1 −
l∑

r=1

Γ(u+ 1)

Γ(u+ 1− r)
(−1)

r

r!
(N + a)

u−r+1

)
(10)

Where l ∈ N satisfies l > <(u) + 1.

On the other hand, for u = −1. Formula (9) implies that the constant term is

log a+
1

2a
−

l∑
r=2

Br
r!
a−r +

∫ ∞
0

Bl(t)(t+ a)−l−idt

Which must be equal to

lim
N→∞

(
N∑
n=0

(n+ a)
−1 − log (N + a)

)
,

Which we denote by γ(a) = γ0(a).

Upon replacing the constant term by ζ (−u, a) in ( 9) gives (2), which then entails (3)

on replacing the integral by the above estimate O
(
x<(u)−l). This completes the proof of

Propsition1.

Now we give the proof Corollary 1.
From lemma2 (7)

When u 6= −1. Let

M1(u) =

l∑
r=1

Γ (u+ 1)

Γ (u+ 2− r)
(−1)

r

r!
Br (x) (x+ a)

u−r+1

{
[ψ (u+ 1)− ψ (u+ 2− l) + log (x+ a)]

2
+ ψ′ (u+ 1)− ψ′ (u+ 2− l)

}

M2(u) =
(−1)

l

l!

Γ (u+ 1)

Γ (u+ 1− l)∫ +∞

x

Bl (t) (t+ a)
u−l
{

[ψ (u+ 1)− ψ (u+ 2− l) + log (x+ a)]
2

+ ψ′ (u+ 1)− ψ′ (u+ 1− l)
}
dt

M3(u) =
(x+ a)

u+1

u+ 1
{log (x+ a)}2 − 2(x+ a)

u+1

(u+ 1)
2 {log (x+ a)}2 +

2(x+ a)
u+1

(u+ 1)
3 + ζ ′′ (−u, a)

So d2

du2Lu (x, a) = M1(u) +M2(u) +M3(u).

We give derivation

d3

du3
Lu (x, a) = M ′1(u) +M ′2(u) +M ′3(u)
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When u 6= −1.

d

du

(
Γ (u+ 1)

Γ (u+ 2− r)

)
=

Γ (u+ 1)

Γ (u+ 2− r)
{ψ (u+ 1)− ψ (u+ 2− r)}

d

du

(
Γ (u+ 1)

Γ (u+ 1− l)

)
=

Γ (u+ 1)

Γ (u+ 1− l)
{ψ (u+ 1)− ψ (u+ 1− l)}

Let f (u, r) = ψ (u+ 1)− ψ (u+ 2− r),f (u, l) = ψ (u+ 1)− ψ (u+ 1− l)

M ′
1
(u) =

l∑
r=1

(−1)
r

r!
Br (x) (x+ a)

u−r+1 Γ (u+ 1)

Γ (u+ 2− r){
(f (u, r) + log (x+ a))

3
+ 2f ′ (u, r) log a+ 3f (u, r) f ′ (u, r) + f ′′ (u, r)

}
=

l∑
r=1

(−1)
r

r!
Br (x) (x+ a)

u−r+1 Γ (u+ 1)

Γ (u+ 2− r)

{
[f (u, r) + log (x+ a)]

3
+ 2f ′ (u, r) log a

+3f(u, r)f ′(u, r) + f ′′(u, r)}.

M ′2(u) =
(−1)

l

l!

Γ (u+ 1)

Γ (u+ 1− l)∫ +∞

x

Bl (t) (t+ a)
u−l
{

(f (u, l) + log (x+ a))
3

+ 3f (u, l) f ′ (u, l) + f ′ (u, l) log (x+ a) + f ′′ (u, l)
}
dt

M ′3(u) =
(x+ a)

u+1

u+ 1
log3 (x+ a)− 3(x+ a)

u+1

(u+ 1)
2 log2 (x+ a) +

6(x+ a)
u+1

(u+ 1)
3 log (x+ a)

− 6(x+ a)
u+1

(u+ 1)
4 − ζ ′′′ (−u, a)

We now complete the proof Corollary 1.

§2. Application of Proposition 1

In [3 p.13-24], many professors gave special values of ψ(z) and the polygammma ψ(n)(z),

the formula (66) of [3 p.24] gave
n∑
k=1

ψ′(z), in this paper, by proposition 1, we give
∑
k≤x

ψ(υ))(k).

Theorem1. For n ∈ N, υ, x ∈ R, we have

∑
k6x

ψ(υ) (k) = (−1)υυ!



1

υ(υ − 1)
x1−υ − ζ(υ) +

1

υ

(
B1(x) +

1

2

)
x−υ, υ 6= 0, 1

x log x− x− ζ(0)−
(
B1(x) +

1

2

)
log x, υ = 0

− log x− γ − 1 +

(
B1(x) +

1

2

)
x−1, υ = −1

+ (−1)υ+r−2(υ + r − 2)!

l∑
r=2

(−1)
r

r(r − 1)

(
−υ − 1

r − 2

)
B(2)
r ({x}+ 1)x−υ−r+1 + O(xRe(−υ)−l). (11)

Where we recall from notion, the definition of B
(2)
r (x):

B(2)
r (x+ 1) =

r∑
k=0

(
r

k

)
Br−k (1)Bk
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For prove theorem 1, we give lemma3.

Lamma 3[4]. we have(
B1(x) +

1

2

)
Br(x) =

1

r + 1

r∑
k=0

(−1)
r−k+1

(
r + 1

k

)
Br−k+1Bk(x) +Br+1(x) (12)

Now we prove theorem1.

In formula (54 ) of [3 p.22]

ψ(υ) (z +m)− ψ(υ) (z) = (−1)υυ!

m∑
k=1

1

(z + k − 1)
υ+1 (13)

whence that

∑
k6x

ψ(υ) (k) = (−1)υυ!

k−1∑
n=1

1

nυ+1
+ ψ (1) . (14)

summing (14) over k 6 x, we obtain

∑
k6x

ψ(υ) (k) = (−1)υυ!
∑
k6x

(
k∑

n=1

1

nυ+1
− 1

kυ+1

)
+ ψυ(1)[x]

= (−1)υυ!

∑
υ6x

1

nυ+1

∑
n6k6x

1− L−υ−1 (x)

+ ψυ(1)[x]

After changing the order of summation. Since .
∑

n6k6x
1 = [x]− n+ 1.,we see that the firist

term reduces to (−1)υυ! ([x]L−υ−1 (x)− L−υ (x)), Taking into account that [3 p.22]

ψυ (1) =

{
(−1)υ+1υ!ζ (υ + 1) , υ 6= 0

−γ, υ = 0

We can get

∑
k6x

ψ(υ) (k) = (−1)υυ!

(
[x]L−υ−1(x)− L−υ(x)−

{
ζ(υ + 1)[x], υ 6= 0

γ[x], υ = 0

)
(15)

Use [x] = x−
(
B1(x) + 1

2

)
, we apply (8) to obtain

∑
k6x

ψ(υ) (k) = (−1)υυ!

l∑
r=1

(−1)
r

r

(
−υ − 1

r − 1

)
Br (x)x−υ−r+1

+ (−1)υ+1υ!

l∑
r=1

(−1)
r

r

(
−υ

r − 1

)
Br (x)x−υ−r+1

(−1)υ+1υ!

l∑
r=1

(−1)
r

r

(
−υ − 1

r − 1

)(
B1 (x) +

1

2

)
Br (x)x−υ−r
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+ (−1)υυ!


1

−υ
x1−υ + ζ (1 + υ)x+

1

υ − 1
x−υ+1, υ 6= 0, 1

x (log x+ γ)− x− ζ(0), υ = 0

x
(
−x−1 + ζ(2)− log x− γ

)
, υ = 1

+ (−1)υ+1υ!


(
B1(x) +

1

2

)(
− 1

υ
+ ζ(1 + υ)

)
, υ 6= 0(

B1(x) +
1

2

)
(log x+ γ) , υ = 0

− (−1)υυ!


ζ(1 + υ)x+

(
B1(x) +

1

2

)
, υ 6= 0

γx+

(
B1(x) +

1

2

)
γ, υ = 0

+O
(
xRe(−υ)−l

)
(16)

Where the first and the second terms combine to yield

−(−1)υυ!

l∑
r=2

(−1)
r

r

(
−υ − 1

r − 2

)
Br (x)x−υ−r+1,

While the third term may be written as

(−1)υυ!

l∑
r=2

(−1)
r

r

(
−υ − 1

r − 2

)(
B1 (x) +

1

2

)
Br−1 (x)x−υ−r+1

Hence we transform (16) into

∑
k6x

ψ(υ) (k) = (−1)υ+1υ!



1

υ(υ − 1)
x1−υ + ζ (υ)x− 1

υ

(
B1(x) +

1

2

)
x−υ, υ 6= 0, 1

−x log x+ γ + ζ(0) +

(
B1(x) +

1

2

)
log x, υ = 0

+ log x+ γ + 1−
(
B1(x) +

1

2

)
x−1, υ = 1

+ (−1)υ+1υ!

l∑
r=1

(−1)
r

r

(
−υ − 1

r − 2

)(
1

r
Br (x)− 1

r − 1

(
Br (x) +

1

2

)
Br−1 (x)

)
x−υ−r+1

+O
(
xRe(−υ)−l

)
(−1)υ+1υ!

l∑
r=1

(−1)
r

r

(
−υ − 1

r − 1

)(
B1 (x) +

1

2

)
Br (x)x−υ−r

+ (−1)υυ!


1

−υ
x1−υ + ζ (1 + υ)x+

1

υ − 1
x−υ+1, υ 6= 0, 1

x (log x+ γ)− x− ζ(0), υ = 0

x
(
−x−1 + ζ(2)− log x− γ

)
, υ = 1

+ (−1)υ+1υ!


(
B1(x) +

1

2

)(
− 1

υ
+ ζ(1 + υ)

)
, υ 6= 0(

B1(x) +
1

2

)
(log x+ γ) , υ = 0
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− (−1)υυ!


ζ(1 + υ)x+

(
B1(x) +

1

2

)
, υ 6= 0

γx+

(
B1(x) +

1

2

)
γ, υ = 0

+O
(
xRe(−υ)−l

)
(17)

Applying Lemma 3, we may transform the penultimate term further. Since the third factor

of x−υ−r+1 is

− 1

r (r + 1)

(
Br(x) +

r−1∑
k=0

(−1)
r−k

(
r

k

)
Br−kBk(x)

)
= − 1

r (r + 1)

r∑
k=0

(
r

k

)
Br−k(1)Bk(x),

By (1) B
(α+β)
r (x+ y) =

r∑
k=0

(
r

k

)
Bαk (x)Bβr−k(y), equal to − 1

r(r+1)B
2
r ({x}+ 1),

we conclude that the penultimate term in (17) is

(−1)υυ!

l−1∑
r=2

(−1)
r

r

(
−υ − 1

r − 2

)
B2
r ({x}+ 1)x−υ−r+1

Substiting this in (3 #) completes the proof.

§3. Application of Corollary 1

In [2].[6].[7]and [8] gave many fomulas related hurwitz zeta function and ζ ′ (−m, a),ζ ′′ (−m, a),

we use this formulas give ζ ′′′ (−m, a) .

Theorem 2. For m ∈ N ∪ {0}, Re a > 0 and m+ 2 6 l ∈ N. We have

ζ ′′′ (−m, a)

= −a3log3a+
am+1

m+ 1
log3a− 3am+1

(m+ 1)
2 log2a− 6am+1

(m+ 1)
3 log a− 6am+1

(m+ 1)
4

+

l∑
r=1

(−1)
r

r!
Br

m!

(m+ 1− r)!
am−r+1

(r−1∑
k=1

1

m+ k − l + 1
+ log a

)3

− 2

r−1∑
k=1

log a

(m+ k − r + 1)
2

−3

r−1∑
k1=1

r−1∑
k2=1

1

(m+ k2 − r + 1) (m+ k1 − r + 1)
2 +

r−1∑
k=1

1

(m+ k − r + 1)
3

)

+
(−1)

l

l!

m!

(m− l)!
am−1

∫ +∞

0

Bl (t)

( l∑
k=1

1

m+ k − l
+ log a

)3

− 3

l∑
k1=1

l∑
k2=1

1

(m+ k2 − r + 1) (m+ k1 − r + 1)
2

−
l∑

k=1

1

(m+ k − l)2 log a+

l∑
k=1

1

(m+ k − l)3

)
dt.

In for proof of theorem 2 we give lemma 4.
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Lemma4. For m ∈ N ∪ {0}, Re a > 0 and m+ 2 ≤ l ∈ N. We have

ζ ′ (−m, a) =
1

m+ 1
am+1 log a− 1

(m+ 1)
2 a

m+1 − 1

2
am log a+

1

12
am−1 log a

+

r+1∑
r=4

Br
r

r−2∑
j=0

(−1)
j

 m

j

 1

r − 1− j
+

 m

r − 1

 log a

 am−r+1

+
1

m+ 1

l∑
r=m+2

Br

r−1∑
j=0

(−1)
j

 r −m− 2

j

 1

r − j

 am−r+1

+ (−1)
l+1
∫ +∞

0

 l−1∑
j=0

(−1)
j

 l −m− 1

j

 1

l − j
Bl (t) (t+ a)

m−l

dt (18)

Now we give proof of theorem 2.

From [3]

ψ (z + 1)− ψ (z) =
1

z
(z 6= 0) (19)

We any easily deduce that

ψ(2ν) (z +m)− ψ(ν) (z) = (−1)
(ν)
ν!

m∑
k=1

1

(z + k − 1)
ν+1 (20)

So

f (u, r) = ψ (u+ 1)− ψ (u+ 2− r) =

r−1∑
k=1

1

u+ k − r + 1

f (u, l) = ψ (u+ 1)− ψ (u+ 1− l) =

r−1∑
k=1

1

u+ k − l

f ′ (u, r) = −
r−1∑
k=1

1

(u+ k − r + 1)
2

f ′ (u, l) = −
r−1∑
k=1

1

(u+ k − l)2

f ′′(u, r) = 2

r−1∑
k=1

1

(u+ k − r + 1)
2 , f

′′(u, l) = 2

r−1∑
k=1

1

(u+ k − l)2
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Let x = 0, Br (x) = Br, u 6= −1∑
0≤n≤x

(n+ a)
u

log (x+ a) = aulog3a

=

l∑
r=

(−1)
r

r!
Br

Γ (u+ 1)

Γ (u+ 2− r)
au−r+1


(
r−1∑
k=1

1

u+ k − r + 1
+ log a

)3

− 2

r−1∑
k=1

log a

(u+ k − r + 1)
2

−3

r−1∑
k1=1

r−1∑
k2=1

1

(u+ k2 − r + 1) (u+ k1 − r + 1)
2 +

r−1∑
k=1

1

(u+ k − r + 1)
3

}

+
(−1)

l

l!

Γ (u+ 1)

Γ (u+ 1− l)
au−1

∫ +∞

0

Bl (t)


(

l∑
k=1

1

u+ k − l
+ log a

)3

− 3

l∑
k1=1

l∑
k2=1

1

(u+ k2 − l) (u+ k1 − l)2

−
l∑

k=1

log a

(u+ k − l)2 +

l∑
k=1

1

(u+ k − l)3

}
dt

+
au+1

u+ 1
log3a− 3au+1

(u+ 1)
2 log2a+

6au+1

(u+ 1)
3 log a− 6au+1

(u+ 1)
4 − ζ

′′′ (−u, a)

When u→ m
Γ (u+ 1)

Γ (u+ 2− r)
=

m!

(m+ 1− r)!
,

Γ (u+ 1)

Γ (u+ 1− l)
=

m!

(m− l)!
Then

ζ ′′′ (−m, a)

= −a3log3a+
am+1

m+ 1
log3a− 3am+1

(m+ 1)
2 log2a− 6am+1

(m+ 1)
3 log a− 6am+1

(m+ 1)
4

+

l∑
r=1

(−1)
r

r!
Br

m!

(m+ 1− r)!
am−r+1

(r−1∑
k=1

1

m+ k − l + 1
+ log a

)3

− 2

r−1∑
k=1

log a

(m+ k − r + 1)
2

−3

r−1∑
k1=1

r−1∑
k2=1

1

(m+ k2 − r + 1) (m+ k1 − r + 1)
2 +

r−1∑
k=1

1

(m+ k − r + 1)
3

)

+
(−1)

l

l!

m!

(m− l)!
am−1

∫ +∞

0

Bl (t)

( l∑
k=1

1

m+ k − l
+ log a

)3

− 3

l∑
k1=1

l∑
k2=1

1

(m+ k2 − r + 1) (m+ k1 − r + 1)
2

−
l∑

k=1

1

(m+ k − l)2 log a+

l∑
k=1

1

(m+ k − l)3

)
dt.

We now complete the proof of theorem 2.

In [3, p.94-96] some proofers gave some formulas of double Gamma function, in this term

we give noe formula theorem 3.

Theorem3. With Γ2(a)(= G(a)−1) denoting the double gamma (or the G−) function of

Barnes, we have for a, b > 0∫ ∞
0

B1(t) log
t+ a

t+ b
dt = − log

Γ2(a)

Γ2(b)
+ (1− a) log Γ(a) + (b− 1) log Γ(b)

+
1

2

(
a2 log a− b2 log b

)
− 1

4

(
a2 − b2

)
− 1

2
(a log a− b log b)
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Proof of theorem: in [9 (1.3)] for Reu < 0, u 6= −1, we have

ζ ′ (−u, a) =
1

u+ 1
au+1 log a− 1

(u+ 1)
2 a

m+1 − 1

2
au log a

−
∫ ∞

0

(1 + u log(t+ a))Bl (t)(t+ a)u−1dt (21)

By Abels continuity theorem for infinite integrals, take the limit as u → 1 of the difference

ζ ′(−u, a)− ζ ′(−u, b), we can get

ζ ′(−1, a)− ζ ′(−1, b) =
1

2

(
a2 log a− b2 log b

)
− 1

4

(
a2 − b2

)
− 1

2
(a log a− b log b)−

∫ ∞
0

B1(t) log
t+ a

t+ b
dt (22)

formula (33) 0f [10 p.94]

Γ2(a) = A{Γ(a)}1−a exp

[
− 1

12
+ ζ ′(−1, a)

]
(a > 0)

A is indicates the Glaisher-Kinkelin constant [3 p94] formula [38]

Form (3.2)we get

ζ ′(−1, a)− 1

12
= Γ2(a) logA+ (a− 1) log Γ(a)

So

ζ ′(−1, a)− ζ ′(−1, b) = log
Γ2(a)

Γ2(b)
+ (a− 1) log Γ(a)− (b− 1) log Γ(b) (23)

From (22) and (23), we can get Theorem 3.

References

[1] Pan Chengdong and Peng Chengbiao, Analytic theory of number 1999.

[2] Shigeru Kanemitsu and Haruo Tsukada, Vistas of Special Functions, World Scientific Publishing

Co.Pte.Lid.2007

[3] H.M.Srivastava and J.Choi, Seies Associated with the Zeta and Related Functions, Kluwer Aca-

demic Publishers, Dordrecht, Boston, and London 2001.

[4] Ishibashi, M. and Kanemitsu, S., Fractional part sums and divisor functions III. Kyoyo Ronshu

(Kinki Univ. Intern. Rep.) 4 (1990), 1 C 40.

[5] Yang Qian-Li, Wang Yong-Xing and Lihai-Long,On Derivate of a Number Theory and Its Appli-

cation Mathem Atics in Practice and Theory. Vol.35,No.8 (2005)194-199.

[6] Hailong Li,Number Theory and Special Functions, Science Press Beijing 2011.

[7] Ishibashi,M. and Kanemitsu, S., Fractional Part Sums and Divisor Function . In: Number Theory

and Combinatorics . By J.A Kiyama et al, World Sci. Pub 1985,pp.119-183.

[8] Kanemitsu S, Kumagai H. and Srivastava HM. Some Integral and Asymptotic Formulas Associate

with the Hurwitz Zate Function [J] Appl. Mathcomput,2004(1)31-37.



Vol. 13 On Partial Sum of the Hurwitz Zeta-function and its Application 31

[9] Kanemitsu, S., Tanigawa, Y., Tsukada, H. and Yoshimoto, M., Contributions to the theory of the

Hurwitz zeta-function. [J] Hardy-Ramanujan Journal Vol.30(2007)31-35.

[10] Kalyan Chakraborty , Shigeru Kanemitsu and Li Hai Long Quadratic reciprocity and

Riemannsnon-differentiable function. [J] ResearchinNumberTheory (2015)



Scientia Magna

Vol. 13 (2018), No. 1, 32-41

Proper Bases for a class of Dirichlet series
analytic in half plane

Niraj Kumar1 and Lakshika Chutani2

1Department of Mathematics, Netaji Subhas Institute of Technology

Sector 3 Dwarka, New Delhi-110078, India

E-mail: nirajkumar2001@hotmail.com
2Department of Mathematics, Netaji Subhas Institute of Technology

Sector 3 Dwarka, New Delhi-110078, India

E-mail: lakshika91.chutani@gmail.com
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§1. Introduction and preliminaries

Let

f(s1, s2) =

∞∑
m,n=1

am,n e
(λms1+µns2) , (sj = σj + itj , j = 1, 2) (1)

be a Dirichlet series of two complex variables s1 and s2 where am,n
′s ∈ C and sequence of

exponents λm
′s, µn

′s ∈ R satisfy

0 < λ1 < λ2 < . . . < λm →∞ as m→∞

and 0 < µ1 < µ2 < . . . < µn →∞ as n→∞.

along with

lim sup
m,n→∞

log(m+ n)

λm + µn
= 0 (2)

and

lim sup
m,n→∞

log+ |am,n| + λmA1 + µnA2

λm + µn
= 0 (3)

where A1 > 0 , A2 > 0 denote maximal abscissa of convergence. Here we take log+ x = 0 if

x ≤ 1 and log+ x = log x if x > 1. The series (1) converges in the domain

d = {(σ1 + it1 , σ2 + it2) ∈ C2 : σ1 < A1, σ2 < A2,−∞ < t1, t2 <∞}.
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If D1 and D2 are two positive numbers such that

log |am,n|
λm + µn

→ −D1 as m→∞. (4)

and
log |am,n|
λm + µn

→ −D2 as n→∞. (5)

Then take D = min(D1, D2)

lim sup
m,n→∞

log |am,n|
λm + µn

= −D (6)

Suppose the series given by (1) converges absolutely in the left half plane σ1, σ2 < D then the

series is called Dirichlet series analytic in half plane. Observe that χD includes all functions f

represented by (1) satisfying (2), (3), and (6). In the given paper we will write χ instead of χD.

If

f(s1, s2) =

∞∑
m,n=1

am,n e
(λms1+µns2)

and g(s1, s2) =

∞∑
m,n=1

bm,n e
(λms1+µns2)

then the binary operations in χ are defined as follows

f(s1, s2) + g(s1, s2) =

∞∑
m,n=1

(am,n + bm,n) e(λms1+µns2)

ξ.f(s1, s2) =

∞∑
m,n=1

(ξ.am,n) e(λms1+µns2)

It is also clear that χ defines a linear space over C.

The norm in χ is defined as

‖f‖ =

∞∑
m,n=1

|am,n| e(σ1λm +σ2µn) for every σ1, σ2 < D. (7)

Let χ be the topology generated by the family of norms {‖f‖ ; σ1, σ2 < D}. Then from [1]

χ is complete, metrizable and locally convex and this topology is equivalent to the topology

generated by invariant metric e, where

e(f, g) =

∞∑
k=1

1

2k
‖f − g;σ1,k , σ2,k‖

1 + ‖f − g;σ1,k , σ2,k‖
(8)

where

0 < σj,1 < σj,2 < . . . < σj,k → Dj as k →∞, j = 1, 2.

It can be easily verified that the topology induced by e on χ is the same as induced by the

sequence {‖ . . . , σj,k‖, j = 1, 2 ; k = 1, 2 . . .}.

33
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Daoud in his papers [1] worked on entire Dirichlet series of two variables having finite order

point. Kamthan in [3] considered different classes of entire functions represented by Dirichlet

series in several variables and proved results on continuous linear functionals.

In [2] bornological properties for the space of entire Dirichlet series in several complex

variables have been discussed. So far many researchers have worked on Dirichlet series which

can be seen in [4] - [5]. The aim of the present work is to project various new aspects for the

Dirichlet series in two variables.

§2. Definitions

Following definitions are required to prove the main results. For the definitions of terms

used refer [6] - [7].

A sequence {dm,n} ⊂ X will be linearly independent if

∞∑
m,n=1

a{m,n}d{m,n} = 0 implies

a{m,n} = 0 for all m,n ≥ 1, that is for all sequences {am,n} of complex numbers for which
∞∑

m,n=1

a{m,n}d{m,n} converges in χ.

The sequence {dm,n} ⊂ χ spans a subspace χ0 of χ, if χ0 consists of all linear combinations
∞∑

m,n=1

a{m,n}d{m,n}, such that

∞∑
m,n=1

a{m,n}d{m,n} converges in χ.

A sequence {dm,n} ⊂ χ which is linearly independent and spans a closed subspace χ0 of χ, will

be a base in χ0. If {em,n} ⊂ χ such that em,n(s) = e(σ1λm +σ2µn) then clearly {em,n} is a base

in χ.

A sequence {dm,n} ⊂ χ will be a proper base if it is a base and it satisfies the condition

that for all sequences {am,n} of complex numbers

∞∑
m,n=1

am,ndm,n converges in χ if and only if

∞∑
m,n=1

am,nem,n converges in χ.

§3. Main Results

Theorem 2.1. With respect to the usual addition and multiplication defined χ becomes

a FK-space.

Proof. In order to prove this theorem we need to show that χ is complete under the norm

defined in (7). Let {fp} be any cauchy sequence in χ where

fp(s1, s2) =

∞∑
m,n=1

a(p)m,n e
(λms1+µns2)

Then for a given ε > 0 we can find a constant M such that

‖fp − fq‖ < ε ∀ p, q ≥M

34
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that is
∞∑

m,n=1

|a(p)m,n − a(q)m,n| e(σ1λm +σ2µn) < ε ∀ p, q ≥M.

This shows that {a(p)m,n} forms a cauchy sequence for all values of m,n ≥ 1. Hence

lim
p→∞

a(p)m,n = am,n ∀ m,n ≥ 1.

Letting q →∞,
∞∑

m,n=1

|a(p)m,n − am,n| e(σ1λm +σ2µn) < ε ∀ p ≥M.

Thus fp → f as p→∞.

Now we need to show that f =

∞∑
m,n=1

am,n em,n ∈ χ.

We can choose σi such that D < σi + ε , i = 1, 2. Keeping p fixed we have

|a(p)m,n| < e(−D+ε)(λm+µn) ∀ p ≥ M1.

Then

|am,n| ≤ |a(p)m,n − am,n| + |a(p)m,n|

⇒ |am,n| ≤ ε e−(σ1λm +σ2µn) + e(−D+ε)(λm+µn).

Hence for all m,n ≥ M2 = max(M,M1) we have

lim sup
m,n→∞

log |am,n|
λm + µn

≤ −D.

Thus f =

∞∑
m,n=1

am,nem,n ∈ χ and this completes the proof.

Theorem 2.2. (i) A continuous linear functional ψ on χ(σ1, σ2) is of the form

ψ(f) =

∞∑
m,n=1

dm,n am,n , f =

∞∑
m,n=1

am,n em,n if and only if

{
|dm,n|

e(σ1λm +σ2µn)

}
is bounded for all m,n ≥ 1.

(ii) A continuous linear functional ψ on χ(σ1, σ2) is of the form

ψ(f) =

∞∑
m,n=1

dm,n am,n , f =

∞∑
m,n=1

am,nem,n if and only if

{
|dm,n|

e(σ1λm +σ2µn)

}
is bounded for some σ1, σ2 < D.

Proof. Let ψ be continuous linear functional on χ(σ1,σ2). Then ψ(f) =

∞∑
m,n=1

dm,n am,n , f =

∞∑
m,n=1

am,n em,n where dm,n = ψ(em,n). Hence there exists a constant S such that

|ψ(f)| ≤ S‖f‖(σ1,σ2) for all f ∈ χ.
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Take f = em,n = e(σ1λm +σ2µn) ∈ χ, this implies that

|dm,n| ≤ S e(σ1λm +σ2µn) for m,n ≥ 1.

Conversely, let f be defined as before and consider ψ(f) =

∞∑
m,n=1

dm,n am,n, where{
|dm,n|

e(σ1λm +σ2µn)

}
is bounded and hence ψ(f) does exist. Since

|
∞∑

m,n=1

am,n dm,n| ≤
∞∑

m,n=1

|am,n dm,n|

≤ S

∞∑
m,n=1

|am,n| e(σ1λm +σ2µn)

< +∞.

Thus ψ is a continuous linear functional on χ(σ1,σ2). This proves the first part of theorem and

the proof of second part follows from the part (i).

Theorem 2.3. A necessary and sufficient condition that there exists a continuous linear

transformation ψ : χ → χ with ψ(em,n) = αm,n , m, n = 1, 2, . . . is that for each σ1, σ2 < D

lim sup
m,n→∞

log ‖αm,n‖(σ1,σ2)

λm + µn
< D.

Proof. Let there exist a continuous linear transformation ψ from χ into χ with

ψ(em,n) = αm,n , m, n = 1, 2, . . .

Then for a given σ1 there exists a σ
′

1 such that (σ1, σ
′

1 < D) and σ
′

2 corresponding to σ2 such

that (σ2, σ
′

2 < D)

‖ψ(em,n)‖(σ1,σ2) < P‖em,n‖(σ′
1,σ

′
2)

= P e(σ1λm +σ2µn)

This implies
log ‖ψ(em,n)‖(σ1,σ2)

λm + µn
≤ logP

λm + µn
+

(σ1λm + σ2µn)

λm + µn

lim sup
m,n→∞

log ‖αm,n‖(σ1,σ2)

λm + µn
≤ σ1 < D

or

lim sup
m,n→∞

log ‖αm,n‖(σ1,σ2)

λm + µn
≤ σ2 < D.

Conversely let the given condition hold.

Let f =

∞∑
m,n=1

am,n em,n ∈ χ. Then there exists a ε > 0 such that

log ‖αm,n‖(σ1,σ2)

λm + µn
≤ D − ε for all m ≥M1(ε) , n ≥ N1(ε)
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‖αm,n‖(σ1,σ2) ≤ e(D−ε)(λm +µn) for all m ≥M1(ε) , n ≥ N1(ε).

Choose δ > 0 such that δ < ε, then

|am,n|(σ1,σ2) ≤ e(−D+δ)(λm +µn) for all m ≥M2(δ) , n ≥ N2(δ).

Hence one gets

|am,n|‖αm,n‖(σ1,σ2) ≤ e(δ−ε)(λm +µn) for all m ≥ max{M1(ε),M2(δ)} , n ≥ max{N1(ε), N2(δ)}.

Thus

∞∑
m,n=1

|am,n|‖αm,n‖(σ1,σ2)
is convergent as σ1, σ2 is arbitarily less than D.

We find that

∞∑
m,n=1

am,n αm,n is convergent in χ. Hence there exist a transformation ψ :

χ → χ such that ψ(f) =

∞∑
m,n=1

am,n αm,n for each f ∈ χ. Then ψ is linear and ψ(em,n) =

αm,n for m,n = 1, 2, . . . Now for given σ1, σ2 < D there exists δ > 0 such that

log ‖αm,n‖(σ1,σ2)

λm + µn
≤ D − δ for all m ≥ M , n ≥ N.

This implies

‖αm,n‖(σ1,σ2) ≤ e(D−δ)(λm +µn) for all m ≥ M , n ≥ N

Further we have

‖αm,n‖(σ1,σ2) ≤ e(D−δ)(λm +µn) for all m,n ≥ 1.

Hence

‖ψ(f)‖ ≤ P

∞∑
m,n=1

am,n e
(D−δ)(λm +µn) = P‖f‖D−δ.

Thus ψ is continuous.

§4. Proper Bases and their Characterizations

To prove the main result on proper bases we first need to prove two lemmas.

Lemma 2.4. Let {αm,n} ⊂ χ. Then the following three properties are equivalent

(A) lim sup
m,n→∞

log ‖αm,n‖(σ1,σ2)

λm + µn
< D for all σ1, σ2 < D.

(B) For all sequences {am,n} of complex numbers the convergence of

∞∑
m,n=1

am,n em,n implies

the convergence of

∞∑
m,n=1

am,n αm,n in χ.

(C) For all sequences {am,n} of complex numbers the convergence of

∞∑
m,n=1

am,n em,n implies

that {am,n αm,n} tends to zero in χ.
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Proof. Let us assume (A) holds then from the above proof it is clear that there exists a contin-

uous linear transformation ψ : χ → χ with ψ(em,n) = αm,n , m, n = 1, 2, . . ..By continuity of

ψ,

ψ(

∞∑
m,n=1

am,n em,n) = ψ

(
lim

m,n→∞

m∑
w1=1

n∑
w2=1

aw1,w2
ew1,w2

)

= lim
m,n→∞

{
m∑

w1=1

n∑
w2=1

aw1,w2ψ(ew1,w2)

}

=

∞∑
m,n=1

am,n αm,n.

Hence (A) ⇒ (B). Clearly (B) ⇒ (C) from the proof of sufficiency part of theorem ??. We

now need to prove (C) ⇒ (A).

Assume that (C) is true and (A) is false. Then for some σ
′

1 , σ
′

2 < D,

lim sup
m,n→∞

log ‖αm,n‖(σ′
1,σ

′
2)

λm + µn
≥ D

Hence there exists a sequence {mk1} and {nk2} of positive integers, such that

lim sup
k1,k2→∞

log ‖αmk1
,nk2
‖(σ′

1,σ
′
2)

λmk1
+µnk2

≥ D − 1

k1
− 1

k2
for all k1 , k2 = 1, 2, . . .

Define {am,n} as

am,n =

 e
−
(
D−

(
1
k1

+ 1
k2

))
(λmk1

+µnk2
)

for k1 , k2 = 1, 2, . . .

0 for m 6= mk1 , n 6= nk2


So we have

|amk1
,nk2
|e(σ1λmk1

+σ2µnk2
)

= e
−
(
D−

(
1
k1

+ 1
k2

+σ1

))
λmk1 . e

−
(
D−

(
1
k1

+ 1
k2

+σ2

))
µnk2

There exists k1 , k2 large such that D−
(

1

k1
+

1

k2
+ σ1

)
> 0 andD−

(
1

k1
+

1

k2
+ σ2

)
> 0.

This implies

∞∑
k1,k2 =1

|amk1
,nk2
|e(σ1λmk1

+σ2µnk2
)

converges in χ for all σ1 , σ2 < D. But

|amk1
,nk2
|‖αmk1

,nk2
‖(σ1,σ2) ≥ e

−
(
D−

(
1
k1

+ 1
k2

))
(λmk1

+µnk2
)
. e

(
D−

(
1
k1

+ 1
k2

))
(λmk1

+µnk2
)

= 1

Thus {amk1
,nk2

αmk1
,nk2
} does not tend to zero in χ which is a contradiction. Hence (C) ⇒

(A).

Lemma 2.4. The following three conditions are equivalent for any sequence

{αm,n} ⊂ χ.

(a) lim
σ1,σ2→D

{
lim inf
m,n→∞

log ‖αm,n‖(σ1,σ2)

λm + µn

}
≥ D.
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(b) For all sequences {am,n} of complex numbers the convergence of

∞∑
m,n=1

am,n αm,n in χ implies

the convergence of

∞∑
m,n=1

am,n em,n in χ.

(c) For all sequences {am,n} of complex numbers {am,nαm,n} tends to zero in χ implies the

convergence of

∞∑
m,n=1

am,n em,n in χ.

Proof. It is clear that (c)⇒ (b). We shall prove that (b)⇒ (a) and (a)⇒ (c).

Firstly we suppose that (b) holds and (a) does not hold. Therefore

lim
σ1,σ2→D

{
lim inf
m,n→∞

log ‖αm,n‖(σ1,σ2)

λm + µn

}
< D.

Since ‖...‖(σ1,σ2) increases as (σ1, σ2) increases this implies for each (σ1, σ2) < D,

lim inf
m,n→∞

log ‖αm,n‖(σ1,σ2)

λm + µn
< D for all (σ1, σ2) < D.

If η and γ be two positive number then there exists an increasing sequence {mr1}, {nr2} such

that
log ‖αmr1

,nr2
‖(σ1,σ2)

λm + µn
≤ D − η − γ

Then

‖αmr1
,nr2
‖(σ1,σ2) ≤ e(D−η−γ)(λmr1

+µnr2
).

Let δ1 < η , δ2 < γ then define {am,n} as

am,n =

 e−(D− δ1− δ2)(λmr1
+µnr2

) for r1 , r2 = 1, 2, . . .

0 for m 6= mr1 , n 6= nr2


Then for every (σ1, σ2) < D,

∞∑
m,n=1

|am,n|‖αm,n‖(σ1,σ2) =

∞∑
r1,r2=1

|amr1
,nr2
|‖αmr1

,nr2
‖(σ1,σ2)

≤
∞∑

r1,r2=1

e(D−η−γ)(λmr1
+µnr2

).e−(D−δ1−δ2)(λmr1
+µnr2

)

=

∞∑
r1,r2=1

e(δ1+δ2−(η+γ))(λmr1
+µnr2

)

and the last series is convergent since δ1 + δ2 < η + γ. Hence for the sequence {am,n},
∞∑

m,n=1

am,nαm,n converges in χ(σ1,σ2) for each (σ1, σ2) < D thus converges in χ.

But we have

∞∑
m,n=1

|am,n| e(σ1λm +σ2µn) =

∞∑
r1,r2=1

|amr1
,nr2
|e(σ1λmr1

+σ2µnr2
)
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=

∞∑
r1,r2=1

e−(D−δ1−δ2)(λmr1
+µnr2

) .e(σ1λmr1
+σ2µnr2

)

=

∞∑
r1,r2=1

e(σ1+δ1−D+δ2)λmr1 . e(σ2+δ2−D+δ1)µnr2 .

Given δ1, δ2 choose σ1, σ2 < D such that (σ1 + δ1 + δ2) > D and (σ2 + δ2 + δ1) > D

thus the last series is divergent for σ1, σ2. Hence

∞∑
m,n=1

am,nem,n does not converge in χ which

contradicts (b). Hence (b) ⇒ (a).

To prove (a) ⇒ (c) we assume that (a) is true but (c) is not true. Hence there exists a

sequence {am,n} of complex numbers for which am,nαm,n tends to zero in χ but

∞∑
m,n=1

am,nem,n

does not converge in χ. This implies that

lim sup
m,n→∞

log |am,n|
λm + µn

≥ −D + δ1 + δ2.

Hence for δ1, δ2 > 0 there exists a sequence {mk1} and {nk2} of integers such that

|amk1
,nk2
| ≥ e

(−D+δ1+δ2)(λmk1
+µnk2

)
.

Now we choose a positive number σ1, σ2 such that. We can also find σ1 = σ1(η) and σ2 = σ2(γ)

such that

lim inf
m,n→∞

log ‖αm,n‖
λm + µn

≥ D − η − γ.

Hence there exists M = M(γ) and N = N(η) such that

log ‖αm,n‖(σ1,σ2)

λm + µn
≥ D − 2η − 2γ for all m ≥M,n ≥ N.

Therefore

|amk1
,nk2
|‖αmk1

,nk2
‖(σ1,σ2) ≥ e

(−D+δ1+δ2)(λmk1
+µnk2

)
.e

(D−2η−2γ)(λmk1
+µnk2

)

= e
(δ1−2η)(λmk1

+µnk2
)
.e

(δ2−2γ)(λmk1
+µnk2

)

which tends to ∞ as k1, k2 → ∞, since δ1 > 2η and δ2 > 2γ.

This shows {am,n αm,n} does not tend to zero in χ and this is a contradiction. Therefore

we conclude that (a) ⇒ (c).

The main result that follows from above lemma is stated as

Theorem 2.6. A base in a closed subspace χo of χ is proper if and only if condition (a)

and (A) are satisfied.
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§1. Introduction

In order to deal with uncertainties, the idea of fuzzy sets and fuzzy set operations was

introduced by L. A. Zadeh in his classical paper [16] in the year 1965. This inspired mathe-

maticians to fuzzify Mathematical Structures. The first notion of fuzzy topological space had

been defined by C. L. Chang [3] in 1968. Since then much attention has been paid to general-

ize the basic concepts of general topology in fuzzy setting and thus a modern theory of fuzzy

topology has been developed. In 1989, A. Kandil [9] introduced the concept of fuzzy bitopo-

logical space as an extension of fuzzy topological space and as a generalization of bitopological

space. The concepts of Volterra spaces have been studied extensively in classical topology in

[4], [5], [6], [7] and [8]. The concept of pairwise fuzzy Volterra spaces and pairwise fuzzy weakly

Volterra spaces in fuzzy setting was introduced and studied by the authors in [14]. In this paper

we study under what conditions a fuzzy bitopological space becomes a pairwise fuzzy Volterra

space and pairwise fuzzy Baire space, pairwise fuzzy submaximal space, pairwise fuzzy P -space

and pairwise fuzzy hyperconnected space are considered for this work.

§2. Preliminaries

Now we introduce some basic notions and results used in the sequel. In this work by (X,T )

or simply by X, we will denote a fuzzy topological space due to Chang (1968). In this work by

(X,T1, T2) or simply by X, we will denote a fuzzy bitopological space due to A. Kandil.

Definition 2.1. Let λ and µ be any two fuzzy sets in a fuzzy topological space (X,T ).

Then we define :

(i) λ ∨ µ : X → [0,1] as follows : (λ ∨ µ)(x) = max {λ(x), µ(x)}.

(ii) λ ∧ µ : X → [0, 1] as follows : (λ ∧ µ)(x) = min {λ(x), µ(x)}.
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(iii) µ = λc ⇔ µ(x) = 1− λ(x).

For a family {λi/i ∈ I} of fuzzy sets in (X,T ), the union ψ = ∨iλi and intersection

δ = ∧iλi are defined respectively as ψ(x) = supi{λi(x), x ∈ X} and δ(x) = infi{λi(x), x ∈ X}.
Definition 2.2.[1] Let (X,T ) be a fuzzy topological space. For a fuzzy set λ of X, the

interior and the closure of λ are defined respectively as int(λ) = ∨{µ/µ ≤ λ, µ ∈ T} and

cl(λ) = ∧{µ/λ ≤ µ, 1− µ ∈ T}.
Lemma 2.1.[1] Let λ be any fuzzy set in a fuzzy topological space (X,T ). Then 1−cl(λ) =

int(1− λ) and 1− int(λ) = cl(1− λ).

Definition 2.3.[2] Let (X,T ) be a fuzzy topological space and λ be a fuzzy set in X.

Then λ is called a fuzzy Gδ-set if λ = ∧∞i=1λi for each λi ∈ T .

Definition 2.4.[2] Let (X,T ) be a fuzzy topological space and λ be a fuzzy set in X.

Then λ is called a fuzzy Fσ-set if λ = ∨∞i=1λi for each 1− λi ∈ T .

Definition 2.5.[14] A fuzzy set λ in a fuzzy bitopological space (X,T1, T2) is called a

pairwise fuzzy open set if λ ∈ Ti, (i = 1, 2). The complement of a pairwise fuzzy open set in

(X,T1, T2) is called a pairwise fuzzy closed set in (X,T1, T2).

Definition 2.6.[14] A fuzzy set λ in a fuzzy bitopological space (X,T1, T2) is called a

pairwise fuzzy Gδ-set if λ = ∧∞i=1λi, where (λi)’s are pairwise fuzzy open sets in (X,T1, T2).

Definition 2.7.[14] A fuzzy set λ in a fuzzy bitopological space (X,T1, T2) is called a

pairwise fuzzy Fσ-set if λ = ∨∞i=1λi, where (λi)’s are pairwise fuzzy closed sets in (X,T1, T2).

Definition 2.8.[10] A fuzzy set λ in a fuzzy topological space (X,T ) is called fuzzy dense

if there exists no fuzzy closed set µ in (X,T ) such that λ < µ < 1. That is., cl(λ) = 1.

Definition 2.9.[11] A fuzzy set λ in a fuzzy bitopological space (X,T1, T2) is called a

pairwise fuzzy dense set if clT1
clT2

(λ) = 1 = clT2
clT1

(λ).

Definition 2.10.[10] A fuzzy set λ in a fuzzy topological space (X,T ) is called fuzzy

nowhere dense if there exists no non-zero fuzzy open set µ in (X,T ) such that µ < cl(λ). That

is., intcl(λ) = 0.

Definition 2.11.[12] A fuzzy set λ in a fuzzy bitopological space (X,T1, T2) is called a

pairwise fuzzy nowhere dense set if intT1clT2(λ) = 0 = intT2clT1(λ).

Definition 2.12.[12] Let (X,T1, T2) be a fuzzy bitopological space. A fuzzy set λ in

(X,T1, T2) is called a pairwise fuzzy first category set if λ = ∨∞k=1(λk), where λk’s are pairwise

fuzzy nowhere dense sets in (X,T1, T2). A fuzzy set in (X,T1, T2) which is not pairwise fuzzy

first category is said to be a pairwise fuzzy second category set in (X,T1, T2).

Definition 2.13.[12] If λ is a pairwise fuzzy first category set in a fuzzy bitopological

space (X,T1, T2), then the fuzzy set 1− λ is called a pairwise fuzzy residual set in (X,T1, T2).

§3. Pairwise fuzzy Volterra spaces

Definition 3.1.[14] A fuzzy bitopological space (X,T1, T2) is said to be a pairwise fuzzy

Volterra space if clTi

(
∧Nk=1 (λk)

)
= 1, (i = 1, 2), where (λk)’s are pairwise fuzzy dense and

pairwise fuzzy Gδ-sets in (X,T1, T2).

Proposition 3.1. If λ is a pairwise fuzzy open set in a fuzzy bitopological space (X,T1, T2)

such that clTi
(λ) = 1, (i = 1, 2), then 1−λ is a pairwise fuzzy nowhere dense set in (X,T1, T2).
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Proof. Let λ be a pairwise fuzzy open set in a fuzzy bitopological space (X,T1, T2) such that

clTi
(λ) = 1, (i = 1, 2). Then, we have intT1

(λ) = λ, intT2
(λ) = λ and clTi

(λ) = 1, (i = 1, 2).

Now intT1clT2(1 − λ) = 1 − clT1intT2(λ) = 1 − clT1(λ) = 1 − 1 = 0. Also, intT2clT1(1 − λ) =

1 − clT2intT1(λ) = 1 − clT2(λ) = 1 − 1 = 0. Hence intT1clT2(1 − λ) = 0 = intT2clT1(1 − λ).

Therefore 1− λ is a pairwise fuzzy nowhere dense set in (X,T1, T2).

Theorem 3.1.[15] If λ is a pairwise fuzzy Gδ-set such that clTi
(λ) = 1, (i = 1, 2), in

a fuzzy bitopological space (X,T1, T2), then 1 − λ is a pairwise fuzzy first category set in

(X,T1, T2).

Definition 3.2.[12] A fuzzy bitopological space (X,T1, T2) is called a pairwise fuzzy Baire

space if intTi(∨∞k=1(λk)) = 0, (i = 1, 2), where (λk)’s are pairwise fuzzy nowhere dense sets in

(X,T1, T2).

Proposition 3.2. If the pairwise fuzzy first category sets are pairwise fuzzy closed sets

in a pairwise fuzzy Baire space (X,T1, T2), then (X,T1, T2) is a pairwise fuzzy Volterra space.

Proof. Let λk, (k = 1 to ∞) be pairwise fuzzy Gδ-sets such that clTi
(λk) = 1, (i = 1, 2)

in a pairwise fuzzy Baire space (X,T1, T2). Then, by theorem 3.1, (1− λk)’s are pairwise fuzzy

first category sets in (X,T1, T2). Then, by hypothesis, (1− λk)’s are pairwise fuzzy closed sets

in (X,T1, T2). Hence (λk)’s are pairwise fuzzy open sets in (X,T1, T2). Now (λk)’s are pairwise

fuzzy open sets in (X,T1, T2) such that clTi(λk) = 1, (i = 1, 2). Hence, by proposition 3.1,

(1−λk)’s are pairwise fuzzy nowhere dense sets in (X,T1, T2). Since (X,T1, T2) is a fuzzy Baire

bitopological space, intTi

(
∨∞k=1(1−λk)

)
= 0. Then intTi

(
1−∧∞k=1(λk)

)
= 0. This implies that

1−clTi

(
∧∞k=1(λk)

)
= 0. Hence we have clTi

(
∧∞k=1(λk)

)
= 1. Now clTi

(
∧∞k=1(λk)

)
≤ clTi

(
∧Nk=1

(λk)
)

implies that 1 ≤ clTi

(
∧Nk=1 (λk)

)
. That is., clTi

(
∧Nk=1 (λk)

)
= 1. Since clTi(λk) = 1,

(i = 1, 2) clT1clT2(λk) = clT1(1) = 1 and clT2clT1(λk) = clT2(1) = 1. Hence (λk)’s are pairwise

fuzzy dense sets in (X,T1, T2). Therefore, we have clTi

(
∧Nk=1 (λk)

)
= 1, (i = 1, 2) where

(λk)’s are pairwise fuzzy dense and pairwise fuzzy Gδ-sets in (X,T1, T2). Hence (X,T1, T2) is a

pairwise fuzzy Volterra space.

Proposition 3.3. If the pairwise fuzzy residual sets are pairwise fuzzy open sets in a

pairwise fuzzy Baire space (X,T1, T2), then (X,T1, T2) is a pairwise fuzzy Volterra space.

Proof. Let the pairwise fuzzy residual sets (λk)’s (k = 1 to ∞) be pairwise fuzzy open sets

in a pairwise fuzzy Baire space (X,T1, T2). Then (1 − λk)’s are pairwise fuzzy first category

sets in (X,T1, T2) such that (1−λk)’s are pairwise fuzzy closed sets. Hence, by proposition 3.2,

(X,T1, T2) is a pairwise fuzzy Volterra space.

Theorem 3.2.[12] If λ is a pairwise fuzzy nowhere dense set in a fuzzy bitopological space

(X,T1, T2), then 1− λ is a pairwise fuzzy dense set in (X,T1, T2).

Proposition 3.4. If pairwise fuzzy first category sets are pairwise fuzzy nowhere dense

sets in a fuzzy bitopological space (X,T1, T2), then (X,T1, T2) is a pairwise fuzzy Volterra space.

Proof. Let (λk)’s (k = 1 to ∞) be pairwise fuzzy Gδ-sets such that clTi
(λk) = 1, (i = 1, 2)

in a fuzzy bitopogical space(X,T1, T2). Then, by theorem 3.1, (1−λk)’s are pairwise fuzzy first

category sets in (X,T1, T2). By hypothesis, (1− λk)’s are pairwise fuzzy nowhere dense sets in

(X,T1, T2). Hence ∨∞k=1(1− λk) is a pairwise fuzzy first category set in (X,T1, T2). Again, by

hypothesis, ∨∞k=1(1 − λk) is a pairwise fuzzy nowhere dense set in (X,T1, T2). Then, we have

intT1clT2

(
∨∞k=1 (1− λk)

)
= 0 and intT2clT1

(
∨∞k=1 (1− λk)

)
= 0. Now intT1

(
∨∞k=1 (1− λk)

)
≤
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intT1

(
clT2

(
∨∞k=1(1−λk)

))
implies that intT1

(
∨∞k=1(1−λk)

)
≤ 0. That is., intT1

(
∨∞k=1(1−λk)

)
=

0. Hence intT1

(
1 − ∧∞k=1(λk)

)
= 0. This implies that 1 − clT1

(
∧∞k=1 (λk)

)
= 0. That is.,

clT1

(
∧∞k=1(λk)

)
= 1. Similarly, we will prove that clT2

(
∧∞k=1(λk)

)
= 1. Hence clTi

(
∧∞k=1(λk)

)
=

1, (i = 1, 2). Now clTi
(λk) = 1 implies that clT1

clT2
(λk) = 1 and clT2

clT1
(λk) = 1. Hence (λk)’s

are pairwise fuzzy dense sets in (X,T1, T2). Now clTi

(
∧∞k=1 (λk)

)
≤ clTi

(
∧Nk=1 (λk)

)
implies

that clTi

(
∧Nk=1 (λk)

)
= 1. Hence clTi

(
∧Nk=1 (λk)

)
= 1, (i = 1, 2) where (λk)’s are pairwise

fuzzy dense and pairwise fuzzy Gδ-sets in (X,T1, T2). Therefore (X,T1, T2) is a pairwise fuzzy

Volterra space.

Definition 3.3.[15] A fuzzy set λ in a fuzzy bitopological space (X,T1, T2) is called a

pairwise fuzzy σ-nowhere dense set if λ is a pairwise fuzzy Fσ-set in (X,T1, T2) such that

intT1intT2(λ) = intT2intT1(λ) = 0

Proposition 3.5. If intTi

(
∨∞k=1 (λk)

)
= 0, where the fuzzy sets (λk)’s (k = 1 to N) are

pairwise fuzzy σ-nowhere dense sets in a fuzzy bitopological space (X,T1, T2), then (X,T1, T2)

is a pairwise fuzzy Volterra space.

Proof. Suppose that intTi

(
∨∞k=1 (λk)

)
= 0, where (λk)’s are pairwise fuzzy σ-nowhere

dense sets in (X,T1, T2). Then, we have 1 − intTi

(
∨∞k=1 (λk)

)
= 1. This implies that

clTi

(
1 − ∨∞k=1(λk)

)
= 1 and hence we have clTi

(
∧∞k=1 (1 − λk)

)
= 1 −→ (A). Since (λk)’s

are pairwise fuzzy σ-nowhere dense sets in (X,T1, T2), (λk)’s are pairwise fuzzy Fσ-sets such

that intT1
intT2

(λk) = 0 and intT2
intT1

(λk) = 0. Then (1 − λk)’s are pairwise fuzzy Gδ-

sets and 1 − intT1intT2(λk) = 1 and 1 − intT2intT1(λk) = 1. Hence (1 − λk)’s are pairwise

fuzzy Gδ-sets and clT1clT2(1 − λk) = 1 and clT2clT1(1 − λk) = 1. Hence, from (A), we have

clTi

(
∧Nk=1 (1 − λk)

)
= 1, (i = 1, 2) where (λk)’s are pairwise fuzzy dense and pairwise fuzzy

Gδ-sets in (X,T1, T2). Therefore (X,T1, T2) is a pairwise fuzzy Volterra space.

Definition 3.4.[14] A fuzzy bitopological space (X,T1, T2) is called a pairwise fuzzy P -

space if countable intersection of pairwise fuzzy open sets in (X,T1, T2) is pairwise fuzzy open.

That is., every non-zero pairwise fuzzy Gδ-set in (X,T1, T2) is pairwise fuzzy open in (X,T1, T2).

Proposition 3.6. If the fuzzy bitopological space (X,T1, T2) is a pairwise fuzzy Baire and

pairwise fuzzy P -space, then (X,T1, T2) is a pairwise fuzzy Volterra space.

Proof. Let (λk)’s (k = 1 to N) be pairwise fuzzy Gδ-sets in a fuzzy bitopological s-

pace (X,T1, T2) such that clTi(λk) = 1, (i = 1, 2). Then clT1clT2(λk) = clT1(1) = 1 and

clT2clT1(λk) = clT2(1) = 1. Since (X,T1, T2) is a pairwise fuzzy P -space, the pairwise fuzzy Gδ-

sets (λk)’s (k = 1 to N) are pairwise fuzzy open sets in (X,T1, T2). Then, (λk)’s (k = 1 to N)

are pairwise fuzzy open sets in (X,T1, T2) such that clTi
(λk) = 1, (i = 1, 2). By proposi-

tion 3.1, (1 − λk)’s are pairwise fuzzy nowhere dense sets in (X,T1, T2). Since (X,T1, T2) is

a pairwise fuzzy Baire space, intTi

(
∨∞α=1 (µα)

)
= 0, where (µα)’s are pairwise fuzzy nowhere

dense sets in (X,T1, T2). Let us take the first N(µα)’s as (1 − λk) in (X,T1, T2). Then,

intTi

(
∨Nk=1 (1 − λk)

)
≤ intTi

(
∨∞α=1 (µα)

)
implies that intTi

(
∨Nk=1 (1 − λk)

)
= 0. Hence

clTi

(
∧Nk=1 (λk)

)
= 1, (i = 1, 2) where (λk)’s are pairwise fuzzy dense and pairwise fuzzy Gδ-sets

in (X,T1, T2). Therefore (X,T1, T2) is a pairwise fuzzy Volterra space.

Definition 3.5.[13] A fuzzy bitopological space (X,T1, T2) is said to be a pairwise fuzzy

submaximal space if for each fuzzy set λ in (X,T1, T2) such that clTi(λ) = 1, (i = 1, 2), then λ

is a pairwise fuzzy open set in (X,T1, T2).
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Proposition 3.7. If the fuzzy bitopological space (X,T1, T2) is a pairwise fuzzy Baire

space and pairwise fuzzy submaximal space, then (X,T1, T2) is a pairwise fuzzy Volterra space.

Proof. Let (λk)’s (k = 1 to N) be pairwise fuzzy Gδ-sets in a fuzzy bitopological space

(X,T1, T2) such that clTi(λk) = 1, (i = 1, 2). Since (X,T1, T2) is a pairwise fuzzy submax-

imal space, the pairwise fuzzy dense sets (λk)’s (k = 1 to N) are pairwise fuzzy open sets

in (X,T1, T2). Then, (λk)’s (k = 1 to N) are pairwise fuzzy open sets (X,T1, T2) such that

clTi
(λk) = 1, (i = 1, 2). By proposition 3.1, (1 − λk)’s are pairwise fuzzy nowhere dense sets

in (X,T1, T2). Since (X,T1, T2) is a pairwise fuzzy Baire space, intTi

(
∨∞α=1 (µα)

)
= 0, (i =

1, 2), where (µα)’s are pairwise fuzzy nowhere dense sets in (X,T1, T2). Let us take the first

N(µα)’s as (1 − λk) in (X,T1, T2). But intTi

(
∨Nk=1 (1 − λk)

)
≤ intTi

(
∨∞α=1 (µα)

)
. Now

intTi

(
∨Nk=1 (1− λk)

)
= 0 implies that intTi

(
1−∧Nk=1(λk)

)
= 0. Then 1− clTi

(
∧Nk=1 (λk)

)
= 0.

That is., clTi

(
∧Nk=1 (λk)

)
= 1, (i = 1, 2) where (λk)’s are pairwise fuzzy dense and pairwise

fuzzy Gδ-sets in (X,T1, T2). Therefore (X,T1, T2) is a pairwise fuzzy Volterra space.

Definition 3.6.[15] A fuzzy bitopological space (X,T1, T2) is called a pairwise fuzzy hy-

perconnected space if λ is a pairwise fuzzy open set, then clTi(λ) = 1, (i = 1, 2).

Proposition 3.8. If the fuzzy bitopological space (X,T1, T2) is a pairwise fuzzy submaxi-

mal space and pairwise fuzzy hyperconnected space, then (X,T1, T2) is a pairwise fuzzy Volterra

space.

Proof. Let (λk)’s (k = 1 to N) be pairwise fuzzy Gδ-sets in a fuzzy bitopological space

(X,T1, T2) such that clTi
(λk) = 1, (i = 1, 2). Now clTi

(λk) = 1 implies that clT1
clT2

(λk) = 1 =

clT2
clT1

(λk). Since (X,T1, T2) is a pairwise fuzzy submaximal space, clTi
(λk) = 1, (i = 1, 2)

implies that (λk)’s are pairwise fuzzy open sets in (X,T1, T2). That is., λk ∈ Ti. Now λk ∈ Ti
implies that ∧Nk=1(λk) ∈ Ti, (i = 1, 2). Also since (X,T1, T2) is a pairwise fuzzy hyperconnected

space, clTi

(
∧Nk=1 (λk)

)
= 1, (i = 1, 2) where (λk)’s are pairwise fuzzy dense and pairwise fuzzy

Gδ-sets in (X,T1, T2). Therefore (X,T1, T2) is a pairwise fuzzy Volterra space.
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Abstract Given a graph G with n vertices and m edges, the term energy of graph

E(G) was introduced by Gutman in chemistry, due to its relevance to the total π−electron
energy of carbon compounds. In 1971 McClelland obtained both lower and upper bounds

for π−electron energy. An improved upper bound was obtained by Koolen-Moulton in 2001.

The lower and upper bounds for E(G) obtained in this paper are better than McClelland and

Koolen-Moulton bounds. Also we obtained an upper bound for graph energy in terms of n

as E(G) ≤ n
2

[
1 +

√
n−2
2

]
.

Keywords Adjacency matrix, graph spectrum, energy of a graph.

2010 Mathematics Subject Classification 05C50, 05C69.

§1. Introduction and preliminaries

Let G = (V,E) be a simple undirected graph with n vertices and m edges. For any viεV ,

the degree of the vertex vi, denoted by di or d(vi), is defined as the number of edges that are

incident to vi. A graph G is said to be r-regular if each vertex of G have same degree r. A

graph G is bipartite of degree r1 and r2, if the vertex set, V is partitioned into disjoint subsets

X and Y such that no two vertices of X(orY ) are adjacent. A regular bipartite graph is a

bipartite graph if each vertex has same degree. A bipartite graph G is semi-regular bipartite if
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it is bipartite and each vertex in the same partition has same degree. Clearly regular bipartite

graph is semi regular bipartite graph (r1 = r2).

Given a graph G, the energy of G defined by

E(G) =

n∑
i=1

|λi|

where λ1 ≥ λ2 ≥ · · · ≥ λn are the eigenvalues of G which are obtained from its adjacency

matrix. The studies on graph energy can be found in many papers, see e.g. [4–6]. For detailed

survey on applications on graph energy, see papers [1–3].

Koolen and Moulton obtained upper bounds, [10], for graph energy in terms of m and n

as

E(G) ≤ 2m

n
+

√
(n− 1)

(
2m−

(2m

n

)2)
for 2m ≥ n (1.1)

and obtained an upper bound for bipartite graph [11] as

E(G) ≤ 4m

n
+

√
(n− 2)

(
2m− 2

(2m

n

)2)
for 2m ≥ n. (1.2)

Also they proved that for a graph G with n vertices

E(G) ≤ n

2
(1 +

√
n).

Here in this paper we have shown that the upper bound (1.1) can be modified to a better

bound for all classes of graphs with n2 ≥ 4m. Further results on upper bounds can also be seen

in [7].

McClelland gave the following bounds for the energy of a graph√
2m+ n(n− 1)|det(A)| 2n ≤ E(G) ≤

√
2mn, (1.3)

[12]. The lower bound obtained in this paper is better than the McClelland bounds. Kinkar

Ch. Das et. al. also obtained an improvised lower bound for non-singular graphs, [8]. J. H.

Koolen et. al. have improvised McClelland bounds in the paper [9].

§2. Discussion and Main results

The following is a very useful tool on the eigenvalues:

Lemma 2.1. Let G be a graph with n ≥ 3 vertices and m edges. For respectively largest and

smallest eigenvalues λ1 and λn of G, we have

λ1 + λn ≤ 2

√
m(n− 2)

n
.

49
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Proof. For n eigenvalues λ1 ≥ λ2 ≥ · · · ≥ λn of G, it is well known that

n∑
i=1

λi = 0 and

n∑
i=1

λ2i = 2m.

Applying the Cauchy-Schwarz inequality for (λ2, λ3, · · · , λn−1) and (1, 1, · · · , 1)︸ ︷︷ ︸
n−2 times

, where n ≥ 3,

we obtain ( n−1∑
i=2

λi

)2
≤
( n−1∑
i=2

1
)( n−1∑

i=2

λ2i

)
,

i.e.,

(λ1 + λn)2 ≤ (n− 2)(2m− λ21 − λ2n).

Hence

(n− 2)2m ≥ (λ1 + λn)2 + (n− 2)(λ21 + λ2n)

= (λ1 + λn)2(n− 1)− 2(n− 2)λ1λn.

But
λ1 + λn

2
≥
√
λ1λn

which implies that

−λ1λn ≥ −
(λ1 + λn

2

)2
.

Hence

(n− 2)2m ≥ (λ1 + λn)2(n− 1)− 2(n− 2) (λ1+λn)
2

4

= (λ1 + λn)2 n2 .

Thus λ1 + λn ≤ 2
√

m(n−2)
n .

We use the above lemma to find an upper bound for the width λ1 − λn of the spectrum:

Corollary 2.1. For a graph G with n ≥ 3 vertices and m edges,

λ1 − λn ≤ 2
√

2

√
m

n
(n− 2).

Proof. Applying the Cauchy-Schwarz inequality for the ordered pairs (λ1,−λn) and (1, 1), we

have

[1(λ1) + 1(−λn)]2 ≤ (1 + 1)(λ21 + λ2n)

implying that

λ1 − λn ≤
√

2
√
λ21 + λ2n

≤
√

2(λ1 + λn)

≤ 2
√

2
√

m
n (n− 2).

Thus the width of the spectrum of a graph G can be at most 2
√

2

√
m

n
(n− 2).

50
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Using λ1 + λn ≤ 2

√
m

n
(n− 2) and λ1 − λn ≤ 2

√
2

√
m

n
(n− 2), we find that

λ1 ≤ (1 +
√

2)

√
m

n
(n− 2)

for n ≥ 3 which is an upper bound for the largest eigenvalue.

§3. Upper bound for the energy of a graph

Theorem 3.1. Let G be a graph with n ≥ 3 vertices and m edges. If n2 ≥ 4m, then

E(G) ≤ 2m

n
+

√
2m

n
+

√
(n− 2)

(
2m− 2m

n
− 4m2

n2

)
. (3.1)

Equality holds iff G is
n

2
K2.

Proof. Applying the Cauchy-Schwarz inequality to (|λ2|, |λ3|, · · · , |λn−1|) and (1, 1, · · · , 1)︸ ︷︷ ︸
n−2 times

,

we have ( n−1∑
i=2

|λi|
)2
≤
( n−1∑
i=2

1
)( n−1∑

i=2

|λi|2
)

and hence

(E(G)− |λ1| − |λn|)2 ≤ (n− 2)(2m− |λ1|2 − |λn|2).

Therefore

E(G) ≤ |λ1|+ |λn|+
√

(n− 2)(2m− |λ1|2 − |λn|2).

Let now |λ1| = x, |λn| = y. We maximize the function

f(x, y) = x+ y +
√

(n− 2)(2m− x2 − y2).

Differentiating f(x, y) partially wrt x and y, respectively, we obtain

fx = 1− x(n− 2)√
(n− 2)(2m− x2 − y2)

, fy = 1− y(n− 2)√
(n− 2)(2m− x2 − y2)

fxx = −
√
n− 2(2m− y2)

(2m− x2 − y2)
3
2

, fyy = −
√
n− 2(2m− x2)

(2m− x2 − y2)
3
2

and

fxy = −
√
n− 2xy

(2m− x2 − y2)
3
2

.

For maxima or minima, consider the equations fx = 0 and fy = 0 which together imply that

x2(n− 1) + y2 = 2m and y2(n− 1) + x2 = 2m.

Solving the above equations, we obtain the values of x and y as x = y =

√
2m

n
. At this point,

the values of fxx, fyy, fxy and ∆ = fxxfyy − (fxy)2 are

fxx = −
√
n− 2(n− 1)√
2m
n (n− 2)

3
2

≤ 0, fyy = −
√
n− 2(n− 1)√
2m
n (n− 2)

3
2

,
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fxy = −
√
n− 2√

2m
n (n− 2)

3
2

and ∆ =
n(n2 + 3− 3n)

2m(n− 2)2
≥ 0.

Therefore f(x, y) attains its maximum value at x = y =

√
2m

n
. Thus the maximum value is

equal to f
(√2m

n
,

√
2m

n

)
=
√

2mn. But f(x, y) decreases in the intervals

√
2m

n
≤ x ≤

√
m and

0 ≤ y ≤
√

2m

n
≤
√
m. Since n2 ≥ 4m, we get that√

2m

n
≤ 2m

n
≤ |λ1| ≤

√
m, 0 ≤ |λn| ≤

√
2m

n
≤
√
m

also holds. Thus

f
(
|λ1|, |λn|

)
≤ f

(2m

n
,

√
2m

n

)
≤ f

(√2m

n
,

√
2m

n

)
and hence

E(G) ≤ 2m
n +

√
2m
n +

√
(n− 2)

(
2m− 2m

n −
4m2

n2

)
≤
√

2mn.

For the graph G ' n

2
K2 (n = 2m), E(G) = n and hence the equality holds.

Now we show that the above bound is an improvisation of Koolen-Moulton bounds:

Take

g(x, y) = x+ y +
√

(n− 1)(2m− x2 − y2).

Then clearly f(x, y) ≤ g(x, y) for all (x, y) in the given region of x and y. Further for x =
2m

n
,

we have

f(
2m

n
, y) =

2m

n
+ y +

√
(n− 2)(2m− 4m2

n2
− y2).

But f(
2m

n
, y) decreases in the interval 0 ≤ y ≤

√
2m− 4m2

n2
. Since n2 ≥ 4m,

0 ≤ y ≤
√

2m

n
≤
√

2m− 4m2

n2

also holds. Thus f
(

2m
n ,
√

2m
n

)
≤ f

(
2m
n , 0

)
. But

f
(2m

n
, 0
)
≤ g
(2m

n
, 0
)

and g(
2m

n
, 0) =

2m

n
+

√
(n− 1)

(
2m− 4m2

n2

)
which implies that f

(
2m
n ,
√

2m
n

)
≤ g
(

2m
n , 0

)
and finally√

2m

n
+

√
(n− 2)

(
2m− 2m

n
− 4m2

n2

)
≤
√

(n− 1)
(

2m−
(2m

n

)2)
.

If |λ1| = |λn| then

E(G) ≤ 2
(2m

n

)
+

√
(n− 2)

(
2m− 2

(2m

n

)2)
.
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As in the above proof when y = x,

f(x, x) = 2x+
√

(n− 2)(2m− 2x2).

But f(x, x) decreases in the interval
√

2m
n ≤ x ≤

√
m. Since n2 ≥ 4m,√

2m

n
≤ 2m

n
≤ |λ1| ≤

√
m

also holds. Thus we get E(G) ≤ 2
(2m

n

)
+

√
(n− 2)

(
2m− 2

(2m

n

)2)
. We claim that this

bound is better than Koolen-Moulton bound.

Take

g(x, y) = x+ y +
√

(n− 1)(2m− x2 − y2).

Then clearly f(x, y) ≤ g(x, y) for all (x, y) in the given region. Taking x = 2m
n , we get

f(
2m

n
, y) =

2m

n
+ y +

√
(n− 2)(2m− 4m2

n2
− y2).

But f( 2m
n , y) decreases in the interval 0 ≤ y ≤

√
2m− 4m2

n2 . Since n2 ≥ 4m, the inequality

0 ≤ y ≤
√

2m

n
≤ 2m

n
≤
√

2m− 4m2

n2

also holds. Thus f
(

2m
n ,

2m
n

)
≤ f

(
2m
n , 0

)
. But f

(
2m
n , 0

)
≤ g

(
2m
n , 0

)
and g( 2m

n , 0) = 2m
n +√

(n− 1)
(

2m− 4m2

n2

)
which together imply that f

(
2m
n ,

2m
n

)
≤ g
(

2m
n , 0

)
and

E(G) ≤ 4m
n +

√
(n− 2)

(
2m− 2

(
2m
n

)2)
≤ 2m

n
+

√
(n− 1)

(
2m−

(2m

n

)2)
.

Theorem 3.2. Let G be a graph with n vertices. Then

E(G) ≤ n

2

[
1 +

√
n− 2

2

]
. (3.2)

Proof. By previous theorem, for n2 ≥ 4m, we have

E(G) ≤ 2
(2m

n

)
+

√
(n− 2)

(
2m− 2

(2m

n

)2)
.

We maximize the right hand side in terms of m. Let

g(x) =
4x

n
+

√
(n− 2)

(
2x− 2

(2x

n

)2)
.

Then clearly

g′(x) =
4

n
+
√
n− 2

2− 16x
n2

2
√

2x− 2( 2x
n )2

.
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For maxima, from g′(x) = 0, we get

4

n
=

√
n− 2

(
8x
n2 − 1

)
√

2x− 2( 2x
n )2

and hence we obtain x = n2

8 . At this point, the value of the function is obtained as

g
(
n2

8

)
= n

2 +
√
n− 2

√
n2

4 −
n2

8

= n
2

[
1 +

√
n−2
2

]
.

.

Note that for all classes of graphs with n2 ≥ 2m, Koolen and Moulton bound is better

than the bound in (3.1).

Clearly, the bound in (3.2) improves the Koolen and Moulton bound in terms of n:

E(G) ≤ n

2

[
1 +
√
n
]
.

Illustrations

The following table illustrates that the upper bound (3.1) is better than Koolen and Moul-

ton bounds (1.1) for graphs with n2 ≥ 4m.
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FIGURE-1
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Graphs m n Energy K.M. Bound Improved Improved K.M. Bound

K.M. Bound for | λ1 |=| λn |

Graph 1 3 4 4.472136 4.854102 4.8460652

Graph 2 4 4 4 5.4641016 5.4142136 4

Graph 3 2 4 4 4 4 4

Graph 4 3 4 4 4.854102 4.846052

Graph 5 5 5 6.472136 6.8989795 6.8783152

Graph 6 6 5 6.340173 7.3959984 7.3433059

Graph 7 5 5 5.841693 6.8989795 6.8783152

Graph 8 4 5 6 6.2647615 6.2590236

Graph 9 1 5 2 3.112932 3.1109165 3.0449944

Graph 10 6 5 4.8990 7.3959984 7.3433059 6

Graph 11 4 5 4 6.2647615 6.2590236 6.1393877

Graph 12 4 5 5.2263 6.2647615 6.2590236 6.1393877

Graph 13 6 6 8 8.324555 8.313193 8

Graph 14 7 6 7.6568542 8.8738056 8.1943351

Graph 15 8 6 6.9282 9.3333 9.2885363 8

Graph 16 7 6 7.4641016 8.8738056 8.8497351

Graph 17 8 6 8.1826945 9.333 9.2885363

Graph 18 8 6 8.0457827 9.333 9.2885363

Graph 19 7 6 7.6569 8.8738056 8.8497351 8.1943351

Table-1.1

§4. Lower bounds for energy

Theorem 4.1. Let G be a non-singular graph. Then

E(G) ≥ n|detA| 1n .

Equality holds iff G is n
2K2 (n = 2m) .

Proof. For the eigenvalues λ1 ≥ λ2 ≥ · · · ≥ λn of G (or its adjacency matrix A), it is well

known that |det(A)| = |λ1λ2 · · ·λn|. Since G is non singular, we know that |det(A)| 6= 0.

Applying the Cauchy-Schwarz inequality for n terms ai =
√
|λi| and bi = 1 for all i =

1, 2, · · · , n, we have
n∑
i=1

√
|λi| ≤

√√√√( n∑
i=1

|λi|
)
n.
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Hence we get √
E(G) ≥

∑n
i=1

√
|λi|√

n
.

But √
|λ1|+

√
|λ2|+ · · ·+

√
|λn|

n
≥
(√
|λ1λ2 · · ·λn|

) 1
n

implying that

√
E(G) ≥

n
(√
|λ1λ2 · · ·λn|

) 1
n

√
n

.

Therefore E(G) ≥ n|detA| 1n .

For the graph G ' n
2K2 (n = 2m),det(A) = 1 and hence the equality is true.

Theorem 4.2. Let G be a graph with n ≥ 1 vertices and m edges and let 2m ≥ n. Then

E(G) ≥ 2m

n
+

(n− 1)|det(A)|
1

(n−1)(
2m
n

) 1
n−1

.

Further the equality holds if (i) G is isomorphic to Kn (ii) G is isomorphic to
n

2
K2 (n = 2m).

Proof. Using the Cauchy-Schwarz inequality for
√
|λ2|,

√
|λ3|, · · · ,

√
|λn| and (1, 1, · · · , 1)︸ ︷︷ ︸

n−2 times

, we

have
n∑
i=2

√
|λi| ≤

√√√√( n∑
i=2

|λi|
)

(n− 1)

and equivalently
n∑
i=2

√
|λi| ≤

√(
E(G)− |λ1|

)
(n− 1)

and hence √
E(G)− |λ1| ≥

∑n
i=2

√
|λi|√

n− 1
.

But √
|λ2|+

√
|λ3|+ · · ·+

√
|λn|

n− 1
≥
(√
|λ2λ3 · · ·λn|

) 1
n−1

implying that

√
E(G)− |λ1| ≥

(n− 1)
(√
|λ2λ3 · · ·λn|

) 1
(n−1)

√
n− 1

.

Hence we get

E(G) ≥ |λ1|+ (n− 1)
(
|λ2λ3 · · ·λn|

) 1
n−1

= |λ1|+ (n− 1)
(
| det(A)|
|λ1|

) 1
(n−1)

.
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Let |λ1| = x and choose

f(x) = x+ (n− 1)
( |det(A)|

x

) 1
(n−1)

.

Then

f ′(x) = 1− |det(A)|
1

(n−1)

x
n

(n−1)

and

f ′′(x) =
n|det(A)|

1
(n−1)

(n− 1)x
(2n−1)
(n−1)

.

For maxima or minima, the equation f ′(x) = 0 gives the value x = |det(A)| 1n . At this point,

f ′′(x) =
n

(n− 1)
|det(A)|

−1
n ≥ 0, n 6= 1.

Thus the function f(x) is minimum at x = |det(A)| 1n and the minimum value is equal to

f(|det(A)| 1n ) = n|det(A)| 1n . But

2m
n = |λ1|2+|λ2|2+···+|λn|2

n

≥ |λ1|+|λ2|+···+|λn|
n

≥ |λ1λ2 · · ·λn|
1
n .

This implies that |det(A)| 1n ≤ 2m
n since 2m ≥ n and 2m

n ≤ |λ1|. Therefore the function is

increasing in the interval |detA| 1n ≤ 2m
n ≤ |λ1| ≤

√
2m. Therefore

f(|λ1|) ≥ f
(2m

n

)
and

E(G) ≥ 2m

n
+

(n− 1)|det(A)|
1

(n−1)(
2m
n

) 1
(n−1)

.

Also

(i) If G is isomorphic to Kn, then |det(A)| = n − 1 and 2m
n = n − 1, and hence E(G) =

2(n− 1).

(ii) If G is isomorphic to
n

2
K2 (n = 2m), then the eigenvalues are ±1 (with multiplicity n

2

each) implying that E(G) = n.

Minimizing the lower bound E(G) ≥ 2m

n
+

(n− 1)|det(A)|
1

(n−1)(
2m
n

) 1
(n−1)

in terms of n gives E(G) ≥

n|detA| 1n .

Theorem 4.3. Let G be a graph with m edges and n (> 3) vertices such that 2m ≥ n. Then

E(G) ≥ 2
(2m

n

)
+

(n− 2)|det(A)|
1

n−2(
2m
n

) 2
n−2

.

Equality holds iff G is isomorphic to n
2K2 (n = 2m) or Kn,n.
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Proof. For n− 2 entries of eigenvalues (
√
|λ2|,

√
|λ3|, · · · ,

√
|λn−1|) and (1, 1, · · · , 1)︸ ︷︷ ︸

n−2 times

, apply

the Cauchy-Schwarz inequality

n−1∑
i=2

√
|λi| ≤

√√√√( n−1∑
i=2

|λi|
)

(n− 2)

and hence
n−1∑
i=2

√
|λi| ≤

√(
E(G)− |λ1| − |λn|

)
(n− 2)

implying that √
E(G)− |λ1| − |λn| ≥

∑n−1
i=2

√
|λi|√

n− 2
.

But the arithmetic mean is greater than or equal to the geometric mean, we get

√
E(G)− |λ1| − |λn| ≥

(n− 2)
(√
|λ2λ3 · · ·λn−1|

) 1
n−2

√
n− 2

and therefore we obtain

E(G) ≥ |λ1|+ |λn|+ (n− 2)
( |det(A)|
|λ1||λn|

) 1
n−2

.

Put |λ1| = x and |λn| = y. We minimize the right side of the above function. Let

f(x, y) = x+ y + (n− 2)
( |det(A)|

xy

) 1
n−2

.

Then

fx = 1− | det(A)|
1

n−2 y(xy)
−(n−1)

n−2 , fy = 1− | det(A)|
1

n−2x(xy)
−(n−1)

n−2 ,

fxx = |det(A)|
1

n−2

(n− 1

n− 2

)
y2(xy)

−(2n−3)
n−2 , fyy = |det(A)|

1
n−2

(n− 1

n− 2

)
x2(xy)

−(2n−3)
n−2

and

fxy = |det(A)|
1

n−2
(xy)

−(n−1)
n−2

n− 2
.

To find the maxima or minima, use the equations fx = 0 and fy = 0 which gives

xy
1

n−1 = |det(A)|
1

n−1 and yx
1

n−1 = |det(A)|
1

n−1 .

Solving these equations gives x = |det(A)| 1n and y = |det(A)| 1n . At this point, the values of

fxx, fyy, fxy and ∆ = fxxfyy − (fxy)2 are

fxx = fyy =
(n− 1

n− 2

)
|det(A)|

−1
n ,

fxy =
1

n− 2
|det(A)|

−1
n

and

∆ =
( n

n− 2

)
|det(A)|

−2
n ≥ 0,
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for all n 6= 2. The minimum value is then equal to

f
(
|det(A)| 1n , |det(A)| 1n

)
= n|det(A)| 1n .

But |det(A)| 1n ≤ 2m
n ≤ |λ1| ≤

√
2m and 0 ≤ |λn| ≤ | det(A)| 1n ≤ 2m

n ≤
√

2m. For 2m ≥ n,

f(x, y) increases in the intervals |det(A)| 1n ≤ 2m
n ≤ x ≤

√
2m and 0 ≤ y ≤ | det(A)| 1n ≤ 2m

n ≤√
2m, i.e., f(x, y) increases in the intervals |det(A)| 1n ≤ 2m

n ≤ |λ1| ≤
√

2m and 0 ≤ |λn| ≤
|det(A)| 1n ≤ 2m

n ≤
√

2m. Thus

f
(
|λ1|, |λn|

)
≥ f

(
2m
n ,

2m
n

)
≥ f

(
2m
n , |det(A)| 1n

)
≥ f

(
|det(A)| 1n , |det(A)| 1n

)
.

Hence we get

E(G) ≥ 2
(2m

n

)
+

(n− 2)|det(A)|
1

n−2(
2m
n

) 2
n−2

.

Also

(i) If G is isomorphic to
n

2
K2 (n = 2m), then G has eigenvalues ±1 (with multiplicity n

2

each) implying E(G) = n.

(ii) If G is isomorphic to Kn,n, then G has eigenvalues ±n and 0 with multiplicity 2n− 2

giving E(G) = 2n.

Note that we can now prove that this bound improves the McClelland bound: Consider

the function

φ(m) = 2
(2m

n

)
+ (n− 2)

|det(A)|
1

(n−2)

2m
n

2
(n−2)

−
√

2m+ n(n− 1)|det(A)| 2n .

For a fixed n, we show that φ′(m) > 0 and φ′′(m) > 0 by differentiating in terms of m:

φ′(m) =
4

n
− 4|det(A)|

1
(n−2)

n
(

2m
n

) n
n−2

− 1√
2m+ n(n− 1)|det(A)| 2n

.

Since |det(A)| 1n ≤ 2m

n
, we get

|det(A)|
1

n−2(
2m
n

) n
n−2

≤ 1

n2

and as 2m ≥ n,
1√

2m+ n(n− 1)|det(A)| 1n
≤ 1

n2
.
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Thus φ′(x) > 0. Also

φ′′(m) =
4|det(A)|

1
(n−2)

(n− 2)
(

2m
n

) 2(n−1)
n−2

+
1

(2m+ n(n− 1)|det(A)| 2n )
3
2

.

Clearly φ′′(m) > 0. Thus φ(m) is an increasing function which implies that

2
(2m

n

)
+ (n− 2)

|det(A)|
1

n−2

2m
n

2
n−2

≥
√

2m+ n(n− 1)|det(A)| 1n .

The above bound in Theorem 4.3 can be minimized by differentiating with respect to m

to get the lower bound for E(G) in terms of n:

E(G) ≥ n|detA| 1n .

Table−1.2 below gives us an improvisation of the lower bound for the graph classes in

Figure−1

Graphs m n Energy McClelland Bound Improved McClelland Bound

Graph 1 3 4 4.472136 4.2426407 4.3333

Graph 2 4 4 4 2.8284271 4

Graph 3 2 4 4 4 4

Graph 4 3 4 4 2.4494897 3

Graph 5 5 5 6.472136 6.0324256 6.3811016

Graph 6 6 5 6.340173 3.4641016 4.8

Graph 7 5 5 5.841693 3.1622777 4

Graph 8 4 5 6 5.8643123 5.9630236

Graph 10 6 5 4.8990 3.4641016 4.8

Graph 11 4 5 4 2.8284271 3.2

Graph 12 4 5 5.2263 2.8284271 3.2

Graph 13 6 6 8 7.7215304 8

Graph 14 7 6 7.6568542 6.6332496 7.2852813

Graph 15 8 6 6.9282 4 5.333333

Graph 16 7 6 7.4641016 3.7416574 4.6666667

Graph 17 8 6 8.1826945 6.78233 7.7828231

Graph 18 8 6 8.0457827 4 5.3333333

Graph 19 7 6 7.6569 6.6332496 7.2852813

Table-1.2
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§5. Brief summary and conclusion

In this paper, we find some lower and upper bounds for the energy of graphs. Attempt-

s are continuously being made by researchers to improve these bounds. The lower and upper

bounds obtained in this paper are improved versions of McClelland and Koolen-Moulton bound-

s.
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Abstract In this paper, we study G-subalgebras and ideals of G-algebra based on the concept

of bipolar valued fuzzy sets. We give characterizations for bipolar valued fuzzy G-subalgebras.

We investigate the relation between a bipolar valued fuzzy G-subalgebras and a bipolar valued

fuzzy ideal of G-algebra.
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§1. Introduction

The concept of fuzzy sets was introduced by Zadeh [1] as a method for representing un-

certainty. A fuzzy set A in a space of points X is characterized by a membership function

which is denoted by fA(x) for any point x in X. This function is associated with a real number

ranging between 0 and 1. The value of the function fA at x represents the membership value

of x in A. Extensions of fuzzy sets were proposed to treat imprecision such as interval valued

fuzzy sets [2], intuitionistic fuzzy sets [3], L-fuzzy sets [4] and bipolar valued fuzzy sets [5], [6].

In [7], the authors investigates the similarities and differences between the representations of

interval-valued fuzzy sets, intuitionistic fuzzy sets and bipolar-valued fuzzy sets. Interval valued

fuzzy sets represents the membership degree by an interval value that reflects the uncertainty

in assigning membership degrees. Intuitionistic fuzzy sets describes membership degree with a

membership degree and a non-membership degree. In bipolar valued fuzzy sets, the member-

ship degrees represent the degree of satisfaction to the property corresponding to a fuzzy set

and its counter property. The membership degree in a bipolar valued fuzzy set range between

the interval [0, 1] and [−1, 0]. If the membership degree is 0 this means that the elements are

irrelevant to the corresponding property, if the membership degree is in the interval (0, 1] then

elements satisfy the property and if the membership lies in [−1, 0] then the elements satisfy

implicit counter property. Many studies have been done on bipolar fuzzy sets. For example,

in [8] bipolar fuzzy structure of BG-subalgebras has been studied. Also, the bipolar fuzzy

subalgebras and closed ideals of BCH-algebra and BCK/BCI-algebras has been introduced

in [9], [10] respectively. More precisely, fuzzy extensions has been investigated in G-algebra.

In [11] intuitionistic fuzzy G-subalgebras of G-algebras is considered and some characterization
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of intuitionistic fuzzy G-algebras are given. In [12] the L-fuzzification of G-subalgebras are

considered and a characterization of L-fuzzy G-algebras is given.

In this paper, we complete the studies of fuzzy extensions in G-algebra. We study G-

subalgebras and closed ideals of G-algebra based on bipolar valued fuzzy sets. The paper is

organized as follows: In Section 2, we give basic definitions and propositions on G-algebra and

fuzzy sets. In Section 3, we introduce bipolar valued fuzzy G-subalgebras and investigate some

of its properties. Moreover, we give characterizations for bipolar valued fuzzy G-subalgebras. In

Section 4, we introduce the notions of bipolar valued fuzzy ideals/closed ideals of G-algebra and

the relations between bipolar valued fuzzy G-subalgebras and bipolar valued fuzzy ideals/closed

ideals of G-algebra has been investigated.

§2. Preliminaries

Definition 2.1 [13, Definition 2.1] A G-algebra is a system (X, ∗, 0) where X is a non-

empty set, ∗ a binary operation and 0 a constant satisfying the following axioms:

(1) x ∗ x = 0,

(2) x ∗ (x ∗ y) = y, for all x, y ∈ X.

Proposition 2.2 [13, Proposition 2.1] If (X, ∗, 0) is a G-algebra, then the following con-

ditions hold:

(1) x ∗ 0 = x,

(2) 0 ∗ (0 ∗ x) = x, for any x ∈ X.

Proposition 2.3 [13, Proposition 2.2] Let (X, ∗, 0) be a G-algebra. Then, the following

conditions hold for any x, y ∈ X,

(1) (x ∗ (x ∗ y)) ∗ y = 0,

(2) x ∗ y = 0 =⇒ x = y,

(3) 0 ∗ x = 0 ∗ y =⇒ x = y.

Theorem 2.4 [13, Theorem 2.6] Let X be a G-algebra. Then the following are equivalent,

for all x, y, z ∈ X:

(1) (x ∗ y) ∗ z = (x ∗ z) ∗ y.

(2) (x ∗ y) ∗ (x ∗ z) = z ∗ y.

Theorem 2.5 [13, Theorem 2.7] Let X be a G-algebra. Then the following are equivalent,

for all x, y, z ∈ X:

(1) (x ∗ y) ∗ (x ∗ z) = z ∗ y.

(2) (x ∗ z) ∗ (y ∗ z) = x ∗ y.
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Lemma 2.6 [13, Lemma 2.1] Let (X, ∗, 0) be a G-algebra. Then a ∗ x = a ∗ y implies

x = y, for any a, x, y ∈ X.

Definition 2.7 [13, Definition 3.3] A G-algebra (X, ∗, 0) satisfying (x ∗ y) ∗ (z ∗ t) =

(x ∗ z) ∗ (y ∗ t) for any x, y, z and t ∈ X is called a medial G-algebra.

Lemma 2.8 [13, Lemma 3.1] If (X, ∗, 0) is a medial G-algebra then for any x, y and z

∈ X the following holds:

(1) (x ∗ y) ∗ x = 0 ∗ y.

(2) x ∗ (y ∗ z) = (x ∗ y) ∗ (0 ∗ z).

(3) x ∗ (y ∗ z) = (x ∗ z) ∗ y.

A non-empty subset S of a G-algebra X is called a subalgebra of X if x ∗ y ∈ S, for all

x, y ∈ S.
Definition 2.9 [1] Let X be the collection of objects x then a fuzzy set A in X is defined

as: A = {(x, fA(x)) | x ∈ X} where fA(x) is called the membership values of x in A and

fA(x) ∈ [0, 1].

Definition 2.10 [10] Let X be non-empty set with objects x. A bipolar fuzzy set f in

X is an object having the form f = {(x, f+(x), f−(x)) | x ∈ X}, where f+ : X → [0, 1] and

f− : X → [−1, 0] are maps.

If f+(x) 6= 0 and f−(x) = 0 then x is regarded as having only positive satisfaction degree

to the property corresponding to the bipolar fuzzy set f. If f+(x) = 0 and f−(x) 6= 0 then x

does not satisfy the property of f and satisfies the counter property of f. For an element x, it

possible to have f+(x) 6= 0 and f−(x) 6= 0 which means that the membership function of the

property overlaps of its counter property over some elements of X.

If f1 = {(x, f+1 (x), f−1 (x))} and f2 = {(x, f+2 (x), f−2 (x))} are two bipolar fuzzy sets on X

then the intersection and the union of two bipolar fuzzy sets are given as follows:

f1 ∩ f2 = (f+1 (x) ∩ f+2 (x), f−1 (x) ∩ f−2 (x))

= {min{f+1 (x), f+2 (x)},max{f−1 (x), f−2 (x)}},

f1 ∪ f2 = (f+1 (x) ∪ f+2 (x), f−1 (x) ∪ f−2 (x))

= {max{f+1 (x), f+2 (x)},min{f−1 (x), f−2 (x)}}.

§3. Bipolar fuzzy G-subalgebra

In this section we introduce bipolar fuzzy G-subalgebras and we give characterizations

of it with examples. For the rest of the paper we will denote the bipolar valued fuzzy set

f = {(x, f+(x), f−(x)) | x ∈ X} by f = (f+, f−) and X for the system (X, ∗, 0) for shortness.

Definition 3.1 Let f be a fuzzy set in a G-algebra X. Then f is called a fuzzy G-subalgebra

of X if, f(x ∗ y) ≥ min{f(x), f(y)}, for all x, y ∈ X, where f(x) is the membership value of x

in X.

Definition 3.2 Let X be a G-algebra and let f be a bipolar fuzzy set in X. Then the f is

a bipolar fuzzy G-subalgebra if, for all x, y ∈ X the following are satisfied:
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(1) f+(x ∗ y) ≥ min{f+(x), f+(y)},

(2) f−(x ∗ y) ≤ max{f−(x), f−(y)}.

Example 3.3 Consider the G-algebra X where X = {0, 1, 2} and ∗ is defined by Cayley

Table 1. Let f = (f+, f−) be a bipolar fuzzy set in X where f+ and f− are defined as follows:

Table 1:

∗ 0 1 2

0 0 2 1

1 1 0 2

2 2 1 0

f+(x) =

 0.66, x ∈ {0, 2};

0.51, x = 1.

f−(x) =

 −0.57, x ∈ {0, 2};

−0.36, x = 1.

Then f is not a bipolar fuzzy G-subalgebra of X as f+(0 ∗ 2) = f+(1) = 0.51 whereas

min{f+(0), f+(2)} = min{0.66, 0.66} = 0.66 i.e. f+(0 ∗ 2) 6≥ min{f+(0), f+(2)}.
Example 3.4 Consider the G-algebra X where X = {0, 1, 2, 3, 4, 5, 6, 7} and ∗ is defined

by Cayley Table 2. Let f = (f+, f−) be bipolar fuzzy set in X where f+ and f− are defined by:

Table 2:

∗ 0 1 2 3 4 5 6 7

0 0 2 1 3 4 5 6 7

1 1 0 3 2 5 4 7 6

2 2 3 0 1 6 7 4 5

3 3 2 1 0 7 6 5 4

4 4 5 6 7 0 2 1 3

5 5 4 7 6 1 0 3 2

6 6 7 4 5 2 3 0 1

7 7 6 5 4 3 2 1 0

f+(x) =

 0.74, x ∈ {0, 1, 2, 3};

0.52, otherwise.
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f−(x) =

 −0.57, x ∈ {0, 1, 2, 3};

−0.36, otherwise.

Then by direct computations we find that f is a bipolar fuzzy G-subalgebra of X.

In the next theorems we give characterizations for a bipolar fuzzy set of a G-algebra to be

a bipolar fuzzy G-subalgebra.

Theorem 3.5 Let A be a non-empty subset of a G-algebra X and let f = (f+, f−) be a

bipolar fuzzy set in X defined by

f+(x) =

 γ1, if x ∈ A;

γ2, otherwise,

f−(x) =

 δ1, if x ∈ A;

δ2, otherwise,

where γ1 ≥ γ2 in [0, 1] and δ1 ≤ δ2 in [−1, 0]. Then f is a bipolar fuzzy G-subalgebra of X if

and only if A is a G-subalgebra of X.

Proof. ”⇒”. Suppose that f is a bipolar fuzzy G-subalgebra of X. For x, y ∈ A we have

f+(x ∗ y) ≥ min{f+(x), f+(y)} = min{γ1, γ1} = γ1 and f−(x ∗ y) ≤ max{f−(x), f−(y)} =

max{δ1, δ1}. Hence, x ∗ y ∈ A and so A is a G-subalgebra.

”⇐”. Suppose A is a G-subalgebra of X. We have the following cases:

Case(1) x and y ∈ A. If x, y ∈ A then x ∗ y ∈ A. Hence f+(x ∗ y) = γ1 = min{f+(x), f+(y)}
and f−(x ∗ y) = δ1 = max{f−(x), f−(y)}.

Case(2) x 6∈ A or y 6∈ A. If x 6∈ A or y 6∈ A then f+(x ∗ y) ≥ γ2 = min{f+(x), f+(y)}
and f−(x ∗ y) ≤ δ2 = max{f−(x), f−(y)}. Hence, in both cases, f is a bipolar fuzzy

G-subalgebra of X.

Theorem 3.6 Let X be a medial G-algebra and A a non-empty subset of X. If f =

(f+, f−) is a bipolar fuzzy set in X defined by:

f+(x) =

 γ1, if for a ∈ A, x ∗ a = (0 ∗ a) ∗ (0 ∗ x);

γ2, otherwise,

f−(x) =

 δ1, if for a ∈ A, x ∗ a = (0 ∗ a) ∗ (0 ∗ x);

δ2, otherwise,

where x ∈ X, γ1 ≥ γ2 in [0, 1] and δ1 ≤ δ2 in [−1, 0]. Then f is a bipolar fuzzy G-subalgebra of

X.

Proof. Let x, y ∈ X and a ∈ A.Then (x ∗ y) ∗ a = 0 ∗ (0 ∗ (x ∗ y)) ∗ a = (0 ∗ a) ∗ (0 ∗ (x ∗ y)) as

X is medial. We consider two cases.
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Case(1) If x ∗ a = (0 ∗ a) ∗ (0 ∗ x) and y ∗ a = (0 ∗ a) ∗ (0 ∗ y) and so f+(x ∗ y) = γ1 =

min{f+(x), f+(y)} and f−(x ∗ y) = δ1 = max{f−(x), f−(y)}.

Case(2) If x∗a 6= (0∗a)∗(0∗x) or y∗a 6= (0∗a)∗(0∗y). Then f+(x∗y) ≥ γ2 = min{f+(x), f+(y)}
and f−(x ∗ y) ≤ δ2 = max{f−(x), f−(y)}.

Hence f is a bipolar fuzzy G-subalgebra of a medial G-algebra.

Proposition 3.7 Let f = (f+, f−) be a bipolar fuzzy G-subalgebra in a G-algebra X.

Then, for x ∈ X, f+(0) is an upper bound of f+(x) and f−(0) is a lower bound of f−(x).

Proof. Let x ∈ X. Then, as f is a bipolar fuzzy G-subalgebra in X, we have f+(0) = f+(x∗x) ≥
min{f+(x), f+(x)} = f+(x) and f−(0) = f−(x∗x) ≤ max{f−(x), f−(x)} = f−(x). This proves

the proposition.

Theorem 3.8 Let f = (f+, f−) be a bipolar fuzzy G-subalgebra in X. If there exists a se-

quence xn in X where n is positive integer such that limx→∞ f+(xn) = 1 and limx→∞ f−(xn) =

−1, then f+(0) = 1 and f−(0) = −1.

Proof. From Proposition 3.7, f+(0) ≥ f+(x), for all x ∈ X and so f+(0) ≥ f+(xn). Therefore,

1 ≥ f+(0) ≥ limx→∞ f+(xn). As limx→∞ f+(xn) = 1 we have f+(0) = 1. Similarly, we can

show that f−(0) = −1.

Proposition 3.9 Let f = (f+, f−) be a bipolar fuzzy G-subalgebra in X. Then, for all

x ∈ X, f+(0 ∗ x) ≥ f+(x) and f−(0 ∗ x) ≤ f−(x).

Proof. For x ∈ X, we have f+(0 ∗ x) ≥ f+(x) as f+(0 ∗ x) ≥ min{f+(0), f+(x)} = min{f+(x ∗
x), f+(x)} ≥ min{min{f+(x), f+(x)}, f+(x)} = f+(x). It can be shown that f−(0∗x) ≤ f−(x)

similarly.

Next we show that the intersection of two bipolar fuzzy G-subalgebras is a bipolar fuzzy

G-subalgebra.

Theorem 3.10 Let f1 = (f+1 , f
−
1 ) and f2 = (f+2 , f

−
2 ) be two bipolar fuzzy G-subalgebras

in a G-algebra X. Then f1 ∩ f2 is a bipolar fuzzy G-subalgebra in X.

Proof. Suppose that f1 and f2 are bipolar fuzzy G-subalgebras in X and let x and y ∈ f1 ∩ f2.
Then x, y ∈ f1 and x, y ∈ f2. We have f1 ∩ f2 = (f+1 ∩ f

+
2 , f

−
1 ∩ f

−
2 ) where

f+1 ∩ f
+
2 = min{f+1 (x ∗ y), f+2 (x ∗ y)}

≥ min{min{f+1 (x), f+1 (y)},min{f+2 (x), f+2 (y)}}

= min{min{f+1 (x), f+2 (x)},min{f+1 (y), f+2 (y)}}

= min{f+1 ∩ f
+
2 (x), f+1 ∩ f

+
2 (y)},

f−1 ∩ f
−
2 = max{f−1 (x ∗ y), f−2 (x ∗ y)}

≤ max{max{f−1 (x), f−1 (y)},max{f−2 (x), f−2 (y)}}

= max{max{f−1 (x), f−2 (x)},max{f−1 (y), f−2 (y)}}

= max{f−1 ∩ f
−
2 (x), f−1 ∩ f

−
2 (y)}.
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The union of two bipolar fuzzy G-subalgebras need not be a bipolar fuzzy G-subalgebra

as shown in the next example.

Example 3.11 Consider the G-algebra X where X = {0, 1, 2, 3, 4, 5, 6, 7} with Cayley

Table 2. Let f1 = (f+1 , f
−
1 ) and f2 = (f+2 , f

−
2 ) be bipolar fuzzy sets in X where f+1 , f−1 , f+2 and

f−2 are defined as follows:

f+1 (x) =

 0.74, x ∈ {0, 1, 2, 3};

0.52, otherwise,

f−1 (x) =

 −0.57, x ∈ {0, 3};

−0.11, otherwise.

f+2 (x) =

 0.84, x ∈ {0, 4};

0.30, otherwise,

f−2 (x) =

 −0.30, x ∈ {0, 1, 2, 3};

−0.20, otherwise.

Using Theorem 3.5, we know that f1 and f2 are bipolar fuzzy G-subalgebras. We have

f+1 ∪ f
+
2 (3 ∗ 4) = max{f+1 (3 ∗ 4), f+2 (3 ∗ 4)} = max{f+1 (7), f+2 (7)} = max{0.52, 0.30} = 0.52

whereas min{f+1 ∪ f
+
2 (3), f+1 ∪ f

+
2 (4)} = min{0.74, 0.84} = 0.74 and hence f+1 ∪ f

+
2 (3 ∗ 4) =

0.52 6≥ 0.74 = min{f+1 ∪ f
+
2 (3), f+1 ∪ f

+
2 (4)}. This proves that the union of two bipolar fuzzy

G-subalgebras need not be a bipolar fuzzy G-subalgebra.

§4. Bipolar fuzzy ideal

In this section we introduce the bipolar fuzzy ideal and study some of its properties then

we investigate the relation between bipolar fuzzy G-subalgebra and Bipolar fuzzy ideal/closed

ideal.

Definition 4.1 A subset I of a G-algebra X is called an ideal of X if:

(1) 0 ∈ I,

(2) x ∗ y ∈ I and y ∈ I implies x ∈ I.

An ideal I is said to be a closed ideal of X if x ∈ I implies 0 ∗ x ∈ I.
Definition 4.2 A bipolar fuzzy set f = (f+, f−) in a G-algebra X is called a bipolar fuzzy

ideal of X if:

(1) f+(0) ≥ f+(x) and f−(0) ≤ f−(x),

(2) f+(x) ≥ min{f+(x ∗ y), f+(y)},

(3) f−(x) ≤ max{f−(x ∗ y), f−(y)}.
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Definition 4.3 A bipolar fuzzy set f = (f+, f−) in a G-algebra X is called a bipolar fuzzy

closed ideal of X if:

(1) f+(0 ∗ x) ≥ f+(x) and f−(0 ∗ x) ≤ f−(x),

(2) f+(x) ≥ min{f+(x ∗ y), f+(y)},

(3) f−(x) ≤ max{f−(x ∗ y), f−(y)}.

Proposition 4.4 Let f = (f+, f−) be a bipolar fuzzy ideal of a G-algebra X. If x ∗ y = 0

then f+(x) ≥ f+(y) and f−(x) ≤ f−(y).

Proof. The proof is direct.

Theorem 4.5 Every bipolar fuzzy ideal of a G-algebra X is a bipolar fuzzy G-subalgebra

of X.

Proof. Let f = (f+, f−) be a bipolar fuzzy ideal of a G-algebra X. As x ∗ (x ∗ y) ∗ y = 0

then from Proposition 4.4, f+(x ∗ (x ∗ y)) ≥ f+(y) and f−(x ∗ (x ∗ y)) ≤ f−(y). Hence, using

Definition 4.2, f+(x∗ (x∗y)) ≥ f+(y) ≥ min{f+(x∗ (x∗y)∗y), f+(y)} = min{f+(0), f+(y)} ≥
min{f+(x), f+(y)}. We also have f−(x ∗ (x ∗ y)) ≤ f−(y) ≤ max{f−(x ∗ (x ∗ y) ∗ y), f−(y)} =

max{f−(0), f−(y)} ≤ max{f−(x), f−(y)}. Therefore f is a bipolar fuzzy G-subalgebra.

Proposition 4.6 Every bipolar fuzzy G-subalgebra satisfying f+(x) ≥ min{f+(x∗y), f+(y)}
and f−(x) ≤ max{f−(x ∗ y), f−(y)} is a bipolar fuzzy closed ideal.

Proof. Direct to prove.

Theorem 4.7 Let f = (f+, f−) be a bipolar fuzzy G-subalgebra of a medial G-algebra X

such that for x, y ∈ X, f+(y ∗ x) ≥ f+(x ∗ y) and f−(y ∗ x) ≥ f−(x ∗ y) then f is a bipolar

fuzzy closed ideal of X.

Proof. As x = x∗0 we have f+(x) = f+(x∗0) ≥ f+(0∗x) ≥ f+((y ∗y)∗x) ≥ f+((y ∗x)∗y) as

X is medial. Then f+((y ∗ x) ∗ y) ≥ min{f+(y ∗ x), f+(y)} ≥ min{f+(x ∗ y), f+(y)}. Similarly

f−(x) ≤ max{f−(x ∗ y), f−(y)}. Hence with Proposition 3.9, f is a bipolar fuzzy closed ideal

of X.
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§1. Introduction and preliminaries

In general topology, the arbitrary intersection of open sets is not open and the arbitrary

union of closed sets is not closed. These properties motivated Maki [9] to introduce the concepts

of ∧-sets and ∨-sets in topological spaces. Several topologists like Miguel Caldas Cueva, Saeid

Jafari, Govindappa Navalagi, Erdal Ekici, Noiri, Baker, Moshokoa and Julian Dontchev [3–7]

have contributed more articles on the above sets.

Recently, In 2008, Erdal Ekici [8] introduced a new class of generalized open sets called

e-open sets into the field of topology. This class is a subset of the class of semipreopen sets [2].

In this paper to introduce the concept of ∧e-sets (resp. ∨e-sets) which is the intersection of

e-open (resp. the union of e-closed) sets. We also investigate the notions of generalized ∧e-sets

and generalized ∨e-sets in a topological space (X, τ). Moreover, we present a new topology

τ∧e on (X, τ) by utilizing the notions of ∧e-sets and ∨e-sets. In this connection, we examine

some of the properties of this new topology.

Throughout the present paper, the spaces X and Y mean topological spaces. For a subset

A of a space X, Cl(A) and Int(A) represent the closure of A and the interior of A, respectively.

A subset A of a space X is said to be regular open (regular closed) if A = Int(Cl(A)) (resp.

A = Cl(Int(A))) [10]. The δ-interior of a subset A of X is the union of all regular open sets of

X contained in A and it is denoted by Intδ(A) [11]. A subset A is called δ-open if A = Intδ(A).

The complement of a δ-open set is called δ-closed. The δ-closure of a set A in a space (X, τ)
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is defined by {x ∈ X : A ∩ Int(Cl(B)) 6= φ, B ∈ τandx ∈ B} and it is denoted by Clδ(A). A

subset A of a space (X, τ) is called e-open [8] if A ⊆ ClIntδ(A))∪IntClδ(A)) and e-closed [8] if

ClIntδ(A))∩ IntClδ(A)) ⊆ A. The e-closure of a set A, denoted by eCl(A), is the intersection

of all e-closed sets containing A. The e-interior of a set A denoted by eInt(A), is the union of

all e-open sets contained in A.

The family of all e-open (resp. e-closed) sets in (X, τ) will be denoted by eO(X, τ) (resp.

eC(X, τ)).

Proposition 1.1. [8]

(1) The union of any family of e-open sets is e-open.

(2) The intersection of an open and an e-open set is an e-open set.

Lemma 1.1. [8] The e-closure eCl(A) is the set of all x ∈ X such that O ∩ A 6= φ for

every O ∈ eO(X, x), where eO(X, x) = {U | x ∈ U, U ∈ eO(X, τ)}.
Definition 1.1. [9] Let X be a space and A ⊆ X. Then A∨ =

⋃
{F : F ⊆ A and F is

closed } and A∧ =
⋂
{U : A ⊆ U and U is open }. Moreover, A is said to be ∨-set if A = A∨

and A is said to be ∧-set if A = A∧.

§2. ∧e-sets and ∨e-sets
Definition 2.1. Let A be a subset of a topological space (X, τ). We define the subsets

A∧e and A∨e as follows:

A∧e =
⋂
{O \ O ⊇ A, O ∈ eO(X, τ)} and A∨e =

⋃
{F \ F ⊆ A, F c ∈ eO(X, τ)}.

Proposition 2.1. Let A, B and {Bλ : λ ∈ Ω} be subsets of a topological space (X, τ).

Then the following properties are valid:

(i) φ∨e = φ and φ∧e = φ.

(ii) X∨e = X and X∧e = X.

(iii) B ⊆ B∧e .

(iv) If A ⊆ B, then A∧e ⊆ B∧e and A∨e ⊆ B∨e .

(v) B∨b ⊆ B.

(vi) (B∧e)∧e = B∧e and (B∨e)∨e = B∨e .

(vii)

[ ⋃
λ∈Ω

Bλ

]∧e

=
⋃
λ∈Ω

B∧e

λ .

(viii) If A ∈ eO(X, τ), then A = A∧e .

(ix) (Bc)∧e = (B∨e)c.

(x) If B ∈ eC(X, τ), then B = B∨e .
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(xi)

[ ⋂
λ∈Ω

Bλ

]∧e

⊆
⋂
λ∈Ω

B∧e

λ ,

[ ⋂
λ∈Ω

Bλ

]∨e

⊆
⋂
λ∈Ω

B∨e

λ .

(xii)

[ ⋃
λ∈Ω

Bλ

]∨e

⊇
⋃
λ∈Ω

B∨e

λ .

(xiii) B∨e ⊆ B∨ and B∧e ⊇ B∧.

Proof. The proofs of (i), (ii), (iii) and (v) are clear by Definition 2.1.

(iv) Suppose that x /∈ B∧e . Then there exists a subset O ∈ eO(X, τ) such that O ⊇ B

with x /∈ O. Since B ⊇ A, thus x /∈ A∧e and thus A∧e ⊆ B∧e . Similarly A∨e ⊆ B∨e .

(vi) Follows from (iii), (v) and Definition 2.1.

(vii) Suppose that there exists a point x such that x /∈
[ ⋃
λ∈Ω

Bλ

]∧e

. Then, there exists a

subset O ∈ eO(X, τ) such that
⋃
λ∈Ω

Bλ ⊆ O and x /∈ O. Thus, for each λ ∈ Ω we have x /∈ B∧e

λ .

This implies that x /∈
⋃
λ∈Ω

B∧e

λ .

Conversely, suppose that there exists a point x ∈ X such that x /∈
⋃
λ∈Ω

B∧e

λ . Then by

Definition 2.1, there exists subsets Oλ ∈ eO(X, τ) (for each λ ∈ Ω) such that x /∈ Oλ, Bλ ⊆ Oλ.
Let O =

⋃
λ∈Ω

Oλ. Then we have that x /∈
⋃
λ∈Ω

Oλ,
⋃
λ∈Ω

Bλ ⊆ O and O ∈ eO(X, τ). This

implies that x /∈
[ ⋃
λ∈Ω

Bλ

]∧e

. Thus the proof of (vii) is complete.

(viii) By Definition 2.1 and since A ∈ eO(X, τ), we have A∧e ⊆ A. By (iii), we have that

A∧e = A.

(ix) (B∨e)c =
⋂
{F c/F c ⊇ Bc, F c ∈ eO(X, τ)} = (Bc)∧e .

(x) If B ∈ eC(X, τ), then Bc ∈ eO(X, τ). By (vii) and (viii), Bc = (Bc)∧e = (B∨e)c.

Hence B = B∨e .

(xi) Suppose that there exists a point x such that x /∈
⋂
λ∈Ω

B∧e

λ . Then, there exists λ ∈ Ω

such that x /∈ B∧e

λ . Hence there exists O ∈ eO(X, τ) such that O ⊇ Bλ and x /∈ O. Thus

x /∈
[ ⋂
λ∈Ω

Bλ

]∧e

. This implies that

[ ⋂
λ∈Ω

Bλ

]∧e

⊆
⋂
λ∈Ω

B∧e

λ . Similarly, we can easily prove that[ ⋂
λ∈Ω

Bλ

]∨e

⊆
⋂
λ∈Ω

B∨e

λ .

(xii)

[ ⋃
λ∈Ω

Bλ

]∨e

=

[(( ⋃
λ∈Ω

Bλ

)c)∧e
]c

=

[( ⋂
λ∈Ω

Bcλ

)∧e
]c

⊇
[ ⋂
λ∈Ω

(Bcλ)
∧e

]c
=

[ ⋂
λ∈Ω

(
B∨e

λ

)c]c
=
⋃
λ∈Ω

B∨e

λ (By (viii) and (xi)).
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(xiii) Follows from Definition 1.1 and Definition 2.1.

Definition 2.2. In a topological space (X, τ), a subset B is a ∧e-set (resp. ∨e-set of

(X, τ)), if B = B∧e(resp. B = B∨e). By ∧e(resp. ∨e), we denote the family of all ∧e-sets

(resp. ∨e-sets) of (X, τ).

Remark 2.1. By Proposition 2.1 (vii) and (x), we have that :

(i) If B ∈ eO(X, τ), then B is a ∧e-set.

(ii) If B ∈ eC(X, τ), then B is a ∨e-set.

The converses of the above Remark 2.1 need not be true as shown by the following examples.

Example 2.1. Let X = {a, b, c} and τ = {X, φ, {a}, {b}, {a, b}}, then

(i) {a, b} is a ∧e-set in (X, τ) but it is not eO(X, τ).

(ii) {c} is a ∨e-set in (X, τ) but it is not eC(X, τ).

Theorem 2.1.

(i) The subsets φ and X are ∧e-sets and ∨e-sets.

(ii) Every union of ∧e-sets (resp.∨e-sets) is a ∧e-sets (resp.∨e-sets).

(iii) Every intersection of ∧e-sets (resp. ∨e-sets) is a ∧e-sets (resp. ∨e-sets).

(iv) A subset B is a ∧e-set if and only if Bc is a∨e-set.

Proof. (i) and (iv) are obvious.

(ii) Let {Bλ : λ ∈ Ω} be a family of ∧e-sets in a topological space (X, τ). Then by

Definition 2.2 and Propostion 2.1(vii),⋃
λ∈Ω

Bλ =
⋃
λ∈Ω

B∧e

λ = [
⋃
λ∈Ω

Bλ]∧e .

(iii) Let {Bλ : λ ∈ Ω} be a family of ∧e-sets in (X, τ). Then by Proposition 2.1 (xi) and

Definition 2.2,

[
⋂
λ∈Ω

Bλ]∧e ⊆
⋂
λ∈Ω

B∧e

λ =
⋂
λ∈Ω

Bλ.

Hence by Proposition 2.1 (iii),
⋂
λ∈Ω

Bλ = [
⋂
λ∈Ω

Bλ]∧e .

Remark 2.2 By Theorem 2.1, ∧e (resp. ∨e) is a topology on X containing all e-open

(resp. e-closed) sets. Clearly (X, ∧e) and (X, ∨e) are Alexandroff spaces [1], i.e, arbitrary

intersections of open sets are open.

Definition 2.3. A topological space (X, τ) is said to be e-T1 if for each pair of distinct

points x and y of X, there exists a e-open set Ux containing x but not y and an e-open set

Uy containing y but not x. It is obvious that (X, τ) is e-T1 if and only if for each x ∈ X, the

singleton {x} is e-closed.

Theorem 2.2. For a topological space (X, τ), the following properties are equivalent:

(i) (X, τ) is e-T1.
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(ii) Every subset of X is a ∧e-set.

(iii) Every subset of X is a ∨e-set.

Proof. It is obvious that (ii) ⇔ (iii).

(i) ⇒ (iii) : Let A be any subset of X. Since A =
⋃
{ {x} | x ∈ A}, A is the union of

e-closed sets, hence a ∨e-set.

(iii) ⇒ (i) : Since by (iii), we have that every singleton is a union of e-closed sets, i.e. it is

e-closed, then (X, τ) is a e-T1 space.

§3. g∧e-sets and g∨e-sets
In this section, by using the ∧e-operator and ∨e-operator, we introduce the classes of

generalized ∧e-sets (= g∧e-sets) and generalized ∨e-sets (= g∨e-sets) as an analogy of the sets

introduced by Maki [9].

Definition 3.1. In a topological space (X, τ), a subset B is called a g∧e-set of (X, τ)

if B∧e ⊆ F whenever B ⊆ F and F is e-closed.

Definition 3.2. In a topological space (X, τ), a subset B is called a g∨e-set of (X, τ)

if Bc is a g∧e-set of (X, τ).

Remark 3.1. We shall see, however, that we obtain nothing new according to the

following results.

Proposition 3.1. For a subset B of a topological space (X, τ), the following properties

hold:

(i) B is a g∧e-set if and only if B is a ∧e-set.

(ii) B is a g∨e-set if and only if B is a ∨e-set.

Proof. (i) Every ∧e-set is g∧e-set. Now, let B be a g∧e-set. Suppose that x ∈ B∧e\B. Since

for each x ∈ X, the singleton {x} is e-open or e-closed. If {x} is e-open, then X\{x} is e-closed.

Since B ⊆ X\{x}, we have B∧e ⊆ X\{x} which is a contradiction. If {x} is e-closed, X\{x}
is e-open and B ⊂ X\{x}. Therefore, we have B∧e ⊂ X\{x}. This is a contradiction. Hence

B∧e = B and B is a ∧e-set.

(ii) This is proved in a similar way.

§4. The associated topology τ∧e

In this section, we define a closure operator C∧e and the associated topology τ∧e on the

topological space (X, τ) by using the family of ∧e-sets.

Definition 4.1. For any subset B of a topological space (X, τ), define

C∧e(B) =
⋂
{U : B ⊆ U, U ∈ ∧e} and Int∨e(B) =

⋃
{F : B ⊇ U, F ∈ ∨e}.

Proposition 4.1. For any subset B of a topological space (X, τ),

(a) B ⊆ C∧e(B).
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(b) C∧e(Bc) = (Int∨e(B))c.

(c) C∧e(φ) = φ.

(d) Let {Bλ : λ ∈ Ω} be a family of (X, τ). Then
⋃
λ∈Ω

C∧e(Bλ) = C∧e(
⋃
λ∈Ω

Bλ).

(e) C∧e(C∧e(B)) = C∧e(B).

(f) If A ⊆ B, then C∧e(A) ⊆ C∧e(B).

(g) If B is a ∧e-set, then C∧e(B) = B.

(h) If B is a ∨e-set, then Int∨e(B) = B.

Proof. (a), (b) and (c): Clear.

(d) Suppose that there exists a point x such that x /∈ C∧e(
⋃
λ∈Ω

Bλ). Then, there exists a

subset U ∈ ∧e such that
⋃
λ∈Ω

Bλ ⊆ U and x /∈ U . Thus, for each λ ∈ Ω we have x /∈ C∧e(Bλ).

This implies that x /∈
⋃
λ∈Ω

C∧e(Bλ).

Conversely, we suppose that there exists a point x ∈ X such that x /∈
⋃
λ∈Ω

C∧e(Bλ). Then,

there exists subsets Uλ ∈ ∧e for all λ ∈ Ω, such that x /∈ Uλ, Bλ ⊆ Uλ. Let U =
⋃
λ∈Ω

Uλ.

From this and Proposition 2.1(vi), we have that x /∈ U ,
⋃
λ∈Ω

Bλ ⊆ U and U ∈ ∧e. Thus,

x /∈ C∧e(
⋃
λ∈Ω

Bλ).

(e) Suppose that there exists a point x ∈ X such that x /∈ C∧e(B). Then, there exists a

subset U ∈ ∧e such that x /∈ U and U ⊇ B. Since U ∈ ∧e we have C∧e(B) ⊆ U . Thus, we

have x /∈ C∧e(C∧e(B)). Therefore C∧e(C∧e(B)) ⊆ C∧e(B). The converse containment relation

is clear by (a).

(f) Clear.

(g) By (a) and Definition 4.1, the proof is clear.

(h) By Definitin 4.1, (g) and (b) hold.

Then we have the following.

Theorem 4.1. C∧e is a Kuratowski closure operator on X.

Definition 4.2. Let τ∧e be the topology on X generated by C∧e in the usual manner,

i.e.,τ∧e = {B : B ⊆ X, C∧e(Bc) = Bc}. We define a family ρ∧e by ρ∧e = {B : B ⊆ X,

C∧e(B) = B}.
By Definition 4.2, ρ∧e = {B : B ⊆ X, Bc ∈ τ∧e}.
Proposition 4.2. Let (X, τ) be a topological space. Then,

(a) τ∧e = {B : B ⊆ X, Int∨e(B) = B}.

(b) ∧e = ρ∧e .

(c) ∨e = τ∧e .

(d) If eC(X, τ) = τ∧e , then every ∧e-set of (X, τ) is e-open (i. e., eO(X, τ) = ∧e).
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(e) If every ∧e-set of (X, τ) is e-open (i.e., ∧e ⊆ eO(X, τ)), then τ∧e = {B : B ⊆ X, B =

B∨e}.

(f) If every ∧e-set of (X, τ) is e-closed (i.e., ∧e ⊆ eC(X, τ)), then eO(X, τ) = τ∧e .

Proof. (a) By Definition 4.2 and Proposition 4.1, if A ⊆ X then A ∈ τ∧e if and only if

C∧e(Ac) = Ac, if and only if (Int∨e(A))c = Ac, if and only if Int∨e(A) = A if and only if

A ∈ {B : B ⊆ X, Int∨e(B) = B}.
(b) Let B be a subset of X. By Proposition 2.1 (viii), eO(X, τ) ⊆ ∧e and

C∧e(B) =
⋂
{U | B ⊆ U, U ∈ ∧e} ⊆

⋂
{U | B ⊆ U, U ∈ eO(X, τ)} = B∧e .

Therefore, we have C∧e(B) ⊆ B∧e . Now suppose that x /∈ C∧e(B). There exists U ∈ ∧e such

that B ⊆ U and x /∈ U . Since U ∈ ∧e, U = U∧e =
⋂
{V | U ⊆ V ∈ eO(X, τ)} and hence there

exists V ∈ eO(X, τ) such that U ⊆ V and x /∈ V . Thus x /∈ V and B ⊆ V ∈ eO(X, τ). This

shows that x /∈ B∧e . Therefore, B∧e ⊆ C∧e(B) and hence B∧e = C∧e(B), for any subset B of

X. By the definitions of ∧e and ρ∧e , we obtain ∧e = ρ∧e .

(c) Let B ∈ τ∧e . Then C∧e(Bc) = Bc and Bc ∈ ρ∧e . By (b) Bc ∈ ∧e and Bc = (Bc)∧e .

Therefore, by Proposition 2.1 (ix), Bc = (B∨e)c and B = B∨e . This shows that B ∈ ∨e.
Consequently, we obtain τ∧e ⊆ ∨e. Quite similary, we obtain τ∧e ⊇ ∨e and hence ∨e = τ∧e .

(d) Let B be any ∧e-set. i.e., B ∈ ∧e. By (b), B ∈ ρ∧e thus, Bc ∈ τ∧e . From the

assumption, we have, Bc ∈ eC(X, τ) and hence B ∈ eO(X, τ).

(e) Let A ⊆ X and A ∈ τ∧e . Then by Definitions 4.1 and 4.2,

Ac = C∧e(Ac)

=
⋂
{U : U ⊇ Ac, U ∈ ∧e}

=
⋂
{U : U ⊇ Ac, U ∈ eO(X, τ)}

= (Ac)∧e .

Using Proposition 2.1 (ix), we have A = A∨e . i. e., A ∈ {B : B ⊆ X,B = B∨e}.
Conversely, if A ∈ {B : B ⊆ X,B = B∨e} then by Proposition 3.1 (ii), A is a g∨e-set.

Thus A ∈ ∨e. By using (c), A ∈ τ∧e .

(f) Let A ⊆ X and A ∈ τ∧e . Then

A = (C∧e(Ac))c = (
⋂
{U : Ac ⊆ U, U ∈ ∧e})c =

⋃
{U c : U c ⊆ A,U ∈ ∧e}.

Conversely, if A ∈ eO(X, τ), then by (b), A ∈ ∧e. By assumption, A ∈ eC(X, τ). By using

(c), A ∈ τ∧e .

Proposition 4.3. If eO(X, τ) = τ∧e , then (X, τ∧e) is a discrete space.

Proof. Suppose that {x} is not e-open in (X, τ). Then {x} is e-closed in (X, τ). Thus {x} ∈ τ∧e

by Proposition 4.2 (c). Suppose that {x} is e-open in (X, τ), then {x} ∈ eO(X, τ) = τ∧e .

Therefore, every singleton {x} is τ∧e -open and hence every subset of X is τ∧e -open.

Conclusion: The concepts of ∧e-sets and ∨e-sets are used to characterize the e-closed

and e-open sets. Also the basic operators namely C∧e and Int∨e operators are studied using

the above sets.
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§1. Introduction

Šostak [11] introduced the notion of fuzzy topology as an extension of Chang [2] and

Lowen’s [8] fuzzy topology. Later on he has developed the theory of fuzzy topological spaces

in [12] and [13]. Popa [9] introduced the notion of rarely continuity as a generalization of weak

continuity [6] which has been further investigated by Long and Herrington [7] and Jafari [4,5].

Recently Vadivel and Elavarasan [16] introduced the concept of r-fuzzy regular semi open and

fuzzy regular semi continuous functions in fuzzy topological spaces in the sense of Šostak’s. In

this paper, we introduce the concepts of rarely fuzzy regular semi continuous functions in the

sense of Šostak’s [11] is introduced. Some interesting properties and characterizations of them

are investigated. Also, some applications to fuzzy compact spaces are established.

§2. Preliminaries

Throughout this paper, let X be a nonempty set, I = [0, 1] and I0 = (0, 1]. For

� ∈ IX , �(x) = � for all x ∈ X. For x ∈ X and t ∈ I0, a fuzzy point xt is defined by

xt(y) =

⎧

⎨

⎩

t if y = x

0 if y ∕= x.
Let Pt(X) be the family of all fuzzy points in X. A fuzzy point xt ∈ �

iff t < �(x). All other notations and definitions are standard, for all in the fuzzy set theory.
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Definition 2.1. [11] A function � : IX → I is called a fuzzy topology on X if it satisfies

the following conditions:

(O1) �(0) = �(1) = 1,

(O2) �(
⋁

i∈Γ
�i) ≥

⋀

i∈Γ
�(�i), for any {�i}i∈Γ ⊂ IX ,

(O3) �(�1 ∧ �2) ≥ �(�1) ∧ �(�2), for any �1, �2 ∈ IX .

The pair (X, �) is called a fuzzy topological space (for short, fts ). A fuzzy set � is called an

r-fuzzy open (r-fo, for short) if �(�) ≥ r. A fuzzy set � is called an r-fuzzy closed (r-fc, for

short) set iff 1− � is an r-fo set.

Theorem 2.1. [3] Let (X, �) be a fts. Then for each � ∈ IX and r ∈ I0, we define an

operator C� : IX × I0 → IX as follows: C� (�, r) =
⋀

{� ∈ IX : � ≤ �, �(1 − �) ≥ r}. For

�, � ∈ IX and r, s ∈ I0, the operator C� satisfies the following statements:

(C1) C� (0, r) = 0,

(C2) � ≤ C� (�, r),

(C3) C� (�, r) ∨ C� (�, r) = C� (� ∨ �, r),

(C4) C� (�, r) ≤ C� (�, s) if r ≤ s,

(C5) C� (C� (�, r), r) = C� (�, r).

Theorem 2.2. [3] Let (X, �) be a fts. Then for each � ∈ IX and r ∈ I0, we define

an operator I� : IX × I0 → IX as follows: I� (�, r) =
⋁

{� ∈ IX : � ≤ �, �(�) ≥ r}. For

�, � ∈ IX and r, s ∈ I0, the operator I� satisfies the following statements:

(I1) I� (1, r) = 1,

(I2) I� (�, r) ≤ �,

(I3) I� (�, r) ∧ I� (�, r) = I� (� ∧ �, r),

(I4) I� (�, r) ≤ I� (�, s) if s ≤ r,

(I5) I� (I� (�, r), r) = I� (�, r).

(I6) I� (1− �, r) = 1− C� (�, r) and C� (1− �, r) = 1− I� (�, r)

Definition 2.2. [10] Let (X, �) be a fts, � ∈ IX and r ∈ I0. Then

(1) a fuzzy set � is called r-fuzzy regular open (for short, r-fro) if � = I� (C� (�, r), r).

(2) a fuzzy set � is called r-fuzzy regular closed (for short, r-frc) if � = C� (I� (�, r), r).

Definition 2.3. [16] Let (X, �) be a fts and � ∈ IX , r ∈ I0. Then

(1) � is called r-fuzzy regular semi open (for short, r-frso) if there exists r-fro set � ∈ IX and

� ≤ � ≤ C� (�, r).
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(2) � is called r-fuzzy regular semi closed (for short, r-frsc) if there exists r-frc set � ∈ IX

and I� (�, r) ≤ � ≤ �.

(3) The r-fuzzy regular semi interior of �, denoted by RSI� (�, r), is defined by RSI� (�, r) =
⋁

{� ∈ IX ∣ � ≤ �, � is r-frso }.

(4) The r-fuzzy regular semi closure of �, denoted by RSC� (�, r) is defined by RSC� (�, r) =
⋀

{� ∈ IX ∣ � ≥ �, � is r-frsc }.

Definition 2.4. [15] Let f : (X, �) → (Y, �) be a function and r ∈ I0. Then f is called

fuzzy regular continuous if f−1(�) is r-fro set in IX for each � ∈ IY with �(�) ≥ r.

Definition 2.5. [16] Let (X, �) and (Y, �) be fts’s. Let f : X → Y be a mapping. Then

f is said to be:

(1) fuzzy regular semi irresolute (resp. fuzzy regular semi continuous) iff f−1(�) is r-frso for

each r-frso set � ∈ IY (resp. � ∈ IY , �(�) ≥ r).

(2) fuzzy regular semi irresolute open (resp. fuzzy regular semi open) iff f(�) is r-frso in Y

for each r-frso set � ∈ IX (resp. � ∈ IX , �(�) ≥ r).

(3) fuzzy regular semi irresolute closed (resp. fuzzy regular semi closed) iff f(�) is r-frsc in

Y for each r-frsc set � ∈ IX (resp. � ∈ IX , �(1− �) ≥ r).

(4) fuzzy regular semi irresolute homeomorphism iff f is bijective, f and f−1 are fuzzy regular

semi irresolute.

Definition 2.6. [1] Let (X, �) be a fts and r ∈ I0. For � ∈ IX , � is called an r-fuzzy rare

set if I� (�, r) = 0.

Definition 2.7. [1] Let (X, �) and (Y, �) be a fts’s. Let f : (X, �) → (Y, �) be a

function. Then f is called

(1) weakly continuous if for each � ∈ IY , where �(�) ≥ r, r ∈ I0, f
−1(�) ≤ I� (f

−1(C�(�, r)), r).

(2) rarely continuous if for each � ∈ IY , where �(�) ≥ r, r ∈ I0, there exists an r-fuzzy rare

set � ∈ IY with �+ C�(�, r) ≥ 1 and � ∈ IX , where �(�) ≥ r such that f(�) ≤ � ∨ �.

Proposition 2.1. [1] Let (X, �) and (Y, �) be any two fts’s, r ∈ I0 and f : (X, �) →

(Y, �) is fuzzy open and one-to-one, then f preserves r-fuzzy rare sets.

§3. Rarely fuzzy regular semi continuous functions

Definition 3.1. Let (X, �) and (Y, �) be a fts’s, and f : (X, �) → (Y, �) be a function.

Then f is called

(1) rarely fuzzy regular continuous [14] if for each � ∈ IY , where �(�) ≥ r, r ∈ I0, there

exists an r-fuzzy rare set � ∈ IY with � + C�(�, r) ≥ 1 and a r-fro set � ∈ IX such that

f(�) ≤ � ∨ �.
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(2) rarely fuzzy regular semi continuous if for each � ∈ IY , where �(�) ≥ r, r ∈ I0, there

exists an r-fuzzy rare set � ∈ IY with � + C�(�, r) ≥ 1 and an r-frso set � ∈ IX , such

that f(�) ≤ � ∨ �.

Remark 3.1.

(1) Every weakly continuous function is rarely continuous [1] but converse need not be true.

(2) Every fuzzy regular continuous function is fuzzy regular semi continuous but converse need

not be true.

(3) Every rarely fuzzy regular continuous function is rarely fuzzy regular semi continuous but

converse need not be true.

(4) Every fuzzy regular semi continuous function is rarely fuzzy regular semi continuous but

converse need not be true.

(5) Every rarely fuzzy regular continuous function is rarely continuous but converse need not

be true.

From the above definition and remarks it is not difficult to conclude that the following

diagram of implications is true.

Diagram - I


fr
-continuous
 frs
-continuous
 rarely
 frs
-continuous


weakly continuous
 rarely continuous
 rarely
 fr
-continuous


Example 3.1. Let X = {a, b, c} = Y , �, � ∈ IX , � ∈ IY with r ∈ I0 are defined as �(a) =

0.5, �(b) = 0.5, �(c) = 0.6; �(a) = 0.4, �(b) = 0.5, �(c) = 0.6; �(a) = 0.4, �(b) = 0.5, �(c) = 0.4.

We define smooth topologies �, � : IX → I as follows:

�(�) =

⎧











⎨











⎩

1 if � ∈ {0, 1},

1

3
if � = �,

1

3
if � = �,

0 otherwise.

�(�) =

⎧





⎨





⎩

1 if � ∈ {0, 1},

1

3
if � = �,

0 otherwise.

For r = 1

3
, then the function f is fuzzy regular semi continuous but not fuzzy regular continuous.

Since the fuzzy set � is r-fo set in Y , f−1(�) is r-frso set, because there exists a r-fro set � ∈ IX

such that � ≤ � ≤ C� (�, r). But � is not r-fro set.

Example 3.2. Let X = {a, b, c} = Y . Define �, � ∈ IX , �1 ∈ IY as follows: �(a) =

0.4, �(b) = 0.5, �(c) = 0.6; �(a) = 0.4, �(b) = 0.5, �(c) = 0.4; �1(a) = 0.8, �1(b) = 0.6, �1(c) =
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0.8. Define the fuzzy topologies �, � : IX → I as follows:

�(�) =

⎧











⎨











⎩

1 if � = 0 or 1,

1

2
if � = �,

1

2
if � = �,

0 otherwise,

�(�) =

⎧





⎨





⎩

1 if � = 0 or 1,

1

2
if � = �1,

0 otherwise.

Let r = 1/2. Let f : (X, �) → (Y, �) be defined by f(a) = a, f(b) = b, f(c) = c and �1 ∈ IY with

�(�1) ≥ r, �2 ∈ IY be an 1/2-fuzzy rare set defined by �2(a) = 0.6, �2(b) = 0.8, �2(c) = 0.8

and a r-frso set � ∈ IX is defined by �(a) = 0.5, �(b) = 0.5, �(c) = 0.6, f(�) = (0.5, 0.5, 0.6) ≤

�1 ∨ �2 = (0.8, 0.8, 0.8). Then f is rarely fuzzy regular semi continuous but not rarely fuzzy

regular continuous, because � ∈ IX is not r-fro set.

Example 3.3. In Example 3.2, f is fuzzy rarely continuous but not rarely fuzzy regular

continuous. Since �1 ∈ IY with �(�1) ≥ r, �2 ∈ IY be an 1/2-fuzzy rare set defined by

�2(a) = 0.6, �2(b) = 0.8, �2(c) = 0.8 and a r-fo set � with �(�) ≥ r, f(�) = (0.4, 0.5, 0.6) ≤

�1 ∨ �2 = (0.8, 0.8, 0.8) and also r-fo set � with �(�) ≥ r, f(�) = (0.4, 0.5, 0.4) ≤ �1 ∨ �2 =

(0.8, 0.8, 0.8).

Example 3.4. In Example 3.2, f is rarely fuzzy regular semi continuous but not fuzzy

regular semi continuous. Since �1 ∈ IY with �(�1) ≥ r, there exist a r-fro set � ∈ IX such that

� ≤ �1 ≰ C� (�, r), f
−1(�1) is not r-fuzzy regular semiopen set in X.

Definition 3.2. Let (X, �) and (Y, �) be a fts’s, and f : (X, �) → (Y, �) be a function.

Then f is called weakly fuzzy regular semi continuous if for each r-frso set � ∈ IY , r ∈ I0,

f−1(�) ≤ I� (f
−1(C�(�, r)), r).

Definition 3.3. A fts (X, �) is said to be fuzzy RST1/2-space if every r-frso set � ∈

IX , r ∈ I0 is r-fro set.

Theorem 3.1. Let (X, �) and (Y, �) be any two fuzzy topological spaces. If f : (X, �) →

(Y, �) is both fuzzy regular semi open, fuzzy regular semi irresolute and (X, �) is fuzzy RST1/2

space, then it is weakly fuzzy regular semi continuous.

Proof. Let � ∈ IX , r ∈ I0 with �(�) ≤ r. Since f is fuzzy regular semi open f(�) ∈ IY

is r-frso. Also, since f is fuzzy regular semi irresolute, f−1(f(�)) ∈ IX is r-frso set. Since

(X, �) is fuzzy RST1/2 space, every r-frso set is r-fro set and also every r-fro set is r-fo set,

now, �(f−1(f(�))) ≥ r. Consider f−1(f(�)) ≤ f−1(C�(f(�), r)) from which I� (f
−1(f(�)), r) ≤

I� (f
−1(C�(f(�), r)), r). Since �(f−1(f(�))) ≥ r, f−1(f(�)) ≤ I� (f

−1(C�(f(�), r)), r). Thus f

is weakly fuzzy regular semi continuous.

Definition 3.4. Let (X, �) be a fts. A FRS-open cover of (X, �) is the collection

{�i ∈ IX , �i is r-frso, i ∈ J} such that
⋁

i∈J �i = 1.

Definition 3.5. A fts (X, �) is said to be FRS-compact space if every FRS-open cover

of (X, �) has a finite sub cover.

Definition 3.6. A fts (X, �) is said to be rarely FRS-almost compact if every FRS-open

cover {�i ∈ IX , �i is r-frso, i ∈ J} of (X, �), there exists a finite subset J0 of J such that
⋁

i∈J �i ∨ �i = 1 where �i ∈ IX are r-fuzzy rare sets.
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Theorem 3.2. Let (X, �) and (Y, �) be any two fts’s, r ∈ I0 and f : (X, �) → (Y, �)

be rarely fuzzy regular semi continuous. If (X, �) is FRS-compact then (Y, �) is rarely FRS-

almost compact.

Proof. Let {�i ∈ IY , i ∈ J} be FRS-open cover of (Y, �). Then 1 = ∨i∈J�i. Since f

is rarely fuzzy regular semi continuous, there exists an r-fuzzy rare sets �i ∈ IY such that

�i + C�(�i, r) ≥ 1 and an r-frso set �i ∈ IX such that f(�i) ≤ �i ∨ �i. Since (X, �) is FRS-

compact, every FRS-open cover of (X, �) has a finite sub cover. Thus 1 ≤ ∨i∈J0
�i. Hence

1 = f(1) = f(∨i∈J0
�i) = ∨i∈J0

f(�i) ≤ ∨i∈J0
�i ∨ �i. Therefore (Y, �) is rarely FRS-almost

compact.

Theorem 3.3. Let (X, �) and (Y, �) be any two fts’s, r ∈ I0 and f : (X, �) → (Y, �)

be rarely fuzzy regular continuous. If (X, �) is FRS-compact then (Y, �) is rarely FRS-almost

compact.

Proof. Since every rarely fuzzy regular continuous function is rarely fuzzy regular semi contin-

uous, then proof follows immediately from the Theorem 3.2..

Theorem 3.4. Let (X, �), (Y, �) and (Z, �) be any fts’s, r ∈ I0. If f : (X, �) → (Y, �)

be rarely fuzzy regular semi continuous, fuzzy regular semi open and g : (Y, �) → (Z, �) is fuzzy

open and one-to-one, then g ∘ f : (X, �) → (Z, �) is rarely fuzzy regular semi continuous.

Proof. Let � ∈ IX with �(�) ≥ r. Since f is fuzzy regular semi open f(�) ∈ IY with �(f(�)) ≥

r. Since f is rarely fuzzy regular semi continuous, there exists an r-fuzzy rare set � ∈ IY

with f(�) + C�(�, r) ≥ 1 and an r-frso set � ∈ IX such that f(�) ≤ f(�) ∨ �. By the

proposition 2.1., g(�) ∈ IZ is also an r-fuzzy rare set. Since � ∈ IY is such that � < 
 for all


 ∈ IY with �(
) ≥ r, and g is injective, it follows that (g ∘ f)(�) + C�(g(�), r) ≥ 1. Then

(g ∘ f)(�) = g(f(�)) ≤ g(f(�) ∨ �) ≤ g(f(�)) ∨ g(�) ≤ (g ∘ f)(�) ∨ g(�). Hence the result.

Theorem 3.5. Let (X, �), (Y, �) and (Z, �) be any fts’s, r ∈ I0. If f : (X, �) → (Y, �)

be fuzzy regular semi open, onto and g : (Y, �) → (Z, �) be a function such that g∘f : (X, �) →

(Z, �) is rarely fuzzy regular semi continuous, then g is rarely fuzzy regular semi continuous.

Proof. Let � ∈ IX and � ∈ IY be such that f(�) = �. Let (g ∘ f)(�) = 
 ∈ IZ with �(
) ≥ r.

Since (g∘f) is fuzzy regular semi continuous, there exists a rare set � ∈ IZ with 
+C�(�, r) ≥ 1

and an r-frso set � ∈ IX such that (g∘f)(�) ≤ 
∨�. Since f is fuzzy regular semi open, f(�) ∈ IY

is an r-frso set. Thus there exists a r-fuzzy rare set � ∈ IZ with 
 +C�(�, r) ≥ 1 and an r-frso

set f(�) ∈ IY such that g(f(�)) ≤ 
 ∨ �. Hence g is rarely fuzzy regular semi continuous.

Theorem 3.6. Let (X, �) and (Y, �) be any two fuzzy topological spaces, r ∈ I0. If

f : (X, �) → (Y, �) is rarely fuzzy regular semi continuous and (X, �) is fuzzy RST1/2-space,

then f is rarely fr-continuous.

Proof. The proof is trivial.
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Definition 3.7. A fts (X, �) is said to be rarely FRS-T2-space if for each pair �, � ∈ IX

with � ∕= � there exist r-frso sets �1, �2 ∈ IX with �1 ∕= �2 and a r-fuzzy rare set 
 ∈ IX with

�1 + C� (
, r) ≥ 1 and �2 + C� (
, r) ≥ 1 such that � ≤ �1 ∨ 
 and � ≤ �2 ∨ 
.

Theorem 3.7. Let (X, �) and (Y, �) be any two fuzzy topological spaces, r ∈ I0. If

f : (X, �) → (Y, �) is fuzzy regular semi open and injective and (X, �) is rarely FRS-T2

space, then (Y, �) is also a rarely FRS-T2 space.

Proof. �, � ∈ IX with � ∕= �. Since f is injective, f(�) ∕= f(�). Since (X, �) is rarely FRS-

T2-space, there exist r-frso sets �1, �2 ∈ IX with �1 ∕= �2 and a r-fuzzy rare set 
 ∈ IX with

�1 + C� (
, r) ≥ 1 and �2 + C� (
, r) ≥ 1 such that � ≤ �1 ∨ 
 and � ≤ �2 ∨ 
. Since f is

fuzzy regular semi open, f(�1), f(�2) ∈ IY are r-frso sets with f(�1) ∕= f(�2). Since f is fuzzy

regular semi open and one-to-one, f(
) is also an r-fuzzy rare set with f(�1)+C�(
, r) ≥ 1 and

f(�2) + C�(
, r) ≥ 1 such that f(�) ≤ f(�1 ∨ 
) and f(�) ≤ f(�1 ∨ 
). Thus (Y, �) is rarely

FRS-T2-space.
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[11] A. P. Šostak. On a fuzzy topological structure. Rend. Circ. Matem. Palermo Ser II. 11 (1986),

89-103.
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Abstract Let n > 1 be an integer. The integer d =
∏s

i=1 p
bi
i is called an exponential divisor

of n =
∏s

i=1 p
ai
i , if bi | ai for every i ∈ 1, 2, · · ·, s. Let τ (e)(n) denote the exponential divisor

function. In this paper, we will study the mean value of exponential divisor function over

square-full numbers, that is ∑
n≤x

n is square−full

(τ
(e)
3 (n))2 =

∑
n≤x

(τ
(e)
3 (n))2f2(n),

where f2(n) is the characteristic function of square-full integers, i.e.

f2(n) =

1, n is square-full,

0, otherwise.

Keywords Dirichlet convolution; Asympototic formula; Exponential divisor function.

§1. Introduction

Many scholars are interested in researching the divisor problem, and they have obtained a

large number of good results. However, there are many problems hasn’t been solved. American-

Romanian number theorist Florentin Smarandache [6] introduced hundreds of interesting se-

quences and arithmetical functions. In 1991, he published a book named only problems, not solutions!,

and one problem is that, a number n is called simple number if the product of its proper divisors

is less than or equal to n. Generally speaking, n = p, or n = p2, or n = p3, or pq, where p and

q are distinct primes. The properties of this simple number sequence hasn’t been studied yet.

And other problems are introduced in this book, such as proper divisor products sequence and

the largest exponent (of power p) which divides n, where p ≥ 2 is an integer.

In the definition of exponential divisor: suppose n > 1 is an integer, and n =
∏t
i p
ai
i . If

d =
∏t
i p
bi
i satisfies bi | ai, i = 1, 2, · · ·, t, then d is called an exponential divisor of n, notation

d |e n. By convention 1 |e 1.



Vol. 13 The mean value of exponential divisor function over square-full numbers 89

J.Wu [4] improved the above result got the following result:∑
n≤x

τ (e)(n) = A(x) +Bx
1
2 +O(x

2
9 log x),

where

A =
∏
p

(
1 +

∞∑
a=2

d(a)− d(a− 1)

pa

)
,

B =
∏
p

(
1 +

∞∑
a=5

d(a)− d(a− 1)− d(a− 2) + d(a− 3)

p
a
2

)
.

M.V.Subbarao [2] also proved for some positive integer r,∑
n≤x

(τ (e)(n))r ∼ Arx,

where

Ar =
∏
p

(
1 +

∞∑
a=2

(d(a))r − (d(a− 1))r

pa

)
.

L.Toth [3] proved∑
n≤x

(τ (e)(n))r = Ar(x) + x
1
2P2r−2(log x) +O(xur+ε),

where P2r−2(t) is a polynomial of degree 2r − 2 in t, ur = 2r+1−1
2r+1+1 .

Similarly to the generalization of dk(n) from d(n), we define the function τ
(e)
k (n):

τ
(e)
k (n) =

∏
p
ai
i ‖n

dk(ai), k ≥ 2,

Obviously when k = 2, that is τ (e)(n). τ
(e)
3 (n) is obviously a multiplicative function. In this

paper we investigate the case k = 3, i.e. the properties of the function τ
(e)
3 (n).

In this paper, we will study the asymptotic formula for the mean value of the function

(τ
(e)
3 (n))2 over square-full numbers.

Theorem 1.1. We have the asymptotic formula∑
n≤x

n is square−full

(τ
(e)
3 (n))2 = x

1
2R8(log x) +O(x

35
108+ε),

where R8(t) is a polynomial of degree 8 in t.

Notation. Throughout this paper, ε always denotes a fixed but sufficiently small positive

constant.

§2. Some lemmas

lemma 2.1. Let

τ
(e)
3 (n) =

∏
p
ai
i ‖n

d3(ai),

89
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then we have ∑
n≤x

(τ
(e)
3 (n))2 = ζ9(2s)G(s),

where the infinite series G(s) =
∑∞
n=1

g(n)
ns is absolutely convergent for <s > 1

3 .

Proof. By Euler’s product formula, we can get

∞∑
n=1

n is square−full

(τ
(e)
3 (n))2

ns
=

∞∑
n=1

(τ
(e)
3 (n))2f2(n)

ns

=
∏
p

(
1 +

d23(2)f2(p2)

p2s
+
d23(3)f2(p3)

p3s
+
d23(4)f2(p4)

p4s
+ · · ·d

2
3(r)f2(pr)

prs

)

=
∏
p

(
1 +

32

p2s
+

32

p3s
+

62

p4s
+

32

p5s
+ · · ·

)
= ζ9(2s)

(
1 +

9

p3s
+ · · ·

)
= ζ9(2s)G(s),

(1)

where the infinite series G(s) :=
∑∞
n=1

g(n)
ns is absolutely convergent for <s > 1

3 .

lemma2.2. Suppose k ≥ 2 is an integer. Then

Dk(x) =
∑
n≤x

dk(n) = x

k−1∑
j=0

cj(log x)j +O(xαk+ε),

where cj is a calculable constant, ε is a sufficiently small positive constant, αk is the infimum

of numbers αk, such that

∆k(x) =
∑
n≤x

dk(n)− xPk−1(log x)� xαk+ε, (2)

and

α2 ≤
131

416
, α3 ≤

43

94
,

αk ≤
3k − 4

4k
, 4 ≤ k ≤ 8,

α9 ≤
35

54
, α10 ≤

41

61
, α11 ≤

7

10
,

αk ≤
k − 2

k + 2
, 12 ≤ k ≤ 25,

αk ≤
k − 1

k + 4
, 26 ≤ k ≤ 50,

αk ≤
31k − 98

32k
, 51 ≤ k ≤ 57,

αk ≤
7k − 34

7k
, k ≥ 58.
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lemma2.3. Let

D(2, · · ·, 2︸ ︷︷ ︸
k

;x) =
∑
n≤x

d(2, · · ·, 2︸ ︷︷ ︸
k

;n),

then we have

D(2, · · ·, 2︸ ︷︷ ︸
k

;x) = x
1
2Pk−1(log x) +O(xαk+ε),

where, the definition of αk is as above.

Proof. Recall that

d(2, · · ·, 2︸ ︷︷ ︸
k

;n) =
∑

n=a21···a2k

1,

by hyperbolic summation formula, we have

D(2, · · ·, 2︸ ︷︷ ︸
k

;x) =
∑
n≤x

d(2, · · ·, 2︸ ︷︷ ︸
k

;n) =
∑
m2≤x

dk(m),

from lemma 2.2, we can get

D(2, · · ·, 2︸ ︷︷ ︸
k

;n) = x
1
2Pk−1(log x) +O(xαk+ε),

where αk is as defined in lemma 2.2.

lemma2.4. Suppose f(m), g(n) are arithmetical functions such that

∑
m≤x

f(m) =

J∑
j=1

xαjPj(log x) +O(xα),
∑
n≤x

| g(n) |= O(xβ),

where α1 ≥ α2 ≥ · · · ≥ αJ > α > β > 0, Pj(t) is a polynomial in t, if h(n) =
∑
n=md f(m)g(d),

then ∑
n≤x

h(n) =

J∑
j=1

xαjQj(log x) +O(xα),

where Qj(t) j = 1, · · ·, J is a polynomial in t.

§3. Proof of Theorem 1.1

Proof. From lemma 2.1, we have G(s) =
∑∞
n=1

g(n)
ns is absolutely convergent for <s > 1

3 , and

then ∑
n≤x

| g(n) |� x
1
3+ε.

Let

F (s) = ζ9(2s) =

∞∑
n=1

f(n)

ns
,
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where

f(n) = d(2, · · ·, 2︸ ︷︷ ︸
9

;n).

From lemma 2.3, we have∑
n≤x

f(n) =
∑
n≤x

d(2, · · ·, 2︸ ︷︷ ︸
9

;n) = x
1
2Q8(log x) +O(x

35
108+ε).

where Q8(log x) is a polynomial in log x of degree 8, αk is defined in lemma 2.2. From

lemma 2.1, we have

(τ
(e)
3 (n))2f2(n) =

∑
n=ml

f(m)g(l).

From lemma 2.4, we complete the proof of Theorem 1.1.
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Abstract We study the resonance phenomenon between divisor function and exponential

functions of the form e(αnβ), where 0 6= α ∈ R and 0 < β < 1. An asymptotic formula is

established for the nonlinear exponential sum∑
n∼X

n≡l mod q

d(n)e(αnβ)

when β = 1
2

and |α| is close to 2
√
k
q
, k ∈ Z+.
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§1. Introduction and main results

Let d(n) denote the number of divisors of n. The properties of divisor function d(n) attract

many researchers’ interest, and they have got many generalization of the divisor problem ( for

example, see [3], [4]). However, there are many problems hasn’t been solved. For example,

F.Smarandache gave some unsolved problems in his book only problems, not solutions! ( see

[5]). Here we focus our attention on the resonance between divisor function and exponential

functions.

In 1916, Hardy [6] studied the sum

S(X, t) =
∑

1≤n≤X

n−
1
2 d(n)e−it

√
n

and showed that, if t 6= 4πq1/2 for any positive integer q, then

S(X, t) = o(Xε)

and, if t = 4πq1/2 for some integer q, then

S(X, t) =
2(1 + i)d(q)

q
1
4

X
1
4 + o(Xε)

as X →∞. The above result can be seen as the resonance phenomenon between divisor function

and exponential functions. Recently, Sun and Wu [14] considered a similar problem and proved
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when |α|βXβ <
√
X
2 , then ∑

n≤X

d(n)e(αnβ)� (|α|βXβ)−1X logX,

and when |α|βXβ ≥
√
X
2 , then

∑
n≤X

d(n)e(αnβ)

 � |2β − 1|− 1
2 (|α|βXβ)1+ε, if β 6= 1

2 ,

= κα,qη(α, q)X
3
4 d(q)q−

1
4 +O

(
|α| 12X 1

4+ε + |α|−1X 1
2+ε
)
, if β = 1

2 ,

where κα,q = 1 or 0 according to if there exists a positive integer q satisfying

||α| − 2
√
q| ≤ X− 1

2 , 1 ≤ |α| <
√
X,

and

η(α, q) =
1− sgn(α)i

2

∫ 2

1

u−
1
4 e
(

sgn(α) (|α| − 2
√
q)
√
uX
)
du.

In 1973, Saburô Uchiyama [16] considered the sum

U(α,X) = U(α,X, q, l) =
∑

1≤n≤X
n≡l( mod q)

n−
1
2 d(n)e(α

√
n) (α > 0),

where q and l are integers with q ≥ 1, 0 ≤ l < q, and showed that, if α 6= 2
√
k
q for any integer

k, then

U(α,X) = Oα(logX),

and if α = 2
√
k
q for some integer k, then

U(α,X) =
2(1− i)σ(k; q, l)

q
3
2 k

1
4

X
1
4 +Oα(logX),

provided that α ≥ 4q3, where

σ(k; q, l) =
∑
m|k

S

(
k

m
,ml; q

)
,

and S(m,n; q) denotes the Kloosterman sum.

Motivated by the above results, we study the resonance phenomenon between divisor func-

tion and exponential functions over arithmetic progressions. To do this, using a different method

we establish an asymptotic formula when β = 1
2 and |α| is close to 2

√
k
q , k ∈ Z+, and obtain

a new result when β 6= 1
2 . Our main instruments are Voronoi formula, the estimation of ex-

ponential sums and the weighted stationary phase. Due to the orthogonality of the additive

characters, we can obtain the Kloosterman sum after applying the Voronoi summation formula,

which let us can use Weil’s bound to get the saving in the q-aspect.Our result is the following

theorem.

Theorem 1.1. Suppose X > 1, 0 < β < 1 and 0 6= α ∈ R. Suppose also l, q ∈ N and

l ≤ q ≤ X 1
2 .

(i) For |α|βXβ <
√
X

2q , one has∑
n∼X

n≡l mod q

d(n)e(αnβ)� q
1
2+ε

(
|α|βXβ

)−1
X logX.
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(ii) For |α|βXβ ≥
√
X

2q and β 6= 1
2 , one has∑

n∼X
n≡l mod q

d(n)e(αnβ)� q
1
2+ε|2β − 1|− 1

2

(
|α|βXβ

)1+ε
.

(iii) For |α|βXβ ≥
√
X

2q and β = 1
2 , if |α| < 1

q or |α| ≥
√
X
q one has∑

n∼X
n≡l mod q

d(n)e(αnβ)� (q|α|) 1
2+εX

1
4+ε,

if 1
q ≤ |α| ≤

√
X
q one has∑
n∼X

n≡l mod q

d(n)e(αnβ) =
1

q

∑
k|q

E(α, nk)k−
1
2X

3
4 d(nk)S(−l,−nk; k)n

− 1
4

k

+O
(

(q|α|) 1
2+εX

1
4+ε
)
,

where

E(α, nk) =
δkεα(1 + i)

2

∫ 2

1

u−
1
4 e

(
sgn(α)

(
|α| −

2
√
nk
k

)√
Xu

)
du,

εα =

−i, if α > 0,

1, if α < 0,

and δk = 1 or 0 according to whether there is a positive integer nk for k|q satisfying

|k|α| − 2
√
nk| ≤ X−

1
2

or not.

§2. Some lemmas

To prove Theorem 1.1, we need quote some lemmas. First, we introduce some notations.

Let the Kloosterman sum be defined as

S(m,n; c) =
∑

d mod c

∗
e

(
md+ nd

c

)
,

where the sum is extended over a reduced set of residues modulo c and d denotes the inverse

of d modulo c. Then the famous Weil’s bound of Kloosterman sum gives

|S(m,n; c)| ≤ (m,n, c)
1
2 c

1
2 d(c).

Let Kv and Yv denote the standard K-Bessel function and Y -Bessel function, respectively.

Then we have the following Voronoi formula (see [7]).

Lemma 2.1. Suppose that 0 < a < b, (h, k) = 1, f(x) ∈ C1[a, b], Then

k
∑

a≤n≤b

′

d(n)f(n)e

(
nh

k

)
= G3 +

∞∑
n=1

d(n)e

(
−nh
k

)
G4(n) +

∞∑
n=1

d(n)e

(
nh

k

)
G5(n), (2.1)
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where G3, G4(y) and G5(y) are the following integral transforms:

G3 =

∫ b

a

(log x+ 2γ − 2 log k) f(x)dx,

G4(y) = −2π

∫ ∞
0

Y0

(
4π

√
xy

k

)
f(x)dx,

G5(y) = 4

∫ ∞
0

K0

(
4π

√
xy

k

)
f(x)dx,

where
∑
a≤n≤b

′
means that if a or b is an integer then the first or the last term in the sum

(1.1) is halved, and γ is Euler’s constant.

We need the following lemma for asymptotic expansions of the Bessel functions (see [1]).

Lemma 2.2. Suppose that z > 0, Then

K0(z) =

√
π

2z
e−z

{
1 +O

(
z−1
) }

, (2.2)

Y0(z) =

√
2

πz

{
sin
(
z − π

4

)
− 1

8z
cos
(
z − π

4

)
+O

(
z−2
)}

. (2.3)

We also need the following result (see [15, Lemmas 4.3 and 4.5]).

Lemma 2.3. Let G(x) and F (x) be real function in [a, b] with G(x)/F ′(x) monotonic.

Suppose that |G(x)| ≤M .

(i) If F ′(x) ≥ u > 0 or F ′(x) ≤ −u < 0 , then∫ b

a

G (x) e (F (x)) dx� M

u
.

(ii) If F ′′(x) ≥ v > 0 or F ′′(x) ≤ −v < 0, then∫ b

a

G(x)e (F (x)) dx� M√
v
.

§3. Proof of theorem 1.1

In this section, we give the proof of Theorem 1.1. Using the formula of the Ramanujan

sum ∑
d|q

d∑
a=1

(a,d)=1

e
(an
d

)
=

 q, q | n,

0, q - n,

we obtain ∑
n∼X

n≡l mod q

d(n)e
(
αnβ

)
=

1

q

∑
k|q

∑
h mod k

∗
e

(
−hl
k

) ∑
n∼X

d(n)e

(
hn

k

)
e
(
αnβ

)
, (3.1)

where the
∑∗

means the summation is restricted by (h, k) = 1.
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Let ∆ > 1 and 0 ≤ φ(x) ≤ 1 be a C∞ function supported on [1, 2], which is identically

1 on [1 + ∆−1, 2 − ∆−1] and satisfies φ(r)(x) � ∆r for r ≤ 0. Using the well-known bound∑
n≤x d(n)� x log x, we have

∑
n∼X

d(n)e

(
hn

k

)
e
(
αnβ

)
=

∞∑
n=1

d(n)e

(
hn

k

)
W (n) +O

(
X

∆
logX

)
, (3.2)

where

W (x) = φ
( x
X

)
e
(
αxβ

)
.

Applying Lemma 2.1 with f(n) = W (n)we have

k

∞∑
n=1

d(n)e

(
hn

k

)
W (n) = G3 +

∞∑
n=1

d(n)e

(
−nh
k

)
G4(n) +

∞∑
n=1

d(n)e

(
nh

k

)
G5(n), (3.3)

where

G3 =

∫ ∞
0

(log x+ 2γ − 2 log k)W (x) dx,

G4(y) = −2π

∫ ∞
0

Y0

(
4π
√
xy

k

)
W (x) dx,

G5(y) = 4

∫ ∞
0

K0

(
4π
√
xy

k

)
W (x) dx.

Now, we estimate the contributions from these three terms G3, G4(n) and G5(n) to (3.1),

respectively. First, we estimate the contribution from the term G3. Changing variables x = Xt

and applying (i) in Lemma 2.3, we have

G3 = X

∫ 2

1

(logX + log t+ 2γ − 2 log k)φ(t)e
(
α(tX)β

)
dt

� X
logX

|α|βXβ

=
(
|α|βXβ

)−1
X logX.

Thus the contribution from G3 to (3.1) is

1

q

∑
k|q

∑
h mod k

∗
e

(
−hl
k

)
1

k
G3

� 1

q

∑
k|q

∑
h mod k

∗
e

(
−hl
k

)
1

k

(
|α|βXβ

)−1
X logX

� q−1+ε
(
|α|βXβ

)−1
X logX.

(3.4)

Second, we estimate the contribution from the term G5(n). Using (2.2) in Lemma 2.2 with

z =
4π
√
xy

k , we have

K0

(
4π
√
xy

k

)
=

1

2
√

2
k

1
2 (xy)−

1
4 exp

(
−

4π
√
xy

k

){
1 +O

(
k(xy)−

1
2

)}
.
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Inserting it into G5(y), for y ≥ 1 we obtain

G5(y) =
√

2k
1
2 y−

1
4

∫ ∞
0

x−
1
4 exp

(
−

4π
√
xy

k

){
1 +O

(
k(xy)−

1
2

)}
φ
( x
X

)
e
(
αxβ

)
dx

� k
1
2 y−

1
4

∫ 2X

X

x−
1
4 exp

(
−

4π
√
xy

k

)
dx

� k
1
2X

3
4 y−

1
4 exp

(
−4π

√
Xy

k

)
.

Applying the Weil’s bound of Kloosterman sum and using the well-known bound
∑
n≤x d(n)2 �

x log3 x, we can derive that the contribution from G5(n) to (3.1) is

1

q

∑
k|q

∑
h mod k

∗
e

(
−hl
k

)
1

k

∞∑
n=1

d(n)e

(
nh

k

)
G5(n)

=
1

q

∑
k|q

1

k

∞∑
n=1

d(n)S (−l, n; k)G5(n)

� 1

q

∑
k|q

1

k

∞∑
n=1

d(n)|S (−l, n; k) |k 1
2X

3
4n−

1
4 exp

(
−4π

√
Xn

k

)

� 1

q

∑
k|q

1

k

∞∑
n=1

d(n) (l, n, k)
1
2 d(k)kX

3
4n−

1
4 exp

(
−4π

√
Xn

k

)

=
1

q

∑
k|q

d(k)X
3
4

∑
n≤k2X−1+ε

(l, n, k)
1
2 d(n)n−

1
4 +O

(
X−100

)

� 1

q

∑
k|q

d(k)X
3
4

 ∑
n≤k2X−1+ε

|d(n)|2
 1

2
 ∑
n≤k2X−1+ε

(l, n, k)n−
1
2

 1
2

+O
(
X−100

)
� q

1
2+εXε.

(3.5)

Last, we turn to estimate the contribution from the term G4(n). Using (2.3) in Lemma 2.2, we

have

Y0(z) =
1− i

2i
√
πz

(
eiz − ie−iz

)
− 1− i

16
√
πz3

(
eiz + ie−iz

)
+O

(
z−

5
2

)
,

Inserting it into G4(y) with z =
4π
√
xy

k , we get

G4(y) =
(1 + i)k

1
2

2

∫ ∞
0

(xy)
− 1

4 φ
( x
X

)
e
(
αxβ

)(
e

(
2
√
xy

k

)
− ie

(
−

2
√
xy

k

))
dx

+
k

3
2 (1− i)
2 · 32π

∫ ∞
0

(xy)
− 3

4 φ
( x
X

)
e
(
αxβ

)(
e

(
2
√
xy

k

)
+ ie

(
−

2
√
xy

k

))
dx

+O

(
k

5
2

∫ ∞
0

(xy)
− 5

4 φ
( x
X

)
dx

)
.

Changing variable x = Xt2, we obtain

G4(y) = (1 + i)k
1
2X

3
4 y−

1
4

∫ ∞
0

t
1
2φ
(
t2
)
e
(
αXβt2β

)(
e

(
2
√
Xy

k
t

)
− ie

(
−2
√
Xy

k

)
t

)
dt
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+
k

3
2 (1− i)
32π

X
1
4 y−

3
4

∫ ∞
0

t−
1
2φ(t2)e

(
αXβt2β

)(
e

(
2
√
Xy

k
t

)
+ ie

(
−2
√
Xy

k

)
t

)
dt

+O

(
2k

3
2X−

1
4 y−

5
4

∫ ∞
0

t−
5
2φ
(
t2
)
dt

)
= G41(y) +O

(
k

3
2X−

1
4 y−

5
4

)
,

where

G41(y) = a1k
1
2X

3
4 y−

1
4

(
P+

(
2
√
Xy

k

)
− iP+

(
−2
√
Xy

k

))
+ a2k

3
2X

1
4 y−

3
4

(
P−

(
2
√
Xy

k

)
+ iP−

(
−2
√
Xy

k

))
,

(3.6)

with

a1 = 1 + i, a2 =
1− i
32π

,

and

P±(w) =

∫ ∞
0

t±
1
2φ
(
t2
)
e
(
αXβt2β + wt

)
dt. (3.7)

The contribution from O-term to (3.1) is

1

q

∑
k|q

∑
h mod k

∗
e

(
−hl
k

)
1

k

∞∑
n=1

d(n)e

(
nh

k

)
k

5
2X−

1
4n−

5
4

=
1

q

∑
k|q

1

k

∞∑
n=1

d(n)S(−l, n; k)k
1
2 k2X−

1
4n−

5
4

� q1+εX−
1
4+ε.

(3.8)

The integral P±(w) defined in (3.7) has been studied by Ren and Ye [13] and Sun and Wu [14].

Here, we just briefly recall their estimates. Due to the differences in parameters, we shall choose

them carefully later to get the q-aspect saving. Let

f(t) = αXβt2β + ωt.

Then we have

f ′(t) = 2αβXβt2β−1 + ω

= sgn(α)
(
2|α|βXβt2β−1 + sgn(α)sgn(ω)|ω|

)
,

f ′′(t) = 2αβ(2β − 1)Xβt2β−2.

If αw > 0 or

αw < 0 but |w| /∈
[

1

2
|α|βXβ , 4|α|βXβ

]
, (3.9)

then for all t ∈ [1,
√

2], we have

f ′(t)� max{|α|βXβ , |w|}, f ′′(t)� |α|βXβ .
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Noting that φ(u) is supported on [1, 2], we have

P±(w) =

∫ √2

1

t±
1
2φ(t2)e

(
αXβt2β + wt

)
dt.

By partial integration we have, for ω satisfying (3.9),

P±(w)� ∆l−1

max {|α|βXβ , |ω|}l
, l = 1, 2. (3.10)

Let ω = ± 2
√
Xy
k . Then |ω| ∈

[
1
2 |α|βX

β , 4|α|βXβ
]

means that y ∈
[

1
16 (|α|βk)

2
X2β−1, 4 (|α|βk)

2
X2β−1

]
.

For convenience, we write

I :=

[
1

16
(|α|βk)

2
X2β−1, 4 (|α|βk)

2
X2β−1

]
.

For y = n /∈ I, by (3.6) and (3.10), we have

G41(y)�
(
k

1
2X

3
4 y−

1
4 + k

3
2X

1
4 y−

3
4

)
R1(X, y, k), (3.11)

where

R1(X, y, k)� ∆l−1(√
Xy
k

)l , l = 1, 2. (3.12)

Therefore the contribution from G41(n) with n /∈ I to (3.1) is

1

q

∑
k|q

∑
h mod k

∗
e

(
−hl
k

)
1

k

∑
n/∈I

d(n)e

(
−nh
k

)
G41(n)

� 1

q

∑
k|q

1

k

∞∑
n=1

d(n)S(−l,−n; k)(k
1
2X

3
4n−

1
4 + k

3
2X

1
4n−

3
4 )R1(X, y, k).

(3.13)

Let Y = k2∆2X−1. Using (3.12) with

l =

 1, n ≤ Y,

2, n > Y,

we get that (3.13) is

� 1

q

∑
k|q

1

k

∑
n≤Y

d(n)|S(−l,−n; k)|
(
k

1
2X

3
4n−

1
4 + k

3
2X

1
4n−

3
4

)
kX−

1
2n−

1
2

+
1

q

∑
k|q

1

k

∑
n>Y

d(n)|S(−l,−n; k)|
(
k

1
2X

3
4n−

1
4 + k

3
2X

1
4n−

3
4

)
∆k2X−1n−1

=: Σ1 + Σ2,

(3.14)

For Σ1, we have

Σ1 =
1

q

∑
k|q

1

k

∑
n≤Y

d(n)S(−l,−n; k)(k
3
2X

1
4n−

3
4 + k

5
2X−

1
4n−

5
4 )
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� 1

q

∑
k|q

d(k)kX
1
4

∑
n≤Y

d(n)(n, l, k)
1
2n−

3
4

+
1

q

∑
k|q

d(k)k2X−
1
4

∑
n≤Y

d(n)(n, l, k)
1
2n−

5
4

� q
1
2+ε∆

1
2+ε.

where we have used the well-known bound
∑
n≤x d

2(n) � x log3 x and the Weil’s bound for

Kloosterman sum. Analogously, since the series
∑∞
n=1

d(n)2

n1+ε is convergent, so we obtain

Σ2 � q
1
2+ε∆

1
2+ε.

Thus, the contribution of (3.14) is

� q
1
2+ε∆

1
2+ε. (3.15)

Now we can get our first conclusion. If |α|βXβ <
√
X

2q , then I ∩ Z+ = ∅, by (3.3)− (3.5), (3.8)

and (3.15), choosing

∆ = q−
1
3X

2
3 ,

we have ∑
n∼x

n≡l mod q

d(n)e(αnβ)� q
1
2+ε(|α|βXβ)−1X logX, (3.16)

which proves (i) in Theorem 1.1.

For y = n ∈ I, noting the trivial estimate
∫√2

1
t±

1
2φ
(
t2
)
e (f(t)) dt� 1, and then inserting

it into (3.1), we obtain the contribution of the second term in the right of (3.6) is

� 1

q

∑
k|q

1

k

∑
n∈I

d(n)|S(−l,−n; k)|k 3
2X

1
4n−

3
4

� q
1
2+ε

(
|α|βXβ

) 1
2+ε .

(3.17)

For the first term in the right of (3.6), we use (3.10) to bound the terms with αω > 0 and

obtain

P+

(
2
√
Xy

k

)
− iP+

(
−2
√
Xy

k

)
= εα

∫ ∞
0

t
1
2φ(t2)e (f1(t)) dt+O(R1 (X, y, k)) ,

where

εα =

 −i, α > 0,

1, α < 0,
(3.18)

and

f1(t) = f1(t, y) = sgn(α)

(
|α|Xβt2β − 2

√
Xy

k
t

)
. (3.19)

Since the contribution from the O-term is absorbed by (3.17), we only need to estimate

εα
a1
q

∑
k|q

k−
1
2X

3
4

∑
n∈I

d(n)S(−l,−n; k)n−
1
4

∫ √2

1

t
1
2φ(t2)e (f1(t, n)) dt. (3.20)
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To estimate (3.20), we consider two cases according to β = 1
2 or not.

Case 1. If β 6= 1
2 , we have

f ′′1 (t) = sgn(α)|α|(2β) (2β − 1)Xβt2β−2 � |α|β(2β − 1)Xβ , for t ∈ [1,
√

2]

By partial integration and (ii) in Lemma 2.3, we have∫ √2

1

t
1
2φ(t2)e (f1(t, n)) dt�

(
|α|β(2β − 1)Xβ

)− 1
2 .

Therefore (3.20) is

�
(
|α|β(2β − 1)Xβ

)− 1
2 X

3
4

1

q

∑
k|q

k−
1
2+ε

∑
n∈I

d(n)|S(−l,−n; k)|n− 1
4

� q
1
2+ε|2β − 1|− 1

2

(
|α|βXβ

)1+ε
,

(3.21)

which proves (ii) in Theorem 1.1.

Case 2. If β = 1
2 , let

Hr = 2−rk|α|X 1
2 , 1 ≤ r ≤ r0 =

[
log2

(
k|α|X 1

2

)]
+ 1,

and define

A(Hr) :=
{
n : HrX

− 1
2 <

∣∣k|α| − 2
√
n
∣∣ ≤ 2HrX

− 1
2

}
.

Then it is easy to get that

|A(Hr)| ≤ Hrk|α|X−
1
2 .

Furthermore for n ∈ A(Hr), we have

|f ′1(t)| =
∣∣∣∣|α| − 2

√
n

k

∣∣∣∣X 1
2 > Hrk

−1.

Then using (i) in lemma 2.3, we obtain∫ √2

1

t
1
2φ(t2)e (f1(t)) dt� H−1r k,

that is ∫ ∞
0

t
1
2φ(t2)e

(
sgn(α)

(
k|α| − 2

√
n
)√

Xt
)
dt� H−1r k.

Noting the trivial bound d(n)� nε, then in this case the contribution of (3.20) is

� 1

q

∑
k|q

k
1
2X

3
4+ε

r0∑
r=1

H−1r
∑

n∈A(Hr)

d(n)|S(−l,−n; k)|n− 1
4

� 1

q

∑
k|q

k
1
2+εX

3
4+ε

r0∑
r=1

H−1r
(
|α|2k2

)ε− 1
4 k

1
2+ε|A(Hr)|

� q
1
2+εX

1
4+ε|α| 12+ε.

(3.22)

Let

I0 =
{
n :
∣∣k|α| − 2

√
n
∣∣ ≤ X− 1

2

}
,
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then it is easy to know that

|I0| ≤ k|α|X−
1
2 .

Now, the remaining work is to estimate

εα
a1
q

∑
k|q

k−
1
2X

3
4

∑
n∈I∩I0

d(n)S (−l,−n; k)n−
1
4

∫ √2

1

t
1
2φ(t2)e (f1(t, n)) dt. (3.23)

If |α| ≤ 1
q , then I0 = ∅. In this case, (3.23) vanishes.

If |α| ≥
√
X
q , using the trivial bound d(n)� nε, the contribution of (3.23) is

1

q

∑
k|q

k−
1
2X

3
4

∑
|k|α|−2√n|≤X− 1

2

d(n)|S(−l,−n; k)|n− 1
4

� 1

q

∑
k|q

k−
1
2X

3
4 |I0|k1+ε

(
k2|α|2

)ε− 1
4

� qεX
1
4+ε|α| 12+ε.

(3.24)

we prove the first part of (iii) in Theorem 1.1.

If 1
q ≤ |α| ≤

√
X
q , then there exists at most one integer n, which we write n = nk, satisfying∣∣k|α| − 2

√
n
∣∣ ≤ X− 1

2

for every k|q. Therefore (3.20) becomes

εα
a1
q

∑
k|q

δkk
− 1

2X
3
4 d(nk)S(−l,−nk; k)n

− 1
4

k

∫ √2

1

t
1
2φ(t2)e (f1(t, nk)) dt

= εα
a1
2q

∑
k|q

δkk
− 1

2X
3
4 d(nk)S(−l,−nk; k)n

− 1
4

k

∫ 2

1

u−
1
4 e
(
f1

(
u

1
2 , nk

))
du

+O
(
k−1+ε∆−1X

3
4 d(nk)(nk)−

1
4

)
=

1

q

∑
k|q

ε (α, nk) k−
1
2X

3
4 d(nk)S (−l,−nk; k)n

− 1
4

k +O(1),

(3.25)

where

E (α, nk) =
δkεαa1

2

∫ 2

1

u−
1
4 e

(
sgn(α)

(
|α| −

2
√
nk
k

)√
Xu

)
du,

and δk = 1 or 0 according to whether there is a positive integer nk or not.

When β = 1
2 and 1

q ≤ |α| ≤
√
X
q , we note that q|α| ≤

√
X. Recalling a1 = 1 + i and

εα =

 −i, α > 0,

1, α < 0,

from (3.22)− (3.25), we can conclude that (3.20) is equal to

1

q

∑
k|q

E(α, nk)k−
1
2X

3
4 d(nk)S(−l,−nk; k)n

− 1
4

k +O
(

(q|α|)
1
2+εX

1
4+ε
)
, (3.26)

which proves the second part of (iii) in Theorem 1.1.
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Abstract In this paper we consider the mean value of hybrid arithmetic function of the form

λ6
f (n)σb(n)φc(n), where λf (n) is the n-th Fourier coefficients of the holomorphic cusp form f ,

σ(n) is the sum-of-divisors function, φ(n) is the Euler’s totient function. In detail, we prove

that for any ε > 0,∑
n≤x

λ6
f (n)σb(n)φc(n) = x(b+c+1)P4(log x) +O(xb+c+ 631

652
+ε),

where b, c ∈ R.
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§1. Introduction

Throughout this paper, let k ≥ 1 be an even integer, and H∗k be the set of all normalized

Hecke primitive eigencuspform of weight k for the full modular group SL2(Z). Each f ∈ H∗k
has a Fourier expansion at the cusp ∞

f(z) =
∑
n≥1

λf (n)n
k−1
2 e2πinz.

Here λf (n) is the eigenvalue of normalized Hecke operator Tn. Then λf (n) is real and satisfies

the multiplicative property. For any integers m ≥ 1 and n ≥ 1, we have

λf (m)λf (n) =
∑

d|(m,n)

λf

(mn
d2

)
.

It is worth mentioning that the Fourier coefficients are very meaningful subject. In 1974,

Deligne [2] proved the Ramanujan-Peterson conjecture

|λf (n)| ≤ d(n),

where d(n) is the Dirichlet divisor function.

The Hecke L-function of f ∈ H∗k is defined:

L(f, s) =

∞∑
n=1

λf (n)

ns
, Re(s) > 1.
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Rankin [7] proved that ∑
n≤x

λ(n)� x1/3(log x)−δ,

where 0 < δ < 0.06.

In this paper we estimate the sum of
∑
n≤x

λ6
f (n)σb(n)φc(n), where σ(n) is sum of divisor

function, φ(n) is Euler’s totient function and b, c ∈ R. We establish the following result.

Theorem 1. Let b, c ∈ R, then for any ε > 0,

S(x) =
∑
n≤x

λ6
f (n)σb(n)φc(n) = xb+c+1P4(log x) +O

(
xb+c+

631
652 +ε

)
,

where P4(t) is a polynomial in t of degree 4 and O-constant depends on f .

§2.Preliminaries

This section is devoted to give some preliminary results for the proof of Theorem 1.

Lemma 2.1. For any ε > 0, 1
2 ≤ σ ≤ 1, and |t| ≥ 2, we have

ζ(σ + it)�ε (1+ | t |)max{ 13
42 (1−σ),0},

L(symjf, σ + it)�f,ε (1+ | t |)max{
j+1
2 (1−σ),0},

L(symjf × symif, σ + it)�f,ε (1+ | t |)max{
(j+1)(i+1)

2 (1−σ),0},

where L
(
symjf, s

)
is the symmetric power L-function, and L

(
symjf × symif, s

)
is the Rankin-

Selberg L-function.

Proof. See [1] and chapter 5 of the literature [4], respectively.

Lemma 2.2. For i, j = 1, 2, 3, 4, and for any ε > 0, T ≥ T0 (where T0 is sufficiently

large ), we have the estimate∫ 2T

T

∣∣∣∣L(symjf,
1

2
+ ε+ it

)∣∣∣∣2 dt�f,ε T
j+1
2 +ε,

∫ 2T

T

∣∣∣∣L(symjf × symif,
1

2
+ ε+ it

)∣∣∣∣2 dt�f,ε T
(j+1)(i+1)

2 +ε.

Proof. For the proof of Lemma 2.2, we can see section 1 of [6], respectively.

Lemma 2.3. Suppose F (s) =
∞∑
n=1

a(n)
ns converges absolutely for σ > 1 and a(n) ≤ A(n),

where A(n) is monotonically increasing and
∞∑
n=1

a(n)
ns = O

(
1

(σ−1)α

)
with α > 0 as α → 1+. If

b > 1 and x = N + 1
2 with N ∈ N, then for T ≥ 2,∑

n≤x

a(n) =
1

2πi

∫ b+iT

b−iT
F (s)

xs

s
ds+O

(
xb

T (b− 1)α

)
+

(
xA(2x) log x

T

)
.
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Proof. The proof of the Lemma is given in section 1.2.1 of [5].

Lemma 2.4. Let f ∈ H∗k and λf (n) denote its n-th normalized Fourier coefficient. Define

F (s) =

∞∑
n=1

λ6
f (n)σb(n)φc(n)

ns
= L1(s− b− c)H(s),

then F (s) can be decomposed into

F (s) = L(sym4f × sym2f, s− b− c)L4(sym4f, s− b− c)L8(sym2f, s− b− c)ζ5(s− b− c)H(s),

where H(s) is analytic and bounded for Re(s) > b+ c+ 1
2 .

Proof. F (s) =
∞∑
n=1

λ6
f (n)σb(n)φc(n)

ns is the Dirichlet series of λ6
f (n)σb(n)φc(n). Each of λf (n), σ(n)

and φ(n) satisfies the multiplicative property, thus λ6
f (n)σb(n)φc(n) is multiplicative. Hence

we can write F (s) as a product over primes F (s) =
∏
p
fp(s).

Therefore we obtain

fp(s) =

∞∑
k=0

λ6
f (pk)σb(pk)φc(pk)

pks

= 1 +
λ6
f (p)σb(p)φc(p)

ps
+
λ6
f (p2)σb(p2)φc(p2)

p2s
+ · · · .

Referring to Deligne [6], for arbitrary prime p, we can write αf (p) and βf (p) for

λf (p) = αf (p) + βf (p), |αf (p)| = αf (p)βf (p) = 1.

For j ≥ 1, we have

λf (p)j =
αf (p)j+1 − βf (p)j+1

αf (p)− βf (p)
=

j∑
m=0

αf (p)j−mβf (p)m.

Then,

fp(s) = 1 +
(αf (p) + βf (p))

6
(p+ 1)b(p− 1)c

ps
+

(
α3
f (p)−β3

f (p)

αf (p)−βf (p)

)6

(p2 + p+ 1)b(p2 − p)c

p2s
+ · · ·

= 1 +
(αf (p) + βf (p))

6
(p+ 1)b(p− 1)c

ps

+

(
α2
f (p) + αf (p)βf (p) + β2

f (p)
)6

(p2 + p+ 1)b(p2 − p)c

p2s
+ · · ·

= 1 +
(αf (p) + βf (p))

6

ps−b−c

(
1 +

1

p

)b(
1− 1

p

)c
+O

(
pb+c−σ−1 + p2(b+c−σ)

)
.

Therefore,
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F (s) =
∏
p

(
1 +

α6
f (p) + 6α4

f (p) + 15α2
f (p) + 20 + 15β2

f (p) + 6β4
f (p) + β6

f (p)

ps−b−c

×
(

1 +
1

p

)b(
1− 1

p

)c
+O

(
p2(b+c−σ)

))
=L(sym4f × sym2f, s− b− c)

∏
p

(
1 +

4α4
f (p) + 12α2

f (p) + 17 + 12β2
f (p) + 4β4

f (p)

ps−b−c

×
(

1 +
1

p

)b(
1− 1

p

)c
+O

(
p2(b+c−σ)

))
=L(sym4f × sym2f, s− b− c)L4(sym4f, s− b− c)L8(sym2f, s− b− c)

×
∏
p

(
1 +

5

ps−b−c

(
1 +

1

p

)b(
1− 1

p

)c
+O

(
p2(b+c−σ)

))
=L(sym4f × sym2f, s− b− c)L4(sym4f, s− b− c)L8(sym2f, s− b− c)ζ5(s− b− c)

×
∏
p

((
1 +

1

p

)b(
1− 1

p

)c
+O

(
p2(b+c−σ)

))
,

=L(sym4f × sym2f, s− b− c)L4(sym4f, s− b− c)L8(sym2f, s− b− c)ζ5(s− b− c)H(s),

where H(s) is absolutely convergent in Re (s) > b+ c+ 1
2 .

§3. Proof of Theorem 1

Proof. We apply Lemma 2.3 to the sum S(x) =
∑
n≤x

λ6
f (n)σb(n)φc(n), let f(n) = λ6

f (n)σb(n)φc(n).

We know that f(n) ≤ Bnb+c+ε, and B is a real constant depending on ε. Referring to Lemma

2.3, for Re (s) > b+ c+ 1
2 , we have

S(x) =
1

2πi

∫ b+c+1+ε+iT

b+c+1+ε−iT

∞∑
n=1

f(n)

ns
xs

s
ds+O

(
x1+ε

T s−b−c−1

)
+O

(
xB(2x)b+c+ε log x

T

)

=
1

2πi

∫ b+c+1+ε+iT

b+c+1+ε−iT
L1(s− b− c)H(s)

xs

s
ds+O

(
xb+c+1+ε

T

)
, (3.1)

where

L1(s− b− c) = L(sym4f×sym2f, s− b− c)L4(sym4f, s− b− c)L8(sym2f, s− b− c)ζ5(s− b− c),

and T with 1 ≤ T ≤ x is a parameter to be specified later.

Our aim is to estimate the integral in (3.1). So we consider the closed contour Γ:

I = [b+ c+ 1 + ε− iT, b+ c+ 1 + ε+ iT ], II = [b+ c+ 1 + ε+ iT, b+ c+
1

2
+ ε+ iT ],

III = [b+ c+
1

2
+ ε+ iT, b+ c+

1

2
+ ε− iT ], IV = [b+ c+

1

2
+ ε− iT, b+ c+ 1 + ε− iT ].
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Let

I1 =

∫
I

L1(s− b− c)H(s)
xs

s
ds, I2 =

∫
II

L1(s− b− c)H(s)
xs

s
ds,

I3 =

∫
III

L1(s− b− c)H(s)
xs

s
ds, I4 =

∫
IV

L1(s− b− c)H(s)
xs

s
ds.

By the residue theorem, we have

1

2πi
I1 =

1

2πi

∫
Γ

L1(s− b− c)H(s)
xs

s
ds− 1

2πi
(I2 + I3 + I4)

= xb+c+1P4(log x)− 1

2πi
(I2 + I3 + I4) , (3.2)

where P4(t) is the polynomial of degree 4 in t.

For I2 and I4, according to Lemma 2.1, we get

I2 + I4 �
∫ 1+ε

1
2 +ε

L1(σ + iT )
xb+c+σ

b+ c+ σ + iT
dσ

� xb+c
∫ 1+ε

1
2 +ε

L1(σ + iT )
xσ

T
dσ

� xb+c
∫ 1+ε

1
2 +ε

T ( 15
2 + 5

2×4+ 3
2×8+ 13

42×5)(1−σ)+εx
σ

T
dσ

� xb+c max
1
2 +ε≤σ≤1+ε

T
631
21

(
x

T
652
21

)σ
� xb+c+1+ε

T
. (3.3)

For I3, using Lemmas 2.1-2.2 and the Cauchy inequality, we obtain

I3 �
∫ T

1

∣∣∣∣L(sym4f×sym2f,
1

2
+ ε+ it

)
L4

(
sym4f,

1

2
+ ε+ it

)
L8

(
sym2f,

1

2
+ ε+ it

)
×ζ5

(
1

2
+ ε+ it

)
H4(b+ c+

1

2
+ ε+ it)

∣∣∣∣ xb+c+
1
2 +ε

|b+ c+ 1
2 + ε+ it|

dt+ xb+c+
1
2 +ε

� xb+c+
1
2 +ε

∫ T

1

∣∣∣∣L(sym4f × sym2f,
1

2
+ ε+ it

)
L4

(
sym4f,

1

2
+ ε+ it

)
×L8

(
sym2f,

1

2
+ ε+ it

)
ζ5

(
1

2
+ ε+ it

) ∣∣∣∣1t dt+ xb+c+
1
2 +ε

� xb+c+
1
2 +ε + xb+c+

1
2 +ε log T max

1≤T1≤T

1

T1

(
max

T1
2 ≤t≤T1

∣∣∣∣ζ (1

2
+ ε+ it

)∣∣∣∣5
)

×

(∫ T1

T1
2

∣∣∣∣L(sym4f×sym2f,
1

2
+ε+it

)
L2

(
sym2f,

1

2
+ε+it

)
L4

(
sym2f,

1

2
+ε+it

)∣∣∣∣2 dt
) 1

2

×

(∫ T1

T1
2

∣∣∣∣L2

(
sym2f,

1

2
+ ε+ it

)
L4

(
sym2f,

1

2
+ ε+ it

)∣∣∣∣2 dt
) 1

2

� xb+c+
1
2 +ε + xb+c+

1
2 +εT

305
21

� xb+c+
1
2 +εT

305
21 . (3.4)
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According to (3.2)-(3.4), we have

1

2πi

∫ b+c+1+ε+iT

b+c+1+ε−iT
L1(s)H(s)

xs

s
ds=xb+c+1P4(log x)+O

(
xb+c+

1
2 +εT

305
21

)
+O

(
xb+c+1+ε

T

)
.

Taking T = x
21
652 , we get

S(x) = xb+c+1P4(log x) +O
(
xb+c+

631
652 +ε

)
.

This completes the proof of Theorem 1.
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Abstract Let R(n) denote the number of representation of the natural number n by qua-

ternary quadratic form f(x1, x2, x3, x4) = x21 + x22 + 5(x23 + x24), where x1, x2, x3, and x4 are
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§1. Introduction

Fomenko [4] considered the problem on the distribution of integral points on

x21 + · · ·+ x2k = y21 + · · ·+ y2k (k ≥ 2), (1)

described by the asymptotic formula for
∑
n≤x

r2k(n), where xi, yi ∈ Z, 1 ≤ i ≤ k, n ∈ N+, and

rk(n) denotes the number of representations of the natural number n as the sum of k squares

of integer. Distribution of integral points on cones of the form (1) has a long history (see [4]).

Fomenko [4] and Müller [10,11], by the Rankin-Selberg convolution method, that for k ≥ 3∑
n≤x

r2k(n) = cxk−1 + ∆k(x),

with a certain constant c = c(k) > 0 and ∆k(x) denotes the error term of this asymptotic

formula, and the error term behaves as

∆k(x)� x(k−1)
4k−5
4k−3 .

Fomenko [5] improved the estimate for k = 4

∆4(x)� x2(log x)
5
3 .

In this paper we are interested in the representation number of n by quaternary quadratic

form f(x1, x2, x3, x4) = x21 + x22 + 5(x23 + x24). We denote the number of representations of the

natural number n by

R(n) = R (n = f(x1, x2, x3, x4)) .
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We establish the following results.

Theorem 1. For x ≥ 2, we have∑
n≤x

R(n) =
π2

10
x2 +O

(
x(log x)

2
3

)
.

Theorem 2. For x ≥ 2, we have∑
n≤x

R2(n) = C1x
3 +O

(
x2(log x)

11
3

)
,

where C1 is a constant.

§2. Preliminaries

In this section we will briefly recall some fundamental facts about holomorphic cusp forms

and automorphic L-functions, and also give some lemmas which will be used in the proof of our

results.

Let N be a positive integer, and ψ be a primitive Dirichlet character modulo N . Denote

by Hk(N) the set of all normailzed Hecke primitive eigencuspforms of even integer weight k for

the congruence modular group

Γ0(N) =


a b

c d

 ∈ SL2(Z) : c ≡ 0(modN)

 ,

where SL2(Z) denote the full modular group.

For f ∈ Hk(N), it has the Fourier expansion at the cusp ∞

f(z) =

∞∑
n=1

af (n)e(nz) (=z > 0) ,

where e(z) := exp(2πiz). By the work of Deligne [2] on the Ramanujan-Petersson Conjecture

|af (n)| ≤ d(n)n
k−1
2 , n ≥ 1,

where d(n) is the divisor function.

The Hecke L-function attached to f ∈ Hk(N) is defined for σ = <s > (k + 1)/2 by

L(f, s) =

∞∑
n=1

af (n)

ns
.

According to [1], for any prime number p, we have

L(f, s) =
∏
p

(
1− af (p)

ps
+

ψ(p)

p2s−k+1

)−1
=
∏
p

(
1− αp

ps

)−1(
1− βp

ps

)−1
,

where αp and βp are two complex conjugates and satisfy αp+βp = af (p) and αpβp = ψ(p)pk−1.

Lemma 2.1. Let χ be a primitive character modulo q.
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(i) For any ε > 0,

L(σ + it, χ)� (q(|t|+ 1))
max{ 1

3 (1−σ),0}+ε , (2)

uniformly for 1/2 ≤ σ ≤ 1 and t ≥ 1 with q � t2.

(ii) For T ≥ 2, q ≥ 1, and |σ − 1/2| ≤ (200 log qT )−1,

∑∗

χ mod q

∫ T

0

|L(σ + it, χ)|4dt� ϕ(q)T (log qT )4, (3)

where
∑∗

χ mod q

denotes the sums of primitive characters, and ϕ(n) is the Euler function.

Proof. (i) was proved in Heath-Brown [7], and (ii) was proved in Pan and Pan [12].

Lemma 2.2. Let f ∈ Hk(N) and χ be a primitive character modulo q. For any ε > 0,

we have ∫ 2T

T

|L(sym2f ⊗ χ, σ + it)|2dt�f,ε (qT )3(k−σ)+ε (4)

uniformly for k − 1/2 ≤ σ ≤ k and T ≥ 1. Moreover,

L(sym2f ⊗ χ, σ + it)�f,ε (q(|t|+ 1))
max{ 3

2 (k−σ),0}+ε (5)

uniformly for k − 1 + ε ≤ σ ≤ k + ε.

Proof. From Shimura [14] we learn that L(sym2f ⊗ χ, s) satisfies a functional equation, so it

is a general L-function introduced by Perelli [13]. Then from Theorem 4 in [13] we deduce

the estimate (4). The convexity bound (5) can be obtained by standard arguments similar to

Lemma 2.4 in Jiang and Lü [9].

Now we study the distributions of af (n), af (n)σ(n), and a2f (n), where af (n) = λf (n)n
k−1
2

and σ(n) =
∑
d|n

d.

Lemma 2.3. For f ∈ Hk(N) and x ≥ 2, we have∑
n≤x

af (n) = O
(
x

3k−1
6 (log x)−0.1185

)
, (6)

∑
n≤x

af (n)σ(n) = O
(
x

3k+5
6 (log x)−0.1185

)
, (7)

where the O-constants depend on f .

Proof. We know from Theorem 2 in Wu [18] that for f ∈ Hk(N) and x ≥ 2,

Sf (x) =
∑
n≤x

λf (n) = O
(
x

1
3 (log x)−0.1185

)
, (8)

where the O-constant depends on f .
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By Abel’s partial summation formula and (8), we have∑
n≤x

af (n) = Sf (x)x
k−1
2 −

∫ x

1

Sf (u)
(
u
k−1
2

)′
du = O

(
x

3k−1
6 (log x)−0.1185

)
.

With the same method, it’s easy to get∑
n≤x

af (n)n = O
(
x

3k+5
6 (log x)−0.1185

)
. (9)

By the Rankin-Selberg convolution method, Dirichlet convolution, and (9), we conclude

that ∑
n≤x

af (n)σ(n) = O
(
x

3k+5
6 (log x)−0.1185

)
,

where the O-constant depends on f . This completes the proof.

Lemma 2.4. Let f ∈ Hk(N), for any ε > 0 and x ≥ 2, we have∑
n≤x

a2f (n) = C2x
k +O

(
xk−

2
5+ε
)
,

where C2 is a constant and the O-constant depends on f .

Proof. By the Rankin-Selberg convolution method in chapter 13 of [8], we have

∞∑
n=1

a2f (n)

ns
=
∏
p

(
1−

α2
f (p)β2

f (p)

p2s

)(
1−

α2
f (p)

ps

)−1(
1− αf (p)βf (p)

ps

)−2(
1−

β2
f (p)

ps

)−1

=
L(sym2f, s)L(s+ 1− k, ψ)

L(2s+ 2− 2k, ψ2)
=: L1(s),

Clearly L−1(2s + 2 − 2k, ψ2) is absolutely convergent and has free from zeros for <s ≥ (2k −
1)/2 + ε, L(sym2f, s)L(s+ 1− k, ψ) has one simple pole at s = k in the whole s-plane.

By Perron’s formula, we have∑
n≤x

a2f (n) =
1

2πi

∫ b+iT

b−iT
L1(s)

xs

s
ds+O

(
xb

T (b− 1)α

)
+O

(
xA(2x) log x

T

)
,

where T with 10 ≤ T ≤ x is a parameter to be specified later and α = 1, b = k + ε, and

A(n) = nk−1+ε. Then we have∑
n≤x

a2f (n) =
1

2πi

∫ k+ε+iT

k+ε−iT
L1(s)

xs

s
ds+O

(
xk+ε

T

)
.

We move the line to <s = (2k − 1)/2 + ε. By Cauchy’s residue theorem, we have∑
n≤x

a2f (n) = Res
s=k

{
L1(s)

xs

s

}
+O

(
xk+ε

T

)

+
1

2πi

(∫ 2k−1
2 +ε−iT

k+ε−iT
+

∫ 2k−1
2 +ε+iT

2k−1
2 +ε−iT

+

∫ k+ε+iT

2k−1
2 +ε+iT

)
L1(s)

xs

s
ds

=: C2x
k + I1 + I2 + I3 +O

(
xk+ε

T

)
,

(10)
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where C2 is a constant.

For I2, using (3) and (4), we have

I2 � x
2k−1

2 +εT
3
4+

1
4+

1
4−1 + x

2k−1
2 +ε � x

2k−1
2 +εT

1
4 . (11)

For the integrals over the horizontal segments, using (2) and (5), we have

I1 + I3 � max
2k−1

2 +ε≤σ≤k+ε
T

41k
24 −1+ε

(
x

T
41
24

)σ
� xk+ε

T
. (12)

Combining (10)–(12), we have

∑
n≤x

a2f (n) = C2x
k +O

(
xk−

1
2+εT

1
4

)
+O

(
xk+ε

T

)
.

Taking T = x
2
5 , we obtain∑

n≤x

a2f (n) = C2x
k +O

(
xk−

2
5+ε
)
.

The proof is complete.

Finally, we give some facts about σ(n).

Lemma 2.5. Let n = pm1
1 pm2

2 · · · pmrr , we have

σ(n) =
1− pm1+1

1

1− p1
1− pm2+1

2

1− p2
· · · 1− p

mr+1
r

1− pr
.

Proof. This fact was proved in Tichmarsh [16].

Lemma 2.6. For x ≥ 2,∑
n≤x

σ(n) =
π2

12
x2 +O

(
x(log x)

2
3

)
. (13)

And ∑
n≤x

σ2(n) =
5ζ(3)

6
x3 +O

(
x2(log x)

5
3

)
. (14)

Moreover ∑
n≤x
t|n

σ2(n) =
π2A2(t)

18t
x3 +O

(
x2(log x)

5
3S(t)

)
, (15)

where the O-constant is independent of x and t,

A1(n) =
∑
q|n

ϕ(q)

q2
, A2(n) =

∑
k|n

B1(k;n)

k
= O (d(n) log n) ,
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and for k | n

B1(k;n) =
∑
m=1

(m,n/k)=1

A1(mn)

n2
, S(n) =

∏
p|n

(
1 +

2

p− 1

)
,

where ϕ(n) is the Euler function.

Proof. These facts were proved in Walfisz [17] and Ramaiah and Suryanarayana [15], respec-

tively.

§3. Proof of Theorem 1

Proof. Elstrodt, Grunewald and Mennicke [3] proved the following result:

R (n) =
4

3

(
σ1(n, 4) + 5σ1

(n
5
, 4
)

+ 2a(n)
)
,

where σ1(a, k) :=
∑

d|a,k-d
d, σ1(a, k) = 0 if a is not a natural number, a(n) is defined by

η2(2z)η2(10z) =

∞∑
n=1

a(n)e2πinz, =z > 0.

Note that η2(2z)η2(10z) is the normalized cusp form of weight 2, and η(z) is defined in the

half-plane H = {z : =z > 0} by the equation

η(z) = e
( z

24

) ∞∏
n=1

(1− e(nz)) .

By virtue of

σ1(n, k) :=
∑
d|n,k-d

d =
∑
d|n

d−
∑
d|n,k|d

d = σ(n)− kσ
(n
k

)
,

we obtain

R(n) =
4

3
σ(n)− 16

3
σ
(n

4

)
+

20

3
σ
(n

5

)
− 80

3
σ
( n

20

)
+

8

3
a(n).

Now R(n) is divided into four cases.

Case 1 if 4 - n, 5 - n, 20 - n, then

R(n) =
4

3
σ(n) +

8

3
a(n). (16)

Case 2 if 4 | n, 5 - n, 20 - n, then

R(n) =
4

3
σ(n)− 16

3
σ
(n

4

)
+

8

3
a(n). (17)

Case 3 if 4 - n, 5 | n, 20 - n, then

R(n) =
4

3
σ(n) +

20

3
σ
(n

5

)
+

8

3
a(n). (18)
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Case 4 if 4 | n, 5 | n, 20 | n, then

R(n) =
4

3
σ(n)− 16

3
σ
(n

4

)
+

20

3
σ
(n

5

)
− 80

3
σ
( n

20

)
+

8

3
a(n). (19)

From (16)–(19), we obtain

∑
n≤x

R(n) =
4

3

∑
n≤x

σ(n)− 16

3

∑
n≤x
4|n

σ
(n

4

)
+

20

3

∑
n≤x
5|n

σ
(n

5

)

− 80

3

∑
n≤x

4|n,5|n

σ
( n

20

)
+

8

3

∑
n≤x

a(n)

= : S1 − S2 + S3 − S4 + S5.

(20)

By (13), we have

S1 =
4

3

∑
n≤x

σ(n) =
π2

9
x2 +O

(
x(log x)

2
3

)
. (21)

S2 =
16

3

∑
k1≤ x4

σ(k1) =
π2

36
x2 +O

(
x(log x)

2
3

)
. (22)

S3 =
20

3

∑
k2≤ x5

σ(k2) =
π2

45
x2 +O

(
x(log x)

2
3

)
. (23)

S4 =
80

3

∑
k3≤ x

20

σ(k3) =
π2

180
x2 +O

(
x(log x)

2
3

)
. (24)

Taking k = 2 in (6), we have

S5 =
8

3

∑
n≤x

a(n) = O
(
x

5
6 (log x)−0.1185

)
. (25)

Combining (20)–(25), we obtain∑
n≤x

R(n) =
π2

10
x2 +O

(
x(log x)

2
3

)
.

The proof of Theorem 1.1 is complete.

§4. Proof of Theorem 2

Proof. From (16)–(20), it is easy to get∑
n≤x

R2(n) =
16

9

∑
n≤x

σ2(n)− 128

9

∑
n≤x
4|n

σ(n)σ
(n

4

)
+

160

9

∑
n≤x
5|n

σ(n)σ
(n

5

)

− 640

9

∑
n≤x

4|n,5|n

σ(n)σ
( n

20

)
+

64

9

∑
n≤x

σ(n)a(n) +
256

9

∑
n≤x
4|n

σ2
(n

4

)
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− 640

9

∑
n≤x

4|n,5|n

σ
(n

4

)
σ
(n

5

)
+

2560

9

∑
n≤x

4|n,5|n

σ
(n

4

)
σ
( n

20

)
− 256

9

∑
n≤x
4|n

σ
(n

4

)
a(n)

+
400

9

∑
n≤x
5|n

σ2
(n

5

)
− 3200

9

∑
n≤x

4|n,5|n

σ
(n

5

)
σ
( n

20

)
+

320

9

∑
n≤x
5|n

σ
(n

5

)
a(n)

+
6400

9

∑
n≤x

4|n,5|n

σ2
( n

20

)
− 1280

9

∑
n≤x

4|n,5|n

σ
( n

20

)
a(n) +

64

9

∑
n≤x

a2(n)

= : S6 − S7 + S8 − S9 + S10 + S11 − S12 + S13

− S14 + S15 − S16 + S17 + S18 − S19 + S20.

(26)

By (14), we have

S6 =
16

9

∑
n≤x

σ2(n) =
40ζ(3)

27
x3 +O

(
x2(log x)

5
3

)
, (27)

S11 =
256

9

∑
k4≤ x4

σ2(k4) =
10ζ(3)

27
x3 +O

(
x2(log x)

5
3

)
, (28)

S15 =
400

9

∑
k5≤ x5

σ2(k5) =
8ζ(3)

27
x3 +O

(
x2(log x)

5
3

)
, (29)

S18 =
6400

9

∑
k6≤ x

20

σ2(k6) =
2ζ(3)

27
x3 +O

(
x2(log x)

5
3

)
. (30)

Using Lemma 2.5 and Lemma 2.6, we have

S7 =
128

9

∑
n≤x
4|n

σ(n)σ
(n

4

)
=

128

9

∑
k7≤ x

4α

4-k7,α≥1

σ(4α)σ(4α−1)σ2(k7)

=
128

9

∑
1≤α≤ log x

log 4

σ(4α)σ(4α−1)

 ∑
k7≤ x

4α

σ2(k7)−
∑

k24≤ x
4α

4|k7

σ2(k7)


= C3x

3 +O
(
x2(log x)

8
3

)
,

(31)

where C3 is a constant.

Similarly, we have

S8 =
160

9

∑
n≤x
5|n

σ(n)σ
(n

5

)
= C4x

3 +O
(
x2(log x)

8
3

)
, (32)

S9 =
640

9

∑
n≤x

4|n,5|n

σ(n)σ
( n

20

)
= C5x

3 +O
(
x2(log x)

11
3

)
, (33)

S12 =
640

9

∑
n≤x

4|n,5|n

σ
(n

4

)
σ
(n

5

)
= C6x

3 +O
(
x2(log x)

11
3

)
, (34)
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S13 =
2560

9

∑
n≤x

4|n,5|n

σ
(n

4

)
σ
( n

20

)
= C7x

3 +O
(
x2(log x)

11
3

)
, (35)

S16 =
3200

9

∑
n≤x

4|n,5|n

σ
(n

5

)
σ
( n

20

)
= C8x

3 +O
(
x2(log x)

11
3

)
, (36)

where C4, C5, C6, C7, and C8 are constants.

Choosing k = 2 in (7), we have

S10 =
64

9

∑
n≤x

σ(n)a(n) = O
(
x

11
6 (log x)−0.1185

)
, (37)

S14 =
256

9

∑
n≤x
4|n

σ
(n

4

)
a(n) = O

(
x

11
6 (log x)−0.1185

)
, (38)

S17 =
320

9

∑
n≤x
5|n

σ
(n

5

)
a(n) = O

(
x

11
6 (log x)−0.1185

)
, (39)

S19 =
1280

9

∑
n≤x

4|n,5|n

σ
( n

20

)
a(n) = O

(
x

11
6 (log x)−0.1185

)
. (40)

On taking k = 2 in Lemma 2.4, we have

S20 =
64

9

∑
n≤x

a2(n) = C9x
2 +O

(
x

8
5+ε
)
, (41)

where C9 is a constant.

We get from (26)–(41) that∑
n≤x

R2(n) = C1x
3 +O

(
x2(log x)

11
3

)
,

where C1 is a constant. The proof of Theorem 1.2 is complete.
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§1. Introduction and preliminaries

Many scholars are interested in researching the divisor problem, and they have obtained a

large number of good results. However, there are many problems hasn’t been solved. For exam-

ple, F.Smarandache gave some unsolved problems in his book Only problems,Not solutions!

[3], and one problem is that, a number n is called simple number if the product of its proper

divisors is lass than or equal to n. Generally speaking, n = p,or n = p2, or n = p3, or pq, where

p and q are distinct primes. The properties of this simple number sequence hasn’t been studied

yet. And other problems are introduced in this book, such as proper divisor products sequence

and the largest exponent (of power p) which divides n, where p ≥ 2 is an integer.

Let n > 1 be an integer of canonical from n =
s∏
i=1

pa
i

i . The integer d =
s∏
i=1

pb
i

i is called an

exponential divisor of n if bi|ai for every i ∈ {1, 2 · · · s}, notation: d|en. By convention 1|e1.

The integer n > 1 is called e-squarefree, if all exponents a1, · · · as are squarefree. The

integer 1 is also considered to be e-squarefree. Consider now the exponential squarefree expo-

nential divisor (e-squarefree e-divisor) of n. Here d =
s∏
i=1

pb
i

i is called an e-squarefree e-divisor of

n =
s∏
i=1

pa
i

i > 1, if b1|a1 · · · bs|as, b1 · · · bs are squarefree. Note that the integer 1 is e-squarefree

but is not an e-divisor of n > 1. Let κ(e)(n) denote the maximal e-squarefree e-divisor of n. The

function κ(e)(n) is called the maximal e-squarefree e-divisor function, which is multiplicative

and if n =
s∏
i=1

pa
i

i > 1, then (see[1])

κ(e)(n) = p
κ(a1)
1 · · · pκ(ar)r ,



122 Li Ma and Rui Zhang No. 1

where κ(e)(n) =
∏
p|n

p. The function κ(e)(n) is multiplicative and κ(e)(pa) = pκ(a) for every prime

power pa. Hence for every prime p, κ(e)(p) = p, κ(e)(p2) = p2, κ(e)(p3) = p3, κ(e)(p4) = p2· · ·
Many authors have investigated the properties of the function κ(e)(n), see [4] and [5].

Recently L. Tóth [1] proved that the estimate

∑
n≤x

κ(e)(n) =
1

2

∏
p

(1 +

∞∑
a=4

pκ(a) − p1+κ(a−1)

pa
)x2 +O(x

5
4 δ(x)),

where

δ(x) = δA(x) := exp(−A(log x)
3
5 (log log x)−

1
5 ),

A is a positive constant.

The aim of this short text is to study the short interval case and prove the following.

Theorem If x
1
9+2ε < y ≤ x, then∑

x<n≤x+y

κ(e)(n) =
G(2)

ζ(4)

∫ x+y

x

tdt+O(yx−
ε
2 ) +O(x

1
9+

3
2 ε).

Natation Through out this paper, ε is always denotes a fixed but sufficiently small positive

constant.

§2. Proof of the theorem

In order to prove our theorem, we need the following lemmas.

Lemma 1. Suppose s is a complex number (<s > 1), then

∞∑
n=1

κ(e)(n)

ns
=

ζ(s− 1)

ζ(4s− 4)
G(s),

where the Dirichlet series G(s) =
∞∑
n=1

g(n)
ns is absolutely convergent for <s > 6

5 .

Proof. Here κ(e)(n) is multiplicative and by Euler product formula we have for (<s > 1) that,

∞∑
n=1

κ(e)(n)

ns
=
∏
p

(1 +
κ(e)(p)

ps
+
κ(e)(p2)

p2s
+
κ(e)(p3)

p3s
+
κ(e)(p4)

p4s
+
κ(e)(p5)

p5s
+ · · · )

=
∏
p

(1 +
p

ps
+

p2

p2s
+

p3

p3s
+

p2

p4s
+

p5

p5s
+ · · · )

=
∏
p

(1 +
1

ps−1
+

1

p2s−2
+

1

p3s−3
+

1
p2

p4s−4
+

1

p5s−5
+ · · · )

= ζ(s− 1)
∏
p

(1 +

1
p2 − 1

p4s−4
+

1− 1
p2

p5s−5
+ · · · )

=
ζ(s− 1)

ζ(4s− 4)

∏
p

(1 +
1

p4s−2
+

1− 1
p2

p5s−5
+ · · · )
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=
ζ(s− 1)

ζ(4s− 4)
G(s).

So we get G(s) =
∞∑
n=1

g(n)
ns and by the properties of Dirichlet series, it is absolutely convergent

for <s > 6
5 .

Lemma 2. ∑
n≤x

n =
1

2
x2 +O(x).

Proof. This is easily from partial summation formula.

Let f(n), h(n) be arithmetic functions defined by the following Dirichlet series (for <s > 1).

∞∑
n=1

f(n)

ns
= ζ(s− 1)G(s), (1)

∞∑
n=1

h(n)

n4s
= ζ−1(4s− 4).

Lemma 3. Let f(n) be an arithmetic function defined by (1), then we have∑
n≤x

f(n) =
1

2
x2G(2) +O(x).

Proof. From Lemma 1 the infinite series
∞∑
n=1

g(n)
ns converges absolutely for <s > 6

5 , it follows

that ∑
n≤x

g(n)� 1.

Therefore from the definition of f(n) and Lemma 2, we obtain∑
n≤x

f(n) =
∑
n≤x

m · g(k)

=
∑
k≤x

g(k)
∑
m≤ xk

m

=
∑
k≤x

g(k)

[
1

2

(x
k

)2
+O(1) +O(x)

]
=

1

2
x2G(2) +O(x).

123



124 Li Ma and Rui Zhang No. 1

Lemma 4. Let k ≥ 2 be a fixed integer, 1 < y ≤ x be large real numbers and

B(x, y; k, ε) :=
∑

x<nmk≤x+y
m>xε

1.

Then we have

B(x, y; k, ε)� yx−ε + x
1

2k+1 log x.

Proof. This Lemma is very important when studying the short interval distribution of l-free

number, see [2].

Next we prove our Theorem. From Lemma 4 and the definition of f(n), h(n), we get

h(n) = d−1(n)n4 � n4+ε,

and

κ(e)(n) =
∑

n=km4

f(k)h(m).

So we have

Q(x+ y)−Q(x) =
∑

n<km4≤x+y

f(k)h(m) =
∑
1

+O

(∑
2

)
, (2)

where ∑
1

=
∑
m≤xε

h(m)
∑

x
m4<k≤

x+y

m4

f(k),

∑
2

=
∑

x<nmk≤x+y
m>xε

|f(k)h(m)|. (3)

In view of Lemma3,∑
1

=
∑
m≤xε

h(m)

(
G(2)

m8

∫ x+y

x

tdt+O(1) +O
( x

m4

))

=
G(2)

ζ(4)

∫ x+y

x

tdt+O(yx−
ε
2 ) +O(xε).

(4)

By Lemma 4, we have ∑
2

� xε
2 ∑
x<km4≤x+y

1

� xε
2
(
yx−ε + x

1
9+ε
)

� yx−
ε
2 + x

1
9+

3
2 ε.
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(5)

Now from (2)-(5), we obtain

∑
x<n≤x+y

κ(e)(n) =
G(2)

ζ(4)

∫ x+y

x

tdt+O(yx−
ε
2 ) +O(x

1
9+

3
2 ε).
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[1] L.Tóth. On certain arithmetic functions involving exponential divisors, II. Annales Univ. Sci.

Budapest. Sect. Comp. 27(2007),155-166.

[2] M.Filaseta and O.Trifonov. The distribution of square full numbers in short intervals, Acta Arith,

67(1994), 323-333.

[3] F.Smarandache. Only problems, Not solutions! Chicago: Xiquan Publishing House, 1993.
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§1. Introduction and preliminaries

An integer n = pa11 p
a2
2 · · · parr is called k-full number if all the exponents a1 ≥ k, a2 ≥

k, · · · , ar ≥ k, when k = 3. n is called cube-full integers, i.e.

f3(n) =

1, n is cube-full ,

0, otherwise .

Let n > 1 be an integer of canonical form n = pa11 p
a2
2 · · · parr . The integer d = pb11 p

b2
2 · · · pbrr

is called an exponential divisor (e-divisor) of n, if bi|ai for every i ∈ 1, 2, · · · , r. The integer

n > 1 is called exponentially squarefree (e-squarefree) if all the exponents a1, a2, · · · , ar are

squarefree. The integer 1 is also considered to be e-squarefree.

Many scholars are interested in researching the divisor problem and have obtained a large

number of good results. But there are many problems hasn’t been solved. For example,

F.Smarandache gave some unsolved problems in his book Only problems,Not solutions! [5],

and one problem is that the integer d = pb11 p
b2
2 · · · pbrr is called an e-squarefree e-divisor of

n = pa11 p
a2
2 · · · parr > 1, if b1|a1, · · · , br|ar and b1, · · · , br are squarefree. Note that the integer

1 is e-squarefree and it is not an e-divisor of n > 1. There is the exponential analogues of the

functions representing the number of squarefree divisors of n (i.e. θ(n) = 2ω(n), where ω(n) =
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r). Let

t(e)(n) = 2ω(a1) · · · 2ω(ar)

where n = pa11 p
a2
2 · · · parr > 1. The function t(e)(n) is multiplicative and t(e)(pa) = 2ω(a) for

every prime power pa. Here for every prime p, t(e)(p) = 1, t(e)(p2) = t(e)(p3) = t(e)(p4) =

t(e)(p5) = t(e)(p7) = 2, t(e)(p6) = 4, · · · .
L.Tóth [2] proved the following results:

(1) The Dirichlet series of t(e)(n) is of form

∞∑
n=1

t(e)(n)

ns
= ζ(s)ζ(2s)V (s), <s > 1,

where V (s) =
∞∑
n=1

v(n)
ns is absolutely convergent for <s > 1

4 .

(2) ∑
n≤x

t(e)(n) = C1x+ C2x
1
2 +O(x

1
4+ε)

for every ε > 0, where C1, C2 are constants given by

C1 :=
∏
p

(
1 +

1

p2
+

∞∑
a=6

2ω(a) − 2ω(a−1)

pa

)
,

C2 := ζ(
1

2
)
∏
p

(
1 +

∞∑
a=4

2ω(a) − 2ω(a−1) − 2ω(a−2) + 2ω(a−3)

pa2

)
.

(3)

lim sup
n→∞

log t(e)(n) log log n

log n
=

1

2
log 2.

The aim of this paper is to establish the following asymptotic formula for the mean value

of the function t(e)(n) over cube-full numbers.

Theorem 1.1 We have the asymptotic formula∑
n ≤ x

n is cube − full

t(e)(n) = x
1
3Q1,1(log x) + x

1
4Q1,2(log x) + x

1
5Q1,3(log x) + x

1
6 +O(xσ0+ε) ,

where Q1,k(t), k = 1, 2, 3 are polynomials of degree 1 in t, σ0 = 25173878
166652796 = 0.151055839 · · · .

Natation Through out this paper, ε always denotes a fixed but sufficiently small positive

constant.

§2. Some Lemmas

Lemma 2.1 Let f(m), g(n) are arithmetical functions such that

∑
m≤x

f(m) =

J∑
j=1

xαjPj(log x) +O(xα) ,
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∑
n≤x

|g(n)| = O(xβ) ,

where α1 ≥ α2 ≥ α3 ≥ · · ·αJ > α > β > 0. Pj(t) are polynomials in t. If h(n) =∑
n=md

f(m)g(d), then

∑
n≤x

h(n) =

J∑
j=1

xαjQj(log x) +O(xα) ,

where Qj(t) are polynomials in t, (j = 1, · · · , J).

Lemma 2.2 The Dirichlet series of t(e)(n) is of form

∑
n ≤ x

n is cube − full

t(e)(n)

ns
= ζ2(3s)ζ2(4s)ζ2(5s)ζ(6s)G(s),<s > 1

where G(s) =
∞∑
n=1

g(n)
ns is absolutely convergent for <s > 1

7 .

Proof.

∞∑
n = 1

n is cube − full

t(e)(n)

ns
=

∞∑
n=1

t(e)(n)f3(n)

ns

=
∏
p

(
1 +

t(e)(p)f3(p)

ps
+
t(e)(p2)f3(p2)

p2s
+
t(e)(p3)f3(p3)

p3s
+
t(e)(p4)f3(p4)

p4s
+ · · ·

)

=
∏
p

(
1 +

t(e)(p3)

p3s
+
t(e)(p4)

p4s
+
t(e)(p5)

p5s
+ · · ·

)

=
∏
p

(
1 +

2ω(3)

p3s
+

2ω(4)

p4s
+

2ω(5)

p5s
+ · · ·

)
=
∏
p

(
1 +

2

p3s
+

2

p4s
+

2

p5s
+ · · ·

)
= ζ(3s)

∏
p

(
1 +

1

p3s
+

2

p4s
+

2

p5s
+ · · ·

)
= ζ2(3s)

∏
p

(
1 +

2

p4s
+

2

p5s
+

1

p6s
+ · · ·

)
= ζ2(3s)ζ(4s)

∏
p

(
1 +

1

p4s
+

2

p5s
+

1

p6s
+ · · ·

)
= ζ2(3s)ζ2(4s)

∏
p

(
1 +

2

p5s
+

1

p6s
− 2

p7s
+ · · ·

)
= ζ2(3s)ζ2(4s)ζ(5s)

∏
p

(
1 +

1

p5s
+

1

p6s
− 2

p7s
+ · · ·

)
= ζ2(3s)ζ2(4s)ζ2(5s)

∏
p

(
1 +

1

p6s
− 2

p7s
+ · · ·

)
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= ζ2(3s)ζ2(4s)ζ2(5s)ζ(6s)G(s)

where G(s) =
∞∑
n=1

g(n)
ns =

∏
p

(1− 2
p7s + · · · ) is absolutely convergent for <s > 1

7 , and

∑
n≤x

|g(n)| � x
1
7+ε .

Lemma 2.3 Let 1
2 ≤ σ ≤ 1, t ≥ t0 ≥ 2, we have

ζ(σ + it)� t
1−σ
3 log t.

Proof. See E.C.Titchmarsh[4].

Lemma 2.4 Let 1
2 < σ < 1, define

m(σ) =
4

3− 4σ
,

1

2
< σ ≤ 5

8
,

m(σ) =
19

6− 6σ
,

35

54
< σ ≤ 41

60

m(σ) =
2112

859− 948σ
,

41

60
< σ ≤ 3

4

m(σ) =
12408

4537− 4890σ
,

3

4
< σ ≤ 5

6

m(σ) =
4324

1031− 1044σ
,

5

6
< σ ≤ 7

8

m(σ) =
98

31− 32σ
,

7

8
< σ ≤ 0.91591

m(σ) =
24σ − 9

(4σ − 1)(1− σ)
, 0.91591 < σ ≤ 1− ε

Proof. See A. Ivić[3].

Lemma 2.5∑
n≤x

d(3, 3, 4, 4, 5, 5, 6;n) = x
1
3P1,1(log x) + x

1
4P1,2(log x) + x

1
5P1,3(log x) + x

1
6 +O(xσ0+ε)

where σ0 = 25173878
166652796 = 0.151055839 · · · , P1,k(t), k = 1, 2, 3 are polynomials of degree 1 in t.

Proof. By perron’s formula, we have

S(x) =
∑
n≤x

δ(n)d(n) =
1

2πi

∫ b+iT

b−iT
ζ2(3s)ζ2(4s)ζ2(5s)ζ(6s)

xs

s
ds+O(

x
1
3+ε

T
)
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where b = 1
3 + ε, T = xc, c is a very large number of fixed numbers. 1

7 < σ0 <
1
6 . According

to the residue theorem, we have

S(x) = x
1
3P1,1(log x) + x

1
4P1,2(log x) + x

1
5P1,3(log x) + x

1
6 + I1 + I2 + I3 +O(1) ,

I1 =
1

2πi

∫ σ0−it

b−it
ζ2(3s)ζ2(4s)ζ2(5s)ζ(6s)

xs

s
ds

I2 =
1

2πi

∫ σ0+it

σ0−it
ζ2(3s)ζ2(4s)ζ2(5s)ζ(6s)

xs

s
ds

I3 =
1

2πi

∫ b+it

σ0+it

ζ2(3s)ζ2(4s)ζ2(5s)ζ(6s)
xs

s
ds

Since σ0 >
7
43 + δ, (s = σ + iT ), and from Lemma 2.3, we have,

I1 + I3 �
∫ 1

3+ε

σ0

|ζ(3σ + 3iT )|2|ζ(4σ + 4iT )|2|ζ(5σ + 5iT )|2|ζ(6σ + 6iT )|xσT−1dσ

� T−1

(∫ 1
6

σ0

+

∫ 1
5

1
6

+

∫ 1
4

1
5

+

∫ 1
3

1
4

+

∫ 1
3+ε

1
3

)
× |ζ(3σ + 3iT )|2|ζ(4σ + 4iT )|2|ζ(5σ + 5iT )|2|ζ(6σ + 6iT )|xσdσ

� T−1+ε
∫ 1

6

σ0

T
2(1−3σ)

3 +
2(1−4σ)

3 +
2(1−5σ)

3 +
(1−6σ)

3 xσdσ

+ T−1+ε
∫ 1

5

1
6

T
2(1−3σ)

3 +
2(1−4σ)

3 +
2(1−5σ)

3 xσdσ + T−1+ε
∫ 1

4

1
5

T
2(1−3σ)

3 +
2(1−4σ)

3 xσdσ

+ T−1+ε
∫ 1

3

1
4

T
2(1−3σ)

3 xσdσ + T−1+ε
∫ 1

3+ε

1
3

xσdσ

� x
1
7T−δ+ε + x

1
6T−

4
3+ε + x

1
5T−

3
5+ε + x

1
4T−

5
6+ε + x

1
3T−1+ε + x

1
3T−1

� x
1
3+εT−δ+ε ,

where δ is very small normal number, δ > ε.

I2 � xσ0

(
1 +

∫ T

1

|ζ(3σ + 3iT )|2|ζ(4σ + 4iT )|2|ζ(5σ + 5iT )|2|ζ(6σ + 6iT )|t−1dt

)
.

According to the partial integral formula, we have

I4 =

∫ T

1

|ζ(3σ + 3iT )|2|ζ(4σ + 4iT )|2|ζ(5σ + 5iT )|2|ζ(6σ + 6iT )|dt� T 1+ε.

If pi > 0, (i = 1, 2, 3, 4) are real number, and 1
p1

+ 1
p2

+ 1
p3

+ 1
p4

= 1, by Hölder inequality, we

have

I4 �

(∫ T

1

|ζ(3σ0 + 3iT )|2p1dt

) 1
p1
(∫ T

1

|ζ(4σ0 + 4iT )|2p2dt

) 1
p2
(∫ T

1

|ζ(5σ0 + 5iT )|2p3dt

) 1
p3
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(∫ T

1

|ζ(6σ0 + 6iT )|p4dt

) 1
p4

.

So, we have to prove ∫ T

0

|ζ(3σ0 + 3iT )|2p1dt� T 1+ε ,∫ T

0

|ζ(4σ0 + 4iT )|2p2dt� T 1+ε ,∫ T

0

|ζ(5σ0 + 5iT )|2p3dt� T 1+ε ,∫ T

0

|ζ(6σ0 + 6iT )|p4dt� T 1+ε .

Let m(3σ0) = 2p1, m(4σ0) = 2p2, m(5σ0) = 2p3, m(6σ0) = p4, since 2
m(3σ0)

+ 2
m(4σ0)

+
2

m(5σ0)
+ 1

m(6σ0)
= 1, and from Lemma 2.4, we have σ0 = 25173878

166652796 = 0.151055839 · · · .

§3. Proof of Theorem 1.1

Let

ζ2(3s)ζ2(4s)ζ2(5s)ζ(6s)G(s) =

∞∑
n=1

f(n)

ns
, <s > 1,

ζ2(3s)ζ2(4s)ζ2(5s)ζ(6s) =

∞∑
n=1

d(3, 3, 4, 4, 5, 5, 6;n)

ns
,

such that

f(n) =
∑
n=md

d(3, 3, 4, 4, 5, 5, 6;m)g(d). (3.1)

From Lemma 2.5 and the definition of d(3, 3, 4, 4, 5, 5, 6;m), we get∑
m≤x

d(3, 3, 4, 4, 5, 5, 6;m) = x
1
3P1,1(log x)+x

1
4P1,2(log x)+x

1
5P1,3(log x)+x

1
6 +O(xσ0+ε) , (3.2)

where P1.k(t), (k = 1, 2, 3) are polynomials of degree 1 in t. In addition, we have∑
n≤x

|g(n)| = O(x
1
7+ε) . (3.3)

Combining (3.1), (3.2) and (3.3), and applying Lemma 2.1, we have∑
n≤x

f(n) = x
1
3Q1,1(log x) + x

1
4Q1,2(log x) + x

1
5Q1,3(log x) + x

1
6 +O(xσ0+ε) , (3.4)

where Q1.k(t), (k = 1, 2, 3) are polynomials of degree 1 in t.

From Lemma 2.2, we have

t(e)(n)f3(n) =
∑
n=md

d(3, 3, 4, 4, 5, 5, 6;m)g(d) = f(n).

Then we complete the proof of Theorem 1.1.
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§1. Introduction

Automorphic forms and automorphic L-functions are important tools in modern number

theory. Let Sk(Γ) be the space of holomorphic cusp forms of even integral weight k for the full

modular group Γ = SL(2, Z). Let f(z) be an eigenfunction of all the Hecke operators belonging

to Sk(Γ). Then the Hecke eigenform f(z) has the following Fourier expansion at the cusp ∞

f(z) =

∞∑
n=1

af (n)e2πinz,

where we normalize f(z) such that af (1) = 1. Instead of af (n), one often considers the normal-

ized Fourier coefficient

λf (n) =
af (n)

n
k−1
2

.

We know that λf (n) is real and satisfies the multiplicative property

λf (m)λf (n) =
∑

d|(m,n)

λf

(mn
d2

)
,

where m ≥ 1 and n ≥ 1 are any integers.

The Fourier coefficients of cusp forms are interesting objects. In 1974, P. Deligne [3] proved

the Ramanujan-Petersson conjecture

| λf (n) |≤ d(n), n ≥ 1,

where d(n) is the divisor function.
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In 1990, Rankin [4] considered the sum of the Fourier coefficients of cusp forms, and proved

that ∑
n≤x

λf (n)� x
1
3 (log x)−δ,

where 0 < δ < 0.06.

Rankin [5] and Selberg [6] studied the average behavior of λ2f (n) over natural numbers and

showed that, for any ε > 0 ∑
n≤x

λ2f (n) = cx+Of,ε

(
x

3
5+ε
)
.

Subsequently, Lü [8]- [9] further studied the higher moments of λf (n), and proved that∑
n≤x

λ4f (n) = cx log x+ c′x+Of,ε

(
x

7
8+ε
)
,

∑
n≤x

λ6f (n) = xP4(log x) +Of,ε

(
x

31
32+ε

)
,

∑
n≤x

λ8f (n) = xP13(log x) +Of,ε

(
x

127
128+ε

)
,

where Pi(x) is a polynomial of degree i in x.

In this paper, we will study asymptotics for double sums which involve the Fourier coeffi-

cient of cusp forms.

Theorem 1.1 Let k ∈ N , then

(i) for any Riemann integrable function f : [0, 1]→ R, the following equality holds

lim
x→∞

1

xP1(log x)

∑
ij≤x

f

(
ij

x

)
λ2f (i)λ2f (j) =

∫ 1

0

f(t)dt,

(ii) if w : [0, 1] → R is Riemann integrable, v1 : [0, 1] → [0, 1], · · · , vk : [0, 1] → [0, 1] are all

continuous functions, with v1(1) · · · vk(1) 6= 0, the following equality holds

lim
x→∞

1

xP1(log x)

∑
ij≤x

w

(
ij

x
v1

(
log1(ij)

log1 x

)
· · · vk

(
logk(ij)

logk x

))
λ2f (i)λ2f (j)

=

∫ 1

0

w(t · v1 · · · vk)dt,

(iii) if v0 : [0, 1] → R is Riemann integrable, v1 : [0, 1] → R, · · · , vk : [0, 1] → R are all

continuous functions, with v1(1) · · · vk(1) 6= 0, the following equality holds

lim
x→∞

1

xP1(log x)

∑
ij≤x

v0

(
ij

x

)
v1

(
log1(ij)

log1 x

)
· · · vk

(
logk(ij)

logk x

)
λ2f (i)λ2f (j)

=v1(1) · · · vk(1)

∫ 1

0

v0(t)dt,

where P1(x) is a polynomial of degree 1 in x.

Theorem 1.2 Let k ∈ N , then

134



Vol. 13 Asymptotics for double sum involving Fourier coefficient of cusp forms 135

(i) for any Riemann integrable function f : [0, 1]→ R, the following equality holds

lim
x→∞

1

xP3(log x)

∑
ij≤x

f

(
ij

x

)
λ4f (i)λ4f (j) =

∫ 1

0

f(t)dt,

(ii) if w : [0, 1] → R is Riemann integrable, v1 : [0, 1] → [0, 1], · · · , vk : [0, 1] → [0, 1] are all

continuous functions, with v1(1) · · · vk(1) 6= 0, the following equality holds

lim
x→∞

1

xP3(log x)

∑
ij≤x

w

(
ij

x
v1

(
log1(ij)

log1 x

)
· · · vk

(
logk(ij)

logk x

))
λ4f (i)λ4f (j)

=

∫ 1

0

w(t · v1 · · · vk)dt,

(iii) if v0 : [0, 1] → R is Riemann integrable, v1 : [0, 1] → R, · · · , vk : [0, 1] → R are all

continuous functions, with v1(1) · · · vk(1) 6= 0, the following equality holds

lim
x→∞

1

xP3(log x)

∑
ij≤x

v0

(
ij

x

)
v1

(
log1(ij)

log1 x

)
· · · vk

(
logk(ij)

logk x

)
λ4f (i)λ4f (j)

=v1(1) · · · vk(1)

∫ 1

0

v0(t)dt,

where P3(x) is a polynomial of degree 3 in x.

Theorem 1.3 Let k ∈ N , then

(i) for any Riemann integrable function f : [0, 1]→ R, the following equality holds

lim
x→∞

1

xP9(log x)

∑
ij≤x

f

(
ij

x

)
λ6f (i)λ6f (j) =

∫ 1

0

f(t)dt,

(ii) if w : [0, 1] → R is Riemann integrable, v1 : [0, 1] → [0, 1], · · · , vk : [0, 1] → [0, 1] are all

continuous functions, with v1(1) · · · vk(1) 6= 0, the following equality holds

lim
x→∞

1

xP9(log x)

∑
ij≤x

w

(
ij

x
v1

(
log1(ij)

log1 x

)
· · · vk

(
logk(ij)

logk x

))
λ6f (i)λ6f (j)

=

∫ 1

0

w(t · v1 · · · vk)dt,

(iii) if v0 : [0, 1] → R is Riemann integrable, v1 : [0, 1] → R, · · · , vk : [0, 1] → R are all

continuous functions, with v1(1) · · · vk(1) 6= 0, the following equality holds

lim
x→∞

1

xP9(logx)

∑
ij≤x

v0

(
ij

x

)
v1

(
log1(ij)

log1x

)
· · · vk

(
logk(ij)

logkx

)
λ6f (i)λ6f (j)

=v1(1) · · · vk(1)

∫ 1

0

v0(t)dt,

where P9(x) is a polynomial of degree 9 in x.

Theorem 1.4 Let k ∈ N , then
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(i) for any Riemann integrable function f : [0, 1]→ R, the following equality holds

lim
x→∞

1

xP27(log x)

∑
ij≤x

f

(
ij

x

)
λ8f (i)λ8f (j) =

∫ 1

0

f(t)dt,

(ii) if w : [0, 1] → R is Riemann integrable, v1 : [0, 1] → [0, 1], · · · , vk : [0, 1] → [0, 1] are all

continuous functions, with v1(1) · · · vk(1) 6= 0, the following equality holds

lim
x→∞

1

xP27(log x)

∑
ij≤x

w

(
ij

x
v1

(
log1(ij)

log1 x

)
· · · vk

(
logk(ij)

logk x

))
λ8f (i)λ8f (j)

=

∫ 1

0

w(t · v1 · · · vk)dt,

(iii) if v0 : [0, 1] → R is Riemann integrable, v1 : [0, 1] → R, · · · , vk : [0, 1] → R are all

continuous functions, with v1(1) · · · vk(1) 6= 0, the following equality holds

lim
x→∞

1

xP27(log x)

∑
ij≤x

v0

(
ij

x

)
v1

(
log1(ij)

log1 x

)
· · · vk

(
logk(ij)

logk x

)
λ8f (i)λ8f (j)

=v1(1) · · · vk(1)

∫ 1

0

v0(t)dt,

where P27(x) is a polynomial of degree 27 in x.

§2.Preliminaries

In this section, we are devoted to give some preliminary results for the proofs of Theorems.

Lemma 2.1 Let h : (0,∞) → R be a function, satisfying exists x0 > 0 with h(x) > 0 for

all x ≥ x0, and h is differentiable on (x0,∞) and lim
x→∞

xh′(x)
h(x) = 1. Let k ∈ N , A,B ⊆ N and

v : A×B → [0,∞) be such that its double summatory function is equivalent to h. Then

(i) for any Riemann integrable function f : [0, 1]→ R the following equality holds

lim
x→∞

1

h(x)

∑
ij≤x

(i,j)∈A×B

f

(
ij

x

)
v(i, j) =

∫ 1

0

f(t)dt,

(ii) if w : [0, 1] → R is Riemann integrable, v1 : [0, 1] → [0, 1], · · · , vk : [0, 1] → [0, 1] are all

continuous functions, with v1(1) · · · vk(1) 6= 0, the following equality holds

lim
x→∞

1

h(x)

∑
ij≤x

(i,j)∈A×B

w

(
ij

x
v1

(
log1(ij)

log1 x

)
· · · vk

(
logk(ij)

logk x

))
v(i, j)

=

∫ 1

0

w(t · v1 · · · vk)dt,
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(iii) if v0 : [0, 1] → R is Riemann integrable, v1 : [0, 1] → R, · · · , vk : [0, 1] → R are all

continuous functions, with v1(1) · · · vk(1) 6= 0, the following equality holds

lim
x→∞

1

h(x)

∑
ij≤x

(i,j)∈A×B

v0

(
ij

x

)
v1

(
log1(ij)

log1 x

)
· · · vk

(
logk(ij)

logk x

)
v(i, j)

=v1(1) · · · vk(1)

∫ 1

0

v0(t)dt.

Proof. Statements (i)-(iii) follow Corollary 2 in M. Bănescu and D. Popa [1].

Lemma 2.2 The following evaluations hold∑
ij≤x

λ2f (i)λ2f (j) = xP1(log x) +O
(
x

4
5+ε
)
, (2.1)

∑
ij≤x

λ4f (i)λ4f (j) = xP3(log x) +O
(
x

15
16+ε

)
, (2.2)

∑
ij≤x

λ6f (i)λ6f (j) = xP9(log x) +O
(
x

63
64+ε

)
, (2.3)

∑
ij≤x

λ8f (i)λ8f (j) = xP27(log x) +O
(
x

255
256+ε

)
, (2.4)

where Pi(x) is a polynomial of degree i in x.

Proof. By the hyperbola method of Dirichlet, we have∑
ij≤x

λ2f (i)λ2f (j) = 2
∑
i≤
√
x

λ2f (i)F
(x
i

)
−
(
F (
√
x)
)2
, (2.5)

where F (x) =
∑
i≤x

λ2f (i) = cx + R(x) with R(x) = O
(
x

3
5+ε
)

. According to Abel’s summation

formula (see Apostol [10]), we have

∑
i≤x

λ2f (i)

i
=

∫ x

1

1

u
d

∑
t≤u

λ2f (t)


=

1

x

∑
t≤x

λ2f (t) +

∫ x

1

(
cu+O

(
u

3
5+ε
)) 1

u2
du

= c+O
(
x−

2
5+ε
)

+ c log x+

∫ x

1

O
(
u−

7
5+ε
)
du.

(2.6)

Denote O
(
u−

7
5+ε
)

by f(u), we obtain∫ x

1

O
(
u−

7
5+ε
)
du =

∫ x

1

f(u)du =

∫ ∞
1

f(u)du−
∫ ∞
x

f(u)du.

We learn that | f(u) |≤ cu−
7
5+ε, and

∫∞
1
f(u)du is convergent. There exists a M > 0, such

that ∫ x

1

O
(
u−

7
5+ε
)
du = M +O

(
x−

2
5+ε
)
. (2.7)
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Further (2.6) gives ∑
i≤x

λ2f (i)

i
= c log x+ c′ +O

(
x−

2
5+ε
)
.

We deduce ∑
i≤
√
x

λ2f (i)F
(x
i

)
=
∑
i≤
√
x

λ2f (i)
(
c
x

i
+O

(
x

3
5+ε
))

= cx
∑
i≤
√
x

λ2f (i)

i
+O

x 3
5+ε

∑
i≤
√
x

λ2f (i)
3
5+ε


= cx(log x) + c′x+O

(
x

4
5+ε
)

+R1(x),

(2.8)

where R1(x) = O

(
x

3
5+ε

∑
i≤
√
x

λ2
f (i)

i
3
5
+ε

)
.

Using the Abel’s summation formula, we have

∑
i≤x

λ2f (i)

i
3
5+ε

=

∫ x

1

u−
3
5−εd

∑
t≤u

λ2f (t)


= cx

2
5+ε +O (xε) +

3

5

∫ x

1

(
cu−

3
5−ε +O

(
u−1

))
du

� x
2
5+ε.

Thus R1(x) = O

(
x

3
5+ε

∑
i≤
√
x

λ2
f (i)

i
3
5
+ε

)
= O

(
x

4
5

)
, and (2.8) gives

∑
i≤
√
x

λ2f (i)F
(x
i

)
= cx log x+O (x) . (2.9)

In addition (
F (
√
x)
)2

= cx+O
(
x

4
5+ε
)
. (2.10)

From (2.9) and (2.10) , we obtain (2.1). Similarly, we get (2.2) - (2.4).

§3. Proof of Theorems

In this section, we only give the proof of Theorem 1.1. The proofs of remaining Theorems

are similar to that of Theorem 1.1. In order to avoid repetition, we omit them.

Proof. Let h(x) = xP1(log x), where P1(x) is a polynomial of degree 1 in x. Then there exists

x0 > 0 with h(x) > 0 for all x > x0, and h is differentiable on (x0,∞). Further

h′(x) = P1(log x) + c,

thus

lim
x→∞

xh′(x)

h(x)
= lim
x→∞

xP1(log x) + x

xP1(log x)
= 1.
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According to Lemma 2.2, the double summatory function of v(i, j) = λ2f (i)λ2f (j) is equivalent

to h, namely, ∑
ij≤x
i,j∈N

λ2f (i)λ2f (j) ∼ xP1(log x), (x→∞).

From Lemma 2.1, we get

(i) for any Riemann integrable function f : [0, 1]→ R, the following equality holds

lim
x→∞

1

xP1(log x)

∑
ij≤x

f

(
ij

x

)
λ2f (i)λ2f (j) =

∫ 1

0

f(t)dt,

(ii) if w : [0, 1] → R is Riemann integrable, v1 : [0, 1] → [0, 1], · · · , vk : [0, 1] → [0, 1] are all

continuous functions, with v1(1) · · · vk(1) 6= 0, the following equality holds

lim
x→∞

1

xP1(log x)

∑
ij≤x

w

(
ij

x
v1

(
log1(ij)

log1 x

)
· · · vk

(
logk(ij)

logk x

))
λ2f (i)λ2f (j)

=

∫ 1

0

w(t · v1 · · · vk)dt,

(iii) if v0 : [0, 1] → R is Riemann integrable, v1 : [0, 1] → R, · · · , vk : [0, 1] → R are all

continuous functions, with v1(1) · · · vk(1) 6= 0, the following equality holds

lim
x→∞

1

xP1(log x)

∑
ij≤x

v0

(
ij

x

)
v1

(
log1(ij)

log1 x

)
· · · vk

(
logk(ij)

logk x

)
λ2f (i)λ2f (j)

=v1(1) · · · vk(1)

∫ 1

0

v0(t)dt.

This completes the proof of Theorem 1.1.

§4. Applications of Theorems

In this section we give the applications of theorems.

Corollary For any function f : [0, 1] → R such that t → tf(t) is Riemann integrable,

the following equalities hold

lim
x→∞

∑
ij≤x

f
(
ij
x

)
λ2f (i)λ2f (j)

xP1(log x)
=

∫ 1

0

tf(t)dt,

lim
x→∞

∑
ij≤x

f
(
ij
x

)
λ4f (i)λ4f (j)

xP3(log x)
=

∫ 1

0

tf(t)dt,

lim
x→∞

∑
ij≤x

f
(
ij
x

)
λ6f (i)λ6f (j)

xP9(log x)
=

∫ 1

0

tf(t)dt,

lim
x→∞

∑
ij≤x

f
(
ij
x

)
λ8f (i)λ8f (j)

xP27(log x)
=

∫ 1

0

tf(t)dt.
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Proof. The statement follows from Corollary 7 (ii) in M. Bănescu and D. Popa [2].
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§1. Definition and simple properties

For any positive integer n, the famous Smarandache LCM function SL(n) is defined as

the smallest positive integer k such that n | [1, 2, · · · , k], where [1, 2, · · · , k] denotes the least

common multiple of 1, 2, · · · , k.

Some elementary properties of SL(n) can be found in [20].

M. Le [12]. For any positive integer n, let S(n) be the Smarandache function. Every

positive integer n satisfying

SL(n) = S(n), S(n) 6= n

can be expressed as

n = 12 or n = pα1
1 pα2

2 · · · pαrr p,

where p1, p2, · · · , pr, p are distinct primes and α1, α2, · · · , αr are positive integers satisfying

p > pαii (i = 1, 2, · · · , r).
Q. Wu [26]. Conjecture. There is no any positive integer n ≥ 2 such that∑

d|n

1

SL(d)

is an integer, where
∑
d|n

denotes the summation over all positive divisors of n.

1) Let n = pα1
1 pα2

2 · · · pαrr be the factorization of n into primes powers, where p1 < p2 <

· · · < pr. If α1 = 1, then the conjecture is true.

2) For any integer n > 1, if SL(n) is a prime, then the conjecture is true.

3) Let p be a prime and α be any positive integer. If n = pα, then the conjecture is true.

4) If n is a square-free number (n > 1, and any prime p | n =⇒ p2 - n), then the conjecture

is true.
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W. Zhu [42]. 1) For any integer n > 1, if∑
d|n

1

SL(d)

is an integer, where
∑
d|n

denotes the summation over all positive divisors of n, then n is a

Square-full number (for any prime p, p | n =⇒ p2 | n).

2) For any odd number n > 1, if ∑
d|n

1

SL(d)

is an integer, where
∑
d|n

denotes the summation over all positive divisors of n, then n is a

Cubic-full number (for any prime p, p | n =⇒ p3 | n).

3) For any integer n > 1 with (n, 6) = 1, if∑
d|n

1

SL(d)

is an integer, where
∑
d|n

denotes the summation over all positive divisors of n, then n is a 5-full

number (for any prime p, p | n =⇒ p5 | n).

Conjecture. For any positive integer n,∑
d|n

1

SL(d)

is an integer, where
∑
d|n

denotes the summation over all positive divisors of n, if and only if

n = 1, 36.

L. Wu and S. Yang [25]. 1) Let p be a prime and n = 4pα. Then n = 36 if and only if∑
d|n

1

SL(d)

is an integer, where
∑
d|n

denotes the summation over all positive divisors of n.

2) Let n = 4pα1
1 pα2

2 · · · pαrr be the factorization of n into primes powers, where p1 < p2 <

· · · < pr. If r ≥ 2 and p1 ≥ 5, then
∑
d|n

1

SL(d)
is not an integer, where

∑
d|n

denotes the

summation over all positive divisors of n.

G. Feng [7]. 1) For any real number x > 1, we have the asymptotic formula∑
n∈N

SL(n)≤x

1 = 2
x

ln x [1+O( ln ln x
ln x )],

where N denotes the set of all positive integers.
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2) For any real number x > 1, let π(x) denotes the number of all primes p ≤ x, then we

have the limite formula

lim
x−→∞

 ∑
n∈N

SL(n)≤x

1


1

π(x)

= 2.

L. Zhang, X. Zhao and J. Han [34]. Let p ≥ 17 be a prime. Then

SL(2p + 1) ≥ 10p+ 1, SL(2p − 1) ≥ 10p+ 1.

§2. Mean values of the Smarandache LCM function

X. Du [6]. Let k be any fixed positive integer. Then for any real number x > 1, we have

the asymptotic formula∑
n≤x

SL(n) = Ax2 + c1
x2

lnx
+ c2

x2

ln2 x
+ · · ·+ ck

x2

lnk x
+O

(
x2

lnk+1 x

)
,

where A =
1

2

∑
p

1

p2 − 1
, and ci (i = 1, 2, · · · , k) are computable constants.

Z. Lv [19]. 1) Let k ≥ 2 be a fixed integer. Then for any real number x > 1, we have the

asymptotic formula

∑
n≤x

SL(n) =
π2

12
· x

2

lnx
+

k∑
i=2

cix
2

lni x
+O

(
x2

lnk+1 x

)
,

where ci (i = 2, 3, · · · , k) are computable constants.

2) For any real number x > 1, we have the asymptotic formula∑
n≤x

SL(n) =
π2

12
· x

2

lnx
+O

(
x2

ln2 x

)
.

Y. Liu and J. Li [15]. For any real number x > 1, we have the asymptotic formula∑
n≤x

lnSL(n) = x lnx+O (x) .

L. Cheng [5]. For any positive integer n, the arithmetical function Ω(n) is defined as

Ω(n) =

 0, if n = 1,

α1p1 + α2p2 + · · ·+ αrpr, if n > 1 and n = pα1
1 pα2

2 · · · pαrr .

Let k ≥ 2 be any fixed positive integer. For any real number x > 1, we have the asymptotic

formula ∑
n≤x

Ω(n)SL(n) =

k∑
i=1

ci · x3

lni x
+O

(
x3

lnk+1 x

)
,
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where ci (i = 1, 2, · · · , k) are computable constants.

Y. Zhao [39]. For any positive integer n, the arithmetical function Ω(n) is defined as

Ω(n) =

 0, if n = 1,

α1p1 + α2p2 + · · ·+ αrpr, if n > 1 and n = pα1
1 pα2

2 · · · pαrr .

Let k ≥ 2 be any fixed positive integer. For any real x ≥ 2 we have the asymptotic formula

∑
n≤x

(
SL(n)− Ω(n)

)2
=

4

5
· ζ
(

5

2

)
· x

5
2

lnx
+

k∑
i=2

ci · x
5
2

lni x
+O

(
x

5
2

lnk+1 x

)
,

where ζ(s) is the Riemann zeta function and ci (i = 2, 3, · · · , k) are computable constants.

W. Lu and L. Gao [18]. For any positive integer n, the arithmetical function Ω(n) is

defined as

Ω(n) =

 0, if n = 1,

α1p1 + α2p2 + · · ·+ αrpr, if n > 1 and n = pα1
1 pα2

2 · · · pαrr .

Let k ≥ 2 be any fixed positive integer. For any real x ≥ 2 and β > 1 we have the asymptotic

formula

∑
n≤x

(
SL(n)− Ω(n)

)β
=

2

2β + 1
· ζ
(

2β + 1

2

)
· x

2β+1
2

lnx
+

k∑
i=2

ci · x
2β+1

2

lni x
+O

(
x

2β+1
2

lnk+1 x

)
,

where ζ(s) is the Riemann zeta function and ci (i = 2, 3, · · · , k) are computable constants.

X. Li [16]. 1) Let k be any fixed positive integer. For any real number x > 1, we have

the asymptotic formula

∑
n≤x

P (n)SL(n) = x3 ·
k∑
i=1

ci

lni x
+O

(
x3

lnk+1 x

)
,

where P (n) denotes the largest prime divisor of n, and ci (i = 1, 2, · · · , k) are computable

constants.

2) Let k be any fixed positive integer. For any real number x > 1, we have the asymptotic

formula ∑
n≤x

p(n)SL(n) = x3 ·
k∑
i=1

bi

lni x
+O

(
x3

lnk+1 x

)
,

where p(n) denotes the smallest prime divisor of n, bi (i = 1, 2, · · · , k) are computable constants

and b1 =
1

3
.

Y. Xue [27]. Let P (n) denote the largest prime divisor of n, and let p(n) denote the

smallest prime divisor of n. For any real number x > 1 and any positive integer k, we have the

asymptotic formula

∑
n≤x

(P (n)− p(n))SL(n) = ζ(3) · x3 ·
k∑
i=1

ci

lni x
+O

(
x3

lnk+1 x

)
,
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where ζ(s) is the Riemann zeta function, c1 =
1

3
, ci (i = 2, 3, · · · , k) are computable constants.

J. Chen [4]. Let P (n) denote the largest prime divisor of n. For any real number x > 1,

we have the asymptotic formula

∑
n≤x

(SL(n)− P (n))
2

=
2ζ
(
5
2

)
x

5
2

5 lnx
+O

(
x

5
2

ln2 x

)
.

where ζ(s) is the Riemann zeta function.

L. Zhang and X. Zhao [33]. Let P (n) denote the largest prime divisor of n, and let

k > 1 be any fixed positive integer. For any real x ≥ 1 and β ≥ 1 we have

∑
n≤x

(SL(n)− P (n))
β

=
2ζ
(

2β+1
2

)
x

2β+1
2

(2β + 1) lnx
+

k∑
i=2

cix
2β+1

2

lni x
+O

(
x

2β+1
2

ln2 x

)
.

where ζ(s) is the Riemann zeta function and ci (i = 2, 3, · · · , k) are computable constants.

G. Lu [17]. Let d(n) =
∑
d|n

1 denote the Dirichlet divisor function, and let k ≥ 2 be any

fixed positive integer. For any real x ≥ 2 we have the asymptotic formula

∑
n≤x

d(n)SL(n) =
π4

36
· x

2

lnx
+

k∑
i=2

cix
2

lni x
+O

(
x2

lnk+1 x

)
,

where ci (i = 1, 2, · · · , k) are computable constants.

J. Peng, J. Guo, B. Li and X. Tuo [22]. Let d(n) =
∑
d|n

1 denote the Dirichlet divisor

function, and let k ≥ 2 be any fixed positive integer. For any real x > 1 we have the asymptotic

formula ∑
n≤x

d(n)SL(n) =
π4

36
· x

2

lnx
+

k∑
i=2

cix
2

lni x
+O

(
x2

lnk+1 x

)
,

where ci (i = 2, 3, · · · , k) are computable constants.

J. Fu and H. Liu [8]. Define σα(n) =
∑
d|n

dα, α ≥ 1. Let k ≥ 2 be any fixed positive

integer. For any real x ≥ 2 we have the asymptotic formula

∑
n≤x

σα(n)SL(n) =
ζ (α+ 2) ζ (2)xα+2

(2 + α) lnx
+

k∑
i=2

cix
α+2

lni x
+O

(
xα+2

lnk+1 x

)
,

where ζ(s) is the Riemann zeta function and ci (i = 1, 2, · · · , k) are computable constants.

W. Huang [10]. For any positive integer n, define

F (k, n) =

 0, if n = 1,

α1p
k
1 + α2p

k
2 + · · ·+ αrp

k
r , if n > 1 and n = pα1

1 pα2
2 · · · p

αk
k .

Let N be any fixed natural number. For any real x ≥ 1 we have the asymptotic formula

∑
n≤x

(
SLk(n)− F (k, n)

)2
= xk+1

N∑
i=1

ci

lni+1 x
+O

(
xk+1

lnN+2 x

)
,
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where ci (i = 1, 2, · · · , k) are computable constants and c1 =
π2

6
.

Q. Zhao and L. Gao [36]. For any positive integer n, the prime factor sum function

w(n) is defined as

w(n) =

 1, if n = 1,

p1 + p2 + · · ·+ pr, if n > 1 and n = pα1
1 pα2

2 · · · pαrr .

For any real x ≥ 2 we have the asymptotic formula∑
n≤x

SL(n)w(n) = D
x3

lnx
+O

(
x3

ln2 x

)
,

where D =
1

3

∑
n≤
√
x

1

n3
is a computable constant.

Q. Zhao, L. Gao and L. Ai [37]. For any positive integer n, the prime factor sum

function w(n) is defined as

w(n) =

 1, if n = 1,

p1 + p2 + · · ·+ pr, if n > 1 and n = pα1
1 pα2

2 · · · pαrr .

For any real x ≥ 2 we have the asymptotic formula

∑
n≤x

(SL(n)− w(n))
2

=
2ζ
(
5
2

)
x

5
2

5 lnx
+

k∑
i=2

cix
5
2

lni x
+O

(
x

5
2

lnk+1 x

)
,

where ζ(s) is the Riemann zeta function and ci (i = 2, 3, · · · , k) are computable constants.

M. Zhu [41]. Let k > 2 be any positive integer. For any real x > 1 we have the

asymptotic formula ∑
n≤x

Λ(n)SL(n) = x2
k∑
i=1

ci

lni−1 x
+O

(
x2

lnk x

)
,

where ci (i = 1, 2, 3, · · · , k) are computable constants, c1 =
1

2
, and

Λ(n) =

 ln p, if n = pα, p is a prime, α ≥ 1,

0, otherwise.

.

B. Li, J. Guo and J. Peng [13]. Define a function SM(n) as follows:

SM(n) =

 1, if n = 1,

max{α1p1, α2p2, · · · , αrpr}, if n > 1 and n = pα1
1 pα2

2 · · · pαrr .

Let k ≥ 2 be any fixed positive integer. For any real x ≥ 2 we have the asymptotic formula

∑
n≤x

(SL(n)− SM(n))
2

=
2

5
ζ

(
5

2

)
x

5
2

lnx
+

k∑
i=2

cix
5
2

lni x
+O

(
x

5
2

lnk+1 x

)
,
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where ci (i = 2, 3, · · · , k) are computable constants and ζ(s) is the Riemann zeta function.

Y. Yang and G. Ren [32]. Define a function SM(n) as follows:

SM(n) =

 1, if n = 1,

max{α1p1, α2p2, · · · , αrpr}, if n > 1 and n = pα1
1 pα2

2 · · · pαrr .

For any real number x we have the asymptotic formula

∑
n≤x

(SL(n)− SM(n))
2

=
2

5
ζ

(
5

2

)
x

5
2

lnx
+O

(
x

5
2

ln2 x

)
,

where ζ(s) is the Riemann zeta function.

X. Wang and L. Gao [24]. For any positive integer n, the famous pseudo-Smarandache

function Z(n) is defined by

Z(n) = min

{
m : n

∣∣∣m(m+ 1)

2
, m ∈ N

}
.

Let k ≥ 2 be any fixed positive integer. For any real x ≥ 2 we have the asymptotic formula

∑
n≤x

Z(n)SL(n) =
ζ (3)x3

3 lnx
+

k∑
i=2

cix
3

lni x
+O

(
x3

lnk+1 x

)
,

where ζ(s) is the Riemann zeta function and ci (i = 1, 2, · · · , k) are computable constants.

L. Zheng and L. Gao [40]. Let S(n) denote the Smarandache function and let σα(n)

denote the divisor function σα(n) =
∑
d|n

dα, α ≥ 1. Let k be any fixed positive integer. For any

real or complex number α and real number x ≥ 3 we have the asymptotic formula

∑
n≤x

σα(n) (SL(n)− S(n))
2

=
2ζ
(
α+ 5

2

)
ζ
(
5
2

)
xα+

5
2

(2α+ 5) lnx
+

k∑
i=2

cix
α+ 5

2

lni x
+O

(
xα+

5
2

lnk+1 x

)
,

where ζ(s) is the Riemann zeta function and ci (i = 2, 3, · · · , k) are computable constants.

§3. Mean values of the Smarandache LCM function over sequences

H. Liu and S. Lv [14]. Define Z(n) = min

{
k : n ≤ k(k + 1)

2

}
. Let k ≥ 2 be any fixed

positive integer. For any real number x > 1, we have the asymptotic formula

∑
n≤x

SL (Z(n)) =
π2

18
· (2x)

3
2

ln
√

2x
+

k∑
i=2

ci(2x)
3
2

lni
√

2x
+O

(
x

3
2

lnk+1 x

)
,

where ci (i = 2, 3, · · · , k) are computable constants.

J. Chai and L. Gao [1]. Define U(n) = min {k : n ≤ k(2k − 1), k ∈ N}. Let k ≥ 2 be

any fixed positive integer. For any real number x > 1, we have the asymptotic formula

∑
n≤x

SL (U(n)) =
π2

144
· (2x)

3
2

ln
√

2x
+

k∑
i=2

ci(2x)
3
2

lni
√

2x
+O

(
x

3
2

lnk+1 x

)
,
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where ci (i = 1, 2, · · · , k) are computable constants.

J. Chai, L. Gao and L. Tuo [2]. Let P (n) denote the largest prime divisor of n, and

let k ≥ 2 be any fixed positive integer. For any real number x ≥ 3, we have the asymptotic

formula

∑
n≤x

(SL(ak(n))− (k − 1)P (n))
2

=
2ζ
(
5
2

)
5
· x

5
2

lnx
+O

(
x

5
2

ln2 x

)
+O

(
k2x

4
3

lnx

)
,

where ζ(s) is the Riemann zeta function, and ak(n) denotes the k-th power complements of n.

W. Huang [9]. Define

ur(n) = min

{
m+

1

2
m(m− 1)(r − 2) : n ≤ m+

1

2
m(m− 1)(r − 2), r ∈ N, r ≥ 3

}
,

vr(n) = max

{
m+

1

2
m(m− 1)(r − 2) : n ≥ m+

1

2
m(m− 1)(r − 2), r ∈ N, r ≥ 3

}
.

Let k be any fixed positive integer. For any real number x > 1, we have the asymptotic formula

∑
n≤x

SL(ur(n)) =
π2

18(r − 2)3
· (2(r − 2)x)

3
2

ln
√

2x
r−2

+

k∑
i=2

ci(2(r − 2)x)
3
2

lni
√

2x
r−2

+O

(
x

3
2

lnk+1 x

)
,

∑
n≤x

SL(vr(n)) =
π2

18(r − 2)3
· (2(r − 2)x)

3
2

ln
√

2x
r−2

+

k∑
i=2

ci(2(r − 2)x)
3
2

lni
√

2x
r−2

+O

(
x

3
2

lnk+1 x

)
,

where ci (i = 1, 2, · · · , k) are computable constants.

Z. Lai [11]. Define

pd(n) =
∏
d|n

d, qd(n) =
∏
d|n
d<n

d.

Let k ≥ 2 be any fixed positive integer. For any integer x ≥ 1, we have the asymptotic formula

∑
n≤x

SL (pd(n)) =
π4x2

72 lnx
+

k∑
i=2

cix
2

lni x
+O

(
x2

lnk+1 x

)
,

∑
n≤x

SL (qd(n)) =
(π4 − 12π2)x2

72 lnx
+

k∑
i=2

dix
2

lni x
+O

(
x2

lnk+1 x

)
,

where ci (i = 2, 3, · · · , k), di (i = 2, 3, · · · , k) are computable constants.

X. Zhao, L. Zhang, H. Xu and R. Guo [38]. Let A denote the set of the simple

numbers. For any real number x ≥ 2, we have the asymptotic formula∑
n≤x
n∈A

SLk(n) =
Bxk+1

(k + 1) lnx
+

Cxk+1

(k + 1)2 ln2 x
+O

(
xk+1

ln3 x

)
,

∑
n≤x
n∈A

1

SL(n)
= D ln lnx+

E
√
x ln lnx

lnx
+O

(√
x

lnx

)
,

where k is a nonnegative real number, and B,C,D,E are computable constants.
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§4. Other functions and sequences related to the Smarandache LCM function

X. Pan [21]. Define L(n) = [1, 2, · · · , n]. For any positive integer n, we have the

asymptotic formula L(n2)∏
p≤n2

p


1
n

= e+O

(
exp

(
−c (lnn)

3
5

(ln lnn)
1
5

))
,

where
∏
p≤n2

denotes the production over all prime p ≤ n2.

For any positive integer n, the famous Smarandache LCM dual function is defined by

SL∗(n) = max {k ∈ N : [1, 2, · · · , k] | n} .

C. Tian and N. Yuan [23]. 1) For any real number s > 1, the series

∞∑
n=1

SL∗(n)

ns
is

absolutely convergent, and

∞∑
n=1

SL∗(n)

ns
= ζ(s)

∞∑
α=1

∑
p

(pα − 1)(ps − 1)

[1, 2, · · · , pα]s
,

where ζ(s) is the Riemann zeta function,
∑
p

denotes the summation over all primes.

2) For any real number x > 1, we have the asymptotic formula∑
n≤x

SL∗(n) = cx+O
(
ln2 x

)
,

where c =

∞∑
α=1

∑
p

(pα − 1)(p− 1)

[1, 2, · · · , pα]
is a constant.

B. Chen [3]. Let w(n) denote all the different prime factor numbers of n. For any

positive integer n, ∏
d|n

SL∗(d) + 1 = 2w(n)

has solutions if and only if n = pα, where α ≥ 1 and p ≥ 3 is a prime.

For any positive integer n, the dual function of Smarandache LCM function is defined by

SL(n) =

 1, if n = 1,

min{pα1
1 , pα2

2 , · · · , pαrr }, if n > 1 and n = pα1
1 pα2

2 · · · pαrr .

X. Yan [28]. For any real number x > 1, we have the asymptotic formula

∑
n≤x

SL(n)

SL(n)
=

x

lnx
+O

(
x(ln lnx)2

ln2 x

)
.
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H. Zhao and Z. Ye [35]. 1) Let k be any fixed positive integer. For any real number

x > 1, we have the asymptotic formula

∑
n≤x

SL(n) =

k∑
i=1

cix
2

lni x
+O

(
x2

lnk+1 x

)
,

where ci (i = 2, 3, · · · , k) are computable constants, and c1 =
1

2
.

2) Let p(n) denote the smallest prime divisor of n, and let k be any fixed positive integer.

For any real number x > 1, we have the asymptotic formula

∑
n≤x

(
SL(n)− p(n)

)2
=

k∑
i=1

cix
5
2

lni x
+O

(
x

5
2

lnk+1 x

)
,

where ci (i = 2, 3, · · · , k) are computable constants, and c1 =
2

5
.

X. Yan [29]. Let p(n) denote the smallest prime divisor of n, and let k be any fixed

positive integer. For any real number x > 1, we have the asymptotic formula

∑
n≤x

(
SL(n)− p(n)

)2
=

k∑
i=2

cix
5
2

lni x
+O

(
x

5
2

lnk+1 x

)
,

where ci (i = 1, 2, · · · , k) are computable constants, and c1 =
4

5
.

Y. Yang [30]. Let p(n) denote the smallest prime divisor of n, and let k be any fixed

positive integer. For any real number x > 1, we have the asymptotic formula

∑
n≤x

p(n) lnSL(n) =
x2

2
+

k−1∑
i=1

cix
2

lni x
+O

(
x2

lnk x

)
,

where ci (i = 1, 2, · · · , k − 1) are computable constants.

Y. Yang [31]. 1) Define Z(n) = min

{
k : n ≤ k(k + 1)

2

}
. For any real number x > 1,

we have the asymptotic formula∑
n≤x

SL(Z(n)) · SL(Z(n)) =
2x2

ln 2x
+O

(
x2

ln2 x

)
.

2) Define Z(n) = min

{
k : n ≤ k(k + 1)

2

}
. For any real number x > 1, we have the

asymptotic formula ∑
n≤x

SL(Z(n))

SL(Z(n))
=

2x

ln 2x
+O

(
x ln lnx

ln2 x

)
.
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§1. Definition and simple properties

For any positive integer n, the Smarandache double factorial function Sdf(n) is defined as

the smallest positive integer m such that n | m!!, where

m!! =

 2× 4× · · · ×m, if 2 | m,

1× 3× · · · ×m, if 2 - m.
(1.1)

By the definition of Sdf(n), it is easy to show that Sdf(1) = 1 and Sdf(n) > 1 if n > 1.

M. Le, Q. Yang, T. Wang, H. Li gave many properties for the value of Sdf(n).

M. Le [7]. 1. If 2 - n and

n = pa11 pa22 · · · p
ak
k

is the factorization of n, where p1, p2, . . . , pk are distinct odd primes and a1, a2, . . . , ak are

positive integers, then

Sdf(n) = max (Sdf(pa1), Sdf(pa22 ), . . . , Sdf(pakk )) .

2. If 2 | n and

n = 2an1,

where a, n1 are positive integers with 2 - n1, then

Sdf(n) ≤ max (Sdf(2a), 2Sdf(n1)) .

3. Let p be a prime and let a be a positive integer. Then we have

p | Sdf(pa).
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4. Let p be the smallest prime divisor of n. Then we have

Sdf(n) ≥ p.

5. The equality

Sdf(n) = n

holds if and only if n satisfies one of the following conditions:

(i) n = 1, 9.

(ii) n = p, where p is a prime.

(iii) n = 2p, where p is a prime.

6. Let p be a prime, and let N(p) denotes the number of solutions x of the equation

Sdf(x) = p, x ∈ N.

For any positive integer t, let p(t) denotes the t−th odd prime. if p = p(t), then

N(p) =

t−1∏
i=1

(a(i) + 1),

where

a(i) =

∞∑
m=1

([
p− 2

(p(i))m

]
−
[

(p− 3)/2

(p(i))m

])
, i = 1, 2, . . . , t− 1.

7. Let a, b be two positive integers. Then we have

Sdf(ab) ≤


Sdf(a) + Sdf(b), if 2 | a and 2 | b,

Sdf(a) + 2Sdf(b), if 2 | a and 2 - b,

2Sdf(a) + 2Sdf(b)− 1, if 2 - a and 2 - b.

8. For any positive integer m,n, k, all the solutions (m,n, k) of the equation

Sdf(mn) = mk × Sdf(m)

are given in the following four classes:

(i) m = 1, n and k are positive integers.

(ii) n = 1, k = 1,m = 1, 9, p or 2p, where p is a prime.

(iii) m = 2, k = 1, n is 2 or an odd integer with n ≥ 1.

(iv) m = 3, k = 1, n = 3.

9. For any positive integer n, k with n > 1, k > 1. The equation

(Sdf(n))
k

= k × Sdf(nk)

has only the solutions (n, k) = (2, 4) and (3, 3).

10. The equation

Sdf(n)! = Sdf(n!)

has only the solutions n = 1, 2, 3.
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11. For any positive integer n, we have

Sdf(n!) ≤

 n, if n = 1, 2,

2n, if n > 2.

Q. Yang, T. Wang and H. Li [20]. 1. For any positive integer n, we have

Sdf(n!) ≤


n, if n = 1, 2,

2(n− 1), if n = 2α, α > 1,

2n, otherwise .

2. The equality

Sdf(n!) = n

holds if and only if n = 1, 2, 3.

3. For any positive integer n, we have

n

Sdf(n!)
≤ 1 +

1

n
.

4. For any ε > 0, there exists no positive integer n such that
Sdf(n!)

n
< ε.

5. For any positive integer n, we have

Sdf (Sdf(n!)) =


Sdf(n), if n = 1, 2,

Sdf(2(n− 1)), if n = 2α, α > 1,

Sdf(2n), otherwise .

The properties for Sdf(2n) have also been studied.

6. If 2 - n, and

n = pa11 pa22 · · · p
ak
k ,

where p1, p2, . . . , pk are distinct odd primes and a1, a2, . . . , ak are positive integers, then

Sdf(2n) = 2 max (Sdf(pa1), Sdf(pa22 ), . . . , Sdf(pakk )) .

7. If 2 | n and

n = 2an1,

where a, n1 are positive integers with 2 - n1, then

Sdf(2n) ≤ max (2Sdf(2a), 4Sdf(n1)) .

8. Let p be the smallest prime divisor of n. Then we have

Sdf(2n) ≥ 2p.

9. the equation

Sdf(2n) = 2n
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holds if and only if n = 1 or n be a prime.

Many problems and conjectures proposed by Russo have been stuied by M. Le, it is as

follows.

M. Le [7]. 1. For any positive integer n, we have

n

Sdf(n)
≤ n

8
+ 2.

2. If n = (2r)!!, where r is a positive integer with r ≥ 20, then

Sdf(n) < n0.1.

By the above inequality, the following conclusion has been proved.

3. If n = (2r)!!, where r is a positive integer with r ≥ 20, then the inequalities

Sdf(n)

n
>

1

n0.73
,

1

n× Sdf(n)
<

1

n5/4
,

1

n
+

1

Sdf(n)
<

1

n1/4

are false.

4. For any positive integer ε, there exist some n such that

Sdf(n)

n
< ε.

5. The difference |Sdf(n+ 1)− Sdf(n)| is unbounded.

6. The following infinite series satisfy

S =

∞∑
n=1

(−1)n

Sdf(n)
=∞.

7. The following infinite product satisfy

P =

∞∏
n=1

1

Sdf(n)
= 0.

§2. Mean values of the Smarandache double factorial function

C. Dumitrscu and V. Seleacu [1]. For any real number x > 1, and any fixed positive

integer k, then

∑
n≤x

(Sdf(n)− P (n))
2

=
ζ(3)

24

x3

lnx
+

k∑
i=2

ci · x3

lni x
+O

(
x3

logk+1 x

)
,

where P (n) is the largest prime factor of n, ζ(n) denotes the Riemann Zeta-function. ci(i =

1, 2, . . . , k) are computable constants.

J. Gao and H. Liu [4]. 1. If x > 2, then for any positive integer k we have

∑
n≤x

Λ1(n)Sdf(n) = x2

(
1

2
+

k−1∑
m=1

am
logm x

)
+O

(
x2

logk x

)
,
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where

Λ1(n) =

 log p, if n is a prime p,

0, otherwise .

and am(m = 1, 2, . . . , k − 1) are computable constants.

2. If x > 2, then for any positive integer k we have

∑
n≤x

Λ(n)Sdf(n) = x2

(
1

2
+

k−1∑
m=1

am
logm x

)
+O

(
x2

logk x

)
,

where Λ(n) is the Mangoldt function.

Z. Xu [18]. Let P (n) denotes the largest prime factor of n, S(n) denotes the smallest

positive integer m such that n | m! ( S(n) is called the Smarandache function), then for any

real number x > 1, we have the asymptotic formula

∑
n≤x

(S(n)− P (n))
2

=
2ζ( 3

2 )x
3
2

3 lnx
+O

(
x

3
2

ln2 x

)
,

where ζ(n) denotes the Riemann Zeta-function.

J. Wang [12]. 1. For any real number x > 1 and any fixed positive integer k, we have

the asymptotic formula

∑
n≤x

(Sdf(n)− P (n))
2

=
ζ(3)

24

x3

lnx
+

k∑
i=2

ci · x3

lni x
+O

(
x3

lnk+1 x

)
,

where all ci are computable constants.

2. For any real number x > 1 and any fixed positive integer k, we have the asymptotic

formula

∑
n≤x

(Sdf(n)− S(n))
2

=
ζ(3)

24

x3

lnx
+

k∑
i=2

ci · x3

lni x
+O

(
x3

lnk+1 x

)
.

H. Shen [10]. 1. For any real number x > 2 and any fixed positive integer k, we have

the asymptotic formula

∑
n≤x

Sdf(n) =
x lnx

ln lnx
+O

(
x lnx

(ln lnx)2

)
.

J. Ge [5]. For any real number x > 1, we have the asymptotic formula

∑
n≤x

(
Sdf(n)− 3 + (−1)n

2
P (n)

)2

=
8

3
· ζ(

3

2
) · x

3
2

lnx
+O

(
x

3
2

ln2 x

)
,

where all ci are computable constants.
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X. Wang [13]. For any positive integer k ≥ 4, there exist infinite number of positive

integer arrays (m1,m2, . . . ,mk) satisfy the following equation

Sdf(

k∏
i=1

mi) =

k∑
i=1

Sdf(mi).

B. Zhang [22]. 1. For any real number x > 1 and any fixed positive integer k ≥ 2, r, we

have the asymptotic formula

∑
n≤x

(Sdf(n)− P (n))
k

=
ζ(k + 1)

8(k + 1)
· x

k+1

lnx
+

r∑
i=2

cix
k+1

lni x
+O

(
xk+1

lnk+1 x

)
.

2. For any real number x > 1 and any fixed positive integer k ≥ 2, r, we have the asymptotic

formula

∑
n≤x

(Sdf(n)− S(n))
k

=
ζ(k + 1)

8(k + 1)
· x

k+1

lnx
+

r∑
i=2

cix
k+1

lni x
+O

(
xk+1

lnk+1 x

)
.

X. Fan, X. Zhu and X. Yan [2]. 1. For any real number x ≥ 2 we have the asymptotic

formula ∑
n≤x

lnSdf(n) = x lnx+O(x).

2. For any positive integer n > 1, we have∑n
k=2

lnSdf(k)
ln k

n
= 1 +O(

1

lnn
).

3. For any positive integer n > 1, we have

lim
n→∞

∑n
k=2

lnSdf(k)
ln k

n
= 1.

4. For any positive integer n > 1, we have

Sdf(n)

θ(n)
= O(

1

lnn
) = 1,

where θ(n) =
∑
k≤n

lnSdf(k).

5. For any positive integer n > 1, we have

lim
n→∞

Sdf(n)

θ(n)
= 0.

M. Zhu [24]. For any real number x ≥ 2, we have the asymptotic formula∑
n≤x

Sdf(n) =
7π2

24
· x

2

lnx
+O

(
x2

ln2 x

)
.
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X. Fan and X. Yan [3]. For any real number x ≥ 2 and any fixed positive integer k,

we have the asymptotic formula

∑
n≤x

Sdf(n) =
5π2

48
· x

2

lnx
+

k∑
i=2

eix
2

lni x
+O

(
x2

lnk+1 x

)
,

where ei(i = 1, 2, . . . , k) are computable constants.

The famous pseudo-Smarandache function Z(n) is defined as the smallest positive integer

m such that n ≤ m(m+ 1)/2, that is Z(n) = min{m : m ∈ N, n ≤ m(m+ 1)/2}.
W. Lu, L. Gao and H. Hao [8]. For any real number x > 1 and any fixed positive

integer k ≥ 2, we have the asymptotic formula

∑
n≤x

Sdf(Z(n)) =
π2

18
· (2x)

3
2

ln
√

2x
+

k∑
i=2

ai(2x)
3
2

lni
√

2x
+O

(
x

3
2

lnk+1 x

)
,

where ai(i = 1, 2, . . . , k) are computable constants. Specifically, when k = 1, then for any real

number x > 1 we have ∑
n≤x

Sdf(Z(n)) =
π2

18
· (2x)

3
2

ln
√

2x
+O

(
x

3
2

ln2 x

)
.

L. Wang [11]. The function U(n) is defined as the smallest positive integer k such that

U(n) = min{k : k ∈ N, n ≤ k(2k − 1)}. For any real number x > 1 and any fixed positive

integer j ≥ 2, we have the asymptotic formula

∑
n≤x

Sdf(U(n)) =
π2

144
· (2x)

3
2

ln
√

2x
+

j∑
i=2

bi(2x)
3
2

lni
√

2x
+O

(
x

3
2

lnj+1 x

)
,

where bi(i = 1, 2, . . . , k) are computable constants.

W. Huang [6]. 1. The famous pseudo-Smarandache function U∗(n) and U(n) are defined

as

U∗(n) = min

{
m : m ∈ N+, n ≤ m+

1

2
m(m− 1) · (r − 2), r ∈ N+, r ≥ 3

}
,

U(n) = max

{
m : m ∈ N+, n ≥ m+

1

2
m(m− 1) · (r − 2), r ∈ N+, r ≥ 3

}
.

For any real number x > 1 and any fixed positive integer k ≥ 2, r ≥ 3, we have the following

asymptotic formula

∑
n≤x

Sdf(U∗(n)) =
5π2

72
√
r − 2

· (2x)
3
2

ln
√

2x
+

k∑
i=2

di(2x)
3
2

lni
√

2x
+O

(
x

3
2

lnk+1 x

)
,

∑
n≤x

Sdf(U(n)) =
5π2

72
√
r − 2

· (2x)
3
2

ln
√

2x
+

k∑
i=2

ei(2x)
3
2

lni
√

2x
+O

(
x

3
2

lnk+1 x

)
,

where di, ei(i = 1, 2, . . . , k) are computable constants.
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2. For r = 6 we have

∑
n≤x

Sdf(U∗(n)) =
5π2

144
· (2x)

3
2

ln
√

2x
+

k∑
i=2

fi(2x)
3
2

lni
√

2x
+O

(
x

3
2

lnk+1 x

)
,

∑
n≤x

Sdf(U(n)) =
5π2

144
· (2x)

3
2

ln
√

2x
+

k∑
i=2

hi(2x)
3
2

lni
√

2x
+O

(
x

3
2

lnk+1 x

)
,

where fi, hi(i = 1, 2, . . . , k) are computable constants.

3. The pseudo-Smarandache function Z∗(n) and Z(n) are defined as

Z∗(n) = max

{
m : m ∈ N+, n ≤ m+

m(m− 1)

2

}
.

Z(n) = min

{
m : m ∈ N+, n ≥ m+

m(m− 1)

2

}
.

For any real number x > 1 we have the following asymptotic formula

∑
n≤x

Sdf(Z∗(n)) =
5π2

18
· (2x)

3
2

ln
√

2x
+O

(
x

3
2

ln2 x

)
,

∑
n≤x

Sdf(Z(n)) =
5π2

18
· (2x)

3
2

ln
√

2x
+O

(
x

3
2

ln2 x

)
.

W. Lu and L. Gao [9]. 1. For any real number x ≥ 2 and any fixed positive integer

k ≥ 2, r, when β > 1 we have the asymptotic formula

∑
n≤x

(Sdf(n)− P (n))
β

=
ζ(β + 1)

2β+1(β + 1)
· x

β+1

lnx
+

k∑
i=2

aix
β+1

lni x
+O

(
xβ+1

lnk+1 x

)
.

where all ai are computable constants.

2. Let k be any fixed positive integer , k ≥ 2, then for any real number or complex number

α and any real number x ≥ 2, when β > 1 we have

∑
n≤x

δα(n) (Sdf(n)− P (n))
β

=
(1 + 2α)ζ(β + 1)ζ(β + 1− α)

2β+1(β + 1)
· x

β+1

lnx
+

k∑
i=2

bix
β+1

lni x
+O

(
xβ+1

lnk+1 x

)
.

where δα(n) is the divisor function, and all bi are computable constants.

§3. Mean values of the Smarandache triple factorial function

For any positive integer n, the Smarandache triple factorial function d3f (n) is defined to

be the smallest integer such that d3f (n)!!! is a multiple of n.

Q. You [21]. 1. If x ≥ 2, then for any positive integer k we have

∑
n≤x

Λ1(n)d3f (n) = x2

(
1

2
+

k−1∑
m=1

am
logm x

)
+O

(
x2

logk x

)
,
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where

Λ1(n) =

 log p, if n is a prime p,

0, otherwise .

and am(m = 1, 2, . . . , k − 1) are computable constants.

2. If x ≥ 2, then for any positive integer k we have

∑
n≤x

Λ(n)d3f (n) = x2

(
1

2
+

k−1∑
m=1

am
logm x

)
+O

(
x2

logk x

)
,

where Λ(n) is the Mangoldt function.

§4. The dual function of the Smarandache double factorial function, and other

generalizations

The analogue of Smarandache double factorial function is defined as

Sdf1(2x) = min{2m ∈ N : 2x ≤ (2m)!!}, x ∈ (1,∞),

Sdf1(2x+ 1) = min{2m+ 1 ∈ N : (2x+ 1) ≤ (2m+ 1)!!}, x ∈ (1,∞),

which is defined on a subset of real numbers. Clearly Sdf1(n) = m if x ∈ ((m − 1)!!,m!!] for

m ≥ 2, therefore this function is defined for x ≥ 1.

M. Zhu [23]. For any real number x ≥ 2, we have

∑
n≤x

Sdf1(n) =
2x lnx

ln lnx
+O

(
x(lnx)(ln ln lnx)

(ln lnx)2

)
.

N. Yuan [19]. 1. The Smarandache t−factorial function Sk(t, n) is defined as the

smallest positive integer m such that m!t is divisible by nk, that is

Sk(t, n) = min{m ∈ N : nk | m!t},

where m!t denotes

m!t = m× (m− t)× · · · × (t+ i)× i,m ≡ i(mod t), i = 0, 1, . . . , t− 1.

For any real number x ≥ 2 and any positive integer t, we have the following asymptotic formula

∑
n≤x

Sk(t, n) =


[t(5k−3)+3]π2

24
x2

ln x +O
(

x2

ln2 x

)
, if 2 | t,

[t(k−1)+1]π2

12
x2

ln x +O
(

x2

ln2 x

)
, if 2 - t.

2. For any real number x ≥ 2 and any positive integer k, we have the following asymptotic

formula ∑
n≤x

Sk(1, n) =
∑
n≤x

Sk(n) =
kπ2

12

x2

lnx
+O

(
x2

ln2 x

)
.
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3. For any real number x ≥ 2 we have∑
n≤x

S1(2, n) =
∑
n≤x

Sdf(n) =
7π2

24

x2

lnx
+O

(
x2

ln2 x

)
.

The dual function of the Smarandache double factorial function S∗∗(n) is defined as

S∗∗(n) =

 max{2m : (2m)!! | n,m ∈ N+}, n be an even number ,

max{2m− 1 : (2m− 1)!! | n,m ∈ N+}, n be an odd number ,

where

(2m)!! = 2× 4× · · · × (2m),

(2m− 1)!! = 1× 3× · · · × (2m− 1).

Y. Wang [14]. 1. For any complex number s, when Re s > 1, we have
∑∞
n=1

Λ(n)S∗∗(n)
ns

is a convergent series, and

∞∑
n=1

Λ(n)S∗∗(n)

ns
= −ζ

′(s)

ζ(s)
+

ln 2

2s

(
1 +

2

22s

)(
1− 1

2s

)−1

+
2 ln 3

3s

(
1− 1

3s

)−1

,

where ζ(s) denotes the Riemann Zeta-function, ζ ′(s) is the differential coefficient of ζ(s).

2. For any complex number s, when Re s > 1, we have

lim
s→1

(
(s− 1)

∞∑
n=1

Λ(n)S∗∗(n)

ns

)
= 1,

let s = 2, 4, we have the following equations

∞∑
n=1

Λ(n)S∗∗(n)

n2
=

6

π2

∞∑
n=1

lnn

n2
+

3 ln 2

8
+

ln 3

4
,

∞∑
n=1

Λ(n)S∗∗(n)

n4
=

90

π4

∞∑
n=1

lnn

n4
+

43 ln 2

640
+

ln 3

40
.

Y. Wang [15]. 1. For any real number x > 1, we have

∑
n≤x

(S∗∗(n))3 =

(
14e1/2 − 3

2
+ 7

∞∑
m=1

1

(2m+ 1)!!

)
x+O

((
lnx

ln lnx

)4)
.

2. For any real number x > 1 and k ≥ 0, we have

∑
n≤x

nk(S∗∗(n))3 =
1

k + 1

(
14e1/2 − 3

2
+ 7

∞∑
m=1

1

(2m+ 1)!!

)
xk+1 +O

(
xk
(

lnx

ln lnx

)4)
.

3. For any real number x > 1 and k > 1, we have

∑
n≤x

(S∗∗(n))3

nk
=

1

1− k

(
14e1/2 − 3

2
+ 7

∞∑
m=1

1

(2m+ 1)!!

)
x1−k +O

(
x−k

(
lnx

ln lnx

)4)
.
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Y. Wang [16]. For any real number x > 1, we have

∑
n≤x

(S∗∗(n))2 =
13

2
x+O

((
lnx

ln lnx

)3)
.

Y. Wang and T. Wang [17]. 1. For any real number x > 1 and any fixed number

l ≥ 0, we have the asymptotic formula

∑
n≤x

nl(S∗∗(n))4 =
1

2(1 + l)

(
105 + 64e1/2 + 32

∞∑
m=1

1

(2m+ 1)!!

)
x1+l +O

(
xl
(

lnx

ln lnx

)5)
.

2. For any real number x > 1 and any fixed number l > 0(l 6= 1), we have

∑
n≤x

(S∗∗(n))4

nl
=

1

2(1− l)

(
105 + 64e1/2 + 32

∞∑
m=1

1

(2m+ 1)!!

)
x1−l +O

(
x−l

(
lnx

ln lnx

)5)
.

3. For any real number x > 1 we have

∑
n≤x

(S∗∗(n))4 =
1

2

(
105 + 64e1/2 + 32

∞∑
m=1

1

(2m+ 1)!!

)
x+O

((
lnx

ln lnx

)5)
.

4. For any real number x > 1, we have

∑
n≤x

(S∗∗(n))4

n
1
2

=

(
105 + 64e1/2 + 32

∞∑
m=1

1

(2m+ 1)!!

)
x

1
2 +O

(
x−

1
2

(
lnx

ln lnx

)5)
.
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§1. Smarandache simple function

For any prime p and any positive integer k, let Sp(k) denote the smallest positive integer

such that p | Sp(k). Then Sp(k) is called the Smarandache simple function of p and k.

M. Le [13]. For any p and k, we have p | Sp(k) and k(p− 1) < Sp(k) ≤ kp.

M. Zhu [30]. On the subset of real numbers, we define additive analogues of Smarandache

simple function Sp(x) as follows:

Sp(x) = min{m ∈ N : px ≤ m!}, x ∈ (1,∞),

S∗p(x) = max{m ∈ N : m! ≤ px}, x ∈ [1,∞).

1. For any real number x ≥ 2, we have

Sp(x) =
x ln p

lnx
+O

(
x ln lnx

ln2 x

)
.

Obviously, we have

Sp(x) =

 S∗p(x) + 1, if x ∈ (m!, (m+ 1)!) (m ≥ 1),

S∗p(x), if x = (m+ 1)! (m ≥ 1).

2. For any real number x ≥ 2, we have

S∗p(x) =
x ln p

lnx
+O

(
x ln lnx

ln2 x

)
.
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M. Zhu [31]. Define additive analogues of Smarandache simple function

Sp(n) = min{m ∈ N+ : pn ≤ m!!}, n ∈ (1,∞),

S
∗
p(n) = max{m ∈ N+ : m!! ≤ pn}, n ∈ (1,∞).

1. Let p be a fixed prime, for any real number x ≥ 1, we have

∑
n≤x

σα(Sp(n)) =


π2

3
x2 ln p
ln2 x

ln
(

2x ln p
ln x

)
+O

(
x2

ln2 x

)
, if α = 1,

ζ(α+1)
α+1

2α+1xα+1 lnα p
lnα+1 x

ln
(

2x ln p
ln x

)
+O

(
xα+1

lnα+1 x

)
, if α 6= 1.

2. Let p be a fixed prime, for any real number x ≥ 1, we have

∑
n≤x

σα(S
∗
p(n)) =


π2

3
x2 ln p
ln2 x

ln
(

2x ln p
ln x

)
+O

(
x2

ln2 x

)
, if α = 1,

ζ(α+1)
α+1

2α+1xα+1 lnα p
lnα+1 x

ln
(

2x ln p
ln x

)
+O

(
xα+1

lnα+1 x

)
, if α 6= 1.

H. Liu [14]. On a subset of real numbers, we define additive analogues of Smarandache

simple function p(x) as follows:

p(x) = min{m ∈ N+ : px ≤ m!}, x ∈ (1,∞),

p∗(x) = max{m ∈ N+ : m! ≤ px}, x ∈ [1,∞).

1. For any real number x ≥ 1, we have

∑
n≤x

σα(p(n)) =


ζ(α+1)
α+1

xα+1 lnα p
lnα+1 x

[
ln
[
x ln p
ln x

]
− 1

α+1

]
+O

[
xα

lnα−1 x

]
, if α > 1,

π2

12
x2 ln p
ln2 x

[
ln
[
x ln p
ln x

]
− 1

2

]
+O(x lnx), if α = 1,

ζ(α+1)
α+1

xα−1 lnα p
lnα+1 x

[
ln
[
x ln p
ln x

]
− 1

α+1

]
+O

[
x

ln x

]
, if 0 < α < 1.

where ζ(s) is the Riemann zeta-function, σα(n) is the divisor function.

2. For any real number x ≥ 1, we have

∑
n≤x

σα(p∗(n)) =


ζ(α+1)
α+1

xα+1 lnα p
lnα−1 x

[
ln
[
x ln p
ln x

]
− 1

α+1

]
+O

[
xα

lnα−1 x

]
, if α > 1,

π2

12
x2 ln p
ln2 x

[
ln
[
x ln p
ln x

]
− 1

2

]
+O(x lnx), if α = 1,

ζ(α+1)
α+1

xα+1 lnα p
lnα−1 x

[
ln
[
x ln p
ln x

]
− 1

α+1

]
+O

[
x

ln x

]
, if 0 < α < 1.

H. Liu [15]. 1. Let p be a fixed prime, then for any real number x ≥ 1, we have∑
n≤x

d(p(n)) = x(lnx− 2 ln lnx) +O(x ln p).

2. Let p be a fixed prime, then for any real number x ≥ 1, we have∑
n≤x

d(p∗(n)) = x(lnx− 2 ln lnx) +O(x ln p).



Vol. 13 A survey on Smarandache notions in number theory V 169

H. Liu [16]. 1. Let p be a fixed prime, for any real number x ≥ 1, we have∑
n≤x

d(p(n)) = x(lnx− ln lnx) + o(x).

2. Let p be a fixed prime, then for any real number x ≥ 1, we have∑
n≤x

d(p∗(n)) = x(lnx− ln lnx) + o(x).

H. Liu and M. Zhu [17]. 1. Let p be a fixed prime, then for any real number x ≥ 1,

we have ∑
n≤x

d(p(n)) = x(lnx− 2 ln lnx) +O(x).

2. Let p be a fixed prime, then for any real number x ≥ 1, we have∑
n≤x

d(p∗(n)) = x(lnx− 2 ln lnx) +O(x).

§2. Smarandache summands function

For any positive integer n and fixed integer k > 1, define Smarandache summands function

S(n, k), AS(n, k) as follows:

S(n, k) =
∑

|n−ki|≤n
i=0,1,2···

(n− ik),

AS(n, k) =
∑

|n−ki|≤n
i=0,1,2···

|n− ik|.

J. Wang [25]. 1. For any complex number s with Re(s) > 2, then

∞∑
n=1

S(n, 4)

ns
=

1

2

[
1− 1

2s−1

]
ζ(s− 1) +

1

2

[
1− 1

2s−1

]
ζ(s),

where ζ(s) is Riemann zeta-function.

2. For any complex number s with Re(s) > 3, then

∞∑
n=1

S(n2, 8)

ns
=

1

4

[
1− 1

2s−2

]
ζ(s− 2) +

3

4

[
1− 1

2s

]
ζ(s).

Specifically, if s = 4, then

∞∑
n=1

S(n2, 8)

n4
=
π2

32
+

5π4

604
.

3. For any complex number s with Re(s) > 3, then

∞∑
n=1

S(n2, 16)

ns
=

[
1

8
+

1

2s−1

] [
1− 1

2s−2

]
ζ(s− 2) +

[
7

8
+

1

2s−1

] [
1− 1

2s

]
ζ(s).
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Specifically, if s = 4, then

∞∑
n=1

S(n2, 14)

n4
=
π2

32
+
π4

96
.

4. For any complex number s with Re(s) > 3, then

∞∑
n=1

S(n2, 6)

ns
=

1

3

[
1− 1

3s−2

]
ζ(s− 2) +

2

3

[
1− 1

3s

]
ζ(s).

Specifically, if s = 4, then

∞∑
n=1

S(n2, 6)

n4
=

4π2

81
+

16π4

2187
.

5. Let p > 2 be a prime, for any complex number s with Re(s) > p, then

∞∑
n=1

S(np−1, p)

ns
=

2

p

[
1− 1

3s−p+1

]
ζ(s− p+ 1) +

[
1− 2

p

] [
1− 1

ps

]
ζ(s).

Y.Zhao [32]. 1. Let k > 1 be a fixed integral number, then for any integral number

x > 1, we have ∑
n≤x

S(n, k) =
1

4

[
1− 3 + (−1)k

2k

]
x2 +R(x, k),

where |R(x, k)| ≤ 7
8k

2 + 5k
8 x.

2. Let k > 1 be a fixed integral number, then for any integral number x > 1, we have∑
n≤x

AS(n, k) =
1

3k
x3 +

1

4

[
1 +

7 + (−1)k

2k

]
x2 +R1(x, k),

where |R1(x, k)| ≤ 7
8k

2 + 7
8kx+ x

6k + x
2 .

J. Chen [1]. 1. For any complex number s, if Re(s) > 3, then

∞∑
n=1

AS(n, 2)

ns
= 2ζ(s− 2) +

1

2s−1
ζ(s− 1),

where ζ(s) is Riemann zeta-function.

2. For any complex number s, if Re(s) > 5, then

∞∑
n=1

AS(n2, 8)

ns
=

1

8
ζ(s− 4) +

[
3

4
+

1

2s

]
ζ(s− 2) +

[
1

8
+

1

2s−1

] [
1− 1

2s

]
ζ(s).

Specifically, if s = 6, then

∞∑
n=1

AS(n2, 8)

n4
=
π2

48
+

49π4

5760
+

7π6

43008
.

3. For any complex number s, if Re(s) > 5, then

∞∑
n=1

AS(n2, 4)

ns
=

1

4
ζ(s− 4) +

[
1

2
+

1

2s−1

]
ζ(s− 2) +

1

4

[
1− 1

2s

]
ζ(s).
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Specifically, if s = 6, then

∞∑
n=1

AS(n2, 4)

n4
=
π2

24
+

17π4

2880
+

π6

3840
.

4. For any complex number s, if Re(s) > 5, then

∞∑
n=1

AS(2n2, 6)

ns
=

2

3
ζ(s− 4) +

[
2

3
+

4

3s−1

]
ζ(s− 2) +

2

3

[
1− 1

3s

]
ζ(s).

Specifically, if s = 6, then

∞∑
n=1

AS(2n2, 6)

n4
=
π2

9
+

83π4

10935
+

1456π6

2066751
.

5. Let p > 2 be a prime, for any complex number s with Re(s) > p, then

∞∑
n=1

AS(np−1, p)

ns
=

1

p

[
1− 1

ps−2p+2

]
ζ(s−2p+2)+

[
1− 2

p

] [
1− 1

ps−p−1

]
ζ(s−p+1)+

1

p

[
1− 1

ps

]
ζ(s).

W. Huang [9]. Let n, k ≥ 1 are two integers, m ≥ 0 is a fixed integer. Then we difine

Smarandache summands function AS(n,m, k) as follows:

AS(n,m, k) =

[m+n
k ]∑
i=0

|n− ki|.

Let k > 1 and m ≥ 0 are fixed integral numbers, for any arbitrary integral number x > 1,

then we have ∑
n≤x

AS(n,m, k) =
x3

6k
+
x3

4
+R(x, k),

where |R(x, k)| ≤ 5k2

12 + km
4 + (m

2

2k +m+ 3k
4 −

m
2k −

1
2 −

1
12k )x.

§3. Smarandache power function

Define Smarandache power function SP (n) as follows:

SP (n) = min{m : n | mm,m ∈ N}.

Z. Xu [27]. 1. For any real number x ≥ 1, we have∑
n≤x

SP (n) =
1

2
x2
∏
p

(
1− 1

p(p+ 1)

)
+O

(
x

3
2+ε
)
,

where
∏
p

denotes the product of all prime, ε is an arbitrary positive number.

2. For any real number x ≥ 1, we have∑
n≤x

φ(SP (n)) =
1

2
x2
∏
p

(
1− 2

p(p+ 1)

)
+O

(
x

3
2+ε
)
,
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where φ is Euler function.

3. For any real number x ≥ 1, we have

∑
n≤x

d(SP (n)) =
6x lnx

π2
+

(
12γ − 6

π2
− 72ζ ′(2)

π4

)
x+O

(
x

1
2+ε
)
,

where d(n) and ζ(s) denote Dirichlet divisor function and Riemann zeta-function, respectively,

γ is Euler constant.

H. Zhou [33]. For any complex number s with Re(s) > 1, we have

∞∑
n=1

(−1)n−1µ(n)

(SP (nk))s
=


2s+1
2s−1

1
ζ(s) , if k = 1, 2,

2s+1
2s−1

1
ζ(s) −

2s−1
4s , if k = 3,

2s+1
2s−1

1
ζ(s) −

2s−1
4s + 3s−1

9s , if k = 4, 5,

where µ(n) denotes the möbius function.

Specifically, taking s = 2 and 4, we deduce that

∞∑
n=1

(−1)n−1µ(n)

(SP (nk))2
=


10
π2 , if k = 1, 2,

10
π2 − 3

16 , if k = 3,

10
π2 − 3

16 + 8
81 , if k = 4, 5.

and

∞∑
n=1

(−1)n−1µ(n)

(SP (nk))4
=


102
π4 , if k = 1, 2,

102
π4 − 15

256 , if k = 3,

102
π4 − 15

256 + 80
6561 , if k = 4, 5.

Y. He [10]. We have ∑
n≤x

µ(n)

SP (n)
= x+O

(
x

1
2+ε
)
,

∑
n≤x

µ(n)

SP k(n)
= x1−k +O

(
x

1
2−k+ε

)
.

B. Cheng [2]. We define the Dirichlet divisor function for the Smaracdache power

sequence as following: SD(n) = σk(SP (n)), where σk(n) =
∑
d|n

dk is the divisor functions and

k > 0.

Let k be any real number with k > 0, then for any real number x ≥ 1, we have

∑
n≤x

SD(n) =
ζ(k + 1) · xk+1

ζ(2) · (k + 1)
+O

(
xk+

1
2+ε
)
,
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where SD(n) = σk(SP (n)), ζ(s) is the Riemann zeta-function, and ε denotes any fixed positive

number.

Specifically, taking k = 1, then∑
n≤x

Ss(n) =
1

2
x2 +O

(
x

3
2+ε
)
,

where Ss(k) = σ(SP (k)) denotes the Dirichlet divisor function for the Smaracdache power

sequence.

Y. Yang and M. Fang [28]. For the Smarandache power function SP (k), we have

lim
n→∞

S1

S2
= 0, where S1 =

∞∑
k=1

(
1

φ(SP (k))

)2

, S2 =

( ∞∑
k=1

1

φ(SP (k))

)2

.

W. Huang and J. Zhao [11]. 1. For any random real number x ≥ 3 and given real

number k (k > 0), we have

∑
n≤x

(SP (n))k =
ζ(k + 1)

(k + 1)ζ(2)
xk+1

∏
p

(
1− 1

pk(p+ 1)

)
+O

(
xk+

1
2+ε
)
,

∑
n≤x

(SP (n))k

n
=
ζ(k + 1)

kζ(2)
xk
∏
p

(
1− 1

pk(p+ 1)
+O

(
xk+

1
2+ε
))

,

where ζ(k) is the Riemann zeta-function, ε denotes any fixed positive number, and
∏
p

denotes

the product over all primes.

2. For any random real number x ≥ 3 and given real number k
′
> 0, we have

∑
n≤x

(SP (n))
1

k
′ =

6k
′
ζ
(

1+k′

k′

)
(k′ + 1)π2

x
k′+1
k′
∏
p

(
1− 1

(1 + p)p
1
k′

)
+O

(
x
k′+2
2k′ +ε

)
.

Specifically, we have

∑
n≤x

(SP (n))
1
2 =

4ζ( 3
2 )

π2
x

3
2

∏
p

(
1− 1

p
1
2 (p+ 1)

+O
(
x1+ε

))
,

∑
n≤x

(SP (n))
1
3 =

9ζ( 4
3 )

2π2
x

4
3

∏
p

(
1− 1

p
1
3 (p+ 1)

+O
(
x

5
6+ε
))

.

3. For any random real number x ≥ 3, and k = 1, 2, 3. We have∑
n≤x

(SP (n)) =
1

2
x2
∏
p

(
1− 1

p(p+ 1)
+O

(
x

3
2+ε
))

,

∑
n≤x

(SP (n))2 =
6ζ(3)

3π2
x3
∏
p

(
1− 1

p2(p+ 1)
+O

(
x

5
2+ε
))

,

∑
n≤x

(SP (n))3 =
π2

60
x4
∏
p

(
1− 1

p3(p+ 1)
+O

(
x

7
2+ε
))

.
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4. For any random real number x ≥ 3, We have∑
n≤x

φ((SP (n))k) =
ζ(k + 1)

(k + 1)ζ(2)
xk+1

∏
p

(
1− 1

pk(p+ 1)
+O

(
xk+

1
2+ε
))

,

where φ(n) is the Euler function.

5. For any random real number x ≥ 3, We have∑
n≤x

d((SP (n))k) = B0x lnk x+B1x lnk−1 x+B2x lnk−2 x+ · · ·+Bk−1x lnx+Bkx+O(x
1
2+ε),

where d(n) is Dirichlet divisor function and B0, B1, B2, · · · , Bk−1, Bk is computable constant.

P. Ren, Y. Wang and S. Deng [22]. 1. For any real number x ≥ 3 and fixed real

number k, l (k > 0, l ≥ 0), we have

∑
n≤x

nl(SP (n))k =
ζ(k + 1)

(k + l + 1)ζ(2)
xk+l+1

∏
p

(
1− 1

pk(1 + p)

)
+O

(
xk+l+

1
2+ε
)
,

∑
n≤x

nl
(SP (n))k

nl
=

ζ(k + 1)

(k − l + 1)ζ(2)
xk−l+1

∏
p

(
1− 1

pk(1 + p)

)
+O

(
xk−l+

1
2+ε
)
,

where ζ(s) is the Riemann zeta-function, ε denotes any fixed positive number, and
∏
p

denotes

the product over all primes.

2. For any real number x ≥ 3 and fixed real number k′ > 0, we have

∑
n≤x

(SP (n))
1
k′ =

6k′ζ
(
k′+1
k′

)
(k′ + 1)π2

x
k′+1
k′
∏
p

(
1− 1

p
1
k′ (1 + p)

)
+O

(
x
k′+2
2k′ +ε

)
.

Specifically, we have

∑
n≤x

(SP (n))
1
3 =

9ζ
(
4
3

)
2π2

x
4
3

∏
p

(
1− 1

p
1
3 (1 + p)

)
+O

(
x

5
6+ε
)
,

∑
n≤x

(SP (n))
1
2 =

4ζ
(
3
2

)
π2

x
3
2

∏
p

(
1− 1

p
1
2 (1 + p)

)
+O

(
x1+ε

)
.

3. For any real number x ≥ 3 and fixed real number, we have∑
n≤x

nl(SP (n)) =
1

(l + 2)
xl+2

∏
p

(
1− 1

p(1 + p)

)
+O

(
xl+

3
2+ε
)
,

∑
n≤x

nl(SP (n))2 =
6ζ(3)

(l + 3)π2
xl+3

∏
p

(
1− 1

p2(1 + p)

)
+O

(
xl+

5
2+ε
)
,

∑
n≤x

nl(SP (n))3 =
π2

15(l + 4)
xl+4

∏
p

(
1− 1

p3(1 + p)

)
+O

(
xl+

7
2+ε
)
.
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L. Gao and Y. Ma [6]. If the product of all true divisors of n less than or equal to n,

then n is called simple number. We have∑
n∈Λ
n≤x

1

S(SP (n))
=

2x ln lnx

lnx
+D1

x

lnx
+ o

(
x ln lnx

ln2 x

)
,

∑
n∈Λ
n≤x

S(SP (n) =
2x ln lnx

lnx
+D2

x

lnx
+ o

(
x ln lnx

ln2 x

)
,

where Λ denotes the set of simple numbers, S(n) is Smarandache function.

§4. Smarandache exponent function

For any fixed prime p and positive integer n, Smarandache exponent function ep(n) as

follows:

ep(n) = max{α : pα | n}.

H. Liu and W. Zhang [18]. Let p be a prime, ep(n) denotes the largest exponent (of

power p) which divides n, α(n, p) =
∑
k≤n

ep(k). For any prime p and any fixed positive integer

n, we have∑
p≤n

α(n, p) = n ln lnn+ cn+ c1
n

lnn
+ c2

n

ln2 n
+ · · ·+ ck

n

lnk n
+O

(
n

lnk+1 n

)
,

where k is any fixed positive integer, ci(i = 1, 2, · · · , ) are some computable constants.

C. Lv [3]. Let p be a prime, ep(n) denotes the largest exponent of power p which divides

n. Let p be a prime, m ≥ 0 be an integer. Then for any real number x ≥ 1, we have∑
n≤x

emp (n) =
p− 1

p
ap(m)x+O(logm+1 x),

where aP (m) is a computable constant.

Specifically, taking m = 1, 2, 3, for any real number x ≥ 1, we have∑
n≤x

ep(n) =
p

p− 1
x+O(log2 x),

∑
n≤x

e2p(n) =
p+ 1

(p− 1)2
x+O(log3 x),

∑
n≤x

e3p(n) =
p2 + 4p+ 1

(p− 1)3
x+O(log4 x).

C. Lv [4]. Let p be a prime, φ(n) is the Euler totient function. Then for any real number

x ≥ 1, we have ∑
n≤x

ep(n)φ(n) =
3p

(p2 − 1)π2
x2 +O(x

3
2+ε).
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N. Gao [7]. 1. Let p and q are two primes, then for any real number x ≥ 1, we have∑
n≤x

peq(b(n)) =
q2 + p2q + p

q2 + q + 1
x+O(x

1
2+ε),

where ε is any fixed positive number.

2. Let q be a prime, then for any real number x ≥ 1, we have∑
n≤x

peq(b(n)) = qx+O(x
1
2+ε),

where ε is any fixed positive number.

X. Wang [26]. Let p be a prime, m ≥ 1 be an integer, then for any real number x > 1,

we have ∑
nm≤x

((n+ 1)m − nm)ep(n) =
1

p− 1

m

m+ 1
x+O(x1−

1
m ).

T. Zhang [34]. Let n be any positive integer, Pd(n) denotes the product of all positive

divisors of n. That is, Pd(n) =
∏
p

d and let p be a prime, ap(n) denotes the largest exponent

(of power p) such that pap(n) | n.

Let p be a prime, then for any real number x ≥ 1, we have∑
n≤x

ap(Pd(n)) =
x lnx

p(p− 1)
+

(p− 1)3(2γ − 1)− (2p4 + 4p3 + p2 − 2p+ 1) ln p

p(p− 1)4
x+O(x

1
2+ε),

where γ is the Euler constant, and ε denotes any fixed positive number.

Specifically, taking p = 2, 3,for any real number x ≥ 1, we have∑
n≤x

a2(Pd(n)) =
1

2
x lnx+

2γ − 65 ln 2− 1

2
x+O(x

1
2+ε),

∑
n≤x

a3(Pd(n)) =
1

6
x lnx+

8γ − 137 ln 3− 4

24
x+O(x

1
2+ε).

N. Gao [8]. Let p and q are primes with q ≥ p. Then for any real number x ≥ 1, we

have ∑
n≤x

peq(n) =


q−1
q−px+O(x

1
2+ε), if q > p,

p−1
p ln px lnx+

(
p−1
p ln p (γ − 1) + p+1

2p

)
x+O(x

1
2+ε), if q = p.

where ε is any fixed positive number, γ is the Euler constant.

X. Pan and P. Zhang [20]. 1. For any prime p and complex number s with Re(s) > 1,

we have
∞∑
n=1

ep(n)

ns
=

∞∑
n=1

1

Ssp(n)
=

ζ(s)

ps − 1
,

where ζ(s) is the Riemann zeta-function.

2. For any prime p, we have

ep(m) =
∑
n∈N

Sp(n)=m

1.
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Z. Qu [21]. For any real number x ≥ 1 and fixed integer t ≥ 1,

if t > 1, then ∑
n≤x

ep(n)σt(n) =
(pt+1 + p− 2)ζ(t+ 1)

(p− 1)(pt+1 − 1)
xt+1 +O(xt lnx),

if t = 1, then ∑
n≤x

ep(n)σt(n) =
(p+ 2)π2

6(p2 − 1)
x2 +O(x ln3 x).

W. Huang [12]. Let p, q be primes, k ≥ 2 be a fixed positive integer, n be an arbitrary

positive integer, Ak(n) be k-th complement number of n, ζ(s) be Riemann zeta-function. For

any real number x ≥ 1, we have

∑
n≤x

peq(Ak(n)) =
qk−1 + pk−1qk−2 + pk−2qk−3 + · · ·+ p

qk−1 + qk−2 + qk−3 + · · ·+ 1
x+O(x

1
2+ε),

where ε is an arbitrary positive integer.

Specifically, if k = 2 or k = 3, let p, q be primes, for any real number x ≥ 1, we have∑
n≤x

peq(A2(n)) =
p+ q

q + 1
x+O(x

1
2+ε),

∑
n≤x

peq(A3(n)) =
q2 + p2q + p

q2 + q + 1
x+O(x

1
2+ε).

G. Ren [23]. 1. Let q ≥ 3 be any fixed positive integer, then for any real number x ≥ 1,

we have ∑
n≤x

eq(n) =
x

q − 1
+O(log x).

2. If q ≥ 3 be any fixed positive integer, k ≥ 2 is an integer, then we have∑
n≤x

ekq (n) =
q − 1

q
Bq(k)x+O(logk+1 x),

where Bq(k) is given by the recursion formulas: Bq(0) = 1
q ,

Bq(k) =
1

q

((
k

1

)
Bq(k − 1) +

(
k

2

)
Bq(k − 2) + · · ·+

(
k

k − 1

)
Bq(1) +Bq(0) + 1

)
.

Specifically, taking q = p1p2 in Theorem 1, where p1, p2 are two fixed distinct primes, for

any real number x ≥ 1, we have∑
n≤x

ep1p2
(n) =

x

p1p2 − 1
+O(log x).
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Y. Liu and P. Gao [19]. For any positive integer n, we have n = ukv, where v is a

k-power free number. Let bk(n) be the k-power free part of n. Let p be a prime, k be any fixed

positive integer. Then for any real number x ≥ 1, we have

∑
n≤x

ep(bk(n)) =

(
pk − p

(pk − 1)(p− 1)
− k − 1

pk − 1

)
x+O(x

1
2+ε),

where ε denotes any fixed positive number.

Specifically, taking k = 2, for any real number x ≥ 1, we have∑
n≤x

ep(bk(n)) =
1

p+ 1
x+O(x

1
2+ε).

G. Ren [24]. Let p and q be two distinct primes, then for any real number x ≥ 1, we

have ∑
n≤x

epq(n) =
x

pq − 1
+O(x

1
2+ε),

where ε is any fixed positive number.

W. Zhang [35]. For any fixed prime p and any real number x ≥ 1, we have∑
n≤x

ap(Sp(n)) =
p+ 1

(p− 1)2
x+O(ln3 x).

Specifically, taking p = 2, 3, for any real number x ≥ 1, we have∑
n≤x

a2(S2(n)) = 3x+O(ln3 x),

∑
n≤x

a3(S3(n)) = x+O(ln3 x).

J. Zhao [36]. Let p be a prime, then for any real number x ≥ 1, we have∑
n≤x
n∈A

ep(n) = C(p, k)ap(k)x
1
k +O(x

1
2k+ε),

where

C(p, k) =
6k

π2

(
1− 1

p− p k−1
k

+ 1

)∏
q

(
1 +

1

(q + 1)(q
1
k−1)

)
,

ap(k) is a computable positive constant, ε > 0 is any fixed real number, and
∏
q

denotes the

product over all prime q.

Q. Yang and M. Yang [29]. Define for any two primes p and q with (p, q) = 1, let

epq(n) denotes the largest exponent of power pq which divides n. That is

epq(n) = max{α : (pq)α | n, α ∈ N+}.
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Let p and q are two primes with (p, q) = 1, then for any real number x ≥ 1, we have∑
n≤x
n∈A

epq(n) = Cp,qkx
1
k +O(x

1
2k+ε),

where

Cp,q =
(p− 1)(q − 1)

pq

∞∑
n=1

n

(pq)n

is a computable positive constant, and ε denotes any fixed positive number.

J. Du [5]. Define arithmetical function bpq(n) =
∑
t|n

epq

(n
t

)
epq(t). Let p and q are two

distinct primes, then for any real number x ≥ 1, we have∑
n≤x

bpq(n) =
x lnx

(pq − 1)2
+

1− 2γ − pq + 2pqγ − 2pq ln(pq)

(pq − 1)3
x+O

(
x

1
2+ε
)
,

where ε is any fixed positive number, and γ is the Euler constant.
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